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Introduction en francais

Cette these est constituée de quatre articles de recherche. La premiére partie va étre
publiée dans Mathematische Annalen et la derniére a été soumise.

Soit V' une représentation irréductible de dimension finie du groupe de Lie G =
SLy+1(R). Soit X = PV lespace projectif réel de V', qui est 'ensemble des droites
vectorielles de V. Alors, nous avons une action du groupe G sur X. Soit p une mesure de
probabilité borélienne sur G et soit I', le sous-groupe engendré par le support de pu. Nous
dirons que p est Zariski dense si I';, est un sous-groupe Zariski dense de G'. Cela signifie
que la mesure p n’est pas concentrée sur un sous-groupe algébrique de G. Nous pouvons
définir sur X une marche aléatoire associée & p. Fixons un point  de X. Lors de chaque
étape, nous nous déplagons vers un point aléatoire gx, ol g est un élément aléatoire
de G, de loi . D’aprés un théoréme de Furstenberg, cette marche aléatoire admet une
unique mesure stationnaire v sur X, appelée la mesure de Furstenberg ou la mesure u-
stationnaire. Cela signifie que la mesure v vérifie v = p*x v := fG g«vdp(g), ot g.v est
I'image de v par I’action de g sur X. Cette mesure a été introduite par Furstenberg pour
établir la loi des grands nombres pour les produits de matrices aléatoires. Les propriétés
de la mesure p-stationnaire sont importantes dans d’autres théorémes limites pour les
produits de matrices aléatoires.

Il y a beaucoup d’exemples intéressants de mesures pu-stationnaires. Nous nous
restreignons a la basse dimension, c’est-a-dire au cas ot G = SLa(R) et X = P(R?), la
droite projective réelle. Soit I un réseau de SLa(R) (par exemple SLg(Z)). Furstenberg
a construit des exemples ol p est une mesure portée par I' et la mesure stationnaire v est
exactement la mesure de Lebesgue de X . Cette construction a été utilisée dans le travail
de Furstenberg sur le bord de Poisson, qui a donné des propriétés de rigidité des réseaux.
Récemment, les gens se sont intéressés aux propriétés de dimension et d’absolue continuité
de la mesure p-stationnaire v quand g a un support fini. Voir | | et | | pour
des exemples de mesures stationnaires absolument continues et | | pour des exemples
de mesure stationnaires de dimension totale.

Mentionnons aussi une autre classe de mesures, les convolutions de Bernoulli. Soient
Xo, X1,... des variables aléatoires i.i.d telles que P(Xy = 1) = P(Xp = —1) = 1/2.
Soit vy la convolution de Bernoulli de parameétre A € (0,1), qui est définie comme la
distribution de la variable aléatoire >0 X, ;M. Elle peut étre vue comme une mesure
stationnaire sur R pour 'action d’un groupe résoluble. Voir 'exemple 1.1.6. Des auteurs
se sont intéressés a la dimension et la régularité des convolutions de Bernoulli. Il y a
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beaucoup de travaux récents dans ce cadre. Voir par exemple | I, [ | et | .

Avant d’énoncer notre question principale, nous introduisons une autre propriété de
la mesure stationnaire. Nous aurons besoin d’une hypothése de moment exponentiel fini,
c’est-a-dire qu’il existe € strictement positif tel que

/G lgldulg) < +oc.

Dorénavant, nous supposons toujours que notre mesure p est Zariski dense avec
un moment exponentiel fini. Rappelons que X = PV. Guivarc’h a établi la régularité
holdérienne des mesures stationnaires. Cela signifie qu’il existe des nombres C, ¢ > 0 tels
que, pour tout r > 0, le r-voisinage de tout hyperplan de X a une v-mesure inférieure a
Cre. Cela implique que la mesure stationnaire v a une dimension positive. Cela implique
aussi que v n’est pas concentrée sur un hyperplan, ce qui est raisonnable vue ’hypothése
de Zariski densité de p.

Décroissance de Fourier

Notre probléme principal ici est la décroissance de Fourier de la mesure stationnaire.
Considérons d’abord 'exemple G = SLa(R) et X = P(R?). Fixons l'identification de
P(R?) avec le cercle T ~ R/7Z, donnée par I’action transitive du groupe PSOy. Nous
pouvons alors définir les coefficients de Fourier de la mesure stationnaire v par

v(k) = / ¥ dy(z), pour k € Z.
T

Théoréme (Theorem 1.1.1, Theorem 2.1.2). Soit 1 une mesure de probabilité boréli-
enne Zariski dense sur SLa(R) avec un moment exponentiel fini. Soit v la mesure pi-
stationnaire sur T. Alors il existe € > 0 tel que

|o(k)| = O(|k]™€). (0.0.1)

En d’autres termes, les coefficients de Fourier de la mesure stationnaire ont une
décroissance polynomiale. Par un argument général, la décroissance polynomiale des co-
efficients de Fourier implique la régularité de Guivarc’h. En réalité, la régularité est un
ingrédient essentiel de la démonstration. La décroissance de Fourier pour des mesures re-

lices a l'algorithme des fractions continues a été étudies par Kaufman | |, Queftélec-
Ramaré | | et Jordan-Sahlsten | |. Récemment, la décroissance de Fourier des
mesures de Patterson-Sullivan a été démontrée par Bourgain-Dyatlov | |. Notre

deuxiéme approche est inspirée par leurs méthodes.

Nous avons deux approches pour ce probléme. La premiére (Chapitre 1) est plus élé-
mentaire, nous utilisons le théoréme de renouvellement pour les processus stochastiques.
Mais le résultat est plus faible, nous pouvons seulement établir une version qualitative, a
savoir |P(k)| — 0 quand |k| — +o00. Car la décroissance exponentielle dans le théoréme
de renouvellement n’est pas encore connue. Par la suite, nous établissons 'existence de
ce terme d’erreur grace a notre seconde approche.



La seconde approche (Chapitre 2) est inspirée par la méthode de Bourgain et Dyat-
lov. L’ingrédient principal, I’estimées sommes-produits, vient de la combinatoire additive.
Nous expliquerons cette approche plus loin.

Un exemple intéressant est la mesure de Patterson-Sullivan sur I’ensemble limite d’'un
groupe fuchsien convexe co-compact. En combinant les méthodes de Connell-Muchnik
| | et de Lalley | |, pour un groupe fuchsien convexe co-compact, nous pou-
vons trouver une mesure g telle que la mesure de Patterson-Sullivan soit u-stationnaire.
Grace a cette observation, nous pouvons retrouver le résultat de Bourgain-Dyatlov sur
la décroissance de Fourier des mesures de Patterson-Sullivan. Mais notre vitesse de
décroissance est plus faible.

En dimension plus grande, nous considérons la décroissance de la transformée de
Fourier dans une carte affine. Soit vp un vecteur unitaire de V. Soit vy le sous-espace
vectoriel orthogonal de vy dans V. Soit U le sous-ensemble ouvert de PV qui est le
complémentaire de I’hyperplan Pvé‘. Nous prenons la carte locale affine (¢, U) of PV,
donnée par
v — {vg, v)vo

Y:PV DU = vy, Ru—
<U07v>

qui est bien définie sur U. L’inverse de 1 est donnée simplement par ¢! : 1)0L - U C
PV, u— R(u + vg).

Théoréme (Theorem 2.1.1). Soit 1 une mesure de probabilité borélienne Zariski dense
sur SLy,41(R) avec un moment exponentiel fini. Soit V une representation irréductible
de dimension fini de SLy,41(R). Soit v la mesure p-stationnaire sur PV. Soit r une
fonction C' dont le support est contenu dans U et qui vérifie ||r||oo < 1. Alors, il existe
€ > 0 tel que, pour tout ¢ € vy de norme ||s| suffisamment grande, on ait

< [lsfI™

/U e (u)dv(u)

0

Notre méthode ne permet pas de traiter le cas des groupes de Lie non déployés comme
par exemple SLy(C). Il serait intéressant d’établir une décroissance de Fourier analogue
pour SLy(C). Nous pouvons considérer le groupe SLy(Q,) et les mesures stationnaires
sur Q. Il serait aussi intéressant d’établir une décroissance de Fourier semblable pour
ce groupe.

Théoréme de renouvellement

Rappelons que X = PV. Nous définissons la fonction cocycle o : G x X — R par,

pour x = Rv dans X et g dans G, o(g,x) = log H‘fvﬁ‘“. Soit f une fonction lisse & support

compact sur R. L’opérateur de renouvellement R est défini par

+oo
Rf(z,t) = 2/ f(o(g,z) —t)du™(g), pour z € X et t € R.
n=0 G
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Le théoréme de renouvellement a été introduit pour la premiére fois par Blackwell
et dans notre situation par Kesten | |. Le résultat principal (di & Guivarc’h et
Le Page | |) est que, quand le temps ¢ tend vers linfini, la somme de renou-
vellement Rf(z,t) tend vers é | f, ot o, est la constante de Lyapunov définie par
oy = Jauxo(g,x)du(g)dv(z). Par définition, la constante de Lyapunov o, est une
moyenne de la fonction cocycle o(g, z) pour la mesure p® v. Le théoréme de renouvelle-
ment nous donne un phénoméne d’équidistribution quand le temps t est assez grand.
Dans notre premiére approche, le théoréme de renouvellement est utilisé pour borner
la somme de renouvellement Rf pour une fonction f fortement oscillante. Dans notre
seconde approche, nous sommes en mesure de donner un terme d’erreur exponentiel.

Théoréme (Theorem 2.1.4). Soit p une mesure de probabilité borélienne Zariski dense
sur SLy,41(R) avec un moment exponentiel fini. Soit V une représentation irréductible
de SLy,+1(R). Il existe € > 0 tel que, pour f € CX(R) et t € R, on ait

Rf(z,t) = 01“ /_ cj f(u)dLeb(u) + Op (eI,

ot Oy dépend du support de f et de sa norme de Sobolev.

Ce théoréme est & comparer avec le théoréme de renouvellement dans R (le cas
commutatif). Si p est une mesure sur R dont le support est fini, le terme d’erreur dans
le théoréme de renouvellement n’est jamais exponentiel.

Nous espérons que ce type de résultat peut permettre d’obtenir un terme d’erreur ex-
ponentiel dans le comptage orbital en rang supérieur. Etant donné un sous-groupe discret
I' de G, nous cherchons une asymptotique pour la croissance de #{vy € I'| d(yo0,0) < R},
ol o est le point base de SL,,11(R)/SO(m + 1). Voir par exemple Lalley | |, Quint
[ | et Sambarino | |. Ce type de terme d’erreur est toujours reli¢ & une pro-
priété de trou spectral.

Trou spectral

Munissons PV d’une distance riemannienne. Pour v > 0, soit C7(PV') Iespace des
fonctions «-holdériennes. Nous introduisons l'opérateur de transfert qui est un analogue
de la fonction caractéristique dans notre cas.

Définition. Pour z dans C avec une partie réelle |Rz| suffisamment petite, soit P,
Dopérateur sur l’espace des fonctions continues donné par

P.f(@) = [ 70 f(ga)duta), poura € PV,

Nous conservons ’hypothése que p est une mesure de probabilité borélienne Zariski
dense sur SLy,+1(R) avec un moment exponentiel fini. L’utilisation de cet opérateur de
transfert pour ’étude des produits de matrices aléatoires a été introduite par Guivarc’h
et Le Page. En raison de la propriété de moment exponentiel, 'opérateur P, préserve



I'espace de Banach C?(PV') pour v > 0 suffisamment petit. En raison des propriétés de
contraction de ’action de G dans X, pour z dans une petite boule centrée en 0, le rayon
spectral de P, dans C7(PV) est < 1 sauf pour z = 0. En raison de la non-arithméticité
de I';, sur 'axe imaginaire, 'opérateur P, a aussi un rayon spectral < 1, sauf en 0. Ces
faits ont été utilisé par Le Page et Guivarc’h pour donner des théorémes limites pour des
produits de matrices aléatoires (voir | | et | D.

Théoréme (Theorem 2.1.5). Soit p une mesure de probabilité borélienne Zariski dense
sur SLpm41(R) avec un moment exponentiel fini. Soit V' une représentation irréductible
de SLy+1(R). Pour tout v > 0 suffisamment petit, il existe & > 0 tel que, pour tous
bl > 1 et |a| suffisamment petit, le rayon spectral de P, agissant dans CY(PV) vérifie

;O(Pa+ib) <1- 0.

Méme dans le cas de SLo(RR), ce résultat est nouveau et connu seulement dans des
cas particuliers. Quand p est portée par un nombre fini d’éléments de SLa(R) et que ces
éléments engendrent un sous-semi-groupe de Schottky, ce résultat est di & Naud | ].
Quand g est absolument continue par rapport a la mesure de Haar de SLa(R), ce résultat
peut étre obtenu directement en utilisant des propriétés d’oscillation forte.

Il est intéressant de constater que ces trois propriétés, la décroissance de Fourier, le
théoréme de renouvellement et le trou spectral sont essentiellement équivalentes. Dans la
premiére approche, nous utilisons le théoréme de renouvellement pour prouver la décrois-
sance de Fourier. Dans la seconde approche, nous utilisons la décroissance de Fourier
pour démontrer le trou spectral, puis utilisons le trou spectral pour établir le théoréme
de renouvellement. Ces propriétés sont analogues & des phénoménes de la théorie des
surfaces convexes co-compactes. Dans ce contexte plus géométrique, la décroissance de
Fourier a été étudiée récemment par Bourgain-Dyatlov ; le trou spectral peut étre in-
terprété comme l’existence d’une zone sans zéro pour la fonction zéta de Selberg ou le
trou dans les valeurs propres de 'opérateur de Laplace de la surface ; le théoréme de
renouvellement est remplacé par le probléme de comptage des orbites du groupe fonda-
mental ou celui des géodésiques fermées primitives. Voir | | et les références qui y
sont données.

Estimées sommes-produits

Nous expliquons & présent notre deuxiéme approche, qui est inspirée par le travail de
Bourgain et Dyatlov. L’ingrédient essentiel est une propriété de décroissance de Fourier
des convolutions multiplicatives de mesures sur R, qui découle de I’estimées sommes-
produits discrétisée de Bourgain.

Grossiérement, I’estimées sommes-produits nous dit que la taille d’un sous-ensemble
de Z doit grandir rapidement par des sommes ou des produits. Cette propriété vient
de la combinatoire additive. La propriété discrétisée a été introduite par Katz et Tao.
Bourgain a démontré I'estimées sommes-produits discrétisée dans | |. Une de ses
nombreuses applications est un résultat de trou spectral dans SU(2) | |, qui a été
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ensuite généralisé dans | | et | |. Notre seconde approche peut étre vue
comme un analogue dans SLy, 41 (R).

Pour des groupes de Lie de rang supérieur, nous avons besoin de généraliser la
décroissance de Fourier des convolutions multiplicatives a R™. He-de Saxcé ont démontré
une version de ’estimées sommes-produits discrétisée dans R™. En utilisant leur résultat,
nous pouvons démontrer le

Théoréme (Theorem 3.1.1). Etant donné kg > 0, il eviste e,e; > 0 et k € N tels
que la propriété suivante est vérifiée pour § > 0 suffisamment petit. Soit y une mesure
de probabilité sur [1/2,1]" C R™ qui vérifie la condition de (6, Ko, €) non concentration
projective, a saVOIT

Vp =4, sup  (mo)upu(Br(a, p)) = sup p{z|(v,z) € Br(a,p)} <7p".  (0.0.2)
a€ERveS"— a,v

Alors, pour tout £ € R™ avec ||€]| € [671/2,671],

'/exp(2i7r<§, zto ) dp(zt) - dp(h) | < o6t (0.0.3)

Ce théoréme est utilisé dans la démonstration de la décroissance de Fourier pour
SLy+1(R). Comme nous l'avons déja dit, le cas de R est d & Bourgain | .

Finitude des petites valeurs propres

Notre dernier résultat concerne une classe de variétés qui contient les surfaces hy-
perboliques convexes cocompactes. Soit H? la variété hyperbolique de dimension 3 sim-
plement connexe. La notion de finitude géométrique a été introduite par Ahlfors lors
de I'étude du probléme suivant: soit I' un sous-groupe discret de type fini du groupe
des isométries directes de H? (isomorphe & PSL2(C)). Le probléme consiste & savoir si
I’ensemble limite de I' est constitué de la sphére entiére ou s’il a mesure de de Lebesgue
nulle. On Pappelle la conjecture mesurée d’Ahlfors et c’est maintenant un théoréme
griace a des progrés en géométrie hyperbolique. La définition originale de la finitude
géométrique est qu’il existe un domaine fondamental pour laction de T’ sur H? qui est
un polyédre possédant un nombre fini de cotés. Mais cette définition en termes de polyé-
dres est difficile & généraliser. Nous utiliserons la définition de Bowditch | |, qui
demande que la partie épaisse de ’enveloppe convexe de ’ensemble limite soit compacte
modulo I'.

Nous nous donnons une variété géométriquement finie localement symétrique de
rang un, ce qui signifie que son revétement universel est X = Hy pour F = R, C,H ou
Ht = HZ. Soit 6(X) l'exposant de croissance, qui vaut (n+ 1) dimg F — 2. Le spectre de
I'opérateur de Laplace est relié & de nombreuses quantités, comme le taux de croissance
des orbites du groupe fondamental et la dimension de Hausdorff de I’ensemble limite.
Nous généralisons un résultat de Lax et Phillips pour X = H | | et un résultat de
Hamenstddt dans le cas général | |.



Théoréme (Theorem 4.1.1). Soit M = I'\X une variété géométriquement finie locale-
ment symétrique de rang 1. Alors, lintersection du spectre de ’opérateur de Laplace et
de Uintervalle critique (—6(X)?/4,0] est constituée d’un nombre fini de valeurs propres
de multiplicité finie.

Ce résultat peut étre utilisé pour donner un trou spectral pour l'opérateur de
Laplace. Alors le trou spectral donne un terme d’erreur pour le probléme de comptage
orbital.
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Introduction

This thesis consists of four research papers. The first part will appear in Mathema-
tische Annalen and the last part has been submitted.

Let V be a finite dimensional irreducible representation of the Lie group G =
SLi+1(R). Let X = PV be the real projective space of V', which is the set of lines
of V. Then we have a group action of G on X. Let u be a Borel probability measure on
G and let I, be the subgroup generated by the support of p. We call p Zariski dense if
'), is a Zariski dense subgroup of G. This means that the measure y does not concentrate
on any algebraic subgroup of G. We can give a random walk on X induced by pu. Fix a
point x in X. At each step, we go to a random point gz, where g is a random element
in G with the law of u. By a theorem of Furstenberg, this random walk has a unique
stationary measure v on X, called the Furstenberg measure or the u-stationary measure.
That is to say, the measure v satisfies v = px v := fG g«vdu(g), where g,v is the push-
forward of v by the action of g on X. This measure was introduced by Furstenberg when
he established the law of large numbers for products of random matrices. The properties
of the p-stationary measure is important in other limit theorems for products of random
matrices.

There are many interesting examples of u-stationary measures. We restrict our
attention to low dimension, that is G = SL2(R) and X = P(R?), the real projective line.
Let T" be a lattice in SLa(R) (for example SLy(Z)). Furstenberg constructed examples
where p is a measure supported on I' and the p-stationary measure v is exactly the
Lebesgue measure on X. This construction was used in Furstenberg’s work on the Poisson
boundary, which gave some rigidity properties of lattices. Recently, people have been
interested in the dimension and the absolute continuity of the p-stationary measure v
when p has finite support. Please see | | and | | for examples of absolutely
continuous stationary measures, and | | for examples of stationary measures with
full dimension.

We also mention another class of measures, the Bernoulli convolutions. Let X, X1, ...
be i.i.d. random variables such that P(Xy = 1) = P(Xy = —1) = 1/2. Let v, be the
Bernoulli convolution with parameter A € (0, 1), defined to be the distribution of the ran-
dom variable » 7, X ;AJ. This can be seen as a stationary measure on R for the action
of a solvable group. Please see Example 1.1.6. People are interested in the dimension
and the regularity of the Bernoulli convolutions. There are many recent works on this
setting. See for instance | I, 1 | and | |.

9



10 Introduction

Before stating our main question, we introduce another property of the stationary
measure. We need the hypothesis of finite exponential moment, that is there exists €
positive such that

/G lgldulg) < +oc.

From now on, we always suppose that our measure y is Zariski dense with a finite expo-
nential moment. Recall that X = PV. Guivarc’h proved Hdélder regularity of stationary
measures. This means that there exist C, ¢ positive such that for every r positive, the
r neighbourhood of any hyperplane in X has v measure less than Cr¢. This implies
that the stationary measure v has positive dimension. This also says that v does not
concentrate on some hyperplane, which is reasonable due to the hypothesis of Zariski
density of p.

Fourier decay

Our main problem here is the Fourier decay of the stationary measure. Let us first
see the example G = SLy(R) and X = P(R?). Fix the identification of P(R?) with the
circle T ~ R/7Z, given by the transitive action of the group PSO2. We can define the
Fourier coefficients of the stationary measure v by

v(k) = / ke dy(x), for k € Z.
T

Theorem (Theorem 1.1.1, Theorem 2.1.2). Let p be a Zariski dense Borel probability
measure on SLy(R) with a finite exponential moment. Let v be the u-stationary measure
on T. Then there exists € positive such that

|o(k)| = O(|k|™°). (0.0.4)

In other words, the Fourier coefficients of the stationary measure have polynomial
decay. By a general argument, the polynomial decay of Fourier coefficients implies Guiv-
arc’h’s regularity. In fact, the regularity is a crucial ingredient in the proof. The Fourier
decay of similar measures related to continued fractions have been studied by Kaufman
[ |, Queffélec-Ramaré | | and Jordan-Sahlsten | |. Recently, the Fourier de-
cay of Patterson-Sullivan measures was proved by Bourgain-Dyatlov | ]. Our second
approach is inspired by their methods.

We have two different approaches for this problem. The first approach (Chapter 1)
is more elementary, we use the renewal theorem from the theory of stochastic processes.
But the result is weaker, we can only prove a qualitative version, that is |#(k)| — 0
as |k| — +o0. Because the exponential error term in the renewal theorem was not yet
known. Later, the exponential error term is proved by our second approach through the
Fourier decay.

The second approach (Chapter 2) is inspired by the method of Bourgain and Dyatlov.
The main ingredient comes from additive combinatorics, the sum-product estimate. We
will explain this approach later.
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An interesting example is the Patterson-Sullivan measure on the limit set of convex
cocompact Fuchsian groups. Combining the method of Connell-Muchnik | | and
Lalley | |, we can find a measure u for convex cocompact Fuchsian groups, such that
the Patterson-Sullivan measure is p-stationary. With this observation, we can recover
the result of Bourgain-Dyatlov on the Fourier decay of Patterson-Sullivan measures. But
the decay rate is weaker.

In higher dimension, we consider the decay of the Fourier transform on an affine
chart. Let vy be a unit vector in V. Let ’U(J)‘ be the linear subspace of V', which is
orthogonal to vy. Let U be the open subset of PV, which is the complement of the
hyperplane Pvg. We take the affine local chart (1, U) of PV, given by

6PV S U o o, Ry s L0 0%
<U07U>

which is well defined on U. The inverse of 1 is simply given by ¢! : ’UOL —-UCPV, u—
R(u + vg).

Theorem (Theorem 2.1.1). Let u be a Zariski dense Borel probability measure on SLy,+1(R)
with a finite exponential moment. Let V' be an irreducible representation of SLy,+1(R)
and let v be the p-stationary measure on PV . Let r be a C' function whose support is in
U and ||r||oc < 1. Then there exists e > 0 such that for every ¢ € vy with the norm |s||
sufficiently large, we have

< [lel™

/v X XS (u)dv (u)

0

Our method cannot treat the Lie groups which are not split, for example SLo(C).
It would be interesting to establish a similar Fourier decay for SLo(C). We can consider
the group SL2(Q,) and the stationary measure on Q,. It would also be interesting to
establish a similar Fourier decay for this group.

Renewal theorem

Recall that X = PV. We define the cocycle function o : G x X — R by, for z = Rv
in X and g in G, o(g,z) = log lgvll 1,0t f be a smooth compactly supported function

flofl™

on R. The renewal operator R is defined by

+o0o
Rf(x,t) = Z/Gf(a(g,x) —t)du*"(g), for z € X and t € R.
n=0

The renewal theorem was first introduced by Blackwell and in our situation by Kesten

[ |. The main result (due to Guivarc’h and Le Page | |) is that when time ¢
tends to infinite, the renewal sum Rf(x,t) tends to é | f, where o, is the Lyapunov

constant defined by o, := [, y 0(g,2)dp(g)dv(x). From the definition, we see that the
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Lyapunov constant o, is an average of the cocycle function o(g,x) with respect to the
measure p®v. The renewal theorem gives us a phenomenon of equidistribution when the
time ¢ is large enough. In our first approach, the renewal theorem is used to bound the
renewal sum Rf when f is a function with high oscillation. With our second approach,
we are able to give an exponential error term.

Theorem (Theorem 2.1.4). Let pu be a Zariski dense Borel probability measure on SLy,+1(R)
with finite exponential moment. Let V' be an irreducible representation of SLp,+1(R).
There exists € > 0 such that for f € C(R) and t € R, we have

Rf(z,1) = 01 / °° F(u)dLeb(u) + O (M),

where O depends on the support and some Sobolev norm of f.

We should compare this result with the renewal theorem on R (the commutative
case). If p is a measure on R whose support is finite, then the error term in the renewal
theorem is never exponential.

Our result improves a result of Boyer, where the error term is polynomial on ¢. We
hope this type of result can give some exponential error terms in the orbital counting
problem of higher rank. Given a discrete subgroup I' of SL,,+1(R), we are interested
in the asymptotic for the growth of #{v € I'| d(yo0,0) < R}, where o is the base point
in SLy,+1(R)/SO(m + 1). See for instance Lalley | |, Quint | | and Sambarino
[ |. This type of error term is always connected with some spectral gap property.

Spectral gap

Equip PV with a Riemannian distance. For ~ positive, let C7(PV) be the space
of v-Holder functions. We introduce the transfer operator, which is an analogue of the
characteristic function in our case.

Definition. For z in C with the real part |Rz| small enough, let P, be the operator on
the space of continuous functions, which is given by

Pf(e) = /G o6 f(ga)du(g), for @ € PV.

We keep the assumption that p is a Zariski dense Borel probability measure on
SLy+41(R) with a finite exponential moment. The use of this transfer operator on the
products of random matrices has been introduced by Guivarc’h and Le Page. Due to the
property of exponential moment, when |Rz| is small enough, the operator P, preserves
the Banach space C7(PV) for v > 0 small enough. Due to the contracting action of G
on X, for z in a small ball centred at 0, the spectral radius of P, on C?(PV) is less than
1 except at 0. Due to the non-arithmeticity of I',, on the imaginary line, the operator P,
also has spectral radius less than 1 except at 0. These were used to give limit theorems for
products of random matrices by Le Page and Guivarc’h (Please see | | and | D).
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Theorem (Theorem 2.1.5). Let pu be a Zariski dense Borel probability measure on SLy,4+1(R)
with finite exponential moment. Let V' be an irreducible representation of SLy,+1(R). For
every v > 0 small enough, there exists & > 0 such that for all |b| > 1 and |a| small enough
the spectral radius of Pyyq acting on C7(PV) satisfies

p(Patip) <1—0.

Even in the case of SLy(R), the result is new and only known in some special
case. When p is supported on a finite number of elements of SLa(R) and these elements
generate a Schottky semi group, this result is due to Naud | |. When p is absolutely
continuous with respect to the Haar measure on SLa(R), this result can be obtained
directly using high oscillations.

It is interesting that the three objects, the Fourier decay, the Renewal theorem
and the spectral gap are roughly equivalent. In the first approach, we use the Renewal
theorem to prove the Fourier decay. In the second approach, we use the Fourier decay to
prove the spectral gap, and then use the spectral gap to prove the Renewal theorem. They
are analogue with similar objects for convex cocompact surfaces. In this more geometric
setting, the Fourier decay was recently studied by Bourgain-Dyatlov; the spectral gap
can be interpreted as the zero free region of the Selberg zeta function or the gap of the
eigenvalues of the Laplace operator on the surface; the renewal theorem is replaced by
the counting problem of the lattice points or the primitive closed geodesics. Please see
Borthwick | | and the references there.

Sum-product estimates

Now we explain our second approach, which is inspired by the work of Bourgain and
Dyatlov. The key ingredient is a Fourier decay of multiplicative convolution of measures
on R, which is a consequence of the discretized sum-product estimate of Bourgain.

The sum-product estimate roughly says that a subset of Z must grow rapidly under
sum or product. This comes from additive combinatorics. The discretized setting was
introduced by Katz and Tao. Bourgain proved the discretized sum-product estimate in
| |]. One of its many applications is a spectral gap result in SU(2) | |, which
was further generalized in | | and | |. Our second approach can be seen as
an analogue in SL;,+1(R).

For Lie groups of higher rank, we need to generalize the Fourier decay of multiplica-
tive convolutions to R™. He-de Saxcé have proved a version of discretized sum-product
estimate in R™ | |. Using their result, we are able to prove the following:

Theorem (Theorem 3.1.1). Given ko > 0, there exist €,e; > 0 and k € N such that the
following holds for § > 0 small enough. Let y be a probability measure on [1/2,1]™ C R™
which satisfies (9, ko, €) projective non concentration assumption, that is

Vp =0, sup (7o)« p(Br(a, p)) = sup p{z|(v, 2) € Br(a,p)} <67 (0.0.5)
a€ERveS™— a,v
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Then for all € € R™ with ||€]| € [671/2,671],

‘/exp(%ﬂ(f, o)) dp(at) - dp(a®)| < 5 (0.0.6)

This theorem is used in the proof of Fourier decay for SL,,+1(R). As we have already
mentioned, the case of R is due to Bourgain | .

Finiteness of small eigenvalues

Our last result concerns a class of manifolds which contains convex cocompact hyper-
bolic surfaces. Let H3 be the simply connected hyperbolic three manifold. The definition
of geometric finiteness was first introduced by Ahlfors in studying the following problem:
Let T be a discrete finitely generated subgroup of the oriented isometry group of H?
(isomorphic to PSLy(C)). The problem is whether the limit set of I' is a full sphere or
has Lebesgue measure zero. This is called Ahlfors’ measure conjecture, which is a theo-
rem now due to progresses of hyperbolic geometry. The original definition of geometric
finiteness is that there exists a fundamental domain of I' acting on H?, which is a finitely
sided polyhedra. But this definition of fundamental polyhedra is hard to generalize. We
will use the definition of Bowditch | |, that the thick part of the convex hull is
cocompact.

We are given a geometrically finite rank one locally symmetric manifold, which means
the universal cover is X = Hg for F = R,C,H or Hf = H%) Let §(X) be the exponent
of growth, which equals (n + 1) dimg F — 2. The spectrum of the Laplace operator is
related to many quantities, such as the growth rate of the number of lattice points and
the Hausdorff dimension of the limit set. We generalize a result of Lax and Phillips on
X =Hg | | and a result of Hamenstadt in the general case | ].

Theorem (Theorem 4.1.1). Let M =T'\X be a geometrically finite rank one locally sym-
metric manifold. Then the intersection of the spectrum of the Laplace operator and the
critical interval (—6(X)2/4, 0] consists of finitely many eigenvalues of finite multiplicities.

This result can be used to give a spectral gap for the spectrum of the Laplace oper-
ator. Then the spectral gap gives an exponential error in the orbital counting problem.



Chapter 1

Decrease of Fourier coefficients of
statlonary measures

Let p be a Borel probability measure on SLy(R) with a finite exponential moment,
and assume that the subgroup I';, generated by the support of y is Zariski dense. Let
v be the unique p—stationary measure on P'. We prove that the Fourier coefficients
v(k) of v converge to 0 as |k| tends to infinity. Our proof relies on a generalized renewal
theorem for the Cartan projection.

1.1 Introduction

Let u be a Borel probability measure on SL2(R). The linear action of SLa(R) on R?
induces an action on P! = P(R?). For a Borel probability measure v on P!, we define its

convolution with u by
pxv = / grvdp(g),
SLa(R)

where g,V is the pushforward of v by g. The measure v is called u—stationary if u*xv = v.
We add the condition that the subgroup I';, generated by the support of p is Zariski dense
in SLa(R). In the case of SLy(R), Zariski density is equivalent to unsolvability. When I',,
is Zariski dense in SLa(R), there is a unique p—stationary measure (see | |l D).

This stationary measure is also called the Furstenberg measure. It was first con-
sidered by Furstenberg in the study of the noncommutative law of large numbers. The
stationary measure takes part in the subtle properties of random products of matrices.
Please see | I, | and | |.

In this paper, we are interested in the decay of the Fourier coefficients of stationary
measures. The action of PSOy = SOs/{#Id} on P! is transitive and free. We fix the
point z, = [1 : 0] in P!, then identify P! as the orbit space PSOsx,. As a group, PSOq
is isomorphic to the circle T ~ R/#Z. This is given by the map from T to PSOa,

sinf cosf

n (cosa —sin@) J{£1d}.

15
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So we have a homeomorphism from T to P!, that is § — [cos 6 : sin f]. We can define the
Fourier coefficients of the stationary measure v by the following formula

P(k) = /T €2M0 (9.

We also demand that p has a finite exponential moment, which means that there exists
a constant €¢; > 0 such that [ ||g[“*du(g) < co. We will prove

Theorem 1.1.1. Let u be a Borel probability measure on SLa(R) with a finite exponential
moment, and assume that the subgroup I',, is Zariski dense. Then the p—stationary
measure v is a Rajchman measure, in other words

v(k) =0 as|k| - +o0. (1.1.1)

Remark 1.1.2. Fourier decay of measures on fractal sets and its applications have been
studied in [ 1./ [,[/510] and [ |. Our situation is much general and we
introduce a quite different method.

Being a Rajchman measure is a local property (see | ): Indeed, let 1 be a
Rajchman measure. If vo is absolutely continuous with respect to v, then 15 is also
a Rajchman measure. Conversely, the sum of two Rajchman measures is a Rajchman
measure.

In this spirit, we have the following theorem:

Theorem 1.1.3. Let p be a Borel probability measure on SLa(R) with a finite exponen-
tial moment, and assume that the subgroup I', is Zariski dense. Let v be the unique
p—stationary measure. Assume that v is a C* function on P' and ¢ is a C? function on
P! such that |¢'| > 1/C1 > 0 on the support of r and

I7llc1, lollcz < Ch for some constant Cy > 0.

Then we have
/ei&b(x)r(x)dz/(x) — 0 as [¢] = oo, (1.1.2)

uniformly with respect to C1.
This is the main theorem of this paper. It will be proved in Section 1.3.

Corollary 1.1.4. Let p be a Borel probability measure on SLa(R) with a finite expo-
nential moment, and assume that the subgroup I, is Zariski dense. Let v be the unique
p—stationary measure. Then for a C?—diffeomorphism ¢ on P!, the pushforward of the
stationary measure ¢,V is a Rajchman measure. In other words

bov(k) = 0 as |k| = +oo. (1.1.3)

Theorem 1.1.1 is a special case of this corollary, where ¢ is the identity function.
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Proof of Corollary 1.1.4 from Theorem 1.1.3. By the identification P! ~ T, we may con-
sider all the objects as living on T. Take a partition of unity of T: let r1,79 be non
negative Lipschitz functions on T such that ry + ro = 1, and the supports of r1,re are
connected subintervals of T. For j = 1,2, we can lift the function ¢|syppr ; toa function
¢;j from suppr; to R. Then

[ 0a = [+ ra@peOae = [

(621']«1)1(9)7,1(9) 4 62ik¢2(6’)r2(9)> dv(6).
T

Since ¢ is a diffeomorphism, the functions ¢;, r; satisfy the conditions in Theorem 1.1.3.
We use this theorem twice to conclude. O

Let us use another coordinate system on P1. We identify P! with R U {oo} through
the map () = v1/vq, where z = Ruv is a point in P!. Then the action of SLy(R) on P*

b) in SLa(R), we have

reads as the Mobius action, that is for r € RU{oo} and g = (Z d

r = ar+b
gr = cr+d-°
If the support of a u—stationary measure v does not contain [1 : 0], then ¢,v is a

stationary measure on R. From Theorem 1.1.3, we get

Corollary 1.1.5. Let pu be a Borel probability measure on SLa(R) with a finite expo-
nential moment, and assume that the subgroup I',, 1s Zariski dense. Let v be the unique
pu— stationary measure. If the support of v does not contain [1 : 0], then the u—stationary
measure pyv 1s a Rajchman measure on R. In other words

G = /P () 5 0 as Je] - +oo. (1.1.4)

Example 1.1.6 (Solvable case). For stationary measures on R, consider the following

1 1 1
=300 o) =30 (x0T (VA 1Ay
0 1/VA 0 1/Vx

where XA € (0,1). Then the actions of g1, 92 are given by gir = Ar — 1, goar = Ar + 1 for
r € R. By definition, a u—stationary measure v on R must satisfy the equation

v=pev= () + (9)0). (1.1.5)

Let Xo,X1,... be i.i.d. random variables such that P(Xy = 1) = P(Xy = —1) = 1/2.
Let vy be the Bernoulli convolution with parameter X, defined to be the distribution of
Ej>0 X ;M. The measure vy satisfies (1.1.5), thus it is a p-stationary measure on R. In
/ [, Erdés proved that when \~! is a Pisot number, the Fourier transform of vy does
not converge to zero. In this example I';, is solvable, so the Zariski density condition is
necessary in the theorem.
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Remark 1.1.7. 1. A similar result for Bernoulli convolutions was obtained in [ /.
Kaufman proved that for Bernoulli convolutions vy, if \™' is not a Pisot number, then
it satisfies the same conclusion as in Corollary 1.1.53. That is, the pushforward measure
b4V is a Rajchman measure, where ¢ is a C' function on R with ¢’ > 0 everywhere.

2.0ur result for the measure v is stronger than being a Rajchman measure. Indeed, for a
probability measure on T, being a Rajchman measure is not invariant by diffeomorphisms.
We can find examples in [ |. A typical example is the standard %—C(mtor measure
v, which is not a Rajchman measure. Let ¢ be the quadratic map r — r2. Then the

pushforward measure ¢.v becomes a Rajchman measure with polynomial decay.

One of our motivations for establishing Theorem 1.1.1 comes from the theory of
Bernoulli convolutions. One of the main questions of this theory is to determine for
which parameter A\, the measure v, is absolutely continuous with respect to the Lebesgue
measure. We have already mentioned that when A~! is a Pisot number, Erdos proved
that vy is not a Rajchman measure. Thus, in particular, vy is not absolutely continuous
with respect to the Lebesgue measure. Recently, people have been interested in the same
problem for stationary measures for random walks on SLa(R), see | Al |. Our
result shows that we cannot generalize the method of Erdds to the Zariski dense case.

Our other motivation is the same question for the Patterson-Sullivan measure on
the limit set of Fuchsian groups. With Theorem 1.1.1, it suffices to prove that there
exists a probability measure p on SLa(R) such that the Patterson-Sullivan measure is
p-stationary, and p has a finite exponential moment.

In | | and | |, Lalley announced the existence of such a p for Schottky
groups. But Lalley’s proof only works for Schottky semigroups. In | |, the authors
proved the existence of such a y without the moment condition in geometrically finite
cases. Combining the methods of Connell, Muchnik and Lalley, we can prove the existence
of such a measure u for convex cocompact Fuchsian groups, see [Li|. Therefore, we have

Corollary 1.1.8. Let I' be a conver cocompact Fuchsian group. Then the Patterson-
Sullivan measure associated to I' is a Rajchman measure.

Remark 1.1.9. Corollary 1.1.8 also holds if we replace the Patterson-Sullivan measure
by any Gibbs measure. In [Li], we have a similar realization for any Gibbs measure
associated to a convex cocompact Fuchsian group, as it is done by Lalley for any Gibbs
measure on the limit set of a Schottky semigroup in [ /.

Remark 1.1.10. Using the uniform spectral gap proved in [ /, we can prove a
polynomial decay in the convergence to zero of the Fourier coefficients of the p-stationary
measure, when the support of p is the set of generators of a Schottky semigroup. In this
case, the uniform spectral gap implies an exponential error term in the renewal theorem,
which is the only obstacle for polynomial decay. Please see Remark 1.3.10 for more
details. We believe it is true for the general case, but the question is still open.

Remark 1.1.11. Very recently, Bourgain and Dyatlov [ | have proved a polynomial
decay of the Fourier coefficients of the Patterson-Sullivan measure associated to a convex
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cocompact Fuchsian group. Their method, which comes from additive combinatorics, is
totally different from ours. They use the Fourier decay bound and the fractal uncertainty
principle to obtain an essential spectral gap for a convex cocompact hyperbolic surface.
We can not recover their result directly as in Remark 1.1.10. It is possible if we modifier
some steps and use the uniform spectral gap in [ [, but we do not pursue in this
direction in this work.

On the other hand, in the geometrically finite case, this approach can not work. The
finite exponential moment condition is impossible for noncompact lattice I" in SLa(R) (see
[ I, | |, [ |). That is, if u is a measure on I' with a finite first moment,
then the p-stationary measure v is singular with respect to the Lebesgue measure. Maybe
the generalization of the method of | | works in this case, where they proved the
Gibbs measures for the Gauss map which has dimension greater than 1/2 are Rajchman
measures.

In this paper, our main idea is to obtain the convergence to zero of Fourier coefficients
from a renewal type result.

The strategy of proof: To simplify, identify P! with T = R/7Z as before. The
starting point is the relation v = p x v. Consider a random walk on SLs(R), X,, =
b1by - - - by, where b; are independent random variables with the same law p. Let %,
be the Borel o—algebra generated by Xi,...,X,. Let Y,, = (X,).v. They are random
variables which take values in the space of Borel measures on T. By definition, we have

E(Yn+1[%8n) = E(Xn)«(bn+1)«v|%n) = (Xn)E((bpt1)v) = Y.

Therefore {Y,,} is a martingale. For ¢ > 0, we define the stopping time by 7 = inf{n €
N|log || X, || > t}. Then the martingale property implies that

E((X,).r) = E(Y;) = E(Yp) = v.

(See Proposition 1.3.5). Thus for the Fourier coefficients, we have for k € 27 (since
v(k) = v(—k), we only consider k£ > 0.)

o(k) = / ¢k () = / R AR((X. ) o) () = / E(eX7)dy ().

Recall our circle T is R/7wZ. The idea is to find some cancellations in the “trigonometric se-
ries” E(e*X7%) By the Cauchy-Schwarz inequality, it suffices to prove ]E(eik(XTx_XTy)) —
0 as k — oo.

By analogy with the case of classical random walks on R, we expect that there exists
a measurable density function p on R™ such that for a continuous compactly supported
function f on R and t € R,

B/ (og X1 = 1) — [ flp(wdu as ¢ = +o.

Then absolute continuity of the limit distribution would imply the convergence to zero
of v(k).
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In the actual proof, we do not use this stopping time, but a residue process. Indeed,
the latter is easier to treat with transfer operators and Fourier analysis. We will establish
a limit theorem for the residue process, a generalization of the renewal theorem, in Section
1.4.

Notation: When f and g are functions on a set X, we write f(z) < g(x), if there
exists C' > 0 independent of x € X such that f(z) < Cg(z), and f(x) = O(g(z)) means
|f(x)] S g(z). We also write f(x,y) = Oy(g(z,y)), which means |f(z,y)| < Cyg(z,y),
where C, is a constant only depending on y.

We introduce a notation Oexp(s). We write f(€,5) = Oecxp,e(s) if for € > 0 and
s € R, there exists a constant ¢ > 0 such that f(e, s) = O(e~®), where all the constants
only depend on e. We write f(s) = Oexp(s), if there exists a uniform constant €’ such

that f(s) = O(e=*).

1.2 Preliminaries on random walks on P!

Fix the norm induced by the standard inner product on R?, |[v|| = \/v? + v2, which
is SO2(R) invariant. Then define a metric on P!. For two points z = Rv, 2’/ = Rw, we
set

d(fl;', I‘l) — | det(vﬂ U})|
[oll{|wl|

/
This is a sine distance. If we write z = R <Z9S 0> and ' =R <COSH > then d(z,2') =

ind sin ¢’
|sin(@ — @')|. From now on, we write G = SLy(R) and X = PL.

Definition 1.2.1. For g in G and x = Rv in X, define the function 0 : G x X — R by

o(g,x) = log ”|f]:||”-

This function o is a cocycle, because for g, h in G we have

o(gh.z) = lo HT\TH ~log HHQ:UHIH HHM!H

where we use the fact that the action is linear, hz = Rhwv.

o(g,hz) + o(h,z),

Lemma 1.2.2. For g in G and x,2" in X with v # x', we have

d /
m ) — expl-alg.0) - olg.0"), (1.2.)
Proof. As in the definition of the distance d(-,-), we take two non zero vectors v and w
in z and 2’ respectively. By definition,

d(gz, g') _ |det(gv, gw) | lv]lllwl]

d(CE,:c’) = ’det gl M = exp (—U(g,x) — U(g,x/)) .

lgvllllgwl]

det(v,w) | [lgvl/[lgwl]

The proof is complete. O
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If the point z is near z’/, we know from the above equation that the cocycle o
is essentially the logarithm of the contracting or expanding ratio. Let p be a Borel
probability measure on G, and let b1, bs,--- be independent random variables with the
same law p. Then the behavior of the mean value of the cocycle,

n

1 1
S0 (bubnr o biw) = — [ S0y by bia) |
na( 1 1, ) n\ = o(bj,bj—1 17)

follows an asymptotic law similar to the law of large numbers. In particular,

Theorem 1.2.3. / |/ | Let v be a Borel probability measure on G having an
exponential moment. Assume that the subgroup 'y, is Zariski dense. Then for all x in
X, random variables b; defined as above, we have

. 0(bpbp—1-- b1,
lim
n—o0 n

) = /G/Xa(g,y)dp(g)du(y) =0,>0 asp®. (1.2.2)

The constant o, is called the Lyapunov exponent of s.

Theorem 1.2.4 (Holder regularity). /[ I , Chapter 6,Proposition 4.1] Under
the assumptions of Theorem 1.1.1, there exist constants C > 0, a > 0 such that for every
x in X and r > 0 we have

v(B(z,r)) < Cr«. (1.2.3)

We need the Cartan decomposition of the Lie group G, i.e. G = SO2A1TSOs, where

t
AT = {<€O e(_)t> ,t > 0}. For g in G, we can write g = kgagly, where kg, [, are in SOo,
and ay = dz’ag{e“(g), e_””(g)} is the diagonal matrix whose diagonal elements are ¢"(9) and
e~"9) with k(g) > 0. The positive number (g) is called the Cartan projection. Identify
the two spaces X and T ~ R/7Z. For an element z in X, associate it to the unique

element 6(z) in R/7Z satisfying z = R (COS 0(z)

sin 0 (x)> When there is no ambiguity, we will

abbreviate 6(x) to .
1
Lete; =R ,eo =R 0 , which mean elements in X. Let rg = .
0 1 —sinf cosf
be a rotation matrix in G. For g in G, choosing a decomposition g = kga,ly, we define

Ty = lg_leg, xé\/[ = kgeq. If k(g) > 0, then xg/f, zy" are uniquely defined.

cosf  sin 9)

Proposition 1.2.5. For g in G with k(g) > 0, we have

M
Ty =Ty (1.2.4)

Proof. For a real number a # 0, we have

a 0Y_ (0 1\ /a! 0y/0 -1\ at 0
0 a') =1 0)\Vo ao/\1 o) T2 0 o) 32
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This implies that

97" = (kyagly) ™ = Iy ay kg " = 1 rnyaagranoky
Therefore xé\{l = lg_lrw/gel = lg_leg =z O
Lemma 1.2.6. For g in G and x = Rv in X, we have
d(zg', @) < HHW[HH <d(xg',r)+ e~ 289), (1.2.5)
gllllv

Another form that will be used frequently is
o(g,x) = k(g) + logd(zy', ).
Proof. Suppose that the vector v has norm 1, then

gl _ [kgaglyvl] _ laglyvll
V]l V]l IEgvll

Since d(zy', z) = d(lg_leg, x) = d(ez, lyz), it suffices to prove this inequality for diagonal

elements, in other words g = diag{e"9),e=*9)}. Hence

lgvl [ (@ 0 ) (o
el ~ I\ 0 o)\

The equality d(zy*, z) = d(e2, r) = [v1| implies that

= [e2F9)y? 4 ¢720(9)2|1/2, (1.2.6)

lgvll
Z ‘Ul‘ == d(mmax>7
lgllivll I
gl -2 -2
< |or| + e 209 = d(z™, z) + e 209,
lgllivll I
The proof is complete. O

The following lemma is an important tool, which gives a precise approximation of
the cocycle by the Cartan projection and distance.

Lemma 1.2.7. Let z, 2’ be two points in X and let g be in G. Assume that

e 29 4 d(al, g e) < ~d(g7 ' @),

N |

then
e 9 4 d(ayt, g~ 'a)

) (1.2.7)

lo(g,2) — k(g) —logd(g~'a',2)| < 2
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Proof. Inequality (1.2.5) implies that

|78 =) — d(g™ e )| < max{|d(zy',x) — d(g~" !, x)], [e*) + d(ay', x) — d(g7'a @)}
< e 20l9) 4 d(x;”,g_lxl).

Thus by hypothesis, we have
|exp(a(g, z) — K(g)) — d(g~'a’,x)| < 1/2d(¢g™ 2, z).

Since |log(1 +t)| < 2|t| for t > —1/2, we obtain

1 exp(a(g, =) — k(g)) — d(g~'a',x)
|0(g,2) — K(g) —logd(g™'a',z)| = log |1 + dga7) |
 ylexp(olg. @) —r(g) —d(g~'a’\a)| _ e~ +d(zy', g 'a!)

B d(g~1a', x) - d(g~1a', x)
The proof is complete. O

In the next proposition we summarize the large deviations principle for the cocycle
and for the Cartan projection,

Proposition 1.2.8. / , Thm13.11, Thm 13.17] Under the assumptions of Theorem
1.1.1, for every € > 0 we have

g € G| |o(g,x) —no,| > nel = Oexpe(n), (1.2.8)
M*n{g € G| |’{(g) - n0u| > ’I’LE} = Oexp,e(n)a

uniformly for all x in X andn > 1.
Let ¢ be a real number. Write [t] for the integer part of t.

Corollary 1.2.9. Under the assumptions of Theorem 1.1.1, for every € > 0 we have

Z 1"y € Glo(g, ) <t} = Oexp,e(n),

m>n

S W™ € Glilg) <t} = Ocxp.(n),

m>n

uniformly for all x in X, t >0 and n > [—1—].

ou—€

By the hypothesis of finite exponential moment and the Chebyshev inequality, we
have

Lemma 1.2.10. Under the assumptions of Theorem 1.1.1, let M, be the finite exponen-
tial moment of p defined by M, = [ ||g||*du(g). For s >0, we have

w{g € Glr(g) > s} < Mue™ %, (1.2.10)
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Corollary 1.2.11. Under the assumptions of Theorem 1.1.1, for every € > 0 we have
> 19 € Glo(g,w) 2 1} = Ouxpee(t),

m<n
Z 1" {g € Glr(g) = 1} = Oexpe(1),
m<n

uniformly for all x in X, t >0 and n = [=1—].

oute
Proof. The inequality about the cocycle follows from the one about the Cartan projection,
because k(g) > o(g,x). It suffices to prove the second inequality:

e When m < eyt, where e > 0 is a small constant such that es < € /(2log M,,), from
Chebyshev’s inequality and the subadditivity of the Cartan projection, we have

[ gl auts \

[ezt] [Egt] 62t

Zlu@m{/{ > t} < Z e e1t/ e1k(g du@m Ze €1t
m=1

e—ﬂtM}f?ﬂ /(M, —1).

This implies that E;ftl p®m™{k(g) >t} < e te1/2

~—

e When m € [eat,t/(0, + €)], we have k(g) > t > m(o, + €). Then use (1.2.9
to deduce that the measure of this part is less than ZmE[ezt,t/(o‘#Jre)} Oexp,e(m)
Oexp,e(t).

The proof is complete. O

The following proposition describes regularity properties of p*™, which is a corollary
of the large deviations principle.

Proposition 1.2.12. / , Prop14.3] Under the assumptions of Theorem 1.1.1, for
every € > 0 we have

p{g € G| d(gz,a’) < e7"} = Oexp,e(n),
w™ g € G| d(xy!, ) e "} = Ocxp.e(n),
wg € Gl d(zy', g w) = P} = O o (n),
pg € G| d(x)!, gz) > e P} = O c(n),
uniformly for all x, ¥’ in X and n > 1.
Corollary 1.2.13. Under the assumptions of Theorem 1.1.1, for every € > 0 we have
wW{g € G| d(gz,x") < e} = Oexpe(t), (1.2.15)

uniformly for all x,x’ in X, t >0 and n > t/e.
For every e > 0 we have

1g € G| d(z}, gx) > €7} = Oexp,e(t), (1.2.16)

uniformly for all x in X, t >0 andn > t/(20, — €).
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Proof. There exists an integer ny < n such that en; < t < e(ny + 1). By inequality
(1.2.11), we have p*"{d(gz,2’) < e~™} < e~™. This implies that

p™g € Gld(gw,a') < e} = / pr{l € Gld(i(hx),a’) < e} (h)
G

< / " {l e Gld(I(hz),z') < e” ™ }dp ") ()
G

< e—e/nt < e—e/(t/e—l) < e—e/t/e

The second inequality follows from the same argument. ]

The following lemma describes the difference between the cocycle and the Cartan
projection.

Lemma 1.2.14. / , Lemma 17.8] Under the assumptions of Theorem 1.1.1, for
every € > 0, there exist C > 0,¢' > 0 such that for alln > 1> 0 and x in X, there exists
a subset Sy, C G x G, which satisfies

M*(n—l) Q 'u*l( c ) < Ce—e’l _ Oexp,e(l)a

n,lax) =
and for all (g1, 92) € Sp 12, we have

|k(g192) — 0(g1, gox) — K(g2)| < €™

By the identification X ~ T, we can work on T. Since the circle T is a quotient
space of R, it has the induced orientation. For two different points x,y in T, which are
not the two endpoints of a diameter, they divide the circle into two arcs. Call the arc
with longer length the large arc, and the other arc the small arc  ~ y. For a function ¢
on T, it can be seen as a function ® on R with period . Define ¢/() as the derivative
of ®.

We introduce a sign for two different points x,y in X, where z,y are not the two
endpoints of a diameter. If in the small arc  ~ y, the point x is the start point in the
orientation sense, then we define sign(x,y) = 1; otherwise, we define sign(z,y) = —1.
We have a Newton-Leibniz formula on the circle

0(9) — ola) = sign(a,y) [ (60 (1.2.17)

where df is the Lebesgue measure on T induced by the Lebesgue measure on R with
total mass 7.

Definition 1.2.15 (Orientation). Let z,y, z be three points in X. Define
0 if any two points coincide,

sign(z,y, z) = 1if {x,y,z} is counterclockwise,

—1 otherwise.
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Proposition 1.2.16. Let x,y be two different points in X, and let g be in G such that
k(g) > 2 and d(xy', x), d(xg',y) > e="9) . Then

sign(gz, gy) = sign(z, y, zy"). (1.2.18)

Proof. With the same argument as in the proof of Lemma 1.2.6, it suffices to prove the
statement in case g = ag4, that is sign(agz, agy) = sign(z,y, ez).
If 2’ is a point in X such that d(eg,2’) > e *9) then

d(agx’,e1) = d(agz’,a4e1) = d(a',e1) exp(—o(ag, 2') — o(agy, e1)).
By (1.2.5), we obtain o (a4, z") > k(g) + logd(e2,z") > 0, so

d(agr',e1) < exp(—r(g)) < e2.
Thus the action of a4 on the interval B(es, e*”(g))c is contracting with fixed point eq,
and the image is in the interval B(ey, e *(9)). Especially, es is not in B(ep, e *9)) and
the small arc agz ~ agy is contained in B(eq, e~"9)). By definition we have

sign(agx, agy) = sign(agx, agy, e2).

Since the action of a; on T preserves the orientation, we have sign(agz,aqy,es) =
sign(z,y, e2). The proof is complete. O

1.3 Decrease of the Fourier transform

Here we give a proof of Theorem 1.1.3, by admitting the technical results that will
be proved in the following two sections. Recall the notations G = SLy(R) and X = PL.

Definition 1.3.1. Let ¥ = (J,,c5y G*" be the symbol space of all finite sequences with
elements in G. Let u be a Borel probability measure on G, and let p®™ be the product
measure on G*™. Then pu®" can be seen as a measure on ¥ which is nonzero only on
G*". Let [i be the measure on X defined by i = 0 + pu+ pu®% + -+

Let the integer w(g) be the length of an element g in . Then an element g can be
written as (g1, g2, - - -, Gu), where w is the abbreviation of w(g).

Let T be the shift map on %, defined by Tg =T(g1,92,---,9w) = (91,925 -+, Gw—1),
when w(g) > 2, and Tg = 0, when w(g) = 1,0.

Let L be the left shift map on X, defined by Lg = L(g1,92,---,9w) = (925 -+ Gw—1, Gu),
when w(g) > 2, and Lg = (), when w(g) = 1,0.

When considering the action of g on X, we write gr = g1 - - g, 0(g,2) = 0(g1 " * * Gw, T),

Ty = lg_ll,,_gweg, as well as the Cartan projection k(g) = k(g1 Gu)-

Remark 1.3.2. When using this definition, we may meet the convolution measure p*™
on G or the product measure p®" on G*™. Denote F : GX™ — G by F(g1,92,---,9n) =
g1+ Gn, then F(u®") = p*".
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Definition 1.3.3. Fort > 0, define two sets that contain all the sequences which make
the value of the Cartan projection pass t,

M ={g € 3| 6(Tg) <t <klg)}, My ={g €3I w(Tg) =t>r(g)}
Remark 1.3.4. In some special cases, for b; in supppu, the Cartan projection k(biba - - - by,)
is increasing with respect to n. Then M; has [i measure zero. Let X,, = biba---b, be
a random walk on G, where b; are i.i.d. random wvariables taking values in G with the
same law p. Let T be the stopping time defined by T = inf{n € N|k(X,) > t}. In such
special case

B(M;FNG*™) =P(r = n).
So in the measure sense, M, is a set of the steps. That is for fi—almost every g in M,',
it is of the form g = (b1,ba,...,b;) = (Xl,Xl_ng, - ,XT__IIXT) which corresponds to
the set of steps of the trajectory (X1, Xa, ..., X;). But this is not always true for general
cases.
By Corollary 1.2.9, these two sets M,", M, have finite i measure. We have a
property of M,", M, due to the definition of stationary measures. Our proof is a

generalization of the property of the stopping time for martingales.

Proposition 1.3.5. Under the assumptions of Theorem 1.1.1, for a real number t > 0
and a continuous function f on X, we have

[ﬁmww=4<&wﬂmw@5Lwﬂmmwywm
Proof. For a natural number N, let
Fy = du(g) — di
v ( / 0 / oy T0)
+ [ ﬂmmmm>wm»
w(g)=N,r(g)<t
Then F, = [ f(z)dv(z). Since all the terms are finite, we have
F —Fy = dii(qg) — dii
N1 — Fy /X < /g Mol f(gz)dn(g) /g o)1 f(gz)du(g)

+ / f(g2)da(g) — / f(gw)dﬂ(g)> du ().
w(g)=N+1,x(g9)<t w(g)=N,x(g)<t
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By the relation v = p * v, the set of integration of the last term becomes {w(g) =
N +1,k(Tg) < t}. Compare these sets of integration

{g €M w(g) = N+1}U{w(g) = N +1,k(g) <
={w(g) = N+ 1,x(Tg) <t,k(g) >t} U{w(g) = N + 1,x(g) <t}
={w(g) =N +1,5(Tg) > t,r(g) <t}U{w(g) = N +1,k(Tg) <t}
={g e M; ,w(g) =N +1}U{w(g) = N+ 1,(Tg) < t}.

t}

Therefore, Fyi1 = Fy = --- = F,. Corollary 1.2.9 and Inequality (1.2.9) imply that
i{g € M w(g) > N}, i{w(g) = N, k(g) <t} = 0, as N — co. Thus

Fyn — /X </€M+ f(gx)dpa(g) — /eM f(gm)dﬂ(g)> dv(z) as N — oo,

which completes the proof. O

With these preparations, we start to prove Theorem 1.1.3, by admitting Lemma
1.5.2, Corollary 1.5.5 and Proposition 1.4.28.

Proof of Theorem 1.1.3. We will prove that there exist constants ¢y > 0,Cy > 0 such
that for every s > 0, the Fourier transform [ €@ r(9)dv(0) is less than Coe 0 for all
|€] large enough depending on s.

Fix a constant e5 < 1/10. Write t = (log|{| — s)/2, and take |{| large enough such
that ¢ > 10s.

Step 1: Let e¢(x) be the function e®?@r(x). Using Proposition 1.3.5 and the
Cauchy-Schwarz inequality, we have

’/X e¢(z)dv(x) /gEM;r/Xeg(ga:)dy(x)dlu(g)—/gEMt/Xeg(gx)dy(x)dﬂ(g)
< (M2 ( /. 2 dﬂ(Q)) "

9 1/2
+ p(M; )2 ( /M dﬂ(a)) :

t
By Lemma 1.5.2 and Proposition 1.3.5, ji(M,"), ji(M,") are uniformly bounded with
t. Change the order of integration, then

| cctgmrano

[ ectgmyan

- 1/2
G(rn)(©)] < ( /X 2 /M+ e’f@)(gx)¢(9y))7’(93:)7‘(Qy)du(g)du(x)du(y))

1/2
+</Xz/ tei§(¢(gx)_¢(gy))7”(995)7“(gy)dﬂ(g)dV(fv)dV(y)) . (131)
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From now on, we only consider MtJr . The set M, has similar properties, and the needed
changes will be discussed in remarks, which appear at the end of each section.

Step 2: The main approximation, which will be proved in Section 1.5, replaces the
distance ¢(gz) — ¢(gy) with ¢’e=2%9)d(z,y). The intuition here is that in a large set,
whose complement has exponentially small measure, the behavior is nice.

To apply replacement, some regularity conditions on z,y and g are needed. Define
a subset of M, for x,y in X by

M (z,y) = {g € M;"||r(g9) — K(Tg)| < ess,d(z, g7 x) < e ' d(g  a,x),d(g "2, y) > 2e” 3}
(1.3.2)

For fixed x,y, set

Ao(g) = 4@~y () (gy),
Ai(g) = ci€sign(g ™ z,2,y)¢' (gz)d(z,y) exp(—%(g))/(d(9*1x7$)d(9’1w7y))7a(gx)Q_

We give a control of the error, which appears in the replacement.

Proposition 1.3.6. Assume that t > 2s. We have an exponential decay for all g in
M (x,y). That is

‘AO(g) - Al(g)‘ = Oexp(5)~ (1'3'3)

This property will be proved in Section 1.5. We want to use some smooth cutoffs to
regularize the function A (g, x,y). Let p be a smooth function on R such that p|;_; ;) = 1,
p takes values in [0, 1], suppp C [—2,2] and |p’| < 2. Let

Aa(g) = Au() 1 pldlg ™2, 2)e ) (1= plalg s MO =L
(1.3.4)

When d(g~tz,2) < e7% or d(g ' w,y) < e~%, the function As will be 0. With fixed
z,y, sign(¢g 'z, z,y) is a function of g~'x, and the discontinuity is at 2 and y. Hence
the discontinuity of sign(g~'a,z,%) is removed in As.

If g € M, (z,y), it follows from definition that |k(Tg) —t| < |k(g9) — x(Tg)| < e3s.
Then Ay = A;y. Since ¢t > 10s, using Corollary 1.5.5, Lemma 1.5.2 and (1.3.3), we get

/ (Ao — Az)di(g)
M (z,y)

/ (Ao — Ar)dilg)
M (z,y)

'/M+(/10 — Ag)dia(g)| < m(M;™ — M (z,y)) +

A(M;" = M, (x,y)) +

= Oexp(5).

(1.3.5)

Step 3: Introduce the residue process for the Cartan projection. This is inspired
by the stopping time. For the stopping time, the existence of the limit distribution of
the residual waiting time was proved in | |, but in that paper we do not have a rate
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of convergence, which is necessary in our method. Here we use the transfer operator
to get a uniform rate of convergence. It is difficult to treat the stopping time with
transfer operators, because the operator will no longer be continuous. However, the
residue process, which will be introduced here, can be routinely analyzed by the transfer
operator. What’s more, we will get the limit distribution of gz and g~'y simultaneously,
which is important to us.

We generalize the inverse action on ¥, letting ¢! = (g1,...,90) " = (957, . .. ,gfl)
for g in . For a subset M of 3, set (M) = {g~!|g € M}. Let ji be the pushforward of
u by the inverse action. Let t be a positive number. Consider the limit of the following
quantity as t — oo

h _1$’,h z,k(hg) — k(g), K — Odulh)du™ ’
g/e(gmgmg)f (hg)™1', hgw, w(hg) — w(g), w(9) — )dyu(h)dp" ()

where z, 2’ are points in X and f is a smooth, compactly supported function on X? x R?.
Our result is similar to renewal theory. By Proposition 1.4.28, when ¢ tends to infinity,
the limit is

0
/ / / £/ by, o (b, ), w)dudu(g)dv(y)di(y),
X2JG _O—(hvy)

where I is the stationary measure of ji and the integral on—(h y) = 0 if o(h,y1) <O.
Since (T'g)~! = L(g~!) and k(g~') = k(g), we can define

N = o(M;*) = {g € SIn(Lg) < t < n(g)}. (1.3.6)
Therefore

| M2(g)di(g) = | Aa(g™H)dlg).
M, N,

Recall that z,y, p are fixed. For 1,22 in X and v,u in R, define
A1, 2) = d(z, y)e sign(§)sign(z, y, v2)¢ (x1)/(d(z2, 2)d(22,y)),
v U

o(x1, 22,0,u) = r(21)% x (1 — p(d(za, 2)e?*))(1 — p(d(m,y)eei"s))p(e?s) (@)-

By the relation ¢ = sign(¢)e?'**, regroup the terms and rewrite the function
Ao(g7h) = Mo w97) (=2l (g, g, k(g) — k(Lg), k(Lg) —t). (1.3.7)

Note that the function A is not continuous, but the function ¢ will remove the disconti-
nuity as we have discussed in Step 2. In the language of the residue process, let f be the
function on X? x R? defined by

f(xh x2,0, U) = ei/\($17$2) exp(_Q(u—H]))go(xla z2,0, U) (138)
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Thus the function As(g~1) can be written as

A2(g™h) = flg™ w, gx, k(g) — K(Lg), K(Lg) — ).

By Proposition 1.4.28, for § > 0, t > 2(|K|+0) (where K is the projection of suppf onto
R,), we have

/ odii(g / Fdji(g)

_/X2//_ " f(x1, hxe, o(h, z2),w)dudp(g)dv(ze)do(z1) + Ok (6 + Os /)| f|Lip-
2 (1.3.9)

Here |f|rip is the Lipschitz norm defined by

- \f(a:l,mg,v,u)—f(:x’l,xé,v’,u’ﬂ

| flLip = | floo + sup
ip — e .
P (21,m2,0,u) (2, &) v W) d(xl, x’l) + d(Z'Q,x/Z) + ’1) — fU/| + |u — u/|

Lemma 1.3.7. There exist constants do(s) and t(9,s) such that if § < dp(s) and t >
t(d,s), then
OK(5 + Og/t)|f’Lip <e °. (1.3.10)

Proof. By the definition of p and f, the support of f is in the compact set X? x
[—4egs, degs]?. The size of K, the projection of suppf onto R,, is bounded by Sess.
The definition of p implies that f is locally Lipschitz. Together with the fact that f is
compactly supported, we conclude that |f|ri, is controlled by e?® independently of z,y.
Take § small enough according to s, then take t large enough according to 6 and s. We
get the inequality. O

Step 4: For the major term in (1.3.9), use the following lemma.

Lemma 1.3.8. For by < by and A nonzero, we have

2(eb + eb2)

| iXexp(—u du| <

Proof. Integration by parts gives

b b ixexp(—u i exp(—u b
/ : eirexp(—u) g, — / 2 Oule 'e p( ))du _ ¢ é P(=) by +/ 2 ei)\exp(fu)au ( : 1 ) du.
by by —iAe™Y —tAe™ % by by —iAe™Y

This implies that

elAexp(—u)
Ae U

b bo U 2 b1 bo
L 7o )dm(e';e)

by
| 61)\ exp(fu)du| < c
b A

by

The proof is complete. O
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When d(z,y) > e~ %?, due to the definition of p(_;), the major term only integrates
on h,xs such that |o(h,z2)| < 2e3s. The inequality |u| < |o(h,z2)| < 2e3s implies that
p(ze5) = 1. By the hypotheses on ¢, when r(x1) # 0, we have |¢/(z1)] > 1/C1 > 0.
Therefore
(@1, hao)| = |d(@, y)esign(€)sign(x, y, hao)¢' (v1)/ (d(hws, x)d(hws, y))| > €179 /C1.

We use Lemma 1.3.8 to obtain

o(h,z
/ (h.z2) ei)\exp(—2u)du
0

Combined with (1.3.9), they imply that [, + A2dfi(g) = Oexp(s). When d(z,y) < e 3%,
t
the Holder regularity of stationary measure (1.2.3) implies that

/X | ize et (@)do(y) < /X V(B e=4*))dp(x) = Ocxp(s).

| 0 14 62638

fdul < |rl3 =T

< Clr% < |2 2eBes D50y,

—o(h,z2)

Finally we obtain

/ / Ao(z, y)d(g)dv(z)dv (y)
x2Jmt
< /X RV /M: Ao, y)di(g)dv(z)dv (y)

+ / Lo y)<e—css / Ao(z,y)dfi(g)dv(z)dv(y) < Oexp(s)(1 + (M;7)).
X2 M

t

By Lemma 1.5.2, the measure fi(M,") is uniformly bounded. By using (1.3.1) and (1.3.5),
the proof is complete. O

Remark 1.3.9 (Minus case). For M, , we have another version of Lemma 1.5.2, Corol-

lary 1.5.5 and Proposition 1.4.28. The integral | f_oa(h ") fdul is replaced by | fo_a(h’yl) fdul.

Remark 1.3.10. When s is large and & is of size €©®, all the error terms have polynomial
decay except the one from Proposition 1.4.28. As we have mentioned in Remark 1.1.10, a
uniform spectral gap makes Proposition 1.4.28 effective. Then we will have a polynomial
decay.

The uniformity with respect to ||r||c1,||@llcz and 1/ infgppr |¢] is due to the fact
that all the terms depend only on these norms and the measure p.

1.4 Renewal theory

We define a renewal operator R as follows. For a positive bounded Borel function f
on X X R, a point x in X and a real number ¢, we set

+oo
Rf(,t) =Y /G [z, o(g,2) — )du™(g).
n=0
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Because of the positivity of f, this sum is well defined. In | |, Kesten proved a
renewal theorem for Markov chains, which is valid in our case | |. But a uniform
speed of convergence is needed. We will give a proof using the complex transfer operator,
which fulfills our demands. The treatment of the transfer operator will be along the path
in | |. The renewal theorem will give us an equidistribution phenomenon, where the
key input is non-arithmeticity.

First we give a proof of renewal theorem for good functions. Then we prove some
regularity properties and independence properties for the renewal process. These will
imply a version of residue process. Finally, we prove a theorem for the Cartan projection
from a similar theorem for the cocycle.

Fix the constant € = 0,/4 in this section. Keep in mind that the assumptions of
Theorem 1.1.1 are always satisfied.

1.4.1 Complex transfer operators

We introduce the complex transfer operator P(z). Let HY(X) be the space of -
Holder functions on X, a Banach space with the norm |f|y = |floo + m~(f) = |floo +

SUDPg£y %. For f in HY(X) and a complex number z, define

P(2)f(x) = / =270 f(gr)dp(g).

G

The main properties of P(z) are summarized as follows

Proposition 1.4.1. / , Theorem 4.1, Lemma 4.7 For any v > 0 small enough,
there exists 7 > 0 such that when |Rz| < n, the transfer operator P(z) is a bounded
operator on HY(X) and depends analytically on z. Moreover there exists an analytic
operator U(z) on a neighborhood of 0 < Rz < n such that the following equality holds for
0<Rz<n

(I-P(2) = iNﬁU(z), (1.4.1)
O‘MZ

where Ny is the operator defined by Nof = [ fdv

Remark 1.4.2. In Proposition 1.4.1, the non-arithmeticity is crucial to prove that (I —
P(2))~! has only one pole in the imaginary axis, which is 0. The non-arithmeticity
follows from Zariski density. See for instance [ | and [ /.

The assumption of Theorem 4.1 in | | are complicated. It is verified, in the proof
of theorem 1.4, page 8 | |, that our condition on y is enough to apply Theorem 4.1.
The idea is due to Guivarch and Le Page.

Proposition 1.4.3. [ , Lemma 4.4] For any v > 0 small enough, there exist n > 0,
0<p<1,C >0 such that when 0 < Rz < n, for a natural number n and a y-Hélder
function f, we have

[P(2)" floo < (CP™) ™| floo (1.4.2)
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Remark 1.4.4. For further usage, we need a bound on ~y. Let €, € (€) be the two constants
in (1.2.11), that is ™ {d(gz,z') < e~} < Ce™¢*, and €, the constant in exponential
moment. Choose a small vy such that v < %max{%, €1}.

1.4.2 Renewal theory for regular functions

We start to compute the renewal operator. A result for the renewal operator for
“good” functions will be proved. Let f be a function on X x R. Define a norm by
|flLeorr = supgeg |f(2,8)[#~, which is the supremum of the Holder norm of f(-,§).
Define another norm |f|y1.0cpy = |flreonr + |0¢flroopr. Write the Fourier transform

fz,6) = [ e f (2, u)du.

Proposition 1.4.5. Let f be a positive bounded continuous function in LY (X xR, v® Leb)
such that its Fourier transform satisfies f € LH7 and O¢f € L>H". Assume that the

projection of Suppf onto R is in a compact set K. Then for all t > 0 and x in X, we
have

Rie.t) = - [ S n)dudu(y) + 01 flumse).

Proof. Combine the following two lemmas. O

Lemma 1.4.6. Under the same assumption as in Proposition 1.4.5, we have

Rie.t) = - [ fndudny) + 5 [ €UGo fe ac

™

Proof. Introduce a local notation: for (x,t¢) in X x R and s > 0, write

B.f(x.t) = /G 70 f(ga, (g, ) + t)dp(g).

When s = 0, we abbreviate the notation By to B. We want to prove the following
equality,

> B'(f)(x,t) = lim Y BI(f)(x,1). (1.4.3)

+
n>0 s=07 050

By definition, one has

B (f)(a,1) = /G 02 f gz, o(g, 2) + £)du™ ()

_ /G 0D (1,0 150 + Lo(gay<0)f (92, 7(g, ) + £)du™ (g).

e The part 1,
s — 0% then

Z/Ge_s"(g’x)lldg,x)>of(g:v,U(g,w)+t)du*"(g) — Z/Glldg,x»of(g:v,a(g,w)+t)du*"(g)-

n>0 n>0

g,z)>0, since f > 0, use the monotone convergence theorem. When
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e For the part 1, )<, take s in [0,7/2]. Proposition 1.4.3 implies that

/G6_8”(g’$)1a(g,x)sof(9x,J(g,x)+t)du*”(g) < /Ge_”"(g’xmlfloodu*”(g) < (Cp™)"| flos

Since 3, <o p"/? is finite, take e 717(9)/2| f| , as the dominant function. Then use
the dominated convergence theorem to conclude.

This proves equation (1.4.3).
Using the inverse Fourier transform, we have

I e B e R )

n>0 n>0

_y / —s0(g,2) = / £+ f(ga, £)dedu™ (g).

n>0

(1.4.4)

Since f(z,£) has compact support, |f(z,£)| < |f(x,§)|Lgoq.m and |P(s)"1| < Cp*" for s
in [0,7/2] (Proposition 1.4.3), we have

Z/ —so(g,x /‘f gz, €) ]dgdp,*” <sz/ sa(gz)dlu*n ):C’fZP(s) (1) < o0

n>0 n>0 n>0

which implies that the right hand side of (1.4.4) is absolutely convergent. Consequently,
we can use the Fubini theorem to change the order of the integration. By the hypothesis
f(z, &) € HY(X), Proposition 1.4.1 implies that

2_Bi(Na.1) 27?/2/ TR0 f (g, €)dp (g)e'de

n>0 n>0
/ZP” s —i&) f(x, &)ede
n>0
= 5 (1= Pls—i9) " fla e
1 No R e
= %/(Uu(s_lg) + U(s —ig)) f(z, &)e" de.

Since s—lz’g = f0+°° e~ (5=8udy for s > 0, together with the property f € L'(R), we have

T[N ite e _ L FW6) e
QW/ﬂgau(s—if)f(x’g)etdg_QWUM/ R S —if et dedv(y)

// Fly, u+ t)e  dudu(y).
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When s — 0T, since f is integrable with respect to the product measure v ® Leb, by
monotone convergence theorem, the limit is = f ¥ i fy,w)dudr(y). Since f(z,€) is
compactly supported, we have

s—0t Jr

lim | U(=s+i€)f(z, €)e"ed¢ = / U(i€) f (2, €)e™ de.
R
The proof is complete. O

Lemma 1.4.7. Under the same assumption as in Proposition 1.4.5, we have
i R 1 2 ;
| [ vt f(a. €14l < 0k (1flimeres + 106 1)

Proof. Use the fact that f(z,€) is compactly supported and |f(x, €)|3, |85f(x, O <
oo. Then applying integration by parts, we have

[ vt o= g [ e Soquiofe o)
1

= = [ e (U ) fla.6) + U©)0ef (2.9)) de.

Since the operator norms of U(i§) and 0¢U(i§) are uniformly bounded on compact re-
gions, the result follows. O

1.4.3 Regularity properties of renewal measures

We have two principles in this subsection. Principle 1: Let f be a bounded Borel

function supported in X x [0,a]. When we take the renewal sum outside of the interval
I, = [ t ’ t-&;a ]
opte’ op—el?

> / flgz,o(g,z)—t)dp™(g) = / flgm,o(g,2)—t) 1 4 (o(g,2) —t)du ™ (g),

neN—I; neN—1I;

this sum decays exponentially with ¢. This is given by the large deviations principle
(Corollary 1.2.9, 1.2.11). For n in the interval I;, if some property is valid for each n
with an exponential error of n, we sum up. Since the length of this interval is comparable
with ¢, this property is also valid for the renewal sum with an exponential error of ¢.

Principle 2: The other is independence. By Proposition 1.4.5, the limit distribution
of (o(g,x) —t,gz) is (%1/ ® Leb, which is a product measure. That roughly means the
following: Asin Remark 1.3.4, let X,, = b, --- by be arandom walk on G. Let F' = F} X F>
where Fi, Fy are Borel subsets of X, R respectively. Then

1

E P{(Xpz,0(Xp,x) —t) € F1 X F3} - —v(F1) ® Leb(Fy) as t — +o0.
o

n>0 ’

More concretely, we could expect that R(1p, «p,)(x,t) is almost #V(Fﬂ ® Leb(F3) when
t is large.
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We want to use convolution to smooth out the target function. There exists an even
function 1 such that it is a probability density, and the Fourier transform 1) is compactly

supported. Let ¢5(t) = 5¢(52). Then fis Ps(t)dt = f_lé% P(t)dt > 1 - C6.

Proposition 1.4.8. Let § < 1/3 and by > by. Ifby—by > 20, then for x in X andt > 0,
we have

R(Up 1) (2:6) S (b = b1) (o + Co(1L+ [bg] + bn]) /1), (1.45)

If 0 < by — by < 26, then for x in X and t > 0, we have
R(Lpy, b)) (2, 1) S 6(1/0p + Cs(L + [b1]) /7). (1.4.6)
Proof. When by — by > 24, if w is in [b1, bo], then [u — by, u — b1] contains at least one of

[0, 6] or [—6,0]. Therefore

Vs * Ly, py)(w) = ¢5(U —v)dv > / Y(v)dv > (1 —9)/2.

by

Then

It is sufficient to bound R(ts * Ly, p,)). Proposition 1.4.5 implies that

R(ts * L, by)) / Vs * Ly, ) + W’(Sﬂ[bl bo] W00 -

The first term is less than [ 4 * Ljp, by) = (b2 — b1). For the second term, we have

96 Lipy o) lwroorer = (P51, o)l Loorr + [0t Lipy o) | Loonr
= |thsLipy po] oo + 10cs Lipy ol oo
< C ([T g) ()| £1 A [l o) (u)| 1) < Ci(b2 = b1)(1 + |b1] + [b2).

When by —b1 € [0,26], the renewal sum R(1y, p,)) is bounded by R(1, 4, 425))- Then
use the previous case. O

In Proposition 1.4.5, since we do not have a good control of the spectral radius of
the operator U (i) for large ||, the estimates are effective only for large ¢, which means
that when ¢ is small the error term will be out of control. The following lemma combines
the transfer operator and the large deviations principle to give a uniform estimate.

Lemma 1.4.9. For real numbers s,t and a point x in X, we have

R(1jg,q)(7,t) < max{1,s}. (1.4.8)
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Proof. We can suppose that s > 1. If not, then R(1 q)(z,t) < R(1jg1))(x,t). When
t > s, this is a direct corollary of Proposition 1.4.8. Fixing § = 1/3, we get

Lt +1]ba] 1+s
t -t
Then R(1pq)(z,t) S s(1/0y + 2C5).
When t < s, let m = [max{0, (t + 5)/(o, — €)}] + 1. By Corollary 1.2.9, we have

R(Lq)(z.t) < R(Lg)(2,0) < Y p*{o(g,2) <25} + Y pu¥{o(g,x) < 2}

n<m n>m

<m+4e "<,

~

The proof is complete. O

In the renewal theorem, the limits of the scalar part o(g,x) and the angle part
gx are independent. Using this spirit, we give the following lemma, which quantifies
this independence. In the proof, when ¢ is large enough, using Proposition 1.4.5, the
remainder term will be small. When ¢ is small, we have another estimate from the
regularity of the convolution measure p®".

Proposition 1.4.10. For s >0, a >0, t > 5s, and x, ' in X, we have

R(1p(ar e=)x[0,0)) (@, 1) = (1 + a)*Ocxp(5)- (1.4.9)
Proof. Decompose the region of ¢t into two parts:

e When 5s < t < 2%, by Corollaries 1.2.9, 1.2.11, it suffices to consider n € [t/(o,
€),(t+a)/(o, —¢€)]. Due to the hypothesis in this situation s < t/5 = et/(o, +¢€)
en, we can use Corollary 1.2.13 to obtain

+
<

M d(gz, ') < e %} < emes/e

Then the measure of this part, summing up the above inequality over all n €
[t/(ou+€), (t+a)/(o, —€)], is less than C(t +a)e <%/ < (1+a)e " (here we use
the Remark 1.4.4, 4y < ¢/€).

e When ¢ > €?7%, we take f = Ljg,q@(z) where w(z) is a function on X such that
@B e—s) = L, suppw C B(z',2e™%) and |w|, < €7®. Asin the proof of Proposition
1.4.8, we use s to regularize this function. By (1.4.7), we have

3R(w5 * f)(xv t) > R(HB(x’,e_s)X[O,a])(xv t)‘

Proposition 1.4.5 implies

R )= o= [ [ s auavt@) + 0T Tmae).



1.4. Renewal theory 39

Since m(x, £ = 125(5)11[0@] (§)w(z), the two functions are independent. We can
use the same estimate as in the proof of Proposition 1.4.8. So the rest term is
less than C§(1 4 a)?€7*/t. The major term, due to the regularity of the stationary
measure (1.2.3), is controlled by ae™**/o,,. The result follows from the hypothesis
t > 278,

The proof is complete. O

We also need the independence of o(g,z) and g~'z,, where z,z, are two points in
X. For proving this property, we pass through the Cartan projection, because the order
of products in the Cartan projection can be reversed. The following proof uses Lemma
1.2.14, which is a central tool to prove a renewal type theorem for the Cartan projection
from a renewal type theorem for the cocycle.

Let f be a positive bounded Borel function on X x R. For (z,t) € X x R, we define

Re(f)@t) = /G f(g, m(g) — DA™ (g).

n>0

Lemma 1.4.11. For s >0, a >0, t > 10s, and x, 2’ in X, we have
Ro(Lp(areoyefo) (@:8) = (14 0)2Ocxp). (1.4.10)

Proof. Due to Corollary 1.2.9 and Corollary 1.2.11, the sum of the integral of n <
t/(o, +¢€) and n > (t+a)/(o, — €) is exponentially small.

If suffices to consider n in the interval I; = [t/(o, + €),(t + a)/(o, — €)]. Fix
| = [est/o,] with €4 = 1/10. By Lemma 1.2.14, there exists Sp;, C G*" such that

,u®”SfL’l7x = Oexp(l), and for (gn,...,g1) in Sy, letting g = (gn,...,q1+1) and j =
(gla B 791)7 we have

k(gj) — olg,jz) — k(j)| < e < 1.
Thus
p®"{k(gj) € [t,t + a],d(gjz,2’) < e 5}

<pE{S5 o} + 1 {gj € Snialr(g) € [t t + al,d(gjz, a’) < e °}
LOexp(l) + {0 (g, jz) + £(j) € [t — 1, t + a+1],d(gjz, ') < e°}.

Therefore summing over n and integrating first with respect to g, we get

> 1 {k(gj) € [t,t + al,d(gjz,a’) < e "}
nel;

<> u¥olg,jz) + w(j) € [t = Lt +a+1).d(gjz,2") < e} + 0exp(l)  (1.4.11)
nel;

Stoexp(l) + /R(ILB(:L",e—S)><[—1,a+1})(jxat - ’i(]))dﬂ*l(J)
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Hence, it is sufficient to bound [ R(1 gy e—s)x[-1,a+1])(J7,t — k(5))du*(5). Let
Gre = {j € G*Yk(j) < l(o, + €)}. By the large deviations principle (Corollary 1.2.11),
we have u*lGﬁe = Oexp(1).

e For j € G, we have t — k(j) >t — (o, +€) =t —es(o, + €)t/o, > t/2 > bs.
Hence, Proposition 1.4.10 implies that

R(ﬂB(x’,e*S)><[—1,a+1})(jxut - ”(])) S (1 + a)2OeXP(S)'

e For j € GY_, Lemma 1.4.9 implies that

e

R(]-B(w’,e*S)X[—1,a+l])(j$7 t— ﬁ(])) S.z (1 + a)‘

Combining the above two inequalities, we have

/R(HB(J:’7@—S)><[—1,a+1])(jxa t = #(7)du™(j) < (1+ a)*Ocxp(s) + Oexp(1)(1 + a).

(1.4.12)

The proof is complete. O

There is a byproduct of the above lemma. When the function f does not depend on
X, abbreviate Rp(f)(z,t) by Rp(f)(t).

Lemma 1.4.12. For real numbers s,t, we have
Rp(Lpq)(t) < max{1, s°}. (1.4.13)

Remark 1.4.13. Here the term s> is not optimal. With some extra work, it can be
improved to s.

Proof. Suppose that s > 1. If not, then R,(14)(2,t) < Ry(1j17)(2,t). When ¢ > 10,
apply Lemma 1.4.11 with a = s,e™® = e 1,2/ = xj,j7 € J, where J is a finite set such
that UjcsB(zj, e ") covers X. So we get Rp(1jgq)(t) < s>

When t < 10 < 10s, let m = [max{0, (t +s)/(o, —€)}] + 1. By Corollary 1.2.11, we
have

Rp(1jg.0)(t) < Rp(1o2q)(0) € Y- w™{s(g) < t+ 5} + 3 w™{n(g) <t +5)

n<m n>m

< m4e <™ < s.

The proof is complete. O
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Now we are going to prove the independence of o(g,z) and g~ 'x. Recall that ji is

the pushforward of u by the inverse action. Let f be a positive bounded Borel function
on X x R. For (z,,2,t) € X? x R, we define

Ri(D) o) = 3 [ fg 2000l9.2) = )" (9)
n>07G
Proposition 1.4.14. For s >0, a > 0, ¢t > max{10s, 10}, and z, 2/, x, in X, we have
(Lot ooy o)) (@or 2:2) = (1 + 0)Ocp(s). (1.4.14)

Proof. Due to Corollary 1.2.9 and Corollary 1.2.11, the sums of the integral of n <
t/(o, +¢€) and n > (t+a)/(o, — €) is exponentially small.
It suffices to consider n in the interval I; = [t/(o, + €), (t +a)/(ou — €)]. Let

Gen ={9 € G*"|k(g) > n(o, —€/2), d(gilxo,a;) > e d(gilmo,a:;n) < 67(2"”76)”}.

By inequalities (1.2.9), (1.2.11) and (1.2.13), we have u®"G, > 1 — Oexp(n). Since
t > 10, for n in I, we have n > t/(o, +€) > 10/(0, +€). For g € G, we have

—2/{(9) m —1 —(20,,—€)n
e + d((L'g yg Z’o) < 2e (20u—¢) _ 26_(20M—2e)n < 26_20(‘7u_€)/(0u+5) < 1/2
d(g—lz,,x) e~en

Using Lemma 1.2.7 with g € G ,,, we have

e—2r(9) 4 d(zy", g 12,)

< demPoum20n <,
d(g—'z,, x) €

|09, 2) — #(g) —logd(g™"zo, )| < 2
Therefore,

p"{o(g,2) € [t,t +al, d(g™" w0, 2") < €7} < Oexp(n)+
pk(g) €[t — 1, t +a+1] —logd(g 'y, ), d(g tzy,2') < e 5}

Summing up over I; and using the definition of fi, we have

Z & o(g,x) € [t,t +al], dlg  zo,2") < e}

nely
LOexp(t) + Z ™ {k(g) € [t — 1,t +a+ 1] —logd(g e, x),d(g 20, 2') < e}
n>0
:Oexp(t) + Z ﬂ®”{/§(g) € [t —Li+a+ 1] — log d(gxm x)a d(gxm x/) < e_s}'
n>0

(1.4.15)

Hence, it is sufficient to bound Rp(1y1iogd(y,)e[~1,a+1],d(y,")<e—=) (Tos 1), Where we
use (y,u) to denote the variables, and the measure p is replaced by fi. For simplicity, we
use the same notation Rp. Cutting the region along {y € X|logd(y,x) < —t;} and the
subsets {y € X|logd(y,z) € [—(k+ 1)s, —ks]} for 0 < k < t1/s, where t; = (t — 1)/9.
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e When k£ =0, since t — 1 > 10s, we can use Lemma 1.4.11 to obtain

Rp(Lutiogd(y.e)e[-1,a+1],d(ya") <e~* d(y,e) >e—) (Tos )
SRP(]ld(y,x’)ge*S,ue[fl,s+a+1])(xo, t) S (1 + 5+ a)2€_6 %

e When 0 < k < t1/s, since t + ks — 1 > 10ks, again we use Lemma 1.4.11

RP(]lu—l—log d(y,x)€[—1,a+1],d(y,x")<e~5,d(y,x)E[e~ (F+D)s e—ks] ) (x07 t)

S‘RP(]]-d(y,:rz)ge—ks,ue[—l-l-ks,a-i-l-i-(lc-l—l)s])(‘Ttﬂ t) S.z (1 +s+ a)2€7€ b,
e In the last case, logd(y,z) < —t1, we have

Rp(Lytiog d(y,o)e[—1,a+1)d(y,e’)<e—* d(y,)<e—1 ) (Tos )
S‘R]:’(]lqulog d(y,x)€[—1,a+1],d(y,x)<e”!1 )(1'07 t)~
This is similar to the original quantity Rp(1,410gd(y)e[~1,a+1],d(y.a)<e—*)(Tor t)-

The difference is that here t; is comparable with ¢, which is crucial in the following
argument. Return to the definition of Rp, and discuss on the length n = w(g).

— When n > (t +a+1)/(ou — 2¢), by inequality (1.2.9) and (1.2.11), we have
1% {g € G*"|k(g) —no,, < ne, d(gzo,z) > e~} > 1—Ce™™. By hypothesis
n> (t+a+1)/(o, — 2€) , the element in this set satisfies

k(g) > (op—€en>t+a+1+ne>t+a+1—logd(gz,, x).

Thus 1%"{g € G*"|k(g) € [t—1,t+a+1]—log d(9xo, z)} = Oexp(n). Summing
over n, we see that the measure of this part is Oexp(?).

— Whenn € [(t—1)/(o,+€), (t+a+1)/(0,—2€)], since en > e(t—1)/(o,+€) >
(t —1)/9 = t1, Corollary 1.2.13 implies that

f2 g € G*"|d(gzo,x) < e 1) = Oexp(t1) = Ocxp(t).

— When n < (t —1)/(ou + €), Corollary 1.2.11 implies the measure of this part
is Oexp(t).

Therefore we have
RP(]lu—Hog d(y,z)€[—1,a+1],d(y,x)<e 1 )(SEO, t) = Oexp(tl)'

Combining the three cases, we have finished the proof. O
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1.4.4 Residue process

We introduce the residue process, which not only deals with o(gngn—1---9g1,x) but
also takes into account the next step o(gn+1, gngn—1--- g1). Let f be a positive bounded
Borel function on X x R2. For (z,t) € X x R, we define the residue operator by

Bf(w.0) = 3" [ Fhge.ath.ga),o(g.5) = du™ (g)du(h). (1.4.16)
n>0

Let Fyf(x,v,€) = [ f(x,v,u)e™du be the Fourier transform on R,,. Let F be a function
on X x R, x Re¢,. Define a partial Lipschitz norm by

‘F(.%,U,g) - F(.Z'/,U/7§)’
Flreopin =sup |F(&)|ip =sup | |F(§)]oo + sup .
] P £ER‘ (©)lzi €eR F©) (z,v),(2' v )eX XR d(z,2") + [v — V']

Proposition 1.4.15 (Residue process). If f is a positive bounded continuous function
on X x R%. Assume that the projection of suppF,(f) onto R¢ is contained in a compact
set K, and | Fu(f)|LoLips |0cFu(f)|Loorip are finite. Then fort >0 and x € X, we have

1 o0
Bfet) = - / t /G /X F(hy, o (b, y), wdv(y)dpu(h)du -

+ 30k (FuPliesip + 10Fu )l 1ei).

Proof. For a bounded continuous function f on X x R? and (x,u) € X x R, we define
an operator () by

Qf (i, u) = /G f(ha, o (h, ), u)dph).
Then
Bf(.0)= Y [ Qflgr.o(g.2) - 5™ (g) = RQS) (1)

n>0

We want to use Proposition 1.4.5, so we need to verify the hypotheses. The function
Qf is bounded and integrable by the hypotheses on f. Then

@"(x,{):/Qf(ac,u)emgdu:/f(hm,a(h,x),u)ewgdudu(h)
= [ Attt autn).

Thus C,/)? is also compactly supported on £. It remains to estimate the Hélder norm of
Qf. Since F, f(x,v,&) is Lipschitz on (z,v) € X x R, this implies that

QF (. 6)-0F (4.6)| < /G Fuf (hay o(h, 2),€) — Fuf (hy o (hyy). €)ldu(h)

< / \Fuf oo pip(d(hie, hy) + o (B ) — o (b ) )du(h).
G
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Using Lipschitz property of the distance and the cocycle, and finite exponential moment,
we have

QF (2.6)~Qf (5, )| < |FuflroeLipd(z,y)” /G (1 + w(h) R du(h) S |Fuflreripd(z,y)?,

where we use the Remark 1.4.4 that 4y < ¢;. Therefore

Lemma 1.4.16 (Change of norm). Under the assumptions of Proposition 1.4.15, we
have

QF lLgemn S 1 Fulf)|rerip, 10:QF |Lgemn S 10 Fuf Lo Lip-
Proof. The second inequality follows by the same computation. ]

By Proposition 1.4.5, we have

RO = - [ [ Qs wadv(s) + {0k (107l + 19010

1 o0 1
- 0—7/14 /X /_t Qf (y,u)dudv(y) + EOK (1Fu(F)| oo rip + 10 Fu(f) oo Lip) -

The proof is complete. O

1.4.5 Residue process with cutoff

In this section, we restrict the residue process to the sequences (gn+1,9n,---,91)
such that o(g,---g1,2) <t < 0(gns1---g1,2). Let f be a function on X x R2. Define
a Lipschitz norm by

’f(xvvvu) B f([El,’U/,U/M
| flLip = | floo + sup :
* OO (z,v,u)#(z! v u!) d(.%', l'/) + ’1) - ’U” + |U - ul|

(1.4.18)

Define an operator from bounded Borel functions on X x R? to functions on X x R by

Ecf(z,t) = fhgz,o(h, gx),0(9,2) — t)dp(h)dp™(g).

n>0

/U(g’m) <t<o(hg,x)

By Lemma 1.4.21, which will be proved later, this operator is well defined. Let K be a
compact set in R. We denote |K| by the supremum of the distance between a point in
K and 0.

Proposition 1.4.17. Let f be a continuous function on X xR? with | f|Lip finite. Assume
that the projection of suppf on R, is contained in a compact set K. For all § > 0,
t>|K|+06 and z € X, we have

0
Eof(a.t) = /X /G / o 10900, OAAEIA) + Ok (5 + O3/,
(1.4.19)

where O does not depend on 0, f,t,x, and the integral fi)a(h ) = 0 if o(h,y) <O.
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Remark 1.4.18. We decompose f into real and imaginary parts, then decompose these
two parts into positive and negative parts. Each part satisfies the hypotheses of Proposi-
tion 1.4.17, with the support and the Lipschitz norm bounded by the original one. Thus,
it is sufficient to prove this proposition for f positive.

The following lemma connects the operator E. with F.

Lemma 1.4.19. Under the assumptions of Proposition 1.4.17, let fo(z,v,u) = 1_y<y<of(x,v,u).
Then

ECf(xa t) = Efo(x7t)'

Before proving this proposition, we describe some regularity and independence prop-
erties. They are corollaries of analogous properties for the renewal process. The idea is
to decompose the integral according to the last letter. The following lemma means that
the residue process with cutoff has exponential decay with respect to the last jump.

Lemma 1.4.20. Fort,s in R and x in X, we have
Ec(Ly>s)(x,t) = E(1_y<u<0,0>s) (2, 1) = Oexp($). (1.4.20)

Proof. By Lemma 1.4.9 and finiteness of the exponential moment, we have

> weu{(h,g) € G*lo(g,z) —t € [~o(h,gz),0],0(h, gx) > s}

n>0
<Y @ p{(h,g) € G*lo(g,x) —t € [r(h), 0], x(h) > s}
n>0
= / R(L[—ny,0) (2, t)dp(h) S / max{1, £(h)}du(h) = Ocxp(s).
k(h)>s k(h)>s
The proof is complete. O

Lemma 1.4.21. There exists C' > 0 such that for allt € R and z € X, we have
Ec(1)(z,t) = E(1_y<u<o)(z,t) < C. (1.4.21)

This is a special case of Lemma 1.4.20. The following lemma quantifies the inde-
pendence of the scalar part and the angle part. Abbreviate 14, »)<e—s, —v<u<o (y,v,u) to
La(y,a')y<e—s,—v<u<o, and others are similar.

Lemma 1.4.22. Fort > 5s >0 and x,2’ in X, we have
EC(ld(y,x’)Se*S)('w? t) = E(ld(y,z’)ge*3,7v§u<0)(x7 t) = Oexp(s)' (1422)
Proof. Since

I v<u<o < Layan)<es,~v<u<ow>s T Ld(y,ar)<e=s 0<utv<s:
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we have

E(1d(y,x’)§6—3,7v§u<0)(l’a t) < E(H*U§U<U,U25)(l‘a t) + E(ﬂd(y,x’)§6—3,0§u+v<s)(:Ea t)'

By definition, we have

E(]]-d(y z')<e—s O<u+v<s)(x t Z / 11d(hg:z: z')<e=%,0(h,gz)+o(g,x)—t€(0, s]d:u ( )dﬂ(h)
n>0

_Z/ld(g:rx <e=%,0(g,z)—t€[O0, s]du ( ) R(HB(m’,e*S),[O,s])(xat)'

n>1

By Lemma 1.4.20 and Proposition 1.4.10, the result follows. O

Lemma 1.4.23. For s > 0, t > max{10s, 10} and x,z,,2’ € X, we have

Y n®p{(h.g) € G x Glo(hg.x) = t,0(g,z) < t,d((hg) 'z, 2") < e} = Oexp(s)-

n>0

By the same argument as in the proof of Lemma 1.4.22, we only need to replace
Proposition 1.4.10 by Proposition 1.4.14. The difference between this lemma and Lemma
1.4.22 is the angle part (hg)lz.

Using 15 to regularize these functions, we write f5(z,v,u) = [ fo(z, v, u—u1)s(ui)dus =

Vs * fo(,v,u).
Lemma 1.4.24. Under the same hypotheses as in Proposition 1.4.17, we have

E(fs)(x.1) / / / oy {09005 00 (g)(y) + O (9 O

Proof. We want to verify the conditions in Proposition 1.4.15 and then use this pr0p051—
tion. The integrable condition is valid because | fR fsl = ’fRu folz,v,u)du| = |f f(z,v,u)du| <
|K||f|oo- For the Fourier transform, we have

Fufs = Fus * fo) = z%}—u}co-

We need to estimate the Lipschitz norm of F, f,. This function equals

0
/fo(m,v,u)eigudu = f(z,v,u)e du.

—v
Taking (z,v) # (2/,v"), we have

0 0
| f(z,v,u)e® du — f@' v, u)e dul
- _ |
<| [ (flzvu) = f(@, 0 w))e dul + [0 = vl|floo S K| FlLip(d(z, 2) + v — o).

—v

Then we have
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Lemma 1.4.25 (Change of norm). Under the same hypotheses as in Proposition 1.4.17,
we have

| Fufslooorip < |K||flLips [0eF fslroerip < K| f|Lip-

Proof. Noting that in the integration |u| < |v|, we get the second inequality by the same
computation. L]

Therefore by Proposition 1.4.15, we have

B = o [ [ [ gt wav)duman-+ S (17l 18]+ 1K),

Then
[e§) oo 0 0 0
/ fs(z,v,u)du = / flz,v,u1)vs(u — up)durdu = f(z,v, ul)/ Ys(u — uyp)duduy
—t —t —v —v —1

0 0 —t—uq
— [ v adun— [ feo,u) / 5 () duduy.

—v —v —o0
Since t — § > | K|, we have —t —u; < —t+v < —4§. By f:fo s < Cyd, this implies that
I f5(@,0,u)du = fBU fs(z,v,u)du(1+ O(d)). Using Lemma 1.4.21, we have

0
L 7o) wddn(a) )] < IflFe(v) = O fl)
Therefore

[ [ttt e
-t JGJX
0
= /X/G/_G(}%y) f(hyaU(h,y),U)dud,u(g)dy(y)+O(5|f|oo)

The proof is complete. O

Next lemma gives the difference between a function and its regularization.

Lemma 1.4.26. Let po(u) = L, p,)(w)p(u), where by > by and [¢'|Le < 00, [p|ro < 1.
Then we have

(I¢'loc +2)0 € [by+6,by — 6],
|15 * po(u) — po(u)| < {2 w € [by —8,by 4+ 6] U[by — 6,by + 0], (1.4.23)
QJZ)(S * :[]'[bl,bﬂ(u) (NS [bl - 57 b2 + 6]6

Proof. We will prove this inequality in each interval.
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e When w is in [by + 0, by — J], we have

)
(5 * 9o — o) (u)] = \ / s () (polu — £) — wo(U))dt‘ < / Ws(Blol —1) = pofu) dr + 2

When [t| < §, we have u — t € [by, ba]. Since |¢(u)| < |¢| for u € [by, bo], this
implies that

) )
/_ Ws(Bleo— 1) — eofu)dt < / (Ol ot < il

o When u € [by1—0, b1 +3]U[ba—6, ba+0], we use the trivial bound |¢5%po(u)—po(u)| <
2.

e When u € (—00, b1 —0]U[ba+6, o0, we have ¢o(u) = 0, then [thsxpo| < [1hs* L, pol-
Thus collecting all together, we get the inequality. O

Proof of Proposition 1.4.17. To simplifier the notation, we normalize f in such a way
that | f|ec = 1. By Lemma 1.4.24, we only need to give an estimate of E(|fs — fo|)(x,1).
Since fo(z,v,u) = 1_y<y<o(u) f(z,v,u) with (x,v) fixed, Lemma 1.4.26 implies that

(|0ufloc +2)0 u € [—v+0,—6],
[fo = fol(u) < ¢ 2 u€[—v—238,—v+8§U[-60],
Vs * 11—y 0) (u) u€[—v—24,0]°.

By definition of |K|, the first term is less than (|0y.f|oo +2)01_|x|+s—s- The third term
equals

0
Lo, —v—3)Ufs,00] V8 * Lj—u,0 (1) = L|_oo —v—s)uls,o0) (1) [ Ws(u —u1)duy

—v

u+v
= 100, —v—d)U[5,00] () / Ys(ur)duy.

By definition and the above arguments, we have

E(|fs = fol)(z,t) =) / /s = fol(hgx,o(h, gx),0(g, x) — t)du™ (g)du(h)

n>0

<Y [ (00u71+ 261 11 (otg,2) — )+

n>0

+ 21 [ o (h,g2)—6,— 0 (h,gz)+5]u[-5,5) (0 (g, ) — 1)

o(hg,z)—t i}

+ Leoo,—o(hga)—sJuls,00] (09, ) — 1) / o) %(m)dm)du "(g)dp(h).
o(g,x)—t
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By Lemma 1.4.9, the first term is controlled by (|0, f|co +2)J|K|. The second term is less
than R(1_s54)(z,t). Due to Proposition 1.4.8, it is controlled by 65(1/0,,+Cs(1+24) /).

For the third term, we need to change the order of integration. Since o(g,x) —t > §
or o(g,z) —t < —o(h,gx) — 6, we have u; > o(g,x) —t > 0 or u; < o(hg,x) —t =
o(h,gx)+o(g,x) —t < —5. We integrate first with respect to uy, then the third term is
less than

/[ oo ]%(m) > 1@ p{(h,g)lo(hg, z) > ur +t,0(g, ) < uy + thduy.
—00,—0]U|0,00 n>0

By Lemma 1.4.21, the above quantity is less than C’f[ioo —§]U[5,00] Ys(ug)duy < 0.
Therefore, we have

E(|fs = fI)(@,t) = Ok (6 + C5/t)|f|ip-
The proof is complete. O

Remark 1.4.27 (Minus case). The lemmas in this part concern plus and minus. The
another version we need is for E;(f)(x,t) = E(Llocu<—vf)(x,t), the proofs are exactly
the same.

Proposition* 1.4.17. Under the assumptions of Proposition 1.4.17, we have
_ _U(hvy)
Eehat) = [ [ [ o), wdudu)anty) + Ox (3 + Os/O) i

1.4.6 Residue process for the Cartan Projection

We consider the residue process for the cutoff of a function f on X? x R?, where the
cocycle is replaced by the Cartan projection. We will give a limit not only with gz, but
also with g~ 12’

As in the previous subsection, we can define a similar Lipschitz norm on the space
of Lipschitz functions on X? x R?, using the same name |f|r;,. Define the operator from
bounded Borel functions on X? x R? to functions on X? x R by

Epfa,a,t) =Y / o ronin S92 Rz 5(0g) = 5(9), ) — DA™ ).

n>0

Proposition 1.4.28. Let f be a continuous function on X2 x R% with |f|Lip finite.
Assume that the projection of suppf on R, is contained in a compact set K. For all

§ >0, t > max{2(|K|+0),20} and 2',x in X, we have

0
Epf(a!,z,t) = / / / 1 by, o (h, y), w)dudp(R)dv(y)di (') + O (5 + Os /O1f | Lip:
X2JG J—o(hy)
(1.4.24)

where Ok does not depend on 6, f,t,z,x’, the integral fi)a(h ) = 0 ifo(h,y) <O.
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Proof. We introduce local notations here: for an element g in G and a continuous function
f on X2 x R?, define gf(z',z,v,u) = f(g7'a',z,v,u). Let fu(x,v,u) = f(z',z,v,u),
which emphasizes that the first coordinate is fixed. Let | = [est/o,], where e5 < 1/10.
We use the decomposition

h = In+1,9 = (gn>-~- 7gl+1)7j - (9la-~~791)-

Recall that N;” = U,,50{(9n+1,9n> - - > 91)|K(gnt1 - 91) > > K(gn---g1)}. Let N (n) =
NN GO = {(gnta, .., 91)|K(g4) < t,r(hgj) > t}. Let

To(,1) = {(gn+1,- -, 91) € G Vo(hg, jz) > t = K(j), (g, jo) <t — w(j)},

and let Go; = {(g1,--.,91)||k(j) — loy| < le,d(xM 2') > e}, as well as

gl 91’
Tn,E - {(gn—‘,—l, o 791) € Tn|(gl, s 791) € GE’Z}'

Step 1: Due to Corollary 1.2.9 and Corollary 1.2.11, the sum of the integrals fN;f(n) for

n ranging from t/(o, + €) — 1 to t/(o, — €) is exponentially small in ¢. In other words,
we have

[t/ (=€)
D _ F((hgg) e hgje, k(hg) — r(g5). r(gf) — )du®" D
n=[t/(ou+e)] Ve (") (1.4.25)

—Epf(2',2,t)| = Ocxp(t)| floo
The following lemma replaces the Cartan projection with the cocycle.

Lemma 1.4.29. Under the same assumption as in Proposition 1.4.28, we have

[t/ (0]
> (g hgjn(hgg) = k(gd), K(gd) — )Au® T (hgj)
n=[t/(ou+e)] NVt (M)
[t/(ou—e)]
- / )"t hgjxz, o(h, gjx), o(g, jz) — (t — £(5)))dp®" ) (hgj)|
=[t/(ou+o)]

= 0(5 =+ 05/t ’f’Lip-
(1.4.26)

This lemma will be proved later. We will decompose T, (x,t) to apply the residue
process for the cocycle. The space T), ¢(x,t) can be seen as a fibered space over G .
When the first [ elements are fixed, the elements (h, g) such that hgj = (gnt1,---,91) €
Th.e(x,t), are the admitted elements in the residue process with cutoff, whose start point
is jo and time is t — k(j). Since (n —1)(o, +€) <t —k(j) and (n —1)(o, —€) >t — K(j),
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we can apply Principle 1 to this residue process. Integrating over G.; implies that

[t/(ou—e)

Y / if((hg) "2, hgjz, o (h, gjx), o (g, jz) — (t — £(5)))du® D (hgj)
n=[t/(cu+o)]
— [ Bt ot = ) G)] = Oy 0]
. (1.4.27)
where
Erf(a,z,t) 2/ f((hg)~'a' hg, o(h, gx), 0(g, 2) — t)dp(h)du™" (g).
n>0 o(g,z)<t<o(hg,z)

The following inequality, whose proof relies on Lemma 1.4.23, will give a major term.

Lemma 1.4.30. Under the same assumption as in Proposition 1.4.28, for all j € Ge,
we have

|Ec fi-10 (2.t = £(5)) = Erjf (@, jo, t = £(7))] < | f|LipOexp (D), (1.4.28)

This lemma will be proved later. Integrating (1.4.28) over G, we obtain
[, Bt et = KG) = Brif et = KO < WlipOue 0. (1420
By (1.4.25)(1.4.26)(1.4.27), it suffices to compute the major term
, Fediatint = KA G)

Step 2: Recall that Ny, P(0) are the two operators defined by Nop = [ ¢dv, P(0)p(x) =
J ¢(gz)dv(g), where ¢ is a function in H7(X). We have another property of transfer
operators | , Lemma 11.18]: The spectral radius of P = P(0) restricted to ker Ny is
less than 1, which means that there exist p < 1,C > 0 such that for every function ¢ in
HY(X), we have

|P"p — /sodV!oo < Cp"|ply.

Thus by p®'Ge; = Oexp(l), we have

[ et aan= [ oarl = | [ o(72)4G)~ [ pdrt+Oug Dl = Ooxp(Dlicluy-
€l x
(1.4.30)
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By the definition of |- |1 on X x R?, the function f;-1,/(x,v,u) has a finite |- |1, value.
Together with ¢t — k(j) > t/2 > |K| + 6, Proposition 1.4.17 implies that

/ Ecfy10 (G, t — 5())du®(j)

/ (/ / / . Lo (h,y), w)dudp(h)dr(y)du®(4) ()K(5+()5/t)|fjlq;'up>
el —0 y
— / / / / f(j—lx” y,o(h,y), u)d'u@l(j)dud,u(h)du(y) + Ok (6 + Os/t)| fLip)-
X _U(h y) Gel
(1.4.31)

With (z,v,u) fixed, f(2/,z,v,u) is a Lipschitz function on z’; so it is a Holder function.
Together with Lemma 1.4.21 and inequality (1.4.30), we have

/ e f1p (i, t — 5(7))du® ()

/ / / (h, / fu,o(h,y),y,y")do(y )dudpu(h)dv(y) + (Oexp(l) + Ok (6 + Os /1)) |f] Lip-
—a(h,y)
(1.4.32)

The result follows. O
It remains to prove Lemma 1.4.29 and Lemma 1.4.30.

Proof of Lemma 1.4.29. There exist Sy 411, C G*(n+1) and Snie C G*™ which satisfy
the conditions in Lemma 1.2.14. Let Sy,(z) = Sp+1,12 N (G X Sp2). Then

pEr S ()¢ = Oep(1), (1.4.33)

and for (gn+1,-..,91) in Sp(z), we have

(hgj) — o(hg, jx) — K(j)| <
|<e

|k
k(gg) — o(g,jx) — k()

In N;"(n) N Sy(x) N Tp(w,t), we can replace the Cartan projection by the cocycle
with exponentially small error. Fortunately, the difference of this set with N,"(n) and
T, (z,t) has exponentially small measure. By definition, we have

N, (n) N Sn(@) C {o(hg, jz) >t — e = k(j), 0(g, jz) <t + e = r(4)},
and

N (n) D {o(hg, jz) > t + e = K(j),0(g, jz) <t — e = K(j)} N Sn().
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Therefore

(N (n) N Su(2) = Tu(z,1)) c{o(hg, jz) € [~e~, 0] +t — k(j)}
U{o(g,jz) € [0, +t = w(j)},

and

(Tn(z,t) N Sp(x) — N (n)) C{o(hg, jz) € [0,e” 9]+t — r(j)}
U{o(g,jz) € [-e~,0] + t — K(j)}.

Hence, these imply that

pE D (NF (n) — NiF(n) 0 Sp(z) N Ty(z, 1)) < p20FD S, (2)°
+ p®H(NF (n) N Sy (@) — T (z, 1))
< Oexp(l) + p¥" D {a(hg, jz) € [=e~, 0] + t — 5(5)} U{o(g, jo) € 0,7+t = £(j)}.

and

pEEN(Ty (2, t) = Nt (n) 0 Su(@) N Ty(a,t)) < p= DS, ()
+ S (T (2, 8) 0 S (2) = N (n))
< Oexp(l) + p®" o (hg, jz) € 10,6+t = r(j)} U{o(g, jo) € [~e~,0] + ¢ — r(j)}.

Moreover, for (gn+1,---,9g1) in the set N, (n) N S, (z) N Ty, (x,t), the definition of S, ()
implies that

| ((hgs)~'a’, hgja, k(hgj) — r(gj), k(gj) — 1)

o L : N el sl (1.4.34)
if((hg)~ ', hgjz,o(h, gjx),o(g, jz) — (t — k()] < e 7| flLip-

Thus, for n € [t/(o, +€) — 1,t/(0, — €)], we have

| NH( )f((hgj)—lx/,hgjx,n(hgj) — k(gj), K(gj) — t)dp®+D)
. (n

= [, 380 Rz ot g, oo, 30) — (0 (7))
< (N (n) — N (n) N Sy (2) N To(z, 1)) U (T (2, t) — N (n) N Sy (x) N Tz, 1))
+ X INE () 0 S (2) 0 T (2, 1) Oexp (D1 f | i
< (Oesp(1) + 2" {|o(hg, jz) — t + £(j)], [0(g, &) = t + £(5)] < e D] floo + Ocxp D] f|Lip-
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Sum up over all n € [t/(o, +€) — 1,t/(0, — €)]. Then the above inequality becomes

[t/(ou—¢)
jp> / F(hgi) 1 hgj, w(hgd) — w(gd), wlg) — S ()|
=[t/(on+e)]
[t/(Uu_5)]
- > Tjf((hg)‘lx’,hgjx,a(h,gjx>,a<g,jx>—(t—n(j)))du@"*”(hgj)
n=[t/(op+e)] " "

< tOexp(l)‘f|Lip + |f|oo /le 2R(ﬂ[fe—€l,e—€l])(jx7t - ﬂ(]))d/”L@l(])
(1.4.35)

By (1.2.9), (1.2.12), we have u®'G.; > 1 — Oexp(l). Thus combined with Lemma
1.4.21, we get

S (D (0,8) = T, t) = | EL(jat = ()du () = Ounp(0):

n>l GC

This enables us to replace the integration domain 7, by T},  with exponentially small
error. It is sufficient to control the right hand side of (1.4.35).

The last term can be bounded by the similar argument as in (1.4.12), with Propo-
sition 1.4.10 replaced by inequality (1.4.6). It follows that

/ l 2R(1_ -t g—ap)(Jz, t — k(5))dp®l(j) = Oexp(l) +60(1 4 O;s/t). (1.4.36)
GX
The proof is complete. O

Proof of Lemma 1.4.30. We want to replace (hgj) 'z’ with (§)~'2’ in the first coordinate
in order to find the residue process with cutoff. The idea is always similar. We have a

good approximation in a large set, whose complement has exponentially small measure.
Let

2= J{(hg) € G x G*"o(g, jz) < t — k(j) < o(hg, jz),d((hg) "2’ x}) < e},
n>0

Since t — k(j) >t — (0, + €)l > 10el and t — k(j) > t/2 > 10, we can use Lemma 1.4.23
with s = el and jx,x’,x;‘/l to obtain

1@ %) = Oy, (1.4.37)

The definition of G; implies that d(:vju, 2') > e~ and k(j) > (0, — €)l. It follows from
(1.2.4) that .CC;VI =z, Together with (1.2.1),(1.2.5), for (h,g) outside of the set ¥;, we
have

d((hgj)~'a',j~ ") = d(57 " (hg)~'a’,j7"a')

< exp(—2k(j1) — log d(zi s,z 2') — log d(zi1, (hg)™ 12")) < exp(—2(0,, — €)l + 2¢l).
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Therefore

|f(j_1$/, z,v, U) - f((hgj)_la:/,x,v,u)] S |f’LiPd(j_1x/a (hgj)_lﬂj/) = |f|LipOeXp(l)~
(1.4.38)
In the bad part 3;, we use inequality (1.4.37) to control. Outside of ¥;, we apply
inequality (1.4.38). Thus we have

1> f(G 1! hgjx,o(h, gjx), o(g, ja) + K(j) — 1)

>0 /cr(hg,jx)>t'€(j)20(g»j$)

— f((hgg) "2’ hgjw,o(h, gjz),0(g, jz) + K(j) — )du(h)du™(g)]
< [f1Lip(Oexp(l) + Oexp( EcL(jz, t — £(3)))-

Then by Lemma 1.4.21, the proof is complete. ]

Remark 1.4.31 (Minus case). Let

Bp s )= 3 / v T gz (1) = (). 5(0) — ORI ).

Then by the same proof, we have

Proposition* 1.4.28. Under the assumptions of Proposition 1.4.28, we have
— / _O—(h,y) / /
Bt = [ [ 5 o). w)dudu()au )5 ') + Ox (5 +Os/0) i

1.5 Main Approximation

In this section, we want to complete the proof in Section 1.3. It remains to prove
Proposition 1.3.6 and the following Lemma 1.5.2 and Corollary 1.5.5.

Recall the definitions in Section 1.3: Let u be a Borel probability measure on SLa(R)
with a finite exponential moment, and assume that the subgroup I';, is Zariski dense. Let
Y = Upen G*" be the symbol space of all finite sequences with elements in G. Let fi be
the measure on ¥ defined by

+oo
= ®n h ®0_5
= p", where u®0 = gy.

n=0

Let the integer w(g) be the length of an element g in 3. Let T" be the shift map on
Y, defined by T'g = T(g1,92,---,9w) = (91,92, - Guw—1), Wwhen w(g) > 2, and Tg = (),
when w(g) = 1,0. Let L be the left shift map on X, defined by Lg = L(g1,92,--.,90) =
(925 -+, 9w—1,9w), when w(g) > 2, and Lg = 0, when w(g) = 1,0.

The sets M,", N, are defined by

M;m ={g € X| w(Tg) <t<r(g)}
N =u(M;") = {g € Z|(Lyg) < t < K(g)},
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where ((M) equals {g~!|g € M} for any subset M of ¥.

Let i be the pushforward of p by the inverse action. It also satisfies the assumptions
of Theorem 1.1.1. By definition u(M;") = a(N;").

For x,y in X, write s; = e3s and

M (2,9) = {g € M |[5(g) — K(Tg)| < s1,d(al", g~ 'w) < e~ d(g "z, 2), d(g ", y) > 2¢"1}.

We need some regularity properties of N;". These lemmas are of the same type as
the ones with the cocycle, using the Cartan projection instead. The correspondences are:
Lemma 1.5.1 with Lemma 1.4.20, Lemma 1.5.2 with Lemma 1.4.21, Lemma 1.5.3 with
Lemma 1.4.22. In fact, for all the regularity properties, there are similar versions for the
Cartan projection. The subadditivity is sufficient. We follow the same procedure as in
the proof for the cocycle.

Lemma 1.5.1. For s in R, we have
i{g € N ||n(g) — £(Lg)| > s} = Ouxp(s): (15.1)

Proof. Subadditivity of Cartan projection implies £(gw) > |k(gw - 91)—K(Gw—1---g1)| =
|k(g) — k(Lg)| > s and k(Lg) = k(g) — £(gw)- Then

i{g € N ||k(g) — k(Lg)| > s}

=Y neu™{(hyg) € GxGlrlg) <t < r(hg),|x(hg) — r(g)| > s}
n>0

<"1 ™{(hg) € G x Glt — v(h) < rlg) < t.x(h) > 5}
n>0

= [ R Odlh)
k(h)>s
By Lemma 1.4.12 and finite exponential moment, we have

g € Ni'l|k(g) — K(Lg)l > s} < / max{1, £(h)*}du(h) = Oexp(s).

k(h)>s
The proof is complete. ]
A special case is when s = 0. Applying the above lemma with /i, we have
Lemma 1.5.2. The measure i(M,;") = fi(N;") is uniformly bounded with t.

The following lemma quantifies the independence of the scalar part and the angle
part of residue process for the Cartan projection.

Lemma 1.5.3. For s >0, t > 10s and z,z, € X, we have

a{g € Ntﬂd(xg/‘[,gx) > e} = Oexp (1), (1.5.2)
i{g € Ny ld(gzo, x) < €™} = Oexp(s). (1.5.3)
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The proof of the second inequality follows the same procedure as in the proof of
Lemma 1.4.22, replacing Lemma 1.4.20 and Proposition 1.4.10 with Lemma 1.5.1 and
Lemma 1.4.11. The first inequality is standard, using Principle 1 and Principle 2. When
n e [o:+e -1, ﬁ], use Corollary 1.2.13, and when n is outside of this interval, use

Corollary 1.2.9 and Corollary 1.2.11.
Joining Lemma 1.5.1 and Lemma 1.5.3, we have the following corollary

Corollary 1.5.4. Let s > 0, t > 10s and let x,y be in X. Let

N (z,y) = {g € N [|k(g) — w(Lg)| < 5,d(x)’, gx) < e™", d(gx, x),d(gz,y) > 2¢~°}.

(1.5.4)

Then we have

ﬂ(Nt+) - /jL(Nt—i_(%y)) = Oexp(5)- (1.5.5)
Corollary 1.5.5. For s >0, t > 10s and z,y in X, we have

ﬁ(Mt+) - E(Mt+($,y)) = Oexp(5)-
Proof. By definition, we have

A(MT) = p(M (2,y)) = A(NGT) — (N, (2, ).

Applying the above corollary with i, we have completed the proof. O

We start to proof Proposition 1.3.6. The central tool here is Lemma 1.2.7, which
enables us to replace the cocycle with the sum of the scalar part and the angle part.

Proof of Proposition 1.3.6. We first replace the distance with the cocycle. By hypothesis,
we have

d(zg',x) > d(g 'z, x) — d(m;”,gflx) > 251 — et > e,
Using the same argument, we have d(xy',y),d(zy", 2) > e*'. Then (1.2.1) and (1.2.5)

imply

Applying the Newton-Leibniz formula (1.2.17) to ¢ at gz, gy, we have

g5) ~ olay) = signlga.0) [ ().
grgy
Since £(g) >t > s1, we have d(z*,z) > e™%1 > e~"9). Then (1.2.18) implies that

(95) ~ olgy)) = sign(y.af’) [ o/(6)ao.

gr~gy
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We need the arc length distance dy(-,-) on R/7Z. Since d(gz,gy) < e 2= for # in
the small arc gz ~ gy, we have d, (6, gz) < e=2(t=51)_ Therefore

|6(g2) — d(gy) — sign(x,y, 2")¢' (92)da (g7, gy)| < |¢”|oce 751, (1.5.6)

By equality sind,(gz, gy) = d(gx, gy), we have

|da(g, gy) — d(gz, gy)| = O(d(gz, gy)°).
So we can replace the arc length distance with the sine distance. Again by hypothesis,
we have d(a:;”,g_la:) < et <d(glz,x),d(g ' z,y). When changing zg' to g 'z, the
relative place with respect to x,y does not change, therefore we get

sign(z, y, ') = sign(w, y,9~ ' @).

Inequality (1.2.1), together with the above two inequalities, implies

6(gw) — ¢(gy) — sign (e, y, g~ '2)' (g2)d (. y) exp(—0 (g, x) — (9, 9))| < [¢|oc2e4E=21),
(1.5.7)
We may now replace the cocycle with the Cartan projection and the angle part.
Since
e 26(9) 4 d(zy", g lz)
d(g~1z,z)

< 2e7M < 1/2,

Lemma 1.2.7 implies that

e20) 1 d(ay, g~ a)
d(g= 1z, x)

e 279 + d(am, g7 )
d(g~'z,y)

< 4e o1

lo(g,x) — k(g) — log d(g_lx,m)| <2

lo(g,y) — K(g) —logd(g™ 'z, y)| < 2 < 4emthe,

We have an inequality for z1, 29 in C,
le*t — e*2| < max{e®!, "2} |z — 2.
Since o(g,x) > k(g) + logd(zy', x) >t — 51 and k(g) + log d(g 'z, x) >t — 51, we have
|exp(=0(g, 7)) — exp(—r(g))/d(g "z, 2)| < e~Ho14e=H,
Therefore by inequality |ajaz — bibe| < |(a1 — b1)as| + (a2 — b2)b1|, we have
e=00)=000) _ =250 )(d(g 1z, 2)d(g Ve, )| < 85,
Then by the hypothesis |¢] = ¢?*% and (1.5.7), we have
i (B(g2)=d(gy) _ it (gz)sign(w,y,g~ w)d(w.y) exp(—2k(9))/(d(g~ zx)d(g ™ 2,y))
<[¢llé(gz) — ¢(gy) — ¢' (g)sign(w, y, g~ z)d(z,y) exp(—2x(g))/(d(g ™z, 2)d(g™ "z, y))]
<[¢]10" o2 ) 1 [¢|¢ d(, y) ||~ @D TN — 7209 J(d(g e, @)d(g T , y))]
<[EN(18" o026 4 8]¢ e I TI)) < B(1¢ |oo + | o0)e T
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Finally, for |[Ag — A, it suffices to add the difference
r(ga)r(gy) = r(g2)*] < [rloclroce ™),
Then

|40 = Al < [rfoorlooe ™27 4 12 (16" oo + [8/]o0)e™ 71 = Oexp(s),

where Oexp(s) does not depend on ¢, but depends on r, ¢. The proof is complete.

Remark 1.5.6 (Minus case). The proof works the same for M, .

99

O
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2.1 Introduction

The purpose of this manuscript is to study the Fourier decay of stationary measures
on projective spaces and some spectral properties of random walks on G = SL;;,4+1(R),
the special linear group of degree m+ 1. Let u be a Borel probability measure on G. Let
I, be the subsemigroup of G' generated by the support of p. If ', is Zariski dense in G,
then we call p a Zariski dense measure. We say that u has a finite exponential moment
if there exists € > 0 such that

llgll“du(g) < oco.
G

If we have a group action of G on a compact manifold X, then a Borel probability
measure v on X is called p-stationary if v = p * v, which means

V= /G g«vdpu(g)

and where g,v is the pushforward measure, that is g.v(E) = v(g~'E) for any Borel
subset E of X. For a metric space X, let C7(X) be the space of y—Hélder functions on

X. For fin CV(X) let ¢ (f) = sup, s, LI and | £, = | floo + ¢ (f).

Let (p, V) be a finite dimensional irreducible linear representation of G with a norm.
(For example V = R™1) Let PV be the real projective space defined by (V\{0})/R*,
the set of all the directions in V. Then we have the group action of G on PV, given by
gRv = Rp(g)v for g in G and Rv in PV. A result of Furstenberg says that when pu is
Zariski dense, there exists a unique p-stationary measure vy on PV.

Let vg be a unit vector in V. Let vg- be the linear subspace of V', which is orthogonal
to vg. Let U be the open subset of PV, which is the complement of the hyperplane P’UOL.

We take an affine local chart (i, U) of PV, given by

v — (vg, v)vg

V:PV DU — vy, Ruo—
<U07U>

which is well defined on U. The inverse of v is simply given by t)~!: voL —-UCPV, u—
R(u + vp).

Theorem 2.1.1. Let p be a Zariski dense Borel probability measure on SLp,41(R) with
a finite exponential moment. Let V' be an irreducible representation of SLy,4+1(R). Let
vy be the p-stationary measure on PV. Let r be a C' continuous function whose support
is in U and ||r||o < 1. Then there exists ¢ > 0 such that for every ¢ € vy~ with the norm
||| sufficiently large, we have

/ ei<§’“>r(u)dyv(u)
,UJ_

0

< lsl™*

Remark. For simplicity, we use the same notation vy for the measure on PV and the
measure on vy-. More precisely, the integral actually means [y, sV @y (y(z))dvy (z).

The constant € only depends on p and V', and inequality holds for ||s|| sufficiently
large only depending on p, V', the support of v and c,(r).
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We state a stronger version for m = 1, SLo(R), which is a quantitative version of
the main result in Chapter 1

Theorem 2.1.2. Let pu be a Zariski dense Borel probability measure on SLa(R) with a
finite exponential moment. Let X = P(R?) and let v be the p-stationary measure on X.
For every v > 0, there exist g >,€1 > 0 depending on p such that the following
holds. For any f € C*(X), r € CV(X) such that |¢'| > |£|7% on the support of r,
I"llcc <1 and
[ellez + ey (r) < [€]°,

then
‘/eiﬁw(ﬁ)r(m)dy(z) < |7 for all |€| large enough.

Remark 2.1.3. As a consequence of the case of SLa(R), the Fourier coefficients of the
stationary measure v on the circle converge to zero with a power decay. This is also a
generalization of the same theorem for the Patterson-Sullivan measures as in [ /.

This stronger version is not valid if we replace R? by higher dimensional repre-
sentation V' of SLa(R). Because the support of the stationary measure vy is in a one
dimensional subvariety of PV. We can always find a ¢ which is constant on the subvari-
ety and satisfies similar assumptions in Theorem 2.1.2. Then we have no Fourier decay
for this function .

Another result is an exponential remainder term in the renewal theorem. Define the
renewal operator R as follows. For a positive bounded Borel function f on PV x R, a
point z = Rv in PV and a real number ¢, we set

Rfat) =Y [ flgmtos L~ (o)

2 Jo M9 OR]

Here log ””q ”” is an analogue of the sum of i.i.d. real random variables. Because of the

positivity of f, this sum is well defined. In | |, Kesten proved a renewal theorem for
Markov chains, which is valid in our case. The assumptions of | | were verified in
| |. Using spectral gap, more precisely by Proposition 2.4.22, we can give a version
with exponential remainder term. Let oy, be the Lyapunov constant defined by

/ / log lgv H dv(x)du(g), where x = Po.
PV

o]

Theorem 2.1.4 (Renewal theorem). Let v be a Zariski dense Borel probability measure
on SLp,+1(R) with finite exponential moment. Let V' be an irreducible representation of
SLy4+1(R). There exists € > 0 such that for f € C°(R) and t € R, we have

Rf(z,1) = leﬂ ~ Fu)dLeb(u) + O (eI,

where Oy depends on the support and some Sobolev norm of f.
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It is a standard Fourier analysis argument which follows from the spectral gap. We
give a proof in Section 2.4.5 for completeness.

Now, we will introduce our results on spectral gaps. On PV, we fix a Riemannian
distance and we define the transfer operator.

Definition. For z € C with |Rz| small enough, let P, be the operator on the space of
continuous functions, which is given by

llgvll

P.f(x) = / * 18 Tl f(gx)du(g), where x = Rov € PV.
G

We keep the assumption that p is a Zariski dense Borel probability measure on
SLy+1(R) with a finite exponential moment. The use of this transfer operator on the
products of random matrices has been introduced by Guivarc’h. Due to the contracting
action of G on X, when |Rz| is small enough, the operator P, preserves the Banach
space C7(PV) for v > 0 small enough. For z in a small ball centred at 0, the spectral
radius of P, on C7(PV) is less than 1 except at 0. Due the non-arithmeticity of I',,
on the imaginary line, the operator P, also has spectral radius less than 1 except at 0.
These were used to give limit theorems for products of random matrices by Le Page and
Guivarc’h (Please see | | and | D).

Theorem 2.1.5 (Spectral gap). Let u be a Zariski dense Borel probability measure on
SLy+1(R) with finite exponential moment. Let V' be an irreducible representation of
SLynt+1(R). For every v > 0 small enough, there exists § > 0 such that for all |b] > 1 and
la| small enough the spectral radius of P,y acting on CY(PV) satisfies

p(FPativ) <1—0.

Even in the case of SLy(R), the result is new and only known in some special case.
When g is supported on a finite number of elements in SLy(R) and these elements
generate a Schottky semigroup, this result is due to Naud | |. When p is absolutely
continuous with respect to the Haar measure on SLo(R), this result can be obtained
directly using oscillation integral.

This result should be compared with similar results for random walks on R. Let u
be a Borel probability measure on R with finite support. Then

liminf |1 — a(ib)| = 0,
|b|]—o00

which is totally different from our case and where fi(z) is the Laplace transform of the
measure y, given by
i) = [ duo)
R
The proof is direct. Let {z1,...,2;} be the support of . Then fi(ib) = Zlgjgl p(zj)et®i
and we only need to find b such that all the terms are uniformly near 1. Using the fact
that lim infy_o dgi (b(21, . .., 2;),27Z!) = 0, we have the claim.
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We can also compare with the counting problem in the setting of hyperbolic surfaces.
The spectral gap is used to obtain an exponential remainder term in the counting problem
as in | I, | |.

An analogous result is valid if we replace the projective space PV by the flag variety
P. Let & be the full flag variety of SL,,+1(R) and let a be a Cartan subspace of Lie
algebra sl,, 1 1R. For g € G and n € &, let o(g,n) be the Iwasawa cocycle, which takes
values in a. We fix a Riemannian distance on &?. We can similarly define the space of
~v-Holder functions C7(2?). Let w,f be in a*. For a continuous function f on & and
|ow| small enough, the transfer operator P9 on the flag variety is defined by

Poriof(n) = /G @) f(gnydpu(g).

Theorem 2.1.6 (Spectral gap). Let p be a Zariski dense Borel probability measure on
SLyt1(R) with finite exponential moment. For every v > 0 small enough, there exists
0 > 0 such that for all 0,w in a* with |6] > 1 and |w| small enough the spectral radius
of Pyiig acting on CV(2P) satisfies

p(Pmtig) <1—0.

Fourier decay

The key ingredient of the proof of the above results is the following Fourier decay
property of the u-stationary measure on the flag variety &2. In order to state the Fourier
decay on the flag variety, we need to introduce a special condition. Let r be a continuous
function on & and let C > 0. For a C? function ¢ on &, we say ¢ is (C,r) good if it
satisfies some assumptions on the Lipschitz norm and derivative, which will be defined
later (Definition 2.4.1). When G = SLa(R), the (C,r) goodness is exactly the assumption

of ¢ in Theorem 2.1.2, which is natural for having a Fourier decay. Recall that for a ~-

@)~ f )]

Holder function f, we have defined c,(f) = sup, . d(w )7

Theorem 2.1.7 (Fourier decay). Let p be Zariski dense Borel probability measure on
SLyn+1(R) with finite exponential moment. Let v be the p-stationary measure on the flag
variety L.

For every v > 0, there exist g > 0,e1 > 0 depending on p such that the following
holds. For any real function p € C*(2), r € CV(Z) and € > 0 such that ¢ is (£, 1)
good, ||r|lsc <1 and cy(r) < £, then

‘/ei&p(”)r(n)dy(n)‘ <& for all € large enough. (2.1.1)

Remark 2.1.8. The decay rate only depends on the constants in the large deviation prin-
ciples and the regularity of stationary measures. This should be compared with [ 1,
where the spectral gap and the decay rate only depend on the dimension of the Patterson-
Sullivan measure.
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Now we explain the (C,r) good condition. In higher dimension, we observe that
under the action of G there are some directions contracting slower than other directions.
Roughly speaking, we will only consider these principal directions in the flag variety &
and generalize the condition of SLy(R) to higher dimension. The exact definition is a
little technique and all the notation will be explained in Section 2.4.1.

A key ingredient in the proof of Theorem 2.1.7 comes from the discretized sum-
product estimate, Proposition 2.3.17, which is a generalized version of a result of Bourgain
in | |. The key input to use the machine of the discretized sum-product estimate is
a non concentration hypothesis. A analogue hypothesis for measures on R is as follows.

Definition (non concentration). Let p be a Borel probability measure on R. We say
that p satisfies non concentration hypothesis if there exist €,k,C > 0 such that for every

en

n €N and p=e ",

sup p"{x € R| |z —a| < p} < Cp"~.
a€R

But this hypothesis is never satisfied when the measure p supports on a finite
set, for example {z1,---,2;} C R. Because the convolution p*" is supported on at
most n! points, there exists a point y such that p*"{y} > n~!. The decay rate of
sup,cr 1" (B(a, p)) is at most polynomial in n, which does not satisfy the definition of

non concentration.

In Section 2.3, we will introduce a similar non concentration hypothesis and we will
verify the hypothesis for our measure p. The main ingredients are the large deviation
principle, a Holder regularity for stationary measures and highest weight representations.
The strategy can be roughly summarized by saying that once the non concentration of
the Iwasawa cocycle is verified, by the discretized sum-product estimate, we will have a
Fourier decay and a speed in the equidistribution of the Iwasawa cocycle (the renewal
theorem). This is in the similar spirit of the work of Bourgain and Gamburd on the
spectral gap for compact Lie groups | ]

The action of the group G on the flag variety & is not conformal if the rank m is
greater than 1, which is quite different from the theory of Kleinian groups. In Section
2.2, we will study the action of G on the tangent bundle of &2 and we will find directions
of slowest contraction speed.

We will make use of some classical notation: for two real functions A and B, we
write A = O(B), A < B or B> A if there exists a constant C' > 0 such that |A| < CB,
where C only depends on the ambient group G and the measure u. We write A < B if
A< Band B< A. We write A = O(B),A <. B or B >, Aif the constant C' depends
on an extra parameter € > 0.

We always use 0 < § < 1 to denote an error term and 0 < 8 < 1 to denote the

magnitude. The quantity 87! is supposed to be greater than 6 M), If 594 < B <
6~ OMW A, then we say that A and B are of the same size.
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2.2 Random walks on Lie groups

In this manuscript, we only consider G = SLy,4+1(R).

2.2.1 Semisimple Lie groups and representations

We will introduce the vocabulary of semisimple algebraic connected real Lie groups.
Please see | I, | | and | | for more details.

Semisimple Lie groups

Let G be a semisimple algebraic connected real Lie group. Let g be its Lie algebra.
Since all the maximal compact subgroups are conjugate, we fix a maximal compact
subgroup K of G. Let t be its Lie algebra. For X,Y in g, the Killing form is defined as

K(X,Y) =tr(adXadY).

The Killing form is non degenerate on g and negative definite on £. Let s be the orthogonal
complement of € in g. Then the Killing form is positive definite on s. Let 7 be the Cartan
involution which fixes £ and equals —¢d on s.

We say an element X in g is hyperbolic, if adX is diagonalizable over R. Let a be
a maximal abelian subalgebra of s whose elements are hyperbolic. Such subalgebras are
called Cartan subspaces, and they are conjugate under K. The dimension of a is called
the real rank of G. The real rank of the group G will always be denoted by m. Endowed
with the Killing form, the Cartan subalgebra a and its dual a* become Euclidean spaces.
Let A be the algebraic subgroup of G with the Lie algebra a. We write exp for the
exponential map from a to A.

Root systems and the Weyl group

Let R be the root system of g with respect to a, which is a finite subset of a*. Fix
a choice of positive roots R™. Let II be the collection of primitive simple roots of R*.
Let a™ be the Weyl chamber defined by {X € a|a(X) > 0, Vo € II}. Let a™* be the
interior of Weyl chamber defined by {X € a|a(X) > 0, Ya € IT}. Using the root system,
we have a decomposition of g into eigenspaces of a,

s=30 ",
a€R

where 3 is the centralizer of a and g is the eigenspace given by
g ={Xeg| [V, X]=aY)X forall Y € a}.

The real Lie group is called split if a = 3, which is equivalent to saying that g are of
dimension 1. The groups SL;,+1(R) are split groups.

Recall that for every root avin R, there is an orthogonal symmetry s, which preserves
R and s,(a) = —a. For a € R, let H, be the unique element in a such that s, (a’) =
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o/ —d/(Hy)a for o € a*. The set {H,| a € R} is called the set of duals roots in a. Since
the Cartan involution 7 equals —id on a, this implies 7g* = g~ for a € R. Using the
Killing form, we can prove that [g%, g~%] = RH,. (See | , Cha. 4, Theorem 2| for
more details) Hence, there is a unique choose (up to sign) X, € g%, Y, € g~¢ such that

[Xo,Ya] = Hy and 7(Xg) = — Y.

Let K, = X, —Y,. Due to 7K, = K,, the element K, is in &.

Let W be the Weyl group of R. Then the group W acts simply transitively on
the set of Weyl chambers. Let wy be the unique element in W which sends the Weyl
chamber a* to the Weyl chamber —a™. Let « = —wq be the opposition involution. The
Weyl group also acts on a* by the dual action. Let Ng(A) be the normalizer of A in G.
An element in Ng(A)/A induces an automorphism on the tangent space a. This gives
an isomorphism from Ng(A)/A to the Weyl group W. Hence wq can be realized as an
element in G/A and its action on a is given by conjugation.

The Iwasawa cocycle

Let n = @pep+9® and 0~ = Byecp+9~ ¢ They are nilpotent Lie algebras. Let N be
the connected algebraic subgroup of G with Lie algebra n. The group N is normalized
by A. Let P = AN be a minimal parabolic subgroup. The flag variety &2 is defined to
be the set of conjugations of P under the action of G. Since the normalizer of P in G is
itself, we have an isomorphism

G/P — 2.

We write 7, for the subgroup P seen as a point in &?. The action of K on & is transitive.
Hence &2 is a compact manifold. Let M = P N K. The fact that the group G is split
implies that M is discrete.

Recall that N is the nilpotent subgroup with Lie algebra n. We have an Iwasawa
decomposition of G given by

G = KA.N,

where A, = exp(a) is the analytical connected component of A. This is a bijection
between G and K x A, x N. Then we can define the Iwasawa cocycle o from G x & to
a. Let n be in & and ¢ be in G. By the transitivity of K, there exists k € K such that
1 = kno. By the Iwasawa decomposition, there exists a unique element o(g,n) in a such
that

gk € K exp(a(g,m))N.
We can verify that this is well defined and o is an additive cocycle, that is for g, h in G
and 7 in &
o(gh,n) = a(g,hn) + o(h,n).
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The Cartan decomposition

The Cartan decomposition says that G = KATK, where AT is the image of the
Weyl chamber a™ under the exponential map. For g in G, by Cartan decomposition,
we can write g = kgagl, with kg, ¢y in K and a4 in A™. The element a4 is unique and
there is a unique element x(g) in a™ such that a, = exp(r(g)). We call k(g) the Cartan
projection of g. Then x(g~') = tk(g), where ¢ is the opposition involution. Since A is
contained in P, we can define (, = wgmn,, where the element wq in the Weyl group is seen
as an element in G/A. (As an element in &, (, is the opposite parabolic group with
respect to P and A) Let n)! = kgno and " = €;'¢,. When k(g) is in a™", they are
uniquely defined, independently of the choice of k; and /.

Representations and highest weight

Let (p,V) be a linear finite dimensional algebraic representation of G. In this
manuscript, we only consider finite dimensional representations. The set of restricted
weights ¥(p) of the representation is the set of elements w in a* such that the eigenspace

Ve ={veVVX €a, dp(X)v =w(X)v}

is nonzero, where dp is the tangent map of p from g to End(V). We define a partial
order on the restricted weights: For wy,ws in X(p),

w1 > Wy < wy — wo is a sum of positive roots.

If w is in X(p), then we say that w is a weight of V' and a vector v in V¥ is said to have
weight w. We call p proximal if there exists x in ¥(p) which is greater than the other
restricted weights and such that VX is of dimension 1. We should pay attention that a
proximal representation is not supposed to be irreducible. The advantage of the splitness
of G is that all the irreducible representations are proximal, which will be extensively
used later on.

Let {xa}acm be the set of fundamental weights, which is the dual basis of the dual
roots (Ha)aerr, & basis of a*. For an element y in a, there exists a finite dimensional
representation with highest weight x if and only if it is a dominant weight, which means
that x is a sum of multiple of fundamental weights.

Suppose that (p,V) is an irreducible representation. Let x € a* be the highest
weight of (p, V). We write V, , = p(g)VX for n = gn,, which is well defined because the
parabolic subgroup P fixes the subspace VX. This gives a map from & to PV by

P =PV, n= Vi, (2.2.1)

Lemma 2.2.1. Let G be SLy,+1(R). There ezists a family of representations (pa, Va)aet
such that the highest weight of pa, s Xo- Furthermore, the other weights of po, are of the
form
Xoo — QO — Z ngfB, where ng € Nxq.
Bell
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The product of the maps given by (2.2.1)

gZ — H PVO{? n = (VXa,'r])Ocenv
a€ll

is an embedding of & to the product of projective spaces.

Please see | |. The set of restrict weight is invariant under the Weyl group. Due
to xa(Hg) = 0 when 3 # «, we have sg(xo — ) = Xa + . Hence x, — 5 is not a weight
of V,, except S = a. This explains the structure of weights of p,.

Definition 2.2.2 (Super proximal representation). Let (V, x) be an irreducible represen-
tation of G. We call V super proximal if the exterior square NV is also proximal. This
s equivalent to say that there is only one simple root a such that x — « is a weight of V,
and VX~% 4s of dimension 1.

Lemma 2.2.3. Fundamental representations are super proximal.

Proof. Let a be a simple root. By Lemma 2.2.1, we only need to prove that VXe=¢ is of
dimension 1. Let v be a nonzero vector with highest weight y,. By | , Chapter 7,
Proposition 2|, the representation V' is generated by vectors Y, - - - Y3, v, where f1, ..., B
are positive roots. Hence a vector of weight y, — « can only be obtained by Y,v. The
dimension of VXe~% is no greater than 1. Due to xo — @ = Sa(Xa), the element x, —
is a weight of V,,. The proof is complete. O

Remark 2.2.4. We can prove that an irreducible representation is super prozimal if

and only if its highest weight is a multiple of fundamental weight, by using Freudenthal’s
multiplicity formula.

Representations and good norms

Let || - || be an euclidean norm on V. For g in GL(V), let ||g|| be its application
norm. We call || - || a good norm if p(A) is symmetric and p(K) preserves the norm.
By | I, [ , Lemma 6.33], good norms exist on every representation of G. The

application (2.2.1) enables us to get information on & by the representations.

Lemma 2.2.5. Let G be a connected algebraic semisimple real Lie group. Let (p, V') be
an irreducible linear representation of G with good norm. Let x be the highest weight of
V. Forn in & and a non zero vector v € Vi ,, we have

109N _ expxarto, m), (2.2.2)

[v]]
[p(9)]| = exp(xr(g))- (2.2.3)

Please see | , Lemma 6.33| for the proof.
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Algebraic characters

Let X(A) be the set of algebraic characters of A. For any character x of A, there
exists a unique weight x* in a* such that for any X in a,

X(exp(X)) = "),

When G = SL;,,+1(R), for every weight w, which is in I'(G) := ®aennZxa (the lattice
generated by {Xa }act), we can find an algebraic character y in X (A) such that x* = w.
In fact, this is an isomorphism between X (A) and I'(G). By the definition of eigenspace
V¥ we have

Lemma 2.2.6. Let (p,V) be an irreducible representation of G. Let x be an algebraic
character of A. For a in A and v € VX*, we have

pla)v = x(a)v.
Algebraic characters will be used to determiner the sign in Section 2.2.5. We will

use the same symbol x to denote a weight in I'(G) and X! to denote its corresponding
algebraic character in X (A), that is (x#)* = x.

Examples

For the group SLy,+1(R), the maximal torus A can be taken as the diagonal subgroup
and the Lie algebra a is the set of diagonal matrices with trace 0. For X in a, we write
X = diag(z1,...,Tme1) with 2; € R and )7 ;.01 2 = 0. The restriction of Killing
form on a is a multiple of the standard cuclidean norm on R™1. Let A; in a* be the
linear map given by A;(X) = z;. The root system R is given by

R:{)\Z‘—/\j‘i#]’, andi,je{l,...,m—i—l}}.

A choice of positive roots is A\;—\; with i < j. The set of simple roots is IT = {X\;j—Ai1]i =
1,...,m}. Let a; = A\; — A\iy1. The Weyl chamber is

o ={X€alry >x2> > 21}

The fundamental weights are xo, = A\ +---+ \; for ¢ = 1,...,m. The fundamental
representations are V,, = AR for i = 1,...,m. The maximal compact subgroup K
is SO(m + 1) and the parabolic group P is the upper triangular subgroup and N is the
subgroup of P with all the diagonal entries equal to 1. The flag variety &2 is the set of
all flags

Wi Cc Wy C--- C Wy,

where W; is a subspace of R+ of dimension 3.

Let €; j be the square matrix of dimension m + 1 with the only nonzero entry at the
i-th row and j-th column, which equals 1. The element H,, is €; ; — €;41,;+1. The element
Xa,;, Yo, are given by €; i11, €;+1,;. The Cartan involution 7 is the additive inverse of the
transpose, that is 7(X) = —*X for X in a.

The Weyl group W is isomorphic to the symmetric group S,,+1. The action on
a is simply given by the permutation of coordinates and the element wgy sends X =
diag(x1, ..., Tm+1) to woX = diag(zmy1,.-.,21)-
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2.2.2 Linear actions on vector spaces

Let V be a vector space with euclidean norm. Then we have an induced norm on
its dual space V*, exterior powers A7V and tensor products ®7/V.
For z = Ru, 2’ = Rv' in PV, we define the distance between x, 2z’ by

_ Jlwnd|
lolHlol”

This distance has the advantage that it behaves well under the action of GL(V'). See for
example Lemma 2.2.8. For y = Rf in PV*, let y= = P(ker f) C PV be a hyperplane in
PV. For z = Rv in PV, we define the distance of z to y* by

oy — )

Al
which is explained by 0(x,y) = d(z,yt) = min,c,1 d(x,2'). Let Ky be the compact
group which preserves the norm. Let A;} be the set of diagonal elements such that
{a = diag(ay,--- ,aq)la; > az > -+ > aq}, under the basis {e1, - ,eq}. Let A‘J;+ be

the interior of A‘J;. For g in GL(V), by the Cartan decomposition we can choose

d(z,2)) (2.2.4)

g = kgagly, where a4 € A‘J; and kg, 0y € Ky . (2.2.5)

Let xg/f = Rkgey and y" = Rget be the density points of g on PV and ‘g on PV*,
which is unique and independent of the choice of basis when a is in A;}f For r > 0 and

gin GL(V), let

b{\//’[g(r) ={z € IP)V|d($,:céV[) <r},
By, (r) = {z € PVI{é(x,y,") > r}.

These two sets play important role when we want to get some ping-pong property. The
elements in set By’  have distance at least r to the hyperplane determined by yg*. For g

in GL(V), let y12(9) := % be the gap of g.

Distance and norm

We start with general g in GL(V'), where V' is a finite dimensional vector space with
euclidean norm. We need some technical control of distance. These are quantitative
versions of the same controls in | , Lemma 2.5, 4.3, 6.5].

For g in GL(V') and x = Rv € PV, we define an additive cocycle oy : GL(V)xPV —
R by
lgvll
ol

ov(g,x) = log (2.2.6)
This is called cocycle, because for g, h in G, we have

Uv(gh,ﬂf) = UV(Q) hﬂ?) + UV(ha ‘T)
We fix the operator norm || - || on GL(V).
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Lemma 2.2.7. For any g in GL(V) and x in PV, we have

gl
Oz, yt) < <1 (2.2.7)
I

Please see | , Lem 14.2] for the proof.
Lemma 2.2.8. Let § > 0. For g in GL(V), if B = v1.2(g) < 6%, then

e the action of g on B"}j‘g(é) is B62-Lipschitz and

93‘79(5) = bj‘\//{g(ﬁ(s_l) - bJVV,Ig((S)a

e the restriction of the real valued function oy (g,-) on By}, (6) is 26~ '-Lipschitz.

Proof. Due to | , Lem 14.2],

Hence
(g, x)") < Bo(z,yy) "t < 5,

which implies the inclusion.
For z = Rv and 2’ = Rv' in By’ (0), by (2.2.7), we have

_ lgungdff flo Al ol

d(g$7g$/) = < 71,2(9)61(1"’1:/)5_27
o AV ol llgvlllgy’|l

which implies the Lipschitz property of g.
For the Lipschitz property of oy (g, ), please see | , Lemma 17.11]. O

For two different points x = Rv and 2/ = Rv’ in PV, we write z A2/ = R(v AV') €

P(AV).

Lemma 2.2.9. For any g in GL(V) and two different points v = Rv, 2’ = Rv' in PV,
we have

d(gx, gx')

i) (2.2.8)

M,2(9)0(z A’ yRe,) <

Proof. By definition and (2.2.7), we have

llgv A go'|| lv A|| - [lol[f]v]] / /
d(gz, gz’) = > Y1,2(9)0(x A2 ys )d(z, 2).
oA llllo" [ llgvllllgv| M

The proof is complete. O
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2.2.3 Actions on Flag varieties
Representations and Density points

Now, suppose that V is a representation of G with a good norm. Recall that VX is the
eigenspace of the highest weight. Let V* be the dual space of V. The representation of G
on V* is the dual representation given by: for g € G and f € V*, let p*(g)f = ‘p(¢g~)f.
This definition gives

(" () f, p(g)v) = (*p(g~") . p(g)v) = (f,v),

for f in V* and v in V. Then the highest weight of V* is tx. The following results
explain the relation between different definitions by using combinatoric information on
root systems and representations.

Lemma 2.2.10. We claim that for every irreducible representation V' and weight ¥,
Vico = V00X (2.2.9)
Proof. This can be verified as follows: For X in a and v in VX,
dp(X)p(wo)v = wodp(woX)v = x(woX)wov = (wox)(X)wov.
The proof is complete. O

Lemma 2.2.11. Let V be a proximal representation of G. Then we have
plgy = plkg)VX and yy = 'p(lg) (V)X (2.2.10)

If V' is irreducible, then we have

M Y%
Tolg) = Vit and Yoy = g
Proof. Let {eq,...,eq} be an orthonormal basis of V' composed of eigenvectors of p(A)

such that e; € VX. Then p(A) is diagonal. For g = exp(X) € AT, since x is the highest
weight, we have

ay = eXp(X(X)) > az,...,aq.

By the definition of a good norm, p(K) preserves the norm. Hence for g in G, the
formula p(g) = p(kg)p(ag)p(€y) is a decomposition which satisfies (2.2.5) in the previous
paragraph with some permutation of {es, ..., e4}. But these permutations do not change

the density points. Hence we have x%g) = Rp(kg)er = p(ky)VX. If V is irreducible we
have x%g) = meéw.
In the dual space, we can verify that e] has weight —y, which is the lowest weight

in weights of V*. By the same argument as in PV, we have

Unlg) = R'p(Lg)er = *p(Lg) (V)X
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We also have a map from & to PV*. Hence by (2.2.9) with representation V* and weight
vy, we know V* . = (V*)WoX = (V*)7X, For ¢ = g(, in &, by definition,

tXCo
oot = 9V, =9V X (2.2.11)
Since V is irreducible, by (2.2.11) we have y'ZEg) = tp(gg)(v*)—x _ p*(fg_l)(V*)_X _
VL;,C;R' O

Distance on Flag varieties
For « in II, we abbreviate V), ,, VL;‘(& ¢ to Van V;‘C. For g in GG, by Lemma 2.2.11,

we find M ) =Va For 1,7/ in &2, let

paly u and ygi(g) =Va

777g O¢7C;n'
da(n’ 77/) = d(Vayﬁ’ Va,n’)

be its distance between their images in PV,. We define a distance on the flag variety. It
is the maximal distance induced by projections,

d(n,n') = max (Vo Vo )- (2.2.12)
We have another embedding of the flag variety

2 = [[P2).

a€cll

For ¢ = k(, € &, by definition, we have Vac=kV;. . Forne & and ( € &, we set
5(n,¢) = glelﬂlé(va,na a,g)'

In particular, because the images of 1,,(, in PV,, PV} are VX (V*)"Xe | we know
d(Vamo VJ,Q,) = §(VXe (V*)7Xe) =1, and then

(10, Co) = 1. (2.2.13)

We write
b1 o(r) = {& € PVald(z,x)l ) < T},

B%,g(ﬂ = {JC € IP’Va|5(w,y;Z(g)) > T}.
They are subsets of PV,,. Write

by (r) = {n € PNa €L, Vo, € by, ,(r)} = {n € Pld(n,ny") <r},

By'(r)={n€ ZNaell, Vo, € By ,(r)} ={n€ 26(n. (") = r}.
They are subsets of Z.
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Distance and norms

We need a multidimensional version of the lemmas in Section 2.2.2. Recall that
G = SL;,+1(R). They are about the similar quantities on flag varieties. The idea is to
use all the fundamental representations p,. For an element X in a, we have

sup |xa(X)| < || X|| < sup |xa(X)]. (2.2.14)
a€ell a€cll

Using Lemma 2.2.5 and (2.2.14), we deduce the following two lemmas from Lemma 2.2.7
and Lemma 2.2.8

Lemma 2.2.12. For g in G and n in &,

lo(g,m) — k(g)ll < |logd(n, (")l

For g in G and « € II, by Lemma 2.2.5,

| A% pa(9) (2Xa—a=2xa)k(g) — ,—ak(g)
alg)) = LTI — o(2xa «)il9) = ¢ :
’7172(0 (g>) Hpa(g)”2
Let
v(g) = sup e—r(9) (2.2.15)

a€ell

We call it the gap of g.
Lemma 2.2.13. Let § > 0. For g in G, if B =~(g) = supuen exp(—ak(g)) < 6%, then

e the action of g on By'(9) is B6~2-Lipschitz and

9By (8) C by (B671) C by' (9),

o the restriction of the a-valued function o(g,-) on By*(8) is O(6~1)-Lipschitz.

These properties tell us that the action of an element g on a large set of the flag
variety & behaves like uniformly contracting map.

We also need to compare the distance on the projective space and the flag variety.
Recall the map from & to PV defined in (2.2.1).

Lemma 2.2.14. Let (p, V) be an irreducible representation of G with highest weight x.
There exists a constant C > 0 depending on the chosen norm such that for n,n' in &,

d(Vins Viar) < Cd(n,1). (2.2.16)

The intuition is that a differentiable map between two compact Riemannian mani-
folds is Lipschitz. For more details, please see Corollary 2.5.6 in Appendix 2.5.2.
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2.2.4 Actions on the tangent bundle of the Flag variety

In this section, we will study the action of G on the tangent bundle of &?. Recall
that & ~ G/P is the flag variety and P = AN is a parabolic subgroup.
We first study the tangent bundle of the homogeneous space

Py = G/AN.

Recall that A, is the analytical connected component of A, given by exp(a). Note that
the left action of K on & is simply transitive (due to the Iwasawa decomposition). Let
Zo be the base point A.N in &y. We can identify the left K-invariant vector fields as

T, Py="T,,(G/AN) ~ g/p.
Hence the tangent bundle of &7y has an isomorphism
TPy~ Py x g/,

that is because we can identify the tangent space at z, and z = kz, by the left action
of k. We denote by (z,Y) a point of TPy where z is in &y and Y is in g/p. We use
elements in n~ = @,cp+g* as representative elements in g/p.

Then we describe the left action of G on T'%y. Take Y in g~ and z = kz, in Z.
For g in G, by the Iwasawa decomposition we have a unique £’ in K and a unique o(g, k)
in a such that gk = k'p € k' exp(o(g, k))N, where p € A.N. Here o(g, k) is understood
as o(g, kn,). Due to

gk exp(tY )z, = K'pexp(tY)z, = k' exp(tAd,Y )z,
by taking derivative at ¢ = 0, the left action of g on the tangent vector (z,Y") satisfies
Lg(za Y) = (Z,a Ade),

where 2z’ = k/(, and Ad is the adjoint action of P on g/p.

Now we restrict our attention to simple roots. Let « be a simple root. Due to
Y € g7¢, we have AdyY C Y + a + n, which implies that the unipotent part N acts
trivially on (g7 +p)/p. By p € exp(o(g,k))N, we have

Ad,Y = exp(—ao(g,k))Y on (g~ +p)/p. (2.2.17)

This means that the line bundle &7y x g~ is stable under the left action of GG, and we
call it the a-bundle.

The flag variety & is a quotient of &y by the right action of group M, due to
A= MA.. We use 7 to denote the quotient map. The right action of M also induces
an action on the tangent bundle. For (z,Y) in T%y and m in M, by kexp(tY)mz, =
kmexp(tAd,,-1Y)z,, we have

Ry (kzo,Y) = (kmz,, Ad,,,—1Y). (2.2.18)
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Descending to the quotient implies the tangent bundle of & satisfies
TP ~ Py xn9/p,

which is the quotient space of %y x g/p by the equivalence relation generated by the
action of M, (2.2.18). Due to M < A, its adjoint action preserves the line g~ in
g/p. Hence the a-bundle on & descends to a line bundle on &, and we call it Z,, a
subbundle of the tangent bundle. The integral curves of a-bundle on & are closed, and
we call them a-circles on #y. At a point z = kz, in H, it is given by

Yo : R = Py, t — kexp(tKy)zo. (2.2.19)

This can be verified directly, because the tangent vector of the curve at time ¢ is
(Ya(t), Ko) = (Yalt), Ya), due to the definition of g/p, which belongs to the a-bundle.
The one parameter subgroup {exp(tK,) : t € R} is a compact subgroup of G, which is
isomorphic to SO(2). We call it O,.

Under the right action of M, the a-circles on &7, descends to the a-circles on Z.

Lemma 2.2.15. Under the map (2.2.1), the image of the a-circle containing n = kng in
PV, is the projective line generated by po(k)VX> and pq(k)VXe™<,
Let o' be another simple root. The image of an a-circle in PV, is a point.

Proof. Since a-bundle is left K-invariant, the set of a-circles are also left K-invariant.
It is sufficient to consider the a-circle containing 79. Let (p, V) be an irreducible repre-
sentation of highest weight x. By (2.2.19) and (2.2.1), the image of a-circle is given by
p(Oa) V.

Consider the Lie algebra s, generated by H,, X4, Ys, which is isomorphic ot sls.
For v in VX, we have dp(Hy)v = x(Ha)v. Due to the classification of the irreducible
representation of sly, the irreducible representation V; of s, generating by VX is of
dimension y(Hy) + 1.

When x = xo, we have xo(Hy) = 0, which implies V; is a trivial representation
and p(O,) acts trivially on Vi. Hence the image of the a-circle is a point.

When x = x4, the same argument implies V] is of dimension 2. Another eigenspace
of V1 is VXe=®_ The group p(O,) acts as SO(2) on Vi, which implies the result. O

Remark 2.2.16. If we introduce the partial flag variety Zn_yqy, then a-circle is simply
the fiber of the quotient map & — Pr_(ay. This point of view also implies Lemma
2.2.15.

Generally, the a-bundle on &2 is non trivial in the sense of line bundle.

Example 2.2.17. Let G be SL3(R). Recall that

a={X = diag(x1, o, x3)| 1 + 22 + 3 =0, =1, 22,22 € R},
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and a1, ag are two simple roots given by oy = A1 — Ay and ag = Ay — A3. The group M
is {e,diag(1, —1, —1),diag(—1,1, —1),diag(—1, —1,1)} ~ (Z/27)?. We have

=-Y,,.

o O O

0 0
Adgiag(1,-1,-1)Yes = Adgiag1,—1,—1) [ 1 O
0 0

In this case the action of M is nontrivial and it is not a normal subgroup of K = SO(3).
The a-bundle on & restricted to an a-circle is roughly a Mdébius band.

In this case, ai-circles are given by {W1 C Wa}, where W is a fized two dimensional
subspace of R3 and Wy varies in one dimensional subspaces of Wo. On the contrary, oo-
circles are given by {Wy C Wa} with Wy fized and Wa varying in two planes which
contain Wi. From this description, we can easily see the G invariance of the set of o
circles.

It is better to work on &, where the a-bundle is trivial. One difficulty is that in
the covering space &, we need to capture the missing information of group M. More
precisely, for h in G and z,z" in &, if hr(z), hr(2') are close, we do not know whether
hz,hz' are close or not. This will be answered at the end of Section 2.2.5.

Remark 2.2.18. In an abstract language as in [ , Lemma 4.8/, we have a principal
bundle M — Py — &, where the action of M on &y is a right action. We also have a left
action of a semigroup I' in G on Py and & (I will be taken as T, in our case). Suppose
that we have a T'-minimal set Ap in 2. The lifting of Ar to Py has different possibilities.
Let 1 be a point in Ar and z = kz, be a lifting in Py. Let M, = {m € M|Tkm = Tk}.
Then we have a nice equivalence

{I" — minimal orbit in Py} «— M, \M.

In particular, if T is a semigroup of matrices of positive entries, then M, = {e} and T
has the mazimal number of minimal orbits in Hy.

2.2.5 The sign group

Recall the notation for Lie groups and Lie algebras. Let N~ be the subgroup with
Lie algebra n~. We have a Bruhat decomposition of the Lie group G, where the main
part is given by
N xMxA, xN — G.

The image U is a Zariski open subset of G and the map is injective. For elements in U,
we can define a map m to the group M, mapping an element g to the part of M in the
Bruhat decomposition.

In order to study the M part, we will use fundamental representations defined in
Lemma 2.2.1. This is in the same spirit as the treatment of the sign group M in | |.
Let v, be a non zero eigenvector with highest weight x, in V,,. Let sg be the sign function
on R.
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Lemma 2.2.19. For g in U, we have

Sg<von Pa (g)va> = Xﬁa(m(g)),

where ng 1s the corresponding algebraic character on A of the fundamental weight X .

Proof. Since v, is N-invariant and the transpose of N~ is N,
(Vas pa(N"MAN)va) = {pa("(N7))as pa(MAN)va) = (Va, pa(M Ac)va).
The action of A, does not change the sign, hence by Lemma 2.2.6 we have

Sg(“aa poz(g)voa> - Sg(“aa pa(m(g))va> - Xi(m(g))'
The proof is complete. O

In the case G = SLy,+1(R), the algebraic character xg, is given by Xgi (a)=ai---a;
for a = diag(ay, - ,am+1) € A. Hence we have

Lemma 2.2.20. The function aern X& M — R™ given by

Moen xﬁ(m) = (Xg(m))aen form e M,

15 injective.

Definition 2.2.21. We define the sign function from G x G to M U {0} by

t, . et !
m(g, g') = m(‘gg’) if ‘99’ € U,
0 if not,

where g, ¢ in G.

This definition exploits the relation between g and ¢’. More precisely, for u,v in V,
we have (v, pa(tgg")u) = (pagv, pag'u), which explains the definition. Due to 'N = N,
the sign function m factors through G/A.N x G/A.N = Py x P.

We now explain the sign function for the case m = 1, that is SLa(R). We only need

to consider the representation of SLo(R) on R?. Let vg = <1> be a vector with highest

0
weight in R2. Then

<'U()7t gg/'U()> = <9U07 g/7)0>7
which is the inner product of the first column of g and ¢’. The sign function is used to

determine whether these two vectors guvg, g’vg have an acute angle or not.
By the Bruhat decomposition, we have the following two lemmas.

Lemma 2.2.22. For g,¢" in G and m in M, we have

m(g, g'm) = m(gm,g’) =m(g, g’ )m.
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U3

V2

U1

Figure 2.1: Angle

Lemma 2.2.23. Take a Cartan decomposition of g, that is g = kgagly € KATK. Then
for hin G,
m(kg, gh) = m(gg_17 h)

The key observation here is that the sign function is locally constant. Recall that
(o is point in & and its image in PV} is the linear functional on V, which vanishes
on the hyperplane perpendicular to VX, Recall that §(n, () = minger 6(Va,y, V;C) and
d(na 77/) = MaXqaell d(Va,m Va,n’)'

Lemma 2.2.24. For k‘l, kQ, k‘g m K, Zf 5(k2170, leo) > d(kz?]o, kgno), then

m(kl, kg) = m(kl, k‘g)m(kg, k3>.
Proof. By definition, we have §(kan,, k1(,) = 6(*k1kono, (o) and m(kq, ko) = m(id, 'k1ks).
Hence, we can suppose that k1 = e, the identity element in K. Lemma 2.2.19 and

Lemma 2.2.20 imply that it is sufficient to prove that if §(kan,, (o) > d(kano, ksno) and
m(ko, k3) = e, then for every simple root a, we have

Sg<va7 poc(kQ)Ua> = Sg<va7 pa(k3)0a>-

Fix a simple root « in II. Abbreviate vy, pa(k2)Va, pa(k3)va to v1,ve,v3. Let 61 be
the angle between the vector vo and the hyperplane vi- and let §; be the angle between
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ve and v3. Due to m(ke, k3) = e, this implies
0< <Ul, tk2k31)1> = <k’27)1,k‘3’01> = <’U2,U3>,

the angle 0y is acute. The image of (p in PV} is given by R(vy,-). The hypothesis
d(kato, Co) > d(kamo, k3mo) implies that

sinf; = <U1,U2> > H’U2 /\U3|| = sin 6,.

Hence 05 < 01 and wv9,v3 are in the same side of the hyperplane vll, which implies
sg(vy, v2) = sg(vy,v3). Please see figure 2.1. O

We state a consequence of Lemma 2.2.24 which will be used in Section 2.4.2 to get
independence of certain measures \;.

Lemma 2.2.25. Let § < 1/2, let g,h be in G and k, k' in K. If h,k, k" satisfy
d(kno, k'nio) < 6, kno, k'no € BR'(8),my" € By (36) and ~(h) < 67,

then
m(kg, ghk) = m(€; L, k' ym(k, k')

Proof. By Lemma 2.2.22, it is sufficient to prove the case that m(k, k') = e. By Lemma
2.2.23,

m(kg, ghk) = m((; ", hk). (2.2.20)
Denote k7o, k'no by n,7'. Then by Lemma 2.2.13, we have hn, hn) € b} (8) C B} (20).
Hence by d(hn, hr') < 26 < 8(hn, (") = 6(hn,£,1¢,) and Lemma 2.2.24, we have
m(¢; ", hk) = m(¢; ", hk")m(hk, hk'). (2.2.21)
The main point here is to prove the following lemma.
Lemma 2.2.26. Under the same assumption as in Lemma 2.2.25, we have
m(hk, hk") = m(k, k).

Combined with (2.2.20) and (2.2.21), the proof is complete. O
Proof of Lemma 2.2.26. Without loss of generality, suppose that m(k, k') = e. Due to
kno € Bj*(6), we can chose a ), in the Cartan decomposition h = kpapf, such that
m(fgl,k:) = e. By Lemma 2.2.24, the hypothesis that 5(1{:770,(;1(0) > 6 > d(kne, k'ne)
implies m(¢, 1, k') = m(¢, ', k) = e. By Lemma 2.2.23, we conclude that e = m(ky,, hk) =

m(¢;, ' k) =m(¢;, ' k') = m(kp, hk'). Here we need a distance dy on %), which is defined
in Appendix 2.5.2. Let z = kz, and 2’ = k'2,. By Lemma 2.5.5,

dO(hzv hZ,) < dO(hzv Zh) + dO(Zha hzl) < d(hknoa ni]zw) + d(’l’]é\/l, hk/no) (2222)
Hence by (2.2.22), we have dg(hz, hz') < 2§ < 1, which implies m(hk, hk’) = e due to
Lemma 2.5.5. O

The proof of Lemma 2.2.26 also says that if z, 2’ are close and away from the sub-
variety defined by h, the gap of h is large, then hz, hz’ are also close.
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2.2.6 Derivative

Let ¢ be a C! function on &;. We will give some property of the directional
derivative of ¢. We write 0,¢ for the directional derivative dy, ¢, where « is a simple
root. It turns out later that these directions are the major directions when we consider
the action of G on .

Definition 2.2.27 (Arc length). Let z1, zo be two points in the same a-circle in Py. If
m(z1, 22) = e, we define the arc length distance between z1, zo by

da(z1,22) := arcsind(mzy1, m22).

Remark 2.2.28. This is a restriction of left K-invariant distance, which can be induced
by the K-invariant Riemann metric ds in the appendiz.

Lemma 2.2.29 (The Newton-Leibniz formula). Let z1, zo be two points in the same a-
circle on Py such that m(z1,z2) = e. Let uw = da(z1,22) and let 7y : [0,u] — Py be the
curve in the a-circle connecting z1, zo with unit speed (in the sense of arc length). Then
forgin G

o(gz1) — p(gz2) = i/ 8a<pgﬂ/(s)e*°‘”(9’7(s))ds, (2.2.23)
0

where the sign depends on the direction of .

Remark 2.2.30. The a-circle already has an orientation given by Y,. The sign is
negative if the curve v is negatively oriented.

Proof. Without loss of generality, suppose that -y is positively oriented. Recall that K, =
Y, — X, for a € II. The images of K, and Y, coincide in g/p. Then ky = ki exp(uKy)
and y(s) = k1 exp(sKy )z, for s € [0,u]. By the Newton-Leibniz formula and (2.2.17) we
have

u

(,0(922) - (P(gzl) = /0 dgpg'y(s)dg'y(s)Kads = /O dcpg'y(s)dg’y(s)yads

:/0 dgom(s)exp(—aa(g,’y(s)))Yads:/O 8acpm(s)e_a"(9”(5))ds.

The proof is complete. O

Since a root « lies in I'(G), the lattice generated by fundamental weights, there is a
corresponding algebraic character of of A. For m in M and « in II, by Lemma 2.2.6 with
the adjoint representation of G on g, due to Y, € g~%, we have Ad,,Y, = (—a)f(m)Y, =
af(m)~Y, = of(m)Y,. The last equality is due to af(m) € {£1}. Thanks to (2.2.18),
we have

Lemma 2.2.31. Let m be in M and let ¢ be a C' function on Py which is right M-
mwvariant. We have for z = kz, in Py

aa Pkmz, = aﬁ (m) 804 Pz-
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We say a function ¢ on ) is the lift of a function on PV,, if there exists a function
1 on PV, such that for z = kz, € &

©(2) = 1 (Vakno)-
By Lemma 2.2.15, we have

Lemma 2.2.32. If p is a C' function on Py, which is the lift of a C function on PV,,
then
0o =0 for o # a,a’ €11

2.2.7 Changing Flags

This part is trivial for SLo(R), where the flag variety P(R?) is a single a-orbit. In
this section, we suppose that the rank m is no less than two.

On the flag variety, we have many directions in the tangent space. Roughly speaking,
the action of ¢ is contracting and the contraction speed on Y, is given by e=®%(9) « € R*.
Due to #(g) being in the Weyl chamber a™, the slowest directions are given by simple
roots. Other directions are negligible. The main result Lemma 2.2.40 is a quantitative
version of this intuition.

We have already seen that if two points 7,7’ are in the same a-circle, then we have
a nice formula for the difference of the value of a real function ¢ at gn and gn’, where
g € G. We want to do this for 7,7’ in general position. For this purpose, we need to
change the point according to g. This is a key new observation in higher rank.

If we are on the euclidean space E™ and we are only allowed to move along the
directions of coordinate vectors. For any two points z, z’, we can walk from z to 2’ with
at most n moves. But this is not true for the flag variety &?. Suppose that we are only
allowed to move along « circles with « € II. Then for two general points 7,7n" in £,
it takes more than m = #II moves to walk from one point to the other point. We try
to move in each « circle at most one time and to make the resulting points as close as
possible.

Recall that V is a finite dimensional vector space with euclidean norm. Let [ =
R(v1 A wvg) be a point in P(A%2V), which is also a line in PV.

Lemma 2.2.33. Let x = Rwy be a point in PV and | = R(vy Ave) be a line in PV. Then

we have
o ||’U1 A v2 A le

— !
o) = A ) = A ]
Proof. The geometric meaning of ||v; A vy A wi]| is the volume of the parallelepiped
generated by three vectors vy, va,wy. This volume can also be calculated as the product
of the area of the parallelogram generated by v; and ve, that is ||v; Ave||, and the distance
of wy to the plane generated by v; and ve, that is d(w;, Span(vy,v2)). Hence, we have
the formula

llvg Avg Awrl]| = ||v1 A ve||d(wy, Span(vy, v2)). (2.2.24)



88 Chapter 2. Fourier decay of SLy,+1(R)

The distance d(w1, Span(vy,v2)) equals ||w1||d(l, ), because the geometric sense of d(, x)
is the sine of the angle between the vector w; and the plane Span(v;,v2). Together with
(2.2.24), we have the result . O

Lemma 2.2.34. Let x be a point in PV and [ be a line in PV. If g € GL(V) satisfies
that é(x,ygl),é(l,y%g) >, then
d(gl,g.’ﬂ) S (;_2’7173(9)d(l,l'),

/\3
where y1,3(g9) = %'

Compared with Lemma 2.2.9, with more degree of freedom the contracting speed is
significantly greater.

Proof. By definition and [ = R(v1 A v2),z = Rw;, we have

Al g2 — 20 A ) Agunll | A gllfor Avs A
A gor v gl = TAZ glen A v llgun

Then by Lemma 2.2.7, we have

A3 A vg A A3
dgl,g) < = I . gllllvr Ava Awi| S | . il d(l, z).
02| A2 gll[lvr Avallllgllllwa ]l 62 A% gllllgll

The proof is complete. O

Lemma 2.2.34 can also be understood that there exists a point 2’ = Rv’ € [ such
that v/ A wy is orthogonal to the vector of highest weight in A2V. Then the distance
between gz’ and gz will be roughly 71 3(g).

We will start to change the flags. Recall that for a € IT and 1,7’ in 2, the function
do(n,n') is the distance between the images of  and 7’ in PV,. If one wants to change
a flag in the a-circle in &2, there are some constraints from the structure of flags. We
introduce the following definition which explains the constraint.

Definition 2.2.35. Let
T)Z{Wl cWyC--- CWm+1 :Rm+1}

be a flag in Z. Recall that W, are r-dimensional subspaces of R™t1. Let i, be the natural
embedding of the Grassmannian to projective spaces, that is G,(R™T1) — P(ATR™FL),
We write

b = lagy = ty(Wrp1 D W) D W)

for a line in P(N"R™*Y) which is the image of all the r dimensional subspace W/ of
R™ such that W,_y C W) C Wyi1. Take Wy = {0}. We also write ., when the line
Ly is seen as a point in P(A2(ATR™TLY).

Recall that V,,, = A"V, = A"R™*! and ey, ..., en1 is the standard basis of R™*1.
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Lemma 2.2.36. The line I, is the image of the a,.-circle of n in PV, .

Proof. Due to I, iy, = kl; p, and the left K invariance of the set of « circles, it is sufficient
to consider 79. The line I, is generated by two points VXer = Rej; A---Ae,—1 Ae, and
VXer=ar —=TRey A--- Aep_1 Aepyr in PV, . By Lemma 2.2.15, this is exactly the image
of a, circle containing ng in PV, . O]

Definition 2.2.37. Let (no,m1,...,n) be a sequence of points in 2. We call it a chain
if any consecutive elements n;,m; 41 are in the same a-circle for some a € 11, and we
write a(n;, 1) for this simple root.

By the structure of the root system of GG, we have

Lemma 2.2.38. We can separate I1 into a disjoint union I1; and Ily such that for o, o
in the same atom I1;,
a+ ' is not a root.

Let l1 = #Hl and l2 = #HQ.
By Lemma 2.2.15

Lemma 2.2.39. Let (ng,...,m) be a chain and let « be a simple root. If the set of simple
roots appearing in the chain does not contain «, then the image of the chain in PV, is a
single point, that is

Vo, = Vame, Vi=1,...,L

Now, we state our main result of this part, which will be used in the main approxi-
mation (Proposition 2.4.11).

Lemma 2.2.40. Let 1,71 be two points in &2 and let g be in G. If for a € 11y,
O(Var' Ypa()) Oy y/r\nQpa(g)) > 0,

for a € 1,
S(Vams Ypu () OUams Unzp, (g)) > O-

Then we can find two chains (1 = no,n1,--.,m,) and (1" = ny, 1}, ...,m,) such that

d(gn;» gnj+1) = dalgnj, gnj+1) = da(gn, gn') + O(672Be= <)), (2.2.25)

where o = a(nj,mj41) € Iy and different j correspond to different roots; similarly for '
We also have that for all o € 11

da(gm, gny,) < Be 9572, (2.2.26)

where 3 is the gap of g, that is B = v(g) = maxaer{e 9}
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ag-orbit
gm

ap-orbit

gm0 gm

Figure 2.2: Changing Flag for SL3(RR)

The point is that the contraction speed 8 implies that the term §—28e~%(9) is of
smaller magnitude than e=*%(9). The objective is to walk from gn to gn’ only through
« circles and to preserve information of distance. Since we can neglect error term, it
is simpler to walk from gn to gn, through some « circles and to walk from gn’ to gn,
through the other « circles, which means the corresponding simple roots are different
from the first walk. After this operation, the distance between gn;, and 9771/2 is negligible,
due to (2.2.26). The distance of the move in the « circle is approximately the distance
between the images of gn and gn’ in PV, due to (2.2.25).

Proof of Lemma 2.2.40. If we have already found (no, ...,n;) and j < l;, we want to find
nj+1. Let a = a, € II1 be a root that does not appear in the chain. Hence by Lemma
2.2.39,

Var,nj = Varmo = Var - (2.2.27)

Due to Lemma 2.2.38, the neighbour simple roots a,_1 and a,41 are not in I, since
Qr—1 + o, and ap41 + @, are roots. By Lemma 2.2.39,

Varflﬂ']j = Var—l:n and Var+1ﬂ7j = VOér+1JI'

We are in the situation of Lemma 2.2.34 with V = V,, = A"R™*! 1 = Vo and [ = 1.
Due to the hypothesis, Lemma 2.2.34 and Lemma 2.2.36, we can find 7;41 in the same
ap-circle of n; such that

da, (90541, 91) = d(PargVar s 1s Poar Varay) < 0 2713(pa,g) < 0 2Be "9, (2.2.28)
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Hence by (2.2.27) and (2.2.28),

e, (9041, 975) = da, (90541, 91) = da, (g0, g1') + O(672Ber9)),

which is (2.2.25). Please see Figure 2.2, where an element in the flag variety is represented
by a projective line with a point.

We need to verify the distance between gn;, and 9771,2~ Without loss of generality,
suppose that « € II;. Then by Lemma 2.2.39, the construction and (2.2.28),

da(gmy, 911,) = da(gmy, g1') = da(gnjs1, gn') < 6~ 2Be™ <),

where j is the unique number such that a(n;,nj41) = a. O

Remark 2.2.41. In the case of SL3(R), we know that A2V, and N2V,, are isomorphic
to Vi, and Vi, , respectively. The condition in Lemma 2.2.40 is equivalent to n,n" in
By (0).

In the case of SLy41(R), the representations V,, = A"R™ L are fundamental repre-
sentation. Since SLy,.1(R) is split, A2V, is again prozimal, but may not be irreducible.
In Lemma 2.2.58, we will proceed to give a control on y%(mg

The condition of Lemma 2.2.40 is not really important, what we need is that the
condition is true with a loss of exponentially small measure when we consider the random

walks on SLp,11(R).

Lemma 2.2.42. With the same assumption and construction in Lemma 2.2.40, if we
also have n,1" € By*(5), then gn;, gn; are in béw(ﬁé_O(l)) for1<j<lyandl<Il<l.

Proof. By hypothesis, Lemma 2.2.13 implies that gn, gn’ € by(ﬁ(fl). By (2.2.25),

d(gnj, gnj+1) < 28671+ O(672Be~x9)) < =00,

Hence by induction, we have gn; € bé\/f (36=CW) for all j. Similarly the results hold for
/
gn;- O

2.2.8 Random walks and Large deviation principles

The study of random walks on projective spaces and flag varieties are connected by
representation theory.

Let X be & or PV, where V is an irreducible representation of G. There is a
natural group action of G on X. Let p be a Borel probability measure on G. Then a
Borel probability measure v on X is called p-stationary if

V= pkyi= /Gg*vdu(g),

where g,v is the pushforward measure of v under the action of g on X.
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Lemma 2.2.43 (Furstenberg). Let pu be a Zariski dense Borel probability measure on
G. There exists a unique p-stationary probability measure v on the flag variety and its
1mages in the projective spaces PV are the unique p-stationary probability measures when
V' is an iwrreducible representation of G.

See | I, | , Proposition 10.1] for more details. In order to distinguish sta-
tionary measures on different spaces, we use vy to denote a p-stationary measure on
PV.

Definition 2.2.44. Let p be a Zariski dense Borel probability measure with exponential
moment on G. The Lyapunov constant o, is defined as the average of the Iwasawa cocycle

0= /G olamdua)dvtn).

Lemma 2.2.45. Let p be a Zariski dense Borel probability measure with exponential
moment on G. Then the Lyapunov constant o, is in at, the interior of the Weyl
chamber. Equivalently, for any simple root o, we have a(o,) > 0.

The maximal positivity of Lyapunov constant in Lemma 2.2.45 is due to Guivarc’h-
Raugi | | and Goldsheid-Margulis | |. See | , Corollary 10.15] for more
details. Lemma 2.2.45 will be used to show that the action of G on & is contracting in
Section 2.4.2, where the contraction speed is give by = sup,cn{e “7*}.

In following proposition, we give the large deviation principle for the Cartan projec-
tion. We keep the assumption that u is a Zariski dense Borel probability measure
on GG with a finite exponential moment.

Proposition 2.2.46. For every € > 0 there exist C,c > 0 such that for allm € N and
n € & we have

1 € G| |x(g) —noyll = nep < Ce™*", (2.2.29)
See | , Thm 13.17] for more details.

Proposition 2.2.47. If (p, V) is an irreducible representation of G, then for every e > 0
there exist C, ¢ such that for all x in PV and y in PV* and n > 1 we have

w{g € G| §(z,yy") < e "} < Cem 7, (2.2.30)
1w {g € G| 5(:Uév‘[,y) <e "} < Ce .
See | , Prop 14.3| for more details. Attention, we need p to be proximal in

Proposition 2.2.47. Here the representation is automatically proximal due to the splitness
of G.

Proposition 2.2.48. For every € > 0 there exist C,c such that for all n, ' in & and
n > 1 we have

g € Gl 6(n)',¢) <e ™} < Ceme, (2.2.31)
g e G| o(n, ) < e} < Cem o, (2.2.32)
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Proposition 2.2.48 is a multidimensional version of Proposition 2.2.47.

Proposition 2.2.49 (Holder regularity). If (p, V) is an irreducible representation of G,
then there exist constants C' > 0, ¢ > 0 such that for every y in PV* and r > 0 we have

vy({z € PV| é(x,y) <r}) < Cre. (2.2.33)

The proximality of the representation is also needed in Proposition 2.2.49. This
result is due to Guivarc’h | |. See | , Thm 14.1] for more details. As a corollary
of Proposition 2.2.49, we have the following.

Corollary 2.2.50. If (p,V) is an irreducible representation of G with highest weight x,
then there exist constants C > 0, ¢ > 0 such that for every y in PV* and r > 0 we have

v(in € Z[ 6(Vyn.y) <7}) = Cr". (2.2.34)
Proof. By Lemma 2.2.43, we have

v({n € 2| 6(Vxmy) <7}) =vv({z € PV] 6(z,y) <r}).
Hence Corollary 2.2.50 follows from Proposition 2.2.49. O

All the results in this section mean that the quantities considered here are really
flexible. We can always image that things happen as wished in a large probability, a very
positive expectation. Bad things are near some algebraic subvariety and have exponential
small measures. For later convenience, we introduce the following definition.

Definition 2.2.51 (Good element). For n € Nje > 0 and n,{ € &, we say that an
element h is (n,€e,n,() good if

lk(h) = no,|l < en/Ca and 6(n, G"), 6(ny", ) > 2e~"/ 4, (2.2.35)

where C'4 is a constant greater than 2, which is only depend on the whole group and will
be determined in Lemma 2.2.535.

Lemma 2.2.52. We have that h is (n,e,n,() good outside an exponentially small set,
that is to say there exist C' > 0,¢ > 0 such that

w{h is not (n,€,n,¢) good.} < Ce™ ",
Proof. This is due to the large deviation principle (2.2.29), (2.2.31) and (2.2.32). O

Lemma 2.2.53. Let § = e~ " and f = max,em e “7#". Suppose that € is small enough
such that B < 6%, If h is (n, €, ¢g*) good, then

v(h) < B~ < 6% and ||o(gh,n) — K(g) — nou|| < en.
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Proof. By hypothesis,

’Y(h) — max e—om(h) = sup e—anauea(nau—m(h)) < 55—1’
acll a€ll

if we take C'4 large enough such that for all simple roots o and X in a, we have |a(X)| <
CallX|.

By Lemma 2.2.13, we have hn € bp! (y(h)/8) C bp!(6) C B*(6). Hence by Lemma
2.2.12

lo(gh,n) = k(g) — noull = llo(g, hn) = k(g) + a(h,n) — noy||
< [og 6(hn, ¢5*)| + [log 6(n, C&)| + [[(h) — noyll < en/Ca.

Hence if C'4 is large enough depending on the whole group, the inequality holds. O

For later usage in Section 2.3, we will define another notation of goodness.

Definition 2.2.54. For n € Nje > 0 and ( € &, we say that an element h is (n,€,()
good if
|k(h) — noy|| < en/Ca and (it ¢) > 2e=/Ca, (2.2.36)

Lemma 2.2.55. Let § = e~ " and 8 = maxqee” *+". Let ng be a flag which is different
from n, only in d-dimensional subspace, that is

Ng = {Rel C- CReg®---®Reg_1 CRe; @ --- B Reg_1 ®Regq1 C } (2.2.37)
If b is (n,e,CI") good, then for n =1, 'ng, we have
eXilolghm=r(9)=now) c (5 §~1 for j # d and eXa(o@hm=rlg)=nou) < g5=1 (2.2 38)

Proof. Without loss of generality, we can suppose that [, = e. The image of g in PV} is
the same as 7, if j # d. Hence by (2.2.2), we have x;o(gh,n4) = x;jo(gh,n,) for j # d.
By (2.2.13), that is 6(1, (o) = 1, the element h is (n,€,1,,(;") good. By Lemma 2.2.53,
we obtain the first part of (2.2.38).

The image of ng in PV is Rv = R(eg A ---eq—1 A eq+1), whose weight is x4 — ag.
Hence by (2.2.2),

[ho]l _

exp(k(h))v
Xdo (h,14) = log ol —logw

HUH = (Xd - ad)m(h). (2239)
By (2.2.2) and (2.2.3), we have xq4(c(g,hn) — k(g)) < 0. Together with (2.2.39),

eXa(o(ghm)—r(g)—nou) _ oxa(o(g,hn)—r(9)) oxalo(hm)—nou) < (Xa—ad)k(h)=nxaou — p—aar(h)

By (2.2.36), the proof is complete. O
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This Lemma tells us that by changing the image of n in one projective space, the
value of Iwasawa cocycle only changes in that space. There is some independence of the
value of Iwasawa cocycle with respect to 7.

Let V' be a representation of G. Let G2(V') := {2-planes in V'} be the Grassmannian
variety of V. Let gy : A2V — A2V be the G-equivalent projection on the sum of all the
irreducible subrepresentations of A2V with highest weight equal to .

Lemma 2.2.56. Let V' be an irreducible representation of G with highest weight x. For
a simple root o, let gay—o be the G-equivalent projection from A2V to A2V. There exists
¢ > 0 such that for all v,v" in'V

S laz—alv Av)]| > cllv Ad].
aell

Proof. By Lemma 2.2.57, we know that Locn l:fi;‘;,‘ﬁ(wv i G2(V) = R>q is a positive
continuous function. Since Go(V) is a compact space, on which positive continuous

function has a lower bound, the result follows. O

The following lemma is similar to | , Lemma 3.3|.

Lemma 2.2.57. With the same assumption as in Lemma 2.2.56, then () er @2x—a does
not contain any pure wedge.

Proof. Let W' be the intersection of all the kernels, that is W’ = [ e ¢2y—a- The
two sets Go(V) and PW’ are closed subset of P(A2V) and G invariant. Therefore their
intersection is again a G invariant closed subvariety which is complete. Let B be the
Borel subgroup of G, which is solvable. By | , Thm.10.4], the action of a solvable
algebraic connected group on a complete variety has fixed points. We claim that the
fixed points of B on Ga(V') are the lines with the highest weight. Then the result follows
by the fact that these lines do not belong to W’.

Suppose that there exit v, u in V' such that v A u is B invariant. We can decompose
v,uasasum v =y ,vyand u =) ,uy. Since we can replace v,u by bv,bu for b in B,
we can suppose that the component of highest weight v, is non zero. Since the dimension
of VX is 1, we can suppose that u, = 0. Let p # x be a highest weight such that u, is
nonzero. The B invariance of R(v A u) also implies that the action of X, for o simple
roots, fixes the line. Hence X, (vAu) = XpvAu+vAXqu € RuAu. The weight x+p+«
is higher than all the weights appear in v Au, hence v, A Xqu, = 0 for all simple roots a.
This implies that p = x — a for some simple root .. Therefore v A u contains vy A Uy—q-
Since v A u is also A invariant, all the components in the weight decomposition have the
same weight. Hence v A u = vy A uy_q which is a vector of highest weight in A?V. [

We want to prove a large deviation principle for a special reducible representation.
This lemma will be used in Lemma 2.4.10 to control yj@g in Lemma 2.2.9 and Lemma
2.2.40.
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Lemma 2.2.58. Let V be a super prozimal representation of G (Definition 2.2.2). For
€ > 0 there exist C,c > 0 such that the following holds. For x = Rv,z’ = Rv' € PV with
x # a2/, we have

w{g € Glo(x N, Ynzp(g) <€ T} < Cem ™

Due to Definition 2.2.2, there is only one simple root « such that gay—a(A2V) is
non zero. Write A2V = W @ W', where W is the irreducible representation generated
by the vector corresponding to the highest weight in A2V, and W’ is the G—invariant
complementary subspace. Then go,—q(A2V) = W, and we write Pry = gay—q.

Proof of Lemma 2.2.58. By (2.2.10), we see that a non zero vector in yj@g vanishes on
W' and y/’(gg can be seen as an element in PW*. We only need to consider the projection
of v Av' onto W and use large deviation principle (2.2.30). By Lemma 2.2.56,

A L (Prw (v AV))| [[Prw (v A
5 /I .m — |f(U _
(x/\x,y/\zg) ||U/\U/|| ||P1"W(v/\v')|] ||U/\U/H

> cd(Prw(z A 93/), yj\”gg),

where f is a unit vector in y}@g. The proof is complete. O

2.3 Non concentration condition

We want to verify the main input for the sum-product estimate, the non concentra-
tion condition. If we want to get the non concentration directly, then this becomes an
effective local limit estimate, which is difficult due to the lack of spectral gap. Hence, we
transfer it to the Holder regularity of stationary measure.

For the first time read, the reader can neglect g in the left of h. The main idea of the
proof is already there. Adding g is a technical step, which is needed in its application.
(We only need an additional condition on 72/ to control x(gh).)

2.3.1 Projective, Weak and Strong non concentration

Recall that m is the real rank of G and x1,:--, xm are the fundamental weights,
where we change the subscript from « € II to ¢ € {1,--- ,m}. Recall that aj, -,
are the simple roots of a*, which are linear combinations of fundamental weights x; with
integral coefficients.

In order to distinguish different objects, we will use capital letter X to denote func-
tions or random variables and use small letter = to denote vectors or indeterminates.

Let L be the d x d square matrix which changes the basis (x1, -, Xm) of a* to the
basis (—aq,- -+, —ayy), that is Lj; = —a;(H;). Then L is an integer matrix. Hence, we
can define Ey, a rational map from (R*)™ to (R*)?, which is given by y = Ey(z) for
x € (R*)™ where
L

ij
jo

yi = Ihi<j<m
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Fix an element g in G. Let
Xg(n,h,n) = (exr(olghm)=rlg)=now)  cxmlo(ghm—rig)=nou))

Y (h,n) = (e~lolghm=rlg)=non) - g=am(o(ghm)=r(g)=nou)y

for n in & and h in G. By definition, E4X4(n, h,n) is the vector which is composed of
the first d components of Y*(h,7), that is

paYy'(h,n) = EqXg(n, h,n), (2.3.1)

where pg : R™ — R? is the map which takes a vector z of R™ to the vector of R?
composed of the first d components of z. In the following argument g is fixed or g equals
identity. Hence we will abbreviate X4, V", Y." to X, Y™, Y.

We define an affine determinant Ay on (R%)%+!. For d + 1 vectors y',--- ,y?*! in
R A% |

R? let A4 be the determinant of the (d + 1) x (d + 1) matrix <yl Yy . >, which

is the volume of the d + 1-dimensional parallelogram generated by vectors (y*,1) for

i=1,...,d+ 1. Let e; be the vector in R¢ with only i-th coordinate nonzero and equal

to 1. By identifying e; A - - A eg with number 1, we can also define Ay by

Ad(yl,"' ’yd-i—l) _ Z (_1)i+d+1y1 N /\yi/\ /\yd—l-l.

1<i<d+1
For d + 1 vectors z!,--- , 2% in R™, let B, be a rational function defined by
By(zt, - 29t = Ay(Egat,- -, Egzdth).

We introduce the notation

hyr1 = (hi,..., hger),

which is an element in G*(@+1) | Let
Ag(hd+17 77) = Bd(X<n7 h17 77)7 oo 7X(n7 hd+17 77))

Definition 2.3.1. We say that u satisfies the projective non concentration (PNC) on
dimension d, if for every e > 0 there exist ¢,C > 0 such that for alln in N, n in & and
ginG
sup  p"{h € G||(v,Y"(h,n)) —a] < e”"} < Ce™ ",
a€R,veSd—1

where v is regarded as a vector in R? x {0}~ C R™.

More geometrically, this is equivalent to say that the measure of Y™ (h,n) close to
an affine hyperplane is exponentially small.
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Definition 2.3.2. We say that p satisfies the weak non concentration (WNC) on dimen-

sion d, if for every € > 0 there exist ¢,C' > 0 such that for alln in N, n in & and g in
G

(52D (hgir, ) € GXO A gy, )] < e} < Cemn,

Definition 2.3.3. We say that p satisfies the strong non concentration (SNC) on di-
mension d, if for every € > 0 there exist ¢,C' > 0 such that for alln in N, n in & and g
n G

(H*n)®(d+1){hd+1 c G><(d+1)||Ag,(hd+hn)| < e—en} < Cecn,

We will proceed by induction. When d = 0, we make the convention that Ag =1
and it is trivial that SNC holds. Then

e SNC on dimension d = WNC on dimension d (By definition)

e PNC on dimension d < SNC on dimension d (Lemma 2.3.7)

e WNC on dimension d = PNC on dimension d (Lemma 2.3.9)

e SNC on dimension d — 1 = WNC on dimension d (Lemma 2.3.10).
In the above implications, the constants C, ¢ will change. We can conclude

Proposition 2.3.4. Let u be a Zariski dense Borel probability measure on G with expo-
nential moment. Then u satisfies PNC on dimension m.
2.3.2 Away from affine hyperplanes

We need a lemma of linear algebra, which relates different non concentrations. This
lemma is already known from | , Lemma 7.5]. Recall that for two subsets A, B of
a metric space (X, d), the distance between A and B is defined as

d(A,B) = inf d
(A,B) e, (z,y)

Lemma 2.3.5. Let C > 0,¢ > 0. Let ug,--- ,ugy1 be vectors in R% with length less than
C. Consider the following conditions:

i. There exists an affine hyperplane [ such that fori=1,...,d+ 1,

d(u,l) <ec.

1. We have

Z (=Dfur A= AT A - Augyr|| < ¢
1<i<d+1

where w; means this term is not in the wedge product.
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iii. There exists i in {1,...,d} such that
d(u;, Spangg (ugy1, U1, ..., ui—1)) < ¢,
where Span,g is the affine subspace generated by the elements in the bracket.
Then i(c) = ii(24+1C91c), ii(c) = dii(c'/?) and iii(c) = i(c).

Proof. We first transfer the affine problem to a linear problem. Let v; = u; — ugy; for
i =1,...,d. Then v; are vectors with length less than 2C. The above three conditions
are equivalent to (with change of constants in )

i’. There exists a linear subspace [ of codimension 1 such that for¢=1,...,d

d(v;, 1) < c.

ii’. We have
lor A= Ayl < e

iii’. There exists ¢ such that
d(vs, Span(vy, ..., vi—1)) < ¢,
where Span is the linear subspace generated by the elements in the bracket.

iii'(c¢) = i'(c): Let the hyperplane [ be Span(vy,--- ,¥;, -+ ,vg). Then #'(c) follows
from i’ (c).
i'(c) = i (29C% ¢c): Due to i, the volume of the parallelogram generated by
{vi}1<i<a is less than (2C)9~12¢, which is 44’.
ii'(¢) = iii’(c*/?): Due to the same argument as in Lemma 2.2.33, we have a formula
of volume,
||’L)1 JANRREIVAN UdH = ngigdd(vi, Span(vl, R ,’Ui_l)),

from which the result follows. O

As a corollary, we have the following lemma, which is general and deals with random
variables.

Corollary 2.3.6. Let X1,...,Xq41 be i.i.d. random vectors in RY bounded by C > 0.
Let | be an affine hyperplane in R®. Then for any ¢ > 0, we have

P{d(X1,1) <} <P{D) (1) X1 A AXg A A Xgga || <2707 e}, (2.3.2)
and
P (1) X A AXGA - A Xgga || < c}
< ) P{d(X;,Span,g(Xa1, X1, , Xi 1)) < /9.

1<i<d

(2.3.3)
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Lemma 2.3.7. PNC on dimension d is equivalent to SNC on dimension d.

Proof. Let X; = EgX(n,h;,n) fori =1,--- ,d+ 1, where h; has distribution p*"*. Due
to Lemma 2.2.53, with a loss of exponentially small measure, we can suppose that X;
are bounded by C = ", where €2 = €/(2d).

Due to (2.3.1), we have (v,Y"™(h,n)) = (pqv, EqX (n, h,n)). PNC asks exactly that
the probability that E4X is close to a hyperplane is small. By (2.3.2), PNC on dimension
d follows from SNC on dimension d.

By (2.3.3), SNC on dimension d follows from PNC on dimension d. O

Remark 2.3.8. We explain that SNC implies the stronger form of SNC, which will be
used later. Let O(d) be the orthogonal group in dimension d. The stronger form of SNC
says that for any (p1,--- , par1) € O(d)*(D  we have

(™) D hy g € G| Ag(prEgX (n, ha,m), - .-, par1EaX (0, has1,m)| < e” "} < Ce™m.

By Lemma 2.5.7, SNC implies PNC. We adopt the notation in the proof of Lemma 2.5.7.
By (2.3.3) and the fact that O(d) preserves the distance,

—
i .

P{ll Z(_l)iple A piXio A pariXan| < c}

<> Pld(piXi L) < M= > PLA(XG, p; M) < MY,
1<i<d 1<i<d

where l; = Span,g(pgr1Xgr1, 1 X1, , pi—1Xi—1). Therefore SNC implies the stronger
form of SNC.

Lemma 2.3.9. WNC on dimension d implies PNC on dimension d.

WNC is weaker than SNC, because WNC is not uniform on position n. Let f(n)
be (1*™)®(@){ .n} in SNC (Definition 2.3.3). Then WNC only asks that [ f(£n)du*"(£)
is small, whereas SNC asks that f(n) is small for every n. The cocycle property is the
key point to obtain an estimate uniform on position from an estimate not uniform on
position.

Proof of Lemma 2.3.9. Let § = e~*. We first prove the result for 2n. Recall that h
is a random variable which takes values in G with the distribution p*?*. Let h = {1/
such that ¢; and ¢ have distribution p*”. Then the cocycle property implies Y™ (h,n) =
Y"(14,m) =Y"(41,0n)Y (¢, m). Fubini’s theorem implies

B = sup " {h|{v, Y " (h,m)) € B(a, )}

S/Gsup Pl (0, Y, )Y (€, m)) € Bla, 6) }dp™ (0).

a,v
The cocycle property is crucial here. Fix £ and fix a,v. We can write

(0, Y (b1, tn)Y5' (€,m)) = R, Y™ (41, €n)),
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where R = ||v - YJ"(£,n)|| > minj<;<q |[Yg"(¢,n);|. Here v/ is a vector of norm 1, defined
by v =v- Y] (¢,n)/R, depending on v,! and 7. By Lemma 2.2.52 and Lemma 2.2.53, for
¢ outside an exponentially small set independent of a, v, we have R > §1/2. Therefore

E< / sup 1 {61 |{v, Y™ (61, b)) € B(a, 6Y/2)}du () + O (6), (2.3.4)
G av

where ¢ > 0 comes from the large deviation principle (Lemma 2.2.52). By Hoélder’s
inequality,

/G sup {4 (v, Y™ (01, €n)) € Bla, /%) }dy"(£)

a,v

< ( / (sup ™ {4 (v, Y™ (1, ) € Bla,8"/2) )" du™ (0

By the same argument as in Lemma 2.3.7

sup (1" {01 (v, Y (€1, f)) € Bla, 8'/2) < @I (g ) | Af (B, )] < 264} + Oc(6°).

Therefore, by (2.3.4) and (2.3.5), we have
BT < gt @20 (hy 1, 0)| A3 (bgsr, n)] < 2674} + 0.(6°).

The proof for 2n ends by Definition 2.3.2.
It remains to prove the same result for 2n+1. Let h = £ such that ¢ has distribution
*(n+1) and ¢; has distribution ;*". Following the same argument, we have

B < D (g 6] A (Baer, )] < 2674 + OL(6°).

I

Since £ only changes the position 7, the uniformity of WNC implies that
prH DR (g, 0| | Af (B, )] < 2611

N /z Gu*<d“>”{<hd+1, o) || A% (hgy 1, Ia(I3n))] < 264 }dp(ls) < 6°.
3€

The proof is complete. O

2.3.3 Holder regularity
In this section, we will prove
Lemma 2.3.10. SNC on dimension d — 1 implies WNC' on dimension d.

Using other representations, we can get more information on the Iwasawa cocycle.
This idea has already been used in | | for problem concerning transience of algebraic
subvariety of split real Lie groups. It is also used in the work of Bourgain-Gamburd on
the spectral gap of dense subgroups in SU(n), for establishing transience of subgroups.

The key tool is the following estimate. See | , Proposition 14.3] or | | for
example.
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Lemma 2.3.11. Let V' be an irreducible representation of G. Let u be a Zariski dense
Borel probability measure on G with exponential moment. For every € > 0 there exist
¢, C > 0 such that for v in'V and f in V* we have

p{ee Gl (o) < [IfIHIfle™"} < Cem ™.

The intuition is that if a function f is not small at some point, then it is robustly
large for almost all points.

In this part, we write V; =V, for the fundamental representation and we write V;,
for the image of n € &7 in PV} for j = 1,...,m. Let v/ be a nonzero vector in Vj,. For
¢ in G, we abbreviate p;j(£)v7 to fv7. Since v/ lives in V}, we use the same symbol || - ||
for norms on different V;, which makes no confusion. For a vector z in R™, we denote
by x; the i-th coordinate. We use upper script to denote different vectors.

Before proving Lemma 2.3.10, we introduce some linear algebras. We want to con-
struct a linear form. Recall that Ey is a rational map, Ay is the affine determinant, By
is the composition of A4 and E; and

Ag(hd-i-lan) = Bd(X(TL, h17 77)7 s ,X(?’L, hd+1777))7
where

lgh’||
er(H(g)-‘rnUu)ij” 1<j<m7 (2.3.6)

X(n, ) = (X Ghn—rle)no)y (

and the second equality is due to (2.2.3) and (2.2.2). Let
X'(n,m) = X (n, hy,m). (2.3.7)

In order to use Lemma 2.3.11, we need to linearise some function related to A}} (hy,41,7)
with hyy; fixed. We will multiply By by its denominator, and all the Galois conjugate
to get a polynomial on ||XJ’:H2, which can be realized as a linear functional.

The function By can be seen as a rational function on

(Z)iz:($1>"'a$d+1)::(1€)1§i§d+1J§j§nr

By definition, By has a special form. Each term in By can be expressed as a quotient of
two monomials. Let Dg be the lowest common denominator of By such that DyBy is a
polynomial on (z). In other words, suppose that

Ba= > b J[ @,

nezm(d+1) 1<5<m,1<i<d+1

where n is a multi index and by, is the coefficient. Let g;; = sup, czm+1){—n4j,0} for
1<j<m, 1<t <d+1. Then Dy = H1§j§m71§i§d+1($})Qij_
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Definition 2.3.12. Let F be a polynomial on (x!,--- ,:):k) where x', - - - 2* are vectors

in R™. Then we call F' a multi homogeneous polynomial of degree q = (q1,- - ,qn) € N”
if for & in (R*)™ we have

F(§x17 e 7€$k) = €QF(£U1’ e 7xk)7
where é-q = H1§j§n§?j-

Let T be the finite group (Z/22)4 41 which acts on R44+1) | Let (y) == (y', -yt =

1 For p € T, we write p(y) for the action on the coef-

(Yji<i<arii<j<a € (RY)
ficient yj, which is of dimension d(d + 1). Due to the definition of I', the product

MperAap(y, ..., y4"1) is invariant under the action T, hence it is a polynomial on (y;)2
Let
Fy(a',...,a"") = [ DaAap(Eax’, ..., Eqz®), (2.3.8)
pel’
then

Lemma 2.3.13. F; is a multi homogeneous polynomial on ((z)2,--- , (x91)2) with

degree q = (q1, "+ ,qm) € N™.

Proof. We only need to verify that Fy is a multi homogeneous polynomial. The fact that
the determinant is a multilinear function implies that for A and ¢* in R?

Agyt, - T = det (V) Ag(yt, -,y T, (2.3.9)

where det(A) = A1 -+ A\g. The functions E; and D, are group morphisms due to defini-
tion. Hence we have

Ey(éx) = By(§)Eq(z) and Dg(éx',- -+ &x) = Dy(&, -+ &) Dy(at, -+ 2%,

(2.3.10)
Therefore by (2.3.8), (2.3.9) and (2.3.10), for ¢ and 2 in R™,
Fy(at, - o) = quAdp(Ed(§$l)a“' , Ba(Ex™))
e
= pl_[FDdAdp(Ed(ﬁ)Ed(wl), — Ba(&) Ba(2™))
e
= pH DgAap(Ea(z'), -+, Ea(2™1)) det(Ba(€)) Da(é,- -+ ,€)
(e g,
where q is a vector in N™ such that ¢4 = (det(Eg(€))Dy(&, -, ), O

For hgy i € G*+D and 5 in 2, we write

F(hd+1a77) = Fd(X(nvhlan)v s ,X(?’L, hd-‘rlvn))'
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Fix hgy1. By (2.3.6), F is a function on v/ for 1 < j < m. Recall that v/ are vectors in
Vin. Let
Fo(v', -+ ,0™) = F(hger, mi<j<ml[o? |29,

Now, we want to explain how to realize Iy as a linear functional.

Lemma 2.3.14. Let F' be a multi homogeneous polynomial of degree q = (q1,- -+ ,qd+1) €
(N)THL. Then Fy(vl,--- ,0™) := F((XY2, -+ (XHH2)||07]|2% is a linear functional Fy
on the space Vy = ®1§j§m(5ym2vj)®qi, where X7 is defined in (2.3.7).

Proof. Since F' is a multi homogeneous polynomial, it is sufficient to prove that every
monomial in F' has the same property. By Definition 2.3.12, a monomial of F' is of the
form

1\2N;7
M<j<mlli<icarr (@),

with n;; € N and 31,4, 1 = ¢;. The term II||v7]|?% is used to compensate ||v7]|
in the denominator of X7} in (2.3.6). Now, by multiplying [[v/||, we can view X} as
|lghiv?| with some coefficient. By (2.3.6) and ||ghv’||? = (ghv?, ghv’), the function
(X;:)2 is a linear functional on Sym?V;. Hence HlSiSdH(Xj)Qnﬁ is a linear functional on
(SmeVj)@qf. This is because if we have two linear functionals f; and fo on W; and Ws,
then f1fo is the linear functional on Wy ® Wy given by fifa(w1 @ we) = fi(wy) fa(w2).
Then by the same reason, the monomial HM(X;)Q”U is a linear functional on Vj. In
order to express the linearity of Fj, we rewrite

Fi(@;((07))%9) = Fy(v', -+ ,0™),
where v/ is in Vjn and F7 is understood as a linear functional on Vj. ]

Proof of Lemma 2.3.10. Recall § = max e e “7#". Let § = e~ 2", where the constant
€2 will be determined later depending on €. We suppose that n is large enough such that
0 < 1/2. Because for small n, WNC can be obtained by enlarging the constant C.

Step 1: We take into account of measures. We want to reduce the condition of
WNC on A7 to F', which is essentially a linear functional.

For this purpose, we will bound the measure of small A%} by the measure of small F'.

Lemma 2.3.15. Let f1, fo be two Borel measurable functions on a locally compact Haus-
dorff space X and m be a Borel probability measure on X. Then for ¢ >0

mih € X[|fi(h) < cl} <m{h € X||f1(h)fa(R)] < esup | fal}-

In order to control F//A}(hgi1,m), we take hgyq which is n good, that means for
every i in {1,---,d + 1}, the group element h; is (n,e2,n,(;") good (Definition 2.2.51).
By Lemma 2.2.53 and (2.3.6), for 1 <i<d+1,1<j<m

! -1
XE <6t
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Since F'/A}} is a polynomial on XJ’:, for hyy1 which is  good, we have
F/AY} = Dgllyer preDgAgp < 50W), (2.3.11)

Using Lemma 2.3.15 with f; = A%} and fo = F'/A}}, hence by (2.3.11) and Lemma 2.2.52,
we have

M = g (g, )| A (s, )] < e}
< N Ih ) is 0 good, £ € G)|A% (hgy1, £n)] < €7} 4 O, (6°)
< pHHAnth ) is 0y good, £ € G||F(hgyy, )] < e” "6 %W} + 0, (6%)
< M (hgy, )| F (i, )] < e "6 OMY + 0, (59

(2.3.12)

Step 2: Lemma 2.3.13 implies that F'is a multi homogeneous polynomial on (x3)2
of degree q = (¢1,.-.,qq+1). Lemma 2.3.14 implies that

Flbgs1,n) = Fi(@;((07)2)%9) /M|,

where Fj is a linear functional on V) = ®j(5ym21/})®qj. To be more precise, F; will
be restricted to a linear form on W, the unique irreducible representation of Vj with
maximal weight. (This is specific for real split Lie groups)

It remains to show that for most hy,; in GX(dH), the norm of I is robustly
large. It is sufficient to find one 7 such that |F(hgy1,7n)| is large. We will prove that
|DgAqgp| is large for each p in I', which implies that |F'(hgi1,7)| is large.

Using the d + 1-th column expansion of the matrix >, we have

1 ... 1

Ad(y17 T 7yd+1) = _Ad—l(rdy17 U 7rdyd)yj+1 + other terms,

= Z (_1)j+d+1Ad*1(rjyl? e 7ijd)yd+1 + det(yla Tt 7yd)7
1<j<d
(2.3.13)

where r; : R? — R is the map forgetting the j-th coordinate. Replacing y* by Egx?,
due to rqE4x' = E4_1x", we obtain

Ay(Egat,--- ,Edacd+1) = —Ag_1(By_qzt, - ,Ed_lxd)(Ed:UdH)d + other terms.
(2.3.14)
Using SNC on dimension d—1, we are able to give a lower bound of Ay_1(E4z_1 X!, -+, Ed_le)
with a loss of exponentially small probability of hyy1. But the problem is in other similar
terms. Due to y]”-lJrl = ngigm(az?+l)_aj(H") and the structure of root system, the degree
of 3™ in y¥™ = (Egadt1); is
—ag(Hg) = -2 and — a;(Hg) > 0 for j < d. (2.3.15)

Hence, we will make Xj“ < [, which makes the first term in (2.3.13) greater than
M 3=2 and the other terms are less than 690,
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Now, here is the precise proof. Take hgy1 good, that means hgiq is (n, €, Cg”) good
(Definition 2.2.54). We take

as in Lemma 2.2.55. By Lemma 2.2.55
X e (5,67 for j #d and X < g5 (2.3.17)

Let Ty_1 = (Z/22)(4D4 geen as a subgroup of I', which acts on R(4~19  Then we
demand that h, satisfies

|A7_ 1 p(hg,n)| > d for all p € T'y_1 and hy is  good. (2.3.18)

Recall that hy is n good means that h; is (n, 62,7),{;”) good for 1 <4 < d. By Lemma
2.2.53 and (2.3.6),
i -1 . .
Xjm) €[6,077], for 1 <i<d,1<j<m. (2.3.19)

Recall that W is the unique irreducible subrepresentation of Vy with the highest weight.

Lemma 2.3.16. We claim that if hay1 is good ((n, €2, (") good), n is taken as in (2.3.16)
and the assumption (2.3.18) is satisfied for hy, then the operator norm satisfies

| Falw || > 690,

Proof ot Lemma 2.3.16. As we have already explained, it is sufficient to prove that for p
in I', we have
| DaAjp(hg,n)| > 690

The proof is similar for p in I', we will only prove the case p = e.
By (2.3.13) and (2.3.14)

DgAg(Egxt, - Egz®™) = —Ag 1 (Eg_12', -, Eg_12%) Dg(Eqz®)q

+ Z (—1)j+d+1Ad,1(Tjdel, s ,T‘jded)Dd(dedJrl)j + Dd det(del, cee ,ded)
1<5<d
(2.3.20)

where 7 : R? — R4 is the map forgetting the j-th coordinate. Since a:illﬂ only appears

in Eyz9t!, by (2.3.15), we know that the degree of xgﬂ in Dy equals ay(Hy) = 2, which
implies that
Dy < 6_0(1)52.

Hence by (2.3.17)-(2.3.19) and the property (2.3.15) that the degree of Xfl”l in (B X9,
is —2, the degree in (EdXd‘H)j is non negative for j < d, we have

Da(BaX ") 2 690, |Ag1(Baoa X Bga X)) = 690,

Dy(EgX 1), <679WE2 Ay 1 (rEgX Y, - 1B X)| < 67%W for 1 < j < d

and Dy det(del7 . ,EdXd) < §0Mg2,
(2.3.21)
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By (2.3.20) and (2.3.21), we have
|DadAG| > 690 —570W % > 60,
The proof is complete. ]

Step 3. We return to the proof of Lemma 2.3.10. We write fv for the vector
®;(£(v7)?)®% in Vp. Then Rlv is exactly the image of ¢n in PW. Using the Fubini
theorem and (2.3.12), we have

n w(d—1)n “n Fi(bv en e _
M</w<mm/w“”mmLVMﬂMM<e50Wmmnﬁ

+ O, (69).

Using SNC on dimension d — 1, for all p € T'4_1, we have p*@=D7{(hy)||A%_ p(hg,n)| <
0} = O, (6°). (This is a stronger form of SNC on dimension d — 1. Due to I'y_; €
O(d — 1)*?, it follows from Remark 2.3.8 that SNC implies this stronger form.) By
Lemma 2.2.52, the set that hgiq is not (n, 62,@”) good and hgy is not n good have
exponentially small measure. Hence

*n *(d—1)n *n Fy(tv —en §— —
M [ [ 4@ () &“<”fw 5“Wmmnﬁ
good h, satisifes (2.3.18) HFl,WH ”EH

+ O, (69).
(2.3.22)

Due to Lemma 2.3.16, when €2 is small enough with respect to €, we have (§ = e~" and
1P wl < 6-9W)

6_6"5_0(1)HF1!WH_1 < 6_6n(5_0(1) < e—en/2_

Using Lemma 2.3.11 with V' = W, due to fv in W we conclude that under the condition
of Lemma 2.3.16,

*n Fy (Ev) —en g— — —cen
[ {E T Tl < e~ OW|| By |w | 1} < emeen, (2.3.23)
By (2.3.22) and (2.3.23), the proof is complete. O

2.3.4 Combinatoric tool

Proposition 2.3.17. Fix k1 > 0. Let Cy > 0. Then there exist €3 and k € N,e > 0
depending only on k1 such that the following holds for T large enough depending on
Cy. Let My, ...\, be Borel measures on ([—7¢, —7 4| U [t~ 7%4])™ C R™ where e4 =
min{es, e3x0}/10k, with total mass less than 1. Assume that for all p € [772,77%] and
ji=1,....k

sup  (m)\i(Ba(a p)) = sup Xy o] (v,2) € Ba(a,p)} < Cop™. (23.24)
a€RweS™— a,v
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Then for all s € R™, ||s|| € [73/%, 75/4] we have

‘/ explils, 1 ) (1) - - - A ()| < 7.

This is Proposition 3.4.4 in Chapter 3, based on a discretized sum-product estimate
by He-de Saxcé. When n = 1, this is due to Bourgain in | |. The assumption
(2.3.24) is called the projective non concentration in the introduction (Definition 2.1).

2.3.5 Application to our measure

From Proposition 2.3.4, we fix e < % mingen{ao,} and we can find ¢; such that
PNC holds. Let (e2/2,¢’) be the constants in Lemma 2.2.53. Take

1
Ko =15 min{cy, ¢’}

Using Proposition 2.3.17 with k1 = kg, we get €3, €4.
For g,h in G and 7 in 2, recall that Y™ (h,n) = (e~®@lghm=rlg)=non)) -y € R™,
Let Ay, be a pushforward measure on R™ of ;1*" restricted on a subset Gy, 4., of G, which
is defined by
Aga(E) = 17 {h € Gy gq|Y"(h,n) € E},

for any Borel subset E of R™, where
Ghngn = {h € G|his (n,€,n,(g") good} (2.3.25)

and where €, > € > 0 will be determined later.

PNC is only at one scale, we need to verify all the scales needed in the sum-product
estimate. The idea is to separate the random variable and try to use PNC in other scale,
where we need the cocycle property to change scale.

Proposition 2.3.18 (Change scale). With e small enough depending on e4€a, there exists
Co independent of n such that the measure Ay, satisfies the conditions in Proposition
2.8.17 with constant 7 = e2™ for all n € N.

Proof. We abbreviate A\, , to A. By taking € small depending on eze3, Lemma 2.2.53
implies that the support of A is contained in the cube [77, 7¢4]™.

Then we verify (2.3.24). Let p € [t72,77%]. Let n = [“(2)7?2’)']. and ng = n — ny.
Then ny lies in [esn/2,n]. We separate h = hihy such that hq,hy have distributions

(=m0 Cregpectively. We have

*M7

Y™ (hyn) = Y™ (hy, han) Y2 (ha, ), (2.3.26)

We can not use the cocycle property directly to change the scale. The problem is in
(2.3.26), where the term Y;'* behaves bad if ny >> n1, that is to say that the probability
of hy such that Yy"(hg,n) is smaller than p = 2" is large. In order to overcome
this difficulty, we use the support of Y. We will prove that if Y;* is too small, then
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the support of Y™ will force Y™ to become large, which can be controlled by the large
deviation principle.

Now we give the details of the proof. For (2.3.24), due to the fact that the support
of A is contained in [77%, 7%]™ we have

(T )« A(B(a, p)) < sup P | (v, Y™ (b1, han)) € R™'B(a, p), Y™ (hiha, ) € [17¢, 7)™},
2,V

(2.3.27)
where R = ||wY"?(ha,7n)|| depends on hs.

o If R > p'/2, then pR~! < p!/2 = e=™_ Tt follows by PNC at scale n; that

@™ by | (0, Y™ (hy, han)) € Bla, e ™)} <, e¢12M < pfo, (2.3.28)

e If R < p!/2. There exists one coordinate o such that Y52 (ha,n)a| < p'/2, which
implies that Y™ (h1, han)a = Y (h,n)a/ Y% (h2,n)a > 7% p~Y2 Due to eg > ey
and ny > e3n/2, we have eang > 2e4ean. Therefore 7'_54;)_1/2 = 7 Hef2M1 >

e©2"1/2 For such hy, we have

" {ha [Y" (hihg,n) € [T7, 794]™} < Z b Y™ (B, han)a > €22}
acll
(2.3.29)

It follows from Lemma 2.2.53 that

w Y™ (b, ham)a > €M%} < " by |[lo(ghy, han) — K(g) — maoy]| > ean/2}
Lo 670’62”1 < plio'
(2.3.30)

By (2.3.27)-(2.3.30), for p € [r72,77%] we have

(mw)A(B(a, p)) ey P

The proof is complete. O

2.4 Proof of the main theorems

In this section, we will use the results of Section 2.2 and Section 2.3 to give the
proofs of the main theorems. We will add many assumptions on the elements of G and
&. The assumptions seem complicate. In fact, they are not really important. They
are taken to make the result work outside a set of exponentially small measure. These
assumptions says that the elements are away from certain closed subvarieties of G or &2,
which also explains that they are true almost everywhere.
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2.4.1 (C,r) good function

For a C! function ¢ on the flag variety &2. We first lift it to &y = G/A.N.
Let 0n¢ = Oy, be the directional derivative on &?y. By Lemma 2.2.31 the action of
the group M only changes the sign of the directional derivative 0,¢, hence |0y¢| is
actually a function on &. Recall that for n,n' in &2 and simple root a, we have defined

da(% 77/) = d(Va,m Va,n’)-

Definition 2.4.1. Let r be a continuous function on 2. Let J be the open set in &,
which is the 1/C-neighbourhood of the support of r. Let ¢ be a C? function on &. For
a simple root o, let vo = SUP,cquppr [Oap(N)]. We say that ¢ is (C,r) good if:

(G1) Forn,n' in J such that d(n,n’) <1/C,

le(n) = ()| < C Y da(n, 1 )va, (24.1)
a€ll

(G2) For every simple root o and for every n in the support of r, we have

1
[Pap()l 2 Fva, (2.4.2)
(G3) For z,2' in w=1(J) C P,
1000 (2) — Oap(2)] < Cdo(z, 2" )va. (2.4.3)
(G4)
sup v, € [1/C,C]. (2.4.4)
a€ll

In the above definition, only G3 assumption (2.4.3) really need &2, where the Lip-
schitz norm is defined with respect to the distance dy on 3. G1 assumption is new
in higher dimension which means that we can bound the difference by its difference in
each fundamental representation, and in a fundamental representation the directional
derivative |0n¢| can bound the Lipschitz norm. G2 and G3 assumptions are natural
generalizations of the case m = 1, SLy(R). G4 assumption is used to normalize the
function.

The role of J is to simplify the verification of (C,r) goodness. With this definition,
we only need to verify assumptions on a neighbourhood of the support of r.

2.4.2 From sum-product estimates to Fourier decay

In this subsection we will prove Theorem 2.1.7, an estimate of Fourier decay, by
using the results established in Section 2.2 and Section 2.3.

Recall that we have fixed (eg, ¢1) for Proposition 2.3.4 in Section 2.3.5, the constant
(e2/2,¢) in Lemma 2.2.52 and

1
Ko =15 min{cy, c'}.
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Take k, €3, €4 from Proposition 2.3.17 with this xg. Let € be a positive number to be
determined later (the only constant which is not fixed yet). The constant €y in the
hypothesis of Theorem 2.1.7 is defined as

€
maxacr{(2k + 1)ao, + e} + €

€0 = (2.4.5)

which will be fixed once € is fixed.

Here, we define and give relations of different constants. Let v be the vector in R™
whose components are vo = SUDP,cquppr [0ap(n)], for a € II. Then by G4 assumption
(2.4.4), we have

Sup v, € [£7°, £, (2.4.6)
a€cll

Let n be the minimal integer such that

e > fmaﬁc{vaef(%ﬂ)a"“"}. (2.4.7)
ae

The existence is guaranteed by the positivity of Lyapunov constant, that is o, > 0 for
a € II (Lemma 2.2.45). Let the regularity scale § be given by

S=e"<1/2,

where we take £ large enough such that n is large enough. Let the contraction scale
given by
Po =€ " B = max{ﬁa}-
a€ll

The point is that the contraction speed § decides the magnitude of a term and ¢ is only
an error term, much larger than 3.
Let the frequency 7 be defined by 7 = e“". By (2.4.7), we have

T> §maﬁ<{vaﬁik+1} > Ce,T, (2.4.8)
ac

where C¢, = e~ mingep{e”?*+*D2%}, By (2.4.6), there exists a, in II such that v, >
¢~ . Then (2.4.8) and (2.4.5) imply that

l—¢g
€

£§ TU(;OIB—QIC—I < 56075;0(2k+1) < £6O€n6 0

Qo

Hence the regularity scale satisfies
€0 <em =51 (2.4.9)
Notation: We state some notation which will be used throughout Section 2.4.2.

e Let g = (go,...,g%) be an element in G**+1),

e Let h = (hy,...,hs) be an element in G*F.
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e We write g<>h = goh1 -+ - hggr € G for the product of g, h.
o We write Tg+>h = goh1 -+ - gr_1hi € G.

e For [ € N, let y,, be the product measure on G*! given by Hip = " @@ u".
[ times
e Recall that for g,h in G and n in &, we define Y*(h,n)a = exp(—a(o(gh,n) —
r(g) —noy)) and Y'(h,n) = (Y (h,0)a)acn € R™.

e For z in P, let Y (h,2)q = aﬁ(m(ﬁgl,hz))Yg”(h, N)a, Where of is the corre-
sponding algebraic character of the simple root o and we make a choice of £, and
n=7(z).

e For g in G, z in Zy and n = 7(z), let 5\972 be the pushforward measure on R™
of 1™ restricted to a subset Gy, 4, under the map Y/'(+,2). In other words, for a
Borel set F,

Rao(E) = i {h € Gyl Vy(h,2) € E}.
Recall that the set Gy, g, is defined by Gy 4, = {h € Glh is (n,€,n, (") good}.

o After fixing g, we will also fix a choice of kg, £y for g; and let 2y, = ky; 2,

mj(h) =m(,} |, hky;) and A; = A forj=1,... k.

gj717zgj ?
Lemma 2.4.2. The measure S\gjz satisfies the same property (2.3.24) as Ay, with Co
replaced by 2MCy, where n = w(z).

Proof. Since the difference is only in the sign, we have

(m0)idg,z(Br(a,p)) < D (mp0)xdgn(Br(a. p)),

fe@2zy™
where we identify (Z/2Z)™ with {—1,1}™ C R™. The result follows from this inequality.
O
First step: For n,7' in &, let
Fn,n') = / A= D (gr(gn')du*F I (g). (2.4.10)
G
Lemma 2.4.3. We have
2
[ esemmantn)| < [ st )avnavt) (24.11)

Proof. By the definition of u-stationary measure and the Cauchy-Schwarz inequality,

' | e 2

2
- / SE  (gnydu(n)| dp @O ()
P

2
S/
G

:/ / el =l Dy (gn)r(gn)du* D" (g)dv(n)dv ().
22 JGE

/ P (gn)dp D" (g)dv(n)
PxG
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The proof is complete. O
Recall that for n in &2, we write V,, for its image in PV, and do (7, 1") = d(Vay, Vay)-
Definition 2.4.4 (Good Position). Let n,n' be in &2. We say that they are in good

position if
Va e I, do(n,n') > 4.

We fix 1,7 in good position, which means that 7,7’ are far in all PV,,. We rewrite
the formula.

Lemma 2.4.5. We have

2
[ eemmmanm)| < [ sonaavinav) + 06 (24.12)
P n,n’ good

Proof. By the regularity of stationary measure (2.2.34), we have
v{n' € P|da(n,n') <6} =v{n € P|d(Vay, Vay) < 0} < C6°. (2.4.13)

Therefore by (2.4.13) and Fubini’s theorem,
v@v{(n1) € P?|da(n’,n) < 8} = vin € Plda(n.n') < 0}dv(n) < 0"
ney

Summing over simple roots «, we obtain the result by ||7|/c < 1. O

Second step: The purpose of this part is to give a Ping-Pong Lemma in measure
sense. We will eliminate sets with negligible measure such that the Ping-Pong condition
is almost preserved by iteration on the complement.

We fix g; for j = 0,...,k — 1 which satisfies

1k(g;) — noull < en/Ca. (2.4.14)
Recall that C'4 is a constant in Definition 2.2.51. We also demand that

hjq1 is (n,e,né\ﬁl, g;) good. (2.4.15)

Recall that the Cartan subspace a is equipped with the norm induced by the Killing
form, and with this norm a is isomorphic to the euclidean space R™.

Lemma 2.4.6. Suppose that g, h satisfy the above conditions (2.4.14) and (2.4.15). Then
the action of Tg<>h on b‘]\//i ok (6) is 2£6=OW) Lipschitz and

e~ (oohag) . gmao(ge-rhiag) < g2ks=O() (2.4.16)

for every a in II. For t € b%(é), let tj = gjhjp1---hyt for j =0,...,k, where we let
tr =t. Then

tj € byl (B67%) C byl (6), (2.4.17)
lo(gihj1sti) — o(gihgen g, )l < B~ OW). (2.4.18)
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Remark 2.4.7. The contraction constant 3 here is a little different from the gap v(g;),
but y(g;)/B is in the interval [§91) §=OW] by Lemma 2.2.53. Hence they are of the
same largeness and we will not distinguish them.

The intuition here is that by controlling k(g), né‘/f, Cg's all the other position or length
will also be controlled, which is similar to hyperbolic dynamics.

Proof. For every « in I, using Lemma 2.2.8 2k times, we obtain the Lipschitz property.
By Lemma 2.2.53, we have (2.4.16) from (2.4.15) for all v in II at the same time.

We use induction to prove the inclusion. For j = k, it is due to the hypothesis of
Lemma 2.4.6.

Suppose that the property holds for j + 1. By definition, t; = gjh;j11tj41. We
abbreviate g;, hj+1,tj+1,n§f+1 to g, h,n,n’. The condition becomes

d(n,n") <6,||k(g) —noy| < en/Ca and h is (n,e,n’,C;"”) good.

By Lemma 2.2.53, we have y(h) < 861, By Lemma 2.2.13, due to ) € B(n,8) C B"(9),
we have hn € bM(8/6?) C B'(8). Therefore ghn € bé\/l(ﬂ/62), which is the inclusion
condition.

Then we will prove (2.4.18) and we keep the notation g, h,n, 7.

lo(gh,n) = a(gh,7)|| < llo(g, hn) = o(g, k)|l + llo(h,n) — o (h, 7).

By the same argument, due to Lemma 2.2.13 and 5,7’ € B(1/, 3/6%) C BJ"(d), we have
hn, k' € bM(8/6%) C B'(0). Therefore by the Lipschitz property of Lemma 2.2.13

lo(gh, ) = o(gh, )| < (d(n, 1) + d(hn, hn)))6 < B/6°.
The proof is complete. O

Lemma 2.4.8. Suppose that g, h satisfy the conditions (2.4.14) and (2.4.15). Let s be
in {z € Poldo(z, zg,) < 6}. Let sj = gjhji1---hgs for j =0,...,k, where we let s = s.
We have

m(so, kgo) = Ih<jpm(ly! |, hikg,) = Ih<j<pmy(hy). (2.4.19)

Proof. We let n = 7(s), then 7 is in b%(é). By (2.4.17) with j = 1 and (2.4.15) with
7 =0, Lemma 2.2.25 implies

m(so, kgy) = m(kg,, goh1s1) = m(g_l hikg, )m(s1, kg, ).

g0’

Iterating this formula, we obtain the result. O

Third step: Here we mimic the proof of | |, where they heavily use the proper-
ties of Schottky groups and symbolic dynamics. But in our case, the group is much more
complicate from the point of view of dynamics. We use the large deviation principle to
get a similar formula.

By very careful control of g;, with a loss of an exponentially small measure, we are
able to rewrite the formula in a form to use the sum-product estimates. The key point
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is that by controlling the Cartan projection and the position of 77_(]]‘4 and (7" of each g,
we are able to get good control of their product g+ h.

We should notice that the element g; will be fixed, and we will integrate first with
respect to h;. This gives the independence of the cocycle a(gj_lhj,né\;[ ), that is for
different j they are independent, which is an important point to apply sum-product
estimates.

We return to (2.4.12). We call g “good” with respect to n,n’ if

g satisfies (2.4.14), gy satisfies conditions in Lemma 2.2.40, 17% € suppr

o o N (2.4.20)
and 5(777 gk)7 5("7/7 gk)7 5(VOL,’II /\ Va,r]’a y/\2 ) Z 45

Pagk

Lemma 2.4.9. If n and 1 are in good position and g is “good”, then gin,grn’ are in
b%(d), and for a € II the d,, distance between gpn and gpn' is almost B, that is

do(gkm, gi’) € Bal6OW),6-OW],

Proof. The inclusion is due to Lemma 2.2.13. Since g is good (2.4.20), by (2.2.8) we
have the lower bound and by the Lipschitz property in Lemma 2.2.8 we have the upper
bound. O

For n,n' in &, we can rewrite the formula of f(n,n’) as

fn,n) = / et (lechm —p(echn))y (g oy hip)r(g ¢ by )dpg (W) dpgrin(g).  (2.4.21)

We call h is g-regular if h satisfies (2.4.15). Let
Te(n,n) :/ eiﬁ(w(g%n)—sO(thn’))dem(h)'
g—regular
Lemma 2.4.10. Forn,n' in &

[f(n, )| < / y | fe(n:m')|dpks1.0(8) + Oc(8°), (2.4.22)
g“goo

if € is small enough with respect to vy, that is € < mingen{ao,y/(2 + 27)}.

Proof. Let

fa(n,n') = / l et (e —(echn )y (o oy hip)r(g 5 hiy ) dpg . (h).
g—regular

We call g “semi-good” if g satisfies (2.4.20) except the assumption of 77% € suppr in
(2.4.20). By large deviation principle (Proposition 2.2.46, Proposition 2.2.48, Lemma
2.2.58), we conclude that

Hi+1,n19 DOt “semi-good” } < O(5°). (2.4.23)
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Then by (2.4.21), Lemma 2.2.52 and (2.4.23),

[f(n,n)] < / | fe(n. 1) dpr11.0(8) + Oc(6°) < / o [fe(n.11)|dps1.n(8) + Oc(6°).
g g “semi—goo
(2.4.24)

By Lemma 2.4.9, (2.4.17) with j = 0 and ¢, (r) < £ < 4§71,
[7(nge)? — (g <> hn)r(g )| < 2|[rflscey () (8672)7 < 2876717 < 24,
if € is small enough with respect to v. Hence
| fe(n, )| <

< ()2 fe(n, )| + O(5°).

i€ (p(gehn)—p(gehn') ., M2 4 h)| + O(5¢
e r n
/gregular (ngO) , ( ) ( ) (2425)

If 7“(1757\0/[ # 0, then that g is “semi-good” implies g is “good”. Combined with (2.4.24)
and (2.4.25), by ||7|lec < 1, we have

Fn )] < / (rm2 Y2 f (1, 1) + O(6%)) dpaiy1 () + Oc(5°)

g“semi—good’’

< / gl 1) + OL5)
g “goo "

The proof is complete. O

Recall that § is the magnitude which is really small, ¢ is only an error term and 7 is
the frequency for applying the sum-product estimate, which lies between 6! and 371.

Proposition 2.4.11. Let I, = [%/%,75/4]. The following formula is true for n,n' in
good position and g “good”,

| fa(n,m)| < sup / TN (21) - - M) | + O(B5 W), (2.4.26)

lsllelr
when € 1s small enough with respect to es.

Remark 2.4.12. This is the most complicate step, where the difficulty comes from higher
rank. We need to use the technique of changing flags to find the direction of slowest
contraction speed, where we can use Newton-Leibniz’s formula. Since the action of the
sign group M is non trivial on the slowest directions, we also carefully treat the sign.

Proof. The element n,n' and g are already fixed. Since g satisfies the conditions in
Lemma 2.2.40, we obtain two chains (7 = 1,,71,...,m,) and (7" = n,,71,...,m;,) as in
Lemma 2.2.40. Then we write

p(gerhn) —p(gohy) = > (p(gerhn,) — p(g« hn1))
0<j<li—1

— Y (plgehn)) —p(gehn ) + (pg<hn,) — e(grhi,))
0<y<i>—1

(2.4.27)
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The terms for different j and for 7, 7" are similar. We fix j and we simplify a(n;,n;+1)
to a.

We compute the term (g < hn;) — p(g <> hnj;1). In order to treat the sign,
we will work on &y = G/A.N. Recall that 7 : &y — £ is the projection and we use
z = kz, to denote the element kA.N in H,.

By Lemma 2.2.42 and (2.4.20), we know that gx7n;, gx1;+1 are in b%(é), which satisfy
the condition of Lemma 2.4.6. Let 2o, 21 be preimages of gn; and gynj+1 in &y such
that m(zg, z1) = e. Notice that zp, 21 are in the same a-circle. By Lemma 2.2.40 (2.2.25)
and Lemma 2.4.9

d(ginj genj+1) = dalgrn, ') + O(Be @) §OW)) € g, [50W) §=OW)],

Due to m(zp, 21) = e, the arc length distance also satisfies
da(20, 21) = arcsin d(gen;, grny41) € Ba[6OM,67OW]. (2.4.28)

Now, we lift ¢ to &y, becoming a right M-invariant function. By abuse of notation,
we also use ¢ to denote the lifted function. Let v be an arc connecting zg, z; with unit
speed in the a-circle with length less than 7/2. Without loss of generality, we suppose
that ~ is in the positive direction (If not, we add minus in the right hand side of (2.4.29)).
By Newton-Leibniz’s formula (2.2.23), we have

o(Tg<hzy) — p(Tg+ hz) = / Onp(Tg > hry(t))e 2o (Tehn () q¢ (2.4.29)
0

where u = d4(20,21). Fix a time ¢ in [0, u], let s; = gjhji1 -+ hgy(t). Then w(y(¢)) is in
b%(d), because gin; and gpnj+1 are in b%(&) and by (2.4.28). By (2.4.17), the element
7(s0), the image of so = Tg+«+>hy(t) in &, is in b%(ﬁéfo(l)).

Recall that we have made a choice of the Cartan decomposition of every g; for
0 < j < k. In particular, kg, is given in the decomposition of gy = kgyag,lg, € KATK.
Let mo = m(sg, kg,) and sp = somg, then m(sg, kg,) = e. By Lemma 2.2.31,

Oa®sy = Oasymo = & (110)0apsy (2.4.30)
By Lemma 2.5.5 and msg, 724, = 77% in b%(ﬁd‘o(l)), we have
do(s0, 2g9) < d(ms0, m2g) < 67 OW). (2.4.31)

Due to g good (2.4.20), we have 77% € suppr. By G2 assumption (2.4.2), we have
|0ap(2go)| = 0vq. By (2.4.31), the point 7sg is in J, the ¢ neighbourhood of suppr. By
G3 assumption (2.4.3), [8a¢(s0) — 9at(240)| < 6 vado(s0, 24, ), Which implies

9atp(50)/Oap(z4y) € [1 — 55_0(1)7 1+ 55_0(1)].
By Lemma 2.4.6 (2.4.18), we have
Dap(sg)e™ o (ohs1) . o—a0(gh—1hi,sk)

—0(1)y,0(8/9)
*aa(gohl,x%) . efaa(gkflhk@% < (1+65 )6 .

(1—B6~OM)e=0B/9) <
Dap(zg, )€

(2.4.32)
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By (2.4.16),
B, = e—0o(gohral) | gmao(graheeg) 32kg—00)
. = Mo .

Together with (2.4.28)-(2.4.32)
(g hny) — (g hnji1) —da(20, 21)0H (m0) Datp(299) Bal < B8 7167 Wug. (2.4.33)

We deal with the error term which comes from the process of changing
flags. The Lipschitz property in Lemma 2.4.6 and Lemma 2.2.40 (2.2.26) imply that

do(g >y, g hn)) < 82567OWd, (g, genf,) < BEFLB5~OW),

Due to (2.4.17) in Lemma 2.4.6 and Lemma 2.2.42, the two points g<—>hml,g<—>h17;2 are
in J, the § neighbourhood of suppr. Due to G1 assumption (2.4.1)

(g hm,) — (g < hug,)| <670 vada(g ¢ by, g < hig,).

Therefore
(g h,) — (g hoyp,)| < 67OWBY 0, B2 (2.4.34)
(0%

We collect information for different simple roots. Recall that for a fixed g in
G and for h € G, z € ¥, we have defined Y/*(h, 2)a = e~olgh2)=rl9)=now) o(m(¥,, hk)).
Let
_ &da(z0, 21)0* (10)9ap(2gy) Ba

Sa =
k
Hl:1Yg7_1 (1 2,)a

Let ¢ = (sa)aem € R™. Hence by (2.4.27), (2.4.33), (2.4.34) and (2.4.8)

$(p(g+rha) — p(grha’)) = (¢, T, Y (R, 2q))] < 86O Y~ g2 0,¢ < g5~ OWr,

(2.4.35)
We want to verify that ||s|| € I;. By (2.4.19), we have

Sa = Ed (20, 21)Dap(zgy) e 00~ on(oe-1),

By (2.4.14), (2.4.28), (2.4.20) and (2.4.2) we have |¢,| € £vaB82F 190 §=OM], There-
fore by (2.4.8),

<]l € sup €va B2 5O, 67OW] € 7[69W, 67OW] € [73/4, 4] = I
By definition, the distribution of Yg?_l(hh 2g,), where hy satisfies (2.4.15) with dis-

tribution p*", is the measure );. Finally, due to |e®® — e®| < |z — y| for x,y € R, the
inequality (2.4.35) implies (2.4.26). O

Fourth step: We are able to apply sum-product estimates.
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Proof of Theorem 2.1.7. For | = 1,2,...k, Proposition 2.3.18 and Lemma 2.4.2 tell us
that with € small enough depending on eq¢, there exists Cy such that the measures X
satisfy the assumptions in Proposition 2.3.17 with 7.

Proposition 2.3.17 implies that for 7 large enough,

‘/exp i(s,xy - xp))dA (1) .- dAg(zg)| < 7.

Then by (2.4.12), (2.4.22) and (2.4.26), we have

‘/ i€p(n n)dv(n)

Due to 36-°Wr = maxqer e(~@ontOMete)n take ¢ small enough. The proof is com-
plete. O

2
< 0:(8%) +0(B67OWr) 4 77¢5,

Remark 2.4.13. Another difference with [ | is that we avoid using the renewal idea,
which simplifies the proof of this part. The renewal idea is that instead of using pu*™"

use a renewal measure pg, which is defined to be the distribution of g1 --- gn for the first
time that its Cartan projection exceeds t, where g1, gs ... are i.i.d. random variables with
distribution p. This is because we generalize the sum-product estimate to a form that
the measure can have a support which depends on the frequency, and we use the large
deviation principle to prove that our measure has a support not too large with respect to
the frequency.

2.4.3 Examples of Fourier decay

In this section, we give a nice application of Theorem 2.1.7, that is Theorem 2.1.1.
This application also serves as a “baby case” for Section 2.4. 4
Recall that vg is a unit vector in V and ¢ is a vector in Uo We fix the direction, that
is ug := </||s||, and we let £ = ||s||. Then for z = Ruv, we have (5,1 (v)) = {(ug, ¥ (v)) =
&(uo,v)/(vo, v), and we take
<u0’ U>

p(r) = (00, 0)

Since we are only interested in the value on the support of vy, which is contained in the
image of & in PV. The functions ¢, r can be lifted to functions on &?. We use the same
notation ¢ to denote the lifted functions. We first calculate the directional derivative of
. Recall that the inner product on the exterior square A2V is given by

(v1 A vg, w1 A we) = (v1,wr)(ve, wa) — (v1, we)(va, w1), (2.4.36)

for v, v2, w1, wz in V. Recall that g2, _, is the projection of A2V on the subrepresenta-
tions of highest weight 2y — a. By the same proof as in Lemma 2.2.3, we see that the
multiplicity of an irreducible representation of highest weight 2y — « is at most 1 in A2V,
Hence the image of the projection go2y—n is an irreducible subrepresentation or zero. Let
e1 be a unit vector of highest weight in V.
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Lemma 2.4.14. Let vg,ug be two unit vectors in V. Let ¢ be defined as above. Then
for a simple root a and z = kzy € Py,
(vo ANug, v Au)  (gay—a(vo Aug), v Au)

Oap(z) = (00,02 = (00,02 , (2.4.37)

where v = kep and u = kY eq.
Proof. By definition,

(uo, kexp(tYa)er) | (uo, kYaer1)(vo, ke1) — (uo, ke1)(vo, kYaer)
(vo, kexp(tYa)er) |,—o (vo, keq)?

8ag0(z) = 815 .
By (2.4.36), we have the first equality. The vector e; A Y,e; is a vector of weight 2y — «,
which is in the irreducible subrepresentation of A?V with highest weight 2y — .. The
vector v A u = k(e1 A Yqer) is also in this subrepresentation, hence

(vo A ug, v A u) = (gay—a(vo A ug),v Au).
The proof is complete. O

For a vector v in an euclidean space W, let v* be the linear linear functional on W
given by
v (w) = (v,w) forwe W.

Proof of Theorem 2.1.1 from Theorem 2.1.7. Let § > 0 be a constant to be fixed later.
Recall that ¢, r have been lifted to functions on &2. In order to use Theorem 2.1.7, we
need to verify the (£°,r) goodness assumption for ¢. Let Cy > 0 be a constant such
that

cy(r) < Co, [(vo,v)| > ||v||/Co for Rv € V, ,, and n € suppr, (2.4.38)
_ A

max w > 1/Cy for every couple v,u in V' with v A u # 0. (2.4.39)

a€ll llv A ull

The existence of Cy for (2.4.39) is due to Lemma 2.2.56.

We want to verify that ¢ is (£,r) good. Let ly = gay—a(vo A ug) and 8, = ||lo .
The main problem is to verify G2, because d,¢ may vanish. We need a cutoff. Let 7 be
a smooth function on R such that 7j .y = 1, 7 takes values in [0, 1], suppr C [~1,00)
and |7'] < 2. Set 75(x) = 7(x/d) for x € R. Let 71 = 7 - Uyen7a, where

Ta = 7—6(6(‘/2X7a,m Rl;) - 26)

If I, = 0, then we let 7, = 1. Let J be the £~ neighbourhood of the support of r1, an
open set of &. When ¢ is large enough, we can suppose that for n € J and v € V,,, we
have |(vo, v)| > [Joll/(2C0)-

We claim that if § = £~%/2 and ¢ is large enough such that §~! > CC"
where C is a constant only depending on the group G and the norm on V', which is
defined in Lemma 2.5.7. Then ¢, r; satisfy the assumptions of Theorem 2.1.7.
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For 7 in the support of r1, due to (2.4.37) and 6(Vay—a .y, RI}) > J, we have
[{loy v A w)|

10atp(n)| = o0 006 (Vay—a,n, RIZ) (vg, v) 72 > 66, (2.4.40)
Due to |(vo,v)| > [|v]|/Co for n € suppr and v € V, 4,
[(las v A )

Vo = sup |Oap(n)|= sup < C29,,. (2.4.41)

nEsuppri nesuppri (Y0, V)
Then for 7 in suppri, by (2.4.40) and (2.4.41) we have

10ap(n)| > Cg%0va

2

which implies G2 assumption (2.4.2). The inequality (2.4.40) also implies that
Vo 2> 00a, (2.4.42)
that is v, and 6, are of the same magnitude. Hence by (2.4.39), we have
Sup v, € [6, C3]sup b, C [6Cy L, CZ),
a€cll a€cll

which is G4 assumption (2.4.4).

Now, we verify G1 assumption (2.4.1). If x is a fundamental weight ., then (2.4.39)
implies 0o = ||g2y—a(vo A ug)|| > 1/Co. Hence, for n,7" in J and unit vectors v € V, ,,
v' € Vy .y, we have

{(ug A vg, v Av')
<007 U) <UO7 vl>
< 45_103'Uad(va,77a Va,n/)'

lo(n) — ()] = < 4G uo Avollllv A v'|| < 4CG0ad(Vay, Vo)

(2.4.43)

For general case, this step is more complicate. Please see Lemma 2.5.7.
For G3 assumption (2.4.3), for z = kzg, 2’ = k'zg in 77 1(J) C Py and v’ = K'ey,u' =
k:’Yael

[0a(2) = atp ()] < Co([{layv A =o' A+ [{lay v A u){vg, v —v')])
< Cilado(z, 7))
where the last inequality is due to Lemma 2.5.3.

We also need to calculate ¢y(r1). Lemma 2.2.14 implies ¢,(7,) < ¢677. Hence
cy(r1) € 077 +¢,(r) <677 + Cp. The claim is true and Theorem 2.1.7 implies that

[ e mavn)| < €.

Finally, by regularity of stationary measure, Corollary 2.2.50, the set where 71 # r
has measure bounded by O(6¢) = O(£-%%/?), that is there exist C, ¢ > 0 such that for
all § >0

v{n € 2| §(Vay—an RI;) <28} < Co°.

The proof is complete. O
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Remark 2.4.15. In higher dimension, the differential de at a point always vanishes
i some direction of the tangent space. The cutoff in the proof can be understood as
removing a neighbourhood of the zero locus of dp in the unit tangent bundle of PV . The
language of flag variety makes the proof obscure, but this language is really powerful.

2.4.4 From Fourier decay to spectral gap
Derivative of the cocycle

This part is devoted to the derivative of the cocycle. The results of this part imply
that for most g,h in G, the difference of the Iwasawa cocycle o(g,-) — o(h,-) satisfies
the (C,r) good condition in Definition 2.4.1 (See Lemma 2.4.25). Since the a-bundle is
trivial on &y, we will work on &;. We need to lift the Iwasawa cocycle o to &y and we
use the same notation o.

Let V' be an irreducible representation of G with a good norm. Recall that oy (g, x) =
% for g in G and v in V. We will abbreviate pg to ¢ in the proof, because (p, V) is
the only representation to be studied in this part. Let o be a simple root. Let e; be a

unit vector of highest weight in V' and let es = Yyey.

Lemma 2.4.16. Let V be an irreducible representation of G with a good norm. For
z=kz, in Py, we have
{pgv, pgu)

R P

I

where v = key and u = kes.

Proof. Without loss of generality, we suppose that z = z,. Since Y, is a left K invariant
vector field on &), we have

aYaO-V(g7 6) = 81}0'\/(9, exp(tYOé)ZO)|t=D - 815 <10g || GXp(tYa)Gln

(ge1,gYae1) (e, Yaer)

lgex]® lexl?

g exp(tYa)ed| ‘
t=0

Since the norm is good, eigenvectors of different weights are orthogonal, we have (e, Y,e1)
0. The result follows. ]

Form this lemma, we know that the derivative of the cocycle oy in the direction Yy,
is nonzero only if x — « is a weight of V. Lemma 2.2.32 only implies that 9,0, = 0 for
a # o, which works for fundamental representations oy, = 0y . We fix the distance dy
on Hy, which is defined in Appendix 2.5.2.

Lemma 2.4.17. Let § <1/2. Let By} (5) be the preimage of By (6) C PV in Py. For
z = kz, € By, (9),

000y (g, 2)| < 67OW, (2.4.44)

We also have

Lip sy (Da0v (9, gy ) < 6700, (2.4.45)
»g
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Proof. By Lemma 2.4.16, the hypothesis that Rke; € By} () and (2.2.7)

Yallllgl* el
1911262 [lex [

(gkey, gkes)
lgkes ]|

Ouov(a. ) =
Since the operator norm of Y, is bounded, we have
|Oacv (g, 2)| < 67O,

The estimate of Lipschitz norm is more complicate. Let v = kej,v' = kKej,u =
kea, u' = K'es. We have

[{gv, gw)llgv'[l* — (gv", g}l gv]|?]
lgvll*llgv'[I?

|aaUV(gvz) - 8040-‘/(97 Z,)‘ =

By the same argument, due to v = key € By (0), we use (2.2.7) to give a lower bound
of the denominator, that is

lgollllgv’[I* = 8 gl *[[o ][I = 6% |g]l*lea]*.
Use the difference to give a upper bound of the numerator, that is

[{gv, gu)llgv'[* = (gv', gu') | gv]|?|
4
< lglPllexlP(llgv — gv'll + llgu — gu'll) < Ngl*lol® (Il = o'[| + [lu = /]]).

Therefore we have
10a0v(9,2) = Daov (g, 2)| < 67D (|[ker — Ker|| + [|kea — K eal]).
Then by Lemma 2.5.3, the proof is complete. O

Let V be a finite dimensional vector space with euclidean norm. Recall that A2Sym?V
is the exterior square of the symmetric square of V. It is a linear space generated by
vectors of the form vjvy A vzvy where v; are in V, for i = 1,2,3,4. For g,h in GL(V),
let F, , be the linear functional on /\QSmeV7 whose action on the vector vivy A wiws is
defined by

Fy n(vive Awywa) = (hvy, hva)(gwi, gws) — (gv1, gue) (hwy, hws).

This formula is well defined because v, v2 and wi,wy are symmetric, respectively. We
also have Fg,h(vlvg ANwiwsg) = —Fg,h(wlwg Awvjve). Since the vectors of form vjvy A wiwe
generate the space A2Sym?V, the linear form F, 1, is uniquely defined.

Suppose that V is a super proximal representation of G with highest weight x
(Definition 2.2.2). Let a be the unique simple root such that x — « is a weight of V. The
space A2Sym?V may be reducible. The two highest weights of Sym?V are 2y, 2x — a,
whose eigenspaces have dimension 1. Hence, the highest weight of A2Sym?V is 4x — a,
and the eigenspace has dimension 1. Let W be the irreducible subrepresentation of
A2Sym2V with the highest weight x; := 4x — . In the following lemma, we abbreviate

p(9), p(h) to g, h.
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Lemma 2.4.18. Let § < 1/2. Let V' be a super prozimal representation of G and let «
be the unique simple root such that x — a is a weight of V. Recall that Vy, ; is the image
ofne P inPW. If g,h in G and z = kz, € Py,n = w(z) satisfy

(1) £VX, 0, VX € B (8), ma(g) < 6%,
(2) §(Vyy s Fyplw) > 6 and Vy, € B, (8) N By, (6),

then
10 (0v (g, 2) — o (h, 2))| > 690,

Remark 2.4.19. This is similar to the non local integrability property as defined in
/ ]/ | and |[. |. Although the above two conditions are complicate, we will
see later that in the measure sense, most pairs g, h satisfy these conditions.

The key idea here is to use other representation to linearise polynomial functions on
V. As long as the function is linear, we will have a good control of it. Another point is
that the image of & stays in the same irreducible subrepresentation.

Proof of Lemma 2.4.18. By Lemma 2.4.16, let

F,n(v? Avu
L:=0a(ov(g,2) —ov(h,z)) = W, (2.4.46)

where v = keq and u = kY,e; as in Lemma 2.4.16.

Lemma 2.4.20. If g, h satisfy assumption (1), then the operator norm satisfy
o
1Egnlwll = 67D lglf ||,

Proof. Using the Cartan decomposition and good norm, we can suppose that h is diagonal
and h = diag(ay,as, - ,a,) with a; > ag > -+ > a,. By Definition 2.2.2, we know that
hei1 = aje; and hea = agez. The assumption (1) becomes

d(Rex,yy"), 6(Rez, yp") > 0,71,2(9) < 5. (2.4.47)
In (2.4.46), let z = z,, then v = e, u = ez, which make
(hv, hu) = (aje1, azez) = 0.

Therefore, due to
(vi,v2) = [Jor]l[[va]] = [lvr A vz,

for v1,v9 in V', we have
Fyp(el Aerer) = aj{ger, ge2) > ai([lgeil|llgezll — llger A geal))-
Then (2.2.7) and (2.4.47) imply
Fyn(ei Aerez) > [[]%]|g]*(6% = m.2(9)).

The proof is complete. O
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By Definition 2.2.2, the representation A2Sym?V is a proximal representation. Due
to R(v? A vu) = Rk(e? A eres) = kVX1| the line R(v? A vu) is contained in the K-orbit
of the subspace of highest weight VX!, Since VX! is in W, we see that v? A vu is also in
W. By (2.4.46),

F

7 _ For@? Avw) JgPlIR] || Egnlw]

[Egnlwll llgvllPlhl* lgl(IA]>

When 7 satisfies assumption (2), the result follows by applying (2.2.7) to ||gv||?, ||hv]|?
and by Lemma 2.4.20. O

Proof of the spectral gap

Here we will prove the theorem of uniform spectral gap. The first part is classic,
where we use some ideas of Dolgopyat | | to transform the problem to an effective
estimate Proposition 2.4.24, see also | | and | |. The key observation is that this
effective estimate (Proposition 2.4.24) can be obtained by the Fourier decay, regarding
the difference of cocycle as a function on &2. The intuition here is from Lemma 2.4.18.
When g,k are in general position and 1 not too close to (7", ¢;", the difference o(n) =
o(g,m) — o(h,n) will be (C,r) good (Definition 2.4.1). But in order to accomplish this,
we need some sophisticate cutoff, which makes the proof complicate.

Recall that the Iwasawa cocycle takes values in the Cartan subspace a. We can write
6 in a* as a linear combination of fundamental weights, {x.|a € II}, that is

0= baXa-

a€ell

Set |0] = maxaerr 0ol

We want to treat the spectral gap on the flag variety & and the projective space PV
at the same time, where V is an irreducible representation of G with good norm. Let X
be & or PV. Let 0 : G x X — FE be the cocycle, which is given by the Iwasawa cocycle
and F = a when X = &, and given by oy (defined in (2.2.6)) and £ = R when X = PV.
Let Ec = F'®r C and Ef be the dual space of E¢c. For z € Ef, write z = w + 10, where
6, w are elements in E*. Recall that the transfer operator P, is defined as: For |w| small
enough and for f in C%(X), z in X

P.f(x) = /G o) f(ga)du(g).

Recall that for f in C7(X) let ¢, (f) = sup,z, LETEN and | £, = | floo + ¢, (f).

Remark 2.4.21. Here we should be careful that the distances on PV and &2 are defined in
(2.2.4) and (2.2.12). They are not the Riemannian distances defined in the introduction.
But on a compact Riemannian manifold, different Riemannian distances are equivalent.
In particular, every Riemannian distance on & is equivalent to the K -invariant Rieman-
nian distance on &?. By Corollary 2.5.6, we know it is equivalent to the distances defined
(2.2.12). The case of the projective space PV is similar. Hence, the norm |- |, induced
by different distances are equivalent.
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We state our main result of this section

Proposition 2.4.22. Let p be a Zariski dense Borel probability measure on G with a
finite exponential moment. For v > 0 small enough, there exist p < 1,C' > 0 such that
for all 0 and w in E* with |0| large enough, |w| small enough and f in C7(X), n in N
we have

[P iafly < ClOP 0" 1.

Theorem 2.1.5 and Theorem 2.1.6 follow directly from Proposition 2.4.22. The
assumption on p will be needed throughout this section.
We start with standard a priori estimates. When z = 0, we will write P for Py.

Proposition 2.4.23. For every v > 0 small enough, there exist C' > 0 and 0 < p < 1
such that for all f in CV(X), |w| small enough and n € N

PP floo < C17I7| ], (2.4.48)

Pl < ] | o]+ st (2.4.49)
X

cy(PLf) < C(CMOP | floo + 0"y (£))- (2.4.50)

The inequality (2.4.48) is a consequence of exponential moment and the Holder
inequality. For (2.4.49), please see | , V, Thm.2.5] and | , Prop 11.10, Lem.13.5]
for more details. This inequality (2.4.49) is a consequence of the fact that the action of G
on X is contracting. The third inequality (2.4.50) is called the Lasota-Yorke inequality.
The proof is classic and we include a proof in the appendix for completeness.

We reduce Proposition 2.4.22 to Proposition 2.4.24. The reduction is standard,
using Proposition 2.4.23. Please see | | and | | for more details. We also
include a proof in the appendix for completeness. For f in C7(X), we define another

norm |15 = |floc + ¢ (f)/|0]" for 0 # 0.

Proposition 2.4.24. For every v > 0 small enough, for |0] large enough and |w| small
enough, there exist e, Co > 0 such that for f in C7(X) and |f|,9 <1, we have

2
/‘Pfjj;@ 1] av < ez (2.4.51)

Now we will distinguish two cases. We claim that the case of PV is a corollary
of the case of & up to a constant. Recall that the stationary measure on PV is
written as vy. Let f be a function in C7(PV') and |f|,,¢ < 1. The estimate only depends
on the value of f on the support of the stationary measure vy. By Lemma 2.2.43, the
stationary measure on PV is the pushforward measure of the stationary measure v on
2. Hence we can define the function f on & by

Fn) = F(Vim),
where x is the highest weight of V. Then by oy (g, Vy.,) = Xa(g,n) (see (2.2.2)),

[C21n|0]] C ln\9|
/‘Pw-ize f‘ dvy /‘P(wi-zﬁ
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We will verify that f satisfies ]f\%g < 1. By (2.2.16), for two distinct points 1,7’ in &
we have

|f("7) - f(n/)l _ |f("7) - f(n/)l d(vx,mvx,n’)’y < Lf (Vi) — f(V 2l
d(77> 77/)7 d(vx,m Vx,n’)’y d(777 77/)“’ d(VX ns VX n' )

Hence with some change of constant, we can deduce the case of PV from the case of &.
We only need to prove Proposition 2.4.24 for the case of &2.

= fly-

From Fourier decay to Proposition 2.4.24. We need to reduce (2.4.51) to Fourier decay
(Theorem 2.1.7). Let
n = [Czlog|0|] and 6 = e~ " (2.4.52)

(with Cy > maxaen{l/ao,} + 1 and € > 0 to be determined later), and let G, ¢ be
the subset of G x G, defined as the set of couples which satisfy Lemma 2.4.18 (1) with
V =V,. Let

G = {9 € GllInlg) — noull < ne}* (] Grea € G x G,

a€ll
For |fly9 <1, let
Agp = /X oo +3o(han) f (g () ().

Then
[Pz sy = [ o zot g f(hmav(ma (g)dn 0

[ A @+ [ Agudn™ g )

c
n,€ n,€

(2.4.53)

We first compute the term with (g, k) outside of G,, ., where the behaviour
is singular. By the Cauchy-Schwarz inequality,

2

‘ /G Agadi™ (g)du™ ()| < (G50 [ |AgalPdi ™ (g)dn™ (). (2.4.54)

By large deviation principle (Proposition 2.2.46, Proposition 2.2.47), the set G, has
exponentially small 1*?" measure, that is

WG ) < 8. (2.4.55)

By || flloc <1 and (2.4.48), we have

[ 1Al @i n) < PR < o (2.456)
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When |w| is small enough depending on €, by (2.4.54), (2.4.55) and (2.4.56)

Ay ndp™ (g)dp™ (h) < 6% < |g| 7o/ (2C2), (2.4.57)
G5, e

We compute the major term, that is (g,h) in G, . We want to use Theorem
2.1.7 to control this part with ¢ = 6(o(g,n) — o(h,n)) and a suitable r. For applying
Theorem 2.1.7, we need that ¢ is (C,r) good, which will be accomplished by multiplying
smooth cutoffs. The most important is G2 assumption (2.4.2), which will be verified
with the help of Lemma 2.4.18. Hence we want that r vanishes when 7 does not satisfy
Lemma 2.4.18 (2).

Let Xy 5o be the subset of &, defined as the set of elements which satisfy Lemma
2.4.18 (2) with V = V. Let X¢, = (e Xg.ha- Recall that 7 be a smooth function
on R such that 7| ) = 1, 7 takes values in [0, 1], suppr C [~1,00) and |7'| < 2. For
0 >0, set 75(x) = 7(x/0) for z € R. Let

‘P(n) = ’0’_16(0(9777) - J(h777)) = ‘0‘_1 Z Ha(aoz(gv 77) - Ua(ha 77)) (2'4'58)
a€ll
and
() = £ (gn) F(h)e=tetam o) [ r,, (2.4.59)
acll
where

Ta(’?) = 7—5(4&1(777 C;n) - 45)75(4504 (777 C;Ln) - 46)75(45(‘/21Xa—a,777 Fpag,chh) - 45)7
where J,, is defined to be
da(m, C;n) = 6(Vayn, y:)r;(g))'

The choice of 7, is sophisticate. We only need to keep in mind that they come from
Lemma 2.4.18. Then /%1 () equals 7@ +20(hn) £(gn) f(hn) on Xgh-

Lemma 2.4.25. Let €y, €1 be given by Theorem 2.1.7. Let (g, h) be in Gy, .. With € small
enough depending on ey and |w| small enough depending on € and €1, for p,r defined in
(2.4.58) and (2.4.59) we have that ¢ is (||, r) good and c,(r) < 0], |r|s < |0]/2.

By Lemma 2.4.25, we can fix a value of ¢ and the functions ¢ and 70| ~1/2 satisfy
the condition in Theorem 2.1.7. (Theorem 2.1.7 still holds when 7 is a complex function)
Hence Theorem 2.1.7 implies

‘/eiGW(")r(n)du(n)‘ < ’9|—61/2. (2.4.60)

The difference between A, and [ €l?l#My(n)dv(n) is bounded by

v(Xgn) < D v(Xgpa)- (2.4.61)

acll
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Using the regularity of stationary measure (2.2.34) with V' = W,, the irreducible sub-
representation of A2Sym?V, with the highest weight, we have

v{n € P|6(Viya—ams Fpagpah) < 0} Le e " (2.4.62)
Using the regularity of stationary measure (2.2.34) with V' =V,,, we obtain
v{n € P|Vay € By'(0) U By (0)} <c e ™. (2.4.63)
Hence by (2.4.61)-(2.4.63), we have
V(XE)) e e oM = |97/, (2.4.64)
For (g,h) in Gy, by (2.4.60) and (2.4.64)

Agp < |0]71/2 4 |97/ 2,

Combined with (2.4.53) and (2.4.57), the proof is complete by setting e; = min{ G, 37}
O

It remains to prove Lemma 2.4.25.

Proof of Lemma 2.4.25. We first verify that ¢ is (|0|,r) good. Since € will be taken
small enough, we can suppose |§|7° < §/4. Let J be the |#| neighbourhood of suppr.
Then for n € J, we have d,(n, (") > /2 for a in I1.

The function ¢ is a sum of functions. Each function is the lift of a function on PV, for
some simple root ae. We write ¢ = Y~ .1y 9o where po(n) = [0]"104(ca(g, n) — oalh,n)).
By Lemma 2.2.32, that is 9, = 0 for o # «, in order to verify (|6]%, r) good condition,
it is enough to verify G1-G3 assumptions (2.4.1)-(2.4.3) for ¢, and the G4 assumption
(2.4.4) for . Since G1-G3 are linear, we can forget the coefficients |6]~10,, in ¢,.

Now, we verify G1-G3 assumptions and we fix a simple root o and consider ¢ =
Ya = 0al(g,") — 0a(h,-). Recall that vy, = sup,cquppr [Gap(n)]. Since J satisfies the
hypothesis of Lemma 2.4.17 with V' = V,,, we have

ey Lip oy (Baplp—1) < 6700, (2.4.65)

Since (g,h) € Gp. satisfies Lemma 2.4.18(1) and the support of r satisfies Lemma
2.4.18(2), for n in the support of r, by Lemma 2.4.18,

[Bap ()] > 690 = 69,
which is G2 assumption (2.4.2). This also implies
Vg > 600, (2.4.66)

G4 assumption (2.4.4). By (2.4.65), we have G3 assumption (2.4.3). Let ¢ be a function
on PV, such that ¢1(Va,) = ¢(n). Since J satisfies hypothesis of Lemma 2.2.8, this
Lemma implies

o) — o)l _ le1(Vam) — &1 (Vo)

< |Lippy, 1| < oW < 570(1)110“
da(77’ 77/) d(Va,na Va,n’) ’ 1‘
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which is G1 assumption (2.4.1).

For general ¢, it remains to verify G4 assumption (2.4.4). There exists a simple root
a such that |0,] = |0]. Since ¢, satisfies G4 assumption and |0y¢| = |Oaa| by Lemma
2.2.32, the function ¢ also satisfies G4 assumption.

Finally, we verify the term c,(r) and |r|s.

Lemma 2.4.26. For 0 <y <1, let f,7 be two y-Hélder functions on a compact metric
space X. Then

ey (Tf) < ey ()| f lsupprlloo + [T |0y (f lsuppr)-

The proof of Lemma 2.4.26 is elementary. Recall that

r(n) = F(gn)F(hm)e= @@+t T] 7.

a€ll
For the infinity norm, due to (g, h) € Gy, ., we have

7] < elFIR@IHIRGD < clel@loulton < |g|=ICa@loull+e).

Take || small enough, then |r|o < |0]/2.
For the term ¢y (r), we only need to verify that each term in the formula of r has a
bounded ¢y value. Due to Lemma 2.4.26, we only need to verify the ¢, value on X .

e Since the action of g on X} is contracting, by Lemma 2.2.13, we have

ey (f9)lx,0) < ey (F)(Lip glx,,)T < (1016572)7.

Due to (2.4.52), we have log 8 = —nmingen oy, < —n/Coy < —log|6|. Therefore
o (f(g)x,,) <6790,

e Due to
le® — €’| < max{e®, e’}|a — b

for all a,bin R and 0 <~ <1, by Lemma 2.2.13,

ey (€™ ) < IOl (Lipma(g, |, )T < elllonl+antem

Hence when |w| is small enough depending on o, we obtain cﬁ,(ew"(g")
6—0),

X,n) <

e In ¢, (7,), the only term we need to be careful about is 75(40(Vay,—a,ns Fpag.pah) —
46). By Lemma 2.2.14, we have d(Viy,—an, Viya—am) < d(n,1'). Hence the c,
value of this term is also bounded by 6=,

The proof is complete. O
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2.4.5 Exponential error term

In this section, we will prove that the speed of convergence in the renewal theorem is
exponential using our result on the spectral gap. (Proposition 2.4.22) Recall X = PV and
we have defined a renewal operator R as follows: For a positive bounded Borel function
fon X xR, apoint z in X and a real number ¢, we set

+oo
Rf@t) =Y [ gz oto.2) = 0du o)
n=0

Recall P, is the transfer operator defined by P, f(x) = fG e*ov(9:2) f(gx)dpu(g). Using
the analytical Fredholm theorem, we summarize the property of P,.

Proposition 2.4.27. With the same assumption as in Theorem 2.1.4, for any v > 0
small enough, there exists n > 0 such that when |Rz| < n, the transfer operator P, is
a bounded operator on C7(X) and depends analytically on z. Moreover there exists an
analytic operator U(z) on a neighbourhood of |Rz| < n such that the following holds for
Rz| <n

1
oV,uZ

where Ny is the operator defined by Nof = fX fdvy. There exists C' > 0 such that for
|Rz| <n

(I_PZ)_I =

Ny + U(Z),

1U(2)]|cv v < C(1+[S2))>. (2.4.67)

This is generalization of Proposition 1.4.1 in Chapter 1 and | , Theorem 4.1],
and the proof is exactly the same. The main difference is that the spectral radius of P,
is bounded below 1 in a strip of imaginary line (except at 0), due to Proposition 2.4.22.
From this we have the analytic continuation of U(z) to the strip and the bound of the
operator norm of U(z).

Now, we give the precise statement and the proof of Theorem 2.1.4.

Proposition 2.4.28. With the same assumption as in Theorem 2.1.4, there exists € > 0
such that for f € CX(R), we have

Rfe,t) = o [ flduct MO+ f110))

Proof. By the same computation as in Proposition 1.4.5 in Chapter 1 and | , Prop.
4.14|, we have

R )= —— [~ fdu+ tim oo [ QU+ 010

ovu J—t s—0+ 27

where f is the Fourier transform of f given by & = S ¥ f(u)du. Hence, we only need
to control the error term.
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By Proposition 2.4.27, we know that U(z) is analytical on {z € C||Rz| < n} and
uniformly bounded by (1 + 1S2|)27. Since f is a compactly supported smooth function,
the Fourier transform f is an analytic function on C. By |f(ie +&)| < eclsupp/l 12 [,

and |f(Z€ +¢&)| < ee‘supr||f|L1 for €, & in R, we have

|flie+ &) < e PPl ———(|f"| 10 + | £]11). (2.4.68)

1+ !f 2
By (2.4.67), (2.4.68) and the dominant convergence theorem, we have
1 e n 1 A

lim o / e FEU (s +i)1(x)d = o / I FOUGO 1 ()dE. (2.4.69)
Lemma 2.4.29. / , Thm.IX14] If T is in S'(R), tempered distributions, the distri-
bution T has analytic continuation to |I¢| < a and supp<, [ |T(ib+y)|dy < oo, then T
is a continuous function. For all b < a, let C, = max [ |T(4ib + y)|dy. We have

|T(t)| < Cpel,

Using Lemma 2.4.29 with T/(¢) = f(€)U(i€)1(x), we have
‘ / FUe)1( —“édg‘ (t)] < e max |T(£ie + €)1 (¢ (2.4.70)
By (2.4.68), we have

Wﬂf I+ | flp) U (Fe + i) 1(z)[dE (2.471)

<o eI L4 | f ).

max | T(ie + )| e < €177 /

Combining (2.4.69), (2.4.70) and (2.4.71), we have the result. O

2.5 Appendix

2.5.1 Two classic proofs in Section 2.4.4
In order to simply the notation, we abbreviate w, 8 to a,b.

Proof of (2.4.50). We need an idea of Guivarc’h

Definition 2.5.1. We call the action of G on X is (u,y) contracting, if there exist
C > 0,p <1 such that for all x # 2’ in X

/ <W>Wdu*n(9) < Cp". (2.5.1)
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This was defined in | , Definition 11.1] and was verified for the action on the
flag variety in | , Lemma 13.5]. For the projective space PV, the same proof also
works.

For the v norm, let ,y in X and g in G

70) f(ga) = =70 fgy) = (¢ — =0) f(gz) + 70D (f(g) ~ f(gy))

ez9(9:y) ) — n e20(9,7) _pz0(9,y) - n
Let Ay = | [o €010 g (g)] and B, = | [y, €702 gy g)] . By

Cauchy-Schwarz’s inequality

d(gz, gy)”
A, <ec /eaff(g,y) du*"
< &y (f) : R (9)

< &(f) < /G 62”"(9’@’)du*”(Q))1/2 ( /G (W)” du*”(g)>

One term is controlled by (2.4.48), the other term is due to (p,~y) contraction (2.5.1).
Therefore when a small enough, there exists p1 < 1 such that A, < Ciplc,(f), where
Ch > 0.

Since

1/2

le¢ — e?| < (2max(e®, €))7 (max(e®, e™d)|c — d|)?
for ¢,d in C, we have
|le27(9:%) _ gz0(9.9))|

d(z,y)"

where kg(g) is the Lipschitz norm of o(g,-) and ko(g9) < C||k(g)| by | , Lemma
13.1]. Then by the hypothesis of finite exponential moment and Hélder’s inequality, we
have

< (el @)1= (elals(9) |2 Lip(a(g, )Y < 2elalslo)trrolo)|p|,

By, < B[ fleeClO"

(we take the same constant C7). Therefore

n n 14+(|a n
ey (PPF) < Crples(f) + [prey et 0m g (2.5.2)
We want the term C£|a\+7)n does not depend on v. Fix n large enough such that

Cip} = p2 < 1. For natural number N, iterate (2.5.2) N times and use (2.4.48). We
have

ey (PIN £) < pacy (PPN=V 1) 4 ooy Hle0m prv=1 g
< pocy (PPN 1) 4 ooy tleltnn gy cleinV=1)
C|1a\nN

— e < e ()Y + Oa(B ) f o

< ey ()Y + pprey it g

(2.5.3)



134 Chapter 2. Fourier decay of SLy,+1(R)

Given m € N, we can write m = nN +r with r € [0,n — 1]. Therefore by (2.5.3) (2.5.2)

(PP ) = ey (PPN f) < p ey (PLF) + On (I C1N) P o
< p (Cipiey (F) + BT £l ) + 0L (1B CE™) oo

/M and choosing C' large enough, we have (2.4.50). O

By setting p = pé
From Proposition 2.4.24 to Proposition 2.4.22. We set N = [Cy1n|b|], by the Cauchy-
Schwarz’s inequality and (2.4.48), using (2.4.49) for PV (2.4.51) for PV f and (2.4.50)
for PN

|[PmEON £, < Ol | PN PN f e < Ol / PN f2dv + p"N[PX f2.) (2.5.4)
< Clelmd (meaN/Cy N (N (1 b)) + CpNpp)?)

So we can choose m large such that p™N |b|2Y = pmCInIbl|h|2Y < 1. This m is only depend
on 7, C and p. By continuity of a we obtain the equality for infinity norm. That is when
m is large enough and «a is small enough depending on m we have |Pz(m+1)N 12 < |b|=,
where €3 > 0

For v norm, we use (2.4.50) for (PN, PZ(mH)Nf) and (Pz(mH)N, f)

z

< Ol PIFON f| o 4 pN(CHHATN B 4 p N [b]7) /b

ey (PN ) b7 < ClUN | PImHON fl o - pNen (PEHON £ /16

Then, when |b] is large enough and a is small enough, we have
[PITERIN Fp < b7 (2.5.5)

(where we should use (2.5.4) with m replaced by m + 1).
Let Ny = (m+2)N = (m + 2)C1In|b|. Given n, we can write n = dNj + r with
0 <7< Np. By (2.5.5), (2.4.48), (2.4.50)

P2 f Ly < 1IN PL flp < b ~CMH < €l ™,

where p = |b|~¢/N1Clal = ¢~ T8 Clal. The result follows by taking |a| small enough.
O

2.5.2 Equivalence of distances

Definition 2.5.2. Let (X, d) be a metric space. Let d' be another metric on X. We say
that d,d’ are equivalent metrics if there exist ¢,C > 0 such that for all x1,x9 in X

cd(xq,x0) < d(x1,22) < Cd(21,22).
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Recall that Z is the homogeneous space G/A.N, on which the compact group K
acts simply transitively. We will define three distances on &,. Due to the fact that
is homeomorphic to K, a distance on & is also a distance on K and we will continue
our argument on K. Let k, k' be two points in K.

e do(k, k') = sup,er [|kva — k'vall/V/2, where v, is a unit vector in V,, with highest
weight. This is also the distance induced by the embedding of &2 to Il,cSV,.

o di(k,k") = ||k—F|, where ||-|| is a K invariant norm on the space of (m+1)x (m+1)
square matrices My,+1(R) D K.

e do(k, k') is the distance induced by the bi-invariant Riemannian metric on K.
We can easily verify that they are distances.
Lemma 2.5.3. The three distances dy,d1 and do on Py are equivalent.

Proof. First we observe that the three distances are left K invariant. It is sufficient to
prove the equivalence for k' equal to the identity e.

Fix € small depending on K. Let B. be the neighbourhood of e given by {k €
K|di(k,e) < €}. Then B¢ is a compact subset of K. Consider the function f;;(k) =
% for k € BS and i, € {0,1,2}. Then f;; is a positive continuous function B¢.
The compactness of B¢ implies that it has positive minimum on Bf. Hence there exists
¢ij > 0 such that for k outside of B,

Cll(k‘, 6) > Ci,jdj(k'7 6).

Finally, we only need to consider a small neighbourhood of the identity. We take €
small such that the exponential map at e is bi-Lipschitz. Suppose that k = exp(¢tZ) with
Z a unit vector in ¥ and ¢ > 0. Then

dy(k,e) = |le —exp(tZ)|| < t = da(k,e).

Due to dy(k, e) = maxaen ||[kva — val|/V2 < ||k — e|| = d1(k, e), it remains to prove that
dp is not small. We can decompose Z as

7 = Z caKy.

a€eR*

There exists a, € RT such that ¢, > 1. Since v, is a vector of highest weight, for a
positive root 3 let

Anp = dpa(Kg)va = dpa(Y3)va-

Consider the representation of sg = {Y3, X3, Hg} ~ sly. Due to the classification of the
representations of slo,

Lemma 2.5.4. The vector A, g is non zero if and only if xo(Hg) > 0.
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Now take 8 = a,. Since {xq,a € II} is a basis of a*, there exists a simple root o such
that xo(Ha,) # 0. Hence by the fact that vectors of different weights are orthogonal, we
have

[kva — vall = || exp(tZ)va — val| < t||dpa(Z)vall = tea,l|dpaYa,vall > t.
Then we have dy(k, e) > da(k, e). The proof is finished. O
Recall the definition of the sign function m of Section 2.2.5.

Lemma 2.5.5. Let z = kz,, 2 = k'z, be two points in P, then
V3do(z.#) = d(n(2), ().

We have
m(z,2') =e<=dp(z,2') <1

If m(z,2') = e, then
d(m(2),7(2") > do(z,7).

Proof. Suppose that the angle between kv, and kv, is 0 € [0,7), then |[kvy, — kv, =
2sin § and d(Va gy s Vakrn,) = k0o AE' v, = sin® = 2sin § cos § < 2sin §, which implies
the first inequality.

The assumption dy(z, 2z’) < 1 is equivalent to that for every simple root «, the angle
6 is less than 7/2, which is equivalent to m(z, 2’) = e due to Lemma 2.2.19.

If m(z,2") = e, then for every simple root «, the angle 6 is less than 7/2. Hence
sinf = 2sin g cos g > /2sin g, which implies the result. O

Corollary 2.5.6. The K-invariant Riemannian distance on &2 is equivalent to the dis-
tance defined in (2.2.12).

Proof. By & = %/M and since the group M is a subgroup of K which preserves the
distance, let do also be the quotient Riemannian distance on &2. By the same argument
of the proof as in Lemma 2.5.3, it is sufficient to prove on a small neighbourhood of 7.
For any two points i, 7’ in this small neighbourhood, we can find 2, 2’ in &y such that
7(z) =n, 7(2") =7 and da(z, 2") = d2(n,n"). Due to da(z, 2") small, we see that dy(z, 2’)
is less than 1. Hence by Lemma 2.5.5, we have m(z, 2') = e and then

d(777 77/) = dO(zv Z/)'
By Lemma 2.5.3, we have dy(z, 2') < da(z,2") = da(n,n’). The proof is complete. O

Here we give a proof of G1 assumption (2.4.1) in the proof of Theorem 2.1.1 (Section
2.4.3).

Recall that V' is an irreducible representation of G with a norm and with highest
weight x, and vg, ug are two unit vectors in V' and 0, = ||g2y—a(vo A up)|| for simple root

a. Recall that ¢(n) = {u0:) f6; a nonzero vector v in Vi and n € Z. By (2.4.42), we

<U07v>
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only need to verify that if d(n,n") < £ and n,n satisfies that |(vy,v)| > ||v||/Co for v
in V, , and V, ,/, then

() — ()] < €9 0ad(Vauy, Vauy),
acll

for ¢ large enough. Replacing (2.4.43) by the following lemma, we conclude that G1
assumption is always verified if £ is large enough.

Lemma 2.5.7. Let Cy,Cy > 0 and let n,n' be two points in &P such that d(n,n') <
1/(C1Co) and |(vo,v)| > [jv||/Co for v in Vi, and V, . Then with Cy large enough
depending on the norm, we have

o) = o)) < CCF >~ Oad(Vau, Vo),
a€cll

where C' only depends on the group G and the norm on V.

Proof. The main idea is to take derivative on &, and prove that in every direction the
result is true. We will first prove the directions given by positive roots.
The structure of Sym?(A?V) gives us a formula, that is for vy, ve, wy, we, w3 in V

<U1 N vg, w1 A w2> = <’U1 N V2, w3 A <1}1, w2>w1 — <’U17 w1>w2 > (2.5.6)
<Ula U}3>
In order to simply the notation, we write Yi,---,Y,, for Y,,,---,Y,,, . The structure of
Lie algebra gives us that for a vector v in V'
VAY Yoo =Yy Y (v AY0) = Y Yo A Yew, (2.5.7)
I

where I = {j1,---, 7} is a nonempty subset of {1,--- ,k—1}, I¢is the complement of T
in{l,--- ,k}and Y; =Y} --- Y}, with j; <--- <.

Let e; be the unit vector in V' with highest weight. We claim that if | (v, e1)| > 1/Cy,
then for J C {1,---,m}, we have

|<U0 A ug,e1 N\ YJ€1>| < CC(l]‘” Z Gai. (2.5.8)

ieJ

We make an induction on k = |J|. By symmetry, it is sufficient to prove the claim for
Y;=Y1---Yy. For k=1, due to e; AYie; € q2xfa1(/\2V), we have

[{vo A uo, €1 AYien)| < [lg2y—aq (vo A o)l = oy -
Suppose that (2.5.8) holds for all the integer less than & — 1. Then by (2.5.7),
<U0 ANug,er ANYy--- Yk61> :<U0 Aug, Y7 -+ -Yk_l(el VAN Yk€1)>

— Z<U0 Aug, Yrer A Y[c€1>
I
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Due to Y1 -+ Yi_1(e1 A Yier) € qu_ak(/\ZV), the first term is controlled by 6,,. The
other term, due to I # (), using (2.5.6) with ws = e1, we have

(vo, Yreer)Yrey — <€17YI€1>Y]C€1>’
<'U(],€1>

< Cy (‘(Uo N ug,e1 N\ Y[€1> + <U0 A A Y[c€1>’>

‘<UO AN ug, Yrer A Y1061>’ = |<v0 N ug,e1 N\

Since the length of I and I¢ are less than k, by the hypothesis of induction, we have the
claim for k.

The choice of Y3 for a positive root 3 is fixed in Section 2.2 and we have Yy, +...4q, =
Coanyo o Yor, Yoo, - 5 [Ye Yo, |- --]] with a constant Cy, ... ,. By the claim,

Qp_19

Lemma 2.5.8. Let 8 be a positive root. If |(vo,e1)| > 1/Cy, then

’<’U0/\U0,81/\Y561 | <CCO Z Oa,
a€cll,a<p

where C only depends on G and the norm on V. In particular, for Z = ZB€R+ cgKg

(o Ao, er A Ze)| SCCE Y 0o Y legl.
a€ll  f>a,BeRt

This is almost the directional derivative of G1. For nn = kng,n’ = k'ng in &2, we can
find a unit vector Z in the Lie algebra € such that ¥’ = kexp(tZ) with t < d(n,7n’). Let
v(s) = kexp(sZ)no for 0 < s <t. Then by the Newton-Leibniz formula,

o(n) |</ 10,0(7(s))ds.

Let ks = kexp(sZ). By the same computation of Lemma 2.4.14, we have

(’UO A ug, kser A k‘sZ61> _ <k‘5_1’00 A /{,’S_luo, er N\ Z€1>
(vo, kse1) (ks 1o, e1) '

Osp(7(s)) = Ozp(7(s)) =

Due to ||kse1 — e1]] < d(v(s),7(0)) < d(n,n") < 1/(CoCy), with C; large enough, we
have

(ks w0, en)| = [{vo, kser)| > [(vo, e1)] — [lkser — ex]] = 1/(2Co)
Due to ||g2y—a (k5 (vo A uo))|| = [|g2x—a(vo A uo)|| = ba, by Lemma 2.5.8, we have
Osp(1(sDI S CCF' Y 0o Y legl.
a€cll  B>a,B€RT

Hence

lo(n) — ()| < CCt> 0o Y esl. (2.5.9)

acll  Bg>a,BeERT
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For Z in ¢, let Z, = Eﬁza,ﬁePﬁ cgKp. Due to t small, we only need to consider
distance is a small neighbourhood. Hence by the fact that vectors of different weights
are orthogonal, we have (Y3v, is nonzero for every positive root § > « due to Lemma
2.5.4)

AdVan, Vayy) = d(Va, exp(t2)va) < || exp(tZ)va — val| X t| Zva|| = t]| Zava|| < t]| Za]|-

Therefore, combined with (2.5.9)

1
D Oad(Vaum Var) 2 3 tallZal 28D 00 3 lesl = Gamlen) = o).
0

acll a€cll a€ll B>a,BERT

The proof is complete. O
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Chapter 3

Discretized Sum-product and
Fourier decay in R"

3.1 Introduction

The purpose of this manuscript is to generalize a result of Bourgain to R™. This
result deals with the Fourier decay of the multiplicative convolution of Borel probability
measures on R.

If E is a metric space, we write Bg(z,r) for a close ball centered at x of radius
r. Vectors in R" are seen as column vectors. The product structure on R" is given
by coordinate, that is for z = (1, -+ ,2z,) and y = (y1, -+ ,yn) in R™, the product is
defined to be zy = (z1y1,- - ,Znyn). For a Borel probability measure on R™, let . be
the k-times multiplicative convolution of u.

Theorem 3.1.1. Given kg > 0, there exist €,¢1 > 0 and k € N such that the following
holds for 6 > 0 small enough. Let j be a probability measure on [1/2,1]" C R™ which
satisfies (0, ko, €) projective non concentration assumption, that is

Vp >4, sup  (my)«pt(Br(a, p)) = sup p{z|(v,z) € Br(a,p)} <6 p™. (3.1.1)
a€R,veSn—1 a,v

Then for all € € R™ with ||€]| € [671/2,671],

0] = | [epieimle,t - Nute) e aua)| <60 (312

Remark 3.1.2. We cannot have a sharper result like 1 > n/2, because here we only use
the product structure. In R*, there exist Borel subgroups which have fractional dimension.
(See [ | for example) For a measure supported on a fractional Borel subgroup, the
decay rate of Fourier transform is controlled by the Hausdorff dimension of the Borel
subgroup. Hence, fractional Borel subgroups are obstacles for large decay rate of Fourier
transform.

141
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If we continue to exploit the additive structure, that is to say replacing pg by v =
(1)*", the r-times additive convolution of ux, then the Fourier transform of v can have
arbitrary large decay rate.

The Fourier transform detects the additive structure. But our measure py has the
multiplicative structure. The decay of Fourier transform means that the additive and
multiplicative structures are hard to coexist, the sum-product philosophy.

The projective non concentration means the projection of the measure p on every
one dimensional linear subspace Ruv satisfies a non concentration assumption (the case
of R).

The case n = 1 is due to Bourgain | , Lemma 8.43|. The main ingredient of the
proof of Fourier decay is the discretized sum-product estimates in R™. The sum-product
estimate roughly says that if the set does not concentrate in small balls, then under
addition or multiplication the size of the set will become robustly larger than the initial
set.

For § > 0 and a bounded set A in a metric space FE, let Nj(A) be the minimal
number of closed balls of radius § needed to cover A. In a metric space, we say that a
set A is p away from a set B if A is not contained in the p neighborhood of B, that
is there exists = in A such that d(z, B) > p. In (R*)", we note id the identity element
(1,---,1) € (R*)". In R™, we will consider maximal proper unitary subalgebras, such
subalgebras are given by {z € R"|z; = z;} for 1 <1i < j < n. We say that A is p away
from proper unitary subalgebras of R™ if A is p away from any maximal proper unitary
subalgebra of R”.

Now we state the discretized sum-product estimates on R™, which is the main in-
gredient of the proof of Theorem 3.1.1.

Theorem 3.1.3. We will consider the action of (R*)™ on V- =R"™. The action is given
by gv = (g1v1, ..., gntn) for g in (R*)™ and v in V. There exists a neighborhood U of
the identity in (R*)™ such that the following holds. Given k > 0,0 € (0,n), there exists
€ > 0 such that for all § > 0 sufficiently small, if A C U and X C By (0,0~°) satisfy the
following (0, k, 0, €) assumption:
(i))Forj=1,...,n
Wp > 8, Ny(my(4)) = 8p7",
where 7; denotes the projection into j-th coordinate,
(ii) A is 6¢ away from proper unitary subalgebras of R™,
(iii)For j =1,...,n
Vp > 8, Ny(my(X)) = 697",

(iv)N3(X) < 5~ (=)=,

Then
N5 (X + X) +supNs(X +aX) > 5 “N3(X).
acA
Remark 3.1.4. The case n =1 is due to Bourgain. Compared with [ , Prop.1/, our

situation does have invariant subspace under the action. Hence we put more regularity
on the projection into coordinate subspaces.
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Remark 3.1.5. Roughly speaking, (i) and (iii) mean that the projections of A, X into
coordinate subspaces are non concentrate. Assumption (ii) is reasonable since it prevents
A from being trapped in a subalgebra.

Compared with the projective non concentration in Theorem 3.1.1, the assumption
here is weaker. In multiplicative convolution, we need additionally that u is not trapped
i any affine subspace.

From the discretized sum-product theorem to the Fourier decay of multiplicative
convolution can be found in | |. The analogue result for finite fields is established
in | |. See also | |, where he gave a really clear treatment of the sum-product
phenomenon in F,. The proof of Theorem 3.1.1 from Theorem 3.1.3 will be given in
Section 3.3.

Notation

We will make use of some classic notation: For two real valued functions A and B,
we write A = O(B), A < B or B > A if there exists constant C' > 0 such that |A] < CB,
where C only depends on the ambient space. We also write A ~ B if B« A < B.

We write A = O,(B),A <, B, B>, A and A ~, B if the constant C' depends on
an extra parameter r > 0.

3.2 Discretized sum-product estimates in R"

The non concentration assumption in Theorem 3.1.1 is a little different from that in
| |, but the two assumptions are equivalent up to constants.

Lemma 3.2.1. Let 1 > 6 > 0. Let v be a Borel probability measure on R. We have two
non concentration assumptions.

(1) (8,k1,€1) ForVp >, we have v(B(a,p)) < 6~ pht.
(2) (8,k,€) For p € (4,5, we have v(B(a,p)) < p~.

Then (2)(9, k,€) tmplies (1)(0,mink,1,€) and if k1 > 2€1, we have that (1)(6, K1, €1)
implies (2)(9, k1/2,2€1/K1).

Proof. (2) = (1) For p < §¢, it is obvious. For p > §¢, we use the trivial bound
I/(B(a, P)) <1< 5—e+emin{n,1}.

Hence (2) implies that (1) holds for (e1, k1) = (e, min{x, 1}).
(1) = (2) We want to find (e, ) such that (2) holds. Let p = ¢*. That means

€1 —tky < —tk for t € [, 1].

Due to k1 > 2¢1, we can take (€, k) = (2¢1/k1, k1/2). O
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The assumption (2) in Lemma 3.2.1 is the original definition of Bourgain. This
assumption roughly says that the measure v has dimension x at scale § to scale §¢. The
assumption (1) is more convenient to be proved. The smaller the parameter €; is, the
more regularity the measure v has.

Let A be a bounded subset of R™. Let (A)s be the set of elements which are obtained
by taking sum or multiplication of elements in A at most s times.

Lemma 3.2.2. Let A be a subset of Brn(0, K). If
Ns(A+ A) + Ns(A+ A- A) < KNs(A),

then for any integer s

N5((A)s) < KOWN;(A).

(See [He, Lemma 11] and | , Lemma 4.5| for more details) This lemma tells us
that instead of proving that A+ A or A+ A- A is large, it is sufficient to prove that (A)
is substantially large.

Our result on the discretized sum-product estimates relies on a result of He and de
Saxcé. They study sum-product phenomenon in finite dimensional linear representations
of Lie groups. We will state the version we need, their theorem is much more general.

Definition 3.2.3. Recall that we consider the action of (R*)™ on V. = R" given by
multiplication in each coordinate. Let W be a linear subspace of V' such that W is not a
submodule, that is there exists g in (R*)"™ such that g & W. Then we call Stabg~yn (W)
a proper stabilizer.

Let A be a subset of (R*)™ and let X be a subset of R™. For s > 1, we define (A4, X),
to be the set of elements which can be obtained as sums, differences and products of at
most s elements of A and X. For example, we have (4, X)s = {*g11---g1,01 £--- £
91,1'--91,1-111[] i, il ENy i1+ +1 < 8}

Proposition 3.2.4. [ , Thm.2.3] Recall that we consider the action of (R*)™ on
V =R" given by multiplication in each coordinate. There exists a neighborhood U of the
identity in (R*)™ such that the following holds. Given ey, k > 0, there exist s > 1 and
e > 0 such that for all 6 > 0 sufficiently small, if A C U and X C By(0,1) satisfy the

following (0, k, €) assumption:

(i) Forj=1,...,n
Vp = 6, Ny(mj(A)) = 67",

where m; denotes the projection into j-th coordinate,
(ii) A is ¢ away from proper stabilizers,
(11i) X is &€ away from coordinate subspaces.

Then,
BV(Ov 560) - <A7 X>s + BV(Oa 5)
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We will use the ring structure of R™. Recall that for a subset A of (R*)™, which is
also a subset of R", we define (A); as (A, X); with X = A. As a corollary of Proposition
3.2.4, we have

Proposition 3.2.5. There exists a neighborhood U of the identity in (R*)" such that
the following holds. Given k > 0,¢9 > 0, there exist € > 0 and s > 0 such that, for §
sufficiently small, if A is a subset of U satisfies the following (6, k,€) assumption:
(i)Forj=1,...,n
Vp 2 8, Ny(m(4)) = 67",

where m; denotes the projection into j-th coordinate,
(11)A is ¢ away from mazimal proper unitary subalgebras.
Then we have
Bgn(0,09°) C (A)s + Brn(0,9).

Proof. Take X = A— A. We can shrink U to ensure that X C U —U C Bgrn(0,1). Then
we claim that A, X satisfies (9, k, 2¢/k) assumption of Proposition 3.2.4.

Assumption (i) of Proposition 3.2.4 is the same as Assumption (i) of this proposition.
For assumption (iii) of Proposition 3.2.4, take p = 6%¢/%. Then

Np(mi(X)) = Np(mi(A)) > 6p " =6 > L.

Hence, X is §2¢/% away from coordinate subspaces. The assumption(iii) in Proposition
3.2.4 is satisfied.

It remains to verify Assumption (ii) of Proposition 3.2.4. We need to change the
point of view. The set G = (R*)™ C R" is seen as subsets of Aut(V) C End(V), the
automorphism group and the endomorphism ring of V. The main point is that in the
case of R", proper stabilizers are contained in the subalgebras. In other words, let W be
a subspace of V' which is not a G-submodule. Then the proper stabilizer satisfies

Stabq(W) = G N Stabpn (W) =GN{a € R"|a- W C W}.

By definition, StabgW is a proper subgroup of G. The fact that Stabgrn (W) is a unitary
subalgebra of R™ implies that Stabg~ (W) must be a proper unitary subalgebra of R".
Hence, the assumption (ii) of Proposition 3.2.4 is automatically satisfied.

Applying Proposition 3.2.4 with &, ¢g implies that there exists s; such that

BR’IL (0, 560) C (A, X>51 + BRn (0, 5),
when € is small enough. The observation that
<A7X>51 = <Av A- A>81 - <A>281
implies the result. O

As a byproduct, using Lemma 3.2.2, we have the following version of discretized
sum-product estimates in R".
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Proposition 3.2.6. There exists a neighborhood U of the identity in (R*)"™ such that
the following holds. Given k > 0,0 € (0,n), there exists € > 0 such that for all § > 0
sufficiently small, if A C U satisfies the following:
(i) For j=1,....,n
Vo 2 0, Ny(my(A)) = 657",

where m; denotes the projection into j-th coordinate,
(ii) A is 6¢ away from proper unitary subalgebras of R™,
(111) Ns(A) <67,
Then
Ns(A+A)+ Ns(A+ A-A) > 6 Ns(4).

We deduce Proposition 3.2.6 from Lemma 3.2.2 and Proposition 3.2.5. The proof is
exactly the same as the proof of [He, Theorem 2]. We include its proof for completeness.

Proof of Proposition 3.2.6. Suppose that the result fails. For every e > 0 there exists A
satisfying the hypothesis of Proposition 3.2.6 but

Ns(A+A) + Ns(A+A-A) <5 Ns(A).

We will reach a contradiction when e is small enough depending only on x,c and R".
Then by Lemma 3.2.2 and assumption (ii) of Proposition 3.2.6, for every integer s,
we have

Ns((A)g) < d7ON5(A) < 67957, (3.2.1)

On the other hand, A also satisfies the assumptions of Proposition 3.2.5. Given ¢y > 0,
there exist € > 0 and integer s such that if € < €7, then

Bgn (0, (560) C <A>s + Bprn (O, 5)
Therefore
Ni((A)s) > Ni(Bga(0,6)) = 5"~ +e0) (3.2.2)

If we take e sufficiently small such that n(1 —€p) > o, and take € sufficiently small such
that

n(l —€y) > Os(e) + o,
then (3.2.1) contradicts (3.2.2). O
This version is not sufficient to imply the decrease of Fourier transform of multiplica-

tive convolution of measures. We will introduce more tools of additive combinatorics to
obtain a stronger form of discretized sum-product estimates.
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3.2.1 Basics of discretized sets

Before proving our results, we recall some elementary and known results in the
discretized setting. Let § > 0 be the scale. Let K > 2 be a roughness constant. Two
quantities bounded by a polynomial of K is considered as equivalent.

Lemma 3.2.7. Let f be a K-Lipschitz function from R™ to R™. Let A be a bounded
subset of R™. We have
Ns(fA) < K"N5(A). (3.2.3)

Definition 3.2.8. For a bounded subset A of R, we denote by A®) the §-neighborhood
of A, given by
A® = {2 e R"|d(z, A) < §}.
Lemma 3.2.9. Let A be a bounded subset of R"™. Let A be a mazimal §-separated subset of
A, that is different elements of A have distance at least 8 and A is mazimal for inclusion.
Then
Ns(A) ~ |AD|577 ~ #A, (3.2.4)

where |A| denotes the volume of A and #A denotes the number of elements of A.

Definition 3.2.10 (Ruzsa distance). Let A, B be two bounded subsets of R"™. We define
the Ruzsa distance of A, B at scale 6 by

B 1 Ng(A — B)2
d(;(A, B) = 5 log W

This is not a real distance. It measures the additive structure of A and B.

Lemma 3.2.11 (Ruzsa triangular inequality). Let A, B,C' be three bounded subsets of
R™. Then
N5(B)Ns(A - C) < Ns(A— B)Ns(B - C). (3.2.5)

The above inequality (3.2.5) is roughly a triangular inequality for the Ruzsa distance
ds.

Lemma 3.2.12 (Pliinnecke-Ruzsa inequality). Let A, B be two bounded subsets of R™.
If Ns(A+ B) < KNs(B), then for k,l in N we have

Ns(kA —1A) < O(K)*N5(B).

In | |, He explains how to deduce the discretized version from the discrete version
of the above two lemmas. For the discrete version, please see | |. The main ingredient
of proof is the Ruzsa covering lemma.

Definition 3.2.13. Let A, B be two bounded subsets of R™. We define the doubling
constant of A at scale § by

osla] = oA A

Ns(A)

We write A = B if Ns(A + B) < KNs(A)Y2N3(B)Y2, which is equivalent to that the
Ruzsa distance is small, that is ds(A, —B) <log K.

— exp(ds(A, —A)).
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Lemma 3.2.14 (Ruzsa calculus). Let A, B,C be three bounded subsets of R™. Then
(1) If A =g B, then A ~pon) —B, K"OWN5(B) < N5(A) < KOUN;(B) and
a5[A], 05[B] < KOW.
(2) If A~k B and B =i C, then A =y o) C.

(3) If o5[A], 05[B] < K and N5(A®) 1 BY) > K=IN3(A)Y2N5(B)Y/?, then A ~poq)
B.

The proofs are direct applications of the Ruzsa triangular inequality and the Pliinnecke-
Ruzsa inequality. For the discrete version, please see | | and the second note of Green
in [Gre|l. The first and second statements says that the Ruzsa distance is symmetric
and transitive. The Ruzsa calculus will be used to prove Proposition 3.3.9 (Additive-
Multiplicative Balog-Szemerédi-Gowers theorem).

The additive energy: the discrete case

We first introduce the additive energy in the discrete case. Let A, B be two finite
sets in an abelian group G. We define the additive energy w(+, A x B) as the number of
the quadruplet (a,b,a’,b’) in A x B x A X B such that a +b=a' 4+ ¥, that is

w(+,A x B) = #{(a,b,a’,b)) € Ax Bx Ax Bla+b=ad +V}.
We also have a formulation with #2 norm
w4, A x B) = ||14 % 1p]3, (3.2.6)

where the measure in defining #? norm is the counting measure. From the definition, by
Young’s inequality, we have

w(+,A x B) < |A]*?|B]*/?, (3.2.7)

where | A| denotes the number of elements in A. The additive energy is important because
it reflects the additive structure of A and B. If |A + B| < K|A|'/?|B|'/2, then by the
Cauchy-Schwarz inequality,

AP BJ”

w(+,Ax B) > 1120 > g1 413/2| B|3/2, 3.2.8

(+ A X B) 2 (> KA B (329

which is robustly large with respect to the optimal value of w(+, A x B) (3.2.7). (See
[ | and | | for more details).

The additive energy: the continuous case

We now define the discretized version of the additive energy. On a Cartesian product
X x Y of metric spaces, we use the distance defined by

d(x.). (' y) = B, ') + B (y.),

where x,2’ are in X and y,y’ are in Y.
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Definition 3.2.15 (Energy of a map). Let X,Y be two metric spaces, and let ¢ be a
Lipschitz map from X to Y. For a subset C of X, the energy of ¢ at scale § is defined
by

ws(,C) = Ns({(a,d') € C x Cld(p(a), p(a’)) < 0}). (3.2.9)

Lemma 3.2.16. Let ¢ be a K-Lipschitz map from R™ to R™, and let C be a bounded
subset of R™. Then

(i) We have
Ns(C)?
N3(C)? > ws(9,C) >nm s - 3.2.10
(5( ) OJg(QO ) ) N(S(SD(C)) ( )
(ii) Let C be a mazimal 5—separated subset of C. Then
ws(p, C) < #{(a,d’) € C?|d(¢(a), p(d") < (14 2K)s}. (3.2.11)

(See [He, Lemma 12] for more details) When m = 2n, C = A x B C R?*" with A, B
in R” and ¢(a,b) = a + b, we call ws(+, A x B) the additive energy of A, B at scale .
We have a formulation with L? norm (see | , Appendix A.1] for example. This is
also the discretized version of (3.2.6).) We have an inequality

ws(+, A x B) > §73"||14 % 15|3. (3.2.12)
Lemma 3.2.16 (i) implies that
Ns(A x B)? S Ns(A)2N5(B)?

ws(+, A x B) > N;(ATB) = Ny(A+B) (3.2.13)
If A~ B, that is N5(A + B) < KN5(A)Y/2N5(B)'/2, then (3.2.13) implies
ws(+, A x B) > K~'N3(A)32Ns(B)*/2. (3.2.14)

This means that when two sets A, B have additive structure then the additive energy is
relatively large.

The additive energy is powerful when combined with the following proposition, a
partial converse to (3.2.14), which says that if two sets have relatively large additive
energy, then there exist large subsets which have additive structure.

Proposition 3.2.17 (Balog-Szemerédi-Gowers). [ , Theorem 6.10] Let A, B be two
bounded subsets of R™ such that

ws(+, A x B) > K7IN3(A)32N3(B)*/2.
Then there exist subsets A', B’ of A, B such that
Ns(A') >, K~OWNG(A), N5(B') >, KOWN;(B)

and

./\/;;(Al + B,) <n Ko(l)Ng(A/)l/QNg(B/)1/2.
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3.2.2 Sum-product estimates in R"

We first state the discrete version of the growth under a ball.

Lemma 3.2.18. / , Lemma 3.1] Let p be a prime number. If X is a subset of Fp,
then
sup | X +aX| > 1min{|X|2,p}.
aclFy 2

The proof is by calculating the additive energy in two ways. Suppose that the result
does not hold, then the additive energy w(+, X x aX) is large for every a in F),. But the
sum of the additive energy w(+, X x aX) with respect to a in [, is small, which gives
the contradiction.

The continuous version uses a Fubini type argument to study the growth under a
ball in (R*)™. Recall that id = (1,---,1) is the identity in (R*)™.

Lemma 3.2.19. Given k > 0,0 € (0,n), there exists € > 0 such that for 0 sufficiently
small the following holds. Let X be a bounded subset of R™ such that for j =1,...n

Vp >0, Ny(mi(X)) > 6p™"
and N5(X) <67, Then

sup  N5(X +aX) > 0 N;s(X).
a€Ban (id,1/2)

Remark 3.2.20. We follow closely the proof of [I1e, Theorem 3]. To prove the stronger
version, we need another lemma, which is a reducible version of [Ie, Prop.29]. The proof
is essentially the same as the irreducible version, with the estimate of small balls replaced
by thin cylinders.

Proof of Lemma 3.2.19. Assume that N3(X 4+ X) < § °Ns(X), if not the proof is fin-
ished. For p >d and j=1,--- ,n, we have

Ns(X + X) > Ny(mi(X)) Iileaﬂé(./\/'g(X N, ' Br(b, p))- (3.2.15)

This can be proved by the following standard argument. Choose a maximal subset {c;}
of X such that 7;(c;) is 2p-separated. Fix b in R. Choose a maximal J-separated subset
{di} of X N7 ' Br(b, p). If (i, k) # (', k'), then

d(Cl’ + dy, cir + dkl) > 0.

Hence {c¢; + di}i 1 is a d-separated subset of X + X and (3.2.15) follows.
For all b in R, by (3.2.15) and hypothesis

Ns(X + X) < dNs(X)

Np(mi(X)) = 6p* = 6% p"N(X). (3.2.16)

Ns(X Ny ' Br(b, p)) <
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Let u be the normalized Lebesgue measure on Bgn(id, 1/2) with total mass 1, and
let @ be a random variable following the law of u. Define ¢, : R™ x R” — R" by

va(T,y) = + ay.

By Lemma 3.2.16 (i),
N5(X x X)2

Nis(pa(X x X)) > Wa

which is also
Ns(X)*

X +aX —_— .
Ns(X 4+ aX) > w3 (Pan X % X)

By the Jensen inequality on the function ¢ — 1 from RT to RT,

Ns(X)*
E(ws(pa, X x X))

E(WNs(X + aX)) > (3.2.17)

Therefore it is sufficient to give a bound that E(ws(pa, X x X)) < 6N5(X)3.
By Lemma 3.2.16 (ii), letting X be a maximal d-separated subset of X, we have

E(ws(pa, X x X)) < E(#{(z.2.3.9') € X[z ) +aly =) < 55))
= > P{laly—y)+ (x—2)| <55}, (3.2.18)

1'7%’ 7y7yl€X

where a is contained in Bgn(id,1/2) and K = 2. Let p be a parameter to be fixed later.
We distinguish two cases

e If minj [y; — y}| > p, then

B{llaly - ¢/) + (x — ') < 56} < §"p " (3.2.19)

e Otherwise, the number of pairs (y,y’) such that min; |y; — y}| < p can be bounded
using (3.2.16) and (3.2.4)

#{(y.9/) € X?|min ly; =y < p} < #X QY max#H{X0m; Br(b. p)}) < 6~ p"N(X)*.
j

~ (3.2.20)
Moreover, we have for all z,y,7’ € X,
> P{lla(y —¢) + (@ - 2)|| <56} < 1, (3.2.21)

zeX

since for every event, there exists a finite number of 2’ which satisfies the assump-
tion.
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Therefore combining (4.4.3) (3.2.19) (3.2.20) and (3.2.21), and taking p = §nrn

E(ws(pa, X x X)) < Ng(X)45"p_" +N6(X)35_26p”
< N(S(X)3(57Z—U—6p—n + 5—2€p,‘§)

k(n—o)

<<N5(X)3(5_2E+ n+r

When e is sufficiently small, we have E(ws(pq, X x X)) < Ns(X)35¢, which finishes the
proof. O

Before proving Theorem 3.1.3, we need to introduce Sy, the set of “good elements”.
Let A be a bounded subset of R™. Let

Ss5(A, K) = {a € Bgnpqmrn) (0, K)|Ns(A +ad) < KNs(A)}
The following lemma says that S5(A, K) has a “ring structure”.
Lemma 3.2.21. Let A C B(0,K) be a subset of R™.
(i) If a is in S5(A, K) and |ja — b|| < K0, then b belongs to S5(A, KOW).
(i) Ifid,a,b are in S5(A, K), then a — b, a + b, ab belong to S5(A, KOM).

(i4i) Suppose that a is invertible. If a=' is in B(0,K) and a is in S5(A, K), then a™*
belongs to Sz(A, KOW).

(See [He, Lemma 30] and | , Proposition 3.3| for more details)

Proof of Theorem 3.1.3. The idea is to use Proposition 3.2.5 to force A to grow to a fat
ball. Then Lemma 3.2.19 implies the growth of regularity under the action of a fat ball.

Assume that the result fails. That is for every € > 0, there exist A, X satisfying the
assumptions of Theorem 3.1.3 such that

A C S5(X,57°). (3.2.22)

We will reach a contradiction when e is small enough depending on &, 0.
By Proposition 3.2.5, for every eg > 0, there exist s € N and ¢; > 0 depending only
on €y and k, such that if € < €1 then

Bga(0,5%) C (A)s + Bgn(0,6). (3.2.23)
By Lemma 3.2.21 (ii) with K = §~¢ and (3.2.22), we have
(A), C S5(X,6790)), (3.2.24)
By Lemma 3.2.21 (i) with K = §~9()¢ and (3.2.24), (3.2.23)

Bgn(0,6%) C S5(X, 6700, (3.2.25)
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By Lemma 3.2.21 (iii) with K = §= 90, ¢ = 9%id and (3.2.25), we have
26~0id = a~ ! € S5(X, 57O 00)y, (3.2.26)

Again by Lemma 3.2.21 (ii), using product and (3.2.25), (3.2.26), we obtain
Bgn(id, 1/2) C Bgn(0,2) = 267id - Bga(0,6%) C S5(X,5-0®)0l@)) (32,27
By Lemma 3.2.19, there exists e > 0 depending only on ¢ and &, such that when € < €

sup  Ns(X 4+ aX) > 6 2Ns(X). (3.2.28)
a€Bgn (id,1/2)
Taking ¢ sufficiently small, and then taking e sufficiently small such that O(s)e +
O(ep) < €2, we get a contradiction from (3.2.27) (3.2.28)

§OWTOING(X) > sup  NG(X +aX) > 6 2Ns(X).
a€Bgn (id,1/2)

The proof is complete. ]

3.3 Application to multiplicative convolution of measures

Notation: For a measure p on R”, let = be the symmetry of p, that is p=(E) =
p(—E) for any Borel set E of R”. Let u(” be the r-times additive convolution of .
Recall that py, is the k-times multiplicative convolution of p. For an element = in R”, we
write x; for its j-th coordinate, j = 1,2,--- ,n. We use the norm induced by the standard
scalar product on R", that is to say for € R™, ||z| = /2 +--- + 22. All vectors z,
in R™ are column vectors, and (-,-) is the inner product. For y in R™ and measure v on
R™, let (my)«v be the pushforward measure of p by the multiplication action of y, that
is (my)«v(E) = v(y~'E). In order to simplify the notation, we abbreviate Bgn (0, R) to
B(0, R). For a function f on R", we write || f||,, p = 1,2, 00, for its LP norm on R"™.

Let Ps = éB((TO,’g))l, where | - | is the Lebesgue measure of a Borel set in R™. Let
vs = v % Py, which is an approximation of v at scale 9.

3.3.1 L2-flattening

Lemma 3.3.1 (L2-flattening). Given o1, k > 0, there exists € = e(o1, k) > 0 such that
the following holds for § small enough. Let v be a symmetric Borel probability measure
on [—67¢,67¢]" C R". Assume that

lvs)|3 > 07

and v satisfies (9, k, €) projective non concentration assumption, that is

Vp >4, sup  (my)«v(Br(a,p)) = supv{z|(v,x) € Br(a,p)} <0 p". (3.3.1)
a€RveSn—1 av

Then
[ (myilato) < 5 sl (3.32)
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Remark 3.3.2. The first assumption that the L?> norm is not small means that the
measure s not too smooth. Because if the measure is already smooth, then the convolution
can not make the measure more smooth. This assumption should be compared with the
assumption (iv) in Theorem 3.1.3, where we need that the covering number of the set is
not too large.

By definition and (3.3.1), ||vs]|3 < ||vsllool|vslli < 657", Hence k+01 < e+n, that
is the non concentration assumption gives a upper bound of L? norm. Another explication
of the L?> norm is in Lemma 3.3.1}.

Remark 3.3.3. The non concentration assumption here is stronger than the non con-
centration in Theorem 3.1.3. This is because we need to make multiplication in the proof.
The projective non concentration assumption is stable under multiplication and addition.
But the non concentration assumption in Theorem 3.1.3 is not.

The hypothesis of projective non concentration can be weakened to (i) non concen-
tration on coordinate subspaces and (ii) away from linear subspaces. Please see Remark
3.8.11. But the assumption needed in Theorem 3.1.1 is projective mon concentration.
Hence we write the same assumption here for simplicity. The step where we really need
a projective non concentration is explained in Remark 3.5.18.

Remark 3.3.4. When n equals 1, this is due to Bourgain [ |/ |. It roughly
says that under multiplicative and additive convolution the Hélder reqularity of a measure
will increase, that is given k > 0 there exists € > 0 such that if for all x in R and r > 0,
we have v(B(z,r)) < %, then v x vo(B(x,7)) < r*t€. With this observation, Bourgain
gave a quantitative proof of the Erdds-Volkmann ring conjecture [ , Section 4.

Instead of using the original approach in | | |, we will follow the approach
used for proving L?-flattening in the case of simple Lie groups, using dyadic decomposi-
tion to simplify the argument, developed by Bourgain and Gamburd (see | I, [ I,
| | for example). We introduce an approximation by dyadic level sets.

Definition 3.3.5. Let {D;}icr be a family of subsets of R™. We call {D;}icr an essen-
tially disjoint union, if each point x in R™ is covered by at most C different D;, where C
s a fized constant only depending on R™.

Lemma 3.3.6. [L51)]] , Lemma A.J] Let v be a Borel probability measure on
R™. Let C be a mazimal d-separated set of R™. Let Co = {x € C|0 < wo5(z) < 1} and
Ci={z €C|27t < wys(w) <2} fori > 1. Fori >0, let X; = Uyzec, B(x,8). Then X; is
empty if 1 > O(log %), and we have

(]) vy K ZZZO Qi]lXi and Zi>0 QiIIXi <KL U3s.
(2) X; is an essentially disjoint union of balls of radius &, for each i > 0.

Lemma 3.3.7. [ , Lemma A.5] Let a > 0 and v be a Borel probability measure
on R™. Then

[Vasll2 <a [[s]l2-
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We also need the following inequality, which is an inverse Chebyshev’s inequality.
Its proof is elementary.

Lemma 3.3.8. Let K > 0. Let v be a probability measure on a measure space X. Let f
be a nonnegative function on X. If |f(x)| < K [y fdv on the support of v, then

V{$€X‘f($)>;/xfdl/}>2§(.

Here is the main idea of the proof of L?-flattening: Suppose that (3.3.2) fails. By
(3.2.12), we can obtain two sets with large additive energy from the convolution of
its character function. Hence we can find some sets in the support of vs with large
additive energy. Together with Balog-Szemerédi-Gowers theorem (Proposition 3.2.17),
this produces two sets which violate sum-product estimates (Theorem 3.1.3).

Proof of L?-flattening (Lemma 3.3.1). We follow closely the proof of | , Lemma
2.5]. Proof by contradiction: Assume that the result fails. Then for every ¢ > 0, there
exist ¢ small and a measure v satisfying

/ s % (my)ovs|3du(y) > 615 3. (3.3.3)

We will reach a contradiction for e sufficiently small.
Lemma 3.3.6, (3.3.3) and Cauchy-Schwarz’s inequality imply

553 < / 15720y, + 2 3du(y) < (0g8)* Y / 1211 x, * 271, |2du(y).

1,7 4,3
There must exist ¢, j such that

€

d —o
W””&H% > 699 |us3 > 6977 (3.3.4)

Q= [ 1205+ 1y, () >

With the same argument as in | , Appendix A.2|, we can conclude that i, 7 >
0. If i = 0, since suppr C [—6~¢,6¢]", we have a bound on volume, that is | Xo| < §-9(),
If j > 0, by Lemma 3.3.6, then [|2/1x,|l1 < |lvgsll1 = 1. Therefore, for j > 0 and
lyll <07¢, by Young’s inequality

1Lxo % 27Ty, ll2 < (L ll2l|2/ Ly, [l < 679,

which contradicts to (3.3.4) if e is sufficiently small with respect to o. Similarly, we
obtain j > 0.
Therefore, Lemma 3.3.6 implies

21X = |21, |1 < [lvaslls = 1,

2i i 2 2 2 o : (3.3.5)
27 |X:| = [12'1x; |2 < [lvssllz < [lvsll2, and similarly for j,
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where the last inequality is due to Lemma 3.3.7. Hence by Young’s inequality, for every
y in the support of v

12'Lx, % 2L, ll2 < 120, 111278y, 12 = 2 Xl|27 L, o] det y[ /2 < 570 g2,
(3.3.6)
where dety is the determinant of y seen as an endomorphism of R™, that is dety =
YL Un. ‘ .
Then we take a set B such that for every y in B we have that [[2'1x, * 271, x,[|3 is
relatively large. Let

B={yeR"||2'1x, «2'1,x,[I3 > Q/2}. (3.3.7)

Using Lemma 3.3.8 with f(y) = [[2'1x, * 2/1,x,]3 and (3.3.4), (3.3.6) we have

v(B) > @

> > 690, 3.3.8
2 Supyesuppy f(y) ( )

We verify that X;, X; and B satisfy some natural assumptions. Take y in B. By
(3.3.4) and Young’s inequality, we have

59 |lvsll2 < [12°Tx, % 2Ly x; ll2 < 112°Lx 2127 Ty, 11 = 271 X121, [|2| det - (3.3.9)
By (3.3.5), the inequality (3.3.9) gives
|det y| > 69, for y € B. (3.3.10)
By H2j]lXjH2 < |lvsll2 » |dety| < 579 and (3.3.5), the inequality (3.3.9) implies
27| X, = 69, and similarly 2°|X;| = 69, (3.3.11)
Next, (3.3.5) and (3.3.9) also imply
59 sl < 21X, 271 x, o] det y| < 5O X |V2 < 502,

We have '
2" > 690 ||ys|3 > 6710, (3.3.12)

Since X; is an essentially disjoint union of § balls, we have Ng(X;) ~ |§(,f| and N5(X; N
7 Br(a,p)) < 67" X; N7, ' Br(a,2p)| for every p > 6 and I = 1,--- ,n . By (3.3.11)
and (3.3.12) we have

| X
~Y 67

By Lemma 3.3.6(1), the projective non concentration and (3.3.13) for p > 9, a € R and
l=1,---,nm,

Ns(X;) = §00 15 « Fe1=0(0), (3.3.13)

Ns(X; 0w ' Brla, p)) < 67"|X; N7t Br(a,2p)| < 672 "wss(mr; ' Br(a, 2p))

3.3.14
< N3(X;)67 00 p. ( )
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This means that X; inherits non concentration from v.
We calculate additive energy. By (3.2.12) we have

ws(+, Xi X yX;) > 67" 1x, * Lyx, 13-
Then for every y in B, by (3.3.7), (3.3.5), (3.3.11) and (3.3.13)

ws(+, X x yX;) > 5_3”+O(5)||V6||%2—2i—2j
> 5_3n+0(6)2—i—j‘X2-|1/2‘Xj|1/2 > 5_3n+0(6)’X7;|3/2’Xj‘3/2
> 5O(E)N6(Xi)3/2N5(Xj)3/2.

We can use the following proposition, which is a uniform version of the Balog-Szemerédi-
Gowers theorem, inspired by the version on finite field IF, due to Bourgain.

Proposition 3.3.9 (Additive-Multiplicative Balog-Szemerédi-Gowers theorem). Let K >
2 be the roughness constant, let X, X', B be bounded subsets of R™ in B(0, K), with B!
bounded by K (if b € B then |bj| > 1/K for j =1,...n), and let i be a Borel probability
measure on B. If for every b € B we have

ws(+, X x bX') > %NJ(X)S/QN(;(X’)?’/Q.

Then there exist X, C X, b, € B and By C B N B(b,,1/K?) such that N5(X,) >
K OWN5(X), w(By) > K~°W and for every b € b, ' By

Ns(X, 4 bX,) < KOWNG(X,).

Take K = 6909, = ﬁﬂg, X = X; and X' = X;. By (3.3.10), the set B satisfies
the assumption in Proposition 3.3.9. Take B(1,2r) C U as in Theorem 3.1.3 with the
group G = (R*)", V = R"™. Proposition 3.3.9 implies that for § small enough that 6 < r
there exist C > 0,

X, C X; and By C BN B(by, 6r)

such that
N5(X,) > 6 Ns(X;), (3.3.15)
w(By) > 6¢e, (3.3.16)
and for b € b, 1 By
Ni(Xo 4 bX,) < 67 N5(X,). (3.3.17)

Lemma 3.3.10. There exists Co > 0. These sets b, 1By, X, satisfy the (6, k, o1, Cae)
assumption of Theorem 8.1.8 when § is small enough.

Proof. By Proposition 3.3.9, the set X, satisfies X, C X; C suppr(*) < B(0,5-9),
and By satisfies b, 1By C b, ' B(b,, ) C U.

Let 1
V(Bl) (V’Bl)'

v =
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By (3.3.8) and (3.3.16)
v(By) = v(B)u(B1) > 9.
Hence for any Borel measurable set E, we have
n(E) < 6 9©u(E). (3.3.18)
Assumption (i) (non concentration): By (3.3.18) and projective non concentration

Vp > 6, sup v (m; ' Br(a, p)) < 6~ supv(n; ' Br(a, p)) < 679p",
a€R a€R

Therefore by ||b; ]| < 6~ and Lemma 3.2.7,

N3 (6 B)) = 89N (s (B1)) = “1(By) > 6007, (3.3.19)
Supae]R vy (7‘(‘] BR(Q’ p))

Assumption (ii) (away from proper unitary subalgebras): All the maximal unitary
subalgebras of R™ have a form {x € R"|z; = x;} with i # j. Let fi;(z) = x; — x; for
z € R™. By (3.3.10) we know that |(b,):],|(bo);| > 6°©). By (3.3.18),

vi{a|fi; (b, 'x) € Br(0,p)} < 6~ {a|fi;(b, ') € Br(0,p)}.

This is an estimate of being away from linear subspace. If we take the vector w with its
i-th, j-th coordinate equal to (b,); L —(bo)j_l, and other coordinates equal to zero, and
let v = w/||wl|, then

fij(bglx) = (w, ).

Hence projective non concentration (3.3.1) for v implies that
v{a] f1j(b, '2) € Br(0.p)} < v(m, "B (0,6 p)) < 579",

Hence b, ! B; is 69(9) away from proper subalgebra.
Assumption (iii) (non concentration of X,): By (3.3.15) and (3.3.14) we have for
p>6dand j=1,---  n,

N5 (Xo) s 500 N5 (X3)

- - > 50(€)p—,‘i.
SUPper N5 (X, N7 Ba(a, p) SUpace No(X; N7 1 Ba(a, 7))

Np(ﬂj(XO)) >

Assumption (iv): By (3.3.13),
N5(X0) < N5(Xz) < 5—n+o’1—0(5)'

When ¢ is small enough such that 6¢ < 1/2, the inequalities with Landau notation can
be replaced by > or < with augmenting O(e). O
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The end of the proof of the L2-flattening lemma: Let Cye and Cae be given in (3.3.17)
and Lemma 3.3.10, respectively. Suppose that Cy > C; (we can always augment Cy in
Lemma 3.3.10. The larger Cs is, the easier the assumption is). Applying Theorem 3.1.3
with A = b, !By and X = X, when e is sufficiently, we have

Nd(Xo + Xo) + sup Né(Xo + on) > 5_026N6(Xo)'
beb, ' By

Due to Cy > O, we have 6 =2 N5(X,) > §~“1*N5(X,), which contradicts (3.3.17). The
proof is complete. O

Remark 3.3.11. The only place where we need a stronger non concentration than non
concentration on coordinate subspaces is in the proof of Lemma 3.5.10, when we check
assumption (i) of Theorem 3.1.3. In this step, we need a property of being away from a
linear subspace.

It remains to prove Proposition 3.3.9. We first state a similar version on F,

Proposition 3.3.12. [ , Thm.C| | , Prop. 4.1] Let K > 1. Let A C F), and
B C Ty, be two sets. If for all b in B, we have w(+, A X bA) > K=Y APP2|B]32. Then
there exist x in B and A' C A, B' C 27 'B with |A’| > K=9W|A| and |B'| > K~ °W|B|
such that for allt € B’,

|A/ +b/A,| < KO(1)|A/|

The main point is to find A’ which is uniform for b. This is accomplished by using

the pigeonhole principle. For more details, please see | , Prop. 4.1] or the following
proof.
Proof of Proposition 3.3.9. We follow closely the proof of | , Proposition 4.1]. Since

B and B~! are bounded by K, if we multiply a set by an element in B, then Lemma
3.2.7 implies that we only lose some power on K, which does not change the result. That
means for b in B and a subset X of R", we have

KOWNG(bX) < N3(X) < KOON;(bX)

Hence, we will not write the comparison of Ns(A) with Ns(bA) for bounded set A. They
have the same size.

For every b € B, using additive Balog-Szemerédi-Gowers theorem (Proposition
3.2.17), we have X, x X; C X x X' such that

Ns(Xy, +bX]) < KODNG(X)V2N5(X")1/2 (3.3.20)

and
Ns(Xp) > K OWN5(X), Ns(Xp) > K~OWN(X). (3.3.21)

The result we need is a uniform version, independent of b. For this purpose, we want to
find an element b, in B and a portion of B such that the intersection of X3, , X is large
for b in this portion.
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Lemma 3.3.13. Let p be a probability measure on a set B C Brn(K). Let S be a
compact set of R™. Assume that for every b in B, there exists Sp C .S such that

1Sy| > K15

Then there exists b, in B and By C BN B(by, 1/K?) such that u(By) > K~ and for
every b in B
15,1 Sy, | > K~9W)5. (3.3.22)

Proof. We cover B with O(K?") balls of radius 1/K?, written as Ci,...,C;. We claim
that: There exists ¢ such that

/ 1S, 1 Sy |du(B)du() > K-OW)s). (3.3.23)
cz
By hypothesis, we have

[ [ ts@deduts) = [ |sian(e) = K71js) (3.3.24)
BJS B

By Cauchy-Schwarz’s inequality

2

Ky (/C ]lgb(;l?)d,u(b)>2 > (/B ]lgb(:c)d,u(b)) . (3.3.25)

%

By Cauchy-Schwarz’s inequality and (3.3.24)

[9(/3 ]lsb(a?)d,u(b)>2dw > (/g/Blsb(x)dﬂ(b)d$>2/’S| > K-OMs|.  (3.3.26)

Rewrite the left hand side of (3.3.25) and integrate it with respect to the Lebesgue
measure on S. Combined with (3.3.26) we have

2/2 S, N Sy |dp(b)dp(d) > K~°M)9.
i G

The claim (3.3.23) follows.
By Lemma 3.3.8, we can find C’, a subset of C?, such that pu® pu(C’") > K9 and
for all (b,0/) € C’

15, N Sy | > K~9W)|5]. (3.3.27)
By Fubini’s theorem, we can find a b, such that u{b € Ci|(bo,b) € C'} > K~ We
let By = {b € Ci|(bo,b) € C'}, then this set satisfies the measure assumption. O

The § neighborhood of a set behaves well under intersection. In order to simplify
the notation, abbreviate X(‘S),X’(‘s),XlEé),X{)(a) to Y, Y.V}, Y,. By (3.2.4) we have

Ns(X) ~ V|57, (3.3.28)
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Due to (3.3.20) and (3.3.21), we have N3(X)2N5(X")/? > K—OWN3(X,, + bX]) >
K OWN5(Xp) > K~OWN5(X), which implies

N3(X) ~goay Ns(X').

Hence

Y| ~ 8" N5(X) ~oa) "Ns(X') ~ [Y]. (3.3.29)
Let

S=Y xY"and S, =Y, x Y} for b € B. (3.3.30)

By (3.3.21), we have |Y3| > 69)|Y| and |V}| > §9©)|Y’|. Hence, we can use Lemma
3.3.13 with K = 6=9(9 to obtain p, B; with desired property. Next, we want to find X,.
Due to

SOONY Y = 6909S| < [S, N S, | = [V N Y3, |y N Y7,

together with (3.3.29), we obtain
Yy MY, |, [Yy N Yy | > 690y, (3.3.31)
The proof concludes by Ruzsa calculus. By Lemma 3.2.14(1) and (3.3.20), we have
05 X,), 05(Xs), 05 X7, ], o5 X7) < KOW.
By (3.3.31) and (3.3.28), we have
yXlg? A x|, |XI;S5) A XD > K-OW|xO)] > K-OMgnpG(X).

By Lemma 3.2.14(3), we have X3, ~pon Xp and Xj =pow Xj, the latter implies
bX;, ~ow) bX;. Therefore by Lemma 3.2.14(2)

b b
! / /
Xb, Rgom Xp Rrow bXy =poq) bXy, = FboXbo R o) FXbo'
(0] o

We get X3, ~pom %Xbo. Let X, = X}, C X. The proof is complete. ]

3.3.2 Proof of the Fourier decay of multiplicative convolutions

Using L2-flattening (Lemma 3.3.1), we give a proof of Theorem 3.1.1. The strategy
is to apply L?-flattening to

1 _ -
V=3 ((N2k  pig) ™ o+ (o )(’")) :
We need a lemma which explains the connection of ||vs||2 and the Fourier transform of v

Lemma 3.3.14. Let 6 > 0, C > 1 and let 6y = 25/C. Let v be a Borel probability
measure on R™ with support in B(0,C). We have

s, |2 ~c / B(6) e, (3.3.32)
B(0,26-1)

[ mptiaw > [ [ awe @
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The proof of Lemma 3.3.14 will be given at the end of this section.
Recall that uy is the k-times multiplicative convolution of . We have

[explain.at - at)duat) - due) = lin)l
For k,r € N, let oy, be the real number defined by

ko = Tog 0| |logd|

(3.3.34)

where pig » = (pg * 1, )™

The remainder of the proof is to control oy, ., divided into two steps. We first prove
that if o, is not sufficiently small, then L-flattening (Lemma 3.3.1) reduces the value
of op,. When oy, is sufficiently small, the Holder regularity of ;1 enables us to finish
the proof. This can be understood that if a measure p satisfies non concentration as-
sumption, then after sufficient multiplicative and additive convolutions, the sum-product
phenomenon implies that iy, is much more smooth.

Proof of Theorem 3.1.1. Let
k1 = ko/4, € = min{e(k1/2, ko), Kko}/2, (3.3.35)

where €(k1/2, ko) is given in L2-flattening (Lemma 3.3.1).
Reducing the value: We have a consequence of L2Aflattening (Lemma 3.3.1),
whose proof will be given later.

Lemma 3.3.15. Under the assumption of Theorem 3.1.1, if oy, > K1, then for 6 small
enough depending on k,r, we have

O2k,r' < Ok,r — €

where ' = 8r2 + 4r.

Sufficient regularity: We have a higher dimensional version of | , Theorem 7],
which says that if two measures have sufficient Holder regularity, then the multiplicative
convolution of these two measures has power decay in its Fourier transform.

Lemma 3.3.16. Let a > >0 and 6 > 0. Let p be a measure on B(0,1) such that for
ij=1....n
sup(7;)«p(Br(a,0)) < 6% (3.3.36)
Let K > 2 be a parameter. Let v be a compactly supported measure on B(0, K) such that
/ [0(€)|de < 6P, (3.3.37)
B(0,26-1)
Then for ||&| € [671/2,67Y

/ 0(26)|dpa(x) < 0757



3.8, Application to multiplicative convolution of measures 163

The proof of Lemma 3.3.16 is classic and will be given at the end of Section 3.3.2
for completeness.

If 01,1 > K1, iterating Lemma 3.3.15 several times implies that o, < k1, where k, r
only depend on ;.

We will now apply Lemma 3.3.16 to a well-chosen measure. Take (g * ulz)(’”) as v,
a=+kKy—¢€ f=r and T = ?T:g For ||¢|| € [671/2,87Y], by Hélder’s inequality and
Lemma 3.3.16,

2r
s (O = \ / in(w€)dp(z)| < / i (6P dpu(r) = / 5()|dp) <pp 07

When § is small enough, this yields (3.1.2) with

T Ko —€— Kl _ Ko/2— K1 K1
€1l = — =
"YU A+ 2)r T An+2)r ~ A+ 2)r
where the last two inequalities are due to (3.3.35) and r only depends on k. O

Now we will prove Lemma 3.3.15, where we use the L?-flattening (Lemma 3.3.1).

Proof of Lemma 3.3.15. Fix k,r and set

1

v =3 (a2 13 + (s ) ) (3.3.38)

This is the key construction of this proof. The measure v is the bridge to connect o
and p. We summarize the properties of v in the following lemma.

Lemma 3.3.17. The measure v satisfies (§/r, ko, 2€) projective non concentration as-
sumption when § is sufficient small depending on k,r.

Proof. Projective non concentration property is invariant under addition. That is if a
probability measure m satisfies projective non concentration, then m * m’ also satisfies
projective non concentration for any probability measure m’. The reason is the following
calculation. By Fubini’s theorem, we have

() (m x m') (Bg(a, p)) < iu]g(%)*m(BR(h p))-
€
Hence we can drop the additive convolution, and for p > 41, we have

1 1
sup  (m0).v(Br(a, p)) < 5 sub(mo) ik (Br(a, p)) + 5 sub (o )spizk (Br(a, p))-
a€R,veSn—1 a,v av
(3.3.39)

The property that the support of p is contained in [1/2,1]™ and the projective non
concentration of y imply the left hand side of (3.3.39) is less than
Sup(my)ot(Ba(a, 40)) < 6~ (max{4p, rp})ro < 672, (3.3.40)

a,v

where we have used rp > rd; = d for projective non concentration and the last inequality
holds for § small enough depending on k,r. Then (3.3.1) follows from (3.3.39) and
(3.3.40). The measure v satisfies non concentration with (g, 2¢) at scale d;. O
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Remark 3.3.18. This is a step where we really need projective non concentration.

Lemma 3.3.19. Let C > 0 and r € N. Let u be a probability measure on [1/C,1]" C R™.
Let v be defined by

v = % ((Nz % 17) ™)+ (1 M_)(T)> :
We have
‘/ |ﬁ@ﬂﬂmﬁxa/ A de, (3.3.41)
B(0,26—1) B(0,26-1)
and
/ ()| dE < / / 19(6) 210 (yE) Pdw(y)de, (3.3.42)
B(0,25-1) B(0,26-1)

where ' = 8r2 + 4r.

The proof is an elementary computation, using Fourier transform and the Hdélder
inequality.

Proof. The lower bound part of (3.3.41) is trivial, which is due to the definition of v.
For a measure m on R and r € N, we have a formula

()" = |(m = m=)@D ()], (3.3.43)

By the multiplicative structure of R", we have

‘ ‘ o ’/ 2im( §,$y>d'u d'u ’ ‘/ yf du ' (3.3.44)

By the Hoélder inequality,

(€)1 < / (E) [ duy).

Integrating & on B(0,25 1), we have

/ ()] dé < / yE) " du(y)de.
B(0,26—1) yeR™ £€B(0,26—1)

Due to suppu C [1/C, 1]™, we have

/ (026~ / ) dntyac < - / oy WO AN ()
e [ M_)r -

which implies that

/ i2(6) e <c / A ae.
B(0,26-1) B(0,261)
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Therefore (3.3.41) follows from

[ worae= [ (e +laa©P) de <o [ )i
B(0,25-1) B(0,26-1)

B(0,26-1)

By (3.3.44), Holder’s inequality and (3.3.43)

" < (/ \ﬂ(aff)!”du(w))M

4r

()P = ' [ iteerauta)

_ ‘/ (1 1)) (2€)dpa()

By the Plancherel theorem and Hélder’s inequality, the above inequality becomes

4r
AP < ‘/ﬂ(yﬁ)d(u «uT) ()| < /\ﬂ(yﬁ)\‘"d(u wu ) (). (3.3.45)

Let
A = / () A (y) | (g # 1)) ()
yER",&EB(O,Q(S_l)

Therefore, by (3.3.45) and (3.3.43)
[ @ [ (@ [ 1ol e 1)) = A
B(0,26-1) B(0,26-1)

(3.3.46)

By (3.3.38)

A< | 19(6) 2/0(y€) Pdu(y)de.
yeRn £€B(0,26-1)
Combined with (3.3.46), we obtain (3.3.42). O

Lemma 3.3.17 and Lemma 3.3.19 enable us to decrease the parameter oy, by L?-
flattening (Lemma 3.3.1).

We return to the proof of Lemma 3.3.15. By (3.3.41) and the hypothesis oy, 2, > k1,
we have

/ |D(€)]2dE > 67" (3.3.47)
B(0,26-1)
Due to suppr € [—r,r|" and (3.3.47), taking C' = r in Lemma 3.3.14, we have
N e S
When 9 is small enough depending on k,r, k1, we have

lvs, 113 > 51_'“/2 and suppy C [—r,r]" C [=67 %, 672" (3.3.48)
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Lemma 3.3.17 implies that v satisfies assumption of L2-flattening lemma with o1 =
k1/2,k = Ko at scale d;. Also notice that (3.3.35) implies 2e¢ < €(k1/2,k0). Then
L2 ﬂattenlng (Lemma 3.3.1) implies

/ sy * (1my) s, |3 (y) < 63 v, 3. (3.3.49)

Using Lemma 3.3.17, we obtain
| [o©Pwe v <, o () de. (3:3.50)
B(0,25-1) B(0,25-1)
Using Lemma 3.3.19 with p = uy and C = 2¥, by (3.3.50), we have

/ |12 (€)]" dE < 5%6/ ()| dE = 07702 67 < 67 TR2r,
(0,26-1) B(0,26-1)
Therefore we have

O2k,r’ < Ok,2r — 2¢ + Ck,r/log 5_17

with some constant Cj , > 0. For ¢ small enough, it follows that dgy ,» < 0% 2, — €. ]
It remains to prove Lemma 3.3.14 and Lemma 3.3.16.

Proof of Lemma 3.5.14. Recall that § = 2Cd;. We observe that the Fourier transform
of Ps satisfies

B = [ Bo)e e = [ Pu(w/9)5 e e dn = R(50).

Due to Pi(¢) = %IB(O,l) e“62)dz| B(0,1)|7! = fB(071)cos(<§,x>)da:|B(0, D|7L, we see
that
Py is positive for & € B(0,1). (3.3.51)

We are going to prove (3.3.32). By (3.3.51), we have E(élf) > 1for &in B(0,1/41),
which implies

s 12 = / ()21 B, () Pde = / (&) 2|Pr (52) P

o (€)[Pde.
> /3(0,1/51)|V(£)| 52/}9(07261)@(5)\ ¢

For the other direction of (3.3.32), let d2 = 20 = 4C9;. Due to 1/d2 + 1/d2 = 1/§, we
have Py 5 > Py/5, * Py /s,, which implies

(3.3.52)

/ D(6)[2de > / D(O)|Pyj5(6) 262 de > / (E)IPL s, * Puysy (€)P52de
B(0,26-1)

52"/|1/* 1/, ( z)2dz.
(3.3.53)
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By (3.3.51), we have P () = P2(x/05) > Lp(o4y)(x). Combined with [B(0,61)] >¢
0~", this implies R
v x P12/62 ()6~" > v* Py, (z) = vs, ().

Together with (3.3.53), we have the other direction of (3.3.32).
The second inequality (3.3.33) follows from the same argument. By Parseval’s for-
mula

[« (v Btnt) = [ [ 1o, Py, (©)Paéaviy)
= [ [ 1@ Pt P P P11 ) Pl (3350
= [ [P PR Gl Grwe) Pav(w)ae
For y € B(0,C) and ¢ € B(0,2671), we have ||01y¢]| < 1. By (3.3.51), the inequality
(3.3.54) implies (3.3.33). 0

Proof of Lemma 5.3.16. Let R = 6. Consider Hp; = {¢ € B(0, R)||?(¢)| > t}, where
0 <t < 1 will be fixed later. Since v is supported on B(0, K), the function || is K
Lipschitz. We have

t
Hence by (3.2.4)
Nil(Hra) < [ |67 < [y 77
By the definition of Hg;, Chebyshev’s inequality and (3.3.37),
Ni(Hp,) < t"l/ [0(€)|de < Rt L. (3.3.55)
B(0,R+1)
From now on, suppose that ||£|| € [R/2, R]. Let Hf;“ ={z € R"|z{ € Hr;}. Then
due to ||£|| < R, we have ||z¢|| < R for x € suppu C B(0,1), and
[ 1) idnte) < ¢+ ). (3.3.56)

We cover Hg; with balls of radius ¢ and we also get a cover of H]%t by Bé(y,t) = {x €
R™z¢ € B(y,t)}. Due to ||£]| > R/2, there is at least one j € {1,...,n} such that
&;] > R/(2n). Therefore, we can replace Bé(y,t) by a cylinder w;lBR(y, 2n/R) and we
obtain

pB(y,t) = p{x € R"[x€ € By, 1)} < Sup (mj)sp{zlz € Br(y,2n/R)}.
yekR,j=1,...,n

The above inequality combined with the hypothesis (3.3.36) implies

puBS(y,t) < R™°. (3.3.57)
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Therefore by (3.3.55) and (3.3.57)

u(HY,,) < Ni(Hp,) max pBS(y,t) < RO~ (D), (3.3.58)

If we take t = R_%, then the result follows from (3.3.56) and (3.3.58). O

3.4 Appendix

The main purpose of the Appendix is to give a version of Theorem 3.1.1 (Proposition
3.4.4) for its application to the random product of matrices.

In the application, we need to vary the measure. Using the same idea as in | ,
Propostion 3.2|, we have a version for several different measures (Proposition 3.4.2). The
measures appearing in the random product of matrices are not compactly supported,
hence we will relax the assumption on support in Proposition 3.4.4.

Proposition 3.4.1. Fiz k > 0. Then there exist kK € N,e > 0 depending only on ki
such that the following holds for T large enough. Let A be a Borel probability measure on
[3,1]" C R™. Assume that for all p € [r71, 77 and

sup (1)« A(Br(a, p)) = sup Mz|(v, 2) € Br(a, p)} < p". (3.4.1)
a€RveS"— a,v

Then for & in R™ with ||£]| € [7/2, 7]

\ /exp(2i7r(§, xy - xg))dA(xy) oA ()| < 76

Proof. By Lemma 3.2.1, Theorem 3.1.1 implies the result. O
We state a version with different measures.

Proposition 3.4.2. Fix k > 0. Then there exist k € N,e > 0 depending only on
k1 such that the following holds for T large enough. Let A1,...Ax be Borel measures
on [1,1]" C R™ with total mass less than 1. Assume that for all p € [t71, 77 and
j=1,....k

su% 1(Trfu)*/\j(B]R(a,p)) = sup \j{z|(v,x) € Br(a,p)} < p". (3.4.2)
a€RveS"— a,v

Then for & in R™ with ||&|| € [7/2, 7]

| /exp(2i7r<§,:n1 o)A (21) - . A ()] < 7

Proof. The proof is the same as the argument in | , Propostion 3.2]. For complete-
ness, we give a ketch here.

We first verify that if the mass of the measure A is less than 1, the result also
holds. Let ez be given by Proposition 3.4.1 when the regular exponent equals x/2. We
distinguish two cases
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o If A(R%) > 77¢2%/2 then replace A by N = A/A(RY). For p € [r~1, 7], we have

sup (Wv)*)\/(BR(a, p)) < r€2r/2 sup (WU)*A(BR(G,, p)) < 7_62!{/2[)/{
GGR,UESW‘71 GGR,UES'”*l

Due to p < 77, we have 7¢25/2p% < pf/2 The measure X satisfies non concentra-
tion with x/2. By Proposition 3.4.1, we have the result.

o If \(RY) < 77%%/2 then we have

[ exptzin(e.on i) . dA )| < 7,

Hence we can take € = min{eg, kear/2}.
Then we want to prove that the result holds for different measures. For z € R¥, let

)\z = Zlgjgk Zj)\j. Let
G, M) = /exp(2i7r(£, 212 (1) - (o)

and
F(Z) :F(Zl7 7Zk‘) :G()\Za 7)\Z)

Then F'(z) is polynomial of k variables of degree k, and k!G(Ay, -+, Ag) is the coefficient
of z1-+- 2z, in F(z). For z € Rgo, we have

|F(2)] < |27, where |2| = Z |21
1<j<k

by using the result of the first part with A = L \,.

&

Lemma 3.4.3. Let F' be a polynomial of k variables of degree less than n. Let h(F') be
the maximum of the absolutely value of the coefficients in F'. Then

h(F) < Ok sup  {|F(2)[}-
2640, ,n}kCRk

In this lemma, we define two norms on the space of polynomials of k variable of degree
less than n. The inequality is due to the equivalence of norms on finite dimensional vector
space. Hence

IG(A1, -, )| < R(F) < 775

The proof is complete. O

Now we will give another version of Fourier decay of multiplicative convolution,
which releases the assumption on the support of A;.
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Proposition 3.4.4. Fiz xg > 0. Let Cy > 0. Then there exist €2 and k € N depending
only on kg such that the following holds for T large enough depending on Cpy, kg. Let
AL, ... A be Borel measures on R™ supported in ([—73, —7~ 3] U [77S, 7)) with total
mass less than 1, where e3 = min{ey, eako, 1}/10k. Assume that for all p € [172,77]
and j=1,...k

sup (m)e\j(Ba(a,p) = sup Ay {el(v, ) € Bala,p)} < Cop™. (343
a€ERweES"— a,v

Then for all ¢ € R™, ||| € [73/%,75/4] we have
'/exp(2i7r<g, xy - xp))dA (1) - dMg (zg) | < T2 (3.4.4)

Remark 3.4.5. The proof is tedious, but the idea is clear. If the non concentration
assumption is valid in some large range, then there is some place to rescale a little the
measure and the result still holds. We only need to find some exponent €3 carefully.

Proof. It is sufficient to prove the case that suppA; € [77%,7%]". Because we can divide
each measure into \; = ZmE(Z 127 AT, where A7 is the unique part of A; whose support
is in the same orthant as m and we identify (Z/2Z)" with {—1,1}" € R". Then

‘/ exp(2im (s, &1 - - wg) )X (@1) - - AN ()

= ’/ exp(2im({smy - - - mp, a1 - - - xp) ) AN (ma ) - - AN (mgay) | -

We know that the support of measure (m;).A; is in [77%, 7°]". Hence by the result of
the case supp); positive, we have the result with a constant onk

Let € as in Proposition 3.4.2 with k = k¢/2, and let €3 = €/4.

Divide [T, 77" into [2!, 21+1] = [2h, 28+ ] x ... [20 2lnH]] with [ € Z™. We rescale
the measure in each interval to [1/2,1]". Let \'(A) = )\|[2171’21}(21A). For p € [73/2, 1¢2/2]
we have

(7o) (Br(a, p)) < (m0r)A([120]| B (a, p)), (3.4.5)

where v/ = 2lv/||2']|. The inequality [|2!v| € [77, 7] implies that ||2lv]|p € [r~3/2~ 7—c2/2Fes]
[772,772/4]. Due to p~ /2 > 72/* > 73 > ||2l]| for p € [r73/2,77/2] by (3.4.5) we
have

(m0)« X (Br (a, p)) < Co([[2'l|p)™ < p™/2, (3.4.6)

for 7 large enough depending on Cj.
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Summing up over [|I]| < e3logy 7, we have
‘ / exp(2im(c, 21 - mx)) A (21) - - A (k)
<

< 2

ez ||l7||<eslogT

>

ez ||17]|<eslogT

/eXP(ZiW<§, Ty :L‘k;>)d)\l11 (2_llx1) . d/\f (2_lkxk)

/ exp(2im(s, 28 Ty -y AN (1) - - dAY (k)

Let 74 = Hg2l1+"'+lkH, then 7, € [r3/4-kes 75/4+kes]  Then we have [7'1_1,7'1_62] C
[773/2, 77¢/2]. The assumption of Proposition 3.4.2 is verified by (3.4.6) with 7 replaced

by 7. Therefore

< Y et

ez ||li||<eslogT

> ‘/ exp(2im (s, 2 Ty gAY (1) - - AL ()
1

< (263 10g2 T)kn(7_3/4—k53)—e < T_E/4,

when 7 is large enough depending on k,n,e. The proof is complete. O
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Chapter 4

Finiteness of Small Eigenvalues of
(Geometrically Finite Rank one
Locally Symmetric Manifolds

Let M be a geometrically finite rank one locally symmetric manifolds. We prove
that the spectrum of the Laplace operator on M is finite in a small interval which is
optimal.

4.1 Introduction

Let M be a complete Riemannian manifold. The Laplace operator A acts on the
compactly supported smooth functions and admits an extension to an unbounded self-
adjoint operator on L?(M). The study of the spectrum of the Laplace operator on
geometrically finite hyperbolic manifolds was started by Lax and Phillips in | ].
The motivation is to give an exponential error term in the asymptotic distribution of
orbits for discrete subgroups of the group of isometries of M. They proved that on
a geometrically finite real hyperbolic manifold of dimension n, the intersection of the
interval (—(n — 1)2/4,0] and the spectrum consists of at most finitely many eigenvalues.
Geometrical finiteness means that the quotient manifold has a fundamental domain which
is a finitely sided polyhedron.

For general cases (see | |), Hamenstédt proved that on geometrically finite
rank one locally symmetric manifolds I'\ X', where X = Hy for F = R, C,H or H = H(%),
the intersection of the interval [—§(X)?/4 + x,0] and the spectrum also consists of at
most finitely many eigenvalues, where x is any positive number and the exponent of
growth §(X) is (n + 1) dimg F — 2. In this case, the applications to counting problems
were given in | |. Inspired by the method in | |, we generalize the result of
Lax and Phillips to the case of rank one locally symmetric manifolds.

Theorem 4.1.1. Let M = I'\X be a geometrically finite rank one locally symmetric
manifold. Then the intersection of the spectrum of the Laplace operator and the critical

173
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interval (—8(X)?/4,0] consists of finitely many eigenvalues of finite multiplicities.

Remark 4.1.2. 1. If M has infinite volume, the result is optimal in the following
sense. Under the same assumption as in Theorem 4.1.1, the interval (—oo, —6(X)?/4] is
contained in the essential spectrum of A. This may be proved as in [ , Prop.7.2]. To-
gether with our result, this implies that the essential spectrum of A is exactly (—oo, —86(X)? /4]
when the volume is infinite.

2. In the convexr cocompact complex hyperbolic case, the meromorphic extension of
the resolvent is already known from [ |. The finiteness of the spectrum in the critical
interval is a consequence of the meromorphic extension, as in [ , Prop.7.8]. The
main idea is that an eigenvalue of the Laplace operator in the critical interval corresponds
to a pole of the resolvent in [0,6(X)/2).

3. In the convexr cocompact quaternion hyperbolic case, the finiteness of the discrete
spectrum is due to [ |. Later, they published a paper [ | to treat the geometrically
finite rank one case. But they made an additional assumption for quaternion case and
they didn’t treat the Cayley hyperbolic case. Our result is new in these two cases.

Unless otherwise stated we assume that the manifolds, the Riemannian metrics and
the functions are C°° smooth.

4.2 Estimates for the spectrum on Riemannian manifolds

4.2.1 Barta’s trick

Here we will use Barta’s trick, a way to estimate the bottom of the spectrum of
the Laplace operator by one good function (see | , Lem.3.3|). Recall that for every

complete Riemannian manifold M, the bottom of the spectrum of the Laplace operator

Ao(M) equals the infimum of the Rayleigh quotients R(f) = %{W

smooth functions on M with compact support. Hence it is natural to consider the
quantity [(|[Vf]*> — Af?)dvol.

, over all nonzero

Lemma 4.2.1. Let u, p be two real smooth functions on a Riemannian manifold M, the
support of u being compact. We have

/\|V(g0u)||2dvol = /¢2||Vu]2dvol—/u2g0Ag0dvol. (4.2.1)

Please see | , Lemma 3.3|

Proposition 4.2.2. Let M be a Riemannian manifold. Let f be a real smooth function
on M with compact support. Assume that for some X\ > 0 there exists a smooth function
@ such that ¢ >0 and —Ap > Ap. Then

/||Vf||2dvol—)\/f2dvol > /@2|]V(f/<p)\|2dvol.
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Proof. Applying Lemma 4.2.1 with u = f/¢ implies

/ IV 7|2dvol = / 2V (f /)| Pdvol — / (F/ )2 opduol
> /(pQHV(f/go)Hdeol+)\/f2dvol.

The proof is complete. O

Remark 4.2.3. Compared with [ , Proposition 3.2], we keep the last term [ ||V (f/¢)]?.
This term is important and will be exploited in Section 4.2.2.

The following proposition says that for a Riemannian manifold with quasi-warped
product structure, the derivative of the volume density along the vertical geodesic can
give us a good control of the bottom of the spectrum.

Proposition 4.2.4. Let M = L xR be a Riemannian manifold with the metric given by
g =dt* + g(z,1t), (4.2.2)

where g(x,t) is a metric on L x {t}. We call this a quasi-warped product metric.

The Riemannian volume element can be written as w = dt x h(z,t)dz, where dx is
the volume element on L x {0} and h is a density function from L xR to R>q . Assume
that for some X\ > 0 and a nonnegative function ¢ on R, we have

8ih > 2)\(1 — ¢(t))h. (4.2.3)

Then for f € C°(M), we have

/||Vf|]2dvol —\? /(1 — 2¢(t)) f2dwol > /e_”‘tHV(fe)‘t)Hdeol. (4.2.4)

Remark 4.2.5. The terminology quasi-warped product is a generalization of warped prod-
uct in Riemannian geometry. Let (M, g1), (Ma,g2) be two Riemannian manifolds. The
warped product My x ¢ M is the product manifold My x My equipped with the warped
product metric given by

g = g1+ fgo, where f is a positive function on M.

Proof. Let p(x,t) = e . We will prove that —Ap > A2(1 — 2¢(t))p on L x R. It is
sufficient to prove this inequality locally.

Take a local chart on L by ¢ : R®" D U — L. Then&:(d%ld):UxR—)LxRisa
local chart on M. We write elements in U x R by (x1,...,2Zpn, Zp41) with 2,41 = t. By
the definition of A, we have

9;(v/| det(g)]g"” 9;¢),

1
Ap=—n
V \det(g)\ 1§¢§§:n+1
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where g% is the inverse matrix of the matrix of metric. By definition, we have

h(z,t) = 1/| det(gz+)|-

Since ¢ is a function only depending on ¢ and the formula of metric implies g%/ = 0 when
j #t, we have

8t hatgo

AQO = |d t \/ ]det 8tgo 8t hatSO) attSO + n (425)

Due to 9h > 2X\(1 — ¢(t))h and O = —Ap < 0, we have
~Ap > =y — 2X(1 — c(t)Bep = A*(1 — 2¢(t))p.

Applying Lemma 4.2.1 with this ¢ and u = f/¢, we obtain the result. O

4.2.2 The Lax-Phillips inequality

Compared with | |, where she fully used the information from the spectrum of
the Laplace operator on each component and the negative curvature, the key new input
in our article is the observation that the particular form of the Laplace operator gives us
more information. A version on R is as follows:

Proposition 4.2.6. Let A = 0y be the standard Laplace operator on R. For every
C > 0, the positive spectrum of A + Ce~!!l on L2(R) is finite.

This is a classical result in spectral theory (see | , Thm 8.5.1] for a similar
version, which says that the positive spectrum is at most countable). In Davies’ book,
the result comes from a compact perturbation. Another way to prove this type of result
is to use the following observation, because the exponential function e~ !l has a very rapid
decay. We will give a proof of Proposition 4.2.6 in Section 4.3.

Lemma 4.2.7. For every Cy > 0, there exist a compact interval U and Cy > 0 such that
for every real smooth, compactly supported function f on R we have

/||Vf|]2+Cl/Uf2 > co/e—tlf(t)2dt. (4.2.6)

We call (4.2.6) the Lax-Phillips inequality (LPI). This is a consequence of the fol-
lowing elementary lemma.

Lemma 4.2.8. If g is a real smooth bounded function on R, then for all r in R>q we
have

/TOO o(t)2etdt < 2 <g(7‘)2(3r n /TOO g1+t — r)etdt> . (4.2.7)
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Proof. By the Newton-Leibniz formula,

o) = g(r) + / §'(s)ds. (4.2.8)

By the Cauchy-Schwarz inequality,

(07 <2007 +2 t /()05

Combining (4.2.8) and (4.2.9), we have

/TOO g(t)?e7tdt < /Too <2g(7«)2 Lot —1) /rt g/(s)2d8> oty

=2 <g(r)2e—" + /:o g (s)2(1+s— r)e_sds) .

The proof is complete. O

2 t
<2g(r)? +2(t —7) / g'(s)%ds. (4.2.9)

Proof of LPI (Lemma 4.2.7). We divide R into R>¢ and R<g. By symmetry, we only
need to prove the inequality on R>g. Let 1" be a large number such that el > Cy. Then
by monotonicity, we have (1 +t — T)e™* < 1/Cj for all t > T. Integrating (4.2.7) on
[T,T + 1] with g = f, we have

oo T+1
fapetars [ g e g [T
T+1 T
The result follows by taking U = [0,T + 1] and C; = 2C. O
This idea is already utilized in Theorem 3.3 of | |. The error term [ e~ 7l f2

is not artificial, which will appear naturally when we estimate the spectrum on the
complement of the convex core.

Corollary 4.2.9. Under the same assumption as in Proposition 4.2.4, suppose that
c(t) = e7t. If there emists Cy > 0 such that e**'/Cy < h(t) < Coe®* for t € R,
then for every C > 0, there exist a compact interval I and a positive constant Cy such
that the following holds. For every smooth, compactly supported function f on L xR and
every compact subset K of L, we have

/(HWHQ — X2 dvol + Cy f2dvol > C eIt f2dvol.
KxI K xR

Proof. Let fi = fe. Due to the quasi-warped product structure of the Riemannian
metric,

IVAI? = IV AP+ 00 ff > 0:f, (4.2.10)
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where V' is the gradient on L x {t}. Substituting (4.2.10) into LPI (Lemma 4.2.7), with
the constant Cy = C3(C + 2A?), implies that there exist I compact, C; > 0 such that

/HVfl(:L“,t)Hth—}—C'l/fl(x,t)th > 02/€_|tf12($,t)dt, everywhere on L. (4.2.11)
R I R

Integrating (4.2.11) over K with respect to dx, we get

/K . |V f1]|2dzdt + Cy fidzdt > (C + 2)\%) / e~ f2dade.
X

K xR
Using dvol = h(z,t)dtdz and e**/Cy < h(t) < Cpe*M, we obtain

KxI

/ IV f1)?e~ P dwol + Cy f2dvol > (C + 2)?) / e~ F2dvol.
K xR

KxI KxR

This formula together with Proposition 4.2.4 implies the result. ]

4.3 Finiteness of the spectrum

Proposition 4.3.1. Let M be a complete Riemannian manifold. If for some smooth
bounded function c(x) > 0, there exists a compact subset U with smooth boundary and
€, Cy > 0 such that the following holds. For any compact subset V' there is ey > 0 such
that for all complex valued function f € C°(M) we have

/(HVfH2—c(ac)\f|2)dvol+C'U/ | f|2dwol 26/ \|Vf||2dvol+ev/ |f|?dvol. (4.3.1)
U U \%4

Then the positive spectrum of the operator T = A+ c(x) consists of at most finitely many
eigenvalues of finite multiplicities.

Proof of Proposition 4.2.6 from Proposition 4.3.1. From Lemma 4.2.7, we have

(1952 = St as g [ 7225 [ioap+ S [eptar

Take Cy = 4C and c(z) = Ce~1#l. Then c¢(z) satisfies (4.3.1). Therefore, Proposition
4.2.6 follows from Proposition 4.3.1. O

This is a “baby case" of the main result of this manuscript, whose proof will also
follow from Proposition 4.3.1. We will establish (4.3.1) for geometrically finite rank one
locally symmetric manifolds in Section 4.5.

It remains to prove Proposition 4.3.1. Recall some results in spectral theory:

Definition 4.3.2. Let H be a complex Hilbert space, T be a linear operator with the
domain of definition D, which is dense in H. We call T self-adjoint if its adjoint T*
equals T on D and the domain of definition of T* satisfies D* = D, where D* is defined
as

D* ={f € H|I3C; > 0 such that Vg € D, |(f,Tg)| < Ctlg|u}-
We call T positive if for every nonzero f in D, we have (Tf, f) > 0.
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Proposition 4.3.3. Let M be a complete Riemannian manifold. Define the space Hol(M)
as the completion of C°(M) under the norm

[ e = 1z + IV £l 2
Let the domain of the Laplace operator be
D={fe Hy(M)| Af € L*(M)}.
Then A : D C L? — L? is a self-adjoint operator.
(See | , Sec.8.2| for more details.)

Proposition 4.3.4. If T is a self-adjoint operator on a Hilbert space H, then there is a
decomposition
H=H,dH_dkerT

such that T preserves the decomposition, T is self-adjoint on Hy, H_ and T is positive,
negative on Hy, H_, respectively.

If there exists A > 0 such that \Id—T is positive, then Hy in the above decomposition
is actually in D, the domain of definition.

(See | , 32 Thm1| for more details.) For f € C°(M), define

K(f) = Cy /U f2dvol, B(f) = / (V£ - e(x)|f?)dvol,

and F'(f) = E(f)+K(f). Inequality (4.3.1) implies that F' is a positive definite quadratic
form on C°(M). We define a Hilbert space H as the completion of C°(M) with respect
to the norm | - |p, written as H = C°(M)p.

For an open subset V of M, we define H!(V) as the completion of C*°(V) with
respect to the norm HfH?{I(V) = [y /P4 [ IVFIP.

Proposition 4.3.5. With the same assumption as in Proposition 4.3.1, there exists a
subspace Hy of finite codimension in H, on which E is positive definite.

Proof. Because of inequality (4.3.1), we can define a bounded restriction map from H to
HY(U) and compose it with the injection ¢ from H'(U) to L?(U), that is

S:H— HYU) - LA(U).

Let S* be the adjoint of S, then $*S : H — H is a self-adjoint operator. For f € H, we
have

F(S°S, f) = /U 12 dvol = - K(f)

By the Rellich theorem | , Chapter 4, Proposition 4.4] and the smoothness of the
boundary of U, the injection ¢ is compact. Therefore S*S is a compact self-adjoint
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operator. The set of eigenvalues has a unique accumulation point 0. In a subspace of
finite codimension in H, we have |K(f)| = Cy|F(S*Sf, f)| < 3|F(f)|. Therefore

E(f) = F(f) = K(f) =z 5F(f).

The proof is complete. O
Proof of Proposition 4.3.1. By definition,

11l < 1fllze + IV Flle = (1 f -

Thus we can extend the injection CS°(M) — H to an application j : H (M) — H. By
(4.3.1), for any compact subset V of M, we have F(f) > ey [i,|f]* for f in CZ°(M).
Therefore j is injective and can be seen as an inclusion.

Since A is self-adjoint and ¢ is bounded, the operator T = A + ¢(z) is also self-
adjoint. Since (||c|lec + 1)Id — T' is positive, by using Proposition 4.3.4 with 7" and
H = L?(M), we have Hy C D C H}(M) C H. For a nonzero element u in H, we have

B(u) = /M(yyvuu2 — e(@)[uf2)dvol = /M —(Tu)advol = —(Tu,u) < 0.

Proposition 4.3.5 implies H1 N Hy = {0}, therefore H is of finite dimension. Due to
Proposition 4.3.4, the operator T is self-adjoint on H,, hence the positive spectrum of
T is finite and each element is an eigenvalue of finite multiplicity. ]

4.4 Rank one locally symmetric manifolds

We study the spectrum on cusps and complement of convex sets in this section,
which will be used in Section 4.5 to obtain global result.

4.4.1 Real rank one globally symmetric spaces

Real rank one globally symmetric spaces are usually classified into four families:
Hi = SO,(1,n)/SO(n), HE = PU(1,n)/U(n), Hy = PSp(1,n)/(Sp(1) x Sp(n)) and
an exceptional one, the Cayley hyperbolic plane H(%) = F4/Spin(9). For the first three
types, we have a uniform treatment by projective models, in which the metric and the
curvature can be computed explicitly (see for example | |, | |, | |). But
the Cayley hyperbolic plane needs different model.

The space Hl is a Riemannian manifold with pinched curvature between —1 and
—4. The ideal boundary of the symmetric space Hy, denoted by OHg, is the set of
equivalent classes of geodesic rays. From now on, abbreviate Hy, oHg, Hy U 0Hg to
X, X1, X.. Equip X, with the topology such that X, becomes a compact manifold with
boundary. The space X is homeomorphic to an open ball of dimension n dimg F, and X,
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is homeomorphic to a closed ball of the same dimension. Let £ be a point in X7, and let
x,y be two points in X. We define the Busemann function by

be(w,y) = lim (d(z,7(?)) - d(y,7(1))),
where d is the distance induced by the Riemannian metric, and ~(¢) is a geodesic ray
asymptotic to . Let o be a fixed reference point in X. The level sets of b¢(-, 0) are called
horospheres based at £. A horoball based at ¢ is a set be(-, 0) ! (—o00,7].

We introduce the horospherical model for X following [ , Section 9|. Fix a
point 0o of X7. Let G = K AN be the Iwasawa decomposition with A and N fixing oo,
and K, a maximal compact subgroup, fixing 0. The group A is isomorphic to R and N
is a simply connected nilpotent Lie group. Let M = K N Stabs(G). Here M is also the
maximal subgroup of K which commutes with A. Let N be the Lie algebra of N. The
group A normalizes N, and the conjugation action of A induces an automorphism on A.
We make a choice of a particular generator of A such that A/ admits a decomposition

N=VaeVv?

where V7 equals to Ker(Ad(a;) — e’t) for t # 0 and a is an element in A. Moreover, V2
is the centre of " and [V, V1] = V2. We can identify V!, V? with F*~1 QF, and the
Lie algebra structure is given by
j=n—1
(@1, @n1), Wy )] =S Y Ty,
j=1

Starting from V! @ V2, we obtain two left invariant distributions W', W? on N. Let «
be the endomorphism on N, which is the differential of Ad(a;) at ¢ = 0, mapping vector
v in V7 to ju. Let e® be the induced automorphism on N. Let c(t) be the geodesic
ray starting from o to oo, that is ¢(t) = a;o. We have a diffeomorphism from N x A to
X given by (v,t) — v - c(t), and the action of A reads as a;(v,s) = (e!®v,t + s). Let
m = (n—1)dimg F and ¢ = dimg F — 1. The hyperbolic metric on X can be written as

g =g ®dt*, (4.4.1)

where these left invariant metrics g; on N have, under the distribution W', W?2, a matrix

of the form
e2tId,, 0
0 e*ld, )"

We also need to calculate the Riemann curvature tensor. Let n be the unit tangent
vector at o to the geodesic c(t). If v € V1, then n, v are tangent to a totally real 2—plane
of curvature —1. If v € V2, then n, v are tangent to a F—line of curvature —4. Therefore

R(n,vj,n) = —j%v; forv; € VI j=1,2. (4.4.2)

We introduce a half space model. As in the horospherical model, with o in X and
oo in X7 fixed, let y = e~t. The coordinate map is replaced by a map from N x R-q to
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X, that is (v,y) — v - c(logy). We also give a differential structure to X.. Locally the
compactification is obtained by adding the hyperplane {y = 0}. Locally, this also gives
a differential structure to the manifold with boundary. If we fix another point in X7y,
and give a differential structure by the same procedure, then by the compatibility of the
differential structures, we have a differential structure on X..

4.4.2 Discrete subgroups

Let G be the group of isometries of the symmetric space X, and let I be a discrete
subgroup of G. The group I' may have torsion. In the geometrically finite case, the group
I" is always finitely generated | , Prop5.5.1]. We can use a result of Selberg | ],
passing to a normal subgroup IV which is of finite index in I and has no torsion. Since
the spectrum of the Laplace operator on a finite covering space contains the spectrum of
the original one, we suppose that I' is without torsion.

Fix a point = in X, and let I - z be the closure of the orbit I' - # in X,.. The limit
set of the group I' is defined by

AT)=X;nT-z.

This definition of the limit set is independent of the choice of z. Let Q = X; — A(T).
Since the actions of I' on X U and X are properly discontinuous | , Prop3.2.6],
we set
M.(T)=T\(XuUQ), M(T)=T\X.

These are a manifold with boundary and a rank one locally symmetric manifold, respec-
tively.

In order to study the spectrum, we define an energy form, which will be used through-
out the paper. Let

E(f) = / (IVFI? - £22)dvol (4.4.3)
M(T)

for f € CX(M(T')), where I' is a discrete subgroup of G and ¢ = 6(X)/2 = ((n +
1) dimg F — 2)/2 is half the exponent of growth.

4.4.3 Cusps

Definition 4.4.1 (Parabolic subgroup). Let I be a subgroup of G. We call I1 parabolic
if the set of fized points of 11 in X. consists of a unique point & in Xy, and II preserves
setwise every horosphere based at &.

Let II be a discrete parabolic subgroup with fixed point oo, a point in X;. We use
the horospherical model N x A — X introduced in Section 4.4.1. Then II is a subgroup
of M x N. Recall that M is the subgroup of K which preserves setwise every horosphere
based at oo and the metric g on N. The part N of M x N acts as translation on N and
M acts as rotation. Let II\N be the quotient space of N under the action of II. The
quotient manifold satisfies

M(II) ~ (IT\N) x R as a topologic space.
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We will apply Proposition 4.2.4 to M (II). Since II preserves the metric g;, we have
a quotient metric on II\N. The formula (4.4.1) implies that the metric on (II\NN) x R is
a quasi-warped product metric, and the volume element is equal to e**dtdn, where dn is
the volume element on (IT\N) x {0}. So the function A in Proposition 4.2.4 equals e?*,
and h satisfies (4.2.3) with A = £ and ¢(¢) = 0. Applying Proposition 4.2.4 and Corollary

4.2.9, we have

Lemma 4.4.2. Let E be as in (4.4.3). For a function f € C°((II\N) x R), we have

E(f) = / |V (e £)||2e 2 dvol. (4.4.4)

Given C > 0, there exist a compact interval I C R and a constant C1 > 0 such that for
all compact set K in II\N we have

E(f)+Cy fAdwol > C e~ f2dwol. (4.4.5)
KxI KxRx>q

4.4.4 Convex subsets and the normal exponential map

We need a lemma which says that in the normal exponential coordinate, the Rieman-
nian manifold has a quasi-warped product metric. This lemma is similar to the Gauss
lemma, where the hypersurface S degenerates to a point.

Lemma 4.4.3. Let S be a smooth hypersurface of a Riemannian manifold M. Let exp™ :
SxRsg — M be the normal exponential map given by exp™(z,t) = exp,(tn(z)). Assume
exp™ is an embedding. Then for every x in S and s > 0, the curve v, : t — exp,(tn(z))
is normal to the hypersurfaces exp™(S x {s}).

Definition 4.4.4. Let M be a complete Riemannian manifold, and let D be a closed
subset of M. We call D geodesically convez if the preimage D of D in the universal
cover M is convex, that is for any two points x,y in D there exists a UNIQUE MINIMIZING
geodesic contained in D which connects T, Y.

Let M be a rank one locally symmetric manifold such that its universal cover has
exponent of growth 2¢. Let D be a geodesically convex closed subset of M with non
empty interior and with smooth boundary. Let S = 9D, and let exp™ : S x R>o be the
outer normal exponential map given by exp®(z,t) = exp,(tn(z)). Assume that exp' is
a diffeomorphism from S x R>g to M — D. By Lemma 4.4.3, the metric can be written
as in (4.2.2). Let h be the density function defined as in Proposition 4.2.4.

Lemma 4.4.5. With the above assumption, if we have an upper bound on the second
fundamental form on S, then there exists C1 > 0 depending on the bound such that the
density function h satisfies the following inequalities for every x in S, and every t > 0:

duh(x,t) > 20(tanh t)h(x,t), > /Cy < h(x,t) < Cre®t. (4.4.6)
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Remark 4.4.6. The first inequality in (4.4.6) has already been used in [ , Lemma
2.8 without proof. For completeness, a proof is given here.

Remark 4.4.7. This lemma is a consequence of the negative curvature and the convexity.
We do not have a better inequality O;h(t) > 2¢h(t). For example, in H?, let D be the
r—neighbourhood of a geodesic, then we can compute explicitly that h(xz,t) = cosh(t +
r)/ coshr.

The proofs of these two lemmas, which use the standard computations for Jacobi
fields, will be given later. By Lemma 4.4.5, we have

Oth > 2¢(tanh t)h > 20(1 — 2~ ")h. (4.4.7)

Using Proposition 4.2.4 and Corollary 4.2.9 with S x R>¢, (Proposition 4.2.4 deals with
manifolds L x R, but the proof of L x R>¢ is exactly the same) we have

Lemma 4.4.8. Let E be as in (4.4.3). With the same assumptions as in Lemma 4.4.5,
for a function f € C(expt(S x Rxg)), we have

B(f) > / (7)) |2e2 — 42" £2)dvol. (4.4.8)

Given C' > 0, there exist a compact set I C R>¢ and a constant C; > 0 such that for all
compact set K in S

E(f)+ C’l/ devol >C e_tf2dvol. (4.4.9)

expt (K xI) expt (K xR>q)
It remains to prove Lemma 4.4.3 and Lemma 4.4.5.

Proof of Lemma 4.4.5. The main idea is to compute the density function h by the second
fundamental form. The second fundamental form of S at x is defined to be the symmetric
form Ilg : T,,S x T,,S — R,

IIg(v,u) = g(Dyn(x),u),

where v, u are two vectors in the tangent space T,.S. By the convexity of .S, the second
fundamental form Ilg is positive definite at every x in S.

Fix a point z in S. By (4.4.2), starting from the outer unit normal vector n(z), we
can find an orthonormal basis {n(z), (Yj)i<j<m, (Yk)m+1<k<m+q} of TxM such that

R(n(x),Y;,n(z)) = —-Y;, R(n(x), Y, n(x)) = —4Y}, where m = (n—1)dimg F, ¢ = dimg F—1.

Let B be the matrix representation of IIg with the basis {(Y})i<j<m, (Yi)m+i<k<m+q}
of T,.S.

Lemma 4.4.9. With the same assumption as in Lemma 4.4.5, we have

coshtld,, 0 sinhtld,, 0
M, t) = det << 0 cosh 2tldq> +B < 0 %sinh 2tqu>> - (44.10)
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Proof. There exists a local chart on S defined by (¢, U) ¢ : R™T7 > U — S such that
»(0) = x and a%iqﬁ(O) = Y;. This particular choice of local chart implies that du is the
volume element at x. Let

O(u, t) = expy(y) (tn(¢(u))

and U = U x Rsg. Then (¢,U) is a local chart of M. For every fixed u, the curve
t — ¢(u,t) is a geodesic starting from ¢(u) with tangent vector n(¢(u)).

Fix all uy, to 0 except w = 3. Then the map H : R? — M defined by (ul, t) — gZ;(ul, t),
is a variation of geodesic. Let J;(t) be the Jacobi field defined by J;(t) = H (0,%). The

volume element, in a local chart, can be written as \/ det (g ( a?v Do ))d:c In our case,

the volume element at g?)(O t) is \/det(g(J;(t), Ju(t)))dudt. Therefore by definition, we
have h(z,t) = /det(g( Jw(t))).

Let Y( ), n(t) be the 1mages of Y; and n(z) under the parallel transport along the
geodesic t — $(0,t) with ¢ > 0. They also form an orthonormal basis. By Lemma 4.4.3,
the vectors J;(t) are orthogonal to n(t). We decompose J;(t) with respect to Y;(¢), that
is Ji(t) = Ewaiw(t)Yw(t), and write A(t) = (aiw(t))i1<iw<mtq- Then A(0) = Idp4q and
the matrix A’(0) equals B, the matrix representation of the second fundamental form.
This is because by Schwarz’s theorem, we have

a

(0 = 20 YulO)lio =3 (501 ) =3 (D g 51V ) = g(Dyn(a). Yo,

Because J; are Jacobi fields, they satisfy the Jacobi equation:
2
dtQJ( )+ R(n(t), J;(t))n(t) = 0. (4.4.11)

The map R(n(t),-)n(t) is a linear map on the orthogonal complement of n(¢) in the tan-
gent space T&(o, 1t)]W . By | , IV, Thm1.3], in locally symmetric spaces the curvature
tensor R is invariant under parallel transport. Hence in our choice of the orthonormal
basis {Y;(t)}1<i<m+q, the linear map R(n(t), )n(t) can be represented by the matrix
diag{Idy,,41d,}. From (4.4.11), we have

() = A#) <I ‘ém ) qu) |

The solution is determined by the initial conditions. Due to A(0) = Id and A’(0) = B,

it is
coshtld,, 0 sinhtld,, 0
Al) = < 0  cosh 2tqu> + B < 0 Lsinh 2tldq> '
Hence h(z,t) = det(g(Ji(t), Ju(t)))*/? = det(A(t)), which implies the result. O

For computing the determinant, we need a lemma.
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Lemma 4.4.10. Let D be a diagonal matriz with nonnegative entries, let B be a sym-

B Bl?) be a block partition of B such
By By

that Bi1, Bao are square matrices. Then for all A1, Ay > 0 we have

> .
det (D + (M B A Bﬂ)) > det(D)

metric positive semidefinite matriz, and let (

Proof. It is elementary that the sum of two symmetric positive semidefinite matrices has
determinant no less than the determinant of each one. We only need to transform our
matrix to a symmetric matrix. We have

MBi1 ABig)\ AN d, 0 B B\, (Mld, 0
det (D +<)\1B21 /\2322>>_det <(D ( o ard) T\ By Bw)\ 0 xeld,))

Since D is diagonal, the first matrix in the right-hand side is again symmetric. We have

AMBii AsBio
> .
det <D + <A1 B 1322)) > det(D)

The proof is complete. O

B11 B
By1 B
such that By, Bag are square matrices of order m, ¢q. By (4.4.10)

Return to the proof of Lemma 4.4.5. Let < ) be the block partition of B

(4.4.12)

tanh 2t
h(z,t) = (cosht)™(cosh 2¢)7 det (Idmﬂ + (tanh B~ Bm)) .

tanh tBQl WBQQ

Since B is positive semidefinite, using Lemma 4.4.10, we have h(t) > cosh™ t cosh? 2t >
e /Cy. The upper bound of h(t) is due to the upper bound on the second fundamental
form, that is to say B is bounded.

The derivative in the scalar part of (4.4.12), cosh™ t cosh? 2t, gives us

(mtanht + 2¢g tanh 2t)h(t) > (m + 2¢) tanht h(t) = 2¢tanht h(t).

It remains to prove the positivity of the derivative of the determinant part of (4.4.12),
which is the sum of derivatives in every column. Since all the terms are similar, we need
only to show that the derivative in the first column is non negative. The derivative of
tanht is 1/ cosh?t, and we multiply the first column with tanht¢cosh?¢ to recover the
original column. The determinant of the derivative of the first column becomes

1 0 0 tanhtBy, 2R,
2 det + tanh 2¢ )
tanh ¢ cosh” ¢ 0 Idm+q—1 tanh tBQl TBQQ
which is nonnegative by Lemma 4.4.10. O

It remains to prove Lemma 4.4.3.
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Proof of Lemma 4.4.3. Use the same notation as in the proof of Lemma 4.4.9. Let

0 0 -
= anH(O,t) = aui¢(u7t)|u:0'

J(t)

Then J(t) is a variation of geodesic, and it is a Jacobi field, which is determined by its
value and derivative at 0. We have J(0) = (%id)(u,())\u:o = %QS(O), which is a tangent
vector of S at x. Hence J(0) is normal to n(x). For the derivative, by Schwarz’s theorem
we have

D 0 0

JO) =g/ Wl=o=Dg 7 -=Do o (4.4.13)
Therefore 2
g 0 10 |0
/ — - — = — = ==
g(J (0),1’1(%)) =49 <D8(Zl afat) 28uz ot 0

Hence J(t) is normal to the tangent vector of the geodesic. This is true for all 4, and the
result follows. -

4.5 Geometrically finite manifolds

We return to the study of the spectrum of the whole manifold. We give a topological
decomposition of geometrically finite manifolds. In order to describe it, we use standard
cusp regions. For a subset S of M., we use S to denote its topological interior, that
is S =5 —5°NS. The reader who is only interested in convex cocompact manifolds
(geometrically finite manifolds without cusps) can skip Section 4.5.1 and go directly to
Section 4.5.2. Our goal in this section is to obtain the Lax-Phillips inequality, then
Theorem 4.1.1 follows by Proposition 4.3.1.

4.5.1 Standard cusp regions

The manifold with boundary M, may have some cusps. To analyse the structure of
cusps, we introduce the concept of a topological end.

Definition 4.5.1. Let T be a differential manifold. An end e is a function which assigns
every compact subset K of T a non empty connected component of T\K, such that if
K C K/, then e(K) D e(K').

Let K1 C Ko C ... be an ascending sequence of compact subsets whose interiors
cover T'. We call e(K;) a system of neighbourhoods for the end e.

A neighbourhood for the end e is an open subset U such that U D e(K,) for some n.

Proposition 4.5.2. [ , Proposition 4.4] If 11 is a discrete parabolic subgroup of
G, then M.(II) has precisely one topological end. Moreover, we can find a system of
neighbourhoods for the end consisting of geodesically convex submanifolds of M.(II).

Following | |, we define a standard cusp region (with boundary). This definition
is not explicitly written, but it is implicitly defined in | , Sec.5.1]. For more details
on the real hyperbolic case, we refer to | , Sec.3.1]
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Figure 4.5.1: A standard cusp region

Definition 4.5.3. Let T’ be a discrete subgroup of G. An end of of M.(T") is called a
cusp. A standard cusp region of M.(T") is a closed subset O which is isometric to a closed
subset E of M.(Il), where II is a discrete parabolic subgroup of T' and the interior of E
1 supposed to be a geodesically convexr submanifold and a neighbourhood for the end of

M.(I1).
We have a corollary of Proposition 4.5.2.

Proposition 4.5.4. Let " be a discrete subgroup of G, and let O be a standard cusp region
of M.(T"). There exists a smaller standard cusp region O' such that O" is contained in
the interior of O.

Proof. By Definition 4.5.3, the cusp region O is isometric to £ and the complement of
the interior of F is a compact subset K of M.(II). Denote by f the isometric map from
O to E. By Proposition 4.5.2, M_.(II) has only one end and we have a larger compact
subset K7, whose interior contains K and whose complement is geodesically convex. Let
E1 = K¥ and let O’ be the corresponding subset of O, that is O’ = f~1(E). O

For a symmetric space of real rank one, we use the half space model introduced at
the end of Section 4.4.1, that is a diffeomorphism from N X Rsy to X. Recall that II
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is a parabolic subgroup of G which fixes co. It is a subgroup of M x NN, which acts
isometrically on N equipped with the metric g;. We have

M.(IT) ~ (II\N) x R>¢ as topological spaces

Then our standard cusp region is isometric to the complement of an open relatively
compact subset in M.(IT), with additional convex condition on the interior. (see figure
4.5.1.)

Definition 4.5.5 (Maximal rank). Let II be a discrete parabolic subgroup of G. We call
IT a subgroup of mazximal rank if the quotient TI\N is compact.

A cusp region is said to be mazimal rank, if the corresponding discrete parabolic
subgroup is of mazximal rank

Remark 4.5.6. We explain our definition as follows. The rank of a nilpotent group is
defined to the sum of the rank of its central series.

For real hyperbolic case, 11 is a discrete subgroup of Isom(R"™1) = O(n — 1) x
R"~1. By Bieberbach’s theorem (see for example [ , Theorem 2.2.5]), the group 11
1s virtually abelian. The rank of I1 is defined to be the rank of its maximal normal abelian
subgroup. Hence when Il attends mazximal rank, the quotient space is compact.

For rank one symmetric spaces, by Margulis’ Lemma, the discrete parabolic subgroup
IT is wirtually nilpotent. As in [ , Lemma 3.4], for a wvirtually nilpotent discrete
subgroup II < M x N, we can find a subgroup II1 < II of finite index which is nilpotent,
and there exists a subgroup Ils < N which is isomorphic to 111 and satisfies 111 -x =1l -z
for some x in N. This means that the 111, Ils-orbits of x are the same in N. Let No
be the Zariski closure of Ila. Then the rank of Il is the same as the rank of No. When
IT attends maximal rank, No coincides with N. Then Il is a cocompact subgroup of N
because N is nilpotent. Due to Ils - x =11y - z, every point in N has a bounded distance
to the orbit 111 - x. Hence II1\N is compact, so is II\N.

Proposition 4.5.7 (Maximal rank). Let I be a discrete subgroup of G. Let O be a
standard cusp region of M.(I") with mazimal rank. Then we can find a smaller cusp region

01, which is isomorphic to the quotient of a horoball by a discrete parabolic subgroup of
.

Proof. By Definition 4.5.3, there is a discrete subgroup II of I, such that O is isometric
to a closed subset F of M.(II), whose interior is a neighbourhood for the end of M.(II).
By Definition 4.5.2 and Proposition 4.5.2, the complement of E in M.(II) is relatively
compact. Under the half space model, we can suppose that E¢ C (II\N) x [0,1]. Let B
be the horoball, which is homeomorphic to N x R>;. Then the quotient IT\ B is a subset
of E. Due to maximal rank, the quotient IT\ NV is compact. Hence

M.(IT) — I\ B ~ (II\N) x [0, 1]

is compact. The quotient IT\ B is geodesically convex. Let O; be the preimage of IT\ B
in O under the isometric map from O to E. The proof is complete. O

In later proof, for cusps of maximal rank, we will always take the quotient of horoball
as a standard cusp region.
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4.5.2 A good partition of unity

Definition 4.5.8 (Geometrical finiteness). A discrete subgroup I in G is called geomet-
rically finite, if M.(T") is the union of a compact set and a finite number of standard cusp
regions Oy for 1 <1i <k, that is to say M.(I') — Uy <;< Oi is compact.

This definition is not explicitly written in | |, but is given in the discussion after
[ , Def. F1]. (See also | , Def.(GF1)] for the real hyperbolic case. In | |,
Bowditch explained the equivalence of the definition in the introduction and Definition
4.5.8 for the real hyperbolic case.) By | , Lemma 6.2, if T is geometrically finite,
then there exist standard cusp regions O; for 1 < ¢ < k, such that O; are pairwise disjoint.
For the purpose of the exposition, we can limit our consideration to the case that there
is at most one cusp; the results hold and the methods of proof work for general cases.

For a real number r > 0, we define the r-neighbourhood of a set @ in X by N,(Q) =
{z € X|d(z,Q) < r}. Let W, = N,(hull(A(T')) N X) be the r-neighbourhood of the
convex hull of the limit set A(I'). Let C'(M) be the convex core defined by C(M) =
'\ (hull(A(T")) N X). Let C,(M) = I'\W, be the r-neighbourhood of the convex core.
One problem here is that the boundary of C, (M) may not be C*°-smooth, but is only
C"l-smooth (see for instance | | or | |). To overcome this difficulty, we use a
result of | , Prop.6]. (In the statement of Proposition 6 in | |, they do not have a
I'-invariant condition. But if we start from a I'-invariant set, their method automatically
gives us a I-invariant set.) We can find a closed convex subset W/ with C'*° smooth
boundary such that Wy C W’ C W3, and W' is also T-invariant. Let D = T'\W’. Then

D C Co(M).
Let O be a standard cusp region of the unique cusp in M.. We have a smaller
standard cusp region O’ such that O’ C O.

We can cover the geometrically finite manifold with three open sets
M,=0U (D" —0') U (Co(M) -0, (4.5.1)
where D¢ is the complement in M.. For the simplicity of the notation, we write
My =0, My =D°— 0 and My = Co(M) - O'.

Since M. inherits the differential structure from X USQ, the covering is about a differential
manifold with boundary. We can find a smooth partition of unity subordinate to this
cover, written as {¢1, @2, p3}, which is smooth on the boundary. Here Mj, My may
intersect the ideal boundary M; = M. — M.

Our covering has the advantage that M3 is compact, and M7, M> have quasi-warped
product Riemannian structure.

Proposition 4.5.9. The set Ms s relatively compact in M.

Proof. By Definition 4.5.8, we have that M,—O" is compact in M,. Therefore Co(M) ol
is compact in M,. It is also contained in M, hence it is a compact subset of M. ]
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Figure 4.5.2: Convex core

4.5.3 The energy form

We keep the assumptions on M of Sec.4.5.2, that M is a geometrically finite locally
symmetric manifold of real rank one with at most one cusp. Recall that F is the energy
form defined in (4.4.3).

Lemma 4.5.10. Let f € C°(M), and let ¢ be a smooth function. We have

E(of) = /M PV — 212)dvol — /M PoApduol.

This is a direct consequence of Lemma 4.2.1. The following proposition says that in
order to calculate the energy form on the entire manifold, it is sufficient to calculate the
energy forms on My, Ms, M3 and an error term. We want to separate the energy formula,
but we need a partition of unity such that the square root of the partition function is
also smooth. The exact choice of the partition function is not important and we take
0= 51,9 = Fp2 and 1 = sin6, oy = sind.

Proposition 4.5.11. For f € C°(M), we have

E(f) = /M ((1 — o1 — @) IVI? = CF) + (pr1Ap1 + S02Ag02)f2) dvol

' (4.5.2)

+ E(p1f) + E(p2f) — / V8|2 f2dwol.
M,

c
3
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Proof. By Lemma 4.5.10, we have

E(ead) + Be1)) = [+ VIR - 21~ [(eaddga+ rden) .
Since 0 + ¥ = 7/2 outside of Mz, we have for x € M

oA + p1Ap; = sin A sin 6 + sin VA sin v
1
= §(A(sin29 + cos?0) — | Vsin8||* — ||V cosb]]?) = —|| V4.

The proof is complete. ]

We want to prove that E(p1f) and E(paf) are positive after adding an integral over
a compact subset, and to give an estimate of the error term [} . || V6% f2.
3

4.5.4 Positivity of the energy form

In this part, we take into account the topology of the whole manifold, together with
the results in standard cusp regions and the complement of convex subsets, to prove the
positivity.

Proposition 4.5.12 (the Lax-Phillips inequality). Let M be a geometrically finite locally
symmetric manifold of real rank one. There exist a relatively compact open set U in
M with smooth boundary and a constant Cy > 0 such that the following holds. For
any compact set V in M there exists ey > 0 such that for all complex valued function
f e (M) we have

E(f)—i—CU/U|f]2dvol > i/U\|Vf||2dvol+ev/V]f\deol. (4.5.3)

Proof of Theorem 4.1.1. Our main theorem of this manuscript follows from Proposition
4.5.12 and 4.3.1 with c(z) = 2. O

It remains to prove Proposition 4.5.12.

Remark 4.5.13. For the simplicity of the exposition, here we will only prove the case
that M has only maximal rank cusps (M may have no cusp). For the general case, please
see the appendiz. The idea of the proof is the same, but the appearance of non-maximal
cusps will add some technical difficulties.

It is sufficient to prove this inequality for real valued functions. The complex version
is immediate by separating f = f1 +ifo with f1, fo real valued and using the real version
for each component f1, fo.

Let p be the nearest point retraction from X to W’. We can extend this map
continuously to X U, such that if £ is in Q, then p(&) is the first point of contact of
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W’ with an expanding family of horoballs based at £. (See | , Lem.2.2.4] for more
details.) This retraction descends to a map

p:M.— D,

which is also continuous by the openness of the covering map.

In the cusp region, recall that we will use the half space model (II\IV) x R for
M.(IT). We write M.(II) = (II\N) x R>p, which means the equality holds under the
coordinate map. Others equalities are similar. By definition, O’ is isometric to a subset
of M.(IT), where II is a discrete parabolic subgroup. Hence we can identify the two sets.
By Definition 4.5.1 and Proposition 4.5.2, the complement of the cusp region O" in M(IT)
is relatively compact. Hence we can suppose that (O’)¢ is contained in (IT\NN) x [0, 1].
(Otherwise, we can change the coordinate.) Let H be the quotient of a horoball based
at oo, defined by H = (II\N) x [1,00) C O'. We define projg to be the nearest point
retraction from M.(IT) to H. For a point (n,y) € M.(II) with y < 1, the map is given
by proju(n,y) = (n,1).

Lemma 4.5.14. Let K = p(M3) and let L = projug(O — O'). Then K, L are relatively
compact in M.

When O is of mazimal rank, we can take O = (IINN) xR, and O' = (II\N) x R>,
for some 0 < ¢1 < ¢ <1 and we have L = (II\N) x {1}.

Proof. Since M, has only one cusp, by Definition 4.5.8, the sets My = D*—0O’ and O — 0O’
are relatively compact in M.. The continuity of p and projg implies that p(Mz) and
projg (O — O') are relatively compact in D and H. The latter two sets are in M, hence
we have the result.

The last assertion is due to Proposition 4.5.7. ]

For x in M, let
ti(x) =d(z, H),ta(x) = d(z, D). (4.5.4)

Later we will see that ¢1,%s are the geometric descriptions of the coordinate ¢ in cusps
and the complement of convex set. Recall that My, Ms are subsets of M., which may
intersect the ideal boundary M;.

Lemma 4.5.15. In the standard cusp region, there exist a compact set Uy in My N M
and a constant C1 > 0 such that the following holds. For any compact set V in My N M
there exists ey > 0 such that for all f € C°(My N M) we have

1
E(f)+Ci | f*dvol > o / IV (e f)[[?e>* dvol + ey / f2dvol. (4.5.5)
U v

Proof. Recall that we identify M; = O’ as a subset of (II\N) x R>¢. Due to the choice
of H, we have O — O’ C H¢, and the coordinate y of a point z under the horospherical

model satisfies y = e 1(*) for & € H®. We have that t1(z) equals the coordinate t in
horospherical model when x € H¢. Using Lemma 4.4.2 with compact set L and constant
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C = 2, and adding (4.4.4) and (4.4.5), we obtain inequality (4.5.5) with the last term
replaced by fLXR>0 et f2dvol. Since O is of maximal rank, by Lemma 4.5.14 we have

L x R>g >~ M.(II) D M;. The proof is complete. O

Lemma 4.5.16. In the complement of the convex core, there exist a compact set Us in
Mo N M and a constant Co > 0 such that the following holds. For any compact set V in
My N M there exists ey > 0 such that for all f € C°(MyN M) we have

E(f)+Cy [ f*dvol 2% / [V (2 f)||2 e~ 2 2dvol + ey / f2dvol. (4.5.6)
Us Vv

Proof. We first verify that D satisfies the conditions in Lemma 4.4.5.
Recall that D = T'\W’, where W' is a convex subset of X with smooth boundary.
By convexity, the normal exponential map, given by exp,(tn(z)), is a diffeomorphism
from W’ x R>g onto X — W', and satisfies t = d(exp, (tn(z)), W’). With the help the
nearest point retraction p, the inverse of the normal exponential map from X — W' to
OW' x R>( is given by
z = (p(x), d(z, W)).

Descend to the quotient space. Let S be the boundary of D. Then the normal exponential
map exp’ : (z,t) — exp,(tn(x)) from S x R>q to M — D is again a diffeomorphism, and

t = d(expt(z,t),S) = ta(exp(x,1)).

The upper bound of the second fundamental form is due to | , Thm.1, Prop.6|, that
is the obtained convex set W’ has bounded second fundamental form on its boundary.
Applying Lemma 4.4.8 with the set K = p(Ms), defined in Lemma 4.5.14, and the
constant C' = 2(4¢% + 1), there exists a bounded interval I € R>q such that (4.4.9) holds
for Uy = K x I. Adding (4.4.8) and (4.4.9) implies the result. O

Proof of Proposition 4.5.12. In view of (4.5.2), the main problem is the term fM§ V0 f2dwvol.

The support of ||V is contained in O — O’, which may not be compact. But with the
hypothesis that the manifold has only maximal rank cusps, the region O — O’ is already
relatively compact in M due to Lemma 4.5.14. Because O does not intersect the ideal
boundary and the complement of O’ is relatively compact. Hence ||V is a bounded
function supported on O — O’.

The compact set V' is replaced by VN M; and V N My in Lemma 4.5.15 and Lemma
4.5.16. Using Lemma 4.5.15 and 4.5.16, we obtain Uy, Us. Since O — O', M3, Uy, U, are
relatively compact in M, we can find a relatively compact open set U C M with smooth
boundary, which contains the four sets. By (4.5.2), (4.5.5) and (4.5.6), there exists a
constant Cy large enough such that

1
B(f)+Ca | Pvol = 3 [ (I9Goafe™ )P 4 |V (pafe)|?e2) duo
U

—i—/ (1 — @3 — oDV fI*dvol + ev/ f2dvol.
M; 1%
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We restrict our computation on U N suppyps C Ms

1
V2t > leac ™ AIVAP = IV e ™I 2 = (AT - Cat? )

N

where we use the estimate sup,; || V()| < 0o, thanks to the relative compactness of
U. In the standard cusp region we have the same estimate. Therefore taking Cy large
enough, we have (4.5.3). O

4.6 Appendix

As stated in Section 4.5.4, we will give a proof of Proposition 4.5.12 without the
assumption that M has only maximal rank cusps.

4.6.1 Compactification and estimate at infinite

Let g be a Riemannian metric on a manifold M. We define the musical isomorphism
as follows (see | | for more details). For a vector X in T, M, let X® be the unique
I-form such that X°(v) = g(X,v) for every v € T, M. This isomorphism gives a dual
tensor field (the symmetric covariant 2-tensor fields) g* of g, and (Vf)? = df.

We will consider the compactification of a Riemannian manifold M = L x (0, 1]
with metric given by ¢ = g1(z,y)/y?, where g1(z,y) is a positive definite symmetric
bilinear form on 7(,,)M. Now we add y = 0 to obtain a differential manifold with
boundary, called M. By definition, we have (using local coordinate vectors (%)1991
and (dz;)i1<i<n, ¢* can be written as the inverse matrix of g)

9" = (01/¥>)* = y’q;. (4.6.1)

Suppose that gf can be smoothly extended to y = 0, but ¢ (x,0) may degenerate to a
positive semidefinite form, that means ¢;(z,y) may blow up when y — 0.

Lemma 4.6.1. Assume that the Riemannian metric on L x (0,1] satisfies the above
condition. Let f be a smooth function on L x [0,1]. For every compact subset U of L,
there exists a constant C > 0 such that for any (z,y) € U x (0, 1] we have

IVf(z y)* < Cy*.
Proof. By definition and (4.6.1), we have
IVFI* = g*(df,df) = y*gi(df.df).

By the smoothness of f and g7 on the boundary and the compactness, there exists a
constant C' > 0 such that |V f||? < Cy?. O
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H

proju

Figure 4.6.1: Projection in standard cusp region

4.6.2 Manifolds with non maximal rank cusp

We will give a proof of Proposition 4.5.12 with non-maximal rank cusps. In Section
4.5.4, the assumption that M has only maximal rank cusps is only used in Lemma 4.5.15
and in the proof of Proposition 4.5.12. The proof works similarly, and we will strengthen
Lemma 4.5.15, 4.5.16 and give a control of fM§ V0% f2dvol.

If O is a standard cusp region of non-maximal rank, then the region (O — O") N M
is not relatively compact in M. Because the cusp region O intersects the ideal boundary
M; = M.— M. To overcome this difficulty, we use the compactness in M.. The fact that
the partition of unity is smooth not only on M but also on M, is the key point to apply
Lemma 4.6.1.

Recall that M is a geometrically finite rank one locally symmetric manifold. We
have a covering M, = M; U My U M3, where M is the cusp region and My is a subset
of the complement of the convex core. Recall that D = T'\W’ is a neighbourhood of the
convex core and H is a subset of M7, which is the quotient of a horoball. For x in M, in
(4.5.4) we have defined

ti(x) =d(z, H),t2(x) = d(z, D).

Recall that 1,2 are two smooth functions supported on M;, Ms, respectively, and
4,0% + go% = 1 outside of M3. Let My = M; N Ms — Ms. The following lemma is the key
additional ingredient for the general case.

Lemma 4.6.2. For every smooth function f on My, there exists Cy > 0, such that for
allx e MyNnM

IVF(@)I* < Cy (e_tl(x)901(:c)2 - e_tQ(x)m(a:F) : (4.6.2)
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Proof. By (4.4.1), letting y = e, the metric in the half space model is given by g =

L 1d 0
satisfies the condition in Lemma 4.6.1. Due to My C M; C M.(II) = (I\N) x R,
where II is a discrete parabolic subgroup of I' which preserves the metric g, on N for
every y in R>q, the quotient metric on My also satisfies the condition in Lemma 4.6.1.
Moreover, by My C MyN M, C O —O’, we have that My is contained in L X [0, 1], where
L = projug(O — O’) is relatively compact by Lemma 4.5.14. Therefore, using Lemma
4.6.1 with U = L there exists C'; > 0 such that

) under some distributions W' and W? on N, which

IVFCml? < Cpy. (4.6.3)

Due to My = My N Ms — M3 and the definition of ¢1, o, we have 1 = cp%(:z:) + go%(x) for
x in My, and the right-hand side of the above inequality equals C}yQ(\gm]Q + |p2]?).
We restrict our attention to x in My N M. By the argument of the proof of Lemma
4.5.15, we have
y = e @), (4.6.4)

By definition of K, L, the nearest points of z in H and D are contained in K and L.
Therefore by compactness of K, L (Lemma 4.5.14), we have

[ti(x) — ta(x)| = |d(z, H) — d(x, D)| < sup{d(z1,x2)|z1 € K,29 € L} = Ck . (4.6.5)

Hence e=41(®) < ¢Cr.re=t2(®) for ¢ in My N M. Therefore on My N M, by (4.6.3),(4.6.4)
and (4.6.5)

IVf(@)]* < Che 1D (pi(2) + @3 () < Cple 21 Wi (a) + 2Orte 22 Y ().
The proof is complete due t1,t2 > 0. O

We state our strengthened version of Lemma 4.5.15 and 4.5.16.

Lemma* 4.5.15. In the standard cusp region, for every C > 0 there exist a compact set
Uy in MiNM and a constant Cy > 0 such that the following holds. For any compact set
V' in My N M there exists ey > 0 such that for all f € C°(M; N M) we have

1

E(f)+C / fAdvol > / |V (e f)||2e 21 dvol + ey / fAdvol + C / e~ f2dvol.
Uy 2 1% My

(4.6.6)

Proof. By Lemma 4.5.14, we have My C L X R>g. By the same argument as in the
proof of Lemma 4.5.15, using Proposition 4.4.2, we have the above inequality with fV f?
replaced by [ LxRsyg e~!1f2. The desired term is due to Poincaré’s inequality.

Lemma 4.6.3. For relatively compact sets Vi, Vs in a Riemannian manifold M, where
V1 is connected open and Vo is a subset of Vi with nonempty interior, there exists a
positive constant €, such that for all g € C°(M) we have

/ ||Vg||2dv0l+/ g*dvol > e/ g*dvol. (4.6.7)
|4t Va \4
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Applying (4.6.7) with ¢ = e1f Vo = L x [1,2] and V; a connected open set
containing Vo UV implies that

/ HV(eltlf)Hze_Qltldvol—i—/ e f2dvol > € (/ | Vgl|>dvol —I—/ g2d00l>
Wi Va Wi Va

> 62/ g*dwol 262/ erthldvol > 63/ f?dvol.
Vi Vi Vv

The proof is complete. O

Lemma* 4.5.16. In the complement of the convex core, for every C' > 0 there exist a
compact set Us in MayN M and a constant Cy > 0 such that the following holds. For any
compact set V' in Mo M there exists ey > 0 such that for all f € C°(MaN M) we have

E(f)+Cy [ f*dvol 21 / IV ("2 £)|| e 22 dvol + ev/ f2dvol + C’/ e~ f2dvol.
UQ 2 Vv M4
(4.6.8)

Proof. By Lemma 4.5.14, we have My C My C expt (K x Rsq). Then the proof is
exactly the same as the proof of Lemma 4.5.16, using Lemma 4.4.8 with the constant
2042 +1) + C. O

Proof of Proposition 4.5.12. Applying Lemma 4.6.2 with 0 = §¢3, we get a constant Cy
such that (4.6.2) holds for 6. Using Lemma* 4.5.15 and 4.5.16 with C' = Cy, we obtain
Uy, Us. Then follow the same argument as in the proof of the special case of Proposition
4.5.12. The proof is complete. O
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Harmonic analysis of stationary measures

Abstract:

Let p be a Borel probability measure on SL, (R), whose support generates a Zariski dense subgroup.
Let V be a finite dimensional irreducible linear representation of SL,(R). A theorem of Furstenberg
says that there exists a unique p-stationary probability measure on PV and we are interested in the
Fourier decay of the stationary measure. The main result of the thesis is that the Fourier transform of
the stationary measure has a power decay. From this result, we obtain a spectral gap of the transfer
operator, whose properties allow us to establish an exponential error term for the renewal theorem in
the context of products of random matrices. A key technical ingredient for the proof is a Fourier decay
of multiplicative convolutions of measures on R", which is a generalisation of Bourgain’s theorem on
dimension 1. We establish this result by using a sum-product estimate due to He-de Saxcé.

In the last part, we generalize a result of Lax-Phillips and a result of Hamenstiddt on the finiteness
of small eigenvalues of the Laplace operator on geometrically finite hyperbolic manifolds.

Key words : stationary measures, harmonic analysis, Lie groups, sum-product estimates, Fourier

decay, renewal theorem.

Analyse harmonique des mesures stationnaires
Résumé:

Soit p une mesure de probabilité borélienne sur SL,(R) tel que le sous-groupe engendré par le
support de u est Zariski dense. Soit V une représentation irréductible de dimension finie de SL,(R).
D’aprés un théoréme de Furstenberg, il existe une unique mesure p-stationnaire sur PV et nous nous
somme intéressés a la décroissance de Fourier de cette mesure. Le résultat principal de cette thése est
que la transformée de Fourier de la mesure stationnaire a une décroissance polynomiale. A partir de ce
résultat, nous obtenons un trou spectral de 'opérateur de transfert, dont les propriétés nous permettent
d’établir un terme d’erreur exponentiel pour le théoréme de renouvellement dans le cadre des produits de
matrices aléatoires. L’ingrédient essentiel est une propriété de décroissance de Fourier des convolutions
multiplicatives de mesures sur R", qui est une généralisation d’un théoréme de Bourgain en dimension
1. Nous établissons cet ingrédient en utilisant un estimée somme-produit de He et de Saxcé.

Dans la derniére partie, nous généralisons un résultat de Lax et Phillips et un résultat de Hamen-
stadt sur la finitude des petites valeurs propres de 'opérateur de Laplace sur les variétés hyperboliques
géométriquement finies.

Mots clefs : mesures stationnaires, analyse harmonique, groupes de Lie, estimées sommes-produits,

décroissance de Fourier, théoréme de renouvellement.

Institut de Mathématiques de Bordeaux UMR 5251, Université de Bordeaux, 351, cours de la Libéra-
tion - F 33 405 TALENCE
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