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« Voila, Adso, la bibliothéeque a été construite par un esprit humain qui
pensait de facon mathématique. 1l s’agit donc de confronter nos propo-
sitions avec les propositions du bitisseur, et de cette confrontation la
science peut surgir.

— Splendide découverte, dis-je, mais alors pourquoi est-il aussi difficile
de s’y orienter ?

— Parce que ce qui ne correspond a aucune loi mathématique, c’est la
disposition des passages. Certaines pieces permettent d’accéder a plu-
sieurs autres, certaines a une seule, et on peut se demander s'il n’y a
pas des pieces qui ne permettent d’accéder a aucune autre. »

Umberto Eco, Le Nom de la rose.
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Introduction

La géométrie de Cauchy-Riemann, CR en abrégé, est la géométrie naturelle des hy-
persurfaces réelles pseudoconvexes de C"™, lorsque n > 1. Cette géométrie fournit
de nombreuses informations sur les domaines dont ces hypersurfaces sont les bords.
En premier lieu, le théoreme de représentation conforme dans C™*! da a H. Poincaré,
affirme ainsi que deux domaines sont en bijection holomorphe si et seulement si les
structures CR de leurs bords sont les mémes [P0i07]. Pour une hypersurface M, cette
structure se présente sous la forme d'un sous-fibré V' de dimension complexe n de
TM ® C, dit des opérateurs de Cauchy-Riemann tangentiels. De maniére équivalente, la
structure CR de M est donnée par la distribution d’hyperplans Re(V + V) et par la
structure complexe naturelle sur cette distribution. Par exemple, la structure CR stan-
dard de la sphere S?"*! bord de la boule unité, correspond a la distribution horizontale
induite par la fibration de Hopf au-dessus de 1'espace projectif complexe.

Plus généralement, une variété CR abstraite est une variété différentielle M de di-
mension impaire munie d'une distribution d’hyperplans H, ainsi que d"une structure
complexe J sur ces hyperplans. D’apres L. Boutet de Monvel et H. Rossi, toute variété
CR compacte de dimension > 5 peut étre plongée dans C" pour un certain N, mais il
existe des 3-variétés CR, méme proches de S?, non-plongeables [Ros65, Bou75].

La distribution H est génériquement de contact, c’est-a-dire que si ¢ est une 1-forme
sur M de noyau H, alors 0 A df" est non-dégénérée. La distribution H est alors maxima-
lement non-intégrable, c’est-a-dire qu'il n’existe pas de sous-variété de M de dimension
réelle supérieure ou égale a n + 1 dont les espaces tangents sont inclus dans H. Dans
toute notre étude, la distribution H sera supposée de contact. Notons qu’une variété
de contact admet une structure CR s’il existe une structure complexe (intégrable) sur
sa structure de contact. En particulier, les variétés de contact orientables de dimension
3 admettent toujours une structure CR.

La structure CR ne dépend pas du choix de la forme de contact. En choisir
une correspond donc a munir la variété d'une structure supplémentaire, appelée
structure pseudohermitienne. A une structure pseudohermitienne peut étre associée
une connexion canonique, dite de Tanaka-Webster, équivalent pseudohermitien de la
connexion de Levi-Civita [Tan75, Web78]. Les outils de connexion et de courbure
qui en sont issus présentent alors de nombreuses similarités avec la géométrie
riemannienne, les changements conformes de la forme de contact en géométrie
pseudohermitienne correspondant aux changements conformes de la métrique en

géométrie riemannienne.
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Cette analogie sera au coeur de cette these, dont les deux parties consistent a définir
et étudier dans le cas CR des invariants connus en géométrie conforme. La premiere
partie est consacrée a une généralisation de 1’opérateur de Paneitz CR aux applications
allant d'une variété CR vers une variété riemannienne. La seconde définit un invariant
de Yamabe pour les variétés de contact admettant une structure CR. Comme indiqué
dans le paragraphe précédent, il s’agit d"un invariant de contact pour les variétés orien-
tables de dimension 3.

Applications CR-harmoniques

Un angle d’approche d'une variété CR consiste a la considérer comme le bord
d’une variété asymptotiquement hyperbolique complexe. Cette notion permet de faire cor-
respondre a une variété CR une variété riemannienne, les invariants de cette derniére
étant ainsi des invariants CR de la variété initiale. Cette correspondance est analogue
au lien entre géométrie conforme et géométrie asymptotiquement hyperbolique, initié par
C. Fefferman et C. Graham, et central en physique des particules sous le nom de cor-
respondance AdS/CFT [FG85].

Dans le cas réel, cette correspondance consiste a considérer une variété conforme
(M, [g]) comme l'infini conforme d"une variété asymptotiquement hyperbolique (X, §). Dans
ce modeéle, qui généralise celui de la sphére conforme standard vue comme bord du
disque de Poincaré, X est I'intérieur d’une variété compacte X de bord M. Soit r une
fonction sur X définissant M, c’est-a-dire quer > Osur X,r = 0etdr # Osur M. La
variété (X, g) est dite asymptotiquement hyperbolique si les courbures sectionnelles de §
tendent vers —1 lorsque r tend vers 0. Elle est dite d’infini conforme (M, [g]) si la mé-
trique r°g se prolonge de maniere réguliére en une métrique sur X, dont la restriction
a T'M est dans [g]. Au choix d"une fonction r définissant le bord correspond ainsi le
choix d"un représentant conforme 2|7, de [g].

Toute variété conforme compacte (M, g) de dimension impaire peut ainsi étre "rem-
plie" par une variété asymptotiquement hyperbolique (X, §) munie d'une métrique
d’Einstein lisse formelle, au sens ot il existe un développement de Taylor, formelle-
ment déterminé par la donnée d"un jet d’ordre fini de g, solution de 1'équation d’Ein-
stein Ric(g) = —ng. Cette variété est alors dite de Poincaré-Einstein. Lorsque la variété
conforme est de dimension paire, il existe une obstruction a I'existence d"une métrique
lisse de Poincaré-Einstein [FG85, GHO5]. Récemment, M. J. Gursky et G. Székelyhidi
ont annoncé qu’une métrique lisse de Poincaré-Einstein existe localement pour tout
n > 3 [GS17].

Un invariant conforme construit grace a ce procédé est I'énergie renormalisée. Soient
(M, g) et (N,h) deux variétés riemanniennes. L'énergie de Dirichlet d'une application
@ :(M,g) — (N, h) est définie par

1
E,(¢) = 5 [ 1Tl pdvol,.

Lorsque n = 2, I'énergie est conformément invariante par rapport a g, c’est-a-dire que si
§ = e/ g est une métrique conforme a g, alors E; = E,. Ce fait est particulierement utile,



par exemple pour construire des immersions minimales conformes de surfaces de Rie-
mann [Mil79]. Cependant, en dimension supérieure, I'énergie n’est plus conformément
invariante. Les applications harmoniques entre une variété riemannienne (M", g) et une
autre désignent les points critiques de 1’énergie de Dirichlet. Ces applications satisfont
I'équation d’Euler-Lagrange de 'énergie, c’est-a-dire qu’elles constituent le noyau d'un
opérateur différentiel. En I’occurrence, les fonctions harmoniques ¢ : (M, g) — (R, eucl)
constituent le noyau du laplacien A,. Lorsque n = 2, ce dernier est un opérateur confor-
mément covariant par rapporta g : si § = el g est une métrique conforme a g, alors
A; = el A,. Ce n’est plus le cas en dimension plus grande.

Etant données deux variétés riemanniennes (M, g) et (N, h) compactes, avec M de
dimension n paire, V. Bérard a montré I'existence d"une fonctionnelle & sur les appli-
cations C*°(M, N), invariante conforme par rapport a g, égale a 1’énergie lorsque n = 2
[Bér13]. Cette fonctionnelle est appelée énergie renormalisée. Ses points critiques sont
appelés applications conforme-harmoniques et forment une généralisation des applica-
tions harmoniques. De plus, lorsque n = 4 et N = R, I'opérateur induit est 'opérateur
de Paneitz, opérateur différentiel d’ordre 4, conformément covariant, introduit par S.
Paneitz [Pan08].

Dans le cas complexe, les variétés asymptotiquement hyperboliques complexes, ACH en
abrégé, ont été introduites par C. Epstein, R. Melrose et G. Mendoza [EMM91]. Elles
généralisent la construction par C. L. Fefferman, S.-Y. Cheng et S.-T. Yau des métriques
asymptotiquement de Bergman, c’est-a-dire des métriques de Kdhler-Einstein sur des do-
maines strictement pseudoconvexes et bornés de C", asymptotiques a la structure CR
du bord [Fef76, CY80]. Dans le cas modele de CH" ™, le bord est ainsi S***! munie de
sa structure CR standard. La régularité de ces métriques pres du bord a été étudiée par
J. Lee et R. Melrose [LM82].

De par 'anisotropie de leur structure, les variétés CR de dimension 2n + 1 ont
une "dimension homogene" égale a 2n + 2 (cf. chapitre 1). Par conséquent, les varié-
tés asymptotiquement hyperboliques complexes présentent de nombreuses analogies
avec le cas "n pair" riemannien. En particulier, le développement asymptotique des mé-
triques ACH-Einstein et -K&hler-Einstein a été extensivement étudié par O. Biquard,
M. Herzlich et Y. Matsumoto, qui ont mis au jour les obstructions a I’existence de dé-
veloppements lisses formels [Biq00, BH05, Mat14].

L’équivalent pseudohermitien du laplacien, issu de la connexion de Tanaka-
Webster, est le sous-laplacien, opérateur différentiel d’ordre 2, sous-elliptique. Cet opé-
rateur n’est pas CR covariant. Son noyau est constitué des fonctions sous-harmoniques,
cas particulier des fonctions CR-holomorphes. Les applications CR-holomorphes ¢
d’une variété CR (M, H, J) dans une variété complexe (N,.J') sont celles qui com-
mutent aux structures complexes : Tp o J = J o Tp. Lorsque la variété de départ
est plongeable, la restriction d’une application holomorphe a M est CR-holomorphe
; hormis ces exemples, les applications CR-holomorphes sont en général difficiles a
construire, et peuvent ne pas exister en grand nombre si la variété de départ n’est pas
plongeable.

En utilisant la géométrie asymptotiqument hyperbolique complexe, nous déve-
loppons ici les notions d’énergie renormalisée et d’harmonicité CR. Les applications
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CR-harmoniques généralisent les applications CR-holomorphes. Quand dim M = 3
et N = R, 'opérateur induit est 'opérateur de Paneitz CR, opérateur d’ordre 4, CR-
covariant, introduit par C. Graham et J. Lee [GL88].

Les résultats principaux de la these sont les suivants. Le théoréeme A correspond
dans le corps du texte au théoreme 3.0.1 et le théoreme B correspond aux théorémes
3.1.11et3.2.4.

Théoréme A. Soient (M*"*', H, J, 0) une variété pseudohermitienne strictement pseudocon-
vexe compacte et (N, h) une variété riemannienne. Il existe une fonctionnelle F,, CR-invariante
sur C*°(M,N) :
VO =el0c 0], I,=F,.
Pour ¢ € C*°(M, N), elle s’écrit
(_1)n+1
2n!2

+ termes d’ordre inférieur (en dérivées de ),

Fo(»)

| @y T, 6 T ), 0 A (d)”

ot 6} est la divergence de Webster sur Q' (M) @ ¢*T'N.

L’équation d'Euler-Lagrange de F,, est une équation aux dérivées partielles non-linéaire P,
sous-elliptique d’ordre 2n + 2, elle-méme CR-covariante :

vo=el0elh], P,=e"VP,
Pour ¢ € C*°(M, N), elle s’écrit
(=n"

0= "Pulp) =— (00" M58 T + termes d’ordre inférieur (en dérivées de ).
n!

Théoreme B. En dimension 3, c’est-a-dire lorsque n = 1, en notant R le champ de Reeb et T
la torsion pseudohermitienne, la fonctionnelle s’écrit explicitement pour ¢ € C*(M, N),

Fi(p) = 103" Toll? + || Rell — 41m (7| Treell3) ) 0 A df.

3 Ju
L'opérateur induit s’écrit
Pi(p) = —00" M50 T — V5 Rp + 4lm (V" (113) ) ¢ = S, (3507T)

on
Sb(‘X) = '%§(,T1¢TTQO + '%éL(,TprlSO'

Invariant de Yamabe en géométrie de contact

Le probleme de Yamabe classique est celui de l'existence, sur une variété rieman-
nienne compacte, d’'une métrique conforme a la métrique de départ et de courbure
scalaire constante [Sch84, LP87]. L'invariant de Yamabe o a été introduit par R. Schoen et



O. Kobayashi a la suite de la résolution de ce probléeme [Kob87, Sch89]. Cet invariant
est construit de la fagcon suivante : une condition suffisante pour qu’'une métrique g soit
de courbure scalaire constante est d’étre un minimum, parmi les métriques de méme
volume dans la classe conforme considérée, pour la courbure scalaire intégrale Y (g).
De plus, Y (g) est toujours inférieur ou égal a Y (gs»), out gs» est la métrique standard
sur la sphere. L'invariant o est alors défini pour une variété différentielle compacte M
comme le "max-min"
(M) :=sup inf Scal(g) dvoly,
[g] 9€lgh /M

ou Scal est la courbure scalaire riemannienne, le supremum parcourt les classes
conformes de métriques [g] sur M et I'infimum parcourt les métriques de volume 1
dans [g].

Cet invariant différentiel global est produit en considérant une variété différentielle
compacte sous le prisme des structures conformes dont elle peut étre munie. De la
méme maniere, considérons une variété de contact compacte (M, H) admettant une
structure CR. Considérons de plus le probléme de Yamabe en géométrie CR, ot1 le role
de la courbure est joué par la courbure scalaire de Webster, auquel D. Jerison et J. Lee,
N. Gamara et R. Yacoub ont apporté une réponse positive [JL87, JL89, Gam01, GY01].
On peut alors définir un invariant de Yamabe de contact o, comme

o.(M, H) := sup inf Scaly (J,0) 0 A d6",
7 beloh IM

ou Scaly est la courbure scalaire de Webster, le supremum parcourt 1’ensemble #
des structures complexes compatibles sur (M, H) et I'infimum parcourt les formes de
contact de volume 1. Cet invariant a été introduit par C.-T. Wu [Wu09], mais n'a a
notre connaissance pas été exploité depuis. Cet invariant n’est un véritable invariant
de contact que lorsque (M, H) est de dimension 3, au sens ou toutes les 3-variétés
de contact orientables admettent une structure CR, et cela n’est plus le cas en dimen-
sion plus grande. Il est a noter que peu d’invariants de contact sont actuellement dis-
ponibles : ils sont forcément globaux d’apres le théoréeme de Darboux, et la plupart
d’entre eux provient de techniques homologiques (homologie de contact, homologie
de Floer...).

Dans le cas conforme, le calcul de I'invariant de Yamabe est difficile en général. En
dimension 3, K. Akutagawa, H. Bray et A. Neves ont obtenu le résultat suivant, a lire
en regard de la conjecture de Schoen, selon laquelle, si I' est un sous-groupe discret de

Tsom(S"), alors o (S"/T)) = ”ﬁg) .

Théoreme 0.0.1 ([BN04, ANO7]). Pour une variété compacte M et un entier k, notons #kNM
la somme connexe de k copies de M. Notons S*xS' le S*-fibré non-orienté au-dessus de S'.
Pour tous entiers k,l,m,n telsque k +1>1,0na

o (#KRP*#1(RP* x S')#m(S? x S')#n(S*xS")) =

3
De plus, si o(M) > LSE), alors M = S® ou M = #k(S* x S")#I(S*xS") avec k +1 > 1.

3
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En dimension 4, en utilisant le théoreme de Gauss-Bonnet généralisé, C. LeBrun et ].
Petean ont obtenu son expression explicite pour les surfaces complexes (de dimension
réelle 4) de type général [LeB96, Pet98].

Théoréme 0.0.2 ([LeB96, Pet98]). Soit M une variété obtenue par somme connexe de copies
de St x S* avec I'éclatement d’une surface complexe compacte minimale de type général 3. en
un nombre quelconque de points. Alors

(M) = —4m\/2(2x + 37) (%),

X(X) et 7(X) étant respectivement la caractéristique d’Euler et la signature de 3.

Une approche complémentaire est I'étude du comportement de o sous chirurgie.
Les résultats connus sont les suivants:

Théoréme 0.0.3 ([Kob87]). Soient M et M, deux variétés différentielles compactes de dimen-
sion n. Notons M,# M, leur somme connexe, alors

2
n

— (lo(My)]? + |o(My)|3)" sio(My) < Oet o(My) <0,

min (o(M,),o(M,)) sinon.

O'(Ml#MQ) Z

Théoreme 0.0.4 ([PY99]). Soit M une variété compacte. Soit N une variété obtenue a partir
de M par une chirurgie de codimension k > 3, alors

o(N) > min (o(M),0).

Théoréme 0.0.5 ([ADH13]). Soit M une variété compacte. 1l existe une constante stricte-
ment positive A, i, telle que pour toute variété N obtenue a partir de M par une chirurgie de
codimension k > 3,

o(N)>min(o(M),An k) -

Ces théoremes reposent sur la construction d"une chirurgie dont 1’anse est de courbure
scalaire strictement positive. Ainsi, dans les théoremes 0.0.4 et 0.0.5, la condition sur la
codimension de la chirurgie est due a la préservation de I'existence d’une métrique a
courbure scalaire strictement positive sous la méme condition [GL80]. Notons que dans
le théoreme 0.0.3, le membre de droite est égal a o(M, LI M5). De plus, dans le théoreme
0.0.5, A, est maximal, égal a o(S"). Par conséquent, le théoreme 0.0.5 implique les
théoremes 0.0.3 et 0.0.4.

Nous obtenons dans cette these une minoration de o, apres ajout d’anse et somme
connexe, analogue en géométrie de contact du théoréme 0.0.3, en utilisant une tech-
nique de somme connexe préservant le caractere strictement pseudoconvexe de la
structure CR due a W. Wang, J.-H. Cheng et H.-L. Chiu [Wan03, CC18]. Plus géné-
ralement, une chirurgie de contact préservant le caractere strictement pseudoconvexe
de la structure CR a été introduite par Y. Eliashberg [Eli90]. La difficulté consiste alors
a construire une anse de courbure scalaire de Webster strictement positive. Nous obte-
nons également une minoration de o, dans un cas particulier, analogue du théoreme
0.0.2.



Les résultats principaux de la thése sont les suivants. Le théoréme C correspond
dans le corps du texte au théoreme 4.0.2, le théoreme D correspond au théoréme 4.0.4,
et le théoreme E correspond au théoréme 4.0.5.

Théoreme C. Soit (M, H) une variété SPC compacte. Soit (M, H) une variété obtenue a
partir de (M, H) par ajout d’anse SPC, alors

oo(M,H) > o.(M, H).

Théoreme D. Soient (M, Hy) et (M, Hy) deux variétés SPC compactes de dimension 2n+-1.
Soit (M, Hy)#(Ms, Hs) leur somme connexe SPC, alors

1
— (loe(My, Hy)[™ !+ Joo( My, Ho)|™ )™ si 0o(My, Hy) <0

O¢ ((Mla Hl)#(M2>H2)) Z et O’C(MQ,H2> < O,

min (o.(M;, Hy),0.(Ms, Hs)) sinon.

Théoreme E. Soit (M, H) un fibré en cercles au-dessus d'une surface de Riemann ¥ de genre
strictement positif. Si (M, H) admet une structure pseudohermitienne d’Einstein, alors

oo(M, H) > —2m/—x(3),

ot x(X) est la caractéristique d’Euler de X.

Convention

Dans cette these, nous adoptons la convention suivante : les lettres minuscules
grecques désignent des indices dans {1,...,n} ; les lettres majuscules grecques, dans
{1,...,n,1,...,7m} ; les lettres minuscules latines, dans {0, 1,...,n}; les lettres majus-
cules latines, dans {0,1,...,n,0,1,...,7}. De plus, nous utilisons la convention de
sommation d’Einstein.
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CR geometry

Abstract. We give here general notions of CR geometry, of strictly pseudoconvex pseudoher-
mitian geometry and of the Tanaka-Webster curvature theory. We give some examples of CR
manifolds, and we focus on the close analogy between conformal and CR structures. In parti-
cular, we present the CR Paneitz operator and the contact Yamabe invariant.
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10 Chapitre 1. CR geometry

Introduction

Cauchy-Riemann geometry, CR for short, is the natural geometry of real pseudo-
convex hypersurfaces of C"™! for n > 1. It contains a significant amount of information
about the geometry of the domains which are bounded by these hypersurfaces. It is for
example the case for the sphere S*"*! endowed with its standard CR structure, which
is the boundary of the unit ball in C"*'. For a hypersurface M, this geometry takes the
form of a subbundle V' of complex dimension n of TM & C, which is called the tan-
gential Cauchy-Riemann operators bundle, and whose geometry encodes the obstruction
to the existence of a local holomorphic correspondence between neighbourhoods of M
and S*"*, first noticed by H. Poincaré [Poi07]. Equivalently, it takes the form of the
hyperplane distribution Re(V + V) on M, which is generically a contact distribution,
together with its natural complex structure. In the sphere case, it corresponds to the ho-
rizontal distribution induced by the Hopf fibration over the complex projective space.
More generally, an abstract CR manifold is a differentiable manifold of odd dimension,
endowed with a hyperplane distribution, and with a complex structure on these hyper-
plans. From results by L. Boutet de Monvel and H. Rossi, every abstract CR manifold
of dimension > 5 can be locally embedded into CY for some N, but there exist CR
3-manifolds, even close to S?, that are non-embeddable and non locally embeddable
[Ros65, Bou75].

Since the hyperplane distribution is stable by conformal change of the contact form,
CR geometry is intrinsically conformal. Moreover, using the connection and curvature
theory developed by N. Tanaka and S. Webster, it shares many similarities with Rie-
mannian conformal geometry [Tan75, Web78].

CR geometry arose from the attempt by H. Poincaré to generalize the Riemann
mapping theorem from C' to C*. Namely, he asked the following question:

Problem 1.0.1 (Riemann mapping problem in C"'). Given two smooth real hypersur-
faces I'; and I’y in C™1, given p € I'y and ¢ € I'y, are there U;, U, respective neighbou-
rhoods of p, ¢ and a biholomorphism @ : U; — U, such that ®(U; NT'y) = Uy NT'9?

CnJrl

FIGURE 1.1 - Riemann mapping problem in C"**
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Answer. [Poi07] If n = 0, the answer is positive from the Riemann mapping theorem. If
n>1,® := & |y,r, stems from a biholomorphism if and only if it verifies n tangential
Cauchy-Riemann (CR) equations, which can be viewed as a CR operator bundle T*' on T';.
The conjugate T is stable under the Lie bracket, i.e. integrable.

This structure can be generalized in the following way.

1.1 Generalities

Let n € N* and M be a smooth differentiable manifold of real dimension 2n + 1.
We assume that M is orientable. A CR structure is given on M by a complex subbundle
T°M of TM @ C of complex dimension n verifying

M NT" M = {0}
where 7% M = T1OM, and which is stable under the Lie bracket.

Equivalently, let H be a Levi distribution, i.e. an orientable hyperplane distribution
in T'M. Let J be a complex structure on H, i.e. J is an endomorphism of [ which satisfies
J? = —idy and is integrable: VX,Y € T'(H),

[JX,Y]+[X,JY] €(H) and [JX,JY]—[X,Y]=J(JX,Y]+[X,JY]),

where [-, | denotes the Lie bracket. The existence of .J also requires that H is orientable.
A CR manifold is the triplet (M, H, J).

The correspondence between the two approaches is the following:
e From the first approach to the second, H := Re (Tl’OM ® T M ), and VX €

THM, J(X +X) = i(X — X).
¢ From the second approach to the first, T'?M is the i-eigenspace of the extension

of Jto H ® C.
0,1

FIGURE 1.2 — CR structure
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Let £ = {w € '(T"M) | kerw O H} ~ TM/H. It is a real line subbundle of
T M, hence trivial since M is orientable. A pseudohermitian structure on M is a never-
vanishing section 6 of E compatible with J, i.e. such that

do(J-,J-) =do(-,-) onTM & C.
The associated Levi form  is the Hermitian form on H given by v := df(-, J-).

Definition 1.1.1. When the Levi form is definite positive, the pseudohermitian struc-
ture is said to be strictly pseudoconvex.

In that case, 0 is a contact form, which means that 0 A df" is a volume form on M,
and (M, H) is a contact manifold. A contact form on (M, H, J) which is a strictly pseu-
doconvex pseudohermitian structure will be called positive. A CR manifold admitting
an positive contact form is called SPCR, and a contact manifold admitting an SPCR
structure is called SPC. We will always assume that H is a contact distribution.

Definition 1.1.2. Given an SPC manifold (M, H), we define
7 = {Compatible complex structures J on H | (M, H, J) is an SPCR manifold} .

In dimension 2n + 1 = 3, T""M is of complex rank 1, the integrability of J is thus
automatic. The set ¢ is defined by purely algebraic conditions, and it is moreover
contractible. Indeed, considering J,, J; in _Z, let, for i in {0, 1}, v, := df(-, J;-). For t in
[0,1], the metric v, := (1 — )y, + t71 gives a complex structure .J, compatible with 6,
with J, = Jy and J; = J;. The set # is therefore always non-empty.

Definition 1.1.3. A CR manifold (M, H, J) is called embeddable if there exists a subma-
nifold (M’, H', J') of C" for some N and a CR isomorphism f : M — M’, i.e. such that
f* (TLOM) — TI’OM/.

All compact CR manifolds of dimension > 5 are embeddable, but there exist CR 3-
manifolds, even close to S, that are non-embeddable [Ros65, Bou75].

An SPCR structure induces a conformal structure on the contact distribution H.
Indeed, let (M, H, J) be an SPCR manifold and 6 be a positive contact form on M. Note
that E is the set of sections of a line bundle. Strict pseudoconvexity is then preserved
under conformal changes of 6. Indeed,

The Reeb field of a contact form 6 is the unique vector field R € T'M verifying 0(R) =
1 and tpdf = 0. We get a pseudohermitian decomposition of the tangent space

TM =RR & H,

and a pseudohermitian projection 7, : TM — H. Note that this projection depends on
0. An admissible coframe is a set of (1,0)-forms (6, ...,6,) whose restriction to 7" M

forms a basis for (T1’°M>* and such that, for all o in {1,...,n}, #*(R) = 0. Then
df = ih, 50" A 0°, where 6° := 97 and (h,3) is a positive definite Hermitian matrix.
If (T1,...,T,) is the dual frame to (¢',...,0") on T"°M, then y(T,, T5) = h,3.
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Definition 1.1.4. The Riemannian metric g;» on M given by
9o = 0"+,
is called the Webster metric of (M, H, J,0).

Definition 1.1.5. Let m, : TM — H be the pseudohermitian projection. The horizontal
gradient is the operator V;, := VY. The sublaplacian is A, := div(Vy-).

1.2 Curvature theory

Theorem 1.2.1 ([Tan75, Web78]). Let (M, H, J,0) be a strictly pseudoconvex pseudoher-
mitian manifold. There is a unique linear connection V° on M, called the Tanaka-Webster
connection, which parallelizes the Levi distribution H, the Reeb field R, the complex structure
J, and the Webster metric g;4, and whose torsion T° verifies

VX,Y e H TX,Y)=dd(X,Y)R and T°(R,JX)+ JT°(R,X)=0.

In other words, if 6, ...,6" is an admissible coframe with df = ih,g0% A 93, then the

connection forms w,” and the torsion forms 7, = A.30” of the Tanaka-Webster connection
are defined by

d85:9“/\wa5+9/\75, wag—l—wga:dhag, AaB:ABOH

where indices are raised and lowered with h 3, i.e. w53 = h,zw,” [Web78, Lee88]. We
then have, for the dual frame (73, ...,T,) to (6*,...,6"), VT, = waﬁ ® Tp.

Due to the first condition in Theorem 1.2.1, the torsion of the Tanaka-Webster
connection is nonvanishing; however, we define:

Definition 1.2.2. The pseudohermitian torsion T of the Tanaka-Webster connection is the
operator 7 = tzT’. If 7 vanishes, (M, H, J,0) is called normal.

Note that the definition of Tanaka-Webster connection implies that the pseudohermi-
tian torsion is always trace-free as an endomorphism of the real vector bundle H.

Let %° be the curvature tensor field corresponding to the Tanaka-Webster connec-
tion. It can be decomposed into vertical, mixed, and horizontal terms. The vertical and
mixed terms only depend on 7 and its first derivatives. The horizontal part gives the
Webster curvature tensor. Let Ricy (J, ) be its Ricci tensor, and Scaly (.J, 0) be its sca-
lar curvature, called the Webster scalar curvature. In other words, the curvature forms
I, =dw,” —w,” Aw,? verify

1% =%""_6° A6 mod 0.

a po

We then have
Ricw (J,0)(To, Tg) = %' f 5 and  Scaly(J,0) = h* Ricy (7, 0)(Ta, T).

We also define the CR-covariant CR Schouten tensor:
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Definition 1.2.3. The CR Schouten tensor is

SChw(J, (9) =

2n+1) |

, Scaly (J,0)
1 (vt St

The pseudohermitian equivalent of Einstein manifolds is built as follows:

Definition 1.2.4. The canonical bundle K of a strictly pseudoconvex pseudohermitian
(2n + 1)-manifold (M, H, J,0) is the complex line bundle of n + 1-forms on M of maxi-
mal holomorphic type (n,0). Given a local basis T3, . . ., T, of T"°M and the dual basis
g, ....0" Kis locally generated by 6 A 6' ... A9". The contact form 6 is called invariant
if it is volume normalized for a local section { of K, i.e.

0 Ado" =i nl0 A (RaC) A (RC).

Definition 1.2.5 ([CY13]). A strictly pseudoconvex pseudohermitian manifold
(M, H,J,0) is said to be pseudo-Einstein if § is invariant. Equivalently, (M, H, J, ) is
pseudo-Einstein if

1
Ricy = —Scalyy if n> 2,
n

Scaly = 1'7111 ifn=1.

In particular, if (M, H, J) is embeddable, then it admits a pseudo-Einstein structure
[Lee88]. Note that, if n > 2 and (M, H, J,0) is pseudo-Einstein, then the CR Bianchi
identity implies that
Scaly,, = i(n — 1)7’55.

Therefore, a pseudo-Einstein strictly pseudoconvex pseudohermitian manifold does
not necessarily have constant scalar Webster curvature. However, a normal pseudo-
Einstein strictly pseudoconvex pseudohermitian manifold has constant scalar Webs-
ter curvature. A normal strictly pseudoconvex pseudohermitian 3-manifold is pseudo-
Einstein if and only if it has constant Webster scalar curvature.

Definition 1.2.6 ([Wan15]). A normal, pseudo-Einstein contact form is called an Ein-
stein contact form.

Finally, let us recall the relation between the Tanaka-Webster connection and the
Levi-Civita connection of the Webster metric, which will be useful in Chapter 3.

Proposition 1.2.7 ([DT06]). Let V¥ be the Levi-Civita connection of (M, g;¢). Then
VI=V—(d)+A)@R+7®60+200J,

where A =~(1+,)and aof=a® [+ R a.

In particular, we have VR = 0.

Proposition 1.2.7 yields the following result:
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Proposition 1.2.8 ([DTO06]). Let %Y be the Levi-Civita connection of (M,gse). Then
VX,Y,Z e T(TM),

Ry Z = RHyyZ+ (LXNLY)Z +2d0(X,Y)JZ

—2950 (0N TV(X,Y),Z)R+20(Z) (0 A T) (X,Y),

where L =7+, S(X,Y) = (V47)Y = (V47) X, 7 =72+ 2Jr —id, and (X AY)Z =
g(]ﬂ(X, Z)Y — g‘],g(Y, Z)X

1.3 Examples

1.3.1 The Heisenberg group

The Heisenberg group is the Lie group H*"™' := C" x R endowed with the coordinates

(z,t) :== (21, , Zn, t). A CR structure is given on H*"*! by
TY°H := Vecte(Ty,--- ,T,) with T} := 9 + izg
' IR T o T gy

A compatible positive contact form is given by

QH =dt+1 Z(Zjdzj - Zjdzj),

=1

whose Reeb field is Ry = gt We have

dOy :iZdzj/\de and yg = Zdzj/\déj.

J=1 J=1

For this structure and § > 0, the dilation (z,t) ~ (62,6°t) is a CR-isomorphism. A
homogeneous norm with respect to dilations is the Heisenberg norm, given by

(2, )|l = (|2]* + £2)5.

In that perspective, a (2n + 1)-dimensional CR manifold is sometimes said to have "ho-
mogeneous dimension" 2n+2, which may be kept in mind when considering analogies
between CR and Riemannian geometry [JL89].

The Webster curvature tensor of the Heisenberg group vanishes: this space can be
thought of as the Euclidean space equivalent of CR geometry.
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1.3.2 The standard sphere

Let us consider the sphere S***!' c C"*'. The Cayley transform, which is the CR
diffeomorphism

Y CMT o $PH {(0,...,0,1)} — 2+
n 1 — An
(Zl,...72n+1> — “1 sy i , ntl ,
I+ 2p4a I+ zp 14+ 2041

can be seen as the analogue in CR geometry of the stereographic projection ; the stan-
dard pseudohermitian structure on the sphere is then given by

n+1
Oo =40 =iy (2d? — zd2).
j=1
n+1
The corresponding Reeb field is given by Ry =i ) (zj 0., — Zj&zj) . Remark that Ry =
=1
n+1 ’
Jo(No), where Ny = ) (zj 9, + 7% 8@) is the unit normal vector field to S>"**.
j=1

The strictly pseudoconvex pseudohermitian manifold (S*"', Hy, Jy,0p) has

1
constant Webster scalar curvature: Scaly, (Jy, 6y) = n(n;) A CR manifold is called

spherical if it is locally CR equivalent to (S*"*!, Hy, Jy). It is the analogue in CR
geometry of being conformally flat.

The standard pseudohermitian structure (S**+1 Hy, Jy, 0) can also be interpreted

in terms of the Hopf fibration S' < $?"*! % CP", where h is the standard projection of
the sphere over the complex projective space [GM11]. Indeed, let us equip the circle S'
with the group structure of U(1). The sphere S*"*' is consequently a U(1)-bundle over
CP". Namely,

VA€ UL, Y(z1,...,2,) €S Xz, .oy zn) = (Az1, .00, Azg).

For z € §*"!, let us consider the fiber (z;, = €*™2),c(0.1). Then 2y = 27 Ry(z). Moreo-
ver, we have the orthogonal decompositions, with respect to the standard Hermitian
product in C**,

TCr ! = span (Ny) @& TS = span (No, Ro) ® Ho,

where Hy = ker 6.

1.3.3 Circle bundles over a Riemann surface

We recall here a construction detailed by D. Burns and C. Epstein [BE8§], that will
be useful in Chapters 2 and 4. Let us consider a compact Riemann surface ¥ with a
Hermitian metric 7. Let T"%% be the holomorphic tangent bundle to ¥, and let M be the
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unit circle bundle in 7"°Y.. M is then a U(1)-bundle over ¥, whose dual coframe gives
a canonical one-form ©' on M. Moreover, since dim ¥ = 2, 7 is automatically a Kéhler
metric, hence there is a unique torsion-free connection form O] such that d®©' = ©'AO).
We then have B

dol = Ko' A e,

where K is the Gauss curvature of X. If K never vanishes, an associated normal strictly
pseudoconvex pseudohermitian structure (J, ) is given on M by 6 = i sign(K)©7 and

' = /| K|©", so that df = i#' A 8'. Moreover, we have

1|K|,191 . 1|K|,T

dot = 9t
: (2 & 2K

ol — i sign(K)@) :

If K is constant, then w; = —i sign(K)#, hence Scaly (J,0) = sign(K).

Note that, by the following result, all non-spherical SPCR compact 3-manifolds
which admit a normal contact form are such bundles or finite quotients of them, i.e.
Seifert bundles.

Proposition 1.3.1 ([BelO1]). Let (M, H,.J) be a compact normal SPCR 3-manifold. Then
(M, H, J) is either a finite quotient of the standard sphere or of a circle bundle over a Riemann
surface of positive genus.

1.4 CR-conformal analogy

1.4.1 The CR Yamabe problem

Let (M, H, J,0) be a compact strictly pseudoconvex pseudohermitian manifold of
dimension 2n + 1. We already mentioned that the set of positive contact forms on
(M, H,J) is a conformal class

0] = {un0 | u € C®(M,R})}.
2
Here, the choice of the exponent - is made to simplify further conformal change for-
mulas.

The similarity between conformal and CR geometry can be seen through the varia-
tion of the Webster scalar curvature under conformal changes of ¢: given a conformal
factor u in C*(M,R%), we have

_n+2 (2n+1

Scaly (J,unf) = u~ "= Apu + Scaly (J, 9)u> .

Therefore, u~§ has constant Webster curvature Scaly = A if and only if

n—+1

2 Ayu ~+ Scaly (J, 0)u = Au'
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which we will call the CR Yamabe equation. This equation may be compared with the
Riemannian Yamabe equation for a manifold of dimension 2n + 2. This similarity sup-
ports the homogeneity mentioned in Section 1.3.1.

By analogy with the conformal case, the CR Yamabe problem is the following ques-
tion: is there a constant Webster scalar curvature positive contact form in the conformal
class [6]?

As in the conformal case, a sufficient condition is that there exists a contact form
which realizes the infimum of the CR invariant

Yer(M,H,J) = inf Sw(M,J,0), (1.1)
0€lf)1
where R
0], := {0 € (0], Vol(M, 0) / O Adi =1},
and

Sw (M, J,0) /ScalWJH)O/\dG”

denotes the integral Webster scalar curvature. The functional Y5 is maximal for the
standard sphere:

Theorem 1.4.1 ([JL87]). Yor(M, H,J) < Yor(S™, Hy, Jo) = 2mn(n + 1).

A positive contact form minimizing Y is called a Yamabe contact form. The CR
Yamabe problem has been given a positive answer by the following results of D. Jerison
and J. Lee, and N. Gamara and R. Yacoub:

Theorem 1.4.2 ([JL87]). If Yor(M, H,J) < Yor(S*™', Hy, Jy), then there is a Yamabe
contact form.

Theorem 1.4.3 ([JL89]). If n > 2 and (M, H,J) is not spherical, then Yor(M, H,J) <
Yer(S**, Hy, Jo).

Theorem 1.4.4 ([GamO01, GYO01]). If n = 1 or (M, H, J) is spherical, then the CR Yamabe
problem has a solution.

The proof of this last theorem uses a technique of critical points at infinity initiated
by A. Bahri. Note that the positive contact forms found this way are not necessarily
Yamabe contact forms. However, ].-H. Cheng, A. Malchiodi and P. Yang have shown
that Yamabe contact forms always exist on SPCR 3-manifolds with non-negative CR
Paneitz operator, cf. Section 1.4.2.

On Einstein strictly pseudoconvex pseudohermitian manifolds, the following re-
sult by X. Wang ensures that all constant Webster scalar curvature contact forms are
Finstein:

Theorem 1.4.5 ((Wan15]). Let (M, H, J) be a compact SPCR manifold which admits an Ein-

stein contact form 0. If ) = unf € 0] has constant Webster scalar curvature, then 0 is Einstein.
Moreover, if (M, H, J) is non-spherical, then w is constant.
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1.4.2 The CR Paneitz operator

In conformal geometry, the Paneitz operator is a differential operator of order 4 de-
tfined on a Riemannian manifold of dimension n, conformally covariant when n = 4,
introduced by S. Paneitz [Pan08]. Several applications of the conformal Paneitz ope-
rator can be found in Chapter 7 of [DGHO08]. The CR Paneitz operator is similarly a CR
covariant differential operator of order 4 defined on a strictly pseudoconvex pseudo-
hermitian manifold of dimension 2n+ 1, introduced by C. R. Graham and J. Lee [GL88].
It is defined by

Definition 1.4.6. Let (M, H, J,0) be a pseudohermitian manifold. Let A, be the subla-
placian, 12 be the Reeb field, and (7}, .. .,T,) be a local basis of 7" M. The CR Paneitz
operator is -
Py = A} + R? — 4Im (Tx (7,7T5))

1 —
= (7= By _ B

5 (Ta (ra TB) T, (Ta Tﬁ)) :

B\ .

where Im (Ta (Ta Tﬂ>) = o

The CR Paneitz operator is CR covariant when n = 1: if § = ¢/ is conformal to 6,

then Pl = ¢*/ P,. Graham and Lee more generally introduce, for all n > 1, an operator
P, of order 2n + 2, which is CR-covariant in dimension 2n + 1.

Contrarily to the conformal case, the CR Paneitz operator always has an infinite di-
mensional kernel, containing the space & of CR pluriharmonic functions, i.e. functions
which are locally real parts of CR-holomorphic functions.

Definition 1.4.7. The CR Paneitz operator is said to be nonnegative, and denoted P, > 0,
if
Vo € C(M,R), / wPypf N\ dO" > 0.
M

Note that the non-negativity of P, is a CR condition, i.e. it does not depend on
the choice of 0. The non-negativity of the CR Paneitz operator plays a key role in the
following CR positive mass theorem, whose concepts we will not detail here:

Theorem 1.4.8 ([CMY17]). Let (M, H, J) be a compact SPCR 3-manifold. Let 6 be a blow-up
of positive contact form, such that (M, H, J,0) is asymptotically flat. If P, > 0 and Yor > 0,
then the CR ADM mass of (M, H, J,0) is nonnegative, and vanishes if and only if (M, H, J)
is spherical.

As a consequence, manifolds with non-negative P, admit Yamabe contact forms by the
following result and by Theorem 1.4.2:

Theorem 1.4.9 ([CMY17]). If n = 1, P, > 0, and (M, H,J) is not spherical, then
YCR(Ma H, J) < YCR(Sg, H(), Jo)

Note that a CR positive mass theorem has also been announced by J.-H. Cheng and
H.-L. Chiu for spin, spherical, compact SPCR 5-manifolds with positive Yz [CC].

Along with Y¢ g, the CR Paneitz operator also plays a key role in the embeddability
problem for CR manifolds:



20 Chapitre 1. CR geometry

Theorem 1.4.10 ([CCY12]). Let (M, H,J) be a compact SPCR 3-manifold. If P, > 0 and
Yor > 0, then (M, H, J) is embeddable.

Conversely, the non-negativity of the CR Paneitz operator of an embeddable strictly
pseudoconvex pseudohermitian 3-manifold with vanishing pseudohermitian torsion
holds for small deformations of the complex structure along embeddable directions
[CCY13].

1.5 The contact Yamabe invariant

The Yamabe invariant is the global invariant defined, for a compact differentiable

manifold M, by
o(M) :=sup inf Scal(g) dvol,
[g] 9€lgh /M

where Scal denotes the Riemannian scalar curvature, the supremum runs over all
conformal classes of metrics [g] on M and the infimum runs over all metrics of volume
1 in [g]. It has been introduced by R. Schoen and O. Kobayashi in the wake of the
resolution of the Yamabe problem [Kob87, Sch89].

The resolution of the CR Yamabe problem, cf. Section 1.4.1, leads naturally to the
consideration of the following quantity:

Definition 1.5.1 ([Wu09]). Let (M, H) be a compact SPC manifold. Let _# be the set
of complex structures J on (M, H) such that (M, H, J) is SPCR. The contact Yamabe
invariant, or o, invariant, of (M, H) is defined by

o.(M,H) :=supYer(M, H,J).

This quantity is a global contact invariant of (), H). It has been introduced by C.-
T. Wu, but to our knowledge it has not been used afterwards [Wu09]. This invariant
is an actual contact invariant when M is of dimension 3, in the sense that all contact
3-manifolds admit a CR structure. This is no longer the case in higher dimension. Note
that few contact invariants are currently available: they are necessarily global by Dar-
boux’s theorem, and most of them come from homological considerations.

As in the conformal case, the contact Yamabe invariant characterizes manifolds
which admit a structure with positive curvature:

Proposition 1.5.2 ((Wan03]). Let (M, H) be a compact SPC manifold. Then o.(M,H) > 0
if and only if there exists a strictly pseudoconvex pseudohermitian structure (J,0) on (M, H)
with positive Webster scalar curvature.

Finally, let us recall the following lemma, that will be essential in Chapter 4.

Lemma 1.5.3. Let (M, H,J) be an SPCR manifold. The infimum in Definition (1.1) of
Yer(M, H, J) may be taken over the space L.(M,R.) of non-negative Lipschitz functions
with compact support on M.
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Proof. Indeed, Yer(M, H,J) = inf )Qg(u) where 6 is any positive contact form on

ueC> (MY,
(M, H,J)and
Jar (2252 [Vl + Scalyw (J, 0)u?) 0 A dO”

(Jr w20 A ) ™

Qo(u) :

)

hence Qy is continuous in the Sobolev space W'?(M). Since C*(M) is dense in
W2(M), since Qq(|u|) = Qq(u) for all u € C*°(M), and since a nonnegative Lipschitz
fonction can be arbitrarily approximated in W'? norm by a positive smooth function,
we have Yor(M,H,J) =  inf )Qg(u). O

UELC (M,R+

1.6 The Fefferman bundle

A CR manifold carries biholomorphically invariant curves, called chains [CM74].
C. Fefferman showed that, for embeddable CR manifolds (M, H,J), M x S' can be
equipped with a Lorentzian metric whose light rays project onto the chains of (M, H, J)
[Fef76]. This result was generalized to abstract CR manifolds by D. Burns, K. Diederich,
and S. Shnider [BDS77]. F. Farris and J. Lee then provided an intrinsic construction of
this metric, called the Fefferman metric, which we recall here [Far86, Lee86, Her(09].

Let (M, H,J) be an SPCR (2n + 1)-manifold. Let K be the canonical bundle on
(M, H,J), cf. Definition 1.2.4. The line bundle of 1-densities L is defined as the (n + 2)-th
root of K*. This root may not exist globally, but it can always be defined locally. Let 6
be a positive contact form on M.

Definition 1.6.1 ([CDS05]). The Weyl structure attached to 6 is the linear connection D
on L defined by
iScaly (J, 0)

D=Vt i Dt

The Fefferman bundle is ' = L/R’ . Let  : F' — M be the natural bundle projection.
Let @ be the S'-invariant connection 1-form induced by the Weyl structure attached to
¢ on F. The Fefferman metric attached to § on F is the Lorentzian metric

. . 1,
gr =iwoT 94—57? 7,

where Ao 1 := A ® p+ u ® \. The Fefferman metric is CR-covariant:
Proposition 1.6.2. For § = [0 in [6], we have jr = (7* f)gp.
The relations between the Riemannian curvature of gr and the Tanaka-Webster cur-
vature of 0 are the following. They will be useful in Chapter 3.
Proposition 1.6.3 ([Lee86]).

Scal
Ricg,, = %gp — 2nw?® — 2n860% + nSchy + ny(J7-,-) +nTJ o b,
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where i Seal
1 pCalyy . 1 2 2
= 5 d S=— (6T —|Sch .
n—|—2<2(n—|—1)+2 7') an n( |Schyy | —i—|7’\)

Moreover, ( )

22n+1

Scaly, = TSC&IW.

Note that Fefferman metrics never are Einstein.



CHAPITRE II

ACHE manifolds

Abstract. We present here notions of asymptotically hyperbolic geometry in the complex set-
ting, and its correspondence with CR geometry. This approach gives a way to build CR in-
variants as Riemannian invariants of a certain asymptotically complex hyperbolic manifold.
We detail results on the existence of smooth asymptotically complex hyperbolic Einstein and
Ké&hler-Einstein formal metrics.
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Introduction

Asymptotically hyperbolic manifolds (AH for short) are manifolds which admit a
conformal infinity, that is to say a boundary equipped with a conformal structure which
is, roughly speaking, a generalization of the standard conformal sphere seen as the
boundary of the Poincaré disk. Reciprocally, every compact conformal manifold can
be filled with an AH manifold X" whose metric is Einstein, thus called AH-Einstein
or AHE, when n is odd. When n is even, a conformally invariant obstruction to the exis-
tence of a smooth up to the boundary AHE metric appears [FG85, GHO5]. Recently, M.
J. Gursky and G. Székelyhidi have announced that an AHE metric exists locally for
all n > 3 [GS17]. This approach provides a correspondence between a Riemannian
structure on a manifold and a conformal structure on its boundary. Information on the
conformal infinity can thus be read on the AHE metric.

The complex counterparts of AH manifolds, asymptotically complex hyperbolic ma-
nifolds (ACH for short), have been introduced by C. Epstein, R. Melrose, and G. Men-
doza [EMMO1]. They generalize the construction by C. Fefferman, S.-Y. Cheng, and
S.-T. Yau, of asymptotically Bergman metrics, which are K&hler-Einstein metrics on boun-
ded strictly pseudoconvex domains of C"!, which are asymptotic to the CR structure
of the boundary [Fef76, CY80]. The regularity of these metrics near the boundary has
been studied by J. Lee and R. Melrose [LM82]. To an ACH manifold thus corresponds
a CR infinity. For example, the CR infinity of the complex hyperbolic space CH" " is
S*"*! endowed with its standard CR structure.

Due to the even "homogeneous dimension" of CR manifolds mentioned in Chapter
1, ACH manifolds have been known to share similarities with the "n even" real case. In
particular, the asymptotic development of ACH-Einstein and -Kéahler-Einstein metrics
has been extensively studied by O. Biquard, M. Herzlich, and Y. Matsumoto, and
obstructions to smoothness have been identified [Biq00, BHO5, Mat14].

2.1 The case of the sphere

Let us consider the sphere S***' C C"*! endowed with its standard contact form
90 = Z (zjd? — éjdzJ) ’SQn—o—l.

Let 9 = dfy(-,i-) be the induced metric on the contact distribution ker . The Bergman
metric on the ball B>"*? is given in polar coordinates by

t
go = dt* + 4sinh®(t)02 + 4 sinh? <2> Yo-

This metric is Kdhler and has constant holomorphic sectional curvature —1. The space
(B*"*2, o) is known as the complex hyperbolic space and is denoted by CH" .



2.2. Asymptotically Bergman metrics 25

2.2 Asymptotically Bergman metrics

Let Q2 be a smooth strictly pseudoconvex domain in C". For v € C*(§),R), we

denote
ou ou
u j .

= d uzi=—.
o, and g o7,

Theorem 2.2.1 ([CY80]). There is a unique complete Kihler-Einstein metric on ). It has the
form g = ujgdzj dz*, where u € C™(Q, R) satisfies the complex Monge-Ampere problem

det (uﬁ) = i QO and u= oo on ON.

n—+ 2

Moreover, it verifies Ric, = — 59

The function v = e equivalently satisfies the Dirichlet problem

(% (%n

J(v) := (—1)"det “l=1inQ and v=0 on 9.

Ui Uik

Now, let us consider the Hilbert space H?((2, C) of L? holomorphic functions on €. The
Hilbert space projection P : L*(2,C) — H?*(), C) can be represented by an integration
formula

Vfe L2(Q,C), V2 € Q, Pf(z)= /Q FKal(z, )dvolo.

The kernel K, is called the Bergman kernel. For z € Q, let Ko(2) = Kq(z, z). Then, for
PO

some constant ¢,, J(c¢,Ko""")(2) — 1 when z — 09 [Fef76]. For example, for 2 =

B*"+2, we have ¢, K, "** = 1 —|z|?. The metric (8]% log f(g) dz7dz* is called the Bergman

metric of Q. For Q) = B*""2, this metric coincides with the metric g, of Section 2.1. The
metric given by Theorem 2.2.1 is thus called an asymptotically Bergman metric.

2.3 ACHE metrics

More generally, let (M, H, J) be a (2n + 1)-dimensional orientable compact SPCR
manifold. Namely, /{ is an orientable hyperplane distribution in 7'M and J is a com-
plex structure on H. Let 6§ be a compatible positive contact form and v = df(-, J-) be
the induced metric. Let R be the Reeb field. Let V? be the Tanaka-Webster connection
of (M, H, J,0) and 7 be the pseudohermitian torsion.

Let X = [0,e) x M, let 7 : X — M be the natural projection, and let r be the
coordinate on [0, €). Let X be the interior of X. Let g, be the metric on X
dr? 6% ~

go=ﬁ+ﬁ+;.
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A function s € C*(X, R, ) is called boundary defining if s > 0on X, s = 0 and ds # 0
on {0} x M. Equivalently, s = ¢™ /r for some f in C*°(M,R). A conformal change of
the boundary defining function corresponds to a conformal change of the contact form.
Indeed, let us consider g as go(r, #), then, for f in C*°(M,R),

go(e”*fr, ) = go(r, e*fe).

We define an order O, adapted to go. A normal basis with respect to gy is e =
(r@r, rR, r%TA), where (74) is an orthonormal basis for v, considered as a Hermitian

metric. Its dual basis is e* = (r’ldr, rl0, r20%, r’%Ga). The order O, takes e and e* for
reference. Thus, we have for example

y=0%c0"=r (r’%9a> o (r*éea) = O,(r),
where Ao ;=A@ pt + pu ® A.
Definition 2.3.1 ([Biq00]). A metric g on X is called asymptotically complex hyperbolic,

or ACH, if g — go = 0.(1). The CR manifold (M, H, J) is then called the CR infinity of
(X, 9).

Example 2.3.2. For A > 0,

_dr? N (1-— )\2r2)292 N (1 —Ar)?

9= v

2 72 r
is an ACH metric on X. Moreover, if (M, H, J,0) is Einstein with Ricy (J,0) = 2(n +
1)\, then g is an Einstein metric, satisfying

n+2
2

Ric(g) = 9-

Indeed, a complex structure .J compatible with g on X is given by J|yx(y = J and

T R : T 2.2 0 1 < 1 : )
- e - (1- L - - 1
JO, T2 e droJ = (1 — Xr*)0. Let 0 VAL )\2r2dr i6 ) and let

o:=0" A0 A ... A" be a section of the canonical bundle. Then

do=—dONO" A ... NO"— NI AL AO .+ (1) AO AL AdO",

V2
where the first term vanishes and, since 7 = 0 by Definition 1.2.6, d0* = 6% A wj, hence
do = —wy No.

The curvature form of ¢ is hence given by —dw® = —%° " w0° A 0% = 2i(n 4 1)Ad6.
Moreover,

(_1)n+1irn+2
(1= A2r2)2(1 — Ar)2n

oNT =

(r‘ldr>/\<(1 - )\27“2)7“_19)/\<(1 — )\7")7"_%01)/\. . ./\((1 - )\T)r_%eﬁ) :

Consequently,

loly =

(1= A2r2)2(1 — Ar)2’
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henceIn [o|? = (n + 2) Inr — 2In(1 + Ar) — (2n + 2) In(1 — Ar). We have
or = E (dr —i(1l— )\27“2)(9)
2 Y
hence

. 1_)\2 2 - 1_)\2 2
z’@@r:—)\Qrdr/\Q—i—TrdG and i@r/\ar:Trdr/\G.

The Ricci form of g is then given by

py = —i00n|o|? + idw

= —i00In o] +2(n + 1)Ad0

— )\2p2 _ 2
_ n+2(1 )\Tdr/\Q—(l A1) me
2 r2 r

With this example in mind, we consider the following problem:

Problem 2.3.3. Is there in general an ACH Einstein metric on X?

Such a metric is called an ACHE metric. Contrarily to Theorem 2.2.1 for domains of
€™, such a metric may not exist in general. Nevertheless, there are formally determined
almost ACHE metrics, in the following sense:

Definition 2.3.4. In any asymptotic development Zak (p)rk, the term a;, seen as a
k

function on M, is called formally determined if it is a universal polynomial on a finite
jet of the CR structure at p € M only.

Theorem 2.3.5 ([Mat14]). There is an ACH metric gg on X, which is Einstein up to order

n-+1,ie.

n+ 2
2

where O, denotes the order with respect to any basis e orthonormal for go. The metric gg is
formally determined modulo O, (r"*'). Moreover, we have the asymptotic development

Ric(gp) = — ge + O (r"™1),

g = go + @ + O,(r?),
where
® = —2Schy (J,0) + 2v(JT-, ).
Note that & = O.(r).

We thus have a formally determined almost ACHE metric on X. A more convenient
metric for our study would be an almost ACH-Kdhler-Einstein metric on X. We have
at hand the following results:
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Proposition 2.3.6 ([BHO5]). One can construct on X a formal complex structure Jx, entirely
formally determined by the CR infinity, starting from the almost complex structure J, which is
the extension of J to X with JO, = R. Moreover, an extension V' of V? to X is given by

Vo, = VrR = @%TT%TA = 0.

Let T? be the torsion of V? and 7 := 1gT°. An asymptotic development of Jx is then given by

Jx = J — 2rF + O.(r?).

Theorem 2.3.7 ([BHO5, Her(07]). There is a formally determined ACH Kihler metric gk on

(X, Jx), which is Einstein up to order n + Y ie.

n—+2
2

Ric(gKE) = — JKE + Oe(rn+%)'

. 1
Moreover, gi and g g coincide up to order n + o

In dimension 2n 4 1 = 3, the asymptotic development of gxz, and therefore of gg,

3
is known at order Y which will be essential in Chapter 3:
Theorem 2.3.8 ([BHO05, Her07]). When n = 1, we have the asymptotic development
gxE = go + Papt”t 0 07 + V76" 0 0" + W5,0° 0 0" + O.(r?),

where . 0
‘IJOT = —\/§ (6Scalw71 — 327'11’1> s
and ® is given by Theorem 2.3.5:

Scaly,

- 1

2.4 CR invariants

As in the conformal case, the correspondence between CR manifolds and ACHE
manifolds has many consequences. It provides an approach to build CR invariants via
Riemannian invariants of the interior. We present here two such examples.

2.4.1 The Burns-Epstein invariant

Let (M, H, J) be a compact SPCR 3-manifold. The Burns-Epstein invariant (M, H, J)
is defined as the evaluation of a well-chosen de Rham cohomology class on the fun-
damental class [M] in H3(M,R) [BE8S]. In particular, we have the following estimates,
which will be useful in Chapter 4.
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Proposition 2.4.1 ([Mar15]). The Burns-Epstein invariant of a compact SPCR 3-manifold
(M, H, J) admitting a pseudo-Einstein contact form 6 is given by

1
4m2

Proposition 2.4.2 ([BE88]). The Burns-Epstein invariant value of a circle bundle (M, H, J)
over a Riemann surface ¥ is

W(M, H, J) = / <|T(J, 0)[? — iScalW(J, 9)2> 6 A do.

Ix(2)] 1 / (Alog[Scaly (J, 9J)|)2

M, H J)=—
w(M,H,J) 4 127 Jx |Scaly (J,0;)]

dVOlE s

where 0 is the unique normal contact form on (M, H, J) and x(X) is the Euler characteristic
of .

Theorem 2.4.3 ([BHO5]). Let (X, g) be an ACHE 4-manifold with CR infinity (M, H, J).
There is a global CR invariant v(M, H, J) such that

1 1
/ (3|Wg—|2 WP %scalf,) dvol, = x(X) — 37(X) + v(M, H, J),

872 Jx

where x(X) is the Euler characteristic of X, 7(X) is its signature, and W, and W, are res-
pectively the antiselfdual and selfdual Weyl tensors of (X, g).

Theorem 2.4.4 ([BHO5]). Let J and J' be two CR structures on (M, H). Then
v(M,H,J) — v(M,H,J') =3, H,J)— pu(MH.J)).

2.4.2 The renormalized volume

Theorem 2.4.5 ([Her07]). Let (X, g) be an ACHE 4-manifold with CR infinity (M, H, J).
Let 6 be a positive contact form on (M, H, J). There is a pseudohermitian invariant V on M,
called renormalized volume, such that

7/—4/ / (SC&IW (J.60)" 5|7‘(J,Q)|2>9/\d9

is a CR invariant of (M, H, J). Moreover,

| L 1. 1
\X) = — | (ngy _ 248ca19> dvoly + 57

872 Jx

2.5 O-structures

We briefly present here an equivalent approach to define ACH manifolds, using ©-
structures. This construction is due to C. L. Epstein, R. B. Melrose, and G. A. Mendoza
[EMM91]. We follow the description of C. Guillarmou and A. S4 Barreto [GS08].

Let X be a smooth (2n + 2)-dimensional manifold with boundary. We denote X :=
X \ 90X, and we say that X compactifies X.



30 Chapitre 2. ACHE manifolds

Definition 2.5.1. A boundary defining function on X is a function r € C*°(X,R,) such
thatr > 0on X,r = 0and dr # 0 on 6X.

Let us consider © € C™(9X,T*X|,%). We call © a precontact form if, denoting ¢ :
0X — X the inclusion, 4 := /*O is a contact form on 0.X.

Definition 2.5.2. A O-structure on X is a conformal class [O] of precontact forms.

In that case, let us consider any boundary defining function r € C*(X,R,). Let
us consider any extension © of © in C*(X,T*X). We define the subspace ¥ of
C*®(X,TX) as follows:

Vet e VeriC®X,TX), O(V)erc>X,R).

Namely, let (0., R, T) be a local basis of TX such that
Span(d,,Ty) C ker®, Span(R,T4) C TOX, dr(d,) = 6O(R)=1.

Then )
YV € Yo, Ja,b,c* € C®(X,R), V =ard, +brR+ c'r2Ty.

Note that 7o only depends on [0]. For p € 90X, let F, be the set of vector fields of %5
such that a(p) = b(p) = ¢*(p) = 0.

Let ®TX be the vector bundle over X whosg smcl)qth sections are the elements of
6. A local basis of ©T*X near 90X is (r‘ldr, r—to, r‘i@A).

Definition 2.5.3. A O-metric is a smooth positive definite 2-tensor on °T*X, i.e. g €
(X, 8% (°T°X)).

Proposition 2.5.4 ([GS08]). Let © € [O] and let g be a O-metric. There exists a unique
boundary defining function r such that ||r~'dr||, = 1 in a neighbourhood of 0X and r*g| % =

0. Moreover, let us denote H = ker 0. If ker(r~'6) L, rC>(X,TX)/F and if
3J € End(H), J? = —idy and 4 = d(-,J-) = rg|u,

then we have .
d?"Q (92 ”A)/ 1
9=t et T
r r2 o

where § € C(X, S? (@T*Y)>.

Definition 2.5.5. An asymptotically complex hyperbolic manifold, or ACH manifold, is a
non-compact Riemannian manifold (X, g) such that there exists a smooth compact ma-
nifold with boundary X which compactifies X, which admits a ©-structure, and such
that g is a ©-metric satisfying the hypotheses of Proposition 2.5.4.
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CR-harmonic maps

Abstract. We develop the notion of renormalized energy in CR geometry, for maps from a
strictly pseudoconvex pseudohermitian manifold to a Riemannian manifold. This energy is
a CR invariant functional, whose critical points, which we call CR-harmonic maps, satisfy a
CR covariant subelliptic partial differential equation. The corresponding operator coincides on

functions with the CR Paneitz operator.
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Introduction

Let (M, g) and (N, h) be two Riemannian manifolds. The Dirichlet energy of a map
¢ (M,g) — (N, h)is defined as

1
E(p) =5 [ Tl ,dvol,.
2 M

When dim M = 2, the energy is conformally invariant with respect to g. This is of
considerable usefulness, e.g. to construct conformal minimal immersions of Riemann
surfaces [Mil79]. However, in higher dimension, the energy is no longer conformally
invariant.

Critical points of a functional are solutions to a partial differential equation called
the Euler-Lagrange equation of the functional; in other words, they form the kernel of a
certain differential operator. In our case, the critical points of the Dirichlet energy are
called harmonic maps, and harmonic functions ¢ : (M, g) — (R, eucl) coincide with the
kernel of the Laplacian.

In a recent work, V. Bérard has shown the existence, given two Riemannian mani-
folds (M, g) and (N, h), with M of even dimension n, of a functional &' on C*(M, N),
conformally invariant with respect to g, and equal to the usual energy when n = 2
[Bér13]. This functional is called renormalized energy, and its critical points are called
conformal-harmonic maps. Conformal-harmonic maps generalize harmonic maps; mo-
reover, when n = 4 and N = R, the induced operator coincides with the Paneitz ope-
rator.

We develop here the notions of CR-harmonicity and renormalized energy in CR
geometry. CR-harmonic maps also generalize CR-holomorphic maps, which are noto-
riously hard to come by. When dim M = 3 and N = R, the induced operator coin-
cides with the CR Paneitz operator. This generalizes the recent work of T. Marugame
[Mar18]. Another extension of the CR Paneitz operator to maps has been proposed by
T. Chong, Y. Dong, Y. Ren, and G. Yang [CDRY17]. The main result is the following,
which summarizes Proposition 3.2.1 and Theorem 3.1.3:

Theorem 3.0.1. Let (M*"! H, J, ) be a compact strictly pseudoconvex pseudohermitian ma-
nifold and (N, h) be a Riemannian manifold. There exists a functional F,, on C* (M, N) which
is a CR invariant, i.e. conformally invariant with respect to 6. For ¢ € C*°(M, N), it reads
(-1
2n!?

where 6" is the Webster divergence on Q*(M) ® ¢*TN.

F.(p) = / <(5§7hv¢*h)"—15§’hw, 55’tho>h ONdO" +lower order terms (in derivatives of ),
M

The Euler-Lagrange equation of F,, is a subelliptic partial differential equation of order
2n + 2, itself CR covariant. For ¢ € C*(M, N), it reads
(="

0= 7'(52 oMM T + lower order terms (in derivatives of ).
n!

We then provide a proof strategy of the existence of non-trivial CR-harmonic maps.
This relies on an assumption on the spectrum of some differential operator and a
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conjecture on the principal symbol of another operator, that we have not been able
to check so far but that we believe true. We also describe the correspondence between
CR-harmonic maps and conformal-harmonic maps via the Fefferman bundle.

3.1 CR-harmonic maps

3.1.1 Definitions

Let (M, H,J) be a (2n + 1)-dimensional orientable, compact, strictly pseudoconvex
CR manifold and (X, g) be an ACH manifold with CR infinity (M, H, J), where g is the
approximately ACH-Kdhler-Einstein metric given by Theorem 2.3.7. Let 7 : X — M
be the standard projection. Let (N, h) be a Riemannian manifold. Let ¢ € C*°(M, N),
and let » € C*(X, N) be any extension of p, i.e. ¢y = .

Let T'¢ be the tangent map of ¢. It is a section of the bundle Q'(X) ® 3*T'N, and its
norm is defined by

1Tl = trg(&"h).
The bundle Q'(X) ® @*T'N is canonically equipped with the connection
VIt = VI @ lpry + Lovx) ® v

where V¢ and V" are the respective Levi-Civita connections of g and h, and V¥ :=
@*V}L'
The divergence 6%" is then defined for w € 0'(X) ® ¢*TN by

09" = — (VEIw) (ep),

where (e;) is an orthonormal basis of T’ X for g, considered as a Hermitian metric. We
thus have
hy — p*h _ _
69" = —=V7 "(wleg)) +w(VY ep).

For p € (0,¢), the energy of ¢ in (p,e) x M is the functional

1
B(3.p) = 7/ T&|2 , dvol, .
(@,p) 5 (p,s)xMH @l[;.ndvol,

An extension ¢ is said to be harmonic if it is a critical point of the energy for all p.
Equivalently, ¢ is harmonic if and only if §%"T'¢ = 0.

Following the ideas of C. R. Graham, R. Jenne, L. J. Mason, and G. A. J. Sparling,
we want to find the obstructions to the existence of a smooth harmonic extension
[GJMS92]. More precisely, assuming that ¢ is smooth, we want to know if the first
terms of the asymptotic development of ¢ are determined by the data at infinity. By
similarity with the real case and based on the known asymptotic developments of the
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approximately ACH-Einstein metrics, we expect to find an obstruction at order n + 1,
taking the form of a CR covariant subelliptic differential operator of order 2n + 2.

Here, the asymptotic development of ¢ will denote, by identification, the asymptotic
development in r of U := exp,' 0@ € C°(X, (p o m)*'TN), i.e.

Vp € M, Vr € (0,g), @(p,r) = expyy (Ulp,7)),

where, for p € M, the exponential map exp,,,) is a diffeomorphism between a small
ball B(0,e) C T,y N and its image, which is a neighbourhood in N of ¢(p). Note that
U(-,0) = 0. The identification is justified by the fact that, denoting v := T'¢(v) for
v € TX, and similarly for ¢ on T'M, we have

0, = 0 (exDyer(U))
2

’
:@1+<P2T+803§+~-,

where )
VE>1, op = (V5 ")10,¢] 0.

Note that ¢, is a section of p*T'N, hence V¥ "¢, is a section of Q' (M) ® p*T'N.

3.1.2 Computation of the divergence

We use the notations of section 2.3. Let (7,,) be a local basis of T'°M and Ty := T,,
such that (T}) is orthonormal for ~, considered as a Hermitian metric. Let (/") be the

—1 d 0
basis dual to (T4). Let Ty := O — iR and ¢ = 2

V2 V2

Lemma 3.1.1. Forw € Q'(X) ® ¢*TN, we have

its dual.

§9hy = nrw(o,) —r? (Vghw(Tﬁ) + V?i;hw(To)) — TV?;hw(Tz)
= nrw(0,) — r2V§:hw(8r) —r2V% "w(R) — TV%hw(TZ).
Proof. We have -
go =100 +r710% 0 97,
where Ao ;=A@ i+ ® A.

An orthonormal basis of 7" X with respect to gy is hence given by

o

(e(()o),e(o)) = (rTo,r%Ta).

The trace of the Levi-Civita connection of gy is given in this basis by the Koszul formula:

0 0 0 0 0
Viner! = g0 ([e7 el ef”) €5
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Let V’ be the extension of V’ given by Proposition 2.3.6. We have

0 1 0 0
[66),68)] = ﬂ(eé)—eé)),

0) (0 Ll o e 0 0
[66 g G(A)] = /2 <2€(A) - (VZO«»e%) - T(e(A)))> ;
e ely] = 0.

Then, since tr(r) = 0,
Vg(o) e@ (n+1)ro,,

and also,

Viw(ed) + ww( ) = rw(d,) + Ve "w(d,) + Ve w(R),

N 0
vﬁz’;w( Oy = Vi u(Ty).

Oé

Hence the announced expression for §%°"w. O

1
Let us denote by (69’hw)( ) the remainder of §"w, i.e.

(59’hw>(l) = §9y — §90hy.

We prove the following technical lemma, which is crucial for the proof of Theorem
3.1.3.

Lemma 3.1.2. For w € Q'(X) ® ¢*TN, denoting by Oy the order with respect to the basis
(T7) in powers of r, we have

(5gh) = Or(r?),

and there is no term of order 2 in the remainder of the form r*V§ "w(9,).

Proof. By Theorem 2.3.5, we have
g—go =L+ O.(r ) = O p0" 0 08 + Oe(T%),

where we recall that & = —2Schy (J, 0) + 2v(J7-, ), and that O, denotes the order with
respect to (e 7 ) Note that 45 = ®Pp4. Since P is real, we have also 55 = ¢ = o5 and
O =D,

ap of-

An orthonormal basis of T""X with respect to g induced from ¢ is formally given

by
(eorca) = (e + el 0+ elh),

where, by the Gram-Schmidt process, and since ® is horizontal,

6(01) = Oe(r%) and eV = O, (r).

«
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This leads to
(1) 1 5*h 1
(0hw) = =V fow () = Vigw () = v7 ) ()
+w (ng)ego) Vgoo)é ) 4+ w <Vg(0 (1)> +w <V (1>e( )> 4+ w (Vg<1)e(1)>
r
all terms of which are in Oz (r%) and are not of the form 1>V "w(,). O

3.1.3 An obstruction to regularity

Theorem 3.1.3. Let (M, H, J) be a (2n + 1)-dimensional orientable, compact, strictly pseu-
doconvex CR manifold and (X, g) be an ACH manifold with CR infinity (M, H, J), where g
is the approximately ACH-Kihler-Einstein metric given by Theorem 2.3.7. Let 7 : X — M be
the standard projection. Let (N, h) be a Riemannian manifold, and let ¢ € C*°(M, N).

There exists a section U of (¢ o m)*T' N, unique modulo Or(r"), such that ¢ = exp,, oU
satisfies

§5|M = ¥
STy = Op(r™t?).
The asymptotic development in r of U is
n n+1

,
it Uny (¢) (1)

where Uy, ..., U,, P, are formally determined by ¢, g and h.

logr + Op(r™*h),

P, () is an obstruction to the reqularity of U, and is given by

=

Pue) = (V5" aTe|_ —n (VE)" Vi Ry

r=

r=0 +1

= (60" 67 " T + lower order terms (in derivatives of ).

Proof. For m € N, we have

§9MT P = Op(r™) =  Vk<m, (vgﬁf‘h)k §9MTE = 0.

r=0

We recall the notation
= (Var ) (9Tg0

Now, by Lemma 3.1.1, we have, for w € Q'(X) ® 3*TN,

r=0

V55w = nw(@)],me + 8" (wl=o),

+ L (V@*h>n+1 (59,hT¢) 1)

r=0
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and, forall2 < k <n,

1 Serp\ k sep\ k—1 sep\ k—1 <
—(VEM) 590 = (n—k+1) (Ve w(0, + (Ve 50"y
P (V51) 0me) = V(VE") w@n) (1@) Vel
~(k—1) (V5" T V5 w(R) +k(v§:h)’“(5gihw)“) 7
r=0 r=0
where
Ywo € QY (M) ® ¢*TN, & wo := =V wo(Ty),
and

Yw e ONX) @ ¢*TN, op"w = —Vf;hw(TZ).
Consequently, 69"T'¢ = Op(r"*") is equivalent to

ner = _527}17—‘907

=k k—1 ~
(n—k+pe = —(V5") §'T¢

—Dk—l(SO) VZSkSTIH
r=0

where

Dialp) =~k = 1) (Vi) 0 Re| 4 (VB (001p)

r=0

r=0
By Lemma 3.1.2, D;,_1(p) only depends on ¢, ¢1, . . ., px_1. This observation comes from
the fact that, although
=% k ~ %
(V5 (V5 08)| =20

r=0

VXY € {0,,R,Ta}, (X,Y) # (0, 0,), (Vg:h)k (T2V};}*hYg5) does not depend on .

r=0

By induction, Dy_4 () is thus well-defined.

In conclusion, requiring 6"T'¢ = O (r"*') gives an asymptotic development for ¢
in powers of r, and this development is unique up to order n with respect to 7.

Assume now that 6%"T'% = Or(r"™) and that ¢ admits a Taylor development up to
order n + 1. Then

89T G = Op(r"?) <= (Vﬁjh)n 0T

T D, (¢) = 0.

This equality cannot be true in general. Consequently, we introduce a term in 7" log r
in the development of ¢:

rh n+1 il

The coefficient P, () verifies
1

- (vg:h)”“'l 5g,hT¢

Dy (),
n+1 + ()

= —Pu(p)+ (V5" 50T

r=0

r=0

hence o
09T} = Op(r?) <= Pul) = (V5") 0" T

o + D, (p).

r=
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This yields the announced obstruction, which only depends on . Since

1 *
oK = —Tﬂaf h7¢ k.1 + lower order terms (in derivatives of ¢),
n J—
we have the announced leading term. O

Proposition 3.1.4. P, does not depend on whether we take g = gg or gk on X.

Proof. To compute P,, it is sufficient to be able to compute

COMCEDR

r=0 7

i.e., by the proof of Lemma 3.1.2, to know the eﬁl) at order n+1/2 with respect to ¢(”). By
the Gram-Schmidt process, it is thus sufficient to know g at order n + 1/2 with respect
to (9. Hence, by Theorems 2.3.5 and 2.3.7, we can equivalently consider gz or gxp. U

Proposition 3.1.5. Let f € C*°(M) and let # = €™ 'r be a conformal change of boundary
defining function. Then
pn(gp) = ei(nJrl)an(SD)'

The obstruction P,(¢) to the regularity of ¢ is therefore CR covariant.

Proof. We have

n n+1

U:U1r+...+Un%+Pn(g0) 'logr—l—OT(r"H).

(n+1)

Now, since exp,, : (¢ o 7)*T'N — N does not depend on 7, neither does U. Moreover,
since M is compact, Yk, Or(#*) = Or(r*). We thus have

an fn—i—l

~ T ~

I & QPN o A An+1
U = U1T+...+Unn!+Pn(go)(n+1)!logr+OT(r )
— el i enf r p (n+1)f rr 1 O (71
= 1e°r+ ...+ Upe E‘i‘ n(gO)@ m ogr + T(T’ )
By identification, this yields the result. O

We then introduce CR-harmonic maps as maps for which the obstruction vanishes:
Definition 3.1.6. If P, () = 0, ¢ is said to be CR-harmonic.

Example 3.1.7. Let us assume that (M, H, J,0) is Einstein with Ricy = 2A(n + 1)7y. We
know from Example 2.3.2 that

dr? 1 — \2r?)? 1—Ar)?
r r r
satisfies Ric(g) = — — 9 In this case, we can explicitly compute the divergence 6*"w,

forw € QX)) ® ¢*TN.
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Indeed, an orthonormal basis of T"*X with respect to g induced from ¢* is given by

1 . r rs
(€0, ¢a) = (\/5 (r@r Y R) 11— /\rTa) ’

hence, since 7 = 0 by Definition 1.2.6,

1 14 A\%?
[Qana] = ﬁl — A\2p2 (66_60>’
[ ] 1 1+Ar
€p, € = —F €
0,CA 2\/51_)\7,. A
lea,eg] = 0.

Then A2 \
1+ Ar 1+ Ar
g -
Veier (nl — \2p2 + 1— Ar) ror,
and also,
2
= =%k H* T 5%
VZw(eg) + Vfahw(eo) = rw(d,) +r’Vy "w(8,) + mvg "w(R),
. r -~
Vfa hw<€a) = mv%lhw (Ta) .

The divergence is hence given by

14+ X2 14+ M\

§9-h —
w <n1—>\27’2+1—)\7’
(1—A2r2)2 " H (1 —Ar)? b

— 1) rw(0,) — r*V " w(o,)

From Example 3.1.7 we get the following results:

Corollary 3.1.8. If (M, H, J, ) is Einstein, then subharmonic maps which verify V% "Ry = 0
are CR-harmonic.

Proof. Indeed, let ¢ be subharmonic, i.e. §;"T¢ = 0, and such that V% "Ry = 0. Let
¢ be the extension of ¢ given by Theorem 3.1.3. We thus have ¢; = 0. Moreover, by
Example 3.1.7, we have

NG . N 6k -
(0°"T¢) " = a(r)0,p + B(r)VE "R + 4(r)5," T,

where a(r) = O(r?), 8(r) = O(r*), and y(r) = O(r?). Since ¢, = V% "Rp = 0, we get
that

=0.

(0~ Vs = — VST .

R g () ()

By induction, we similarly have Vk < n, ¢, = 0, which implies that P,(y¢) = 0. ]
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Corollary 3.1.9. If (M, H, J.0) is Einstein and (N,h) is a Kihler manifold, then CR-
holomorphic maps which verify Jy (Ry) = 0 are CR-harmonic.

Proof. Indeed, assuming that Ty o J = Jy o T'p, and extending J by taking J(R) = 0,
we have

Vil Tap = Vo7 JTap

= IV T

= IV T+ J([ITa, Tal)p

= —VL'"Tup +iJ([Ta, Tal)p

= —V§{"Tup —nJ(R)e,
hence

0y " T = ndy (Ry).

Consequently, ¢ is CR-harmonic by Corollary 3.1.8. [

Example 3.1.10. Let (M, H, J) be a circle bundle over a Riemann surface > admitting an
Einstein contact form. Then the projection 7 : M — ¥ is CR-harmonic.

3.1.4 Explicit obstruction in dimension 3

When n = 1, i.e. dim(M) = 3, the asymptotic development of g is given at order

3
3 in ¢(” by Theorem 2.3.8. Hence, by Proposition 3.1.4, we can explicitly compute the
obstruction.

Theorem 3.1.11. Still denoting vy := Tp(v) for v € TM, and also (V¥ "v)p = VZ " (vyp),
we have

Pi(p) = =8, "V T — VR " Rep + Alm (V" (7/T7) ) 0 — 8 (33" T0) ,

where
Sb<X) = '%;Z(,TlcpTTgp + ‘%;l(,TTcpTlgp'

Proof. An orthonormal basis of 7" X with respect to g is given by

1

(eg,€1) := (e(()o) - r%\llofego), (1 —7rd7) ego) — r¢116(0)> + O,(1?).
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We have

[eo, 5] = L
0y €0 - \/5
1 (0 2
leg, e1] = 7 — 7”‘1)11) e —rdyer —i (Veoel — T(el))> + O (1),
1 .
leg, e7] = VALCE 7”‘1)11) e — rde; — i (VzoeT — T(el))> + O.(r?),

e, e7] = rs , ) €1 — r2 ((Dﬁ,l - (I)nj) e + Oe("j)-

—
—1
=
|
KH
=l
=

Hence,

Vier = 2r(1—rd7)0,

We also have, for w € Q' (X) ® *TN,

Vi wleg) + VE wleo) = rw(@,) + 17V "w(d,) + PV "w(R)
_\/§T2\IIOIW(T1) — \/§TZ\P61W(TT) + OT(T%)’

Veltu(er) = V5 w(Ty) — r?VE " (D qw(Ty)) — r*VE " (drw(Th))

—r?® V5 "w(Ty) = r*en VL "w(Ty) + Or(r®).

The divergence is hence given by
0w = (1= 2ry) (w(8,) — VR w(TY) — VE"w(Th)) = V5 "w(d,) — V] "w(R)
+47r*Tm (V?ﬁ;h (TTw(TT)» + OT(Tg)

590y — 2r2®1TV§:hég’hw + 47°Im (V%*h (TlTw(TT)D + OT(T%).
Then, by Theorem 3.1.3, we have
Pi(p) = nghég’hTﬁ\r:o — V5 "Ryp + 4Im (V;‘ﬁ;h (TETT)) ©
= &V + B 1 Tre+ F 1 Tip — VE "Re + 4lm (VE" (71T7) ) o,
hence, since p; = —52’tho, the announced obstruction. O

Note that on functions, meaning that N = R, P, reduces to a multiple of the CR
Paneitz operator. Since the construction follows the ideas of Graham et al., this was
expected. A similar phenomenon appears in the real case [Bér13].



42 Chapitre 3. CR-harmonic maps

Example 3.1.12. Let us consider id : (M, H, J,0) — (M, g := ¢9)-
Since V%R = 0 by Proposition 1.2.7, we have, using the Koszul formula:
§°Tid = —V§, Ty — VL. Ty
= —9([, T3, 1) Ty — g ([T3, 1], 1) Th
—g([B, T3], T)) R — g (IR, Th], T1) R
—g ([T, R, R) T; — g ([T3, B}, R) Th
= 0,

hence B
Py(id) = 4ImV4._ (7 T7) .

Consequently, the identity is CR-harmonic if and only if Imv%T (T}TT) = 0. This is in
particular verified when 6 is normal.

3.2 Renormalized energy

3.2.1 Definition

Let ¢ € C*°(M, N) and ¢ be the extension of ¢ constructed in Theorem 3.1.3. For p
in (0,¢), let

B0 =5 [ T4 vl
be the energy of ¢ in (p,e) x M. We have
IT3|2 ), = for + fir® + ...+ fur™™ + O™ logr),
where Yk < n, f;, depends only on U for j < k and on g at order k in (), and
dvol, = "%, /det gdr A O A dO".
Consequently,
IT3]|2 dvoly = (aor‘”‘1 +ayr "+ .. 4 a4+ O(log r)) dr A0 A do",

where Vk < n, a;, depends only on U, for j < k and on g at order k. Hence E admits
the development, when p — 0,

E(p.p) = Eo(0)p™" + Ei(@)p' " + ...+ Enca(@)p ™ + Fal) log p + En() + o(1),
where V& < n—1, E} depends only on U, for j < k and on g at order k, and F;, depends
only on U, for j < n and on g at order n. The coefficient F},(¢) can be written as

. 1 n __ 1 ') n+1 ~112
Fal) = =5 / N A — /M o (T2 dvol, )|

M 2n!

By construction, F}, is formally determined by ¢, g and h. Moreover, we have:
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Proposition 3.2.1. F,(y) is a CR invariant:

Proof. The proof is similar to the proof of Proposition 3.1.5. Indeed, if 7 = e/r, then

IT3|12 ydvoly = (agr™ ™" +arr™ + ...+ ayr ™" + aper + O(r)) dr A0 A dO"
= (af ™" @ o anf  aga + O(F)) dF A O A dO”

= (doe_("+1)f7“—”_1 +ae™rT L ane T g + O(T)) eldr A0 A do™,

hence a,, = a,,. O

The principal term of F,,(¢) is the following: since

r" T |2, dvoly = ((TAgb, T%p), + 7’H(9rg5||i) drAONdO™ +lower order (in derivations of ¢) terms,

we have
1 " (n . n—1
Fule) = =55 (Z <k> (5" hsok,sonfk> +n Z ( ) Prt1, sonk>h> O AdO" +lo.t.
n: +]‘14 k=0
_1)» .
. 5 ),2 / <(527hv¢> Mn=1se " T, 5g’th0>h 0 A dO"™ + lower order terms.
n! M

Definition 3.2.2. F),(yp) is called the renormalized energy of ¢.

1 .
Proposition 3.2.3. The gradient of F,,() is WP (@), that is to say, for all o € I'(p*TN),

1

| @ Pale)), 6 1 o

Proof. Let ¢ € I'(¢"T'N). Let (¢1)ic[-1,1) be a one-parameter family in C*°(M, N) such
that

Yo = ¥,

(9t<Pt|t:0 =

Let us equip X x [—1,1] with the metric g = g + d¢* and let £ € C*°(X x [~1,1], N) be
the map

Vpe X, Vte [-1,1], &(p,t) = @u(p)-
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We then have

HTell;n = 0 (ITEE, — 10:117)

ViITE TE) | — (V5" 08),
efs,e7£>h

VO et

VG erdr),

= er (0iPr, e1P1)), <8t90t7V 61¢t>

<
(V%
<
<

hence

1

O E (P, p)|i= —
t (SOt P)|t 0 2 Jperynt

(61 (01t i=0, ej@h — <8tg5t|t:0, Vf;h67g5>h) dvoly.

There is no log p term in the second part, and

1

~ - 1 . ~ ~ .
5 Ty er (0Pt li=o, €7S0>h dvol, = 3 /M " (O1Pt|i=0, 8pgp>h 0 Ndo",

whose log p term is
1 . n
o7 [ (@ Pal)), 0 1t

2n!
hence the result. ]

3.2.2 Explicit energy in dimension 3
Here again, when n = 1, i.e. dim(M) = 3, knowing the asymptotic development of
3
g at order 5 in (¥ allows for an explicit computation of the renormalized energy.

Theorem 3.2.4. We have

1 _
Fi(p) = —5 165" Tpll7 + | Rl — 4Im (| Trell7) ) 6 A do.
2 M

Proof. We have

IT@I2, = 2{(eop,eqd)y + 2 (€1, ex8),
= 2r <T1()07TT()0>h
r? (||801||i + || Rolli — 4®,7 (Tve, Trg), — 2P0 || Trell; — 2‘I>ﬁ||T1s0||i)

+O(r?),
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and
dvol, = (1 +2rd7 + O(r2)> r3dr A O A db.
Consequently,
| Tgllgdvoly, = (2{Tip, Tre),,
+r (leall2 + 1Rl — 200 Trell: — 205/ i)
—i—O(r%)) dr N9 A db,
and finally
1 —
Filg) = =5 | (el + I Rl = 4Tm (7| T3ell7) ) 6 A do.

As an example, forid : (M, H, J,0) — (M, g;4), we have

1
Fi(id) = = Vol(M. 6).

3.3 Further computations in the general case

We give here a more precise computation for §*"w and " IT@[5dvol, in the ge-
neral case, using Theorem 2.3.5. We show that this computation does not allow for an
explicit expression of the obstruction and of the renormalized energy respectively.

3.3.1 Computation of the divergence

By Theorem 2.3.5, we have
9= g0+ Papt” 00" + O.(r2),
where, denoting by R 5 the components of the Webster Ricci tensor,

_ Scalw (J,0)

1 —
d;=——(R7——— 20,3 d ®&,5=—irl.

«

By Proposition 2.3.6, we can equip {r} x H with a complex structure J, = Jy +rJ; +
OT(T2), with
DTy = —20u4T5.

An orthonormal basis of T X with respect to g is given by

(€0,6q) = (r@r —irR, (5@ — rCDaB) r%Tﬁ — T(I)aﬁT%TB) + Oe(r%).
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Now, g can be rewritten as

g=(r"10% o (r 1% + (r~20”) o (r~20%) + r®45(r 260%) o (r 207) + O,(r2).
We have, modulo O, (r %)

[eo, 5] = ﬁ(ea—eo),

€0, €a)] = \}5 (;ea —1r® e — 1®upez — i (@zoea — T(ea)>) :
leo, ez] = 12 (;ea — r®gpeg — 1@ ze5 — (@zoea — T(ea)>) :
[eases] = ri (Cbagﬁ—@ﬁ&a) €5+ 12 (Pass — Pssa) €5,
[€as eg] — (@aE,B — CIDE’O) €5 — s (@55@ — (I)aaﬁ) es

Hence,
Viei+Viei= r(n+1—2rd.)0,

(I)EB B (Daﬁ ﬂ) Ta

2 5
_ (2@5@& — D55 @am) Ts + Op(r2).
Scaly,
2(n+1)

—7“2 (2(I)BBCY

with @5 = —tr(Sy) = —

Also,

Ve w(eg) + Vfghw(eo) = 1w(9,) + 12V "w(d,) + 25 "w(R) + Or(r?),

VP h(es) = rV7 w(Ty) —r?Vi" (Q)EBW(TB)) -Vt ((I)*BW(Tﬁ))

2 5V (Te) — P20y VE w(T) + Or(r).

Coming back to the divergence, we have
09w = r(n = 2r®um)w(d,) — r*V5 "w(d,) — r’VE " (w(R))
—r(1 = 2r®az) (V. "w(Tx) + Vi w(T.))
+2r? (vfgh (Pasw(Tx)) + Vi, (cpaﬁw(TQ)))
+2r? (V5" ap(T5) + Vi@, 50(T) — V@ 50(Tw) — VI 500(T) ) + Or (),
The term of order 2 is consequently not known, which does not allow for an explicit
computation of P,. Note that
VI (@apo(Ta)) + V5 (@50(T)) = 2tm (VA ((Ta) )

and that the potentially hidden r* terms are necessarily of the form Cr*w(T,) +
D*r?w(Ty).
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3.3.2 Computation of the integrand of the energy
We have

1@l = 2{eod, e5d), +2({ead, eadly,
= 2r (Tuy, Ta@h
+2 (lpally + I1R@IE — 2®us (T, Top), — 2055 (Tap, Ta),
—28,5 (Twp, Top),, — 2®as (Tup, Typ), )

+0(r?),

and
3
2

dvol, = (14 2r®ag + O(r2)) r~"2dr A6 A d6".

Consequently,

TnH”T@H?,dVOlg = (2(Thp, Tap),
7 (lpallf + |1 Rell? = 200 (T, Top) = 205 (Tup, Ti),
20,5 (Tap, Tpp)), — 2Pap <Taso, Tgs0> , T 4%az (Top, Tas0>h)

+O(r))dr N6 A dO".

The term of order 1 is consequently not known, which does not allow for an explicit
computation of F,.

3.4 Towards existence of non-trivial CR-harmonic maps
in dimension 3

We give in this section a detailed proof strategy of the existence of non-trivial CR-
harmonic maps, i.e. CR-harmonic maps which are neither subharmonic maps, nor id :
(M, H, Jy,00) — (M,gs,0,) when (M, Hy, Jy,0) is a compact, strictly pseudoconvex
pseudohermitian, normal 3-manifold. Such a map is obtained in Corollary 3.4.9, under
Assumption 3.4.2 and Conjecture 3.4.7.

Let us consider a compact, strictly pseudoconvex pseudohermitian, normal 3-
manifold a (M, H, Jy, 6p). Let (J',0') be a pseudohermitian structure on (M, H). For
simplicity, we will denote gy := gy,0, and ¢’ := gy ¢ . Let us consider an isometric
embedding ¢ : M — RP.
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Let us consider, for ¢ € C*°(M,R?), the norm

lolla2 = Sup [Tapll2,  where [A] = [(Ar,..., Ay)| = &,
<4

and then the Folland-Stein space S*?(M, R?), which is the completion of C*°(M, R”) by
| - ||42- Let us denote

S = {gp € S*?(M,R?) | Im(y) C (M) almost everywhere} .
Let us consider ¢ € .. Its obstruction to CR-harmonicity is given by
Py(Jo, 00,9, 0) = =0, V95, Tip — V5 Rp + S, (6,77 Tp)

where
Sb<X) = %g(,TupTﬂp + %%:TTWTHO'

We thus have P (Jy, 6y, go,1d) = 0.
)

We have, for ¢ € I' (T,,.77),

0, (077 T) (9) = 03 dp — Sy(),

and
0, (V7 Re) (p) = VI VL ¢ + % p R,

hence, for ¢ € T' (T}4.),

O P (Jo,600,90,i0) (P) = — (5§O’govg° - 25b) (5go’govg°¢ - Sb(éb)) — VRVRY — ZorR.

Let X € I'(TM). Let X, := X'T} + X'Tr and X, := 6,(X)R, we have by Theorem
1.2.8
B Ty = B Tr — 3X' T + 2X,,

which implies that
Sp(X) = (Scaly — 3) X +4X,,

and

Moreover, we have the following estimate, which generalizes Lemma 2.1 in
[CCY15]:

Proposition 3.4.1. There exists C' > 0 such that

Vo € 7, Cllollaz < 1P(9)ll2 + [le]l2-
Proof. Indeed, we have

Pilg) = 5 (D00 + ) o + 53 (307 7).
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where [y := 55"’90T¢ — 1Ry. Now, there exists C'; > 0 such that
Chllellae < [[Opell22 + [lell2,
and C3 > 0 such that
CollTupllan < I (T + ToT,) ¢llo + [Depllo-

Consequently, there exists C's > 0 such that

Callpllaz < [P (@)l + 1S5 (67 Tp) lla + [1Tuplla + llelo
where there exists C; > 0 such that
Ca ([[Sb (572 T) ||, + 1T2ll2) < lellaz + ele-
Using the following interpolation inequality:
Ve >0, 3C5 > 0, Gslloll22 < ellellaz + llll2,

with ¢ sufficiently small, we get our estimate. O

Assumption 3.4.2. Let S denote the spectrum of 0, P, 4,,40,ia)- There is € > 0 such that
(—e,e)NS = 0.

Corollary 3.4.3. Under Assumption 3.4.2, for a given (J, ¢') close to (Jo, go), there exists a
unique CR-harmonic map oy : (M, H, J) — (M, ¢') in .7 close to id.

Proof. By Proposition 3.4.1, the operator d, Py, 4,40,a) i Fredholm in .. Under As-
sumption 3.4.2, it is therefore invertible. The corollary is then obtained by the implicit
map theorem. O

We have of course ¢, = id. Now, let us consider, for (J,6,¢") close to (Jy, 6y, go) and
0 = "0, where u € C*°(M, R), the operator

Q(1,8,9',u) == 675" Tp,.
We notice that
Q(Jo, 00, go,u) =0 <= Q(Jo, b, go, u + cste) = 0,
hence we consider ¢ = {u € S**(M,R) ’ /M U= O}.
Proposition 3.4.4. There exists C' > 0 such that
Vu €€, Cllullaz < Q(J,0, 9", u)ll2 + [ull2.

Lemma 3.4.5. € > u — Q(J,0,¢',u) is invertible in a neighbourhood of (.Jy, 0y, go, 0).

Corollary 3.4.6. For a given (J,0, ¢') close to (Jy, 0o, go), there exists a unique u; € € close
to 0 such that Q(J,0, g’ ,u;) = 0.
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Proof. By construction, we have Q(.Jy, 6y, go, 0) = 0. Moreover, since
}A% = G_QU(R + iulTT — iUTTl), and Tl = e_”Tl,

we have .
24609 T = 689 T + uy Trp + urTh, (3.1)

and
64“V‘§g/}?gp = Vﬁ*glRtp —2uq (R + iuy Ty — iugTip) + iup1 Ty — tugiTip
+U1UﬁT1(p + uTullTﬂO

—uy3(€”'0,% Tp — 87 Top) — wrugdy* Top — upurViy, ! Top — unn V5. Trep.

Consequently, if 679 T'p = V%9 Ry = 0, then

3u55’g/T90|u=0(71) = Ty + urliyp,

and
8UV§*9/ }?§0|u:0 (U) = —QUORQD —+ inlTTSD — inTTlsp-
Similarly,
D@ (Jo,00,90,0) (1) = =Ty — gy = A
Therefore,
/M 9o (a“Q(Joﬁovgo,O)(u)?a) ONd) = — /M 9o (Uﬁ + uﬁ,ﬂ) By A dbg

= /M (g0 (1, 01) + go (U, 1)) o A dby,
and we thus have
3uQ 1o t0g00) (1) =0 = iy =iy =0
and g = —i(i;7 — Ugy) =0
== u=0 since/ u=0.
M

Hence the lemma. The corollary is then directly obtained by the implicit map theorem.
O

Note that u; is the one and only small conformal change for which ¢; could be
subharmonic. Now, let us consider, for 6 = €%/, the operator

QUL0.9) = P09 )+ (0955 = 8,) 0 Toy = =V Royaim (V5 (1) ) .

By construction, we have Q(Jo, 00, 90) = 0.
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Conjecture 3.4.7. There exists (.J1, 01, g) close to (Jy, 0y, go) such that

Q(J1,01,91) # 0.

As a consequence, ¢, is CR-harmonic and is non-subharmonic for all pseudohermitian
structures close to 60, i.e. with u small.

Possible proof. The idea would be to prove that the principal symbol of dQj, 4,.40) i
non-zero. We have

dQ(Joﬂo,go)(‘D = &PQ(JO,HO,QO) (aJQOJ(J)) + aHQ(Joﬁo,go) (aJuJ(J)> + aJQ(Jo,Go,go)(j)a

where

05p5(J) = (0,P)) 7" (0,P1(J)) and  Oyus(J) = (0.Q) 7" (9,Q()).

We therefore need to compute the symbols of the following operators, where (0)
denotes the considered point:

(8<ppl>_1(0)7 aJ-Pl(O)u (auQ>_1(0)7 @JQ(O)) acp@(o)7 au@(o)’ and aJC?(O)

We see that we need a framework where symbols of subelliptic operators are inver-
tible. Such a framework is provided by the Beals-Greiner calculus [BGS84, BG88]. In
this setting, computing the symbol of a composition of operators involves convolution
in the Heisenberg group, which is non-commutative. In particular, computing the sym-
bol of an inverse is more difficult than in the Euclidean case. We have not performed
this computation to this day.

The operators 9,,P1 and 9,Q have been studied above. Other operators are given as
follows: let us consider (J, 6, ¢') close to (Jy, 8, go), and J = J16' @ T} + J16* @ T1. We

have 0,T}(J) = —%J?TT [CMY17]. Consequently,
, . i -
0, (6, Tp) (J) = -3 (1, Thp — J15Tre) .
. cJ s 1
Then, denoting d;J := =5 (Jm — Jﬁ), we have

8JQ(0)(j) = 527905gj = (jil,n - JlTﬁ) )

N | .

and , / . , _
0, (33N 509 T) (J) = 6,9 V29 65,

which implies, since 9,7 = iJ11,o/

05 Pio)(J) = =6, V58] — Scalw (Jo, 60)35. + 4Re (VE (J{Ty))
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Finally, let us denote, for (J,0, ¢') close to (Jy, 6o, go), and for 0 = 29,
L(J,0,¢ u) := 5§’g/TgoJ.
We recall that ¢’ = g 4.

Lemma 3.4.8. If there exists u € € such that L(J, 0, g',u) =0, and if (J',0') is close to (J, ),
then w is small.

Corollary 3.4.9. Under Assumption 3.4.2 and Conjecture 3.4.7, v, : (M, H,.J;) — (N, g;)
is CR-harmonic and is non-subharmonic for all pseudohermitian structures.

Proof. 1f L(J,0,4',u) = 0, then, by the conformal change formula (3.1), we have
L(J,0,9',0) = —uTypy — uiTipy = — (du,Tp,)., .
For all ¢ > 0, there exists a > 0 such that, if |(J,6) — (J',¢')|| < a, then
IL(J,0,4,0) = L(J'. 0. ¢, 0) |, <& and | (du,Tios), — (du, Tiog), |1y <.
Since ¢ = id, we have then
IL(7.0.6.0)ly < and | (dsu, Ty, - dulllly < e,

hence
ldull, < 2.

We have also, for a given p € M,

[u = u(p)lloo < diamy, (M)||dull,,

where diam, (M) is the horizontal diameter of M. Since u € €, there exists p € M such
that u(p) = 0, hence ||u||c < 2ediam,(M), where diam, (M) is the horizontal diameter
of (M, H). Since M is compact, diam;(M) exists and is finite by the ball-box theorem
[Mon02]. Hence the lemma.

The corollary follows then directly from Conjecture 3.4.7. O

3.5 Relation with the Fefferman bundle in dimension 3

We describe here the correspondance between the obstruction to CR-harmonicity
on a given CR 3-manifold and the obstruction to conformal-harmonicity on its Feffer-
man bundle. It generalizes the Appendix B. of [CY13].

Let (M, H,J) be a compact SPCR 3-manifold and let (/V, h) be a Riemannian ma-
nifold. Let (F, gr) be the Fefferman bundle of (M, H, J), as defined in Section 1.6. By
analogy with the Riemannian case [Bér13], given ¢ € C°(F, N), the obstruction to the
existence of a smooth harmonic extension of ¢ on the interior of (F, gr) is given by

L

* 2
Pr(p) = — T ((59F’hV“’ hgorh, — §9r0 <2Rich — 3Scaulgp> Tyo + S((Sgp’tho)> ,
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where Ric,,. is understood as an endomorphism of T'F, and Ric,,T¢ := Ty (Ric,,.(+)),
and

1
S(X) = Z‘%?(,Tcp(ei)T@(ei)'
i=1
Proposition 3.5.1. Forall o € C*°(M? N),

m, (098P IR (1) ) = 8V o) T,

2 . o T
T <59F’h <2RngF - 3SCalgp> T(ﬂ*sO)) = —4V§{ "Ry + 16Im (VE" (11 T})) ¢,

and for X in TN,
T (S((7")* X)) = 4Sp (¢ X).

Proof. The first and third equalities are straightforward from the expression of gr. The
second equality comes from the fact that, by Proposition 1.6.3,

1 1 1
Schy, = —w? —S6% + §Schw — 57((]7-, )+ §TJ od,
where

1/1
T = 3 <4dbScalW + 2'(57'> and 8 =0T — [Schy|” +|r[*,

1
Indeed, since Scal,, = 3Scalyy and Schy = ZScalwv, we have then

2 1
2Ricgy, — §Scalgpgp = 4Schgy, — §ScalgFgF
= —4w?® —4860* — 2y(J7-,-) +2TJ 0§ — Scalyiw o 0,

which gives the second equality. O

From the latter comes directly the

Theorem 3.5.2. Forall p € C*(M?,N),

m. (Pr(n"9) = 1)

In particular, a map ¢ : M — N is CR-harmonic if and only if 7*¢ is conformal-
harmonic.
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Introduction

In the CR setting, a construction by W. Wang, recently implemented by J.-H. Cheng
and H.-L. Chiu, shows that the positivity of Y¢p is preserved under handle attaching
on a CR spherical manifold [Wan03, CC18]:

Theorem 4.0.1 ([Wan03, CC18]). Let (M, H,J) be a compact spherical SPCR manifold
with positive Yor. Let (M, H, J) be obtained from (M, H,J) by CR handle attaching. Then
(M, H,J) is spherical and Yor(M, H, J) > 0.

From a continuity argument detailed in Section 4.2.2, we generalize this result:

Theorem 4.0.2. Let (M, H) be a compact SPC manifold. Let (M, H) be a manifold obtained
from (M, H) by SPC handle attaching, then

oo(M,H) > o,(M, H).
Example 4.0.3. If (M, H) = (S*"*', Hy), using Theorem 1.4.1 we thus have the equality

oo(St x §* Hy) = 0.(S™, Hy).

In particular, we prove the SPC analogue of Theorem 0.0.3:

Theorem 4.0.4. Let (M, Hy) and (M, Hy) be two compact SPC manifolds of dimension 2n+
1. Let (M, Hy)#(Ms, Hs) be their SPC connected sum, then

— (loe(My, Hy)[™ + Joo( My, Ho)|™ )™ if oo (My, Hy) <0
oc ((My, Hy)#(Ma, Hy)) > and o.(M,, Hs) <0,

min (o.(My, Hy),0.(Ms, Hy)) otherwise.

We also prove a weakened contact version of Theorem 0.0.2:

Theorem 4.0.5. Let (M, H) be a circle bundle over a Riemann surface ¥ of positive genus
admitting an Einstein pseudohermitian structure. Then

o.(M, H) > =2m/—x(%).

Section 4.2 contains the proof of Theorems 4.0.2 and 4.0.4, and Section 4.3 contains
the proof of Theorem 4.0.5.

4.1 Handle attaching on a spherical SPCR manifold

We recall here a handle attaching process on spherical SPCR manifolds, compatible
with the CR structure, which is due to W. Wang [Wan03]. If the handle is attached
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between two distinct connected components, this provides a connected sum of the
components.

Let either (M = M, UM, H, J, é) be a disjoint union of two connected sphe-
rical strictly pseudoconvex pseudohermitian manifolds, and p; € M, po € My;
or (M JH, é) be a connected spherical strictly pseudoconvex pseudohermitian
manifold, and py, ps € M.

Let My = M \ {p1,p2}. Foriin {1, 2}, let U; C M be a neighbourhood of p; and
i Ui — B(0,2) == {¢ e """, [|¢]|m < 2}
local coordinates such that ¢;(p;) = 0. Let us denote, for 0 < r < 1,
Ui(r) = {z € Ui, [lgi(z)|la <7},
Ui(r,1) ={z € Ui, 7 <|li(2)[lm < 1}.
Since M is spherical around p; and p,, there exists A € C*°(M,, R, ) such that, deno-

ting § = A\ on M,

Vi€ {1,2}, V¢ € B(0,2)\ {0}, :.0(¢) = [I€]la"0u (&),

that is, (Mo, H, J, 0) has cylindrical ends. Indeed, we can define a mapping

®: B(0,1) — Ry x%™"

1 ¢
log = S
o <°gs’||§||H>’

where ¥ := {¢ € H*"*!, ||¢|lx = 1}, and 0 := ®,(|| - ||z*0n). Then
(B(0,1), Hy, Ju, || - ||g%0u) ~ (Ry x 2", H, J,8),
where the equivalence is pseudohermitian. Denoting M := M \ U, (1) U Uy(1),

(Mo, H,J,0) ~ (R, x 2" H,J 6) U (M,H,J0) U (R, x> H,J,0). (4.1)

Now, let us denote, for r € (0,1) and A € U(n), by ¢, 4 : Ui(r,1) — Us(r,1) the
mapping
Ura =3 08, 0RoUyso ¢y,
where
51 (2,t) = (rz,r?t),

Ua:(2,t) = (Az,t),

R:(z,t)r—>< B )

22— it |2 + &2

and

denote respectively dilations, unitary transformations and inversion in H*"*'.



58 Chapitre 4. Estimates of the contact Yamabe invariant

Let (M, 4, H, 4, J; 4,0, 4) be the pseudohermitian manifold formed from M by remo-
ving U, (r) and Us(r), and by identifying U, (r, 1) with Uy(r, 1) along v, 4. Let

At M\ Ui (r)UUs(r) = M, 4

be the corresponding projection.

Since
0790 = 50 = 93,0
2| - I
and
= IRC)IE [ o

the gluing preserves 6 on U;(r, 1). Hence,
7 alpa =0 on M\ Uy (r) U Us(r).
We have in fact

(Mr,Aa HT,Aa ‘]T,Av QT‘,A> = (]\7[7 Hv Jv 9) U ([Oa l] X E%a FI? ja é) (4-2)

1
where | = log <r> € (0, 400).

4.2 A CR Kobayashi inequality

4.2.1 Non-decreasing of 0. under SPC handle attaching

This part follows a method developed in the conformal setting by O. Kobayashi
[Kob87]. It has been adapted in the CR setting by W. Wang, and more recently by J.-H.
Cheng and H.-L. Chiu [Wan03, CC18]. A similar technique has recently been imple-
mented in the quaternionic context [SW16]. Theorem 4.0.2 is a direct consequence of
the following result:

Theorem 4.2.1. Let (M, H,.J) be a compact SPCR manifold. Let (M, H,.J) be a manifold
obtained from (M, H, J) by CR handle attaching, then

Yor(M,H,J) > Yer(M, H,J).

Proof. Let py,p, € M. We use the following lemma, that will be proved in Section 4.2.2:

Lemma 4.2.2. We may assume that (M, H, J) is spherical around p; and ps.

Under this assumption, we can apply the construction of Section 4.1 to M. Let
(M, 4, Hy , Jr ) be obtained from (M, H, J) by CR handle attaching.
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By definition of Yo r (M, 4, Hy 4, J; ), there exists a function f; € C*°(M, 4, R ) such
that

Sw (MT,A, JT,A,le/HQT,A) =/

M’I‘,A

<Yor(M; a,Hr a, Jra) +

1
(2 (n: ) Vo4 il 4 Scalw (Jy,a, 9T,A)f,2> Or,a N dO] 4

1

T (4.3)

and N
/ 5 nder, = 1.
Mr,A ’

Lemma 4.2.3. There exists I, € [0,1] such that

C

2 2
2n < —
L (i 17) a0 <

where C' is a constant independent of [.
Proof. Let C; = — min(0, min Scaly (J, 6))Vol(M, 9)%“. Holder’s inequality yields
M

/ F20 N A9 < Vol(, )7
M

and then, using decomposition (4.2),

1 i o 1
/ <2 (” + ) \dy f3]2 + Scaly (J, e)ff) NG < You(Mya, Hya, Jya) + —— + Ch.
[0,]]x52n n 141

Consequently there exists [, € [0, ] such that

/{Wz% (2 (n Z 1) |y f1]* + Scalw (J, 9)ff) ONdO" < } (YCR<MT,A, Hya, Jra) + 11+z + Cl) :
The lemma is obtained with C' = Yor(Mr.a, Hya, Jra) £14 G : O
min (2 (”TH) ,{l*r}nxirzlznScalw(j7 é))
We therefore decompose
(Mo, H,J,0) ~ ([l,,00) x X* H,J 0
U (M \ {l.} x 22", H, 4, Jr. 4, 00 0) (4.4)

U ([l =1y, 00) x 22" H, J.0)
and extend f; to M, as follows: F; = f;on M, 4 \ {l.} x ¥2" and
(le +1—35)fi(ls,§) V(s,&) € [ly, I, + 1] x 2",
0 V(s, &) € [l, +1,00) x X",

0 V(s,&) €[l =1, +1,00) x X",

=L+ 1—8)fi(l,€) V(s,6) €[l =Ll —1, +1] x ¥,
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We thus obtain from (4.3) and Lemma 4.2.3

Sw (Mo, J, FP"0) = Sw (Mya, Jras £2"0r.4)

+/[l . (2 (”Z ) \dyFy|? + Scaly (J, 6) F2 ) i A dir

+/ <2 (n - 1) |dyF|* + Scalyy (J ) A d"
=l l—lc+1]x 220 n
= SW( A rA f12 n rA)
2 1 1 s
+2 (3n+ |y fu(Ls, )P+ (2 <n+ ) + ScalW(J e)> fills, ) )dgw
S SW( T’Aa T’A)len rA)
2n+1 n+ 1 -
2 2 ( ( ) l ) 2> o
* /{l*}xE% (3 ‘dbfl’ n + SSCa W(’] 6) fl dSy,

B
S YCR(MT‘,A7 Hr,Aa JT,A) + 77

where B is a constant independent of /, and

n41
FU g o > 1.

Mo

Since the infimum in the Yamabe functional may be taken over all nonnegative
Lipschitz functions with compact support as conformal factors by Lemma 1.5.3, we get
that

B
YCR(MOa H7 J) S YCR(MT,A7 Hr,A; JT,A) + 77

which, for [ sufficiently large, yields the desired inequality. O

4.2.2 Local sphericity

In this section, we prove the following technical lemma, which is essential for the
proof of Theorem 4.0.4.

Lemma 4.2.4. Let (M, H, J) be a compact SPCR manifold. Given p, and p in M, there is a
1-parameter family of complex structures (J,) in _# C°-converging to J such that (M, H, J)
is spherical around p, and po, and Yor(M, H, J;) — Yor(M, H, J).

In other words, to prove Theorem 4.2.1, we may assume that (A, H, J) is spherical
around p; and p,. This lemma is a direct consequence of the two following results:

Lemma 4.2.5. Let (M, H, J, 8) be a compact strictly pseudoconvex pseudohermitian manifold.
Let (J;) be a 1-parameter family of complex structures in ¢ C°-converging to J such that
Scalw(Jt, 9) J; ScalW(J, 9) Then YCR(M, H, Jt) ;)) YCR(M, H7 J)
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Lemma 4.2.6. Let (M, H, J. 8) be a compact strictly pseudoconvex pseudohermitian manifold.
Let py and py be two points in M. Let (¢,) be a 1-parameter family of positive numbers decrea-
sing to 0. There is a 1-parameter family of complex structures (J;) in ¢ C°-converging to J
such that for all t, J; coincides with J outside an e,-neighbourhood U, of {p1, p2}, J: is spherical
inside U, C U/, and |Scaly (J;,0) — Scaly (J,0)| < &.

Proof of Lemma 4.2.5. We adapt from the conformal case a proof due to L. Bérard Ber-
gery [Ber83]. Let us denote
F= {u € C=(M,RY) ’ [ w50 nao = }
M
By definition, Yor(M, H, J;) = inf It(u) where

n+1

I(u) =2 (
Let ¢ > 0. For each t there exists u,; in F' such that
Yor(M, H, J,) < Ii(u) < Yeor(M,H, J;) + ¢
Letn > 0 and K > 0 be such that, for all ¢ in [—7, 1],
|Scaly (J;, 0) — Scaly (J,0)] < e,
Scalw (J;,0)| < K,

dbu 20 A dO™ + 2Scalw Ji, 0)0 A do™.
t

and

1
§| wl <l+e VYweQY(M).
14+e = |wf
In particular, [;(u;) < I;(1) + ¢ < K + ¢. Now, by Holder’s inequality,
/ w2 N dom < 1,
M

hence we have

IQ(Ut) =

1
(” il ) / (dyus|260 A dO” +/ 2Sealy (Jo, 0)0 A d6”

IN

|
2(’” ) (1) [ ldudio ndo™ + [ wiScalw (J,6)0 A do
n M M

+/ W2[Scaly (J,0) — Scaly (J;, 0)|0 A dO”
M

IN

|
2<”+ >(1+5)/ |dbut|§9Ad9”+/ WScaly (J,, 0)0 A dO” + &
n M M

< (L4 e)f(u) +e(K + 1),
and similarly
Ii(ug) < (14 ¢e)lp(ug) +e(K +1).
Then, for all ¢ in [—n, 7],

1
14¢

Yor(M.H.J) = (K +1) —¢ < Yep(M,H,J)

< (14 &) (Yor(M, H,J) + &) + (K +1).
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Remark 4.2.7. Since Yor(M, H, J) only depends on derivatives up to order 2 of J, the
supremum in o.(M, H) may be taken over all C? complex structures on (M, H). There-
fore, in the following proof, gluing complex structures only needs to be considered up
to C*-regularity.

Proof of Lemma 4.2.6. We follow a construction due to O. Biquard and Y. Rollin [BR09].
We assume that for all ¢, B(py, ;) N B(p2, ;) = 0, where the distances are taken with
respect to the Webster metric. For a given ¢, let U, be an e;-neighbourhood of {p1, p»},
and let x = min (d(-, p1),d(-, p2)) on M. There is a smooth cut-off function w; : R, — R,
such that x; := w; oz = 0 on some U; C U], x; = 1 outside U/, and for all = in R,
|zwy(z)] < & and |z*w] (z)] < & (cf. [Kob87], Sublemma 3.4.). Indeed, we may take w;
as a smoothing of defmed by

2

0 Ve < ee =
W) =4 1— %log (if) Vo € [&:67%,57&]
1 YV > g.

If dim M = 3, then all almost complex structures are formally integrable. Let us
take 7 in {1,2}. Let ¢; : U; — Uy be a contactomorphism identifying a neighbourhood
U; of p; in M with a neighbourhood Uy of 0 in H? such that 1; (pl) = 0 and, denotmg
J; = (1;),J and 0; := (1.0, such that j}(J;) = ji(Ju) and Scaly (J;, 6;) = Scaly (Ju, 6;)
at 0. We assume that U; N U, = (). For t large enough that U] C Uy U Uy, let ;=
(i ) Xelv,- For (21, ) in H?, let Ji (21, y) := Ji( X2, thy) Then J;, coincides with Ji
inside ¢;(U; N U;), and with J; outside Y;(U; N U;). Therefore, the complex structure J;
defined on M by

Vie{1,2}, J;:= wjjm onU;, J,:= J elsewhere,

has the desired properties. In particular, since |.J; — J| = O(z*) and |V (J; — J)| = O(x),
and since we know (cf. [CL90], 2.20) that for £ € &(J) := {E € End(H) | EJ+JE = 0},

i B a o 1 B «a a
d,Scaly (J,0)(E) = i(Eaﬁ — B %) - 2 (1.0 B + By,
we have, for some constant C,
|Scaly (J, 0) — Scaly (J,0)| < C (Jwy| (|Jy — J| + |V (e = )|) + |w||J: — J|) < Céy.
If dim M > 5, then, since M is compact, (M, H, J) is embeddable. Let us consider
an ACH manifold (X, g) with CR infinity (M, H, J). Let Jx be the complex structure
on X given by Proposition 2.3.6 and let z = (zy, ..., 2,.1) be complex coordinates near

{p1,p2}. Then, by the normal form theorem of Chern and Moser, there is a boundary
defining function r on X such that
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1
where 79(z) = Re(z,41) — = Y |7;|* is a boundary defining function for the Heisen-

4,520

berg group [CM74]. We glue the defining functions as follows:
re = (1 — xe)ro + Xer-

The corresponding contact form is given by 6, = ¢ (5 - 8) r.. The induced complex

structure J; on M is then given by the relation df(-, J;-) = df,(-,i-). By construction,
J; is spherical inside U; and coincides with J outside U}, and (J;) C°-converges to J.
Moreover, since |r, — | = O(z*) and |V (r; — )| = O(2*), we have, for some constant C,

[Scalw (4, 0)—Scalw (J,0)| < C ()| (IV2(re = 1) + [V3(ry = )]} + [wf || V*(ry = 7)] ) < Ce.

]

4.2.3 Disjoint union

In the case of a connected sum, Theorem 4.0.2 can be written the following way:

Theorem 4.2.8. Let (M, Hy) and (M, Hy) be two compact SPC manifolds of dimension 2n +
1. Let (M, Hy)#(Ms, Hs) be their SPC connected sum, then

oc ((My, Hy)#(My, Hp)) > oo ((My, Hy) U (Ma, Hy)) .

Alongside with the hereunder computation of the right-hand side, this gives Theorem
4.04.

Proposition 4.2.9. Let (My, Hy) and (Ms, Hs) be two compact SPC manifolds of dimension
2n + 1. Then

_1
— (loe(My, Hy)[™ ! Joo( My, Ho)|"™ )™ if oo (My, Hy) <0

O¢ ((Mla Hl) U (MQa HQ)) = and O'C<M2,H2) < O,

min (o.(M, Hy), 0.(Ms, Hy)) otherwise.

Proof. Let us consider a unit volume strictly convex pseudohermitian structure (.J, ¢
on (My, Hy) U (M, Hs). Let us denote, for i in {1,2}, J; := J |p, 0; := 0 |u,, Vi =
Yer(M;, H;, J;), and ); in RY. which verifies

We recall that Sy, denotes the integral Webster scalar curvature. Since, for i in {1, 2},
Scaly, (J, A\if;) = A; 'Scaly (J, 0;), we have

Sw (M UM,, J,0) = Sw(Mi, J1,61) + Sw(Ma, Js, 02)
= A "Sw( My, Ji, Mby) + A" Sw(Ma, Ja, Aaba)
= VOl(Mh 01)#51/[/(]\41, Jl, )\191) + VO](MQ, 02)"%181/[/(]\42, JQ, )\2492)

> Vol (M, 91)#15/1 + Vol( Mo, 02)#1}/2’
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with equality when A6, and X\.6, are Yamabe contact forms on (M, Hy,J;) and
(M, Hy, Jo) respectively. Optimizing the right-hand side under the constraint
VOI(Ml, 91) + VOI(MQ, ‘92) =1 ylelds

_1
— (A" Y)Y < 0and Yy <0,
Sw(My U My, J,0) >

min (Y7, Ys) otherwise,

with equality when A6, and \,0; are Yamabe contact forms and, in the first case, when

1 Yo 7l
m =1+ <Yj) , and, in the second case, at the limit Vol();, §;) — 0, where

i € {1,2} verifies ¥; = max (Y7, Y3) . Consequently,

— (D/‘l|n+l + ’}/2’n+1)m if }/’1 < 0 and }/2 < O,
YCR ((M17 H17 Jl) _ (M27 H27 ']2)) =

min (Y7, Ys) otherwise,

hence the result. O

4.3 A CR Gauss-Bonnet-LeBrun formula
We prove in this part Theorem 4.0.5. We first prove the CR analogue of a result due
to C. LeBrun [LeB99].

Proposition 4.3.1. Let (M, H, J) be a compact SPCR manifold of dimension 2n + 1 admitting
a Yamabe contact form. Then

|Yor(M, H, J)|"™ = inf |ScalW(J )"0 A b,
Gelo]

and the infimum is realized by Yamabe contact forms.

Proof. By Holder’s inequality, for all § € [6],

fM Scaly (., 0)0 A do"
(Jur O A dbr) miT

(/ Scaly (J, 0)"+0 A d9”>

with equality if and only if Scaly (/, é) is a non-negative constant. If Yor(M, H, J) > 0,
the claim follows from the fact that there exists a Yamabe contact form.

If Yor(M, H,J) < 0,let @ € [0] be a Yamabe contact form. Let us consider § € [f]
and v € C*(M,R%) such that § = u= 6. Then

Scaly (J,0)u™" =2

n+2 1 ~
= (n i ) Apu + Scaly (J,6) - u
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so that

s I A N\
/scalw(J,e)uaeAden :/ 2(”+ )bu+Sca1W(J,0)>9/\d9”
M M

n u
1\ [dyul? N
-/ <_2 <”+ )' i +ScalW(J,0)>9/\d9”
M n u
SSW(Mﬂ]?é)?

and by Holder’s inequality,

_1 _1
( [ IScaluy ()0 A dé”) - ( [ IScal (7, yut 416 dé“) o
M M . ~ ~
~ Ju Scalyy (J, O)ur 6 A do”
d

(Jur 6 )™
Sw (M, J,0)

with equality if and only if u is a constant, which proves the desired equality. O

This proposition yields the following estimate on Yz, which implies Theorem 4.0.5.

Corollary 4.3.2. Let (M, H, J) be a circle bundle over a Riemann surface ¥ of positive genus
admitting an Einstein contact form. Then

Yor(M,H,J) = —2m\/—x(%).

Proof. Let 6 be an Einstein contact form on (M, H, J). By Propositions 2.4.1 and 2.4.2,

Scaly (J,0)*0 A df = —167*u(M, H, J) = 47*|x ().
M

Then by Proposition 4.3.1,
YC’R(Ma H7 ‘]>2 < 47T2|X(Z)| (45)

If ¥ is a torus, this implies that Yor(M, H, J) = 0. Otherwise, (M, H, J) admits a contact
form of negative Webster scalar curvature, hence Yor(M, H,J) < 0 by Proposition
1.5.2.In all cases, Yor(M, H, J) < 0 < Yogr(S?, H, Jy). By Theorems 1.4.2 and 1.4.5, 6 is
thus a Yamabe contact form, hence the inequality (4.5) is an equality. O
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Nouveaux invariants en géométrie CR et de contact

Résumé. La géométrie de Cauchy-Riemann, CR en abrégé, est la géométrie naturelle
des hypersurfaces réelles pseudoconvexes de C**', lorsque n > 1. Nous considérons
le cas générique ou les variétés CR considérées sont de contact. La géométrie CR
présente de nombreuses similarités avec la géométrie conforme ; les invariants mis au
jour et les techniques éprouvées en géométrie conforme peuvent donc étre adaptées
dans ce contexte. Nous nous intéressons dans cette thése a deux invariants de ce type.
Dans une premiére partie, en utilisant la géométrie asymptotiquement hyperbolique
complexe, nous introduisons un opérateur différentiel CR covariant agissant sur les
applications allant d’une variété CR vers une variété riemannienne, égal pour les
fonctions a l'opérateur de Paneitz CR. Dans une seconde partie, nous proposons un
invariant de Yamabe pour les variétés de contact admettant une structure CR, et nous
étudions son comportement sous somme connexe.

Mots clés : Géométrie CR, opérateur de Paneitz, invariant de Yamabe.

New invariants in CR and contact geometry

Abstract. Cauchy-Riemann geometry, CR for short, is the natural geometry of real
pseudoconvex hypersurfaces of C"™' for n > 1. We consider the generic case when
CR manifolds are contact manifolds. CR geometry presents strong analogies with
conformal geometry; hence, known invariants and techniques of conformal geometry
can be transported to that context. We focus in this thesis on two such invariants.
In a first part, using asymptotically complex hyperbolic geometry, we introduce a
CR covariant differential operator on maps from a CR manifold to a Riemannian
manifold, which coincides on functions with the CR Paneitz operator. In a second part,
we propose a Yamabe invariant for contact manifolds which admit a CR structure, and
we study its behaviour under connected sum.

Keywords: CR geometry, Paneitz operator, Yamabe invariant.
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