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Resumé

L’apprentissage supervisé consiste a expliquer et/ou prédire une sortie y par des entrées x.
Dans de nombreux problémes, les entrées x ont une structure de groupes connue et/ou claire-
ment identifiable. Le regroupement des variables peut étre naturel ou bien défini dans le but
de modéliser les relations entre les différentes variables. Par exemple, en biologie, lorsque
I'on souhaite étudier la composition chimique d’un sérum a l'aide de la spectrométrie de
masse, les variables explicatives, de nature fonctionnelle, peuvent étre divisées en groupes
représentants différentes parties de la courbe. Dans ce contexte, ’élaboration d’une régle
de prédiction prenant en compte cette structure de groupes peut se révéler plus pertinente
qu'un algorithme effectué sur les variables individuelles tant au niveau des performances
prédictives que de l'interprétation. Des algorithmes supervisés construits sur des groupes de
variables ont déja été proposés. Un des plus connus est certainement le Group lasso.
L’objectif du présent travail de these est de développer des méthodes par arbres adaptées
aux variables groupées. En effet, les arbres sont des algorithmes trés utilisés en statistique.
I[ls permettent de construire des algorithmes simples et interprétables. De plus, de nom-
breux algorithmes d’agrégation tels que le boosting et les foréts alétoires sont définis a partir
d’arbres. Ces algorithmes figurent souvent parmi les plus performants dans des problémes
concrets d’apprentissage supervisé. Nous proposons deux approches qui utilisent la structure
groupée des variables pour construire des arbres de décision. Ces deux méthodes élaborent
tout d’abord un arbre maximal au moyen d’un partitionnement récursif de ’espace des don-
nées. La premiére méthode permet de construire des arbres binaires en classification. Une
coupure est définie par le choix conjoint d’un groupe de variables et d’'une combinaison
linéaire des variables du dit groupe. La seconde approche, qui peut étre utilisée a la fois
en régression et en classification, construit un arbre non-binaire dans lequel chaque coupure
est un arbre binaire. Pour ces deux approches, I’arbre maximal est ensuite élagué. Nous
proposons pour cela deux stratégies d’élagage dont une est une généralisation de la méthode
manimal cost-complexity pruning aux arbres non binaires. Les arbres de décision étant con-
nus pour étre instables, nous introduisons également une méthode de foréts aléatoires pour
variables groupées. Outre 'aspect prédiction, ces trois nouvelles méthodes peuvent aussi
étre utilisées dans un objectif de sélection de groupes de variables grace a l'introduction
pour chacune d’elles d’indices d'importance adaptés aux groupes de variables.

Ce travail de thése est complété par une partie indépendante des autres dans laquelle nous
nous plagons dans un cadre d’apprentissage non supervisé. Nous introduisons un nouvel
algorithme de clustering basé sur la classification hiérarchique single linkage. Sous certaines
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hypothéses classiques concernant la séparabilité et la régularité des clusters, nous obtenons
des vitesses de convergence pour le risque de clustering de ’algorithme proposé.

Mots-clefs : apprentissage statistique, groupes de variables, arbres de décision, foréts aléa-
toires, sélection de groupes de variables, clustering.

v



Abstract

Supervised learning consists in explaining and/or predicting an output y by using some in-
puts x. In many problems, inputs have a known and/or obvious group structure. These
groups can naturally exist or they can be defined to capture the underlying input associa-
tions. For instance, in biology, when we want to study the chemical composition of a serum
based on spectrometry data, the inputs, which are functional, can be clustered into groups
representing the different parts of the curve. In this context, elaborating a prediction rule
that takes into account the group structure can be more relevant than using an approach
based only on the individual variables for both prediction accuracy and interpretation. Some
supervised algorithms which build prediction rules based on groups of inputs have been al-
ready proposed. One of the best-known methods is certainly the Group Lasso.

The goal of this thesis is to develop some tree-based methods adapted to grouped variables.
Indeed, tree-based approaches are commonly used in statistics. These methods allow to read-
ily construct prediction rules easily understandable. Moreover, many aggregation algorithms
such that the booting methods and the random forests are based on decision trees. These
algorithms are often part of the list of the most successful methods currently use to handle
prediction problems. Here, we propose two new tree-based approaches which use the group
structure to build decision trees. These two methods begin with constructing a maximal
tree by means of recursive partitioning of the data space. The first approach allows to build
binary decision trees for classification problems. A split of a node is defined according to
the choice of both a splitting group and a linear combination of the inputs belonging to the
splitting group. The second method, which can be used for prediction problems in both
regression and classification, builds a non-binary tree in which each split is a binary tree. In
these two methods, the maximal tree is next pruned. To this end, we propose two pruning
strategies, one of which is a generalization of the minimal cost-complexity pruning algorithm
to non-binary trees. Since decisions trees are known to be unstable, we also introduce a
method of random forests that deals with groups of inputs.

In addition to the prediction purpose, these three new methods can be also use to perform
group variable selection thanks to the introduction for each of them of some measures of
group importance.

This thesis work is supplemented by an independent part in which we consider the un-
supervised framework. We introduce a new clustering algorithm which is based on the
hierarchical clustering algorithm named single linkage. Under some classical regularity and
sparsity assumptions, we obtain the rate of convergence of the clustering risk for the proposed



algorithm.

Keywords: supervised learning, groups of variables, decision trees, random forests, group
variable selection, clustering.
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1.1 Contexte et enjeux de la thése

1.1.1 Présentation générale

L’apprentissage statistique (Vapnik, 1995) désigne un vaste ensemble de méthodes per-
mettant d’extraire 'information pertinente de données, dans un but principalement ex-
plicatif et/ou prédictif. De maniére générale, on distingue deux types d’apprentissage :
I’apprentissage supervisé et 'apprentissage non supervisé.

En apprentissage supervisé, la base de données consiste en un ensemble de copies indépen-
dantes {(X;,Y;)}1<i<n d'un vecteur aléatoire (X,Y'), on X désigne le vecteur des variables



explicatives et Y est appelée la variable réponse. Dans ce contexte, 'objectif est de constru-
ire, & partir de la base de données, une régle de prédiction qui a toute nouvelle observation
X,,+1 associe la réponse Y, 1.

Dans le cadre non-supervisé, les réponses {(Y;)}i<i<, sont "cachées" ou non observées.
La base de données consiste seulement en les observations {(X;)}1<i<, et l'objectif est
de discriminer/trier en un certain sens les observations X;. En d’autres termes, il s’agit
de regrouper les observations en classes (ou clusters) homogeénes les plus différentes possi-
bles. L’apprentissage non-supervisé est aussi appelé probléme de classification (clustering en
anglais).

De nos jours, 'apprentissage statistique joue un réle important dans de nombreux domaines
notamment en biologie et en santé (puces & ADN, essais cliniques, classification des mal-
adies, etc.) ou encore en environnement (prévisions climatiques, risques environnementaux,
etc.). De plus, avec I'essor des nouvelles technologies ainsi que le développement de moyens
de stockage puissants, l'apprentissage statistique est aujourd’hui confronté & des données
de plus en plus abondantes (big data) et diverses (images, textes, courbes, etc.). Dans ce
contexte, il est essentiel d’exploiter la structure des données. En particulier, les données
peuvent avoir une structure groupée.

On peut citer par exemple ’analyse du génome humain qui ameéne a traiter des bases de don-
nées comprenant l'expression de plusieurs milliers de génes. Dans ces études, il est devenu
fréquent de procéder a un regroupement au préalable des génes en ensembles représentant
par exemple différents processus biologiques (Tai & Pan, 2007; Tamayo et al., 2007). Egale-
ment, en biologie, lorsque ’on souhaite étudier la composition chimique d’un sérum a ’aide
de la spectrométrie, les variables explicatives, de nature fonctionnelle, peuvent étres divisées
en groupes représentant différentes parties de la courbe (Tardivel et al., 2017).

La problématique de la sélection de groupes de variables a été étudiée par de nombreux
auteurs comme par exemple Zhang et al. (2008),Chakraborty & Pal (2008) ou encore Gri-
monprez (2016). Récemment, Gregorutti et al. (2015) ont proposé, dans le cadre de données
fonctionnelles, un algorithme de sélection de groupes de variables utilisant les foréts aléa-
toires de Breiman.

D’autre part, ’élaboration d'une régle de prédiction sur les groupes plutot que sur les vari-
ables individuelles peut étre plus pertinent tant au niveau des performances prédictives que
de l'interprétation. Ce probléme a principalement été étudié dans le cadre paramétrique et
semi-paramétrique, avec notamment les nombreuses approches régularisées utilisant la pé-
nalité Group lasso introduite par Yuan & Lin (2006) (voir par exemple Huang et al. (2012)
pour une synthése des principales méthodes).

Dans le cadre non paramétrique et plus précisément dans le contexte des arbres de décisions



et des foréts aléatoires, il n’existe pas & notre connaissance de méthode permettant de con-
struire des régles de prédiction a partir de groupes de variables.

L’objectif du présent travail de thése est de développer des méthodes par arbres et de foréts
aléatoires adaptées aux données ayant une structure de groupe. Ce travail est aussi complété
par une partie indépendante ot nous proposons un nouvel algorithme de clustering et nous
étudions ses propriétés mathématiques.

Les arbres de décision et les foréts aléatoires sont aujourd’hui des méthodes de référence en
apprentissage supervisé. Elles offrent de nombreux avantages (large applicabilité, une facilité
d’utilisation, de bonnes performances, etc.) et sont aujourd’hui couramment utilisées dans
de nombreux domaines notamment en biologie (Boulesteix et al., 2003; Geurts et al., 2009)
ou encore en écologie (Cutler et al., 2007). Avant de présenter plus en détails ces méthodes,
nous définissons le cadre mathématique dans lesquels s’inscrivent ces travaux de thése.

1.1.2 Apprentissage supervisé

Soit D,, = {(X1,Y1),...,(X,,Y,)} un échantillon d’apprentissage, c’est-a-dire n copies in-
dépendantes du couple de variables aléatoires (X,Y’). Le couple (X,Y) est indépendant
de D,, et sa loi est inconnue. Notons X et ) les espaces mesurables dans lesquels vivent
respectivement les variables aléatoires X et Y. Dans ce manuscrit, nous considérons le cas
X =R La variable X = (X1,..., X4) désigne le vecteur des variables explicatives et Y est
la variable réponse.

Dans le cadre de la régression, la réponse Y est continue, )V = R, et le modéle statistique
s’écrit sous la forme Y = f*(X) 4+ e ou € appelé bruit est une variable aléatoire supposée
centrée conditionnellement & X, et f* est la fonction de régression inconnue définie sur X
par f*(x) = E[Y|X = x].

Dans le cadre de la classification supervisée, Y désigne la classe avec Y = {1,..., K}, K > 2,
et f* est le classifieur de Bayes (inconnue), définie sur X par f*(x) = argmax;cq, 5 P[Y =
kX = x].

Dans chacun de ces deux contextes, le probléme consiste a estimer le lien entre le vecteur X et
la variable réponse Y, c’est-a-dire a estimer la fonction f* & partir des données de ’échantillon
d’apprentissage D,,. Un estimateur de f* est une fonction mesurable f X (A=Y
qui, prédit pour toute nouvelle observation x la valeur de la réponse Y par f(x, D,,). Dans la
suite, on notera par commodité f(x) La fonctionf est appelée régle de prédiction ou régle de
décision. Un ensemble d’ouvrages de référence traite de la problématique de I’apprentissage
supervisé, voir par exemple Devroye et al. (1996), Vapnik (1995, 1998) et Hastie et al. (2009).



Dans de nombreux problémes en apprentissage supervisé, les variables explicatives peuvent
avoir une structure de groupe. Le regroupement des variables peut étre naturel ou bien défini
dans le but de capturer/modéliser les relations entre les différentes variables. Les variables
explicatives peuvent agir en groupes sur la variable réponse. Ainsi I'exploitation d’une telle
structure peut s’avérer trés utile pour construire une régle de prédiction.

Dans ce présent travail de thése, nous nous intéressons au cas ou le vecteur X est structuré
en J groupes connus. On définit le j-iéme groupe X7, j =1,...,J, par :

Xj - (le,Xj2,...,dej),

oit 'ensemble {41, J2,...,Ja,} € {1,...,d} désigne les d; indices des variables explicatives
appartenant au groupe j, d; < d. On remarquera que les groupes ne sont pas forcément
disjoints. L’objectif est d’utiliser cette structure pour construire une régle de prédiction f.

1.2 Arbres de décision et foréts aléatoires

Cette section présente les arbres de décision (plus précisément la méthode CART) et les
foréts aléatoires. Genuer & Poggi (2018) proposent un exposé clair et concis de ces méthodes.

Ces méthodes d’apprentissage supervisé ne tiennent pas compte de la structure groupée des
données. Ainsi dans cette section, nous ignorons l'existence des groupes.

Les arbres de décision ou méthodes de partitionnement récursif ont été introduits deés les
années 60. De nombreuses approches ont été proposées. La méthode CART (pour Classifi-
cation And Regression Trees), introduite par Breiman et al. (1984) est la plus connue. Nous
présentons cette méthode dans la section suivante.

1.2.1 Arbres CART

CART est une méthode non-paramétrique efficace, simple a implémenter et utilisable a la
fois en régression et en classification. Le principe général de CART est de construire une reé-
gle de prédiction au moyen d’un partitionnement récursif et binaire de 1’espace des données.
La partition ainsi obtenue peut étre représentée sous la forme d’un arbre binaire facilement
interprétable. La Figure 1.1 illustre la correspondance entre une partition dyadique et un
arbre binaire.
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Figure 1.1: Un exemple d’arbre CART en classification binaire. A chaque feuille est associée
la classe la mieux représentée.

Construction d’un arbre CART

Pour construire un arbre CART a partir des données de ’échantillon D,, d’apprentissage,
I’algorithme procéde en deux étapes.

e Etape 1 : Elaboration d’un arbre maximal.
Cette étape consiste en un partitionnement récursif et dyadique de ’espace des données
X. Au départ, I'espace X tout entier est associé a la racine de I'arbre, que I'on note
t,. L’algorithme commence par diviser la racine ¢; en deux sous-espaces disjoints tqz,
et t1r (appelés noeuds fils) comme suit :

tlL:{Xi,iSn:Xij SSp} and th:{X“zanZ] >$p},

ouj=1,...,pet sp € R. Une division ¢ est donc définie par un couple § = (7, sp) ou
4 désigne l'indice de la variable de coupure et sp désigne une valeur seuil pour cette
variable. Le choix de ce couple repose sur la définition d’une fonction QQ d’impureté.
La méthode sélectionne la coupure d;, qui maximise la décroissance d’impureté définie
par

AQ(t1,6) = 1y, Q (t1) — 14,2, Q (t1r) — 1y, Q (L), (1.1)

ou tiy, et t1p désignent les deux noeuds fils de ¢; définis par la coupure § et ny, (re-
spectivement ny,, et ng ) désigne le nombre d’observations dans la racine ¢; (respec-
tivement dans les nceuds fils ¢, et t1g). En régression, la fonction d’impureté Q(t)
correspond le plus souvent & la variance du noeud ¢ :

Q) =~ Y vi- V),

Ny .
X Et



ot Y; est la moyenne des Y; des observations contenues dans le nceud ¢. En classification,
I'indice de Gini est généralement utilisé pour définir 'impureté d’un neceud ¢ :

Zﬂ'k 1—7Tk t))

ol Tk (t) = ;- D .x,e¢ D=k est la proportion d’observations de la classe k dans le noeud
t. Dans les deux cas, 'objectif est de partager les observations de I’échantillon D,, en
deux groupes disjoints les plus homogénes possible au sens de la variable réponse Y.

Une fois la racine de 'arbre découpée, la procédure est répétée sur chaque noeud fils,
puis de maniére récursive sur tous les autres noeuds jusqu’a ce que chaque noeud soit
homogene, c’est-a-dire que toutes les observations contenues dans le nceud partagent
la méme valeur pour Y. Les nceuds terminaux, qui ne sont pas découpés sont appelés
feuilles. A la fin du découpage, les feuilles forment une partition fine de I'espace des
données X', qui peut étre représentée sous la forme d’un arbre maximal, noté T,,,.. Une
prédiction g est associée a chaque feuille ¢ de 'arbre T, (la moyenne empirique de
la réponse Y dans le nceud ¢ en régression ou en classification, la classe de Y la mieux
représentée dans le noeud t). De larbre Ti,.y, on déduit alors la régle de prédiction
notée meaX et définie, pour toute observation x € X, par

meax Z gl

tETmax

ol fmax désigne I'ensemble des nceuds terminaux de i, et 14(x) désigne la fonction
indicatrice égale a 1 si x € ¢ et 0 sinon (voir Figure 1.1).

Etape 2 : Elagage et sélection de I’arbre final.

L’arbre maximal 7,,,, souvent trop complexe n’est généralement pas optimal au sens
d’un critére de performance choisi (par exemple en classification, 'erreur de classifica-
tion). Un nombre excessif de coupures conduit & un arbre qui a tendance a sur-ajuster.
Pour éviter cela, T.x est élagué suivant la méthode minimal cost-complexity pruning
introduite par (Breiman et al., 1984).

Ce procédé consiste a extraire une suite de sous-arbres de Ty, par minimisation du
critére pénalisé défini pour tout sous-arbre T de Tp.., noté T < T,..«, et pour tout
a € Rt par N

Ro(T) = R(T,D,) + o|T], (1.2)

ot |T| désigne le nombre de feuilles de I'arbre T' et R(T,D,) correspond & lerreur
empirique du modéle T' estimée a partir des données de ’échantillon D,,. En régression,
R(T,D,,) désigne le critére des moindres carrés

R(T,D,) = 1 Z (Y; — fr(Xi))%,

Z(XZ ,Y;)E’Dn
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et en classification, R(T, D,,) désigne l'erreur de classification

1
R<T’ Dn) - ﬁ Z ]lYHéfT(Xi)‘
’L':(X»L',Yl‘)GDn

Dans l'équation (1.2), a est un parameétre a régler/a choisir. Il permet de controler la
complexité de 'arbre. Plus « est grand, plus les arbres ayant beaucoup de feuilles sont
pénalisés.

La méthode d’élagage consiste a trouver pour toute valeur oo € R, le plus petit sous-
arbre de Tp,.x optimal au sens du critére pénalisé (1.2). Une recherche exhaustive de
chaque arbre optimal se révéle souvent trop cotiteuse. Aussi, Breiman et al. (1984)
propose une stratégie efficace, qui repose sur le résultat suivant.

Theorem 1.2.1. (Breiman et al., 1984). Pour tout arbre mazimal Trax, il eziste une
suite finie et strictement croissante de parameétres

O=o1 < ... <ag

associée a une suite de sous-arbres emboités Tyax = Th > ... = Tk = {t1} tous élagués
de Tyax €t vérifiant pour tout 1 < k < K,

pour tout o € [oy; agy1], T = argmin R, (T),
T=<Timax

et

pour tout « > ax, Tx = argminR,(T).
Tan]aX

Ainsi, 'extraction de la suite d’arbres optimaux repose sur un nombre fini de valeurs
pour « et chaque arbre de la suite est obtenu par élagage du précédent. En d’autres
termes, pour chaque k = 1,..., K, T} est le plus petit sous arbre de Tj_; minimisant
R, (en posant ici Ty = Trnax). De plus, la suite {7} }1<x<x contient toute I'information
puisque pour tout a > 0, le plus petit sous-arbre optimal au sens de R, est contenu
dans la suite.

L’arbre final est le meilleur sous-arbre de la suite {7} }1<k<x au sens d'un critére
donné et évalué sur un échantillon témoin ou par validation croisée. Des garanties
théoriques justifiant la stratégie d’élagage et la sélection de I’arbre final ont été obtenues
en régression (Gey & Nedelec, 2005) et en classification (Gey, 2012).



Importance des variables

En paralléle, CART fournit aussi une mesure d’importance de chaque variable explicative
X;, avec j =1,...,J. Ce score défini par Breiman et al. (1984), permet, relativement a un
arbre CART donné T', de hiérarchiser les variables explicatives Xi,..., X ;. Le calcul de ce
score est détaillé ci-dessous.

Pour tout nceud ¢ non-terminal de 'arbre 7', et toute variable X;, avec J = 1,...,J, on
détermine la division par substitution, notée §;(j) = (J, sp®), pour la variable X; et le nceud
t comme la coupure qui se rapproche le plus de la coupure optimale J;, c’est-a-dire

0;(j) = argmax max{prr(9,9;) + prr(d,d;), pre(d,6;) + prr(0,07) },

0=(7,sp):speR
ou :
e p11(6,0F) (respectivement prr(d, ;7)) est 'estimateur de la probabilité que les divisions

J et OF envoient une observation du noeud ¢ dans son neeud fils gauche ¢, (respectivement
droit tR) .

o prr(6,0;) (respectivement pry(0,d;)) est Uestimateur de la probabilité quune observa-
tion du neeud ¢ soit envoyée dans le nceud gauche (respectivement droit) par la division
J et envoyée dans le nceud droit (respectivement gauche) par la division o;.

L’importance de la variable j dans le nceud t correspond alors au gain d’homogénéité induit
par la division d7(7), défini par :

Icart(j7 t) - AQ(tv 6:(]))

Ainsi, on définit I'importance de la variable X, relativement & I’arbre 7', comme la somme
sur les nceuds non-terminaux de 7' des importances "locales", c’est-a-dire

Icart(j’T) = Z AQ(t’(stS(J))? (1'3)

teT\T

ou on rappelle que T désigne I'’ensemble des nceuds terminaux de 'arbre T'. Généralement,
on raméne cette importance sur une échelle comprise entre 0 et 100 par :

-~ z-car .7T
Toart(J, T) = 100 x 1, T)

77777

Ceci induit un ordre "d’importance" sur les variables explicatives. En effet, on considére
comme importantes les variables dont I'importance est supérieure a un seuil choisi.

Ce score a été utilisé par quelques auteurs pour faire de la sélection de variables (Questier
et al., 2005; Tuleau & Poggi, 2006). Souvent considéré comme instable (Ghattas et al., 2000),
cet indice d’importance est aujourd’hui peu utilisé.



Extensions : d’autres arbres de décision

Bien que CART soit la méthode par arbre la plus utilisée, il existe d’autres méthodes de
partitionnement comme par exemple CHAID (Kass, 1980), ID3 (Quinlan, 1986) ou encore
C4.5 (Quinlan, 1993) (voir Loh (2014) pour une synthése des principaux arbres de décision).
Comme CART, ces méthodes sont basées sur un partitionnement récursif de ’espace des
données. Cependant, la stratégie de découpage et les régles d’arrét utilisées peuvent étre
différentes. Des approches utilisant notamment des coupures multivariées, c’est-a-dire des
coupures définies en fonction d’un sous-ensemble de variables explicatives, ont également été
développées, par exemple CART-LC (Breiman et al., 1984), FACT (Wei-Yin Loh, 1988),
QUEST (Loh & Shih, 1997), LTDS (Li et al., 2003) ou encore HHCART (Wickramarachchi
et al., 2016). Dans la plupart des ces méthodes, la régle de coupure d’un nceud est une
combinaison linéaire des variables explicatives. Ces algorithmes ont souvent de meilleures
performances prédictives que les approches utilisant des coupures univariées (Brodley & Ut-
goff, 1995; Lim et al., 2000). Cependant, ils possédent deux défauts majeurs. Tout d’abord,
dans ces méthodes, la recherche de la coupure optimale, c’est-a-dire de la meilleure combi-
naison linéaire de variables, implique souvent le recours a des algorithmes cotiteux. On peut
citer par exemple le Tabu search algorithm utilisé par la méthode LTDS. D’autre part, les
coupures optimales, qui sont des combinaisons linéaires de variables, sont souvent difficiles
a interpréter. Ces deux faiblesses expliquent en partie pourquoi les arbres de décision basés
sur des coupures multivariées sont moins souvent utilisés en pratique.

1.2.2 Foréts aléatoires

Les méthodes de partitionnement et particuliérement la méthode CART connaissent un suc-
cés important. Elles sont maintenant couramment utilisées dans de nombreux domaines
notamment dans le domaine médical (Sathyadevi, 2011) ou en écologie (Pesch et al., 2011).
Cependant, ces méthodes s’avérent étre trés instables. En effet, une simple perturbation de
quelques observations dans I’échantillon d’apprentissage peut modifier complétement I'arbre
ainsi construit. Les foréts aléatoires de Breiman (2001) permettent de résoudre cette faib-
lesse des arbres de décision et en améliorent les performances prédictives. Nous rappelons
maintenant les grands principes de cette méthode. Il existe plusieurs méthodes de foréts
aléatoires, aussi pour fixer les idées, dans le manuscrit, le terme foréts aléatoires désigne la
méthode des foréts aléatoires introduite par Breiman (voir les théses de Genuer (2010) et de
Scornet (2015) pour un panorama complet des différents modeéles de foréts).

Algorithme des foréts aléatoires

Les foréts aléatoires sont basées sur le bagging (Breiman, 1996), approche qui consiste a
agréger une collection d’estimateurs construits a partir d’échantillons bootstrap. Une forét
aléatoire est une agrégation d’arbres aléatoires. Le principe de construction d'une forét



est tout d’abord de générer indépendamment un grand nombre (noté ntree) d’échantillons
bootstrap D}, ..., D™= en tirant aléatoirement, pour chacun d’eux, a, observations (avec
ou sans remise) dans I’échantillon D,, d’apprentissage. Ensuite, ntree arbres de décision
T, ..., T sont construits a partir des échantillons bootstrap D., ..., D2 et en util-
isant une variante de CART. En effet chaque arbre est ici construit de la fagon suivante.
Pour découper un nceud, 'algorithme choisi aléatoirement et sans remise un nombre mtry
de variables explicatives, puis il détermine la meilleure coupure uniquement suivant les mtry
variables sélectionnées. De plus, 'arbre construit est pleinement développé et n’est pas
élagué. La forét aléatoire, que 'on note {T°}2**°° est enfin obtenue en agrégeant les ntree
arbres ainsi construits. Elle définit une régle de prédiction qui correspond a la moyenne em-
pirique des prédictions en régression et au vote majoritaire en classification. La construction
des foréts aléatoires de Breiman est décrite dans par 1’Algorithme 1.

Algorithm 1 Foréts aléatoires.

Input : Echantillon d’apprentissage D, ntree € N, a,, € {1,...,n}, mtry € {1,...,d},
nodesize € {1,...,n}.

For b = 1 to ntree do

1. Construction de I’échantillon bootstrap DP : tirer uniformément et avec remise a,, ob-

servations dans DP.

2. Construction de I'arbre T° & partir de D? : répéter de maniére récursive le procédé
suivant sur chaque noeud, jusqu’a ce que chaque noeud soit homogéne ou contienne
moins de nodesize observations :

(a) Tirer un sous-ensemble My, C {X7,..., Xy} de cardinal mtry uniformément et
sans remise.

(b) Choisir la meilleure coupure au sens du critére de coupure de CART (1.1) et en
se basant uniquement sur le sous-ensemble M., de variables.

(c) Diviser le nceud en deux nceuds fils selon la coupure précédemment choisie.

3. Définition de la régle de prédiction ﬁ, a partir de I'arbre maximal T°.

Output: la collection d’arbres T, ..., T™"° et la collection associée de régles de prédiction

jiy-- ‘7j;tree'

Prédiction de la forét aléatoire en x € X:

En régression : fi(x) = LSt f(x),
. . 7 ntree
En classification : fif(x) = 21;glmz? ( ) ]l];b(x):k> .
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L’algorithme des foréts aléatoires comporte plusieurs paramétres.

e Le nombre d’arbres ntree de la forét. Sa valeur par défaut est 500. Notons que ce
paramétre n’est pas vraiment un parameétre a calibrer dans le sens ou une plus grande
valeur de ce parameétre ménera toujours & des prédictions plus stables qu'une plus
petite valeur de ce paramétre.

e Le nombre mtry de variables choisies pour le découpage de chaque noeud. Sa valeur
par défaut est mtry = d/3 en régression et mtry = v/d en classification. C’est sans
doute le paramétre le plus important a calibrer puisqu’il peut grandement influencer
les performances de la forét.

e Le nombre minimum d’observations nodesize en dessous duquel un nceud n’est plus
découpé. La valeur par défaut de ce paramétre est nodesize = 1 en classification et
nodesize = 5 en régression. En général, ce parameétre est laissé a sa valeur par défaut.

e Le nombre d’observations a, dans chaque échantillon bootstrap. Par défaut, chaque
échantillon bootstrap contient a,, = n observations tirées avec remise dans I’échantillon
initial D,,.

Plusieurs auteurs se sont intéressés au choix et a linfluence de ces paramétres (Breiman,
2001; Diaz-Uriarte & Alvarez de Andrés, 2006; Genuer, 2010; Bernard et al., 2008; Biau &
Scornet, 2016). En général, les valeurs par défaut des parameétres donnent de bons résultats.

Les foréts aléatoires connaissent aujourd’hui un large succés. La méthode a permis de ré-
soudre efficacement un grand nombre de problémes dans des domaines variés comme par
exemple en écologie (Prasad et al., 2006), en bioinformatique (Diaz-Uriarte & Alvarez de
Andrés, 2006), ou encore en analyse d’image (Shotton et al., 2011). Outre ses trés bonnes
performances et sa large applicabilité, la méthode ne dépend que d’un petit nombre de
paramétres ce qui la rend aussi facilement utilisable. D’un point de vue théorique, I’'étude
des propriétés mathématiques des foréts aléatoires se révele plus délicate. En effet, il existe
peu de résultats théoriques disponibles pour les foréts aléatoires de Breiman. On peut néan-
moins citer un résultat majeur établi récemment par Scornet et al. (2015) et portant sur la
convergence des foréts aléatoires dans le modeéle additif. Des garanties théoriques ont égale-
ment été obtenues pour des versions simplifiées de la méthode (Breiman, 2001; Biau, 2012;
Genuer, 2012; Wager, 2014). Une synthése des principaux résultats théoriques est disponible
dans Genuer & Poggi (2018) et Biau & Scornet (2016).

Importance des variables

Les foréts aléatoires sont en général plus performantes que les simples arbres de décision
mais possédent I'inconvénient d’étre plus difficilement interprétables. Afin de pallier & cela,
plusieurs indices d'importance des variables sont définis. Ces scores permettent d’établir une
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hiérarchie des variables explicatives fondée sur I'importance par rapport a la réponse Y. La
méthode des foréts aléatoires propose principalement deux critéres : I'importance de Gini et
I'importance par permutation.

L’indice d’importance de Gini se rapproche du score d’importance (1.3) proposé dans CART,
excepté qu’il n’utilise pas les coupures par substitution. Cet indice est défini a partir du
critére d'impureté (1.1) utilisé lors de la construction d’un arbre. L’importance d’une vari-
able est d’abord évaluée sur chaque arbre de la forét. Ainsi, pour un arbre donné, elle
correspond a la réduction globale d’impureté c’est-a-dire & la somme pondérée des réduc-
tions d’impureté induites lorsque que la variable est utilisée pour découper un nceud du dit
arbre. L’importance de Gini d’une variable est alors définie par la moyenne (sur tous les
arbres de la forét) des réductions globales d’impureté. En pratique, cet indice est moins
utilisé que l'indice par permutation. Différents auteurs ont montré par des études de simula-
tions que cet indice avait tendance a favoriser les variables catégorielles qui ont beaucoup de
modalités ou bien dont les effectifs sont déséquilibrés (Strobl et al., 2007; Nicodemus, 2011;
Boulesteix et al., 2011).

L’indice d’importance par permutation (Breiman, 2001) repose sur 'idée qu’une variable
explicative peut étre considérée comme importante pour prédire la réponse Y si briser le lien
entre cette variable et la réponse Y détériore la qualité de la prédiction. En ce sens, des
permutations aléatoires des valeurs de la variable sont utilisées pour imiter la rupture de ce
lien. Formellement, le calcul de la mesure d’importance par permutation pour une variable
X; (avec j =1,...,d) consiste tout d’abord & définir 'échantillon out-of-bag (OOB) associé
a chaque échantillon bootstrap. Pour b = 1,... ,ntree, le b-iéme échantillon OOB est noté
Db et est défini comme le complémentaire du b-iéme échantillon bootstrap D° dans D, :
Db =D, \ D°. En d’autres termes, D contient les observations de D,, n’appartenant pas &
Db. Cet échantillon est utilisé pour mesurer Uerreur du b-éme arbre T°. On note R(7°, DY)
I'erreur empirique de T? estimée sur D°. (Comme mentionné dans la section 1.2.1, erreur
empirique d'un arbre correspond au critére des moindres carrés en régression ou a l’erreur
de classification en classification). Ensuite, I’algorithme définit I’échantillon OOB permuté
DY qui est obtenu en permutant aléatoirement les valeurs de la variable X j. L'erreur de
'arbre est & nouveau calculée mais cette fois-ci en utilisant I'échantillon permuté DY. Elle
est notée R(T?, DY).

Ces étapes sont répétées sur tous les arbres de la forét. L’indice d’importance correspond
alors a la moyenne sur tous les arbres de I’augmentation de I’erreur :

ntree
Z R(Tba @2) - R(Tb7 755?%

b=1

1

ntree

Lpermn (X, {T"}*°) =

Si la permutation aléatoire de la j-éme variable induit une forte augmentation de I’erreur alors
Toerm (X, {T}3%°) est grand et la variable est considérée comme importante. A 'inverse,
si les perturbations n’affectent pas ’erreur, alors l'indice d’importance par permutation de
X est proche de zéro et la variable est considérée comme peu importante pour prédire la
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réponse Y. L’indice d’importance par permutation a été étudié par de nombreux auteurs
(Archer & Kimes, 2008; Altmann et al., 2010; Gregorutti et al., 2013) et s’est notamment
avéré étre trés utile pour faire de la sélection de variables (Diaz-Uriarte & Alvarez de Andrés,
2006; Genuer et al., 2010). Récemment, Gregorutti et al. (2015) ont adapté cet indice aux
groupes de variables, dans le but de sélectionner des variables fonctionnelles. Cette extension
sera définie et utilisée dans la suite du manuscrit.

1.3 Organisation du manuscrit et contributions

Dans les sections qui suivent, nous résumons le contenu des différents chapitres ainsi que les
résultats obtenus.

1.3.1 Chapitre 2 : Arbres de classification pour variables groupées

Dans ce chapitre, nous proposons une nouvelle approche par arbres permettant de construire
des régles de classification a partir de variables groupées. Cette méthode, appelée TPLDA
(pour Tree Penalized Linear Discriminant Analysis), construit d’abord un arbre maximal au
moyen d’un partitionnement récursif et binaire de ’espace des données X'. La division d’un
nceud, qui est définie par un groupe de variables et une combinaison linéaire (aussi appelée
régle de division) des variables appartenant au dit groupe, se fait en deux temps.

e Etape 1 : Choix d’une coupure pour chaque groupe.
Tout d’abord I’algorithme définit, pour chaque groupe, une régle de division en util-
isant l'analyse linéaire discriminante régularisée proposée par Witten & Tibshirani
(2011). Le recours a cette approche régularisée s’appuie sur des résultats numeériques
et théoriques de la littérature. Une étude par simulations est aussi effectuée pour
justifier ce choix.

e Etape 2 : Choix de la meilleure coupure.

Dans CART comme dans beaucoup de méthodes de partitionnement, la sélection de
la coupure repose sur la maximisation de la réduction d’impureté (1.1). Lorsque les
coupures sont définies en fonction d’un groupe de variables, ce critére n’est plus appro-
prié puisqu’il a tendance & favoriser les plus grands groupes (Boulesteix et al., 2012).
Afin de corriger ce biais de sélection, nous proposons de corriger la réduction d'impureté
par une pénalité pen dépendant de la taille du groupe. Soit d; une coupure définie a
partir des variables du groupe j et t un nceud. La réduction d’impureté pénalisée
induite par la division de ¢ par la coupure ¢; est définie par

AQ(t, ;) = AQ(t, d;)pen(d;), (1.4)
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ou pen(d;) est la fonction de pénalité évaluée en la taille d; du groupe j. La forme
de la fonction pen sera définie précisément dans le Chapitre 2. Plusieurs fonctions
de pénalités sont notamment proposées. Une analyse de simulation est effectuée pour
évaluer ce critére. Nous montrons que la pénalité permet de contrbler le biais de
sélection et que le critére pénalisé est adapté a la sélection de coupures multivariées.

Les deux étapes précédentes sont appliquées tout d’abord sur ’espace des observations X.
Il en résulte la création de deux nceuds fils. Ces deux étapes sont ensuite répétées sur ces
deux nceuds, puis de maniére récursive sur tous les autres noeuds, et ce jusqu’a atteindre
un critére d’arrét. La partition fine des données ainsi construite peut étre représentée sous
la forme d’arbre maximal, qui a tendance a sur-ajuster. Afin d’éviter cela, une méthode
d’élagage est proposée pour sélectionner un arbre optimal. Cette procédure construit une
suite de sous-arbres emboités, tous élagués de T}, par maximisation d’un critére basé sur
la profondeur de I'arbre. L’algorithme sélectionne ensuite le meilleur arbre dans la suite en
s’appuyant sur un critére de performance donné et estimé sur un échantillon indépendant.
Un exemple jouet o I'on considére un seul groupe a deux variables est donné dans la Figure
1.2. La figure montre les partitions obtenues a partir des méthodes TPLDA et CART.

Tome

@ (b) (©

Figure 1.2: Ilustration de la méthode TPLDA - un probléme de classification avec un seul
groupe contenant deux variables. (a) les données d’apprentissage, (b) la partition obtenue
avec la méthode TPLDA, (c) la partition obtenue avec la méthode CART. Sur chaque graphe,
la régle de Bayes est représentée par deux lignes en pointillés.

Ensuite, comme il est souvent utile d’avoir une information sur les groupes de variables et
plus précisément sur leur capacité a expliquer la variable réponse, nous introduisons un nou-
vel indice d’importance pour les groupes de variables. Cet indice qui est associé a un arbre
TPLDA s’appuie sur la réduction d’impureté pénalisée (1.4) évaluée en chaque nceud non
terminal de I'arbre.

Un ensemble de simulations est ensuite effectué pour évaluer les performances de la méthode
TPLDA et de la mesure d’importance. La méthode TPLDA est comparée & la méthode
CART et a la régression logistique régularisée par la pénalité Group lasso (GL), qui est
une des méthodes de référence pour construire des régles de classification a partir de don-
nées groupées. Ces analyses de simulation montrent que TPLDA est une méthode efficace
pour construire de regles de prédiction a partir de variables groupées. De plus, la méthode
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s’avére étre beaucoup moins cotiteuse (en terme de complexité informatique) que la plupart
des méthodes classiques de partitionnement utilisant des coupures multivariées (par exemple
les méthodes HHCART et OC1). D’autre part, dans les analyses de simulation, l'indice
d’importance identifie correctement les groupes discriminants, méme lorsque les tailles de
groupes sont tres déséquilibrées ou lorsqu’il y a beaucoup de bruits.

Pour finir ce chapitre, les méthodes TPLDA, CART et GL sont appliquées sur trois jeux
de données publiques d’expression de génes. Cet exemple souligne a nouveau les bonnes
performances de la méthode TPLDA et de son indice d’importance des groupes.

Les résultats de ce chapitre font I'objet d’un article soumis dans la revue Computational
Statistics. De plus, la méthode TPLDA ainsi que I'indice d’importance des groupes ont été
implémentés en langage R pour la classification binaire.

Contributions du chapitre : développement d'une nouvelle méthode par arbre per-
mettant de construire des régles de classification & partir de variables groupées et intro-
duction d’'une mesure d’importance pour les groupes de variables.

1.3.2 Chapitre 3 : Arbres de décision et foréts aléatoires pour vari-
ables groupées

Le Chapitre 3 commence par présenter une nouvelle approche par arbre appelée CARTGV
(pour Classification And Regression Trees for Grouped Variables) adaptée aux variables
groupées. Contrairement a la méthode TPLDA introduite dans le Chapitre 2, cette nouvelle
méthode ne fait aucune hypotheése sur la forme de la relation entre les variables au sein d’un
groupe. De plus, la méthode CARTGV permet de construire des régles de prédiction en
classification ainsi qu’en régression.

La méthode construit un arbre maximal au moyen d’un partitionnement récursif et non
binaire de ’espace des données. De facon similaire & la méthode TPLDA, découper un noeud
se fait en deux temps.

e Etape 1 : Choix d’une coupure pour chaque groupe.
Tout d’abord, 'algorithme détermine une coupure pour chaque groupe, en utilisant
la méthode de partitionnement de CART. Plus précisément, pour chaque groupe, la
méthode construit un arbre CART sur les observations du nceud et les variables du
groupe considéré. Cet arbre que l'on appelle arbre de coupure est peu profond (de
profondeur maximale D;) et non élagué.

e Etape 2 : Choix de la meilleure coupure.

Ensuite, I'algorithme choisit la meilleure coupure par maximisation du critére pénalisé
(1.4).
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Ce procédé est répété récursivement jusqu’a obtenir un arbre pleinement développé.
Un exemple d’arbre et de coupure obtenus a partir de la méthode CARTGYV est donné dans

la Figure 1.3.

ORORONO OO
WO OOWW @

Figure 1.3: Un arbre CARTGV (& gauche) et un arbre de coupure (a droite). L’arbre de
coupure divise le nocud t5 en les noeuds fils : tg = t573, tg = t574, th = t575, t11 = t5’6.

L’arbre maximal, qui n’est plus binaire, est ensuite élagué selon la généralisation de la
méthode minical cost-complexity pruning aux arbres non binaires. En effet, cette stratégie
a initialement été proposée pour élaguer les arbres binaires (Breiman et al., 1984). Nous
avons prouvé que cette approche pouvait étre utilisée pour les arbres non binaires. Plus
précisément, nous avons généralisé le théoréme de Breiman et al. (1984).

Theorem 1.3.1. Pour tout arbre Ty, maximal et non nécessatrement binaire, il existe une
suite finie et strictement croissante de parametres

O=a1 <...<ag
associée a une suite de sous-arbres emboités
Tmax = T1 = ... = T = {t1},
tous élagués de Thax et vérifiant pour tout 1 < k < K,

pour tout a € [ag; apy1|, Tr = argminR,(T),
T=Tmax
et
pour tout « > ag, Tx = argminR,(T),
T=Tmax

ot R, est le critére pénalisé défini par la formule (1.2).
Ainsi, comme dans le cas des arbres CART, on peut extraire une suite de sous-arbres em-
boités 11, ..., Tk tous élagués de Ti.x et optimaux au sens du critére d’élagage (1.2). Cette

suite est obtenue simplement en coupant de maniére itérative des branches a chaque étape.
L’algorithme sélectionne ensuite le meilleur sous-arbre de la suite au sens d’un critere de
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performance donné et évalué sur un échantillon de validation.

En paralléle, la méthode CARTGV fournit deux mesures d’importance pour chaque groupe
de variables. Le premier indice s’appuie sur la réduction d’impureté pénalisée (1.4) évaluée
en chaque nceud non terminal de 'arbre et la mesure de proximité appelée indice de Rand.
Le second, qui est inspiré de l'indice d’importance proposé par Breiman et al. (1984) pour
l'algorithme CART (voir Section 1.2.1 pour une description de cet indice), utilise une ex-
tension de la notion de coupure par substitution aux groupes de variables. Ces deux scores
permettent de hiérarchiser 'importance de tous les groupes de variables en leur attribuant
une note comprise entre 0 et 100.

Une série d’études de simulation est ensuite utilisée pour évaluer la méthode CARTGV ainsi
que son indice d’importance. La méthode est comparée & CART, qui peut étre considéré
comme son analogue dans le cas de variables non-groupées. Ces analyses confirment l'intérét
d’utiliser, quand elle existe, la structure groupée des données pour construire une régle de
prédiction. On observe de meilleures performances prédictives avec CARTGV, en particulier
lorsque I'information est contenue dans un tout petit nombre de groupes.

Comme toute méthode de partitionnement, CARTGYV se révele souvent instable. Pour cette
raison, dans ce chapitre nous introduisons aussi une méthode de foréts aléatoires pour les
groupes de variables. A notre connaissance, c’est la premiére méthode qui permet de con-
struire des foréts aléatoires a partir de données groupées. Cette méthode, que nous appelons
RFGV (pour Random Forests for Grouped Variables) est une modification des foréts aléa-
toires introduites par (Breiman, 2001), dans le sens ou la méthode perturbe l'espace des
variables & deux niveaux : au niveau des groupes de variables mais aussi au niveau des vari-
ables individuelles. Une forét RFGV consiste en une agrégation d’arbres aléatoires. Tout
d’abord, l’algorithme construit un grand nombre (noté ntree) d’arbres CARTGYV aléatoires
a partir d’'une collection d’échantillons bootstrap de D,, indépendants. Chaque arbre est
construit selon une variante de CARTGV, dans le sens ot & chaque coupure seul un petit
nombre de groupes et de variables au sein de ces groupes est utilisé. La forét est alors définie
en agrégeant les arbres ainsi construits. L’Algorithme 2 décrit plus précisément la construc-
tion d’une forét RFGV.

Comme pour tout modéle construit par agrégation, une forét RFGV ne peut pas étre in-
terprétée directement. Pour cette raison, nous utilisons l'indice d’importance des groupes
proposé par Gregorutti et al. (2015).

Une série d’analyses de simulations montre les bonnes performances de la méthode. De plus,

nous proposons des recommandations quant aux choix des paramétres (notamment le choix
de D;, mgrp et mvar;).
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Algorithm 2 Foréts aléatoires pour variables groupées.

Input : Echantillon d’apprentissage D,,, ntree € N*, a,, € {1,...,n}, mgrp € {1,...,J},
nodesize € {1,...,n}, mvar; € {1,...,d;}, D; € N*, pour tout j =1,...,J.

For b=1,... ,ntree do

1. Construction de I’échantillon bootstrap DP : tirer uniformément et avec remise a,, ob-

servations dans D?.

2. Construction de I'arbre T° & partir de D? : répéter de maniére récursive le procédé
suivant sur chaque nceud, jusqu’a ce que chaque nceud soit homogéne ou contienne
moins de nodesize observations : considérons le nceud terminal ¢.

(a) Tirer un sous-ensemble J C {1,...,J} de cardinal mgrp uniformément et sans
remise.

(b) For j € J do
Choix d’une coupure pour le groupe j : construction d’'un arbre de coupure sur le
noeud ¢ et les variables X, X;,,..., X; 4 du groupe j, en répétant de maniére

récursive le procédé suivant sur chaque nceud, jusqu’a ce que l'arbre de coupure
atteigne la profondeur maximale D; :

i. Tirer un sous-ensemble M; C {Xj,,...,Xj, } de cardinal mvar; uniformé-
. J
ment et sans remise.

ii. Choisir dans le sous-ensemble M, la coupure optimale au sens du critére de
coupure de CART (1.1).

iii. Couper le nceud en deux nceuds fils selon la coupure précédemment choisie.
End.

(c) Choix de la meilleure coupure : choisir selon les coordonnées dans J le couple
groupe/arbre de coupure optimal au sens d’un critére d’impureté pénalisé (1.4).

(d) Couper le nceud ¢ selon la coupure choisie.

3. Définition de la régle de prédiction fb a partir de I'arbre maximal 7.

End.
Output : la collection d’arbres T, ..., T™° et la collection associée de régles de prédiction
ji7" ~7j;tree~

Prédiction de la forét aléatoire en x € X:

En, régression : figy(x) = —— i Fr(x).

ntree

. . T ntree
En classification : fig,(x) = %r:g;mai{( ) ]lfb(x):k> .
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Les résultats de ce chapitre font I'objet d’un article prochainement soumis dans la revue
Statistics € Computing. De plus, les méthodes CARTGV, RFGV ainsi que la généralisation
de lalgorithme minimal cost-complexity pruning ont été implémentées en langage R pour la
classification binaire.

Contributions du chapitre :

- développement d’une méthode par arbre non-paramétrique adaptée aux données
groupées,

- généralisation du théoréme de (Breiman et al., 1984) et de 'algorithme minimal
cost-complexity pruning aux arbres de décision non binaires,

- développement d’une méthode de foréts aléatoires pour les variables groupées.

1.3.3 Chapitre 4 : Analyse statistique d’un algorithme de clustering
hiérarchique en présence d’outliers

Dans ce chapitre, indépendant des autres, nous nous plagons dans un cadre de classification
non supervisée, une des problématiques majeures en apprentissage statistique.

La classification non supervisée (ou clustering) consiste, comme son nom l'indique, & ap-
prendre sans superviseur. L’objectif est d’extraire, a partir d’une population, des classes
(groupes, clusters ou encore labels) d’individus présentant des caractéristiques communes,
le nombre et la définition des classes n’étant pas donnés a priori. Beaucoup d’ouvrages
traitent de cette problématique, nous renvoyons par exemple a Hartigan (1975), Rousseeuw
& Kaufman (1990), Gordon (1999), ou encore Hastie et al. (2009). Aujourd’hui, il existe un
trés grand nombre de méthodes en classification non supervisée (les k-means, le clustering
spectral, le clustering hiérarchique, I’analyse en composnate principale, etc.). Ces méthodes
sont utilisées dans des domaines divers tels que la médecine (Sjostrand et al., 2007), la bi-
ologie (Yamanishi et al., 2004; Zeng et al., 2012) et le marketing (Pedrycz, 2002).

Dans ce chapitre, nous proposons un nouvel algorithme de clustering, basé sur la classi-
fication ascendante hiérarchique single linkage, et étudions ses propriétés dans un modéle
original. Le modéle permet de prendre en compte le fait que les clusters puissent appartenir
a des espaces de plus petites dimensions que l'espace des observations (voir Arias-Castro
(2011)). De plus notre modéle permet de prendre en compte des outliers : des observations
qui n’appartiennent & aucun cluster. Le cadre mathématique est proche de ceux proposés
par Arias-Castro (2011) et Maier et al. (2009). Les résultats obtenus s’inscrivent dans la
continuité de Auray et al. (2015).
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Cadre mathématique

On considére X1, ..., X, n variables aléatoires indépendantes & valeurs dans R et de loi PP.
La loi P s’écrit comme un mélange de M + 1 distributions Py, ..., P, telles que :

M

i=1

oull<e<l,v>0pourtoutsi=1,...,M et Zf\il v; = 1. Dans cette décomposition P
représente la distribution des outliers et PP; celle des observations qui appartiennent au i-éme
groupe. La proportion d’outliers est représentée par € et ; représente le poids du i-éme
cluster. La figure 1.4 propose un exemple de données générées avec M = 3 clusters.
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Figure 1.4: Données générées selon le modeéle 1.5 avec outliers (gauche) et sans outliers
(droite).

On désigne par S;,7 = 1,..., M, les supports des lois P; et par Sy le complémentaire de
Uij‘il S; dans R%. On supposera que chaque S;,i = 1,..., M, est compact et connexe et on
désigne par § la distance (euclidienne) minimale entre deux supports définie par :

d=min{|lz —y||:x € S;,ye S;,1 <i<j< M}

Dans ce contexte un algorithme de clustering partitionnera 1’ensemble des observations
{X1,..., Xn} en M + 1 clusters Xy, ..., Xy tels que

M
Uxi={x,....X.} et &nX;=0 pour i#j
=0

Les outliers, qui appartiennent & I’ensemble Sy peuvent étre affectés dans un groupe X;,7 =
1,..., M, ou dans le cluster spécifique Xp. On désigne par [n] = {1,...,n} et pour tout
I C [n], on note X; = {X; : ¢« € I}. Par conséquent Xp,) représente I'ensemble des
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observations. L’algorithme sera efficace si il existe une permutation 7 de {1,..., M} telle
que pour tout ¢ =1,..., M,
X NS € Xrgis

avec grande probabilité. Nous mesurerons ainsi la performance d’un algorithme par la proba-
bilité que les observations issues d’un méme support S;,7 = 1, ..., M, ne soient pas contenues
dans un méme cluster

RH(X) = Pn(Vﬂ' clly de=1,..., M, X[n]] N .S; Q Xﬂ(i)), (16)

ou X = {AXp,..., Xy} désigne la partition issue de I'algorithme. Cette quantité sera appelée
risque de clustering. Plus ce risque est petit, meilleur est 'algorithme.

L’algorithme robust single linkage

Nous proposons une méthode de clustering basée sur 'algorithme single linkage, qui permet
de prendre en compte des outliers. L’approche consiste & construire une classification as-
cendante hiérarchique single linkage classique, puis a couper le dendogramme issu de cette
classification en maximisant le cardinal du M-éme plus gros cluster. L’algorithme est défini
ci-dessous.

Algorithm 3 Robust single linkage clustering
Input : les données zy,...,z,, le nombre de clusters M > 2.

Initialisation : k£ =0, my =n et Py = {{z1},...,{z,}} (chaque point défini un cluster).

While m;, > M do

1. Assembler les deux plus proches clusters de P, en terme de distance minimale.

On obtient une partition Pryq en my,; sous-ensembles des données que l'on note

k+1 k+1
XL Xk

2. Ordonner les clusters selon leurs tailles : #XFT! > #xk1 > > 4 pktl

Mp41"

3. Affecter k a la valeur £ + 1.
End.

Sélectionner k € argmax,, #X75,
Définir
. my, A
X=X i=1,...M e A= ] &t
i=M+1

Output : la partition des données {Xy, Xy, ..., Xy} en M + 1 clusters disjoints.
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On remarque que l'algorithme requiert la connaissance du nombre de clusters. La boucle
While est classique. La nouveauté consiste a choisir la sous-partition de la classification
hiérarchique qui maximise la taille du M-éme cluster. Les observations qui appartiennent
aux clusters de tailles inférieures a ce dernier sont considérées comme des outliers. Cette
approche permet notamment d’éviter que des observations qui se retrouvent isolées dans
I’espace forment des clusters, reproche souvent fait a ’algorithme single linkage. C’est en
ce sens que nous appelons cet algorithme Robust single linkage clustering. Pour simplifier le

rédaction, dans I’Algorithme 3 les points sont supposés tous distincts les uns des autres.

Dans ce travail, nous étudions aussi la vitesse a laquelle le risque de clustering (1.6) tend
vers 0 sous certaines hypothéses concernant :

e la séparabilité et la régularité des supports ;

e la sparsité du modele, c’est-a-dire le rapport entre la densité des observations dans les
supports S;, i = 1,..., M, et celle des outliers dans 5.

L’approche proposée est également comparée avec des méthodes classiques de clustering (k-
means, clustering spectral) sur différents scénarios de simulation. La figure 1.5 présente les
résultats de 4 approches sur les données de la figure 1.4. Sur cet exemple, on remarque
clairement que le single linkage classique identifie deux clusters de trés petites tailles, les
autres observations sont mises dans un cluster unique. Les autres approches se comportent
mieux avec une préférence pour le clustering spectral et ’approche que nous proposons qui
permet en plus d’identifier certains outliers.
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Figure 1.5: Résultats des algorithmes k-means, robust single linkage, single linkage classique
et clustering spectral sur les données de la figure 1.4 (avec outliers).
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Les résultats de ce chapitre font I'objet d’un article prochainement soumis dans la revue
Journal of Multivariate Analysis. De plus, I'algorithme Robust single linkage clustering a été
implémenté en langage R. Ce travail est le fruit d’une collaboration avec Nicolas Klutchnikoff
(maitre de conférences a 'Université Rennes 2) et Laurent Rouviére.

Contributions du chapitre :

- développement d'un algorithme de clustering permettant de prendre en compte
des outliers,

- proposition d’un nouveau critére permettant de mesurer la performance d’une
méthode de clustering et étude de ce critére pour 'algorithme proposé.
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Chapter 2

Classification tree algorithm for grouped
variables

Abstract. We consider the problem of predicting a categorical variable based on groups of
inputs. Some methods have already been proposed to elaborate classification rules based
on groups of variables (e.g. group lasso for logistic regression). However, to our knowledge,
no tree-based approach has been proposed to tackle this issue. Here, we propose the Tree
Penalized Linear Discriminant Analysis algorithm (TPLDA), a new-tree based approach
which constructs a classification rule based on groups of variables. It consists in splitting
a node by repeatedly selecting a group and then applying a regularized linear discriminant
analysis based on this group. This process is repeated until some stopping criterion is
satisfied. A pruning strategy is proposed to select an optimal tree. Compared to the
existing multivariate classification tree methods, the proposed method is computationally
less demanding and the resulting trees are more easily interpretable. Furthermore, TPLDA
automatically provides a measure of importance for each group of variables. This score
allows to rank groups of variables with respect to their ability to predict the response
and can also be used to perform group variable selection. The good performances of the
proposed algorithm and its interest in terms of prediction accuracy, interpretation and
group variable selection are loud and compared to alternative reference methods through
simulations and applications on real datasets.
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2.1 Introduction

Consider the supervised classification setting where the problem consists in predicting a class
variable Y taking values in {1,..., K}, with K > 2, based on a vector X which takes values
in R?. Suppose further that the inputs are divided into J different groups. In many super-
vised classification problems, inputs can have a group structure or groups of inputs can be
defined to capture the underlying input associations. In these cases, the study of groups of
variables can make more sense than the study of inputs taken individually. For example,
in the analysis of gene expression data, datasets contain the expression levels of thousands
genes in a much smaller number of observations. Then it has become frequent to use in the
analysis only a small number of genes which can be clustered into several groups that rep-
resent putative biological processes (Tamayo et al., 2007; Lee & Batzoglou, 2003). Another
example is functional data, like spectrometry data, where researchers are often more inter-
ested by identifying discriminatory parts of the curve rather than individual wave lengths
(Picheny et al., 2016). Finally, categorical inputs can be converted into a group of dummy
variables that can be treated as a group. In all these situations, elaborating a classification
rule based on groups of inputs rather than on the individual variables can improve both in-
terpretation and prediction accuracy (Gregorutti et al., 2015). Several methods have already
been proposed to deal with this problem. For instance, the logistic regression regularized by
the Group Lasso penalty (GL) enables to elaborate classification rules based on groups of
input variables (Meier et al., 2008). As far as we know, this problem has not been studied
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for classification trees.

Tree-based methods are popular in statistical data classification (Genuer & Poggi, 2018; Loh,
2014). Classification tree algorithms elaborate classification rules by means of recursive par-
titioning of the data space. Starting with all the data, these algorithms partition the data
space into two or more regions, also called nodes, and repeat the splitting procedure on the
resulting nodes. The splitting process is applied on each resulting node until some stopping
criteria are achieved or as long as the node is not pure (i.e. all observations in the node do
not have the same label). Each split is defined according to the values of one or more inputs.
The choice of the optimal split is generally based on the maximization of the change in an
impurity function: at each step, the algorithm splits the data space into more and more
pure nodes. The terminal nodes, which are not split, are called leaves. At the end of the
splitting process, the leaves define a partition of the data space which can be represented as
a tree. A classification rule is associated to each leaf. In a leaf, observations are assigned to
the most-represented class label in the leaf. Generally, the tree resulting from the splitting
process is often not optimal with respect to a given criterion. So, a pruning method is often
used to select an optimal tree (Breiman et al., 1984).

The first comprehensive study about classification tree algorithms was presented by Breiman
et al. (1984), who introduced the popular CART algorithm. Since then, other classification
tree algorithms have been developed, such as ID3 (Quinlan, 1986) and C4.5 (Quinlan, 1993).
All these algorithms are univariate classification tree algorithms, that is, each node is deter-
mined according to the value of one single input. Multivariate classification trees algorithms
that split each node according to the value of a subset of input variables, have also been
studied. For most of the multivariate classification algorithms, splits are defined according
to the value of a linear combination of a subset of input variables (Breiman et al. 1984, Wick-
ramarachchi et al. 2016, Murthy et al. 1993, Wei-Yin Loh 1988, Li et al. 2003). Multivariate
classification tree algorithms generally have higher accuracy and lead to smaller trees than
univariate classification tree algorithms (Brodley & Utgoff, 1995; Lim et al., 2000). How-
ever, they suffer from two major drawbacks. First of all, they are generally time-consuming
(Breiman et al., 1984; Li et al., 2003). Secondly, the subset of input variables used to define
a split is automatically selected by the algorithm with respect to an impurity criterion and
without regarding if the combination of this subset of selected variables make sense. Con-
sequently, some splits may not make sense. Thus, multivariate classification trees are often
difficult to interpret.

As mentioned previously, in many supervised classification problems, input variables can
have a known group structure. In this context, as far as we know, no multivariate classifica-
tion tree algorithm enables to take account of this group structure. This led us to develop the
Penalized Tree Linear Discriminant Analysis algorithm (TPLDA), a new multivariate clas-
sification tree algorithm involving linear splits and well adapted to grouped inputs. In this
new tree-based approach, to split a node, the algorithm first estimates a split for each group
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of variables by performing the regularized linear discriminant analysis proposed by Witten &
Tibshirani (2011). Next, the algorithm selects the optimal split with respect to an impurity
criterion. This splitting procedure is then repeated until predetermined stopping criteria are
satisfied. This results in a fully grown tree which can be prone to overfitting. Thus, a prun-
ing strategy is proposed to select an optimal tree. This new multivariate classification tree
algorithm overcomes the two major drawbacks of the other multivariate classification tree
algorithms. Indeed, the proposed algorithm is less time-consuming than classical multivari-
ate classification tree algorithms. The algorithm does not need to perform a greedy search
to determine the subsets of input variables used to define the optimal splits since it uses the
existing group structure. Moreover, interpretation is easy because the algorithm uses the
group structure which makes sense. Furthermore, as identification of relevant groups of in-
puts is also an important issue in many classification problems involving groups of variables,
we introduce a measure of group importance. This score is based on a TPLDA tree and
allows to rank all the groups of inputs according to their discriminatory power.

To simplify matters, in this paper, we restrict our attention to binary classification problems,
which already captures many of the main features of more general problems. Nonetheless,
our algorithm can also be applied on classification problems involving more than two classes.
Indeed, the splitting process allows to split a node into as many nodes as there are classes.

The paper is organized as follows. Section 2.2 describes the TPLDA algorithm and the group
importance measure. In Section 2.3, performances of the proposed algorithm are analyzed
through a detailed simulation study. TPLDA is compared to CART and GL, which is one
of the reference methods to elaborate classification rules with groups of inputs. In Section
2.4, TPLDA is applied on three publicly available real microarray datasets. The proposed
method is then compared to CART, GL and the shrunken centroid regularized discriminant
analysis (SCRDA) (Guo et al., 2006) which is one of the standard methods used to analyze
microarray data. The time complexity of TPLDA and additional information about the
simulation study and the application on the three microarray datasets are provided in Section
2.6.1. The method has been implemented in R language. The functions are available at
https://github.com/apoterie/TPLDA.

2.2 The Penalized Tree Group algorithm

Let (X,Y) be a random vector taking values in X x {0,1}, where X = (X,...,X,) is
a vector of input variables with X = R? and Y is the class label. Let {(X;,Y}),...,
(Xytms Ynim)} be independent copies of (X,Y'), which are randomly split into a training
set D, = {(X1,Y1),..., (X,,Y,)} of size n and a validation set 7, = {(X,41, Y1), -+,
(Xoim, Yoim)} of size m. A discrimination rule is a measurable function § : R? x (R x
{0,1})"*™ — {0, 1} which classifies a new observation x € R? into the class §(x, (X1, Y1), ...,
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n+m; tnt+m))- ) I I g .
(X Y1+m)). In what follows, we will write g(x) for the sake of convenience

In this work, we consider the situation where X is structured into J known groups. For any
j=1,...,J, let X7 denote the j-th group of size d;, such that:

X/ = (levij oo 7dej)'
To simplify matters, the J groups are ordered such that
X =(X'...,xX7).

Note that the groups are not necessarily disjoint, some input variables can belong to several
groups. The objective is to construct a classification rule g which takes into account the
group structure. To do this we propose a new tree-based approach named the Tree Penalized
Discriminant Analysis (TPLDA). This method elaborates a classification rule based on two
steps. First, the algorithm builds a maximal classification tree which is next pruned. These
two steps are described below. We need to introduce some notations before describing the
TPLDA algorithm.

2.2.1 Some notations

If T is a tree, t is the general notation for a node of T" and n; is the total number of observa-
tions in ¢. Let k be the class label, k € {0,1}. We denote by Ry ; the set of observations with
the label k in the node ¢ and |Ry | = ny4, such that ng; + ny¢ = n,. The class probability
in the node ¢ is estimated by its standard empirical estimate 7, ; = %t

For any j =1,...,J, let consider the group X7 of inputs. In ¢, the standard estimate of the
between-class covariance matrix B} of group X7 is given by

1

1
Bl = —— > neaiid — il )id — i) 2.1)
k=0

ny

where T stands for the transpose vector and /i , is the empirical estimate of the class mean

vector of X7 in the node ¢t. Furthermore, the within-class covariance matrix 7 of XJ is
estimated by its diagonal positive estimate 3] defined as

S — diag ((&{71)2, L (&g"djf) , (2.2)

where 6?1, with ¢ = 1,...,d;, denotes the within-class standard deviation estimate of the

(-th input of XJ.
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2.2.2 Construction of a maximal tree

As for existing tree-based methods, TPLDA elaborates a maximal tree by recursively par-
titioning the data space. At each step, the data space is divided into smaller and smaller
nodes. This splitting process, that is applied on nodes, is made of two steps. Consider the
split of the node t. First, for any j = 1,...,J, we split the input space according to a linear
combination of the inputs belonging to group X’. Then, we select the best split with respect
to an impurity criterion (which is equivalent to selecting the splitting group). These steps
are now described in greater details.

e Step 1: within group PLDA.

In the first step, the algorithm performs a penalized linear discriminant analysis
(PLDA, Witten & Tibshirani, 2011) on each group X/ = (X7 ... ,ng), with j =
1,...,.J. Thatis, PLDA seeks a one-dimensional projection (57)Tx7, (87 = (87,... ,ng)
R%), of the observations in ¢, that maximizes the ratio of the between-class covariance
to the within-class covariance. PLDA’s criterion can be defined as:

d;
max o (8)TB] 7 = \; ) [6],5] ¢ subject to (8) 7S] 5 <1, (2.3)
piER™ -

where Eg and ii are respectively given by (2.1) and (2.2). As for Fisher’s linear dis-
criminant analysis (Hastie et al., 2009, FDA), the solution of (2.3) is denoted by /37
and is called the penalized discriminant vector. In (2.3), the parameter \; € R is a
regularization parameter that can force some components of 3’ to be set to zero. The
use of the regularization parameter \; and the diagonal positive within-class covari-
ance matrix ¥ enables to solve the singularity problem occurring when the number of
observations in the node t is small compared to the number of variables in the group
X7 (for more details see Witten & Tibshirani, 2011).

PLDA divides the node ¢ into two child nodes according to the linear decision boundary

. (d . _pd
described by the linear equation 377 (x7 — M) = 0. The two child nodes of ¢ are
defined as:

to(J) = {xet]@ﬂ (ﬁ_@) <0}

and (2.4)

tl(j):{xetlﬁﬂ(xj—w> 20}.

In (2.3), if A\; is equal to zero and if either the inputs in group X’ are mutually
independent or the size d; of the j-th group is 1, then the matrix ¥} is reduced to
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the standard estimate of the within-class covariance matrix . In this case, the PLDA
problem (2.3) is equivalent to the FDA problem.

Note that FDA cannot be used here since it is not adapted to the recursive splitting of
nodes that become smaller and smaller (Shao et al., 2011; Friedman, 1989; Xu et al.,
2009; Bouveyron et al., 2007). This point is discussed in Section 2.6.3.

e Step 2: choosing the splitting group.
Selection of the splitting group is based on Gini impurity function, which is estimated
on the training set by

Q(t) = m(1 — m14).

The algorithm selects the splitting group j; € {1,...,J}, which maximizes the impu-
rity decrease defined for each group X7, j =1,...,J, by

AQ(, 1) = [neQ(t) = nuy(y Qto(7)) — 1, (n Q1 (4))] - (2.5)

In practice, criterion (2.5) may not be satisfying since it tends to foster larger groups.
Indeed, the largest groups have more possible splits than smallest groups. As a con-
sequence, it is more likely that the largest groups will be optimal with respect to the
decrease in node impurity (Strobl et al., 2007). Thus, to control this selection bias, we
propose to penalize the criterion (2.5) by a decreasing function pen(d;) of the group
size d;:

ApQ(J, 1) = pen(d;)Q(j,1). (2.6)

Several penalty functions can be used. We propose:
pen(d;) =1/d;,

pen(d;) = 1/:/. (2.7)
pen(d;) = 1/max(logd;,1).

The use of the corrected impurity criterion (2.6) and the choice of the penalty function
are discussed in Section 2.3.

Remark 2.2.1.

e In step 1, the value of the tuning parameter A; is chosen by K-fold cross-validation.
The algorithm selects among L guided values the value of \; which maximizes the
cross-validated estimate of the decrease in impurity (2.5).

e The impurity function QQ measures the homogeneity of a node. Here, we use Gini
impurity function. However, other impurity criteria, such as the information criterion,
could be used.
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e The time complexity of TPLDA at a node t of size n; is in the worst case O (JLKnd> )
with J referring to the number of groups, K being the number of folds in the cross-
validation used to tune \;, L denoting the number of guided values for A’ in the
cross-validation and dpa, = max;(d;) with d; being the size of X7. The computation
is detailed in Section 2.6.1. As the inequality K < n, is always satisfied, TPLDA re-
mains less time consuming than lots of multivariate classification tree algorithms such
as HHCART (time complexity = O (n?d®) with d = Z}]:l d; is the total number of
input) and OC1 (time complexity = O (n? log(n;)d)), excepted in very small nodes (i.e.
Ldmax > log(n:)). A detailed calculation of the time complexity of HHCART and OC1
is provided by Wickramarachchi et al. (2016).

At the very beginning of the whole procedure, steps 1 and 2 are applied to partition the
entire data space into two nodes. Then, these steps are repeated recursively on each node ¢
until each one satisfies at least one of the following stopping criteria:

e ¢ is homogeneous (or near so) with respect to a particular class, i.e.,
Ty <€ or m>1-—c¢,
for a small given value e,

e no further partition can reduce the impurity of ¢, that is:

A,Q(j,t) =0, forany j=1,...,J.

By iterating the splitting process described above, we obtain a fully grown tree denoted
by Thmax- It is well known that maximal classification trees are generally not optimal with
respect to any performance criterion (such as the misclassification error). Indeed, an exces-
sively large number of nodes is prone to overfitting (Breiman et al., 1984). Thus, we propose
a pruning strategy that allows to select an optimal tree. This strategy is described below.

2.2.3 Pruning strategy

Let T be a subtree of Thay and T be the set of |T| terminal nodes of 7. We define the depth
of node ¢, which is denoted by D(t), as the number of conditions that an observation x € R¢
has to satisfy from the root to the node ¢t. The depth D(T) of the tree T is then defined as:

D(T) = max D(t).

teT

Figure 2.1 illustrates the notions of nodes, terminal nodes and depth.
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depth = 0 - - 1/ t} ..... e

depth = 1 /tg\ ,,,,,,, /tg\ ,,,,,,,,,,,,,,,,,,,,,,

Figure 2.1: Example of a classification tree. Circles indicate the nodes. depth refers to the
depth of the nodes. Here D(T') = 3. The terminal nodes are T' = {t5, 7, ts, tg, t19, 11 }. The
node t; denotes the tree root.

Define the sequence

ti1=Ty,CT)C...C TD(Trnax) = Thax (28)
of nested trees such that T}, for any k& = 1,..., D(Tiax), is the subtree of Ty which
maximizes over all subtrees T' C T,.x the quantity

ZD(t) subject to  D(t) < k.
teT

In other words, T}, is the deeper subtree of T;,,x whose terminal nodes have a depth less than
or equal to k. For example, Table 2.1 gives the terminal nodes for the sequence of subtrees
of the tree displayed in Figure 2.1.

Tree ‘ Terminal Nodes
To | to
Ty | to,t3
Ty | ty,ts5,t6, 17
T3 | ts,t9,ts5,t10, 11, b7

Table 2.1: Terminal nodes for the subtrees in Figure 2.1.

Each tree Ty, k =1, ..., D(Thax), defines a classification rule gy:

ge(x) = Gli(x), xR (2.9)

tefk
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where 1,(x) is the indicator function which equals 1 if x falls into the leaf ¢ and 0 otherwise,
and §; = 1, , > n,, 1S the most represented class in the node ¢. Note that the classification
rules gg, k = 1,..., D(Tax), depend only on the training set (Xi,Y7),..., (X,,Y,). The
proposed pruning strategy selects the rule gz which minimizes the misclassification error
P(gx(X) # Y'). In practice, this error is estimated on the validation set 7,. Precisely, we
choose 1
k = argmin — Z L4 (x)2y;-
K=l D T i Ve,

The final tree retained by our procedure is the subtree T7.

The cardinality of the sequence {gi, ..., gp(n...} of classifiers is finite and bounded by the
size n of the training set D,,. Therefore, using classical empirical minimization tools (see
Devroye et al., 1996, chapter 26), we obtain that the selected rule g; satisfies the following
inequality:

BP0 £Y) -, it PGO0 £ V)| < 2220

(2.10)
kE{l,-u,D(Tmax)}

2m

where m is the size of the validation set 7. Thus, since in most cases of interest log(m) < n,
inequality (2.10) means that the selected classification rule g; classifies as well as the best
classifier in the sequence {1, ..., Gp(m.)} (with respect to the misclassification error).

The following section illustrates the TPLDA algorithm.

2.2.4 A toy example

Consider the random vector (X, Y) with values in R*x {0,1}. X; and X, are two independent
random variables with distribution A(0,1). The conditional distribution of Y is defined as

B(0.9) if xy>222+020 or xy <05+

LY [X=x)= { B(0.1) otherwise.

(2.11)
where B(7) denotes a Bernoulli distribution of parameter 7. The aim is to predict the class
label Y according to the unique and single group X' = X = (X3, X3). In this scenario, the
Bayes classification rule g*(x) is defined by:

“(x) = 1 if x2>2x%+0.20 or x5 <054+ 2
g 1 0 otherwise.

For TPLDA and CART, a maximal tree is first built on a training sample of 50 observations
and is next pruned by using a validation set of 50 observations. TPLDA uses the proposed
pruning strategy described above while CART uses the classical minimal cost-complexity
pruning method (Breiman et al., 1984). Finally, the predictive performances of the two
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final trees have been measured by the area under the ROC curve (AUC) estimated on an
independent test sample of 1000 observations. Here, TPLDA allows to elaborate a less
complex partition of the input space without lost of accuracy (Figure 2.2). The associated
trees are displayed in Section 2.6.2.

) (b) (©

Figure 2.2: Illustration of the TPLDA method - a simple binary classification problem in
R2. (a) 200 observations defined by model (2.11), (b) a TPLDA partition (AUC=0.90), (c)
a CART partition (AUC=0.89). On each graph, Bayes decision boundaries are represented
by the two dotted lines.

2.2.5 Group importance measure

In supervised classification problems involving grouped inputs, groups are seldom equally rel-
evant. Often only a few of them are important with respect to the prediction of the response
variable. The quantification of the group importance is then useful for both interpretation
and performing group variable selection. TPLDA provides a measure of importance of each
group. This score, which is related to a TPLDA tree, is based on the penalized splitting
criterion (2.6). Formally, the importance of the group X7, j = 1,...,J, related to a TPLDA
tree T', is the sum over all non-terminal nodes of T" of the corrected decrease in node impurity
from splitting on group j,

Itplda(ja T) = Z ApQ(]v t)p(jajz()v (212)

teT\T

where A,Q(7,t) is the penalized decrease in impurity (2.6) from splitting ¢ on group j, j; is
the index of the group selected to split the node ¢ (see Step 2 in Section 2.2.2) and p(j;, j)
is a correction. The parameter p(7j, j;) is the empirical probability of agreement between the
split of the node ¢ based on j and the one based on j;. It is defined by

p(]a];) = maX{pOO(jvj:> +p11(]7]:) ) pOl(]a]:) +p10(]a]:) }7

where pu (7, 77), with (k, k") € {0,1}?, is the empirical probability that the split of node
t based on group j and the one based on group j; send an observation in node ¢ both
into ¢ (j) and tp (j7). p(4, ;) lies between 0 and 1 and takes the value 1 if the two splits
send all observations in node ¢ into the same child node. This quantity is used to prevent
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overestimating the importance of groups which are weakly correlated with both the relevant
groups and the response variable (see chap. 5, Breiman et al., 1984).

As only the relative magnitude of this score matters, the measure of group importance is
normalized to a scale between 0 and 100,

Itplda (]7 T)

Tipida(j, T) = 100 x (2.13)

-----

This score induces an order of importance. Groups with the highest values for ftpwa are con-
sidered as important. The group importance measure is assessed in the simulation studies
introduced in Section 2.3.

2.3 Evaluation of the method by simulation studies

Several numerical experiments based on Hastie et al. (2009) are used to assess the perfor-
mances of TPLDA. In this simulation study, the proposed method is compared to CART
since the two methods are very similar when inputs are not grouped. TPLDA is also com-
pared to GL, which is one of the reference methods to elaborate classification rules with
groups of inputs. The general simulation design is described below.

2.3.1 Simulation design

The outcome variable Y is simulated from a Bernoulli distribution Y ~ B(0.5). The vector
X of inputs is structured into J groups: X = (X!,...,X’). Each group X/, j =1,...,J,
includes d; variables. WhenY =0, forany j =1,...,Jand any £ = 1,...,d; the component
X7 follows a standard Gaussian distribution:

L(X]|Y =0) = N(0,1).

When ¥V =1, forany j = 1,...,J and any ¢ = 1,...,d; the component XZ is defined
conditionally to the value of the standard uniform random variable U:

N(=pj, 1) if u < ug;
LIX]Y =1U=u)=9 N(u;,1) ifu <u<uy; (2.14)

N(0,1) otherwise.
where uq, uy are two fixed real numbers satisfying 0 < u; < up < 1. Forany j =1,...,J, the
component z1; > 0 can be interpreted as the discriminatory power of the group j: the higher

the value of p; is, the more the class-conditional distributions of X/ differ. If p; = 0, all
inputs in group X/ are distributed according to a standard Gaussian distribution, whatever
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the values of Y and U. In this case, the group X/ is not relevant to predict Y. We note
= (Ml?"'?:uJ)‘

The covariance between two inputs XZ and XZ,/ (4,79 =1,...,J and £ = 1,...,d; and
0'=1,...,p;) is defined as:

N R L
Cov (xf, X7 ) =" ’

0 otherwise.

where 0<¢,, < 1 and |¢ — ¢'| denotes the distance between two inputs belonging to the same
group. Thus, in this simulation design, the group structure of the inputs comes from both
the discriminatory power of the inputs defined by the vector p and the block structure of the
covariance matrix of X. The covariance structure mimics the one of gene expression data:
genes included in a same putative biological pathway are correlated and the correlation is a
decreasing function of the "distance" between two genes.

Finally, n + m + q observations are generated according to this simulation model and ran-
domly divided into three independent subsamples: a training sample of size n, a validation
sample of size m and a test sample of size q.

To assess the performances of TPLDA, five experiments are considered by varying the param-
etersn, m and d;, 7 =1,...,J. In every experiment, the size of the test set is ¢ = 1000 and
J = 10 groups are simulated. The vector yu is set to u = (1.25,0,1,0,0.75,0,0.5,0,0.25,0).
In this way, only groups with an odd index are relevant and the discriminatory power of each
even group (i.e. in each relevant group) is a linear decreasing function of the group index.
We choose (uy,u2) = (0.25,0.90) and ¢,, = 0.85.

The five considered scenarios are described below:

e Experiment 1: ungrouped data.
Each group includes d; = 1 variable and the training and the validation samples both
include n = m = 500 observations.

e Experiment 2: groups of equal size.
Each group includes d; = 10 variable and the training and the validation samples both
include n = m = 500 observations.

e Experiment 3: large groups of equal size.
Each group includes d; = 50 variables and the training and the validation samples
both include n = m = 100 observations.

e Experiment 4: a large noisy group.
This experiment is similar to experiment 2 with the addition of a large noisy group
including realizations of 50 independent standard Gaussian variables.
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e Experiment 5: a large noisy group and some noisy variables in the most relevant group.
This experiment is similar to experiment 4 with the addition of 10 independent stan-
dard Gaussian variables in the first group of variables (i.e. in the most relevant group
of variables).

The first three experiments are used to assess the performances of the TPLDA method in
comparison with CART and GL and to evaluate the group importance measure. The last
two experiments are used to study the use of the penalized Gini criterion (2.6) when choosing
the splitting group. The three penalty functions defined in equation (2.7) are assessed. In
the first three experiments, the Gini criterion is not penalized, that is pen(d;) = 1.

For TPLDA, the maximal tree is built on the training set and is next pruned by applying
the pruning strategy described in Section 2.2.3 on the validation sample. In CART, the
training set is used to elaborate the maximal tree that is next pruned by using the minimal
cost-complexity pruning method and the validation set. For GL, the model is elaborated on
the training set and the shrinkage parameter is selected on the validation set.

A variant of TPLDA is also applied on the five experiments. In this variant, PLDA is re-
placed by FDA. Results, that are given in Section 2.6.3, illustrate the fact that FDA is not
adapted to recursively split nodes that become smaller and smaller.

Moreover, in order to assess the sensitivity to the pruning method, the pruning strategy
proposed in Section 2.2.3 is also used to prune the CART maximal tree. Results are given
in Section 2.6.3 and show no significant difference between methods.

CART and GL results in experiments 4 and 5 are displayed in Section 2.6.3. Results of each
experiment are averaged over 200 independent samples.

2.3.2 Performances of TPLDA, CART and GL

In each experiment, the predictive performances of TPLDA, CART and GL are assessed and
compared by the AUC on the test set. Furthermore, the complexity of the classification rule
is also studied. For TPLDA and CART, this criterion is measured by using the tree depth:
interpretation of a large tree is harder than the one of a small tree. For GL, the complexity
of the classification rule is measured by the number of groups included in the model: the
complexity increases with the number of groups included in the model.

Table 2.2 displays the simulation results for each assessed method. For each criterion, the
median value is given following by the values of the first and the third quartiles in brackets.
The model size gives the number of groups of variables included in the final GL model.
Figures 2.3 and 2.5 display group selection frequencies for TPLDA. The selection frequency
of a given group is defined as the number of times that a group is included at least once
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in the final model. Distribution of the AUC for each method in the three experiments are
displayed in Section 2.6.3. Globally, TPLDA performs well in the three scenarios. Compared
to CART and GL, it elaborates more accurate and easily understandable classification rules.

| | TPLDA CART GL |

Experiment 1

AUC 0.66 (0.65,0.68) 0.67 (0.65,0.68) 0.64 (0.63,0.66)

Tree depth 4 (3,5) 5 (3,7) .

Model size 4 (3,7)
Experiment 2

AUC 0.76 (0.74,0.77)  0.68 (0.66,0.7) 0.66 (0.65,0.68)

Tree depth 3(3,4) 6 (4,8) :

Model size 4 (3,5)
Experiment 3

AUC 0.83 (0.7,0.85)  0.64 (0.62,0.66) 0.67 (0.64,0.69)

Tree depth 2 (2,3) 4 (2,5) .

Model size 2 (1,4)

Table 2.2: Performances of the assessed methods.

In experiment 1, we highlight the similarity between TPLDA and CART when inputs are
not grouped. Indeed, TPLDA selects the same input variables and has similar predictive
performances as CART (Figure 2.3). Nonetheless, CART elaborates larger trees and tends
to select less frequently the noisy groups. The two methods do not exactly give the same
results since they do not use the same splitting process. To split a node, CART tries to
find the splitting input and the value for this input that maximizes the decrease in impurity
in the node (see Breiman et al., 1984). On the contrary, TPLDA first estimates a split for
every group based on a maximization of the ratio of the between-class covariance matrix and
the within-group covariance matrix and next selects the split that maximizes the decrease
in impurity in the node (see Section 2.2.2).

In the second and the third experiments, input variables are grouped. In these scenarios,
TPLDA outperforms the other methods. In particular, it has higher predictive performances.
Besides, the final TPLDA trees are smaller than the final CART trees. This last point can
be explained by the use of multivariate splits which are more informative. This leads to a
quicker decreasing of the misclassification error in both the training set and the validation set
and then to smaller final trees (Figures 2.4). Furthermore, since TPLDA splits are defined
according to the group which makes more sense that inputs taken individually, TPLDA trees
are more easily interpretable than CART trees. Also, TPLDA well identifies the most rele-
vant groups and the selection frequency of a given group behaves as an increasing function
of the discriminatory power of the group (Figures 2.3 and 2.5).
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The predictive performances of TPLDA and GL seem to improve with the group size. We can
explain such behavior as follows. Since in each group all inputs share the same discriminatory
power, the discriminatory power of a predictive group increases when the group size increases.

40 60 80 100

20

]

B TPLDA
0 CART

bl

Figure 2.3: Group selection frequency in experiment 1 (in %).

02 03 04 05 06 07

00 01

m TPLDA S = TPLDA
O CART - O CART
e p=

Figure 2.4: Misclassification error estimate according to the tree depth on the training set
(left) and on the validation set (right) in experiment 2. The dotted lines denote the value of
the Bayes error (Bayes error=10%).
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Figure 2.5: Group selection frequency (in %) for TPLDA in experiment 2 (left) and experi-

ment 3 (right).
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2.3.3 Assessment of the group importance measure

In this section, we study the performances of the group importance measure. Table 2.3
displays the percentage of time that the relevant groups are part of the 5 groups of inputs
with the highest score of importance. The average selection frequency of the relevant groups
with GL is also added, for comparison purpose.

In all experiments, the TPLDA group importance measure seems to well identify the three
most relevant groups. The fourth and fifth most relevant groups are less frequently identified.
This may be due to the relative low discriminatory power of these groups compared to the
three other relevant groups. The distribution of the group importance measure for each
group in each experiment is displayed in Section 2.6.3.

TPLDA GL
importance score model

Experiment 1

Selection rate of the 5 relevant groups 30 20.5
Selection rate of at least 3 relevant groups 100 78
Selection rate of the 3 most relevant groups 98.5 65.5
Experiment 2

Selection rate of the 5 relevant groups 33.5 11.5
Selection rate of at least 3 relevant groups 100 79.5
Selection rate of the 3 most relevant groups 100 66.5
Experiment 3

Selection rate of the 5 relevant groups 14 7.5
Selection rate of at least 3 relevant groups 90.5 35
Selection rate of the 3 most relevant groups 80.5 19

Table 2.3: Assessment of the group importance measure: top 5 groups with the highest score
of importance.

2.3.4 Choice of the penalty function

This section investigates the use of a penalized Gini criterion for choosing the splitting group
(2.5). Three penalty functions are evaluated (2.7). The performances of the TPLDA method
when using these penalty functions are compared to the TPLDA method with no penalty

(i.e. pen(d;) =1).

Tables 2.4 and 2.5 summarize the simulation results. Boxplots of the group importance mea-
sure are displayed in 2.6.3. According to these two experiments, the use of a penalty function
enables to control the sensitivity to the group size. Indeed, when no penalty function is used,
the large noisy group is often chosen to build the tree whereas this group is significantly less
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frequently selected when a penalty function is used (Figures 2.6 and 2.7). Consequently, in
these scenarios, using a penalized Gini criterion allows to improve significantly the predic-
tive performances of the classification rule and also the ability of the importance score to
identify the true relevant group (Tables 2.4 and 2.5). Moreover, in these scenarios, the three
penalty functions give similar results in terms of predictive performances and group selection
frequency. None penalty function is preferable, they all seem adapted.

Generally, the choice of the penalty function is highly dependent on the data. Indeed, if it
is expected that the noise is mostly included in the largest groups which are much larger
than the supposed relevant groups, then the penalty pen(d;) = 1/d; would be preferable.
Otherwise, this penalty function may appear too strong and other penalties such as pen(d;) =
1/4/d; or pen(d;) = 1/max(logd;, 1) may perform better. Note that if all groups have the
same size, such as in the first three scenarios, there is no need to use a penalty function.

‘ Penalty function ‘ 1 1/d; 1//d; 1/ max(logd;, 1) ‘
Experiment 4
AUC 0.65 (0.6,0.7)  0.75 (0.74,0.77) 0.73 (0.71,0.75)  0.72 (0.68,0.74)
Tree depth 2 (2,4) 3 (3,4) 3(2,3) 2(2,3)
Experiment 5
AUC 0.66 (0.6,0.71)  0.73 (0.7,0.75)  0.72 (0.68,0.74)  0.71 (0.65,0.73)
Tree depth 2 (2,3) 3 (3,4) 3(2,3) 2 (2,3)

Table 2.4: Sensitivity to the choice of the penalty function pen: performances of TPLDA
according to the penalty function.

Penalty function 1 1/d; 1/\/d; 1/max(logd;,1) ‘
Experiment 4

Selection rate of the 5 relevant groups 0 2 0.5 0
Selection rate of at least 3 relevant groups 99.5 100 100 100
Selection rate of the 3 most relevant groups | 95.5 100 99.5 100
Median ranking of the 1st group 2(1,2) 1(1,1) 1(1,2) 1(1,2)
Median ranking of the 11th group 1(1,3) 5(4,5) 3(34) 3(2,4)
Experiment 5

Selection rate of the 5 relevant groups 0 3.5 0 0
Selection rate of at least 3 relevant groups 99.5 100 100 100
Selection rate of the 3 most relevant groups 98 99.5 100 98.5
Median ranking of the 1st group 2(1,2) 2(1,2) 1(1,2) 1(1,2)
Median ranking of the 11th group 2(1,3) 5(4,5) 3(34) 2 (34)

Table 2.5: Sensitivity to the choice of the penalty function pen: assessment of the score of
group importance.
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Figure 2.6:
iment 4.

Figure 2.7:
iment 5.
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pen(d;) = pen(d;) = 1/d;
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pen(d;) = 1/\/T; pen(d;) = 1/ max(log d;, 1)

Group selection for TPLDA according to the penalty function pen(d;) in exper-

pen(d;) = 1/\/d; pen(d;) = 1/ max(log d;, 1)
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2.4 Application to tumor classification using gene expres-
sion data

Nowadays, the ability to classify tumors subtypes using gene expression data is still chal-
lenging. Indeed, the nature of both high dimensionality and small size associated with
gene expression data, that is a large number of variables relative to a much smaller number
of observations, implies the use of features selection, clustering and/or regularized meth-
ods. Moreover, the resulted model must be easily understandable to enable identification of
"marker" genes and characterization of the tumor subtypes.

In this paper, TPLDA, CART, GL are applied to datasets from three published cancer gene
expression studies. For comparison purpose, the shrunken centroid regularized discriminant
analysis (SCRDA) method (Guo et al., 2006), which is one of the standard methods used to
classify tumors with gene expression data, is also applied to the three datasets. The objective
is to elaborate a classification rule with a good prediction accuracy and which enables to
highlight some relevant groups of genes. The three public microarray gene expression datasets
used are briefly described below and in Table 2.6.

(1) The leukemia dataset (Golub et al., 1999) consists of an original training set, that
gives the expression level of 7129 genes from 38 samples, and an original test set
giving the expression level of 2185 genes from 34 patients. Based on pathological
and histological criteria, in the training set, 27 tumor samples are classified as acute
lymphobastic leukemias (called ALL) and the remaining 11 samples are classified as
acute myeloid leukemias (called AML). In the test sample, there 20 ALL tumors and
14 AML tumors. The two datasets have been merged into a larger dataset that consists
of the expression levels of 2135 genes from 72 samples (47 ALL and 25 AML).The data
can be freely downloaded from http://www.broadinstitute.org/cgi-bin/cancer/
publications/pub_paper.cgi?paper_id=43.

(2) The lymphoma dataset (Shipp et al., 2002) consists of 7129 gene expression levels from
77 lymphomas. The 77 samples are divided into 58 diffuse large B-cell lymphomas
(DLBCL) and 19 follicular lymphomas (FL). The data can be found at https://
github.com/ramhiser/datamicroarray/blob/master/data/shipp.RData.

(3) The colon dataset is from the microarray experiment of colon tissues samples of Alon
et al. (1999). It contains the expression level of 2000 genes for 40 tumors and 22
normal colon tissues. The data can be freely downloaded from http://microarray.
princeton.edu/oncology/affydata/index.html.
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Dataset Reference Number of Classes Number of
samples genes
Leukemia | Golub et al. (1999) 72 ALL(47), AML(25) 2185
Lymphoma | Shipp et al. (2002) 7 Cured(32), Disease(26) 7129
Colon Alon et al. (1999) 62 Tumor(40), Normal(22) 2000

Table 2.6: The three datasets used in our application.

2.4.1 Data preprocessing and genes clustering

Following Dudoit et al. (2002), Shipp et al. (2002) and Sewak et al. (2009), a data prepro-
cessing is applied to each dataset. First, a ceiling of 16000 units and a floor of 20 units are
chosen to minimize noise effects. Next, in each dataset, only the first quartile of genes with
the greatest variation across the sample is considered, the other genes are excluded. After
that, we use independent component analysis (ICA) (Lee & Batzoglou, 2003) to cluster the
remaining genes. In this approach, each independent component is considered as a putative
biological pathway which can be characterized by the genes that contribute the most to
the related independent component. Genes are then clustered into non-mutually exclusive
groups based on their load on each ICA component. Finally, the expression of the selected
genes are standardized so that the observations have zero mean and unit variance across
genes.

2.4.2 Evaluation of the methods

The assessment of the methods is based on 500 repetitions of the following process.

First, each original dataset is randomly divided into a training sample, a validation sample
and a test sample with the respective proportions (0.8,0.1,0.1). In the training sample,
classes are balanced by using the Synthetic Minority Over-sampling Technique proposed by
Chawla et al. (2002).

For TPLDA and CART, a maximal tree is built on the training sample. To prune the max-
imal tree, TPLDA uses the pruning procedure described in Section 2.2.3 and the validation
sample. CART uses cross-validation on the training sample and the minimal cost-complexity
pruning method to select the final tree. For GL, the model is elaborated on the training
set and the tuning parameter is selected by using 5-fold cross-validation. For SCRDA, the
model is elaborated on the training set and the tuning parameter is selected by using the
10-fold cross-validation and the Min-Min rule proposed in the original paper (Guo et al.,
2006). We use the function rda in the R package rda to compute SCRDA.
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TPLDA and GL are applied on the groups of genes created during the clustering step. Since
CART and SCRDA do not allow to take into account the groups of genes, these two methods
are applied on the individual genes selected during the data-preprocessing phase.

Following previous studies with microarray data (Guo et al., 2006; Huang et al., 2009; Tai
& Pan, 2007; Sewak et al., 2009; Dudoit et al., 2002), the predictive performances of all the
assessed methods are measured by using the average error rate estimated on the test sample.

Finally, the measure of group importance provided by TPLDA is investigated using the
leukemia data. TPLDA is applied on the original training set to elaborate a maximal tree
that is next pruned by using the original test sample and the pruning method described
previously. For the purpose of comparison, GL is also applied on the original training set to
elaborate a model and the shrinkage parameter is selected by using the original test sample.
The colon data and the lymphoma data are not used to study the interest of the measure of
group importance since no test sample is available.

2.4.3 Results

Table 2.7 describes the datasets after performing data preprocessing and genes clustering.
For each dataset, 15 non-mutually exclusive groups of genes are created. In Table 2.7, the
number of selected genes refers to the number of distinct genes which belong to the groups.
The elaboration of the groups of genes is explained in Section 2.6.4.

Dataset Size of the groups Number of selected genes
Leukemia 28 99
Lymphoma 18 100
Colon 26 106

Table 2.7: The datasets after applying data preprocessing and clustering genes into 15 groups.

Table 2.8 shows the results. For each method and each dataset, the average error rate over
the 500 samples is displayed. For CART and TPLDA, the average tree depth is given.
The table also shows the number of selected group (respectively genes) for GL (respectively
SCRDA). Since the choice of both the number of groups and the group size may influence the
results, several analyses have been performed by varying the values of these two parameters.
Table 2.14 in Section 2.6.4 gives the results when genes are clustered into 50 groups. Results
show no significant difference, that is consistent with previous sensitivity studies (Lee &
Batzoglou, 2003).
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Classifier Average Average tree  Number of
error rate (in %) depth groups/genes
Leukemia TPLDA 9 (11) 1
CART 14 (14) 2
GL 7 (10) 4
SCRDA 14 (14) 30
Lymphoma | TPLDA 16 (15) 2
CART 20 (17) 3
GL 13 (14) 5
SCRDA 21 (18) 25
Colon TPLDA 20 (17) 2
CART 26 (18) 2
GL 16 (17) 4
SCRDA 31 (9) 6

Table 2.8: Average error rate averaged for 500 samples when genes are clustered into 15
groups. The standard error is given in brackets. The number of groups/genes is the average
number of groups (respectively genes) included in the model for GL (respectively SCRDA).

The methods using the group structure (i.e. TPLDA and GL) outperform the others which
emphasizes the interest of taking into account the group structure when data are grouped.

Moreover, TPLDA performs consistently well for all datasets. GL tends to select more groups
that TPLDA which may explain why GL performs a slightly better than TPLDA.

70 80 90 100
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2 3 4 56 7 8 9 10111213 14 15

Figure 2.8: Importance of the 15 groups of genes in the leukemia study.

Nevertheless, contrary to GL, TPLDA provides automatically a measure of importance for
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each group of genes, even for groups which are not included in the tree. This score of
importance gives information about the relative importance of all the groups and also allows
to perform selection of groups of genes. Figure 2.8 displays the measure of importance of
each group, on the leukemia data. The measure of importance enables to highlight four
groups: the first, the third, the sixth and the fifteenth groups. These groups build the
same classification rule that explains why there have the same measure of importance. By
comparison, GL includes only the fourth and the fifth groups in the model and provides
no information about the prediction strength of the other groups. Therefore, GL does not
able to identify relevant groups of genes that would not be included in the model because
there are highly correlated with the two groups included in the model. Note that groups
selected by GL are not considered as the most relevant groups with respect to the measure of
importance computed with TPLDA. Nonetheless, these groups include some common genes
(groups can be available at https://github.com/apoterie/TPLDA).

Since we have no expert knowledge for gene functions and pathways, we are not attempted to
provide biological interpretation of these groups of genes. However, these results seem quite
consistent with those presented in the original paper (Golub et al., 1999), since these groups
include some genes that have been reported as informative genes in the original paper.

Thus, TPLDA can also be used to perform group variable selection. Compared to GL,
TPLDA achieves a better trade-off between prediction accuracy and group variable selection.

Remark 2.4.1. The low predictive performances of SCRDA here may be explained by the
exclusion of many genes during the data preprocessing and the clustering process. Indeed,
previous studies showed that SCRDA gives good performances when the method is applied
on datasets involving a large number of variables relative to the much small number of
observations (see Huang et al., 2009; Guo et al., 2006, for instance).

2.5 Conclusion

In this work we have presented a new way to classify data with grouped inputs. Our approach
consists in using recursive penalized linear discriminant analysis to build a classification
tree based on the groups of variables. To our knowledge, it is the first classification trees
algorithms dealing with grouped inputs.

The TPLDA method can be considered as a multivariate classification tree algorithm which
uses linear combinations of inputs to build the partition, as already do several multivariate
classification tree algorithms. However, contrary to most of the multivariate classification
tree algorithms (Breiman et al. 1984; Murthy et al. 1993; Loh & Shih 1997; Li et al. 2003;
Wickramarachchi et al. 2016, etc.), TPLDA is not computationally expensive. Moreover,
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classification trees obtained by using TPLDA are more easily understandable since the clas-
sification rule is based on the group structure which makes sense.

Through applications on simulated datasets and real datasets, we have shown that TPLDA
is well adapted to classify data with groups of inputs. Furthermore, the group importance
measure computed within the TPLDA method allows to quantify the relevance of each
group of variables, even if some groups are not included in the resulted final classification
tree. Consequentially the TPLDA method also enables to answer the second most important
issue in supervised classification: the identification of relevant groups of variables and/or the
group variable selection. Thus, this algorithm shows promising results in terms of predictive
performances, interpretation and variable selection.

2.6 Appendices

2.6.1 Time complexity of TPLDA

In the following section, the maximal time complexity at a node ¢ of the TPLDA method is
detailed. We assume that there are:

e n; observations in the node t,
e J groups of variables denoted X7, for j =1,...,.J and

e the group X/, with j = 1,..., J, includes d; variables such as X7 = (X;,, Xj,, ..., X}, ).

J
To split a node t including n; observations, TPLDA uses the following two steps:

e Step 1 within group PLDA.
For any group X7 of variables, with j = 1,...,.J, a PLDA is applied on the node ¢ and
the shrinkage parameter \; is selected by cross-validation.

e Step 2 choosing the splitting group.
For any group X7’ of variables, with j = 1,...,.J, TPLDA computes the penalized
decrease in node impurity resulting from splitting on group j and selects the group
that maximizes it.

The time complexity of these steps are detailed below. Consider the group j, with j =
1,...,J.

Complexity when performing PLDA on group j:
PLDA computation steps are described in the original paper (Witten & Tibshirani, 2011).
We detailed here its maximal time complexity:
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e Complexity for constructing the estimated between covariance matrix Eﬁ is O (ntd?).

e Complexity for constructing the diagonal positive estimate of the within covariance
matrix X7 is O (nd;).

e Complexity of the eigen analysis of (37)~1B7 is O ().

e Complexity of the eigen analysis of (Eg )*13{ and the research for the dominant eigen-
vector is O (d2).

e Complexity for estimating the penalized discriminant vector Bj by performing M iter-
ations of the minimization-maximization algorithm (Lange et al., 2000) is O (M d?)

= So the maximal time complexity of performing PLDA on the group j in the node ¢ is
@) (ntdjz) + O (nd;) + O (d?) +0 (Md?) =0 (ntd?) by supposing that M < n,.

Complexity when selecting of the shrinkage parameter \;:

The value of shrinkage parameter \; is determined by using a K-fold cross-validation and
a grid {vi,..., v} containing L values for \;. The maximal time complexity of this step is
detailed below:

e Complexity for dividing the n; observations in the node t into K disjoint samples

{S1,..., Sk} is O (ny).
e For each fold k, k=1,..., K and each value vy, £ =1,..., L:

— Complexity for performing a PLDA on ¢\ Sy (i.e. all the disjoint sets {51, ..., Sk}
excepted Sy) with \; = v, is O (%ntdg)

— Complexity for predicting the class of each observation in Sy using the resulted
PLDA model computed on ¢ \ S is O (%d;).

— Complexity for computing the penalized decrease A;(t,v,) in node impurity is

O (ny).

e Complexity for choosing the value in the grid {vy,...,v;} which maximizes the penal-
ized decrease in node impurity is O (1).

= So the complexity for selecting the value of \; is O (ny) +O (L(K — 1)nyd?) +O (Lnyd;) +
O (Lny) + O (1) = O (L(K — 1)n.d?).

Complexity when choosing the splitting group:
TPLDA selects among the J estimated splits the one which maximizes the impurity decrease.
The complexity of this step is O (1).
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Consequently, the maximal time complexity of TPLDA at a node ¢ is in the worst case
(Jnd2,) + O (JL(K — )nyd2,,) + O (1) = O (JLKnd2,,,) with dp,, = max;(d;).

max

2.6.2 Additional figures about the illustration of the TPLDA method
on a simple example

Figure 2.9 displays the two trees built by CART and TPLDA in the simple example used to
illustrate TPLDA in Section 2.2.4. As mentioned previously, in this example, the TPLDA

tree is much easier than the CART tree. Moreover, the simple TPLDA tree is as accurate
as the complex CART tree (TPLDA AUC = 0.90, CART AUC = 0.89).
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o) Xz > 0.24 X < 0.31
X2 — 3.28%, < —1.14 4); % é

Xz < 0.23

x1 > 0.52 x; < 0.68
& & o o 4 5

xp —1.12x; < 0.12 X — 1.30x; > —0.70
g % g g) <(gxz > 0,4;%) Xz < 0.6 x; < 0.52 x; > 0.2
Xy < 0.88 x;<0.81 Xo é)OAIB
x; > 0.59
@5 Eg © ®© ®
The TPLDA tree The CART tree

Figure 2.9: The two trees associated to the TPLDA and CART partitions displayed in
Figure 2.2. Circles define the nodes and the figure in each node indicates the node label.
The splitting rule is denoted below each node.

2.6.3 Additional information about the numerical experiments

This section provides additional results and figures about the simulation studies.

Justification for using PLDA instead of FDA in the splitting process

First of all, here we discuss the choice of the use of PLDA instead of FDA in the splitting
process. In TPLDA, PLDA is replaced by FDA. This modified TPLDA is named TLDA and

is applied on each sample of the first three experiments.
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Table 2.9 displays the simulation results for TLDA in comparison with TPLDA. First, when
data are not grouped, TPLDA and TLDA lead to almost the same results and can be then
used interchangeably. Indeed, when the group size equals 1 and if the regularized parameter
in the PLDA problem (2.3) is set to zero, the FDA problem and the PLDA problem are
identical.

In the second and the third experiment, TLDA underperforms TPLDA. This can be ex-
plained by the fact that FDA performs badly in small nodes i.e. in the nodes where the
number of observations is small relative to the size of some groups of variables (Shao et al.,
2011; Friedman, 1989; Xu et al., 2009; Bouveyron et al., 2007). Yet, tree elaboration is based
on a recursive splitting procedure which creates nodes that becomes smaller and smaller
whereas the sizes of input groups remain unchanged.

Then FDA may not be appropriate for estimating recursively the hyperplane splits. This
is well illustrated by the performances of TLDA in the third experiment where the groups
of input variables are large compared to the number of observations in the training sample.
Indeed, in the first split, the FDA used to split the entire data space overfits the training
set. This can be seen in Figure 2.10: the training misclassification error decreases much
faster for TLDA and becomes smaller than the Bayes error from the first split while the test
misclassification error for TLDA remains stable. Consequently, after applying the pruning
procedure which removes the less informative nodes, the final TLDA tree is trivial in at least
25 % of the simulations (Table 2.9).

Conversely, TPLDA does not seem to be affected by the high-dimension. Then, PLDA
overcomes the weakness of FDA in high-dimensional situations.

TPLDA TLDA
Experiment 1
AUC 0.66 (0.65,0.68) 0.66 (0.65,0.67)
Tree depth 4 (3,5) 4 (3,5)
Experiment 2
AUC 0.76 (0.74,0.77) 0.67 (0.64,0.69)
Tree depth 3(3,4) 3(2,3)
Experiment 3
AUC 0.83 (0.7,0.85) 0.5 (0.5,0.52)
Tree depth 2 (2,3) 1(0,2)

Table 2.9: Performances of TPLDA and TLDA. For each criterion, the median value is given
following by the values in brackets of the first and the third quartiles.

o1



B TPLDA
0 TLDA

00 01 02 03 04 05 068 07

00 01 02 03 04 05 068 07

Figure 2.10: Misclassification error estimate according to the tree depth on the training set
(left) and on the validation set (right) in experiment 3. The dotted lines denote the values
of the Bayes error (Bayes error=10%).

Sensitivity to the pruning strategy for CART

Here, the performances of CART when using the cost-complexity pruning strategy are com-
pared to those obtained by using the proposed pruning strategy based on the tree depth,
in the first three experiments. The approach using the proposed pruning strategy is named
CARTD (while the approach using the cost-complexity pruning is named CART). The re-
sults are given in Table 2.10. Figure 2.11 displays the group selection frequencies of CART
and CARTD. Overall, the two pruning methods lead to similar CART trees and so similar
classification rules. Indeed, the predictive performances and the tree depth are very close.
CARTD trees may be slightly smaller. Moreover, the group selection frequencies do not
really differ: they are lightly higher when using the proposed pruning strategy based on the
depth. Thus, CART performances do not seem to be sensitive to the choice of one of the
two pruning methods.
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Figure 2.11: Group selection frequency (in %) for CART according to the pruning strategy
in the first three experiments.
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CART

CARTD

AUC
Tree depth

Experiment 1

0.67 (0.65,0.68)
5 (3,7)

0.67 (0.66,0.69)
5 (4,6)

AUC
Tree depth

Experiment 2

0.68 (0.66,0.70)
6 (4,8)

0.68 (0.67,0.70)
5 (4,7)

AUC
Tree depth

Experiment 3

0.64 (0.62,0.66)
4 (2,5)

0.65 (0.62,0.67)
3 (24)

Table 2.10: Performances of CART and CARTD. For each criterion, the median value is
given following by the values in brackets of the first and the third quartiles.

Additional results

Table 2.11 displays the simulation results for TPLDA, TLDA, CART and GL for the fourth
and fifth scenarios. As previously, TLDA underperforms TPLDA. GL and CART overper-
form slightly TPLDA when no penalty function is used.

TPLDA

TLDA

CART

GL

Experiment 4

AUC 0.65 (0.60,0.70) 0.59 (0.54,0.65) 0.68 (0.66,0.69) 0.66 (0.65,0.68)
Tree depth 2 (2,4) 2 (2,3) 5 (4,7)
Model size 4 (3,5)

Experiment 5

AUC 0.66 (0.60,0.71) 0.58 (0.53,0.63) 0.68 (0.66,0.69) 0.66 (0.64,0.68)
Tree depth 2 (2,3) 2 (2,3) 5 (4,7)
Model size 5 (4,6)

Table 2.11: Performances of TPLDA, TLDA, CART and GL in Experiment 4 and Exper-
iment 5. For each criterion, the median value is given following by the values in brackets
of the first and the third quartiles. The model size gives the number of groups of variables
included in the GL model.
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Additional figures

Additional figures about the simulation studies are displayed in this subsection. Figure 2.12
displays the predictive performances of TPLDA, CART and GL in the first three experiments.
Figure 2.13 shows the distribution of the importance score for each group in the first three
experiments. Figure 2.14 and Figure 2.15 display the distribution of the importance score
for each group in the fourth and the fifth experiments according to the penalty function.
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Figure 2.12: Predictive performances of the assessed methods: boxplots of the AUC for the
first three experiments.
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Figure 2.13: Distribution of the importance score for each group in the first three experi-
ments.
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Figure 2.14: Distribution of the importance of each group according to the penalty function
in experiment 4.
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in experiment 5.
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2.6.4 Additional information about the application to gene expres-
sion data

Data preprocessing and genes clustering

Following Lee & Batzoglou (2003), we assume that each independent component refers to a
putative biological process and that a group of genes is then created for each independent
component. For a given independent component, the most important genes are the genes
with the largest loads in absolute terms. Then, the group of genes associated to the given
independent component includes the C'% of genes with the largest loads in absolute terms.
The number of groups J (or equivalently the number of independent components) and the
threshold parameter C' are tuning parameters.

For each dataset, several values for the clustering parameters (J,C') are chosen in order to
assess the sensitivity of the predictive performances of the methods TPLDA, CART, GL
and SCRDA to the values of these parameters. For each dataset we show the results for two
couples (J,C') (Table 2.12). In each dataset, genes are clustered into 15 or 50 non-mutually
exclusive groups (Tables 2.7 and 2.13). Table 2.14 shows the results when genes are clustered
into 50 groups of equal size. These results are not significantly different from those obtained
when using 15 groups (Table 2.8).

Dataset Total number Number of Threshold
of genes groups (J) parameter (C)

Leukemia 2186 15 )

50 2.5
Lymphoma 7129 15 1

50 0.5
Colon 2000 15 5

50 2.5

Table 2.12: Choice of the clustering parameters for each dataset.

Dataset Size of the groups Number of selected genes
Leukemia 14 101
Lymphoma 10 108
Colon 14 112

Table 2.13: The datasets after applying data preprocessing and clustering genes into 50
groups.
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Classifier Average Average tree Average number of
error rate (%) depth groups/genes
Leukemia TPLDA 9 (12) 1
CART 17 (15) 2
GL 7 (10) 5
SCRDA 13 (14) 36
Lymphoma | TPLDA 16 (15) 2
CART 22 (17) 2
GL 12 (13) 7
SCRDA 17 (16) 28
Colon TPLDA 20 (15) 1
CART 25 (17)
GL 16 (17) 5
SCRDA 29 (11) 16

Table 2.14: Average error rate averaged for 500 samples when genes are clustered into 50
groups. The standard error is given in brackets. The number of groups/genes is the average
number of groups (respectively genes) included in the model for GL (respectively SCRDA).
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Chapter 3

Decision trees and random forests for
grouped variables

Abstract. In the supervised learning, we consider the problem of estimating a prediction
rule based on groups of inputs. As this problem has mainly been studied in parametric and
semi-parametric settings, in this paper, we propose two original non-parametric methods
that allow to construct prediction rules, both in regression and classification, based on
predictor groups. The first proposed method is called the Classification And Regression
Trees for Grouped Variables (CARTGYV). It consists in building a large non-binary tree
and next selecting an optimal tree by using a generalization of the efficient minimal cost-
complexity pruning to non-binary trees. Two new measures of group importance are also
proposed in the context of CARTGV trees. Next, we introduce a new random forests
method adapted for grouped variables. We call this approach Random Forests for Grouped
Variables (RFGV). This method, which can be considered as an extension of Breiman’s
random forests, combines a lot of random trees built with respect to a variant of CARTGV.
Moreover, RFGV uses a measure of importance that allows to assess the relevance of each
predictor group. The good performances of these two approaches are demonstrated in
various comprehensive simulation studies.
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3.1 Introduction

In this paper, we investigate prediction of a random variable Y, which can be a class label
or a real, based on input variables having a group structure. As an example of input group
structure, consider the use of functional variables, such as a spectrometry curve. In this
case, one is often interested in identifying parts of the curve which are relevant for pre-
diction. These parts constitute the input groups Tardivel et al. (2017). More generally, a
group structure can be defined when there exists a natural association between some subsets
of inputs, such as in gene expression data where some genes can share common biological
functions, which results in strong correlations between gene expression levels (Jiang et al.,
2004; Villa-Vialaneix et al., 2013). If such a group structure exists, a prediction rule that
takes it into account will improve both interpretation and prediction accuracy (compared
to prediction rule using only individual predictors), see Gregorutti et al. (2015). Paramet-
ric and semi-parametric prediction methods with input group structure have already been
developed. See for example the linear and generalized regression models regularized by the
Group Lasso penalty (Yuan & Lin, 2006; Meier et al., 2008). But as far as we know, this
has not been studied for decision trees and random forest (Breiman et al., 1984; Breiman,
2001). This paper intends to fill this gap.

Classification And Regression Trees (CART, Breiman et al., 1984) constructs prediction rules
for both regression and classification. The procedure is based on two steps, called the tree
growing phase and the pruning phase. During the tree growing phase, the algorithm builds
a maximal binary tree by means of a recursive partitioning of the input space. Starting with
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all the data, the algorithm partitions the data space into two disjoint subregions, also called
nodes, and repeats the splitting procedure on the resulting nodes. This recursive splitting
strategy is then repeated on all nodes on until every node is homogeneous, that means every
node contains only instances having the same value for the response variable. At each step,
a node is divided into two child nodes based on the value of one input also called the split-
ting variable. The choice of the optimal split is based on the minimization of an impurity
function, i.e. the algorithm seeks the split that yields the most homogeneous child nodes.
Generally, the impurity function is the sum squared error in regression and the Gini index
in classification. The nodes that are not split are called either the terminal nodes or the
leaves. At the end of the splitting process, the leaves define a partition of the input space
which can be represented as a maximal binary tree. Moreover, a predictive value for the
response variable Y is assigned to each leaf (the average of Y in the leaf in regression or
the majority vote in the leaf in classification). Generally, the maximal tree is not optimal
with respect to any performance criterion (such as the misclassification error in classification
and the sum squared error in regression). Indeed, an excessive large number of nodes is
prone to overfitting. Thus, the tree is pruned. This pruning phase consists in extracting a
finite collection of pruned subtrees of the maximal tree and then selecting a final tree among
the sequence of subtrees thus constructed. To do this, CART uses a very efficient pruning
algorithm called the minimal cost-complexity pruning (chap. 3, Breiman et al., 1984).

CART is a very attractive method for constructing prediction rules since the method elab-
orates a prediction rule easily interpretable with its tree-structure and is distribution-free.
Nevertheless, this algorithm is known to be unstable. A small perturbation in the training
sample can considerably change the prediction rule. For this reason, Breiman (2001) pro-
posed the random forests (RF), which can be used for both regression and classification. RF
consists in aggregating a large collection of trees-based estimators, as the bagging method
(Breiman, 1996). Trees are built based on bootstrap samples and with respect to a variant of
CART. First, instead of CART, at each node, a small number of inputs is randomly selected
and the optimal split is then determined based only on this subset. Next, all trees are fully
grown and are not pruned. A random forest has generally better predictive performances
than a single decision tree. Indeed, a maximal tree has low bias but high variance, so aggre-
gating a large number of maximal trees allows to achieve a bias-variance trade-off. RF has
become very popular and has been successfully applied to many problems in various fields,
including bioinformatics (Diaz-Uriarte & Alvarez de Andrés, 2006), ecology (Cutler et al.,
2007) and object recognition (Shotton et al., 2011). What has also greatly contributed to
the popularity of the method is the introduction of two measures of importance which allow
to quantify the relevance of all inputs with respect to the prediction of the response variable.

CART and RF are very efficient techniques for estimating prediction rules. They offer lots
of advantages such as wide applicability, fast and easy implementation and quantification of
the relevance of each input variable through importance measures. However, these methods
cannot accommodate groups of inputs. Thus, in this paper, we adapt them to this context.
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We first introduce Classification And Regression Trees for Grouped Variables (CARTGV),
a new tree-based method that constructs prediction rules based on group of inputs. As for
CART, CARTGYV builds a maximal tree by recursively partitioning the input space. At
each step, a node is split into several child nodes, based on a group of inputs. At the end of
this process, the maximal tree, which is not binary, is pruned using a generalization of the
efficient minimal cost-complexity pruning strategy proposed by Breiman et al. (1984). This
pruning strategy was originally introduced for binary decision trees. Here, we prove validity
in the more general setting of non-binary decisions trees. We also introduce two new im-
portance measures for groups of input variables. The first score is based on the "corrected"
sum of the decrease in node impurity while the second one uses an extension of the notion
of surrogate splits proposed by Breiman et al. (1984) to the context of groups of inputs.
These scores are based on a CARTGV tree and allow to evaluate the relevance of each group
of inputs. Next, we propose of a new random forests method adapted to groups of inputs.
This method, called Random Forests for Grouped Variables (RFGV), is a modification of
Breiman’s random forests. It consists in aggregating a large number of decision trees built
with respect to a variant of CARTGV. Moreover, RFGV provides a measure of importance
of the groups based on the group importance measure proposed by Gregorutti et al. (2015).

The paper is organized as follows. In Section 3.2, we first introduce the framework and some
useful notations. Section 3.2 next describes CARTGV and the associated measures of group
importance. In this section, an illustration of CARTGYV and its two scores of importance
is also provided. In Section 3.3, we introduce RFGV and the group importance measure
proposed by Gregorutti et al. (2015). In Section , performances of RFGV and CARTGV are
assessed and compared to RF and CART in an extensive simulation study. A comprehensive
explanation of the minimal cost-complexity pruning, as well as the proof of its validity in
the more general framework of non-binary trees is given in Section 3.6. Computation of the
time complexity of CARTGV and additional information about the numerical experiments
are also given at the end of the chapter, in Section 3.6.

The proposed methods as well as the generalization of the minimal cost-complexity pruning
algorithm have been implemented for the binary classification setting in R language.

3.2 CARTGV: CART for grouped variables

3.2.1 The statistical framework

Let (X,Y) be a random vector taking values in X x ), where X = (X,..., X,) is a vector
of inputs, Y is the response variable and X = R?%. In the regression setting, ) = R and in
classification ) = {1,..., K} C N, K > 2. Let (X1,Y1),..., (Xptm, Ynim) be independent
copies of (X,Y’) which are randomly split into a training set D,, = {(X1,Y1),..., (X, Yn)}
and a validation set V,, = {(X,41, Ynt1), -+ -5 (Xogm, Ynem) - A prediction rule is a mea-
surable function f : RY x (R? x V)™ — Y that predicts the value of the response Y by
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f(x, D,,), where x € R? is a new observation. In what follows, we will write f(x) for conve-
nience. In the regression setting, f is an estimate of f*(x) = E[Y|X = x], for every x € X.
Otherwise, in classification, f is an estimate of the Bayes classifier defined, for every x € X',
by f*(x) = argmaxyeqy g P[Y = kX = x].

Here, we consider the situation where X is structured into J known groups. For any
j=1,...,J, let XV = (le,ij,...,dej) denote the j-th group of size d;. To simplify
matter, the J groups are ordered such that X = (X!,...,X7). Some inputs can belong to
several groups (L.e. groups are not necessarily disjoint). The objective is to use the training
sample D,,, the validation sample V,, and the known input group structure to build a pre-

~

diction rule f.

For this purpose, we first propose a new tree-based approach called CARTGV that constructs
classification and regression trees by using groups of inputs. As for CART, CARTGYV is based
in two steps, that we name the tree growing procedure and the pruning procedure. First, the
tree growing procedure enables to build a fully-grown tree which is next pruned, during the
pruning procedure. These two steps are detailed in the two following subsections.

3.2.2 The tree growing procedure

CARTGYV builds a maximal tree by recursively partitioning the input space into smaller and
smaller disjoint subregions called nodes. At each step, a node is split into child nodes. Let
t be a node. A split of ¢ consists in selecting a splitting group and a split based on the
inputs belonging to the splitting group. This choice is performed in two phases, that are
now described in more details.

e Step 1: Choice of a splitting tree for each group.
First, for any j = 1,...,J, the algorithm splits the node t by applying the CART
growing procedure on each group X’. That is, the algorithm builds a CART tree
based on the inputs X; , Xj,,..., X, that belong to group j. Formally, we first split
the node t into two child nodes ¢, ana ty defined by

th ={X;,i<n:X;etand X;;, <s} and ty={X;,i<n:X;etand X;;, > s}

The splitting variable X, and the splitting point s are selected by maximizing the
decrease in impurity between ¢ and its two child nodes defined by

nQ (t) — ny, Q(t1) — 14, Q(t2), (3.1)

where Q) is an impurity function which measures the homogeneity of the observations
in a node and n; denotes the number of observations in D,, that fall into the node ¢.
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This splitting process is repeated on each child node until the maximal depth of the
tree (denoted D) is reached. Note that a homogeneous node, that we recall is a node
which contains only observations having the same value for the response variable, are
not split. This tree, which is called the splitting tree of t based on group j, has root ¢
and a maximal depth of D;. Let #(j) denote the set of leaves of this tree and let |£(j)]
denote the cardinality of #(j). Note that the value of the tuning parameter D; need
to be chosen. We recommend to take this parameter small (D; = 2 or 3) in order to
avoid overfitting. The calibration of this parameter is discussed in Section 3.2.5.

e Step 2: Choice of the splitting group.
Let AQ(t, j) denote the decrease in impurity between the node ¢ and the leaves of the
splitting tree of ¢ based on group j:

AQ(t7) =mQ(t) = Y nuQ(t). (3.2)

t'€t(4)

In the context of grouped variables, the criterion (3.2) may not be appropriate to select
the best splitting group since it tends to foster larger groups. Indeed, the largest groups
have more possible splits than the smallest groups. Consequently, it is more likely that
the largest groups will be optimal with respect to the decrease in node impurity (3.2)
(Strobl et al., 2007). Thus, to control this selection bias, we propose to penalize the
criterion (3.2) by a decreasing function pen(d;) of the group size d;, that is:

AQ(t,j) = pen(d;)AQ(, j). (3.3)

The algorithm selects then the splitting group j© € {1,...,J} that maximizes the
penalized criterion (3.3).
Various penalty functions can be used. Here, we suggest the three following functions:

pen(d;) = (d;)",
pen(d;) = (v/d;) ™, (3.4)
pen(d;) = (max{logd;,1})7".

The choice of pen is investigated in Section 3.2.5, through numerical experiments. Note
that if all groups have the same size, there is no need to use a penalty function.

Remark 3.2.1.

e The impurity function (Q measures the homogeneity of a node. It should be small when
values of Y are closed to each other in the node and large otherwise. For regression
problems, we propose to use the variance in the node



where Y, stands for the mean of the Y; such that X; € t. For classification problems,
we consider the Gini impurity function defined by

K 1

Q(t) = Y mi(t)(1 — mi(t)) where my(t) = o ‘Z Ty,

e The decrease in node impurity defined by (3.2) is always positive, regardless the split.
In other words, the impurity is never increased when splitting. The proof is given in
Section 3.6.1.

At the beginning of the tree-growing phase, steps 1 and 2 are applied on the whole input
space, which is then partitioned into several child nodes. The two steps are next repeated
recursively on all child nodes and all resulting nodes, until the nodes are homogeneous. At
the end of the splitting process, the partitioning of the input space can be represented as a
maximal tree Ty,... Moreover, the set of leaves of T,.,, which are denoted by T', defines the
prediction rule meaI:

meax(X) = Z Qt]lt(x), for all x € ]Rd,

teT

where 1;(x) is the indicator function that equals to 1 if x € t and 0 otherwise. ¢, takes
values in ) and represents the prediction value in the node ¢. It is the empirical mean of Y
in ¢ in regression:

g =ng " ZY"’

©:X;Et

and in classification, the majority vote:

7, = argmaxn; ' g Ly, k.
k=1,...K X, et

Figure 3.1 displays a CARTGV tree and a splitting tree.
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Figure 3.1: A CARTGV tree (left) and a splitting tree (right). The splitting tree divides
the node t5 into the child nodes tg, g, t19 and ;7 such that: tg = t53, t9g = t54, ti0 = 55,
t11 = t56.

Remark 3.2.2.

e Splitting trees are binary trees while CARTGV trees are multivariate trees (Figure
3.1).

o Ifforany j=1,...,J,d; =1 (i.e. inputs are not grouped) and D; = 1 (splitting trees
are defined by a single split), then CARTGYV is equivalent to CART.

3.2.3 The pruning procedure
We first introduce some notations. Consider a tree 7.

- The cardinality of the set of its leaves 7" is denoted |T.

- If t is a non-terminal node of T', then 7; denotes the branch of T coming from ¢, that
is the subtree of T" with root t.

- Write T" < T, if T' is a pruned subtree of T, that is T is a subtree of T having the
same root as 7.

Let R(T,D) define the prediction error of a tree 7' on a given sample D of size |D|. In
regression, R(T', D) is the mean square error

R(T,D) = % Z (fT(Xz> - Yi)za

‘ | i:(Xy,Y;)€D
while in classification, R(7’, D) is the empirical misclassification rate

1
R(Tﬂ):ﬁ > L

i:(Xi,Y;‘)E,D
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In what follows, the prediction error R(T,D,,) of a tree T' on the training sample D,, will be
written R(T') for the sake of convenience.

Once constructed, the fully-grown tree T,., is pruned to prevent from overfitting. One nat-
ural idea to prune it is to consider all pruned subtrees of T}, and to select the best pruned
subtree according to a given performance criterion (such as the prediction error computed
on the validation set 7;). Nevertheless, since the number of subtrees of T, may be very
large, exhaustive search may rapidly be infeasible. Therefore, we propose to generalize the
minimal cost-complexity pruning proposed by Breiman (1996) to our context. As originally
this pruning method was introduced to prune CART binary trees, we have proved that it
is valid in the context of non-binary decision trees and we have then naturally extend the
method to this context. The proof and a comprehensive explanation of the minimal cost-
complexity pruning are given at the end of the chapter, in Section 3.6.3. We now briefly
describe the principle of the cost-minimal pruning method in the context of CARTGYV trees,
i.e. in the context of non-binary decision trees.

The main idea is to consider a small collection of pruned subtrees of T,,.. , optimal with
respect to the cost complexity measure defined as:

Ro(T) = R(T) + a|T|, «e€R*, (3.5)

for any tree T'. According to this definition, the cost-complexity of a tree T depends on two
components: the prediction error R(7") and a penalty term «|7T'| for the complexity of T
The variable « is a tuning parameter which controls the complexity of the tree. The higher
« is, the more penalized are trees with a lot of leaves.

The minimal cost-complexity pruning consists first in finding, for any «a, the smallest pruned
subtree of T,,.x which minimizes R,. The following theorem shows that we only have to

consider a finite sequence of values of o to obtain all the subtrees of T,,,x that minimizes
Ra.

Theorem 3.2.1. For any non-trivial and non-binary tree T with root t1, there exist a unique
INCreasing sequence
0=y <...<ag, KeN~

and a unique sequence of nested subtrees of T
T=Ty>=T - ... }TK:{tl},
such that for every 1 <k < K,

Va € [ag; apyr| Tp = argminR,(T),
TjTtnax

and

Va>ax Tk = argminR, (7).
T=Tmax
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This result ensures that we only have to find the subtrees that minimises R,, (T") for k =
1,..., K. In the sequence, trees are embedded. This means that the sequence is obtained by
pruning iteratively some branches of the tree T. More precisely, for k = 1,..., K, the k-th
subtree T} in the sequence is obtained by removing the branches of T} _; that produce the
smallest reduction in prediction error R. These branches are called the weakest links and the
value of the minimal reduction in prediction error induced by the weakest links corresponds
to ay, the k-th element of the increasing sequence of values of .. In this way, the sequence
is extracted with a reasonable time-complexity.

Moreover, the sequence contains all the information in the sense that for each «, the smallest
optimal subtree with respect to R, belongs to the created sequence.

Finally, the algorithm selects the final tree T} by picking from the sequence {7, ..., Tk} the
subtree with the smallest prediction error R(7T,V,,) on the validation sample V,,, that is

~

k = argmin R(T}, V).
k=1,....K

Figure 3.2 provides an example of a sequence of optimal subtrees. The computation of this
sequence is fully detailed in Section 3.6.3.

>

(=)
)

Figure 3.2: The sequence {7}, T5, T3} of optimal subtrees of a maximal CARTGV tree Tyax.
From top to bottom: T} = Trpax, To = 11 \ {Th14, UT1 4, } and T = To \ Toy, = {t1}.
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3.2.4 Group importance measures

In supervised classification problems involving grouped inputs, often only a few number of
groups is relevant for predicting the response variable. Moreover, quantifying the importance
of each group of inputs is useful to perform group variable selection and data interpretation
(Gregorutti et al., 2015; Chakraborty & Pal, 2008). CARTGV can be used to rank the
importance of groups of inputs via two new measures of importance. These two scores
are based on a related CARTGV tree and the decrease in node impurity. The first score,
called Group Rand Importance measure (GRI) and denoted by Z%, ., is based on the total
decrease in node impurity "corrected" by the Rand index (Rand 1971). The second one,
named Group Surrogate Importance (GSI) and denoted by Z%,,,,, uses an extension of the
notion of surrogate splits proposed by Breiman et al. (1984) to the context of groups of
inputs (see also section 2.1 in Introduction for a description of the notion of surrogate split

in CART).

Consider a CARTGV tree T and a group X7, j = 1,...,J. The GRI of group j is the
"corrected" sum, over all non-terminal nodes of T', of the penalized decrease in node impurity
from splitting on group j,

Th (G T) = > AQU.HPGT ), (3.6)

te T\T

where A,Q(j,1) is the penalized decrease in impurity (3.3) from splitting ¢ on group j, j;
is the index of the group selected to split node ¢ (see Step 2 in Section 3.2.2) and p(j;, j)
is a correction. The parameter p(j;, j), which is the Rand index, quantifies the agreement
between the split of ¢ based on group j and the one based on j; and it is defined by

A+ B

pUisJ) = (g) ;

n
° <2t> is the total number of pairs of observations in ¢,

where

e A is the number of pairs of observations in ¢ that fall into the same child node with
both the split based on group j and the split based on group j7,

e B is the number of pairs of observations in ¢ that fall into different child nodes with
both the split based on group j and the split based on group j;.

p(jf, j) lies between 0 and 1. It takes the value 1 if the two splits are identical, in the sense
that the two splits partition the node ¢ into the same child nodes. This quantity is used to
prevent overestimating the importance of groups which are weakly correlated with both the
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relevant groups and the response variable (see chap. 5, Breiman et al., 1984).

The GSI relies on an extension of the notion of surrogate splits to the context of groups of
inputs. Consider a node ¢ and recall that j; is the index of the group selected to split node ¢
and #( Jjr) is the partition of ¢ induced by splitting t¢ on group jf. In the context of grouped
inputs, we define the surrogate split of ¢t based on group j as the split of ¢ based on group j
that is as close as possible to the split ¢ based on group j; (in the sense that the two splits
send observations in node ¢ into similar child nodes). It is denoted by #*(j) and we propose
to estimate it as follows. First of all, a splitting tree of maximal depth D; is built on node
t based on group X7 and by using the response variable Y* The random variable Y takes
values in the set {1,...,]t(j})|}, where we recall that |£(5; )| denotes the cardinality of (7).

?jt* refers to the index of the child node in which an observation in ¢ falls with the split based
on j7. Then, we define the surrogate split #°(j) of ¢ based j as the partition induced by the
splitting tree grown on group j and the ~vaurlable YZ Next, the penalized decrease in node
impurity induced by the surrogate split ¢*(j) is computed:

APQS(tv j) = pen<dj>AQS(t7 ])7

with AQ®(t, ) = n:Q () — Zt'efs(j) nyQ (') referring to the decrease in node impurity from
using the surrogate split £°(j). Then we define the GSI of group j as the sum, over all non-
terminal nodes of T, of the penalized decrease in node impurity from using the surrogate
splits based on group j,

Icsz;rtgv . Z APQS (4, 1) (3.7)

teT\T

The two group importance measures are normalized to a scale between 0 and 100:

Iclzrtgv (.7’ T)

IR (3. T) = 100
cartgv( ) X maX ICartgv (j/’ T) )
] =
and S
1 T
Z5 (3. T) = 100 x artge(J: 1)

! I_IllaX Iése;rtgv( X T)
In this way, for any measure GRI or GSI, groups whose the importance is equal to 100 are
considered as the most relevant. These two scores induce an order of importance. Indeed,
groups with the highest values of importance are considered as the most relevant groups to
predict the response variable Y. The group importance measures GRI and GSI are assessed
in the next section.
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3.2.5 Illustrations

This section is devoted to highlighting the good behavior of the two group importance mea-
sures GRI and GSI and to justifying the role of the CARTGV parameters. It also provides
an illustration of CARTGV and offers a first insight of its performances. Performances of
CARTGYV will be more extensively assessed through other simulated models and in compar-
ison with other methods in Section 3.4.

For this first illustration, CARTGV is compared to CART through several numerical exper-
iments based on the synthetic model introduced by Weston et al. (2003) (see also Genuer
et al., 2010)). We extend this model to the context of groups of inputs. CART is implemented
with the R package rpart.

Description of the simulated data set

We consider the following equiprobable two-classes problem. Y is the response variable which
takes value in {—1,1} and X is the vector of inputs which is structured into J groups, that is
X = (X',...,X7). Forany j = 1,...,J, the group X’ = (X7, .. X]]_) includes d; variables
identically distributed and deﬁned as follows:

X] ~ N(z,1). forany £ =1,....d;,

where z; is the realization of the random variable Z; defined conditionally to the value of
the standard uniform random variable U:

(y% 1)  fu<07andj=1,23,
L(Z;|Y =y, U=u)=S N (y52,1) ifu>0.7and j =4,5,6,
N(0,1) otherwise.

Thus, there are six true predictive groups, all with different discriminative power: highly (X?
and X%), moderately (X? and X*) and weakly (X! and X*) correlated with the response Y.
The other groups, namely groups X’ — X7, are noise.

Groups are independent. Within each group X7, 5 =1,...,J, the covariance between two
inputs X and X}, (£, =1,...,d;) is defined as:

Cov (X7, X}) = 08",

Remark 3.2.3. In this model, the group structure comes mainly from both the block structure
of the covariance matriz of the input vector X and the discriminative power of the inputs.

We simulate n = 600 i.i.d copies of the random vector (X,Y’) from the model described
above. Inputs are next standardized to have zero mean and unit variance.

Based on this synthetic model, we conduct the following four experiments:

e Experiment 1: (easy case)
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— J =12
—dj=10forany j=1,...,12.

e Experiment 2: (many noisy groups)

— J = 56,
—dj =10 for any j =1,...,56 .

e Experiment 3: (a large noisy group*)
- J =13,

10 ifj=1,...,12
—d; = s :
100 if j =13.

e Experiment 4: (a large noisy group* and inclusion of 10 noisy variables in the most
relevant group*)

— J =13,
20 if j =3,
—d; ={ 100 if j =13,

10  otherwise.

(%) noisy variables are independent standard Gaussian variables.

The first two experiments are specially used to highlight the good behavior of the two
group importance measures GRI and GSI. It also offers a first insight of the performances
of CARTGYV. The two last experiments are used to justify the use of the penalty function in
the impurity criterion (3.3).

For each data set, observations are randomly divided into a training sample D,,, a valida-
tion sample V,, and a test sample 7T, of equal size (i.e. 200 observations in each set). For
each method, the maximal tree is first built on the training set D,,. Then maximal trees
are pruned by using the minimal cost-complexity pruning algorithm and the validation set
V,n (a detailed description of this pruning strategy is introduced in Section 3.2.3). The test
sample 7, is used to evaluated the predictive performance of each method.

In CARTGV, the validation set is also used to select the tuning parameters, namely the
maximal depth of the splitting trees D; and the penalty function pen. We consider two
values for D; (2 and 3) and the four following penalty functions:

pen(d;) = 1 (no penalty),
= 1/d; (the "size" penalty),

(d;)
pen(d;) = 1/4/d; (the "root" penalty),
(d;) = 1/max(logd;,1) (the "log" penalty).
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The tuning parameters are selected as follows. For each pair of values, a maximal tree is first
built on the training set D,,. Each maximal tree is next pruned by using the validation set V,,
and the cost-complexity strategy described in Section 3.2.3. Thus denoting by T*(vp,, Vpen)
the pruned tree for D; = vp, and pen = vpe,, we select the couple (ﬁpj, Upen) that minimizes
the prediction error R(T*(vp,, Vpen); Vin) on the validation sample V,,. Note that when all
groups have the same size, as for instance in the first two scenarios, there is no need to use
a penalty function and we thus set pen(d;) = 1.

All results of each experiment are averaged over 50 independent samples.

Illustration of CARTGYV in comparison with CART

The performances of CARTGV and CART are assessed according to two criteria: the pre-
dictive accuracy of the classification rule and the ability to identify the true relevant groups.
The first criterion is evaluated by the area under the curve (AUC) and the misclassification
rate (Error) on the test set 7, whereas the ability to identify the relevant groups is measured
by group selection frequencies. For CART, which ignores the group structure, we define the
selection frequency of a group, as the number of times that at least one input in the group
is included in the final tree. For CARTGYV, the selection frequency of a group is defined as
the number of times that the group is included at least once in the final tree.

Table 3.1 and Figure 3.6 display the results for the first two experiments. Table 3.1 provides
the mean and standard deviation of the AUC, the misclassification rate (Error), the tree
depth (Depth) and the number of leaves (Leaves) of final trees. In these two experiments,
CARTGYV and CART perform well and shown similar predictive performances. In the first
experiment, we can note that CART slightly outperforms CARTGV. In the first two exper-
iments, CARTGYV trees are larger and less deep than CART trees, which can be explained
by the use of non-binary splits in CARTGV. Nonetheless, note that this does not mean that
CARTGYV trees are less easily understandable since CARTGYV takes into account the input
group structure, which may make more sense than the inputs taken individually. The two
methods do not seem to be very sensitive to the inclusion of many noisy groups. Indeed, the
predictive performance of CARTGV and CART are not affected when the number of noisy
groups strongly increases (see experiment 2).

Figure 3.4 displays group selection frequencies for CARTGV and CART in the first two
experiments. For the sake of visibility and since selection frequencies of the noisy groups
are similar, we only plot selection frequencies of the first twenty groups in experiment 2. In
the two experiments, CARTGV and CART correctly identify the most relevant groups, even
when there are a lot of noisy groups. Selection frequency of a group behaves as an increasing
function of the relevance of the group. Moreover, although the definition of the selection
frequency of a group for CARTGV is different from that of CART, it may seem that CART
tends to select noisy variables more frequently than CARTGV.
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CARTGV

CART

Experiment 1

AUC
Error
Depth

Leaves

0.646 (0.044)
0.366 (0.039)
2 (0.857)
7 (3.969)

0.660 (0.040)
0.350 (0.040)
4 (1.626)
7 (5.009)

Experiment 2

AUC
Error
Depth

Leaves

0.657 (0.053)
0.359 (0.04)
2 (0.728)
7 (3.697)

0.660 (0.040)
0.350 (0.040)
3 (1.232)
4 (2.056)

Table 3.1: Performances of CARTGV and CART in the first two experiments. Depth and
Leaves respectively denote the tree depth and the number of leaves of the pruned tree. For
each criterion, the mean value is given following by the value of the standard deviation in

brackets.
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Figure 3.3: Performances of CARTGV and CART: distribution of AUC (top) and Error
(bottom) in the first two scenarios.
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Figure 3.4: Performances of CARTGV and CART: group selection frequencies in the first
two experiments for CARTGV (left) and CART (right). We recall that only the first six
groups are relevant (in this order: 3, 6, 2, 4, 1, 3).

Remark 3.2.4. The similar predictive performances of CARTGV and CART can be ex-
plained by the fact that in this synthetic model, the group structure is mainly used to "control”
the correlation between the input variables. The relationship between the response variable
and the inputs can be then well estimated by ignoring the group structure. In section 3.4,
CARTGYV and CART will be extensively assessed and compared through other simulated mod-
els in which the relationship between the response variable and the inputs is genuinely defined
based on groups of inputs.

Assessment of the group importance measure

The performances of the group importance measures GRI and GSI are also investigated.
Table 3.2 displays, for the two measures, the percentage of times that the true relevant groups
are part of the six groups with the highest importance. Figure 3.5 displays the distributions
of the group importance in the first two experiments. As previously, in experiment 2, we
plot the group importance for the first twenty groups only.

Overall, in the first two experiments, the two measures of group importance well identify and
perfectly rank the true relevant groups. Moreover, the distributions of the group importance
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are very similar for the two scores.

We can notice that the two scores identify rarely all the true predictive groups. That may
be explained by the lower discriminatory power of the first and the fourth groups.

] ‘ GRI GSI ‘

Experiment 1

Identification of the most relevant group | 75 75
Selection of at least 3 relevant groups 100 100
Selection of at least 4 relevant groups 88 90
Selection of at least 5 relevant groups 47 49
Experiment 2

Identification of the most relevant group | 79 84
Selection of at least 3 relevant groups 75 72
Selection of at least 4 relevant groups 30 26
Selection of at least 5 relevant groups 4 3

Table 3.2: Top 6 groups with the highest importance for the group importance measure GRI
and GSI. The table gives the percentage of times that the relevant groups are part of the 6
groups with the highest importance.
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Choice of the tuning parameters

In this section, we discuss the choice of the tuning parameters pen(d;) and D; introduced in
Section 3.2.2.

Choice of the penalty function pen
Experiment 3 and 4 are used to investigate the choice of the penalty function pen. For each
experiment, CARTGYV is performed using each of the following four functions:

pen(d;) = 1 (no penalty),

pen(d;) = 1/d; (the "size" penalty),

pen(d;) = 1/+/d; (the "root" penalty),
pen(d;) = 1/max(logd;,1) (the "log" penalty).

Simulation results are summarized in Tables 3.3, 3.4 and 3.5. Figures 3.7 and 3.8 display
group selection frequencies according to the penalty function in experiments 3 and 4. The
figures showing the distribution of the group importance for GRI and GSI are provided in
Section 3.6.4 (see Figures 3.17, 3.18, 3.19 and 3.20). Note that in experiment 4, since noisy
variables are included in the third group, claiming that this group is still the most relevant
group is questionable.

In these two experiments, the predictive performances of CARTGV do not seem to be very
sensitive to the penalty function (excepted in experiment 4 with pen(d;) = 1/d;). The
choice of pen seems rather to affect group selection frequencies and the measure of the group
importance. Indeed, in experiment 3 and 4, when no penalty is used (i.e. pen(d;) = 1), the
large noisy group is often chosen to build the tree and its importance is high (for both GSI
and GRI). On the contrary, when a penalty function is used, this group is significantly less
frequently selected and its importance is low (for both GSI and GRI). Overall, it seems that
using a penalty function allow to improve the ability of CARTGV to identify and select the
true relevant groups of inputs. Obviously, note that if all groups have the same size, as for
instance in the first three scenarios, there is no need to use a penalty function.

Generally, the choice of the penalty function is highly dependent on the data. Indeed, if it is
expected that the noise is mostly included in the largest groups, as in experiment 3, then the
penalty pen(d;) = 1/p; would be preferable. Otherwise, this penalty function may appear
too strong and other penalties, such as pen(d;) = 1/,/d; or pen(d;) = 1/ max(log d;, 1), may
perform better. For instance in experiment 4, the third group, which includes ten highly
relevant variables and ten independent noisy variables, is rarely selected and its importance
is much lower when using pen(d;) = 1/d;. Then, in this experiment, using either pen(d;) =
1/4/d; or pen(d;) = 1/ max(log d;, 1) seems preferable.
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Penalty function ‘ 1 1/d; 1/y/d; 1/max{logd;, 1} ‘

Experiment 3

AUC 0.654 (0.045) 0.662 (0.049) 0.657 (0.046) 0.654 (0.050)
Error 0.359 (0.041) 0.35 (0.041) 0.353 (0.038) 0.355 (0.040)
Depth 2 (0.776) 2 (0.918) 2 (0.958) 2 (1.018)
Leaves 8 (5.018) 9 (5.893) 10 (6.484) 10 (6.594)
Experimentt 4

AUC 0.64 (0.050) 0.612 (0.057) 0.628 (0.049) 0.632 (0.052)
Error 0.372 (0.045) 0.398 (0.045) 0.379 (0.040) 0.376 (0.044)
Depth 2 (0.814) 2 (0.978) 2 (1.076) 2 (1.059)
Leaves 7 (4.756) 11 (9.234) 11 (6.779) 10 (6.655)

Table 3.3: Performances of CARTGV according to the penalty function pen. Depth and
Leaves respectively denote the tree depth and the number of leaves of the pruned tree. For
each criterion, the mean value is given following by the value of the standard deviation in
brackets.

07 0.8 09 1.0
0.8 09 1.0

0.7

06
0.6

- pm = S

0.5
0.5

No Size Root size Log No Size Root size Log

Experiment 3 Experiment 4

05
05

04
04

0.3
0.3

0.2
0.2

0.1
0.1

0.0
0.0

No Size Root size Log No Size Root size Log

Figure 3.6: Performances of CARTGV according to the penalty function pen: distribution
of AUC (top) and Error (bottom) in the last two scenarios.
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Figure 3.7: CARTGV group selection frequencies for each penalty function, in experiment
3. We recall that only the first six groups are relevant (in this order: 3, 6, 2, 4, 1, 3).

‘ Penalty function ‘ 1 1/d; 1/\/d_j 1/ max{logd,, 1} ‘

Experiment 3

Identification of the most relevant group | 74 76 75 75
Selection of at least 3 relevant groups 99 100 100 100
Selection of at least 4 relevant groups 87 94 91 91
Selection of at least 5 relevant groups 29 49 49 48
Selection of the 6 relevant groups 0 4 4 4
Experiment 4

Identification of the most relevant group | 91 4 47 57
Selection of at least 3 relevant groups 99 99 99 100
Selection of at least 4 relevant groups 81 87 93 91
Selection of at least 5 relevant groups 30 44 54 51
Selection of the 6 relevant groups 1 ) 8 6

Table 3.4: Top 6 groups with the highest importance for the group importance measure GRI
according to the penalty function. The table gives the percentage of times that the relevant
groups are part of the 6 groups with the highest importance.
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Penalty function | 1 1/d; 1/\/d; 1/max{logd;,1} |

Experiment 3

Identification of the most relevant group | 81 82 83 82
Selection of at least 3 relevant groups 97 100 100 100
Selection of at least 4 relevant groups 76 89 85 87
Selection of at least 5 relevant groups 28 42 42 42
Selection of the 6 relevant groups 1 4 3 4

Experiment 4

Identification of the most relevant group | 89 3 43 56
Selection of at least 3 relevant groups 100 98 100 99
Selection of at least 4 relevant groups 81 79 87 87
Selection of at least 5 relevant groups 35 36 51 45
Selection of the 6 relevant groups 1 2 2 0

Table 3.5: Top 6 groups with the highest importance for the group importance measure GSI
according to the penalty function. The table gives the percentage of times that the relevant
groups are part of the 6 groups with the highest importance.
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Choice of the maximal depth of the splitting trees D),

We now consider the problem of selecting the tuning parameter D;, which corresponds to
the maximal depth of the splitting trees based on group j (see Section 3.2.2). Generally, the
"optimal" value of D; is unknown and need to be selected.

Here, several values for D; are assessed through numerical simulations. Then, we provide
some guidelines for the calibration of D;. For simplicity, the discussion is based on experiment
1, where groups have the same size, and we set D = D;, for any J = 1,...,J. Table 3.6
shows the performances of CARTGV for several values of D. Results with D = 1 are not
displayed in this table since CARTGV with D =1 is equivalent to CART.

Results given in Table 3.6 supports the idea of choosing small values for D. First, taking a
small value for D prevents from building too complex splits which can be prone to overfitting.
This is illustrated in Table 3.6 for D = 10. In this case, at least 25% of the pruned trees are
trivial. Furthermore, small values of D; do not prevent from modeling complex relationships
between group the X7 and the response variable, since the algorithm can consecutively choose
the same group during the tree-growing phase. Thus, although the choice of D; is strongly
dependent on the data, we suggest taking D; = 2 or 3, for any j = 1,...,J. Furthermore,
when group sizes are similar, setting D; = D, for any j = 1,...,J, can have two advantages.
First, this reduces the number of parameters that need to be tuned. Secondly, using different
values for all groups can foster groups with a large D;.

D | 2 3 5 10 |
AUC 0.653 (0.05)  0.621 (0.051) 0.579 (0.054) 0.536 (0.045)
Error 0.355 (0.038)  0.381 (0.04)  0.422 (0.047) 0.462 (0.045)
Depth 2 (1.104) 2 (0.843) 1 (0.567) 1 (0.431)
Leaves 9 (5.38) 14 (7.629) 24 (8.342) 33 (18.648)

Table 3.6: Performances of CARTGV according to D in Experiment 1. Depth and Leaves
respectively denote the tree depth and the number of leaves of the pruned tree. For each
criterion, the mean value is given following by the value of the standard deviation in brackets.

Overall, these initial experimental results offer a first insight of the method CARTGYV and
provide some guidelines about the calibration of the CARTGV parameters. The method
does not require any assumption about the data and it elaborates easily understandable
prediction rules when inputs are grouped. Moreover, CARTGV automatically provides two
importance measures for each predictor group, which is useful to perform group variable
selection. However, as for CART, CARTGYV trees suffer from instability. Small perturbations
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in the training sample can considerably change the prediction rule. For this reason, we
propose a new random forest method adapted to grouped variables.

3.3 Random forests for grouped variables

3.3.1 Principles of the random forests for grouped variables

Random forests for grouped variables (RFGV) is a classification and regression method which
consists in aggregating a large number of such random decision trees, in the same way that
Breiman’s RF (Breiman, 2001).

Consider the statistical framework introduced in Section 3.2.1. First, RFGV generates ntree
bootstrap samples D} ... Drt*¢® from the training sample D,. Next, the method builds a
decision tree on each bootstrap sample by applying a variant of CARTGV. Indeed, the
elaboration of the ntree trees differs from CARTGV in two main aspects. This modified
tree growing process is now described.

At each node t, the method chooses uniformly mgrp groups at random among the J ones.
Let J denote the mgrp-tuple of indices of the selected groups. Then, the algorithm performs
the following two steps.

e Step 1: Choice of a split for each selected group.

For any j € J, the algorithm finds a split with respect to a variant of the splitting-tree
growing process described in Step 1 in Section 3.2.2. Indeed, the algorithm builds a
splitting tree of maximal depth D; by using variable resampling. Formally, at each
step of the splitting-tree growing process, the algorithm selects only a small number
(mvar;) of variables in the group j and then selects the best split based on this subset
of inputs. This process is recursively repeated until the maximal depth of the splitting
tree D; is reached.

e Step 2: Choice of the splitting group in the set J of selected groups.
The algorithm selects the split that maximizes the penalized criterion, defined in equa-
tion (3.3).

This growing process is then repeated on each node until a fully grown tree is obtained. This
maximal tree is not pruned.

Let T%, ..., T denote the ntree resulting trees and let f(,©), ..., f(,©*=¢) denote the
associated prediction rules. ©!, ..., ©"**¢ are ntree independent copies of a random variable
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©. The random variable © is independent of D,, and refers to the bootstrap sampling and
the splitting subgroups.

The random forest, that we denote by {TP}utree s the aggregation of the ntree trees.
It defines the prediction rule f, which is based on the average of the prediction rules

f(, eh),... ,f(, @mree) . Consider an observation x € R?. In regression, the prediction f,fgv (x)
of x is defined by the average of the predictions, that is

ntree
1

frfgv(x) = ntree Z J?(Xv ®b>7
b=1

while in classification, f,fgv (x) refers to the majority vote

ntree
Jetau(X) = %rgmax (Z ]l];(x@b)_k) :
b=1

=1,...K

Algorithm 4 describes in detail how to build a RFGV forest.
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Algorithm 4 Random Forest for Grouped Variables.
Input: Training set D,,, ntree € N*, a, € {1,...,n}, mgrp € {1,...,J}, mmin € {1,... n},
mvar; € {1,...,d;}, D, e N* forall j=1,...,J.

For b=1,... ,ntree do

1. Construction of the bootstrap sample DP: select a,, observations, with (or without) re-
placement, uniformly in D,,.

2. Construction of the tree D%: repeat recursively the following process on each terminal
node of the tree until the minimum node size (denoted nodesize) is reached:
Let’s consider the terminal node t.

(a) Select uniformly, without replacement, a subset J C {1,...,J} of cardinality
mgrp.

(b) For j € J do
Choice of a split for group j: grow a splitting tree with root ¢ based on the inputs
X Xy ooy X 4 that belong to group j, by repeating recursively the following
process on each terminal node of the splitting tree until the maximal tree-depth
D; is reached (see Step 1 in Section 3.2.2 for details):

i. Select uniformly, without replacement, a subset M, C {X,,,...,X,, } of
J
cardinality mvar;.

ii. Select the best input/splitting point by optimizing the CART-split criterion
(3.1) along the subset M; of inputs.
iii. Split the node into two child nodes according to the best split.

End.

(c) Pick the best group/splitting tree by optimizing the penalized impurity criterion
(3.3) along the coordinates in J (see Step 2 in Section 3.2.2 for details).

(d) Split the node according to the best split.

3. Definition of the prediction rule f (.,0°): deduce from the maximal tree T° the predic-
tion rule f(., ©).

End.
Output: the resulting trees T7',... 7™ and the associated prediction rules

F, 0N, f(, emtree),
Prediction of the random forest at x € R%:
In regression: frfg\,(x) = Flee Sopeee A(X, ev).

In classification:  fg(X) = argmax ( e ]lf(x@b):k) :
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3.3.2 Details on RFGV parameters

The algorithm has several important parameters. We now provide some guidelines for the
choice of these parameters. Most of these suggestions are based on guidelines given for
Breiman’s RF (Breiman, 2001; Diaz-Uriarte & Alvarez de Andrés, 2006; Bernard et al.,
2008; Genuer, 2010; Boulesteix et al., 2012; Biau & Scornet, 2016). The experimental stud-
ies introduced in the following section enable to provide further insights.

e The number of trees ntree € N*.
It is recommended to pick a large ntree so that the prediction error of the forest
is stable. The default value is ntree = 500. This parameter is not a real tuning
parameter in the sense that choosing a large value is always preferable.

e The parameters mgrp and mvar;.

The first parameter, mgrp , denotes the number of groups randomly samples as can-
didates at each split for the trees in the RGFV forests. For any 7 = 1,...,J, the
parameter mvar; refers to the number of inputs randomly sampled as candidates at
each step for the splitting trees based on group j in the trees of the RFGV forests.
The parameters mgrp and mvar; are probably the most important parameters. These
parameters can be viewed as the analogues of the parameter mtry in Breiman’s RF
which corresponds to the number of variables selected for splitting at each node of
each tree. Their default values are mgrp = v/J and mvar; = \/d_] in classification and
mgrp = J/3 and mvar; = d;/3 in regression. Note, however, that the best values for
these parameters depend heavily on the data. If the number of true relevant groups
(respectively true relevant inputs in groups) is expected to be small, default values
may appear too small. Moreover, observe that if all groups have approximately the
same size, we recommend choosing the same value for any mvar;, j =1,...,J.

e The maximal depth D; of the splitting tree based on group j, j =1,...,J.
As for CARTGYV, it is preferable to choose a small value for D;. We recommend taking
D;j=2forany j=1,...,J.

e The penalty function pen.
By default no penalty function is used, i.e. pen(d;) = 1. Nonetheless, a penalty
function may be used if the sizes of the groups vary greatly (see Section 3.2.5). Note
that if D; and mvar; is quite similar in all groups or if all groups have approximately
the same size, there is no need to use a penalty function.

e The minimum node size nodesize.
The default value is nodesize = 1 in classification and nodesize = 5 in regression.

84



e The number a, of observations in each bootstrap sample.
By default a,, = n and observations are drawn with replacement. Nonetheless, other
resampling strategies can be used such as subsampling with or without replacement.
The effect of the resampling scheme is investigating by Strobl et al. (2007).

In practice, the best values for these parameters will depend on the data.

We recommend taking the same D; = D and mvar; = mvar for any j = 1,...,J. It is
generally a good choice and it allows to reduce the number of parameters that need to be
tuned.

Overall, only the parameters mgrp, mvar; need to be tuned. The others can be set to their
default value.

As noticed by Biau & Scornet (2016), in RFGV, parameters are easy to tune. No inde-
pendent validation set is required. Since each tree is built using a bootstrap sample from
the original data D,,, the prediction error of each tree can be estimated internally by using
the observations that do not belong to the bootstrap sample (these observations define a
sample called the out-of-bag (OOB) sample, see the following section). In this way, parame-
ters are adjusted by simply testing several values and selecting the ones which minimize the
prediction error of the forest.

3.3.3 Permutation-based group importance measure

Unlike individual decision trees, interpretation of a RFGV random forest is not straightfor-
ward. Therefore, quantifying the importance of each predictor group is a solution to improve
interpretation of RFGV random forests. To this end, RFGV uses the measure of group im-
portance introduced by Gregorutti et al. (2015). This score is a natural extension of the
permutation importance score proposed by (Breiman, 2001). Originally, Gregorutti et al.
(2015) introduced it to evaluate the prediction accuracy of each group of variables based on
Breman’s RF. Here, we proposed to compute this measure of group importance based on
RGFYV forests. We now recall how to calculate the importance of a group of variables with
this score.

For any b = 1,...,ntree, consider the b-th bootstrap sample D° and let D’ denote the
associated OOB sample which contains the observations in D, not included in the b-th
bootstrap sample D, that is D% = D, \ D’. For any j = 1,...,J, let D% be the permuted
b-th OOB samples obtained by jointly permuted all the inputs in the j-th group, at random.
The measure of importance of the group X/ is then given by

' eres 1 ntree B o
Lo (X7 AT"}17) = —— > R(T". D))~ R(T". D)), (3.8)
b=1
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where R(T?,D?) and R(T®, D) are the prediction error of the tree T? based respectively
on D and D¥. (The definition of the prediction error of a tree is given in Section 3.2.3).
The measure Z, (X7, {T°}557°°) is then equals to the increase of the prediction error after
breaking the link between the group X’ and the response variable Y. If randomly per-
muting values of the j-th group results in a strong increase of the prediction error then
Tige(X7 | {T"}3*°) is high and group j is considered as relevant to predict the response
variable Y. Conversely, if permuting values of the j-th group does not affect the prediction
error then Zg (X7, {T"}3*°) is close to zero and group j is not considered as important.

As proposed by Gregorutti et al. (2015), this score can be rescaled:

T (X0 (TP} = - T (X7, {TV)57). (39)
j
This rescaled version allows to take into account group sizes when comparing the importance
of groups of different sizes. If two groups have equal importance, then the rescaled version will
favor the smallest group. The normalized importance is useful when one wants to perform
group variable selection and wants to obtain a sparser set of predictors. The rescaled score
of importance is investigated through numerical experiments in the following section.

3.4 Numerical experiments

This section is devoted to the assessment of the performances of RFGV and CARTGV.
The two proposed methods are exhaustively benchmarked and compared to CART and RF
through several synthetic models in classification. CART and RF are respectively imple-
mented with the R packages rpart and randomForests. Performances of the measures of

group importance, namely the permuation-based group importance measure for RFGV and
the scores GRI and GSI for CARTGV, are also investigated.

3.4.1 Description of the datasets

We use 4 models of classification problems involving different group structures. For each
model, several experiments are considered. Model 1 is the model used to illustrate CARTGV
(see Section 3.2.5). Models 2-4 are inspired from Biau et al. (2016) and Biau et al. (2018).

In Model 1, the group structure is mainly used to "control" the correlation between the
input variables whereas in Models 2-4 the relationship between the response variable and
the inputs is genuinely defined based on the group structure. For Models 2-4, we consider
several shapes for the relationship between the variables belonging to a same group. Indeed,
in Model 4, the relationship between inputs belonging to a same relevant group is additive,
while Models 2 and 3, the relationship between inputs belonging to a same relevant group
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includes some interactions. Moreover, note that each model is defined (i.e. choice of the val-
ues for the coefficients and the thresholds), so that the distribution of the response variable
Y is balanced.

In each model, we consider the following design: Y is the response variable and X € R is the
vector of inputs structured into J groups, that is X = (X1,...,X7). Forany j=1,...,J,
the vector XV = (X7{,..., X flj) denotes the group j which includes d; variables. We let B(r),

U([a, b]?) and U([a, b]?) respectively refer to the standard notation of the Bernouilli distribu-

tion of paramteter 7, the Uniform distribution over [a,b]? and the normal distribution with

mean 4 and variance o2.

Model 1. n =600, Y =2B(0.5) — 1,

X] ~N(z,1) forany j=1,...,Jand any £ = 1,...,d;,

where z; is the realization of the random variable Z; defined conditionally to the value of

U ~U([0,1]):

L(Z;|Y =y, U=u)=4 N (y5%1) ifu>0.7andj=4,5,6,
N(0,1) otherwise.

Forany j=1,...,Jandany (,/'=1,...,J,

Cov (Xj,Xj,,> _ 0.81=¢l"if j = 4/ (within-group correlation),
et 0 otherwise.

The four experiments introduced in section 3.2.5 are used to assess the sensitivity to the
number of noisy groups/variables.

e Experiment 1: (easy case)

- J =12
—dj=10forany j=1,...,12.

e Experiment 2: (many noisy groups)

— J = 56,
—dj =10 for any j =1,...,56 .

e Experiment 3: (a large noisy group*)

— J=13,
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Jwo =112
7] 100 ifj =13 '

e Experiment 4: (a large noisy group* and inclusion of 10 noisy variables in the most
relevant group*)

— J =13,
20 if j =3,
—d; ={ 100 if j =13,

10  otherwise.

(%) notisy variables are independent standard Gaussian variables.

Model 2. n = 1000, Y = ]]-{Hl(Xl,XQ)ZQ.E)} with
Hy (X!, X?) = Slxixisxixt T 2hxexzsx2x2,

J=10and d; =5 for any j =1,...,10.

Three experiments are considered by varying the correlation within and between groups.

e Experiment 1: (independent case)
X follows the standard multivariate Gaussian distribution.

e Experiment 2: (within-group correlation)
X is a Gaussian vector with zero mean and

Z_Z/ . L
Cov (x7,x7) = 0.5 i j =,
et 0 otherwise,

forany j=1,....,Jandany £, ¢'=1,...,J.

e Experiment 3: (within-group and between-group correlation)
X is a Gaussian vector with zero mean and

Cov (X7, X}) = 0.5,
forany 0,0 =1,...,d.

MOdel 3. n = 10007 Y = ]]‘{HQ(Xl,X2)Zl.5} + N(0,05) Wlth
HQ(le XZ) - 2]12exp(—|X11X21|)X§—sin(XiX51)>O.55 + ]12exp(—|X§X§|)X§—sin(X§X52)>o.55

and X ~ U([0,1]%).
Three experiments are considered by varying the size or the number of groups.
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e Experiment 1: (large groups)

- J=5,

— dj =50 forany j=1,...,5.
e Experiment 2: (many groups)

~ J =50,

—dj=>5forany j=1,...,50.
e Experiment 3: (large noisy groups)

- J =5,

5 ifj=1,2
—dj = o
50 ifj=3,...,5.

Model 4. n = 1000, Y = ]1{H3(X17X2)22.5} + N(0,05), with

H3(X!, X?) = 3Ly xisxiexiext +20x2y x2o x24 x21 x2-
Two experiments are considered by varying both the size of the groups and the correlation.
e Experiment 1: (easy case)
— J =10,
— d;j =10 for any j = 1,...,10,
— X follows the standard multivariate Gaussian distribution (no correlation).

e Experiment 2: (large noisy groups and within-group correlation)

— J =10,

5 ifj=1,2,
—d; = - :
50 ifj=3,...,10,

— X is a Gaussian vector with zero mean and

CW<XJX%>: 0.5/ if j =5,
S 0 otherwise,

forany j=1,...,Jandany £,0'=1,...,J.
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Each data set is randomly divided into a training sample D,,, a validation sample V,, and a
test sample 7, of equal size.

In CARTGYV, the training sample D,, is used to build a maximal tree. Next, the validation
sample V,, is used both to select the tuning parameters (i.e. the maximal depth of the
splitting trees D; and the penalty function pen) and to prune the maximal tree. The selection
of the tuning parameters is described more precisely in section 3.2.5.

In CART, the maximal tree is first built on the training set D,, and then pruned by using the
minimal cost-complexity pruning algorithm and the validation set V,, (a detailed description
of this pruning strategy is introduced in Section 3.2.3).

In RFGV and RF, the training sample D, is used to fit the model while the validation sample
V, is used to select the following tuning parameters of the algorithms:

e the number of variables randomly sampled as candidates at each split for the trees in
the RF forests (parameter mtry in randomForest),

e the number of group randomly sampled as candidates at each split for the trees in the
RFGYV forests (parameter mgrp, see section 3.3.2),

e the number of inputs in group j randomly sampled as candidates at each step for the
splitting trees based on group j in the trees of the RFGV forests (parameter mvar;,
see section 3.3.2).

For each method the tuning parameters are selected by minimizing the misclassification error
computed on the validation set. For RF, we consider four values for the tuning parameter
mtry (1, |vd], |d/3], d). For RFGV, we consider four values for the tuning parameter
mgroup (1, [V/J], | J/3], J) and four values for the tuning parameter mvar; (1, | /d;], |d;/3],
d;). In RF and RFGV, the number of trees ntree is set to its defaults value ntree = 500.
Moreover, in RFGV, the penalty function pen and the maximal depth of the splitting trees
D; are fixed: D; =2 and pen(d;) = 1.

Finally, the test sample 7, is used to measure the predictive performances of each method.
For reasons of computing time, all results are averaged over 50 independent replications.

3.4.2 Performances of the methods

The methods are assessed and compared in terms of prediction accuracy. This criterion is
measured for each predictor by the area under the curve (AUC) and the misclassification
rate (Error) on the test set 7,. Table 3.7 and Figures 3.9-3.12 display AUC and misclassi-
fication rates for all experiments. Table 3.7 provides the mean and standard deviation for
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each criterion.
First of all, in all experiments, RFGV outperforms CARTGV.

Furthermore, for experiments in Model 1 in which the group structure mainly lies in the
correlation between the input variables, it seems that RF outperforms all the other meth-
ods. Specifically, in all experiments using Model 1, RF and CART respectively have slightly
higher performances than RFGV and CARTGYV respectively.

On the contrary, for Models 2-4 in which the relationship between the response variable
and the inputs is defined through the group structure of the inputs, RFGV generally out-
performs all the other methods, and CARTGV often shows better performances than CART.

In Model 2, three experiments are considered by varying the correlation between the input
variables. In these three experiments, RFGV significantly outperforms all the other meth-
ods. Moreover, when there is no correlation (i.e. in experiment 1), CARTGV shows better
performances than RF. Note that when inputs are correlated (see experiment 2 and 3 in
Model 1), all methods perform better in terms of AUC and misclassification rate.

Next, Model 3 is used to highlight the performances of the methods when the number or the
size of the groups vary. In the first experiment, there are few groups of inputs (J = 5) which
contains lots of noisy variables (d; = 50, for any j = 1,...,5). In this situation, RF and
RFGV have similar performances, like CARTGV with CART. In the two other scenarios,
when there are lots of small groups or large noisy groups, RFGV outperforms all the other
methods and CARTGV has better performances than CART.

Finally, the two experiments in Model 4 support the results obtained with Model 3, that is
RFGYV outperforms all the other methods and CARTGYV outperforms CART when the noisy
groups are large.

In conclusion, it seems that a RFGV forest has generally better predictive performances
than a single CARTGYV tree. Moreover, when information lies in the group structure (such as
experiments in Model 2-4), REFGV and CARTGYV seems more adapted to elaborate prediction
rules than RF and CART. Otherwise, when the group structure is only used to control
the correlation between the inputs (as for instance Model 1) RFGV and RF (respectively
CARTGYV and CART) have similar performances.
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| RFGV

RF

CARTGV

CART

Model 1, Exp.1
AUC
Error
Model 1, Exp.2
AUC
Error
Model 1, Exp.3
AUC
Error
Model 1, Exp.4
AUC

Error

0.787 (0.041)
0.295 (0.039)

0.770 (0.033)
0.301 (0.032)

0.809 (0.032)
0.254 (0.029)

0.810 (0.033)
0.262 (0.033)

0.801 (0.033)
0.268 (0.035)

0.787 (0.033)
0.282 (0.033)

0.809 (0.033)

0.268 (0.036)

0.810 (0.03)
0.267 (0.03)

0.646 (0.044)
0.366 (0.039)

0.657 (0.053)
0.359 (0.04)

0.66 (0.044)
0.353 (0.04)

0.636 (0.052)
0.376 (0.042)

0.662 (0.043)
0.355 (0.036)

0.66 (0.045)
0.355 (0.041)

0.67 (0.039)
0.347 (0.036)

0.666 (0.043)
0.349 (0.034)

Model 2, Exp.1
AUC
Error
Model 2, Exp.2
AUC
Error
Model 2, Exp.3
AUC

Error

0.896 (0.026)
0.193 (0.024)

0.936 (0.022)
0.15 (0.033)

0.926 (0.029)
0.172 (0.043)

0.629 (0.077)
0.404 (0.061)

0.851 (0.043)
0.236 (0.041)

0.847 (0.046)
0.241 (0.039)

0.694 (0.09)
0.316 (0.084)

0.781 (0.042)
0.245 (0.044)

0.786 (0.048)
0.245 (0.053)

0.566 (0.091)
0.444 (0.077)

0.727 (0.055)
0.312 (0.06)

0.728 (0.058)
0.306 (0.063)

Model 3, Exp.1
AUC
Error
Model 3, Exp.2
AUC
Error
Model 3, Exp.3
AUC

Error

0.867 (0.029)
0.202 (0.02)

0.884 (0.017)
0.186 (0.015)

0.898 (0.019)
0.183 (0.02)

0.868 (0.024)
0.195 (0.022)

0.871 (0.02)
0.19 (0.018)

0.868 (0.021)
0.195 (0.021)

0.816 (0.035)
0.206 (0.024)

0.834 (0.031)
0.2 (0.025)

0.828 (0.032)
0.206 (0.026)

0.815 (0.028)
0.208 (0.027)

0.823 (0.028)
0.206 (0.023)

0.808 (0.026)
0.218 (0.03)

Model 4, Exp.1
AUC
Error
Model 4, Exp.2
AUC

Error

0.857 (0.013)
0.214 (0.02)

0.858 (0.027)
0.212 (0.032)

0.848 (0.023)
0.227 (0.026)

0.821 (0.029)
0.251 (0.03)

0.709 (0.034)
0.309 (0.029)

0.728 (0.034)
0.303 (0.031)

0.701 (0.028)
0.316 (0.028)

0.708 (0.037)
0.319 (0.036)

Table 3.7: Performances of RFGV, RF, CARTGV and CART. For each criterion, the mean
value is given following by the value of the standard deviation in brackets.
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3.4.3 Assessment of the measures of group importance

This subsection investigates the performances of the permutation-based group importance
measure in RFGV and the scores GRI and GSI in CARTGV. For purpose of comparison, the
group permutation importance measure is also calculated with RF as originally proposed by
Gregorutti et al. (2015)).

Figure 3.13 displays the distribution of the group importance for each score in experiments
1 and 3 in Model 1 and experiment 1 in Model 2. We only show the permutation-based
importance for RFGV since results are identical to the permutation-based importance com-
puted with RF. Also, for the scores GRI and GSI, we only display the distribution of GSI
since the two scores give the same results. Note that, as the importance scores are defined
differently, they can only be compared in terms of variable ranking.
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Overall, all importance measures well identify and correctly rank the true relevant groups.
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Figure 3.13: Distribution of the group importance for the permutation-based importance in

RFGV (left) and the GSI in CARTGV (right).

Remark 3.4.1. In experiment 1 in model 2, we observe that all scores only identify the first
relevant group and the importance of the second score is similar to the one of the noisy group.
This is due to the model definition. Specifically, we use the value 2.5 for the threshold in
the equation Y = lyg, (x1 x2)>25). Consequently, according to the definition of the function
H,, that we recall is Hi (X', X?) = 3lxixisxixt + 2Lyexzsxzxz, the value of the response
Y is merely defined based on the values of the variables belonging to the first group. The
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importance is not displayed for the other experiments since results are similar than those
observed in experiment 1 in Model 2

3.5 Conclusion

In this paper, we have proposed two new methods for estimating prediction rules with
grouped inputs.

The first method, which we called CARTGV, can be considered as an adaptation of CART
to the context of predictor groups. The method builds a large decision tree by means of a
recursive partitioning of the input space. Unlike CART, a split is not necessarily binary and
is defined according to a binary tree based on a group of inputs. Once fully grown, the tree
is pruned by using a generalization of the minimal cost-complexity pruning. The validity of
this pruning technique in the context of non-binary trees has been then demonstrated and
a detailed explanation of the pruning method has been provided.

Next, we have introduced RFGV, an original random forests method for groups of inputs.
The method consists in aggregating a large number of random trees. Each tree is built with
respect to a variant of CARTGYV that performs resampling of both groups and inputs.

Thanks to their non-parametric nature, these two approaches offer a much wider applicability
than the popular regularized methods used in the context of predictor groups (Yuan & Lin,
2006; Meier et al., 2008). Moreover, in parallel CARTGV and RFGV provide automatically
some measures of importance for each predictor group and can be then used to identify
relevant groups.

Through extensive simulation studies, we have shown that, in the context of grouped vari-
ables, CARTGV and RFGYV are very attractive techniques both to estimate prediction rules
and to perform group variable selection.

3.6 Appendices

3.6.1 Proof of the positivity of the decrease in impurity in the con-
text of non-binary splits

First, let us introduce some notations and definitions. Consider a node t. If Y is a class
label such that Y = {1,..., K} and K > 2, then for any k =1,..., K,

A —1} :
Pkt = 1y ]lyz:k

x; €L
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denotes the empirical probability that an observation in ¢ belongs to the class k. We define
the impurity Q(¢) of ¢ by
Q(t) = ¢(p1,ta s 7pK,t) (310)

where ¢ is a strictly concave function defined on (p14,...,pr:) and that satisfies the prop-
erties:

(i) ¢ becomes minimum at points (1,0,...,0),...,(0,...,0,1),
(ii) ¢ becomes maximum at points (1/K,...,1/k),
(iil) ¢ is symmetric with regard to its arguments py, ..., pk.

Proposition 3.6.1. For every node t and every split of t into L > 2 child nodes, which are
denoted by t1,...,tr, the decrease in impurity defined as

AQ() = ntQ Zntl

18 positive, i.e.

AQ(#) > 0.

Proof . A detailed proof of this result is given for the classification setting. As it is similar
in the regression setting, we only give the sketch of the proof.

Consider the classification problem with K > 2 classes. The decrease in impurity can be
written with respect to ¢ (3.10)

~AQ() = Q) - Y

=1

S

tlQ

t

3

L
Ty
= ¢(p1,t7"'7pKt n—l¢ pl,tl,‘w;pK,tl)-
t
=1

Since ¢ i

- - €]0;1], for all i =1,..., L, we have:

L L L
ny, ny, ny,
¢ — Dl ) — DK —OP14y, - -+ PEY,)s
n ny g

=1 't =1 =1

with Zle %pk,tz = prt, k=1,..., K, (by using the total law Theorem).
So, we have:

L
Uz
¢)(p1,t> cee 7pK,t) Z Z _l(rb(pl,tla s apK,tl)

o
=
v
M=
|
O
=



So
AQ(t) > 0,

with equality holding if, and only if, py; = piy, forall k =1,..., K and all [ =1,...,L.
Thus, the result is true in classification setting.
In regression setting, the impurity Q(¢) of a node ¢ is generally defined by using the mean

squared error
1

Q(t) = - Z (Y — Y,)*.
i et
The result is directly obtained by using the Jensen Inequality. |

3.6.2 Time complexity of the CARTGYV algorithm

Let consider a node t that include n; observations. The input vector X is structured into J
known groups. Let X7 the j-th group which includes variables.

The split of the node ¢ is based on this two step:

(1) Choice of a split for each group: the complexity of building a CART tree based on
the variables belonging X7 is O (d;jn,D;) with D; denoting the maximal depth of the
CART tree. See Witten et al. (2016, chapter 6), for a detailed calculation of CART

time complexity. As a tree is built for each group, the complexity becomes O (dn;D),

with D = max D;.
jel,nJ

(2) Choice of the splitting group: the complexity for computing the decrease in im-
purity resulting from the split based on X7 is O (n;). It is repeated on each group
and the algorithm then selects the group maximizing the decrease in impurity. So, the
complexity of this step is then O (Jn;) + O (1)

Consequently, the maximal time complexity of the CARTGV algorithm at a node ¢ is in the
worst case O (dn D) + O (Jny) + O (1) = O (dny D) with D = max D;.

jel,..J

3.6.3 Generalization of the minimal cost-compexity pruning for CARTGV
trees

Some notations and properties:
First, let us recall some notations. Consider a non trivial tree T' with root ¢;.
- T is the set of leaves of T and |T| refers to the cardinality of T.
- If t is a non-terminal node of T, then ¢ refers to the set of child nodes of ¢t with

cardinality |Z].
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- T, denotes the branch of T' coming from ¢, that is the subtree of T with root ¢.

- A tree T' is a pruned subtree of T, if T" is a subtree of T having the same root as 7.
We write 7" < T

- Take t a non-terminal node of a tree 7. Then, the pruned tree of T" obtained by
pruning 7" in ¢ is the pruned tree of T" where ¢t becomes a leaf and all descendants of ¢
are removed. It is denoted by T'\ T;. Figure 3.14 illustrates this notion.

()
@é © O O &
©O OO W D © W W

Figure 3.14: The tree T' (left) displayed in Figure 3.1 and the tree T\ T}, (right) obtained
by pruning the tree T in the node t,.

Let R(t,D,) define the prediction error of the node ¢ on the training samples D,,. For the
sake of convenience, we write R(t) instead of R(t,D,,). In regression, R(t) is the mean square
error

n i:(Xi,}/z‘)Et
where we recall that n is the size of D,, and g, is the prediction value in the node t. In
classification, R(t) is the empirical misclassification rate

R(t) = % D P
(X, Yi)et
The prediction error verifies the following property.
Lemma 3.6.1. For any split of t into the set t of leaves,
R(t) =) R(t).
t'et

The proof is given by Breiman et al. (1984, see chapter 4).

Let consider the prediction error R(7') of a tree T', that we define in Section 3.2.3. R(T)
can be also written as the sum, over all terminal node of T', of the prediction error:

R(T) = D R(t).

teT
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Similarly for R,(t) = R(t) + «, it follows

Ra(T) = > Ralt).

teT

If T is a non trivial tree and ¢ is a node of T', then the cost complexity measure R,(7}) of
the branch T; is

Ro(Ty) = R(T,) + a|T|

= ZRa(t)7

teft
where ﬁ is the set of terminal node of the branch T;.

Let consider £, the set of child nodes of the root ¢, of . The branch T}, with t € £, is called
a primary branch of 7" and we have

Ra(T) = > Ral(T)). (3.11)

tEE()

Explanation of the generalization of the cost-minimal complexity pruning and
proof of its validity:

Consider a large CARTGV tree T that we want to prune by using the minimal cost-
complexity pruning. As explained in Section 3.2.3, the minimal cost-complexity pruning
consists in constructing a sequence of pruned subtrees of T' that contains, for any «, the
subtree T'(a) minimizing R, (3.5). Since the exhaustive search of T'(«), for any value of «,
through the whole set of pruned subtree of T' is computationally expensive. Breiman et al.
(1984) proposed using a very effective and computationally inexpensive algorithm to solve
the pruning problem. Originally, this method was proposed to pruned binary trees. We are
now going to explain and to prove the validity of the pruning algorithm in the more general
framework of non-binary decisions trees. We call this extension the generalized minimal
cost-complexity pruning.

First of all, let us formally define T'(«).

Definition 3.6.1. Let T' be a tree (not necessarily binary) and consider the cost complexity
measure Ry (3.5). For any o € RT, the smallest a-optimally subtree of T denoted by T'(c)
is the pruned subtree of T that fulfills the following conditions:

(i) Ra(T(@)) = minRa(T"),

T'T
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(ii) if Ro(T()) = Ro(T"), for T" X T, then T(a) <X T".

The first condition means that, at the value «, there is no subtree of 7" with smaller
complexity-cost than T'(a)). The second condition implies that if several trees reach this
minimum, the smallest tree is preferred.

As the set of pruned subtrees of T},.. is finite, the first condition is always satisfied by at
least one pruned subtree of T,,.,. Nonetheless, the second condition implies the uniqueness
of the smallest a-optimally subtree 7'(«) and calls into question the existence of T'(«) (i.e.
suppose that there are two subtrees T and 7" that satisfied the first condition but neither
are nested in the other). Thus, existence of T'(«) for every value of o can be questionable
and is investigated below.

Now, the proof of the validity of the generalized minimal cost-complexity algorithm is orga-
nized as follows.

1. We first prove the existence of T'(«) for any o € Rt and any tree non-binary 7.

2. The definition T'(«) is refined.

3. We demonstrate some properties of T'(«) that enable to circumvent the exhaustive
search for T'(«) in the whole set of pruned subtrees of T

4. The elaboration of the sequence of optimal subtrees is described step by step.

First, the following lemma shows existence of the smallest a-optimally subtree T'(«) for any
non-binary tree T' and any o € R*.

Lemma 3.6.2. For any o € R" and any tree T with root t, and that is non-necessarily
binary, the smallest a-optimally subtree T (o) of T' exists. Moreover, it satisfies

Ro(T(e)) = min |Ra(t1), > Ra(T(e))]| . (3.12)

tEt~1

Proof . This result is proved by induction. When T'is trivial that is T = {¢; } (or equivalently
the depth of T equals 1), T'(«) = {t1} and Ro(T(«)) = Ra(t1). Then, the result is true.
Now, suppose that the result is true for all trees of depth less than p > 2. Let T be a tree
of depth p and with root ¢;. T can be written as:

T={t} UT,.
tety
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Then, we can write

minR,(7') = min |R4(t1), min R, (T")
T'<T T'=T
T'#{t1}

= min |R,(t1), min Ra(T})| according to (3.11)
TI#Etl} t€t~1

= min 'R,a(tl), min RQ(T”>

T <T;

tety

Now, consider the primary branches of 7' which are denoted T} for all ¢ € #,. Observe that
any primary branch 7; is a tree of depth less than p. Then, according to the induction
hypothesis, the smallest a-optimally subtree T;(«) of T; exists for any «, and by definition
it satisfies

Reo (Ti(a)) = min R, (T").

TV <T,

Consequently, we can write

;r/l;r%Ra(T') = min Ra(tl),z Ro (Ti())
tety

It follows that.

- If minRo(T") = Ra(t1), then T(a) exists: T'(a) = {to}.

T'=T
- Otherwise, we have %I/liI%Ra(T,) = D ei, Ra(Ti(a)) and T(a) also exists: T(a) =
{to} U Ty(a). )
tEty

Consequently, the result is valid by mathematical induction.

Lemma 3.6.2 ensures that, for any «, it cannot occur that two trees achieve the minimum
for R,, but neither is a subtree of the other. The following result refines the definition of 7'(«v).

Lemma 3.6.3. For each o € R™ and any tree T with root t; and that is non-necessarily
binary, the two conditions are satisfied:

(i) if Ra(Ty) < Ralt), for allt € T\ T, then Ro(T) = Ra(T(c)),
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(ii) if Ra(T}) < Ra(t), for allt € T\ T, then T = T(«).

Proof . We first demonstrate statement (i) by mathematical induction. When 7 is trivial
that is T'= {t1}, it is obvious: for each «, T'(«) = {t1} and Ro(T(a)) = Ra(t1).
Now, suppose that the result is true for all trees of depth less than p > 2. Let T be a tree
of depth p and with root ¢,

teh

and we assume that _
Ro(Ty) < Ru(t), forallteT\T. (3.13)

We can easily notice that the condition defined by the equation (3.13) is also satisfied by all
the primary branches T}, with t € ¢y. Indeed, we have

Ra(Tiw) < Ra(t), forallt' € T, \ T},

where T}/ is the branch of 7, coming from ¢’ and ﬁ is the set of leaves of the primary branch
T;. Then, by using the induction hypothesis, for all branches T}, we have

Ra(Th) = Ra(Ti(a)), (3.14)

where we recall that T} («) denotes the smallest a-optimally subtree of T;. Therefore, follow-
ing equation (3.11), we can write

RQ<T> = Z Ra(Tt>a

and by equation (3.14),
RolT) = 3" Ra(Ti(a)) (315)

t€£1

Now, by using Lemma 3.6.2, for any « we have

T(a) = {toy, or T() = {to} U Ty(a),

tcto

and the condition defined by equation (3.13) implies that

Ralt1) > ZRa(Tt(Oc))-

It follows:

- if Ra(ti) = X oiei, Ra(Ti(@)), then T(a) = {to} and Ro(T) = Ra(T(a)) (by using
equation (3.15)),
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- otherwise Ra(t1) > > 7, Ra(Ti(a)), so T'(a) = {to} U Ti(a) and Ro(T) = Ra(T(a))
tcto
(by using equation (3.15)).
So condition (i) is proved.
(i)
For the second statement of the lemma, the result is also obvious when T is trivial. Suppose
that the result is true for all trees of depth less than p > 2. Let T be a tree of depth p and

with root ¢,
T == {tl} U~ Tt-

tety

and we assume that B
Rao(Ti) < Ru(t), forallte T \T. (3.16)

The condition defined by equation (3.16) is also satisfied by all the primary branches T,
with ¢ € to. Indeed, we have

Ra(Tiv) < Ra(t), forallt' € T, \ T;.
Then, by using the induction hypothesis, for all branches T; it follows that
Ti(a) = T;. (3.17)
Now, according to Lemma 3.6.2 we have

T(a) = {to}, o T(a) = {to} U Tifa)

teto

But the condition defined by equation (3.16) implies

T(a) = {to} U Ti(a).

teto

Therefore, it follows that:
T(a) = {to} U Ti(a)
teto
= {t:} U T} wusing (3.17)
tety
=T.
Thus the second point is true. |

Lemma 3.6.2 and Lemma 3.6.3 ensure that for any @ € R™ and any maximal tree T' (not
necessarily binary) T'(«) exists. Moreover by using Lemma 3.6.3 T'(«) can be defined as:

T(a) = {t €T : Ru(T,) < Rals), for all non-terminal node s € T\ T such as t € Ts} .
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Furthermore, let notice that, even if o can take any value in R™, the sequence of optimal
subtrees Thax () is finite (that is because the set of pruned subtrees of Tp... is finite).
Consider a value of a and the optimal subtree T'(«r). When « increases, T'(a) continues to
be the smallest optimally subtree of T" until reaching a certain value denoted by «'. At this
jump value, another subtree becomes the smallest optimal subtree: T'(a/) # T'(«). Similarly,
when « increases with o > o', Tiax (@) continues to be the smallest optimally of T}, until
reaching another value o > o/.

So the idea of the minimal cost-pruning algorithm is to make « increase and record each
jump value v and each associated optimal subtree 7T'(«v).

Nevertheless, for any value of «a, seeking for T'(a) through the whole set of pruned subtrees
of T is computationally expensive. The following result enables to solve this problem.

Lemma 3.6.4. Let consider a decision tree T with root t1 that is non-necessarily binary and
a and o two positive real numbers.

(i) If a<d, then T(a) = T();
(i) If T(a) T 2T, then T(a) =T (av) .

Proof . We first demonstrate statement (i). If 7" is trivial T = {¢;}, then {t1} = T'(a) =
T(a’). So the result is obvious.
Suppose that the result is true for all trees of depth less than p > 2. Let T be a tree of depth
p and with root t;:

T={t} UT,

tety

and consider two reals o and o' such as a < o'. Following Lemma 3.6.2 we have either
T(2) = {to} or T(a) = {} U T(a)
0
First, consider the case where T'(a) = {to}, i.e.

Ra(to) <) Ra(Ti(a)).

tety
According to the induction hypothesis, for any primary branch T} with ¢ € ,, we have
Ti(a) = Ty(a)
and we can write,

R(Ty(e) + a|Ty(a)] < R(T()) + o|Ti(o)] < R(Ti()) + o' |Tu(a)]
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Ro(Ty(a)) < Ro(Ty(a')) < Rar(Ty(ar)).
Consequently,

Ro(t1) <) Ra(Ty(a)) £ ) Ra(T(a)),

t€t~0 tEE()

So by Lemma 3.6.2, it follows that

T(o/) = {to}
Therefore, since by using Lemma 3.6.2 we have

T(o) = {to}, or T(a) = {te} U Ty(d),

tcto

and it follows that
T(a) = T(d).

Now, consider the case where T'(a) = {t1} U Ti(«). According to Lemma 3.6.2, we have
teto

T(a) = {to}, or T(a') = {to} teUfoi’}(O/)-

Moreover, according to the induction hypothesis on any primary branch 7, with ¢ € £,, we
have
Ty(a) = Ty(a'),

it follows
T(a) = {1} U Ti(a) = {to} U Ti(a') = {to}.
tety tety

So,
T(a) = T(d).

Now, consider statement (ii). Since T(a) <T" < T, we have:
{Tl/ . Tl/ j T/} g {T//l : TII/ j T}
Then,
min R, (7") > min R, (T")
T//jT/ T///jT
Ro(T'(@)) = Ra(T(a)),
where T"(«) is the a-optimally subtree 7”. Now, since T'(«) < 1", we have:

R.(T(a)) > min R, (T")

/=T’

Ro(T(a)) > Ruo(T'().
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Consequently,

Ro(T'(@)) = Ro(T(a)).
Now, by using the definition of T'(«), we have that T'(«) is
minimizes R,. Then, as T"(«) is also a subtree of T, T'(«

is the smallest subtree of T' that
) = T, we can write

T(a) =X T'(a).

Similarly, 7"(«) is, by definition, the smallest subtree of 7" that minimizes R,, and T'(a) < 71",
SO
T'(a) = T(a).

Thus, it follows that
T'(a) = T(a).

Lemma 3.6.4 highlights a key element of the minimal cost-complexity algorithm: the sequence
of smallest optimal subtrees of T"is embedded. This property enables avoiding the exhaustive
search of T'(«v) among the whole set of pruned subtrees of T'.

We are now going to explain how the minimal cost-complexity algorithm works. First of all,
let « take the value a; = 0, set Ti,.x = Ty and search through the set of pruned subtrees of
To the smallest ag-optimally subtree Ty(aq). It verifies:

R(To(()q» = R(To)

Since according to Lemma 3.6.1, any split of ¢ satisfies the condition

R(t) > > R()

t'et
To(ap) is obtained by pruning off all the branches T, of Tj such that
R(t) — R(T07t>,

where ¢ is a node of Tj. This means removing all the branches 7j; that do not reduce the
prediction error. Ty(ay) is denoted by 7 and

T, — {t €Ty R(Ty,) < R(s), for all s € Ty \ Ty such as t € Tovs} .
T; is the first subtree of the sequence of optimal subtrees of T,..

If 7' = {t:} (ie. T3 is trivial), then the extraction of the sequence of optimal subtrees is
completed and the sequence is simply

Trnax = TO - Tl = {tl}
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Otherwise, 77 # {t1} and let us find the second optimal subtree of the sequence. To this
end, for any non terminal node t of T, compute

R(t) — R(T1.)
The — 1

o(t) = , (3.18)

which corresponds to the value of o at which 77\ T ; becomes preferable than 77, that means
Ra(Tii) = Ralt).

Select the nodes that minimize g;(.) and denote by s the corresponding minimum value.
Observe that ay > oy = 0. The nodes which minimize ¢,(.) are called the weakest links.
They are the nodes that produce the smallest reduction in prediction error R. Then, Tj(az)
is obtained by pruning T} in the weakest links. T3 (ay) corresponds to the second tree of the
sequence of optimal subtrees and is denoted T5:

T, = {t €Ti: Ray(Ths) < Ray(s), for all s € Ty \Tl such as t € Tl,s} .

If T # {t1}, the same process is repeated on T and so on until the trivial tree is obtained.
More generally, for any k > 0, let denote T}, the k-th subtree of the sequence. To find the
(k 4+ 1)-th subtree Ty, of the sequence, compute,

RA(t) = R(Tht)

2 , 3.19
Tl = 1 (3.19)

gk(t) =

for any non terminal node ¢ of T},. Then select:

g1 = min gy(t).
teTi\ Ty

We have api1 > ap and Tk, is obtained by pruning 7} in the weakest links, that means
removing all the branches T}, of T}, that satisfies:

Rak+1 (Tkﬂf) = Rak+1 (t)

T}y1 is then defined by

Tii1 = {t €Ty Raypy(Ths) < Ray,(s), forall s € Tj, \ T, such as t € T;ﬁs} .

Qf41 (€7°RN ]

At the end of this process, we have a decreasing sequence sequence of optimal subtrees

T1-<T2-<...-<TK:{t1}
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and a increasing sequence of values for the parameter «

O=01 < ... < ag.

Furthermore, since T1(as) = T1 = To(aq) = Ty = Thax, it follows by statement (i) in Lemma
3.6.4 that
Tax(a2) 2T = To(ou) = To.

So by using statement (ii) in Lemma 3.6.4,
To(ag) = Ti () = Ts.
Then, by repeating for any k such as 1 < k < K, we have,
To(ag) = T—1 () = Ty.
Consequently, for any k£ with 1 < k < K,
Ty = To(ow) = Thax(),

where Ty () is the smallest ag-optimally subtree of Ty

Finally, for any k£ with 1 < k < K, let consider o« > ay,.. As « increases, a1 is by definition
the first jump value at which 7} is not optimal, i.e. Ty # Trp.1. As a consequence, if
a € [ag, apl;

Tmax (Oé) = Tk.

This last result ensures that the sequence of optimal subtrees contains all the information
in the sense that for each «, the smallest optimal subtree with respect to R, belongs to the
sequence.

The resolution of the pruning problem is then based on the following theorem.

Theorem 3.6.1. For any nontrivial tree T' non necessarily binary and with root ty, there
exist a unique Increasing sequence

0=y <...<ag, KeN~
and a unique sequence of nested subtrees of T
T=T »...=Tk={t1},
such that for 1 <k < K,

. R(H) —R(Th)
Qpr1 = min —=——=
teT\ T ‘Tkt’ — 1

9
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and
T(CY) _ Tk? Zf OAS [Oék,()ék+1[7 1 S E< K
Tx, if a>ak.

Then this theorem describes the principle of the minimal cost-pruning algorithm which con-
sists in extracting from the whole set of pruned subtrees of T,,.x a sequence of optimal
subtrees (T)1<k<x. Moreover as mentioned above, this sequence contains all the subtrees
of Tihax Optimal with respect to the penalized criterion R,.

Finally, the algorithm selects through the sequence (7T%)i<x<x the subtree that minimizes
the prediction error R(T,7,) on the validation sample 7,, that is
T = argmin R(Ty, Ty).
Ty, I<k<K
The final tree T3 is then the subtree that gives the best trade-off between prediction and
complexity.

The following section provides an illustration of the construction of the nested sequence of
optimal pruned subtrees in a simple example.

Illustration of the computation of the generalized minimal cost-complexity algo-
rithm:

We consider a simple binary classification problem. Figure 3.15 displays the maximal
CARTGYV tree Ty obtained after applying CARTGV on a balanced training sample of
200 observations. Here we describe the elaboration of the sequence of optimal pruned sub-
trees and the associated sequence of values for «.

100 100

Figure 3.15: A maximal CARTGYV tree T,.x. The two numbers indicated above each node
are the number of observations in each class.
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First of all, take ; = 0. Since all leaves are homogeneous, 77 = Ty (indeed merging nodes
would make the prediction error increase). So, the first optimal subtree of the sequence is
Tinax- Next, Table 3.8 gives the values of R(t), R(T},) and ¢(t), for any non-terminal node
of T1. The weakest links are the nodes ¢, and ¢; (i.e. they minimize g;). Thus, ag = 1/20
and T is obtained by removing ¢, and t; from 77, that is

T, =T \{T1:, UT\ 4}

T, is displayed in Figure 3.16.

te \Ty | R(t) R(Ti) it
t1 12 0 12
t 120 0  1/20
ty 1/4 0 1/4
t, 120 0  1/20

Table 3.8: Research of the weakest link in 7T7.

100 100

Figure 3.16: Tree T obtained by pruning 7} in ¢y and t7: Ty =11 \ {114, U T1 4.}

Next, we repeat the same process with 75. Table 3.9 gives the values of R(t), R(T%+)
and go(t), for any non-terminal node of 7. The weakest link is ¢;. So, az = 1/10 and

T3 = T2 \T27t1 = {tl}

teTy\ T R(t) R(To:) go(2)
t /2 1/10  2/25
ty /4 1/20 1/10

Table 3.9: Research of the weakest link in 75
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Since T3 = {t1}, the process is completed. The whole sequence of optimal subtree is
Thax =11 < Ty < T35 = {t1}.
and the corresponding increasing sequence for « is
ar=0< oy =1/20 < ag = 2/25.
The final tree is next selected in the sequence {Tax, T2, t1}.

3.6.4 CARTGYV: additional information about the numerical exper-
iments

This section provides additional results and figures about the simulation studies used to
assess performance of CARTGYV.

60 80
80

60

40
40

20

1" 1 L . I i I“I“
: i 5 -
7 3 4 5 6 7 8 9 10 11 12 13 T2 3 45 6 7 8 9 10 11 12 13

pen(d;) =1 Pen(dj) = (d;)!

& - S
o o

pen(d;) = (/d;)~! pen(d;) = (max{logd;, 1})~!

Figure 3.17: Distribution of the GRI score according to the penalty function in experiment
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Figure 3.19: Distribution of the GRI score according to the penalty in experiment 4.
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Figure 3.20: Distribution of the GSI score according to the penalty in experiment 4.

‘ ‘ Experiment 3 Experiment 4 ‘

AUC | 0.66 (0.04)
Err 0.35 (0.04)
Depth | 3 (1.27)
Leaves 6 (3.12)

0.67 (0.04)
0.35 (0.04)
3 (1.48)
6 (3.83)

Table 3.10: CART results in Experiments 3 and 4.
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Figure 3.21: CART group selection frequencies in experiment 3 (left) and experiment 4
(right). We recall that only the first six groups are relevant (in this order: 3, 6, 2, 4, 1, 3).
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Chapter 4

Statistical Analysis of a robust
hierarchical clustering algorithm

Abstract. In the clustering context, we consider a classical model in which clusters are
defined as the connected components of the level sets of the density of the observations.
Moreover, we assume that outliers, which are observations that do not belong to any clus-
ter, can be included. In this context, the goal is to identify accurately the clusters. To
that end, we propose a clustering algorithm which is based on the single linkage hierar-
chical clustering algorithm. We prove that, under classical assumptions on the model, the
proposed procedure identifies correctly each cluster with large probability. A comparison
of our method with classical clustering algorithms on simulated data is also presented.

This chapter introduces a work conducted in collaboration with Nicolas Klutchnikoff (Senior
lecturer at the University of Rennes 2) and Laurent Rouviére.
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4.1 Introduction

In unsupervised learning, clustering refers to a very broad set of tools which aim to find a
partition of the data into dissimilar groups so that the observations within each group are
quite similar to each other. Considered as one of the most important questions in unsuper-
vised learning, there is a vast literature on this paradigm (Hartigan, 1975; Jain & Dubes,
1988; Duda et al., 2012). Moreover, a lot of various clustering methods have been devel-
oped, such as the k-means algorithm (MacQueen, 1967), the hierarchical clustering methods
(Johnson, 1967), the spectral clustering algorithms (Von Luxburg, 2007) or the model-based
clustering approaches (McLachlan & Basford, 1988). Clustering plays an important role in
explanatory data analysis and has been used in many fields including pattern recognition
(Satish & Sekhar, 2006), image analysis (Filipovych et al., 2011), document retrieval, bioin-
formatics (Yamanishi et al., 2004; Zeng et al., 2012), data compression. Overall, clustering
tools are often used to help users understand the data structure. Furthermore, with the
massive increase in the amount of collected and stored data, clustering methods can also be
used as dimensionality reduction techniques (Yengo et al., 2014).

Here, we consider a model close to the classical framework of Hartigan (1975) who defines
clusters as the connected components of the level sets of the density of the observations.
Moreover, we assume that outliers, which are observations that do not belong to any cluster,
can be included. In this context, many authors have studied theoretical properties of various
clustering algorithms (Arias-Castro et al., 2011; Maier et al., 2009). For instance, Arias-
Castro (2011) proves that under assumptions about the cluster separability the hierarchical
clustering algorithm named single linkage is efficient when there is no outlier. To deal with
outliers, he also proposes to modify the single linkage algorithm and shown the efficiency
of this new method under quite restrictive assumptions about the distance between clusters
and outliers.

In this paper, we propose a modified version of the single linkage algorithm that can deal
with outliers under weaker assumptions than those assumed by Arias-Castro (2011). We
called this new method the robust single linkage algorithm. Then, under some classical
regularity and sparsity assumptions we obtain the rate of convergence for the clustering risk
of the proposed algorithm. Next, we assess the performances of this new approach through
simulation studies where the algorithm is compared to some classical clustering methods
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(single linkage, k-means, spectral clustering).

The paper is organized as follows. In Section 4.2, we first introduce the mathematical frame-
work, the model assumptions and we define the clustering risk for the proposed algorithm.
Section 4.3 describes the algorithms single linkage clustering and the robust single linkage. In
this section, a simple example is used to prove that with outliers the single linkage algorithm
often fails to recover the true clusters. Next, the consistency of the robust single linkage
algorithm is demonstrated under regularity and sparsity assumptions. Finally, Section 4.4 is
devoted to highlighting the performances of the proposed algorithms in comparison with the
single linkage algorithm, the k-means method and the spectral clustering through several
synthetic data sets. The various proofs are gathered at the end of the paper, in Section 4.5.

4.2 Mathematical framework

4.2.1 Generative model

In this section, our purpose is to construct a model that allows to consider a large range
of data. We mainly follow two goals: the data can locally lie in low-dimensional structure
and outliers can be included in the data. More precisely, we assume that we are given n
independent R%valued random variables X7, ..., X, randomly drawn from a distribution
P with support S C R? We also assume that P can be written as a mixture of M + 1
distribution Py, ..., P, in such a way:

M
P= z’:‘IP)() + (1 — 8) Z’YZP“

i=1

where 0 < e < 1, v >0 forany ¢ = 1,..., M and Zf\il v; = 1. In this decomposition,
Py denotes the distribution of the outliers whereas P; denotes the distribution of the data
that belong to the actual ¢-th cluster. In the following, we propose assumptions that allow
us to clearly distinguish between actual data and outliers on the one hand and between the
different clusters on the other hand. The main idea that guided our choices of assumptions is
the following: clusters consist of groups of data that are dense in some sense whereas outliers
are sparse.

4.2.2 Basic assumptions

We are given M subsets of S, namely S, ..., Sy and we denote by Sy the complement of
U,—y S into S. For i € [M] = [1,M] = [1,M] N Z, the set S; is called the actual
i-th cluster. We denote by & the minimal distance between actual clusters, that is: 6 =
min{||z —y|| : x € S;,y € S;,1 <i < j < M} where || - || denotes the Euclidean norm in R%.
We assume that:
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(P1) For any i € [0, M], we have P;(S;) = 1.
(G1) Each set S; is compact and connected. Moreover ¢ > 0.

Note that (P1) ensures that the distribution P; has its support included into S; while (G1)
guarantees that the actual clusters are disjoint and well-separated. This implies that the
model is identifiable since the decompostion of P is then unique. Moreover, the compactness
of each S; guarantees that its diameter A; = max{||z —y| : z € S;,y € S;] is finite. Here and
later, H® denotes the s-dimensional Hausdorff outer measure. For the convenience of the
reader, basic properties of Hausdorff measures are given in Section 4.6. For a more detailed
review of this topic, we refer the reader to Evans & Gariepy (2015). For i € [M], we denote
by s; = dimy(S;) the Hausdorff-dimension of S;. We assume that:

(P2) There exits kg > 1/H(Sy) such that, for any A C Sy, we have Po(A) < roHA(A).

(P3) There exists k; > H®(S;) such that, for any ¢ € [M] and A C S;, we have P;(A) >
Ky T H(A).

Since § > 0, there exists a ball with diameter less than § included in Sy. This implies in
particular that H%(Sy) is positive which also entails that the Hausdorff dimension of Sy is d.
Keeping this in mind, we can reformulate (P2) as follows: the distribution of the outliers,
namely Py, is assumed to be absolutely continuous with respect to the Lebesgue measure H?
with bounded Radon-Nikodym derivative. This implies that in some sense the distribution
of the outliers is not dense. On the opposite, (P3) ensures that P; is quite dense on each
actual cluster S;. Note in particular that PP; can be singular with respect to the Lebesgue
measure H?. In our mind these properties highlight the main difference between outliers
and actual data (that is, data that lie into actual clusters): actual data are distributed in
a dense way into their support whereas outliers are diffuse. The following assumption is
natural regarding (4.6.1) in Section 4.6:

(G2) There exists k. > 1 such that, for any i € [M], z € S; and 0 < r < A,

<

— (&3]

“;1 < H5(S; N B(z,r))
n(si)rsi

where B(z,r) stands for the euclidean ball centered at x with radius r and for any
s > 0 we define n(s) = 7*/?I'(1 4+ s/2). Here I stands for the usual gamma function
and 7(s) generalizes, to non-integer parameters s > 0, the volume of the unit ball in
dimension s.

Assumption (G2) can be viewed as a regularity assumption that roughly implies that the
sets S;, with i € [M], are not too narrow. A similar assumption is made by Arias-Castro
(2011) in a more restrictive model. Note also that, if S; is a submanifold that satisfies a
reach condition, then (G2) is automatically fulfilled (see Biau et al., 2007, and references
therein). This assumption also implies, by taking r = A;, that 0 < H* (S;) < +00.
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4.2.3 Sparsity assumption

To state the next assumptions we introduce some notations used throughout the paper. Set

e = min{y; 10 € [M]}, 7" = max{y; - i € [M]}, 5 =7 —"/2
K" =max{r; : 1 € [M]},n.(d) = min{n(s) : 0 < s < d} = min(n(d), 1).

(S1) Assume that v* < 2y, and 0 <e < 2 /(14 2).

(S2) Set a= (1 —&)V.(k*ke) 1. (d) and assume that

1
1 ]
6 >r, where r,= ( 0gn>
an

Assumption (S1) relates to the size of the clusters. It implies that these sizes are of the
same order and that the number of outliers is smaller than the number of points in the
S;’s. Assumption (S2) ensures that minimal distance between the actual clusters cannot
be too small, it is a classical assumption in clustering. The constant a depends on both
the density in the S; and the proportion of outliers. It increases when 1/x; (the density in
the S;) increases or when the proportion of outliers ¢ decreases. For large values of a, the
supports S; can get closer. Thus, if a is large then Assumption (S2) is weak.

4.2.4 Examples

We consider three clustering problems in R2. Each model is defined based on the design
introduced Section 4.2.1. Moreover, for any i € [0, M], the distribution P;, which is the
distribution of the data belonging to the i-th cluster, is uniform over its support S;. So
formally, for any ¢ € [0, M] and A C S;, we have

_ ()

Pil4) = Hei(S;)

where s; = dimg(S;) denotes the Hausdorff-dimension of S;.

The three models, which involve various shapes of clusters, are described as follows. For each
model, two scenarios are introduced so as to make the minimal distance § between clusters
vary. For the sake of clarity, we call respectively these scenarios the easy case (i.e. clusters
are not too close, so § is not too small) and the tricky case (i.e. clusters are closer, so ¢ is
smaller).

The “squares” model (Auray et al., 2015): there are M = 3 compact clusters. The
support of P is S = [—1,1]%. For any ¢ = 1,...,3, the support S; is the square [a; — 7;0a; +
r] X [b; — ;b + 7] with r > 0. We fix 3 = 75 = v3 = 1/3, by = 0.5, ay = 0.5, by = 0.2,
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az = 0.5 and b3 = 0.2 and r = 0.1. Two values for a; are considered: a; = 0.15 (the easy
case, 0 = 0.15) and a; = 0.25 (the tricky case, § = 0.05). Figure 4.1 provides an illustration
of these scenarios.

1.00
07 075 - °
0.50 050/
0.25 0.25-
0.00 ! v 000~ - .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.0
Cluster: -0-1-2-3 Cluster: *0:1:2-3

(a) (b)

Figure 4.1: A sample of n = 500 observations for the “squares” model with ¢ = 0.1, § = 0.15
(a) and 0 = 0.05 (b).

The “concentric-circles” model (Ng et al., 2002): this model includes 2 clusters which
are represented by 2 concentric circles. For any ¢ = 1,2, the support S; is the ring C(r; +
w,; —w), where for r > w > 0, C(r + w,r —w) denotes the set between the two circles with
center 0 and radius » +w and r — w. The support S of the distribution P is defined by the
ring C(rq +w,r; —w). We fix v = 0.4, 72 = 0.6, 7, = 4, w = 0.2 and we consider two values
for r1: 71 =1 (the easy case, § = 2.6) and r; = 2 (the tricky case, 6 = 1.6). An illustration
is provided in Figure 4.2.

25 e, - s 25 i;
% : . N - -..:.
. ;
-, r"\:t-j : ‘-1 A U
00 & 0.0 '
d N - W,
e
2 3 [o% l. .--.E'...
., . .,:, R - o . e
e, 3
25 0.0 25 25 0.0 25
Cluster: ©0-1-2 Cluster: *0+-1:2

(a) (b)

Figure 4.2: A sample of n = 500 observations for the “concentric-circles” model with e = 0.1,

d=2.6(a) and 6 = 1.6 (b).
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The “sine” model (Giulini, 2016): this model includes 3 clusters with various shapes. The

support of P is S = [0, 27| x [—1,1]. The first cluster is tight and represents the sine curve,

so S1 = {(z,y): = € [0,27],y = sin(x)}. The two other are compact clusters and for any

i=2,3, 5, is the square [a;, b;] X [¢;, d;], with 0 < a; < b; <27 and —1 < ¢; < d; < 1. We fix

Y1 = Y2 = V3 = 1/3, ayp = %—0.5, b1 = %+05, a9 = 37”—0.5, bQ = 3%—05 We set Cc1 = —dg
V3

and d; = —c; and we consider two pairs of values for ¢; and dy: (¢1,dy) = (=%, —0.5) (the

easy case, § = @ —0.5) and (c1,dy) = (—0.5,0) (the tricky case, 6 = \/TE —0.5). Figure 4.3
displays these two situations.

1.0 1.0 - -
. 5,
. l" , ?
» : LY
. .( '.‘
0.5 ; 0.5 - .
" ‘-"
g °q 7
0.0 als = .'_ s 5 0.0
. . ) ¢
\ |
0.5 05
.’. ‘-’
a0 ’ e’ 1.0 g o2
0 2 4 6 0 2 4 6
Clusters: ©0-1:2-3 Cluster: -0+1:2-3

(a) (b)

Figure 4.3: A sample of n = 500 observations for the “sine” model with ¢ = 0.1, § = @ —-0.5
(a) and § = ¥= — 0.5 (b).

These models satisfy assumptions (P1)-(S2) with k. = 4, ro = [H4(S) — M, HA(S;)] !
and k; = H*(S;) for any i € [M] and d = 2. Remark that in these models the Hausdorff
dimension s; = dimg(S;) of S; equals 2 (and therefore agrees with the area of 5;), excepted
when S; is the sine curve. In this case, the Hausdorff dimension is 1, H%(S;) = 0 and H!(S;)
is the length of the sine curve.

4.2.5 Clustering risk

Given the n-sample X1,..., X, the objective is to recover the clusters S;. More precisely,
we aim at finding a clustering procedure that group together the data that lie within the
same set S;, for each ¢ € [M]. The outliers, that belong to the set Sy, can be affected to any
other group or garbabge into a specific group by the procedure. In other words, a clustering
procedure consists of finding a partition of the data into M + 1 clusters Xy, ..., Xy such
that, with high probability

X1 05 & Xrgiy
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where 7 is a permutation of [M]. Here, for any I C [n], we consider X; = {X;: i € I}, so
that Xp,) denotes the data. Moreover, the clusters X, ..., Xy are not empty and satisfy

M
X =Xpy and Vi#j Xinx; =0
=0

The cluster &} contains the observations which are considered as the outliers by the cluster-
ing procedure. More precisely this cluster contains all the observations that are not assigned
to one of the groups Xy, ..., Xy by the clustering procedure.

We measure the performances of a clustering procedure X = {Ap,..., Xy} by using the
clustering risk defined as

Rn(X) = P(Vﬂ' €lly, i e [[M]], X[[n] nS; SZ Xﬁ(i)), (41)

where I, denotes the set of all permutations of [M]. This quantity is the probability that
the clustering procedure does not correctly recover one subset of observations for at least on

S;.

4.3 Agglomerative clustering

The proposed model is closed to the framework of Hartigan (1975) who defines clusters
as the connected components of the level sets of the density of the observations. This
amounts to saying that clusters represent high density regions of the data separated by low
density regions. In this context, many authors have studied theoretical properties of various
clustering algorithms. For instance, Maier et al. (2009) and Arias-Castro (2011) prove that
algorithms based on pairwise distances (k-nearest neighbor graph, spectral clustering...) are
efficient as soon as these connected components are separated enough. Hierarchical clustering
algorithms are also known to perform well in this situation. They are defined as follows.

Let > 0, two observations z and y in R? are said to be r-connected if and only if
r r
B(r.3) 08 (v3)
) v:3) 70

d(x,y) <,

or equivalently

where B(z,r) is the closed euclidean ball centered at z € R? with radius » and d denotes
the Euclidean distance. Let M (r) denotes the number of connected components of

" T
Us (x:5)
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For any A C R? and any r > 0, let
B(A,r)=Aa B(0,r)={x+y:xz€ Aye B(0,r)},

where @ is the Minkowski addition. We said that A is r-connected if B(A, r/2) is a connected
set. With these notations, the set B(X[,j,7/2) may be split into M(r) disjoint connected
components By, (X[, 7"/2) m € [M(r)] such as

B (Xp.5) = UB (Xt 5)  and B (Xp1,5) 0 B (Xput,5) = 0.

for m # m/. In this setting, a fixed radius /2 provides a partition of X, into M (r) clusters
defined by

ym(T) = (X[[n]], 2) ﬂX[[n]], m € [[M(r)]]
We denote by Y(r) this partition
Y(r) ={Vm(r): m e [M(r)]}.

The distance between two r-connected components Y,,(r) and Y, (r) is defined as the dis-
tance between the two closest members

A (Vi (r), Vo (1)) = Inf{d( Xy, X7): Xy € Viu(r), X; € Vo (1)}

Agglomerative clustering consists in recursively grouping clusters. At the beginning, we

consider py = 0 and
Y(po) = {Vm(po), m € [M(po)]}-

Next the two closest clusters according to d’ are merged. Denote by p; > 0 the distance
between the two closest clusters in ) (pp) and define the set Y(p1) = {Vn(p1),m € [M(p1)]}
as the new partition obtained after merging the two closest clusters in ) (pg). This process
is then recursively repeated until all (distinct) observations belong to a single cluster. We
denote by K the (random) number of iterations, observe that K < n — 1 almost surely.

Remark 4.3.1.

o Observe that, since P(X = x) =0 for all x € S, M(py) = n almost surely and each
point is treated as a singleton cluster at the first step. Moreover, in this case K =n—1
almost surely.

o At every step k with 1 < k < K, the new selected radius py, is larger than the previous
radius: py > pr—1. This radius corresponds to the distance between the closest clusters
belonging to YV(pr—1). Moreover, for any p € [pi;prs1| with 0 < k < K — 1 and
P = 00, we have

Y(p) = V(px)-

o At the end of the process, we have a sequence Y(po),...,V(prx—1) of partitions of the
data at hand. The aim is to determine how to choose one partition in this sequence.
It remains to select one radius in the sequence pg, ..., Px—1-
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Single linkage clustering

Since the number of clusters is known, the classical single linkage clustering algorithm selects
the radius such that the associated number of clusters is close to M. More precisely, we choose

Pn.SL € argmax  {M(p) > M}.
p€{pr: ke[0,K-1]}

Observe that p, s, exists as soon as each support S; contains at least one observation. This
algorithm is known to be consistent without outlier and under assumptions close to ours
(Arias-Castro, 2011; Auray et al., 2015).

However, in the presence of outliers the algorithm may fail to recover the true clusters with
high probability. For example, let us consider the following toy example. Assume that

1—¢
P= T(Pl‘i‘]pg)‘f’é‘]}bo

where P; = ¢6_1, Py = 0; and Py = U([-3,3]). For € small enough, our assumptions are
satisfied. However the algorithm fails with probability

9P (A.)
3

> % - (- 1+ (n—1)e)] . (4.2)

for all n > 2 and with A, denoting the following event: at least one outlier falls respectively
into [—3; —1[U]1; 3] and | — 1;1[. The inequality 4.2 is valid for all € > 0. When the outlier
proportion grows, i.e. when ¢ increases, the lower bound of the probability that the single
linkage algorithm fails increases. Moreover, the lower bound of the probability that the single
linkage algorithm fails is governed by the first term, the second term tends quickly to zero
when n grows.

To deal with outliers, Arias-Castro (2011) considers a modified version of this procedure that
requires the knowledge of the minimal separation distance ¢ instead of the knowledge of M.
He assumes that the minimal distance between the outliers and the clusters is at least d.
It is not the case in our model. In the following section, we propose another version of the
single linkage clustering algorithm in the context of outliers.

Robust single linkage clustering

As explained in the last section, the classical single linkage procedure is not adapted to the
presence of outliers. To remedy, we propose to consider only the largest clusters.
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Recall that, for a fixed radius r» > 0, the agglomerative clustering presented at the beginning
of Section 4.3 provides M (r) clusters

V(r) = {Ym(r),m € [M(r)]}.

With no loss of generality, indices of the r-connected components in )(r) are rearranged
such that
Vi(r)] 2 D2(r)] = - = [Varry ()]

Always for fixed r > 0, our robust single linkage clustering proposes to consider only the M
largest clusters and to merge the other (small) clusters together. Formally, we fix

M(r)
X0(r) =(r),..., Xu(r) = Yu(r) and Xo(r)= | Ym(r). (4.3)
Remark 4.3.2.

e This new algorithm, which s called the robust single linkage clustering, only requires
the knowledge of M and returns M + 1 clusters.

o The cluster Xy(r) collects the data that are considered as outliers by the procedure
whereas the clusters Xi(r), ..., Xy (r) corresponds, up to a permutation of the indices,
to the data that lie near to the sets of interest Sy, ..., Sn.

e The major difference compared to the single linkage clustering is that this algorithm
selects the partition which maximizes the size of the M-th cluster and merges the other
clusters whose the size is smaller than the one of the M-th cluster into the cluster
Xo(r) which contains the outliers. This step enables to avoid that some isolated obser-
vations are treated as singleton clusters. Furthermore, this step uses the assumption
that clusters are dense sets whereas the outliers are sparse.

Under our assumptions, for a safe choice of r, observations in each support S;,e =1,..., M
should be in the same cluster X;(r) (for a given j € [M]) and cluster Xy(r) should contain
only observations in Sy. This is proved in the following proposition which controls the
clustering risk (4.1) for the partition

X(r) ={X,(r),m € [0, M]}.
Proposition 4.3.1. Set
O = K" KckoE

and let T be such that 1/a < 7 < (5dn/ logn. Define v = ar — 1. Under the assump-
tions presented in sections 4.2.2 and J.2.3, the clustering risk for clusters X (ry,) with r, =
(Tlogn/n)Y satisfies

b 24

Ru(X(ra)) < +n(C(d s v)O log n) o) + 2M exp(—w(n)(1 —€) 3n)  (4.4)

Tlogn
for all n such that 0 < n < [(1 —e)(1 — )", Here A = XM Ay = 32 (8A,Vd)Y,
d(n) = (L+n)(log(l +n) = 1) +1> 0 and C(d, ., v) = (1 +v)n(d)/(71.(d)).
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We emphasize that inequality (4.5) is valid for all n. The upper bound of the clustering risk
is governed by the two first terms since the last term tends to zero much faster than the two
firsts.

Observe that without outlier, i.e. when € = 0, the clustering risk tends to 0 at the rate n™",
as proved in Arias-Castro (2011) and Auray et al. (2015). Parameter v depends on 7, i.e.,

14

on the separation between the clusters: the larger 7, the faster n™".

The second term can appear as the price to be paid for the presence of outliers. This term
depends on the sparsity parameter ©. This parameter measures the influence of the outliers
in the model. Indeed it increases, when ¢ and k( increases. If we intend to prove any
consistency results regarding R, (X (r,)), the sparsity parameter © should be such that the
second term in the right hand side of (4.5) should tend to 0. For instance, if there exists
6,, < 1 such that

On
<
O< C(d, v, v)logn

then 6,, should be such that ns@%‘s/ ") tends to zero. If in addition there exists n such that
0 <, <[;2] —logn and

then the rate for the second term in the right hand side of (4.5) is governed by ¢,, and
R (X(rs)) = O (min(n™", exp(—¢n))) .

Proposition 4.3.1 proves that there exists a fixed radius r,, for which the procedure is efficient.
However, this radius depends on 7 which is unknown in practice. In this context, we propose a
data-driven procedure to select the radius. Recall that the agglomerative procedure provides
a sequence of partition Y(pg), ..., Y(px_1). We denote by X(pg), ..., X (px_1) the associated
sequence of partitions defined by (4.3). Then, we propose to select the radius in {px: k €
[0, K — 1]} which maximizes the size of the M-th cluster:

T, =max  argmax |Xy(p)].
pe{pr: kE[0,K—-1]}

The following theorem ensures that this automatic procedure is efficient under our assump-
tions.

Theorem 4.3.1. Under the assumptions presented in sections 4.2.2 and 4.2.3, the clustering
risk for clusters X (r,) satisfies

bt 24

Ru(X(7)) < +ne(C(d, %, v)Ologn) 7 + 2M exp(—(n)(1— ) 3n)  (4.5)

Tlogn

128



for alln such that 0 < n < min(ng, n1) where A, n9,¥(n), O, v are defined in Proposition 4.3.1
and 1y is such that

4m _£_1>0

L—m v 2

4.4 Simulation study

In this section, the efficiency of the proposed clustering algorithm is highlighted through
simulations. An exhaustive comparison with the single linkage algorithm, the k-means algo-
rithm and the spectral clustering is also performed.

For the implementation of the proposed procedure and the single linkage algorithm, we used
R and the functions hclust and cutree in the package stats. The single linkage, the k-
means algorithm and the spectral clustering were implemented respectively with the function
kmeans in the package stats and the function specc in the package kernlab.

4.4.1 Description of the models

The three models introduced in Section 4.2.4 are considered. Moreover, for each model the
two scenarios previously described and respectively called, for the sake of clarity, the easy
case vs. the tricky case are used to highlight the behavior of the clustering approaches
through various levels of complexity (see Figures 4.1-4.3).

As we are interested in the performances of the clustering approaches in presence of outliers,
in each scenario we make ¢ to vary between 0 and 0.5 (with a step of 0.02). Furthermore,
several values for the sample size n are also considered (200 and 500).

We perform 2000 replications of each experiment. Denote by X = {Xj, ..., Xy} the partition
of the data induced by a clustering procedure. For each replication, the error err,(X') of the
clustering procedure is computed

erry,(X) =

0 ifdmelly,Vi=0,...,M, X[[n]]ﬂSi gXﬂ-(i),
1 otherwise,

where 7 is a permutation of the indexes of the clusters and II,; denotes the set of all
permutations of the indexes of the clusters. Then, for each experiment, the clustering risk
4.1 is estimated by the error term averaged over the 2000 replications.

For the spectral clustering, in the function specc, we set the number of clusters (parameter
centers) at M and use the defaults values for all other tuning parameters. For the k-means
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approach, in the function kmeans, we also set the number of clusters (parameter centers) at
M, the number of initial configurations (parameter nstart) at 10 and consider the default
values for the other tuning parameters. For the robust single linkage algorithm and the
single linkage algorithm, in the function hclust, we set the number of clusters (parameter
centers) at M and the initial number of clusters at the value M /2. Observe that the number
M of clusters is required in all these clustering approaches.

4.4.2 Results

Performances of the four clustering methods are assessed and compared based on the cluster-
ing risk. Figures 4.4-4.6 display the clustering risk as a function of €, in each scenario. Tables
4.1 and 4.2 provide the clustering risk for some values of € in each experiment. Moreover,
Figures 4.7 and 4.8 show respectively the results of the algorithms single linkage, k-means,
robust single linkage and spectral clustering for data displayed respectively in Figures 4.1b
and 4.3b.

First of all, as expected, the clustering risk of the four methods behaves as an increasing
function of ¢ in all experiments. Moreover, for a fixed value of ¢, the risk of clustering of all
methods seems to increase quickly when the number n of observations decrease.

In all experiments, when there is no outlier (i.e. ¢ = 0), the clustering risk of both the
single linkage algorithm and the robust single linkage is roughly zero. This result agrees
with Theorem 4.3.1, Arias-Castro (2011) and Auray et al. (2015) which prove that under
assumptions close to (P1)-(S2) and when ¢ = 0, the robust single linkage algorithm and
the single linkage linkage algorithm are consistent and their clustering risk tends quickly to
zero. Observe that this result does not seem to be verified for both the k-means method and
the spectral algorithm.

Furthermore, as proved in Section 4.3, in presence of outliers the single linkage algorithm
often fails to recover the true clusters. Moreover, the clustering risk of the single linkage
algorithm increases quickly when ¢ increases (see Figures 4.4-4.3). The robust single algo-
rithm seems less sensitive to the outlier proportion € and works generally better than the
single linkage algorithm, in these experiments.

Overall, compared to the other clustering methods, the robust single linkage clustering seems
to quite well perform in all experiments. Indeed, the proposed algorithm is part of the two
best methods in each experiment.

Moreover, observe that compared to the k-means algorithm and the spectral clustering ap-
proach, our proposed method as well as the single linkage algorithm are exact, in the sense
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that they do not involve any random process (for instance the use of random starts in the
k-means algorithm and the spectral clustering methods). Furthermore, another major asset
of the proposed algorithm is that, contrary to the other assessed clustering methods, this
approach also allows identifying some outliers (see Figures 4.7 and 4.8).
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Figure 4.4: Clustering risk according to € and n in the “squares” model with § = 0.15 (top)

and J = 0.05 (bottom).

For the “squares” model, the robust single linkage algorithm and the k-means method well
perform compared to the single linkage and the spectral clustering whatever the values of
the minimal distance § between the clusters, the number n of observations and the outlier

proportion €.
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In experiments based on the “concentric-circles” model, the robust single linkage algorithm
and the spectral clustering have higher performances than the k-means method and the
single linkage algorithm, for every value of §, n and ¢.
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Figure 4.5: Clustering risk according to € and n in the “concentric-circles” model with § = 2.6
(top) and 0 = 1.6 (bottom).

For the “sine” model, in all experiments, the robust single linkage and the spectral clustering
outperform the other clustering approaches. Moreover, for small values of € (i.e. £ < 0.05),
the robust single linkage gives better performances than the spectral clustering.
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Figure 4.6: Clustering risk according to € and n in the “sine” model with § = @ —0.5 (top)

and 0 = */77? — 0.5 (bottom).

As one might expect, the k-means method works well with compact clusters (see Figures
4.4 and 4.7). Nevertheless, the method often performs badly when clusters are not linearly
separable, such as the clusters in the “concentric-circles” model (see Figure 4.5) and in the
“sine” model (see Figures 4.5 and 4.8). For experiments in these models, the algorithm works

badly whatever the values of n, € and 9.

Unlike the k-means clustering, the spectral clustering seems more adapted to connected
clusters and works quite badly in the “squares” models (see Figures 4.1 and 4.7). This
limitation of the algorithm has already been underlined and are well illustrated by for instance

Nadler & Galun (2007).
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e=0 e=0.1 =102
“Squares” model, § = 0.25
Robust single linkage 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
Single linkage 0.000 (0.000) 0.996 (0.001) 0.998 (0.001)
K-means 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
Spectral clustering 0.159 (0.008) 0.246 (0.010) 0.316 (0.010)
“Squares” model, § = 0.15
Robust single linkage 0.002 (0.001) 0.018 (0.003) 0.048 (0.005)
Single linkage 0.002 (0.001) 1.000 (0.000) 1.000 (0.000)
K-means 0.000 (0.000) 0.000 (0.000) 0.020 (0.003)
Spectral clustering 0.171 (0.008) 0.516 (0.011) 0.662 (0.011)
“Concentric-circles” model, § = 2.6
Robust single linkage 0.000 (0.000) 0.379 (0.011) 0.872 (0.007)
Single linkage 0.000 (0.000) 0.720 (0.010) 0.969 (0.004)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.000 (0.000) 0.240 (0.010) 0.753 (0.010)
“Concentric-circles” model, § = 1.6
Robust single linkage 0.001 (0.000) 0.902 (0.007) 0.998 (0.001)
Single linkage 0.000 (0.000) 0.929 (0.006) 0.999 (0.001)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.003 (0.001) 0.851 (0.008) 0.992 (0.002)
“Sine” model, § = (v/57/6) — 0.5
Robust single linkage 0.002 (0.001) 0.454 (0.011) 0.772 (0.009)
Single linkage 0.002 (0.001) 0.814 (0.009) 0.982 (0.003)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.210 (0.009) 0.415 (0.011) 0.639 (0.011)
“Sine” model, § = (v/7/2) — 0.5
Robust single linkage 0.054 (0.005) 0.761 (0.010) 0.928 (0.006)
Single linkage 0.054 (0.005) 0.964 (0.004) 0.998 (0.001)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.326 (0.010) 0.714 (0.010) 0.880 (0.007)

Table 4.1: Clustering risk evaluated over 2000 replications for € = 0 (low) € = 0.1 (medium)
and £ = 0.2 (quite high) and n = 200 in each experiment. The standard deviation of the
clustering risk is provided in brackets.
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e=0 e=0.1 e=20.2

“Squares” model, § = 0.25

Robust single linkage 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
Single linkage 0.000 (0.000) 0.998 (0.001) 1.000 (0.000)
K-means 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
Spectral clustering 0.153 (0.008) 0.220 (0.009) 0.276 (0.010)
“Squares” model, § = 0.15

Robust single linkage 0.000 (0.000) 0.004 (0.001) 0.014 (0.003)
Single linkage 0.000 (0.000) 1.000 (0.000) 1.000 (0.000)
K-means 0.000 (0.000) 0.000 (0.000) 0.008 (0.002)
Spectral clustering 0.170 (0.008) 0.622 (0.011) 0.652 (0.011)
“Concentric-circles” model, § = 2.6

Robust single linkage 0.000 (0.000) 0.019 (0.003) 0.336 (0.011)
Single linkage 0.000 (0.000) 0.952 (0.005) 0.996 (0.001)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.000 (0.000) 0.038 (0.004) 0.175 (0.008)
“Concentric-circles” model, § = 1.6

Robust single linkage 0.000 (0.000) 0.306 (0.010) 0.900 (0.007)
Single linkage 0.000 (0.000) 0.980 (0.003) 1.000 (0.000)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.000 (0.000) 0.190 (0.009) 0.837 (0.008)
“Sine” model, § = (v/57/6) — 0.5

Robust single linkage 0.000 (0.000) 0.056 (0.005) 0.308 (0.010)
Single linkage 0.000 (0.000) 0.979 (0.003) 1.000 (0.000)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.124 (0.007) 0.176 (0.009) 0.249 (0.010)
“Sine” model, § = (v/7/2) — 0.5

Robust single linkage 0.000 (0.000) 0.193 (0.009) 0.542 (0.011)
Single linkage 0.000 (0.000) 0.998 (0.001) 1.000 (0.000)
K-means 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
Spectral clustering 0.146 (0.008) 0.263 (0.010) 0.510 (0.011)

Table 4.2: Clustering risk evaluated over 2000 replications for e = 0 (low) ¢ = 0.1 (medium)
and € = 0.2 (quite high) and n = 500 in each experiment. The standard deviation of the
clustering risk is provided in brackets.
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Figure 4.7: Results of the algorithms single linkage (SL), k-means, robust single linkage (RSL) and
spectral clustering for the data displayed in Figure 4.1b.
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Figure 4.8: Results of the algorithms single linkage (SL), k-means, robust single linkage (RSL) and
spectral clustering for the data displayed in Figure 4.3b.
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4.5 Proofs

4.5.1 Technical lemmas

We assume that assumptions introduced in sections 4.2.2 and 4.2.3 are satisfied.

Lemma 4.5.1. Fiz r > 0 and i = 1,...,M. Denote A; = (8A;V/d)*. Then S; can be
recovered by at most A;r~? balls centered at a point in S; with radius r/4.

Proof. Setr > 0,7 € {1,..., M} ans sy € S;. Let Boo(s0,A;) = {z € R?: |2 — 50|00 < Aj}
Let a;,j=1,...,d and b;,j = 1,...,d with (b; — a;) < A, such that

d
Buo(s0, A1) = [ [laj. bs]-
j=1
Fix
A
K:{(kl,,kd)ENdlngS 8 ;\/C_i }
and for k € K

d

=110+ 573) ~5va (v 5va) "l

J

It is easily seen that Bu(so,Ai) C Upex (k) and Si C Upex, (k) where Ko = {k €
K:I(k)nS; # 0}. Now Vk € Ky, let y(k) € I(k) N S; and remark that, using triangle
inequality, I(k) C Boo((y1),7/(4V/d)). We have

Sic | B (y(k),zlrw) clysB (y(k),%).

Since |Ko| < Ajr~?, result follows.

Lemma 4.5.2. Fixr > 0 and i =1,..., M. Under the assumptions presented in sections
4.2.2 and 4.2.3, we have

Uni(r) = P"(Xu N S is not r-connected) < Ayr~% exp(—anr?).

Proof.
From Lemma 4.5.1, there exists (By)wer, a coverage of S; by A; = |£;] = (8Ai\/a)d balls
centered at a point that belongs to S; and with radius /4 > 0. Observe that if, for any
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(e L; (XppNnS;) N By # 0, then there exists a € [n] such that X, € B, and thus
B(Xa,7/2) D By and Xp,; N S; is r-connected. Therefore,

Un(r) <P* (3 € Li, BeN (X N S;) = 0)
<P (I € L, VX € Xppp, Xk & S or (Xi € S, X & By))
<Y (B(X ¢S)+P(X ¢ B | X € S)P(X €5))"

el
<Y (1-P(Xe€B/ | X € S)P(X € 5))"
LeEL;
< Z (1 — (1 —e)nPi(X € Be))n
LeL;
Now, using (P1), (P3) and (G2) we obtain:
Pi(X € B)) =P;(X € B,NS;) from (P1)
>k "HY (Be N Sy) from (P3)
> (Kike) Tn(si)r from (G2)

> (K*ke) ', (d)r?,

where we recall that £* = max{k; : i € [M]} and 7.(d) = min{n(s) : 0 < s < d} =
min(n(d), 1) as defined in Section 4.2.3.
This implies that

Un(r) < 1L (1= (1 =€)l ke) " nu(d)r)”
< Ay~ exp(—anr?),

with a = (1 — &)7.(k*ke) 'n.(d).

Lemma 4.5.3. Let 0 < r < 1 and denote by p,(m,r) the probability that there exists, in
So, a r-path of at least m r-connected observations. We have

on(m,r) < ne(bnrd)™1
where b = n(d)koe.

Proof. Let 0 < r < 1 and denote by ¢, (m,r) the probability that there exists, in Sy, a
r-path of at least m connected observations. For any I C [n] we denote by A the following
event: there exists a permutation i; < ... < 4,, of I such that || X, — | < r for any
j=1,...,m—1. We have:

pnl(m,r) < Y PU(A N {X; C Sp})
1¢n]
|[I|=m
< ) TP (A,
IC[n]
|[I|=m

7’J+1
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Now remark that

m—1
PU(Ar) < mlET < L0, (|| X5 u+1”))

Jj=1

m'/ / ont(lz1 = 22]) -+ Low ([ 2ms — 2ol )BT (@1s . . )
So So

Note also that, using (P2):

/ Lo (lz = ylDdPo(y) < Po(B(x,r)) < woH(B(x,r)) = won(d)r”.
So
This, combined with Fubini’s theorem implies that:

Py (Ar) < ml(n(d)ror®)™ .

Finally, we obtain:

n!

IN

m_—wgmw(d)ﬁord)mﬂ

< ne(bnrt)™ 1.

©n(m,m)

Lemma 4.5.4. Let

Di

Q= H{A=n)1 —e)yn < N; < (1+n)(1—e)yn}

i=1
where g =1—[(1—¢)(1— )] >0,0<n<n and N; = | XN S;|. Then

(i) we have o
P(§2,) < 2M exp(—=9(n)(1 — &) % n)

where (n) = (1 +n)(log(l +7) —1)+1 > 0.
(ii) Under Q,,

=
Ny < min NV,
Vs =1,...M

with Ny =<n — M N;,.
Proof. Since N; ~ B(n, (1 —¢)v;), (i) is a direct consequence of (Shorack & Wellner, 1986,
page 440). For (ii), observe that (1 —e)(1 — 1) = 1/(1 + ). Since 0 < 7 < ny, it follows

that
1-(1-e)l-n)<(1-e)1—-n)*.
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Thus, under €2,),

N0<n—ZN <n<1— (1—e)(1—n Z'y>

_Ml—ﬂ—@ﬂ—nDSNG—@ﬂ—n%¥

<—n(l—e)(1—n)vu < =1,..., M.

Ve

Lemma 4.5.5. Let ng=1—[(1—¢)(1— 2)]"' > 0 and n; be such that

4 w1
mo_ L -0
L—m v 2
For each n < min(ng,n;) we have
1 *
Liny | ¥ _,
L=nv %

Proof. Let n < min(no,n;), then

1+ny % 1—n+2py*
S SO R S S/ B L/ S
/R L=n % %
_7*+9¢+1 dn
Ve 21—mn
2 A L 1N
T % 2\ 2

Lemma 4.5.6. Forr >0, let
= {37‘(‘ ellyvi=1,.... M X[[nﬂ ns; C Xﬂ(i)(T’)}

Let n < min(no,m), then under E(r,) N, we have

1. 7, > 1, almost surely;

2. There exists m € Iy such that, Vi=1,..., M Xj(r,) C X (Th).
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Proof. Let n < min(7no,7:) and assume that €, is true. We first prove that 7, > r,, with a
reductio ad absurdum. Assume that 7, < r,,. Observe that

(Var(Tn)] > (Ve (rn)]

since 7, is the largest r which maximizes |V (r)|. It follows that

VL)l = - 2> V() > [V ()]

Since 7, < r,, we deduce that one of the V;(r,),i = 1,..., M — 1 contains observations of
at least two clusters among Y;(7,,),7 = 1,..., M. It implies that
[ Var—1 ()| > 2|V ()] - (4.6)

Moreover, under £(r,) we have N < |Vi(rn)| < N + No where N; = | Xp,p N S;| and
Ngy,i=1,..., M are such that
N(l) <...< N(M).

Thus, under &£(r,) N, we have from Lemmas 4.5.4 and 4.5.6

QF
‘y(Mq)(Tn)‘ < Nur-1) + No < N—1) + 5

Ny

and
—1)(Tn Nov- & * o
Yoryra)| Ny | % 1402
Yan(ra)| = Nan = % T 1-n7
which is a contradiction with (4.6). We deduce that 7,, > r,, almost surely.

<2

For the second point, observe that since 7, > r,, each X;(7,),i = 1,..., M may be written
as the union of clusters in

Xi(rn)y oo X (rn)s Vo (1), - - ,yM(Tn)(rn).

Moreover for each i = 1,..., M there exists an unique j = 1,..., M and a subset 7 (7},) of
{M +1,...,M(r,)} such that
Xi(Tn) = Xj(rn) + U Ve(rn). (4.7)
LET (Tn)

Indeed if there exists i = 1,..., M and 1 < j # j' < M such that
Xj(’l"n) U Xj/ (Tn) - Xz(?n)
then X);(7,) is the union of clusters in

{yM-i-l(rn): s 7yM(Tn)(Tn)}7

and thus | X (7,,)| < Ny. This is not possible since, by definition of 7, and by Lemma 4.5.4
we have y
| Xne (Pn)| 2 | X ()| = Neary > iNo > Np.

We deduce from (4.7) that there exists m € Il such that, Vi =1,..., M X;(r,) C Xy (7).
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4.5.2 Proof of proposition 4.3.1

First observe that for » > 0,
1-— Rn(X(T)) =P (37‘(‘ ellyVvVi=1,...,. M X[[n]] ns; C Xﬁ(i)(T’))
> P (371’ cellyVi=1,.... M X[[n]] ns; C Xﬂ@(’f’),@n) (4.8)

where €, is the event defined in Lemma 4.5.4. The event in (4.8) is similar to the intersec-
tion of

Vi=1,...,M, X[ NS; are r-connected
Vi # j, there is no r-connected path betweenXp,; N.S; and Xp,; N S;
Q,
which contains
Vi=1,...,M, X N.S; are r-connected
there is no r-connected path in Sy with at least [d/r| + 1 observations
Q,.
We deduce that

Ra(X(7)) < éwnm ron([2]+1.r) + 2@ (49)

where v, ; and ¢,, are defined in Lemmas 4.5.2 and 4.5.3. For

d
<logn)
r=r,= |7 :
n

M
Zd)n,i(rn) = Ar~%exp(—arlog(n)) = A
i=1

we obtain the first term

n—V

Tlogn’

with A ="M A, = M (8AVA)L

For the second term, we have from Lemma 4.5.3

©On (FJ + 1,r) = ne(br log n)LgJ.
-

Since

b koe _ (1+v)n(d)

— (1 =11 d)— < /17 ke =C(d, v, )0,
br = ( +V)a ( —l—u)n()a S KoKeK e (d, s, v)
where i ()
+v)n
C(d, v, v) = ———= and O = K'K.Koe.
) =5 ’

The last term of (4.9) is bounded in Lemma 4.5.4.
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4.5.3 Proof of Theorem 4.3.1

For r > 0, let
= {HFEHMVi:1,...,M X[[n]]ﬂSngﬂ(l)(r)} (410)

Let 7 < min(ng,n;). Observe that
1-R,(X(7)=PErelyVi=1,....M XM N S; C Xy (7))
Z]P’(Elﬂ'EHMW:L M Xy N S; € Xy (70), E(rn), Q)
>P(FrellyVi=1,...,M X, mS C Xriy(ra), E(rn), Q)
X

since from Lemma 4.5.6 there exists m € Il such that, Vi = 1,..., M X;(r,) C
under £(r,) N €2,. Since

(i) (Tn)

5(7‘n) = {E|7T cellyVie=1,.... M Xﬂnﬂ n.s; C Xﬂ(i)(r)}

we deduce that

Ru(X(Pn)) <1 —=P(y, E(rn))

and the result follows from Proposition 4.3.1.

4.6 A brief review of the Hausdorff measure

Here, d € N* stands for the dimension of the ambiant euclidean space R? endowed with the
euclidean norm || - ||. We also consider the diameter of A denoted by A(A) = max{||z —
y|| : # € A,y € A}. For any r > 0 we define the set B(A,r) = {y € R? : ||z — y|| <
r for any x € A}. If A = {z} this set correspond to the ball B(x,r) centered at point « with
radius 7.

In what follows, X is an open subset of R? and 2* denotes the collection of all subsets of X.
For any 0 < s < d and ¢ > 0, the d-approximate s-dimensional Hausdorff outer measure is
defined, for any A € 2%, by

—+o00

H35(A) = inf {77(8) Z <¥>S AC U C; and A(C}) < (5}

j=1

where n(s) = 7*/2/T(1 + 5/2) is a normalizing constant and I is the usual gamma function.
The s-dimension Hausdorff outer measure H* is then defined, for any A € 2%, by:

H*(A) = sup H3(A).

6>0

We recall that Hausdorff outer measures allow to measure “small” subsets of R?. For the
convience of the reader we state some classical results that will be usefull in our context (see
Evans & Gariepy, 2015, for more details).
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Lemma 4.6.1. Let 0 < s < d and A € 2*. The following properties hold:

o [fs is an integer, the Hausdorff measure H® agrees with ordinary s-dimensional surface
area on reqular sets.

o H* is invariant under the action of any affine isometry. Moreover, for any A > 0 we

have: H*(AA) = N*H*(A).

o If H'(A) < 400 then for any t > s we have H'(A) = 0. If H*(A) > 0 then for
any t < s we have H'(A) = +oo. The Hausdorff dimension of A is defined as:
dimpy(A) = inf{s > 0: H*(A) = 0}.

o Assume that 0 < s < d and assume also that A is a H?-measurable set such that
0 < H*(A) < +o00. For Ho-a.e. © € A:

27° < limsup H(ANB(x,1))

< 1.
r—0 n(s)rs
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5.1 Bilan

L’objectif de ce travail de these était de développer des méthodes permettant de construire
des arbres de décision et des foréts aléatoires & partir de données ayant une structure de
groupe, en apprentissage supervisé. Dans ce contexte, deux approches par arbres ont tout
d’abord été proposées.

La premiére méthode, que nous avons appelée TPLDA (pour Tree Penalized Linear Discrim-
inant Analysis), permet de construire des arbres binaires en classification. La méthode batit
un arbre maximal au moyen d’un partitionnement récursif et binaire de ’espace des données.
La division d’un noeud est définie & partir d’'un groupe de variables et d’une combinaison
des variables du dit groupe, qui est estimée par une analyse discriminante régularisée. Une
stratégie d’élagage se basant sur la profondeur de I’arbre maximal a été proposée pour sélec-
tionner 'arbre final.

La seconde méthode, appelée CARTGV (pour Classification And Regression Trees for Grouped
Variables), peut étre vue comme une extension de la méthode CART (Breiman et al., 1984)
aux groupes de variables. Contrairement & la méthode TPLDA, cette nouvelle approche ne
fait aucune hypothése sur la forme de la relation entre les variables d’'un méme groupe. Util-
isable a la fois en régression et en classification, cette méthode originale construit d’abord un
arbre non-binaire, maximal, dans lequel chaque coupure est un arbre binaire. L’arbre ainsi
obtenu est ensuite élagué selon une généralisation de la méthode minimal cost-complexity
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pruning aux arbres non binaires.

Les arbres de décision étant connus pour étre instables, nous avons également développé
un algorithme de foréts aléatoires pour variables groupées. Cette méthode, que nous avons
appelée RFGV (pour Random Forests for Grouped Variables), consiste en une agrégation
d’arbres aléatoires construits selon une variante de la méthode CARTGV. Contrairement
aux foréts de Breiman (2001), cette nouvelle méthode perturbe 'espace des variables a deux
niveaux : au niveau des groupes de variables mais aussi au niveau des variables individuelles.

Outre la construction de régles de prédiction, ces trois nouvelles approches peuvent aussi
étre utilisées pour faire de la sélection de groupes de variables grace a 'introduction pour
chacune d’elles de scores d’importance. Pour TPLDA et CARTGV, un indice d’importance
reposant sur une réduction "corrigée" de I'impureté a été défini. Pour CARTGV, un second
score a aussi été proposé. Il utilise les coupures par substitution, notion introduite par
Breiman et al. (1984) et que nous avons adaptée aux groupes de variables dans le cadre des
arbres CARTGYV. Enfin, le score d’importance pour les groupes de variables introduit par
Gregorutti et al. (2015) a naturellement été adapté aux foréts RFGV.

Evaluées et comparées a d’autres méthodes de référence (comme le Group lasso, CART ou
encore les foréts aléatoires de Breiman) lors d’études de simulations, ces nouvelles approches
ont montré de bonnes performances et semblent particuliérement adaptées pour construire
des régles de prédiction a partir de données groupées.

Enfin, dans une derniére partie, nous nous sommes placés en apprentissage non-superviseé.
Nous avons proposé une nouvelle méthode de clustering hiérarchique. Cette approche, que
nous avons appelée robust single linkage, peut étre vue comme une version "robuste" de
I’algorithme single linkage en présence d’outliers. Dans un cadre mathématique proche de
ceux proposés par Arias-Castro (2011) et Maier et al. (2009) et sous certaines hypothéses
portant notamment sur la séparabilité et la régularité des clusters, nous avons obtenu des
vitesses de convergence pour le risque de clustering de I'algorithme proposé. Les bonnes per-
formances de cette nouvelle approche ont aussi été démontrées par des études de simulations
dans lesquelles la méthode a été comparée a d’autres algorithmes de clustering classiques
(k-means, clustering spectral, single linkage).

5.2 Perspectives

Dans cette section, nous exposons quelques perspectives et prolongements naturels du travail
de thése présenté dans ce manuscrit.

Tout d’abord, dans la méthode TPLDA, pour découper un nocud la méthode réalise une
analyse discriminante régularisée sur chaque groupe de variables. Cette approche régularisée
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utilise un parameétre de pénalité qui est sélectionné en pratique par validation croisée. Bien
que la complexité (algorithmique) de la méthode TPLDA s’avére beaucoup faible que la
plupart des méthodes de partitionnement utilisant des coupures multivariées (voir Chapitre
2), le recours a la validation croisée pour chaque nceud et chaque groupe de variables peut
rapidement devenir cotiteux en temps de calcul, notamment quand le nombre de groupes est
trés grand. Ainsi, il pourrait étre intéressant d’envisager d’autres méthodes pour la sélection
du parametre de pénalité.

D’autre part, dans le cadre des arbres CARTGYV, nous avons proposé une définition du
concept de coupures par substitution pour les groupes de variables (voir Chapitre 3). Cette
définition peut aussi étre naturellement étendue aux arbres TPLDA. En effet, I'idée serait
d’estimer les coupures par substitution en utilisant des analyses discriminantes pénalisées et
non plus des arbres binaires. De plus, en se basant sur les travaux de Breiman et al. (1984),
les coupures par substitution pourraient dans le cadre des arbres TPLDA et CARTGYV étre
utilisées pour le traitement des valeurs manquantes, notion qui n’a pas été abordée dans ce
travail de thése.

Un des avantages des méthodes par arbres est la facilité d’interprétation. Dans la méthode
CARTGYV, l'arbre final n’étant plus binaire, représenter la régle de prédiction sous la forme
d’un arbre ne semble plus trés adapté. Il pourrait étre pertinent d’utiliser d’autres approches.
Une premiére idée serait d’utiliser une représentation circulaire centrée en ce qui correspond
actuellement a la racine de 'arbre. Dans cette nouvelle modélisation, a chaque étape, les
noeuds créés seraient ajoutés autour du nceud dont ils sont issus. La structure finale aurait
alors une forme similaire a celle d’'un flocon.

Actuellement, les méthodes TPLDA, CARTGV et RFGV ont été implémentées en langage
R pour répondre & des problémes en classification binaire. Nous envisageons de développer
un package R contenant toutes les méthodes proposées pour la régression et la classifica-
tion. D’autre part, les méthodes par arbres et particuliérement les foréts aléatoires sont
souvent utilisées pour traiter de gros volumes de données. Il serait donc pertinent d’utiliser
le calcul distribué et d’autres langages de programmation, comme par exemple le langage
C, afin de permettre le traitement de bases de données volumineuses en un temps raisonnable.

Tout au long de ce travail de thése, nous avons supposé que les groupes de variables étaient
connus. Or dans de nombreux problémes en apprentissage supervisé, il semble naturel et /ou
pertinent d’utiliser des groupes de variables pour élaborer une régle de décision. Cependant,
les groupes ne sont pas définis et il n’existe pas de méthodes permettant leur identification.
C’est le cas par exemple des données d’images ou de type fonctionnelle. Ainsi, une autre
piste de recherche serait de proposer une approche qui permette d’identifier de maniére au-
tomatique les groupes de variables afin d’appliquer ensuite nos méthodes sur les données
ainsi regroupées. Dans cette optique, une premiére idée serait de définir des groupes a pri-
ori, de différentes fagons, et d’appliquer nos méthodes sur ces données augmentées. Les
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"bons" groupes seraient sélectionnés automatiquement par 'algorithme grace aux scores
d’importance. Par exemple, pour des données fonctionnelles, on pourrait utiliser des pro-
jections sur des bases d’ondelettes (ou de splines) a différentes résolutions et identifier les
bandes discriminantes et la (ou les) "bonne(s)" résolution(s) pour ces bandes.

Par ailleurs, le boosting, méthode d’agrégation introduite pour la premiére fois par Freund
& Schapire (1996), figure souvent avec les foréts aléatoires de Breiman parmi les algorithmes
les plus performants dans bons nombres de problémes concrets d’apprentissage supervisé
(citons par exemple, les concours Kaggle de prévision). Au cours de cette thése, nous avons
développé des méthodes par arbres et de foréts aléatoires adaptées aux données ayant une
structure de groupe. Par la suite, il pourrait étre intéressant de proposer des méthodes de
type boosting adaptées aux variables groupées.

Dans la derniére partie de la thése, I’algorithme de clustering que nous proposons requiert
la connaissance du nombre de clusters qui en pratique n’est pas toujours garantie. Cette
problématique a déja été abordée par plusieurs auteurs. Par exemple, dans le cadre du
clustering spectral, Giulini (2015) propose une approche automatique pour la sélection de
ce paramétre. Un axe de recherche serait donc de développer une approche qui permette, a
partir de l'algorithme robuste single linkage, de déterminer le nombre de clusters en présence
d’outliers. Une autre piste consisterait a utiliser des méthodes d’agrégation du type bagging
afin d’obtenir des partitions plus stables.
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