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✸✳✶✸ ▼❡(✉&❡( ❝✐♥'*✐1✉❡( ♣♦✉& ❧❡( ❞❡✉① ❝♦♥❝❡♥*&❛*✐♦♥( ❡♥ ❝❤❛&❣❡ ❝❛*✐♦♥✐1✉❡

✉*✐❧✐('❡( ❧♦&( ❞❡( ✐(♦*❤❡&♠❡( ❞✬❛❞(♦&♣*✐♦♥ ♣&'❝'❞❡♥*✳ ◆♦✉( ❛✈♦♥( &'❛✲

❧✐(' ❝❡( ♠❡(✉&❡( ❛✈❡❝ ❧❡ ♠O♠❡ ❧♦* ❞❡ ♣♦✉❞&❡✳ ▲❡( ❝❡&❝❧❡( &♦✉❣❡( ❝♦&✲

&❡(♣♦♥❞❡♥* ❛✉① ♠❡(✉&❡( ❝✐♥'*✐1✉❡( ♣♦✉& ✉♥❡ ❝♦♥❝❡♥*&❛*✐♦♥ ❡♥ ❝❤❛&❣❡

❝❛*✐♦♥✐1✉❡ ❞❡ 10−2
♠♦❧·▲−1

✱ (♦✐* ✉♥❡ ❝♦♥❝❡♥*&❛*✐♦♥ ❡♥ (*&♦♥*✐✉♠ ❞❡

✷✱✺×10−3
♠♦❧·▲−1

✳ ▲❡( ❝❛&&'( ❜❧❡✉( &❡♣&'(❡♥*❡♥* ❧❡( ♠❡(✉&❡( ❝✐♥'✲

*✐1✉❡( &'❛❧✐('( ♣♦✉& ✉♥❡ ❝♦♥❝❡♥*&❛*✐♦♥ ❡♥ ♥✐*&❛*❡ ❞❡ (*&♦♥*✐✉♠ ❞❡

✶✵

−2
♠♦❧·▲−1

❡* ✉♥❡ ❝♦♥❝❡♥*&❛*✐♦♥ ❡♥ ❛❝'*❛*❡ ❞❡ (♦❞✐✉♠ ❞❡ ✷×10−2

♠♦❧·▲−1
(♦✐* ✉♥❡ (♦✐* ✉♥❡ ❝♦♥❝❡♥*&❛*✐♦♥ ❡♥ ❝❤❛&❣❡ ❝❛*✐♦♥✐1✉❡ ❞❡ ✹×10−2

♠♦❧·▲−1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✸✳✶✹ ❘❛♣♣♦&* ❞✉ *❡♠♣( ❞❡ ♠✐(❡ ❡♥ ❝♦♥*❛❝* (✉& 1✉❛♥*✐*' ❛❞(♦&❜' ❞❡ (*&♦♥✲

*✐✉♠ ✭

t
Qads

✮ ❡♥ ❢♦♥❝*✐♦♥ ❞✉ *❡♠♣( ❞❡ ♠✐(❡ ❡♥*&❡ ❧❛ (♦❧✉*✐♦♥ ❡* ❧❛ ♣♦✉❞&❡

❞❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ (♦❞✐✉♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✸✳✶✺ ◗✉❛♥*✐*' ❞❡ (*&♦♥*✐✉♠ ❛❞(♦&❜'❡ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧❛ &❛❝✐♥❡ ❝❛&&' ❞✉

*❡♠♣( ❞❡ ♠✐(❡ ❡♥ ❝♦♥*❛❝* ❡♥*&❡ ❧❛ (♦❧✉*✐♦♥ ❡* ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ (♦✲

❞✐✉♠✳ ▼♦❞'❧✐(❛*✐♦♥ ♣❛& ❧❡ ♠♦❞4❧❡ ❞❡ ❲❡❜❡& ❡* ▼♦&&✐( ✭✸✳✹✾✮ ✳ ✳ ✳ ✳ ✳ ✶✶✻



▲✐"#❡ ❞❡" ✜❣✉)❡" ①✐✐✐
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✹✳✷ ♣❍ ✜♥❛❧ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ♣❍ ✐♥✐)✐❛❧ ❞✬✉♥❡ -♦❧✉)✐♦♥ ❞❡ ✷✵ ♠▲ ❛✈❡❝ ✶✵ ♠❣

❞❡ ♥♦♥❛)✐)❛♥❛)❡ ❞❡ -♦❞✐✉♠✳ ▲❛ ❝♦✉*❜❡ ✈❡*)❡ *❡♣*0-❡♥)❡ ❧❛ ✈❛*✐❛)✐♦♥

❞❡ ♣❍ ❝❛❧❝✉❧0❡ -✉✐✈❛♥) ❧✬0?✉❛)✐♦♥ ✭✹✳✹✮ ♣♦✉* ✉♥❡ ✈❛❧❡✉* ❞❡ Kx = 107
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❡♥ ❢♦♥❝)✐♦♥ ❞✉ ♣❍ ✐♥✐)✐❛❧✱ ❛✈❛♥) ❛❥♦✉) ❞❡ ❧❛ ♣♦✉❞*❡ ❞❡ ♥♦♥❛)✐)❛♥❛)❡
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♣*0-❡♥❝❡ ❞❡ ♥✐)*❛)❡ ❞❡ ❝❛❧❝✐✉♠✱ ❧❡- ❧♦-❛♥❣❡- ❜❧❡✉- *❡♣*0-❡♥)❡♥) ❧❡- ♠❡✲
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♠♦❧·▲−1
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♣♦✉( ❧❡ 0-(♦♥-✐✉♠ ❡- ❧❡ ❝❛❧❝✐✉♠ < ❞✐✛)(❡♥- ♣❍✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❚❛❜❧❡❛✉ ()0✉♠❛♥- ❧❡0 ❢❛❝-❡✉(0 ❞❡ ❞✐0-(✐❜✉-✐♦♥ ✭♠▲·❣−1
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♠✉1❝❧❡1 ❡/ ❞❡1 ♥❡#❢1✳ ■❧ ❛♣♣❛#❛S/ ❞♦♥❝ A✉❡ 1✐ ✉♥ E/#❡ ✈✐✈❛♥/ ❛❞1♦#❜❡ ❞✉ 1/#♦♥/✐✉♠✱

❝❡ ❞❡#♥✐❡# ❡♥/#❡ ❡♥ ❝♦♠♣./✐/✐♦♥ ❛✈❡❝ ❧❡ ❝❛❧❝✐✉♠ ❞❛♥1 ❧✬♦#❣❛♥✐1♠❡✳ ▲❡ 1/#♦♥/✐✉♠ 1❡

#❡/#♦✉✈❡ ❝❤❡③ ❧❡1 ♦#❣❛♥✐1♠❡1 ✈.❣./❛✉① 5 ❞✐✛.#❡♥/❡1 /❡♥❡✉#1✱ 1✉✐✈❛♥/ ❧❡✉# ♠./❛❜♦❧✐1♠❡

❞✉ ❝❛❧❝✐✉♠ ✭❞❡ ✵✱✷ ♣♣♠ ❞❛♥1 ❧❡1 ❣#❛✐♥1 ❞❡ ♠❛U1 5 ✸✷✵ ♣♣♠ ❞❛♥1 ❧❡1 ❝❤❛♠♣✐❣♥♦♥1✮✳

■❧ 1❡ #❡/#♦✉✈❡ ♣#✐♥❝✐♣❛❧❡♠❡♥/ ❞❛♥1 ❧❡1 ❢❡✉✐❧❧❡1 ❞❡1 ✈.❣./❛✉① ♠❛✐1 .❣❛❧❡♠❡♥/ ❞❛♥1

❧❡1 ❛♥✐♠❛✉①✱ ♦W ✐❧ 1❡ #❡/#♦✉✈❡ ♣#✐♥❝✐♣❛❧❡♠❡♥/ ❞❛♥1 ❧❡1 /✐11✉1 ♦11❡✉① ✭✾✵✪✮ ❡/ ❧❡
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#❛♥# ❞❡ ❞$#❡ ♠✐♥❡ ❧❡" ❝♦❡✣❝✐❡♥#" ❞✬❛❝#✐✈✐#$ ❞❡" ✐♦♥" ♣✉ " ❡♥ "♦❧✉#✐♦♥✳ ▲❡ ❝❤❛♣✐# ❡

✷ "✬❛##❛❝❤❡ ❞♦♥❝ A ❞$#❡ ♠✐♥❡ ❧❛ #❛✐❧❧❡ ❡# ❧❛ ❝♦♥"#❛♥#❡ ❞✬❛""♦❝✐❛#✐♦♥ ❞❡ ❞✐✛$ ❡♥#"



▲✐"#❡ ❞❡" #❛❜❧❡❛✉① ✸

 ❧❡❝$%♦❧②$❡( ❛✜♥ ❞❡ ❞ $❡%♠✐♥❡% ❧❡( ❝♦❡✣❝✐❡♥$( ❞✬❛❝$✐✈✐$ ❣%3❝❡ 4 ❧❛ $❤ ♦%✐❡ ▼❙❆✳ ❉❡

♣❧✉(✱ ❞❛♥( ❧❡ ❝❛❞%❡ ❞✬✉♥ (②($>♠❡ $❡%♥❛✐%❡✱ ❞✐✛ %❡♥$❡( ❧♦✐( ❞❡ ♠ ❧❛♥❣❡( (♦♥$ ✈ %✐✜ ❡(

❣%3❝❡ 4 ❝❡$$❡ $❤ ♦%✐❡✳

▲❡ ❝❤❛♣✐$%❡ ✸ (✬✐♥$ %❡((❡ 4 ❧❛ ♠♦❞ ❧✐(❛$✐♦♥ ❞❡( ✐(♦$❤❡%♠❡( ❞✬❛❞(♦%♣$✐♦♥ 4 ❞✐✛ ✲

%❡♥$❡( ❝♦♥❝❡♥$%❛$✐♦♥( ❛✜♥ ❞❡ ❞ ✈❡❧♦♣♣❡% ✉♥ ♠♦❞>❧❡ ♣% ❞✐❝$✐❢✳ ❯♥❡  $✉❞❡ ❝✐♥ $✐E✉❡

❞❡( ❝♦♥❝❡♥$%❛$✐♦♥( ✉$✐❧✐( ❡( ♣♦✉% ❧❡( ✐(♦$❤❡%♠❡( ❡($ ❞ ✈❡❧♦♣♣ ❡ ❛✜♥ ❞❡ ❞❡ ❞ $❡%♠✐♥❡%

❛✉ ❜♦✉$ ❞❡ ❝♦♠❜✐❡♥ ❞❡ $❡♠♣( ❧✬ E✉✐❧✐❜%❡ $❤❡%♠♦❞②♥❛♠✐E✉❡ ❡($ ❛$$❡✐♥$✳

❊♥✜♥✱ ❧❡ ❞❡%♥✐❡% ❝❤❛♣✐$%❡ $%❛✐$❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❍ (✉% ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ (♦❞✐✉♠

❡$ ❞♦♥❝ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❍ (✉% ❧❛ E✉❛♥$✐$ ❞❡ ($%♦♥$✐✉♠ ❛❞(♦%❜ ✳ ❈❡ ❝❤❛♣✐$%❡

$%❛✐$❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❍ (✉% ❧❛ (♣ ❝✐❛$✐♦♥ ❡♥$%❡ ❧❡ ❝❛❧❝✐✉♠ ❡$ ❧❡ ($%♦♥$✐✉♠✳ ❯♥❡

❝♦♥❝❧✉(✐♦♥ ❣ ♥ %❛❧❡ %❡❣%♦✉♣❡ ❧❡( ❝♦♥❝❧✉(✐♦♥( ♣% (❡♥$❡( ❞❛♥( ❝❤❛E✉❡ ❝❤❛♣✐$%❡( ❡$ ♦✉✈%❡

❧❡( ♣❡%(♣❡❝$✐✈❡( (✉% ❧❛ ♠♦❞ ❧✐(❛$✐♦♥ ❡$ ❧❡( ❡①♣ %✐❡♥❝❡( ❞❡ ❝❡( $%❛✈❛✉①✳
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❈❡♣❡♥❞❛♥&✱ ♣❧✉% ❝❡ ,❛♣♣♦,& ❛✉❣♠❡♥&❡ ❡& ♠♦✐♥% ❧❡ %♦❧✐❞❡ ❛❞%♦,❜❡ ❞✉ %&,♦♥&✐✉♠ @ %❛

%✉,❢❛❝❡✳ ❈❡❧❛ ❧❡✉, ❛ ♣❡,♠✐% ❞❡ ❝♦♥%&,✉✐,❡ ✉♥ ❞✐❛❣,❛♠♠❡ ❞❡ ♣,.❞♦♠✐♥❛♥❝❡ ❞❡% ❡%♣O❝❡%

@ ❧❛ %✉,❢❛❝❡ ❞❡ ❧✬❤.♠❛&✐&❡✳

▲❛ ❝❛♣❛❝✐&. ❞✬❛❞%♦,♣&✐♦♥ ❞❡ ❧✬❤.♠❛&✐&❡ ❡%& ❡%&✐♠. @ ✷✱✺×10−5
♠♦❧·❣−1

✳ ▲❛ %♦❧✉✲

&✐♦♥ ✐♥✐&✐❛❧❡ ❛ ✉♥❡ ❝♦♥❝❡♥&,❛&✐♦♥ ❡♥ %&,♦♥&✐✉♠ ❞❡ ✷×10−3
♠♦❧·▲−1

✳ ➚ &❡♠♣.,❛&✉,❡

❛♠❜✐❛♥&❡ ❡& ♣♦✉, ✉♥ ♣❍ ❞❡ ✶✵✱ ✐❧ ❢❛✉& ❞✐① ❢♦✐% ♣❧✉% ❞❡ %✐&❡ ❞✬❛❞%♦,♣&✐♦♥ ❞❡ ❧✬❤.♠❛&✐&❡

I✉❡ ❞❡ %&,♦♥&✐✉♠ ♣♦✉, ❛❞%♦,❜❡, ❧✬❡♥%❡♠❜❧❡ ❞✉ %&,♦♥&✐✉♠ ♣,.%❡♥& ❡♥ %♦❧✉&✐♦♥✳ ▲♦,%✲

I✉✬✐❧ ② ❛ ❧❛ ♠4♠❡ I✉❛♥&✐&. ❞❡ %&,♦♥&✐✉♠ I✉❡ ❞✬❤.♠❛&✐&❡ @ &❡♠♣.,❛&✉,❡ ❛♠❜✐❛♥&❡ ❡&

♣♦✉, ✉♥ ♣❍ ❞❡ ✶✵✱ %❡✉❧❡♠❡♥& ✸✵✪ ❞✉ %&,♦♥&✐✉♠ ❡%& ❛❞%♦,❜.✳ ❉❡ ♣❧✉%✱ ❧♦,%I✉❡ ❧❡ ♣❍

❞❡ ❧❛ %♦❧✉&✐♦♥ ❡%& ✐♥❢.,✐❡✉, @ ✼ ❧❡ %&,♦♥&✐✉♠ ♥✬❡%& ♣,❡%I✉❡ ♣❧✉% ❛❞%♦,❜. %✉, ❧✬❤.♠❛✲

&✐&❡✱ I✉❡❧I✉❡ %♦✐& ❧❛ I✉❛♥&✐&. ❞✬❤.♠❛&✐&❡ ❞✐%♣♦♥✐❜❧❡ ❡& I✉❡❧I✉❡ %♦✐& ❧❛ &❡♠♣.,❛&✉,❡ ❞❡

❧❛ %♦❧✉&✐♦♥✳ ❖♥ ♣❡✉& ❞♦♥❝ ❝♦♥❝❧✉,❡ I✉❡ ❧✬❤.♠❛&✐&❡ ♣❡,♠❡& ❞✬❛❜%♦,❜❡, ❞✉ %&,♦♥&✐✉♠

❣,U❝❡ ❛✉① ♦①②❣O♥❡% ❞❡ %✉,❢❛❝❡✱ ❝❡♣❡♥❞❛♥& ❧❡% I✉❛♥&✐&.% ❛❞%♦,❜❛❜❧❡% %♦♥& ❢❛✐❜❧❡% ❡&

❢♦,&❡♠❡♥& ❞.♣❡♥❞❛♥&❡ ❞❡ ❧❛ &❡♠♣.,❛&✉,❡ ❡& ❞✉ ♣❍✳

❘✉'✐❧❡

❊♥ ✶✾✽✻ ❍✳ ❏❛♥❣ ❡& ❉✳ ❋✉❡,%&❡♥❛✉ ❬✹✼❪ ♦♥& .&✉❞✐. ❧✬❛❞%♦,♣&✐♦♥ %♣.❝✐✜I✉❡ ❞❡

❝❛&✐♦♥% ❛❧❝❛❧✐♥♦✲&❡,,❡✉① %✉, ❞✉ ,✉&✐❧❡✳ ■❧% ♦♥& ♠♦♥&,. I✉❡ ❧❛ ❞❡♥%✐&. ❞❡ ❝❤❛,❣❡ ❞❡

%✉,❢❛❝❡ ❞✉ ,✉&✐❧❡ ❡%& ❞.♣❡♥❞❛♥&❡ ❞✉ ♣❍ ♠❛✐% .❣❛❧❡♠❡♥& ❞❡ ❧✬❛❧❝❛❧✐♥♦✲&❡,,❡✉① ❛❞%♦,❜.

@ %❛ %✉,❢❛❝❡✳ M❧✉% ❧✬❛❧❝❛❧✐♥♦✲&❡,,❡✉① ❡%& ❧♦✉,❞ ❡& ♣❧✉% ❧❛ ❞❡♥%✐&. ❞❡ ❝❤❛,❣❡ ❞❡ %✉,❢❛❝❡



✶✳✷✳ ❙♦%♣'✐♦♥ *✉% *✉♣♣♦%' *♦❧✐❞❡ ✶✸

❡!" ♥$❣❛"✐✈❡ ♣♦✉, ✉♥ ♠.♠❡ ♣❍ ❡" ❞♦♥❝ ❧❡ ♣♦✐♥" ❞❡ ❝❤❛,❣❡ ♥✉❧❧❡ !❡ ❞$♣❧❛❝❡ ❧$❣4,❡♠❡♥"✱

❞❡ ✺✱✼ ♣♦✉, ❧❡ ♠❛❣♥$!✐✉♠ 8 ✺ ♣♦✉, ❧❡ ❜❛,②✉♠✳ ■❧! ♦♥" ♠✐! ❡♥ $✈✐❞❡♥❝❡ ",♦✐! "②♣❡!

❞✬❛❞!♦,♣"✐♦♥ !✉, ✉♥❡ !✉,❢❛❝❡ ❞✬♦①②❞❡ ❞$♣❡♥"! ❞✉ ♣❍ ✿ ♠♦♥♦❞❡♥❞❛"❡✱ ❜✐❞❡♥❞❛"❡ ❡"

❤②❞,♦❧②!❡ ❞❡ !✉,❢❛❝❡ ✐♥❞✉✐"❡✳ ▲❡ "②♣❡ ❞✬❛❞!♦,♣"✐♦♥ ♣❡✉" .",❡ ❡!"✐♠$ ❡♥ ❝❛❧❝✉❧❛♥" ❧❡

,❛♣♣♦," ❞❡ ♥♦♠❜,❡ ❞✬❤②❞,♦❣4♥❡! ,❡❧❛❝❤$! ♣❛, ❧❡ ♥♦♠❜,❡ ❞❡ ❝❛"✐♦♥! ❛❞!♦,❜$!✳

❊♥ ✷✵✵✹ ▼✳ ❘✐❞❧❡② ❡! ❛❧✳ ❬✹✽❪ ♦♥" ♠♦❞$❧✐!$ ❧✬❛❞!♦,♣"✐♦♥ ❞✉ ❝❛❧❝✐✉♠ 8 ❧❛ !✉,❢❛❝❡ ❞✉

,✉"✐❧❡ ❞❡ ✷✺

◦
❈ 8 ✷✺✵

◦
❈✳ ■❧! ♦♥" ✉"✐❧✐!$ ❧❡ ♠♦❞4❧❡ ▼❯❙■❈ ✭▼❯❧"✐ ❙■"❡ ❈♦♠♣❧❡①❛"✐♦♥✮

❡" ❞$❞✉✐" P✉❡ ❧❡ ❝❛❧❝✐✉♠ !❡ !♦,❜❡ ❞❡ ❢❛Q♦♥ "$",❛❞❡♥❞❛"❡ !✉, ❧❡ ,✉"✐❧❡✳ ■❧! ♦♥" ❛✐♥!✐

♠♦♥",$ P✉❡ ❧❡! ♦①②❣4♥❡! ❞❡ !✉,❢❛❝❡ ❞✉ ,✉"✐❧❡ ♣,$!❡♥"❡♥" ❞❡✉① "②♣❡! ❞❡ !✐"❡! ❞✐✛$,❡♥"!

❛✈❡❝ ✉♥❡ ❝❤❛,❣❡ ❞❡ ✲✵✱✻✷ ♣♦✉, ❧✬♦①②❣4♥❡ ❞❡ !✉,❢❛❝❡ ❡" ✲✵✱✸✶ ♣♦✉, ❧❡! "✐"❛♥♦❧!✱ ❚✐❖❍✱

♣❛, ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡! !✐❧❛♥♦❧!✱ ❙✐❖❍✳

▲❡* '✐'❛♥❛'❡*

❉✐✛$,❡♥"❡! $"✉❞❡! ♦♥" $"$ ♠❡♥$❡! !✉, ❞❡! "✐"❛♥❛"❡! P✉✐ ❢♦♥" ♣❛,"✐❡ ❞❡ ❧❛ ♠.♠❡

❢❛♠✐❧❧❡ ❝❤✐♠✐P✉❡ P✉❡ ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ !♦❞✐✉♠✳

❊♥ ✷✵✶✹ ❲✳ ▲✐✉ ❡! ❛❧✳ ❬✹✾❪ ♦♥" ♦❜!❡,✈$ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❝♦♥❝❡♥",❛"✐♦♥ ❞❡ !♦✉❞❡ !✉,

❧❛ !",✉❝"✉,❡ ❡" ❧❡! ♣,♦♣,✐$"$! ❡①",❛❝"✐✈❡! ❞✉ ",✐"✐"❛♥❛"❡ ❞❡ !♦❞✐✉♠✳ ▲❡! "✐"❛♥❛"❡! ♦♥"

$"$ !②♥"❤$"✐!$! 8 ♣❛,"✐, ❞✬✉♥ ♣,$❝✉,!❡✉, !♦✉! ❢♦,♠❡ ❞❡ ♣♦✉❞,❡ ✭]✷✺✮ ❡" ❞❡ !♦❧✉"✐♦♥

❛P✉❡✉!❡ ❝♦♥"❡♥❛♥" ❞✐✛$,❡♥"❡! ❝♦♥❝❡♥",❛"✐♦♥! ❞❡ !♦✉❞❡ ✭❞❡ ✹ 8 ✶✺ ♠♦❧ ·▲−1
✮✳ ▲❛ !♦❧✉✲

"✐♦♥ ♣,$♣❛,$❡ ❡!" ♣♦,"$❡ 8 ✶✸✵

◦
❈ ❡♥ ❝♦♥❞✐"✐♦♥! ❤②❞,♦"❤❡,♠❛❧❡! ♣❡♥❞❛♥" ✼✷ ❤❡✉,❡!✳

●,_❝❡ 8 ❧❛ ♠✐❝,♦!❝♦♣✐❡ $❧❡❝",♦♥✐P✉❡ 8 ",❛♥!♠✐!!✐♦♥✱ ✐❧! ♦♥" ♣✉ ♦❜!❡,✈❡, ❧✬$✈♦❧✉"✐♦♥

❞❡ ❧❛ ♠♦,♣❤♦❧♦❣✐❡ ❞❡ ❧❛ ♣♦✉❞,❡ ♦❜"❡♥✉❡✳ ▲❛ ♠♦,♣❤♦❧♦❣✐❡ $✈♦❧✉❡ ❞✉ ❣,❛✐♥ 8 ❧❛ ♣❧❛P✉❡

♣✉✐! ❛✉ "✉❜❡ ♣♦✉, ✜♥✐, ❡♥ ❢❡✉✐❧❧❡"✳ ▲❡! ❞✐✛,❛❝"♦❣,❛♠♠❡! ❛!!♦❝✐$! ❞❡ ❝❡! ♣♦✉❞,❡! ♣❡,✲

♠❡""❡♥" ❞❡ !✉✐✈,❡ ❧✬$✈♦❧✉"✐♦♥ ❞❡! ♣✐❝! ❞❡ ❞✐✛,❛❝"✐♦♥ ❡♥ ❢♦♥❝"✐♦♥ ❞❡ ❧❛ "❡♠♣$,❛"✉,❡✳

➚ ♣❛,"✐, ❞✬✉♥❡ ❝♦♥❝❡♥",❛"✐♦♥ ❡♥ !♦✉❞❡ ❞❡ ✼ ♠♦❧·▲−1
❡" ❥✉!P✉✬8 ✉♥❡ ❝♦♥❝❡♥",❛"✐♦♥ ❞❡

✶✷ ♠♦❧·▲−1
✱ ♦♥ ♦❜!❡,✈❡ ❧❛ ♣,$!❡♥❝❡ ❞❡ ✹ ♣✐❝! ✭✶✵✱ ✷✹✱ ✷✽ ❡" ✹✽

◦
✮ ❝❛,❛❝"$,✐!"✐P✉❡! ❞❡!

"✐"❛♥❛"❡! ♣✉,! ❝,✐!"❛❧❧✐♥! ❬✺✵❪✳ ❈❡! ♠.♠❡! "✐"❛♥❛"❡!✱ ❞❡ !",✉❝"✉,❡ ❧❛♠❡❧❧❛✐,❡!✱ ♣,$✲

!❡♥"❡♥" ❧❡! ♠❡✐❧❧❡✉,❡! ❝❛♣❛❝✐"$! ❞✬$❝❤❛♥❣❡ ❝❛"✐♦♥✐P✉❡ ❡♥ ❢♦♥❝"✐♦♥ ❞✉ ♣❍✱ P✉❡ ❝❡ !♦✐"

♣♦✉, ❧❡ ❈✉✭■■✮ ✭❡♥✈✐,♦♥ ✶✶✵ ♠❣·❣−1
✱ !♦✐" ❡♥✈✐,♦♥ ✶✱✼✽×10−3

♠♦❧·❣−1
✮ ♦✉ ❧❡ ❈❞✭■■✮



✶✹ ❈❤❛♣✐'(❡ ✶✳ +(,-❡♥'❛'✐♦♥ ●,♥,(❛❧❡

✭❡♥✈✐%♦♥ ✷✶✵ ♠❣·❣−1
✱ -♦✐. ❡♥✈✐%♦♥ ✶✱✽✾×10−3

♠♦❧·❣−1
✮✳ ■❧- ♦♥. 5❣❛❧❡♠❡♥. ❧❡✉% ♣♦✐♥.

❞❡ ❝❤❛%❣❡ ♥✉❧❧❡ ♣♦✉% ✉♥ ♣❍ ❞❡ ✷✱✺✳ ❈❡- .✐.❛♥❛.❡- ❝%✐-.❛❧❧✐♥- -❡ -❛.✉%❡♥. ❡♥ ❝❛.✐♦♥ ❛✉

❜♦✉. ❞✬❡♥✈✐%♦♥ ✸✵ ♠✐♥✉.❡-✳

❊♥ ✷✵✶✵ ❡. ✷✵✶✶ ❨✳ ❈❤❡♥ ❡! ❛❧✳ ❬✺✶✱ ✺✷❪ ♦♥. ❞5♠♦♥.%5 F✉✬✐❧ 5.❛✐. ♣♦--✐❜❧❡ ❞✬♦❜.❡♥✐%

❞❡- ♥❛♥♦.✉❜❡- ❞✬♦①②❞❡ ❞❡ .✐.❛♥❡ ♣❛% ✈♦✐❡ ❤②❞%♦.❤❡%♠❛❧❡ ❝♦✉♣❧5❡ I ❞❡- ♠✐❝%♦✲♦♥❞❡-✳

■❧- ♦♥. ❞✐--♦✉- ❞✉ ❞✐♦①②❞❡ ❞❡ .✐.❛♥❡ ❡♥ ♣%5-❡♥❝❡ ❞❡ -♦✉❞❡ ❝♦♥❝❡♥.%5❡ I ✶✵ ♠♦❧ ·▲−1
✳

■❧- ♦♥. ♣♦%.5 ❝❡..❡ -♦❧✉.✐♦♥ I ✶✸✵

◦
❈ ♣❡♥❞❛♥. ✸❤ -♦✉- ❞✐✛5%❡♥.❡- ♣✉✐--❛♥❝❡- ❞❡ ♠✐❝%♦✲

♦♥❞❡- ✭❞❡ ✼✵ I ✼✵✵ ❲✮✳ ▲❡ ❣❡❧ ♦❜.❡♥✉ ❛ 5.5 ❧❛✈5 ❛✈❡❝ ❞❡ ❧✬❛❝✐❞❡ ❝❤❧♦%✐❞%✐F✉❡ ❝♦♥❝❡♥.%5

I ✵✱✺ ♠♦❧·▲−1
✳ ▲❛ -✉%❢❛❝❡ -♣5❝✐✜F✉❡ ❞❡- ❞✐✛5%❡♥.- ♥❛♥♦.✉❜❡- ❞❡ .✐.❛♥❛.❡ ✈❛%✐❡ ❡♥.%❡

✶✷✺ ❡. ✶✺✵ ❣·♠−2
❡♥ ❢♦♥❝.✐♦♥ ❞❡ ❧❛ ♣✉✐--❛♥❝❡ ❞❡- ♠✐❝%♦✲♦♥❞❡-✳ Q❧✉- ❧❛ ♣✉✐--❛♥❝❡

❡-. ✐♠♣♦%.❛♥.❡ ❡. ♣❧✉- ❧❛ -✉%❢❛❝❡ -♣5❝✐✜F✉❡ ❡-. ✐♠♣♦%.❛♥.❡ ❡. ♣❧✉- ✐❧ ❛ ❞❡ -♦❞✐✉♠

5❝❤❛♥❣❡❛❜❧❡✱ ❞❡ ✹✳✼✸×10−7
♠♦❧·❣−1

I ✼✵ ❲ I ✶✳✺✹×10−6
♠♦❧·❣−1

✳ ❉❛♥- ❧❡✉% 5.✉❞❡✱

❧❡- ❛✉.❡✉%- ♦♥. 5❣❛❧❡♠❡♥. 5.✉❞✐5 ❧❛ ❝✐♥5.✐F✉❡ ❞✬❛❞-♦%♣.✐♦♥ ❞✉ Q❜✭■■✮ ❡♥ ❢♦♥❝.✐♦♥ ❞✉

♣❍ ♣♦✉% ✉♥ .✐.❛♥❛.❡ -②♥.❤5.✐-5 ❛✈❡❝ ✉♥❡ ♣✉✐--❛♥❝❡ ❞❡ ✹✵✵❲✳ ▲❛ F✉❛♥.✐.5 ♠❛①✐♠❛❧❡

❛❞-♦%❜5❡ ❡-. ♦❜.❡♥✉❡ ♣♦✉% ❞❡- ♣❍ I ♣❛%.✐% ❞❡ ✺✳ ❈❡..❡ F✉❛♥.✐.5 ❡-. ❡♥✈✐%♦♥ 5❣❛❧❡ I

✷✷✵ ♠❣·❣−1
-♦✐. ❡♥✈✐%♦♥ ✶✵

−3
♠♦❧·❣−1

✳

▲❡- '✐'❛♥❛'❡- ❞❡ -♦❞✐✉♠ ✿

➚ ❧❛ ✜♥ ❞❡- ❛♥♥5❡- ✻✵✱ ▲②♥❝❤ et al. ❬✺✸❪ ♦♥. ♣%♦♣♦-5 ✉♥ ♥♦✉✈❡❛✉ ♠❛.5%✐❛✉ ❛✈❡❝

✉♥❡ ❣%❛♥❞❡ -5❧❡❝.✐✈✐.5 ♣♦✉% ❧❡ -.%♦♥.✐✉♠ ❡. ❧❡- ❛❝.✐♥✐❞❡-✳ ▲②♥❝❤ et al. ♦♥. ♣%♦♣♦-5

❝♦♠♠❡ ❢♦%♠✉❧❡ ❝❤✐♠✐F✉❡ ◆❛❚✐2❖5❍ ♠❛✐- ❝❡..❡ ❝♦♠♣♦-✐.✐♦♥ ❝❤✐♠✐F✉❡ ♣%5-❡♥.❛✐. ✉♥❡

❣%❛♥❞❡ ✐♥❝❡%.✐.✉❞❡✳ ❈❡ ♠❛.5%✐❛✉ ❛ 5.5 -②♥.❤5.✐-5 ❡♥ ♠5❧❛♥❣❡❛♥. ❞❡ ❧❛ -♦✉❞❡ ❛✈❡❝ ❞❡

❧✬✐-♦♣%♦♣①②❞❡ ❞❡ .✐.❛♥❡✱ ❚✐✭❖❈❍✭❈❍3✮2✮4✱ ❞❛♥- ❞✉ ♠5.❤❛♥♦❧✳ Q❛% ❛❥♦✉. ❞✬❡❛✉✱ ♦♥

❢❛✐. ♣%5❝✐♣✐.❡% ♣♦✉% ♦❜.❡♥✐% ✉♥ -♦❧✐❞❡✳ ❊♥.%❡ ❧❡ ❞5❜✉. ❞❡- ❛♥♥5❡- ✼✵ ❡. ❧❡ ♠✐❧✐❡✉ ❞❡-

❛♥♥5❡- ✽✵✱ ❞✐✛5%❡♥.- .✐.❛♥❛.❡- ❞❡ -♦❞✐✉♠ ♦♥. 5.5 -②♥.❤5.✐-5- ❞❡ ❢♦%♠✉❧❡ ❝❤✐♠✐F✉❡

◆❛2❚✐n❖2n+1 ♦✉ ◆❛4❚✐n❖2n+2 ❛✈❡❝ ♥ ❛❧❧❛♥. ❞❡ ✶ I ✾ ❬✺✹✱ ✺✺✱ ✺✻✱ ✺✼✱ ✺✽✱ ✺✾✱ ✻✵❪✳

▲✬❡♥-❡♠❜❧❡ ❞❡ ❝❡- .✐.❛♥❛.❡- ❞❡ -♦❞✐✉♠ -♦♥. ❞❡- ♠❛.5%✐❛✉① ♠✉❧.✐✲❝♦✉❝❤❡- ❢♦%♠5- ♣❛%

❞❡- ♦❝.❛Z❞%❡- ❞❡ .✐.❛♥❡✱ ❚✐❖6✱ ♣❛%.❛❣❡❛♥. ❞❡- ❛%[.❡- ❛✈❡❝ ❧❡- ✐♦♥- -♦❞✐✉♠ ❧♦❝❛❧✐-5-

❡♥.%❡ ❧❡- ❢❡✉✐❧❧❡.-✳ ▲❛ -②♥.❤Z-❡ ❧❛ ♣❧✉- -♦✉✈❡♥. ✉.✐❧✐-5❡ ❡-. ❧❡ ♠5❧❛♥❣❡ ❞❡ ❝❛%❜♦♥❛.❡ ❞❡
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 ♦❞✐✉♠✱ ◆❛2❈❖3✱ ❛✈❡❝ ❞❡ ❧✬♦①②❞❡ ❞❡ 2✐2❛♥❡✱ ❚✐❖2✱ 5 ✉♥❡ 2❡♠♣78❛2✉8❡ 7❧❡✈7❡ ❝♦♠♣8✐ ❡

❡♥28❡ ✶✸✵

◦
❈ ❡2 ✽✺✵

◦
❈✳ ❈❡♣❡♥❞❛♥2 ❝❡ ♠❛278✐❛✉①  ♦♥2 ❣7♥78❛❧❡♠❡♥2 ❛♠♦8♣❤❡ ✱ ❝❡

A✉✐ 8❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ❝♦♠♣87❤❡♥ ✐♦♥ ❞❡ ♠7❝❛♥✐ ♠❡ ❞✬7❝❤❛♥❣❡ ✐♦♥✐A✉❡✳ ▲❡ 72✉❞❡ 

❛❝2✉❡❧❧❡ ♥✬♦♥2 ♣❛ ♣❡8♠✐ ❞❡ ❞72❡8♠✐♥❡8 ♣87❝✐ 7♠❡♥2 ❝❡ ♠7❝❛♥✐ ♠❡ ✳ ◗✉❡❧A✉❡ 

2✐2❛♥❛2❡ ❞❡  ♦❞✐✉♠✱ ♦✉ ❞❡ ♣♦2❛  ✐✉♠✱  ♦♥2 ❝❡♣❡♥❞❛♥2 ♠✐❡✉① ❝8✐ 2❛❧❧✐ 7 ❬✻✶✱ ✻✷❪✳

✶✳✷✳✷ ❚❤❡&♠♦❞②♥❛♠✐.✉❡ ❞❡ ❧✬2❝❤❛♥❣❡

❉❛♥ ❝❡22❡  ❡❝2✐♦♥✱ ♥♦✉ ❛❧❧♦♥ 72✉❞✐❡8 ❧❛ 2❤❡8♠♦❞②♥❛♠✐A✉❡ ❞❡ ❧✬7❝❤❛♥❣❡ ❡♥28❡

✉♥ ❝❛2✐♦♥ ♣87 ❡♥2 ❡♥  ♦❧✉2✐♦♥ ❡2 ✉♥ ❛✉28❡ ❝❛2✐♦♥ ❞❛♥ ❧❛ ♣❤❛ ❡  ♦❧✐❞❡✳ ▲❛ ❝♦♠♣72✐2✐♦♥

❡♥28❡ ❧❡ ❝❛❧❝✐✉♠ ❡2 ❧❡  28♦♥2✐✉♠  ❡8❛ ♣8✐ ❝♦♠♠❡ ❡①❡♠♣❧❡ ✐❝✐✳

❖♥ ❞7✜♥✐2 ❞❡✉① 87❛❝2✐♦♥ ❞✬7❝❤❛♥❣❡ ✿

Ca2+ = Ca2+ ✭✶✳✶✮

❡2

Sr2+ = Sr2+ ✭✶✳✷✮

❞♦♥2 ❧❡ ❝♦♥ 2❛♥2❡ ❞✬7A✉✐❧✐❜8❡  ✬7❝8✐✈❡♥2

KCa2+

D = ∆fG
0

Ca2+
−∆fG

0
Ca2+ =

a
Ca2+

aCa2+
≈ [Ca2+]

[Ca2+]
✭✶✳✸✮

❡2

KSr2+

D = ∆fG
0

Sr2+
−∆fG

0
Sr2+ =

a
Sr2+

aSr2+
≈ [Sr2+]

[Sr2+]
✭✶✳✹✮

 ✐ ❧❡ ❝♦♥❝❡♥28❛2✐♦♥  ♦♥2 ❢❛✐❜❧❡ ✳ ❊♥ 8❛✐ ♦♥ ❞❡ ❧❛ ♥❡✉28❛❧✐27 7❧❡❝28✐A✉❡ ❞❡ ♣❤❛ ❡ ✱ ❡♥

♣87 ❡♥❝❡ ❞❡ ❝❡  ❡✉❧ ❝❛2✐♦♥ ✱ ❧❡ ❞❡✉① 87❛❝2✐♦♥ ❞✬7❝❤❛♥❣❡ ♦♥2 ❧✐❡✉  ✐♠✉❧2❛♥7♠❡♥2✳

❖♥ ❛ ❞♦♥❝ ❧❛ 87❛❝2✐♦♥  ✉✐✈❛♥2❡ ✿

Ca2+ + Sr2+ = Ca2+ + Sr2+ ✭✶✳✺✮



✶✻ ❈❤❛♣✐'(❡ ✶✳ +(,-❡♥'❛'✐♦♥ ●,♥,(❛❧❡

❞♦♥# ❧❛ ❝♦♥'#❛♥#❡

✷

❡'# ✿

KS =
aCa2+aSr2+

a
Ca2+

aSr2+
=

[Ca2+][Sr2+]

[Ca2+][Sr2+]
=

KSr2+

D

KCa2+

D

= SF ✭✶✳✻✮

▲✬1❝❤❛♥❣❡ ❡♥#4❡ ❧❡ ❝❛❧❝✐✉♠ ❛❞'♦4❜1 ❡# ❧❡ '#4♦♥#✐✉♠ ❡♥ '♦❧✉#✐♦♥ ❡'# ❛✐♥'✐ ❢❛✈♦4✐'1

❧♦4';✉❡ KS ❡'# #4<' '✉♣14✐❡✉4 > ✶✳ ▲✬❡♥#❤❛❧♣✐❡ ❧✐❜4❡ ❞❡ 41❛❝#✐♦♥ '✬1❝4✐# ✿

∆rG
0 = ∆fG

0

Sr2+
−∆fG

0

Ca2+
−

(

∆fG
0
Sr2+ −∆fG

0
Ca2+

)

✭✶✳✼✮

▲✬❡♥#❤❛❧♣✐❡ ❧✐❜4❡ ❞❡ 41❛❝#✐♦♥ ♣❡✉# ❛✉''✐ '✬❡①♣4✐♠❡4 ❛✈❡❝ ❧❡' ❣4❛♥❞❡✉4 ♠♦❧❛✐4❡ ✿

∆rG
0 = G0

m
Sr2+

−G0
m

Ca2+
−

(

G0
m

Sr2+
−G0

m
Ca2+

)

✭✶✳✽✮

∆rG
0 = ∆G0

m −∆G0
m ✭✶✳✾✮

❙✐ ∆G0
m > ∆G0

m ❛❧♦4' ❧❡ '♦❧✐❞❡ ♣41❢14❛ ❧❡ '#4♦♥#✐✉♠✳ ❙✐ ∆G0
m < ∆G0

m ❛❧♦4' ❧❛

'♦❧✉#✐♦♥ ♣41❢14❛ ❧❡ '#4♦♥#✐✉♠✳ ❈❡❧❛ ✐♠♣❧✐;✉❡ ;✉❡ '✐ ❧❡ SF ❡'# '✉♣14✐❡✉4 > ✶ ❛❧♦4' ❝❡❧❛

♥❡ '✐❣♥✐✜❡ ♣❛' ❢♦4❝1♠❡♥# ;✉❡ ❧❡ '♦❧✐❞❡ ♣41❢<4❡ ❛❞'♦4❜❡4 ❧❡ '#4♦♥#✐✉♠✳ ❊♥ ❡✛❡#✱ ❧❡ '✐❣♥❡

❞❡ ∆rG
0
♣❡✉# I#4❡ ❞1#❡4♠✐♥1 ♣❛4 ❧❡ #❡4♠❡ ❞❡ ❧❛ ♣❤❛'❡ ❛;✉❡✉'❡✳ ▲✬✐♥#14I# ❞✬1❝4✐4❡

❧✬❡♥#❤❛❧♣✐❡ ❧✐❜4❡ ❞❡ 41❛❝#✐♦♥✱ ∆rG
0
✱ ❛✈❡❝ ❧❡' ❣4❛♥❞❡✉4' ♠♦❧❛✐4❡'✱ G0

mi
✱ ❛✉ ❧✐❡✉ ❞❡'

❣4❛♥❞❡✉4' '#❛♥❞❛4❞ ❞❡ ❢♦4♠❛#✐♦♥✱ ∆fG
0
i ✱ ❡'# ;✉✬✐❧ ❡'# ♣♦''✐❜❧❡✱ ❣4J❝❡ > ✉♥❡ ✐♥#1❣4❛#✐♦♥

#❤❡4♠♦❞②♥❛♠✐;✉❡✱ ❞❡ ❞1#❡4♠✐♥❡4 ∆G0
m ❡#∆G0

m ♣❛4 ❞②♥❛♠✐;✉❡ ♠♦❧1❝✉❧❛✐4❡✳ ❉❛♥' ❝❡

❝❛'✱ ❧❡ '#4♦♥#✐✉♠ ❡'# ♠✐❡✉① 1❝❤❛♥❣1✱ ♥♦♥ ♣❛' ♣❛4❝❡ ;✉❡ ❧❡ '♦❧✐❞❡ ❧❡ ♣41❢<4❡✱ ♠❛✐' ♣❛4❝❡

;✉❡ ❧❛ ♣❤❛'❡ ❛;✉❡✉'❡ ♣41❢<4❡ ❧❡ ❝❛❧❝✐✉♠✳ M❛4 ❡①❡♠♣❧❡✱ ❞❛♥' ❧❡ ❝❛' ❞❡' ❛❧✉♠✐♥♦'✐❧✐❝❛#❡✱

❝♦♠♠❡ ❝❡❧❛ ❛ 1#1 ♠♦♥#41 ❬✷✺❪✳ ▲❡' '✐♠✉❧❛#✐♦♥' ♣41❞✐'❡♥# ;✉❡ ❝✬❡'# ❡♥ ❢❛✐# ❧❛ ♣❤❛'❡

❛;✉❡✉'❡ ;✉✐ ✐♠♣♦'❡ ❧❛ '1❧❡❝#✐✈✐#1 ❡♥#4❡ ❧❡ '♦❞✐✉♠ ❡# ❧❡ ❝1'✐✉♠✳ ❯♥ 4❛✐'♦♥♥❡♠❡♥#

'✐♠✐❧❛✐4❡ ♣❡✉# I#4❡ ♠❡♥1 ❧♦4' ❞❡ ❧✬1❝❤❛♥❣❡ ❡♥#4❡ ✉♥ ❝❛#✐♦♥ ♠♦♥♦✈❛❧❡♥# ❡# ✉♥ ❞✐✈❛❧❡♥#✳

✷✳ ▲✬❛❜&'✈✐❛*✐♦♥ SF ❞❡ ❝❡**❡ ❝♦♥0*❛♥*❡ ❡0* ❛❝&♦♥②♠❡ ❞❡ ❙❡♣❛&❛*✐♦♥ ❋❛❝*♦&✳



✶✳✷✳ ❙♦%♣'✐♦♥ *✉% *✉♣♣♦%' *♦❧✐❞❡ ✶✼

✶✳✷✳✸ ▲❡ ♥♦♥❛)✐)❛♥❛)❡ ❞❡ ,♦❞✐✉♠ ✭◆❛4❚✐9❖20·①❍2❖✮

❈❡""❡ "❤$%❡ %✬✐♥")*❡%%❡ ♣❛*"✐❝✉❧✐$*❡♠❡♥" 1 ✉♥ ♠❛")*✐❛✉ )"✉❞✐) ♣♦✉* ❧❛ ❞)❝♦♥"❛♠✐✲

♥❛"✐♦♥ ♦✉ ❧❛ %)♣❛*❛"✐♦♥✱ ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ❞❡ ❢♦*♠✉❧❡ "❤)♦*✐7✉❡ ◆❛4❚✐9❖20·①❍2❖✳

◆♦✉% ❛❧❧♦♥% ♣*)%❡♥"❡* ❧❡% ♣*)❝)❞❡♥"❡% )"✉❞❡% %✉* ❝❡ ♠❛")*✐❛✉✳

❙②♥'❤2*❡ ❡' ❝❛%❛❝'5%✐*❛'✐♦♥*

▲❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ♣❡✉" >"*❡ %②♥"❤)"✐%) 1 ♣❛*"✐* ❞❡ ❞✐✛)*❡♥" ♣*)❝✉*✲

%❡✉* ❞❡ "✐"❛♥❡✳ A❛*♠✐ ❝❡% ♣*)❝✉*%❡✉*% ♦♥ "*♦✉✈❡ ❞❡ ❧✬❛♥❛"❛%❡ ❛♥❤②❞*❡ ❬✸✾✱ ✺✸❪ ♦✉ ❞❡

❧✬✐%♦♣*♦♣♦①②❞❡ ❞❡ "✐"❛♥❡ ❬✸✾✱ ✹✺✱ ✸✽✱ ✷✽❪✳ ❉✬❛♣*$% ❍✳ ▲❡✐♥♦♥❡♥ ❡" ❏✳ ▲❡❤"♦ ❬✹✺❪ %❡✉❧

❧✬✐%♦♣*♦♣♦①②❞❡ ❞❡ "✐"❛♥❡ ♣❡*♠❡" ❞✬♦❜"❡♥✐* ✉♥ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ♣✉*✳

❉❡ ♠❛♥✐$*❡ 1 ♦❜"❡♥✐* ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠✱ ✐❧ ❝♦♥✈✐❡♥" ❞❡ ♠)❧❛♥❣❡* ❧❡

♣*)❝✉*%❡✉* ❞❡ "✐"❛♥❡ ❛✈❡❝ ❞❡ ❧❛ %♦✉❞❡ ❝♦♥❝❡♥"*)❡✱ ❝♦♥❝❡♥"*❛"✐♦♥ ❝♦♠♣*✐%❡ ❡♥"*❡ ✶✵

❡" ✶✻ ♠♦❧·▲−1
✱ ❞❛♥% ✉♥ %♦❧✈❛♥"✳ ▲❡ %♦❧✈❛♥" ❞)♣❡♥❞ ❞❡ ❧❛ ♥❛"✉*❡ ❞✉ ♣*)❝✉*%❡✉* ❡"

❞❡ ❧❛ ✈♦✐❡ ❞❡ %②♥"❤$%❡ ✉"✐❧✐%)❡✳ ❊♥ ❡✛❡"✱ ❆✳ ❈❧❡❛*✜❡❧❞ ❡" ❏✳ ▲❡❤"♦ ❬✸✾❪ ♦♥" ✉"✐❧✐%) ❞❡

❧✬✐%♦♣*♦♣♦①②❞❡ ❞❡ "✐"❛♥❡ ❡♥ ♣*)%❡♥❝❡ ❞❡ %♦✉❞❡ ❞❛♥% ❞✉ ♠)"❤❛♥♦❧ ❛✜♥ ❞✬✉"✐❧✐%❡* ❧❛

✈♦✐❡ %♦❧✲❣❡❧✳ ■❧ ❡%" )❣❛❧❡♠❡♥" ♣♦%%✐❜❧❡ ❞✬✉"✐❧✐%❡* ❧✬❡❛✉ ❝♦♥"❡♥✉❡ ❞❛♥% ❧❛ %♦❧✉"✐♦♥ ❞❡

%♦✉❞❡ ❝♦♥❝❡♥"*)❡ ❝♦♠♠❡ %♦❧✈❛♥" ❬✸✾✱ ✸✽❪✳

❈❡♣❡♥❞❛♥"✱ 7✉❡❧7✉❡ %♦✐" ❧❛ ✈♦✐❡ ❞❡ %②♥"❤$%❡ ✐♥✐"✐❛❧❡✱ %♦❧✲❣❡❧ ♦✉ ♠)❧❛♥❣❡ ❡♥ %♦✲

❧✉"✐♦♥✱ ❧❛ ♣*)♣❛*❛"✐♦♥ ♦❜"❡♥✉❡ ❡%" "*❛✐")❡ ❤②❞*♦"❤❡*♠❛❧❡♠❡♥" 1 ❞❡% "❡♠♣)*❛"✉*❡%

❛❧❧❛♥" ❞❡ ✻✵

◦
❈ ❬✸✽❪ 1 ✸✷✵

◦
❈ ❬✸✾❪✳ ❈❡♣❡♥❞❛♥"✱ ❆✳ ▼❡*❝❡✐❧❧❡ ❡" ❛❧✳ ♦♥" ♠♦♥"*) 7✉✬1

♣❛*"✐* ❞❡ ✷✵✵

◦
❈✱ ❧❡ %♦❧✐❞❡ ♦❜"❡♥✉ ♣*)%❡♥"❡ ✉♥❡ ♠♦*♣❤♦❧♦❣✐❡ ❞✐✛)*❡♥"❡✱ ❛❝✐❝✉❧❛✐*❡✱

7✉✐ ❡%" )❣❛❧❡♠❡♥" ♣❧✉% ❝*✐%"❛❧❧✐♥❡✳ ❉❡ ♣❧✉%✱ %❛ ❝♦♠♣♦%✐"✐♦♥ ❝❤✐♠✐7✉❡ ❡%" ♣❧✉"X"

◆❛5.6❚✐9❖20,8 · x❍2❖✳ ▲❡ %♦❧✐❞❡ ❡%" ✏%✉*❝♦♥❝❡♥"*)✑ ❡♥ %♦❞✐✉♠ ❡" ❝❡ ♥✬❡%" ❞♦♥❝ ♣❛% ✉♥

♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠✳

▲❛ ❞✉*)❡ ❞✉ "*❛✐"❡♠❡♥" ❤②❞*♦"❤❡*♠❛❧ ❡%" ❣)♥)*❛❧❡♠❡♥" ❞✬❡♥✈✐*♦♥ ✷✵ ❤❡✉*❡%✳ ❆✳

▼❡*❝❡✐❧❧❡ ❡" ❛❧✳ ♦♥" )❣❛❧❡♠❡♥" ♠♦♥"*) 7✉❡ ♣♦✉* ✉♥❡ "❡♠♣)*❛"✉*❡ ❞❡ "*❛✐"❡♠❡♥" ❤②❞*♦✲

"❤❡*♠❛❧ ❞❡ ✶✼✵

◦
❈ ♣❡♥❞❛♥" ✹✽ ❤❡✉*❡% ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ❢♦*♠) ❡%" %✐♠✐❧❛✐*❡

1 ❝❡❧✉✐ ❢♦*♠) 1 ✷✵✵

◦
❈ ♣❡♥❞❛♥" ✷✹ ❤❡✉*❡%✳
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❋✐❣✉$❡ ✶✳✶ ✕ ❞✐✛&❛❝)♦❣&❛♠♠❡ ❞❡ ❧❛ ♣♦✉❞&❡ ❞❡ ♥♦♥❛)✐)❛♥❛)❡ ❞❡ 2♦❞✐✉♠✳

▲❡ ❞✐✛&❛❝)♦❣&❛♠♠❡ ♦❜)❡♥✉ 2❡♠❜❧❡ ❝♦♠♣❛)✐❜❧❡ ❛✈❡❝ ✉♥❡ 2)&✉❝)✉&❡ ❧❛♠❡❧❧❛✐&❡ ♦6

❧✬♦①②❞❡ ❡2) ❝♦♠♣♦2: ❞✬✉♥ ❡♠♣✐❧❡♠❡♥) ❞❡ ❢❡✉✐❧❧❡)2✱ :✈❡♥)✉❡❧❧❡♠❡♥) 2:♣❛&: ♣❛& ❧❡2

2♦❞✐✉♠2 ❤②❞&❛):2✳ ▲❡ ♣&❡♠✐❡& ♣✐❝ ❝♦&&❡2♣♦♥❞&❛✐) > ❧❛ ❞✐2)❛♥❝❡ ✐♥)❡&❢❡✉✐❧❧❡)✳ ❈❡))❡

❞✐2)❛♥❝❡ ✈❛&✐❡ ❧:❣@&❡♠❡♥) ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧✬:)❛) ❞✬❤②❞&❛)❛)✐♦♥ ❞✉ ♥♦♥❛)✐)❛♥❛)❡ ❞❡

2♦❞✐✉♠✳ ❈❡))❡ ❞✐2)❛♥❝❡ ✈❛ ❞❡ ✻✳✾ ➴ ♣♦✉& ❧❡ ♥♦♥❛)✐)❛♥❛)❡ ❞:2❤②❞&❛): > ✶✵ ➴ ♣♦✉& ❝❡❧✉✐

❤②❞&❛): ❬✸✾❪✳ ❯♥❡ ❛✉)&❡ )❡❝❤♥✐I✉❡ ❞❡ ❝❛&❛❝):&✐2❛)✐♦♥ ❡2) ❧✬❛❝)✐✈✐)❛)✐♦♥ ♥❡✉)&♦♥✐I✉❡



✶✳✷✳ ❙♦%♣'✐♦♥ *✉% *✉♣♣♦%' *♦❧✐❞❡ ✶✾

❬✻✹❪✳ ❈❡''❡ ❛♥❛❧②,❡ ♣❡.♠❡' ❞❡ ❞1'❡.♠✐♥❡. ❧❡ .❛♣♣♦.' ❚✐✴◆❛✱ 1❣❛❧❡ ✷✱✷✺✳ ▲♦.,<✉❡

❧❡ ♥♦♥❛'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠ ❡,' ♣♦.'1 > ❤❛✉'❡ '❡♠♣1.❛'✉.❡✱ > ♣❛.'✐. ❞❡ ✼✵✵

◦
❈✱ ✐❧

,❡ ❞1❝♦♠♣♦,❡ ❡♥ '.✐'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠✱ ◆❛2❚✐3❖7 · x❍2❖✱ ❡' ❡♥ ❤❡①❛'✐'❛♥❛'❡ ❞❡

,♦❞✐✉♠❬✸✾❪✱ ◆❛2❚✐6❖13 · x❍2❖✳

●.I❝❡ > ❧❛ ❝♦♠♣♦,✐'✐♦♥ ❝❤✐♠✐<✉❡ ❡①❛❝'❡ ❞✉ ♥♦♥❛'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠ ✐❧ ❡,' ♣♦,,✐❜❧❡

❞❡ ❞1'❡.♠✐♥❡. ❧❛ ❝❛♣❛❝✐'1 ❞✬1❝❤❛♥❣❡ ❝❛'✐♦♥✐<✉❡ ✭❈❊❈✮✱ <✉❛♥'✐'1 ❞❡ ,♦❞✐✉♠ 1❝❤❛♥✲

❣❡❛❜❧❡ ♣.1,❡♥' ♣❛. ✉♥✐'1 ❞❡ ♠❛,,❡ ❞❡ ,♦❧✐❞❡✱ > ✹✱✾×✶✵

−3
♠♦❧·❣−1

❬✻✹❪✳ ❈❡♣❡♥❞❛♥'✱

❝❡''❡ ✈❛❧❡✉. ❡,' ❝♦♥'❡,'❛❜❧❡ ❝❛. ❡❧❧❡ ♥❡ '✐❡♥' ♣❛, ❝♦♠♣'❡ ❞❡ ❧❛ <✉❛♥'✐'1 ❞✬❡❛✉ ❝♦♥'❡♥✉❡

❞❛♥, ❧❛ ♠❛✐❧❧❡ ❝.✐,'❛❧❧✐♥❡✳

❆✳ ▼❡.❝❡✐❧❧❡ ❡! ❛❧✳ ❬✸✽❪ ♦♥' 1❣❛❧❡♠❡♥' ❡,'✐♠1 ❧❛ ,✉.❢❛❝❡ ,♣1❝✐✜<✉❡ ❞✉ ♥♦♥❛'✐'❛♥❛'❡

❞❡ ,♦❞✐✉♠ ,②♥'❤1'✐,1 > ❞✐✛1.❡♥'❡, '❡♠♣1.❛'✉.❡ ♣❛. ❛❞,♦.♣'✐♦♥✲❞1,♦.♣'✐♦♥ ❞✬❛③♦'❡✳

Y♦✉. ✉♥❡ '❡♠♣1.❛'✉.❡ ❞❡ ,②♥'❤Z,❡ ❝♦♠♣.✐,❡ ❡♥'.❡ ✻✵

◦
❈ ❡' ✶✻✵

◦
❈✱ ❧❛ ,✉.❢❛❝❡ ,♣1✲

❝✐✜<✉❡ ❛✉❣♠❡♥'❡ ❡' ♣❛,,❡ ❞❡ ✶✵ ♠

2·❣−1
> ✷✵✵ ♠

2·❣−1
✳ Y♦✉. ✉♥❡ '❡♠♣1.❛'✉.❡ ❞❡

,②♥'❤Z,❡ ❝♦♠♣.✐,❡ ❡♥'.❡ ✶✻✵

◦
❈ ❡' ✶✼✵

◦
❈✱ ❧❛ ,✉.❢❛❝❡ ,♣1❝✐✜<✉❡ ❞✐♠✐♥✉❡ ❡' ♣❛,,❡ ❞❡

✷✸✺ ♠

2·❣−1
> ✷✷ ♠

2·❣−1
✳ ❈❡''❡ ,✉.❢❛❝❡ ,♣1❝✐✜<✉❡ ❡,'✐♠1❡ ♣❛. ❧❡ ♠♦❞Z❧❡ ❇❊❚ ❞♦✐' ❝❡.✲

'❛✐♥❡♠❡♥' ❝♦..❡,♣♦♥❞.❡ > ❧❛ ,✉.❢❛❝❡ ✐♥'❡.❣.❛♥✉❧❛✐.❡✱ ,✉.❢❛❝❡ ❡①'❡.♥❡ ❞❡, ❣.❛✐♥,✳ ❊♥

❡✛❡'✱ ❧❡, ♠♦❧1❝✉❧❡, ❞✬❛③♦'❡, ♥❡ ♣❡✉✈❡♥' ♣❛, ♣1♥1'.❡. ❝♦♠♣❧Z'❡♠❡♥' ❞❛♥, ❧❡, ❢❡✉✐❧❧❡',

❝❛. ❧✬❡,♣❛❝❡ ❡,' ♦❝❝✉♣1 ♣❛. ❧❡, ,♦❞✐✉♠, ❤②❞.❛'1,✳

➱❝❤❛♥❣❡ ❛✈❡❝ ❧❡ ♣%♦'♦♥

■❧ ❡,' ♣♦,,✐❜❧❡ ❞✬♦❜'❡♥✐. ✉♥ ♥♦♥❛'✐'❛♥❛'❡ ❤②❞.♦❣1♥1 ❡♥ ♠❡''❛♥' ❡♥ ❝♦♥'❛❝'✱ ♣❧✉✲

,✐❡✉., ❢♦✐,✱ ❧❡ ♥♦♥❛'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠ ❛✈❡❝ ❞❡ ❧✬❛❝✐❞❡ ❝❤❧♦.✐❞❤②<✉❡ > ♣❍ ❂ ✶ ❬✻✺❪✳ ▲❡

♥♦♥❛'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠ ♣.1,❡♥'❡ ✉♥❡ ❢♦.'❡ ❝❛♣❛❝✐'1 ❞✬1❝❤❛♥❣❡ ❝❛'✐♦♥✐<✉❡ .1✈❡.,✐❜❧❡

❛✈❡❝ ❧❡ ♣.♦'♦♥✳ ▲❡ ,♦❧✐❞❡ ♣.1,❡♥'❡ ❞❡✉① ,❛✉', ❞❡ ♣❍ ❝♦..❡,♣♦♥❞❛♥' > ❧❛ ♣.1,❡♥❝❡ ❞❡

❞❡✉① ,✐'❡, ❞✐✛1.❡♥', > ❧❛ ,✉.❢❛❝❡ ✭cf. ❋✐❣✳✶✳✷✮✳

❉❡ ♣❧✉,✱ ❆✳ ❈❧❡❛.✜❡❧❞ et al. ❬✸✾❪ ♦♥' ♠♦♥'.1 <✉✬❡♥ ♠❡''❛♥' ❡♥ ❝♦♥'❛❝' ❞❡ ❧❛

♣♦✉❞.❡ ❞❡ ♥♦♥❛'✐'❛♥❛'❡ ❞❡ ,♦❞✐✉♠ ❡' ❞❡ ❧✬❡❛✉ ❞1,✐♦♥✐,1❡✱ ❧❡ ♣❍ ❛✉❣♠❡♥'❡ > ❝❛✉,❡

❞❡ ❧✬1❝❤❛♥❣❡ ❞✬✉♥❡ ♣❛.'✐❡ ❞❡, ,♦❞✐✉♠, ❞✉ ,♦❧✐❞❡ ❛✈❡❝ ❧❡, ♣.♦'♦♥, ❞❡ ❧✬❡❛✉ ,✉✐✈❛♥' ❧❛



✷✵ ❈❤❛♣✐'(❡ ✶✳ ,(-.❡♥'❛'✐♦♥ ●-♥-(❛❧❡

❋✐❣✉$❡ ✶✳✷ ✕ ❈♦✉'❜❡ ❞❡ ♣❍ ❡- .✉❛♥-✐-2 ❞❡ 3♦❞✐✉♠ 2❝❤❛♥❣2 ❡♥ ❢♦♥❝-✐♦♥ ❞✉ ✈♦❧✉♠❡

❞✬❛❝✐❞❡ ❝❤❧♦'❤②❞'✐.✉❡ ✈❡'32 ❛✈❡❝ ✉♥❡ ❝♦♥❝❡♥-'❛-✐♦♥ ❞❡ ✵✱✶ ▼ ❡①-'❛✐- ❞❡ ❬✸✾❪✳

'2❛❝-✐♦♥ ❝❤✐♠✐.✉❡ ❝✐✲❛♣'F3✳

Na4Ti9O20 + xH2O ⇋ Na4−xHxTi9O20 + xOH− + xNa+ ✭✶✳✶✵✮

❊♥ ♠2❧❛♥❣❡❛♥- ✵✱✷ ❣ ❞❡ ♣♦✉❞'❡ ❞❡ ♥♦♥❛-✐-❛♥❛-❡ ❞❡ 3♦❞✐✉♠ ❛✈❡❝ ✷✵ ♠▲ ❞✬❡❛✉✱ ❧❡ ♣❍

3❡ 3-❛❜✐❧✐3❡ K ❡♥✈✐'♦♥ ✶✶✳ ▲❡3 ❞❡✉① 3❛✉-3 ♦❜3❡'✈23 3♦♥- ❢❛✐❜❧❡3 ❡- ❞♦♥❝ ❝♦♠♣❛'❛❜❧❡3

K ✉♥❡ ❞✐❜❛3❡ ❢❛✐❜❧❡✳ ➚ ♣❛'-✐' ❞❡ ❧❛ ✜❣✉'❡ ✶✳✷ ♦♥ ♣❡✉- ❞2-❡'♠✐♥❡' ❧❛ ✈❛❧❡✉' ❞❡3 ♣Ka

❞❡3 ❞❡✉① 3❛✉-3 ❛✉ ❞❡♠✐✲✈♦❧✉♠❡ 2.✉✐✈❛❧❡♥-✳ ▲❡3 ✈❛❧❡✉'3 3♦♥- ❡3-✐♠2❡3 K ✶✵ ❡- ✻✱✸✳

❉❡ ♣❧✉3✱ ❏✳ ▲❡❤-♦ ❡! ❛❧✳ ❬✻✹❪ ♦♥- ♠♦♥-'2 .✉❡ ♣❧✉3 ❧❡ ♣❍ ❡3- ❜❛3 ❡- ♣❧✉3 ❧❛ ♣'♦♣♦'-✐♦♥

❡♥ ♣'♦-♦♥ ❛❞3♦'❜2 ❛✉❣♠❡♥-❡✳ ❈❡--❡ ✈❛'✐❛-✐♦♥ ❡3- ❧✐♥2❛✐'❡ ❡♥ ❢♦♥❝-✐♦♥ ❞✉ ♣❍ ♠❛✐3 ♥✬❡3-

♣❛3 ♥✉❧❧❡ ♠R♠❡ ♣♦✉' ✉♥ ♣❍ 3✉♣2'✐❡✉' K ✶✵✳ ❖♥ ♣❡✉- ❞♦♥❝ ❞2-❡'♠✐♥❡' ❧❛ ❢'❛❝-✐♦♥ ❞❡

♣'♦-♦♥ ❛❞3♦'❜2❡ 3✉' ❧❡ 3♦❧✐❞❡✱ XH ✱ ❡♥ ❝♦♥♥❛✐33❛♥- ❧❡ ♣❍ ✐♥✐-✐❛❧ 3✉✐✈❛♥- ❧❛ ❢♦'♠✉❧❡

❡♠♣✐'✐.✉❡ 3✉✐✈❛♥-❡ ✿

XH = −0, 08 pH + 0, 93 ✭✶✳✶✶✮

❆✳ ❈❧❡❛'✜❡❧❞ ❡! ❛❧✳ ❬✸✾❪ ♦♥- 2❣❛❧❡♠❡♥- ♠♦♥-'2 .✉❡ ❧✬2❝❤❛♥❣❡ ❛✈❡❝ ❧❡ ♣'♦-♦♥ ❡3- '2✈❡'✲

3✐❜❧❡ ❡♥ ♣'23❡♥❝❡ ❞❡ 3♦✉❞❡✳

❍✳ ▲❡✐♥♦♥❡♥ ❡- ❏✳ ▲❡❤-♦ ❬✹✺❪ ♦♥- ❛✐♥3✐ ♠✐3 ❡♥ 2✈✐❞❡♥❝❡ ❧❡ ❢❛✐- .✉❡ ❧❡ 3♦❧✐❞❡ ♣❡✉-

2❝❤❛♥❣❡' K ♣❍ ❂ ✶ ❡♥✈✐'♦♥ ✼✺ ✪ ❞❡ 3❡3 3♦❞✐✉♠ ♣❛' ❞❡3 ♣'♦-♦♥3✳ ▲✬❛❞3♦'♣-✐♦♥ ❞✉

♣'♦-♦♥ 3✉' ❧❛ 3✉'❢❛❝❡ ❞✉ 3♦❧✐❞❡ ♠♦❞✐✜❡ ❧✬✐♥-❡♥3✐-2 ❞❡ ❝❡'-❛✐♥3 ♣✐❝3 ♦❜3❡'✈23 ♣❛' ❞✐❢✲



✶✳✷✳ ❙♦%♣'✐♦♥ *✉% *✉♣♣♦%' *♦❧✐❞❡ ✷✶

❢!❛❝$✐♦♥ ❞❡* !❛②♦♥* ❳✶✳✸✳ ❊♥ ❡✛❡$✱ ❧❡ ❞❡✉①✐6♠❡ ♣✐❝✱ 9 ❡♥✈✐!♦♥ ✷✹

◦
✱ ❞❡✈✐❡♥$ ❞❡ ♣❧✉*

❡♥ ♣❧✉* ✐♥$❡♥*❡ ❡♥ ❢♦♥❝$✐♦♥ ❞❡ ❧❛ =✉❛♥$✐$> ♣!♦$♦♥ ❛❞*♦!❜> ❛❧♦!* =✉❡ ❧❡ $!♦✐*✐6♠❡ ♣✐❝✱

9 ❡♥✈✐!♦♥ ✷✽

◦
✱ ❞❡✈✐❡♥$ ❞❡ ♠♦✐♥* ❡♥ ♠♦✐♥* ✐♥$❡♥*❡✳

❋✐❣✉$❡ ✶✳✸ ✕ ❉✐✛!❛❝$♦❣!❛♠♠❡ ❞❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ *♦❞✐✉♠ ❛✈❡❝ ❞✐✛>!❡♥$* ♣♦✉!❝❡♥✲

$❛❣❡ ❞✬>❝❤❛♥❣❡ ❛✈❡❝ ❧❡ ♣!♦$♦♥❬✹✺❪

✳

❆✳ ▼❡!❝❡✐❧❧❡ ❡! ❛❧✳ ❬✷✽❪ ♦♥$ >$✉❞✐> ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❍ ❞✬✉♥❡ *♦❧✉$✐♦♥ ❝♦♥$❡♥❛♥$

✶✱✶×✶✵

−3
♠♦❧·▲−1

❞❡ *$!♦♥$✐✉♠ *✉! ❞❡* ♥♦♥❛$✐$❛♥❛$❡* ❞❡ *♦❞✐✉♠ *②♥$❤>$✐*>* 9 ✶✵✵✱

✶✻✵ ❡$ ✷✵✵

◦
❈✳ ❏✉*=✉✬9 ✉♥ ♣❍ ❞❡ ✹✱ ❧❡ *$!♦♥$✐✉♠ ♥✬❡*$ ♣!❛$✐=✉❡♠❡♥$ ♣❛* ❛❞*♦!❜> ♠❛✐*

✐❧* *❡ *❛$✉!❡♥$ 9 ♣❛!$✐! ❞❡ ♣❍ ❂ ✶✶✲✶✷✳ ▲❡* ♥♦♥❛$✐$❛♥❛$❡* ❞❡ *♦❞✐✉♠ *②♥$❤>$✐*>* 9

✶✵✵

◦
❈ ❡$ ✶✻✵

◦
❈ ♦♥$ ✉♥ ❝♦♠♣♦!$❡♠❡♥$ *✐♠✐❧❛✐!❡ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ♣❍ ❛❧♦!* =✉❡ ❝❡❧✉✐

>❧❛❜♦!> 9 ✷✵✵

◦
❈ ❛❞*♦!❜❡ ♠♦✐♥* ❞❡ *$!♦♥$✐✉♠ ❡♥$!❡ ❧❡* ♣❍ ✹ ❡$ ✶✶✳

❊❝❤❛♥❣❡ ✐♦♥✐4✉❡

❆✳ ▼❡!❝❡✐❧❧❡ ❡! ❛❧✳ ♦♥$ ❞>$❡!♠✐♥> ❧❛ ❝♦♥*$❛♥$❡ ❞✬>=✉✐❧✐❜!❡ ❞❡ ❧❛ !>❛❝$✐♦♥ ❞✬>❝❤❛♥❣❡

❞✬✉♥ *$!♦♥$✐✉♠✱ ✐♥✐$✐❛❧❡♠❡♥$ ♣!>*❡♥$ ❞❛♥* ❧❛ *♦❧✉$✐♦♥✱ ♣❛! ❞❡✉① *♦❞✐✉♠✱ ✐♥✐$✐❛❧❡♠❡♥$

♣!>*❡♥$* ❞❛♥* ❧❡ *♦❧✐❞❡✳ ❈❡* ♠❡*✉!❡* ♦♥$ >$> !>❛❧✐*>❡* ❡♥ ♣!>*❡♥❝❡ ❞❡ *$!♦♥$✐✉♠ !❛✲

❞✐♦❛❝$✐❢✱ ❞✬❛❝$✐✈✐$> ❝♦♥♥✉❡ ❡$ ✜①❡✱ ❡$ ❞✬❛❝>$❛$❡ ❞❡ *♦❞✐✉♠ 9 ❞✐✛>!❡♥$❡ ❝♦♥❝❡♥$!❛$✐♦♥✱

❛❧❧❛♥$ ❞❡ ✵✱✶ ♠♦❧·▲−1
9 ✶♠♦❧·▲−1

✳ ■❧* ♦♥$ ❛✐♥*✐ ♣✉ ❡*$✐♠❡! =✉❡ ❧❛ ❝♦♥*$❛♥$❡ ❞✬>=✉✐✲
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✮ ♣♦✉" ❞❡✉①

❧♦!> ❝♦♠♠❡"❝✐❛✉① ❞❡ ♥♦♥❛!✐!❛♥❛!❡ ❞❡ >♦❞✐✉♠ ❡♥ ♣"=>❡♥❝❡ ❞❡ >!"♦♥!✐✉♠✱ ♥❡♣!✉♥✐✉♠✱

♣❧✉!♦♥✐✉♠ ❡! ✉"❛♥✐✉♠❬✻✻❪✳

♣❍ ✭❞❡ ✵ J ✶✹✮ ❡♥ ♣"=>❡♥❝❡ ❞❡ >♦❞✐✉♠✳ (♦✉" ❝❡❧❛ ✐❧> ♦♥! ♣"=♣❛"= ❞❡> >♦❧✉!✐♦♥>

❝♦♥!❡♥❛♥! ✺×10−4
♠♦❧·▲−1

❞❡ >!"♦♥!✐✉♠ ❡! ✺ ♠♦❧·▲−1
❞❡ >♦❞✐✉♠✳ ▲❡ ❝♦❡✣❝✐❡♥!

❞❡ ❞✐>!"✐❜✉!✐♦♥ ❡>! !♦✉❥♦✉"> ❝♦♠♣"✐> ❡♥!"❡ ✶✵ ❡! ❡♥✈✐"♦♥ 4× 104 ♠❛✐> ❧✬♦♣!✐♠✉♠ ❞✉

❝♦❡✣❝✐❡♥! ❞❡ ❞✐>!"✐❜✉!✐♦♥ ❡>! ♦❜!❡♥✉ ♣♦✉" ❞❡> ♣❍ ♣❧✉> ❜❛>✐O✉❡>✳ ❊♥ ❡✛❡!✱ ❧❛ ✈❛❧❡✉"

♠❛①✐♠❛❧❡ ❞✉ ❝♦❡✣❝✐❡♥! ❞❡ ❞✐>!"✐❜✉!✐♦♥ ❡>! ❛!!❡✐♥!❡ J ♣❛"!✐" ❞❡ ♣❍ ❂ ✶✸✱ ❛✈❡❝ ✉♥❡

❢♦"!❡ ❝♦♥❝❡♥!"❛!✐♦♥ ❡♥ >♦❞✐✉♠✱ ❛❧♦"> O✉❡ ❏✳ ▲❡❤!♦ ❡! ❛❧✳ ❛✈❛✐❡♥! ❛!!❡✐♥! ❧✬♦♣!✐♠✉♠ J

♣❛"!✐" ❞❡ ♣❍ ❂ ✻ >❛♥> >♦❞✐✉♠✳

■✳ ❉❡❋✐❧✐♣✐ ❡! ❛❧✳ ♦♥! =❣❛❧❡♠❡♥! ❞=!❡"♠✐♥= ❧❡ ❝♦❡✣❝✐❡♥! ❞❡ ❞✐>!"✐❜✉!✐♦♥ ❞✉ >!"♦♥✲

!✐✉♠ ❡♥ ♣"=>❡♥❝❡ ❞❡ !"♦✐> ❝♦♠♣❧❡①❛♥!> ❡♥ >♦❧✉!✐♦♥✱ J ❞✐✛="❡♥!❡> ❝♦♥❝❡♥!"❛!✐♦♥>✱ ❡!

❛✈❡❝ ❞✉ ♥♦♥❛!✐!❛♥❛!❡ ❞❡ >♦❞✐✉♠✳ ❈❡> !"♦✐> ❝♦♠♣❧❡①❛♥!> >♦♥! ❧✬❛❝✐❞❡ ❝✐!"✐O✉❡✱ ❧✬❛❝✐❞❡

♦①❛❧✐O✉❡ ❡! ❧✬❊❉❚❆ ✭❊!❤②❧\♥❡ ❉✐❛♠✐♥❡ ❚=!"❛✲❆❝=!✐O✉❡✮✳ ▲✬❛❝✐❞❡ ❝✐!"✐O✉❡ ❡! ❧✬❊❉❚❆

♣"=>❡♥!❡♥! ✉♥ ♠❡✐❧❧❡✉" ❝♦❡✣❝✐❡♥! O✉❡ ❧✬❛❝✐❞❡ ♦①❛❧✐O✉❡✱ ❞❡ ❧✬♦"❞"❡ ❞❡ ✺×103 ❛✉ ❧✐❡✉

❞❡ ✷✻✼ ♠▲·❣−1
♣♦✉" ✉♥❡ ❝♦♥❝❡♥!"❛!✐♦♥ ❡♥ ❝♦♠♣❧❡①❛♥! ❞❡ ✷✵✵ ♠❣·▲−1

✱ ✷✵✵ ♠❣ ❞❡

♥♦♥❛!✐!❛♥❛!❡ ❞❡ >♦❞✐✉♠ ❡! ✻✵ ♠❣·▲−1
❡♥ ♥✐!"❛!❡ ❞❡ >!"♦♥!✐✉♠✳ ❯♥❡ ❝♦♥❝❡♥!"❛!✐♦♥

❢❛✐❜❧❡ ✭✷✵✵ ♠❣·▲−1
✮ ❡♥ ❝♦♠♣❧❡①❛♥! ♣❡"♠❡! ❞✬♦❜!❡♥✐" ✉♥ ♠❡✐❧❧❡✉" ❝♦❡✣❝✐❡♥! ❞❡ ❞✐>!"✐✲

❜✉!✐♦♥✳ ➚ ❝❡!!❡ ❝♦♥❝❡♥!"❛!✐♦♥✱ ❧✬❊❉❚❆ ❡>! ❧=❣\"❡♠❡♥! ♠❡✐❧❧❡✉" O✉❡ ❧✬❛❝✐❞❡ ❝✐!"✐O✉❡✳

❈✬❡>! J ❞✐"❡ O✉❡ ❧❡ ♥♦♥❛!✐!❛♥❛!❡ ❞❡ >♦❞✐✉♠ ❛❞>♦"❜❡ ♣❧✉> ❞❡ >!"♦♥!✐✉♠ ❡♥ ♣"=>❡♥❝❡

❞✬❊❉❚❆ O✉✬❡♥ ♣"=>❡♥❝❡ ❞✬❛❝✐❞❡ ♥✐!"✐O✉❡✳ ❈❡♣❡♥❞❛♥!✱ ❧✬❛❝✐❞❡ ❝✐!"✐O✉❡ ❡>! ♠❡✐❧❧❡✉"

❛✈❡❝ ✉♥❡ ❝♦♥❝❡♥!"❛!✐♦♥ ❞❡ ✷ ❣·▲−1
✳

❊✳ ❇❡❤"❡♥> ❡! ❛❧✳ ❬✸✼❪ ♦♥! =!✉❞✐= ❧❡ ❢❛❝!❡✉" ❞❡ >=♣❛"❛!✐♦♥✱ KD ❡! ❧❡ ❢❛❝!❡✉" ❞❡

❞=❝♦♥!❛♠✐♥❛!✐♦♥ SF ✱ "❛♣♣♦"! ❞❡> ❛❝!✐✈✐!=> ❛✈❛♥! ❡! ❛♣"\> ❞=❝♦♥!❛♠✐♥❛!✐♦♥✱ ❞❡ ❞✐❢✲

❢="❡♥!> =❝❤❛♥❣❡✉"> ❞✬✐♦♥ ✐♥♦"❣❛♥✐O✉❡✱ ❞♦♥! ❧❡ ♥♦♥❛!✐!❛♥❛!❡ ❞❡ >♦❞✐✉♠✱ >✉" !"♦✐> >♦❧✉✲

!✐♦♥> >!❛♥❞❛"❞>✳ ▲❛ ♣"❡♠✐\"❡ >♦❧✉!✐♦♥✱ >♦❧✉!✐♦♥ ✶✱ ❡>! ✉♥❡ ❡❛✉ >♦✉!❡""❛✐♥❡ ♥❡ ❝♦♥!❡✲



✶✳✷✳ ❙♦%♣'✐♦♥ *✉% *✉♣♣♦%' *♦❧✐❞❡ ✷✺

♥❛♥" ❞✐✛&'❡♥") ✐♦♥) ✭❜❛'②✉♠✱ ❝❛❧❝✐✉♠✱ ♠❛❣♥&)✐✉♠✱ )"'♦♥"✐✉♠✱ )♦❞✐✉♠ . . .✮✱ ❡♥ ❢❛✐❜❧❡

❝♦♥❝❡♥"'❛"✐♦♥ ✭❧❛ ❝♦♥❝❡♥"'❛"✐♦♥ "♦"❛❧❡ ❡♥ ❝❛"✐♦♥ ❡)" &❣❛❧❡ 6 ✹✱✼✼×10−4
♠♦❧·▲−1

✮ ❡"

✉♥ ♣❍ "❤&♦'✐=✉❡ ❞❡ ✶✶✱✷✳ ▲❛ )❡❝♦♥❞❡ )♦❧✉"✐♦♥✱ )♦❧✉"✐♦♥ ✷✱ ❝♦♥"✐❡♥" ♣'✐♥❝✐♣❛❧❡♠❡♥"

❞✉ )♦❞✐✉♠✱ ✹✱✾✾ ♠♦❧·▲−1
✱ ❛✈❡❝ ❞❡ ❧✬❛❧✉♠✐♥✐✉♠✱ ✵✱✹✸ ♠♦❧·▲−1

✱ ❡" ❞✉ ♣♦"❛))✐✉♠✱ ✵✱✶✷

♠♦❧·▲−1
✱ ❡" ✉♥ ♣❍ "❤&♦'✐=✉❡ ❞❡ ✶✹✱✺✳ ▲❛ "'♦✐)✐G♠❡ )♦❧✉"✐♦♥✱ )♦❧✉"✐♦♥ ✸✱ ❝♦♥"✐❡♥"

♣'✐♥❝✐♣❛❧❡♠❡♥" ❞✉ )♦❞✐✉♠✱ ❝♦♠♠❡ ❞❛♥) ❧❛ )♦❧✉"✐♦♥ ✷✱ ❡" ❞✐✛&'❡♥") ❝❛"✐♦♥) 6 ❞❡)

❝♦♥❝❡♥"'❛"✐♦♥) ✈❛'✐❛❜❧❡)✱ ❛❧❧❛♥" ❞❡ ✺✱✶ ♠♦❧·▲−1
♣♦✉' ❧❡ )♦❞✐✉♠ 6 ✷✱✾×10−7

♠♦❧·▲−1

♣♦✉' ❧❡ )"'♦♥"✐✉♠✱ ❡" ✉♥ ♣❍ "❤&♦'✐=✉❡ ❞❡ ✶✹✱✹✳ ❉❛♥) ❝❤❛❝✉♥❡ ❞❡) )♦❧✉"✐♦♥) ❛ &"&

❛❥♦✉"& ✉♥ "'❛❝❡✉' '❛❞✐♦❛❝"✐❢ ❞❡ )"'♦♥"✐✉♠✱

89
❙'✱ ❡" ❞❡ ❝&)✐✉♠✱

137
❈)✳ ■❧ ❛♣♣❛'❛M" =✉❡

❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ )♦❞✐✉♠ ❡)" ♣❧✉) )&❧❡❝"✐❢ ❧♦')=✉❡ ❧❡ ♣❍ ❡)" &❧❡✈&✳ ▲❡ ❢❛❝"❡✉' ❞❡

❞&❝♦♥"❛♠✐♥❛"✐♦♥ ❡" ❧❡ ❝♦❡✣❝✐❡♥" ❞❡ ❞✐)"'✐❜✉"✐♦♥ ❞✐♠✐♥✉❡♥" ❢♦'"❡♠❡♥" ❡♥ ♣'&)❡♥❝❡

❞❡ ❝❛"✐♦♥) ❡♥ )♦❧✉"✐♦♥✳ ❈❡♣❡♥❞❛♥"✱ ❝❡) ❝♦♥)"❛♥"❡) '❡)"❡♥" )✉♣&'✐❡✉'❡) ♣❛' '❛♣♣♦'" 6

❝❡❧❧❡) ❞❡) ❛✉"'❡) &❝❤❛♥❣❡✉') ✐♥♦'❣❛♥✐=✉❡) "❡)"&)✳ ▲❡) '&)✉❧"❛") )♦♥" '❡❣'♦✉♣&) ❞❛♥)

❧❡ "❛❜❧❡❛✉ ✶✳✹✳

❙♦❧✉"✐♦♥ ✶ ❙♦❧✉"✐♦♥ ✷ ❙♦❧✉"✐♦♥ ✸

KD ✷✺ ✸✵✵ ✷✸✺ ✶✷✵ ✷✾✺

SF ✶✷✼ ✶ ✶✼✼ ✷✳✻

❚❛❜❧❡ ✶✳✹ ✕ ❚❛❜❧❡❛✉ '&)✉♠❛♥" ❧❡) ❢❛❝"❡✉') ❞❡ ❞✐)"'✐❜✉"✐♦♥ ❡" ❧❡) ❝♦❡✣❝✐❡♥") ❞❡

)&♣❛'❛"✐♦♥ ♣♦✉' ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ )♦❞✐✉♠ ❡♥ ♣'&)❡♥❝❡ ❞❡) ✸ )♦❧✉"✐♦♥) ♣♦✉' ❧❡

)"'♦♥"✐✉♠❬✸✼❪✳

❆✳ ▼❡'❝❡✐❧❧❡ ❡! ❛❧✳ ❬✸✽❪ ♦♥" &❣❛❧❡♠❡♥" ❝♦♠♣❛'& ❧❛ ❞&❝♦♥"❛♠✐♥❛"✐♦♥ ❞❡ )♦❧✉"✐♦♥

❞❡ ❞✐✛&'❡♥") '❛❞✐♦✲✐)♦"♦♣❡)✱ ♣'&)❡♥") ❧♦') ❞❡ ❧❛ ❞✐))♦❧✉"✐♦♥ ❞✉ ❝♦♠❜✉)"✐❜❧❡ ✐''❛❞✐&✱

❡♥"'❡ ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ )♦❞✐✉♠ ❡" ❧❡ ♣'♦❝&❞& ❞❡ ❝♦✲♣'&❝✐♣✐"❛"✐♦♥✳ ❊♥ ❢♦♥❝"✐♦♥ ❞❡

❧✬&❧&♠❡♥" =✉❡ ❧✬♦♥ )♦✉❤❛✐"❡ ❞&❝♦♥"❛♠✐♥❡'✱ ❧❛ )♦'♣"✐♦♥ )✉' ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ )♦❞✐✉♠

)❡♠❜❧❡ Y"'❡ ♣❧✉) ❡✣❝❛❝❡ =✉✬❛✈❡❝ ❧❡ ♣'♦❝&❞& ❞❡ ❝♦♣'&❝✐♣✐"❛"✐♦♥ ✉"✐❧✐)& ❛❝"✉❡❧❧❡♠❡♥"✳

❈❡♣❡♥❞❛♥" ❝❡ ♥✬❡)" ♣❛) ❧❡ ❝❛) ♣♦✉' ❧❛ ❞&❝♦♥"❛♠✐♥❛"✐♦♥ ❞✉ )"'♦♥"✐✉♠✱ ❧✬❛❞)♦'♣"✐♦♥

)✉' ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ )♦❞✐✉♠ ❡)" &=✉✐✈❛❧❡♥"❡ 6 ❧❛ ❝♦♣'&❝✐♣✐"❛"✐♦♥✳



✷✻ ❈❤❛♣✐'(❡ ✶✳ ,(-.❡♥'❛'✐♦♥ ●-♥-(❛❧❡

❊'✉❞❡ ❝✐♥-'✐7✉❡

❉❛♥# ❧❡✉' '❛♣♣♦'* ❞❡ ✷✵✵✶✱ ❉✳ ❍♦❜❜# ❡! ❛❧✳ ❬✻✻❪ ♦♥* ♠❡#✉'7 ❧❛ 8✉❛♥*✐*7 ❞❡ #*'♦♥✲

*✐✉♠ ♣'7#❡♥* ❡♥ #♦❧✉*✐♦♥ ❛✉ ❝♦✉'# ❞✉ *❡♠♣#✳ ✼✺ ♠▲ ❞✬✉♥❡ #♦❧✉*✐♦♥ ✐♥✐*✐❛❧❡ ❝♦♥*❡♥❛♥*

✽✻✱✼ µ❣·▲−1
❞❡ #*'♦♥*✐✉♠ ❛ 7*7 ♠✐# ❡♥ ❝♦♥*❛❝* ❛✈❡❝ ✵✱✵✸ ❣ ❞❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠✳

❆✉ ❜♦✉* ❞❡ ✶✺✵ ❤❡✉'❡# ❧✬78✉✐❧✐❜'❡ #❡♠❜❧❡ F*'❡ ♣'❡#8✉❡ ❛**❡✐♥*✳

❊♥ ✷✵✶✶✱ ❆✳ ▼❡'❝❡✐❧❧❡ ❡! ❛❧✳ ❬✸✽❪ ♦♥* ♠❡♥7 ✉♥❡ 7*✉❞❡ ❝✐♥7*✐8✉❡ ❞✬❛❞#♦'♣*✐♦♥ ❞✉

#*'♦♥*✐✉♠ #✉' ❧✬❡♥#❡♠❜❧❡ ❞❡# ♠❛*7'✐❛✉① #②♥*❤7*✐#7# K ❞✐✛7'❡♥*❡ *❡♠♣7'❛*✉'❡# ✭✻✵✱

✶✵✵✱ ✶✻✵✱ ✶✼✵ ❡* ✷✵✵

◦
❈✮✳ ❉✬❛♣'P# ❝❡**❡ 7*✉❞❡ ❝✐♥7*✐8✉❡✱ ✐❧ ❛♣♣❛'❛Q* 8✉✬❡♥ ❢♦♥❝*✐♦♥

❞❡ ❧❛ *❡♠♣7'❛*✉'❡ ❞❡ #②♥*❤P#❡ ❧❡ *❛✉① ❞✬❛❞#♦'♣*✐♦♥ ❞✉ #*'♦♥*✐✉♠ ✈❛'✐❡ ❢♦'*❡♠❡♥*✳

▼F♠❡ #✐ ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠ #②♥*❤7*✐#7 K ✷✵✵

◦
❈ ♣'7#❡♥*❡ ✉♥❡ ♠❡✐❧❧❡✉'❡ ❝❛♣❛✲

❝✐*7 ❞✬7❝❤❛♥❣❡ ❝❛*✐♦♥✐8✉❡✱ ✐❧ ❛♣♣❛'❛Q* 8✉✬❛✉ ♠❛①✐♠✉♠ ✻✵✪ ❞✉ #*'♦♥*✐✉♠ ❡#* ❛❞#♦'❜7

❛♣'P# ✷✹ ❤❡✉'❡# ❞❡ ♠✐#❡ ❡♥ ❝♦♥*❛❝*✳ ▲❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠ #②♥*❤7*✐#7 K ✻✵

◦
❈

♣'7#❡♥*❡ ✉♥❡ ❝✐♥7*✐8✉❡ ❜❡❛✉❝♦✉♣ ♣❧✉# ❧❡♥*❡ 8✉❡ ♣♦✉' ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠

#②♥*❤7*✐#7 K ✶✵✵

◦
❈✱ ✶✻✵

◦
❈ ❡* ✶✼✵

◦
❈✳ ▲❡# ♠❡#✉'❡# '7❛❧✐#7❡# #✉' ✷✹ ❤❡✉'❡# ♥❡ ♣❡'✲

♠❡**❡♥* ♣❛# ❞❡ ❞7*❡'♠✐♥❡' ❧❡ *❡♠♣# ♥7❝❡##❛✐'❡ ♣♦✉' ❛**❡✐♥❞'❡ ❧✬78✉✐❧✐❜'❡ ♣♦✉' ❧❡

♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠ #②♥*❤7*✐#7 K ✻✵

◦
❈✳ ❊♥ '❡✈❛♥❝❤❡✱ ♣♦✉' ❧❡# ❛✉*'❡# ♠❛*7'✐❛✉①

#②♥*❤7*✐#7#✱ ❧✬78✉✐❧✐❜'❡ ❡#* ❛**❡✐♥* ❛✉ ❜♦✉* ❞✬❡♥✈✐'♦♥ ✻ ❤❡✉'❡# ♣♦✉' ✉♥❡ ❝♦♥❝❡♥*'❛*✐♦♥

❡♥ #*'♦♥*✐✉♠ 7❣❛❧❡ K ✶✵✵ ♠❣·▲−1
❡* ❛✈❡❝ ✵✱✶ ♠♦❧·▲−1

❞✬❛❝7*❛*❡ ❞❡ #♦❞✐✉♠✳ ❉✬❛♣'P#

❧❡ ♠♦❞P❧❡ ❞❡ ❍♦ ❬✻✼❪ ❧❛ ❝✐♥7*✐8✉❡ ❞✬❛❞#♦'♣*✐♦♥ ♣❡✉* F*'❡ '❡♣'7#❡♥*7❡ ♣❛' ✉♥ ♠♦❞P❧❡

❞❡ ♣#❡✉❞♦✲#❡❝♦♥❞ ♦'❞'❡✳ ❉✬❛♣'P# ❧❡ ♠♦❞P❧❡ ❞❡ ❲❡❜❡' ❡* ▼♦''✐# ❬✻✽❪✱ ✐❧# ♦♥* ♣✉ ❞7*❡'✲

♠✐♥❡' ❧❡# ✈❛❧❡✉'# ❞❡# ❝♦♥#*❛♥*❡# ❝✐♥7*✐8✉❡# ❞❡ ❞✐✛✉#✐♦♥ ❞❛♥# ❧❛ ❝♦✉❝❤❡ ❞❡ ❞✐✛✉#✐♦♥

❛✐♥#✐ 8✉❡ ❧❛ ❝♦♥#*❛♥*❡ ❝✐♥7*✐8✉❡ ✐♥*'❛✲♣❛'*✐❝✉❧❛✐'❡✳ ▲❛ ❞✐✛✉#✐♦♥ ✐♥*❡'✲♣❛'*✐❝✉❧❛✐'❡ ❡#*

♠❡✐❧❧❡✉'❡ ♣♦✉' ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠ #②♥*❤7*✐#7 K ✶✵✵

◦
❈ ❛❧♦'# 8✉❡ ❧❛ ❞✐✛✉#✐♦♥

✐♥*'❛✲♣❛'*✐❝✉❧❛✐'❡ ❡#* ♥❡**❡♠❡♥* ♠❡✐❧❧❡✉'❡ ♣♦✉' ❝❡❧✉✐ 7❧❛❜♦'7 K ✷✵✵

◦
❈✳

❈♦♥❝❧✉.✐♦♥

❊♥ '7#✉♠7✱ ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ #♦❞✐✉♠ ❡#* ✉♥ ♠❛*7'✐❛✉ ❧❛♠❡❧❧❛✐'❡ ❧♦❝❛❧❡♠❡♥*

❝'✐#*❛❧❧✐♥ ❞♦♥* ❧❛ ❞✐#*❛♥❝❡ ✐♥*❡'❧❛♠❡❧❧❛✐'❡ ❡#* ❞✬❡♥✈✐'♦♥ ✶✵ ➴✳ ▲❛ #*'✉❝*✉'❡ ❝'✐#*❛❧❧✐♥❡

♥✬❡#* ❛❝*✉❡❧❧❡♠❡♥* ♣❛# ❝♦♥♥✉❡✳ ▲❡# #♦❞✐✉♠# ❝♦♠♣❡♥#❛*❡✉'# ❞❡ ❝❤❛'❣❡ #♦♥* ♣'7#❡♥*#



✶✳✸✳ ❚❡❝❤♥✐)✉❡+ ❞✬❛♥❛❧②+❡ ❡1 ❞❡ ❝❛2❛❝132✐+❛1✐♦♥ ✷✼

❡♥"#❡ ❧❡% ❢❡✉✐❧❧❡"% ❞✬♦①②❞❡ ❞❡ "✐"❛♥❡ ❡" %♦♥" ❤②❞#❛"0% ❛✈❡❝ ✉♥ ♥♦♠❜#❡ ❞❡ ♠♦❧0❝✉❧❡%

❞✬❡❛✉ ✈❛#✐❛❜❧❡✳ ➚ ♣❛#"✐# ❞✬✉♥❡ "❡♠♣0#❛"✉#❡ ❞❡ ✷✵✵

◦
❈ ❧❡% ❝❛♣❛❝✐"0% ❞❡ %♦#♣"✐♦♥ ❞✉

♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ %♦♥" ♠♦❞✐✜0❡%✳ ❉❡ ♣❧✉%✱ ❧❛ "❡♠♣0#❛"✉#❡ ❞❡ %②♥"❤>%❡ ♠♦❞✐✲

✜❡ ❧❛ ❝✐♥0"✐@✉❡ ❞✬❛❞%♦#♣"✐♦♥ %♦✐" ❡♥ ♠♦❞✐✜❛♥" ❧❛ ❞✐✛✉%✐♦♥ ✐♥"❡#✲♣❛#"✐❝✉❧❛✐#❡ %♦✐" ❧❛

❞✐✛✉%✐♦♥ ✐♥"#❛✲♣❛#"✐❝✉❧❛✐#❡✳

▲❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ❡%" ✉♥ ♠❛"0#✐❛✉ %0❧❡❝"✐❢ ✈✐%✲C✲✈✐% ❞✉ %"#♦♥"✐✉♠✳ ❉✐❢✲

❢0#❡♥"❡% 0"✉❞❡% ♦♥" ❛✐♥%✐ ♠♦♥"#0 @✉❡ ❧❡ %"#♦♥"✐✉♠ ❡%" ❛❞%♦#❜0 ♠❛❥♦#✐"❛✐#❡♠❡♥" ❡♥

♣#0%❡♥❝❡ ❞❡ ❞✐✛0#❡♥"% ❝❛"✐♦♥% ♠♦♥♦ ♦✉ ♠✉❧"✐✈❛❧❡♥"%✳ ▲❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ❡%"

0❣❛❧❡♠❡♥" %❡♥%✐❜❧❡ ❛✉① ♣#♦"♦♥%✱ @✉✐ ♣❡✉✈❡♥" F"#❡ ❞0%♦#❜0% ❡♥ ♠✐❧✐❡✉ ❜❛%✐@✉❡✳

■❧ ❡%" ✐♠♣♦#"❛♥" ❞❡ ❞0✈❡❧♦♣♣❡# ✉♥ ♠♦❞>❧❡ ♣#0❞✐❝"✐❢ ♣♦✉# ❧❡ ❣0♥✐❡ ❝❤✐♠✐@✉❡ ❛✜♥

❞✬✉"✐❧✐%❡# ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠ ❞❛♥% ❞❡% ❝♦♥❞✐"✐♦♥% %H#❡%✳ I♦✉# ❝❡ ❢❛✐#❡✱ ♦♥ ❞♦✐"

❞0"❡#♠✐♥❡# ❧❡% ❝♦❡✣❝✐❡♥"% ❞✬❛❝"✐✈✐"0 ❞❡% ✐♦♥% ❞❛♥% ❧❛ %♦❧✉"✐♦♥ ❡" ❞❛♥% ❧❡ %♦❧✐❞❡✳ ▲❡

❝❛❧❝✉❧ ❞❡% ❝♦❡✣❝✐❡♥"% ❞♦✐" F"#❡ ❝❛❧✐❜#0 %✉# ❞❡% ♠❡%✉#❡% ❡①♣0#✐♠❡♥"❛❧❡%✳ ▲❡ ♠♦❞>❧❡

♣#0❞✐❝"✐❢✱ "♦✉" ❝♦♠♠❡ ❧❡% ❝♦❡✣❝✐❡♥"% ❞✬❛❝"✐✈✐"0✱ ❞♦✐" F"#❡ ❝❛❧✐❜#0 %✉# ❞❡% ♠❡%✉#❡% ❡①✲

♣0#✐♠❡♥"❛❧❡% ✐♥✐"✐❛❧❡% ❡" ❞♦✐" ♣❡#♠❡""#❡ ❞❡ %✐♠✉❧❡# ❞✬❛✉"#❡% ❞♦♥♥0❡% ❡①♣0#✐♠❡♥"❛❧❡%✳

✶✳✸ ❚❡❝❤♥✐)✉❡+ ❞✬❛♥❛❧②+❡ ❡1 ❞❡ ❝❛2❛❝132✐+❛1✐♦♥

I♦✉# 0"✉❞✐❡# ❝❡ ♠❛"0#✐❛✉✱ ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ %♦❞✐✉♠✱ ♣❧✉%✐❡✉#% "❡❝❤♥✐@✉❡% ❡①♣0✲

#✐♠❡♥"❛❧❡% ♦♥" 0"0 ✉"✐❧✐%0❡% ❡" %♦♥" ♣#0%❡♥"0❡% ✐❝✐✳

✶✳✸✳✶ ❉✐✛&❛❝)✐♦♥ ❞❡. &❛②♦♥. ❳ ✭❉❘❳✮

▲❛ ❞✐✛#❛❝"✐♦♥ ❞❡% #❛②♦♥% ❳ ♣❡#♠❡" ❞❡ ❝❛#❛❝"0#✐%❡# ❧❛ %"#✉❝"✉#❡ ❝#✐%"❛❧❧♦❣#❛♣❤✐@✉❡

❞❡% ♠❛"0#✐❛✉① ❝#✐%"❛❧❧✐♥% ❡" ❞❡ ❞0"❡#♠✐♥❡# %✐ ❧❛ %"#✉❝"✉#❡ ❞❡ ❧❛ ♣♦✉❞#❡ %②♥"❤0"✐%0❡

❝♦##❡%♣♦♥❞ C ❝❡❧❧❡ ❛""❡♥❞✉❡✳

▲❛ ❞✐✛#❛❝"✐♦♥ ❞❡% #❛②♦♥% ❳ ♣❡#♠❡" ❞❡ ❝♦♥♥❛L"#❡ ❧❛ ❞✐%"❛♥❝❡ ❡♥"#❡ ❧❡% ♣❧❛♥% ❝#✐%✲

"❛❧❧✐♥% ❞✬✉♥❡ ♠❛✐❧❧❡ ❝#✐%"❛❧❧✐♥❡ %✉✐✈❛♥" ❧❛ ❧♦✐ ❞❡ ❇#❛❣❣ ✭✶✳✶✸✮✳

2 d sin θ = nλ ✭✶✳✶✸✮



✷✽ ❈❤❛♣✐'(❡ ✶✳ ,(-.❡♥'❛'✐♦♥ ●-♥-(❛❧❡

♦! ❞ ❝♦$$❡&♣♦♥❞ ) ❧❛ ❞✐&-❛♥❝❡ ❡♥-$❡ ❧❡& ♣❧❛♥& ❝$✐&-❛❧❧✐♥&✱ θ ❝♦$$❡&♣♦♥❞ ) ❧✬❛♥❣❧❡

❞✬✐♥❝✐❞❡♥❝❡ ❞✉ ❢❛✐&❝❡❛✉ ❞❡ $❛②♦♥ ❳✱ ♥ ❡&- ❧✬♦$❞$❡ ❞❡ ❞✐✛$❛❝-✐♦♥ ✭❣7♥7$❛❧❡♠❡♥- 7❣❛❧ )

✶✮ ❡- λ ❧❛ ❧♦♥❣✉❡✉$ ❞✬♦♥❞❡ ❞✉ ❢❛✐&❝❡❛✉ ❞❡ $❛②♦♥ ❳✳

▲❛ ❧♦✐ ❞❡ ❇$❛❣❣ ♣❡✉- >-$❡ $❡♣$7&❡♥-7❡ ❞❡ ♠❛♥✐?$❡ ❣7♦♠7-$✐@✉❡ ♣❛$ ❧❛ ✜❣✉$❡ ✶✳✹

❋✐❣✉$❡ ✶✳✹ ✕ ❘❡♣$7&❡♥-❛-✐♦♥ ❣7♦♠7-$✐@✉❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❇$❛❣❣ ❬✻✾❪✳

▲❡& ❛♥❛❧②&❡& ♣❛$ ❞✐✛$❛❝-✐♦♥ ❞❡& $❛②♦♥& ❳ &♦♥- $7❛❧✐&7❡& &✉$ ✉♥ ❞✐✛$❛❝-♦♠?-$❡

❇$✉❦❡$ ❉✽ ❆❞✈❛♥❝❡✱ ❛✈❡❝ ✉♥❡ ❝❛-❤♦❞❡ ❛✉ ❝✉✐✈$❡ ❞❡ ❧♦♥❣✉❡✉$ ❞✬♦♥❞❡ ❑α ❂ ✶✳✺✹✶✽

➴✳ S♦✉$ &✬❛✛$❛♥❝❤✐$ ❞✉ $❛②♦♥♥❡♠❡♥- ❑β ❞✉ ❝✉✐✈$❡✱ ✉♥ ✜❧-$❡ ❞❡ ♥✐❝❦❡❧ ❡&- ♣❧❛❝7 ❡♥

&♦$-✐❡ ❞✉ -✉❜❡ ❞❡ $❛②♦♥& ❳✱ ❛✈❛♥- ❧❡ ❞7-❡❝-❡✉$✳ ▲❡ ❞✐✛$❛❝-♦♠?-$❡ ❡&- 7@✉✐♣7 ❞✬✉♥

❣♦♥✐♦♠?-$❡ ❞❡ -②♣❡ θ − θ ❇$❛❣❣ ❇$❡♥-❛♥♦✳ ▲❡ ❢❛✐&❝❡❛✉ &♦$-❛♥- ❞✉ -✉❜❡ ❞❡ $❛②♦♥& ❳

♠♦❜✐❧❡ ❡&- ❢♦❝❛❧✐&7 &✉$ ❧✬7❝❤❛♥-✐❧❧♦♥ ✜①❡ ) ❛♥❛❧②&❡$ ❡- ❧❡ ❞✐✛$❛❝-7 ❡&- ❝♦❧❧❡❝-7 ❣$V❝❡ )

✉♥ ❞7-❡❝-❡✉$ ❞❡ $❛②♦♥& ❳ 7❣❛❧❡♠❡♥- ♠♦❜✐❧❡✳ ▲✬❛♥❛❧②&❡ ❡&- $7❛❧✐&7❡ &✉$ ♣♦✉❞$❡ ❜$♦②7❡

♠❛✐& ♥♦♥ -❛♠✐&7❡ ❛✈❡❝ ✉♥ &✉♣♣♦$- ❜❛& ❜$✉✐- ❞❡ ❢♦♥❞ ❡♥ &✐❧✐❝❡✳ ▲❡ ❢❛✐&❝❡❛✉ ❜❛❧❛②❡

❧✬7❝❤❛♥-✐❧❧♦♥ ❡♥-$❡ ✺ ❡- ✶✷✵

◦
❛✈❡❝ ✉♥ ♣❛& ❞❡ ✵✳✵✶

◦
❡- ✉♥ -❡♠♣& ❞❡ ❝♦♠♣-❛❣❡ ❞❡ ✷

&❡❝♦♥❞❡& ♣❛$ ♣❛&✳

✶✳✸✳✷ ❆♥❛❧②)❡ +❤❡-♠♦❣-❛✈✐♠3+-✐4✉❡ ✭❆❚●✮

▲❡& ❛♥❛❧②&❡& -❤❡$♠♦❣$❛✈✐♠7-$✐@✉❡& ✭❆❚●✮ &♦♥- $7❛❧✐&7❡& ❛✈❡❝ ❧❡ ♠♦❞?❧❡ ❙②&-❊✲

✈♦❧✉-✐♦♥ ❞❡ ❧❛ ♠❛$@✉❡ ❙❡-❛$❛♠✳ ❈❡--❡ ❛♥❛❧②&❡ ♠❡&✉$❡ ❧❛ ✈❛$✐❛-✐♦♥ ❞❡ ♠❛&&❡ ❞✬✉♥

7❝❤❛♥-✐❧❧♦♥ ❞♦♥- ❧❛ ♠❛&&❡ ✐♥✐-✐❛❧❡ ❡&- ❝♦♥♥✉❡ ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧❛ -❡♠♣7$❛-✉$❡ &♦✉& ❛-✲



✶✳✸✳ ❚❡❝❤♥✐)✉❡+ ❞✬❛♥❛❧②+❡ ❡1 ❞❡ ❝❛2❛❝132✐+❛1✐♦♥ ✷✾

♠♦"♣❤%&❡ ❝♦♥*&+❧-❡✱ ❣-♥-&❛❧❡♠❡♥* ◆2 ♦✉ ❆&✳ ▲✬❛♥❛❧②"❡ ❆❚● ♣❡✉* :*&❡ ❝♦✉♣❧-❡ ; ✉♥

"♣❡❝*&♦♠%*&❡ ❞❡ ♠❛""❡ ❛✜♥ ❞❡ ❞-*❡&♠✐♥❡& ❧❛ ♥❛*✉&❡ ❞❡" ❣❛③ -♠✐" ❧♦&" *&❛✐*❡♠❡♥* ❡♥

*❡♠♣-&❛*✉&❡✳

❉❛♥" ❧❡ ❝❛" ♦A ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❞-❝♦♠♣♦"✐*✐♦♥ ❞✉ ♠❛*-&✐❛✉✱ ❝❡❧❛ ♣❡&♠❡* ❛❧♦&" ❞❡

❝❛❧❝✉❧❡& ❧❛ B✉❛♥*✐*- ❞✬❡❛✉ ♣❤②"✐ ❡* ❝❤✐♠✐♦✲"♦&❜-❡ "✉& ❧❡ "♦❧✐❞❡ ; ♣❛&*✐& ❞❡ "❛ ♣❡&*❡ ❞❡

♠❛""❡✳ ❆✐♥"✐ ❧❛ ❝♦♠♣♦"✐*✐♦♥ ❝❤✐♠✐B✉❡ ❞❡" ♠❛*-&✐❛✉① ❛✈❡❝ ❧✬❡❛✉ ❞❡ "*&✉❝*✉&❡ ♣❡✉*✲:*&❡

❞-*❡&♠✐♥-❡ ❡♥ ❝♦✉♣❧❛♥* ✉♥❡ ❛♥❛❧②"❡ -❧-♠❡♥*❛✐&❡ ; ❧✬❆❚●✳

▲✬❛♥❛❧②"❡ ❆❚● ❞❡ ❧✬-❝❤❛♥*✐❧❧♦♥ ❞❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ "♦❞✐✉♠ ❛ -*- ❝❤❛✉✛- ❞❡ ✸✵

◦
❈

; ✶✵✵✵

◦
❈ ❛✈❡❝ ✉♥❡ &❛♠♣❡ ❞❡ ✶✵

◦
❈ ♣❛& ♠✐♥✉*❡ "♦✉" ❜❛❧❛②❛❣❡ ❞❡ ❞✐❛③♦*❡ "❡❝ ❛✈❡❝ ✉♥

❞-❜✐* ❞❡ ✷✵ ♠▲✳♠✐♥

−1
✳ ▲❛ ❝♦✉&❜❡ ❞❡ &❡❢&♦✐❞✐""❡♠❡♥* ♥✬❡"* ♣❛" ❡①♣❧♦✐*-❡✳

✶✳✸✳✸ ❈♦♥❞✉❝)✐♠,)-✐❡

▲❡" "♦❧✉*✐♦♥" ❞✬-❧❡❝*&♦❧②*❡" ❝♦♥*✐❡♥♥❡♥* ❞❡" ✐♦♥" ♠♦❜✐❧❡"✱ ❡❧❧❡" "♦♥* ❝♦♥❞✉❝*&✐❝❡"

❡* ♦♥ ♣❡✉* ❝❛&❛❝*-&✐"❡& B✉❛♥*✐*❛*✐✈❡♠❡♥* ❝❡**❡ ♣&♦♣&✐-*- ♣❛& ❧❛ ♠❡"✉&❡ ❞❡ ❧❡✉& ❝♦♥❞✉❝✲

*✐✈✐*- ✭-❧❡❝*&✐B✉❡✮✳ ▲❛ ❝♦♥❞✉❝*✐♠-*&✐❡ ❡"* ❛✐♥"✐ ❧✬✉♥❡ ❞❡" *❡❝❤♥✐B✉❡" ❧❡" ♣❧✉" ♣&-❝✐"❡"

❛♣♣❧✐❝❛❜❧❡ ; ❧✬-*✉❞❡ ♣❤②"✐❝♦✲❝❤✐♠✐B✉❡ ❞❡" "♦❧✉*✐♦♥" ♣✉✐"B✉❡ ❧✬♦♥ "♦♥❞❡ ❞✐&❡❝*❡♠❡♥*

❧❡" "♦❧✉*-" ❝❤❛&❣-" ♠♦❜✐❧❡"✳ ❙♦♥ ❞♦♠❛✐♥❡ ❞✬❛♣♣❧✐❝❛*✐♦♥ "✬-*❡♥❞ ❞✉ "✐♠♣❧❡ ❝♦♥*&+❧❡ ❞❡

♣✉&❡*- ✐♦♥✐B✉❡ ❞❡" "♦❧✉*✐♦♥" ❥✉"B✉✬❛✉① ♠❡"✉&❡" ❞❡ *&%" ❤❛✉*❡ ♣&-❝✐"✐♦♥ ❞❡ ❧❛ ❝♦♥❞✉❝✲

*✐✈✐*- ❞❡" "♦❧✉*✐♦♥" -❧❡❝*&♦❧②*✐B✉❡"✳ ❊❧❧❡ ♣❡&♠❡* ❛✉""✐ ❜✐❡♥ ❧❡" ❞♦"❛❣❡" &❛♣✐❞❡" ♣❛&

-❝❤❛♥❣❡" ❞✬❡"♣%❝❡" ✐♦♥✐B✉❡" ❡♥ "♦❧✉*✐♦♥ B✉❡ ❧✬-✈❛❧✉❛*✐♦♥ B✉❛♥*✐*❛*✐✈❡ ♣&-❝✐"❡ ❞❡ ❧❛

❝♦♥❝❡♥*&❛*✐♦♥ ❞✬✉♥❡ "♦❧✉*✐♦♥ -❧❡❝*&♦❧②*✐B✉❡ ♣✉&❡✳ ❊❧❧❡ "✬❛♣♣❧✐B✉❡ ❛✉""✐✱ ❞✉ ❢❛✐* ❞❡

"❛ ❣&❛♥❞❡ "❡♥"✐❜✐❧✐*-✱ ; ❧❛ ❞-*❡&♠✐♥❛*✐♦♥ ❞❡ ❧❛ *❡♥❡✉& ❞✬✐♠♣✉&❡*-" ✐♦♥✐B✉❡" ; ❧✬-*❛*

❞❡ *&❛❝❡"✳ ▲❡ ❝♦♥❞✉❝*✐♠%*&❡ ✉*✐❧✐"- ❡"* ❧❡ ❙❡✈❡♥▼✉❧'✐ ❞❡ ❝❤❡③ ▼❡**❧❡& ❚♦❧❡❞♦✳ ■❧ ❡"*

-*❛❧♦♥♥- ❛✈❡❝ ❞❡" "*❛♥❞❛&❞" ❞❡ ✵✳✵✽✹✱ ✶✳✹✶✸ ❡* ✶✷✳✽✽ ♠❙✳❝♠

−1
✳

✶✳✸✳✹ ♣❍✲♠,)-✐❡

▲❡" ❛♥❛❧②"❡" ♣❍✲♠-*&✐B✉❡" "♦♥* &-❛❧✐"-❡" ❛✈❡❝ ❧❡ ♠♦❞%❧❡ ❙❡✈❡♥▼✉❧'✐ ❞❡ ❝❤❡③ ▼❡*✲

*❧❡& ❚♦❧❡❞♦✳ ❈❡**❡ ❛♥❛❧②"❡ ♠❡"✉&❡ ❧✬❛❝*✐✈✐*- ❞❡ ❧✬✐♦♥ ♦①♦♥✐✉♠✱ ♦✉ ♣&♦*♦♥✱ ❡♥ "♦❧✉*✐♦♥



✸✵ ❈❤❛♣✐'(❡ ✶✳ ,(-.❡♥'❛'✐♦♥ ●-♥-(❛❧❡

❣!"❝❡ % ✉♥❡ (❧❡❝*!♦❞❡ ❞❡ ✈❡!!❡✳

▲❡ ♣❍✲♠4*!❡ ❡5* (*❛❧♦♥♥( ❛✈❡❝ ❞❡5 5♦❧✉*✐♦♥5 *❛♠♣♦♥ % ♣❍ (❣❛❧ ✷✱ ✹✳✵✶✱ ✼ ❡* ✾✳✷✶✳

▲❛ ✈❛❧❡✉! ❞✉ ♣❍ ❡5* !❡❧❡✈(❡ ❧♦!5?✉❡ ❧❡ ♣❍✲♠4*!❡ 5❡ ✜❣❡ ❡♥ ❛✣❝❤❛♥*

√
A✱ ❝❡ ?✉✐

✐♥❞✐?✉❡ ?✉❡ ❧❛ ✈❛❧❡✉! ❡5* 5*❛❜❧❡✳ ▲✬(❧❡❝*!♦❞❡ ❞❡ ♠❡5✉!❡ ✉*✐❧✐5(❡ ❡5* ❧❡ ♠♦❞4❧❡ ■♥▲❛❜

♣&♦ ?✉✐ ♣❡!♠❡* ✉♥❡ ♠❡5✉!❡ ❞❡ ♣❍ ❞❡ ✵ % ✶✹✳ ▲❡5 ♠❡5✉!❡5 5♦♥* ❡✛❡❝*✉(❡5 ♣♦✉! ❞❡5

♣❍ ❝♦♠♣!✐5 ❡♥*!❡ ✶ ❡* ✶✶✳

✶✳✸✳✺ ❈❤&♦♠❛*♦❣&❛♣❤✐❡ ❝❛♣✐❧❧❛✐&❡

▲❛ ❝❤!♦♠❛*♦❣!❛♣❤✐❡ ❝❛♣✐❧❧❛✐!❡ ❡5* ✉♥❡ ❝❤!♦♠❛*♦❣!❛♣❤✐❡ ✐♦♥✐?✉❡ ✉*✐❧✐5❛♥* ✉♥❡ ❝♦✲

❧♦♥♥❡ ❝❛♣✐❧❧❛✐!❡ ❞♦♥* ❧❡ ❞✐❛♠4*!❡ ❡5* ✐❝✐ ❞❡ ✵✳✹ ♠♠✳ ❈❡ *②♣❡ ❞✬❛♣♣❛!❡✐❧ ♣!(5❡♥*❡

❧✬❛✈❛♥*❛❣❡ ❞❡ ❝♦♥5♦♠♠❡! ♣❡✉ ❞❡ 5♦❧✉*✐♦♥✳ ▲❛ ❞✐5♣♦5✐*✐❢ ✉*✐❧✐5( ❡5* ❧❡ ♠♦❞4❧❡ ■❈❙✲

✺✵✵✵ ❞❡ ❝❤❡③ ❉✐♦♥❡①✳ ▲❛ ♣❤❛5❡ ♠♦❜✐❧❡✱ ❧✬(❧✉❛♥*✱ ✉*✐❧✐5(❡ ❡5* ❞❡ ❧✬❛❝✐❞❡ ♠(*❤②❧5✉❧❢♦✲

♥✐?✉❡ ♠(❧❛♥❣( % ❞❡ ❧✬❡❛✉ ❞(5✐♦♥✐5(❡✳ ▲❛ 5♦❧✉*✐♦♥ % ❛♥❛❧②5❡! ❡5* ❛❥♦✉*(❡ % ❧✬(❧✉❛♥*

✈✐❛ ❧❛ ✈❛❧✈❡ ❞✬✐♥❥❡❝*✐♦♥✳ ▲❡ ♠(❧❛♥❣❡ (❧✉❛♥*✲(❝❤❛♥*✐❧❧♦♥ ♣❛55❡ ♣❛! ❞❡✉① ♠♦❞✉❧❡5✱ 5✉♣✲
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✶✳✸✳✻ ▼✐❝'♦)❝♦♣✐❡ ,❧❡❝.'♦♥✐0✉❡

▲❛ ♠✐❝,♦+❝♦♣✐❡ -❧❡❝ ,♦♥✐"✉❡ ❡+ ✉♥❡  ❡❝❤♥✐"✉❡ "✉✐ ♣,♦❞✉✐ ❞❡+ ✐♠❛❣❡+ 6 ♣❛,✲
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❞✬✉♥ -❝❤❛♥ ✐❧❧♦♥✳ ■❧ ❡+ ❛✐♥+✐ ♣♦++✐❜❧❡ ❞✬♦❜ ❡♥✐, ✉♥❡ ✐♠❛❣❡ ❞❡ ❧✬-❝❤❛♥ ✐❧❧♦♥ 6
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 ,♦♥+  ,❛♥+♠✐+ 6  ,❛✈❡,+ ✉♥ -❝❤❛♥ ✐❧❧♦♥  ,9+ ♠✐♥❝❡ ✭-♣❛✐++❡✉, ❁ ✶✵✵ ♥♠✮✳ ▲✬✐♥✲

 -,? ♣,✐♥❝✐♣❛❧ ❞❡ ❝❡ ♠✐❝,♦+❝♦♣❡ ❡+ ❞❡ ♣♦✉✈♦✐, ❝♦♠❜✐♥❡, +❛ ❣,❛♥❞❡ ,-+♦❧✉ ✐♦♥

❛✈❡❝ ❧❛ ❞✐✛,❛❝ ✐♦♥✳
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1❧❡❝*"♦❧②*❡#✳ ■❧ ❝♦♥✈✐❡♥* ❞♦♥❝ ❞❡ ❞1*❡"♠✐♥❡" ❧❡# ❝♦❡✣❝✐❡♥*# ❞✬❛❝*✐✈✐*1 ❞❡ ❝❤❛8✉❡ ✐♦♥

❝♦♠♣♦#❛♥* ❝❡# ❞✐✛1"❡♥*# 1❧❡❝*"♦❧②*❡#✳ ❉❛♥# ❝❡ ❝❤❛♣✐*"❡ ♥♦✉# ❛❧❧♦♥# ❝❛❧❝✉❧❡" ❝❡# ❝♦✲

❡✣❝✐❡♥*# ❣"=❝❡ > ❧❛ *❤1♦"✐❡ ▼❡❛♥ ❙♣❤❡'✐❝❛❧ ❆♣♣'♦①✐♠❛/✐♦♥ ✭▼❙❆✮✳ D♦✉" ❝❡ ❢❛✐"❡✱

❧❡ ❞✐❛♠G*"❡ ❞❡ ❝❤❛8✉❡ ✐♦♥ ❢♦"♠❛♥* ❧❡# 1❧❡❝*"♦❧②*❡# ❡#* ♥1❝❡##❛✐"❡✳ ▲❡ ❞✐❛♠G*"❡ ❞❡#

❛♥✐♦♥# ❡#* ✜①1 > ❝❡❧✉✐ ❞❡ D❛✉❧✐♥❣ ❡* ❧❡ ❞✐❛♠G*"❡ ❞❡# ❝❛*✐♦♥# ❡#* ❛❥✉#*1 #✉" ❧❡# ♠❡✲

#✉"❡# ❡①♣1"✐♠❡♥*❛❧❡#✳ ❆✜♥ ❞❡ *❡♥✐" ❝♦♠♣*❡ ❞❡# #♣1❝✐✜❝✐*1# ❞❡ ❝❤❛8✉❡ 1❧❡❝*"♦❧②*❡✱ ✉♥❡

❝♦♥#*❛♥*❡ ❞✬❛##♦❝✐❛*✐♦♥ ❛ 1*1 ❛❥♦✉*1❡ ❡* ❛❥✉#*1❡ #✉" ❧❡# ♠❡#✉"❡# ❡①♣1"✐♠❡♥*❛❧❡#✳ ➚

♣❛"*✐" ❞❡# *❛✐❧❧❡# ❝❛*✐♦♥✐8✉❡#✱ ❛♥✐♦♥✐8✉❡#✱ ❞❡# ❝♦♥#*❛♥*❡# ❞✬❛##♦❝✐❛*✐♦♥ ❡* ❞❡ ♠❡#✉"❡#

❡①♣1"✐♠❡♥*❛❧❡# ❞❡ ♠1❧❛♥❣❡# *❡"♥❛✐"❡# ✭❞❡✉① 1❧❡❝*"♦❧②*❡# ❡* ❧❡ #♦❧✈❛♥*✮✱ ❧❛ *❤1♦"✐❡

▼❙❆ ❛ 1*1 ✈1"✐✜1❡ ❛✜♥ ❞✬K*"❡ ❛♣♣❧✐8✉1❡ > ❞❡# ♠1❧❛♥❣❡# ❞✬1❧❡❝*"♦❧②*❡#✳ ❊♥✜♥✱ ❝❡"✲

*❛✐♥❡ ❧♦✐# ❞❡ ♠1❧❛♥❣❡ ❞✬1❧❡❝*"♦❧②*❡# ✉*✐❧✐#1❡# ♣❛" ❧❡ ❣1♥✐❡ ❝❤✐♠✐8✉❡ ❡* ♥♦*❛♠♠❡♥* ♣❛"

❧✬✐♥❞✉#*"✐❡ ❞✉ ♥✉❝❧1❛✐"❡ ♦♥* 1*1 ✈1"✐✜1❡#✳

✷✳✷ ❚❤.♦&✐❡ ❡% ♣&♦❝.❞✉&❡ ❞❡ ❝❛❧❝✉❧

✷✳✷✳✶ ▲❛ %❤'♦)✐❡ ❉❡❜②❡✲❍1❝❦❡❧

▲❡# ♠♦❞G❧❡# ❞✬❛❝*✐✈✐*1 ❞❡# 1❧❡❝*"♦❧②*❡# #♦♥* ❜❛#1# #✉" ✉♥ ♠♦❞G❧❡ ❞✬✐♥*❡"❛❝*✐♦♥

1❧❡❝*"♦#*❛*✐8✉❡✳ ❉❛♥# ❝❡ ❝♦♥*❡①*❡✱ ❧❛ *❤1♦"✐❡ ✐♥✐*✐❛❧❡ ❡#* ❝❡❧❧❡ ❞❡ ❉❡❜②❡✲❍O❝❦❡❧ ❡*



✷✳✷✳ ❚❤$♦&✐❡ ❡) ♣&♦❝$❞✉&❡ ❞❡ ❝❛❧❝✉❧ ✸✺

❡!" ❢♦♥❞'❡ !✉) ❧❡ ♠♦❞,❧❡ ❞❡ ❧✬❛"♠♦!♣❤,)❡ ✐♦♥✐2✉❡✳ ❊❧❧❡ ♣❡)♠❡" ❞✬♦❜"❡♥✐) ❧❡! ❝♦❡❢✲

✜❝✐❡♥"! ❞✬❛❝"✐✈✐"' γi ❞❛♥! ❧✬'❝❤❡❧❧❡ ❞❡! ❝♦♥❝❡♥")❛"✐♦♥! ❬✼✵✱ ✼✶❪✳ ❉❛♥! ❧❛ "❤'♦)✐❡ ❞❡

❉❡❜②❡✲❍C❝❦❡❧✱ ❧❡! ✐♦♥! !♦♥" ❝♦♥!✐❞')'! ❝♦♠♠❡ ❞❡! ❝❤❛)❣❡! ♣♦♥❝"✉❡❧❧❡! ❞❛♥! ✉♥ ♠✐✲

❧✐❡✉ ❝♦♥"✐♥✉ ❞❡ ❝♦♥!"❛♥"❡ ❞✐'❧❡❝")✐2✉❡ εr✳ ❉❛♥! ❧❛ ❧✐♠✐"❡ ♦F ❧❛ !♦❧✉"✐♦♥ ❡!" ❞✐❧✉' ❉❡❜②❡

❡" ❍C❝❦❡❧ ♦♥" ♠♦♥")' 2✉❡ ❞❛♥! ❝❡ ♠♦❞,❧❡ ❧❡ ❝♦❡✣❝✐❡♥"! ❞✬❛❝"✐✈✐"' ❞❡! ✐♦♥! i ♣❡✉"

H")❡ ❝❛❧❝✉❧'! !✉✐✈❛♥" ✿

ln γi = − z2i e
2

8 π ε0 εr kB T
κ ✭✷✳✶✮

❆✈❡❝ ③i ❧❛ ❝❤❛)❣❡ ❞❡ ❧✬✐♦♥ ✐✱ ❡ ❧❛ ❝❤❛)❣❡ '❧'♠❡♥"❛✐)❡ 2✉✐ ✈❛✉" ❡♥✈✐)♦♥ ✶✳✻✵✷✶✼✼×✶✵

−19

❈✱ ε0 ❧❛ ❝♦♥!"❛♥"❡ ❞✐'❧❡❝")✐2✉❡ ❞✉ ✈✐❞❡ 2✉✐ ✈❛✉" ✽✳✽✺✹✶✽✽×✶✵

−12
!

4·❆2·❦❣−1·♠−3
✱ εr ❧❛

❝♦♥!"❛♥"❡ ❞✐'❧❡❝")✐2✉❡ ❞✉ ♠✐❧✐❡✉ ✭✼✽✳✹ ♣♦✉) ❧✬❡❛✉✮✱ ❦B ❧❛ ❝♦♥!"❛♥"❡ ❞❡ ❇♦❧"③♠❛♥♥ 2✉✐

✈❛✉" ❡♥✈✐)♦♥ ✶✳✸✽✵✻✺✽×✶✵

−23
♠

2·❦❣·❑−1·!−2
✱ ❚ ❧❛ "❡♠♣')❛"✉)❡ ❡①♣)✐♠'❡ ❡♥ ❑❡❧✈✐♥

❡" κ ❞'✜♥✐ ❝♦♠♠❡

κ2 = 4 π LB

∑

j

Cj z
2
j ✭✷✳✷✮

❆✈❡❝ ❈j ❧❛ ❝♦♥❝❡♥")❛"✐♦♥ ❞❡ ❧✬❡!♣,❝❡ ❥ ❡♥ ♠♦❧·▲−1
❡" ▲B ❡!" ❧❛ ❧♦♥❣✉❡✉) ❞❡ ❇❥❡)✲

)✉♠ ❬✼✷❪ ❞'✜♥✐❡ ❝♦♠♠❡ '"❛♥" ❧❛ ❞✐!"❛♥❝❡ Z ❧❛2✉❡❧❧❡ ❧✬'♥❡)❣✐❡ '❧❡❝")✐2✉❡✱

e2

4π ε0 εr LB
❡!"

❝♦♠♣❛)❛❜❧❡ Z ❧✬❛❣✐"❛"✐♦♥ "❤❡)♠✐2✉❡✱ kB T ✱ ❡" 2✉✐ !❡ ❝❛❧❝✉❧❡ ❛✐♥!✐ !✉✐✈❛♥" ❧✬❡①♣)❡!!✐♦♥ ✿

LB =
e2

4 π ε0 εr kB T
✭✷✳✸✮

❊♥ ♣)❛"✐2✉❡ ❧❡! ❝♦❡✣❝✐❡♥"! ❞✬❛❝"✐✈✐"' !♦♥" ❝❛❧❝✉❧'! ❡♥ ❞'✜♥✐!!❛♥" I ❧❛ ❢♦)❝❡ ✐♦♥✐2✉❡

❞❡ ❧❛ !♦❧✉"✐♦♥ ❝♦♠♠❡ ✿

I =
1

2

∑

i

ci z
2
i ✭✷✳✹✮

❛✈❡❝ ci ❧❛ ❝♦♥❝❡♥")❛"✐♦♥ ❡♥ ♠♦❧·▲−1
✳ ❖♥ ♦❜"✐❡♥" ❧✬❡①♣)❡!!✐♦♥ !✐♠♣❧✐✜'❡ !✉✐✈❛♥"❡ Z

✷✺

◦
❈ ♣♦✉) ❧✬❡❛✉

ln γi = −1.17 z2i
√
I ✭✷✳✺✮

♦✉ ❡♥❝♦)❡

log γi = −0.501 z2i
√
I ✭✷✳✻✮
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▲✬"#✉❛&✐♦♥ ✭✷✳✻✮ ❡0& &120 ✉&✐❧✐0"❡ ❝♦♠♠❡ ♣1❡♠✐21❡ ❝♦11❡❝&✐♦♥ ❞✬❛❝&✐✈✐&"✳ ❊❧❧❡ ❡0& ♣❛1

❡①❡♠♣❧❡ ❡♥0❡✐❣♥"❡ ❡♥ ❧✐❝❡♥❝❡ ❞❡ ❝❤✐♠✐❡ = ❧✬✉♥✐✈❡10✐&"✳ ■❧ ❝♦♥✈✐❡♥& ♥"❛♥♠♦✐♥0 ❞❡ 1❡✲

♠❛1#✉❡1 #✉❡ 0♦♥ ❞♦♠❛✐♥❡ ❞✬❛♣♣❧✐❝❛&✐♦♥ ❡0& &120 ❧✐♠✐&"✳ ❙✐ ❧❛ ❝♦♥❝❡♥&1❛&✐♦♥ ❛✉❣♠❡♥&❡✱

❧❛ &❤"♦1✐❡ ❉❡❜②❡✲❍F❝❦❡❧ ❞❡✈✐❡♥& ❢❛✉00❡✱ ❡& ❝❡ ❞"0❛❝❝♦1❞ ❡0& ❞✬❛✉&❛♥& ♣❧✉0 ✐♠♣♦1&❛♥&

#✉❡ ❧✬"❧❡❝&1♦❧②&❡ ❡0& ❝❤❛1❣"✳ ❆✐♥0✐ ❧❛ &❤"♦1✐❡ ❉❡❜②❡✲❍F❝❦❡❧ ♥❡ ♣❡✉& J&1❡ ✉&✐❧✐0"❡ #✉❡

♣♦✉1 ❞❡0 ❝♦♥❝❡♥&1❛&✐♦♥0 ✐♥❢"1✐❡✉1❡0 = 10−2
♦✉ 10−1

♠♦❧·▲−1
❞❛♥0 ❧❡ ♠❡✐❧❧❡✉1 ❞❡0 ❝❛0

✭"❧❡❝&1♦❧②&❡ ✶✿✶ ❞❛♥0 ❧✬❡❛✉✮✳

✷✳✷✳✷ ▲❡$ ♠♦❞(❧❡$ * $♦❧✈❛♥. ❝♦♥.✐♥✉

❉❛♥0 ❧❡ ♠♦❞2❧❡ ❞❡ ❉❡❜②❡✲❍F❝❦❡❧✱ ❧❡0 ♣1♦♣1✐"&"0 &❤❡1♠♦❞②♥❛♠✐#✉❡0 ❞❡0 0♦❧✉&✐♦♥0

"❧❡❝&1♦❧②&✐#✉❡0 0♦♥& ❞"❝1✐&❡0 ❡♥ ❝♦♥0✐❞"1❛♥& ❧❡ 0♦❧✈❛♥& ❝♦♠♠❡ ✉♥ ♠✐❧✐❡✉ ❝♦♥&✐♥✉ ❝❛✲

1❛❝&"1✐0" 0❡✉❧❡♠❡♥& ♣❛1 0❛ ❝♦♥0&❛♥&❡ ❞✐"❧❡❝&1✐#✉❡✳ K❧✉0 ❣"♥"1❛❧❡♠❡♥& ♦♥ ❛ ❞"✈❡❧♦♣♣"

✉♥❡ ❝❧❛00❡ ❞❡ &❤"♦1✐❡0 ❞❡0 "❧❡❝&1♦❧②&❡0 = 0♦❧✈❛♥& ❝♦♥&✐♥✉ ♦L ❧❡ 0♦❧✈❛♥& ♥✬❛♣♣❛1❛M& ♣❛0

❡①♣❧✐❝✐&❡♠❡♥&✳ ❈❡❧❧❡0✲❝✐ ♦♥& "&" 1✐❣♦✉1❡✉0❡♠❡♥& ❥✉0&✐✜"❡0 ♣❛1 ▼❝▼✐❧❧❛♥ ❡& ▼❛②❡1 ❬✼✸❪

❡& ♦♥ ❧❡0 ❛♣♣❡❧❧❡0 &❤"♦1✐❡0 ❞❡ ▼❝▼✐❧❧❛♥✲▼❛②❡1✳

K♦✉1 ✉♥ "❧❡❝&1♦❧②&❡ ❢❛✐❜❧❡♠❡♥& ❝❤❛1❣"✱ ❝♦♠♣❧2&❡♠❡♥& ❞✐00♦❝✐" ❡♥ 0♦❧✉&✐♦♥ ❛#✉❡✉0❡✱

❉❡❜②❡ ❡& ❍F❝❦❡❧ ♦♥& ♠♦♥&1" #✉❡ ❧❡0 ♣1♦♣1✐"&"0 &❤❡1♠♦❞②♥❛♠✐#✉❡0 ❞✬❡①❝20 ❞✬✉♥❡ 0♦✲

❧✉&✐♦♥ = &120 ❢❛✐❜❧❡ ❝♦♥❝❡♥&1❛&✐♦♥ ♣❡✉✈❡♥& J&1❡ ❞"❝1✐&❡0 ❡♥ ❝♦♥0✐❞"1❛♥& 0❡✉❧❡♠❡♥& ❧❡0

✐♥&❡1❛❝&✐♦♥0 "❧❡❝&1♦0&❛&✐#✉❡0 = ❧♦♥❣✉❡ ❞✐0&❛♥❝❡0 ❡♥&1❡ ❧❡0 ❝♦♠♣♦0❛♥&0 ❞❡ ❧✬"❧❡❝&1♦✲

❧②&❡✳ ▲❡0 ✐♦♥0 0♦♥& ❝❛1❛❝&"1✐0"0 0❡✉❧❡♠❡♥& ♣❛1 ❧❡✉1 ❝❤❛1❣❡0 ❡& ❛❧♦10 ❧❡0 ✐♥&❡1❛❝&✐♦♥0

♣♦&❡♥&✐❡❧❧❡0 ❡♥&1❡ ❞❡0 ❡0♣2❝❡0 ❝❤❛1❣"❡0 0♦♥& ❞♦♥♥" ♣❛1 ✿

Vij(r) =
zizje

2

4πε0εrr
✭✷✳✼✮

♦L zi ❡0& ❧❛ ✈❛❧❡♥❝❡ ❞❡ ❧✬✐♦♥ i ❡& e ❡0& ❧❛ ❝❤❛1❣❡ "❧"♠❡♥&❛✐1❡✳ ▲❛ ❝♦♥0&❛♥&❡ ❞✐"❧❡❝&1✐#✉❡

1❡❧❛&✐✈❡ ❞✉ 0♦❧✈❛♥& εr ❛✉ ❞"♥♦♠✐♥❛&❡✉1 &✐❡♥& ❝♦♠♣&❡ ❞❡0 ♠♦❧"❝✉❧❡0 ❞❡ 0♦❧✈❛♥& #✉✐

"❝1❛♥&❡♥& ❧✬✐♥&❡1❛❝&✐♦♥ ❡♥&1❡ ❧❡0 ❡0♣2❝❡0 i ❡& j✳ ❈❡♣❡♥❞❛♥& ♣♦✉1 ❞❡0 "❧❡❝&1♦❧②&❡0 ♣❧✉0

❝♦♥❝❡♥&1"0✱ ❧❡0 ✐♥&❡1❛❝&✐♦♥0 ❡♥&1❡ i ❡& j ♥❡ ♣❡✉✈❡♥& 0❡ 1"❞✉✐1❡ = ✭✷✳✼✮ ❝❛1 ✐❧ ② ❛ ✉♥

&❡1♠❡ = ❝♦✉1&❡ ❞✐0&❛♥❝❡ 0✉♣♣❧"♠❡♥&❛✐1❡✳ ❆✜♥ ❞❡ ♣1"✈❡♥✐1 ✉♥ ♣♦00✐❜❧❡ ❝❤❡✈❛✉❝❤❡♠❡♥&



i

σi i σi j

i σj (σi + σj)/2



✸✽ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞/❧✐1❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'/ ❞❡1 ✐♦♥1 ❡♥ 1♦❧✉'✐♦♥

 ❤"♦$✐❡ ❛♥❛❧② ✐+✉❡ ❧✐♥"❛$✐-"❡ ♣♦✉$  ❡♥✐$ ❝♦♠♣ ❡ ❞❡- ✐♥ ❡$❛❝ ✐♦♥- "❧❡❝ $♦- ❛ ✐+✉❡-✳

❈❡  ❡ ❛♣♣$♦❝❤❡ ❞♦✐ 4 $❡ ❝♦$$✐❣"❡ ♣♦✉$  ❡♥✐$ ❝♦$$❡❝ ❡♠❡♥ ❝♦♠♣ ❡ ❞❡- ✐♥ ❡$❛❝ ✐♦♥-

❝♦✉❧♦♠❜✐❡♥♥❡- 7 ❝♦✉$ ❡- ❞✐- ❛♥❝❡- +✉✐ ♥❡ -♦♥ ♣❛- ❧✐♥"❛$✐-❛❜❧❡- ❝❛$  $♦♣ ❢♦$ ❡-✳

▲✬❛♣♣$♦❝❤❡ ❞❡ ❇❥❡$$✉♠ ♣❡$♠❡ ❞❡ ♠✐❡✉① ❞"❝$✐$❡ ❝❡- ✐♥ ❡$❛❝ ✐♦♥- "❧❡❝ $♦- ❛ ✐+✉❡-

7 ❝♦✉$ ❡- ❞✐- ❛♥❝❡- ❡ ❞♦♥❝ ❝♦♠♣❧> ❡ ❧❛  ❤"♦$✐❡ ❞❡ ❉❡❜②❡✲❍B❝❦❡❧ ❞❛♥- ❧❡  $❛✐ ❡♠❡♥ 

❞❡ ❝❡- ✐♥ ❡$❛❝ ✐♦♥- ❡♥ ❝♦♥-✐❞"$❛♥ ❧❛ ❢♦$♠❛ ✐♦♥ ❞❡ ♣❛✐$❡- ❞✬✐♦♥- ❞✉❡- 7 ❝❡- ❛  $❛❝ ✐♦♥-

7 ❝♦✉$ ❡ ❞✐- ❛♥❝❡✳ D♦✉$ ❜❡❛✉❝♦✉♣ ❞✬"❧❡❝ $♦❧② ❡- $"❡❧- ❞❡- ✐♥ ❡$❛❝ ✐♦♥- -♣"❝✐✜+✉❡- ❛❞✲

❞✐ ✐♦♥♥❡❧❧❡- ❞♦✐✈❡♥ 4 $❡ ❝♦♥-✐❞"$"❡- ♣♦✉$  ❡♥✐$ ❝♦♠♣ ❡ ❞❡- ♣$♦♣$✐" "- ♦❜-❡$✈"❡- ❡ 

♣❡✉ "❣❛❧❡♠❡♥ $❛❥♦✉ ❡$ ❞❡- ❡-♣>❝❡-✳ ▲❡ ❝❛- ❧❡ ♣❧✉- $❡♠❛$+✉❛❜❧❡ ❡- ❧❡ ❝❛- ❞❡- "❧❡❝ $♦✲

❧② ❡- ❢❛✐❜❧❡-✱ ❞❡- -♦❧✉ ✐♦♥- ❛❝✐❞❡- ♦✉ ❜❛-✐+✉❡- ❞❛♥- ❧❡-+✉❡❧❧❡- ❞❡- ❧✐❛✐-♦♥- ❝❤✐♠✐+✉❡-

♣❡✉✈❡♥ -✉$✈❡♥✐$ ❡♥ $❡ ❧❡- ❝♦♠♣♦-❛♥ -✳ D♦✉$ ❝❡- -②- >♠❡-✱ ❞❡ ♥♦✉✈❡❧❧❡- ❡-♣>❝❡- ❞❡

❧♦♥❣✉❡ ✈✐❡ -❡ ❢♦$♠❡♥ ❡ ❧❡✉$- ✐♥ ❡$❛❝ ✐♦♥- ❛✈❡❝ ❞❡- ❡-♣>❝❡- ❡①✐- ❛♥ ❡- ❞♦✐✈❡♥ 4 $❡

❝♦♥-✐❞"$"❡-✳ ❇❡❛✉❝♦✉♣ ❞✬❡-♣>❝❡- ✐♦♥✐+✉❡- -❡♠❜❧❡♥ ❛✈♦✐$ ✉♥ ♣♦ ❡♥ ✐❡❧ ✐♥ ❡$❛❝ ✐♦♥

♠♦②❡♥ ❝♦♠♣$❡♥❛♥ ✉♥❡ ❝♦♥ $✐❜✉ ✐♦♥ ❛  $❛❝ ✐✈❡ 7 ❝♦✉$ ❡ ❞✐- ❛♥❝❡ ❞✬♦$✐❣✐♥❡ ♥♦♥ "❧❡❝✲

 $♦- ❛ ✐+✉❡ ❡♥ $❛✐-♦♥ ❞❡- ❢♦$❝❡- ❞❡ -♦❧✈❛ ❛ ✐♦♥✳

▲❛  ❤"♦$✐❡ ❞❡ ▼❝▼✐❧❧❛♥✲▼❛②❡$ ♠♦②❡♥♥❡ ❧❡- ❝♦♥✜❣✉$❛ ✐♦♥- ❞✉ -♦❧✈❛♥ ✳ ❖♥ ♦❜✲

 ✐❡♥ ❛✐♥-✐ ✉♥ ♠♦❞>❧❡ ♦J ❧❡- ✐♦♥- ✐♥ ❡$❛❣✐--❡♥ ❡♥ $❡ ❡✉① ❞❛♥- ✉♥ ❝♦♥ ✐♥✉✉♠✳ ❉❛♥-

✉♥ -❡❝♦♥❞  ❡♠♣- ♦♥ ♣❡✉ ❝❛❧❝✉❧❡$ ❧❡- ♣$♦♣$✐" "-  ❤❡$♠♦❞②♥❛♠✐+✉❡- ❞❡- ✐♦♥- ❡♥ ❝♦♥-✐✲

❞"$❛♥ ❧❡- ✐♥ ❡$❛❝ ✐♦♥- ❡✛❡❝ ✐✈❡- ❡♥ $❡ -♦❧✉ "- ✭♠♦②❡♥♥"❡- -✉$ ❧❡ -♦❧✈❛♥ ✮✳ ▲✬"♥❡$❣✐❡

❧✐❜$❡ ✭FMM
✮ ❝♦$$❡-♣♦♥❞❛♥ ❞❡ ▼❝▼✐❧❧❛♥✲▼❛②❡$ ♥❡ ❞"♣❡♥❞ ❞♦♥❝ +✉❡ ❞❡- ❝♦♥❝❡♥ $❛✲

 ✐♦♥- ❞❡- ✐♦♥- ❡ ♣❛- ❞✉ -♦❧✈❛♥ ✳ ❖♥ ♣❛$❧❡ ❛✐♥-✐ ❞❡ ❣❛③ ❞❡ -♦❧✉ "✳ ❙❛ ♣$❡--✐♦♥ ✭P ✮

❝♦$$❡-♣♦♥❞ 7 ❝❡❧❧❡ ❞❡ ❝❡ ❣❛③ ❞❡ -♦❧✉ " ❡ ❡- ❧❛ ♣$❡--✐♦♥ ♦-♠♦ ✐+✉❡ ✭Π✮ ❞❡ ❧❛ -♦❧✉✲

 ✐♦♥✳ ▼❝▼✐❧❧❛♥✲▼❛②❡$ ♦♥ ❡♥ ❡✛❡ ♠♦♥ $" +✉❡ ❧❛ ♣$❡--✐♦♥  ♦ ❛❧❡ ❞❡ ❧❛ -♦❧✉ ✐♦♥ ❡- ❧❛

-♦♠♠❡ ❞❡ ❞❡✉①  ❡$♠❡-

P = P pur +Π ✭✷✳✽✮

❛✈❡❝ Π ♣$❡--✐♦♥ ♦-♠♦ ✐+✉❡ ❞✉ ❣❛③ ❞❡ -♦❧✉ "✱ P pur
♣$❡--✐♦♥ ❞✉ -♦❧✈❛♥ ♣✉$ ❡♥ "+✉✐❧✐❜$❡

♦-♠♦ ✐+✉❡ ❛✈❡❝ ❧❛ -♦❧✉ ✐♦♥

✶

✳ ❆✉ ♥✐✈❡❛✉ ▼❝▼✐❧❧❛♥✲▼❛②❡$ ♦♥ ❞"✜♥✐ φ ❝♦♠♠❡ ❧❡

✶✳ ■❧ $✬❛❣✐) ❞✬✉♥ $♦❧✈❛♥) ♣✉0 1 ❧❛ )❡♠♣40❛)✉0❡ ❡) ❛✉ ♠5♠❡ ♣♦)❡♥)✐❡❧ ❝❤✐♠✐8✉❡ ❞❛♥$ ❧❡ $♦❧✈❛♥)✳ ❖♥

♣❡✉) 04❛❧✐$❡0 ✉♥ )❡❧ 48✉✐❧✐❜0❡ ❡♥ ♣❧❛;❛♥) ✉♥❡ ♠❡♠❜0❛♥❡ $❡♠✐✲♣❡0♠4❛❜❧❡ ✭❧❛✐$$❛♥) ♣❛$$❡0 ❧❡ $♦❧✈❛♥)



✷✳✷✳ ❚❤$♦&✐❡ ❡) ♣&♦❝$❞✉&❡ ❞❡ ❝❛❧❝✉❧ ✸✾

 ❛♣♣♦ $ ❞❡ ❧❛ ♣ ❡((✐♦♥ ♦(♠♦$✐,✉❡ ❡$ ❞❡ ❝❡❧❧❡ ,✉✬❛✉ ❛✐$ ❧❡ ❣❛③ ❞❡ (♦❧✉$2 (✬✐❧ ♥✬② ❛✈❛✐$

♣❛( ❞✬✐♥$❡ ❛❝$✐♦♥ ❡♥$ ❡ ❧❡( ♣❛ $✐❝✉❧❡( ✭❣❛③ ♣❛ ❢❛✐$✮✳ ❖♥ ❛ ❛✐♥(✐

φ =
Π

kB T
∑

i ρi
✭✷✳✾✮

✷✳✷✳✸ ▲❛ %❤'♦)✐❡ ▼❡❛♥ ❙♣❤❡)✐❝❛❧ ❆♣♣)♦①✐♠❛%✐♦♥

▲❛ $❤2♦ ✐❡ ❉❡❜②❡✲❍B❝❦❡❧ ❡($ (❡✉❧❡♠❡♥$ ❛♣♣❧✐❝❛❜❧❡ D ❞❡ ❢❛✐❜❧❡( ❝♦♥❝❡♥$ ❛$✐♦♥(

✭❡♥ ❞❡((♦✉( ❞❡ ✶✵

−2
♠♦❧·▲−1

✮✳ G♦✉ ❞2❝ ✐ ❡ ❞❡( (♦❧✉$✐♦♥( ❝♦♥❝❡♥$ 2❡(✱ ♥♦✉( ❛✈♦♥(

 ❡♠♣❧❛❝2 ❧❛ ❝♦♥$ ✐❜✉$✐♦♥ 2❧❡❝$ ♦($❛$✐,✉❡ ❞2❞✉✐$❡ D ♣❛ $✐ ❞❡ ❧❛ $❤2♦ ✐❡ ❞❡ ❉❡❜②❡✲

❍B❝❦❡❧✱ ♣❛ ❝❡❧❧❡ $✐ 2❡ ❞❡ ❧❛ $❤2♦ ✐❡ ▼❡❛♥ ❙♣❤❡ ✐❝❛❧ ❆♣♣ ♦①✐♠❛$✐♦♥ ✭▼❙❆✮✳ ❈❡$$❡

$❤2♦ ✐❡ ❛♥❛❧②$✐,✉❡  ❡❝♦✉✈ ❡ D ❞❡ ❢❛✐❜❧❡( ❝♦♥❝❡♥$ ❛$✐♦♥( ❧❡( ✈❛ ✐❛$✐♦♥( ❞♦♥♥2❡( ♣❛ ❧❛

$❤2♦ ✐❡ ❞❡ ❉❡❜②❡✲❍B❝❦❡❧ ♠❛✐( ❡❧❧❡ $✐❡♥$ ❝♦♠♣$❡ ❞❡ ❧❛ $❛✐❧❧❡ ❞❡( ✐♦♥( ♣♦✉ ❞2❝ ✐ ❡ ❧❡(

♣ ♦♣ ✐2$2( $❤❡ ♠♦❞②♥❛♠✐,✉❡( D ❢♦ $❡( ❝♦♥❝❡♥$ ❛$✐♦♥(✳ ❈❡$$❡ $❤2♦ ✐❡ ♣❡✉$ (❡♠❜❧❡ 

N$ ❡ ✉♥❡ ❡①$❡♥(✐♦♥ ❞❡ ❧❛ $❤2♦ ✐❡ ❞❡ ❉❡❜②❡✲❍B❝❦❡❧ ♣ ❡♥❛♥$ ❡♥ ❝♦♠♣$❡ ❧❡( ✐♥$❡ ❛❝$✐♦♥(

❞❡ (♣❤O ❡( ❞✉ ❡(✳ ▲❡ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$2 ♠♦②❡♥ ❞✬✉♥❡ (♦❧✉$✐♦♥ ❞✬2❧❡❝$ ♦❧②$❡ ❞❛♥(

✉♥ (②($O♠❡ ❜✐♥❛✐ ❡ ❡($ ❞2✜♥✐ ♣❛ ❧❛  ❡❧❛$✐♦♥ ✿

γ± =

(

γ
ν+
+ γ

ν−
−

)
1

ν++ν−

✭✷✳✶✵✮

♦S ν+ ❡$ ν− (♦♥$✱  ❡(♣❡❝$✐✈❡♠❡♥$✱ ❧❡ ❝♦❡✣❝✐❡♥$ ($T❝❤✐♦♠2$ ✐,✉❡ ❞✉ ❝❛$✐♦♥ ❡$ ❞❡

❧✬❛♥✐♦♥ ❡$ γ+ ❡$ γ− ❧❡( ❝♦❡✣❝✐❡♥$( ❞✬❛❝$✐✈✐$2 ❞✉ ❝❛$✐♦♥ ❡$ ❞❡ ❧✬❛♥✐♦♥✳

❊♥ ❧✬❛❜(❡♥❝❡ ❞✬❛((♦❝✐❛$✐♦♥✱ ❧✬2♥❡ ❣✐❡ ❧✐❜ ❡ ❞✬❡①❝O( ❞2 ✐✈2❡ D ♣❛ $✐ ❞❡ ❧❛ $❤2♦✲

 ✐❡ ▼❙❆ ❡($ ❧❛ (♦♠♠❡ ❞❡ ❞❡✉① $❡ ♠❡( ❬✼✺✱ ✼✻✱ ✼✼✱ ✼✽❪✳ ▲❡ ♣ ❡♠✐❡ ❡($ ✉♥ $❡ ♠❡

2❧❡❝$ ♦($❛$✐,✉❡ ❡$ ❧❡ (❡❝♦♥❞ ❡($ ✉♥ $❡ ♠❡ ❞❡ (♣❤O ❡( ❞✉ ❡( ✿

βf ex
V =

(

βf élec
V + βfHS

V

)

✭✷✳✶✶✮

♦S f ex
V ❡($ ❧✬2♥❡ ❣✐❡ ❧✐❜ ❡ ♣❛ ✉♥✐$2 ❞❡ ✈♦❧✉♠❡ ❞2❝♦♠♣♦(2❡ ❡♥ ❞❡✉① $❡ ♠❡( 2❧❡❝$ ♦✲

❡! ♣❛$ ❧❡$ ✐♦♥$✮ * ♣+♦①✐♠✐!. ❞❡ ❧❛ $♦❧✉!✐♦♥✳



✹✵ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞/❧✐1❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'/ ❞❡1 ✐♦♥1 ❡♥ 1♦❧✉'✐♦♥

 !❛!✐$✉❡✱ f élec
V ✱ ❡! ❞❡  ♣❤+,❡ ❞✉,❡✱ fHS

V ✳ ▲❡ ♣♦!❡♥!✐❡❧ ❝❤✐♠✐$✉❡ ❡ ! ✿

µi =
∂F

∂Ni

=
∂f ex

V

∂ρi
✭✷✳✶✷✮

♦9 ρi ❡ ! ❧❛ ❝♦♥❝❡♥!,❛!✐♦♥ ♠♦❧❛✐,❡ ❞❡ ❧✬❡ ♣+❝❡ ✐ ✿

ρi =
Ni

V
✭✷✳✶✸✮

❛✈❡❝ V ❧❡ ✈♦❧✉♠❡ ❡! Ni ❧❡ ♥♦♠❜,❡ ❞❡ ♣❛,!✐❝✉❧❡ i✳

▲✬❡①♣,❡  ✐♦♥ ♠❛!❤?♠❛!✐$✉❡ ❞❡ ❧✬?♥❡,❣✐❡ ❧✐❜,❡ ❞✬❡①❝+ ❞✉ !❡,♠❡ ❞❡  ♣❤+,❡ ❞✉,❡

❬✼✾❪ ❡ ! ✿

βfHS
V =

[

(

ξ32
ξ0 ξ23

− 1

)

ln ∆ +
3 ξ1 ξ2
ξ0 ∆

+
ξ32

ξ3 ξ0 ∆2

]

∑

i

ρi ✭✷✳✶✹✮

❛✈❡❝

ξi =
π

6

∑

j

ρjσ
i
j i = 0, 1, 2, 3 ✭✷✳✶✺✮

♦' σi ❡)* ❧❡ ❞✐❛♠0*1❡ ❞✬✉♥ ✐♦♥ ❞❡ *②♣❡ i✱

∆ = 1− ξ3 ✭✷✳✶✻✮

▲✬❡①♣1❡))✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥* ❞✬❛❝*✐✈✐*> ❞❡ )♣❤01❡ ❞✉1❡ ❝♦11❡)♣♦♥❞❛♥* ♣❡✉* @*1❡ ❝❛❧❝✉❧>

A ♣❛1*✐1 ❞❡) >B✉❛*✐♦♥) ✭✷✳✶✶✮✱ ✭✷✳✶✷✮ ❡* ✭✷✳✶✹✮ ❡* ❡)* ❞♦♥♥> ♣♦✉1 ✉♥ >❧❡❝*1♦❧②*❡ )✐♠♣❧❡

❞✐))♦❝✐> ♣❛1 ❬✽✵❪ ✿

ln γHS
±

=

(

ξ32
ξ0 ξ23

− 1

)

ln∆ +
ξ3
∆

+
ξ32 (1 + 2 ξ3 − ξ23)

ξ0 ξ3 ∆2
+

3 ξ1 ξ2 (2− ξ3)

ξ0 ∆2
✭✷✳✶✼✮

▲❛ ❝♦♥*1✐❜✉*✐♦♥ ❞❡ )♣❤01❡ ❞✉1❡ A ❧❛ ♣1❡))✐♦♥ ♦)♠♦*✐B✉❡

✷

❡)* ❞♦♥♥>❡ ♣❛1 ✿

ΦHS =
ξ3

1− ξ3
+

3 ξ1 ξ2
ξ0 (1− ξ3)2

+
ξ32 (3− ξ3)

ξ0 (1− ξ3)3
✭✷✳✶✽✮

✷✳ ❞#✜♥✐ ❝♦♠♠❡ ❧❛ ♣.❡//✐♦♥ ❞✉ ❣❛③ ♣❛.❢❛✐4 ❞❡ /♦❧✉4# ❝❛❧❝✉❧# ♣❛. ❧✬#♥❡.❣✐❡ ❧✐❜.❡ βfex

V



✷✳✷✳ ❚❤$♦&✐❡ ❡) ♣&♦❝$❞✉&❡ ❞❡ ❝❛❧❝✉❧ ✹✶

▲✬❡①♣%❡&&✐♦♥ ♠❛,❤.♠❛,✐/✉❡ ❞❡ ❧✬.♥❡%❣✐❡ ❧✐❜%❡ ❞✬❡①❝6& ❞✉ ,❡%♠❡ .❧❡❝,%♦&,❛,✐/✉❡ ❞❡

❧✬❡&♣6❝❡ i ❬✽✶❪ ❡&, ❞.✜♥✐ ♣❛% ✿

βf élec
V = βE élec

V +
Γ3

3π
✭✷✳✶✾✮

♦B E élec
V ❡&, ❧✬.♥❡%❣✐❡ ❞❡ ▼❝▼✐❧❧❛♥✲▼❛②❡% ❞.✜♥✐❡ ♣❛% ✿

βE élec = −LB

(

Γ
∑

i

ρi
z2i

1 + Γ σi

+
πΩP 2

n

2∆

)

✭✷✳✷✵✮

❛✈❡❝

Γ2 = π LB

∑

i

ρi

(

zi − π
2∆

Pn σ
2
i

1 + Γ σi

)2

✭✷✳✷✶✮

Pn =
1

Ω

∑

i

ρi σi zi
(1 + Γ σi)

✭✷✳✷✷✮

Ω = 1 +
π

2∆

∑

i

ρi σ
3
i

(1 + Γ σi)
✭✷✳✷✸✮

▲❡ ♣❛%❛♠6,%❡ Γ ❡&, ❧❡ ♣❛%❛♠6,%❡ ❞✬.❝%❛♥,❛❣❡ ❢♦♥❞❛♠❡♥,❛❧ ❞❡ ▼❙❆✳ ■❧ ❣.♥.%❛❧✐&❡ ❡♥

❡✛❡, ❧❡ κ ❞❡ ❧❛ ,❤.♦%✐❡ ❞❡ ❉❡❜②❡✲❍P❝❦❡❧ ❞.✜♥✐❡ ♣❛% ✭✷✳✷✮ ❛✉① &♦❧✉,✐♦♥& ❝♦♥❝❡♥,%.❡&

♦B ❧❛ ,❛✐❧❧❡ ❞❡& ✐♦♥& ❡&, ✐♠♣♦%,❛♥,❡✳ ❊♥ ❡✛❡,✱ &✐ ❧❡& ρi &♦♥, ♣❡,✐,& ✷Γ ,❡♥❞ ✈❡%& κ✳

T♦✉% ✉♥ .❧❡❝,%♦❧②,❡ &✐♠♣❧❡ ❞✐&&♦❝✐.✱ ❧❡ ,❡%♠❡ .❧❡❝,%♦&,❛,✐/✉❡ ❞✉ ❝♦❡✣❝✐❡♥, ❞✬❛❝,✐✈✐,.

♣❡✉, V,%❡ ♦❜,❡♥✉ W ♣❛%,✐% ❞❡& ./✉❛,✐♦♥& ✭✷✳✶✶✮✱ ✭✷✳✶✷✮ ❡, ✭✷✳✶✾✮✳ ❖♥ ♦❜,✐❡♥, ✿

ln γ élec
±

=
βE élec

ξ0
− πLB

P 2
n

2ξ0∆2
✭✷✳✷✹✮

▲❛ ❝♦♥,%✐❜✉,✐♦♥ .❧❡❝,%♦&,❛,✐/✉❡ W ❧❛ ♣%❡&&✐♦♥ ♦&♠♦,✐/✉❡ ❡&, ❞♦♥♥.❡ ♣❛% ✿

Φélec = − Γ3

3πξ0
− πLB

P 2
n

2ξ0∆2
✭✷✳✷✺✮

▲❡ ❝♦❡✣❝✐❡♥, ❞✬❛❝,✐✈✐,. ♠♦②❡♥ ❞✬✉♥ .❧❡❝,%♦❧②,❡ ♣❡✉, V,%❡ ❡①♣%✐♠. ❝♦♠♠❡ ❧❛ &♦♠♠❡



✹✷ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞.❧✐0❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'. ❞❡0 ✐♦♥0 ❡♥ 0♦❧✉'✐♦♥

❞❡" #❡$♠❡" &❧❡❝#$♦"#❛#✐,✉❡ ❡# ❞❡ "♣❤0$❡ ❞✉$❡ ❝♦♠♠❡ ✿

ln γ± = ln γ élec
±

+ ln γHS
±

✭✷✳✷✻✮

✷✳✷✳✹ ❈♦♥✈❡()✐♦♥ ▼❝▼✐❧❧❛♥✲▼❛②❡( 1 ▲❡✇✐)✲❘❛♥❞❛❧❧

▲❛ #❤&♦$✐❡ ▼❙❆ $❡♣♦"❛♥# "✉$ ✉♥ ♠♦❞0❧❡ < "♦❧✈❛♥# ❝♦♥#✐♥✉ ❡"# ❥✉"#✐✜&❡ ♣❛$ ❧❡

❢♦$♠❛❧✐"♠❡ ❞❡ ▼❝▼✐❧❧❛♥✲▼❛②❡$✳ ❈❡✉①✲❝✐ ♦♥# ❡♥ ❡✛❡# ♠♦♥#$& ,✉❡ ❧✬♦♥ ♣♦✉✈❛✐# #$❛✐#❡$

❧❡" ✐♦♥" < "♦❧✈❛♥# ❝♦♥#✐♥✉✱ ✐♥❞&♣❡♥❞❛♠♠❡♥# ❞✉ #❡$♠❡ ❞❡ "♦❧✈❛♥#✱ ♠❛✐" ❞❛♥" ❝❡ ❝❛"

❧❡" ✈❛❧❡✉$" ♦❜#❡♥✉❡" ❧❡ "♦♥# ♣♦✉$ ✉♥ ♣♦#❡♥#✐❡❧ ❝❤✐♠✐,✉❡ ❞✉ "♦❧✈❛♥# ✜①&✳ ▲❡ ♣♦#❡♥#✐❡❧

❝❤✐♠✐,✉❡ ❝❛❧❝✉❧& ♣❛$ ✭✷✳✶✷✮ ♥❡ ♣❡✉# ❞♦♥❝ J#$❡ ❛""✐♠✐❧& ❛✉ ♣♦#❡♥#✐❡❧ ❝❤✐♠✐,✉❡ ❡①♣&✲

$✐♠❡♥#❛❧ ✭❛♣♣❡❧& ▲❡✇✐"✲❘❛♥❞❛❧❧✮ ❝❛$ ❧❛ ❞&$✐✈❛#✐♦♥ "❡ ❢❛✐# < ♣♦#❡♥#✐❡❧ ❝❤✐♠✐,✉❡ ❞✉

"♦❧✈❛♥# ❝♦♥"#❛♥# ❡# ♣❛" < ♥♦♠❜$❡ ❞❡ ♠♦❧❡" ❞❡ "♦❧✈❛♥# ❝♦♥"#❛♥#✳ ❯♥❡ ❝♦♥✈❡$"✐♦♥ ❞❡

▼❝▼✐❧❧❛♥✲▼❛②❡$ < ▲❡✇✐"✲❘❛♥❞❛❧❧ ❡"# ❞♦♥❝ < ❢❛✐$❡ ❬✽✷✱ ✽✸✱ ✽✹✱ ✽✺✱ ✽✻❪✳ ▲❡ ❝♦❡✣❝✐❡♥#

❞✬❛❝#✐✈✐#& ❝❛❧❝✉❧& ❞❡" &❧❡❝#$♦❧②#❡" ❛ ❞♦♥❝ &#& ❝♦♥✈❡$#✐ ❞❡ ❧❛ $&❢&$❡♥❝❡ ▼❝▼✐❧❧❛♥✲▼❛②❡$

< ❧❛ $&❢&$❡♥❝❡ ▲❡✇✐"✲❘❛♥❞❛❧❧✳ ❖♥ ♣❡✉# &❝$✐$❡ ❧❛ $❡❧❛#✐♦♥ "✉✐✈❛♥#❡ ✿

µMM
soluté = µLR

soluté ✭✷✳✷✼✮

♠❛✐" ❧❛ ♣$❡""✐♦♥ P ♥✬❡"# ♣❛" ❧❛ ❜♦♥♥❡ ❝❛$ ❡❧❧❡ ❛ ✈❛$✐& ♣♦✉$ ❣❛$❞❡$ ❧❡ ♣♦#❡♥#✐❡❧ ❝❤✐♠✐,✉❡

❞✉ "♦❧✈❛♥# ❝♦♥"#❛♥#✱ P = P 0 +Π ❡# ♣❛" P = P 0
✳ ❖♥ ❛ ✿

µMM
soluté = µ(T, P,X) = µ(T, P 0, X) +

∫ P

P 0

∂µ

∂P
dP ✭✷✳✷✽✮

❖$

dG = V dP − S dT + µ0 dn0 + µ1 dn1 ⇒
∂µ1

∂P
=

∂V

∂n1

)

P,T,n0

= V1 ✭✷✳✷✾✮



✷✳✷✳ ❚❤$♦&✐❡ ❡) ♣&♦❝$❞✉&❡ ❞❡ ❝❛❧❝✉❧ ✹✸

❡♥ ♥♦#❛♥# ✵ ♣♦✉( ❧❡ *♦❧✈❛♥# ❡# ✶ ♣♦✉( ❧❡ *♦❧✉#-✳ ❊♥ ❝♦♠❜✐♥❛♥# ❧❡* -4✉❛#✐♦♥* ✭✷✳✷✽✮

❡# ✭✷✳✷✾✮ ♦♥ ♦❜#✐❡♥#

µMM = µLR +

∫ P

P 0

V dP ✭✷✳✸✵✮

❊♥ ❢❛✐*❛♥# ❧✬❤②♣♦#❤?*❡ 4✉❡ V1 ❡*# ❝♦♥*#❛♥#✱ ♦♥ ❞-❞✉✐# ✿

µMM = µLR + V1 (P − P 0) = µLR + V1 Π ✭✷✳✸✶✮

❡♥ ❝♦♠❜✐♥❛♥# ❧❡* -4✉❛#✐♦♥* ✭✷✳✾✮ ❡# ✭✷✳✸✶✮ ♦♥ ♦❜#✐❡♥# ❛❧♦(* ✿

µMM = µLR + V1 φ
MM kB T

∑

i

ρi ✭✷✳✸✷✮

❖( µ = µ0 +RT ln C
C0 ❡# ♣❛( ✐❞❡♥#✐✜❝❛#✐♦♥

ln γLR
1 = ln γMM

1 − φMM v1
∑

j

ρj ✭✷✳✸✸✮

♦E φMM
❡*# ❧❡ ❝♦❡✣❝✐❡♥# ♦*♠♦#✐4✉❡ ❞❛♥* ❧✬-❝❤❡❧❧❡ ▼❝▼✐❧❧❛♥✲▼❛②❡(✱ v1 ❡*# ❧❡ ✈♦❧✉♠❡

♠♦❧❛✐(❡ ♣❛(#✐❡❧ ❞✉ *♦❧✉#- ✶ ❡# ρj ❡*# ❧❛ ❝♦♥❝❡♥#(❛#✐♦♥ ❞❡ ❧✬❡*♣?❝❡ j ❡①♣(✐♠-❡ ❡♥

♣❛(#✐❝✉❧❡*·♠−3
✳ J♦✉( ✉♥ -❧❡❝#(♦❧②#❡ ❧❡ ❝❛❧❝✉❧ ❡*# ❧❡ ♠K♠❡ ♣♦✉( ❝❤❛❝✉♥ ❞❡* ❝❛#✐♦♥* ❡#

❛♥✐♦♥*✳ ❖♥ ♦❜#✐❡♥# ❛✐♥*✐ ✿

ln γLR
±

= ln γMM
±

− φMM v±
∑

j

ρj ✭✷✳✸✹✮

φMM
♣❡✉# K#(❡ ❝❛❧❝✉❧- M ♣❛(#✐( ❞❡ ❧❛ (❡❧❛#✐♦♥ ❞❡ ●✐❜❜*✲❉✉❤❡♠ ✿

φMM = 1 +

∑

i

ρi ln γMM
i − f ex

V

∑

i

ρi
✭✷✳✸✺✮

❈❡* -4✉❛#✐♦♥* ♦♥# -#- ✉#✐❧✐*-❡* ❛✈❡❝ *✉❝❝?* ♣♦✉( ❝❛❧❝✉❧❡( ❧❡ ❝♦❡✣❝✐❡♥# ❞✬❛❝#✐✈✐#-

♠♦②❡♥ ❞❡ *♦❧✉#✐♦♥ ❞✬-❧❡❝#(♦❧②#❡ ♣✉(❡ ❬✽✼✱ ✼✹✱ ✽✽✱ ✽✾❪✳
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✭♠♦❧·❦❣−1
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♠♦❧❛❧✐,&" K ❝❡❧❧❡ ❞❡ ❧❛ ♠♦❧❛)✐,& "✉✐✈❛♥, ❧✬&>✉❛,✐♦♥ "✉✐✈❛♥,❡ ✿

ln γLR(m) = ln γLR(c) + ln
C

dwm
✭✷✳✸✻✮

❊♥ ❡✛❡,✱ "✐ ❧❛ "♦❧✉,✐♦♥ ❡", ✐♥✜♥✐♠❡♥, ❞✐❧✉&❡ ❛❧♦)" ✿

µ0 C +RT ln
C

C0
= µ0 m +RT ln

m

m0
✭✷✳✸✼✮

"❛❝❤❛♥, >✉❡ m = C
dw

♦S dw ❡", ❧❛ ♠❛""❡ ✈♦❧✉♠✐>✉❡ ❞✉ "♦❧✈❛♥, ♣✉)✳

µ0C = µ0m +RT ln
C0

dw m0
✭✷✳✸✽✮

▲♦)">✉❡ ❧❛ "♦❧✉,✐♦♥ ❡", ❝♦♥❝❡♥,)&❡✱ ❧✬&>✉❛,✐♦♥ ✭✷✳✸✼✮ ❞❡✈✐❡♥, ✿

µ0 C +RT ln
C γC

C0
= µ0 m +RT ln

mγm

m0
✭✷✳✸✾✮

❊♥ ❝♦♠❜✐♥❛♥, ❧❡" &>✉❛,✐♦♥" ✭✷✳✸✽✮ ❡, ✭✷✳✸✾✮ ♦♥ ♦❜,✐❡♥, ✿

µ0 m +RT ln
C0

dw m0
+RT ln

C γC

C0
= µ0 m +RT ln

m

m0
✭✷✳✹✵✮

>✉✐ ♣❡✉, W,)❡ "✐♠♣❧✐✜& ❡♥

ln
C γC

dw
= ln (mγm) ✭✷✳✹✶✮

♦S dw ❡", ❧❛ ♠❛""❡ ✈♦❧✉♠✐>✉❡ ❞❡ ❧✬❡❛✉ ♣✉)❡ ✭dw ❂ ✶❦❣·▲−1
K ✷✺

◦
❈✮✳ ▲❡ )❛♣♣♦),

c
m
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C

m
≈ 1

∑

i mi vi + d−1
w

=
dw

1 + dw
∑

i mi vi
✭✷✳✹✷✮
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Kasso =
P n−m+
pair

An−Cm+
σpair =

3

√

σ3
An− + σ3

Cm+ ✭✷✳✹✸✮
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❞❡ ❇❥❡**✉♠ ❬✾✺✱ ✾✻✱ ✾✹❪ ✿

K0 = 4π

∫ σsup

σcontact

exp

(

−z+z−e
2β

4πε0εrr

)

r2dr ✭✷✳✹✹✮

♦Q β ❡")

1
kB T

✳

❖*✐❣✐♥❡❧❧❡♠❡♥)✱ ❝❡))❡ ❝♦♥")❛♥)❡ ❞✬❛""♦❝✐❛)✐♦♥ .)❛✐) ♦❜)❡♥✉❡ $ ♣❛*)✐* ❞✬✉♥❡ ✐♥).✲

❣*❛❧❡ ❞♦♥) ❧❛ ❜♦*♥❡ ✐♥❢.*✐❡✉*❡ σcontact .)❛✐) ❧❛ ❞✐")❛♥❝❡ ❧❛ ♣❧✉" ❝♦✉*)❡ ❡♥)*❡ ✉♥❡ ♣❛✐*❡

❞✬✐♦♥" ❞♦♥♥.❡✳ ▲❛ ❧✐♠✐)❡ "✉♣.*✐❡✉*❡ σsup .)❛✐) ❧❛ ❞✐")❛♥❝❡ ❛✉ ❞❡❧$ ❞❡ ❧❛<✉❡❧❧❡ ❧❡"

✐♦♥" ♥❡ "♦♥) ♣❧✉" ❛""♦❝✐."✱ ♣❛*❝❡ <✉❡ ❧❡" ✐♥)❡*❛❝)✐♦♥" ❛))*❛❝)✐✈❡" ♥❡ "♦♥) ♣❧✉" ❛""❡③

❢♦*)❡"✳ ❈❡))❡ ❜♦*♥❡ "✉♣.*✐❡✉*❡ .)❛✐) ✜①.❡ ♣❛* ❇❥❡**✉♠ $ ❧❛ ✈❛❧❡✉* LB/2✳ ■❧ ❛ ♥♦). <✉❡

❝❡))❡ ✈❛❧❡✉* ❞❡ ❧❛ ❜♦*♥❡ "✉♣.*✐❡✉*❡ ❡") ❛*❜✐)*❛✐*❡ ❡) ❞✬❛✉)*❡" ❝❤♦✐① ♦♥) .). ❢❛✐)"✳ ❯♥❡

❡①♣*❡""✐♦♥ ❛❧)❡*♥❛)✐✈❡ $ ❝❡❧❧❡ ❞❡ ❇❥❡**✉♠ ❛ .❣❛❧❡♠❡♥) .). ❞.✜♥✐❡ ♣❛* ❊❜❡❧✐♥❣ ❞❛♥"

❧❛<✉❡❧❧❡ ❧❛ ❜♦*♥❡ "✉♣.*✐❡✉*❡ ♥✬.)❛✐) ♣❛" ♥.❝❡""❛✐*❡✳ ▲♦*"<✉❡ ❧❡" ✐♥)❡*❛❝)✐♦♥" .❧❡❝)*♦✲

")❛)✐<✉❡" $ ❝♦✉*)❡ ❞✐")❛♥❝❡ "♦♥) )*:" ✐♠♣♦*)❛♥)❡"✱ ❧❡" ❞❡✉① ❡①♣*❡""✐♦♥" ❝♦♥❞✉✐"❡♥)
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♥✉♠#$✐&✉❡♠❡♥( ) ❞❡+ ✈❛❧❡✉$+ +✐♠✐❧❛✐$❡+✳

◆♦✉+ ❛✈♦♥+ ✉(✐❧✐+# ❧❛ (❤#♦$✐❡ ❞❡ ❧✬❛++♦❝✐❛(✐♦♥ ❞❡ ❇❥❡$$✉♠ ♣♦✉$ ❞#(❡$♠✐♥❡$ +✐ ❧✬❛++♦✲

❝✐❛(✐♦♥ ❞❡+ #❧❡❝($♦❧②(❡+ ♦❜(❡♥✉❡+ #(❛✐( ❞✉❡ ) ✉♥ ♣❤#♥♦♠;♥❡ #❧❡❝($♦+(❛(✐&✉❡✳ ❈♦♠♣(❡

(❡♥✉ ❞❡ ❧❛ +✐♠✐❧❛$✐(# ❞❡+ ✈❛❧❡✉$+ ♥✉♠#$✐&✉❡+ ♦❜(❡♥✉❡+ ❡♥ ✉(✐❧✐+❛♥( ❝❡+ ❝❤♦✐① ❛❧(❡$♥❛✲

(✐❢+ ❧♦$+&✉❡ ❧❡+ ✐♥(❡$❛❝(✐♦♥+ #❧❡❝($♦+(❛(✐&✉❡+ ) ❝♦✉$(❡ ❞✐+(❛♥❝❡ +♦♥( ($;+ ✐♠♣♦$(❛♥(❡+✱

♥♦✉+ ❛✈♦♥+ ❝♦♥+✐❞#$# &✉❡ ❧❛ ❧✐♠✐(❡ +✉♣#$✐❡✉$❡ ❞❡ ❧✬✐♥(#❣$❛❧❡✱ ♣♦✉$ ✉♥❡ ♣❛✐$❡ ❛♥✐♦♥✲

❝❛(✐♦♥ #(❛✐( ❞♦♥♥#❡ ♣❛$ ✿ σsup = (σ+ + σ−)/2✱ ♦B σ− ❡+( ❧❡ ❞✐❛♠;($❡ ❞❡ ❧✬❛♥✐♦♥ ❡( σ+

❡+( ❧❡ ❞✐❛♠;($❡ ❞✉ ❝❛(✐♦♥ ❛❥✉+(#✳ ❊♥ ❝♦♥+✐❞#$❛♥( &✉❡ ❧❛ ❝♦♥+(❛♥(❡ ❞✬❛++♦❝✐❛(✐♦♥ K0✱

❝❛❧❝✉❧# ❡♥ ✉(✐❧✐+❛♥( ❧✬#&✉❛(✐♦♥ ✭✷✳✹✹✮✱ ❡+( #❣❛❧❡ ) ❝❡❧❧❡ ❛❥✉+(#❡ Kasso✱ ♥♦✉+ ♣♦✉✈♦♥+

❡♥ ❞#❞✉✐$❡ ❧❛ ❧✐♠✐(❡ ✐♥❢#$✐❡✉$❡ ❞❡ ❧✬✐♥(#❣$❛❧❡ σcontact✳ ❙✐ ❧❛ ✈❛❧❡✉$ ❞❡ σcontact ❡+( +✉♣#✲

$✐❡✉$❡ ♦✉ #❣❛❧❡ ) ❧❛ +♦♠♠❡ ❞❡+ $❛②♦♥+ ❞❡ I❛✉❧✐♥❣ ✭$❛②♦♥+ ❞❡+ ✐♦♥+ ❞❡+❤②❞$❛(#+ ❬✾✼❪✮✱

♥♦✉+ ♣♦✉✈♦♥+ ❡♥ ❝♦♥❝❧✉$❡ &✉❡ ❧✬❛++♦❝✐❛(✐♦♥ ❡+( ♣$✐♥❝✐♣❛❧❡♠❡♥( #❧❡❝($♦+(❛(✐&✉❡✱ +✐♥♦♥

❝❡❧❛ +✐❣♥✐✜❡ &✉✬❡❧❧❡ ♣$❡♥❞ ❡♥ ❝♦♠♣(❡ ✉♥ ♣❤#♥♦♠;♥❡ ♣❧✉+ ❛(($❛❝(✐❢ ✭❧✐❛✐+♦♥ ❝♦✈❛❧❡♥(❡✱

❤②❞$♦♣❤♦❜❡✱ · · · ✮

▲✬❡①♣$❡++✐♦♥ ✭✷✳✶✵✮ ❞❡ ❧✬❛❝(✐✈✐(# ❞✬✉♥ #❧❡❝($♦❧②(❡ ❞♦✐( #❣❛❧❡♠❡♥( R($❡ ❣#♥#$❛❧✐+#❡

❛✉ ❝❛+ ♦B ♦♥ ❝♦♥+✐❞;$❡ ✉♥❡ ($♦✐+✐;♠❡ ❡+♣;❝❡✱ ❧❛ ♣❛✐$❡ p✳ I♦✉$ ❝❡❧❛ ♦♥ ♣❡✉( ✐❞❡♥(✐✲

✜❡$ ❧✬❡♥(❤❛❧♣✐❡ ❧✐❜$❡ G ❞✉ ♠♦❞;❧❡ ) ❞❡✉① ❝♦♥+(✐(✉❛♥(+ ❛✈❡❝ ❝❡❧❧❡ ❞✉ ♠♦❞;❧❡ ) ($♦✐+

❝♦♥+(✐(✉❛♥(+ ✭❞❡✉① ✐♦♥+ ❧✐❜$❡+ ✰ ❧❛ ♣❛✐$❡✮✳ ▲❛ ❞✐✛#$❡♥(✐❡❧❧❡ ❞❡ G ♣❛$ ❧❡ ♠♦❞;❧❡ ) ❞❡✉①

❝♦♥+(✐(✉❛♥(+ ❡+( ✿

dG = µ+ dn+ + µ− dn− ✭✷✳✹✺✮

µ = µ+ν+ + µ−ν− ✭✷✳✹✻✮

I♦✉$ ❧❡ ♠♦❞;❧❡ ) ($♦✐+ ❝♦♥+(✐(✉❛♥(+✱ ❧❛ ❞✐✛#$❡♥(✐❡❧❧❡ ❞❡ G +✬#❝$✐( ✿

dG = µf
+ dnf

+ + µf
− dnf

− + µpdnp ✭✷✳✹✼✮

▼❛✐+ ✐❧ ② ❛ ❧❛ $❡❧❛(✐♦♥ ❞✬#&✉✐❧✐❜$❡ ✭▲♦✐ ❞✬❆❝(✐♦♥ ❞❡+ ▼❛++❡+✮ ❡♥($❡ ❧❛ ♣❛✐$❡ ❡( ❧❡+ ✐♦♥+

❧✐❜$❡+ ✿

µp = µf
+ν+ + µf

−ν− ✭✷✳✹✽✮
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−
❋

−
❈❧

−
❇+

−
■

−
◆❖

−

3 ❈❧❖

−

4 ❙❈◆

−

σ−Pauling
✸✳✶✽ ✷✳✼✷ ✸✳✻✷ ✸✳✾ ✹✳✸✷ ✸✳✼✽ ✹✳✼✷ ✹✳✷✻

❚❛❜❧❡ ✷✳✶ ✕ ❚❛❜❧❡❛✉ ❞❡$ ❞✐✛?+❡♥@$ ❞✐❛♠B@+❡$ ❛♥✐♦♥✐C✉❡$ ✉@✐❧✐$?$✳

♦D ❧✬❡①♣♦$❛♥@ f $✐❣♥✐✜❡ ❢+❡❡✱ ❧✐❜+❡✱ ❡@ ❧✬✐♥❞✐❝❡ p $✐❣♥✐✜❡ ❛$$♦❝✐?✳ ❊♥ +❡♣♦+@❛♥@ ❧✬?C✉❛✲

@✐♦♥ ✭✷✳✹✽✮ ❞❛♥$ ❧✬?C✉❛@✐♦♥ ✭✷✳✹✼✮ ❡@ ❡♥ ✐❞❡♥@✐✜❛♥@ ❛✈❡❝ ❧✬?C✉❛@✐♦♥ ✭✷✳✹✺✮✱ ♦♥ ❡♥

❞?❞✉✐@ ✿

µ = µf
+ν+ + µf

−ν− ✭✷✳✹✾✮

▲❡$ ❝♦❡✣❝✐❡♥@$ ❞✬❛❝@✐✈✐@? ♠♦②❡♥$ ♣❛+ ❧❡ ♠♦❞B❧❡ W @+♦✐$ ❝♦♠♣♦$❛♥@$ $♦♥@ ❞♦♥❝ ❞?❝+✐@$

♣❛+ ✿

γf
± =

(

γf
+
ν+ γf

−

ν−

)
1

ν++ν−

✭✷✳✺✵✮
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♠❡@@❛♥@ ❞✬?✈❛❧✉❡+ ❧❡$ ❝♦❡✣❝✐❡♥@$ ❞✬❛❝@✐✈✐@? ❞✬✉♥❡ $♦❧✉@✐♦♥ ❛C✉❡✉$❡ ♥❡ ❝♦♥@❡♥❛♥@

C✉✬✉♥ ?❧❡❝@+♦❧②@❡ ❬✽✼✱ ✽✾❪✳ ❉❛♥$ ✉♥ ♣+❡♠✐❡+ @❡♠♣$✱ ♥♦✉$ ❛✈♦♥$ ✉@✐❧✐$? ❧❛ @❤?♦+✐❡ ▼❙❆
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♣♦$❛♥@ ❝❡@ ?❧❡❝@+♦❧②@❡✳ ❉✐✛?+❡♥@❡$ ♣+♦❝?❞✉+❡$ ♣❡✉✈❡♥@ _@+❡ ✉@✐❧✐$?❡$ ♣♦✉+ ❞?@❡+♠✐♥❡+

❧❡ ❞✐❛♠B@+❡ ✐♦♥✐C✉❡ ❞❡$ ✐♦♥$ ❬✾✽✱ ✾✾❪✳ ◆♦✉$ ❛✈♦♥$ ❝❤♦✐$✐✱ ❝❧❛$$✐C✉❡♠❡♥@✱ ❞❡ ✜①❡+ ❧❡

❞✐❛♠B@+❡ ❛♥✐♦♥✐C✉❡ ?❣❛❧ ❛✉ ❞✐❛♠B@+❡ ❞❡ `❛✉❧✐♥❣ ❬✶✵✵❪ ✭❚❛❜✳ ✷✳✶✮ ❛❧♦+$ C✉❡ ❧❡ ❞✐❛♠B@+❡

❝❛@✐♦♥✐C✉❡ ❛ ?@? ❛❥✉$@? ❣+b❝❡ W ❧❛ ♠?@❤♦❞❡ ❞❡$ ♠♦✐♥❞+❡$ ❝❛++?$✳ ▲❡$ +?$✉❧@❛@$ ♦❜@❡♥✉$

♣♦✉+ ❧❡$ ❞✐❛♠B@+❡$ ❝❛@✐♦♥✐C✉❡$ $♦♥@ +?$✉♠?$ ❞❛♥$ ❧❡ @❛❜❧❡❛✉ ✷✳✷✱ ♦D ❧❡$ ✈❛❧❡✉+$ ❡♥

+♦✉❣❡ +❡♣+?$❡♥@❡♥@ ❧❡ ❞✐❛♠B@+❡ ❧❡ ♣❧✉$ ❣+❛♥❞ ♣♦✉+ ❝❤❛C✉❡ ❝❛@✐♦♥✳
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 ❛✉❧✐♥❣ ❈❍3❈❖❖
−

❋
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−
■

−
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−

3 ❈❧❖

−

4 ❙❈◆

−

❍

+
✹✳✻✶ ✹✳✽✶ ✺✳✵✹ ✹✳✵✵ ✸✳✾✺

▲✐

+
✶✳✷✵ ✹✳✸✺ ✹✳✸✻ ✹✳✸✽ ✹✳✽✶ ✹✳✶✷ ✹✳✸✼

◆❛

+
✶✳✾✵ ✹✳✽✾ ✷✳✽✾ ✸✳✷✼ ✸✳✹✾ ✸✳✻✶ ✶✳✽✶ ✷✳✶✸

❑

+
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❘❜

+
✷✳✾✻ ✺✳✹✷ ✹✳✹✾ ✷✳✺✺ ✷✳✷✼ ✶✳✾✷ ✵✳✶✺ ✲✵✳✼✽

❈@

+
✸✳✸✽ ✺✳✹✷ ✹✳✽✷ ✶✳✾✾ ✶✳✼ ✶✳✸✸ ✵✳✵✾✻ ✲✶✳✵✽

◆❍

+
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▼❣

2+
✶✳✸ ✸✳✽✼ ✺✳✼✹ ✻✳✶✷ ✻✳✸ ✺✳✺✼ ✻✳✵✹

❈❛

2+
✶✳✾✽ ✺✳✸✾ ✺✳✻✼ ✺✳✽✽ ✹✳✶ ✺✳✺✸

❙,

2+
✷✳✷✻ ✺✳✶✽ ✺✳✸✼ ✺✳✻✽ ✸✳✹✸ ✺✳✵✽

❇❛

2+
✷✳✼ ✹✳✽✺ ✹✳✼✻ ✺✳✵✺ ✺✳✺✾ ✷✳✷✾ ✹✳✺✸

❚❛❜❧❡ ✷✳✷ ✕ ❚❛❜❧❡❛✉ ❞❡@ ❞✐❛♠GH,❡@ ❝❛H✐♦♥✐K✉❡@ @❛♥@ ❝♦♥@H❛♥H❡ ❞✬❛@@♦❝✐❛H✐♦♥✳ ▲❡@

✈❛❧❡✉,@ ❡♥ ,♦✉❣❡ ,❡♣,O@❡♥H❡♥H ❧❡ ♣❧✉@ ❣,❛♥❞ ❞✐❛♠GH,❡ ❝❛H✐♦♥✐K✉❡ ♣♦✉, ❝❤❛K✉❡ ❝❛H✐♦♥✳

❈❡ ❞✐❛♠GH,❡ ❛ OHO ❝❤♦✐@✐ ❝♦♠♠❡ ❞✐❛♠GH,❡ ❞❡ ,O❢O,❡♥❝❡ ♣♦✉, ❧❛ @✉✐H❡✳

▲❡ H❛❜❧❡❛✉ ✷✳✶ ,O@✉♠❡ ❧❡@ ❞✐✛O,❡♥H@ ❞✐❛♠GH,❡@ ❛♥✐♦♥✐K✉❡@ ✉H✐❧✐@O@ ❞❛♥@ ❝❡HH❡ H❤G@❡✳

❈❤❛K✉❡ ❞✐❛♠GH,❡ ❛♥✐♦♥✐K✉❡ ❝♦,,❡@♣♦♥❞ ❛✉ ❞✐❛♠GH,❡ ❞❡  ❛✉❧✐♥❣ ❡①H,❛✐H ❞❡ ❧❛ ,O❢O,❡♥❝❡

❬✶✵✵❪✳ ◆♦✉@ ❛✈♦♥@ ❝❤♦✐@✐ ❞✬♦,❞♦♥♥❡, ❧❡@ ❞✐✛O,❡♥H@ ❛♥✐♦♥@ ♣,❡@K✉❡ ❝♦♠♠❡ ❧❛ @O,✐❡

❞✬❍♦❢♠❡✐@H❡, ❬✶✵✶✱ ✶✵✷✱ ✶✵✸❪✳ ❊♥ ❡✛❡H✱ ❧❡ ♥✐H,❛H❡ ❞❡✈,❛✐H XH,❡ ♣❧❛❝O ❡♥H,❡ ❧❡ ❜,♦♠✉,❡

❡H ❧❡ ✐♦❞✉,❡ ❛✜♥ ❞❡ ,❡@♣❡❝H❡, ❧❛ @O,✐❡ ❞✬❍♦❢♠❡✐@H❡,✳

▲❡ H❛❜❧❡❛✉ ✷✳✷ ,O@✉♠❡ ❧❡@ ❞✐✛O,❡♥H@ ❞✐❛♠GH,❡@ ❝❛H✐♦♥✐K✉❡@ ❛❥✉@HO@ @❛♥@ ❝♦♥@H❛♥H❡

❞✬❛@@♦❝✐❛H✐♦♥✳ ▲✬O❝❛,H K✉❛❞,❛H✐K✉❡ ♠♦②❡♥ ❞❡@ ❝♦❡✣❝✐❡♥H@ ❞✬❛❝H✐✈✐HO ♣♦✉, ❝❤❛K✉❡ ❝❛✲

H✐♦♥ @❛♥@ ❝♦♥@H❛♥H❡ ❞✬❛@@♦❝✐❛H✐♦♥ ❡@H ,❡♣♦,HO ❞❛♥@ ❧❡ H❛❜❧❡❛✉ ✭❆♥♥❡①❡ ❆✮✳ ▲❡@ ✈❛❧❡✉,@

,♦✉❣❡@ ❝♦,,❡@♣♦♥❞❡♥H ❛✉ ♣❧✉@ ❣,❛♥❞ ❞✐❛♠GH,❡ ❝❛H✐♦♥✐K✉❡ ✉H✐❧✐@O ♣❧✉@ H❛,❞ ♣♦✉, ❝❛❧✲

❝✉❧❡, ❧❡ ❝♦❡✣❝✐❡♥H ❞✬❛❝H✐✈✐HO ♠♦②❡♥ ❛✈❡❝ ❧❛ ❝♦♥@H❛♥H❡ ❞✬❛@@♦❝✐❛H✐♦♥✱ ♣♦✉, ❧❡ ♠♦❞G❧❡

❞O❝,✐✈❛♥H ❧❡@ ♠O❧❛♥❣❡@✳

 ♦✉, ❧✬❛❝OH❛H❡ ❡H ❧❡ ✢✉♦,✉,❡✱ ❧❡ ❞✐❛♠GH,❡ ❛✉❣♠❡♥H❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ @O,✐❡ ❞❡@ ❛❧❝❛❧✐♥@

❡H ❞❡@ ❛❧❝❛❧✐♥♦H❡,,❡✉①✳ ❈❡❧❛ @✐❣♥✐✜❡ K✉❡ ❧❡ ❝❛H✐♦♥ ❡@H ❞❡ ♣❧✉@ ❡♥ ♣❧✉@ ❤②❞,❛HO ❧❡ ❧♦♥❣

❞❡@ ❞❡✉① @O,✐❡@✳ ❊♥ ,❡✈❛♥❝❤❡✱ ♣♦✉, ❧❛ @O,✐❡ ❞❡@ ❤❛❧♦❣O♥✉,❡@ ❞✉ ❝❤❧♦,✉,❡ a ❧✬✐♦❞✉,❡✱ ❧❡

❞✐❛♠GH,❡ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡@ @O,✐❡@ ❞❡@ ❛❧❝❛❧✐♥@ ❡H ❛❧❝❛❧✐♥♦H❡,,❡✉①✳  ♦✉, ❧❡ ♥✐H,❛H❡ ❡H

❧❡ ♣❡,❝❤❧♦,❛H❡✱ ❧❡ ❞✐❛♠GH,❡ ❝❛H✐♦♥✐K✉❡ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ @O,✐❡ ❞❡@ ❛❧❝❛❧✐♥♦H❡,,❡✉①✳

❉❡ ♣❧✉@✱ ♣♦✉, ❧❡ ♣❡,❝❤❧♦,❛H❡✱ ❧❡ ❞✐❛♠GH,❡ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ @O,✐❡ ❞❡@ ❛❧❝❛❧✐♥@ @❛✉❢



✺✵ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞/❧✐1❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'/ ❞❡1 ✐♦♥1 ❡♥ 1♦❧✉'✐♦♥

♣♦✉# ❧✬❤②❞#♦❣*♥❡ ♦- ❧❡ ❞✐❛♠*1#❡ ❞✉ ♣#♦1♦♥ ❡21 ♣❧✉2 ♣❡1✐1 3✉❡ ❝❡❧✉✐ ❞✉ ❧✐1❤✐✉♠✳ ▲❡

#✉❜✐❞✐✉♠ ❡1 ❧❡ ❝82✐✉♠ ♣#82❡♥1❡♥1 ❞❡2 ❞✐❛♠*1#❡2 ♣#♦❝❤❡2 ❞❡ ③8#♦ ♦✉ ♥8❣❛1✐❢ ❝❡ 3✉✐ ❡21

♣❤②2✐3✉❡♠❡♥1 ✐♥❛❝❝❡♣1❛❜❧❡✳ ■❧ ❡21 ♣♦22✐❜❧❡ 3✉❡ ❧❡ #✉❜✐❞✐✉♠ ❡1 ❧❡ ❝82✐✉♠ ♣8♥*1#❡♥1

❞❛♥2 ❧❡ 181#❛*❞#❡ ❞✉ ♣❡#❝❤❧♦#❛1❡ ❡1 3✉❡ ❝❡11❡ ❛22♦❝✐❛1✐♦♥ 2♦✐1 ♣❛#1✐❡❧❧❡♠❡♥1 21❛❜❧❡✱

❝❡ 3✉✐ ❞♦♥♥❡ ✉♥ ❞✐❛♠*1#❡ ♥8❣❛1✐❢ ♣♦✉# ❧❛ 1❤8♦#✐❡ ▼❙❆✳ ❈❡❧❛ ❝♦♥❢♦#1❡ ♥♦1#❡ ❝❤♦✐①

❞✬✐♥1#♦❞✉✐#❡ ✉♥❡ ❝♦♥21❛♥1❡ ❞✬❛22♦❝✐❛1✐♦♥ ❛✜♥ ❞❡ #8❞✉✐#❡ ❛#1✐✜❝✐❡❧❧❡♠❡♥1 ❧❡ ❞✐❛♠*1#❡

❞✉ ❝❛1✐♦♥✳ C♦✉# ❧❡ ♥✐1#❛1❡✱ ❧❡ ❞✐❛♠*1#❡ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ 28#✐❡ ❞❡2 ❛❧❝❛❧✐♥2 ❡①❝❡♣18

♣♦✉# ❧✬❤②❞#♦❣*♥❡✱ ❝♦♠♠❡ ♣♦✉# ❧❡ ♣❡#❝❤❧♦#❛1❡✱ ❡1 ❧❡ ♣♦1❛22✐✉♠✳ ▲❡ #✉❜✐❞✐✉♠ ❡1 ❧❡

❝82✐✉♠ ♣#82❡♥1❡♥1 ✉♥ ❞✐❛♠*1#❡ ♣#♦❝❤❡ ❞❡ ③8#♦ ❝❡ 3✉✐ ❡21 ♣❤②2✐3✉❡♠❡♥1 ✐♠♣♦22✐❜❧❡✱

❝♦♠♠❡ ♣♦✉# ❧❡ ♣❡#❝❤❧♦#❛1❡✳ ■❧ ❡21 ♣♦22✐❜❧❡✱ ❝♦♠♠❡ ♣♦✉# ❧❡ ♣❡#❝❤❧♦#❛1❡✱ 3✉❡ ❧❡ ♥✐1#❛1❡

❛♣♣#♦❝❤❡ ❧❡ #✉❜✐❞✐✉♠ ❡1 ❧❡ ❝82✐✉♠ ♣❛# 2♦♥ 8♣❛✐22❡✉# ❡1 ♥♦♥ ♣❛# ❧❛ 1#❛♥❝❤❡✳ ❊♥ ❡✛❡1✱

❧❡ ♥✐1#❛1❡ ❡21 ✉♥ ❛♥✐♦♥ ♣❧❛1 ❞♦♥❝ 2❛ 1❛✐❧❧❡ ✈❛#✐❡ 2✉✐✈❛♥1 2♦♥ ❛♥❣❧❡ ❞✬♦#✐❡♥1❛1✐♦♥✳

▲❡2 ❞✐❛♠*1#❡2 ❞✉ ❧✐1❤✐✉♠ ❡1 ❞✉ ♣#♦1♦♥ ❝❤❛♥❣❡♥1 ♣❡✉ ❧❡ ❧♦♥❣ ❞❡ ❧❛ 28#✐❡ ❞❡2

❛♥✐♦♥2✳ ❈❡❧❛ 2✐❣♥✐✜❡ 3✉❡ ❧❡ ❧✐1❤✐✉♠ ❡1 ❧❡ ♣#♦1♦♥ ♥❡ 2❡ ❞82❤②❞#❛1❡♥1 ♣❛2 ❡♥ ♣#82❡♥❝❡

❞❡2 ❞✐✛8#❡♥12 ❛♥✐♦♥2✱ ❝♦♠♠❡ ❧✬♦♥1 ♠♦♥1#8 ▼♦❧✐♥❛ ❏✳ et al. ❞❛♥2 ❧❡✉# 81✉❞❡ ♣✉❜❧✐8❡ ❡♥

✷✵✶✶ ❬✾✹❪✳ ▲✬8♥❡#❣✐❡ ♥8❝❡22❛✐#❡ O ❧❛ ❞82❤②❞#❛1❛1✐♦♥ ❞✉ ❧✐1❤✐✉♠ ❡1 ❞✉ ♣#♦1♦♥ ❡21 ❞♦♥❝

1#*2 ✐♠♣♦#1❛♥1❡✳ ▲❡ #✉❜✐❞✐✉♠ ❡1 ❧❡ ❝82✐✉♠ ♣#82❡♥1❡♥1 ✉♥❡ ❧❛#❣❡ ❣❛♠♠❡ ❞❡ ❞✐❛♠*1#❡✳

❈❡❧❛ 2✐❣♥✐✜❡ 3✉❡ ❝❡2 ❞❡✉① ❛❧❝❛❧✐♥2 2❡ ❞82❤②❞#❛1❡♥1 ❢♦#1❡♠❡♥1 ❧❡ ❧♦♥❣ ❞❡ ❧❛ 28#✐❡ ❞❡2

❛♥✐♦♥2 ❡1 ❞♦♥❝ 3✉❡ ❧✬8♥❡#❣✐❡ ♥8❝❡22❛✐#❡ O ❧❛ ❞82❤②❞#❛1✐♦♥ ❞❡ ❝❡2 ❞❡✉① ❝❛1✐♦♥2 ❡21

❢❛✐❜❧❡✳ ▲❡ 2♦❞✐✉♠ ❡1 ❧❡ ♣♦1❛22✐✉♠ ♣#82❡♥1❡♥1 ✉♥❡ ✈❛#✐❛1✐♦♥ ♣❡✉ ✐♠♣♦#1❛♥1❡ ❞❡ ❧❡✉#

❞✐❛♠*1#❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ 28#✐❡ ❞❡2 ❛♥✐♦♥2✳ ❈❡❧❛ 2✐❣♥✐✜❡ 3✉❡ ❧✬8♥❡#❣✐❡ ♣♦✉# ❞82❤②❞#❛1❡#

❝❡2 ❞❡✉① ❝❛1✐♦♥2 ❡21 #❡❧❛1✐✈❡♠❡♥1 ❢❛✐❜❧❡✳ ▲❡ ❞✐❛♠*1#❡ ❞❡2 ❛❧❝❛❧✐♥♦1❡##❡✉① ❛✉❣♠❡♥1❡ ❧❡

❧♦♥❣ ❞❡ ❧❛ 28#✐❡ ❞❡2 ❤❛❧♦❣8♥✉#❡2✳ ❈❡♣❡♥❞❛♥1✱ ♣❧✉2 ❧✬❛❧❝❛❧✐♥♦1❡##❡✉① ❡21 ❧♦✉#❞ ❡1 ♣❧✉2

2♦♥ ❞✐❛♠*1#❡ ❞✐♠✐♥✉❡ ❡♥ ♣#82❡♥❝❡ ❞❡ ♥✐1#❛1❡ ❞♦♥❝ ✐❧ ❡21 ❞❡ ♣❧✉2 ❡♥ ♣❧✉2 ❛22♦❝✐8✳ ▲❡

❞✐❛♠*1#❡ ❞❡2 ❛❧❝❛❧✐♥♦1❡##❡✉① ❛22♦❝✐8 ❛✉ ♣❡#❝❤❧♦#❛1❡ ❡21 ❞✉ ♠P♠❡ ♦#❞#❡ ❞❡ ❣#❛♥❞❡✉#

3✉❡ ❧♦#23✉✬✐❧ 2✬❛❣✐1 ❞✬✉♥ ❤❛❧♦❣8♥✉#❡✳

▲✬❛❝81❛1❡ ❡1 ❧❡ ✐♦❞✉#❡ 2♦♥1 ❧❡2 ❞❡✉① ❛♥✐♦♥2 ❧❡2 ♣❧✉2 ❞✐22♦❝✐82 ❛✈❡❝ ❧❡2 ❞✐✛8#❡♥12

❝❛1✐♦♥2✳ ▲✬❛♠♠♦♥✐✉♠ 2❡♠❜❧❡ ❛✈♦✐# ✉♥ ❝♦♠♣♦#1❡♠❡♥1 ❞✐✛8#❡♥1 ❞❡2 ❛✉1#❡2 ❝❛1✐♦♥2

❝❡♣❡♥❞❛♥1 ❝✬❡21 ✉♥ ❝❛1✐♦♥ ♠♦❧8❝✉❧❛✐#❡ ❝♦♥1#❛✐#❡♠❡♥1 ❛✉① ❛❧❝❛❧✐♥2 ❡1 ❛❧❝❛❧✐♥♦1❡##❡✉①✳



✷✳✸✳ ❆❝%✐✈✐%( ❞❡+ ♠(❧❛♥❣❡+ ❞✬(❧❡❝%2♦❧②%❡+ ♣❛2 ▼❙❆ ✺✶

❉❡ ♣❧✉% ✐❧ ♠❛♥*✉❡ ❞❡% ❞♦♥♥-❡% ❛✈❡❝ ❧✬❛❝-1❛1❡ ❡1 ❧❡ ✢✉♦3✉3❡✳ 5❡✉1✲713❡ *✉❡ ❧❡ ❞✐❛♠813❡

❞❡ ❧✬❛♠♠♦♥✐✉♠ ♣♦✉3 ❝❡% ❞❡✉① ❛♥✐♦♥% ❡%1 ♣❧✉% ❣3❛♥❞ *✉❡ ❝❡❧✉✐ ❞-1❡3♠✐♥- ❛✈❡❝ ❧❡

❝❤❧♦3✉3❡✳

❊♥ ❝♦♥❝❧✉%✐♦♥✱ ❝❡11❡ ♣3❡♠✐83❡ -1✉❞❡ ♣❡3♠❡1 ❞❡ ❥✉%1✐✜❡3 ❧✬✐❞-❡ *✉❡ ❧❡% ❞✐❛♠813❡%

✐♦♥✐*✉❡% ♥❡ %♦♥1 ♣❛% ❛❞❞✐1✐❢% ❡♥ %♦❧✉1✐♦♥✱ ❧❡ ♣❧✉% ❣-♥-3❛❧❡♠❡♥1✳ ➚ ♣❛31 *✉❡❧*✉❡%

✐♦♥% ✭❝♦♠♠❡ ▲✐

+
❡1 ❞❛♥% ✉♥❡ ♠♦✐♥❞3❡ ♠❡%✉3❡ ❍

+
✮ ❧❡✉3 1❛✐❧❧❡ ❞-♣❡♥❞ ❢♦31❡♠❡♥1 ❞✉

❝♦♥13❡✲✐♦♥ ❡♥ ✈✐%✲F✲✈✐%✱ ❝❡ *✉✐ 13❛❞✉✐1 ❞❡% ♣❤-♥♦♠8♥❡% ❞❡ %♦❧✈❛1❛1✐♦♥✴❞-%♦❧✈❛1❛1✐♦♥

❝♦♠♣❧❡①❡%✳ ▲❡ ♣3✐♥❝✐♣❡ ❞❡ ❈♦❧❧✐♥% ✭❧❡% ♣❡1✐1% ❝❛1✐♦♥% %✬❛%%♦❝✐❡ ❛✉① ♣❡1✐1% ❛♥✐♦♥%✱ ❡1 ❧❡%

❣3♦% ❛✉① ❣3♦%✱ ❡♥ 1❛✐❧❧❡ ❞❡ 5❛✉❧✐♥❣✮ ❛♣♣❛3❛I1 ✜♥❛❧❡♠❡♥1 ❛%%❡③ ❥✉%1❡ ♣♦✉3 ❧❡% ❣3♦% ✐♦♥%

✭❈%

+
%❡ ❞-%❤②❞3❛1❡ ♣❧✉% ♣♦✉3 ❧❡ ❣3♦% ✐♦❞✉3❡ *✉❡ ♣♦✉3 ❧❡ ♣❡1✐1 ✢✉♦3✉3❡ ♦✉ ❛❝-1❛1❡✮

♠❛✐% ❢❛✉① ♣♦✉3 ❧❡% ♣❡1✐1% ✭▲✐

+
❣❛3❞❡ %❛ %♣❤83❡ ❞❡ %♦❧✈❛1❛1✐♦♥✮✳

✷✳✸✳✸ #$♦❝'❞✉$❡ ♣♦✉$ ♦❜-❡♥✐$ ❧❛ ❝♦♥2-❛♥-❡ ❞✬❛22♦❝✐❛-✐♦♥ ❞❡2

❞✐✛'$❡♥-2 '❧❡❝-$♦❧②-❡2

❙✬✐❧ ♥✬② ❛ ♣❛% ❞✬❡✛❡1% %♣-❝✐✜*✉❡% ❞❛♥% ✉♥❡ %♦❧✉1✐♦♥ 1❡3♥❛✐3❡ ❝♦♥1❡♥❛♥1 ❞❡✉① -❧❡❝✲

13♦❧②1❡% ❛②❛♥1 ✉♥ ✐♦♥ ❡♥ ❝♦♠♠✉♥✱ ❛❧♦3% ❝❡ ❞❡3♥✐❡3 ❞♦✐1 ❛✈♦✐3 ❧❛ ♠7♠❡ 1❛✐❧❧❡ ❞❛♥%

❧❡% ❞❡✉① -❧❡❝13♦❧②1❡%✳ ■❧ ❡%1 F ♥♦1❡3 *✉❡ ❧✬✉1✐❧✐%❛1✐♦♥ ❞✉ ♣❧✉% ❣3❛♥❞ ❞✐❛♠813❡ ♣♦%%✐❜❧❡

♣♦✉3 ✉♥ ✐♦♥ ❞♦♥♥-✱ ❛✜♥ ❞✬-✈❛❧✉❡3 ❧❡ ❝♦❡✣❝✐❡♥1 ❞✬❛❝1✐✈✐1- ♠♦②❡♥✱ ❝♦♥❞✉✐1 F ❛✉❣♠❡♥✲

1❡3 ❧✬-❝❛31 ❛✈❡❝ ❧❛ ❝♦✉3❜❡ 1❤-♦3✐*✉❡✳ ❆✉ ❝♦♥13❛✐3❡✱ ❧❡ ❢❛✐1 ❞❡ ♣3❡♥❞3❡ ❡♥ ❝♦♠♣1❡ ✉♥❡

✐♥1❡3❛❝1✐♦♥ ❛113❛❝1✐✈❡ F ❝♦✉31❡ ❞✐%1❛♥❝❡ %✉♣♣❧-♠❡♥1❛✐3❡ ❝♦♥❞✉✐1 F ❞✐♠✐♥✉❡3 ❧✬-❝❛31

❞❡ ❧❛ ❝♦✉3❜❡ ❝❛❧❝✉❧-❡✳ 5❛3 ❝♦♥%-*✉❡♥1✱ ❞❛♥% ✉♥ ♠✐❧✐❡✉ ❝♦♥1❡♥❛♥1 ❞❡✉① -❧❡❝13♦❧②1❡%

❛②❛♥1 ✉♥ ✐♦♥ ❡♥ ❝♦♠♠✉♥✱ ❧❛ %♦❧✉1✐♦♥ ❞❛♥% ❧❛*✉❡❧❧❡ ❧❡ ❝❛1✐♦♥ ❡%1 ❧❡ ♣❧✉% ❣3❛♥❞ ♣❡✉1

713❡ ❝♦♥%✐❞-3-❡ ❝♦♠♠❡ ❝❡❧❧❡ ♦R ❧❡% ✐♥1❡3❛❝1✐♦♥% F ❝♦✉31❡ ❞✐%1❛♥❝❡ %♦♥1 ❧❡% ♣❧✉% ❢❛✐❜❧❡%✳

◆♦✉% ❛✈♦♥% ❞♦♥❝ %✉♣♣♦%- *✉❡ ❞❛♥% ❝❡11❡ %♦❧✉1✐♦♥ ❝❡% ❛113❛❝1✐♦♥% %♦♥1 ♥-❣❧✐❣❡❛❜❧❡%✳

❉♦♥❝✱ ❛✜♥ ❞❡ ♣3-✈❡♥✐3 ❧❡ ❜❡%♦✐♥ ❞❡ ❞✐♠✐♥✉❡3 ❧❡ ❞✐❛♠813❡ ❛❥✉%1- ❞❛♥% ❧❡ 3❡%1❡ ❞❡ ❧❛

%-3✐❡ ❛✈❡❝ ✉♥ ❝❛1✐♦♥ ❝♦♠♠✉♥✱ ♥♦✉% ❛✈♦♥% ♣3✐% ❡♥ ❝♦♠♣1❡ ✉♥❡ ❛113❛❝1✐♦♥ %✉♣♣❧-♠❡♥✲

1❛✐3❡ F ❝♦✉31❡ ❞✐%1❛♥❝❡ *✉✐ ❡%1 ♦♣♣♦%-❡ F ❧❛ 3-♣✉❧%✐♦♥ ❞❡% %♣❤83❡% ❞✉3❡%✳ ❉❡ ❝❡ ♣♦✐♥1

❞❡ ✈✉❡✱ ✐❧ ❛♣♣❛3❛✐1 *✉❡ ❧❡ ♣❧✉% ❣3❛♥❞ ❞✐❛♠813❡ ❝❛1✐♦♥✐*✉❡ ❞♦✐1 713❡ ❝❤♦✐%✐✳ ❈✬❡%1 ♣♦✉3✲



✺✷ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞.❧✐0❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'. ❞❡0 ✐♦♥0 ❡♥ 0♦❧✉'✐♦♥

❈❛"✐♦♥ ❍

+
▲✐

+
◆❛

+
❑

+
❘❜

+
❈,

+
◆❍

+
4 ▼❣

2+
❈❛

2+
❙0

2+
❇❛

2+

σ+Pauling
✶✳✷ ✶✳✾ ✷✳✻✻ ✷✳✾✻ ✸✳✸✽ ✷✳✾✻ ✶✳✸ ✶✳✾✽ ✷✳✷✻ ✷✳✼

σ+Hydrated
✺✳✵✹ ✹✳✽✶ ✹✳✽✾ ✺✳✶✼ ✺✳✹✷ ✺✳✹✷ ✷✳✾✷ ✻✳✸ ✺✳✽✽ ✺✳✻✽ ✺✳✺✾

❚❛❜❧❡ ✷✳✸ ✕ ❚❛❜❧❡❛✉ 0B,✉♠❛♥" ❧❡, ❞✐❛♠E"0❡, ❞❡ F❛✉❧✐♥❣ ❡" ❧❡, ❞✐❛♠E"0❡, ❤②❞0❛"B,

❞❡, ❞✐✛B0❡♥", ❝❛"✐♦♥,✳

K✉♦✐ ❝❡ ❞❡0♥✐❡0 ❛ B"B ❝❤♦✐,✐ ❝♦♠♠❡ 0B❢B0❡♥❝❡ ♣♦✉0 ❝❤❛K✉❡ ❝❛"✐♦♥ ✭❚❛❜✳ ✷✳✸✮✳ ❆✐♥,✐✱ ❧❛

❝♦✉0❜❡ ❤②♣♦"❤B"✐K✉❡ ❞✉ ❝♦❡✣❝✐❡♥" ❞✬❛❝"✐✈✐"B ❛✈❡❝ ❧❡ ♣❧✉, ❣0❛♥❞ ❞✐❛♠E"0❡ ❝♦♠♠❡ ♣❛✲

0❛♠E"0❡ ♥❡ ♣❛,,❡ ♣❧✉, ❢♦0❝B♠❡♥" ♣❛0 ❧✬❡♥,❡♠❜❧❡ ❞❡, ❞♦♥♥B❡, ❡①♣B0✐♠❡♥"❛❧❡,✱ ❡①❝❡♣"B

♣♦✉0 ❧❡ ,❡❧ ❛✈❡❝ ❧❡ ♣❧✉, ❣0❛♥❞ ❝❛"✐♦♥✳

▲❡ "❛❜❧❡❛✉ ✷✳✸ 0B,✉♠❡ ❧❡ ❞✐❛♠E"0❡ ❞❡ F❛✉❧✐♥❣ ❡" ❧❡ ♣❧✉, ❣0❛♥❞ ❞✐❛♠E"0❡ ❝❛"✐♦♥✐K✉❡✱

❞✐❛♠E"0❡ ❤②❞0❛"B✱ ♣♦✉0 ❝❤❛K✉❡ ❝❛"✐♦♥✳ ▲❛ ,B0✐❡ ❞❡, ❛❧❝❛❧✐♥, ♣0B,❡♥"❡ ✉♥❡ ❞✐✛B0❡♥❝❡✱

❡♥"0❡ ❧❡ ❞✐❛♠E"0❡ ❤②❞0❛"B ❡" ❝❡❧✉✐ ❞❡ F❛✉❧✐♥❣✱ ♣0♦❝❤❡ ❞❡ ✷✲✸ ➴ ❝❡ K✉✐ ❝♦00❡,♣♦♥❞ X

❧❛ "❛✐❧❧❡ ❞✬✉♥❡ ♠♦❧B❝✉❧❡ ❞✬❡❛✉✳ ▲❛ ,B0✐❡ ❞❡, ❛❧❝❛❧✐♥♦"❡00❡✉① ♣0B,❡♥"❡ ✉♥❡ ❞✐✛B0❡♥❝❡✱

❡♥"0❡ ❧❡ ❞✐❛♠E"0❡ ❤②❞0❛"B ❡" ❝❡❧✉✐ ❞❡ F❛✉❧✐♥❣✱ ❡♥"0❡ ✸ ❡" ✺ ➴ ❝❡ K✉✐ ❝♦00❡,♣♦♥❞ X ❧❛

"❛✐❧❧❡ ❞❡ ✶✱✺ ♠♦❧B❝✉❧❡, ❞✬❡❛✉✳ ▲❡ ❞✐❛♠E"0❡ ❞❡ ❧✬❛♠♠♦♥✐✉♠ ❡♥ ,♦❧✉"✐♦♥ ❡," B❣❛❧ X ❝❡❧✉✐

❞❡ F❛✉❧✐♥❣✳ ❈❡❧❛ ,✐❣♥✐✜❡ K✉❡ ❧✬❛♠♠♦♥✐✉♠ ♥✬❡," ♣❛, ❤②❞0❛"B ❡♥ ,♦❧✉"✐♦♥✳ ▲❡ ❞✐❛♠E"0❡

❤②❞0❛"B ❞❡, ❛❧❝❛❧✐♥, ❛✉❣♠❡♥"❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ,B0✐❡ ❝♦♠♠❡ ❧❡ ❞✐❛♠E"0❡ ❞❡ F❛✉❧✐♥❣✱

❛❧♦0, K✉❡ ❧❡ ❞✐❛♠E"0❡ ❤②❞0❛"B ❞❡, ❛❧❝❛❧✐♥♦"❡00❡✉① ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ,B0✐❡ ❝♦♠♠❡

❧❡ ❞✐❛♠E"0❡ ❞❡ F❛✉❧✐♥❣✳ ■❧ ❡," X ♥♦"❡0 K✉❡ ❙✐♠♦♥✐♥ ❏✳F✳ ❛ "0♦✉✈B ✉♥ ❞✐❛♠E"0❡ ❞✉

♣0♦"♦♥ B❣❛❧ X ❝❡❧✉✐ K✉❡ ♥♦✉, ❛✈♦♥, 0❡"❡♥✉ ❬✶✵✹❪✳ ◆✐❣❤"✐♥❣❛❧❡ ❊✳✱ ❡♥ ✶✾✺✾✱ ❛ ♣0♦♣♦,B

❞❡, ❞✐❛♠E"0❡, ❞✬✐♦♥, ❤②❞0❛"B, "♦✉❥♦✉0, ,✉♣B0✐❡✉0, X ❝❡✉① ♦❜"❡♥✉, ❞❛♥, ❝❡""❡ "❤E,❡

❡" K✉✐ ❝♦00❡,♣♦♥❞❡♥" X ❧❛ "❛✐❧❧❡ ❞✬❡♥✈✐0♦♥ ✉♥❡ ♠♦❧B❝✉❧❡ ❞✬❡❛✉ ♦✉ ✉♥❡ ❞❡♠✐❡ ♠♦❧B❝✉❧❡

❞✬❡❛✉ ❬✶✵✺❪✳

▲❡ "❛❜❧❡❛✉ ✷✳✹ ♣0B,❡♥"❡ ❧❡, ❞✐✛B0❡♥"❡, ❝♦♥,"❛♥"❡, ❞✬❛,,♦❝✐❛"✐♦♥ ♣♦✉0 ❧✬❡♥,❡♠❜❧❡

❞❡, B❧❡❝"0♦❧②"❡, B"✉❞✐B, ❞❛♥, ❝❡""❡ "❤E,❡✳ ▲✬B❝❛0" K✉❛❞0❛"✐K✉❡ ♠♦②❡♥ ❞✉ ❝♦❡✣❝✐❡♥"

❞✬❛❝"✐✈✐"B ♠♦②❡♥ ♣♦✉0 ❝❤❛K✉❡ B❧❡❝"0♦❧②"❡ ❛ B"B 0B♣❡0"♦0✐B ❞❛♥, ❧❡ "❛❜❧❡❛✉ ✭❆♥♥❡①❡

❆✮✳ F♦✉0 ❧❡ ❝❤❧♦0✉0❡ ❡" ❧❡ ❜0♦♠✉0❡✱ ❧❛ ❝♦♥,"❛♥"❡ ❞✬❛,,♦❝✐❛"✐♦♥ ❛✉❣♠❡♥"❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛

,B0✐❡ ❞❡, ❛❧❝❛❧✐♥, ❡" ❞❡, ❛❧❝❛❧✐♥♦"❡00❡✉①✳ ▲❛ ❝♦♥,"❛♥"❡ ❞✬❛,,♦❝✐❛"✐♦♥ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣



✷✳✸✳ ❆❝%✐✈✐%( ❞❡+ ♠(❧❛♥❣❡+ ❞✬(❧❡❝%2♦❧②%❡+ ♣❛2 ▼❙❆ ✺✸

❈❍3❈❖❖
−

❋

−
❈❧

−
❇&

−
■

−
◆❖

−

3 ❈❧❖

−

4 ❙❈◆

−

❍

+
✵✳✷✹ ✵✳✶✷ ✵ ✵✳✺✽ ✵✳✻

▲✐

+
✵✳✷✹ ✵✳✷✹ ✵✳✷✷✺ ✵ ✵✳✸✻ ✵✳✷✷

◆❛

+
✵ ✶✳✶✶ ✵✳✽✻ ✵✳✼✻ ✵✳✻✾✻ ✶✳✼✻ ✶✳✺✽

❑

+
✵ ✵✳✼✼ ✶✳✹✵ ✶✳✹✷ ✶✳✸✼ ✸✳✹✽ ✷✳✻✼

❘❜

+
✵ ✵✳✺✾ ✶✳✽✷ ✷✳✵✵ ✷✳✷✷ ✹✳✵✻ ✸✳✸✾

❈;

+
✵ ✵✳✸✼ ✷✳✶✾ ✷✳✹ ✷✳✼ ✹✳✶✷ ✸✳✼

◆❍

+
4 ✵ ✵✳✸✻ ✵✳✷✷ ✵✳✼✾ ✶✳✻✹ ✵✳✷✽

▼❣

2+
✸✳✹✸ ✵✳✽✼ ✵✳✷✺ ✵ ✶✳✶✷ ✵✳✸✷

❈❛

2+
✵✳✼✽ ✵✳✸✷ ✵ ✸✳✶✾ ✵✳✹✻

❙&

2+
✵✳✽✸ ✵✳✹✽ ✵ ✹✳✹✷ ✵✳✽✺

❇❛

2+
✶✳✸✺ ✶✳✹✸ ✵✳✽✼ ✵ ✻✳✺✽ ✶✳✻✶

❚❛❜❧❡ ✷✳✹ ✕ ❚❛❜❧❡❛✉ ❞❡; ❝♦♥;F❛♥F❡; ❞✬❛;;♦❝✐❛F✐♦♥ ✭Kasso✮ ♦❜F❡♥✉❡; ❧♦&; ❞❡ ❝❡FF❡

F❤K;❡✳

❞❡ ❧❛ ;L&✐❡ ❞❡; ❛❧❝❛❧✐♥; ♣♦✉& ❧❡ ✢✉♦&✉&❡✳ ▲❛ ❝♦♥;F❛♥F❡ ❞✬❛;;♦❝✐❛F✐♦♥ ♣♦✉& ❧❡ ♥✐F&❛F❡ ❡F

❧❡ ♣❡&❝❤❧♦&❛F❡ ❛✉❣♠❡♥F❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ;L&✐❡ ❞❡; ❛❧❝❛❧✐♥; ❡F ❞❡; ❛❧❝❛❧✐♥♦F❡&&❡✉① ❡①❝❡♣FL

♣♦✉& ❧❡ ♣&♦F♦♥✳ ▲✬✐♦❞✉&❡ ♥✬❡;F ♣❛; ❛;;♦❝✐L ♣♦✉& ❧✬❡♥;❡♠❜❧❡ ❞❡; ❛❧❝❛❧✐♥♦F❡&&❡✉① ❛✐♥;✐

Q✉❡ ♣♦✉& ❧❡ ♣&♦F♦♥ ❡F ❧❡ ❧✐F❤✐✉♠ ❛❧♦&; Q✉❡ ❧✬❛❝LF❛F❡ ♥✬❡;F ♣❛; ❛;;♦❝✐L ♣♦✉& ❧❡ &❡;F❡

❞❡ ❧❛ ;L&✐❡ ❞❡; ❛❧❝❛❧✐♥✳ R❧✉; ❧❡ ❞✐❛♠KF&❡ ❞❡ R❛✉❧✐♥❣ ❡;F ♣❡F✐F ❡F ♣❧✉; ❧❡ ;❡❧ ❞✬❛❝LF❛F❡

❞✬❛❧❝❛❧✐♥ ❡;F ❛;;♦❝✐L✳ ▲✬❛♠♠♦♥✐✉♠ ♣&L;❡♥F❡ ✉♥❡ ❛;;♦❝✐❛F✐♦♥ ;♣L❝✐✜Q✉❡ Q✉✐ ♥✬❡;F ♣❛;

❝❧❛;;L ❝♦♠♠❡ ❧❡; ❛✉F&❡; ❝❛F✐♦♥;✳

R♦✉& ❧❡ ❞L❜✉F ❞❡ ❧❛ ;L&✐❡ ❞❡; ❛❧❝❛❧✐♥;✱ ❞✉ ♣&♦F♦♥ ❛✉ ;♦❞✐✉♠✱ ❡F ♣♦✉& ❧❛ ;L&✐❡ ❞❡;

❛❧❝❛❧✐♥♦F❡&&❡✉①✱ ❧❛ ❝♦♥;F❛♥F❡ ❞✬❛;;♦❝✐❛F✐♦♥ ❞✐♠✐♥✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ;L&✐❡ ❞❡; ❤❛❧♦❣L✲

♥✉&❡;✳ R♦✉& ❧❡ &✉❜✐❞✐✉♠ ❡F ❧❡ ❝L;✐✉♠✱ ❧❛ ❝♦♥;F❛♥F❡ ❞✬❛;;♦❝✐❛F✐♦♥ ❛✉❣♠❡♥F❡ ❧❡ ❧♦♥❣

❞❡ ❧❛ ;L&✐❡ ❞❡; ❤❛❧♦❣L♥✉&❡;✳ ▲❡ ♣♦F❛;;✐✉♠ ♣&L;❡♥F❡ ✉♥ ❝♦♠♣♦&F❡♠❡♥F ✐♥F❡&♠L❞✐❛✐&❡✳

▲❛ ❝♦♥;F❛♥F❡ ❞✬❛;;♦❝✐❛F✐♦♥ ♣♦✉& ❧❡ ♥✐F&❛F❡ ❡;F ♣❧✉; ❣&❛♥❞❡ Q✉❡ ♣♦✉& ❧❡ ♣❡&❝❤❧♦&❛F❡

♣♦✉& ❧✬❡♥;❡♠❜❧❡ ❞❡; ❝❛F✐♦♥; ❡①❝❡♣FL ♣♦✉& ❧✬❤②❞&♦❣K♥❡ ❡F ❧✬❛♠♠♦♥✐✉♠✳ ▲❡; ♣❡F✐F;

❝❛F✐♦♥;✱ ❞✉ ♣♦✐♥F ❞❡ ✈✉❡ ❞✉ ❞✐❛♠KF&❡ ❞❡ R❛✉❧✐♥❣ ✭❧❡ ♣&♦F♦♥ ❡F ❧❡ ❧✐F❤✐✉♠✮✱ ♦♥F ✉♥❡

❝♦♥;F❛♥F❡ ❞✬❛;;♦❝✐❛F✐♦♥ ❛;;❡③ ;F❛❜❧❡ ❛✈❡❝ ❧✬❡♥;❡♠❜❧❡ ❞❡; ❛♥✐♦♥;✳ ■❧ ❡;F ❛;;❡③ ❞✐✣❝✐❧❡

❞❡ ❞L;❤②❞&❛F❡& ❝❡; ❝❛F✐♦♥; ❝❡ Q✉✐ ✐♠♣❧✐Q✉❡ Q✉❡ ❧❡ ♣&♦F♦♥ ❡F ❧❡ ❧✐F❤✐✉♠ ♣&L;❡♥F❡♥F ✉♥❡

♠♦♥♦❝♦✉❝❤❡ ❤②❞&❛FL❡✳ ▲❡; ❣&♦; ❝❛F✐♦♥;✱ ❞✉ ♣♦✐♥F ❞❡ ✈✉❡ ❞✉ ❞✐❛♠KF&❡ ❞❡ R❛✉❧✐♥❣ ✭♣♦✲



✺✹ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞/❧✐1❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'/ ❞❡1 ✐♦♥1 ❡♥ 1♦❧✉'✐♦♥

 ❛""✐✉♠✱ '✉❜✐❞✐✉♠ ❡ ❝,"✐✉♠✮✱ ♦♥ ✉♥❡ ❝♦♥" ❛♥ ❡ ❞✬❛""♦❝✐❛ ✐♦♥ 1✉✐ ✈❛'✐❡ ❜❡❛✉❝♦✉♣✳

❈❡❧❛ "✐❣♥✐✜❡ 1✉❡ ❝❡" ❝❛ ✐♦♥" ♣❡✉✈❡♥ 9 '❡ ❞,"❤②❞'❛ ," ❢❛❝✐❧❡♠❡♥ ❡♥ ❢♦♥❝ ✐♦♥ ❞✉

❝♦♥ '❡✲✐♦♥ ♣',"❡♥ ❞❛♥" ❧❛ "♦❧✉ ✐♦♥ ❝❡ 1✉✐ ✐♠♣❧✐1✉❡ 1✉❡ ❝❡" ❝❛ ✐♦♥" ♥❡ ♣',"❡♥ ❡♥ ♣❛"

❞❡ ♠♦'♣❤♦❧♦❣✐❡ "♣,❝✐✜1✉❡✱ ❧❡✉' ❝♦✉❝❤❡ ❞❡ "♦❧✈❛ ❛ ✐♦♥ ♣♦✉✈❛♥ 9 '❡ ✭♦✉ ♣❛"✮ ♠♦❞✐✲

✜,❡ "✉✐✈❛♥ ❧✬❛♥✐♦♥ ❡♥ ✈✐"✲?✲✈✐"✳ ▲❡ "♦❞✐✉♠ ♣',"❡♥ ❡ ✉♥ ❝♦♠♣♦' ❡♠❡♥ ✐♥ ❡'♠,❞✐❛✐'❡

❝❡ 1✉✐ ✐♠♣❧✐1✉❡ 1✉❡ ❧❡ "♦❞✐✉♠ ♣',"❡♥ ❡✱ ♣'✐♥❝✐♣❛❧❡♠❡♥ ✱ ❞❡✉① , ❛ " ✿ ✉♥ ❤②❞'❛ , ❡ 

❧✬❛✉ '❡ ❞,"❤②❞'❛ ,✳ ❈❡ ❝♦♠♣♦' ❡♠❡♥ ❛ , , ♠♦❞,❧✐", ♣❛' ▼♦❧✐♥❛ et al. ❬✾✹❪✳

❉❛♥" "♦♥ , ✉❞❡ "✉' ❧❛  ❛✐❧❧❡ ❞❡" ✐♦♥"✱ ❈♦❧❧✐♥" ❬✶✵✻❪ ❛ ',"✉♠, ✉♥❡ ❛♥♥❡①❡ ,❝'✐ ❡

♣❛' ▼♦''✐" ❬✶✵✼❪ ❞❛♥" ❧❛1✉❡❧❧❡ ✐❧ ♣',"❡♥ ❛✐ ❧❡" ❡♥ ❤❛❧♣✐❡" " ❛♥❞❛'❞ ❞❡ ❞✐""♦❧✉ ✐♦♥

❞❡ ❝❤❧♦'✉'❡ ❞✬❛❧❝❛❧✐♥ ❡♥ ❢♦♥❝ ✐♦♥ ❞❡ ❧❛ ❞✐✛,'❡♥❝❡ ❞✬❡♥ ❤❛❧♣✐❡ ❛❜"♦❧✉❡ ❞✬❤②❞'❛ ❛ ✐♦♥

❝♦''❡"♣♦♥❞❛♥ ❛✉① ❣❛③ ❞✬❛♥✐♦♥" ❡ ❞❡ ❝❛ ✐♦♥" ❞❡" ❞✐✛,'❡♥ " "❡❧"✳ ❊♥ ❣,♥,'❛❧✱ ❧❡ ❝❤❧♦✲

'✉'❡✱ ❧❡ ❜'♦♠✉'❡ ❡ ❧✬✐♦❞✉'❡ ❞❡ ♣♦ ❛""✐✉♠✱ ❞❡ '✉❜✐❞✐✉♠ ❡ ❞❡ ❝,"✐✉♠ ♣',"❡♥ ❡♥ ✉♥❡

✈❛❧❡✉' ♣♦"✐ ✐✈❡ 1✉✐ ❝♦''❡"♣♦♥❞ ? ✉♥❡ ❝♦♥" ❛♥ ❡ ❞✬❛""♦❝✐❛ ✐♦♥ "✉♣,'✐❡✉'❡ ? ✶✳ ❆❧♦'"

1✉❡ ❧❡" ❤❛❧♦❣,♥✉'❡" ❞❡ ❧✐ ❤✐✉♠ ❡ ❞❡ "♦❞✐✉♠✱ ❞❡ ✢✉♦'✉'❡ ❞❡ ♣♦ ❛""✐✉♠✱ '✉❜✐❞✐✉♠ ❡ 
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❞❡. ,-❢-,❡♥❝❡. ❬✾✵✱ ✾✶✱ ✾✷❪✳ ▲✬-❝❤❡❧❧❡ ❞❡. ♦,❞♦♥♥-❡. ♣♦✉, ❧✬❡♥.❡♠❜❧❡ ❞❡ ❝❡. 7✉❛),❡

❣,❛♣❤✐7✉❡. ❡.) ❝♦♠♠✉♥❡ ❞❡ ♠❛♥✐4,❡ K ♠❡)),❡ ❡♥ ❛✈❛♥) ❧❛ ♣,-.❡♥❝❡ ❞❡ ❞❡✉① ❜❧♦❝.

♣♦✉, ❝❤❛❝✉♥ ❞❡. ❞❡✉① ❛♥✐♦♥.✳ ▲❡ ♣,❡♠✐❡, ,❡❣,♦✉♣❡ ❧✬❡♥.❡♠❜❧❡ ❞❡. ❛❧❝❛❧✐♥. ❡♥ ✉♥



✻✷ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞.❧✐0❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'. ❞❡0 ✐♦♥0 ❡♥ 0♦❧✉'✐♦♥

❋✐❣✉$❡ ✷✳✺ ✕ ▲❡ ❝♦❡✣❝✐❡♥+ ❞✬❛❝+✐✈✐+0 ♠♦②❡♥ ❞❡3 3❡❧3 ❞✬❛❝0+❛+❡ ❞✬❛❧❝❛❧✐♥ ✭❛✮✱ ❞❡

❜9♦♠✉9❡ ❞✬❛❧❝❛❧✐♥ ✭❜✮✱ ❛❝0+❛+❡ ❞✬❛❧❝❛❧✐♥♦+❡99❡✉① ✭❝✮ ❡+ ❜9♦♠✉9❡ ❞✬❛❧❝❛❧✐♥♦+❡99❡✉① ✭❞✮

❡♥ ❢♦♥❝+✐♦♥ ❞❡ ❧❛ 9❛❝✐♥❡ ❝❛990❡ ❞❡ ❧❛ ❝♦♥❝❡♥+9❛+✐♦♥ ♠♦❧❛✐9❡ +♦+❛❧❡✳ ▲❡3 3②♠❜♦❧❡3 9❡✲

♣903❡♥+❡♥+ ❧❡3 ✈❛❧❡✉93 ❞❡3 ❡①♣09✐❡♥❝❡3 ❛❧♦93 ?✉❡ ❧❡3 ❧✐❣♥❡3 ❝♦99❡3♣♦♥❞❡♥+ A ❧✬❛♣♣9♦❝❤❡

▼❙❆✳

❜❧♦❝ 3✉♣09✐❡✉9 ❛❧♦93 ?✉❡ ❧❡ ❞❡✉①✐F♠❡ ❜❧♦❝ 9❡❣9♦✉♣❡ ❧✬❡♥3❡♠❜❧❡ ❞❡3 ❛❧❝❛❧✐♥♦+❡99❡✉①

❡♥ ✉♥ ❜❧♦❝ ✐♥❢09✐❡✉9✳ ❊♥ ❢♦♥❝+✐♦♥ ❞❡ ❧✬❛♥✐♦♥✱ ❝❡3 ❜❧♦❝3 3♦♥+ ♣❧✉3 ♦✉ ♠♦✐♥3 0+❡♥❞✉3✳

❊♥ ❡✛❡+✱ ❧✬❡♥3❡♠❜❧❡ ❞❡3 ❝♦❡✣❝✐❡♥+3 ❞✬❛❝+✐✈✐+0 ♠♦②❡♥3 ❞❡3 ❞✐✛09❡♥+3 3❡❧3 ❞✬❛❝0+❛+❡

❞✬❛❧❝❛❧✐♥ 3♦♥+ ❝♦♥❝❡♥+903 ❛✉+♦✉9 ❞❡ ❧❛ ✈❛❧❡✉9 ✵✱✽ ± ✵✱✶ ❛❧♦93 ?✉❡ ♣♦✉9 ❧❡3 3❡❧3 ❞❡

❜9♦♠✉9❡ ❞✬❛❧❝❛❧✐♥ 3♦♥+ ✉♥ ♣❡✉ ♣❧✉3 0+❛❧03✱ ❝♦♠♣9✐3 ❡♥+9❡ ✵✱✻ ❡+ ✵✱✾✳ ❈✬❡3+ ✉♥ ❡✛❡+

❞❡ ❧❛ ❝❤❛9❣❡ ?✉✐ ❛✉❣♠❡♥+❡ ❧✬❛++9❛❝+✐♦♥ ❞❡3 ✐♦♥3 ❞✐✈❛❧❡♥+3 ❛✈❡❝ ✉♥ ❛♥✐♦♥ ❡+ ❞♦♥❝ ❞✐✲

♠✐♥✉❡ ❧❡ ❝♦❡✣❝✐❡♥+ ❞✬❛❝+✐✈✐+0✳ ❚♦✉+ ❝♦♠♠❡ ♣♦✉9 ❧❡ ❜❧♦❝ 3✉♣09✐❡✉9 ❞❡3 ❛❧❝❛❧✐♥3✱ ❧❡

❜❧♦❝ ✐♥❢09✐❡✉9 ❞❡3 ❛❧❝❛❧✐♥♦+❡99❡✉① ♣903❡♥+❡ ✉♥ 0❧❛9❣✐33❡♠❡♥+ ❞✉ ❜❧♦❝ ❡♥ ❢♦♥❝+✐♦♥ ❞❡

❧✬❛♥✐♦♥ ❝♦♥3✐❞090✳ ❊♥ ❡✛❡+✱ ❜✐❡♥ ?✉❡ ❧❛ ✜❣✉9❡ ✷✳✺ ❝✮ ♥❡ ♣903❡♥+❡ ?✉❡ ❧❡3 ❝♦❡✣❝✐❡♥+3



✷✳✸✳ ❆❝%✐✈✐%( ❞❡+ ♠(❧❛♥❣❡+ ❞✬(❧❡❝%2♦❧②%❡+ ♣❛2 ▼❙❆ ✻✸

❞✬❛❝$✐✈✐$' ♠♦②❡♥- ❞❡- -❡❧- ❞✬❛❝'$❛$❡ ❞❡ ♠❛❣♥'-✐✉♠ ❡$ ❞✬❛❝'$❛$❡ ❞❡ ❜❛2②✉♠ ♦♥ ♣❡✉$

-✉♣♣♦-❡2 4✉❡ ❧❡- ❝♦❡✣❝✐❡♥$- ❞✬❛❝$✐✈✐$' ❞❡ ❧✬❛❝'$❛$❡ ❞❡ ❝❛❧❝✐✉♠ ❡$ ❞❡ ❧✬❛❝'$❛$❡ ❞❡

-$2♦♥$✐✉♠ -❡2♦♥$ ❝♦♠♣2✐- ❡♥$2❡ ❝❡✉① ❞❡ ❧✬❛❝'$❛$❡ ❞❡ ♠❛❣♥'-✐✉♠ ❡$ ❞❡ ❧✬❛❝'$❛$❡ ❞❡

❜❛2②✉♠ ❝❛2 ❝❡- ❞❡✉① '❧'♠❡♥$- ❡♥❝❛❞2❡♥$ ❧❡ ❝❛❧❝✐✉♠ ❡$ ❧❡ ❜❛2②✉♠✳ ❖♥ ♣❡✉$ '❣❛❧❡✲

♠❡♥$ ❝♦♥-$❛$❡2 4✉❡ ❧❡ ❜❧♦❝ ✐♥❢'2✐❡✉2 ❞❡- ❛❧❝❛❧✐♥♦$❡22❡✉① ❞❡ ❧✬❛❝'$❛$❡ ❡-$ ♥❡$$❡♠❡♥$

♣❧✉- ❜❛- 4✉❡ ❝❡❧✉✐ ❞✉ ❜2♦♠✉2❡✳ ❊♥ ❡✛❡$✱ ❧❡- ❝♦❡✣❝✐❡♥$- ❞✬❛❝$✐✈✐$' ♠♦②❡♥- ❞❡- -❡❧-

❞✬❛❝'$❛$❡ ❞✬❛❧❝❛❧✐♥♦$❡22❡✉① -♦♥$ ❝♦♥❝❡♥$2'- ❛✉$♦✉2 ❞❡ ❧❛ ✈❛❧❡✉2 ❞❡ ✵✱✸✺ A ✶ ♠♦❧ ·▲−1

❛❧♦2- 4✉❡ ❧❡- ❝♦❡✣❝✐❡♥$- ❞✬❛❝$✐✈✐$' ♠♦②❡♥- ❞❡- -❡❧- ❞❡ ❜2♦♠✉2❡ ❞✬❛❧❝❛❧✐♥♦$❡22❡✉① -♦♥$

❝♦♠♣2✐- ❡♥$2❡ ❧❡- ✈❛❧❡✉2- ✵✱✺ ❡$ ✵✱✼✳ ❊♥ -✉♣❡2♣♦-❛♥$ ❧❡ ❜❧♦❝ -✉♣'2✐❡✉2 ❞❡- ❛❧❝❛❧✐♥-

❡$ ❧❡ ❜❧♦❝ ✐♥❢'2✐❡✉2 ❞❡- ❛❧❝❛❧✐♥♦$❡22❡✉① ♦♥ ♣❡✉$ -✬❛♣❡2❝❡✈♦✐2 4✉❡ ❞❛♥- ❧❡ ❝❛- ❞❡ ❧✬❛❝'✲

$❛$❡ ❝❡- ❞❡✉① ❜❧♦❝- -♦♥$ ❜✐❡♥ -'♣❛2'- ❝♦♥$2❛✐2❡♠❡♥$ ❛✉① ❞❡✉① ❜❧♦❝- ❞✉ ❜2♦♠✉2❡✳ ❖♥

♣❡✉$ '❣❛❧❡♠❡♥$ ♦❜-❡2✈❡2 4✉❡ ♣♦✉2 ❧❡- ❞✐✛'2❡♥$- ❝♦❡✣❝✐❡♥$- ❞✬❛❝$✐✈✐$'- ♠♦②❡♥- ❞❡-

❞✐✛'2❡♥$- -❡❧- ❞❡ ❜2♦♠✉2❡ ❞✬❛❧❝❛❧✐♥ ❡$ ❞✬❛❧❝❛❧✐♥♦$❡22❡✉① -♦♥$ ♦2❞♦♥♥'- -✉✐✈❛♥$ ❧❡✉2

♥✉♠'2♦ ❛$♦♠✐4✉❡✱ ❡①❝❡♣$' ♣♦✉2 ❧✬❛♠♠♦♥✐✉♠ ❝❛2 ❝✬❡-$ ✉♥ ✐♦♥ ♣♦❧②✲❛$♦♠✐4✉❡✱ ❛❧♦2-

4✉❡ ❧❡- ❞✐✛'2❡♥$- -❡❧- ❞✬❛❝'$❛$❡ ❞✬❛❧❝❛❧✐♥- ♦✉ ❞✬❛❧❝❛❧✐♥♦$❡22❡✉① -♦♥$ ♦2❞♦♥♥'- ❞❛♥-

❧✬♦2❞2❡ ✐♥✈❡2-❡ ❞❡ ❧❡✉2 ♥✉♠'2♦ ❛$♦♠✐4✉❡✳

❏✉-4✉✬A ✶✵

−2
♠♦❧·▲−1

❧✬❡♥-❡♠❜❧❡ ❞❡- -❡❧- ❞✬❛❧❝❛❧✐♥- ♣2'-❡♥$❡♥$ ❧❡ ♠F♠❡ ❝♦❡✣❝✐❡♥$

❧✐♥'❛✐2❡✱ 2❡♣2'-❡♥$❛$✐❢ ❞❡- -❡❧- ✶✿✶ ✭✶ ❝❛$✐♦♥ ♣♦✉2 ✶ ❛♥✐♦♥✮✱ ❝❡ 4✉✐ ❝♦22❡-♣♦♥❞ A ❧❛ ❧♦✐

❧✐♠✐$❡ ❞'❝2✐$❡ ♣❛2 ❉❡❜②❡ ❡$ ❍K❝❦❡❧✳ ❈♦♠♠❡ ❧❡- -❡❧- ❞✬❛❧❝❛❧✐♥-✱ ❧❡- -❡❧- ❞✬❛❧❝❛❧✐♥♦$❡2✲

2❡✉① ♣2'-❡♥$❡♥$ ✉♥ ❝♦❡✣❝✐❡♥$ ❧✐♥'❛✐2❡ -♣'❝✐✜4✉❡✱ 2❡♣2'-❡♥$❛$✐❢ ❞❡- -❡❧- ✶✿✷✳

▲✬❡♥-❡♠❜❧❡ ❞❡- -❡❧- ❞✬❛❝'$❛$❡ ❞✬❛❧❝❛❧✐♥ ♥❡ -♦♥$ ♣❛- ❛--♦❝✐'-✱ ❡①❝❡♣$' ❧✬❛❝'$❛$❡ ❞❡

❧✐$❤✐✉♠ ❛✐♥-✐ 4✉❡ ❧✬❛❝✐❞❡ ❛❝'$✐4✉❡✳ ❊♥ ❡✛❡$ ❝✬❡-$ ✉♥ ❛❝✐❞❡ ❢❛✐❜❧❡ ❞♦♥❝ ♣❛2$✐❡❧❧❡♠❡♥$

❛--♦❝✐'✳ P❧✉- ❧❡ -❡❧ ❞✬❛❝'$❛$❡ ❞✬❛❧❝❛❧✐♥ ❡-$ ❛--♦❝✐' ❡$ ♣❧✉- ❧❛ ✈❛❧❡✉2 ❞✉ ❝♦❡✣❝✐❡♥$

❞✬❛❝$✐✈✐$' ♠♦②❡♥ -❡2❛ ❢❛✐❜❧❡✳ ➚ ❧✬✐♥✈❡2-❡✱ ♣♦✉2 ❧❡- -❡❧- ❞✬❛❝'$❛$❡ ❞✬❛❧❝❛❧✐♥ ♥♦♥ ❛--♦✲

❝✐'-✱ ♣❧✉- ❧❡ ❝❛$✐♦♥ -❡2❛ ❣2♦- ❡$ ♣❧✉- ❧❛ ✈❛❧❡✉2 ❞✉ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$' ♠♦②❡♥ -❡2❛

✐♠♣♦2$❛♥$✳ ❈❡$ '❝❛2$ ❡-$ ❞R ❡①❝❧✉-✐✈❡♠❡♥$ ❛✉ ❞✐❛♠S$2❡ ❞✉ ❝❛$✐♦♥✳ ▲✬❛♠♠♦♥✐✉♠ ❡-$

❞✐✛'2❡♥$ ♣❛2❝❡ 4✉❡ ❝✬❡-$ ✉♥ ❝❛$✐♦♥ ♣♦❧②✲❛$♦♠✐4✉❡✱ ❝❡ 4✉✐ ❡①♣❧✐4✉❡ ♣♦✉24✉♦✐ ❧❛ ❝♦✉2❜❡

❞✉ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$' ♠♦②❡♥ ❞✉ ❜2♦♠✉2❡ ❞✬❛♠♠♦♥✐✉♠ ❡-$ ❞✐✛'2❡♥$❡ ❞❡- ❛✉$2❡- -❡❧-

❞❡ ❜2♦♠✉2❡ ❞✬❛❧❝❛❧✐♥ ♦✉ ❞✬❛❧❝❛❧✐♥♦$❡22❡✉①✳



✻✹ ❈❤❛♣✐'(❡ ✷✳ ▼♦❞/❧✐1❛'✐♦♥ ❞❡ ❧✬❛❝'✐✈✐'/ ❞❡1 ✐♦♥1 ❡♥ 1♦❧✉'✐♦♥

✷✳✸✳✻ ▼%❧❛♥❣❡ ❞❡ ,♦❧✉/✐♦♥, %❧❡❝/2♦❧②/✐4✉❡,

▲❛ "❤$♦&✐❡ ♣&♦♣♦*$❡ ❛ $"$ "❡*"$❡ ❞❛♥* ❧❡ ❝❛* ❞❡* $❧❡❝"&♦❧②"❡* ❡♥ ♠$❧❛♥❣❡✳

▲❡ ♠/❧❛♥❣❡ ◆❍4❈❧✲❍❈❧ ✿

0 0.2 0.4 0.6 0.8 1

Concentration
½

   /   (mol.L
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♠♦②❡♥♥❡ ❞❡ ❧❛ +❡❧❛*✐♦♥ ❩❙❘ ❞❛♥3 ❧❡ ♠=❧❛♥❣❡ ◆❛❈❧✲▲✐❈❧✳

✷✳✹✳✶ ❩❞❛♥♦✈*❦✐✐✲❙/♦❦❡*✲❘♦❜✐♥*♦♥ ✭❩❙❘✮

▲❛ +❡❧❛*✐♦♥ ❩❙❘ ❡3* ✉♥❡ +❡❧❛*✐♦♥ ❡♠♣✐+✐5✉❡ ❞=❝♦✉✈❡+*❡ ✐♥❞=♣❡♥❞❛♠♠❡♥* ♣❛+

❩❞❛♥♦✈3❦✐✐❬✶✶✶❪✱ ❡♥ ✶✾✸✻✱ ❡* ❙*♦❦❡3 ❡* ❘♦❜✐♥3♦♥❬✶✶✷❪✱ ❡♥ ✶✾✻✻✱ 5✉✐ 3✬❛♣♣❧✐5✉❡ ♣♦✉+

✉♥ ♠=❧❛♥❣❡ ❞❡ 3♦❧✉*=3 ✭❞✬=❧❡❝*+♦❧②*❡ ♦✉ ♥♦♥✮✳ ❖♥ ❧✬=❝+✐* ✿

∑

i

mi

m0
i

= 1 ✭✷✳✺✷✮

♦P mi ❡3* ❧❛ ❝♦♥❝❡♥*+❛*✐♦♥ ♠♦❧❛❧❡ ❞❡ ❧✬❡3♣Q❝❡ i ❞❛♥3 ❧❡ 3②3*Q♠❡ *❡+♥❛✐+❡ ❡* m0
i ❡3* ❧❛

❝♦♥❝❡♥*+❛*✐♦♥ ♠♦❧❛❧❡ ❞❡ ❧✬❡3♣Q❝❡ i 3❡✉❧❡ ❞❛♥3 ✉♥❡ 3♦❧✉*✐♦♥ ❛5✉❡✉3❡ ♣♦✉+ ✉♥❡ ♠R♠❡

❛❝*✐✈✐*= ❞✬❡❛✉✳ ▲✬❛❝*✐✈✐*= ❞✬❡❛✉ ❛ =*= ❝❛❧❝✉❧= ♣❛+ ✿

ln aw = −φMwater

∑

i

mi ✭✷✳✺✸✮

♦P aw ❡3* ❧✬❛❝*✐✈✐*= ❞✬❡❛✉✱ φ ❡3* ❧❡ ❝♦❡✣❝✐❡♥* ♦3♠♦*✐5✉❡ ❞❡ ❧❛ 3♦❧✉*✐♦♥✱ ▼water ❡3* ❧❛

♠❛33❡ ♠♦❧❛✐+❡ ❞❡ ❧✬❡❛✉ ✭18 · 10−3
❦❣·♠♦❧

−1
✮ ❡* mi ❧❛ ♠♦❧❛❧✐*= ❞❡ ❧✬❡3♣Q❝❡ i✳

▲❛ ✜❣✉+❡ ✷✳✽ +❡♣+=3❡♥*❡ ❧❛ ♠♦❧❛❧✐*= ❡♥ ❝❤❧♦+✉+❡ ❞❡ ❧✐*❤✐✉♠ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧❛ ♠♦✲
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ln γiα = −Aziα
√
I ✭✷✳✻✵✮

♦N ziα ❡,. ❧❛ ❝❤❛)❣❡ i ❞❡ ❧✬+❧❡❝.)♦❧②.❡ α✳ ;♦✉) ✉♥ ❝♦❡✣❝✐❡♥. ❞✬❛❝.✐✈✐.+ ♠♦②❡♥ ♦♥ ❛ ✿

ln γα =
1

ν+α
+ ν−α

∑

iα

νiα , ln γiα ✭✷✳✻✶✮
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α

∑

iα

z2iα Ciα ✭✷✳✻✷✮
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miα = νiα mα ✭✷✳✻✹✮
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|+ |z−α|) ✭✷✳✻✼✮
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√
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)
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√

∑

α
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ln γ0
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√
2 ρ
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+ ν−α

)
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z+α
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|+ |z−α|)
√
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α ν+α

z+α
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∑
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α
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ν2
iα mα ✭✷✳✼✷✮
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iα mα
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α γ

0
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mα

∑

α mα
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α γ

0
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mα
∑

α mα

)

+ ln
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∑

α

∑
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∑
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√
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∑
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∑
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∑
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α γ

0
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mα
∑
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+ ln
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∑
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− A
√
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∑
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√
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√
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√
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∑
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∑
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√
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∑
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√
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❛,♦♠❡/ ❝♦♥/,✐,✉❛♥, ❧❡ ♠✐❧✐❡✉✳ ▲❛ ❝♦♥/,❛♥,❡ ❞✐3❧❡❝,)✐>✉❡ ❞❡ ❧✬❡❛✉ ✈❛✉, ✼✽✳✹ ❡♥ /♦❧✉,✐♦♥

❧✐❜)❡✳ O❧✉/ ❧❡/ ♠♦❧3❝✉❧❡/ ❞✬❡❛✉ /♦♥, ♣)♦❝❤❡/ ❞❡ ❧❛ /✉)❢❛❝❡ ❞✬✉♥ ♦①②❞❡ ❡, ♣❧✉/ ❡❧❧❡/

/♦♥, ❧✐3❡/ 3❧❡❝,)♦/,❛,✐>✉❡♠❡♥, ? ❧❛ /✉)❢❛❝❡✳ ❉♦♥❝✱ ❝❡/ ♠♦❧3❝✉❧❡/ ❞✬❡❛✉ /♦♥, ♠♦✐♥/

/❡♥/✐❜❧❡/ ? ✉♥ ❝❤❛♠♣ 3❧❡❝,)✐>✉❡ ❡, ♣❛) ❝♦♥/3>✉❡♥❝❡ ❧❡✉) ❝♦♥/,❛♥,❡ ❞✐3❧❡❝,)✐>✉❡ ❞✐♠✐✲

♥✉❡✳ ▲❛ ❝♦♥/,❛♥,❡ ❞✐3❧❡❝,)✐>✉❡ ♣♦✉) ❧✬❡❛✉ ♣❡✉, ❛✐♥/✐ ✈❛)✐❡) ❞✬❡♥✈✐)♦♥ ✽✵ ? ✺✳ ❉✬❛✉,)❡/

♣❛)❛♠7,)❡/ ♣❡✉✈❡♥, 3❣❛❧❡♠❡♥, ♠♦❞✐✜❡) ❧❛ ✈❛❧❡✉) ❞❡ ❧❛ ❝♦♥/,❛♥,❡ ❞✐3❧❡❝,)✐>✉❡✳

❉❛♥/ ❧❡ ❝❛/ ❞✉ ♥♦♥❛,✐,❛♥❛,❡ ❞❡ /♦❞✐✉♠ ❧❡/ ♠♦❧3❝✉❧❡/ ❞✬❡❛✉ ❢♦)♠❡♥, ✉♥❡ ♠♦♥♦✲

❝♦✉❝❤❡ ❡♥,)❡ ✷ ❢❡✉✐❧❧❡,/ ❞✬♦①②❞❡ ❞❡ ,✐,❛♥❡✳ ▲❡/ ♠♦❧3❝✉❧❡/ ♥❡ ♣❡✉✈❡♥, ♣❛/ ❜♦✉❣❡)

❢❛❝✐❧❡♠❡♥, ❝❛) ❡❧❧❡/ /♦♥, ❝♦♥,)❛✐♥,❡/ ♣❛) ❧❡/ /✉)❢❛❝❡/ ❝❤❛)❣3❡/✳ ❈✬❡/, ♣♦✉)>✉♦✐ ♥♦✉/

❛✈♦♥/ ♣)✐/ ❝♦♠♠❡ ✈❛❧❡✉) ,②♣✐>✉❡ ❞❡ ❧❛ ❝♦♥/,❛♥,❡ ❞✐3❧❡❝,)✐>✉❡ εr ❂ ✶✺ ❬✶✷✾❪✳ ❖♥

♦❜,✐❡♥, ✜♥❛❧❡♠❡♥,

µ = µ0 − 3

2
α kB T Γ ✭✸✳✶✶✮

⇒ ln γi = −3

2
αΓ ✭✸✳✶✷✮

▲✬3>✉❛,✐♦♥ ✭✸✳✶✷✮ ❡/, ✈❛❧❛❜❧❡ ♣♦✉) ✉♥ ❝♦)♣/ ♣✉)✳ ■❧ ❢❛✉, ❞♦♥❝ ❣3♥3)❛❧✐/❡) ❝❡,,❡ 3>✉❛✲

,✐♦♥ ♣♦✉) ✉♥ ♠3❧❛♥❣❡✳

▲❛ ♣)❡♠✐7)❡ ♠3,❤♦❞❡ ❝♦♥/✐/,❡ ? ♣)❡♥❞)❡ ❡♥ ❝♦♠♣,❡ ❧❛ ❢)❛❝,✐♦♥ /✉)❢❛❝✐>✉❡✱ Ni/S✱

❞❡ ❝❤❛>✉❡ ❡/♣7❝❡ ✐✳

Γ = ν2 LB

√

π
∑

i

Ni

S
✭✸✳✶✸✮
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❈❡♣❡♥❞❛♥& ❝❡&&❡ ♠)&❤♦❞❡ ♥❡ ✈)-✐✜❡ ♣❛0 ❧❛ ❧♦✐ ❧✐♠✐&❡ ❞❡ ❉❡❜②❡✲❍7❝❦❡❧ ❡& ❡❧❧❡ ♥✬❡0& ♣❛0

♣❤②0✐:✉❡ ❡& ♥✬❡0& ❞♦♥❝ ♣❛0 -❡&❡♥✉❡✳ ▲❛ 0❡❝♦♥❞❡ ♠)&❤♦❞❡ ❝♦♥0✐0&❡ > -❡❞)✜♥✐- ❧✬)♥❡-❣✐❡

❧✐❜-❡ ❞✬❍❡❧♠❤♦❧&③ ♣♦✉- 0❛&✐0❢❛✐-❡ ❝❡❧❧❡✲❝✐✳ ❉❛♥0 ❝❡&&❡ ❧✐♠✐&❡✱

Γ = − κ3

24 π ρ
✭✸✳✶✹✮

❛✈❡❝ ρ = N
S
❡& κ ❡0& ❞)✜♥✐ ♣❛- ❧✬):✉❛&✐♦♥ ✭✷✳✷✮

F ex

N kB T
≈ −

(

4 π LB

∑

i
Ni

S
z2i

)3/2

24 π
∑

i
Ni

S

✭✸✳✶✺✮

F ex

N kB T
≈ LB

3/2 ∑

i

(

Ni

S

)1/2

z3i ✭✸✳✶✻✮

Γ =

√
π LB

∑

i NSi ν
2
i

√
∑

i NSi

✭✸✳✶✼✮

❆✜♥ ❞❡ &❡♥✐- ❝♦♠♣&❡ ❞❡ ❧❛ -)❢)-❡♥❝❡ ✭)&❛& 0&❛♥❞❛-❞✮✱ ✐❧ ❢❛✉& -❡&✐-❡- ❧✬❡①♣-❡00✐♦♥ ❞❛♥0

❧❡ ❝❛0 ❞✉ ♥♦♥❛&✐&❛♥❛&❡ ❞❡ 0♦❞✐✉♠ ♣✉- ♣✉✐0:✉❡ ❞❛♥0 ❝❡ ❝❛0 γi = 1 ♣❛- ❞)✜♥✐&✐♦♥ ❞❡

❝❡❧✉✐✲❝✐✳ ◆♦✉0 ♦❜&❡♥♦♥0 ❛❧♦-0 ❧✬❡①♣-❡00✐♦♥ 0✉✐✈❛♥&❡ ❞✉ ❝♦❡✣❝✐❡♥& ❞✬❛❝&✐✈✐&) ❞✉ 0♦❧✐❞❡

♣♦✉- ❧❡ ♠♦❞P❧❡ ❈♦✉❧♦♠❜✐❡♥ > ✷ ❞✐♠❡♥0✐♦♥0 ✿

ln γi = αLB

√
π

(

√

∑

j

NSj

(

∑

k

xk z
2
k

2
+ z2i

)

−
(

1

2
+ z2i

)

√

N◦
1

s

)

✭✸✳✶✽✮

✸✳✺✳✷ ❙♦❧✉(✐♦♥ +,❣✉❧✐.+❡

▲❡ ❞❡✉①✐P♠❡ ♠♦❞P❧❡ )&✉❞✐) ❡0& ✉♥ ♠♦❞P❧❡ ♣-✐♥❝✐♣❛❧❡♠❡♥& ✉&✐❧✐0) ❞❛♥0 ❧❡ ❝❛❧❝✉❧

❞✬❛❝&✐✈✐&) ❞❡ ♠)❧❛♥❣❡ ♥♦♥✲✐❞)❛✉① ❧♦-0:✉❡ ❝❡&&❡ ♥♦♥✲✐❞)❛❧✐&) ❡0& ❞✉❡ > ❞❡0 ✐♥&❡-❛❝&✐♦♥0

> ❝♦✉-&❡ ❞✐0&❛♥❝❡ ❡♥&-❡ ♠♦❧)❝✉❧❡0✳ ❉❛♥0 ❝❡ ♠♦❞P❧❡ ♦♥ ❝♦♥0✐❞P-❡ :✉❡ ❧❡0 ♠♦❧)❝✉❧❡0 0♦♥&

♣❧❛❝)❡0 0✉- ✉♥ -)0❡❛✉ ❡& ❧✬)❝❛-& > ❧✬✐❞)❛❧✐&) ❡0& ❞S > ❧✬✐♥&❡-❛❝&✐♦♥ ❡♥&-❡ ❧❡0 ♠♦❧)❝✉❧❡0✳

❖♥ ♣❡✉& ❞♦♥❝ -❡♣-)0❡♥&❡- ❝❡ ♠♦❞P❧❡ 0✉✐✈❛♥& ❧❛ ✜❣✉-❡ ✸✳✾

▲❛ ✜❣✉-❡ ✸✳✾ -❡♣-)0❡♥&❡ ❧❡ ♠♦❞P❧❡ ❞❡ 0♦❧✉&✐♦♥ -)❣✉❧✐P-❡ 0❡❧♦♥ ✸ ❝❛0 ♣♦00✐❜❧❡0 ✿



U

S

UA =
1

2
×NA × q × εAA

SA = 0

NA q εAA

UB =
1

2
×NB × q × εBB

SB = 0
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❡! ♣♦✉% ❧❡ ♠(❧❛♥❣❡ ❆✲❇ ✿

UAB =
1

2
×NA×q×εAA×

NA

NA +NB

+
1

2
×NB×q×εBB×

NB

NA +NB

+
NA NB

NA +NB

×q×εAB

✭✸✳✷✸✮

SAB = kB lnCNA+NB

NA
= kB ln

(NA +NB)!

NA!NB!
✭✸✳✷✹✮

❉✬❛♣%89 ❧❡9 ❧♦✐9 ❞❡ ❧❛ !❤❡%♠♦❞②♥❛♠✐>✉❡ ✿

F = U − T S ✭✸✳✷✺✮

▲♦%9>✉❡ ❧❡ ♥♦♠❜%❡ ❞❡ ♣❛%!✐❝✉❧❡9 ❆ ❡! ❇ ❡9! ✐♠♣♦%!❛♥! ♦♥ ♣❡✉! ❛❧♦%9 ❡♠♣❧♦②❡%

❧✬❛♣♣%♦①✐♠❛!✐♦♥ ❞❡ ❙!✐%❧✐♥❣ >✉✐ 9✬(❝%✐! ❝♦♠♠❡ 9✉✐! ✿

ln (x!) = x ln (x)− x ✭✸✳✷✻✮

❖♥ ♦❜!✐❡♥! ❛♣%89 9✐♠♣❧✐✜❝❛!✐♦♥ ✿

F ex = Ntot × λ× xA × xB + kB T (NA ln xA +NB ln xB) ✭✸✳✷✼✮

❛✈❡❝

λ =
1

2
× q × (2 εAB − εAA − εBB) ✭✸✳✷✽✮

❉✬❛♣%89 ❧❡9 (>✉❛!✐♦♥9 ✭✸✳✽✮ ❡! ✭✸✳✷✼✮ ♦♥ ♦❜!✐❡♥! ✿

∂F ex

∂Ni

= λ× x2
j + kB T ln xi ✭✸✳✷✾✮

❉✬♦L ❧❡ ❝♦❡✣❝✐❡♥! ❞✬❛❝!✐✈✐!( ❞❡ ❧❛ ♠♦❧(❝✉❧❡ i ❞❛♥9 ✉♥ ♠(❧❛♥❣❡ ❛✈❡❝ ❧❛ ♠♦❧(❝✉❧❡ j ✿

ln γi = λx2
j ✭✸✳✸✵✮

▲❡ !❡%♠❡ λ ❡9! ✉♥ ♣❛%❛♠8!%❡ ❛❥✉9!❛❜❧❡ ❞♦♥♥( ♣❛% ❧✬(>✉❛!✐♦♥ ✭✸✳✷✽✮ >✉✐ %❡♣%(9❡♥!❡ ❧❛

❞✐✛(%❡♥❝❡ ❞✬(♥❡%❣✐❡ ❞❛♥9 ❧❡ ♠(❧❛♥❣❡ ❡! ❧❡9 9♦❧✉!✐♦♥ ♣✉%❡9✳
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❈❤❛❝✉♥ ❞❡( ❞❡✉① ♠♦❞,❧❡( ♣/0(❡♥10( ♣/0❝0❞❡♠♠❡♥1 ♣❡/♠❡1 ❞❡ /❡♣/0(❡♥1❡/ ✉♥

1②♣❡ ❞✬✐♥1❡/❛❝1✐♦♥ (♣0❝✐✜6✉❡✳ ❆✜♥ ❞❡ ❞01❡/♠✐♥❡/ ❧❡6✉❡❧ ❞❡ ❝❡( ❞❡✉① ♠♦❞,❧❡( ♣❡/♠❡1

❞❡ /❡♣/0(❡♥1❡/ ❧✬✐♥1❡/❛❝1✐♦♥ ❞♦♠✐♥❛♥1❡ ❧♦/( ❞❡ ❧❛ (♦/♣1✐♦♥ ❞✉ (1/♦♥1✐✉♠ (✉/ ❧❡ ♥♦♥❛✲

1✐1❛♥❛1❡ ❞❡ (♦❞✐✉♠✱ ♥♦✉( ❛✈♦♥( ❝❛❧❝✉❧0 ❧✬0♥❡/❣✐❡ ❧✐❜/❡ ❞❡ ●✐❜❜( ? ♣❛/1✐/ ❞❡( ♠❡(✉/❡(

❡①♣0/✐♠❡♥1❛❧❡( /0❛❧✐(0❡( ♣❛/ ❆✉/0❧✐❡ ▼❡/❝❡✐❧❧❡ ❧♦/( ❞❡ (❛ 1❤,(❡✳ A♦✉/ ❝❡ ❢❛✐/❡ ♥♦✉(

♣♦✉✈♦♥( /00❝/✐/❡ ❧❛ ❧♦✐ ❞✬❛❝1✐♦♥ ❞❡( ♠❛((❡( ❞0✜♥✐❡ ♣❛/ ❧✬06✉❛1✐♦♥ ✭✸✳✸✮ ❝♦♠♠❡ ✿

Keq = K0 γSr2+

γ2
Na+

✭✸✳✸✶✮

❛✈❡❝

K0 =
[Na+]2 [Sr2+]

[Sr2+] [Na+]2
γ2
Na+

γSr2+
✭✸✳✸✷✮

▲✬0♥❡/❣✐❡ ❞✬❡①❝,( ❞✬0❝❤❛♥❣❡ ❞✉ (♦❧✐❞❡ ♣❡✉1 ❞♦♥❝ J1/❡ ❢❛❝✐❧❡♠❡♥1 ❝❛❧❝✉❧0❡ ❝♦♠♠❡

01❛♥1 ✿

∆excs
Sr2+ →Na+ = 2 kB T ln

(

γNa+

)

+ kB T ln

(

Keq

)
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❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ❝♦♥❝❡♥%"❛%✐♦♥ ♠♦❧❛✐"❡ ✐♥✐%✐❛❧❡ ❡♥ &%"♦♥%✐✉♠

▲❛ ✜❣✉"❡ ✸✳✶✶ "❡♣"+&❡♥%❡ ❧❛ A✉❛♥%✐%+ ❞❡ &%"♦♥%✐✉♠ ❛❞&♦"❜+❡ ♣❛" ♠❛&&❡ ❞❡ ♥♦♥❛%✐✲

%❛♥❛%❡ ❞❡ &♦❞✐✉♠ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ❝♦♥❝❡♥%"❛%✐♦♥ ♠♦❧❛✐"❡ ✐♥✐%✐❛❧❡ ❡♥ &%"♦♥%✐✉♠✳ ▲❡&

❧♦&❛♥❣❡& ✈❡"%& "❡♣"+&❡♥%❡♥% ❧❡& ♠❡&✉"❡& ❡①♣+"✐♠❡♥%❛❧❡& "+❛❧✐&+❡& ♣❛" ❆✉"+❧✐❡ ▼❡"❝❡✐❧❧❡

❧♦"& ❞❡ &❛ %❤(&❡✳ ❈❡& ♠❡&✉"❡& ♦♥% +%+ ♦❜%❡♥✉❡& ❡♥ ♠+❧❛♥❣❡❛♥% ✶✵ ♠❣ ❞❡ ♥♦♥❛%✐%❛♥❛%❡

❞❡ &♦❞✐✉♠ ❛✈❡❝ ✷✵ ♠▲ ❞❡ &♦❧✉%✐♦♥ ❝♦♥%❡♥❛♥% ❞✉ ♥✐%"❛%❡ ❞❡ &%"♦♥%✐✉♠ ❡% ❞❡ ❧✬❛❝+%❛%❡

❞❡ &♦❞✐✉♠ H ❞✐✛+"❡♥%❡& ❝♦♥❝❡♥%"❛%✐♦♥& ❛✜♥ ❞❡ ♠❛✐♥%❡♥✐" ❧❛ ❝❤❛"❣❡ ❝❛%✐♦♥✐A✉❡ ❞❡ ❧❛
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 ♦❧✉$✐♦♥ ❝♦♥ $❛♥$❡ * ✶✵

−2
♠♦❧·▲−1

 ✉✐✈❛♥$ ❧✬12✉❛$✐♦♥ ✭✸✳✸✻✮ ♣❡♥❞❛♥$ ✷✹ ❤❡✉=❡ ✳ ▲❛

❝♦✉=❜❡ ♥♦✐=❡ =❡♣=1 ❡♥$❡ ❧❡ ❝❛ ✐❞1❛❧ ♦? ❧❡ ❛❝$✐✈✐$1 ❞❡ ✐♦♥ ❡♥  ♦❧✉$✐♦♥ ❡$ ❞❛♥ ❧❡

 ♦❧✐❞❡  ♦♥$ 1❣❛❧❡ * ❧❡✉= ❝♦♥❝❡♥$=❛$✐♦♥✱ ❝✬❡ $ * ❞✐=❡ 2✉❡ ❧❡ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$1 ❞❡ 

✐♦♥  ♦♥$ 1❣❛✉① * ✶✳ ▲❛ ❝♦✉=❜❡ =♦✉❣❡ ❡♥ ♣♦✐♥$✐❧❧1 ❝♦==❡ ♣♦♥❞ ❛✉ ❝❛ ♦? ❧❡ ❝♦❡✣✲

❝✐❡♥$ ❞✬❛❝$✐✈✐$1 ❞❡ ✐♦♥ ❡♥  ♦❧✉$✐♦♥  ♦♥$ ❝❛❧❝✉❧1 ♣❛= ❧❛ $❤1♦=✐❡ ❞❡ ❉❡❜②❡✲❍H❝❦❡❧

❡$ ❧❡ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$1 ❞❡ ✐♦♥ ❞❛♥ ❧❡  ♦❧✐❞❡  ♦♥$ 1❣❛✉① * ✶✱ ❝❛  ❡♠✐✲✐❞1❛❧✳

▲❛ ❝♦✉=❜❡ ❜❧❡✉❡ =❡♣=1 ❡♥$❡ ❧❡ ❝❛ ♦? ❧❡ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$1 ❞❡ ❧❛  ♦❧✉$✐♦♥  ♦♥$

❝❛❧❝✉❧1 ♣❛= ❧❛ $❤1♦=✐❡ ❞❡ ❉❡❜②❡✲❍H❝❦❡❧✱ ❝❛= ❧❛ ❝♦♥❝❡♥$=❛$✐♦♥ ❞❡ ✐♦♥ ♥❡ ❞1♣❛  ❡ ♣❛ 

✶✵

−2
♠♦❧·▲−1

✱ ❡$ ❧❡ ❝♦❡✣❝✐❡♥$ ❞✬❛❝$✐✈✐$1 ❞✉  ♦❧✐❞❡  ♦♥$ ❝❛❧❝✉❧1 ♣❛= ❧❡ ♠♦❞J❧❡ ❞❡

 ♦❧✉$✐♦♥ =1❣✉❧✐J=❡✱ ❝❛ =1❡❧✳

▲✬❡♥ ❡♠❜❧❡ ❞❡ ❝♦✉=❜❡ ♠♦❞1❧✐ ❡ ✜❞J❧❡♠❡♥$ ❧✬❡♥ ❡♠❜❧❡ ❞❡ ♣♦✐♥$ ❡①♣1=✐♠❡♥$❛✉①✳

▲❡ ❞✐✛1=❡♥$ ♠♦❞J❧❡ ✉$✐❧✐ 1  ✉=✲❡ $✐♠❡♥$ ❧❛ 2✉❛♥$✐$1 ❞❡  $=♦♥$✐✉♠ ❛❞ ♦=❜1 ❥✉ $❡

❛✈❛♥$ ❞✬❛$$❡✐♥❞=❡ ❧❛  ❛$✉=❛$✐♦♥ ❞✉  ♦❧✐❞❡✱ ❡♥$=❡ ✽✱✵×10−4
❡$ ✶✱✺×10−3

♠♦❧·▲−1
✳ ▲❛

❝♦✉=❜❡ ❞✉ ❝❛ ✐❞1❛❧ ❡$ ❝❡❧❧❡ ❞✉ ❝❛  ❡♠✐✲✐❞1❛❧  ♦♥$  ✉♣❡=♣♦ 1❡ ✳ ▲❛ ❝♦✉=❜❡ ❜❧❡✉❡ ❞✉

❝❛ =1❡❧ ❡ $ ❧1❣J=❡♠❡♥$  ✉♣1=✐❡✉=❡ ❛✉① ❞❡✉① ❛✉$=❡ ❝♦✉=❜❡ ✳ ❈❡❧❛ ♥♦✉ ♣❡=♠❡$ ❞✬❡♥

❞1❞✉✐=❡ 2✉❡ ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠ ❡ $ ♠♦$❡✉= ❞❡ ❧✬❡①$=❛❝$✐♦♥✳ ❊♥ ❡✛❡$✱ ❧❛  ♦❧✉$✐♦♥

♣=1❢J=❡ ❝♦♥$❡♥✐= ✉♥  $=♦♥$✐✉♠ ♣❧✉$S$ 2✉❡ ❞❡✉①  ♦❞✐✉♠ $❛♥❞✐ 2✉❡ ❧❡  ♦❧✐❞❡ ♣=1 ❡♥$❡

✉♥❡ ♠❡✐❧❧❡✉=❡ ❛$$=❛❝$✐♦♥ ♣♦✉= ❧❡  $=♦♥$✐✉♠ 2✉❡ ❧❛  ♦❧✉$✐♦♥✳ ❈❡$$❡ ❝♦♥ $❛$❛$✐♦♥ ❡ $

❝♦♥✜=♠1❡ ♣❛= ❧❛ ✈❛❧❡✉= ❞❡ ❡♥$❤❛❧♣✐❡ ❤②❞=❛$❛$✐♦♥ ❞✉  $=♦♥$✐✉♠ ❡$ ❞✉  ♦❞✐✉♠ ✿ ∆H0
h

✭❙=

2+
✮ ❂ ✲✶✹✹✻ ❦❏·♠♦❧

−1
❡$ 2∆H0

h ✭◆❛

+
✮ ❂ 2 × −406 = −812 ❦❏·♠♦❧

−1
✳ ❖♥ ♣❡✉$

❝♦♥ $❛$❡= 2✉❡ ❧✬❡♥ ❡♠❜❧❡ ❞❡ $=♦✐ ❝♦✉=❜❡ ♣❛  ❡ ♣❛= ❧❡ ♠Z♠❡ ♣♦✐♥$ ❥✉ 2✉✬* ✉♥❡

❝♦♥❝❡♥$=❛$✐♦♥ ✐♥✐$✐❛❧❡ ❡♥  $=♦♥$✐✉♠ ❞❡ ✼×10−4
▼✳ ❖♥ ♣❡✉$ ♠♦♥$=❡= 2✉❡ ❥✉ 2✉✬* ❝❡$$❡

❝♦♥❝❡♥$=❛$✐♦♥ ❞❡ ✼×10−4
♠♦❧·▲−1

❧✬❛❞ ♦=♣$✐♦♥ ❞✉  $=♦♥$✐✉♠ ♣❛= ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡

 ♦❞✐✉♠ ❡ $ ✐♥❞1♣❡♥❞❛♥$❡ ❞❡ ❧❛ ❝♦♥ $❛♥$❡ ❞✬12✉✐❧✐❜=❡✳ ❊♥ ❡✛❡$ ✿

✷ Na+ ✰ ❙=

2+
❂ ✷ ◆❛

+
✰ Sr2+

■♥✐$✐❛❧ ♠❈❊❈ ❈0 ❱0 ω✲✷❈0 ❱0 ✵

❋✐♥❛❧ ♠❈❊❈ ✲ ✷ ξ ❈0 ❱0 ✲ ξ ✭ω✲✷❈0 ❱0✮ ✰ ✷ ξ ξ

K =
[Sr2+] [Na+]2

[Na+]2 [Sr2+]
✭✸✳✸✺✮



✸✳✻✳ ❆❞%♦'♣)✐♦♥ ❞✉ %)'♦♥)✐✉♠ . ❝❤❛'❣❡ ❝❛)✐♦♥✐4✉❡ ✜①7❡ ✶✵✼

❊♥ ♣♦$❛♥& ✿

ω = [Na+] + 2[Sr2+], ❡①♣*✐♠- ❡♥ ♠♦❧ ✭✸✳✸✻✮

Sr2+ = C0V0 − ξ Na+ = (ω − 2C0V0) + 2 ξ ✭✸✳✸✼✮

Sr2+ = ξ Na+ = mCEC − 2 ξ ✭✸✳✸✽✮

❛✈❡❝ V0 ❧❡ ✈♦❧✉♠❡ ❞❡ $♦❧✉&✐♦♥✳ ❖♥ ♦❜&✐❡♥& ✿

K =
ξ(ξ + (ω − 2C0V0))

2

(C0V0 − ξ)(mCEC − 2ξ)2
=

A

B
✭✸✳✸✾✮

A = 4 ξ3 + ξ (ω − 2C0V0)
2 + 4 ξ2(ω − 2C0V0) ✭✸✳✹✵✮

B = C0 V0 m
2 CEC2 + 4 ξ2 C0 V0 − 4 ξ mCEC C0 V0 − ξ m2 CEC2 − 4 ξ3

− 4 ξ2 mCEC ✭✸✳✹✶✮

4 ξ3 (1 +K) + 4 ξ2 (ω − 2C0 V0 +KmCEC −K C0 V0)

ξ ((ω − 2C0 V0)
2 + 4KmCEC C0 V0 +Km2 CEC2)

−K C0 V0 m
2 CEC2 = 0 ✭✸✳✹✷✮

❖♥ ♣❡✉& ❢❛✐*❡ ❧✬❤②♣♦&❤E$❡$ F✉❡ $✐ C0 ❡$& ♣❡&✐& ❛❧♦*$ ξ ❧✬❡$& -❣❛❧❡♠❡♥&✳ ❉♦♥❝ ❧✬♦*❞*❡

✶ ❡$& $✉♣-*✐❡✉* I ❧✬♦*❞*❡ ✷ ❛✐♥$✐ F✉✬I ❧✬♦*❞*❡ ✸ ❡& ❛✐♥$✐ ❞❡ $✉✐&❡ ♣♦✉* ❧❡$ ♦*❞*❡$

$✉♣-*✐❡✉*$✳ ■❧ *❡$&❡ ✜♥❛❧❡♠❡♥& ✿

−K C0 V0 m
2 CEC2 + ω2 ξ + ξ K m2 CEC2 = 0 ✭✸✳✹✸✮

Km2 CEC2 (ξ − C0 V0) + ω2 ξ = 0 ✭✸✳✹✹✮



✶✵✽

❈❤❛♣✐()❡ ✸✳ ■.♦(❤❡)♠❡ ❞✬❛❞.♦)♣(✐♦♥ ❞✉ .()♦♥(✐✉♠ ♣❛) ❧❡ ♥♦♥❛(✐(❛♥❛(❡

❞❡ .♦❞✐✉♠ ❡( ✐♥(❡)♣)6(❛(✐♦♥

❡♥ ♣♦$❛♥& χ = Km2 CEC2
♦♥ ♦❜&✐❡♥& ✿

ξ(χ+ ω2) = χC0 V0 ✭✸✳✹✺✮

$✐ ω2
❡$& &01$ ✐♥❢30✐❡✉0 5 χ✱ ❛❧♦0$

ξ = C0 V0 ✭✸✳✹✻✮

♣♦✉0 ❝❡❧❛ ✿

ω ≪
√
KmCEC ✭✸✳✹✼✮

❈♦♠♣&❡ &❡♥✉ ❞❡ ❧❛ ✈❛❧❡✉0 ❞❡ ❧❛ ❝♦♥$&❛♥&❡ ❞✬3@✉✐❧✐❜0❡✱ ❞❡ ❧❛ ♠❛$$❡ ❞❡ ♣♦✉❞0❡

❞❡ ♥♦♥❛&✐&❛♥❛&❡ ❞❡ $♦❞✐✉♠ ✉&✐❧✐$3❡ ❡& ❞❡ ❧❛ ❝❛♣❛❝✐&3 ❞✬3❝❤❛♥❣❡ ❝❛&✐♦♥✐@✉❡✱ ❈❊❈✱ ✐❧

❢❛✉❞0❛✐& @✉❡ ❧❛ ❝❤❛0❣❡ ❝❛&✐♦♥✐@✉❡ ❞❡ ❧❛ $♦❧✉&✐♦♥✱ ω✱ $♦✐& ❞❡ ❧✬♦0❞0❡ ❞❡ ✵✱✻ ♠♦❧·▲−1

♣♦✉0 @✉❡ ❧❛ ❝♦♥$&❛♥&❡ ❞✬3@✉✐❧✐❜0❡ ❛✐& ✉♥❡ ✐♥✢✉❡♥❝❡ $✉0 ❧❡ ❞3❜✉& ❞❡ ❧✬✐$♦&❤❡0♠❡✱ ❝❡ @✉✐

♥✬❡$& ♣❛$ ❧❡ ❝❛$ ❞❛♥$ ❝❡&&❡ 3&✉❞❡✳ ❉✬❛♣01$ ❧✬3@✉❛&✐♦♥ ✭✸✳✹✻✮ ❧❛ @✉❛♥&✐&3 ❞❡ $&0♦♥&✐✉♠

❛❞$♦0❜3 ❡$& ❞♦♥❝ ♣0♦♣♦0&✐♦♥♥❡❧❧❡ 5 ❧❛ ❝♦♥❝❡♥&0❛&✐♦♥ ✐♥✐&✐❛❧❡ ❡♥ $&0♦♥&✐✉♠ ✉♥✐@✉❡♠❡♥&

❡& ❧✬❛❞$♦0♣&✐♦♥ ❡$& &♦&❛❧❡✳ ❖♥ ♣❡✉& ❢❛✐0❡ ✉♥❡ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ❞✐❧✉&✐♦♥ ❞✬❖$✇❛❧❞

♦J &♦✉& ❛❝✐❞❡ ❢❛✐❜❧❡ ❞✐❧✉3 ❡$& ✉♥ ❛❝✐❞❡ ❢♦0& ❡& ❞♦♥❝ @✉❡ ❧❛ ❝♦♥$&❛♥&❡ ❞✬❛❝✐❞✐&3 ❞❡ ❝❡&

❛❝✐❞❡ ❢❛✐❜❧❡ ❡$& ♥3❣❧✐❣❡❛❜❧❡✳ ➚ ❞✐❧✉&✐♦♥ ✐♠♣♦0&❛♥&❡ ❧✬❡♥&0♦♣✐❡✱ 0❡♣03$❡♥&3❡ ♣❛0 ❧❡ &❡0♠❡

❞✬❛❝&✐✈✐&3 ❡♥ ln ✭❈✮✱ ❣❛❣♥❡ &♦✉❥♦✉0$✳ ❊♥ 3❝❤❛♥❣❡❛♥& ✉♥ ✐♦♥ ✐♥✜♥✐♠❡♥& ❞✐❧✉3 ✭❙0

2+
✮

♣❛0 ❞❡✉① ✐♦♥$ ✭◆❛

+
✮✱ ❧✬❡♥&0♦♣✐❡ ❡$& &♦✉❥♦✉0$ ♣❧✉$ ✐♠♣♦0&❛♥&✱ ❡& ❧✬3❝❤❛♥❣❡ ❡$& ❞♦♥❝

&♦&❛❧✳

✸✳✻✳✷ ❈❤❛'❣❡ ❝❛+✐♦♥✐/✉❡ 1❣❛❧❡ 3 ✹×✶✵−2
♠♦❧·▲−1

❯♥ ❛✉&0❡ ✐$♦&❤❡0♠❡ ❞✬❛❞$♦0♣&✐♦♥ ❞✉ $&0♦♥&✐✉♠ ♣❛0 ❧❡ ♥♦♥❛&✐&❛♥❛&❡ ❞❡ $♦❞✐✉♠ ❛

3&3 ❝♦♥$&0✉✐& ♠❛✐$ ❝❡&&❡ ❢♦✐$ ❧❛ ❝♦♥❝❡♥&0❛&✐♦♥ ❡♥ ❝❤❛0❣❡ ❝❛&✐♦♥✐@✉❡✱ ω✱ ❛ 3&3 ✜①3❡

5 ✹×✶✵

−2
♠♦❧·▲−1

❛✉ ❧✐❡✉ ❞❡ ✶✵

−2
♠♦❧·▲−1

❝♦♠♠❡ ♣03❝3❞❡♠♠❡♥&✳ ❈❡❧❛ 0❡✈✐❡♥& 5

❛✉❣♠❡♥&❡0 ❧❛ ❝♦♥❝❡♥&0❛&✐♦♥ ❡♥ $♦❞✐✉♠ ❧♦0$@✉❡ ❧❛ $♦❧✉&✐♦♥ ❝♦♥&✐❡♥& ♣❡✉ ❞❡ $&0♦♥&✐✉♠

❡& 5 ❛✉❣♠❡♥&❡0 ❧❛ ❝♦♥❝❡♥&0❛&✐♦♥ ❡♥ $&0♦♥&✐✉♠ ❧♦0$@✉❡ ❧❛ $♦❧✉&✐♦♥ ❡$& ♣❡✉ ❝♦♥❝❡♥&03❡

❡♥ $♦❞✐✉♠✳
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❞❡ .♦❞✐✉♠ E ❞✐✛+/❡♥)❡. ❝♦♥❝❡♥)/❛)✐♦♥. ❛✜♥ ❞❡ ♠❛✐♥)❡♥✐/ ❧❛ ❝❤❛/❣❡ ❝❛)✐♦♥✐:✉❡ ❞❡ ❧❛

.♦❧✉)✐♦♥ ❝♦♥.)❛♥)❡ E ✹×10−2
♠♦❧·▲−1
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.♦❧✉)✐♦♥ /+❣✉❧✐A/❡✮ .♦♥) ♣/✐. ❡♥ ❝♦♠♣)❡✱ ❡.) /❡♣/+.❡♥)+❡✳ ▲❛ ❝♦✉/❜❡ ❞✉ ❝❛. ✐❞+❛❧ ♦M
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❞❡ -♦❞✐✉♠ ❡' ✐♥'❡(♣(5'❛'✐♦♥

❧❡" ❝♦❡✣❝✐❡♥(" ❞✬❛❝(✐✈✐(- ❞❡ ❧❛ "♦❧✉(✐♦♥ ❡( ❞✉ "♦❧✐❞❡ "♦♥( -❣❛✉① 1 ✶✱ ❡( ❞✉ ❝❛" "❡♠✐✲

✐❞-❛❧ ♦6 ❧❡" ❝♦❡✣❝✐❡♥(" ❞✬❛❝(✐✈✐(- ❞❡ ❧❛ "♦❧✉(✐♦♥ "♦♥( ❝❛❧❝✉❧-" ♣❛8 ❧❛ (❤-♦8✐❡ ❆▼❙❆ ❡(

❧❡" ❝♦❡✣❝✐❡♥(" ❞✬❛❝(✐✈✐(- ❞✉ "♦❧✐❞❡ "♦♥( -❣❛✉① 1 ✶✱ ♥❡ "♦♥( ♣❛" ♦❜"❡8✈❛❜❧❡" ❝❛8 ❡❧❧❡"

♣❛""❡♥( ♣❛8 ❧❛ ❝♦✉8❜❡ ❜❧❡✉❡ ❞✉ ❝❛" 8-❡❧✳

❖♥ ♣❡✉( ❝♦♥"(❛(❡8 @✉❡ ❧❡" ♠❡"✉8❡" ❡①♣-8✐♠❡♥(❛❧❡" ♥❡ ❝♦A♥❝✐❞❡♥( ♣❛" ❛✈❡❝ ❧✬✐"♦✲

(❤❡8♠❡ ❝❛❧❝✉❧-❡✳ ❊♥ ❡✛❡(✱ ❧❡ ♣❧❛(❡❛✉ ❞❡ "❛(✉8❛(✐♦♥ ❡①♣-8✐♠❡♥(❛❧ "❡ "✐(✉❡ 1 ❡♥✈✐8♦♥

✶✱✺×10−3
♠♦❧·❣−1 ❛❧♦8" @✉❡ ♣8-❝-❞❡♠♠❡♥( ❛✈❡❝ ✉♥❡ ❝♦♥❝❡♥(8❛(✐♦♥ ❡♥ ❝❤❛8❣❡ ❝❛(✐♦✲

♥✐@✉❡ ❞❡ ✶✵

−2
♠♦❧·▲−1

❧❡ ♣❧❛(❡❛✉ ❞❡ "❛(✉8❛(✐♦♥ -(❛✐( ❞✬❡♥✈✐8♦♥ ✶✱✼×10−3
♠♦❧·❣−1✳

❉✬❛♣8I" ❧❛ ❧♦✐ ❞❡ ▲❡ ❈❤❛(❡❧✐❡8✱ "✐ ♦♥ ❛✉❣♠❡♥(❡ ❧❡" 8-❛❝(✐❢" ❛❧♦8" ❧✬-@✉✐❧✐❜8❡ "❡ ❞-✲

♣❧❛❝❡ ✈❡8" ❧❡" ♣8♦❞✉✐(" ❛✜♥ ❞❡ ❝♦♥"❡8✈❡8 ❧❛ ✈❛❧❡✉8 ❞❡ ❧❛ ❝♦♥"(❛♥(❡ ❞✬-@✉✐❧✐❜8❡✳ ❖♥

♣❡✉( ❞♦♥❝ ❡♥ ❝♦♥❝❧✉8❡ @✉❡ ♥♦(8❡ ♠♦❞I❧❡ ♥❡ (✐❡♥( ♣❛" ❝♦♠♣(❡ ❞✬✉♥ ♣❤-♥♦♠I♥❡ (❤❡8✲

♠♦❞②♥❛♠✐@✉❡ @✉✐ ❞✐♠✐♥✉❡ ❧❛ @✉❛♥(✐(- ❛❞"♦8❜-❡ ❡( @✉✐ ❞♦♥♥❡ ❧✬✐♠♣8❡""✐♦♥ ❞✬❛❧❧❡8 1

❧✬❡♥❝♦♥(8❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ▲❡ ❈❤❛(❡❧✐❡8✳ ❈❡ ♣❤-♥♦♠I♥❡ ♣❡✉( "❡ ♣8♦❞✉✐8❡ "♦✐( ❞❛♥" ❧❛

♣❤❛"❡ ❛@✉❡✉"❡ "♦✐( ❞❛♥" ❧❛ ♣❤❛"❡ "♦❧✐❞❡✳ ❉❡ ♣❧✉"✱ ♦♥ ♣❡✉( ❝♦♥"(❛(❡8 @✉❡ ❧❡ ❞❡8♥✐❡8

♣♦✐♥( ❞❡ ❧✬✐"♦(❤❡8♠❡ ❡"( ♥❡((❡♠❡♥( ♣❧✉" ❜❛" @✉❡ ❧✬❡♥"❡♠❜❧❡ ❞✉ ♣❧❛(❡❛✉ ❞❡ "❛(✉8❛(✐♦♥✳

❈❡ ♣♦✐♥( ❝♦88❡"♣♦♥❞ 1 ✉♥❡ ❝♦♥❝❡♥(8❛(✐♦♥ ✐♥✐(✐❛❧❡ ❡♥ "(8♦♥(✐✉♠ ❞❡ ✷×10−2
♠♦❧·▲−1

❝❡

@✉✐ ❝♦88❡"♣♦♥❞ 1 ✉♥❡ ❝♦♥❝❡♥(8❛(✐♦♥ ❡♥ ❝❤❛8❣❡ ❝❛(✐♦♥✐@✉❡ ❞❡ ✹×10−2
♠♦❧·▲−1
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"♦❧✉(✐♦♥ ❡( ❞♦✐( ❞♦♥❝ S(8❡ ❛❞❛♣(-✳

❯♥❡ ❛✉(8❡ ♣♦""✐❜✐❧✐(-✱ ♣❡8♠❡((❛♥( ❞✬❡①♣❧✐@✉❡8 ❧❛ ❞✐♠✐♥✉(✐♦♥ ❞❡ ❧❛ @✉❛♥(✐(- ❞✬-❝❤✲

❛♥❣❡ ♠❛①✐♠❛❧❡ ❡"( ✉♥❡ ❞✐♠✐♥✉(✐♦♥ ❞❡ ❝✐♥-(✐@✉❡ ❞✬-❝❤❛♥❣❡✳ ❈❡((❡ ❞✐♠✐♥✉(✐♦♥ ❞❡ ❧❛
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❞✉ ♥♦♥❛(✐(❛♥❛(❡ ❞❡ "♦❞✐✉♠✳ ▲❡ "(8♦♥(✐✉♠ "❡8❛✐( ❛✐♥"✐ ♣❧✉" 8❡(❡♥✉ ♣❛8 ❧❛ "♦❧✉(✐♦♥
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❞❡ -♦❞✐✉♠ ❡' ✐♥'❡(♣(5'❛'✐♦♥

▲❛ ✜❣✉%❡ ✸✳✶✹ %❡♣%,-❡♥/❡ ❧❡ %❛♣♣♦%/ ❞✉ /❡♠♣- ❞❡ ♠✐-❡ ❡♥ ❝♦♥/❛❝/ -✉% 6✉❛♥/✐/,

❛❞-♦%❜, ❞❡ -/%♦♥/✐✉♠ ✭

t
Qads

✮ ❡♥ ❢♦♥❝/✐♦♥ ❞✉ /❡♠♣- ❞❡ ♠✐-❡ ❡♥/%❡ ❧❛ -♦❧✉/✐♦♥ ❡/ ❧❛

♣♦✉❞%❡ ❞❡ ♥♦♥❛/✐/❛♥❛/❡ ❞❡ -♦❞✐✉♠✳ ▲❡- ❝❡%❝❧❡- %♦✉❣❡- ❝♦%%❡-♣♦♥❞❡♥/ ❛✉① ♠❡-✉%❡-

❝✐♥,/✐6✉❡- ♣♦✉% ✉♥❡ ❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛/✐♦♥✐6✉❡ ❞❡ 10−2
♠♦❧·▲−1

✱ -♦✐/ ✉♥❡

❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ -/%♦♥/✐✉♠ ❞❡ ✷✱✺×10−3
♠♦❧·▲−1

✳ ▲❡- ❝❛%%,- ❜❧❡✉- %❡♣%,-❡♥/❡♥/ ❧❡-

♠❡-✉%❡- ❝✐♥,/✐6✉❡- %,❛❧✐-,- ♣♦✉% ✉♥❡ ❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ ♥✐/%❛/❡ ❞❡ -/%♦♥/✐✉♠ ❞❡ ✶✵

−2

♠♦❧·▲−1
❡/ ✉♥❡ ❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ ❛❝,/❛/❡ ❞❡ -♦❞✐✉♠ ❞❡ ✷×10−2

♠♦❧·▲−1
-♦✐/ ✉♥❡

-♦✐/ ✉♥❡ ❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛/✐♦♥✐6✉❡ ❞❡ ✹×10−2
♠♦❧·▲−1

✳ ❖♥ ♣❡✉/ ❝♦♥-/❛/❡%

6✉❡ ❧❡- ❞❡✉① -,%✐❡- ❞❡ ♠❡-✉%❡- -♦♥/ ❛❧✐❣♥,❡- -✉% ✉♥❡ ❞%♦✐/❡ ❝❡ 6✉✐ ❝♦%%❡-♣♦♥❞ ❜✐❡♥ B

✉♥❡ %,❛❝/✐♦♥ ❞✉ ♣-❡✉❞♦✲-❡❝♦♥❞ ♦%❞%❡✳ ▲❡ ❝♦❡✣❝✐❡♥/ ❞✐%❡❝/❡✉% ❞❡ ❝❤❛❝✉♥❡ ❞❡- ❞%♦✐/❡-

❝♦%%❡-♣♦♥❞ B ❧✬✐♥✈❡%-❡ ❞❡ ❧❛ 6✉❛♥/✐/, ♠❛①✐♠❛❧ ❞✬,❝❤❛♥❣❡ -✉✐✈❛♥/ ❧✬,6✉❛/✐♦♥ ♣%♦♣♦-,

♣❛% ❍♦ ❡/ ▼
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▲❡- %,-✉❧/❛/- ❞❡- %,❣%❡--✐♦♥- ❧✐♥,❛✐%❡- ❛✐♥-✐ 6✉❡ ❧❡ /%❛✐/❡♠❡♥/ ❞❡- ❞❡✉① ❝✐♥,/✐6✉❡-✱

Qmax ❡/ kdiff ✱ ❝♦%%❡-♣♦♥❞❛♥/ ❛✉ ♠♦❞M❧❡ ❞❡ ❍♦ ❡/ ▼

c
❑❛② -♦♥/ %❡♣%,-❡♥/,- ❞❛♥- ❧❡

/❛❜❧❡❛✉ ✸✳✷✳ ❙✉% ❧❛ ✜❣✉%❡ ✸✳✶✹✱ ♦♥ ♣❡✉/ ♦❜-❡%✈❡% 6✉❡ ❧❡ %❛♣♣♦%/ t/Qads /❡♥❞ ✈❡%- ✵

❧♦%-6✉❡ ❧❡ /❡♠♣- ❞❡ ♠✐-❡ ❡♥ ❝♦♥/❛❝/ /❡♥❞ ✈❡%- ✵✳ ❉✬❛♣%M- ❧✬,6✉❛/✐♦♥ ✭✸✳✹✽✮✱ ❧♦%-6✉❡

❧❡ %❛♣♣♦%/ t/Qads /❡♥❞ ✈❡%- ✵✱ ❧❛ ✈❛❧❡✉% ❞❡ ❧❛ ❝♦♥-/❛♥/❡ ❞❡ ❞✐✛✉-✐♦♥ /❡♥❞ ✈❡%- ❧✬✐♥✜♥✐✳

❉❡ ♣❧✉-✱ ❧✬✐♥❝❡%/✐/✉❞❡ -✉% ❝❡ %❛♣♣♦%/ ♥✬❡-/ ♣❛- ❝♦♥♥✉ ❡/ ✐❧ ❝♦♥✈✐❡♥/ ❞♦♥❝ ❞❡ %,❛❧✐-❡%

✉♥❡ ,/✉❞❡ -✉% ❧❛ -❡♥-✐❜✐❧✐/, ❡♥ ❢❛✐-❛♥/ ♣❧✉-✐❡✉%- ❢♦✐- ❧✬,/✉❞❡ ❝✐♥,/✐6✉❡ ♣♦✉% ❝❤❛6✉❡

❝♦♥❝❡♥/%❛/✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛/✐♦♥✐6✉❡✳

ω ❂ ✶✵
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♠♦❧·▲−1 ω ❂ 4× 10−2

♠♦❧·▲−1

%,❣%❡--✐♦♥ ❧✐♥,❛✐%❡ ② ❂ ✶✾✹ ✰ ✺✶✺ ① ② ❂ ✻✺✷ ✰ ✺✽✺ ①

◗ads−max ✭♠♦❧·❣−1
✮ ✶✱✾✺×10−3

✶✱✼✶×10−3

kdiff ✭❣·✭♠♦❧·❤✮−1
✮ ✶✸✺✺ ✺✷✺

❚❛❜❧❡ ✸✳✷ ✕ ❘,-✉♠, ❞❡- %,❣%❡--✐♦♥- ❧✐♥,❛✐%❡- ❞❡ ❧❛ ✜❣✉%❡ ✸✳✶✹ ♣♦✉% ❧❡- ❞❡✉① ❝♦♥❝❡♥✲

/%❛/✐♦♥- ❞❡ ❝❤❛%❣❡ ❝❛/✐♦♥✐6✉❡✱ ✉/✐❧✐-,❡- ♣%,❝,❞❡♠♠❡♥/ ♣♦✉% ❧❡- ✐-♦/❤❡%♠❡- ❞❡ -♦%♣✲

/✐♦♥✱ -✉✐✈❛♥/ ❧❡ ♠♦❞M❧❡ ❞❡ ❍♦ ❡/ ▼

c
❑❛② -✉✐✈❛♥/ ❧✬,6✉❛/✐♦♥ ✭✸✳✹✽✮

▲❡ /❛❜❧❡❛✉ ✸✳✷ %,-✉♠❡ ❧❡- %,❣%❡--✐♦♥ ❧✐♥,❛✐%❡ ❞❡ ❧❛ ✜❣✉%❡ ✸✳✶✹ ♣♦✉% ❧❡- ❞❡✉①



✸✳✼✳ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ❝❤❛-❣❡ ❝❛/✐♦♥✐2✉❡ 3✉- ❧❛ ❝✐♥4/✐2✉❡ ✶✶✺

❝♦♥❝❡♥$%❛$✐♦♥( ❞❡ ❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡✱ ✉$✐❧✐(0❡( ♣%0❝0❞❡♠♠❡♥$ ♣♦✉% ❧❡( ✐(♦$❤❡%♠❡( ❞❡

(♦%♣$✐♦♥✱ (✉✐✈❛♥$ ❧❡ ♠♦❞4❧❡ ❞❡ ❍♦ ❡$ ▼

c
❑❛② (✉✐✈❛♥$ ❧✬0,✉❛$✐♦♥ ✭✸✳✹✽✮✳

❉✬❛♣%4( ❧❡ $❛❜❧❡❛✉ ✸✳✷ ♦♥ ♣❡✉$ ❝♦♥($❛$❡% ,✉❡ ❧❛ ,✉❛♥$✐$0 ❛❞(♦%❜0 ♠❛①✐♠❛❧❡ ❝♦%✲

%❡(♣♦♥❞ E ❧❛ ❈❊❈ ♣♦✉% ✉♥❡ ❝♦♥❝❡♥$%❛$✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡ ❞❡ ✶✵

−2
♠♦❧·▲−1

❛❧♦%( ,✉❡ ❝❡$$❡ ,✉❛♥$✐$0 ♠❛①✐♠❛❧❡ ♥✬❡($ ,✉❡ ❞✬❡♥✈✐%♦♥ ✽✽✪ ♣♦✉% ❧❛ ❝♦♥❝❡♥$%❛$✐♦♥ ❡♥

❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡ ❞❡ 4× 10−2
♠♦❧·▲−1

✳ ❖♥ ❝♦♥($❛$❡ 0❣❛❧❡♠❡♥$ ,✉❡ ❧❛ ❝♦♥($❛♥$❡ ❞❡

❝✐♥0$✐,✉❡ ❡($ ♠❡✐❧❧❡✉%❡ ♣♦✉% ❧❛ ❝♦♥❝❡♥$%❛$✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡ ❞❡ ✶✵

−2
♠♦❧·▲−1

✳

❆✜♥ ❞❡ ❞0$❡%♠✐♥❡% ❧✬0$❛♣❡✱ ♦✉ ❧❡( 0$❛♣❡(✱ ❧✐♠✐$❛♥$ ❧❡ ❞✐✛✉(✐♦♥ ❞❡( ✐♦♥( ❞❡ ❧❛

(♦❧✉$✐♦♥ ✈❡%( ❧❡ (♦❧✐❞❡ ❧❡ ♠♦❞4❧❡ ❞✐✛✉(✐❢ ❞0✈❡❧♦♣♣0 ♣❛% ❲❡❜❡% ❡$ ▼♦%%✐( ❬✻✽❪ ❛ 0$0

✉$✐❧✐(0✳ ❈❡ ♠♦❞4❧❡ ♣❡%♠❡$ ❞❡ ♠❡$$%❡ ❡♥ 0✈✐❞❡♥❝❡ ❧❡( 0$❛♣❡( ,✉✐ (❡ ❞0%♦✉❧❡ ❧♦%( ❞❡

❧✬0❝❤❛♥❣❡ ❝❛$✐♦♥✐,✉❡✳ ❉❡ ♠❛♥✐4%❡ ❣0♥0%❛❧❡✱ ❧✬0❝❤❛♥❣❡ ✐♦♥✐,✉❡ ♣❡✉$ U$%❡ ❞0❝♦♠♣♦(0

❡♥ ✹ 0$❛♣❡( ✿

✶✳ ❉✐✛✉(✐♦♥ ❞✉ ($%♦♥$✐✉♠ ❞❛♥( ❧❛ (♦❧✉$✐♦♥ ✈❡%( ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ (♦❞✐✉♠✱ ❡♥

♣❛%$✐❡ ❞✉❡ E ❧✬❛❣✐$❛$✐♦♥ ❞❡ ❧❛ (♦❧✉$✐♦♥✳

✷✳ ❉✐✛✉(✐♦♥ ❞✉ ($%♦♥$✐✉♠ ❞❛♥( ❧❛ ❝♦✉❝❤❡ ❡①$❡%♥❡ ❞✉ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ (♦❞✐✉♠

✭❞✐✛✉(✐♦♥ ✐♥$❡%♣❛%$✐❝✉❧❛✐%❡✮✳ ❉❛♥( ❝❡$$❡ ❝♦✉❝❤❡ ✐❧ ♥✬② ❛ ♣❛( ❞✬❡✛❡$ ❞✬❛❣✐$❛$✐♦♥

❝♦♠♠❡ ❞❛♥( ❧❛ (♦❧✉$✐♦♥✳

✸✳ ❉✐✛✉(✐♦♥ ❞✉ ($%♦♥$✐✉♠ ❞❛♥( ❧❡( ❧❛♠❡❧❧❡( ❞✉ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ (♦❞✐✉♠ ✭❞✐✛✉(✐♦♥

✐♥$%❛✲♣❛%$✐❝✉❧❛✐%❡✮✳

✹✳ ➮❝❤❛♥❣❡ ❡♥$%❡ ❧❡ ($%♦♥$✐✉♠ ❡$ ❧❡ (♦❞✐✉♠✳ ❈❡$ 0❝❤❛♥❣❡ ♣❡✉$ U$%❡ ❝♦♥(✐❞0%0

❝♦♠♠❡ ✐♥($❛♥$❛♥♥0✳

X♦✉% ❛♣♣❧✐,✉❡% ❧❡ ♠♦❞4❧❡ ❞❡ ❲❡❜❡% ❡$ ▼♦%%✐(✱ ✐❧ ❢❛✉$ %❡♣%0(❡♥$❡% ❧❛ ,✉❛♥$✐$0

❞❡ ($%♦♥$✐✉♠ ❛❞(♦%❜0 ❡♥ ❢♦♥❝$✐♦♥ ❞❡ ❧❛ %❛❝✐♥❡ ❝❛%%0❡ ❞✉ $❡♠♣( ❞❡ ♠✐(❡ ❡♥ ❝♦♥$❛❝$

❡♥$%❡ ❧❛ (♦❧✉$✐♦♥ ❡$ ❧❛ ♣♦✉❞%❡ ❞❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ (♦❞✐✉♠ ❝♦♠♠❡ ♣%0(❡♥$0 (✉% ❧❡ ✜❣✉%❡

✸✳✶✺✳ ▲❡( ❝❡%❝❧❡( ✈❡%$(✱ ❜❧❡✉( ♦✉ ♥♦✐%( ❝♦%%❡(♣♦♥❞❡♥$ ❛✉① ♠❡(✉%❡( ❝✐♥0$✐,✉❡( ♣♦✉% ✉♥❡

❝♦♥❝❡♥$%❛$✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡ ❞❡ 10−2
♠♦❧·▲−1

✳ ▲❡( ❝❛%%0( ✈❡%$(✱ ❜❧❡✉( ♦✉ ♥♦✐%(✱

%❡♣%0(❡♥$❡♥$ ❧❡( ♠❡(✉%❡( ❝✐♥0$✐,✉❡( ♣♦✉% ✉♥❡ ❝♦♥❝❡♥$%❛$✐♦♥ ❡♥ ❝❤❛%❣❡ ❝❛$✐♦♥✐,✉❡ ❞❡

4×10−2
♠♦❧·▲−1

✳ ❉✬❛♣%4( ❧❡ ♠♦❞4❧❡ ❞❡ ❲❡❜❡% ❡$ ▼♦%%✐(✱ ❧❡( ♠❡(✉%❡( ❡①♣0%✐♠❡♥$❛❧❡(
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❈❤❛♣✐'(❡ ✸✳ ■-♦'❤❡(♠❡ ❞✬❛❞-♦(♣'✐♦♥ ❞✉ -'(♦♥'✐✉♠ ♣❛( ❧❡ ♥♦♥❛'✐'❛♥❛'❡

❞❡ -♦❞✐✉♠ ❡' ✐♥'❡(♣(5'❛'✐♦♥
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❋✐❣✉$❡ ✸✳✶✺ ✕ ◗✉❛♥)✐)+ ❞❡ .)/♦♥)✐✉♠ ❛❞.♦/❜+❡ ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ /❛❝✐♥❡ ❝❛//+ ❞✉

)❡♠♣. ❞❡ ♠✐.❡ ❡♥ ❝♦♥)❛❝) ❡♥)/❡ ❧❛ .♦❧✉)✐♦♥ ❡) ❧❡ ♥♦♥❛)✐)❛♥❛)❡ ❞❡ .♦❞✐✉♠✳ ▼♦❞+❧✐.❛)✐♦♥

♣❛/ ❧❡ ♠♦❞8❧❡ ❞❡ ❲❡❜❡/ ❡) ▼♦//✐. ✭✸✳✹✾✮

♣❡✉✈❡♥) ?)/❡ ❞+❝♦♠♣♦.+❡. ♣❛/ ❞✐✛+/❡♥)❡. ❞/♦✐)❡. ❞✬+B✉❛)✐♦♥

Qads = kdiff−x

√
t+ Cste

✭✸✳✹✾✮

❝♦//❡.♣♦♥❞❛♥) ❛✉① ❞✐✛+/❡♥)❡. +)❛♣❡. .❡ ❞+/♦✉❧❛♥) ❧♦/. ❞❡ ❧✬+❝❤❛♥❣❡ ✐♦♥✐B✉❡✳

❖♥ ♣❡✉) ❝♦♥.)❛)❡/ B✉❡ ❧❛ ✜❣✉/❡ ✸✳✶✺ ♣❡✉) ?)/❡ ❞✐✈✐.+❡ ❡♥ ✸ ❞♦♠❛✐♥❡. ❝♦//❡.♣♦♥✲

❞❛♥) ❛✉① ✸ ♣/❡♠✐8/❡. +)❛♣❡. ❞❡ ❧✬+❝❤❛♥❣❡ ✐♦♥✐B✉❡✳ ▲❡ ♣/❡♠✐❡/ ❞♦♠❛✐♥❡✱ /❡♣/+.❡♥)+ ♣❛/

❧❡. ❝♦✉/❜❡. ✈❡/)❡.✱ ♣♦..8❞❡ ✉♥❡ /+❣/❡..✐♦♥ ❧✐♥+❛✐/❡ ♣❛..❛♥) ♣❛/ ❧✬♦/❞♦♥♥+❡ K ❧✬♦/✐❣✐♥❡

K ✵✳ ❉♦♥❝ ❧❛ ❞✐✛+/❡♥❝❡ ❞❡ ♣❡♥)❡ ❡.) .❡✉❧❡♠❡♥) ❞N K ✉♥❡ ❞✐✛+/❡♥❝❡ ❞✬❛❣✐)❛)✐♦♥✳ ▲❛

❞❡✉①✐8♠❡ .❡❝)✐♦♥✱ /❡♣/+.❡♥)+❡ ❡♥ ❜❧❡✉✱ ❝♦//❡.♣♦♥❞ K ❧❛ ❞✐✛✉.✐♦♥ ✐♥)❡/✲♣❛/)✐❝✉❧❛✐/❡



✸✳✽✳ ❈♦♥❝❧✉)✐♦♥ ❞✉ ❝❤❛♣✐/0❡ ✸ ✶✶✼

❞❛♥# ❧❛ ❝♦✉❝❤❡ ❡①+❡,♥❡ ❞❡# ❣,❛✐♥# ❞❡ ♥♦♥❛+✐+❛♥❛+❡ ❞❡ #♦❞✐✉♠✳ ❖♥ ♣❡✉+ ❝♦♥#+❛+❡,

3✉❡ ❧❛ ❝♦♥#+❛♥+❡ ❞❡ ❞✐✛✉#✐♦♥ ✐♥+❡,✲♣❛,+✐❝✉❧❛✐,❡ ❡#+ ♥❡++❡♠❡♥+ ♣❧✉# ❧❡♥+❡ ❧♦,#3✉❡ ❧❛

❝♦♥❝❡♥+,❛+✐♦♥ ❡♥ ❝❤❛,❣❡ ❝❛+✐♦♥✐3✉❡ ❡#+ ❞❡ 4 × 10−2
♠♦❧·▲−1

✳ ❊♥✜♥✱ ❧❛ ❞❡,♥✐:,❡ #❡❝✲

+✐♦♥ ❝♦,,❡#♣♦♥❞ ; ❧❛ ❞✐✛✉#✐♦♥ ✐♥+,❛✲♣❛,+✐❝✉❧❛✐,❡✳ ❖♥ ♣❡✉+ ❝♦♥#+❛+❡, 3✉❡ ❧❡# ❞❡✉①

❝♦♥#+❛♥+❡# ❞❡ ❞✐✛✉#✐♦♥ ✐♥+,❛✲♣❛,+✐❝✉❧❛✐,❡ #♦♥+ <❣❛❧❡# ❝❡ 3✉✐ #✐❣♥✐✜❡ 3✉❡ ❧❡ #+,♦♥+✐✉♠

#❡ ❞<♣❧❛❝❡ ; ❧❛ ♠=♠❡ ✈✐+❡##❡ ; ❧✬✐♥+<,✐❡✉, ❞❡# ❧❛♠❡❧❧❡ ❞✉ ♥♦♥❛+✐+❛♥❛+❡ ❞❡ #♦❞✐✉♠✱

❡+ ❞♦♥❝ 3✉❡ ❝❡++❡ ❞✐✛✉#✐♦♥ ❡#+ ✐♥❞<♣❡♥❞❛♥+ ❞❡ ❧❛ ❝♦♥❝❡♥+,❛+✐♦♥ ❞❡ ❧❛ #♦❧✉+✐♦♥✳ ▲❡#

✈❛❧❡✉,# ❞❡# ❝♦♥#+❛♥+❡# ❞❡ ❞✐✛✉#✐♦♥✱ ✐♥+❡, ❡+ ✐♥+,❛✲♣❛,+✐❝✉❧❛✐,❡✱ #♦♥+ ,<#✉♠<# ❞❛♥# ❧❡

+❛❜❧❡❛✉ ✸✳✸✳ ■❧ #❡♠❜❧❡,❛✐+ ❛✉##✐ 3✉❡ ❧❛ ❝✐♥<+✐3✉❡ #♦✐+ ,❛❧❡♥+✐ ; ❤❛✉+❡ ❝♦♥❝❡♥+,❛+✐♦♥ ;

❝❛✉#❡ ❞❡ ❧❛ ❞✐✛✉#✐♦♥ ♣❧✉# ❧❡♥+❡ ❞❛♥# ❧❡# ❝♦✉❝❤❡# ❡①+❡,♥❡# ❞❡# ❣,❛✐♥#✳ ❈❡ ♣❤<♥♦♠:♥❡

3✉✐ +,❛❞✉✐+ ✉♥❡ ❞✐✣❝✉❧+< ; ♣<♥<+,❡, ❞❛♥# ❧❡# ❢❡✉✐❧❧❡+#✱ +,❛✈❡,#<❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ ◆❡,#+✱

+,❛❞✉✐+ ♣,♦❜❛❜❧❡♠❡♥+ ✉♥ ❡♥❝♦♠❜,❡♠❡♥+ ❞❡# ❝❤❡♠✐♥# ❞✬❛❝❝:# ❛✉① ❢❡✉✐❧❧❡+# ; ❤❛✉+❡

❝♦♥❝❡♥+,❛+✐♦♥ ♣♦✉, ,<❛❧✐#❡, ❧✬❡♥+,<❡ ❞❡# ❙,

2+
#✐♠✉❧+❛♥<♠❡♥+ ; ❧❛ #♦,+✐❡ ❞❡# ◆❛

+
✳

ω ❂ ✶✵

−2
♠♦❧·▲−1 ω ❂ 4× 10−2

♠♦❧·▲−1

kinter ✭♠♦❧·❣−1·+−1/2
✮ 3, 71× 10−4 2, 87× 10−5

kintra ✭♠♦❧·❣−1·+−1/2
✮ 8, 14× 10−5 2, 80× 10−5

❚❛❜❧❡ ✸✳✸ ✕ ❚❛❜❧❡❛✉ ,<#✉♠❛♥+ ❧❡# ❞✐✛<,❡♥+❡# ❝♦♥#+❛♥+❡# ❞❡ ❞✐✛✉#✐♦♥ ♣♦✉, ❧❡# ❞❡✉①

❝♦♥❝❡♥+,❛+✐♦♥ ❡♥ ❝❤❛,❣❡ ❝❛+✐♦♥✐3✉❡ ✉+✐❧✐#<❡# ❧♦,# ❞❡# ✐#♦+❤❡,♠❡# ♣,<❝<❞❡♥+#✳

✸✳✽ ❈♦♥❝❧✉)✐♦♥ ❞✉ ❝❤❛♣✐/0❡ ✸

❉❛♥# ❝❡ ❝❤❛♣✐+,❡ ♥♦✉# ❛✈♦♥# ❝❛❧❝✉❧< ❧❛ ❝♦♥#+❛♥+❡ ❞✬<3✉✐❧✐❜,❡ ❞❡ ❧❛ ,<❛❝+✐♦♥ ❞✬<❝❤❛♥❣❡

❞✉ #+,♦♥+✐✉♠✱ ♣,<#❡♥+ ✐♥✐+✐❛❧❡♠❡♥+ ❞❛♥# ❧❛ #♦❧✉+✐♦♥✱ ❛✈❡❝ ❞❡✉① #♦❞✐✉♠✱ ♣,<#❡♥+ ✐♥✐✲

+✐❛❧❡♠❡♥+ ❞❛♥# ❧❡ #♦❧✐❞❡✱ ❣,P❝❡ ; ❧❛ +❤<♦,✐❡ ▼❙❆ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡, ❧❡# ❝♦❡✣❝✐❡♥+#

❞✬❛❝+✐✈✐+< ❞❡# ❞❡✉① ❝❛+✐♦♥#✳ ●,P❝❡ ; ❞❡# ♠❡#✉,❡# ❞❡ ,❛❞✐♦❛❝+✐✈✐+< ❛✈❡❝ ❞✉ #+,♦♥✲

+✐✉♠ ,❛❞✐♦❛❝+✐❢ ❝♦✉♣❧<❡# ; ❧❛ +❤<♦,✐❡ ▼❙❆✱ ❧❛ ❝♦♥#+❛♥+❡ ❞✬<3✉✐❧✐❜,❡ ❛ <+< ❡#+✐♠<❡ ;

✷✱✷✹×108 ❦❏·♠♦❧

−1
✳

➚ ♣❛,+✐, ❞❡ ❧❛ ❝♦♥#+❛♥+❡ ❞✬<3✉✐❧✐❜,❡ ♥♦✉# ❛✈♦♥# ♣✉ ❞<+❡,♠✐♥❡, 3✉❡❧❧❡# #♦♥+ ❧❡#

✐♥+❡,❛❝+✐♦♥# ❞♦♠✐♥❛♥+❡# 3✉✐ ,<❣✐##❡♥+ ❧✬❡①+,❛❝+✐♦♥ #✉, #✉♣♣♦,+ #♦❧✐❞❡✳ Y♦✉, ❝❡❧❛ ♥♦✉#
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❈❤❛♣✐'(❡ ✸✳ ■-♦'❤❡(♠❡ ❞✬❛❞-♦(♣'✐♦♥ ❞✉ -'(♦♥'✐✉♠ ♣❛( ❧❡ ♥♦♥❛'✐'❛♥❛'❡

❞❡ -♦❞✐✉♠ ❡' ✐♥'❡(♣(5'❛'✐♦♥

❛✈♦♥$ %&✉❞✐% ❞❡✉① ♠♦❞-❧❡$ ❞❡ ❝♦❡✣❝✐❡♥& ❞✬❛❝&✐✈✐&% ❞✉ $♦❧✐❞❡✱ ❧✬✉♥ ❞%❝3✐✈❛♥& ❞❡$

✐♥&❡3❛❝&✐♦♥$ %❧❡❝&3♦$&❛&✐4✉❡$ 5 ❧♦♥❣✉❡ ❞✐$&❛♥❝❡ ✭♠♦❞-❧❡ ❈♦✉❧♦♠❜✐❡♥ 5 ✷❉✮ ❡& ❧✬❛✉&3❡

❞%❝3✐✈❛♥& ❧❡$ ✐♥&❡3❛❝&✐♦♥$ 5 ❝♦✉3&❡ ❞✐$&❛♥❝❡ ✭♠♦❞-❧❡ ❞❡ $♦❧✉&✐♦♥ 3%❣✉❧✐-3❡✮✳ ▲❡ ♠♦❞-❧❡

❞❡ $♦❧✉&✐♦♥ 3%❣✉❧✐-3❡ ♣❡3♠❡& ❞❡ ♠✐❡✉① ♠♦❞%❧✐$❡3 ❧❡$ ♠❡$✉3❡$ ❡①♣%3✐♠❡♥&❛❧❡$ 4✉❡

❧❡ ♠♦❞-❧❡ ❈♦✉❧♦♠❜✐❡♥ 5 ✷❉✳ ▲❡$ ✐♥&❡3❛❝&✐♦♥$ ❝♦✉❧♦♠❜✐❡♥♥❡$ %&❛♥& ♥%❣❧✐❣❡❛❜❧❡$✱ ❧❡

♣❤%♥♦♠-♥❡ ❞✬❛❞$♦3♣&✐♦♥ ❡$& ❞♦♥❝ ♣3♦❜❛❜❧❡♠❡♥& ✉♥ ♣❤%♥♦♠-♥❡ ❞❡ $✐&❡✳

➚ ♣❛3&✐3 ❞❡$ ❞✐✛%3❡♥&$ ♠♦❞-❧❡$ ♣❡3♠❡&&❛♥& ❞❡ ❝❛❧❝✉❧❡3 ❧❡$ ❝♦❡✣❝✐❡♥&$ ❞✬❛❝&✐✈✐&%✱

♥♦✉$ ❛✈♦♥$ ♣✉ ♠♦❞%❧✐$❡3 ✜❞-❧❡♠❡♥& ❧✬✐$♦&❤❡3♠❡ ❞✬❛❞$♦3♣&✐♦♥ ❞✉ $&3♦♥&✐✉♠ ♣❛3 ❧❡

♥♦♥❛&✐&❛♥❛&❡ ❞❡ $♦❞✐✉♠ ❛✈❡❝ ✉♥❡ ❝♦♥❝❡♥&3❛&✐♦♥ ❡♥ ❝❤❛3❣❡ ❝❛&✐♦♥✐4✉❡ ❝♦♥$&❛♥&❡ ❡&

%❣❛❧❡ 5 ✶✵

−2
♠♦❧·▲−1

✳ ➚ ♣❛3&✐3 ❞❡ ❝❡&&❡ ♠♦❞%❧✐$❛&✐♦♥✱ ♥♦✉$ ❛✈♦♥$ ♣✉ ♠❡&&3❡ ❡♥

%✈✐❞❡♥❝❡ 4✉❡ ❧❡ $♦❧✐❞❡ ❢♦3❝❡ ❧✬❛❞$♦3♣&✐♦♥ ❛✉ ❞%&3✐♠❛♥& ❞❡ ❧❛ $♦❧✉&✐♦♥✳

❆✜♥ ❞❡ ✈%3✐✜❡3 4✉❡ ♥♦&3❡ ♠♦❞-❧❡ ❡$& ✉♥ ♠♦❞-❧❡ ♣3%❞✐❝&✐❢✱ ♥♦✉$ ❛✈♦♥$ ♠♦❞%❧✐$% ✉♥❡

❛✉&3❡ ✐$♦&❤❡3♠❡ ❛✈❡❝ ✉♥❡ ❝♦♥❝❡♥&3❛&✐♦♥ ❡♥ ❝❤❛3❣❡ ❝❛&✐♦♥✐4✉❡ %❣❛❧❡ 5 ✹×10−2
♠♦❧·▲−1

✳

❈❡♣❡♥❞❛♥& ♥♦&3❡ ♠♦❞-❧❡ ♥❡ ♣❡3♠❡& ♣❛$ ❞❡ ♠♦❞%❧✐$❡3 ❝❡$ ♠❡$✉3❡$ ❡①♣%3✐♠❡♥&❛❧❡$✱ ❧❛

$❛&✉3❛&✐♦♥ ♥✬%&❛♥& ♣❛$ ❛&&❡✐♥&❡✳

◆♦✉$ ❛✈♦♥$ ❛❧♦3$ ♠♦♥&3% 4✉❡ ❧❛ ❝✐♥%&✐4✉❡ ❞✬❛❞$♦3♣&✐♦♥ ❞✉ $&3♦♥&✐✉♠ ♣❛3 ❧❡ ♥♦✲

♥❛&✐&❛♥❛&❡ ❞❡ $♦❞✐✉♠ ❡$& ❞%♣❡♥❞❛♥&❡ ❞❡ ❧❛ ❝♦♥❝❡♥&3❛&✐♦♥ ❡♥ ❝❤❛3❣❡ ❝❛&✐♦♥✐4✉❡ ❞❡

❧❛ $♦❧✉&✐♦♥✳ K❧✉$ ❧❛ $♦❧✉&✐♦♥ ❡$& ❝♦♥❝❡♥&3%❡ ❡& ♣❧✉$ ❧❛ ❝✐♥%&✐4✉❡ ❡$& 3❛❧❡♥&✐❡ ❝❡ 4✉✐

✐♠♣❧✐4✉❡ 4✉✬❛✉ ❜♦✉& ❞❡ ✷✹ ❤❡✉3❡$ ❞❡ ♠✐$❡ ❡♥ ❝♦♥&❛❝& ❧✬%4✉✐❧✐❜3❡ &❤❡3♠♦❞②♥❛♠✐4✉❡

♥✬❡$& &♦✉❥♦✉3$ ♣❛$ ❛&&❡✐♥&✳ ❈❡♣❡♥❞❛♥&✱ ♥♦✉$ ❛✈♦♥$ ❝♦♥$✐❞%3% 4✉❡ ♣♦✉3 ✉♥❡ $♦❧✉&✐♦♥

❞❡ ❝♦♥❝❡♥&3❛&✐♦♥ ❡♥ ❝❤❛3❣❡ ❝❛&✐♦♥✐4✉❡ ❞❡ ✶✵

−2
♠♦❧·▲−1

❡& ✉♥❡ ♠✐$❡ ❡♥ ❝♦♥&❛❝& ❞❡ ✷✹

❤❡✉3❡$ ❧✬%4✉✐❧✐❜3❡ &❤❡3♠♦❞②♥❛♠✐4✉❡ %&❛✐& ❛&&❡✐♥&✳ ❈❡❧❛ ❡①♣❧✐4✉❡3❛✐& ♣♦✉34✉♦✐ ♥♦&3❡

♠♦❞-❧❡ ❞❡ ♣❡3♠❡& ♣❛$ ❞❡ $✬❛❥✉$&❡3 $✉3 ❧❛ ❞❡✉①✐-♠❡ ✐$♦&❤❡3♠❡✳
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"❛✐'

▼♦♥'❛✐❣♥❡

❙♦♠♠❛✐%❡

✹✳✶ ■♥%&♦❞✉❝%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✹✳✷ ➱/✉✐❧✐❜&❡3 ❝❤✐♠✐/✉❡3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✹✳✸ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ 3✉& ❧✬❛❞3♦&♣%✐♦♥ ❞❡3 ✐♦♥3 ♦①♦♥✐✉♠ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✹✳✹ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ 3✉& ❧✬❛❞3♦&♣%✐♦♥ ❞✉ 3%&♦♥%✐✉♠ ♦✉ ❞✉ ❝❛❧❝✐✉♠✶✷✾

✹✳✺ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ ❛❝✐❞❡ 3✉& ❧❡ ♥♦♥❛%✐%❛♥❛%❡ ❞❡ 3♦❞✐✉♠ ✳ ✳ ✳ ✳ ✶✸✺
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✹✳✶ ■♥%&♦❞✉❝%✐♦♥
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♥♦♥❛)✐)❛♥❛)❡ ❞❡ #♦❞✐✉♠✳ 3♦✉* ❝❡❧❛ ✉♥❡ .)✉❞❡ ♣♦✉*)❛♥) #✉* ❧❛ 4✉❛♥)✐). ❞❡ ♣*♦)♦♥

❛❞#♦*❜. #❡*❛ ♠❡♥.❡ ❞❛♥# ✉♥ ♣*❡♠✐❡* )❡♠♣#✳ ▲❛ ❝♦♥#)❛♥)❡ ❞✬.4✉✐❧✐❜*❡ ❞❡ ❝❡))❡ *.❛❝)✐♦♥
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❈❤❛♣✐()❡ ✹✳ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ 4✉) ❧✬❛❞4♦)♣(✐♦♥ ❞✉ 4()♦♥(✐✉♠ ♣❛) ❧❡

♥♦♥❛(✐(❛♥❛(❡ ❞❡ 4♦❞✐✉♠

 ❡"❛ ❡ $✐♠'❡ ♣❛" ❧❛ ♠♦❞'❧✐ ❛$✐♦♥ ❞❡ '-✉✐❧✐❜"❡ ❝❤✐♠✐-✉❡ ✳ ❊♥ ✉✐$❡✱ ✉♥❡  ❡❝♦♥❞❡ '$✉❞❡

 ❡"❛ ♠❡♥'❡ ♣♦✉" '✈❛❧✉❡" ❧❛ ❝♦♠♣'$✐$✐♦♥ ❡♥$"❡ ❧❡ ♣"♦$♦♥ ❡$  ♦✐$ ❧❡  $"♦♥$✐✉♠✱  ♦✐$ ❧❡

❝❛❧❝✐✉♠✳ ❊♥✜♥✱ ✉♥ ❞'❜✉$ ❞✬'$✉❞❡  ✉" ❧❡ ❝♦♠♣♦"$❡♠❡♥$ ❞✉ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠

❡♥ ♠✐❧✐❡✉ ❛❝✐❞❡  ❡"❛ ♣"' ❡♥$'✳

✹✳✷ ➱$✉✐❧✐❜)❡+ ❝❤✐♠✐$✉❡+

❈♦♠♠❡ $♦✉$ ♦①②❞❡✱ ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠ ❡ $  ❡♥ ✐❜❧❡ ❛✉① ✈❛"✐❛$✐♦♥ ❞❡

♣❍✳ ❆✜♥ ❞✬'✈❛❧✉❡" ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❍  ✉" ❧✬❛❞ ♦"♣$✐♦♥ ❞✉  $"♦♥$✐✉♠ ♣❛" ❧❡ ♥♦♥❛$✐$❛✲

♥❛$❡ ❞❡  ♦❞✐✉♠✱ ♥♦✉ ❛✈♦♥ '$✉❞✐' ❧✬'-✉✐❧✐❜"❡ ❞'❝"✐$ ♣❛" ❧❛ "'❛❝$✐♦♥ ❝❤✐♠✐-✉❡ ✭✹✳✶✮✳

❈❡$ '-✉✐❧✐❜"❡ ❝❤✐♠✐-✉❡ ♣❡✉$ C$"❡ ✉♥❡ '$❛♣❡  ✉♣♣❧'♠❡♥$❛✐"❡ D ❧❛ "'❛❝$✐♦♥ ❝❤✐♠✐-✉❡

❞✬'❝❤❛♥❣❡ ❞✉  $"♦♥$✐✉♠ ❛✈❡❝ ❞❡  ♦❞✐✉♠ ❞✉ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠ ✭✸✳✷✮✳ ▲✬'-✉❛✲

$✐♦♥ ✭✸✳✷✮ ♣❡✉$ C$"❡ ❞'✈❡❧♦♣♣'❡ ❡♥ ✷ '-✉❛$✐♦♥ ❝♦♠♣❧'♠❡♥$❛✐"❡ ✱ ✭✹✳✶✮ ❡$ ✭✹✳✷✮ ♦I

Site− "❡♣"' ❡♥$❡ ❧❡ ♦①②❣J♥❡ ❞❡  ✉"❢❛❝❡ -✉✐ ♣❡"♠❡$$❡♥$ ❧❛ ❝"'❛$✐♦♥ ❞✬✉♥❡ ❧✐❛✐ ♦♥

'❧❡❝$"♦ $❛$✐-✉❡ ❛✈❡❝ ❧❡  ♦❞✐✉♠ ❡$ SiteH "❡♣"' ❡♥$❡ ✉♥ $✐$❛♥♦❧

✶

❞❡ ❢♦"♠✉❧❡ ❝❤✐♠✐-✉❡

❚✐❖❍✳ ▲❛ ❧✐❛✐ ♦♥ ❖✲❍ ❞✉ $✐$❛♥♦❧ ♥✬❡ $ ♣❛ ✉♥❡ ❧✐❛✐ ♦♥ '❧❡❝$"♦ $❛$✐-✉❡ ❝♦♥$"❛✐"❡♠❡♥$

D ❧❛ ❧✐❛✐ ♦♥ ❖

−
◆❛

+
❡$ ❡❧❧❡ ♣♦  J❞❡ ❞♦♥❝ ✉♥ ❝❛"❛❝$J"❡ ❝♦✈❛❧❡♥$✳

H+ +Na+ + Site− ⇋ SiteH + Na+ ✭✹✳✶✮

Sr2+ + 2SiteH ⇋ Sr2+ + 2Site− + 2H+
✭✹✳✷✮

❊♥ ♣"' ❡♥❝❡ ❞❡ ❝❛❧❝✐✉♠ ❝♦♠♠❡ ✐♦♥ ❡♥ ❝♦♠♣'$✐$✐♦♥ ❞❛♥ ❧❛  ♦❧✉$✐♦♥✱ ♦♥ ♣❡✉$ "❡♠✲

♣❧❛❝❡" ❧❡  $"♦♥$✐✉♠ ❞❛♥ ❧✬'-✉❛$✐♦♥ ✭✹✳✷✮ ♣♦✉" ♦❜$❡♥✐" ❧✬'-✉❛$✐♦♥ ✭✹✳✸✮✳

Ca2+ + 2SiteH ⇋ Ca2+ + 2Site− + 2H+
✭✹✳✸✮

❈♦♠♠❡ ❞'❝"✐$ ❛✉ ❝❤❛♣✐$"❡ ♣"'❝'❞❡♥$✱ ❧❛ ❝♦♥ $❛♥$❡ ❞✬'-✉✐❧✐❜"❡ ❞❡ '-✉❛$✐♦♥ ✭✹✳✶✮✱

✭✹✳✷✮ ❡$ ✭✹✳✸✮ ♣❡✉$ C$"❡ ❝❛❧❝✉❧'❡ ❛✈❡❝ ❧❛ ❧♦✐ ❞✬❛❝$✐♦♥ ❞❡ ♠❛  ❡ ❣"O❝❡ "❡ ♣❡❝$✐✈❡♠❡♥$

✶✳ ♣❛$ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ -✐❧❛♥♦❧



✹✳✷✳ ➱$✉✐❧✐❜)❡+ ❝❤✐♠✐$✉❡+ ✶✷✶

❛✉① #$✉❛%✐♦♥) ✭✹✳✹✮✱ ✭✹✳✺✮ ❡% ✭✹✳✻✮✳ ❖3 an ❡% an )♦♥% 4❡)♣❡❝%✐✈❡♠❡♥% ❧❡) ❛❝%✐✈✐%#) ❞❡)

✐♦♥) ❞❛♥) ❧❛ ♣❤❛)❡ ❛$✉❡✉)❡ ❡% ❧❛ ♣❤❛)❡ )♦❧✐❞❡✳

Kx =
aNa+ aSiteH

aH+ aNa+ [Site−]
=

[Na+] [SiteH]

[H+] [Site−] [Na+]

γNa+

γH+

γSiteH
γNa+ γSite−

✭✹✳✹✮

KfSr =
a2H+ aSite−

2 aSr2+

aSr2+ aSiteH
2

=
[H+] [Site−] [Sr2+]

[Sr2+] [SiteH]

γH+

γSr2+

γSite− γSr2+

γSiteH
✭✹✳✺✮

♦✉

KfCa
=

a2H+ aSite−
2 aCa2+

aCa2+ aSiteH
2

=
[H+] [Site−] [Ca2+]

[Ca2+] [SiteH]

γH+

γCa2+

γSite− γCa2+

γSiteH
✭✹✳✻✮

▲✬#$✉❛%✐♦♥ ✸✳✸ )❡ 4❡%4♦✉✈❡ ❛❧♦4) ♥❛%✉4❡❧❧❡♠❡♥% ? ♣❛4%✐4 ❞❡) #$✉❛%✐♦♥) ✹✳✹ ❡% ✹✳✺

)✉✐✈❛♥% ❧✬#$✉❛%✐♦♥ ✭✹✳✼✮✳

Keq = Kf ×K2
x ✭✹✳✼✮

♦3 Keq ❡)% ❧❛ ❝♦♥)%❛♥%❡ ❞✬#$✉✐❧✐❜4❡ ❞✬#❝❤❛♥❣❡ ❡♥%4❡ ✷ )♦❞✐✉♠) ❡% ✶ )%4♦♥%✐✉♠ ♦✉ ✶

❝❛❧❝✐✉♠✳ ❆✜♥ ❞❡ ❞#%❡4♠✐♥❡4 ❧❛ ❝♦♥)%❛♥%❡ ❞✬#$✉✐❧✐❜4❡ Kx✱ ❞❡) ♠❡)✉4❡) ❞✬❛❞)♦4♣%✐♦♥

❞✉ ♣4♦%♦♥✴❞#)♦4♣%✐♦♥ ❞✉ )♦❞✐✉♠ ❡♥ ❢♦♥❝%✐♦♥ ❞✉ ♣❍ )♦♥% ♥#❝❡))❛✐4❡)✳ J♦✉4 ❝❡❧❛ ✷
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✳

Kx =
C2

(C0 − C)2 (h0 − C + hc)
✭✹✳✶✵✮

• ❙✐ hc ❡3. ♣❡.✐. ✿

✲ ❙✐ h0 > C0 ✭♠✐❧✐❡✉ ❢♦:.❡♠❡♥. ❛❝✐❞❡✮ ✿

❆❧♦:3 C ≈ C0 ❞✬❛♣:D3 ❧❛ ❧♦✐ ❞❡ ▲❡ ❈❤❛.❡❧✐❡:✱

pHf = −Log[h0 − C0] ≈ −Log[h0] ≈ pHi ✭✹✳✶✶✮

✲ ❙✐ h0 < C0 ✭♠✐❧✐❡✉ ❢♦:.❡♠❡♥. ❜❛3✐=✉❡✮ ✿



✹✳✸✳ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ ,✉- ❧✬❛❞,♦-♣2✐♦♥ ❞❡, ✐♦♥, ♦①♦♥✐✉♠ ✶✷✺

❆❧♦#$ C ≈ h0 ❞✬❛♣#)$ ❧❛ ❧♦✐ ❞❡ ▲❡ ❈❤❛/❡❧✐❡#✱ ❞♦♥❝ C → 0

pHf = −Log[h0 − C] ≈ pHi ✭✹✳✶✷✮

• ❙✐ hc ❡$/ ❣#❛♥❞ ✿

Ke

h0

< hc ✭✹✳✶✸✮

⇒ Ke = hc (h0 + hc − C) ✭✹✳✶✹✮

⇒ hc =
(h0 − C)

√

(h0 − C)2 + 4Ke

2
✭✹✳✶✺✮

✲ ❙✐ h0 > C0 ✭♠✐❧✐❡✉ ❛❝✐❞❡✮ ❛❧♦#$ C ≈ C0 ✭❝♦♠♠❡ ♣#A❝A❞❡♠♠❡♥/✮ ✿

⇒ hc ≈
(h0)

√

(h0)2 + 4Ke

2
✭✹✳✶✻✮

4Ke ≪ h0 ⇒ hc = 0 ou hc = h0 ✭✹✳✶✼✮

hc = 0 ♥❡ ♣❡✉/ ♣❛$ D/#❡ ✉♥❡ $♦❧✉/✐♦♥ ❛❝❝❡♣/❛❜❧❡ ❝♦♠♣/❡ /❡♥✉ ❞❡ ❧✬❤②♣♦/❤)$❡

❢♦#♠✉❧A❡ ✿ hc ❡$/ ❣#❛♥❞✳ ❖♥ ♣❡✉/ A❣❛❧❡♠❡♥/ ♣♦$❡# ✿

Kx =
1

Ka

Na+

Na+
✭✹✳✶✽✮

❖J Ka ❝♦##❡$♣♦♥❞ K ❧❛ ❝♦♥$/❛♥/❡ ❞❡ ❞✐$$♦❝✐❛/✐♦♥ ❞❡ ❧✬❛❝✐❞❡ SH✳ ❉✬♦J

pH = −Log[2h0 − C] = −pKx + 2Log

(

C0 − C

C

)

= pKa + Log

(

C0 − C

C

)

✭✹✳✶✾✮

✰ ❙✐ C ≈ C0

pH ≈ pKa + Log

(

0

C0

)

≈ −∞ ✭✹✳✷✵✮

✰ $✐ C = C0

2

pH = pKa + Log

(

C0 − C0

2
C0

2

)

= pKa ✭✹✳✷✶✮

✲ ❙✐ h0 < C0 ✭♠✐❧✐❡✉ ❜❛$✐P✉❡ ♦✉ ♥❡✉/#❡✮ ❛❧♦#$ h0 ≈ C
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♥♦♥❛(✐(❛♥❛(❡ ❞❡ 4♦❞✐✉♠

⇒ hc ≈ ±
√

Ke ✭✹✳✷✷✮

❆❧♦()

pH = −Log
(

h0 − C ±
√

Ke

)

= pKa + Log

(

C0 − C

C

)

✭✹✳✷✸✮

❖♥ (❡.(♦✉✈❡ ❧❡ ♠2♠❡ ❝❛) ❞❡ ✜❣✉(❡ 8✉❡ ❧♦()8✉❡ h0 > C0✳ ❆✐♥)✐ ❧♦()8✉❡ ❧✬♦♥ ♦❜)❡(✈❡

❧✬❛)②♠♣.♦.❡ ♦♥ ♣❡✉. ❞>.❡(♠✐♥❡( ❧❡ .❛✉① ❞✬❤②❞(♦❧②)❡✳ ▲✬❛)②♠♣.♦.❡ ❛ ❧✐❡✉ ♣♦✉( ✉♥ ♣❍

❞❡ ✸✱✸✶✺✳ ❉✬❛♣(G) ❧✬>8✉❛.✐♦♥ ✭✹✳✽✮ ✿

10−3.315 =
τ mCEC

V
✭✹✳✷✹✮

❡. ❧❡ .❛✉① ❞✬❤②❞(♦❧②)❡ ❡). ❞✬❡♥✈✐(♦♥ ✷✺✪✳ ◆❡ ❝♦♥♥❛✐))❛♥. ♣❛) ❧❛ ).(✉❝.✉(❡ ❞✉ ♠❛.>✲

(✐❛✉✱ ✐❧ ♥♦✉) ❡). ✐♠♣♦))✐❜❧❡ ❞❡ ❧♦❝❛❧✐)❡( ♣(>❝✐)>♠❡♥. ❧❛ ♣♦)✐.✐♦♥ ❞❡ ❝❡) )✐.❡) ❤②❞(♦❧②✲

)❛❜❧❡)✳ ❉❡✉① ♣♦))✐❜✐❧✐.>) )♦♥. ❞♦♥❝ ✐♠❛❣✐♥❛❜❧❡)✳ ▲❛ ♣(❡♠✐G(❡ ❡). ❞❡ ❝♦♥)✐❞>(❡( 8✉❡

❧❡) )✐.❡) ❤②❞(♦❧②)>) )♦♥. ♣(>)❡♥.) )✉( ❧❡) ❜♦(❞) ❡①.>(✐❡✉() ❞❡) ❣(❛✐♥) ❡. ❧❛ ❞❡✉①✐G♠❡

❡). ❞❡ )✉♣♣♦)❡( 8✉✬✶ )✐.❡ )✉( ✹ ❡). ❤②❞(♦❧②)❛❜❧❡✳ ❈❡..❡ ❞❡✉①✐G♠❡ ❤②♣♦.❤G)❡ )❡♠❜❧❡ ❧❛

♣❧✉) ♣(♦❜❛❜❧❡ ❝♦♠♣.❡ .❡♥✉ 8✉❡ ❈❧❡❛(✜❡❧❞ et al.❬✸✾❪ ♦♥. ♠♦♥.(> 8✉❡ ❧❡ ♥♦♥❛.✐.❛♥❛.❡

❞❡ )♦❞✐✉♠ ♣(>)❡♥.❛✐. ❞❡✉① )✐.❡) ❞✐✛>(❡♥.)✳

▲❛ ✜❣✉(❡ ✹✳✷ ♣(>)❡♥.❡ ✉♥ ♣❛❧✐❡( R ♣❍ ❡♥✈✐(♦♥ ✾✱✺ ♣♦✉( ❞❡) )♦❧✉.✐♦♥) ❞♦♥. ❧❡ ♣❍ ✐♥✐✲

.✐❛❧ ❡). ❝♦♠♣(✐) ❡♥.(❡ ❡♥✈✐(♦♥ ♣❍ ✹ R ✾✳ ❈❡❧❛ )✐❣♥✐✜❡ 8✉❡ ❞❛♥) ❝❡) ❝♦♥❞✐.✐♦♥) ♣(❡)8✉❡

.♦✉) ❧❡) ♣(♦.♦♥) ❞❡ ❧❛ )♦❧✉.✐♦♥ )♦♥. ❛❞)♦(❜>) ♣❛( ❧❡ )♦❧✐❞❡ ♠❛❧❣(> ❧❛ ❞✐))♦❝✐❛.✐♦♥ ❞❡

❧✬❡❛✉✳ ❉❡ ♣❧✉) ♦♥ ♣❡✉. ♦❜)❡(✈❡( ✉♥❡ ✈❛(✐❛.✐♦♥ ❧✐♥>❛✐(❡ ❞✉ ♣❍ ❧♦()8✉❡ ❧❛ )♦❧✉.✐♦♥ ❡).

)♦✐. .(G) ❛❝✐❞❡ ✭♣❍ ❂ ✶ ❡. ✷✮ )♦✐. .(G) ❜❛)✐8✉❡ ✭♣❍ ❂ ✶✶ R ✶✹✮ ❝♦♠♠❡ ❞>♠♦♥.(>

♣❧✉) ❤❛✉.✳ ❊♥ ❡✛❡.✱ ❡♥ ♠✐❧✐❡✉ .(G) ❛❝✐❞❡✱ ❧❡) ♣(♦.♦♥) ❛❞)♦(❜>) )✉( ❧❡ ♥♦♥❛.✐.❛♥❛.❡

❞❡ )♦❞✐✉♠ )♦♥. ♥>❣❧✐❣❡❛❜❧❡) ♣❛( (❛♣♣♦(. R ❝❡✉① ♣(>)❡♥.) ❡♥ )♦❧✉.✐♦♥✳ ❈❡..❡ ❢❛✐❜❧❡

✈❛(✐❛.✐♦♥ ❞❡ ❝♦♥❝❡♥.(❛.✐♦♥ ❞❡ ♣(♦.♦♥ ♥❡ ♣❡(♠❡. ♣❛) ❞❡ ❢❛✐(❡ ✈❛(✐❡( )✐❣♥✐✜❝❛.✐✈❡♠❡♥.

❧❡ ♣❍ ❞❡ ❧❛ )♦❧✉.✐♦♥✳ ❉❡ ❧❛ ♠2♠❡ ♠❛♥✐G(❡✱ ❡♥ ♠✐❧✐❡✉ .(G) ❜❛)✐8✉❡✱ ✐❧ ② ❛ .(♦♣ ♣❡✉

❞❡ ♣(♦.♦♥) ❡♥ )♦❧✉.✐♦♥ ❡. ❧❡ ♣❡✉ 8✉✐ )♦♥. ❢♦(♠>) ♣❛( ❧❛ ❞✐))♦❝✐❛.✐♦♥ ❞❡ ❧✬❡❛✉ )♦♥.

♥>❣❧✐❣❡❛❜❧❡)✳ ❊♥ ❡✛❡.✱ ❧❛ 8✉❛♥.✐.> ❞✬❤②❞(♦①②❞❡ ❢♦(♠>❡ ♣❛( ❧❛ ❞✐))♦❝✐❛.✐♦♥ ❞❡ ❧✬❡❛✉

❡). ♥>❣❧✐❣❡❛❜❧❡ ❝♦♠♣❛(>❡ R ❧❛ 8✉❛♥.✐.> ❞✬❤②❞(♦①②❞❡ ❝♦♥.❡♥✉❡ ✐♥✐.✐❛❧❡♠❡♥. ❞❛♥) ❧❛



✹✳✸✳ ■♥✢✉❡♥❝❡ ❞✉ ♣❍ ,✉- ❧✬❛❞,♦-♣2✐♦♥ ❞❡, ✐♦♥, ♦①♦♥✐✉♠ ✶✷✼

 ♦❧✉$✐♦♥✳ ❈♦♠♠❡ ✐♥❞✐,✉- ♣/-❝-❞❡♠♠❡♥$✱ ❧♦/ ,✉❡ ❧❛  ♦❧✉$✐♦♥ ❡ $ $/3 ❜❛ ✐,✉❡✱ ❧❡ ♣❍

✜♥❛❧ ❡ $ -,✉✐✈❛❧❡♥$ ❛✉ ♣❍ ✐♥✐$✐❛❧✳
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❋✐❣✉$❡ ✹✳✸ ✕ ▲❛ ❝♦♥❞✉❝$✐✈✐$- ❞❡ ❧❛  ♦❧✉$✐♦♥✱ ❡①♣/✐♠-❡ ❡♥ ❙·❝♠−1
❛♣/3 ✉♥❡ ♠✐ ❡ ❡♥

❝♦♥$❛❝$ ❞❡ ✷✹ ❤❡✉/❡ ❛✈❡❝ ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ♣❍ ✜♥❛❧

▲❛ ✜❣✉/❡ ✹✳✸ /❡♣/- ❡♥$❡ ❧❛ ❝♦♥❞✉❝$✐✈✐$- ❞❡ ❧❛  ♦❧✉$✐♦♥✱ ❡①♣/✐♠-❡ ❡♥ ❙ ·❝♠−1
✱ ❛♣/3 

✉♥❡ ♠✐ ❡ ❡♥ ❝♦♥$❛❝$ ❞❡ ✷✹ ❤❡✉/❡ ❛✈❡❝ ❧❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡  ♦❞✐✉♠ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ♣❍

✜♥❛❧✳ ▲❛ ❝♦✉/❜❡ ❡♥ ✈❡/$ ❡ $ ❝❛❧❝✉❧-❡ ❛✈❡❝ ✉♥❡ ✈❛❧❡✉/ ❞❡ Kx = 107 ❣·♠♦❧

−1
♠❛✐ ❡♥

❛❥♦✉$❛♥$ ✉♥❡ ❝♦♥ $❛♥$❡ ❞❡ ❝♦♥❞✉❝$✐✈✐$- -❣❛❧❡ C 5 · 10−5
❙·❝♠−1

❛✜♥ ❞❡ $❡♥✐/ ❝♦♠♣$❡

❞❡ ✐♠♣✉/❡$- ❞❡ ❧❛  ♦❧✉$✐♦♥ $❡❧❧❡ ,✉❡ ❧❡ ❝❛/❜♦♥❛$❡ ✱ ❧❡ ❝❛❧❝✐✉♠ . . . ▲❛ ❝♦♥❝❡♥$/❛$✐♦♥

❞❡ ✐♠♣✉/❡$- ❛ -$- ❡ $✐♠-❡ ♣❛/ ✉♥❡ ♠❡ ✉/❡ ❝♦♥❞✉❝$✐♠-$/✐,✉❡ ❞❡ ❧❛ ❝❤/♦♠❛$♦❣/❛♣❤✐❡

❝❛♣✐❧❧❛✐/❡ ❡$ ❞❡ ❧❛ ✜❣✉/❡ ✹✳✶✳ ❊♥ ❡✛❡$✱ ❧❛ ❝❤/♦♠❛$♦❣/❛♣❤✐❡ ❝❛♣✐❧❧❛✐/❡ ♣♦  3❞❡ ✉♥ ❝❡❧❧✉❧❡

❞❡ ❝♦♥❞✉❝$✐♠-$/✐❡ ♣♦✉/ ❞-$❡❝$❡/ ❧❡ ✐♦♥ ❡♥  ♦❧✉$✐♦♥✳ ▲❛ ❝♦♥❞✉❝$✐✈✐$- ❞❡ ✐♠♣✉/❡$- 
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♥♦♥❛(✐(❛♥❛(❡ ❞❡ 4♦❞✐✉♠

❝♦♥#❡♥✉❡& ❞❛♥& ❧✬❡❛✉ ❞✐&#✐❧❧,❡ ❡&# ♥,❣❧✐❣❡❛❜❧❡ &❛✉❢ ❧♦0&1✉❡ ❧❛ &♦❧✉#✐♦♥ #❡♥❞ ✈❡0& ✉♥ ♣❍

♥❡✉#0❡✳ ❉❡ ♣❧✉&✱ ♣♦✉0 ❧❛ ♠♦❞,❧✐&❛#✐♦♥✱ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ✐♦♥✐1✉❡ ♠♦❧❛✐0❡ ❞✉ #0✐,#❤②✲

❧❛♠♠♦♥✐✉♠ ❛ ,#, ♣0✐&❡ ,❣❛❧❡ < ❝❡❧❧❡ ❞✉ #0✐♠,#❤②❧❛♠♠♦♥✐✉♠✳ ❊♥ ❡✛❡#✱ ♥♦✉& ♥✬❛✈♦♥&

♣❛& #0♦✉✈, ❞❛♥& ❧❡& #❛❜❧❡& ❧❛ ✈❛❧❡✉0& ❞❡ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ✐♦♥✐1✉❡ ♠♦❧❛✐0❡ ❞✉ #0✐,#❤②✲

❧❛♠♠♦♥✐✉♠✳ ❈❡♣❡♥❞❛♥# ❧❛ ❝♦♥❞✉❝#✐✈✐#, ✐♦♥✐1✉❡ ♠♦❧❛✐0❡ ❞✉ #0✐,#❤②❧❛♠♠♦♥✐✉♠ ❞♦✐#

@#0❡ ✉♥ ♣❡#✐# ♣❡✉ ♣❧✉& ♣❡#✐#❡ 1✉❡ ❝❡❧❧❡ ❞✉ #0✐♠,#❤②❧❛♠♠♦♥✐✉♠ ❝❛0 ❝❡ ❞❡0♥✐❡0 ❡&# ♣❧✉&

♣❡#✐# ❞♦♥❝ ♣❧✉& ♠♦❜✐❧❡✳

❊♥ ♠✐❧✐❡✉ #0A& ❛❝✐❞❡✱ ❞❡ ♣❍ ✵ < ✹✱ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ❞,❝0♦D# ❧✐♥,❛✐0❡♠❡♥# ❝❛0 ❧❛

❝♦♥❝❡♥#0❛#✐♦♥ ❡♥ ♣0♦#♦♥& ❞,❝0♦D# ,❣❛❧❡♠❡♥# ❧✐♥,❛✐0❡♠❡♥#✳ ❉❛♥& ❝❡##❡ ❣❛♠♠❡ ❞❡ ♣❍✱

❧❛ ❝♦♥❞✉❝#✐✈✐#, ❡&# ♣0✐♥❝✐♣❛❧❡♠❡♥# ❞✉❡ ❛✉① ♣0♦#♦♥& ❞♦♥❝ &✐ ❧❛ 1✉❛♥#✐#, ❞❡ ♣0♦#♦♥&

❞✐♠✐♥✉❡✱ ❛❧♦0& ❧❛ ❝♦♥❞✉❝#✐✈✐#, ✈❛ ❞✐♠✐♥✉❡0 ♣0♦♣♦0#✐♦♥♥❡❧❧❡♠❡♥#✳ ❊♥ ♠✐❧✐❡✉ #0A& ❜❛✲

&✐1✉❡✱ ❞❡ ♣❍ ✶✵ < ✶✹✱ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ❝0♦✐# ❧✐♥,❛✐0❡♠❡♥#✳ ❊♥ ❡✛❡#✱ ❞❛♥& ❝❡##❡ ❣❛♠♠❡

❞❡ ♣❍ ❧✬✐♦♥ ♣0,&❡♥# ♠❛❥♦0✐#❛✐0❡♠❡♥# ❡&# ❧✬❤②❞0♦①②❞❡✳ ▲❛ ❝♦♥❞✉❝#✐✈✐#, ❞❡ ❧✬✐♦♥ ❤②✲

❞0♦①②❞❡ ❡&# ❧,❣A0❡♠❡♥# ✐♥❢,0✐❡✉0❡ < ❝❡❧❧❡ ❞❡ ❧✬✐♦♥ ♦①♦♥✐✉♠✳ ▲♦0&1✉❡ ❧❛ &♦❧✉#✐♦♥ ✜♥❛❧❡

❛ ✉♥ ♣❍ ❝♦♠♣0✐& ❡♥#0❡ ✹ ❡# ✶✵✱ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ❞❡ ❧❛ &♦❧✉#✐♦♥ ✈❛0✐❡ #0A& ♣❡✉ ❡# ❡&#

&❡♥&✐❜❧❡ < ❧❛ ❝♦♥❞✉❝#✐✈✐#, ❞❡& ✐♠♣✉0❡#,& ❞❡ ❧✬❡❛✉✳ ❊♥ ❡✛❡#✱ ✐❧ ♥❡ 0❡&#❡ 1✉❡ #0A& ♣❡✉

❞✬✐♦♥& ♦①♦♥✐✉♠ ♦✉ ❤②❞0♦①②❞❡ 1✉✐ ❥✉&1✉✬< ♣0,&❡♥# 0❡♣0,&❡♥#❡♥# ♣0✐♥❝✐♣❛❧❡♠❡♥# ❧❛

❝♦♥❞✉❝#✐✈✐#, ❞❡ ❧❛ &♦❧✉#✐♦♥✳ ❉❛♥& ❝❡##❡ ❣❛♠♠❡ ❞❡ ♣❍✱ ❧❛ ❝♦♥❞✉❝#✐✈✐#, ❡&# ❡♥ ♣❛0#✐❡

♠❛✐♥#❡♥✉❡ ❝♦♥&#❛♥#❡ ❣0J❝❡ ❛✉① ✐♠♣✉0❡#,& ❝♦♥#❡♥✉❡& ❞❛♥& ❧❛ &♦❧✉#✐♦♥ ❝♦♠♠❡ ❞,❝0✐#

❝✐✲❞❡&&✉& ♠❛✐& ,❣❛❧❡♠❡♥# ❛✉① &♦❞✐✉♠ ❧✐❜,0,& ♣❛0 ❧❡ &♦❧✐❞❡ ❧♦0& ❞❡ ❧✬❛❞&♦0♣#✐♦♥ ❞❡&

✐♦♥& ♦①♦♥✐✉♠& ❡# ❞❡& ✐♠♣✉0❡#,&✳
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❧❛ &♦❧✉#✐♦♥ ❡# ❞✉ &♦❧✐❞❡✳ ❉❡ ♣❧✉& ❝❡##❡ ✈❛❧❡✉0 ❞❡ ❝♦♥&#❛♥#❡ ❛ ,#, ❞,#❡0♠✐♥,❡ < ♣❛0#✐0

❞✬✉♥❡ ❛❜❛1✉❡ ❝❛❧❝✉❧, ♣❛0 ✉♥✐#, ❞❡ ♣Kx✳
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❋✐❣✉$❡ ✹✳✹ ✕ ♣❍ ✜♥❛❧ ❞❡+ ❞✐✛./❡♥0❡+ +♦❧✉0✐♦♥+✱ ❛♣/4+ ❛❣✐0❛0✐♦♥ ♣❡♥❞❛♥0 ✷✹ ❤❡✉/❡+✱
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❝♦♥❝❡♥0/❛0✐♦♥ ❞❡ 3 × 10−3
♠♦❧·▲−1
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❡$. ;✉❡ ❧❡ ♥♦♥❛.✐.❛♥❛.❡ ❞❡ $♦❞✐✉♠ $❡ ❞✐$$♦✉$ ❡. ♣"-❝✐♣✐.❡ 4 ♥♦✉✈❡❛✉ $♦✉$ ❞✐✛-"❡♥.❡$

$."✉❝.✉"❡$ ❞✬♦①②❞❡ ❞❡ .✐.❛♥❡✳

▲❡ ♠♦❞#❧❡ ;✉❡ ♥♦✉$ ❛✈♦♥$ -.✉❞✐- ♥❡ ♣❡"♠❡. ♣❛$ ❞❡ .❡♥✐" ❝♦♠♣.❡ ❞✬✉♥ ❝❤❛♥❣❡♠❡♥.

❞❡ $."✉❝.✉"❡ ❡. ✉♥ ❝❤❛♥❣❡♠❡♥. ❞❡ ❝❤✐♠✐❡✳ ❖♥ ♣❡✉. ❞♦♥❝ ♣❛$ ✉.✐❧✐$❡" ❧❡ ♠♦❞#❧❡ ♣♦✉"

❝❡$ ✈❛❧❡✉"$ ❞❡ ♣❍✳ ▲❛ ♣♦✉❞"❡ ❞❡ ♥♦♥❛.✐.❛♥❛.❡ ❞❡ $♦❞✐✉♠ ;✉✐ ❛ -.- ♠✐$❡ ❡♥ ❝♦♥.❛❝.

❛✈❡❝ ✉♥❡ $♦❧✉.✐♦♥ ❞✬❛❝✐❞❡ ♥✐."✐;✉❡ 4 ♣❍ ❂ ✸ ❛ -❣❛❧❡♠❡♥. -.- ❛♥❛❧②$-❡

▲❛ ✜❣✉"❡ ✹✳✼ "❡♣"-$❡♥.❡ ❧❡ ❞✐✛"❛❝.♦❣"❛♠♠❡ ❞❡ ❝❡..❡ ❞❡"♥✐#"❡ ♣♦✉❞"❡✳ ❖♥ ♣❡✉.

❝♦♥$.❛.❡" ;✉❡ ❧❡$ ❞❡✉① ❞✐✛"❛❝.♦❣"❛♠♠❡$ $♦♥. $✐♠✐❧❛✐"❡$✳ ❖♥ "❡."♦✉✈❡ ❧❛ ♣"-$❡♥❝❡

❞❡$ ;✉❛."❡ ♣✐❝$ ❝❛"❛❝.-"✐$.✐;✉❡$✳ ▲❡ ❞♦✉❜❧❡. $✐.✉- 4 ❡♥✈✐"♦♥ ✷✹

◦
❡. ✷✽

◦
❡$. ❧-❣#"❡♠❡♥.

♠♦✐♥$ ✐♥.❡♥$❡✳ ▲❛ ♣♦✉❞"❡ ❛♥❛❧②$-❡ ❡$. ❞♦♥❝ ❜✐❡♥ ❞✉ ♥♦♥❛.✐.❛♥❛.❡ ❞❡ $♦❞✐✉♠✳ ➚ ♣❛".✐"

❞❡ ♣❍ ❂ ✸ ❧❡ ♥♦♥❛.✐.❛♥❛.❡ ❞❡ $♦❞✐✉♠ ♥✬❡$. ❞♦♥❝ ♣❛$ ❞✐$$♦✉$ ♣❛" ❧❛ $♦❧✉.✐♦♥✳

▲❛ ✜❣✉"❡ ✹✳✽ "❡♣"-$❡♥.❡✱ 4 ❣❛✉❝❤❡✱ ❧❛ ♣❤♦.♦❣"❛♣❤✐❡ ❞✬✉♥ ❣"❛✐♥ ❞❡ ♥♦♥❛.✐.❛♥❛.❡ ❞❡

$♦❞✐✉♠ ❛♣"#$ ❧❛ ♠✐$❡ ❡♥ ❝♦♥.❛❝. ❛✈❡❝ ✉♥❡ $♦❧✉.✐♦♥ 4 ♣❍ ❂ ✸ ♦❜.❡♥✉❡ ♣❛" ♠✐❝"♦$❝♦♣✐❡

-❧❡❝."♦♥✐;✉❡ 4 ."❛♥$♠✐$$✐♦♥ ❡. 4 ❞"♦✐.❡ ✉♥ ❛❣"❛♥❞✐$$❡♠❡♥. ❞❡ ❝❡ ♠K♠❡ ❣"❛✐♥✳ ❙✉"

❧✬✐♠❛❣❡ ❞❡ ❣❛✉❝❤❡✱ ♦♥ ♣❡✉. ♦❜$❡"✈❡" ❞✐✛-"❡♥.❡$ ♥✉❛♥❝❡$ ❞❡ ❣"✐$ ❝♦""❡$♣♦♥❞❛♥. 4

❞✐✛-"❡♥.❡$ -♣❛✐$$❡✉"$ ❞❡ ♠❛.-"✐❛✉①✳ ❖♥ ♣❡✉. -❣❛❧❡♠❡♥. ❞✐$.✐♥❣✉❡" ❞✐✛-"❡♥.❡$ ❢♦"♠❡$

❣-♦♠-."✐;✉❡$ ❝♦""❡$♣♦♥❞❛♥. 4 ❞❡$ ❣"❛✐♥$ ♣❧✉$ ♣❡.✐.$✳

❙✉" ❧✬✐♠❛❣❡ ❞❡ ❞"♦✐.❡✱ ♦♥ ♣❡✉. ❞✐$.✐♥❣✉❡" ❞❡$ ❛❧.❡"♥❛♥❝❡$ ❞❡ ❢"❛♥❣❡$ ❝❧❛✐"❡$ ❡.

$♦♠❜"❡$ ❝♦""❡$♣♦♥❞❛♥. 4 ✉♥❡ ❞✐$.❛♥❝❡ ♠♦②❡♥♥❡ ❞✬❡♥✈✐"♦♥ ✵✱✽ ♥♠ ❝❡ ;✉✐ ❝♦""❡$♣♦♥❞

4 ❧❛ ❞✐$.❛♥❝❡ ✐♥.❡"❢❡✉✐❧❧❡. ♦❜$❡"✈-❡ $✉" ❧❛ ❞✐✛"❛❝.✐♦♥ ❞❡$ "❛②♦♥$ ❳ ♣❛" ❧❡ ♣"❡♠✐❡" ♣✐❝

❞❡ ❞✐✛"❛❝.✐♦♥✳ ❈❡$ ❢"❛♥❣❡$ ♥❡ $♦♥. ♣❛$ "❡❝.✐❧✐❣♥❡$ ❝❡ ;✉✐ ♣❡"♠❡. ❞❡ $✬❛$$✉"❡" ;✉✬✐❧ ♥❡

$✬❛❣✐. ♣❛$ ❞❡ ❤❛✉.❡ "-$♦❧✉.✐♦♥✳ ❖♥ ♣❡✉. -❣❛❧❡♠❡♥. ♦❜$❡"✈❡" ❞❡ ❧❛ ❤❛✉.❡ "-$♦❧✉.✐♦♥✱
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❋✐❣✉$❡ ✹✳✼ ✕ ❉✐✛'❛❝*♦❣'❛♠♠❡ ❞✉ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ 2♦❞✐✉♠ 2②♥*❤5*✐25 6 ✶✵✵❽✱ ❛✈❛♥*

♠✐2❡ ❡♥ ❝♦♥*❛❝* ❛✈❡❝ ❧❛ 2♦❧✉*✐♦♥ 6 ♣❍ ✸✳

♥♦♥ ✈✐2✐❜❧❡ 6 ❝❛✉2❡ ❞❡ ❧❛ @✉❛❧✐*5 ❞❡ ❧✬✐♠❛❣❡ ✐♠♣'✐♠5❡✱ @✉✐ ❝♦''❡2♣♦♥❞ 6 ✉♥❡ ❞✐2*❛♥❝❡

♠♦②❡♥♥❡ ❞❡ ✸✱✷ ➴✳ ❈❡**❡ ❞✐2*❛♥❝❡ ♦❜2❡'✈5❡ ♣❛' ❧❛ ❤❛✉*❡ '52♦❧✉*✐♦♥ ❝♦''❡2♣♦♥❞ 6 ❧❛

❞✐2*❛♥❝❡ ❚✐✲❚✐ '❡♣'52❡♥*5❡ ♣❛' ❧❡ *'♦✐2✐G♠❡ ♣✐❝ ❞❡ ❞✐✛'❛❝*✐♦♥ ♣'52❡♥* 6 ❡♥✈✐'♦♥ ✷✽

◦
✳

▲❛ ✜❣✉'❡ ✹✳✾ '❡♣'52❡♥*❡ ❧❡ 2♣❡❝*'❡ ❊❉❙ ❞❡ ❧❛ ♣♦✉❞'❡ ❞❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ 2♦❞✐✉♠

❛♣'G2 ♠✐2❡ ❡♥ ❝♦♥*❛❝* ❛✈❡❝ ✉♥❡ 2♦❧✉*✐♦♥ ❞❡ ♥✐*'❛*❡ ❞❡ 2*'♦♥*✐✉♠ 6 ♣❍ ❂ ✸ ♣❡♥❞❛♥* ✷✹

❤❡✉'❡2✳ ❖♥ ♣❡✉* ♦❜2❡'✈❡' ❧❛ ♣'52❡♥❝❡ ❞❡ *✐*❛♥❡✱ ❞✬♦①②❣G♥❡✱ ❞❡ 2♦❞✐✉♠ ❡* ❞❡ 2*'♦♥*✐✉♠✳

❈❡❧❛ ♣❡'♠❡* ❞❡ ❞5❞✉✐'❡ @✉❡ ❧❡ 2*'♦♥*✐✉♠ ❛ 5*5 ❛❞2♦'❜5 ♣❛' ❧❡ ♥♦♥❛*✐*❛♥❛*❡ ❞❡ 2♦❞✐✉♠

♠❛✐2 @✉✬✐❧ '❡2*❡ *♦✉❥♦✉'2 ✉♥ ♣❡✉ ❞❡ 2♦❞✐✉♠ 6 5❝❤❛♥❣❡' 6 ❧✬✐♥*5'✐❡✉' ❞✉ 2♦❧✐❞❡✳ ❈❡❧❛

♣❡'♠❡* ❞✬❡①♣❧✐@✉❡' ❧❡ ♣♦✉'❝❡♥*❛❣❡ ❞❡ 2*'♦♥*✐✉♠ ❛❞2♦'❜5 2✉' ❧❡ ✜❣✉'❡ ✹✳✻✳
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"❛❧❡+ #,❛❧✐+,❡+ ❧♦#+ ❞❡ ❧❛ "❤*+❡ ❞✬❆✉#,❧✐❡ ▼❡#❝❡✐❧❧❡✱ ❛✜♥ ❞❡ ❝♦♠♣#❡♥❞#❡ ❧❡+ ♠,❝❛♥✐+♠❡+

=✉✐ ❣♦✉✈❡#♥❡♥" ❧✬❡①"#❛❝"✐♦♥ ❞✉ +"#♦♥"✐✉♠ ♣❛# ❧❡ ♥♦♥❛"✐"❛♥❛"❡ ❞❡ +♦❞✐✉♠✳ @♦✉# ❝❡❧❛✱

✐❧ ❛ ,", ♥,❝❡++❛✐#❡ ❞❡ ♠♦❞,❧✐+❡# ❧❛ +♦❧✉"✐♦♥ +✉✐✈❛♥" ❞✐✛,#❡♥"❡+ "❤,♦#✐❡+✳ ▲❛ ♣#❡♠✐*#❡

"❤,♦#✐❡ ❛ ,", ❞❡ ❝♦♥+✐❞,#❡# =✉❡ ❧❡+ ❝♦♥❝❡♥"#❛"✐♦♥+ +♦♥" ,❣❛❧❡+ C ❧❡✉# ❛❝"✐✈✐",✱ ❝❡ =✉✐

✐♠♣❧✐=✉❡ =✉❡ ❧❡+ ❝♦❡✣❝✐❡♥"+ ❞✬❛❝"✐✈✐", ❞❡+ ✐♦♥+ ♣#,+❡♥"+ ❡♥ +♦❧✉"✐♦♥+ +♦♥" ,❣❛✉① C
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Classical molecular dynamics simulations with explicit polarization have been successfully used to
determine the structural and thermodynamic properties of binary aqueous solutions of uranyl chloride
(UO2Cl2). Concentrated aqueous solutions of uranyl chloride have been studied to determine the
hydration properties and the ion-ion interactions. The bond distances and the coordination number
of the hydrated uranyl are in good agreement with available experimental data. Two stable positions
of chloride in the second hydration shell of uranyl have been identified. The UO2+

2 -Cl− association
constants have also been calculated using a multi-scale approach. First, the ion-ion potential averaged
over the solvent configurations at infinite dilution (McMillan-Mayer potential) was calculated to
establish the dissociation/association processes of UO2+

2 -Cl− ion pairs in aqueous solution. Then,
the association constant was calculated from this potential. The value we obtained for the associ-
ation constant is in good agreement with the experimental result (KUO2Cl+ = 1.48 l mol−1), but the
resulting activity coefficient appears to be too low at molar concentration. C 2015 AIP Publishing

LLC. [http://dx.doi.org/10.1063/1.4905008]

I. INTRODUCTION

Understanding the structural and thermodynamic prop-
erties of salts in aqueous solutions is the first step in
optimizing many important industrial processes. This is
the case for separation processes based on liquid-liquid
extraction, which are widely used in the reprocessing of spent
nuclear fuels. For these procedures, a detailed knowledge
of the actinoid (An3+) and lanthanoid (Ln3+) properties
in solution is required. However, their radioactivity and
the difficulty of performing controlled experiments at high
concentrations make experimental determination of these
properties very difficult and time-consuming. Therefore, a
theoretical approach, coupled with existing experimental
observations, is well suited to describe these systems. Recent
studies on actinides and lanthanides,1–5 combining both theory
and experiments, have succeeded in clearly explaining the
structural properties and the nature of the ion-solvent and
ion-ion interactions in these solutions, in good agreement
with previous experimental6–17 and theoretical works.12,18–31

The purpose of the current research is to perform the same
type of analysis on the uranyl salts, which are among the
most prominent species when dealing with the recycling of
nuclear fuel with currently used processes, such as the PUREX
process.32 Despite its importance, there are still, to the best of
our knowledge, no molecular studies on the activity of uranyl
solutions, even though this electrolyte quantity is the direct
consequence of ion-ion interactions.

a)Electronic mail: magali.duvail@icsm.fr
b)Electronic mail: jean-francois.dufreche@univ-montp2.fr

The hydration structure of the uranyl ion is reasonably
well established and some experimental studies have been
devoted to understanding its hydration properties.9–15 Allen
et al.9 investigated the coordination number of different
chloro-complexes of actinides in solutions. They measured the
formation of chloro complexes with Pu3+, Np4+, NpO+2 , and
UO2+

2 and characterized the structural properties associated
with the O and Cl− ligands using extended X-ray absorption
fine structure (EXAFS). They also calculated the association
constant corresponding to the first association between
the chloride anion and the cation for UO2+

2 , Np4+, and
NpO2+

2 (log β1 = −0.48,−0.78, and −0.85). UV-visible-near-
infrared and EXAFS methods, combined with computational
simulations, have been used to determine the structure of
U(IV) and U(VI) in perchloric and nitric acid solutions by
Ikeda-Ohno et al.10 This work has shown that U(IV) exists
as a spherical cation of U4+ having 9–10 water molecules
in the primary coordination sphere, and U(VI) exists as a
transdioxo uranyl cation, UO2+

2 , which is surrounded by 5
water molecules. Jiang et al.6 studied the solution chemistry
of uranyl salts in organic systems (imino- and oxy-diacetate),
and determined three types of metal:ligand complexes (1:1
and 1:2 monomers, and a 2:2 dimer) in solution, using a
number of different methods including nuclear magnetic
resonance (NMR) and EXAFS. The stability constants and the
thermodynamic constants for the complexes were determined
by potentiometric and calorimetric titrations. The actinyls
form strongly bound complexes, with the most stable one
containing five water molecules. Spencer et al.25 reported from
quantum chemical calculations, that the most stable UO2+

2
and PuO2+

2 hydrated complexes have five water molecules

0021-9606/2015/142(2)/024501/11/$30.00 142, 024501-1 © 2015 AIP Publishing LLC
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surrounding the cation. Using quantum chemistry and EXAFS,
Vallet et al.12 pointed out that UO2Fn(H2O)2−n5−n (n = 3-5)
complexes have pentagonal bipyramid geometry with U–OH2O

distances equal to 2.26 and 2.48 Å. Some studies, using
density functional theory (DFT), calculated the structure of
the uranyl ion to parametrize a molecular force field that
can be used in molecular dynamics (MD) simulations.26–28

Geometry and coordination calculations have been performed
on a polarizable model by ab initio methods29,30 to reproduce
the geometry with five water molecules coordinated in the
equatorial plane and to understand the uranyl hydration shell.

While the structure of uranyl salts is well understood, their
thermodynamic properties, and more specifically, the activity
coefficients, which are the crucial parameter in the liquid-
liquid extraction procedures, are not. Many experimental
studies33–35 have reported the osmotic and activity coefficients
on uranyl salt solutions, and a great deal of thermodynamic
data can also be found in the OECD36 reports, but no molecular
studies have yet been proposed to interpret these data. The
closest we have is the work of Ruas et al.7 who represented the
experimental osmotic coefficients of dysprosium perchlorate,
chloride, and nitrate, using the binding mean spherical
approximation (BiMSA),37,38 by fitting the parameter values
to the literature data.

We report, for the first time, a molecular dynamics study
of uranyl chloride aqueous solutions which includes explicit
polarization. The structural properties of the solution are char-
acterized using the radial distribution function, from which we
obtain information on the hydration properties of the solution
as well as the strength of the ion-ion interactions. This allows
us to define the average distance between ions, as well as the
average number of water molecules in the first and second
hydration shells, and the coordination number. Our MD results
are compared against experimental studies to check the validity
of our model.

We also present the ion-ion potentials of mean force at
infinite dilution, obtained from umbrella sampling molecular
dynamics simulations in pure water (McMillan-Mayer poten-
tial), including explicit polarization. These ion-ion potential
of mean force calculations have been performed to under-
stand clearly the dissociation/association pathways of uranyl
chloride in the aqueous phase and to calculate the activity
of the electrolyte in solution. From these effective ion-ion
potentials, the association constants have been calculated and
compared with experiment results. Our work is an attempt
to bridge the gap between the theoretical and experimental
studies.

II. METHODS

A. Molecular dynamics simulations

MD simulations of uranyl chloride aqueous solutions
have been performed at different concentrations using explicit
polarization. The simulations have been carried out in the
NPT ensemble with SANDER 10, a module of AMBER
10.39 Periodic boundary conditions were applied to the
simulation box. Long-range interactions were calculated using
the particle-mesh Ewald method.40 The equations of motion

TABLE I. Parameters used for the molecular dynamics simulations.a

Atom εii σii αb qc

UR
d 1.356 2.815 0.720 2.500

OR
d 0.653 3.164 0.434 −0.250

OW
e 0.625 3.204 0.528 −0.730

HW
e . . . . . . 0.170 0.365

Cl− 0.418 4.401 3.235 −1.00

aEnergies are in kJ mol−1 and distances in Å.
bAtomic polarizabilities (in Å3).
cPartial atomic charge (in e).
dSubscript R for uranyl.
eSubscript W for water.

were numerically integrated using a 1 fs time step. Our systems
were previously equilibrated at T = 300 K and P = 1 atm
during at least 100 ps, and production runs were subsequently
collected for 3 ns for all the simulations. The uranyl chloride
salts have been initialized as first shell dissociated.

The van der Waals energy is here described by a 12-6
Lennard-Jones (LJ) potential. The LJ parameters (Table I)
have been optimized to reproduce experimental structural
properties of ions in aqueous solutions. The polarizable model
of UO2+

2 has been extended from the original non polarizable
model of UO2+

2 developed by Greathouse et al.41 Here, the
UO2+

2 cation is considered as rigid with a UR–OR distance of
1.75 Å, corresponding to the experimental distance.42 Partial
atomic charges on UR and OR remain the same as the ones
proposed for the non polarizable model of UO2+

2 . Finally,
the atomic polarizability of UR has been calculated via DFT
calculations.43 The LJ parameters of UR and OR have been
modified in order to take into account the polarization using
the same approach as in Ref. 44. This force field allows us
to calculate a distance between UO2+

2 and H2O of 2.54 Å
and a coordination number of 5, which is in a very good
agreement with the experimental structural properties of UO2+

2
in water.10–12,15,42 The LJ parameters and the polarizability
defined by Smith and Dang45 were used for the Cl− anion,
and the water molecules were described by the rigid POL3
model,46,47 which takes into account the explicit polarization.

We simulated uranyl chloride aqueous solutions at five
different molalities, i.e., infinite dilution, 0.5, 1.0, 2.0, and 3.0
mol/kg of solvent (Table II). We focused our attention on the
radial distribution functions (RDFs) computed from the MD

TABLE II. Characteristics of the simulation boxes of uranyl chloride
solutions.

N(UO2+
2 )a N(Cl−)b N(H2O)c Vbox

d

Sim(Cl−) 0 1 2118 64 000
Sim(UO2+

2 ) 1 0 1524 43 928
Sim(0.5 m) 8 16 888 27 000
Sim(1.0 m) 27 54 1499 46 656
Sim(2.0 m) 27 54 749 59 319
Sim(3.0 m) 64 128 1184 42 875

aNumber of UO2+
2 ions in the simulation box.

bNumber of Cl− ions in the simulation box.
cNumber of water molecules in the simulation box.
dAverage volume of the simulation box (in Å3).
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simulation to understand the ionic hydration and characterize
the particle interactions in solution.

B. Ion-ion potential averaged over
solvent configurations

Ion-ion potential (IIP) of mean force of UO2+
2 –Cl− at

infinite dilution (McMillan-Mayer potential) in aqueous solu-
tion has been calculated using umbrella sampling MD simula-
tions.48 The umbrella sampling method introduces a biasing
potential in the force field to sample some regions or win-
dows around an equilibrium reaction coordinate, here ,the dis-
tance between two atoms, that is, the UUO2+

2
–Cl−, Cl−–Cl− and

UUO2+
2

–UUO2+
2

. For the UUO2+
2

–Cl− PMF calculations, harmonic

restraint potentials with a force constant of 29.3 kJ mol−1 Å−2

were used. Umbrella-sampling MD simulations for Cl−–Cl−

and UUO2+
2

–UUO2+
2

have been performed with a force constant

of 41.9 kJ mol−1 Å−2. All samplings were carried out every
0.5 Å along the equilibrium distances from 2.0 to 12.0 Å.
The simulations have been performed with SANDER10 in the
NVT ensemble at 300 K. For each window, an equilibration
simulation of 100 ps was followed by a 5.0 ns (UUO2+

2
–Cl−) or

a 1.0 ns (Cl−–Cl− and UUO2+
2

–UUO2+
2

) production simulation.
Then, unbiased distance probability distributions P(r) have
been analyzed using the weighted histogram analysis method
(WHAM) developed by Kumar et al.49 The IIPs ω(r) were
finally obtained as

ω(r)=−kBT lng(r)=−kBT (lnP(r)−2lnr), (1)

where g(r) is the radial distribution function, kB is the
Boltzmann constant, and 2lnr is the entropic correction.

Then, IIPs being calculated at very high dilution, they
correspond to the McMillan-Mayer (MM) potentials VMM

i j
.50,51

The MM potential corresponds to the sum of the effective pair
potentials at both short range (SR) and long range (LR)-
Coulombic terms52–55

V MM
i j =V SR

i j +V LR
i j =V SR

i j +
ziz je

2

4πǫoǫ rr
, (2)

where zi and z j are the charge of ions i and j; e is the elemen-
tary unit of charge, ǫo the permittivity of vacuum, and ǫ r the
relative permittivity of the solution. The association constant
is determined following the generalized Bjerrum equation:56

K = 4π
∫ rmax

0
r2e
−βVMM

i j dr, (3)

where β = 1/kBT, and i and j stand for the cation and anion.
The cutoff distance rmax is here chosen as the distance to the
uranyl second coordination shell, i.e., the distance to the first
minimum after the second peak in the uranyl-water radial
distribution function.

C. Continuous solvent Monte Carlo simulations

The McMillan-Mayer potentials VMM
i j

obtained by um-
brella sampling MD simulations were used in implicit solvent
NVT Monte Carlo (MC) simulations to calculate the solute
thermodynamic properties. We focused on the osmotic coeffi-

cientsΦMM. Simulations were performed over a concentration
range from 0.01 to 1.00 mol l−1 using explicit polarization.
The dielectric constant of water is ǫ r = 126, corresponding
to the POL3 model57 used in the original MD simulations.
Simulations with ǫ r = 10645 and ǫ r = 78.457 were additionally
performed in order to evaluate the water model dependence,
as already done in the case of lanthanide chloride aqueous
solutions.53 All systems were composed of 72 uranyl chlo-
ride molecules. For each simulation, equilibration runs of
5× 105 MC steps were followed by production runs of 104

blocks, of 102 MC steps each. The method for calculating the
osmotic coefficients is presented in Ref. 53. We calculated
the McMillan-Mayer osmotic coefficients using the pressure-
energy relation for ionic systems

Φ
MM =

βP

ρN

= 1−
1

3N
〈
∑

i

∂V SR
i j

∂ri
ri〉+

〈V LR
i j

〉

3N
, (4)

where 〈. . .〉 is an ensemble average. The method is nothing but
a rigorous coarse-graining procedure to calculate the activity
(osmotic coefficient or ion activity coefficient) of the solution
from the molecular model.52 Only three bodies and higher
order effects and coupling between translation and rotation,
which are important for concentrated solutions, are neglected.

D. Associated mean spherical approximation (AMSA)
and osmotic coefficient conversion

As already mentioned, the McMillan-Mayer and the
short-range potentials have been used to determine the
association constant (Eq. (3)) and the ion pair size

V SR
i j =V MM

i j −
ziz je

2

4πǫoǫ rr
. (5)

We calculated the ion pair size from the second virial
coefficient, by integrating over the Mayer function for our
short-range potential V SR

i j
(r),

BSR
2 =−2π

∫
∞

0
(e
−βV SR

i j
(r )
−1)r2dr. (6)

Comparing this with the corresponding virial coefficient
for a hard-sphere system,

BHS
2 =−2π

∫
∞

0

(

e
−βVHS

i j
(r )
−1
)

r2dr = 2π
σ3

3
,

V HS
i j =





+∞ if (r < σ)

0 if (r ≥ σ),

(7)

we define the effective ion pair size σi j, such that BSR
2 = BHS

2 ,
so that

σ3
i j =−3

∫
∞

0
(e
−βV SR

i j
(r )
−1)r2dr. (8)

From the values of KUCl and σUCl, the osmotic coefficients
have been calculated using the AMSA approach. The
McMillan-Mayer osmotic coefficients were calculated using
this classical MSA formula given in Ref. 58.

In order to compare with experiments, we converted the
Lewis-Randall osmotic coefficients (ΦLR) to the McMillan-
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Mayer osmotic coefficients (ΦMM)

Φ
LR =ΦMM(1−CsVs), (9)

where Cs is the salt molarity concentration and Vs is the partial
molar volume, which can be computed as follows. First, we
use the definition of the mass density

V =
m

ρ
=

noMo+nsMs

ρ
(10)

and we further define V̄ as

V̄ =
V

noMo

=
1+mMs

ρ
, (11)

the density can then be defined as

ρ=
m

V
=

1+mMs

V̄
. (12)

Finally, from the definition of the partial molar volume,

Vs =
∂V

∂ns

=
∂ V

noMo

∂
ns

noMo

=
∂V̄

∂m
(13)

one obtains the following:

Vs =
∂V̄

∂m
=
(1+mMs)

′ρ− (1+mMs)ρ
′

ρ2
(14)

=
Ms

ρ
−

1+mMs

ρ2
ρ′. (15)

The uranyl chloride density data were taken from the
experimental results34,59

ρ= ρo+0.313m−0.039m1.5, (16)

where ρo = 0.997047 kg dm−3 and m (mol kg−1) is the salt
molality concentration.

III. MICROSCOPIC STRUCTURAL PROPERTIES
OF SOLUTIONS

We present here the structural properties calculated for
aqueous solutions of uranyl chloride salts at different concen-
trations (Fig. 1). Characteristics of the simulations boxes are
given in Table II. From these simulations, the structure around
ions is determined in terms of the ion-water and ion-ion
RDFs.

A. Ion-solvent correlation: Hydration

First, we report the hydration structures determined for
UO2+

2 at infinite dilution. In Figure 2(a), we present the

RDFs calculated between UO2+
2 and the water molecules at

different concentrations of uranyl chloride salt, i.e., from
infinite dilution to 3 mol kg−1. The U–OW RDF calculated
at infinite dilution presents two peaks, corresponding to
the first and the second hydration shells, respectively. The
average number of water molecules in the UO2+

2 hydration
shells (Table III) was calculated to be 5.0 for the first shell
(r = 2.45 Å) and 22.3 for the second shell (r = 4.64 Å)
These structural properties calculated for the UO2+

2 first
hydration shell are in good agreement with the experimental
ones.10–12,15,42 Indeed, EXAFS experiments pointed out that
the stable configuration of the UO2+

2 first hydration shell is
composed of five water molecules at 2.40–2.42 Å. Our results
are also in good agreement with theoretical data.12,41,60 Indeed,
the most stable geometry of the first shell is the surrounding
of the uranyl ion by 5 water molecules on the equatorial plane.
Concerning the structural properties of the UO2+

2 second
hydration shell, it is far from obvious to determine them
experimentally. Aaberg et al. reported that the UO2+

2 second
hydration shell was composed of 14 water molecules at
4.4 Å by XRD.15 This was also confirmed by Soderholm
et al. by High-energy X-ray scattering (HEXS).14,17 These
experimental structural properties are in agreement with the
ones we calculated, nevertheless, a light overestimation of
the U–OW distance (and therefore, an increase of the number
of the water molecules in this shell) is apparent. However,
it is well known that most experimental techniques can only
determine the first coordination shell properties accurately, not
the second (or higher-order) coordination shells.61 In the other
theoretical studies,10,25,26,41,60,62 the same number of water
molecules surrounding the uranyl at 2.41-2.55 Å is found.
Table IV shows the different results of experimental and
theoretical studies. The uranyl oxygen atoms can interact with
water molecules forming what is called an apical interaction.
These interactions have been observed in the solid-state
molecular structures of UO2Cl2.H2O,75 but the existence of
this interaction in solution is a long-standing open question
in the study of uranyl hydration. Some computational studies
reported that the hydrogen bond between the oxygens of
uranyl and the water molecules does not occur,30,76 or is
rather weak.63–65,77,78 In our simulations, and for all salt
concentrations, the first OR–HW radial distribution function
peaks are located at about 3.6 Å, i.e., at a too large distance
for an apical bond between the UO2+

2 cation and one water
molecule (Fig. 3). This peak characterizes the hydrogen atoms
of (i) the water molecules bonded to U in the uranyl cation

FIG. 1. Snapshots of UO2
2+ (red and green)-Cl− (cyan) simulation boxes at the different concentrations: (a) 0.5 mol kg−1, (b) 1.0 mol kg−1, (c) 2.0 mol kg−1,

and (d) 3.0 mol kg−1.
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FIG. 2. (a) UUO2+
2

–OW and (b) Cl−–OW

radial distribution functions (solid line)
with corresponding to coordination
number (dashed line) at the different
concentrations: infinite dilution (pur-
ple), 0.5 mol kg−1 (blue), 1.0 mol kg−1

(green), 2.0 mol kg−1 (orange), and
3.0 mol kg−1 (red).

equatorial plane and (ii) the water molecules located in the
UO2+

2 second coordination sphere. This result is coherent with
those obtained by Guilbaud et al. in the first UO2+

2 molecular
dynamic simulations published:77 apical bonds were observed
only for unreasonable charge distributions on UO2+

2 (i.e., with
qUR ≥ +4).

Now, looking at the influence of the salt concentration
on the UO2+

2 hydration properties, we observe that there is no
influence of Cl− on its first hydration shell. Indeed, the U–OW

distance calculated in the UO2+
2 first hydration shell remains

constant (2.45 Å), whatever the concentration, as well as the
number of water molecules (Table III). This is also observed in
the U–Cl RDFs, since no peak corresponding to a Contact Ion
Pair (CIP) is calculated (Fig. 4(a)). Although some differences
with experiments are observed at high concentrations of uranyl
salts, our results are in good agreement with them. Indeed,
Allen et al.9 have shown by EXAFS that some UO2+

2 –Cl− CIP
begin to be formed starting at a concentration of 1.06 mol kg−1,
and only above 5.15 mol kg−1 do all the UO2+

2 –Cl− salts form
CIP. This was confirmed later by Hennig et al. by EXAFS
and Soderholm et al. by HEXS who claim that 1:1 first-
shell complexes were observed above 3.60 mol kg−1 and

TABLE III. Hydration properties of UO2+
2 in aqueous solution at differ-

ent concentrations from infinite dilution (Sim(UO2+
2 )) to a concentration of

3 mol kg−1 (Sim(3.0 m)).

r(1)U−OW

a N(1)
WAT

b r(2)U−OW

a N(2)
WAT

b

Sim(UO2+
2 ) 2.45 5.0 4.64 22.3

Sim(0.5 m) 2.45 5.0 4.65 21.4
Sim(1.0 m) 2.45 5.0 4.65 20.3
Sim(2.0 m) 2.45 5.0 4.65 18.7
Sim(3.0 m) 2.45 5.0 4.66 17.1

aFirst (r(1)U−OW
) and second (r(2)U−OW

) maximum peaks of U–OW RDFs (in Å).

bNumber of water molecules in the first (N(1)
WAT) and the second (N(2)

WAT) uranyl hydration
shell.

2.5 mol kg−1, respectively.13,14 The differences we observe
can be due to a long kinetic exchange equilibrium between
the water molecules and the chloride anions in the UO2+

2
first coordination shell, which is not accessible by molecular
dynamics simulations.

Despite the fact that no Cl− are found in the UO2+
2 first

hydration shell (whatever the concentration), Cl− are located in
its second hydration shell. Indeed, increasing the concentration
of the uranyl chloride salts tends to decrease the number of
water molecules in this shell, since we calculated 22.3 water
molecules at infinite dilution vs. about 17.1 at 3 mol kg−1 (Ta-
ble III). This decrease was already observed for binary aqueous
solutions of lanthanide chloride salts and was interpreted in

TABLE IV. The structural properties of the experimental and theoretical
studies.

r(1)U−OW

a N(1)
WAT

a

EXAFS6,9,10,12,13 2.39-2.48 5.0
XANES42 2.42 5.0
XRD,NMR11,15 2.42 5.0
HEXS14,17 2.42 4.7
MD41,60,62 2.42-2.49 5.0
DFT10,25,26,30,63–65 2.40-2.55 5.0
This work 2.45 5.0

r(1)Cl−OW

b N(1)
WAT

b

ND66–68 3.20-3.34 6-7
IR69 3.23 6
EPSR70 3.2 6-7
XRD71–73 3.15-3.25 4-7
MD71,74 3.22-3.27 7-10
This work 3.23 6-7

aFirst maximum peaks of U–OW (r(1)U−OW
) and Cl–OW (r(1)Cl−OW

)RDFs (in Å).

bNumber of water molecules in the first (N(1)
WAT) uranyl and chloride hydration shell.
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FIG. 3. OUO2+
2

–HW radial distribu-

tion functions (solid line) with cor-
responding to coordination number
(dashed line) at the different con-
centrations: infinite dilution (purple),
0.5 mol kg−1 (blue), 1.0 mol kg−1

(green), 2.0 mol kg−1 (orange), and
3.0 mol kg−1 (red).

terms of a decrease of the hydration for both the cation and
the anion as a function of the concentration.3

Concerning the hydration properties of Cl− as a function
of the concentration of the uranyl chloride salts, differences
are observed compared to the hydration properties of UO2+

2 .
First, the Cl− hydration properties at infinite dilution (our
reference for evaluating any concentration dependence) are
in good agreement with the experimental data, i.e., about 6-7
water molecules in the Cl− first coordination shell (3.20 -
3.23 Å).66,67,69 Indeed, for the first and the second hydration
shells of Cl−, we calculated 6.8 and 15.7 water molecules at
3.23 Å and 4.69 Å, respectively (Table V). Contrary to what
was observed for the UO2+

2 hydration properties as a function
of the concentration of salt, the hydration properties of Cl−

depend on the concentration, since changes are observed
on both the Cl–OW distances and the coordination numbers
(CNs) (Fig. 2(b)). A slight shift of the RDF first peak is
observed corresponding to a decrease of the Cl–OW distance
(from 3.23 to 3.17 Å). This leads therefore to a decrease in
the number of water molecules in its first shell from 6.8 to
6.2. This decreasing of the number of water molecules in
the Cl− first coordination shell has already been observed for
other chloride salts.66,68,70 Indeed, Mancinelli et al. reported a
decrease of the number of water molecules from 6.9 to 6.3 in

FIG. 4. (a) UUO2+
2

–UUO2+
2

, (b) UUO2+
2

–Cl−, and (c) Cl−–Cl− radial distribution

functions (solid line) with corresponding to coordination numbers (dashed
lines) at the different concentrations: 0.5 mol kg−1 (blue), 1.0 mol kg−1

(green), 2.0 mol kg−1 (orange), and 3.0 mol kg−1 (red).

TABLE V. Hydration properties of Cl− in aqueous solution at different
concentrations of uranyl chloride salts from infinite dilution (Sim(Cl−)) to
3 mol kg−1 (Sim(3.0 m)).

r(1)Cl−OW

a N(1)
WAT

b r(2)Cl−OW

a N(2)
WAT

b

Sim(Cl−) 3.23 6.8 4.69 15.7
Sim(0.5 m) 3.22 6.7 4.68 15.3
Sim(1.0 m) 3.20 6.6 4.67 14.6
Sim(2.0 m) 3.19 6.5 4.67 13.5
Sim(3.0 m) 3.17 6.2 4.65 12.5

aFirst (r(1)Cl−OW
) and second (r(2)Cl−OW

) maximum peaks of Cl–OW RDFs (in Å).

bNumber of water molecules in the first (N(1)
WAT) and the second (N(2)

WAT) chloride
hydration shell.

sodium chloride solutions using empirical potential structure
refinement (EPSR).70 Concerning the second coordination
shell, a small decrease in the number of water molecules
and the Cl–OW distance is observed when increasing the
concentration of salt. As already mentioned for UO2+

2 , this is
interpreted in terms of a diminishing of the hydration for both
the cation and the anion as a function of the concentration. The
experimental and theoretical results are presented in Table IV.

B. Ion-ion interaction

From our MD simulations, the ion–ion RDFs have been
calculated to understand their interaction in aqueous solution.
First, we report the interaction properties (Fig. 4) presenting
the UO2+

2 –Cl−, UO2+
2 –UO2+

2 , and Cl−–Cl− RDFs at different
concentrations. The peak positions and the coordination num-
bers are determined from our simulations (Table VI). Further-
more, the snapshots issued from molecular dynamics simula-
tions give us a view of the interaction configuration in solution.

Although the U–Cl distances remain unchanged in the
UO2+

2 second and third coordination shells as a function of
the concentration, an increase in the number of chloride is
observed for both coordination shells. For all the concentra-
tions studied, we observed in the RDFs UUO2+

2
–Cl a double

peak at 4.72 and 5.27 Å, both corresponding to the second
coordination shell of uranyl (Fig. 4(a)), i.e., the Solvent Shared
Ion Pair (SIP). This double peak corresponds to two preferred
positions of Cl− in the second hydration shell, and thus two
modes of coordination of Cl− ions, as already observed in
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TABLE VI. Interaction properties of ions in aqueous solution at different
concentrations of uranyl chloride salts.

r(SIP)
U−Cl

a N(SIP)
Cl

b r(SSIP)
U−Cl

a N(SSIP)
Cl

b

Sim(0.5 m) 4.72-5.27 0.9 7.3 1.0
Sim(1.0 m) 4.72-5.27 1.5 7.3 2.1
Sim(2.0 m) 4.72-5.27 2.5 7.3 3.4
Sim(3.0 m) 4.72-5.27 3.5 7.3 4.5

r(SIP)
U−U

c N(SIP)
U

d r(SSIP)
U−U

c N(SSIP)
U

d

Sim(0.5 m) 6.12 0.2 . . . . . .
Sim(1.0 m) 6.12 0.4 9.8 2.3
Sim(2.0 m) 6.08 0.8 9.8 4.0
Sim(3.0 m) 6.07 1.2 9.8 6.0

r(SIP)
Cl−Cl

e N(SIP)
Cl

f r(SSIP)
Cl−Cl

e N(SSIP)
Cl

f

Sim(0.5 m) 5.11 0.3 7.5 0.7
Sim(1.0 m) 5.09 0.6 7.5 1.7
Sim(2.0 m) 5.05 1.3 7.5 3.2
Sim(3.0 m) 5.03 1.9 7.5 4.6

aFirst (r(SIP)
U−Cl) and second (r(SSIP)

U−Cl ) maximum peaks of U–Cl RDFs (in Å).
bNumber of chlorides corresponding to the first (N(SIP)

Cl ) and the second (N(SSIP)
Cl ) peak

of U–Cl RDFs.
cFirst (r(SIP)

U−U) and second (r(SSIP)
U−U ) maximum peaks of U–U RDFs (in Å).

dNumber of uranyls corresponding to the first (N(SIP)
U ) and the second (N(SSIP)

U ) peak of
U–U RDFs.
eFirst (r(SIP)

Cl−Cl) and second (r(SSIP)
Cl−Cl ) maximum peaks of Cl–Cl RDFs (in Å).

f Number of chlorides corresponding to the first (N(SIP)
Cl ) and the second (N(SSIP)

Cl ) peak
of Cl–Cl RDFs.

the case of lanthanide and actinide salts3,5,31 (Fig. 5). The
first coordination mode corresponds to two hydrogen bonds
between Cl− and two water molecules in the UO2+

2 first coordi-
nation shell (Fig. 5(a)). For the second coordination mode, we
observed only one hydrogen bond between one water molecule
of the first hydration shell and Cl− (Fig. 5(b)). Concerning the
structural properties of the UO2Cl+ Solvent Separated Ion Pair
(SSIP), corresponding to the UO2+

2 third coordination shell,
no significant influence of the concentration is observed on
the U–Cl peak positions (since it is not well defined). For the
SSIP configuration (r ≃ 7.3 Å), both the UO2+

2 and Cl− ions are
surrounded by their own coordination shells, which contain a
different number of water molecules compared to the CIP or
SIP configurations (Fig. 5(c)).

The UUO2+
2

–UUO2+
2

RDFs show two peaks at all the concen-
trations studied, corresponding to two different structures of

uranyl. Their configurations are presented in Figure 6. In the
RDF first peak, we observed that there is a slight influence of
the concentration on the U–U interaction. Indeed, the calcu-
lated U–U distance changes from 6.12 Å at 0.5 mol kg−1 to
6.07 Å at 3 mol kg−1. However, this decrease is not significant
enough to attribute it to the increased concentration. When
increasing the concentration, we observed an increase in the
average number of uranyl molecules surrounding another ura-
nyl from 0.2 to 1.2. In Figure 6(a), we show a character-
istic configuration for two uranyl molecules within their first
neighbor shell; each uranyl is seen to possess a hydration shell
composed of five water molecules, and the two hydration shells
are liaised by an additional water molecule. From 1.0 mol kg−1

to 3 mol kg−1, the second peak has been found at 9.8 Å.
This decrease of the U–U distance shows an influence of the
concentration on the uranyl interaction. Indeed, the uranyl-
uranyl coordination number increases as a function of the
concentration. Figure 6(b) shows the characteristic structure
corresponding to the second peak in the U-U RDFs.

For all the concentrations of uranyl chloride studied, the
Cl–Cl RDFs present two peaks, each corresponding to the
second and the third hydration shell. The interaction properties
of Cl− depend on the concentration, since changes are observed
for both the Cl–Cl distance and the CNs (Table VI). A small
shift of the RDFs first peak (Fig. 4) is observed, corresponding
to a decrease in the Cl–Cl distance (from 5.11 to 5.03 Å).
Although the Cl–Cl distance decreases with the concentration,
an increase in the number of Cl− in the second coordination
shell (from 0.3 to 1.9) is observed. The structural configuration
corresponding to the first peak can be interpreted in terms
of SIP (Fig. 7(a)). Concerning the second peak of the Cl–Cl
RDFs, no influence of the concentration is observed on the
Cl–Cl distance, whereas an increase of the coordination num-
ber in the third hydration shell of chloride is observed when
increasing the concentration of salt (Table VI). In this case,
the configuration corresponds to a SSIP as already observed
for UO2Cl+ (Fig. 5(c)) and UO2+

2 –UO2+
2 (Fig. 6(b)), i.e., each

Cl− possesses its own hydration coordination shell.

IV. TOWARDS A MACROSCOPIC MODEL

Based on MD simulation results, thermodynamic prop-
erties of UO2Cl2 solutions have been investigated. Umbrella
sampling molecular dynamics simulations have been per-

FIG. 5. Characteristic snapshots of first-shell dissociated UO2+
2 –Cl− (cyan) complexes in aqueous solution: ((a) and (b)) SIP (4.72 and 5.27 Å, respectively) and

(c) SSIP (7.3 Å) UO2Cl+. For clarity, we used different representations to distinguish each molecule: stick for uranyl (uranium in green and oxygens in red),
sphere with different sizes for water (oxygen in red and hydrogens in white), and chloride (cyan).
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FIG. 6. Characteristic snapshots of
UO2+

2 –UO2+
2 complexes in aqueous so-

lution at different UUO2+
2

–UUO2+
2

dis-

tances: (a) 6.09 Å and (b) 9.3 Å. The
same representation as the one defined
in Fig. 5 is used.

formed for a UO2+
2 –Cl− ion pair, in order to better understand

the dissociation/association processes of this salt. The ion-ion
potentials have been calculated for these ion pairs in water,
i.e., UO2+

2 –Cl−, UO2+
2 –UO2+

2 , and Cl−–Cl−. We can clearly see
the correlation between the IIPs and the structure: for each
minimum in the potential, we can identify a maximum in
the RDF, which corresponds to the geometric configurations
mentioned previously (CIP, SIP, SSIP). The effective potentials
have been calculated to determine the ionic interactions at
infinite dilution, since it would be difficult to determine them
with pairing at a high concentration. Figure 8 clearly shows the
different behaviors of the ion–ion interaction in the aqueous
phase. These IIPs are used to evaluate the ion pair association
constant.

The U–Cl potential calculated at infinite dilution presents
three minima, each corresponding to the structural configura-
tions already shown in Figure 5. Indeed, the double peak of the
U–Cl RDFs (Fig. 4(a)) located at 4.72 and 5.27 Å corresponds
to the first and the second minimum in the IIPs (Fig. 8(a)),
that is, the SIP configuration. The second peak corresponds
to the third minimum of this potential (7.3 Å), which defines
the SSIP region. Now, looking at the U–Cl potential (Fig.
8(a)), for a chloride anion to move from the second to the
third coordination shell of UO2+

2 requires crossing a 1.8 kBT (1
→ 3) and 1.4 kBT (2→ 3) potential barrier. On the other hand,
the reverse transition (from the third to its second coordination
shell) shows that the chloride anion only needs 0.5 kBT (3→ 2
or 1) to enter the UO2+

2 second coordination shell. The potential
barrier from 1 → 3 is higher, by a factor of about 3, than the
one from 3→ 2 or 1, so it is easier for a Cl− anion to enter the
second coordination of UO2+

2 than it is to leave it.
The UUO2+

2
–UUO2+

2
IIP, presenting the behavior of the cat-

ions in aqueous solution at infinite dilution, is presented in

Fig. 8(b). The profile shows two minima, corresponding to
the two peaks in the UUO2+

2
–UUO2+

2
RDFs, centered at 5 and

9 Å in (Fig. 4(b)). However, another minimum around 7.5 Å
is observed, and another configuration that was not observed
in the U–U RDFs, except maybe for 0.5 mol kg−1. Again,
these two main minima correspond to the configuration already
described (Fig. 6). However, contrary to what was observed in
the UUO2+

2
–Cl IIP, the energy changes are quite low, typically

less than 1 kBT.
The interaction of chloride anions in solution is presented

in Figure 8(c). The first and second minimum correspond to
the SIP and the SSIP configuration already described (Fig. 7). It
can be noticed here that the energy cost needed to leave or enter
the Cl− second coordination shell is almost the same (about
0.77 kBT).

As already mentioned, the McMillan-Mayer potentials are
used to determine the thermodynamic properties of aqueous
solutions of uranyl chloride. The same approach as the one
used in Ref. 53 for the lanthanoid salt solutions is used. There-
fore, we also calculated the UO2Cl+ association constant from
the U–Cl potential. The value of the integrand is calculated
using Eq. (3) (Fig. 9). Our results present the dependence of
association constant as a function of the dielectric constant.
Indeed, increasing the dielectric constant tends to decrease
the UO2Cl+ association constant. Our dielectric constants have
been taken from many studies of polarizable water models.
The first dielectric constant is that of real water 78.4, the same
constant of the Molina et al. studies.53 The second is 106,
corresponding to the RPOL water model developed by Dang.79

In the Wang et al. study,57 it is shown that the POL3-LT (ǫ r
= 126) model is among the best in reproducing the exper-
imental data. Figure 9 presents the association constant as
a function of the dielectric constant. The distance at 5.8 Å

FIG. 7. Characteristic snapshots of
Cl−–Cl− complexes in aqueous solution
at different Cl–Cl distances: (a) solvent-
shared ion pair (5.09 Å) and (b) sol-
vent separated ion pair (7.5 Å). The
same representation as the one defined
in Fig. 5 is used.
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FIG. 8. Ion-ion potential of mean force at infinite dilution (McMillan-Mayer
potential) for (a) UO2+

2 –Cl−, (b) UO2+
2 –UO2+

2 , and (c) Cl−–Cl−. For each
profile, the Coulomb potential is also calculated (dashed line).

(rmax in Eq. (3)) is here chosen as the cutoff distance to
determine this constant since it corresponds to the end of
the UO2+

2 second coordination shell (Table VII). The KUO2Cl+

constants calculated using different dielectric constant are the
same order of magnitude as the experimental result (KUO2Cl+

= 1.48 l mol−1).36 Ruas et al.8 used the experimental result
of OECD reports as an input data to calculate the osmotic
coefficients within a BiMSA model and enlightened the inter-
esting predictive capability of this theory. As already observed
by Molina et al.53 on lanthanide chloride salts, a factor of 2
between the theoretical and experimental constants is found
with dielectric constant 106.

Then, we calculated the osmotic coefficients from im-
plicit solvent MC simulations using the effective McMilan-
Mayer ion–ion potentials described above. The osmotic coef-
ficients obtained from the MC simulations are compared to
the experimental values, with the appropriate Lewis Randall
to McMillan-Mayer reference scale conversion (Fig. 10). The
ion sizes have been calculated using Eq. (8). However, we note
that the value of the paired chloride ion size is negative, so we
modified the ion–ion potentials to obtain an anion size near the
experimental value. The value of the potential has been set to
infinity from 0 to a chosen distance and the rest of potential has
not been modified. The U–U paired size has been calculated
from its potential beginning at 7.11 Å. The chosen distances
have been used for the Cl–Cl potential at 6.16 Å to determine
the chloride paired size. The U–Cl potential is calculated from
4.85 Å. The ion sizes have been calculated from this equation
(Eq. (17))





σ++σ−= 2σ+−,

σ+−σ−=σ++−σ−−.
(17)

Table VII presents the ion sizes and the paired ion size as a
function of the dielectric constant. Indeed, the ion size and
the UO2+

2 –Cl− paired ion size decreases when the value of
the dielectric constant increases, but the paired ion size of
UO2+

2 –UO2+
2 and Cl−–Cl− increases. The ion sizes and the

FIG. 9. Association constant integrand obtained from the UO2+
2 –Cl− PMF

(Eq. (3)). The color line shows the values of K as a function of the cutoff
distance r , the black line shows the value of the probability of simulations,
and the dashed line shows the association constant value at the cutoff distance
5.8 Å.

association constant are the input to calculate the osmotic
coefficients using the AMSA model.

At infinite dilution, where the Debye-Huckel limiting law
becomes exact, a good agreement between the theoretical ap-
proaches (AMSA and MC at ǫ r = 78.4) and the experimental
results is found (Fig. 10). However, the results obtained us-
ing MC simulations with ǫ r = 106 and 126 (these dielectric
constants correspond to the RPOL and POL3 model of water)
exhibit an overestimation of the repulsion. The attraction of
ions in our model (ǫ r = 106 and 126) is stronger than in real
water (ǫ r = 78.4).

At higher concentration, we observed that the osmotic
coefficients calculated by our model are closer to the exper-
imental results than the ones corresponding to the real wa-
ter model. This enlightens the strong association of salts in
aqueous solution and the dehydration phenomenon as a conse-
quence of the salt concentration increases, as mentioned by
Robinson and Stokes.80 Concerning the line position, the green
line corresponding to MC simulations for ǫ r = 78.4 has shown
the lowest salt association in aqueous solution, but the high-
est salt association in the case of AMSA. In the case of the
molecular theory using MC simulations, using the dielectric
constant corresponding to our model of water (ǫ r = 106 and
126) allows for a best fit of the experimental coefficients, but it
is not sufficient. Generally, the increase of dielectric constant
decreases the electrostatic attraction, so the osmotic coefficient
value increases such as in the AMSA mode (at infinite dilution)
and in the MC simulation (at all concentrations). In the AMSA

TABLE VII. Calculation of ion sizes and association constants at different
dielectric constants.

ǫr σUO2+
2 −UO2+

2
σCl−−Cl− σUO2+

2 −Cl− K σUO2+
2

σCl−

78.4 7.29 5.25 6.11 4.25 7.13 5.09
106 7.85 5.64 5.27 2.98 6.38 4.17
126 8.03 6.16 4.73 2.52 5.83 3.63
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FIG. 10. Comparison between experimental (red) and computed (AMSA
(right) and molecular theory (left)–green ǫr = 78.4, blue ǫr = 106, and
maroon ǫr = 126) osmotic coefficients ΦMM as function of the square root
of the molality.

model, the osmotic coefficient depends on the ion size and the
association constant. When these input parameters decrease,
the osmotic coefficient value decreases. The most interesting
of our results is the reverse order in MC and AMSA calcu-
lations at different values of the dielectric constant. For these
concentrations, the value of osmotic coefficient is increased by
the increase of the dielectric constant value and is decreased by
the influence of the decrease of the ion sizes and the association
constant at the same time. But the decrease of the ionic size and
the association constant, in case of AMSA model, is stronger
than the increase of the dielectric constant. Then, we found
the decrease of the osmotic coefficient value at higher concen-
tration. Note, that only the results obtained with the dielectric
constant of the POL3 model (ǫ r = 126) allow us to adequately
recover the experimental osmotic coefficients.

In the AMSA model, we observed the dependence of os-
motic coefficients on the dielectric constant and on the ion sizes.
Theosmoticcoefficientscalculatedusing thedielectricconstant
of real water only show good agreement with the available
experimental data at infinite dilution, and our results using the

FIG. 11. Comparison between experimental (black) and AMSA (magenta)
osmotic coefficients ΦMM as function of the square root of the molality.

dielectric constant of the POL3 model are in agreement with
it at higher concentration. So, we propose a combination to
decrease the difference between the experimental and the calcu-
lated osmotic coefficients. We used the association constant and
the ion sizes of the POL3 model (ǫ r = 126) to calculate the
osmotic coefficients with the dielectric constant of real water
(ǫ r = 78.4). Then, the results obtained are in fair agreement with
the experimental data (Fig. 11).

V. CONCLUSION

The structural and thermodynamic properties of aqueous
uranyl chloride solutions have been studied by molecular
dynamics and Monte Carlo simulations. The structural prop-
erties of uranyl chloride salts we have calculated are in good
agreement with the experimental ones. The LJ parameters
reproduce these similar experimental properties. The number
of coordinated water molecules of uranyl is five with a U–OW

distance of 2.45 Å. The coordination number of chloride is
six to seven with a Cl–OW distance of 3.23 Å. At the different
concentrations studied, MD simulations pointed out that there
is no influence of Cl− on the UO2+

2 first hydration shell. On
the other hand, the hydration properties of Cl− depend on the
concentration, and a slight influence of the concentration is
observed on the UO2+

2 –UO2+
2 interaction.

In addition, we also investigated the association/dissocia-
tion pathways of the uranyl chloride salt in aqueous solution.
These calculations give a clear microscopic description of
the solvent influence on the chloride ions coordination
towards the uranyl cation. A clear distinction between ions
separated by one or more water molecules has been made
with the McMillan-Mayer effective potentials. Directly from
the UO2+

2 –Cl− potential, we calculated the ion associa-
tion constant. This result is in agreement with that given
by the Guillaumont et al.36 studies, i.e., Kcal = 2.52 and
Kexp = 1.48. The osmotic coefficients computed using our
model show acceptable agreement with the experimental
data because of the selection of ion sizes and the dielectric
constant.
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ABSTRACT: A polarizable force field for the sulfate anion SO4
2− has been

developed and extended from nonpolarizable force fields in order to reproduce
its structural and thermodynamics properties in aqueous solution. Two force
fields with different atomic partial charges on S and O have been tested and
used with molecular dynamics with explicit polarization. The results obtained
with our developed force field are in good agreement with the experimental
hydration properties of the sulfate anion. In addition to molecular dynamics
simulations of the sulfate anion in aqueous solution, potentials of mean force of
sulfate electrolytes have been calculated via umbrella-sampling molecular
dynamics simulations, i.e., MgSO4, EuSO4

+, and UO2SO4. These potentials
allow for calculating pair association constants directly comparable to the
experimental ones. In the case of monoatomic cations such as Mg2+ and Eu3+,
the association constants calculated are in very good agreement with the
experimental values, i.e., pKcalc = 2.21 (vs 2.21 experimentally) and 3.86 (vs 3.56−3.78 experimentally) for MgSO4 and EuSO4

+,
respectively. In the case of purely molecular electrolyte (UO2SO4), the association constant calculated (pKcalc = 1.58−2.07) is in
agreement with the range of values available in the literature (pKexp = 1.17−3.14).

■ INTRODUCTION

Understanding the hydration properties of ions is the first step
to address their thermodynamics properties in aqueous
solution. The sulfate anion SO4

2− is a fundamental ion which
is involved in many processes in chemistry, such as extraction
processes.1,2 Although some experimental3−6 and theoreti-
cal7−13 investigations have been performed these last decades
on the SO4

2− anion, its structural properties in aqueous
solutions are not well established. Indeed, experimental
investigations provide interatomic distances between the sulfate
anion and water molecules in a wide range, i.e., from 3.67 to
3.86 Å for the S−OW distance and from 2.81 to 2.95 Å for the
OS−OW distance. This large range of distances implies
therefore a disparity in the number of water molecules in the
SO4

2−
first coordination shell (6−8). On a theoretical point of

view, the number of water molecules calculated in the sulfate
first coordination shell is generally larger than the ones
determined experimentally. Indeed, Cannon et al. calculated a
coordination number of 13.2 in the SO4

2−
first shell by

molecular dynamics simulations.7 This was then confirmed by
ab initio quantum mechanical charge field molecular dynamics
(QMCF MD) simulations, since an average coordination
number of 11.1 water molecules in the SO4

2−
first coordination

shell was calculated with a S−OW distance of 3.82 Å.10

Despite the large disparity in the results obtained by
theoretical and experimental approaches for the hydration
properties of the sulfate anion, these investigations enlighten
however a quite strong hydration of this anion, contrary to
what is generally observed for further anions, such as
monovalent ions Cl− or NO3

−.4 Indeed, Bergstöm et al. have

shown that the hydrogen bonds formed between the sulfate
anion and water molecules are stronger than the ones between
water molecules. For this reason, the sulfate anion is generally
considered as a hard kosmotropic strongly hydrated anion in
the Hofmeister series.14 Thanks to the high charge Z = −2, the
electrolytes composed of sulfate anions are generally strongly
associated,15−23 even in the case of 1:2 electrolytes, i.e.,
composed of alkali cations.11 In the cases of 2:2 electrolytes,
such as MgSO4, some experimental investigations15,16 have
pointed out pair association constants of the order of
magnitude of 162−163 L mol−1. Recently, studies of molecular
dynamics simulations using nonpolarizable force fields have
shown that the ion pair formed between Mg2+ and SO4

2−

corresponds to the contact ion pair (CIP) configuration.12,24

This was confirmed experimentally by X-ray diffraction and
conductivity measurements by Cao et al., since they estimated
that the CIP configuration contributes to about 90% of the pair
association constant.25 On the other hand, for the UO2SO4

electrolytes, which is also a 2:2 electrolyte, although the
association constant between both solutes remains quite high,
the value of the association constant is not well-known, since
experimental values go from 15 to 1390 L mol−1,20−23 which
remains however almost the same order of magnitude as
MgSO4. The change in the value of the association constant for
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the uranyl sulfate electrolyte may be originated in the difference
in the definition of the uranyl sulfate pair. Several equilibria can
be considered, and different ion pairs have been observed
experimentally20,26,27

++ −UO SO UO SO
K

2
2

4
2

2 4

1
UO2

(1)

+ − −UO SO SO UO (SO )
K

2 4 4
2

2 4 2
22

UO2

(2)

and

+− − −UO (SO ) SO UO (SO )
K

2 4 2
2

4
2

2 4 3
43

UO2

(3)

Although the association constants associated with the second
(eq 2) and third equilibria (eq 3) are low compared to the first
one (about 10 L mol−1 for the second association21), the
formation of the UO2(SO4)2

2− complex, which cannot be
neglected, may have an influence on the determination of the
value of the first association constant. This was also observed
from quantum chemical calculations by Vallet et al., since they
argued that both UO2SO4 and UO2(SO4)2

2− have almost the
same energy, and therefore both species seem to be stable.28

Concerning 3:2 electrolytes, such as lanthanide sulfate
electrolytes, quite high association constants are calculated
experimentally (pK of the order of magnitude of 3−4 for La3+

and Eu3+19). This reflects actually the greater electrostatic
Bjerrum association29−31 of the lanthanoid cations compared to
the lower charged alkali and alkali-earth cations. However,
although the thermodynamics properties of such electrolytes
have been extensively investigated,17−19 a lack remains in
knowing their structural properties. This might be originated in
the fact that such electrolytes existing under the Ln2(SO4)3
form have very low solubility in aqueous solution, typically 3.2
× 10−2 mol L−1 for Eu2(SO4)3.

32

Therefore, in order to give some explanations on the ion
pairing with the sulfate anion, theoretical approaches, such as
molecular dynamics (MD) simulations, appear to be a method
of choice to access the structural, dynamical, and thermody-
namical properties of electrolytes in aqueous solu-
tions.11,13,33−38 However, force fields as accurate as possible
have to developed, and more precisely polarizable force fields.
Indeed, these last decades, several molecular dynamics
simulation investigations performed to describe the ion
solvation properties in aqueous solutions have proved the
significance of taking into account the explicit polarization.39

The present paper focuses on the description of the sulfate
anion (SO4

2−) in aqueous solution by classical MD simulation
using explicit polarization. To this end, two polarizable force
fields have been developed from nonpolarizable force fields
already existing in the literature. Molecular dynamics
simulations have been used to access the hydration properties
of SO4

2− in aqueous solution. Furthermore, in order to check
the validity of our model, potentials of mean force (PMFs) at
high dilution (McMillan−Mayer potentials) have been
calculated for different electrolytes of sulfate, i.e., 2:2 (MgSO4

and UO2SO4) and 3:2 (EuSO4
+). Indeed, these PMFs allow for

accessing the thermodynamics properties of electrolytes which
are directly comparable to the experiments, e.g., the association
constant. Here, two different 2:2 electrolytes of sulfate have
been modeled in order to observe the influence of the
molecular nature of the cation, i.e., Mg2+ vs UO2

2+.
The outline of the remainder of the text is as follows. First,

we describe the methods used for developing and validating the

polarizable force field of the sulfate anion. Results and
discussions about the hydration properties of SO4

2− are
presented, where we first discuss the results obtained with
the different force fields used and then the influence of the
polarization. Finally, the thermodynamics properties of sulfate
electrolytes calculated are presented in order to validate our
model. The last section summarizes and concludes.

■ METHODS

Ab Initio Calculations. The partial atomic charges on OS

and SS of SO4
2− have been calculated using the restricted

electrostatic potential (RESP) procedure of Bayly et al.40

implemented in the AmberTools 13 package.41 The geometry
optimization and the charge calculations needed for the RESP
procedure have been calculated using Gaussian 03.42 The 6-
31G(d) basis set has been used for the calculations. The RESP
procedure allows for calculating atomic partial charges of
+1.3282e and −0.83205e on SS and OS, respectively. However,
it is well-known that using such a method overestimates the
atomic charges calculated. Therefore, a scaling factor of 0.80 is
applied on the atomic charges. Since the sulfate anion is
charged, applying such a scaling factor either on OS or SS does
not provide the same set of partial atomic charges. Therefore,
two sets of partial atomic charges on SS and OS are calculated,
i.e., one when applying the scaling factor on OS (Resc-O
model) and the other when applying it on SS (Resc-S model)
(Table 1).

Molecular Dynamics Simulations. Simulation Details.
Molecular dynamics (MD) simulations of SO4

2− in aqueous
solutions have been carried out with SANDER10, a module of
AMBER1043 using explicit polarization in the NPT ensemble.
Periodic boundary conditions were applied to the simulation
box. Long-range interactions have been calculated using the
particle-mesh Ewald method.44 Equations of motion were
numerically integrated using a 1 fs time step. Systems were
previously equilibrated at room temperature over at least 100
ps, and production runs were subsequently collected for 5 ns.
Water molecules were described by the rigid POL3

model45,46 which takes into account the polarization. The van
der Waals energy is described here by a 12-6 Lennard-Jones
(LJ) potential. The polarizable force field for the sulfate anion
has been extended from the nonpolarizable SO4

2− force field
developed by Cannon et al.7 (Table 2). For all the force fields
tested, the LJ parameters of the original nonpolarizable force
field have been modified to take account the change of the
partial atomic charge following the same procedure as described
elsewhere49 (Table 2). Furthermore, in order to estimate the
influence of the atomic polarizability of the sulfur atom, three
different values of αS have been tested, i.e., 0.0, 1.2, and 2.7 Å3.

Potentials of Mean Force. Potentials of mean force (PMFs)
of Mg2+−SO4

2−, Eu3+−SO4
2−, and UO2

2+
−SO4

2− in water were
calculated from umbrella-sampling simulations in order to
investigate the influence of the cation in sulfate electrolytes on
its thermodynamical properties. The umbrella-sampling

Table 1. Partial Atomic Charges in the SO4
2− Anion

Calculated

atom RESP Resc-O Resc-S

SSO4
2− +1.32820 +0.66240 +1.06256

OSO4
2−

−0.83205 −0.66560 −0.76564
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method introduces a biasing potential in the force field to
sample some regions or windows around an “equilibrium”

reaction coordinate, i.e., the cation−SSO4
2− distance. The

solute−solute “equilibrium” distance for a given window varies
from 1.0 to 12.0 Å, with a 0.50 Å step. The molecular dynamics
umbrella-sampling simulations were carried out using 24
windows, each with a harmonic restraining potential using a
constant force equal to 2 kcal mol−1 Å−2. Note that, in order to
cross over the activation barriers located around 3.2 Å (bi- to
monodentate configurations) and 4.0 Å (first to second
coordination shell), we used a constant force equal to 50 kcal
mol−1 Å−2. All of these simulations have been performed with
SANDER 1043 in the NVT ensemble at 300 K. Umbrella
sampling simulations have been carried out in a 1001 water
molecules (31 × 31 × 31 Å3) simulation box. Systems were
previously equilibrated at room temperature for at least 100 ps
for each window. Production runs were subsequently collected
for 1 ns. All of these umbrella sampling simulation protocols
have been optimized to ensure a good overlap of the
equilibrium windows, and therefore a good representation of
the reaction pathways. Then, free energy profiles were
calculated using the weighted histogram analysis method
(WHAM).50−52

The potential of mean force ω(r) is obtained taking into
account the entropic centrifugal correction 2 ln(r)

ω = − −r k T P r r( ) (ln ( ) 2 ln( ))B (4)

where P(r) is the probability of atom i to be found at distance r.
Thus, a +2kBT ln(r) correction is added to the PMFs we
calculated from umbrella sampling MD simulations. The long
distance part has been adjusted53,54 and compared to the
electrostatic potential considering different values for the
dielectric constant of water, i.e., εr = 78.4,55 which corresponds
to the experimental value, and εr = 126 ± 5, which is the value
calculated by Wang et al. for the POL3-LT model.56 It should
be noted that, since the PMF is calculated for highly diluted
solutions (one ion pair in 1001 water molecules), the PMF
calculated here corresponds to the McMillan−Mayer (MM)
effective potential.
From each ion pair MM potential, the corresponding

association constant is calculated following the generalized
Bjerrum equation54,57

∫π β= −K r V r4 exp( ) d
r

ij
0

2 MMmax

(5)

where β = 1/kBT and i and j stand for the cation and the anion.
The cutoff distance rmax is chosen as the size of the ion pair, i.e.,
the end of the cation first or second coordination shell (0 < r+−
<rmax).
The Mg2+ cation is here described by the polarizable force

field developed by Aaqvist et al.47 (Table 2). This force field
allows for calculating Mg2+ hydration properties in good
agreement with experimental58,59 and theoretical60,61 results,
i.e., six water molecules located at 2.06 Å and about 15 water
molecules at 4.31 Å in the Mg2+ first and second coordination
shells, respectively. The 12-6 Lennard-Jones parameters for
Eu3+ and UO2

2+ are those developed in refs 48 and 38,
respectively (Table 2). These force fields allow for calculating
structural and dynamical hydration properties of Eu3+ and
UO2

2+ in good agreement with the experimental data available
in the literature.

Associated Mean Spherical Approximation (AMSA).
The thermodynamical constants calculated from molecular
dynamics have been compared to the ones obtained from a
MSA (mean spherical approximation) theory of associated
electrolytes.31,62,63 Within this associated mean spherical
approximation (AMSA) approach64−66 which is widely used
to determine the thermodynamical properties of electrolyte
solutions,38,67 the electrostatic Bjerrum association and the
molecular nature of the attraction between the ions at short
distances are taken into account “by hands” by considering
three species, the two free ions and the pair. More precisely, in
the pure MSA approach,63 the two ions are considered as
charged hard spheres. Thus, the cation and the anion have both
their own (hydrated) diameter. This approach is relevant for
pure electrolytes,68 but for mixtures, nonadditivity appears, and
the latter cannot be described by the additive hard spheres as in
the simple MSA. Thus, even for weakly associated electrolytes,
the association concept can be relevant for mixtures because it
can represent the change in the ionic size for a given ion as a
function of the various counterions. To that goal, the AMSA
approach introduces another species in solution which is the
ion pair. In order to reduce the number of fitted parameters in
the AMSA model, the size of the ion pair can be calculated
from the covolume of the cation and the anion53,54

σ σ σ= ++ −pair
3 33

(6)

where σpair is the diameter of the pair and σ+ and σ
−
are the

diameters of the free cation and the free anion, respectively.
In the present paper, the AMSA approach has been used to

determine the association constant of the UO2SO4 ion pair, the
value of this association being under debate as mentioned
above. The ionic size of SO4

2− chosen here is the Pauling size
issued from ref 69, i.e., σ

−
= 5.20 Å. For the size of the cations,

we have chosen the diameter previously determined from a
molecular dynamics study on the thermodynamical properties
of uranyl chloride salts, i.e., σ+ = 5.83 Å.38 Since the MSA
approaches are based on a continuous solvent model, they
require a McMillan−Mayer (MM) decomposition.70 As a
matter of fact, the resulting thermodynamical quantitites are
calculated at constant chemical potential of the solvent.
Consequently, a conversion to the experimental Lewis−Randall
(LR) frame of reference has to be done71

γ γ ϕ= − V Cln lnLR MM MM
S

tot
(7)

Table 2. Parameters Used for Describing SO4
2−, Mg2+, Eu3+,

and UO2
2+ in Aqueous Solutions by Molecular Dynamics

Simulations Using Explicit Polarization

atom ε
a

σ
b qc α

d model

SSO4
2−

Non‑POL 0.250 3.550 +2.000 Cannon et al.7

OSO4
2−

Non‑POL 0.200 3.150 −1.000 Cannon et al.7

SSO4
2−

POL 0.250 3.550 +0.662 1.200e Resc-Of

OSO4
2−

POL 0.200 3.150 −0.666 0.434 Resc-Of

SSO4
2−

POL 0.250 3.550 +1.063 1.200 Resc-Sf

OSO4
2−

POL 0.200 3.150 −0.766 0.434 Resc-Sf

Mg2+ 0.878 1.645 +2.000 0.0095 Aaqvist et al.47

Eu3+ 0.077 3.270 +3.000 0.8230 Duvail et al.48

UUO2
2+ 1.375 2.815 +2.500 0.7200 Nguyen et al.38

OUO2
2+ 0.653 3.164 −0.250 0.4340 Nguyen et al.38

aEnergy (in kcal mol−1). bDistance (in Å). cAtomic charge (in e).
dAtomic polarizability (in Å3). eThree different values of αS have been
tested, i.e., 0, 1.2, and 2.7 Å3. fPresent work.
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where γLR and γMM are, respectively, the activity coefficient of
the salt in the LR and in the MM frames of reference. ϕMM is
the MM osmotic coefficient, VS is the electrolyte molar volume,
and Ctot is the total ion concentration. Here, we neglected the

variation of the molar volume with the concentration: VS
SO4

2−

=

26.8 cm3 mol−1 72 and VS
UO2

2+

= −0.40 cm3 mol−1 69 have been
kept constant.
Therefore, with the solute diameters (free cations, free

anions, and the pair) being fixed, the AMSA provides an
expression of the activity coefficient of the salt as a function of
the concentration for which the only unknown quantity is the
association constant of the pair. The latter can be fitted to
recover the experimental data. An acceptable maximum
concentration for such a fitting procedure is typically 1−2
mol L−1 because N-body effects, which are not taken into
account by a theory based on pair potentials such as the AMSA,
become important for highly concentrated solutions.

■ CHOICE OF THE SO4
2− FORCE FIELD

Comparison of the SO4
2− Force Fields. Two polarizable

force fields have been developed from nonpolarizable force
fields to describe the SO4

2− anion (Table 2). In order to
compare all the force fields, we focus here on the structural and
dynamical properties of SO4

2− in water. Therefore, MD
simulations of one SO4

2− anion alone have been preformed
in a box of polarizable water molecules.
Here, we compare the hydration properties of the sulfate

anion calculated for an atomic polarizability of 1.2 Å3 for the

sulfur atom. The effect of this value on the SO4
2− hydration

properties will be discussed elsewhere. For both force fields
tested, the S−OW radial distribution functions (RDFs) present
two well-defined peaks corresponding each to the first and
second hydration shells of SO4

2− (Figure 1). However,
differences in the first peak location and the shape of the
peak are observed depending on the force field used, and more
precisely on the partial atomic charges on OS and SS. Indeed,
increasing the absolute value of partial charge of OS tends to
increase the S−OW distance, since the first peak is centered at
about 3.61 Å when using the Resc-S force field (qOS

= −0.766e)

whereas it is centered at 3.52 Å when qOS
= −0.666e (Resc-O).

Furthermore, when looking at the first peak of the RDFs, we
observe that it is far from being symmetric, and especially when
using the model where the partial atomic charge on the oxygen
has been rescaled. This means that two populations of water
molecules exist in the SO4

2−
first hydration shell. Therefore,

instead of considering the maximum of the peak as the mean
S−OW distance, we fitted the first peak using two Gaussian
functions, corresponding each to one population of water
molecules, as already done in the case of lanthanoid cations36

(Table 3). A good agreement is observed between the mean S−
OW distance calculated from MD simulations and those
available in the literature.7,10 Moreover, although the different
force fields tested do not provide the same S−OW radial
distribution functions (shape and centering), the mean S−OW

distances calculated using two Gaussian functions are the same,
i.e., 3.72−3.73 Å. The hydration number in the SO4

2−

Figure 1. Radial distributions functions (solid line) of (a) S−OW and (b) OS−OW calculated for the Resc-O (green) and Resc-S (red) models.
Corresponding coordination numbers are also shown (dashed lines).

Table 3. Hydration Properties Calculated for the SO4
2− Anion by Molecular Dynamics Simulations Using Explicit Polarizationa

model d(S−OW)
b d(OS−OW)

b CNc Dd

Resc-0 3.72(3.49/3.93) 2.92(2.75/3.00) 12.8(6.1/6.7) 2.4 × 10−9

Resc-S 3.73(3.54/3.85) 2.83(2.72/2.94) 12.7(4.9/7.8) 0.6 × 10−9

X-ray3,73−76 3.67−3.89 2.84−2.95 6.4−8.1

IR4 2.81 8.0 (fixed)

photoemission5

photodetachment6

LAXS10 3.61 2.86 12

MD simulations7 3.75 2.68 13.25 1.5 ± 0.6 × 10−9

CPMD9 8

QMCF MD simulations10 3.82 2.86 11.1
aValues of distance in parentheses are the maxima of the two Gaussian functions used to fit the RDF peak of the SO4

2−
first hydration shell. bIn Å.

cCoordination number calculated from the S−OW RDFs. dIn m2 s−1.
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coordination shell is the same whatever the force fields used.
Note that it is far from obvious to compare the coordination
number issued from MD simulations and the ones available in
the literature, since the latter are in the 6.4−13.2 range. This is
originated in the fact that, contrary to what is observed for the
cations, the hydration shells around the anions are less
structured.
Now looking at the OS−OW RDFs, the reverse observations

are made compared to the S−OW RDFs. Indeed, the mean OS−

OW distance calculated using the force field with the rescaled
charge on the sulfur atom provides smaller values than those
with rescaled atomic partial charges on the oxygen atom
(Figure 1). For these RDFs, the first peak is also asymmetric,
but this loss of symmetry seems to be less pronounced that the
one observed in the S−OW RDFs. As already done for the S−
OW RDFs, the first peak of the OS−OW RDFs has been fitted
by two Gaussian functions in order to take into account the
presence of the two populations of water molecules in the
SO4

2−
first coordination shell. The mean OS−OW calculated

using two Gaussian functions are in good agreement with the
ones available in the literature, since we calculated OS−OW =
2.91−2.92 and 2.83 Å when using the Resc-O and Resc-S
models, respectively. Contrary to the mean S−OW distances
calculated, here the change in the partial atomic charges has an
influence on the mean OS−OW distances. The difference in the
variation of the OS−OW distance compared to the S−OW as a
function of the model used (Resc-S or Resc-O) can be
explained as follows. The water molecules coordinate the SO4

2−

anion by their H atoms which are positively charged. Therefore,
decreasing the partial atomic charges on OS (i.e., from Resc-O
to Resc-S) will tend to decrease the OS−OW distance, that is
observed (Figure 1). However, decreasing the partial atomic
charges on OS implies an increase of the partial atomic charges
on S (from +0.66 to +1.06 e). This will thus tend to increase
the S−HW distance, and therefore increase the S−OW distance.
Furthermore, when increasing the partial atomic charge on S,
one may suggest that the S−OW distance will decrease, since
OW and S have opposite charges. For both reasons, and since
water molecules have the possibility to rearrange themselves in
the SO4

2−
first hydration shell because of the molecular

character of the SO4
2− anion, the mean S−OW distances

calculated using both models are almost the same (3.72−3.73
Å), since both effects may compensate each other. However,
differences in the mean S−OW distances calculated for the two
populations of water molecules in the SO4

2−
first hydration

shell are observed, i.e., 3.49 and 3.93 Å for the Resc-O model

and 3.54 and 3.85 Å for the Resc-S model, which reflects both
effects mentioned above. It can be noticed here that all of these
phenomena are many-body effects which are quite difficult to
explain, since several effects can compensate each other.
When comparing the OS−OW mean distances calculated by

MD simulations with the distances available in the literature,
one may conclude that the Resc-S best fits the available data.
However, one may be careful on the OS−OW distance
determined experimentally, since Vchirawongkwin et al. argued
that “The OS−OW distance cannot be distinguished from the OW−

OW distance in the LAXS experiment; the weighted mean O−O
distance is 2.880(10) Å”.10 This was also the case in our MD
simulations, since the mean OW−OW distance calculated using
the POL3 model of water is 2.80 Å, which is less than (but
close to) their experimental value (2.84 Å).
The self-diffusion coefficients have been calculated from the

trajectories by taking into account the hydrodynamical size box
correction.77 The self-diffusion coefficients calculated for the
SO4

2− are quite different for the two models: 2.4 × 10−9 vs 0.6
× 10−9 m2 s−1 for the Resc-O and Resc-S models, respectively.
The one calculated for the Resc-S model is therefore in good
agreement with the experimental self-diffusion coefficient (0.66
× 10−9 m2 s−1).24,78,79 The value is closer than the theoretical
value (1.5 × 10−9 m2 s−1) calculated by Cannon et al.7 Thus,
despite their similarity for the structure of the water solvation
shell, the two models differ for the solvation dynamics. The
Resc-S model with higher partial charges seems to have a more
rigid hydration shell so that the ion hydrodynamic radius is
bigger and the diffusion coefficient is smaller, in good
agreement with the experimental values.

Effect of the Polarization. Here, we look at the influence
of sulfur atomic polarizability on the hydration properties on
SO4

2−. This investigation was performed for the Resc-O model.
All of the observations made for this model are available for the
Resc-S model.
Outstanding questions remain in the literature concerning

the atomic polarizability of the sulfur atom in sulfate. Indeed,
Elking et al. argued that αS should be 1.2 Å3 instead of 2.7 Å3:
“The probed parameters predicted α = 1.2 Å3 for S in sulfate, while
the atom type (AT) parameters used a generic sulfur value of α =
2.7 Å3. The AT polarizability for S of 2.7 Å3 might be appropriate
for thiols, however sulfate S is oxidized which should shif t much of
the electron density to the oxygens thereby lowering the
polarizability of S”.80 Therefore, three atomic polarizablities of
S (αS) have been tested, i.e., 0, 1.2, and 2.7 Å3, keeping αOS

Figure 2. Radial distributions functions (solid line) of (a) S−OW and (b) OS−OW calculated for the Resc-O model using αS = 0.0 (blue), 1.2 (green),
and 2.7 (red) Å3. Corresponding coordination numbers are also shown (dashed lines).
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constant (αOS
= 0.434 Å3). As already mentioned above, the S−

OW and OS−OW RDFs present two well-defined peaks each
corresponding to the SO4

2−
first and second hydration shells

(Figure 2). No significant difference is observed whether on the
S−OW or OS−OW RDFs as a function of the atomic
polarizability used. This might be originated in the fact that
the water molecules interact with the sulfate anion by its
oxygen atoms and not the sulfur atom. Therefore, in the sulfate
anion, the sulfur atom is “hidden” by the oxygen atoms, which
implies a non-dependence of the hydration properties of SO4

2−

as a function of αS. One may think that only the atomic
polarizability of OS should have an influence on the SO4

2−

hydration properties.

■ SO4
2− ION PAIR

From the previous section concerning the force field that best
fits the SO4

2− hydration properties, we pointed out that the
Resc-S model seems to be the more appropriate for describing
the hydration properties of the sulfate anion in terms of S−OW

and OS−OW distances, and the self-diffusion coefficient.
Therefore, we now focus on the structural and thermodynam-
ical properties of three sulfate electrolytes in aqueous solution,
i.e., MgSO4, EuSO4

+, and UO2SO4, using the Resc-S model for
SO4

2−.
The Case of MgSO4. The McMillan−Mayer potentials Vij

MM

are deduced from the PMFs (Figure 3) taking into account the
long-range interactions, i.e., the Coulombian term

= +V V Vij ij ij
MM SR LR

(8)

where Vij
SR and Vij

LR stand for the short- and long-range
potentials, respectively, and

πε ε
=V

q q

r

1

4
ij

i j

ij

LR

0 r (9)

where εr is the dielectric constant of water. Therefore, at long
range, we assumed that the MM potential is equal to the
Coulombian potential. However, this last term depends on the
dielectric constant of the medium. In our case, as already
mentioned, two values of dielectric constants have been used in
order to calculate the long-range potential, i.e., εr = 78.4,55

which corresponds to the experimental value, and 126,56

corresponding to the POL3 model of water. The change in the

dielectric constants of water has an influence on the MM
potential, since at long range the PMF calculated is adjusted on
the Coulombian potential (Figure 3). Whatever the dielectric
constant of water used, we observe that the MM potential
follows the electrostatic term with however some fluctuations
corresponding to the different coordination modes of the
sulfate anion around the Mg2+ cation (Figure 3). Indeed, the
Mg2+ first coordination shell is characterized by three minima
(until about 4 Å), the second one is represented by two minima
(from 4.00 to 6.20 Å), and the third one is located between
6.20 and 8.45 Å. As expected, three stable configurations of the
SO4

2− anion in the Mg2+ first coordination shell are found,
corresponding to contact ion pairs (CIPs). Indeed, the first
minimum (2.26 Å) corresponds to the tridentate coordination
of SO4

2−, whereas the second (2.61 Å) and third (3.36 Å)
minima correspond to the bi- and monodentate coordinations,
respectively. All of the stable coordinations of SO4

2− in the
Mg2+ first coordination are presented in Figure 4. Concerning
the solvent separated pair (SSIP), three stable configurations
are observed, i.e., two (at 4.81 and 5.55 Å) in the Mg2+ second
coordination shell (Figure 4d and e) and one (at 7.15 Å) in its

Figure 3. Mg2+−SO4
2− McMillan−Mayer potentials (solid line) calculated using (a) εr = 78.455 and (b) εr = 126.56 Corresponding electrostatic

potentials (dashed line) and PMFs calculated from umbrella-sampling molecular dynamics simulations (dots) that do not include the configurational
entropic term are also shown.

Figure 4. Snapshots issued from molecular dynamics simulations
presenting the different Mg2+−SO4

2− ion pairs at the PMF minima
(Figure 3): contact ion pairs at (a) 2.26, (b) 2.61, and (c) 3.36 Å;
solvent-shared ion pairs at (d) 4.81 and (e) 5.55 Å; solvent separated
ion pair at (f) 7.15 Å. For the illustrations, Mg2+ is colored in green,
oxygen atoms in red, hydrogen atoms in white, and sulfur atom in
yellow.
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third (Figure 4f). These are typical SSIP configurations already
observed in the literature with H bondings between the water
molecules in the cation first coordination shell and the
anion.24,48,49,81−83

The association constant of the ion pair MgSO4 is calculated
from the McMillan−Mayer potential following eq 5. Since the
change in the dielectric constant of water has an influence on
the MM potential, it also has an influence on the value of the
ion pair association constant (Figure 5). Indeed, as expected,

increasing the value of the dielectric constant used for
calculating the MM potential tends to decrease the value of
the association constant calculated. The key question that one
may wonder concerns the choice of the cutoff distance in order
to calculate the pair association constant. Here, in the case of
MgSO4, it is far from obvious to estimate directly from the MM
potential the value of the cutoff distance. Indeed, depending on
this value, different association constants are calculated (Table
4). For both εr = 78.4 and 126, the first coordination shell

contributes to about 65% in the pair association constant,
whereas the second and third ones contribute for 19 and 16%,
respectively. Furthermore, from the association constants
calculated for both dielectric constants, changes in the
association constants are observed, since we calculated
K(εr=78.4) = 397 L mol−1 and K(εr=126) = 162 L mol−1 when

taking the Mg2+ first three coordination shells. Although both

association constants calculated are of the same order of
magnitude, it remains a factor of about 2.5 between both. Thus,
knowing the value of the dielectric constant of the model of
solvent used at the microscopic scale is crucial in order to
access the macroscopic properties.38 Here, taking into account
the value of the dielectric constant corresponding to the model
of water molecules used for the MD simulations (εr

POL3 = 126)
allows for recovering the experimental15,16 (K = 162 L mol−1)
and theoretical24 association constants. This quite high value of
the association constant reflects correctly the well-known
strong association of 2:2 electrolytes, such as MgSO4.

84

Heavy Metal Sulfate Salts. Here, we focus on the
influence of the nature of the cation on the association
constant with the sulfate anion. In order to look at this
influence, two other equilibria have been studied

++ − +Eu SO EuSO
K

3
4
2

4

Eu

(10)

++ −UO SO UO SO
K

2
2

4
2

2 4

UO2

(11)

As enlightened above, the choice of the dielectric constant in
the calculation of the association constant from the MM
potential is crucial. Thus, the association constants have been
calculated here using εr = 126. As observed in the case of Mg2+,
different coordinations of the sulfate anion are observed in the
cation first coordination shells.
In the case of the EuSO4

+ electrolyte, the three coordination
modes expected are observed, i.e., the tri- (at 2.75 Å), bi- (at
3.06 Å), and monodentate (at 3.75 Å) modes (Figure 6a).
Unfortunately, to our best knowledge, no data about the Eu3+−
SSO4

2− distance nor the coordination modes of SO4
2− in the Eu3+

first coordination shell has been found in aqueous solution.
This might be due to the fact that the europium sulfate salt
exists under the Eu2(SO4)3 form, which is a non-symmetric salt.
Furthermore, because of its very low solubility in water (3.2 ×

10−2 mol kg−1 at 298.15 K),32 one may understand the reason
why interatomic distances, e.g., Eu−SSO4

2−, have not been

determined in aqueous solution, from EXAFS measurements, as
an example. Indeed, this technique requires one to use a
minimum concentration of species, typically greater than 0.05−
0.10 mol L−1,37,85,86 in order to get a correct EXAFS signal,
which is used to extract the interatomic distances. Therefore, in
order to avoid the formation of the Eu2(SO4)3 complex, one
may perform the EXAFS experiments at a concentration of salt
much lower than the solubility. Nevertheless, the distances
calculated here (Eu3+−SSO4

2− = 2.75, 3.05, and 3.75 Å) could be

compared to the distances determined experimentally for the
Eu2(SO4)3·8H2O

87,88 and Eu2(C9H5N2O4)2(SO4)2(H2O)6·
6H2O

89 complexes in the solid state. For the Eu2(SO4)3·
8H2O complex, only the monodentate coordination of SO4

2− is
observed in the Eu3+ first coordination shell with Eu3+−SSO4

2− =

3.54 and 3.68 Å. Although the distance calculated from MD
simulations (Eu3+−SSO4

2− = 3.75 Å) is slightly larger than the

ones determined experimentally, we may consider that our
results are in agreement with the experimental values, since it is
well-known that the distances determined at the solid state are
generally smaller than the ones determined at the liquid state.
Concerning the Eu2(C9H5N2O4)2(SO4)2(H2O)6·6H2O com-
plex, only the bidentate coordination of SO4

2− is observed with
a Eu3+−SSO4

2− distance (3.18 Å) larger than the one calculated

from MD simulations (3.05 Å). The difference between both

Figure 5. Association constant as a function of the Mg2+−SSO4
2−

distance (solid line) calculated from the MM potentials using εr =
78.455 (blue) and 12656 (red). The experimental association constant
calculated by Akilan et al.16 is also shown (dashed line). Locations of
the Mg2+ coordination shells are also shown (dash-dot lines).

Table 4. Mg2+−SO4
2− Association Constants (in L mol−1)

Calculated as a Function of the Cutoff Distance and the
Dielectric Constant of Water

rcut1
a rcut2

b rcut3
c

εr = 78.4 259 334 397

εr = 126 106 137 162

Dunsmore et al.15 163 163 163

Akilan et al.16 162 ± 12 162 ± 12 162 ± 12

Dufreĉhe et al.24 170 170 170
aCutoff distance corresponding to the end of the Mg2+ first (4.00 Å).
bSecond (6.20 Å) coordination shell. cThird (8.45 Å) coordination
shell.
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distances may be originated in the presence of a sterically
hindered 1H,3H-benzimidazol-3-ium-5,6-dicarboxylate ligand
in the Eu3+ first coordination, which tends to increase all the
distances with Eu3+ compared to the liquid state. Therefore,
both the solid state of the complexes and the presence of
sterically hindered ligands in the Eu3+ first coordination shell
make the comparison with the experiments quite difficult.
Contrary to what we observe in the case of MgSO4, the

choice of the cutoff distance in the calculation of the association
constant for the EuSO4

+ salt is not as important, since we
calculated similar association constants whatever the cutoff
value (Table 5). Indeed, when looking at the variation of the

EuSO4
+ association constant calculated as a function of the

coordination shell considered, we observe a variation of the
pKEu from 3.86 to 3.87 for the first to the third coordination
shell. These values of association constants are in good
agreement with the experimental values, i.e., pK = 3.78 ±

0.0619 and 3.72.18 It can be noticed here that, in the case of the
EuSO4

+ ion pair, it seems that the first coordination shell

association contributes for more than 99% of the total ion pair
association.
In the case of UO2

2+, only the bidentate (dU−S = 3.03 Å) and
monodentate (dU−S = 3.69 Å) coordination modes are observed
(Figure 6b). These two coordination modes and the distances
calculated between UO2

2+ and SO4
2− are in good agreement

with the experimental calculated via EXAFS,90,91 i.e., 3.08−3.12
and 3.57−3.67 Å for the bidentate and monodentate
coordination modes, respectively. Concerning the UO2SO4

ion pair, a similar behavior in the association constants
calculated from the MM potential is observed compared to
the MgSO4 salt. Indeed, here, the cutoff value chosen for the
calculation of the association constant has an effect on the value
of the association constant (Table 5). Therefore, taking into
account the contribution of the three first coordination shells in
the calculation of the UO2SO4 association constant allows for
calculating pKUO2 = 2.07. Contrary to the MgSO4 and EuSO4

+

ion pairs, in the case of the UO2SO4 ion pair, the first
coordination shell does not contribute the most for the
calculation of the association constant, since we calculated
contributions of 32, 50, and 18% for the first, second, and third
coordination shells, respectively. This means that the UO2SO4

ion pair is here composed on 50% of solvent shared ion pairs
(like in Figure 4d and e), 32% of contact ion pairs (like in
Figure 4b and c), and 18% of solvent separated ion pairs (like
in Figure 4f). However, here, it is far from obvious to compare
the association constant calculated to the experimental values.
Indeed, numerous experimental values of the association
constant of UO2SO4 are reported in the literature and the
range of values is very wide, i.e., from 15 to 1390 L mol−1 (pK =
1.17 to 3.14).20,21,23 Nevertheless, it seems that the
experimental value of the association constant of UO2SO4 is
of the same order of magnitude as the one determined for the
MgSO4 ion pair, and about 1 order of magnitude smaller than
the EuSO4

+ one. In order to estimate the value of the
association constant of the UO2SO4 ion pair, the experimental
activity coefficients measured for the UO2SO4 ion pair92 have
been fitted using the AMSA approach (Figure 7). Fitting the
variation of the experimental activity coefficients as a function
of the square root of the concentration until a concentration of
electrolytes of 1 mol L−1 allows for calculating an association of
580 L mol−1, which corresponds to the experimental value
determined by Allen et al. by solvent extraction.22 However,
fitting the same curve until 2 mol L−1 allows for calculating an
association constant of 964 L mol−1, which is still of the same

Figure 6. (a) Eu3+−SO4
2− and (b) UO2

2+
−SO4

2− McMillan−Mayer potentials (solid line) calculated using εr = 126.56 Corresponding electrostatic
potentials are also shown (dashed line).

Table 5. Eu3+−SO4
2− and UO2

2+
−SO4

2− Association
Constants in log Scale Calculated as a Function of the
Locations of the Coordination Shells

EuSO4
+ UO2SO4

molecular dynamics (present
work)

3.86a/3.87b/3.87c 1.58a/1.98b/2.07c

99.4%a/0.4%b/0.2%c 32%a/50%b/18%c

AMSA (present work) 2.76d/2.98e

solvent extraction 3.5617

solubility measurements 3.7218

TRLIL (I → 0 M) 3.78 ± 0.0619

ab initio calculations 1.1728

calorimetry 1.81 ± 0.0420

TRLFS (I → 0 M) 2.45 ± 0.0521

solvent extraction 2.76 ± 0.0222

Donnan membrane
equilibrium

3.14 ± 0.0223

aCorresponds to first coordination shell of Eu3+ (ends at 4.30 Å) and
UO2

2+ (ends at 4.17 Å). bCorresponds to the second coordination
shell of Eu3+ (from 4.30 to 6.45 Å) and UO2

2+ (from 4.17 to 6.53 Å).
cCorresponds to the third coordination shell of Eu3+ (from 6.45 to
8.80 Å) and UO2

2+ (from 6.53 to 8.70 Å). dFitting until 1 mol L−1.
eFitting until 2 mol L−1.
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order of magnitude as the one calculated until 1 mol L−1, but is
almost twice. This means that, even using such an approach like
AMSA did not provide a clear picture of the association
between UO2

2+ and SO4
2−, which is generally not the case.24

This may be originated in the fact that, in addition to the
UO2SO4 species, the UO2(SO4)2

2− has to be considered as a
stable species (eq 2). Indeed, it has been reported in the
literature that the UO2(SO4)2

2− and UO2SO4 complexes both
exist in aqueous solutions and have almost the same energy.28

Therefore, the activity coefficients measured experimentally
may correspond to the two first equilibria (eqs 1 and 2) which
may increase the association constant associated.
As a conclusion, we observe that there are some differences

between all the electrolytes considered. First, association
constants of the same order of magnitude are calculated for
2:2 electrolytes even with different natures of cation
(monoatomic vs molecular). Moreover, increasing the charge
of the cation in the electrolyte tends to increase the association
of the pair. On the other hand, it seems that the nature of the
cation has an influence on the ion pair formation, since in the
case of monoatomic cations the contact ion pair (CIP)
contributes the most for the association, whereas it is the
solvent shared ion pair (SIP) in the case of the molecular cation
(UO2

2+).

■ CONCLUSION

In the present work, several polarizable force fields for
describing the hydration of the SO4

2− anion have been
developed and used. We enlighten that the atomic partial
charges on both the sulfur and the oxygen atoms have an
influence on the hydration properties of the sulfate anion.
Indeed, although the S−OW distances calculated as a function
of the force field tested do not vary much, as well as the
number of water molecules in the SO4

2−
first coordination shell

(about 13), the OS−OW distance calculated is influenced by the
partial atomic used in the model, since a change of about 0.10 Å
is observed. Furthermore, classical molecular dynamics
simulations of SO4

2− in aqueous solution have pointed out
that the hydration properties of SO4

2− do not depend on the
atomic polarizability of the sulfur atom, although outstanding

questions remain in the literature concerning the value of its
atomic polarizability in the sulfate anion.80

In addition, association constants of electrolytes of sulfate
have been calculated via the McMillan−Mayer theory. This
work pointed out quite strong associations between the sulfate
anion and different cations, i.e., Mg2+, Eu3+, and UO2

2+. Here,
we enlighten that the definition of the “ion pair” is far from
obvious, since different association constants can be calculated
as a function of what is considered as an ion pair, e.g., contact
ion pair (CIP), solvent shared ion pair (SIP), or solvent
separated ion pair (SSIP). Nevertheless, the association
constants calculated are in good agreement with the
experimental values, i.e., pK(MgSO4) = 2.21, pK(EuSO4

+) =
3.86, and pK(UO2SO4) = 2.07. However, differences are
observed in the values of the association constants as a function
of the nature of the cation, although it seems that the value of
the association constant mainly depends on the type of the
electrolyte. Indeed, in the case of 2:2 electrolytes, such as
MgSO4 and UO2SO4, association constants of the same order
of magnitude are calculated (pK around 2). The difference
between both 2:2 electrolytes may be originated in the
difference of the nature of the cation, one monoatomic
(Mg2+) and one molecular (UO2

2+). For the selected 3:2
electrolyte (EuSO4

+), a larger association constant is calculated
(pK(EuSO4

+) = 3.86), which is in good agreement with the
experimental ones.
Although the 2:2 electrolytes have similar thermodynamics

properties (association constants of the same order of
magnitude), it appears that, from an energetic point of view,
the MgSO4 electrolyte is closer to the EuSO4

+ one (compared
to the UO2SO4 electrolyte). Indeed, in the case of sulfate
electrolytes composed of a monoatomic cation (Mg2+ and
Eu3+), we observe that the ion pair that contributes the most for
the association is the CIP, whereas it is the SIP in the case of
UO2

2+. This might be originated in the molecular nature of the
uranyl cation.
Therefore, for a chosen anion, it appears that both the charge

and the nature of the cation have an influence on the ion pair
association. It seems, however, that the association is first
driven by the charge, and then by the nature (molecular or not)
of the cation.
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✷✾✽✳✶✺ ❦ ❝♦♠♣❛1✐/♦♥ ✇✐0❤ ✐/♦♣✐❡/0✐❝ ♠❡❛/✉1❡♠❡♥0/✳ ❏✳ ❈❤❡♠✳ ❙♦❝✳✱ ❋❛1❛❞❛②

❚1❛♥/✳✱ ✾✹ ✿✾✶✸✕✾✶✹✱ ✶✾✾✽✳

❬✶✷✷❪ ❩❤✐✲❈❤❛♥❣ ❲❛♥❣✳ ❘❡❧❛0✐♦♥/❤✐♣ ❛♠♦♥❣ 0❤❡ ❘❛♦✉❧0 ❧❛✇✱ ❩❞❛♥♦✈/❦✐✐✲❙0♦❦❡/✲

❘♦❜✐♥/♦♥ 1✉❧❡✱ ❛♥❞ 0✇♦ ❡①0❡♥❞❡❞ ❩❞❛♥♦✈/❦✐✐✲❙0♦❦❡/✲❘♦❜✐♥/♦♥ 1✉❧❡/ ♦❢ ❲❛♥❣✳

❏✳ ❈❤❡♠✳ ❊♥❣✳ ❉❛0❛✱ ✺✹ ✿✶✽✼✕✶✾✷✱ ✷✵✵✾✳

❬✶✷✸❪ ❏❡❛♥ ▲♦③❛1✳ ❚❤❡1♠♦❞②♥❛♠✐>✉❡ ❞❡/ /♦❧✉0✐♦♥/ ❡0 ❞❡/ ♠L❧❛♥❣❡/✳ ❊❧❧✐♣/❡/✱ ✷✵✶✸✳

❬✶✷✹❪ ❆♥0♦✐♥❡ a✐/❝♦♣♦✳ ▲❡ ❞✐♦①②❞❡ ❞❡ 0✐0❛♥❡ ✿ ❚✐❖2✳ ❤!!♣✿✴✴❛♥!♦✐♥❡✳♣✐+❝♦♣♦✳

❢.❡❡✳❢.✴❞✐♦①②❞❡✲❞❡✲!✐!❛♥❡✳❤!♠❧✳

❬✶✷✺❪ ❏✳ ❍✳ ❍✐❧❞❡❜1❛♥❞✱ ❏✳ ▼✳ a1❛✉/♥✐0③✱ ❛♥❞ ❘✳ ▲✳ ❙❝♦00✳ ❘❡❣✉❧❛1 ❛♥❞ 1❡❧❛0❡❞

/♦❧✉0✐♦♥/✳ ❱❛♥ ◆♦/01❛♥❞ ❘❡✐♥❤♦❧❞✳✱ ✶✾✼✵✳

❬✶✷✻❪ ❊✳❍✳ ❍❛✉❣❡ ❛♥❞ a✳❈✳ ❍❡♠♠❡1✳ ✷✲❞✐♠❡♥/✐♦♥❛❧ ❝♦✉❧♦♠❜ ❣❛/✳ a❤②/✳ ◆♦1✈✳✱

✺✭✸✲✹✮ ✿✷✵✾✱ ✶✾✼✶✳

❬✶✷✼❪ ❋✳ ▲❛❞♦✳ ❍②♣❡1♥❡00❡❞✲❝❤❛✐♥ /♦❧✉0✐♦♥/ ❢♦1 ✷✲❞✐♠❡♥/✐♦♥❛❧ ❝❧❛//✐❝❛❧ ❡❧❡❝01♦♥✲❣❛/✳

a❤②/✳ ❘❡✈✳ ❇✱ ✶✼✭✼✮ ✿✷✽✷✼✱ ✶✾✼✽✳

❬✶✷✽❪ ❏✳ ❈❤❛❧✉♣❛✳ ❊>✉❛0✐♦♥ ♦❢ /0❛0❡ ♦❢ ❛ ❝❧❛//✐❝❛❧ ❡❧❡❝01♦♥ ❧❛②❡1✳ a❤②/✳ ❘❡✈✳ ❇✱

✶✷✭✶✮ ✿✹✕✾✱ ✶✾✼✺✳

❬✶✷✾❪ ❊✳❋✳ ❞❡ ❙♦✉③❛✱ ●✳ ❈❡♦00♦✱ ❛♥❞ ❖✳ ❚❡/❝❤❦❡✳ ❉✐❡❧❡❝01✐❝ ❝♦♥/0❛♥0 ♠❡❛/✉1❡♠❡♥0/

♦❢ ✐♥0❡1❢❛❝✐❛❧ ❛>✉❡♦✉/ /♦❧✉0✐♦♥/ ✉/✐♥❣ ❛0♦♠✐❝ ❢♦1❝❡ ♠✐❝1♦/❝♦♣②✳ ❏✳ ▼♦❧✳ ❈❛0❛❧✳

❆ ❈❤❡♠✳✱ ✶✻✼✭✶✲✷✮ ✿✷✸✺✕✷✹✸✱ ✷✵✵✶✳
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❬✶✸✵❪ ❨✳❙ ❍♦ ❛♥❞ ● ▼❝❑❛②✳ 23❡✉❞♦✲3❡❝♦♥❞ ♦7❞❡7 ♠♦❞❡❧ ❢♦7 3♦7♣<✐♦♥ ♣7♦❝❡33❡3✳

27♦❝❡33 ❇✐♦❝❤❡♠✐3<7②✱ ✸✹✭✺✮ ✿✹✺✶ ✕ ✹✻✺✱ ✶✾✾✾✳





▲✐"#❡ ❞❡" ❆❜()✈✐❛#✐♦♥"

∆❙ ❊♥#$♦♣✐❡

∆r● ❊♥#❤❛❧♣✐❡ ❧✐❜$❡ ❞❡ ●✐❜❜/

∆sol❍
0
❊♥#❤❛❧♣✐❡ /#❛♥❞❛$❞ ❞❡ /♦❧✈❛#❛#✐♦♥

γi ❈♦❡✣❝✐❡♥# ❞✬❛❝#✐✈✐#6 ❞❡ ❧✬✐♦♥ i ❡♥ /♦❧✉#✐♦♥

κ ❉✐/#❛♥❝❡ ❞❡ ❉❡❜②❡

λ ❈♦♥/#❛♥#❡ ❞❡ /♦❧✉#✐♦♥ $6❣✉❧✐;$❡

νi ❈♦❡✣❝✐❡♥# /#♦❡❝❤✐♦♠6#$✐=✉❡ ❞❡ ❧✬✐♦♥ i

ω ❈♦♥❝❡♥#$❛#✐♦♥ ❞❡ ❧❛ ❝❤❛$❣❡ ❝❛#✐♦♥✐=✉❡ ❞❡ ❧❛ /♦❧✉#✐♦♥

γi ❈♦❡✣❝✐❡♥# ❞✬❛❝#✐✈✐#6 ❞❡ ❧✬✐♦♥ i ❞❛♥/ ❧❡ /♦❧✐❞❡

νi ❱♦❧✉♠❡ ♠♦❧❛✐$❡ ♣❛$#✐❡❧ ❞❡ ❧✬✐♦♥ i

ai ❆❝#✐✈✐#6 ❞❡ ❧✬✐♦♥ i ❞❛♥/ ❧❡ /♦❧✐❞❡

φ ❈♦❡✣❝✐❡♥# ♦/♠♦#✐=✉❡

ρ ❉❡♥/✐#6 ❞✉ /♦❧✈❛♥#

ρi ❈♦♥❝❡♥#$❛#✐♦♥ ❡♥ ♣❛$#✐❝✉❧❡/·♠−3

ε0 @❡$♠✐#✐✈✐#6 ❞✉ ✈✐❞❡

εr ❈♦♥/#❛♥#❡ ❞✐6❧❡❝#$✐=✉❡ ❞❡ ❧✬❡❛✉

ai ❆❝#✐✈✐#6 ❞❡ ❧✬✐♦♥ i ❡♥ /♦❧✉#✐♦♥

aw ❆❝#✐✈✐#6 ❞❡ ❧✬❡❛✉

e ❈❤❛$❣❡ 6❧6♠❡♥#❛✐$❡

I ❋♦$❝❡ ✐♦♥✐=✉❡



✶✾✵ ❇✐❜❧✐♦❣)❛♣❤✐❡

Kasso ❈♦♥#$❛♥$❡ ❞✬❛##♦❝✐❛$✐♦♥ ❞✬✉♥ ,❧❡❝$.♦❧②$❡

kB ❈♦♥#$❛♥.❡ ❞❡ ❇♦❧$③♠❛♥♥

KD ❋❛❝$❡✉. ❞❡ ❞✐#$.✐❜✉$✐♦♥

Ki ❈♦♥#$❛♥$❡ ❞✬,5✉✐❧✐❜.❡ ❞❡ ❧❛ .,❛❝$✐♦♥ i

LB ▲♦♥❣✉❡✉. ❞❡ ❇❥❡..✉♠

mi ❈♦♥❝❡♥$.❛$✐♦♥ ♠♦❧❛❧❡ ❞❡ ❧❛ #♦❧✉$✐♦♥ ✭♠♦❧·❦❣−1
✮

m0
i ❈♦♥❝❡♥$.❛$✐♦♥ ♠♦❧❛❧❡ ❞❡ ❧✬,❧❡❝$.♦❧②$❡ ♣✉.❡♥ #♦❧✉$✐♦♥

Ni ◆♦♠❜.❡ ❞❡ ♣❛.$✐❝✉❧❡# ❞❡ i

T ❚❡♠♣,.❛$✉.❡ ❛❜#♦❧✉❡ ✭

0
❑✮

V ❱♦❧✉♠❡ ❞❡ #♦❧✉$✐♦♥

Xi ❋.❛❝$✐♦♥ ♠♦❧❛✐.❡ ❞❡ ❧✬❡①♣B❝❡ ♦✉ ✐♦♥ i

zi ❈❤❛.❣❡ ❞❡ ❧✬✐♦♥ i

❆▼❙❆ ❆##♦❝✐❛$✐✈❡ ▼❡❛♥ ❙♣❤❡.✐❝❛❧ ❆♣♣.♦①✐♠❛$✐♦♥

❆❚● ❆♥❛❧②#❡ ❚❤❡.♠♦❣.❛✈✐♠,$.✐5✉❡

❈ ❈♦♥❝❡♥$.❛$✐♦♥ ♠♦❧❛✐.❡ ❞❡ ❧❛ #♦❧✉$✐♦♥ ✭♠♦❧·▲−1
✮

❈❊❈ ❈❛♣❛❝✐$, ❞✬,❝❤❛♥❣❡ ❝❛$✐♦♥✐5✉❡ ✭♠♦❧·❣−1
✮

❉❍ ❉❡❜②❡✲❍M❝❦❡❧

❉❘❳ ❉✐✛.❛❝$✐♦♥ ❞❡# .❛②♦♥# ❳

▲❘ ▲❡✇✐#✲❘❛♥❞❛❧❧

♠ ▼❛##❡ ❞❡ ♣♦✉❞.❡ ❞❡ ♥♦♥❛$✐$❛♥❛$❡ ❞❡ #♦❞✐✉♠

▼w ▼❛##❡ ♠♦❧❛✐.❡ ❞❡ ❧✬❡❛✉

▼❊❇ ▼✐❝.♦#❝♦♣✐❡ ,❧❡❝$.♦♥✐5✉❡ R ❇❛❧❛②❛❣❡
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▼❊❚ ▼✐❝%♦'❝♦♣✐❡ *❧❡❝,%♦♥✐.✉❡ 0 ,%❛♥'♠✐''✐♦♥

▼❑4 ▼

c
❑❛②✲4❡%%✐♥❣

▼▼ ▼❝▼✐❧❧❛♥✲▼❛②❡%

▼❙❆ ▼❡❛♥ ❙♣❤❡%✐❝❛❧ ❆♣♣%♦①✐♠❛,✐♦♥

◗ads ◗✉❛♥,✐,* ❞✬✐♦♥ ❛❞'♦%❜*❡ ✭♠♦❧·❣−1
✮

❙❋ ❋❛❝,❡✉% ❞❡ '*♣❛%❛,✐♦♥

❯ ❊♥❡%❣✐❡ ✐♥,❡%♥❡

❩❙❘ ❩❞❛♥♦✈'❦✐✐✲❙,♦❦❡'✲❘♦❜✐♥'♦♥





❘!"✉♠! ✿ ▲✬♦❜❥❡❝'✐❢ ❞❡ ❝❡''❡ '❤,-❡ ❡-' ❞✬.'✉❞✐❡0 ❧❛ ❞.❝♦♥'❛♠✐♥❛'✐♦♥ ❡♥ ✐♦♥-

❞❡ -♦❧✉'✐♦♥- ❛5✉❡✉-❡- ♣❛0 ❧❡- ♦①②❞❡- .❝❤❛♥❣❡✉0- ❞✬✐♦♥- ❡♥ -✬✐♥'.0❡--❛♥' ♣❧✉- ♣❛0✲

'✐❝✉❧✐,0❡♠❡♥' ; ❧✬❛❞-♦0♣'✐♦♥ ❞✉ -'0♦♥'✐✉♠ ♣❛0 ❧❡ ♥♦♥❛'✐'❛♥❛'❡ ❞❡ -♦❞✐✉♠✳ ▲❡ ❜✉'

❡-' ❞❡ ❞.✈❡❧♦♣♣❡0 ✉♥ ♠♦❞,❧❡ ♣0.❞✐❝'✐❢ 5✉✐ '✐❡♥♥❡ ❝♦♠♣'❡ ❞❡- ♣❤.♥♦♠,♥❡- ♣❤②-✐❝♦✲

❝❤✐♠✐5✉❡- ♠✐- ❡♥ ❥❡✉ ❡' ❞❡- .❝❛0'- ; ❧✬✐❞.❛❧✐'. ❞❛♥- ❧❛ -♦❧✉'✐♦♥✱ ♠❛✐- .❣❛❧❡♠❡♥' ❞❛♥-

❧❡ ♠❛'.0✐❛✉✳

?♦✉0 ❝❡❧❛✱ ❧❡ ❝❛❧❝✉❧ ❞❡- ❝♦❡✣❝✐❡♥'- ❞✬❛❝'✐✈✐'. ❞❡- ✐♦♥- ❡♥ -♦❧✉'✐♦♥ ❛ .'. ❝❛❧❝✉❧. ;

♣❛0'✐0 ❞✬✉♥❡ ❛♣♣0♦❝❤❡ ❜❛-.❡ -✉0 ❧❛ '❤.♦0✐❡ ▼❙❆ ✭▼❡❛♥ ❙♣❤❡0✐❝❛❧ ❆♣♣0♦①✐♠❛'✐♦♥✮ ♦F

❧❡- ♣❤.♥♦♠,♥❡- -♣.❝✐✜5✉❡- ❞✬❛--♦❝✐❛'✐♦♥ ♦♥' .'. ♣0✐- ❡♥ ❝♦♠♣'❡✳ ❈❡❧❛ ❛ ♣❡0♠✐- ❞❡

❝❛❧❝✉❧❡0 ❧❡- ❝♦❡✣❝✐❡♥'- ❞✬❛❝'✐✈✐'. ❞❡- ✐♦♥- ❞❛♥- ❧❡- ♠.❧❛♥❣❡- '❡0♥❛✐0❡-✳ ▲❛ ✈❛❧✐❞✐'. ❞❡-

❧♦✐- ❞❡ ♠.❧❛♥❣❡ ❞❡ ❩❞❛♥♦✈-❦✐✐✲❙'♦❦❡-✲❘♦❜✐♥-♦♥ ❡' ▼

c
❑❛②✲?❡00✐♥❣ ❛ .❣❛❧❡♠❡♥' .'.

♣0.❝✐-.❡✳ ❉❡✉① ♠♦❞,❧❡- ❞✬❛❝'✐✈✐'.✱ 0❡♣0.-❡♥'❛♥' ❧❡- ✐♥'❡0❛❝'✐♦♥- ; ❧♦♥❣✉❡- ❞✐-'❛♥❝❡-

❡' ; ❝♦✉0'❡- ❞✐-'❛♥❝❡-✱ ♦♥' .'. ✉'✐❧✐-.- ♣♦✉0 ❧✬.'✉❞❡ ❞❡- ✐♦♥- ❞❛♥- ❧❡ -♦❧✐❞❡✳ ▲❡-
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