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Chapitre 1

Problématiques liées au controle

1.1 Quelques différentes notions de controle

Le probleme direct pour une équation différentielle, ou pour une équation aux dérivées partielles est le suivant.
On se donne un systeme de la forme
{ Ovu = Afu, f) (1.1.1)

u(0) = uy,

ol pour tout ¢ > 0, u(t) est I'inconnue appartenant a un certain espace d’état H, 4 un opérateur qui décrit
le systéme, et f un terme source agissant sur le systéme. La question directe se traduit par : connaissant f et
les données initiales, est-on capable de retrouver 'inconnue u ? Est-elle continue par rapport aux données du
probleme ? En théorie du contrdle, les problématiques sont différentes. On considere ici la question dite de
contrdlabilité. On se donne une donnée intiale ug ainsi qu’un couple état cible-temps (ur,T'). Est-on capable
de trouver f appartenant a un certain espace de contrdle U (en d’autres termes, d’agir sur I’équation (1.1.1)
au travers d’'une source) de telle sorte que la solution u issue de la donnée initiale ug satisfasse u(T") = ur,
c’est-a-dire, contréler la solution pour qu’elle atteigne un état désiré a I'instant désiré? On renvoie au livre
de J.-M. Coron [Cor07] pour une exposition détaillée des notions de contrdle présentées dans cette partie.

Définition 1.1.1. On dit que le systéme (1.1.1) est exactement contrélable en temps T > 0, si pour toute
donnée initiale ug € H et pour tout état cible ur € H, il existe un contréle f € L*((0,T),U) tel que

D’autres notions de controlabilité existent. Nous pouvons donner par exemple :

Définition 1.1.2. On dit que le systéme (1.1.1) est approzimativerment contrélable en temps T > 0, si pour
toute donnée initiale ug € H, pour tout état cible ur € H, et pour toute précision € > 0, il existe un controle
f € L?(0,7),U) tel que

HU(T) - UT||H <e.

Ou encore, la notion de controlabilité aux trajectoires. L’espace des états cibles que ’on souhaite atteindre
est celui de I'ensemble des états “naturellement” atteints par I’équation libre.

Définition 1.1.3. On dit que le systéme (1.1.1) est contrélable aux trajectoires en temps T > 0, si pour tout
couple de données initiales ug,vo € H, il existe un contréle f € L?((0,T),U) tel que uw(T) = v(T), ot v est
solution de l’équation Oyv = A(v,0), avec v(0) = vy.

En fait, dans le cas d’un systeme d’équations différentielles ordinaires linéaires en dimension finie de la
forme

(1.1.2)

Oiu = Au+ Bf
u(0) = uyg,
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ot A et B sont des matrices de tailles respectives d x d et d x m, u(t) € RY, et f(t) € R™, ces trois notions
de controlabilité sont équivalentes. Ce n’est plus le cas dans le cadre des équations aux dérivées partielles.
Nous y reviendrons plus tard. Un critére de controlabilité exacte pour le systeme (1.1.2) existe et fournit une
condition nécessaire et suffisante. C’est le critére dit de Kalman.

Théoréme 1.1.1 (Critere de Kalman en dimension finie [LaS60, KHNG63]). Le systéme (1.1.2) est exzactement
controlable en temps T' > 0 si et seulement si

Rank ( A| BA|... | B¥'A ) =dimH =d. (1.1.3)

De ce théoreme, on peut déduire la propriété suivante. Si le systéeme est controlable en un certain temps
T > 0, alors il est contrélable pour tout temps 77 > 0, car le critere ne dépend pas du temps T > 0 choisi.
Toutefois, il ne précise pas comment le controle dépend du temps. Dans le cadre d’équations aux dérivées
partielles, certains systémes ne sont pas exactement controlables pour tout temps 7' > 0 (on parle alors de
temps minimal de controle). C’est notamment le cas pour les équations de type hyperbolique, car 'influence
du controle est limitée par la vitesse finie de propagation. De plus, nous verrons que 'on peut quantifier la
dépendance en temps des controles, par exemple dans le cadre de ’équation de la chaleur.

Ces notions de controle présentent un certain défaut : elles dépendent fortement de la donnée initiale, et ne
dépendent pas de I’état du systeme lorsque 0 < ¢ < T'. Il est souvent important de considérer des problemes
avec rétro-action (ou feedback), ou le controle agit sur le systéme en répondant en continu au systéme,
en fonction de I’état de la solution a cet instant. C’est notamment le cas lors de ’étude de problemes de
stabilisation. De tels systemes peuvent s’écrire sous la forme

Ou = A(u, f(u))
{ w(0) = o, (1.1.4)

Définissant une fonctionnelle (une énergie) dépendant de la solution w de (1.1.4), on s’intéresse alors aux
propriétés de décroissance de cette fonctionnelle. Cette notion de stabilisation sera largement étudiée dans
ce mémoire, dans le cadre de 1’équation des ondes, ainsi que certaines questions de controlabilité pour la
chaleur.

1.2 Du controle vers ’observabilité

Dans ce chapitre, nous présentons comment la notion de contrélabilité a zéro peut étre réduite a I'obtention
d’une inégalité fonctionnelle, dite d’observabilité, par une argument de dualité. Ces inégalités jouent un role
central dans ’étude du controle et de la stabilisation des équations aux dérivées partielles. En effet, construire
un controle est en général un probleme difficile. Par contre, beaucoup d’outils existent pour démontrer des
inégalités fonctionnelles, telles que les inégalités d’énergie, de Carleman, d’Ingham, ou encore de Garding.

On se place dans le cadre suivant :

{ O = Au+ Bf, (1.2.1)

u(0) =uo € H,

oll A est un opérateur agissant sur un espace de Hilbert H, de domaine D(A) C H. On suppose que A est le
générateur d’un semi-groupe fortement continu, noté S(¢). On supposera que lopérateur de contrdle B agit
sur Pespace des controles U, et on supposera de plus que B € L(U, H), pour plus de simplicité. On notera
que cette condition peut étre relaxée, il faut alors remplacer la continuité de I'opérateur B par la condition
dite d’admissibilité (voir le livre de Tucsnak et Weiss [TW09] pour plus de détails). C’est notamment utile
lorsque ’on souhaite controler une équation aux dérivées partielles par le bord du domaine. C’est par le biais
de cet opérateur que I'on peut agir sur le systeme, et en général, celui-ci restreint les possibilités d’action. Un
exemple courant d’opérateur B est la multiplication par une fonction indicatrice d’un sous-domaine. Ainsi,
notre action sur le systeme est limitée dans I’espace. On introduit la notion de controlabilité a zéro.



1.2. DU CONTROLE VERS L’'OBSERVABILITE

Définition 1.2.1. On dit que le systéme (1.2.1) est contrélable a zéro en temps T > 0, si pour toute donnée
initiale ug € H, il existe un controle f € L2((0,T),U) tel que

u(T) = 0.

En dimension finie, pour des équations linéaires, toutes les notions de controlabilité présentées dans la
section 1.1 sont équivalentes. Dans le cadre d’équation aux dérivées partielles linéaires, la controlabilité aux
trajectoires et la controlabilité a zéro sont toujours équivalentes. Dans le cadre d’équations dissipatives,
du type équation de la chaleur linéaire par exemple, 'effet régularisant fait qu’il est impossible d’atteindre
n’importe quel état de L?(Q2). La controlabilité & zéro de 1’équation de la chaleur n’est donc pas équivalente
a la controlabilité exacte. Pour des équations réversibles en temps, du type équation d’ondes linéaire par
exemple, la controlabilité a zéro est équivalente a la contrélabilité exacte. La controlabilité a zéro reste donc
une notion centrale.

Gréce aux hyptoheses faites sur S(¢) et B, on peut écrire la solution de (1.2.1) au moyen de la formule
de Duhamel

t
u(t) = S(t)uo + / S(t —s)Bf(s)ds. (1.2.2)
0
On introduit le probleme adjoint
O = —A*v,
{ o(T) = vp € I (1.2.3)

Ce probléeme est bien posé, et on note $*(t) le semi-groupe fortement continu généré par 'opérateur A*. La
notion d’observabilité du systeme (1.2.3) est donnée par la définition suivante.

Définition 1.2.2. On dit que le systeme (1.2.3) est observable en temps T > 0 s’il existe une constante
Cr > 0 telle que pour tout vy € H, la solution du probléme adjoint (1.2.3) vérifie l'inégalité suivante

15" (Dorlli < CrllB*S* @)vrllzzom.0)- (1.2.4)

On notera que 'on a S*(T)vr = v(0), ou v est la solution du probléme adjoint (1.2.3). L’intérét principal
de l'inégalité d’observabilité pour un systeme adjoint réside dans son lien avec la contrélabilité a zéro du
systeme initial. Plus précisément, on a le résultat suivant.

Théoreme 1.2.1. La controlabilité ¢ zéro au temps T > 0 du systéme (1.2.1) est équivalente a [’inégalité
(1.2.4) avec une constante Cp > 0. Dans ce cas, il existe une application linéaire et continue qui & la donnée
initiale ug € H du probléme (1.2.1) associe un contréle a zéro f € L2((0,T),U), qui vérifie

11l z2(0,m),07 < Crlluo||a- (1.2.5)

Une caractéristique remarquable de ce théoreme est que la constante impliquée dans 'inégalité d’obser-
vabilité est précisément la méme que celle impliquée dans 'inégalité (1.2.5). Une preuve de ce résultat est
basée sur le lemme d’analyse fonctionnelle abstrait suivant, prouvé par Douglas [Dou66] et Dolecki-Russell
[DR77] (voir aussi [Cor07]).

Lemme 1.2.3. Soit H, Hy et Hy trois espaces de Hilbert, et
Ky:H, —H, Ky;:H,— H,
deux opérateurs linéaires continus. Alors on a équivalence entre :
1. K1(Hy) C Ky(Hs),
2. il existe un operateur continu ® : Hy — Hs tel que K1 = K50 @,

3. il existe M > 0 tel que
KT e,y < MK 2m,m,)- (1.2.6)
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Si de plus, le point (2) est vérifié, on peut choisir M = |||®|||z(q,,#,) dans (1.2.6). Réciproquement, prenant
pour M dans (1.2.6) la meilleure constante possible, alors on peut trouwver un opérateur ® pour le point (2)
tel que [|[®|[|zmy 1) = M.

En effet, si on définit les opérateurs

T: H—H Tp: L2((0,T),U) —s H
ug — S(T)uyg, fr— fOT S(T — s)Bf(s)ds,

la controlabilité & zéro du probleme (1.2.1) est équivalente & montrer, d’apreés la formule de Duhamel (1.2.2),
Vinclusion Ty (H) C T2(L?((0,T),U)). Un calcul de Ty et Ty montre alors que (1.2.6) est précisément
I'inégalité d’observabilité (1.2.4).

Une autre conséquence importante de ce lemme est 'unicité du controle f associé a la meilleure constante
dans (1.2.5). En effet, prenons la meilleure constante C > 0 dans 'inégalité (1.2.6). D’apres le lemme 1.2.3,
on peut construire un opérateur ®; tel que |||®1|||z(#,z2(0,r),v) = Cr. Supposons que I'on peut construire
une autre application de controle ®, telle que |[||®2|||z(#,12((0,7),0) = Cr donnée par le point (2) du lemme
1.2.3. Alors I'application P = %(Cl)l + ®5) fournirait aussi un controle, mais avec une norme plus petite, par
stricte convexité des boules dans un espace de Hilbert. Ainsi, on obtient ® = &; = ®s.

Nous citerons aussi la méthode classique, tirée de [Lio88], dite H.U.M. (Hilbert Uniqueness Method),
qui permet aussi de montrer le passage de I'observabilité vers la controlabilité a zéro. Il faut pour cela faire
I'hypothese d’unicité rétrograde du systeme adjoint (1.2.3), c’est-a-dire, si la solution v du probleme (1.2.3)
vérifie v(0) = 0, alors v(t) = 0 pour tout ¢ € (0,T). Notons, qu’en pratique, la plupart des problemes vérifient
cette condition, sous des hypothese raisonnables de régularité des coefficients. Supposons que l'inégalité
d’observabilité (1.2.4) est vérifiée. Prenant le produit scalaire du probleéme adjoint (1.2.3), avec la solution u
du probléme direct (1.2.1), on a

(), = [ (o),

_ /OT (v Au+Br) + (o(T),u(D)) = (v(0),u(0))

H

B /OT <U,Au+Bf)H + (v(T),u(T)) - (’U(O),U(O)) ,

et on obtient ainsi

/OT (B*uf)U - (vT,u(T))H - (U(O),uO)H, 12.7)

Considérons 1’équation variationnelle suivante

a(vp,vy) = L(vy), vp, v} € H, (1.2.8)
avec

T
a(vk, v2) = / (B*S*(T — {)ok, B*S*(T — t)v%)dt, (k) = (s*(T)v;, uo).
0

On peut montrer que la forme bilinéaire a définit un produit scalaire sur H, en utilisant ’hypothése d’unicité
rétrograde du probleme adjoint (1.2.3), la continuité de B et I'observabilité (1.2.4). Ainsi, la norme associée
définit une norme sur ’espace de Hilbert H, et on notera H le complété de H pour cette norme. L’application
¢ étant continue sur H pour cette norme, on peut la prolonger de maniére unique en une application (encore
notée ¢) continue sur H. o
Le théoreme de représentation de Riesz fournit 'existence et 'unicité d’une solution vy € H a 1’équation

variationelle B
a(vr,vy) = L(v}), Vui € H.
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1l suffit alors de prendre f(t) = B*S*(T — t)vr, ot 'on a noté B*S*(T — t) 'unique application linéaire
continue sur H qui coincide avec B*S*(T —t) sur H. On a ainsi,

[ (Beg), = (ww),, (1.29)

Ceci, combiné a (1.2.7), montre que (vT,u(T))H = 0, pour tout vr € H. Ainsi u(T) = 0 et f est bien un

contrdle a zéro pour le probleme initial (1.2.1).
On peut aussi montrer que la méthode H.U.M. présentée ci-dessus, en plus de fournir ’existence d’un controéle
si I'inégalité (1.2.4) est satisfaite, fournit le contréle qui minimise la norme || f||z2((0,7),0)-

1.3 Controlabilité a zéro de I’équation de la chaleur

Nous avons vu que les problemes de controle sont équivalents a des inégalités dites d’observabilité portant sur
les solutions du probleme adjoint. Pour la controlabilité a zero de la chaleur, nous citerons I’article de Lebeau
et Robbiano [LR95] ainsi que larticle de Fursikov et Imanuvilov [FI96]. Dans ce mémoire, pour les résultats
de controle de 'équation de chaleur, nous suivrons la stratégie de [LR95, JL99, LZ98], qui passe par 'obten-
tion d’une inégalité portant sur les sommes finies de fonctions propres du Laplacien. Cette inégalité, appelée
inégalité spectrale, est la conséquence d’inégalités de Carleman pour des opérateurs elliptiques. Néanmoins,
d’apres la section précédente, la controlabilité a zéro de ’équation de la chaleur peut aussi étre démontrée par
Pobtention directe d’une inégalité d’observabilité pour le probléeme adjoint, méthode employée dans [F196].
Elle passe par 'obtention d’une inégalité de Carleman parabolique.

Soit € un ouvert borné lisse de R? et w un sous ouvert non-vide de €. On s’intéresse a I'équation de la
chaleur suivante :
Ou — Au = x,,f dans (0,7) x Q
Uj,, =0 sur (0,7) x 09 (1.3.1)
Uj,_, = Uo sur €2,

olt x € C§°(w), et f € L2((0,T) x Q). Le Laplacien —A de Dirichlet étant un opérateur auto-adjoint, positif &
résolvante compacte, il admet une décomposition spectrale (A;, ¢,), 7 € N, avec les valeurs propres satisfaisant

0< X< A <. A — +00, (1.3.2)

et les fonctions ¢; qui forment une base de Hilbert de L?(£2).

1.3.1 Inégalité spectrale

Un résultat clé dans la construction du controle f est 'inégalité suivante portant sur les fonctions propres
du Laplacien.

Théoréme 1.3.1 ([LR95],[JLI9], [LZ98]). Il existe C > 0 tel que pour tout A > 1,
2l 220y < €“YM |2l 2y, 2 € Vect{r, Ak < A} (1.3.3)

C’est une inégalité d’observabilité dans les espaces engendrés par les sommes finies de fonctions propres.
Une fonction de L?(2) ne pouvant pas étre uniquement déterminée par sa valeur sur un sous-domaine, il est
naturel que cette inégalité ne soit pas valable pour des séries de fonctions propres (méme convergentes), et
il est donc aussi naturel que la constante explose en ajoutant des fonctions propres. Il a été démontré dans
[JLI9] que la dépendance en A de la constante dans (1.3.3) est optimale. Plus précisément, on a le résultat
suivant.
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Proposition 1.3.1. Soit w un ouvert non-vide de ), tel que w # . Alors il existe deux constantes C > 0
et Ag > 0 telles que pour tout A > Ay, il existe z € Vect{pr, A\x < A} tel que

2|2 = CeCVA|2]| L2 ()

Une preuve du théoréme 1.3.1 est basée sur la remarque suivante. Soit Sy > 0. On introduit le cylindre
Z = (0,S5p) x Q, et pour 0 < o < Sp/2, on définit Y = («, Sy — ) x . Posons

Z sinh \/73 au () (13.4)

A <A

Ainsi, de telles fonctions w satisfont le probleme elliptique suivant

—92w — Aw =0 dans (0,.5p) x
W, =0 sur (0, Sp) x 09
w _, =0 sur 2 (1.3.5)

8 w|s N E)\k<A ak¢k sur 2.

Nous allons utiliser des inégalités d’interpolation de type Holder comme la proposition 1.3.2.

Le théoreme 1.3.1 est une conséquence de 'inégalité suivante, appelée inégalité d’interpolation. Ce type
d’inégalités apparaitra souvent dans ce mémoire. Elles permettent, en autres, de quantifier le prolongement
unique de solutions, et de propager de la petitesse d’'une zone de 'ouvert considéré a une autre.

Proposition 1.3.2. Soit w un ouvert non-vide de ). Il existe C > 0 et § € (0,1) tels que pour tout z € H?(Z)
tel que 2l (0,59 x00 = 0, on a

é
12l (vy < Cllzllgt ) (| = 822 = Azllia(z) + 121,20l w) + 105212 lL2()” -

La preuve de ce résultat est basée sur des inégalités de Carleman locales, a I'intérieur et au voisinage
des bords (—Sp, Sp) x 90 et {s = 0} x Q. C’est la stratégie que nous adopterons dans les chapitres 5 et 6.
On en déduit I'inégalité spectrale (1.3.3) en remarquant que l'on a, pour les fonctions définies en (1.3.4), les
relations du systéme (1.3.5), ainsi que

CVA||2]| 2

w12y Se @, zllEryy 2 w2 @) (1.3.6)

Une autre maniére d’obtenir des inégalités du type (1.3.3), est obtention d’inégalités dites de doublingponctuelles
en temps, pour les solution de 'équations de la chaleur. Cette méthode utilise les propriétés dites de log-
convexité de I’équation de la chaleur. Elle sera présentée succintement dans la partie Perspectives, et peut
présenter un réel avantage, car elle évite de passer par Popérateur elliptique augmenté d’une variable (1.3.5),

ce qui peut poser quelques problemes comme on le verra dans le chapitre 6.

1.3.2 De l’inégalité spectrale vers la construction du controle

On note S(t), t > 0, le semi-groupe engendré par le Laplacien de Dirichlet. On notera aussi
II, L2<Q) — Vect{q’)k, A < A},

le projecteur sur 'espace engendré par les sommes finies des fonctions propres associées aux valeurs propres
plus petites que la fréquence de coupure A. De I'inégalité spectrale, on en déduit le résultat d’observabilité
dans les espaces engendrés par les sommes finies de fonctions propres.
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Proposition 1.3.3. Soit A > 1. On a, pour tout T > 0,

1
1S(T) |20y < ﬁemnsmnm|L2<(O,T>Xw), (1.3.7)

pour tout u € L?(Q), ot C > 0 est la méme constante que celle de I’inégalité spectrale (1.3.3).

De ce résultat, on peut obtenir, par dualité, en utilisant le théoreme 1.2.1, le résultat de contrélabilité a
zéro partiel suivant pour le systeme (1.3.1).

Proposition 1.3.4. Soit A > 1. Il existe un contréle f € L*(Q) tel que la solution u du probléeme (1.3.1)
vérifie

yu(T) = 0.

On a de plus Uestimation suivante
1 CVA
[1f1lz2(0,m)x0) < e luol 2@,

pour toute donnée initiale ug € L*(2), et ot C > 0 est la constante de 'inégalité spectrale (1.3.3).

Un autre résultat important concerne une estimation sur la décroissance naturelle des solutions de la
chaleur appartenant & lorthogonal de Vect{¢x, A\x < A}.

Proposition 1.3.5. Soit A > 0. On a, pourt >0,
IS (Ad —TIa )uol|r2(0) < e M |Juol|z2(0),
pour tout ug € L*(9).

Cette décroissance joue un role fondamental dans la construction du contrdle a zéro de (1.3.1). L’idée est
de prendre une subdivision de I'intervalle [0,T] = Ujen[aj, a;+1], avec ag = 0 et une suite de A; telle que
A; — +o00. Sur chaque intervalle de temps [a;, a;11], avec j pair, on contréle & zéro les modes correspondant
a une valeur propre plus petite que Aj, en utilisant la proposition 1.3.4 (on l'appelle phase active ou de
contrdle), et sur chaque intervalle de temps [a;j,a;4+1] avec j impair, on laisse le semi-groupe agir via la
proposition 1.3.5 (phase passive ou de relaxation), en utilisant la décroissance naturelle. A cause de la phase
active, les modes appartenant a {¢, Ay > A;} sont perturbés, mais la dépendance en la fréquence de coupure
A; dans la proposition 1.3.4 est plus faible que dans la décroissance naturelle de la proposition 1.3.5, ce qui
permet d’ajuster la subdivision de telle sorte que le procédé converge. On peut ainsi montrer le théoreme
suivant.

Théoréme 1.3.2. Soit T > 0. Il existe une constante Cr > 0 telle que pour toute donnée initiale ug € L?(Q),
il existe un contréle f € L?((0,T) x ), tel que la solution u de (1.3.1) satisfait u(T) =0 et

112 0.1y x0) < Clluol|r2(a)-

En fait, dans le chapitre 6, dans le cadre de problemes singuliers, on obtiendra une inégalité spectrale plus
faible que (1.3.3) (voir le théoreme 3.4.1 dans l'introduction). Néanmoins, pour la construction du controle,
il suffit d’avoir

0
HZ||L2(Q) < eCA |‘Z||L2(w)7 z € Vect{@c, A < A}, (1.3.8)

avec 0 < 1.
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1.3.3 A propos de ’observabilité

Le théoreme 1.3.2 est équivalent a l'inégalité d’observabilité du probleme adjoint suivant :

Oiz+Az=0 dans (0,T) x Q
2y =0 sur (0,T) x 09 (1.3.9)
Z|per = 2T sur

Théoréme 1.3.3. Il existe une constante Cp > 0 telle que

/QIZ(O)I2 SCT/OT/U;|Z|2, (1.3.10)

pour tout z solution du probleme adjoint (1.3.9), avec donnée initiale vy € L?(12).

Depuis 'inégalité spectrale, la méthode de contrdle/relaxation construit directement un contréle. Une
autre méthode proposée par L.Miller [Mil10], consiste & réaliser le méme travail, non pas du c6té du controle,
mais du coté de ’observabilité.

On citera aussi la méthode développée par Fursikov et Imanuvilov [FI96], développée indépendamment de
[LR95], qui consiste en I'obtention d’une inégalité de Carleman parabolique, qui implique 1'inégalité d’obser-
vabilité. Une breve introduction & la construction du poids de Carleman est fournie dans le chapitre 2.

1.3.4 A propos de l’inégalité spectrale dans R?

La constante C' > 0 dans l'inégalité spectrale 1.3.3 dépend fortement de la zone d’observabilité w, mais,
pour des domaines Q bornés, I'inégalité est toujours vérifiée pourvu que w soit un ouvert non-vide. Sur R?,
on renvoie & l'article de J. Le Rousseau et I. Moyano [LRM16]. En notant Bga(y,r) la boule ouverte de
dimension d centrée en y € R? et de rayon r > 0, les auteurs imposent la condition géométrique sur I'ouvert
d’observabilité w suivante

36,7 >0, Vy e RY, Iy € w, Bra(y',r) Cwet |y —y| <6. (1.3.11)
Théoréme 1.3.4. Soit w un ouvert de R? vérifiant la condition (1.3.11). Alors il existe C' > 0 tel que
ull 2 ey < €NV [Jul| L2, (1.3.12)

pour tout N € RY, et pour tout u € L*(R?) telle que suppi C Bra(0, N).

Dans [LRM16], les auteurs utilisent une inégalité de Carleman globale sur R? (en effet, des inégalités
locales ne peuvent étre recollées, car R? n’est pas un ensemble compact), et utilisent la condition (1.3.11)
pour construire la fonction poids. Cette condition géométrique se traduit par le fait que tout point de R?
doit étre & distance fixe § d’une partie de l'ouvert w suffisamment grosse (c’est-a-dire qu’elle contient une
boule de rayon fixé ). On peut tout de méme se poser la question du caracteére optimal d’une telle condition
géométrique. On apporte ici une réponse partielle.

Soit w un ouvert de R?. Supposons qu'il existe une suite (yx)ren C R? telle que pour tout ¢’ € w, on a
lyk — '] > d, (1.3.13)

avec dj, — +oo lorque k — +o0. Cette condition traduit le fait qu’il existe des parties de R? arbitrairement
loin de l'ouvert d’observabilité w. La proposition suivante montre que l'inégalité spectrale donnée par le
théoreme 1.3.4 ne peut étre vraie pour de tels ouverts w. La preuve de ce résultat est donnée en appendice.

Proposition 1.3.6. Soit w vérifiant (8.A.1). Pour tout k € N, il existe Ny € R et fi € L?(R?) tels que
supp fr C B(0, Ny) vérifiant
fellz2ey 2 €N fill 2wy

10
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1.4 Stabilisation des ondes

Une autre part importante de ce mémoire concerne la stabilisation de I’équation des ondes. Soit €2 un ouvert
borné et régulier de R? et w un sous-ouvert de Q. Pour g une métrique Riemannienne sur R?, on considere
I’équation des ondes amorties suivante

Zu— ANy +a()du=0 R xQ,
Ul,—y = U0, atuh:o = ui, (1.4.1)
=0.

Ulpq

ot A, est opérateur de Laplace-Beltrami associé a la métrique g, et oll a est une fonction bornée positive,
satisfaisant a(x) > C > 0, pour x € w. Multipliant (1.4.1) par d;u et intégrant sur (2, on obtient

1d
57 (V)20 + 0] 2 ) ) = —lla* @)dru(®) |32y <0,

ou V, représente le gradient associé & la métrique g. Définissant I’énergie du systeme (1.4.1) par
E(u,t) = ||V gull72q) + 100720y,

on obtient la décroissance en temps de E(u,t). En utilisant les propriétés de semi-groupe du générateur des
ondes, ainsi qu'un résultat de prolongement unique, on peut montrer que E(u,t) — 0 lorsque ¢ — +o0.
Une question naturelle est donc 1’étude de la vitesse de convergence de cette énergie, c’est-a-dire obtenir une
estimation du type

E(u,t) < f(t)G(ug,u1),

ou f est une fonction décroissante qui tend vers zéro en l'infini, et g une fonction. En fait on peut montrer
que si G(ug,u1) = E(u,0), c’est-a-dire, que si la vitesse de décroissance est uniforme en la donnée initiale,
on a toujours

E(u,t) < Ce “E(u,0), (1.4.2)

grace aux propriétés de semi-groupe des ondes. Depuis les travaux de [RT74] et [BLR9I2|, on sait que
la décroissance exponentielle de 1’énergie (1.4.2) est reliée & la condition de contrdle géométrique : toute
géodésique généralisée doit entrer dans la zone de controle w en temps fini.

1.4.1 Condition de contrdle géométrique
La condition de controle géométrique peut s’écrire de la manieére suivante.

Définition 1.4.1 (Condition de Controle Géométrique (GCC)). On dit que le terme d’amortissement a €
C°(Q) satisfait la condition de contréle géométrique si pour toute géodésique généralisée RT > t v x(t), il
existe t > 0 tel que a(z(t)) > 0.

Les géodésiques généralisées coincident avec les géodésiques loin du bord, et suivent les lois de 'optique
géométrique (Snell-Descartes) quand elles intéragissent avec le bord, pour des conditions de Dirichlet ou de
Neumann homogenes. Nous renvoyons aux travaux de Melrose et Sjostrand [MS78, MS82], et Hormander
[Hor07], section 24.3.

Pour une approche utilisant les mesures de défaut microlocales, introduites par P. Gérard et L. Tartar
[Gér91, Tar90], nous citerons [Leb96, BGE97]. Nous expliquons ici brievement les idées, dans le cas d’une
variété Riemannienne sans bord (M, g), pour éviter les complications liées & l’analyse pres du bord.

Théoréme 1.4.1 (P. Gérard, L. Tartar). Soit M une variété compacte sans bord. Soit (uy) une suite bornée
dans L?(M) convergeant faiblement vers 0. Alors il existe une sous-suite (uy,,) et une mesure de Radon
positive p sur S*(M) telles que

lim (Op(a)unk,unk)m = (p, ap) :/ ag(x, §)dp(z, §),

k—o0 S* (M)

pour tout a € S°(M), dont la partie principale est notée ag (homogéne de degré 0).

11
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On appelle 1 la mesure de défaut microlocale associée a la suite (uy, ). Elle caractérise 'obstruction & la
convergence forte, au sens suivant.

Remarque 1.4.2. Soit (u,,) une suite bornée de L?>(M) convergeant faiblement vers 0, admettant une mesure
de défaut microlocale . Si p =0, alors (uy) converge fortement vers 0 dans L*(M).

Les propriétés centrales de ces mesures de défaut sont les suivantes.

Proposition 1.4.3. Soit (u,) une suite bornée de L?*(M) convergeant faiblement vers 0, admettant une
mesure de défaut microlocale . Soit P un opérateur différentiel d’ordre m € N, de symbole principal o(P) = p.
Alors on a équivalence entre

1. Pu, converge vers 0 dans H="™(M)
2. supp(p) C Char(P).

En particulier, si on prend une suite (u,) de solutions de 'équation des ondes 0Zu, — Agu, = 0, ot A,
est I'opérateur de Laplace-Beltrami associé a la métrique g, on voit que la mesure de défaut est supportée
dans le “cone de lumiere“ {(t,z,7,£) € Rx M x Rx T} (M), 72— g.(£,€) = 0}. On a aussi le résultat suivant.

Proposition 1.4.4. Soit (u,) une suite bornée de L2(M) convergeant faiblement vers 0, de mesure de défaut
. On suppose de plus que (u,) est une suite de solutions de I’équation des ondes de la forme

Pu,, := 0}u, — Agty = fn,
avec f, — 0 dans H,}(R* x M). Alors on a
Hyp =0,
ou H, est ’'Hamiltonien associé au symbole p(t,z,T,£) = —72 + g, (&, €).

Combinant ces deux résultats, on obtient que la mesure de défaut p est invariante de long des bi-
caractéristiques de p. La stratégie de preuve pour la décroissance exponentielle est la suivante, et elle se
structure généralement en trois étapes. Dans un premier temps, on montre I'inégalité d’observabilité relaxée
suivante, pour 7' suffisamment grand (en fait plus grand que deux fois le diametre de M),

B, T)<C (/0 /M a(2)|0vul? + El(un,T)> , (1.4.3)

ou E_q(u,t) = ||u(t, .)||%2(M) + ||Gpul(t, .)||%{,1(M), et ol u est solution du probleme

O2u— Agu =0, Rx M
up,, =0, R x OM (1.4.4)
Up,_, = Ug € HY(M), Opu|,_, =u1 € L?(M),

Pour montrer cette inégalité, on suppose par ’absurde que (1.4.3) n’est pas vérifiée, ¢’est-a-dire, on suppose
qu’il existe une suite (u,) de solutions de (1.4.4) telle que

T
E(u,,T) =1, /0 /M a(x)|0sun|? + E_1(u, T) — 0. (1.4.5)

Avec cette hypothése, on peut montrer que la suite converge faiblement vers 0 dans L?((0,7) x M). On
peut ainsi lui associer une mesure de défaut microlocale p. En utilisant les propositions ci-dessus, on obtient
que la mesure est invariante le long des bi-caractéristiques, et on peut montrer que la mesure p s’annule sur
le support de 'amortissement {a > 0}. De la condition géométrique de contréle, on déduit que la mesure
est identiquement nulle, ce qui prouve la convergence forte de la suite (u,,) vers 0 dans L?((0,T) x M), en
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contradiction avec (1.4.5). Dans un second temps, on montre qu’il n’y a pas de solutions invisibles autres que
la solution nulle, c’est-a-dire

N(T) := {u solutions de 9}u — Agu =0, a(z)|0ul> =0, p.p} = {0}, (1.4.6)

pour T > 0 suffisamment grand, grace a un résultat de prolongement unique. Enfin, on montre 'inégalité
d’énergie suivante

T
E(u,T) < C/O /M a(x)|Opul?, (1.4.7)

en utilisant le fait que dans I'inégalité (1.4.3), le terme de droite est un terme compact, et donc grace au
résultat d’unicité (1.4.6), on peut le retirer. On obtient finalement (1.4.2) en utilisant la propriété de semi-
groupe des ondes avec 'inégalité d’observabilité (1.4.7).

Notons que la décroissance forte (1.4.2) de ’énergie, avec amortissement par le bord peut étre aussi
démontrée, (sous des conditions géométriques en général plus fortes que GCC), par des méthodes dites de
multiplicateurs. Ces méthodes, introduites par [Ho86], permettent d’obtenir des inégalités d’observabilités,
qui induisent la stabilisation exponentielle, ainsi que les résultats de controle.

1.4.2 Stabilisation faible de I’équation des ondes

Lorsque la condition de contréle géométrique n’est pas réalisée, on peut espérer une vitesse de convergence
plus faible, c’est-a-dire, polynomiale ou logarithmique. On rappelle que ’on s’intéresse a ’equation des ondes
amorties suivante

O2u—Ayju+a(x)du=0 dans RT x Q,

up,_, = o, Opu|,_, = u, (1.4.8)
=0.

U0
Dans [Leb96], G. Lebeau montre le résultat suivant de stabilisation pour des données initiales régulieres (voir
aussi [LR97, Bur9s))

E(u,t)/? <

C
< m“(uoaul)HD(M) (1.4.9)

pour les solutions fortes de (1.4.8). Ici, ||.||p(ar) représente la norme du graphe de I'opérateur itéré AR,
On voit que le taux de décroissance est d’autant meilleur que la donnée initiale est réguliere (on renvoie
au théoreme suivant). Ce type de résultat est quelquefois appelé stabilisation non-uniforme, car il dépend
fortement de la régularité de la donnée initiale (en opposition & la discussion menée en (1.4.2)).

Dans ce cadre, aucune condition géométrique n’est imposée. Méme s’il existe des géodésiques qui ne ren-
contrent jamais la zone d’amortissement, les solutions de I’équation des ondes qui garantissent I’obstruction a
la convergence exponentielle, ne sont jamais strictement localisées sur la géodésique. Ainsi, la zone {a(z) > 0}
amortit toujours un peu ces solutions pathologiques et la décroissance donnée par (1.4.9) traduit ce que on
appelle Deffet tunnel. On notera de plus que Lebeau [Leb96] (pour la stabilisation interne) et Lebeau et
Robbiano [LRI7] (pour la stabilisation par le bord) montrent dans des configurations géométriques parti-
culieres que la vitesse de décroissance logarithmique est atteinte (1.4.9), prouvant 'optimalité de ce taux de
décroissance en ’absence de condition géométrique.

La vitesse de décroissance peut étre décrite par la position des valeurs propres (complexes) du générateur
des ondes amorties. Plus précisement, on réécrit (1.4.1) sous la forme

U+ AU =0, U,_o = U,

0 —Id

— _
onU = "(u,0u), A = <Ag o)

(voir [Bur98, BDO0g]).

t . N . . PR .
>, et Up = "(up, u1). On utilisera & maintes reprises le théoréme suivant
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1.4. STABILISATION DES ONDES

Théoréme 1.4.2. Soit S(t) = e~ un semi-groupe fortement continu sur un espace de Hilbert H, associé
au générateur A : H — H de domaine dense D(A) — H. Supposons que les conditions suivantes soient
satisfaites

o sup |||S)||lzm,m) < +oo;
teRt

e pour tout o € R, l'opérateur non-borné ic Id —BA est inversible, d’inverse borné ;
e il existe C' > 0 et og > 0 tels que

(o 1d = A) " 2oy < CeVl, o] > oo, (14.10)

alors, pour tout k € N, il existe C' > 0 tel que
NISEA™ ||| ey < C'log(2+t)7F, ¢ >0. (1.4.11)

Dans ce théoréme, le cas k = 0 correspond & la premiere hypotheése, i.e le caractére borné du semi-
groupe et ne donne pas de vitesse de convergence vers 0 des solutions. Toutefois, on peut obtenir, en utilisant
un résultat de prolongement unique, que I’énergie tend bien vers 0, mais sans estimation sur la vitesse de
convergence. Avec H = H} x L?(Q), le résultat de ce théoréme peut se traduire par

C/
1/2 k
E(u,t)/= < log(2+t)’€|lA Uoll 2 () 22(9)» (1.4.12)
et on voit que le cas £k = 1 correspond a prendre des données initiales dans le domaine de l'opérateur

D(A) = D(=A,) x D((=A,)'/?). La premiére hypothese du théoreme 1.4.2 est en général facile & vérifier
pour I’équation des ondes et est en général une simple conséquence des résultats d’existence de solutions
fortes. La seconde hypothese se déduit de résultats de prolongement unique.
L’hypothese la plus délicate est la troisieme (1.4.11). Elle traduit le fait que les valeurs propres complexes de
I'opérateur A se situent en dehors d’une zone du type {z € C, Rez € [0,eI*IC~1]}. Montrons ici qu’elle est
une conséquence d’inégalités d’observabilité pour des opérateurs elliptiques.

Soit U = *(vg,v1) € D(A) et F ="(fo, f1) € HL(Q) x L2(Q) tels que
(icld—A)U =F, oc€R.
C’est équivalent a

iovg +v1 = fo iovg +v1 = fo
iovy — a(x)v1 + Agvg = fi1, —Agvo — 0?vy —ia(z)ovy = g,

avec g := (i0 — a) fo — f1. On multiplie par 7y la deuxieéme ligne et on intégre par partie sur €2, et cela donne
1900l sy = Pl ey i [ alallonf = [ o7,

On prend la partie imaginaire, et on utilise le fait que a > C > 0 sur w pour obtenir
Co [ uul < lglzaqe ol (1.413)
w

Si I'on obtient I'inégalité d’observabilité suivante, on en déduit alors facilement ||uo||z1 < Ce€l7l||g]| 12, ce
qui permet de conclure que 'hypothese (1.4.11) est satisfaite.

Proposition 1.4.5. Il existe C > 0 et o9 > 0 tels que
v0l83r3(gy < €171 (Il = Aguo = ®volFagay + ool ) (1.4.14)

pour tout vg € H2(Q) N HE(Q) et pour tout || > 9.
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1.4. STABILISATION DES ONDES

La proposition 1.4.5 quant a elle s’obtient grace a des inégalités d’interpolation du méme type que (1.3.2),
elles-mémes provenant d’inégalités de Carleman elliptiques adaptées (voir [Leb96, LR97]). Nous montrerons
dans ce mémoire a maintes reprises des estimées du méme type que celle donnée par la proposition 1.4.5.

Pour démontrer des inégalités d’observabilité de la forme (1.4.14), on peut passer par 'obtention d’inégalités
de Carleman pour des opérateurs elliptiques augmentés, comme c’est la cas pour montrer 1'inégalité spectrale
(voir la proposition 1.3.2). C’est la méthode originale (voir [Leb96, LRI7]).

On introduit le cylindre Z = (0,5y) x Q, et pour 0 < @ < Sp/2, on définit Y = (a, Sy — ) x Q. On pose
wo = e*7vg. On a €7 (—Avg — 02vg) = —Awg — 02wy, et ainsi, démontrer des inégalités d’observabilité de la
forme (1.4.14) est équivalent & montrer des inégalités d’interpolation, comme dans la proposition suivante.

Proposition 1.4.6. Soit w un ouvert non vide de Q. Il existe C >0 et § € (0,1) tels que

_ )
llwoll vy < Cllwollii{z (Il = 93wo — Awo|L2(z) + lwol | L2 ((a50-a)xe)) s

pour toute fonction wy € H*(Z) telle que wo, ., = 0.

Notons toutefois que dans le cadre de la stabilisation des ondes, le passage a 1’opérateur augmenté n’est pas
une nécessité. On peut montrer directement des inégalités de la forme (1.4.14), en travaillant sur I'opérateur
—A — 02 (méthode qui a été introduite par M. Bellassoued [Bel00, Bel03a, Bel03b]). Dans [Buf17], nous
utilisons cette méthode, ainsi que dans la partie III, pour éviter certaines complications liées a 'ajout de la
variable supplémentaire s.

Il existe des situations intermédiaires entre celles données par la décroissance exponentielle (liée & la
condition de controle géométrique), et celles données par la décroissance logarithmique (liée a Veffet tunnel,
et sous aucune condition géométrique). Quelques travaux montrent des résultats de décroissance polynomiale
tels que [LR05, BHO7, Phu07] et sont 1iés & des propriétés assez fines de stabilité du flot géodésique. Dans ces
travaux, les auteurs imposent des géométries particuliéres, ou si I’on perturbe légérement les géodésiques qui
ne rentrent pas dans la zone d’amortissement, celles-ci finissent par s’y rendre en temps fini. C’est notamment
le cas dans [LR05], ol le domaine est un carré et 'amortissement une bande verticale.
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Chapitre 2

Inégalités de Carleman

Les inégalités de Carleman sont des inégalités d’énergie a priori, sur les solutions d’équations aux dérivées
partielles, de la forme

lle™ul] < [le™ Pul], (2.0.1)

ou P est un opérateur, u une fonction, ¢ une fonction appelée fonction poids, et 7 > 0 un parametre réel,
supposé pris grand. Elles ont été introduites en premier lieu par T. Carleman afin d’obtenir des propriétés
de prolongement unique pour des opérateurs elliptiques dans [Car39]. Leur usage quasi-systématique a suivi
les travaux de Lars Hormander [Hor58]. L’intérét de telles inégalités est la présence du poids ¢ qui permet
de ”propager” de 'information depuis les zones ol ¢ est grand vers ’ensemble du domaine, au moyen du
grand parametre 7 > 0, que 'on appelle grand parameétre de Carleman. Le lien fort entre inégalités de Carle-
man et les propriétés de prolongement unique, ainsi que les inégalités d’observabilité en font un outil central
en théorie du contrdle [LR95, FI96], stabilisation [LRI7] et problémes inverses [DSFKSU09]. Ces inégalités
peuvent étre de natures différentes (locales ou globales). Notons qu’une des difficultés principales pour mon-
trer des inégalités globales est la construction de la fonction poids globale. Les inégalités locales peuvent
toutefois étre recollées (voir par exemple le livre de Hérmander [H6r76], ou la revue [LL12]).

L’obtention d’inégalités locales a été intensivement étudiée a l'intérieur [Hor58], puis au bord pour des
conditions diverses (Dirichlet [LR95] ou Neumann [LR97], par exemple). Au voisinage d’une interface, on
citera les travaux successifs de [LR10, LR11, LL13] pour des conditions de transmission, ou encore [LLR13]
pour des conditions de transmission avec une interface diffusive. Plus généralement, pour des opérateurs ellip-
tiques d’ordre quelconque, au voisinage du bord, sous des conditions de compatibilité de type Lopatinski, on
renvoie & [BL15] et [Tat96]. Ces résultats ont été généralisés aux interfaces dans [BL16], et nous proposons une
généralisation aux multi-interfaces dans ce mémoire. Dans ces séries d’articles, la frontiére (respectivement
Iinterface) est supposée réguliere, car de nombreux arguments pseudo-différentiels sont utilisés, et notam-
ment les caractéristiques complexes des opérateurs sont prises en compte, en utilisant un calcul tangentiel.
On renvoie a la section 2.2 pour plus de détails.

Pour des problemes moins réguliers, il n’existe pas a notre connaissance de résultats généraux. Toutefois
plusieurs inégalités de Carleman ont été obtenues. Par exemple, lorsqu’une interface rencontre le bord, on
citera [BDL11] ou les auteurs considérent un milieu stratifié, et [BDT13] ol certaines hypotheses sur les co-
efficients sont relachées. Pour des bords non-réguliers, un résultat principal & été démontré [Bell4] pour des
conditions au bord de Dirichlet. Nous apportons une contribution a ce sujet dans la partie III en dimension
deux d’espace, o nous démontrons des inégalités de Carleman locales, pour des conditions au bord de type
Dirichlet homogéne ou Neumann homogene. Le cas d’une interface qui rencontre le bord est aussi considéré.
Remarquons que dans le cadre de conditions mixtes (ou probléeme de Zaremba), une inégalité de Carleman
locale a été obtenue dans [CR14].
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Inégalités de
Carleman
locales pour

Inégalités de
Carleman
locales pour
Iopérateur

lopérateur avec pa-
augmenté rametre
—A - 92 spectral
—A — o2
Tnégalité Inégalité
d’observa-
spectrale du 1es 2
. bilité de
théoreme .
1.3.3 la proposi-
- tion 1.4.5
Controlabilité
a zéro du Inégalité de
théoreme résolvante
1.3.2 de (1.4.10) pour
I’équation le générateur
de la chaleur des ondes

Théoréme 1.4.2

Stabilisation
faible
(1.4.12) pour
I’équation
des ondes

FIGURE 2.1: Exemples d’application des inégalités de Carleman elliptiques en théorie du controle.

Pour motiver I'introduction des inégalités de Carleman elliptiques, nous proposons la figure 2.1, qui résume
les propriétés et applications en théorie du controle, données dans la section précédente. Dans ce qui suit,
nous présentons quelques méthodes essentielles pour obtenir des inégalités de Carleman.

2.1 Inégalités de Carleman elliptiques loin du bord

Soit P un opérateur elliptique d’ordre 2. La technique classique pour montrer des inégalités de Carleman est

d’introduire 'opérateur conjugué et la fonction conjuguée
P, :=€e"?Pe™ 7%, wv=c"u.

Ainsi, montrer une inégalité du type (2.0.1) est équivalent & montrer 'inégalité suivante

[[v]] S [1Ppvl]. (2.1.1)

La principale difficulté pour montrer de telles inégalités (2.1.1) est le fait que I'opérateur conjugué n’est plus
un opérateur elliptique. En effet, supposons pour simplifier que P = —A. Ainsi, on a

P,=—-A—T7%Vp|? +21V.V + TAp, (2.1.2)
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2.1. INEGALITES DE CARLEMAN ELLIPTIQUES LOIN DU BORD

et son symbole principal (au sens semi-classique & grand parameétre) est donné par
Po(@,&,7) = [E]° = T?|V|* + 21V €. (2.1.3)
On voit bien que, en dimension supérieure ou égale a 2, P, possede un espace caractéristique, c’est-a-dire
Char(py) := {(2,€,7), po(x,&7) =0} #0.
En effet,
(x,€,7) € Char(p,) <= [&| =|rdsp|et & Ve =0.

On a ainsi aucune chance de récupérer une estimée elliptique. Le point clé est donc de construire une fonction
poids ¢ satisfaisant la condition de sous-ellipticité de Hormander. Pour cela, on sépare I'opérateur en une
partie symétrique et une partie anti-symétrique

1

1
P, = 3 (P, + P}) +z’2—i (P, — P}) := P, +iPy,

avec

1 1 1
P, =2 (P, +P;;) — A-7P|\Vp]?, P =—(P,— p;) == (27Vp.V + TAp),

2 21

de symboles principaux (au sens semi-classique & grand parametre)

pa(2,6,7) = [€? = T°|Ve|?, pi(z,& 1) =27V0.E

Définition 2.1.1. Soit V' un ouvert borné de Re. La fonction ¢ € C®(V) et P satisfont la condition de
sous-ellipticité si Vi # 0 pour tout x € V, et si pour tout (x,&,7) € Char(P,), on a

{p2,p1}(2,6,7) >0, weV, EeRY, 7>0,
ot le crochet de Poisson est donné par

{p2>p1}(xa€77—) = 3§p2(93a§>7)5xpl($,§77) - apr(x7gaT)a§pl(xag7T)'

L’idée est la suivante. Dans les zones microlocales ol 'opérateur P, n’est pas elliptique, on va chercher
a utiliser le commutateur [P, P1| pour obtenir une estimée (on rappelle que le symbole principal du com-
mutateur i[Py, P1] est donné par le crochet de Poisson {ps,p1}). Ainsi, on ne récupeére pas une inégalité de
régularité elliptique car le commutateur est d’ordre 3 (au sens semi-classique), 1& ou Pg est d’ordre 4. On
parle alors de perte de demi dérivée. Pour simplifier, nous allons faire la preuve dans le cas ou P = —A.

Théoréme 2.1.1 (Inégalité de Carleman a lintérieur). Soit U un ouvert borné de R%, et soit p € C>°(U)
une fonction poids satisfaisant la condition de sous-ellipticité de la définition (2.1.1). Alors il existe deuz
constantes C > 0 et 79 > 0 telles que

7‘3/ ew|u|2+7/ e™?|Vul? SC/ e™?| Aul?,
R4 R4 R4

pour tout w € C§°(U), et tout 7 > 19.

Une caractéristique intéressante des inégalités de Carleman est l'invariance par ’addition de termes
inférieurs. Si on ajoute a 'opérateur —A des potentiels L>°, I'inégalité du théoreéme 2.1.1 reste encore vraie,
quitte & prendre le grand parameétre 7 plus grand, c’est-a-dire, 7y plus grand. La grande difficulté des inégalités
de Carleman est la construction de fonctions poids adaptées au probleme considéré. Dans le cadre décrit ci-
dessus, une maniere d’obtenir un poids  satisfaisant la condition de sous-ellipticité de la définition 2.1.1, est
le lemme suivant, prouvé par Hérmander dans [Hor76].
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Lemme 2.1.2. Soit 1 € C=(U) telle que V() # 0, pour tout x € U, et soit ¢ = e\ avec X > 0. Il existe
Ao > 0 tel que ¢ et P satisfont la condition de sous-ellipticité de la définition 2.1.1 pour tout X > Ag.

Ce lemme est appelé procédure de convexification. Dans le théoréeme 2.1.1, la constante C' > 0 est
indépendante de 7. Si on choisit le poids ¢ donné par le lemme 2.1.2, la constante C' > 0 dans le théoreme
2.1.1 dépend du parametre A. Tracer la dépendance en A > 0 a été réalisé par Fursikov et Imanuvilov [F196].
Deux méthodes pour montrer de telles inégalités existent, les deux étant fondées sur des intégrations par
parties. La premiere consiste a calculer le produit croisé

Z/ PQ’UPl’U,
R4

ol P est une perturbation de P; par un terme d’ordre inférieur, afin d’en tirer une borne inférieure. Cette
méthode, quoique directe, est assez calculatoire. Elle est efficace lorsque 1'on traite des opérateurs a coeffi-
cients de régularité basse, par exemple Lipschitz.

Preuve du théoréme 2.1.1 par la premiere méthode. Posons v = e"%u, ou u est une fonction
donnée par le théoreme. La premiére astuce, consiste a modifier légérement le terme en P;, par I’addition
d’un terme d’ordre inférieur, afin de simplifier les calculs. On pose iP, = 27V .V 4+ 27Ap, et on pose
R=—-7Ap=i(P,—P).Ona

|1 Ro|[72ray + || Pl 72 (gay = |1P20l|72 ey + [|Prol|72gay + 2Rei/Rd PyvPyv.

Nous allons obtenir une borne inférieure du produit croisé. On rappelle que
Py=—A—7%Vy|?, P =2TVp.V +27Ap. (2.1.4)

Nous appellerons I;;, i, j € {1,2}, le produit croisé entre le i-eme terme de P, avec le j-ieme terme de iP;.
On calcule alors, par intégrations par parties,

Iy = =27 ApvAv = 27’/ A<,0|VU|2 - 7'/ A2<P|U|27
R4 R? R<

I1=-217 | AvVp.Vu= 27'/ d*¢(Vv, Vo) — T/ Ap|Vol?,
Re Re Re

Inp = —273/ IVel* Aglof?,
|Rd
=7 [ (9o Ap+ 20%0(T0,70) o

Ici, il n’y a pas de termes de frontiere, car les fonctions sont supportées loin d’un quelconque bord. Addition-
nant ces quatre intégrales, on obtient

2
Z L = 7-/ (2d2g0(Vv7 Vv) + A<p|Vv|2) + 7'3/ (—\V(p|2Aap + 2d2<p(V<p, V(p)) lv]? — T/ A?plv]?.
Rd Rd Rd

i,7=1

Utilisant la forme particuliere du poids ¢ = e avec () # 0 sur U, on a —|Vp|>Ap + 2d%¢(Vp, V) >
CIVyp|? > C" > 0 et 2d*p(Vv, Vo) + Ap|Vo|> > C|Vo|?, en prenant A suffisamment grand. Ainsi, il existe
des constantes C,C’,C" > 0 telles que

Cl|Ppoll72gay 2 TIIVOl 22 Ray + T30l 72 (Ray = C'T[0]| 72 Ray — ClIRVI[Z2(ra
2 THVUH%‘A‘(W) +73\|U||%2(ued) - C,THU”%?([Rd) - C”T2||7f\|%2(ued)

2 71Vl |22 gay + 72| |0][72(Ra):
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en prenant 7 suffisamment grand. Il suffit alors de revenir aux variables initiales v = e€”%u, en remarquant
que

2 3 2 2 3 2 2 2
7|7 Vul[ 2 (gay + T|l€7Full 2 (ray < TIVVI[L2(Ray + T°|[€770]|T2(Ray + 77V |02 (Ray
S TlIVolZe(gay + T°1l€0] 22 gy,
pour 7 suffisamment grand, ce qui termine la preuve. O
La seconde preuve est basée sur I'inégalité de Garding et fait apparaitre explicitement le crochet de Poisson.
Seconde preuve du théoréme 2.1.1. Comme pour la premiére démonstration, on pose v = e”¥u et on
2 __ 2 2 .
Pl P = 12201 ey + I Piol gy +2Re (P iPro)
L’opérateur P, est symétrique et 'opérateur ¢ P; est anti-symétrique, ainsi on a 1’égalité

2Re (PQU, z'Plv) . i([PQ, Pilo, v) .

La ou, dans la preuve précédente, on ne calcule que le terme avec le commutateur (bien qu’il soit perturbé
par un terme d’ordre inférieur), ici nous allons utiliser aussi le ”carré”, c’est-a-dire, le terme HPQ'UHZLQ([Rd).

Soit > 0 un parametre réel. L’égalité |\P2v||%2(kd) = (ng, v) L2 (re) entraine, pour 7 > p,

. 1 ,
\|P¢v||%2(w) > ( (ng + [P, P1]> v,v) = f( (uP3 + it[Ps, Py]) v,v)

= 2.1.5
L2(RY) T ( )

L2(RY)
Or, le symbole principal de l'opérateur uPj + i7[Ps, P1] est donné par

m(%’,f,T) = Mp§($7£,7') + T{p27p1}($7§v7—) € 8;4'

Les espaces de symboles S sont définis dans la section 4.3. Pour p pris suffisamment grand, m(z,&,7) >
Mz, &, 7)%, pour tout = € U, tout & € R?, tout 7 > 0, avec A = (72 + |£]2)'/2. En effet, comme le symbole
m est homogene de degré 4 en (§,7), on se restreint & prendre des éléments p = (2,£,7) € Sy =1 =
{(z,&,7) € U x R* x R*, (¢,7)| = 1}. Remarquons que S(¢,7)|=1 est un ensemble compact.

Soit &€ > 0, et soit A. = {p € Sy 7)j=1,{P2,P1} > €}. Par compacité, utilisant I’hypothese de sous-
ellipticité de la définition 2.1.1, il existe un € > 0 tel que pa(x,§,7) > K > 0 sur Sj(¢ 1)=1 \ Ac. Ainsi, prenant

sup _, H{p2.p1}(p)]
i >0 tel que p > pes”“”;{l 2 ona,

m(I7£,7) Z O>O7 (I7£a7-) € S|(57"')‘:1'
Ainsi, par homogénéité, on a
m(z,&,7) > O\, (2,6,7) € U x R x RT.
On peut donc appliquer I'inégalité de Garding a I'inégalité (2.1.5) pour obtenir
ClIPpv|[72gay = 77" Z IDY0[[Z2(gay + TIIVOl[72 ey + T2 1[0] |72 (Ray-
|or|=2

Il reste a revenir a la variable originale © = ¢"?v comme dans la fin de la premiére preuve pour obtenir le
résultat. O
On remarque qu’ici, on arrive & estimer une norme H? sur la fonction u, mais avec un parametre 7! devant,
ce qui reste néanmoins une perte de demi-dérivée au sens semi-classique. Cette approche est particulierement
adaptée pour des estimations microlocales, c’est-a-dire, s’il faut séparer I’espace des phases {(x,&,7)} en
différentes zones.
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2.2. INEGALITES DE CARLEMAN ELLIPTIQUES PRES DU BORD

2.2 Inégalités de Carleman elliptiques pres du bord

Preés du bord, les inégalités de Carleman sont plus délicates a démontrer, et dépendent assez fortement de la
condition au bord imposée.

2.2.1 La méthode de Carleman

Un résultat clé est la proposition suivante, prouvée en premier par Lebeau et Robbiano [LR95], dans le cadre
du controle de I’équation de chaleur. C’est ’équivalent du théoréme 2.1.1, au voisinage d’un bord. La stratégie
de preuve est la méme que pour la seconde preuve du théoreme 2.1.1, mais cette fois-ci, a cause de la présence
d’un bord, on utilisera un calcul pseudo-différentiel tangentiel, ainsi qu'une inégalité de Garding tangentielle.
De plus, loin du bord, seul le carré ||Pyul|3, est utilisé, alors que dans la preuve de ce résultat pres du bord,
on utilisera les deux carrés ||Pyul|2. et ||[Poul|2,. Pour la preuve, on renvoie le lecteur a la section 9.E.3 de
ce mémoire. On supposera pour simplifier ici que P = —A, Q = [R‘i, et 00 = {xq = 0}, mais cette preuve
d’adapte a un cadre plus général, en utilisant les coordonnées géodésiques normales lorsque 1'opérateur est a
coefficients variables, et le bord 992 régulier. Pour V un voisinage de 0, on définit

Cor(vt) = {u:= U+ ¥ € o (V)}.

Proposition 2.2.1. Soit U un voisinage de 0 dans R? et soit ¢ une fonction poids satisfaisant la condition
de sous-ellipticité de Hormander de la définition 2.1.1 dans U+, avec UT = UnN [Ri, et supposons que
|02, > C >0 dans U. Alors il existe un voisinage V de 0, deuz constantes 1o > 0 et C > 0 tels que

Cr2|[v][ 72 ey + CTIIV Ol 2 ey + T Re B(v) < [| Pyl (gay
pour tout v € Co (V1) et 7 > 79l0], ot

B(v) =2 (8$d§0de‘md:0, de|md:0)L2(Rd_l) + (A1U|md:0, de‘-’”d:‘j)

+ (de|wd:0, A/1U|zd:0)

L2(|Rd,—1)
L2(RI-1) * <A21}|1d:°’v'fd:“)LZ([Rdfl)'
Les opérateurs Ay, A} et As sont des opérateurs différentiels et satisfont

o A, Al € D%’T et de plus
a; :=0(A;) =o(A4)) =2V'p.¢;

e Ay € Dj et de plus
az := 0(A2) = 204, (T*|V'0*) = €' -

Les espaces D%T sont définis & la section 4.3.2. Brievement, A € D%T si A est différentiel en la variable
tangentielle 2/, et si les ordres cumulés de 7 et de 9,/ sont au plus égaux & k. Nous pouvons voir rapidement
que pour une condition de Dirichlet homogene (comme c’est le cas dans [LR95)), la forme quadratique au
bord B(v) s’écrit

B(v) = 2<8$d<deU|$d=o , de\wd=o> La(Ri-1)’
qui est positive pour d,,¢ > 0 et négative pour 9., < 0. Ainsi, posant u = e”%v, on obtient le théoreme
suivant.

Théoréme 2.2.1 (Inégalité de Carleman pres du bord). Soit U un ouvert borné de RY, et soit ¢ € C*(U) une
fonction poids satisfaisant la condition de sous-ellipticité de la définition (2.1.1) dans U, avec U' := UN [Ri.
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2.2. INEGALITES DE CARLEMAN ELLIPTIQUES PRES DU BORD

Si de plus 0,,0(0) > 0, alors il existe un voisinage V de 0 dans R? tel que V C U et deuz constantes C > 0
et 79 > 0 tels que

7-3/ e'“p|u|2—|—7'/ eT‘P|Vu|2+T/ e"?10z,ul, =0|2
Rd R Rd—1 d

<C / ew\Au|2+T3/ e uy ,0|2+T/ e |V, 17,
Rd Rd—1 Fa= Rd—1 Fa=

pour tout u € 680(‘/*), et tout T > 19. Si le signe de 05,9(0) n'est pas préscrit, on a

7'3/ ew|u|2—|—7/ e™?|Vul? SC(/ e™?| Aul?
Re Re Re
+7’3/ e luy, 70|2—|-T/ e V'u, ,0|2+T/ e"?|0z . ,0\2),
Rd—1 Fd= Rd—1 Fd= Rd—1 Fd=

pour tout u € Cy (VT), et tout T > 0.

L’inégalité de Carleman de la proposition 2.2.1 est adaptée pour une condition au bord de Dirichlet.
Pour d’autre types de conditions au bord, c’est plus délicat. Pour une condition de Neumann homogene par
exemple, c’est-a-dire, d;,u = 0, on a comme condition au bord sur v une condition de type Robin

Oy, U = TOy, PV,

et injectant cette relation dans B(v) dans la proposition 2.2.1, on obtient un opérateur différentiel agissant
sur la trace Dirichlet dont le symbole principal est donné par

205, (72 ((82,90)% + 2IV'0f?) = 21¢'1%)) .

On voit donc que le signe de la forme quadratique au bord B(v) n’est pas prescrit dans le cadre d’une condition
au bord de type Neumann, car regardant les régimes |'| < 7 et T < |¢’], le signe du symbole de B(v) change.
Dans la suite, on supposera d,,¢ > 0 (ce qui correspond & une observation depuis l'intérieur jusqu’au bord).
Pour traiter cette difficulté, le point clé d’'une démonstration dans le cadre de conditions de type Neumann
est basé sur un découpage adéquat de l’espace des phases {(x, &, 7)}. Premiérement, on remarque que sur
un voisinage (conique) de P’espace caractéristique de l'opérateur a l'intérieur P,, c’est-a-dire, 'endroit ou la
proposition 2.2.1 est nécessaire, la forme quadratique B(v) s’avere étre positive, ce qui donne une estimée dans
cette zone, microlocalement. En dehors de cette zone, ou la forme quadratique au bord peut étre négative,
on utilisera le fait que l'opérateur P, est elliptique grace a la méthode des projecteurs de Calderdn, ce qui
permet d’obtenir des inégalités au bord pour des opérateurs elliptiques, et ainsi on peut obtenir des estimées
sur les traces. Ainsi, les termes de bord seront dominés par le terme source ||Pyv|| & l'intérieur. 11 suffira
alors de recoller les différentes inégalités microlocales obtenues. Ceci est possible car le recollement crée des
termes issus de commutateurs, et ceux-ci sont d’ordre inférieur, et donc absorbables en prenant le parametre
semi-classique 7 grand.

2.2.2 Les projecteurs de Calderén

Nous allons expliquer ici la méthode des projecteurs de Calderén, pour le Laplacien, et sur un demi-espace,
pour une exposition simple. Cette méthode s’applique néanmoins pour tout opérateur elliptique d’ordre 2
(on renvoie a la section 4.6.1, ou l'on utilisera cette méthode dans un cadre plus général). Considérons —A
sur Q = R et 9Q = {24 = 0}. Formellement, on prend une solution Au = 0 sur Q. On écrit

—A=-3,+0p(I¢'),
et on considére 4(£’, z4) la transformée de Fourier tangentielle de u. Ainsi, ’équation

- a—|¢Pa=0 (2.2.1)
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admet deux solutions, de la forme
(&, 2q) = UL (€)e ™ (¢, mq) = Us(€)e™ €.

Toutefois la solution s, pour x4 > 0, explose de maniére exponentielle lorsque |¢/| — oo, donc on peut ne
pas la considérer dans .. Si on regarde ainsi 1, on a

ey (&, wa) = —|€'[U1(€ eI = —|¢[itr (€, wa),

ce qui implique
Oz u(z’,0) = — Op(|&'])u(z’,0). (2.2.2)

On voit ainsi que ’équation & Uintérieur ameéne automatiquement une relation du type (2.2.2) entre la trace
Dirichlet, et la trace Neumann. Remarquons qu’ici, on a pas encore utilisé la condition au bord. Si la condition
au bord est ”suffisamment bonne”, c’est-a-dire, si elle n’est pas colinéaire & la relation (2.2.2), alors on a un
systeme de deux équations & deux inconnues que ’on peut résoudre

{ O yu(2’,0) = = Op([¢'|)u(’, 0)

condition au bord,

et ainsi obtenir des estimées sur les traces. Ceci est I'idée générale, et on renvoie a la section 4.6.1 pour une
exposition de la méthode avec un opérateur elliptique d’ordre 2 avec conditions au bord de type Ventcel.

2.3 Inégalités de Carleman paraboliques

Pour obtenir I'inégalité d’observabilité pour le probleme adjoint du contréle & zéro de la chaleur (cf. théoréme
1.3.3), la méthode proposée par A. V. Fursikov et O. Yu. Imanuvilov dans [FI196] consiste en 'obtention d’une
inégalité de Carleman parabolique globale sur €. Pour des inégalités elliptiques locales sur un ouvert U pres
du bord, on impose a la fonction poids ¢ les conditions suivantes

e o doit satisfaire la condition de sous-ellipticité,
e Vo #O0sur U,
e J,p<0sur dNNU.

Pour les inégalités globales, on aimerait imposer les mémes conditions. Toutefois, il serait impossible de
construire une fonction poids telle que

e Vi #0sur Q,
e 0, < 0 sur 09).

Soit w 'ouvert de contréle, sous ouvert de 2. On impose alors,
1. ¢ doit satisfaire la condition de sous-ellipticité sur Q \ w,
2. Vo #£0sur Q\ w,
3. 0, < 0 sur 0N.

On rappelle que pour obtenir (1), il suffit de considérer ¢ = e*¥, avec A assez grand, et Vi # 0 sur Q \ w
(voir le lemme 2.1.2). L’idée est donc de construire la fonction poids localement sur un voisinage de 02, et
d’en obtenir un prolongement régulier sur 2. Une des difficultés qui suivent est que ’on ne controle pas la
position des points critiques de ce prolongement. Il suffit d’utiliser la densité des fonctions de Morse. Leurs
points critiques sont en nombre fini, et on peut les déplacer dans la zone w par le biais de la composition par
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un difféomorphisme qui préserve 9. Pour une telle construction, on renvoie & [Mil63]. Soit ¢ une fonction
réguliere satisfaisant les conditions (1), (2) et (3). Soit T > 0. On pose

To(z) _ 7K
¢ c K > supg. (2.3.1)

o(t,r) = NGEOE u

On obtient le théoréme suivant

Théoréme 2.3.1 ([F196]). Il existe C > 0 et 19 > 0 such that
T3|\€T¢U||%2((0,T)xn) + T||€T¢VU||%2((0,T)xQ) <C (Hew(at + A)UHZLZ((O,T)xQ) + T3||eT¢u‘|QL2((O,T)><w)) )

pour tout u € C*([0,T] x Q) telle que Uj g ryxon = 0, €t pour tout T > 9.

On peut remarquer la présence d’un terme d’observation dans cette inégalité globale, qui est absent dans
les versions locales d’inégalités de Carleman telles que le théoreme 2.1.1. La dépendance du poids en temps
de la forme (2.3.1) est utilisée pour annuler les termes de bord qui pourraient provenir d’intégrations par
parties en temps. Du théoreme 2.3.1, on en déduit 'inégalité d’observabilité du théoreme 1.3.3 en utilisant
la croissance de I’énergie de la chaleur rétrograde.

3T/4
/ )P < 2 / / Jof2,
Q T Jris Ja

Les inégalités de Carleman paraboliques de la forme du théoreme 2.3.1, sont souvent démontrées globalement,
en utilisant la premiere méthode de preuve décrite plus haut. Notons toutefois que travailler de maniere
globale pour montrer des inégalités de Carleman (elliptiques ou paraboliques) n’est pas systématique; on
pourra aussi construire un poids global, mais prouver des inégalités de maniere locale, et ainsi recoller par
compacité. Dans cet esprit, une approche microlocale a été réalisée dans [L1.12], dans laquelle la condition
de sous-ellipticité apparait comme nécessaire. Une version au bord pour des conditions de Dirichlet a aussi
été démontrée.
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Chapitre 3

Résultats obtenus dans ce mémoire

3.1 Structure du mémoire

Deux parties principales composent ce mémoire.

La partie II utilise des méthodes essentiellement microlocales pour obtenir des inégalités de Carleman
elliptiques aux voisinages d'un bord et d’une interface. Elle est composée de deux chapitres. Le premier
concerne la stabilisation faible de I’équation des ondes amorties, pour des conditions au bord de Ventcel.
Pour cela, on obtient une inégalité de Carleman au voisinage du bord, pour un opérateur elliptique de la
forme —A — o2 (voir la figure 2.1). Le second s’attache & I'obtention d'une inégalité de Carleman dans un
cadre général pour des opérateurs elliptiques au voisinage d’une multi-interface. On donnera aussi des appli-
cations au controle.

Enfin, dans la partie III, on s’intéresse a l'obtention d’inégalités de Carleman pour des problemes sin-
guliers, dans le cadre de domaines polygonaux. Nous démontrons une inégalité pour 'opérateur augmenté
—A — 82, et une inégalité pour 'opérateur avec parametre spectral —A — 2. On en déduit les applications au
controle et a la stabilisation, suivant la stratégie donnée en figure 2.1. Enfin, on démontre les mémes résultats
pour le Laplacien avec un potentiel en carré inverse —A — p|x|~2, en dimension d > 3.

En derniére section, nous présentons une méthode pour obtenir des inégalités d’interpolation ponc-
tuelles en temps pour les solutions de la chaleur, qui quantifient le prolongement unique. Ces inégalités sont
équivalentes a l'inégalité spectrale. Nous présentons une esquisse d’application a I’équation de Crocco. Cette
méthode permet d’éviter I’ajout de la variable s supplémentaire, et nous espérons ainsi pouvoir démontrer
une inégalité spectrale en utilisant cette méthode.

3.2 Stabilisation de I’équation des ondes avec condition frontiere
de Ventcel

On s’intéresse dans ce premier article a ’équation des ondes amorties avec condition au bord de type Ventcel

02u—Aju+adu =0 dans Ry x Q,
O, — 5A§U|m =0 sur Ry x 99,

ol Ag est 'opérateur de Laplace-Beltrami de la variété compacte (sans bord) (952, g7), avec g7 la métrique
induite au bord par la métrique Riemannienne de 'intérieur. Ces conditions au bord, caractérisées par la
présence d’un opérateur au bord du méme ordre que celui a 'intérieur, modélisent des structures dites de
couche fine, c’est-a-dire, lorsque le matériau possede une "peau” de rigidité différente. On définit I’énergie

27
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des ondes Ventcel par

1

Eventcer(u, t) 1= 3 (||8tu(t)||%2(m +IVgu®)l[72) + 5|V§U(t)\%2(am) : (3.2.1)
Considérant les normes apparaissant dans 1’énergie (3.2.1), on introduit les espaces de Hilbert, indexés par
le petit parametre § > 0

Hs = Vs x L*(R), € (0,1], ot V5 = {u c H'(Q) lujp0 € Hl(aﬂ)} ,
associés a la norme

lul [, = ||“||%11(Q) + 5||VTU||2L2(69)~
On définit la norme de Hs de maniere canonique
[1(w, )3, = Ml + ollZe -

On définit de plus le générateur des ondes

As = (_OAQ aé‘;) (3.2.2)

sur ’espace H;, de domaine
D(As) :={(ug,u1) | uo € H2(Q), Ug|pg, € H2(8Q), u; € HI(Q), Uy p € Hl(ﬁﬂ),&,uo‘m — 5A§u0|m =0}.

Utilisant la méthode présentée en section 1.4, c’est-a-dire au moyen d’une estimée de résolvante, on démontre
le résultat de stabilisation suivant.

Théoréme 3.2.1 ([Bufl7]). Soit k > 1. Il existe C > 0 tel que pour tout 0 < § <1, on a

C
=AUl s (005

E entce ’Lb,t 1/2 < —
Ventcel(1, 1) (log(2 + 1))

pour tout u solution de (3.2) avec donné initiale Uy = *(ug, Dyug).

Ce résultat est uniforme par rapport au petit parametre 0 < § < 1. Ainsi, on retrouve le résultat connu
de [LR97] en passant & la limite § — 0". Une part importante de ce travail consiste en I'obtention d’une
inégalité de Carleman (uniforme par rapport au petit parametre 6 € (0,1)) au voisinage du bord, prenant en
compte les conditions de Ventcel pour ’équation elliptique suivante

{ (—Ay, —c*u=f dansQ,

du — 6Az;u =g sur 0f). (3.2.3)

Nous obtenons le théoréeme suivant.

Théoréme 3.2.2 ([Bufl7]). Soit x € Q et V un voisinage ouvert de x dans Q. Soit ¢ une fonction poids
satisfaisant la condition de sous-ellipticité d’Hormander (voir la définition 2.1.1) et les conditions données
dans (4.1.24) sur V. Alors, il existe 7o > 0 et C' > 0 tels que

el Rz + Tl V gul 721y + Tl Duujo0lT 2 (vaan) < C(Hewa%?(V)
+ T|eﬂpg|%2(vmaﬂ) +(6%° + 73)|ewu|3g|ig(vmm) + T|engTu|aQ|%2(Vmag)),
et si, de plus, d,p(z) <0 sur'V on a
mllemul|F2 vy + Tl V gul 72y + TP e uppal Fa v nan) + T\ewvgu\anfm(vmm
+7]e™d,uj00l72(vhan) < C (H@wa%Z(V) + T|€wg|2L2(VmaQ)) ;

pour tout 0 < § < 1, pour tout |o| > 1, pour tout T > 7o|0| et pour tout u € Cy (V), f € L2(Q) et g € L2(9Q)
vérifiant (3.2.3).
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=099, j=1,...,4

03

{2 o0}

FIGURE 3.1: Une sphere intersecte une surface et crée 4 variétés compactes a bord. L’intersection est une
composante connexe de 9€);, pour tout i € {1,...,n}, et est appelée multi-interface.

On observe une forte similarité entre le théoreme 2.2.1 et celui-ci. La différence réside dans la condition au
bord, et dans les conditions imposées sur ¢ dans en (4.1.24). Une condition supplémentaire (et essentiellement
technique) demande

|VZ;<P| <ypinf|d,p| sur VNoQ,

pour vy > 0 pris suffisamment petit, c’est-a-dire que la fonction poids doit étre relativement plate dans les
directions tangentielles par rapport a la direction normale. On retrouve ce type d’hypothese sur la fonction
poids lorsque ’on veut obtenir des inégalités de Carleman au voisinage d’interfaces (voir par exemple [LR11,
LLR13, LR10, BL16, LL13]). L’idée derriere cette hypothese est que l'on ne veut pas trop perturber les
dérivées tangentielles sous ’action de la conjugaison. On obtient ce résultat en utilisant la méthode décrite
dans la section 2.2.

3.3 Une inégalité de Carleman générale au voisinage d’une multi-
interface

Dans ce travail, on généralise les travaux de [BL15] (pour un probleéme au bord) et [BL16] (pour un probleme
d’interface), & un probléme de multi-interface. Considérons n variétés Qy, de dimention d > 2, k € {1,...,n}
a bord 9€y,. On suppose qu'elles partagent une partie de leur frontiere. On écrit 9Q%, i = 0,...,ny, les
différentes parties connexes de 00 et on suppose que I'une de ces parties connexes est partagée par toutes
les variétés. Par exemple

o0 =... =000,

On appellera 7 la composante connexe commune, et on appellera multi-interface (voir la figure 3.1). Le but
étant d’obtenir une inégalité de Carleman pour des opérateurs elliptiques a coefficients complexes d’ordre
quelconque, sous des conditions de transmission & travers la multi-interface Z. Des hypothéses généralisant les
conditions de Shapiro-Lopatinksii (ou encore appelées conditions de recouvrement dans la littérature) seront
faites.

On considere le probleme suivant au voisinage d’une multi-interface

Pruy = fy dans Qi, ke {l,...,n},

n

S Ti@.Dyuy, =g swZ, Ce{l,...,m}. (3.3.1)
k=1

ou P est un opérateur elliptique d’ordre 2my, m = my+---+m,,, et T,f est un opérateur différentiel au bord,
d’ordre plus petit ou égal a ﬂ,’i < 2my, £ =1,...,m. On traitera comme exemple d’application le probleme
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de transmission naturel suivant

—Agkuk:fk, kzl,...,n dans Qk

Uy, =0 = Up|y, sur 7 (3.3.2)
> Oy, =0 sur Z.
Pour k € {1,...,n}, soit ¢ une fonction C>= de Qy, et on considere les opérateurs conjugués

=7 -7 4 e T 0 —T
Py, =€ Pre” R Ty, = e en TR

avec pour symbole principal py ,(x,&,7) = pr(z,& + itdpg(x)) (au sens semi-classique). Deux hypotheses
principales sur la fonction poids seront faites. La premiere, est I’hypothese de sous-ellipticité d’Hormander
similaire a la définition 2.1.1, pour chaque opérateur Py et fonctions poids associées.

Définition 3.3.1. Soit k € {1,...,n}. Soit 2° € T, et soit Uy, un voisinage ouvert de 20 dans Q. On dit
que (P, k) satisfait la condition de sous-ellipticité dans Uy, si dpp # 0 dans Uy, et si

1 (_
pk,@(x»&’r) =0= {Repk,apvlmpk,ap}(xvgvT) = D) {pk,<p»pk,ap}(x»£77—) > 0, (333)

2i
pour tout x € Uy, > 0, et tout £ € R, £ £ 0.

La seconde hypothese, est I’hypothese de recouvrement. Elle introduit une notion de compatibilité entre
les opérateurs conjugués a l'intérieur Py, , et les opérateurs conjugués T,f"ﬁ’“ sur la multi-interface Z. Elle
généralise la condition de Lopatinksii introduite dans [Tat96, BL15] dans le cadre d’un probléme au bord, et
la condition de transmission dans [BL16] dans le cadre d’un probleme de multi-interface. Elle est trés proche
(et nous décrivons dans le paragraphe 5.2.3 en quel sens) de la condition introduite dans [ADN59, ADNG4]
pour analyser les propriétés de caractere bien posé au voisinage d’'un bord pour des systemes elliptiques.
Dans [ADN59, ADNG64], les auteurs recherchent des inégalités d’énergie pour le systéme classique, tandis
qu’ici nous cherchons une inégalité d’énergie pour le systeme conjugué. Il est donc en un certain sens naturel
que le méme type de condition de compatibilité apparaisse dans ces deux problemes. Sous ces deux conditions
(sous-ellipticité et recouvrement), on obtient 'inégalité de Carleman suivante.

Théoréme 3.3.1. Soit g € T et soit p une fonction poids dans U telle que ¢ € CO(U) et telle que
Py, € C>(Uyg). De plus, on suppose que (Py,pr) satisfait la condition de sous-ellipticité de la définition
3.8.1 sur un voisinage de xo dans Q, pour tout k € {1,...,n}, et on suppose que (T}, OVke{l,....n} Le{L,...m}

recouvrent (Py, ©)re{1,...n} €n xo € L (voir la définition 5.2.8). Alors il existe un voisinage U de xo dans ,
C >0, et 19> 0 tels que

n n n m n 9
_ 14
ZT 1||67[Pkuk”§mk,7+Z|€TW‘Iuk\Ilgmk71,l/2,T < C ZHeﬂkakukH%Q(Qk) +Z’2Tkuk|1 ve—1/2,7 4
=1 k=1 ’

k=1 k=1 k=1

pour tout T > 7y, pour tout u € C(U) tel que uy, == u, o € Cy (Uyn D).
k

Dans le cadre du probleéme de transmission (3.3.2), la condition de recouvrement se traduit de la maniere
suivante. Il existe ig € {1,...,n} tel que

i, <0, et Oyp; > 0, pour i # ig, et de plus satisfait |9,¢;, | > |0,¢i,| pour un certain i1 # ip. (3.3.4)

Dans les applications, cela implique que pour observer une multi-interface, selon le théoreme 3.3.1, il faut
avoir une région d’observation dans au moins n — 1 des variétés voisines (les régions d’observation sont les
régions ol le poids de Carleman est grand). L’optimalité de cette condition est discutée dans des géométries
simples.

En dimension un d’espace (d = 1), ce genre de configuration est appelé réseau de cordes, et les résultats
de controle et de stabilisation sont obtenus grace & la dérivation d’inégalités de Carleman globales (sur le
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réseau) ou encore a 'aide d’inégalités d’Ingham portant sur les valeurs propres du Laplacien. Pour de telles
questions, on renvoie & [BCV11, DZ06, LLS94, Zual3], ainsi qu’'aux références contenues dans ceux-ci. Les
résultats présentés ici, valables pour d > 2, permettent d’étendre certains de ces travaux.

De cette inégalité de Carleman, on en déduit des inégalités d’interpolation au voisinage de la multi-interface,
et on en déduit les résultats de contrélabilité a zéro pour 1’équation de la chaleur, ainsi que la stabilisa-
tion logarithmique pour I’équation des ondes amorties. Plus précisément, on considerera les configurations
géométriques suivantes.

Soit p variétés Riemaniennes compactes (Q, gx) de dimension d > 2, k = 1,...,p, de frontiere 9Q. On
pose = UY_ Q. On supposera que (2 est connexe et que J€j posséde nj composantes connexes, avec
ni > 1. On suppose de plus que les varitiétés partagent quelques unes de ces composantes connexes du

bord avec les autres. Plus précisément, on notera Zy, £ € {1,..., L}, 'ensemble des multi-interfaces qui sont
partagées par au moins deux variétés, et on notera By, k € {1,..., K}, le reste de ces composantes connexes
du bord.

Localement, on doit observer une multi-interface & n cotés depuis au moins (n — 1) cotés, si 'on souhaite
appliquer le théoreme 3.3.1. Il est donc naturel que des conditions géométriques entre {2 et 'ouvert de controle
w soit imposées.

Soit w un ouvert de . On écrira wy = QyNw, et L={L € {1,...,p}, we # 0}. Pour k € {1,...,p}, on définit

1 siQeNZyp#0
Nk : Ig — { X k ‘ 7&
0 sinon.
En d’autres termes, cette application retourne 1 si j, partage la multi-interface Z,. On pose V* := {k €

{1,...,p}, Nx(Z¢) = 1}, c’est-a-dire, ’ensemble des variétés qui partagent Zy.
Nous allons décrire par récurrence les configurations ou 'on peut obtenir des inégalités d’observabilité.
On pose dans un premier temps Op := L, et on définit

Vi osi Card Vi< 1 -
Ojy =0; U (UL VY, V=<0 I=7 eton V=V 0;. 3.3.5
J+ 7 ( =1 ]) j @ sinon, j \ J ( )
Cela signifie qu’a chaque étape, pour ¢ € {1,..., L}, on compte le nombre de cotés de Z; qui appartiennent

a O;. Si ce nombre correspond & une observation depuis (n — 1) cotés, on ajoute le coté restant a O,.
Remarquons Card Vf <1 a chaque étape, et que si O; = 0,11 pour un j donné, alors O; = Oj, pour tout
j' > j. On définit ainsi

Définition 3.3.2. On dira que (,w) est observable s’il existe jo € N tel que O;, = {1,...,p} dans la
construction décrite en (3.3.5).

L’algorithme décrit plus haut converge en moins de p itérations, que (£2,w) soit observable ou non. Par
exemple, dans le dessin de gauche de la figure 3.2, si on suppose £ = {2,4,5,6}. Alors

1. Og =L, Uk V8 ={1,3,7,8}, U V5 ={1,8}

2. Oy ={1,2,4,5,6,8}, U V{ = {3,7}, UL, V{ = {3}
3. Oy ={1,2,3,4,5,6,8}, UL V5§ = {7}, UL V5= {7}
4. O3 ={1,2,3,4,5,6,7,8}.

Ainsi (2, w) est observable.
Si on suppose £ = {2,4,5,6} dans le dessin de droite de la figure 3.2, alors

L. OO = E’ U%:l]}é = {1737778}7 U%:lvg = {8}
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FIGURE 3.2: Sous la forme d’un graphe, les arétes représentent les variétés Uy, et les sommets les multi-
interfaces Zy, ou les bords By.

2. Oy ={2,4,5,6,8}, Uk Vf = {3,4,7}, UL VI =10
3. 01 :(92 #{1,78}

et (Q,w) n’est pas observable.

Sous la condition géométrique d’observabilité de la définition 3.3.2, on en déduit les résultats classiques,
comme 'inégalité spectrale pour 'opérateur elliptique associé au probléme de transmission (voir le théoréme
5.5.5). Elle implique la controlabilité & zéro de 1’équation de la chaleur avec conditions de transmission (voir
le théoréme 5.5.6). De la méme maniére, on en déduit la propriété de stabilisation faible (ou logarithmique)
pour I’équation des ondes amorties associée, ou la zone d’amortissement vérifie la condition d’observabilité
géométrique de la définition 3.3.2 (voir le théoréme 5.5.7).

3.4 Quelques problemes de controle dans des configurations sin-
gulieres

Dans cette troisieme partie, nous nous intéressons aux cas de problemes plus singuliers. Dans les chapitres
précédents, I'obtention d’inégalités de Carleman locales preés du bord pour des conditions de Neumann,
Ventcel, ou encore pour les problemes d’interfaces invoque des arguments microlocaux, et notamment un
calcul pseudo-différentiel tangentiel. Dans le cadre d’un bord non-régulier, tel qu’un coin, de tels arguments
sont difficiles & mettre en oeuvre, ceci étant du a la faible régularité de la frontiere. Le cadre que nous
étudierons est le suivant. Soit {2 un ouvert polygonal et borné de R2, et soit S une ligne brisée du plan telle
que QNS # (. L'interface S divise Q en deux composantes connexes Qf, ¢ € {1,2}. Au bord, on note 9§,
chaque segment du polygone 0€2. Méme si I'interface S croise le bord en un point ou celle-ci est réguliere, on
considére qu’elle sépare le bord en deux segments distincts (un exemple est donné dans la figure 3.3). Dans
ce qui suit, pour une fonction v de Q, on note u’ sa restriction a Qf. Pour une fonction u de €, on note y,u
la trace de u sur 90, et v,0,u la trace de la dérivée normale sur 98, (lorqu’elle existe), ol v est le vecteur
normal unitaire sortant. Dans la méme idée, on définit ysu® la trace de u’ sur S et y50,,u’ la trace de la
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0y
15,92 o0 748,,1& =0

05
Ysu =0 0,

/758”’“ =0

FIGURE 3.3: Un exemple de polygone avec une interface brisée S. Ici, D = {1,2,4} et N = {3,5,6}. En gris
est représenté un exemple de support de ’amortissement pour ’équation des ondes, ou de zone de controle
pour I’équation de la chaleur.

dérivée normale, ol v est le vecteur unitaire normal sortant de Q¢. On imposera des conditions de Dirichlet
homogenes sur certains segments du bord, et des conditions de Neumann homogenes sur les autres. On pose
ainsi

D:={ieN, y;u=0}, etN:={ieN, v0d,u=0},

c’est-a-dire, 'ensemble des indices des parties du bord ou les conditions de Dirichlet sont imposées (respec-
tivement les conditions de Neumann). On consideérera les espaces de Sobolev

Hp ={(u',u?), u’ € H'(Q), £=1,2, y;u=0, Vi € D},
et l'opérateur suivant, agissant sur H1,,
Tu = —div(a(x)Vu), (3.4.1)
ol a(x) est une fonction constante par morceaux, vérifiant a(x) = ¢ sur chaque Qy, de domaine
D(T) = {(u',u?) € Hb(Q), Au’ € L3(QY), £=1,2, v;0,u = 0,¥j €N,
ysu' = ysu?, e1vs0p,ut + caysd,u® = 0}.

On peut diagonaliser cet opérateur suivant une base de Hilbert, notée (¢;,r;). Un coin sera appelé coin
Neumann, dans les cas suivants :

e un coin du bord ou des conditions de Neumann sont imposées de chaque coté;
e un coin de 'interface a l'intérieur de ) ou elle est brisée;
e l'intersection de I'interface avec un bord ou des conditions de Neumann sont imposées de chaque coté.

Sinon, on parlera de coin non-Neumann. On montrera les inégalités spectrales suivantes, dans 'esprit de
[LR95, JL99, LZ9g].

Théoréme 3.4.1. On suppose que §2 ne contient pas de coin Neumann. Soit w un ouvert non-vide de 2, et
soit n > 0. Alors, il existe une constante C' > 0 telle que

Z |0aj|2 < C@Cq)T’(A)/ | Z ajd>j|2, A>0 (342)

A <A @ <A

pour tout (aj) € £2(N), ou ®,(A) = A+,
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On a aussi le résultat (plus faible) suivant.

Théoréme 3.4.2. On suppose que €2 contient au moins un coin Neumann. Soit w un ouvert non-vide de )
et soit n > 0. Alors, il existe une constante C > 0 telle que

Z |aj|2 SceC‘I’n(A)/| Z aj¢j

Ay <A w o <A

. A>0 (3.4.3)

pour tout (aj) € (2(N), ou ®,(A) = A>T,

Remarque 3.4.1. Comparant avec le théoréme 1.3.1, on voit que dans les deuz cas (3.4.2) et (3.4.3), on a
P, (A) > VA pour A grand, et donc le résultat obtenu est plus faible que celui obtenu dans le théoréme 1.3.1,
dans un cadre régulier. Ceci est principalement di a la méthode utilisée, et nous pensons que ce n’est pas
optimal. Toutefois, dans le cadre ot nous n’avons pas de coin Neumann, pour A > 0 grand, ®(A) < A, et
ceci nous permet de retrouver les résultats de contrélabilité a zéro de I’équation de la chaleur, en utilisant la
méthode de contréle/relaxation [LR95].

Soit w € 2 un sous ouvert de €2, et soit x,, la fonction caractéristique de w. On considere le probleme de
controle

Owu + Tu = xuh (t,z) € (0,T) x Q,

viu(t,z) =0 (t,z) € (0,T) x 99y, i € D

viou(t,z) =0 (t,z) € (0,T) x 0, i €N

ysut = ysu? (t,z) € (0,T) x 8, (3-4.4)
1750, ut + cavs0,,u* =0 (t,z) € (0,T) x S,

u(0,z) = ug(z) € L*(Q) zeN

et on prouve le théoréeme de controlabilité a zéro suivant.

Théoreme 3.4.3. On suppose que €2 ne contient pas de coin Neumann. Soit w un ouvert non vide de €.
Alors, pour tout ug € L*(R), il existe h € L*((0,T)xQ)) telle que la solution u de (3.4.4) satisfait u(T,x) = 0,
pour presque tout x € €.

Concernant la stabilisation de ondes, nous montrons une inégalité de résolvante, qui a son tour fournit la
stabilisation logarithmique. On considere ’équation des ondes amorties suivante.

O2ut + Tul + b(x)0pu =0 (t,z) € (0,T) x Qp,

~viu(t,z) =0 (t,z) € (0,T) x 98y, i € D

viopu(t,z) =0 (t,z) € (0,T) x 0, i €N

vsul = ygu? (t,z) € (0,T) x S, (3.4.5)
1750y, ut + cavs0,,u? =0 (t,z) € (0,T) x S,

u(0,2) = uo(x) x e

Owu(0,2) = ug(x) x € Q,

ou b est une fonction positive, satisfaisant b > C' > 0 sur un sous ouvert w € ).

On définit I’énergie des ondes (3.4.5) par

E(t) = / Bul® + / VP,
Q Q

On formule I'équation des ondes (3.4.5) en une écriture de semi-groupe. On définit H = HJ(2) x L?(1), et
on considere le générateur des ondes suivant B : D(B) C H — H,

2= (1 i)
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ott D(B) = D(T) x D(T'/?) et ainsi 'équation (3.4.5) s’écrit

d
ZU+BU=0, U, =0, (3.4.6)

avec U = "(u, dyu) et Uy = *(ug,u1). On montre le théoréme suivant.

Théoréme 3.4.4. Soit k > 0. Il existe une constante C' > 0 telle que

C
|| B*Us|l24(02)

W) ()12
B)®7" < (log(2 + 1))

pour tout u, solution de (3.4.5) avec donnée initiale Uy = (ug,u1) € D(B).

Nous soulignons le fait qu’ici toutes les situations géométriques décrites plus haut, en particulier la présence
de coins Neumann, entrent dans le cadre de ce théoreme. Le théoreme 3.4.4 est la conséquence de I'estimée
sur la résolvante qui suit.

Théoréme 3.4.5. Pour tout o € R, o # 0, lopérateur (ioc1d +B) est inversible sur Hy x L*(Q). De plus,
il existe une constante C' > 0 telle que

1(io 1 +B) " H|lggyxr2() < Ce?l o] > 1.

Pour montrer I'inégalité spectrale, notre stratégie est la suivante. Classiquement, on pose Z = (—Sy, Sp) X
QetY = (=50 + a, Sy — a) x Q. Pour I’équation augmentée d’une variable

— 02— Au=f, (3.4.7)

au voisinage d’un coin du bord, on a en coordonées polaires —A = _@3 _ % _ %_ Posant u(x) = v(r,§) et
f(x) = g(r,0), (3.4.7) devient
0,

1
2 2
—0Zv — O7v — 7Tv — T—erv =g,

Posant w = r'/2v et h = r'/2g, on obtient

1 1
—8?w—8§w—2<Ag+)w:h.
T 4

On utilise les conditions au bord homogenes pour diagonaliser le laplacien sphérique (on note vy les valeurs
propres de —Ay), et on obtient une famille d’équations, indexées par k € N,

123

kak = —afwk — wak — T—ka = hk, (3.4.8)

ou p < 1/4. On remarque que 1/4 est précisément la constante de Hardy critique pour un probléme uni-

dimensionnel (voir 6.2.15)
R 1 |Z|2 R
/ <z’|2 _ 2) dr > C’(R)/ \2|2dr. (3.4.9)
0 4 0

pour tout z € H(0, R). Le cas critique pj, = 1/4 apparait lorsque la premieére valeur propre de I'opérateur
sphérique vérifie vy = 0, c’est-a-dire, lorsque qu’on effectue analyse au voisinage de coins Neumann (voir la
définition donnée plus haut).

En s’inspirant du travail réalisé dans [VZ08], o les auteurs démontrent une inégalité de Carleman parabolique
pour un opérateur présentant un potentiel y|z|~2, on introduit une fonction poids de la forme

pe(r,s) =r* —e(s — s0)?, (3.4.10)
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ou ¢ est rélié au grand parametre 7 de Carleman. Dans le cas sous-critique pi < 1/4, on montre ainsi
I'inégalité de Carleman suivante, uniforme en py.

wy
Clle™= Qrwp |72 > 7 (1 + |pkl) He”’ETIl%z

+ 7)|e7%2 Dpwp |22 4 T3P wr |22 + T3||rem e w22 + 723 |eT0 Dgwy| |22, (3.4.11)
avec € = o7~ /3, 7 > 75. Dans le cas critique pj, = 1/4, on obtient

Clle”?= Qrwg]| > T||eT‘pEwkH2LQ()~,) + T3|‘T€T¢Ewk”§/2()~,) + 7'1/3Hews('35wk\|2w(f/) (3.4.12)

2 ~
L2(Y)
avec cette fois-ci e = eg72/3, 7 > 79. Notons que dans les deux cas, les normes obtenues au membre de
droite correspondent au sens variationnel de I’équation (3.4.8), en utilisant (3.4.9). En sommant sur k£ € N
ces inégalités, et en revenant aux coordonées cartésiennes, on obtient ainsi une inégalité de Carleman locale
au voisinage d’un point singulier. On consideérera le poids (radial en )

o (x,8) = |z|? — (s — 50)?, (3.4.13)
Si le point considéré est un coin non-Neumann, on obtient le théoreme suivant.

Théoréme 3.4.6 (Inégalité de Carleman au voisinage d’un coin non-Neumann). Soit xg un coin non-
Neumann de 09, et soit sg € (—Sp + «, So — ). On pose P = (sg,x0), et on suppose xo = 0 sans perdre de
généralité. Soit V un voisinage ouvert de P dans Y. Alors il existe eg > 0, 19 > 0, C' > 0 tels que

Clle™ TullZan) = 7217 Vaaull L) + T2lle™ = ull 2y + 72l |2lul 72y,

ot e = gg7 /3, et pour tout u € C=((—Sp, So), D(T)) tel que suppu C V.
Pour des coins Neumann, on a le résultat suivant.

Théoréme 3.4.7 (Inégalité de Carleman au voisinage d’un coin Neumann). Soit g un coin Neumann de
00, et sg € (—Sp + a, Sy — ). Soit P = (so,x0), et on suppose xg = 0 sans perdre de généralité. Soit V un
voisinage ouvert de P dans Y. Alors il existe g > 0, 79 > 0, C' > 0 tels que

Clle™ TullZa(y) = 7llem™=ullZ2 () + 72 [le7* |2]ulZ2(y),

ot e = g7 2/3, et pour tout u € C=((—So, So), D(T)), tel que suppu C V.

Toutefois, la dépendance en ¢ (et donc en 7) de la fonction poids (3.4.10), ne nous permet pas d’obtenir
une inégalité d’interpolation directement. Du travail est encore réalisé en section 6.3 pour en déduire une
inégalité d’interpolation, plus faible que celles prouvées dans un cadre plus régulier. Ceci mene aux pertes
décrites en remarque 3.4.1 dans la constante ®(A) de (3.4.2).

Le poids de Carleman (3.4.13) étant radial en z, I'inégalité d’interpolation que 'on obtient fournit une
observation du voisinage du coin depuis une couronne (qui peut toucher le bord et/ou U'interface). Toutefois,
cette couronne se situe dans des régions ou le bord 992 (ou l'interface) est réguliere, et donc les intégaités
d’interpolation classiques peuvent étre appliquées, et ceci nous permet de propager I'information a travers le
domaine.

Pour l'estimée de résolvante, on montre une inégalité de la forme de celle de la proposition 1.4.5. On
introduit ainsi I'opérateur T, = T — o2. Pour cela, on utilise comme ci-dessus une décomposition polaire
localement au voisinage de coins, puis une inégalité de Carleman uni-dimentionelle. Revenant aux coordonnées
cartésiennes, on obtiendra finalement le résultat suivant. Soit p un coin, et R > 0, on pose U = QN B(p, R),
ou B(p, R) est la boule centrée en p de rayon R, on pose aussi wg = {z € U, |z — p| € (R/2,3R/4)}, et
V={xeU, |z—p <R/2},.
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Théoreme 3.4.8. Il existe une constante C' > 0 telle que

lullzr vy < C (IToullzzw) + Nullm wn)) » (3.4.14)
pour tout w € D(T), et pour tout |o| > 1.

Une propriété remarquable de ce théoreme est que la constante C' est uniforme par rapport au parametre
spectral o (en comparant avec (1.4.5) par exemple). Ceci peut étre compris intuitivement par le fait que
localement 'ouvert wg vérifie la condition de controle géométrique par rapport a V.

Toutefois, si 'on souhaite obtenir une inégalité du type (3.4.14), mais avec w & la place de wg, avec un w C 2
arbitraire, il faut propager des inégalités d’interpolation, et on obtient alors

ull 10y < CeCll (|| Toul|r2) + |ull i) - (3.4.15)

Enfin, nous terminerons cette présentation succinte, en remarquant que grace a la décomposition en harmo-
niques sphériques, tous nos arguments s’appliquent dans le cadre traité dans [VZ08, Erv08]|, c’est-a-dire a
I’équation suivante.

Oyu + Pu = x,h (t,x) € (0,T) x Q,
u(t,x)|,, =0 (t,x) € (0,T) x 09, (3.4.16)
uw(0,2) = up(z) € L*(Q) =z € Q,

ol © est un ouvert régulier borné de R? contenant 0, d > 3, w un sous ouvert arbitraire de Q, et P est

lopérateur
1

P=-A-"t_
|2’

2
avec u < p* = @=2" Dans [VZ08, Erv08], les auteurs prouvent un résultat de contrélabilité & zéro de la

méme forme que le théoreme 3.4.3. Nous ajoutons ici a ce résultat, une inégalité spectrale de la méme forme
que le théoréme 3.4.1. La remarque 3.4.1 concernant la constante e“®7(Y) g’applique aussi.
Notons que K. D. Phung a montré récemment une inégalité spectrale pour I'opérateur P, de la forme

D lal” < Cecﬁ/\ S aie’, A>o0, (3.4.17)

A <A WA <A

mais pour des valeurs de p qui restent éloignées de la valeur critique p = p*. Dans son travail, K.D.Phung
utilise des propriétés dites de doubling de ’équation de la chaleur, qui lui permettent d’obtenir des inégalités
d’interpolation ponctuelles en temps (qui sont équivalentes & 1'inégalité spectrale) [Phul7]. Obtenir lopti-
malité dans les régimes proches de p = p* reste un probleme ouvert. Pour plus de détails sur les résultats
présents dans ce mémoire, nous renvoyons aux théoremes 6.1.3 et 6.1.11. Dans le cadre de ’équation des
ondes amorties, nous renvoyons aux théoremes 6.1.6 et 6.1.15, qui sont des résultats nouveaux.
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Deuxieme partie

Inégalités de Carleman pour des
problemes de frontiere et d’interface
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Chapitre 4

Stabilisation de 1’équation des ondes
avec conditions frontiere de Ventcel

Ce chapitre a fait 'objet d’un article, publié dans Journal de Mathématiques Pures et Appliquées.

Abstract. We consider a damped wave equation on a open subset of R or a smooth Riemannian manifold
with boundary, with Ventcel boundary conditions, with a linear damping, acting either in the interior or at
the boundary. This equation is a model for a vibrating structure with a layer with higher rigidity of thickness
0 > 0. By means of a proper Carleman estimate for second-order elliptic operators near the boundary, we
derive a resolvent estimate for the wave semigroup generator along the imaginary axis, which in turn yields
the logarithmic decay rate of the energy. This stabilization result is obtained uniformly in §.

KEYWORDS: Stabilization; wave equation; Ventcel boundary conditions; Carleman estimate; resolvent esti-
mate

AMS 2010 SUBJECT CLASSIFICATION: 35L05, 35120, 93D15.

4.1 Introduction, statement of the problem, and main results

4.1.1 Introduction

We consider a locally damped wave equation on (€2, g), a compact Riemannian manifold with smooth bound-
ary 0f), with Ventcel! boundary conditions, and we are concerned here with the stabilization of such an
equation. This type of boundary conditions is characterized by the presence of a second-order tangential
operator at the boundary, for instance the Laplace-Beltrami operator AgT, reading 0, u — Agu = 0 (v denotes
the outgoing normal unit vector). It generally arises when considering a domain with an thin boundary layer
of high rigidity, after some approximations are made. The issue of stabilizing such a wave equation has been
the subject of several works, for instance [CKM07, CLT12a, CLT12b, NL10, Hem99, MMS13, KMO04]. Here,
we consider a linear damping of the form a(z)0;u, in the interior of the domain, or b(x)dsuy,,,, within the
Ventcel boundary condition at the boundary, where a and b are non-negative functions with a non-empty
support of © or 91, respectively. Stabilization is measured by the decay and the convergence to zero of a
natural energy function for the solution. Alternative models involving second-order operators in the bound-
ary conditions (or transmission conditions) and studied for similar properties (stabilization, controlability)
can be found in [MZ97, KZ06, LLR13].

Since the seminal works of [RT74, BLR92], it is known that a stabilization charaterized by an exponential
decay rate for the energy is heavily related to a geometric control condition, GCC for short. Roughly speaking,
every generalized geodesic (travelled at speed one), in the sense of [MS78], needs to meet the control region

I The name of Alexander Ventcel is often spelled differently, e.g. Wentzell.
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in a finite time (see also [BGé97]). In the present case, we do not impose such a strong geometrical condition
on the localization of the damping, that is on the support of the functions a and b. Exponential decay rate
is thus excluded in general. Here, we follow the approach of [Leb96, LR97, Bel03a] that leads to the proof
of a logarithm type decay for the energy, which is known to be optimal in the case of Neumann boundary
condition (see [LRI7]). Setting the damped wave equation in a semigroup form, say %U + AU = 0, such
a decay can be obtained upon deriving of a resolvent estimate for the semigroup generator of the form
|(icId+A)~t|| < Cexp(C|o]|) for o € R, with |o| > 1. Precise statements, including proper operator norms,
are given below. Note that the same type of decay is obtained for a damping located in the interior (a(x)
non-vanishing on an open subset w; € §2) or located at the boundary (b(z) non vanishing on an open subset
wp € IN). The resolvent estimate written above can be achieved from Carleman type estimates for a second-
order elliptic operator, taking into account the particular boundary condition used in the definition of the
damped wave equation problem. Classical boundary conditions, e.g. homogeneous Dirichlet, homogeneous
Neumann in the case of an inner damping (a nonvanishing), or Neumann in the case of a boundary damping
(b nonvanishing), were treated in the works cited above. The subject of the present article is to consider
Ventcel type condition,

dyu — JAgTu +b0u =0

with a parameter 6 € (0,1]. In particular, in the result we obtain, the parameter ¢ is allowed to tend to 0"
and we recover the result known for Neumann boundary conditions [LR97]. We refer to Section 4.1.3 for
precise statements.

A large part of the present work is devoted to the proof of a local Carleman estimate near the boundary
for the following elliptic problem

Aju+cu=f in 0
0|y, — 5A§u‘m =g in 0.

uniformly in o and ¢ for |o| > 1 and § € (0,1]. Then, this allows us to derive an interpolation inequality
leading to the resolvent estimate for the semigroup generator. Using the analysis of [Bur98, BD0S§], we can
then obtain the logarithm-decay stabilization result. We also show that a similar result can be obtained
dynamical Ventcel type boundary conditions.

The proof of the Carleman estimate relies on microlocal techniques at the boundary in the spirit of [LR97,
LL12, LR10, LR11, LLR13]. Near the boudary, our analysis is carried out in normal geodesic coordinates,
which eases to use pseudodifferential methods.

The outline of this article is the following. Main results are presented in Section 4.1.3. In Section 4.2,
we address the well-posedness issues for the damped wave equations we consider as well as the asymptotic
behavior of their solutions in the limit § — 07. Section 4.3 recalls notions around semiclassical calculus
and in Section 4.4 we describe the local geometry of the problem near the boundary. In preparation for the
derivation of the Carleman estimate, various microlocal regions are introduced in Section 4.5 and microlocal
versions of the estimate are obtained in Section 4.6. These estimates are patched together in Section 4.7
yielding the desired local Carleman estimate near the boundary. Finally, in Section 4.8 an interpolation
estimate is derived and we achieve the sought resolvent estimate.

4.1.2 Statement of the problem

Let (€2, g) be a Riemannian manifold of dimension n with smooth boundary 92. For simplicity, € is assumed
to be connected. The boundary can be seen as a compact Riemannian manifold of dimension n — 1 without
boundary endowed with the induced metric gjpq. In local coordinates, the gradient and the divergence on
(Q, g) are given by

Oz, ( Vdet(g)u;).

V, = ;gijar“ divgu \/F Z
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where g% denotes the coefficients of the inverse of the matrix g = (gq;)i;, with similar formulae for VI :=

\Y and divg := divg,,,. The Laplace-Beltrami operator on (£, g) then reads

gloa

Ay =divy V

g—\/—zaxlg Vdet(g)0s,), (4.1.1)

with a similar formula for A;F. We shall denote throughout this paper by v the outgoing unit normal vector
to Q with respect to the Riemannian metric, and 0, the associated normal derivative. In this setting we
consider the following wave equation

8,521; —Agu=0o0n Ry xQy, dpuy,, — 5A§u‘m =0 on R; x 9, (4.1.2)

which corrresponds to a problem with a static boundary condition of Ventcel type. Dynamic boundary
conditions can also be considered, namely

1
Ou—Agu=0o0nR, xQy dfuy,, + 500t — Alup,, =0on Ry x 0. (4.1.3)

In both cases, § is a small parameter, say 0 < § < 1. This kind of boundary conditions may for instance
model a thin layer structure surrounding €2, and the positive parameter § plays the role of the measure of
the thickness of this layer (see Appendix 9.B for a derivation of the model).

We now define usual norms and scalar products on €2 and 0f)

(u,d) ::/uﬁdmg, (v,f}) ::/ vodoy, (4.1.4)
L2 (Q) Q L2(09) o0

where dz, and do, are the volume elements associated with the metrics g and gjpq. In local coordinates, we

have dz, = /det(g)dz; ...dxz,, and a similar formula for doy. We also introduce the following Sobolev H 1
scalar products

(u’ﬁ) HY(Q) - (u’a) L2(Q) + (Vgu,Vgﬂ) L2(Q)’

(v.9) = (v.) + (Viv, VI . (4.15)
H1(0Q) L2(8Q) g 9] L2(89)

Throughout this paper, we shall denote by ||.|| a norm acting on 2, and by |.| a norm acting on 5.
Forming the scalar product of (4.1.2) with d;u in space and integrating by parts yield

1d

. 1
igE(uﬂf) =0, with E(u,t) = 3 (\|6tu(t)||%2(9) +IVgut)|[72) + 5|V§U(t)|ag\i2(09)) ; (4.1.6)

which corresponds to a conservation of energy F(u,t) of the system.
The purpose of the present article is the study of interior stabilization, namely, the following system

afu —Agu+adu=0o0n Ry x Qg,  dyup,, — 6A§u|ag =0 on R; x 09, (4.1.7)

where a is a bounded function of €2 satisfying the condition a > C' > 0 on wy, where wy is a non empty subset
of 2, as well as the problem with damping affecting a subset the boundary

02u — Agu=0o0n Ry x Qy, Opuy,, — 6A§u‘6ﬂ +b0su,, =0 on Ry x 09, (4.1.8)

where b € WH°(9Q) satisfying b > C' > 0 on a non-empty subset wp of 9Q. Computing the evolution of the
energy as above, we formally obtain respectively

t t
E(u,t) — E(u,0) = 7/ / aldwul?,  E(u,t) — E(u,0) = 7/ / b|6tu|m|27
0 JQ 0 Joq
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which shows that, in both cases, the energy is a non-increasing function of time. We shall prove that the
localized damping effect is actually sufficient to ensure that the energy goes to zero at least logarithmically.
In [LR97], in the case where Q is a ring of R2, the authors proved that such a logarithmic decay rate is in
fact optimal in the case of Neumann boundary conditions. As the decay results here is uniform with respect
to the small parameter d, we expect them to be also optimal.

Below, we shall treat well-posedness and stabilization properties of (4.1.7) and (4.1.8) in the same time
(Sections 4.1.3 and 6.1.1).

Static boundary conditions
In fact, we shall consider slightly more general operators at the boundary without adding technicality in the

analysis. We shall consider the following system

{ O2u— Agu+ adiu =0 on Ry x £ (4.1.9)

8”“‘89 + 62u|asz + batulasz =0 on R¢ x 08y,

where a and b are as above, but at least one is non identically zero, and ¥ denotes any positive second-order
differential operator on 0f2, that vanishes on constant functions, that is

C C ker(X), (4.1.10)

and which furthermore is self-adjoint for the duality bracket (.,.) z-1(a0), i1 (590), where the chosen pivot space
is L?(9) endowed with the inner-product defined by (4.1.4). Note that the definition of (.,.)y-1(90), 1 (90)
depends on the metric g. Hence there is some connection between the operator ¥ and g. In particular
Y= —A?; is a possible choice for ¥. In fact, the choice ¥ = —Az; is natural and motivates the condition
(4.1.10) for the type of generalization we consider. Observe that H~! is well defined as derivatives of L?(9)
functions in the distribution sense, since 92 has no boundary. Thus, the bilinear form

(U‘BQ7U\BQ)L2(8Q) + <2u|aaa U|BQ>H*1(OQ),H1(BQ) (4111)

defines an equivalent norm on H'(9f2) to (4.1.5). Furthermore, we define the energy associated to (4.1.9)

1
Es(u7t) = 5 (Hatu(t)H%?(Q) + ||vgu(t)||%2(ﬂ) + 5<Eu(t)|agﬂu(t)|aQ>H—1(aQ)7H1(BQ)) : (4112)

The reader should keep in mind that a prototype of such an operator X is —Ag defined in (4.1.1), and in this
case, the energies F and E; coincide. To treat the existence and uniqueness properties of evolution system
(4.1.9), it is convenient to recast the problem into a semigroup formalism. Considering the norms appearing
in the energy of solutions given in (4.1.12), we introduce the natural following spaces

Hs = Vs x L*(Q), 6 € (0,1], where Vs = {u € H'(Q) |ujpq € H'(0Q)},

endowed with the norm
2 2
The space Vs together with the norm ||.||y, has a Hilbert space structure. Observe that this norm is equivalent

1
to (\|-||§11(Q) + 5|'|?fl(69)) . We then define the following norm on #H; as the cannonical norm

bl ’2}'[5 = %}5 %Z(Q)
[|(u, v)] [lully, + 11l

Each space Hs and Vs indexed by ¢ is algebraically equal to Hs—1 and Vs—; respectively. Yet, note that
this identification does not hold topologically as § goes to 0. Next, we define the wave operator

As = (_OAQ a(i‘)l) (4.1.14)
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of domain D(As) := {(ug,u1) | up € H*(Q), ugy,, € H*(0Q), u1 € Vs, dyug|,, + 05ug|,,, + buy|,, = 0}.
The operator As depends on ¢ through its domain. In this formalism, system (4.1.9) reads as an evolution
equation

U + AsU =0, (4.1.15)

for U = (u, 0pu). In the case of (4.1.9), the boundary condition can be understood as an elliptic boundary
condition.

Dynamic boundary conditions

In the case of dynamic boundary conditions, we shall consider the following problem
9 o 1 1
O;u— Agu+adiu=0on Ry x Qp,  Ofuy,, + gauu‘(m + Buy,, + gbatukm =0on Ry x 09, (4.1.16)

where a and b are as in (4.1.9). Arguing as in (4.1.6), we define the following energy

1
Ea(u,t) = 5 (1100()1 320y + 175012 ) + 810010 () 3 0) + 6 (St W) 1102110 )
(4.1.17)
We shall treat system (4.1.16) as a system of equations coupled through the normal derivative term with a
transmission condition at the boundary

Ofu— Agu+adu =0, Oyuj,, + 007y + 65y +bdy =0, upo=y. (4.1.18)
We then define the space of energy
Ks := {(uo,u1,y0,91) € H'(Q) x L*(Q) x H'(9Q) x L*(99) | w0y, = b0} »
endowed with the norm ||(u07ul,yo,yl)H,QC(S = ||u0||§11(9) +HU1H2L2(Q) +0 (Zyo, y0>H,1(aQ)’H1(8Q) +5|y1|%2(69)7

yielding a Hilbert space structure. We recast system (4.1.18) into the evolution equation 0;U + BsU = 0,
where U = (u, dyu,y, 0yy), and where Bs is the operator defined on s

0 —-Id 0 0
R A VR 0 0
Bs=1 g 0 —-Id 0|’
%’71 0 by %b

with domain D(Bj) := {(uo,u1,y0,y1) € H*(Q) x H'(Q) x H?(99) x H'(09) | 1o, = yo}. The operator
~1 denotes here the trace on 0f2 of the normal derivative d,. In the case of (4.1.16), the boundary condition
can be understood as a parabolic boundary condition.

Asymptotic behavior with the parameter J.

Formally, in the limite 6 — 0, both models (4.1.9) and (4.1.16) lead to the Neumann boundary condition. A
precise statement of the convergence in proper spaces is given in Section 4.2.2 in the case of static boundary
conditions (4.1.9). The dynamic case is left to the reader. In the case of a parabolic equations across an
interface, such an asymptotic result can be found in [LR10].

4.1.3 Main results
Stabilization results on the damped wave equations

The main results of this article are the following stabilization properties.
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Theorem 4.1.1. Let k > 1. There exists C > 0 such that for all 0 < 6 < 1 we have the following energy
decay estimate

C
mﬂAIEUOHHJ(Q),

for all u solutions of (4.1.9) with initial data Uy = (ug, Orug).

Ey(u,t)"/? <

We also have

Theorem 4.1.2. Let k > 1. There exists C > 0 such that for all 0 < § < 1 we have the following energy
decay estimate

C
Eq(u, )2 < —— || Bk, ,
au,t) (log(2+t))k|| 5 Uoll35(2)

for all uw solutions of (4.1.16) with initial data Uy = (ug, Do, Yo, OcYo)-

In connection with condition (4.1.10) the energy introduced in (4.1.12) (resp. (4.1.17)) vanishes on con-
stant functions. The stabilization result of Theorem 4.1.1 (resp. 4.1.2) thus implies a logarithmic convergence
of the solution to a constant function.

Observe that the decay rate increases as the regularity of the initial data does. In fact, using semi-group
properties one can show that if we simply have E(u,t) < f(t)E(u,0) with f(t) — 0 as ¢ — 400 then, in
fact, the energy decays exponentially. From [BDO08, Bur98], it is well known that the stabilization results
of Theorem 4.1.1 and 4.1.2 can be reduced to deriving the following resolvent estimate along the imaginary
axis.

Theorem 4.1.3. For all 0 € R, 0 # 0, the operators (ioc Id +As) and (ioc1d+Bj) are invertible on Hs and
KCs respectively. Moreover, there exists C3;0 such that

[|(i0Td +As) " H|wy m; < CeCl7l o] > 1, (4.1.19)
[|(i01d +Bs) ks i, < CeClol o] > 1. (4.1.20)

As D(Ay) is compactly embedded in Hg, the spectrum of Ay is countable. In the case of an undamped
wave equation, i.e a = 0 and b = 0, the operator Ay is antisymmetric for the inner-product of Hg, and then its
eigenvalues are purely imaginary. In the case of stabilization (a or b not identically zero), the only eigenvalue
on the imaginary axis is zero. Indeed, let o € R*, 0 # 0 and consider U = (uo, u1) satisfying (As +io)U = 0.
This is equivalent to

up — toug = 0, —Agug — aioug — o?ug=0 inQ,
0| o + XU, + tboug),, =0 in 062

Multiplying the second equation by %y and integrating by parts over ) yields uy = 0 on wjy if considering the
imaginary part on wy, and ug),, = 0 on wp, thus ug satisfies —Ajug = o%ugy. Thus we can apply Calderén’s
unique continuation theorem if w; # @, and apply Theorem 9.D.1 given in appendix if wg # . The same
arguments hold for the operator Bs. As said above, 0 is an eigenvalue for both operators. To remove this
difficulty, we shall work in quotient spaces as described at the end of Sections 4.2.1 and 4.2.1. In these
quotient spaces, we can extend the estimates of Theorem 6.1.15 to ¢ € R, and (6.1.23) and (6.1.24) ensure
that all the eigenvalues are not in a closed neighborhood of iR of the type {z :=z + iy, © >0, « < e’C|y|}
(see for instance [LR97]). This kind of resolvent estimate is heavily related to the Carleman estimate stated
in the next section.

Carleman estimate at the boundary

We shall prove Carleman estimates for classes of more general operators in the interior and at the boundary.
We thus define the following operators

P=-A,+c(x).V,+d(z), S=S+c"(2). V) +d" (z), (4.1.21)
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where ¢ (resp. ¢’) denotes any L> vector field on  (resp. 99), and d (resp d’) any L> function on {2
(resp. 092). The estimate we prove in this paper concerns the following system

(P—c*u=fonQ, du+dS—ro?)u=gondQ, (4.1.22)

where o is a real number, and & is equal to 0 or 1. The operators (P — ¢2) and (S — ko?) will be denoted
by P, and S, respectively. We introduce the parameter x in order to prove a Carleman estimate that allows
us to treat both cases of static and dynamic boundary conditions at the same time. More precisely, k = 0
corresponds to the static case, and k = 1 to the dynamic case. Note that in (4.1.22), we add lower order
terms in the interior and at the boundary. Moreover, we consider non-homogeneous equation with f and g
as body and surface source terms. To precisely state the result, we need to recallthe notion of sub-ellipticity.
For 7 > 1, we set P, , = €"¥P,e” "%, where ¢ € C°°(R"), and consider p,, , its semi-classical principal
symbol. We then have the following definition.

Definition 4.1.4. Let V be a bounded open subset of Q and ¢ € C®(V). We say that o satisfies the

sub-ellipticity condition on V if there exists 7o > 0 such that

1
Poo(,6,7) = 0= - {Pyc.Ppc} > 0, (4.1.23)

forallz €V, £ €R™, |o| > 1 and T > 7|0

We now consider V' a bounded open neighborhood of a point of 0£2. We impose additional conditions on
© on V, namely, o
Vep#0 onV, and |V§<p| <yyinf|d,p| on VNoQ, (4.1.24)

for a sufficiently small 1y > 0. The local Carleman estimate in the neighborhood of the boundary that we
shall prove is stated as following

Theorem 4.1.5. Let x € 92 and V' be an open neighborhood of x in Q. Let ¢ be a weight function satisfying
the conditions (4.1.23) and (4.1.24) on V. Then, there exist 79 > 0 and C > 0 such that

7'3||8wu||%2(V) + T||€WV9U||%2(V) + T|@w8uulaﬂ|i2(vaam < C(Hewfﬂizw)
+ T|€T“’g\%2(vmasz) + (527-5 + 73)|eT‘/’U|QQ|%2(VQaQ) + T‘67¢V§U‘3Q‘%2(V0352))7 (4125)
and if in addition, 0,p(x) < 0, on V we have the stronger estimate

73| |€wu||%2(\/) + 7] |€wvg“||%2(\/) + T3|€wu|aﬂ|i2(\masz) + T|ewvgulaﬂ|i2(vmm
+7le™dyuppalta(vron) < C (||€Wf\|2L2(V) + T|€w9\%2(mfm)) , (4.1.26)
for all 0 < § < 1, for all |o| > 1, for all 7 > 1olo| and for all u € C°(V), f € L2(Q) and g € L*(09)
satisfying (4.1.22).

Observe that the two Carleman estimates are uniform in § > 0. That will allow us to perform an uniform
energy decay estimate with respect to the small parameter § at the boundary. Furthermore, in the singular
limit § — 0, we recover the Carleman estimate proved in [LR95].

Remark 4.1.6. Note that this estimate is invariant by adding lower order terms in o in the following sense:
if we set L := P —o?+r(z)o and LT := S — o2 + rT(2)o, with v and rT two L™ functions, then we can
write

||e7% Lu|> < ||e"?(P — 0%)ul|p2 + Colle ul| L2,

and the second term can be absorbed by the left hand side of the Carleman estimates of Theorem 4.1.5 by
taking 1o large. In the same spirit,

le™ LT u|p> < [€7%(S — o?)ulp2 + Cole™u 2,
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and we can absorb the second term by taking 1o sufficiently large. This estimate is also invariant by adding
lower order operators. If (4.1.25) and (4.1.26) are true for P = —Ay, it is also true for P in the form given
in (4.1.21), by taking 1o large. It will thus be sufficient to derive these estimates keeping only the prinipal
part of P.

4.2 Well-posedness and asymptotic behavior

In this section, we survey the well-posedness properties of the damped wave equation with static boundary
conditions (4.1.7). We also consider the asymptotic behavior if § goes to zero. Indeed, formally taking ¢
equal to zero, system (4.1.7) becomes a damped wave equation with Neumann boundary conditions. We
shall make precise in which spaces such convergence can be proven.

4.2.1 Well-posedness properties

The well-posedness properties can be stated for general operators. We set

0 —1Id
Aé::(P a)’

with domain D(As) := {(ug,u1) | ug € H*(Q), uo,, € H2(09), uy € Vs(09), d,ug + §Sug + buy = 0}, for
P and S be the operators defined by (4.1.21). In the same idea, we set

0 —-Id 0 0

P a 0 0
Bs=1| 0 0 —Id|’

%’Yl 0 S %b

and observe that D(Bs) = D(Bs).

The case of static boundary conditions

Proposition 4.2.1. There exists Ay > 0 such that for all X > Ao, for all F' € Hs, there exists a unique
solution U = (u,v) € D(As) of (As + A\Id)U = F. Moreover, there exists C > 0 such that

lullZ2 () + Olujan 2200 + 101, < CIIFII,,
for all 6 € (0,1], and XA > Xo.

The proof is given in Apendix 9.C.1. We can now state the existence and uniqueness result for the
associated evolution equation.

Proposition 4.2.2. Let Uy € D(As). Then, there exists a unique U in C*([0, +00), Hs)NC(]0, +00), D(As))
satisfying the Cauchy problem

6tU+A5U:0f0rtZO, Ut:():Uo.
where D(As) is endowed with the norm of the graph HUH%}(A(;) = U\, + [[AsU|3,, -

Moreover, we have [[U(L,.)||#, < |[|Uollw; and [[0:U(E,.)]|n, < [[AsUo] ;-

Proof. From the previous propositions, As + Ag Id is maximal monotoneous on Hs. Then, we can apply
the Lumer-Philips theorem (see for instance [Paz83], Theorem 4.3) to obtain the result. O

We now focus on the case As = As (see (4.1.14)).
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Proposition 4.2.3. Assume that (4.1.10) holds. Then

Sp(A4s) NiR = {0}, (4.2.1)
and the subspace Ey formed by the eigenfunctions of As associated with the eigenvalue 0 is
Ey=C '(1,0). (4.2.2)

Proof. By Proposition 4.2.1, the spectrum of As is purely discrete. The fact that io, o # 0 is not an
eigenvalue comes from the discussion below Theorem 6.1.15. It is clear that 0 is an eigenvalue, and that
C'(1,0) C Eo. Let (ug,u1) € D(A;) such that As(ug,u;) = 0. We obtain u; = 0, and thus —A,ug = 0. By
integration by parts we have

||vgu0”2L2(Q) +9 <Eu0\6n7u0|an>H71(aQ),H1(BQ) =0,

and we obtain ) = C on €2, which shows equality (4.2.2). O
Actually, if assumption (4.1.10) is not satisfied, then 0 is not an eigenvalue for As;. Below, we shall work
in quotient spaces Vs = Vs/E, and Hs = Hs/E,, where Eo := {(C,0), C € C}. We set As the operator

induced by the projection in the quotient space. We also set: D(Ag) := D(As) N H;s. We can endow the
space Vs with the scalar product

(wa), = (vgu,vga)m(m 6 (S, @) g1 o112 (00

which defines a norm on Vs, using the Poincaré inequality. For the sake of simplicity, in the sequel we shall
do the following abuse of notation: we shall drop the dots and continue to write e in place of e, where o is
one of the spaces above.

Remark 4.2.4. Observe moreover that in the case As = Ags, Proposition 4.2.1 holds with A\g = 0 in the
above quotient spaces.

The case of dynamic boundary conditions

We have the counterpart of proposition 4.2.1 for the dynamic case.

Proposition 4.2.5. There exists A\g > 0 such that for all X\ > Ao, for all F € Ks, there exists a unique
solution U = (ug,u1,Y0,y1) € D(Bs) of (Bs + AId)U = F. Moreover, there exists C > 0 such that

[luoll7r2 () + 81v0lFr2 a0y + 1wl |F () + 8ly1 7 a0y < CIIFIE,
for all § € (0,1], and A > Ag.

The proof is given in Appendix 9.C.2. This leads to the following well-posedness result for the damped
wave equation (4.1.18) written in a semigroup setting.

Proposition 4.2.6. Let Uy € D(Bs). Then there exists a unique U in C1(]0, +00), Ks) N C([0, +0), D(Bs))
satisfying the Cauchy problem
0U + BsU =0, U= =Up

where D(Bjs) is endowed with the norm of the graph ||U||%(85) = ||U|l%, + [1BsU]|xcs -

Moreover, we have ||U(t,.)|[%, < [|Uoll%, and [|0:U(t,.)|[%, < [|BsUollk,-
We state the following result about the eigenvalues of the operator Bs.
Proposition 4.2.7. Assume that (4.1.10) holds. Then
Sp(Bs) NiR = {0}, (4.2.3)
and the subspace Fy formed by the eigenfunctions of Bs associated with the eigenvalue 0 is
Fy,=C'(1,0,1,0).

Proof. It is sufficient to repeat the proof of Proposition 4.2.3. ]
We then quotient the space K5 by Fjy, and still denote it 5 by abuse of notation.
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4.3. NOTATION AND SEMI-CLASSICAL OPERATORS

4.2.2 Asymptotic behavior as ¢ goes to zero

In this section, we study the asymptotic behavior as § goes to zero of the solution ugs of the damped wave
system with static Ventcel boundary condition

(9t2U5 — Agus + adus = fs in Q@ x R, OpUs| e, — 5A9TU5|OQ + b0sus|,, = 0 in O X R, (4.2.4)
(us(0), Oyus(0)) = UY in Q,
to the solution of the damped wave equation with homogeneous Neumann boundary condition
v — Agv +adw = f in Q, 0y V)5, + 00|, = 0 in 0, (v(0),9v(0)) = VY in Q. (4.2.5)
Proposition 4.2.8. Assume fs — f in L?(0,T; L*(Q)) and U) = V° € H. We then obtain
us — v in L*(0,T; HY(Q)) N H(0,T; L*(Q)),
and we have the estimate at the boundary |V us|,q|1200) = O(5=1/2).

The proof is given in Appendix 9.E.1.

4.3 Notation and semi-classical operators

In the sections below, we shall use the following notation: R® > 2 = (2/,2,) € R*! x R, and R" > ¢ =
(€',¢,) € R"! x R and we shall consider the operators D = —id, and D' = —id,,. For V a neighborhood of
a point of the boundary 9 (resp. a neighborhood of 0 in R™), we set VT =V N Q (resp. VT =V NR"),
where R} is the half-space {x € R", z, > 0}.

4.3.1 Semi-classical operators acting on R”

Here we recall some facts on semi-classical pseudo-differential operators with a large parameter 7, say 7 >
7o > 1. We shall denote by S the space of smooth functions a(z, £, 7) defined on R™ x R, with 7 > 79
as a large parameter, that satisfy the following behavior at infinity: for all multi-indices «, § there exists
Cu,3 > 0 such that

020 a(w,€,7)| < Cap(r? + 2) 1072,

for all (x,&',7) € R" x R™ x [19, +00). For a € 8™, we define pseudo-differential operator of order m, denoted
by A = Op(a):
1 / ix.£ N
e calz, &, m)a(€)dE, ue S(R™).
o | Jie) ®")

One says that a is the symbol of A. We shall denote U7" the set of pseudo-differential operators of order
m and denote by o(A) (resp. o(a)) the principal symbol of the operator A (resp. the symbol a) and thus
o(D) = & We shall also denote by D™ the space of semi-classical differential operators, i.e the case when
the symbol a(z,&,7) is a polynomial function of order m in (&,7). Throughout the article, we shall use
the following order function on the whole phase-space: A, = (72 4 [£|2)'/2. We recall here the composition
formula of pseudo-differential operators. Let a € S and b € S;"/, m,m’ € R, we have

Op(a) o Op(b) = Op(a#b),

for some a#b € S™™  and for all N € N, there exists Ry € S+ ~N such that

Au(z) ==

a#b(x, &, 1) = Z ﬁ@?a(z,{,ﬂ@ﬁb(m,ﬁ,a)JrRN(z,f,T). (4.3.1)

la|<N

For a review on symbolic calculus we refer the reader to [Hor07].
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4.4. LOCAL SETTING IN THE NEIGHBORHOOD OF THE BOUNDARY

4.3.2 Tangential semi-classical operators

In the section we consider pseudo-differential operators which only acts in the tangential direction z’, with
parameter z,. We define 87’ as the set of smooth functions a(x, &', 7) defined for T as a large parameter,
say T > 7o > 1, satisfying the following behavior at infinity: for all multi-indices o € N, 3 € N"~! there
exists a constant C 3 > 0 such that

8;’8?,a(x,§’,7')‘ < Cup(t®+ &) (m=180/2

for all (z,&',7) € R} x R*™! x [rg,+00). For a € SF'
B := Opyp(b) of order m by

we define a tangential pseudo-differential operator

T

1 : ’ ’ ’
Bule) = Gyt / / @ b, & TYuly ) dy A€
( 71') Rn—1xRn—1

As in the previous section, we define W7 as the set of tangential pseudo-differential operators of order m,
and D', the set of tangential differential operators of order m. We shall denote the tangential order function

by Ar.r := (72 +|¢'|?)1/2, and define the following semi-classical Sobolev tangential norms, for fonctions on
R"~1 or traces of functions on R™ at {z, = 0}

|u|m77— = | OpT(/\%T)U‘LQ([Rn—l).

We also define the following semi-classical norms on the half space R’
llull5. = D 1IDK Opp (A" F)ul L2 gy -
k=0

Observe that , if m € N, this semi-classical norm is equivalent to Z|a\gm T‘O‘|||Dm’|a|u||Lz(Ri), uniformly
for T € [r9, +00). Below, we shall use several times the following trace lemma.

Lemma 4.3.1. There exists C > 0 such that for all u € S(R™), for 7 > 1,
[, —olo < CT7 V2| Jullr,- (4.3.2)
The proof is left to the reader.

Remark 4.3.2. In this paper, we shall use operators whose symbol depends on a additional parameter o,
say a(x,&,71,0), such that they satisfy

838550’(567577-7 0) S Ca,ﬂ(0'2 + 7'2 + |§|2)(m7\[3|)/2

However, in the region where T 2 |o|, we have a € 8™

T 7

and this property will be used several times.

4.4 Local setting in the neighborhood of the boundary

Here, we consider normal geodesic coordinates z = (2/,z,) € R*~! x R in a neighborhood V of a point of
the boundary. Locally, we have Q = {z, > 0} and 9Q = {x,, = 0}. We recall that from the remark below
Theorem 4.1.5, we can consider only the higher order terms in the operator P, since the form of the estimates
we want to prove is insensitive to the addition of low order terms. In such local coordinates, the principal
part of operator P takes the form (and we still denote by P, by abuse of notation)

n—1
P=D2+R(z,D'), R@D)= Y Dja;k(x)Ds),
k=1
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4.4. LOCAL SETTING IN THE NEIGHBORHOOD OF THE BOUNDARY

where a; ;, = ag ; and, if we denote by r(z,{’) the homogeneous principal symbol of R,

n—1
r(@,¢) =Y a;r(@)& € Rand 3C >0, ¥(x,&) € R* x R"™, r(z,¢') > Cl¢')%. (4.4.1)
j,k=1

Note that the principal part of the operator P is chosen to be formally self-adjoint. We also denote the
homogeneous principal symbol of P by p(z, &) = &2 + r(z,£’). Whenever V is a neighborhood of 0 in R™, we
shall denote by Cy (V1) the space of restrictions to V' i=R"n {z, > 0} of C* functions on R™ compactly
supported in V. On the boundary {x, = 0}, the operator S is an elliptic second-order differential operator
in the z’-direction. If we denote by s(2’,&’) its homogeneous principal symbol, we have

s(z/,¢) € Rand 3C > 0, ¥(z/,¢') e R" ™t x R* 1, s(a/, &) > CJ¢)2.

Observe that in these local coordinates, we have 0, = —0,, , where J,, denote the outgoing normal derivative
associated with the metric g. In what follows, we shall denote P, := P —¢? and S, := S — ko? for all 0 € R,
and x € {0,1}.

4.4.1 Operator conjugaison by a weight function
As is done classically, we introduce the following conjugated operator
P,,=¢e""P,e "%,

of homogeneous principal symbol p, », for a smooth function ¢ to be precisely defined below. We denote
also S, » the conjugated boundary operator

T —T
S%U =e ‘P\wn=osae ‘len=07

of homogeneous principal symbol s, ,. In what follows, we set: v = e”%u, and we thus have e™ P,u = P, ;v
and €™ ?lzn=0 Seu|, _y = Sp.oVz,=0- We have P = P +iP; by setting

1 * 1 *
P = 3 (Poo + P ), P = % (Ppo — P} ) -
Note that P, and Py are formally self-adjoints. Observing that e™#D;je™"% = D; + i70,,¢, we have
Py = D2 — (70,,9)*> — 0> + R(x,D') — r(x,7dwp) = Py — p(z, 7dsp), (4.4.2)
Py =71D,0y3, ¢ + 70y, 0Dp + T Z (Dja; i(x)0kp + a; i (x)0j¢Dy) (4.4.3)
jk=1
= 27(0y, oDy, + 7#(2,dp @, D'))  mod DY, (4.4.4)

where 7 denotes the symmetric bilinear form associated with the quadratic form r, 7(z,&,7) = 3°7 ) a; x(2)€1.
At the boundary, we also have S, , = So + 457, with

1 ) 1 .
=5 (Seo +52a) 5= 5 (S0 S2a).

that are formally self adjoints and of the form
Sy = s(x,D") = s(z', 7darp|,, _,) — ko?  mod D%,T and Sy = 275(2, dwr o), _,, D') mod D}W (4.4.5)

where § denotes the symmetric bilinear form associated with the quadratic form s. Their principal symbols
are respectively

,7,0)) = =0 + & +r(2,8) = 7%(0s,0)% — r(z, 7durg), (4.4.6)
,T) = 27 (O, p&n + 7(, dwr ip, 5/)) ) (4.4.7)
(4.4.8)
(4.4.9)

I I

"ro)=s(z,&) - s(x’,sz/goM:O) — ko2,
/aT) = 2T§(I/7dx’@|m"=o7£l)'

m In
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4.4. LOCAL SETTING IN THE NEIGHBORHOOD OF THE BOUNDARY

Note that p, o (2,&,7) = p2(z,&,7,0) +ip1(x, &, 7). We shall denote the tangential parts of the symbols po
and p; by

po(@,& m,0) = —a® +r(x,¢') = p(z, 7dsp), (4.4.10)
pi(@, &, 7) =277(2, & dur ). (4.4.11)

With this notation, if u satisfies d,u|, _, +9S,(z', D)), _, = O, then v satisfies
Dyvy,,—y = Kvy,,_, +© (4.4.12)

where K € 6D7,, 4+ 7D}, with principal symbol

k(x/’g/a T, U) = 2T5§(‘r/7§/adl"§0) -1 (7—81"@ + 58($/,§/) - 55(.’15/,7'dm/§0) — (51‘{0’2)
=6s1(2,&,7) —i(70z, 0 + s2(2', &, T0)), (4.4.13)

and © = 7% 0O, recalling that 0, = -0, .

Under the action of conjugaison by the weight function, the resulting operator P, , is not elliptic. In
order to handle the presence of the characteristics set, we shall impose the following condition on the weight
function which ensures the positivity of some commutators.

Definition 4.4.1. Let V' be a bounded open set of R". We say the weight function p € C*°(R") satisfies the
sub-ellipticity property in V if |dyo| > 0 in V and if there exist C > 0 and 19 > 0 such that for |o| > 1> 0

V(2,8) € VX R", V7 > 10|0], Ppo(x,&7) =0=> {po, ;1 }(z,&,7) > CA2. (4.4.14)

Here, we state the sub-ellipticity condition in normal geodesic coordinates. However, note that this
condition is geometrically invariant, and thus this definition is equivalent to (4.1.23) (observe that by the
homogeneity of the Poisson bracket, {ps,p1} > 0 implies (4.4.14), see the end of the proof of Proposition
4.4.2). The following proposition provides a construction of a weight function ¢ that yields sub-ellipticity
using a classical convexification procedure. A proof without the parameter o can be found in [LL12]. With
the parameter o, a proof is given in Appendix 9.E.2.

Proposition 4.4.2. Let V' be a bounded open subset of R™ and i) € C*(R"™) such that |d,y)| > C > 0 on
V.Then, there exists X\ > 0 sufficiently large, such that the function ¢ := e satisfies the sub-ellipticity

condition on 'V for T > C’|a|, where C is a constant satisfying C' >

Ainf '

Observe that we impose 7 to be larger than ¢ here. This condition appears naturally in the following
proof. In what follows, 7 will thus be the principal parameter. Inspecting the proof we actually obtain the
stronger property: pa = 0 = {p2,p1} > CA3.

Considering the previous proposition, we shall often write 7 > 7g|o|, where 79 > 0 is taken sufficiently
large, and we shall use the fact that 7 + o0 &~ 7 on many occasions in what follows.

4.4.2 Weight function properties

In this section, we first recall the required properties (4.1.23), (4.1.24) for the function ¢ to be an admissible
weight function on V, where V is an bounded open neighborhood of 0 in R™. Yet, here we states these
conditions in the normal geodesic coordinates introduced above, and we provide a construction for such a
function. The weight function to be used, ¢ € C*°(V), is chosen so as to satisfy the following conditions

b |vz§0|20>07

e For a given vy > 0, we have

|0z, < voinf |0y, 0] j=1,...,n—1 (4.4.15)
14
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4.5. MICROLOCAL REGIONS AND ROOTS PROPERTIES

e ¢ satisfies the sub-ellipticity condition (4.4.14), on V, which is given in Section 4.4.1.

The value of vy > 0 will be determined in Lemma 4.5.3 and in Lemma 4.6.7 and it is meant to be small. With
this parameter, we enforce the weight function to be relatively flat in the tangential directions as compared
to its variations in the normal direction. In the applications we have in mind, we shall use weights of the
form e*”. The two first conditions are satisfied if

o V)| >C>0;

e For a given vy > 0, we have |0,,¢| < wpinf |0,,¢| j=1...n—1.
%

If |[V4¢)| > C > 0 then for A sufficiently large, the third condition is satisfied (see Proposition 4.4.2). Observe
that if ¢ is an admissible weight function fulfilling the above conditions, then its normal derivative cannot
be zero, implying: |0y, ¢| > C >0on V.

4.4.3 A boundary quadratic form

Using integrations by parts and symbolic calculus, we derive a first estimate. It exhibits a quadratic form
involving the two traces v, _, and 0y, u|, _, at the boundary. This estimate is central in what follows.
Actually, we shall exploit its structure when considering the phase-space region where the operator P, , is
not elliptic, and use the sub-ellipticity condition (4.4.14) in a crucial way. This estimate is now classical and
is proved in [LR95]. A proof with the parameter o is given in Appendix 9.E.3.

Proposition 4.4.3. Let V be an open neighborhood of 0 in R™ and let ¢ be a weight function satisfying the

sub-ellipticity condition (4.4.14) in V+, and assume that |0, | > C > 0 on V. Then there exists 9 > 0
and C' > 0 such that

C'rllolli - + 7 ReB(v) < [|Ppovlff ,

forallve Cy (V1), o] > 1 and T > 1olo|, where

B(v) = 2(3%90%”\%:0, Dnv\z,zz()) + (Awm:o, Dnvlmn:o)

L2(Rn—1)

LQ([Rnfl)

L2(Rn-1)
The operators Ay, A} and Ay are differential, and
o Ay, A} € Dy and satisfy
a1 = o(Ar) = 0(A]) = 2 (2, €, dyrip); (4.4.16)
o Ay € D7, and satisfies
ag i= 0(Az) = 20,9 (0° + p(z,7dyrp) — r(,€')) . (4.4.17)

4.5 Microlocal regions and roots properties

Here, we consider the principal symbol of the conjugated operator (see (4.4.6)-(4.4.11))

pcp,o(xagvT) = pg(x,f,T,O')‘i‘ip](ZC,f,T)
= 152(1.75/777 U) +iﬁ1($,£/,T) +£Z +22Tal’n§0£n
= (671 + iTa"L'nQD)z + (TaanD)Q +ﬁQ("E7£/7T7O') + iﬁl(xvglaT)'
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4.5. MICROLOCAL REGIONS AND ROOTS PROPERTIES

We set: m = (70,,¢)* + pa2(2,&,7,0) + ip1(z, &, 7). Then, we can write p, , as a factorized second-order
polynomial function in the &, variable

pap,o(ma 5/7 &ns T) = (gn +ia+ 7;7-8171 SD) (gn —ia+ 7;7-81" 30) s

where a € C satisfies Re(a) > 0 and o? = m. We can write
pap,a(xa€/7£na7—) = (é_n - er) (gn - pi) )
with p~ = —i70,, ¢ —ia and pT = —iT0,, ¢ + ia. Observe that there exists C' > 0 such that

IpT| < CAr, 7. (4.5.1)

ﬁl(xa§/77-)2

We set u(a,€',7,0) = Pa(w,§',7,0) + 5

Note that it is a homogeneous function of degree 2 in the
(&', 7,0) variable.
Lemma 4.5.1. We have the following:
if p(z, &', 7,0) <0, then p* ¢ R and sign(Im(p~)) = sign(Im(p™)) = sign(—0,, ¢);
if p(x,&’,7,0) =0 , then
o if 0y, 0 >0, then p* € R and Im(p~) < 0; thus (z,&,p*,7) € Char(P, )
o if 0y, <0, then p~ € R and Im(p™) > 0; thus (z,&',p~,7) € Char(P, ,);
if u(z,&’,7,0) >0 , then p* ¢ R, Im(p~) < 0 and Im(p*) > 0;

The different root configurations are represented in figure 4.1. From Lemma 4.5.2, we have p < 0 implies
|€'] < 7, and that g > 0 implies |¢'| 2 7, and that 4 = 0 implies 7 < |¢/| < 7.
Proof. For z =a+1ib € C, a # 0, we have

Im(22)?
2y _ 2
Re(z*) =a 102 (4.5.2)
Using (4.5.2) with z = «, observe that
Im(m)? Im(a?)? 1 1
_ _ 2 _ 2 _ 2 _
:U/ - Re(m) (Ta@in(p) + (27'6%72’(,0)2 Re(a) (Taxn(p) + 4 (Taxn@)Q Re(a)2
Im(a?)?
= i (1 . 4.5.

(Re(@)? = (704, 9)%) ( T IRe(@2(r9,_ 22 (4.5.3)
Thus p % 0 if and only if Rea — 7(9;, ¢| = |Rea| — 7(0s, ¢ % 0. This allows us to conclude as Im p* =
tRea — 70, ¢. O

The sign of 4 is related to the value of the tangential variables |¢'| with respect to 7.
Lemma 4.5.2. For §y > 0 taken sufficiently small, there exists C' > 0 such that we have the following:
if p(x,&,1,0) < JOA%,T , then |¢']2 < C12;
if p(x, &, 7,0) > —0AZ ., then T < |€'2.

Proof. Suppose first that pu(x,&’,7,0) < doA7 .. This means

~ / dz/ 2
L de o) 532 plesrdag) + o,

T(xagl) + (896“()0)2 S
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The case where 9, p > 0:

Im(&n) Im(&n) Im(&,,)
ot
X
ot
Re(¢) + Re(¢) Re(¢)
X n X X
P P p p
E% =0
E7:u<0 pT crosses the real axis ET:u>0
The case where 9., ¢ < 0:
Im(&n) Im(&;,) Im(&;,)
ot
X X
X P X
p* Pt
o
Re(&n) #—— Re(&n) Re(é)
X
o
p=0
ETu<0 p~ crosses the real axis ET: >0

Figure 4.1: Position of the roots of p, , as p varies.

implying for some Cy > 0, and C7 > 0, we have Cy|¢’|? < §o|¢’|2 +C172. Thus, for g < Cp, we have [¢']| < 72
Suppose second that u(z, &', 7,0) > —dA7 ., meaning

e o o)?
P, 7dep) + 0 = 1@, ) + oA, + oL dee]
‘ (0z,%)
This implies that for some Cy > 0, and C3 > 0 we have Cy7? + 0® < C3[¢'[* + dor2. Thus for dy < Ca, we
have 72 < [¢']2. ;

In the case u = 0, the operator P, is not elliptic, as one of the roots p* or p~ is real. There is a (real)
characteristic set. The ellipticity or the non-ellipticity of P, , can thus be expressed through an algebraic
condition on the tangential variables. We introduce the following phase-space regions

Et = {(a:,f’,T, o) eV x R ! x RY xR | lo] > 1, 7> 7olo| | p(z, & 7,0) > 771)\%77}

& ={(z,¢,1,0) eVt x R RT xR ||o|>1, 7> nlo| | w(z, &, 7,0) < —7]1)\2T,T}

E={(z,&,7,0) VI xR" ' xR" xR | |o| > 1, 7 > 7o|o| | —2mAF, < p(x,&,7,0) <2mAF .},
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=
Il
o

uw<0 w>0

Char(S,,») —2m Char(P,,) 2m

AT,

< =7 'z

£- £0 £+

Figure 4.2: Representation of the three microlocal regions.

where 71 > 0 will be chosen sufficiently small below (see Proposition 4.6.5 and Lemma 4.6.7). These microlocal
regions are sketched in Figure 4.2. We shall thus cut the tangential phase-space into three pieces to isolate
the different behaviors of the roots of P, ,.

Lemma 4.5.3. (Localization of the characteristic sets). Let ¢ be a weight function satisfying the properties
of Section 4.4.2. Then, there exist C > 0, Cy > 0 and 19 > 0 such that for all |o| > 1 and 7 > 79|0| we have

Resy (@', ,7) = s(a', &) — s(x’,rdm/go|l,nzo) — ko’ > C'/\%T if p(x, &, 1,0) > —C'O/\%T.
In particular, we have the following inclusions:
Char (S, ,) C Char(Re(S,.0)) C {1 < —CoA7 .} N{zn, =0} C &~ N {z, =0},
if 0 <m < Co.

Proof. We have, on the one hand

2

s(@',€') —s(a', 7dar ) —ro? > "¢ — C’”7’2|dggfc,0|g%/:0|2 — ko

> C//‘£/|2 _ C///V§T2 i%f |azn90|2 _ I{JQ,

en=o)

and on the other hand, from Lemma 4.5.2, |¢'|? > Ap ., if p > fCO)\QT’T for Cyp > 0 sufficiently small. This
yields

s(a’, &) = s(2’, rdwrp) — ko? > C" (€7 + 0® + ) — C"vg7? inf |0, ¢|* — Ko®

for all 7 > 7p|o|, by taking v sufficiently small and 7g sufficiently large. The other statements follow. O

Here, we used that the weight function is chosen sufficiently flat in the tangential directions with respect
to the normal one in a crucial way: it ensure that the two characteristic sets, that of P, , and that of S, , are
associated with two different microlocal regions. We shall derive three microlocal estimates corresponding to
the previous regions determined by the sign of u, and prove an uniform Carleman estimate with respect to
the small parameter d, that appears in the boundary condition in (4.1.22). In fact, if we only want estimates
with a fixed 4, say equal to one, we can prove such an estimate using only two microlocal regions £~ and
EO9UET. This is due to the fact that the principal symbol of the boundary operator is of order 2 and elliptic
in high frequencies. Then, if § = 1, only second orders terms are relevant. Here, because ¢ varies in (0, 1], we
have to treat second- and first-order terms. That is precisely the reason of the apparition of our particular
treatment in the zone £T.

Lemma 4.5.4. Let x € S%T homogeneous of degree 0, such that supp(x) C ET. Then, xp* € 871% and there
exists C > 0 such that |Im(p*)| > CAr, on the support of x.
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T

Proof. Let us show first xp* € S} . As 70,,¢ € S}, it suffices to prove that yo € Sf, .. We have

2
X}|\021 L ¢ 82 as a homogeneous function of degree 0 in the (¢/, 7, o) variable. In the region £, we claim that
T, ’

there exists a neighborhood U of R= such that m ¢ U. Indeed, consider (z,¢,7,0) € £ N (V x St ro)=1)
where S(¢/ ;) denotes the unit sphere in the variable (§',7,0). Suppose that Im(m) = 0. This implies that
p1(x, &, 7) = 0 and thus p(z, &, 7,0) = pa(z, &, 7,0). The definition of ET yields that ps(x,&’,7,0) > 0 and
thus Re(m) > 0. By a compacity argument we have there exists a constant C' > 0 such that Re(m) > C > 0,
and then the claim is proved by homogeneity. This allows us to define ﬁ =F (%), where F'is the complex

principal square root. Using Theorem 18.1.10 in [H6r07], we obtain % € S%T in a conic neighborhood of
the support of x. Now, we show that |Im(p*)| > CAr, > 0. We have

[ Tm(p)| > | Re(a)| = 7|04, 0]. (4.5.4)

Using (4.5.3) and observing that on the support of x, we have u 2 C)\QTJ, we obtain Re(a)?—(79,,,9)* 2 A7,

and with (4.5.4) this concludes the proof.
O

4.6 Microlocal Carleman estimates

We recall that the operators P,, and K are defined in Section 4.4.1. In each region, we define cut-off
functions x depending on (z,¢’,7,0), but from Remark 4.3.2, the parameter o will not be involved in the
symbolic calculus.

4.6.1 Estimate in £T

In this region, we have p > 7, and thus |{'| 2 7 and both operators P, , and S, , are elliptic, and this allows
us to estimate v in the interior and at the boundary from a single observation at the boundary. Observe that
the estimate here is of better quality than that in the other zones £~ and £°.

Proposition 4.6.1. Let V be an open neighborhood of 0 in R?, and ¢ satisfying the conditions of section
4.4.2, and x(x,&',1,0) € S%T be such that supp(x) C ET. Then there exist 19 > 0 and C > 0 such that

|| Opp(X)0ll7  + (7 + 8%7°) Opr (X)), o |7+ + I Ds OPr (X)), =05~ < C(I |Pe.ovll5.-
7D = K)oy, o + 0l 7 1Dt B+ 7 Mo, B (46.0)
for all |o| > 1, for all 7 > mo|o|, for allv e Cy (VT), and 6 € (0,1].
Proof. In this microlocal region, we shall apply the Calderén projector method. We shall denote
P, ov = f in R7, Dyv, _,—Kv, _, =06 in {z, =0},

for v € 680(‘/*). Let x € S%T as in the statement of the proposition. We set w := Opp(x)v and g :=
Opr(x)f. Hence
w1 := Py ow = Opr(X) Ppov + [Poo, Opr ()]0 = g + [Pp 0, Opr ()]0,
and on {x, = 0} we have
(Dn — K)wy,, o = wo = [Dn — K, Opp(x)]v|,, _, + OPr(X)O),, (4.6.2)

and as [D,, — K,Opy(x)] € 095, + WG we find

lwolo < 0lvy,, _ol1,r + V), _olo + [©lo- (4.6.3)
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Us U Uy Up £+ T Vo
|§/‘ ‘ UOX[R
€'

T+ o] 7+ o]

Figure 4.3: Representation of the different conic neighborhoods.

Observing that the commutator [P, »,Opz(x)] € U1 and does not depend on o, we obtain
lwillzz S Mlgllze + [[olh - (4.6.4)

In what follows, we shall denote by w the extension of w by 0 on {z, < 0}. We thus obtain the following
equality on the whole R™:

Ppow = w; — im(w)da,=0 — y0(w)d;, —o + 270, $70(w)dz, =0 (4.6.5)
where vo(w) = Wz, =0, Y1(w) = (Dpw)|z, =0, and 0 is the Dirac measure. Recalling that p* and p~ are the

two complex roots of the principal symbol p, , viewed as a polynomial in the variable &, (with Imp™ > 0
and Im p~ < 0), we find —2i70,, ¢ = p*(z,&,7,0) + p~ (2,&,7,0). With this relation, (4.6.5) reads

P¢70Q =w; + Woaxnzo + W15;n:0, (466)
where
Wy = —(w),  Wo=1i(Op(p* +p " )y0(w) —n(w)), (4.6.7)

Let Uy and Uy be two conic neighborhoods of supp(y) in (V NR%) x R*~! x R x R such that U; C Uy and
Uy C £T. We also define, for 75 > 0:

Vo={(z.&§m0) |2V, |o| > 1, 7 =m0l [¢a] > Col(&,7)I},

Vi={(z.&m0) 2V |o| 21,7 > mlol, [&a] > C1l(€",7)]},

for 0 < C; < Cp chosen sufficiently large. Note that V, and V; are conic in (§,7,0). Let X(z,&,7,0) € S?
(see Remark 4.3.2), homogeneous of degree 0, be such that ¥ is equal to 1 on the conic set (U x R) U Vp,
and is equal to 0 outside (Up x R) U V3. Note that it is possible since ((U1 x R)UVy) NS¢ r0y=1 €
((Uo x R)U V1) N Sy(¢,7,0)|=1, Where S ; 5)=1 denotes the unit sphere on R™ x Ry x R. The microlocal
neighborhoods are represented in Figure 4.3.

Observe moreover that on supp(x), we have p, » # 0. Indeed, on the one hand it is true on U; X R since it
is true on €1 X R, and on the other hand it is true on V; since p,, » = 0 is equivalent to &, = p* or &, =p~,
and implies from (4.5.1), that there exists a constant C' > 0 such that |¢,| < CAr ,, which can be avoided i
n Vi, for C; chosen sufficiently large. Thus, we can construct a parametrix Ey = Op(e) € ¥-2 N € N, such
that

- X
e= g ej, €= —, GjE\If;27j
j=0 pLP:SO
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with e; homogeneous of dergree —2 — j and satisfying Ex P, , = Op(Y) + Ry. where Ry € ¥7V. From
(4.6.6) we find
w=FEy (Wl(S;n:O + Wo(szn:()) + 91, (4.6.8)

where g1 = En(w;) + Id — Op(X)) w — Ryw. As in {z, > 0} we have w = Op(x)v, we observe that
supp(1 — %) N (supp(x) x R) = @}, and we shall make use of the following lemma of [H6r07], Theorem 18.1.35,
which proof can be adapted to the semi-classical setting we consider here.

Lemma 4.6.2. Let ar . (v,&',7,0) € S7, and by (7,8, 7,0) € S;”/ and assume that for some § > 0 we have
b (2,€,7,0) =0 if 6|&,| > 1 and |(&',7)| < 6|&,|. If moreover, (supp(ar,,m X R)) Nsupp(by,) =0, then

Opr(ar,m) o Op(bmr) ﬂ UM and  Op(by) o Opy(arm) m voM,
MeN MeN

With Lemma 4.6.2 we find (Id — Op(¥)) o Op(x ﬂ UM which yields:

llg1ll2,r < +1lgllo,r- (4.6.9)
We have
En (W15/$n20 + WOCSln) =ToWo + T1 W1
1 . ! !’ ’
. - . - - (' —y').e" 4. ! / v
T]W E OpT(t])('xn)W - (27T)n_1 /[Rn—l € Y t] (3375 )y T U)W(y )dy df (4610)
1 ) .

=g [ i ele. & )

Note that from (4.5.1), e(z,&,7,0) < A72 for all &, € C satisfying |£,| > RAr.,, with R sufficiently large.
Then ty defines an absolutely convergent integral, but ¢; has to be taken in the oscillatory integral sense, and

1 )
- 76.2” eZanne(I,7£’T’ O-)dé-n ) (4611)

27T R Zn==In

where the derivative is taken in the distribution sense. As for |§,| > CiAr,-, X = 1, the symbol e(z, &, 7,0)
is holomorphic in the variable &,, we can thus change the contour of integration:

1 .
to=— [ ez, €, 7,0)dEy, (4.6.12)
2w B

where 8 = {£{, € R | &, € [-RAr, RAr |} U{& € C, €| = RApr, Im&, > 0}, with R > 0 chosen
sufficiently large to have p* in the complex domain delimited by 3 (such a constant R exists since p* € S%)T).
From (4.6.11), we can also define:

1 .
t) = — [ e®ntnig e(x, &, 7, 0)dE,. (4.6.13)
27T Jé]

For a review of oscillatory integrals, the reader may refer to [Hor03, Section 7.8]. Observe that Opy(t;)(xy,)
is a x,-family of pseudo-differential operators acting on R*~!. In fact, from (4.6.12) and (4.6.13) we have

0L, 0% 022t;| < Cra gy T j =01, (4.6.14)

Now let U, and Us be two conic neighborhoods of supp(x) in (V NR%) x R"™! x R* x R such that Us C Uy
and U, C Uy, and we choose x1(z, &', 7,0) € S such that x; = 1 on U and x; = 0 outside Us (see figure
4.3). In addition, we set s; = x1t; and g = OpT((l — x1)t0)(@n)Wo + Opr((1 — x1)t1)(2n) W7 which yields

w = Op(s0)(w,)Wo + Op(s1)(zn) W1 + g3, (4.6.15)
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where g3 = g1 + g2 By tangential symbolic calculus (the normal variable &, is not involved in the calculus),
as supp(1 — x1) Nsupp(x) = 0, using (4.6.14), the trace formula (4.3.2), we obtain

107 (M) Dy, g2llor S loll1r + 77 (v)lo.r, (4.6.16)

for all I € R,I’ € N. This allows us to estimate g3:

llgsllz,r < Mlgllo,r + ol + 77 (v)]o,1- (4.6.17)

We now estimate s;. The symbol e(z, ', &y, 7, 0) is holomorphic in &, on the support of xi, we then can
change the contour of integration in the complex plane

Xl(xaglaT, U)

S, =
J 27

/ e tre(w, € 6, 7o) (i) Ay j=0,1 (4.6.18)

0

where 3y is a direct contour surrounding p™ in the region where Im¢,, > co)\lT’T, for some ¢y > 0. (note that
it is possible from Section 4.5). By the residue formula, we have

—ixnpt -5 (p+)jX1
e P S = Z]Jrlﬂ + m;, (4619)
with m; € Siiﬂ. With (4.6.18), we can estimate:

| D5, 0507 8] < Cragage™ @A ([€/] 4 )7 HHIH el = 0,1,

We thus obtain eCOw"TDén s;j is bounded in S ITH + uniformly in z, > 0. This yields

| Opzr(Ar,r) OPT(Sj)(xn)WjHQB(Ri) <C | OPT(Sj)Wjﬁ,r(xn)dxn

z,>0

<C e_QCanTlecoan OPT(Sj)leir(xmdxn
x>0

N

x>0

<Cor Wz, (4.6.20)
and
[ Dn OPT(Sj)(xn)Wj”%?(D%Z(_) < C/ o | Dy, OpT(sj)Wj|(2)(mn)dmn
T >
<C e 20T 0T I OpT(sj)Wj|(2)(mn)dmn

T >0

<o, [ e,

T >0

<Crwyli L (4.6.21)
Using (4.6.15), (4.6.17), (4.6.20) and (4.6.21), we obtain

lwllir 77 gsller + 72 Wil,r + 772 [Wolo + 772 Do) 2

St Hlgllor + 77l + 72 Wal + 72 Wolor + 72 (V)| e (4.6.22)

It remains to determine the two traces Wy et Wj. Taking the trace x, = 07 in (4.6.15) and using the
definition of Wy and W7 in (4.6.7):

Yo(w) = Opg(a)yo(w) + Opr(b)y1(w) + v0(g3), (4.6.23)
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With a € S%T, azn=0 and b € STT’IT, of principal symbol o(b) =
p+_p |z =0 (see (4.6.19)). Here, Opy(a) and Opy(b) are the so-called Calderén projectors. Moreover, using

again the trace formula (4.3.2), the remainder o(g3) satisfies

of principal symbol o(a) = _XI#

<7 lgsllar S 7 gllor + 7 2 0l + 7R D oo (46.24)

170(93)]1,

The principal symbol of b satisfies |o(b)| > C’/\TT in supp(x1). Let x(«/,¢&,7,0) € S%T satisfy the same
hypothesis than xi, and such that y; = 1 on the support of Y. We can thus construct a parametrix, of
symbol denoted by I; € Sf, ., such that

Opr(l1) Opr(b) = Opr(X) + R, Re 8->,

Moreover the principal symbol of /1 is given by X(p™ — p~). We now apply this parametrix to (4.6.23), and
we find

Opyp(l1) Opr(1 = a)yo(w) = v1(w) + ga, (4.6.25)
where g4 = S1v1(v) + Sovo(v) + Opz(l1)70(g3), with Sp, S1 € Siio. Here we used

Opr(X)m (w) = 1 (w) = Opp(1 = X)m (w)

=71(w) — Opr(1 = X)Dn Op(X)v),, _,
=7(w) = Opr(1 = X) Op(X)|,,, =9 Pn|,,,—s = OP2(1 = X) ([Dn, Oz (X)]v)|, _,

and Opr (1 —X) © Op(x)
following estimate on g4

€ 8775 and Opp(1 = X)[Dn, Opr (X)), —o € S77°- From (4.6.24), we have the

2y =0

lg4]0, < 15171 (V)]0,7 + 1Sov0(v)]o,» + [70(g3) 1,7+
<77 Y2 g0 + 7 Y20l|1r + Ot N 0o + 772271 (0)]0.1- (4.6.26)

for 7 sufficiently large and N arbitrary. We can thus estimate the Neumann trace from the Dirichlet trace

171 (w)lo,r < [v0(w)l1,r + |g4lo,r- (4.6.27)

Now we use the relation (4.6.2) between the two traces at the boundary, that is, v1 (w) = Kvo(w) +wq. From
(4.6.25), we have
Opr(l1) o Opp(1 — ag)vo(w) — Kvo(w) = wo + g4. (4.6.28)
(4.6.28) reads
Hryo(w) = wo + g4, (4.6.29)

where H = Opy(l1(1 —a)) — K mod \I/%’T and the principal symbol of H in the region where ¥ is equal to
one is given by

h=i(6s(z', &) — ds(a', 7dpr ) — 6ko* + Ty, @) — 205(z’, &, Tdwp) + pT.

In order to produce an estimate that is uniform in ¢, and handle properly the calculus with the large parameter
T, we write § as the inverse of a large parameter ¢ = %, r > 1 and we introduce a new symbolic calculus. We
define the order function M? = A7, _+7 A7 -, associated with the usual semi-classical metric on the cotangent

bundle T*R"~!: g = |da/|? + ‘df * . The following lemma state that symbols can be defined with this order
function, viewing the semi- class1ca1 calculus in the general Weyl-Hormander calculus [Hor07, Section 18.4-6)
and [Le110].

Lemma 4.6.3. The order function M? is admissible with respect to the metric g, i.e is slowly varying and
temperate.
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A proof can be found in [LLR13], Lemma 4.7, in the semi-classical small parameter setting. Actually, any
order function defined by a linear combination of powers of Ar , is admissible with respect to the metric g.
In this symbol classes, we have rh € S(M?,g). The aim is now to construct a parametrix of rh. We have

rh=i(s(2',¢") — s(z’, 7dp @) — ko) +ir70,, ¢ — 25(2', €, dp) +1pT.

Taking the imaginary part, Im(rh) = s(2/,¢') — s(2/, 7dp) — ko? +r70,, ¢ +rIm(p*), and remarking that
from Lemma 4.5.3, we have Re(s,,) = s(@/,&') — s(a/,7dp o) — ko? 2 )\QTT, and that from Lemma 4.5.4
rIm(pt) Z rAp, ., we thus obtain [rh| Z Imrh 2 A\f, | +7Ap, = M2,

Then rh is an elliptic symbol in the class S(M?2, g), this allows us to construct a parametrix L € S(M 2, g)
satisfying Op,(L)rH = Op(xr) + Rr with Ry € 877, for some 1, € ST equal to 1 in a neighborhood
of x and such that x equal to 1 in a neighborhood of xp,. Applylng this parametrix to (4.6.29), we obtain

Yo(w) = 7 Opr(L)(wo + 94) — Rryo(w) + (1 — Op(xz)) Op(X,, o )70(v) (4.6.30)

Yet, we use the following lemma

Lemma 4.6.4. For all u € /(R"1) we have

| Opr(rAr.+) Opr(L)ulo,~ < | Oprp( Julo- (4.6.31)

r
AT,T + r

Proof. There exists @ € .(R""!) such that u = OpT(/\TTJr )t and it is given by Op(5~7)u. As

A7, € S(rAr.,9), L € S(M~2,g9) and A, + 1 € S(Ar, +1,9) we have T)\T,T#L#W E S(Lg) by
Theorem 18.5.4 in [H6r07] (stated for the Weyl quantization). Then applying Theorem 18.6.3 in [Hor07], we
obtain N
T Ty
| Opr(rAT,-) Opr(L) OPT(gT’ , )
that is precisely the result. O
Then using this lemma

|7 Opr (A7) Opp(L)(wo + ga)ly . < |1 Opr (M- + 7)) (wo +ga)]

.,
< 4.6.32
S |wo + galo. ( )

and, with (4.6.3) and (4.6.26)

71/2‘ 71/2|

[l + 17 00)]1r + Yo@)lor + 1Ol + 7732 |71(v)|o,r,  (4.6.33)

for 7 sufficiently large. Observe that in (4.6.30), (1 — Opr(xz)) Opr(x) € Sz and Ry € 877 and thus,
using (4.6.30), (4.6.32) and (4.6.33), we obtain

lwo + galor S l9llo.r +7

r+T /2 -
P gl % el + 0l ()72 (0o +7 280+ 2 (0l (4634
From (4.6.22), and using (4.6.7) we have

+ 720 ()1 + 72 (w)or + 7 (0o, (4.6.35)

Injecting estimates (4.6.27) and (4.6.34) in (4.6.22) yields

2(1 4 7)

Tllwl,- + o)1, + 72 (w)lor < llgllo,r
+lollir + 77 2 @)l + 72100 + 77200 1r, (4.6.36)
by taking 7y sufficiently large. Writing § = % ends the proof. O
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4.6.2 Estimate in &

We shall derive an estimate in the region where P, , is not elliptic. This is precisely the region where there
is a loss of a half derivative. However, the operator at the boundary S, , is elliptic here, this allow us to
estimate the two traces from a single observation at the boundary.

Proposition 4.6.5. Let V be an open neighborhood of 0 in R?, and let vy > 0, m > 0 be chosen sufficiently
small. Let ¢ be a weight function satisfying the conditions of Section 4.4.2 in 'V, and xo(x,&',7,0) € S% be
such that supp(x) C E°. Assume moreover that 9,0 > C' > 0. Then, there exist 7o > 0 and C > 0 such
that

7/ Opr(x0)v[[ - + 6°7] OP7 (X0) )z, =0l3.+ + 7| OP7(X0)Vw, =0 [~ + 7| Ds OP(x0) 01, o 5.+
< C([|1Ppovll3 . + 1[0l - + 827y, o3, +7lv, B+ 7IO12,). (4.6.37)
for all o] > 1, for all T > olo|, for allu € Cy (V1) and & € (0,1].

Remark 4.6.6. Observe that £° depends on m1 and on ¢ and this is precisely the region where theses
parameters will be fixed (see Lemma 4.6.7). Observe also the critical power of T in the right hand side of the
estimate in front of the norm |v|1 . This term will not be absorbed directly when we will try to patch the
three different estimates. However, this critical term vanishes in the singular limit § = 0.

Proof. We set w = Opr(xo)v. We recall that yo(w) = w), .

o and y1(w) = Dpw), _,. Using Proposition
4.4.3, we have

7l|w|[} ; + 7 Re B(w) < ||Ppowl[§ , (4.6.38)
where B is the following quadratic form on the boundary:

B() =2(0 om0 1) + (Ar0(F) 1) + (00, A1) + (A0 30(N),  (4:639)

and (.,.) denotes the scalar product of L?(R"~1), and the differential operators Ay, A} and Ay are defined
by (4.4.16) and (4.4.17). Arguing in the same way as at the beginning of the proof of the estimate in £ in
Proposition 4.6.1, and using (4.4.12), we have

Y1(w) = (Opr(X0)Dnv)y,, —o + ([OP7(X0), Dnlv)),, —o = OPr(x0) (K|, _, +©) + ([Opr(X0); Dnlv)),, 0
= Kv(w) + Gj.

with estimate of the remainder term
|Gilo,r < 6[v0(0)]1,r + [70(v)|o +[O]o, (4.6.40)
as K € 0D7, . + D" (see (4.4.13)). Tt follows that

B(w) = (20, 9K0(w), Kro(w)) + 4Re (04, 0K70(w), G1 ) + (8,G1, G1) + (Aro(w), Ko(w))
+ (KWo(w)aAlﬂ’o(w)) + (AI'YO(U))’GI) + (Gl,A'ﬂo(w)) + (Awo(w),vo(w)). (4.6.41)
By the Cauchy-Schwarz inequality, for the terms involving G, we have
’4 Re (8IH(IDK’)/0(’LU),G1> + (8I71¢G1,G1) + (AwO(w),Gl) + (G1,A/1’)/0(w))‘
S [Kv0(w)o,-Grlor + o(w)h - |Gilos +|Galf .- (4.6.42)
By symbolic calculus, we can write the ”principal” terms of (4.6.41) in the following way
!/
2(3%30-7{70(11})»-7{70(“1)) + <A170(w)7K70(w)) + (Kw,AﬂO(wD + (Aﬂo(w),%(w))

- ((5234 + 685 + Ba)vo(w), VO(w)), (4.6.43)
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where the principal symbols of B4, B3 and Bs are respectively

by = 281n§0\xn:0|8%0|2 € S%’,‘ra
by = 47(8$n<p‘$n=0)252(33,5’,7’, o) +4si(x, &', T)r(a! 2y = 0,8 dur), ) € S%,T,

by = 2 (05, 9> 1° + 205, o(—1(2, &) + p(z, Tdap) + 02))| , € Si..

Now we state positivity result of these symbols.
Lemma 4.6.7. There exists C > 0, n1 > 0, satisfying n1 < Cy, independent of o, T and § such that

b, & 1,0) > CN . j=2,3.4, (4.6.44)

for all (x,¢&',7,0) satisfying —2m 7% < p(x, &, 7,0) < 272, where Cy is the constant given in the second
part of Proposition 4.5.3.

Proof of Lemma 4.6.7. The positivity of the symbol b4 comes precisely from the fact that the boundary
operator S, , is elliptic in this region (see Lemma 4.5.3). Let us prove now the positivity of by. Let
(2,2, =0,&,7,0) € EY, i.e be such that _2771/\%,7 <—u< 2771/\%,7- In particular, we have

72771>‘%77— S 02 +p(x’,xn = Oa de'@) - T(I/a Tp = Oa€/)7
and thus
by > 204, 9°1° — 410y, AT (4.6.45)

Observe that as (', 2, = 0,¢&,7,0) € £°, there exists C' > 0 such that )\%J < C7? (see Lemma 4.5.2) for n;
sufficiently small. In addition, if n; is chosen sufficiently small, from (4.6.45) we have the positivity of bs.
Let us finally prove the positivity of b3. From Lemma 4.5.3, we have for n; sufficiently small

52(x/7£/,7—, U) = S(x/7gl) - S(x/77—d$’90) - HJZ 2 A%,T'
Moreover,
Alsi (2,8, T)F (2!, 20 = 0,8, dpp)| S TIEP|darp® S vETIE P[00, 017, (4.6.46)

since we have (4.4.15), and again for vy sufficiently small, we obtain bs 2> T/\%w),r and using again that Ap . S 7
in the region £, we conclude the proof. O
We can now apply the microlocal Garding inequality in (4.6.43), and taking 7 sufficiently large we obtain,
for an arbitrary N € N

B(w) > C(6%lv0(w)]3,» + 5|70(w)|§/2,7 + (w3 )
— C" (|Kvo(w)o,+|G1lo,r + [v0(w)|1,+|G1lor + 1G1l5 +) = Cnlo(0)* n oo (4.6.47)

By the Young inequality, the right hand side of (4.6.47) reads

[Ky0(w)lo.r|Gilo.r + [0 (W), Gilor + 1G5 - S 6" (810 (w)[5 - + 70 (w)[§ - + o (w)i -) + 6" HGA 5
(4.6.48)
for all 6’ > 0. From (4.6.38), (4.6.47) and (4.6.48), we obtain
lwlli - +7 (82 ho(w) 3, + ho(w)7 ;) < 1Ppowll§ -+ 7IG1[G - + Cnho(v) 2 x -
Using the estimate of |G1|o,~ in (4.6.40) we obtain the sought result. O
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4.6.3 Estimate in &~

In this region, we have p < —n; implying |{'| < 7, and the operator at the boundary S, , is not elliptic.
However, in the case where d,,¢ > 0, the two roots of p, , are of negative imaginary parts, and we can
estimate the two traces at the boundary with no observation term.

Proposition 4.6.8. Let V' be an open neighborhood of 0 in Re, and ¢ be a weight function satisfying the
conditions of Section 4.4.2 in V', and x(v,&',7,0) € 8% be such that supp(x) C £~. Assume moreover that
Oz, p > C' >0 onV. Then, there exist 7o > 0 and C > 0 such that

|| OpT(X)UH%,T + 7-| OpT(X)v\fﬂn,:O‘%,T + Tan OpT(X)UHn:o'(Q),T S C (HPLPJUH%,T + ||’U| %,T) ’

for all o] > 1, for all T > 1olo|, u € Cq (V1) and § € (0,1].

Proof. We follow the proof of the microlocal estimate in the £* region to (4.6.12) and (4.6.13). We
remark that the integral along the contour [ is identically 0, because the integrand is holomorphic and the
two poles have a non-positive imaginary part. We then have

w = Ey(P,ow) + g1, (4.6.49)

where g1 is a remainder coming from microlocalisations. We recall that it can be estimated by (4.6.9). Thus,
(4.6.49) yields

lwll2r S 1Peovllze + [0]]1,7-

Taking the vp-trace on {x, = 0} in (4.6.49), and thanks to the trace inequality (4.3.2)

T2 wl1r S 1Pp.ovllze + ]

1,75

and finally taking the ~y;-trace
72| Dywlo S |Pp,ovllzz + |lo]l1,r-

Patching these three estimates, we obtain the sought result. 0

4.7 Proof of the local Carleman estimates

4.7.1 A local Carleman estimate from the interior up to the boundary

From the three microlocal estimates of the previous section, we shall derive a local Carleman estimate
with observation from the interior, that is, with the condition 0, ¢ > 0. With this sign condition, from
Propositions 4.6.1, 4.6.5 and 4.6.8, we recall that we have the three following estimates:

1O (x=)vll2,r + 72| O (X)), _ol1.r + 721 Dn Opp(X= )V, _olor S [ Ppovllor + |[v]l1,r,  (4.7.1)

2] Opr(x0)vll,r + 672 OPr(X0)Vja,=ol2,r + 7'/ (I Opr(X0)V),, ol1.r

+ D1 Op7 (X001, _olo.r ) |1 Pparv]

o + [0llir + 07720, e + 720, olor + 7380, (47.2)

|| OPT(X+)U||1,T + (Tl/2 + 573/2” OpT(X+)v\zn:o ‘LT + 71/2|Dn OpT(XJr)Ulmn:U |O,T
S P ovllor + 0ll1r + 7720107 + 77 2(vy, _olir + [Dnvp, _olos),  (4.7.3)

where the cut-off functions yy, x_ and g are respectively supported in €7, £~ and £°, and for 7; chosen
sufficiently small. We recall that P,, and © are defined in Section 4.4.1. We shall denote respectively
equalities (4.7.1), (4.7.2) and (4.7.3) by

LHS_(v) SRHS_(v), LHSy(v) S RHSy(v), LHSi(v)SRHSL(v). (4.7.4)
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Due to the critical term 67/2|v|,, —o|1» on the right hand side of (4.7.2) and (4.7.4), we cannot patch
directly these estimates and absorb some of the terms on the right hand side by other terms on the left
hand side by chosen parameters approprietely. This is the reason for the introduction of an additionnal small
parameter € > 0, independent of §, 7 and . Now, we take a partition of unity: x_ + xo + x+ = 1 satisfying
X+ X—s X0 € S%T and moreover

supp(x+) C €T, supp(xo) C &%  supp(x-) C E™.

For the construction of x4y, x— and xo, take for instance (o € C§°(R), such that (o = 1 on [—n1,m],
supp(o) C (—2m1,2m1) and set

Xo = CO()\QL)7 X— = L—oo,0] (1) (1 = X0), X+ = L[o,400) () (1 — X0)-
T, 7

Observe that this construction yields indeed tangential symbols in S%T by adapting [Hor07, Theorem 18.1.10].
We then write, for 0 <e <1

LHS_(v) +eLHSy(v) + LHS. (v) < LHS_ (v) + eRHSo(v) + LHS, (v) (4.7.5)

Consider the critical term 5571/2|v|mn:0 |1,- on the right hand side of (4.7.5). We write

67 |vjg, —0l1,r < €072 (| Opr (X)), _ol1m + | OPr(X0)v),, _ol17 + | OPr (x4 )0y, _ol17) -
<eLHS (v) +71 'eLHSy(v) + et 'LHS(v)

By choosing ¢ = 1 > 0 sufficiently small and 7 sufficiently large, we obtain
LHS_(v) + LHS(v) + LHS 1 (v) < |Pp.ovllor + [[oll1r +728l0.r + 720, _[1r + [Davlor.

We conclude by taking 7 sufficiently large, and we obtain the following Carleman estimate in the neighborhood
of the boundary

20l + 72, olie + 72D, olor S IPsovllor + T2 (Dn — Ky, _olor-

Then coming back to u = e~ 7%v yields

732)|e7ul| 2 + 72| €7 Dul| 2 + 721wy, _|pe + /%€ Duy, _ |1

< 1€ Pyl e + 7Y21€7(0y, — 655)ul 2.

This concludes the proof of the second part of Theorem 4.1.5. As the conditions imposed to the weight
function in Section 4.4.2 are invariant under change of coordinates, we naturally obtain (4.1.26) in the
neighborhood of a point of the boundary 92.

4.7.2 A local Carleman estimate with a boundary observation

Here, we prove (4.1.25), that is, an estimation with a boundary observation. this will be used below to prove
Theorem 6.1.15 in the case a = 0 and b # 0 (see (4.1.9) and (4.1.16)). There, b is a non-negative bounded
function satisfying b > C' > 0 on an open subset wp of 92. We then have to observe from the boundary
and thus the weight function is chosen such that d,¢ > 0 in a neighborhood of a point of wp. Hence, it is
sufficient to prove a Carleman estimate where there are no assumptions about the sign of 0, ¢, yet assuming
0, # 0. Observing that Proposition 4.6.1 is independent of the sign of d, ¢, it remains to prove an estimate
in the region F := U &,
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Proposition 4.7.1. Let V' be an open neighborhood of 0 in RY, and ¢ be a weight function satisfying the
conditions of Section 4.4.2 in V with in particular |0,p| > Co > 0, and x € S be such that suppx C F.
Then there exists C' > 0 and 179 > 0 such that

7l Opr (VI 7 + 7100 OPr (X)), o5+ < C (1Poovll5 - + 11011 - + (6°7° + 7)vy,, _o[6 - + 7165 -) -

B (4.7.6)
for all |o| > 1, 7 > 1olo| and v e Cy (VT).
Proof.
We set w := Opp(x)v. Using Proposition 4.4.3, there exists 79 > 0 such that
Tllwlff ; + 7 ReB(w) S [Py owllf - < |1Ppovll5 - + lI0]IE -, (4.7.7)

for 7 > 79|o|, where the boundary form B reads

B(’w) = (awTLLpan‘z”:O,an|1n:0) + (Alw\zn:manlzn:o)

L2([Rn—1)

* (D”wlln=0 ’ AIlwlML:O)

L2([Rn—1)

+ (Agw‘w oWy, =0) .
L2(Rn—1) n n L2(Rn—1)
Observe that, by symbolic calculus, for all N € N,

Aj o Opr(x) = Opr(es) + AY  (vesp. Ao Opr(x) = Opr(c)) + A}Y)

with ¢; (resp. ¢) € S%}T, supp(c;) (resp. supp(cj)) C supp(x), A;-V (resp. A;-N) € \I':;]X Moreover, as
|§'| S 7 in supp(x) by Lemma 4.5.2, we have c;, ¢} € TjS%T. Hence, we have the estimate

[B(w)| < [(Dn Opr(X)V)1,, 0l + 72101, 2016 - (4.7.8)

Now we shall use the boundary condition (4.4.12). With the same arguments as above, we have Op,(x)K €
(672 + 7). and thus

[(Dn. Opr(x)0),,.. _olo.r < 1(Opr(x)Dnv),,. _lo.r + [([Dn, Opr(X)]0)),.. _olo.r
S (Opr(X)Kv)),, _olor + [([Dn; Opr(X)]V)),., _olo.r +[Olo.r
S (67 + 7)oy, _olor +©lor-

This, in addition of (4.7.7) and (4.7.8) yields the result. O

We can now conclude the proof of the first part of Theorem 4.1.5 by patching estimate (4.7.6) with
estimate (4.6.1), since no condition on the sign of 9, ¢ is needed in the region £*, and taking 7 sufficiently
large to absorb low order terms. Note that, as opposed to the proof of Section 4.7.1, there is no need for the
introduction of the additional small parameter .

4.8 Interpolation and resolvent estimate

4.8.1 Interpolation estimate
Observation from the interior

In this section, following the ideas in [LR95], we shall derive an interpolation inequality from the Carleman
estimate (4.1.26). We prove the inequality in the interior, and propagate it up to the boundary. Below, we
set Q, ={z € Q, d(z,00) > n}and Q" = {z € Q, d(z,00) < n}.

Theorem 4.8.1. Let wy be an open subset of Q). There exists C > 0 such that
llullvs < Ce“1! (|| Poull 120y + (0 + 655 )ul L2 a0y + [1ull 2 () »
for all o] > 1 and u € H*(Q) such that u,, € H*(0). We recall that ||.||y; is the norm defined in (4.1.13).
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4.8. INTERPOLATION AND RESOLVENT ESTIMATE

The proof is splitted in the two following lemmata. First, an interpolation estimate in a neighborhood of
the boundary

Lemma 4.8.2. Let yo € 9. Then, there exist n > 0, a neighborhood V of yo in Q, u € (0,1], and C > 0
such that

o 1-
ullmr vy + [U)pq [ H1 (vRo) < Ce® (Il 1) + (W) 1 09)) .

X ([Psull2 () + 100ty 0 + 680,022 00) + [lull 51 (0,))"
for all w € H*(Q) such that u,, € H*(0R), for all |o| > 1, and for all § > 0.

Second, an interpolation estimate in the interior, which proof can be found in Appendix 9.E.5. A version
without the parameter o can be found in [LR95].

Lemma 4.8.3. Let Q be a connected open set of R™ and wy be an open set compactly embedded in 2. Then,
for all n > 0, there exists C > 0, and p € (0, 1] such that

llull 1@,y < CelMful o) (1Poullzz ) + [lull L2 wn)”
for alluw € H*(Q), |o| > 1.

Proof of Lemma 4.8.2 We shall work in normal geodesic coordinates (', z,) € R"~! x R as in Section
4.4 in a neighborhood U in Q of yo € 9. These coordinates are chosen such that yo = 0. We shall still
denote U the corresponding neighborhood of 0 in R?. For 8 > 0, we define the following anisotropic distance
on R™:

1/2
ds(z.y) = (Jo" =y + Blan —yal®) (4.8.1)

We choose g > 0 such that zop = (0,r9) € U. Then we take W a neighborhood of 0 in R™ such that
W+ :=WNR? CU and such that d(zo, W) > 0. We set ¢ = e~ *¥ where 1)(z) = dg(z,z¢). Observe that
¢ is an admissible weight function on W for X sufficiently large (see Proposition 4.4.2) and for 3 sufficiently
large (see Section 4.4.2). Until the end of the proof, 8 is kept fixed. We define the following cut-off functions
Xo, X1 € Cg°(R"):

(z) = 0 in z,>nm ) (2) = 0 if dg(z,z0) <reordg(z,zg) > rs
XOWZV 1 i 2pe0,m/2) 7 YT U1 in dgla,ao) € [rs,ral,

with 0 <7y <7rgand 0 < ry < r3 < ry < 75 such that

e 73 is small enough to have Bg(xg,r3) N W+ = (), where B denotes the open ball associated with the
distance dg;

e 71 small enough and ro < r4 < r5 are such that {x € R | z,, <ri}N{ry <dg(z,z0) <r5p C WT.

The geometry of the supports of the cut-off functions is represented in Figure 4.4. As 0, ¢ > C > 0 on
supp XoX1, we can apply the Carleman estimate (4.1.26) on W™ to w = xox1u: there exist 79 > 0 such that

e w| [T gy + Tl Dwl (T2 ey + TP ePw), | F2 oy + Tl D wy, T2 oy
S HeWJPcTwH%Z(W*) +71(e7(0s, — 530)“})\.1”:0‘%2(“/0)’ (4.82)
for all T > 1o|o|, where WO = W N {z,, = 0}.The right hand side can be estimated as follows

€77 Pow||L2ow+y S €™ Poul[p2ow+) + [|€7? [Py, xoX1]ull L2 (w+)

S €™ | Poul| Loy + €7 |ull i (w g e /2 €l vy,

with C3 > e M0~ and C; = e~ *+. Observe that C; < C5. Here, we used that the weight function ¢ is
radial with respect to the distance dg to xg and decreasing as  moves away from xp, and the commutator
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4.8. INTERPOLATION AND RESOLVENT ESTIMATE

{ds(z = zo) =15}

X
- {dg(z — m0) = 74}
™~
{dﬁ(l‘ - 950) = 7“3}
+
W {ds(x — 20) = r2}
Zo
To
T

Figure 4.4: Geometry of the cut-off functions near (0,0). The grey zone corresponds to the region where
XoX1 varies.

[P5, xox1] is a differential operator of order 1 supported in the region were yox1 varies (represented in grey
in Figure 4.4).
In the same spirit, using that § <1

|(67(‘0(8mn — 5Sg)w)|zn:U|L2(W0) 5 eTC3|(8mn — 550)“\17,:0‘112(”/0) + 6701 (|u|mn:0|L2(W0) -+ |D/U|mn:0|L2(W°)) .

Finally, we can restrict the left hand side of the Carleman estimate to W := B(0,76) N {z, > 0} with rg > 0
taken sufficiently small to have xox1 = 1 on B(0,7¢) and this yields, for 7 > 1,

3/2 1/2

HeTLPXOXlUHm(W) +7 |\€WDX0X1U||L2(W) + 73/2|GWXOX1U\M:0 \Lz(awn{xn:o})

n 71/2‘€T¢D/X0X1u|wn=o|L2(6Wm{mn:0}) > eTC2(||uHH1(W) + |u\xn=o|H1(6Wm{mn:0}))’ (4.8.3)
where Cy = infyr . We finally obtain, coming back to the original coordinates, for some 7 > 0,
el (v) + [0l B (vaoe) S €77 (||Poullz@) + (00 + 650 ujp0| L2 00) + [ull a1 (0,))
+ e ((Jul| gy + (U)o lHi00)) » (4.8.4)

where V is an open neighborhood of yo € 9 in Q. Note that we have 0 < C; < Cy < C3. Optimizing this
inequality by applying the following lemma, which proof is given in Appendix 9.E.6 concludes the proof.
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Lemma 4.8.4. Let A,B,C > 0 such that A < C. Suppose there exists 7,3,y > 0 such that A < "B +
e 7C for all T > T. Then
A< KBrCI1H,

with K = max((v/B)7% + (8/7)77, (8/7)77€77) and = 5.

O
We end this section by the proof of the theorem.
Proof of Theorem 4.8.1
We shall in fact prove the stronger estimate
lallzr @) + 1) 1 (00) S €17 (1P ol L2() + 100tt)g + SotypelL200) + [[ullL2(wn) - (4.8.5)
As 6 < 1, the result follows. Observe that we can assume that u satisfies
1Poullr2(0) < [Jullm (o) + [0l 00 (4.8.6)
|al’u|89 + 5SUU’|GQ|L2(39) < ||UHH1(Q) + |u\6Q|H1(89)7

otherwise (4.8.5) follows immediatly. From Lemma 4.8.2 and by a compactness argument, we can find ' > 0,
n” >0, C >0 and g > 0 such that

1—p’

el s gy + Ntgog L1 000) S €17 (Jullin @) + [uppnlmroe) " (1Poullz2@)

100t + Satt)g |12 00) + Ul (4.8.7)

for all |o| > 1 and 0 € (0,1] and all 0 < n < 7" (observing that €2, increases as 7 decreases). By Lemma
4.8.3, for all y > 0, there exists C’ > 0 such that

el ) S €1 ulliy (1Pstllzzey + llullz2en)” (455)
for all |o| > 1 and § € (0,1]. Using (4.8.6) and (4.8.8), we have

"o 1—
lull g1 (e, + [[Potillz2() + 10ntng + 0Souis0|z200) < €17 (Ilullm@) + o0 lm o)
X (|[1Prull L2 ) 4 |8u)g + 6Seu,0 L2 (00) + ||UHL2(¢01))#' (4.8.9)

Injecting estimate (4.8.9) in (4.8.7), we obtain (4.8.5). O

Observation from the boundary

We shall prove here the following theorem (which is the counterpart of Theorem 4.8.1 in the boundary case).
Theorem 4.8.5. Let wg C JS) be an open subset of the boundary. Then there exists C > 0 such that
llullvs < Cel (11Poull L2(0) + 80t 0 + 8Sotjo0] 12 (00) + [Ujpq |L2(ws))
for all|o| > 1, w € H*(Q) such that u),, € H*(0%).
Proof. Observe first that we can assume
[ Poullrz(0) + 100u)0g + 080t [ L200) < ullvs @), (4.8.10)

otherwise, the estimate is immediate. We use normal geodesic coordinates (z’,z,) in a neighborhood V' of
a point yo € wp such that V C wp. Hence, we consider an open neighborhood W of (0,0) in R™ such that
W n{x, =0} CV, and we set ¢ = e*¥, where ¥(z) = —dg(z,z0), To = (0,—70), ro > 0 will be fixed
below and dg denotes the anisotropic distance defined in (4.8.1). Observe that for A sufficiently large and
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B sufficiently small, ¢ fulfills the weight function properties required in Section 4.4.2 in W NR}. We now
define the following C§° cut-off function

1 it dg(z,xe) <
x(#) = { 0 if dg(z,xzg) > ro,

where the 7; are such that rg < r1 < 73 and {x € R, z, > 0 ,dg(x,z0) < ro} C W+, We recall that
W+ =Wn{z, >0} and WO =W nN{x, =0}. We can then apply the Carleman estimate (4.1.25) to xu in
W, as in the present case 9, > C > 0. We have

e xull Lo vy + TP Vxul T2y S 117 Poxul 72wy + 71(e, — 0S0)xu,, |2 (wo)
-+ Ts‘eﬂpxubnzu |L2(W°)~

The right hand side can be estimated as follows (using the fact that commutators are supported in regions
where x varies)

1€7% Py (x) [ 72wty + 71(8z = 60 ) X, _olL2(wo) + 7|7 Xy, _ol2(woy S €7 (HPUUHL2(W+)
+ 1, = 8So)uy,, _olL2woy + [u,, \LQ(W%) + ™ (Il wey + g, ol owo)) -

with C3 > (0,70) and C; = ¢(0,71). We can restrict the left hand side to W, an open subset compactly
embedded in W* N{z € R", 0 <dg(zo.) < ri}, to obtain

ell g iy < €77 (|Poull 2wty + [(Be, = 890 )uy,, _ol2(ws) + [0, ol 22(ws))
+e7T ) (Jull g ey + g, ol ) -

where Cy = e*a(@o.W) - Observe that C; < U3 < (5. Coming back to the original coordinates in the
neighborhood of yy, and optimizing this estimate using Lemma 4.8.4, we obtain that there exist 1 > p > 0
and C' > 0 such that

llull 20y < Ce“ V(|| () + [tt)pn |1 00) "

< (1Psull2() + 100t 50 + 680 0|12 (00) + [Ug | L2ws)) " >

where O is an open subset compactly embedded in €. Then, we apply Theorem 4.8.1, and we find
Hu”Hl(Q) + ‘ulaslel(aﬂ) S eclel (”Pf’“HL"‘(Q) + |8Vu|as2 + 550u|an|L2(39)
Ny 1-
+ eI ([[ull ) + gl oe) " (I1Psullz0) + 100t)0 + 6Seu)0 | L2(00) + |u\aQ|L2<wB))“)- (4.8.11)
This, and assumption (4.8.10) ends the proof. O
4.8.2 A resolvent estimate

The boundary static case

We use the notation of Section 6.1.1. We recall that As is the operator defined by:

2= (3, i)

where a is a function satisfying a > C7 > 0 on an open subset w; of ), of domain

D(As) == {(ug,u1) | uo € H*(Q), g, € H?(09), uy € V5(09Q), dyug + 6Sug + buy = 0},
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where b is a bounded function satisfying b > Cp > 0 on an open subset wg of 9. In fact, we can allow
a or b be identically zero, that is w; = () of wg = . We shall prove the first part of Theorem 6.1.15. Let
U = (ug,u1) € D(As) be such that (iocId+As)U = F := (fo, f1) € Hs. This gives

ioug —ur = fo, (io+a(x))ur — Agup = fi,
which is equivalent to
ur = —fo +ioug, —Agug— o?ug +ioa(z)ug = f1 + a(z) fo + io fo. (4.8.12)
This yields that ug satisfies

(=A, — 0®)ug +ica(z)ug = f in Q (4.8.13)
Opup + 6Xug + iob(x)ug = ¢ in 00 e
where f = f1 4 a(z)fo + iofo and § = bfo,,- Observe that in this case, in the definition of S, (see the
beginning of Section 4.1.3), k is equal to 0. We multiply the first equation of (4.8.13) by ug and integrate

over {2, and this yields

||Vgu0|‘%2(ﬂ) +6 <Z’U,(), u0>H*1(3Q),H1(69) — 0-2||U()||%2(Q) +io (G,UO, uO)LZ(Q)

+ic (bu0|aszau0\an>L2(8Q) = (fa UO)Lz(Q) + (ga uo\asz)Lz(aQ)' (4814)

Taking the imaginary part, we obtain

Cilo [[uol 220y + CBlo| o) 3200y <lol (atio,uo) |, + 10| (btiojs ol )

L2(©)

- ’Im (f’ UO)Lm)‘ " 'Im (g’ “0) L2(69)

Now we apply Theorems 4.8.1 and 4.8.5, (since ioa and iob are low order terms (see Remark 4.1.6), the
Carleman estimates of Theorem 4.1.5 holds with P, and S, replaced by —A, — 02 + ica and 6% + icb, and
Theorems 4.8.1 and 4.8.5 applies for ug), and there exists C' > 0 such that

L2(8)

. (4.8.15)

[[uolly, () < CeCl! (HfHLz(Q) + 19|22 00) + l|uollL2(w,) + \uO‘BQ|Lz(wB)> (4.8.16)

).

for all |o| > 1. Using (4.8.15) and (4.8.16), we have for |o| > 1,

€1+ ol < e (1R + a0 + in (Fouo) |+ i (3.0

L2(5)

The young inequality yields

#](Fr10) | S 57 €1+ €)M gy + o)

’(g’uof’“)m(aﬂ)
+e(Cr+ OB)€7C|U|(|\U0H2L2(Q) + |u0|aQ|2L2(BQ))a
for all ¢ > 0. Using the trace theorem |ug),,|52(90) < ||uol|m1, we obtain for e > 0 sufficiently small,
[uolvs @) S el (”fHL?(Q) + |§|L2(an)) ;
for |o| > 1. Using now the definition of f and § below (4.8.12), we have
eClel (llf\lm(sz) + |§J|2L2(an)) S e (I fillLa) + U+ LoDl follz2@) + |fooal200)

N e lo‘”(anfl)HHm

and this ends the proof of (6.1.23) in Theorem 6.1.15.
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The boundary dynamic case

We now treat the dynamic boundary case, i.e we prove a resolvent estimate for the operator

0 —-Id 0 0
_|-Ay a 0 O
Bs=1 0 0 —-1d]’

i 0 X b

defined precisely in Section 4.1.2. Note that a and b are as above, that is, one of them can be identically zero.
We shall see that everything we did in the previous case can be done, i.e prove and use the same Carleman
estimate. Indeed, let us consider U := (ug, u1, Y0, y1) € D(Bs) and F := (fo, f1, 90,91) € Ks, such that

(ic1d+Bs)U = F

This equality is equivalent to the following system

up = ioug — fo
—Agug — o?ug +icauy = f (4.8.17)
Y1 = 0% — go
Y1 (uo) + 68yo — do2yo + iobye = g,

where f = f1 + (ic + a)fo and g = dg1 + (6io + b)go. As above, we can multiply the second line by g,
integrate by parts, use the transmission condition ug,, = yo, and take the imaginary part to obtain

U(“Uo» UO) ey U(b“%m UO\on)Lz(m =Im (f’ “°)L2<m m <§’ u°‘6“> £2(69)

It is then sufficient to derive a local Carleman estimate for the solution ug of the following problem

(—Ay — 02)U0 = f
g + 6(S — 0®)ug = g,

which corresponds to Theorem 4.1.5 in the case x = 1. This allows us to repeat what is done above, and
obtain i
[[uolly, < el (Hf||L2(Q) + |§|L2(aﬂ)> (4.8.18)

Using the definitions of f and §, and the fact that § > 1, we have

1 L2 + 13l e200) < 1 follaiwy + 11 fillze@) + 62 (|90l a1 00 + 1911 r2(0)) S 11(fos f1, 90, 91)]Iks

(4.8.19)
as go = fo|,q,- From (4.8.17), we obtain
luollmr@) + lutllrz) + 62 (1ol a0) + Wil r2o0))
S (L + o Dluollm@) + 1ol + 62 (1 + |o]) uojaq 1 09) + 190l L2(00))
S (X + o) luollvs + [ follz2c) + 51/2\90\L2(09)~
This, associated with (4.8.18) and (4.8.19) ends the proof of Theorem 6.1.15. O
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Chapitre 5

Une inégalité de Carleman au
voisinage d’une multi-interface et
applications au controle

Abstract. We prove a Carleman estimate in a neighborhood of a multi-interface, that is, near a point where
n manifolds intersect, under compatibility assumptions between the Carleman weight e”¥, the operators at
the multi-interface, and the elliptic operators in the interior and the usual sub-ellipticity condition. The
compatibility condition at the multi-interface is a version of the known covering condition for systems in the
literature. This Carleman estimate is a generalization of the results obtained in [BL15, BL16]. Applications in
control theory for second-order transmission problems are also considered, and this provides a generalization of
the known results for one-dimensional networks of strings [BCV11, DZ06, L1594, Zual3] to higher dimensions.

5.1 Introduction

We consider n smooth d—dimensional manifolds Qy, d > 2, i € {1,...,n} with boundary 09;. We assume
that they share parts of their boundary. More precisely, we denote by 9Q%, i = 0,...,ny, the different
connected components of 9. We assume that one of these connected components is shared by all manifolds.
For instance, we assume that we have

o0 =... =000,

We set Q= QU---U€Q,, and we call Z the common connected component of their boundaries. Note that Q
is not a manifold because of its topology near Z. We shall refer to Z as an interface between the manifolds. It
is itself a d — 1 dimensional manifold. An example of such configuration is given in Figure 5.1. On each ),
we consider an elliptic differential operator Py of order 2my. In local coordinates (z1,...,zq) for ; near a
point 20 € Z, where Q, is given by {z4 > 0}, the operator P reads

Py(z,D) = Z ak (x)D?,

la|<2my
where the coefficients a¥ (z) are C> complex valued functions, D; = —id,, and D = (Dy,...,Dy), and
a € N is a multi-index. With their principal symbols given by
pr(z, &) = Z af (z)e”, € e Rz € Q, (5.1.1)

|a]=2my,

the ellipticity assumption reads |pi(z,&)| > C[£|*™*, with C > 0. We set m = my + --- + m,,. For each
manifold 2, we also consider a set of boundary operators T,f , 1 =1,...,m, of order less than or equal to

(0]



5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

Bt < 2my, that take the following form in local coordinates
Ti(x, D)= Y t\,(x)D% (Le{l,....m}, ke{l,...,n},
leel <Bf
where the coefficients ti, () are complex-valued functions defined in a neighborhood of Z in €. We denote

by
Z to k6%,

|0(‘ /Hk
the principal symbol of the operator T}, for k € {1,...,n} and £ € {1,...,m}. Note that we may have t; =0
if the actual order of T} is less than Bt. We assume that the orders satisfy the relations

Yo i=2my, — B =2m; — B, Vk,je{l,...,n},Le{l,....,m}. (5.1.2)
We shall consider the following elliptic system, coupled through the interface,
Prux = fx in Qp, ke{l,...,n},
En:Tlf(x,D)uk‘z =gr onZ, {(e{l,...,m}. (5.1.3)
k=1

The main purpose of this article is the proof of a Carleman estimate for solutions of such system in a
neighborhood of a point 0 of the interface Z.

In [Car39], Carleman introduced weighted inequalities to prove uniqueness of the Cauchy problem associated
with an elliptic operator. The method has been developped later by Hérmander [Hor58]. Carleman estimates
for general elliptic operators has been derived away from boundaries in [H6r76]. Recently, for boundaries and
interfaces problems, Carleman estimates has been obtained in [BL15, BL16, Tat96], under Lopatinskii-type
assumptions.. The purpose of this article is to generalize these results to systems such as (5.1.3).

The Carleman estimate we prove, in a neighborhood of a point of the mult-interface Z, has the following
form

where @y, is a weight function on 0, 7 is the usual Carleman large parameter, and tr uy denotes the successive
normal derivatives of u at the multi-interface Z, that is trug = (ug|,, Ok, - - ,aﬁmrlukh).

As usual with Carleman estimates, in the interior, some compatibilty conditions between the operators Py
and the weight ¢y, are introduced, the so-called sub-ellipticity condition (see Section 5.2.1). At the multi-
interface, we also impose some compatibility conditions between the weights ¢, the boundary operators T}
and the interior operators Py. These conditions are a natural generalization of the well-known Lopatinskii
condition (see Section 5.2.2) .

Carleman estimates are a powerful tool to prove control and stabilization properties. In the last section of
this article, we provide an application of the Carleman estimate we obtain to a natural transmission problem.
Under assumption on the control region, we prove the null-controllability result for the associated parabolic
problem, and a stabilization result for the associated hyperbolic one. This generalizes what has been done for
one-dimensional networks of strings in [BCV11, DZ06, LLS94, Zual3], and the references therein, to higher
dimensions.

1 Z |le™* ug|] + Z leT?1z trug|? < C’(Z ||e™* Pyug|| + Z \ ZTkuk‘I

(=1 k=1

5.2 Statement of the problem and geometrical configurations

Let 2% € T be a point of the interface. In each manifold Qj, we consider an open bounded neighborhood
Uy, of 2° in Qj, where local coordinates as above can be used. More precisely, for kK = 1,...,n, we use local
charts:

okt Qe D Ux — Vil = Vi n{zq >0}, ¢y diffeomorphism, for all k € {1,...,n}, (5.2.1)
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5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

=099, j=1,...,4
Qy
971
{3 o0}

Figure 5.1: A sphere meets a surface and creates 4 smooth manifolds with boundaries. The shared interface
is a connected component of 98, for all ¢ € {1,...,n}.

Tq

Figure 5.2: Local configuration and local charts in the neighborhood of the interface.

with Vj an open set of RY, satisfying ¢ (2°) = 0 and ¢p(Z NU) = {xq = 0} NV, for all k € {1,...,n}.
Setting V = Ny_, Vi on R? and V+ = {z4 > 0} NV, we consider Uy = ¢, '(V*), and U = U}_, U}, in Q so
that we have

o DU, — VT, ¢ diffeomorphism, for all k € {1,...,n},

and ¢, = ¢y, as sketched in Figure 5.2.

Throughout this article, two assumptions shall play a central role. The first one is the sub-ellipticity
assumption, that is classical when working with Carleman estimates, and the second one is the covering
condition (also known as the Shapiro-Lopatinskii condition, or complementing condition).

5.2.1 The sub-ellipticity condition

For two functions f(z,¢) and g(z,¢) in C°(R? x R?), we recall that their Poisson bracket is given by

7



5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

From symbolic calculus, { f, g} is the principal symbol of the commutator i[Op(f), Op(g)]. For k € {1,...,n},
we let g be a real C* function on €2, and we consider the conjugated operators

Pyoy = "k Pre Tk (522)
with principal symbol py o (z,&,7) = pr(x, €& + itder(x)) in a semi-classical sense. In general, P ., is not
elliptic. The sub-ellipticity condition states that [P,:’(pk,Pk#pk] is elliptic positive where Py ., fails to be
elliptic. More precisely, we write the following definition.

Definition 5.2.1. Let k € {1,...,n}. We say that (Py,px) satisfies the sub-ellipticity condition on Uy if
dor #0 on Uy and if

1

pk,s@(zvgvT) =0= {Repk,tpvlmpk’,tp}(z7£77—) = Z{ﬁk,cp?pk’,tp}(zvgvT) > 07 (523)

for all x € Uy, 7 >0, and all £ € RY, £ £ 0.

For the case of elliptic operators of order two, it is well-known that the following lemma gives a construction
of such a weight function.

Lemma 5.2.2. Let U be an open subset of RY, M be an elliptic operator of order two, and 1) be a smooth
function on U such that Vi) # 0 on U. We set oy = eV, for X\ > 0. Then, there exists \g > 0 such that
(M, @) satisfies the sub-ellipticity condition of Definition 5.2.1, for all A > Ag.

The proof of this lemma can be found for instance in [H6r63]. Note that there exist operators such that
the sub-ellipticity condition cannot be achieved, independently of the choice of ¢. This is for instance the
case for the Bi-Laplace operator. Indeed, in this case, we have pj , = qi’w, where ¢, is the principal symbol
of the Laplace operator. The Poisson bracket is then given by

1 1 2 2

Z{ﬁk,wpk,@} =5 (0D, p0uPk.p — DDy, ,OcPhp) = % (OcTy..p 02 k.o — Oy, pOcirp)

and we see that this cannot be positive on the characteristic set of py .

In addition to the sub-ellipticity condition of the couples (P, ¢k), when considering systems as (5.1.3) with
general operators and boundary conditions, we have to impose some compatibility properties between the
operators in the interior and at the boundary, even for well-posedness properties. For Carleman estimates,
this is also the case, for the conjugated operator.

5.2.2 The covering condition

For x € Z, we shall denote by T,.(Z) and T, (Z) respectively the tangent and cotangent spaces to Z above z,
and T*(Z) = {(z,v), x € Z, v € T} (Z)}. We moreover define the conormal spaces, for z € Z,

ek (Z) = v e T; (%), v(Y) =0, VY € (1)},

and
Ni(Z) ={(z,v), x € I, v € N; ,(T)}.

For all k € {1,...,n}, we define a boundary quadruple py, = (x,Y, v, 7), where
reInU,Y eT;(I), vk € N;(I), and 7 > 0. (5.2.4)

Moreover, we impose v, to be an inward pointing conormal vector, that is, v = (0,...,0,¢) with ¢ > 0 in the
local chart (Uy, ¢x) given in (5.2.1). We shall denote by £ (Z) the set of such pj,. We define for a fixed
r e,

LHT) = (@, Yy, v ), VE € {1, on}, pp = (2,0, 7) € £ (D)), (5.2.5)
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5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

and we also consider
LYNT) :={(z,Y,v1,...,vn,7), Vyv1,... 00, T) € LI(T), x €T} (5.2.6)

We introduce a weight function ¢ defined on U, which is smooth in each Q2 and continuous across the
interface Z. We shall denote ¢r = ¢, . For pj, € L7 (Z) we introduce, for all A € C,

Ph,o(Prs A) = pr(2, Y + A 4 iTdpr ().

Considering the following factorization, as a polynomial in A € C,
Proo(Pr, ) = ciBr (01, N2 o (ks B, (P15 A, (5.2.7)

e i j —t - J i
with 5, (ks A) = Ty o3 ()0 (A = 0 (ow))"* and B (i ) = Ty gy 57 (50 (A = 03 (pk))e, where (7);
are the complex roots of py,, as a polynomial in A, with multiplicity p. It should be kept in mind that this
factorization depends heavily on the choice of py. We set

Ftesp (ks A) = B (016 NB° (p1es A).-
We also define at the boundary, for all A,
ti,w(Pka A) = ti(w, Y + Ay, + itdeor(x)).

Definition 5.2.3. We say that (Tf,@)ke{1,..4,n},ee{1,...,m} covers (P, ©)keq1,...ny at p° € L*(I) if for all
polynomials fi, € C[A] there exists c1,. .., ¢y € C and polynomials q € C[A] such that, for allk € {1,...,n},

Zcétktp pk:’ +Qk()‘)"€k7tp(p2a)\)-
We shall say that (T}, @)ke covers (P, ) at x if this holds for all p° € L:(T), and we shall say that
(T¢, ke covers (Py,o)x if this holds for all p° € L*(T)
Observe that in the above definition, we can restrict the degree of the polynomials fj to be less than or
equal to 2my, — 1, using the Euclidean division. If we write m;’ = d°ky , and m, = 2my, —m;, then d°gy, is

at most equal to 2my — m: —1=m, — 1. We can reformulate the above definition as follows. Introducing,
for k€ {1,...,n}

000 v the(Pi ) if¢e{1,...,m}
k(P ) {Af (D (02, N) if6e {m+1,...,m+m}, (5.2.8)

and the linear map

d:C™ x Cm; X oo X Cm; — C2m171[/\} X oo X Cgmnfl[)\]

Cc1 q1,1 qn,1 m+mi m m+tm,,
, : R g czel—|— g q1,e— ,nel,.. g C@@ + g Gn,o— me ,
L=m+1 L=m+1
Cm, 1,my; 9y my mt mt

Definition 5.2.3 is precisely equivalent to the surjectivity of the above map ®.

Remark 5.2.4. Like the sub-ellipticity condition, the covering condition is unvariant under a change of
coordinates. In particular, this definition does not depend on the sizes of the conormal vectors vy,.
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5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

5.2.3 On the well-posedness of systems satisfying the covering condition

The well-posedness of elliptic systems satisfying the covering condition is a known fact for a non-conjugated
system (that is, in the case 7¢p = 0). We refer for instance to [ADN59, ADNG4]. In their setting, they
consider a more general system. It can be related to our problem as explained as follows. Near a point of
7T, we can choose a coordinates system for each € and thus the problem can be reformulated in [Ri, as in
Sectionb.2. This choice of coordinates has no impact on the covering condition as it is invariant under a
change of coordinates. In [ADN59, ADNG64], the authors consider systems of mixed-order elliptic operators
in the half-space, that are said to be properly elliptic, i.e the roots o; of det(A(x,©1 + 203)), viewed as a
polynomial in z € C satsifies

#{Im(c;) > 0} = #{Imo; < 0}, for O, O, € R%, linearly independant.

In our case, the considered matrix A is diagonal, thus the determinant is the product of the symbols py(x, ©1+
203). If the system is properly elliptic, we obtain that m = mf +--+mb =m] +---+m,. Hence,

dlm(@m X Cm; X X Cm’:) = dim(Cle_l[)\] X X Cgmn_l[)\]),

and then @ is onto if and only if ® is one-to-one. The covering condition stated in [ADN59, ADNG4]
precisely implies that the map ® is one-to-one, and the covering condition in the present work implies that
the map ® is onto. Thus, in the setting of properly elliptic diagonal system of operators, those two conditions
are consistent. However, in the present article, we ask for the conjugated operator to satisfy the covering
condition, and moreover, as we shall see, the conjugated system may not be elliptic anymore. We give the
following definition.

Definition 5.2.5. Let (T{, Pi.) be a system of operators such as (5.1.3) satisfying
(T¢,0)x.0 covers (Py,0)y. (5.2.9)
We say that the weight function @ preserves the covering condition for (T,f7 Py) if we also have

(TE, @)k covers (P, o).

An interesting question then arises: given a system (T}, P;) that satisfies (5.2.9), can we always find a
weight function that preserve the covering condition for (T}, Py) ?

5.2.4 Statement of the main result

The main result of this article is the following Carleman estimate in the neighborhood of the interface. We
define the following space of smooth functions defined in a neighborhood of the point of interest at the
interface.

Co (U) = {w € C= (), supp(w) C Uy is compact in € }. (5.2.10)

Theorem 5.2.6. Let g € T and let ¢ be a weight function on U such that ¢ € C°(U) and such that
P, € C>*(Ug). In addition, assume that (P, pr) satisfies the sub-ellipticity condition of Definition 5.2.1
in a neighborhood of xy in Q, for all k € {1,...,n}, and assume that (T/faSD)ke{1,...,n},ée{1,...,m} covers

(Pr; ©)ke{1,...ny at xo € I (see Definition 5.2.3). Then, there exists a neighborhood U of xq in 2, C' > 0,
and 19 > 0 such that

n n
T_l Z ||eﬂpkuk‘|gmk77 + Z |67%I tr uk|§mk71,1/2,r

k=1 k=1
n m n
<0 (32 Rl + 32 [ 3T
k=1

(=1 k=1

Ye—=1/2,7

2
) . (5.2.11)

for all 7 > 7y, for all u € C(U) such that uy := Uy o € Co(Ux,NT).
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5.2. STATEMENT OF THE PROBLEM AND GEOMETRICAL CONFIGURATIONS

This Carleman estimate is local in a neighborhood of a point of the interface. Local Carleman estimates
can be generally patched together to obtain a global one. For such issue, we refer to Section 5.5.1. The
various norms are presented in Section 5.4.1. Let us simply mention that

1. ||-||s, is equivalent to 7°||.||z2 + ||.||g= in some Q;
2. |.|s,7 is equivalent to 7°|.|p2(z) + |.|gr¢(z)- Norms on the interface are denoted by |.| for easier reading;

3. onZ, for r € N and s € R, we mean

T

|trw|r,s,7— = Z |a£w|1|r+s—€,r7
£=0

using the notation of 2).

5.2.5 Conditions in a neighborhood of the interface

Let 79 € Z. We use the local chart introduce in (5.2.1) and the neighborhood VF = {z4 > 0} NV in R%. We
shall often use the notation z = (2, z4) and & = (£',&4). We also introduce

Co (VH) = {u_., ue CF(V)}, (5.2.12)

the set of restrictions to V' of smooth and compactly supported functions in V. Note that Definition (5.2.12)
is consistent with (5.2.10).
In this coordinate system, the operators Py reads

P, = Z ak(x)D*, k=1,...,n,
|| <2my,
for z in VT, and near the boundary V N {z4 = 0}, the boundary operators read

Ti= Y thDY k=1,...n(=1,..m,

/3
|| <8

with 8¢ € {1,...,2my, — 1} and m = my + -+ + my,,. We call pi(z,€) and t{(x, &) their principal symbols.
We also introduce the symbols

P (2,6 7) = pr(@, & +itder), b, (2,6,7) = ti(z, & + itdey),

which are respectively the principal symbols of the conjugated operators Py, := e"¥* P,e™7%* and T,f’ga =
eT‘p’“T,fe’T‘p’“. In this coordinate system, we make the following identification

L (D) = {p = (0,6.7) € ({za = 0} N V) x RY x R¥}.

We furthermore allow one to identify all the £2’+(I) to one another. Moreover, as Definition 5.2.3 is coordi-
nate invariant (see Remark 5.2.4) we can identify £*(Z) with £y (Z) for all k € {1,...,n}. We also set the
cotangent bundle over Z with parameter 7 as

LY ={p = (x,¢,7) € {za=0}NV) x R x RT}.

For p' € V*+ x R¥1 x R*, we consider the complex roots oy 1(p'), ..., 0k, (p') of multiplicity pu ; (satisfying
ftk1 4+ fige, = 2my) of the symbol pg ,(p', €4), viewed as a polynomial in &;. Let p) € VT x R¥™1 x R
be fixed in what follows. From Lemma A.2 in [Bellassoued- Le Rousseau], there exists a conic neighborhood
V of py in VF x RY x Rt and three smooth and homogeneous polynomials pi(p',£4), p2(p',€4) in &4, such
that
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1. each polynomial is of constant degree for p’ € V;

2. we have the following factorization

Pro (0, €a) = alp DL (0 €a)ps (0, PR o (P €a), P/ €V, (5.2.13)

where a(p') is the leading coefficient;

3. the roots of p;] S0(,0 &q) and p, 9D(p €4) have positive and negative imaginary parts respectively for all
pEV;

4. at p' = p} we have

P& = I C—oniloo)™, ,0.6) = JI  (€a—on;lo0) .

+Imoyg j(py)>0 Im oy, ;(p)=0

Note that the decomposition thus depends on pj. Note also that for p’ € V, the sign of the imaginary part
of the roots of pgw(p/, &4) is not prescribed. However, at p’ = p{, those imaginary parts vanish.

We set ki, (p',€q) = pzw(p’,§d)p27@(p’,§d). In fact, while the roots oy ;(p’) are only continuous, since
they can cross each other, we shall work with the polynomials given in (5.2.13); they are smooth, which
permits the use of semi-classical calculus. We can reformulate the covering condition at pj, as follows: for
all family of polynomials (fx)req1,....ny € Cla]", there exists (ci,...,cn) € C™ and a family of polynomials
(qr)req1,...ny € Cl€a]™ such that

fe(€a) = Zcetﬁ,q;(ﬂf),fd) + qr(Ea)rro (00, €a), VR €{1,...,n}.

=1
In this setting, the covering condition can also be stated in a more convenient way, such as follows. Setting
my = dopgw we write

2mp—my

"{ka%@(p/?gd) = Z Hz,w(p/)fév

=0

where HL ., 1s homogeneous of degree 2my, —m;  —i in (§', 7). Similarly, we write

S0 6a) = Zt )L, (5.2.14)

where ti’ip is homogeneous of degree 8§ — i in (¢,7). Arguing as in (5.2.8), we introduce

tt (o, ifee{l,....m
en(p' &) = 'Z’i"((nfﬂg)d) , . { } _ (5.2.15)
&, Kio(p' €a) fle{m+1,...,m+m},
and the covering condition is equivalent to the surjectivity at p’ = po of the map
$:C™ xC™ XX C™ — Copmy—1[€a] X -+ X Com,—1[&d]
C1 q1,1 dn,1 m+m] m+m;;
) P Zcfel+ Z q1,0— m61;-~ Zcfe + Z dn,0— me
Cm ql,m; qn,m; l=m-+1 {=m+1

If we write ef(p/,&q) = S 70" ef;’;(p’)fé, the coefficients ei’iﬁ (that are homogeneous in (¢/,7)) are given by
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) Li g g )
o ifle{l,...,m} e} (p’):{tk,ap(p) if i €{0,..., 6}

k,p 0 otherwise,
. mEL )y if el — (m+1) 4+ {0 2my —my }
f L _ i " K’k,lp (p) I 7 geeey k k
o if/ € {m + 1, y M Ay }v ek:,go(p ) { 0 otherwise.
if m,, > 0. Then, for k € {1,...,n}, we set the 2m;, x m matrix

Ml N — li—1, 1 )
k() (e’W (p ))(i,é)e{17,..,2mk}><{17...,m}

If moreover m, > 0, we set the 2my, x m, matrix

M2 A ( m4£,i—1 /) )
k(07 = ek (r) (LOE{L,...2mp b x{1,...,m}; }

With M? and M}, we define the 2m x (m +mj + --- +m, ) matrix

M) MEY) 0 .. 0
ey 0 w0
M) =] | R : (5.2.16)
MAP) 0 M2()

where the column associated with MZ?(p’) only occurs if m, > 0. TFor convenience, we shall say that
MZ(p') = 0 if m;; = 0. With this matrix, the covering condition at p’ = py is equivalent to

Rank M (p(,) = 2m. (5.2.17)

Remark 5.2.7. Considering the size of M(p'), a necessary condition for the covering condition to holds is
m-+m; +---+m, >2m.

Lemma 5.2.8. If the covering condition is satisfied in a point p}y € LT (T), then there exists a conic neigh-
borhood V of ply in LT (I) such that the rank condition (5.2.17) is fulfilled for every p' € V.

Proof. If Rank M(p;) > 2m, then there exists a 2m x 2m submatrix S(p;) such that det S(py) # 0.
As the symbols of M} and of M} are continuous and homogeneous in (¢/,7) of order 8 — (i + 1) and
2my —my, +j —i—1—m respectively, where ¢ and j index the rows and the columns. As a result, det S(po) is
also continuous and homogeneous in (¢’,7). We restrict ourselves to the compact set p' € LT(Z) N Ser ry=1.
By continuity, there exists a neighborhood Vg of pj in L7 (Z) NS¢/ =1 such that det S(p’) # 0 for all p’ € Vo.
The result follows by homogeneity. O

Remark 5.2.9. Note that we proved that if the covering condition is satisfied in some point pyy € LT (T) then
there exists a conic neighborhood V of py such that (5.2.17) holds, but we did not proved that the covering
condition is satisfied for any p’ € V. In what follows, we shall only need Lemma 5.2.8.

5.3 The case of second-order operators

5.3.1 The transmission problem

Here, we address the important case of second-order elliptic operators with real principal symbol, for k =
1,...,n, namely Laplace-Beltrami operators associated with some metrics g on each manifold. We consider
the following transmission problem

Agup, =0, k=1,...,n in the interior of €
Wz, =70 = Unlg, on 7 (5.3.1)
1 Ov gy =0 onZ,
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where Ay = —Ay, +lower order terms, where({, gx) are Riemannian manifolds with boundary Zj, satisfying
Z:=1; = - =1y, where Ay, is the Laplace-Beltrami operator associated with the metric g, and vy
denotes the unit outward pointing normal vector of Z;, with respect to the metric g,. Following Section 5.2,
in Q = U}_,Q, in a neighborhood of a point y € 7 we can use coordinates 2’ = (z1,...,24-1) on Z and
coordinates x = (2, 24) on Qy such that locally Z = {z4 = 0} and Qi = {z4 > 0}. In this set of coordinates,
System (5.3.1) reads

Py(z,D)up, =0, k=1,...,n inQuN{zs >0}

u1|Z == un|z onZ (5.3.2)

>y Oz =0 on Z,

where the principal part of Py (x, D) is of the form 7, ;.; D; ay ;Dj, where a¥ ij are coefficients dependent
on the metric g;. These transmission conditions can be rewritten as the following equations

n d
)y — Uz, =0, ug)p —ug); =0, oo Up_q); — Uy, =0, g g a (7)0x;u|, = 0.
k=1j=1

Here m = n. With the notation of System (5.1.3), we consider the following set of operators

{Tlf = 0k0 — Ok,0+1, ke{l,....n}, e{l,....,.n—1},
mn d
Tp =5 ak (2)D;, ke{l,... ,n}.

This type of transmission condition across an interface has a natural physical meaning. It simply implies
continuity of the solution at Z and that the fluxes add up to zero. We shall conjugate the operators with
a function ¢, which is chosen smooth in each Z, and only continuous across the interface. We shall denote
Plo, = Pk- In this example, the principal symbols of the conjugated operators at the boundary read

(5.3.3)

t‘]];7(p($,€77') = ti(:mf), k=1,...,n,j=1,...,n—1,
as these operators do not involve any derivative, and
d
(2, &,7) Zadﬂ V(&5 + im0z, 1)
j=1

= ak 4(x) (S + Ck)

where

S

d-1 &

. d,j (z)

Ck = 110,01 (x) + k](
=1 %d,a\*

(& +i70x, k) (5.3.4)

~

S

Observe that Im (j, is a function of dgy near Z, but not of ¢y, itself. As the operators Py are elliptic, we have
aq.q 7 0. We also have, as a; ; = a;,

d
pk,«p z fa Z a; fj + 17'83:]9016)(52 +Z7'axe§0k)
JA=1

d—1
= af 4(@)(Ea + iT00,0) + 2(6a + iT0n,0) Y a o) (&0 + i70r, k)
(=1

+ af () (&) + i70u, 1) (§¢ + im0, 0)

,d('r) ((gd + Ck(xagla T))2 + Qk(xa§/7 T))
=a ,d(x) (gd =+ Ck(xagla T) + iak(ilf,f,,T)) (gd =+ Ck(xagla T) - iak($,fl,7')) )
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5.3. THE CASE OF SECOND-ORDER OPERATORS

where g (z,£’,7) is homogeneous of order 2 in (¢/,7), and ai(z,£’,7) € C is chosen so that Reay > 0 and
0‘%(1’75/77’) = qx(x,&, 7). Defining

U;(x,gl,’]') = 7Ck(xa€/a7_) + iak(x,£/77—)a Jk_ = 7Ck(x7£/>7—) - iak(xaf/aT), (535)

we can factorize the principal symbols of the operators
pkv@($7 57 T) = as,d(x)(gd - le (.’IJ, £l7 T))(gd - U]Jcr(ivv fa T))

Observe that Im U,j > Im o, always holds. Several cases can occur, depending on the sign of the imaginary
part of the roots of the py ,, viewed as polynomials in §;. To discuss the sign of the imaginary parts of the
roots a,f, we introduce the following sets

st=%%()={ke{l,...,n}, Imo;",Imo; >0},

YT =% (p)={ke{l,...,n}, Imo;,Imo, <0}, (5.3.6)

20 =%)={ke{l,....n}, Imo} >0, Imo, <O}

We recall that the covering condition holds if the matrix M built in (5.2.16) satisfies the rank condition
(5.2.17). In this particular case, we have m = n. The 2 x n sub-matrices M} are only related to operators

at the boundary, and do not depend on the sign of the imaginary parts of the roots of the operators in the
interior. We detail here how to construct those matrices in the present example. The coefficients tﬁv’; of

M} correspond to the coefficients of the principal symbols of the ti,w The operators that acts on u; for
e {1,...,m} are respectively (see (5.3.3))

n
T, =11, =0, ..., T7;' =0, and T = Y _aj ;(x)(D; + it0y,¢1(x)),
j=1
and the coefficients of their principal symbols written in the form (5.2.14) are given by
=1t =0, ..., 770 =0, 677 =0, and £7° = a) 4¢1, 11! = ad 4(2),

with ¢; defined in (5.3.4) for k = 1. Then, we obtain

10 ... 0 di,&
1 _ d,d
M1_<0 o aé,d)' (5.3.7)

Arguing the same way we have, for k € {2,...,n — 1}, we find

(k*l)th kth
M= (0 - 0 -1 1 0 ... 0 dat,
0 ... 0 0 0 0 ... 0 ahy,

and
00 ... 0 -1 a ¢
1 _ d,dSn
Mn_(o 0 ... 0 0 ag,d)

We also detail the structure of the matrices M? in different situations depending on the cardinal of the sets
given in (5.3.6).

e For k € X%, we have m;, =1 and then M? = Y — o, 1).
e For k € X7, we have m, = 2 and then M,? =1Ids.

e For k € ¥, we have m;, = 0 and then M} = (), with the meaning given below (5.2.16).
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5.3. THE CASE OF SECOND-ORDER OPERATORS

We now investigate what configurations yield (5.2.17).

First case. We first focus on the case where Card ¥* > 2. Without any loss of generality, we may
assume that {1,2} € XF, that is Imoif > 0 and Im o > 0. In this case the matrices M? and M2 are empty,
and the matrix M reads

1 0 0 - aq.q61 i
0 0 0 - agg !
v |t oo aj 462 |
0 0 0 - ajg |
ES Lk

with either N =0 or N = () (in the sense given after (5.2.16)). We then see that the second and the fourth
rows are linearly dependent. As the number of lines of M is equal to 2m, this implies that the rank condition
(5.2.17) fails to hold.

Second case. Here, we assume that ¥ = ). Consider £ € {1,...,n}. Without any loss of generality,
we may assume that {1,...,¢} C % and {¢+1,...,n} C ¥~. The matrix M then reads

Al By 0
M = 20
<A§(nf) 0 ICl?(nl)) ’

where,
—of 0 0 0
1 0 0 0
0 —of 0 0
Be = 0 1 0 0 € Mo (C),
0 0 0 —of
0 0 0 1

and Idy(,_g) denotes the identy matrix of dimension 2(n — £). If £ = n we set Idg = ) in the sense given
below (5.2.16). Moreover, for £ # 1,n, we have

(g _ 1)th fth

1 0 0 0 0 aj41
0 0 0 0 0 aj,
-1 1 0 0 ... 0 aju
A, =[ 0 0 0 0 ... 0 aj, € My (C),
0 ... -1 L. 0 aluG
0o ... 0 0 ... 0 afy,
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5.3. THE CASE OF SECOND-ORDER OPERATORS

and

0 -1 0 alfCen
41
0 0 0 0 Zadfd
0 0 ~1 0 ag' Pl
Al =0 0 0 0 ay’? | € Map_p.n(C).
0 ... 0 0 e
0 ... 0 0 .0 al 4
For ¢ =1, we have
1 0 0 0 0 aj G
Azg=\0 0 0 0 0 ah, )€ M2u(C),
-1 1 0 afﬁdl(“l
0 0 0 agt
0 -1 0 agifCr
{42
A p=10 0 0 Ad,d € Ma(n—1),n(C).
0 0 ... =1 ag,G
0 0 ... 0 ay .
Finally, for £ = n, we have
1 0 0 0 0 agqG
0 0 0 0 0 aly
-1 1 0 0 0 a2t
0 0 00 ... 0 a
A%n = . . . Cf’d S M2n,n(q:)v Ag(nfz) = (Z)
0 ... 0.0 ... =1 ajn
0 ... 00 ... 0 aj,
Note that we have
Rank(M) = Rank(T) +2(n — £), with T = Rank (A2, By.) (5.3.8)

By operations on the lines and columns of the 2¢ x (n + ¢) matrix T we can obtain:

o If / < m, it is of maximal rank. Indeed, from (5.3.8), this is equivalent to having Rank(M) =
Rank (AL, By) = 2.
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5.3. THE CASE OF SECOND-ORDER OPERATORS

Yet, by reorganizing columns, we have

1 —of 0 0 0 0 ajQ
1 0 0 0 0 a}i’d
-1 0 1 —o;' 0 0 aid(jg
Rank (A%Z Bg) = Rank [ 0 0 0 1 0 0 a?i,d
0 0 0 0 1 —O’Z_ afi’dQ
0 0 0 0 1 afm
1 000 0 0 ajy(G+o7)
0 1 0 0 0 0 a}hd
-1 0 1 0 0 0 afy(C+07)
—Rank| 0 0 0 1 0 0 aiyd
0 0 0 O 1 0 ag ¢+ 0'2_)
0 00 0 0 1 ab g
1 0 0 O 0 0
0 1 0 0 00
-1 0 1 0 00
> Rank 0 001 0 0] = 2/,
0 0 0 0 10
0 0 0 O 0 1
as the final matrix is in My, (C).
e If / =n, it is of maximal rank if and only if
Z a) (G +of) #0. (5.3.9)

j=1
Indeed, from (5.3.8), this is equivalent to have Rank (Agn Bn) = 2n. Yet, we have

Rank (A3, By)

1 0 0 0 0 aj,6 —of 0 0 0

0 0 0 O 0 ajy 1 0 0 0

-1 1 0 0 0 ai, & 0 —of 0 0
—Rank| 0 O 0 0 0 aj, 0 1 0 0

0 -0 0 -1 ajs6n 0 e 00 —of

0 0 0 0 aj, o ... 0 0 1

1 0 0 0 0 ajy(+of) —of 0 0 0

0 0 0 O 0 0 1 0 0 0

-1 1 0 0 ... 0 ajs(+0y) 0 —o5 0 0
—Rank| 0 0 0 0 ... 0 0 0 I ... 0 0 |,

0 ... =00 ... =1 aj,(éu+of) 0 ... 0 0 —of

0 ... 0 0 ... 0 0 o ... 0 0 1
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5.3. THE CASE OF SECOND-ORDER OPERATORS

and then
1 000 . 0 al(G+al)
-1 1 0 0 0 a3 4(C2+03)
0 -1 1 0 0 a§l7d(§3+a;)
Rank (A3, B,) =Rank 0 0 -1 1 0 ai,d(Q +07) +n
00 0 0 ... 1 aj'(C1to0iy)
o o 0 0 ... -1 ay 4(Cn +at)

We see that (5.3.9) is a necessary and sufficient condition to obtain the rank condition (5.2.17). Let us
prove that (5.3.9) is always satisfied. If not, we have

n

n

J o J +

E G qIm¢; = E Ggqlmo; .
=1 =1

Yet, Im 0’;_ = —Im(; + Rea;. This implies 23'1:1 aé,d Rea; = 0. As Rea; > 0 and aid > 0 for all
j € {1,...,n}, then Rec; = 0. Hence, both roots O';'_ and o have the same imaginary part, for all
j €{1,...,n}, in contradiction with having {1,...,n} C X°.

As a result, the covering condition holds in this case.

Third case. In this case, we assume that Card X+ = 1 and Card X = n — 1. In such a situation, the
matrix has only 2n — 1 columns, and from Remark 5.2.7, the covering condition fails to hold.

Fourth case. We finally assume Card X" = 1 and Card¥° < n — 1 (or equivalently Card X~ > 1).
Let £ = Card X° and assume, without any loss of generality, {1,...,¢} =3° {{+1,...,n—1} = X7, and
{n} = ¥*. Then the matrix M reads

M= (A B)
where

1 0 00 0 aj .G

0O 0 0 0 0 ajy

M} -1 1 00 ... 0 a6

A= _ 0 0o 0 0 ... 0 G‘Z,d S MQn,n(C)v
i . . : :
0 ... 00 ... -1 CL:id n
0O ... 00 ... 0 ai,
and
(E)th
—of 0 0 0 0 0
1 0 0
M12 0 —0’2_ 0 0 0
0 0 1 0 0 0 O
B— Mg_l _ 0 0 0 1 0 0 0 S M2n,2n7Z72(C)a

0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
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5.3. THE CASE OF SECOND-ORDER OPERATORS

as M2 = (). We shall make operations on lines and columns to compute the rank of M. First, note that using
the last line of M, we obtain Rank M = Rank (A" B), with

1 0 00 0 0
0 0 0 0 0

-1 1 0 0 0 0
-0 0 00 0 0
0 0 0 -1 0
0 0 0 0 1

Then using the even lines of B, as the associated lines of A’ are only made of zeros, we obtain Rank M =
Rank (A" B'), with

0 0 0 0 0 0
1 0 0
0 0 0 0 0
0 0 10 0 0 0
|0 0 01 0 0 0
0 1 0 0
0 0 : 0 .0
0 00 0 0 1
0 00 0 0 0
0 00 0 0 0

and we see that the rank of (A" B'), is equal to 2n.

Conclusion. As the four cases we considered are exhaustive, we find that we have to construct a weight
function ¢ such that the first and third cases described above do not occur, meaning that we require

Card E*(p’) <1, Vo ez, (5.3.10)
and moreover

CardX(p') = 1 = Card 2°(p') < n — 1 (or equivalently Card X~ (p’) > 1). (5.3.11)

Let ig € {1,...,n} be fixed. First note that if we have, for all ¢ # g,

d—1
— T(Oayipi + > aly /0l 40, 03) <0, (5.3.12)
=1
then (5.3.10) is satisfied as Imo;, = —7(0,,pi + 221;11 ay j/al 40:;i) — Rea; with Rea; > 0. Second,

observe that Im o2 0 implies

d—1
—T(Ozapio + Zafﬁj/afﬁdamj ®iy) > Rea;, > 0.
j=1
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5.3. THE CASE OF SECOND-ORDER OPERATORS

Hence, if we construct a weight function ¢ satisfying

d—1
zd‘aolo + Zajiog/add %9010) > Reay,

d—1 34
— { (aa:dgpu + Z =1 adlj/a’dd Zj (p“) < —Re iy (5313)

(8xd@z+z 1adj/ad7d81jcpz) < Reai, Vi#io,il,
for some i1 # ig, then both (5.3.10) and (5.3.11) hold. Observe that (5.3.13) can be achieved by requiring
(5.3.12) and additionaly
OryPio + Z 1 ad 7/% d xﬁ%

d—1 4
Oz ytpiy + Z %adlj/ad d zJSDu

(Reay,) < Re a,. (5.3.14)

In order to fix ideas, assume that ¢, = @i(x4) does not depend on the variable z’. Then, conditions
(5.3.12) and (5.3.14) read

afd Pig

zqPi1

Vi%io, 6$d¢i>0, and < K,
where K is a positive constant that only depends on the coefficients aj-(’e and a;fe. Hence, if we choose a
weight function ¢ such that, near the interface,

O, 0is < 0, and 0,,p; > 0, for i # ig, and moreover satisfying 0,,p:, > 0y, pi, for some iy # ig, (5.3.15)

then the covering condition is satisfied. Allowing back a dependance with respect to the variable z’ is possible,
for instance, if we impose |V' | < |0,,¢kl, for all k # .

Remark 5.3.1. In applications, this means that if we want to observe the interface, according to Theo-
rem 5.2.6, the observation has to be made from at least n—1 sides of T (we recall that in Carleman estimates
and applications, the observation region corresponds to regions where the weight function is the largest).

5.3.2 On the optimality of the observation regions for the transmission problem

In this section, we discuss the optimality of the above conditions on the weight function. First, observe that
in the case of two operators (n = 2), we precisely recover the condition of [BL16], which is proven to be
optimal in the case of operators with constant coefficients in [LL13]. Second, in some particular geometric
configurations, note that if we observe from only n — 2 sides of Z, then the unique continuation property may
fail, which prevents the possibility of proving a Carleman estimate. We consider Q = (R/27Z) x (0, ), for
1
ke{l,...,n},ne N, n>3 and T = (R/27Z) x {0}. Take C = <0 CO), such that ¢, /* € N*, and
k
consider the diagonal operator

—div (C1V) 0 ce 0
0 —div(CoV) 0 0
Q= ) . (5.3.16)
0 0 . —div(C,V)
with domain
D(Q) = {(ul, R TS @HQ(Qk), Up =+ =uy onZ, chamuk‘wzzo =0on I}.
= k=1

We have the following proposition on the eigenfunctions of Q.
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Proposition 5.3.2. For all j € N and £ € {2,...,n — 1}, the function
0

0
el Sin(C;1/2j£L'2)
/

PRAES sin(ce__:1 %jxy)

e —1/2
1jx1
e sin(c,, _"j2)
1/2 xn—1

1/2 jigi o, —1/2.
—cy o € TeTrsin(c, i),

where the first { — 1 componants are equal to zero, is an eigenfunction for System (5.3.16) associated with
the eigenvalues j2.

If £ € {1,...,n—1}, the eigenfunction has £—1 vanishing components. In the particular case { = n—1, the
eigenfunction has n — 2 vanishing components. Thus, Proposition 5.3.2 shows that the unique continuation
property fails to hold from less than n — 1 sides of the interface, due to the presence of such invisible modes.
Since a Carleman estimate near the interface as in Theorem 5.2.6 implies the unique continuation property,
the derivation of the Carleman estimate cannot be achieved in this geometrical configuration. Using Remark
5.3.1, this means that in (5.3.15), having 9,,p;, > 0, fori € J C {1,...,n} with Card J > n—1, is necessary.
However, in the example (5.3.16), this is mainly due to the symmetry of the domains Q. The investigation
of general configurations where the unique continuation property holds true remains an interesting question.

5.4 Carleman estimate in a neighborhood of the interface

5.4.1 Semi-classical calculus
Classes of symbols

We recall some classes of pseudo-differential operators that we use in what follows. This allows us to introduce
some important notation. As above, we write p = (z,£,7) € U xR xRt and p' = (2,¢,7) € U x R xRt

Definition 5.4.1. The symbol class S™ is the space of a(p) € C=(R? x R?) that depends on the large
parameter T > 1 satisfying for all multi-indices o, B € N¢

1020Z a(p)| < CapA™ Pl forallz € RY, € €R?, 7> 1,

where X is the order function \ = (12 + [€2))Y/2. The principal symbol of such a, denoted by o(a)(p) is the
class of a in the quotient space S™/Sm™~1.

We also introduce the tangential symbol class Sy, as the space of a(p’) € C>®(R? x R¥~1) that depends
on the large parameter T > 1 satisfying for all multi-indices o € N4, € N¢—1

|6§‘6§/a(p)| < Ca,/g)\?flﬁl, forallz e RY, ¢ e R, 7> 1,

where \r is the order function A\p = (72 + |€2|)1/2. The principal symbol of such a, also denoted by o(a)(p)
is the class of a in the quotient space S%T/S}rf:l.

We shall consider symbols that are polynomials in the £;-variable with coefficients in the class of tangential
symbols. More precisely, we consider S™" the space of a(p) € C®(R? x R?) that depends on the large
parameter T > 1, and such that

a(p) = > a;(p)E),  a; € ST (5.4.1)
=0
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The principal symbol of such a, denoted by o(a)(p) is defined by

a(a)(p) = ala;)(p)E

Jj=1
It can be understood as a representative of a in ST /ST L.
We also introduce poly-homogeneous symbols.

Definition 5.4.2. We say that a € S], (resp. Si'. ) if there exist a; € S~ (resp. S}n;j), Jj e N,
homogeneous of degree m — j in (&,7) (resp.(§',7) such that, for all jo € N,

Jo
a— Zaj € SmIo-1 (resp. S;f?“_l).
j=0
We say that a € S if
m
a(p) = Z a;(p)&),  with a' € S?T_if'r
j=0
Semi-classical pseudo-differential operators

For u in the Schwartz space .7 (R?%), we denote by @ the Fourier transform, that is,

a(e) = /{R )

Definition 5.4.3. Fora € 8" (resp. S

T,cl

) we define the pseudo-differential operator

Op(aule) = gz [ e ol n)i(€)ds = g [ e Cat g mpuly)iuit

for all u € Z(RY), and we write Op(a) € $™ (resp. W™, ). The principal symbol of the pseudo-differential

T,cl

operator Op(a) is 0(Op(a)) = o(a) (see Definition 5.4.1 and 5.4.2). We also define tangential pseudo-
differential associated with a symbol b € S7*, (resp. St 1) by

1 . 17 ’ . !’ 7
Opz(b)u(z) = @n)a T /[Rdi1 /[RGH @y € Ty, wn)dy' dE

for u € Z(RY) and x € RL, and we write Opy(b) € T, (resp. Vi, ). The principal symbol of the
pseudo-differential operator Opy(b) is o(Opy (b)) = o(b) (see Definition 5.4.1 and 5.4.2).
Sobolev norms

For s € N* and 7 > 1 we introduce the following parameter dependent Sobolev norms

S

2= > Oy, and L2, =D O g, (5.4.2)
k=0 t=0 t=0

where ||.||gt(o,) and |.|g¢(z) denotes the standard Sobolev spaces in €2, and on the interface Z respectively.
We define the Sobolev spaces H™ () and H™(Z) as the completion of C*°(§) and C°°(Z), the spaces of
smooth functions, with respect to the norms (5.4.2). Algebraically, the spaces H () and H™(Z) are equal
to the standard Sobolev spaces. However, they are not endowed with equivalent norm in the semi-classical
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limit 7 — +o0o. As we deal with operators with orders 2mj > 2, we shall need to estimate traces of the
solution and its iterated normal derivatives at Z. Hence, we introduce the Hilbert sum

H™ = H™"7(T),
j=0

endowed with the norm

m

Ul or = Z luilo e With U = (ug,..., um). (5.4.3)
=0

We shall also apply this norm to the following vectors composed of the various traces of iterated normal
derivatives of a function u € C*(Qy,) as

tr'™ (u) = (u,, Dy, ..., D'y, ), where D, = —id, and v € Nj(Z),

(for the definition of N;(Z) we refer to the beginning of Section 5.2.2). However, for the sake of simplicity,
we shall write | tr ulp, s, instead of | tr™()|m,s,», Whenever no ambiguity may occur.

We introduce the space of smooth functions in the half space, with rapid decay at infinity
—d
LRy ={u, .0 ue SR},

that is the space of restrictions to the half space of functions in the Schwartz space. Pseudo-differential

—d
operators that behave polynomially in the &; direction such as (5.4.1) may act on functions of .7 (R,).
Hence, we introduce the norms in [Ri

s —=d
||u‘|72n,s,7— = H OpT(AT)uH?YL,T’ u € y(R-&-)v
with [|.||m.- introduced in (5.4.2), and the norm at the interface Z = {x4 = 0} ~ R4~!
e s _ m+1
‘Uﬁ@,s,r = Z|OpT()‘T)uj|$nfj,7‘7 U= (Uo,...,um) € (‘y([Rd 1)) )
3=0

with |.|;,—j,- given by (5.4.2). In what follows, we shall denote the inner product of L?(R%) and L?(R4~!) by

()= [, 10 (u0),= [

respectively, for f,g € L?(R%) and u,v € L?(R4™!) ~ L?(Z). We shall also write

I8 = [ 1P

We state the following continuity results for the classes of pseudo-differential operators introduced in Sec-
tion 5.4.1.

Proposition 5.4.4. Let a(p) € S™*.Then, for every m’ € N and s’ € R there exists a constant C > 0 such
that

|| Op(a)u|‘m/75/77' < CHuHm"‘rm,S'-‘rb‘ﬂW

for allu € Y(?i_).
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5.4.2 Sub-elliptic estimate near the interface

The following estimation is classical and based on integration by parts. It describes how the sub-ellipticity
property yields an estimation, here with the case of a quadratic form Re <Av7 ti)
+

Lemma 5.4.5. Let U be an open subset 0f7+. Let a € 8™ and b € S™ 11 be real symbols homogeneous
of degree m in (§,7). Set

Qus(v) = 2Re (Av,ti)+, A= Op(a), B=O0p(b). (5.4.4)

Assume that

a(p) = b(p) = 0= {a,b} >0
forx € U, for (£,7) #0. Then there exists C,C", 79 > 0 such that

Cllell,» < € (I1A0lZ + [Boll3 + [6r0R, 1 1o ) +7(Qualv) = ReBas(v)),

—d
for T > 19, for allv € C*(R,) with suppv C U, and where By, is a quadratic form at the interface {x4 = 0},
satisfying
2
1Bap(v)] < C'[tr vl 14 /2.,

A proof of this result can be found in [BL15].

5.4.3 An elliptic estimate near the interface

We consider, on [Rff_,
Py, =e " Pe T ¢ \113"““0,

of principal symbol p . (p) = pi(z, & +itdpy(z)) € S™+0, where py, denotes the principal symbol of P,. We
also define at the boundary

) ) J
J . Tonmd —T By.+0
ZkW—eWZkB P Wk,

. . J . .
of principal symbol t;w:(p) =t (x, & +irdpg(z)) € ka’o, where ¢}, denotes the principal symbol of T}.
Considering an operator with principal symbol with roots that have negative imaginary parts, we may obtain
an estimate of all the relevant traces at the boundary (or the interface) without the use of any boundary
condition. This is the result of the following lemma, which proof can be found in [BL15].

Lemma 5.4.6. Let h(p',&5) € SFO, with k > 1, be a monic polynomial function in &g with homogeneous
coefficients in (&',7) and H = Op(h). Let U be a conic open subset of V' x RI-1 x RY. Assume that all
the roots of h have negative imaginary part for all p' € U. Let x(p') € SS’T, homogeneous, be such that
suppx C U, and let N € N. There exist C > 0 and 19 > 0 such that

107 OOwl[i 7 + [ t1(Opr () w)[z—1.1/2,» < C (IIH Opr (0wl + [[wll§ n - + [tr(w)[i1 v -)

for allw € Y(ﬁi) and T > T19.

Observe that this lemma provides an estimate on all the traces at the boundary, up to microlocal remainder
terms, which will be absorbed when patching all the microlocal estimates on the whole phase-space, by taking
7 > 0 sufficiently large.

Below, we consider operators that admit roots with non-negative imaginary parts. The covering condition
imposed at the multi-interface Z on the set of operators (Py,Ty,¢) is then a key element to obtain an
estimation.
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5.4.4 Interface quadratic forms

Definition 5.4.7. For w = (w,...,w,) € (Y(ﬁi))”, N € N we define the following quadratic forms

N n n
G(w) = <; Aiwkud:mkleiwmzd:o) :
= P

s=1 e

with A7 = Op(a}), and B, = Op(b;). We say that G is an interface quadratic form of type (2mi—1,...,2m,—
1,0) if, for each s € {1,... N} we have a3, b; € S¥me=Lok - for all k € {1,...,n}, with oy + -+ + 0, = 20.

T,cl
Moreover, for z = (21,...,2n),2 = (Z1,...,2p) € C>™ x ... x C¥™n  where z, = (zg,z;,...,zi"zk—l) and
Z = (20,2, .. .,Ezm’c_l), we define
n
Eg(plv 7;72) = Z Z Eaz (p/a Zk)z Ebfc (plv ék)a

s=1k=1 k=1

where, for a symbol a(p) = 3°0_y a; (p)E) € S8 we set

T,cl?

P

Salp,2) = Zaj(p')zj, for z = (z0,...,2,) € CPTL.
s=0

Definition 5.4.8. Let W be an open conic set in R¥™1 x R&™1 x RT and let G be an interface quadratic form
of type (2my — 1,...,2m, — 1,0) associated with the bilinear symbol X¢g(p', z,2). We say that G is positive
definite in W if there exists C' > 0 and R > 0 such that

n 2mg—1
Re Zg(pixdzwz,z) > CZ Z A§j2mkflfj+ak)|zi|2’
k=1 j=0

fOT z= (zl" "’Z”) € sz’ 2k = (Zl(c)w-'vzlzmk_l) € C2mk} T 07 AT > Ra p? 0 ew.
l'd=
We have the following Garding-type inequality. The proof follows [BL16].

Lemma 5.4.9. Let W be an open conic set in R*~1 x R¥=1 x R and let G be an interface quadratic form of
type (2mq1—1,...,2m, —1,0) that is positive definite in W. Let x € S%T be a homogeneous symbol satisfying
SUpp X|,,—, C W and let M € N. There exists C >0, C' > 0 and 79 > 0 such that

n n
ReG(0pr()1) > €3 [t 0pp(0)umy 100 = C' S 10wk, 1 g a1me (5.4.5)
k=1 k=1

foru=(u1,...,ug) € (Y(ﬁi))", T > Tp.

Proof. Using Definition 5.4.7, G reads
N n n
Gu) =Y (Z Ay, ZBzuk|zd0> . with A}, Bf € U2mrmhon,
s=1 \k=1 k=1 9

Using tangential pseudo-differential calculus, with classical symbols, there exist aj i by, € S%ﬂd such that

2mk—1 ka—l
Ay = > Opglaj ) Opp(A\™ 1T )D), By = > Opgp(b;,;) Opp(AF"™ 1 7957%) DY,
j=0 =0
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5.4. CARLEMAN ESTIMATE IN A NEIGHBORHOOD OF THE INTERFACE

Denoting by a#b, a € S7° be 57“*1,;@1 the product of symbols, that is, for all M € N,

T,cl’

ot = 3 SO opalmbtel) +, s € SN,

o] <N
and a* the adjoint symbol, that is, for all M € N,
*0 I\ (_i)la‘ aqa—( / m—M
a*(p') = Z Tag oya(p’) +rym, M€ ST,T,Cl )
la|<M

the quadratic form G can be written as

G(u)
N n 2mp—1 n 2mp—1
=> (Z Y Opr(an;) Opr(AT™ T ) Dhuny, o0 D D Opr(be) Opr(AZ™ J”k)DJ“kmdo)
s=1 \k=1 j=0 k=1 j=0 9
n 2my —1
- Z (OpT o3 Opr (48 Dl Opp (N DY )
k,k’=1 j=0 /=0

kK 0
where g;’;' € 87 is given by
N

kol
gy = > (07 ;) H#ais -

s=1

We recast this equality into a system formalism. We then consider the following matrix symbol

g (") gt ()
G(p') = : : , gt = (92,2 (p')) Dt m—1
n n,n Oghgnzi/—l
g™ () g™ ()
It is then sufficient to follow the proof of Lemma 3.3 in [BL16]. O

With the covering condition, we have the following positivity result, at the symbol level. In the following
section, this positivity property will yield an actual estimate at the interface by means of Lemma 5.4.9.

Proposition 5.4.10. Assume the covering condition of Definition 5.2.3 holds at ply € LT(Z). There exist a
conical neighborhood U of pfy in 7 < RI-T x R*, C > 0 such that

Z}\z(%—yz |ZZ (o, 2) +Z Z )\2(m+mk g+1/2)‘27 (o) |2>C’§:m§k:1)\ (2mp—1/2— j)|z |2
k=1j=m+1 k=1 j=0

forall p' €U, for all z = (29, ..., 2" 1) € C™*.

Proof. As the covering condition is fulfilled at pj € £T(Z), there exist an open conic neighborhood U of
P in VF x R~ x R such that the rank condition (5.2.17) is satisfied at p’, for every p’ € U. Yet, consider
the compact set K := U NS¢/ ry|=1, where Sy¢/ =1 = {(z,&,7) € RL x R x RT, [¢']2 + 72 = 1},
Let p' € K. in view of (5.2.17), we have that M(p’) is of maximal rank, that is M(p') = 2m. Taking
2= (21,...,2,) With 2z, = (2,..., 2™ 1) € C¥™* we have

("M (P2, M (P)z) 2 |2]12an, (5.4.6)
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5.4. CARLEMAN ESTIMATE IN A NEIGHBORHOOD OF THE INTERFACE

Recalling the form of M in (5.2.16), we have

(M) M)z 2) —|Z M )22+ 30 1 MR ) 2
k=1

m n n m+tm;
=2 1Ey Gl X 3 IRy (al,
j=1 k=1 b k=1j=m+1 e

and with (5.4.6), we have

n m+mk

oIy @A+ 30 3 By (7P 2 e (5.4.7)

j=1 k=1 k=1j=m+1

Then, by continuity, (5.4.7) is true in a neighborhood of p’, and with a compactness argument, is true for all
o € K. Yet, we define

Hx, (p') = (2, A€, ArT),
and thus for every p/ € K, we have g/ = H;Tlp’ with p := H),.p'. We set éi = Aka*l/Q*jzi, Zp =

2mp—1

(2.2 )and Z = (21, ..., 2,). By homogeneity of the symbols, (5.4.7) yields

m n n m4my
Z| Sy (7, Zk) —|—Z Z ei (@201 Z 112][Z2m,
j=1 k=1 e k=1j=m+1 e
which reads
m n n mtmy n 2mg—1
\2 1/2— 1/2—
Z|Z my+1/ ﬁkz P Zlc +Z Z m+mk+/ JE] p 2 |QZZ Z |)\2mk 1/2]]|2
j=1 k=1 e k=1j=m+1 k=1 j=0
Using assumption (5.1.2) yields the result. O

5.4.5 Estimate with the covering condition

The following proposition shows how the covering condition allows one to estimate all the traces at the
interface. The estimate is microlocal near a point where the covering condition holds.

Proposition 5.4.11. Let py = (z0,&0,70), To € Z, such that the covering condition of Definition 5.2.3 holds

at py. Then, there exists a conic neighborhood V of pjy in VxR xR+ such that forx € S%T homogeneous
in (&', 7) with supp x C V, there exist C > 0 and 71 > 0 such that

n m n
CZ | tr OpT(X)vk‘gmk—l,l/Q,r < Z | ZTk @ Vklzg=0 77—1/2 -t Z || P, w”k||+
k=1

k=1 j=1 k=1

37 okl B+ 100k 1 150): (5.48)
k=1

forallTt>m,v=(v1,...,0%) € (f(@i))"

Proof. Consider the factorization described in Section 5.2.5

Pro(p' €a) =y, (0, €a)k(p €a), (5.4.9)
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5.4. CARLEMAN ESTIMATE IN A NEIGHBORHOOD OF THE INTERFACE

for p’ in a conic neighborhood V; of p/, with P> Kk polynomials with homogeneous coefficients, p;- o being
monic. Using Proposition 5.4.10, there exists a conic neighborhood V; of pf,, Vi C Vy, such that

m

Z/\ (v;—1/2) ‘ZE p Zk +Z Z )\2(m+mk —j+1/2) \Z ; p Zk>|
j=1 " k=1 j=m+1
n kafl ) )
>0Y " N NP2 (5.4.00)
k=1 j=0
holds for all p € V; and for all z = (21,...,2,) € C*™, with 2, = (2,..., 22" ') € C>™*. Now we consider a

conic neighborhood V of pj, satisfying V C Vy, and x € S%T homogeneous such that supp x C V, and x € S%T
homogeneous such that supp x C Vi, and x = 1 in a neighborhood of V. Consider a smooth extension p; o

outside Vy. Note that by symbolic calculus, we have Opy(x)Pr,, = Op(ﬁ,;@) Op7(x) Op(Xkk,p) + Ry, and
Ry € \IIQm’“’_l. Take also v = (v1,...,v,) € (Y(?i))" By definition, p; , has only roots with negative
imaginary parts. Thus we can apply Lemma 5.4.6 to the function wy := Op(Xkk,,)vr € 5’(@1), and we
obtain, for all k € {1,...,n}, for any N € N,

10pr (Owel[7, -+ [tr(OP7 (0w )z 1172+ (5.4.11)
< 1100(vi,) O ()l + llwnl P,y + Jre?,
S Prvel 3 A orll3m, 17 + 1000k 3001 v 7 (5.4.12)
By definition, we have |tr(OpT(X)wk)|72n,:71,1/2 = Z;’f{l |D§ OpT(X)wk‘fngfl/2fj,‘r7 thus (5.4.12) gives
my —1
> 1D0pr (0wl S W Phevelld + 0kl B, -1z [ 000k, 1 e (5.4.13)

Yet, we recall that for j € {0,...,m; — 1}, from (5.2.15), we defined ej+m+1(p',£d) = félﬁ;kW(p/,fd), for
p’ € V. Hence, by symbolic calculus, for j € {0,...,m, —1}

D/, 0py(x) Op(fmk,@) = Op(Xe, ") Opr(x) + R,

where the remainder R}, € G2 From (5.4.13), this yields

n  mg

S 3 100(xel) Opr ()orl?, 5 jTNZ||Pk,¢vk||++|\vk||2mk,,“+\trvmzm e (54.14)
k=1m+1

From (5.4.10), as x = 1 on V, we have for all p’ € V,

m n n my,

i—1/2) 2(m+4+m, —j+1/2), ~
SIS, (AP Y D AT TR0, (0 )
J=1 =1 k=1 j=m+1 v

n 2mp—1
>03 " N NI (5.4.15)
k=1 j=0
Yet, consider the following quadratic form, for u = (u1,...,u,) € (< (R}))",

m n
0= e Y Z | OP(XE) b0l 11725

j=1 k=1 k=1j=m+1
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which symbol is given by

g(p,2,2) Z)\Q(Wfl/z) <zn:§3 . (0, 2 ) (izti,g(pl’zko

j=1 k=1 k=1

n m4tm;

2(m+4+m 1/2— - 7 =
+Z Z ‘)\( +my +1/ JZ (p Zk)ze;c(mzk),
k=1j=m+1

with z = (z1,...,2n), where 2z, € C?™. With (5.4.15), and the Garding inequality of Lemma 5.4.9, for
N € N, there exists 79, C,C’ > 0 such that

n

G(Opr(x)v) 2 C Y 1t(OPO))Vkl3m, —1.1/2.r = C" D 1000kl 1w (5.4.16)
k=1 k=1

for 7 > 79. Hence, inserting (5.4.16) in (5.4.14), we obtain

m n
2
Z|tf Op(x) vk |2m;€ 1,1/2,7 §Z|2Tk¢OpT Uk"‘d 0‘%*1/27

j=1 k=1
+ Z(Hpk,kaﬂi + ||’Uk7|‘§mk,*1,7' + |trvk|§mk71,fl/2,r)' (5.4.17)
k=1
It remains to see that T,g Opr(x) = OpT(X)T£,¢ [T} 0 Op7(x)] to obtain

m m n n

m
PRIDSLTICIM IS Sip pr T D DD DIL LN P Ry
Jj=1k=1

j=1 k=1 j=1 k=1

Using the definition of the norms on the traces (5.4.3), we have

B, 2mp—1
2 _ 0 2 4 2
|trvk|ﬁi,2mkfﬂf;73/2,‘r - Z ‘D vk|zd:0‘2mk—f—3/2,r < Z ‘D Uk|zd:o|2mk—€—3/2,‘r
£=0 =0

= |tr Uk|§mk—1,—1/2,fa

and the proof is complete. O

5.4.6 Microlocal estimate with operators satisfying both sub-ellipticity and cov-
ering condition

Using both the covering condition (by means of Proposition 5.4.11) and the sub-ellipticity condition (by means
of Lemma 5.4.5), we are ready to prove the following microlocal Carleman estimate, in a conic neighborhood
of a point in LT (Z).

Theorem 5.4.12. Let zg € ZNV. Assume that (P, ) satisfies the sub-ellipticity condition in a neighbor-
hood of xg in V+, and that (T3], p) covers (Py, ) at p’ € LL (I). Then, there exists V a conic neighborhood

of p' in V' x R x RY such that for x € S%T homogeneous of degree 0 satisfying supp x C V, there exist
C, 19 > 0 such that

7IZ||OPT vk”2mk7'+2|tr Op ) )|§7nk.—1,1/2,7- — (ZHPk %Uk”—i-

m n n
+ Z | ZTIz,LpUk|wd=o|'2yj—l/2,T + Z Hkagmk,—l,‘r + Z | tr Uk‘gmk—l,—l/l‘f')? (5418)

j=1 k=1 k=1 k=1
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for T > 19, forv=(v1,...,v,) € (y(?i))"

Proof. Consider a neighborhood U of zq in 7" such that the sub-ellipticity condition holds in U. First
we write

, . 1 « 1 .
Pk,tp = Pk72 + ZPk’l, with Pk,2 = 5 (Pkg + sz) R Pk,l = 5@ (Pk’g — Pk,Q) . (5.4.19)

We shall denote by pi,, € S0, ppo € ST#0 py 1 € S™e~b1 their principal symbols, respectively. Let U
be a conical neighborhood of pj given by Proposition 5.4.11. We have from (5.4.19)
10kl B 1,7 + [[Prgvrl[3 2 11 OO0k 3y, 1,7 + || P OP7 (x)vkl 13
2 110p(pk,2) Opr (xX)vkll% + 1| Op(pk,1) O (X)vk| I3 + Qprz it (OP7 (X)01)
2 771 Op(pr.2) Opr (X) il 5 + 77| Op(pk,1) Opr (x) vkl 1%
+ Qpreizpre (O (X) V1), (5.4.20)

where Qp, , p,, is the quadratic form defined in (5.4.4). We have from Lemma 5.4.5, as the sub-ellipticity
condition holds,

Cr7H|Opr(X)vkl 3, . < C'77H (I OP(Pr,2) Opr (X) v |3 + || OP(pr,1) O ()i 5
+ | tr OpT(X)Uk@mk—l,l/Q,T) + (ka,vak,l(OpT(X)vk) - ReBpk,zypm(OpT(X)Uk))v (5.4.21)

where B satisfies

Pk,2,Pk,1

Bpy 2,051 (0P (X)08) < C|t1(0pr(X)0%) 30 1,12,
From Proposition 5.4.11, with the covering condition, we have

n

m
CZ‘UOPT V0[5, —11/20 S D | ZTIngklzd o‘yﬁl/zr*‘z | P vrl %
J=1 k=1 k=1

n
+ Z (||Uk7||§mk,—l,7' + |trvk‘§mk—17—l/27r)' (5422)
k=1

Combining estimates (5.4.21) and (5.4.22), we obtain, with C’ taken sufficiently large

! Z 1 Op7 () vk 3, .+ + CZ |t Opr (X)Vkl 3y — 1,12,

k=1
<’ (T‘1 > 110D (pr.2) Opr ()l [3 + 77 Y 110p(pk.1) Opr CO)vel 13 + D 1D T vkl ol2, —1/2.0
k=1 k=1 j=1 k=1
+ 2 Prpoelld + > (el By, —1.- + |trvk|§mr1,f1/2,r)) + > Qprapes (O ()v).  (5.4.23)
k=1 k=1 k=1
It remains to use (5.4.20) to obtain the sought result. O

5.4.7 Proof of the main result.

Let 9 € Z and V be like in Theorem 5.4.12. By assumption the covering condition holds for all (zg, Y, v1, ..., v, T) €
ﬁfo (Z). Using the local coordinates introduced in Section 5.2, we can only consider p = (z,&’, &4, 7), with
(x,&',7) € S|(¢r,7)|=1. According to Theorem 5.4.12, for all p" = (x,£’,7), there exists a conic neighborhood
Uy =0y xCp of p' in V x R¥™! x RT such that the Carleman estimate (5.4.18) holds in U,. By a compact-
ness argument, we can extract from the family of the U, a finite number of conical subsets U; := O; x C;,
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J € J such that Sy ;)=1 C UjesC;. First we set W =N;c;0; and V; = W x C;. We construct a partition
of unity (x;)jes, Xj € S%T, homogeneous of degree 0 in (£, 7) > C > 0 such that

> xi(p) =1, for (¢,7) > C >0, supp(x;) C V;.
JjeJ

Applying Theorem 5.4.12, we have

T71 Z Z H OpT(Xj)vk”%m,k‘r + Z Z |tr(Op(Xj)Uk)‘gmk—l,l/Q,T S C(Z ||qu<ﬁvk‘|3—

JjEJ k=1 jeJ k=1

+ Z | ZT]UkIId 0 %71/2 -t Z Hka2mk,71 -t Z | tr Uk‘ka 1,-1/2, T) (5.4.24)

i=1 k=1 k=1 k=1

for all v € GS_W(W), k=1,...,n. From the fact that y :=1— ZjEJ X; belongs to S;_]qy in W x R x RT,
for all N € N, we have that '

n n
T71 Z ||vk||§mkr + Z |tr(vk)‘§mk—1,1/2,7' — ! Z Z H OpT Xj vk||2mk,
k=1 k=1

JjE€J k=1

+ Z Z |tr(Op(Xj)Ukr)‘gmr1,1/2,f + Z ||vk|‘§mk71,1/27N + Z | tr(”k)@mkq,l/sz,rv (5.4.25)
jed k=1 k=1 k=1

as supp(wy) C W. Combining (5.4.24) and (5.4.25), we obtain by taking 7 large,

IZHUkHzmk 11/27+Z|tr (vk |2m;€ 1,1/2,7 <C(Z||Pk w”k|‘++Z|Zijklmd 0 ’)/_771/27')

j=1 k=1
Going back with the original variable uy = e7#*vy yields the result, taking into account of the change
of variable described in (5.2.1). With the notation introduced there, the open set U can be chosen as
U=np_i0, (W) m

5.5 Applications to control theory for the transmission problem

In this section, we shall place ourselves in the following setting. We consider p smooth compact Riemannian
manifolds (Qy, gx) of dimension d > 2, k = 1,...,p, with boundary 9. We set Q = U}_ Q. We assume
that  is connected and that 9 has nj connected component, with n; > 1. We further assume that the
manifolds shares some of the connected component of their boundary with others. More precisely, we shall
denote by Zy, £ € {1,...,L} the set of interfaces that are shared by at least two manifolds, and we shall

denote by By, k € {1,..., K} the remaining connected components of the boundaries. As in Section 5.3, we
shall consider the Laplace-Beltrami operator on each € and a transmission problem as in (5.3.1) at each
interface Zy, £ € {1,...,L}. The case d = 1, corrseponds to the case of elliptic problems on a connected

graph. However, as we prove our Carleman estimates only for d > 2, we do not consider the case d = 1 is
what follows. For such issues, we refer to [BCV11, DZ06, LLS94, Zual3] and the references therein.

5.5.1 Observable domains

We propose a method to describe the global geometrical configuration we can deal with. Indeed, due to
the discussion made at the end of Section 5.3.1, locally, we have to observe any n-interface from at least
(n — 1)-sides.
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Figure 5.3: We recast geometrical configurations under a graph form: the edges represent the manifolds €2y,
and the vertices the interfaces Zy, or the boundaries By.

Let w be an open subset of Q. We shall write w;, = Q Nw, and £ = {¢ € {1,...,p}, wy # 0}. For
ke {l,...,p}, we define the following map

1 ifQNZ, #0

) (5.5.1)
0 otherwise.

Nk:Igb—){

In other words, this map returns 1 if Z; is an interface shared by Q. We set V¢ := {k € {1,...,p}, Ni(Ty) =
1}, that is, the set of manifolds that share the interface Z.
Conversely, we define Wy, := {£ € {1,..., L}, Ni(Z;) = 1}, that is, the set of indices of interfaces that are
shared by the manifold €.

We consider the following construction, with Oy := L,

Vi if Card VY <1

() otherwise and where f)Jé =V 0;. (5.5.2)

Oj = Oj,1 @] (UZLZIVf) R VJZ = {

In other words, at each step, for all £ € {1,..., L}, we count the number of sides of Z, that belongs to O;.
If this number corresponds to an observation from at least (n — 1)-sides, we add to O; the remaining side.
Observe that Card Vf <1 at each step. Note also that if O; = O, for some j, then O, = O;, for all j* > j.
With this construction, we have the following definition.

Definition 5.5.1. We say that (,w) is observable, if there exists jo € N such that O, = {1,...,p} in the
iterated construction described in (5.5.2).

In the example given on the left-hand-side of Figure 5.3, assume £ = {2,4,5,6}. Then
L. O = £, U, Vi ={1,3,7,8}, Uf_, Vi = {1,8}
2. 01 ={1,2,4,5,6,8}, UL, Vf = {3,7}, UL, V{ = {3}

3. 0y ={1,2,3,4,5,6,8}, UL, V§ = {7}, UL V§ = {7}
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4. O3 =1{1,2,3,4,5,6,7,8}.

As a result, according to Definition 5.5.1, we have that (£2,w) is observable. In the example given on the
right hand side of Figure 5.3, assume £ = {2,4,5,6}. Then

1. Oy =L, Uk VE=1{1,3,7,8}, UL V¢ = {8}
2. O = {2,4,5,6,8}, UL Vi = {3,4,7}, UL V{ =0
3. 01 =0,#{1,...,8}.

Hence, (2,w) is not observable in this particular case.

5.5.2 Setting

Consider Z := (0,Xy) x Q, where Xy > 0 (resp. Z := (0,Xp) X Q). Let a € (0,X,/2), and define
Y i= (a, X0 — a) x Q (resp. Yy := (o, Xo — a) x Q). For z = (20,2) € Z (resp. Y), we shall mean
20 € (0,Xg) (resp. 20 € (o, Xo—«)) and z € Q. For £ € {1,...,L} (see the beginning of this section for
the notation), we also set S¢ = (0, Xo) X Zy and S§ = (o, Xo — a) x Zy. For k € {1,..., K}, we consider
Ry, = (0, Xo) x By, and R} = (o, Xo — ) x By,. We finally set 20, = {i € {1,...,p}, QN By # 0}, that is the
set of the indices of the manifold that has By as a boundary. We consider the following transmission problem
for a general domain €2, with Dirichlet boundary condition:

—agouk—Agkuk:fk in Zk, k:].,...,p

'U/i‘se :’U,j‘sz on 8[7 VEE {1,...,L}7 VZ7] evf, (553)
Speve Onurs, =0 on Sy, VLE{l,... L}, 5.
i), =0 on Ry, Vje{l,...,K}, i€,

where A4, stands for the Laplace-Beltrami operator on €2;,. Other boundary conditions can also be considered
satisfying the Lopatinskii condition. For the sake of simplicity, we only consider Dirichlet boundary conditions
here. We define u(x) = ug(x), and f(x) = fr(z) if x € Zi. Similarlly, for v defined on Q (resp. Z or Y), we
set vy on Q (resp. Zy or Yy) as vg(x) = v(x) for x € Qi (resp. vi(s,x) = v(s,x) for (s,z) € Zy, or Yy). We
also define the Sobolev spaces, for m € N,

H™(Q) = {u, up € H™(Q)},
and on Z (resp. Y), we define
H™(Z) =A{u(z) == ug(z), v € Zx, up, € H™(Zy)}, H™(Y) = {u(z) == ux(x), © € Yy, ux, € H™ (Y1)}

5.5.3 An interpolation inequality

By standard arguments, [Rob95], [LR9I5],[LRI7], local Carleman estimates are used to prove interpolation
inequalities.

Theorem 5.5.2. Let w be a subset of Q such that (Q,w) is observable, in the sense of Definition 5.5.1.

There exist C > 0 and 6 > 0 such that

1)
ullars vy < Cllul 332 ) (1111 2202) + g1 0) + 19ty o2 ) (5.5.4)

for all uw € HY(Y) solution of (5.5.3), with f € L*(Z).

It is classical that the proof of Theorem 5.5.2 can be reduced to proving the following lemma, which is
a local version of Theorem 5.5.2, in a neighborhood of a multi-interface. Local versions of Theorem 5.5.2
in the interior, or at the boundary for Dirichlet boundary conditions can be found for instance in [LR95].
For ¢ € {1,...,L} and k € V¥, define V;! = {z € Y}, d(z,UL S UK | RY) > n}. Here, d denotes the
Riemannian distance.
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Lemma 5.5.3. Let { € {1,...,L}. Lety € S®, and let n > 0. For all ko € V*, there exist a neighborhood V
of y in Zo, C >0 and 6 € (0,1) such that

1)
-4
lellr vy < Ul (3 Willzaiz + 3 Mullmog)
keyt k-,ivf
k#kq

for all w € HY(Z) solution of (5.5.3), with f € L*(Z).

This result corresponds to an observation from (n — 1)-sides of the interface S, where n = Card V¥, and
quantifies the unique continuation property.

Proof of Lemma 5.5.3. This lemma is a consequence of the Carleman estimate. We shall place ourselves
in a system of coordinates as given in Section 5.2, in a neighborhood U of a point 2" = (2§, 2°) € S, with
2% = 0. We shall write U* = U NRE™. We define two anisotropic distances in R, for all 2!, 22 € R4,

dy (2, 22)2 = Iz, (1)) = (23, (%)) + |2 — 312, (5.5.5)
dB(2, 222 = (2, (=) = (28, (22 + Blzb — 312 (5.5.6)

For k € V*\ {ko}, we define with z! € R4T! the weight function @i (2t,2) = e)‘dv(zl’z)z, and for k = kg

we define oy, (21,2) = e)‘dg(;l’z)z, with 21 = (2§, (1), —z}), that is, the symmetric of z' with respect to

the axis {x4 = 0}. Note first that for A > 0 sufficiently large, this family of weight functions satisfies the
sub-ellipticity property (see Lemma 5.2.2) in U+, For 2! € U?i“, it satisfies also conditions (5.3.15). Indeed,
we have

DraPhls,—0 = 2z 0k (2, 2)|, 0 > 0, for k # ko and , 9z, 0k[,,—o = —2X\zhpr (21, 2) <0,

log=0

and moreover, by choosing v > 0 and g > 0 sufficiently small, we can ensure that the covering condition
is fulfilled. It is now classical that, using the Carleman estimate of Theorem 5.2.6, we can obtain the
interpolation inequality of Lemma 5.5.3. We choose ry > 0 such that z! = (0,79) € [R‘fl. We define the
following cut-off functions xo, x1 € C§°(R4*H1):

[0 in zg>m ) 0 if dy(z,2Y) <rgordy(y,y0) > 75
XO(x)_{l in zge0,r/2 X )_{1 in dy(z,2") € [r3, 7al,

and
7. (z) = 0 if dP(z,2') <rpord?(z,2') > s
XM= 1 i dP(z,2Y) € [r3,r4],

with 0 <7y <rgand 0 < ry < rg < ryg < rs such that

e r3 is small enough to have B, (z!,73) N U+ = (), where B, denotes the open ball associated with the
distance d;

e 1 small enough and ro < 74 < r5 are such that {z = (z9,2) € [Ri+1 | g < 71} N {ry <d,(z2,2') <
7"5} CU*.

We can apply the Carleman estimate of Theorem 5.2.6 on U to wg, = xoX1Uk, for k # ko, and wy, = X uk,:
there exist 79 > 0 such that

2

1/2,7)7

Z T—lHe‘rﬂpkwkH;T < C( Z ||€T<Pk(a§0 +Agk)wk||2L2(Zk) + ‘e‘rtpk\yd:o Z 8ydwk|{yd:o}
kev*t kev*t kev*t

for all 7 > 19. For k # kg, the right hand side can be estimated as follows
1em## (82, + Ag wllzzz,) S 1€ (03, + Mg Jullzzcz, + 17132, + Ay, xoxalullzez,

c c c
S eS(02 + Ag)ullrzzy) + € lull i@ ngyacim 2m1p) + €l a1z,
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with C3 > e *"0="1) and C} = e~ *"4. Note that we have C} < C3. Here, we use that the weight function ¢
is radial with respect to the distance d., to z! and decreasing as z moves away from z', and the commutator
[(850 + Ay, ), Xoxi] is a differential operator of order 1 supported in the region were xox1 varies. For k = ko,
we have

1672400, + Ay, Jullzz(z) S 16703, + Ay, Julliz(zng) + 1167 (D3, + By ) xoralull g2z,
S N3, + A, ullizng + € el

In the same spirit,

TPk|
‘ va=? Z OyaWh| =0y

kevt

C C
SEELY T By, o lj2r + €M unllm iz,

1/2,
/2r keVe

Finally, we can restrict the left hand side of the Carleman estimate to W := B(0,7¢) N {yq > 0} with rg > 0
taken sufficiently small to have xox1 = 1 on B(0,7¢) and this yields, for 7 > 1,

> e willar 2 € ull o),
kev?

where Cy > infy, infyr o, and 7 > 79, with 79 taken sufficiently large. Note that we have 0 < C; < Cy < Cs.
We finally obtain, coming back to the original coordinates, for some 1 > 0,

(Cs—C
ullgrvy S ™27 2)( Z 1092, + Ag)ukllr2(z,) + Z ullm vy, + 11 Z 8Vkuk\se||L2(Se))
keyt keV: k#ko kevt

+ 67T(CQ*CI)||U|‘H1(Z)7

where V is an open neighborhood of yy in Z. It remains to optimize this inequality with respect to 7 to
obtain the result. g

5.5.4 A spectral inequality

Define L2 := @@} _; L?*(), and more generally H* := ¥ _, H*(€2,). We consider the operator defined on
by
A(ug, .. yup) = (Ag ur, ..., —Ag up), (5.5.7)
with domain
D(A) = {u = (u1,...,u,) € H', A(u) € L, V¢ e {1,...,L}, U, = = Up|,, =0, Z Oy gz, =0
kev*t

and uy, =0, Vj € {1,...,K}, Vie 20} (5.5.8)

where vy, is the outward unit vector on Zy in the sense of the metric gx. This operator admits an orthonormal
basis of eigenfunctions.

Proposition 5.5.4. There exists a Hilbert basis of .2 composed by eigenfunctions ¢* = ( 7...7¢k) €lL? of

the operator A, associated with eigenvalues 0 < vo <1 < ... with limj_,o v; = 400.

The following spectral inequality that measures the loss of orthogonality of the eigenfunctions ¢;, j € N,
when they are restricted to an open subset w C 2 such that @ # 2. It also quantifies how linear combinations
of these eigenfunctions can be observed from a subdomain. It is a natural consequence of the interpolation
inequality of Theorem 5.5.2 (see [LL12]).

Theorem 5.5.5 (Spectral inequality). Let w C  be an open subset such that (w,Y) is observable in the
sense of Definition 5.5.1. There exists C > 0 such that for all v > 0 we have

lwl|r2@) < eV w12, w € span(¢;; v; < ). (5.5.9)
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By the Lebeau-Robbiano method (see for instance the survey [LL12] for an exposition of the method, and
the references therein), from the above spectral inequality, we can construct a control for the following heat
equation. Let w be an open subset of 2.

atuk—Agkuk :kak in (O,T) X Q, k € {1,...,p}

Uilz, = Ui, at (0,T) x Iy, 0 € {1,...,L}, i,j € V*

Ezevz aykukm =0 at (0,T) xZy,L e {1,...,L} (5.5.10)
Ui|5j:0 at (O,T)XBj,jG{l,...,K},iGan

(U1],gs -+ Uplyeg) = (u(l),...,ug) in {0} x Q,

where i is a cut-off function such that supp xx € w. We state the null-controllability result of the heat
equation 5.5.10.

Theorem 5.5.6. Let w C Q such that (w, Q) is observable in the sense of Definition 5.5.1. For any T > 0,
there exists a constant C' > 0 such that, for all initial data (u?,... ,ug) € L2, there exists a control f :=
(f1,---, fo) € L*((0,T),L?), such that the solution u = (uy,...,u,) of (5.5.10) satisfies u(T) = 0. Moreover
the controls satisfy the bound

p
11122 0,m02) < C Y llugl]z20,)-
k=1

5.5.5 Stabilization of the wave equation

Let w C ) be an open subset. We consider the following damped wave equation.

quk — Ay up + ap(x)oiuy, =0 in (0,7) x Q, ke {l,...,p}
Uiy, = Ujlz, at (0,T)xZy, L e {1,...,L}, i,j € Yt

peve Ou i)z, =0 at (0,7) x Ty, L € {1,...,L} (5.5.11)
Uij, = 0 at (0,7) x B;,j €{1,...,K},i €2 e

(u1|t:0,...,up|t:0):(u?,...,ug) in {0} x ©,
(atul‘tzo, ceey 8tup‘t=0) = (1}?, N 7’02) in {O} X Q,

where ay, is a non-negative compactly supported function satisfying ax > C' > 0 on w, a non-empty subset
of . Observe that in the above wave equation, the damping terms are only directly effective on parts of Q2
that intersect w. We shall see that it is sufficient to ensure stabilization properties. We define the energy of
the waves, solution to System (5.5.11) by

P
EWU, 1) =Y (lurllFr ) + 100url |72 () -
k=1

We can recast System (5.5.11) into a semi-group formalism

U+ BU =0, (5.5.12)
B 0
where B = - , with B = ( 0 -1 ) We define the norm
’ _Agk ak(x)
0 B,
(urs 01, up, vp)lfey = [ty up)[Fn + 101, vp)] [

We have the following result, that states that the energy of the strong solutions of (5.5.11) decays with
a logarithmic speed.
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Theorem 5.5.7. Assume that (Q,w) is observable in the sense of Definition 5.5.1. There exists C > 0 such
that
E(U,6)"? <log(2+t)~*(| B*U||w,
for all solutions U = (u1,Opua, ..., up, Opuy,) of (5.5.12), with initial data Uy = (uf, vy, . .. ,ug,vp).
It is well known [Bur98, BD08] that Theorem 5.5.7 follows from the following resolvent estimate. We
define H} the space of functions of H! that satisfies at the boundary
Ui| s, =0at Bj,je{l,...,K},i € Wy.

Proposition 5.5.8. Let w be a nonempty open subset of Q@ and « be such that o > 0 on w. Then, the
unbounded operator io Id —B is invertible on H = H x L2 for all 0 € R and there ezist K > 0 and o¢g > 0
such that

(i 1d —B) ™| i,y < Kelel, o €R, |o| > ao.

This is a consequence of the interpolation inequality of Theorem 5.5.2 (see for instance [LR97]).
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Troisieme partie

Controlabilité dans des configurations
singulieres
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Chapitre 6

Problemes singuliers : potentiels
carrés inverses et domaines
polygonaux

Abstract. We address the question of controllability and stabilization of equations in singular configurations.
More precisely, the purpose is to prove resolvent estimates for the wave equation with a inverse square
potential, and a spectral inequality for the Laplace operator with inverse square potential. Both sub-critical
and critical case are considered. We address similar questions in two-dimensional bounded domains, with
boundaries that contains corners. The case of transmission problems with interfaces that meets a boundary
is also considered. The first part is devoted to introducing all these geometrical configurations and reducing
them to a class of one-dimensionnal problems. By means of a proper Carleman estimates, we shall deduce
interpolation inequalities, which in turn yield control and stabilization properties.

6.1 Introduction

6.1.1 The Laplace operator with singular inverse square potential

Let d > 3, and let © be a bounded smooth open subset of R%. To ease notation, we assume without any loss
of generality that 0 € 2. Let p € R, we consider the following operator with inverse square potential

1

P=-A-— 6.1.1
R (-1
with domain

D(P) = {u € H,, Puc L*(Q)}, (6.1.2)
(see (6.1.8) for the definition of the Hilbert space H,), and consider the following equation with Dirichlet

boundary condition

— 2
U‘aﬂ =0.

One of the purpose of this article is the study of some spectral properties of the operator P.

Sobolev spaces and values of the parameter

It is known since the works of [BG84], [VZ00] that the well-posedness of equations where such operators
occur is related to the critical value of the parameter p

= @. (6.1.4)
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This is precisely the critical constant in the following Hardy inequality

U2
Vuz—,u*> > O|ul|? . 6.1.5
[ (19uP =) = i (6.15)

We shall give a proof of (6.1.5) in a one-dimensional setting in Lemma 6.2.9. In fact, for a subcritical value
of u < u*, Equation (6.1.3) is well-posed in H} (). Indeed, using the Hardy inequality (6.1.5),

ul> _ p u? u
Vul? — |—:—(/ VuQu*/)Jr(l Vul|2
Jowee =) = (o= f e ) [Vl
[ 2 H 2
> Ol ey + (1= £ ) 190l (6.1

we see that the quadratic form [, [Vul* — p [, % associated with the variational form of (6.1.3) defines a

norm on H{(9), equivalent to the usual one [, |[Vu|*> + [, [u|?>. For the critical value 1 = p*, the quantity

Jo IVul> = p* [, t—l‘z is no longer coercive in H} (). However, from [VZ00], the following so-called improved
Hardy-Poincaré inequality

\v4 2 *|U‘2 > 2 6.1.7
A [Vul” —p 2 Collullfy1.0 (6.1.7)

ER

holds for every 1 < g < 2. We denote by H,, the Hilbert space obtained by the completion of D(Q2) with

respect to the norm
Juf?
Il = [ (1v0P -5 )- (6.18)

In the sub-critical case p < p*, from (6.1.6), one has H,,(Q) = H} (), but in the critical case p = p*, from
the analysis carried out in [VZ00], H,-(Q) is strictly larger than H(€2).

Well-posedness properties for the elliptic problem

The improved Hardy inequality (6.1.7) and the definition of the space H, allow one to obtain the well-
posedness for the variational equation (see [VZ00]). Let p < p*.

Proposition 6.1.1. For all f € L*(Y), there exists an unique weak solution u € H,, of (6.1.3).
We moreover have the following spectral decomposition

Proposition 6.1.2. There exists a countable basis of eigenfunctions (¢;); € H, of P associated with eigen-
values
O<Ar <A< <A, <o = o0,

On the controllability of the associated parabolic equation

Let w C 2 be a non-empty open subset of ), and let x,, be the characteristic function of w. For controllability
results of the following parabolic problem
Oru + Pu = x,h (t,z) € (0,T) x Q,
u(t, ), =0 (t,z) € (0,T) x 09, (6.1.9)
uw(0,2) = ug(z) € L*() z €,

where h is the control function, and the observability of the adjoint equation

Oz —Pz=0 (t,z) € (0,T) x €,
2(t, )|y =0 (t,x) € (0,T) x 09, (6.1.10)
2(T,z) = zr(z) € L*(Q) z€Q,

we refer to the former work of [VZ08] and [Erv08]. In [VZ08, Erv08], the authors proved the following
null-controllability result.
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Theorem 6.1.3. Let w be any open subset of Q, and let yu < p*. Then for all ug € L*(Q), there exists
h € L*((0,T) x Q) such that the solution of (6.1.9) satisfies u(T,z) =0, for almost each z € Q.

In [VZ08], a technical geometrical assumption was needed. This assumption was later relaxed in [Erv08].
It is well-known that the null-controllability of (6.1.9) is equivalent to an observability estimate for (6.1.10)
(we refer to [VZ08], [Erv08]).

Theorem 6.1.4. Let w be any open subset of 0, and let p < p*. There exists Cp > 0 (depending on p) such
that for all 2o € L*(Q), the solution of (6.1.10) satisfies

/Q\»Z(O,:E)I2 <CT/OT/W|Z(t,m)|2.

On the one hand, in both articles [VZ08, Erv08], the proof of Theorem 6.1.4 comes from a proper parabolic
Carleman estimate, in the spirit of [FI96]. On the other hand, since the seminal work of [LR95], the null-
controllability of the heat equation appears as a consequence of a spectral inequality for the elliptic operator.
In the present article, we prove such a spectral inequality for P, in both critical p = p* and sub-critical case
p<

We also refer to [Vanl1] for control and inverse problems related to this topic.

On the stabilization and controllability of the associated wave equation

We present some existing results related to the subject. In [VZ09], the authors considered the following
boundary control problem

O2u+ Pu=0 (t,z) € (0,T) x Q,

u(t,z),, = h(t,z) (t,x) € (0,T) x Ty,

u(t,z)),, =0 (t,z) € (0,T) x O\ Iy, (6.1.11)
w(0,2) = up(x) x €

Ou(0,2) =us(x) x€Q,

EXY)

where h is a function acting as a control at the boundary. Under geometrical conditions (a multiplier
condition) on Ty, that is
Ty ={x € 09, z.v(x) > 0},

the authors proved the following exact controllability result.

Theorem 6.1.5. For p < p*, for all T > 2diam(R), for all initial data (ug,u1) € L*(Q) x M, for all target
state (o, 1) € L*(Q) x H,,, there exists h € L*((0,T) xTo) such that the weak solution u of (6.1.11) satisfies

w(T,x) = ao(x), Ou(T,x)=ui(x), a.ein.

In our setting, we are interested in proving stabilization results for strong solutions of the wave equation,
using an internal damping. A boundary damping may also be considered using classical methods. Hence, we
consider the following damped wave equation

O2u+ Pu+b(x)0u=0 (t,z)€ (0,T)x Q,

u(t,x)|,q =0 (t,z) € (0,T) x 09,
u(0, a:)‘ = up(z) x € " (6.1.12)
Ou(0,2) = uq(x) x€Q,

where b is a non-negative function, satisfying 6 > C' > 0 on some open subset w C . The energy of solutions

of (6.1.12) is given by
2
E,(t) = / |0ul? +/ (|Vu|2 — M|“|2) , (6.1.13)
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We recast the wave equation (6.1.12) into a semi-group formalism. We define the Hilbert space H = H,, x
L?(Q). We consider the following wave operator A : D(A) C H +— H,

4= (5 )

with D(A) = D(P) x D(P'/?), and then Equation (6.1.12) reads

d

@U—FAU =0, U, ="Uo, (6.1.14)
with U = "(u,du) and Uy = “(ug,u1). In this article we shall prove the following stabilization result for
strong solutions.

Theorem 6.1.6. Let k > 1. There exists C > 0 such that

C
% AR Uo| 3,

E.(u V2 =
(W) (log(2 + 1))

for all u solutions of (6.1.12) with initial data Uy = *(ug,uy) € D(A).

Note that here no assumption is made on the geometry of the open set w.

6.1.2 Laplace operator on polygonal domains with interfaces

Let Q be an open polygonal bounded domain in R?, and let S be a broken line of the plane such that QNS # 0.
The interface S divides  into two connected components Qf, ¢ € {1,2}. At the boundary, we shall denote by
09 each sides of the polygon 0€2. Even if the interface crosses the boundary at a point where it is smooth,
we shall consider that it separate the boundary into two different pieces (see an example in Figure 6.1). Let
thus S = {1,...,p} denote all the indices associated with the sides of 9.

In what follows, for a function v on , we denote by v its restriction to Q. For a function v* on QF,
we shall denote by ~iv the trace of v on aﬁi , and denote by ~;0,v the trace of its normal derivative on
09 (when such trace exists), where v denotes the unit outward pointing normal vector. In the same spirit,
we define ysv* as the trace of v on S and vs50,,v’ the trace of its normal derivative, where v, denotes the
unit normal vector on S pointing outside Q. We shall impose homogeneous Dirichlet boundary conditions
on some sides and homogeneous Neumann boundary conditions on others. We shall denote by D and N
a partition of S, that is DUN =S, DN N = (. D provides the indices of the parts of boundaries where
homogeneous Dirichlet boundary conditions holds, and N provides the indices of the parts of boundaries
where homogeneous Neumann boundary conditions holds. We consider the Sobolev space

HY = {u, u* € H'(Q), vu =0, Vi € D}.
We consider the following operator, acting on H},
T = —diva(a)V, (6.1.15)
where a(x) is a piecewise constant function satisfying a(z) = ¢x on each i, with domain
D(T) = {u € HL(Q), Au’ € L*(Q°), v;0,u=0,Yj € N, ysu' = vsu?, c1750,,u' + c2750,,u” = 0}.
In what follows, for the sake of simplicity, we shall assume that
D #0. (6.1.16)

A consequence of this assumption is given in the next proposition.
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Proposition 6.1.7. There exists a countable basis of eigenfunctions (¢;); € Hp of T associated with eigen-
values
D<A <A <A< <Ay <o — Fo00.

The fact that we assumed D # 0 implies that 0 is not an eigenvalue of this problem. In fact, for the
null-controllability of parabolic equations, this does not change anything, but this simplify the exposition
for the stabilization of the wave equation. If Assumption (6.1.16) was not made, we would have to work in
quotient spaces, in the spirit of [LRI7].

Definition 6.1.8 (Neumann corner). We set

E = {p € 0N, p is the edge of the boundary} U {p € S, p is a point where S is not smooth} U (S N IN),

that is the set of points where singular configurations occurs. We shall say that p is a Neumann corner in
the following configurations:

e pc SNIntQ, p is a point where the interface S is not smooth;

o p € 0N such that ON) is not smooth at p, and Neumann boundary conditions are imposed on each sides
of p, ;

e p e SNIN, and Neumann boundary conditions are imposed at the boundary at each sides of p.

On the controllability of the associated parabolic equation

Many Carleman estimates have been derived for non-smooth situations. We first mention out the former work
[DOP02], where the authors proved a parabolic estimate in the case where the domain € present an smooth
interface. However, a condition on the observation region was made in relation to the coefficients of the
operators. In [LR11], the authors proved a parabolic estimate without any assumption on the observation
region. We then refer to [LL13] for the derivation of a Carleman estimate near an interface for totally
anisotropic operators. More recently, estimates for general interior and interface conditions have been derived
in [BL16], provided that some generalized Lopatinskii conditions hold. In the case where interfaces meet the
boundary, we first refer to [BDL11]. In this article, the authors proved an elliptic estimate in the case of a
stratified media. We then refer to [BDT13] where the authors relaxed the assumptions on the coefficients.
Concerning non-smooth boundaries, we refer to [Bell4] where Dirichlet boundary conditions are considered,
and where the authors proved a spectral inequality in the spirit of Theorem 6.1.11 by means of a global
Carleman estimate. Furthermore, they obtained the optimal constant. Finally, let us refer to [CR14] where
the authors proved a elliptic Carleman estimate for the mixed boundary condtion (also called the Zaremba
problem).

Let w be an open subset of 2, and xq be its characteristic function. We address the question of the
null-controllability of the following heat equation.

Oput + Tu = x,h (t,x) € (0,T) x Qy,

viu(t,z) =0 (t,z) € (0,T) x 0, i €D

~viOpu(t,z) =0 (t,xz) € (0,T) x 9%, i € N

veul = ygu? (t,xz) € (0,T) x S, (6.1.17)
1750y, ut + cavs0,,u* =0 (t,z) € (0,T) x S,

uw(0,2) = ug(z) € L?() reN

where h is the control function and T > 0. In this article, we prove the following theorem.

Theorem 6.1.9. Assume that £ does not contain any Neumann corner. Then, for all ug € L*(S2), there
exists h € L2((0,T) x Q) such that the solution u of (6.1.17) satisfies

w(T,z) =0, for almost all x € Q.

The proof of Theorem 6.1.9 is a consequence of the spectral inequality (6.1.22).
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On the stabilization of the associated wave equation

We consider the following damped wave equation

O2u’ + Tul + b(z)0pu’ =0  (t,x) € RT x Q,

yiu(t,x) =0 (t,x) e RT x 08y, i €D

Y Opu(t,z) =0 (t,x) € R* x 98y, i € N

ysul = ysu? (t,z) € RT x S, (6.1.18)
1750, ut + cays0,,u? =0 (t,z) € RT x S,

u(0, z) = ugp(x) x €

Opu(0, ) = uy () x €,

where b is a non-negative function, satisfying b > C' > 0 on some open subset w C €. The energy of solutions
of (6.1.18) is given by

E(t)=/ Iatu|2+/ [Vaul?, (6.1.19)
Q Q

We recast the wave equation (6.1.18) into a semi-group formalism. We define the Hilbert space H = HJ(£2) x
L?(Q). We consider the following wave operator B : D(B) C H +— H,

B=(1 )

with D(B) = D(T) x D(T'/2) and then Equation (6.1.18) reads

d
ZU+BU=0, U,_, =0, (6.1.20)

with U = “(u,0u) and Uy = "(uo,u). In this article we shall prove the following stabilization result on
strong solutions.

Theorem 6.1.10. Let k > 1. There exists C > 0 such that

c
Ew)®)Y? < —— | |B*U, ,
(u)()'/* < (log(Z—l—t))kH ollr(e)

for all u solutions of (6.1.18) with initial data Uy = (ug,u1) € D(B).

6.1.3 Main results

The central result of this paper are the following spectral and resolvent inequalities.

Spectral inequalities in the case of an inverse square potential

Let  be an open bounded subset of R? as in Section 6.1.1. Let (Aj, ¢;) be a Hilbert basis of eigenfunctions
of the operator P = —A — &

Bl

Theorem 6.1.11. Let u < p*. Let w C Q be a non empty open subset of @ C RE. Let n > 0. Then there
exist C > 0 and Ag > 0 such that

3 Jogl? < CeOPH®) / 1S aosl’ A A (6.1.21)
Aj<A “ox<A

for all (a;) € £2(N), with

if p=p".
Remark 6.1.12. Note that for the Laplace operator with bounded potentials, the constant in (6.1.21) is of

the form CeCVA and it is proven to be sharp as far as the parameter A is concerned in [JL99]. Due to the
presence of the singular potential, the method we employ here exhibits a loss. Optimality is an open question.

ARFif <t
CI)#(A) = {A2+77
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Figure 6.1: An example of polygon with broken interface S. Here, D = {1,2,4} and N = {3,5,6}. In gray is
represented an example of compactly supported damping for the wave equation.

Spectral inequalities for the Laplace operator on a polygon

Let © be a polygonal domain of R? as described in Section 6.1.2. Let ();, ¢;) be an Hilbert basis of eigen-
functions of the operator T = —diva(z)V.

Theorem 6.1.13. Let w C Q) be a non empty open subset of Q. Let n > 0. Then, there exist C > 0 and

Ao > 0 such that
D el < Ceci’”(A)/’ > ajo;

Aj<A W <A

2

. A> A (6.1.22)

for all (a;) € £2(N), with

B, (A) = A+ if € does not contains any Neumann corner (see Definition 6.1.8)
TV A2 otherwise.

Remark 6.1.14. Remark 6.1.12 also holds in this case. When considering smooth boundaries, the optimal
constant is given by v/A.

Theorems 6.1.11 and 6.1.13 shall be proved by using estimates on the elliptic operator @ := —9? — A —
plx|=2 (resp. T := —0% — T), that is, for operators with an additional variable s. We shall refer to these
operators as to "augmented” operators. A proper Carleman estimate is needed near the singularity {z = 0}
(resp. near the singular points of {z € £} (see Definition 6.1.8)). Because of the singular configuration, the
proved Carleman estimates are weaker than usually, and this leads to the losses in the spectral inequalities.
However, for applications to control of the associated parabolic equation, in the sub-critical case u < u*
for the inverse square potential problem, or if £ does not contain any Neumann corner in the polygonal
problem, we have ®(A) < A, and we can recover Theorem 6.1.3 and Theorem 6.1.4, using classical method
of control/relaxation developed in [LR95]. However, in the critical case g = p*, or for a Neumann problem,
the power of A is greater than one. This does not allow one to obtain control results. We mention that in the
case of a polygonal domain with mixed Dirichlet and Neumann boundary conditions, the null-controllabilty
result of Theorem 6.1.9 of the associated parabolic equation is an original result. We recall that the power
A%, with s = 1 reflects the decay rate of the heat equation.

Resolvent estimates for waves

For the generator A (resp. B) of the damped wave equation in the case of a singular potential (resp. in a
polygonal domain), we prove the following resolvent estimates.
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Theorem 6.1.15. For all o € R, the operator (icId+A) (resp. (icld+B)) is invertible on H, x L*({2)
(resp. Hp x L*(Q)). Moreover, there exists C30 such that

(G0 Id +A) |30, x 220y < CeCl7l o] > 1, (6.1.23)

(resp. |||(io1d +B)_1H|Hllij2(Q) < CeClel lo] > 1). (6.1.24)

Theorems 6.1.6 and 6.1.10 are then corollaries by well-known techniques (see [LR97, Bur98, BD0S]).

6.2 Carleman estimates for the augmented operators

6.2.1 Estimates in the case of a singular potential in arbitrary dimensions

Here, § is a smooth open set of R?. As it is done classically, to prove spectral inequalities, we introduce
an augmented elliptic operator. Let Sp > 0 and a € (0,50/2). Let Z = (—S0,5) x Q and let ¥ =
(=So + a, Sy — a) x . We define the elliptic operator with potential

Q=-0°+P, (6.2.1)

where P is given by (6.1.1). Note that when adding the additional variable s, we obtain a 1-dimensional
singularity along (—Sp, Sp) X {x = 0}. This is the main difficulty we have to handle, and this justify our
choice of the following weight function. In a neighborhood of a point (sg,z = 0), we shall consider

@e(s,x) = |z|*> —els — so|* (6.2.2)

Remark that on smooth domains, the weight function is usually chosen to satisfy the sub-ellipticity condition,
and also V¢ # 0 on the closure of the considered open set. In the present case, the weight function has a
vanishing gradient at (s = so,« = 0). This particular choice is made to handle the singularity ﬁ (see the

proof of Theorem 6.2.11). First, we state the Carleman estimate for the operator @ defined in (6.2.1), in the
sub-critical case p < p*, with weight ¢, defined in (6.2.2).

Theorem 6.2.1 (Carleman estimate in the sub-critical case). Let so € (—So + , So — ). Assume p < p*
and let V be an open neighborhood of (sg,0) in'Y. There exist eg > 0, 7o > 0, C > 0 such that

Clle™ Qul[Ta(yy > 72|79Vl 220y + T2l 1€7 2 ul[72p) + 72|67 |2]ul |22 (1),

for e = o773, and for all u € C°°((—Sy, So), D(P)), and suppu C V.
Second, we state the counterpart result we shall prove in the critical case.

Theorem 6.2.2 (Carleman estimate in the critical case). Let so € (—So + @, So — ). Assume p = p* and
let V be an open neighborhood of (s9,0) in Y. There exist g > 0, 79 > 0, C > 0 such that

Clle™Qul| 720y = Tlle™=ul |72y + 7°|€7 2 |ul 72 (1),

for e = eg772/3, and for u € C>®((—So, So), D(P)), and suppu C V.

Remark 6.2.3. Note that we do not estimate the H'-norm anymore, in Theorem 6.2.2. Moreover, the
estimate of the L? norm is weaker if compared with Theorem 6.2.1. However, it corresponds to the variational
setting described in Section 6.1.1.

Remark 6.2.4. The subtle difference in the weight function between Theorem 6.2.1 and Theorem 6.2.2
(remark that the value of € as a function of T change) is responsible for the differences pointed out in Remark
0.2.3. The proof of these Carleman estimates shall be made by using spherical coordinates, and decomposition
into spherical harmonics. They are given in Section 6.2.3.
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6.2.2 Estimate for the augmented Laplace operator in singular domains
Here, 2 is a polygonal domain of R? as described in Section 6.1.2. Let Sy > 0 and « € (0,S/2). Set
Z = (=50,5) x Qand Y = (=Sp + «, Sp — a) x Q. We define the elliptic operator

T=-02+T. (6.2.3)

Note that when adding the additional variable s, the geometry turns a singular point xy at the boundary
into a wedge along (—Sp, Sp) X {zo}. First, we state the Carleman estimate we shall prove for the operator
T defined in (6.2.3), with weight ¢, defined in (6.2.2). We recall that Neumann corners are introduced in
Definition 6.1.8.

Theorem 6.2.5 (Carleman estimate for a non-Neumann corner). Let xo be a non-Neumann corner of Q,
and sg € (—So + o, Sop — «). Let P = (so,x0), and we assume xo = 0 without loss of generality. LetV be an
open neighborhood of P in'Y . There exist €9 > 0, 79 > 0, C' > 0 such that

Clle™ Tull720) > 72/3||€T%Vs,zu||%2(\;) + 2 lem el T2y + 70 €7 |2lul [T ),

for e = o3, and for all u € C>°((—Sy, So), D(T)) and suppu C V.
Second, we state the counterpart result, in the case of a Neumann corner.

Theorem 6.2.6 (Carleman estimate for a Neumann corner). Let g be a Neumann corner of , and sg €
(=So + a, Sy — «). Let P = (so,x0), and we assume xo = 0 without loss of generality. Let V be an open
neighborhood of P in'Y. There exist eg > 0, 79 > 0, C' > 0 such that

Clle™=TullZ2 () 2 Tlle™ ullZa () + 7°|le* |2|ul 72 (),

for e = eo772/3, and for all u € C>((—Sy, Sp), D(T)), and suppu C V.

Observe that Theorems 6.2.1 and 6.2.5 are similar in form. The same observation can be made for
Theorems 6.2.2 and 6.2.6. Remarks 6.2.3 and 6.2.4 also apply in this situation. Note that the boundary
conditions are prescribed to wu(s,.) through the properties of the domain of T'.

6.2.3 Local reduction in spherical harmonics for the augmented operators

In this section, we consider d > 2, but if d = 2 we shall assume that p = 0, and we shall reduce the problems
to a one-dimensional equation, for which we prove inequalities. Consider the Laplace operator in spherical
coordinates x = r#d,

0,

1
A:83+(d—1)7+r—2A9, (6.2.4)

where Ay denotes the Laplace-Beltrami operator on the unit sphere. Then @ reads

o 1
Q=02 — 32— (A=) ~ (B0 + ).

In the case where 0 is a point of the interior, the operator Ay admits the following orthogonal basis of
eigenfunctions associated with eigenvalues

(V)0 € L*(SY), 0= <m < <wp <-ov = Fo0. (6.2.5)

In the case where 0 is the vertex of a corner, two cases need to be discussed. If the corner impose some
Dirichlet boundary condition, then 0 cannot be an eigenvalue, and (6.2.5) actually reads

(V)20 € L*(SY), 0<mp<m <+ <wp <-ov = oo, (6.2.6)
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09, 05 09, 03 09 05

0Q; 08, 09 S

Figure 6.2: Local configuration near a point where the interface meets the boundary.

This is to be connected to Definition 6.1.8. In the case of a point of the boundary, if the corner does not
impose any Dirichlet boundary condition then we also have (6.2.5). Note that the eigenvalues (v;);en should
not be confused with the eigenvalues that appear in the statement of the spectral inequalities in Sections
6.1.3 and 6.1.3.

In the case where 0 is a point where the interface is smooth and meets the boundary, we shall denote by 63
and 6% the measure of the two adjacent angles formed by the intersection (see examples in Figure 6.2).

We consider the operator
Lg = dng a(@)Vg,

acting on functions defined for 6 € (0,6} + 62), where a(6) is a piecewise constant function satisfying a() =
Ljo,621¢1 + Ljg1 g1 1921C2, C¢ > 0, with domain that depend on boundary conditions that are imposed on each
sides of the interface

Lg) = {¥, Vg on) € H(0,6}), Vs o so2 € H (05,05 +62), Doy o € L*(0,6)),
Doty gr oy € L2(00,00 4 05), Brvp =0, Bagp = 09(05) = 0 or ¢/ (65) = 0,

1/)|[0,91 ( ) ¢|[91 0 +62] ( (1))7 Cld)f[o,eg}]( 0) 27/}| (0} (0(1)) = 0}’

where Bj, By denote either Dirichlet or Neumann traces at § = 0 and 6 = 6} + 63. In the cases where at
least a Dirichlet boundary condition is imposed, we obtain (6.2.6) as a spectral basis for Ly. Otherwise, we
have (6.2.5).

,08+621

In the case where 0 is a point of the interface where it is non-smooth, we shall denote by 6} and 63 the
measure of the two adjacent angles formed by the intersection (here 6§ 4+ 63 = 27), and we shall consider the
operator

Lg = dng a(@)Vg,
acting on functions of the circle S, where a(f) is a piecewise constant function satisfying a(f) = Li,02101 +
1ig1 2q1C25 co > 0. An example is given in Figure 6.3. The domain of Ly is given by

D(LQ) = {wr 7/}|[0’9(1)] € Hl(oaa(l))v 7/’\ 68 2] € H1(06727T), Ae?/f\ 6 L2(O7eé)7 Aelb\[gé’%]

Vito.01100) = Pligs a2, (00); ), o (@ o) = 27/’\ 01 08 +02) (65) =0
Vg1, (0) = Wiy ., (27), Cllb\[wé] (0) - 021#[[9& (2m) = 0}.

2]

€ 112(93,271)7

It is clear that 0 is an eigenvalue for this operator, associated with constant eigenfunctions. Then, we are in
the situation described in (6.2.5).

Finally, we can consider the case where 0 is a point where the interface meet the boundary (at a corner or
not), and where the interface itself is not smooth. This case is described in Figure 6.2 (right hand side figure).
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0o

Figure 6.3: Different local configurations near a point where the interface is not smooth.

We shall carry out the analysis for the case of an inverse square potential, but the same can be carried
out for the various situations described above for the polygonal problem.

Let u € C°°((—So,S0), D(Q)), such that Qu = f € L?*(Z), and let R > 0 such that B(0,R) C 2. We
introduce the radial cut-off function that will localize the solution near the singularity

1 if x| < R/2 d
- . x € C(RY). 6.2.7
X(@) {0 ol g X ECEED (627
We set @ = yu. Hence, @ satisfies B
Qu=feL*2),
where f = vf + (@, x]u. Now, setting v(s,r,8) = u(s,rf) and g(s,r,6) = f(s,r@), we obtain
—0%0 — 0*v — (d — 1)%1)— i(Ae—i—,u)v:g
s T r r2 ’

and the space L?((—Sp,So) x B(0, R)) is then transformed into the weighted L?-space given by

/ / / (s,7,0)|*r Ydsdrdd < oo, and / / / (s,7,0)*r* dsdrdf < cc.
Gd—1 gd—1

In order to work in non-weighted Sobolev spaces, we introduce w = r(4=1/2y and h = r(@=1/24 5o that

/ / / (s,7,0)2dsdrdf < co, and / / / h(s,r,0)|*dsdrdf < cc.
GQd—1 G[d—1

Moreover we have the relation

—8?w—83w—é<A9+u—(d_ll(d_3))w:h.

Splitting the variables, and using (6.2.5) or (6.2.6), we can write

w(s,r,0) Zwksrwk h(s,r,0) thsrwk (6.2.8)

k>0 k>0

and thus we obtain the countable family of equations in the variable s and r,

—8211/]@—(9210]6—% ( Vi + W W) wr = hg, k€EN,

/ / wy(s,7)drds < co, and / / hi(s,r)2drds < oc. (6.2.9)

with
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7(‘1_1)4(‘1_3) , we obtain

Setting pr = p — vg, —
2 2 HE
— Qfwy, — OZwy, — —wg = hy. (6.2.10)
r

In all these situations, we can see that

(d—1)(d—-3)
4

(@22 (@-DE-3 1

—Vp=p—p+ 1 1

Pk = =

Note that 1/4 is the critical constant in the one-dimensional Hardy inequality given below in (6.2.15). In the
cases described above, we may have vy = 0.

This occurs for an inverse square potential as considered here. Hence, in the sub-critical case p < p*, the
associated one-dimensional problem is also a subcritical case, as we have pp < 1/4, for all £ € N. On the
contrary, in the critical case u = p*, the equation given by (6.2.10) is a critical case, since g = 1/4.

In the case of a polygonal problem, the considered problem is (6.2.10) with d = 2 and p = p* = 0, and
this yields
1

Nk:Z—VIw

In the case of a Neumann corner, vy = 0, and then o = 1/4 which is a one-dimensional critical case. If
the considered corner is not a Neumann corner, then py < 1/4, for all k € N.

We have by construction that wy(s,r) = 0, for r > 3R/4. At the boundary {r = 0}, we have the following
lemma.

Lemma 6.2.7. For functions wy, defined in (6.2.8), k € N, we have lim, o wi(r,s) = 0.

Proof.
We first focus on the polygonal case, that is, d = 2. From the fact that u € C°°((—So, Sp), H*(£2)), we obtain

that - .
0
SUp/ / |Oyv(s, T, 0)|2rdrd0 + Sup/ |M|27‘drd0 < 0.
s Jo St s Jo g1 T

Using decomposition (6.2.8), we have
sup /R |0,v (5, 7)|*rdr + vy, sup /R ‘Mfrdr < 00. (6.2.11)
s Jo s Jo
For k € N such that v, # 0, we can see that
sgp /OR |0, wy (s, 7)|2dr < Sl;p /OR |0p vk (5, 7)|*rdr + SI;p /OR ‘M’%dr < 00,

and then wy, € H'((—So, So) x (0, R)). In the case vy = 0, we shall prove Vwy € L4((—So, So) x (0, R)), for
all ¢ € (1,2). Indeed, we have

R B ouk(s,r) R
/ |8,.wk(s,r)|qd7‘§/ | 1/’2 |qdr—|—/ 1r /20,0 (s, )| 2dr. (6.2.12)
0 0 r 0

The last term is bounded, since

R R
/ 120,04 (s, 7)|9dr < / |12, 0k (s, 7) | dsdr.
0 0
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Using the Holder inequality, we have, for p > ¢,

pP—q

R R » R v
/ o) g / (e (s, 1) Prdr / PB3-DGEE) g
0 r1/2 0 0

The last term is bounded for p taken sufficiently large. From two dimensional Sobolev embbedings, note that
one can have, for all p > 1,

P
2

R R
/ lvk (s, r)[Prdr < </ |8Tvk(s,r)|2rdr> ) (6.2.13)
0 0

and then, we obtain sup, fOR |Orwi (s, 7)|9dr < oo. As a result, the limit at » = 0 exists, and we write
lim,_,o wy (7, s) = C(s). It implies by definition that vy (r, s) ~ r~*/2C(s) for r > 0 small, and (6.2.11) yields
C(s) = 0. This ends the proof for the polygonal case. We can carry out the same analysis for the inverse
square potential case, using the Hardy inequality (6.1.7). O

We now state some one-dimensional useful results. The first lemma, which can be found in [VZ08], allows
one to handle the traces at r = 0 that appears when performing integration by parts.

Lemma 6.2.8. Let z € H}(0,R). Then

2
Jim 207
r—0 7

—0. (6.2.14)

Proof. We have, using the Cauchy-Schwarz inequality,

A(r)? = (/0 z’(s)d5)2 < /0 2 (s)2ds /O 1ds < r/or 2 (s)2ds,

which yields the result, using the Lebesgue dominated convergence theorem. O
We shall use the following one-dimensionnal Hardy inequality, and it is a key argument in what follows.

Lemma 6.2.9 (One-dimensional Hardy Inequality). Let R > 0. Then, there exists C > 0 such that

R R 1 |Z|2
|z|2dr < C |2/)? — == ) dr. (6.2.15)
0 0 4 T2

for all z € H}(0, R).

Proof. We first write
R R 2 R 2 R R 2
d z z d z d z z 1 z
"2 g a 12, # _ a arzyN 2 1 Z
/0 1% dr—/o dr (rl/z)r +2r’ dr /0 (dr (7"1/2)) Tdr—i—/o dr (rl/z)r1/2+4/0 TQdT
_/R 4 () Cara L (5, R+1/R22d
o 0 d?“ T1/2 rar 2 T1/2 0 4 0 7"2 "
R 2 R 2
d z 1 z
= /0 (dr (r1/2)) rdr + 1/0 T—er,
where we used Lemma 6.2.8. Setting ¢ = r~!/2z, it remains to prove the following weighted Poincaré

inequality
R R
/ ¢ Prdr > c/ || rdr.
0 0
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Note that using Cauchy-Schwarz inequality, we have

C(r)? = (/R C’(t)dt>2 < /TR ¢'(t)*tdt /f %dt

We set Z(r) = fTR ¢'(t)%*tdt and F(r) = j;R Ldt. Note that rF(r) is bounded. Hence,

-t

R R R R
/ C(r)2rdr < / 2 F()|rdr < C / Z(r)dr < CZ(r) )% + C / 7' (r)rdr
0 0 0 0
R
< C/ ¢?rdr,
0
which yields the result. O

We also prove the following improved Hardy inequality (see [VZ00]).

Lemma 6.2.10 (One-dimensional improved Hardy inequality). There exists C > 0 such that

1]z

R
2 n2 _ 1=
lfsom < [ (197 - 328 ) ar (6210

for all z € HX(0, R), for all g € [1,2).

Proof. We shall sometimes use the same arguments than those used in the proof of Lemma 6.2.7. We

set ¢ = r~1/2z. Then,
R R |2 R
1
/ |2|? — f/ —‘ZL dr :/ r|¢ P dr,
0 4)o r 0

arguing in the same way as the beginning of the proof of Lemma 6.2.9. As 2/ = r/2¢' + #(, we write

R R 4 R 4
/ |z'|qdr§/ \C’|qr5dr+/ il
0 0 0

For the first integral, with ¢ € (1, 2], we write

172 a0, S 1172 20,y

and for the second integral, using the Holder inequality, with g, p such that ¢ € (1,2), and p > ¢,

_aq a —4-4
S I L 1 |
We see that Hri%i%”Lﬁ(o R) < 00, for p > 4q/2 — q. Indeed,
R
q q p 4
[rDE) chooe (-0) (L2 )5 1 ps 1 (62.17)
0 2 p)\p—q 2-4q

We set Ba(0,R) the unit ball in dimension 2 of radius R. From the Sobolev embbeding H{(B2(0, R)) —
L?(B3(0, R)), for all p > 1, in polar coordinates, we have

1
2

(/OR Cprdr>; < (/OR |C/|27"dr> ,
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and then

R 3
||Cq7”’||z 5o R)_</o Cprdr> <||C/TI/2||L2 (0,R)’

Summing up, we obtained

1
R
1|z
||Z/HL‘1(0,R) < ||C/7”1/2||L2(0,R) = (/0 <|z’|2 4') dr> , (6.2.18)

which is the sought result, since the left hand side of (6.2.18) defines a norm on W, (0, R). O

We define H,,, (0, R) as the completion of H} (0, R) with respect to the norm

R | |2
By = [ (1002 =)

Note that this quantity defines a norm on H} (0, R) using Lemma 6.2.10. In the sub-critical case uy < 1/4, we
have H,, ~ H{(0, R), but in the critical case p, = 1/4, the space H1,4(0, R) is strictly larger than H{ (0, R)
(see also Section 6.1.1). Indeed, it is sufficient to set x € C°°(0, R) be such that y(r) = 1 for r < R/4 and
x =0 for r € (R/2, R), and consider the function {(r) = /rx(r). Indeed, we have

lim ¢ = lim ¢ =0, ¢34, 4 (0,r) < +o0, and 9,¢ ¢ L*(0, R).

r—0—

6.2.4 Carleman estimate in spherical harmonics

Let R > 0. Let Z = (=5Sp,S0) x (0,R) and let Y = (—Sg + o, So — @) x (0, R). We set T, = (—So + v, So —
a) x {0}. For py, < 1/4, we define
Qp=—0;—-0} -

T2

Let yo € Z,, and let V be a neighborhood of yo = (sp,0) in Y. Assume without any loss of generality that Y
is of the form

V= (—50750) X (O,R)
We then shall consider the following problem

Qrz=2"€ L*(Z), inZ,
z(s,0) =0 at o, (6.2.19)
supp z C V,

Note that the functions wy, defined by (6.2.8) satisfy Problem (6.2.19). We shall consider a weight function
@ € C®(Z) satisfying
@e(r,s) =1? —e(s — s0)?, (6.2.20)

We now are ready to state the one-dimensional Carleman estimates.

Theorem 6.2.11. Assume py < 1/4. There exist g > 0, 79 > 0, C > 0 such that

CHeﬂpEQk'ZHLZ(Y >T (1 + |/j“k|) ||679057||L2(Y

e D2l gy + TN 2 Gy + Tl 2 )+ T T O oy, (6:2:21)

holds for all z € Cg°((—So, So), H} (0, R)), solution of Problem (6.2.19), for T > 1o and for e = o7 /5.
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Theorem 6.2.12. Assume py = 1/4. There exist g > 0, 79 > 0, C > 0 such that

Clle™=Q kz||L2 > 7|le™%e z||L2(Y) + T?’||rewfz||2L20~,) + 71/3||67‘/’585,z||i2 (6.2.22)

) = )

holds for all z € C§°((—S0, So), H1/4(0, R)), solution of Problem (6.2.19), for 7 > 1o and for e = go7~2/3.

Proof of Theorems 6.2.1 and 6.2.5 (resp. Theorems 6.2.2 and 6.2.6). Applying Theorem 6.2.11
(resp. Theorem 6.2.12) to each wy, and summing over k yields the result, recalling that w = rd=1/2y 0O

Remark 6.2.13. It should be noted that in the proof of Theorem 6.2.12, when additional regularity is needed,
we can perform the following reqularization procedure. First, we prove estimates (6.2.21) and (6.2.22) for the
following operator i
1/N 2 2 k
—07 — 0; o % :
For this operator, from classical elliptic estimates, solutions of Problem (6.2.19) are H?. Then, we pass to
the limit N — oo using Lemma 6.2.17. We justify in what follows this procedure.

Let py = 1/4 and let zy be the solution of
i/NzN =20¢L*(Z), inZ,

z(s,0) =0 at Zo, (6.2.23)

suppz C V.

We define the following associated quadratic forms.

alz, %) :_/8szﬁsé+/(3 20,3 — 1”) /azaz+ zz) ,
% Vv Hi

- = 1 2z
7~ = 8,5 65~+/ (&« 8r~_ ) .
an(z,2) /{) 205% . 20r 2 174 L

The variational problems of (6.2.19) and (6.2.23) are given by

and

a(z,%) = (20,5)L2(9)7 ¥z € L*((—30, 30), H1/a(0, R)) N H (50, 30), L2(0, R)), suppZ C V,  (6.2.24)
and

an(z,3) = (zO,z)Lm, Vz € L2((—30, 50), HL(0, R)) N H'((—30, 50), L2(0, R)), supp 2 C V,  (6.2.25)

respectively.

Lemma 6.2.14. There ezists C > 0 and Cy > 0 satisfying Cny — 0 as N — +o00, such that
an(z2) 2 Ozl ) + Cllzl gy

Proof.
Using Hardy inequality (6.2.15), we have

(= z)—/|8z|2+/(|8z|2—1 |oI* )
v = el A
1 NR? 1 NR® |22 1 |2
> 2 2 2 =
_/‘}|8§Z| +1+NR2/9|8,«Z| +01+NR2/~|Z| +/~<41+NR2 7“2 47«2_‘_]{[)
1 1R2 1r2+NR22(f—l)
> as 2 87“ 2 C / 2 / 4 4 2
—/f,l 4 +1+NR2/{,| A+ 1+NR2 i 2 (1+ NR?) (2 + &) i

1
> ) 2 ) 2 2
> [ 0usl + i [0+ o e
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0

(0, R))

is non-negative, and this yields the result.
1
4

1R?—1r>+ NR?r? 1

1

: 4 4

since r2(1+NR2)(7’2+%)

Lemma 6.2.15. There exists a unique variational solution 2 € H'((—30, 30), L*(0, R))NL?((—30, 30), H

to (6.2.24). Moreover, there exists C > 0 such that
12l ((=50,50).2200,R)) F 2l 22((=50,50) 3¢ 0.)) < ClI2° L2 (py-

Proof. The space H1 (0, R) endowed with the norm [|.[|3, is a Hilbert space (compactly embedded in
4
L?) from the Hardy inequalities (6.2.15) and (6.2.16). It is sufficient to apply the Lax-Milgram theorem to
(0, R)).

1
1

the following variational equation
a(z,w) = (z ,w) , w e H'((—50,50), L*(0, R)) N L*((—50,50), H

Lemma 6.2.16. There exists a unique variational solution
zn € H'((—530,30), L*(0, R)) N L*((—30, 30), Hy (0, R))

to equation (6.2.25). Moreover, there exists C' > 0, independant on N, such that
1 |ZN‘2
- = SCHZOHiQ(]})

2 2
2N 151 (= 50,50),22(0, R)) +/9 <|‘9er 4r2 4 L

Proof. For the first part of the lemma, we apply the Lax-Milgram theorem to (6.2.25), using Lemma
6.2.14. For the second part, from the variational equation (6.2.25) with w = zx, we have, using the Young

inequality and the Poincaré inequality, for all € > 0,
1 |Z N‘Q >

2 z/ |aszN|2+/ <|aTzN2
v ) 47"2-1-%

671HZO||2L2({;) + 5||ZN||L2({;)

>C/ |()SZN‘ +C/ |Z\| / (|aTZN| 2‘ N|] )
D

Taking € > 0 sufficiently small yields the result.
The following lemma justifies the regularization procedure, in the critical case pp = 1/4.
Lemma 6.2.17. Let pp = 1/4. Let z be the variational solution of (6.2.24) and zn be the variational

solution of (6.2.25). Then, we have
(0, R)) N H'((—50, %), L*(0, R)),

ZN — Z in LQ((—§0,§O),H%

as N goes to infinity.
Proof. Let zy and 2° satisfying (6.2.23). By Lemma 6.2.16, we have
1 |Z,’N|2

||ZNHHl((7§0,§0),L2(0,R)) + ||ZN||L2((—§0,§0),HL(O,R)) < [ |5SZN\2 +[ (|8TZN|2 T2 1
4 % % L i
(6.2.26)

We can extract a subsequence, (denoted again zy) such that
2y — Zin L?((—50,50),H1 (0, R)) and in H'((—50,350), L*(0, R)),

1
4

and supp 2 C V. Let 0 < ro < R. For all w € C§°((—50,50) X (70, R)), we write
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_lmw) 1 [ (1 1 B B
052N, Os ) OrzNOp W — — — - - — 075,
CERt L2<9>+/f;< T )+4/\>(r2 r2+}v>ZNw /vzw

We have, on the one hand
1 1 1 1 1

- - = < ,
r2 7‘2—|—% Nr2(r2—|—%) 7N7‘é‘

on the support of w. As a result, using the boundedness of [[2n|[72(p),

1 1 1
) N € . 2oy — 0, as N — oo.
|/f; <r2 r2 + ]{,) ZNw| - Nr§||ZN||L2(V)HwHL2(V) ) 88 o0

On the other hand,

/aszNastr/ (aeraw—lzN;“> —>/aszasw+/ (arzaw—l‘“"), as N oo (6.2.27)
v v 4 r v v 41

using the weak convergence (6.2.26). Moreover, 2 € L*((—30, 50), H1 (0, R)) N H'((—30, 30), L*(0, R)). Hence,
the right member of (6.2.27) is continuous with respect to w € C§°((—8p,50) X (0,R)) for the topol-
ogy of LQ((—EO,EO),H%(O,R)) N H'((—30,50), L?(0, R)). Hence, we can extend (6.2.27) by density to all
w € L2((—§0,§0),H%(0,R)) N H'((—30,350), L*(0, R)). Using Lemma 6.2.15, we obtain Z = z, and then
2y — 2. We now have to obtain the strong convergence. Let us write K = L?((—3¢,50),H1(0,R)) N

1
3
H'((—350, 30), L*(0, R)). From classical results (see [Bre83]), it is sufficient to show that

limsup ||zn]|x < ||2]|x-
N—o0

Yet, we have

o) S = (218) 52 (4t =
lzn [l = alzn, 2v) < an(zn,zn) = (27, 28 L2 Nogee V) e a(z, 2) = ||z[|%

Taking the lim sup in the above inequality yields the sought result. O
Before proving Theorems 6.2.11 and 6.2.12, we provide a heuristic justification of our choice of weight

function. As usual with Carleman estimates, it is related to the well-known sub-ellipticity condition. We
compute the congugated operator Q. = e"¥<Qre” 7%, and we set ( = e"¥z.

Qk,ipg = —(eTWEaSe_T¢E)2 _ (eT@saTe—Tgoa)Q _ %
= =02 = 02 = T(00p) + (0,9)2) + 27((0,0)0r + (051p)0,) + T(D2pc) + T(D2p2) — B
= AL + A} + B + By,
with AZ = _ag - 72(63@5)27 AZ = _83 - 7—2(87"905)2 - Mlc/r27 Bli = 27'(85906)85 + 7—(652805)7 and BIZ =
27 (0ripe)Or + (02 0c).

Formally, as we have to deal with coefficients that may blow-up, the principal symbols of the above
operators are given by

ai(r, S, 0,0, 7—) =0 - 7—2(88906)27 bi(ﬁ s, 0,0, T) = 2’L'T(83<p5)0',

a};(r, 5, P 0, T) = P2 - 72(8TS06>2 - Mk/T27 bz (’f', $,0,0, T) = 2i7—(8’r30€)p,
where p, 0 € R denote the dual variables of 7, s, respectively. We compute the following Poisson bracket
{af + af b + B} (5,9, 0, 7) = Do) (af + @),y (B + BE) — D) (B + 1)) (af + )
= dir (ngzJE((p7 o), (p,0)) + T2 d*. (Ve V.) — 8T<p5%) . (6.2.28)
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Remark 6.2.18. At this step, as we shall need some positivity of the Poisson bracket, we see that the choice
Orpe =~ 1 allows one to reduce the power of the singular behavior of the last term in (6.2.28).

We shall assume that sy = 0, up to performing a harmless translation. As we need some convexity of the
level sets of the weight function with respect to {r = 0}, we introduce the weight function (6.2.20), with the
parameter ¢ to be fixed later. With ¢, of this form we obtain

1
—{ay, +az, by, + b (r,s,p,0,7)} =47 ((Zp2 - 2“—5) + 872r2) — 8re0? — 3273352 (6.2.29)
i r

From Lemma 6.2.9, in the sub-critical case pp < i, we formally obtain

2_ Pk 2 1
_ _|_7.
P 2 =P -2

This yields 47 ((2p® — 24%) + 87%r%) = 7p? + 5 + 7°r?. Using the following inequality

1 /(1
2 =72 Tr2 < (2 + 7'7“2) )
T

vz sy

we obtain . .
4t ((2,02 — QT—S) + 8T2r2) > rp? + s L2 2

Then the choice ¢ = o7~ /3 makes sense to handle the last term in (6.2.29), as s is bounded, by taking
€p > 0 small. As a result, there exists C' > 0 such that

1
g{az +ap, by, + b (r s, p,0,7)} > C <7p2 + 72+ 7‘12 + 7'37’2) — 4o 302, (6.2.30)
Yet, it remains to handle the last negative term —472/3¢502. Note that
T gl =02+ 2_42(2+ 22)_@
ap +ai =0°+p 75 (r* 4+ e%s 2
and we see that on the characteristic set {a}, + a, = 0}, we have

23q% = 47‘26(2)82 — 72/3,02 — 72/3% + 478/3¢2 (6.2.31)

and from (6.2.29) and (6.2.30), by taking 7 large, and €p small, we see that we obtain the sub-ellipticity
condition, for the sub-critical case

1
ap +a;, =0= g{az +ap, by, + b} (r, s, p,0,7) >0, (6.2.32)

using again that s is bounded. In the critical case ux = 1/4, the Hardy inequality of Lemma 6.2.9 shall only
yield, again formally,

Kk
2 = > 1. (6.2.33)
It follows that
A7 ((2,)2 - 2—“;“) + 87%2) > 42 (6.2.34)
T

and this time the choice ¢ = o7~ 2/3is suitable to handle the last term in (6.2.29) by taking o > 0 small.

Yet, it remains to handle the last negative term —47'/3¢502. On the characteristic set {a}, + aj = 0}, we
have

drec? = 47'1/35002 = 471/350 (472 (7“2 + E%T_4/382) + 'ILI; — p2) .
T
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This, in addition to (6.2.34) yields

1 T S T S - k
g{ak +ap, b + by }(r, s, p,0,7)} > C (1 +70%) — 411/3¢ (472 <r2 + 27 4/3s2> + /;—2 - p2> .

> C (r+7°%) = 167, (v 4 3r1/352) (6.2.35)

using again Hardy inequality, which is given at the symbolic level in (6.2.33). Taking g9 > 0 sufficiently
small, we can absorb the last term and we obtain the sub-ellipticity property (6.2.32) for the critical case.
Although the choice of our weight function is a bit different than usually, in the sense that its levels sets
depend on the large parameter 7, it is suitable to ensure the needed sub-ellipticity property, as we shall see
in the proofs of Theorems 6.2.11 and 6.2.12.
The first computations toward the proof of Theorem 6.2.12 are made in the following lemmata. The first
shall be used for the sub-critical case. We define Y5 := {y € Y, d(y, {r = 0}) > ¢}.

Lemma 6.2.19. Let uy, < 1/4. There exists C > 0 such that for ( € HY(V) such that Qy.,. ¢ € L*(Z), we

have
Re( re B’"C) >4r [ 10,12+ 167—3/ r2|¢|? — 4ruk/ <P + Bo(0) (6.2.36)
k> k Lz(f/ri) - }75 " Y/(s Y/(s T2 ’ o
with
B 2
Bo(¢) :27/ 6(r|«9r<|2)‘7,=6 +27Re/ ) (argg)‘rzs +8T3/ ) (r3|<|2)|7‘=6 +2;W/ ) (ﬂ) .
r= r= r= r= |r=s
Proof.
We have
r r _ 2,0 o ~ 2,02 3 3 >
Re (45¢,BiC) , - _—ere/ OTC&%&C—TRe/ 92¢02p.C — 2 Re | 0,%0,(C
L2(V5) ¥ Ys Y5
1 - 1
—7°Re | [([8:0207 0. — 271k Re / ~0,0:0,¢C — Tk Re / —02¢e|¢[?
Ys vs T vs T
2
=47 |6T(|2 + 167’3/ |C|27"2 — 47';%/ % + 27’/ (7“|8T(|2)|
?5 i/g i/g r r=4 r=9
= ¢?
+27Re /75 (a’"CC)Ir:a + 873 /75 (7‘3\C|2)‘T:6 + 2ukT /76 <r
r= r= r= ‘T:(;
2 3 2] 12 ¢I?
—ar [P 16 [ PGP - dm [ S B0
with
_ C 2
Bo(¢) = 27'/ S (7‘|8TC|2)‘T:5 —|—2TRe/ S (8’“C<)\r:5 +87‘3/ S (T3|<|2)|T:5 —|—2,u;ﬂ/ S <r| .
r= r—= r= r= |r:é
This ends the proof. O
We set

Z,N = _872‘ - 7-2(6T905)2 - T2lfi7 and Qk,cpE,N = AZ,N + Ai + B;; + Bli
N

that is, the regularized versions of A} and Q.-

Lemma 6.2.20. Let puy = 1/4. There exists C > 0 such that for ¢ € H}(V) such that Q. ,. nC € L*(Z),
we have

2] 12
r r N 2 3 21512 || ' 9
Re (AhN(,Bkg)Lz(?) > 47/{/ |0,C|* + 167 /?'r |7 — 47 pg /Y 7(7“2 n &)2 (6.2.37)
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Proof.
Note that here, ¢ € H?(V) N HL(V). First, from (6.2.20), we have d,p. = 2r, 2. = 2, and 93¢, = 0, and
we compute by integration by parts

r r _ 2.9 "5 ~ 2 2
Re (Ak,N(j,BkC)LQ(?) — _2rRe / 92¢8,9.0,C — 7 Re / 02¢D2p.C

— 273 Re/ 0rp20,.¢C — 73 Re/ ICI20, 02 0% 0.

1 = L o 2
— 27 Re/{/ @@%&CC—TM Re/{/ m@%l(l

2 2,2 2|<|2 2
_47'/ |0.C|* + 1673 /|§| — 4Ty / Ly +2T/T:0(1"|8T§| )‘7‘:0
) T s 1P )
v [ 00, o [ o (35)
2 2
:47/1_/|6TC2+1673/?T2C|2—47Mk/?( , 3 (6.2.38)

2 + %)2’
as all the boundary integrals vanish using that ¢|,_, = 0 and the trace 0,(),_, exists, since

9,¢ € L*((—30,%0), H'(0, R)).

O

At this point the reader should note that the precise choice of ¢, is suitable to handle the singularity in the

last term of (6.2.38) in the limit N — +o00, especially when py is positive (see discussion below Theorem
6.2.12).

Using Lemma 6.2.19, we shall prove the one-dimensional Carleman estimate in the sub-critical case
p<1/4.

Proof of Theorem 6.2.11. . R y ~
We shall perform the computations on Vs := Y5 NV, noting that ¢ € H?(Vs).

1@k €Il 25,y = (AL + A7 + [(BE + Bi)¢|[72 + 2Re I
> ||(Af + A3)C¢|[72 + 2Re Iy,

where

I, = (( s+ AYC, (B;+B£)§)L2(m :( ZC,BZC)LQ(%)Jr( e kC)LQ )

i (Azc’BkC)Lz(fq) * ( K kC)LQ(Y

Yet, from (6.2.20), we have 5. = —2es and 0%2p. = —2¢, and by computations similar to that of the proof
of Lemma 6.2.19, we obtain

Re(A‘ZQ ) —27/ 92 |05¢|? +T/ 02p0,¢¢ +27° / D502 020c|C|?

:—475/ 105¢|? — 167353/ s2|¢)?. (6.2.39)
Y5 Yé

Note that there is no boundary term arising here, as ( is compactly supported in this direction. We have to
handle these two terms as they are of negative sign. We choose € > 0 such that ¢ = g9~ /3 where g9 > 0
shall be chosen later and it is meant to be small (see discussion below Theorem 6.2.12). This yields

167353/ s?|¢)* < CrPelICIa, ) (6.2.40)

Ys
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In (6.2.39), we now focus on the first term 4re f% |05¢|?. We shall use the following identity
02¢ = — (Ap + AP ¢ — (02 + 72 ((0s9)* + (Brpe)?) + 55 ) ¢ (6.2.41)
sS T k k r sPe rPe 2 . 2.
From (6.2.41), we can write

—475/ 0sC[* = 4eo7?*Re | 02(C
Y(s Yé

T (3247 (0o + (0rp?) + ) .
(6.2.42)

= —4e07?PRe [ ( 2+A2)C—4607'2/3Re/
{/5 }75

and by integration by parts
“Re [ T(02 47 0+ 0et) + ) o= [ 18P+ Bu0) - [ (a4 a2t + B IGP, (0:2.3)
Ys Ys Ys

with B1(¢) = Re [ _;¢0,(. Hence, from (6.2.42) and (6.2.43), using the Young inequality, we obtain by
taking 7 large,

-%w/wa%>%mw+mmmm — O 1561 5, + A0 PB1(C)

¢
- 165078/3HTC||2 Vs +4€07'2/3 [0y CHL2 v Mk||*||%12 ) (6.2.44)
) (Ys) r (Ys)

The last term in (6.2.44) is non-negative. Indeed, for py < 0 this is immediate, and for u; € [0,1/4), this
is a consequence of the Hardy inequality (6.2.15). As a result, since s is bounded, we have

C'Re (43¢ Bi¢) |, - = =2e0 (A% + A Ea gy, + 7105y ) = Codr2 eI 2o,

— 165078/3||7’C||L2(Y ) +deor 2/3B,(¢).  (6.2.45)

L2(Vs)

Combining estimate (6.2.36) with estimates (6.2.39), (6.2.40) and (6.2.44), we obtain by taking the large
parameter 7 sufficiently large, and €y > 0 sufficiently small

Ceoll(Af + AD)CI 5, + ' (43¢ BiC) & +0(416B) o > e K
+ 7—<H8 C”LZ(YS Nk|| HLz yé)) + 7—3HTC||§12({/5) + BO(C) + 45072/3Bl(<)' (6'2'46)
It remains to compute, again by integration by parts and using 92,¢. = 0,

Re (45¢,BiC) | =—27Re | 0,p.0%0.C —rRe | 020.0%C 27 Re/as%arwgasgz
L2(¥3) % 2

as € = 83 €
-7 / 87¢232¢8|C\2—27ukRe/ rf &(C—w;cRe/ Tf <17
Ys

Ys Ys

= 2eT 0,C|? — 4e7 Re (50,(05C — 27¢e 6T§ 2 _927¢Re (s¢O,C
~ |7.:5 = |r:(5

Ys

3 2112 N L |C‘2 (4
+ 87 5[ r°|¢|* — 87 5[ q —257’/%/ +257‘uk/ 5
Ys Ys Ys v, T

= B5(0), (6.2.47)
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where

By(C) = —der /

r=4

§(0.08), . —re [ s@T=0.

using boundary conditions. We also compute,

(416.B1C) 5, =27 [ r0eth BT 7 [ 0227 [ oo @ [ oot
Ys Ys

—27/?6|as<|2—2r/ (o), + 2 [ 1ol —ser® [ 1P
—8573/T: (r|<| 8T / I¢|?

=B5(C), (6.2.48)

where
_ 2 _ 3 2
63(4) =27 /r:6 (T|89C| )\T:S 8er /T:(s (TK‘ )|r:5 ’

Summing up, from (6.2.46), (6.2.47), (6.2.48), and using

Q. ¢l gy = I1(AF + ADCIR: + 2Re .,

we obtain,

3

¢
C||Qk <P5<HL2 Y(;) fel _50T2HC||L2 Yo) +T(Ha C||L2 Yo) Mk”;”iz(f/&)) +’7’3H7‘CH§/2(}~,§) + ZB’L(C) (6249)

i=0
For all pj, < 1/4, note that one can have
1/2 /2 /74 1/2
2t (G-m) [ e () ((G-m) [ 1)
Ys Ys
1
3 2

<7 ||T<|‘L2(f/§) + (4 - Mk) 7'||7' CHLg (V5)" (6.2.50)

o If uy € [-1/8,1/4), we have, using Hardy inequality (6.2.15),

K2 | P | c?
?6|ar<|2—uk/n =2 +4>( DrcP - 4/y5 S )+2(4 u)( 9P + 4/% S )
2
> 20" (e + =~ / IC|? +2 ( _Mk> (/ |0-C|* + /Yé ‘g' ) (6.2.51)

Then (6.2.52) reads

CllQup.Cll7a5,) = —e0m?lICI 25, +T‘°’|I7‘<|Iiz(yé)
+2C’(uk+1) |<|2+2 ,_Mk / 10,¢|% + / <P +ZB . (6.2.52)
4 4

Then, from (6.2.52) and (6.2.50), we have for py € [0,1/4), by taking &g sufficiently small,

9 3
OllQup.Cll7ag,) =T /|C|2+T/ 10:¢|* + / |C|2 + 7¢I g, + Y BiQ). (6.:2.53)
=0
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o If up < —1/8, from (6.2.49), we can obtain directly, using the interpolation inequality (6.2.50) ,

Ol llftasy 27 [ W47 [ 1o

(S -
+T(1+|Mk|)/ 3 + 7¢I g, + D Bil€). (6.2.54)
=0

Ys

Hence, summing up (6.2.67) and (6.2.55), we have, for u; < 1/4,

2 3
OllQuio Gy = 7 / |<|2+T/ 0, <|2+T(1+|uk|)/ ¢l y + 3B (6255)
=0

Note that, using (6.2.44), we can also obtain

2
@bl 27 / P+ 10 C\2+T(1+Iukl)/y |£|

3
+72Ir¢l 2 9, +72/3/Y 0:CP7 + ) Bi(¢). (6.2.56)
§ =

We now focus on boundary terms. We recall that

3 2
ZBZ‘(C) :27/75 (r|a,ﬁg|2)|r:(s +27'Re/ ) (&CZ)\T:& + 873 /T:(s (31c]? - —|—2,UJkT/T:6 <|<T|)|H;

)
i=0 r= =
sgﬁ—zf/ (r|8s§|2)|rzé — 8er? ( I¢] )‘T .
r=4§

+ Re - €0,.C — 4deT /T:(s 5(0rC0sC) s — TE/T

Using the Young inequality, one can have

3

>80 =Cr [ (10GP), _, +Bi0) 2 Bi(o)

=0

with lims_,0 B4(¢) = 0, using boundary conditions and Lemma 6.2.8. Hence, we can pass to the limit 6 — 0
n (6.2.8) as all the interior terms are well defined, and we obtain

ICI2
CliQupCliiagsy = 7 [ 1P +7 [ 10:CF 470+ [ S5 + 7l + 77 [ locP
Using the change of variables, ( = e”%<z, we obtain

1m0zl 2 gy S 7O B g + TPIICI B

23|79 0,z 2 ) S 710 <\| 2 iy + 700l g

As T05p. = —27'/3¢¢s, the result follows. d
Making use of Lemma 6.2.20, we obtain the proof of the sub-critical case p < 1/4.

Proof of Theorem 6.2.12. We mainly follow the proof of Theorem 6.2.11, with slight modifications.
First, we shall use the regularization procedure of Lemma 6.2.17. Second, in the critical case, the Hardy
inequality (6.2.15) does not yield a H' estimate anymore. We then shall derive a #,,, inequality. We recall
that ¢ € H*(V) N H} (V) at first, before passing to the limit N — +oco. We have

[|Qk, WE,NCHLQ(Y) (A% n + 43¢ + 1(Bi + Bi)C|[72 + 2Re I v
> |[(Ap n + 4272 4+ 2Re Iy N,
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where

T = (AL + ALNG (B4 BIC) |, o= (A6 BIC) o+ (A5G BIC) o
+ ( kCaBk<>L2(?) + ( kNG kC)LZ(Y
From (6.2.37), we recall that
Re( zg,ng)Lw) :747'5/17\6‘s§|27167353/17.92\(|2. (6.2.57)

As in the proof of Theorem 6.2.11, we have to handle these two non-positive terms. We choose € > 0 such
that e = g7 2/3 where gy > 0 will be chosen below and it is meant to be small. This yields, as s is bounded,

167353/Y s2|¢* < 16750||g\|L2(Y (6.2.58)

We now focus in (6.2.57) on the first term 47e ff/ |0sC|?. Again, we use the following identity

. 1
ag( = - ( i + Ak,N) C - (83 + T2 ((85906)2 + (ar(ps)Z) + M) C (6259)

This allows us to write, with an integration by parts,
- 47’6/ |85¢|? = 4ert/? Re/ Co%¢
g Y

= —dgor!/3 Re/ C(AL y + A7) ¢ —deor'/? Re/ ¢ (aﬁ + 7% (952 + 0p02) + 11) ¢, (6.2.60)
v v A(r? + )

and by an additional integration by parts, we write

- 1
—4 1/3R/ 82 2 85 2 6r 2
sor P Re | GO (O 0o + iy ) €

1
= 4¢ 7'1/3/ 0,.C|? — 4e 71/3/ 72412 + 4252 +7 2
2
> —165077/3/(r2+5232)|C|2+45071/3/ (|a ¢ - Lg“l - ) (6.2.61)
v 4r?* + )

using boundary condition. Summing up, by taking 7 large, there exists C' > 0 such that

Re (456, B1C) , = —dre [ foucl =167 [ 2iqp

> —degrt/? Re/ C(Apn+43)C— 16507'7/3/ r2|¢|? — C’Teg’/ ¢|?
Y ' Y Y
¢
+ 4e 71/3/ (8 2 | 6.2.62
0 | C‘ (7'2 + %) ( )
Using the Young inequality, we obtain
—azr P Re [ T (AL + 4D €= =220l (A -+ ADCR 5, = 2207l (6:2.63)
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Combining estimates (6.2.57), (6.2.58), (6.2.62) and (6.2.63), and Lemma 6.2.20, we obtain by taking the
large parameter 7 sufficiently large, and gy > 0 sufficiently small we obtain by taking the large parameter 7
sufficiently large, and €y > 0 sufficiently small

Ceoll(Af + A g + O (A€ BIC) , o+ (406, BiC) |, o0 > el ags,
+ 7 (1<l i|m||’;(y)) (1015, - Gz T 1) + 7l
Note that from —W > —% and —@ > %, this reads
Ceoll(Af + A s + ' (Ain€ BIC) , o+ (406 BiC) |, o> =l s,
Fr (10,00~ 1S IRags) + 2 lIrCIags - (6:264)
The same computations as in the proof of Theorem 6.2.11 give
(4knC.BiC) |, o =0, and (A0CBEC) | =0 (6.2.65)
Summing up, from (6.2.64), (6.2.65), and using
Qe €l 2, = 1 (Af i + ARG + 201w,
we obtain
Oll@Qu.. NCIE 25y = —€07I172 5y + THCIE2 (50.50) 200 a0,y + T TCH T2 9 (6.2.66)

Note that we have Q. vC = €792", and then the left member of (6.2.66) does not depend on N. From
Lemma 6.2.17, we can pass to the limit N — +o0, in (6.2.66), and we obtain

Ol Q. l3a sy 2 ~8rlICI sy + TR0yt a0y + T Clagy (6:2:6)
Using the Hardy inequality (6.2.15), we obtain by taking ¢ > 0 sufficiently small,
O”Qk <P5<HL2 (V) 2 THCH L2(Y) + T‘|C||%2((—§0,§0),H1/4(0,R)) + T3|‘r<||2LQ()7)
Note that, using again (6.2.60) and (6.2.61), we can also obtain
Cll @Sl 2 7B + Tl sossorti sty + TNy + 7210 B

We end the proof exactly as for the proof of Theorem 6.2.11. 0

6.3 Interpolation estimates for augmented operators and proof of
the spectral inequalities

The section is devoted to proving an interpolation estimate in the neighborhood of a singular point in Y. In
the case of operators with inverse square potential located at the origin, if the estimation is performed away
from the origin, the potential can be considered as a low-order term. Then classical estimates appy. In the
case of a polygonal problem, near points of the boundary or the interface where it is smooth, we also have
classical estimates.
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Figure 6.4: The full torus T(¢y,fs).

6.3.1 Inverse square potential case in arbitrary dimensions

We recall that we denote Z = (=S, S0) x Q and Y = (—=Sp + a, Sp — ) x §2. In this section, 2 is a smooth
bounded domain of R, d > 3. We recall that Q = —9% + P.

Classical estimates

For e > 0, we set Z_ :={y = (s,z) € Z, |z| > €}.

Lemma 6.3.1. Let V and U be two open subsets of Y such that V N {x = 0} = 0. There exist § € (0,1),
e >0 and C; > 0 such that

5 e
lullm (vaz) < Ce (1Qullz2(z) + llull @) + 14500y 11 (00r1)” llull04. - (6.3.1)

for allu € HY(Z.), such that Qu € L*(Z).
We have the counterpart in a neighborhood of the boundary {s = —Sp} away from = = 0.

Lemma 6.3.2. Let 29 € w C Q, with xg # 0. There exist V a neighborhood of the point (—Sy, zo) in R x RY,
0 €(0,1), e >0 and C. > 0 such that

§
||u||H1(VmZ) < C; (HQU||L2(Z) + |U|S:_S0 |L2(w) + |85’U|S:_SU |L2(w)) ||UH}{71(2ZE). (6.3.2)

for allu € HY(Z.), such that Qu € L*(Z).

Estimates near the singularity
We have the following central lemma, which proof is given in appendix. We define Y5 := {y € Y, %5 <
d(y,{x =0} < &}. Let 0 < £; < £5. We consider the full torus T(¢y,£3) (see Figure 6.4).

Lemma 6.3.3. Let n > 0 and § > 0. There exist {1,05 > 0 such that ﬁ(@l,fg) C Y, and constants
N,C,C’" > 0 such that

0/51+'r,

_ ' s1+n
lullen vy < €5 (1Qullzaz + el i ay)  Mallin s (6.3.3)

for allu € HY(Zs) such that Qu € L*(Z).

3
1
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The proof of this lemma is provided in Section 10.F.

The main difficulty to prove estimates in the spirit of Lemmata 6.3.1 and 6.3.2 in a neighborhood of a

point of {x = 0} comes from the particular form of the weight function in the Carleman estimates of Theorem
6.2.11 and Theorem 6.2.12. Whenever the large parameter 7 > 0 is fixed, the weight function has proper level
sets, that is, some convexity with respect to the boundary. However, these level sets depend of 7 themselves,
and this is an obstruction to an optimization procedure.
To handle these difficulties, we shall only prove interpolation inequalities for functions that are of the form
(6.3.4) below, and we shall directly connect the large parameter 7 to the spectral parameter A. We shall use
the Carleman estimates of Theorems 6.2.1 and 6.2.2 to observe a neighborhood of the singular point from
an annulus, that depends on A. To keep the dependency of the constants with respect to A, we shall use
Lemma 6.3.3.

Let 9;(z), j > 0 be the eigenfunctions associated with eigenvalues A; > 0 of the operator P. We set

sinh(y/A; (s + So))
w(s,z) =
,\jng VA

2
where a; are complex numbers such that ) >0 la;|* < oo, and we also set

z(x) = Z a;v;(z). (6.3.5)

A <A

ajwj (.’1?) (634)

For Z = (—s0, s9) X Z be an open subset of Z, we define

S0

Hu”%/V,L(Z) :/Z|3su|2dsdm+/ Hu(s,.)H;M(é)ds, (6.3.6)

—50

for u € L2((=s0,50), Hu(Z)) N H((=s0,50), L*(Z)). Using classical estimates (see [VZ00]), note that one
can have the following lemma.

Lemma 6.3.4. Let < p*. There exists C > 0 such that
w1 (z) < Cllwlla,(2)-
for w defined in (6.3.4).
Let p = p*. There exists C > 0 such that, for 0 < e < 1, we have
2 2
||w‘|H1(gE) < ;2||w||wu*(z)7
for w defined in (6.3.4).

Proof.The case p < p* is proven in Section 6.1.1. We thus only consider the case y = p*. Remark that
it is sufficient to prove that

2 2 * |U’|2 C
= v — —_— >
||U||Hu* (Q) /Q (| u| 1% |33|2)

holds for all u € H}(S2), as H(R) is dense in H,~, by definition. Following [VZ00], consider x € C§°(),
satisfying x = 1 in B(0,£/2), x =01in Q\ B(0,¢), [Vx| < Ce™!, and |A¢| < Ce~2. Then, we have

[ 909 =0w = [ x10= 019 = [ [9xlup + [ (120070 9x
2 2 2 1 2 73
= [ x=0va = [ [oxpiup = 5 [ v - 207y

C
> -5 [ b
€ Ja

> (IVul? + [ul?),
g2 Q\B(0,¢)
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We also have

Ol [ X0l O [

L [ s e
Note that

2 *w _ ” 2 _ *|XU|2 —u 2 _ *|(1_X)u|2

L 0vak =22 = [ (96l =) + [ (v = u) - 2

w2 (Vo v( - - MX(1|_|X)|U|> |

All the integrals are well defined as here u € HZ (). The first term is non-negative, using Hardy inequality
(6.1.5). Using the above estimates, this yields

Juf? / 2 C / 2
Vul> — p*—5) > Vul® — —= ul.
/Q (| | |~T|2) Q\B(0,¢) Vel g2 Q| |

Again, using the Hardy inequality (6.1.5), up to change the constants, one can have

1 |ul?
0(1+f)/ IVl — e z/ |Vu|2+/ ul2.
€2’ Jo ( |$|2) OQ\B(0,¢) Q

This ends the proof. O

As a result, for functions w defined in (6.3.4), Lemma 6.3.3 yields the following corollary. Remark that
Qw = 0.

Corollary 6.3.5. Let yn < p*. Letn > 0 and § > 0. There exist £1,0y > 0 such that T(¢1,4y) C Y, and
constants N,C,C’" > 0 such that

_ /514 _ /61+'q
[l vy < CONNlwllG A5, o 10l 52 (6.3.7)

for functions w defined in (6.3.4).
We have the following corollary of Lemma 6.3.1.

Corollary 6.3.6. Let u < pu*. Let V and U be two open subsets of Y with such that {x = 0}yNV = (). There
exist 6 € (0,1), and C > 0 such that

llwllars (vazy < C (ol @) + [@jagny L1 @on) Tl (6.3.8)
for functions w defined in (6.3.4).
Lemma 6.3.4 with Lemma 6.3.2 yields the following corollary.
Corollary 6.3.7. Let p < p*. Let xg € w C Q, with x9 # 0. There exist V a neighborhood of the point
(=S80, 20) in R x RY, 6 € (0,1), and C > 0 such that

5
il vz < C (1Qwllre(z) + 1w.__ |2y + 1001, |12 ) 1wl (6.3.9)

for functions w defined in (6.3.4).

We now state the weak interpolation estimate in a neighborhood of a point (sg,x = 0) € (—Sp + «, Sp —
a) x {x = 0}. We define

n+1
8

Gp(A) =A""5, Gi(A) = A"

n+1
2

(6.3.10)
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Proposition 6.3.8. Let u < p*. There exists U a neighborhood of yo in'Y such that for Y open subset of
Y, for allp > 0, there exist C,§ > 0 such that

3/4 6G, (A 1— 59 A el
lfwllzz@) < Celwll5ne) ol 5N + Cem Azl 2@, A1, (6:3.11)

with G, ts given by (6.3.10), and w and z are given by (6.3.4) and (6.3.5).
We have the counterpart in the critical case.

Proposition 6.3.9. Let u = p*. Let Y be an open subset of Y \ {z = 0}.There exists U a neighborhood of
Yo in Y such that for Y open subset of Y, for alln > 0, there exist C,§ > 0 such that

CA3/2|| Hag;(A) 1-6G;(

Hl(fx)” HW Z) +C€ Cf||2||L2(Q) A>1, (6.3.12)

lfw||2y < Ce

with Gy is given by (6.3.10), and w and z are given by (6.3.4) and (6.3.5).

Note that, up to changing the constants, Propositions 6.3.8 and 6.3.9 can be proved for A > Ag, with
Ap > 0 large.

We define
Gp(N), if p<p* A3/ <

Fn(A) = , and F(A
" {Q;(A), ity TS {A3/2, if =y

By a compactness argument, one can prove the following corollary.

Corollary 6.3.10. Let p < p*, and let w be an open subset of Q). For all n, there exist C > 0 and 6 > 0

such that 5 SFH(A) 1—3Fk(A)
w 1 -¢
wllzzer < OO (A)|asw\wx{5:750}|L2(7w) ||w HW e c \/KHZ||L2(Q)3 (6.3.13)

for w defined in (6.3.4).

Proof. First, remark that for a function w defined by (6.3.35), we have w),_ g = 0. Let N be a
neighborhood of {x = 0} (independant of A) in R4*!. By a compactness argument, and applying Proposition
6.3.8 in the sub-critical case or Proposition 6.3.9 in the critical one, we obtain

" SFH(A) 1— 6]-' (A) o
TNl el +Ce™ YAl 2. (6.3.14)

||wHL2(./\/'ﬂY) <Ce HY(Y)

Combining this with (6.3.8)-(6.3.9), this yields

yadll 15.7-'A _
]| 2y < CeCTE Doy TN L e VA | L2y, (6.3.15)

7750}|L2(w) Hw”w (2)

which is the sought result. O

Proof of Propositions 6.3.8 and 6.3.9. We can assume without any loss of generality that yq = O.
Let V be a neighborhood of 0 in Y. Consider a cut-off function x(s,7) = x1(s)x2(z) € C°(R¥*!) such that

1 fors<mr |1 for |z <mr
xa(s) = { 0 for s > ry, xz(w) = { 0 for |z| > o, (6.3.16)

with 0 < r1 < ro such that B(0,72) C V. Then, in the sub-critical case, we apply the Carleman estimate of
Theorem 6.2.1 to w := yw to obtain

T2 3|eTPeV gl | 2oy + T[T D2 vy S 11€7 QI ), (6.3.17)
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Figure 6.5: Level sets of the weight ¢, in a neighborhood of (0,0) as 7 varies. Left figure: 7 small. Right
figure 7 large.

with weight function ¢.(s,x) = |x|?> —es%. The level sets of the weight function ¢, are sketched in Figure 6.5.
The right hand side of (6.3.17) can be estimated as follows

||€T“DE(S’x)Q1D||L2(z) < ||€WE(S’$)XQ1U||L2(Z) + ||ew5(s7w) [Q,X]WHL?(Z)-
In the critical case, we apply Theorem 6.2.2 to w := yw to obtain
Tlle™ <l L2y < lle™ = xQullraz) + (172 Q. Xlwll L2 z). (6.3.18)

where the commutator [@, x] is a differential operator of order one supported in the region where x varies.
Let K > 0 be a constant that shall be fixed below, and let us split H := supp[@, x] = A5 U A§ with

AS = {(s,2) € H, ¢.(s,2) = |z|* —es* < —eK}, A5 :={(s,2) € H, ¢.(s,2) = |z|*—es* > —eK}. (6.3.19)

The regions A and A5 are represented in Figure 6.6. The notation A is used to emphasize that the above
splitting depends on the parameter ¢ > 0. Observe that for £ > 0 small, A5 C {|z| < r1}, and consequently

x(s,7) = x1(s) in Ajf. (6.3.20)

We recall that in the Carleman estimate, ¢ depend on 7, with ¢ — 0 as 7 — +o00. Then, using (6.3.20), we
have, for 7 large,

1e#<1Q. uwllz2(z) < 1o wllzaqag) + €7 Ouleagy +[1e™wlla cazy. (6:3.21)

Let U be a neighborhood of 0 such that s> < k on U, x = 1 on U, and such that &/ C V, with k£ > 0 to
be fixed below. Observe that ¢. > —ck on U.
Then, from (6.3.17)-(6.3.21), we have

e wll 2@ S €“TNIQlI L2 vy + €5 ([[wllL2(asy + 0swllL2(as)) + eCTlwl| a1 (ag), (6.3.22)

with C' > 0 is a large constant. At this step, we can not optimize this estimate with respect to 7 as in
[Rob95], since the domains AS themselves depend on 7. We shall use the particular form of w to overcome
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v—

v—

Figure 6.6: The gray region represents the set H. For two values of ¢, the darkest region represents A5, and
the brightest A5. Left figure: € large. Right figure: & small.

this difficulty. Note that first, we have Qw = 0.

e In the subcritical case, we set 7 = 1A%/ with n; > 0 shall be fixed below. We obtain ¢ ~ 771/3 ~

m 1/3A=1/4 and the reader should keep in mind that now A5 depends on the spectral parameter A. Then
(6.3.49) reads

3/4
||w||L2 ) S elb=Fm VA (||w||L2(A§) + ||asw||L2(A§)) +eCmh ||w||H1(Ag), (6.3.23)

Using the form of w (see (6.3.4)), there exists C; > 0 such that

SE S E

l[wllr2(z) S e @, 0swl[r2(z) Se Q)

and then choosing k < K and 1 sufficiently large, there exists Cy, C3 > 0 such that (6.3.23) reads
llwllz2ay < e~ lzllzay + €22 Jw] a1 (As5)- (6.3.24)

Remark that
d({e = 0}, 43) 2 AV,

Indeed, for all (s,z) € A2, we have
|z)? + 52 > 2r?
|z|? —es? > —cK.

This implies
(1 +e)|z® > e(2rf — K),

and we obtain, for K > 0 taken smaller than 2r7 that
d({w =0}, 45) 2 /2 2 7710 Z A1,

To handle the last term in the right hand side of (6.3.24), we apply (6.3.7) to w in (6.3.24) with § = CA=1/8,
C > 0. Then, there exist N > 0, ¢1, {5 such that, for A large, we have

—1l=n
C'A 1—(C'A)
[l a1 v <0AN||w||;1(ge ol (6.3.25)
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We recall that the set Y; is defined at the beginning of this section. Now, TT(&,EQ) is sufficiently away from
{z = 0}, and then, using (6.3.8) with Qw = 0, there exists J; € (0,1) such that

(enNTF - CA
el < OAY (lwll3, g ol ) ol G (6.3.26)
This yields
—1-—n
(61CA) 8 -5 CAﬂ
wllzays) < CAN (Jwll s ) lwllyy ™ (6.3.27)

Plugging this in (6.3.24) yields, for A large (Constants may change),

CA3/4 61CA 1-6 CA —C'VA
]G0 T [ T e VA2

||wHL2(U) S Ce Hl(Y

which is in the form given in Proposition 6.3.8.
e For the critical case u = p*, we set 7 = 17, A%/2. This yields £ ~ 77%/3 ~ A=, We obtain
|z S e MY (flwll g + 10wl z2cag) + e ol ag). (6.3.28)
we apply Lemma 6.3.3 to w in (6.3.28) with 6 = CA~/2, C' > 0 since in this case
d({z =0}, A5) ~ A~1/2, (6.3.29)
and performing the same computations as above, we obtain for A large,

(CA)" 2 || Hl (CA)

3/2
lllzery < G lw ||H1(wl ) Wlwaz) (6.3.30)

We finish the proof as in the sub-critical case. This ends the proof of Proposition 6.3.9. O

6.3.2 Polygonal case
We recall that we have set Z = (—=Sp,S0) x Q and Y = (—=Sp + «, Sop — @) x Q. In this section, £ is a two
dimensional polygonal domain, as described in Section 6.1.2.
Classical estimates
Near the boundary {s = —Sg}, we have the following result.
Lemma 6.3.11. Let g € w C Q. There exist V' a neighborhood of the point (—Sy,xo) in Z, 6 € (0,1), and
C > 0 such that
5
lull vy < € (ITulln2ez) + s, e + 19501, |2y ulliid . (6.3.31)

for all u € L?(2) such that u* € HY(Q?), i = 1,2, and Tu € L?(1).

The estimate near a point of the boundary 9Q x (—=Sy + a, Sy — «) where it is smooth, for Dirichlet
boundary conditions reads as follows [L.R95].

Lemma 6.3.12. Let V' be an open subset of Y such that (—So, So) x OQ is smooth in a neighborhood ofy
(if V' meets this boundary), and V does not meet the interface (—Sy,So) X S. Let U be an open set of Y.
There exist 6 € (0,1) and C > 0 such that

S
l|ul| g1 vy < C (HTuHLz(Z) + Il ) + [ gy |1 0001 ) ull:8 5. (6.3.32)

for all w € L?(Q) such that u* € HY(Q), i = 1,2, and Tu € L*().
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Figure 6.7: The torus T(¢y;¢5).

For Neumann boundary conditions near a smooth part of the boundary, we have the following lemma
[LR97].

Lemma 6.3.13. Let V be an open subset of Y such that (—Sy, So) x O is smooth in a neighborhood of V
(if V' meets this boundary), and V does not meet the interface (—So,So) x S. Let U C'Y, be an open set
such that 0 ¢ U. Let U be an open set of Y. There exist § € (0,1) and C > 0 such that

5
lullgr(vnz) <€ (||7'U|\L2(Z) + |[ull g ) + ‘ayu\{zeém}mv‘LQ(@QﬂV)> lulli ) (6.3.33)

for all uw € L?(Q) such that u* € HY(Q), i = 1,2, and Tu € L*().
In a neighborhood of a point of a smooth interface, we have the following result [LR10].

Lemma 6.3.14. Let V' be an open subset of Y such that V. € Z and such that S x (=S, So) is smooth in
a neighborhood of V' (if V' meets this interface). Let U be an open set of Q' x (—=Sy + a, So — ), for an
arbitrary i € {1,2}. There exist C > 0 and 6 > 0 such that

)1 vy < C(HTuHm(Q) + |e1ys O u' + 2750, u%| L2 (500
5
+ [ysu' = ysu?|grsnuy + H“||H1(U)) [ull7:02):

for all uw € L?(Q) such that u* € H* (), i = 1,2, and Tu € L*(Q).

Note that in the four estimates we wrote here, we used the norm ||u||g1(z) as the functions are H* here.
Compare with the statements given in Section 6.3.1.

Estimates near corners

Let 0 < ¢1 < {3, and let p € € x (—=Sp + a, Sy — ). We shall assume without any loss of generality
that p = 0, up to performing a translation. In coordinates (s,z) = (s,x1,z2), we shall consider the disk
D(¢1,42) = B((0,¢1,0),f2)N{z3 = 0}. We then define T(¢;,¢3) = T~T(€1,£2)|’1Y, where TT(E;L,EQ) is the revolution
of the disk D(¢1, ¢3) around the axis {(z1,z2) = (0,0)} (see Figure 6.7).

Let Y5 = {y = (s,z) € Y, 16 < d(x,0) < §}.
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Lemma 6.3.15. Let n > 0 and § > 0. There exist 1,05 > 0 such that ﬁ(fl,ég) C Y, and constants
N,C,C’ > 0 such that

1514 n
) |G (6.3.34)

el vy < CON (I Tullzzcz) + llullm (v ) H(2)

for allu € HY(Z) such that Tu € L*(Z).

This lemma can be proved by following the proof of Lemma 6.3.3.

Let 1j(x), 7 > 0 be the eigenfunctions associated with eigenvalues A; > 0 of the operator T. We set

sinh(y/A;(s + So))
w(s,z) =
,\jng VA

2
where a; are complex numbers such that ;- |a;|* < 0o, and we also set

a;;(x). (6.3.35)

2(z) =Y aj;(a). (6.3.36)

X <A

We recall that G, and Q;; are defined in (6.3.10).
We now state the weak interpolation estimate in a neighborhood of a singular point p € £ x (=Sp +
a, Sy — a).

Proposition 6.3.16. Let p be a non-Neumann corner. There exists U a neighborhood of p in Y such that
for'Y an open subset of Y, for all n > 0, there exist C,§ > 0 such that

3/4 6G,(A) 1-6G, (A el
llwll2w) < CeO flwll i ol g™ + Cem VA2l sy, Az 1, (6.3.37)

where w and z are given by (6.3.35) and (6.3.36).
We have the counterpart in the Neumann corner case.

Proposition 6.3.17. Let p be a Neumann corner. There exists U a neighborhood of p in'Y such that for Y
an open subset of Y, for all § > 0, there exist C,d > 0 such that

3/2 5G(A) 1-8G;(
llwllzz@) < Ce w2 lwllrtgn ™ + CemO VA2l ooy, A1, (6.3.38)
(Y) ( )
where w and z are given by (6.3.35) and (6.3.36).
We define
Fo(A) = Gn(A), in a non-Neumann case and .7:"(A) _ A3/% in a non-Neumann case
e Gy(A), in a Neumann case. ’ 1 A3/2, in a Neumann case.

Again, by a compactness argument, one can prove the following corollary.

Corollary 6.3.18. Let w be an open subset of Q, for all m, there exist C,C’' >0 and § > 0 such that

SF}(A)

1-8FH(A)
—SO}|L2 (w)

lw]|z2(vy < Ce“ Mgy, w2} +Ce YN 2|2y, A>1 (6.3.39)

Proof. Note that for a function w defined by (6.3.35), we have w),__, = 0 and dsw|,__; = z. By
a compactness argument, and applying either Proposition 6.3.16 in the non-Neumann case or Proposition
6.3.17 in the Neumann one, there exists A/ a neighborhood of {x = 0} in R?, such that

1—6FH(A

[Jwllz2vryy < Ce“F || |\w||H1(zs' 1 Ce YR el ey, AL (6.3.40)

Hl(y)
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Combining this with Lemmata 6.3.11-6.3.14, this yields

6]-‘ (A 1-6F(A)

l|w]|L2(v) < Ce®T Moy, w7+ Ce™ VM2l 2y, A>T, (6.3.41)

—Sp}!L |

which is the sought result. 0
Proof of Propositions 6.3.16 and 6.3.17. First, note that, for w of the form (6.3.35), we have

Tw=0. (6.3.42)

The proofs will mainly follow the same ideas than the proofs of Propositions 6.3.8 and 6.3.9. We can assume
that p = 0 without any loss of generality. Let V' be a neighborhood of 0 in Y. Consider a cut-off function

x(s,7) = x1(s)x2(z) € C§°(R?) such that

_f 1 fors<rg 1 for|z|<m
xa(s) = { 0 for s >ro, xa() = { 0 for |z| > 7o, (6.3.43)

with 0 < r; < rg such that B(0,r3) C V. Then, in the non-Neumann case, we apply the Carleman estimate
of Theorem 6.2.5 to @ := yw to obtain

T2 |em e Vo wtl|Lacyy + T2 €7 D] 12 v) S €7 T 72 z)- (6.3.44)

The level sets of the weight function ¢, are sketched in Figure 6.5. The right hand side of (6.3.44) can be
estimated as follows

179D T w122y S €72 xTwl| 22y + €72 [T, xwl| 122y S ™2 [T, xJwl| 2 (2),
using (6.3.42). In the Neumann case, we apply Theorem 6.2.6 to @ := yw to obtain
7llem @[ L2 vy S N7 ST, xwl| 22y, (6.3.45)

using again (6.3.42). The commutator [T, x] is a differential operator of order one supported in the region
where y varies. Let K > 0 be a constant that shall be fixed below, and let us split H := supp|[T, x] = A5 U A3
with
AS = {(s,x) € H, p.(s,2) = |z|* —es? < —eK}, A5 :={(s,x) € H, p.(s,2) = |z|* —es* > —eK}.
(6.3.46)

The regions A and A5 are represented in Figure 6.6. The notation Af is used to emphasize that the above
splitting depends on the parameter ¢ > 0. Observe that for € > 0 small, A C {|z| < r1}, and consequently

x(s,r) = x1(s) in Ajf. (6.3.47)

We recall that in the Carleman estimate, e depend on 7, such that € — 0 as 7 — +o00. Then, using (6.3.47),
we have, for 7 large,

™= [T, X]wll2(z) S €™ wllL2ag) + 177 Oswl|L2(as) + €77 wl[ 1 (a2).- (6.3.48)

Let U be a neighborhood of 0 such that s> < k on U, x = 1 on U,with k& > 0 to be fixed below, and such
that & C V. Observe that ¢, > —eck on U. Then, from (6.3.44)-(6.3.48), we have

~

e_kETH’wHLz(u) < g Ker (||’LU||L2(A§) + ||8Sw||L2(A§)) + BCTHwHHl(A;), (6.3.49)

with C' > 0 is a large constant.
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e We first assume that p = 0 is a non-Neumann corner. As in the proofs of Propositions 6.3.8 and 6.3.9,
we set 7 = 1 A%/4, with 11 > 0 shall be fixed below. We obtain ¢ ~ 771/3 ~ 771_1/3A*1/4 and the reader
should keep in mind that now A§ depends on the spectral parameter A. Then (6.3.49) yields

k=K VA || 1

3/4
w2y S e (as) + €SN w1 ag), (6.3.50)

Using the form of w (see (6.3.35)), there exists C; > 0 such that
lwllaz) S €Y l2ll2a),
and then choosing k < K and 7, sufficiently large, there exists Ca, C5 > 0 such that (6.3.55) reads
_ 3/4
[lllz2@) S e Y Mlzlla) + €@ wllan ag)- (6.3.51)
Note that we have, as in the proofs of Propositions 6.3.8 and 6.3.9
d({x =0},435) 2 A7V/%.

To handle the last term in the right hand side of (6.3.51), we apply Lemma 6.3.15 to w in (6.3.51) with
8§ =CA"/% C > 0. Then, there exist 0 < ¢; < ¢, and N € N such that, for A large, we have

(©n) s (8" (6.3.52)

wll#r1(vy) < CAT N||wHH1 1(41742))”1””1{1(2)

We recall that the set Y; is defined at the beginning of this section. Now, T(¢1,¢3) is far away from {z = 0},
but still has a non-empty intersection with 9Q x (—Sy + «, So — @) and/or S X (—Sy + «, Sp — «). However,
this intersection is located in smooth regions, that is, where Lemmata 7?7, 6.3.11, 6.3.12, 6.3.13 and 6.3.14
apply. Then, there exists 6; € (0,1) such that

—1-n

) e A
il sy < CA™Y (ol 5 el 7355 ol G (6.3.53)

where Y has an empty intersection with the boundaries and the interfaces. This implies

- 5100) 5" 1-6,(CA)~5
lwllzzevy < CA™Nflwlligiyy Il ™ (6.3.54)
Plugging this in (6.3.51) yields (constants may change)

CA3/4 51CA) s 1-6,(CA) 5 " _CO'VE
ol GO0 T g | 124N T 1 CemC VA ]

||U)||L2(u) S Oe Hl Y) Hl(Z)

which is in the form given in Proposition 6.3.16.
e For the Neumann case, we set 7 = 1 A3/2. This yields € ~ 772/3 ~ A=, We obtain
wllzz@y £ €® MY lwlla cag) + €A wll s a), (6.3.55)
we apply Lemma 6.3.15 to w in (6.3.51) with § = CA~'/2, C' > 0 since in this case
d({z =0}, A5) ~ A7V/2, (6.3.56)

and performing the same computations as above, we obtain for A large,

=N 1-(CA) "7 (6.3.57)

3/2
lwllz2v;) < O fw IIHl(Hl,gz))llwllHl(Z

We finish the proof as in the Neumann case. This ends the proof of Proposition 6.3.17. 0
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6.3.3 Proof of the spectral inequalities
Proof of Theorems 6.1.11 and 6.1.13.

First remark that

dswi,__ g, = Z a; cosh(\f)\js)qﬁj =z
A <A s,
Second, we have
ol = Yol [ 3 aysnh(/A,5) 2 sl (6.3.58)
k>0 Soto y <A

In the case of an inverse square potential, applying Corollary 6.3.10, we have

" 1— 6]—'
kll2ll 2y < lwllaiyy < CeCF ]|z ||Lz(w | w wlly, () Yy ce VR 12| L2 () -

Note that we have ||w||yw, (z) < CeCVA| |2|| () for A large. Hence, with possibly different constant, we have

(6FL )~
2l 2@y < (€7 @) 20l 22w,

In the polygonal case, we apply Corollary 6.3.18 to obtain

A 1— 6]—‘ A _
CFO) [T P Ml ™ + Cem VM 2] 2.

k||l L2 < l|lwllaiyy < Ce HY(Z)

In this case, we have ||w||g1(z) < C’ec‘/KHzHLz(Q) for A large. As a result, we have (with possibly a different
constant C' > 0)
2220y < (CeF®

We conclude using the orthogonormality of the eigenfunctions

||ZH%2(Q) = Z \aj|2~

A <A

(8F,(A)~*
) 2l 220,

6.4 Estimates for the operator with the spectral parameter

In this section, we shall prove Theorem 6.1.15. For ¢ € R, we shall denote by

Q,=Q—02% and T, =T — 0>

6.4.1 Decomposition into spherical harmonics

In this section, we follow Section 6.2.3, but the end shall have a different treatement. We consider d > 2,
but if d = 2 we shall assume that p = 0. We shall carry out the analysis for (), here, but the same can be
carried out for T,. Consider the Laplace operator in spherical coordinates x = r#,

o 1
A:83+(d—1)7+r—2A9, (6.4.1)

where Ay denotes the Laplace-Beltrami operator on the sphere S, d > 2. Then Q. reads

o 1
Qo =07 —(d— 1)7 - ﬁ(Ae‘i‘M) — o’
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In the case where 0 is a point of the interior, the operator Ay admits the following orthogonal basis of
eigenfunctions associated with eigenvalues

(¥)jz0 € L*(S™1), 0=wvg<im1 < <vp <oov = Fo0. (6.4.2)

In the case where 0 is the vertex of a corner, two cases need to be discussed. For a non-Neumann corner (see
Definition 6.1.8), we have

()20 € L*(SYY), 0<mp <y < <wp <o Fo0. (6.4.3)
In the case of a Neumann corner, we have (6.4.2).
The same analysis on the different local geometrical configurations than the one given in Section 6.2.3 can be
carried out. What follows is stated for the inverse square potential problem, but can be stated in the same
way for the polygonal problem.
Let u € D(Q) such that Q,u = f € L*(Q2), and let R > 0 such that B(0, R) C . We introduce the radial
cut-off function that shall localize the solution near the singularity

)1 Jz[ < R/2 o
x(x) = {0 2] > 3R/4’ x € C°(RY). (6.4.4)

We set u = yu. Hence, u satisfies 3
Qo= f € L*(), (6.4.5)
where f = f + [Qo, xJu. Now, setting v(r,0) = a(r8) and g(r,0) = f(r6), we obtain

0
_Hv—(d-—1=Z
Ozv—(d—1) v

*ﬁ(A9+#)U*021}:g,

and the L? space turns to be the weighted L? space given by

R R
/ / lu(r, 0)|*r?tdrdd < oo, / / lg(r, 0)2r? 1 drdd < oco.
0 GQd—1 0 Qd—1

Splitting the variables, and using (6.4.2)-(6.4.3), we can write

u(r,0) =Y vk (r)n(0),  g(r,0) = ge(r)n(0), (6.4.6)

k>0 k>0

we obtain the countable family of equations

— vy — (d— 1)%1};€ — %2 (—vk + 1) v — o2k = g, (6.4.7)
We shall separate the analysis into two cases. The critical case,
p = p* (resp. the Neumann corner, that is, d =2, =0, vy = 0), (6.4.8)
and the sub-critical one

< p* (resp. the non-Neumann corner, that is, d = 2, u =0, vy > 0). (6.4.9)

For k € N, we introduce wy, = r(4=1/2y;, and hy, = r(¢=1/2g,. and then

R R
/ lwy (r)[2dr < oo, / |hy (r) |2dr < oo.
0 0
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and moreover we have the relation

1 d—1)(d—-3
*agwk -3 <Vk + n— ()()> Wg — 02wk = hk.
r 4
and w(s,0) = 0, and w = 0 in a neighborhood of {r = R} (see Lemma 6.2.7). Setting uj = #_Vk_W»
we obtain
- 8fwk - %wk - 02wk = hk. (6410)
In this configuration, we can see that
(d—1)(d—-3) ., (d—2)2—(d—1)(d—3) . 1 1
=p—vy— Y — = — Sy <=
HE = — Vg 1 I 1 Vk=p— g S
Uniform one-dimensional Carleman estimate
We define
Qpo = 02— g2 HE (6.4.11)
> 4 r2’
and we consider the following problem
Qroz=2"€ L*(Z), in(0,R)
2(s,0) =0 at {0}, (6.4.12)
z(r)=0 in a neighborhood of {R}.

The analysis of equation (6.4.12) can be carried out like the one carried out for (6.2.19), using a Fourier
transform with respect to the variable s. We shall consider the following weight function ¢ € C*°([0, R))

p(r) =r. (6.4.13)
We now are ready to state the one-dimensional Carleman estimate, in the sub-critical case pp < 1/4.

Proposition 6.4.1. Assume py < 1/4. There exists C > 0 such that

R
. / 10,22 + (1 + [ux]) /
0 0

forallT>1, for all 0 > 1, and for all z € H,, (0, R), solution of (6.4.12).

R | 2

R R
z
el o Jeerer e [ eriquar,
0 0

Proof. As usual with Carleman estimates, we shall consider the conjugated operator

- k
Qoo =€ Qoke™ ™" = -0 =P+ 2100, + 1" — 0® — /7%
= P2 + Plv
where P, = =02 — 72¢"? — 02 — 12y, and Py = 7¢” + 27¢'9,, and we consider { = e™¥z. Using the form

of the weight function (6.4.13), we have ¢’ = 2r and ¢” = 2. We then have

1QaoCll320 1) = IPsCl 320 1y + I1PLCI 20,5 + 2Re (PoG PC) > 2Re (Pag, PiC)

L2(0,R) L2(0,R)

We recall that in the sub-critical case, ¢ € H}(0, R) N H%(0, R). Yet, for all § > 0, we compute the above
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scalar product, using integration by parts
R R B R B R
Re (P2¢, Pi() — 27 Re/ CoC —dr Re/ r20,C — 879 Re/ r30,C — 87-3/ r?|¢J?
L2(8,R) 5 s s
" Ry 1< ¢
- 2027/ IC]2 — 40?1 Re/ rCOr-C + 2uk7'/ — 4Ty, Re/ 20,.¢
5 5 5
R R
= 47-/ |0,¢|? + 27 Re (0r-CO),_s + 47’3/ r2|¢|? + 473 (7“3|§|2)‘ , 2ra” (r[¢[?)
5 5 =
R -2 2
+ 27 (1"|8TC\2)| T 4T,LLk/ % + 2ug <<|) )
= 5 T T |r:6

‘7‘:5

Setting
2
B() =27 (r|(’)rq2)|r:(5 + 27 Re (8T(C)‘T:5 + 473 (TSKIQ)IT:a + 2702 (r|(|2)| » + 24 <<| ) 7
|r:6
we can obtain, using the Young inequality

2
B()>Cr (7’|8TC|2)‘T:5 + 473 (1"3|C|2)|T:(i + 270 (T|<|2)\T:5 - C' | <|Cr> . (6.4.14)

‘C|2 3 [T a2
R (P , P, ) >4/ 0rCl* — 4 B(¢).
e ( oG, Pig v = T |0nCI" — ik A ) r°¢" + B(C)
We recall that we have ||Qa,¢CH%2(5’R) > 2Re (P2C7P1C) . We shall separate two cases.

e For u € [-1/8,1/4), using Hardy inequality (6.2.15), we obtain
R 2 2 2
2 \C| 1 o 1 [T (1 ) 2, <l
[0 e [ 2(u+4)</ e -1 [ >+2 " (/ e+t [ )
1 2 1_ 2, ¢I?
> 20u+ ) [ e+ (] u></§ e+t [ )

and then there exists a constant C' > 0 such that

o(re.rc) 27 [ et [Cict e (3o m) (/ja,-a%/é '<'2>+B<o

e For pu < —1/8, we directly have

o(meric) 027 [ e [T [T+ v [ )

L2(6,R)

In both cases, we obtain

R R R R 2
c(Pe.pic) 2 [ i [T [Cloc v ra i [T 55+ 5o

As all the volumic terms pass to the limit 6 — 0, we have, using Lemma (6.2.8) and (6.4.14),

R R R R 2
¢
c||62g,¢<||%z<o,m273/(S r|<|2+7/§ 'C'Q”/g '87"4‘2”(”'”’“')/5 |r|2'
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We now use z = e~ "¥(, to obtain
T|[e"#< O ZHL?(O R) ~ S 7l0r CHL2 (Y) +T3HTC||L2 ¥y

and this yields to result. O
In the sub-critical case uy < 1/4, we can come back to the original function vy, = r_%wk (see Section 6.4.6),
using the following corollary.

Corollary 6.4.2. Let v, = r*%z, gk = r*%zo, where z and 2° satisfy (6.4.12), with px < 1/4. Then,
there exists C > 0 such that

R R R |Uk(7’)|2 R
[Pt [Pt @) [ PEPE A <0 [T joear
0 0

0 0
for all |o] > 1.

Proof.
Again, we apply the Carleman estimate of Proposition 6.4.1 to z. Then, fixing 7 and bounding the weight
function e”¥, there exists C' > 0 such that

R R |Z‘2 R R
[ ol ral) [ Zp s [ <o [0,
0 o T 0 0
Then, it is sufficient to observe that
o 2,.d—1 < | ( )| 8
|Orur (1) "7 +10,2(r)[%,
and this ends the proof. O

In the critical case, in order to justify the integration by parts, we can perform the same regularization
procedure of Lemma 6.2.17, as described in the proofs of Theorem 6.2.12. We set

1
N _ 92
Qk,«;**a —o? — Mk 2+ 1
Proposition 6.4.3. Let ui, = 1/4. There exists C > 0 such that
R R 1 |Z|2 R R
7'/ ew|z|2+7'/ e™? (&zz - 2) +T3/ eTPr?|z|? < C/ eTe|QN 2|2,
0 0 4r 0 0 '

for all™ > 1, for all o0 > 1, and for all z € 7—[%(0, R), solution of (6.4.12).

Proof.
We set
=02 -7 +210'0, + T¢’ —02—172 =P,y + P,
- 4: ¥ <P 1721 % =I2 N 15
where P, = —0% — 729/ — 0% — iﬁ, and P, = 79" + 27¢'0,, and we consider ( = ¢"?z. Using the form
N

of the weight function (6.4.13), we have ¢’ = 2r and ¢” = 2. We then have

1IR3 CIa 0.0 = 1Pov a0,y + Il oo,y + 2Re (Pan G, PaC)

)

> 2Re (PG, P 1C)Lz<o,R>

(6.4.15)
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We recall that for the regularized problem, we have ¢ € H}(0, R) N H?(0, R). Yet, for all § > 0, we compute
the above scalar product, using integration by parts

R_ R 3 R 3 R
Re (P2 Ng,Plg) — _27Re 4634—47Re/ ra,%ca,g—STSRe/ r3<arg—873/ r2|¢[?
’ L2(0,R) 0 0 0 0
R R R 2 R
72027/ \§|2—4027Re/ T<8r2+17’/ 2‘C| - —TRe/ ZTC o,.C
0 0 2 Jo r+% o T +N
R R
= 47-/ |0-C)? + 27 Re (0:-CQ)),_, + 47'3/ r2|¢|* + 473 (TS‘C|2)‘ .t 2702 (T‘C|2)‘ .
) o — —
R 2 2
1/ ric]
) ar 2 o / |C| - < )
L I e g

R R R |<‘2
:47/ \arg\2+473/ 7’2|Q277’/ -
0 0 0o THw

using boundary conditions. Note that —ﬁ > —-5. Using this, in addition to (6.4.15) and the Hardy

=0

inequality (6.2.15), we have

<2 R R
CINQY I som) > 4 / (|a o+ ">+T / P2ICP 47 / P (6.4.16)

We now use z = e~ "%(, to obtain
T||ewgar2||%2(0,R) S 7'Harz||2L2(Y) + T3H”||iz({/)7
and this yields to result. O

In the critical case po = 1/4, we can come back to the original function vy = r= T wy (see Section 6.4.6),
using the following corollary.

Corollary 6.4.4. Let vy = r=5 2, go = =520, where 2 and 2° satisfy (6.4.12), with puo = 1/4. Then,
there exists C > 0 such that

" f d—2)2
/0 |’U0(’I‘)|2’I“d71d7‘+/0 <|a7-UO(7")2—M ‘Uoi )| ) d— 1d <C/ ‘2 d— 1d7‘ U*:( 1 ) ,

for all |o] > 1.

Proof. First, we apply the Carleman estimate of Proposition 6.4.3 to z. We recall that first for the
regularized problem, z € Hg(0, R) N H?(0, R). Then, fixing 7 and bounding the weight function e7¥, there

exists C > 0 such that
R | | R
/ (|6rz| ) dr —|—/ r?z2 < C |Qk N 2|2 (6.4.17)
0

We compute
R R 2 R
d—1
/ |02 |2dr = / (|0rvol* + (T)Q%)rdﬂdr + (d— 1)/ 42000, vodr
0 0 0
R 2 R
d—1 d—1
= / (|0rvo|* + (72 )2—“}02' )rd=tdr + — / 4729, |vo |2 dr
0 r 0

R d—1,2\ |vo|? (d—1)(d—2)
_ 2 Ol ,d-1,4. rd—3
_/O (|0rvol? + ( 5 ) ) 2" dr 5 /0 lvg|2dr.
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Note that the boundary terms that appears when performing integration by parts vanish, using Lemma, 6.2.8.
Then, we have

R 2 R R 12 _ B 9
/ <|8rz|2 - 1Z|) dr = / |8TU0|27’d71d’l“ +/ ((d D - (d-1(d-2) — 1) [0l ri=Ldr
0 0 0

4 72 4 2 4/ r2
R 2 2
-2
z/ (|8T110|2 _d=2 )Mrd_ldr. (6.4.18)
0

4 72

Note that the left member of (6.4.18) pass to the limit N — 400, using an adapted version of Lemma 6.2.17.
As a result, the right member pass to the limit too. This ends the proof. O

6.4.2 Interpolation estimates

In this section, we shall use the following notation. In the case of an inverse square potential problem, we
shall denote by B, = P,, and in the case of a polygonal problem B, = T,. The equation in the case of an
inverse square potential problem is

Pou=[f inQ
{ Uy =0 on O (6.4.19)
and in the polygonal problem is
LPou=f in Q
Yiu =0 on 09, i € D
Y;0p,u =0 on 09;, i € N (6.4.20)
ysul = ygu? on S,

c1750,,ut + cays0,,u?> =0 on S.

Following (6.4.5), we localize near a singularity (that is, near 0, in the case of an inverse square potential,
and near p € £ in a case of a polygon), and we can assume without any loss of generality that p = 0. We
introduce the radial cut-off function

1 if |z| < R/2 d
= . x € C(RY). 6.4.21
@) {Oiﬂmbgm4 X e O (R (6.4.21)

Setting 4 = xu € D(P,). Hence, @ satisfies
P,i=fe L*Q), suppi C B(0,R), (6.4.22)

where f = f + [B, x]u. Note that, in the polygonal problem, near p the boundary conditions are preserved
as x is radial. We define U = QN B(0, R). We shall denote

up
|wam=¢yM+Lme—wm, (6.4.23)

with the convention that if Q is a polygon (d=2), u = 0, and then ||.||5, is precisely the H' norm.
Theorem 6.4.5. There exists C > 0 such that

lal3, o) < CHfH%Q(U)y
with @ and f satisfying (6.4.22) for all |o| > 1.

Remark 6.4.6. At first glance, it is a bit surprising that the constant involved in Theorem 6.4.5, does not
depend on the spectral parameter o. We can explain it by observing that the Carleman weight in the estimates
of Propositions 6.4.1 and 6.4.3 correspond to an observation of the singular point from an annulus, and thus
the Geometric Control Condition holds.
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Proof. For the case up < 1/4, we apply Corollary 6.4.2 to obtain

R 3 R|vk|2 B
orlZ2 (0, R ri-1ar) +/0 |0, vk (r)[Pr? 1d7”+(1+|/~bk|)/0 TTTd Ldr < CllgrllF2(0,my,ra-1ar)- (6-4.24)

From Corollary 6.4.4, if up = 1/4 we obtain

R |,U0|2
HUOH%Q((O,R),T"'_ldr) +/ (|87‘U0(T)|2 - /j/* r2 ) Td_ld’r < CHgOH%2((07R)7r‘1—1d7‘)' (6425)
0

In the case (6.4.2), ur < 1/4 for all k € N, and then, using the orthogonality of the eigenfunctions vy, given
by (6.4.2), we have from (6.4.24)

| ‘Ul |H1 (2,rd=1drdo) < | |g‘ |L2(Q,rd*1drd0) .

In the case (6.4.3), we have pg = 1/4 and py < 1/4, for all k € N*. Then, we weaken (6.4.24) by writing

R R, 2
— * |Uk| —
okl1Z2((0, Ry r-14r) +/0 |00k (r) Pr= dr + (1 + |k — o )/0 2 r~tdr < Cllgrlliz(0.r) ri-1ar)»

for all k € N*. Then, using the orthogonality of the eigenfunctions v given by (6.4.3), we obtain

2
o[ drde + / (m? - u*”l) r1Ldrd0 < |[gll o1 an)-
Q Q r
Theorem 6.4.5 follows by coming back to the Cartesian variables. ]
As a corollary, we obtain the following observation estimate. We set wg = {z € U, |z| € (R/2,3R/4)},
and V={zeU, |z| < R/2}.
Corollary 6.4.7. There exists C > 0 such that

[l vy < C (I1Boull 2wy + lullmr @) » (6.4.26)
for w solution of (6.4.19) (resp. (6.4.20)), and for all |o| > 1.

Proof. We apply Theorem 6.4.5 to v = u)x where y is the cut-off function introduced in (6.4.21). Note
that Box = xPo — [Po, x|, where [P, x] is a differential operator of order 1 that does not depend on o,
supported in the region where x varies, that is supp[Bs, x] C wr. As a result,

[1Bovllrzwy S NBovollrzwy + |[ull a1 (wr)-

Concerning the left member of Theorem 6.4.5, we write, using Lemma 6.3.4,

ullae, vy < Ml @) + N, 0no) < il @) + Crlltl @)

and this yields the sought result. O
In the case of the inverse square potential, we define Q" := {x € Q, d(x,0) > n}. Note that from Lemma
6.3.4, for all n > 0, there exists C,, > 0 such that for all z € Hj (), we have

12|z ony < Collullp, @), 1< p™

As a result, away from the origin, we can propagate the usual H! norm, as it is done in [Rob95, LR95].
Hence, by a compactness argument and elliptic regularity, we can have the following global estimate. We
recall that by convention, if d = 2 we set u = 0, and then H, = H*.

Theorem 6.4.8. For all w open subset compactly embedded in 2, there exist C > 0 such that

(|12l 2wy + 1Bzl L2())

for all z € H,(Q) such that Pz € L*(Q), and for all |o| > 1.

l12]]3, ) < Ce
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6.4.3 Proof of the resolvent estimates

In this section, we provide a proof for Theorem 6.1.15. The following lemma states that the derivation of
the resolvent estimate of Theorem 6.1.15 is reduced to an observability inequality. Let 0 € R, |o| > 1 be
the spectral parameter, and let U = (ug,u1) € D(A) (vesp. D(B)), F = (fo,f1) € H, x L*() (resp.
HE x L2(Q)) such that

(ic + A)U = F resp. (ic + B)U = F. (6.4.27)

We recall that in the case of an inverse square potential, we write 3, = @), and in the case of a polygonal
domain, we have B, = T,.

Lemma 6.4.9. Assume that there exists a function ©(c) > 0 such that for all v € D(P) (resp. D(T)) and
h € L?(2) satisfiying
Pov = h, (6.4.28)

we have the estimate
1013, < () (1ol 20y + 1Al 2y ) - (6.4.29)

Then there exist C > 0 and og > 0 such that
U3, xr2(0) < COO)|F (|34, xr2(0): resp- Uy xr2() < COO)||Fllyyxr2(): o] =00,  (6.4.30)
for all U = (u,v) € D(A) (resp. D(B)) and F = (f,h) € H,, x L*(Q) (resp. H{ x L*(w)), satisfying
(ic + A)U = F resp. (ic + B)U = F. (6.4.31)
Proof.
The analysis for the case of a polygonal domain is classical, as we deal with usual H' spaces. It follows

the following proof, that we perform in the case with an inverse square potential. First note that if (6.4.29)
holds, then the following semi-classical estimate holds

[v]?
02”””%2(9 / (VU|2 - M| E < O(0) (HUH%?(UJ) + ||h||2L2(Q)) : (6.4.32)
Indeed, multiplying (6.4.28) by ¥ and integrating by parts yields
2 |v]? 201,112 12 112 -
(1908 = 5 ) = ool +iela ol = [ o (6.4.33)

In particular, taking |o| sufficiently large, we obtain

2) + [[hl172(q)- (6.4.34)
Combining (6.4.34) and (6.4.29), yields (6.4.32). Moreover, for all w € D(Q), h € L?(£2) such that
K _
—Aw — —w — o +ia(x)ow = h,

jz?

we also have, using (77),

o
ol + [ (10l - w2z ) < 0@l + 1812 (6.4.35)
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by taking o( sufficiently large, as ia(x)o can be considered as a low order term. Let U = (ug,u1) € D(A)

and F = (fo, f1) such that (A + ioc Id)U = F. This is equivalent to the following system

’iUUO — U = f() in Q,
—Aug — #uo + (a(z) +io)uy = f1 in Q,
Up|pq = 0 at 00
which reads
U]y = iJU() — fo in Q,
—Aug — #uo — o%ug +ica(z)ug = g .= f1 — (a(x) +io)fo in Q,
Ul =0 at 0f).

Multiplying the second line of (6.4.36) by @y and integrating by parts over ) yields

U 2 .
/<|VU0|2M| ol ) —o? [ fuf* +io [ @l = [ g
Q |33| Q Q Q

Taking the imaginary part, and using a > a > 0 on w, we have

aa/ luo|? < Im/ gug-
w Q

Applying (6.4.35) to ug, we obtain

|uo|?
Pl + [ (19l = w2 ) < 000) (Iuolisco + ol o)

1
<60 (21 [ g6+ lole ).

Setting ©(0) = 2220 we obtain

ag

(6.4.36)

(6.4.37)

2
Ug 1 ~ ~ _
Pl + [ (17wl - wl2E) £ 00) (5 () +80) Hunlloy) + lolaco

|2

o

(0)?

o2

1
00 (ZallAlBs + 1Al )

A

||9H%2(Q)

Combining (6.4.38) with (6.4.36) proves (6.4.30).

Proof of Theorem 6.1.15. It is sufficient to combine Theorem 6.4.8 with Lemma 6.4.9.
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7.1. INTRODUCTION AND CLASSICAL LOG-CONVEXITY FOR CALORIC FUNCTIONS

As we mention out in the previous chapter, the classical method consisting by adding an additional

variable to the elliptic operator may bring some complications, especially when singular configurations are
considered. Indeed, the weight function ¢ we considered brought the proper properties to handle the singular
potentials, but when asking convexity of level sets of the weight with respect to the s-axis, our choice change
the usual constants in the spectral inequalities.
However, there exists some methods to prove spectral inequalities, without the additional variable. We
present in this section the existing results. Let Q be a smooth bounded domain, and —A be the Dirichlet
Laplace operator. We shall denote by (\;, ¢;) the Hilbert basis of L?(£2) composed by eigenfunctions of —A.
First, we provide the following theorem, proved in [AEWZ14, PWX17].

Theorem 7.0.10. Let w be a non-empty open subset of . Then the following assertions are equivalent, and
true:

1. there exists C' > 0 such that for all A >0, and for all sequence (a;) € (*(N), we have

> lagl < Ceh D [ 3 a0,

Aj<A “oN <A
2. there exists C > 0 and 0 € (0,1), such that for all t > 0 and for all u € L*(Q) we have
et ullz2(@) < S0l 8y llet2ul 150, (7.039)
3. there exists C > 0 such that for all 6 € (0,1), for all t > 0 and for all u € L*(Q)) we have

el 20y < eC0F ) lulGa oy e ull 1L, (7.0.40)

In particular, we see that, if we are able to obtain localized one-point in time interpolation inequalities
such as (7.0.39), then the classical spectral inequality holds. Proving (7.0.39) for singular configurations is
the strategy we would like to follow. Let us explain in smooth configuration the ideas. In the next section,
we explain how to obtain one-point in time estimates, following [AN63, Pay75, Isal7, Ves09].

7.1 Introduction and classical log-convexity for caloric functions

Let © be a bounded smooth domain of R?, d > 1, and we consider the classical heat equation.

Ou—Au=0 1in (0,T) x Q

Uy, =0 in (0,7) x 99 (7.1.1)
U|t:0 = Up-
We define the functional
y(t) = [[u(®)|72(0- (7.1.2)

We have
;L _ _ 2
y = 2<8tu,u)L2(Q) = 2<Au,u)L2(Q) = =2[|Vul[12(q)-
Multiplying (7.1.1) by Au, we obtain

d
Tﬁ”vu||%2(m = —HA“H%%Q)a
and then y’ = 4\|Au|\2L2(Q). As a result, we have

y//y o y/2

tog(y)” = *= = 5 (I8l lullEaqo) ~ IVullfaqo))

(@w‘ s

>0

)
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using the Cauchy-Schwarz inequality. As a result, ¢t — y(¢) is a log-convex function, and then, for all
0<t; <ty <tz <T, we have
y(t2) < y(t) y(ts)™, (7.1.3)

with A\ = i;:il . The purpose of what follows is to mimmick what we have done above, but with a weighted

version of (7.11.2), in order to obtain a localized version of (7.1.3), on a non-empty open subset w of §
(compare (7.1.3) with (7.0.39)).

7.2 Weighted log-convexity

We refer to [EKPV08a, EKPV16, EKPV08b, BP17] for expositions of the method presented in what follows.
We consider weight functions of the form

@(z,t):M te(0,7), T >0,

h(t)’
with h(t) =T —t + iz, h > 0 and with ¢ being a smooth function. Note that working for ¢ close to T and h
small, the function of time ﬁ may be considered as a semi-classical large parameter (depending in time).
Remark also that d;h(t) = —1 and then
1 m

Oy = wger MEN (7.2.1)

As a result, derivatives in times increase the order of the operators. We introduce the following quantity
_ 2 ¢
)= [ luper,
Q

f(t,z) = u(t, z)e?®) Ay =e?Ne™ P =A+

We set |V¢|2 . )
A0E — 2mv¢.v — mA¢.

With this notation, the conjugated heat operator reads
e‘P(at — A)e_“’ = 8t - Btgo — Acp = 8t _S - A,

with ) ) \V(p|2 5
h(t) h(t) MGERNIOER

The reader should note that the operators A and S are almost the same as P; and P in Section 2.1.

A=-2

VoV — —Ap, S=A+

7.3 Commutator method for log-convexity with boundary

We shall denote by (.7 ) the standard scalar product on L?(f2), and by ||.|| the associated norm. Note that

we have the following formal integration by part rules
(4r.9) = ~(40.) = 55 (r0v09) . (St.a) = (S.f) + (0h0), = (r0wa) . (73)

where (.7 .)a denote that standard product on L?(99) at the boundary. Note that in the previous identities,
we did not considered the low-order terms coming from the commutators. We deduce
1

CAﬁf>::*hu)

(ayq&f, f)a. (7.3.2)
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Yet, y satisfies the ordinary differential equation
30 = (r0) = (5 =ar.1) - o (00r.1),
= (1 =sr=arg)+ (s5.0) = 5 (0001.5),

1

_ I gf_ L

= Ny (f'=8F = ALS) = 5 (005.1),
where

(s1.1)
N=- . (7.3.3)
Y

We want to derive an ordinary differential equation satisfied by N'. We have

y = (F+SF= AL )+ (1 = SF - AL T) - ()(8¢ff>

and also ) )
(s£.8) =5(F+8r—ar) =5 (r =sr-Ar.f),
which yields

v(st.s) = 5(r+sr-ans) = 5(r+sr+ars) - o (au0r.s) (1.5).

From
C(srr)=(s5.0)+2(r.85) + (0us1), - (5005 .
and
(i5.410.8) =2(Ar.87) = (0.0, Ar), + (0AL1) + 05 (0,687, 1)
we obtain p
(S8 8)y=(SF+IS. AL F)y+2(F = ALSF )y +B(Fy,
where

= (0v085.7) .

B(f) = (8”f’Af)a+ (a”f,’f)a B (f/’a”f>a B (8”Af’f)a ~ h(t)

We finally obtain

0 v(SHT)-vik(sry)

@N - Y2 (7.3.4)
~(G(ress—ans) =5(r+srvans) - (00r1) (51.1) (7.3.5)
%((8 f+1s Al f) 2(f’ — Af, Sf) +B(f)) (7.3.6)

B(f)

ygé(t) (5u¢f, f)a (Sﬂ f), (7.3.7)

using the polarization formula. Summing up, we have the following system

<= (1415 ALL) =11 =57 - AfIE)

30 =Ny (5 =57 = as.1) = o5 (0w08.1),
B(/)

N(t)<—f((8f+[8¢4]ff)—|\f Sf - Af”>_7_y2:(t)

(7.3.8)

(0v01.1) (S£.5).
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We first see that, if u is chosen so that it satisfies the heat equation (7.1.1), and the weight ¢ is chosen so
that 9,¢),, < 0, then the boundary conditions yields the following system of ordinary differential equations

39/(t) =Ny
N'() < =3(S'F + S, A1, f).

We have the following lemma, that makes the connection between System (7.3.8) and the log-convexity
property. In particular, we see that, if there exists some =y such that

- é(s fHIS,ALT) < fﬁ(Sf, 7), (7.3.9)

then the log-convexity property holds, as it is stated in the following lemma.

Lemma 7.3.1. Assume that

1,7
3y (t) = —Ny(t)
{ N'(t) < N (), Ot (7.3.10)
holds. Then, for all 0 <t; <ty < t3 <T, we have
1 _ 1
y(ta) < ylts) Foy(ty)' T, (7.3.11)
ft3 1
where ., is given by i, = TA
ftl h(t)Y

Remark 7.3.2. From Lemma 7.3.1, we see that finding a weight function ¢ such that (7.3.9) holds is a
sufficient condition to obtain the log-convexity property. However, some additional conditions have to be
made to obtain a localized version of (7.3.11) in a subset w C §, making use of the weight function (see
Proposition 7.3.4 below).

Remark 7.3.3. We also point out that System (7.3.10) is precisely equivalent to
d d
T h(t)Y— log(y(t)) | >0, (7.3.12)

see the beginning of the proof below. We then point out the similarity with the non-weighted case of Section
7.1.

Proof.

We first claim that System (7.3.10) yields

% (h(t)vc‘lltlog(y(t))> > 0. (7.3.13)
Indeed,
& (ner Groatuien)) = 5 (me 28 ) = £ (Cone) @) = 23000 - 2007 (0) 2 0,

using the second line of System (7.3.10). We see that (7.3.13) is a weak form of log-convexity. Let 0 < t; <
to < t3. We first integrate (7.3.13) between t and ¢z, for ¢ € (¢1,t2) to obtain

i oElul) > 2520

N(t2).
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Now integrating between ¢; and ¢y yields

log(y(t1)) —log(y(t2)) = 2/ 2 };L((tf)):/\f(tg). (7.3.14)

t1

Second, we integrate (7.3.13) between ty and t, for ¢t € (t2,t3). We obtain

d h(ts)Y
7 los(y(t)) = 2 ht) N (t2).
Now integrating between o and t3 yields
" h(ta)"
log(y(t2)) ~ log((ra)) < 2 [ G2l e, (7.3.15)
ta

Combining estimates (7.3.14) and (7.3.15), we obtain

( /tt @ )1 (log(y(t1)) — log(y(t2))) > ( /tt h(l)l (log(y(t2)) — log(y(ts)))- (7.3.16)

£

As a result, we deduce the following interpolation inequality in one-point in time

y(t)\ " J ny e
y(t2)> s My = ———— (7.3.17)

y(t2) < y(t ( )
(t2) < y(ts) S5 n)=rdt
which yields the result. O

t

Now from (7.3.11), with additional conditions on ¢ (mainly ¢ < 0), we explain how to obtain a localized
version.

Proposition 7.3.4. Assume that ¢ < 0 and assume that p reaches its mazximum in the interior of Q. We
further assume that max ¢ = 0. Let w be a neighborhood of {x € Q, ¢ =0}. A that

y(t2) < y(ts) T y(t)' T (7.3.18)

t3 1

holds with p~, given by ., = %2 MO with y € [0,2). Then, there exists v € (0,1) such that for all T > 0,
t1 R(E)T

there exists some constant C > 0

/Q|u(T)2<c(e?/Q|u(0)|2>U (/w |u(T)2>V, (7.3.19)

Proof. First note that (7.3.18) is equivalent to

y(t2) T < ylts)y(t)". (7.3.20)

Let ¢,h > 0 be such that ¢ := (h < T/2. We first choose tg3 =T, to =T — ¢ and t; = T — 2. Thus, the left
hand side of (7.3.20) reads

infe ¢ ~

y(tz) > & T ||u(T — )|
Concerning the right hand side, we have,

9 I"aXS}\w [

y(ts) = / R u(T)? + / (T < 21 / (T ? 4 €225 / (T2
Q\w QN\w w

maxq\ , ¢
T / (TP + / (TP,
QN\w w
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and

y(h) < 55 /Q (T — 20)? < /Q (T — 20)?

using the assumptions on ¢. We also estimate p.,. For v # 1, we have

t2 1 h
/ h(t)™ = f(h(tg)l‘"y —h(t)) = 1f((f + D) — (e 2, (7.3.21)
t1 ’Y fy
and for vy =1, fttlz h(t)~7 = log ( gié) . By the same computations, we finally obtain
1—(+1)'7 . log(£+1) .
_ ,if 1, d =— = if 1.
N e L T e R RS O ’

Summing up, with (7.3.20), we have
(i) - —2(tpy) 2i0 b e @ 2 A
Ju(? = DI < 2 EETE [ ) ([ jur - 20)
QN\w Q

info; ¢ - Hry
+e 2(1+lm)(,3+?)h / |’U,(T)|2 (/ |U(T _ 2()2)
w Q

As the weight ¢ is non-positive, we see that we can always find a £ such that —2(14 ) i&ffl? +2maxqo\, ¢ <0,

and independantly on the value of ¢ we have —2(1 + uv)i&fj:ld)’ > 0. Then optimizing this inequality with

respect to i, and using the natural decay of the L2 norm of solutions of the heat equation yields the result.
O

7.4 Application to the Crocco equation

7.4.1 Settings

In this section, we try to apply the method presented above to a degenerating operator at the boundary, we
explain what does work for now and what does not, and what remains to do. We consider the degenerate
operator

P = 0,x%0,,
and we want to prove log convexity properties for solutions to the following degenerating equation
Ou—Pu=0 in R x (0,1),
u(t,0) =0, ?f a€0,1), on R+
(x*0pu(t,x)),_, =0, ifaell,2) (7.4.1)
u(t,1) =0 on RT,
u(0,7) = up(z) € L3(0,1) in (0,1),

with a localized term w C [1/2,1], in the spirit of (7.0.39). Following [CMVO08], for a € [0, 1), we introduce
the Hilbert space

H! :={u € L?*0,1), u is absolutely continuous in [0,1], 2% d,u € L*(0,1), and u(0) = u(1) = 0},
and for a € [1,2), we define

L= {u e L*(0,1), u is absolutely continuous in [0, 1], 22 d,u € L*(0,1), and u(1) = 0}.
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The null-controllability of (7.4.1) (and observability) has been already proved in [CMV08], using a proper
parabolic Carleman estimate. However, this method does not provide estimations such as spectral inequality
(or equivalently one-point in time interpolation inequality, from Theorem 7.0.10).

As it has been observed in Part III, for singular operators, considering an augmented operator 92 + P bring
some complications to prove elliptic Carleman estimates. We want to apply the log-convexity approach to
avoid these difficulties.
Following the previous section, we set

f(t,z) = u(t,z)e?®).
where ¢ is a smooth weight function, and where w is a solution of System (7.4.1). We introduce the following
quantity

y(t) = / 1 ()2da. (7.4.2)

We shall take

plat) = iy with 6(a) = T,

(7.4.3)

where a > 0 is a parameter, and for 0 < t < T, h(t) =T —t + h with h > 0. Note that with this choice,
@ <0on (0,1) and sup ¢ = 0. The function f satisfies the following equation.

(0,1)
Qusf =0 in (0,7) x (0,1),
f(tv 0) =0, lf a € [Oa 1)7 on (O,T)
(l'aarf(t?x))\m:(ﬁ = ((Eaax@f(t,.’b))|m:0+ if a € [17 2) (744)

fit,1)=0 on (0,7),

f(0,2) = fo(x) € L?(0,1) in (0,1).
where the conjugated operators Qg is given by

¢ d\ o 0x¢
Q¢=(6t—0W)—(8x— 10 (0 — 70 )
2—« 22—« 1 9 9 g r2e ]
=0 —P+ 0 +2ah9 x@m—a2h20(2—a)x -0 X
We shall write Q4 = 0; — S — A, with
2—a
9 9o T -1 2—«a 22—«
S:P+a2h26(2_a)x +0 ahf+1 A:_ahe _2ah9 20z
We set
(s1.1)
y 3
where (., ) denotes the inner product on L?(0,1). We have the following integration by part rules
- 2(2 — Oé) =1
(Af.9) = (A, f) - =5 [ faliSs.
(S5:9) = (S9.5) + [e°0u S gl 3=} — 2 fOug]i=y
We shall denote the boundary terms by
Bs(f,9) = — [£*0: ;=g — [ fOuglsy . Balf,9) = —lefglizs-
Since A is skew-symmetric, we have the relation, for all smooth function f,
(22—
(Af.£) = =2 Balf. £). (7.4.5)

To handle boundary conditions, we shall need the following lemma.
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7.4. APPLICATION TO THE CROCCO EQUATION

Lemma 7.4.1. Let o € [1,2). Then, for all w € HL(0,1), we have

lim z'/%w(z) = 0, (7.4.6)

z—0t

The proof can be found in [CMVO08]. As a result, for f solution of (7.4.4), we have Ba(f, f) = 0.

7.4.2 Derivation of a system of ordinary differential equations

Lemma 7.4.2. For f solution of problem (7.4.4), we have the following ordinary differential equations

/(1) = —Ny(1),
{ AN <=3 (8 +1S, AN, ) + Bs(f A + C2BA(,50) + Bs(f, 1)) (7.4.7)
Proof.
We have, for f solution of (7.4.4),
Y= (ra) = (1 - ang) + B
= (r-sr-ars)+(s0.0)+ DB
=-Ny.
We want to derive an ordinary differential equation satisfied by A'. We have on the one hand,
v(s5.6)=2(sr.s)"
and on the other hand
(st 1) = (57.0) + (8£.0) + ($£.5) = (8'7.5) +2(S5.07) + Bs(s'. ).
Using f' = Sf + Af, we have
C(S5.7) = (85.0) + 208 R +2(S5AF) + Bs (' ).
Yet,
2(Af.51) = (sr.af) + (ar.55) = (£.54) - (r.A7) + Bsr.Ap) + 22,157,

and we obtain

a(sr9)
Summing up,
. V(S55) —vir(st.1)

dt 12

(2—-a)
aht?

B.A(fasf) +83(fl7f)

(' + 1S, AN £) + 2018 FllE 0y + Bs(f Af) +2

2 (550) = 5 (5 + S AVL 1) + 20 o + Bt AN + 20 Ba(.50) + Bs(7' 1)
<=2 (15 + 1. 401.1) + Bstr. AN + 2 B8 + Bt ). (7.48)
using the Cauchy-Schwarz inequality. O

Computing the boundary terms, one can prove the following lemma.
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7.4. APPLICATION TO THE CROCCO EQUATION

Lemma 7.4.3. For f solution of (7.4.4), with a € (0,2), we have
2 -« 2

(£, S5)+ Bs(f Af) + Bs(f', ) = =22 (22 ou 1) (7.4.9)
Lemma 7.4.4. Let A and S as above. We choose 8§ = 4. Then we have
(=8~ [s.4)1.£) <0
Proof. We first compute the commutator. We have
(8,41 = [P+ s (2 — 0)a* ™" + 0”32;; —_ —22(1;9%64, (7.4.10)
since the term — i;g‘ commutes with any operator in the space variable. We begin with
[P,ﬂ%zam — 2= (8,2"0,20, — w0220,
2ah9°‘ (20,2° 0,20, + 2% Dy20y — 2020,
2@;904 (2022° 120, + 270,20, — (o — 1)20,2° 0, — 20220,
2a_9a (2271 0,20, — (o — 1) 20,271 0,)
2ah‘9a (81 W + (1 — )z a7 %2%0, — (o — 1) (81xa8x — xa—laz))
_ 0 a_h?)anw o, (7.4.11)
We also compute
[%x%a, —2(2a;9a) x0,] = —2(23;30;)3 ( 3-a9, — xdx O‘) = Bise (2 —a)tz?™ e, (7.4.12)
and
[% (xQ_a — 1) ,—Q%x&g] =20 c(zzh_zei)l (x3—aax — x@ﬂ:?_“) = QH%xQ_O‘ (7.4.13)
On the other hand,
S = QGW;H@ —a)?z? +0(0 + 1)%. (7.4.14)

We finally obtain, summing up (7.4.11)-(7.4.14),

2-a)?, - (2-a)? _ (2-0a)? L) 2a
—[SaA]:2Wax$ O — | 2 a3h3 +20 a2020+1 +20a2h29+1 +0(9+1)W v

+0(0+1)——. (7.4.15)

ah9+2

To handle the last term, we have, for all £ > 0,

1 9 € 9 9 1 . )
W/Qm Sﬁ/gxa 01 + ez | =T (7.4.16)

Make use of the Hardy inequalities found in [CMVO08], choosing § = 4, we can obtain that these two terms
can be absorbed in (7.4.15) by taking e sufficiently small, and a sufficiently small (again see [CMV08]). We

finally obtain ((—S' - 1S, AD S, f) < 0, which is the sought result. O

Using Lemma 7.4.2, Lemma 7.4.3, and Lemma 7.4.4, we proved the following proposition.
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7.4. APPLICATION TO THE CROCCO EQUATION

Proposition 7.4.5. For [ solution of problem (7.4.4), we have the following ordinary differential equations

1
d 1/ 2—-«
%N < " <2h4 (‘3zf|2)

a

lml) . (7.4.17)

We see that in the second line of (7.4.17), we have a remainder term, localized at the boundary {z = 1},
that is; away form the singularities. We solve these equations in the same way as Lemma 7.3.1. We set

F(t)= ks (2 20 (xa+1|axf(t)|2)|w:1) . This yields, for all 0 < t; <t < ts,

y(t2) M < y(ts)y(t) M e, (7.4.18)

with G = 8(t3—t1) :13 F(t)dt, and M = 2:2 At this step, we can not localize the integral y(¢3) on a subset

w C [1/2,1] by following the proof of Proposition 7.3.4. The main issue is, by taking t3 =T, to =T — (h and
ty =T — 20,

r 1 (0 £()1?)),_,
rooeh (T —t+h)*  [olf()* 7

and we see that G depends heavily on h. Usually, (see [BP17], proof of Theorem 4.1), we use the weight
e in the relation f = e“u to handle remainder terms such as G' to prove that it is uniformly bounded with
respect to the small parameter i > 0. This can be done by using the fact that the remainders are located
on region where the weight in space is small. In our context, on the region where F(t) is localized, that is
{z = 1}, the weight function ¢(x) = 22~ is large, and then the term G seems to be not uniformly bounded
with respect to h.

G < Clh

(7.4.19)

It remains then to handle this difficulty to prove a spectral inequality for the operator P = 9,x*9,, with
a € [0,2). This is for now an open problem. One strategy we would like to follow, is to slightly modify
the weight function. For instance, we would like to patch together a weight ¢ of the form (7.4.3), that is
adapted to handle the singularity {« = 0}, and a proper classical weight in the interior, such as the weights
constructed in [EFV06, BP17, Phul7].
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Annexe de I'introduction

8.A Remarque sur 'optimalité de la condition géométrique pour
I’inégalité spectrale sur tout 1’espace

Preuve de la proposition 1.3.6. On rappelle ici que 'on suppose que 'ouvert de contrdle w satisfait la
condition suivante.

Il existe une suite (yx)ren C R? telle que pour tout 3’ € w, on a
lyr = y'| > di, (8.A.1)
avec dp — 400 lorque k — 400. Comme w satisfait la condition (8.A.1), pour tout & € N, on peut prendre

une suite x;, € R? telle que |z — x| > k pour tout x € w, et xo = 0. Dans un premier temps, notons qu’on a
Iestimation de queue de Gaussienne suivante ([LRM16]), pour a > 1,

/|> e dy < C(d)e %, (8.A.2)

ou C(d) > 0 désigne une constante dépendant de la dimension. On considere alors le noyau de la chaleur
centré en xy

lz—wp )2
s

oF(z) = (4ms) "2~ x € RY,

de transformée de Fourier

. . a2

ga(§) = e irrte e RY,
On définit, pour My, > 0, la fonction tronquée en fréquences

1|2

~ . _ 1€l
Jr(€) = e ST M x <,y (€), EERY, Ny €N,

ou xr est la fonction caractéristique de l'intervalle /. On considérera sa transformée de Fourier inverse
fe(x) = F71(fr)(x) € L*(RY), Notons que fj, satisfait la propriété de support supp fr C B(0, N3,). Dans un
premier temps, on obtient une borne inférieure de la norme L?(R?) de fy, :

2 —d||F 112 —d —20e 0 —d 2
||fk||L2([Rd) = (2m) [ fkllz2 = (2m) e Modf = P2/, (0) — (2m) e M d§
B(0,Ny) {I€I> Nk}
M2 2

=90 (0) — #/ e 167 ge

2/ 2v2m)? Jer> /2 vy

Md/2 Md/2 anE
>k __ _C(d)—E—e ™, 8.A.3
> gz~ ¢l )(2\/§7r)de (8.A.3)
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8.A. REMARQUE SUR L’OPTIMALITE DE LA CONDITION GEOMETRIQUE POUR
L’INEGALITE SPECTRALE SUR TOUT L’ESPACE

Dans un second temps, on obtient une borne supérieure de la norme de fj sur w. Notons que

) & ) i lg]?
fk(x) _ (27T)_d/ e—z(a:k—x).fe*Mfkdf _ (27T)_d </ e—z(;tk—ac).ﬁefmdg _ e~k —1).£ 7 My, dg)
B(0,Ny) R4

[€]> N
— 6, (@) Rulo),

k

, _lg?
olt Ry(x) = f\E\>Nk e~ @k =)Ly d¢. Or, d’apres (8.A.1), on a

e e
Hd)Mi’f”L%w) (Mk w M, |lz—zK|>k
47T —d 2 % 2
<(i1) (3) Ly
Mg M) Jyyizhy/ 2

en utilisant (8.A.2). Enfin, on estime le reste Ry, :

_ _plel? (MNP i
0 < Iy = 200 [ oo e = em e () eI dy
R \U\ZNm/MLk

d/2
M, N2 L
S C(d)me k My, s

en utilisant encore l'inégalité (8.A.2). On obtient finalement

dj/2
(M)"? e M N) (8.A.4)

2 <CWd) | ———c¢ + —F—e€ e
ka‘HL?(w) = ( ) (4 )d (2\/5 )d
En combinant (8.A.4) et (8.A.3), on trouve

||fk||2L?([Rd) ((277)_(1/2 c(d )(2f7r) Mk>

>
2 2 2 >
||fk||L2(w) C’(d) <(i(;/)d€ k2 Mk 4 (Q\fﬂ-)d -N} Jv?k)

((zm2 - claavamye )

d/2 _N2 2
C(d) (B + GoAre )

En fixant My = 2],5’“, avec Ny > 0 suffisamment grand, on a

fellL2®ey 2 €Vl frll L2 w)

qui est le résultat annoncé. O

174



Annexes du chapitre 4

9.B Heuristic derivation of the model

In this section, we derive the Ventcel boundary conditions from a transmission problem in an open subset
of R™. Transmission conditions occurs at the interface of a thin layer that surrounds the boundary 9€). The
Ventcel boundary condition arises after some approximation. For the sake of simplicity, we consider the case
Q = R} with boundary 9Q = {z, = 0}. We set Q° = {z € R" | z,, € (—4,0)}, where § > 0, that describe a
layer at the boundary 9Q. We also set 9Q° = {x,, = —J}. We then consider the following elliptic problem

(=02, = AD)ur = fron Q,  (=0y,¢0s, — Al Jus = f on Q°, (9.B.1)

where ¢ is a smooth function on ©°, with homogeneous Neumann boundary condition at {z,, = —d&} and
transmission condition at {z, = 0}

_ _ _ A
Oz, ug, =0, wy, _ =uy, , Opuy, ,=cx ,O)anug‘mnzo. (9.B.2)

Multiplying the second equation of (9.B.1) by %, and integrating with respect to the variable x,, from —§ to

0 we obtain
1(8 ) 1/OAT d 1/Ofd (9.B.3)
— —(cOg,u == wodx,, = = r:i=g. .B.
5 24 =0 5 ) 579 2 5/ s 2

Using the transmission condition and setting v = % f? s U2dxy,, that is averaging uz over Q9 in the x,,-direction,
(9.B.3) reads
1
=<0z, uy), _, — Agv =g.

0

which is meaningfull for § > 0 small as uyy = U (we

0
identify the function us and its average on a small domain), we obtain the following transmission condition
at {z, =071}

If we make the approximation v ~ uy, _

T =0"

1
/ _
_Saz"ullmn:(ﬁr — Agul‘xn:(ﬁ =4d.

The transmission condition at the interface for (9.B.1) thus yields a Ventcel-type boundary condition for uq
if we consider the problem from the side of €2. The approximation v ~ (G only reasonable for a small
value of 6. The Ventcel boundary condition can be seen as a good model for a thin layer structure at the
boundary.

9.C Well-posedness results

9.C.1 Proof of Proposition 4.2.1.

We first prove that the operator is coercive. For A € R, the equation (As+A)U = F, with U = (u,v) € D(Ay)
and F' = (f,g) € Hs, reads
{ vo= Au—f (9.C.1)

Pu—+ (a+ X)Au h,
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9.C. WELL-POSEDNESS RESULTS

where h = g+ (a + \) f, with boundary conditions
Ayu + 8Su+ \bu = h on 99

where h = b fls0- We recall that P and S are defined in (4.1.21). Taking the L?-inner product of the left hand
side of the second line of (9.C.1) with some @ € Vs, we obtain

((P+/\( ), )

- ( ) ( ot )\)u,ﬂ)LZ(Q) + (ch ,u) + ( ’ )L?(Q)
- ( (8 u“"“’u‘a”)L 2(0Q) + ()\(a + )\)u,ﬂ)L2(Q)
(cV g ) (1),

= (Vgu, Vgu) —|— 6 (S|, U, ) 5 H-1(00),H1 (00) T 5(CTV§u|m,ﬂ|m)L2(aﬂ
_<B 1]‘39) L2(00) —|— 5(d u‘m,ﬁ‘m)p(am + ()\(a + )\)u,ﬁ) . + (chu,vl§ .
+(du, @) 12 ()\bum,ﬂm)m(am
= a5, @) = ( ‘GQ)LZ(aQ)'
This leads to the following variational problem, for all ¢ € Vs :
as(u, ) = (), (9.C.2)

where I(p) = [, he + [5q he|,q- Let us prove the coercivity of as for \ large. Recalling that |. |L2(dQ) +
(X, ) ~1(69), 11 (o) Provides an norm equivalent to .| (902), by the Young inequality, there exists Cp > 0
such that

T—T T
(chu, u) ) + 5(0 V, u‘m,ubg)m(am + (du,u) o) + §(d u‘amu‘m)w(am
< llellz~ (2119 gull3aay + =2l Ry ) + ColeT I (22 (St Uisn) gr-1 00 111 (o)

+ 5_2|ulan|2L2(aQ)) + ||d|\L°°||UH%2(Q) +0|d" | \“Ian|%2(asz)a

for all ¢ > 0, and for all u € V5. In particular, we choose ¢ sufficiently small such that
1 1
1-— €2HCHLOO Z 5 and 1-— CO€2|CT|LOO Z 5, (903)

and we keep the value of ¢ fixed in what follows. We shall need the following trace lemma.

Lemma 9.C.1. For all u € H'(Q) we have

1
|U|L2 ) < ﬁ||u|\L2 () +e”?|V, U||L2(Q

for all e’ € (0,1].
Proof. By locally straightening the boundary, it is sufficient to prove the inequality in the case where

Q =R} and 92 = R". We then have for v € 680([}?1),

+o0 +oo
u(z’,z,)% = —/ O, (u(z',2,)?) dx), = —2/ Oy, u dx,,.
0 0

Applying the Young inequality yields the result. O
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9.C. WELL-POSEDNESS RESULTS

For ¢ fixed by (9.C.3), we can now apply Lemma 9.C.1 to have
_ _ 1
(Cog 2" |zoe + 1d" o) [ulT2 a0y < (Coe2Ic oo + [d" L) (| Vgul 72y + 8?2”“”%2(9))
for all & > 0. In particular, we can take ¢’ such that 3 — &’ (Coe?|c” |~ + |dT|L~) > 1. Hence, there exists
C1 > 0 such that
as(u,u) 2||Vgul[Z2)(1 = &2|lel|z~ — 6™ (Coe™|c" 1 + |d" [1~))
+lul[Z2i0) (W = lld||ze — 72 = 86" (Coe™?|c" |Loe + [d" | L))
+46 <Eu\6mu\aQ>H—1(8Q),H1(é)Q) (1 B CO€2||CT||LOC)
1 0
Zzl‘vgu”%?(ﬁ) + 5 <Eu\3mu\asz>H—1(aQ)7H1(aQ) + Hu||2L2(Q)()‘2 - Cl)'

Therefore, taking A sufficiently large yield the coercivity of the bilinear form as, uniformly in . Let us prove
that [ is continuous. We have

(o) < | /Q (g4 (a+ Nl +| /@ bl S (Il + ol + Bloomy L1l

We can then apply the Lax-Milgram theorem to obtain existence and uniqueness of a weak solution u € Vs
of the variational formulation (9.C.2), and we have the bound

ullvs S fllz2) + lgllz2 @) + 10l L oo [ f1| 51 (@) (9.C.4)

In fact, H? regularity holds in the interior (see [Bre83]) by standard elliptic theory. It now suffices to
prove that for any xy € 92 there exists a neighborhood V of zg in Q and § € C>(Q) with supp# C V such
that fu € D(As). In addition, we can impose 0,0|,, = 0. We set w = fu. From (9.C.2), w satisfy for all
pEeVs(QANV):

as(w, ) z/ t1<p—|—/ taip. (9.C.5)

anv ooV
where t; := 0h—V 40-V ju—divy(uV40)+cV,0u € L2(QNV), and t5 := 0|mﬁ—|—6[5, 0),0 ]|, € L*(0QNV).
We choose V' as in Section 4.4 and use the local normal geodesic coordinates x = (z1,...,2,) described

therein. In this coordinates 9Q = {z,, = 0} and Q@ = R".. We set V? = V N {z,, = 0}. Below, we shall denote
V(V):={ue H' V), u, _, € H(V°)}. With 6 as above, (9.C.5) reads

[ avusiss [ a9t 9o, = [fos [ G wevw) (9.C.6)
|4 Vo |4 Vo

where K, K', k, k' # 0 are bounded functions, and, because of the form of h, T3 can be written
2?2 = 21 + 029 with |Zl|L2(BQ) < |b|Wloo(ag)||fHH1(Q), and 25 € (5L2(Q) (907)

where A(x) (resp. A’(z)) is the matrix corresponding to the metric g (resp. g),,) satisfying the following
ellipticity condition : 3C' > 0 independent of z, V¢ € R™ (resp. R"™1), we have

€7 < CALE  (resp.|¢'|? < CA'E.E),

where we denoted & = (£,€,,). Let ex be an element of the cannonical basis of R, k # n, and set h = |h|eg,
and Dpu(z) = \qu(“(x + h) — u(x)), and |h| sufficiently small so that supp(w(- + h)) C V. We choose
¥ = D_pDpw in (9.C.5). We obtain

/ Dh(AVw) . Dh(Vw) +6 Dh(A/VTwlvo) . thTwlvo = / le,hth +/ tNQD,hthh/O. (9C8)
1% VO 14 VO
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9.C. WELL-POSEDNESS RESULTS

We shall need the following estimation :
1Dl 2y < 1901200 (9.0.9)
A proof can be found in [Bre83, Lemma IX.6]. Using (9.C.9), the right hand side of (9.C.8) reads

/ t1D_pDypw < |[t1]| 20 [V Drwl|p2ovy < l[Ea]l L2 || Drwl| g1 vy,
v
and with (9.C.7) and trace formula

/ fQD,hDhu} 5 |21|H1/2(V0) |D,h.th|v0 |H*1/2(V0) + 5‘ZQ|L2(V0) ‘D*hth\Vo ‘Lz(VO)
Vo
< [blwree oo | F Il @)l Daw]| 5 (v + 61E2] L2(voy [ Duwy o |1 (voy-
Observe that we have the following Leibniz rule
Dy(BV() = B(- + h) DV + (D B)V(,
for all matrices B and functions ¢. Then, (9.C.8) yields
as(Dpw, Dpw) < (|\fl||L2(V) +6"2|Ea| L2 (ve) + ‘b|W1’°Q(OQ)||f||H1(Q)) [[Drw||vs,

where ag is the bilinear form defined by

as(u,v) = / Alx+h)Vu-Vodz+6 | Az + h)VTu|V0 . VTU‘VO dx’.
U Vo

Observe that ag is coercive with the same argumentation used to prove that ags is coercive. Then, we can
derive the inequality
2 T, 12
IDrwllz vy + 6| Du V7wl oy S Tl Dnwly;.

with T = HE1HL2(V) + |t~2|L2(VO) + |b|W1°°(SQ)||fHH1(Q)a and then
IDpw||g1vy + 62| DRV w20y S T (9.C.10)

Now, for ¢ € C°(V), ¥ € C3°(Vp), and for all j € {1,...,n},l € {1,...,n — 1}, we have from (9.C.10)

|/ WDy Dy 1] = \/ Dyds,wi] < Tl e v (9.C.11)
1% 1%

\/VO W) o D0, P| = |/V0 D0y, w) 0 S 62T 2 0y (9.C.12)

Taking the limit ~ — 0, we obtain w , € H?(V,) and 85711910 € L3V), and Vj € {1,...,n},
ke{l,...,n—1}. '

It remains to show that 92 w € L?(V'). As we are working with normal geodesic coordinates, the coefficient
A of the n-th raw and n-th column is a,, = 1. Then (9.C.6) reads, for ¢» € C5°(V),

A axnwaﬂnw = \/\/ thil/l/} - ( Z )/‘; ak’laikwaxl/l/}.

k,D#(n,n

and with (9.C.11), this yields | [, dpwdntp| < CT|[4||12. Moreover, T < bl w.ee oo || fIlan + [ fll 22 () +
ll9]]L2(q), since we have (9.C.4), we have proved

ullFr2 () + lwppalFrz o0y S blwise oo F117 @) + 1f|z2@) + 1191l72(0)-
Using (9.C.1), we obtain the sought result. O
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9.D. UNIQUE CONTINUATION PROPERTY FROM THE BOUNDARY

9.C.2 Proof of Proposition 4.2.5

The proof is essentially the same as in Section 9.C.1. Here, we only prove the existence and uniqueness of the
announced variationnal problem in 5. The elliptic regularity can then be proved in the same way as in section
in 9.C.1 by the Nirenberg translation method. Let U = (uq,u1, y0,y1) € D(Bs) and F = (fo, f1,90,91) € Ks.
Then (Bs + AId) U = F reads

—uy + Aug = fo ur = Aug — fo

Pug+ (a+Nuy = f1 — Pug + Aa+ Nug = ho

e + AYo = 9o Y1 = AYo — 9o

gay’ll,m@g + Sy() + (%b + )\)yl = g1 81,'le0|8Q + 553/0 + )\(b + 5)\)1/0 = hl,

where hg := f1 + (a + A)fo and hy := dg1 + (b 4+ 0A)go. Thus, it is sufficient to prove the existence and
uniqueness of a solution (u,y) € H*(Q) x H'(0Q) such that u,, =y of the following system

{ Pu+ Aa+ XNu = hg

By + Sy + A(b+ ON)y = hi. (9.C.13)

Taking the inner product of the first equation with @ yields, with integration by parts,

(P + Aa+\)u, )Lz@

(
( ) Q) + (cvgu,ﬁ) L2(Q) * (du’ ﬂ) L2(Q) + )\((a + A)u,ﬁ) L2(Q)
=(ou
+

)L?(Q) + ()\(a + )\)u,ﬂ) L2(Q) + (cvgu, a) L2(Q) + (du,ﬂ) L2(Q)
0 <Eu|6mu\an> H-1(8Q),H (8%) + 5)‘((b + )‘)u\amﬂ\ag) + 6(CTVZ;U\697 a\an)
+ 6(dTU‘3“’a“"”)L2(aQ) B (hl’a‘8“>L2(aQ)

:=bs(u,u) — (hh IaQ)LQ(aQ).

This leads to the variationnal problem

L2(8Q) L2(0%)

bs(u, p) = U(p),
where I(¢) = [, hogo—i—faﬂ h1p),,- Note that (Xu, u) 5 H-1(00),H (00) T |u|2L2(3Q) provides an equivalent norm to
[ul2;1 (59)" We now claim that the bilinear form bs is coercive. Indeed, observe that as a and b are non-negative

functions, we have (au,u)r2(q) > 0 and (buj,,, U|,,)12(00) > 0. We can now apply the Young inequality to
obtain

T—T
(CVgu’ u) L2(Q) N 5<C Vo oo u|8“> L2(89)

< llellz= (£211Vgul 2o+ 2llul 2oy )
+ 5|CT‘Loo (€QC‘V§U‘OQ‘%2(3Q) +€72|u|69|%2(ﬂ)) . (9014)

for all € > 0. Taking ¢ sufficiently small to have 1 — ||c|[z=~d" > 1 and 1 — C|cT|~d > 1, and now taking
A sufficiently large, we prove the coercivity of the bilinear form bs. It remains to prove that the linear form
I is continuous on V5. We have | [, how| < [|hol|r2()ll¢llr2(0) and because of the form of hi, we have
| o0 12100 | < l9ol2@llellmr ) + 0191l L2(0) [l L2(90)- These two estimates yields the continuity of .

O
9.D Unique continuation property from the boundary
Theorem 9.D.1. Let u € H*(Q) be such that
|Pu(z)| < u(z)] + [Vgu(x)| a.e on Q, and 0,u,, + Suj,, =0 on OS2 (9.D.1)

179



9.E. PROOF OF TECHNICAL RESULTS

Assume moreover that u|,, = 0 on an open subset wp of Q. Then u =0 on €.

Proof. We use the normal normal geodesic coordinates introduced in Section 4.4 in a neighborhood of
Yo € wp. In these coordinates, yo = 0 and 9Q = {x,, = 0}. Consider U an open neighborhood of 0 in R” such
that U N {x, = 0} C wp. Let xg = (2/ =0, —rg), with ry > 0 to be chosen below. Let ¢(x) = |z¢ — z|?, and
define ¢(x) = e (). Let r; > 0 and r, > 0 be such that

o {z=(2/,2,) | @y >0,|z0 — x| <r2} CUT,
o g <11 <7ro,

where U™ := U NR’. Observe that for A > 0 chosen sufficiently large, ¢ satisfies the sub-ellipticity condition
(4.4.14). Define the cut-off function x € C§°(R™) :

x(@)=1 if |zg—z| <m
x(x) =0 if |xg — x| > re.

From Proposition 4.4.3, there exists 79 > 0 such that for 7 > ¢
e xullTa vy + Tl DxullLz vy S €™ Pxul |7z i+
+ T|eTWaanU‘$vlzo ‘%2(U0) + T3|6TLPXU‘$n:0 ‘%2([]0), (9D2)

for all u € Cy (U'), where Vg := V N {z, = 0}. Note that \ewxu|1n:0|2L2(Uo) =0 as U C wp. Observing that
Pxu = xPu+ [P, x]Ju and Dxu = xDu + [D, x]u, with assumption (9.D.1), estimate (9.D.2) reads

T3H6WXU||%2(V+) + THEWXDU”%Z(\H) S e xul| + ||€WXDUH%2(V+) +[le™ [P, X]UH%Z(VH
+7le"™?[D, X]U\|i2(v+) + 7'|€w3xn><“|mn=o|%2(V0)~

Taking 7 sufficiently large, we may ignore the first two terms on the right hand side. Now, observing that
the commutators [P, x| and [D, x] are supported in the region where x varies, we obtain

c
1€ [P, Xul[Za(v+) + €7D, XullZ2v+) S €7 lullfn+),
with C; = e~ *"*. Furthermore, note that
€72 (Da X1, o |720v) < €7 [0y X1 —o U —o T2 (ve) F1€77X000 205U ol T2 (v) = 05
by assumption. We then can restrict the left hand side of (9.D.2) to
W={z=(2",2,) | zn > 0,]z0 — 2| <7}}
, where 7} is such that 7} < r; and such that W # ). This finally yields
c c
€ 2T||UH%11(W+) Se’ 1||UH%11(V+), (9.D.3)

with Cy = e 1. As Cy < Cs, letting 7 — +o0 in (9.D.3) yields u = 0 in W. Coming back to original
coordinates, we have found a non-empty open subset O C € such that |, = 0. We can conclude by applying
Caldern’s unique continuation theorem for elliptic operators of order two. O

9.E Proof of technical results

9.E.1 Proof of Proposition 4.2.8

Below, we shall denote by H and V the spaces Vs—; and Hs—1. We recall that Vs and V (resp. Hs and H)
are homeomorphic for each §. However, only the injection Vs < V (resp. Hs < H) is continuous uniformly
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in 0. In particular, V§ and V' are homeomorphic and only the injection V' < V5 is continuous uniformly
in §. Observe that fs — f in L?(0,T;L*(Q)) implies ||f5]|z2(0,7;02(0)) < C uniformly in §. Consider first
U{ € D(As). Multiplying (4.2.4) by dyus and integrating by parts over § yields

d
% (\|8tU5||2L2(Q) + ||U§||%{1(Q) + 6|v§u5|ag|%2(89)) +/ Cl/|atu5|2 + / b|6tu5‘39|2 — / f(;u(;.
Q aQ Q
Integrate in time between 0 and ¢, and using Proposition 4.2.2,
10eus ()72 () + [1us ()71 0y + 01V a0 (D)7 2(00) + |a1/2|8tu5|%2(0,T;L2(Q))
T
102051 o misconn) < NUSI+ [ WllBaoy < . (0B)

from the assumptions on f5 (constants may change from one line to an other). Now, consider w € L?(0,T, V).

Multiplying (4.2.4) with U € D(As) by w and integrating by parts over (0,7) x Q yields the following
variational formulation

T T T
2 T T
/0 (at ué?w) L) + /0 (Vgug,ng) 2@ + 5A <Vg u5|ag»vg wlaQ)L2(8Q)

T T T
+/0 (aatué’w)m(sz) Jr/0 (bﬁtu‘”@”’wm)m(asz) :/0 (f‘s’w)Lz(asz)' (9-E-2)

With (9.E.1), we have
T
2
[ (@)

Note that by a density argument that this estimate is still valid for Ug € H. We thus obtain for Uf;) € H,
that w fOT(atng,w)Lz(Q) € V' and thus d?us € L*(0,T;V"). Hence,

T

S (sl + 1 fsllzz) + lla sz + /2050 ) llolly
0

S (108115 + 11l 202,220) o]l

||3152U6||2L2(0,T;v/) + Hatu5||2L2(Q) + ||U6||%(1(Q) + 5|V9T“6|m|2L2(aQ) + Hal/QatUéHL?(Q) + |b1/28tu5|an| <C.
This allows to consider a subsequence us, and a function u such that

us, — uin L*(0,T; HY(Q)), wus, — u in H(0,T; L*(Q)),
—win H*(0,T;V),  b"20us,,, — b0, in L*(0,T; L*(69Q).

U(Sk

We also can extract a subsequence to us,, denoted again by us, such that 5,1/ 2V9Tu5k is weakly convergent

in L2(8Q). In particular, we have |V¥us, |r2(q) = O(6-1/?). Taking the limit in (9.E.2), we thus have

T ) T T
/0 G0y +/o (Vgu, ng) £2() +/o (aatuw) £2(9)

+ /OT (b@tu‘an,wbn)m(am = /OT (f, w) Loy (9.E.3)

yielding |f0T <8t2u,w>v,’v| < lwl a1y, for all w € V. As V is dense in H'(Q) we obtain that d7u can

be extended as a linear form defined on H'(£2). We obtain the variational formulation associated with the
problem (4.2.5). We can deduce by existence and uniqueness of the solution of (9.E.3) that the limit does not
depend on the chosen subsequence. This ends the proof. O
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9.E.2 Proof of Proposition 4.4.2

Observe that the parameter o does not appear in the Poisson bracket {ps,p1}. We set f(z) = Arp(x) and
¢ = B¢, After computations of the Poisson bracket, we obtain

{pZapl}(mv ga T) = 53(.@)()\721 + R2)a
where Ry = dp(z, dup(2))? + (9:90¢p(x, ¢))? and

— Oup(, Q) 0ep(, dath(x)) + Oup(, det)(2))Dep(x, dutp(x)) + 24 (2) (Dep(x, dutp(2)), Dep(x, dytp(x))).
(9.E.4)
On the one hand, as d,i # 0, there exists Cy > 0 such that Ry > Cj, and, on the other hand, we
observe that py, ,(z,&,7) = 0, in particular ps(z,&,7,0) = 0, implies p(z, &) = 0% + p(x, 7d, ), which yields
1+ %; SKPS1+ g—z Hence, there exists a constant C; > 0 such that |Rq| < Cy (1 + g—z) Now we choose

A, to be kept fixed in what follows, such that \Cy — 2C7 > 1, and if 7 is such that ;' < 1, we obtain

AR1+Ro > ACo—2C1 > 1 (9E5)
and thus p, , = 0 = {p2,p1} > 0. In particular, it holds on the compact set {p,, = 0} N {A; = 1}. We
then conclude by homogeneity. Note that the condition 7 > ¢|o| with ¢ > ﬁ implies %‘ <1. O

9.E.3 Proof of Proposition 4.4.3
We have

1Pp, 00|22 rny = 1 Po0l3arny + 1P10]Bagn) + i ((Pw, ng) by (PQU, Pw) LQ(M)) .

Using the forms of P; and P, in (4.4.2) and (4.4.3) we obtain by integration by parts

i ((Pﬂ),Pg’U) rED) — (ng,Plv) LQ([RSL)) = Re <i[P2’P1]U7U)L2(R1)

+Re (Plv‘mnzo, Dn%n:o) + Re ((DnPl — 270, 2) P2)v).. o, v|mn:0) .

L2(Rn—1) L2(Rn—1)

Using (4.4.2) and (4.4.4), the operator D, P; — 27(0,,,¢)P» reads
D, Py —27(0,, p) Py = 27(z, 7dyrp, D')D,,
—270,,¢ (r(z, D') — p(z,7dyp) — 0°)  mod 7(D°D,, + D}).

Hence
) ((Pw,Pw) D) — (PW’PW)L?(M)) =Re (z[Pg,Pl]v,v> L) + 7 Re B(v), (9.E.6)
where

Re B(v) =9 (893” eDpv, Dnv|wn:0) S

+ 2 (f(l‘, dgr e, D/)U\ZH:O’ Dnv\zn:o) + 2 (f(x, dgr, D/)Dn'u‘a:n:07 U\zn:o)

L2(Rm—1)

= 2(80,p (r(@, D) = p(@, 7u0) = 02) v, 50, o)

+ ((C‘oDn +C1)vy,, s v|mn:0)

L2(Rn—1)

+ (Oovlwn=0 ’ D”v\zn=0)

L2(Rn—1) L2(Rn—1)

. (9.E.7
L2([Rn—1) ( )
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with symbols Cy, Cy € D}, = D? and Cy € Dr .. Now, we treat the commutator term in (9.E.6). Tts
principal symbol is {p2,p1}, a polynomial function of degree 3 in (£, 7), and from (4.4.7), we know that p;
reads p1(z,§,7) = 7q1(x, ), where ¢; is a polynomial of order one in £. Thus, the Poisson bracket reads

{p2.p1} = TE2bo (2, &, 7) + TEub1 (2, €, 7) + Tha(z, € 7), (9.E.8)

where 13]' is a polynomial function of order j in (¢, 7), = 0,1,2. As we imposed 9,, ¢ > C’ > 0, using (4.4.6)
and (4.4.7), we have

E’rQL = pg(.’IJ, 57 T, U) + 02 - ’I"(JJ, gl) + T2a:rn§02 + 7"(357 Tdm’ip), (9E9)
n = (27) 'pala, & 1) = P, darp, €)). (9.E.10)

Oy, ¢

n

With (9.E.9) and (9.E.10), the bracket (9.E.8) reads

{anpl} = Tbo(l')p2($,§7T, U) + bl(I,§/7T)p1(ZE,§7T) + Tbg(‘T,f/,T, U)? (9E11)

where b; are polynomial functions of degree j in (¢/,7), j = 0,1, and b9 is a polynomial function of degree 2
in (¢, 7,0). We can then write

i[Pa, P1] = Tbo Py + Opy(b1) Py + 7 Op(c}) + 7 Opr(be),

where Op(c}) € DL. This yields

1Py ool Faqey) = 1PolEaqey) + 1ProlEaqey) + Re (7 Opra)o,w) |, 47 ReB(v)
+

+Re ( (Tbo Py + Op4(b1) Py + 7 Op(c))) v, v) ey (9.E.12)
+
From (9.F.11) and the sub-ellipticity property, we observe
pa(2,6,7m,0) = pi(@,6,7) =0 = 7ha(a,€',7,0) Z N} 2 Ag . (9.E.13)
We define the following quantity

~ / 2
7(3775/77—7 U) = (W) + (8@»”80)2]52(37,5/,7, 0'), OpT(’}/) S D%J, (9E14)

where po and p; are defined in (4.4.10) and (4.4.11). Observing that pi(x,&,7) = 0 is equivalent to &, =

— (s, ) "L (2, &, dpr ), we obtain, for x € V, £ € R™, |o] > 1, T > 70]0],

{ ’Y(x,€/77-7 U) = 0
n = 7(amn,‘ﬂ)717:(xa€7dr’90

and finally for z € V, ¢ € R*7 1, |o| > 1, 7 > 790,

) And pg(l’,f,T, U) = pl(l’,g,T) =0= Tb2(£7§/a7-a U) Z )\%,T'

v(z,& 71,0) =0 = Tha(x,&',7,0) 2 )\%«)T. (9.E.15)

as both sides of the implication do not involve the variable &,,. Moreover, if v = 0, taking 7 sufficiently large
with respect to |o| > 1, we have 72 < |¢/|2 < 72 and (9.E.15) yields

Y, &, 7,0) = 0= by(2,&,7,0) 2 AT, (9.E.16)

We may now state the following positivity result :
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Lemma 9.E.1. There exists mg > 0, 19 > 0 and C > 0 such that
mAp2y (2, & 7,0)? + ba(x, & 7, 0) > CAF .

for all (z,&) € v x R, |o| > 1, 7 > 79lo| and m > my.

The proof is given in Appendix 9.E.4. We can apply the Garding inequality in the tangential directions

to obtain, for m = mg to remain fixed in what follows,

mRe (OpT()\;in)v,v) + Re (OpT(bg)v,v) > |v|iT.

L2(Rn—1) L2(Rn—1)

Then, by symbolic calculus
OPT(A;,QT’Y2) = OPT(/\;?T'Y) Opr(y) mod ‘IJ%F,T,

and thus there exist ¢y € S%T and ¢; € Sf . such that

(m Opr(Ar7%)v, v) et ( Opr(7)v, OpT(CO)v) prgemny T (OpT(Cl)Ua v) o

In terms of the symbols ps and py, from (9.E.14), v reads
ﬁl (.17, 5/7 T) > 2

7(3775/77-70-) = (awTL@)2p2($7€l77—70)+( o7

-1

2
= (aInSD)z (pQ(xagvTv U) - 53) + (7-2]31(:”’577—) - Enaznw>

—1
= (azn@)2p2(x,£, T, J) + Tilpl (.’E, 57 T) (7-4171 (xvgv T) - gna:vn(,o>
= (azn¢)2p2($7§77—70')+T_1r1(x7£)p1(x7£77—)7

where 1 (z,€) = = (7(z,&',dp @) — £,0,, ) € SE. We then have

DN |

Opr(v) =771 0p(r1) Py + (04, )> P2 + By,

(9.E.17)

(9.E.18)

(9.E.19)

with By € DL. Going back to (9.E.17), and using (9.E.18) and (9.E.19), and integrating in the x,-variable

between 0 and +oo

Re ( ((0,9)°Po + 771 Op(r1) P + By)) v, OpT(co)v) .
"

+Re (OpT(cl)v,v> + Re (OpT(bg)v,v>

L2(RY) L2(RY)

Thus, (9.E.12) reads
1PoolZarny > CTIIOPr (Aol L2 (we) + [[P2vllZary ) + |1 ProllZs gy + 7 Re B(v)

/ —
+ Re ( (tboPa + Opr(b1) Py + 7 Op(c))) v, v) La@n) Re (T( Opp(er)v, v) L)

+ ( (T(@IHQO)QPQ + Op(r) P + TBl> v, OpT(Co)’U)
Yet, using the definition of r; and integrating by parts with respect to x,,

2Re (Op(rl)Plv, OpT(co)v) = Re (f(x, dy, D') Py, OpT(co)v)

L2(R7T) L2(R7)
— Re (Plv, D0y, @ OpT(CO)U) . + Im (Plv‘z”ﬂ, Oz, @ OPT(CO)UII,F())
+
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We set B(v) = B(v) + 377 'Im (Plv‘%:o,835"90OpT(co)11|In:0)LQ([R Lay’ and this is precisely the boundary

quadratic form stated in the proposition. The end of the proof is devoted to the handling of the remainder
terms. Using the Young inequality, we obtain

‘ Re (TboPQ’U + Opy(b1) Pyv, v) L)
+

1 1
— Re (T(amnaprgv + 577(:5, D' dy ) Piv + 7By, OpT(CO)v) + = Re (Plv, DnaznchpT(co)v)

L2(R7) 2 L2(R7})

+7Re ((0p(ch) = Opr(e)v,v) | S 772 (|1Pavlf3a g + [1Pwleqey) )

L2(R%)
+ 72 (110pr (M ol Bay) + Dm0l oy ) - (9-E-28)
Injecting this estimate in (9.E.21), and taking 7 sufficiently large, we obtain
||Pso,av||2L2(u21) =C (7'|| OpT(A%",T)UHZLQ([Ri) + HPlvH%?([Ri)) +7ReB(v) — O/Tl/QHDnUHZLZ’(Ri)-

-1 = ! dxl
Moreover, we have &, = Tn@ &) el 90)7 and this yields
28%71@ 8$71S0

D3y 7 1IP0Iy + 711 0P (Mol B
which gives, for 7 sufficiently large, the sought result

1PoavlEaqmyy = C (7l Opr (A ullEeqey) + 711 DavlEaes) ) + 7 Re Bv).

9.E.4 Proof of Lemma 9.E.1

We set A, (x,¢',1,0) = m)\;i'yQ(m,f’,T,U) + ba(x, &', 7,0) with m > 1. Observe that A, is homogeneous
of order two in the variable (¢, 7,0). We may restrict our analysis to the compact set L = V x K where
K:={¢ 10) Rt xRt xR, |(¢,7,0)] =1}. On L, we have 42 > 0, and from (9.E.16), having v = 0
implies bo > C > 0. Observe that A,, is of the form mf(y)+ g(y), with y laying in L, and f and g continuous
on L. In addition, f(y) = 0 implies g(y) > 0. Now consider the compact set E := {y € L, f(y) = 0}. By a
continuity argument there exists an open neighborhood F of E such that infr g > 0. Then on L\ F we have

mf(y) + g(y) > minf f +infg > 0

by choosing m sufficiently large. This yields A,, > C' > 0 on L. We then conclude by homogeneity.

9.E.5 Proof of Lemma 4.8.3

By a compactness argument, it suffices to prove the estimate with [|u[|g1(B(z,r)) in the left hand side, for
any xg and rg > 0 such that B(xg,r) € Q, where B(x,r9) denotes the open ball centered at xy with radius
ro.

First, remark that we can assume that u satisfies

[[Poul|rz () < [lullm @), (9.E.24)

otherwise the result is clear. As €2 is connected, we can choose yy € w; and find a continuous path I' such
that
I'(0) =zp and I'(1) = yo.
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1
Define r := 8 min(ry,72) where ry := d(0,T") and ry := d(yo, dwr). Now we can define a sequence (t;); by
to =0 and tj+1 :inij, ] ZO,

where E; = {t > t; | I'(t) ¢ B(I'(t;),7)}. This sequence is finite by compactness, and then we can define
J :=min{j € N, E; = 0} and t; = 1. Then we consider (27); such that 27 = T'(¢;). Let us assume for a
moment that we have the following inequality for some p > 0 and C > 0

||UHH1(B(:N',T)) 5 ec‘a‘||u||11'{:/gﬂ) (HPO-UHLZ’(Q) + ||U,HH1(B(IJ'+17T)))M 03 J—1. (9E25)
This, with (9.E.24) yields
1Poull 20y + llull i (B ) S €M ullikay (1Prullpzi) + ullmy (@i )™ 0<5<JT -1,

and by induction we have, for some p’ > 0 and C’ > 0

/rr 1— / ’ .
1 Poullzz () + [ull i1 (B S €7 ullinfay (1Poullzi) + ulla Bo.rn)” + 05 <J 1.
As P is elliptic we have the estimate
ull (B yo,rm) S Pullzzwy) + [|ull2@wrn) < 1Psullpz@) + (14 0)[|ullz2w;),

and this gives the result. Let us now prove (9.E.25). We recall that we have the following Carleman estimate
away from the boundary (see for instance [H6r09]). Let V' be an open bounded subset of R™, and ¢ be a
weight function satisfying the sub-ellipticity condition in V. Then, we have

73||ewu||2L2(V) + T||eT‘pDuH2Lz(V) S |€7% Poul|p2(vy, (9.E.26)
for all u € C§°(V) and 7 sufficiently large with respect to 0. We shall prove here the following inequality
o 1—
lulla (Bai ary) S € |||UHH1;(LQ) (1Psullz2 o) + lull (s )"
Let us set ¢ = e~ with ¢(z) = | — 27|? and V = B(27,4r) \ B(z7,7/10). Define the cut-off function :

(2) = 0 if |z—a/|<r/dor|z—ai|>15r/4
XM= 1 it 3r/4 < |z — 27| < 13r/4.

Observe that the weight function ¢ satisfies the sub-ellipticity condition in V for \ sufficiently large. We can
thus apply (9.E.26) to xu and this yields

T3||ewxu||2L2(V) + T||ewauH%2(V) S €7 Poxul|L2(vy- (9.E.27)
On the right hand side of (9.E.27), we have
le™ Poxullrz(vy S lle™ xPoullrzq) + 1177 [Po, x]ull L2

7'01

S e ([1Poull2qo) + ull (s ) + €7l

where C5 = e /% and C; = e *3"/4, Here, we used that [Py, x] is an differential operator of order 1,
supported in the region where x varies, and that ¢ decreases as |v — 27| increases. We can restrict the left
hand side of (9.E.27) to B(z7,3r) \ B(x?,r) =: V, where x = 1. This yields

le™ xull L2y + €™ Dxull g2y 2 €™l g 5
where Cy = ¢(3r). Hence

HUHHI(B(Q:J',ST)) S ||u||H1(B(:cj,r)) + HUHHl(V)

< e ) (| Py |20y + [|ull i (B ) +e 72T

|| 1 - (9.E.28)

Observe that C; < Cy < Cs. It remain to apply Lemma 4.8.4 to conclude the proof. 0

186



9.E. PROOF OF TECHNICAL RESULTS

9.E.6 Proof of Lemma 4.8.4
First observe that C' = 0 implies A = 0, and B = 0 also implies A = 0 by letting 7 — 4o00. We set

1
7) = eB"B + e 77C for all 7 € R. This function reach its minimum at 7; satisfying e™ = 2C) 7 Pirst
ymng BB

assume that 71 > 7. Then

A<ePMB e O < (;) " o Bl + <7) U pisot-rs

_B_ =1
. ((;> EEe . <g> ﬁ+w> B ol

Second, assume that 7, < 7. We then have ve™Y7C < ef7 B. Hence,

IN

e N
B+ _
A< C<CFmCFs (ﬂ> L BER O,
Y

which gives the result. O
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Annexes du chapitre 6

10.F Proof of technical lemmas

We recall that we have the following notation. Let Sy > 0 and « € (0,.50/2). Let Z = (—Sp, Sp) x 2 and let
Y = (=So+a, Sy —a) x Q in the case where Q is a smooth bounded domain of R? when we shall consider an
inverse square potential. In the case where (2 is a polygonal domain of R? as described in Section 6.1.2, we
have the following notation. Let Z = (—Sp, Sg) x Q and let Y = (—Sy + «, Sp — @) x Q. Before giving a proof
for Lemma 6.3.3, we state several lemmata that shall play a central role, which can be found in [BD10]. We
recall that

Q = _852 + Pa
as defined in (6.2.1), and

T=-0°+T,

as defined in (6.2.3). In the interior, we have the following interpolation estimate of Holder-type.

Lemma 10.F.1. Let €Y, let 0 <rg <711 <73 < -+ <7g, such that B(q,r¢) CY \ {x =0} and let « > 0
such that a > ry 2. Then there exists a constant C > 0 such that for all u € C§°(B(q, 7)) we have
o .
lullm (Bara)) < C (1QullL2(B(q.r0)) + |1 (Bla.r2)) ™ 1Nl 5275 (g,r0))
with
g(rs) — g(ra)

0= 90r1) = g(ra)’ where g(r) = e

—Oé’rz

The proof is classical, and comes from a Carleman estimate with weight g(y) = e~lv=aI> We provide the
proof for the sake of completeness.

Proof. Let us show that the weight function § satisfies the sub-ellipticity condition in the annulus
C(g,m0,76) :=={y €Y, 1o < ||y|—q| < r6}. The principal symbol gz of the conjugated operator Q; = e™9Qe "9
far away from {z = 0} (thus the potential u|z| =2 can be seen as a low-order term) is given by

a3(y. &, 7) = €7 = T2|Vg|* + 2iTV§.€
= qo + 191,

with ga(y, &, 7) = [€]*=7%|Vg]> = [€]* 4’72 ly—q|* and q1(y, &, 7) = 27V §.E = —4aT(y—q).E. Computing
the Poisson bracket yields

{g2,q1} = 47(d%§(&,€) + T2d%3(V§, V)
=47 (—2a§|§|2 +4a%5 ((y — q):€)° = 8720%3|y — ¢ + 167%a 3%y — ql4) :

At this point, we see that on the characteristic set ¢z = 0 we have (y — ¢).£ = 0 and [£]? = 4a®7%g%|y — ¢/?,
and then

{a2, 1} = 645°7° |y — g (aly — qI* — 1)
> 64§373a37“8 (ozrg — 1) ,
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and we see that the Poisson bracket is positive on the characteristic set as soon as @ > 75 2. Then the following
Carleman estimate holds on the annulus C(q,r1,75) : for all ¢ € C§°(C(q,r1,75)), we have

m11e79¢ 22 (0(gimrs)) T TNEIVE 2010 rs)) S N€IQCNZ 20100 (10.F.1)
Consider a cut-off function x € C§°(C(q,ro,76)) such that

(y) — 1 if Yy S C(q,’f'g,?"4)
0 ifye Clq,r0,71)UC(q,75,76),

and take a function u € H'(Y) such that Qu € L?(Z). Then, we apply the Carleman estimate (10.F.1) to
xu to obtain
311,79 2 -rgv 2 < TQQ ||2
T He u||L2(C(q,r2,r3)) +T||6 u‘|L2(C(q,r2,r3)) ~ ||6 u L2(C(q,r1,75))
F1le™ul B gy T €Ul (gmars) -
Using the weight function, we have

eT9(rs

Ml (graray S € (

1QulL2(Bg.re)) + ||“”H1<B<wz>>) + €U ul |51 (0 (g,r4,r))-
Since the estimate is also true on B(q,72), and g(r3) < g(r1), we obtain

ullar (Berg)) S e(9(r1)=g(rs)) (11Qull2(B(g.re)) + 1 (B(gr))) + 67(9(”)_9(”))||’U,||H1(c(q7r4,r5)). (10.F.2)

We set A = g(r1) — g(r3) > 0 and B = g(ry) — g(r3) < 0. We can optimize (10.F.2) with respect to 7 as in
[Rob95] to obtain

1-5
ullg By S (1QullL2(B(g.re)) + Ul (Bar)) Nell31 ((grairs))s (10.F.3)
where § = —%. It remains to see that § = @iﬂ with © = % to end the proof. O

We shall use the following lemma, in case of a polygon problem near a corner of the boundary. The
same Lemma can be obtained near of singular point of the interface using the same computations. It is the
counterpart of Lemma 10.F.1. We recall that for 0 < ¢; < fo, and let p = (sp,p) € € X (—=So + @, Sp — ).
We shall assume without any loss of generality that p = 0, up to performing a translation. In coordinates
(s,z) = (s,x1,x2), we shall consider the disk D(¢1, £2) = B((0, £1,0),£2)N{x2 = 0}. We then define T ({1, ¢2) =
T(¢y,¢5) NY, where T(f1,45) is the revolution of the disk D(¢1,#s) around the axis {(x1,z2) = (0,0)} (see
Figure 6.7).

Lemma 10.F.2. Let 0 < 1o <r; <re < -+ <71g, and q > r¢ > 0 sufficiently small such that T(q,rs) do
not contain any other wedges. Let oo > 0 such that o > 7‘0_2. Then there exists a constant C > 0 such that we
have

o 1
lull i (v(g.ra)) < C (ITullz2w(qre) + 1wl @iar) ™2 1l 7)) (10.F.4)

for all w € HY(Y) satisfying Tu € L?>(Z) and homogeneous Dirichlet or Neumann boundary conditions on
T(q,r6) NOQ X (=S + o, Sy — ), and with

0= 7‘(](“)’) — 9(7”4), where g(r) = e

9(r1) — g(r3)

—(X7'2

Proof. We take g(s,z) = e—a(2I*~+5")  From the computations that are led in the proof of Lemma
10.F.1, such weight function also satisfies the sub-ellipticity property in W := T(q,r6) \ T(g,70), provided
that oo > ry 2 By a compactness argument, it remains to prove that (10.F.4) holds in a neighborhood of the

190



10.F. PROOF OF TECHNICAL LEMMAS

boundary T(g,rg) NI x (=Sy + «, Sgp — «). Let us prove that a Carleman estimate of the form (10.F.1)
holds in this configuration, even in a neighborhood of the boundary. We shall write ® := s + A, and the
conjugated operator reads

D;:=e"De ™ =P, + P, + R,

where
Py =D +7%|\V.3?, Po=-219§—27V:.,3.Vss, R=71D3.

We take a function w = vy, where v € C3°(T(q,76) \ T(g,70). We have

2Re/ lePngQ/ |33§w|2+2/ | Rw|?.
w w w

We shall compute the scalar product 2 fW PywPow, and obtain a bound from below. We denote by I;; the
product between the i-th term of P; and the j-th term of P, and we denote by W = WNoN x (Sp—a, So+a).
We have

I, = —QTRe/ Dw(Dg)w = 27-/ ©§|Vs,xw|2 —i—QTRe/ Vs,2:97.Vs zww — 27 Re D g0, ww
w w w ow

:27/ 0G|V w|? —T/ D2glw|? —2TRe/ DGO W)y W)y +T/ 0y D|w),y, |2
w w ow ow
:27/ 0G|V w|? —T/ D2glw|? —2TRe/ DG} O W1 Wy
w w ow
since ¢ the normal derivative of § vanish (g is a radial function). We also have
Iy = 21 Re/ DV .V zw = 27’Re/ VoW Vs 2 (Vs2G.Vs zw)
w w
_ 2 -~ 2 ~
= 27—/ Vi5.29(Vszw, Vs sw) + 27/ V52 W(Vs 2w, Vi 29)
w w
- 27/ V2 ,3(Vs w0,V pw) — T/ DGV cw]?
wo 1%
Note that there are no boundary terms arising here, using again the fact that g is a radial function. Next,
e A e
w
and
-[22 - _27—3 Re/ |vs,rg|2V5‘,mg~vs,acu)E - 7—3/ (|vs,$§|2©§ + 2V§,zg(vs,x§, vs,mg)) |w|2
w w

Again, no boundary terms are arising here from the same reason. As g satisfies the sub-ellipticity condition,
we can obtain from these computations, by taking 7 large

2wl [ VP s [ uP 2 [ 00,0000
w w w ow

Now setting u = e~ 9w, we have that w has exactly the same boundary conditions than u, since the normal
derivative of the weight vanish. As a result, the following Carleman estimate holds

7'3/ 6T§|u|2—|—7/ eT§|Vs7xu|2§/ e™I|Dul?.
w w w

The end of the proof follows exactly the proof of Lemma 10.F.1. O
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In the case of a inverse square potential, we shall use Lemma 10.F.1 with Lemma 10.F.3 to prove Lemma
6.3.3. To prove Lemma 6.3.15 in the case of a polygon problem, we have to use Lemma 10.F.4 and Lemma
10.F.3. The following Lemma 10.F.3 allows to propagate information using the homogeneity. Note that both
operators @ and 7 are homogeneous with respect to 0, that is, if we set (3, %) = k(s,z) we have

1 1 1 1
L A p—e = — (=0 = Ay —p— ), —02— Ay =~ (0% —A,).
02 — Az I k< 02 — A, u|$|2>, 02 — Nz k:( 97 — Ay)

Lemma 10.F.3. Let €Y and let 0 <7 < --- < 7g. For k € (0,1), we define r; = kr; and q = kq. Assume
that B(q,76) CY \ {z =0} and B(q,76) CY \ {x =0}. If
e

_©_
|l (Bgm)) <€ (||QU||L2(B(Q,%'6)) + ||uHH1(B([1',F2))) e ||U|\H1(B(q,,~.ﬁ))

then u also satisfies

C _e_ —1_
lull s Barsy) < 7 (1QullL2(Bia,re)) + el (Ba,ra) T Nl g 0)) (10.F.5)

Remark 10.F.4. It should be noted that in Lemma 10.F.3, the estimate (10.F.5) holds with the same constant
0.

Proof. Noting that, if we write @(g) = u(y), for y = ¢ + k(g — G), we obtain
K2l (m i < Nl sy < 5727 Hlallm sa,
and, using the homogeneity of the operator ), we have
1QullL2(B(g.r) = ¥* 2 1Ql|L2(5(5.5)):

the result follows. O

We shall only carry out a proof for Lemma 6.3.3, but the same can be carried out for Lemma 6.3.15, using
Lemma 10.F.4 instead of Lemma 10.F.1.

Proof of Lemma 6.3.3.

We shall consider a sequence of balls and apply by induction Lemma 10.F.3 in order to have an observation
as close of {x = 0} as we want from the interior of Y. This is the purpose of the construction below that
follows from [BD10]. Take yo € {x = 0}. We can assume without any loss of generality that yo = 0. We
consider the cone C with apex yy = 0,

C:={y€Z |yl <Ry, y.£ > |y|lcos(by)},

where £ an unitary vector, normal to the surface {x = 0}, and Ry, 0 > 0 are such that C C Y (this implies in
particular, 6y < 7). It should be noted that the measure of the angle here 6y is not related to the measures
of angles of the polygons considered in Section 6.2.3. We start with go = (Ro/2)¢. We define a T-uplet of
radii 0 < 7§ <7 <rd:=py <r§ <r] <rd <rl, with rd =sin(6p)Z2. Let k > 0 be fixed below. We also fix
7§ :=kr§ 4+ (1 — k)22, Then, we consider the following sequences

qj+1 = k‘q]', Pj+1 = k‘pj, ’I“g—H = k’l“g, 1€ {0, . ,6} (1OF6)
Then, we have 7} = kr} + (1 — k)|q;| = 737" + (1 — k)|g;|. Note that we thus obtain

B(gj+1,p5+1) C Blaj,r3). (10.F.7)
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FIGURE 10.8: The initialization of the sequences of balls, depending on s and |z|. The scale between the balls
at step j and the balls at step j + 1 is k.
Indeed, let € B(gj4+1,pj+1). We have

o — qj| < & = gjeal + a5 — g <73+ (1= K)lgs| = 3.

Now, fixing pg We also define mg = rg/ré, i € {0,...,6}. Note that mg is independent of j, that is, mg =:m,.
With all this choices, the value of k is now fixed

e rd — % _ mg — mg sin(6p) € (0.1)
r9 — % mg — ma sin(6p) e

We apply Lemma 10.F.1 to obtain
€]

fERe) —_
l[ull 51 (B(go,r9)) < C (HQUHLz(B(qU,rg)) + ||UHH1(B(q0,rg))) el 172 B g0,

with ) )
—Bms _ ,—fm
e 3 —e 4
O=——1u——— ith 8 = ar) > 1.
e with 8 = ary >

From (10.F.7), we obtain

e

_1_
1+6

1+©
ullars (5eas,o0) < € (I1Qullza 50 ry + Il aongy ) 1l vy
Applying Lemma 10.F.3, we obtain

C 2 1
el 80,0 < 5 (11Qullz20) + il i rgry) T W57z

From Remark 10.F.4 the constants © and C are independant of j here. We recall that we defined Z 5= {z=
(s,x) € Z, d(z,0) > 2}. We set ¢; := d(B(g;, pj)). We can apply Lemma 3.2 in [BD10] to obtain

V']

C i
||u||H1(B(q]-,pj)) < 7]4:{;1 (HQUHLZ(Z) + HuHHl(B(qo,rg))) ||u‘|}fl(ga]‘ ) (10.F.8)
= 5
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with possibly a different constant C' > 0, independent of j and

eBlmi—m3) _ 1
VT BmI-md) _ 1

At this step we leave the proof of [BD10] by noticing that d(B(gj, p;), {z = 0}) ~ k7 (see (10.F.6)) and we
stop the inductive construction at j = jo when k0 < §. This yields

_ log(6
Jo < 8(0)
log(k)

o. ogv log(v)
and then vJo > VR = g = : f(8). Note that estimate (10.F.8) holds also for f(§) = %50 in place of
170 that is,

C £(9) 1—#(5
HUHHI(B(qu,ij)) < Tm (||QUHL2(Z) + ||U||1LJ(1(B(qD,T2 ) [|u ||H1{(ZZ (10.F.9)

We recall that we have set )
Ys={yeY, 56 <dly {z=0}) <d}.

Then, by a compactness argument, we have proven that there exist NV € N and a subset Yevy \ {z =0}
such that

f(
ullr (v < €6~ (11Qulzzvy + Il 11 5 ||u||H1<Z§), (10.F.10)

for allu € H'(Zs), Qu € L*(Y). Yet, it remains to compute the constant

Mo.

log(v)

7(6) = §HE,

As it is done in [BD10], we can optimize the constants used in the construction of the above procedure. For
dp >0 and ¢ € (0,1), we set

B=(1+e)17

m = (14 £2)1/4,

m7
m(1+ (25),

mz = m(1l + €5y + f2(50),

ma =m(1+ 0o + £28),

me = m(l + 60 + 26250)

For ¢ near 0, we have on the one hand

_ 1+ dg + 26250 — (1 + Lo + £250) sin(@o) 1 £dg sin(&o)
a 14 0o + 2025y — (1 + 52(50) sin(@o) - 14 0 + 2026y — (1 + €2(50) sin(@o)
L6 sin(fy) 9
= 1 _——
1+ 60 —sin(Gy) 050 (€5),
and then log(k) = —% + Os,(€%). On the other hand
eB(ma—ms) _ 1 eB(ma—ms) _ ,B(ma—m1)
v= =

eBlma—mi) _ 1 + eBlma—mi1) _ 1

e(1+€2)((1+60+£260)2—1) _ e(1+e2)(1+50+e250)2—(1+550+e250)2

eBlma—mi1) _ 1
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2
and then log(v) = —2§p¢ e200+09 -+ Os,(0?). As a result, passing to the limit £ — 0, and taking the infimum

Y
£260+53 _

over § yields

. . log(v) ) 1+ ¢ — sin(bp) . . V1+x—sin(6p)
inf ——~% =2 inf —— = 2 inf — .
kv log(k) >0 sin(fp) (1 — e~ (200+55)) 2>0 sin(fp)(1 — e~7)

It is then sufficient to see that in our case, we can take 6y as close as 5 as we want (we recall that 6y is the

half-angle of the construction procedure) and then, for all 7 > 0, we can choose a construction procedure

such that igg: = 1+7. All the constants involved in the sought result heavily depend on 7, but not on .
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Rémi BUFFE

Inégalités de Carleman pres du bord, d’une interface et pour des problemes
singuliers

Résumé :

Dans la premiere partie de ce mémoire, on s'attache a 'obtention d'inégalités de Carleman elliptiques pour
des opérateurs d'ordre deux au bord pour des conditions dites de Ventcel. Dans une seconde partie, on
démontre une inégalité adaptée aux multi-interfaces, pour des opérateurs elliptiques d'ordre quelconque, sous
la condition classique de sous-ellipticité de Hormander, ainsi que sous une condition de compatibilité entre les
opérateurs sur la multi-interface et I'intérieur, dite de recouvrement. Cette condition généralise la condition
de Lopatinskii. Enfin, dans une troisieme partie, on s'intéresse a la contrdlabilté de I'équation de la chaleur et
la stabilisation faible de I'équation des ondes dans des domaines polygonaux.

Mots clés : Equations aux dérivées partielles, Inégalités de Carleman, Contrdle de I'équation de la chaleur,
Ventcel, Stabilisation de I'équation des ondes, Inégalité spectrale, Domaines polygonaux, Multi-interfaces.

Carleman estimates near boundaries, interfaces and for singular problems

Abstract :

In the first part of this thesis, we derive elliptic Carleman estimates for second-order operators with Ventcel
boundary conditions. In the second part, we prove a proper estimate near multi-interfaces for elliptic operators
of any order, under the classical sub-ellipticity condition of Hormander and under a compatibility condition
between the operators in the interior and at the multi-interface, called the covering condition. This condition
is a generalization of the well-known Lopatinskii condition. Finally, in the third part, we focus on controllability
properties of the heat equation, and stabilization properties of the wave equation for polygonal domains, with
mixed boundary conditions.

Keywords : Partial differential equations, Carleman estimates, Control of the heat equation, Ventcel, Stabili-
zation of the wave equation, Spectral inequality, Polygonal domains, Multi-interfaces.
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