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Résumé en francais

Dans cette thése, nous nous intéressons par des approches probabilistes a la gravité quan-
tique de Liouville, introduite par Polyakov en 1981 [Pol81] sous la forme d'une intégrale
de chemin sur les surfaces 2d. Pour définir cette intégrale de chemin avec interaction ex-
ponentielle, nous partons du chaos multiplicatif Gaussien, I'outil fondamental pour définir
I'exponentielle des champs Gaussiens de corrélation logarithmique.

Dans un premier temps, nous généralisons la construction de la gravité quantique de Liou-
ville sur la sphére de Riemann par David-Kupiainen-Rhodes-Vargas a une autre géométrie
avec bord, celle du disque unité. La nouveauté de ce travail réalisé en collaboration avec
Rémi Rhodes et Vincent Vargas, est d’analyser avec soin le terme du bord dans l'intégrale
de chemin ainsi que l'interaction entre la mesure du bord et la mesure du disque. Nous
établissons rigoureusement les formules de la théorie conforme des champs en physique,
telles que la covariance conforme, la formule KPZ, 'anomalie de Weyl ainsi que la borne de
Seiberg. Une borne de Seiberg relaxée dans le cas de la gravité de Liouville a volume total
fixé sur le disque est aussi formulée et étudiée.

Dans la seconde moitié de cette thése, nous comparons cette construction a la Polyakov
avec une autre approche de la gravité quantique de Liouville initiée par Duplantier-Miller-
Sheffield. En collaboration avec deux autres jeunes chercheurs Juhan Aru et Xin Sun, nous
fournissons une correspondance entre ces deux approches dans un cas simple et important,
celui de la sphére de Riemann avec trois points marqués. En mélangeant les techniques de
ces deux approches, nous fournissons une nouvelle procédure d’approximation qui permet
de relier ces deux différentes approches.
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Chapitre 1

Introduction

Nous donnons dans ce chapitre un panorama des objets étudiés dans cette these. Le but
ici est de donner des idées qui relient ces différents objets au lieu de faire une liste exhaus-
tive des propriétés utilisées. Notre fil conducteur serale mouvement Brownien : on définira
des objets mathématiques qui généraliseront un aspect particulier de ce dernier. Pour un
traitement plus complet de chaque sujet abordé, on renvoie aux références.

Le mouvement Brownien

Le mouvement Brownien est peut-étre ['objet probabiliste le plus étudié de notre époque.
On peut le définir de facon intuitive avec les marches aléatoires simples. Rappelons sans en-
trer dans les détails le résultat suivant :

Théoréme 1 (Convergence de la marche aléatoire simple sur Z.).

Soit (X;)ic une suite de variables aléatoires indépendantes et identiquement distribuées, chacune
prenant la valeur 1 ou —1 avec probabilité 1 /2. On pourra linterpréter comme un jeu de pile ou
face o l'on gagne ou perd 1 euro a dhaque instant, indépendamment des autres lancers.

Notons
5(1’1): Z Xi' (1.1)

0<i<n

S(n) est alors le gain total (ou la perte totale) jusqua linstant n (il ne dépend pas de la somme que
posséde le joueur a l'instant Q).
Par interpolation linéaire, on peut prolonger S en un processus aléatoire continu S : R4 — R.

Alors le processus S “proprement renormalisé” converge en loi vers un processus continu aléatoire
sur [0, 1] que l'on appelle le mouvement Brownien.
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Ce théoréme admet une version plus forte due 28 Monroe Donsker [Don51] : la conver-
gence ci-dessus reste vraie pour beaucoup plus de variables aléatoires.

Théoréme 2 (Théoréme de Donsker).

Lobjet limite dans le théoréme précédent reste le méme si L'on remplace la suite (X;);cy par une
autre suite de variables aléatoires indépendantes et identiquement distribuées, pourvu que ces va-
riables aléatoires soient centrées et de variance 1.

Ce théoréme révele le caractére “universel” du mouvement Brownien : le mouvement
Brownien est la limite d’échelle d'une famille trés générale de processus discrets.

Les cascades multiplicatives

Les cascades multiplicatives, introduites par Benoit Mandelbrot, sont un analogue mul-
tiplicatif du mouvement Brownien. Nous rappelons d’abord une construction du mouve-
ment Brownien due a Paul Lévy, puis on discutera de la construction des cascades multipli-
catives par Benoit Mandelbrot.

Construction du mouvement Brownien par Paul Lévy

Commencons par une simple remarque qui sera utile plus tard :

Remarque 3.
La fonction S dans le Théoréme [I| est indépendante de la somme d’argent que posséde le
joueur au départ, car elle code seulement la fluctuation au cours du temps.

Dans la suite de cette section, on suppose que S(0) = 0 pour fixer les idées. Dans ce
cas S représente exactement la somme que possede le joueur a chaque instant.
On est en mesure de donner une version simplifiée de la construction du mouvement Brow-
nien par Paul Lévy : I'idée de la construction est de “découvrir” le mouvement Browien sur
[0, 1] par dichotomie de facon ponctuelle. Remarquons que la valeur du mouvement Brow-
nien a l'instant 1 suit la loi Gaussiennne centrée réduite par le Théoréme Central Limite.

Définition 4 (Construction du mouvement Brownien).
Soit X.; l'ensemble des fonctions réelles définies sur l'intervalle | = [a,b] avecb —a =1 > 0.
On définit une opération de perturbation @y sur f € X par

Oi(f)=f+gr (1.2)

oit 1 est une fonction lindaire par morceaux, obtenue en interpolant entre g1(a) = gy(b) = 0 et

gl(#) = %ﬁ/\/ avec N une variable de loi Gaussienne centrée réduite.
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La construction du mouvement Brownien par Paul Lévy peut étre formulée de la facon suivante (les
variables N qui suivent sont indépendantes) :

1. Prendre la fonction f constante nulle sur [0,1];

2. Considérer la fonction fy linéaire fo = f + tN sur[0,1];

3. Diviser [0, 1] en deux intervalles de longueur égale Iy = [0,1/2] et I = [1/2,1];

4. Dans chaque sous-intervalle, appliquer lopération de perturbation a fo pour obtenir f1 ;

5. Diviser chaque sous-intervalle en deux intervalles de longueur égale, ici Ing = [0,1/4],
Ion = [1/4,1/2], o = [1/2,3/4] ety = [3/4,1];

6. Dans chaque sous-intervalle, appliquer l'opération de perturbation a f1 pour obtenir fo;

7. Continuer ainsi jusqua l'infini.

Les opérations de divisions n’interférent pas entre elles si I'on travaille sur des inter-
valles différents : cette propriété est tres forte car en effet, tout processus a accroissements
indépendants et stationnaires est un processus de Lévy, qui selon la décomposition d’Ito-
Lévy, est la somme d’'un mouvement Brownien (avec shift) et d'un processus a sauts. Donc
un processus continu centré a accroissements indépendants et stationnaires est systémati-
quement un mouvement Brownien.

Construction des cascades multiplicatives

Les cascades multiplicatives (parfois dites canoniques) ont été introduites par Benoit
Mandelbrot dans [Man74] pour simuler la dissipation d’énergie lors d'un écoulement turbu-
lent. Nous adaptons ici une description par Jean-Pierre Kahane et Jacques Peyriére [KP76]
dans le cas binaire.

Définition 5 (Construction des cascades multiplicatives canoniques).

Prenons lintervalle [0, 1]. L'idée de la construction des cascades multiplicatives canoniques est ana-
logue a celle du mouvement Brownien par Paul Lévy : on divise l'intervalle en parties de longueur
égale et on introduit une perturbation aléatoire cette fois-ci multiplicative dans chaque subdivision,
par une variable aléatoire positive W telle que I5[W| = 1. Concretement, on effectue les opérations
suivantes :

1. Munissons [0, 1] de la mesure de Lebesgue usuelle;

2. Diviser [0, 1] en deux intervalles de longueur égale Iy = [0,1/2] et I = [1/2,1];
3. Dans chaque sous-intervalle, multiplier la mesure par une copie indépendante de W ;
4

. Diviser daque sous-intervalle en deux intervalles de longueur égale, ici Ing = [0,1/4],
Ion = [1/4,1/2], o = [1/2,3/4] ety = [3/4,1];

5. Dans chaque sous-intervalle, multiplier la mesure obtenue précédemment par une copie in-

dépendante de W (par exemple, dans l'intervalle Iy, la densité par rapport a la mesure de

Lebesgue serait maintenant Wy - Wy oit les W, sont indépendantes et distribuées selon W);
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Figure 1.1 - Construction des cascades multiplicatives : premieres étapes. Simulation avec
la loi uniforme sur [1/2,3/2].

6. Continuer ainsi jusqua l'infini.

A chaque génération 1 avec des intervalles de longueur 27", on peut regarder la masse
totale de l'intervalle [0, 1] que 'on note Y. La procédure étant Markovienne (chaque opé-
ration ne dépend que de I'état actuel du systéme), la famille (Y}, ) v est naturellement une
martingale dans une filtration bien choisie. La question est de savoir si la suite (Y}) e
converge (e.g. en loi) vers une limite Yy, et si oui, Yo est-elle une mesure non triviale?
L’étude de ces questions repose sur I'équation fonctionnelle suivante :

Lemme 6 (Equation fonctionnelle de cascades).
Les variables Yy, verifient l'équation récurrente suivante :

Y, =271 2 W(j)Yu_1(f). (1.3)

Rappelons que les variables aléatoires W () et Y;,—1(j) sont mutuellement indépendantes, et les
Y,—1(j) (resp. W(])) sont distribuées comme Y, 1 (resp. W).

Alors Yoo est solution de I'équation fonctionnelle suivante :
1 1
zZ=2 Z(;)wjzj (1.4)
]:

oit les variables aléatoires W; et Z; sont mutuellement indépendantes, les W; (resp. Z;) ayant la
méme distribution que W (resp. Z).

Kahane et Peyriére ont montré (entre autres) les résultats suivants sur Yo :

Lemme 7 (Condition de convergence £! et existence des moments).
On a les résultats suivants :
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1. Sur la non-dégénérescence de Yoo : LASSE (les assertions suivantes sont équivalentes).
) E[Ye] =1;
b E[Ys] > 0;
¢) Une solution Z existe avec E[Z] = 1;
d EWInW] < In2.

2. Sur lexistence des moments : on suppose que P[W = 1] #£ 1.
Soith > 1.0n a E[Y] < 400 si et seulement si E[W"] < 21,

On remarque que ces résultats sont aussi liés aux résultats classiques sur les marches
aléatoires branchantes [Big77] : il y a en effet un lien direct entre ces deux objets. A noter
cependant que la distance d’arbre n’est pas le méme que la distance Euclidienne : en pra-
tique un plongement d’arbre a la Cantor est utilisé pour passer de la géométrie de 'arbre
(e.g. binaire) a la géométrie Euclidienne. En annexe Al on propose un modeéle de cascades
multiplicatives plus homogeénes en espace qui permet de trouver une corrélation mesurée
directement par la distance Euclidienne.

Invariance conforme et propriété de Markov

Dans cette section, on donne une caractérisation du mouvement Brownien comme
le point fixe d'une opération sur les chemins. Puis on présentera une généralisation en
dimension 2, qui va nous mener a quelques propriétés importantes du champ libre Gaussien
que l'on définira dans la section suivante.

Propriété de Markov du mouvement Brownien

Dans la construction de Lévy du mouvement Brownien, on voit que sur chaque sous-
intervalle binaire, les opérations de perturbation créent une copie (plus petite et renorma-
lisée) du mouvement Brownien qui relient les extrémités de cet intervalle. Cette propriété
est trés importante pour le mouvement Brownien : si I'on remplace une partie du mou-
vement Brownien standard par un autre mouvement Brownien indépendant, proprement
renormalisé et qui prend les mémes valeurs aux bords, le processus ainsi obtenu par conca-
ténation suit encore la loi dun mouvement Brownien standard.

Précisons ce qu'on veut dire par une copie “proprement renormalisée”.

Proposition 8 (Invariance d’échelle).
Soit B un mouvement Brownien standard sur [0, 1]. Alors pour tout A > 0,

B(s) = %B(As) (1.5)

est encore un mouvement Brownien standard sur [0, %]
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Quitte 2 translater B, on peut remplir n'importe quel intervalle de longueur positive
par une copie de mouvement Brownien renormalisée ainsi.
Ensuite, précisons le sens de “prendre les mémes valeurs aux bords”. Intuitivement, on peut
permuter les étapes dans la construction de Lévy : 'étape lors de laquelle on choisit la valeur
du mouvement Brownien au point 1 peut étre réalisée a la fin.

Proposition 9 (Conditions aux bords).

Un mouvement Brownien B sur [0, 1] conditionné a avoir B(0) = a et B(1) = b a la méme loi
qu'un mouvement Brownien B sur [0, 1] conditionné a avoir B(0) = 0 et B(1) = 0 augquel on
rajoute la fonction linéaire f qui vauta enQ etb en 1.

Autrement dit, pour passer d'une condition aux bords a une autre, il suffit de rajouter le
prolongement harmonique de la différence. Un mouvement Brownien B sur [0, 1] condi-
tionné a avoir B(0) = 0 et B(1) = 0 est aussi appelé un “pont Brownien”. On utilisera
donc cette propriété pour changer les valeurs aux bords en rajoutant une fonction harmo-
nique déterministe.

Enfin, énoncons la propriété de Markov sous forme de proposition :

Proposition 10 (Propriété de Markov du mouvement Brownien).

Pour tout sous-intervalle [s, t] C [0,1], la loi de B‘ [s,¢] sachant B(s) et B(t) est indépendante de
Bl[O,l]\[S,t]' En plus, cette loi est celle d’un mouvement Brownien standard sur [s, t] conditionné a
avoir les mémes valeurs aux bords que B, a savoir B(s) ens et B(t) ent.

Un mouvement Brownien est donc une loi £ sur I'ensemble des chemins sur [0, 1]

invariante par l'opération de remplissage qui consiste 2 effacer une partie [s, ] du chemin,
puis remplir cette partie par une copie proprement renormalisée de chemin choisi selon la
loi £ conditionnée a avoir les bonnes valeurs aux bords.
Réciproquement, il n’est pas difficile de voir que ces propriétés caractérisent presque le
mouvement Brownien : une telle loi £ est 4 accroissements indépendants et stationnaires,
et quelques hypotheéses de plus (processus continu et centré) nous assurent qu'il s’agit bien
d’'un mouvement Brownien (2 une constante multiplicative pres).

Pré-champ libre Gaussien

Cherchons maintenant un champ Gaussien vérifiant les méme propriétés énoncées au-
dessus en dimension 2 :

Définition 11 (Invariance conforme intrinséque).
On dit qu'un dhamp X est intrinsequement invariant conforme si pour toute application conforme
¢ : D — D' entre deux domains simplement connexes du plan, on a (P(X|D) = X|pr en loi.

En particulier, un tel champ X est invariant par tout automorphisme conforme de D.
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Définition 12 (Conditions aux bords).

On dit quun champ X vérifie la regle de changement des conditions aux bords, si pour tout domaine
simplement connexe D C C, la loi de X|p moins le prolongement harmonique de X 3p dans D
est la loi du champ X|p conditionné a étre nul sur oD.

Autrement dit, pour passer d'une condition aux bords 4 une autre, il suffit de rajouter
la différence au bord et son prolongement harmonique a l'intérieur.

Définition 13 (Propriété de Markov spatiale).

On dit quun dhamp X verifie la propriété de Markov spatiale si pour tout domaine simplement
connexe D C C, la loi de X|p sachant X|5p est indépendante de X\ p. De plus, cette loi est celle
du champ X sur D conditionné a avoir les mémes valeurs au bord.

On peut alors calculer explicitement la fonctions de corrélation sur le disque unité ID
d’un tel champ si 'on suppose de plus qu'il est Gaussien.

Théoréme 14 (Pré-champ libre).

On appelle X un camp défini sur D C C “pré-champ libre” sil est intrinsequement invariant
conforme, verifie la régle de dhangement des conditions aux bords et la proprieté de Markov spatiale.
Si en plus X est Gaussien et centré, alors X|]D conditionné a étre nul sur dD est de corrélation (a
une constante multiplicative prés)

G(x,y) = —In|x —y| +In|1 — xy| (1.6)
avec x,y € ID. On dit dans ce cas que X est un pré-champ libre Gaussien.

Idée de la preuve.
Une vraie preuve nécessite d'introduire une régularisation du champ X :

Définition 15 (Circle-average du pré-champ libre).
Soit x € . Définissons le circle-average canonique du dhamp aléatoire X autour de x :

1

X, (x) = e

21 .
/0 X(x+re’9)d6 (1.7)

pour toutr € R .

Nous donnons ici une preuve formelle et heuristique en imaginant qu’a chaque point
z, X(z) est une variable Gaussienne bien définie.
Tout d’abord, remarquons que 7 — X, (0) est un processus Gaussien centré 2 accroisse-
ments indépendants (propriété de Markov spatiale) et stationnaires (invariance conforme).
Ceci est donc un mouvement Brownien a une constante pres : supposons que la constant
soit égale a 1 dans la suite. Il s'ensuit que, pour tout 7 €]0, 1],

E[X(0)X,(0)] = —In7 (1.8)
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on voit par symétrie rotationnelle (or invariance conforme) que
E[X(0)X(r)] = —Inr. (1.9)

On sait calculer alors la corrélation entre 0 et un point sur l'axe réel positif. Dans le cas
général, pour n'importe quel couple (x, i), il existe une transformation conforme du disque

de la forme
zZz— X i

z) = e 1.10
¢(z) = 7= (1.10)
avec 6 € [0,277] qui envoie X sur 0 et i sur un point sur l'axe réel positif, en I'occurence le
point [ = | 1y:yxy |. Alors par invariance conforme,

E[X(x)X(y)] = E[X(0)X()] = —In|y — x| + In |1 — Xy|. (1.11)
On trouve la fonction de corrélation G énoncée plus haut. [

Un champ Gaussien sur D avec la fonction de corrélation () est aussi appelé un
champ libre Gaussien avec conditions aux bords du type Dirichlet sur D.

Champ libre Gaussien

On définit le champ libre Gaussien avec I'intégrale de chemin. L'idée est de donner une
mesure de probabilité sur 'espace des fonctions généralisées dans un domaine, qui peut étre
vue comme une procédure de quantification analogue a celle qu'on utilise pour définir le
mouvement Brownien.

Mouvement Brownien comme quantification

L'intégrale de chemin, initiée par le physicien Richard Feynman [Fey48], est un outil
mathématique puissant tres utilisé en physique, en particulier dans la théorie quantique des
champs. Dans le contexte du mouvement Brownien, on peut grossiérement résumer 1'idée
de l'intégrale de chemin de la maniére suivante. Regardons I'ensemble des chemins réels
définis sur l'intervalle [0, 1] :

Y={c:[0,1] — R} (1.12)

et essayons de donner une énergie S(0") 2 chaque chemin. L'idée sera de donner une énergie
élevée aux chemins qui font trop de “zigzags” : en effet, il semble naturel de supposer que le
chemin constant nul 0y tel que 0y (s) = 0 pour tout s € [0, 1] cotte moins d’énergie que
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les autres.

Cette énergie est appelée “action” en physique. On définit ensuite une mesure de probabilité
sur 2 en déclarant que chaque chemin ¢ sera tiré avec une probabilité proportionnelle a
e~ 5(7) ; Cest la distribution de Boltzmann. Autrement dit, on définit une loi de probabilité
P sur X par

1
E[F((B)scioa)] = 5 [ Flo)e™do (1.13)

ou do désigne la mesure de Lebesgue sur %, i.e. la mesure uniforme formelle, et Z est une
constante de renormalisation pour que l'on obtienne bien une mesure de probabilité.
Il s’avere que si 'on choisit comme action

1
S() = %/O o (s) s, (1.14)

le chemin aléatoire (Bs;) sc[o,1] ainsi défini est le mouvement Brownien canonique (2 une
constante additive pres). Ceci parait un peu paradoxal : le mouvement Brownien, rappelons-
le, n’est pas dérivable, donc l'action telle qu'elle s'écrit n’a pas de sens quand il s’agit dun
chemin Brownien typique. Cependent, une facon de justifier cette définition est de pas-
ser par une discrétisation du chemin, i.e. approximer un chemin par une marche aléatoire
[ADJ90].

Remarquons que l'action S ne code que la fluctuation du chemin : c’est pour cela que le
mouvement Brownien est défini modulo une constante de cette facon. On pourra fixer la
constante en rajoutant la condition B(0) = 0, puis faire varier cette valeur par une loi quel-
conque sur R. Par exemple, si I'on veut que la loi de B(0) soit identique a la loi de B(1), il
est préférable de prendre comme condition de bord B(0) = c avec ¢ une constante choisie
selon la mesure de Lebesgue sur R.

On pourrait aussi rendre la définition du mouvement Brownien invariante par homéomor-
phisme croissant ¢ : [0,1] — [0,1]:

Théoréme 16 (Plongement d'un mouvement Brownien).
Soit e une fonction positive définie sur [0, 1]. Considérons L'action

_ 1 (s)P
S(U,@) = E/O st (115)

pour toutc € X. Alors S(0, e) est invariant par reparamétrisation de l'intervalle [0, 1], et le mou-
vement Brownien défini avec S l'est aussi. En effet, soit & : [0,1] — [0, 1] un homéomorphisme
croissant, alors

S((s),e(s)) = S(6%(s), ¥ (s)) = S(c 0 &(5), & (s)e 0 £(s)).  (1.16)

On interprétera

g(s) = e(s)%,s € [0,1] (1.17)
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comme une métrique sur [0, 1. Alors le mouvement Brownien que l'on a défini plus haut
correspond au mouvement Brownien dans la métrique Euclidienne usuelle. Cette nouvelle
définition nous donne une propriété dinvariance conforme du mouvement Brownien sur
l'intervalle [0, 1] avec une métrique de fond.

Champ libre Gaussien : action et fonction de partition

En remplacant la dérivée en dimension 1 par le gradient en dimension 2, on peut se
demander si c’est possible de définir proprement une surface aléatoire de la méme maniere.
Pour fixer les idées, placons dans la géométrie la plus simple dans notre cas, a savoir la
sphére de Riemann $ = C U {c0o} munie d'une métrique Riemannienne ¢ (de volume
total fini), et notre ensemble de surfaces sur lequel I'action sera définie prendra la forme

Yg={X:5— R} (1.18)
Nous définissons alors une mesure de probabilité a la Boltzmann sur Xg :
exp(—S(X,g))DeX (1.19)

ot l'action S(X, g) est remplacée par

1
5(X,g) = E/S 198X [2dA, (1.20)

avec D¢ X la mesure de Lebesgue sur X muni de la métrique g et Ao la forme volume de la
métrique g.

Remarquons que 'action S est indépendante de la métrique g, et elle est invariante par
l'opération X — X + ¢ pour n'importe quelle constante ¢. De maniére heuristique, il
n’est pas difficile de se convaincre que les champs X sont Gaussiens et qu'ils sont corrélés
logarithmiquement : en faisant une intégration par parties, on a

S(X,g) = —ﬁ/SXAngAg - —%/S%XAXW\ (1.21)

Formellement, X est un champ Gaussien corrélé en —%A‘l : en dimension 2, il s’agit de
la fonction logarithmique

G(x,y) = —In|x —y|. (1.22)

Cette fonction de corrélation n’est pas définie positive car, comme pour le mouvement
Brownien, on doit fixer la constante dans X. La facon dont la représentation est choisie
est assez simple. D’abord, on choisit une métrique g de volume total fini sur C et puis on
regarde le champ X, obtenu en soustrayantla moyenne de X dansla métrique ¢ : on obtient
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ainsi un champ de moyenne nulle dans la métrique g.
Par exemple, dans [DKRV16], on considére la métrique sphérique (renormalisée)

1

& = 1.23
et on considére
Xg:X—ijg (1.24)
qui est de fonction de corrélation (bien définie cette fois-ci)
1, .
Ge(ry) = —Infx —y| = 2(Ing(x) +Ing(y)) + x (1.25)

ou ) est une constante que I'on peut calculer explicitement.

Chaos multiplicatif Gaussien

Dans cette section, nous définissons le chaos multiplicatif Gaussien introduit par Jean-
Pierre Kahane en 1985 [Kah85], qui est formellement l'exponentielle d'un champ Gaus-
sien log-corrélés. Initialement utilisé pour modéliser les phénomenes intermittents obser-
vés dans les écoulements turbulents, le chaos multiplicatif Gaussien est beaucoup utilisé
aujourd’hui pour définir certains objets dans I'étude de la gravité quantique de Liouville
[Kah83, RV10, RV14, Sha14, Ber17, JS15].

Martingale exponentielle et théoreme de Girsanov

On sait définir 'exponentielle du mouvement Brownien depuis longtemps. Tres sou-
vent, on utilise la martingale exponentielle pour définir un shift sur le mouvement Brow-
nien : c’est 'objet du théoréme de Cameron-Martin [CM44].

Théoréme 17 (Théoréme de Cameron-Martin).
Soit ¢ : [0,1] — R une fonction continue de carré intégrable. Notons

h(t) = /Otg(s)ds.

Soit B un mouvement Brownien sous la probabilité IP, alors sous la probabilite

1 1 r1 5
dQ = exp (/0 g(s)dB(s) — 2 ), 2(s) ds) dp (1.26)
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le processus

B(t) = B(t) — h(t) (1.27)
est encore un mouvement Brownien.

Ainsi, I'exponentielle d'un mouvement Brownien peut étre vue comme un opérateur
qui permet de “shifter” un champ Gaussien par une fonction déterministe.

Exponentielle dun champ Gaussien corrélé logarithmiquement
Commencons par une définition :

Définition 18 (Champ Gaussien corrélé logarithmiquement).
On dit quun dhamp Gaussien X, défini sur un domaine D C R4 simplement connexe, est correlé
logarithmiquement si sa fonction de corrélation sécrit

E[X(x)X(y)] = —In|x —y|+ O(1) (1.28)
avec X,y € D et O(1) une fonction continue bornée sur D.

Le but est de définir I'exponentielle de ces champs de corrélation logarithmique (donc
en particulier du champ libre Gaussien). Rappelons que le théoréme de Cameron-Martin
permet de voir 'exponentielle du mouvement Brownien comme un opérateur de shift qui
agit sur 'espace des mesures Gaussiennes. Mentionnons donc l'article [Sha14], dans lequel
le chaos multiplicatif Gaussien est vu et défini comme un opérateur de shift qui agit sur
I'espace des mesures Gaussiennes en dimension d, exactement de la méme maniére que
I'exponentielle du mouvement Brownien. En particulier, une convergence en probabilité
vers la mesure limite lors de la procédure de régularisation a été obtenue, indépendamment
de la régularisation choisie.

Théoréme 19 (Convergence en probabilité du chaos multiplicatif Gaussien).

Soit X un champ Gaussien de corrélation logarithmique sur un domaine D C R? simplement
connexe muni d une mesure de Radon 0. Notons X une régularisation du champ X : pour simplifier,
on peut prendre le circle-average défini dans Proposition [15.

Siy? < 2d, la famille des mesures aléatoires

2
VACD, MI(A):= /A e1Xe(x) = B EXe()l g (1) (1.29)

converge en probabilité et dans L. La mesure limite

2
MY(-) := lim MZ(+) = lim [ X)X g0 (x) (1.30)

e—0 e—0.J.

ainsi définie sappelle le chaos multiplicatif Gaussien du champ X de parametre y.
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Pour I'existence des moments de la mesure limite M, nous choisissons ici de présenter
une variante un peu plus simple basée sur 'approche originale de Kahane [Kah85]. L'outil
fondamental de cette approche est I'inégalité de comparaison Gaussienne due a Jean-Pierre
Kahane [Kah85] :

Théoréme 20 (Inégalité de convexité de Kahane).
Soient (X;)icr et (Yi)ie deux familles finies de variables aléatoires réelles Gaussiennes.
On suppose que
Vi, j € I, E[X;X;] < E[Y;Y]]. (1.31)

Soit F : R4 — IR une fonction convexe avec croissance au plus polynomiale a linfini. Alors

Vpi >0,

E[F(L prexp(Xi — o EIXF))] < EIF(E prexp(Yi— JEDZD)). (132

icl icl

Ce théoréeme nous permet de comparer les fonctionnelles convexes de I'exponentielle
d’un vecteur Gaussien si'on a une inégalité uniforme sur leur fonctions de corrélation. On
peut étendre cette inégalité au cas continu :

Lemme 21 (Inégalité de convexité de Kahane, cas continu).
Soient (X¢)seRr et (Yi)ieRr deux processus Gaussiens centreés tels que leur noyaux de covariance
fx et fy soient continus et vérifient

Vu,t € R, fx(t,u) < fy(t,u). (1.33)

Soit y une mesure de Radon positive sur IR. Alors, pour toute fonction convexe F : Ry — IR avec
croissance au plus polynomiale a l'infini, on a :

b 1 b 1
E[F([ ¥ ()] <EF([ @) )

On utilisera souvent ce lemme pour modifier légérement la fonction de corrélation du
champ Gaussien pour se ramener a un champ Gaussien plus simple 2 étudier (par exemple,
un champ Gaussien qui admet certaines propriétés d'indépendance d’'accroissements [ARV 13,
RSV 14]). En effet, on a le corollaire suivant sur les moments du chaos multiplicatif Gaus-
sien en prenant F : x — xP :

Corollaire 22 (Conséquence de l'inégalité de convexité de Kahane).
Soient (Xt )ieRr et (Yi)ter deux processus Gaussiens centrés tels que leurs noyaux de covariance
fx et fy soient continus et vérifient

Yu,t € ]R,fx(t,u) < fy(t,u) < fx(t,u) + C. (1.35)
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Alors il existe K > 0 qui dépend seulement de C et p,

L[ e e lo )

<El( [ BN (a1

a

b
_1 2
<KE[( [ X Ml (at))]
a

Ainsi, les moments du chaos multiplicatif Gaussien de I'ensemble des champs Gaussiens
corrélés logarithmiquement sont comparables dans le sens du corollaire. En utilisant une
généralisation du Lemme @ en dimension d, nous en tirons le théoréme suivant sur la
convergence L du chaos multiplicatif Gaussien pour p > 1:

Théoréme 23 (Sur I'existence des moments du chaos multiplicatif Gaussien).
Soit X un champ Gaussien sur un domaine borné simplement connexe D C RY dont la corrélation
sécrit

Vx,y € D, E[X(x)X(y)]=—In|x—y|+O(1). (1.36)
Soit MV la mesure du chaos multiplicatif Gaussien de parametre iy < +/2d associée au champ X.

Alors pour tout p > 1,
VACD, EM"(A)P] <o (1.37)

si et seulement si p < i—’;

Nous recommandons enfin la lecture de I'article [Ber17] dans lequel le chaos multiplica-
tif Gaussien dans le régime sous-critique y < v/2d est défini d’'une maniére concise : 'idée
de base est une estimation £2 de la martingale associée 2 la régularisation mais en contro-
lant au préalable les valeurs extrémes par une estimation £!. Voir aussi [DS11]] pour le cas
du champ libre Gaussien.

Analyse multifractale, moments du chaos multiplicatif Gaus-
sien

Grace aux outils issus de l'analyse des processus Gaussiens, nous regardons les mo-
ments du chaos multiplicatif Gaussien : nous nous intéressons d’abord a des moments d'un
chaos multiplicatif Gaussien non-classique défini sur une géométrie a bord, en I'occurence

le disque unité ID. Nous appliquons ensuite la méme méthode pour obtenir un nouveau
2d

résultat sur la vitesse de divergence des moments dans le régime surcritique p > Pt
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Etude des moments pour le chaos multiplicatif Gaussien sur le disque

On étudie le chaos multiplicatif Gaussien associé au champ libre Gaussien du type Neu-
mann sur le disque unité. Concretement, prenons la fonction de Green du disque ID avec
condition aux bords du type Neumann dans la métrique Euclidienne :

Gp(x,y) = —In|x —y| —In|1 — xy| (1.38)

avec X,y € D. Considérons alors un champ Gaussien X de corrélation G sur D et la
mesure du chaos multiplicatif Gaussien associé intégrée contre la mesure de Poincaré sur
le disque :

v = X 4
vACD, MI(4):= [ e = (1.39)
Dans ce cas, I'étude des moments de cette mesure aléatoire nous permet d’établir la borne de
Seiberg relaxée pour la mesure de Liouville : voir 'article [HRV15]. Remarquons que cette
mesure n’est pas une mesure de chaos multiplicatif Gaussien classique car les corrélations
avec un point au bord se comportent comme —2 In |x — y| au lieude — In |x — y]|.

Lemme 24 (Existence des moments du chaos multiplicatif Gaussien sur le disque).
Soity €]0, 2[. Alors

p < (1+12) VIS EMIDY] <o—p< 2 (140
2 7 gt gt

On espére obtenir une borne optimale 2/ ’)/2 pour les deux sens : malheureusement les
estimations pour p < 1 sont un peu plus délicates a manipuler, et on n’a pas obtenu de
condition nécessaire et suffisante.
Pour établir la borne de Seiberg relaxée, on étudie de plus si cette mesure integre les singu-
larités logarithmiques au bord et a I'intérieur du disque. Dans ce cas, on peut appliquer une
technique de [DKRV16] : les détails se trouvent [HRV15]. Le probléme est essentiellement
unidimensionnel et la géométrie du disque ne joue pas de role spécial.

Etude des moments surcritiques du chaos multiplicatif Gaussien

En appliquant la méme méthode que précédemment, on parvient également 2 montrer
un résultat sur les moments surcritiques du chaos multiplicatif Gaussien classique. On se
donne un champ Gaussien X de corrélation logarithmique en dimension d, et une régulari-
sation X, au niveau € du champ : pour simplifier les idées, supposons que la régularisation
est donnée par le processus circle-average.

Lemme 25 (Moments surcritique du chaos multiplicatif Gaussien).
Soient y < V2etBle paveé unité dans R¥. Notons pour tout p > 0

Z(p) = (d+92/2)p — (v*/2)p* (1.41)
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la fonction de scaling.
Prenons X un dhamp Gaussien sur B de corrélation

G(x,y) = —In|x —yl.
Sip < ?r—‘;, ona
p
E K/ eﬂl/z"(x)mz/”“zdx) } < C(p). (1.42)
B
Sip > i—‘;, alorsona

e(p)2" =10 < K / evxl/zux)—mz/zmzdx) T < C(p)2"@-T0)  (1.43)
B

avecc(p), C(p) des constantes qui ne dépendent que de p.

Il est facile de passer au cas général (de fonction de corrélation plus générale) en appli-
quant l'inégalité de convexité de Kahane (Lemme @)

e — O (V)]

Résumé des travaux

Dans cette partie, nous présentons les travaux effectués pendant cette these.

[HRV15] Gravité quantique de Liouville sur le disque unité

Dans ce travail, on construit la gravité quantique de Liouville sur le disque unité D
a partir de l'action de Liouville. Rappelons que le but est de donner une “bonne” loi de
probabilité sur les fonctions définies sur le disque ID. Notons donc

Yp ={X:D— R} (1.44)

I'ensemble des applications réelles sur le disque D. Dans le cas du disque, 'action de Liouville
est un peu différente de celle sur la sphére de Riemann étudié dans [DKRV16] : on voit
notamment apparaitre un second terme dans l'action 1ié au bord dD. Cette action s'écrit,

avec y €]0,2[:

1

Sp(X,g) =i

(198X + QRyX + 4rpe™™) dag
b (1.45)

1 i
a /a]D (QKeX +27tp1ae X ) dAag
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avec d ¢ la forme volume de la métrique g sur le disque D et d)tag I'élément de longueur
de g au bord du disque dD. R et K, désignent respectivement la courbure de Ricci a I'in-
térieur de D et la courbure géodésique au bord dDD. Il y a aussi quelques constantes dans
I'expression : y, iy > 0, u + 1y > 0 sont les constantes cosmologiques a I'intérieur et au
bordet Q =2/v + /2.

Notons qu’a la différence de 'action du champ libre Gaussien, on y rajoute notamment des
termes de potentiel exponentiel du type 7% : ce terme est défini rigoureusement 2 I'aide
de la théorie du chaos multiplicatif Gaussien.

La théorie de la gravité quantique de Liouville est une théorie conforme des champs. Ce
qui nous intéresse en particulier dans une théorie conforme des champs, c’est de calculer les
fonctions de corrélations. Formellement, la fonction de corrélations a 71 4 m points deux
a deux distincts, avec 11 points a l'intérieur du disque D et m points au bord du disque 9D
est donnée par

(TT Vaz) TT Ve

i=1,...n j=1,...m ( )
B: 1.46
:/ 1—[ elXjX(Z,‘) e%X(Z;)efs]D(X,g)DgX
Ip i=1,...n j=1,...,m

ou les a;, B; sont des coefficients et z; (resp. Z;-) des points marqués l'intérieur (resp. au

bord) du disque D; D¢ X est la mesure uniforme formelle sur 2p muni de la métrique g.

La premiere chose a se demander face a cette expression est bien évidemment si la fonc-
tion de corrélation est bien définie et non-triviale. La réponse dans [HRV15] est donnée
par les bornes de Seiberg [Sei90] :

Théoréme 26 (Bornes de Seiberg).
Supposons que u, gy > 0. La fonction de corrélation ([1.46) existe et est non-triviale si et seulement
si les bornes suivantes, dites de Seiberg, sont vérifiées :

szﬁ%Zﬁj > Q, (1.47)
i j

Vi, a;<Q, (1.48)
vj, Bj<Q. (1.49)

Par exemple, si = 0 (aucun point z; a I'intérieur), il faut que m > 3, i.e. au moins 3
points au bord, pour que la fonction de corrélation () existe et soit non-triviale.
Une difficulté dans la preuve est de comprendre l'interaction entre un point du bord et le
volume a l'intérieur du disque D. On peut aussi obtenir d’autres bornes de Seiberg dans le
cas 4 = 0 et dans le cas dit “unit volume”.
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On s'intéresse aussi aux regles de changement de la fonction de corrélation. Par exemple, on
pourrait appliquer une transformation de M6bius du disque D pour changer les positions
des points: la fonction de corrélation se transforme selon la formule de Knizhnik-Polyakov-
Zamolodchikov [KPZ88].

Théoréme 27 (Relation KPZ).
Soit ¢ une transformation de Mobius ¢ : ID — ID. Alors on a la relation suivante, dite de KPZ :

( TT Vale@)) TT Ve(e(z))e

i=1,...n j=1,...m

= TT W™ TT g™ TT Valz) TT viGs
j=1,..m

i=1,...n j=1,...m i=1,...n

(1.50)

oo = §(Q— ) et b = H(Q-5).

Les A sont appelés “poids conformes” dans le langage de la théorie conforme des champs.
Ainsi, si deux ensembles de points sont liés par une transformation conforme du disque, on
peut utiliser cette relation pour relier les fonctions de corrélation associées.

On s’intéresse également aux regles de changement de la fonction de corrélation quand
on modifie la métrique ¢ par équivalence conforme. On dit que deux métriques g, ¢’ sont
conformément équivalentes quand on peut écrire ¢’ = e¥¢ avec une bonne fonction ¢. La
régle de transformation de la fonction de corrélation dans ce cas est donnée par 'anomalie
de Weyl.

Théoréme 28 (Anomalie de Weyl).
Soientg’ = e?g deux métriques conformément équivalentes a la métrique Euclidienne sur le disque
D. On a la relation suivante, dite danomalie de Weyl :

(T1 Valz) TT Ve(E))e

In i=1,..n j=1,...m
Vi (2 Vs (2
<i:g.,n al( l)jzll}.,m 'B]( ])>g (1.51)

C
__° o2 dA /ZR A 4/ Koo dA )
967 </]D’ (Pl st D P s+ oD g dhag

avecc = 14 6Q? : cest la “charge centrale” dans le language de la théorie conforme des hamps.

Pour montrer les résultats précédents, il faudrait utiliser la théorie du chaos multipli-
catif Gaussien! En effet, une régularisation est nécessaire pour donner un sens précis a la
fonction de corrélation : c’est la partie technique de l'article.
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Jusqu'ici, on a survolé les résultats essentiels de la théorie. Ces résultats peuvent étre aussi

formulés en termes de la mesure de Liouville : on se réfere 2 [HRV15] pour un traitement

plus complet.

Nous avons défini précédemment le champ libre Gaussien avec une partie de I'action de

Liouville : r définir le champ de Liouville, il suffit de faire la méme démarche avec l'ex-
1.4

pression ([1.45). Considérons donc le champ de Liouville X[g, v, 14, 5] défini par

1
BIF(X[g, 7, )] = 7 [ F(X)e 0XIDexX (1.52)
D

ol Z est une constante de renormalisation et D¢ X la mesure de Lebesgue de X.p munie de
la métrique g. On laissera tomber les indices [g, Y, J4, }43] par abus de notation.

Il s’avere que pour que la fonction de partition soit renormalisable, il faut rajouter des “in-
sertions” du type e%X (z1) avec a; € Retz; € D. Dans le langage de la théorie conforme
des champs, e%% (z1) s'appelle opérateur vertex. On obtient alors la fonction de corrélation
quon a vue plus haut :

B,
E[F(X[g,])]:% g F(X) H X (zi) e%X(Zj)e—Sm(X,g)Dgx_ (1.53)
D

i=1,..n j=1,...m

Idem, pour simplifier on laissera tomber les indices [g, Y, U Uy, Zis &, Z;., ﬁ]] : elles ne sont
précisées que si elles changent entre les expressions.

En pratique, pour définir proprement le champ de Liouville, nous partons du terme de gra-
dient dans I'action de Liouville : cela nous définit le champ libre Gaussien X de moyenne
nulle dans la métrique ¢. Ensuite, la théorie du chaos multiplicatif Gaussien nous permet
de traiter le terme du potentiel exponentiel : c’est I'exponentielle du champ Gaussien X,
corrélé logarithmiquement. Finalement, les opérateurs vertex peuvent étre traités avec le
théoréme de Girsanov : ils introduisent un shift sur le champ X, qui est une combinaison
linéaire de singularités logarithmiques.

Un champ de Liouville X est bien défini si les insertions vérifient les bornes de Seiberg
(Théoréeme @) Dans ce cas, ce champ ressemble a une variante du champ libre Gaussien,
et on peut définir son exponentielle par la théorie du chaos multiplicatif Gaussien : on ap-
pellera respectivement

(dM = "X\, dM, = e%XdAag) (1.54)

mesure de Liouville a I'intérieur du disque ID et mesure de Liouville au bord du disque dD.
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On peut aussi étendre la construction de la gravité quantique de Liouville 4 n'importe quel
domaine D conformément équivalent au disque DD via la formule de changement conforme
de domaines pour le champ de Liouville :

Lemme 29 (Changement conforme de domaines).

Soit ¢ une metrique sur D. Soit ¢ : D — D une transformation conforme dun domaine D
simplement connexe de bord C vers le disque D. Le champ de Liouville Xp sur D est obtenu par
la relation suivante :

Xplge zi,zj] = Xnlg, ¢(2i), ¢(z})] 0 9 + Qln |¢'| (1.55)

ol §¢ désigne la métrique |q0' |2g((p) sur D. Les A, u, ty, &;, ,Bj sont identiques aux deux cotes.

Intuitivement, 'action de Liouville sur le domaine D est définie de facon a ce que la me-
sure de Liouville soit invariante par transformation conforme : en effet, un calcul simple
permet de vérifier que cela est équivalent a la formule ci-dessus sur le champ de Liouville.
La relation KPZ ci-dessus reste également valable quand on change de domaines par une
transformation conforme.

Dans [HRV15], nous avons également étendu la construction de la gravité quantique de
Liouville au cas critique vy = 2, en vérifiant que la fonction de corrélation peut étre ob-
tenue de facon similaire au cas y < 2 en appliquant la renormalisation de Seneta-Heyde
[DRSV14a]. Une conjecture précise sur la convergence des mesures des cartes planaires
aléatoires a bord simple est aussi formulée dans [HRV15] : cest 'analogue du théoréme de
Donsker pour le mouvement Brownien.

[AHS15] Sur deux constructions de la gravité quantique de Liouville

Tres vaguement parlant, la gravité quantique de Liouville construit des familles de sur-
faces aléatoires sur une géométrie Riemannienne G (par exemple la sphére de Riemann
$) qui satisfont certaines régles de transformation “naturelles” : comment la loi d'une telle
famille évolue quand on applique une transformation conforme sur G, quand on fait varier
la métrique Riemannienne sur G, etc.

Les lois sur ces familles de surfaces sont données par I'action de Liouville [Pol81|, Nak04] :
sur la sphére $ munie d'une métrique Riemannienne g, l'action s’écrit (avec 7y € [0,2[)

1
5(X,g) = E/s (198X + QRyX + 4reyee™ ) ds. (1.56)

On remarque la ressemblance avec le champ libre Gaussien : on a rajouté un terme de cour-
bure R et un terme de potentiel f e7X avec # > 0 une constante dite cosmologique. Enfin,
dAg est la forme volume de la métrique g et Q = % + %
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Sont apparues presque en méme temps deux approches différentes d'une théorie de Liou-
ville sur la sphére [DKRV 16, DMS14] :

- D’un coté, [DKRV16] part de l'action de Liouville qui définit les lois de ces familles sur
chaque domaine avec au moins 3 points marqués muni d'une métrique Riemannienne :
on y démontre des formules qui permettent de changer le domaine de définition de ma-
niére conforme (i.e. covariance conforme), de changer la métrique g par une équivalence
conforme (i.e. anomalie de Weyl), etc. Ainsi, on démontre rigoureusement les formules
fondamentales de la théorie de la gravité de Liouville;

— De l'autre coté, [DMS14] part directement du champ libre Gaussien et utilise la décom-
position orthogonale sur une géométrie fixée avec 2 points marqués (e.g. la sphére de Rie-
mann avec les deux poles) pour construire les surfaces aléatoires dans cette géométrie, la
loi étant codée par des processus de Bessel. Ensuite, les formules telles que changement
conforme de domaines ([1.55) sont postulées comme définitions pour passer entre deux
géométries conformes entre elles. Par exemple : les surfaces construites sur le cylindre in-
fini avec points marqués en plus et moins infini peuvent étre transportées sur la sphere de
Riemann avec points marqués aux poles par une transformation conforme.

Dans la théorie de la gravité de Liouville, il y a une facon naturelle de marquer certains
points sur la surface a I'aide des opérateurs vertex. On se référe 2 [DKRV16] pour une défi-
nition exacte, mais donnons une petite idée.

Souvenons-nous du Théoréme {14 ot I'on a trouvé un mouvement Brownien particulier
dans le champ libre, en considérant les circle-averages autour de l'origine. On a supposé
que le processus était centré, mais que se passe-t-il si 'on enléve cette hypothese, et on
restreint la propriété d'invariance conforme aux transformations conformes qui laissent
invariante l'origine ? Le processus des circles-averages autour de l'origine est alors un mou-
vement Brownien avec drift «, et on obtient un champ X qui s’écrit au voisinage de 0 :

X(z) = GFFp(z) — alog(|z]). (1.57)

On dit que 'on a rajouté une singularité logarithmique au point 0 de poids «.

Dans le cas général, les opérateurs vertex rajoutent, via le théoréme de Girsanov, des sin-
gularités de type logarithmique avec un poids quelconque autour des points prescrits. Pour
que la fonction de partition de Liouville soit bien définie, il faut que les poids de ces singu-
larités satisfassent les bornes dites de Seiberg [Sei90, DKRV16] : si des singularités sont de
poids respectivement &; aux points z; € 3, les bornes de Seiberg s'écrivent

Z“i > 2Q,
Vi, a; < Q.

En particulier, les bornes de Seiberg nous disent qu'au moins 3 singularités logarithmiques
sont nécessaires pour donner un sens a la fonction de partition de Liouville.
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Dans [DMS14], pour définir la “quantum sphére”, on regarde le modele (Q, —oo, +0),
i.e. le cylindre infini avec seulement 2 singularités logarithmiques de poids ‘y situées en
—o0 et 4-00. La facon la plus simple de comprendre cela est de voir ce modele comme une
classe d’équivalence de surfaces aléatoires a 3 points marqués. En effet, quelque soit la posi-
tion du 3éme pointu € Q, il existe une unique transformation conforme du cylindre infini
qui envoie le triplet (—o0, +-00, 1) sur (—o0, 4-00,0), 2 savoir l'application ¢ : z — z — 1.
En appliquant la regle de transformation (), le champ @ défini avec (—o0, +00,0) et
le champ ®,, défini avec (—o0, +00, 1) sont reliés par

Dgo g = Dy (1.58)

La mesure de Liouville sur le cylindre infini avec 2 points marqués (—o0, +00) est alors la
classe d’équivalence des mesures a 3 points marqués (—00, 4090, 1) par la relation ci-dessus.

Cependant, il n’est pas agréable de travailler directement dans la classe d’‘équivalence des
surfaces a 2 points marqués pour écrire une preuve. Notre stratégie de rédaction est alors de
faire 'opération inverse : au lieu de partir de la configuration a 3 points puis passer a la classe
d’équivalence, nous partons de la configuration a 2 points, puis on choisit un troisieme
point selon la loi 4 2 points : ceci est une procédure stochastique pour marquer un point de
plus # a un endroit aléatoire. Ensuite, nous appliquons la transformation z — z — u pour
ramener ce point en 0, puis nous montrons que c’est la méme surface aléatoire définie dans
[DKRV16] avec 3 points marqués (—co, +00,0), chacun ayant un poids 7.

Voici donc le théoréme principal de [AHS15] :

Théoréme 30 ([AHS15] : théoréme principal).

Soit 7y €]0,2][. Soit ygz’gv (z1,22,23) la mesure de Liouville dans [DKRV16] avec trois inser-
tions en z1, 2, z3 de poids 7y sur la sphére de Riemann .

Soit :u3DMS (Zl, Zo, 23) la mesure construite dans [DMS14] avec trois points marqués en z1,2p, Z3
sur la spheére de Riemann S : concretement, on dhoisit un troisieme point u selon la mesure aléa-
toire a deux points (Q, —00,400) construite dans [DMS14], et on envoie la surface aléatoire
(Q, —o0, 400,u) sur (S,2z1,22,23) par lunique application conforme entre ces deux modéles,
en appliquant la regle de transformation conforme pour les familles de surfaces aléatoires.

Alors VWD/IZ/Z’{YV (z1,22,23) et‘u%MS (21,22, 23) définissent la méme mesure aléatoire sur la sphére
de Riemann S.
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Figure 1.2 — Manuscrit original de Charles Ives, «The Unanswered Question». Ives y mo-
difie la derniére note du théme. © Charles Ives.
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Abstract

Our purpose is to pursue the rigorous construction of Liouville Quantum Field Theory
on Riemann surfaces initiated by F. David, A. Kupiainen and the last two authors in the
context of the Riemann sphere and inspired by the 1981 seminal work by Polyakov. In this
paper, we investigate the case of simply connected domains with boundary. We also make
precise conjectures about the relationship of this theory to scaling limits of random planar
maps with boundary conformally embedded onto the disk.
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Introduction

Let us begin this introduction with a soft attempt of explanation for mathematicians of
what is Liouville Quantum Field Theory (LQFT). This theory may be better understood
if we first briefly recall the Feynman path integral representation of Brownian motion on
R4, Denoting by X the space of paths ¢ : [0, T| — R? starting from ¢ (0) = 0, we define
the action functional on . by

Vo eY, Spml(o 2/ (r) | dr. (2.1)

It is nowadays rather well understood that Brownian motion, call it B, can be understood
in terms of Feynman path integrals via the relation

E[F((Bo)szr)] = / Je~Ssm() D (22)

where Do stands for a formal uniform measure on % and Z a renormalization constant.
Brownian motion is also often said to be the canonical uniform random path in R¥: this
terminology is due to the fact the Brownian motion is the scaling limit of the simple random
walk.

The reader may try to guess what could be the above picture if, instead of “canonical
random path”, we ask for a “canonical random Riemann surface”. The answer is LQFT ]
As in the case of Brownian motion, there are two ways to give sense to this theory: directly
in the continuum in terms of Feynmann surface integrals or as scaling limit of suitable
discrete models called Random Planar Maps (RPM). This picture is nowadays well under-
stood in the physics literature since the pioneering work by Polyakov [Pol81]. The reader
is referred to [HMW 11, Nak04] for physics reviews, to [Pol81, Dav88, DK89, KPZ88] for
founding papers in physics and to [DKRV16] for a brief introduction for mathematicians
and a rigorous construction on the Riemann sphere.

In this paper, we will construct LQFT on Riemann surfaces with boundary directly in
the continuum in the spirit of Feynman surface integrals. More precisely, we consider a
(strict) simply connected domain D of R? with a simple boundary equipped with a Rie-
mannian metric ¢. Similar to the action () for Brownian motion, we must consider the

1. Liouville Quantum Field Theory (LQFT) and Liouville Quantum Gravity (LQG) are similar for the
unit disk but they differ on higher genus surfaces, see [GRV16] for references and discussions.
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Liouville action functional on such a Riemannian manifold. It is defined for each function

X:D — Rby
|
5(X, g) ::E/D (108X[? + QR X + drrpe™) A,

1 ZX
S /aD (QKoX + 27j19e3%) Ay

(2.3)

where 09, Rg, Kg, )\g and Aag respectively stand for the gradient, Ricci scalar curvature,
geodesic curvature (along the boundary), volume form and line element along dD in the
metric §: see section [ for the definitions. The parameters y, g > 0 (with p 4 py > 0)
are respectively the bulk and boundary cosmological constants and Q, 7y are real parame-
ters.

Before going into further details of the quantum field theory, let us first make a detour
in Riemannian geometry to explain why the roots of LQFT are deeply connected to the the-
ory of uniformization of Riemann surfaces. Indeed, a fundamental problem in geometry is
to uniformize the surface (D, g): this means that we look for a metric ¢’ on D conformally
equivalent to g, i.e. ¢’ = e'¢ for some smooth function # on D, with constant Ricci scalar
curvature in D and constant geodesic curvature on dD. Under appropriate assumptions,
the unknown function u is a minimizer of the Liouville action functional (B) Indeed, for
the particular value

2
Y
the saddle points X of this functional with Neumann boundary condition
g THaY 1x
ang(ix) + K, = —TeZ , (2.5)

where d, stands for the Neumann operator along dD, solve (if exists) the celebrated Liou-
ville equation

—Dg(7X) + Rg = —27uy?e"™  onD,
(2.6)

2
ang(%X) + Ky = —”“2” e3X onaD.

Setting # = X and defining a new metric g’ = e"g, the metric ¢’ satisfies the relations

2
2 TTHaY
Ry = —2mtuy” and Ky = 5
hence providing a solution to the uniformization problem of the Riemann surface (5, Q).
Let us further mention that, for the value of Q given by (@), this theory is conformally
invariant: this means that if we choose a conformal map ¢ : D + D then the couple



28 CHAPTER 2. LIOUVILLE QUANTUM GRAVITY ON THE UNIT DISK

(X,g) solves (@) on D if and only if (X 0o ¢ + Qln |lp'|,g o 1) solves (@) on D
These are the foundations of the theory of uniformization of surfaces with boundary in 24,
also called Classical Liouville field theory.

In quantum (or probabilistic) Liouville field theory, one looks for the construction of
a random field X with law given heuristically in terms of a functional integral

Euxxﬂ::z—l/ixxp—ﬂK@DX' (27)

where Z is a normalization constant and DX stands for a formal uniform measure on
some space of maps X : D — R. This expression is in the same spirit as for the Brownian
motion (). This formalism describes the law of the log-conformal factor X of a formal
random metric of the form e?%X g on D. Of course, this description is purely formal and
giving a mathematical description of this picture is a longstanding problem since the work
of Polyakov [Pol81]. It turns out that for the particular values

2.7
1€E02, Q="+,
this field theory is expected to become a Conformal Field Theory (see [Gaw97] for a back-
ground on this topic). The aim of this paper is to make rigorous sense of the above heuristic
picture and thereby to define a canonical random field X inspired by Feynman surface in-
tegrals. A noticeable difference with the example of Brownian motion where there is only
one canonical random path (up to reparametrization) is that there is a whole family of
canonical random Riemann surfaces indexed by a single parameter 7y €]0,2]. Conformal
Field Theories are characterized by their central charge ¢ € IR that reflects the way the the-
ory reacts to conformal changes of the background metric g defined on D (see Section ).
For the LQFT, we will establish that the central charge is ¢ = 1 + 6Q?: thus it can range
continuously in the interval [25, +0c0[ and this is one of the interesting features of this the-
ory. We will also study the conformal covariance (KPZ formula) and y, p3-dependence
of this theory. Once constructed, the Liouville (random) field X allows us to define the
Liouville measure, which can be thought of as the volume form associated to the random
metric tensor 7% g. We will state a precise mathematical conjecture on the relationship
between the Liouville measure and the scaling limit of random planar maps with a simple
boundary conformally embedded onto the unit disk.

2. Let us prove this for the Neumann boundary condition; the other equation can be dealt with similarly.
Since ¢ is an isometry from (D, g o |’ |?) to (D, g), we have Kqopjyr2 = Kg 09p. Now applying formula

() which is valid in great generality, we get that K¢oy = [¢'[(Kg 0 ¢p — W In |¢’|). Hence

1 8(%X)
goyp on

2
7T 7 (Xo nlw
Qg (2 (X0 -+ QIn ['])) + Ko = [/ 0P+ Kgoy) = — L2 et (Xep+Qinly),
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To conclude, let us stress that the thread of the paper is inspired by [DKRV16] where
the authors developped LQFT on the Riemann sphere. The main input is here to under-
stand the phenomena related to the presence of a boundary; in particular, part of the con-
struction relies on the theory of Gaussian multiplicative chaos (GMC) and the presence of
the boundary requires to integrate against GMC measures functions that are not integrable
with respect to Lebesgue measure when approaching the boundary (these technical diffi-
culties do not appear in the case of the sphere [DKRV16] where there is no boundary): see
Proposition @ for instance.

On the difference between the David-Kupiainen-Rhodes-Vargas approach
and the Duplantier-Miller-Sheffield approach

There is a conceptual difference between the approach of Duplantier-Miller-Sheffield
developped in [DMS14] and the approach developed independently by David-Kupiainen
and the last two authors of this paper in the work [DKRV 16] where was developped LQFT
on the Riemann sphere. The point of view and the objects defined in both approaches are
different though one can relate both approaches in a specific case as we now describe in the
case of the sphere.

The case of the Riemann sphere

In the work of David-Kupiainen-Rhodes-Vargas [DKRV16], the authors construct the
correlation functions of LQFT on the Riemann sphere $? = C U {0} and show that these
correlation functions satisfy the axioms of a Conformal Field theory (CFT): conformal co-
variance (KPZ formula), Weyl anomaly, etc... The theory is indexed just like the disk by
a parameter v €]0,2] (with Q = % + %) and a positive cosmological constant ¢ > 0
(recall that in the case of the disk, the theory requires two cosmological constants: one for
the bulk and one for the boundary). The theory is now based on the following action

1
Ss2(X,8) = o /S (J8XP + QRgX + 4rrpe™) Ag (2.8)

where this time 09, Rg, )\g respectively stand for the gradient, Ricci scalar curvature, vol-
ume form in the metric . The symmetry of the theory is completely determined by 7,
however the constant # > 0 is essential for the existence of the theory and in particu-
lar the correlation functions. As an output of the construction, one can define (see Les
Houches lecture notes [RV16] for a simple introduction to the theory):
— Correlation functions at points (2;)1 <<y, and with weights (&;)1<;<, of “variables”
¢%X(2i) (called vertex operators in the physics literature) which correspond to a
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rigorous definition of the following heuristic path integral formulation

(11 oMiX(z)) = /]E

1<i<n

H eiX(zi)p=52(X8) | DX (2.9)

1<i<n

Of course, to make sense of (@), one needs to regularize X and take the limit as
the regularization step goes to 0. These correlation functions exist if the &; satisfy
the so-called Seiberg bounds:

n
Y 4 >20Q, and w; <Q, Vi. (2.10)
i=1

(when the ; satisfy the bounds ())

and unit volume random measures we will denote Zg

&;Zi)1<i<
measures can be defined under less restrictive conditions than (@): see [RV16]).
These are the so-called Liouville measures of the theory. The random measure
is a rigorous construction of 7% Ag under the probability measure

— Random measures we will denote Z( 0;,27) 1 <i<n

(the unit volume

(@i/zi)1<i<n

(F TTh<jcp e XG))
(TThi<i<n eiX(zi))

Most of these measures can be related (conjecturally) to planar maps; however, we
will only discuss the simplest measure among these measures, namely Z !

F —

which is related to the random measure constructed in the work of Duplantier-
Miller-Sheffield [DMS14].

One important aspect of the construction is that it provides very explicit expressions
of the correlations and the distributions for the measures in terms of products of fractional
moments of appropriate GMC measures: see Les Houches lecture notes [RV16]. Also, the
moments of the measures can be expressed in terms of the correlation functions. More
precisely, one has the following formula for a measurable set B C $? and any integer

p>1:
p
E [(Z(“ixzi)lﬁiﬁn(8)> }
S5 Jp{Thsjp €9 Thicn %) Ag (dxr) - - Ag(dxy) (2.11)
(Th<i<n e7*))

Hence, it is an essential program to compute these correlation functions since they deter-

mine for instance the moments of the measures Z (01,2 1<i<n”

In the case of the sphere, the work of Duplantier-Miller-Sheffield [DMS14] constructed
the so-called unit area quantum sphere we will denote ypps, and which depends on

(7,0),(7,1),(7,0)’



INTRODUCTION 31

v € (0,2). In this setting, there is no cosmological constant and therefore no correla-
tion functions strictly speaking. The unit area quantum sphere is in fact an equivalence
class of random distributions with two marked points 0 and oo (to be precise, one can also
construct an equivalence class with one marked point but we will not discuss this case).
More specifically, the authors first define an equivalence class of random surfaces with the
following definition: a random distribution /7 is equivalent to /1, if and only if there is a
(possibly random) Mébius transform ¢ that fixes 0 and co such that the following holds in
distribution

hy =hio¢+Qlnlg|. (2.12)

The unit area quantum sphere 1/ ppys  is then defined by the equivalence class of a special
distribution #* where the radial part is sampled according to a special Bessel bridge and
the non radial part is sampled according to the non radial part of a standard full plane GFF
(to be precise one works in the cylinder R X [0, 277] which is conformally equivalent to S):
see [DMS14] for the exact definition of h*. Let us mention that #* is such that the radial
part of 1™ attains its maximum on the circle of radius 1 (in the cylinder coordinates). In
this setting, all the distributions /1 in pp MS, define random measures by the relation

Uy = liiIEl) €7’/ 2e1he(2) g (2.13)
€

where li¢(2) is a circle average of & with center z and radius €. The measures are related
by

Hpy, = My © @ (2.14)
if 11 and hy are related by (). In what follows, we will identify the unit area quantum
sphere with the equivalence class of the measure yi;,» with respect to relation (@ (rather
than the equivalence class of the distribution &* with respect to ()): hence, we will say
that two random measures represent the same quantum surface if they are of the form pi,,
and iy, with hy and h; related by (). Therefore, in conclusion, with this slightly differ-
ent definition, the unit area quantum sphere yips o is an equivalence class of measures
such that pp« € Upps -

The work [DMS14] is interesting because it couples measures in j/ppss, - to space fill-
ing variants of SLE curves: this provides an interesting framework to relate the measures
in fippms,y to decorated planar maps. We now describe the relation between the two ap-
proaches in the next subsection.

Historics on the conjectured scaling limit of finite volume planar maps

In a previous paper [She16], Sheffield constructed a candidate for the scaling limit of
the volume form of infinite volume planar maps (i.e. the non compact case). However,

3. The definition of the unit area quantum sphere is in fact a bit more general as one can consider other
marked points than 0 and oo and hence more general conformal maps (which do not necessarily fix the points
0 and o0).
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he left open the construction of a candidate for the scaling limit of the volume form of
finite volume planar maps (i.e. the compact case). In particular, in the case of the sphere,
following the work [She16], it was clearly not expected among probabilists that there could
be a rather explicit candidate to the following question:

Question: if you fix three points zj, Z, z3 in the sphere $2, what is the scaling limit of
the volume form of large finite planar maps (equipped with a natural conformal structure)
embedded in the sphere where you send three points chosen at random on the map to the
three fixed points z1, zp, z3?

Such an explicit candidate was in fact constructed in [DKRV16]: it is the measure we
denote Z%%O),(%l),(%oo) (in the case z1 = 0,22 = 1,23 = o). More precisely, after the
work [She16], the independent works [DKRV16] and [DMS14] appeared simultaneously:
both works provide a description of the conjectured scaling limit of large planar maps em-
bedded in the sphere (in [DMS14], the authors also consider the situation of the disk and
the relation of these disk measures to the ones considered in this paper is expected to be
similar to the relation between the measures on the sphere considered in [DKRV16] and

1 . .
[DMS14]), namely the measure Z (1,0),(1.1),(7,00) 1B [DKRV16] and the equivalence class

of the measure i+ in [DMS14], i.e. the unit area quantum sphere jipp1s -

The main result of the recent work by Aru-Huang-Sun [AHS15] is to link both ap-
proaches: more precisely, they show that yijx and Z . 9y (4,1),(y,c0) re €qual seen as quan-
tum surfaces with two marked points 0 and co. Since the two measures define the same
quantum surface, one can relate both measures by a relation of the form ().

On the one hand, one can perform the following procedure: choose a point z at random
according to the measure };« and consider the image of this measure by the conformal map
¢, which sends z to 1 and fixes 0 and co. Of course, in this setting, we have (pz(x) = % ;
this procedure defines a random measure we will denote ‘u% Ms,y+ In more mathematical

terms, the construction of ‘u% MS,y 18

3 -1
HDMmS,y = Hh*© b, Z~ U (2.15)

where zZ ~ iy« means you sample z along y¢j,». The work [[AHS15] establishes that ]/l% MS,y =

Zl
(7,0),(7,1),(7,0)
sures is in fact non trivial to prove because the work [DKRV16] provides an explicit and

tractable formula for the distribution Z(1 ) (see expression (3.15) and (3.16) in

in distribution. The equality in distribution between these two mea-

7,0),(7v,1), (7,00
Les Houches notes [RV16]) whereas “1/113) M, is defined by a non explicit procedure (this is

because in definition () the point z is a random variable correlated to pj«).

4. As stated, this question is not quite precise because one has to give a definition of what we mean by
“natural conformal structure”: we refer to the Les Houches notes [RV16] for a complete and precise exposition
of the above question.



BACKGROUND AND PRELIMINARY RESULTS 33

1
(7,0),(7,1),(7,00)

) 2 F > o )
form hr% €7 /2e71e(2) 47 where 1 is a random distribution. Then one can consider the
€E—

(random) Mobius transform ¢ which fixes 0 and oo such that the radial part of ho ¢+
QlIn |¢’| (mapped to the cylinder R X [0, 277]) has its maximum on the circle of radius 1.
We then have in distribution

On the other hand, one can show that Z can be defined as a limit of the

"l/lh* = Mfl o (P (216)

Other topologies

Finally, let us mention that both approaches can be extended to other topologies than
the sphere and the disk. As a matter of fact, the approach [DMS14] in the case of the disk
and sphere is an extension to the compact case of the initial approach in [Shel16] where
was developped the theory for the half plane and the full plane. However, the approach
[DMS14] has not been extended to the case of higher genus surfaces. The approach of
[DKRV16] can be extended to compact Riemann surfaces of genus g > 1: see [DRV16]
and [GRV16]. However, since the approach of [DKRV16] is based on first defining cor-
relation functions it seems unadapted to the non compact setting where such correlation
functions do not necessarily exist.
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Background and preliminary results

In order to facilitate the reading of the manuscript, we gather in this section the basics
in Riemannian geometry and probability theory that we will use throughout the paper.

Metrics on the unit disk

Let us denote by D the unit disk in the complex plane C and 9D its boundary. We
consider the standard Laplace-Beltrami operator /\, the standard gradient d and Lebesgue
measure dA on D, as well as the standard Neumann operator d;, and Lebesgue measure
dAy on 0D, the operators being defined with respect to the Euclidean metric if no index is
given. More generally, we say that a metric ¢ = g(x)dx2 on the unit disk is conformally
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equivalent to the Euclidean metricif ¢(x) = e*(%) for some function u : D :— R of class

Cl (]D) N CO(]D) such that
/ 19U dA < +co. (2.17)
D

Notice that we use the same notation g for the metric tensor and the function which defines
it but this should not lead to confusions. In that case, the Laplace-Beltrami operator Ag
and Neumann operator ang in the metric ¢ are given by

Ng=g ', and 0n, =g /%0

We denote respectively by R¢ and Ky the Ricci scalar curvature and geodesic curvature Kg
in the metric ¢. If ¢/ = e?g¢ is another metric on the unit disk conformally equivalent to
the flat metric, we get the following rules for the changes of (geodesic) curvature under
such a conformal change of metrics

Ry :e_q)(Rg - Ag(p) on D, (2.18)
Ky =€ %/%(Kg + 0 /2) on aDD. (2.19)

For instance, when equipped with the Euclidean metric, the unit disk has Ricci scalar cur-
vature 0 and geodesic curvature 1 along its boundary. Combining these data with the rules
(2 )+(), one can recover the explicit expressions of Rg and K for any metric ¢ con-
formally equivalent to the Euclidean metric. We will also consider the volume form A¢ on
D, the line element )\ag on dD, and the gradient 03 associated to the metric g.

Let us further recall the Gauss-Bonnet theorem
/]D RgdAg +2 /a]D KgdAye = 4mx(D), (2.20)

where X (D) is the Euler characteristics of the disk (that is x(ID) = 1), and the Green-
Riemann formula

ANgpdA /ag - 08 dA:/a dAyq. 2.21
/]Dl/J gPaAg T | ¢ PpdAg a]DngqN,b ag (2.21)
We will denote by 11, (f) and 1y, (f) the mean value of f respectively in the disk D
or the boundary dD with respect to a measure v on D or 9D, that is
molf) = s [ v, ma(f) = s [ g
I um) Jn? T MY T u@D) Jan? T

If the measure v is the volume form (or the line element on dD) of some metric g, we will
use the notation 11¢(f) (or mye(f)). When no reference to the metric g is given (m(f)
or my( f)) this means that we work with the Euclidean metric.
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The Sobolev space H!(ID) is defined as the closure of the space of smooth functions
on D with respect to the inner product

jg(fh—kaf-ah)dA.

We denote by H~1(D) its dual.

Finally, we introduce the Green function G of the Neumann problem on D

1
In —
[x —yl|1— x7|

G(x,y) = (2.22)

It is the unique function satisfying
1. x = G(x,y) is harmonicon D \ {y},
2. x — G(x,y) +In|y — x| is harmonic on D for all y € D,
3. 9,G(x,y) = —1forx € D,y € D,
4. G(x,y) = G(y,x) forx,y € Dand x # y,
5. myG(x,-) =0forallx € D.

Recall that () combined with the properties of G implies that for all f € C2(ID) N
C'(D)

—27(f(x) = man () = [ Glx,y)BF W) Aldy) = [ G, )auf (v) Aaldy)

(2.23)
It is quite important to observe here that G is positive definite on D.
Mobius transforms of the unit disk
The Mobius transforms of the unit disk are given by ¢(x) = e*#=% with |a| < 1.
Recall that | |2
1 —|a
!/ 1w
X) =€ —F—
v =Sy
from which one gets
1/2 1/2
$l) = 9 = )9 () 2y ), -

1—yp(x)p(y) =" () (v)2(1 - x7).

The Green function for the Neumann problem defined above thus verifies

G(p(x), ¢(y)) = G(x,y) —In[y'(x)| = In[¢'(y)]. (2.25)
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Gaussian Free Field with Neumann boundary conditions

We consider on D a Gaussian Free Field (GFF) X, with Neumann boundary condi-
tions and vanishing mean along the boundary, namely 13 (Xyp ) = 0 (see [Dub09, She07]
for more details about GFF). This field is a Gaussian centered distribution (in the sense of
Schwartz) with covariance kernel given by the Green function of the Neumann problem
with vanishing mean along the boundary

E[Xap (%) Xap (v)] = G(x,y). (2.26)

It can be shown that this Gaussian random distribution (in the sense of Schwartz) lives
almost surely in H~!(DD) (same argument as in [Dub09]).

As a distribution, the field Xy cannot be understood as a fairly defined function. To
remedy this problem, we will need to consider some regularizations of this field in order
to deal with nice (random) functions. Thus, we introduce the regularized field Xpp  as
follows. For € > 0, we let [c(x) be the length of the arc A¢(x) = {z € D; |z — x| = €}
(computed with the Euclidean line element ds on the boundary of the disk centered at x
and radius €). Then we set

1
Xop,e(x) = m/{qem Xap(s)ds.

A similar regularization was considered in [DS11] and the reader can check that this field
has a locally Holder version both in the variables x and €. Let us mention that we have the
following two options: either x € DD and then for € < dist(x, 0D) we obtain

12 i0
Xop,e(x) = E/o Xop(x + €€")db,

or x € dD and then Xyp () is intuitively the same as above except that we integrate
along the “half-circle” centered at x with radius € contained in D.

Proposition 31. Let us denote by gp the Poincaré metric over the unit disk

1

gP — mdxz. (227)

We claim

1) Ase — 0, the convergence E[Xa]]),e(x)z] +1Ine — %ln gp(x) holds uniformly over the
compact subsets of D.

2) Ase — 0, the convergence E[Xyp o (x)?] + 2Ine — —1 holds uniformly over 9D.

3) Consider a Mobius transform 1 of the disk. Denote by Xy © e the €-circle average of the field
Xap © . Then ase — 0, we have the convergence

B[Xop 0 $e(x)?] +Ine — 5 Ingp((x)) — 2In ¢/ (x)]
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uniformly over the compact subsets of D and the convergence
E[Xap 0 Pe(x)?] + 2Ine — —1 — 2In |y (x)]|
uniformly over dD.

Proof. To prove the first statement results, apply the €-circle average regularization to the
Green function G in () and use the fact that the following integral vanishes

27T 21 1
o Jo |et0 — e’

to get the uniform convergence over compact subsets of E[Xj .(x)?] 4 In € towards

X = %lngp(x).

The strategy is similar for the second statement except that one gets 772 times the integral
J. & J. " In —1—~ d0d6’, which does not vanish anymore and yields the constant —1. The
0 JoO |eif —eit’|

third claim results from (). O

Gaussian Multiplicative Chaos

Gaussian multiplicative chaos theory was introduced in [Kah85]. The reader is referred
to [RV14] for a review on the topic. Here, we deal with convolution of the GFF so that as
a straightforward combination of the main result in [Sha14] and Proposition , we claim

Proposition 32. Fory € [0,2[ and A, Ay the volume form and line element on D, 0D of the
Euclidean metric, the random measures eYXond ), e3Xop dAy are defined as the limits in probabil-
ity

2
.7
eTXd)\ = lim e 2 7 Xmed)
e—0

Irx . 7?7y X
ez sy = lime 4 e2Med )y
€—0
in the sense of weak convergence of measures over D, dD. These limiting measures are non trivial
and are two standard Gaussian Multiplicative Chaos (GMC) on D, 9D, namely

e Xong) — g’YXaJD(X)—éE[XaD(x)z]gP(x) WTZA(dx)
E%XalDd)\a]D = e_ée%XSD(")_éE[XBD(x)Z}Aa(dx)-
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Actually, the main issue is to show that these measures give almost surely finite mass re-
spectively to the disk and its boundary. This turns out to be obvious for the boundary
measure as the expectation of the total mass of dDD is finite. Concerning the bulk measure,
this statement is not straightforward: observe for instance that the expectation is infinite

[ [ eoan) = [ 2p(x) % A(dx)

as soon as y> > 2. Yet, we show in the following proposition that the random variable
o e7%and ) is almost surely finite for all values of y €]0,2].

Proposition 33. Fory €0, 2], the quantities below are almost surely finite

/67X3Dd)t and / e%XaDd)\a]D.
D aD

Proof. As explained above, we only need to focus on the bulk measure. Observe first that
its expectation is finite in the case 2 < 2. For 42 > 2 (in fact the argument below works
for v > 1), we prove that it has moments of small order « > 0, which entails the a.s.
finiteness of the total mass of the interior of the disk.
Recall the sub-additivity inequality for & €]0, 1[: if (@;)1<j<y, are positive real numbers
then

(a1 4+ +ap)* <af+- - +a.

Therefore we can write

EK /]D eWXaD(X)EZE[XaD(x)Z]W) A(dx))“}
1

= X (x)—ﬁIE[X (x)z]— o
: |:<1’lg\f /12_n§x|2§12_"_1 erer ’ P (1 o |X|2)’72/2A(dx)> :|

< L 2eve[(

o7 Xop (=T EXon ] () ) .
nelN 1-2-1<|x|2<1-2-"1-1
Now we trade the GFF Xy for a log-correlated field that possesses a nicer structure of
correlations with the help of Kahane’s convexity inequality [Kah85]. More precisely, we
consider any log-correlated field on R? with a white noise decomposition and invariant
under rotation. For instance, let us consider a star scale invariant kernel with compact
support (see [[ARV13]): we choose a positive definite isotropic positive function k with
compact support of class C? and we set
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We consider a family of Gaussian processes (Ye (x ) )e such that (see [[ARV13] for the details
of the construction of such fields)

Vx,y € RZ/ E[YG(X)YE/ (]/)] = Kmax(e,e’)(x - y)

The reader may check that for all 7,7/ €]0,1] such that 1 — 27" < r2, 72 < 1—2n"1
and 0,6’ € [0, 271]

E[Xan (re®) Xon (r'e®)] > 2E[Yy-n (e?) Y- (e7)] — A

for some constant A independent of 71, 6. This inequality of covariances allows us to use
Kahane’s convexity inequality (see [Kah85] or [RV14, Theorem 2.1]). Indeed, because
the map x — x® is concave, we have for some standard Gaussian random variable N
independent of everything

2 ®
B[ (er N2 oo T e g2)']
1-2-1<|x|2<1-2-~1

21111/2

2 . .
< E / " / o TV2Yy 0 (60)=PE[Y, ()] Mm) ]
1—2-n 1/ 2
= 2| ( / 1YY ()P Bl ) ) "‘]
0
for some constant C independent of everything. By using the comparison to Mandelbrot’s
multiplicative cascades as explained in [DRSV14b, Appendix B.1] to use a moment estimate

in [Mad17, Proposition 2.1 and the remark just after], we have that for any & < ! and
some other constant C > 0

SupE[<n3772n(7—1)2 /27r eWﬁyz—”(em)_"YzE[Yz—n <ef9)2]d9>a] e
" 0

Combining we get (up to changing the value of C to absorb the constant E[e

114 2
B|( /]D o7 Xop ()~ FERXp(02)___ 1 M) < € 3 (B ter)

) <
(1= [x[2)7r*/2 neN
which is finite (with & € (0, ~1)) when 7y €]1,2[ because 772 —1—(7—1)? < Owhen
v €]0,2]. N
Liouville Quantum Gravity on the disk

We are now in a position to give a precise definition of the LQFT on the disk with
marked points: 7 points in the bulk ID and 7’ points on the boundary dDD. In what follows,

wyAl/ZancA”yz/Z])

7
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we will first give a necessary and sufficient condition (the Seiberg bounds) on these marked
points in order that the LQFT is well defined. This will allow us to give the definitions of
the Liouville field and measure. Finally, we will explain how these objects behave under
conformal changes of background metrics and conformal reparametrization of the domain.
Basically, the approach is the same as in [DKRV16] but there are some technical differences
in order to treat the interactions bulk/boundary.

Definition and existence of the partition function

LQFT on the disk will be defined in terms of three parameters y, i, }y, respectively the
coupling constant and the bulk/boundary cosmological constants, together with prescribed
marked points. In this section, we will assume that the parameters 7, y, yy satisfy

v€]0,2[, u,u3>0 and p+py>0. (2.28)

Concerning the marked points, we fix a set of 7 points (2;)1<j<;, in the interior of D
together with 7 weights (#;)1<j<, € R" and 1’ points (5;)1<j<, on the boundary 9D
together with 1’ weights (8 j) 1<j<n € R" . The family (z;, &;); will be called bulk marked
points and the family (s i B ]-) j boundary marked points.

Consider any metric § = e?dx? on the unit disk conformally equivalent to the Eu-
clidean metric in the sense of (). Our purpose is now to define the partition function
H,(Yzlzgfz,i’(sj )i (€,4,F) of LQFT applied to a functional F. This partition function for-
mally corresponds to the Feynmann surface integral (@) with action (@). Yet, a rigor-
ous approach requires the regularization procedure. This is the reason why we define the

regularized partition function for all € €]0, 1] and bounded continuous functional F on

H~1(D) by

H(Zir“i)i/(sjrﬁj)j

Y,

1
967
=e

Je

o (€,8,F) (2.29)

( g RdA+ [y, 4lngd/\a>

E[F(Xap + ¢+ Q/2Ing) [ e¥ e(c+XmetQ/2Ing)(c0) [Tt e? (et XmetQ/2ng)(s)
i j

Q 2 X 21
exp ( T 4n /11) Ro(c+ Xop) dAg — pe¥ e /]D e7(Xop+Q/2Ing) d)\)

Q Ie 1 1(x 21
exp(—E/B]DKg(c—FXa]D)d/\ag—yaezceﬁi /an)eZ( oD, tQ/2Ing) d)Laﬂ dc.

The constant ¢ which is integrated against the Lebesgue measure dc is crucial in the defini-
tion and adds extra symmetry. In particular, one has the following equality in distribution
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for all Mébius transform 1 when c is distributed according to the Lebesgue measure

Law
XaDOllJ+C(:)XaD+C (2.30)
L
To prove identity (), recalll that Xyp o ¢ — % fan) Xop o P dAy (Law) Xyp and then
use that the Lebesgue measure is invariant under translation. Identity () in distribution
is essential in proving the conformal invariance properties of the theory. Now, the first
natural question is to inquire whether the limit
(zi,2i)i, (51,8 : (zii)is(s).B);
Iy (8, F) = g% Iy o 7 (e, 8 F). (2.31)
exists and is not trivial. Existence and non triviality will be phrased in terms of the follow-
ing three conditions

1
Y i+ 5 Y Bi>0Q, (2.32)
i j
Vi a;<Q, (2.33)
Vi B <Q. (2.34)

We claim:

Théoréme 34. (Seiberg bounds) We have the following alternatives
(zii)i (5i,B);

1. Assume pt > 0 and py > 0. The partition function I1,, .. '(g,1) converges and
is non trivial if and only if ( tZ 32] l2 33| fZ 34| hold
2. Assume y = 0 and py > 0. The partition function I—L(y ya’])j'(sj il (g, 1) converges and

is non trivial if and only if (P ) () hold.

3. In all other cases, we have
(zii)i (5,8 (zii)i (5i,B;);

Along the computations involved in Theorem Ell, we get the expression below for the
partition function when the metric g is the Euclidean metric. Notice that considering the
only Euclidean metric is not a restriction because we will see later that there is an explicit
procedure to express the partition function in any background metric ¢ in terms of that in
the Euclidean metric (Weyl anomaly, Subsection I

Proposition 35. (Partition function) Assume g is the Euclidean metric dx2. Then, in each case
of Theorem [34 ensuring existence and non triviality, we have

ﬁ,
Iy P (a2, ) (ng(z T) =) / (it 57 -Q)e (2.35)
R
E [F(Xan) + H+c)exp ( — ue* /]D e HerXom g — ,uae%c /E)]D e Xop d)\aﬂ dc,



42 CHAPTER 2. LIOUVILLE QUANTUM GRAVITY ON THE UNIT DISK

where

szze Z@G(x 5i),
j
2
(z,8) ZaaZ/G zi,zir) + Z Piby —=G( S], +Z Z'B]G ZZIS]) Zéj

i<i’ i<j' j

Proof of Theorem [34 and Proposition B3. We begin with the Seiberg bound. Because the
conformal factor ¢ of g = e?dx? is assumed to be smooth (i.e. of class C!), we can assume
without loss of generality that ¢ = 0. The main lines of the argument will be similar to
[DKRV 16, Section 3], up to a few modifications that we explain below. First observe that
Propositions B2 and @ ensure that the interaction terms

2 2
. 7 .7
lime™4 / o2 Xom e dAy; and lime? / e Xoe dA
oD D

e—0 e—0

are non trivial provided that 7y €]0, 2[. Hence, following [DKRV 16, Section 3],

(zii)is(s,B;);

H%ya,y (g,l) < 400

if and only if () holds: roughly speaking, recall that basically this amounts to claiming
that the integral (A, A’ are two strictly positive constants)

7
/ e ( Yiaits X ﬁj*Q) CopeT A—pige 2 A’ 4.
R

is converging if and only if () holds.
Recall then that the remaining part of the proof in [DKRV16, Section 3] consists in
determining when a marked point causes the blowing up of the interaction measure, in

which case H(yzll;a’; 5By (dx2 F) = 0. The reason why a marked point may cause the

blowing up of the interaction measure is that these marked points are handled with the Gir-
sanov transform and this amounts to determining whether the bulk/boundary measures

integrates some singularities of the type |x — z;| %" or |x — Sj|_@7. This is what we
study in more details below.

Here we have two types of marked points (in the bulk or along the boundary) and two
interaction measures: boundary e2 X dAy or bulk e7%0 dA. A marked point (z;, &;) in
the bulk questions whether the bulk measure integrates the singularity x ~— %762,
This is exactly the same situation as in [DKRV16, Section 3]. Therefore the conclusion is
the same: &; must be strictly less than Q. The same argument settles the case of the effect
of a boundary marked point (s i B j) on the boundary measure: 8; must be strictly less than

Q.
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What is not treated in [DKRV 16, Section 3] is the effect of boundary marked points on
the bulk measure: namely we have to determine when the measure e7%%D d integrates the

‘B .
singularity x > e 7765 for some sj belonging to the boundary dD. Observe that the
situation is more complicated as the behavior of the bulk measure is highly perturbed when

approaching the boundary: recalling the expression of the bulk measure in Proposition ,

2
we see that on the one hand the deterministic density gp(x) T blows up along the boundary
and on the other hand the field Xy acquires more and more correlations, which become
maximal along the boundary: as x approaches the boundary, G(x, i) tends to behave like
2In \xlTy\ rather than In ﬁ

Let us now analyze the situation. We want to prove that the singularity is integrable if
and onlyif f; < Q. Without loss of generality, we assume that s; = 1. In what follows, C
stands for some generic constant, which may change along the lines and does not depend
on relevant quantities.

Let us first assume that the singularity is integrable, more precisely for some ¢ fixed
small enough

B; 2
lim e 716D el g7 Xope g < 400 (2.36)
e—0JDNB(1,0)

where
Ge(x,y) = E[Xap,e(x) Xap,e(y)]-

For each € > 0 small enough, we denote by D, the small disk centered at 1 — 2¢ with
radius €. Notice that for € small enough, this disk is contained in B(1,) N D. Therefore,
we have the obvious relation

B; 2 B; 2 2 1
/ e%WGe(‘rl)e%e’YXa]D,e d/\ Z / e%lyGe('rl)e’)/Xa]D,e_%E[Xng,e} 677 (E[Xgl]),e} —In E) d/\.
DNB(1,0) De

It is then plain to check that, for some constant C independent of € and uniformly with
respectto x € D,

1 1
[ElXGp,e(x))] —2In 2| <C, |Ge(x,1) —2In—| < C.
We deduce

Bj 2 2 2
/ eTJVGG(/l)e’YT e’yXa]D,e d)\ >C€7.B]’)/7’YT / e’yX&]D,E_,yTE[X(%]D,e} dA.
DNB(1,6) - D

If we can establish the following estimate

P Rix2
in probability, lim sup 672772 / VX, E[X5p,] dA = 400, (2.37)
e—0 De
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we deduce that necessarily i < Q in order for ( ) to hold.
To establish (), observe (see Subsection [) that, for some deterministic constant C
independent of €,

sup sup |Ge(x,x) +21Ine| < +oo,
€>0 xeD¢

in such a way that

2
/ eWXaD,e—%E[Xgm,e] ar > Ce2 7 p7Xam e (1) pmingepe Xop e (%)~ Xom e (1) (2.38)

€

Next, we estimate the min in the above expression. Observe that (D(2, 1) stands for the
disk centered at 2 with radius 1)

min X x)—X 1)= min Y.(u
min Xop,o(x) ~ Xope(1) = min Ye(u)

where the Gaussian process Y is defined by
Ye(u) = XE)ID,e(l —€eu) — XB]D,e(l)'

The key point is to estimate the fluctuations of the Gaussian process Y. The reader may
check (see Subsection ) that the variance of Y¢(2) is bounded independently of € and that
forallz, z' € D(2,1)

E[(Ye(z) - Ye(2)?] < Clz - 7/,
uniformly in 0 < € < 1. Recall the Kolmogorov criterion

Théoréme 36. (Kolmogorov criterion) Let X be a continous stochastic process on D(1,2). If,

for some B, at, C > 0:

Vx,z € D(1,2), E[|Xy— X.|] < Clx —z|*™F.

[ Xy =X |
|x—z[°

For all 6 €]0,
Cp2b—
(q-p)(2P~1-1)

BT

[ we set L = SUp,., . Then, forallp < g, E[LF] < 1+

One can then deduce that the family of processes (Y )¢ is tight in the space of con-
tinuous functions over D(2,1) for the topology of uniform convergence. We deduce
that for each subsequence, we can find R large enough such that minyep_ Xop ¢(X) —
Xop,e(1) > —R with probability arbitrarily close to 1. Finally, we observe that the pro-

cess € — Xyp (1) behaves like a Brownian motion at time 2 In % (see [DS11] section
6.1]), we can use the law of the iterated logarithm in () to complete the proof of ().
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Now it remains to show that the condition f; < Q is sufficient to have integrability,

B 2 il
that is f]DmB(l,zS) 677]G("l)eVXf’ﬂfWTE[Xng}gISL dA < 4-o0. To simplify a bit the notations

we will prove the following equivalent statement

1

72

Im(z)2

/ YA Gu(20) X (2) - FE[X2(2)] AMdz) < 400 (2.39)
HNB(0,1)

where X is the GFF on H defined by X = Xjyp o i where ¢(z) = % is the Cayley
transform mapping the upper half-plane onto the unit disk and Gy its Green function,
that is G (x,¥) = G(¥(x), ¥(y)). A simple check shows that on the ball B(0,1) we
have

Gr(x,y) = In +8(xy)

[x—yllx—7
where ¢ is a continuous bounded function. It is then also easy to see that for x,y €

B(0,1)NHandall7 €]0,1]
1
Gu(rx,ry) > Gu(x,y) +2In P C (2.40)

where C is some fixed positive constant.
The same argument as in Proposition @ shows that the quantity

2 1 "
B[( [ o éE[XZ(z)}mA(dz)) |

is finite for « < L. Then, for 7 < 1, we can make a change of variables 1/ = z and then
combine the relation () with Kahane’s convexity inequality [Kah85] (see also [RV 14,
Theorem 2.1]) to deduce (for some irrelevant constant C which may change along lines)

)

Im(z) 7
2 1 ®
20 e'yX(ru)f%IE[Xz(ru)] A(du)
K/]HmB(O,l) Im(m)%z ( > ]
2 2 ® 22
:Cr(ZE)“]EK/ 1 X(2) - FB[X?(2)] 1 " A(dz)) ]E[emzr*%ﬂnﬂ
HNB(0,1) Im(z)T

where Z, is a centered Gaussian random variable with variance 2 In % and independent of
everything. Hence, forallr < 1
E [( / AXE-FEX L A(dz)> “] <2t E )a—ay?
HNB(0,r) o

2
Im(z) T
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Let # > 0. By using the Markov inequality and the above relation, we obtain

P( / XO-FEeE_ L4y 5 245 )
HNB(0,r) Im(z) 2
2

Sr—a(2+7;—77)E[</]HmB(O/r) e1X(2) =L E[X*(2)] 1 2 A(dz))a}

<Crim-er,

Choosing & > 0 small enough so as to get 7o — w%y? > 0. We can then use the Borel-
Cantelli lemma to deduce that there exists a random constant R, which is finite almost
surely, such that

sup 2+ 1) / PXO-FERE Ly <R )
T’G}O,l] HNB(0,r) Im(z)%

Now we introduce the annuli forn > 0

Ap={z e ;27" <|z| <27}

We get from (2.41))
/ ev@cm(zﬂ)ew(ﬂfé—zE[Xz(z)l% A(dz)
HNB(0,1) Im(z) T
ﬁ z z —i 2 z 1
_ Z / o2 G ( /0)37X( )= 5 E[X3( )}—ﬁ)\(dz)
n>0"4n Im(z) >
<C Z 27/5]'71/ e“rX(Z)—ﬁE[Xz(Z)}L2 AMdz)
= HNB(0,2-") Im(z) T

<CRY zwﬁjnz—"(ﬂ%z—n).

n>0

The proof of Theorem @ is complete provided that we choose 0 < 171 < 7(Q — ﬁ])
Once the Seiberg bounds are established, the computation of the partition function (i.e.
Proposition @) follows the same lines as in [DKRV 16, Theorem 3.2]. O]

Definitions of the Liouville field, Liouville measure and boundary Liou-
ville measure
Aslong as one of the two conditions of Theorem E‘l is satisfied, one may define the joint

law of the Liouville field ¢ together with the Liouville measure Z(-) and boundary Liou-
ville measure Zy (). In spirit, the situation is that the convergence of the partition function
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entails that we get a non trivial probability law for the field ¢ = ¢ + Xyp + % In g under
the probability measure defined by the partition function. This field formally corresponds
to the log-conformal factor of some random metric ¢7? g conformally equivalent to g. Yet,
observe that the field ¢ is in H ~1 almost surely so that a rigorous description of this met-
ric is not straightforward, at least clearly not standard. The Liouville measure that we
construct below is a random measure that can be thought of as the volume form of this for-
mal metric tensor whereas the boundary Liouville measure corresponds to the line element
along the boundary. Let us mention that we could construct as well the Liouville Brownian
motion by using the construction made in [GRV 16, GRV14] but a rigorous construction
of a distance function associated to the metric tensor ¢7%¢ remains an open question.

Given a measured space E, we denote by R(E) the space of Radon measures on E
equipped with the topology of weak convergence. The joint law of (¢, Z, Zj) is defined
for all continuous bounded functional F on H~1(D) x R(ID) x R (D) by

“;;L‘,f’ By); "F(¢,Z,2Z5)]

W(I]D |alng‘2d/\+fa]])4lngd/\a) 2 ﬁ
:€ ( G lim He 3 e“l (Xop,e+Q/2Ing)(z He o7 / (Xap,c+Q/2Ing)(s ;)
Zi,%i)i\5j,Pj)j e—0JR
H%Va p (81) j

2

E [F (Xa]D +c+Q/2Ing "€ eV(Xf’DGJ’Q/Zl“g) ), e2¢e T 2 (Xom,etQ/21Ing) d)\a>

2 Xop e +Q/21
exP<—4—n/]DRg(C+XaJD)d/\g—]467C62 /]DeV( ap,etQ/ ng)dA)

Q / Ic 1 1(x /21
exp | —=—— | Ko(c+ Xop) dAy, — Hge2es / ¢7(Xope+Q/2Ing) g5 )} dc.
p < 2 o g ap) AN — My -
We denote by IP,(YZ;',alz,"(S] i ! the associated probability measure. In the following subsec-

tions, we will mention several interesting properties satisfied by these objects.

Conformal changes of metric and Weyl anomaly

Here we want to determine the dependence of the partition function () (as well
as the Liouville field/measures) on the metric ¢ conformally equivalent to the Euclidean
metric. In fact, this dependence enables to determine the central charge of the theory:

Théoréme 37. (Weyl anomaly)

1. Given two metrics g, g’ conformally equivalent to the flat metric and ¢’ = e?g, we have

(zii)i(51,B))j ;s
I o 778 F)  1+6Q7
In ol S = o /]D 98 g[2 A+ /]D RepdMg+4 /a Ky, ).
H')/,]/la,]/l (g’ F)
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2. The law of the triple (¢, Z, Zy) under IP(7 13, ;)tg(sj i does not depend on the metric g in

the conformal equivalence class of the Euclidean metric.

In the language of CFT, the above theorem states that the central charge of LQFT is
1 4 6Q?: see the lecture notes [Gaw97].
Proof. In (), we use the Girsanov transform to the exponential term

=) =1
— o [ ReXapddg — 5= [ KeXopdhag),
exp< a7 o gA9D U g 27 Jap gD 4Agg
which has the effect of shifting the field X by

Q

47_[ gGa]D('/ ) / GalD Kg d)\ag

Then we use the rules (|2.18|)+(f2.14)+(l2.23|) to see that this shift is equal to

~Z(ing — my(ing)).

Due to the Girsanov renormalization, the whole partition function will be multiplied by the
exponential of the variance of the field Q fID R¢Xop dAg + % /. on KeXap dAyg, which
can be computed with (MH(WH(m) and is given by

2
1% / 9Ing[2dA.

Q

Hence, by making the changes of variables v = ¢ + ma(ln Q), we get

(zii)i (5i,Bj);
TLy o (8 F)
S 2 [ loingldA+ L ma(lng)e%%(fﬁz 9Ing|2 dA+ [, 4IngdA;)
. iy g Yo X
llg}) ]Re(Zz ai+3 X Bj Q)UE [F(Xa]D +10,e7%eYXm g\ e2%e2 %o dAy)
2 /32. ‘Bj
He 2 e‘x X3]]) e( z) HeTIeTXB]D,e(Sj)
i J

7 Ty 1 1
exp < — ue’%e /]D eTXoDe J)\ — Hae’es /a1D e2XoDe d)\aﬂ dc

1602 (f |0Ing[2dA+ . 41ngd)\a) (zi,0), (s
7 B
e D aD H'yyay /B (dz )
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To complete the proof for two metrics g, ¢’ conformally equivalent to the Euclidean metric,
say ' = e?g, we apply twice the above result to get

(zi2i)i (5),B;);
H'yziyg,y 8.Bj ](g/’ F)

(Zir“i)ir(s’rﬁ')’
My "8, F)

_1+6Q? i / , _/ > _/

~ %7 (/]D|alng| dA+ [ 4lng'dA; — | [9lngl*dA a]D4lngd/\a>
C14+6Q7 ) / /

T 961 (/]D|a§”| dA +2 ]Daqo dlngdA + 3D4(PdAa)'

Now we use (.21)+() to get

(Z,‘,lxl')i,(S‘,,B‘)‘
H’Y/VB/F " ](g/’ F)

(zi,07)1,(5i,B;);
I g7 (8, F)

In

In

_1+6Q ) )
9% (/D‘aq" d)\+2/]D ¢RgdAg+4/a]D 9(1+50xIng) d/\a).
We complete the proof with (), B

Conformal covariance and KPZ formula

Now we want to establish the conformal covariance of the partition function, i.e. to
determine its behavior under the action of M6bius transforms on the marked points. We
focus here on the case when the background metric is the Euclidean one: as shown by the
Weyl anomaly (Theorem @), this is not a restriction. One thus looks at

ey 2.2

2

s p? ﬁ]
_ i (Ciwi+1L8-Q)cp [p x % aiXon e () TT 4 o4 Xom,e (9(5)))
lim | e ( aple—kc)l?[e e Hc—: e

7 10 7 1
exp < — uele /11) e"Xe d\ — pgeztes /an) e2Xomse d)\aﬂ dc.

where 1 is a Mobius transform of the unit disk.
We use the following convention for the rest of this section. If M is a measure on a
measurable space E and ¢ : E — E is a bi-measurable bijection then the measure M o ¢

is defined by the relation M o (A) = M(yp(A)) for all measurable set A C E.

Théoreme 38. Let ¢ be a Mobius transform of the disk. Then

—A
s 1) =TT @l T () ity e, 1)
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where the conformal weights /\, are defined by

A:x = (Q_ %)

N &

Furthermore the law of the triple (¢, Z, Zy) under IPSZ?;”;Z@)]' is the same as that of the triple

(cp o+ Qln ]lp’], Zoy,Zyo 1[)) under IPS{;E:Z{:ZQ;(lp(sj)'ﬁj)j.

Proof. To facilitate the comprehension, we take only into consideration the law of the Liou-
ville field and we leave to the reader the details of the whole proof for the triple (¢, Z, Zy).
We first study the behavior of the measure under the Mébius transform ¢:

Lemme 39. Forany f € C? (D), we have

2 2
(Xap o ¢, lim / fe'TerXmed), lim / fe'TerXmed),)
€e—=0JD e—0.JD
1@” (Xa]D + ma(Xa]D o lp), hn’(l)/ f o lpe’Y(Xa]D,e-f—ma(Xa]Dol/J)) |¢,|Q7d)t,
e—0.JD

D

e—0

Proof of Lemma 39. Using Proposition , we have that

lim E[Xop ¢ ((x))*] — E[(Xap 0 ) ¢ _(x)*] =0
e—0 ¢ ()
on D and on dD.
As |¢'(x)] is always larger than a constant that is strictly positive, we can use the result in
[Sha14] to show that the measures
€ 7
_‘) 2 e'YXa]D,eOlPd/\

(g

and ,
677 e,)/(XE)]DOlIJ)Ed)L

converge in probability to the same random measure on D.
Similarly,
€ 2 72 Xam .0
(|47_’\) Te2%Xame¥ ),

and

N

e% e% (Xa]])mp)ed/\a
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converge in probability to the same limit measure on dDD.
We also have, by change of variables in the integrand

2 2 2
/ fe%eryxaﬂ),ed/\ — / fo we%e,yXaD,eolpllp,|2dA — / fo 1’L1 (hp%)wze’YXa]D,eOl”;’qu’)’d/\
D D D

and similarly

2

/fe4e2X3lDedAa /f gbe4eZX91D€°‘P|1/J |d)\a—/f P |1p’ )7T %Xaﬂ)e°¢|¢| 2 dA,

Combining the above arguments, we conclude the proof by recalling the change of metric

formula
law

Xap o —my(Xap o) = Xop, (2.43)
which can be verified using the definition of 71, and the Green function. O

Anticipating the formula (), we use the change of variables ¢ = ¢ + my (X o )
to write

(zi) i

=lim E(Zi ‘X"—"_%Zj ﬁj_Q) (c—my(Xypoy))
e—0JR

2 7 B
E [P(Xa]D,e +T—my(Xap o p)) [ [ % eti¥ome (=) HeT]eTJXa]D,e(IP(Sj))
; ,
2 2
— e e ¥ (Xop,e—ma(Xopoy)) 3T / 3 (Xap,e—ma(Xapoy))
exp( pel“e /]De dA — ppe2es ]DeZ d)\agﬂ dc.

We now apply the Girsanov transform to the factor Q"5 (Xap°¥) - This will shift the law
of the field Xjy), which becomes

Xom —|— — / /\a (dz)

We now introduce a useful constant in the following calculation

Dy = [ [ Gwln), 9(z)Aa(dy)Aa(dz) = 47°Efmy (Xap o ).
We also introduce the function

Hy) = [ W) ¥(E)(d:)

sothat Dy = [, H(y)Aa(dy). Recall that [, G(y,2)Ay(dz) = Oforally.
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Under the Girsanov transform Xy (x) — my(Xgp © ¢) becomes Xyp (x) — my(Xap ©
l/J) + %H(l[}_l(x)) — QDIP and we get

TP B (g2 )

 lim %Dy / o(Lia+3x;5-0)c
R

e—0

2 H(p ()~ 1 5Dy)

HGT’ i(Xom,e (9(2i))—ma(Xopow) + 3= H(z:)— 5 Dy)

E[F(Xame+5—ma(xam0¢) +

2 3.
Heije@(xame(lﬂ(%)) ma(Xapop) +2H(s)~ % Dy)
j
exp<_,”3’yc€722/ e')/(XB]D(x)*ma(Xa]DOlp)Jr%H(l/J71(x))f Sle,,)d/\
D

_ yaegzez; /]D o3 (Xon (x) —ma(Xapoy)+ 52 H(p~ (1) = ;% Dy) 4 Aag)] dc.

Notice the relation (consequence of ())

Q _ 1 Q
o) = QI+ e

the Dy part with cancel out the first exponential term in the above expression when we
do the change of variables ¢ = ¢ — =5 Dy.
Now using ), () and Lemma B9, we finally have

(Zi 47)i, ((s),

_HW ’az/Z “QHW’ |ﬁ2/4 pQ/2

Dy

o2
lim [ (B ﬁf*QﬁE F(Xapeop™' = QIn /(9 ()] + ) [TeF et ¥ome(z)
e—0.JR ’ ;

/32 Bj 2 2
He T o7 (Xope(s) exp < - ye”yce77 /]D e"Xome d) — ;436%‘:6VT /]D e1%m.e d)\ag)] dc.
j
This completes the proof of the theorem. [

Conformal changes of domains

In this section, we explain how to construct the LQFT on domains that are conformally
equivalent to the unit disk. Basically, the idea is to find a conformal map sending this
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domain to the unit disk and to use the conformal covariance property of the LQFT.

Let D be a simply connected (strict) domain of C, say with a C! Jordan boundary. From
the Riemann mapping theorem, we can consider a conformal map ¢ : D — D. If we fur-
ther consider marked points (z;, &;) in D and boundary marked points (s, 3;); in 9D, they
will be sent respectively to (§(z;), &;) in ID and to the boundary marked points ({(s;), B;)
in dD. Finally, the uniformization theorem tells us that there is no restriction if we assume
that D is equipped with a metric of the type gy = |y’ \2 ¢(9) for some metric g on D.

The Liouville partition function on (D, g¢) applied to a functional F reads

H( a;)i,(si,Bj); i(

T D, gy, F) (2.44)

_eﬁ ( Jp [oIng P dA+ [5p 4lngd/\a>

a2 B2
li E[F X 21 T oi(c+Xue+Q/2Ingy) (2 % F(c+Xy,e+Q/2Ingy)(s))
oy Jo BLF e Q/2ingy T2 "¢

eXp /ng C+XV) d/\gw ]/le’)/ 62 / e'Y(XveJFQ/zlnglp) d/\)
D
T Xye /21In
eXp / Kag, (c + Xy) dAgg, — pyet‘e™ /aD e3 (XuetQ/2Ingy) d)\aﬂ dc,

where X, is a GFF on D with Neumann boundary condition and vanishing v-mean. By
shift invariance of the Lebesgue measure, the choice of v is irrelevant and it will be con-
venient to take X, = Xy o ¥, which is free boundary GFF with vanishing mean for the
line element on @D in the metric |’ |*dx? on D.

Proposition 40. Let D be a simply connected (strict) domain of C with a C! Jordan boundary.
Then we have the relation
(zi,ai)ir(
Iy o #ip, S (4’ Z,23))
Ny ¥(zi)i)i ($(s7).B;),
ZHW )2 1H|¢ )T D, ¢ B o+ QIn ||, Z oy, Zy o p)).
1

In particular:

1. we have the following relation between the partition functions (F = 1)

(zii)i (5i,B)); . Apo((zi) )i, ($(s)),B);
Wy (D, gy, 1) = LTI P T ' s5) 70T (D, 8,1),
]

2. Thelaw of the triple (¢, Z, Z3) under PGB ! isthesameas (pop+ QlIn|y'|, Z, Zy)

(¥(z),0:)i,(¥(s)).B)); VoD
¥(zi)2)i (Y(5)).Pj)j
under Py 1(D,g) :
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Proof. Again we only treat a functional F depending only on the Liouville field for simplic-

ity. Applying Lemma @ and usiat ng(x) = R¢(¢(x)) and Kglll(x) = K¢ (y(x))
2.4

(because 1 is a conformal map), (2.44) is equal to

H(vz,iﬁgf;)j/(sﬁﬁi)j(Df S0 F) (2.45)

o= f loIngl2dA+ [, 4IngdA ) B F
:e96n<f]D| ng| Jop 4Ingda, HWJ |Qp¢, H|¢/(S])|QTJ—T]
]

lim | dcE [1:((x(-,1D +c+Q/2Ing) o+ Qln|y'|)

e—=0JR
2 2

5 B .
H e pi(c+Xop,e+Q/2Ing) ((zi)) I1 efje@(C+Xam,e+Q/21ng)(1/J(Sj))
j

2
0 o :
exp ( Ry /8D Kg(lp)(c—l- Xap Olp)’lp/’glm(,’b) dAy — Vaezce o /aID 03 (Xap,+Q/2Ing) 7 )}

AVY i)20)i, (P (s7).B))
=TI () P2 T ) P (0,6, Fg oy + Qun [y/))).
4 ]
This completes the proof. ]

Law of the volume of space/boundary

We want to express here the (joint) law of the volume of bulk/boundary on the unit
disk equipped with the Euclidean metric. It will be convenient to express this law in terms
of the couple of random measures (Z, Za) under PP respectively defined on D and dD by
(recall Proposition .

Zo = eMerXm gy 79 = e2He2Xom g (2.46)
0 P)

with

x) =Y a;G(x,z)+ Z%G(x, 5)- (2.47)
i j

We further introduce the ratio
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By definition of the law of the bulk/boundary Liouville measures, we have

(zi2i)i,(5),B;);
B ae  [F(Z,Z))]
(zi)in(siB))i 5 2 yy—1 [ (Siati s 8-Q)e re7 ohegd
= (1L i, (dx”,1)) /]Re s ]E[F(e Zo,e2°Zy)

exp ( — ue"Zy(D) — Ha€%C28(aD)>] de
U R el A e

0% VMM
B[F(PRA2y i ) exp ( — 2R — piay) Z3(aD)~F LA gy,
Zo(D)"” Z3(aD) 0

This is the general formula. It may be useful to state as a particular example the case iy = 0
as it often arises in the study of random planar maps with a boundary.

Corollaire 41. Assume py = 0 and p > 0. The joint law of the bulk/boundary Liouville
measures is given by

(zii)i (5),B;);
Ev,uazofujfdx]z]
3
:Z_l/ ui(zl'“ﬂzjﬁf‘Q)_lE[F(u 24 % 1)20(113)_%(2"“#%2"5’_@ e~ du.
R Zo(D)"" Zzy(D):

where Z is a renormalization constant to get a probability measure. In particular, the law of the

[F(Z, Za)]

volume of space follows a Gamma law with parameters

Yiai+3YBi—Q
( 27] ] ,]/l)

and the random variable Z (D) is independent of the random measures

(=L %y
Z(D)" z()2"

If we further condition the total bulk measure to be 1, the unit volume Liouville measure on
the disk as in Corollary #1| can be defined when the following three conditions are satisfied

Vi, a <Q, (2.48)
Vi, Bi<Q (2.49)

Q—;ai—%;ﬁj < %AZIIllin(Q—ai)Arrljin(Q—ﬁj), (2.50)

see Corollary@ for a precise statement. This shows that the Seiberg bounds (2.32)+(2.33)+(2.34)
can be relaxed when conditioning on finite total volume.
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Remarque 42. We can also look at what happens when we set 4 = 0 and condition the
total boundary Liouville length measure to be 1. In this case, one can treat bulk insertions
and boundary insertions seperately as in [DKRV 16, Section 3.4] to obtain similar relaxed
Seiberg bounds without additional technical difficulties. For completeness we state the
result in the following corollary.

Corollaire 43. Assume 4 = 0 and py > 0. The joint law of the bulk/boundary Liouville
measures is given by

E(zi,ﬂci)ir(sj'ﬁf)j [P(Z, Za)]

v, u,n=0,dx2
=271 [y (Bering-0)
R
Zo z3

ElE(12 , Za oD *;(Zi“ﬂr%Zjﬁj*Q) —HU dy.
Pl Z2(aD )2 yzg(alD)> (D)7 Jeredy

where Z is a renormalization constant to get a probability measure. In particular, the law of the
total length of the boundary follows a Gamma law with parameters

@y (Tt 5 L6~ Q) n)

and the random variable Zy(0D) is independent of the random measures

Z Z,
(Za(a]D)z’ Z5(0D) )

The unit boundary length Liouville measure on the disk can be defined under the following condi-
tions:

Vi, Bi<Q, (2.51)

Q—}:ai—%Zﬁj < %Amjin(Q—ﬁj)l (2.52)
i j

Remarque 44. Since the geometrical KPZ formula established in [RV11] has been estab-
lished almost surely with respect to the GFF expectation, it holds for the Liouville measure
in our context almost surely too.

Liouville QFT at y = 2

Here we explain how to construct LQFT on the unit disk in the important case y = 2.
The reason why this case is so specific is that it is no more superrenormalizable at small



LIOUVILLE QFT ATy =2 57

scales. In other words the interaction terms %90 d A or X0 d\; can no more be obtained
as a Wick ordering, i.e. a subcritical Gaussian multiplicative chaos: it corresponds to the
phase transition in Gaussian multiplicative chaos theory. Indeed, the standard renormal-
izations

e2e?Xmed)  and eeXDedA,

yield vanishing limiting measures. To get a non trivial limit, an extra push {/In % is nec-
essary, which is called the Seneta-Heyde norming. For Gaussian multiplicative chaos, this
has been investigated in [DRSV14a] for a white noise decomposition of the GFF, which
does not exactly correspond to our framework as we work with convolution cutoff ap-
proximations. So, we explain in this section how to generalize the results in [DRSV14a]
to convolutions.

We first claim

Théoréme 45. The family of boundary approximation measures on 91D

1/In % € eXmed ),

converges in probability as € goes to O towards a non trivial limiting measure, which has moments

of order q forallqg < 1.

Théoreme 46. The family of bulk approximation measures on D

1
In - €2 e2Xomed )

converges in probability as € goes to O towards a non trivial limiting measure, which has moments

of order q forallq < 1.

Remarque 47. Actually, our proof for the two above theorems establishes convergence in
probability for a large class of cutoff approximations with mollifying family, not only the
circle average family.

Proof of Theorem 3. The strategy is the following: first we show the convergence in prob-
ability of a specific family of white noise cutoff approximations. Then we will show that
this entails the convergence in probability for a whole class of convolution approximations,
including circle averages.

Recall that if we consider a centered Gaussian distribution X on the boundary of the
unit disk with the following covariance structure

1

E[X(e?)X(e?)] = 2In o — o]’
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then the law on the boundary of the GFF Xy is given by

1 27 0
Xop = X — — / X(e")de.
o= X5 [ x()
Our first step is to construct Xy as a function of some white noise W and of a smooth
Gaussian process Y. This decomposition will be convenient to establish convergence in
probability of the approximating measures based on martingale techniques. We will re-
cover the situation of approximations based on convolution of Xy after that.
Recall the following decomposition (see [RV10])

1 1 1. dt 1
Ve e R, Ing =2 [ (= [xl}) G 420 - ).

Now we construct two Gaussian distributions: the first one X will have the covariance
structure of the first term in the above right-hand side and the second one Y the second
term.

Lemme 48. There exists a white noise W on [1, 4-00[ X 9D and a family of centered Gaussian
processes (X€)e€]0,1} on 0D, whidh are measurable functions of this white noise, such that

Vo<e<e <1, Xe—Xyis independentof(T{Xu(eiG);€/ <u<1,0€]|0,2m]}

(2.53)
and
— i — io’ 1 i io’ 1 dt % i i0’ 1 dv
BISE() X)) =2 [ (=16 "1 = [ 1= (e )8, %
(2.54)

The limiting distribution X = lim,_,o X¢ is a centered Gaussian distribution with covariance
structure

dt

o 1 . 1
E[X ()X (e)] :z/o (E— e —e'[3). 5.

Finally, for any smooth function R on [1, +00[x dD with compact support, the function
2 € 9D 5 To(R)(2) := E[Xe(z)W(R)]

is a continuous function which converges uniformly as € — O towards
2 € 9D 5 T(R)(z) := E[X(z)W(R)].

This lemma is proved in Appendix . Then we consider a centered Gaussian field Y
independent of (X¢) e€o,1] With covariance given by

E[Y(¢®)Y ()] = (1 — | — 7).
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Recall that such a kernel is indeed positive definite [Gne01]].
Now we can set

_ 3 1Lo2m o i0
Xa]D_XJrY—E/O (X(e) + Y(e))db.

This is a construction of Xy as a function of (W, Y'). Now we would like to use [DRSV 14a]

to show that the random measures
1 x
In - eeedA (2.55)

converges in probability to a non trivial limiting random measure as € — 0. To this
purpose, observe that the covariance (ke )cc)o,1) kernels of the family (Xe)cej 1] can be
written as

/

1 0 o'

. L k(v,¢® et o o

ke(e®, ) :/ wdv with  k(v,e?,e?) = (1 — |o(e? — &
1

Such a kernel k satisfies the properties
A.1 kis nonnegative, continuous.

A.2 kis Holder on the diagonal, more precisely V0, 6', Vo > 1,
|k(Z), ei()l ei()) . k(U, ei9’ei9’)| < 01/2|ei6 . ei9’|1/2
A.3 k satisfies the integrability condition

00 k(v ei@ ei@'
sup ko.e%e”) dv < 4o0.
0,0" 7 oo v

2),819,619)

1
A4 foralle €]0,1], ff K
A5 k(v,e?,e) = 0for [ — | > v~ 1.

Observe in particular that [A.2] implies that

do=1Ini,

1 o 1/e |pi0 _ it |1/2 ‘ .
In— — ke(e, ") < [ o < (e — | /6)2
1 (Y

for some constant C (independent of €). In particular we have the property

, , 1 o
? — | <e = \1115 —ke(e,6%)] < C. (2.56)
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These properties are the only assumptions used in [RV15] to construct the derivative mar-
tingale and in [DRSV14a] to prove the Seneta-Heyde norming. Therefore the family of
random measures () converges in probability towards a non trivial random measures,
which has moments of order g for all g < 1 (see [DRSV14a]).

Hence, if Xe = Xe +Y — Ozn(Xe(eie) + Y (€'))do, then

M, = wlniee (e )d)ta

converges in probability to a random measure M’ which is a measurable function of the
white noise W and the process Y, call it F(W, Y).

Now, we show convergence in probability of 4/In % € eXoed )y, where XD e is the

circle average approximation of Xy towards the same limit M’. The ideas in the following
stem from the techniques developed in [RV14] along with some variant of Lemma 49 in
[Sha14] (we will not recall Lemma 49 as our proof will be self contained).

For this, we introduce XE%]D , an independent copy of Xy, and Xle, . its circle average

approximation. Let us define for t € [0, 1] and 6 € [0, 277]

Ze(t,e?) = \/Exgm(eie) + V1 — tXc(e?).

M! =/In % € eXéDe(eie)dAa.

We first show that Melj converges in distribution to M =F (W, Y). From [RV10,
Proof of Theorem 2.1], one gets that forall & < 1

Now, we set

lim |E[M{(B)*] — E[Mc(B)"]|

e—0

a1 —«) (/ (47 4x,)"
< E s
S CAllgr(l) In - /B]D dAa) ] dt
(i+1)A E ;
+c CAhm E sup \/In — / 9)*%E[Z€(t’e€)2}d9)a] dt,
e—0 2iAe

0< i<
where

Ca=lm sup |E[Xp(e”)Xhp ()] - E[Xe(e”)Xe(e)]|

e—0 60—’ | > Ae
and

Ca=Ilim sup [E[XGp(e")X]p (")) — B[Xe(e®)Xe(e)]].

\ eif —eit’ | < Ae



LIOUVILLE QFT ATy =2 61

The reader can check that C 4 is bounded independently of A and /{im Ca = 0. Since
—00

o

(\ / ln 1 eZe(tit) =3 Bl Ze (tu)?) du) | is also bounded independently of everything

(by comparison with Mandelbrot’s multiplicative cascades as explained in the [DRSV14b,
Appendix] and [DRSV14a, Appendix B.4]), we are done if we can show that for all ¢ €

[0,1]
_ z+1 ;
lim E sup 4/In-— / )_%E[Zf(t’ee)z]d@ a] =0. (2.57)
e—0 2iAe

0<1<A

Notice that this quantity is less than

(In %)“/ 2" [ (esupee[o,zn} ze<t,e1’9>—%E[Ze<t'e"9>2})”‘} , (2.58)

To estimate this quantity, we use the main result of [[Aco14]: more precisely, setting

1 1
Mme =2In- — ?—)lnln—,
e 2 €

we claim that there exist two constants C, ¢ > 0 such that for € small enough

Vx >0, ]P( max Zc(t,e"?) —
0€0,271]

) < Ce

In particular we get that for a < ¢

i ®
sup]E[(esqu?e[O,Zn] Zf(t'ee)) ] < 0.
€

Plugging this estimate into (), we see that the quantity () is less than
1

2

for some constant C' > 0. This proves the claim (), hence the convergence in law of
the random measure M} towards M’ = F(W,Y).
Now we deduce that the family (W, Y, M1)¢ converges in law. Take any smooth func-

Cl(l e)“/z th eMMe — C'(ln

tion R on [1, +00[xdD with compact support, any continuous function ¢ on dD, any
bounded continuous function G on R and u € R. We have by using the Girsanov trans-
form

B[V B G(M(g))] = eV R+ G (MY (T (Rg)]

where T¢(R) is defined in Lemma @ The quantity in the right-hand side converges as
€ — 0 towards

1N7ar u U
VNI TR [G(M! (eTR)g)] = B[V R G (M (g))].
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Hence our claim about the convergence in law of the triple (W, Y, sz)e towards (W, Y, M
F(W,Y)) is proved.

Now we consider the family (W, Y, M%, F(W,Y))e, which is tight. Even if it means
extracting a subsequence, it converges in law towards some (W, Y, M, M) We have
just shown that the law of (W, ), M) is that of (W, Y, F(W,))), i.e. the same as the
law of (W, Y, M). Hence M = M almost surely. Therefore M} — F(W,Y) converges
in law towards 0, hence in probability. Since the convergence in probability of the family
(Mg)e implies the convergence of probability of every family (Me)e that has the same law
as (Mg)e, the proof of Theorem @5 is complete.

Finally, one can notice that instead of Xjp  we could have considered any smooth
convolution approximation of X. [

Proof of Theorem [44. Let us consider the Poisson kernel on the unit disk

VO<r<1,v0e02n] P(6)= Y rinle
nez

We can then consider the harmonic extension inside the unit disk of the trace of the GFF
Xyp along the boundary

. 1 r2n .
Py(re®) = — / P(6 — 1) Xap (e) dt.
27T Jo
It is plain to see that Py is a continuous Gaussian process inside the unit disk. If we set
XP¥ = Xap — Px,

one can check that we get a GFF with Dirichlet boundary condition in the unit disk. There-
fore, by continuity of Py inside D, the convergence in probability of the random measures
(62 ezxaﬂ)/e(x)d)\)e boils down to showing the convergence in probability for the random
measures

(62 eZXSDir(x)d)\)e

where (XP'7) stands for the circle average approximations of the GFF XP'". Given the
fact that the Seneta-Heyde norming has been proved in [DRSV14a] for a white noise de-
composition of XP', we can use the same argument as in the proof of Theorem @ to
show that convergence for the white noise approximation family entails the convergence
in probability for the circle average approximations. [

From now on, the construction of the Liouville LQG on the unit disk for 7y = 2 follows
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the same lines as for y < 2 by taking the limit as € — 0 of the quantity

Rl g,

—e%% ( Jp [0Ing 2 dA+ [5p 4lngd/\a>

e—=0JR

a2
lim / E [F(XBID +c+ lng) H e oi(c+Xop e +Ing)(zi)
i

B B 2
L (c+Xop,e+Ing)(s;) . / 2 /T 2/ 2(Xap,e+Ing)
|j|e4ez j exp( pp ]DRg(c—i—Xa]D)d/\g je Inee ]De d/\>

2 Xop o +1
exp < ~ 5 /a]D Kg(c+ Xap) dAggy — pae“V —Inee /811) e(Xom,etIng) d/\a>] de.

defined for all continuous and bounded functional F on H~!(ID). From now on, the prop-
erties of LQG (and their proofs) on the disk for v = 2 are the same as for y < 2 except
Proposition @, which needs some extra care that we treat now.

Proposition 49. The quantities below are almost surely finite

/eZXaDdA and / eXmdA .
D dD

Proof Recall the sub-additivity inequality fora €]0, 1[: if (ﬂj)lg j<n are positive real num-
bers then
(ag+--+ap)* <af+---+a.

Now we use Kahane’s convexity inequality [RV14, Theorem 2.1] to compare the Gaus-
sian multiplicative chaos with standard dyadic lognormal cascade (once again we refer to
[DRSV14b, Appendix B.1] for full details). We consider the dyadic tree with i.i.d. weights
with Gaussian law NV (0,1n2) on the edges of the tree and denote by Y]n the sum of these
weights starting from the root up to the dyadic indexed by j at generation 7. We denote
by (Z]-) j anii.d sequence (independent of everything) standing for the mass of the dyadic
cascade at criticality rooted at the dyadic j at generation 7. From [Mad17] these random
variables have distribution tail ]P(Z]' > x) < % for some constant C > 0, and E[Z]q] < o0
for g < 1. Hence we get

E(f e o) |

< ¥ 22e[( / ¢2Xa () ~2E[Xap (x)? A(dx))“}

neN 1-2-1<|x|2<1-2-"n-1
2 . N

<y IE[( Z],ezxﬁ(Yj —ﬁlnzn)) }

nelN j=1

2" "
5 L [(F -y
no% 4
nelN j=1
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Let 7 €]0, 1. By Jensen and for some constant B > 0

E[(f_znlzje f(Y” fln2n+2\3flnn)> }

—IE[ ZE 71- ;7 2[(1 (Y =v2In2n+ }mn)) n}

From [Mad17] again, this last expectation is bounded independently of 7 provided that we
choose 2a(1 — #) < 1. In that case, up to changing the value of B, we get

EK /]D ezxaw)—zE[xm(x)ﬂm) Adx) ” < B Z

ne]N

which can be obviously made finite provided that « > 1/3. [

Conjectures related to planar quadrangulations with bound-
ary

We consider @n,p the set of quandrangulations of size 7, i.e. with 7 inner faces and
a simple boundary of length 2p with one marked edge on the boundary and one marked
face inside. Now to each quadrangulation Q with a marked point inside and a marked
point on the boundary (we choose at random a point in the marked face at a point on the
marked edge), we associate a standard conformal structure (by gluing Euclidean squares
along their edges as prescribed by the quadrangulation) and map it to the disk such that

2

the interior point gets mapped to 0 and the frontier point to 1. We give volume a“ to each

quadrilateral and length a to each edge on the boundary: we denote v , the corresponding
volume measure and UaQ , the corresponding boundary length measure. Recall that we have
the following asymptotics as 11, p — oo with % tending to some value (see appendix):

oin12 2p1n 1 3/2 \/

and weset u° = In12, u§ = In \% (these two constants are not universal as they depend

on the class of map one considers, i.e. are different for triangulations, etc...). Now, we
consider the measures (v, 1/2) defined by the following expression for all F
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where the constants fI, fly are functions of a > 0 defined by i = pc + a’u, fiy =
U4 + apy and Z, is a normalization constant. We can now state a precise mathematical
conjecture:

d

Conjecture 1. The limit in law lirr(l) (va,V9) exists in the product space of Radon measures
a—

equipped with the topology of weak convergence and is given (up to deterministic constants) by

the Liouville measure of LQG with parameter <y = %, appropriate cosmological constants and
x1 =, B1 = 7y and pointszy = 0,51 = 1.

Here we give a few more details on the above conjecture. It states the existence of
constants C, ¢ > 0 such that

lim B [F (v, v])] = B0 F(CZ, 62)] (2.60)

a—0

with ¢y = \/g . Looking at Section , recall that we have for all 7y €] V2, 2|

OO rpc7 A

B Cuae F(CZ,6Z5)]

S / e 1TIE [F(Ce7CZO, ce3°73) exp < — Cue"Zy(D) — c-yae%czg(an))ﬂ dc
Cpary /R

(2.61)

where the couple (Zy, Z3) is defined by
Zo = e™erXm gy, 79 = et Xom ),

7 . .
where the couple (67X31D dA, ez %op dAy) is a standard couple of Gaussian chaos measures
defined by a limiting procedure in Proposition B2 and

H(x) = 7G(x,0) + 2G(x,1).

with G the standard Green function in the disk (see () for the definition). The con-
stants C, C are non universal in the sense that they depend on the class of planar map you
consider. For instance, the constants C, ¢ will be different if you consider triangulations
instead of quadrangulations. It would be interesting to know these constants (in the case

of quadrangulations say); however, we do not know how to compute them as it requires
information on the joint law of (Zo(ID), Z3(aD)).
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It is known that the joint law of the total volume and the total boundary length of
(Va, 1/2 ) is given by the following density within the regime of conjecture (see Appendix )

S

12
n V3/2[1/2p=1V p=tial o= 17 414V (2.62)
H/Ho

In fact, the above distribution should be universal, i.e. should not depend on the planar

Lo . .
map model, except for the 1% constant in ¢~ 16V which is specific to quadrangulations and
in the case of triangulations (for instance) one should get a different constant than 19—6. One

can in fact read on relations () and () where the relation ¢ = \/g comes from.

Indeed, for any function G, by making a simple change of variables V' = Ce?°Zy(D) in
(2.61) we get that

0,7),(L7) 11375 (3D)
E’Y,C]/t,cya [G(CZ(D))e#a%a(9D)]
1 1 0o L,
= El— / G(VV 2 _deV,

Similarly, one has

/ / 6”3’ V321201V g tiad o~ By 14V
ﬂﬂa
Jo T/ 4em il dl

= G(V)Vie HVqy,
2D%Va /0

by using the change of variable [ = ZV This shows that the only possible choice for ()

to hold is -y such that % = %, ie y= \/g

One could also state similar conjectures with three distinct marked points on the bound-
ary (instead of one interior marked point and one marked point on the boundary) or/and
by conditioning on the measures to have fixed volume (instead of the Boltzmann weight
setting of conjecture ). One could also state similar conjectures where the quadrangulation
is chosen according to the partition function of a model of statistical physics (at critical tem-
perature): in that case, the value of 7y in conjecture [I| will depend on the model and can be
read on the asymptotics of the partition function of the quadrangulation (in a way similar

to the way we derived the relation y = \/g for uniform quadrangulations).

Finally, let us mention that variants of the measures defined by () (where you fix
three points on the boundary and condition on the volume of the bulk measure or the
boundary) should be related (in a similar way as the sphere case) to the unit area quantum
disk and the unit boundary length quantum disk which appear in [DMS14].
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Appendix

Asymptotics of quadrangulations with a boundary

Here we take material from [BGO09] (see also [CM15]). Let Qn,p denote quandrangu-
lations of size 71 with a simple boundary of length 2p and a marked point on the frontier.
Then we have

| —1)!
o= L G @ntp-1)

3 p!2p -1 (n—p+1)l(n+2p)

2
We are interested in the asymptotics of | Qy, | as 1, p — oo with % fixed. Notice that we
have within this asymptotic:

(2” + p . 1)| ~ /27T22n+p—1e(2n+p—1) 11‘11’1+P—1+g—(27’l+r)—1) /27’1,
(n —p+ 1)! ~ /zne(n—p+1)lnn—p—l-l—i-%—(n—p—ﬁ-l)\/E,
|~ (n+2p) lnn+2p+¢f(n+2p)
(n+2p)! ~V2me Vn.

Hence, we get that

(2n+p—1)! N ln—5/222n+p—1e—%.
(n—p+1!(n+2p)! T

Also,
(3p)! NE
pl2p—1)1 \/E\/?(Z)p

in such way that we get

3 2
|Qn,p len(g)an/Z_p 9p

Finally, if @n,p denotes the set of quandrangulations of size 11 with a simple boundary of
length 2p with one marked point on the frontier and one marked point inside then we get

_ 3 \/3p _oep?
|Qn,p| ~ enlnlzezmnﬁn’wz—zﬂpe* o .

Some auxiliary estimates

Here we give hints for some estimates used in the proof of Theorem @ and Proposition
. We stick to the notations used in this proof.
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Lemme 50. On boundary behavior of the regularized Green function G¢: remember that Dy is
the disk of radius € centered at 1 — 2€, we claim that

sup sup |Ge(x,x) +21Ine| < +oo.
€>0 x€De¢

As a consequence, one sees that if x € D,
2 1 1
[E[Xap,e(x)?] =2In—[ <C, |Ge(x,1) —2In_| <C.

Proof. Let us calculate G¢(x, x) for € > 0 small enough. RecaH that the non-regularized
Green function G(x,y) is the sum of In E 1y| and In ——; =k We have already seen that

the e-regularization of In | m part of Ge(x, x) will simply be — In € as in the proof of

proposition . Now for the In ,| part, we remark a scaling relation: we can compare

[1—
what is happening at € with that at € /2 via the following observation (with a, b > 0 both
small of order €)

la/2+4b/2 —ab/4]| 1 la+b—ab/2| _ |ab/2]

— =1 =
la+b— ab| ln2 n la+b— ab| |a-|—b—ab|_|a|

In

By takinga = 1 — (x + eeie) andb=1—(x — €ei9/) we can establish

1 1
SUp Sup {777 In ' _d0d0’ +Ine| < +o0
e>lg xege |47T2 /$1 /81 |1 — (x + eet?)(x + €| |

Together we get the first part of the lemma.
The first inequality in the second part of the lemma comes as a direct consequence. The
second inequality can be proved using a similar scaling relation as in the above proof. [

Now we establish another estimate concerning the process Y. Recall that Ye is the
Gaussian process defined as Y (1) = Xpp (1 — €u) — Xyp (1) and D(2, 1) is the disk

centered at 2 with radius 1.
Lemme 51. Forallz,z' € D(2,1),
E[(Ye(z) — Ye(2))?] < Clz - Z/|
uniformly in0 < e < 1.
Proof. It suffices to prove that uniformly in €,

|Ge(1—€z,1—€z) — Ge(1 —ez,1 —€Z')| < Clz—7Z/|.
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For the In \xlTy\ part of G, it suffices to prove that the following function is Lipschitz in »

forr € [0, 2]
Flr) = - / / In——_dode
T Al Js, Js, e — re]

notice that f(1) = 0. But we have already seen that f(r) = 0 whenr < 1 and this implies
that f(r) = Inr whenr > 1.

As of the In i 1x 5 part, we will write the difference as
1 - (x+e”) (7 —7) +T+ee)|
/ / X)X 1046
42 Js, Js, 11— (x + eei?) (X + ee?)|
where x =1 — €zandy = 1 — €z. Then we note f = E and this becomes

11/€2 — (x/e+e?)(t+%/e+e?))| /
472 /Sl/gl 11/€2 — (x/e+e?)(x/e + e?)| 4649

As the derivative with respect to t is continuous and uniformly bounded in € for |f| < 2,
our proof is complete. [

Moment estimates on Gaussian multiplicative chaos
Moment estimate for an insertion on the boundary

To define properly unit volume Liouville measures in Corollary , we need several
moment estimates on the GMC measure on the unit disk that we study in this section.
The techniques of proof for different values 7y are not the same: we seperate the regimes
v €0, v2[ (Lemma ) and v € [v/2,2[ (Lemma @). The main difference from the unit
volume Liouville measure on the Riemann sphere (see [DKRV 16, Section 3.4]) is that we
have to give moment bounds of same kind of non classical GMC measure near the boundary
(with or without insertions at the boundary), where, as we will explain after, the 2d-GMC

measure collapses and behaves like a 1d-GMC measure: analysing this transition carefully
is the goal of Lemma 52 and Lemma @

We first look at the regime y €]0, V2 [ and give a necessary and sufficient condition for
the finiteness of the GMC measure on the unit disk.

Lemme 52. Lety €]0, \/i[ Consider B < Q and s € 0D. Then forallp > 0, > 0,

p
/ e75G(5) 7 Xop— % [Xa]D]g4 dA
DNB(s,d)

ifand only if p < 5 A 2(Q — B).

E < 400 (2.63)
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Remarque 53. In the following of this section, we will work with an exact scale-invariant
Gaussian process on I with covariance

R

Ggx,y)=In—m———.
n(xy) =y

This is not exactly the same kernel as the process we will consider in the half-plane geom-
etry: they differ by at most a finite constant near 0. However, by Kahane’s inequality, they
possess the same moment bound for Lemma 52 and Lemma @ Furthermore, restricted to
a small compact near 0, Gyy is indeed positive definite: 1one can first sample a log-correlated

Gaussian field on B(0, €) N C with correlation In™* = (this is indeed a definite-positive

kernel, see [RV10]) for a fixed small €, then define the Gaussian field on B(0, ) N H by

assigning % at point z: this new field has correlation Gy on B(0, €) N H. This is

a standard procedure, see for example [She16, Section 3.2].

Proof. By rotational invariance of the problem, we can suppose that s = —1. Let P(z) =
i—jr; be the Cayley transform which maps the upper half-plane onto the unit disk and sends
0to —1. Weset Giy(x,y) = G(¥(x),¥(y)) and X = Xyp o ¢ which has covariance
GH.

In light of the above Remark @, we will work with the following form of Gpg:
1
n————-,
[x —yllx -7l
we have that for x,y € I and all €1]0,1],

Gu(x,y) =1

Gu(rx,ry) = Gu(x,y) +2In %, (2.64)

which is an exact scaling relation.
With these notations, by conformal invariance, it is equivalent to study whether

p
F / (75Cu(20) 7X@~ FEXCE)]__1 Adz) | | < oo, (2.65)
S

Im(z)’%
where S denotes some small square [—¢, €] x [0, 2€] in H such that Gy is definite positive
on S.
€ will be fixed in the rest of the section, it is solely chosen to ensure that Gyy is well-defined.
Let X1 /on denotes a 27 "-regularisation of X by convolution with a mollifier of compact
support (for instance the 27" -circle average) and note

% Adz) (2.66)

Ju(B) = / (15 G (20) 7 X1 /21 (2) = F G ()
P Im(z)

m“Q
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for all borelians B in IH. We prove that:

limsup E [J,,(S)?] < +oo, (2.67)

if and only if p < % A %(Q — ,B) One then follows [DKRV 16, Section A.] to finish off
the proof.

In the following we denote by

I(p) = 2+7*/2)p — v*p? (2.68)

the scaling exponent for the measure J,.

We first study the quantity in equation () in the case B = 0 (i.e. no insertion at the
boundary), then we pass to the case of general 8 by slightly modifying an argument in
[DKRV 16, Section A.], for which we briefly recall the details in the following.

The case p = 0:
Remark that % < % such that in the case § = 0, we only need to prove that :
: : : 2
limsup E [Jn(S)?] < 400 ifand only if p < ? (2.69)
n

One checks by Fubini that with 7y €]0, V2 [, Jn(S) possesses finite first moment
7 Eix2 1
B / OXEO-FEXE] 2 A(d2)| < +oo, (2.70)
S 72
Im(z)2

so we will only focus on values of p > 1 in the regime ¢ €]0, \/E[
We will decompose S into three parts and use scaling relations to explore the multifractal
structure of X and the associated mesure [,. Let

S1 =[—€,0] x[0,€],S52 =[0,€] x [0,€],S3 = [—¢€,€] X [, 2¢€]
and remark that, by scaling
E [Jus1(S1)P] = 27 ¢PB[],(S)) (2.71)

where Z( p) is the half-plane scaling exponent for the kernel Gy as defined in equation ().

Before entering the proof, we first provide three estimations on the correlations of ;. The
motivation behind these estimations is that we want to have some kind of “decorrelation”
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inequalities in order to compare some cross-terms with leading terms in polynomial ex-
pansions.

Letp,g > 0and A = [all, ai] x ab,a}], B = [bi, bi] x [bb, b] two rectangles in S. We
call A and B adjacent if a] = bll (the right boundary of A is at the same level as the left
boundary of B).

Lemme 54 (Cutoff estimation: non-adjacent case).
Letp,q > 0. Suppose that a] < bll, so thatdist(A, B) = 6 > 0. Then

E[Ju(A)P|E[Ju(B)"] < E[Ju(A)PJu(B)7] < 6 2P E[J,(A)P]E[Ja(B)). (2.72)
Lemme 55 (Cutoff estimation: adjacent to non-adjacent case).
Letp,q > 0. Suppose thata} = bll. Let By = [bll +t,b] 4 t] x [blz, b}] be a translation of B

on the first coordinate with t > Q (so that we are moving away from A). Then there exists some
constant C that does not depend on n such that

EJu(A)?Ju(B)"] < CE[Ju(A)?Ju(B). 2.73)

Lemme 56 (Cutoff estimation: symmetric case).
Letp,q > 0. Let H, = {x € R? x1 = L} the hyperplan of R? with the first coordiante equal
to L. Let B be the symmetry of B with respect to H = Hag = Hbl1' Then

E[Jx(A)P ]2 (B)T] < E[J1(A)?J.(B)1]. (2.74)
Lemme 57 (Cutoff estimation: adjacent case).
Letp,q > 0. Suppose thata} = bll. Let By = [bll +t,b] + 1] x [bb, bS] a translation of B on

the first coordinate with t < 0 (so that we are moving towards A) such that [bll +t,b +t] C

[all, a’]. Then there exists some constant C that does not depend on 1 such that

ElJa(A)P]n(B)7] < CE[Ju(A) T (Br)7]. (2.75)

For continuity of lecture, we postpone the proofs of these lemmas until the end of this sec-
tion. We now explain how to finish the f = 0 case using these estimations.

e Suppose lim sup IE [J,,(S)P] < oo and let us prove that p < 2/72.
n

If p > 4/7?, we already know since Kahane that the p-th moment of a 24d-GMC measure
explodes. Thus, when p > 4/v2, EE [J,;(S)?] explodes in the limit since IE [J;(S3)?] does.
Letl < p <4/ 92 so that It [],,(S3)P] converges to some finite quantity by Kahane. By
super-additivity and scale invariance (equation )), we have

E[].(S)]
> [Jn(S1)P] + E [Ju(S2)P] + E [Ju(Ss)?]
>R [],_1(S)P] +C
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for some constant C > 0 independent of 71. Since 1 — (p) > 0 when p > 2/92, neces-
sarily p < 2/v2 if E [J,,(S)?] is uniformly bounded in 7.

e Suppose p < 2/72 and prove limsup E [],,(S)?] < +co.
n
We will show this by induction on p: suppose lim sup E U" (S)k] < 400 for some inte-
n

ger k and we prove lim sup IE [],,(S)?] < +ooforall p < 2/7?suchthatk < p < k+1.

n
We want to point out that this is a refinement of the arguments in [KP76].
First we use Muirhead’s inequality (see Corollary ) to write

E []n(Sl + Sz)p]
<E [Ju(51)"] + E [Ju(S2)"] + C(E[Ju(S1)"Tn(52)" ] + E[Ju(S1)P 1 (52)"])
= 2 [Ja(51)"] + CE[Jn(51)"](52)" "]

where we used the symmetry of [, on S1 and S;. Now consider some large integer that we
denote by 6! (so that 6 is small), and cut S into 5! equal parts of the form

St = [—ide,—(i—1)0e] x [0,¢], i=1,...,6° L
We also cut S into two parts
Sh=1[0,0€] x [0,1], S, = [de, €] x [0,€].

Notice that Sl2 and Sq are adjacent in the sense of Lemma @ It follows from the same
lemma, since S} is a horizontal translation of Slz, thatforalli=1,...,07 1,

(] (51) T (S5)7 ] < CE[J(S1)*](S5)P ]

for some C independent of 7.
Since 0 < p — k < 1, using Jensen’s inequlity for the concave function x — xP=k,

E[Ja(S1)"]
>E[Jn(81) ()P
261 P Y B [Jn(51) (S

>C6~PIE[,(S1)k]a(Sh)PH).

On the other hand, we can compare E[J,,(S1)*],,(S5)?~*] and E[J,,(S1)?] via Lemma b4:
applying this lemma to S} and Sy,

E[Jn(S1) T (S5)7 ¥
<C6 PRV E[],(S1)NE[J(S5)" 4]
<Cs2r (=R,
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where we used the finiteness for the k-th moment and the (p — k)-th moment thanks to
induction hypothesis, and C always independent of .
Gathering all pieces of information above, we get by sub-additivity,

E[J1(S1 4 S2)7]
<2 [J4(51)7] + CE[Ju(51)*n(S2)" ]
<2F [J(51)P] 4 CE[Ju(51)Jn (52)7 ] + CE[Ju(51)"u(55)" ]
<(24 CSP ) E [J,(S1)P] + Co—2p(p—)7?

where C changes from line to line but is always independent of 7.
Since 1 < p < 2/, one checks that it is possible to choose (independently of 1) a 6 such

that & = 2-¢(P) (24 C6P~F) < 1. With this choice, we get
E[],(S1 + S2)P] < aE[],—1(S)P] + C. (2.76)

Finally, applying Minkowski’s inequality to J,,(S) with the cutting S1, Sp, S3, we get, for
1<p<2/9%,
E[Ju(S)"]"?

<(E [Ju(S1+ S2)P)'P + E[Ju(S5)"11/7

< (2B [Ju—1($)] + )P 4 C
again, the estimate on Sj3 is classical since Kahane, and C > 0 independent of 7.
By sub-additivity,

E[Ju(S)"]"?
<a'/PE[J, 1 ()P +CP + C.

With « < 1, this ensures that the sequence I[],,(S)?]/? is uniformly bounded in 7 (and
so is IE[J,,(S)P]), thus completes our proof for the f = 0 case.

The case B general: We now add an insertion of weight 3 at the boundary of I at 0. We
study directly the field X and exploit its exact scaling relation as in [DKRV 16|, Section A.].

Let
> p
I(B)=E (/B engH('/S)e’YXalD*LzZE[Xng]g;T dA) (2.77)

for borelians B in IH.
Let us fix a small € such that Gig on B(0, €) is well-defined.
Let A=HNB(0,€) and A; = HN (B(0,27%)\B(0,27 " 1¢)) foralli = 0,1,...,a
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partition of A into half-annulis. We know by the case 8 = 0 that for all 7, I(A;) < oo iff
p < % Furthermore, by exact-scaling,
I(A;) =22~ 1(A_y)

and remark that f(p) = pyB — Z(p) changes sign at p = #

Suppose that p > 1, then by super-additivity,

IM)ZZHA& (2.78)

from which one deduces that [(A) < oo implies p < QT_[% On the other hand, by
Minkowski's inequality,

I(A)YP <Y I(A)VP, (2.79)

from which one deduces that p < % implies I(A) < oo. O
We now turn our attention to the regime 7y € [\/E, 2[. Here we deal with moments of
order 0 < p < 1, which is something quite unusual in the GMC theory: see the remark

below the following lemma.

Lemme 58. Lety € [v/2,2[. Consider B < Q ands € dD. Then:
i)) Forallp > 0,0 > 0,

2 p
. ( e cm> oo
DnNB(s,s
ifp <5 A5(Q—P).
ii) Conversely, if
p
E Y8G(-5) g7Xon— 5 E[X3y) %zd)\
DAB(s.) e e 8p < 400

thenp < (3+5) A L(Q ).

Remarque 59. It is plausible to think that we can improve the bound in ii) to obtain the
same moment bound as in the v € |0, V2 [ regime. This would require some sharper
estimations that are not studied in the classical GMC theory — because we are dealing with
moments smaller than 1, which always exist for classical GMC measures (since the first
moment is either finite (in sub-critical phase) or zero if the field degenerates (in critical or
super-critical case) for classical GMC measures).
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Proof. We put ourselves in the same settings as in the proof of the previous lemma. In
particular we work with the half-plane representation. We also follow the same notations.
o We first look at assertion i).

The case p = 0: the bound in the p = 0 is reduced to p <32 < 1.

First suppose that p < % and prove that the p-th moment is finite. Since p < % <1,

we can make use the sub-addivitiy inequality and exact scale-invariance to write

E[]u41(S)F]
<E[Ju4+1(S1 + S2 + S3)7]
<E[Jn1+1(51)F] + E[Ju41(52)P] + E[Ju11(S3)"]

<2 EWE(],(5)7] + C

where C is some finite constant independent of 7.

With the assumption that v < 2 we have % < % Choose some p’ > p such that

5 < p < 5 and observe that 1 — C ( p' ) < 0, thus from the above relation, the p' -th

moment of the measure ](S ) exists and is finite (because we would have 21-8(r) < 1).
Since p < p’, the p-th moment of the measure J(S) exists and is finite.

The case B general:

For completeness, we sketch a proof here although it is essentially the same as in [DKRV 16,
Section A.] and as the proof for general boundary B-insertions in the 7y € (0, \@) regime
above.

Let p < 1and

I(B) = E

2 p
( [ ot lerin - EEl d)\) ] 250
B
for borelians B in H.

Let us fix a small € such that Gy on B(0, €) is well-defined.

Let A= TN B(0,e) and A; = HN (B(0,27%€)\B(0,2 " ¢)) foralli = 0,1,...,a
partition of A into half-annulis. We know by the case § = 0 that for all i, [(A;) < oo if
p < % Furthermore, by exact-scaling,

I(A;) = 2PP2 S 1(A;_y)
and remark that f(p) = pyB — Z(p) changes sign at p = #
Suppose that p < 1, then by sub-additivity,

A) <Y I(A), (2.81)
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from which one deduces that p < # implies [(A) < oo.

e We now turn our attention to ii).

The case p = 0:

Since p < % < 1, we can make use the sub-addivitiy inequality, exact scale-invariance,

then Jensen’s inequality to write

E[Ju+1(S)]
ZE[Jn11(S1 + S2)”]
>2P N (E[Jug1(S)P] + EJur1(52)"])
ZzPZ—Z(P)EUn(S)P]

Studying the sign of p — {(p) gives us the bound p <  + % if the sequence E[],,(S)?]
is uniformly bounded in 7.

The case B general:

One can check that the same argument above as in assertion i) goes through by replacing
sub-additivity by Minkowski’s inequality for p < 1. [

We now gather the sufficient conditions in Lemma 52 and Lemma @ to define the unit
volume measure of the disk.

Corollaire 60. Suppose a;, f; < Q for alli,]. The random variable Zo(D) has a moment of

_vy.4._1ly.g.
Q mzv ILifi i

order
Q- ai— %Z,B] < %AZmin(Q—oci) /\mjin(Q—[Bj). (2.82)
i j !

In particular, under these conditions, the unit volume measure given by Corollary 41 is well defined.

Proof. Let
Q-Yiai—3%Bj
-, :

From Lemma 52 and Lemma @, the random variable Zy(S) has a moment of order p if S
is a small open neighborhood of any boundary point, not containing any bulk insertions,
under the condition

p:

2 1
< — A —min — B;).
p<zhom (Q—B)

Since the boundary of D is finite, one can find a covering of a small open neighborhood
of dD that does not contain any bulk insertions using a finite number of such S. On the
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complementary of this neighborhood, from the results of unit volume Liouville measure
on the Riemann sphere ([, Section 3.4]), we know that Zj has a moment of order
p under the condition

4 2
p< ?/\;mim(Q—oci).

Combining these two considerations we get that Zy(ID) has a moment of order p if

2 2 1
< — A —min(Q — &;) A —min(Q — B;).
p 72"y i( i) y ],( ;5])
Q-Yiwi—3 Y B

Replacing p by o

yields the corollary. [
We now give proofs of the cutoff estimations (Lemma E‘l to Lemma @). The idea is
to construct auxilary Gaussian processes and use a continous version of Slepian’s lemma
(Proposition @ below, see [, Theorem 3] for a general formulation) to compare their

functionals.

Figure 2.1 — Cut-off estimations: A is illustrated by a white box, B by a black box. The
grey box denotes the box B after some linear transformation.

Left: the symmetry case. Middle: B is moving away from A. Right: B is moving inside of
A.

Proof of Lemma @
Let p,q > 0. Let (x,y) be a Gaussian vector and define

p q
fxy, o X y1--, Y1) = ( ) pie”‘l) < Y. q]-ewf>
1<i<k 1§j§l
with p;, qj some non-negative weights. One verifies that
axiryjf Z O

for all couples (x;, y]').
Let X be a Gaussian field defined on the same set with the same kernel as X, independent
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of X. Let M, be the regularised GMC measure associated with X. Let (a;) (resp. (B j)) be
a discret net approximating A (resp. B).

Now consider two sets of Gaussian vectors:

- (X, y) with x; = X(zxi), yi = X(ﬁ]),

- (i,?) with X; = X(“i)ry]' = X(,BJ)

The difference between these two vectors is that by changing the ¥ component, the A part
and the B part of the second vector becomes independent. It is clear that these two vectors
possess the same correlation structure except that for all couples (x;, y]') (resp. (X, yj)),
and we have

B[xy;] < Elxiy;].

This allows us to apply Slepian’s lemma (see Proposition @) to conclude that

Elf (i, )] < Elf (xi,y;)].

Taking the Riemann integral limit, we obtain the first inequality in Lemma El!

For the other inequality, we apply the same idea: choose three mutually independent stan-
dard normal Gaussian distributions N, N/, N, independent of X and X and consider two
sets of Gaussian vectors:

- (x,y) with x; = X(a;) +7N,y; = X(Bj) +rN’;

- (Y,V) with X; = X(DC,‘) + T’W, y] = )_f(‘B]) + I’N;

where 7 is a constant we choose later. Observe thatif 2 > —21n §, then these two vectors
possess the same correlation structure except that for all couples (x;, y]') (resp. (X, yj)),
we have

Elxjy;] < E[xiy;].
Now we apply Slepian’s lemma (see Proposition @) to conclude that
Elf(x;,v))] < BIf (%, 7).
Taking the Riemann integral limit, we obtain
E[e" NN M, (A)P M, (B)T) < B[P+ N M, (A)P M, (B)1).
Choosing > = —21n §, we get
E[M, (A)P My (B)7] < 6~ 2M7 E[M,,(A)PE[M,(B)1].
This gives the second inequality in Lemma E‘I [

Proof of Lemma j53.
We apply the same idea as in the proof of Lemma Ell with the same function f. We only
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give hints about the Gaussian vectors we consider: the rest follows the same lines as in the
above proof.

Suppose (&;) approximate A and (ﬁ]) approximate B. Let ‘B;L = Bj + tey where ey is the
first coordinate. Consider two sets of Gaussian vectors:

- (X, y) with x; = X((Xi),y]‘ = X(ﬁ]),

- (X,y) withx; = X(a;),; = X(B)).

These two vectors possess the same correlation structure except that for all couples (x;, y j)
(resp. (X;, yj)), and we have

Elxy,] < Elxyjl.

In particular, the constant can be chosen to be C = 1 forall > 0. ]

Proof of Lemma |54

We apply the same idea as in the proof of Lemma Ell with the same function f. We only
give hints about the Gaussian vectors we consider: the rest follows the same lines as in the
above proof.

Suppose (;) approximate A and () approximate B. Let Bj be the symmetry of B; with
respect to the hyperplan H = Hu{ = H,;. Consider two sets of Gaussian vectors:

- (X, y) with X; = X(Déi), y] = X(ﬁ]),

- (%y) with %; = X(x:), 7; = X(B).

These two vectors possess the same correlation structure except that for all couples (x;, y j)
(resp. (X;, yj)), and we have

E[X7;] > Elxiy;].

Applying Slepian’s lemma gives us the desired inequality. O

Proof of Lemma 5.
Suppose ¢ < 0 and such that [bll +t,b] +t] C [all, a}]. For simplicity we left out the

second coordinate (i.e. ap,b;) in the following calculations: for example, the rectangle
A = [al,a}] x [ab, ab] will be simply denoted by [a, a}]. We do not change the second
cooordinate of A (resp. B) in the following calculation where all linear shifts and symme-
tries preserve the second coordinate.

Because forall x, y > 0, x¥ 4+ y¥ and (x 4 y)” only differ by some positive multiplicative
constant (which only depends on p), we have, with C denoting some constant independent
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of n which might change from line to line:

E[M;; (A)P My, (By)1]

<;DC(IE[M ([d', b + )P My ([ + £, b7 + £))7] + E[M, ([t 4+ t,a"]))P My, ([b' + £, b + 1])7])
© C(E[My([a' — t, b))’ M, (b, b'])7] + E[My ([b' + t,a’])P My ([a" + b — ', a'])7])
gC(E[Mn([a —t, ﬂr])”Mn([bl,br])q] + E[M, ([b' +t,a])P My ([, b))
gC(E[Mn([ﬂl —t, ")) My (b, b)) + E[M,,([d, a' — 1)) M, (16!, b'])])
gCE[Mn([ﬂl/ar])”Mn([bl,br])"]
= CE[M;(A)P Mu(B)1]
where

— (@ comes from the comparaison between x” + y” and (x + y)” above;

— () comes from the horizontal translation invariance of X (for the first term) and symme-
try of X (for the second term);

- (©) comes from the symmetry case Lemma @ (applied to the second term);

- (d) comes from the adjacent-to-non-adjacent case Lemma @ (applied to the second term);
— (© comes from (again) the comparaison between x” + y” and (x 4 y)? above.

This concludes Lemma

One can find a pictural representation of each inequality above in Figure 2.2 below. [

Muirhead’s inequality

Proposition 61 (Simple case of Muirhead’s inequality).
Let0 < p1 < pp < g Then fora,b > 0,

aPlpP—P1 4 gP—P1pP1 > gP2pP—P2 4 gP~P2pP2,

Proof of Proposition 1.
We can rewrite the inequality as

aPlel(ar’z—Pl — bPZ_Pl)(aP_PZ_Pl _ bP—Pz—Pl) >0,
and this is true because by assumption, p2 > p1,p > p1 + p2. [
Inspired by [KP76], we recall a consequence of this inequality:

Corollaire 62 (Expansion inequality).
Letk € N* andk < p <k + 1. Then forallx,y > 0, we have

(x +y)P <o+ yP + ey a7y (2.83)

where C is a constant depending only on p.
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Figure 2.2 - Proof of Lemma @, a graphical representation.
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Proof of Corollary 6.
We have, by sub-additivity of x —> x% ,
(x +y)?
=((x + y)P/FH)kH
k+1 k+1\k+1
S(xp/ + +yp/ + ) +
k . .
. i (k+1—1)
<xP 4y’ +) C}(kafply T

i=1

By Proposition @, for each pair of crossterms with index (i, k + 1 — i), we have (with

1<i<k)
' k+1—i k1—i i
xleply( +k+11>p n x( +](+11)Py% < xkypfk + xpfkyk.

Since the number of cross-terms is finite, one can choose C big enough (say C = 2K+1) to
conclude. ]

Slepian’s lemma

Proposition 63 (Slepian’s lemma). Let T = {1,...,n}. Let X and Y be two n-dimensional
centered Gaussian vectors. Assume the existence of some subset () C T X T sudh that:

EX;Xj] < E[Y;Y], (i,j) € Q.
E[X;X;] = E[Y;Y;], (i) ¢ Q.

Suppose f : R" — R is smooth, with appropriate growth at infinity (exponential growth is fine)
as well as its first and second derivative, and

0ijf >0 (resp.<0), (i,j) € Q.
Then BLf(X)] < ELF(Y)] (resp. BLf(X)] = ELf(Y))).
Proof of Proposition @

See [IZeil6, Theorem 3] for a slightly stronger form. O

Proof of Lemma @

We introduce the Fourier coefficients a, (1) > 0 forn € Z,v € [1, 0] given by

1 2 .
ao(m)P = [ e (1~ (e ~ 1)
0

NI—=

)..d6.
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We consider a standard white noise W on [1, oo[>< 0D and we set

=Y zxv(n)eineL /l /271 e W (do, du)
V2t J1 Jo /27

nez

Observe that &, (1) = ay(—n) for n > 0 in such a way that X is real-valued. Then we
can check that

1
€

_ = / E d /
]E[Xg( i X 619 ZemG 6") / |2 0 _/ 1—|?J €ZB)|%)+

nez

dv
—.

Also, notice that we have

o 27 e—mu
X(e?) = 1”9/ / W (dv, du).

neZ

Now we compute the correlations between the family (X¢ ). and the white noise W.
We consider a smooth function H : [1, +0o[— R with compact support and a smooth
function f on dD: weset F = H ® f and

1
V2 [1,400[x[0,277]

Therefore, by considering the Fourier coefficients (¢, (f))n of f, we obtain
Te(F)(e"”) =E[Xc()W(H ® f)]

1 ap(n) . .
Z 27 /[1 1/€[x[0,27] \/(Z)emgf(em)e " H (o) dodu
— inf o(n)
En cn(f)e /[1,1/.:[ NG H(v) dv.

Because H has compact support, it is readily seen that this series defines a continuous func-
tion of 6, which converges uniformly as € — 0 towards a continuous function given by

= Y cul(f)e /[1,00[ %\/?H(v) do.

W(F) = H(v)f(e™)W (dv, du).

Backgrounds on fractional Brownian sheet

We look at the main theorem in [Aco14] and we slightly modify the hypothesis (1.2).
Let {(YX:x € [0, 1]d}€>o be a family of centerd Gaussian fields indexed by [0, 1]d where
d is the dimension of the space. We suppose that for some constant 0 < Cy < oo,

Vx,y € [0,1])%,Ve > 0, |Cov(YZ, YY) + log(max{e, |x —y|})| < Cy (2.84)
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E[(YF — Y!)?] < Cye V2 x —y|2if|x —y| < e (2.85)

where ] . | is the Euclidean distance.
We claim that

Théoréme 64. There exist constants 0 < ¢, C < o0 and a small €9 > 0 (all depending of Cy
and d) such that for all0 < € < €gandallA > 0,

P[| max Y¥ —me| > A] < Ce=
x€[0,1]4

We adapt the proof by introducing the fractional Brownian sheet. Recall that a (one-
dimensional) fractional Brownian sheet Béi = {B(I)J ,t € RN} with Hurst index H =
(Hy,...,HN),0 < Hj < 1 is a real-valued centered Gaussian field with covariance
structure

N

E[B)'(s =11

j=1

|S] i+ |t]'|2H‘ — |S] — t]'|2Hj),S,t € RN.

I\JIH

In particular B(I){ is self-similar, i.e. for all constants ¢ > 0,

(Bl (ct),t € RN} = {cE- Bl (1),t € RN)

in distribution.

In view of comparing with equation (), we will choose a d-dimensional vector H with
all Hj equal to 1/4. Let us denote this particular fractional Brownian sheet by .

We now define the field ®, on [0, e[d by linearly shrinking the region [p, 2p[d of ® onto
[0, e[d, that is, (Pe(x),x € [0, €[d) = (®(l(x)),l(x) € [p,2p[d) where [ is the affine
map from [0, €[? to [p,2p[%. Notice that ®. depends on the choice of p, and p can be
chosen as large as desired.

Let us recall two estimations that are useful for the proof (compare with equations (2.7)
and (2.8) in [Aco14]):

Following the definition of fractional Brownian sheet:

p?'? < Var(®e(x)) < (2p)4/? (2.86)

Combine self-similarity of ® with lemma 3.4 from [AX05] we deduce that there exist
¢, C > 0 such that

Cp 1/2|x |%/2 S E[(q)g(X) . q)e(y))Z] S de/2€_1/2|x o y|%/2 (287)

where | - | is the 2-norm, which is equivalent to the Euclidean norm.

New following [Aco14] we will divide [0, 1[d into boxes of side length € > 0 and assign
values to each box using independent copies of Pg.

We first recover Lemma 2.2 in [Aco14]. We claim that
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Lemme 65. There exist constants 0 < ¢, C < oo (depending on p and d) such that

sup P(sup Pc(x) > A) < Ce™ (2.88)

veV,  xed?
To prove this lemma we use Fernique’s majorizing measure argument. Notice that
B(x,r) = {y € O+ B[(®e(x) — @c(y))?] < ) D {y € 00 : Cp/2e 2y — x|}/ < )
so that
u(B(x,r)) > Crt

for some C > 0 depending on p and d.
Applying the majorizing measure technique we obtain

E[sup . <c/°° “log(crd)dr < C <
sup ()] < C [/~ loglert)ar < C <

xeny

then we complete the proof of Lemma 2.2 by invoking Borell’s inequality:

E[sup ®¢(x) > C+ A] < e A*/202p)"2

xe?

the quantity on the right results from ().
We then follow exactly the same steps as in [Aco14] (the only difference is to replace some

d’s by d/2’s because of ()) to recover the main theorem.
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Two perspectives of the 2D unit area
quantum sphere and their equivalence

Authors

Juhan Aru, Yichao Huang, Xin Sun

Abstract

2D Liouville quantum gravity (LQG) is used as a toy model for 4D quantum gravity
and is the theory of world-sheet in string theory. Recently there has been growing interest
in studying LQG in the realm of probability theory: David, Kupiainen, Rhodes, Vargas
(2014) and Duplantier, Miller, Sheffield (2014) both provide a probabilistic perspective of
the LQG on the 2D sphere. In particular, in each of them one may find a definition of the
so-called unit area quantum sphere. We examine these two perspectives and prove their
equivalence by showing that the respective unit area quantum spheres are the same. This
is done by considering a unified limiting procedure for defining both objects.
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Introduction

2D Liouville quantum gravity (LQG) was first introduced by Polyakov in [Pol81] as a
framework for integrating over surfaces. On the one hand, this integration over surfaces
can be used to describe the time-evolution of bosonic strings and on the other hand, it pro-
vides a model for a random metric with a fixed topology, i.e. for quantum gravity [Sei90].
Whereas the theory for surfaces of non-trivial moduli remains to be understood, the basic
theory and the constructions for the 2D sphere are well-known in the physics literature
[Nak04]. In the realm of rigorous probability theory, however, even the understanding of
the simplest case, i.e. the theory of the random metric on the 2D sphere is relatively recent.

Liouville quantum gravity on the sphere is the limiting object of natural discrete ran-
dom planar map models on the sphere. This provides one way to define the limiting object
as a random measure endowed metric space [LG13, Miel3], however the conformal struc-
ture is lacking in this framework. Indeed, as in the case of 2D Riemannian manifolds, this
metric, although highly non-smooth, should nevertheless determine a conformal structure
such that both the metric and the measure are described using a 2D Gaussian free field de-
fined on this conformal structure [Pol81|, Sei90]. For now (except for the recent progress
in the case of v = 1/8/3, see [MS154, MS16a, MS16b]) one can only define the corre-
sponding volume form, that takes roughly the form ‘¢?"dz’ where I is a 2D Gaussian free
field type of distribution and dz the volume element. In fact, two different constructions
of the volume form corresponding to the unit area quantum sphere have recently appeared
in the probability literature.

[DKRV16] rigorously constructed the Liouville quantum field theory on the sphere by
proving that the partition function of the theory is indeed well-defined. As a consequence,
[DKRV16] also provides an exact formulation of the Liouville measure on the sphere con-
ditioned to have unit volume. Later [HRV 15, DRV 16] generalized the construction to the
disk and to the torus and in [DKRV15], the authors constructed the Liouville quantum
gravity on the sphere in a certain critical situation — when the so-called Seiberg bound is
saturated. In [KRV15] the authors further verify that the conformal Ward and BPZ identi-
ties for Liouville quantum field theory can be derived in the probabilistic framework. This
is an important step in their project of unifying the path integral approach and the con-
formal bootstrap approach of Liouville conformal field theory. An important feature of
this approach is the use of Gaussian multiplicative chaos theory and its strong link to the
original physics literature.

Another approach stems from [She16], where the author suggested a limiting proce-
dure involving the Gaussian free field. Following up this work, in [DMS14], the authors
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provided a more concrete construction via Bessel processes and showed that it is equiva-
lent to the limiting procedure suggested in [Shel6]. [DMS14] also rigorously constructed
objects like quantum disks, quantum wedges and quantum cones. In [MS15b], the authors
provide further constructions of the quantum sphere. In particular, they show that the unit
area quantum sphere can be obtained from mating a pair of correlated continuum trees of
finite diameter, which are given by space filling SLE curves. This exemplifies an important
aspect of their approach: the interplay between Gaussian free field and Schramm-Loewner
evolution, already known to be linked to conformal field theories [Car05].

The [DKRV16] approach considers the so-called Liouville measure directly in the space
of random measures whereas in the [DMS14] approach one defines the quantum sphere
as an equivalence classes of random measures. On one hand, the [DKRV16] approach is
more explicit. On the other hand, the notion of equivalence class enables [DMS14] to work
with one or two marked points whereas the framework of [DKRV16] is restricted to 3 or
more points.

Both approaches provide evidence that they give the correct scaling limit of the ran-
dom planar maps weighted by critical statistical mechanics models with 3 uniformly chosen
marked points, (see [DKRV 16, Section 5.3] and [MS15b, Section 1.2],[GS15]). Following
the notions preferred by the original authors, the candidate via the [DKRV16] approach is
called the unit volume Liouville measure with three insertion points of weight y. The candidate
via the [DMS14] approach is called the unit area quantum sphere with three marked points.
A natural question is whether the two constructions actually agree. The main aim of this
article is to give an affirmative answer to this question (Theorem @) On the way we also
revisit the two perspectives in some detail and provide a unified framework to work with
both of them.

We finally remark that there is yet a third mathematical approach to defining a unit area
quantum sphere in the case when y = 1/8/3 (the so-called pure gravity). In this case, the
unit area quantum sphere can be defined as the scaling limit of a large class of random planar
maps including uniform triangulations, uniform quadrangulations etc. Indeed, it has been
shown that these random planar maps converge as metric spaces to the Brownian map
in the Gromov-Hausdorff topology [LG13, Mie13]. Moreover, [MS16q, MS15a] recently
announced that there is a canonical way of putting a metric on the unit area quantum sphere
with v = 1/8/3 via the quantum Loewner evolution to obtain the Brownian map, thus
proving the equivalence between the Brownian map and the unit area quantum sphere
defined in [DMS14]. Our result relates [DKRV16] to this body of works, by showing that
the unit area quantum sphere can be constructed also via their approach.
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Outline and main results

We will revisit the two constructions of the unit area quantum sphere in detail in Sec-
tion H Here we first give a brief description in order to state our main theorem.

In [DKRV16], given an integer k > 3,21, ,zx € CU{oco} anday--- ,ap € R
with aq, - - -, & satisfying certain bounds, one can use the Gaussian multiplicative chaos
theory to construct the so-called Liouville measure on the sphere with log singularity «;
at z;. Then by conditioning on the quantum area to be 1, one obtains a Liouville measure
with unit volume. We denote the law of unit volume Liouville measures obtained in this

way by ]J?}I’(‘{é\’,“k . The detailed construction will be provided in Section H

In [DM§14] , the construction of the unit area quantum sphere is based on the notion of
quantum surfaces — an equivalence class of random distributions with a number of marked
points. In Section @ we revisit the Bessel process construction of the unit area quantum
sphere with 2 marked points, whose law is denoted by V%)MS' The unit area quantum
sphere with k > 3 marked points (denoted by VIE)MS) can be obtained by first sampling
according to VZDMS and then sampling k — 2 points according to the quantum area inde-
pendently of each other.

The following is the main theorem of the paper:

Théoréme 66. Fory € (0,2),

3 vy
HDMS = HDKRv:

More precisely, if we embed :ul?’)MS such that the three marked points are fixed at z1,z3,23 €
C U {co}, then it has the same distribution as VIYD,IZQV with marked points of weight <y, <y, <y at

Z1,22,23.

Remarque 67. Whereas we state the equivalence in terms of measures, it also holds in terms
of underlying fields and thus underlying quantum surfaces. Indeed, in [BSS14], it is shown
that a Gaussian free field type field and the Liouville measure it induces determine each
other. One can check that this result also applies in the current context.

Remarque 68. Notice that 7"4DMS 7= y%’gig\}v. In fact, according to the definition, the cross

ratio of the 4 marked points of :u4DMS is a non-trivial random variable. On the side of
y%’zﬁy\}’y, however, the cross ratio is simply the cross ratio of the four given points z1, 2, 23, Z4.
For the same reason Theorem @ is not true for any k > 3. The value k = 3 is special
because on the one hand it fixes a conformal structure on the sphere, but on the other hand

all spheres with three marked points remain conformally equivalent.
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On the one hand, the area measure of random planar quadrangulations with 7 faces,
with each face carrying area 1/ and with four marked points chosen independently from
the area measure, should conjecturally converge to 7/[4DMS in the limit 7 — oco. On the
other hand, if one first embeds random planar quadrangulations with 7 faces, with each face
carrying area 1/# and with three marked points, to the Riemann sphere with three marked
points z1, zp, z3 using say circle-packing embedding, and then adds a suitable singularity
at a fixed point z4 (see [DKRV16] section 5.3), one expects to obtain in the # — o0 limit
the random measure VE)I;YI;YV with four marked points at z1, 2, 23, z4.

The idea of the proof'is to approximate P‘%’%ﬁv and VDMS using essentially the same lim-

iting procedure. In Section H we will provide an approximation scheme for V%IZRWV which
is very close to the one in [DMS14, Section 5.3]. In Section 3 we Wlll show that a slight

perturbation of the scheme in Section H leads to both V%’I'(Yiw and VDMS’ thus concluding

the proof.

Two perspectives of the unit area quantum sphere

In this section we first provide necessary background on the whole-plane Gaussian free
field and then describe the two perspectives in some more detail.

The whole plane Gaussian free field

As in [She07], the whole plane GFF h is random distribution module an additive con-
stant satisfying

Var[(h, ¢)] /4> )log |x — ylg(y)dxdy, Ve € CP(R?) s /4>

In other words, it is a Gaussian process only indexed by zero mean test functions.
One can also make /1 into an honest random distribution (i.e. a scalar field) by pinning
it: namely, we choose some finite measure p(z)dz on C U {0} satisfying

| [ 1ot og|x = ylp(y)lddy < eo

(hp) = [ hz)p()dz

to be zero, i.e. to pin the field using p. We sometimes call p(z)dz the background measure.
Then all the other averages (1, p’) are defined by choosing ¢ > 0 such that cp has the same
mass as 0’ and setting

and set the average

(h,0") := (h,p" —cp).
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If p has unit mass, then the Green’s function of such a field is given by [DKRV16]:

1 1 1
GP(Z’ Z(J) = log M — mp(log W) — mp(log m) + GPI (31)

where we set
molf) 1= [, F(p(z)dz
and

6, = _//1R2x]R2p(Z) log |z — w|p(w)dwdz.

We denote the whole-plane GFF pinned using p by },, its probability measure by IP,
and the corresponding expectation operator by EF#. For a different background measure
the scalar whole plane GFF differs by a random constant. No choice of background mea-
sure makes the field truly conformal invariant — conformal transformations change the
pinning of the field. [DKRV16] circumvents this by tensoring the whole plane GFF with
the Lebesgue measure on R to obtain a Mobius invariant, but infinite measure. We will
see the precise meaning in the next subsection.

One of the natural choices for the background measure is the normalized area measure
of the spherical metric

g(x) =11+ Jx) 7

of total mass 1. More explicitly, we define /1 to be the random distribution with covariance
given by [DKRV 16, Equation (2.12)]:

1 1 1
Gs(x,vy) :=log ——— — —(log §(x log ¢ - —.
g(xy) i=log r = 7 (log 8(x) +10g8(y)) — 5
We refer to [MS13] for more information on whole plane Gaussian free field. For
later purpose we record [MS13, Proposition 2.10] stating that one can approximate the
whole-plane GFF using Dirichlet free fields on a sequence of growing domains:

Proposition 69. Suppose D), is a sequence of growing domains with harmonically non-trivial
boundary containing 0 s.t. dist(0,9D,,) — oco. In each D,, we define a Dirichlet GFF h,, with
uniformly bounded boundary values. Then on any fixed bounded domain D, the restrictions of hy,
to D converge in total variational distance to the restriction of the whole plane GFF to D, seen as a
distribution modulo additive constant.

David-Kupiainen-Rhodes-Vargas’ approach

In this section we provide a detailed description of the construction of the unit volume
Liouville measure in [DKRV16]. We identify the sphere $ with C U {co} via the stere-
ographic projection map. Before going into details of the construction, we remark that
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in order to understand the Definition @ of the unit volume Liouville measure, one only
needs (), (E‘l), (B.7) and the definition of the Gaussian multiplicative chaos measure, as
explained between (B.3) and (@)

For the spherical metric ¢, the first step in constructing the Liouville field on C U {co}
with marked points at z1, ..., z; and log-singularities «; at z; is to consider the whole-
plane GFF with a shift term corresponding to the curvature of the metric and additional
singularities corresponding to the marked points:

k
ho(2) = hg(z) + %log §(2)+ Y %iGe(z, ). (3.2)
i=1
Here Q = 2/v + v/2 with v € (0,2) a fixed parameter. Now, given the so-called cos-
mological constant jI > 0 and the parameter y € (0, 2), we define the partition function
for the Liouville field, motivated by the physics literature. For any bounded continuous
functional F acting on H~1(C) we set:

H(W’Z/;A’l“i)i(F) = ¢C3) Hg(zi)A“i /]ReSCIE]Pﬁ [F(c+ hr) exp(—fie”uy, (C))ldc. (3.3)

Here, for a fixed parameter 7, i, (-) denotes the Gaussian multiplicative chaos measure
constructed from the log-correlated field /i1 (z). Shortly, it is the limit in probability of the
measures j/j, (+) defined by setting for any Borel A C C,

2
i, (4) = [ €% explyh (2))dz,

where hj is, for example, the circle-average approximation of /i1. See e.g. [DKRV16]) for
more details. Moreover, we set

k
§ = szi —20Q, (3.4)

i=1

05 + log 2
C(z) = ZZ“I“ngA(ZlIZ])—i_ s 5 & szlz,
i#j
« o

Azx E(Q - E)

Finally, the integration over ¢ corresponds to the tensoring of the free field with the Lebesgue
measure mentioned above.

In [DKRV16, Theorem 3.2] it is proved that the partition function (@) is non-trivial,
finite and can be approximated by a circle-average regularization procedure if and only if
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a1, -+, € R satisfy the following Seiberg bounds:

k
a; > 2Q (first Seiberg bound);

i=1

a; < Q, Vi (second Seiberg bound).

We remark that the two Seiberg bounds yield k > 3. This suits well with the need of
three marked points for fixing the conformal structure of the sphere.
Under these constraints the partition function gives rise to a probability measure on

H=1(C), called the Liouville field. Its law is denoted by P and it is described by

I (zi,i,8)
setting:
(zi0;);
B [F] = HZZ"“—)(F) (3.5)
1% H i 1(1)
T H

for all bounded continuous functionals F on H~1(C).

Via this partition function and again using the theory of Gaussian multiplicative chaos,
the Liouville field also induces a corresponding Liouville measure M(-) on the sphere by
specifying for all bounded continuous functional F on R’} and all Borel sets Ay, - -- , Ay,
in C:

BV [F(M(AL), -, M(A,)
_ S @B F (e, (A1), -, €y, (An)) exp(—fteTpy, (C))]de
Jr e BV [exp(—erpy, (C))]dc '

Using a change of variables e7°yj, (C) = y we can rewrite this as follows:

Bl o F(M(A), -, M(A)]

00 R (A1) (An) s | a5
_f() EIPg F(y]ZIhLL(Cl) L, ,y%)‘uhL(C) ’Y:| e Vyy'y 1dy

ATT(2)ER [, (C) 77
Thus the Liouville measure on the sphere can be in fact described as follows:

1. M(C) is independent of the normalized measure M(-) := M(-)/M(C);
2. M(C) is distributed as Gamma distribution T(%, in);

3. The normalized measure M(-) can be sampled by the normalized measure of Un,

re-weighted by ]/th((D)fé. Namely, write fiy, (-) := pp, (-)/ ptn, (C) then
EF | P, () s, (€) 7]

[F(M())] = EPg []/th(C)iﬂ

B
(ziwi/8)
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Notice that from this explicit structural description of the Liouville field, we see that the
cosmological constant /I only effects the total volume of the Liouville measure of the sphere,
while the normalized measure is independent of /1. It is natural to then take the reweighted
normalized measure fij,, (-) as the definition of the unit volume Liouville measure with
specific log-singularities. As stated in [DKRV 16, Lemma 3.10], for (@) to make sense, we
only need (see Lemma B):

k
Zi:1 e

Q- > < % Amin(Q —w;) and a; < Q, Vi (3.7)
1

Now we are ready to give a formal definition of ygﬁ%’}. The expression for the Liouville
field comes from the same change of variables as above:

Définition 70. Fix y € (0,2). Letk > 3,21, -, zy be distinct points in C U {oo} and
ay, -, 0 € R satisfying (ﬁ) Let hy be defined as in (), Sasin (E‘l) and py,, (+) be the
Gaussian multiplicative chaos measure corresponding to hy .

Then the unit volume Liouville field on the sphere with marked points (z1, - - - ,z)) and log-
singularities (1, - -+ , &) is a random field distributed as

hi, — v~ log y, (C)
under the re-weighted measure

—S —S

A _ 71 ot
apWwizi)i .— EPs []/th((D) 7 ] pp, (C) 7 dPyg.

Correspondingly, the unit volume Liouville measure, denoted hereafter by ygﬁ%’}, is the measure

distributed as i, () under I/E\’(“z‘fzi)i,

Notice that we did not include ¢ in the notation of P(izi)i This is due to Theorem
which proves that the unit volume Liouville measure does not depend on the choice
of normalization. We will be interested in the special case of k = 3 and a; = y for all
i = 1,2, 3. Note that in this case (@) is satisfied for all y € (0, 2).

Properties of the Liouville measure: moments, covariance under Mobius transforms
and independence of the background measure

In this section we record two invariance properties for the unit volume Liouville mea-
sure ygﬁi{'\’,‘xk, and a criterion for the existence of moments of the Liouville measure.

First, we claim Definition @ is independent of the background measure, justifying our
notation P(*Z)i in that definition. Indeed, in Definition @ the only role of the back-
ground measure is to fix the whole-plane GFF. We will show in Theorem [/ 1] below that
this choice does not matter. This corresponds to the Weyl anomaly described in [DKRV 16,
Lemma 3.11.2)].
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Consider a probability measure p(z)dz and let /1, be the whole-plane GFF normalized
such that (1, p) = 0. As above, denote by My (f) == fR2 f(z)p(z)dz and set

k

1
i=1

where z; are marked points with log-singularities a;, and as in [DKRV16], G, is the Green
function associated with the background measure p as defined in ().
Notice that for the normalized spherical metric ¢, the field /1 (4) is the same as /1,

defined above. Finally, write 1), (0 3 the volume measure corresponding to the field 1 L(p)-

k
Théoreme 71. Take any p1, p2 as above and lets = ) a; — 2Q. The fields
i=1

hL(pl) _ ,),*1 log 'uhL(Pl) (C) under the measure C]’th(pl) (([])7%1]Pp1

and

-1 —5
hL(pz) — 9 "log iy, (C)  under the measure CHiy ) (C) 7dP,,
are equal in law. Here the constants ¢ are dhosen to make the above measures probability measures.

Proof. To begin with, recall that there is an identification between the whole-plane GFF
pinned using some background measure p and the whole-plane GFF seen as a modulo-
constant distribution: the passage from the latter to the former was described in Subsection
@ and to pass from former to the latter, we just test the GFF against zero mean test functions.
Using this identification, it suffices to prove the theorem using the probability measure 1P
induced by the whole-plane GFF on the modulo-constant distributions. We write (%, ¢)
for this modulo constant field acting on zero mean distributions ¢p. Now, observe that
under the measure dIP, we have that almost surely /1, = hp, — (h, p1 — p2). Write also

8oi = hL(p,-) - hPi’ =12

Then in particular
M (o) = Hpy + 8or — (1, 01 — p2)-
As fori = 1,2 the quantity h L(p;) — pt log iy (C) remains unchanged after adding

a constant to the field, we can write:
hipy — 7 'log Py (C) = oy + 80, — v tlog pn,, +g,, (C)-

In addition, we also have that

2

Hig (o) (€©) 77 = i, +g, (C) 7 exp(s(h, o1 — p2)).
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By the Cameron-Martin theorem for the modulo-additive constant Gaussian free field (see
e.g. [Jan97]), reweighing dIP by exp(s(h, p1 — p2)) induces for any zero mean test func-
tion ¢ a drift equal to

—3 /]R2 /]R2 $(z)log |z — w|(p1 — p2) (w)dzdw
on (1, $). Now as the difference of Green’s functions Gp, (z,zi) — Gp, (z,z;) satisfies
NGy, (2,2)) — Gpy(2,2;)) = o1 — pa, foralll <i<k.

Finally, one can verify that

—s [ 9(2)10g |z = wl(p1 — p2) (w)dw = g, — gy +C
for some absolute constant C. Now Theorem [/ follows. [

Second, the following theorem says that the unit volume Liouville measure transforms
covariantly under Mobius transforms:

Théoréme 72. [DKRV16, Theorem 3.7]

Let 1 be a Mobius transform of the sphere. The law of the unit volume Liouville field ¢p under
P(#i2)i is the same as that of ¢ o P 4+ Qlog || under P(i¥(2))i, The area measure under
P@i(z))i has the same law as the pushforward of the area measure under P @iz,

Finally, for the moment estimate that we use later on, we first recall a slightly modified
formulation of Lemma 3.10 in [DKRV 14]:

Lemme 73. Fix v € (0,2) and let p = §, ie. take the spherical measure as the pinning
measure. Consider the field hy(,) as in (@) under the law Pp. Then for any q € R with

q < % A min; %(Q — ;) we have that EFr ["uhup) (C)1] < oo.
We will need the same estimate in the case where p = ¢, where we denote by ¢ the
uniform probability measure on the unit circle.

Corollaire 74. The lemma above holds holds for p = c.
Proof. Notice that

mg(log |le) — m(log ﬁ)‘ = Elogg‘(z) +log(jz|v1)| < C (3.9
where C is some finite constant independent of z.

It follows from the definition of the Green’s functions () that Gg and G, differ at
most by some finite constant. Moreover, as remarked above, the difference between hg
and /1. is a Gaussian of finite variance. Thus from () we see that the difference between
h L(g) and hL(c) is bounded by some Gaussian with bounded mean and variance and we
conclude. Il
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In fact, the same moment bound holds for a much larger class of pinning measures p.
However, for the more general case we do not have such a short and simple proof.

Duplantier-Miller-Sheffield’s approach

We now briefly describe the approach to quantum surfaces initiated in [She16, DMS14].
In particular we will show how to make sense of the unit area quantum sphere even in the
case of two marked points.

The underlying idea is to think of quantum surfaces as abstract surfaces, and of different
conformal parametrizations as of different embeddings of these surfaces. One way to do
this is to define an equivalence class of random measures with a transformation rule under
conformal mappings.

Définition 75. Lety € (0,2) and Q = 2/ + /2. Suppose we have a random distribution
h on a domain D. Then a random surface with k > 0 marked points is an equivalence class of
(k + 2)-tuples (D, h, x1, . .., xi) (with x; € D) under the following equivalence relation: two
embeddings (D;, h;, xi, e, x;c) fori = 1,2 are considered equivalent if there is a conformal
map ¢ : Dy — D1 sudh that

1. hy = hyo¢ + Qlog |¢'|;

2. it induces a correspondence between marked points on D1 and marked points on Dy:

In each fixed embedding, one can define the corresponding Liouville measure 1, (resp.
Jn,) as the Gaussian multiplicative chaos measure of parameter <y corresponding to the
field hq (resp. hy). Here the transformation rule in the definition is chosen so that this
7r-Liouville measure is defined intrinsically for any equivalence class: p,, = ¢xptp,. The
marked points in this framework correspond to the so called typical points of this Liouville
measure, i.e. they have -y-singularities.

Remarque 76. If we have too few marked points to fix the automorphisms of D, then the
sigma-algebra of & does not coincide with that of the random surface - i.e. only events
that are invariant under the remaining automorphisms are measurable w.r.t the random
surface.

Remarque 77. Given a random surfaces with fewer marked points than are necessary to
fix an embedding, we can still find well-defined embeddings of this surface: for example,
we can just choose the missing number of points in a measurable way w.r.t. the random
surface constructed with given marked points and then use all these points to choose a
well-defined embedding.
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Encoding surfaces using Bessel processes

In [DMS14], the authors introduce a way to encode random surfaces using Bessel pro-
cesses and give a definition of the quantum unit sphere with two marked points.

To motivate the construction, consider the infinite cylinder @ = R X [0, 277] with
R x {0} and R x {271} identified. Here two marked points are given by the ends of
the cylinder { —co, +00} and the remaining degrees of Mobius freedom are: 1) rotations
around the axis of the cylinder; 2) horizontal shifts.

These degrees of freedom pair well with the decomposition of the GFF on Q into ra-
dial and angular parts [DMS14, Lemma 4.2]: the radial part is invariant under rotations
and transforms under horizontal shifts while the angular part is invariant under horizontal
shifts and transforms under rotations. This comes directly from the orthogonal decompo-
sition of the Dirichlet space H (Q) on the cylinder, that is given by the closure of smooth
functions f on Q under the Dirichlet norm ||V f|| [DMS14, Lemma 4.2]:

Lemme 78. Let H1(Q) C H(Q) be the subspace of of functions which are constant on circles of
the formu X [0, 27t] with endpointsQ and 277 identified andu € R. Also, let Hp(Q) C H(Q)
be the subspace of functions on Q whidh are of mean zero on all such circles. Then H1(Q) and
Ho(Q) form an orthogonal decomposition of the space H Q).

Remarque 79. We call the H1(Q) and H;( Q) components the radial and angular compo-
nents respectively.
Letd =4—-8/ ')/2 and let 1/(? ES be Bessel excursion measure of dimension J. In order to

define .”ZDMS’ we first introduce an infinite measure on quantum surfaces with two marked
points as follows:

1. Parameterize quantum surfaces by (1, Q, 00, —c0).

2. Sample an excursion e according to 1/(]53 ES,

3. The radial {1(Q) component of the quantum sphere is given by reparametrizing
279~ !log e to have quadratic variation du.

4. Theangular H;( Q) component is sampled independently from the law of the H, ( Q)
component of a whole-plane GFF on Q.

Following [MS15b], we denote this measure by Mpggs.

Définition 80. The unit area quantum sphere with two marked points is Mggs conditioned on
the surface having unit quantum area. We denote its law by 7’[2DMS' Given an integerk > 3 and if
we first sample of instance Of,MZDMS then conditionally independently sample k — 2 points on the
surface according to the quantum area, the resulting quantum surface with k marked points is called
the unit area quantum sphere with k marked points, whose law is denoted by VIISMS' By forgetting
one marked point in PLZDMS’ we obtain the unit area quantum sphere with 1 marked point .ulleS'

Remarque 81. Although MpEg is an infinite measure, the restriction of Mpgg to the event
that the surface has quantum area larger than a positive number is finite. One can check
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that it is also similarly possible to make sense of Mpgg conditioned on have quantum area
1 to obtain a probability measure.

Notice that a priori :u2DMS having only two marked points, comes without a canonical
embedding. Choosing an embedding amounts to fixing the rotation and the horizontal
translation in some way. The rotation can be fixed arbitrarily. For the radial part, we find
it convenient to use the so called maxima embedding, where we fix the horizontal shift by
requiring the location of the radial maxima to be at zero.

Limiting procedure for the 2-point sphere

In [DMS14, Proposition 5.13], a limiting procedure is described to obtain VZDMS' It
roughly goes as follows: take a Dirichlet GFF h on the unit disk D with zero boundary
conditions, and condition its Gaussian multiplicative chaos measure }/j, to have mass

e© < pp(D) < eS(1+96)

for C > 0large and 6 > 0 small. Denote the conditional law by /i 5. Let w be a point in
D sampled from fiy, . ,. It is then shown that the quantum surfaces

(hes —~1C, D, w, )

converge in law to VZDMS’ when we first let C — oo and then let § — 0.

Here, convergence means that in some fixed embedding of these quantum surfaces the
conditioned 7y-Liouville measures converge weakly in law to the measure corresponding
to ‘”%)MS in this embedding. For example, one can

— map C to the cylinder Q via the logarithmic map, sending co to —oo and w to oo;

— use the change-of-coordinates formula of Definition @ to transform the field;

— horizontally shift the resulting field so that the maxima of its radial part is achieved

at Rez = 0;
— consider the y-Liouville measure of the resulting field and, in order to obtain a
measure on Q, extend this measure by zero outside of the shifted image of D.
Convergence of (hc 5 — v~1C,D, w, c0) then means convergence in law of these mea-
sures on the cylinder Q under weak topology. The two marked points w and co become
respectively 00 and —o0 on Q.
By examining the corresponding proof in [DMS14], we lift the following statement:

Proposition 82. Let
h=hy—ylog|z| - C

where hy is a zero boundary GEF on D and C is a constant. The quantum surface

(h/ C/ O/ OO)
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conditioned on e~ 70 < up(D) < evo converges to VZDMS'

More precisely, if we embed the quantum surface (h, C,0,00) into (Q, 400, —00) and fix the
horizontal shift such that the maxima of the radial part is achieved at Rez = 0, then as C — o0
and then & — 0 the conditional law of the quantum surface converges to the maxima embedding of

‘uzDMS described in Section [ in the sense the corresponding «y-Liouville measures converge weakly
in law.

A limiting procedure for V%’IZQV

. . . . : . VY € __

This section is devoted to proving an approximation scheme for ppppy. Let D¢ =

¢~ 1D be a large disk and h{ be the zero boundary GFF on Df. Let further z,z, € D

and consider a GFF with two interior -y singularities at z1, z>, and boundary values chosen
such that in the limit they give rise to a third 7 singularity at infinity, i.e. we set:

h®(z) = hi(z) + (2Q — v) loge + vGpe(z, z1) + YGpe(z, 22). (3.10)

Here Gpe is the Dirichlet Green function of D?.
Let IP? be the corresponding probability measure and e be the associated Liouville
measure of /1f. Furthermore, let

A = ( 8/ Cs)v

where
¢ = —log(|z| V1) —loge.

Then A is the circle average of /i around dDD.

Théoreme 83. In the above setup, suppose & > 0,
E§ = {m(C) € [e77°, 7]}

and
H® = {A:+ (2Q — 37)loge > —|loge[>/3}.

By first letting e — O then 6 — 0, ppe conditioned on E§ M H® converges in law to V,liy)ﬁigv

of Definition [7Q and with singularities at zq, 2, 00. Here the topology of convergence is the weak
topology of measures on C U {oo}.

In the case ¢y > V2, the proof of Lemma @ below implies that one can omit con-
ditioning on H® and the theorem still holds. See Remark 87 for details. The proof of
Proposition @ in Section H also suggests that the same is true when ¢ < V2. However,
we cannot confirm this via a short argument for now.
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Preliminary calculations, notations and heuristics

Using conformal invariance of the Green’s function, we can write
he = hy+ (2Q — 3y)loge — ylog |z — z1| — ylog |z — za| + 7¢,

where 7. = ylog |1 — e2z1z| + v log |1 — €225z].
Recall that A is the circle average of /1y around dID and

Var[A¢] = (8¢, Ce)v = —loge.
By the orthogonal decomposition of the GFF (see e.g. [She07, Section 2.4]), we can write

€ __ 1€ A€
o = Ite ¥ Var[Ag] Ge
where I is distributed as /i conditioned to have circle-average zero on dDD and is indepen-
dent of Ag.

Let /i, be the whole-plane GFF normalized such that the circle average around 9D is
zero, i.e. in other words we consider the scalar whole-plane GFF with the background
measure equal to the uniform measure on the unit circle. For consistence of notation we
denote this unit measure by ¢. Then using the notations of Section 2.2, we write

1 =hi—(2Q —37)log(|z| V1) —ylog|z — z1| — ylog|z — 22|, ~ (3.11)
hy =he— (2Q —37)log(|z| V1) — ylog |z — z1| — ylog |z — z3|- (3.12)

The corresponding probability laws are denoted by P%, P.. The field i, now corresponds
to the field of (@), in the case where the background measure is the unit mass distributed
uniformly on the unit circle. By Proposition (9, P, is the limiting measure of P, where
the topology is given by convergence in total variation on any bounded domain.

We can now write

e __ 1,€ A€
h® = hf + (Var[Ag] - (2Q — 37)) Ce+ e (3.13)

and by the orthogonal decomposition we have AP, = d A, ® dIPt. The key observation is
that if we now consider the probability measure

dQ° o exp{(2Q — 37) A }dP*,

then under Q*:

1. by Girsanov theorem, the law of A¢ := A + (2Q — 37) loge is a centered Gaus-
sian with variance | log €|;

2. hj has the same law as under IP® and is independent of A,.
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Now write

He = H5 + Ag + Acge(z) + 1, (3.14)

where ¢.(z) = log(|z| V1)/loge.

Writing h® in this way is useful, as under QF, gggg (z) + ¢ vanish as € goes to 0 and
therefore h* is roughly speaking an independent sum of i} and A,. Since h{ tends to hy,
in law and the law of A, vaguely tends to Lebesgue measure, this should remind the reader
of the whole-plane GFF tensorized with Lebesgue measure, as discussed in Section H and
used in [DKRV14]. Making this connection precise is the main content of the rest of this
section.

Statement of the main lemma and proof of Theorem

In the rest of this section we omit ¢, as it is a harmonic function with max; |r:(z)| =
0¢(1) and plays no role in the later argument. Given a Liouville measure yj, with almost
surely finite total mass, let i,(-) = py(-)/pp(C). Recall the events Ef and H® from
Theorem @:

E5 = {me(C) € [e77°, 7]}

In light of (), under ()F it is instrumental to write
H¢ = {A; > —|loge|*/3}.

Now Theorem @ is a consequence of the following lemma:

Lemme 84. Suppose F is a nonnegative bounded continuous functional on the space of probability
measures on C U {0} with the topology of weak convergence anda = ¢ ~1(2Q — 37). Then
foralld >0

lim \/ 270 Var  AJEX [Py 5 ) 1 (C)LesLiae] = 20E7[F(iy, )i, (O)].

e—0
(3.15)

We postpone the proof of Lemma @ in Section H and proceed to the proof of Theo-
rem

Proof of Theorem[83. Let IP! be the probability measure we obtained via re-weighting P by
]JZL (C). Then by Theorem [/ 1 and Definition @, the law of V]?)/IZQV is given by fij,, under
P,

To prove Theorem @, we first notice that since we are conditioning on pje having
total mass between [6_75, 67‘5] and we are letting 0 — 0 eventually, it suffices to show
that fije converges to fij,, under PPL. In other words it suffices to show that for all F as in
Lemma 84 we have
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lim lim E™ [F(ji,e ) |[E§ N H] = EX¢[F (i, )]

0—0e—0

Recall that a = 7y ~1(2Q — 3). We have

lim lim B [F(ﬁhs)lEngE] = lim lim MUt e 3Y)A81E81H8] (3.16)
5-0e0 EFF[EENHE] 55060 EQ[e—(2Q- 37)A81521He] '
Now under the event Ej§ we have
—(2Q-37)Ae o~ (2Q-371)Ac _ '
: e = (140K, 1.0 (©)
Therefore the right hand side of () equals
QIE(;.. ~
o E [F(Vhi+Asgs(Z))VZEJrngs(z) (C)lEngs]
lim lim Q7 1l
6—0e—0 [Hhi+ggg€ (2) ( ) ES Hs]
By Lemma @, it is equal to
EP< [F(fin, ), (C)] EP{(F (7, )]
= ¢ h ,
BATA®) :
from which Theorem @ follows. [

Proof of Lemma @

The proof of Lemma @ relies on two simple Fubini identities and a continuity result.

Lemme 85. Let X, Y, Z be random variables where E[| Z|| < oo. For fixed § > 0, let
Ej(x)={X€[-x—0,0—x]},E3(x) ={X < —x+4,Y > —x 5}
Then
/°° E[Z1;1 ) )dx = 26E[Z), (3.17)

/ E[Z1g2())dx = E[Z((Y — X +25) V0)]. (3.18)

Proof. () is the special case ) when X = Y. So we only prove (). By Fubini
5.18)

Theorem the left hand side of ( equals
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Lemme 86. Suppose a is a sequence of deterministic numbers tending to 0 as€ — 0. Let h§ , hy,
be defined as in Section[}. Then Fhe +ac log(|2]V1) weakly converges to fij,, in the space probability

measure on C U {oo} endowed with the weak convergence topology.

Proof. By tightness, P +aclog(|zv1) has subsequential limits. We only need to show the
uniqueness of the limiting object. By Proposition @, h§ restricted to RDD converges to
hyp in total variation for all R > 0. Moreover, a;log(|z| VV 1) converges to 0 locally
uniformly in C. Therefore on RD, M +a, log(|z|v1) converges in total variation distance
to Jij,, . Since we are considering a normalized measure, the only thing left to show is that
His +aelog(|z| V1) (C) is tight.

Take 0 < ¢ < Q — 7. Then P‘hi+aglog(|z|v1)(c) < Vhi+clog(|z\\/1)(®) for small enough
€. On the other hand the field /ij 4 clog(|z| V 1) has at 0, 1, co singularities (y, y, v + ¢).
These singularities satisfy the Seiberg bounds, and so by Corollary /4, j, +elog(|z|V1) (C)
has some finite positive moment. Hence iy, 4 ¢ 1og(|2|v1) (C) < oo almost surely. But now,
by considering the radial decomposition of h7, Hht +clog |z V1) (C) weakly converges to
Hiyp+clog(|z|v1) (C) and tightness follows. [

Proof of Lemmal84. Denote the left hand side of () by L¢ and let
Eg(x) - {’)’_1 log Bhs +xge(z) (C) € [-x—9d,—x+7]}.

Then by conditioning on A = x, we have

« 2
= PoIE(7 a o x
L= /Ilogslé E [P(l/‘hiﬂgs(z))ﬂhiﬂ&(z)(C)lgg(x)] exp { —2| og ¢ } d}(; .,
Let

€

2
) _— ] o
5 - B LF (s +xge(2)) Phe 4xge () (C) g ()] €XP { 2|log €] } dx

/1 2 2
x€[—|loge|3,|loge|3]
andl; = Le — . Ifa < 0 (ie. y > V/2), then

it 1xge(2) (C) = Mie g (z) (D) = g (D)

and we have

x2

FS < OF(l) —2’ng

EP* [uf (D)] exp { } dx = o(1). (3.20)

2
x>|loge|3

Ifa > 0 (e v < V/2), we get

2
fe<0en) [ e ep{ gt LBl = o).

x>|loge|3
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Here e~ 7" comes from the fact that if E§(x) occurs and A¢ = x, then ,”hi—kxgg(z)evx =
1+ 04 (1) .

It remains to deal with ... From the argument in Lemma @ and Skorokhod’s represen-
tation theorem, we can couple /1, J1j so that almost surely forall x € [—|log¢]| %, | log €| %],
we have P +xg.(z) convergesto fly, and pie ¢ +xge(z )(C) converges to j,, (C) almost surely.

Nowlet Es(x) = {7y~ 1logth( ) € [—x—6,—x+6]}. ObservethatbyLemma@
[ EF i i, (€L, ) dx = 267 Py i, (©)] = RS of (T3

Therefore to finish the proof we only need to show that the dominated convergence theo-
rem can be applied to evaluate lim,_, X,.
When a < 0, since g¢ (z) = 0 on D, the integrand inside X, is controlled by

Op (L)E"*[ufy (D)1 ¢ ] (3.21)
By Lemma@

| B (D)1 ) dx = EF [ (D)((Ye — Xe +2) VO)]

where

| _ ~—1
Xe =008y gt O Y =TT 1B gt (O

Ei(x) = {Xe < —x+6,Ye > —x— 0}

By Corollary E‘I, for ¢ > 0 small enough, we have that ' [P‘Zﬁclog (2[v1) ] < 0. Thus

by the dominated convergence theorem,
lim EP* [ufie (D)((Ye — Xe +26) V 0)] = 20E [, (D).
€

Since

| EP (D)1 ) dx = 26E7< [, (D)),

we have

lim IE]P [pthg( )1 Eg(x)]dx:/_ooEIPf[hm,uhg( )1 g(x)]dx.

e—0 e—0

Now we can apply the dominated convergence theorem to evaluate lim,_,o 2.

Whena > 0, (i.e. ¥ < \/i) we replace the term in () by

]Pg
Or(DE [thﬂog‘ o )(C)lﬁg(x)]-

The rest of the argument works line by line. [
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Remarque 87. Notice that whena < 0 (ie. v > v/2) the estimate in () still holds if we
integrate against the whole R instead of [—| log €|2/ 3, co]. This means that in Lemma
and hence also in Theorem @, we can replace E§ N H® by E§ if y € [v/2,2). This does not
directly work if ¢ < /2, since a is now positive and the integral over [—oo, — | log ¢|?/3]
is not as easily controlled.

Equivalence of 3-point spheres

In this section we finish the proof of Theorem @ By the Mobius invariance of V%/IZQV

in Theorem 2 and the relation between :”2DMS and VgDMS in Definition @, it suffices to
show that

Théoréme 88. yg’ggv with marked points at 0,1, 00 can be obtained by first sampling a third

point w from V%)MS with marked points at 0, 00 and then applying the Mobius transformation
that maps (0, 00, w) to (0,00,1).

We prove Theorem @ by constructing two very close limiting procedures. The first
one gives V3DMS embedded such that the marked points are 0, 1, co. The second one gives
],ﬂD'IZigV with marked points 0, 1, co.

Let D?, hiy, Gpe be defined as in Section H and
he(z) = hi(z) + (2Q — v) log e + vGpe(z,0). (3.22)

Notice that /€ here is not the same as the one defined in Section [J, indeed here /¢ only has
a single log singularity inside D®.
Denote

E§ = {un(C) € [e77, 7]},

let IP§ be the law of h® conditioning on E§ and dIAPfS = Clye(¢)dP§ where c is chosen to
make IAPf5 a probability measure. Given an instance of 1 under [P, let w® be a point sampled

according to the quantum area. Let @0° be sampled in the same way as w® with ]APfs in place
of IP§. Now we claim that

Proposition 89. Suppose (w*, h®) is sampled from IP§ as above. Apply the Mobius transformation
that maps w* to 1 and fixes O and co. Let h® transform according to the coordinate dhange rule as
in Definition [73. If we first lete — O then 6 — O, then the resulting Liouville area measure
converges weakly in law to that of VSDMS with the embedding chosen sudh that the marked points
are(0,1,00.

Proof Since Gpe(z,0) = — log |ez|, the field in (3.22) can be written as

h® = hi — ylog |z| + (2Q — 27) loge.
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We now set the constant C in Proposition 82 to be (27 —3Q) log € and apply the coordi-
nate change z — ¢z, then Proposition 82 yields that (h¢, C, 0, o) converges to VZDMS in
the sense that in the maxima embedding, the area measures converge weakly. Therefore
we have a coupling of (h, C,0, ), VZDMS' and points w® and w sampled from pye and
VZDMS respectively, such that under maximal embedding ;¢ a.s. converges to VZDMS and
lim,_,o |[w® — w| = 0 in probability. Now Proposition 89 follows. O

We also have an analogous statement for ‘ug)’lzgvz

Proposition 90. Suppose (0, h®) is sampled from IAPE defined above. Apply the Mobius transfor-
mation that maps W to 1 and fixes 0 and oo. Let h® transform according to the coordinate change
rule. If we firstlete — O then & — 0, then the resulting Liouville area measure converges weakly

in law to that of]/tg’gigv with marked points at0, 1, co.

Let us see how Theorem @ now follows.

Proof of Theorem 88, Since 11y (C) € [e77?,€7°] under IP§, the total variational distance
between P§ and IP§ is 05(1) and so is the total variational distance between (w®, ht) and
(¢, h®). Therefore the two limiting objects in Proposition @ and Proposition @ are the
same, which implies Theorem @ [

The rest of the section is devoted to proving Proposition @

The location of the third point sampled from V%)MS
We start by controlling the location of the sampled points w® and @*® defined above.

Lemme 91. Let w* be defined in Proposition @ We have

lim lim log |w®| /| loge|>’®> = 0 in law under P%.
6—0e—0

The same statement is true for W¢ defined in Proposition [90.

Proof of Lemma @ As the total variational distance between (w®, h®) and (@°, h®) is 05(1),
it suffices to prove the result for w°®.

We use themap z — e~ % to pull (h¢, C) backto @ = R X [0, 27t|. Then D* is mapped
to the half cylinder (log ¢, +-00) X [0, 277] and 0, 00, w* are mapped to 400, —o0, — log w*
respectively. The radial component of #° can be written as X; = By — (Q — <)t where
Bt evolves as a standard Brownian motion with By, = 2(Q — ) loge.

Let L° be the location where B; — (Q — )t achieves the maxima. By the proof of
Proposition @, L¢ + log |w*| is tight, in particular

lim lim (log |w®| + L)/ |loge|*/> =0 inlaw. (3.23)

0—0e—0
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Thus we only need to show that

lim L¢/|loge*’® =0 inlaw. (3.24)
e—0

In fact it suffices to show this under a certain conditioning. Indeed, let F§ be the event
that the maxima of B; — (Q — )t is bigger than —C. Then by the argument in [DMS14,
Lemma 5.5 and Proposition 5.7],

IP[FE|E§] —1 as C — oo uniformly in ¢ for fixed 4 and (3.25)
P[E§|FE] >0 uniformly in ¢ for fixed J, C.

Therefore we only need to show that () holds for fixed 6, C, conditioning on FE.

To prove this, let T° = inf{t > loge : By — (Q — )t > —C}. By the Markov
property of Brownian motion, conditioning on F&, L* — T¢ does not depend on ¢, C, 9,
and is a distribution associated with standard drifted Brownian motion. Thus it remains
to show that for fixed C, conditioning on F¢,

lim T¢/ | logs]2/3 =0 inlaw,

e—=0
which follows from the classical Lemma P2 below by setting a = (Q — <y and properly
translating the picture. [

Lemme 92. Consider the drifted Brownian motion By — at where By is a standard Brownian
motion with By = 0 anda > 0. Let Ty = inf{t € [0,00[: By —at = A} with A > 0.
Then conditional on Ty < o0,

. Tq—a 1A
lim

A T = O in law. (326)
—00

Proof Recall [DMS14, Lemma 3.6], conditioning on T4 < 00, By — at can be sampled as
follows:

1. Sample a standard Brownian motion X' with linear drift @ until it hits A and let T4
be the first time that X! hits A.

2. Sample standard Brownian motion X2 with linear drift —a.
3. Concatenate X 1[0, T4] with X2(- — Ty).

It is well known (e.g. in [KS91]], also used in [DS11]) that the law of T4 is the inverse Gaus-
sian distribution with parameters (a =1 A, a=2A?). Since E[T4] = a~'A and Var[T4] =
aA, Lemma P2 follows from Markov inequality. [
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Rooted measure and y%’gigv

In this section we prove Proposition @ We will argue that the setting obtained by

sampling a third point and mapping it to 1 is close to that of Theorem @ withzy = 0,20 =
1, and that thus we can apply the arguments of Section 3 to obtain convergence to Vg)lZI?V

Recall that (¢, h°) under I@g can be sampled from the following probability measure:
ce?(2)1 ES dhtdz

where dh® is the law of h® as in () and c is a normalizing constant. We can perform this
sampling in two steps:

1. sample (&%, h*) from ce" () dhedz, which is the so-called rooted measure of /¢

2. condition on the event EfS'

Under the rooted measure Ce'th(Z)dhst, h¢ can be written as ([DS11], Section 3.3])
W = I+ (2Q — ) loge + yGpe (-, @°) + vGpe (-, 0) (3.27)

where ©@° is sampled from its marginal law under the rooted measurell and flg is an zero
boundary GFF on DF that is independent of @0°.

As stated in Proposition @, we apply the Mobius transform z +— (Z@E)_lz to pull
(0, ¢, 00) back to (0,1, 00). Let Dt = |0°| ~1D¢, then the resulting field after coordinate
change is

=+ (2Q —7)loge +7Gpe (1) + 1Gpe(-,0) + Qlog [@°]  (3.28)

where fzg denotes the zero boundary GFF on Df. Moreover, the event E§ becomes ;. (C) €
[6_75, 67‘5], and thus by conditioning Jie on the event E§, we obtain the field in the state-
ment in Proposition @
In other words, if we first sample (¢, h°) according to P, then map (0, ¥°, c0) to
0,1,00), then the resulting field after coordinate change of K is exactly i on D? as in
(8.28) conditioning on . (C) € [e77?,¢7].

Proof of Proposition[90. By Lemma , log |°| = 0:(|loge| 5 ) with probability 1 — o 5(1)
under IP§. Here and henceforth we use the notation 0, 5(1) to denote a quantity such that
lim5_,0 liAIng_>0 0815(1) =0. R

Let | D?| be the radius of D¢, By Lemma P1|, we can write

e =I5 — (2Q — v+ qe) log [ D°| + 7Gpe (-, 1) +9Gpe(-,0)  (3.29)

1. As explained in [DS11], the marginal law of @* has density o | """ () dhE where the integration is
over the law of h®.
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where under I@g ,

|Df| — oo and lim lim —ft ___0 inlaw. (3.30)
5—0e-0 | loge|~1/3

Now let A; be the circle average of flg along dD and
A = {A. + (2Q — 37 +g¢) loge > —|loge*/3}.

We claim that
PS[A] =1 — 0.45(1). (3.31)

We will prove (B.31)) as a corollary of Lemma @ below. Let us now see how it implies
Proposition @ Given (B.31)), to study the limiting measure in Proposition @ ase¢ — Oand
then  — 0, it suffices to study the limiting measure obtained by the following procedure:

Step 1 sample a pair of random variables (Dg, qg) such thatase — 0,6 — 0, it holds that
|Df| — coand ge = o <| log | D?| ‘71/3) in law. (Notice that in particular the pair
obtained from the marginal law on @° as above satisfies these conditions);

Step 2 given (D¢, g¢), sample a zero boundary GFF on D (denoted by flg) and construct
hi¢ by (). Condition on both fj ¢y € [e=7°, 7] and HE occuring.

In fact, although the measure in Proposition @ before taking the limit is not exactly as
the one sampled from the above two steps, by () and (), the limits of these two
procedures coincide in law.

Now we are ready to use the proof of Theorem @ for the case zy = 0,z = 1. First,
notice that the sampling of the Step 2 is independent of Step 1 given DE. Thus to obtain the
limiting law in Proposition PJ we can simply assume that g, is a deterministic vanishing
sequence and DF is a sequence of deterministic growing disks. Now suppose that we replace
(2Q —9) by (2Q — v + be) in () where b; is a deterministic sequence converging to
0. Then one can step-by-step examine that in Section B, if whenever encountering (2Q —
37) we replace it by (2Q — 37y + b, ), the same arguments still work. In particular, the
conclusion of Theorem @ still holds, thus Proposition @ follows. [

To finish off, we prove the claim (). By examining (), () along with (),

we see that with probability 1 — o, 5(1) the difference between A¢ + (2Q — 3+) log € and
the circle average of he along dD is o(| log £|2/ 3). Moreover, the circle average of he along
9D and the circle average of h° along |°|dD differ by Q log |#¢| = o(|log e|?/3) again
with probability 1 — 0, 5(1). Finally, since the total variational distance of ]APfS and P§ is
05(1), we have that P§[F¥] > P§[H?] — 0,,5(1), where H® is the event that the circle
average of h¢ along |w®|dD is larger than — | log e|>/3. Thus (m) follows from:

Lemme 93. lim;s_,q lim,_,o IP§ [ﬁs] =1
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Proof. Recall the setting of the proof of Lemma . In the cylindrical coordinates, the radial
component of /° can be written as X{ = By — (Q — )t such that B; evolves as a standard
Brownian motion and Bjpge = 2(Q — ) loge. By the coordinate change formula and
Lemma ,

P5[H] > PS5 [ X7 10, 4 = —|loge/2/2] = 0gs(1). (3.32)

Let L be the location where X achieves its maxima and F* be the event that Xj. >

—|log€|?/3 /4. Then (B.23) in Lemma P1 implies that:

P[FF|E§] =1 —0(1) for fixed d. (3.33)
But now the proof of Proposition @ implies that Xfog jwe] X{. is a tight sequence of

random variables. Hence (3.32) and () together yield Lemma @ O



Annexe A

Vers une construction des cascades
multiplicatives plus homogene en
espace?

Comparons la construction du mouvement Brownien a la Paul Lévy avec la construc-

tion des cascades multiplicatives ci-dessus : on remarque une différence entre les opérations
qui admet une conséquence majeure. D'un coté, pour le mouvement Brownien, l'opération
de recollement introduit une contrainte forte sur les bords, a savoir que au point ot les
deux mouvements Browniens se rencontrent, ils doivent prendre la méme valeur, ce qui
se traduit ensuite par une corrélation entre ces deux chemins. De l'autre c6té, pour les cas-
cades multiplicatives, 'opération de division agit indépendemment sur les intervalles, ainsi,
la structure de corrélation n’est pas homogeéne et dépend de la maniére dont on divise les
intervalles.
Dans la suite, on verra un modele qui pourrait étre vu comme la limite des cascades multi-
plicatives : le champ libre Gaussien en dimension 2. Contrairement aux cascades, le champ
libre Gaussien admet une corrélation quasi-homogeéne en espace. Une question naturelle
serait de se demander :

Question 1. En rajoutant un conditionnement sur les valeurs aux bords lors de l'opération de di-
vision, peut-on obtenir, a la limite, une variante des cascades multiplicatives dont la correlation est
homogene en espace?

On essaie de donner une réponse a cette question, en nous donnant plus de liberté sur
la facon de diviser les intervalles pour avoir plus de symétrie.
Déja, il est plus naturel de supprimer la distinction entre les extrémités O et 1 lors de la
construction des cascades multiplicatives. On est amené alors a travailler sur le tore T' =
R/Z.
Comme il n'y a aucun point privilégié comme “milieu du tore”, pour diviser le tore en T
en deux parties égales (bien str, on pourra imaginer d’autres facons de diviser, mais ceci

113
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nous semble étre la plus simple), on choisit un point x uniformément selon la mesure de
Lebesgue sur [0, 1] plus on divise le tore T en

T=1[xx+1/2[U[x+1/2,x+1] (A.1)

(avec la convention x + 1 = x).
Plus généralement, définissons une opération de division sur n'importe quel intervalle avec
les extrémités identifiées :

Définition 94 (Opérations de division).
Soit Iyt = [s,t{C R un intervalle de R de longueur ] = t —s > 0. Nous définissons une
opération de division de l'intervalle I = I ; comme suit :
1. Choisisson un point X € [s, t[ selon la mesure uniforme sur I ; ;
2. Diviser l'intervalle I5 ; en deux parties de longueur (au sens de Lebesgue) [ /2 : une partie
sera un intervalle Islt de longueur 1 /2 qui admet X comme lune des extrémités, et lautre

partie Isz,t sera le complémentaire de Isl,t dans I t.

Il nest pas difficile de voir que cette division est unique une fois x est choisi.

Autrement dit, si l'on identifie les extrémités, on diviser l'intervalle (ou le tore) I,  en
deux intervalles de longueur égale [ /2 avec x I'une des extrémités.
On définit alors une variante des cascades multiplicatives, en rajoutant ce “shift” aléatoire
lors de la division des intervalles.

Définition 95 (Cascades multiplicatives homogénes).
On construit un modele de cascades multiplicatives homogenes sur I = [0, 1].

Choisissons une variable aléatoire W fixée, (VV]?)ZE]N 0<j<2i-1 des copies indépendantes de W.

Munissons I = [0, 1] de la mesure de Lebesgue usuelle et effectuons successivement les opérations
de division ci-dessus de la maniere suivante :

1. Notons Y la mesure totale de I = [0, 1[ muni de la mesure de Lebesgue dA? : Yy =
29([0,10) = 1;

2. Effectuer l'opération de division sur I pour obtenir deux parties I& et Il1 (de longueur usuelle
271);

3. Dans chaque sous-partie Ij1 pour 0 < j <1, multiplifier la mesure dA° par Vle (qui est
une copie indépendante de W) et notons cette nouvelle mesure d\!;

4. Notons Y1 = AY([0, 1]) la mesure totale de I = [0, 1] muni de la nouvelle mesure dA*;

5. Diviser chaque sous parties I]-l par lopération de division pour obtenir I]-2 avec) < j <3
(chacune de longueur usuelle 272);

6. Dans chaque sous-partie Ijl pour0 < j < 1, multiplifier la mesure dA' par VV]-Z (qui est

une copie indépendante de W) et notons cette nouvelle mesure dA?;
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7. Notons Yo = /\2( [0, 1]) la mesure totale de I = [0, 1] muni de la nouvelle mesure dA?;
8. Ainsi de suite jusqua linfini.

Pour que la question soit intéressante, supposons que E[W] = 1. Un choix pour W
qui est directement lié a notre sujet de these sera de prendre

2
W= eN-% (A.2)

ot C € R4 et N est une variable aléatoire qui suit la loi normale standard A/ (0, 1). Alors
pour chaquei € IN, la densité A/ (x)avecx € [0, 1] estle produit de i copies indépendantes
de W. Il s'ensuit alors, en prenant le logarithme, que la densité de A’ est lexponentielle d'un
processus Gaussien (X (x) )xe[O,l[ indexé par [ = [0, 1].

On pourrait s'intéresser 2 la fonction de corrélation de ce processus Gaussien X*. Un calcul
montre que

Proposition 96 (Corrélation logarithmique).
La fonction de corrélation du dhamp Gaussien X' converge, quand i tend vers l'infini, vers une
fonction de corrélation du type logarithme. Plus précisement, si

Ki(x,y) = E[X'(x) X' ()] (A.3)

alors '
lim K'(x,y) = —ylog|x — y|1T + O(1) (A.4)
1—00
oity = CIn2 > 0 et O(1) est une fonction (symmétrique) continue bornée sur I> = [0,1[2
Ici, ] . ‘T désigne la distance du tore T, i.e.

¥ = ylr = min{|x —y[, 1 =[x = y|[}. (A.5)

Nous vérifions que ces cascades multiplicatives homogeénes satisfont encore I'équation
fonctionnelle () du Lemme H, et les résultats de Kahane et Peyriére dans le Lemme H sont
encore valides dans ce cas et s’écrivent :

Lemme 97 (Condition de convergence L1 et existence des moments).
On a les résultats suivants :

® 1) Sur la non-dégénérescence :

Les assertions suivantes sont équivalentes :

) E[Ye] =1;

b E[Ys] > 0;

¢) Une solution Z existe avec E[Z] = 1;

d)y < V2.

® 2) Sur l'existence des moments :

Soith > 1.0naE[YX] < +00 si et seulement sih < %
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Ce résultat s’étend naturellement au cas multidimensionnel. Les champs Gaussiens cor-
rélés logarithmiquement seront étudiés plus loin et plus en détails : voir aussi [BZ12] pour
un modeéle de processus de branchement (dit “modifié€”) qui interpole entre le processus de
branchement classique et le champ libre Gaussien sur un tore.
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