
HAL Id: tel-01995971
https://theses.hal.science/tel-01995971

Submitted on 28 Jan 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Singular elliptic problems in perforated and
two-component domains

Federica Raimondi

To cite this version:
Federica Raimondi. Singular elliptic problems in perforated and two-component domains. Analysis
of PDEs [math.AP]. Normandie Université; Università degli studi della Campania ”Luigi Vanvitelli”
(Aversa, Italie), 2018. English. �NNT : 2018NORMR093�. �tel-01995971�

https://theses.hal.science/tel-01995971
https://hal.archives-ouvertes.fr


 

 

 

 

 

THÈSE EN CO - TUTELLE INTERNATIONALE 
 

Pour obtenir le diplôme de doctorat  
 

Spécialité Mathématiques  

 

 

Préparée au sein de Université de Rouen Normandie 
 et de Università della Campania Luigi Vanvitelli 

 

Problèmes elliptiques singuliers dans des domaines perforés et à 
deux composants 

 
Singular elliptic problems in perforated and two-component domains 

 
 

Présentée et soutenue par 
Federica RAIMONDI 

 
 

 

Thèse dirigée par  
Mme Patrizia Donato Université de Rouen Normandie 

Mme Sara Monsurrò Université de Salerne 

 

Université de Rouen Normandie                                                    Logo Établissement  

 

Thèse soutenue publiquement le 4/12/2018  
devant le jury composé de 

Mme Maria Eugenia PEREZ MARTINEZ Professeur, Université de Cantabria Examinateur 

Mme Carmen PERUGIA Maître de Conférence, Université du Sannio Examinateur 

M. Antonio GAUDIELLO Professeur, Université de Cassino Examinateur 

M. Marc BRIANE Professeur, INSA de Rennes Examinateur 

M. Sorin MARDARE Maître de Conférence, Université de Rouen Examinateur 

Mme Patrizia DONATO Professeur, Université de Rouen  Directeur de thèse 

Mme Sara MONSURRO’ Professeur, Université de Salerne Directeur de thèse 



❆❜"#$❛❝#

❚❤✐# $❤❡#✐# ✐# ♠❛✐♥❧② ❞❡✈♦$❡❞ $♦ $❤❡ #$✉❞② ♦❢ #♦♠❡ #✐♥❣✉❧❛1 ❡❧❧✐♣$✐❝ ♣1♦❜❧❡♠# ♣♦#❡❞ ✐♥ ♣❡1❢♦✲

1❛$❡❞ ❞♦♠❛✐♥#✳ ❉❡♥♦$✐♥❣ ❜② Ω∗
ε ❛ ❞♦♠❛✐♥ ♣❡1❢♦1❛$❡❞ ❜② ε✲♣❡1✐♦❞✐❝ ❤♦❧❡# ♦❢ ε✲#✐③❡✱ ✇❡ ♣1♦✈❡

❡①✐#$❡♥❝❡ ❛♥❞ ✉♥✐<✉❡♥❡## ♦❢ $❤❡ #♦❧✉$✐♦♥✱ ❢♦1 ✜①❡❞ ε✱ ❛# ✇❡❧❧ ❛# ❤♦♠♦❣❡♥✐③❛$✐♦♥ ❛♥❞ ❝♦11❡❝$♦1#

1❡#✉❧$# ❢♦1 $❤❡ ❢♦❧❧♦✇✐♥❣ #✐♥❣✉❧❛1 ♣1♦❜❧❡♠✿





−div
(
A
(x
ε
, uε

)
∇uε

)
= fζ(uε) ✐♥ Ω∗

ε,

uε = 0 ♦♥ Γε
0,(

A
(x
ε
, uε

)
∇uε

)
ν + εγρ

(x
ε

)
h(uε) = εg

(x
ε

)
♦♥ Γε

1,

✇❤❡1❡ ❤♦♠♦❣❡♥❡♦✉# ❉✐1✐❝❤❧❡$ ❛♥❞ ♥♦♥❧✐♥❡❛1 ❘♦❜✐♥ ❝♦♥❞✐$✐♦♥# ❛1❡ ♣1❡#❝1✐❜❡❞ ♦♥ $❤❡ ❡①$❡1✐♦1

❜♦✉♥❞❛1② Γε
0 ❛♥❞ ♦♥ $❤❡ ❜♦✉♥❞❛1② ♦❢ $❤❡ ❤♦❧❡# Γ

ε
1✱ 1❡#♣❡❝$✐✈❡❧②✳ ❚❤❡ <✉❛#✐❧✐♥❡❛1 ♠❛$1✐① ✜❡❧❞

A ✐# ❡❧❧✐♣$✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡1✐♦❞✐❝ ✐♥ $❤❡ ✜1#$ ✈❛1✐❛❜❧❡ ❛♥❞ ❈❛1❛$❤A♦❞♦1②✳ ❚❤❡ ♥♦♥❧✐♥❡❛1 #✐♥❣✉❧❛1

❧♦✇❡1 ♦1❞❡1 $❡1♠ ✐# $❤❡ ♣1♦❞✉❝$ ♦❢ ❛ ❝♦♥$✐♥✉♦✉# ❢✉♥❝$✐♦♥ ζ ✭#✐♥❣✉❧❛1 ✐♥ ③❡1♦✮ ❛♥❞ f ✇❤♦#❡

#✉♠♠❛❜✐❧✐$② ❞❡♣❡♥❞# ♦♥ $❤❡ ❣1♦✇$❤ ♦❢ ζ ♥❡❛1 ✐$# #✐♥❣✉❧❛1✐$②✳ ❚❤❡ ♥♦♥❧✐♥❡❛1 ❜♦✉♥❞❛1② $❡1♠

h ✐# ❛ C1
✐♥❝1❡❛#✐♥❣ ❢✉♥❝$✐♦♥✱ ρ ❛♥❞ g ❛1❡ ♣❡1✐♦❞✐❝ ♥♦♥♥❡❣❛$✐✈❡ ❢✉♥❝$✐♦♥# ✇✐$❤ ♣1❡#❝1✐❜❡❞

#✉♠♠❛❜✐❧✐$✐❡#✳ ❚♦ ✐♥✈❡#$✐❣❛$❡ $❤❡ ❛#②♠♣$♦$✐❝ ❜❡❤❛✈✐♦✉1 ♦❢ $❤❡ ♣1♦❜❧❡♠✱ ❛# ε → 0✱ ✇❡

❛♣♣❧② $❤❡ D❡1✐♦❞✐❝ ❯♥❢♦❧❞✐♥❣ ▼❡$❤♦❞ ❜② ❉✳ ❈✐♦1❛♥❡#❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲●✳ ●1✐#♦✱ ❛❞❛♣$❡❞ $♦

♣❡1❢♦1❛$❡❞ ❞♦♠❛✐♥# ❜② ❉✳ ❈✐♦1❛♥❡#❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲D✳ ❉♦♥❛$♦✲●✳ ●1✐#♦✲❘✳ ❩❛❦✐✳

❋✐♥❛❧❧②✱ ✇❡ #❤♦✇ ❡①✐#$❡♥❝❡ ❛♥❞ ✉♥✐<✉❡♥❡## ♦❢ ❛ ✇❡❛❦ #♦❧✉$✐♦♥ ♦❢ $❤❡ #❛♠❡ ❡<✉❛$✐♦♥ ✐♥

❛ $✇♦✲❝♦♠♣♦♥❡♥$ ❞♦♠❛✐♥ Ω = Ω1 ∪ Ω2 ∪ Γ✱ ❜❡✐♥❣ Γ $❤❡ ✐♥$❡1❢❛❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥♥❡❝$❡❞

❝♦♠♣♦♥❡♥$ Ω1 ❛♥❞ $❤❡ ✐♥❝❧✉#✐♦♥# Ω2✳ ▼♦1❡ ♣1❡❝✐#❡❧② ✇❡ ❝♦♥#✐❞❡1





− div(A(x, u)∇u) + λu = fζ(u) ✐♥ Ω \ Γ,

u = 0 ♦♥ ∂Ω,

(A(x, u1)∇u1)ν1 = (A(x, u2)∇u2)ν1 ♦♥ Γ,

(A(x, u1)∇u1)ν1 = −h(u1 − u2) ♦♥ Γ,

✇❤❡1❡ ν1 ✐# $❤❡ ✉♥✐$ ❡①$❡1♥❛❧ ♥♦1♠❛❧ ✈❡❝$♦1 $♦ Ω1 ❛♥❞ λ ❛ ♥♦♥♥❡❣❛$✐✈❡ 1❡❛❧ ♥✉♠❜❡1✳ ❍❡1❡ h

1❡♣1❡#❡♥$# $❤❡ ♣1♦♣♦1$✐♦♥❛❧✐$② ❝♦❡✣❝✐❡♥$ ❜❡$✇❡❡♥ $❤❡ ❝♦♥$✐♥✉♦✉# ❤❡❛$ ✢✉① ❛♥❞ $❤❡ ❥✉♠♣ ♦❢

$❤❡ #♦❧✉$✐♦♥ ❛♥❞ ✐$ ✐# ❛##✉♠❡❞ $♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥♥❡❣❛$✐✈❡ ♦♥ Γ✳

✶



❆❜"#$❛❝#

◗✉❡#$❛ $❡#✐ $'❛$$❛ ♣'✐♥❝✐♣❛❧♠❡♥$❡ ❞✐ ❛❧❝✉♥✐ ♣'♦❜❧❡♠✐ ❡❧❧✐$$✐❝✐ #✐♥❣♦❧❛'✐ ♣♦#$✐ ✐♥ ❞♦♠✐♥✐ ♣❡'❢♦✲

'❛$✐✳ ❉❡♥♦$❛♥❞♦ ❝♦♥ Ω∗
ε ✉♥ ❞♦♠✐♥✐♦ ♣❡'✐♦❞✐❝❛♠❡♥$❡ ♣❡'❢♦'❛$♦ ❞❛ ❜✉❝❤✐ ❞✐ ♠✐#✉'❛ ε✱ ♠♦#$'✐✲

❛♠♦ ❡#✐#$❡♥③❛ ❡ ✉♥✐❝✐$8 ❞❡❧❧❛ #♦❧✉③✐♦♥❡✱ ❛❞ ε ✜##❛$♦✱ ❝♦#: ❝♦♠❡ '✐#✉❧$❛$✐ ❞✐ ♦♠♦❣❡♥❡✐③③❛③✐♦♥❡

❡ ❝♦''❡$$♦'✐ ♣❡' ✐❧ #❡❣✉❡♥$❡ ♣'♦❜❧❡♠❛ #✐♥❣♦❧❛'❡✿





−div
(
A
(x
ε
, uε

)
∇uε

)
= fζ(uε) ✐♥ Ω∗

ε,

uε = 0 #✉ Γε
0,(

A
(x
ε
, uε

)
∇uε

)
ν + εγρ

(x
ε

)
h(uε) = εg

(x
ε

)
#✉ Γε

1,

❞♦✈❡ #♦♥♦ ♣'❡#❝'✐$$❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❉✐'✐❝❤❧❡$ ♦♠♦❣❡♥❡❡ #✉❧❧❛ ❢'♦♥$✐❡'❛ ❡#$❡'♥❛ Γε
0 ❡ ❞✐ ❘♦❜✐♥

♥♦♥ ❧✐♥❡❛'✐ #✉ >✉❡❧❧❛ ❞❡✐ ❜✉❝❤✐ ✐♥$❡'♥✐ Γε
1✳ ■❧ ❝❛♠♣♦ ♠❛$'✐❝✐❛❧❡ >✉❛#✐ ❧✐♥❡❛'❡ A @ ❡❧❧✐$$✐❝♦✱

❧✐♠✐$❛$♦✱ ♣❡'✐♦❞✐❝♦ ♥❡❧❧❛ ♣'✐♠❛ ✈❛'✐❛❜✐❧❡ ❡ ❞✐ ❈❛'❛$❤B♦❞♦'②✳ ■❧ $❡'♠✐♥❡ #✐♥❣♦❧❛'❡ ♥♦♥ ❧✐♥❡❛'❡

@ ♣'♦❞♦$$♦ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ❝♦♥$✐♥✉❛ ζ ✭#✐♥❣♦❧❛'❡ ♥❡❧❧♦ ③❡'♦✮ ❡ ❞✐ f ✱ ❧❛ ❝✉✐ #♦♠♠❛❜✐❧✐$8 ❞✐♣❡♥❞❡

❞❛❧❧❛ ❝'❡#❝✐$❛ ❞✐ ζ ✈✐❝✐♥♦ ❛❧❧❛ #✉❛ #✐♥❣♦❧❛'✐$8✳ ■❧ $❡'♠✐♥❡ ❞✐ ❜♦'❞♦ ♥♦♥ ❧✐♥❡❛'❡ h @ ✉♥❛ ❢✉♥③✐♦♥❡

❝'❡#❝❡♥$❡ ❡ ❞❡'✐✈❛❜✐❧❡ ❝♦♥ ❝♦♥$✐♥✉✐$8✱ ♠❡♥$'❡ ρ ❡ g #♦♥♦ ❢✉♥③✐♦♥✐ ♣❡'✐♦❞✐❝❤❡ ♥♦♥ ♥❡❣❛$✐✈❡ ❝♦♥

❛##❡❣♥❛$❡ #♦♠♠❛❜✐❧✐$8✳ F❡' #$✉❞✐❛'❡ ✐❧ ❝♦♠♣♦'$❛♠❡♥$♦ ❛#✐♥$♦$✐❝♦ ❞❡❧ ♣'♦❜❧❡♠❛✱ ❛❧ $❡♥❞❡'❡ ❞✐

ε ❛ ③❡'♦✱ ❛♣♣❧✐❝❤✐❛♠♦ ✐❧ ✧♣❡'✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡$❤♦❞✧ ✭❝❢'✳ ❉✳ ❈✐♦'❛♥❡#❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲●✳

●'✐#♦ ❡ ❉✳ ❈✐♦'❛♥❡#❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲F✳ ❉♦♥❛$♦✲●✳ ●'✐#♦✲❘✳ ❩❛❦✐ ♣❡' ❞♦♠✐♥✐ ♣❡'❢♦'❛$✐✮✳

■♥✜♥❡✱ ♠♦#$'✐❛♠♦ ❡#✐#$❡♥③❛ ❡ ✉♥✐❝✐$8 ❞❡❧❧❛ #♦❧✉③✐♦♥❡ ❞❡❜♦❧❡ ♣❡' ❧❛ #$❡##❛ ❡>✉❛③✐♦♥❡ ✐♥

✉♥ ❞♦♠✐♥✐♦ ❛ ❞✉❡ ❝♦♠♣♦♥❡♥$✐ Ω = Ω1 ∪ Ω2 ∪ Γ✱ ❡##❡♥❞♦ Γ ❧✬✐♥$❡'❢❛❝❝✐❛ $'❛ ❧❛ ❝♦♠♣♦♥❡♥$❡

❝♦♥♥❡##❛ Ω1 ❡ ❧❡ ✐♥❝❧✉#✐♦♥✐ Ω2✳ F✐M ♣'❡❝✐#❛♠❡♥$❡ ❝♦♥#✐❞❡'✐❛♠♦





− div(A(x, u)∇u) + λu = fζ(u) ✐♥ Ω \ Γ,

u = 0 #✉ ∂Ω,

(A(x, u1)∇u1)ν1 = (A(x, u2)∇u2)ν1 #✉ Γ,

(A(x, u1)∇u1)ν1 = −h(u1 − u2) #✉ Γ,

❞♦✈❡ λ @ ✉♥ ♥✉♠❡'♦ '❡❛❧❡ ♥♦♥ ♥❡❣❛$✐✈♦ ❡ h '❛♣♣'❡#❡♥$❛ ✐❧ ❝♦❡✣❝✐❡♥$❡ ❞✐ ♣'♦♣♦'③✐♦♥❛❧✐$8 $'❛ ✐❧

✢✉##♦ ❝♦♥$✐♥✉♦ ❞❡❧ ❝❛❧♦'❡ ❡ ✐❧ #❛❧$♦ ❞❡❧❧❛ #♦❧✉③✐♦♥❡✱ ❡❞ @ ❛##✉♥$♦ ❡##❡'❡ ❧✐♠✐$❛$♦ ❡ ♥♦♥ ♥❡❣❛$✐✈♦

#✉ Γ✳

✷



❘!"✉♠!

❈❡""❡ "❤❡$%❡ ❡%" ❝♦♥%❛❝*+❡ ♣*✐♥❝✐♣❛❧❡♠❡♥" 0 ❧✬+"✉❞❡ ❞❡ 4✉❡❧4✉❡% ♣*♦❜❧6♠❡% ❡❧❧✐♣"✐4✉❡% %✐♥❣✉❧✐❡*%

❞❛♥% ✉♥ ❞♦♠❛✐♥❡ Ω∗
ε✱ ♣6*✐♦❞✐4✉❡♠❡♥" ♣❡*❢♦*+ ♣❛* ❞❡% "*♦✉% ❞❡ "❛✐❧❧❡ ε✳ ❖♥ ♠♦♥"*❡ ❧✬❡①✐%"❡♥❝❡

❡" ❧✬✉♥✐❝✐"+ ❞✬✉♥❡ %♦❧✉"✐♦♥✱ ♣♦✉* "♦✉" ε ✜①+✱ ❛✐♥%✐ 4✉❡ ❞❡% *+%✉❧"❛"% ❞❡ ❤♦♠♦❣+♥+✐%❛"✐♦♥ ❡"

❝♦**❡❝"❡✉*% ♣♦✉* ❧❡ ♣*♦❜❧6♠❡ %✐♥❣✉❧✐❡* %✉✐✈❛♥"✿





−div
(
A
(x
ε
, uε

)
∇uε

)
= fζ(uε) ❞❛♥% Ω∗

ε,

uε = 0 %✉* Γε
0,(

A
(x
ε
, uε

)
∇uε

)
ν + εγρ

(x
ε

)
h(uε) = εg

(x
ε

)
%✉* Γε

1,

♦@ ❧✬♦♥ ♣*+%❝*✐" ❞❡% ❝♦♥❞✐"✐♦♥% ❞❡ ❉✐*✐❝❤❧❡" ❤♦♠♦❣6♥❡% %✉* ❧❛ ❢*♦♥"✐6*❡ ❡①"+*✐❡✉*❡ Γε
0 ❡" ❞❡%

❝♦♥❞✐"✐♦♥% ❞❡ ❘♦❜✐♥ ♥♦♥ ❧✐♥+❛✐*❡% %✉* ❧❛ ❢*♦♥"✐6*❡ ❞❡% "*♦✉% Γε
1✳ ▲❡ ❝❤❛♠♣ ♠❛"*✐❝✐❡❧ 4✉❛%✐

❧✐♥+❛✐*❡ A ❡%" ❡❧❧✐♣"✐4✉❡✱ ❜♦*♥+✱ ♣+*✐♦❞✐4✉❡ ❞❛♥% ❧❛ ♣*✐♠✐6*❡ ✈❛*✐❛❜❧❡ ❡" ❞❡ ❈❛*❛"❤+♦❞♦*②✳ ▲❡

"❡*♠❡ %✐♥❣✉❧✐❡* ♥♦♥ ❧✐♥+❛✐*❡ ❡%" ❧❡ ♣*♦❞✉✐" ❞✬✉♥❡ ❢♦♥❝"✐♦♥ ❝♦♥"✐♥✉❡ ζ ✭%✐♥❣✉❧✐❡* ❡♥ ③+*♦✮ ❡" ❞❡

f ✱ ❞♦♥" ❧❛ %♦♠♠❛❜✐❧✐"+ ❞+♣❡♥❞ ❞❡ ❧❛ ❝*♦✐%%❛♥❝❡ ❞❡ ζ ♣*6% ❞❡ %❛ %✐♥❣✉❧❛*✐"+✳ ▲❡ "❡*♠❡ ❞❡ ❜♦*❞

♥♦♥ ❧✐♥+❛✐*❡ h ❡%" ✉♥❡ ❢♦♥❝"✐♦♥ ❝*♦✐%%❛♥"❡ ❞❡ ❝❧❛%%❡ C1
✱ ρ ❡" g %♦♥" ❞❡% ❢♦♥❝"✐♦♥% ♣+*✐♦❞✐4✉❡%

♥♦♥ ♥+❣❛"✐✈❡% ❛✈❡❝ %♦♠♠❛❜✐❧✐"+ ❝♦♥✈❡♥❛❜❧❡%✳ H♦✉* +"✉❞✐❡* ❧❡ ❝♦♠♣♦*"❡♠❡♥" ❛%②♠♣"♦"✐4✉❡

❞✉ ♣*♦❜❧6♠❡ 4✉❛♥❞ ε → 0✱ ♦♥ ❛♣♣❧✐4✉❡ ❧❛ ♠+"❤♦❞❡ ❞❡ ❧✬+❝❧❛"❡♠❡♥" ♣+*✐♦❞✐4✉❡ ❞✉❡ 0 ❉✳

❈✐♦*❛♥❡%❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲●✳ ●*✐%♦ ✭❝❢✳ ❉✳ ❈✐♦*❛♥❡%❝✉✲❆✳ ❉❛♠❧❛♠✐❛♥✲H✳ ❉♦♥❛"♦✲●✳ ●*✐%♦✲

❘✳ ❩❛❦✐ ♣♦✉* ❧❡% ❞♦♠❛✐♥❡% ♣❡*❢♦*+%✮✳

❊♥✜♥✱ ♦♥ ♠♦♥"*❡ ❧✬❡①✐%"❡♥❝❡ ❡" ❧✬✉♥✐❝✐"+ ❞❡ ❧❛ %♦❧✉"✐♦♥ ❢❛✐❜❧❡ ♣♦✉* ❧❛ ♠O♠❡ +4✉❛"✐♦♥✱ ❞❛♥%

✉♥ ❞♦♠❛✐♥❡ 0 ❞❡✉① ❝♦♠♣♦%❛♥"% Ω = Ω1 ∪ Ω2 ∪ Γ✱ +"❛♥" Γ ❧✬✐♥"❡*❢❛❝❡ ❡♥"*❡ ❧❛ ❝♦♠♣♦%❛♥"

❝♦♥♥❡❝"+ Ω1 ❡" ❧❡% ✐♥❝❧✉%✐♦♥% Ω2✳ H❧✉% ♣*+❝✐%❡♠❡♥" ♦♥ ❝♦♥%✐❞6*❡





− div(A(x, u)∇u) + λu = fζ(u) ❞❛♥% Ω \ Γ,

u = 0 %✉* ∂Ω,

(A(x, u1)∇u1)ν1 = (A(x, u2)∇u2)ν1 %✉* Γ,

(A(x, u1)∇u1)ν1 = −h(u1 − u2) %✉* Γ,

♦@ λ ❡%" ✉♥ *+❡❧ ♥♦♥ ♥❡❣❛"✐❢ ❡" h *❡♣*+%❡♥"❡ ❧❡ ❝♦❡✣❝✐❡♥" ❞❡ ♣*♦♣♦*"✐♦♥♥❛❧✐"+ ❡♥"*❡ ❧❡ ✢✉① ❞❡

❝❤❛❧❡✉* ❡" ❧❡ %❛✉" ❞❡ ❧❛ %♦❧✉"✐♦♥✱ ❡" ✐❧ ❡%" %✉♣♣♦%+ O"*❡ ❜♦*♥+ ❡" ♥♦♥ ♥❡❣❛"✐❢ %✉* Γ✳

✸
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❚❤❡ ❛✐♠ ♦❢ (❤✐) (❤❡)✐) ✐) (♦ )(✉❞② (❤❡ ♠❛(❤❡♠❛(✐❝❛❧ ♠♦❞❡❧ ♦❢ (❤❡ )(❛(✐♦♥❛0② ❤❡❛( ❞✐✛✉)✐♦♥
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♠❛(❡0✐❛❧) ❛♥❞ (❤❡ ♦♥❡ ♦❢ ♠❛(❡0✐❛❧) ✇✐(❤ ✐♥❝❧✉)✐♦♥)✳ ❖♥❡ ❝❛♥ ✜♥❞ )❡✈❡0❛❧ ❡①❛♠♣❧❡) ♦❢ (❤❡)❡
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❜♦✉♥❞❛,② ♦❢ '❤❡ ❤♦❧❡0 ❛♥❞ ν '❤❡ ✉♥✐' ❡①'❡,♥❛❧ ♥♦,♠❛❧ ✈❡❝'♦, '♦ O✳ ❈♦♥❝❡,♥✐♥❣ '❤❡ ❘♦❜✐♥

❜♦✉♥❞❛,② ❝♦♥❞✐'✐♦♥✱ '❤❡ ❢✉♥❝'✐♦♥ ρ ✐0 ❛00✉♠❡❞ '♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥♥❡❣❛'✐✈❡ ♦♥ Γ1✱ '❤❡

✼



♥♦♥❧✐♥❡❛& ❜♦✉♥❞❛&② +❡&♠ h ✐- ❛♥ ✐♥❝&❡❛-✐♥❣ ❛♥❞ ❝♦♥+✐♥✉♦✉-❧② ❞✐✛❡&❡♥+✐❛❜❧❡ ❢✉♥❝+✐♦♥ ✇❤♦-❡

❞❡&✐✈❛+✐✈❡ -❛+✐-✜❡- -✉✐+❛❜❧❡ ❣&♦✇+❤ ❛--✉♠♣+✐♦♥-✱ ❛♥❞ g ✐- ❛ ♥♦♥♥❡❣❛+✐✈❡ ❢✉♥❝+✐♦♥ ✇✐+❤ ♦♣♣♦&✲

+✉♥❡ -✉♠♠❛❜✐❧✐+②✳

■♥ ❈❤❛♣+❡& ✸✱ ❛♣♣❡❛&❡❞ ✐♥ ❬✹✾❪✱ ✇❡ ❝♦♥-✐❞❡& ❛ +✇♦✲❝♦♠♣♦♥❡♥+ ❞♦♠❛✐♥ Ω = Ω1 ∪ Ω2 ∪ Γ ♦❢

RN
✭N ≥ 2✮✱ ✇❤❡&❡ Γ ❞❡♥♦+❡- +❤❡ ✐♥+❡&❢❛❝❡ ❜❡+✇❡❡♥ +❤❡ ❝♦♥♥❡❝+❡❞ ❝♦♠♣♦♥❡♥+ Ω1 ❛♥❞ +❤❡

✐♥❝❧✉-✐♦♥- Ω2✳ ❲❡ ❢♦❝✉- ♦✉& ❛++❡♥+✐♦♥ ♦♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦❜❧❡♠✿





− div(B(x, u)∇u) + λu = fζ(u) ✐♥ Ω \ Γ,

u = 0 ♦♥ ∂Ω,

(B(x, u1)∇u1)ν1 = (B(x, u2)∇u2)ν1 ♦♥ Γ,

(B(x, u1)∇u1)ν1 = −h(u1 − u2) ♦♥ Γ,

✭✵✳✷✮

✇❤❡&❡ ν1 ❞❡♥♦+❡- +❤❡ ✉♥✐+ ❡①+❡&♥❛❧ ♥♦&♠❛❧ ✈❡❝+♦& +♦ Ω1✳ ❍❡&❡✱ +❤❡ ♣&♦♣♦&+✐♦♥❛❧✐+② ❝♦❡✣❝✐❡♥+

h ❜❡+✇❡❡♥ +❤❡ ❝♦♥+✐♥✉♦✉- ❤❡❛+ ✢✉① ❛♥❞ +❤❡ ❥✉♠♣ ♦❢ +❤❡ -♦❧✉+✐♦♥ ✐- ❛--✉♠❡❞ +♦ ❜❡ ❜♦✉♥❞❡❞

❛♥❞ ♥♦♥♥❡❣❛+✐✈❡ ♦♥ Γ✳

❆ ❣❡♥❡$❛❧ ♣$❡(❡♥)❛)✐♦♥

❊❧❧✐♣+✐❝ ♣&♦❜❧❡♠- ✇✐+❤ -✐♥❣✉❧❛& ♥♦♥❧✐♥❡❛& +❡&♠- ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② -+✉❞✐❡❞ ✐♥ +❤❡ ❧❛-+ ②❡❛&-✳

❲❡ &❡❢❡& ❤❡&❡ +♦ +❤❡ ✇♦&❦- ♣&❡-❡♥+❡❞ ✐♥ ❬✹❪✱ ❬✶✼❪✱ ❬✶✽❪✱ ❬✷✹❪✱ ❬✹✷❪✱ ❬✺✶❪✱ ❬✺✷❪✱ ❬✺✸❪ ❛♥❞ ❬✺✹❪✳ ▼♦&❡

♣&❡❝✐-❡❧②✱ ✐♥ ❬✶✽❪✱ ❬✺✶❪ ❛♥❞ ❬✹✷❪ +❤❡ ❛✉+❤♦&- ❞❡❛❧ ✇✐+❤ ♠✐❧❞ -✐♥❣✉❧❛&✐+✐❡- ❛- ❧♦♥❣ ❛- ✐♥ ❬✺✷❪ ✇✐+❤

❛ -+&♦♥❣ ♦♥❡✳ ■♥ ❬✺✶❪ +❤❡② ❛&❡ ✐♥+❡&❡-+❡❞ ✐♥ ✜♥❞✐♥❣ ❛ ❢✉♥❝+✐♦♥ u ✇❤✐❝❤ -❛+✐-✜❡- +❤❡ ❢♦❧❧♦✇✐♥❣

♣&♦❜❧❡♠✿ 



u ≥ 0 ✐♥ Ω,

−div(A(x)∇u) = F (x, u) ✐♥ Ω,

u = 0 ♦♥ ∂Ω,

✇❤❡&❡ Ω ✐- ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ -❡+ ♦❢ RN
✱ A ∈ L∞(Ω)N×N

✐- ❛ ❝♦❡&❝✐✈❡ ♠❛+&✐① ❛♥❞ F ✐- ❛

❈❛&❛+❤S♦❞♦&② ❢✉♥❝+✐♦♥ -✉❝❤ +❤❛+

0 ≤ F (x, u) ≤ l(x)

(
1

uγ
+ 1

)
❛✳❡✳ x ∈ Ω, ∀s > 0,

✇✐+❤ 0 < γ ≤ 1 ❛♥❞ -♦♠❡ l(x) ❜❡❧♦♥❣✐♥❣ +♦ ❛ -✉✐+❛❜❧❡ ▲❡❜❡-❣✉❡ -♣❛❝❡✳ ■♥ ❬✺✷❪ +❤❡② ❝♦♥-✐❞❡&

+❤❡ ❝❛-❡ ♦❢ -+&♦♥❣ -✐♥❣✉❧❛&✐+✐❡-✱ +❤❡ ♠♦&❡ ❣❡♥❡&❛❧ ♦♥❡ ✇❤❡&❡ F (x, u) ❝❛♥ ❤❛✈❡ ❛♥② -✐♥❣✉❧❛&

❜❡❤❛✈✐♦& ❛- u ❛♣♣&♦❝❤❡- +♦ ③❡&♦✳

■♥ ❬✹❪✱ ❬✷✹❪✱ ❬✺✸❪ ❛♥❞ ❬✺✹❪ ❛ ❞✐✛❡&❡♥+ ❧♦✇❡& ♦&❞❡& +❡&♠ ❛♣♣❡❛&-✿

|∇u|2

uγ
✱ ❤❛✈✐♥❣ ❛ V✉❛❞&❛+✐❝

❞❡♣❡♥❞❡♥❝❡ ✇✐+❤ &❡-♣❡❝+ +♦ +❤❡ ❣&❛❞✐❡♥+ ❛♥❞ ❛ -✐♥❣✉❧❛& ❞❡♣❡♥❞❡♥❝❡ ✇✐+❤ &❡-♣❡❝+ +♦ +❤❡

-♦❧✉+✐♦♥✳ ▼♦&❡♦✈❡&✱ ♥♦♥❧✐♥❡❛& ❘♦❜✐♥ ❜♦✉♥❞❛&② ❝♦♥❞✐+✐♦♥- ❤❛✈❡ ❜❡❡♥ +&❡❛+❡❞ ✐♥ +❤❡ ♣❛♣❡&-

✽



❬✸✹❪✱ ❬✶✾❪ ❛♥❞ ❬✷✹❪ ❢♦- .❤❡ 1✉❛3✐❧✐♥❡❛- ❝❛3❡✳ ❋♦- .❤❡ ❧✐♥❡❛- ❡1✉❛.✐♦♥ ✇✐.❤ .❤✐3 ❦✐♥❞ ♦❢ ❜♦✉♥❞❛-②

❝♦♥❞✐.✐♦♥✱ ✇❡ -❡❢❡- .♦ ❬✷✺❪✱ ❬✸✹❪ ❛♥❞ ❬✸✼❪✳ ❲❤❡-❡❛3 ❥✉♠♣ ♦❢ .❤❡ 3♦❧✉.✐♦♥ ♦♥ .❤❡ ✐♥.❡-❢❛❝❡ ✐3

❝♦♥3✐❞❡-❡❞ ✐♥ ❬✹✷❪✳

❲❤❛. ✐3 ✉3✉❛❧❧② ❞♦♥❡ ✐♥ ❧✐.❡-❛.✉-❡ .♦ ♣-♦✈❡ .❤❡ ❡①✐3.❡♥❝❡ ♦❢ ❛. ❧❡❛3. ❛ 3♦❧✉.✐♦♥ ♦❢ ❛ 3✐♥❣✉❧❛-

♣-♦❜❧❡♠✱ ✐3 ✜-3. .♦ ❣✐✈❡ 3♦♠❡ ❛ ♣-✐♦-✐ ❡3.✐♠❛.❡3 ❢♦- ✐.3 3♦❧✉.✐♦♥✳ ❚❤❡♥✱ .❤❡ ♣-♦❜❧❡♠ ✐3

❛♣♣-♦①✐♠❛.❡❞ ❜② ❛ 3❡1✉❡♥❝❡ ♦❢ ♥♦♥3✐♥❣✉❧❛- ♣-♦❜❧❡♠3✱ ✇❤♦3❡ ❡①✐3.❡♥❝❡ ♦❢ 3♦❧✉.✐♦♥3 ✭.❤❛. ✇❡

❞❡♥♦.❡ ❜② um✮ ❤❛✈❡ .♦ ❜❡ 3❤♦✇❡❞✳ ❚❤❡ ❛ ♣-✐♦-✐ ❡3.✐♠❛.❡3✱ .❤❛. ❛❧3♦ ❛♣♣❧② .♦ um✱ ❛❧❧♦✇ .♦

❡①.-❛❝. ❛ 3✉❜3❡1✉❡♥❝❡ ❝♦♥✈❡-❣✐♥❣ ✭❛. .❤❡ ❧✐♠✐. ♦♥ m✮ .♦ ❛ 3♦❧✉.✐♦♥ ♦❢ .❤❡ 3✐♥❣✉❧❛- ♣-♦❜❧❡♠✳

❚❤❡ ❦❡②3.♦♥❡ ✐♥ .❤❡3❡ ♣-♦♦❢3 ✐3 .❤❡ ❛♥❛❧②3✐3 ♦❢ .❤❡ 3✐♥❣✉❧❛- .❡-♠ ♥❡❛- .❤❡ 3✐♥❣✉❧❛-✐.②✳ ▼♦-❡

♣-❡❝✐3❡❧②✱ ♦♥❡ ❡3.✐♠❛.❡3 .❤❡ ✐♥.❡❣-❛❧ ♦❢ .❤❡ 3✐♥❣✉❧❛- .❡-♠ ♦♥ .❤❡ 3✐♥❣✉❧❛- 3❡. {0 ≤ um ≤ δ} ❢♦-

δ > 0 3✉✣❝✐❡♥.❧② 3♠❛❧❧✳ ❚❤❡♥✱ ♦♥❡ ❝❛♥ ♣❛33 .♦ .❤❡ ❧✐♠✐. ❛3 m→ +∞ ❛♥❞ ❛3 δ → 0✱ ❜② ✉3✐♥❣

3♦♠❡ ❝❧❛33✐❝❛❧ -❡3✉❧.3 ❢-♦♠ ❙.❛♠♣❛❝❝❤✐❛✱ ❛3 ✇❡❧❧ ❛3 .❤❡ ▲❡❜❡3❣✉❡ ❞♦♠✐♥❛.❡❞ ❝♦♥✈❡-❣❡♥❝❡ ❛♥❞

❱✐.❛❧✐ .❤❡♦-❡♠3 ❛♥❞ ✐♥❡1✉❛❧✐.✐❡3 ❧✐❦❡ ❨♦✉♥❣✬3 ❛♥❞ ❍R❧❞❡-✬3✳

❖✉" ❝♦♥&"✐❜✉&✐♦♥

❚❤❡ 3✐♥❣✉❧❛-✐.② ✇❡ ❞❡❛❧ ✇✐.❤ ✐♥ .❤❡ ✇❤♦❧❡ .❤❡3✐3 ✐3 .❤❡ 3❛♠❡ ♦❢ .❤❡ ♣❛♣❡-3 ♠❡♥.✐♦♥❡❞ ❛❜♦✈❡✳

■♥ ♣❛-.✐❝✉❧❛- ✇❡ .❛❦❡ .❤❡ 3❛♠❡ ❤②♣♦.❤❡3✐3 ❛3 ✐♥ ❬✹✷❪✱ ✇❤✐❝❤ ✐♥3♣✐-❡❞ ♦✉- ✇♦-❦✳ ◆❛♠❡❧②✱ ✇❡

❛33✉♠❡ .❤❛. .❤❡ 3✐♥❣✉❧❛- ❧♦✇❡- ♦-❞❡- .❡-♠ fζ ✐3 ❛3 ❢♦❧❧♦✇3✿





✐) ζ : [0,+∞[→ [0,+∞] ✐3 ❛ ❢✉♥❝.✐♦♥ 3✉❝❤ .❤❛.

ζ ∈ C0([0,+∞[), 0 ≤ ζ(s) ≤
1

sθ
❢♦- ❡✈❡-② s ∈]0,+∞[, ✇✐.❤ 0 < θ ≤ 1;

✐✐) f ≥ 0 ❛✳❡✳ ✐♥ Ω, ✇✐.❤ f ∈ Ll(Ω), ❢♦- l ≥
2

1 + θ
(≥ 1).

◆❡✈❡-.❤❧❡33✱ ✐♥ ❬✹✷❪ .❤❡ ♣-♦❜❧❡♠ ✐3 ♣♦3❡❞ .❤-♦✉❣❤ -♦✉❣❤ 3✉-❢❛❝❡✱ ✇❤✐❧❡ ❤❡-❡ ✇❡ ❤❛✈❡ ❛ ♣❡-❢♦✲

-❛.❡❞ ❞♦♠❛✐♥ ❛3 ✇❡❧❧ ❛3 ❛ .✇♦✲❝♦♠♣♦♥❡♥. ❞♦♠❛✐♥ .♦❣❡.❤❡- ✇✐.❤ 1✉❛3✐❧✐♥❡❛- ❞✐✛✉3✐♦♥ .❡-♠3✳

❲❤❡♥ ✇❡ 3.❛-. ❧♦♦❦✐♥❣ ❢♦- 3♦❧✉.✐♦♥3 ♦❢ ♣-♦❜❧❡♠3 ✭✵✳✶✮ ❛♥❞ ✭✵✳✷✮✱ .❤❡ ❞✐✣❝✉❧.✐❡3 ❛-✐3❡ ✐♥ ❞❡❛❧✲

✐♥❣ 3✐♠✉❧.❛♥❡♦✉3❧② ✇✐.❤ .❤❡ 1✉❛3✐❧✐♥❡❛- ♠❛.-✐① ✜❡❧❞✱ .❤❡ 3✐♥❣✉❧❛- ❞❛.✉♠ ❛♥❞ .❤❡ ❜♦✉♥❞❛-②

❝♦♥❞✐.✐♦♥3✳ ❚❤❡ .❡❝❤♥✐1✉❡3 ✉3❡❞ .♦ ♣-♦✈❡ ❡①✐3.❡♥❝❡✱ ✉♥✐1✉❡♥❡33 ❛♥❞ -❡❣✉❧❛-✐.② -❡3✉❧.3 ❛♣♣❧②

.♦ ❜♦.❤ ♣❡-❢♦-❛.❡❞ ❛♥❞ .✇♦✲❝♦♠♣♦♥❡♥. ♠♦❞❡❧ ❝❛3❡3 ✉♥❞❡- ♦♣♣♦-.✉♥❡ ♠♦❞✐✜❝❛.✐♦♥3 ❝♦♥❝❡-♥✲

✐♥❣ .❤❡ ❜♦✉♥❞❛-② .❡-♠3✳ ❚❤❡ ❤✉❣❡ ❞✐✛❡-❡♥❝❡ ❜❡.✇❡❡♥ .❤❡ .✇♦ ♠♦❞❡❧3 ❝♦♥3✐3.3 ✐♥ .❤❡ ♣-♦♦❢3

♦❢ .❤❡ ❛ ♣-✐♦-✐ ❡3.✐♠❛.❡3✳ ❚❤❡② ❛-❡ ✇❡❧❧ ❞❡.❛✐❧❡❞ ✐♥ ❙❡❝.✐♦♥3 ✶✳✸ ✲ ✸✳✸✳

❆3 ✉3✉❛❧ ✐♥ .❤❡ 3❡❛-❝❤ ♦❢ 3♦❧✉.✐♦♥3✱ ✇❡ ✜-3. ❞❡-✐✈❡ 3♦♠❡ ❛ ♣-✐♦-✐ ❡3.✐♠❛.❡3✳ ❆♠♦♥❣ ❛❧❧ ✇❡

♣♦✐♥. ♦✉. .❤❡ .❤✐-❞ ❛ ♣-✐♦-✐ ❡3.✐♠❛.❡ ✭3❡❡ Z-♦♣♦3✐.✐♦♥3 ✶✳✾ ✲ ✸✳✺✮ .❤❛. ✇❡ ❣❡. ❢♦❧❧♦✇✐♥❣ 3♦♠❡

✐❞❡❛3 ♦❢ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✷❪✳ ❚❤✐3 ❜♦✉♥❞ ✐3 ❝-✉❝✐❛❧ ✐♥ .-❡❛.✐♥❣ .❤❡ 3✐♥❣✉❧❛- .❡-♠ 3✐♥❝❡ ✐. ❣✐✈❡3

❛♥ ❡3.✐♠❛.❡ ♦❢ .❤❡ ✐♥.❡❣-❛❧ ♦❢ .❤✐3 .❡-♠ ♦♥ .❤❡ 3✐♥❣✉❧❛- 3❡. {0 ≤ u ≤ δ}✱ ❢♦- δ > 0 3✉✣❝✐❡♥.❧②

3♠❛❧❧✳ ■♥❞❡❡❞ .❤❡ ♠❛✐♥ .♦♦❧ ✉3❡❞ .♦ ❤❛♥❞❧❡ .❤❡ 3✐♥❣✉❧❛- .❡-♠ ✐3 .♦ 3♣❧✐. ✐.3 ✐♥.❡❣-❛❧ ✐♥.♦ .❤❡

✾



 ✉♠ ♦❢ %✇♦ ✐♥%❡❣+❛❧ ✱ %❤❡ ♦♥❡ ♦♥ %❤❡  ❡% ✇❤❡+❡ %❤❡  ♦❧✉%✐♦♥ ✐ ❝❧♦ ❡ %♦ %❤❡  ✐♥❣✉❧❛+✐%② ❛♥❞

%❤❡ ♦♥❡ ✇❤❡+❡ ✐% ✐ ❢❛+ ❢+♦♠ ✐%✱ ✇❤✐❝❤ +❡ ✉❧% ♥♦%  ✐♥❣✉❧❛+✳

❚❤❡♥✱ ✇❡ %❛❦❡ ❛  ❡6✉❡♥❝❡ ♦❢ ♥♦♥ ✐♥❣✉❧❛+ ♣+♦❜❧❡♠ ✇✐%❤ ❛ ❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛+✐%② ✐♥ %❤❡ ❡6✉❛✲

%✐♦♥ %❤❛% ❛♣♣+♦①✐♠❛%❡ ♦✉+ ♣+♦❜❧❡♠✱ ♥❛♠❡❧② ✇❡ ❝♦♥ ✐❞❡+ %❤❡ ❢♦❧❧♦✇✐♥❣ ❡6✉❛%✐♦♥✿

− div(B(x, um)∇um) + λum = Tm(fζ(|um|)),

✇❤❡+❡✱ ❢♦+ ❡✈❡+② m ∈ N✱ Tm ✐ %❤❡ %+✉♥❝❛%✐♦♥ ❢✉♥❝%✐♦♥ ❛% ❧❡✈❡❧ m ❛♥❞ um ✐%  ♦❧✉%✐♦♥✳ ❚♦

 ❤♦✇ %❤❡ ❡①✐ %❡♥❝❡ ♦❢ ❛  ♦❧✉%✐♦♥ ♦❢ %❤✐ ❛♣♣+♦①✐♠❛%✐♥❣ ♣+♦❜❧❡♠✱ ❞✉❡ %♦ %❤❡ ♣+❡ ❡♥❝❡ ♦❢ %❤❡

6✉❛ ✐❧✐♥❡❛+ %❡+♠✱ ✇❡ ✉ ❡ %❤❡ ❙❝❤❛✉❞❡+ ✜①❡❞✲♣♦✐♥% %❤❡♦+❡♠✱ ❛+❣✉✐♥❣  ✐♠✐❧❛+❧② %♦ ❬✹❪✱ ❬✶✾❪✱ ❬✷✹❪✱

❬✺✶❪ ❛♥❞ ❬✺✸❪✳

❋✐♥❛❧❧②✱ %❤❡ ♣+❡✈✐♦✉ ❛ ♣+✐♦+✐ ❡ %✐♠❛%❡ ❛❧ ♦ ❛♣♣❧② %♦ um✱ ✉♥✐❢♦+♠❧② ✇✐%❤ +❡ ♣❡❝% %♦ m✳ ❙♦

%❤❛%✱ ✈✐❛ ❛❝❝✉+❛%❡ ♠❡❛ ✉+❡ ❛+❣✉♠❡♥% ✱ ✇❡ ♣❛  %♦ %❤❡ ❧✐♠✐% ✱ ❛ m ❣♦❡ %♦ ✐♥✜♥✐%② ❛♥❞ δ ❣♦❡ 

%♦ ③❡+♦✱ ♦❜%❛✐♥✐♥❣ %❤❛% %❤❡  ❡6✉❡♥❝❡ ♦❢  ♦❧✉%✐♦♥ ♦❢ %❤❡ ❛♣♣+♦①✐♠❛%✐♥❣ ♣+♦❜❧❡♠ ❝♦♥✈❡+❣❡ 

%♦ ❛  ♦❧✉%✐♦♥ ♦❢ ♦✉+ ✐♥✐%✐❛❧ ♣+♦❜❧❡♠✳

❚♦ ❡♥ ✉+❡ %❤❡ ✉♥✐6✉❡♥❡  ♦❢  ✉❝❤ ❛  ♦❧✉%✐♦♥✱ ❛ ✉ ✉❛❧ ✐♥ ❧✐%❡+❛%✉+❡✱  ♦♠❡ ❛❞❞✐%✐♦♥❛❧ ❤②♣♦%❤❡✲

 ❡ ♦♥ %❤❡ ♠❛%+✐① ✜❡❧❞ B ❛♥❞ ♦♥ %❤❡ ♥♦♥❧✐♥❡❛+ ❢✉♥❝%✐♦♥ ζ ❛+❡ +❡6✉✐+❡❞✳ ❈♦♥❝❡+♥✐♥❣ %❤❡

6✉❛ ✐❧✐♥❡❛+ %❡+♠✱ ✇❡ ♠❛❦❡ %❤❡ ❢♦❧❧♦✇✐♥❣ ❛  ✉♠♣%✐♦♥✿





❚❤❡+❡ ❡①✐ % ❛ +❡❛❧ ❢✉♥❝%✐♦♥ ω : R→ R  ❛%✐ ❢②✐♥❣ %❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐%✐♦♥ ✿

✐) ω ✐ ❝♦♥%✐♥✉♦✉ ❛♥❞ ♥♦♥ ❞❡❝+❡❛ ✐♥❣, ✇✐%❤ ω(t) > 0 ∀ t > 0;

✐✐) |B(x, t1)− B(x, t2)| ≤ ω(|t1 − t2|) ❢♦+ ❛✳❡✳ x ∈ Ω, ∀ t1 /= t2;

✐✐✐) ∀y > 0, lim
x→0+

∫ y

x

dt

ω(t)
= +∞,

✇❤✐❝❤ ✇❛ ♦+✐❣✐♥❛❧❧② ✐♥%+♦❞✉❝❡❞ ✐♥ ❬✷✸❪ ❜② ▼✳❈❤✐♣♦% ✭ ❡❡ ❛❧ ♦ ❬✸❪✮ ❢♦+ 6✉❛ ✐❧✐♥❡❛+ ♥♦♥ ✐♥✲

❣✉❧❛+ ♣+♦❜❧❡♠ ✇✐%❤ ❉✐+✐❝❤❧❡% ❝♦♥❞✐%✐♦♥ ✳ ❲❡ ❛❧ ♦ +❡❢❡+ %♦ ❬✶✷❪ ❛♥❞ ❬✶✸❪ ❢♦+ ❧✐♥❡❛+ ❘♦❜✐♥

❝♦♥❞✐%✐♦♥ ❛♥❞ %♦ ❬✶✾❪ ❢♦+ ♥♦♥❧✐♥❡❛+ ❘♦❜✐♥ ❝♦♥❞✐%✐♦♥ ✳ ▲❡% ✉ +❡♠❛+❦ %❤❛% ✐❢ B ✐ ✉♥✐❢♦+♠❧②

▲✐♣ ❝❤✐%③✲❝♦♥%✐♥✉♦✉ ✐♥ t ✇✐%❤ ❝♦♥ %❛♥% L✱ %❤❡♥ w(t)
.
= Lt  ❛%✐ ✜❡ %❤❡ +❡6✉✐+❡❞ ❛  ✉♠♣%✐♦♥✳

❈♦♥❝❡+♥✐♥❣ %❤❡ ❢✉♥❝%✐♦♥ ζ ❛ ♠♦♥♦%♦♥✐❝✐%② ❤②♣♦%❤❡ ✐ ✐ ♥❡❡❞❡❞✱ ❛ ❞♦♥❡ ✐♥ ❬✹✷❪ ❛♥❞ ❬✺✷❪✱

♥❛♠❡❧② ζ ✐ ♥♦♥ ✐♥❝+❡❛ ✐♥❣ ✐♥ [0,+∞[✳ ❲❡ ❡①♣❧✐❝✐%❧② ♦❜ ❡+✈❡ %❤❛% ✇❡ ❞♦ ♥♦% ❛  ✉♠❡ ❛♥②

♠♦♥♦%♦♥✐❝✐%② ♣+♦♣❡+%② ❢♦+ ζ ❡①❝❡♣% ❢♦+ %❤✐ +❡ ✉❧%✳

❆❧ ♦✱ ✉♥❞❡+  %+♦♥❣❡+ ❤②♣♦%❤❡ ❡ ♦♥ %❤❡  ✉♠♠❛❜✐❧✐%✐❡ ♦❢ %❤❡ ❞❛%❛ f ❛♥❞ g✱ ✇❡ ❛+❡ ❛❜❧❡ %♦

♣+♦✈❡ ❛ +❡❣✉❧❛+✐%② +❡ ✉❧% ✐✳❡✳ %❤❡ ❜♦✉♥❞❡❞♥❡  ♦❢ %❤❡  ♦❧✉%✐♦♥✳ ❚♦ ❞♦ %❤✐ ✱ ✇❡ ❛❞❛♣% %♦ ♦✉+

♥❡❡❞ ❛♥ ❛+❣✉♠❡♥% ♦❢ ❬✷✹❪✱ ♠❛❦✐♥❣ ✉ ❡ ♦❢ ❝❧❛  ✐❝❛❧ +❡ ✉❧% ♦❢ ❙%❛♠♣❛❝❝❤✐❛ ❬✻✾❪✱ ❛ ✐♥ ❬✷✹❪✱

❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✹❪✳

✶✵



❍♦♠♦❣❡♥✐③❛)✐♦♥ ♦❢ +✐♥❣✉❧❛. ♣.♦❜❧❡♠+

❚❤❡ #❡❝♦♥❞ ♣❛*+ ♦❢ +❤❡ +❤❡#✐# ❡♥+✐*❡❧② ❞❡✈❡❧♦♣# ✐♥ +❤❡ #❡❝♦♥❞ ❝❤❛♣+❡*✱ ♣✉❜❧✐#❤❡❞ ✐♥ ❬✹✼❪✳ ❲❡

#+✉❞② +❤❡*❡ +❤❡ ❤♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛## ♦❢ =✉❛#✐❧✐♥❡❛* ❡❧❧✐♣+✐❝ ♣*♦❜❧❡♠# ✇✐+❤ #✐♥❣✉❧❛* ❧♦✇❡*

♦*❞❡* +❡*♠# ♣♦#❡❞ ✐♥ ♣❡*✐♦❞✐❝❛❧❧② ♣❡*❢♦*❛+❡❞ ❞♦♠❛✐♥#✳

▲❡+ ✉# ❞❡♥♦+❡ ❜② Ω∗
ε +❤❡ ♣❡*✐♦❞✐❝❛❧❧② ♣❡*❢♦*❛+❡❞ ❞♦♠❛✐♥ ✇❡ ❛*❡ ❣♦✐♥❣ +♦ ❝♦♥#✐❞❡*✳ ■+ ✐#

♦❜+❛✐♥❡❞ ❜② *❡♠♦✈✐♥❣ ❢*♦♠ ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ♦♣❡♥ #❡+✱ Ω✱ +❤❡ #❡+ ♦❢ +❤❡ ε✲♣❡*✐♦❞✐❝ ❤♦❧❡# ♦❢

+❤❡ #❛♠❡ #✐③❡ ❛# +❤❡ ♣❡*✐♦❞✳ ❚❤❡ ❜♦✉♥❞❛*② ♦❢ Ω∗
ε ✐# ❞❡❝♦♠♣♦#❡❞ ✐♥+♦ +❤❡ ✉♥✐♦♥ ♦❢ Γ

ε
1 ❛♥❞

Γε
0✱ ✇❤✐❝❤ ❞❡♥♦+❡ +❤❡ ❜♦✉♥❞❛*② ♦❢ +❤❡ ❤♦❧❡# ✇❡❧❧ ❝♦♥+❛✐♥❡❞ ✐♥ Ω ❛♥❞ +❤❡ *❡♠❛✐♥✐♥❣ ❡①+❡*✐♦*

❜♦✉♥❞❛*②✱ *❡#♣❡❝+✐✈❡❧②✳ ❚❤✉#✱ ✐♥ ❈❤❛♣+❡* ✷ ✇❡ ❢♦❝✉# ♦✉* ✐♥+❡*❡#+ ♦♥ #+✉❞②✐♥❣ +❤❡ ❛#②♠♣+♦+✐❝

❜❡❤❛✈✐♦*✱ ❛# ε ❣♦❡# +♦ ③❡*♦✱ ♦❢ +❤❡ ❢♦❧❧♦✇✐♥❣ ♣*♦❜❧❡♠✿




−div(Aε(x, uε)∇uε) = fζ(uε) ✐♥ Ω∗
ε,

uε = 0 ♦♥ Γε
0,

(Aε(x, uε)∇uε)ν + εγρε(x)h(uε) = gε ♦♥ Γε
1,

✭✵✳✸✮

✇❤❡*❡ ν ✐# +❤❡ ✉♥✐+ ♦✉+✇❛*❞ ♥♦*♠❛❧ +♦ +❤❡ ❤♦❧❡#✳

❚❤❡ ♦#❝✐❧❧❛+✐♥❣ ❝♦❡✣❝✐❡♥+#✬ ♠❛+*✐① ✜❡❧❞ Aε
✐♥ +❤❡ =✉❛#✐❧✐♥❡❛* ❞✐✛✉#✐♦♥ +❡*♠ ✐# ❞❡✜♥❡❞ ❜②

Aε(x, t) = A
(
x
ε
, t
)
✱ ✇❤❡*❡ +❤❡ ♠❛+*✐① ✜❡❧❞ A ✐# ✉♥✐❢♦*♠❧② ❡❧❧✐♣+✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡*✐♦❞✐❝ ✐♥ +❤❡

✜*#+ ✈❛*✐❛❜❧❡ ❛♥❞ ❈❛*❛+❤N♦❞♦*②✳ ❚❤❡ ❢✉♥❝+✐♦♥# ζ ❛♥❞ f ❛*❡ +❤❡ #❛♠❡ ♦❢ ♣*♦❜❧❡♠# ✭✵✳✶✮

❛♥❞ ✭✵✳✷✮✳ ❈♦♥❝❡*♥✐♥❣ +❤❡ ❘♦❜✐♥ ❜♦✉♥❞❛*② ❝♦♥❞✐+✐♦♥✱ ρε(x) = ρ
(
x
ε

)
✇❤❡*❡ +❤❡ ❢✉♥❝+✐♦♥ ρ

✐# ❛##✉♠❡❞ +♦ ❜❡ ♣❡*✐♦❞✐❝✱ ♥♦♥♥❡❣❛+✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ +❤❡ ❜♦✉♥❞❛*② ♦❢ +❤❡ ❤♦❧❡#✳ ❚❤❡

♥♦♥❧✐♥❡❛* ❜♦✉♥❞❛*② +❡*♠ h ✐# ❛♥ ✐♥❝*❡❛#✐♥❣ ❛♥❞ ❝♦♥+✐♥✉♦✉#❧② ❞✐✛❡*❡♥+✐❛❜❧❡ ❢✉♥❝+✐♦♥ ✇❤♦#❡
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❧❡♠,✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛(✐♦♥ ♦❢ ❡❧❧✐♣(✐❝ ♣/♦❜❧❡♠, ✐♥ ♣❡/❢♦/❛(❡❞ ❞♦♠❛✐♥, ✇❛, ♦/✐❣✐♥❛❧❧② ,(✉❞✐❡❞

✐♥ ❬✸✻❪✱ ❬✸✺❪ ✇✐(❤ ◆❡✉♠❛♥♥ ❝♦♥❞✐(✐♦♥,✳ ❲❤✐❧❡ (❤❡ ❤♦♠♦❣❡♥✐③❛(✐♦♥ ♦❢ A✉❛,✐❧✐♥❡❛/ ♣/♦❜❧❡♠, ✐♥

✶✷



♣❡"✐♦❞✐❝❛❧❧② ♣❡"❢♦"❛+❡❞ ❞♦♠❛✐♥. ✇✐+❤ ♥♦♥❧✐♥❡❛" ❘♦❜✐♥ ❜♦✉♥❞❛"② ❝♦♥❞✐+✐♦♥. ❤❛. ❜❡❡♥ ❝♦♥.✐❞✲

❡"❡❞ ✐♥ ❬✷✵❪✱ ❬✷✺❪ ❛♥❞ ❬✷✻❪✱ ✇❤❡"❡ ✐. ❛❧.♦ ❝♦♥.✐❞❡"❡❞ ❛ ♥♦♥❧✐♥❡❛" +❡"♠ ✇❤✐❝❤ ✐. <✉❛❞"❛+✐❝ ✇✐+❤

"❡.♣❡❝+ +♦ +❤❡ ❣"❛❞✐❡♥+✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ✈❛"✐♦✉. .✐♥❣✉❧❛" ❡❧❧✐♣+✐❝ ♣"♦❜❧❡♠. ❤❛. ❜❡❡♥

.+✉❞✐❡❞✱ ❢♦" ✐♥.+❛♥❝❡✱ ✐♥ ❬✶✼❪✱ ❬✹✷❪✱ ❬✹✸❪ ❛♥❞ ❬✺✶❪✳

◗✉✐+❡ ❛ ❢❡✇ ♠❡+❤♦❞. ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦" .+✉❞②✐♥❣ +❤❡ ❤♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ♣❡"✐♦❞✐❝ .+"✉❝+✉"❡.✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡. ❛"❡ +❤❡ ♠❛✐♥ ♠❡+❤♦❞. ✐♥+"♦❞✉❝❡❞ ✐♥ +❤❡ ❧❛.+ ❞❡❝❛❞❡.✿

❼ ❚❤❡ ♠✉❧&✐♣❧❡✲*❝❛❧❡* ♠❡&❤♦❞

■+ ✐. ❛ ❝❧❛..✐❝❛❧ ♠❡+❤♦❞ ✉.❡❞ ✐♥ ♠❡❝❤❛♥✐❝. ✇❤✐❝❤ ❛♣♣❧✐❡. ✇❤❡♥ +❤❡"❡ ❛"❡ .♦♠❡ .♠❛❧❧

♣❛"❛♠❡+❡". ❞❡.❝"✐❜✐♥❣ ❞✐✛❡"❡♥+ .❝❛❧❡.✳ ■+ ✐. ❛❧.♦ ❝❛❧❧❡❞  ❤❡ ❛$②♠♣ ♦ ✐❝ ❡①♣❛♥$✐♦♥ ♠❡ ❤♦❞

❛♥❞ ✐+ ❧♦♦❦. ❢♦" ❛ ❢♦"♠❛❧ ❛.②♠♣+♦+✐❝ ❡①♣❛♥.✐♦♥ ♦❢ +❤❡ ❢♦"♠

uε(x) = u0
(
x,
x

ε

)
+ εu1

(
x,
x

ε

)
+ ε2u2

(
x,
x

ε

)
+ ..., ✭✵✳✹✮

✇❤❡"❡✱ ❢♦" i = 0, 1, 2, ... ✱ ui = ui(x, y) ❛"❡ Y ✲♣❡"✐♦❞✐❝ ✇✐+❤ "❡.♣❡❝+ +♦ +❤❡ .❡❝♦♥❞

✈❛"✐❛❜❧❡✱ ❜❡✐♥❣ Y +❤❡ "❡❢❡"❡♥❝❡ ❝❡❧❧✳ ❚❤❡ ✐♥✐+❛❧ ♣"♦❜❧❡♠ ❣✐✈❡. "✐.❡ +♦ ❛♥ ✐♥✜♥✐+❡ .②.+❡♠

♦❢ ❡<✉❛+✐♦♥.✱ ❤❛✈✐♥❣ ❛ ♣❛"+✐❝✉❧❛" .+"✉❝+✉"❡✳ ❚❤❡ ✜".+ ❡<✉❛+✐♦♥ ❝♦♥+❛✐♥. ♦♥❧② u0 ❛.

✉♥❦♥♦✇♥ ❢✉♥❝+✐♦♥✳ ❚❤❡ .❡❝♦♥❞ ❡<✉❛+✐♦♥ ❝♦♥+❛✐♥. u1 ❛♥❞ u0 ❛. ✉♥❦♥♦✇♥ ❢✉♥❝+✐♦♥.✱

❛♥❞ .♦ ♦♥✳ ❖♥❝❡ ✐+ ✐. ❦♥♦✇♥ ❛ .♦❧✉+✐♦♥ ♦❢ +❤❡ ♣"❡✈✐♦✉. ❡<✉❛+✐♦♥✱ ✐+ ✐. ♣♦..✐❜❧❡ +♦

❞❡+❡"♠✐♥❛+❡ ❛ .♦❧✉+✐♦♥ ♦❢ +❤❡ ♥❡①+ ♦♥❡✳ ❇② +❤✐. ♠❡+❤♦❞✱ ✐+ +✉"♥. ♦✉+ +❤❛+ u0 ❞❡♣❡♥❞.

♦♥❧② ♦♥ x ❡✈❡♥ ✐❢✱ ✐♥ ✭✵✳✹✮✱ ✐+ ✐. ❛ ♣"✐♦"✐ ❛♥ ♦.❝✐❧❧❛+✐♥❣ ❢✉♥❝+✐♦♥✱ .✐♥❝❡ ✐+ ❞❡♣❡♥❞. ♦♥

x
ε
✳ ❚❤✐. ✐. ✇❤② u0 ✐. ❡①♣❡❝+❡❞ +♦ ❜❡ +❤❡ ❤♦♠♦❣❡♥✐③❡❞ .♦❧✉+✐♦♥✳ ❙♦ +❤❛+✱ ✐❢ +❤❡"❡ ✐. ❛♥

❡<✉❛+✐♦♥ .❛+✐.✜❡❞ ❜② u0✱ ✐+ ✇✐❧❧ ❜❡ +❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❡<✉❛+✐♦♥ ♦♥❡ ✇❛. ❧♦♦❦✐♥❣ ❢♦"✳

❚❤❡ ♠✉❧+✐♣❧❡✲.❝❛❧❡. ♠❡+❤♦❞ ❤❛. ❜❡❡♥ ✐♥+"♦❞✉❝❡❞ ❜② ❊✳ ❙❛♥❝❤❡③✲S❛❧❡♥❝✐❛ ✐♥ ❬✻✹❪ ❛♥❞

❬✻✺❪✱ ❜② ❏✳✲▲✳ ▲✐♦♥. ✐♥ ❬✺✼❪✱ ❜② ❆✳ ❇❡♥.♦✉..❛♥✱ ❏✳✲▲✳ ▲✐♦♥. ❛♥❞ ●✳ S❛♣❛♥✐❝♦❧❛♦✉ ✐♥ ❬✶✻❪✳

❙❡❡ ❛❧.♦ +❤❡ ❜♦♦❦. ❬✸✶❪✱ ❬✻✸❪ ❛♥❞ ❬✺✻❪✳

❼ ❚❤❡ ❚❛/&❛/✬* ♦*❝✐❧❧❛&✐♥❣ &❡*& ❢✉♥❝&✐♦♥ ♠❡&❤♦❞

■+ ✐. ❛ "✐❣♦"♦✉. ♠❡+❤♦❞ ♣"♦♣♦.❡❞ ❜② ▲✳ ❚❛"+❛" ✐♥ ❬✼✵❪ ❛♥❞ ❬✼✶❪✳ ■+. ♠❛✐♥ ✐❞❡❛ ❝♦♥.✐.+.

✐♥ +❤❡ ❝♦♥.+"✉❝+✐♦♥ ♦❢ .✉✐+❛❜❧❡ ♦.❝✐❧❧❛+✐♥❣ +❡.+ ❢✉♥❝+✐♦♥. ♦❜+❛✐♥❡❞ ❜② ♣❡"✐♦❞✐③✐♥❣ +❤❡

.♦❧✉+✐♦♥ ♦❢ ❛ ♣"♦❜❧❡♠ .❡+ ✐♥ +❤❡ "❡❢❡"❡♥❝❡ ❝❡❧❧✳ ❚❤❡ ♠❛✐♥ ❢❡❛+✉"❡ ♦❢ +❤❡ ♠❡+❤♦❞ ✐. +❤❡

♣"❡.❡♥❝❡ ♦❢ +❤❡ ❛❞❥♦✐♥+ ♦♣❡"❛+♦" ✐♥ +❤❡ ♣"❡✈✐♦✉. "❡❢❡"❡♥❝❡ ♣"♦❜❧❡♠✱ ✇❤✐❝❤ ❛❧❧♦✇. +♦

❝❛♥❝❡❧ ❛❧❧ +❤❡ +❡"♠. ❝♦♥+❛✐♥✐♥❣ +✇♦ ✇❡❛❦❧② ❝♦♥✈❡"❣❡♥+ .❡<✉❡♥❝❡.✳

❼ ❚❤❡ &✇♦✲*❝❛❧❡ ❝♦♥✈❡/❣❡♥❝❡ ♠❡&❤♦❞

■+ ❤❛. ❜❡❡♥ ✐♥+"♦❞✉❝❡❞ ✐♥ ❛♥ ❛❜.+"❛❝+ ❢"❛♠❡✇♦"❦ ❜② ●✳ ◆❣✉❡+.❡♥❣ ✐♥ ❬✻✷❪ ❛♥❞ .♦♦♥

❛❢+❡" ❞❡✈❡❧♦♣❡❞ ✐♥ ❛♣♣❧✐❡❞ ❢"❛♠❡✇♦"❦. ❜② ●✳ ❆❧❧❛✐"❡ ✐♥ ❬✶❪ ❛♥❞ ❬✷❪✳ ■+ ❞❡❛❧. ✇✐+❤ +❤❡

❝♦♥✈❡"❣❡♥❝❡ ♦❢ ✐♥+❡❣"❛❧. ♦❢ +❤❡ ❢♦"♠

∫

Ω

vε(x)Ψ
(
x,
x

ε

)
dx,

✶✸



✇❤❡#❡ {vε} ✐% ❛ ❜♦✉♥❞❡❞ %❡,✉❡♥❝❡ ✐♥ L2(Ω) ❛♥❞ Ψ ✐% ❛ %♠♦♦/❤ ❢✉♥❝/✐♦♥✱ ♣❡#✐♦❞✐❝

✇✐/❤ #❡%♣❡❝/ /♦ /❤❡ %❡❝♦♥❞ ✈❛#✐❛❜❧❡✳ ❚❤✐% ♠❡/❤♦❞ ❣✐✈❡% ❛ ♥❡✇ ❛♣♣#♦❛❝❤ ❢♦# %/✉❞②✐♥❣

/❤❡ ❤♦♠♦❣❡♥✐③❛/✐♦♥ ♣#♦❜❧❡♠%✳ ▲❡/ ✉% ♠❡♥/✐♦♥ /❤❛/ /❤❡ /✇♦✲%❝❛❧❡ ❝♦♥✈❡#❣❡♥❝❡ ♠❡/❤♦❞

❥✉%/✐✜❡% ❛ ♣♦%/❡#✐♦#✐ /❤❡ ❛%②♠♣/♦/✐❝ ❡①♣❛♥%✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ /❤❡ ♠✉❧/✐✲%❝❛❧❡% ♠❡/❤♦❞✿

❛♥② %❡,✉❡♥❝❡ {uε} ❣✐✈❡♥ ❜② ✭✵✳✹✮ /✇♦✲%❝❛❧❡ ❝♦♥✈❡#❣❡% /♦ /❤❡ ✜#%/ /❡#♠ ♦❢ /❤❡ ❡①♣❛♥%✐♦♥✱

u0(x, y)✳

❼ ❚❤❡ ♣❡$✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡/❤♦❞

■/ ✇❛% ♦#✐❣✐♥❛❧❧② ✐♥/#♦❞✉❝❡❞ ❜② ❉✳ ❈✐♦#❛♥❡%❝✉✱ ❆✳ ❉❛♠❧❛♠✐❛♥ ❛♥❞ ●✳ ●#✐%♦ ✐♥ ❬✷✽❪ ❛♥❞

❬✷✾❪ ❢♦# /❤❡ %/✉❞② ♦❢ ❝❧❛%%✐❝❛❧ ❤♦♠♦❣❡♥✐③❛/✐♦♥ ♣#♦❜❧❡♠% ✐♥ /❤❡ ♣❡#✐♦❞✐❝ ❝❛%❡ ❢♦# ✜①❡❞

❞♦♠❛✐♥%✳ ■/ ✇❛% ❡①/❡♥❞❡❞ /♦ /❤❡ ❝❛%❡ ♦❢ ♣❡#❢♦#❛/❡❞ ❞♦♠❛✐♥% ✐♥ ❬✸✷❪ ❛♥❞ ❬✸✸❪ ❜② /❤❡ %❛♠❡

❛✉/❤♦#% /♦❣❡/❤❡# ✇✐/❤ O✳ ❉♦♥❛/♦ ❛♥❞ ❘✳ ❩❛❦✐✳ ❚❤❡ ♠❛✐♥ ❢❡❛/✉#❡ ♦❢ /❤✐% ♠❡/❤♦❞ ✐% /❤❡

✉♥❢♦❧❞✐♥❣ ♦♣❡#❛/♦# /❤❛/ ❞♦✉❜❧❡% /❤❡ ❞✐♠❡♥%✐♦♥ ♦❢ /❤❡ %♣❛❝❡✳ ■/ /#❛♥%❢♦#♠% ❛♥② ✐♥/❡❣#❛❧

♦✈❡# Ω ✐♥ ❛♥ ✐♥/❡❣#❛❧ ♦✈❡# Ω × Y ✱ ❜❡✐♥❣ Ω ❛♥❞ Y /❤❡ ❞♦♠❛✐♥ ❛♥❞ /❤❡ #❡❢❡#❡♥❝❡ ❝❡❧❧✱

#❡%♣❡❝/✐✈❡❧②✳ ❚❤✐% ♣❡#♠✐/% /♦ /#❛♥%❢❡# ❛❧❧ /❤❡ ♦%❝✐❧❧❛/✐♦♥% ♦♥ /❤❡ %❡❝♦♥❞ ✈❛#✐❛❜❧❡ ❛♥❞

❣✐✈❡% ❛ %✐♠♣❧❡ ❛♣♣#♦❛❝❤ ✐♥ /❤❡ ♣❡#✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛/✐♦♥ %/✉❞✐❡% ✭%❡❡ /❤❡ ♥❡①/ %❡❝/✐♦♥

❢♦# ❞❡/❛✐❧%✮✳

❋✐♥❛❧❧②✱ ❧❡/ ✉% ♣♦✐♥/ ♦✉/ /❤❛/ /❤❡ ❤♦♠♦❣❡♥✐③❛/✐♦♥ /❤❡♦#② ❞♦❡% ♥♦/ #❡%/#✐❝/ ✐/%❡❧❢ /♦ /❤❡ ❛♥❛❧✲

②%✐% ♦❢ ♣❡#✐♦❞✐❝ %/#✉❝/✉#❡%✳ ❚❤❡#❡ ❡①✐%/ %❡✈❡#❛❧ ♠❡/❤♦❞% ✐♥ /❤✐% ❞✐#❡❝/✐♦♥ %✉❝❤ ❛% /❤❡ ●✲

❝♦♥✈❡#❣❡♥❝❡ ✐♥/#♦❞✉❝❡❞ ❜② ❙✳ ❙♣❛❣♥♦❧♦ ✐♥ ❬✻✼❪ ✭%❡❡ ❛❧%♦ ❬✻✽❪✮ /♦ %/✉❞② ♣#♦❜❧❡♠% ✇✐/❤ %②♠✲

♠❡/#✐❝ ❝♦❡✣❝✐❡♥/% ❛♥❞ /❤❡ ❍✲❝♦♥✈❡#❣❡♥❝❡ ✐♥/#♦❞✉❝❡❞ ❜② ▲✳ ❚❛#/❛# ✐♥ ❬✼✵❪ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❜②

❋✳ ▼✉#❛/ ❛♥❞ ▲✳ ❚❛#/❛# ✐♥ ❬✻✵❪ ❛♥❞ ❬✻✶❪ ❢♦# /❤❡ ❝❛%❡ ♦❢ ♥♦♥ %②♠♠❡/#✐❝ ❝♦❡✣❝✐❡♥/%✳ ❋♦# ❛

❧❛#❣❡ ❝❧❛%% ♦❢ ♥♦♥✐❧♥❡❛# ♣#♦❜❧❡♠%✱ ❊✳ ❉❡ ●✐♦#❣✐✱ ❙✳ ❙♣❛❣♥♦❧♦ ❛♥❞ ❚✳ ❋#❛♥③♦♥✐ ✐♥/#♦❞✉❝❡❞ ✐♥

❬✸✽❪✱ ❬✸✾❪ ❛♥❞ ❬✹✵❪ ❛ ❣❡♥❡#❛❧ ♠❛/❤❡♠❛/✐❝❛❧ /❤❡♦#② ❝❛❧❧❡❞ Γ✲❝♦♥✈❡#❣❡♥❝❡✳

❚❤❡ ♣❡$✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡/❤♦❞

❆❧❧ /❤❡ ❤♦♠♦❣❡♥✐③❛/✐♦♥ #❡%✉❧/% ♦❢ ❈❤❛♣/❡# ✷ ❛#❡ ♣#♦✈❡❞ ❜② ♠❡❛♥% ♦❢ /❤❡ ♣❡#✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣

♠❡/❤♦❞✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛ %❤♦#/ ♣#❡%❡♥/❛/✐♦♥ ♦❢ /❤✐% ♠❡/❤♦❞ ❛♣♣❧✐❡❞ /♦ ♣❡#❢♦#❛/❡❞ ❞♦♠❛✐♥%

✭/❤❛/ ✐% ♦✉# ❢#❛♠❡✇♦#❦✮ ❛♥❞ ✇❡ #❡❢❡# /♦ /❤❡ ♣❛♣❡#% ,✉♦/❡❞ ❛❜♦✈❡ ❢♦# /❤❡ ❝❛%❡ ♦❢ ✜①❡❞ ♦♥❡%✳

❲❡ ✜#%/ ❝♦♥%/#✉❝/ /❤❡ ❞♦♠❛✐♥✳ ▲❡/ N ∈ N, N ≥ 2 ❛♥❞ Ω ❜❡ ❛ ❝♦♥♥❡❝/❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ %❡/

✐♥ RN
✇❤♦%❡ ❜♦✉♥❞❛#② ∂Ω ✐% ▲✐♣%❝❤✐/③✲❝♦♥/✐♥✉♦✉%✳ ▲❡/ b = {b1, ..., bN} ❜❡ ❛ ❜❛%✐% ♦❢ R

N
❛♥❞

❞❡✜♥❡ ❜② Y /❤❡ ❢♦❧❧♦✇✐♥❣ #❡❢❡#❡♥❝❡ ❝❡❧❧✿

Y
.
=

{
y ∈ RN : y =

N∑

i=1

yibi, (y1, ..., yN) ∈ (0,1)
N

}
.

❆❧%♦✱ T ❞❡♥♦/❡% /❤❡ #❡❢❡#❡♥❝❡ ❤♦❧❡✱ ✇❤✐❝❤ ✐% ❛ ✭♥♦♥❡♠♣/②✮ ♦♣❡♥ %✉❜%❡/ ♦❢ RN
%✉❝❤ /❤❛/

T ⊂ Y ✱ ❛♥❞ ∂T ✐% ▲✐♣%❝❤✐/③✲❝♦♥/✐♥✉♦✉% ✇✐/❤ ❛ ✜♥✐/❡ ♥✉♠❜❡# ♦❢ ❝♦♥♥❡❝/❡❞ ❝♦♠♣♦♥❡♥/%✳

✶✹



Y ∗ .
= Y \ T

{ε}ε>0

G
.
=

{
ξ ∈ RN : ξ =

N∑

i=1

kibi, (k1, ..., kN) ∈ ZN

}
Tε

.
=

⋃

ξ∈G

ε(ξ + T ),

ε(ξ + T ) T ε

Ω∗
ε Ω Tε

Ω∗
ε
.
= Ω \ T ε Ω̂ε ε(ξ + Y )

Ω Λε Ω

ε(ξ + Y ) ∂Ω

Ω̂ε
.
=

{
⋃

ξ∈Ξε

ε(ξ + Y )

}
Λε

.
= Ω \ Ω̂ε,

Ξε
.
= {ξ ∈ G, ε(ξ + Y ) ⊂ Ω}

Ω̂∗
ε
.
= Ω̂ε \ T ε Λ∗

ε
.
= Ω∗

ε \ Ω̂
∗
ε.

Ω∗
ε

∂Ω∗
ε = Γε

0 ∪ Γ
ε
1 Γε

1
.
= ∂Ω̂∗

ε ∩ ∂Tε Γε
0
.
= ∂Ω∗

ε \ Γ
ε
1.

z ∈ RN [z]Y z − [z]Y Y

{z}Y
.
= z − [z]Y

[z]Y {z}Y



❚❤❡♥✱ ❢♦' ❡✈❡'② ♣♦+✐-✐✈❡ ε✱ ✇❡ ✇'✐-❡

x = ε
([x
ε

]
Y
+
{x
ε

}
Y

)
∀x ∈ RN .

❋♦' ❛♥② ▲❡❜❡+❣✉❡✲♠❡❛+✉'❛❜❧❡ ❢✉♥❝-✐♦♥ φ ♦♥ Ω∗
ε✱ -❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡'❛-♦' T

∗
ε ✐+ ❞❡✜♥❡❞ ❛+

❢♦❧❧♦✇+✿

T ∗
ε (φ)(x, y)

.
=




φ
(
ε
[
x
ε

]
Y
+ εy

)
❛✳❡✳ ❢♦' (x, y) ∈ Ω̂ε × Y ∗,

0 ❛✳❡✳ ❢♦' (x, y) ∈ Λε × Y ∗.

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ -❤❡ ❞❡❝♦♠♣♦+✐-✐♦♥ ✐♥ ❋✐❣✉'❡ ✶✱ ♦❜+❡'✈❡ -❤❛- -❤❡'❡ ❡①✐+- -✇♦ +❝❛❧❡+✿ -❤❡

♠❛❝'♦+❝♦♣✐❝ +❝❛❧❡ x ❣✐✈✐♥❣ -❤❡ ♣♦+✐-✐♦♥ ♦❢ -❤❡ ♣♦✐♥- ✐♥ -❤❡ ❞♦♠❛✐♥✱ ❛♥❞ -❤❡ ♠✐❝'♦+❝♦♣✐❝

+❝❛❧❡ y = x
ε
❣✐✈✐♥❣ -❤❡ ♣♦+✐-✐♦♥ ♦❢ -❤❡ ♣♦✐♥- ✐♥ -❤❡ '❡❢❡'❡♥❝❡ ❝❡❧❧ Y ∗

❛♥❞ ❝❛♣-✉'✐♥❣ -❤❡

♦+❝✐❧❧❛-✐♦♥+✳ ❚❤❡'❡❢♦'❡ -❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡'❛-♦' ♠❛♣+ ❢✉♥❝-✐♦♥+ ❞❡✜♥❡❞ ♦♥ ♦+❝✐❧❧❛-✐♥❣ ❞♦♠❛✐♥+

✐♥-♦ ❢✉♥❝-✐♦♥+ ❞❡✜♥❡❞ ♦♥ ✜①❡❞ ♦♥❡+✳ ❚❤✐+ ✐+ -❤❡ '❡❛+♦♥ ✇❤② -❤✐+ ♠❡-❤♦❞ ❞♦❡+ ♥♦- ♥❡❡❞

-♦ ✉+❡ ❛♥② ❡①-❡♥+✐♦♥ ♦♣❡'❛-♦'✳ ▼♦'❡♦✈❡'✱ ✐❢ {vε} ✐+ ❛ ❜♦✉♥❞❡❞ +❡A✉❡♥❝❡ ✐♥ Lp(Ω∗
ε)✱ ✇✐-❤

p ∈ (1,+∞)✱ -❤❡♥ -❤❡ ✇❡❛❦ ❝♦♥✈❡'❣❡♥❝❡ ♦❢ -❤❡ ✉♥❢♦❧❞❡❞ +❡A✉❡♥❝❡ {T ∗
ε (vε)} ✐♥ L

p(Ω × Y ∗)

✐+ ❡A✉✐✈❛❧❡♥- -♦ -❤❡ -✇♦✲+❝❛❧❡ ❝♦♥✈❡'❣❡♥❝❡ ♦❢ {vε} ✐♥ L
p(Ω∗

ε)✳ ❲❤❡♥❝❡ -❤❡ ✉♥❢♦❧❞✐♥❣ ♠❡-❤♦❞

❛❧❧♦✇+ -♦ ❝❤♦♦+❡ ❛ ✇✐❞❡' '❛♥❣❡ ♦❢ ❛❞♠✐++✐❜❧❡ -❡+- ❢✉♥❝-✐♦♥+✱ ❝♦♠♣❛'❡❞ -♦ -❤♦+❡ ❡❧✐❣✐❜❧❡ -♦

❝❤❡❝❦ -❤❡ -✇♦✲+❝❛❧❡ ❝♦♥✈❡'❣❡♥❝❡✳

❚❤❡ ♦♣❡'❛-♦' T ∗
ε ✐+ ❛ ❧✐♥❡❛' ❛♥❞ ❝♦♥-✐♥✉♦✉+ ♦♣❡'❛-♦' ❢'♦♠ Lp(Ω∗

ε) -♦ L
p(Ω× Y ∗) +✉❝❤ -❤❛-✱

❢♦' p ∈ [1,+∞)✱

❼ T ∗
ε (φψ) = T

∗
ε (φ)T

∗
ε (ψ) ❢♦' ❡✈❡'② φ, ψ ∈ L

p(Ω∗
ε)✱

❼ ‖T ∗
ε (φ)‖Lp(Ω×Y ∗) ≤ |Y |

1
p‖φ‖Lp(Ω∗ε) ❢♦' ❡✈❡'② φ ∈ L

p(Ω∗
ε)✳

❖♥❡ ♦❢ ✐-+ ♠❛✐♥ ❢❡❛✉-✉'❡+ ✐+ -❤❡ ✈❛❧✐❞✐-② ♦❢ -❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥"❡❣%❛"✐♦♥ ❢♦%♠✉❧❛✱ ❢♦' ❛❧❧

φ ∈ L1(Ω∗
ε)✿

∫

Ω̂∗ε

φ(x)dx =

∫

Ω∗ε

φ(x)dx−

∫

Λ∗ε

φ(x)dx =
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φ)(x, y)dxdy.

❆+ ❛ ❝♦♥+❡A✉❡♥❝❡✱ ♦♥❡ ♦❜-❛✐♥+ -❤❡ ✉♥❢♦❧❞✐♥❣ ❝%✐"❡%✐♦♥ ❢♦% ✐♥"❡❣%❛❧. ✭✉✳❝✳✐✳✮ +-❛-✐♥❣ -❤❛-

✐❢ φε ✐+ ✐♥ L
1(Ω∗

ε) ❛♥❞ ∫

Λ∗ε

|φε|dx→ 0,

-❤❡♥ ∫

Ω∗ε

φεdx−
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φε)dxdy → 0.

❚❤✐+ ♠❡❛♥+ -❤❛-✱ ❛- -❤❡ ❧✐♠✐- ❢♦' ε ❣♦✐♥❣ -♦ ③❡'♦✱ -❤❡ ✐♥-❡❣'❛❧ ♦❢ φε ♦♥ Ω
∗
ε ✐+ ❡A✉✐✈❛❧❡♥- -♦ ✐-+

✉♥❢♦❧❞❡❞ ♦♥ -❤❡ ✜①❡❞ ❞♦♠❛✐♥ Ω× Y ∗
✳

❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞❡✜♥✐♥❣ -❤❡ ❜♦✉♥❞❛'② ✉♥❢♦❧❞✐♥❣ ♦♣❡'❛-♦'✱ ✐♥-'♦❞✉❝❡❞ -♦ ❤❛♥❞❧❡ -❤❡ ♥♦♥❧✐♥❡❛'
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❘♦❜✐♥ ❝♦♥❞✐'✐♦♥ ♦♥ '❤❡ ❜♦✉♥❞❛,✐❡- ♦❢ '❤❡ ❤♦❧❡-✳

❋♦, ❛♥② ▲❡❜❡-❣✉❡✲♠❡❛-✉,❛❜❧❡ ❢✉♥❝'✐♦♥ φ ♦♥ ∂Ω̂∗
ε ∩ ∂Tε✱ '❤❡ ❜♦✉♥❞❛,② ✉♥❢♦❧❞✐♥❣ ♦♣❡,❛'♦, T

b
ε

✐- ❞❡✜♥❡❞ ❛- ❢♦❧❧♦✇-✿

T b
ε (φ)(x, y)

.
=




φ
(
ε
[
x
ε

]
Y
+ εy

)
❛✳❡✳ ❢♦, (x, y) ∈ Ω̂ε × ∂T,

0 ❛✳❡✳ ❢♦, (x, y) ∈ Λε × ∂T.

<,♦♣❡,'✐❡- ❛♥❛❧♦❣♦✉- '♦ '❤♦-❡ ❧✐-'❡❞ ❛❜♦✈❡ ❤♦❧❞ ❢♦, '❤❡ ❜♦✉♥❞❛,② ♦♣❡,❛'♦,✳ ❲❡ ,❡❢❡, '♦

❙❡❝'✐♦♥ ✷✳✸ ❢♦, ♠♦,❡ ❞❡'❛✐❧- ♦♥ '❤❡ ♣,♦♣❡,'✐❡- ♦❢ '❤❡-❡ ♦♣❡,❛'♦,-✳

❖✉" ❝♦♥&"✐❜✉&✐♦♥

❈♦♠✐♥❣ ❜❛❝❦ '♦ ♣,♦❜❧❡♠ ✭✵✳✸✮✱ ✇❡ ❛♣♣❧② '❤❡ ,❡-✉❧'- ♦❢ ❈❤❛♣'❡, ✶ '♦ ❛ ε✲♣❡,✐♦❞✐❝❛❧❧② ♣❡,❢♦✲

,❛'❡❞ ❞♦♠❛✐♥ '♦ ❣❡' '❤❡ ❡①✐-'❡♥❝❡ ❛♥❞ '❤❡ ✉♥✐I✉❡♥❡-- ♦❢ ✐'- ✇❡❛❦ -♦❧✉'✐♦♥✱ ❢♦, ❡✈❡,② ✜①❡❞

ε✳ ❇② ❛❞❛♣'✐♥❣ '♦ ♦✉, ❝❛-❡ -♦♠❡ ❛,❣✉♠❡♥'- ✐♥',♦❞✉❝❡❞ ✐♥ ❙❡❝'✐♦♥ ✶✳✸ ✇❡ ♦❜'❛✐♥ -✐♠✐❧❛,

✉♥✐❢♦,♠ ❛ ♣,✐♦,✐ ❡-'✐♠❛'❡- ♦❢ '❤❡ -♦❧✉'✐♦♥ uε✳ ▲❡' ✉- ♣♦✐♥' ♦✉' '❤❛' '❤❡ ❝,✉❝✐❛❧ '❤✐,❞ ❜♦✉♥❞

✭❝❢✳ <,♦♣♦-✐'✐♦♥ ✷✳✷✷✮ ♣,♦✈✐❞❡- ❛♥ ❡-'✐♠❛'❡ ♦❢ '❤❡ ✐♥'❡❣,❛❧ ♦❢ '❤❡ -✐♥❣✉❧❛, '❡,♠ ❝❧♦-❡ '♦ '❤❡

-✐♥❣✉❧❛,✐'② ✐♥ '❡,♠- ♦❢ '❤❡ I✉❛-✐❧✐♥❡❛, ♦♥❡✳

❆- ❢♦, '❤❡ ❡①✐-'❡♥❝❡ ,❡-✉❧'-✱ ❛❧-♦ ✐♥ '❤❡ ❤♦♠♦❣❡♥✐③❛'✐♦♥ ♣,♦❝❡-- ✇❡ ❤❛✈❡ '♦ ❞❡❛❧ ✇✐'❤ '❤❡

I✉❛-✐❧✐♥❡❛, '❡,♠✱ '❤❡ -✐♥❣✉❧❛, ♦♥❡ ❛♥❞ '❤❡ ♥♦♥❧✐♥❡❛, ❜♦✉♥❞❛,② ❝♦♥❞✐'✐♦♥✳ ■♥ ♦,❞❡, '♦ -'✉❞②

'❤❡ I✉❛-✐❧✐♥❡❛, '❡,♠✱ ✇❡ ♣,♦✈❡ ❛ ❝,✉❝✐❛❧ ❝♦♥✈❡,❣❡♥❝❡✱ ❣✐✈❡♥ ❜② ❚❤❡♦,❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐- '❤❡

♠❛✐♥ '♦♦❧ ✇❤❡♥ ♣,♦✈✐♥❣ ♦✉, ,❡-✉❧'-✳ ■' -❤♦✇- '❤❛' '❤❡ ❣,❛❞✐❡♥' ♦❢ uε ❜❡❤❛✈❡- ❧✐❦❡ '❤❛' ♦❢ '❤❡

-♦❧✉'✐♦♥ ♦❢ ❛ -✉✐'❛❜❧❡ ❧✐♥❡❛, ♣,♦❜❧❡♠ ❛--♦❝✐❛'❡❞ ✇✐'❤ ❛ ✇❡❛❦ ❝❧✉-'❡, ♣♦✐♥' ♦❢ '❤❡ -❡I✉❡♥❝❡

{uε}✱ ❛- ε→ 0✳ ❚❤✐- ✐❞❡❛ ✇❛- ♦,✐❣✐♥❛❧❧② ✐♥',♦❞✉❝❡❞ ✐♥ ❬✶✹❪ ✭-❡❡ ❛❧-♦ ❬✶✺❪✮ ✇❤❡,❡ -♦♠❡ ♥♦♥❧✐♥✲

❡❛, ♣,♦❜❧❡♠- ✇✐'❤ I✉❛❞,❛'✐❝ ❣,♦✇'❤ ❛,❡ ❝♦♥-✐❞❡,❡❞✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡,❡♥❝❡ ✇✐'❤ ,❡-♣❡❝' '♦ ❬✶✹❪

❝♦♥-✐-'- ✐♥ '❤❡ ❝❤♦✐❝❡ ♦❢ '❤❡ '❡-' ❢✉♥❝'✐♦♥- ✉-❡❞ ✐♥ '❤❡ ♣,♦♦❢✳ ■♥❞❡❡❞✱ ✐♥ '❤❡ I✉❛❞,❛'✐❝ ❣,♦✇'❤

❝❛-❡ '❤❡ ❛✉'❤♦,- '❛❦❡ ❡①♣♦♥❡♥'✐❛❧ '❡-' ❢✉♥❝'✐♦♥-✱ ✇❤✐❧❡ ❤❡,❡ ✇❡ ❤❛✈❡ '♦ ✉-❡ ❛♣♣,♦♣,✐❛'❡ '❡-'

❢✉♥❝'✐♦♥- '❤❛' ❛❧❧♦✇ ✉- '♦ ',❡❛' '❤❡ -✐♥❣✉❧❛, '❡,♠✳ ❚♦ ❝♦♥-',✉❝' '❤❡-❡ ❢✉♥❝'✐♦♥-✱ '❛❦✐♥❣ ✐♥'♦

❛❝❝♦✉♥' '❤❡ ❤♦♠♦❣❡♥✐③❛'✐♦♥ ,❡-✉❧'- ♦❢ ❬✷✺❪✱ ✇❡ ❛❞❛♣' '♦ ♦✉, ♥❡❡❞- -♦♠❡ '❡❝❤♥✐I✉❡- ❢,♦♠ ❬✹✷❪✳

❆- ❛❧,❡❛❞② ♠❡♥'✐♦♥❡❞✱ ✇❡ -♣❧✐' '❤❡ -✐♥❣✉❧❛, '❡,♠ ✐♥'♦ '❤❡ -✉♠ ♦❢ '✇♦ ✐♥'❡❣,❛❧-✿ ♦♥❡ ♦♥ '❤❡

-❡' ✇❤❡,❡ '❤❡ -♦❧✉'✐♦♥ ✐- ❝❧♦-❡ '♦ '❤❡ -✐♥❣✉❧❛,✐'② ❛♥❞ ♦♥❡ ✇❤❡,❡ ✐- ✐' ❢❛, ❢,♦♠ ✐'✱ ✇❤✐❝❤ ,❡-✉❧'-

♥♦' -✐♥❣✉❧❛,✳ ◆❡❛, '❤❡ -✐♥❣✉❧❛,✐'②✱ ✇❡ ♠❛❦❡ ✉-❡ ♦❢ '❤❡ ❡-'✐♠❛'❡ ❣✐✈❡♥ ❜② <,♦♣♦-✐'✐♦♥ ✷✳✷✷✳

■♥ '❤✐- ✇❛②✱ ✇❡ -❤✐❢' '❤❡ -'✉❞② ❢,♦♠ '❤❡ -✐♥❣✉❧❛, '❡,♠ '♦ '❤❡ I✉❛-✐❧✐♥❡❛, ♦♥❡✱ ❢♦, ✇❤✐❝❤ ✇❡

❝❛♥ ✉-❡ '❤❡ ♣,❡✈✐♦✉- ,❡-✉❧'✳

❈♦♥❝❡,♥✐♥❣ '❤❡ ♥♦♥❧✐♥❡❛, ❘♦❜✐♥ ❜♦✉♥❞❛,② ❝♦♥❞✐'✐♦♥✱ '❤❡ ❛,❣✉♠❡♥'- ✉-❡❞ ✐♥ ❬✷✺❪ '♦ -'✉❞②

'❤❡ ❜♦✉♥❞❛,② '❡,♠- -'✐❧❧ ❛♣♣❧② '♦ ♦✉, ❝❛-❡✱ ✇✐'❤ ❛♣♣,♦♣,✐❛'❡ ♠♦❞✐✜❝❛'✐♦♥-✱ '❤❡ ❤②♣♦'❤❡-❡-

❜❡✐♥❣ -❧✐❣❤'❧② ❞✐✛❡,❡♥'✳

❲❡ ❛❧-♦ ♣,♦✈❡ ❛ ❝♦,,❡❝'♦, ,❡-✉❧'✱ ✇❤✐❝❤ -'❛'❡- '❤❛' '❤❡ ❝♦,,❡❝'♦,- ❢♦, '❤❡ ♥♦♥-✐♥❣✉❧❛, I✉❛-✐✲

❧✐♥❡❛, ♣,♦❜❧❡♠ ✐♥ ♣❡,❢♦,❛'❡❞ ❞♦♠❛✐♥- -'✉❞✐❡❞ ✐♥ ❬✷✺❪ ❛,❡ ❛❧-♦ ❝♦,,❡❝'♦,- ❢♦, ♦✉, ♣,♦❜❧❡♠✳

✶✼



▲❡" ✉$ ♣♦✐♥" ♦✉" "❤❛" ❢♦, h ≡ 0 ✇❡ ♦❜"❛✐♥✱ ❛$ ❛ ♣❛,"✐❝✉❧❛, ❝❛$❡✱ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ❛♥❞ ❝♦,,❡❝"♦,

,❡$✉❧"$ ❢♦, "❤❡ ♣,♦❜❧❡♠ ✇❤❡♥ ❛ ✭❤♦♠♦❣❡♥❡♦✉$ ♦, ♥♦"✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛,② ❝♦♥❞✐"✐♦♥ ♦♥ Γε
1

✐$ ♣,❡$❝,✐❜❡❞✱ ✇❤✐❝❤ ❛,❡ ❛❧,❡❛❞② ♥❡✇ ✐♥ "❤❡ ❧✐"❡,❛"✉,❡✳

❚❤❡ ♠❛✐♥ ♥♦✈❡❧"② ♦❢ "❤✐$ ✇♦,❦ ✐$ "❤❛"✱ ❢♦, "❤❡ ✜,$" "✐♠❡✱ "❤❡ ✉♥❢♦❧❞✐♥❣ ♠❡"❤♦❞ ✐$ ✉$❡❞ "♦

",❡❛" ❛ $✐♥❣✉❧❛, "❡,♠ ❛$ fζ(uε)✳ ❚❤✐$ ✐$ ❡$$❡♥"✐❛❧ ✐♥ ♦,❞❡, "♦ ❣❡" "❤❡ ❛❧♠♦$" ❡✈❡,②✇❤❡,❡

❝♦♥✈❡,❣❡♥❝❡$ ♥❡❡❞❡❞ "♦ $"✉❞② "❤❡ ❛$②♠♣"♦"✐❝ ❜❡❤❛✈✐♦, ♦❢ "❤❡ ♣,♦❜❧❡♠✳ ❆❧"❤♦✉❣❤ ✐♥ ❬✹✷❪

"❤❡ ♣,♦❜❧❡♠ ♣,❡$❡♥"$ "❤❡ $❛♠❡ $✐♥❣✉❧❛, "❡,♠✱ ✐" ✐$ ♣♦$❡❞ "❤,♦✉❣❤ ,♦✉❣❤ $✉,❢❛❝❡✳ ❲❤❡♥❝❡✱

$✐♥❝❡ "❤❡ ♠❡❛$✉,❡ ♦❢ "❤❡ ✐♥"❡,❢❛❝❡ ✐$ ③❡,♦✱ ❛ ❝♦♠♣❛❝"♥❡$$ ,❡$✉❧" ✐♥ L2(Ω) ❢,♦♠ ❬✹✽❪ ❣✐✈❡$ "❤❡

❛❧♠♦$" ❡✈❡,②✇❤❡,❡ ❝♦♥✈❡,❣❡♥❝❡$✳ ■♥ ♦✉, ❝❛$❡✱ ❞✉❡ "♦ "❤❡ ♣,❡$❡♥❝❡ ♦❢ "❤❡ ❤♦❧❡$✱ "❤✐$ ❛,❣✉♠❡♥"

❞♦❡$ ♥♦" ❛♣♣❧②✱ ❛♥❞ "❤❡ ❛❧♠♦$" ❡✈❡,②✇❤❡,❡ ❝♦♥✈❡,❣❡♥❝❡$ ❝❛♥ ❜❡ ♦❜"❛✐♥❡❞ ♦♥❧② ❜② ✉$✐♥❣ "❤❡

✉♥❢♦❧❞✐♥❣ ♠❡"❤♦❞✳

✶✽



❈❤❛♣$❡& ✶

❊①✐+$❡♥❝❡ ❛♥❞ ✉♥✐0✉❡♥❡++ &❡+✉❧$+ ❢♦& ❛

❝❧❛++ ♦❢ +✐♥❣✉❧❛& ❡❧❧✐♣$✐❝ ♣&♦❜❧❡♠+ ✐♥

♣❡&❢♦&❛$❡❞ ❞♦♠❛✐♥+

 ✳ ❉♦♥❛&♦✱ ❙✳ ▼♦♥*✉,,- ❛♥❞ ❋✳ ❘❛✐♠♦♥❞✐✱ ❊①✐#$❡♥❝❡ ❛♥❞ ✉♥✐+✉❡♥❡## ,❡#✉❧$# ❢♦,

❛ ❝❧❛## ♦❢ #✐♥❣✉❧❛, ❡❧❧✐♣$✐❝ ♣,♦❜❧❡♠# ✐♥ ♣❡,❢♦,❛$❡❞ ❞♦♠❛✐♥# ✱ ❘✐❝✳ ▼❛&✳✱ ✻✻✱ ♣♣✳

✸✸✸✕✸✻✵✱ ❞♦✐✳♦,❣✴✶✵✳✶✵✵✼✴*✶✶✺✽✼✲✵✶✻✲✵✸✵✸✲② ✭✷✵✶✼✮✳

■♥ "❤✐% ❝❤❛♣"❡* ✇❡ ♣*♦✈❡ %♦♠❡ ❡①✐%"❡♥❝❡✱ ✉♥✐2✉❡♥❡%% ❛♥❞ *❡❣✉❧❛*✐"② *❡%✉❧"% ❢♦* ❛ ✇❡❛❦ %♦❧✉"✐♦♥

♦❢ ❛ 2✉❛%✐❧✐♥❡❛* ❡❧❧✐♣"✐❝ ♥♦♥❧✐♥❡❛* ♣*♦❜❧❡♠ ♣♦%❡❞ ✐♥ ❛ ❞♦♠❛✐♥ ♣❡*❢♦*❛"❡❞ ❜② ♦♥❡ ♦* ♠♦*❡ ❤♦❧❡%✳

❚❤❡ ♥♦♥❧✐♥❡❛* "❡*♠ ✐% ♦❢ "❤❡ ❢♦*♠ fζ(u)✱ ✇❤❡*❡ ζ(s) ✐% %✐♥❣✉❧❛* ❛" s = 0✳ ❖♥ "❤❡ ❜♦✉♥❞❛*② ♦❢

"❤❡ ❤♦❧❡% ✇❡ ✐♠♣♦%❡ ❛ ♥♦♥❧✐♥❡❛* ❘♦❜✐♥ ❝♦♥❞✐"✐♦♥✱ ✇❤✐❧❡ ♦♥ "❤❡ ❡①"❡*✐♦* ❜♦✉♥❞❛*② ✇❡ ♣*❡%❝*✐❜❡

❛ ❤♦♠♦❣❡♥❡♦✉% ❉✐*✐❝❤❧❡" ❝♦♥❞✐"✐♦♥✳ ❚❤❡ ❞✐✣❝✉❧"② ❤❡*❡ ❛*✐%❡% ✐♥ ❞❡❛❧✐♥❣ %✐♠✉❧"❛♥❡♦✉%❧② ✇✐"❤

"❤❡ 2✉❛%✐❧✐♥❡❛* ♠❛"*✐① ✜❡❧❞✱ "❤❡ %✐♥❣✉❧❛* ❞❛"✉♠ ❛♥❞ "❤❡ ♥♦♥❧✐♥❡❛* ❘♦❜✐♥ ❝♦♥❞✐"✐♦♥✳ ❚♦

%❤♦✇ "❤❡ ❡①✐%"❡♥❝❡ ♦❢ ❛ %♦❧✉"✐♦♥ ✇❡ ❛♣♣*♦①✐♠❛"❡ "❤❡ ♣*♦❜❧❡♠ ✇✐"❤ ❛ %❡2✉❡♥❝❡ ♦❢ ♥♦♥%✐♥❣✉❧❛*

♣*♦❜❧❡♠% ❢♦* ✇❤✐❝❤ "❤❡ ❡①✐%"❡♥❝❡ ♦❢ ❛ %♦❧✉"✐♦♥ ✐% ♣*♦✈❡❞ ✈✐❛ "❤❡ ❙❝❤❛✉❞❡* ✜①❡❞✲♣♦✐♥" "❤❡♦*❡♠✳

❚❤❡ ♠❛✐♥ "♦♦❧ ✇❤❡♥ ♣❛%%✐♥❣ "♦ "❤❡ ❧✐♠✐" ✐♥ "❤❡ ❛♣♣*♦①✐♠❛"❡ ♣*♦❜❧❡♠ ✐% "♦ %♣❧✐" "❤❡ ✐♥"❡❣*❛❧ ♦❢

"❤❡ %✐♥❣✉❧❛* "❡*♠ ✐♥"♦ "❤❡ %✉♠ ♦❢ "✇♦ ✐♥"❡❣*❛❧%✱ ♦♥❡ ♦♥ "❤❡ %❡" ✇❤❡*❡ "❤❡ %♦❧✉"✐♦♥ ✐% ✈❡*② ❝❧♦%❡

"♦ "❤❡ %✐♥❣✉❧❛*✐"② ❛♥❞ ♦♥❡ ✇❤❡*❡ ✐" ✐% ❢❛* ❢*♦♠ ✐"✳ ❚♦ ♦❜"❛✐♥ "❤❡ ✉♥✐2✉❡♥❡%% ♦❢ "❤❡ %♦❧✉"✐♦♥ ✇❡

♥❡❡❞ "♦ *❡2✉✐*❡ ❛❞❞✐"✐♦♥❛❧ ❛%%✉♠♣"✐♦♥% ♦♥ "❤❡ 2✉❛%✐❧✐♥❡❛* "❡*♠ ❛♥❞ ❛ ♠♦♥♦"♦♥✐❝✐"② ♣*♦♣❡*"②

❢♦* "❤❡ %✐♥❣✉❧❛* ♦♥❡✳ ❯♥❞❡* %✉✐"❛❜❧❡ %"*♦♥❣❡* ❤②♣♦"❤❡%❡% ♦♥ "❤❡ ❞❛"❛✱ ✇❡ ❛❧%♦ ♣*♦✈❡ "❤❡

❜♦✉♥❞❡❞♥❡%% ♦❢ "❤❡ %♦❧✉"✐♦♥✳
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✶✳✶ ■♥$%♦❞✉❝$✐♦♥

❲❡ "#✉❞② #❤❡ ❡①✐"#❡♥❝❡✱ #❤❡ ✉♥✐-✉❡♥❡"" ❛♥❞ #❤❡ /❡❣✉❧❛/✐#② ❢♦/ ❛ ✇❡❛❦ "♦❧✉#✐♦♥ u ♦❢ ❛ -✉❛"✐✲

❧✐♥❡❛/ ❡❧❧✐♣#✐❝ "✐♥❣✉❧❛/ ♣/♦❜❧❡♠ ♣♦"❡❞ ✐♥ ❛ ♣❡/❢♦/❛#❡❞ ❞♦♠❛✐♥ O ♦❢ RN
✱ N ≥ 2✳

❚❤❡ ❞♦♠❛✐♥ O ✐" ♦❜#❛✐♥❡❞ ❜② /❡♠♦✈✐♥❣ ❛ ❜♦✉♥❞❡❞ ❝❧♦"❡❞ "❡# O1✱ /❡♣/❡"❡♥#✐♥❣ ♦♥❡ ♦/ ♠♦/❡

❤♦❧❡" ✐♥ O0✱ ❢"♦♠ ❛ ❜♦✉♥❞❡❞ ❝♦♥♥❡❝,❡❞ ♦♣❡♥ .❡, O0✳ ❉❡♥♦,❡❞ ❜② Γ0 ❛♥❞ Γ1 ,❤❡ ❜♦✉♥❞❛"✐❡.

♦❢ O0 ❛♥❞ O1 "❡.♣❡❝,✐✈❡❧②✱ ✇❡ ❤❛✈❡ ,❤❛, ∂O = Γ0∪Γ1✳ ❖♥ ,❤❡ ❡①,❡"✐♦" ❜♦✉♥❞❛"② Γ0 ✇❡ ♣"❡✲

.❝"✐❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉. ❉✐"✐❝❤❧❡, ❝♦♥❞✐,✐♦♥✱ ✇❤✐❧❡ ♦♥ ,❤❡ ❜♦✉♥❞❛"② ♦❢ ,❤❡ ❤♦❧❡. Γ1 ✇❡ ✐♠♣♦.❡

❛ ♥♦♥❧✐♥❡❛" ❘♦❜✐♥ ❝♦♥❞✐,✐♦♥✳ ▼♦"❡ ♣"❡❝✐.❡❧②✱ ✇❡ ❢♦❝✉. ♦♥ ,❤❡ ❢♦❧❧♦✇✐♥❣ ♣"♦❜❧❡♠✿





− div(B(x, u)∇u) + λu = fζ(u) ✐♥ O,

u = 0 ♦♥ Γ0,

(B(x, u)∇u)ν + ρh(u) = g ♦♥ Γ1,

✇❤❡"❡ ν ❞❡♥♦,❡. ,❤❡ ✉♥✐, ❡①,❡"♥❛❧ ♥♦"♠❛❧ ✈❡❝,♦" ,♦ O✳ ❚❤❡ ?✉❛.✐❧✐♥❡❛" ,❡"♠ ❝♦♥.✐.,. ✐♥ ❛

✉♥✐❢♦"♠❧② ❡❧❧✐♣,✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❈❛"❛,❤A♦❞♦"② ♠❛,"✐① ✜❡❧❞ B(x, t)✱ λ ✐. ❛ ♥♦♥♥❡❣❛,✐✈❡ "❡❛❧

♥✉♠❜❡"✱ ζ(s) ✐. ❛ ♥♦♥♥❡❣❛,✐✈❡ "❡❛❧ ❢✉♥❝,✐♦♥ .✐♥❣✉❧❛" ❛, s = 0 ❛♥❞ f ✐. ❛ ♥♦♥♥❡❣❛,✐✈❡ ❞❛,✉♠

✇❤♦.❡ .✉♠♠❛❜✐❧✐,② ❞❡♣❡♥❞. ♦♥ ,❤❡ ❣"♦✇,❤ ♦❢ ζ ♥❡❛" ,❤❡ .✐♥❣✉❧❛"✐,②✳ ❈♦♥❝❡"♥✐♥❣ ,❤❡ ❘♦❜✐♥

❜♦✉♥❞❛"② ❝♦♥❞✐,✐♦♥✱ ,❤❡ ❢✉♥❝,✐♦♥ ρ ✐. ❛..✉♠❡❞ ,♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥♥❡❣❛,✐✈❡ ♦♥ Γ1✱ ,❤❡

♥♦♥❧✐♥❡❛" ❜♦✉♥❞❛"② ,❡"♠ h ✐. ❛♥ ✐♥❝"❡❛.✐♥❣ ❛♥❞ ❝♦♥,✐♥✉♦✉.❧② ❞✐✛❡"❡♥,✐❛❜❧❡ ❢✉♥❝,✐♦♥ ✇❤♦.❡

❞❡"✐✈❛,✐✈❡ .❛,✐.✜❡. .✉✐,❛❜❧❡ ❣"♦✇,❤ ❛..✉♠♣,✐♦♥.✱ ❛♥❞ g ✐. ❛ ♥♦♥♥❡❣❛,✐✈❡ ❢✉♥❝,✐♦♥ ✇✐,❤ ♣"❡✲

.❝"✐❜❡❞ .✉♠♠❛❜✐❧✐,②✳

❚❤❡ ❞✐✣❝✉❧,② ❛"✐.❡. ✐♥ ❞❡❛❧✐♥❣ .✐♠✉❧,❛♥❡♦✉.❧② ✇✐,❤ ,❤❡ ?✉❛.✐❧✐♥❡❛" ♠❛,"✐① ✜❡❧❞✱ ,❤❡ .✐♥❣✉❧❛"

❞❛,✉♠ ❛♥❞ ,❤❡ ♥♦♥❧✐♥❡❛" ❘♦❜✐♥ ❝♦♥❞✐,✐♦♥✳

◗✉❛.✐❧✐♥❡❛" ❞✐✛✉.✐♦♥ ♠❛,"✐① ✜❡❧❞. ❞❡.❝"✐❜❡ ,❤❡ ❜❡❤❛✈✐♦" ♦❢ ♠❛,❡"✐❛❧.✱ ❧✐❦❡ ❣❧❛.. ♦" ✇♦♦❞✱

✐♥ ✇❤✐❝❤ ,❤❡ ❤❡❛, ❞✐✛✉.✐♦♥ ❞❡♣❡♥❞. ♦♥ ,❤❡ "❛♥❣❡ ♦❢ ,❤❡ ,❡♠♣❡"❛,✉"❡ ✭.❡❡ ❢♦" ✐.,❛♥❝❡ ❬✺✵❪✮✳

◆♦♥❧✐♥❡❛" ❜♦✉♥❞❛"② ❝♦♥❞✐,✐♦♥. ♠♦❞❡❧ ❝❡",❛✐♥ ❝❤❡♠✐❝❛❧ "❡❛❝,✐♦♥. ❛, ,❤❡ ❜♦✉♥❞❛"✐❡. ♦❢ ♣❡"✲

❢♦"❛,✐♦♥. ✭❡✳❣✳ ❬✸✼❪✮✳ ❆ ♣❤②.✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ❞❡.❝"✐❜❡❞ ❜② ❛ .♦✉"❝❡ ,❡"♠ ,❤❛, ❞❡♣❡♥❞. ♦♥

,❤❡ .♦❧✉,✐♦♥ ✐,.❡❧❢ ❛♥❞ ❜❡❝♦♠❡. ✐♥✜♥✐,❡ ✇❤❡♥ ,❤❡ .♦❧✉,✐♦♥ ✈❛♥✐.❤❡. ✐. ,❤❡ ♦♥❡ ♦❢ ❛♥ ❡❧❡❝,"✐❝❛❧

❝♦♥❞✉❝,♦" ✇❤❡"❡ ❡❛❝❤ ♣♦✐♥, ❜❡❝♦♠❡. ❛ .♦✉"❝❡ ♦❢ ❤❡❛, ❛. ❛ ❝✉""❡♥, ✢♦✇. ✐♥ ✐,✳ ■♥❞❡❡❞✱ ✐♥

,❤✐. ❢"❛♠❡✇♦"❦✱ ✐♥ ,❤❡ ♥♦♥−.,❛,✐♦♥❛"② ❝❛.❡✱ ,❤❡ .♦❧✉,✐♦♥ u(x, t) "❡♣"❡.❡♥,. ,❤❡ ,❡♠♣❡"❛,✉"❡

❛, ,❤❡ ♣♦✐♥, x ❛♥❞ ❛, ,❤❡ ,✐♠❡ t✱ ,❤❡ ❢✉♥❝,✐♦♥ f(x, t) ✐. ,❤❡ .?✉❛"❡ ♦❢ ❧♦❝❛❧ ✈♦❧,❛❣❡ ❞"♦♣ ✐♥

O ❛♥❞ ζ(u) ❞❡♥♦,❡. ,❤❡ ❡❧❡❝,"✐❝❛❧ ❝♦♥❞✉❝,✐✈✐,②✳ ❚❤❡♥ ❣❡♥❡"❛,✐♦♥ ♦❢ ❤❡❛, ♦❝❝✉". ✇✐,❤ ❛ "❛,❡

❣✐✈❡♥ ❜② f(x, t)ζ(u)✳ ❙♦ ,❤❛, ✐♥ ,❤❡ .,❛,✐♦♥❛"② ❝❛.❡ ♦♥❡ ♦❜,❛✐♥. f(x)ζ(u)✳ ❲❡ "❡❢❡" ,♦ ❬✹✷✱

❙❡❝,✐♦♥ 3❪ ❢♦" ❞❡,❛✐❧. ♦♥ ,❤❡ ♣❤②.✐❝❛❧ ♠❡❛♥✐♥❣ ♦❢ ,❤✐. ♣"♦❜❧❡♠✳

❆. ✉.✉❛❧ ✐♥ ,❤❡ ❧✐,❡"❛,✉"❡✱ ✐♥ ♦"❞❡" ,♦ ♣"♦✈❡ ,❤❡ ❡①✐.,❡♥❝❡ ♦❢ ❛ .♦❧✉,✐♦♥ ❢♦" ♦✉" ♣"♦❜❧❡♠✱ ✇❡

❛♣♣"♦①✐♠❛,❡ ✐, ✇✐,❤ ❛ .❡?✉❡♥❝❡ ♦❢ ♥♦♥.✐♥❣✉❧❛" ♣"♦❜❧❡♠. ✇✐,❤ ❛ ❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛"✐,② ✐♥ ,❤❡

❡?✉❛,✐♦♥✳ ❚♦ .❤♦✇ ,❤❡ ❡①✐.,❡♥❝❡ ♦❢ ❛ .♦❧✉,✐♦♥ ♦❢ ,❤❡ ❛♣♣"♦①✐♠❛,✐♥❣ ♣"♦❜❧❡♠✱ ❞✉❡ ,♦ ,❤❡

✷✵
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(♦ ❬✶✾❪ ❛♥❞ ❬✷✹❪✳
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✐( ✐# ❢❛! ❢!♦♠ ✐(✳ ❚❤❡♥ #✉✐(❛❜❧❡ ❛ ♣!✐♦!✐ ❡#(✐♠❛(❡#✱ (♦❣❡(❤❡! ✇✐(❤ ❛❝❝✉!❛(❡ ♠❡❛#✉!❡ ❛!❣✉♠❡♥(#✱

❛❧❧♦✇ ✉# (♦ (!❡❛( ❡❛❝❤ (❡!♠ ❛♥❞ ♣❛## (♦ (❤❡ ❧✐♠✐(✳
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#❛♠❡ ❛##✉♠♣(✐♦♥# ♦❢ ❬✸❪ ✭#❡❡ ❛❧#♦ ❬✶✾❪ ❛♥❞ (❤❡ !❡❢❡!❡♥❝❡# *✉♦(❡❞ (❤❡!❡✐♥✮✱ ✇❤✐❧❡ ❢♦! ζ ✇❡

♣!❡#❝!✐❜❡ (❤❛( ✐( ✐# ❛ ♥♦♥ ✐♥❝!❡❛#✐♥❣ ❢✉♥❝(✐♦♥✳ ❲❡ ❡①♣❧✐❝✐(❧② ♦❜#❡!✈❡ (❤❛( ✇❡ ❞♦ ♥♦( ❛##✉♠❡

❛♥② ♠♦♥♦(♦♥✐❝✐(② ♣!♦♣❡!(② ❢♦! ζ ❡①❝❡♣( ❢♦! (❤✐# !❡#✉❧(✳

❲❡ ❛❧#♦ ♣!♦✈❡ ❛ !❡❣✉❧❛!✐(② !❡#✉❧( ✭❜♦✉♥❞❡❞♥❡## ♦❢ (❤❡ #♦❧✉(✐♦♥✮ ✉♥❞❡! #(!♦♥❣❡! ❤②♣♦(❤❡#❡#

♦♥ (❤❡ #✉♠♠❛❜✐❧✐(✐❡# ♦❢ (❤❡ ❞❛(❛ f ❛♥❞ g✳ ❚♦ ♣!♦✈❡ (❤✐#✱ ✇❡ ❛❞❛♣( (♦ ♦✉! ♥❡❡❞# ❛♥ ❛!❣✉♠❡♥(

♦❢ ❬✷✹❪✱ ♠❛❦✐♥❣ ✉#❡ ♦❢ ❝❧❛##✐❝❛❧ !❡#✉❧(# ♦❢ ❙(❛♠♣❛❝❝❤✐❛ ❬✻✾❪✱ ❛# ✐♥ ❬✷✹❪✱ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✹❪✳

❊❧❧✐♣(✐❝ ♣!♦❜❧❡♠# ✇✐(❤ #✐♥❣✉❧❛! ♥♦♥❧✐♥❡❛! (❡!♠# ❤❛✈❡ ❜❡❡♥ #(✉❞✐❡❞ ✐♥ ❬✹❪✱ ❬✷✹❪✱ ❬✷✻❪✱ ❬✹✷❪✱ ❬✺✶❪✱

❬✺✷❪✱ ❬✺✸❪ ❛♥❞ ❬✺✹❪✳ ▼♦!❡ ♣!❡❝✐#❡❧②✱ ❬✹✷❪ ❛♥❞ ❬✺✶❪ ♣!❡#❡♥( ❛ ♠✐❧❞ #✐♥❣✉❧❛!✐(② ❛# ❧♦♥❣ ❛# ❬✺✷❪ ❛

#(!♦♥❣ ♦♥❡✳ ❚❤❡ ♣!♦❜❧❡♠ ✇❡ ❞❡❛❧ ✇✐(❤ ✐♥ (❤❡ ♣!❡#❡♥( ♣❛♣❡! ❤❛# (❤❡ #❛♠❡ #✐♥❣✉❧❛!✐(② ♦❢ (❤❡

♦♥❡ ✐♥ ❬✹✷❪✱ ✇❤❡!❡ (❤❡ ♣!♦❜❧❡♠ ✐# ♣♦#❡❞ ✐♥ ❛ (✇♦✲❝♦♠♣♦♥❡♥( ❞♦♠❛✐♥ ✇✐(❤ ❛ !♦✉❣❤ ✐♥(❡!❢❛❝❡✳

❍❡!❡ (❤❡ ♣!♦❜❧❡♠ ✐# *✉❛#✐❧✐♥❡❛! ❛♥❞ ♣♦#❡❞ ✐♥ ❛ ♣❡!❢♦!❛(❡❞ ❞♦♠❛✐♥ ✇✐(❤ ❜♦(❤ ❉✐!✐❝❤❧❡( ❛♥❞

❘♦❜✐♥ ❜♦✉♥❞❛!② ❝♦♥❞✐(✐♦♥#✳ ■♥ ❬✹❪✱ ❬✷✹❪✱ ❬✷✻❪✱ ❬✺✸❪ ❛♥❞ ❬✺✹❪ (❤❡ ♥♦♥❧✐♥❡❛! (❡!♠ ✐# #✐♥❣✉❧❛!

✇✐(❤ !❡#♣❡❝( (♦ (❤❡ #♦❧✉(✐♦♥ ❛♥❞ ❤❛# ❛ *✉❛❞!❛(✐❝ ❣!♦✇(❤ ✇✐(❤ !❡#♣❡❝( (♦ ✐(# ❣!❛❞✐❡♥(✳

▲❡( ✉# ♠❡♥(✐♦♥ (❤❛( ✐♥ (❤❡ ♣❛♣❡!# ❬✶✾❪✱ ❬✷✹❪ ❛♥❞ ❬✷✻❪✱ *✉♦(❡❞ ❛❜♦✈❡✱ (❤❡ ❛✉(❤♦!# ❝♦♥#✐❞❡!

♥♦♥❧✐♥❡❛! ❘♦❜✐♥ ❜♦✉♥❞❛!② ❝♦♥❞✐(✐♦♥✳ ❋♦! (❤❡ ❧✐♥❡❛! ❡*✉❛(✐♦♥ ✇✐(❤ (❤✐# ❦✐♥❞ ♦❢ ❜♦✉♥❞❛!②

❝♦♥❞✐(✐♦♥✱ ✇❡ !❡❢❡! (♦ ❬✷✺❪✱ ❬✸✹❪ ❛♥❞ ❬✸✼❪✳

❚❤❡ ♣❛♣❡! ✐# ♦!❣❛♥✐③❡❞ ❛# ❢♦❧❧♦✇#✿

■♥ ❙❡❝(✐♦♥ 2 ✇❡ ♣!❡#❡♥( (❤❡ #❡((✐♥❣ ♦❢ (❤❡ ♣!♦❜❧❡♠ ❛♥❞ ✇❡ !❡❝❛❧❧ #♦♠❡ ♣!❡❧✐♠✐♥❛!② !❡#✉❧(#✳

■♥ ❙❡❝(✐♦♥ 3 ✇❡ ♣!♦✈❡ #♦♠❡ ❛ ♣!✐♦!✐ ❡#(✐♠❛(❡#✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ❡#(✐♠❛(❡ ♦♥ (❤❡ ✐♥(❡❣!❛❧ ♦❢ (❤❡

#✐♥❣✉❧❛! (❡!♠ ❝❧♦#❡ (♦ (❤❡ #✐♥❣✉❧❛! #❡( {u = 0}✳

■♥ ❙❡❝(✐♦♥ 4 ✇❡ #❤♦✇ (❤❡ ❡①✐#(❡♥❝❡ ♦❢ ❛ #♦❧✉(✐♦♥ ♦❢ (❤❡ ❛♣♣!♦①✐♠❛(❡ ♣!♦❜❧❡♠✳

■♥ ❙❡❝(✐♦♥ 5 ✇❡ ♣!❡#❡♥( (❤❡ ❡①✐#(❡♥❝❡ !❡#✉❧( ❢♦! ♦✉! ♣!♦❜❧❡♠✳

■♥ ❙❡❝(✐♦♥ 6 ✇❡ ❞❡❛❧ ✇✐(❤ (❤❡ ✉♥✐*✉❡♥❡## !❡#✉❧( ♦❢ (❤❡ #♦❧✉(✐♦♥✳

■♥ ❙❡❝(✐♦♥ 7 ✇❡ ❞✐#❝✉## (❤❡ ❜♦✉♥❞❡❞♥❡## ♦❢ ❛ #♦❧✉(✐♦♥ ♦❢ ♦✉! ♣!♦❜❧❡♠✳

✷✶
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✶✳✷ ❙❡%%✐♥❣ ♦❢ %❤❡ ♣-♦❜❧❡♠

❚❤❡ ♣$♦❜❧❡♠ )*✉❞✐❡❞ ✐♥ *❤✐) ♣❛♣❡$ ✐) ♣♦)❡❞ ✐♥ ❛ ♣❡$❢♦$❛*❡❞ ❞♦♠❛✐♥ O✱ ♦❜*❛✐♥❡❞ ❜② $❡♠♦✈✐♥❣

❢$♦♠ ❛ ❜♦✉♥❞❡❞ ❝♦♥♥❡❝*❡❞ ♦♣❡♥ )❡* ♦❢ RN
❛ ❜♦✉♥❞❡❞ ❝❧♦)❡❞ )❡*✱ $❡♣$❡)❡♥*✐♥❣ ♦♥❡ ♦$ ♠♦$❡

❤♦❧❡) ✐♥ *❤❡ ♦♣❡♥ )❡*✳

▼♦$❡ ♣$❡❝✐)❡❧②✱ ✇❡ )✉♣♣♦)❡ N ≥ 2 ❛♥❞ ❞❡♥♦*❡ ❜②

❼ O0 ❛ ❝♦♥♥❡❝*❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ )❡* ✐♥ RN
❛♥❞ Γ0 ✐*) ❜♦✉♥❞❛$②✱

❼ O1 ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ )❡* )✉❝❤ *❤❛* O1 ⊂ O0 ❛♥❞ ✐*) ❜♦✉♥❞❛$② Γ1 ✐) ▲✐♣)❝❤✐*③ ❝♦♥*✐♥✉♦✉)✱

❼ O := O0 \ O1 *❤❡ ♣❡$❢♦$❛*❡❞ ❞♦♠❛✐♥✱

❼ ν *❤❡ ✉♥✐* ♦✉*✇❛$❞ ♥♦$♠❛❧ *♦ O✱

❼ χE *❤❡ ❝❤❛$❛❝*❡$✐)*✐❝ ❢✉♥❝*✐♦♥ ♦❢ ❛♥② )✉❜)❡* E ♦❢ RN
✱

❼ M(α, β, E) *❤❡ )❡* ♦❢ ♠❛*$✐① ✜❡❧❞) A = (ai,j)1≤i,j≤N ∈ (L
∞(E))N×N

)✉❝❤ *❤❛*

(A(x)λ, λ) ≥ α|λ|2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ RN
❛♥❞ ❛✳❡✳ ♦♥ E✳

❋✐❣✉$❡ ✶✳✶✳ ❚❤❡ ♣❡$❢♦$❛.❡❞ ❞♦♠❛✐♥ O

■♥ *❤✐) ♣❛♣❡$ ✇❡ ❛$❡ ✐♥*❡$❡)*❡❞ ✐♥ *❤❡ )*✉❞② ♦❢ *❤❡ ❢♦❧❧♦✇✐♥❣ ♣$♦❜❧❡♠✿





− div(B(x, u)∇u) + λu = fζ(u) ✐♥ O,

u = 0 ♦♥ Γ0,

(B(x, u)∇u)ν + ρh(u) = g ♦♥ Γ1,

✭✶✳✶✮

✇❤❡$❡ ✇❡ ♣$❡)❝$✐❜❡ ❛ ❉✐$✐❝❤❧❡* ❝♦♥❞✐*✐♦♥ ♦♥ *❤❡ ❡①*❡$✐♦$ ❜♦✉♥❞❛$② ♦❢ O ❛♥❞ ❛ ♥♦♥❧✐♥❡❛$

❘♦❜✐♥ ❝♦♥❞✐*✐♦♥ ♦♥ *❤❡ ❜♦✉♥❞❛$② ♦❢ *❤❡ ❤♦❧❡)✳

■♥ *❤❡ )❡D✉❡❧ ✇❡ ♠❛❦❡ *❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦*❤❡)❡)✿
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❍1✮ ❚❤❡ %❡❛❧ N × N ♠❛)%✐① ✜❡❧❞ B : (x, t) ∈ O × R → B(x, t) = (bi,j(x, t))i,j=1,...,N ∈

RN2
.❛)✐.✜❡. )❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐)✐♦♥.✿





✐) B ✐. ❛ ❈❛%❛)❤7♦❞♦%② ❢✉♥❝)✐♦♥,

✐✳❡✳ B(x, ·) ✐. ❝♦♥)✐♥✉♦✉. ❢♦% ❛✳❡✳ x ∈ O

❛♥❞ B(·, t) ✐. ♠❡❛.✉%❛❜❧❡ ❢♦% ❡✈❡%② t ∈ R;

✐✐) B(·, t) ∈M(α, β,O), ❢♦% ❡✈❡%② t ∈ R.

❍2✮ λ ≥ 0.

❍3✮ 



✐) ζ : [0,+∞[→ [0,+∞] ✐. ❛ ❢✉♥❝)✐♦♥ .✉❝❤ )❤❛)

ζ ∈ C0([0,+∞[), 0 ≤ ζ(s) ≤
1

sθ
❢♦% ❡✈❡%② s ∈]0,+∞[, ✇✐)❤ 0 < θ ≤ 1;

✐✐) f ≥ 0 ❛✳❡✳ ✐♥ O0, ✇✐)❤ f ∈ L
l(O0), ❢♦% l ≥

2

1 + θ
(≥ 1).

❍4✮ ❚❤❡ ❢✉♥❝)✐♦♥. g ❛♥❞ ρ ❛%❡ .✉❝❤ )❤❛)





✐) 0 ≤ g ∈ Ls(Γ1), ✇✐)❤





s ≥
2(N − 1)

N
✐❢ N > 2,

s > 1 ✐❢ N = 2;

✐✐) 0 ≤ ρ ∈ L∞(Γ1).

❍5✮ ❊✐)❤❡%

f /≡ 0

♦%

∂HN−1(Γ1) > 0 ❛♥❞ g /≡ 0,

✇❤❡%❡ ∂HN−1 ✐. )❤❡ (N − 1)✲❍❛✉.❞♦%✛ ♠❡❛.✉%❡ ✐♥ RN
✳

❍6✮ ❚❤❡ ❢✉♥❝)✐♦♥ h ✐. ❛♥ ✐♥❝%❡❛.✐♥❣ ❛♥❞ ❝♦♥)✐♥✉♦✉.❧② ❞✐✛❡%❡♥)✐❛❜❧❡ ❢✉♥❝)✐♦♥ .✉❝❤ )❤❛)

❢♦% .♦♠❡ ♣♦.✐)✐✈❡ ❝♦♥.)❛♥) C ❛♥❞ ❛♥ ❡①♣♦♥❡♥) q ♦♥❡ ❤❛.





h(0) = 0,

|h′(s)| ≤ C(1 + |s|q−1), ∀s ∈ R,

✇✐)❤ 1 ≤ q <∞ ✐❢ N = 2, ❛♥❞ 1 ≤ q ≤
N

N − 2
✐❢ N > 2.
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❘❡♠❛$❦ ✶✳✶✳ ❙✐♥❝❡ h ✐% ❛♥ ✐♥❝'❡❛%✐♥❣ ❢✉♥❝+✐♦♥ ❛♥❞ h(0) = 0✱

(h(s)− h(s′))(s− s′) ≥ 0, ∀s, s′ ∈ R, ✭✶✳✷✮

✇❤✐❝❤ ✐♠♣❧✐❡%

h(s)s ≥ 0, ∀s ∈ R. ✭✶✳✸✮

▼♦'❡♦✈❡'✱ ❢'♦♠ +❤❡ ❜♦✉♥❞❡❞♥❡%% ♦❢ +❤❡ ❞❡'✐✈❛+✐✈❡✱ ✇❡ ❤❛✈❡

|h(s)| ≤ C(1 + |s|q), ∀s ∈ R, ✭✶✳✹✮

✇✐+❤ q ❛% ✐♥ ❍6✮✳

❘❡♠❛$❦ ✶✳✷✳ ■♥ ❬✷✹❪ +❤❡ ❢✉♥❝+✐♦♥ g ✐% %✉♣♣♦%❡❞ ✇✐+❤ ❤✐❣❤❡' %✉♠♠❛❜✐❧✐+②✱ +❤❛+ ✐% s > N−1✱

✇❤✐❝❤ ✐% ♥❡❝❡%%❛'② +❤❡'❡ %✐♥❝❡ +❤❡ ❛✉+❤♦'% ❧♦♦❦ ❢♦' ❜♦✉♥❞❡❞ %♦❧✉+✐♦♥%✳ ❍❡'❡ ✇❡ ✇✐❧❧ ❞♦

+❤❡ %❛♠❡ ❛%%✉♠♣+✐♦♥ ♦♥❧② ❢♦' ♦✉' ❧❛%+ '❡%✉❧+ ❛❜♦✉+ '❡❣✉❧❛'✐+②✱ ❜✉+ ❢♦' +❤❡ ❡①✐%+❡♥❝❡ ❛♥❞

✉♥✐E✉❡♥❡%% '❡%✉❧+% +❤✐% ✐% ♥♦+ ♥❡❝❡%%❛'② ❛♥❞ ✇❡ ❝❛♥ %✉♣♣♦%❡ +❤❡ ♠✐♥✐♠❛❧ ❛%%✉♠♣+✐♦♥ ♦♥ +❤❡

%✉♠♠❛❜✐❧✐+② ♦❢ g✱ ❣✐✈❡♥ ✐♥ ❍4)i✳

❲❡ ✐♥+'♦❞✉❝❡ ♥♦✇ +❤❡ ♥❛+✉'❛❧ ❢'❛♠❡✇♦'❦ ❢♦' +❤❡ %+✉❞② ♦❢ ♣'♦❜❧❡♠ ✭✶✳✶✮ ❛♥❞ ✐+% ✈❛'✐❛+✐♦♥❛❧

❢♦'♠✉❧❛+✐♦♥✳

▲❡+ V ❜❡ +❤❡ %♣❛❝❡ ❞❡✜♥❡❞ ❜② V = {v ∈ H1(O) : v = 0 ♦♥ Γ0}✳ ❋♦' +❤❡ J♦✐♥❝❛'K ❛♥❞

❙♦❜♦❧❡✈ ✐♥❡E✉❛❧✐+✐❡%✱ +❤❡'❡ ❡①✐%+% ❛ ♣♦%✐+✐✈❡ ❝♦♥%+❛♥+ Ct = Ct(O) %✉❝❤ +❤❛+

‖u‖Lt(O) ≤ Ct‖∇u‖L2(O), ∀u ∈ V,

❢♦' ❛❧❧ t ∈ [2,+∞) ✐❢ N = 2✱ ❛♥❞ ❢♦' ❛❧❧ t ∈ [2,2∗] ✐❢ N > 2✱ ✇❤❡'❡ 2∗ = 2N
N−2

✳ ■♥ +❤❡ %❡E✉❡❧✱

✇❡ ✇✐❧❧ ✉%❡ CO ✐♥%+❡❛❞ ♦❢ C2(O)✳

❈♦♥%❡E✉❡♥+❧②✱ V ❝❛♥ ❜❡ ❡E✉✐♣♣❡❞ ❜② +❤❡ ♥♦'♠

‖u‖V := ‖∇u‖L2(O), ∀u ∈ V, ✭✶✳✺✮

✇❤✐❝❤ ✐% ❡E✉✐✈❛❧❡♥+ +♦ +❤❡ H1
✲♥♦'♠✳

❘❡♠❛$❦ ✶✳✸✳ ❋'♦♠ +❤❡ ❙♦❜♦❧❡✈ ❛♥❞ +❤❡ +'❛❝❡ ✐♥❝❧✉%✐♦♥% ✐+ ❢♦❧❧♦✇% +❤❛+ ✭%❡❡ ❬✸✹❪✮✿

❼ ✐❢ N = 2✱ +❤❡ ♠❛♣ u ∈ V → u ∈ Lr(Γ1) ✐% ❝♦♥+✐♥✉♦✉% ❢♦' ❛❧❧ r ∈ [1,+∞)❀

❼ ✐❢ N > 2✱ +❤❡ ♠❛♣ u ∈ V → u ∈ L
2(N−1)
N−2 (Γ1) ✐% ❝♦♥+✐♥✉♦✉%✳

❚❤❛+ ✐%✱ +❤❡'❡ ❡①✐%+% ❛ ♣♦%✐+✐✈❡ ❝♦♥%+❛♥+ γr = γr(O) %✉❝❤ +❤❛+

‖u‖Lr(Γ1) ≤ γr‖u‖V , ∀u ∈ V,

❢♦' ❛❧❧ r ∈ [1,+∞) ✐❢ N = 2✱ ❛♥❞ r = 2(N−1)
N−2

✐❢ N > 2✳

✷✹
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❲❡ "❡❝❛❧❧ ❛❧&♦ (❤❡ ❢♦❧❧♦✇✐♥❣ "❡&✉❧(& ♣"♦✈❡❞ ✐♥ ❬✸✹❪ ✭&❡❡ ❛❧&♦ ❬✶✾❪✮✿

 !♦♣♦$✐&✐♦♥ ✶✳✹✳ ❬✶✾❪❬✸✹❪ ▲❡( h ❜❡ ❛ ❢✉♥❝(✐♦♥ 1❛(✐1❢②✐♥❣ ❛11✉♠♣(✐♦♥ ❍6✮✳ ❙✉♣♣♦1❡ (❤❛( r

❛♥❞ r′ ❛<❡ 1✉❝❤ (❤❛(

✐) ✐❢ N = 2, r′ ∈ [1,+∞) ❛♥❞ r ≥ qr′;

✐✐) ✐❢ N > 2, r =
2(N − 1)

N − 2
❛♥❞ r′ =

2(N − 1)

N

(
✐✳❡✳

1

r
+
1

r′
= 1

)
.

✭✶✳✻✮

❚❤❡♥

1) ❚❤❡ ♠❛♣ u ∈ V → h(u) ∈ Lr′(Γ1) ✐1 ✇❡❛❦❧② ❝♦♥(✐♥✉♦✉1❀ (❤❛( ✐1✱ ✐( ♠❛♣1 ❛ ✇❡❛❦❧②

❝♦♥✈❡<❣❡♥( 1❡D✉❡♥❝❡ ✐♥ V ✐♥(♦ ✇❡❛❦❧② ❝♦♥✈❡<❣❡♥( ❢✉♥❝(✐♦♥1 ✐♥ Lr′(Γ1)✳

2) ❚❤❡ ♠❛♣ u ∈ H1(O) → u ∈ Lr(Γ1) ✐1 ❝♦♥(✐♥✉♦✉1✱ ❛♥❞ ❢♦< ❡✈❡<② u, v ∈ H1(O)✱ ✇❡

❤❛✈❡ vh(u) ∈ L1(Γ1)✳

3) ❚❤❡ ♠❛♣ u ∈ Lr(Γ1) → h(u) ∈ Lr′(Γ1) ✐1 ❝♦♥(✐♥✉♦✉1 ❛♥❞ ❜♦✉♥❞❡❞ ❛♥❞ (❤❡<❡ ❡①✐1(1 ❛

♣♦1✐(✐✈❡ ❝♦♥1(❛♥( c 1✉❝❤ (❤❛(

‖h(u)‖Lr′ (Γ1)
≤ c(1 + ‖u‖

r

r′

Lr(Γ1)
).

❘❡♠❛!❦ ✶✳✺✳ >"♦♣❡"(② 2) ✐♥ >"♦♣♦&✐(✐♦♥ ✶✳✹ ❛❧❧♦✇& ✉& (♦ &(❛(❡ (❤❛( ✉♥❞❡" ❤②♣♦(❤❡&✐& ❍4✮ii✱

∫

Γ1

ρh(u)ϕdσ < +∞, ∀ϕ ∈ V ❛♥❞ ∀u ∈ V.

❲❡ ❛❧&♦ ❤❛✈❡ ✉♥❞❡" ❤②♣♦(❤❡&✐& ❍4✮i✱

∫

Γ1

gϕdσ < +∞, ∀ϕ ∈ V.

■♥❞❡❡❞✱ ✇❤❡♥ N > 2✱ >"♦♣♦&✐(✐♦♥ ✶✳✹ ✐♠♣❧✐❡& (❤❛(

ϕ ∈ L
2(N−1)
N−2 (Γ1) ❛♥❞ g ∈ Ls(Γ1) ⊂ L

2(N−1)
N (Γ1) = L(

2(N−1)
N−2 )

′

(Γ1),

&✐♥❝❡ s > 2(N−1)
N

=
(

2(N−1)
N−2

)′

✳ ❲❤❡♥ N = 2✱ g ∈ Ls(Γ1) ❛♥❞✱ ❜② ❘❡♠❛"❦ ✶✳✸✱ ϕ ∈ L
s′(Γ1)✳

 !♦♣♦$✐&✐♦♥ ✶✳✻✳ ❬✶✾❪ ▲❡( h ❜❡ ❛ ❢✉♥❝(✐♦♥ 1❛(✐1❢②✐♥❣ ❛11✉♠♣(✐♦♥ ❍6✮✳ ▲❡( t1 ≥ 1 1✉❝❤

(❤❛(

✐) ✐❢ N = 2, t1 ∈ [1,2[;

✐✐) ✐❢ N > 2, t1 =
2 · 2∗

2∗ + 2q
=

2N

q(N − 2) +N
.

■❢ u ❛♥❞ v ❛<❡ ✐♥ H1(O)✱ (❤❡♥ h(u)v ∈ W 1,t1(O)✳

✷✺
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❋✉"#❤❡"♠♦"❡ ❧❡# ✉) "❡❝❛❧❧ #❤❡ ❝❧❛))✐❝❛❧ ❞❡❝♦♠♣♦)✐#✐♦♥ u = u+ − u− ❢♦" ❡✈❡"② ❢✉♥❝#✐♦♥

u ∈ V ✱ ✇❤❡"❡ u+ ❛♥❞ u− ❛"❡ #❤❡ ♥♦♥♥❡❣❛#✐✈❡ ❢✉♥❝#✐♦♥) ❞❡✜♥❡❞ ❜②

u+ := max{u,0}, u− := −min{u,0} ❛✳❡✳ ✐♥ O.

■♥ #❤❡ )❡:✉❡❧ ✇❡ ✇✐❧❧ ❛❧)♦ ✉)❡ #❤❡ #✇♦ "❡❛❧ ❢✉♥❝#✐♦♥) ✐♥#"♦❞✉❝❡❞ ❜❡❧♦✇✳

❋♦" ❡✈❡"② k > 0✱ Tk ❞❡♥♦#❡) #❤❡ ✉)✉❛❧ #"✉♥❝❛#✐♦♥ ❢✉♥❝#✐♦♥ ❛# ❧❡✈❡❧ k ❣✐✈❡♥ ❜② ✭)❡❡ ❋✐❣✉"❡

✶✳✷✮

Tk(s) =





−k, ✐❢ s < −k,

s, ✐❢ |s| ≤ k,

k, ✐❢ s > k;

❋✐❣✉$❡ ✶✳✷✳ ❚❤❡ +$✉♥❝❛+✐♦♥ ❢✉♥❝+✐♦♥

❛♥❞ ❢♦" ❡✈❡"② δ > 0✱ #❤❡ ❛✉①✐❧✐❛"② ❢✉♥❝#✐♦♥ Zδ ✐) ❞❡✜♥❡❞ ❜② ✭)❡❡ ❋✐❣✉"❡ ✶✳✸✮

Zδ(s) =





1, ✐❢ 0 ≤ s ≤ δ,

−
s

δ
+ 2, ✐❢ δ ≤ s ≤ 2δ,

0, ✐❢ s ≥ 2δ.

✭✶✳✼✮

❋✐❣✉$❡ ✶✳✸✳ ❚❤❡ ❛✉①✐❧✐❛$② ❢✉♥❝+✐♦♥

✷✻
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❖❜"❡$✈❡ &❤❛&✱ ✐❢ ϕ ∈ V ✱ &❤❡♥ Tk(ϕ) ❝♦♥✈❡$❣❡" &♦ ϕ ❛❧♠♦"& ❡✈❡$②✇❤❡$❡ ✐♥ O "♦ &❤❛&✱ ✈✐❛

&❤❡ ▲❡❜❡"❣✉❡ ❞♦♠✐♥❛&❡❞ ❝♦♥✈❡$❣❡♥❝❡ &❤❡♦$❡♠✱

Tk(ϕ)→ ϕ "&$♦♥❣❧② ✐♥ V, ❛" k →∞. ✭✶✳✽✮

▼♦$❡♦✈❡$ 0 ≤ Zδ(s) ≤ 1 ❢♦$ ❛♥② ♣♦"✐&✐✈❡ $❡❛❧ s ❛♥❞

∇Zδ(s) = χ{δ≤s≤2δ}

(
−
1

δ
∇s

)
. ✭✶✳✾✮

❖✉$ ❛✐♠ ✐" &♦ ♣$♦✈❡ ❛♥ ❡①✐"&❡♥❝❡ $❡"✉❧& ❢♦$ ♣$♦❜❧❡♠ ✭✶✳✶✮✱ ✇❤♦"❡ ✈❛$✐❛&✐♦♥❛❧ ❢♦$♠✉❧❛&✐♦♥ ✐"

&❤❡ ❢♦❧❧♦✇✐♥❣✿ 



❋✐♥❞ u ∈ V "✉❝❤ &❤❛& u > 0 ❛✳❡✳ ✐♥ O,
∫

O

fζ(u)ϕdx < +∞ ❛♥❞

∫

O

B(x, u)∇u∇ϕdx+

∫

Γ1

ρh(u)ϕdσ +

∫

O

λuϕdx

=

∫

O

fζ(u)ϕdx+

∫

Γ1

gϕdσ, ∀ϕ ∈ V.

✭✶✳✶✵✮

❆ ❢✉♥❝&✐♦♥ u "❛&✐"❢②✐♥❣ ✭✶✳✶✵✮ ✐" ❝❛❧❧❡❞ ❛ "♦❧✉&✐♦♥ ♦❢ ♣$♦❜❧❡♠ ✭✶✳✶✮✳

✶✳✸ ❆ ♣%✐♦%✐ ❡)*✐♠❛*❡)

■♥ &❤✐" "❡❝&✐♦♥✱ ✇❡ ♣$♦✈❡ "♦♠❡ ❛ ♣$✐♦$✐ ❡"&✐♠❛&❡" ❢♦$ ❛ "♦❧✉&✐♦♥ u ♦❢ ♣$♦❜❧❡♠ ✭✶✳✶✮✳ ❚❤❡"❡

❡"&✐♠❛&❡" ❛❧"♦ ❛♣♣❧② &♦ &❤❡ "♦❧✉&✐♦♥ um ♦❢ &❤❡ ❛♣♣$♦①✐♠❛&❡ ♣$♦❜❧❡♠ ✭✹✳✶✮✱ ✉"❡❞ ✐♥ &❤❡ ♥❡①&

"❡❝&✐♦♥❀ ✐♥ &❤✐" ❝❛"❡ &❤❡② ❛$❡ ✉♥✐❢♦$♠ ✇✐&❤ $❡"♣❡❝& &♦ m✱ ✇❤✐❝❤ ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦$&❛♥& $♦❧❡

✇❤❡♥ ♣❛""✐♥❣ &♦ &❤❡ ❧✐♠✐& ✐♥ &❤❡ ♣$♦❜❧❡♠✱ ❛" m→ +∞✳ ❲❡ ❛❞❛♣& ❤❡$❡ "♦♠❡ ✐❞❡❛" ❢$♦♠ ❬✹✷❪✳

❙❡&

s1 :=





2(N − 1)

N − 2
✐❢ N > 2,

s′ ✐❢ N = 2,

✭✶✳✶✶✮

✇❤❡$❡ s ✐" ❣✐✈❡♥ ❜② ❍4✮i✳

 !♦♣♦$✐&✐♦♥ ✶✳✼✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍6✮✱ ❧❡* u ∈ V ❜❡ ❛ &♦❧✉*✐♦♥ ♦❢ ♣$♦❜❧❡♠ ✭✶✳✶✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣$✐♦$✐ ❡&*✐♠❛*❡ ❤♦❧❞&✿

‖u‖V ≤ c, ✭✶✳✶✷✮

✇❤❡$❡ c ❞❡♣❡♥❞& ♦♥ α✱ CO✱ γs1✱ ‖f‖Ll(O) ❛♥❞ ‖g‖Ls(Γ1)✳

✷✼
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 !♦♦❢✳ ▲❡" u ∈ V ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✶✳✶✮ ❛♥❞ ❧❡" ✉% ❝❤♦♦%❡ u ❛% "❡%" ❢✉♥❝"✐♦♥ ✐♥ ✐"%

✈❛-✐❛"✐♦♥❛❧ ❢♦-♠✉❧❛"✐♦♥ ✭✶✳✶✵✮✳ ❯%✐♥❣ ❍1✮✱ ❍2✮✱ ❍3✮✱ ❍4✮ii✱ ✭✶✳✸✮✱ ❛♥❞ ✭✶✳✺✮✱ ✇❡ ❣❡"

α‖∇u‖2L2(O) ≤

∫

O

B(x, u)∇u∇udx+

∫

O

λu2dx+

∫

Γ1

ρh(u)udσ

=

∫

O

fζ(u)udx+

∫

Γ1

gudσ

≤

∫

O

fu1−θdx+

∫

Γ1

gudσ.

❆♣♣❧②✐♥❣ ❨♦✉♥❣✱ ❍B❧❞❡- ❛♥❞ C♦✐♥❝❛-D ✐♥❡E✉❛❧✐"✐❡%✱ ✉%✐♥❣ ❘❡♠❛-❦ ✶✳✸✱ ❘❡♠❛-❦ ✶✳✺ ❛♥❞ ✭✶✳✶✶✮✱

✇❡ ♦❜"❛✐♥

α‖∇u‖2L2(O) ≤ η‖u‖2L2(O) + c(η)‖f‖
2

1+θ

L
2

1+θ (O)
+ c1‖g‖Ls(Γ1)‖u‖Ls1 (Γ1)

≤ η‖u‖2L2(O) + c(η)‖f‖
2

1+θ

L
2

1+θ (O)
+ c1γs1‖g‖Ls(Γ1)‖u‖V

≤ ηC2
O‖u‖

2
V + c(η)c2‖f‖

2
1+θ

Ll(O)

+ ηc1γs1‖g‖Ls(Γ1)‖u‖
2
V + c(η)c1γs1‖g‖Ls(Γ1).

✭✶✳✶✸✮

❲❡ ❣❡"

α‖u‖2V ≤ η‖u‖2V
(
C2

O + c1γs1‖g‖Ls(Γ1)

)

+c(η)

(
c2‖f‖

2
1+θ

Ll(O)
+ c1γs1‖g‖Ls(Γ1)

)
.

❲❤❡♥❝❡✱ -❡♠✐♥❞✐♥❣ "❤❛" ‖f‖
2

1+θ

Ll(O)
❛♥❞ ‖g‖Ls(Γ1) ❛-❡ ✜♥✐"❡ E✉❛♥"✐"✐❡% ✭❞✉❡ "♦ ❤②♣♦"❤❡%❡% ❍3✮ii

❛♥❞ ❍4✮i✮ ❛♥❞ "❛❦✐♥❣ η %✉✣❝✐❡♥"❧② %♠❛❧❧ %♦ "❤❛" α− η(C2
O + c1γs1‖g‖Ls(Γ1)) ≥ 0✱ ✇❡ ❞❡❞✉❝❡

"❤❛" "❤❡-❡ ❡①✐%"% ❛ ❝♦♥%"❛♥" c %✉❝❤ "❤❛"

‖u‖V ≤ c,

✇❤❡-❡ "❤❡ ❝♦♥%"❛♥" c ❞❡♣❡♥❞% ♦♥ α✱ CO✱ γs1 ✱ ‖f‖Ll(O) ❛♥❞ ‖g‖Ls(Γ1)✳

 !♦♣♦$✐&✐♦♥ ✶✳✽✳ ❯♥❞❡! ❛**✉♠♣.✐♦♥* ❍1✮✲❍6✮✱ ❧❡. u ∈ V ❜❡ ❛ *♦❧✉.✐♦♥ ♦❢ ♣!♦❜❧❡♠ ✭✶✳✶✮✳

❚❤❡♥

‖fζ(u)ϕ‖L1(O) ≤ c, ✭✶✳✶✹✮

❢♦! ❡✈❡!② ♣♦*✐.✐✈❡ ϕ ∈ V ✇✐.❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ CO✱ λ✱ r
′
✱ γr✱ γs1✱ ‖ϕ‖V ✱ ‖f‖Ll(O)✱

‖ρ‖L∞(Γ1) ❛♥❞ ‖g‖Ls(Γ1)✱ ✇❤❡!❡ r ❛♥❞ r
′
❛!❡ ❛* ✐♥ ✭✶✳✻✮✳

✷✽
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 !♦♦❢✳ ▲❡" u ∈ V ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✶✳✶✮ ❛♥❞ ❧❡" ✉% ❝❤♦♦%❡ ❛ ♥♦♥♥❡❣❛"✐✈❡ ϕ ∈ V ❛%

"❡%" ❢✉♥❝"✐♦♥ ✐♥ ✐"% ✈❛-✐❛"✐♦♥❛❧ ❢♦-♠✉❧❛"✐♦♥ ✭✶✳✶✵✮✳ ❙✐♥❝❡ f ✱ ζ ❛♥❞ ϕ ❛-❡ ♥♦♥♥❡❣❛"✐✈❡✱ ✇❡ ❤❛✈❡

0 ≤

∫

O

fζ(u)ϕdx =

∫

O

B(x, u)∇u∇ϕdx

+

∫

Γ1

ρh(u)ϕdσ +

∫

O

λuϕdx−

∫

Γ1

gϕdσ.
✭✶✳✶✺✮

❲❡ ✇✐❧❧ ✉%❡ "❤❡ ❍?❧❞❡- ✐♥❡@✉❛❧✐"② ❢♦- ❡❛❝❤ "❡-♠✳ ❋♦- ❍1✮ii ✇❡ ❣❡"

∫

O

B(x, u)∇u∇ϕdx ≤ β‖∇u‖L2(O)‖∇ϕ‖L2(O).

❚❛❦✐♥❣ r ❛♥❞ r′ ✈❡-✐❢②✐♥❣ ❛%%✉♠♣"✐♦♥% ✭✶✳✻✮✱ ❢-♦♠ ❍4✮ii✱ F-♦♣♦%✐"✐♦♥ ✶✳✹ ❛♥❞ ❘❡♠❛-❦ ✶✳✺✱ ✇❡

❤❛✈❡ ∫

Γ1

ρh(u)ϕdσ ≤ ‖ρ‖L∞(Γ1)‖h(u)ϕ‖L1(Γ1)

≤ ‖ρ‖L∞(Γ1)‖h(u)‖Lr′ (Γ1)
‖ϕ‖Lr(Γ1)

≤ ‖ρ‖L∞(Γ1)c
′
(
1 + ‖u‖

r

r′

Lr(Γ1)

)
‖ϕ‖Lr(Γ1)

≤ ‖ρ‖L∞(Γ1)c
′
(
1 + γ

r

r′
r ‖u‖

r

r′

V

)
γr‖ϕ‖V .

❋♦- "❤❡ F♦✐♥❝❛-I ✐♥❡@✉❛❧✐"② ✇❡ ❣❡"

∫

O

λuϕdx ≤ λ‖u‖L2(O)‖ϕ‖L2(O) ≤ λC2
O‖∇u‖L2(O)‖∇ϕ‖L2(O).

❙✐♥❝❡ g ❛♥❞ ϕ ❛-❡ ♥♦♥♥❡❣❛"✐✈❡✱ "❤❡ ❧❛%" "❡-♠ ✐♥ ✭✶✳✶✺✮ ✐% ❧♦✇❡- ♦- ❡@✉❛❧ "♦ ③❡-♦✳ ◆♦✇ ✉%✐♥❣

"❤❡ ❛ ♣-✐♦-✐ ❡%"✐♠❛"❡ ✭✶✳✶✷✮ ♦❢ F-♦♣♦%✐"✐♦♥ ✶✳✼✱ ✇❡ ♦❜"❛✐♥

0 ≤

∫

O

fζ(u)ϕdx ≤ c,

✇❤❡-❡ "❤❡ ❝♦♥%"❛♥" ❝ ❞❡♣❡♥❞% ♦♥ α✱ β✱ CO✱ λ✱ r
′
✱ γr✱ γs1 ✱ ‖ϕ‖V ✱ ‖f‖Ll(O)✱ ‖ρ‖L∞(Γ1) ❛♥❞

‖g‖Ls(Γ1)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣-♦♣♦%✐"✐♦♥ ❣✐✈❡% ❛♥ ❡%"✐♠❛"❡ ♦❢ "❤❡ ✐♥"❡❣-❛❧ ♦❢ "❤❡ %✐♥❣✉❧❛- "❡-♠ ❝❧♦%❡ "♦

"❤❡ %✐♥❣✉❧❛- %❡" {u = 0}✱ ✇❤✐❝❤ ✐% ❝-✉❝✐❛❧ ❢♦- "❤❡ ♣-♦♦❢% ♦❢ ♥❡①" -❡%✉❧"%✳

 !♦♣♦$✐&✐♦♥ ✶✳✾✳ ❯♥❞❡! ❛**✉♠♣.✐♦♥* ❍1✮✲❍6✮✱ ❧❡. u ∈ V ❜❡ ❛ *♦❧✉.✐♦♥ ♦❢ ♣!♦❜❧❡♠ ✭✶✳✶✮

❛♥❞ δ ❛ ✜①❡❞ ♣♦*✐.✐✈❡ !❡❛❧ ♥✉♠❜❡!✳ ❚❤❡♥✱
∫

{0≤u≤δ}

fζ(u)ϕdx ≤

∫

O

B(x, u)∇u∇ϕZδ(u)dx

+h(2δ)‖ρ‖L∞(Γ1)‖ϕ‖L1(Γ1) + 2δλ‖ϕ‖L1(O),

✭✶✳✶✻✮

❢♦! ❡✈❡!② ϕ ∈ V ✱ ϕ ≥ 0✱ ✇❤❡!❡ Zδ ✐* ❞❡✜♥❡❞ ❜② ✭✶✳✼✮✳

✷✾



✶ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ ♣❡.❢♦.❛&❡❞ ❞♦♠❛✐♥%

 !♦♦❢✳ ▲❡" u ∈ V ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✶✳✶✮ ❛♥❞ ϕ ∈ V ❛ ♥♦♥♥❡❣❛"✐✈❡ ❢✉♥❝"✐♦♥✳ ▲❡" ✉%

❝❤♦♦%❡✱ ❢♦- k > 0✱ Zδ(u)Tk(ϕ) ∈ V ❛% "❡%" ❢✉♥❝"✐♦♥ ✐♥ "❤❡ ✈❛-✐❛"✐♦♥❛❧ ❢♦-♠✉❧❛"✐♦♥ ✭✶✳✶✵✮✳

❯%✐♥❣ ✭✶✳✾✮✱ ✇❡ ❤❛✈❡

∫

O

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx−
1

δ

∫

O∩{δ<u<2δ}

B(x, u)∇u∇uTk(ϕ)dx

+

∫

Γ1

ρh(u)Zδ(u)Tk(ϕ)dσ + λ

∫

O

uZδ(u)Tk(ϕ)dx

−

∫

Γ1

gZδ(u)Tk(ϕ)dσ =

∫

O

fζ(u)Zδ(u)Tk(ϕ)dx.

❋-♦♠ ❍1✮ ❛♥❞ %✐♥❝❡ g, ϕ, δ ❛♥❞ α ❛-❡ ♥♦♥♥❡❣❛"✐✈❡✱ "❤❡ ♣-❡✈✐♦✉% ❡?✉❛❧✐"② ✐♠♣❧✐❡%

∫

{0≤u≤δ}

fζ(u)Tk(ϕ)dx =

∫

{0≤u≤δ}

fζ(u)Zδ(u)Tk(ϕ)dx ≤

∫

O

fζ(u)Zδ(u)Tk(ϕ)dx

≤

∫

O

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx+

∫

Γ1

ρh(u)Zδ(u)Tk(ϕ)dσ + λ

∫

O

uZδ(u)Tk(ϕ)dx.

❋-♦♠ "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ Zδ ❛♥❞ "❤❡ ❣-♦✇"❤ ♦❢ h✱ ✇❡ ❤❛✈❡ h(u) ≤ h(2δ) ♦♥ "❤❡ %❡"

{0 ≤ u ≤ 2δ}✱ %♦ "❤❛"
∫

Γ1

ρh(u)Zδ(u)Tk(ϕ)dσ ≤

∫

Γ1

ρh(u)Tk(ϕ)χ{0≤u≤2δ}dσ

≤ h(2δ)

∫

Γ1

ρTk(ϕ)dσ ≤ h(2δ)‖ρ‖L∞(Γ1)‖Tk(ϕ)‖L1(Γ1),

✇❤❡-❡ ✇❡ ✉%❡❞ ❛❣❛✐♥ B-♦♣♦%✐"✐♦♥ ✶✳✹✳ ❆❧%♦✱ ✇❡ ♦❜"❛✐♥

λ

∫

O

uZδ(u)Tk(ϕ)dx ≤ λ

∫

O

uTk(ϕ)χ{0≤u≤2δ}dx

≤ 2δλ

∫

O

Tk(ϕ)dx = 2δλ‖Tk(ϕ)‖L1(O).

❋♦- ❡✈❡-② k > 0✱ ✇❡ ❣❡"
∫

{0≤u≤δ}

fζ(u)Tk(ϕ)dx ≤

∫

O

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx

+h(2δ)‖ρ‖L∞(Γ1)‖Tk(ϕ)‖L1(Γ1) + 2δλ‖Tk(ϕ)‖L1(O).

❲❡ ❝❛♥ ♣❛%% "♦ "❤❡ ❧✐♠✐" ❛% k "❡♥❞% "♦ ✐♥✜♥✐"② ✐♥ "❤✐% ✐♥❡?✉❛❧✐"②✳ ❈♦♥✈❡-❣❡♥❝❡ ✭✶✳✽✮ ❛♥❞

❋❛"♦✉✬% ❧❡♠♠❛ ❛♣♣❧②❡❞ ♦♥ "❤❡ ❧❡❢"✲❤❛♥❞ %✐❞❡ ❣✐✈❡ ✉%

∫

{0≤u≤δ}

fζ(u)ϕdx ≤

∫

O

B(x, u)∇u∇ϕZδ(u)dx

+h(2δ)‖ρ‖L∞(Γ1)‖ϕ‖L1(Γ1) + 2δλ‖ϕ‖L1(O),

"❤❛" ❡♥❞% "❤❡ ♣-♦♦❢✳

✸✵
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✶✳✹ ❆♥ ❛♣♣'♦①✐♠❛,❡ ♣'♦❜❧❡♠

❆! ✉!✉❛❧ ❢♦' (❤✐! ❦✐♥❞ ♦❢ ♣'♦❜❧❡♠ ✭!❡❡ ❢♦' ✐!(❛♥❝❡ ❬✹❪✱ ❬✶✾❪✱ ❬✷✹❪✱ ❬✸✹❪✱ ❬✹✷❪✱ ❬✺✶❪✱ ❬✺✷❪ ❛♥❞ ❬✺✸❪✮✱

✐♥ ♦'❞❡' (♦ !(✉❞② (❤❡ ❡①✐!(❡♥❝❡ ♦❢ ❛ !♦❧✉(✐♦♥ ♦❢ ♣'♦❜❧❡♠ ✭✶✳✶✮✱ ✇❡ ❛♣♣'♦①✐♠❛(❡ ♦✉' ♣'♦❜❧❡♠

❜② ❛ !❡B✉❡♥❝❡ ♦❢ ♥♦♥!✐♥❣✉❧❛' ♣'♦❜❧❡♠! ✇✐(❤ ❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛'✐(② ✐♥ (❤❡ ❡B✉❛(✐♦♥✳ ❋✐'!( ✇❡

!❤♦✇ ❤❡'❡ (❤❛( (❤❡!❡ ❛♣♣'♦①✐♠❛(❡ ♣'♦❜❧❡♠! ❛❞♠✐( ❛( ❧❡❛!( ❛ !♦❧✉(✐♦♥✳ ❉✉❡ (♦ (❤❡ ♣'❡!❡♥❝❡

♦❢ (❤❡ B✉❛!✐❧✐♥❡❛' (❡'♠✱ ❛! ✐♥ (❤❡ ❛'(✐❝❧❡! B✉♦(❡❞ ❛❜♦✈❡✱ ✇❡ ♠❛❦❡ ✉!❡ ♦❢ (❤❡ ❙❝❤❛✉❞❡' ✜①❡❞✲

♣♦✐♥( (❤❡♦'❡♠ !(❛(❡❞ ❜❡❧♦✇✳ ❚❤❡♥ ✐♥ (❤❡ ♥❡①( !❡❝(✐♦♥✱ ✉!✐♥❣ (❤❡ ❛ ♣'✐♦'✐ ❡!(✐♠❛(❡! !(❛(❡❞ ✐♥

(❤❡ ♣'❡✈✐♦✉! ♦♥❡✱ ✇❡ !❤♦✇ (❤❛( (❤❡ !❡B✉❡♥❝❡ ♦❢ !♦❧✉(✐♦♥! ♦❢ (❤❡!❡ ♣'♦❜❧❡♠! ❝♦♥✈❡'❣❡! (♦ ❛

!♦❧✉(✐♦♥ ♦❢ ♦✉' ✐♥✐(✐❛❧ ♣'♦❜❧❡♠✳

❚❤❡'❡❢♦'❡✱ ✇❡ ❞❡✜♥❡ (❤❡ ❢♦❧❧♦✇✐♥❣ !❡B✉❡♥❝❡ ♦❢ ♥♦♥!✐♥❣✉❧❛' ♣'♦❜❧❡♠!✱ ✇❤✐❝❤ ❛♣♣'♦①✐♠❛(❡

♣'♦❜❧❡♠ ✭✶✳✶✮✿





− div(B(x, um)∇um) + λum = Tm(fζ(|um|)) ✐♥ O,

um = 0 ♦♥ Γ0,

(B(x, um)∇um)ν + ρh(um) = g ♦♥ Γ1,

✭✶✳✶✼✮

✇❤❡'❡✱ ❢♦' ❡✈❡'② m ∈ N✱ (❤❡ ❢✉♥❝(✐♦♥ Tm ✐! (❤❡ ('✉♥❝❛(✐♦♥ ❢✉♥❝(✐♦♥ ❛( ❧❡✈❡❧ m✳ ❚❤❡♥✱ (❤❡

✈❛'✐❛(✐♦♥❛❧ ❢♦'♠✉❧❛(✐♦♥ ❛!!♦❝✐❛(❡❞ ✇✐(❤ (❤❡ ❛♣♣'♦①✐♠❛(❡ ♣'♦❜❧❡♠ ✭✶✳✶✼✮ '❡❛❞!





❋✐♥❞ um ∈ V !✉❝❤ (❤❛(

∫

O

B(x, um)∇um∇ϕdx+

∫

Γ1

ρh(um)ϕdσ +

∫

O

λumϕdx

=

∫

O

Tm(fζ(|um|))ϕdx+

∫

Γ1

gϕdσ, ∀ϕ ∈ V.

✭✶✳✶✽✮

❚❤❛♥❦! (♦ (❤✐! ❛♣♣'♦①✐♠❛(✐♦♥✱ ✇❡ ❛✈♦✐❞ (❤❡ !✐♥❣✉❧❛'✐(② ❛( 0✳

◆♦✇ ✇❡ ♣'♦✈❡ ❛ (❤❡♦'❡♠ (❤❛( ♣'♦✈✐❞❡! (❤❡ ❡①✐!(❡♥❝❡ ♦❢ ❛ !♦❧✉(✐♦♥ ♦❢ (❤✐! ❛♣♣'♦①✐♠❛(❡ ♣'♦❜❧❡♠

❢♦' ❡✈❡'② ✜①❡❞ m ∈ N✳ ❙♦♠❡ ❡①✐!(❡♥❝❡ '❡!✉❧(! ❢♦' (❤❡ ❧✐♥❡❛' ❛♥❞ B✉❛!✐❧✐♥❡❛' ♥♦♥!✐♥❣✉❧❛' ❝❛!❡!

✇✐(❤ ❛ '✐❣❤(✲❤❛♥❞ !✐❞❡ f ∈ Lp
✱ ❤❛✈❡ ❜❡❡♥ ♣'♦✈❡❞ ✐♥ ❬✶✾❪ ❛♥❞ ❬✸✹❪✱ '❡!♣❡❝(✐✈❡❧②✳

❋♦' (❤❡ ♥❡①( '❡!✉❧(✱ ✇❡ ❢♦❧❧♦✇ !♦♠❡ ✐❞❡❛! ❢'♦♠ ❬✷✹❪✱ ✇❤❡'❡ (❤❡ ♣'♦❜❧❡♠ ♣'❡!❡♥( ❛ !✐♥❣✉❧❛'

❧♦✇❡'✲♦'❞❡' (❡'♠ ❞❡♣❡♥❞✐♥❣ ♦♥ (❤❡ ❣'❛❞✐❡♥( ♦❢ (❤❡ !♦❧✉(✐♦♥ ✇✐(❤ ❛ B✉❛❞'❛(✐❝ ❣'♦✇(❤✳ ❍❡'❡✱

✇❡ ❤❛✈❡ ❛ ❞✐✛❡'❡♥( !✐♥❣✉❧❛' ♥♦♥❧✐♥❡❛'✐(②❀ ❤❡♥❝❡✱ ✐♥ (❤❡ ♥❡①( ♣'♦♦❢ ✇❡ ♦♥❧② ('❡❛( ✐♥ ❞❡(❛✐❧!

(❤❡ (❡'♠ ❝♦♥(❛✐♥✐♥❣ ♦✉' !✐♥❣✉❧❛'✐(②✳

▲❡( ✉! ✜'!( '❡❝❛❧❧ (❤❡ ❙❝❤❛✉❞❡' ✜①❡❞✲♣♦✐♥( (❤❡♦'❡♠✿

❚❤❡♦$❡♠ ✶✳✶✵✳ ✭❙❝❤❛✉❞❡' ✜①❡❞✲♣♦✐♥/ /❤❡♦'❡♠✮ ▲❡$ K ❜❡ ❛ ❝♦♥✈❡① ❝❧♦-❡❞ -❡$ ♦❢ ❛

❇❛♥❛❝❤ -♣❛❝❡ B✳ ▲❡$ T : K ⊂ B → B ❜❡ ❛ ❝♦♥$✐♥✉♦✉- ♠❛♣ -✉❝❤ $❤❛$ T (K) ⊂ K ❛♥❞ T (K)

✐- 7❡❧❛$✐✈❡❧② ❝♦♠♣❛❝$ ✐♥ K✳ ❚❤❡♥ T ❤❛- ❛ ✜①❡❞ ♣♦✐♥$ ✐♥ K✳

✸✶



✶ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ ♣❡.❢♦.❛&❡❞ ❞♦♠❛✐♥%

▲❡" ✉$ ♣&♦✈❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐$"❡♥❝❡ &❡$✉❧" ❢♦& ♣&♦❜❧❡♠ ✭✶✳✶✼✮✿

❚❤❡♦$❡♠ ✶✳✶✶✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍6✮✱ ❢♦$ ❡✈❡$② ✜①❡❞ m ∈ N✱ *❤❡ ❛♣♣$♦①✐♠❛*❡

♣$♦❜❧❡♠ ✭✶✳✶✼✮ ❛❞♠✐*& ❛* ❧❡❛&* ❛ &♦❧✉*✐♦♥✳

:$♦♦❢✳ ❋♦& $✐♠♣❧✐❝✐"② ✇❡ ❞❡♥♦"❡ ❤❡&❡ um ❜② u✱ ♦♠✐""✐♥❣ ✐"$ ❞❡♣❡♥❞❡♥❝❡ ♦❢ m✳

❋✐① w ∈ V ❛♥❞ ❝♦♥$✐❞❡& "❤❡ ♣&♦❜❧❡♠





❋✐♥❞ u ∈ V $✉❝❤ "❤❛" ∀v ∈ V,
∫

O

B(x, w)∇u∇vdx+

∫

Γ1

ρh(u)vdσ +

∫

O

λuvdx

=

∫

O

Tm(fζ(|w|))vdx+

∫

Γ1

gvdσ.

✭✶✳✶✾✮

❚❤❡ ❡①✐$"❡♥❝❡ ❛♥❞ ✉♥✐A✉❡♥❡$$ ♦❢ "❤❡ $♦❧✉"✐♦♥ ♦❢ "❤✐$ ♣&♦❜❧❡♠ ❤❛$ ❜❡❡♥ ♣&♦✈❡❞ ✐♥ ❬✸✹❪ ❢♦&

λ = 0✱ ❜✉" "❤❡ ❝❛$❡ λ > 0 ❞♦❡$ ♥♦" ♣&❡$❡♥" ❛♥② $✉❜$"❛♥"✐❛❧ ❞✐✛❡&❡♥❝❡✳ ■♥ ♦&❞❡& "♦ ♣&♦✈❡ "❤❡

❡①✐$"❡♥❝❡ ♦❢ ❛ $♦❧✉"✐♦♥ ♦❢ ♣&♦❜❧❡♠ ✭✶✳✶✽✮✱ ✇❡ ❛♣♣❧② "❤❡ ❙❝❤❛✉❞❡& ✜①❡❞✲♣♦✐♥" "❤❡♦&❡♠✳

▲❡" ✉$ ❝❤♦♦$❡ ❛ $✉✐"❛❜❧❡ ❝♦♥✈❡① ❝❧♦$❡❞ $❡" ♦❢ V ✳ ❚♦ ❞♦ "❤❛"✱ ✇❡ "❛❦❡ u ❛$ "❡$" ❢✉♥❝"✐♦♥ ✐♥

✭✶✳✶✾✮✳ ❯$✐♥❣ ❍1✮✱ ❍2✮✱ ❍3✮✱ ❍4✮ii✱ ✭✶✳✸✮✱ ✭✶✳✺✮ ❛♥❞ "❤❡ ❨♦✉♥❣ ✐♥❡A✉❛❧✐"② |u| ≤ ηu2+c(η), ∀η >

0✱ ✇❡ ❣❡"

α‖u‖2V ≤

∫

O

B(x, w)∇u∇udx+

∫

O

λu2dx+

∫

Γ1

ρh(u)udσ

≤

∫

O

|Tm(fζ(|w|)u|dx+

∫

Γ1

|gu|dσ

≤ η

∫

O

Tm(fζ(|w|)u
2dx+ c(η)

∫

O

Tm(fζ(|w|)dx+

∫

Γ1

g|u|dσ

≤ η‖Tm(fζ(|w|)‖L∞(O)‖u‖
2
L2(O) + c(η)‖Tm(fζ(|w|)‖L∞(O)|O|+

∫

Γ1

g|u|dσ,

✇❤❡&❡ |O| ❞❡♥♦"❡$ "❤❡ ♠❡❛$✉&❡ ♦❢ O✳ ◆♦✇✱ ✉$✐♥❣ "❤❡ R♦✐♥❝❛&S ✐♥❡A✉❛❧✐"② ❛♥❞ "❤❡ $❛♠❡

❛&❣✉♠❡♥"$ ❛$ ✐♥ ✭✶✳✶✸✮✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ "❤❡ ❞❡✜♥✐"♦♥ ♦❢ s1✱ ✐✳❡✳ ✭✶✳✶✶✮✱ ✇❡ ❣❡"

α‖u‖2V ≤ ηmC2
O‖u‖

2
V + c(η)m|O|

+ ηc1γs1‖g‖Ls(Γ1)‖u‖
2
V + c(η)c1γs1‖g‖Ls(Γ1),

"♦ ♦❜"❛✐♥

α‖u‖2V ≤ η‖u‖2V (mC
2
O + c1γs1‖g‖Ls(Γ1)) + c(η)(m|O|+ c1γs1‖g‖Ls(Γ1)).

❲❤❡♥❝❡✱ &❡♠✐♥❞✐♥❣ "❤❛" ‖g‖Ls(Γ1) ✐$ ❛ ✜♥✐"❡ A✉❛♥"✐"② ✭❞✉❡ "♦ ❤②♣♦"❤❡$✐$ ❍4✮i✮ ❛♥❞ "❛❦✐♥❣

η $✉✣❝✐❡♥"❧② $♠❛❧❧ $♦ "❤❛" α − η(mC2
O + c1γs1‖g‖Ls(Γ1)) ≥ 0✱ ✇❡ ❞❡❞✉❝❡ "❤❛" "❤❡&❡ ❡①✐$"$ ❛

❝♦♥$"❛♥" C0 $✉❝❤ "❤❛" "❤❡ $♦❧✉"✐♦♥ u ♦❢ ✭✶✳✶✾✮ $❛"✐$✜❡$

‖u‖V ≤ C0. ✭✶✳✷✵✮

✸✷



✶ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ ♣❡.❢♦.❛&❡❞ ❞♦♠❛✐♥%

▲❡" ✉$ ❝♦♥$✐❞❡* "❤❡ ♠❛♣ T : w ∈ V → T (w) = u ∈ V ✱ ✇❤❡*❡ u ✐$ "❤❡ $♦❧✉"✐♦♥ ♦❢ ♣*♦❜❧❡♠

✭✶✳✶✾✮✳ ■♥ ♦*❞❡* "♦ ❛♣♣❧② "❤❡ ❙❝❤❛✉❞❡* ✜①❡❞✲♣♦✐♥" "❤❡♦*❡♠✱ $❡"

K := {v ∈ V | ‖v‖V ≤ C0},

✇❤✐❝❤ ✐$ ❛ ❝❧♦$❡❞ ❝♦♥✈❡① $✉❜$❡" ♦❢ V ✳ ❖❜$❡*✈❡ "❤❛"✱ "❤❛♥❦$ "♦ ✭✶✳✷✵✮✱

T (K) ⊂ K.

❋✐*$"✱ ❧❡" ✉$ ♣*♦✈❡ "❤❛" T (K) ✐$ *❡❧❛"✐✈❡❧② ❝♦♠♣❛❝" ✐♥ ❑✳ ▲❡" {wn}n∈N ❜❡ ❛ $❡F✉❡♥❝❡ ✐♥ ❑

❛♥❞ ❧❡" un = T (wn) ❜❡ ❛ $♦❧✉"✐♦♥ ♦❢ ✭✶✳✶✾✮ ❝♦**❡$♣♦♥❞✐♥❣ "♦ wn✳ ❙✐♥❝❡ ✭✶✳✷✵✮ ❤♦❧❞$ "*✉❡

❢♦* ❡✈❡*② un✱ ✇❡ ❤❛✈❡ "❤❛" {un}n∈N ⊂ B(0, C0)✳ ❚❤✐$ ❛❧❧♦✇$ ✉$ "♦ ❡①"*❛❝" ❛ $✉❜$❡F✉❡♥❝❡

{unk
}k∈N ❢*♦♠ {un}n∈N ❛♥❞✱ ❢♦* "❤❡ ❜♦✉♥❞❡❞♥❡$$ ♦❢ {wn}n∈N ✐♥ V ✭❜② ❞❡✜♥✐"✐♦♥ ♦❢ K✮ ❛♥❞

"❤❡ ❝♦♠♣❛❝"♥❡$$ ♦❢ H1(O) ✐♥ L2(O)✱ ❛ $✉❜$❡F✉❡♥❝❡ {wnk
}k∈N ❢*♦♠ {wn}n∈N $✉❝❤ "❤❛"





✐) wnk
⇀ w ✇❡❛❦❧② ✐♥ V,

✐✐) wnk
→ w $"*♦♥❣❧② ✐♥ L2(O),

✐✐✐) unk
⇀ u∗ ✇❡❛❦❧② ✐♥ V.

✭✶✳✷✶✮

❋*♦♠ ✭✶✳✷✶✮ii ✇❡ ❤❛✈❡ "❤❛"

wnk
→ w ❛✳❡✳ ✐♥ O, ✭✶✳✷✷✮

✉♣ "♦ ❛ $✉❜$❡F✉❡♥❝❡✳

❚❤❡ $❛♠❡ ❝♦♠♣✉"❛"✐♦♥ ❞♦♥❡ ✐♥ ❬✶✾❪ ✭$❡❡ ❛❧$♦ ❬✷✹❪✮ ❣✐✈❡$✱ ❢♦* ❡✈❡*② ❢✉♥❝"✐♦♥ v ∈ V ✱

(B(x, w)− B(x, wnk
))∇v → 0 $"*♦♥❣❧② ✐♥ L2(O), ✭✶✳✷✸✮

❛♥❞

lim
k→+∞

∫

O

B(x, wnk
)∇unk

∇vdx+

∫

Γ1

ρh(unk
)vdσ + λ

∫

O

unk
vdx

=

∫

O

B(x, w)∇u∗∇vdx+

∫

Γ1

ρh(u∗)vdσ + λ

∫

O

u∗vdx.

✭✶✳✷✹✮

❋*♦♠ ✭✶✳✷✷✮ ❛♥❞ ❢♦* "❤❡ ♣*♦♣❡*"✐❡$ ♦❢ Tm ❛♥❞ ζ✱ ✇❡ ❝❛♥ ❛♣♣❧② ❛❣❛✐♥ "❤❡ ▲❡❜❡$❣✉❡ ❞♦♠✐♥❛"❡❞

❝♦♥✈❡*❣❡♥❝❡ "❤❡♦*❡♠ "♦ ❤❛✈❡

Tm(fζ(|wnk
|))→ Tm(fζ(|w|)) $"*♦♥❣❧② ✐♥ L2(O), ✭✶✳✷✺✮

❛♥❞

lim
k→+∞

∫

O

Tm(fζ(|wnk
|))vdx =

∫

O

Tm(fζ(|w|))vdx. ✭✶✳✷✻✮

❆❝❝♦*❞✐♥❣❧② u∗ $❛"✐$✜❡$
∫

O

B(x, w)∇u∗∇vdx+

∫

Γ1

ρh(u∗)vdσ +

∫

O

λu∗vdx

=

∫

O

Tm(fζ(|w|))vdx+

∫

Γ1

gvdσ, ∀v ∈ V,

✭✶✳✷✼✮

✸✸
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✇❤✐❝❤ ✐♠♣❧✐❡( )❤❛) u∗ = T (w)✳

■" #❡♠❛✐♥) "♦ ♣#♦✈❡ "❤❛"

T (wnk
) = unk

→ u∗ )"#♦♥❣❧② ✐♥ V. ✭✶✳✷✽✮

❚♦ ❞♦ "❤❛"✱ ✇❡ "❛❦❡ v = (unk
− u∗) ❛) "❡)" ❢✉♥❝"✐♦♥ ✐♥ ✭✶✳✶✾✮ ✭✇#✐""❡♥ ❢♦# "❤❡ )✉❜)❡@✉❡♥❝❡

nk✮ ❛♥❞ ✐♥ ✭✶✳✷✼✮✳ ❆❢"❡# )✉❜"#❛❝"✐♦♥ ♦❢ "❤❡ "✇♦ ✐❞❡♥"✐"✐❡)✱ ✉)✐♥❣ ❍1✮ ❛♥❞ ✭✶✳✷✮✱ ✇❡ ♦❜"❛✐♥

α‖unk
− u∗‖2V ≤

∫

O

B(x, wnk
)∇(unk

− u∗)∇(unk
− u∗)dx

+

∫

O

λ(unk
− u∗)(unk

− u∗)dx+

∫

Γ1

ρ(h(unk
)− h(u∗))(unk

− u∗)dσ

=

∫

O

[Tm(fζ(|wnk
|))− Tm(fζ(|w|))](unk

− u∗)dx

+

∫

O

(B(x, w)− B(x, wnk
))∇u∗∇(unk

− u∗)dx.

✭✶✳✷✾✮

❋#♦♠ ✭✶✳✷✺✮ ❛♥❞ ✭✶✳✷✶✮iii✱ ✇❡ ❞❡❞✉❝❡ "❤❛"

lim
k→+∞

∫

O

[Tm(fζ(|wnk
|))− Tm(fζ(|w|))](unk

− u∗)dx = 0.

❖♥ "❤❡ ♦"❤❡# ❤❛♥❞✱ ❢#♦♠ ✭✶✳✷✶✮iii ❛♥❞ ✭✶✳✷✸✮✱ "❤❡ )❡❝♦♥❞ "❡#♠ ✐♥ #✐❣❤"✲❤❛♥❞ )✐❞❡ ♦❢ ✭✶✳✷✾✮

❣♦❡) "♦ 0 ❛) k ❣♦❡) "♦ ✐♥✜♥✐"②✳ ❲❤❡♥❝❡✱ ♣❛))✐♥❣ "♦ "❤❡ ❧✐♠✐" ✐♥ ✭✶✳✷✾✮✱ ✇❡ ♦❜"❛✐♥ ✭✶✳✷✽✮✱

✇❤✐❝❤ ♣#♦✈❡) "❤❛" T ({wn}) ✐) #❡❧❛"✐✈❡❧② ❝♦♠♣❛❝"✳

◆❡①"✱ ✇❡ )❤♦✇ "❤❡ ❝♦♥"✐♥✉✐"② ♦❢ T ✳ ▲❡" {wn}n∈N ❜❡ ❛ )❡@✉❡♥❝❡ ✐♥ K )✉❝❤ "❤❛"

wn → w )"#♦♥❣❧② ✐♥ V, ✭✶✳✸✵✮

❛♥❞ ❧❡" un = T (wn) ❜❡ "❤❡ )♦❧✉"✐♦♥ ♦❢ ✭✶✳✶✾✮ ❝♦##❡)♣♦♥❞✐♥❣ "♦ wn✳

❯)✐♥❣ ✭✶✳✷✵✮ ❛♥❞ ✭✶✳✸✵✮✱ ✇❡ ❝❛♥ ❡①"#❛❝" ❛ )✉❜)❡@✉❡♥❝❡ {unk
}k∈N ❢#♦♠ {un}n∈N ❛♥❞ ❛ )✉❜)❡✲

@✉❡♥❝❡ {wnk
}k∈N ❢#♦♠ {wn}n∈N )✉❝❤ "❤❛"





✐) unk
⇀ u ✇❡❛❦❧② ✐♥ V,

✐✐) unk
→ u )"#♦♥❣❧② ✐♥ L2(O),

✐✐✐) wnk
→ w ❛✳❡✳ ✐♥ O.

✭✶✳✸✶✮

❲❡ ♥❡❡❞ ✜#)" "♦ )❤♦✇ "❤❛"

u = T (w). ✭✶✳✸✷✮

❚♦ ❞♦ "❤❛"✱ ✇❡ ♣❛)) "♦ "❤❡ ❧✐♠✐" ✐♥ ✭✶✳✶✾✮ ✭✇#✐""❡♥ ❢♦# "❤❡ )✉❜)❡@✉❡♥❝❡ nk✮✳

❋♦# ✭✶✳✸✶✮iii ❛♥❞ ❢♦# ❛❧❧ v ∈ V ✱ "❤❡ )❛♠❡ ❛#❣✉♠❡♥") ✉)❡❞ "♦ ❞❡❞✉❝❡ ✭✶✳✷✻✮ ❣✐✈❡

lim
k→+∞

∫

O

Tm(fζ(|wnk
|))vdx =

∫

O

Tm(fζ(|w|))vdx.

✸✹
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❲❡ ❛❧$♦ ❤❛✈❡ ✭$❡❡ ✭✶✳✷✹✮✮

lim
k→+∞

∫

O

B(x, wnk
)∇unk

∇vdx+

∫

Γ1

ρh(unk
)vdσ + λ

∫

O

unk
vdx

=

∫

O

B(x, w)∇u∇vdx+

∫

Γ1

ρh(u)vdσ + λ

∫

O

uvdx.

✭✶✳✸✸✮

❚❤✉$✱ ❢♦3 ❛❧❧ v ∈ V ✱
∫

O

B(x, w)∇u∇vdx+

∫

Γ1

ρh(u)vdσ +

∫

O

λuvdx

=

∫

O

Tm(fζ(|w|))vdx+

∫

Γ1

gvdσ.

❚❤❡ ✉♥✐6✉❡♥❡$$ ♦❢ 7❤❡ $♦❧✉7✐♦♥ ♦❢ ♣3♦❜❧❡♠ ✭✶✳✶✾✮ ♣3♦✈❡$ ✭✶✳✸✷✮ ❛♥❞ 7❤❡ ❢❛❝7 7❤❛7 7❤❡ ✇❤♦❧❡

$❡6✉❡♥❝❡ un ❝♦♥✈❡3❣❡$ ✇❡❛❦❧② 7♦ u ✐♥ V ✳

❚♦ ♣3♦✈❡ 7❤❡ ❝♦♥7✐♥✉✐7②✱ ✐7 3❡♠❛✐♥$ 7♦ $❤♦✇ 7❤❛7

un → u $73♦♥❣❧② ✐♥ V. ✭✶✳✸✹✮

❚❤✐$ ✐$ ❞♦♥❡ ❛$ ✐♥ 7❤❡ ♣3♦♦❢ ♦❢ ✭✶✳✷✽✮ ♦❜$❡3✈✐♥❣ 7❤❛7✱ ✉♥❞❡3 ❛$$✉♠♣7✐♦♥$ ✭✶✳✸✵✮−✭✶✳✸✶✮✱

✐♥❡6✉❛❧✐7② ✭✶✳✷✾✮ $7✐❧❧ ❤♦❧❞$ 73✉❡ ✇✐7❤ u∗ = u✳ ❍❡♥❝❡✱ ❚ $❛7✐$✜❡$ 7❤❡ ❛$$✉♠♣7✐♦♥$ ♦❢ 7❤❡

❙❝❤❛✉❞❡3 ✜①❡❞✲♣♦✐♥7 7❤❡♦3❡♠✱ $♦ 7❤❛7 ♣3♦❜❧❡♠ ✭✶✳✶✼✮ ❤❛$ ❛7 ❧❡❛$7 ❛ $♦❧✉7✐♦♥ ✐♥ V ✳

❲❡ ❛❧$♦ ❤❛✈❡✿

 !♦♣♦$✐&✐♦♥ ✶✳✶✷✳ ▲❡" um ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✶✳✶✼✮✳ ❚❤❡♥

um ≥ 0 ❛✳ ❡✳ ✐♥ O.

2-♦♦❢✳ ❚❛❦✐♥❣ ϕ = −u−m ❛$ 7❡$7 ❢✉♥❝7✐♦♥ ✐♥ ✭✶✳✶✽✮✱ ✇❡ ❣❡7

−

∫

O

B(x, um)∇um∇u
−
mdx−

∫

Γ1

ρh(um)u
−
mdσ −

∫

O

λumu
−
mdx

= −

∫

O

Tm(fζ(|um|))u
−
mdx−

∫

Γ1

gu−mdσ.

▲❡7 ♦❜$❡3✈❡ 7❤❛7

−∇um∇u
−
m = (∇u−m)

2
❛♥❞ − umu

−
m = (u−m)

2

❛♥❞ ❞✉❡ 7♦ ❍6✮

h(um)u
−
m ≤ 0 ❛✳❡✳ ✐♥ O.

❈♦♥$❡6✉❡♥7❧②✱ ❛♣♣❧②✐♥❣ 7❤❡ 73❛❝❡ 7❤❡♦3❡♠ ✐♥ H1(O)✱

h(um)u
−
m ≤ 0 ❛✳❡✳ ♦♥ Γ1.

✸✺
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❚❤❡♥✱ ✉&✐♥❣ )❤❡ ❡❧❧✐♣)✐❝✐)② ♦❢ B ❛♥❞ ❍2✮✱ ✇❡ ♦❜)❛✐♥

α

∫

O

|∇u−m|
2dx ≤ −

∫

O

Tm(fζ(|um|))u
−
mdx−

∫

Γ1

gu−mdσ.

❙✐♥❝❡ f ✱ ζ✱ u−m ❛♥❞ g ❛7❡ ♥♦♥♥❡❣❛)✐✈❡✱ )❤❡ ✐♥)❡❣7❛❧& ♦♥ )❤❡ 7✐❣❤)✲❤❛♥❞ &✐❞❡ ❛7❡ ❧♦✇❡7 ♦7 ❡:✉❛❧

)♦ ③❡7♦✱ &♦ )❤❛)

0 ≤ α

∫

O

|∇u−m|
2dx ≤ 0.

❚❤✐& ♠❡❛♥& )❤❛) |∇u−m| = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡& )❤❛) u−m ✐& ❡:✉❛❧ )♦ ❛ ❝♦♥&)❛♥) c ✐♥ O✳ ❙✐♥❝❡

um = 0 ♦♥ Γ0✱ ❛❧&♦ u
−
m = 0 ♦♥ Γ0✱ &♦ )❤❛) c = 0✳ ❚❤✐& &❤♦✇& )❤❛) um = u+m ❛❧♠♦&)

❡✈❡7②✇❤❡7❡ ✐♥ O ❛♥❞ ❝♦♥❝❧✉❞❡& )❤❡ ♣7♦♦❢✳

✶✳✺ ❆♥ ❡①✐()❡♥❝❡ +❡(✉❧) ❢♦+ )❤❡ (✐♥❣✉❧❛+ ♣+♦❜❧❡♠

■♥ )❤✐& &❡❝)✐♦♥ ✇❡ &❤♦✇ )❤❡ ❡①✐&)❡♥❝❡ ♦❢ ❛ &♦❧✉)✐♦♥ ♦❢ ♦✉7 ♣7♦❜❧❡♠✱ ❢♦❧❧♦✇✐♥❣ ❬✷✹❪✱ ❬✹✷❪✱ ❬✺✶❪✱ ❬✺✷❪

❛♥❞ ❬✺✸❪✳ ▼♦7❡ ♣7❡❝✐&❡❧②✱ ❬✷✹❪ ❛♥❞ ❬✺✸❪ ❞❡❛❧ ✇✐)❤ ❛♥ ❡❧❧✐♣)✐❝ ♣7♦❜❧❡♠ ✇✐)❤ ❛ ❞✐✛❡7❡♥) &✐♥❣✉❧❛7✐)②

✉♥❞❡7 ♥♦♥❧✐♥❡❛7 ❘♦❜✐♥ ❛♥❞ ❉✐7✐❝❤❧❡) ❜♦✉♥❞❛7② ❝♦♥❞✐)✐♦♥&✱ 7❡&♣❡❝)✐✈❡❧②✳ ■♥ ❬✺✶❪ ❛♥❞ ❬✺✷❪✱ )❤❡

&❡♠✐❧✐♥❡❛7 ❡❧❧✐♣)✐❝ ❡:✉❛)✐♦♥& ❤❛✈❡ ♠♦7❡ ❣❡♥❡7❛❧ &✐♥❣✉❧❛7✐)✐❡& )♦❣❡)❤❡7 ✇✐)❤ ❉✐7✐❝❤❧❡) ❜♦✉♥❞❛7②

❝♦♥❞✐)✐♦♥&✳ ■♥ ❬✹✷❪✱ )❤❡ ♣7♦❜❧❡♠ ✐& ♣♦&❡❞ )❤7♦✉❣❤ 7♦✉❣❤ &✉7❢❛❝❡& ❛♥❞ ♣7❡&❡♥)& )❤❡ &❛♠❡

&✐♥❣✉❧❛7✐)② ✇❡ )7❡❛) ✐♥ )❤❡ ♣7❡&❡♥) ♣❛♣❡7✳ ❍❡7❡ )❤❡ ❞✐✣❝✉❧)② ❛7✐&❡& ✐♥ ❞❡❛❧✐♥❣ &✐♠✉❧)❛♥❡♦✉&❧②

✇✐)❤ )❤❡ :✉❛&✐❧✐♥❡❛7 ♠❛)7✐① ✜❡❧❞✱ )❤❡ &✐♥❣✉❧❛7 ❞❛)✉♠ ❛♥❞ )❤❡ ♥♦♥❧✐♥❡❛7 ❘♦❜✐♥ ❝♦♥❞✐)✐♦♥✳

❲❡ ✇✐❧❧ ❛❧&♦ ✉&❡ )❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛7)✐❝✉❧❛7 ❝❛&❡ ♦❢ )❤❡ &)7♦♥❣ ♠❛①✐♠✉♠ ♣7✐♥❝✐♣❧❡ ❣✐✈❡♥ ❜② ❬✺✺✱

❚❤❡♦7❡♠ ✽✳✶✾❪✿

❚❤❡♦$❡♠ ✶✳✶✸✳ ❬✺✺❪ ❙✉♣♣♦'❡ )❤❛) )❤❡ ♠❛)-✐① ✜❡❧❞ A ❜❡❧♦♥❣' )♦ M(α, β,O) ❛♥❞ )❤❡ ❢✉♥❝)✐♦♥

d1 ✐' ✐♥ L∞(O) ✇✐)❤ d1 ≤ 0✳ ▲❡) v ∈ H1
0 (O) '✉❝❤ )❤❛)

div(A(x)∇v) + d1(x)v ≥ 0 ✐♥ O. ✭✶✳✸✺✮

❚❤❡♥✱ ✐❢ ❢♦- '♦♠❡ ❜❛❧❧ B ⊂⊂ O ✇❡ ❤❛✈❡ supB v = supO v ≥ 0✱ )❤❡ ❢✉♥❝)✐♦♥ v ♠✉') ❜❡

❝♦♥')❛♥) ✐♥ O✳

❚❤❡♦$❡♠ ✶✳✶✹✳ ❯♥❞❡- ❛''✉♠♣)✐♦♥' ❍1✮✲❍6✮✱ ♣-♦❜❧❡♠ ✭✶✳✶✵✮ ❛❞♠✐)' ❛) ❧❡❛') ❛ '♦❧✉)✐♦♥✳

B-♦♦❢✳ ❋✐① m ∈ N✱ ❧❡) um ∈ V ❜❡ ❛ &♦❧✉)✐♦♥ ♦❢ )❤❡ ❛♣♣7♦①✐♠❛)❡ ♣7♦❜❧❡♠ ✭✶✳✶✼✮✳ ❖❜&❡7✈❡

)❤❛)✱ &✐♥❝❡ Tm(fζ(|um|)) &❛)✐&✜❡& )❤❡ &❛♠❡ ❛&&✉♠♣)✐♦♥& ❛& )❤❡ ❢✉♥❝)✐♦♥ fζ(|um|) ❢♦7 ❡✈❡7②

✜①❡❞ m ∈ N✱ V7♦♣♦&✐)✐♦♥ ✶✳✼✱ V7♦♣♦&✐)✐♦♥ ✶✳✽ ❛♥❞ V7♦♣♦&✐)✐♦♥ ✶✳✾ ❛♣♣❧② )♦ um✱ ❛& ♠❡♥)✐♦♥❡❞

✐♥ ❙❡❝)✐♦♥ 3✳ ▼♦7❡♦✈❡7 V7♦♣♦&✐)✐♦♥ ✶✳✶✷ ✐♠♣❧✐❡& )❤❛)

um ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✸✻✮

✸✻
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❍❡♥❝❡ ✇❡ ❝❛♥ ✇&✐(❡ ζ(um) ✐♥)(❡❛❞ ♦❢ ζ(|um|) ✐♥ (❤❡ ♣&♦❜❧❡♠✳

❈♦♥)❡4✉❡♥(❧②✱ ❢&♦♠ 8&♦♣♦)✐(✐♦♥ ✶✳✼✱ (❤❡&❡ ❡①✐)() u ∈ V )✉❝❤ (❤❛(✱ ✉♣ (♦ ❛ )✉❜)❡4✉❡♥❝❡✱





✐) um ⇀ u ✇❡❛❦❧② ✐♥ V

✐✐) um → u )(&♦♥❣❧② ✐♥ L2(O)

✐✐✐) um → u ❛✳❡✳ ✐♥ O.

✭✶✳✸✼✮

❈♦♥✈❡&❣❡♥❝❡ ✭✶✳✸✻✮ ❛♥❞ ✭✶✳✸✼✮iii ✐♠♣❧② (❤❛(

u ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✸✽✮

▲❡( ✉) ♥♦✇ (❛❦❡ ϕ ∈ V ✱ ϕ ≥ 0 ❛♥❞ ✉)❡ Tl(ϕ) ∈ V ∩ L∞(O) ❛) (❡)( ❢✉♥❝(✐♦♥ ✐♥ ✭✶✳✶✽✮✱ ❢♦&

l > 0 ✜①❡❞✳ ❚❤❡♥
∫

O

B(x, um)∇um∇Tl(ϕ)dx+

∫

Γ1

ρh(um)Tl(ϕ)dσ +

∫

O

λumTl(ϕ)dx

=

∫

O

Tm(fζ(um))Tl(ϕ)dx+

∫

Γ1

gTl(ϕ)dσ.

✭✶✳✸✾✮

❆❧)♦✱ ✉)✐♥❣ (❤❡ ❢❛❝( (❤❛( Tl(ϕ) ≥ 0✱ ❢&♦♠ 8&♦♣♦)✐(✐♦♥ ✶✳✽ ✭✇&✐((❡♥ ✇✐(❤ Tl(ϕ) ✐♥)(❡❛❞ ♦❢ ϕ✮

✇❡ ❤❛✈❡ (❤❡ ✉♥✐❢♦&♠ ❡)(✐♠❛(❡

‖Tm(fζ(um))Tl(ϕ)‖L1(O) ≤ c

✇✐(❤ c ✐♥❞❡♣❡♥❞❡♥( ♦❢ m✳ ❋&♦♠ ✭✶✳✸✼✮iii ❛♥❞ (❤❡ ♣&♦♣❡&(✐❡) ♦❢ ζ ❛♥❞ Tm✱ ✇❡ ❤❛✈❡ (❤❛(

lim
m→∞

Tm(fζ(um))Tl(ϕ) = fζ(u)Tl(ϕ) ❛✳❡✳ ✐♥ O,

❢♦& ❡✈❡&② ✜①❡❞ l > 0✳ ❙✐♥❝❡ f, ζ ❛♥❞ ϕ ❛&❡ ♥♦♥♥❡❣❛(✐✈❡✱ ✇❡ ❝❛♥ ❛♣♣❧② ❋❛(♦✉✬) ❧❡♠♠❛ (♦

♦❜(❛✐♥ ∫

O

fζ(u)Tl(ϕ)dx < +∞. ✭✶✳✹✵✮

◆♦✇ ✇❡ ✇❛♥( (♦ ♣❛)) (♦ (❤❡ ❧✐♠✐( ✐♥ ✭✶✳✸✾✮ ❢♦& ϕ ∈ V ✱ ϕ ≥ 0 ❛♥❞ l > 0 ✜①❡❞✱ ❛) m→ +∞✳

❇✉(✱ ❝♦♥❝❡&♥✐♥❣ (❤❡ ✐♥(❡❣&❛❧

∫
O
Tm(fζ(um))Tl(ϕ)dx✱ ✇❡ ❝❛♥ ❛♣♣❧② (❤❡ ▲❡❜❡)❣✉❡ ❞♦♠✐♥❛(❡❞

❝♦♥✈❡&❣❡♥❝❡ (❤❡♦&❡♠ ♦♥❧② ❢❛& ❢&♦♠ (❤❡ )✐♥❣✉❧❛&✐(②✳ ❚♦ ❛✈♦✐❞ (❤✐) ♣&♦❜❧❡♠✱ ❛) ✐♥ ❬✹✷❪✱❬✺✶❪ ❛♥❞

❬✺✷❪✱ ❢♦& ❡✈❡&② ♣♦)✐(✐✈❡ δ ✇❡ ❞✐✈✐❞❡ (❤❡ ✐♥(❡❣&❛❧ ✐♥ (✇♦ (❡&♠)✱ (❤❛( ✐)

∫

O

Tm(fζ(um))Tl(ϕ)dx =

∫

{0≤um≤δ}

Tm(fζ(um))Tl(ϕ)dx

+

∫

{um>δ}

Tm(fζ(um))Tl(ϕ)dx
.
= Im + Jm.

✭✶✳✹✶✮

✸✼



✶ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ ♣❡.❢♦.❛&❡❞ ❞♦♠❛✐♥%

❋!♦♠ $!♦♣♦&✐(✐♦♥ ✶✳✾ ✇!✐((❡♥ ❢♦! um ❛♥❞ Tl(ϕ)✱ ✇❡ ❤❛✈❡ (❤❡ ❢♦❧❧♦✇✐♥❣ ❡&(✐♠❛(❡ ❢♦! (❤❡ ✐♥(❡❣!❛❧

Im✿

Im ≤

∫

O

B(x, um)∇um∇Tl(ϕ)Zδ(um)dx

+h(2δ)‖ρ‖L∞(Γ1)‖Tl(ϕ)‖L1(Γ1) + 2δλ‖Tl(ϕ)‖L1(O),

✇❤✐❝❤ ✐♠♣❧✐❡& (❤❛(

0 ≤ lim sup
m→∞

Im ≤ lim sup
m→∞

∫

O

B(x, um)∇um∇Tl(ϕ)Zδ(um)dx

+h(2δ)‖ρ‖L∞(Γ1)‖Tl(ϕ)‖L1(Γ1) + 2δλ‖Tl(ϕ)‖L1(O).

✭✶✳✹✷✮

❋!♦♠ ❍1✮✱ ✭✶✳✸✼✮iii ❛♥❞ (❤❡ ❝♦♥(✐♥✉✐(② ♦❢ Zδ ✭&❡❡ ✭✶✳✼✮✮✱ ✐( ❢♦❧❧♦✇& (❤❛(

lim
m→∞

tB(x, um)∇Tl(ϕ)Zδ(um) =
tB(x, u)∇Tl(ϕ)Zδ(u) ❛✳❡✳ ✐♥ O

❛♥❞ (❤❡ ❡&(✐♠❛(❡

|tB(x, um)∇Tl(ϕ)Zδ(um)| ≤ β|∇Tl(ϕ)Zδ(um)| ≤ β|∇Tl(ϕ)| ∈ L
2(O) ❛✳❡✳ ✐♥ O,

❢♦! ❛❧❧ m ∈ N✳ ❆♣♣❧②✐♥❣ (❤❡ ▲❡❜❡&❣✉❡ ❞♦♠✐♥❛(❡❞ ❝♦♥✈❡!❣❡♥❝❡ (❤❡♦!❡♠✱ ✇❡ ♦❜(❛✐♥

tB(x, um)∇Tl(ϕ)Zδ(um)→
tB(x, u)∇Tl(ϕ)Zδ(u) &(!♦♥❣❧② ✐♥ L2(O),

❛& m→ +∞✳ ❈♦♥&❡F✉❡♥(❧②✱ ✉&✐♥❣ ✭✶✳✹✷✮ ✇❡ ❣❡(

0 ≤ lim sup
m→∞

Im ≤

∫

O

B(x, u)∇u∇Tl(ϕ)Zδ(u)dx

+h(2δ)‖ρ‖L∞(Γ1)‖Tl(ϕ)‖L1(Γ1) + 2δλ‖Tl(ϕ)‖L1(O).

❚♦ ♣❛&& (♦ (❤❡ ❧✐♠✐( ❛& δ ❣♦❡& (♦ 0 ✐♥ (❤❡ ❧❛&( ✐♥❡F✉❛❧✐(②✱ ✇❡ ♦❜&❡!✈❡ (❤❛(✱ ❜② ❞♦♠✐♥❛(❡❞

❝♦♥✈❡!❣❡♥❝❡✱

lim
δ→0

∫

O

B(x, u)∇u∇Tl(ϕ)Zδ(u)dx =

∫

O

B(x, u)∇u∇Tl(ϕ)χ{u=0}dx = 0,

&✐♥❝❡ ∇u ✈❛♥✐&❤❡& ✇❤❡!❡ u ✐& ❡F✉❛❧ (♦ ③❡!♦✳ ❯&✐♥❣ (❤❡ ❤②♣♦(❤❡&✐& ❍6✮✱ ✇❡ ❤❛✈❡

lim
δ→0

lim sup
m→∞

Im = 0. ✭✶✳✹✸✮

❖♥ (❤❡ ♦(❤❡! ❤❛♥❞✱ ❜② (❤❡ &❛♠❡ ❛!❣✉♠❡♥(& ✉&❡❞ ✐♥ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✷❪ (♦ (!❡❛( ❛ (❡!♠ &✐♠✐❧❛!

(♦ Jm✱ ✇❡ ❤❛✈❡

lim
δ→0

lim
m→∞

Jm =

∫

O

fζ(u)Tl(ϕ)χ{u>0}dx, δ ∈ R+\C, ✭✶✳✹✹✮

✸✽
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✇❤❡#❡ C ✐% ❛ ❝♦✉♥+❛❜❧❡ %❡+ ♦❢ ✈❛❧✉❡%✳

❋✐♥❛❧❧②✱ ♣❛%%✐♥❣ +♦ +❤❡ ❧✐♠✐+ ✐♥ ✭✶✳✹✶✮✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✹✸✮ ❛♥❞ ✭✶✳✹✹✮✱ ✇❡ ❣❡+

lim sup
m→∞

∫

O

Tm(fζ(um))Tl(ϕ)dx =

∫

O

fζ(u)Tl(ϕ)χ{u>0}dx, ✭✶✳✹✺✮

❢♦# ❡✈❡#② ϕ ∈ V ✱ ϕ ≥ 0✳ ❇✉+ +❤✐% #❡♠❛✐♥% +#✉❡ ❢♦# ❡✈❡#② ϕ ∈ V ✇✐+❤ ❛♥② %✐❣♥✱ ✉%✐♥❣ +❤❡ ❢❛❝+

+❤❛+ ϕ = ϕ+ − ϕ−
✇✐+❤ ϕ+

✱ ϕ−
♥♦♥♥❡❣❛+✐✈❡ ❛♥❞ +❤❛+ Tl(ϕ

+ − ϕ−) = Tl(ϕ
+)− Tl(ϕ

−)✳

◆♦✇✱ ❛#❣✉✐♥❣ ❛% ❞♦♥❡ ✐♥ +❤❡ ♣#♦♦❢ ♦❢ +❤❡ ❚❤❡♦#❡♠ ✶✳✶✶ ✐♥ ♦#❞❡# +♦ ♦❜+❛✐♥ ✭✶✳✷✹✮✱ ✇❡ ❝❛♥

♣❛%% +♦ +❤❡ ❧✐♠✐+ ✐♥ +❤❡ ❧❡❢+✲❤❛♥❞ %✐❞❡ ♦❢ ✭✶✳✸✾✮✱ ❛% m→ +∞✳ ❚❤❡♥✱ ✉%✐♥❣ ✭✶✳✸✽✮✱ ✭✶✳✹✵✮ ❛♥❞

✭✶✳✹✺✮✱ ✇❡ ♦❜+❛✐♥ +❤❛+ +❤❡ ❧✐♠✐+ ❢✉♥❝+✐♦♥ u %❛+✐%✜❡% +❤❡ ❢♦❧❧♦✇✐♥❣ ♣#♦❜❧❡♠✿




❋✐♥❞ u ∈ V %✉❝❤ +❤❛+ u ≥ 0 ❛✳❡✳ ✐♥ O,
∫

O

fζ(u)Tl(ϕ)dx < +∞ ❛♥❞

∫

O

B(x, u)∇u∇Tl(ϕ)dx+

∫

Γ1

ρh(u)Tl(ϕ)dσ +

∫

O

λuTl(ϕ)dx

=

∫

O

fζ(u)Tl(ϕ)χ{u>0}dx+

∫

Γ1

gTl(ϕ)dσ, ∀ϕ ∈ V.

✭✶✳✹✻✮

▲❡+ ✉% ♣❛%% +♦ +❤❡ ❧✐♠✐+ ✐♥ ✭✶✳✹✻✮ ❛% l ❣♦❡% +♦ ✐♥✜♥✐+②✳

❚❤❛♥❦% +♦ ✭✶✳✽✮✱ +❤❡ ♦♥❧② +❡#♠ +♦ ❝❤❡❝❦ ✐% +❤❡ %✐♥❣✉❧❛# ♦♥❡✳ ❚♦ ❞♦ +❤✐%✱ ✇❡ ♦❜%❡#✈❡ +❤❛+

lim inf
l→∞

fζ(u)Tl(ϕ) = fζ(u)ϕ ❛✳❡✳ ✐♥ O

❛♥❞✱ %✐♥❝❡ fζ(u)Tl(ϕ) ∈ L
1(O)✱ ✇❡ ❤❛✈❡

fζ(u)ϕ ∈ L1(O),

✈✐❛ ❋❛+♦✉✬% ❧❡♠♠❛✳ ❲❤❡♥❝❡ ✇❡ ❣❡+

fζ(u)Tl(ϕ) ≤ fζ(u)ϕ ∈ L1(O), ∀l ∈ N ❛♥❞ ❛✳❡✳ ✐♥ O,

%♦✱ ❛♣♣❧②✐♥❣ +❤❡ ▲❡❜❡%❣✉❡ ❞♦♠✐♥❛+❡❞ ❝♦♥✈❡#❣❡♥❝❡ +❤❡♦#❡♠✱ ✇❡ ♦❜+❛✐♥

fζ(u)Tl(ϕ)→ fζ(u)ϕ %+#♦♥❣❧② ✐♥ L1(O).

❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ +❤❛+ +❤❡ ❧✐♠✐+ ❢✉♥❝+✐♦♥ u %❛+✐%✜❡% +❤❡ ❢♦❧❧♦✇✐♥❣ ♣#♦❜❧❡♠✿




❋✐♥❞ u ∈ V %✉❝❤ +❤❛+ u ≥ 0 ❛✳❡✳ ✐♥ O,
∫

O

fζ(u)ϕdx < +∞ ❛♥❞

∫

O

B(x, u)∇u∇ϕdx+

∫

Γ1

ρh(u)ϕdσ +

∫

O

λuϕdx

=

∫

O

fζ(u)ϕχ{u>0}dx+

∫

Γ1

gϕdσ, ∀ϕ ∈ V.

✭✶✳✹✼✮

✸✾
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■♥ ♦#❞❡# &♦ '❤♦✇ &❤❛& u > 0 ❛❧♠♦'& ❡✈❡#②✇❤❡#❡ ✐♥ O✱ ✇❡ ♦❜'❡#✈❡ &❤❛& u ✐' '✉❝❤ &❤❛&

− div(B(x, u)∇u) + λu ≥ 0.

❚❤❡#❡❢♦#❡ '❡&&✐♥❣ v := −u✱ ✐& #❡'✉❧&'

div(B(x, u)∇v)− λv ≥ 0

❛♥❞ v '❛&✐'✜❡' ✭✶✳✸✺✮ ✇#✐&&❡♥ ❢♦# A(x) = B(x, u(x)) ❛♥❞ d1(x) = −λ✳ ▼♦#❡♦✈❡# v ≤ 0 ✐♥ O

❛♥❞ v = 0 ♦♥ Γ0✱ '♦ &❤❛& supO v = 0✳

❙✉♣♣♦'❡ ♥♦✇ &❤❡#❡ ❡①✐'&' ❛ ❜❛❧❧ B ✇❡❧❧ ❝♦♥&❛✐♥❡❞ ✐♥ O '✉❝❤ &❤❛& supBv = 0✳ ❚❤❡♥ ❢#♦♠ &❤❡

'&#♦♥❣ ♠❛①✐♠✉♠ ♣#✐♥❝✐♣❧❡ '&❛&❡❞ ✐♥ B#♦♣♦'✐&✐♦♥ ✶✳✶✸✱ ✉'✐♥❣ ❛❣❛✐♥ &❤❡ ❜♦✉♥❞❛#② ❝♦♥❞✐&✐♦♥

♦♥ Γ0✱ ✇❡ ❞❡#✐✈❡ v ≡ 0 ✐♥ O✱ &❤❛& ✐' u ≡ 0 ✐♥ O✳

❙✐♥❝❡ u ✐' ❛ '♦❧✉&✐♦♥ ♦❢ ♣#♦❜❧❡♠ ✭✶✳✹✼✮✱ &❤❡ ❤②♣♦&❤❡'✐' h(0) = 0 ❛♥❞ &❤❡ ♣♦'✐&✐✈✐&② ♦❢ f ✱ ζ ❛♥❞

g ✐♠♣❧② &❤❛& ❡❛❝❤ ✐♥&❡❣#❛❧ ♦♥ &❤❡ #✐❣❤&✲❤❛♥❞ '✐❞❡ ♦❢ ✭✶✳✹✼✮ ✐' ③❡#♦✱ ❢♦# ❡✈❡#② ϕ ∈ D(O)✳ ❚❤✐'

♠❡❛♥' &❤❛& f ≡ 0 ♦♥ O ❛♥❞ g ≡ 0 ♦♥ Γ1✱ ✇❤✐❝❤ ❝♦♥&#❛❞✐❝&' ❛''✉♠♣&✐♦♥ ❍5✮✳ ❈♦♥'❡I✉❡♥&❧②

u > 0 ❛❧♠♦'& ❡✈❡#②✇❤❡#❡ ✐♥ O ❛♥❞ χ{u>0} ≡ 1✳ ❚❤❡♥✱ u '❛&✐'✜❡' ♣#♦❜❧❡♠ ✭✶✳✶✵✮✳

✶✳✻ ❆ ✉♥✐'✉❡♥❡)) *❡)✉❧,

❚❤❡ ♥❡①& #❡'✉❧& ❞❡❛❧' ✇✐&❤ &❤❡ ✉♥✐I✉❡♥❡'' ♦❢ &❤❡ '♦❧✉&✐♦♥ ♦❢ ♣#♦❜❧❡♠ ✭✶✳✶✵✮✳ ❆' ✉'✉❛❧ ✐♥

&❤❡ ❧✐&❡#❛&✉#❡✱ &♦ ❡♥'✉#❡ &❤❡ ✉♥✐I✉❡♥❡'' ♦❢ &❤❡ '♦❧✉&✐♦♥✱ ✇❡ ♥❡❡❞ ❛❞❞✐&✐♦♥❛❧ ❤②♣♦&❤❡'❡' ♦♥

&❤❡ ❢✉♥❝&✐♦♥ ζ ❛♥❞ &❤❡ ♠❛&#✐① ✜❡❧❞ B✳ ❈♦♥❝❡#♥✐♥❣ &❤❡ I✉❛'✐❧✐♥❡❛# &❡#♠✱ ✇❡ ♠❛❦❡ &❤❡ '❛♠❡

❛''✉♠♣&✐♦♥ ✭'❡❡ ❍1′✮ ❜❡❧♦✇✮ ✐♥&#♦❞✉❝❡❞ ✐♥ ❬✷✸❪ ❜② ❈❤✐♣♦& ✭'❡❡ ❛❧'♦ ❬✸❪✮ ❢♦# I✉❛'✐❧✐♥❡❛# ♥♦♥'✐♥✲

❣✉❧❛# ♣#♦❜❧❡♠ ✇✐&❤ ❉✐#✐❝❤❧❡& ❝♦♥❞✐&✐♦♥' ✭✇❡ #❡❢❡# &♦ ❬✶✷❪ ❛♥❞ ❬✶✸❪ ❢♦# ❧✐♥❡❛# ❘♦❜✐♥ ❝♦♥❞✐&✐♦♥'

❛♥❞ &♦ ❬✶✾❪ ❢♦# ♥♦♥❧✐♥❡❛# ❘♦❜✐♥ ❝♦♥❞✐&✐♦♥'✮✳ ❋♦# &❤❡ ♥♦♥❧✐♥❡❛#✐&② ζ ✇❡ #❡I✉✐#❡ ❛ ♠♦♥♦&♦♥✐❝✐&②

❤②♣♦&❤❡'✐' ❛' ✐♥ ❬✹✷❪ ❛♥❞ ❬✺✷❪✳ ▲❡& ✉' ♠❡♥&✐♦♥ &❤❛&✱ ✇❤✐❧❡ ✐♥ ❬✺✷❪ &❤❡ ✉♥✐I✉❡♥❡'' #❡'✉❧& ✐' ❛

❝♦♥'❡I✉❡♥❝❡ ♦❢ &❤❡ ❝♦♠♣❛#✐'♦♥ ♣#✐♥❝✐♣❧❡✱ ❤❡#❡ ✐♥ &❤❡ ♣#♦♦❢ ✇❡ ❢♦❧❧♦✇ '♦♠❡ ❛#❣✉♠❡♥&' ❢#♦♠

❬✶✾❪✳ ▼♦#❡ ♣#❡❝✐'❡❧②✱ ✇❡ '✉♣♣♦'❡ &❤❡ ❢♦❧❧♦✇✐♥❣ ❛''✉♠♣&✐♦♥'✿

❍1′✮ ❚❤❡#❡ ❡①✐'&' ❛ #❡❛❧ ❢✉♥❝&✐♦♥ ω : R→ R '❛&✐'❢②✐♥❣ &❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐&✐♦♥'✿





✐) ω ✐' ❝♦♥&✐♥✉♦✉' ❛♥❞ ♥♦♥ ❞❡❝#❡❛'✐♥❣, ✇✐&❤ ω(t) > 0 ∀ t > 0;

✐✐) |B(x, t1)− B(x, t2)| ≤ ω(|t1 − t2|) ❢♦# ❛✳❡✳ x ∈ O, ∀ t1 /= t2;

✐✐✐) ∀y > 0, lim
x→0+

∫ y

x

dt

ω(t)
= +∞.

❍3′✮ ❚❤❡ ❢✉♥❝&✐♦♥ ζ ✐' ♥♦♥ ✐♥❝#❡❛'✐♥❣ ✐♥ [0,+∞[✳

❘❡♠❛$❦ ✶✳✶✺✳ ■❢ ❇ ✐' ✉♥✐❢♦#♠❧② ▲✐♣'❝❤✐&③✲❝♦♥&✐♥✉♦✉' ✐♥ t✱ ✐✳❡✳ &❤❡#❡ ❡①✐'&' ❛ ❝♦♥'&❛♥& L

'✉❝❤ &❤❛&

|B(x, t1)− B(x, t2)| ≤ L|t1 − t2| ❢♦# ❛❧♠♦'& ❡✈❡#② x ∈ O ❛♥❞ ❢♦# ❡✈❡#② t1 /= t2,

✹✵
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 ❤❡♥ w(t) := Lt $❛ ✐$✜❡$ ❛$$✉♠♣ ✐♦♥$ ❍1′✮✳

❚❤❡♦$❡♠ ✶✳✶✻✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍6✮ ❛♥❞ *❤❡ ❛❞❞✐*✐♦♥❛❧ ♦♥❡& ❍1′✮ ❛♥❞ ❍3′✮✱ ♣$♦❜✲

❧❡♠ ✭✶✳✶✵✮ ❛❞♠✐*& ❛ ✉♥✐4✉❡ &♦❧✉*✐♦♥✳

6$♦♦❢✳ ▲❡ ✉$ ❛$$✉♠❡  ❤❛ u1 ❛♥❞ u2 ❛4❡  ✇♦ $♦❧✉ ✐♦♥$ ♦❢ ♣4♦❜❧❡♠ ✭✶✳✶✵✮✳ ❚❛❦✐♥❣  ❤❡ ❞✐✛❡4✲

❡♥❝❡ ❜❡ ✇❡❡♥  ❤❡  ✇♦ ✈❛4✐❛ ✐♦♥❛❧ ❢♦4♠✉❧❛ ✐♦♥$✱ ✇❡ ❣❡ 

∫

O

[B(x, u1)∇u1 − B(x, u2)∇u2]∇vdx+

∫

Γ1

ρ[h(u1)− h(u2)]vdσ

+λ

∫

O

(u1 − u2)vdx =

∫

O

f [ζ(u1)− ζ(u2)]vdx,
✭✶✳✹✽✮

❢♦4 ❡✈❡4② ❢✉♥❝ ✐♦♥ v ✐♥ V ✳ ❲❡ ✇❛♥  ♦ ♣4♦✈❡  ❤❛ u1 = u2✳

E4♦❝❡❡❞✐♥❣ ❛$ ✐♥ ❬✶✾❪ ✭$❡❡ ❛❧$♦ ❬✸❪✱ ❬✷✸❪✮✱ ✇❡ ❞❡✜♥❡✿

Fµ(s) :=





∫ s

µ

dt

ω2(t)
✐❢ s ≥ µ,

0 ♦ ❤❡4✇✐$❡;

✭✶✳✹✾✮

✇❤❡4❡ µ ✐$ ❛ ♣♦$✐ ✐✈❡ ♣❛4❛♠❡ ❡4 ❝♦♥✈❡4❣✐♥❣  ♦ 0 ❛♥❞ ω ✐$ ❣✐✈❡♥ ❜② ❍1′✮✳ ❇② ❦♥♦✇♥ 4❡$✉❧ $

✭$❡❡ ❢♦4 ✐$ ❛♥❝❡ ❬✷✸✱ ❈♦4♦❧❧❛4② ✷✳✶✺❪✮✱ Fµ(u1 − u2) ∈ V ❛♥❞

∇Fµ(u1 − u2) =
1

ω2(u1 − u2)
∇(u1 − u2), ✭✶✳✺✵✮

❢♦4 ❡✈❡4② ✜①❡❞ µ > 0✳ ▲❡ ✉$ $❡ 

E := {x ∈ O | (u1 − u2)(x) > µ}

❛♥❞  ❛❦❡ Fµ(u1 − u2) ∈ V ❛$  ❡$ ❢✉♥❝ ✐♦♥ ✐♥ ✭✶✳✹✽✮✳

❆❞❞✐♥❣ ❛♥❞ $✉❜$ 4❛❝ ✐♥❣  ❤❡  ❡4♠

∫
O
B(x, u1)∇u2∇Fµ(u1 − u2)dx✱ ✇❡ ♦❜ ❛✐♥

∫

O

B(x, u1)∇(u1 − u2)∇Fµ(u1 − u2)dx+

∫

O

[B(x, u1)− B(x, u2)]∇u2∇Fµ(u1 − u2)dx

+

∫

Γ1

ρ[h(u1)− h(u2)]Fµ(u1 − u2)dσ + λ

∫

O

(u1 − u2)Fµ(u1 − u2)dx

=

∫

O

f [ζ(u1)− ζ(u2)]Fµ(u1 − u2)dx.

❋4♦♠  ❤❡ ❞❡✜♥✐ ✐♦♥ ♦❢ Fµ ✭$❡❡ ✭✶✳✹✾✮✮✱ ✉$✐♥❣ ✭✶✳✺✵✮ ❛♥❞  ❤❡ ❢❛❝  ❤❛ ∇Fµ(u1 − u2) = 0

✹✶
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♦✉"#✐❞❡ E✱ ✇❡ ❣❡"

∫

E

B(x, u1)
1

ω2(u1 − u2)
∇(u1 − u2)∇(u1 − u2)dx

+

∫

E

[B(x, u1)− B(x, u2)]
1

ω2(u1 − u2)
∇u2∇(u1 − u2)dx

+

∫

Γ1

ρ[h(u1)− h(u2)]Fµ(u1 − u2)dσ + λ

∫

O

(u1 − u2)Fµ(u1 − u2)dx

=

∫

O

f [ζ(u1)− ζ(u2)]Fµ(u1 − u2)dx.

❙♦✱ ❢,♦♠ ❍1✮ ✇❡ ❤❛✈❡✿

α

∥∥∥∥
∇(u1 − u2)

ω(u1 − u2)

∥∥∥∥
2

L2(E)

≤

∫

E

B(x, u1)
1

ω2(u1 − u2)
∇(u1 − u2)∇(u1 − u2)dx

= −

∫

E

[B(x, u1)− B(x, u2)]
1

ω2(u1 − u2)
∇u2∇(u1 − u2)dx

−

∫

Γ1

ρ[h(u1)− h(u2)]Fµ(u1 − u2)dσ − λ

∫

O

(u1 − u2)Fµ(u1 − u2)dx

+

∫

O

f [ζ(u1)− ζ(u2)]Fµ(u1 − u2)dx.

✭✶✳✺✶✮

◆♦✇✱ ❢,♦♠ ❍4✮ii✱ ❍6✮ ❛♥❞ ✭✶✳✹✾✮✱ ✇❡ ♦❜"❛✐♥

ρ[h(u1)− h(u2)]Fµ(u1 − u2) ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✷✮

❙✐♥❝❡ Fµ(u1−u2) ∈ V ✱ ?,♦♣♦#✐"✐♦♥ ✶✳✻ ✭✇,✐""❡♥ ❢♦, t1 = 1✮ ❣✐✈❡# ρ[h(u1)−h(u2)]Fµ(u1−u2) ∈

W 1,1(O)✱ ✇❤✐❝❤ ✐♠♣❧✐❡#

ρ[h(u1)− h(u2)]Fµ(u1 − u2) ≥ 0 ❛✳❡✳ ♦♥ Γ1, ✭✶✳✺✸✮

"❤❛♥❦# "♦ ✭✶✳✺✷✮ ❛♥❞ "❤❡ ",❛❝❡ "❤❡♦,❡♠✳ ❆❣❛✐♥ ❢,♦♠ ✭✶✳✹✾✮ ❛♥❞ ❍2✮✱ ✇❡ ❤❛✈❡ ❛❧#♦

λ(u1 − u2)Fµ(u1 − u2) ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✹✮

❖♥ "❤❡ ♦"❤❡, ❤❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ❤②♣♦"❤❡#❡# ❍3✮ii ❛♥❞ ❍3′✮✱ ✇❡ ❣❡"

f [ζ(u1)− ζ(u2)]Fµ(u1 − u2) ≤ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✺✮

❈♦❧❧❡❝"✐♥❣ ✭✶✳✺✸✮✱ ✭✶✳✺✹✮ ❛♥❞ ✭✶✳✺✺✮✱ ✇❡ ♦❜"❛✐♥ ❜② ✭✶✳✺✶✮

α

∥∥∥∥
∇(u1 − u2)

ω(u1 − u2)

∥∥∥∥
2

L2(E)

≤

∫

E

B(x, u1)
1

ω2(u1 − u2)
∇(u1 − u2)∇(u1 − u2)dx

≤

∫

E

|[B(x, u1)− B(x, u2)]∇u2∇(u1 − u2)|

ω2(u1 − u2)
dx.

✹✷
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◆♦✇✱ ✉%✐♥❣ ❤②♣♦,❤❡%✐% ❍1′✮ii ❛♥❞ ,❤❡ ❈❛✉❝❤②✲❙❝❤✇❛6③ ✐♥❡8✉❛❧✐,②✱ ✇❡ ❤❛✈❡

α

∥∥∥∥
∇(u1 − u2)

ω(u1 − u2)

∥∥∥∥
2

L2(E)

≤

∫

E

|∇u2||∇(u1 − u2)|

ω(u1 − u2)
dx ≤ ‖∇u2‖L2(E)

∥∥∥∥
∇(u1 − u2)

ω(u1 − u2)

∥∥∥∥
L2(E)

,

✇❤✐❝❤ ✐♠♣❧✐❡%

∥∥∥∥
∇(u1 − u2)

ω(u1 − u2)

∥∥∥∥
L2(E)

≤
1

α
‖∇u2‖L2(E) ≤ C‖∇u2‖L2(O) ≤ C ′,

✭✶✳✺✻✮

✇✐,❤ C ❛♥❞ C ′
✐♥❞❡♣❡♥❞❡♥, ♦❢ µ✳

❈✉66❡♥,❧② ✇❡ %❡,

Gµ(s) :=





∫ s

µ

dt

ω(t)
✐❢ s ≥ µ,

0 ♦,❤❡6✇✐%❡;

✭✶✳✺✼✮

✇❤❡6❡ µ ✐% ❣✐✈❡♥ ❛% ✐♥ ✭✶✳✹✾✮✳

❆% ❜❡❢♦6❡✱ ✇❡ ❤❛✈❡ Gµ(u1−u2) ∈ V ❛♥❞ ∇Gµ(u1−u2) =
1

ω(u1−u2)
∇(u1−u2)✳ ❲❤❡♥❝❡✱ ✉%✐♥❣

,❤❡ ❢❛❝, ,❤❛, Gµ(u1 − u2) ✐% ❡8✉❛❧ ,♦ ③❡6♦ ♦♥ O\E✱ ✭✶✳✺✻✮ ❜❡❝♦♠❡%

‖Gµ(u1 − u2)‖V = ‖∇Gµ(u1 − u2)‖L2(O) ≤ C ′, ❢♦6 ❡✈❡6② µ.

❍❡♥❝❡✱ ,❤❡6❡ ❡①✐%,% ❛ %❡8✉❡♥❝❡ {µk}k∈N ❝♦♥✈❡6❣✐♥❣ ,♦ 0✱ ❛% k → ∞✱ ❛♥❞ ❛ ❢✉♥❝,✐♦♥ G ∈ V

%✉❝❤ ,❤❛,✱ ✉♣ ,♦ ❛ %✉❜%❡8✉❡♥❝❡✱





Gµk
(u1 − u2)⇀ G ✇❡❛❦❧② ✐♥ V,

Gµk
(u1 − u2)→ G %,6♦♥❣❧② ✐♥ L2(O) ❛♥❞ ❛✳❡✳ ✐♥ O.

❚❤✐% ✐♠♣❧✐❡% ,❤❛,

lim
µk→0

Gµk
(u1 − u2)(x) = G(x) < +∞ ❛✳❡✳ ✐♥ O, ❛% k →∞.

❇✉, ❢6♦♠ ❞❡✜♥✐,✐♦♥ ✭✶✳✺✼✮ ❛♥❞ ❤②♣♦②❤❡%✐% ❍1′✮iii✱ ✇❡ ❤❛✈❡ ❛❧%♦

lim
µk→0

Gµk
(u1 − u2)(x) = lim

µk→0

∫ (u1−u2)(x)

µk

dt

ω(t)
= +∞ ❛✳❡✳ ✐♥ E.

❈♦♥%❡8✉❡♥,❧②✱ ❛% µ→ 0✱

|E| = |{x ∈ O|(u1 − u2)(x) > 0}| = 0,

%♦ ,❤❛, u1 ≤ u2 ❛❧♠♦%, ❡✈❡6②✇❤❡6❡ ✐♥ O✳ ■♥,❡6❝❤❛♥❣✐♥❣ ,❤❡ 6♦❧❡% ♦❢ u1 ❛♥❞ u2✱ ✇❡ ♦❜,❛✐♥

u1 = u2 ❛❧♠♦%, ❡✈❡6②✇❤❡6❡ ✐♥ O✳

✹✸
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✶✳✼ ❆ $❡❣✉❧❛$✐+② $❡-✉❧+

■♥ "❤✐% ❧❛%" %❡❝"✐♦♥ ✇❡ ❞✐%❝✉%% "❤❡ ❜♦✉♥❞❡❞♥❡%% ♦❢ ❛ %♦❧✉"✐♦♥ ♦❢ ♣1♦❜❧❡♠ ✭✶✳✶✵✮✳ ❆% ♠❡♥"✐♦♥❡❞

✐♥ ❘❡♠❛1❦ ✶✳✷✱ ✐♥ ♦1❞❡1 "♦ ❣❡" ❜♦✉♥❞❡❞ %♦❧✉"✐♦♥% ✇❡ ♥❡❡❞ "♦ 1❡>✉✐1❡ ❛ ❣1❡❛"❡1 %✉♠♠❛❜✐❧✐"②

♦❢ "❤❡ ❞❛"❛ f ❛♥❞ g✱ ❛% ❞♦♥❡ ✐♥ ❬✷✹❪✱ ❬✷✺❪✱ ❬✷✻❪✱ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✹❪✳

❍❡♥❝❡✱ ✐♥%"❡❛❞ ♦❢ ❍3✮ii ❛♥❞ ❍4✮i✱ ✇❡ ♠❛❦❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦"❤❡%❡%✿

❍3′′✮ 0 ≤ f ∈ Ll(O0), ✇✐"❤ l >
N

2
.

❍4′✮ 0 ≤ g ∈ Ls(Γ1), ✇✐"❤ s > N − 1.

❘❡♠❛$❦ ✶✳✶✼✳ ▲❡" ✉% ♠❡♥"✐♦♥ "❤❛"✱ ❛% %❤♦✇❡❞ ✐♥ ❬✹✷❪✱ ❛%%✉♠♣"✐♦♥ ❍3′′✮ ✐% %"1♦♥❣❡1 "❤❛♥

❍3✮ii✳ ❋✉1"❤❡1♠♦1❡✱ ♦❜%❡1✈❡ "❤❛" ✐❢ N = 2✱ ❍4′✮ ❛♥❞ ❍4✮i ❛1❡ "❤❡ %❛♠❡ ❤②♣♦"❤❡%✐%❀ ✐❢ N > 2✱

❍4′✮ ✐♠♣❧✐❡% ❍4✮i %✐♥❝❡

2(N−1)
N

< 2 ≤ N − 1✳

❆% ✉%✉❛❧ ✇❤❡♥ ♣1♦✈✐♥❣ "❤❡ ❜♦✉♥❞❡❞♥❡%% ♦❢ ❛ %♦❧✉"✐♦♥ ✭%❡❡ ❢♦1 ✐%"❛♥❝❡ ❬✷✹❪✱ ❬✹✷❪ ❛♥❞ ❬✺✶❪✮✱

"♦ %❤♦✇ "❤❡ ♥❡①" "❤❡♦1❡♠ ✇❡ ✉%❡ %♦♠❡ ❝❧❛%%✐❝❛❧ ✐❞❡❛% ❢1♦♠ ❙"❛♠♣❛❝❝❤✐❛ ❬✻✾❪✳

❚❤❡♦$❡♠ ✶✳✶✽✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮−❍6✮✱ &✉♣♣♦&❡ ❢✉$*❤❡$ ❍3′′✮ ❛♥❞ ❍4′✮ ❤♦❧❞ *$✉❡✳

❚❤❡♥✱ ❛♥② &♦❧✉*✐♦♥ ♦❢ ✭✶✳✶✵✮ ✐& ❜♦✉♥❞❡❞✳

7$♦♦❢✳ ▲❡" ✉% %❡"✱ ❢♦1 ❡✈❡1② 1❡❛❧ ♥✉♠❜❡1 h ≥ 1✱

Ah := {x ∈ O : u(x) > h} ❛♥❞ Dh := {x ∈ Γ1 : u(x) > h}.

❙✐♥❝❡ u ∈ V ✱ ❞❡♥♦"✐♥❣ ❜② |Ah| "❤❡ ♠❡❛%✉1❡ ♦❢ Ah✱ ✇❡ ❣❡"

h2|Ah| <

∫

Ah

u2dx ≤ c,

❛♥❞ ❝♦♥%❡>✉❡♥"❧② |Ah| ≤
c
h2 ✳ ❚❤❡♥

lim
h→+∞

|Ah| = 0.

❋1♦♠ ❬✷✹✱ ▲❡♠♠❛ ✸✳✹❪✱ "❤❛♥❦% "♦ P1♦♣♦%✐"✐♦♥ ✶✳✼ ✇❡ ❤❛✈❡ ❛❧%♦

lim
h→+∞

∂HN−1(Dh) = 0,

✇❤❡1❡ ∂HN−1 ✐% "❤❡ (N − 1)✲❍❛✉%❞♦1✛ ♠❡❛%✉1❡ ✐♥ RN
✳

◆♦✇✱ ❧❡" ✉% ❝❤♦♦%❡ Gh(u) := (u− h)+ ∈ V ❛% "❡%" ❢✉♥❝"✐♦♥ ✐♥ ✭✶✳✶✵✮✱ ✇✐"❤ h ≥ 1✳ ❙✐♥❝❡

∇u = ∇Gh(u)−∇[(u− h)−] ❛♥❞

∫

O

B(x, u)∇[(u− h)−]∇Gh(u)dx = 0,

✹✹
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✇❡ ❣❡# ∫

O

B(x, u)∇Gh(u)∇Gh(u)dx+

∫

Γ1

ρh(u)Gh(u)dσ +

∫

O

λuGh(u)dx

=

∫

O

fζ(u)Gh(u)dx+

∫

Γ1

gGh(u)dσ.

■♥ ✈✐❡✇ ♦❢ ❍1✮ ❛♥❞ #❛❦✐♥❣ ✐♥#♦ ❛❝❝♦✉♥# #❤❛# Gh(u)✱ ρ✱ λ ❛♥❞ h(u) ❛3❡ ♥♦♥♥❡❣❛#✐✈❡ ✭5✐♥❝❡

u > 0✮✱ #❤❡ ♣3❡✈✐♦✉5 ❡7✉❛❧✐#② ②✐❡❧❞5

α

∫

O

[∇Gh(u)]
2dx ≤

∫

O

fζ(u)Gh(u)dx+

∫

Γ1

gGh(u)dσ.

❙✐♥❝❡ ❍3✮i ❛♥❞ h ≥ 1✱ ✇❡ ♦❜#❛✐♥ ζ(u) ≤ 1
uθ <

1
hθ ≤ 1 ♦♥ #❤❡ 5❡# ✇❤❡3❡ Gh(u) /= 0 ✇❤✐❝❤ ❣✐✈❡5

α

∫

O

[∇Gh(u)]
2dx ≤

∫

O

fGh(u)dx+

∫

Γ1

gGh(u)dσ.

❚❤✐5 ✐♠♣❧✐❡5 #❤❛# u ❜❡❧♦♥❣5 #♦ L∞(O)✳ ■♥❞❡❡❞✱ ❢3♦♠ #❤✐5 ♣♦✐♥#✱ ✇❡ ❝❛♥ ✉5❡ ❡①❛❝#❧② #❤❡ 5❛♠❡

❛3❣✉♠❡♥#5 ♦❢ #❤❡ ♣3♦♦❢ ♦❢ ❚❤❡♦3❡♠ 3.2 ✐♥ ❬✷✹❪ ✭✇3✐##❡♥ ❢♦3 δ = 0✮✱ ❜❛5❡❞ ♦♥ ❝❧❛55✐❝❛❧ 3❡5✉❧#5

❢3♦♠ ❙#❛♠♣❛❝❝❤✐❛ ❬✻✾❪✮✳

✹✺



❈❤❛♣$❡& ✷

❍♦♠♦❣❡♥✐③❛$✐♦♥ ♦❢ ❛ ❝❧❛22 ♦❢ 2✐♥❣✉❧❛&

❡❧❧✐♣$✐❝ ♣&♦❜❧❡♠2 ✐♥ ♣❡&❢♦&❛$❡❞ ❞♦♠❛✐♥2

 ✳ ❉♦♥❛&♦✱ ❙✳ ▼♦♥*✉,,- ❛♥❞ ❋✳ ❘❛✐♠♦♥❞✐✱ ❍♦♠♦❣❡♥✐③❛)✐♦♥ ♦❢ ❛ ❝❧❛-- ♦❢ -✐♥❣✉❧❛/

❡❧❧✐♣)✐❝ ♣/♦❜❧❡♠- ✐♥ ♣❡/❢♦/❛)❡❞ ❞♦♠❛✐♥-✱ ◆♦♥❧✐♥❡❛, ❆♥❛❧②*✐*✱ ✶✼✸✱ ♣♣✳ ✶✽✵✕✷✵✽✱

✭✷✵✶✽✮✳

■♥ "❤✐% ❝❤❛♣"❡* ✇❡ %"✉❞② "❤❡ ❛%②♠♣"♦"✐❝ ❜❡❤❛✈✐♦* ♦❢ ❛ ❝❧❛%% ♦❢ 5✉❛%✐❧✐♥❡❛* ❡❧❧✐♣"✐❝ ♣*♦❜❧❡♠%

♣♦%❡❞ ✐♥ ❛ ❞♦♠❛✐♥ ♣❡*❢♦*❛"❡❞ ❜② ε✲♣❡*✐♦❞✐❝ ❤♦❧❡% ♦❢ %✐③❡ ε✳ ❚❤❡ 5✉❛%✐❧✐♥❡❛* ❡5✉❛"✐♦♥% ♣*❡%❡♥"

❛ ♥♦♥❧✐♥❡❛* %✐♥❣✉❧❛* ❧♦✇❡* ♦*❞❡* "❡*♠ fζ(uε)✱ ✇❤❡*❡ uε ✐% "❤❡ %♦❧✉"✐♦♥ ♦❢ "❤❡ ♣*♦❜❧❡♠ ❛" ε✲

❧❡✈❡❧✱ ζ ✐% ❛ ❝♦♥"✐♥✉♦✉% ❢✉♥❝"✐♦♥ %✐♥❣✉❧❛* ✐♥ ③❡*♦ ❛♥❞ f ❛ ❢✉♥❝"✐♦♥ ✇❤♦%❡ %✉♠♠❛❜✐❧✐"② ❞❡♣❡♥❞%

♦♥ "❤❡ ❣*♦✇"❤ ♦❢ ζ ♥❡❛* ✐"% %✐♥❣✉❧❛*✐"②✳ ❲❡ ♣*❡%❝*✐❜❡ ❛ ♥♦♥❧✐♥❡❛* ❘♦❜✐♥ ❝♦♥❞✐"✐♦♥ ♦♥ "❤❡

❜♦✉♥❞❛*② ♦❢ "❤❡ ❤♦❧❡% ❝♦♥"❛✐♥❡❞ ✐♥ Ω ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉% ❉✐*✐❝❤❧❡" ❝♦♥❞✐"✐♦♥ ♦♥ "❤❡ ❡①"❡*✐♦*

❜♦✉♥❞❛*②✳ ❚❤❡ ♣❛*"✐❝✉❧❛* ❝❛%❡ ♦❢ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛*② ❝♦♥❞✐"✐♦♥ ♦♥ "❤❡ ❤♦❧❡% ✐% ❛❧*❡❛❞②

♥❡✇✳

❚❤❡ ♠❛✐♥ "♦♦❧ ✐♥ "❤❡ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ♣*♦❝❡%% ❝♦♥%✐%"% ✐♥ ♣*♦✈✐♥❣ ❛ %✉✐"❛❜❧❡ ❝♦♥✈❡*❣❡♥❝❡

*❡%✉❧"✱ ✇❤✐❝❤ %❤♦✇% "❤❛" "❤❡ ❣*❛❞✐❡♥" ♦❢ uε ❜❡❤❛✈❡% ❧✐❦❡ "❤❛" ♦❢ "❤❡ %♦❧✉"✐♦♥ ♦❢ ❛ %✉✐"❛❜❧❡

❧✐♥❡❛* ♣*♦❜❧❡♠ ❛%%♦❝✐❛"❡❞ ✇✐"❤ ❛ ✇❡❛❦ ❝❧✉%"❡* ♣♦✐♥" ♦❢ "❤❡ %❡5✉❡♥❝❡ {uε}✱ ❛% ε → 0✳ ❚❤✐%

❛❧❧♦✇% ✉% ♥♦" ♦♥❧② "♦ ♣❛%% "♦ "❤❡ ❧✐♠✐" ✐♥ "❤❡ 5✉❛%✐❧✐♥❡❛* "❡*♠✱ ❜✉" ❛❧%♦ "♦ %"✉❞② "❤❡ %✐♥❣✉❧❛*

"❡*♠ ♥❡❛* ✐"% %✐♥❣✉❧❛*✐"②✱ ✈✐❛ ❛♥ ❛❝❝✉*❛"❡ ❛ ♣*✐♦*✐ ❡%"✐♠❛"❡✳ ❲❡ ❛❧%♦ ❣❡" ❛ ❝♦**❡❝"♦* *❡%✉❧" ❢♦*

♦✉* ♣*♦❜❧❡♠✳

❚❤❡ ♠❛✐♥ ♥♦✈❡❧"② ♦❢ "❤✐% ✇♦*❦ ✐% "❤❛" ❢♦* "❤❡ ✜*%" "✐♠❡ "❤❡ ✉♥❢♦❧❞✐♥❣ ♠❡"❤♦❞ ✐% ✉%❡❞ "♦ "*❡❛"

❛ %✐♥❣✉❧❛* "❡*♠ ❛% fζ(uε)✳ ❚❤✐% ♣❧❛②% ❛♥ ❡%%❡♥"✐❛❧ *♦❧❡ ✐♥ ♦*❞❡* "♦ ❣❡" ❛♥ ❛❧♠♦%" ❡✈❡*②✇❤❡*❡

❝♦♥✈❡*❣❡♥❝❡ ♦❢ "❤❡ %♦❧✉"✐♦♥ uε✱ ♥❡❡❞❡❞ ✐♥ "❤❡ %"✉❞② "❤❡ ❛%②♠♣"♦"✐❝ ❜❡❤❛✈✐♦* ♦❢ "❤❡ ♣*♦❜❧❡♠✳

✹✻
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✷✳✶ ■♥%&♦❞✉❝%✐♦♥

❲❡ ❞❡❛❧ ✇✐'❤ '❤❡ ❤♦♠♦❣❡♥✐③❛'✐♦♥ ♦❢ ❛ ❝❧❛00 ♦❢ 1✉❛0✐❧✐♥❡❛3 ❡❧❧✐♣'✐❝ ♣3♦❜❧❡♠0 ✇✐'❤ 0✐♥❣✉❧❛3

❧♦✇❡3 ♦3❞❡3 '❡3♠0 ♣♦0❡❞ ✐♥ ♣❡3✐♦❞✐❝❛❧❧② ♣❡3❢♦3❛'❡❞ ❞♦♠❛✐♥0✳ ■♥ ♦✉3 0'✉❞②✱ ✇❡ ✉0❡ '❤❡ ♣❡3✐✲

♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡'❤♦❞✱ ♦3✐❣✐♥❛❧❧② ✐♥'3♦❞✉❝❡❞ ✐♥ ❬✷✽❪ ❛♥❞ ❬✷✾❪✳ ❚❤❡ ♣❡3❢♦3❛'❡❞ ❞♦♠❛✐♥ Ω∗
ε ✐0

♦❜'❛✐♥❡❞ ❜② 3❡♠♦✈✐♥❣ ❢3♦♠ ❛ ❝♦♥♥❡❝'❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ 0❡' Ω ♦❢ RN
✱ N ≥ 2✱ ❛ 0❡' ♦❢ ε✲♣❡3✐♦❞✐❝

❤♦❧❡0 ♦❢ 0✐③❡ ε✳ ❚❤❡ ❜♦✉♥❞❛3② ♦❢ Ω∗
ε ✐0 ❞❡❝♦♠♣♦0❡❞ ✐♥'♦ Γ

ε
1 ❛♥❞ Γ

ε
0✱ ✇❤✐❝❤ ❞❡♥♦'❡ '❤❡ ❜♦✉♥❞✲

❛3② ♦❢ '❤❡ ❤♦❧❡0 ✇❡❧❧ ❝♦♥'❛✐♥❡❞ ✐♥ Ω ❛♥❞ '❤❡ 3❡♠❛✐♥✐♥❣ ❡①'❡3✐♦3 ❜♦✉♥❞❛3②✱ 3❡0♣❡❝'✐✈❡❧② ✭0❡❡

❙❡❝'✐♦♥ ✷✳✷ ❢♦3 ❞❡'❛✐❧0✮✳ ❲❡ ♣3❡0❝3✐❜❡ ❛ ♥♦♥❧✐♥❡❛3 ❘♦❜✐♥ ❝♦♥❞✐'✐♦♥ ♦♥ Γε
1 ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉0

❉✐3✐❝❤❧❡' ❝♦♥❞✐'✐♦♥ ♦♥ Γε
0✳

▼♦3❡ ♣3❡❝✐0❡❧②✱ ✇❡ 0'✉❞② '❤❡ ❛0②♠♣'♦'✐❝ ❜❡❤❛✈✐♦3✱ ❛0 ε ❣♦❡0 '♦ ③❡3♦✱ ♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ ♣3♦❜❧❡♠✿





−div(Aε(x, uε)∇uε) = fζ(uε) ✐♥ Ω∗
ε,

uε = 0 ♦♥ Γε
0,

(Aε(x, uε)∇uε)ν + εγρε(x)h(uε) = gε ♦♥ Γε
1,

✇❤❡3❡ ν ✐0 '❤❡ ✉♥✐' ♦✉'✇❛3❞ ♥♦3♠❛❧ '♦ '❤❡ ❤♦❧❡0✳

❚❤❡ ♦0❝✐❧❧❛'✐♥❣ ❝♦❡✣❝✐❡♥'0✬ ♠❛'3✐① ✜❡❧❞ Aε
✐♥ '❤❡ 1✉❛0✐❧✐♥❡❛3 ❞✐✛✉0✐♦♥ '❡3♠ ✐0 ❞❡✜♥❡❞ ❜②

Aε(x, t) = A
(
x
ε
, t
)
✱ ✇❤❡3❡ '❤❡ ♠❛'3✐① ✜❡❧❞ A ✐0 ✉♥✐❢♦3♠❧② ❡❧❧✐♣'✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡3✐♦❞✐❝ ✐♥ '❤❡

✜30' ✈❛3✐❛❜❧❡ ❛♥❞ ❈❛3❛'❤O♦❞♦3②✳ ❚❤❡ ♥♦♥❧✐♥❡❛3 3❡❛❧ ❢✉♥❝'✐♦♥ ζ(s) ✐0 ♥♦♥♥❡❣❛'✐✈❡ ❛♥❞ 0✐♥❣✉❧❛3

❛' s = 0✱ ✇❤✐❧❡ f ✐0 ❛ ♥♦♥♥❡❣❛'✐✈❡ ❞❛'✉♠ ✇❤♦0❡ 0✉♠♠❛❜✐❧✐'② ❞❡♣❡♥❞0 ♦♥ '❤❡ ❣3♦✇'❤ ♦❢ ζ ♥❡❛3

✐'0 0✐♥❣✉❧❛3✐'②✳ ❈♦♥❝❡3♥✐♥❣ '❤❡ ❘♦❜✐♥ ❜♦✉♥❞❛3② ❝♦♥❞✐'✐♦♥✱ ρε(x) = ρ
(
x
ε

)
✇❤❡3❡ '❤❡ ❢✉♥❝'✐♦♥

ρ ✐0 ❛00✉♠❡❞ '♦ ❜❡ ♣❡3✐♦❞✐❝✱ ♥♦♥♥❡❣❛'✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ ∂T ✱ '❤❡ ♥♦♥❧✐♥❡❛3 ❜♦✉♥❞❛3② '❡3♠

h ✐0 ❛♥ ✐♥❝3❡❛0✐♥❣ ❛♥❞ ❝♦♥'✐♥✉♦✉0❧② ❞✐✛❡3❡♥'✐❛❜❧❡ ❢✉♥❝'✐♦♥ ✇❤♦0❡ ❞❡3✐✈❛'✐✈❡ 0❛'✐0✜❡0 0✉✐'❛❜❧❡

❣3♦✇'❤ ❛00✉♠♣'✐♦♥0✱ ❛♥❞ gε(x) = εg
(
x
ε

)
✱ ✇❤❡3❡ g ✐0 ❛ ♣❡3✐♦❞✐❝ ♥♦♥♥❡❣❛'✐✈❡ ❢✉♥❝'✐♦♥ ✇✐'❤

♣3❡0❝3✐❜❡❞ 0✉♠♠❛❜✐❧✐'②✳

❋3♦♠ '❤❡ ♣❤②0✐❝❛❧ ♣♦✐♥' ♦❢ ✈✐❡✇✱ '❤❡ 1✉❛0✐❧✐♥❡❛3 ❞✐✛✉0✐♦♥ '❡3♠ ❞❡0❝3✐❜❡0 '❤❡ ❜❡❤❛✈✐♦3 ♦❢ 0♦♠❡

♠❛'❡3✐❛❧0✱ ❧✐❦❡ ❣❧❛00 ♦3 ✇♦♦❞✱ ✐♥ ✇❤✐❝❤ '❤❡ ❤❡❛' ❞✐✛✉0✐♦♥ ❞❡♣❡♥❞0 ♦♥ '❤❡ '❡♠♣❡3❛'✉3❡ ✭0❡❡

❬✺✵❪ ❢♦3 ♠♦3❡ ❞❡'❛✐❧0✮✳ ❆ 0♦✉3❝❡ '❡3♠ ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ 0♦❧✉'✐♦♥ ✐'0❡❧❢ ❛♥❞ ❜❡❝♦♠✐♥❣ ✐♥✜♥✐'❡

✇❤❡♥ '❤❡ 0♦❧✉'✐♦♥ ✈❛♥✐0❤❡0 ♠❛② ♠♦❞❡❧ ❛♥ ❡❧❡❝'3✐❝❛❧ ❝♦♥❞✉❝'♦3✱ ✇❤❡3❡ ❡❛❝❤ ♣♦✐♥' ❜❡❝♦♠❡0

❛ 0♦✉3❝❡ ♦❢ ❤❡❛' ❛0 ❛ ❝✉33❡♥' ✢♦✇0 ✐♥ ✐' ✭0❡❡ ❬✹✷✱ ❙❡❝'✐♦♥ 3❪✮✳ ▼♦3❡♦✈❡3✱ ♥♦♥❧✐♥❡❛3 ❘♦❜✐♥

❜♦✉♥❞❛3② ❝♦♥❞✐'✐♦♥0 ❞❡0❝3✐❜❡ ❝❡3'❛✐♥ ❝❤❡♠✐❝❛❧ 3❡❛❝'✐♦♥0 ❛' '❤❡ ❜♦✉♥❞❛3✐❡0 ♦❢ ♣❡3❢♦3❛'✐♦♥0

✭❡✳❣✳ ❬✸✼❪✮✳

❚❤❡ ❡①✐0'❡♥❝❡ ❛♥❞ ✉♥✐1✉❡♥❡00 ♦❢ '❤❡ ✇❡❛❦ 0♦❧✉'✐♦♥ ♦❢ '❤❡ ♣3♦❜❧❡♠✱ ❢♦3 ❡✈❡3② ✜①❡❞ ε✱ ❤❛✈❡

❛❧3❡❛❞② ❜❡❡♥ ♣3♦✈❡❞ ❜② '❤❡ ❛✉'❤♦30 ✐♥ ❬✹✻❪✳ ❯♥✐❢♦3♠ ❛ ♣3✐♦3✐ ❡0'✐♠❛'❡0 ♦❢ '❤❡ 0♦❧✉'✐♦♥ uε ❛3❡

♦❜'❛✐♥❡❞ ❜② ❛❞❛♣'✐♥❣ '♦ ♦✉3 ❝❛0❡ 0♦♠❡ ❛3❣✉♠❡♥'0 ✐♥'3♦❞✉❝❡❞ ✐♥ ❬✹✻❪✳ ▲❡' ✉0 ♠❡♥'✐♦♥ '❤❛'

'❤❡ '❤✐3❞ ❜♦✉♥❞ ✭❝❢✳ \3♦♣♦0✐'✐♦♥ ✷✳✷✷✮ ♣3♦✈✐❞❡0 ❛♥ ❡0'✐♠❛'❡ ♦❢ '❤❡ ✐♥'❡❣3❛❧ ♦❢ '❤❡ 0✐♥❣✉❧❛3

'❡3♠ ❝❧♦0❡ '♦ '❤❡ 0✐♥❣✉❧❛3 0❡' {uε = 0}✱ ✐♥ '❡3♠0 ♦❢ '❤❡ 1✉❛0✐❧✐♥❡❛3 ♦♥❡✳
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✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

■♥ "❤❡ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ♣,♦❝❡.. ✇❡ ❤❛✈❡ "♦ ♣❛.. "♦ "❤❡ ❧✐♠✐" ✐♥ "❤❡ 2✉❛.✐❧✐♥❡❛, "❡,♠✱ ✐♥ "❤❡

.✐♥❣✉❧❛, ♦♥❡ ❛♥❞ ✐♥ "❤❡ ♥♦♥❧✐♥❡❛, ❘♦❜✐♥ ❝♦♥❞✐"✐♦♥✳ ■♥ ♦,❞❡, "♦ ."✉❞② "❤❡ 2✉❛.✐❧✐♥❡❛, "❡,♠✱

✇❡ ♣,♦✈❡ ❛ ❝,✉❝✐❛❧ ❝♦♥✈❡,❣❡♥❝❡✱ ❣✐✈❡♥ ❜② ❚❤❡♦,❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐. "❤❡ ♠❛✐♥ "♦♦❧ ✇❤❡♥ ♣,♦✈✐♥❣

♦✉, ,❡.✉❧".✳ ■" .❤♦✇. "❤❛" "❤❡ ❣,❛❞✐❡♥" ♦❢ uε ❜❡❤❛✈❡. ❧✐❦❡ "❤❛" ♦❢ "❤❡ .♦❧✉"✐♦♥ ♦❢ ❛ .✉✐"❛❜❧❡

❧✐♥❡❛, ♣,♦❜❧❡♠ ❛..♦❝✐❛"❡❞ ✇✐"❤ ❛ ✇❡❛❦ ❝❧✉."❡, ♣♦✐♥" ♦❢ "❤❡ .❡2✉❡♥❝❡ {uε}✱ ❛. ε → 0✳ ❚❤✐.

✐❞❡❛ ✇❛. ♦,✐❣✐♥❛❧❧② ✐♥",♦❞✉❝❡❞ ✐♥ ❬✶✹❪ ✭.❡❡ ❛❧.♦ ❬✶✺❪✮ ✇❤❡,❡ .♦♠❡ ♥♦♥❧✐♥❡❛, ♣,♦❜❧❡♠. ✇✐"❤

2✉❛❞,❛"✐❝ ❣,♦✇"❤ ❛,❡ ❝♦♥.✐❞❡,❡❞✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡,❡♥❝❡ ✇✐"❤ ,❡.♣❡❝" "♦ ❬✶✹❪ ❝♦♥.✐.". ✐♥ "❤❡

❝❤♦✐❝❡ ♦❢ "❤❡ "❡." ❢✉♥❝"✐♦♥. ✉.❡❞ ✐♥ "❤❡ ♣,♦♦❢✳ ■♥❞❡❡❞✱ ✐♥ "❤❡ 2✉❛❞,❛"✐❝ ❣,♦✇"❤ ❝❛.❡ "❤❡

❛✉"❤♦,. "❛❦❡ ❡①♣♦♥❡♥"✐❛❧ "❡." ❢✉♥❝"✐♦♥.✱ ✇❤✐❧❡ ❤❡,❡ ✇❡ ❤❛✈❡ "♦ ✉.❡ ❛♣♣,♦♣,✐❛"❡ "❡." ❢✉♥❝"✐♦♥.

"❤❛" ❛❧❧♦✇ ✉. "♦ ",❡❛" "❤❡ .✐♥❣✉❧❛, "❡,♠✳ ❚♦ ❝♦♥.",✉❝" "❤❡.❡ ❢✉♥❝"✐♦♥.✱ "❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥"

"❤❡ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ,❡.✉❧". ♦❢ ❬✷✺❪✱ ✇❡ ❛❞❛♣" "♦ ♦✉, ♥❡❡❞. .♦♠❡ "❡❝❤♥✐2✉❡. ❢,♦♠ ❬✹✷❪✳

❆. ❢❛, ❛. ✐" ❝♦♥❝❡,♥. "❤❡ .✐♥❣✉❧❛, "❡,♠✱ ❛. ❞♦♥❡ ✐♥ ❬✹✷❪ ❛♥❞ ❬✹✻❪✱ ✇❡ .♣❧✐" ✐" ✐♥"♦ "❤❡ .✉♠ ♦❢

"✇♦ ✐♥"❡❣,❛❧.✿ ♦♥❡ ♦♥ "❤❡ .❡" ✇❤❡,❡ "❤❡ .♦❧✉"✐♦♥ ✐. ❝❧♦.❡ "♦ "❤❡ .✐♥❣✉❧❛,✐"② ❛♥❞ ♦♥❡ ✇❤❡,❡ ✐.

✐" ❢❛, ❢,♦♠ ✐"✱ ✇❤✐❝❤ ,❡.✉❧". ♥♦" .✐♥❣✉❧❛,✳ ◆❡❛, "❤❡ .✐♥❣✉❧❛,✐"②✱ ✇❡ ♠❛❦❡ ✉.❡ ♦❢ "❤❡ ❡."✐♠❛"❡

❣✐✈❡♥ ❜② L,♦♣♦.✐"✐♦♥ ✷✳✷✷✳ ■♥ "❤✐. ✇❛②✱ ✇❡ .❤✐❢" "❤❡ ."✉❞② ♦❢ "❤❡ .✐♥❣✉❧❛, "❡,♠ "♦ "❤❛" ♦❢ "❤❡

2✉❛.✐❧✐♥❡❛, ♦♥❡✱ ❢♦, ✇❤✐❝❤ ✇❡ ❝❛♥ ✉.❡ "❤❡ ♣,❡✈✐♦✉. ,❡.✉❧"✳

▲❡" ✉. ♣♦✐♥" ♦✉" "❤❛" ❢♦, h ≡ 0 ✇❡ ♦❜"❛✐♥✱ ❛. ❛ ♣❛,"✐❝✉❧❛, ❝❛.❡✱ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ❛♥❞ ❝♦,,❡❝"♦,

,❡.✉❧". ❢♦, "❤❡ ♣,♦❜❧❡♠ ✇❤❡♥ ❛ ✭❤♦♠♦❣❡♥❡♦✉. ♦, ♥♦"✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛,② ❝♦♥❞✐"✐♦♥ ♦♥ Γε
1

✐. ♣,❡.❝,✐❜❡❞✱ ✇❤✐❝❤ ❛,❡ ❛❧,❡❛❞② ♥❡✇ ✐♥ "❤❡ ❧✐"❡,❛"✉,❡✳

❈♦♥❝❡,♥✐♥❣ "❤❡ ♥♦♥❧✐♥❡❛, ❘♦❜✐♥ ❜♦✉♥❞❛,② ❝♦♥❞✐"✐♦♥✱ "❤❡ ❛,❣✉♠❡♥". ✉.❡❞ ✐♥ ❬✷✺❪ "♦ ."✉❞②

"❤❡ ❜♦✉♥❞❛,② "❡,♠. ."✐❧❧ ❛♣♣❧② "♦ ♦✉, ❝❛.❡✱ ✇✐"❤ ❛♣♣,♦♣,✐❛"❡ ❝♦♥.✐❞❡,❛"✐♦♥.✱ "❤❡ ❤②♣♦"❤❡.❡.

❜❡✐♥❣ .❧✐❣❤"❧② ❞✐✛❡,❡♥"✳

❋✐♥❛❧❧②✱ ❚❤❡♦,❡♠ ✷✳✾ ."❛"❡. "❤❛" "❤❡ ❝♦,,❡❝"♦,. ❢♦, "❤❡ ♥♦♥.✐♥❣✉❧❛, 2✉❛.✐❧✐♥❡❛, ♣,♦❜❧❡♠ ✐♥

♣❡,❢♦,❛"❡❞ ❞♦♠❛✐♥. ."✉❞✐❡❞ ✐♥ ❬✷✺❪ ❛,❡ ❛❧.♦ ❝♦,,❡❝"♦,. ❢♦, ♦✉, ♣,♦❜❧❡♠✳

❆. ❛❧,❡❛❞② ♠❡♥"✐♦♥❡❞✱ ❛❧❧ "❤❡ ,❡.✉❧". ♦❢ "❤✐. ♣❛♣❡, ❛,❡ ♣,♦✈❡❞ ❜② ♠❡❛♥. ♦❢ "❤❡ ♣❡,✐♦❞✐❝ ✉♥✲

❢♦❧❞✐♥❣ ♠❡"❤♦❞✳ ■" ✇❛. ✐♥",♦❞✉❝❡❞ ❜② ❉✳ ❈✐♦,❛♥❡.❝✉✱ ❆✳ ❉❛♠❧❛♠✐❛♥ ❛♥❞ ●✳ ●,✐.♦ ✐♥ ❬✷✽❪

❛♥❞ ❬✷✾❪ ❢♦, ✜①❡❞ ❞♦♠❛✐♥. ❛♥❞ ❡①"❡♥❞❡❞ "♦ ♣❡,❢♦,❛"❡❞ ♦♥❡. ✐♥ ❬✸✷❪ ❛♥❞ ❬✸✸❪✳

❚❤❡ ♠❛✐♥ ♥♦✈❡❧"② ♦❢ "❤✐. ✇♦,❦ ✐. "❤❛"✱ ❢♦, "❤❡ ✜,." "✐♠❡✱ "❤❡ ✉♥❢♦❧❞✐♥❣ ♠❡"❤♦❞ ✐. ✉.❡❞ "♦

",❡❛" ❛ .✐♥❣✉❧❛, "❡,♠ ❛. fζ(uε)✳ ❚❤✐. ✐. ❡..❡♥"✐❛❧ ✐♥ ♦,❞❡, "♦ ❣❡" "❤❡ ❛❧♠♦." ❡✈❡,②✇❤❡,❡

❝♦♥✈❡,❣❡♥❝❡. ♥❡❡❞❡❞ "♦ ."✉❞② "❤❡ ❛.②♠♣"♦"✐❝ ❜❡❤❛✈✐♦, ♦❢ "❤❡ ♣,♦❜❧❡♠✳ ❆❧"❤♦✉❣❤ ✐♥ ❬✹✷❪

"❤❡ ♣,♦❜❧❡♠ ♣,❡.❡♥". "❤❡ .❛♠❡ .✐♥❣✉❧❛, "❡,♠✱ ✐" ✐. ♣♦.❡❞ "❤,♦✉❣❤ ,♦✉❣❤ .✉,❢❛❝❡✳ ❲❤❡♥❝❡✱

.✐♥❝❡ "❤❡ ♠❡❛.✉,❡ ♦❢ "❤❡ ✐♥"❡,❢❛❝❡ ✐. ③❡,♦✱ ❛ ❝♦♠♣❛❝"♥❡.. ,❡.✉❧" ✐♥ L2(Ω) ❢,♦♠ ❬✹✽❪ ❣✐✈❡. "❤❡

❛❧♠♦." ❡✈❡,②✇❤❡,❡ ❝♦♥✈❡,❣❡♥❝❡.✳ ■♥ ♦✉, ❝❛.❡✱ ❞✉❡ "♦ "❤❡ ♣,❡.❡♥❝❡ ♦❢ "❤❡ ❤♦❧❡.✱ "❤✐. ❛,❣✉♠❡♥"

❞♦❡. ♥♦" ❛♣♣❧②✱ ❛♥❞ "❤❡ ❛❧♠♦." ❡✈❡,②✇❤❡,❡ ❝♦♥✈❡,❣❡♥❝❡. ❝❛♥ ❜❡ ♦❜"❛✐♥❡❞ ♦♥❧② ❜② ✉.✐♥❣ "❤❡

✉♥❢♦❧❞✐♥❣ ♠❡"❤♦❞✳

❲❡ ,❡❢❡, "♦ ❬✶✺❪✱ ❬✶✹❪ ❢♦, "❤❡ ✜,." ,❡.✉❧". ♦♥ "❤❡ ♣❡,✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛"✐♦♥ ♦❢ 2✉❛❞,❛"✐❝ ♥♦♥✲

❧✐♥❡❛, ❡❧❧✐♣"✐❝ ♣,♦❜❧❡♠.✱ ❛♥❞ "♦ ❬✺❪✱ ❬✻❪ ❢♦, "❤❛" ♦❢ 2✉❛.✐❧✐♥❡❛, ♣,♦❜❧❡♠.✱ ✐♥ "❤❡ ❝❛.❡ ♦❢ ✜①❡❞

✹✽



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

❞♦♠❛✐♥&✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛-✐♦♥ ♦❢ /✉❛&✐❧✐♥❡❛2 ♣2♦❜❧❡♠& ✐♥ ♣❡2✐♦❞✐❝❛❧❧② ♣❡2❢♦2❛-❡❞ ❞♦♠❛✐♥&

✇✐-❤ ♥♦♥❧✐♥❡❛2 ❘♦❜✐♥ ❜♦✉♥❞❛2② ❝♦♥❞✐-✐♦♥& ❤❛& ❜❡❡♥ ❝♦♥&✐❞❡2❡❞ ✐♥ ❬✷✵❪✱ ❬✷✺❪✱ ❛♥❞ ✐♥ ❬✷✻❪✱

✇❤❡2❡ ✐& ❛❧&♦ ❝♦♥&✐❞❡2❡❞ ❛ ♥♦♥❧✐♥❡❛2 -❡2♠ ✇❤✐❝❤ ✐& /✉❛❞2❛-✐❝ ✇✐-❤ 2❡&♣❡❝- -♦ -❤❡ ❣2❛❞✐❡♥-✳

❚❤❡ ❤♦♠♦❣❡♥✐③❛-✐♦♥ ♦❢ ✈❛2✐♦✉& &✐♥❣✉❧❛2 ❡❧❧✐♣-✐❝ ♣2♦❜❧❡♠& ❤❛& ❜❡❡♥ &-✉❞✐❡❞✱ ❢♦2 ✐♥&-❛♥❝❡✱ ✐♥

❬✶✼❪✱ ❬✹✷❪ ❛♥❞ ❬✺✶❪✳

❚❤❡ ♣❛♣❡2 ✐& ♦2❣❛♥✐③❡❞ ❛& ❢♦❧❧♦✇&✿

■♥ ❙❡❝-✐♦♥ 2 ✇❡ ♣2❡&❡♥- -❤❡ &❡--✐♥❣ ♦❢ -❤❡ ♣2♦❜❧❡♠ ❛♥❞ ✇❡ &-❛-❡ -❤❡ ♠❛✐♥ 2❡&✉❧-&✳

■♥ ❙❡❝-✐♦♥ 3 ✇❡ ❣✐✈❡ ❛ &❤♦2- ♣2❡&❡♥-❛-✐♦♥ ♦❢ -❤❡ ♣❡2✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♦♣❡2❛-♦2 ❢♦2 ♣❡2❢♦2❛-❡❞

❞♦♠❛✐♥&✳

■♥ ❙❡❝-✐♦♥ 4 ✇❡ ♣2♦✈❡ -✇♦ ❛ ♣2✐♦2✐ ❡&-✐♠❛-❡& ✉♥✐❢♦2♠ ✇✐-❤ 2❡&♣❡❝- -♦ ε ❛♥❞ ✇❡ ❣✐✈❡ ❛♥ ❡&-✐✲

♠❛-❡ ♦❢ -❤❡ ✐♥-❡❣2❛❧ ♦❢ -❤❡ &✐♥❣✉❧❛2 -❡2♠ ❝❧♦&❡ -♦ -❤❡ &✐♥❣✉❧❛2 &❡- {uε = 0}✳

■♥ ❙❡❝-✐♦♥ 5 ✇❡ &-❛-❡ ❛♥❞ ♣2♦✈❡ -❤❡ ❝2✉❝✐❛❧ ❛✉①✐❧✐❛2② ❝♦♥✈❡2❣❡♥❝❡ 2❡&✉❧- ❣✐✈❡♥ ❜② ❚❤❡♦2❡♠

✷✳✷✼✳

■♥ ❙❡❝-✐♦♥ 6 ✇❡ ♣2♦✈❡ -❤❡ ❤♦♠♦❣❡♥✐③❛-✐♦♥ -❤❡♦2❡♠✳

✷✳✷ ❙❡$$✐♥❣ ♦❢ $❤❡ ♣,♦❜❧❡♠ ❛♥❞ ♠❛✐♥ ,❡2✉❧$2

❚❤2♦✉❣❤♦✉- -❤❡ ♣❛♣❡2✱ ✇❡ ✉&❡ -❤❡ ♥♦-❛-✐♦♥ ✐♥-2♦❞✉❝❡❞ ✐♥ ❬✷✼❪ ❛♥❞ ❬✷✾❪ ❢♦2 -❤❡ ♣❡2✐♦❞✐❝

✉♥❢♦❧❞✐♥❣ ♠❡-❤♦❞ ✐♥ ♣❡2❢♦2❛-❡❞ ❞♦♠❛✐♥&✳

❋♦2 N ∈ N, N ≥ 2✱ ✇❡ &✉♣♣♦&❡ -❤❛- Ω ✐& ❛ ❝♦♥♥❡❝-❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ &❡- ✐♥ RN
✇❤♦&❡

❜♦✉♥❞❛2② ∂Ω ✐& ▲✐♣&❝❤✐-③✲❝♦♥-✐♥✉♦✉&✳ ▲❡- b = {b1, ..., bN} ❜❡ ❛ ❜❛&✐& ♦❢ RN
❛♥❞ ❞❡✜♥❡ ❜② Y

-❤❡ ❢♦❧❧♦✇✐♥❣ 2❡❢❡2❡♥❝❡ ❝❡❧❧✿

Y
.
=

{
y ∈ RN : y =

N∑

i=1

yibi, (y1, ..., yN) ∈ (0,1)
N

}
. ✭✷✳✶✮

❆❧&♦✱ T ❞❡♥♦-❡& -❤❡ 2❡❢❡2❡♥❝❡ ❤♦❧❡✱ ✇❤✐❝❤ ✐& ❛ ✭♥♦♥❡♠♣-②✮ ♦♣❡♥ &✉❜&❡- ♦❢ RN
&✉❝❤ -❤❛-

T ⊂ Y ✱ ❛♥❞ ∂T ✐& ▲✐♣&❝❤✐-③✲❝♦♥-✐♥✉♦✉& ✇✐-❤ ❛ ✜♥✐-❡ ♥✉♠❜❡2 ♦❢ ❝♦♥♥❡❝-❡❞ ❝♦♠♣♦♥❡♥-&✳

❚❤❡ ♣❡2❢♦2❛-❡❞ ❝❡❧❧✱ -❤❛- ✐& -❤❡ ♣❛2- ♦❢ -❤❡ ❝❡❧❧ ♦❝❝✉♣✐❡❞ ❜② -❤❡ ♠❛-❡2✐❛❧✱ ✐& ❞❡✜♥❡❞ ❜②

Y ∗ .
= Y \ T ✳

▲❡- {ε}ε>0 ❜❡ ❛ ♣♦&✐-✐✈❡ ♣❛2❛♠❡-❡2 -❛❦✐♥❣ ✈❛❧✉❡& ✐♥ ❛ &❡/✉❡♥❝❡ ❝♦♥✈❡2❣✐♥❣ -♦ ③❡2♦ ❛♥❞ &❡-

G
.
=

{
ξ ∈ RN : ξ =

N∑

i=1

kibi, (k1, ..., kN) ∈ ZN

}
Tε

.
=

⋃

ξ∈G

ε(ξ + T ),

✇❤❡2❡ ε(ξ + T ) ❛2❡ ❞✐&❥♦✐♥- -2❛♥&❧❛-❡❞ &❡-& ♦❢ T 2❡&❝❛❧❡❞ ❜② ε✳

❚❤❡ ♣❡2❢♦2❛-❡❞ ❞♦♠❛✐♥ Ω∗
ε ✐& ❞❡✜♥❡❞ ❜② 2❡♠♦✈✐♥❣ ❢2♦♠ Ω -❤❡ ❝❧♦&✉2❡ ♦❢ ❤♦❧❡& Tε✱ -❤❛- ✐& ✭&❡❡

❋✐❣✉2❡ ✷✳✶✮

Ω∗
ε
.
= Ω \ T ε.

✹✾



Ω̂ε ε(ξ + Y )

Ω Λε Ω ε(ξ + Y )

∂Ω

Ω̂ε
.
=

{
⋃

ξ∈Ξε

ε(ξ + Y )

}
Λε

.
= Ω \ Ω̂ε,

Ξε
.
= {ξ ∈ G, ε(ξ + Y ) ⊂ Ω} .

Ω̂∗
ε
.
= Ω̂ε \ T ε Λ∗

ε
.
= Ω∗

ε \ Ω̂
∗
ε.

Ω∗
ε

∂Ω∗
ε = Γε

0 ∪ Γ
ε
1 Γε

1
.
= ∂Ω̂∗

ε ∩ ∂Tε Γε
0
.
= ∂Ω∗

ε \ Γ
ε
1.

Ω∗
ε Ω̂∗

ε Λ∗
ε Y

∗

MY ∗(v)
.
= 1

|Y ∗|

∫
Y ∗
v(y)dy v ∈ L1(Y ∗)

M∂T (v)
.
= 1

|∂T |

∫
∂T
v(y)dσy v ∈ L1(∂T )

∼ Ω Ω∗
ε

ν Ω Y ∗

θ
.
= |Y ∗|

|Y |
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❼ c ❞✐✛❡$❡♥& ♣♦)✐&✐✈❡ ❝♦♥)&❛♥&) ✐♥❞❡♣❡♥❞❡♥& ♦❢ ε✱

❼ M(α, β, Y ) &❤❡ )❡& ♦❢ ♠❛&$✐① ✜❡❧❞) A = (ai,j)1≤i,j≤N ∈ (L
∞(Y ))N×N

)✉❝❤ &❤❛&

(A(x)λ, λ) ≥ α|λ|2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ RN
❛♥❞ ❛✳❡✳ ✐♥ Y ✱

✇✐&❤ α, β ∈ R✱ 0 < α < β✱

❼ {e1, ..., eN} &❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛)✐) ♦❢ R
N
✳

❋✉$&❤❡$♠♦$❡ ❧❡& ✉) $❡❝❛❧❧ &❤❡ ❝❧❛))✐❝❛❧ ❞❡❝♦♠♣♦)✐&✐♦♥ ❢♦$ ❡✈❡$② $❡❛❧ ❢✉♥❝&✐♦♥ u

u = u+ − u−, u+
.
= max{u,0} ❛♥❞ u−

.
= −min{u,0} ❛✳❡✳ ✐♥ Ω, ✭✷✳✷✮

✇❤❡$❡ u+ ❛♥❞ u− ❛$❡ ❜♦&❤ ♥♦♥♥❡❣❛&✐✈❡✳ ❲❡ ❛❧)♦ $❡❝❛❧❧ &❤❛&

χ
Ω∗ε
⇀ θ ✇❡❛❦❧②

∗
✐♥ L∞(Ω), ❛) ε→ 0.

❉❡❢✐♥✐%✐♦♥ ✷✳✶✳ ▲❡& f ❜❡ ❛ ❢✉♥❝&✐♦♥ ❞❡✜♥❡❞ ❛❧♠♦)& ❡✈❡$②✇❤❡$❡ ✐♥ RN
❛♥❞ Y ❣✐✈❡♥ ❜②

✭✷✳✶✮✳ ❚❤❡ ❢✉♥❝&✐♦♥ f ✐) ❝❛❧❧❡❞ Y − periodic ✐❢ ❛♥❞ ♦♥❧② ✐❢

f(x+ kyibi) = f(x) ❛✳❡✳ ✐♥ RN , ∀k ∈ Z ❛♥❞ ∀i = 1, ..., N.

❚❤❡ ♣'♦❜❧❡♠

❖✉$ ❛✐♠ ✐) &♦ )&✉❞② &❤❡ ❛)②♠♣&♦&✐❝ ❜❡❤❛✈✐♦$✱ ❛) ε ❣♦❡) &♦ ③❡$♦✱ ♦❢ &❤❡ ❢♦❧❧♦✇✐♥❣ ♣$♦❜❧❡♠✿





−div(Aε(x, uε)∇uε) = fζ(uε) ✐♥ Ω∗
ε,

uε = 0 ♦♥ Γε
0,

(Aε(x, uε)∇uε)ν + εγρε(x)h(uε) = gε ♦♥ Γε
1,

✭✷✳✸✮

✇❤❡$❡ ❛ ♥♦♥❧✐♥❡❛$ ❘♦❜✐♥ ❝♦♥❞✐&✐♦♥ ♦♥ &❤❡ ❜♦✉♥❞❛$② ♦❢ &❤❡ ❤♦❧❡) Γε
1 ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉)

❉✐$✐❝❤❧❡& ❝♦♥❞✐&✐♦♥ ♦♥ &❤❡ ❡①&❡$✐♦$ ❜♦✉♥❞❛$② Γε
0 ❛$❡ ♣$❡)❝$✐❜❡❞✳ ❚❤❡ ♠❛&$✐① ✜❡❧❞ Aε

✐)

❞❡✜♥❡❞ ✐♥ ✭✷✳✹✮✱ ❛♥❞ &❤❡ ❢✉♥❝&✐♦♥) ρε ❛♥❞ gε ✐♥ ✭✷✳✺✮✳

❆--✉♠♣/✐♦♥- ♦♥ /❤❡ ❞❛/❛

❚❤$♦✉❣❤♦✉& &❤✐) ♣❛♣❡$✱ ✇❡ ♠❛❦❡ &❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦&❤❡)❡)✱ ✇❤❡$❡ &❤❡ Y ✲♣❡$✐♦❞✐❝✐&② ✐)

&❛❦❡♥ ✐♥ &❤❡ )❡♥)❡ ♦❢ ❉❡✜♥✐&✐♦♥ ✷✳✶✿

❍1✮ ❚❤❡ $❡❛❧ N ×N ♠❛&$✐① ✜❡❧❞ A : (y, t) ∈ Y × R→ A(y, t) = (ai,j(y, t))i,j=1,...,N ∈ RN2

✺✶
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 ❛"✐ ✜❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥ ✿





✐) A(·, t) ✐ Y ✲♣❡2✐♦❞✐❝ ❢♦2 ❡✈❡2② t;

✐✐) A ✐ ❛ ❈❛2❛"❤6♦❞♦2② ❢✉♥❝"✐♦♥✱ ✐✳❡✳

− A(y, ·) ✐ ❝♦♥"✐♥✉♦✉ ❢♦2 ❛✳❡✳ y ∈ Y ,

− A(·, t) ✐ ♠❡❛ ✉2❛❜❧❡ ❢♦2 ❡✈❡2② t ∈ R;

✐✐✐) A(·, t) ∈M(α, β, Y ), ❢♦2 ❡✈❡2② t ∈ R;

✐✈) "❤❡2❡ ❡①✐ " ❛ 2❡❛❧ ❢✉♥❝"✐♦♥ ω : R→ R  ❛"✐ ❢②✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥ ✿

− ω ✐ ❝♦♥"✐♥✉♦✉ ❛♥❞ ♥♦♥ ❞❡❝2❡❛ ✐♥❣, ✇✐"❤ ω(t) > 0 ∀ t > 0,

− |A(y, t1)− A(y, t2)| ≤ ω(|t1 − t2|) ❢♦2 ❛✳❡✳ y ∈ Y, ∀ t1 /= t2,

− ∀s > 0, lim
y→0+

∫ s

y

dt

ω(t)
= +∞.

❍2✮ ❚❤❡ ❢✉♥❝"✐♦♥ ζ ❛♥❞ f ✈❡2✐❢②





✐) ζ : [0,+∞[→ [0,+∞] ✐ ❛ ❢✉♥❝"✐♦♥  ✉❝❤ "❤❛"

ζ ∈ C0([0,+∞[), 0 ≤ ζ(s) ≤
1

sk
❢♦2 ❡✈❡2② s ∈]0,+∞[, ✇✐"❤ 0 < k ≤ 1;

✐✐) ζ ✐ ♥♦♥ ✐♥❝2❡❛ ✐♥❣❀

✐✐✐) f ≥ 0 ❛✳❡✳ ✐♥ Ω, ✇✐"❤ f ∈ Ll(Ω), ❢♦2 l ≥
2

1 + k
(≥ 1).

❍3✮ ❊✐"❤❡2

✐) 0 ≤ g ∈ Ls(∂T ), ✇✐"❤ M∂T (g) /= 0 ❛♥❞





s ≥
2(N − 1)

N
✐❢ N > 2,

s > 1 ✐❢ N = 2;

♦2

✐✐) g ≡ 0.

❍4✮ ❊✐"❤❡2 f /≡ 0 ♦2 g /≡ 0✳

❍5✮ γ ≥ 1✱ ❛♥❞ ρ ✐ ❛ ♥♦♥♥❡❣❛"✐✈❡ Y ✲♣❡2✐♦❞✐❝ ❢✉♥❝"✐♦♥ ✐♥ L∞(∂T )✳

❍6✮ ❚❤❡ ❢✉♥❝"✐♦♥ h ✐ ❛♥ ✐♥❝2❡❛ ✐♥❣ ❛♥❞ ❝♦♥"✐♥✉♦✉ ❧② ❞✐✛❡2❡♥"✐❛❜❧❡ ❢✉♥❝"✐♦♥  ✉❝❤ "❤❛" ❢♦2

 ♦♠❡ ♣♦ ✐"✐✈❡ ❝♦♥ "❛♥" C ❛♥❞ ❛♥ ❡①♣♦♥❡♥" q ♦♥❡ ❤❛ 





h(0) = 0,

|h′(s)| ≤ C(1 + |s|q−1), ∀s ∈ R,

✇✐"❤ 1 ≤ q <∞ ✐❢ N = 2, ❛♥❞ 1 ≤ q ≤
N

N − 2
✐❢ N > 2.

✺✷
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⋄

❯♥❞❡$ %❤❡ ❛❜♦✈❡ ❛++✉♠♣%✐♦♥+ ✇❡ +❡%✱ ❢♦$ ❛❧♠♦+% ❡✈❡$② x ∈ Ω ❛♥❞ ❡✈❡$② t ∈ R✱

Aε(x, t)
.
= A

(x
ε
, t
)
, ✭✷✳✹✮

❛♥❞✱ ❢♦$ ❛❧♠♦+% ❡✈❡$② x ∈ Γε
1✱

gε(x)
.
= εg

(x
ε

)
, ρε(x)

.
= ρ

(x
ε

)
. ✭✷✳✺✮

◆♦✇ ✇❡ ✐♥%$♦❞✉❝❡ %❤❡ ♥❛%✉$❛❧ ❢$❛♠❡✇♦$❦ ❢♦$ %❤❡ +%✉❞② ♦❢ ♣$♦❜❧❡♠ ✭✷✳✸✮✱ %❤❛% ✐+ %❤❡ +♣❛❝❡

Vε
.
= {v ∈ H1(Ω∗

ε) : v = 0 ♦♥ Γε
0}.

❘❡♠❛$❦ ✷✳✷✳ ■% ✐+ ❦♥♦✇♥ ✭+❡❡ ❢♦$ ✐♥+%❛♥❝❡ ❬✸✺✱ ▲❡♠♠❛ 1❪✱ ❬✸✻❪✮ %❤❛% %❤❡ D♦✐♥❝❛$E ✐♥❡F✉❛❧✐%②

✐♥ Vε ❤♦❧❞+ ✇✐%❤ ❛ ❝♦♥+%❛♥% cP ✐♥❞❡♣❡♥❞❡♥% ♦❢ ε✱ %❤❛% ✐+

‖v‖L2(Ω∗ε)
≤ cP‖∇v‖L2(Ω∗ε)

∀v ∈ Vε. ✭✷✳✻✮

❈♦♥+❡F✉❡♥%❧②✱ %❤❡ +♣❛❝❡ Vε ❝❛♥ ❜❡ ❡F✉✐♣♣❡❞ ❜② %❤❡ ♥♦$♠

‖v‖Vε

.
= ‖∇v‖L2(Ω∗ε)

∀v ∈ Vε,

✇❤✐❝❤ ✐+ ❡F✉✐✈❛❧❡♥% %♦ %❤❡ H1
✲♥♦$♠ ✈✐❛ ❛ ❝♦♥+%❛♥% ✐♥❞❡♣❡♥❞❡♥% ♦♥ ε✳

▼♦$❡♦✈❡$✱ %❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ %❤❡♦$❡♠+ ❛❧+♦ ❛♣♣❧② %♦ Vε ✐♥❞❡♣❡♥❞❡♥%❧② ♦♥ ε✳

❚❤❡ ✈❛$✐❛%✐♦♥❛❧ ❢♦$♠✉❧❛%✐♦♥ ❛++♦❝✐❛%❡❞ ✇✐%❤ ♣$♦❜❧❡♠ ✭✷✳✸✮ $❡❛❞+





❋✐♥❞ uε ∈ Vε +✉❝❤ %❤❛% uε > 0 ❛✳❡✳ ✐♥ Ω∗
ε,∫

Ω∗ε

fζ(uε)ϕdx < +∞ ❛♥❞

∫

Ω∗ε

Aε(x, uε)∇uε∇ϕdx+ εγ
∫

Γε
1

ρεh(uε)ϕdσ

=

∫

Ω∗ε

fζ(uε)ϕdx+

∫

Γε
1

gεϕdσ, ∀ϕ ∈ Vε.

✭✷✳✼✮

▲❡% ✉+ ♣♦✐♥% ♦✉% %❤❛% %❤❡ ▲✐♣+❝❤✐%③✲❝♦♥%✐♥✉♦✉+ ❛++✉♠♣%✐♦♥ ♦♥ ∂T ✐+ ♥❡❝❡++❛$② ✐♥ ♦$❞❡$ %♦

✇$✐%❡ ❤❡$❡ %❤❡ +✉$❢❛❝❡ ✐♥%❡❣$❛❧+ ♦♥ %❤❡ ❜♦✉♥❞❛$② ♦❢ %❤❡ ❤♦❧❡+✳

❲❡ $❡❝❛❧❧ %❤❡ ❢♦❧❧♦✇✐♥❣ $❡+✉❧%✿

❚❤❡♦$❡♠ ✷✳✸ ✭❬✹✻❪✮✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ♣$♦❜❧❡♠ ✭✷✳✼✮ ❛❞♠✐*& ❛ ✉♥✐3✉❡ &♦❧✉*✐♦♥✳

✺✸



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

❘❡♠❛$❦ ✷✳✹✳ ■! ❝❛♥ ❜❡ '❡❡♥ ❢)♦♠ ❬✹✻✱ ♣)♦♦❢' ♦❢ ❚❤❡♦)❡♠' 5.2 ❛♥❞ 6.2❪✮✱ !❤❛! ❤②♣♦!❤❡'❡'

❍1✮i,ii,iii✱ ❍2✮i,iii✱ ❍3✲❍6✮ ♣)♦✈✐❞❡ !❤❡ ❡①✐'!❡♥❝❡ ♦❢ ❛! ❧❡❛'! ❛ '♦❧✉!✐♦♥ ♦❢ ♦✉) ♣)♦❜❧❡♠✳ ❚♦

❡♥'✉)❡ !❤❡ ✉♥✐?✉❡♥❡'' ♦❢ !❤❡ '♦❧✉!✐♦♥✱ ❛' ✉'✉❛❧ ✐♥ !❤❡ ❧✐!❡)❛!✉)❡✱ '♦♠❡ ❛❞❞✐!✐♦♥❛❧ ❤②♣♦!❤❡'❡'

♦♥ !❤❡ ♠❛!)✐① ✜❡❧❞ A ❛♥❞ ♦♥ !❤❡ ♥♦♥❧✐♥❡❛) ❢✉♥❝!✐♦♥ ζ ❛)❡ )❡?✉✐)❡❞✳ ❚❤✐' ✐' ✇❤② ✐♥ ❬✹✻❪ !❤❡

✉♥✐?✉❡♥❡'' ✐' ♣)♦✈❡❞ ❛''✉♠✐♥❣ !❤❛! !❤❡ ?✉❛'✐❧✐♥❡❛) !❡)♠ ✈❡)✐✜❡' ❤②♣♦!❤❡'✐' ❍ 1✮iv✱ ✇❤✐❝❤ ✇❛'

♦)✐❣✐♥❛❧❧② ✐♥!)♦❞✉❝❡❞ ✐♥ ❬✷✸❪ ❜② ▼✳ ❈❤✐♣♦! ❢♦) ?✉❛'✐❧✐♥❡❛) ♥♦♥'✐♥❣✉❧❛) ♣)♦❜❧❡♠' ✭'❡❡ ❛❧'♦

❬✶✾❪✮✳ ❈♦♥❝❡)♥✐♥❣ !❤❡ ❢✉♥❝!✐♦♥ ζ !❤❡ ♠♦♥♦!♦♥✐❝✐!② ❤②♣♦!❤❡'✐' ❍2✮ii ✐' ❛''✉♠❡❞✱ ❛' ❞♦♥❡ ✐♥

❬✹✷❪ ❛♥❞ ❬✺✷❪✳

▲❡! ✉' ♠❡♥!✐♦♥ !❤❛! ✐❢ ❆ ✐' ✉♥✐❢♦)♠❧② ▲✐♣'❝❤✐!③✲❝♦♥!✐♥✉♦✉' ✐♥ t ✇✐!❤ ❝♦♥'!❛♥! L✱ !❤❡♥ w(t)
.
=

Lt '❛!✐'✜❡' !❤❡ ❛''✉♠♣!✐♦♥ ❍1✮iv✳

▲❡! ✉' ✐♥!)♦❞✉❝❡ ❤❡)❡✱ ❢♦) ❡✈❡)② ✜①❡❞ t ∈ R✱ !❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛!)✐① ✜❡❧❞ A0(t)✱ ❞❡✜♥❡❞

❜②

A0(t)λ
.
=

1

|Y |

∫

Y ∗
A(y, t)∇yω̂λ(y, t)dy ∀λ ∈ RN , ✭✷✳✽✮

✇❤❡)❡✱ ❢♦) ❡✈❡)② t ∈ R ❛♥❞ λ ∈ RN
✱

ω̂λ(y, t) = λ · y − χ̂
λ
(y, t)

❛♥❞ χ̂
λ
(y, t) ✐' '♦❧✉!✐♦♥ ♦❢ !❤❡ ❢♦❧❧♦✇✐♥❣ ♣)♦❜❧❡♠✿





−div(A(·, t)∇yχ̂λ
(·, t)) = −div(A(·, t)λ) ✐♥ Y ∗,

A(·, t)(λ−∇yχ̂λ
(·, t))ν = 0 ♦♥ ∂T,

χ̂
λ
(·, t) ❨✲♣❡)✐♦❞✐❝,

1

|Y ∗|

∫

Y ∗
χ̂
λ
(y, t)dy = 0.

✭✷✳✾✮

❚❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛!)✐① A0
✐' !❤❛! ♦)✐❣✐♥❛❧❧② ✐♥!)♦❞✉❝❡❞ ✐♥ ❬✸✺❪ ❢♦) ❧✐♥❡❛) ♣)♦❜❧❡♠' ✇✐!❤

◆❡✉♠❛♥♥ ❝♦♥❞✐!✐♦♥' ✐♥ ♣❡)❢♦)❛!❡❞ ❞♦♠❛✐♥✱ '✉❝❝❡''✐✈❡❧② ❡①!❡♥❞❡❞ !♦ ?✉❛'✐❧✐♥❡❛) ♦♥❡' ✐♥ ❬✺❪✱

❬✻❪✳

❲❡ )❡❝❛❧❧ ✭'❡❡ ❬✷✵❪ ❛♥❞ ❬✸✺❪✮ !❤❛! !❤❡ ♠❛!)✐① A0
'❛!✐'✜❡' !❤❡ ❢♦❧❧♦✇✐♥❣ ♣)♦♣❡)!✐❡'✿

✐) A0
✐' ❝♦♥!✐♥✉♦✉' ❛♥❞ A0(t) ∈M

(
α,
β2

α
,Ω

)
❢♦) ❡✈❡)② t ∈ R;

✐✐) !❤❡)❡ ❡①✐'!' ❛ ♣♦'✐!✐✈❡ ❝♦♥'!❛♥! ❈✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α, β, Y ❛♥❞ T '✉❝❤ !❤❛!

|A0(t1)− A0(t2)| ≤ Cω(|t1 − t2|)

❢♦) ❡✈❡)② t1, t2 ∈ R, ✇✐!❤ t1 /= t2, ✇❤❡)❡ ω ✐' !❤❡ ❢✉♥❝!✐♦♥ ❣✐✈❡♥ ✐♥ ❍1).

✭✷✳✶✵✮

◆♦✇ ✇❡ '!❛!❡ !❤❡ ♠❛✐♥ )❡'✉❧!' ♦❢ !❤✐' ♣❛♣❡)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ✐' ♣)♦✈❡❞ ✐♥ ❙❡❝!✐♦♥ 4✿

✺✹



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

 !♦♣♦$✐&✐♦♥ ✷✳✺✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* uε ∈ Vε ❜❡ *❤❡ ✉♥✐4✉❡ &♦❧✉*✐♦♥ ♦❢

♣$♦❜❧❡♠ ✭✷✳✼✮✳ ❚❤❡♥✱ *❤❡$❡ ❡①✐&* ❛ &✉❜&❡4✉❡♥❝❡ ✭&*✐❧❧ ❞❡♥♦*❡❞ ❜② ε✮ ❛♥❞ *✇♦ ❢✉♥❝*✐♦♥& u0 ∈

H1
0 (Ω) ❛♥❞ û ∈ L

2(Ω;H1
per(Y

∗)) ✇✐*❤MY ∗(û) = 0✱ &✉❝❤ *❤❛*




✐) T ∗
ε (uε)→ u0 &*$♦♥❣❧② ✐♥ L2(Ω;H1(Y ∗)) ❛♥❞ ❛✳❡✳ ✐♥ Ω× Y ∗,

✐✐) T ∗
ε (ζ(uε))→ ζ(u0) ❛✳❡✳ ✐♥ Ω× Y ∗,

✐✐✐) ũε ⇀ θu0 ✇❡❛❦❧② ✐♥ L2(Ω),

✐✈) T ∗
ε (∇uε)⇀ ∇u0 +∇yû ✇❡❛❦❧② ✐♥ L2(Ω× Y ∗),

✈) T b
ε (h(uε))→ h(u0) &*$♦♥❣❧② ✐♥ Lt(Ω;W 1− 1

t
,t(∂T )),

✭✷✳✶✶✮

✇❤❡$❡

t
.
=





∈ (1; 2) ✐❢ N = 2 ❛♥❞ q > 1,

2N

q(N − 2) + 2
♦*❤❡$✇✐&❡;

✭✷✳✶✷✮

❛♥❞ q ✐& ❣✐✈❡♥ ❜② ❍6✮✳ ▼♦$❡♦✈❡$✱

u0 ≥ 0 ❛✳❡✳ ✐♥ Ω ❛♥❞

∫

Ω

fζ(u0)ϕdx < +∞, ∀ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω). ✭✷✳✶✸✮

❲❡ ❛❧+♦ ❤❛✈❡ /❤❡ 0❡+✉❧/ ❜❡❧♦✇✱ ✇❤✐❝❤ ✐+ ♣0♦✈❡❞ ❛/ /❤❡ ❡♥❞ ♦❢ ❙❡❝/✐♦♥ 5✳

 !♦♣♦$✐&✐♦♥ ✷✳✻✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* (u0, û) ❜❡ ❣✐✈❡♥ ❜② A$♦♣♦&✐*✐♦♥ ✷✳✺✳

❚❤❡♥

û(y, x) = −
N∑

i=1

χ̂
ei
(y, u0(x))

∂u0
∂xi

(x) ∈ L2(Ω;H1
per(Y

∗)).

❘❡♠❛!❦ ✷✳✼✳ ❚❤❡ ♣0♦♦❢ ♦❢ =0♦♣♦+✐/✐♦♥ ✷✳✻ ♠❛❦❡+ ✉+❡ ♦❢ +♦♠❡ 0❡+✉❧/+ ❢0♦♠ ❬✷✺❪ ❛♥❞ ❬✷✻❪✱

✇❤❡0❡ ✐+ ❛❧+♦ ❝♦♥+✐❞❡0❡❞ /❤❡ ❝❛+❡ g /≡ 0 ✇✐/❤ M∂T (g) = 0✳ ❍❡0❡✱ +✐♥❝❡ ✇❡ ♥❡❡❞ /♦ ❛++✉♠❡

g ≥ 0✱ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ /❤❡ ❝❛+❡+ M∂T (g) /= 0 ♦0 g ≡ 0✳

❚❤❡ ❤♦♠♦❣❡♥✐③❛/✐♦♥ 0❡+✉❧/ ❢♦0 ♣0♦❜❧❡♠ ✭✷✳✼✮ ✐+ ❣✐✈❡♥ ❜② /❤❡ ❢♦❧❧♦✇✐♥❣ /❤❡♦0❡♠✱ ✇❤♦+❡

♣0♦♦❢ ✐+ ♣0❡+❡♥/❡❞ ✐♥ ❙❡❝/✐♦♥ 6✿

❚❤❡♦!❡♠ ✷✳✽✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* uε ∈ Vε ❜❡ *❤❡ ✉♥✐4✉❡ &♦❧✉*✐♦♥ ♦❢ ♣$♦❜❧❡♠

✭✷✳✼✮ ❛♥❞ (u0, û) ❜❡ ❣✐✈❡♥ ❜② A$♦♣♦&✐*✐♦♥& ✷✳✺✲✷✳✻✳ ❚❤❡♥ *❤❡ ♣❛✐$ (u0, û) ✐& *❤❡ ✉♥✐4✉❡ &♦❧✉*✐♦♥

♦❢ *❤❡ ❧✐♠✐* ❡4✉❛*✐♦♥





∀ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω) ❛♥❞ ∀ψ ∈ L2(Ω;H1
per(Y

∗))
∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+∇yψ)dxdy + |Y |cγ

∫

Ω

h(u0)ϕdx

= |Y ∗|

∫

Ω

fζ(u0)ϕdx+ |∂T |M∂T (g)

∫

Ω

ϕdx,

✭✷✳✶✹✮

✺✺



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

✇❤❡#❡ cγ ✐% ❞❡✜♥❡❞ ❜②

cγ
.
=





|∂T |

|Y |
M∂T (ρ) ✐❢ γ = 1,

0 ✐❢ γ > 1.
✭✷✳✶✺✮

❋✐♥❛❧❧②✱ u0 > 0 ❛❧♠♦%2 ❡✈❡#②✇❤❡#❡ ✐♥ Ω ❛♥❞ u0 ✐% 2❤❡ ✉♥✐5✉❡ %♦❧✉2✐♦♥ ♦❢ 2❤❡ ❢♦❧❧♦✇✐♥❣ %✐♥❣✉❧❛#

❧✐♠✐2 ♣#♦❜❧❡♠✿




−div(A0(u0)∇u0) + cγh(u0) = θfζ(u0) +

|∂T |

|Y |
M∂T (g) ✐♥ Ω,

u0 = 0 ♦♥ ∂Ω,
✭✷✳✶✻✮

✇❤❡#❡ 2❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛2#✐① A0(t) ✐% ❣✐✈❡♥ ❜② ✭✷✳✽✮ ❛♥❞ ✈❡#✐✜❡%

A0(u0)∇u0 =
1

|Y |

∫

Y ∗
A(y, u0)(∇u0 +∇yû)dy. ✭✷✳✶✼✮

❈♦♥%❡5✉❡♥2❧②✱ ❝♦♥✈❡#❣❡♥❝❡% ✭✷✳✶✶✮ ❤♦❧❞ ❢♦# 2❤❡ ✇❤♦❧❡ %❡5✉❡♥❝❡✳

❆❧+♦ ❧❡. ✉+ ✐♥.2♦❞✉❝❡ .❤❡ ✉+✉❛❧ ❝♦22❡❝.♦2 ♠❛.2✐① ✜❡❧❞ ❢♦2 ♣❡2❢♦2❛.❡❞ ❞♦♠❛✐♥+ Cε
✭+❡❡ ❬✹✶❪✮✱

❞❡✜♥❡❞ ❜②

Cε(·, t) =
(
Cε

i,j(·, t)
)
i,j=1,...,N

∈ RN2

, ❢♦2 ❡✈❡2② t ∈ R,

✇❤❡2❡ 



Cε(x, t) = C
(x
ε
, t
)

❛✳❡✳ ✐♥ Ω∗
ε,

Ci,j(y, t) =
∂ω̂j

∂yi
(y, t), i, j = 1, ..., N ❛✳❡✳ ♦♥ Y ∗.

✭✷✳✶✽✮

❋✐♥❛❧❧②✱ ✇❡ ♣2♦✈❡ .❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦22❡❝.♦2 2❡+✉❧.✱ ✇❤✐❝❤ +❤♦✇+ .❤❛. .❤❡ ❝♦22❡❝.♦2 ♦❢ ❛ +✉✐.❛❜❧❡

❛++♦❝✐❛.❡❞ ♥♦♥✲+✐♥❣✉❧❛2 ♣2♦❜❧❡♠ ✐♥.2♦❞✉❝❡❞ ✐♥ ❙❡❝.✐♦♥ ✺ ✭+❡❡ ✭✷✳✸✸✮✮ ✐+ ❛❧+♦ ❛ ❝♦22❡❝.♦2 ❢♦2

♦✉2 ♣2♦❜❧❡♠✿

❚❤❡♦$❡♠ ✷✳✾✳ ❯♥❞❡# ❛%%✉♠♣2✐♦♥% ♦❢ ❚❤❡♦#❡♠ ✷✳✽✱ ❧❡2 Cε
❜❡ ❞❡✜♥❡❞ ❜② ✭✷✳✶✽✮✳ ❚❤❡♥

lim
ε→0

‖∇uε − Cε(·, uε)∇u0‖L1(Ω∗ε)
= 0.

B#♦♦❢✳ ❚❤✐+ 2❡+✉❧. ✐+ ❛ ❞✐2❡❝. ❝♦♥+❡K✉❡♥❝❡ ♦❢ ❚❤❡♦2❡♠ ✷✳✷✼ ✐♥ ❙❡❝.✐♦♥ 5 ❛♥❞ .❤❡ ❝♦22❡❝.♦2

2❡+✉❧. ❢♦2 .❤❡ ♥♦♥✲+✐♥❣✉❧❛2 ❝❛+❡ ❣✐✈❡♥ ❜② ❬✷✺✱ ❚❤❡♦2❡♠ 4.11❪✳

✷✳✸ ❚❤❡ ♣❡'✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡2❤♦❞

❆+ ❛❧2❡❛❞② ♠❡♥.✐♦♥❡❞ ✐♥ .❤❡ ✐♥.2♦❞✉❝.✐♦♥✱ .❤❡ ♣❡2✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡.❤♦❞ ✇❛+ ✐♥.2♦❞✉❝❡❞ ❜②

❉✳ ❈✐♦2❛♥❡+❝✉✱ ❆✳ ❉❛♠❧❛♠✐❛♥ ❛♥❞ ●✳ ●2✐+♦ ✐♥ ❬✷✽❪ ❛♥❞ ❬✷✾❪ ❢♦2 ✜①❡❞ ❞♦♠❛✐♥+ ❛♥❞ ❡①.❡♥❞❡❞

.♦ ♣❡2❢♦2❛.❡❞ ♦♥❡+ ✐♥ ❬✸✸❪✲❬✸✷❪✳ ■♥ .❤✐+ +❡❝.✐♦♥✱ ✇❡ ❣✐✈❡ ❛ +❤♦2. ♣2❡+❡♥.❛.✐♦♥ ♦❢ .❤❡ ♣❡2✐♦❞✐❝

✺✻
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✉♥❢♦❧❞✐♥❣ ♦♣❡*❛,♦* ❢♦* ♣❡*❢♦*❛,❡❞ ❞♦♠❛✐♥.✳ ❲❡ *❡❢❡* ,♦ ❬✷✼❪ ❛♥❞ ❬✷✾❪ ❢♦* ❞❡,❛✐❧❡❞ ♣*♦♦❢. ♦❢

,❤❡ *❡.✉❧,. ♣*❡.❡♥,❡❞ ❤❡*❡✳

▲❡, z ∈ RN
✱ ✇❡ ❞❡♥♦,❡ ❜② [z]Y ✐,. ✐♥,❡❣❡* ♣❛*, .✉❝❤ ,❤❛, z − [z]Y ❜❡❧♦♥❣. ,♦ Y ❛♥❞ .❡,

{z}Y
.
= z − [z]Y ✳ ❚❤❡♥✱ ❢♦* ❡✈❡*② ♣♦.✐,✐✈❡ ε✱

x = ε
([x
ε

]
Y
+
{x
ε

}
Y

)
∀x ∈ RN .

❉❡❢✐♥✐%✐♦♥ ✷✳✶✵✳ ❋♦* ❛♥② ▲❡❜❡.❣✉❡✲♠❡❛.✉*❛❜❧❡ ❢✉♥❝,✐♦♥ φ ♦♥ Ω∗
ε✱ ,❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡*❛,♦*

T ∗
ε ✐. ❞❡✜♥❡❞ ❛. ❢♦❧❧♦✇.✿

T ∗
ε (φ)(x, y)

.
=




φ
(
ε
[
x
ε

]
Y
+ εy

)
❛✳❡✳ ❢♦* (x, y) ∈ Ω̂ε × Y ∗,

0 ❛✳❡✳ ❢♦* (x, y) ∈ Λε × Y ∗.
✭✷✳✶✾✮

❚❤✐. ❞❡✜♥✐,✐♦♥ ♠❛❦❡. .❡♥.❡ ❡✈❡♥ ✐❢ φ ✐. ▲❡❜❡.❣✉❡✲♠❡❛.✉*❛❜❧❡ ♦♥ Ω̂∗
ε✱ .✐♥❝❡ ✇❡ ❡①,❡♥❞ ✐,

❜② ③❡*♦ ✐♥ Λ∗
ε✳ ❖❜.❡*✈❡ ,❤❛,✱ ❜② ❞❡✜♥✐,✐♦♥✱ ♦♥❡ ❤❛.

T ∗
ε (ζ(φ))(x, y) =





ζ(T ∗
ε (φ)(x, y)) ❛✳❡✳ ✐♥ Ω̂ε × Y ∗,

0 ❛✳❡✳ ✐♥ Λε × Y ∗,
✭✷✳✷✵✮

❢♦* ❛❧❧ ♠❡❛.✉*❛❜❧❡ ❢✉♥❝,✐♦♥. φ ♦♥ Ω∗
ε ❛♥❞ ❛♥② ❢✉♥❝,✐♦♥ ζ .❛,✐.❢②✐♥❣ ❍2✮i✳ ▼♦*❡♦✈❡*✱ ,❤❡

✉♥❢♦❧❞✐♥❣ ♦♣❡*❛,♦* T ∗
ε ❤❛. ,❤❡ ♣*♦♣❡*,✐❡. ❧✐.,❡❞ ❜❡❧♦✇✿

'(♦♣♦*✐%✐♦♥ ✷✳✶✶ ✭❬✷✼❪❬✷✾❪❬✸✸❪✮✳ ▲❡" p ∈ [1,+∞)✳

✶✳ T ∗
ε ✐& ❛ ❧✐♥❡❛* ❛♥❞ ❝♦♥"✐♥✉♦✉& ♦♣❡*❛"♦* ❢*♦♠ Lp(Ω∗

ε) "♦ L
p(Ω× Y ∗)✳

✷✳ T ∗
ε (φψ) = T

∗
ε (φ)T

∗
ε (ψ) ❢♦* ❡✈❡*② φ, ψ ∈ L

p(Ω∗
ε)✳

✸✳ ▲❡" φ ∈ Lp(Y ∗) ❜❡ ❛ Y ✲♣❡*✐♦❞✐❝ ❢✉♥❝"✐♦♥ ❛♥❞ &❡" φε(x) = φ(x
ε
)✳ ❚❤❡♥

T ∗
ε (φε)(x, y) = φ(y) ❛✳❡✳ ✐♥ Ω̂ε × Y ∗.

✹✳ ❋♦* ❛❧❧ φ ∈ L1(Ω∗
ε)✱ "❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥"❡❣%❛"✐♦♥ ❢♦%♠✉❧❛ ❤♦❧❞&✿

∫

Ω̂∗ε

φ(x)dx =

∫

Ω∗ε

φ(x)dx−

∫

Λ∗ε

φ(x)dx =
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φ)(x, y)dxdy.

✺✳ ‖T ∗
ε (φ)‖Lp(Ω×Y ∗) ≤ |Y |

1
p‖φ‖Lp(Ω∗ε) ❢♦* ❡✈❡*② φ ∈ L

p(Ω∗
ε)✳

✻✳ ❋♦* φ ∈ Lp(Ω)✱

T ∗
ε (φ)→ φ &"*♦♥❣❧② ✐♥ Lp(Ω× Y ∗).

✺✼
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✼✳ ▲❡$ {φε} ❜❡ ❛ '❡(✉❡♥❝❡ ✐♥ Lp(Ω) '✉❝❤ $❤❛$ φε → φ '$.♦♥❣❧② ✐♥ Lp(Ω)✳ ❚❤❡♥

T ∗
ε (φε)→ φ '$.♦♥❣❧② ✐♥ Lp(Ω× Y ∗).

❈♦"♦❧❧❛"② ✷✳✶✷ ✭❬✷✾❪✮ ✭❯♥❢♦❧❞✐♥❣ ❝,✐-❡,✐♦♥ ❢♦, ✐♥-❡❣,❛❧0 ✭✉✳❝✳✐✳✮✮✳ ▲❡$ φε ❜❡ ✐♥

L1(Ω∗
ε)✳ ■❢ ∫

Λ∗ε

|φε|dx→ 0,

$❤❡♥ ∫

Ω∗ε

φεdx−
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φε)dxdy → 0.

■♥ (❤❡ +❡,✉❡❧✱ ✐❢ {φε} ✐+ ❛ +❡,✉❡♥❝❡ +❛(✐+❢②✐♥❣ ✉✳❝✳✐✳✱ ✇❡ ✇8✐(❡

∫

Ω∗ε

φεdx ≃
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φε)dxdy.

&"♦♣♦(✐*✐♦♥ ✷✳✶✸ ✭❬✷✾❪✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣.♦♣❡.$✐❡' ❤♦❧❞✿

❼ ▲❡$ {φε} ⊂ Lp(Ω∗
ε) '✉❝❤ $❤❛$ ‖φε‖Lp(Ω∗ε) ≤ c✱ ✇✐$❤ p ∈ (1,+∞)✱ ❛♥❞ ψ ∈ Lp′(Ω∗

ε)✱ $❤❡♥
∫

Ω∗ε

φεψdx ≃
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φε)T

∗
ε (ψ)dxdy.

❼ ▲❡$ {φε} ⊂ Lp(Ω∗
ε) '✉❝❤ $❤❛$ ‖φε‖Lp(Ω∗ε) ≤ c✱ ✇✐$❤ p ∈ (1,+∞)✱ ❛♥❞ {ψε} ❛ ❜♦✉♥❞❡❞

'❡(✉❡♥❝❡ ✐♥ Lp0(Ω∗
ε) ✇✐$❤

1
p
+ 1

p0
< 1✳ ❚❤❡♥

∫

Ω∗ε

φεψεdx ≃
1

|Y |

∫

Ω×Y ∗
T ∗
ε (φε)T

∗
ε (ψε)dxdy.

❆+ ❛ ❝♦♥+❡,✉❡♥❝❡ ♦❢ (❤❡ ♣8❡✈✐♦✉+ ♣8♦♣♦+✐(✐♦♥✱ (❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡8❣❡♥❝❡ 8❡+✉❧( ❤♦❧❞+✿

&"♦♣♦(✐*✐♦♥ ✷✳✶✹ ✭❬✷✼❪❬✷✾❪❬✸✸❪✮✳ ▲❡$ {φε} ⊂ Lp(Ω∗
ε) '✉❝❤ $❤❛$ ‖φε‖Lp(Ω∗ε) ≤ c✱ ✇✐$❤ p ∈

[1,+∞)✳ ■❢

T ∗
ε (φε)⇀ φ ✇❡❛❦❧② ✐♥ Lp(Ω× Y ∗),

$❤❡♥

φ̃ε ⇀ θMY ∗(φ) ✇❡❛❦❧② ✐♥ Lp(Ω).

❲❡ ❛❧+♦ 8❡❝❛❧❧ (❤❡ ❞❡✜♥✐(✐♦♥ ❛♥❞ +♦♠❡ ♣8♦♣❡8(✐❡+ ♦❢ (❤❡ ❜♦✉♥❞❛8② ✉♥❢♦❧❞✐♥❣ ♦♣❡8❛(♦8✳

❉❡❢✐♥✐*✐♦♥ ✷✳✶✺✳ ❋♦8 ❛♥② ▲❡❜❡+❣✉❡✲♠❡❛+✉8❛❜❧❡ ❢✉♥❝(✐♦♥ φ ♦♥ ∂Ω̂∗
ε ∩ ∂Tε✱ (❤❡ ❜♦✉♥❞❛8②

✉♥❢♦❧❞✐♥❣ ♦♣❡8❛(♦8 T b
ε ✐+ ❞❡✜♥❡❞ ❛+ ❢♦❧❧♦✇+✿

T b
ε (φ)(x, y)

.
=




φ
(
ε
[
x
ε

]
Y
+ εy

)
❛✳❡✳ ❢♦8 (x, y) ∈ Ω̂ε × ∂T,

0 ❛✳❡✳ ❢♦8 (x, y) ∈ Λε × ∂T.
✭✷✳✷✶✮

✺✽
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 !♦♣♦$✐&✐♦♥ ✷✳✶✻ ✭❬✷✼❪❬✷✾❪❬✸✸❪✮✳ ▲❡" p ∈ (1,+∞)✳

✶✳ T b
ε ✐& ❛ ❧✐♥❡❛* ❛♥❞ ❝♦♥"✐♥✉♦✉& ♦♣❡*❛"♦* ❢*♦♠ Lp(∂Ω̂∗

ε ∩ ∂Tε) "♦ L
p(Ω× ∂T )✳

✷✳ T b
ε (φψ) = T

b
ε (φ)T

b
ε (ψ) ❢♦* ❡✈❡*② φ, ψ ∈ L

p(∂Ω̂∗
ε ∩ ∂Tε)✳

✸✳ ▲❡" φ ∈ Lp(∂T ) ❜❡ ❛ Y ✲♣❡*✐♦❞✐❝ ❢✉♥❝"✐♦♥ ❛♥❞ &❡" φε(x) = φ(x
ε
)✳ ❚❤❡♥

T b
ε (φε)(x, y) = φ(y) ❛✳❡✳ ✐♥ Ω̂ε × ∂T.

✹✳ ❋♦* ❛❧❧ φ ∈ L1(∂Ω̂∗
ε ∩ ∂Tε)✱ "❤❡ ✐♥"❡❣%❛"✐♦♥ ❢♦%♠✉❧❛ ✐& ❣✐✈❡♥ ❜②

∫

Γε
1

φ(x)dσx =
1

ε|Y |

∫

Ω×∂T

T b
ε (φ)(x, y)dxdσy.

✺✳ ‖T b
ε (φ)‖Lp(Ω×∂T ) ≤ ε

1
p |Y |

1
p‖φ‖Lp(∂Tε) ❢♦* ❡✈❡*② φ ∈ L

p(∂Ω̂∗
ε ∩ ∂Tε)✳

✻✳ ❋♦* φ ∈ Lp(∂Ω̂∗
ε ∩ ∂Tε)✱

T b
ε (φ)→ φ &"*♦♥❣❧② ✐♥ Lp(Ω× ∂T ).

❲❡ *✉♠♠❛.✐③❡ ✐♥ 2❤❡ ♣.♦♣♦*✐2✐♦♥ ❜❡❧♦✇ *♦♠❡ .❡*✉❧2* 2❤❛2 ❤❛✈❡ ❜❡❡♥ ♦❜2❛✐♥❡❞ ✐♥ 2❤❡

❧✐2❡.❛2✉.❡ ✭✇❡ .❡❢❡. 2♦ ❬✸✷❪✱ ❬✸✸❪ ❛* ✇❡❧❧ 2♦ ❬✷✼❪ ❢♦. ❝♦♥✈❡.❣❡♥❝❡* i)− iv)✱ ❛♥❞ 2♦ ❬✷✵❪ ❢♦. v)✮✳

 !♦♣♦$✐&✐♦♥ ✷✳✶✼✳ ▲❡" {wε} ❜❡ ❛ &❡@✉❡♥❝❡ &✉❝❤ "❤❛" wε ∈ Vε ❛♥❞ ‖wε‖Vε
≤ c✳ ❚❤❡♥✱ "❤❡*❡

❡①✐&" ❛ &✉❜&❡@✉❡♥❝❡ ✭&"✐❧❧ ❞❡♥♦"❡❞ ❜② ε✮ ❛♥❞ "✇♦ ❢✉♥❝"✐♦♥& (w0, ŵ) ∈ H
1
0 (Ω)×L

2(Ω;H1
per(Y

∗))

✇✐"❤ MY ∗(ŵ) = 0✱ &✉❝❤ "❤❛"





✐) T ∗
ε (wε)→ w0 &"*♦♥❣❧② ✐♥ L2(Ω;H1(Y ∗)),

✐✐) T ∗
ε (∇wε)⇀ ∇w0 +∇yŵ ✇❡❛❦❧② ✐♥ L2(Ω× Y ∗),

✐✐✐) w̃ε ⇀ θw0 ✇❡❛❦❧② ✐♥ L2(Ω),

✐✈) T b
ε (h(wε))→ h(w0) &"*♦♥❣❧② ✐♥ Lt(Ω;W 1− 1

t
,t(∂T )),

✈) T ∗
ε (A

ε(x, wε))→ A(y, w0) ❛✳❡✳ ✐♥ Ω× Y ∗,

✭✷✳✷✷✮

✇❤❡*❡

t
.
=





∈ (1; 2) ✐❢ N = 2 ❛♥❞ q > 1,

2N

q(N − 2) + 2
♦"❤❡*✇✐&❡;

✭✷✳✷✸✮

❛♥❞ q ❣✐✈❡♥ ❜② ❍6✮✳

✺✾
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❍❡"❡✱ ❧❡% ✉' ❥✉'% ♣♦✐♥% ♦✉% %❤❛%

T ∗
ε (A

ε(x, uε(x))) =





A(y, T ∗
ε (uε)(x, y)) ❛✳❡✳ ❢♦" (x, y) ∈ Ω̂ε × Y ∗,

0 ❛✳❡✳ ❢♦" (x, y) ∈ Λε × Y ∗.
✭✷✳✷✹✮

❲❡ "❡❝❛❧❧ ♥♦✇ ❛♥ ✐♠♣♦"%❛♥% "❡'✉❧%✱ ✇❤✐❝❤ ♣❧❛②' ❛♥ ❡''❡♥%✐❛❧ "♦❧❡ ✇❤❡♥ %"❡❛%✐♥❣ '✉"❢❛❝❡

✐♥%❡❣"❛❧' ❝♦♥%❛✐♥✐♥❣ ♣❡"✐♦❞✐❝ ❢✉♥❝%✐♦♥'✳ ■% ✇❛' ♦"✐❣✐♥❛❧❧② ♣"♦✈❡❞ ✐♥ ❬✸✵❪✱ %❤❡♥ "❡✈✐'✐%❡❞ ❛♥❞

✐♠♣"♦✈❡❞ ❜② ✉♥❢♦❧❞✐♥❣ ✐♥ ❬✷✼❪ ❛♥❞ ❬✸✸❪ ✭'❡❡ ❛❧'♦ ❬✷✺✱ E"♦♣♦'✐%✐♦♥' 3.7✲3.8❪ ❢♦" %❤❡ ❝❛'❡ g ∈ Ls
✮✳

 !♦♣♦$✐&✐♦♥ ✷✳✶✽ ✭❬✷✺❪✮✳ ▲❡" g ❜❡ ❛ ❢✉♥❝"✐♦♥ +❛"✐+❢②✐♥❣ ❤②♣♦"❤❡+✐+ ❍3✮i✳ ❚❤❡♥✱ ❢♦5 ❡✈❡5②

ϕ ∈ Vε✱ "❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡9✉❛❧✐"② ❤♦❧❞+✿
∣∣∣∣∣

∫

Γε
1

g
(x
ε

)
ϕ(x)dσ

∣∣∣∣∣ ≤
c

ε
(|M∂T (g)|+ ε)‖∇ϕ‖L2(Ω∗ε)

.

❋✉5"❤❡5♠♦5❡✱ ✐❢ M∂T (g) = 0✱ !❤❡♥ ❢♦' ❡✈❡'② ϕ ∈ Vε✱ ♦♥❡ ❤❛+

lim
ε→0

∫

Γε
1

g
(x
ε

)
ϕ(x)dσ = 0.

▼♦'❡♦✈❡'✱ ✐❢ {wε} ⊂ Vε ✐+ ❛ +❡.✉❡♥❝❡ +✉❝❤ !❤❛! ✭✷✳✷✷✮i ❤♦❧❞+✱ !❤❡♥

lim
ε→0

ε

∫

Γε
1

g
(x
ε

)
wεdσ =

|∂T |

|Y |
M∂T (g)

∫

Ω

w0dx.

✷✳✹ ❆ ♣%✐♦%✐ ❡)*✐♠❛*❡)

■♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ♣0♦♣♦1✐&✐♦♥1 ✇❡ ❡1&❛❜❧✐1❤ &✇♦ ❛ ♣0✐♦0✐ ❡1&✐♠❛&❡1 ❢♦0 ❛ 1♦❧✉&✐♦♥ ♦❢ ♣0♦❜❧❡♠

✭✷✳✼✮✱ ✇❤✐❝❤ ❛0❡ ✉♥✐❢♦0♠ ✇✐&❤ 0❡1♣❡❝& &♦ ε✳ ▲❡& ✉1 ♣♦✐♥& ♦✉& &❤❛& ✐♥ &❤❡ 1❡:✉❡❧ ✇❡ ❝❛♥ 1✉♣♣♦1❡

ε < 1 ✇✐&❤♦✉& ❧♦11 ♦❢ ❣❡♥❡0❛❧✐&②✱ 1✐♥❝❡ ε ✇✐❧❧ &❡♥❞ &♦ ③❡0♦✳

 !♦♣♦$✐&✐♦♥ ✷✳✶✾✳ ❯♥❞❡' ❛++✉♠♣!✐♦♥+ ❍1✮✲ ❍6✮✱ ❧❡! uε ∈ Vε ❜❡ !❤❡ +♦❧✉!✐♦♥ ♦❢ ♣'♦❜❧❡♠

✭✷✳✼✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣'✐♦'✐ ❡+!✐♠❛!❡ ❤♦❧❞+✿

‖uε‖Vε
≤ c, ✭✷✳✷✺✮

✇❤❡'❡ c ❞❡♣❡♥❞+ ♦♥ α✱ cP ✱ ‖f‖Ll(Ω) ❛♥❞ M∂T (g)✳

?'♦♦❢✳ ▲❡& uε ∈ Vε ❜❡ &❤❡ 1♦❧✉&✐♦♥ ♦❢ ♣0♦❜❧❡♠ ✭✷✳✸✮ ❛♥❞ ❧❡& ✉1 ❝❤♦♦1❡ uε ❛1 &❡1& ❢✉♥❝&✐♦♥

✐♥ ✐&1 ✈❛0✐❛&✐♦♥❛❧ ❢♦0♠✉❧❛&✐♦♥ ✭✷✳✼✮✳ ❚❤❡ 1❛♠❡ ❝♦♠♣✉&❛&✐♦♥ ♠❛❞❡ ✐♥ &❤❡ ♣0♦♦❢ ♦❢ &❤❡ ❬✹✻✱

E0♦♣♦1✐&✐♦♥ 3.1❪✱ &♦❣❡&❤❡0 ✇✐&❤ &❤❡ ♥♦♥♥❡❣❛&✐✈✐&② ♦❢ ε ❛♥❞ γ✱ ❣✐✈❡1

α‖∇uε‖
2
L2(Ω∗ε)

≤

∫

Ω∗ε

Aε(x, uε)∇uε∇uεdx+ εγ
∫

Γε
1

ρεh(uε)uεdσ

≤

∫

Ω∗ε

fu1−k
ε dx+

∫

Γε
1

gεuεdσ.

✻✵
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❆♣♣❧②✐♥❣ '❤❡ ❨♦✉♥❣ ✐♥❡-✉❛❧✐'② ✇✐'❤ ❡①♣♦♥❡♥'1

2
1−k

❛♥❞

2
1+k
✱ ✇❡ ❤❛✈❡ ❢♦6 ❡✈❡6② η1 > 0✱

fu1−k
ε ≤ c(η1)f

2
1+k + η1u

2
ε.

❚❤✐1 ✐♠♣❧✐❡1✱ ✐♥ ✈✐❡✇ ♦❢ '❤❡ 9♦✐♥❝❛6; ✐♥❡-✉❛❧✐'② ✭✷✳✻✮✱ '❤❛'

α‖∇uε‖
2
L2(Ω∗ε)

≤ η1c
2
P‖∇uε‖

2
L2(Ω∗ε)

+ c(η1)‖f‖
2

1+k

L
2

1+k (Ω)
+

∫

Γε
1

gεuεdσ,

✇❤❡6❡ cP ✐1 '❤❡ 9♦✐♥❝❛6; ❝♦♥1'❛♥' ✐♥ Vε✳ ▼♦6❡♦✈❡6✱ ✐♥ ✈✐❡✇ ♦❢ '❤❡ ❞❡✜♥✐'✐♦♥ ♦❢ gε ❛♥❞

96♦♣♦1✐'✐♦♥ ✷✳✶✽✱ ❢♦6 '❤❡ ❨♦✉♥❣ ✐♥❡-✉❛❧✐'② ✇❡ ❤❛✈❡

∫

Γε
1

gεuεdσ ≤ c(|M∂T (g)|+ ε)‖uε‖Vε
≤ η2‖uε‖

2
Vε
+ c(η2),

✐♥❞❡♣❡♥❞❡♥'❧② ♦♥ ε✳ ❲❤❡♥❝❡✱ ❝❤♦♦1✐♥❣ η1 ❛♥❞ η2 1✉✣❝✐❡♥'❧② 1♠❛❧❧ 1♦ '❤❛' α− η1c
2
P − η2 > 0✱

✇❡ ❞❡❞✉❝❡ '❤❛' '❤❡6❡ ❡①✐1'1 ❛ ❝♦♥1'❛♥' c✱ ✐♥❞❡♣❡♥❞❡♥' ♦♥ ε✱ 1✉❝❤ '❤❛'

‖uε‖Vε
≤ c,

✇❤❡6❡ c ❞❡♣❡♥❞1 ♦♥ α✱ cP ✱ ‖f‖Ll(Ω) ❛♥❞M∂T (g)✳

■♥ '❤❡ ♥❡①' ❛ ♣6✐♦6✐ ❡1'✐♠❛'❡✱ ✇❡ ✇✐❧❧ ✉1❡ '❤❡ ❢♦❧❧♦✇✐♥❣ ♣6♦♣❡6'② '❤❛' ✇❡ ♣6♦✈❡ ❢♦6 '❤❡

6❡❛❞❡6✬1 ❝♦♥✈❡♥✐❡♥❝❡✿

▲❡♠♠❛ ✷✳✷✵✳ ▲❡" Ω1 ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ *❡" ✐♥ RN
✇✐"❤ ∂Ω1 ▲✐♣*❝❤✐"③✲❝♦♥"✐♥✉♦✉*✳ ■❢ u

❜❡❧♦♥❣* "♦ H1(Ω1) ∩ L
∞(Ω1)✱ "❤❡♥ u ∈ L

∞(∂Ω1)✳

78♦♦❢✳ ❙❡' k := ‖u‖L∞(Ω1) ❛♥❞ '❛❦❡ un ∈ D(Ω1) 1✉❝❤ '❤❛'

un → u 1'6♦♥❣❧② ✐♥ H1(Ω1).

❚❤❡♥✱ ❜② ❦♥♦✇♥ 6❡1✉❧'1✱ ✐❢ Tk ❞❡♥♦'❡1 '❤❡ '6✉♥❝❛'✐♦♥ ❢✉♥❝'✐♦♥ ❛' ❧❡✈❡❧ k✱ ✇❡ ❤❛✈❡

Tk(un)→ Tk(u) = u 1'6♦♥❣❧② ✐♥ H1(Ω1),

❛1 n→ +∞✳ ❍❡♥❝❡

Tk(un)→ u 1'6♦♥❣❧② ✐♥ L2(∂Ω1),

❛♥❞✱ ✉♣ '♦ ❛ 1✉❜1❡-✉❡♥❝❡✱ ❛❧♠♦1' ❡✈❡6②✇❤❡6❡ ♦♥ ∂Ω1✳ ❙✐♥❝❡ |Tk(un)| ≤ k✱ '❤✐1 ❣✐✈❡1

u ≤ k ❛✳❡✳ ♦♥ ∂Ω1,

✇❤✐❝❤ ✐♠♣❧✐❡1 '❤❡ 6❡1✉❧'✳

✻✶
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 !♦♣♦$✐&✐♦♥ ✷✳✷✶✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* uε ∈ Vε ❜❡ *❤❡ &♦❧✉*✐♦♥ ♦❢ ♣$♦❜❧❡♠

✭✷✳✼✮✳ ❚❤❡♥✱ ✉♣ *♦ ❛ &✉❜&❡7✉❡♥❝❡✱

‖fζ(uε)ϕ‖L1(Ω∗ε)
≤ c, ✭✷✳✷✻✮

❢♦$ ❡✈❡$② ♥♦♥♥❡❣❛*✐✈❡ ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω) ✇✐*❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ cP ✱ |Y |✱ ‖ρ‖L∞(∂T )✱

‖∇ϕ‖L2(Ω)✱ ‖f‖Ll(Ω) ❛♥❞M∂T (g)✳

=$♦♦❢✳ ▲❡( uε ∈ Vε ❜❡ (❤❡ +♦❧✉(✐♦♥ ♦❢ ♣3♦❜❧❡♠ ✭✷✳✼✮ ❛♥❞ ❧❡( ✉+ ❝❤♦♦+❡ ❛ ♥♦♥♥❡❣❛(✐✈❡ ❢✉♥❝(✐♦♥

ϕ ∈ H1
0 (Ω)∩L

∞(Ω) ❛+ (❡+( ❢✉♥❝(✐♦♥✳ ❙✐♥❝❡ f ✱ ζ✱ g ❛♥❞ ϕ ❛3❡ ♥♦♥♥❡❣❛(✐✈❡✱ ✉+✐♥❣ ❍1✮ (♦❣❡(❤❡3

✇✐(❤ (❤❡ ❍>❧❞❡3 ✐♥❡?✉❛❧✐(②✱ ✇❡ ❤❛✈❡

0 ≤

∫

Ω∗ε

fζ(uε)ϕdx =

∫

Ω∗ε

Aε(x, uε)∇uε∇ϕdx+ εγ
∫

Γε
1

ρεh(uε)ϕdσ −

∫

Γε
1

gεϕdσ

≤ β‖∇uε‖L2(Ω∗ε)
‖∇ϕ‖L2(Ω∗ε)

+ εγ
∫

Γε
1

ρεh(uε)ϕdσ.

❆+ ❢❛3 ❛+ ✐( ❝♦♥❝❡3♥+ (❤❡ +✉3❢❛❝❡ ✐♥(❡❣3❛❧✱ (❤❛♥❦+ (♦ (❤❡ ♣3♦♣❡3(✐❡+ ♦❢ (❤❡ ❜♦✉♥❞❛3② ✉♥❢♦❧❞✐♥❣

♦♣❡3❛(♦3 ✭+❡❡ C3♦♣♦+✐(✐♦♥ ✷✳✶✻✮ ❛♥❞ ❍5✮✱ ✇❡ ❣❡(

εγ
∫

Γε
1

ρεh(uε)ϕdσ =
εγ−1

|Y |

∫

Ω×∂T

T b
ε (ρε)T

b
ε (h(uε))T

b
ε (ϕ)dxdσy

=
εγ−1

|Y |

∫

Ω×∂T

ρ(y)T b
ε (h(uε))T

b
ε (ϕ)dxdσy

≤
εγ−1

|Y |
‖ρ‖L∞(∂T )

∫

Ω×∂T

T b
ε (h(uε))T

b
ε (ϕ)dxdσy.

✭✷✳✷✼✮

■♥ ♦3❞❡3 (♦ ❡+(✐♠❛(❡ (❤❡ 3✐❣❤(✲❤❛♥❞ +✐❞❡ ♦❢ ✭✷✳✷✼✮✱ ❧❡( t ❜❡ ❛ 3❡❛❧ ♥✉♠❜❡3 ✈❡3✐❢②✐♥❣ ✭✷✳✷✸✮✳

❚❤❛♥❦+ (♦ ❛ ♣3✐♦3✐ ❡+(✐♠❛(❡ ✭✷✳✷✺✮✱ C3♦♣♦+✐(✐♦♥ ✷✳✶✼ ❤♦❧❞+ (3✉❡❀ +♦ (❤❛(✱ ✉♣ (♦ ❛ +✉❜+❡?✉❡♥❝❡✱

T b
ε (h(uε)) ✐+ ❜♦✉♥❞❡❞ ✐♥ Lt(Ω × ∂T )✳ ■♥ ❛❞❞✐(✐♦♥✱ ❜② ✉+✐♥❣ (❤❡ ❛++✉♠♣(✐♦♥ ♦♥ ϕ✱ ▲❡♠♠❛

✷✳✷✵ ❛♥❞ C3♦♣♦+✐(✐♦♥ ✷✳✶✻6 ♦♥❡ ❤❛+ (❤❡ ❜♦✉♥❞❡❞♥❡++ ♦❢ T b
ε (ϕ) ✐♥ Lt′(Ω× ∂T )✱ ✇❤❡3❡ t′ ✐+ (❤❡

❝♦♥❥✉❣❛(❡ ♦❢ t✳ ❆♣♣❧②✐♥❣ (❤❡ ❍>❧❞❡3 ✐♥❡?✉❛❧✐(② ✇❡ ♦❜(❛✐♥

εγ−1

|Y |
‖ρ‖L∞(∂T )

∫

Ω×∂T

T b
ε (h(uε))T

b
ε (ϕ)dxdσy

≤
εγ−1

|Y |
‖ρ‖L∞(∂T )‖T

b
ε (h(uε))‖Lt(Ω×∂T )‖T

b
ε (ϕ)‖Lt′ (Ω×∂T ).

❚❤✐+✱ (♦❣❡(❤❡3 ✇✐(❤ ✭✷✳✷✺✮ ❛♥❞ ❤②♣♦(❤❡+✐+ ❍5✮✱ ❛❧❧♦✇+ (♦ +(❛(❡ (❤❛(

0 ≤

∫

Ω∗ε

fζ(uε)ϕdx ≤ c,

✻✷
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✇❤❡#❡ $❤❡ ❝♦♥($❛♥$ ❝ ❞❡♣❡♥❞( ♦♥ α✱ β✱ cP ✱ |Y |✱ ‖ρ‖L∞(∂T )✱ ‖∇ϕ‖L2(Ω)✱ ‖f‖Ll(Ω) ❛♥❞M∂T (g)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ #❡(✉❧$ ❣✐✈❡( ❛♥ ❡($✐♠❛$❡ ♦❢ $❤❡ ✐♥$❡❣#❛❧ ♦❢ $❤❡ (✐♥❣✉❧❛# $❡#♠ ❝❧♦(❡ $♦ $❤❡

(✐♥❣✉❧❛# (❡$ {uε = 0}✳ ■$ ✐( ✐♥(♣✐#❡❞ ❜② ❛#❣✉♠❡♥$( ✉(❡❞ ✐♥ ❬✺✶❪✱ ❬✺✷❪ ❛♥❞ ❬✹✷❪✱ ✇❤✐❝❤ ♣#❡(❡♥$

❛ (✐♠✐❧❛# (✐♥❣✉❧❛# $❡#♠✳ ❚❤❡ ❡($✐♠❛$❡ ❢♦❧❧♦✇( ✐♠♠❡❞✐❛$❡❧② ❢#♦♠ $❤❡ ❛ ♣#✐♦#✐ ❡($✐♠❛$❡ ❬✹✻✱

@#♦♣♦(✐$✐♦♥ 3.3❪ ✐♥ ✈✐❡✇ ♦❢ ❬✺✾✱ ▲❡♠♠❛ 2.7❪✳

 !♦♣♦$✐&✐♦♥ ✷✳✷✷ ✭❬✹✻❪✮✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* uε ∈ Vε ❜❡ *❤❡ &♦❧✉*✐♦♥ ♦❢

♣$♦❜❧❡♠ ✭✷✳✼✮ ❛♥❞ δ ❛ ✜①❡❞ ♣♦&✐*✐✈❡ $❡❛❧ ♥✉♠❜❡$✳ ❚❤❡♥✱
∫

{0<uε≤δ}

fζ(uε)ϕdx ≤

∫

Ω∗ε

Aε(x, uε)∇uε∇ϕZδ(uε)dx+ cεγ−
1
2h(2δ)‖ρ‖L∞(∂T )‖ϕ‖Vε

,

❢♦$ ❡✈❡$② ϕ ∈ Vε✱ ϕ ≥ 0 ❛♥❞ c ✐♥❞❡♣❡♥❞❡♥* ♦♥ ε✱ ✇❤❡$❡ Zδ ✐& ❛♥ ❛✉①✐❧✐❛$② ❢✉♥❝*✐♦♥ ❞❡✜♥❡❞

❜②

Zδ(s) =





1, ✐❢ 0 ≤ s ≤ δ,

−
s

δ
+ 2, ✐❢ δ ≤ s ≤ 2δ,

0, ✐❢ s ≥ 2δ.

❚❤❡ ❡($✐♠❛$❡ ❣✐✈❡♥ ✐♥ @#♦♣♦(✐$✐♦♥ ✷✳✷✶ ❛❧❧♦✇( ✉( $♦ ♣#♦✈❡ @#♦♣♦(✐$✐♦♥ ✷✳✺✳

"#♦♦❢ ♦❢ "#♦♣♦'✐)✐♦♥ ✷✳✺✳ ▲❡$ uε ❜❡ $❤❡ (♦❧✉$✐♦♥ ♦❢ ♣#♦❜❧❡♠ ✭✷✳✼✮✳ @#♦♣♦(✐$✐♦♥ ✷✳✶✾

❛❧❧♦✇( ✉( $♦ ❛♣♣❧② @#♦♣♦(✐$✐♦♥ ✷✳✶✼ ✇❤✐❝❤ ♣#♦✈✐❞❡( $❤❡ ❡①✐($❡♥❝❡ ♦❢ u0 ∈ H1
0 (Ω) ❛♥❞ û ∈

L2(Ω;H1
per(Y

∗)) ✇✐$❤ MY ∗(û) = 0 (✉❝❤ $❤❛$✱ ✉♣ $♦ ❛ (✉❜(❡G✉❡♥❝❡✱ ♦♥❡ ❤❛( ❝♦♥✈❡#❣❡♥❝❡(

✭✷✳✶✶✮i✱ ✭✷✳✶✶✮iii✲✭✷✳✶✶✮v✱ ✇❤❡#❡ T
∗
ε ✐( $❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡#❛$♦# ❞❡✜♥❡❞ ❜② ✭✷✳✶✾✮✳

❚♦ ♣#♦✈❡ ✭✷✳✶✶✮ii✱ ♦❜(❡#✈❡ $❤❛$✱ ❜② ❝♦♥($#✉❝$✐♦♥✱ ❢♦# ❡✈❡#② x ∈ Ω $❤❡#❡ ❡①✐($( εx > 0 (✉❝❤

$❤❛$

x ∈ Ω̂ε, ∀ε ≤ εx.

❈♦♥(❡G✉❡♥$❧②✱ (✐♥❝❡ ✭✷✳✷✵✮ ❤♦❧❞( $#✉❡✱ ❢♦# ❛❧♠♦($ ❡✈❡#② (x, y) ∈ Ω × Y ∗
✱ $❤❡#❡ ❡①✐($( εx > 0

(✉❝❤ $❤❛$

T ∗
ε (ζ(uε)) = ζ(T ∗

ε (uε)), ∀ε ≤ εx. ✭✷✳✷✽✮

❖♥ $❤❡ ♦$❤❡# ❤❛♥❞✱ ✉(✐♥❣ $❤❡ ❝♦♥$✐♥✉✐$② ♦❢ ζ ❛♥❞ ✭✷✳✶✶✮i✱ ✇❡ ❤❛✈❡

ζ(T ∗
ε (uε))→ ζ(u0) ❛✳❡✳ ✐♥ Ω× Y ∗. ✭✷✳✷✾✮

❚❤✐(✱ $♦❣❡$❤❡# ✇✐$❤ ✭✷✳✷✽✮✱ ❣✐✈❡( ✭✷✳✶✶✮ii✳

❚♦ (❤♦✇ $❤❛$ u0 ✐( ♥♦♥♥❡❣❛$✐✈❡ ❛❧♠♦($ ❡✈❡#②✇❤❡#❡ ✐♥ Ω✱ ✇❡ ♥♦$❡ $❤❛$ ❡✈❡#② (♦❧✉$✐♦♥ uε ✐(

♣♦(✐$✐✈❡ ❛❧♠♦($ ❡✈❡#②✇❤❡#❡ ✐♥ Ω∗
ε✱ ❜② ❚❤❡♦#❡♠ ✷✳✸✳ ❚❤❡♥✱ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ $❤❡ ✉♥❢♦❧❞✐♥❣

♦♣❡#❛$♦# ✐♠♣❧✐❡( T ∗
ε (uε) ≥ 0 ❛❧♠♦($ ❡✈❡#②✇❤❡#❡ ✐♥ Ω× Y ∗

(♦ $❤❛$✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✶✮i✱

u0 ≥ 0 ❛✳❡✳ ✐♥ Ω.

✻✸
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■! "❡♠❛✐♥( !♦ ♣"♦✈❡ !❤❡ (❡❝♦♥❞ ❝♦♥❞✐!✐♦♥ ✐♥ ✭✷✳✶✸✮✳ ▲❡! ✉( ❝❤♦♦(❡ ✜"(! ❛ ♥♦♥♥❡❣❛!✐✈❡ ϕ ∈

H1
0 (Ω) ∩ L

∞(Ω)✳ 9"♦♣♦(✐!✐♦♥( ✷✳✶✶2,4 ❛♥❞ ✷✳✷✶✱ ❢♦" !❤❡ (✉❜(❡=✉❡♥❝❡ ♠❡♥!✐♦♥❡❞ ❜❡❢♦"❡✱ ❧❡❛❞

!♦

lim inf
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ϕ)dxdy ≤ lim inf

ε→0

∫

Ω∗ε

fζ(uε)ϕdx < +∞. ✭✷✳✸✵✮

◆♦✇✱ ❢"♦♠ 9"♦♣♦(✐!✐♦♥ ✷✳✶✶6✱ T
∗
ε (f) ❛♥❞ T ∗

ε (ϕ) ❝♦♥✈❡"❣❡ !♦ f ❛♥❞ ϕ✱ "❡(♣❡❝!✐✈❡❧②✱ ❛❧♠♦(!

❡✈❡"②✇❤❡"❡ ✐♥ Ω× Y ∗
✱ ✉♣ !♦ ❛ (✉❜(❡=✉❡♥❝❡✳ ❚❤✉(✱ ❜② ✭✷✳✶✶✮ii✱

T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ϕ)→ fζ(u0)ϕ ❛✳❡✳ ✐♥ Ω× Y ∗.

❙✐♥❝❡ T ∗
ε (f)✱ T

∗
ε (ζ(uε)) ❛♥❞ T ∗

ε (ϕ) ❛"❡ ♥♦♥♥❡❣❛!✐✈❡ ❢✉♥❝!✐♦♥(✱ ✇❡ ❝❛♥ ✉(❡ ❋❛!♦✉✬( ❧❡♠♠❛ ❛♥❞

✭✷✳✸✵✮ !♦ ♦❜!❛✐♥

1

|Y |

∫

Ω×Y ∗
fζ(u0)ϕdxdy ≤ lim inf

ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ϕ)dxdy < +∞.

❇❡✐♥❣ !❤❡ ❢✉♥❝!✐♦♥( f ❛♥❞ u0 ✐♥❞❡♣❡♥❞❡♥! ♦♥ y✱ !❤✐( ✐♠♣❧✐❡( ✐♥ ♣❛"!✐❝✉❧❛" !❤❛!

θ

∫

Ω

fζ(u0)ϕdx < +∞

❛♥❞ ❡♥❞( !❤❡ ♣"♦♦❢ ❢♦" ϕ ≥ 0✳ ❋♦" ϕ ✇✐!❤ ❛♥② (✐❣♥✱ ✐! (✉✣❝❡( !♦ ❞❡❝♦♠♣♦(❡ ✐! ❛( ✐♥ ✭✷✳✷✮✳ �

✷✳✺ ❆ ❝%✉❝✐❛❧ ❛✉①✐❧✐❛%② %❡-✉❧.

■♥ !❤✐( (❡❝!✐♦♥ ✇❡ (!❛!❡ ❛♥❞ ♣"♦✈❡ !❤❡ ❝♦♥✈❡"❣❡♥❝❡ "❡(✉❧! ❣✐✈❡♥ ✐♥ ❚❤❡♦"❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐(

♦✉" ♠❛✐♥ !♦♦❧ ✇❤❡♥ ♣"♦✈✐♥❣ ❚❤❡♦"❡♠ ✷✳✽✳ ▲❡! u0 ❛ ✇❡❛❦ ❝❧✉(!❡" ♣♦✐♥! ♦❢ !❤❡ (❡=✉❡♥❝❡ {uε}✳

❚❤❡♥✱ ❚❤❡♦"❡♠ ✷✳✷✼ (❤♦✇( !❤❛! !❤❡ ❣"❛❞✐❡♥! ♦❢ ♦✉" (♦❧✉!✐♦♥ uε ✐( ❡=✉✐✈❛❧❡♥! !♦ !❤❡ ❣"❛❞✐❡♥!

♦❢ !❤❡ (♦❧✉!✐♦♥ vε ♦❢ ❛ (✉✐!❛❜❧❡ ❧✐♥❡❛" ♣"♦❜❧❡♠✱ ✭✷✳✸✺✮✱ ❛((♦❝✐❛!❡❞ ✇✐!❤ u0✳ ❚❤✐( ✐❞❡❛ ✇❛(

♦"✐❣✐♥❛❧❧② ✐♥!"♦❞✉❝❡❞ ✐♥ ❬✶✹❪ ✭(❡❡ ❛❧(♦ ❬✶✺❪✮ ✐♥ !❤❡ ❤♦♠♦❣❡♥✐③❛!✐♦♥ ♦❢ (♦♠❡ ♥♦♥❧✐♥❡❛" ♣"♦❜❧❡♠

✇✐!❤ =✉❛❞"❛!✐❝ ❣"♦✇!❤✳ ❲❡ "❡❢❡" !♦ ❬✹✶❪ ❛♥❞ ❬✷✻❪ ❢♦" !❤❡ ❝❛(❡ ♦❢ ♣❡"❢♦"❛!❡❞ ❞♦♠❛✐♥(✳ ❲❡ ❛❧(♦

"❡❢❡" !♦ ❬✹✷❪ ❢♦" !❤❡ ❝❛(❡ ♦❢ ❛ (✐♥❣✉❧❛" ♥♦♥❧✐♥❡❛"✐!② ✈❡"✐❢②✐♥❣ ❍2✮i✱ ✐♥ ❛ !✇♦✲❝♦♠♣♦♥❡♥! ❞♦♠❛✐♥

✇✐!❤ ❛ ♦(❝✐❧❧❛!✐♥❣ ✐♥!❡"❢❛❝❡✳ ❍❡"❡ ✇❡ ❛❞❛♣! (♦♠❡ !❡❝❤♥✐=✉❡( ❢"♦♠ ❬✷✻❪ ❛♥❞ ❬✹✷❪✱ !❛❦✐♥❣ ✐♥!♦

❛❝❝♦✉♥! !❤❡ ❤♦♠♦❣❡♥✐③❛!✐♦♥ "❡(✉❧!( ♣"♦✈❡❞ ✐♥ ❬✷✺❪✳

■♥ ♦"❞❡" !♦ ♣"♦✈❡ ❚❤❡♦"❡♠ ✷✳✷✼✱ !❤❡ ❢♦❧❧♦✇✐♥❣ ♣"❡❧✐♠✐♥❛"② "❡(✉❧! ✐( ♥❡❡❞❡❞ ✭(❡❡ ❬✷✺❪ ❛♥❞

❬✷✻✱ ❘❡♠❛"❦ 3.1❪✮✳

 !♦♣♦$✐&✐♦♥ ✷✳✷✸ ✭❬✷✻❪✮✳ ❚❤❡#❡ ❡①✐&'& ❛ ❧✐♥❡❛# ♦♣❡#❛'♦# Lε : H
−1(Ω)→ V ′

ε &❛'✐&❢②✐♥❣ '❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐'✐♦♥✿

■❢ {ϕε} ✐& ❛ &❡5✉❡♥❝❡ &✉❝❤ '❤❛'

‖ϕε‖Vε
≤ c ❛♥❞ ϕ̃ε ⇀ θϕ0 ✇❡❛❦❧② ✐♥ L2(Ω), ✭✷✳✸✶✮

✻✹



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

 ❤❡♥

lim
ε→0
〈Lε(Z), ϕε〉V ′ε ,Vε

= 〈Z, ϕ0〉H−1(Ω),H1
0 (Ω). ✭✷✳✸✷✮

◆♦'✐❝❡ '❤❛'✱ .❡❡ ❬✷✻✱ ❘❡♠❛3❦ 3.1❪✱ ✐❢ ✭✷✳✸✶✮ ❤♦❧❞.✱ ♦♥❡ ❤❛. ϕ0 ∈ H
1
0 (Ω)✳

❘❡♠❛$❦ ✷✳✷✹✳ ▲❡' ✉. ♣♦✐♥' ♦✉' '❤❛' ♦✉3 .❡>✉❡♥❝❡ {uε} .❛'✐.✜❡. ✭✷✳✸✶✮✱ '❤❛♥❦. '♦ @3♦♣♦✲

.✐'✐♦♥ ✷✳✶✾ ❛♥❞ ✭✷✳✶✶✮iii✳

❍❡3❡✱ ❛. ✐♥ ❬✷✻❪✱ '❤❡ .✉✐'❛❜❧❡ ❧✐♥❡❛3 ♣3♦❜❧❡♠ ❛..♦❝✐❛'❡❞ ✇✐'❤ ♣3♦❜❧❡♠ ✭✷✳✸✮ ✐.





−div(Aε(x, uε)∇vε) = Lε(−div(A
0(u0)∇u0) + cγh(u0)−

|∂T |

|Y |
M∂T (g)) ✐♥ Ω∗

ε,

vε = 0 ♦♥ Γε
0,

(Aε(x, uε)∇vε)ν + εγρε(x)h(uε) = gε ♦♥ Γε
1,

✭✷✳✸✸✮

✇❤❡3❡ cγ ✐. ❞❡✜♥❡❞ ❜② ✭✷✳✶✺✮ ❛♥❞ ✇❤♦.❡ ❤♦♠♦❣❡♥✐③❛'✐♦♥ ❤❛. ❜❡❡♥ .'✉❞✐❡❞ ✐♥ ❬✷✺❪✳ ❖♥❡ ❝❛♥

❡❛.✐❧② ❝❤❡❝❦ ✭.❡❡ ❬✷✻❪✮✱ ✉.✐♥❣ '❤✐. ❤♦♠♦❣❡♥✐③❛'✐♦♥ 3❡.✉❧'✱ '❤❛'




−div(A0(u0)∇v0) = −div(A

0(u0)∇u0) ✐♥ Ω,

v0 = 0 ♦♥ ∂Ω.

❚❤❡♥✱ '❤❡ ✉♥✐>✉❡♥❡.. ♦❢ '❤✐. ♣3♦❜❧❡♠ ❣✐✈❡. '❤❡ ❢♦❧❧♦✇✐♥❣ 3❡.✉❧' .'❛'❡❞ ✐♥ ❬✷✻❪✿

▲❡♠♠❛ ✷✳✷✺ ✭❬✷✻❪✮✳ ❯♥❞❡&  ❤❡ ❛((✉♠♣ ✐♦♥( ♦❢ /&♦♣♦(✐ ✐♦♥ ✷✳✺✱ ❧❡ vε ❜❡  ❤❡ (♦❧✉ ✐♦♥ ♦❢

♣&♦❜❧❡♠ ✭✷✳✸✺✮✳ ❚❤❡♥✱ vε (❛ ✐(✜❡(

‖vε‖Vε
≤ c ❛♥❞ ṽε ⇀ θu0 ✇❡❛❦❧② ✐♥ L2(Ω), ✭✷✳✸✹✮

✇✐ ❤ u0 ❣✐✈❡♥ ❜② /&♦♣♦(✐ ✐♦♥ ✷✳✺✳

❍❡♥❝❡✱ '❤❡ ❣3❛❞✐❡♥' ♦❢ '❤❡ .♦❧✉'✐♦♥ vε ♦❢ ♣3♦❜❧❡♠ ✭✷✳✸✸✮ ❛♣♣❡❛3. '♦ ❜❡ ❛ ♥❛'✉3❛❧ ❝❛♥❞✐❞❛'❡

✐♥ ♦3❞❡3 '♦ .❤♦✇ ✐'. ❡>✉✐✈❛❧❡♥❝❡ ✭✐♥ '❤❡ L2
✲♥♦3♠✮ '♦ '❤❡ ❣3❛❞✐❡♥' ♦❢ ♦✉3 .♦❧✉'✐♦♥ uε✳

❚❤❡ ✈❛3✐❛'✐♦♥❛❧ ❢♦3♠✉❧❛'✐♦♥ ♦❢ ♣3♦❜❧❡♠ ✭✷✳✸✸✮ ✐.

∫

Ω∗ε

Aε(x, uε)∇vε∇ϕdx+ εγ
∫

Γε
1

ρεh(uε)ϕdσ

=

∫

Γε
1

gεϕdσ + 〈Lε(−div(A
0(u0)∇u0) + cγh(u0)−

|∂T |

|Y |
M∂T (g)), ϕ〉V ′ε ,Vε

, ∀ϕ ∈ Vε.

✭✷✳✸✺✮

❯♥❧✐❦❡ '❤❡ ♣3♦❜❧❡♠ '3❡❛'❡❞ ✐♥ ❬✷✻❪✱ ✉♥❞❡3 ♦✉3 ❛..✉♠♣'✐♦♥.✱ '❤❡ ❢✉♥❝'✐♦♥. vε ❛3❡ ♥♦'

♥❡❝❡..❛3✐❧② ❜♦✉♥❞❡❞✳ ❍❡♥❝❡✱ ❛. ✐♥ ❬✹✷❪✱ ✇❡ ❞❡✜♥❡ '❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛3② ❢✉♥❝'✐♦♥. um✿

∀m ∈ N,m ≥ 1, um
.
= Tm(u0),

✻✺
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✇❤❡#❡ Tm ✐% &❤❡ ✉%✉❛❧ &#✉♥❝❛&✐♦♥ ❢✉♥❝&✐♦♥ ❛& ❧❡✈❡❧ m✱ %♦ &❤❛&

0 ≤ um ≤ u0 ❛♥❞ um → u0 %&#♦♥❣❧② ✐♥ H1
0 (Ω), ❛% m→ +∞. ✭✷✳✸✻✮

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❜② vmε &❤❡ %♦❧✉&✐♦♥ ♦❢ &❤❡ ❢♦❧❧♦✇✐♥❣ ♣#♦❜❧❡♠✿





−div(Aε(x, uε)∇v
m
ε ) = Lε(−div(A

0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)) ✐♥ Ω∗

ε,

vmε = 0 ♦♥ Γε
0,

(Aε(x, uε)∇v
m
ε )ν + εγρε(x)h(uε) = gε ♦♥ Γε

1,

✇❤♦%❡ ✈❛#✐❛&✐♦♥❛❧ ❢♦#♠✉❧❛&✐♦♥ ✐%

∫

Ω∗ε

Aε(x, uε)∇v
m
ε ∇ϕdx+ εγ

∫

Γε
1

ρεh(uε)ϕdσ

=

∫

Γε
1

gεϕdσ + 〈Lε(−div(A
0(u0)∇um) + cγh(u0)−

|∂T |

|Y |
M∂T (g)), ϕ〉V ′ε ,Vε

, ∀ϕ ∈ Vε.

✭✷✳✸✼✮

❚❤❡ ❡①✐%&❡♥❝❡ ❛♥❞ &❤❡ ✉♥✐A✉❡♥❡%% ♦❢ %✉❝❤ ❛ %♦❧✉&✐♦♥ vmε ∈ Vε ✐% %&#❛✐❣❤&❢♦#✇❛#❞ ♣#♦✈❡❞ ❜②

✉%✐♥❣ &❤❡ ▲❛①✲▼✐❧❣#❛♠ &❤❡♦#❡♠✳ ❆❧%♦✱ ❢#♦♠ ❬✷✺✱ ❈♦#♦❧❧❛#② 4.6❪ ✇#✐&&❡♥ ❢♦# zε = uε ❛♥❞ ❢♦#

Z = −div(A0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g), ♦♥❡ ❤❛%✱ ❢♦# ❡✈❡#② ✜①❡❞ m✱

‖vmε ‖Vε
≤ c ❛♥❞ ṽmε ⇀ θum ✇❡❛❦❧② ✐♥ L2(Ω), ✭✷✳✸✽✮

✇✐&❤ c ✐♥❞❡♣❡♥❞❡♥& ♦♥ m ❛♥❞ ε✳ ❍❡♥❝❡✱ vmε %❛&✐%✜❡% ✭✷✳✸✶✮ ❛♥❞✱ ❢#♦♠ N#♦♣♦%✐&✐♦♥ ✷✳✶✼✱ &❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡#❣❡♥❝❡ ❤♦❧❞% &#✉❡✱ ✉♣ &♦ ❛ %✉❜%❡A✉❡♥❝❡✿

T ∗
ε (v

m
ε )→ um %&#♦♥❣❧② ✐♥ L2(Ω;H1(Y ∗)). ✭✷✳✸✾✮

▼♦#❡♦✈❡#✱ ❜② ❝❧❛%%✐❝❛❧ #❡%✉❧&% ❢#♦♠ ❬✻✾❪✱ ✇❡ ❤❛✈❡ &❤❛& ❢♦# ❡✈❡#② ✜①❡❞ m

‖vmε ‖L∞(Ω∗ε) ≤ cm, ❢♦# ❡✈❡#② ε. ✭✷✳✹✵✮

▲❡♠♠❛ ✷✳✷✻✳ ❚❤❡ #❡$✉❡♥❝❡ {(vmε )
−} #❛)✐#✜❡# ❝♦♥❞✐)✐♦♥# ✭✷✳✸✶✮✳ ▼♦0❡♦✈❡0

T b
ε ((v

m
ε )

−)⇀ 0 ✇❡❛❦❧② ✐♥ Lr(Ω× ∂T ), ∀r ≥ 1. ✭✷✳✹✶✮

60♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ &❤❡ ❡%&✐♠❛&❡ ✐♥ ✭✷✳✸✽✮✱ ♦♥❡ ❤❛%

‖(vmε )
−‖Vε

≤ ‖vmε ‖Vε
≤ c.

❍❡♥❝❡✱ N#♦♣♦%✐&✐♦♥ ✷✳✶✼ ✐♠♣❧✐❡%

T ∗
ε ((v

m
ε )

−)→ u−m = 0 %&#♦♥❣❧② ✐♥ L2(Ω;H1(Y ∗)), ✭✷✳✹✷✮

✻✻
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 ✐♥❝❡ um ≥ 0 ❛♥❞ ✭✷✳✸✾✮ ✐♠♣❧✐❡ ❝♦♥✈❡2❣❡♥❝❡ ✭✷✳✹✷✮ ✐♥ L2(Ω×Y ∗)✳ ❆❧ ♦✱ ❜② ✉ ✐♥❣ :2♦♣♦ ✐;✐♦♥

✷✳✶✹✱ ♦♥❡ ❤❛ 

(̃vmε )
− ⇀ θMY ∗(u

−
m) = 0 ✇❡❛❦❧② ✐♥ L2(Ω).

▼♦2❡♦✈❡2✱ ❢2♦♠ ✭✷✳✹✷✮ ✇❡ ❣❡; ✐♥ ♣❛2;✐❝✉❧❛2

T ∗
ε ((v

m
ε )

−)⇀ u−m = 0 ✇❡❛❦❧② ✐♥ L2(Ω× ∂T ),

❛♥❞ ;❤❡ ❝♦♥✈❡2❣❡♥❝❡ ✭✷✳✹✶✮ ❞❡2✐✈❡ ❢2♦♠ ✭✷✳✹✵✮ ❛♥❞ ▲❡♠♠❛ ✷✳✷✵✳

❲❡ ❝❛♥ ♥♦✇  ;❛;❡ ;❤❡ ♠❛✐♥ 2❡ ✉❧; ♦❢ ;❤✐  ❡❝;✐♦♥✳

❚❤❡♦$❡♠ ✷✳✷✼✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲ ❍6✮✱ ❧❡* uε ❛♥❞ vε ❜❡ &♦❧✉*✐♦♥& ♦❢ ♣$♦❜❧❡♠& ✭✷✳✼✮

❛♥❞ ✭✷✳✸✺✮✱ $❡&♣❡❝*✐✈❡❧②✳ ❚❤❡♥✱ ❢♦$ *❤❡ &✉❜&❡:✉❡♥❝❡ ✈❡$✐❢②✐♥❣ ✭✷✳✶✶✮✱

lim
ε→0

‖∇uε −∇vε‖L2(Ω∗ε)
= 0.

<$♦♦❢✳ ❚❤❡ ♣2♦♦❢ ✐ ❞♦♥❡ ✐♥ ✸  ;❡♣ ✳ ■; ♠❛❦❡ ✉ ❡ ♦❢  ♦♠❡ ✐❞❡❛ ❢2♦♠ ❬✹✷❪ ❝♦♥❝❡2♥✐♥❣ ;❤❡

 ✐♥❣✉❧❛2 ;❡2♠✱  ♣❧✐; ✐♥;♦ ;✇♦ ;❡2♠ ✿ ♦♥❡ ♥❡❛2 ;❤❡  ✐♥❣✉❧❛2✐;② ❛♥❞ ♦♥❡ ❢❛2 ❢2♦♠ ✐; ✇❤✐❝❤ 2❡ ✉❧; 

♥♦;  ✐♥❣✉❧❛2✳

❙$❡♣ ✶✳ ▲❡; ✉ ♣2♦✈❡ ;❤❛;

lim
ε→0

∫

Ω∗ε

[(vmε )
−]2dx = 0. ✭✷✳✹✸✮

❖❜ ❡2✈❡ ;❤❛;✱ ❢2♦♠ ;❤❡ :♦✐♥❝❛2M ✐♥❡N✉❛❧✐;② ✭✷✳✻✮✱

0 ≤

∫

Ω∗ε

[(vmε )
−]2dx ≤ c2P

∫

Ω∗ε

|∇(vmε )
−|2dx, ✭✷✳✹✹✮

❢♦2 ❛♥② ✜①❡❞ m ≥ 1✳ ❚❤❡♥ ✐;  ✉✣❝❡ ;♦ ♣2♦✈❡ ;❤❛;

lim
ε→0

∫

Ω∗ε

|∇(vmε )
−|2dx = 0 ∀m ≥ 1. ✭✷✳✹✺✮

▲❡; ✉ ❝❤♦♦ ❡ −(vmε )
− ∈ Vε ❛ ;❡ ; ❢✉♥❝;✐♦♥ ✐♥ ✭✷✳✸✼✮ ❣❡;;✐♥❣

−

∫

Ω∗ε

Aε(x, uε)∇v
m
ε ∇(v

m
ε )

−dx− εγ
∫

Γε
1

ρεh(uε)(v
m
ε )

−dσ

= −

∫

Γε
1

gε(v
m
ε )

−dσ + 〈Lε(−div(A
0(u0)∇um) + cγh(u0)−

|∂T |

|Y |
M∂T (g)),−(v

m
ε )

−〉V ′ε ,Vε
.

❋2♦♠ ;❤❡ ❡❧❧✐♣;✐❝✐;② ♦❢ A ❛♥❞ ♦❜ ❡2✈✐♥❣ ;❤❛; ∇vmε = ∇(vmε )
+ −∇(vmε )

−
❛♥❞

∫

Ω∗ε

Aε(x, uε)∇(v
m
ε )

+∇(vmε )
−dx = 0,

✻✼
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✇❡ ❤❛✈❡

α‖∇(vmε )
−‖2L2(Ω∗ε)

≤

∫

Ω∗ε

Aε(x, uε)∇(v
m
ε )

−∇(vmε )
−dx+

∫

Γε
1

gε(v
m
ε )

−dσ

= εγ
∫

Γε
1

ρεh(uε)(v
m
ε )

−dσ + 〈Lε(−div(A
0(u0)∇um) + cγh(u0)−

|∂T |

|Y |
M∂T (g)),−(v

m
ε )

−〉V ′ε ,Vε
.

✭✷✳✹✻✮

❋,♦♠ ▲❡♠♠❛ ✷✳✷✻ ❛♥❞ 2,♦♣♦4✐6✐♦♥ ✷✳✷✸✱ ✇❡ ❣❡6

lim
ε→0
〈Lε(−div(A

0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)),−(v

m
ε )

−〉V ′ε ,Vε

= 〈(−div(A0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)),0〉H−1(Ω),H1

0 (Ω) = 0.

✭✷✳✹✼✮

❆❧4♦✱ ❜② ✉4✐♥❣ 2,♦♣♦4✐6✐♦♥ ✷✳✶✻2,3,4✱ ✭✷✳✶✶✮v ❛♥❞ ✭✷✳✹✶✮ ♦❢ ▲❡♠♠❛ ✷✳✷✻✱ ✇❡ ❣❡6

0 ≤ lim
ε→0

εγ
∫

Γε
1

ρεh(uε)(v
m
ε )

−dσ = lim
ε→0

εγ−1

|Y |

∫

Ω×∂T

ρ(y)T b
ε (h(uε))T

b
ε ((v

m
ε )

−)dxdσy

≤ lim
ε→0

εγ−1

|Y |
‖ρ‖L∞(∂T )

∫

Ω×∂T

T b
ε (h(uε))T

b
ε ((v

m
ε )

−)dxdσy = 0,

✇❤✐❝❤✱ 6♦❣❡6❤❡, ✇✐6❤ ✭✷✳✹✻✮✲✭✷✳✹✼✮✱ ❣✐✈❡4 ✭✷✳✹✺✮✳

❙!❡♣ ✷✳ ■♥ 6❤✐4 46❡♣ ✇❡ 4❤♦✇ 6❤❛6

lim
m→+∞

lim
ε→0

∫

Ω∗ε

|∇(uε − vmε )|
2dx = 0. ✭✷✳✹✽✮

❚♦ ❞♦ 6❤❛6✱ ❧❡6 ✉4 ❝❤♦♦4❡ uε − vmε ∈ Vε ❛4 6❡46 ❢✉♥❝6✐♦♥ ✐♥ ✭✷✳✼✮ ❛♥❞ ✭✷✳✸✼✮✳ ❇② 4✉❜6,❛❝6✐♦♥

❛♥❞ ❍1✮iii✱ ♦♥❡ ❤❛4

α‖∇(uε − vmε )‖
2
L2(Ω∗ε)

≤

∫

Ω∗ε

Aε(x, uε)∇(uε − vmε )∇(uε − vmε )dx =

∫

Ω∗ε

fζ(uε)(uε − vmε )dx

− 〈Lε(−div(A
0(u0)∇um) + cγh(u0)−

|∂T |

|Y |
M∂T (g)), uε − vmε 〉V ′ε ,Vε

.

✭✷✳✹✾✮

❋✐,46 ✇❡ ♣❛44 6♦ 6❤❡ ❧✐♠✐6 ❛4 ε→ 0✱ ❛♥❞ 6❤❡♥ ❛4 m→ +∞✳ ▲❡6 ✉4 ♣,♦✈❡ 6❤❛6✱ ❛4 ε→ 0✱ ✇❡

❤❛✈❡

α lim sup
ε→0

‖∇(uε − vmε )‖
2
L2(Ω∗ε)

≤ θ

∫

Ω

fζ(u0)(u0 − um)χ{u0>0}
dx

− 〈(−div(A0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)), u0 − um〉H−1(Ω),H1

0 (Ω).

✭✷✳✺✵✮

✻✽
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❈♦♥❝❡%♥✐♥❣ (❤❡ *❡❝♦♥❞ (❡%♠ ✐♥ (❤❡ %✐❣❤(✲❤❛♥❞ *✐❞❡ ♦❢ ✭✷✳✹✾✮✱ ❧❡( ✉* ♦❜*❡%✈❡ (❤❛( uε − vmε
*❛(✐*✜❡* ✭✷✳✸✶✮✱ ❢%♦♠ ❘❡♠❛%❦ ✷✳✷✹ ❛♥❞ ✭✷✳✸✽✮✳ ❙♦ (❤❛(✱ ❜② C%♦♣♦*✐(✐♦♥ ✷✳✷✸

lim
ε→0
〈Lε(−div(A

0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)), uε − vmε 〉V ′ε ,Vε

= 〈(−div(A0(u0)∇um) + cγh(u0)−
|∂T |

|Y |
M∂T (g)), u0 − um〉H−1(Ω),H1

0 (Ω).

✭✷✳✺✶✮

▲❡( δ > 0✳ ❲❡ *♣❧✐( (❤❡ ✐♥(❡❣%❛❧ ♦❢ (❤❡ *✐♥❣✉❧❛% (❡%♠ ✐♥ ✭✷✳✹✾✮ ✐♥(♦ (✇♦ (❡%♠* ❛♥❞ ✇%✐(❡

∫

Ω∗ε

fζ(uε)(uε − vmε )dx =

∫

Ω∗ε

fζ(uε)(uε − (vmε )
+)dx+

∫

Ω∗ε

fζ(uε)(v
m
ε )

−dx

≤ Iδε + Jδ
ε +Kε,

✭✷✳✺✷✮

✇❤❡%❡

Iδε
.
=

∫

Ω∗ε∩{0<uε≤δ}

fζ(uε)uεdx, Jδ
ε
.
=

∫

Ω∗ε∩{uε>δ}

fζ(uε)(uε − (vmε )
+)dx

❛♥❞ Kε
.
=

∫

Ω∗ε

fζ(uε)(v
m
ε )

−dx.

❲❡ ✇✐❧❧ ❝♦♠♣✉(❡ *❡♣❛%❛(❡❧② (❤❡*❡ (❤%❡❡ ❧✐♠✐(*✳

▲✐♠✐# ♦❢ Iδε ✿ ❲❤❡♥ k < 1 ✇❡ ❣❡(

0 ≤ Iδε ≤

∫

Ω∗ε∩{0<uε≤δ}

fu1−k
ε dx ≤ δ1−k

∫

Ω

fχ
{0<uε≤δ}

dx ≤ cδ1−k,

*✐♥❝❡ (❤❡ ❢✉♥❝(✐♦♥* ✐♥✈♦❧✈❡❞ ❛%❡ ❛❧❧ ♥♦♥♥❡❣❛(✐✈❡✱ f ∈ L1(Ω) ❛♥❞ ❢♦% (❤❡ ❣%♦✇(❤ ❝♦♥❞✐(✐♦♥* ♦♥

ζ ♥❡❛% ✐(* *✐♥❣✉❧❛%✐(② ✭*❡❡ ❍2✮i✮✳ ❈♦♥*❡J✉❡♥(❧②✱

lim
δ→0

lim
ε→0

Iδε = 0. ✭✷✳✺✸✮

❲❤✐❧❡ ✐♥ (❤❡ ❝❛*❡ k = 1✱ ♦♥❡ ❤❛*

0 ≤ Iδε ≤

∫

Ω∗ε∩{0<uε≤δ}

f
1

uε
uεdx =

∫

Ω∗ε

fχ
{0<uε≤δ}

χ
{u0 /=δ}

dx+

∫

Ω∗ε

fχ
{0<uε≤δ}

χ
{u0=δ}

dx.

✭✷✳✺✹✮

❖❜*❡%✈❡ (❤❛( ∫

Ω∗ε

fχ
{0<uε≤δ}

χ
{u0=δ}

dx = 0, ✭✷✳✺✺✮

❢♦% ❡✈❡%② δ ∈ R+\D✱ ✇❤❡%❡ D ✐* (❤❡ ❝♦✉♥(❛❜❧❡ *❡( ❣✐✈❡♥ ❜②

D = {δ ∈ R+ : |{(x, y) ∈ Ω× Y ∗ : u0(x) = δ}| > 0} ✭✷✳✺✻✮

✻✾
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✭!❡❡ ❢♦% ✐♥!(❛♥❝❡ ❬✺✸❪✱ ❬✹✷❪ ❛♥❞ ❬✹✻❪✮✳

■♥ ✇❤❛( ❢♦❧❧♦✇!✱ ✇❡ (❛❦❡ δ ∈ R+ \D✳ ■♥ ♦%❞❡% (♦ !(✉❞② (❤❡ ✜%!( (❡%♠ ✐♥ (❤❡ %✐❣❤(✲❤❛♥❞ !✐❞❡✱

✇❡ ♠❛❦❡ ✉!❡ ♦❢ (❤❡ ♣❡%✐♦❞✐❝ ✉♥❢♦❧❞✐♥❣ ♠❡(❤♦❞✳ ❋%♦♠ C%♦♣♦!✐(✐♦♥ ✷✳✶✶2,4 ♦♥❡ ❤❛!

lim
ε→0

∫

Ω∗ε

fχ
{0<uε≤δ}

χ
{u0 /=δ}

dx

= lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (χ{0<uε≤δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy + lim
ε→0

∫

Λ∗ε

fχ
{0<uε≤δ}

χ
{u0 /=δ}

dx

= lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (χ{0<uε≤δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy,

✭✷✳✺✼✮

!✐♥❝❡ f ∈ L1(Ω) ❛♥❞ |Λε| = 0 ✇❤❡♥ ε→ 0✳ ▼♦)❡♦✈❡)✱ ❜② ❞❡✜♥✐0✐♦♥ ♦❢ 0❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡)❛0♦)✱

♦♥❡ ❤❛6

T ∗
ε

(
χ
{0<uε≤δ}

)
(x, y) =





χ
{0<T ∗ε (uε)(x,y)≤δ}

❛✳❡✳ ✐♥ Ω̂ε × Y ∗,

0 ❛✳❡✳ ✐♥ Λε × Y ∗,

❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✶✮i✱ ✉♣ 0♦ ❛ 6✉❜6❡;✉❡♥❝❡✱

T ∗
ε (χ{0<uε≤δ}

)→ χ
{0<u0≤δ}

❛✳❡✳ ✐♥ Ω× Y ∗. ✭✷✳✺✽✮

❈♦♥6❡;✉❡♥0❧②✱ ❜② @)♦♣♦6✐0✐♦♥ ✷✳✶✶6✱ ✉♣ 0♦ ❛ 6✉❜6❡;✉❡♥❝❡✱

T ∗
ε (f)T

∗
ε (χ{0<uε≤δ}

)T ∗
ε (χ{u0 /=δ}

)→ fχ
{0<u0≤δ}

χ
{u0 /=δ}

= fχ
{0<u0<δ}

❛✳❡✳ ✐♥ Ω×Y ∗. ✭✷✳✺✾✮

▼♦)❡♦✈❡) ❢)♦♠ @)♦♣♦6✐0✐♦♥ ✷✳✶✶5 ✇❡ ❤❛✈❡

∫

E×Y ∗
T ∗
ε (f)T

∗
ε (χ{0<uε≤δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy ≤

∫

E×Y ∗
T ∗
ε (f)dxdy ≤ |Y | ‖f‖L1(E),

❢♦) ❛♥② ♠❡❛6✉)❛❜❧❡ 6❡0 E×Y ∗ ⊂ Ω×Y ∗
✳ ❱✐❛ 0❤❡ ❛❜6♦❧✉0❡ ❝♦♥0✐♥✉✐0② ♦❢ 0❤❡ ▲❡❜❡6❣✉❡ ✐♥0❡❣)❛❧

❛♥❞ ❛♣♣❧②✐♥❣ 0❤❡ ❱✐0❛❧✐ 0❤❡♦)❡♠✱ ❢)♦♠ ✭✷✳✺✾✮ ✇❡ ♦❜0❛✐♥

lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (χ{0<uε≤δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy =
1

|Y |

∫

Ω×Y ∗
fχ

{0<u0<δ}
dxdy.

❚❤❡♥✱ 6✐♥❝❡ δ ∈ R+\D✱ ❜② ✭✷✳✺✹✮✱ ✭✷✳✺✺✮ ❛♥❞ ✭✷✳✺✼✮✱

0 ≤ lim
ε→0

Iδε ≤ lim
ε→0

∫

Ω∗ε

fχ
{0<uε≤δ}

χ
{u0 /=δ}

dx = θ

∫

Ω

fχ
{0<u0<δ}

dx.

❯6✐♥❣ ❤❡)❡ 0❤❡ ▲❡❜❡6❣✉❡ 0❤❡♦)❡♠✱

0 ≤ lim
δ→0

lim
ε→0

Iδε ≤ lim
δ→0

θ

∫

Ω

fχ
{0<u0<δ}

dx = θ

∫

Ω

fχ
{u0=0}

dx.

✼✵
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◆♦✇ ♦❜$❡&✈❡ (❤❛(✱ $✐♥❝❡ ζ(u0) = +∞ ✇❤❡♥ u0 = 0✱ ✭✷✳✶✸✮ ✐♠♣❧✐❡$ (❤❛(

meas({x ∈ Ω | u0 = 0 ❛♥❞ f > 0}) = 0.

❍❡♥❝❡✱ fχ
{u0=0}

= 0 ❛✳❡✳ ✐♥ Ω ❛♥❞ ❛❧$♦

lim
δ→0

lim
ε→0

Iδε = 0. ✭✷✳✻✵✮

▲✐♠✐# ♦❢ Jδ
ε ✿ ❲❡ ✇&✐(❡

Jδ
ε =

∫

Ω∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0 /=δ}

dx+

∫

Ω∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0=δ}

dx,

✭✷✳✻✶✮

✇❤❡&❡✱ ❛$ ❜❡❢♦&❡✱

∫

Ω∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0=δ}

dx = 0 ❡①❝❡♣( ❢♦& ❛ ❝♦✉♥(❛❜❧❡ $❡( ♦❢

✈❛❧✉❡$ ♦❢ δ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡①❝❧✉❞❡❞✳ ❍❡♥❝❡✱ ❜② ✉♥❢♦❧❞✐♥❣

Jδ
ε =

∫

Ω∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0 /=δ}

dx

=
1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (uε − (vmε )

+)T ∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy

+

∫

Λ∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0 /=δ}

dx.

✭✷✳✻✷✮

❇② ✉$✐♥❣ (❤❡ ❢❛❝( (❤❛( uε − (vmε )
+ ≤ uε✱ (❤❡ ❍C❧❞❡& ✐♥❡D✉❛❧✐(② ✇✐(❤ ❡①♣♦♥❡♥($

2
1+k

❛♥❞

2
1−k
✱

❘❡♠❛&❦ ✷✳✷✹ ❛♥❞ ❍2✮✱ $✐♥❝❡ l ≥
2

1+k
✱ ✇❡ ❤❛✈❡✱ ❛$ ε→ 0✱

∫

Λ∗ε

fζ(uε)(uε − (vmε )
+)χ

{uε>δ}
χ
{u0 /=δ}

dx ≤

∫

Λ∗ε

fζ(uε)uεdx

≤

∫

Λ∗ε

fu1−k
ε dx ≤ ‖f‖

L
2

1+k (Λ∗ε)
‖uε‖

1−k
L2(Ω∗ε)

≤ ‖f‖Ll(Λ∗ε)
‖uε‖

1−k
L2(Ω∗ε)

→ 0.

✭✷✳✻✸✮

❖♥ (❤❡ ♦(❤❡& ❤❛♥❞✱ ✐♥ ♦&❞❡& (♦ ❛♣♣❧② (❤❡ ❱✐(❛❧✐ (❤❡♦&❡♠ (♦ (❤❡ ✜&$( ✐♥(❡❣&❛❧ ♦♥ (❤❡ &✐❣❤(✲❤❛♥❞

$✐❞❡ ♦❢ ✭✷✳✻✷✮✱ ❧❡( ✉$ ✜&$( ♦❜$❡&✈❡ (❤❛( ✭✷✳✶✶✮i ❛♥❞ ✭✷✳✸✾✮ ②✐❡❧❞✱ ✉♣ (♦ ❛ $✉❜$❡D✉❡♥❝❡✱

T ∗
ε (uε − (vmε )

+)→ u0 − um ❛✳❡✳ ✐♥ Ω× Y ∗.

❍❡♥❝❡✱ ❜② ✭✷✳✶✶✮ii ❛♥❞ (❤❡ $❛♠❡ ❛&❣✉♠❡♥($ ✉$❡❞ (♦ ♣&♦✈❡ ✭✷✳✺✾✮✱ ✇❡ ❤❛✈❡ (❤❛(✱ ❛❧♠♦$(

❡✈❡&②✇❤❡&❡ ✐♥ Ω× Y ∗
✱

T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (uε − (vmε )

+)T ∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)→ fζ(u0)(u0 − um)χ{u0>δ}
. ✭✷✳✻✹✮

▼♦&❡♦✈❡&✱ ❢&♦♠ (❤❡ ❣&♦✇(❤ ❝♦♥❞✐(✐♦♥ ♦♥ ζ ♦♥❡ ❤❛$

T ∗
ε (ζ(uε)) <

1

δk
♦♥ (❤❡ $❡( {uε > δ}, ✭✷✳✻✺✮

✼✶
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 ♦ "❤❛"

∫

E×Y ∗
|T ∗

ε (f)T
∗
ε (ζ(uε))T

∗
ε (uε − (vmε )

+)T ∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)|dxdy

≤

∫

E×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (uε)dxdy +

1

δk

∫

E×Y ∗
T ∗
ε (f)T

∗
ε ((v

m
ε )

+)dxdy,

✭✷✳✻✻✮

❢♦+ ❛♥② ♠❡❛ ✉+❛❜❧❡  ❡" E × Y ∗ ⊂ Ω× Y ∗
✳ ❇② ✉ ✐♥❣ ✭✷✳✷✵✮✱ ❍2✮i✱ "❤❡ ❍9❧❞❡+ ✐♥❡;✉❛❧✐"② ✇✐"❤

❡①♣♦♥❡♥" 

2
1+k

❛♥❞

2
1−k

✱ ?+♦♣♦ ✐"✐♦♥ ✷✳✶✶5✱ ✭✷✳✻✮ ❛♥❞ ❡ "✐♠❛"❡ ✭✷✳✷✺✮✱ ✇❡ ♦❜"❛✐♥

∫

E×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (uε)dxdy ≤

∫

E×Y ∗
T ∗
ε (f)[T

∗
ε (uε)]

1−kdxdy ≤ c‖f‖
L

2
1+k (E)

. ✭✷✳✻✼✮

◆❡①"✱ ✐♥ ✈✐❡✇ ♦❢ ?+♦♣♦ ✐"✐♦♥ ✷✳✶✶5 ❛♥❞ ✭✷✳✹✵✮✱

1

δk

∫

E×Y ∗
T ∗
ε (f)T

∗
ε ((v

m
ε )

+)dxdy ≤
|Y |

δk
cm‖f‖L1(E). ✭✷✳✻✽✮

❍❡♥❝❡✱ ❢+♦♠ ✭✷✳✻✷✮✱ ✉ ✐♥❣ ✭✷✳✻✸✮ ❛♥❞ "❤❡ ❱✐"❛❧✐ "❤❡♦+❡♠ ✭✐♥ ✈✐❡✇ ♦❢ ✭✷✳✻✹✮ ❛♥❞ ✭✷✳✻✻✮✲✭✷✳✻✽✮✮✱

✇❡ ♦❜"❛✐♥

lim
ε→0

Jδ
ε = θ

∫

Ω

fζ(u0)(u0 − um)χ{u0>δ}
dx.

❖♥ "❤❡ ♦"❤❡+ ❤❛♥❞✱ ❛  ✉♠♣"✐♦♥ ❍2✮ ❛♥❞ "❤❡ ❍9❧❞❡+ ✐♥❡;✉❛❧✐"② ✐♠♣❧② "❤❛"

∫

Ω

fu1−k
0 dx ≤ ‖f‖

L
2

1+k (Ω)
‖u1−k

0 ‖
L

2
1−k (Ω)

≤ ‖f‖Ll(Ω)‖u0‖
1−k
L2(Ω) < +∞. ✭✷✳✻✾✮

❈♦♥ ❡;✉❡♥"❧②✱ ❢+♦♠ ❍2✮i✱ ✭✷✳✻✾✮✱ "❤❡ ❜♦✉♥❞❡❞♥❡  ♦❢ um ❛♥❞ ✭✷✳✶✸✮ ♦❢ ?+♦♣♦ ✐"♦♥ ✷✳✺✱

0 ≤ fζ(u0)(u0 − um)χ{u0>δ}
≤ fu1−k

0 + fζ(u0)um ∈ L
1(Ω),

✇❤✐❝❤✱ ❛♣♣❧②✐♥❣ "❤❡ ▲❡❜❡ ❣✉❡ ❞♦♠✐♥❛"❡❞ ❝♦♥✈❡+❣❡♥❝❡ "❤❡♦+❡♠✱ ♣+♦✈✐❞❡ 

lim
δ→0

lim
ε→0

Jδ
ε = θ

∫

Ω

fζ(u0)(u0 − um)χ{u0>0}
dx. ✭✷✳✼✵✮

▲✐♠✐# ♦❢ Kε✿ ❯ ✐♥❣  ✐♠✐❧❛+ ❛+❣✉♠❡♥" ❛ ✐♥ ❬✹✷❪✱ ✇❡ ♣+♦✈❡ ♥♦✇ "❤❛"

lim
ε→0

∫

Ω∗ε

fζ(uε)(v
m
ε )

−dx = 0. ✭✷✳✼✶✮

▲❡" ✉ ♦❜ ❡+✈❡ "❤❛" ❢♦+ ❡✈❡+② δ ∈ R+ \D✱ ✇❤❡+❡ D ✐ ❣✐✈❡♥ ❜② ✭✷✳✺✻✮✱ ✇❡ ❤❛✈❡

∫

Ω∗ε∩{uε>δ}

fζ(uε)(v
m
ε )

−χ
{u0=δ}

dx = 0.

✼✷



✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

❍❡♥❝❡✱ ❢♦' δ0 ∈ R+ \D✱ ✇❡ ❝❛♥ ✇'✐+❡

∫

Ω∗ε

fζ(uε)(v
m
ε )

−dx =

∫

Ω∗ε∩{0<uε≤δ0}

fζ(uε)(v
m
ε )

−dx

+

∫

Ω∗ε∩{uε>δ0}

fζ(uε)(v
m
ε )

−χ
{u0 /=δ0}

dx
.
= Aε +Bε.

✭✷✳✼✷✮

❋'♦♠ 3'♦♣♦5✐+✐♦♥ ✷✳✷✷ ✇'✐++❡♥ ❢♦' δ = δ0 ✇❡ ❣❡+

0 ≤ Aε ≤

∫

Ω∗ε

Aε(x, uε)∇uε∇(v
m
ε )

−Zδ0(uε)dx+ cεγ−
1
2h(2δ0)‖ρ‖L∞(∂T )‖(v

m
ε )

−‖Vε
.

❚❤✐5 ✐♠♣❧✐❡5✱ ❜② ✉5✐♥❣ ❍1✮iii✱ ❍5✮✱ ❍6✮✱ +❤❡ ❍=❧❞❡' ✐♥❡?✉❛❧✐+② ❛♥❞ ✭✷✳✷✺✮✱

0 ≤ Aε ≤ β‖∇uε‖L2(Ω∗ε)
‖Zδ0(uε)∇(v

m
ε )

−‖L2(Ω∗ε)
+ cεγ−

1
2h(2δ0)‖ρ‖L∞(∂T )‖(v

m
ε )

−‖Vε

≤ (c+ εγ−
1
2 c1)‖∇(v

m
ε )

−‖L2(Ω∗ε)
,

✇❤✐❝❤ ❣✐✈❡5✱ ✈✐❛ ✭✷✳✹✺✮ ❛♥❞ ❍5✮✱

lim
ε→0

Aε = 0. ✭✷✳✼✸✮

■♥ ♦'❞❡' +♦ ♣'♦✈❡ +❤❛+ ❛❧5♦

lim
ε→0

Bε = 0, ✭✷✳✼✹✮

❜② ✉5✐♥❣ +❤❡ ✐♥+❡❣'❛+✐♦♥ ❢♦'♠✉❧❛ ✭5❡❡ 3'♦♣♦5✐+✐♦♥ ✷✳✶✶✮✱ ✇❡ ✇'✐+❡ Bε ❛5 ❢♦❧❧♦✇5✿

Bε =
1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε ((v

m
ε )

−)T ∗
ε (χ{uε>δ0}

)T ∗
ε (χ{u0 /=δ0}

)dxdy

+

∫

Λ∗ε

fζ(uε)(v
m
ε )

−χ
{uε>δ0}

χ
{u0 /=δ0}

dx.

❈♦♥❝❡'♥✐♥❣ +❤❡ 5❡❝♦♥❞ +❡'♠ ✐♥ +❤❡ '✐❣❤+✲❤❛♥❞ 5✐❞❡ ♦❢ +❤❡ ♣'❡✈✐♦✉5 ❡?✉❛+✐♦♥✱ ❢'♦♠ +❤❡ ❣'♦✇+❤

❝♦♥❞✐+✐♦♥ ♦♥ ζ ♦♥ +❤❡ 5❡+ {uε > δ0} ❛♥❞ ✭✷✳✹✵✮ ✐+ '❡5✉❧+5

∫

Λ∗ε

fζ(uε)(v
m
ε )

−χ
{uε>δ0}

χ
{u0 /=δ0}

dx ≤
1

δk0

∫

Λ∗ε

f(vmε )
−dx

≤
1

δk0
‖(vmε )

−‖L∞(Ω∗ε)‖f‖L1(Λ∗ε)
→ 0, ❛5 ε→ 0;

✇❤✐❧❡ ❢♦' +'❡❛+✐♥❣ +❤❡ ✜'5+ ♦♥❡ ✇❡ ❝❛♥ ✉5❡ +❤❡ ❱✐+❛❧✐ +❤❡♦'❡♠✳ ■♥❞❡❡❞✱ ❢'♦♠ ✭✷✳✻✺✮✱ 3'♦♣♦5✐+✐♦♥

✷✳✶✶5✱ +❤❡ ❍=❧❞❡' ✐♥❡?✉❛❧✐+② ❛♥❞ ✭✷✳✹✵✮✱ ✇❡ ❤❛✈❡

∫

E×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε ((v

m
ε )

−)T ∗
ε (χ{uε>δ0}

)T ∗
ε (χ{u0 /=δ0}

)dxdy

✼✸
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≤ |Y |
1

δk0

∫

Ω∗ε∩E

f(vmε )
−dx ≤

|Y |

δk0
cm‖f‖L1(E),

❢♦" ❛♥② ♠❡❛(✉"❛❜❧❡ (❡, E × Y ∗ ⊂ Ω × Y ∗
✳ ❆❧(♦✱ ❜② ▲❡♠♠❛ ✷✳✷✻ ❛♥❞ ,❤❡ (❛♠❡ ❛"❣✉♠❡♥,(

✉(❡❞ ❜❡❢♦"❡ ,♦ ♣"♦✈❡ ✭✷✳✻✹✮✱ ✇❡ ❣❡,✱ ✉♣ ,♦ ❛ (✉❜(❡<✉❡♥❝❡✱

T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε ((v

m
ε )

−)T ∗
ε (χ{uε>δ0}

)T ∗
ε (χ{u0 /=δ0}

)→ fζ(u0)u
−
m χ{u0>δ0}

= 0 ❛✳❡✳ ✐♥ Ω×Y ∗,

(✐♥❝❡ um ✐( ♥♦♥♥❡❣❛,✐✈❡ ❜② ❞❡✜♥✐,✐♦♥✳ ❍❡♥❝❡✱ ♣✉,,✐♥❣ ,♦❣❡,❤❡" ✭✷✳✼✷✮✲✭✷✳✼✹✮✱ ✇❡ ❣❡, ✭✷✳✼✶✮✳

❆, ♣"❡(❡♥,✱ ✐♥ ♦"❞❡" ,♦ ♣"♦✈❡ ✭✷✳✹✽✮✱ ✇❡ ❝♦❧❧❡❝, ✭✷✳✹✾✮✱ ✭✷✳✺✶✮✲✭✷✳✺✸✮✱ ✭✷✳✻✵✮✱ ✭✷✳✼✵✮✲✭✷✳✼✶✮✱

❣❡,,✐♥❣ ✭✷✳✺✵✮✳

■, "❡♠❛✐♥( ♥♦✇ ,♦ ♣❛(( ,♦ ,❤❡ ❧✐♠✐, ❛( m→ +∞ ✐♥ ✭✷✳✺✵✮✳ ■♥ ,❤✐( ✐♥❡<✉❛❧✐,② ,❤❡ (❡❝♦♥❞

,❡"♠ ✐♥ ,❤❡ "✐❣❤,✲❤❛♥❞ (✐❞❡ ❣♦❡( ,♦ ③❡"♦ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✸✻✮✳ ❚❤❡ ✜"(, ♦♥❡ ❛❧(♦ ❣♦❡( ,♦ ③❡"♦ ✈✐❛

,❤❡ ▲❡❜❡(❣✉❡ ,❤❡♦"❡♠✱ (✐♥❝❡

0 ≤ fζ(u0)(u0 − um)χ{u0>0}
≤ fζ(u0)u0χ{u0>0}

≤ fu1−k
0 ∈ L1(Ω),

❞✉❡ ,♦ ✭✷✳✻✾✮✳ ❚❤✉( ✇❡ ♦❜,❛✐♥ ✭✷✳✹✽✮✳

❙!❡♣ ✸✳ ❚❤❡ ✜♥❛❧ (,❡♣ ✐( ,♦ (❤♦✇ ,❤❛,

lim
m→+∞

lim
ε→0

∫

Ω∗ε

|∇(vmε − vε)|
2dx = 0. ✭✷✳✼✺✮

❲❡ ,❛❦❡ vmε − vε ❛( ,❡(, ❢✉♥❝,✐♦♥ ✐♥ ,❤❡ ✈❛"✐❛,✐♦♥❛❧ ❢♦"♠✉❧❛,✐♦♥( ✭✷✳✸✼✮ ❛♥❞ ✭✷✳✸✺✮✳ ❇②

(✉❜,"❛❝,✐♦♥✱ ✇❡ ❤❛✈❡

∫

Ω∗ε

Aε(x, uε)∇(v
m
ε − vε)∇(v

m
ε − vε)dx = 〈Lε(−div(A

0(u0)∇(um − u0))), v
m
ε − vε〉V ′ε ,Vε

.

O❛((✐♥❣ ,♦ ,❤❡ ❧✐♠✐, ♦♥ ε✱ ❢♦" ❍1✮ ❛♥❞ O"♦♣♦(✐,✐♦♥ ✷✳✷✸ ✭✇❤♦(❡ ❛((✉♠♣,✐♦♥( ❛"❡ (❛,✐(✜❡❞ ❜♦,❤

❜② vε ❛♥❞ vmε ,❤❛♥❦( ,♦ ✭✷✳✸✹✮ ❛♥❞ ✭✷✳✸✽✮✮✱ ✇❡ ❣❡,

0 ≤ α lim
ε→0

‖∇(vmε − vε)‖
2
L2(Ω∗ε)

≤ lim
ε→0
〈Lε(−div(A

0(u0)∇(um − u0))), v
m
ε − vε〉V ′ε ,Vε

= 〈−div(A0(u0)∇(um − u0)), um − u0〉H−1(Ω),H1
0 (Ω).

❚❤✐( ,♦❣❡,❤❡" ✇✐,❤ ✭✷✳✸✻✮ ❣✐✈❡(

0 ≤ lim
m→+∞

lim
ε→0

α‖∇(vmε − vε)‖
2
L2(Ω∗ε)

≤ lim
m→+∞

∫

Ω

A0(u0)∇(um − u0)∇(um − u0)dx = 0.

❋✐♥❛❧❧② ❝♦♠❜✐♥✐♥❣ ❝♦♥✈❡"❣❡♥❝❡( ✭✷✳✹✽✮ ❛♥❞ ✭✷✳✼✺✮✱ ✇❡ ♦❜,❛✐♥ ,❤❡ ❞❡(✐"❡❞ "❡(✉❧,✳

✼✹
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❆! ❛♥ ✐♠♣♦()❛♥) ❝♦♥!❡,✉❡♥❝❡ ♦❢ ❚❤❡♦(❡♠ ✷✳✷✼✱ ✇❡ ❛(❡ ❛❜❧❡ ♥♦✇ )♦ ♣(♦✈❡ 9(♦♣♦!✐)✐♦♥ ✷✳✻✳

 !♦♦❢ ♦❢  !♦♣♦%✐'✐♦♥ ✷✳✻✳ ▲❡) vε )❤❡ !♦❧✉)✐♦♥ ♦❢ ♣(♦❜❧❡♠ ✭✷✳✸✺✮✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛)✐♦♥

(❡!✉❧) ❣✐✈❡♥ ✐♥ ❬✷✺✱ ❚❤❡♦(❡♠ 4.5❪ ❢♦( v0 = u0 ❣✐✈❡!✱ ❢♦( )❤❡ !✉❜!❡,✉❡♥❝❡ ✈❡(✐❢②✐♥❣ ✭✷✳✶✶✮✱

T ∗
ε (∇vε)⇀ ∇u0 +∇yv̂ ✇❡❛❦❧② ✐♥ L2(Ω× Y ∗), ✭✷✳✼✻✮

✇❤❡(❡✱ ✐♥ ♦✉( ❝❛!❡M∂T (g) /= 0 ♦( g = 0 ✭!❡❡ ❬✷✺✱ ✭5.22✮❪✮✱ v̂ ✐! ❛ ❢✉♥❝)✐♦♥ ✐♥ L2(Ω;H1
per(Y

∗))

✇✐)❤MY ∗(v̂) = 0 ✱ !✉❝❤ )❤❛)

v̂(x, y) = −
N∑

i=1

χ̂
ei
(y, u0(x))

∂u0
∂xi

(x),

✇✐)❤ χ̂
ei
!♦❧✉)✐♦♥ ♦❢ ✭✷✳✾✮✱ ✇(✐))❡♥ ❢♦( λ = ei✳ ◆♦✇ ❧❡) ✉! ♦❜!❡(✈❡ )❤❛)✱ ❢(♦♠ ❚❤❡♦(❡♠ ✷✳✷✼

❛♥❞ 9(♦♣♦!✐)✐♦♥ ✷✳✶✶7✱ ✇❡ ❣❡)

T ∗
ε (∇uε −∇vε)→ 0 !)(♦♥❣❧② ✐♥ L2(Ω× Y ∗).

❚❤✐!✱ )♦❣❡)❤❡( ✇✐)❤ ✭✷✳✶✶✮iv ❛♥❞ ✭✷✳✼✻✮✱ ❧❡❛❞! )♦

∇yv̂ = ∇yû ❛✳❡✳ ✐♥ Ω× Y ∗, ✭✷✳✼✼✮

✇❤✐❝❤ ✐♠♣❧✐❡! v̂ = û + w(x)✱ ❢♦( !♦♠❡ ❢✉♥❝)✐♦♥ w ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ x✳ ❙✐♥❝❡ MY ∗(v̂) =

MY ∗(û) = 0 ❛♥❞

MY ∗(v̂) =MY ∗(û) +MY ∗(w),

✇❡ ❞❡(✐✈❡ w = 0 ❛♥❞

v̂ = û.

❲❤❡♥❝❡ ✇❡ ♦❜)❛✐♥ )❤❡ ❝♦♥✈❡(❣❡♥❝❡

T ∗
ε (∇vε)⇀ ∇u0 +∇yû ✇❡❛❦❧② ✐♥ L2(Ω× Y ∗), ✭✷✳✼✽✮

❛♥❞ )❤❡ ❝❧❛✐♠❡❞ ❡①♣(❡!!✐♦♥ ♦❢ û✳ �

✷✳✻ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✷✳✽

❋✐(!)✱ ❧❡) ✉! ♦❜!❡(✈❡ )❤❛)✱ ✉♥❞❡( ♦✉( ❛!!✉♠♣)✐♦♥!✱ ❝♦♥✈❡(❣❡♥❝❡! ✭✷✳✶✶✮ ❤♦❧❞ )(✉❡ ❢♦( ❛

!✉❜!❡,✉❡♥❝❡ ♦❢ uε ✭!)✐❧❧ ❞❡♥♦)❡❞ ❜② ε✮✱ ✇❤❡(❡ u0 ∈ H1
0 (Ω) ✐! ❛ ♥♦♥♥❡❣❛)✐✈❡ ❢✉♥❝)✐♦♥ ❛♥❞

û ∈ L2(Ω;H1
per(Y

∗)) ✐! ❣✐✈❡♥ ❜② 9(♦♣♦!✐)✐♦♥ ✷✳✻✳ ❆❧!♦ ✇❡ ❤❛✈❡ )❤❡ ✈❛❧✐❞✐)② ♦❢ ✭✷✳✶✸✮✳

❚❤❡♥✱ ✇❡ ♥♦✇ ✐❞❡♥)✐❢② )❤❡ ❧✐♠✐) ♣(♦❜❧❡♠ !❛)✐!✜❡❞ ❜② (u0, û)✳ ❚♦ ❞♦ )❤❛)✱ ✇❡ )❛❦❡ ϕ ∈

H1
0 (Ω) ∩ L

∞(Ω)✱ φ ∈ D(Ω) ❛♥❞ ξ ∈ C1per(Y
∗)✱ ❛♥❞ ✉!❡

ψε(x) = ϕ(x) + εφ(x)ξ
(x
ε

)
∈ Vε

✼✺
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❛! "❡!" ❢✉♥❝"✐♦♥ ✐♥ ✭✷✳✼✮✱ ♦❜"❛✐♥✐♥❣

∫

Ω∗ε

Aε(x, uε)∇uε∇ψεdx+ εγ
∫

Γε
1

ρεh(uε)ψεdσ =

∫

Ω∗ε

fζ(uε)ψεdx+

∫

Γε
1

gεψεdσ. ✭✷✳✼✾✮

▲❡" ✉! ❝♦♥!✐❞❡5 "❤❡ !♦❧✉"✐♦♥ vε ♦❢ ♣5♦❜❧❡♠ ✭✷✳✸✺✮ ❛♥❞ ✇5✐"❡

lim
ε→0

∫

Ω∗ε

Aε(x, uε)∇uε∇ψεdx = lim
ε→0

∫

Ω∗ε

Aε(x, uε)∇vε∇ψεdx

+ lim
ε→0

∫

Ω∗ε

Aε(x, uε)∇(uε − vε)∇ψεdx.

✭✷✳✽✵✮

❇② ✉!✐♥❣ ❛!!✉♠♣"✐♦♥ ❍1✮✱ "❤❡ ❍B❧❞❡5 ✐♥❡C✉❛❧✐"② ❛♥❞ ❚❤❡♦5❡♠ ✷✳✷✼✱ ♦♥❡ ❤❛!

lim
ε→0

∫

Ω∗ε

Aε(x, uε)∇(uε − vε)∇ψεdx = 0, ✭✷✳✽✶✮

"❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" "❤❛" "❤❡ ♥♦5♠ ♦❢ ψε ✐! ❜♦✉♥❞❡❞ ✐♥ Vε✳

▼♦5❡♦✈❡5✱ ❜② "❤❡ !❛♠❡ ❛5❣✉♠❡♥"! ✉!❡❞ ✐♥ "❤❡ ♣5♦♦❢ ♦❢ ❚❤❡♦5❡♠ 4.5 ♦❢ ❬✷✺❪ ✇❤❡♥ !❤♦✇✐♥❣

(5.5) ❛♥❞ (5.16) ✭✇5✐""❡♥ ❢♦5 zε = uε ❛♥❞ Z = −div(A0(u0)∇u0) + cγh(u0)−
|∂T |

|Y |
M∂T (g)✮✱

✇❡ ♦❜"❛✐♥

lim
ε→0

∫

Ω∗ε

Aε(x, uε)∇vε∇ψεdx =
1

|Y |

∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+ φ∇yξ)dxdy, ✭✷✳✽✷✮

✐♥ ✈✐❡✇ ♦❢ ✭✷✳✼✽✮✳ ▲❡" ✉! ♥♦"✐❝❡ "❤❛" ✐♥ ❬✷✺❪ "❤❡ ❢✉♥❝"✐♦♥ ϕ ✐! "❛❦❡♥ ✐♥ D(Ω) ❛♥❞ "❤❡♥ ❛

❞❡♥!✐"② ❛5❣✉♠❡♥" ✐! ✉!❡❞✳ ❍❡5❡ "❤✐! ✐! ♥♦" ♣♦!!✐❜❧❡ ❞✉❡ "♦ "❤❡ ♣5❡!❡♥❝❡ ♦❢ "❤❡ !✐♥❣✉❧❛5 "❡5♠✱

!♦ "❤❛" ✇❡ ♥❡❡❞ "♦ ❝❤♦♦!❡ ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω)✳ ❚❤❡ ♦♥❧② ❞✐✛❡5❡♥❝❡ ✇✐"❤ 5❡!♣❡❝" "♦ ❬✷✺❪ ✐!

"❤❛" ♥♦✇ ✇❡ ❤❛✈❡ "♦ ❝♦♠♣✉"❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐"✐♦♥❛❧ ❧✐♠✐"✿

∫

Λ∗ε

Aε(x, uε)∇vε∇ϕdx ≤ β‖∇vε‖L2(Ω∗ε)
‖∇ϕ‖L2(Λ∗ε)

→ 0, ❛! ε→ 0.

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧"② ✐! "❤❡♥ "♦ ♣❛!! "♦ "❤❡ ❧✐♠✐" ✐♥ "❤❡ !✐♥❣✉❧❛5 "❡5♠✳ ▲❡" ✉! !❤♦✇ "❤❛"

lim
ε→0

∫

Ω∗ε

fζ(uε)ψεdx = θ

∫

Ω

fζ(u0)ϕχ{u0>0}
dx. ✭✷✳✽✸✮

▲❡" ✉! ❞❡✜♥❡

µε(x)
.
= εφ(x)ξ

(x
ε

)
, "❤❛" ✐! ψε = ϕ+ µε. ✭✷✳✽✹✮

❲❡ 5❡♠❛5❦ "❤❛"✱ ❢5♦♠ Q5♦♣♦!✐"✐♦♥! ✷✳✶✶2,3,6✲✷✳✶✻2,3✱ ♦♥❡ ❤❛!

T ∗
ε (µε) = εT ∗

ε (φ)ξ, T b
ε (µε) = εT b

ε (φ)ξ ❛♥❞ ∇µε = ε∇φξ
( ·
ε

)
+ φ∇yξ

( ·
ε

)
,

✼✻
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❛♥❞ 



✐✮ T ∗
ε (µε)→ 0 %&'♦♥❣❧② ✐♥ L2(Ω× Y ∗),

✐✐✮ T ∗
ε (∇µε)→ φ∇yξ %&'♦♥❣❧② ✐♥ L2(Ω× Y ∗).

✭✷✳✽✺✮

❋'♦♠ ♥♦✇ ♦♥✱ ✇✐&❤♦✉& ❧♦%% ♦❢ ❣❡♥❡'❛❧✐&② ✇❡ ❝❛♥ ❛%%✉♠❡ ϕ ≥ 0 ❛♥❞ µε ≥ 0 ✐♥ ✭✷✳✽✹✮✳ ■♥❞❡❡❞

✇❡ ❝❛♥ ❞❡❝♦♠♣♦%❡ &❤❡ ❢✉♥❝&✐♦♥% ✐♥ &❤❡✐' ♣♦%✐&✐✈❡ ❛♥❞ ♥❡❣❛&✐✈❡ ♣❛'&% ❛% ✐♥ ✭✷✳✷✮✳ ❆% ✐♥ &❤❡

♣'♦♦❢ ♦❢ ❚❤❡♦'❡♠ ✷✳✷✼✱ ✇❡ %♣❧✐& &❤❡ %✐♥❣✉❧❛' ✐♥&❡❣'❛❧ ✐♥&♦ &✇♦ &❡'♠%✿ ♦♥❡ ♥❡❛' &❤❡ %✐♥❣✉❧❛'✐&②

❛♥❞ ♦♥❡ ❢❛' ❢'♦♠ ✐&✳ ❚❤❡♥✱ ❢♦' ❡✈❡'② ♣♦%✐&✐✈❡ δ ✇❡ ✇'✐&❡

0 ≤

∫

Ω∗ε

fζ(uε)ψεdx =

∫

{0<uε≤δ}

fζ(uε)ψεdx+

∫

{uε>δ}

fζ(uε)ψεdx
.
= Iδε + Jδ

ε . ✭✷✳✽✻✮

■♥ ✈✐❡✇ ♦❢ C'♦♣♦%✐&✐♦♥ ✷✳✷✷ ✇'✐&&❡♥ ❢♦' ϕ, µε ≥ 0 ✇❡ ❤❛✈❡

0 ≤ lim sup
ε→0

Iδε ≤ lim sup
ε→0

[∫

Ω∗ε

Aε(x, uε)∇uε∇ψεZδ(uε)dx+ cεγ−
1
2h(2δ)‖ρ‖L∞(∂T )‖ψε‖Vε

]
.

❋'♦♠ ❍5✮✱ ❍6✮ ❛♥❞ &❤❡ ❜♦✉♥❞❡❞♥❡%% ♦❢ &❤❡ ♥♦'♠ ♦❢ ψε ✐♥ Vε✱ &❤❡ %❡❝♦♥❞ &❡'♠ ✐♥ &❤❡ '✐❣❤&✲❤❛♥❞

%✐❞❡ ♦❢ &❤❡ ❛❜♦✈❡ ✐♥❡G✉❛❧✐&② ✈❛♥✐%❤❡% ❛% ε ❛♣♣'♦❛❝❤❡% &♦ ③❡'♦✱ ❢♦' ❡✈❡'② ♣♦%✐&✐✈❡ δ✳

❚❤❡♥✱ ❜② C'♦♣♦%✐&✐♦♥ ✷✳✶✶2,4 ✇❡ ❤❛✈❡

lim sup
ε→0

Iδε ≤ lim sup
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (A

ε(x, uε))T
∗
ε (∇uε)T

∗
ε (∇ψεZδ(uε))dxdy

+ lim sup
ε→0

∫

Λ∗ε

Aε(x, uε)∇uε∇ψεZδ(uε)dx.

■♥ ✈✐❡✇ ♦❢ ❛%%✉♠♣&✐♦♥ ❍1✮✱ &❤❡ ❍J❧❞❡' ✐♥❡G✉❛❧✐&②✱ C'♦♣♦%✐&✐♦♥ ✷✳✶✾ ❛♥❞ &❤❡ ❝♦♥%&'✉❝&✐♦♥ ♦❢

ψε ✇❡ ❣❡&

lim sup
ε→0

∫

Λ∗ε

Aε(x, uε)∇uε∇ψεZδ(uε)dx = 0.

❚❤❡♥✱ ✐❢

tA ❞❡♥♦&❡% &❤❡ &'❛♥%♣♦%❡❞ ♠❛&'✐① ✜❡❧❞ ♦❢ A✱

0 ≤ lim sup
ε→0

Iδε ≤ lim sup
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (A

ε(x, uε))T
∗
ε (∇uε)T

∗
ε (∇ψεZδ(uε))dxdy

= lim sup
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (

tAε(x, uε))T
∗
ε (∇ψεZδ(uε))T

∗
ε (∇uε)dxdy.

✭✷✳✽✼✮

❲❡ ♥♦✇ ❛♣♣❧② &❤❡ ❱✐&❛❧✐ &❤❡♦'❡♠ &♦ ♣'♦✈❡ &❤❛&

T ∗
ε (

tAε(x, uε))T
∗
ε (∇ψεZδ(uε))→

tA(y, u0)(∇ϕ+ φ∇yξ)Zδ(u0) %&'♦♥❣❧② ✐♥ L2(Ω× Y ∗).

✭✷✳✽✽✮

✼✼
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❇② "❤❡ %❛♠❡ ❛(❣✉♠❡♥"% ✉%❡❞ "♦ ♣(♦✈❡ ✭✷✳✶✶✮ii ✭%❡❡ ♣(♦♦❢ ♦❢ 6(♦♣♦%✐"✐♦♥ ✷✳✺✮✱ ✇❡ ♦❜"❛✐♥✱ ✉♣

"♦ ❛ %✉❜%❡<✉❡♥❝❡✱

T ∗
ε (Zδ(uε))→ Zδ(u0) ❛✳❡✳ ✐♥ Ω× Y ∗. ✭✷✳✽✾✮

❋(♦♠ ✭✷✳✷✷✮v✱ 6(♦♣♦%✐"✐♦♥ ✷✳✶✶6✱ ✭✷✳✽✺✮ii ❛♥❞ ✭✷✳✽✾✮ ✐" ❢♦❧❧♦✇% "❤❛"✱ ✉♣ "♦ ❛ %✉❜%❡<✉❡♥❝❡✱

T ∗
ε (

tAε(x, uε))T
∗
ε (∇ψε)T

∗
ε (Zδ(uε))→

tA(y, u0)(∇ϕ+φ∇yξ)Zδ(u0) ❛✳❡✳ ✐♥ Ω×Y ∗. ✭✷✳✾✵✮

▼♦(❡♦✈❡(✱ ❢(♦♠ ✭✷✳✷✹✮✱ ❍1✮✱ 6(♦♣♦%✐"✐♦♥ ✷✳✶✶2,5 ❛♥❞ "❤❡ ❞❡✜♥✐"✐♦♥% ♦❢ ψε ❛♥❞ Zδ✱ ✇❡ ❣❡"

∫

E×Y ∗
|T ∗

ε (
tAε(x, uε))T

∗
ε (∇ψε)T

∗
ε (Zδ(uε))|

2dxdy ≤ β2

∫

E×Y ∗
|T ∗

ε (∇ψε)|
2dxdy

≤ β2|Y |

∫

E∩Ω∗ε

|∇ψε|
2dx ≤ c

∫

E

|∇ϕ|2dx+ c

∫

E

|∇Φ ξ|2dx+ c

∫

E

|Φ∇ξ|2dx,

❢♦( ❛♥② ♠❡❛%✉(❛❜❧❡ %❡" E × Y ∗ ⊂ Ω × Y ∗
✳ ❚❤✐%✱ "♦❣❡"❤❡( ✇✐"❤ ✭✷✳✾✵✮✱ ❛❧❧♦✇% ✉% "♦ ❛♣♣❧②

"❤❡ ❱✐"❛❧✐ "❤❡♦(❡♠ "♦ ❣❡" ✭✷✳✽✽✮✳ ❯%✐♥❣ "❤✐% ❝♦♥✈❡(❣❡♥❝❡ ✐♥ ✭✷✳✽✼✮✱ "♦❣❡"❤❡( ✇✐"❤ ✭✷✳✶✶✮ iv✱ ✇❡

❤❛✈❡

0 ≤ lim sup
ε→0

Iδε ≤
1

|Y |

∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+ φ∇yξ)Zδ(u0)dxdy.

■♥ ♦(❞❡( "♦ ♣❛%% "♦ "❤❡ ❧✐♠✐" ❛% δ ❣♦❡% "♦ ③❡(♦ ✐♥ "❤✐% ✐♥❡<✉❛❧✐"②✱ ❧❡" ✉% ♦❜%❡(✈❡ "❤❛"

Zδ(u0)→ χ{u0=0} ❛✳❡✳ ✐♥ Ω ❛♥❞ Zδ(u0) ≤ 1.

❍❡♥❝❡✱ ✉%✐♥❣ "❤❡ ▲❡❜❡%❣✉❡ ❞♦♠✐♥❛"❡❞ ❝♦♥✈❡(❣❡♥❝❡ "❤❡♦(❡♠✱

0 ≤ lim
δ→0

lim sup
ε→0

Iδε ≤
1

|Y |

∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+ φ∇yξ)χ{u0=0}dxdy = 0, ✭✷✳✾✶✮

%✐♥❝❡✱ ❞✉❡ "♦ "❤❡ ❡①♣(❡%%✐♦♥ ♦❢ û ❣✐✈❡♥ ❜② 6(♦♣♦%✐"✐♦♥ ✷✳✻✱ "❤❡ ❢✉♥❝"✐♦♥% ∇u0 ❛♥❞ ∇yû ✈❛♥✐%❤

✇❤❡(❡ u0 ✐% ❡<✉❛❧ "♦ 0✳

❖♥ "❤❡ ♦"❤❡( ❤❛♥❞✱ ✐♥ ♦(❞❡( "♦ %"✉❞② "❤❡ ❧✐♠✐" ❜❡❤❛✈✐♦( ♦❢ "❤❡ "❡(♠ Jδ
ε ❞❡✜♥❡❞ ✐♥ ✭✷✳✽✻✮✱

♦❜%❡(✈❡ ✜(%" "❤❛"∫

Λ∗ε

fζ(uε)ψεχ{uε>δ}
dx ≤

1

δk

∫

Λ∗ε

fψεdx ≤
c

δk
‖f‖L1(Λ∗ε)

→ 0, ❛% ε→ 0,

%✐♥❝❡ ψε ✐%✱ ✐♥ ♣❛("✐❝✉❧❛(✱ ✐♥ L
∞(Ω)✳ ❍❡♥❝❡✱ ❛(❣✉✐♥❣ ❛% ✐♥ ✭✷✳✻✶✮✱ ❛♥❞ ✉%✐♥❣ "❤❡ ✐♥"❡❣(❛"✐♦♥

❢♦(♠✉❧❛ ❢(♦♠ 6(♦♣♦%✐"✐♦♥ ✷✳✶✶✱ ✇❡ ❝❛♥ ✇(✐"❡✿

0 ≤ lim
ε→0

Jδ
ε = lim

ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)dxdy

= lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy

+ lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0=δ}

)dxdy.

✭✷✳✾✷✮

✼✽
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❆! ✐♥ $❤❡ ♣(♦♦❢ ♦❢ ✭✷✳✽✽✮✱ ✇❡ ❛♣♣❧② $❤❡ ❱✐$❛❧✐ $❤❡♦(❡♠ $♦ $❤❡ ✜(!$ $❡(♠ ✐♥ $❤❡ (✐❣❤$✲❤❛♥❞

!✐❞❡ ♦❢ ✭✷✳✾✷✮✳ ❋(♦♠ ✭✷✳✻✺✮✱ ?(♦♣♦!✐$✐♦♥ ✷✳✶✶2,5 ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ ψε ∈ L
∞(Ω)✱ ♦♥❡ ❤❛!

∫

E×Y ∗
|T ∗

ε (f)T
∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)|dxdy

≤
|Y |

δk

∫

Ω∗ε∩E

|fψε|dx ≤
c

δk
‖f‖L1(E),

❢♦( ❛♥② ♠❡❛!✉(❛❜❧❡ !❡$ E × Y ∗ ⊂ Ω × Y ∗
✳ ❙✐♥❝❡✱ ❜② ?(♦♣♦!✐$✐♦♥ ✷✳✶✶6 ❛♥❞ ✭✷✳✽✺✮i✱ ✉♣ $♦ ❛

!✉❜!❡E✉❡♥❝❡✱

T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)→ fζ(u0)ϕχ{u0>δ}
❛✳❡✳ ✐♥ Ω× Y ∗,

$❤❡ ❱✐$❛❧✐ $❤❡♦(❡♠ ❣✐✈❡!

lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy

=
1

|Y |

∫

Ω×Y ∗
fζ(u0)ϕχ{u0>δ}

dxdy = θ

∫

Ω

fζ(u0)ϕχ{u0>δ}
dx.

❋✐♥❛❧❧②✱ ✐♥ ♦(❞❡( $♦ ♣❛!! $♦ $❤❡ ❧✐♠✐$ ✐♥ $❤❡ ❧❛!$ ❡E✉❛❧✐$②✱ ❛! δ ❣♦❡! $♦ ③❡(♦✱ ✇❡ ✉!❡ ❛❣❛✐♥ $❤❡

▲❡❜❡!❣✉❡ $❤❡♦(❡♠✳ ❙✐♥❝❡

fζ(u0)ϕχ{u0>δ}
→ fζ(u0)ϕχ{u0>0}

❛✳❡✳ ✐♥ Ω

❛♥❞ ❜② $❤❡ ❡!$✐♠❛$❡ ✐♥ ✭✷✳✶✸✮

0 ≤ fζ(u0)ϕχ{u0>δ}
≤ fζ(u0)ϕ ∈ L

1(Ω),

✇❡ ♦❜$❛✐♥

lim
δ→0

lim
ε→0

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0 /=δ}

)dxdy

= θ

∫

Ω

fζ(u0)ϕχ{u0>0}
dx.

✭✷✳✾✸✮

❆! ❢♦( $❤❡ !❡❝♦♥❞ $❡(♠ ✐♥ $❤❡ (✐❣❤$✲❤❛♥❞ !✐❞❡ ♦❢ ✭✷✳✾✷✮✱ ❢♦( ❡✈❡(② δ ∈ R+\D✱ ✇✐$❤ D ❣✐✈❡♥

❜② ✭✷✳✺✻✮✱ ✐$ (❡!✉❧$!

1

|Y |

∫

Ω×Y ∗
T ∗
ε (f)T

∗
ε (ζ(uε))T

∗
ε (ψε)T

∗
ε (χ{uε>δ}

)T ∗
ε (χ{u0=δ}

)dxdy = 0. ✭✷✳✾✹✮

❈♦♥!❡E✉❡♥$❧②✱ ✇❡ ❝♦❧❧❡❝$ ✭✷✳✾✷✮✲✭✷✳✾✹✮ ❛♥❞ ❣❡$

lim
δ→0

lim
ε→0

Jδ
ε = θ

∫

Ω

fζ(u0)ϕχ{u0>0}
dx, ✭✷✳✾✺✮

✼✾
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✇❤✐❝❤ ✐♠♣❧✐❡(✱ ❜② ✭✷✳✽✻✮ ❛♥❞ ✭✷✳✾✶✮✱ 7❤❛7 ✭✷✳✽✸✮ ❤♦❧❞( 7:✉❡✳

❖❜(❡:✈❡ ♥♦✇ 7❤❛7 7❤❡ ❛:❣✉♠❡♥7( ✉(❡❞ ✐♥ 7❤❡ ♣:♦♦❢ ♦❢ ❬✷✺✱ ❚❤❡♦:❡♠ 4.5❪✱ ✇❤❡♥ ϕ ∈ D(Ω)✱

(7✐❧❧ ❛♣♣❧② 7♦ 7❤❡ ❝❛(❡ ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω)✱ ❣✐✈✐♥❣

lim
ε→0

εγ
∫

Γε
1

ρεh(uε)ψεdσ = cγ

∫

Ω

h(u0)ϕdx, ✭✷✳✾✻✮

✇✐7❤ cγ ❞❡✜♥❡❞ ❜② ✭✷✳✶✺✮✳ ❖♥ 7❤❡ ♦7❤❡: ❤❛♥❞✱ ❛( ❛ ❝♦♥(❡E✉❡♥❝❡ ♦❢ ❝♦♥✈❡:❣❡♥❝❡( ✭✷✳✽✺✮✱

T ∗
ε (µε)→ 0 (7:♦♥❣❧② ✐♥ L2(Ω;H1(Y ∗)),

(♦ 7❤❛7

lim
ε→0

∫

Γε
1

gεψεdσ = lim
ε→0

ε

∫

Γε
1

g
(x
ε

)
(ϕ+ µε)dσ =

|∂T |

|Y |
M∂T (g)

∫

Ω

ϕdx, ✭✷✳✾✼✮

❜② ✉(✐♥❣ G:♦♣♦(✐7✐♦♥ ✷✳✶✽ ✇:✐77❡♥ ✜:(7 ❢♦: ωε = ϕ ❛♥❞ 7❤❡♥ ❢♦: ωε = µε✳

❚❤❡♥✱ ✇❤❡♥ ♣❛((✐♥❣ 7♦ 7❤❡ ❧✐♠✐7 ✐♥ ✭✷✳✼✾✮✱ ✇❡ ❝♦♠❜✐♥❡ ✭✷✳✽✵✮✲✭✷✳✽✸✮✱ ✭✷✳✾✻✮✲✭✷✳✾✼✮ ❛♥❞ ❤❛✈❡

∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+ φ∇yξ)dxdy + |Y |cγ

∫

Ω

h(u0)ϕdx

= |Y ∗|

∫

Ω

fζ(u0)ϕχ{u0>0}
dx+ |∂T |M∂T (g)

∫

Ω

ϕdx,

❢♦: ❡✈❡:② ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω)✱ φ ∈ D(Ω) ❛♥❞ ξ ∈ C1per(Y
∗)✳ ❇② ❞❡♥(✐7② ✇❡ ♦❜7❛✐♥

∫

Ω×Y ∗
A(y, u0)(∇u0 +∇yû)(∇ϕ+∇yψ)dxdy + |Y |cγ

∫

Ω

h(u0)ϕdx

= |Y ∗|

∫

Ω

fζ(u0)ϕχ{u0>0}
dx+ |∂T |M∂T (g)

∫

Ω

ϕdx,

✭✷✳✾✽✮

❢♦: ❡✈❡:② ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω) ❛♥❞ ψ ∈ L2(Ω;H1
per(Y

∗))✳

▲❡7 ✉( ♥♦✇ ♥♦7✐❝❡ 7❤❛7 ❢♦:♠✉❧❛ ✭✷✳✶✼✮ ✐( ❛ ❦♥♦✇♥ ❝♦♥(❡E✉❡♥❝❡ ♦❢ 7❤❡ ❡①♣:❡((✐♦♥ ♦❢ û ❣✐✈❡♥

✐♥ G:♦♣♦(✐7✐♦♥ ✷✳✻✳ ▼♦:❡♦✈❡:✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✼✮✱ ❛ (7❛♥❞❛:❞ ❝♦♠♣✉7❛7✐♦♥ (❤♦✇( 7❤❛7 u0 ✐( ❛

(♦❧✉7✐♦♥ ♦❢ 7❤❡ ❢♦❧❧♦✇✐♥❣ ♣:♦❜❧❡♠✿




−div(A0(u0)∇u0) + cγh(u0) = θfζ(u0)χ{u0>0}

+
|∂T |

|Y |
M∂T (g) ✐♥ Ω,

u0 = 0 ♦♥ ∂Ω.
✭✷✳✾✾✮

❆❧(♦✱ u0 :❡(✉❧7( 7❤❡ ✉♥✐E✉❡ (♦❧✉7✐♦♥ ♦❢ 7❤✐( ♣:♦❜❧❡♠✱ (✐♥❝❡ ❬✹✻✱ ❚❤❡♦:❡♠ 6.2❪ ❤♦❧❞( ✉♥❞❡:

❛((✉♠♣7✐♦♥( ❍2✮✲ ❍6✮ ❛♥❞ 7❤❡ ❝♦♥❞✐7✐♦♥( (❛7✐(✜❡❞ ❜② A
0
❣✐✈❡♥ ✐♥ ✭✷✳✶✵✮✳ ❚❤✐( ✐♠♣❧✐❡( 7❤❡

✉♥✐E✉❡♥❡(( ♦❢ û ✉♥❞❡: 7❤❡ ❝♦♥❞✐7✐♦♥MY ∗(û) = 0✱ ✐♥ ✈✐❡✇ ♦❢ G:♦♣♦(✐7✐♦♥ ✷✳✻✳ ❚❤❡ ✉♥✐E✉❡♥❡((

♦❢ u0 ♣:♦✈✐❞❡( 7❤❡ ✈❛❧✐❞✐7② ♦❢ ❝♦♥✈❡:❣❡♥❝❡ ✭✷✳✶✶✮ ❢♦: 7❤❡ ✇❤♦❧❡ (❡E✉❡♥❝❡✳

■7 :❡♠❛✐♥( 7♦ (❤♦✇ 7❤❛7 u0 > 0 ❛❧♠♦(7 ❡✈❡:②✇❤❡:❡ ✐♥ Ω✳ ❚♦ ❞♦ 7❤❛7✱ ✇❡ ♣:♦✈❡ 7❤❛7 v
.
= −u0 <
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✷ ✕ ❍♦♠♦❣❡♥✐③❛+✐♦♥ ♦❢ ❛ ❝❧❛// ♦❢ /✐♥❣✉❧❛1 ❡❧❧✐♣+✐❝ ♣1♦❜❧❡♠/ ✐♥ ♣❡1❢♦1❛+❡❞ ❞♦♠❛✐♥/

0 ❛✳❡✳ ✐♥ Ω✳ ❖❜'❡(✈❡ *❤❛*✱ '✐♥❝❡ ✭✷✳✶✸✮ ❤♦❧❞'✱ v ≤ 0 ✐♥ Ω ❛♥❞ v = 0 ♦♥ ∂Ω✱ '♦ *❤❛* supΩ v = 0✳

◆♦✇✱ ✐❢ ✇❡ '✉♣♣♦'❡ *❤❡(❡ ❡①✐'*' ❛ ❜❛❧❧ B ✇❡❧❧ ❝♦♥*❛✐♥❡❞ ✐♥ Ω '✉❝❤ *❤❛* supBv = 0 = supΩ v✱

*❤❡♥✱ ❢(♦♠ *❤❡ '*(♦♥❣ ♠❛①✐♠✉♠ ♣(✐♥❝✐♣❧❡✱ ❜② ✉'✐♥❣ *❤❡ ❜♦✉♥❞❛(② ❝♦♥❞✐*✐♦♥ ♦♥ ∂Ω✱ ✇❡ ❞❡(✐✈❡

v ≡ 0 ✐♥ Ω✱ *❤❛* ✐' u0 ≡ 0 ✐♥ Ω✳

❙✐♥❝❡ u0 ✐' ❛ '♦❧✉*✐♦♥ ♦❢ ♣(♦❜❧❡♠ ✭✷✳✾✾✮✱ ✇❤♦'❡ ✈❛(✐❛*✐♦♥❛❧ ❢♦(♠✉❧❛*✐♦♥ ✐'

∫

Ω

A0(u0)∇u0∇ϕdx+ cγ

∫

Ω

h(u0)ϕdx = θ

∫

Ω

fζ(u0)χ{u0>0}
ϕdx+

|∂T |

|Y |
M∂T (g)

∫

Ω

ϕdx,

∀ϕ ∈ H1
0 (Ω) ∩ L

∞(Ω)✳ ❚❤❡ ❤②♣♦*❤❡'✐' h(0) = 0✱ *❤❡ ♣♦'✐*✐✈✐*② ♦❢ θ✱ f ✱ ζ ❛♥❞ g ✐♠♣❧② *❤❛*

❡❛❝❤ ✐♥*❡❣(❛❧ ♦♥ *❤❡ (✐❣❤*✲❤❛♥❞ '✐❞❡ ❛❜♦✈❡ ✐' ③❡(♦✱ ❢♦( ❡✈❡(② ϕ ∈ D(Ω)✳ ❚❤✐' ♠❡❛♥' *❤❛*

f ≡ 0 ♦♥ Ω ❛♥❞ g ≡ 0 ♦♥ ∂T ✱ ✇❤✐❝❤ ❝♦♥*(❛❞✐❝*' ❛''✉♠♣*✐♦♥ ❍4✮✳ ❈♦♥'❡F✉❡♥*❧② u0 > 0

❛❧♠♦'* ❡✈❡(②✇❤❡(❡ ✐♥ Ω ❛♥❞ χ{u0>0} ≡ 1✳ ❚❤❡♥ u0 '❛*✐'✜❡' *❤❡ ❧✐♠✐* ❡F✉❛*✐♦♥ ✭✷✳✶✻✮✳ �
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❈❤❛♣$❡& ✸

❊①✐+$❡♥❝❡ ❛♥❞ ✉♥✐0✉❡♥❡++ &❡+✉❧$+ ❢♦& ❛

❝❧❛++ ♦❢ +✐♥❣✉❧❛& ❡❧❧✐♣$✐❝ ♣&♦❜❧❡♠+ ✐♥

$✇♦✲❝♦♠♣♦♥❡♥$ ❞♦♠❛✐♥+

 ✳ ❉♦♥❛&♦ ❛♥❞ ❋✳ ❘❛✐♠♦♥❞✐✱ ❊①✐#$❡♥❝❡ ❛♥❞ ✉♥✐+✉❡♥❡## ,❡#✉❧$# ❢♦, ❛ ❝❧❛## ♦❢ #✐♥✲

❣✉❧❛, ❡❧❧✐♣$✐❝ ♣,♦❜❧❡♠# ✐♥ $✇♦✲❝♦♠♣♦♥❡♥$ ❞♦♠❛✐♥# ✱ ■♥✿ ❈♦♥0&❛♥❞❛ ❈✳✱ ❉❛❧❧❛ ❘✐✈❛

▼✳✱ ▲❛♠❜❡7&✐  ✳✱ ▼✉0♦❧✐♥♦  ✳✭❡❞0✮ ■♥&❡❣7❛❧ ▼❡&❤♦❞0 ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡7✐♥❣✱

❱♦❧✉♠❡ ✶✱ ♣♣✳ ✽✸✕✾✸ ✭✷✵✶✼✮✳

■♥ "❤✐% ❝❤❛♣"❡* ✇❡ ❣✐✈❡ ❛♥ ❛♣♣❧✐❝❛"✐♦♥ ♦❢ "❤❡ *❡%✉❧"% ✉%❡❞ ✐♥ ❈❤❛♣"❡* ✶✳ ❲❡ ♣*♦✈❡ %♦♠❡ ❡①✐%✲

"❡♥❝❡✱ ✉♥✐;✉❡♥❡%% ❛♥❞ *❡❣✉❧❛*✐"② *❡%✉❧"% ❢♦* ❛ ✇❡❛❦ %♦❧✉"✐♦♥ ♦❢ ❛ ;✉❛%✐❧✐♥❡❛* ❡❧❧✐♣"✐❝ %✐♥❣✉❧❛*

♣*♦❜❧❡♠ ♣♦%❡❞ ✐♥ ❛ "✇♦✲❝♦♠♣♦♥❡♥" ❞♦♠❛✐♥✳ ❖♥ "❤❡ ✐♥"❡*❢❛❝❡ ❜❡"✇❡❡❡♥ "❤❡ "✇♦ ❝♦♠♣♦✲

♥❡♥"% "❤❡ ❤❡❛" ✢✉① ✐% ♣*♦♣♦*"✐♦♥❛❧ "♦ "❤❡ ❥✉♠♣ ♦❢ "❤❡ "❡♠♣❡*❛"✉*❡✳ ❊✈❡♥ ❤❡*❡ "❤❡ ❞✐✣❝✉❧"②

❛*✐%❡% ✐♥ ❞❡❛❧✐♥❣ %✐♠✉❧"❛♥❡♦✉%❧② ✇✐"❤ "❤❡ ;✉❛%✐❧✐♥❡❛* ♠❛"*✐① ✜❡❧❞✱ "❤❡ %✐♥❣✉❧❛* ❞❛"✉♠ ❛♥❞

"❤❡ ✐♥"❡*❢❛❝❡ ❝♦♥❞✐"✐♦♥✳

✸✳✶ ■♥%&♦❞✉❝%✐♦♥

❲❡ %"✉❞② "❤❡ ❡①✐%"❡♥❝❡✱ "❤❡ ✉♥✐;✉❡♥❡%% ❛♥❞ "❤❡ *❡❣✉❧❛*✐"② ❢♦* ❛ ✇❡❛❦ %♦❧✉"✐♦♥ u ♦❢ ❛ ;✉❛%✐✲

❧✐♥❡❛* ❡❧❧✐♣"✐❝ %✐♥❣✉❧❛* ♣*♦❜❧❡♠ ♣♦%❡❞ ✐♥ ❛ "✇♦✲❝♦♠♣♦♥❡♥" ❞♦♠❛✐♥ Ω = Ω1 ∪ Ω2 ∪ Γ ♦❢ RN
✱

N ≥ 2✱ ✇✐"❤ ❛♥ ✐♠♣❡*❢❡❝" ❝♦♥"❛❝" ♦♥ "❤❡ ✐♥"❡*❢❛❝❡ Γ✳

✽✷



✸ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ &✇♦✲❝♦♠♣♦♥❡♥& ❞♦♠❛✐♥%

▼♦"❡ ♣"❡❝✐'❡❧②✱ ✇❡ ❢♦❝✉' ♦♥ /❤❡ ❢♦❧❧♦✇✐♥❣ ♣"♦❜❧❡♠ ❞❡'❝"✐❜❡❞ ✐♥ ❙❡❝/✐♦♥ ✸✳✷✿





− div(B(x, u)∇u) + λu = fζ(u) ✐♥ Ω \ Γ,

u = 0 ♦♥ ∂Ω,

(B(x, u1)∇u1)ν1 = (B(x, u2)∇u2)ν1 ♦♥ Γ,

(B(x, u1)∇u1)ν1 = −h(u1 − u2) ♦♥ Γ,

✭✸✳✶✮

✇❤❡"❡ ν1 ✐' /❤❡ ✉♥✐/ ❡①/❡"♥❛❧ ♥♦"♠❛❧ ✈❡❝/♦" /♦ Ω1✱ ❛♥❞ ✇❡ ♣"❡'❝"✐❜❡ ❛ ❉✐"✐❝❤❧❡/ ❝♦♥❞✐/✐♦♥

♦♥ /❤❡ ❡①/❡"✐♦" ❜♦✉♥❞❛"② ❛♥❞ ❛ ❥✉♠♣ ♦❢ /❤❡ '♦❧✉/✐♦♥ ♦♥ /❤❡ ✐♥/❡"❢❛❝❡✳ ❚❤❡ C✉❛'✐❧✐♥❡❛"

/❡"♠ ❝♦♥'✐'/' ✐♥ ❛ ✉♥✐❢♦"♠❧② ❡❧❧✐♣/✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❈❛"❛/❤E♦❞♦"② ♠❛/"✐① ✜❡❧❞ B(x, t)✱ λ ✐' ❛

♥♦♥♥❡❣❛/✐✈❡ "❡❛❧ ♥✉♠❜❡"✱ ζ(s) ✐' ❛ ♥♦♥♥❡❣❛/✐✈❡ "❡❛❧ ❢✉♥❝/✐♦♥ '✐♥❣✉❧❛" ❛/ s = 0 ❛♥❞ f ✐' ❛

♥♦♥♥❡❣❛/✐✈❡ ❞❛/✉♠ ✇❤♦'❡ '✉♠♠❛❜✐❧✐/② ❞❡♣❡♥❞' ♦♥ /❤❡ ❣"♦✇/❤ ♦❢ ζ ♥❡❛" /❤❡ '✐♥❣✉❧❛"✐/②✳ ❆'

❢♦" /❤❡ ❜♦✉♥❞❛"② ❝♦♥❞✐/✐♦♥✱ /❤❡ /❡"♠ h ❛♣♣❡❛"✐♥❣ ✐♥ /❤❡ ♣"♦♣♦"/✐♦♥❛❧❧② ❝♦❡✣❝✐❡♥/ ❜❡/✇❡❡♥

/❤❡ ❝♦♥/✐♥✉♦✉' ❤❡❛/ ✢✉① ❛♥❞ /❤❡ ❥✉♠♣ ♦❢ /❤❡ '♦❧✉/✐♦♥ ✐' ❛''✉♠❡❞ /♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥✲

♥❡❣❛/✐✈❡ ♦♥ Γ✳

❚❤❡ ❞✐✣❝✉❧/② ❛"✐'❡' ✐♥ ❞❡❛❧✐♥❣ '✐♠✉❧/❛♥❡♦✉'❧② ✇✐/❤ /❤❡ C✉❛'✐❧✐♥❡❛" ♠❛/"✐① ✜❡❧❞✱ /❤❡ '✐♥❣✉❧❛"

❞❛/✉♠ ❛♥❞ /❤❡ ✐♥/❡"❢❛❝❡ ❜♦✉♥❞❛"② ❝♦♥❞✐/✐♦♥✳

◗✉❛'✐❧✐♥❡❛" ❞✐✛✉'✐♦♥ ♠❛/"✐① ✜❡❧❞' ❞❡'❝"✐❜❡ /❤❡ ❜❡❤❛✈✐♦" ♦❢ ♠❛/❡"✐❛❧' ❧✐❦❡ ❣❧❛'' ♦" ✇♦♦❞✱ ✐♥

✇❤✐❝❤ /❤❡ ❤❡❛/ ❞✐✛✉'✐♦♥ ❞❡♣❡♥❞' ♦♥ /❤❡ "❛♥❣❡ ♦❢ /❤❡ /❡♠♣❡"❛/✉"❡ ✭'❡❡ ❢♦" ✐♥'/❛♥❝❡ ❬✹✷❪✮✳

❚❤❡ ❜♦✉♥❞❛"② ❝♦♥❞✐/✐♦♥ ♦♥ Γ ♠♦❞❡❧' ❛ ❥✉♠♣ ♦❢ /❤❡ '♦❧✉/✐♦♥ /❤"♦✉❣❤ ❛ "♦✉❣❤ ✐♥/❡"❢❛❝❡ ❛♥❞

✇❡ "❡❢❡" /♦ ❬✷✶❪ ❢♦" ❛ ♣❤②'✐❝❛❧ ❥✉'/✐✜❝❛/✐♦♥ ♦❢ /❤✐' ♠♦❞❡❧ ✭'❡❡ ❛❧'♦ ❬✹✷❪ ❛♥❞ ❬✺✾❪✮✳ ❆ '♦✉"❝❡

/❡"♠ /❤❛/ ❞❡♣❡♥❞' ♦♥ /❤❡ '♦❧✉/✐♦♥ ✐/'❡❧❢ ❛♥❞ ❜❡❝♦♠❡' ✐♥✜♥✐/❡ ✇❤❡♥ /❤❡ '♦❧✉/✐♦♥ ✈❛♥✐'❤❡' ❝❛♥

♠♦❞❡❧✱ ❢♦" ✐♥'/❛♥❝❡✱ ❛♥ ❡❧❡❝/"✐❝❛❧ ❝♦♥❞✉❝/♦" ✇❤❡"❡ ❡❛❝❤ ♣♦✐♥/ ❜❡❝♦♠❡' ❛ '♦✉"❝❡ ♦❢ ❤❡❛/ ❛'

❛ ❝✉""❡♥/ ✢♦✇' ✐♥ ✐/✳ ❲❡ "❡❢❡" /♦ ❬✹✷✱ ❙❡❝/✐♦♥ 3❪ ❢♦" ❞❡/❛✐❧' ♦♥ /❤❡ ♣❤②'✐❝❛❧ ♠❡❛♥✐♥❣ ♦❢ /❤✐'

♣"♦❜❧❡♠✳

❚❤❡ ♠❛✐♥ "❡'✉❧/' ❛"❡ '/❛/❡❞ ✐♥ ❙❡❝/✐♦♥ ✸✳✹✳

■♥ ♦"❞❡" /♦ ♣"♦✈❡ /❤❡ ❡①✐'/❡♥❝❡ ♦❢ ❛ '♦❧✉/✐♦♥ ❢♦" ♦✉" ♣"♦❜❧❡♠✱ ✇❡ ❛♣♣"♦①✐♠❛/❡ ✐/ ✇✐/❤ ❛ '❡✲

C✉❡♥❝❡ ♦❢ ♥♦♥'✐♥❣✉❧❛" ♣"♦❜❧❡♠' ✇✐/❤ ❛ ❜♦✉♥❞❡❞ ♥♦♥❧✐♥❡❛"✐/② ✐♥ /❤❡ ❡C✉❛/✐♦♥✳ ❚❤❡♥✱ '✉✐/❛❜❧❡

❛ ♣"✐♦"✐ ❡'/✐♠❛/❡'✱ /♦❣❡/❤❡" ✇✐/❤ ❛❝❝✉"❛/❡ ♠❡❛'✉"❡ ❛"❣✉♠❡♥/'✱ ❛❧❧♦✇ ✉' /♦ ♣❛'' /♦ /❤❡ ❧✐♠✐/

✐♥ /❤❡ ❛♣♣"♦①✐♠❛/❡ ♣"♦❜❧❡♠✱ ❛' ❞♦♥❡ ✐♥ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✷❪✱ ✇❤✐❝❤ ♣"❡'❡♥/ ❛ '✐♠✐❧❛" '✐♥❣✉❧❛"

/❡"♠✳

❋♦" /❤❡ ✉♥✐C✉❡♥❡'' ♦❢ /❤❡ '♦❧✉/✐♦♥✱ ✇❡ ♥❡❡❞ /♦ "❡C✉✐"❡ ❛❞❞✐/✐♦♥❛❧ ❛''✉♠♣/✐♦♥' ♦♥ /❤❡ ♠❛/"✐①

✜❡❧❞ B ❛♥❞ ♦♥ /❤❡ ❢✉♥❝/✐♦♥ ζ✳ ■♥ ♣❛"/✐❝✉❧❛" ✇❡ ♣"❡'❝"✐❜❡ /❤❛/ ζ ✐' ❛ ♥♦♥✐♥❝"❡❛'✐♥❣ ❢✉♥❝/✐♦♥✱

♦❜'❡"✈✐♥❣ /❤❛/ ✭❛' ✐♥ ❬✹✻❪✮ ✇❡ ❞♦ ♥♦/ ❛''✉♠❡ ❛♥② ♠♦♥♦/♦♥✐❝✐/② ♣"♦♣❡"/② ❢♦" ✐/ ❡①❝❡♣/ ❢♦" /❤✐'

"❡'✉❧/✳

❲❡ ❛❧'♦ '/❛/❡ /❤❡ ❜♦✉♥❞❡❞♥❡'' ♦❢ ❛ '♦❧✉/✐♦♥ ❛''✉♠✐♥❣ '/"♦♥❣❡" ❤②♣♦/❤❡'✐' ♦♥ /❤❡ '✉♠♠❛❜✐❧✲

✐/② ♦❢ /❤❡ ❞❛/✉♠ f ✳

▲❡/ ✉' ♣♦✐♥/ ♦✉/ /❤❛/ /❤❡ ♠❛✐♥ ♥♦✈❡❧/② ✇✐/❤ "❡'♣❡❝/ /♦ /❤❡ ❝❛'❡ '/✉❞✐❡❞ ✐♥ ❬✹✻❪ ❝♦♥❝❡"♥' /❤❡
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♣!♦♦❢$ ♦❢ %❤❡ ❛ ♣!✐♦!✐ ❡$%✐♠❛%❡$✱ ❣✐✈❡♥ ❤❡!❡ ✐♥ ❞❡%❛✐❧ ✐♥ ❙❡❝%✐♦♥ ✸✳✸✳ ❚❤❡♥✱ ✇❡ ❞❡$❝!✐❜❡ %❤❡

❛♣♣!♦①✐♠❛%❡ ♣!♦❜❧❡♠ ❛♥❞✱ ❢♦! %❤❡ $❛❦❡ ♦❢ ❜!❡✈✐%②✱ ♠❡!❡❧② $❦❡%❝❤ %❤❡ !❡♠❛✐♥✐♥❣ ♣!♦♦❢$✳ ❚❤❡②

❛!❡ ♦❜%❛✐♥❡❞ ❜② ❛❞❛♣%✐♥❣ %♦ %❤❡ ♣!❡$❡♥% ❝❛$❡ %❤❡ ❝♦!!❡$♣♦♥❞✐♥❣ ♦♥❡$ ❢!♦♠ ❬✹✻❪✱ ✇✐%❤ ♦❜✈✐♦✉$

♠♦❞✐✜❝❛%✐♦♥$ ❝♦♥❝❡!♥✐♥❣ %❤❡ ❜♦✉♥❞❛!② %❡!♠✳

✸✳✷ ❙❡%%✐♥❣ ♦❢ %❤❡ ♣-♦❜❧❡♠

❚♦ ❞❡$❝!✐❜❡ %❤❡ %✇♦✲❝♦♠♣♦♥❡♥% ❞♦♠❛✐♥✱ ✇❡ $✉♣♣♦$❡ N ≥ 2 ❛♥❞ ❞❡♥♦%❡ ❜②

❼ Ω ❛ ❝♦♥♥❡❝%❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ $❡% ✐♥ RN
❛♥❞ ∂Ω ✐%$ ❜♦✉♥❞❛!②✱

❼ Ω := Ω1∪Ω2∪Γ %❤❡ %✇♦✲❝♦♠♣♦♥❡♥% ❞♦♠❛✐♥✱ ✇❤❡!❡ Ω2 ✐$ ❛♥ ♦♣❡♥ $❡% $✉❝❤ %❤❛% Ω2 ⊂ Ω

✇✐%❤ ❛ ▲✐♣$❝❤✐%③ ❝♦♥%✐♥✉♦✉$ ❜♦✉♥❞❛!② Γ ❛♥❞ Ω1 := Ω \ Ω2✱

❼ νi %❤❡ ✉♥✐% ♦✉%✇❛!❞ ♥♦!♠❛❧ %♦ Ωi ❢♦! i = 1,2✱

❼ ui = u|Ωi
%❤❡ !❡$%!✐❝%✐♦♥ %♦ Ωi ♦❢ ❛ ❢✉♥❝%✐♦♥ u ❞❡✜♥❡❞ ✐♥ Ω✱

❼ ∼ %❤❡ ③❡!♦ ❡①%❡♥$✐♦♥ %♦ %❤❡ ✇❤♦❧❡ ♦❢ Ω ♦❢ ❢✉♥❝%✐♦♥$ ❞❡✜♥❡❞ ♦♥ Ω1 ❛♥❞ Ω2✱

❼ χE %❤❡ ❝❤❛!❛❝%❡!✐$%✐❝ ❢✉♥❝%✐♦♥ ♦❢ ❛♥② $✉❜$❡% E ♦❢ RN
✱

❼ M(α, β, E) %❤❡ $❡% ♦❢ ♠❛%!✐① ✜❡❧❞$ A = (ai,j)1≤i,j≤N ∈ (L
∞(E))N×N

$✉❝❤ %❤❛%

(A(x)λ, λ) ≥ α|λ|2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ RN
❛♥❞ ❛✳❡✳ ♦♥ E.

❋✐❣✉$❡ ✸✳✶✳ ❚❤❡ +✇♦✲❝♦♠♣♦♥❡♥+ ❞♦♠❛✐♥ Ω

■♥ %❤✐$ ♣❛♣❡! ✇❡ $%✉❞② ♣!♦❜❧❡♠ ✭✸✳✶✮ ✉♥❞❡! %❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦%❤❡$❡$✿

❍1) ❚❤❡ !❡❛❧ N ×N ♠❛%!✐① ✜❡❧❞ B : (x, t) ∈ Ω× R→ B(x, t) = (bi,j(x, t))
N
i,j=1 ∈ RN2

✐$

❛ ❈❛!❛%❤J♦❞♦!② ❢✉♥❝%✐♦♥ $✉❝❤ %❤❛% B(·, t) ∈M(α, β,Ω), ❢♦! ❡✈❡!② t ∈ R;
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❍2✮ ζ ∈ C0([0,+∞[), 0 ≤ ζ(s) ≤ 1
sθ

❢♦" ❡✈❡"② s ∈]0,+∞[, ✇✐(❤ 0 < θ ≤ 1;

❍3✮ λ ≥ 0, 0 ≤ f /≡ 0 ❛✳❡✳ ✐♥ Ω, ✇✐(❤ f ∈ Ll(Ω), ❢♦" l ≥ 2
1+θ

(≥ 1);

❍4✮ h ∈ L∞(Γ) ❛♥❞ (❤❡"❡ ❡①✐/(/ h0 ∈ R /✉❝❤ (❤❛( 0 < h0 < h(y) ❛✳❡✳ ♦♥ Γ✳

❲❡ ✐♥("♦❞✉❝❡ ♥♦✇ (❤❡ ♥❛(✉"❛❧ ❢"❛♠❡✇♦"❦ ❢♦" (❤❡ /(✉❞② ♦❢ ♣"♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ ✐(/ ✈❛"✐❛(✐♦♥❛❧

❢♦"♠✉❧❛(✐♦♥✳ ▲❡( V1 ❜❡ (❤❡ /♣❛❝❡ ❞❡✜♥❡❞ ❜②

V1 = {v ∈ H
1(Ω1) : v = 0 ♦♥ ∂Ω} ✇✐(❤ ‖v‖V1 := ‖∇v‖L2(Ω1).

▲❡( ✉/ ❞❡✜♥❡ V := {v ≡ (v1, v2) : v1 ∈ V1 ❛♥❞ v2 ∈ H
1(Ω2)}✱ ❡?✉✐♣♣❡❞ ✇✐(❤ (❤❡ ♥♦"♠

‖v‖2V := ‖∇v1‖
2
L2(Ω1)

+ ‖∇v2‖
2
L2(Ω2)

+ ‖v1 − v2‖
2
L2(Γ). ✭✸✳✷✮

❲❡ ✐❞❡♥(✐❢② ∇v := ∇̃v1 + ∇̃v2,  ♦ "❤❛" ‖v‖2V = ‖∇v‖2L2(Ω\Γ) + ‖v1 − v2‖
2
L2(Γ).

❘❡♠❛$❦ ✸✳✶✳ ❆ &♦✐♥❝❛*+ ✐♥❡-✉❛❧✐"② ❤♦❧❞ "*✉❡ ✐♥ V1✱ ✐✳❡✳ "❤❡*❡ ❡①✐ " ❛ ♣♦ ✐"✐✈❡ ❝♦♥ "❛♥"

Cp  ✉❝❤ "❤❛"

‖v1‖L2(Ω1) ≤ Cp‖∇v1‖L2(Ω1), ❢♦* ❡✈❡*② v1 ∈ V1.

❲❡ *❡❝❛❧❧ ❛❧ ♦ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡-✉✐✈❛❧❡♥❝❡ ♦❢ "❤❡ ♥♦*♠ ♣*♦✈❡❞ ✐♥ ❬✺✾❪✿

&$♦♣♦)✐+✐♦♥ ✸✳✷✳ ❚❤❡ ♥♦%♠ ❣✐✈❡♥ ✐♥ ✭✸✳✷✮ ✐* ❡+✉✐✈❛❧❡♥/ /♦ /❤❡ ♥♦%♠ ♦❢ V1×H
1(Ω2)✱ ✐✳❡✳

/❤❡%❡ ❡①✐*/ /✇♦ ♣♦*✐/✐✈❡ ❝♦♥*/❛♥/* c1 ❛♥❞ c2 *✉❝❤ /❤❛/

c1‖v‖V ≤ ‖v‖V1×H1(Ω2) ≤ c2‖v‖V , ∀v ∈ V.

❋✉*"❤❡*♠♦*❡ ❧❡" ✉ *❡❝❛❧❧ "❤❡ ❝❧❛  ✐❝❛❧ ❞❡❝♦♠♣♦ ✐"✐♦♥ u = u+ − u− ❢♦* ❡✈❡*② ❢✉♥❝"✐♦♥

u ∈ V ✱ ✇❤❡*❡ u+ ❛♥❞ u− ❛*❡ "❤❡ ♥♦♥♥❡❣❛"✐✈❡ ❢✉♥❝"✐♦♥ ❞❡✜♥❡❞ ❜②

u+ := max{u,0}, u− := −min{u,0} ❛✳❡✳ ✐♥ Ω.

■♥ ♣❛*"✐❝✉❧❛*✱ ❢♦* ❡✈❡*② v ∈ V ❛♥❞ ❛❧ ♦ ❢♦* "❤❡✐* "*❛❝❡ ♦♥ Γ ♦♥❡ ❤❛ 

(v1 − v2)(v
−
1 − v−2 ) = (v+1 − v+2 )(v

−
1 − v−2 )− (v−1 − v−2 )

2

= −v+1 v
−
2 − v+1 v

−
1 − (v−1 − v−2 )

2 ≤ 0.

■♥ "❤❡  ❡-✉❡❧ ✇❡ ✇✐❧❧ ❛❧ ♦ ✉ ❡ "❤❡ "✇♦ *❡❛❧ ❢✉♥❝"✐♦♥ ✐♥"*♦❞✉❝❡❞ ❜❡❧♦✇✳

❋♦* ❡✈❡*② k > 0✱ Tk ❞❡♥♦"❡ "❤❡ ✉ ✉❛❧ "*✉♥❝❛"✐♦♥ ❢✉♥❝"✐♦♥ ❛" ❧❡✈❡❧ k✳ ❖❜ ❡*✈❡ "❤❛"✱

✐❢ ϕ ∈ V ✱ "❤❡♥ Tk(ϕ) ❝♦♥✈❡*❣❡ "♦ ϕ ❛❧♠♦ " ❡✈❡*②✇❤❡*❡ ✐♥ Ω  ♦ "❤❛"✱ ✈✐❛ "❤❡ ▲❡❜❡ ❣✉❡

❞♦♠✐♥❛"❡❞ ❝♦♥✈❡*❣❡♥❝❡ "❤❡♦*❡♠✱

Tk(ϕ)→ ϕ  "*♦♥❣❧② ✐♥ V, ❛ k →∞. ✭✸✳✸✮
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▲❡" ❛❧%♦ Zδ ❜❡✱ ❢♦* ❡✈❡*② δ > 0✱ "❤❡ ❛✉①✐❧✐❛*② ❢✉♥❝"✐♦♥ ❞❡✜♥❡❞ ❜②

Zδ(s) =





1, ✐❢ 0 ≤ s ≤ δ,

−
s

δ
+ 2, ✐❢ δ ≤ s ≤ 2δ,

0, ✐❢ s ≥ 2δ.

✭✸✳✹✮

❖❜%❡*✈❡ "❤❛" 0 ≤ Zδ(s) ≤ 1 ❢♦* ❛♥② ♣♦%✐"✐✈❡ *❡❛❧ s ❛♥❞

∇Zδ(s) = χ{δ≤s≤2δ}

(
−
1

δ
∇s

)
. ✭✸✳✺✮

❖✉* ❛✐♠ ✐% "♦ ♣*♦✈❡ ❛♥ ❡①✐%"❡♥❝❡ *❡%✉❧" ❢♦* ♣*♦❜❧❡♠ ✭✸✳✶✮✱ ✇❤♦%❡ ✈❛*✐❛"✐♦♥❛❧ ❢♦*♠✉❧❛"✐♦♥ ✐%

"❤❡ ❢♦❧❧♦✇✐♥❣✿





❋✐♥❞ u ∈ V %✉❝❤ "❤❛" u > 0 ❛✳❡✳ ✐♥ Ω,
∫

Ω

fζ(u)ϕdx < +∞ ❛♥❞

∫

Ω\Γ

B(x, u)∇u∇ϕdx+

∫

Ω

λuϕdx+

∫

Γ

h(u1 − u2)(ϕ1 − ϕ2)dσ

=

∫

Ω

fζ(u)ϕdx, ∀ϕ = (ϕ1, ϕ2) ∈ V.

✭✸✳✻✮

❆ ❢✉♥❝"✐♦♥ u %❛"✐%❢②✐♥❣ ✭✸✳✻✮ ✐% ❝❛❧❧❡❞ ❛ %♦❧✉"✐♦♥ "♦ ♣*♦❜❧❡♠ ✭✸✳✶✮✳

✸✳✸ ❆ ♣$✐♦$✐ ❡()✐♠❛)❡(

■♥ "❤✐% %❡❝"✐♦♥✱ ✇❡ ♣*♦✈❡ %♦♠❡ ❛ ♣*✐♦*✐ ❡%"✐♠❛"❡% ❢♦* ❛ %♦❧✉"✐♦♥ u "♦ ♣*♦❜❧❡♠ ✭✸✳✶✮✳ ❆% ✉%✉❛❧

✐♥ "❤❡ ❧✐"❡*❛"✉*❡✱ "❤❡%❡ ❡%"✐♠❛"❡% ❛*❡ "❤❡ ♠❛✐♥ "♦♦❧ ✇❤❡♥ ♣*♦✈✐♥❣ "❤❡ ❡①✐%"❡♥❝❡ ♦❢ u✳ ■♥❞❡❡❞✱

%✐♥❝❡ "❤❡② ❛❧%♦ ❛♣♣❧② "♦ ❛ %♦❧✉"✐♦♥ um ♦❢ "❤❡ ❛♣♣*♦①✐♠❛"❡ ♣*♦❜❧❡♠ ✭✹✳✶✮✱ ✇❤❡*❡ "❤❡② ❛*❡

✉♥✐❢♦*♠ ✇✐"❤ *❡%♣❡❝" "♦ m✱ "❤❡② ❛❧❧♦✇ "♦ ♣❛%% "♦ "❤❡ ❧✐♠✐"✳

 !♦♣♦$✐&✐♦♥ ✸✳✸✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍4✮✱ ❧❡* u ∈ V ❜❡ ❛ &♦❧✉*✐♦♥ *♦ ♣$♦❜❧❡♠ ✭✸✳✶✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣$✐♦$✐ ❡&*✐♠❛*❡& ❤♦❧❞ *$✉❡✿

‖∇u‖L2(Ω\Γ) ≤ C1‖f‖
1

1+θ

L
2

1+θ (Ω)
, ✭✸✳✼✮

✇❤❡$❡ C1 ❞❡♣❡♥❞& ♦♥ α ❛♥❞ Cp✳

❆❧&♦

‖u1 − u2‖L2(Γ) ≤ C2‖f‖
1

1+θ

L
2

1+θ (Ω)
, ✭✸✳✽✮

✇❤❡$❡ C2 ❞❡♣❡♥❞& ♦♥ α✱ h0 ❛♥❞ Cp✳

✽✻
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 !♦♦❢✳ ▲❡" u ∈ V ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✸✳✶✮✳ ❈❤♦♦%✐♥❣ u ❛% "❡%" ❢✉♥❝"✐♦♥ ✐♥ ✭✸✳✻✮✱ ✉%✐♥❣

❍1✮✲❍4✮ ❛♥❞ ❛♣♣❧②✐♥❣ "❤❡ ❨♦✉♥❣ ✐♥❡?✉❛❧✐"② ✇❡ ❣❡"

α‖∇u‖2L2(Ω\Γ) + ho

∫

Γ

(u1 − u2)
2dσ

≤

∫

Ω\Γ

B(x, u)∇u∇udx+

∫

Ω

λu2dx+

∫

Γ

h(u1 − u2)
2dσ

=

∫

Ω

fζ(u)udx ≤

∫

Ω

fu1−θdx ≤ η‖u‖2L2(Ω) + c(η)‖f‖
2

1+θ

L
2

1+θ (Ω)
.

❋-♦♠ ❘❡♠❛-❦ ✸✳✶ ✇❡ ♦❜"❛✐♥

α‖∇u‖2L2(Ω\Γ) + ho

∫

Γ

(u1 − u2)
2dσ ≤ c(η, Cp)‖u‖

2
V1×H1(Ω2)

+ c(η)‖f‖
2

1+θ

L
2

1+θ (Ω)
.

❚❤❛♥❦% "♦ E-♦♣♦%✐"✐♦♥ ✸✳✷ ✇❡ ❣❡"

α‖∇u‖2L2(Ω\Γ) + ho‖u1 − u2‖
2
L2(Γ) − c(η, Cp)c2‖u‖

2
V ≤ c(η)‖f‖

2
1+θ

L
2

1+θ (Ω)
. ✭✸✳✾✮

❚❛❦✐♥❣ η %✉✣❝✐❡♥"❧② %♠❛❧❧ %♦ "❤❛" α− c(η, Cp)c2 ≥ 0 ❛♥❞ h0 − c(η, Cp)c2 ≥ 0✱ ✜-%"❧② ✇❡ ❝❛♥

♥❡❣❧❡❝" "❤❡ ♥♦♥♥❡❣❛"✐✈❡ ❜♦✉♥❞❛-② "❡-♠ ✐♥ ✭✸✳✾✮ ❛♥❞ ❞❡❞✉❝❡ ✭✸✳✼✮✳ ◆❡❣❧❡❝"✐♥❣ ♥♦✇ "❤❡ "❡-♠%

♦✉"%✐❞❡ Γ ✐♥ "❤❡ ❧❡❢"✲❤❛♥❞ %✐❞❡ ♦❢ ✭✸✳✾✮✱ ✇❡ ❞❡❞✉❝❡ ✭✸✳✽✮✳

 !♦♣♦$✐&✐♦♥ ✸✳✹✳ ❯♥❞❡! ❛**✉♠♣.✐♦♥* ❍1✮✲❍4✮✱ ❧❡. u ∈ V ❜❡ ❛ *♦❧✉.✐♦♥ ♦❢ ♣!♦❜❧❡♠ ✭✸✳✶✮✳

❚❤❡♥

‖fζ(u)ϕ‖L1(Ω) ≤ c,

❢♦! ❡✈❡!② ♣♦*✐.✐✈❡ ϕ ∈ V ✇✐.❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ λ✱ h0✱ Cp✱ c2✱ C1✱ C2✱ ‖ϕ‖H1
0 (Ω) ❛♥❞

‖f‖Ll(Ω)✳

 !♦♦❢✳ ▲❡" u ∈ V ❜❡ ❛ %♦❧✉"✐♦♥ ♦❢ ♣-♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ ❧❡" ✉% ❝❤♦♦%❡ ❛ ♥♦♥♥❡❣❛"✐✈❡ ϕ ∈ H1
0 (Ω)

❛% "❡%" ❢✉♥❝"✐♦♥ ✐♥ ✭✸✳✻✮✳ ❙✐♥❝❡ f ✱ ζ ❛♥❞ ϕ ❛-❡ ♥♦♥♥❡❣❛"✐✈❡ ❛♥❞ "❤❡ ❜♦✉♥❞❛-② "❡-♠ ✈❛♥✐%❤❡%✱

✉%✐♥❣ "❤❡ ❍O❧❞❡- ✐♥❡?✉❛❧✐"② ❢♦- ❡❛❝❤ "❡-♠✱ ✇❡ ❤❛✈❡

0 ≤

∫

Ω

fζ(u)ϕdx =

∫

Ω\Γ

B(x, u)∇u∇ϕdx+

∫

Ω

λuϕdx

≤ β‖∇u‖L2(Ω\Γ)‖∇ϕ‖L2(Ω\Γ) + λ‖u‖L2(Ω)‖ϕ‖L2(Ω).

❋-♦♠ ❘❡♠❛-❦ ✸✳✶ ❛♥❞ E-♦♣♦%✐"✐♦♥ ✸✳✷✱ "❤❛♥❦% "♦ ❡%"✐♠❛"❡% ✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮✱ ✇❡ ❤❛✈❡

∫

Ω\Γ

B(x, u)∇u∇ϕdx+

∫

Ω

λuϕdx

≤ βC1‖f‖
1

1+θ

L
2

1+θ (Ω)
‖∇ϕ‖L2(Ω\Γ) + C(λ,Cp, c2, C1, C2)‖f‖

1
1+θ

L
2

1+θ (Ω)
‖ϕ‖L2(Ω).

✽✼



✸ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ &✇♦✲❝♦♠♣♦♥❡♥& ❞♦♠❛✐♥%

❚❤❡ ❛❜♦✈❡ ✐♥❡)✉❛❧✐,✐❡- ✐♠♣❧② ,❤❡ 1❡-✉❧, ❢♦1 ϕ ∈ H1
0 (Ω)✳ ■❢ ♥♦✇ ϕ = (ϕ1, ϕ2) ∈ V ✐- ♥♦♥♥❡❣❛✲

,✐✈❡✱ -✐♥❝❡ Γ ✐- ▲✐♣-❝❤✐,③ ❝♦♥,✐♥✉♦✉-✱ ,❤❡1❡ ❡①✐-, ♥♦♥♥❡❣❛,✐✈❡ ψ1 ❛♥❞ ψ2 ✐♥ H
1
0 (Ω) -✉❝❤ ,❤❛,

ϕ = (ϕ1, ϕ2) = (ψ1|Ω1
, ψ2|Ω2

). ❚❤❡♥

0 ≤

∫

Ω1

fζ(u)ϕ1dx+

∫

Ω2

fζ(u)ϕ2dx ≤

∫

Ω

fζ(u)ψ1dx+

∫

Ω

fζ(u)ψ2dx ≤ c.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣1♦♣♦-✐,✐♦♥ ❡-,✐♠❛,❡- ,❤❡ ✐♥,❡❣1❛❧ ♦❢ ,❤❡ -✐♥❣✉❧❛1 ,❡1♠ ❝❧♦-❡ ,♦ ,❤❡ -✐♥❣✉❧❛1

-❡, {u = 0} ❛♥❞ ✐- ❝1✉❝✐❛❧ ❢♦1 ,❤❡ ♣1♦♦❢- ♦❢ ♥❡①, 1❡-✉❧,-✳

 !♦♣♦$✐&✐♦♥ ✸✳✺✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍4✮✱ ❧❡* u ∈ V ❜❡ ❛ &♦❧✉*✐♦♥ ♦❢ ♣$♦❜❧❡♠ ✭✸✳✶✮

❛♥❞ δ ❛ ✜①❡❞ ♣♦&✐*✐✈❡ $❡❛❧ ♥✉♠❜❡$✳ ❚❤❡♥✱

∫

{0≤u≤δ}

fζ(u)ϕdx ≤

∫

Ω\Γ

B(x, u)∇u∇ϕZδ(u)dx

+2δλ‖ϕ‖L1(Ω) + 2δ‖h‖L∞(Γ)‖ϕ1 + ϕ2‖L1(Γ),

❢♦$ ❡✈❡$② ϕ ∈ V ✱ ϕ ≥ 0✱ ✇❤❡$❡ Zδ ✐& ❞❡✜♥❡❞ ❜② ✭✸✳✹✮✳

<$♦♦❢✳ ▲❡, u ∈ V ❜❡ ❛ -♦❧✉,✐♦♥ ♦❢ ♣1♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ ϕ ∈ V ❛ ♥♦♥♥❡❣❛,✐✈❡ ❢✉♥❝,✐♦♥✳ ❈❤♦♦-❡✱

❢♦1 k > 0✱ Zδ(u)Tk(ϕ) ∈ V ❛- ,❡-, ❢✉♥❝,✐♦♥ ✐♥ ✭✸✳✻✮✳ ❯-✐♥❣ ✭✸✳✺✮✱ ✇❡ ❤❛✈❡

∫

Ω\Γ

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx−
1

δ

∫

{Ω\Γ}∩{δ<u<2δ}

B(x, u)∇u∇uTk(ϕ)dx

+λ

∫

Ω

uZδ(u)Tk(ϕ)dx+

∫

Γ

h(u1 − u2)[Zδ(u1)Tk(ϕ1)− Zδ(u2)Tk(ϕ2)]dσ

=

∫

Ω

fζ(u)Zδ(u)Tk(ϕ)dx.

❋1♦♠ ❍1✮ ❛♥❞ -✐♥❝❡ ϕ, δ ❛♥❞ α ❛1❡ ♥♦♥♥❡❣❛,✐✈❡✱ ,❤❡ ♣1❡✈✐♦✉- ❡)✉❛❧✐,② ✐♠♣❧✐❡-

∫

{0≤u≤δ}

fζ(u)Tk(ϕ)dx

=

∫

{0≤u≤δ}

fζ(u)Zδ(u)Tk(ϕ)dx ≤

∫

Ω

fζ(u)Zδ(u)Tk(ϕ)dx

≤

∫

Ω\Γ

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx+ λ

∫

Ω

uZδ(u)Tk(ϕ)dx

+

∫

Γ

h(u1 − u2)[Zδ(u1)Tk(ϕ1)− Zδ(u2)Tk(ϕ2)]dσ.

✽✽
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❙✐♥❝❡ u, Zδ ❛♥❞ Tk ❛'❡ ♥♦♥♥❡❣❛*✐✈❡✱ ✉.✐♥❣ *❤❡ ❍1❧❞❡' ✐♥❡3✉❛❧✐*② ✇❡ ❛❧.♦ ❤❛✈❡

λ

∫

Ω

uZδ(u)Tk(ϕ)dx+

∫

Γ

h(u1 − u2)[Zδ(u1)Tk(ϕ1)− Zδ(u2)Tk(ϕ2)]dσ

≤ λ

∫

Ω

uTk(ϕ)χ{0≤u≤2δ}dx+

∫

Γ

h[u1Zδ(u1)Tk(ϕ1) + u2Zδ(u2)Tk(ϕ2)]dσ

≤ 2δλ

∫

Ω

Tk(ϕ)dx+

∫

Γ

h[u1χ{0≤u1≤2δ}Tk(ϕ1) + u2χ{0≤u2≤2δ}Tk(ϕ2)]dσ

≤ 2δλ‖Tk(ϕ)‖L1(Ω) + 2δ‖h‖L∞(Γ)‖Tk(ϕ1) + Tk(ϕ2)‖L1(Γ).

❋♦' ❡✈❡'② k > 0✱ ✇❡ ❣❡*
∫

{0≤u≤δ}

fζ(u)Tk(ϕ)dx ≤

∫

Ω\Γ

B(x, u)∇u∇Tk(ϕ)Zδ(u)dx

+2δλ‖Tk(ϕ)‖L1(Ω) + 2δ‖h‖L∞(Γ)‖Tk(ϕ1) + Tk(ϕ2)‖L1(Γ).

❲❡ ❝❛♥ ♣❛.. *♦ *❤❡ ❧✐♠✐* ❛. k *❡♥❞. *♦ ✐♥✜♥✐*② ✐♥ *❤✐. ✐♥❡3✉❛❧✐*②✳ ❈♦♥✈❡'❣❡♥❝❡ ✭✸✳✸✮ ❛♥❞

❋❛*♦✉✬. ❧❡♠♠❛ ❛♣♣❧✐❡❞ ♦♥ *❤❡ ❧❡❢*✲❤❛♥❞ .✐❞❡ ❣✐✈❡ *❤❡ '❡.✉❧*✳

✸✳✹ ▼❛✐♥ '❡)✉❧,)

❆. ✉.✉❛❧ ❢♦' *❤✐. ❦✐♥❞ ♦❢ ♣'♦❜❧❡♠ ✭.❡❡✱ ❢♦' ✐♥.*❛♥❝❡✱ ❬✹❪✱ ❬✶✾❪✱ ❬✷✹❪✱ ❬✹✷❪✱ ❬✺✶❪✱ ❬✺✷❪ ❛♥❞ ❬✺✸❪✮✱ ✐♥

♦'❞❡' *♦ .*✉❞② *❤❡ ❡①✐.*❡♥❝❡ ♦❢ ❛ .♦❧✉*✐♦♥ ♦❢ ♣'♦❜❧❡♠ ✭✸✳✶✮✱ ✇❡ ❛♣♣'♦①✐♠❛*❡ ♦✉' ♣'♦❜❧❡♠ ❜②

❛ .❡3✉❡♥❝❡ ♦❢ ♥♦♥.✐♥❣✉❧❛' ♣'♦❜❧❡♠. ❛♥❞ ✉.✐♥❣ *❤❡ ❛ ♣'✐♦'✐ ❡.*✐♠❛*❡. .*❛*❡❞ ✐♥ *❤❡ ♣'❡✈✐♦✉.

.❡❝*✐♦♥✱ ✇❡ ♣❛.. *♦ *❤❡ ❧✐♠✐*✳

❍❡'❡✱ ✇❡ ❞❡✜♥❡ *❤❡ ❛♣♣'♦①✐♠❛*❡ ♣'♦❜❧❡♠ ❜②





− div(B(x, um)∇um) + λum = Tm(fζ(|um|)) ✐♥ Ω \ Γ,

um = 0 ♦♥ ∂Ω,

(B(x, um1)∇um1)ν1 = (B(x, um2)∇um2)ν1 ♦♥ Γ,

(B(x, um1)∇um1)ν1 = −h(um1 − um2) ♦♥ Γ,

✭✸✳✶✵✮

✇❤❡'❡✱ ❢♦' ❡✈❡'② m ∈ N✱ *❤❡ ❢✉♥❝*✐♦♥ Tm ✐. *❤❡ *'✉♥❝❛*✐♦♥ ❢✉♥❝*✐♦♥ ❛* ❧❡✈❡❧ m✳

❚❤❡ ✈❛'✐❛*✐♦♥❛❧ ❢♦'♠✉❧❛*✐♦♥ ❛..♦❝✐❛*❡❞ ✇✐*❤ *❤❡ ❛♣♣'♦①✐♠❛*❡ ♣'♦❜❧❡♠ ✭✸✳✶✵✮ '❡❛❞.





❋✐♥❞ um ∈ V .✉❝❤ *❤❛*

∫

Ω\Γ

B(x, um)∇um∇ϕdx+

∫

Ω

λumϕdx+

∫

Γ

h(um1 − um2)(ϕ1 − ϕ2)dσ

=

∫

Ω

Tm(fζ(|um|))ϕdx, ∀ϕ ∈ V.

✽✾



✸ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ &✇♦✲❝♦♠♣♦♥❡♥& ❞♦♠❛✐♥%

❚❤❛♥❦% &♦ &❤✐% ❛♣♣*♦①✐♠❛&✐♦♥✱ ✇❡ ❛✈♦✐❞ &❤❡ %✐♥❣✉❧❛*✐&② ❛& 0✳

❚❤❡ ❡①✐%&❡♥❝❡ ♦❢ ❛ %♦❧✉&✐♦♥ ♦❢ &❤✐% ♣*♦❜❧❡♠ ♠❛❦❡% ✉%❡ ♦❢ ❛*❣✉♠❡♥&% %✐♠✐❧❛* &♦ ❬✶✵❪ ❛♥❞

❬✶✶❪✳ ▼♦*❡♦✈❡*✱ ❛% ✐♥ ❬✹✻❪ ❛♥❞ ❬✹✷❪ ♦♥❡ ❝❛♥ ♣*♦✈❡ &❤❛& um ≥ 0 ❛✳ ❡✳ ✐♥ Ω✱ %♦ &❤❛& ✇❡ ❝❛♥

✇*✐&❡ ζ(um) ✐♥%&❡❛❞ ♦❢ ζ(|um|) ✐♥ &❤❡ ♣*♦❜❧❡♠✳

❚❤❡♦$❡♠ ✸✳✻✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍4✮✱ ♣$♦❜❧❡♠ ✭✸✳✻✮ ❛❞♠✐*& ❛* ❧❡❛&* ❛ &♦❧✉*✐♦♥✳

4$♦♦❢✳ ❋♦* m ∈ N✱ ❧❡& um ∈ V ❜❡ ❛ %♦❧✉&✐♦♥ ♦❢ &❤❡ ❛♣♣*♦①✐♠❛&❡ ♣*♦❜❧❡♠ ✭✸✳✶✵✮✳ ❖❜%❡*✈❡

&❤❛&✱ %✐♥❝❡ Tm(fζ(|um|)) %❛&✐%✜❡% &❤❡ %❛♠❡ ❛%%✉♠♣&✐♦♥% ❛% &❤❡ ❢✉♥❝&✐♦♥ fζ(|um|) ❢♦* ❡✈❡*②

✜①❡❞ m ∈ N✱ &❤❡ ❛ ♣*✐♦*✐ ❡%&✐♠❛&❡% ♦❢ ❙❡❝&✐♦♥ ✸✳✸ ❛♣♣❧② ✉♥✐❢♦*♠❧② ✇✐&❤ *❡%♣❡❝& &♦ m✳

❚❤✐% ✐♠♣❧✐❡% &❤❛& &❤❡*❡ ❡①✐%&% u ∈ V %✉❝❤ &❤❛&✱ ✉♣ &♦ ❛ %✉❜%❡I✉❡♥❝❡✱





✐) um ⇀ u ✇❡❛❦❧② ✐♥ V,

✐✐) um → u %&*♦♥❣❧② ✐♥ L2(Ω) ❛♥❞ ❛✳❡✳ ✐♥ Ω,

✐✐✐) um1 − um2 → u1 − u2 %&*♦♥❣❧② ✐♥ L2(Γ).

❋*♦♠ ♥♦✇ ♦♥✱ &❤❡ ♣*♦♦❢ ❢♦❧❧♦✇% &❤❛& ♦❢ ❚❤❡♦*❡♠ 5.2 ❢*♦♠ ❬✹✻❪✳

❲❡ ❛❧%♦ %&❛&❡ &❤❡ &✇♦ *❡%✉❧&% ❜❡❧♦✇✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣*♦✈❡❞ ❢♦❧❧♦✇✐♥❣ &❤❡ ♣*♦♦❢% ♦❢ &❤❡

❝♦**❡%♣♦♥❞✐♥❣ *❡%✉❧&% ❢*♦♠ ❬✹✻❪✳

❚❤❡ ✜*%& ♦♥❡ ❞❡❛❧% ✇✐&❤ ✉♥✐I✉❡♥❡%% ❛♥❞ ✐& ✐% %&❛&❡❞ ✉♥❞❡* &❤❡ ❛%%✉♠♣&✐♦♥ ✐♥&*♦❞✉❝❡❞ ✐♥

❬✷✸❪ ❢♦* ❛ I✉❛%✐❧✐♥❡❛* ♣*♦❜❧❡♠ ✇✐&❤ ❉✐*✐❝❤❧❡& ❜♦✉♥❞❛*② ❝♦♥❞✐&✐♦♥%✳

❚❤❡♦$❡♠ ✸✳✼✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮✲❍4✮✱ &✉♣♣♦&❡ ❢✉$*❤❡$ *❤❛* ζ ✐& ♥♦♥✐♥❝$❡❛&✐♥❣ ✐♥

[0,+∞[ ❛♥❞ *❤❡$❡ ❡①✐&*& ❛ ❝♦♥*✐♥✉♦✉& ❛♥❞ ♥♦♥❞❡❝$❡❛&✐♥❣ ❢✉♥❝*✐♦♥ ω : R → R✱ ✇✐*❤ ω(t) >

0 ∀ t > 0✱ &❛*✐&❢②✐♥❣ *❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐*✐♦♥&✿





✐) |B(x, t1)− B(x, t2)| ≤ ω(|t1 − t2|) ❢♦$ ❛✳❡✳ x ∈ Ω, ∀ t1 /= t2;

✐✐) ∀y > 0, lim
x→0+

∫ y

x

dt

ω(t)
= +∞.

❚❤❡♥ ♣$♦❜❧❡♠ ✭✸✳✻✮ ❛❞♠✐*& ❛ ✉♥✐>✉❡ &♦❧✉*✐♦♥✳

4$♦♦❢✳ ❲❡ ❛❞❛♣& &♦ ♦✉* ❝❛%❡ &❤❡ ✐❞❡❛% ♦❢ ❬✷✸❪ ✭%❡❡ ❛❧%♦ ❬✶✾❪✮✳ ❚♦ ❞♦ &❤❛&✱ ❧❡& u ❛♥❞ w ❜❡ &✇♦

%♦❧✉&✐♦♥% ♦❢ ♣*♦❜❧❡♠ ✭✸✳✻✮✳

❋♦* ❛♥② µ > 0✱ %❡& E := {x ∈ Ω \ Γ | (u− w)(x) > µ} ❛♥❞ ❞❡✜♥❡

Fµ(s) :=





∫ s

µ

dt

ω2(t)
✐❢ s ≥ µ,

0 ♦&❤❡*✇✐%❡.

✾✵



✸ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ &✇♦✲❝♦♠♣♦♥❡♥& ❞♦♠❛✐♥%

❙✉❜#$❛❝#✐♥❣ #❤❡ ✈❛$✐❛#✐♦♥❛❧ ❢♦$♠✉❧❛#✐♦♥1 ♦❢ u ❛♥❞ v✱ ❜② 1✐♠✐❧❛$ ❝♦♠♣✉#❛#✐♦♥1 ❛1 #❤♦1❡ ❞♦♥❡

✐♥ ❬✷✸❪✱ ♦♥❡ ❝❛♥ 1❤♦✇ #❤❛# ∥∥∥∥
∇(u− w)

ω(u− w)

∥∥∥∥
L2(E)

≤ C,

✇✐#❤ C ✐♥❞❡♣❡♥❞❡♥# ♦♥ µ✳ ❚❤✐1 ✐♥❡=✉❛❧✐#② ❝❛♥ ❜❡ ✇$✐##❡♥ ❛1

‖Gµ(u− w)‖V = ‖∇Gµ(u− w)‖L2(Ω) ≤ C,

✇❤❡$❡

Gµ(s) :=





∫ s

µ

dt

ω(t)
✐❢ s ≥ µ,

0 ♦#❤❡$✇✐1❡.

❚❤✐1 ✐♠♣❧✐❡1 #❤❛# #❤❡$❡ ❡①✐1#1 ❛ 1❡=✉❡♥❝❡ {µk}k∈N ❝♦♥✈❡$❣✐♥❣ #♦ 0 1✉❝❤ #❤❛#✱ ✉♣ #♦ ❛

1✉❜1❡=✉❡♥❝❡✱ 



Gµk
(u− w)⇀ G ✇❡❛❦❧② ✐♥ V,

Gµk
(u− w)→ G 1#$♦♥❣❧② ✐♥ L2(Ω) ❛♥❞ ❛✳❡✳ ✐♥ Ω.

❆❝❝♦$❞✐♥❣❧②

lim
µk→0

Gµk
(u− w)(x) = G(x) < +∞ ❛✳❡✳ ✐♥ Ω \ Γ, ❛1 k →∞;

❜✉# ❢$♦♠ #❤❡ ❞❡✜♥✐#✐♦♥ ♦❢ Gµ ✇❡ ❤❛✈❡ ❛❧1♦

lim
µk→0

Gµk
(u− w)(x) = lim

µk→0

∫ (u−w)(x)

µk

dt

ω(t)
= +∞ ❛✳❡✳ ✐♥ E.

❚❤✐1 ✐♥✈♦❧✈❡1 #❤❛# |E| = 0✱ ❛1 µ ❣♦❡1 #♦ ③❡$♦✱ 1♦ #❤❛# u ≤ w ❛❧♠♦1# ❡✈❡$②✇❤❡$❡ ✐♥ Ω \ Γ✳

■♥#❡$❝❤❛♥❣✐♥❣ #❤❡ $♦❧❡1 ♦❢ u ❛♥❞ w✱ ✇❡ ❣❡# u = w ❛❧♠♦1# ❡✈❡$②✇❤❡$❡ ✐♥ Ω✳

❲❡ 1#❛#❡ ♥♦✇ ❛ ❜♦✉♥❞❡❞♥❡11 $❡1✉❧# ❢♦$ ❛ 1♦❧✉#✐♦♥ ♦❢ ♣$♦❜❧❡♠ ✭✸✳✻✮✱ ✇❤♦1❡ ♣$♦♦❢ ♠❛❦❡1

✉1❡ ♦❢ ❝❧❛11✐❝❛❧ ✐❞❡❛1 ❢$♦♠ ❙#❛♠♣❛❝❝❤✐❛ ❬✻✾❪✳ ■♥ ♦$❞❡$ #♦ ❣❡# ❜♦✉♥❞❡❞ 1♦❧✉#✐♦♥1✱ ✇❡ ♥❡❡❞ #♦

$❡=✉✐$❡ ❛ ❣$❡❛#❡$ 1✉♠♠❛❜✐❧✐#② ♦❢ #❤❡ ❞❛#✉♠ f ✱ ❛1 ❞♦♥❡ ✐♥ ❬✷✹❪✱ ❬✹✷❪✱ ❬✺✶❪ ❛♥❞ ❬✺✹❪✳

❍❡♥❝❡✱ ✐♥1#❡❛❞ ♦❢ ❍3✮✱ ✇❡ ♠❛❦❡ #❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦#❤❡1✐1✿

❍3′✮
0 ≤ f ∈ Ll(Ω), ✇✐#❤ l >

N

2
.

▲❡# ✉1 ♠❡♥#✐♦♥ #❤❛#✱ ❛1 1❤♦✇❡❞ ✐♥ ❬✹✷❪✱ ❛11✉♠♣#✐♦♥ ❍3′✮ ✐1 1#$♦♥❣❡$ #❤❛♥ ❍3✮✳

❚❤❡♦$❡♠ ✸✳✽✳ ❯♥❞❡$ ❛&&✉♠♣*✐♦♥& ❍1✮−❍4✮✱ &✉♣♣♦&❡ ❢✉$*❤❡$ ❍3′✮ ❤♦❧❞& *$✉❡✳ ❚❤❡♥✱ ❛♥②

&♦❧✉*✐♦♥ ♦❢ ✭✸✳✻✮ ✐& ❜♦✉♥❞❡❞✳

✾✶



✸ ✕ ❊①✐%&❡♥❝❡ ❛♥❞ ✉♥✐-✉❡♥❡%% .❡%✉❧&% ❢♦. ❛ ❝❧❛%% ♦❢ %✐♥❣✉❧❛. ❡❧❧✐♣&✐❝ ♣.♦❜❧❡♠% ✐♥ &✇♦✲❝♦♠♣♦♥❡♥& ❞♦♠❛✐♥%

 !♦♦❢✳ ❋♦" ❛♥② "❡❛❧ ♥✉♠❜❡" h ≥ 1✱ ,❡-

Ah := {x ∈ Ω \ Γ : u(x) > h} ❛♥❞ Dh := {x ∈ Γ : u(x) > h}.

❙✐♥❝❡ u ∈ V ✱

lim
h→+∞

|Ah| = 0 ❛♥❞ lim
h→+∞

∂HN−1(Dh) = 0.

◆♦✇✱ ❧❡- ✉, ❝❤♦♦,❡ Gh(u) := (u−h)+ ∈ V ❛, -❡,- ❢✉♥❝-✐♦♥ ✐♥ ✭✸✳✻✮✳ ❙✐♥❝❡ Gh ✐, ♥♦♥❞❡❝"❡❛,✐♥❣

❛♥❞

ζ(u) ≤
1

uθ
<

1

hθ
≤ 1 ✇❤❡"❡ Gh(u) /= 0,

✇❡ ♦❜-❛✐♥

α

∫

Ω\Γ

[∇Gh(u)]
2dx ≤

∫

Ω

fGh(u)dx.

❋"♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝❛♥ ✉,❡ ❡①❛❝-❧② -❤❡ ,❛♠❡ ❛"❣✉♠❡♥-, ♦❢ -❤❡ ♣"♦♦❢ ♦❢ ❚❤❡♦"❡♠ 3.2 ✐♥ ❬✷✹❪

✭✇"✐--❡♥ ❢♦" δ = 0✱ g = 0 ❛♥❞ ✇✐-❤ ♦❜✈✐♦✉, ♠♦❞✐✜❝❛-✐♦♥, ❝♦♥❝❡"♥✐♥❣ -❤❡ ❜♦✉♥❞❛"② -❡"♠✮✱

❜❛,❡❞ ♦♥ ❝❧❛,,✐❝❛❧ "❡,✉❧-, ❢"♦♠ ❙-❛♠♣❛❝❝❤✐❛ ❬✻✾❪✱ -♦ ♦❜-❛✐♥ -❤❛- u ❜❡❧♦♥❣, -♦ L∞(Ω)✳

✾✷



 ❡"#♣❡❝&✐✈❡#

■♥ "❤✐% "❤❡%✐% ✇❡ ❤❛✈❡ ♣+♦✈❡❞ %♦♠❡ ❡①✐%"❡♥❝❡ ❛♥❞ ✉♥✐2✉❡♥❡%% +❡%✉❧"% ❢♦+ %✐♥❣✉❧❛+ ❡❧❧✐♣"✐❝

♣+♦❜❧❡♠% ♣♦%❡❞ ✐♥ ♣❡+❢♦+❛"❡❞ ❛♥❞ "✇♦✲❝♦♠♣♦♥❡♥" ❞♦♠❛✐♥%✳ ❆❧%♦ ✇❡ ❤❛✈❡ ♦❜"❛✐♥❡❞ ❤♦♠♦❣✲
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