❆❜str❛❝t ❚❤✐s t❤❡s✐s ✐s ♠❛✐♥•② ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ s♦♠❡ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ♣♦s❡❞ ✐♥ ♣❡r❢♦✲ r❛t❡❞ ❞♦♠❛✐♥s✳ ❉❡♥♦t✐♥❣ ❜② Ω * ε ❛ ❞♦♠❛✐♥ ♣❡r❢♦r❛t❡❞ ❜② ε✲♣❡r✐♦❞✐❝ ❤♦•❡s ♦❢ ε✲s✐③❡✱ ✇❡ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✱ ❢♦r ✜①❡❞ ε✱ ❛s ✇❡•• ❛s ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❝♦rr❡❝t♦rs r❡s✉•ts ❢♦r t❤❡ ❢♦••♦✇✐♥❣ s✐♥❣✉•❛r ♣r♦❜•❡♠✿            -div A x ε , u ε ∇u ε = f ζ(u ε ) ✐♥ Ω * ε , u ε = 0 ♦♥ Γ ε 0 , A x ε , u ε ∇u ε ν + ε γ ρ x ε h(u ε ) = εg x ε ♦♥ Γ ε 1 , ✇❤❡r❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❛♥❞ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❝r✐❜❡❞ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② Γ ε 0 ❛♥❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s Γ ε 1 ✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞ A ✐s ❡••✐♣t✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✜rst ✈❛r✐❛❜•❡ ❛♥❞ ❈❛r❛t❤é♦❞♦r②✳ ❚❤❡ ♥♦♥•✐♥
❜•❡♠✱ ❛s ε → 0✱ ✇❡ ❛♣♣•② t❤❡ P❡r✐♦❞✐❝ ❯♥❢♦•❞✐♥❣ ▼❡t❤♦❞ ❜② ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲•✳ •r✐s♦✱ ❛❞❛♣t❡❞ t♦ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ❜② ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲P✳ ❉♦♥❛t♦✲•✳ •r✐s♦✲|✳ )❛❦✐✳ ❋✐♥❛••②✱ ✇❡ s❤♦✇ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ✐♥ ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥ Ω = Ω 1 ∪ Ω 2 ∪ Γ✱ ❜❡✐♥❣ Γ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Ω 1 ❛♥❞ t❤❡ ✐♥❝•✉s✐♦♥s Ω 2 ✳ ▼♦r❡ ♣r❡❝✐s❡•② ✇❡ ❝♦♥s✐❞❡r                -div(A(x, u)∇u) + λu = f ζ(u) ✐♥ Ω \ Γ, u = 0 ♦♥ ∂Ω, (A(x, u 1 )∇u 1 )ν 1 = (A(x, u 2 )∇u 2 )ν 1 ♦♥ Γ, (A(x, u 1 )∇u 1 )ν 1 = -h(u 1 -u 2 ) ♦♥ Γ, ✇❤❡r❡ ν 1 ✐s t❤❡ ✉♥✐t ❡①t❡r♥❛• ♥♦r♠❛• ✈❡❝t♦r t♦ Ω 1 ❛♥❞ λ ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛• ♥✉♠❜❡r✳ ❍❡r❡ h r❡♣r❡s❡♥ts t❤❡ ♣r♦♣♦rt✐♦♥❛•✐t② ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❛t ✢✉① ❛♥❞ t❤❡ •✉♠♣ ♦❢ t❤❡ s♦•✉t✐♦♥ ❛♥❞ ✐t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ Γ✳ ✶ ❆❜str❛❝t ◗✉❡st❛ t❡s✐ tr❛tt❛ ♣r✐♥❝✐♣❛•♠❡♥t❡ ❞✐ ❛•❝✉♥✐ ♣r♦❜•❡♠✐ ❡••✐tt✐❝✐ s✐♥❣♦•❛r✐ ♣♦st✐ ✐♥ ❞♦♠✐♥✐ ♣❡r❢♦✲ r❛t✐✳ ❉❡♥♦t❛♥❞♦ ❝♦♥ Ω * ε ✉♥ ❞♦♠✐♥✐♦ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ♣❡r❢♦r❛t♦ ❞❛ ❜✉❝❤✐ ❞✐ ♠✐s✉r❛ ε✱ ♠♦str✐✲ ❛♠♦ ❡s✐st❡♥③❛ ❡ ✉♥✐❝✐tà ❞❡••❛ s♦•✉③✐♦♥❡✱ ❛❞ ε ✜ss❛t♦✱ ❝♦sì ❝♦♠❡ r✐s✉•t❛t✐ ❞✐ ♦♠♦❣❡♥❡✐③③❛③✐♦♥❡ ❡ ❝♦rr❡tt♦r✐ ♣❡r ✐• s❡❣✉❡♥t❡ ♣r♦❜•❡♠❛ s✐♥❣♦•❛r❡✿            -div A x ε , u ε ∇u ε = f ζ(u ε ) ✐♥ Ω * ε , u ε = 0 s✉ Γ ε 0 , A x ε , u ε ∇u ε ν + ε γ ρ x ε h(u ε ) = εg x ε s✉ Γ ε 1 , ❞♦✈❡ s♦♥♦ ♣r❡s❝r✐tt❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❉✐r✐❝❤•❡t ♦♠♦❣❡♥❡❡ s✉••❛ ❢r♦♥t✐❡r❛ ❡st❡r♥❛ Γ ε 0 ❡ ❞✐ |♦❜✐♥ ♥♦♥ •✐♥❡❛r✐ s✉ q✉❡••❛ ❞❡✐ ❜✉❝❤✐ ✐♥t❡r♥✐ Γ ε 1 ✳ ■• ❝❛♠♣♦ ♠❛tr✐❝✐❛•❡ q✉❛s✐ •✐♥❡❛r❡ A è ❡••✐tt✐❝♦✱ •✐♠✐t❛t♦✱ ♣❡r✐♦❞✐❝♦ ♥❡••❛ ♣r✐♠❛ ✈❛r✐❛❜✐•❡ ❡ ❞✐ ❈❛r❛t❤é♦❞♦r②✳ ■• t❡r♠✐♥❡ s✐♥❣♦•❛r❡ ♥♦♥ •✐♥❡❛r❡ è ♣r♦❞♦tt♦ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ❝♦♥t✐♥✉❛ ζ ✭s✐♥❣♦•❛r❡ ♥❡••♦ ③❡r♦✮ ❡ ❞✐ f ✱ •❛ ❝✉✐ s♦♠♠❛❜✐•✐tà ❞✐♣❡♥❞❡ ❞❛••❛ ❝r❡s❝✐t❛ ❞✐ ζ ✈✐❝✐♥♦ ❛••❛ s✉❛ s✐♥❣♦•❛r✐tà✳ ■• t❡r♠✐♥❡ ❞✐ ❜♦r❞♦ ♥♦♥ •✐♥❡❛r❡ h è ✉♥❛ ❢✉♥③✐♦♥❡ ❝r❡s❝❡♥t❡ ❡ ❞❡r✐✈❛❜✐•❡ ❝♦♥ ❝♦♥t✐♥✉✐tà✱ ♠❡♥tr❡ ρ ❡ g s♦♥♦ ❢✉♥③✐♦♥✐ ♣❡r✐♦❞✐❝❤❡ ♥♦♥ ♥❡❣❛t✐✈❡ ❝♦♥ ❛ss❡❣♥❛t❡ s♦♠♠❛❜✐•✐tà✳ P❡r st✉❞✐❛r❡ ✐• ❝♦♠♣♦rt❛♠❡♥t♦ ❛s✐♥t♦t✐❝♦ ❞❡• ♣r♦❜•❡♠❛✱ ❛• t❡♥❞❡r❡ ❞✐ ε ❛ ③❡r♦✱ ❛♣♣•✐❝❤✐❛♠♦ ✐• ✧♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✧ ✭❝❢r✳ ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲•✳ •r✐s♦ ❡ ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲P✳ ❉♦♥❛t♦✲•✳ •r✐s♦✲|✳ )❛❦✐ ♣❡r ❞♦♠✐♥✐ ♣❡r❢♦r❛t✐✮✳ ■♥✜♥❡✱ ♠♦str✐❛♠♦ ❡s✐st❡♥③❛ ❡ ✉♥✐❝✐tà ❞❡••❛ s♦•✉③✐♦♥❡ ❞❡❜♦•❡ ♣❡r •❛ st❡ss❛ ❡q✉❛③✐♦♥❡ ✐♥ ✉♥ ❞♦♠✐♥✐♦ ❛ ❞✉❡ ❝♦♠♣♦♥❡♥t✐ Ω = Ω 1 ∪ Ω 2 ∪ Γ✱ ❡ss❡♥❞♦ Γ •✬✐♥t❡r❢❛❝❝✐❛ tr❛ •❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥♥❡ss❛ Ω 1 ❡ •❡ ✐♥❝•✉s✐♦♥✐ Ω 2 ✳ P✐ù ♣r❡❝✐s❛♠❡♥t❡ ❝♦♥s✐❞❡r✐❛♠♦                -div(A(x, u)∇u) + λu = f ζ(u) ✐♥ Ω \ Γ, u = 0 s✉ ∂Ω, (A(x, u 1 )∇u 1 )ν 1 = (A(x, u 2 )∇u 2 )ν 1 s✉ Γ, (A(x, u 1 )∇u 1 )ν 1 = -h(u 1 -u 2 ) s✉ Γ, ❞♦✈❡ λ è ✉♥ ♥✉♠❡r♦ r❡❛•❡ ♥♦♥ ♥❡❣❛t✐✈♦ ❡ h r❛♣♣r❡s❡♥t❛ ✐• ❝♦❡✣❝✐❡♥t❡ ❞✐ ♣r♦♣♦r③✐♦♥❛•✐tà tr❛ ✐• ✢✉ss♦ ❝♦♥t✐♥✉♦ ❞❡• ❝❛•♦r❡ ❡ ✐• s❛•t♦ ❞❡••❛ s♦•✉③✐♦♥❡✱ ❡❞ è ❛ss✉♥t♦ ❡ss❡r❡ •✐♠✐t❛t♦ ❡ ♥♦♥ ♥❡❣❛t✐✈♦ s✉ Γ✳ ✷ |és✉♠é ❈❡tt❡ t❤❡ s❡ ❡st ❝♦♥s❛❝ré❡ ♣r✐♥❝✐♣❛•❡♠❡♥t à •✬ét✉❞❡ ❞❡ q✉❡•q✉❡s ♣r♦❜•è♠❡s ❡••✐♣t✐q✉❡s s✐♥❣✉•✐❡rs ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ Ω * ε ✱ ♣èr✐♦❞✐q✉❡♠❡♥t ♣❡r❢♦ré ♣❛r ❞❡s tr♦✉s ❞❡ t❛✐••❡ ε✳ ❖♥ ♠♦♥tr❡ •✬❡①✐st❡♥❝❡ ❡t •✬✉♥✐❝✐té ❞✬✉♥❡ s♦•✉t✐♦♥✱ ♣♦✉r t♦✉t ε ✜①é✱ ❛✐♥s✐ q✉❡ ❞❡s rés✉•t❛ts ❞❡ ❤♦♠♦❣é♥é✐s❛t✐♦♥ ❡t ❝♦rr❡❝t❡✉rs ♣♦✉r •❡ ♣r♦❜•è♠❡ s✐♥❣✉•✐❡r s✉✐✈❛♥t✿            -div A x ε , u ε ∇u ε = f ζ(u ε ) ❞❛♥s Ω * ε , u ε = 0 s✉r Γ ε 0 , A x ε , u ε ∇u ε ν + ε γ ρ x ε h(u ε ) = εg x ε s✉r Γ ε 1 , ♦ù •✬♦♥ ♣rés❝r✐t ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤•❡t ❤♦♠♦❣è♥❡s s✉r •❛ ❢r♦♥t✐èr❡ ❡①tér✐❡✉r❡ Γ ε 0 ❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ |♦❜✐♥ ♥♦♥ •✐♥é❛✐r❡s s✉r •❛ ❢r♦♥t✐èr❡ ❞❡s tr♦✉s Γ ε 1 ✳ ▲❡ ❝❤❛♠♣ ♠❛tr✐❝✐❡• q✉❛s✐ •✐♥é❛✐r❡ A ❡st ❡••✐♣t✐q✉❡✱ ❜♦
❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉ ♣r♦❜•è♠❡ q✉❛♥❞ ε → 0✱ ♦♥ ❛♣♣•✐q✉❡ •❛ ♠ét❤♦❞❡ ❞❡ •✬é❝•❛t❡♠❡♥t ♣ér✐♦❞✐q✉❡ ❞✉❡ à ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲•✳ •r✐s♦ ✭❝❢✳ ❉✳ ❈✐♦r❛♥❡s❝✉✲❆✳ ❉❛♠•❛♠✐❛♥✲✳ ❉♦♥❛t♦✲•✳ •r✐s♦✲ |✳ )❛❦✐ ♣♦✉r •❡s ❞♦♠❛✐♥❡s ♣❡r❢♦rés✮✳ ❊♥✜♥✱ ♦♥ ♠♦♥tr❡ •✬❡①✐st❡♥❝❡ ❡t •✬✉♥✐❝✐té ❞❡ •❛ s♦•✉t✐♦♥ ❢❛✐❜•❡ ♣♦✉r •❛ ♠ê♠❡ éq✉❛t✐♦♥✱ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ à ❞❡✉① ❝♦♠♣♦s❛♥ts Ω = Ω 1 ∪ Ω 2 ∪ Γ✱ ét❛♥t Γ •✬✐♥t❡r❢❛❝❡ ❡♥tr❡ •❛ ❝♦♠♣♦s❛♥t ❝♦♥♥❡❝té Ω 1 ❡t •❡s ✐♥❝•✉s✐♦♥s Ω 2 ✳ •✉s ♣ré❝✐s❡♠❡♥t ♦♥ ❝♦♥s✐❞èr❡                -div(A(x, u)∇u) + λu = f ζ(u) ❞❛♥s Ω \ Γ, u = 0 s✉r ∂Ω, (A(x, u 1 )∇u 1 )ν 1 = (A(x, u 2 )∇u 2 )ν 1 s✉r Γ, (A(x, u 1 )∇u 1 )ν 1 = -h(u 1 -u 2 ) s✉r Γ, ♦ù λ ❡st ✉♥ ré❡• ♥♦♥ ♥❡❣❛t✐❢ ❡t h r❡♣rés❡♥t❡ •❡ ❝♦❡✣❝✐❡♥t ❞❡ ♣r♦♣♦rt✐♦♥♥❛•✐té ❡♥tr❡ •❡ ✢✉① ❞❡ ❝❤❛•❡✉r ❡t •❡ s❛✉t ❞❡ •❛ s♦•✉t✐♦♥✱ ❡t ✐• ❡st s✉♣♣♦sé êtr❡ ❜♦r♥é ❡t ♥♦♥ ♥❡❣❛t✐❢ s✉r Γ✳                    ❚❤❡r❡ ❡①✐sts ❛ r❡❛• ❢✉♥❝t✐♦♥ ω : R → R s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ✐) ω ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥ ❞❡❝r❡❛s✐♥❣, ✇✐t❤ ω(t) > 0 ∀ t > 0; ✐✐) |B(x, t 1 ) -B(x, t 2 )| ≤ ω(|t 1 -t 2 |) ❢♦r ❛✳❡✳ x ∈ Ω, ∀ t 1 /
= t 2 ;

✐✐✐) ∀y > 0, lim 

* ε ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ✉♥✐♦♥ ♦❢ Γ ε 1 ❛♥❞ Γ ε 0 ✱ ✇❤✐❝❤ ❞❡♥♦t❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s ✇❡•• ❝♦♥t❛✐♥❡❞ ✐♥ Ω ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ❡①t❡r✐♦r ❜♦✉♥❞❛r②✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤✉s✱ ✐♥ ❈❤❛♣t❡r ✷ ✇❡ ❢♦❝✉s ♦✉r ✐♥t❡r❡st ♦♥ st✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r✱ ❛s ε ❣♦❡s t♦ ③❡r♦✱ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(A ε (x, u ε )∇u ε ) = f ζ(u ε ) ✐♥ Ω * ε , u ε = 0 ♦♥ Γ ε 0 , (A ε (x, u ε )∇u ε )ν + ε γ ρ ε (x)h(u ε ) = g ε ♦♥ Γ ε 1 , ✭✵✳✸✮ ✇❤❡r❡ ν ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛• t♦ t❤❡ ❤♦•❡s✳ ❚❤❡ ♦s❝✐••❛t✐♥❣ ❝♦❡✣❝✐❡♥ts✬ ♠❛tr✐① ✜❡•❞ A ε ✐♥ t❤❡ q✉❛s✐•✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠ ✐s ❞❡✜♥❡❞ ❜② A ε (x, t) = A x ε , t ✱ ✇❤❡r❡ t❤❡ ♠❛tr✐① ✜❡•❞ A ✐s ✉♥✐❢♦r♠•② ❡••✐♣t✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✜rst ✈❛r✐❛❜•❡ ❛♥❞ ❈❛r❛t❤é♦❞♦r②✳ ❚❤❡ ❢✉♥❝t✐♦♥s ζ ❛♥❞ f ❛r❡ t❤❡ s❛♠❡ ♦❢ ♣r♦❜•❡♠s ✭✵✳✶✮ ❛♥❞ ✭✵✳✷✮✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ρ ε (x) = ρ x
ε ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣❡r✐♦❞✐❝✱ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s✳ ❚❤❡ ♥♦♥•✐♥❡❛r ❜♦✉♥❞❛r② t❡r♠ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s•② ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ s❛t✐s✜❡s s✉✐t❛❜•❡ ❣r♦✇t❤ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ g ε (x) = εg x ε ✱ ✇❤❡r❡ g ✐s ❛ ♣❡r✐♦❞✐❝ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ♣r❡s❝r✐❜❡❞ s✉♠♠❛❜✐•✐t②✳ ▲❡t ✉s ♥♦✇ ❜r✐❡✢② ✐♥tr♦❞✉❝❡ t❤❡ r❡❛❞❡r t♦ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r②✱ ❛♥❞ t❤❡♥ ❛♥❛

•②③❡ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡ss ❢♦r ♦✉r ♣r♦❜•❡♠✳ ❆ ❣❡♥❡r❛• ♣r❡s❡♥t❛t✐♦♥ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛• t❤❡♦r② ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❞❡✈❡•♦♣❡❞ ✐♥ t❤❡ •❛st ✜❢t② ②❡❛rs✳ ■t ❢♦❝✉s❡s ✐ts ✐♥t❡r❡st ♦♥ ♠♦❞❡•✐♥❣ ♠❛t❡r✐❛•s ✇✐t❤ ♣❡r✐♦❞✐❝ ♦r ❤❡t❡r♦❣❡♥❡♦✉s str✉❝t✉r❡s✳ ■t ❤❛s ❛ttr❛❝t❡❞ t❤❡ ❛tt❡♥t✐♦♥ ♦❢ ♠❛♥② s❝✐❡♥t✐sts ✐♥ ✈❛r✐♦✉s ✜❡•❞s s✐♥❝❡ s❡✈❡r❛• ♣❤②s✐❝❛• ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❛♣✲ ♣•✐❝❛t✐♦♥s ♣r❡s❡♥t ♣r♦❜•❡♠s ✇✐t❤ t❤❡s❡ t②♣❡s ♦❢ str✉❝t✉r❡s✳ ❆♠♦♥❣ ❛•• t❤❡s❡ ♣r♦❜•❡♠s ♦♥❡ ✜♥❞s t❤❡ ♠♦❞❡•✐♥❣ ♦❢ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s✳ ❚❤❡② ❛r❡ ♠❛t❡r✐✲ ❛•s ❝♦♥t❛✐♥✐♥❣ t✇♦ ♦r ♠♦r❡ ✜♥❡•② ♠✐①❡❞ ❝♦♥st✐t✉❡♥ts✳ ❚❤❡s❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ❛r❡ ✇✐❞❡•② ✉s❡❞ ♥♦
✇❛❞❛②s s✐♥❝❡ t❤❡✐r ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡s ♦❢ t❤❡✐r ✐♥❞✐✈✐❞✉❛• ❝♦♥st✐t✉❡♥ts✳ ■♥❞❡❡❞ t❤❡ ♣❤②s✐❝❛• ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♠♣♦s✐t❡ ❛r❡ ♥♦t s✐♠♣•② ❛♥ ❛✈❡r❛❣❡ ♦❢ t❤♦s❡ ♦♥❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✳ ✶✶ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r ♦❢ ❝♦♠♣♦s✐t❡ ♠❛t❡✲ r✐❛•s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡✐r ♠✐❝r♦s❝♦♣✐❝ ♣r♦♣❡rt✐❡s✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡s❡ ❝♦♠♣♦s✐t❡s✱ ✇❡ ✉s❡ t✇♦ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ s❝❛•❡s✿ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♦♥❡✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ♦❢ t❤❡ s❛♠♣•❡✱ ❛♥❞ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♦♥❡✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ✐ts ❣•♦❜❛• ❜❡❤❛✈✐♦r✳ ❚❤❡ ♣❤❡♥♦♠❡♥❛ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ ❛r❡ r❡•❛t❡❞ t♦ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ♣r❡s❡♥t✐♥❣ s♠❛•• ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ❙♠❛••❡r ❛r❡ t❤❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s✱ ❜❡tt❡r ✐s t❤❡ ♠✐①t✉r❡ t❤❛t ❛♣♣❡❛rs ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛• ❛t t❤❡ ♠❛❝r♦s❝♦♣✐❝ •❡✈❡•✳ ❚❤❡ ❣♦❛• ♦❢ t❤✐s t❤❡♦r② ✐s t♦ r❡♠♦✈❡ t❤❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ❜② ❤♦♠♦❣❡♥✐③✐♥❣ t❤❡ ♠✐①t✉r❡✳ ■♥ t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ ♥❡✇ ♠❛t❡r✐❛ 

•✱ t❤❡ s♦ ❝❛••❡❞ ✬❤♦♠♦❣❡♥❡♦✉s✬ ♠❛t❡r✐❛•✱ ✇❤✐❝❤ r❡♣•❛❝❡s t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♦♥❡✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣ ♦♥❡✳ ❚❤❡ ♠♦❞❡•✐♥❣ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛ t❛❦✐♥❣ ♣•❛❝❡ ✐♥ t❤❡s❡ ❝♦♠♣♦s✐t❡ ♠❡❞✐❛✱ t❤✐♥❦ ❢♦r ✐♥st❛♥❝❡ t♦ t❤❡ ❤❡❛t tr❛♥s❢❡r✱ •❡❛❞s t♦ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛✲ t✐♦♥s ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ✭❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛•✮ t✉r♥ ♦✉t t♦ ❜❡ ❤✐❣❤•② ♦s❝✐••❛t✐♥❣✳ ❚❤✐s r❡♣r❡s❡♥ts ❛ ❜✐❣ ❞✐✣❝✉•t② ✐♥ s♦•✈✐♥❣ ♥✉♠❡r✐❝❛••② t❤❡s❡ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r② ❛••♦✇s ✉s t♦ ❡①❛♠✐♥❡ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛• ❜② •♦♦❦✐♥❣ ♦✈❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ♦♥❡✳ ■t r❡s✉•ts ❡❛s✐❡r t♦ ❞❡❛• ✇✐t❤✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦♥✲ st❛♥t ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❤❡♠❛t✐❝❛• ♠♦❞❡•✱ ❛♥❞ ❣✐✈❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛•✳ ■♥ ♦✉r ✇♦r❦ ✇❡ ❝♦♥s✐❞❡r ♠❛t❡r✐❛•s ✐♥ ✇❤✐❝❤ t❤❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ❛r❡ ✈❡r② s♠❛•• ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❣•♦❜❛• ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❛♠♣•❡✳ ❆•s♦ ✇❡ s✉♣♣♦
❛♥❞ ■t❛•✐❛♥ s❝❤♦♦•s ♦❢ t❤❡ ✶✾✼✵✬s✳ ❚❤❡② ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❜② ❇❡♥s♦✉ss❛♥✱ ▲✐♦♥s ❛♥❞ P❛♣❛♥✐✲ ❝♦•❛✉ ✐♥ ❬✶✻(✱ ❙❛♥❝❤❡③✲P❛•❡♥❝✐❛ ✐♥ ❬✻✺(✱ ❇❛❦❤✈❛•♦✈ ❛♥❞ P❛♥❛s❡♥❦♦ ✐♥ ❬✾(✳ ❙✐♥❝❡ t❤❡♥✱ ♠❛♥② ❛✉t❤♦rs ❤❛✈❡ ❡①❛♠✐♥❡❞ ✐♥ ❞❡♣t❤ t❤✐s t♦♣✐❝✳ ❲❡ ❛❞❞r❡ss t❤❡ r❡❛❞❡r t♦ t❤❡ ❤✐st♦r✐❝❛• ❜♦♦❦s ❬✽(✱ ❬✶✻(✱ ❬✸✶(✱ ❬✻✸(✱ ❬✻✻(✱ ❬✺✻( ❛s ✇❡•• ❛s ❬✾(✱ ❬✸✻( ❛♥❞ ❬✷✷( ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ❛♥❞ ♦s❝✐••❛t✐♥❣ ❜♦✉♥❞❛r✐❡s✱ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s q✉♦t❡❞ t❤❡r❡✐♥✳ ❲❡ r❡❢❡r t♦ ❬✺(✱ ❬✻( ❢♦r t❤❡ ✜rst r❡s✉•ts ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✜①❡❞ ❞♦♠❛✐♥s✱ ❛♥❞ t♦ ❬✶✹(✱ ❬✶✺( ❢♦r q✉❛❞r❛t✐❝ ♥♦♥•✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜✲ •❡♠s✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ✇❛s ♦r✐❣✐♥❛••② st✉❞✐❡❞ ✐♥ ❬✸✻(✱ ❬✸✺( ✇✐t❤ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s✳ ❲❤✐•❡ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ q✉❛s✐•✐♥❡❛r ♣r♦❜•❡♠s ✐♥ ✶✷ ♣❡r✐♦❞✐❝❛••② ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ✇✐t❤ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛s ❜❡❡♥ ❝♦♥s✐❞✲ ❡r❡❞ ✐♥ ❬✷✵(✱ ❬✷✺( ❛♥❞ ❬✷✻(✱ ✇❤❡r❡ ✐s ❛•s♦ ❝♦♥s✐❞❡r❡❞ ❛ ♥♦♥•✐♥❡❛r t❡r♠ ✇❤✐❝❤ ✐s q✉❛❞r❛t✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ✈❛r✐♦✉s s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ❤❛s ❜❡❡♥ st✉❞✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✶✼(✱ ❬✹✷(✱ ❬✹✸( ❛♥❞ ❬✺✶(✳ ◗✉✐t❡ ❛ ❢❡✇ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ❢♦r st✉❞②✐♥❣ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ♣❡r✐♦❞✐❝ str✉❝t✉r❡s✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♦♥❡s ❛r❡ t❤❡ ♠❛✐♥ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ •❛st ❞❡❝❛❞❡s✿ ❼ ❚❤❡ ♠✉•t✐♣•❡✲s❝❛•❡s ♠❡t❤♦❞ ■t ✐s ❛ ❝•❛ss✐❝❛• ♠❡t❤♦❞ ✉s❡❞ ✐♥ ♠❡❝❤❛♥✐❝s ✇❤✐❝❤ ❛♣♣•✐❡s ✇❤❡♥ t❤❡r❡ ❛r❡ s♦♠❡ s♠❛•• ♣❛r❛♠❡t❡rs ❞❡s❝r✐❜✐♥❣ ❞✐✛❡r❡♥t s❝❛•❡s✳ ■t ✐s ❛•s♦ ❝❛••❡❞ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✐t •♦♦❦s ❢♦r ❛ ❢♦r♠❛• ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠ u ε (x) = u 0 x, x ε + εu 1 x, x ε + ε 2 u 2 x, x ε + ..., ✭✵✳✹✮ ✇❤❡r❡✱ ❢♦r i = 0, 1, 2, ... ✱ u i = u i (x, y) ❛r❡ Y ✲♣❡r✐♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜•❡✱ ❜❡✐♥❣ Y t❤❡ r❡❢❡r❡♥❝❡ ❝❡••✳ ❚❤❡ ✐♥✐t❛• ♣r♦❜•❡♠ ❣✐✈❡s r✐s❡ t♦ ❛♥ ✐♥✜♥✐t❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ ❤❛✈✐♥❣ ❛ ♣❛rt✐❝✉•❛r str✉❝t✉r❡✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ❝♦♥t❛✐♥s ♦♥•② u 0 ❛s ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❝♦♥t❛✐♥s u 1 ❛♥❞ u 0 ❛s ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✱ ❛♥❞ s♦ ♦♥✳ ❖♥❝❡ ✐t ✐s ❦♥♦✇♥ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❞❡t❡r♠✐♥❛t❡ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ♥❡①t ♦♥❡✳ ❇② t❤✐s ♠❡t❤♦❞✱ ✐t t✉r♥s ♦✉t t❤❛t u 0 ❞❡♣❡♥❞s ♦♥•② ♦♥ x ❡✈❡♥ ✐❢✱ ✐♥ ✭✵✳✹✮✱ ✐t ✐s ❛ ♣r✐♦r✐ ❛♥ ♦s❝✐••❛t✐♥❣ ❢✉♥❝t✐♦♥✱ s✐♥❝❡ ✐t ❞❡♣❡♥❞s ♦♥ x ε ✳ ❚❤✐s ✐s ✇❤② u 0 ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ s♦•✉t✐♦♥✳ ❙♦ t❤❛t✱ ✐❢ t❤❡r❡ ✐s ❛♥ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② u 0 ✱ ✐t ✇✐•• ❜❡ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❡q✉❛t✐♦♥ ♦♥❡ ✇❛s •♦♦❦✐♥❣ ❢♦r✳ ❚❤❡ ♠✉•t✐♣•❡✲s❝❛•❡s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❊✳ ❙❛♥❝❤❡③✲P❛•❡♥❝✐❛ ✐♥ ❬✻✹( ❛♥❞ ❬✻✺(✱ ❜② ❏✳✲▲✳ ▲✐♦♥s ✐♥ ❬✺✼(✱ ❜② ❆✳ ❇❡♥s♦✉ss❛♥✱ ❏✳✲▲✳ ▲✐♦♥s ❛♥❞ •✳ P❛♣❛♥✐❝♦•❛♦✉ ✐♥ ❬✶✻(✳ ❙❡❡ ❛•s♦ t❤❡ ❜♦♦❦s ❬✸✶(✱ ❬✻✸( ❛♥❞ ❬✺✻(✳ ❼ ❚❤❡ ❚❛rt❛r✬s ♦s❝✐••❛t✐♥❣ t❡st ❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ■t ✐s ❛ r✐❣♦r♦✉s ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ▲✳ ❚❛rt❛r ✐♥ ❬✼✵( ❛♥❞ ❬✼✶(✳ ■ts ♠❛✐♥ ✐❞❡❛ ❝♦♥s✐sts ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉✐t❛❜•❡ ♦s❝✐••❛t✐♥❣ t❡st ❢✉♥❝t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ♣❡r✐♦❞✐③✐♥❣ t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ ♣r♦❜•❡♠ s❡t ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝❡••✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❛❞•♦✐♥t ♦♣❡r❛t♦r ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡❢❡r❡♥❝❡ ♣r♦❜•❡♠✱ ✇❤✐❝❤ ❛••♦✇s t♦ ❝❛♥❝❡• ❛•• t❤❡ t❡r♠s ❝♦♥t❛✐♥✐♥❣ t✇♦ ✇❡❛❦•② ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡s✳ ❼ ❚❤❡ t✇♦✲s❝❛•❡ ❝♦♥✈❡r❣❡♥❝❡ ♠❡t❤♦❞ ■t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❛♥ ❛❜str❛❝t ❢r❛♠❡✇♦r❦ ❜② •✳ ◆❣✉❡ts❡♥❣ ✐♥ ❬✻✷( ❛♥❞ s♦♦♥ ❛❢t❡r ❞❡✈❡•♦♣❡❞ ✐♥ ❛♣♣•✐❡❞ ❢r❛♠❡✇♦r❦s ❜② •✳ ❆••❛✐r❡ ✐♥ ❬✶( ❛♥❞ ❬✷(✳ ■t ❞❡❛•s ✇✐t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥t❡❣r❛•s ♦❢ t❤❡ ❢♦r♠ Ω v ε (x)Ψ x, x ε dx, ✶✸ ✇❤❡r❡ {v ε } ✐s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L 2 (Ω) ❛♥❞ Ψ ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✱ ♣❡r✐♦❞✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜•❡✳ ❚❤✐s ♠❡t❤♦❞ ❣✐✈❡s ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r st✉❞②✐♥❣ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜•❡♠s✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ t✇♦✲s❝❛•❡ ❝♦♥✈❡r❣❡♥❝❡ ♠❡t❤♦❞ •✉st✐✜❡s ❛ ♣♦st❡r✐♦r✐ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❞❡✈❡•♦♣❡❞ ✐♥ t❤❡ ♠✉•t✐✲s❝❛•❡s ♠❡t❤♦❞✿ ❛♥② s❡q✉❡♥❝❡ {u ε } ❣✐✈❡♥ ❜② ✭✵✳✹✮ t✇♦✲s❝❛•❡ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥✱ u 0 (x, y)✳ ❼ ❚❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ■t ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ❜② ❉✳ ❈✐♦r❛♥❡s❝✉✱ ❆✳ ❉❛♠•❛♠✐❛♥ ❛♥❞ •✳ •r✐s♦ ✐♥ ❬✷✽( ❛♥❞ ❬✷✾( ❢♦r t❤❡ st✉❞② ♦❢ ❝•❛ss✐❝❛• ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜•❡♠s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡ ❢♦r ✜①❡❞ ❞♦♠❛✐♥s✳ ■t ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ✐♥ ❬✸✷( ❛♥❞ ❬✸✸( ❜② t❤❡ s❛♠❡ ❛✉t❤♦rs t♦❣❡t❤❡r ✇✐t❤ P✳ ❉♦♥❛t♦ ❛♥❞ |✳ )❛❦✐✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r t❤❛t ❞♦✉❜•❡s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡✳ ■t tr❛♥s❢♦r♠s ❛♥② ✐♥t❡❣r❛• ♦✈❡r Ω ✐♥ ❛♥ ✐♥t❡❣r❛• ♦✈❡r Ω × Y ✱ ❜❡✐♥❣ Ω ❛♥❞ Y t❤❡ ❞♦♠❛✐♥ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❝❡••✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s ♣❡r♠✐ts t♦ tr❛♥s❢❡r ❛•• t❤❡ ♦s❝✐••❛t✐♦♥s ♦♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜•❡ ❛♥❞ ❣✐✈❡s ❛ s✐♠♣•❡ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ st✉❞✐❡s ✭s❡❡ t❤❡ ♥❡①t s❡❝t✐♦♥ ❢♦r ❞❡t❛✐•s✮✳ ❋✐♥❛••②✱ •❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r② ❞♦❡s ♥♦t r❡str✐❝t ✐ts❡•❢ t♦ t❤❡ ❛♥❛•✲ ②s✐s ♦❢ ♣❡r✐♦❞✐❝ str✉❝t✉r❡s✳ ❚❤❡r❡ ❡①✐st s❡✈❡r❛• ♠❡t❤♦❞s ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ s✉❝❤ ❛s t❤❡ •✲ ❝♦♥✈❡r❣❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ❜② ❙✳ ❙♣❛❣♥♦•♦ ✐♥ ❬✻✼( ✭s❡❡ ❛•s♦ ❬✻✽(✮ t♦ st✉❞② ♣r♦❜•❡♠s ✇✐t❤ s②♠✲ ♠❡tr✐❝ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡ ❍✲❝♦♥✈❡r❣❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ❜② ▲✳ ❚❛rt❛r ✐♥ ❬✼✵( ❛♥❞ ❞❡✈❡•♦♣❡❞ ❜② ❋✳ ▼✉r❛t ❛♥❞ ▲✳ ❚❛rt❛r ✐♥ ❬✻✵( ❛♥❞ ❬✻✶( ❢♦r t❤❡ ❝❛s❡ ♦❢ ♥♦♥ s②♠♠❡tr✐❝ ❝♦❡✣❝✐❡♥ts✳ ❋♦r ❛ •❛r❣❡ ❝•❛ss ♦❢ ♥♦♥✐•♥❡❛r ♣r♦❜•❡♠s✱ ❊✳ ❉❡ •✐♦r❣✐✱ ❙✳ ❙♣❛❣♥♦•♦ ❛♥❞ ❚✳ ❋r❛♥③♦♥✐ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✽(✱ ❬✸✾( ❛♥❞ ❬✹✵( ❛ ❣❡♥❡r❛• ♠❛t❤❡♠❛t✐❝❛• t❤❡♦r② ❝❛••❡❞ Γ✲❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ❆•• t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•ts ♦❢ ❈❤❛♣t❡r ✷ ❛r❡ ♣r♦✈❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛ s❤♦rt ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ♠❡t❤♦❞ ❛♣♣•✐❡❞ t♦ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ✭t❤❛t ✐s ♦✉r ❢r❛♠❡✇♦r❦✮ ❛♥❞ ✇❡ r❡❢❡r t♦ t❤❡ ♣❛♣❡rs q✉♦t❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ✜①❡❞ ♦♥❡s✳ ❲❡ ✜rst ❝♦♥str✉❝t t❤❡ ❞♦♠❛✐♥✳ ▲❡t N ∈ N, N ≥ 2 ❛♥❞ Ω ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✐♥ R N ✇❤♦s❡ ❜♦✉♥❞❛r② ∂Ω ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ▲❡t b = {b 1 , ..., b N } ❜❡ ❛ ❜❛s✐s ♦❢ R N ❛♥❞ ❞❡✜♥❡ ❜② Y t❤❡ ❢♦••♦✇✐♥❣ r❡❢❡r❡♥❝❡ ❝❡••✿ Y . = y ∈ R N : y = N i=1 y i b i , (y 1 , ..., y N ) ∈ (0,1) N . ❆•s♦✱ T ❞❡♥♦t❡s t❤❡ r❡❢❡r❡♥❝❡ ❤♦•❡✱ ✇❤✐❝❤ ✐s ❛ ✭♥♦♥❡♠♣t②✮ ♦♣❡♥ s✉❜s❡t ♦❢ R N s✉❝❤ t❤❛t T ⊂ Y ✱ ❛♥❞ ∂T ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ✶✹ Y * . = Y \ T {ε} ε>0 G . = ξ ∈ R N : ξ = N i=1 k i b i , (k 1 , ..., k N ) ∈ Z N T ε . = ξ∈G ε(ξ + T ), ε(ξ + T ) T ε Ω * ε Ω T ε Ω * ε . = Ω \ T ε Ω ε ε(ξ + Y ) Ω Λ ε Ω ε(ξ + Y ) ∂Ω Ω ε . = ξ∈Ξε ε(ξ + Y ) Λ ε . = Ω \ Ω ε , Ξ ε . = {ξ ∈ G, ε(ξ + Y ) ⊂ Ω} Ω * ε . = Ω ε \ T ε Λ * ε . = Ω * ε \ Ω * ε . Ω * ε ∂Ω * ε = Γ ε 0 ∪ Γ ε 1 Γ ε 1 . = ∂ Ω * ε ∩ ∂T ε Γ ε 0 . = ∂Ω * ε \ Γ ε 1 . z ∈ R N [z] Y z -[z] Y Y {z} Y . = z -[z] Y [z] Y {z} Y ❚❤❡♥✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ε✱ ✇❡ ✇r✐t❡ x = ε x ε Y + x ε Y ∀x ∈ R N . ❋♦r ❛♥② ▲❡❜❡s❣✉❡✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ ♦♥ Ω * ε ✱ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r T * ε ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ T * ε (φ)(x, y) . =    φ ε x ε Y + εy ❛✳❡✳ ❢♦r (x, y) ∈ Ω ε × Y * , 0 ❛✳❡✳ ❢♦r (x, y) ∈ Λ ε × Y * . ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❋✐❣✉r❡ ✶✱ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ s❝❛•❡s✿ t❤❡ ♠❛❝r♦s❝♦♣✐❝ s❝❛•❡ x ❣✐✈✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t ✐♥ t❤❡ ❞♦♠❛✐♥✱ ❛♥❞ t❤❡ ♠✐❝r♦s❝♦♣✐❝ s❝❛•❡ y = x ε ❣✐✈✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝❡•• Y * ❛♥❞ ❝❛♣t✉r✐♥❣ t❤❡ ♦s❝✐••❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ♠❛♣s ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ♦s❝✐••❛t✐♥❣ ❞♦♠❛✐♥s ✐♥t♦ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ✜①❡❞ ♦♥❡s✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② t❤✐s ♠❡t❤♦❞ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ✉s❡ ❛♥② ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦r✳ ▼♦r❡♦✈❡r✱ ✐❢ {v ε } ✐s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L p (Ω * ε )✱ ✇✐t❤ p ∈ (1, +∞)✱ t❤❡♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✉♥❢♦•❞❡❞ s❡q✉❡♥❝❡ {T * ε (v ε )} ✐♥ L p (Ω × Y * ) ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ t✇♦✲s❝❛•❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ {v ε } ✐♥ L p (Ω * ε )✳ ❲❤❡♥❝❡ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ❛••♦✇s t♦ ❝❤♦♦s❡ ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ ❛❞♠✐ss✐❜•❡ t❡st ❢✉♥❝t✐♦♥s✱ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❡•✐❣✐❜•❡ t♦ ❝❤❡❝❦ t❤❡ t✇♦✲s❝❛•❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ♦♣❡r❛t♦r T * ε ✐s ❛ •✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ❢r♦♠ L p (Ω * ε ) t♦ L p (Ω × Y * ) s✉❝❤ t❤❛t✱ ❢♦r p ∈ [1, +∞)✱ ❼ T * ε (φψ) = T * ε (φ)T * ε (ψ) ❢♦r ❡✈❡r② φ, ψ ∈ L p (Ω * ε )✱ ❼ T * ε (φ) L p (Ω×Y * ) ≤ |Y | 1 p φ L p (Ω * ε ) ❢♦r ❡✈❡r② φ ∈ L p (Ω * ε )✳ ❖♥❡ ♦❢ ✐ts ♠❛✐♥ ❢❡❛✉t✉r❡s ✐s t❤❡ ✈❛•✐❞✐t② ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉•❛✱ ❢♦r ❛•• φ ∈ L 1 (Ω * ε )✿ Ω * ε φ(x)dx = Ω * ε φ(x)dx - Λ * ε φ(x)dx = 1 |Y | Ω×Y * T * ε (φ)(x, y)dxdy. ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✉♥❢♦•❞✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r ✐♥t❡❣r❛•s ✭✉✳❝✳✐✳✮ st❛t✐♥❣ t❤❛t ✐❢ φ ε ✐s ✐♥ L 1 (Ω * ε ) ❛♥❞ Λ * ε |φ ε |dx → 0, t❤❡♥ Ω * ε φ ε dx - 1 |Y | Ω×Y * T * ε (φ ε )dxdy → 0. ❚❤✐s ♠❡❛♥s t❤❛t✱ ❛t t❤❡ •✐♠✐t ❢♦r ε ❣♦✐♥❣ t♦ ③❡r♦✱ t❤❡ ✐♥t❡❣r❛• ♦❢ φ ε ♦♥ Ω * ε ✐s ❡q✉✐✈❛•❡♥t t♦ ✐ts ✉♥❢♦•❞❡❞ ♦♥ t❤❡ ✜①❡❞ ❞♦♠❛✐♥ Ω × Y * ✳ ❲❡ ❝♦♥❝•✉❞❡ ❜② ❞❡✜♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r✱ ✐♥tr♦❞✉❝❡❞ t♦ ❤❛♥❞•❡ t❤❡ ♥♦♥•✐♥❡❛r ✶✻ |♦❜✐♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❤♦•❡s✳ ❋♦r ❛♥② ▲❡❜❡s❣✉❡✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ ♦♥ ∂ Ω * ε ∩ ∂T ε ✱ t❤❡ ❜♦✉♥❞❛r② ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r T b ε ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ T b ε (φ)(x, y) . =    φ ε x ε Y + εy ❛✳❡✳ ❢♦r (x, y) ∈ Ω ε × ∂T, 0 ❛✳❡✳ ❢♦r (x, y) ∈ Λ ε × ∂T. Pr♦♣❡rt✐❡s ❛♥❛•♦❣♦✉s t♦ t❤♦s❡ •✐st❡❞ ❛❜♦✈❡ ❤♦•❞ ❢♦r t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✳ ❲❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✷✳✸ ❢♦r ♠♦r❡ ❞❡t❛✐•s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✳ ❖✉r ❝♦♥tr✐❜✉t✐♦♥ ❈♦♠✐♥❣ ❜❛❝❦ t♦ ♣r♦❜•❡♠ ✭✵✳✸✮✱ ✇❡ ❛♣♣•② t❤❡ r❡s✉•ts ♦❢ ❈❤❛♣t❡r ✶ t♦ ❛ ε✲♣❡r✐♦❞✐❝❛••② ♣❡r❢♦✲ r❛t❡❞ ❞♦♠❛✐♥ t♦ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✐ts ✇❡❛❦ s♦•✉t✐♦♥✱ ❢♦r ❡✈❡r② ✜①❡❞ ε✳ ❇② ❛❞❛♣t✐♥❣ t♦ ♦✉r ❝❛s❡ s♦♠❡ ❛r❣✉♠❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸ ✇❡ ♦❜t❛✐♥ s✐♠✐•❛r ✉♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ s♦•✉t✐♦♥ u ε ✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❝r✉❝✐❛• t❤✐r❞ ❜♦✉♥❞ ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✮ ♣r♦✈✐❞❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r✐t② ✐♥ t❡r♠s ♦❢ t❤❡ q✉❛s✐•✐♥❡❛r ♦♥❡✳ ❆s ❢♦r t❤❡ ❡①✐st❡♥❝❡ r❡s✉•ts✱ ❛•s♦ ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡ss ✇❡ ❤❛✈❡ t♦ ❞❡❛• ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ t❤❡ s✐♥❣✉•❛r ♦♥❡ ❛♥❞ t❤❡ ♥♦♥•✐♥❡❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ✇❡ ♣r♦✈❡ ❛ ❝r✉❝✐❛• ❝♦♥✈❡r❣❡♥❝❡✱ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ t♦♦• ✇❤❡♥ ♣r♦✈✐♥❣ ♦✉r r❡s✉•ts✳ ■t s❤♦✇s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ u ε ❜❡❤❛✈❡s •✐❦❡ t❤❛t ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ s✉✐t❛❜•❡ •✐♥❡❛r ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❡❛❦ ❝•✉st❡r ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ {u ε }✱ ❛s ε → 0✳ ❚❤✐s ✐❞❡❛ ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹( ✭s❡❡ ❛•s♦ ❬✶✺(✮ ✇❤❡r❡ s♦♠❡ ♥♦♥•✐♥✲ ❡❛r ♣r♦❜•❡♠s ✇✐t❤ q✉❛❞r❛t✐❝ ❣r♦✇t❤ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❬✶✹( ❝♦♥s✐sts ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❣r♦✇t❤ ❝❛s❡ t❤❡ ❛✉t❤♦rs t❛❦❡ ❡①♣♦♥❡♥t✐❛• t❡st ❢✉♥❝t✐♦♥s✱ ✇❤✐•❡ ❤❡r❡ ✇❡ ❤❛✈❡ t♦ ✉s❡ ❛♣♣r♦♣r✐❛t❡ t❡st ❢✉♥❝t✐♦♥s t❤❛t ❛••♦✇ ✉s t♦ tr❡❛t t❤❡ s✐♥❣✉•❛r t❡r♠✳ ❚♦ ❝♦♥str✉❝t t❤❡s❡ ❢✉♥❝t✐♦♥s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•ts ♦❢ ❬✷✺(✱ ✇❡ ❛❞❛♣t t♦ ♦✉r ♥❡❡❞s s♦♠❡ t❡❝❤♥✐q✉❡s ❢r♦♠ ❬✹✷(✳ ❆s ❛•r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ✇❡ s♣•✐t t❤❡ s✐♥❣✉•❛r t❡r♠ ✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ✐♥t❡❣r❛•s✿ ♦♥❡ ♦♥ t❤❡ s❡t ✇❤❡r❡ t❤❡ s♦•✉t✐♦♥ ✐s ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ ♦♥❡ ✇❤❡r❡ ✐s ✐t ❢❛r ❢r♦♠ ✐t✱ ✇❤✐❝❤ r❡s✉•ts ♥♦t s✐♥❣✉•❛r✳ ◆❡❛r t❤❡ s✐♥❣✉•❛r✐t②✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❡st✐♠❛t❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ■♥ t❤✐s ✇❛②✱ ✇❡ s❤✐❢t t❤❡ st✉❞② ❢r♦♠ t❤❡ s✐♥❣✉•❛r t❡r♠ t♦ t❤❡ q✉❛s✐•✐♥❡❛r ♦♥❡✱ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ ❬✷✺( t♦ st✉❞② t❤❡ ❜♦✉♥❞❛r② t❡r♠s st✐•• ❛♣♣•② t♦ ♦✉r ❝❛s❡✱ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ♠♦❞✐✜❝❛t✐♦♥s✱ t❤❡ ❤②♣♦t❤❡s❡s ❜❡✐♥❣ s•✐❣❤t•② ❞✐✛❡r❡♥t✳ ❲❡ ❛•s♦ ♣r♦✈❡ ❛ ❝♦rr❡❝t♦r r❡s✉•t✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❝♦rr❡❝t♦rs ❢♦r t❤❡ ♥♦♥s✐♥❣✉•❛r q✉❛s✐✲ •✐♥❡❛r ♣r♦❜•❡♠ ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s st✉❞✐❡❞ ✐♥ ❬✷✺( ❛r❡ ❛•s♦ ❝♦rr❡❝t♦rs ❢♦r ♦✉r ♣r♦❜•❡♠✳ ✶✼ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ❢♦r h ≡ 0 ✇❡ ♦❜t❛✐♥✱ ❛s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡✱ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❝♦rr❡❝t♦r r❡s✉•ts ❢♦r t❤❡ ♣r♦❜•❡♠ ✇❤❡♥ ❛ ✭❤♦♠♦❣❡♥❡♦✉s ♦r ♥♦t✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ε 1 ✐s ♣r❡s❝r✐❜❡❞✱ ✇❤✐❝❤ ❛r❡ ❛•r❡❛❞② ♥❡✇ ✐♥ t❤❡ •✐t❡r❛t✉r❡✳ ❚❤❡ ♠❛✐♥ ♥♦✈❡•t② ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ tr❡❛t ❛ s✐♥❣✉•❛r t❡r♠ ❛s f ζ(u ε )✳ ❚❤✐s ✐s ❡ss❡♥t✐❛• ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s ♥❡❡❞❡❞ t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❜•❡♠✳ ❆•t❤♦✉❣❤ ✐♥ ❬✹✷( t❤❡ ♣r♦❜•❡♠ ♣r❡s❡♥ts t❤❡ s❛♠❡ s✐♥❣✉•❛r t❡r♠✱ ✐t ✐s ♣♦s❡❞ t❤r♦✉❣❤ r♦✉❣❤ s✉r❢❛❝❡✳ ❲❤❡♥❝❡✱ s✐♥❝❡ t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ③❡r♦✱ ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉•t ✐♥ L 2 (Ω) ❢r♦♠ ❬✹✽( ❣✐✈❡s t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s✳ ■♥ ♦✉r ❝❛s❡✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❤♦•❡s✱ t❤✐s ❛r❣✉♠❡♥t ❞♦❡s ♥♦t ❛♣♣•②✱ ❛♥❞ t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♦♥•② ❜② ✉s✐♥❣ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✳ ✶✽ ❈❤❛♣t❡r ✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•ts ❢♦r ❛ ❝•❛ss ♦❢ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s P✳ ❉♦♥❛t♦✱ ❙✳ ▼♦♥s✉rrò ❛♥❞ ❋✳ |❛✐♠♦♥❞✐✱ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•ts ❢♦r ❛ ❝•❛ss ♦❢ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✱ |✐❝✳ ▼❛t✳✱ ✻✻✱ ♣♣✳ ✸✸✸✕✸✻✵✱ ❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✶✺✽✼✲✵✶✻✲✵✸✵✸✲② ✭✷✵✶✼✮✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r♦✈❡ s♦♠❡ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ❛ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠ ♣♦s❡❞ ✐♥ ❛ ❞♦♠❛✐♥ ♣❡r❢♦r❛t❡❞ ❜② ♦♥❡ ♦r ♠♦r❡ ❤♦•❡s✳ ❚❤❡ ♥♦♥•✐♥❡❛r t❡r♠ ✐s ♦❢ t❤❡ ❢♦r♠ f ζ(u)✱ ✇❤❡r❡ ζ(s) ✐s s✐♥❣✉•❛r ❛t s = 0✳ ❖♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s ✇❡ ✐♠♣♦s❡ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✱ ✇❤✐•❡ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② ✇❡ ♣r❡s❝r✐❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❞✐✣❝✉•t② ❤❡r❡ ❛r✐s❡s ✐♥ ❞❡❛•✐♥❣ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞✱ t❤❡ s✐♥❣✉•❛r ❞❛t✉♠ ❛♥❞ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✳ ❚♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦❜•❡♠ ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ❢♦r ✇❤✐❝❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ✐s ♣r♦✈❡❞ ✈✐❛ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✳ ❚❤❡ ♠❛✐♥ t♦♦• ✇❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✐s t♦ s♣•✐t t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ✐♥t❡❣r❛•s✱ ♦♥❡ ♦♥ t❤❡ s❡t ✇❤❡r❡ t❤❡ s♦•✉t✐♦♥ ✐s ✈❡r② ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ ♦♥❡ ✇❤❡r❡ ✐t ✐s ❢❛r ❢r♦♠ ✐t✳ ❚♦ ♦❜t❛✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ ✇❡ ♥❡❡❞ t♦ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛• ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠ ❛♥❞ ❛ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r t❤❡ s✐♥❣✉•❛r ♦♥❡✳ ❯♥❞❡r s✉✐t❛❜•❡ str♦♥❣❡r ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ❞❛t❛✱ ✇❡ ❛•s♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✳ ✶✾ ✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ❲❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡✱ t❤❡ ✉♥✐q✉❡♥❡ss ❛♥❞ t❤❡ r❡❣✉•❛r✐t② ❢♦r ❛ ✇❡❛❦ s♦•✉t✐♦♥ u ♦❢ ❛ q✉❛s✐✲ •✐♥❡❛r ❡••✐♣t✐❝ s✐♥❣✉•❛r ♣r♦❜•❡♠ ♣♦s❡❞ ✐♥ ❛ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ O ♦❢ R N ✱ N ≥ 2✳ ❚❤❡ ❞♦♠❛✐♥ O ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❛ ❜♦✉♥❞❡❞ ❝•♦s❡❞ s❡t O 1 ✱ r❡♣r❡s❡♥t✐♥❣ ♦♥❡ ♦r ♠♦r❡ ❤♦•❡s ✐♥ O 0 ✱ ❢r♦♠ ❛ ❜♦✉♥❞❡❞ ❝♦♥♥❡❝t❡❞ ♦♣❡♥ s❡t O 0 ✳ ❉❡♥♦t❡❞ ❜② Γ 0 ❛♥❞ Γ 1 t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ O 0 ❛♥❞ O 1 r❡s♣❡❝t✐✈❡•②✱ ✇❡ ❤❛✈❡ t❤❛t ∂O = Γ 0 ∪ Γ 1 ✳ ❖♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② Γ 0 ✇❡ ♣r❡✲ s❝r✐❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥✱ ✇❤✐•❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s Γ 1 ✇❡ ✐♠♣♦s❡ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(B(x, u)∇u) + λu = f ζ(u) ✐♥ O, u = 0 ♦♥ Γ 0 , (B(x, u)∇u)ν + ρh(u) = g ♦♥ Γ 1 , ✇❤❡r❡ ν ❞❡♥♦t❡s t❤❡ ✉♥✐t ❡①t❡r♥❛• ♥♦r♠❛• ✈❡❝t♦r t♦ O✳ ❚❤❡ q✉❛s✐•✐♥❡❛r t❡r♠ ❝♦♥s✐sts ✐♥ ❛ ✉♥✐❢♦r♠•② ❡••✐♣t✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❈❛r❛t❤é♦❞♦r② ♠❛tr✐① ✜❡•❞ B(x, t)✱ λ ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛• ♥✉♠❜❡r✱ ζ(s) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛• ❢✉♥❝t✐♦♥ s✐♥❣✉•❛r ❛t s = 0 ❛♥❞ f ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❞❛t✉♠ ✇❤♦s❡ s✉♠♠❛❜✐•✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ ζ ♥❡❛r t❤❡ s✐♥❣✉•❛r✐t②✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ Γ 1 ✱ t❤❡ ♥♦♥•✐♥❡❛r ❜♦✉♥❞❛r② t❡r♠ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s•② ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ s❛t✐s✜❡s s✉✐t❛❜•❡ ❣r♦✇t❤ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ g ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ♣r❡✲ s❝r✐❜❡❞ s✉♠♠❛❜✐•✐t②✳ ❚❤❡ ❞✐✣❝✉•t② ❛r✐s❡s ✐♥ ❞❡❛•✐♥❣ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞✱ t❤❡ s✐♥❣✉•❛r ❞❛t✉♠ ❛♥❞ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✳ ◗✉❛s✐•✐♥❡❛r ❞✐✛✉s✐♦♥ ♠❛tr✐① ✜❡•❞s ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♠❛t❡r✐❛•s✱ •✐❦❡ ❣•❛ss ♦r ✇♦♦❞✱ ✐♥ ✇❤✐❝❤ t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛♥❣❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✭s❡❡ ❢♦r ✐st❛♥❝❡ ❬✺✵(✮✳ ◆♦♥•✐♥❡❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠♦❞❡• ❝❡rt❛✐♥ ❝❤❡♠✐❝❛• r❡❛❝t✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ♣❡r✲ ❢♦r❛t✐♦♥s ✭❡✳❣✳ ❬✸✼(✮✳ ❆ ♣❤②s✐❝❛• ♣❤❡♥♦♠❡♥♦♥ ❞❡s❝r✐❜❡❞ ❜② ❛ s♦✉r❝❡ t❡r♠ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ s♦•✉t✐♦♥ ✐ts❡•❢ ❛♥❞ ❜❡❝♦♠❡s ✐♥✜♥✐t❡ ✇❤❡♥ t❤❡ s♦•✉t✐♦♥ ✈❛♥✐s❤❡s ✐s t❤❡ ♦♥❡ ♦❢ ❛♥ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t♦r ✇❤❡r❡ ❡❛❝❤ ♣♦✐♥t ❜❡❝♦♠❡s ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ❛s ❛ ❝✉rr❡♥t ✢♦✇s ✐♥ ✐t✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✐♥ t❤❡ ♥♦♥-st❛t✐♦♥❛r② ❝❛s❡✱ t❤❡ s♦•✉t✐♦♥ u(x, t) r❡♣r❡s❡♥ts t❤❡ t❡♠♣❡r❛t✉r❡ ❛t t❤❡ ♣♦✐♥t x ❛♥❞ ❛t t❤❡ t✐♠❡ t✱ t❤❡ ❢✉♥❝t✐♦♥ f (x, t) ✐s t❤❡ sq✉❛r❡ ♦❢ •♦❝❛• ✈♦•t❛❣❡ ❞r♦♣ ✐♥ O ❛♥❞ ζ(u) ❞❡♥♦t❡s t❤❡ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t✐✈✐t②✳ ❚❤❡♥ ❣❡♥❡r❛t✐♦♥ ♦❢ ❤❡❛t ♦❝❝✉rs ✇✐t❤ ❛ r❛t❡ ❣✐✈❡♥ ❜② f (x, t)ζ(u)✳ ❙♦ t❤❛t ✐♥ t❤❡ st❛t✐♦♥❛r② ❝❛s❡ ♦♥❡ ♦❜t❛✐♥s f (x)ζ(u)✳ ❲❡ r❡❢❡r t♦ ❬✹✷✱ ❙❡❝t✐♦♥ 3( ❢♦r ❞❡t❛✐•s ♦♥ t❤❡ ♣❤②s✐❝❛• ♠❡❛♥✐♥❣ ♦❢ t❤✐s ♣r♦❜•❡♠✳ ❆s ✉s✉❛• ✐♥ t❤❡ •✐t❡r❛t✉r❡✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ❢♦r ♦✉r ♣r♦❜•❡♠✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ✐t ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥♦♥•✐♥❡❛r✐t② ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❚♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❜•❡♠✱ ❞✉❡ t♦ t❤❡ ✷✵ ♣r❡s❡♥❝❡ ♦❢ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ✇❡ ✉s❡ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✱ ❛r❣✉✐♥❣ s✐♠✐•❛r•② t♦ ❬✶✾( ❛♥❞ ❬✷✹(✳ ❚♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ r❡s✉•t✱ ✇❡ ❢♦••♦✇ s♦♠❡ ✐❞❡❛s ♦❢ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✷(✱ ✇❤✐❝❤ ♣r❡s❡♥t ❛ s✐♠✐•❛r s✐♥❣✉•❛r t❡r♠✳ ■♥❞❡❡❞ ✇❡ s♣•✐t t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ✐♥t❡❣r❛•s✱ t❤❡ ♦♥❡ ♦♥ t❤❡ s❡t ✇❤❡r❡ t❤❡ s♦•✉t✐♦♥ ✐s ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ t❤❡ ♦♥❡ ✇❤❡r❡ ✐t ✐s ❢❛r ❢r♦♠ ✐t✳ ❚❤❡♥ s✉✐t❛❜•❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ t♦❣❡t❤❡r ✇✐t❤ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡ ❛r❣✉♠❡♥ts✱ ❛••♦✇ ✉s t♦ tr❡❛t ❡❛❝❤ t❡r♠ ❛♥❞ ♣❛ss t♦ t❤❡ •✐♠✐t✳ ❆s ❢❛r ❛s ✐t ❝♦♥❝❡r♥s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛• ❛ss✉♠♣✲ t✐♦♥s ♦♥ t❤❡ ♠❛tr✐① ✜❡•❞ B ❛♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ ζ✳ ❋♦r t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠ ✇❡ ♠❛❦❡ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❬✸( ✭s❡❡ ❛•s♦ ❬✶✾( ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s q✉♦t❡❞ t❤❡r❡✐♥✮✱ ✇❤✐•❡ ❢♦r ζ ✇❡ ♣r❡s❝r✐❜❡ t❤❛t ✐t ✐s ❛ ♥♦♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❲❡ ❡①♣•✐❝✐t•② ♦❜s❡r✈❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥② ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r ζ ❡①❝❡♣t ❢♦r t❤✐s r❡s✉•t✳ ❲❡ ❛•s♦ ♣r♦✈❡ ❛ r❡❣✉•❛r✐t② r❡s✉•t ✭❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✮ ✉♥❞❡r str♦♥❣❡r ❤②♣♦t❤❡s❡s ♦♥ t❤❡ s✉♠♠❛❜✐•✐t✐❡s ♦❢ t❤❡ ❞❛t❛ f ❛♥❞ g✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ❛❞❛♣t t♦ ♦✉r ♥❡❡❞s ❛♥ ❛r❣✉♠❡♥t ♦❢ ❬✷✹(✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❝•❛ss✐❝❛• r❡s✉•ts ♦❢ ❙t❛♠♣❛❝❝❤✐❛ ❬✻✾(✱ ❛s ✐♥ ❬✷✹(✱ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✹(✳ ❊••✐♣t✐❝ ♣r♦❜•❡♠s ✇✐t❤ s✐♥❣✉•❛r ♥♦♥•✐♥❡❛r t❡r♠s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✹(✱ ❬✷✹(✱ ❬✷✻(✱ ❬✹✷(✱ ❬✺✶(✱ ❬✺✷(✱ ❬✺✸( ❛♥❞ ❬✺✹(✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ❬✹✷( ❛♥❞ ❬✺✶( ♣r❡s❡♥t ❛ ♠✐•❞ s✐♥❣✉•❛r✐t② ❛s •♦♥❣ ❛s ❬✺✷( ❛ str♦♥❣ ♦♥❡✳ ❚❤❡ ♣r♦❜•❡♠ ✇❡ ❞❡❛• ✇✐t❤ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❤❛s t❤❡ s❛♠❡ s✐♥❣✉•❛r✐t② ♦❢ t❤❡ ♦♥❡ ✐♥ ❬✹✷(✱ ✇❤❡r❡ t❤❡ ♣r♦❜•❡♠ ✐s ♣♦s❡❞ ✐♥ ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥ ✇✐t❤ ❛ r♦✉❣❤ ✐♥t❡r❢❛❝❡✳ ❍❡r❡ t❤❡ ♣r♦❜•❡♠ ✐s q✉❛s✐•✐♥❡❛r ❛♥❞ ♣♦s❡❞ ✐♥ ❛ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❜♦t❤ ❉✐r✐❝❤•❡t ❛♥❞ |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❋♦r t❤❡ •✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ t❤✐s ❦✐♥❞ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✇❡ r❡❢❡r t♦ ❬✷✺(✱ ❬✸✹( ❛♥❞ ❬✸✼(✳ ❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✿ ■♥ ❙❡❝t✐♦♥ 2 ✇❡ ♣r❡s❡♥t t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❛♥❞ ✇❡ r❡❝❛•• s♦♠❡ ♣r❡•✐♠✐♥❛r② r❡s✉•ts✳ ■♥ ❙❡❝t✐♦♥ 3 ✇❡ ♣r♦✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ ✐♥❝•✉❞✐♥❣ ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u = 0}✳ ■♥ ❙❡❝t✐♦♥ 4 ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠✳ ■♥ ❙❡❝t✐♦♥ 5 ✇❡ ♣r❡s❡♥t t❤❡ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r ♦✉r ♣r♦❜•❡♠✳ ■♥ ❙❡❝t✐♦♥ 6 ✇❡ ❞❡❛• ✇✐t❤ t❤❡ ✉♥✐q✉❡♥❡ss r❡s✉•t ♦❢ t❤❡ s♦•✉t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ 7 ✇❡ ❞✐s❝✉ss t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♦✉r ♣r♦❜•❡♠✳ ✷✶ ✶✳✷ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❚❤❡ ♣r♦❜•❡♠ st✉❞✐❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ♣♦s❡❞ ✐♥ ❛ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ O✱ ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢r♦♠ ❛ ❜♦✉♥❞❡❞ ❝♦♥♥❡❝t❡❞ ♦♣❡♥ s❡t ♦❢ R N ❛ ❜♦✉♥❞❡❞ ❝•♦s❡❞ s❡t✱ r❡♣r❡s❡♥t✐♥❣ ♦♥❡ ♦r ♠♦r❡ ❤♦•❡s ✐♥ t❤❡ ♦♣❡♥ s❡t✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ s✉♣♣♦s❡ N ≥ 2 ❛♥❞ ❞❡♥♦t❡ ❜② ❼ O 0 ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✐♥ R N ❛♥❞ Γ 0 ✐ts ❜♦✉♥❞❛r②✱ ❼ O 1 ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t s✉❝❤ t❤❛t O 1 ⊂ O 0 ❛♥❞ ✐ts ❜♦✉♥❞❛r② Γ 1 ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ❼ O := O 0 \ O 1 t❤❡ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥✱ ❼ ν t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛• t♦ O✱ ❼ χ E t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛♥② s✉❜s❡t E ♦❢ R N ✱ ❼ M(α, β, E) t❤❡ s❡t ♦❢ ♠❛tr✐① ✜❡•❞s A = (a i,j ) 1≤i,j≤N ∈ (L ∞ (E)) N ×N s✉❝❤ t❤❛t (A(x)λ, λ) ≥ α|λ| 2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ R N ❛♥❞ ❛✳❡✳ ♦♥ E✳ ❋✐❣✉r❡ ✶✳✶✳ ❚❤❡ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ O ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(B(x, u)∇u) + λu = f ζ(u) ✐♥ O, u = 0 ♦♥ Γ 0 , (B(x, u)∇u)ν + ρh(u) = g ♦♥ Γ 1 , ✭✶✳✶✮ ✇❤❡r❡ ✇❡ ♣r❡s❝r✐❜❡ ❛ ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② ♦❢ O ❛♥❞ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s✳ ■♥ t❤❡ s❡q✉❡• ✇❡ ♠❛❦❡ t❤❡ ❢♦••♦✇✐♥❣ ❤②♣♦t❤❡s❡s✿ ✷✷ ❍ 1 ✮ ❚❤❡ r❡❛• N × N ♠❛tr✐① ✜❡•❞ B : (x, t) ∈ O × R → B(x, t) = (b i,j (x, t)) i,j=1,...,N ∈ R N 2 s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿                  ✐) B ✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥, ✐✳❡✳ B(x, •) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛✳❡✳ x ∈ O ❛♥❞ B(•, t) ✐s ♠❡❛s✉r❛❜•❡ ❢♦r ❡✈❡r② t ∈ R; ✐✐) B(•, t) ∈ M (α, β, O), ❢♦r ❡✈❡r② t ∈ R. ❍ 2 ✮ λ ≥ 0. ❍ 3 ✮              ✐) ζ : [0, +∞[→ [0, +∞] ✐s ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ζ ∈ C 0 ([0, +∞[), 0 ≤ ζ(s) ≤ 1 s θ ❢♦r ❡✈❡r② s ∈]0, +∞[, ✇✐t❤ 0 < θ ≤ 1; ✐✐) f ≥ 0 ❛✳❡✳ ✐♥ O 0 , ✇✐t❤ f ∈ L l (O 0 ), ❢♦r l ≥ 2 1 + θ (≥ 1). ❍ 4 ✮ ❚❤❡ ❢✉♥❝t✐♦♥s g ❛♥❞ ρ ❛r❡ s✉❝❤ t❤❛t            ✐) 0 ≤ g ∈ L s (Γ 1 ), ✇✐t❤    s ≥ 2(N -1) N ✐❢ N > 2, s > 1 ✐❢ N = 2; ✐✐) 0 ≤ ρ ∈ L ∞ (Γ 1 ). ❍ 5 ✮ ❊✐t❤❡r f / ≡ 0 ♦r ∂H N -1 (Γ 1 ) > 0 ❛♥❞ g / ≡ 0, ✇❤❡r❡ ∂H N -1 ✐s t❤❡ (N -1)✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ✐♥ R N ✳ ❍ 6 ✮ ❚❤❡ ❢✉♥❝t✐♦♥ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s•② ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ❛♥❞ ❛♥ ❡①♣♦♥❡♥t q ♦♥❡ ❤❛s            h(0) = 0, |h ′ (s)| ≤ C(1 + |s| q-1 ), ∀s ∈ R, ✇✐t❤ 1 ≤ q < ∞ ✐❢ N = 2, ❛♥❞ 1 ≤ q ≤ N N -2 ✐❢ N > 2. ✷✸ |❡♠❛r❦ ✶✳✶✳ ❙✐♥❝❡ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ h(0) = 0✱ (h(s) -h(s ′ ))(s -s ′ ) ≥ 0, ∀s, s ′ ∈ R, ✭✶✳✷✮ ✇❤✐❝❤ ✐♠♣•✐❡s h(s)s ≥ 0, ∀s ∈ R. ✭✶✳✸✮ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡✱ ✇❡ ❤❛✈❡ |h(s)| ≤ C(1 + |s| q ), ∀s ∈ R, ✭✶✳✹✮ ✇✐t❤ q ❛s ✐♥ ❍ 6 ✮✳ |❡♠❛r❦ ✶✳✷✳ ■♥ ❬✷✹( t❤❡ ❢✉♥❝t✐♦♥ g ✐s s✉♣♣♦s❡❞ ✇✐t❤ ❤✐❣❤❡r s✉♠♠❛❜✐•✐t②✱ t❤❛t ✐s s > N -1✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② t❤❡r❡ s✐♥❝❡ t❤❡ ❛✉t❤♦rs •♦♦❦ ❢♦r ❜♦✉♥❞❡❞ s♦•✉t✐♦♥s✳ ❍❡r❡ ✇❡ ✇✐•• ❞♦ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ♦♥•② ❢♦r ♦✉r •❛st r❡s✉•t ❛❜♦✉t r❡❣✉•❛r✐t②✱ ❜✉t ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•ts t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② ❛♥❞ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❡ ♠✐♥✐♠❛• ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s✉♠♠❛❜✐•✐t② ♦❢ g✱ ❣✐✈❡♥ ✐♥ ❍ 4 ) i ✳ ❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ♥❛t✉r❛• ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ st✉❞② ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥✳ ▲❡t V ❜❡ t❤❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜② V = {v ∈ H 1 (O) : v = 0 ♦♥ Γ 0 }✳ ❋♦r t❤❡ P♦✐♥❝❛ré ❛♥❞ ❙♦❜♦•❡✈ ✐♥❡q✉❛•✐t✐❡s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C t = C t (O) s✉❝❤ t❤❛t u L t (O) ≤ C t ∇u L 2 (O) , ∀u ∈ V, ❢♦r ❛•• t ∈ [2, +∞) ✐❢ N = 2✱ ❛♥❞ ❢♦r ❛•• t ∈ [2,2 * ] ✐❢ N > 2✱ ✇❤❡r❡ 2 * = 2N N -2 ✳ ■♥ t❤❡ s❡q✉❡•✱ ✇❡ ✇✐•• ✉s❡ C O ✐♥st❡❛❞ ♦❢ C 2 (O)✳ ❈♦♥s❡q✉❡♥t•②✱ V ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ❜② t❤❡ ♥♦r♠ u V := ∇u L 2 (O) , ∀u ∈ V, ✭✶✳✺✮ ✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ H 1 ✲♥♦r♠✳ |❡♠❛r❦ ✶✳✸✳ ❋r♦♠ t❤❡ ❙♦❜♦•❡✈ ❛♥❞ t❤❡ tr❛❝❡ ✐♥❝•✉s✐♦♥s ✐t ❢♦••♦✇s t❤❛t ✭s❡❡ ❬✸✹(✮✿ ❼ ✐❢ N = 2✱ t❤❡ ♠❛♣ u ∈ V → u ∈ L r (Γ 1 ) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛•• r ∈ [1, +∞)❀ ❼ ✐❢ N > 2✱ t❤❡ ♠❛♣ u ∈ V → u ∈ L 2(N -1) N -2 (Γ 1 ) ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t γ r = γ r (O) s✉❝❤ t❤❛t u L r (Γ 1 ) ≤ γ r u V , ∀u ∈ V, ❢♦r ❛•• r ∈ [1, +∞) ✐❢ N = 2✱ ❛♥❞ r = 2(N -1) N -2 ✐❢ N > 2✳ ✷✹ ❲❡ r❡❝❛•• ❛•s♦ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•ts ♣r♦✈❡❞ ✐♥ ❬✸✹( ✭s❡❡ ❛•s♦ ❬✶✾(✮✿ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ❬✶✾(❬✸✹( ▲❡t h ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ❍ 6 ✮✳ ❙✉♣♣♦s❡ t❤❛t r ❛♥❞ r ′ ❛r❡ s✉❝❤ t❤❛t ✐) ✐❢ N = 2, r ′ ∈ [1, +∞) ❛♥❞ r ≥ qr ′ ; ✐✐) ✐❢ N > 2, r = 2(N -1) N -2 ❛♥❞ r ′ = 2(N -1) N ✐✳❡✳ 1 r + 1 r ′ = 1 . ✭✶✳✻✮ ❚❤❡♥ 1) ❚❤❡ ♠❛♣ u ∈ V → h(u) ∈ L r ′ (Γ 1 ) ✐s ✇❡❛❦•② ❝♦♥t✐♥✉♦✉s❀ t❤❛t ✐s✱ ✐t ♠❛♣s ❛ ✇❡❛❦•② ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ✐♥ V ✐♥t♦ ✇❡❛❦•② ❝♦♥✈❡r❣❡♥t ❢✉♥❝t✐♦♥s ✐♥ L r ′ (Γ 1 )✳ 2) ❚❤❡ ♠❛♣ u ∈ H 1 (O) → u ∈ L r (Γ 1 ) ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❢♦r ❡✈❡r② u, v ∈ H 1 (O)✱ ✇❡ ❤❛✈❡ vh(u) ∈ L 1 (Γ 1 )✳ 3) ❚❤❡ ♠❛♣ u ∈ L r (Γ 1 ) → h(u) ∈ L r ′ (Γ 1 ) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c s✉❝❤ t❤❛t h(u) L r ′ (Γ 1 ) ≤ c(1 + u r r ′ L r (Γ 1 ) ). |❡♠❛r❦ ✶✳✺✳ Pr♦♣❡rt② 2) ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✹ ❛••♦✇s ✉s t♦ st❛t❡ t❤❛t ✉♥❞❡r ❤②♣♦t❤❡s✐s ❍ 4 ✮ ii ✱ Γ 1 ρh(u)ϕdσ < +∞, ∀ϕ ∈ V ❛♥❞ ∀u ∈ V. ❲❡ ❛•s♦ ❤❛✈❡ ✉♥❞❡r ❤②♣♦t❤❡s✐s ❍ 4 ✮ i ✱ Γ 1 gϕdσ < +∞, ∀ϕ ∈ V. ■♥❞❡❡❞✱ ✇❤❡♥ N > 2✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹ ✐♠♣•✐❡s t❤❛t ϕ ∈ L 2(N -1) N -2 (Γ 1 ) ❛♥❞ g ∈ L s (Γ 1 ) ⊂ L 2(N -1) N (Γ 1 ) = L ( 2(N -1) N -2 ) ′ (Γ 1 ), s✐♥❝❡ s > 2(N -1) N = 2(N -1) N -2 ′ ✳ ❲❤❡♥ N = 2✱ g ∈ L s (Γ 1 ) ❛♥❞✱ ❜② |❡♠❛r❦ ✶✳✸✱ ϕ ∈ L s ′ (Γ 1 )✳ Pr♦♣♦s✐t✐♦♥ ✶✳✻✳ ❬✶✾( ▲❡t h ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ❍ 6 ✮✳ ▲❡t t 1 ≥ 1 s✉❝❤ t❤❛t ✐) ✐❢ N = 2, t 1 ∈ [1,2[; ✐✐) ✐❢ N > 2, t 1 = 2 • 2 * 2 * + 2q = 2N q(N -2) + N . ■❢ u ❛♥❞ v ❛r❡ ✐♥ H 1 (O)✱ t❤❡♥ h(u)v ∈ W 1,t 1 (O)✳ ✷✺ ❋✉rt❤❡r♠♦r❡ •❡t ✉s r❡❝❛•• t❤❡ ❝•❛ss✐❝❛• ❞❡❝♦♠♣♦s✐t✐♦♥ u = u + -u -❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ u ∈ V ✱ ✇❤❡r❡ u + ❛♥❞ u -❛r❡ t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜② u + := max{u,0}, u -:= -min{u,0} ❛✳❡✳ ✐♥ O. ■♥ t❤❡ s❡q✉❡• ✇❡ ✇✐•• ❛•s♦ ✉s❡ t❤❡ t✇♦ r❡❛• ❢✉♥❝t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜❡•♦✇✳ ❋♦r ❡✈❡r② k > 0✱ T k ❞❡♥♦t❡s t❤❡ ✉s✉❛• tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛t •❡✈❡• k ❣✐✈❡♥ ❜② ✭s❡❡ ❋✐❣✉r❡ ✶✳✷✮ T k (s) =          -k, ✐❢ s < -k, s, ✐❢ |s| ≤ k, k, ✐❢ s > k; ❋✐❣✉r❡ ✶✳✷✳ ❚❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❢♦r ❡✈❡r② δ > 0✱ t❤❡ ❛✉①✐•✐❛r② ❢✉♥❝t✐♦♥ Z δ ✐s ❞❡✜♥❡❞ ❜② ✭s❡❡ ❋✐❣✉r❡ ✶✳✸✮ Z δ (s) =          1, ✐❢ 0 ≤ s ≤ δ, - s δ + 2, ✐❢ δ ≤ s ≤ 2δ, 0, ✐❢ s ≥ 2δ. ✭✶✳✼✮ ❋✐❣✉r❡ ✶✳✸✳ ❚❤❡ ❛✉①✐•✐❛r② ❢✉♥❝t✐♦♥ ✷✻ ❖❜s❡r✈❡ t❤❛t✱ ✐❢ ϕ ∈ V ✱ t❤❡♥ T k (ϕ) ❝♦♥✈❡r❣❡s t♦ ϕ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O s♦ t❤❛t✱ ✈✐❛ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ T k (ϕ) → ϕ str♦♥❣•② ✐♥ V, ❛s k → ∞. ✭✶✳✽✮ ▼♦r❡♦✈❡r 0 ≤ Z δ (s) ≤ 1 ❢♦r ❛♥② ♣♦s✐t✐✈❡ r❡❛• s ❛♥❞ ∇Z δ (s) = χ {δ≤s≤2δ} - 1 δ ∇s . ✭✶✳✾✮ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r ♣r♦❜•❡♠ ✭✶✳✶✮✱ ✇❤♦s❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✿                          ❋✐♥❞ u ∈ V s✉❝❤ t❤❛t u > 0 ❛✳❡✳ ✐♥ O, O f ζ(u)ϕdx < +∞ ❛♥❞ O B(x, u)∇u∇ϕdx + Γ 1 ρh(u)ϕdσ + O λuϕdx = O f ζ(u)ϕdx + Γ 1 gϕdσ, ∀ϕ ∈ V. ✭✶✳✶✵✮ ❆ ❢✉♥❝t✐♦♥ u s❛t✐s❢②✐♥❣ ✭✶✳✶✵✮ ✐s ❝❛••❡❞ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮✳ ✶✳✸ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ❛ s♦•✉t✐♦♥ u ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛•s♦ ❛♣♣•② t♦ t❤❡ s♦•✉t✐♦♥ u m ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✹✳✶✮✱ ✉s❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥❀ ✐♥ t❤✐s ❝❛s❡ t❤❡② ❛r❡ ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ m✱ ✇❤✐❝❤ ✇✐•• ♣•❛② ❛♥ ✐♠♣♦rt❛♥t r♦•❡ ✇❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ♣r♦❜•❡♠✱ ❛s m → +∞✳ ❲❡ ❛❞❛♣t ❤❡r❡ s♦♠❡ ✐❞❡❛s ❢r♦♠ ❬✹✷(✳ ❙❡t s 1 :=      2(N -1) N -2 ✐❢ N > 2, s ′ ✐❢ N = 2, ✭✶✳✶✶✮ ✇❤❡r❡ s ✐s ❣✐✈❡♥ ❜② ❍ 4 ✮ i ✳ Pr♦♣♦s✐t✐♦♥ ✶✳✼✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❤♦•❞s✿ u V ≤ c, ✭✶✳✶✷✮ ✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥ α✱ C O ✱ γ s 1 ✱ f L l (O) ❛♥❞ g L s (Γ 1 ) ✳ ✷✼ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮ ❛♥❞ •❡t ✉s ❝❤♦♦s❡ u ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✐ts ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✶✵✮✳ ❯s✐♥❣ ❍ 1 ✮✱ ❍ 2 ✮✱ ❍ 3 ✮✱ ❍ 4 ✮ ii ✱ ✭✶✳✸✮✱ ❛♥❞ ✭✶✳✺✮✱ ✇❡ ❣❡t α ∇u 2 L 2 (O) ≤ O B(x, u)∇u∇udx + O λu 2 dx + Γ 1 ρh(u)udσ = O f ζ(u)udx + Γ 1 gudσ ≤ O f u 1-θ dx + Γ 1 gudσ. ❆♣♣•②✐♥❣ (♦✉♥❣✱ ❍ö•❞❡r ❛♥❞ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t✐❡s✱ ✉s✐♥❣ |❡♠❛r❦ ✶✳✸✱ |❡♠❛r❦ ✶✳✺ ❛♥❞ ✭✶✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ α ∇u 2 L 2 (O) ≤ η u 2 L 2 (O) + c(η) f 2 1+θ L 2 1+θ (O) + c 1 g L s (Γ 1 ) u L s 1 (Γ 1 ) ≤ η u 2 L 2 (O) + c(η) f 2 1+θ L 2 1+θ (O) + c 1 γ s 1 g L s (Γ 1 ) u V ≤ ηC 2 O u 2 V + c(η)c 2 f 2 1+θ L l (O) + ηc 1 γ s 1 g L s (Γ 1 ) u 2 V + c(η)c 1 γ s 1 g L s (Γ 1 ) . ✭✶✳✶✸✮ ❲❡ ❣❡t α u 2 V ≤ η u 2 V C 2 O + c 1 γ s 1 g L s (Γ 1 ) +c(η) c 2 f 2 1+θ L l (O) + c 1 γ s 1 g L s (Γ 1 ) . ❲❤❡♥❝❡✱ r❡♠✐♥❞✐♥❣ t❤❛t f 2 1+θ L l (O) ❛♥❞ g L s (Γ 1 ) ❛r❡ ✜♥✐t❡ q✉❛♥t✐t✐❡s ✭❞✉❡ t♦ ❤②♣♦t❤❡s❡s ❍ 3 ✮ ii ❛♥❞ ❍ 4 ✮ i ✮ ❛♥❞ t❛❦✐♥❣ η s✉✣❝✐❡♥t•② s♠❛•• s♦ t❤❛t α -η(C 2 O + c 1 γ s 1 g L s (Γ 1 ) ) ≥ 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c s✉❝❤ t❤❛t u V ≤ c, ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t c ❞❡♣❡♥❞s ♦♥ α✱ C O ✱ γ s 1 ✱ f L l (O) ❛♥❞ g L s (Γ 1 ) ✳ Pr♦♣♦s✐t✐♦♥ ✶✳✽✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮✳ ❚❤❡♥ f ζ(u)ϕ L 1 (O) ≤ c, ✭✶✳✶✹✮ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ϕ ∈ V ✇✐t❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ C O ✱ λ✱ r ′ ✱ γ r ✱ γ s 1 ✱ ϕ V ✱ f L l (O) ✱ ρ L ∞ (Γ 1 ) ❛♥❞ g L s (Γ 1 ) ✱ ✇❤❡r❡ r ❛♥❞ r ′ ❛r❡ ❛s ✐♥ ✭✶✳✻✮✳ ✷✽ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮ ❛♥❞ •❡t ✉s ❝❤♦♦s❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ϕ ∈ V ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✐ts ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✶✵✮✳ ❙✐♥❝❡ f ✱ ζ ❛♥❞ ϕ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ✇❡ ❤❛✈❡ 0 ≤ O f ζ(u)ϕdx = O B(x, u)∇u∇ϕdx + Γ 1 ρh(u)ϕdσ + O λuϕdx - Γ 1 gϕdσ. ✭✶✳✶✺✮ ❲❡ ✇✐•• ✉s❡ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❢♦r ❡❛❝❤ t❡r♠✳ ❋♦r ❍ 1 ✮ ii ✇❡ ❣❡t O B(x, u)∇u∇ϕdx ≤ β ∇u L 2 (O) ∇ϕ L 2 (O) . ❚❛❦✐♥❣ r ❛♥❞ r ′ ✈❡r✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭✶✳✻✮✱ ❢r♦♠ ❍ 4 ✮ ii ✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹ ❛♥❞ |❡♠❛r❦ ✶✳✺✱ ✇❡ ❤❛✈❡ Γ 1 ρh(u)ϕdσ ≤ ρ L ∞ (Γ 1 ) h(u)ϕ L 1 (Γ 1 ) ≤ ρ L ∞ (Γ 1 ) h(u) L r ′ (Γ 1 ) ϕ L r (Γ 1 ) ≤ ρ L ∞ (Γ 1 ) c ′ 1 + u r r ′ L r (Γ 1 ) ϕ L r (Γ 1 ) ≤ ρ L ∞ (Γ 1 ) c ′ 1 + γ r r ′ r u r r ′ V γ r ϕ V . ❋♦r t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ✇❡ ❣❡t O λuϕdx ≤ λ u L 2 (O) ϕ L 2 (O) ≤ λC 2 O ∇u L 2 (O) ∇ϕ L 2 (O) . ❙✐♥❝❡ g ❛♥❞ ϕ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ •❛st t❡r♠ ✐♥ ✭✶✳✶✺✮ ✐s •♦✇❡r ♦r ❡q✉❛• t♦ ③❡r♦✳ ◆♦✇ ✉s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✶✳✶✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✼✱ ✇❡ ♦❜t❛✐♥ 0 ≤ O f ζ(u)ϕdx ≤ c, ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t ❝ ❞❡♣❡♥❞s ♦♥ α✱ β✱ C O ✱ λ✱ r ′ ✱ γ r ✱ γ s 1 ✱ ϕ V ✱ f L l (O) ✱ ρ L ∞ (Γ 1 ) ❛♥❞ g L s (Γ 1 ) ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u = 0}✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛• ❢♦r t❤❡ ♣r♦♦❢s ♦❢ ♥❡①t r❡s✉•ts✳ Pr♦♣♦s✐t✐♦♥ ✶✳✾✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮ ❛♥❞ δ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ r❡❛• ♥✉♠❜❡r✳ ❚❤❡♥✱ {0≤u≤δ} f ζ(u)ϕdx ≤ O B(x, u)∇u∇ϕZ δ (u)dx +h(2δ) ρ L ∞ (Γ 1 ) ϕ L 1 (Γ 1 ) + 2δλ ϕ L 1 (O) , ✭✶✳✶✻✮ ❢♦r ❡✈❡r② ϕ ∈ V ✱ ϕ ≥ 0✱ ✇❤❡r❡ Z δ ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✼✮✳ ✷✾ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮ ❛♥❞ ϕ ∈ V ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❝❤♦♦s❡✱ ❢♦r k > 0✱ Z δ (u)T k (ϕ) ∈ V ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✶✳✶✵✮✳ ❯s✐♥❣ ✭✶✳✾✮✱ ✇❡ ❤❛✈❡ O B(x, u)∇u∇T k (ϕ)Z δ (u)dx - 1 δ O∩{δ<u<2δ} B(x, u)∇u∇uT k (ϕ)dx + Γ 1 ρh(u)Z δ (u)T k (ϕ)dσ + λ O uZ δ (u)T k (ϕ)dx - Γ 1 gZ δ (u)T k (ϕ)dσ = O f ζ(u)Z δ (u)T k (ϕ)dx. ❋r♦♠ ❍ 1 ✮ ❛♥❞ s✐♥❝❡ g, ϕ, δ ❛♥❞ α ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛•✐t② ✐♠♣•✐❡s {0≤u≤δ} f ζ(u)T k (ϕ)dx = {0≤u≤δ} f ζ(u)Z δ (u)T k (ϕ)dx ≤ O f ζ(u)Z δ (u)T k (ϕ)dx ≤ O B(x, u)∇u∇T k (ϕ)Z δ (u)dx + Γ 1 ρh(u)Z δ (u)T k (ϕ)dσ + λ O uZ δ (u)T k (ϕ)dx. ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Z δ ❛♥❞ t❤❡ ❣r♦✇t❤ ♦❢ h✱ ✇❡ ❤❛✈❡ h(u) ≤ h(2δ) ♦♥ t❤❡ s❡t {0 ≤ u ≤ 2δ}✱ s♦ t❤❛t Γ 1 ρh(u)Z δ (u)T k (ϕ)dσ ≤ Γ 1 ρh(u)T k (ϕ)χ {0≤u≤2δ} dσ ≤ h(2δ) Γ 1 ρT k (ϕ)dσ ≤ h(2δ) ρ L ∞ (Γ 1 ) T k (ϕ) L 1 (Γ 1 ) , ✇❤❡r❡ ✇❡ ✉s❡❞ ❛❣❛✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ❆•s♦✱ ✇❡ ♦❜t❛✐♥ λ O uZ δ (u)T k (ϕ)dx ≤ λ O uT k (ϕ)χ {0≤u≤2δ} dx ≤ 2δλ O T k (ϕ)dx = 2δλ T k (ϕ) L 1 (O) . ❋♦r ❡✈❡r② k > 0✱ ✇❡ ❣❡t {0≤u≤δ} f ζ(u)T k (ϕ)dx ≤ O B(x, u)∇u∇T k (ϕ)Z δ (u)dx +h(2δ) ρ L ∞ (Γ 1 ) T k (ϕ) L 1 (Γ 1 ) + 2δλ T k (ϕ) L 1 (O) . ❲❡ ❝❛♥ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s k t❡♥❞s t♦ ✐♥✜♥✐t② ✐♥ t❤✐s ✐♥❡q✉❛•✐t②✳ ❈♦♥✈❡r❣❡♥❝❡ ✭✶✳✽✮ ❛♥❞ ❋❛t♦✉✬s •❡♠♠❛ ❛♣♣•②❡❞ ♦♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ❣✐✈❡ ✉s {0≤u≤δ} f ζ(u)ϕdx ≤ O B(x, u)∇u∇ϕZ δ (u)dx +h(2δ) ρ L ∞ (Γ 1 ) ϕ L 1 (Γ 1 ) + 2δλ ϕ L 1 (O) , t❤❛t ❡♥❞s t❤❡ ♣r♦♦❢✳ ✸✵ ✶✳✹ ❆♥ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ❆s ✉s✉❛• ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜•❡♠ ✭s❡❡ ❢♦r ✐st❛♥❝❡ ❬✹(✱ ❬✶✾(✱ ❬✷✹(✱ ❬✸✹(✱ ❬✹✷(✱ ❬✺✶(✱ ❬✺✷( ❛♥❞ ❬✺✸(✮✱ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✮✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ♦✉r ♣r♦❜•❡♠ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ✇✐t❤ ❜♦✉♥❞❡❞ ♥♦♥•✐♥❡❛r✐t② ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❋✐rst ✇❡ s❤♦✇ ❤❡r❡ t❤❛t t❤❡s❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠s ❛❞♠✐t ❛t •❡❛st ❛ s♦•✉t✐♦♥✳ ❉✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ❛s ✐♥ t❤❡ ❛rt✐❝•❡s q✉♦t❡❞ ❛❜♦✈❡✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲ ♣♦✐♥t t❤❡♦r❡♠ st❛t❡❞ ❜❡•♦✇✳ ❚❤❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✉s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s st❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦•✉t✐♦♥s ♦❢ t❤❡s❡ ♣r♦❜•❡♠s ❝♦♥✈❡r❣❡s t♦ ❛ s♦•✉t✐♦♥ ♦❢ ♦✉r ✐♥✐t✐❛• ♣r♦❜•❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✶✳✶✮✿          -div(B(x, u m )∇u m ) + λu m = T m (f ζ(|u m |)) ✐♥ O, u m = 0 ♦♥ Γ 0 , (B(x, u m )∇u m )ν + ρh(u m ) = g ♦♥ Γ 1 , ✭✶✳✶✼✮ ✇❤❡r❡✱ ❢♦r ❡✈❡r② m ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥ T m ✐s t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛t •❡✈❡• m✳ ❚❤❡♥✱ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✶✳✶✼✮ r❡❛❞s                ❋✐♥❞ u m ∈ V s✉❝❤ t❤❛t O B(x, u m )∇u m ∇ϕdx + Γ 1 ρh(u m )ϕdσ + O λu m ϕdx = O T m (f ζ(|u m |))ϕdx + Γ 1 gϕdσ, ∀ϕ ∈ V. ✭✶✳✶✽✮ ❚❤❛♥❦s t♦ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❛✈♦✐❞ t❤❡ s✐♥❣✉•❛r✐t② ❛t 0✳ ◆♦✇ ✇❡ ♣r♦✈❡ ❛ t❤❡♦r❡♠ t❤❛t ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ❢♦r ❡✈❡r② ✜①❡❞ m ∈ N✳ ❙♦♠❡ ❡①✐st❡♥❝❡ r❡s✉•ts ❢♦r t❤❡ •✐♥❡❛r ❛♥❞ q✉❛s✐•✐♥❡❛r ♥♦♥s✐♥❣✉•❛r ❝❛s❡s ✇✐t❤ ❛ r✐❣❤t✲❤❛♥❞ s✐❞❡ f ∈ L p ✱ ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶✾( ❛♥❞ ❬✸✹(✱ r❡s♣❡❝t✐✈❡•②✳ ❋♦r t❤❡ ♥❡①t r❡s✉•t✱ ✇❡ ❢♦••♦✇ s♦♠❡ ✐❞❡❛s ❢r♦♠ ❬✷✹(✱ ✇❤❡r❡ t❤❡ ♣r♦❜•❡♠ ♣r❡s❡♥t ❛ s✐♥❣✉•❛r •♦✇❡r✲♦r❞❡r t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ s♦•✉t✐♦♥ ✇✐t❤ ❛ q✉❛❞r❛t✐❝ ❣r♦✇t❤✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t s✐♥❣✉•❛r ♥♦♥•✐♥❡❛r✐t②❀ ❤❡♥❝❡✱ ✐♥ t❤❡ ♥❡①t ♣r♦♦❢ ✇❡ ♦♥•② tr❡❛t ✐♥ ❞❡t❛✐•s t❤❡ t❡r♠ ❝♦♥t❛✐♥✐♥❣ ♦✉r s✐♥❣✉•❛r✐t②✳ ▲❡t ✉s ✜rst r❡❝❛•• t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✿ ❚❤❡♦r❡♠ ✶✳✶✵✳ ✭❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✮ ▲❡t K ❜❡ ❛ ❝♦♥✈❡① ❝•♦s❡❞ s❡t ♦❢ ❛ ❇❛♥❛❝❤ s♣❛❝❡ B✳ ▲❡t T : K ⊂ B → B ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ s✉❝❤ t❤❛t T (K) ⊂ K ❛♥❞ T (K) ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ K✳ ❚❤❡♥ T ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ K✳ ✸✶ ▲❡t ✉s ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r ♣r♦❜•❡♠ ✭✶✳✶✼✮✿ ❚❤❡♦r❡♠ ✶✳✶✶✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮✱ ❢♦r ❡✈❡r② ✜①❡❞ m ∈ N✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✶✳✶✼✮ ❛❞♠✐ts ❛t •❡❛st ❛ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ❋♦r s✐♠♣•✐❝✐t② ✇❡ ❞❡♥♦t❡ ❤❡r❡ u m ❜② u✱ ♦♠✐tt✐♥❣ ✐ts ❞❡♣❡♥❞❡♥❝❡ ♦❢ m✳ ❋✐① w ∈ V ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜•❡♠                ❋✐♥❞ u ∈ V s✉❝❤ t❤❛t ∀v ∈ V, O B(x, w)∇u∇vdx + Γ 1 ρh(u)vdσ + O λuvdx = O T m (f ζ(|w|))vdx + Γ 1 gvdσ. ✭✶✳✶✾✮ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜•❡♠ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✸✹( ❢♦r λ = 0✱ ❜✉t t❤❡ ❝❛s❡ λ > 0 ❞♦❡s ♥♦t ♣r❡s❡♥t ❛♥② s✉❜st❛♥t✐❛• ❞✐✛❡r❡♥❝❡✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✽✮✱ ✇❡ ❛♣♣•② t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✳ ▲❡t ✉s ❝❤♦♦s❡ ❛ s✉✐t❛❜•❡ ❝♦♥✈❡① ❝•♦s❡❞ s❡t ♦❢ V ✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ t❛❦❡ u ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✶✾✮✳ ❯s✐♥❣ ❍ 1 ✮✱ ❍ 2 ✮✱ ❍ 3 ✮✱ ❍ 4 ✮ ii ✱ ✭✶✳✸✮✱ ✭✶✳✺✮ ❛♥❞ t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t② |u| ≤ ηu 2 +c(η), ∀η > 0✱ ✇❡ ❣❡t α u 2 V ≤ O B(x, w)∇u∇udx + O λu 2 dx + Γ 1 ρh(u)udσ ≤ O |T m (f ζ(|w|)u|dx + Γ 1 |gu|dσ ≤ η O T m (f ζ(|w|)u 2 dx + c(η) O T m (f ζ(|w|)dx + Γ 1 g|u|dσ ≤ η T m (f ζ(|w|) L ∞ (O) u 2 L 2 (O) + c(η) T m (f ζ(|w|) L ∞ (O) |O| + Γ 1 g|u|dσ, ✇❤❡r❡ |O| ❞❡♥♦t❡s t❤❡ ♠❡❛s✉r❡ ♦❢ O✳ ◆♦✇✱ ✉s✐♥❣ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ✭✶✳✶✸✮✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❞❡✜♥✐t♦♥ ♦❢ s 1 ✱ ✐✳❡✳ ✭✶✳✶✶✮✱ ✇❡ ❣❡t α u 2 V ≤ ηmC 2 O u 2 V + c(η)m|O| + ηc 1 γ s 1 g L s (Γ 1 ) u 2 V + c(η)c 1 γ s 1 g L s (Γ 1 ) , t♦ ♦❜t❛✐♥ α u 2 V ≤ η u 2 V (mC 2 O + c 1 γ s 1 g L s (Γ 1 ) ) + c(η)(m|O| + c 1 γ s 1 g L s (Γ 1 ) ). ❲❤❡♥❝❡✱ r❡♠✐♥❞✐♥❣ t❤❛t g L s (Γ 1 ) ✐s ❛ ✜♥✐t❡ q✉❛♥t✐t② ✭❞✉❡ t♦ ❤②♣♦t❤❡s✐s ❍ 4 ✮ i ✮ ❛♥❞ t❛❦✐♥❣ η s✉✣❝✐❡♥t•② s♠❛•• s♦ t❤❛t α -η(mC 2 O + c 1 γ s 1 g L s (Γ 1 ) ) ≥ 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C 0 s✉❝❤ t❤❛t t❤❡ s♦•✉t✐♦♥ u ♦❢ ✭✶✳✶✾✮ s❛t✐s✜❡s u V ≤ C 0 . ✭✶✳✷✵✮ ✸✷ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛♣ T : w ∈ V → T (w) = u ∈ V ✱ ✇❤❡r❡ u ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✾✮✳ ■♥ ♦r❞❡r t♦ ❛♣♣•② t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✱ s❡t K := {v ∈ V | v V ≤ C 0 }, ✇❤✐❝❤ ✐s ❛ ❝•♦s❡❞ ❝♦♥✈❡① s✉❜s❡t ♦❢ V ✳ ❖❜s❡r✈❡ t❤❛t✱ t❤❛♥❦s t♦ ✭✶✳✷✵✮✱ T (K) ⊂ K. ❋✐rst✱ •❡t ✉s ♣r♦✈❡ t❤❛t T (K) ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ ❑✳ ▲❡t {w n } n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ ❑ ❛♥❞ •❡t u n = T (w n ) ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ✭✶✳✶✾✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ w n ✳ ❙✐♥❝❡ ✭✶✳✷✵✮ ❤♦•❞s tr✉❡ ❢♦r ❡✈❡r② u n ✱ ✇❡ ❤❛✈❡ t❤❛t {u n } n∈N ⊂ B(0, C 0 )✳ ❚❤✐s ❛••♦✇s ✉s t♦ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ {u n k } k∈N ❢r♦♠ {u n } n∈N ❛♥❞✱ ❢♦r t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ {w n } n∈N ✐♥ V ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ K✮ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ H 1 (O) ✐♥ L 2 (O)✱ ❛ s✉❜s❡q✉❡♥❝❡ {w n k } k∈N ❢r♦♠ {w n } n∈N s✉❝❤ t❤❛t          ✐) w n k ⇀ w ✇❡❛❦•② ✐♥ V, ✐✐) w n k → w str♦♥❣•② ✐♥ L 2 (O), ✐✐✐) u n k ⇀ u * ✇❡❛❦•② ✐♥ V. ✭✶✳✷✶✮ ❋r♦♠ ✭✶✳✷✶✮ ii ✇❡ ❤❛✈❡ t❤❛t w n k → w ❛✳❡✳ ✐♥ O, ✭✶✳✷✷✮ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✳ ❚❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❞♦♥❡ ✐♥ ❬✶✾( ✭s❡❡ ❛•s♦ ❬✷✹(✮ ❣✐✈❡s✱ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈ V ✱ (B(x, w) -B(x, w n k ))∇v → 0 str♦♥❣•② ✐♥ L 2 (O), ✭✶✳✷✸✮ ❛♥❞ lim k→+∞ O B(x, w n k )∇u n k ∇vdx + Γ 1 ρh(u n k )vdσ + λ O u n k vdx = O B(x, w)∇u * ∇vdx + Γ 1 ρh(u * )vdσ + λ O u * vdx. ✭✶✳✷✹✮ ❋r♦♠ ✭✶✳✷✷✮ ❛♥❞ ❢♦r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ T m ❛♥❞ ζ✱ ✇❡ ❝❛♥ ❛♣♣•② ❛❣❛✐♥ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ ❤❛✈❡ T m (f ζ(|w n k |)) → T m (f ζ(|w|)) str♦♥❣•② ✐♥ L 2 (O), ✭✶✳✷✺✮ ❛♥❞ lim k→+∞ O T m (f ζ(|w n k |))vdx = O T m (f ζ(|w|))vdx. ✭✶✳✷✻✮ ❆❝❝♦r❞✐♥❣•② u * s❛t✐s✜❡s O B(x, w)∇u * ∇vdx + Γ 1 ρh(u * )vdσ + O λu * vdx = O T m (f ζ(|w|))vdx + Γ 1 gvdσ, ∀v ∈ V, ✭✶✳✷✼✮ ✸✸ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t u * = T (w)✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t T (w n k ) = u n k → u * str♦♥❣•② ✐♥ V. ✭✶✳✷✽✮ ❚♦ ❞♦ t❤❛t✱ ✇❡ t❛❦❡ v = (u n k -u * ) ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✶✾✮ ✭✇r✐tt❡♥ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ n k ✮ ❛♥❞ ✐♥ ✭✶✳✷✼✮✳ ❆❢t❡r s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ ✐❞❡♥t✐t✐❡s✱ ✉s✐♥❣ ❍ 1 ✮ ❛♥❞ ✭✶✳✷✮✱ ✇❡ ♦❜t❛✐♥ α u n k -u * 2 V ≤ O B(x, w n k )∇(u n k -u * )∇(u n k -u * )dx + O λ(u n k -u * )(u n k -u * )dx + Γ 1 ρ(h(u n k ) -h(u * ))(u n k -u * )dσ = O [T m (f ζ(|w n k |)) -T m (f ζ(|w|))](u n k -u * )dx + O (B(x, w) -B(x, w n k ))∇u * ∇(u n k -u * )dx. ✭✶✳✷✾✮ ❋r♦♠ ✭✶✳✷✺✮ ❛♥❞ ✭✶✳✷✶✮ iii ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t lim k→+∞ O [T m (f ζ(|w n k |)) -T m (f ζ(|w|))](u n k -u * )dx = 0. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ✭✶✳✷✶✮ iii ❛♥❞ ✭✶✳✷✸✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✷✾✮ ❣♦❡s t♦ 0 ❛s k ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❲❤❡♥❝❡✱ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✳✷✾✮✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✷✽✮✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t T ({w n }) ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t✳ ◆❡①t✱ ✇❡ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ T ✳ ▲❡t {w n } n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ K s✉❝❤ t❤❛t w n → w str♦♥❣•② ✐♥ V, ✭✶✳✸✵✮ ❛♥❞ •❡t u n = T (w n ) ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✶✳✶✾✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ w n ✳ ❯s✐♥❣ ✭✶✳✷✵✮ ❛♥❞ ✭✶✳✸✵✮✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ {u n k } k∈N ❢r♦♠ {u n } n∈N ❛♥❞ ❛ s✉❜s❡✲ q✉❡♥❝❡ {w n k } k∈N ❢r♦♠ {w n } n∈N s✉❝❤ t❤❛t          ✐) u n k ⇀ u ✇❡❛❦•② ✐♥ V, ✐✐) u n k → u str♦♥❣•② ✐♥ L 2 (O), ✐✐✐) w n k → w ❛✳❡✳ ✐♥ O. ✭✶✳✸✶✮ ❲❡ ♥❡❡❞ ✜rst t♦ s❤♦✇ t❤❛t u = T (w). ✭✶✳✸✷✮ ❚♦ ❞♦ t❤❛t✱ ✇❡ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✳✶✾✮ ✭✇r✐tt❡♥ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ n k ✮✳ ❋♦r ✭✶✳✸✶✮ iii ❛♥❞ ❢♦r ❛•• v ∈ V ✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ❞❡❞✉❝❡ ✭✶✳✷✻✮ ❣✐✈❡ lim k→+∞ O T m (f ζ(|w n k |))vdx = O T m (f ζ(|w|))vdx. ✸✹ ❲❡ ❛•s♦ ❤❛✈❡ ✭s❡❡ ✭✶✳✷✹✮✮ lim k→+∞ O B(x, w n k )∇u n k ∇vdx + Γ 1 ρh(u n k )vdσ + λ O u n k vdx = O B(x, w)∇u∇vdx + Γ 1 ρh(u)vdσ + λ O uvdx. ✭✶✳✸✸✮ ❚❤✉s✱ ❢♦r ❛•• v ∈ V ✱ O B(x, w)∇u∇vdx + Γ 1 ρh(u)vdσ + O λuvdx = O T m (f ζ(|w|))vdx + Γ 1 gvdσ. ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✾✮ ♣r♦✈❡s ✭✶✳✸✷✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡ u n ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ u ✐♥ V ✳ ❚♦ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t②✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t u n → u str♦♥❣•② ✐♥ V. ✭✶✳✸✹✮ ❚❤✐s ✐s ❞♦♥❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✶✳✷✽✮ ♦❜s❡r✈✐♥❣ t❤❛t✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✶✳✸✵✮-✭✶✳✸✶✮✱ ✐♥❡q✉❛•✐t② ✭✶✳✷✾✮ st✐•• ❤♦•❞s tr✉❡ ✇✐t❤ u * = u✳ ❍❡♥❝❡✱ ❚ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠✱ s♦ t❤❛t ♣r♦❜•❡♠ ✭✶✳✶✼✮ ❤❛s ❛t •❡❛st ❛ s♦•✉t✐♦♥ ✐♥ V ✳ ❲❡ ❛•s♦ ❤❛✈❡✿ Pr♦♣♦s✐t✐♦♥ ✶✳✶✷✳ ▲❡t u m ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✼✮✳ ❚❤❡♥ u m ≥ 0 ❛✳ ❡✳ ✐♥ O. Pr♦♦❢✳ ❚❛❦✐♥❣ ϕ = -u - m ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✶✽✮✱ ✇❡ ❣❡t - O B(x, u m )∇u m ∇u - m dx - Γ 1 ρh(u m )u - m dσ - O λu m u - m dx = - O T m (f ζ(|u m |))u - m dx - Γ 1 gu - m dσ.
▲❡t ♦❜s❡r✈❡ t❤❛t

-∇u m ∇u - m = (∇u - m ) 2 ❛♥❞ -u m u - m = (u - m ) 2 ❛♥❞ ❞✉❡ t♦ ❍ 6 ✮ h(u m )u - m ≤ 0 ❛✳❡✳ ✐♥ O. ❈♦♥s❡q✉❡♥t•②✱ ❛♣♣•②✐♥❣ t❤❡ tr❛❝❡ t❤❡♦r❡♠ ✐♥ H 1 (O)✱ h(u m )u - m ≤ 0 ❛✳❡✳ ♦♥ Γ 1 . ✸✺ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❡••✐♣t✐❝✐t② ♦❢ B ❛♥❞ ❍ 2 ✮✱ ✇❡ ♦❜t❛✐♥ α O |∇u - m | 2 dx ≤ - O T m (f ζ(|u m |))u - m dx - Γ 1 gu - m dσ. ❙✐♥❝❡ f ✱ ζ✱ u - m ❛♥❞ g ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ ✐♥t❡❣r❛•s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛r❡ •♦✇❡r ♦r ❡q✉❛• t♦ ③❡r♦✱ s♦ t❤❛t 0 ≤ α O |∇u - m | 2 dx ≤ 0. ❚❤✐s ♠❡❛♥s t❤❛t |∇u - m | = 0✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t u - m ✐s ❡q✉❛• t♦ ❛ ❝♦♥st❛♥t c ✐♥ O✳ ❙✐♥❝❡ u m = 0 ♦♥ Γ 0 ✱ ❛•s♦ u - m = 0 ♦♥ Γ 0 ✱ s♦ t❤❛t c = 0✳ ❚❤✐s s❤♦✇s t❤❛t u m = u + m ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O ❛♥❞ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ✶✳✺ ❆♥ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r t❤❡ s✐♥❣✉•❛r ♣r♦❜•❡♠ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♦✉r ♣r♦❜•❡♠✱ ❢♦••♦✇✐♥❣ ❬✷✹(✱ ❬✹✷(✱ ❬✺✶(✱ ❬✺✷( ❛♥❞ ❬✺✸(✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ❬✷✹( ❛♥❞ ❬✺✸( ❞❡❛• ✇✐t❤ ❛♥ ❡••✐♣t✐❝ ♣r♦❜•❡♠ ✇✐t❤ ❛ ❞✐✛❡r❡♥t s✐♥❣✉•❛r✐t② ✉♥❞❡r ♥♦♥•✐♥❡❛r |♦❜✐♥ ❛♥❞ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ r❡s♣❡❝t✐✈❡•②✳ ■♥ ❬✺✶( ❛♥❞ ❬✺✷(✱ t❤❡ s❡♠✐•✐♥❡❛r ❡••✐♣t✐❝ ❡q✉❛t✐♦♥s ❤❛✈❡ ♠♦r❡ ❣❡♥❡r❛• s✐♥❣✉•❛r✐t✐❡s t♦❣❡t❤❡r ✇✐t❤ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■♥ ❬✹✷(✱ t❤❡ ♣r♦❜•❡♠ ✐s ♣♦s❡❞ t❤r♦✉❣❤ r♦✉❣❤ s✉r❢❛❝❡s ❛♥❞ ♣r❡s❡♥ts t❤❡ s❛♠❡ s✐♥❣✉•❛r✐t② ✇❡ tr❡❛t ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❍❡r❡ t❤❡ ❞✐✣❝✉•t② ❛r✐s❡s ✐♥ ❞❡❛•✐♥❣ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞✱ t❤❡ s✐♥❣✉•❛r ❞❛t✉♠ ❛♥❞ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✳ ❲❡ ✇✐•• ❛•s♦ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ ❣✐✈❡♥ ❜② ❬✺✺✱ ❚❤❡♦r❡♠ ✽✳✶✾(✿ ❚❤❡♦r❡♠ ✶✳✶✸✳ ❬✺✺( ❙✉♣♣♦s❡ t❤❛t t❤❡ ♠❛tr✐① ✜❡•❞ A ❜❡•♦♥❣s t♦ M (α, β, O) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ d 1 ✐s ✐♥ L ∞ (O) ✇✐t❤ d 1 ≤ 0✳ ▲❡t v ∈ H 1 0 (O) s✉❝❤ t❤❛t div(A(x)∇v) + d 1 (x)v ≥ 0 ✐♥ O. ✭✶✳✸✺✮ ❚❤❡♥✱ ✐❢ ❢♦r s♦♠❡ ❜❛•• B ⊂⊂ O ✇❡ ❤❛✈❡ sup B v = sup O v ≥ 0✱ t❤❡ ❢✉♥❝t✐♦♥ v ♠✉st ❜❡ ❝♦♥st❛♥t ✐♥ O✳ ❚❤❡♦r❡♠ ✶✳✶✹✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮✱ ♣r♦❜•❡♠ ✭✶✳✶✵✮ ❛❞♠✐ts ❛t •❡❛st ❛ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ❋✐① m ∈ N✱ •❡t u m ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✶✳✶✼✮✳ ❖❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ T m (f ζ(|u m |)) s❛t✐s✜❡s t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s t❤❡ ❢✉♥❝t✐♦♥ f ζ(|u m |) ❢♦r ❡✈❡r② ✜①❡❞ m ∈ N✱ Pr♦♣♦s✐t✐♦♥ ✶✳✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✽ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✾ ❛♣♣•② t♦ u m ✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ 3✳ ▼♦r❡♦✈❡r Pr♦♣♦s✐t✐♦♥ ✶✳✶✷ ✐♠♣•✐❡s t❤❛t u m ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✸✻✮ ✸✻ ❍❡♥❝❡ ✇❡ ❝❛♥ ✇r✐t❡ ζ(u m ) ✐♥st❡❛❞ ♦❢ ζ(|u m |) ✐♥ t❤❡ ♣r♦❜•❡♠✳ ❈♦♥s❡q✉❡♥t•②✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✼✱ t❤❡r❡ ❡①✐sts u ∈ V s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱          ✐) u m ⇀ u ✇❡❛❦•② ✐♥ V ✐✐) u m → u str♦♥❣•② ✐♥ L 2 (O) ✐✐✐) u m → u ❛✳❡✳ ✐♥ O. ✭✶✳✸✼✮ ❈♦♥✈❡r❣❡♥❝❡ ✭✶✳✸✻✮ ❛♥❞ ✭✶✳✸✼✮ iii ✐♠♣•② t❤❛t u ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✸✽✮ ▲❡t ✉s ♥♦✇ t❛❦❡ ϕ ∈ V ✱ ϕ ≥ 0 ❛♥❞ ✉s❡ T l (ϕ) ∈ V ∩ L ∞ (O) ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✶✽✮✱ ❢♦r l > 0 ✜①❡❞✳ ❚❤❡♥ O B(x, u m )∇u m ∇T l (ϕ)dx + Γ 1 ρh(u m )T l (ϕ)dσ + O λu m T l (ϕ)dx = O T m (f ζ(u m ))T l (ϕ)dx + Γ 1 gT l (ϕ)dσ. ✭✶✳✸✾✮ ❆•s♦✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t T l (ϕ) ≥ 0✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✽ ✭✇r✐tt❡♥ ✇✐t❤ T l (ϕ) ✐♥st❡❛❞ ♦❢ ϕ✮ ✇❡ ❤❛✈❡ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ T m (f ζ(u m ))T l (ϕ) L 1 (O) ≤ c ✇✐t❤ c ✐♥❞❡♣❡♥❞❡♥t ♦❢ m✳ ❋r♦♠ ✭✶✳✸✼✮ iii ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ζ ❛♥❞ T m ✱ ✇❡ ❤❛✈❡ t❤❛t lim m→∞ T m (f ζ(u m ))T l (ϕ) = f ζ(u)T l (ϕ) ❛✳❡✳ ✐♥ O, ❢♦r ❡✈❡r② ✜①❡❞ l > 0✳ ❙✐♥❝❡ f, ζ ❛♥❞ ϕ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ✇❡ ❝❛♥ ❛♣♣•② ❋❛t♦✉✬s •❡♠♠❛ t♦ ♦❜t❛✐♥ O f ζ(u)T l (ϕ)dx < +∞. ✭✶✳✹✵✮ ◆♦✇ ✇❡ ✇❛♥t t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✳✸✾✮ ❢♦r ϕ ∈ V ✱ ϕ ≥ 0 ❛♥❞ l > 0 ✜①❡❞✱ ❛s m → +∞✳ ❇✉t✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♥t❡❣r❛• O T m (f ζ(u m ))T l (ϕ)dx✱ ✇❡ ❝❛♥ ❛♣♣•② t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ♦♥•② ❢❛r ❢r♦♠ t❤❡ s✐♥❣✉•❛r✐t②✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜•❡♠✱ ❛s ✐♥ ❬✹✷(✱❬✺✶( ❛♥❞ ❬✺✷(✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ δ ✇❡ ❞✐✈✐❞❡ t❤❡ ✐♥t❡❣r❛• ✐♥ t✇♦ t❡r♠s✱ t❤❛t ✐s O T m (f ζ(u m ))T l (ϕ)dx = {0≤um≤δ} T m (f ζ(u m ))T l (ϕ)dx + {um>δ} T m (f ζ(u m ))T l (ϕ)dx . = I m + J m . ✭✶✳✹✶✮ ✸✼ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✾ ✇r✐tt❡♥ ❢♦r u m ❛♥❞ T l (ϕ)✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ ✐♥t❡❣r❛• I m ✿ I m ≤ O B(x, u m )∇u m ∇T l (ϕ)Z δ (u m )dx +h(2δ) ρ L ∞ (Γ 1 ) T l (ϕ) L 1 (Γ 1 ) + 2δλ T l (ϕ) L 1 (O) , ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t 0 ≤ lim sup m→∞ I m ≤ lim sup m→∞ O B(x, u m )∇u m ∇T l (ϕ)Z δ (u m )dx +h(2δ) ρ L ∞ (Γ 1 ) T l (ϕ) L 1 (Γ 1 ) + 2δλ T l (ϕ) L 1 (O) . ✭✶✳✹✷✮ ❋r♦♠ ❍ 1 ✮✱ ✭✶✳✸✼✮ iii ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Z δ ✭s❡❡ ✭✶✳✼✮✮✱ ✐t ❢♦••♦✇s t❤❛t lim m→∞ t B(x, u m )∇T l (ϕ)Z δ (u m ) = t B(x, u)∇T l (ϕ)Z δ (u) ❛✳❡✳ ✐♥ O ❛♥❞ t❤❡ ❡st✐♠❛t❡ | t B(x, u m )∇T l (ϕ)Z δ (u m )| ≤ β|∇T l (ϕ)Z δ (u m )| ≤ β|∇T l (ϕ)| ∈ L 2 (O) ❛✳❡✳ ✐♥ O, ❢♦r ❛•• m ∈ N✳ ❆♣♣•②✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ t B(x, u m )∇T l (ϕ)Z δ (u m ) → t B(x, u)∇T l (ϕ)Z δ (u) str♦♥❣•② ✐♥ L 2 (O), ❛s m → +∞✳ ❈♦♥s❡q✉❡♥t•②✱ ✉s✐♥❣ ✭✶✳✹✷✮ ✇❡ ❣❡t 0 ≤ lim sup m→∞ I m ≤ O B(x, u)∇u∇T l (ϕ)Z δ (u)dx +h(2δ) ρ L ∞ (Γ 1 ) T l (ϕ) L 1 (Γ 1 ) + 2δλ T l (ϕ) L 1 (O) . ❚♦ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s δ ❣♦❡s t♦ 0 ✐♥ t❤❡ •❛st ✐♥❡q✉❛•✐t②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ lim δ→0 O B(x, u)∇u∇T l (ϕ)Z δ (u)dx = O B(x, u)∇u∇T l (ϕ)χ {u=0} dx = 0, s✐♥❝❡ ∇u ✈❛♥✐s❤❡s ✇❤❡r❡ u ✐s ❡q✉❛• t♦ ③❡r♦✳ ❯s✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ❍ 6 ✮✱ ✇❡ ❤❛✈❡ lim δ→0 lim sup m→∞ I m = 0. ✭✶✳✹✸✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✷( t♦ tr❡❛t ❛ t❡r♠ s✐♠✐•❛r t♦ J m ✱ ✇❡ ❤❛✈❡ lim δ→0 lim m→∞ J m = O f ζ(u)T l (ϕ)χ {u>0} dx, δ ∈ R + \C, ✭✶✳✹✹✮ ✸✽ ✇❤❡r❡ C ✐s ❛ ❝♦✉♥t❛❜•❡ s❡t ♦❢ ✈❛•✉❡s✳ ❋✐♥❛••②✱ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✳✹✶✮✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✹✸✮ ❛♥❞ ✭✶✳✹✹✮✱ ✇❡ ❣❡t lim sup m→∞ O T m (f ζ(u m ))T l (ϕ)dx = O f ζ(u)T l (ϕ)χ {u>0} dx, ✭✶✳✹✺✮ ❢♦r ❡✈❡r② ϕ ∈ V ✱ ϕ ≥ 0✳ ❇✉t t❤✐s r❡♠❛✐♥s tr✉❡ ❢♦r ❡✈❡r② ϕ ∈ V ✇✐t❤ ❛♥② s✐❣♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ϕ = ϕ + -ϕ -✇✐t❤ ϕ + ✱ ϕ -♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ t❤❛t T l (ϕ + -ϕ -) = T l (ϕ + ) -T l (ϕ -)✳ ◆♦✇✱ ❛r❣✉✐♥❣ ❛s ❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✶✶ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✭✶✳✷✹✮✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✸✾✮✱ ❛s m → +∞✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✶✳✸✽✮✱ ✭✶✳✹✵✮ ❛♥❞ ✭✶✳✹✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ •✐♠✐t ❢✉♥❝t✐♦♥ u s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                          ❋✐♥❞ u ∈ V s✉❝❤ t❤❛t u ≥ 0 ❛✳❡✳ ✐♥ O, O f ζ(u)T l (ϕ)dx < +∞ ❛♥❞ O B(x, u)∇u∇T l (ϕ)dx + Γ 1 ρh(u)T l (ϕ)dσ + O λuT l (ϕ)dx = O f ζ(u)T l (ϕ)χ {u>0} dx + Γ 1 gT l (ϕ)dσ, ∀ϕ ∈ V. ✭✶✳✹✻✮ ▲❡t ✉s ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✳✹✻✮ ❛s l ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤❛♥❦s t♦ ✭✶✳✽✮✱ t❤❡ ♦♥•② t❡r♠ t♦ ❝❤❡❝❦ ✐s t❤❡ s✐♥❣✉•❛r ♦♥❡✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t lim inf l→∞ f ζ(u)T l (ϕ) = f ζ(u)ϕ ❛✳❡✳ ✐♥ O ❛♥❞✱ s✐♥❝❡ f ζ(u)T l (ϕ) ∈ L 1 (O)✱ ✇❡ ❤❛✈❡ f ζ(u)ϕ ∈ L 1 (O), ✈✐❛ ❋❛t♦✉✬s •❡♠♠❛✳ ❲❤❡♥❝❡ ✇❡ ❣❡t f ζ(u)T l (ϕ) ≤ f ζ(u)ϕ ∈ L 1 (O), ∀l ∈ N ❛♥❞ ❛✳❡✳ ✐♥ O, s♦✱ ❛♣♣•②✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥ f ζ(u)T l (ϕ) → f ζ(u)ϕ str♦♥❣•② ✐♥ L 1 (O). ❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ •✐♠✐t ❢✉♥❝t✐♦♥ u s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                          ❋✐♥❞ u ∈ V s✉❝❤ t❤❛t u ≥ 0 ❛✳❡✳ ✐♥ O, O f ζ(u)ϕdx < +∞ ❛♥❞ O B(x, u)∇u∇ϕdx + Γ 1 ρh(u)ϕdσ + O λuϕdx = O f ζ(u)ϕχ {u>0} dx + Γ 1 gϕdσ, ∀ϕ ∈ V. ✭✶✳✹✼✮ ✸✾ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t u > 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O✱ ✇❡ ♦❜s❡r✈❡ t❤❛t u ✐s s✉❝❤ t❤❛t -div(B(x, u)∇u) + λu ≥ 0. ❚❤❡r❡❢♦r❡ s❡tt✐♥❣ v := -u✱ ✐t r❡s✉•ts div(B(x, u)∇v) -λv ≥ 0 ❛♥❞ v s❛t✐s✜❡s ✭✶✳✸✺✮ ✇r✐tt❡♥ ❢♦r A(x) = B(x, u(x)) ❛♥❞ d 1 (x) = -λ✳ ▼♦r❡♦✈❡r v ≤ 0 ✐♥ O ❛♥❞ v = 0 ♦♥ Γ 0 ✱ s♦ t❤❛t sup O v = 0✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❡r❡ ❡①✐sts ❛ ❜❛•• B ✇❡•• ❝♦♥t❛✐♥❡❞ ✐♥ O s✉❝❤ t❤❛t sup B v = 0✳ ❚❤❡♥ ❢r♦♠ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡ st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✶✸✱ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ 0 ✱ ✇❡ ❞❡r✐✈❡ v ≡ 0 ✐♥ O✱ t❤❛t ✐s u ≡ 0 ✐♥ O✳ ❙✐♥❝❡ u ✐s ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✹✼✮✱ t❤❡ ❤②♣♦t❤❡s✐s h(0) = 0 ❛♥❞ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ f ✱ ζ ❛♥❞ g ✐♠♣•② t❤❛t ❡❛❝❤ ✐♥t❡❣r❛• ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✹✼✮ ✐s ③❡r♦✱ ❢♦r ❡✈❡r② ϕ ∈ D(O)✳ ❚❤✐s ♠❡❛♥s t❤❛t f ≡ 0 ♦♥ O ❛♥❞ g ≡ 0 ♦♥ Γ 1 ✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❛ss✉♠♣t✐♦♥ ❍ 5 ✮✳ ❈♦♥s❡q✉❡♥t•② u > 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O ❛♥❞ χ {u>0} ≡ 1✳ ❚❤❡♥✱ u s❛t✐s✜❡s ♣r♦❜•❡♠ ✭✶✳✶✵✮✳ ✶✳✻ ❆ ✉♥✐q✉❡♥❡ss r❡s✉•t ❚❤❡ ♥❡①t r❡s✉•t ❞❡❛•s ✇✐t❤ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✵✮✳ ❆s ✉s✉❛• ✐♥ t❤❡ •✐t❡r❛t✉r❡✱ t♦ ❡♥s✉r❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✱ ✇❡ ♥❡❡❞ ❛❞❞✐t✐♦♥❛• ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ❢✉♥❝t✐♦♥ ζ ❛♥❞ t❤❡ ♠❛tr✐① ✜❡•❞ B✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ✇❡ ♠❛❦❡ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ✭s❡❡ ❍ 1 ′ ✮ ❜❡•♦✇✮ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✸( ❜② ❈❤✐♣♦t ✭s❡❡ ❛•s♦ ❬✸(✮ ❢♦r q✉❛s✐•✐♥❡❛r ♥♦♥s✐♥✲ ❣✉•❛r ♣r♦❜•❡♠ ✇✐t❤ ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥s ✭✇❡ r❡❢❡r t♦ ❬✶✷( ❛♥❞ ❬✶✸( ❢♦r •✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥s ❛♥❞ t♦ ❬✶✾( ❢♦r ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥s✮✳ ❋♦r t❤❡ ♥♦♥•✐♥❡❛r✐t② ζ ✇❡ r❡q✉✐r❡ ❛ ♠♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s ❛s ✐♥ ❬✹✷( ❛♥❞ ❬✺✷(✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t✱ ✇❤✐•❡ ✐♥ ❬✺✷( t❤❡ ✉♥✐q✉❡♥❡ss r❡s✉•t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣•❡✱ ❤❡r❡ ✐♥ t❤❡ ♣r♦♦❢ ✇❡ ❢♦••♦✇ s♦♠❡ ❛r❣✉♠❡♥ts ❢r♦♠ ❬✶✾(✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ s✉♣♣♦s❡ t❤❡ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿ ❍ 1 ′ ✮ ❚❤❡r❡ ❡①✐sts ❛ r❡❛• ❢✉♥❝t✐♦♥ ω : R → R s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿              ✐) ω ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥ ❞❡❝r❡❛s✐♥❣, ✇✐t❤ ω(t) > 0 ∀ t > 0; ✐✐) |B(x, t 1 ) -B(x, t 2 )| ≤ ω(|t 1 -t 2 |) ❢♦r ❛✳❡✳ x ∈ O, ∀ t 1 / = t 2 ; ✐✐✐) ∀y > 0, lim x→0 + y x dt ω(t) = +∞. ❍ 3 ′ ✮ ❚❤❡ ❢✉♥❝t✐♦♥ ζ ✐s ♥♦♥ ✐♥❝r❡❛s✐♥❣ ✐♥ [0, +∞[✳ |❡♠❛r❦ ✶✳✶✺✳ ■❢ ❇ ✐s ✉♥✐❢♦r♠•② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✐♥ t✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t L s✉❝❤ t❤❛t |B(x, t 1 ) -B(x, t 2 )| ≤ L|t 1 -t 2 | ❢♦r ❛•♠♦st ❡✈❡r② x ∈ O ❛♥❞ ❢♦r ❡✈❡r② t 1 / = t 2 , ✹✵ t❤❡♥ w(t) := Lt s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥s ❍ 1 ′ ✮✳ ❚❤❡♦r❡♠ ✶✳✶✻✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 6 ✮ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛• ♦♥❡s ❍ 1 ′ ✮ ❛♥❞ ❍ 3 ′ ✮✱ ♣r♦❜✲ •❡♠ ✭✶✳✶✵✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t u 1 ❛♥❞ u 2 ❛r❡ t✇♦ s♦•✉t✐♦♥s ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✵✮✳ ❚❛❦✐♥❣ t❤❡ ❞✐✛❡r✲ ❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥s✱ ✇❡ ❣❡t O [B(x, u 1 )∇u 1 -B(x, u 2 )∇u 2 ]∇vdx + Γ 1 ρ[h(u 1 ) -h(u 2 )]vdσ +λ O (u 1 -u 2 )vdx = O f [ζ(u 1 ) -ζ(u 2 )]vdx, ✭✶✳✹✽✮ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ✐♥ V ✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t u 1 = u 2 ✳ Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ ❬✶✾( ✭s❡❡ ❛•s♦ ❬✸(✱ ❬✷✸(✮✱ ✇❡ ❞❡✜♥❡✿ F µ (s) :=      s µ dt ω 2 (t) ✐❢ s ≥ µ, 0 ♦t❤❡r✇✐s❡; ✭✶✳✹✾✮ ✇❤❡r❡ µ ✐s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❝♦♥✈❡r❣✐♥❣ t♦ 0 ❛♥❞ ω ✐s ❣✐✈❡♥ ❜② ❍ 1 ′ ✮✳ ❇② ❦♥♦✇♥ r❡s✉•ts ✭s❡❡ ❢♦r ✐st❛♥❝❡ ❬✷✸✱ ❈♦r♦••❛r② ✷✳✶✺(✮✱ F µ (u 1 -u 2 ) ∈ V ❛♥❞ ∇F µ (u 1 -u 2 ) = 1 ω 2 (u 1 -u 2 ) ∇(u 1 -u 2 ), ✭✶✳✺✵✮ ❢♦r ❡✈❡r② ✜①❡❞ µ > 0✳ ▲❡t ✉s s❡t E := {x ∈ O | (u 1 -u 2 )(x) > µ} ❛♥❞ t❛❦❡ F µ (u 1 -u 2 ) ∈ V ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✹✽✮✳ ❆❞❞✐♥❣ ❛♥❞ s✉❜str❛❝t✐♥❣ t❤❡ t❡r♠ O B(x, u 1 )∇u 2 ∇F µ (u 1 -u 2 )dx✱ ✇❡ ♦❜t❛✐♥ O B(x, u 1 )∇(u 1 -u 2 )∇F µ (u 1 -u 2 )dx + O [B(x, u 1 ) -B(x, u 2 )]∇u 2 ∇F µ (u 1 -u 2 )dx + Γ 1 ρ[h(u 1 ) -h(u 2 )]F µ (u 1 -u 2 )dσ + λ O (u 1 -u 2 )F µ (u 1 -u 2 )dx = O f [ζ(u 1 ) -ζ(u 2 )]F µ (u 1 -u 2 )dx. ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F µ ✭s❡❡ ✭✶✳✹✾✮✮✱ ✉s✐♥❣ ✭✶✳✺✵✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ∇F µ (u 1 -u 2 ) = 0 ✹✶ ♦✉ts✐❞❡ E✱ ✇❡ ❣❡t E B(x, u 1 ) 1 ω 2 (u 1 -u 2 ) ∇(u 1 -u 2 )∇(u 1 -u 2 )dx + E [B(x, u 1 ) -B(x, u 2 )] 1 ω 2 (u 1 -u 2 ) ∇u 2 ∇(u 1 -u 2 )dx + Γ 1 ρ[h(u 1 ) -h(u 2 )]F µ (u 1 -u 2 )dσ + λ O (u 1 -u 2 )F µ (u 1 -u 2 )dx = O f [ζ(u 1 ) -ζ(u 2 )]F µ (u 1 -u 2 )dx. ❙♦✱ ❢r♦♠ ❍ 1 ✮ ✇❡ ❤❛✈❡✿ α ∇(u 1 -u 2 ) ω(u 1 -u 2 ) 2 L 2 (E) ≤ E B(x, u 1 ) 1 ω 2 (u 1 -u 2 ) ∇(u 1 -u 2 )∇(u 1 -u 2 )dx = - E [B(x, u 1 ) -B(x, u 2 )] 1 ω 2 (u 1 -u 2 ) ∇u 2 ∇(u 1 -u 2 )dx - Γ 1 ρ[h(u 1 ) -h(u 2 )]F µ (u 1 -u 2 )dσ -λ O (u 1 -u 2 )F µ (u 1 -u 2 )dx + O f [ζ(u 1 ) -ζ(u 2 )]F µ (u 1 -u 2 )dx. ✭✶✳✺✶✮ ◆♦✇✱ ❢r♦♠ ❍ 4 ✮ ii ✱ ❍ 6 ✮ ❛♥❞ ✭✶✳✹✾✮✱ ✇❡ ♦❜t❛✐♥ ρ[h(u 1 ) -h(u 2 )]F µ (u 1 -u 2 ) ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✷✮ ❙✐♥❝❡ F µ (u 1 -u 2 ) ∈ V ✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻ ✭✇r✐tt❡♥ ❢♦r t 1 = 1✮ ❣✐✈❡s ρ[h(u 1 )-h(u 2 )]F µ (u 1 -u 2 ) ∈ W 1,1 (O)✱ ✇❤✐❝❤ ✐♠♣•✐❡s ρ[h(u 1 ) -h(u 2 )]F µ (u 1 -u 2 ) ≥ 0 ❛✳❡✳ ♦♥ Γ 1 , ✭✶✳✺✸✮ t❤❛♥❦s t♦ ✭✶✳✺✷✮ ❛♥❞ t❤❡ tr❛❝❡ t❤❡♦r❡♠✳ ❆❣❛✐♥ ❢r♦♠ ✭✶✳✹✾✮ ❛♥❞ ❍ 2 ✮✱ ✇❡ ❤❛✈❡ ❛•s♦ λ(u 1 -u 2 )F µ (u 1 -u 2 ) ≥ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✹✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ❤②♣♦t❤❡s❡s ❍ 3 ✮ ii ❛♥❞ ❍ 3 ′ ✮✱ ✇❡ ❣❡t f [ζ(u 1 ) -ζ(u 2 )]F µ (u 1 -u 2 ) ≤ 0 ❛✳❡✳ ✐♥ O. ✭✶✳✺✺✮ ❈♦••❡❝t✐♥❣ ✭✶✳✺✸✮✱ ✭✶✳✺✹✮ ❛♥❞ ✭✶✳✺✺✮✱ ✇❡ ♦❜t❛✐♥ ❜② ✭✶✳✺✶✮ α ∇(u 1 -u 2 ) ω(u 1 -u 2 ) 2 L 2 (E) ≤ E B(x, u 1 ) 1 ω 2 (u 1 -u 2 ) ∇(u 1 -u 2 )∇(u 1 -u 2 )dx ≤ E |[B(x, u 1 ) -B(x, u 2 )]∇u 2 ∇(u 1 -u 2 )| ω 2 (u 1 -u 2 ) dx. ✹✷ ◆♦✇✱ ✉s✐♥❣ ❤②♣♦t❤❡s✐s ❍ 1 ′ ✮ ii ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ α ∇(u 1 -u 2 ) ω(u 1 -u 2 ) 2 L 2 (E) ≤ E |∇u 2 ||∇(u 1 -u 2 )| ω(u 1 -u 2 ) dx ≤ ∇u 2 L 2 (E) ∇(u 1 -u 2 ) ω(u 1 -u 2 ) L 2 (E) , ✇❤✐❝❤ ✐♠♣•✐❡s ∇(u 1 -u 2 ) ω(u 1 -u 2 ) L 2 (E) ≤ 1 α ∇u 2 L 2 (E) ≤ C ∇u 2 L 2 (O) ≤ C ′ , ✭✶✳✺✻✮ ✇✐t❤ C ❛♥❞ C ′ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ✳ ❈✉rr❡♥t•② ✇❡ s❡t G µ (s) :=      s µ dt ω(t) ✐❢ s ≥ µ, 0 ♦t❤❡r✇✐s❡; ✭✶✳✺✼✮ ✇❤❡r❡ µ ✐s ❣✐✈❡♥ ❛s ✐♥ ✭✶✳✹✾✮✳ ❆s ❜❡❢♦r❡✱ ✇❡ ❤❛✈❡ G µ (u 1 -u 2 ) ∈ V ❛♥❞ ∇G µ (u 1 -u 2 ) = 1 ω(u 1 -u 2 ) ∇(u 1 -u 2 )✳ ❲❤❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t G µ (u 1 -u 2 ) ✐s ❡q✉❛• t♦ ③❡r♦ ♦♥ O\E✱ ✭✶✳✺✻✮ ❜❡❝♦♠❡s G µ (u 1 -u 2 ) V = ∇G µ (u 1 -u 2 ) L 2 (O) ≤ C ′ , ❢♦r ❡✈❡r② µ. ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {µ k } k∈N ❝♦♥✈❡r❣✐♥❣ t♦ 0✱ ❛s k → ∞✱ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ G ∈ V s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱    G µ k (u 1 -u 2 ) ⇀ G ✇❡❛❦•② ✐♥ V, G µ k (u 1 -u 2 ) → G str♦♥❣•② ✐♥ L 2 (O) ❛♥❞ ❛✳❡✳ ✐♥ O. ❚❤✐s ✐♠♣•✐❡s t❤❛t lim µ k →0 G µ k (u 1 -u 2 )(x) = G(x) < +∞ ❛✳❡✳ ✐♥ O, ❛s k → ∞. ❇✉t ❢r♦♠ ❞❡✜♥✐t✐♦♥ ✭✶✳✺✼✮ ❛♥❞ ❤②♣♦②❤❡s✐s ❍ 1 ′ ✮ iii ✱ ✇❡ ❤❛✈❡ ❛•s♦ lim µ k →0 G µ k (u 1 -u 2 )(x) = lim µ k →0 (u 1 -u 2 )(x) µ k dt ω(t) = +∞ ❛✳❡✳ ✐♥ E. ❈♦♥s❡q✉❡♥t•②✱ ❛s µ → 0✱ |E| = |{x ∈ O|(u 1 -u 2 )(x) > 0}| = 0, s♦ t❤❛t u 1 ≤ u 2 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O✳ ■♥t❡r❝❤❛♥❣✐♥❣ t❤❡ r♦•❡s ♦❢ u 1 ❛♥❞ u 2 ✱ ✇❡ ♦❜t❛✐♥ u 1 = u 2 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ O✳ ✹✸ ✶✳✼ ❆ r❡❣✉•❛r✐t② r❡s✉•t ■♥ t❤✐s •❛st s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✳✶✵✮✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ |❡♠❛r❦ ✶✳✷✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❜♦✉♥❞❡❞ s♦•✉t✐♦♥s ✇❡ ♥❡❡❞ t♦ r❡q✉✐r❡ ❛ ❣r❡❛t❡r s✉♠♠❛❜✐•✐t② ♦❢ t❤❡ ❞❛t❛ f ❛♥❞ g✱ ❛s ❞♦♥❡ ✐♥ ❬✷✹(✱ ❬✷✺(✱ ❬✷✻(✱ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✹(✳ ❍❡♥❝❡✱ ✐♥st❡❛❞ ♦❢ ❍ 3 ✮ ii ❛♥❞ ❍ 4 ✮ i ✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦••♦✇✐♥❣ ❤②♣♦t❤❡s❡s✿ ❍ 3 ′′ ✮ 0 ≤ f ∈ L l (O 0 ), ✇✐t❤ l > N 2 . ❍ 4 ′ ✮ 0 ≤ g ∈ L s (Γ 1 ), ✇✐t❤ s > N -1. |❡♠❛r❦ ✶✳✶✼✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t✱ ❛s s❤♦✇❡❞ ✐♥ ❬✹✷(✱ ❛ss✉♠♣t✐♦♥ ❍ 3 ′′ ✮ ✐s str♦♥❣❡r t❤❛♥ ❍ 3 ✮ ii ✳ ❋✉rt❤❡r♠♦r❡✱ ♦❜s❡r✈❡ t❤❛t ✐❢ N = 2✱ ❍ 4 ′ ✮ ❛♥❞ ❍ 4 ✮ i ❛r❡ t❤❡ s❛♠❡ ❤②♣♦t❤❡s✐s❀ ✐❢ N > 2✱ ❍ 4 ′ ✮ ✐♠♣•✐❡s ❍ 4 ✮ i s✐♥❝❡ 2(N -1) N < 2 ≤ N -1✳ ❆s ✉s✉❛• ✇❤❡♥ ♣r♦✈✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ ✭s❡❡ ❢♦r ✐st❛♥❝❡ ❬✷✹(✱ ❬✹✷( ❛♥❞ ❬✺✶(✮✱ t♦ s❤♦✇ t❤❡ ♥❡①t t❤❡♦r❡♠ ✇❡ ✉s❡ s♦♠❡ ❝•❛ss✐❝❛• ✐❞❡❛s ❢r♦♠ ❙t❛♠♣❛❝❝❤✐❛ ❬✻✾(✳ ❚❤❡♦r❡♠ ✶✳✶✽✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮-❍ 6 ✮✱ s✉♣♣♦s❡ ❢✉rt❤❡r ❍ 3 ′′ ✮ ❛♥❞ ❍ 4 ′ ✮ ❤♦•❞ tr✉❡✳ ❚❤❡♥✱ ❛♥② s♦•✉t✐♦♥ ♦❢ ✭✶✳✶✵✮ ✐s ❜♦✉♥❞❡❞✳ Pr♦♦❢✳ ▲❡t ✉s s❡t✱ ❢♦r ❡✈❡r② r❡❛• ♥✉♠❜❡r h ≥ 1✱ A h := {x ∈ O : u(x) > h} ❛♥❞ D h := {x ∈ Γ 1 : u(x) > h}. ❙✐♥❝❡ u ∈ V ✱ ❞❡♥♦t✐♥❣ ❜② |A h | t❤❡ ♠❡❛s✉r❡ ♦❢ A h ✱ ✇❡ ❣❡t h 2 |A h | < A h u 2 dx ≤ c, ❛♥❞ ❝♦♥s❡q✉❡♥t•② |A h | ≤ c h 2 ✳ ❚❤❡♥ lim h→+∞ |A h | = 0. ❋r♦♠ ❬✷✹✱ ▲❡♠♠❛ ✸✳✹(✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✼ ✇❡ ❤❛✈❡ ❛•s♦ lim h→+∞ ∂H N -1 (D h ) = 0, ✇❤❡r❡ ∂H N -1 ✐s t❤❡ (N -1)✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ✐♥ R N ✳ ◆♦✇✱ •❡t ✉s ❝❤♦♦s❡ G h (u) := (u -h) + ∈ V ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✶✵✮✱ ✇✐t❤ h ≥ 1✳ ❙✐♥❝❡ ∇u = ∇G h (u) -∇[(u -h) -] ❛♥❞ O B(x, u)∇[(u -h) -]∇G h (u)dx = 0, ✹✹ ✇❡ ❣❡t O B(x, u)∇G h (u)∇G h (u)dx + Γ 1 ρh(u)G h (u)dσ + O λuG h (u)dx = O f ζ(u)G h (u)dx + Γ 1 gG h (u)dσ. ■♥ ✈✐❡✇ ♦❢ ❍ 1 ✮ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t G h (u)✱ ρ✱ λ ❛♥❞ h(u) ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ✭s✐♥❝❡ u > 0✮✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛•✐t② ②✐❡•❞s α O [∇G h (u)] 2 dx ≤ O f ζ(u)G h (u)dx + Γ 1 gG h (u)dσ. ❙✐♥❝❡ ❍ 3 ✮ i ❛♥❞ h ≥ 1✱ ✇❡ ♦❜t❛✐♥ ζ(u) ≤ 1 u θ < 1 h θ ≤ 1 ♦♥ t❤❡ s❡t ✇❤❡r❡ G h (u) / = 0 ✇❤✐❝❤ ❣✐✈❡s α O [∇G h (u)] 2 dx ≤ O f G h (u)dx + Γ 1 gG h (u)dσ. ❚❤✐s ✐♠♣•✐❡s t❤❛t u ❜❡•♦♥❣s t♦ L ∞ (O)✳ ■♥❞❡❡❞✱ ❢r♦♠ t❤✐s ♣♦✐♥t✱ ✇❡ ❝❛♥ ✉s❡ ❡①❛❝t•② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 3.2 ✐♥ ❬✷✹( ✭✇r✐tt❡♥ ❢♦r δ = 0✮✱ ❜❛s❡❞ ♦♥ ❝•❛ss✐❝❛• r❡s✉•ts ❢r♦♠ ❙t❛♠♣❛❝❝❤✐❛ ❬✻✾(✮✳ ✹✺ ❈❤❛♣t❡r ✷ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ ❝•❛ss ♦❢ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s P✳ ❉♦♥❛t♦✱ ❙✳ ▼♦♥s✉rrò ❛♥❞ ❋✳ |❛✐♠♦♥❞✐✱ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ ❝•❛ss ♦❢ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✱ ◆♦♥•✐♥❡❛r ❆♥❛•②s✐s✱ ✶✼✸✱ ♣♣✳ ✶✽✵✕✷✵✽✱ ✭✷✵✶✽✮✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝•❛ss ♦❢ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ♣♦s❡❞ ✐♥ ❛ ❞♦♠❛✐♥ ♣❡r❢♦r❛t❡❞ ❜② ε✲♣❡r✐♦❞✐❝ ❤♦•❡s ♦❢ s✐③❡ ε✳ ❚❤❡ q✉❛s✐•✐♥❡❛r ❡q✉❛t✐♦♥s ♣r❡s❡♥t ❛ ♥♦♥•✐♥❡❛r s✐♥❣✉•❛r •♦✇❡r ♦r❞❡r t❡r♠ f ζ(u ε )✱ ✇❤❡r❡ u ε ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠ ❛t ε✲ •❡✈❡•✱ ζ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✐♥❣✉•❛r ✐♥ ③❡r♦ ❛♥❞ f ❛ ❢✉♥❝t✐♦♥ ✇❤♦s❡ s✉♠♠❛❜✐•✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ ζ ♥❡❛r ✐ts s✐♥❣✉•❛r✐t②✳ ❲❡ ♣r❡s❝r✐❜❡ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s ❝♦♥t❛✐♥❡❞ ✐♥ Ω ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r②✳ ❚❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❤♦•❡s ✐s ❛•r❡❛❞② ♥❡✇✳ ❚❤❡ ♠❛✐♥ t♦♦• ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡ss ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ ❛ s✉✐t❛❜•❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ u ε ❜❡❤❛✈❡s •✐❦❡ t❤❛t ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ s✉✐t❛❜•❡ •✐♥❡❛r ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❡❛❦ ❝•✉st❡r ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ {u ε }✱ ❛s ε → 0✳ ❚❤✐s ❛••♦✇s ✉s ♥♦t ♦♥•② t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ❜✉t ❛•s♦ t♦ st✉❞② t❤❡ s✐♥❣✉•❛r t❡r♠ ♥❡❛r ✐ts s✐♥❣✉•❛r✐t②✱ ✈✐❛ ❛♥ ❛❝❝✉r❛t❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡✳ ❲❡ ❛•s♦ ❣❡t ❛ ❝♦rr❡❝t♦r r❡s✉•t ❢♦r ♦✉r ♣r♦❜•❡♠✳ ❚❤❡ ♠❛✐♥ ♥♦✈❡•t② ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t ❢♦r t❤❡ ✜rst t✐♠❡ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ tr❡❛t ❛ s✐♥❣✉•❛r t❡r♠ ❛s f ζ(u ε )✳ ❚❤✐s ♣•❛②s ❛♥ ❡ss❡♥t✐❛• r♦•❡ ✐♥ ♦r❞❡r t♦ ❣❡t ❛♥ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦•✉t✐♦♥ u ε ✱ ♥❡❡❞❡❞ ✐♥ t❤❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❜•❡♠✳ ✹✻ ✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ❲❡ ❞❡❛• ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ ❝•❛ss ♦❢ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✇✐t❤ s✐♥❣✉•❛r •♦✇❡r ♦r❞❡r t❡r♠s ♣♦s❡❞ ✐♥ ♣❡r✐♦❞✐❝❛••② ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ■♥ ♦✉r st✉❞②✱ ✇❡ ✉s❡ t❤❡ ♣❡r✐✲ ♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✱ ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✽( ❛♥❞ ❬✷✾(✳ ❚❤❡ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ Ω * ε ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢r♦♠ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t Ω ♦❢ R N ✱ N ≥ 2✱ ❛ s❡t ♦❢ ε✲♣❡r✐♦❞✐❝ ❤♦•❡s ♦❢ s✐③❡ ε✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ Ω * ε ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ Γ ε 1 ❛♥❞ Γ ε 0 ✱ ✇❤✐❝❤ ❞❡♥♦t❡ t❤❡ ❜♦✉♥❞✲ ❛r② ♦❢ t❤❡ ❤♦•❡s ✇❡•• ❝♦♥t❛✐♥❡❞ ✐♥ Ω ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ❡①t❡r✐♦r ❜♦✉♥❞❛r②✱ r❡s♣❡❝t✐✈❡•② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷ ❢♦r ❞❡t❛✐•s✮✳ ❲❡ ♣r❡s❝r✐❜❡ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥ ♦♥ Γ ε 1 ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥ ♦♥ Γ ε 0 ✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r✱ ❛s ε ❣♦❡s t♦ ③❡r♦✱ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(A ε (x, u ε )∇u ε ) = f ζ(u ε ) ✐♥ Ω * ε , u ε = 0 ♦♥ Γ ε 0 , (A ε (x, u ε )∇u ε )ν + ε γ ρ ε (x)h(u ε ) = g ε ♦♥ Γ ε 1 , ✇❤❡r❡ ν ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛• t♦ t❤❡ ❤♦•❡s✳ ❚❤❡ ♦s❝✐••❛t✐♥❣ ❝♦❡✣❝✐❡♥ts✬ ♠❛tr✐① ✜❡•❞ A ε ✐♥ t❤❡ q✉❛s✐•✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠ ✐s ❞❡✜♥❡❞ ❜② A ε (x, t) = A x ε , t ✱ ✇❤❡r❡ t❤❡ ♠❛tr✐① ✜❡•❞ A ✐s ✉♥✐❢♦r♠•② ❡••✐♣t✐❝✱ ❜♦✉♥❞❡❞✱ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✜rst ✈❛r✐❛❜•❡ ❛♥❞ ❈❛r❛t❤é♦❞♦r②✳ ❚❤❡ ♥♦♥•✐♥❡❛r r❡❛• ❢✉♥❝t✐♦♥ ζ(s) ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ s✐♥❣✉•❛r ❛t s = 0✱ ✇❤✐•❡ f ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❞❛t✉♠ ✇❤♦s❡ s✉♠♠❛❜✐•✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ ζ ♥❡❛r ✐ts s✐♥❣✉•❛r✐t②✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ρ ε (x) = ρ x ε ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣❡r✐♦❞✐❝✱ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ ∂T ✱ t❤❡ ♥♦♥•✐♥❡❛r ❜♦✉♥❞❛r② t❡r♠ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s•② ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ s❛t✐s✜❡s s✉✐t❛❜•❡ ❣r♦✇t❤ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ g ε (x) = εg x ε ✱ ✇❤❡r❡ g ✐s ❛ ♣❡r✐♦❞✐❝ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ♣r❡s❝r✐❜❡❞ s✉♠♠❛❜✐•✐t②✳ ❋r♦♠ t❤❡ ♣❤②s✐❝❛• ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ q✉❛s✐•✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠ ❞❡s❝r✐❜❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦♠❡ ♠❛t❡r✐❛•s✱ •✐❦❡ ❣•❛ss ♦r ✇♦♦❞✱ ✐♥ ✇❤✐❝❤ t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ✭s❡❡ ❬✺✵( ❢♦r ♠♦r❡ ❞❡t❛✐•s✮✳ ❆ s♦✉r❝❡ t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♦•✉t✐♦♥ ✐ts❡•❢ ❛♥❞ ❜❡❝♦♠✐♥❣ ✐♥✜♥✐t❡ ✇❤❡♥ t❤❡ s♦•✉t✐♦♥ ✈❛♥✐s❤❡s ♠❛② ♠♦❞❡• ❛♥ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t♦r✱ ✇❤❡r❡ ❡❛❝❤ ♣♦✐♥t ❜❡❝♦♠❡s ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ❛s ❛ ❝✉rr❡♥t ✢♦✇s ✐♥ ✐t ✭s❡❡ ❬✹✷✱ ❙❡❝t✐♦♥ 3(✮✳ ▼♦r❡♦✈❡r✱ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡s❝r✐❜❡ ❝❡rt❛✐♥ ❝❤❡♠✐❝❛• r❡❛❝t✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ♣❡r❢♦r❛t✐♦♥s ✭❡✳❣✳ ❬✸✼(✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜•❡♠✱ ❢♦r ❡✈❡r② ✜①❡❞ ε✱ ❤❛✈❡ ❛•r❡❛❞② ❜❡❡♥ ♣r♦✈❡❞ ❜② t❤❡ ❛✉t❤♦rs ✐♥ ❬✹✻(✳ ❯♥✐❢♦r♠ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ t❤❡ s♦•✉t✐♦♥ u ε ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣ t♦ ♦✉r ❝❛s❡ s♦♠❡ ❛r❣✉♠❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✻(✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ t❤✐r❞ ❜♦✉♥❞ ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✮ ♣r♦✈✐❞❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u ε = 0}✱ ✐♥ t❡r♠s ♦❢ t❤❡ q✉❛s✐•✐♥❡❛r ♦♥❡✳ ✹✼ ■♥ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡ss ✇❡ ❤❛✈❡ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ✐♥ t❤❡ s✐♥❣✉•❛r ♦♥❡ ❛♥❞ ✐♥ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠✱ ✇❡ ♣r♦✈❡ ❛ ❝r✉❝✐❛• ❝♦♥✈❡r❣❡♥❝❡✱ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ t♦♦• ✇❤❡♥ ♣r♦✈✐♥❣ ♦✉r r❡s✉•ts✳ ■t s❤♦✇s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ u ε ❜❡❤❛✈❡s •✐❦❡ t❤❛t ♦❢ t❤❡ s♦•✉t✐♦♥ ♦❢ ❛ s✉✐t❛❜•❡ •✐♥❡❛r ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❡❛❦ ❝•✉st❡r ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ {u ε }✱ ❛s ε → 0✳ ❚❤✐s ✐❞❡❛ ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹( ✭s❡❡ ❛•s♦ ❬✶✺(✮ ✇❤❡r❡ s♦♠❡ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠s ✇✐t❤ q✉❛❞r❛t✐❝ ❣r♦✇t❤ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❬✶✹( ❝♦♥s✐sts ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❣r♦✇t❤ ❝❛s❡ t❤❡ ❛✉t❤♦rs t❛❦❡ ❡①♣♦♥❡♥t✐❛• t❡st ❢✉♥❝t✐♦♥s✱ ✇❤✐•❡ ❤❡r❡ ✇❡ ❤❛✈❡ t♦ ✉s❡ ❛♣♣r♦♣r✐❛t❡ t❡st ❢✉♥❝t✐♦♥s t❤❛t ❛••♦✇ ✉s t♦ tr❡❛t t❤❡ s✐♥❣✉•❛r t❡r♠✳ ❚♦ ❝♦♥str✉❝t t❤❡s❡ ❢✉♥❝t✐♦♥s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•ts ♦❢ ❬✷✺(✱ ✇❡ ❛❞❛♣t t♦ ♦✉r ♥❡❡❞s s♦♠❡ t❡❝❤♥✐q✉❡s ❢r♦♠ ❬✹✷(✳ ❆s ❢❛r ❛s ✐t ❝♦♥❝❡r♥s t❤❡ s✐♥❣✉•❛r t❡r♠✱ ❛s ❞♦♥❡ ✐♥ ❬✹✷( ❛♥❞ ❬✹✻(✱ ✇❡ s♣•✐t ✐t ✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ✐♥t❡❣r❛•s✿ ♦♥❡ ♦♥ t❤❡ s❡t ✇❤❡r❡ t❤❡ s♦•✉t✐♦♥ ✐s ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ ♦♥❡ ✇❤❡r❡ ✐s ✐t ❢❛r ❢r♦♠ ✐t✱ ✇❤✐❝❤ r❡s✉•ts ♥♦t s✐♥❣✉•❛r✳ ◆❡❛r t❤❡ s✐♥❣✉•❛r✐t②✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❡st✐♠❛t❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ■♥ t❤✐s ✇❛②✱ ✇❡ s❤✐❢t t❤❡ st✉❞② ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ t♦ t❤❛t ♦❢ t❤❡ q✉❛s✐•✐♥❡❛r ♦♥❡✱ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ❢♦r h ≡ 0 ✇❡ ♦❜t❛✐♥✱ ❛s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡✱ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❝♦rr❡❝t♦r r❡s✉•ts ❢♦r t❤❡ ♣r♦❜•❡♠ ✇❤❡♥ ❛ ✭❤♦♠♦❣❡♥❡♦✉s ♦r ♥♦t✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ε 1 ✐s ♣r❡s❝r✐❜❡❞✱ ✇❤✐❝❤ ❛r❡ ❛•r❡❛❞② ♥❡✇ ✐♥ t❤❡ •✐t❡r❛t✉r❡✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ ❬✷✺( t♦ st✉❞② t❤❡ ❜♦✉♥❞❛r② t❡r♠s st✐•• ❛♣♣•② t♦ ♦✉r ❝❛s❡✱ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ t❤❡ ❤②♣♦t❤❡s❡s ❜❡✐♥❣ s•✐❣❤t•② ❞✐✛❡r❡♥t✳ ❋✐♥❛••②✱ ❚❤❡♦r❡♠ ✷✳✾ st❛t❡s t❤❛t t❤❡ ❝♦rr❡❝t♦rs ❢♦r t❤❡ ♥♦♥s✐♥❣✉•❛r q✉❛s✐•✐♥❡❛r ♣r♦❜•❡♠ ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s st✉❞✐❡❞ ✐♥ ❬✷✺( ❛r❡ ❛•s♦ ❝♦rr❡❝t♦rs ❢♦r ♦✉r ♣r♦❜•❡♠✳ ❆s ❛•r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ❛•• t❤❡ r❡s✉•ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ♣r♦✈❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✉♥✲ ❢♦•❞✐♥❣ ♠❡t❤♦❞✳ ■t ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❉✳ ❈✐♦r❛♥❡s❝✉✱ ❆✳ ❉❛♠•❛♠✐❛♥ ❛♥❞ •✳ •r✐s♦ ✐♥ ❬✷✽( ❛♥❞ ❬✷✾( ❢♦r ✜①❡❞ ❞♦♠❛✐♥s ❛♥❞ ❡①t❡♥❞❡❞ t♦ ♣❡r❢♦r❛t❡❞ ♦♥❡s ✐♥ ❬✸✷( ❛♥❞ ❬✸✸(✳ ❚❤❡ ♠❛✐♥ ♥♦✈❡•t② ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ tr❡❛t ❛ s✐♥❣✉•❛r t❡r♠ ❛s f ζ(u ε )✳ ❚❤✐s ✐s ❡ss❡♥t✐❛• ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s ♥❡❡❞❡❞ t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❜•❡♠✳ ❆•t❤♦✉❣❤ ✐♥ ❬✹✷( t❤❡ ♣r♦❜•❡♠ ♣r❡s❡♥ts t❤❡ s❛♠❡ s✐♥❣✉•❛r t❡r♠✱ ✐t ✐s ♣♦s❡❞ t❤r♦✉❣❤ r♦✉❣❤ s✉r❢❛❝❡✳ ❲❤❡♥❝❡✱ s✐♥❝❡ t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ③❡r♦✱ ❛ ❝♦♠♣❛❝t♥❡ss r❡s✉•t ✐♥ L 2 (Ω) ❢r♦♠ ❬✹✽( ❣✐✈❡s t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s✳ ■♥ ♦✉r ❝❛s❡✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❤♦•❡s✱ t❤✐s ❛r❣✉♠❡♥t ❞♦❡s ♥♦t ❛♣♣•②✱ ❛♥❞ t❤❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♦♥•② ❜② ✉s✐♥❣ t❤❡ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✳ ❲❡ r❡❢❡r t♦ ❬✶✺(✱ ❬✶✹( ❢♦r t❤❡ ✜rst r❡s✉•ts ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ q✉❛❞r❛t✐❝ ♥♦♥✲ •✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s✱ ❛♥❞ t♦ ❬✺(✱ ❬✻( ❢♦r t❤❛t ♦❢ q✉❛s✐•✐♥❡❛r ♣r♦❜•❡♠s✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✜①❡❞ ✹✽ ❞♦♠❛✐♥s✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ q✉❛s✐•✐♥❡❛r ♣r♦❜•❡♠s ✐♥ ♣❡r✐♦❞✐❝❛••② ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s ✇✐t❤ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✵(✱ ❬✷✺(✱ ❛♥❞ ✐♥ ❬✷✻(✱ ✇❤❡r❡ ✐s ❛•s♦ ❝♦♥s✐❞❡r❡❞ ❛ ♥♦♥•✐♥❡❛r t❡r♠ ✇❤✐❝❤ ✐s q✉❛❞r❛t✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ✈❛r✐♦✉s s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ❤❛s ❜❡❡♥ st✉❞✐❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✶✼(✱ ❬✹✷( ❛♥❞ ❬✺✶(✳ ❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✿ ■♥ ❙❡❝t✐♦♥ 2 ✇❡ ♣r❡s❡♥t t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❛♥❞ ✇❡ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉•ts✳ ■♥ ❙❡❝t✐♦♥ 3 ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ❢♦r ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ■♥ ❙❡❝t✐♦♥ 4 ✇❡ ♣r♦✈❡ t✇♦ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ ε ❛♥❞ ✇❡ ❣✐✈❡ ❛♥ ❡st✐✲ ♠❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u ε = 0}✳ ■♥ ❙❡❝t✐♦♥ 5 ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ❝r✉❝✐❛• ❛✉①✐•✐❛r② ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✼✳ ■♥ ❙❡❝t✐♦♥ 6 ✇❡ ♣r♦✈❡ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r❡♠✳ ✷✳✷ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❛♥❞ ♠❛✐♥ r❡s✉•ts ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✼( ❛♥❞ ❬✷✾( ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ❋♦r N ∈ N, N ≥ 2✱ ✇❡ s✉♣♣♦s❡ t❤❛t Ω ✐s ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✐♥ R N ✇❤♦s❡ ❜♦✉♥❞❛r② ∂Ω ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ▲❡t b = {b 1 , ..., b N } ❜❡ ❛ ❜❛s✐s ♦❢ R N ❛♥❞ ❞❡✜♥❡ ❜② Y t❤❡ ❢♦••♦✇✐♥❣ r❡❢❡r❡♥❝❡ ❝❡••✿ Y . = y ∈ R N : y = N i=1 y i b i , (y 1 , ..., y N ) ∈ (0,1) N . ✭✷✳✶✮ ❆•s♦✱ T ❞❡♥♦t❡s t❤❡ r❡❢❡r❡♥❝❡ ❤♦•❡✱ ✇❤✐❝❤ ✐s ❛ ✭♥♦♥❡♠♣t②✮ ♦♣❡♥ s✉❜s❡t ♦❢ R N s✉❝❤ t❤❛t T ⊂ Y ✱ ❛♥❞ ∂T ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ♣❡r❢♦r❛t❡❞ ❝❡••✱ t❤❛t ✐s t❤❡ ♣❛rt ♦❢ t❤❡ ❝❡•• ♦❝❝✉♣✐❡❞ ❜② t❤❡ ♠❛t❡r✐❛•✱ ✐s ❞❡✜♥❡❞ ❜② Y * . = Y \ T ✳ ▲❡t {ε} ε>0 ❜❡ ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r t❛❦✐♥❣ ✈❛•✉❡s ✐♥ ❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦ ❛♥❞ s❡t G . = ξ ∈ R N : ξ = N i=1 k i b i , (k 1 , ..., k N ) ∈ Z N T ε . = ξ∈G ε(ξ + T ), ✇❤❡r❡ ε(ξ + T ) ❛r❡ ❞✐s•♦✐♥t tr❛♥s•❛t❡❞ s❡ts ♦❢ T r❡s❝❛•❡❞ ❜② ε✳ ❚❤❡ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ Ω * ε ✐s ❞❡✜♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢r♦♠ Ω t❤❡ ❝•♦s✉r❡ ♦❢ ❤♦•❡s T ε ✱ t❤❛t ✐s ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✮ Ω * ε . = Ω \ T ε . ✹✾ Ω ε ε(ξ + Y ) Ω Λ ε Ω ε(ξ + Y ) ∂Ω Ω ε . = ξ∈Ξε ε(ξ + Y ) Λ ε . = Ω \ Ω ε , Ξ ε . = {ξ ∈ G, ε(ξ + Y ) ⊂ Ω} . Ω * ε . = Ω ε \ T ε Λ * ε . = Ω * ε \ Ω * ε . Ω * ε ∂Ω * ε = Γ ε 0 ∪ Γ ε 1 Γ ε 1 . = ∂ Ω * ε ∩ ∂T ε Γ ε 0 . = ∂Ω * ε \ Γ ε 1 . Ω * ε Ω * ε Λ * ε Y * M Y * (v) . = 1 |Y * | Y * v(y)dy v ∈ L 1 (Y * ) M ∂T (v) . = 1 |∂T | ∂T v(y)dσ y v ∈ L 1 (∂T ) ∼ Ω Ω * ε ν Ω Y * θ . = |Y * | |Y | ❼ c ❞✐✛❡r❡♥t ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ ❼ M(α, β, Y ) t❤❡ s❡t ♦❢ ♠❛tr✐① ✜❡•❞s A = (a i,j ) 1≤i,j≤N ∈ (L ∞ (Y )) N ×N s✉❝❤ t❤❛t (A(x)λ, λ) ≥ α|λ| 2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ R N ❛♥❞ ❛✳❡✳ ✐♥ Y ✱ ✇✐t❤ α, β ∈ R✱ 0 < α < β✱ ❼ {e 1 , ..., e N } t❤❡ ❝❛♥♦♥✐❝❛• ❜❛s✐s ♦❢ R N ✳ ❋✉rt❤❡r♠♦r❡ •❡t ✉s r❡❝❛•• t❤❡ ❝•❛ss✐❝❛• ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❡✈❡r② r❡❛• ❢✉♥❝t✐♦♥ u u = u + -u -, u + . = max{u,0} ❛♥❞ u -. = -min{u,0} ❛✳❡✳ ✐♥ Ω, ✭✷✳✷✮ ✇❤❡r❡ u + ❛♥❞ u -❛r❡ ❜♦t❤ ♥♦♥♥❡❣❛t✐✈❡✳ ❲❡ ❛•s♦ r❡❝❛•• t❤❛t χ Ω * ε ⇀ θ ✇❡❛❦•② * ✐♥ L ∞ (Ω), ❛s ε → 0. ❉❡❢✐♥✐t✐♦♥ ✷✳✶✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R N ❛♥❞ Y ❣✐✈❡♥ ❜② ✭✷✳✶✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s ❝❛••❡❞ Y -periodic ✐❢ ❛♥❞ ♦♥•② ✐❢ f (x + ky i b i ) = f (x) ❛✳❡✳ ✐♥ R N , ∀k ∈ Z ❛♥❞ ∀i = 1, ..., N. ❚❤❡ ♣r♦❜•❡♠ ❖✉r ❛✐♠ ✐s t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r✱ ❛s ε ❣♦❡s t♦ ③❡r♦✱ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(A ε (x, u ε )∇u ε ) = f ζ(u ε ) ✐♥ Ω * ε , u ε = 0 ♦♥ Γ ε 0 , (A ε (x, u ε )∇u ε )ν + ε γ ρ ε (x)h(u ε ) = g ε ♦♥ Γ ε 1 , ✭✷✳✸✮ ✇❤❡r❡ ❛ ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s Γ ε 1 ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② Γ ε 0 ❛r❡ ♣r❡s❝r✐❜❡❞✳ ❚❤❡ ♠❛tr✐① ✜❡•❞ A ε ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✹✮✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s ρ ε ❛♥❞ g ε ✐♥ ✭✷✳✺✮✳ ❆ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❛t❛ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦••♦✇✐♥❣ ❤②♣♦t❤❡s❡s✱ ✇❤❡r❡ t❤❡ Y ✲♣❡r✐♦❞✐❝✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✿ ❍ 1 ✮ ❚❤❡ r❡❛• N × N ♠❛tr✐① ✜❡•❞ A : (y, t) ∈ Y × R → A(y, t) = (a i,j (y, t)) i,j=1,...,N ∈ R N 2 ✺✶ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿                                                  ✐) A(•, t) ✐s Y ✲♣❡r✐♦❞✐❝ ❢♦r ❡✈❡r② t; ✐✐) A ✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥✱ ✐✳❡✳ -A(y, •) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛✳❡✳ y ∈ Y , -A(•, t) ✐s ♠❡❛s✉r❛❜•❡ ❢♦r ❡✈❡r② t ∈ R; ✐✐✐) A(•, t) ∈ M(α, β, Y ), ❢♦r ❡✈❡r② t ∈ R; ✐✈) t❤❡r❡ ❡①✐sts ❛ r❡❛• ❢✉♥❝t✐♦♥ ω : R → R s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ -ω ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥ ❞❡❝r❡❛s✐♥❣, ✇✐t❤ ω(t) > 0 ∀ t > 0, -|A(y, t 1 ) -A(y, t 2 )| ≤ ω(|t 1 -t 2 |) ❢♦r ❛✳❡✳ y ∈ Y, ∀ t 1 / = t 2 , -∀s > 0, lim y→0 + s y dt ω(t) = +∞. ❍ 2 ✮ ❚❤❡ ❢✉♥❝t✐♦♥s ζ ❛♥❞ f ✈❡r✐❢②                    ✐) ζ : [0, +∞[→ [0, +∞] ✐s ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ζ ∈ C 0 ([0, +∞[), 0 ≤ ζ(s) ≤ 1 s k ❢♦r ❡✈❡r② s ∈]0, +∞[, ✇✐t❤ 0 < k ≤ 1; ✐✐) ζ ✐s ♥♦♥ ✐♥❝r❡❛s✐♥❣❀ ✐✐✐) f ≥ 0 ❛✳❡✳ ✐♥ Ω, ✇✐t❤ f ∈ L l (Ω), ❢♦r l ≥ 2 1 + k (≥ 1). ❍ 3 ✮ ❊✐t❤❡r ✐) 0 ≤ g ∈ L s (∂T ), ✇✐t❤ M ∂T (g) / = 0 ❛♥❞    s ≥ 2(N -1) N ✐❢ N > 2, s > 1 ✐❢ N = 2; ♦r ✐✐) g ≡ 0. ❍ 4 ✮ ❊✐t❤❡r f / ≡ 0 ♦r g / ≡ 0✳ ❍ 5 ✮ γ ≥ 1✱ ❛♥❞ ρ ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ Y ✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ✐♥ L ∞ (∂T )✳ ❍ 6 ✮ ❚❤❡ ❢✉♥❝t✐♦♥ h ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s•② ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ❛♥❞ ❛♥ ❡①♣♦♥❡♥t q ♦♥❡ ❤❛s            h(0) = 0, |h ′ (s)| ≤ C(1 + |s| q-1 ), ∀s ∈ R, ✇✐t❤ 1 ≤ q < ∞ ✐❢ N = 2, ❛♥❞ 1 ≤ q ≤ N N -2 ✐❢ N > 2. ✺✷ ⋄ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ✇❡ s❡t✱ ❢♦r ❛•♠♦st ❡✈❡r② x ∈ Ω ❛♥❞ ❡✈❡r② t ∈ R✱ A ε (x, t) . = A x ε , t , ✭✷✳✹✮ ❛♥❞✱ ❢♦r ❛•♠♦st ❡✈❡r② x ∈ Γ ε 1 ✱ g ε (x) . = εg x ε , ρ ε (x) . = ρ x ε . ✭✷✳✺✮ ◆♦✇ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥❛t✉r❛• ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ st✉❞② ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✮✱ t❤❛t ✐s t❤❡ s♣❛❝❡ V ε . = {v ∈ H 1 (Ω * ε ) : v = 0 ♦♥ Γ ε 0 }. |❡♠❛r❦ ✷✳✷✳ ■t ✐s ❦♥♦✇♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✺✱ ▲❡♠♠❛ 1(✱ ❬✸✻(✮ t❤❛t t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ✐♥ V ε ❤♦•❞s ✇✐t❤ ❛ ❝♦♥st❛♥t c P ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ t❤❛t ✐s v L 2 (Ω * ε ) ≤ c P ∇v L 2 (Ω * ε ) ∀v ∈ V ε . ✭✷✳✻✮ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ s♣❛❝❡ V ε ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ❜② t❤❡ ♥♦r♠ v Vε . = ∇v L 2 (Ω * ε ) ∀v ∈ V ε , ✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ H 1 ✲♥♦r♠ ✈✐❛ ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε✳ ▼♦r❡♦✈❡r✱ t❤❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s ❛•s♦ ❛♣♣•② t♦ V ε ✐♥❞❡♣❡♥❞❡♥t•② ♦♥ ε✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❜•❡♠ ✭✷✳✸✮ r❡❛❞s                          ❋✐♥❞ u ε ∈ V ε s✉❝❤ t❤❛t u ε > 0 ❛✳❡✳ ✐♥ Ω * ε , Ω * ε f ζ(u ε )ϕdx < +∞ ❛♥❞ Ω * ε A ε (x, u ε )∇u ε ∇ϕdx + ε γ Γ ε 1 ρ ε h(u ε )ϕdσ = Ω * ε f ζ(u ε )ϕdx + Γ ε 1 g ε ϕdσ, ∀ϕ ∈ V ε . ✭✷✳✼✮ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❛ss✉♠♣t✐♦♥ ♦♥ ∂T ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ✇r✐t❡ ❤❡r❡ t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛•s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦•❡s✳ ❲❡ r❡❝❛•• t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✿ ❚❤❡♦r❡♠ ✷✳✸ ✭❬✹✻(✮✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ ♣r♦❜•❡♠ ✭✷✳✼✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥✳ ✺✸ |❡♠❛r❦ ✷✳✹✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❬✹✻✱ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s 5.2 ❛♥❞ 6.2(✮✱ t❤❛t ❤②♣♦t❤❡s❡s ❍ 1 ✮ i,ii,iii ✱ ❍ 2 ✮ i,iii ✱ ❍ 3 ✲❍ 6 ✮ ♣r♦✈✐❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t •❡❛st ❛ s♦•✉t✐♦♥ ♦❢ ♦✉r ♣r♦❜•❡♠✳ ❚♦ ❡♥s✉r❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✱ ❛s ✉s✉❛• ✐♥ t❤❡ •✐t❡r❛t✉r❡✱ s♦♠❡ ❛❞❞✐t✐♦♥❛• ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ♠❛tr✐① ✜❡•❞ A ❛♥❞ ♦♥ t❤❡ ♥♦♥•✐♥❡❛r ❢✉♥❝t✐♦♥ ζ ❛r❡ r❡q✉✐r❡❞✳ ❚❤✐s ✐s ✇❤② ✐♥ ❬✹✻( t❤❡ ✉♥✐q✉❡♥❡ss ✐s ♣r♦✈❡❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡ q✉❛s✐•✐♥❡❛r t❡r♠ ✈❡r✐✜❡s ❤②♣♦t❤❡s✐s ❍ 1 ✮ iv ✱ ✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✸( ❜② ▼✳ ❈❤✐♣♦t ❢♦r q✉❛s✐•✐♥❡❛r ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ✭s❡❡ ❛•s♦ ❬✶✾(✮✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ζ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s ❍ 2 ✮ ii ✐s ❛ss✉♠❡❞✱ ❛s ❞♦♥❡ ✐♥ ❬✹✷( ❛♥❞ ❬✺✷(✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ✐❢ ❆ ✐s ✉♥✐❢♦r♠•② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✐♥ t ✇✐t❤ ❝♦♥st❛♥t L✱ t❤❡♥ w(t) . = Lt s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥ ❍ 1 ✮ iv ✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ❤❡r❡✱ ❢♦r ❡✈❡r② ✜①❡❞ t ∈ R✱ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛tr✐① ✜❡•❞ A 0 (t)✱ ❞❡✜♥❡❞ ❜② A 0 (t)λ . = 1 |Y | Y * A(y, t)∇ y ω λ (y, t)dy ∀λ ∈ R N , ✭✷✳✽✮ ✇❤❡r❡✱ ❢♦r ❡✈❡r② t ∈ R ❛♥❞ λ ∈ R N ✱ ω λ (y, t) = λ • y -χ λ (y, t) ❛♥❞ χ λ (y, t) ✐s s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿                  -div(A(•, t)∇ y χ λ (•, t)) = -div(A(•, t)λ) ✐♥ Y * , A(•, t)(λ -∇ y χ λ (•, t))ν = 0 ♦♥ ∂T, χ λ (•, t) (✲♣❡r✐♦❞✐❝, 1 |Y * | Y * χ λ (y, t)dy = 0. ✭✷✳✾✮ ❚❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛tr✐① A 0 ✐s t❤❛t ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✺( ❢♦r •✐♥❡❛r ♣r♦❜•❡♠s ✇✐t❤ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s ✐♥ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥✱ s✉❝❝❡ss✐✈❡•② ❡①t❡♥❞❡❞ t♦ q✉❛s✐•✐♥❡❛r ♦♥❡s ✐♥ ❬✺(✱ ❬✻(✳ ❲❡ r❡❝❛•• ✭s❡❡ ❬✷✵( ❛♥❞ ❬✸✺(✮ t❤❛t t❤❡ ♠❛tr✐① A 0 s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ✐) A 0 ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ A 0 (t) ∈ M α, β 2 α , Ω ❢♦r ❡✈❡r② t ∈ R; ✐✐) t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❈✱ ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ α, β, Y ❛♥❞ T s✉❝❤ t❤❛t |A 0 (t 1 ) -A 0 (t 2 )| ≤ Cω(|t 1 -t 2 |) ❢♦r ❡✈❡r② t 1 , t 2 ∈ R, ✇✐t❤ t 1 / = t 2 , ✇❤❡r❡ ω ✐s t❤❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ✐♥ ❍ 1 ). ✭✷✳✶✵✮ ◆♦✇ ✇❡ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉•ts ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♦♥❡ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ 4✿ ✺✹ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ∈ V ε ❜❡ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ ✭st✐•• ❞❡♥♦t❡❞ ❜② ε✮ ❛♥❞ t✇♦ ❢✉♥❝t✐♦♥s u 0 ∈ H 1 0 (Ω) ❛♥❞ u ∈ L 2 (Ω; H 1 per (Y * )) ✇✐t❤ M Y * ( u) = 0✱ s✉❝❤ t❤❛t                          ✐) T * ε (u ε ) → u 0 str♦♥❣•② ✐♥ L 2 (Ω; H 1 (Y * )) ❛♥❞ ❛✳❡✳ ✐♥ Ω × Y * , ✐✐) T * ε (ζ(u ε )) → ζ(u 0 ) ❛✳❡✳ ✐♥ Ω × Y * , ✐✐✐) u ε ⇀ θu 0 ✇❡❛❦•② ✐♥ L 2 (Ω), ✐✈) T * ε (∇u ε ) ⇀ ∇u 0 + ∇ y u ✇❡❛❦•② ✐♥ L 2 (Ω × Y * ), ✈) T b ε (h(u ε )) → h(u 0 ) str♦♥❣•② ✐♥ L t (Ω; W 1-1 t ,t (∂T )), ✭✷✳✶✶✮ ✇❤❡r❡ t . =      ∈ (1; 2) ✐❢ N = 2 ❛♥❞ q > 1, 2N q(N -2) + 2 ♦t❤❡r✇✐s❡; ✭✷✳✶✷✮ ❛♥❞ q ✐s ❣✐✈❡♥ ❜② ❍ 6 ✮✳ ▼♦r❡♦✈❡r✱ u 0 ≥ 0 ❛✳❡✳ ✐♥ Ω ❛♥❞ Ω f ζ(u 0 )ϕdx < +∞, ∀ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω). ✭✷✳✶✸✮ ❲❡ ❛•s♦ ❤❛✈❡ t❤❡ r❡s✉•t ❜❡•♦✇✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ 5✳ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t (u 0 , u) ❜❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❚❤❡♥ u(y, x) = - N i=1 χ e i (y, u 0 (x)) ∂u 0 ∂x i (x) ∈ L 2 (Ω; H 1 per (Y * )). |❡♠❛r❦ ✷✳✼✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✻ ♠❛❦❡s ✉s❡ ♦❢ s♦♠❡ r❡s✉•ts ❢r♦♠ ❬✷✺( ❛♥❞ ❬✷✻(✱ ✇❤❡r❡ ✐s ❛•s♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ g / ≡ 0 ✇✐t❤ M ∂T (g) = 0✳ ❍❡r❡✱ s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ g ≥ 0✱ ✇❡ ❝❛♥ ♦♥•② ❤❛✈❡ t❤❡ ❝❛s❡s M ∂T (g) / = 0 ♦r g ≡ 0✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•t ❢♦r ♣r♦❜•❡♠ ✭✷✳✼✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤♦s❡ ♣r♦♦❢ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ 6✿ ❚❤❡♦r❡♠ ✷✳✽✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ∈ V ε ❜❡ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮ ❛♥❞ (u 0 , u) ❜❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥s ✷✳✺✲✷✳✻✳ ❚❤❡♥ t❤❡ ♣❛✐r (u 0 , u) ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ •✐♠✐t ❡q✉❛t✐♦♥                ∀ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω) ❛♥❞ ∀ψ ∈ L 2 (Ω; H 1 per (Y * )) Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + ∇ y ψ)dxdy + |Y |c γ Ω h(u 0 )ϕdx = |Y * | Ω f ζ(u 0 )ϕdx + |∂T |M ∂T (g) Ω ϕdx, ✭✷✳✶✹✮ ✺✺ ✇❤❡r❡ c γ ✐s ❞❡✜♥❡❞ ❜② c γ . =    |∂T | |Y | M ∂T (ρ) ✐❢ γ = 1, 0 ✐❢ γ > 1. ✭✷✳✶✺✮ ❋✐♥❛••②✱ u 0 > 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω ❛♥❞ u 0 ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ s✐♥❣✉•❛r •✐♠✐t ♣r♦❜•❡♠✿    -div(A 0 (u 0 )∇u 0 ) + c γ h(u 0 ) = θf ζ(u 0 ) + |∂T | |Y | M ∂T (g) ✐♥ Ω, u 0 = 0 ♦♥ ∂Ω, ✭✷✳✶✻✮ ✇❤❡r❡ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛tr✐① A 0 (t) ✐s ❣✐✈❡♥ ❜② ✭✷✳✽✮ ❛♥❞ ✈❡r✐✜❡s A 0 (u 0 )∇u 0 = 1 |Y | Y * A(y, u 0 )(∇u 0 + ∇ y u)dy. ✭✷✳✶✼✮ ❈♦♥s❡q✉❡♥t•②✱ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✶✶✮ ❤♦•❞ ❢♦r t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡✳ ❆•s♦ •❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✉s✉❛• ❝♦rr❡❝t♦r ♠❛tr✐① ✜❡•❞ ❢♦r ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s C ε ✭s❡❡ ❬✹✶(✮✱ ❞❡✜♥❡❞ ❜② C ε (•, t) = C ε i,j (•, t) i,j=1,...,N ∈ R N 2 , ❢♦r ❡✈❡r② t ∈ R, ✇❤❡r❡        C ε (x, t) = C x ε , t ❛✳❡✳ ✐♥ Ω * ε , C i,j (y, t) = ∂ ω j ∂y i (y, t), i, j = 1, ..., N ❛✳❡✳ ♦♥ Y * . ✭✷✳✶✽✮ ❋✐♥❛••②✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝♦rr❡❝t♦r r❡s✉•t✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❝♦rr❡❝t♦r ♦❢ ❛ s✉✐t❛❜•❡ ❛ss♦❝✐❛t❡❞ ♥♦♥✲s✐♥❣✉•❛r ♣r♦❜•❡♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺ ✭s❡❡ ✭✷✳✸✸✮✮ ✐s ❛•s♦ ❛ ❝♦rr❡❝t♦r ❢♦r ♦✉r ♣r♦❜•❡♠✿ ❚❤❡♦r❡♠ ✷✳✾✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ •❡t C ε ❜❡ ❞❡✜♥❡❞ ❜② ✭✷✳✶✽✮✳ ❚❤❡♥ lim ε→0 ∇u ε -C ε (•, u ε )∇u 0 L 1 (Ω * ε ) = 0. Pr♦♦❢✳ ❚❤✐s r❡s✉•t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✼ ✐♥ ❙❡❝t✐♦♥ 5 ❛♥❞ t❤❡ ❝♦rr❡❝t♦r r❡s✉•t ❢♦r t❤❡ ♥♦♥✲s✐♥❣✉•❛r ❝❛s❡ ❣✐✈❡♥ ❜② ❬✷✺✱ ❚❤❡♦r❡♠ 4.11(✳ ✷✳✸ ❚❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ❆s ❛•r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❉✳ ❈✐♦r❛♥❡s❝✉✱ ❆✳ ❉❛♠•❛♠✐❛♥ ❛♥❞ •✳ •r✐s♦ ✐♥ ❬✷✽( ❛♥❞ ❬✷✾( ❢♦r ✜①❡❞ ❞♦♠❛✐♥s ❛♥❞ ❡①t❡♥❞❡❞ t♦ ♣❡r❢♦r❛t❡❞ ♦♥❡s ✐♥ ❬✸✸(✲❬✸✷(✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✺✻ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ❢♦r ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ❲❡ r❡❢❡r t♦ ❬✷✼( ❛♥❞ ❬✷✾( ❢♦r ❞❡t❛✐•❡❞ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉•ts ♣r❡s❡♥t❡❞ ❤❡r❡✳ ▲❡t z ∈ R N ✱ ✇❡ ❞❡♥♦t❡ ❜② [z] Y ✐ts ✐♥t❡❣❡r ♣❛rt s✉❝❤ t❤❛t z -[z] Y ❜❡•♦♥❣s t♦ Y ❛♥❞ s❡t {z} Y . = z -[z] Y ✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ε✱ x = ε x ε Y + x ε Y ∀x ∈ R N . ❉❡❢✐♥✐t✐♦♥ ✷✳✶✵✳ ❋♦r ❛♥② ▲❡❜❡s❣✉❡✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ ♦♥ Ω * ε ✱ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r T * ε ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ T * ε (φ)(x, y) . =    φ ε x ε Y + εy ❛✳❡✳ ❢♦r (x, y) ∈ Ω ε × Y * , 0 ❛✳❡✳ ❢♦r (x, y) ∈ Λ ε × Y * . ✭✷✳✶✾✮ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ❡✈❡♥ ✐❢ φ ✐s ▲❡❜❡s❣✉❡✲♠❡❛s✉r❛❜•❡ ♦♥ Ω * ε ✱ s✐♥❝❡ ✇❡ ❡①t❡♥❞ ✐t ❜② ③❡r♦ ✐♥ Λ * ε ✳ ❖❜s❡r✈❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ ♦♥❡ ❤❛s T * ε (ζ(φ))(x, y) =    ζ(T * ε (φ)(x, y)) ❛✳❡✳ ✐♥ Ω ε × Y * , 0 ❛✳❡✳ ✐♥ Λ ε × Y * , ✭✷✳✷✵✮ ❢♦r ❛•• ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s φ ♦♥ Ω * ε ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥ ζ s❛t✐s❢②✐♥❣ ❍ 2 ✮ i ✳ ▼♦r❡♦✈❡r✱ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r T * ε ❤❛s t❤❡ ♣r♦♣❡rt✐❡s •✐st❡❞ ❜❡•♦✇✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ ✭❬✷✼(❬✷✾(❬✸✸(✮✳ ▲❡t p ∈ [1, +∞)✳ ✶✳ T * ε ✐s ❛ •✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ❢r♦♠ L p (Ω * ε ) t♦ L p (Ω × Y * )✳ ✷✳ T * ε (φψ) = T * ε (φ)T * ε (ψ) ❢♦r ❡✈❡r② φ, ψ ∈ L p (Ω * ε )✳ ✸✳ ▲❡t φ ∈ L p (Y * ) ❜❡ ❛ Y ✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ s❡t φ ε (x) = φ( x ε )✳ ❚❤❡♥ T * ε (φ ε )(x, y) = φ(y) ❛✳❡✳ ✐♥ Ω ε × Y * . ✹✳ ❋♦r ❛•• φ ∈ L 1 (Ω * ε )✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉•❛ ❤♦•❞s✿ Ω * ε φ(x)dx = Ω * ε φ(x)dx - Λ * ε φ(x)dx = 1 |Y | Ω×Y * T * ε (φ)(x, y)dxdy. ✺✳ T * ε (φ) L p (Ω×Y * ) ≤ |Y | 1 p φ L p (Ω * ε ) ❢♦r ❡✈❡r② φ ∈ L p (Ω * ε )✳ ✻✳ ❋♦r φ ∈ L p (Ω)✱ T * ε (φ) → φ str♦♥❣•② ✐♥ L p (Ω × Y * ). ✺✼ ✼✳ ▲❡t {φ ε } ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ L p (Ω) s✉❝❤ t❤❛t φ ε → φ str♦♥❣•② ✐♥ L p (Ω)✳ ❚❤❡♥ T * ε (φ ε ) → φ str♦♥❣•② ✐♥ L p (Ω × Y * ). ❈♦r♦••❛r② ✷✳✶✷ ✭❬✷✾(✮ ✭❯♥❢♦•❞✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r ✐♥t❡❣r❛•s ✭✉✳❝✳✐✳✮✮✳ ▲❡t φ ε ❜❡ ✐♥ L 1 (Ω * ε )✳ ■❢ Λ * ε |φ ε |dx → 0, t❤❡♥ Ω * ε φ ε dx - 1 |Y | Ω×Y * T * ε (φ ε )dxdy → 0. ■♥ t❤❡ s❡q✉❡•✱ ✐❢ {φ ε } ✐s ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✉✳❝✳✐✳✱ ✇❡ ✇r✐t❡ Ω * ε φ ε dx ≃ 1 |Y | Ω×Y * T * ε (φ ε )dxdy. Pr♦♣♦s✐t✐♦♥ ✷✳✶✸ ✭❬✷✾(✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦•❞✿ ❼ ▲❡t {φ ε } ⊂ L p (Ω * ε ) s✉❝❤ t❤❛t φ ε L p (Ω * ε ) ≤ c✱ ✇✐t❤ p ∈ (1, +∞)✱ ❛♥❞ ψ ∈ L p ′ (Ω * ε )✱ t❤❡♥ Ω * ε φ ε ψdx ≃ 1 |Y | Ω×Y * T * ε (φ ε )T * ε (ψ)dxdy. ❼ ▲❡t {φ ε } ⊂ L p (Ω * ε ) s✉❝❤ t❤❛t φ ε L p (Ω * ε ) ≤ c✱ ✇✐t❤ p ∈ (1, +∞)✱ ❛♥❞ {ψ ε } ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L p 0 (Ω * ε ) ✇✐t❤ 1 p + 1 p 0 < 1✳ ❚❤❡♥ Ω * ε φ ε ψ ε dx ≃ 1 |Y | Ω×Y * T * ε (φ ε )T * ε (ψ ε )dxdy. ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ❤♦•❞s✿ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹ ✭❬✷✼(❬✷✾(❬✸✸(✮✳ ▲❡t {φ ε } ⊂ L p (Ω * ε ) s✉❝❤ t❤❛t φ ε L p (Ω * ε ) ≤ c✱ ✇✐t❤ p ∈ [1, +∞)✳ ■❢ T * ε (φ ε ) ⇀ φ ✇❡❛❦•② ✐♥ L p (Ω × Y * ), t❤❡♥ φ ε ⇀ θM Y * (φ) ✇❡❛❦•② ✐♥ L p (Ω). ❲❡ ❛•s♦ r❡❝❛•• t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r✳ ❉❡❢✐♥✐t✐♦♥ ✷✳✶✺✳ ❋♦r ❛♥② ▲❡❜❡s❣✉❡✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ φ ♦♥ ∂ Ω * ε ∩ ∂T ε ✱ t❤❡ ❜♦✉♥❞❛r② ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r T b ε ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ T b ε (φ)(x, y) . =    φ ε x ε Y + εy ❛✳❡✳ ❢♦r (x, y) ∈ Ω ε × ∂T, 0 ❛✳❡✳ ❢♦r (x, y) ∈ Λ ε × ∂T. ✭✷✳✷✶✮ ✺✽ Pr♦♣♦s✐t✐♦♥ ✷✳✶✻ ✭❬✷✼(❬✷✾(❬✸✸(✮✳ ▲❡t p ∈ (1, +∞)✳ ✶✳ T b ε ✐s ❛ •✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ❢r♦♠ L p (∂ Ω * ε ∩ ∂T ε ) t♦ L p (Ω × ∂T )✳ ✷✳ T b ε (φψ) = T b ε (φ)T b ε (ψ) ❢♦r ❡✈❡r② φ, ψ ∈ L p (∂ Ω * ε ∩ ∂T ε )✳ ✸✳ ▲❡t φ ∈ L p (∂T ) ❜❡ ❛ Y ✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ s❡t φ ε (x) = φ( x ε )✳ ❚❤❡♥ T b ε (φ ε )(x, y) = φ(y) ❛✳❡✳ ✐♥ Ω ε × ∂T. ✹✳ ❋♦r ❛•• φ ∈ L 1 (∂ Ω * ε ∩ ∂T ε )✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉•❛ ✐s ❣✐✈❡♥ ❜② Γ ε 1 φ(x)dσ x = 1 ε|Y | Ω×∂T T b ε (φ)(x, y)dxdσ y . ✺✳ T b ε (φ) L p (Ω×∂T ) ≤ ε 1 p |Y | 1 p φ L p (∂Tε) ❢♦r ❡✈❡r② φ ∈ L p (∂ Ω * ε ∩ ∂T ε )✳ ✻✳ ❋♦r φ ∈ L p (∂ Ω * ε ∩ ∂T ε )✱ T b ε (φ) → φ str♦♥❣•② ✐♥ L p (Ω × ∂T ). ❲❡ s✉♠♠❛r✐③❡ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❜❡•♦✇ s♦♠❡ r❡s✉•ts t❤❛t ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ •✐t❡r❛t✉r❡ ✭✇❡ r❡❢❡r t♦ ❬✸✷(✱ ❬✸✸( ❛s ✇❡•• t♦ ❬✷✼( ❢♦r ❝♦♥✈❡r❣❡♥❝❡s i) -iv)✱ ❛♥❞ t♦ ❬✷✵( ❢♦r v)✮✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✼✳ ▲❡t {w ε } ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t w ε ∈ V ε ❛♥❞ w ε Vε ≤ c✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ❛ s✉❜s❡q✉❡♥❝❡ ✭st✐•• ❞❡♥♦t❡❞ ❜② ε✮ ❛♥❞ t✇♦ ❢✉♥❝t✐♦♥s (w 0 , w) ∈ H 1 0 (Ω) × L 2 (Ω; H 1 per (Y * )) ✇✐t❤ M Y * ( w) = 0✱ s✉❝❤ t❤❛t                          ✐) T * ε (w ε ) → w 0 str♦♥❣•② ✐♥ L 2 (Ω; H 1 (Y * )), ✐✐) T * ε (∇w ε ) ⇀ ∇w 0 + ∇ y w ✇❡❛❦•② ✐♥ L 2 (Ω × Y * ), ✐✐✐) w ε ⇀ θw 0 ✇❡❛❦•② ✐♥ L 2 (Ω), ✐✈) T b ε (h(w ε )) → h(w 0 ) str♦♥❣•② ✐♥ L t (Ω; W 1-1 t ,t (∂T )), ✈) T * ε (A ε (x, w ε )) → A(y, w 0 ) ❛✳❡✳ ✐♥ Ω × Y * , ✭✷✳✷✷✮ ✇❤❡r❡ t . =      ∈ (1; 2) ✐❢ N = 2 ❛♥❞ q > 1, 2N q(N -2) + 2 ♦t❤❡r✇✐s❡; ✭✷✳✷✸✮ ❛♥❞ q ❣✐✈❡♥ ❜② ❍ 6 ✮✳ ✺✾ ❍❡r❡✱ •❡t ✉s •✉st ♣♦✐♥t ♦✉t t❤❛t T * ε (A ε (x, u ε (x))) =    A(y, T * ε (u ε )(x, y)) ❛✳❡✳ ❢♦r (x, y) ∈ Ω ε × Y * , 0 ❛✳❡✳ ❢♦r (x, y) ∈ Λ ε × Y * . ✭✷✳✷✹✮ ❲❡ r❡❝❛•• ♥♦✇ ❛♥ ✐♠♣♦rt❛♥t r❡s✉•t✱ ✇❤✐❝❤ ♣•❛②s ❛♥ ❡ss❡♥t✐❛• r♦•❡ ✇❤❡♥ tr❡❛t✐♥❣ s✉r❢❛❝❡ ✐♥t❡❣r❛•s ❝♦♥t❛✐♥✐♥❣ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ■t ✇❛s ♦r✐❣✐♥❛••② ♣r♦✈❡❞ ✐♥ ❬✸✵(✱ t❤❡♥ r❡✈✐s✐t❡❞ ❛♥❞ ✐♠♣r♦✈❡❞ ❜② ✉♥❢♦•❞✐♥❣ ✐♥ ❬✷✼( ❛♥❞ ❬✸✸( ✭s❡❡ ❛•s♦ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥s 3.7✲3.8( ❢♦r t❤❡ ❝❛s❡ g ∈ L s ✮✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✽ ✭❬✷✺(✮✳ ▲❡t g ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❤②♣♦t❤❡s✐s ❍ 3 ✮ i ✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ϕ ∈ V ε ✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ Γ ε 1 g x ε ϕ(x)dσ ≤ c ε (|M ∂T (g)| + ε) ∇ϕ L 2 (Ω * ε ) . ❋✉rt❤❡r♠♦r❡✱ ✐❢ M ∂T (g) = 0✱ t❤❡♥ ❢♦r ❡✈❡r② ϕ ∈ V ε ✱ ♦♥❡ ❤❛s lim ε→0 Γ ε 1 g x ε ϕ(x)dσ = 0. ▼♦r❡♦✈❡r✱ ✐❢ {w ε } ⊂ V ε ✐s ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ✭✷✳✷✷✮ i ❤♦•❞s✱ t❤❡♥ lim ε→0 ε Γ ε 1 g x ε w ε dσ = |∂T | |Y | M ∂T (g) Ω w 0 dx. ✷✳✹ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ■♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s ✇❡ ❡st❛❜•✐s❤ t✇♦ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮✱ ✇❤✐❝❤ ❛r❡ ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ ε✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ✐♥ t❤❡ s❡q✉❡• ✇❡ ❝❛♥ s✉♣♣♦s❡ ε < 1 ✇✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t②✱ s✐♥❝❡ ε ✇✐•• t❡♥❞ t♦ ③❡r♦✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✾✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ∈ V ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❤♦•❞s✿ u ε Vε ≤ c, ✭✷✳✷✺✮ ✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥ α✱ c P ✱ f L l (Ω) ❛♥❞ M ∂T (g)✳ Pr♦♦❢✳ ▲❡t u ε ∈ V ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✮ ❛♥❞ •❡t ✉s ❝❤♦♦s❡ u ε ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✐ts ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✭✷✳✼✮✳ ❚❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❬✹✻✱ Pr♦♣♦s✐t✐♦♥ 3.1(✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ ε ❛♥❞ γ✱ ❣✐✈❡s α ∇u ε 2 L 2 (Ω * ε ) ≤ Ω * ε A ε (x, u ε )∇u ε ∇u ε dx + ε γ Γ ε 1 ρ ε h(u ε )u ε dσ ≤ Ω * ε f u 1-k ε dx + Γ ε 1 g ε u ε dσ. ✻✵ ❆♣♣•②✐♥❣ t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t② ✇✐t❤ ❡①♣♦♥❡♥ts 2 1-k ❛♥❞ 2 1+k ✱ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡r② η 1 > 0✱ f u 1-k ε ≤ c(η 1 )f 2 1+k + η 1 u 2 ε . ❚❤✐s ✐♠♣•✐❡s✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ✭✷✳✻✮✱ t❤❛t α ∇u ε 2 L 2 (Ω * ε ) ≤ η 1 c 2 P ∇u ε 2 L 2 (Ω * ε ) + c(η 1 ) f 2 1+k L 2 1+k (Ω) + Γ ε 1 g ε u ε dσ, ✇❤❡r❡ c P ✐s t❤❡ P♦✐♥❝❛ré ❝♦♥st❛♥t ✐♥ V ε ✳ ▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ g ε ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✽✱ ❢♦r t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t② ✇❡ ❤❛✈❡ Γ ε 1 g ε u ε dσ ≤ c(|M ∂T (g)| + ε) u ε Vε ≤ η 2 u ε 2 Vε + c(η 2 ), ✐♥❞❡♣❡♥❞❡♥t•② ♦♥ ε✳ ❲❤❡♥❝❡✱ ❝❤♦♦s✐♥❣ η 1 ❛♥❞ η 2 s✉✣❝✐❡♥t•② s♠❛•• s♦ t❤❛t α -η 1 c 2 P -η 2 > 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c✱ ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε✱ s✉❝❤ t❤❛t u ε Vε ≤ c, ✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥ α✱ c P ✱ f L l (Ω) ❛♥❞ M ∂T (g)✳ ■♥ t❤❡ ♥❡①t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡✱ ✇❡ ✇✐•• ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt② t❤❛t ✇❡ ♣r♦✈❡ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✿ ▲❡♠♠❛ ✷✳✷✵✳ ▲❡t Ω 1 ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✐♥ R N ✇✐t❤ ∂Ω 1 ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ■❢ u ❜❡•♦♥❣s t♦ H 1 (Ω 1 ) ∩ L ∞ (Ω 1 )✱ t❤❡♥ u ∈ L ∞ (∂Ω 1 )✳ Pr♦♦❢✳ ❙❡t k := u L ∞ (Ω 1 ) ❛♥❞ t❛❦❡ u n ∈ D(Ω 1 ) s✉❝❤ t❤❛t u n → u str♦♥❣•② ✐♥ H 1 (Ω 1 ). ❚❤❡♥✱ ❜② ❦♥♦✇♥ r❡s✉•ts✱ ✐❢ T k ❞❡♥♦t❡s t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛t •❡✈❡• k✱ ✇❡ ❤❛✈❡ T k (u n ) → T k (u) = u str♦♥❣•② ✐♥ H 1 (Ω 1 ), ❛s n → +∞✳ ❍❡♥❝❡ T k (u n ) → u str♦♥❣•② ✐♥ L 2 (∂Ω 1 ), ❛♥❞✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ ∂Ω 1 ✳ ❙✐♥❝❡ |T k (u n )| ≤ k✱ t❤✐s ❣✐✈❡s u ≤ k ❛✳❡✳ ♦♥ ∂Ω 1 , ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ r❡s✉•t✳ ✻✶ Pr♦♣♦s✐t✐♦♥ ✷✳✷✶✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ∈ V ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮✳ ❚❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ f ζ(u ε )ϕ L 1 (Ω * ε ) ≤ c, ✭✷✳✷✻✮ ❢♦r ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω) ✇✐t❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ c P ✱ |Y |✱ ρ L ∞ (∂T ) ✱ ∇ϕ L 2 (Ω) ✱ f L l (Ω) ❛♥❞ M ∂T (g)✳ Pr♦♦❢✳ ▲❡t u ε ∈ V ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮ ❛♥❞ •❡t ✉s ❝❤♦♦s❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω) ❛s t❡st ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ f ✱ ζ✱ g ❛♥❞ ϕ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ✉s✐♥❣ ❍ 1 ✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ ✇❡ ❤❛✈❡ 0 ≤ Ω * ε f ζ(u ε )ϕdx = Ω * ε A ε (x, u ε )∇u ε ∇ϕdx + ε γ Γ ε 1 ρ ε h(u ε )ϕdσ - Γ ε 1 g ε ϕdσ ≤ β ∇u ε L 2 (Ω * ε ) ∇ϕ L 2 (Ω * ε ) + ε γ Γ ε 1 ρ ε h(u ε )ϕdσ. ❆s ❢❛r ❛s ✐t ❝♦♥❝❡r♥s t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛•✱ t❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✻✮ ❛♥❞ ❍ 5 ✮✱ ✇❡ ❣❡t ε γ Γ ε 1 ρ ε h(u ε )ϕdσ = ε γ-1 |Y | Ω×∂T T b ε (ρ ε )T b ε (h(u ε ))T b ε (ϕ)dxdσ y = ε γ-1 |Y | Ω×∂T ρ(y)T b ε (h(u ε ))T b ε (ϕ)dxdσ y ≤ ε γ-1 |Y | ρ L ∞ (∂T ) Ω×∂T T b ε (h(u ε ))T b ε (ϕ)dxdσ y . ✭✷✳✷✼✮ ■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✷✼✮✱ •❡t t ❜❡ ❛ r❡❛• ♥✉♠❜❡r ✈❡r✐❢②✐♥❣ ✭✷✳✷✸✮✳ ❚❤❛♥❦s t♦ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✷✳✷✺✮✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✼ ❤♦•❞s tr✉❡❀ s♦ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T b ε (h(u ε )) ✐s ❜♦✉♥❞❡❞ ✐♥ L t (Ω × ∂T )✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜② ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ ϕ✱ ▲❡♠♠❛ ✷✳✷✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✻ 6 ♦♥❡ ❤❛s t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ T b ε (ϕ) ✐♥ L t ′ (Ω × ∂T )✱ ✇❤❡r❡ t ′ ✐s t❤❡ ❝♦♥•✉❣❛t❡ ♦❢ t✳ ❆♣♣•②✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✇❡ ♦❜t❛✐♥ ε γ-1 |Y | ρ L ∞ (∂T ) Ω×∂T T b ε (h(u ε ))T b ε (ϕ)dxdσ y ≤ ε γ-1 |Y | ρ L ∞ (∂T ) T b ε (h(u ε )) L t (Ω×∂T ) T b ε (ϕ) L t ′ (Ω×∂T ) . ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✷✺✮ ❛♥❞ ❤②♣♦t❤❡s✐s ❍ 5 ✮✱ ❛••♦✇s t♦ st❛t❡ t❤❛t 0 ≤ Ω * ε f ζ(u ε )ϕdx ≤ c, ✻✷ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t ❝ ❞❡♣❡♥❞s ♦♥ α✱ β✱ c P ✱ |Y |✱ ρ L ∞ (∂T ) ✱ ∇ϕ L 2 (Ω) ✱ f L l (Ω) ❛♥❞ M ∂T (g)✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u ε = 0}✳ ■t ✐s ✐♥s♣✐r❡❞ ❜② ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ ❬✺✶(✱ ❬✺✷( ❛♥❞ ❬✹✷(✱ ✇❤✐❝❤ ♣r❡s❡♥t ❛ s✐♠✐•❛r s✐♥❣✉•❛r t❡r♠✳ ❚❤❡ ❡st✐♠❛t❡ ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•② ❢r♦♠ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❬✹✻✱ Pr♦♣♦s✐t✐♦♥ 3.3( ✐♥ ✈✐❡✇ ♦❢ ❬✺✾✱ ▲❡♠♠❛ 2.7(✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ✭❬✹✻(✮✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ∈ V ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮ ❛♥❞ δ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ r❡❛• ♥✉♠❜❡r✳ ❚❤❡♥✱ {0<uε≤δ} f ζ(u ε )ϕdx ≤ Ω * ε A ε (x, u ε )∇u ε ∇ϕZ δ (u ε )dx + cε γ-1 2 h(2δ) ρ L ∞ (∂T ) ϕ Vε , ❢♦r ❡✈❡r② ϕ ∈ V ε ✱ ϕ ≥ 0 ❛♥❞ c ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε✱ ✇❤❡r❡ Z δ ✐s ❛♥ ❛✉①✐•✐❛r② ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② Z δ (s) =          1, ✐❢ 0 ≤ s ≤ δ, - s δ + 2, ✐❢ δ ≤ s ≤ 2δ, 0, ✐❢ s ≥ 2δ. ❚❤❡ ❡st✐♠❛t❡ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✶ ❛••♦✇s ✉s t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ▲❡t u ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✼✮✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✾ ❛••♦✇s ✉s t♦ ❛♣♣•② Pr♦♣♦s✐t✐♦♥ ✷✳✶✼ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ u 0 ∈ H 1 0 (Ω) ❛♥❞ u ∈ L 2 (Ω; H 1 per (Y * )) ✇✐t❤ M Y * ( u) = 0 s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✶✶✮ i ✱ ✭✷✳✶✶✮ iii ✲✭✷✳✶✶✮ v ✱ ✇❤❡r❡ T * ε ✐s t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜② ✭✷✳✶✾✮✳ ❚♦ ♣r♦✈❡ ✭✷✳✶✶✮ ii ✱ ♦❜s❡r✈❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❡✈❡r② x ∈ Ω t❤❡r❡ ❡①✐sts ε x > 0 s✉❝❤ t❤❛t x ∈ Ω ε , ∀ε ≤ ε x . ❈♦♥s❡q✉❡♥t•②✱ s✐♥❝❡ ✭✷✳✷✵✮ ❤♦•❞s tr✉❡✱ ❢♦r ❛•♠♦st ❡✈❡r② (x, y) ∈ Ω × Y * ✱ t❤❡r❡ ❡①✐sts ε x > 0 s✉❝❤ t❤❛t T * ε (ζ(u ε )) = ζ(T * ε (u ε )), ∀ε ≤ ε x . ✭✷✳✷✽✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ζ ❛♥❞ ✭✷✳✶✶✮ i ✱ ✇❡ ❤❛✈❡ ζ(T * ε (u ε )) → ζ(u 0 ) ❛✳❡✳ ✐♥ Ω × Y * . ✭✷✳✷✾✮ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✷✽✮✱ ❣✐✈❡s ✭✷✳✶✶✮ ii ✳ ❚♦ s❤♦✇ t❤❛t u 0 ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω✱ ✇❡ ♥♦t❡ t❤❛t ❡✈❡r② s♦•✉t✐♦♥ u ε ✐s ♣♦s✐t✐✈❡ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω * ε ✱ ❜② ❚❤❡♦r❡♠ ✷✳✸✳ ❚❤❡♥✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r ✐♠♣•✐❡s T * ε (u ε ) ≥ 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × Y * s♦ t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✶✮ i ✱ u 0 ≥ 0 ❛✳❡✳ ✐♥ Ω. ✻✸ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✷✳✶✸✮✳ ▲❡t ✉s ❝❤♦♦s❡ ✜rst ❛ ♥♦♥♥❡❣❛t✐✈❡ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✳ Pr♦♣♦s✐t✐♦♥s ✷✳✶✶ 2,4 ❛♥❞ ✷✳✷✶✱ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ •❡❛❞ t♦ lim inf ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ϕ)dxdy ≤ lim inf ε→0 Ω * ε f ζ(u ε )ϕdx < +∞. ✭✷✳✸✵✮ ◆♦✇✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 6 ✱ T * ε (f ) ❛♥❞ T * ε (ϕ) ❝♦♥✈❡r❣❡ t♦ f ❛♥❞ ϕ✱ r❡s♣❡❝t✐✈❡•②✱ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × Y * ✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✳ ❚❤✉s✱ ❜② ✭✷✳✶✶✮ ii ✱ T * ε (f )T * ε (ζ(u ε ))T * ε (ϕ) → f ζ(u 0 )ϕ ❛✳❡✳ ✐♥ Ω × Y * . ❙✐♥❝❡ T * ε (f )✱ T * ε (ζ(u ε )) ❛♥❞ T * ε (ϕ) ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ✉s❡ ❋❛t♦✉✬s •❡♠♠❛ ❛♥❞ ✭✷✳✸✵✮ t♦ ♦❜t❛✐♥ 1 |Y | Ω×Y * f ζ(u 0 )ϕdxdy ≤ lim inf ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ϕ)dxdy < +∞. ❇❡✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ u 0 ✐♥❞❡♣❡♥❞❡♥t ♦♥ y✱ t❤✐s ✐♠♣•✐❡s ✐♥ ♣❛rt✐❝✉•❛r t❤❛t θ Ω f ζ(u 0 )ϕdx < +∞ ❛♥❞ ❡♥❞s t❤❡ ♣r♦♦❢ ❢♦r ϕ ≥ 0✳ ❋♦r ϕ ✇✐t❤ ❛♥② s✐❣♥✱ ✐t s✉✣❝❡s t♦ ❞❡❝♦♠♣♦s❡ ✐t ❛s ✐♥ ✭✷✳✷✮✳ ✷✳✺ ❆ ❝r✉❝✐❛• ❛✉①✐•✐❛r② r❡s✉•t ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✼✱ ✇❤✐❝❤ ✐s ♦✉r ♠❛✐♥ t♦♦• ✇❤❡♥ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✷✳✽✳ ▲❡t u 0 ❛ ✇❡❛❦ ❝•✉st❡r ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ {u ε }✳ ❚❤❡♥✱ ❚❤❡♦r❡♠ ✷✳✷✼ s❤♦✇s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ ♦✉r s♦•✉t✐♦♥ u ε ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ s♦•✉t✐♦♥ v ε ♦❢ ❛ s✉✐t❛❜•❡ •✐♥❡❛r ♣r♦❜•❡♠✱ ✭✷✳✸✺✮✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ u 0 ✳ ❚❤✐s ✐❞❡❛ ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹( ✭s❡❡ ❛•s♦ ❬✶✺(✮ ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ s♦♠❡ ♥♦♥•✐♥❡❛r ♣r♦❜•❡♠ ✇✐t❤ q✉❛❞r❛t✐❝ ❣r♦✇t❤✳ ❲❡ r❡❢❡r t♦ ❬✹✶( ❛♥❞ ❬✷✻( ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ❲❡ ❛•s♦ r❡❢❡r t♦ ❬✹✷( ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣✉•❛r ♥♦♥•✐♥❡❛r✐t② ✈❡r✐❢②✐♥❣ ❍ 2 ✮ i ✱ ✐♥ ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥ ✇✐t❤ ❛ ♦s❝✐••❛t✐♥❣ ✐♥t❡r❢❛❝❡✳ ❍❡r❡ ✇❡ ❛❞❛♣t s♦♠❡ t❡❝❤♥✐q✉❡s ❢r♦♠ ❬✷✻( ❛♥❞ ❬✹✷(✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•ts ♣r♦✈❡❞ ✐♥ ❬✷✺(✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✷✼✱ t❤❡ ❢♦••♦✇✐♥❣ ♣r❡•✐♠✐♥❛r② r❡s✉•t ✐s ♥❡❡❞❡❞ ✭s❡❡ ❬✷✺( ❛♥❞ ❬✷✻✱ |❡♠❛r❦ 3.1(✮✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✸ ✭❬✷✻(✮✳ ❚❤❡r❡ ❡①✐sts ❛ •✐♥❡❛r ♦♣❡r❛t♦r L ε : H -1 (Ω) → V ′ ε s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿ ■❢ {ϕ ε } ✐s ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ϕ ε Vε ≤ c ❛♥❞ ϕ ε ⇀ θϕ 0 ✇❡❛❦•② ✐♥ L 2 (Ω), ✭✷✳✸✶✮ ✻✹ t❤❡♥ lim ε→0 L ε (Z), ϕ ε V ′ ε ,Vε = Z, ϕ 0 H -1 (Ω),H 1 0 (Ω) . ✭✷✳✸✷✮ ◆♦t✐❝❡ t❤❛t✱ s❡❡ ❬✷✻✱ |❡♠❛r❦ 3.1(✱ ✐❢ ✭✷✳✸✶✮ ❤♦•❞s✱ ♦♥❡ ❤❛s ϕ 0 ∈ H 1 0 (Ω)✳ |❡♠❛r❦ ✷✳✷✹✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ♦✉r s❡q✉❡♥❝❡ {u ε } s❛t✐s✜❡s ✭✷✳✸✶✮✱ t❤❛♥❦s t♦ Pr♦♣♦✲ s✐t✐♦♥ ✷✳✶✾ ❛♥❞ ✭✷✳✶✶✮ iii ✳ ❍❡r❡✱ ❛s ✐♥ ❬✷✻(✱ t❤❡ s✉✐t❛❜•❡ •✐♥❡❛r ♣r♦❜•❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❜•❡♠ ✭✷✳✸✮ ✐s          -div(A ε (x, u ε )∇v ε ) = L ε (-div(A 0 (u 0 )∇u 0 ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)) ✐♥ Ω * ε , v ε = 0 ♦♥ Γ ε 0 , (A ε (x, u ε )∇v ε )ν + ε γ ρ ε (x)h(u ε ) = g ε ♦♥ Γ ε 1 , ✭✷✳✸✸✮ ✇❤❡r❡ c γ ✐s ❞❡✜♥❡❞ ❜② ✭✷✳✶✺✮ ❛♥❞ ✇❤♦s❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✷✺(✳ ❖♥❡ ❝❛♥ ❡❛s✐•② ❝❤❡❝❦ ✭s❡❡ ❬✷✻(✮✱ ✉s✐♥❣ t❤✐s ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•t✱ t❤❛t    -div(A 0 (u 0 )∇v 0 ) = -div(A 0 (u 0 )∇u 0 ) ✐♥ Ω, v 0 = 0 ♦♥ ∂Ω. ❚❤❡♥✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s ♣r♦❜•❡♠ ❣✐✈❡s t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t st❛t❡❞ ✐♥ ❬✷✻(✿ ▲❡♠♠❛ ✷✳✷✺ ✭❬✷✻(✮✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✱ •❡t v ε ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✺✮✳ ❚❤❡♥✱ v ε s❛t✐s✜❡s v ε Vε ≤ c ❛♥❞ v ε ⇀ θu 0 ✇❡❛❦•② ✐♥ L 2 (Ω), ✭✷✳✸✹✮ ✇✐t❤ u 0 ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❍❡♥❝❡✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ s♦•✉t✐♦♥ v ε ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✸✮ ❛♣♣❡❛rs t♦ ❜❡ ❛ ♥❛t✉r❛• ❝❛♥❞✐❞❛t❡ ✐♥ ♦r❞❡r t♦ s❤♦✇ ✐ts ❡q✉✐✈❛•❡♥❝❡ ✭✐♥ t❤❡ L 2 ✲♥♦r♠✮ t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ ♦✉r s♦•✉t✐♦♥ u ε ✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✸✮ ✐s Ω * ε A ε (x, u ε )∇v ε ∇ϕdx + ε γ Γ ε 1 ρ ε h(u ε )ϕdσ = Γ ε 1 g ε ϕdσ + L ε (-div(A 0 (u 0 )∇u 0 ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), ϕ V ′ ε ,Vε , ∀ϕ ∈ V ε . ✭✷✳✸✺✮ ❯♥•✐❦❡ t❤❡ ♣r♦❜•❡♠ tr❡❛t❡❞ ✐♥ ❬✷✻(✱ ✉♥❞❡r ♦✉r ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❢✉♥❝t✐♦♥s v ε ❛r❡ ♥♦t ♥❡❝❡ss❛r✐•② ❜♦✉♥❞❡❞✳ ❍❡♥❝❡✱ ❛s ✐♥ ❬✹✷(✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ❛✉①✐•✐❛r② ❢✉♥❝t✐♦♥s u m ✿ ∀m ∈ N, m ≥ 1, u m . = T m (u 0 ), ✻✺ ✇❤❡r❡ T m ✐s t❤❡ ✉s✉❛• tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛t •❡✈❡• m✱ s♦ t❤❛t 0 ≤ u m ≤ u 0 ❛♥❞ u m → u 0 str♦♥❣•② ✐♥ H 1 0 (Ω), ❛s m → +∞. ✭✷✳✸✻✮ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❜② v m ε t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿          -div(A ε (x, u ε )∇v m ε ) = L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)) ✐♥ Ω * ε , v m ε = 0 ♦♥ Γ ε 0 , (A ε (x, u ε )∇v m ε )ν + ε γ ρ ε (x)h(u ε ) = g ε ♦♥ Γ ε 1 , ✇❤♦s❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✐s Ω * ε A ε (x, u ε )∇v m ε ∇ϕdx + ε γ Γ ε 1 ρ ε h(u ε )ϕdσ = Γ ε 1 g ε ϕdσ + L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), ϕ V ′ ε ,Vε , ∀ϕ ∈ V ε . ✭✷✳✸✼✮ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ s♦•✉t✐♦♥ v m ε ∈ V ε ✐s str❛✐❣❤t❢♦r✇❛r❞ ♣r♦✈❡❞ ❜② ✉s✐♥❣ t❤❡ ▲❛①✲▼✐•❣r❛♠ t❤❡♦r❡♠✳ ❆•s♦✱ ❢r♦♠ ❬✷✺✱ ❈♦r♦••❛r② 4.6( ✇r✐tt❡♥ ❢♦r z ε = u ε ❛♥❞ ❢♦r Z = -div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g), ♦♥❡ ❤❛s✱ ❢♦r ❡✈❡r② ✜①❡❞ m✱ v m ε Vε ≤ c ❛♥❞ v m ε ⇀ θu m ✇❡❛❦•② ✐♥ L 2 (Ω), ✭✷✳✸✽✮ ✇✐t❤ c ✐♥❞❡♣❡♥❞❡♥t ♦♥ m ❛♥❞ ε✳ ❍❡♥❝❡✱ v m ε s❛t✐s✜❡s ✭✷✳✸✶✮ ❛♥❞✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✼✱ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❤♦•❞s tr✉❡✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✿ T * ε (v m ε ) → u m str♦♥❣•② ✐♥ L 2 (Ω; H 1 (Y * )). ✭✷✳✸✾✮ ▼♦r❡♦✈❡r✱ ❜② ❝•❛ss✐❝❛• r❡s✉•ts ❢r♦♠ ❬✻✾(✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❡✈❡r② ✜①❡❞ m v m ε L ∞ (Ω * ε ) ≤ c m , ❢♦r ❡✈❡r② ε. ✭✷✳✹✵✮ ▲❡♠♠❛ ✷✳✷✻✳ ❚❤❡ s❡q✉❡♥❝❡ {(v m ε ) -} s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭✷✳✸✶✮✳ ▼♦r❡♦✈❡r T b ε ((v m ε ) -) ⇀ 0 ✇❡❛❦•② ✐♥ L r (Ω × ∂T ), ∀r ≥ 1. ✭✷✳✹✶✮ Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❡st✐♠❛t❡ ✐♥ ✭✷✳✸✽✮✱ ♦♥❡ ❤❛s (v m ε ) - Vε ≤ v m ε Vε ≤ c. ❍❡♥❝❡✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✼ ✐♠♣•✐❡s T * ε ((v m ε ) -) → u - m = 0 str♦♥❣•② ✐♥ L 2 (Ω; H 1 (Y * )), ✭✷✳✹✷✮ ✻✻ s✐♥❝❡ u m ≥ 0 ❛♥❞ ✭✷✳✸✾✮ ✐♠♣•✐❡s ❝♦♥✈❡r❣❡♥❝❡ ✭✷✳✹✷✮ ✐♥ L 2 (Ω×Y * )✳ ❆•s♦✱ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✱ ♦♥❡ ❤❛s (v m ε ) -⇀ θM Y * (u - m ) = 0 ✇❡❛❦•② ✐♥ L 2 (Ω). ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✹✷✮ ✇❡ ❣❡t ✐♥ ♣❛rt✐❝✉•❛r T * ε ((v m ε ) -) ⇀ u - m = 0 ✇❡❛❦•② ✐♥ L 2 (Ω × ∂T ), ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✳✹✶✮ ❞❡r✐✈❡s ❢r♦♠ ✭✷✳✹✵✮ ❛♥❞ ▲❡♠♠❛ ✷✳✷✵✳ ❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡♦r❡♠ ✷✳✷✼✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲ ❍ 6 ✮✱ •❡t u ε ❛♥❞ v ε ❜❡ s♦•✉t✐♦♥s ♦❢ ♣r♦❜•❡♠s ✭✷✳✼✮ ❛♥❞ ✭✷✳✸✺✮✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡♥✱ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ ✈❡r✐❢②✐♥❣ ✭✷✳✶✶✮✱ lim ε→0 ∇u ε -∇v ε L 2 (Ω * ε ) = 0. Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ ✸ st❡♣s✳ ■t ♠❛❦❡s ✉s❡ ♦❢ s♦♠❡ ✐❞❡❛s ❢r♦♠ ❬✹✷( ❝♦♥❝❡r♥✐♥❣ t❤❡ s✐♥❣✉•❛r t❡r♠✱ s♣•✐t ✐♥t♦ t✇♦ t❡r♠s✿ ♦♥❡ ♥❡❛r t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ ♦♥❡ ❢❛r ❢r♦♠ ✐t ✇❤✐❝❤ r❡s✉•ts ♥♦t s✐♥❣✉•❛r✳ ❙t❡♣ ✶✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t lim ε→0 Ω * ε [(v m ε ) -] 2 dx = 0. ✭✷✳✹✸✮ ❖❜s❡r✈❡ t❤❛t✱ ❢r♦♠ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t② ✭✷✳✻✮✱ 0 ≤ Ω * ε [(v m ε ) -] 2 dx ≤ c 2 P Ω * ε |∇(v m ε ) -| 2 dx, ✭✷✳✹✹✮ ❢♦r ❛♥② ✜①❡❞ m ≥ 1✳ ❚❤❡♥ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t lim ε→0 Ω * ε |∇(v m ε ) -| 2 dx = 0 ∀m ≥ 1. ✭✷✳✹✺✮ ▲❡t ✉s ❝❤♦♦s❡ -(v m ε ) -∈ V ε ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✷✳✸✼✮ ❣❡tt✐♥❣ - Ω * ε A ε (x, u ε )∇v m ε ∇(v m ε ) -dx -ε γ Γ ε 1 ρ ε h(u ε )(v m ε ) -dσ = - Γ ε 1 g ε (v m ε ) -dσ + L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), -(v m ε ) - V ′ ε ,Vε . ❋r♦♠ t❤❡ ❡••✐♣t✐❝✐t② ♦❢ A ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t ∇v m ε = ∇(v m ε ) + -∇(v m ε ) -❛♥❞ Ω * ε A ε (x, u ε )∇(v m ε ) + ∇(v m ε ) -dx = 0, ✻✼ ✇❡ ❤❛✈❡ α ∇(v m ε ) -2 L 2 (Ω * ε ) ≤ Ω * ε A ε (x, u ε )∇(v m ε ) -∇(v m ε ) -dx + Γ ε 1 g ε (v m ε ) -dσ = ε γ Γ ε 1 ρ ε h(u ε )(v m ε ) -dσ + L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), -(v m ε ) - V ′ ε ,Vε . ✭✷✳✹✻✮ ❋r♦♠ ▲❡♠♠❛ ✷✳✷✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✷✸✱ ✇❡ ❣❡t lim ε→0 L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), -(v m ε ) - V ′ ε ,Vε = (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)),0 H -1 (Ω),H 1 0 (Ω) = 0. ✭✷✳✹✼✮ ❆•s♦✱ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✻ 2,3,4 ✱ ✭✷✳✶✶✮ v ❛♥❞ ✭✷✳✹✶✮ ♦❢ ▲❡♠♠❛ ✷✳✷✻✱ ✇❡ ❣❡t 0 ≤ lim ε→0 ε γ Γ ε 1 ρ ε h(u ε )(v m ε ) -dσ = lim ε→0 ε γ-1 |Y | Ω×∂T ρ(y)T b ε (h(u ε ))T b ε ((v m ε ) -)dxdσ y ≤ lim ε→0 ε γ-1 |Y | ρ L ∞ (∂T ) Ω×∂T T b ε (h(u ε ))T b ε ((v m ε ) -)dxdσ y = 0, ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✹✻✮✲✭✷✳✹✼✮✱ ❣✐✈❡s ✭✷✳✹✺✮✳ ❙t❡♣ ✷✳ ■♥ t❤✐s st❡♣ ✇❡ s❤♦✇ t❤❛t lim m→+∞ lim ε→0 Ω * ε |∇(u ε -v m ε )| 2 dx = 0. ✭✷✳✹✽✮ ❚♦ ❞♦ t❤❛t✱ •❡t ✉s ❝❤♦♦s❡ u ε -v m ε ∈ V ε ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✷✳✼✮ ❛♥❞ ✭✷✳✸✼✮✳ ❇② s✉❜tr❛❝t✐♦♥ ❛♥❞ ❍ 1 ✮ iii ✱ ♦♥❡ ❤❛s α ∇(u ε -v m ε ) 2 L 2 (Ω * ε ) ≤ Ω * ε A ε (x, u ε )∇(u ε -v m ε )∇(u ε -v m ε )dx = Ω * ε f ζ(u ε )(u ε -v m ε )dx -L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), u ε -v m ε V ′ ε ,Vε . ✭✷✳✹✾✮ ❋✐rst ✇❡ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s ε → 0✱ ❛♥❞ t❤❡♥ ❛s m → +∞✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t✱ ❛s ε → 0✱ ✇❡ ❤❛✈❡ α lim sup ε→0 ∇(u ε -v m ε ) 2 L 2 (Ω * ε ) ≤ θ Ω f ζ(u 0 )(u 0 -u m )χ {u 0 >0} dx -(-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), u 0 -u m H -1 (Ω),H 1 0 (Ω) . ✭✷✳✺✵✮ ✻✽ ❈♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✹✾✮✱ •❡t ✉s ♦❜s❡r✈❡ t❤❛t u ε -v m ε s❛t✐s✜❡s ✭✷✳✸✶✮✱ ❢r♦♠ |❡♠❛r❦ ✷✳✷✹ ❛♥❞ ✭✷✳✸✽✮✳ ❙♦ t❤❛t✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✸ lim ε→0 L ε (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), u ε -v m ε V ′ ε ,Vε = (-div(A 0 (u 0 )∇u m ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)), u 0 -u m H -1 (Ω),H 1 0 (Ω) . ✭✷✳✺✶✮ ▲❡t δ > 0✳ ❲❡ s♣•✐t t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ✐♥ ✭✷✳✹✾✮ ✐♥t♦ t✇♦ t❡r♠s ❛♥❞ ✇r✐t❡ Ω * ε f ζ(u ε )(u ε -v m ε )dx = Ω * ε f ζ(u ε )(u ε -(v m ε ) + )dx + Ω * ε f ζ(u ε )(v m ε ) -dx ≤ I δ ε + J δ ε + K ε , ✭✷✳✺✷✮ ✇❤❡r❡ I δ ε . = Ω * ε ∩{0<uε≤δ} f ζ(u ε )u ε dx, J δ ε . = Ω * ε ∩{uε>δ} f ζ(u ε )(u ε -(v m ε ) + )dx ❛♥❞ K ε . = Ω * ε f ζ(u ε )(v m ε ) -dx. ❲❡ ✇✐•• ❝♦♠♣✉t❡ s❡♣❛r❛t❡•② t❤❡s❡ t❤r❡❡ •✐♠✐ts✳ ▲✐♠✐t ♦❢ I δ ε ✿ ❲❤❡♥ k < 1 ✇❡ ❣❡t 0 ≤ I δ ε ≤ Ω * ε ∩{0<uε≤δ} f u 1-k ε dx ≤ δ 1-k Ω f χ {0<uε≤δ} dx ≤ cδ 1-k , s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s ✐♥✈♦•✈❡❞ ❛r❡ ❛•• ♥♦♥♥❡❣❛t✐✈❡✱ f ∈ L 1 (Ω) ❛♥❞ ❢♦r t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ♦♥ ζ ♥❡❛r ✐ts s✐♥❣✉•❛r✐t② ✭s❡❡ ❍ 2 ✮ i ✮✳ ❈♦♥s❡q✉❡♥t•②✱ lim δ→0 lim ε→0 I δ ε = 0. ✭✷✳✺✸✮ ❲❤✐•❡ ✐♥ t❤❡ ❝❛s❡ k = 1✱ ♦♥❡ ❤❛s 0 ≤ I δ ε ≤ Ω * ε ∩{0<uε≤δ} f 1 u ε u ε dx = Ω * ε f χ {0<uε≤δ} χ {u 0 / =δ} dx + Ω * ε f χ {0<uε≤δ} χ {u 0 =δ} dx.

✭✷✳✺✹✮ ❖❜s❡r✈❡ t❤❛t

Ω * ε f χ {0<uε≤δ} χ {u 0 =δ} dx = 0, ✭✷✳✺✺✮ ❢♦r ❡✈❡r② δ ∈ R + \D✱ ✇❤❡r❡ D ✐s t❤❡ ❝♦✉♥t❛❜•❡ s❡t ❣✐✈❡♥ ❜② D = {δ ∈ R + : |{(x, y) ∈ Ω × Y * : u 0 (x) = δ}| > 0} ✭✷✳✺✻✮ ✻✾ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✸(✱ ❬✹✷( ❛♥❞ ❬✹✻(✮✳ ■♥ ✇❤❛t ❢♦••♦✇s✱ ✇❡ t❛❦❡ δ ∈ R + \ D✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✉♥❢♦•❞✐♥❣ ♠❡t❤♦❞✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 2,4 ♦♥❡ ❤❛s lim ε→0 Ω * ε f χ {0<uε≤δ} χ {u 0 / =δ} dx = lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (χ {0<uε≤δ} )T * ε (χ {u 0 / =δ} )dxdy + lim ε→0 Λ * ε f χ {0<uε≤δ} χ {u 0 / =δ} dx = lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (χ {0<uε≤δ} )T * ε (χ {u 0 / =δ} )dxdy, ✭✷✳✺✼✮ s✐♥❝❡ f ∈ L 1 (Ω) ❛♥❞ |Λ ε | = 0 ✇❤❡♥ ε → 0✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✉♥❢♦•❞✐♥❣ ♦♣❡r❛t♦r✱ ♦♥❡ ❤❛s T * ε χ {0<uε≤δ} (x, y) =    χ {0<T * ε (uε)(x,y)≤δ} ❛✳❡✳ ✐♥ Ω ε × Y * , 0 ❛✳❡✳ ✐♥ Λ ε × Y * , ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✶✮ i ✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (χ {0<uε≤δ} ) → χ {0<u 0 ≤δ} ❛✳❡✳ ✐♥ Ω × Y * . ✭✷✳✺✽✮ ❈♦♥s❡q✉❡♥t•②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 6 ✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (f )T * ε (χ {0<uε≤δ} )T * ε (χ {u 0 / =δ} ) → f χ {0<u 0 ≤δ} χ {u 0 / =δ} = f χ {0<u 0 <δ} ❛✳❡✳ ✐♥ Ω×Y * . ✭✷✳✺✾✮ ▼♦r❡♦✈❡r ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 5 ✇❡ ❤❛✈❡ E×Y * T * ε (f )T * ε (χ {0<uε≤δ} )T * ε (χ {u 0 / =δ} )dxdy ≤ E×Y * T * ε (f )dxdy ≤ |Y | f L 1 (E) , ❢♦r ❛♥② ♠❡❛s✉r❛❜•❡ s❡t E ×Y * ⊂ Ω×Y * ✳ ❱✐❛ t❤❡ ❛❜s♦•✉t❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛• ❛♥❞ ❛♣♣•②✐♥❣ t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠✱ ❢r♦♠ ✭✷✳✺✾✮ ✇❡ ♦❜t❛✐♥ lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (χ {0<uε≤δ} )T * ε (χ {u 0 / =δ} )dxdy = 1 |Y | Ω×Y * f χ {0<u 0 <δ} dxdy. ❚❤❡♥✱ s✐♥❝❡ δ ∈ R + \D✱ ❜② ✭✷✳✺✹✮✱ ✭✷✳✺✺✮ ❛♥❞ ✭✷✳✺✼✮✱ 0 ≤ lim ε→0 I δ ε ≤ lim ε→0 Ω * ε f χ {0<uε≤δ} χ {u 0 / =δ} dx = θ Ω f χ {0<u 0 <δ} dx. ❯s✐♥❣ ❤❡r❡ t❤❡ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠✱ 0 ≤ lim δ→0 lim ε→0 I δ ε ≤ lim δ→0 θ Ω f χ {0<u 0 <δ} dx = θ Ω f χ {u 0 =0} dx. ✼✵ ◆♦✇ ♦❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ ζ(u 0 ) = +∞ ✇❤❡♥ u 0 = 0✱ ✭✷✳✶✸✮ ✐♠♣•✐❡s t❤❛t meas({x ∈ Ω | u 0 = 0 ❛♥❞ f > 0}) = 0. ❍❡♥❝❡✱ f χ {u 0 =0} = 0 ❛✳❡✳ ✐♥ Ω ❛♥❞ ❛•s♦ lim δ→0 lim ε→0 I δ ε = 0. ✭✷✳✻✵✮ ▲✐♠✐t ♦❢ J δ ε ✿ ❲❡ ✇r✐t❡ J δ ε = Ω * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 / =δ} dx + Ω * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 =δ} dx, ✭✷✳✻✶✮ ✇❤❡r❡✱ ❛s ❜❡❢♦r❡✱ Ω * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 =δ} dx = 0 ❡①❝❡♣t ❢♦r ❛ ❝♦✉♥t❛❜•❡ s❡t ♦❢ ✈❛•✉❡s ♦❢ δ ✇❤✐❝❤ ✇✐•• ❜❡ ❡①❝•✉❞❡❞✳ ❍❡♥❝❡✱ ❜② ✉♥❢♦•❞✐♥❣ J δ ε = Ω * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 / =δ} dx = 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (u ε -(v m ε ) + )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )dxdy + Λ * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 / =δ} dx. ✭✷✳✻✷✮ ❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t u ε -(v m ε ) + ≤ u ε ✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✇✐t❤ ❡①♣♦♥❡♥ts 2 1+k ❛♥❞ 2 1-k ✱ |❡♠❛r❦ ✷✳✷✹ ❛♥❞ ❍ 2 ✮✱ s✐♥❝❡ l ≥ 2 1+k ✱ ✇❡ ❤❛✈❡✱ ❛s ε → 0✱ Λ * ε f ζ(u ε )(u ε -(v m ε ) + )χ {uε>δ} χ {u 0 / =δ} dx ≤ Λ * ε f ζ(u ε )u ε dx ≤ Λ * ε f u 1-k ε dx ≤ f L 2 1+k (Λ * ε ) u ε 1-k L 2 (Ω * ε ) ≤ f L l (Λ * ε ) u ε 1-k L 2 (Ω * ε ) → 0. ✭✷✳✻✸✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ ❛♣♣•② t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ t♦ t❤❡ ✜rst ✐♥t❡❣r❛• ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✻✷✮✱ •❡t ✉s ✜rst ♦❜s❡r✈❡ t❤❛t ✭✷✳✶✶✮ i ❛♥❞ ✭✷✳✸✾✮ ②✐❡•❞✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (u ε -(v m ε ) + ) → u 0 -u m ❛✳❡✳ ✐♥ Ω × Y * . ❍❡♥❝❡✱ ❜② ✭✷✳✶✶✮ ii ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ♣r♦✈❡ ✭✷✳✺✾✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × Y * ✱ T * ε (f )T * ε (ζ(u ε ))T * ε (u ε -(v m ε ) + )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} ) → f ζ(u 0 )(u 0 -u m )χ {u 0 >δ} . ✭✷✳✻✹✮ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥ ♦♥ ζ ♦♥❡ ❤❛s T * ε (ζ(u ε )) < 1 δ k ♦♥ t❤❡ s❡t {u ε > δ}, ✭✷✳✻✺✮ ✼✶ s♦ t❤❛t E×Y * |T * ε (f )T * ε (ζ(u ε ))T * ε (u ε -(v m ε ) + )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )|dxdy ≤ E×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (u ε )dxdy + 1 δ k E×Y * T * ε (f )T * ε ((v m ε ) + )dxdy, ✭✷✳✻✻✮ ❢♦r ❛♥② ♠❡❛s✉r❛❜•❡ s❡t E × Y * ⊂ Ω × Y * ✳ ❇② ✉s✐♥❣ ✭✷✳✷✵✮✱ ❍ 2 ✮ i ✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✇✐t❤ ❡①♣♦♥❡♥ts 2 1+k ❛♥❞ 2 1-k ✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 5 ✱ ✭✷✳✻✮ ❛♥❞ ❡st✐♠❛t❡ ✭✷✳✷✺✮✱ ✇❡ ♦❜t❛✐♥ E×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (u ε )dxdy ≤ E×Y * T * ε (f )[T * ε (u ε )] 1-k dxdy ≤ c f L 2 1+k (E) . ✭✷✳✻✼✮ ◆❡①t✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 5 ❛♥❞ ✭✷✳✹✵✮✱ 1 δ k E×Y * T * ε (f )T * ε ((v m ε ) + )dxdy ≤ |Y | δ k c m f L 1 (E) . ✭✷✳✻✽✮ ❍❡♥❝❡✱ ❢r♦♠ ✭✷✳✻✷✮✱ ✉s✐♥❣ ✭✷✳✻✸✮ ❛♥❞ t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ ✭✐♥ ✈✐❡✇ ♦❢ ✭✷✳✻✹✮ ❛♥❞ ✭✷✳✻✻✮✲✭✷✳✻✽✮✮✱ ✇❡ ♦❜t❛✐♥ lim ε→0 J δ ε = θ Ω f ζ(u 0 )(u 0 -u m )χ {u 0 >δ} dx. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ss✉♠♣t✐♦♥ ❍ 2 ✮ ❛♥❞ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✐♠♣•② t❤❛t Ω f u 1-k 0 dx ≤ f L 2 1+k (Ω) u 1-k 0 L 2 1-k (Ω) ≤ f L l (Ω) u 0 1-k L 2 (Ω) < +∞. ✭✷✳✻✾✮ ❈♦♥s❡q✉❡♥t•②✱ ❢r♦♠ ❍ 2 ✮ i ✱ ✭✷✳✻✾✮✱ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ u m ❛♥❞ ✭✷✳✶✸✮ ♦❢ Pr♦♣♦s✐t♦♥ ✷✳✺✱ 0 ≤ f ζ(u 0 )(u 0 -u m )χ {u 0 >δ} ≤ f u 1-k 0 + f ζ(u 0 )u m ∈ L 1 (Ω), ✇❤✐❝❤✱ ❛♣♣•②✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ♣r♦✈✐❞❡s lim δ→0 lim ε→0 J δ ε = θ Ω f ζ(u 0 )(u 0 -u m )χ {u 0 >0} dx. ✭✷✳✼✵✮ ▲✐♠✐t ♦❢ K ε ✿ ❯s✐♥❣ s✐♠✐•❛r ❛r❣✉♠❡♥ts ❛s ✐♥ ❬✹✷(✱ ✇❡ ♣r♦✈❡ ♥♦✇ t❤❛t lim ε→0 Ω * ε f ζ(u ε )(v m ε ) -dx = 0. ✭✷✳✼✶✮ ▲❡t ✉s ♦❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② δ ∈ R + \ D✱ ✇❤❡r❡ D ✐s ❣✐✈❡♥ ❜② ✭✷✳✺✻✮✱ ✇❡ ❤❛✈❡ Ω * ε ∩{uε>δ} f ζ(u ε )(v m ε ) -χ {u 0 =δ} dx = 0. ✼✷ ❍❡♥❝❡✱ ❢♦r δ 0 ∈ R + \ D✱ ✇❡ ❝❛♥ ✇r✐t❡ Ω * ε f ζ(u ε )(v m ε ) -dx = Ω * ε ∩{0<uε≤δ 0 } f ζ(u ε )(v m ε ) -dx + Ω * ε ∩{uε>δ 0 } f ζ(u ε )(v m ε ) -χ {u 0 / =δ 0 } dx . = A ε + B ε . ✭✷✳✼✷✮ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ✇r✐tt❡♥ ❢♦r δ = δ 0 ✇❡ ❣❡t 0 ≤ A ε ≤ Ω * ε A ε (x, u ε )∇u ε ∇(v m ε ) -Z δ 0 (u ε )dx + cε γ-1 2 h(2δ 0 ) ρ L ∞ (∂T ) (v m ε ) - Vε . ❚❤✐s ✐♠♣•✐❡s✱ ❜② ✉s✐♥❣ ❍ 1 ✮ iii ✱ ❍ 5 ✮✱ ❍ 6 ✮✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ ✭✷✳✷✺✮✱ 0 ≤ A ε ≤ β ∇u ε L 2 (Ω * ε ) Z δ 0 (u ε )∇(v m ε ) - L 2 (Ω * ε ) + cε γ-1 2 h(2δ 0 ) ρ L ∞ (∂T ) (v m ε ) - Vε ≤ (c + ε γ-1 2 c 1 ) ∇(v m ε ) - L 2 (Ω * ε ) , ✇❤✐❝❤ ❣✐✈❡s✱ ✈✐❛ ✭✷✳✹✺✮ ❛♥❞ ❍ 5 ✮✱ lim ε→0 A ε = 0. ✭✷✳✼✸✮ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ❛•s♦ lim ε→0 B ε = 0, ✭✷✳✼✹✮ ❜② ✉s✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉•❛ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✮✱ ✇❡ ✇r✐t❡ B ε ❛s ❢♦••♦✇s✿ B ε = 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε ((v m ε ) -)T * ε (χ {uε>δ 0 } )T * ε (χ {u 0 / =δ 0 } )dxdy + Λ * ε f ζ(u ε )(v m ε ) -χ {uε>δ 0 } χ {u 0 / =δ 0 } dx. ❈♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❢r♦♠ t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥ ♦♥ ζ ♦♥ t❤❡ s❡t {u ε > δ 0 } ❛♥❞ ✭✷✳✹✵✮ ✐t r❡s✉•ts Λ * ε f ζ(u ε )(v m ε ) -χ {uε>δ 0 } χ {u 0 / =δ 0 } dx ≤ 1 δ k 0 Λ * ε f (v m ε ) -dx ≤ 1 δ k 0 (v m ε ) - L ∞ (Ω * ε ) f L 1 (Λ * ε ) → 0, ❛s ε → 0; ✇❤✐•❡ ❢♦r tr❡❛t✐♥❣ t❤❡ ✜rst ♦♥❡ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠✳ ■♥❞❡❡❞✱ ❢r♦♠ ✭✷✳✻✺✮✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 5 ✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ ✭✷✳✹✵✮✱ ✇❡ ❤❛✈❡ E×Y * T * ε (f )T * ε (ζ(u ε ))T * ε ((v m ε ) -)T * ε (χ {uε>δ 0 } )T * ε (χ {u 0 / =δ 0 } )dxdy ✼✸ ≤ |Y | 1 δ k 0 Ω * ε ∩E f (v m ε ) -dx ≤ |Y | δ k 0 c m f L 1 (E) , ❢♦r ❛♥② ♠❡❛s✉r❛❜•❡ s❡t E × Y * ⊂ Ω × Y * ✳ ❆•s♦✱ ❜② ▲❡♠♠❛ ✷✳✷✻ ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ❜❡❢♦r❡ t♦ ♣r♦✈❡ ✭✷✳✻✹✮✱ ✇❡ ❣❡t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (f )T * ε (ζ(u ε ))T * ε ((v m ε ) -)T * ε (χ {uε>δ 0 } )T * ε (χ {u 0 / =δ 0 } ) → f ζ(u 0 )u - m χ {u 0 >δ 0 } = 0 ❛✳❡✳ ✐♥ Ω×Y * , s✐♥❝❡ u m ✐s ♥♦♥♥❡❣❛t✐✈❡ ❜② ❞❡✜♥✐t✐♦♥✳ ❍❡♥❝❡✱ ♣✉tt✐♥❣ t♦❣❡t❤❡r ✭✷✳✼✷✮✲✭✷✳✼✹✮✱ ✇❡ ❣❡t ✭✷✳✼✶✮✳ ❆t ♣r❡s❡♥t✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✷✳✹✽✮✱ ✇❡ ❝♦••❡❝t ✭✷✳✹✾✮✱ ✭✷✳✺✶✮✲✭✷✳✺✸✮✱ ✭✷✳✻✵✮✱ ✭✷✳✼✵✮✲✭✷✳✼✶✮✱ ❣❡tt✐♥❣ ✭✷✳✺✵✮✳ ■t r❡♠❛✐♥s ♥♦✇ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s m → +∞ ✐♥ ✭✷✳✺✵✮✳ ■♥ t❤✐s ✐♥❡q✉❛•✐t② t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❣♦❡s t♦ ③❡r♦ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✸✻✮✳ ❚❤❡ ✜rst ♦♥❡ ❛•s♦ ❣♦❡s t♦ ③❡r♦ ✈✐❛ t❤❡ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠✱ s✐♥❝❡ 0 ≤ f ζ(u 0 )(u 0 -u m )χ {u 0 >0} ≤ f ζ(u 0 )u 0 χ {u 0 >0} ≤ f u 1-k 0 ∈ L 1 (Ω), ❞✉❡ t♦ ✭✷✳✻✾✮✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ✭✷✳✹✽✮✳ ❙t❡♣ ✸✳ ❚❤❡ ✜♥❛• st❡♣ ✐s t♦ s❤♦✇ t❤❛t lim m→+∞ lim ε→0 Ω * ε |∇(v m ε -v ε )| 2 dx = 0. ✭✷✳✼✺✮ ❲❡ t❛❦❡ v m ε -v ε ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥s ✭✷✳✸✼✮ ❛♥❞ ✭✷✳✸✺✮✳ ❇② s✉❜tr❛❝t✐♦♥✱ ✇❡ ❤❛✈❡ Ω * ε A ε (x, u ε )∇(v m ε -v ε )∇(v m ε -v ε )dx = L ε (-div(A 0 (u 0 )∇(u m -u 0 ))), v m ε -v ε V ′ ε ,Vε . P❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ♦♥ ε✱ ❢♦r ❍ 1 ✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✷✸ ✭✇❤♦s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❜♦t❤ ❜② v ε ❛♥❞ v m ε t❤❛♥❦s t♦ ✭✷✳✸✹✮ ❛♥❞ ✭✷✳✸✽✮✮✱ ✇❡ ❣❡t 0 ≤ α lim ε→0 ∇(v m ε -v ε ) 2 L 2 (Ω * ε ) ≤ lim ε→0 L ε (-div(A 0 (u 0 )∇(u m -u 0 ))), v m ε -v ε V ′ ε ,Vε = -div(A 0 (u 0 )∇(u m -u 0 )), u m -u 0 H -1 (Ω),H 1 0 (Ω) .
❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✸✻✮ ❣✐✈❡s

0 ≤ lim m→+∞ lim ε→0 α ∇(v m ε -v ε ) 2 L 2 (Ω * ε ) ≤ lim m→+∞ Ω A 0 (u 0 )∇(u m -u 0 )∇(u m -u 0 )dx = 0. ❋✐♥❛••② ❝♦♠❜✐♥✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✹✽✮ ❛♥❞ ✭✷✳✼✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉•t✳ ✼✹ ❆s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✼✱ ✇❡ ❛r❡ ❛❜•❡ ♥♦✇ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ▲❡t v ε t❤❡ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✺✮✳ ❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉•t ❣✐✈❡♥ ✐♥ ❬✷✺✱ ❚❤❡♦r❡♠ 4.5( ❢♦r v 0 = u 0 ❣✐✈❡s✱ ❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡ ✈❡r✐❢②✐♥❣ ✭✷✳✶✶✮✱ T * ε (∇v ε ) ⇀ ∇u 0 + ∇ y v ✇❡❛❦•② ✐♥ L 2 (Ω × Y * ), ✭✷✳✼✻✮ ✇❤❡r❡✱ ✐♥ ♦✉r ❝❛s❡ M ∂T (g) / = 0 ♦r g = 0 ✭s❡❡ ❬✷✺✱ ✭5.22✮(✮✱ v ✐s ❛ ❢✉♥❝t✐♦♥ ✐♥ L 2 (Ω; H 1 per (Y * )) ✇✐t❤ M Y * ( v) = 0 ✱ s✉❝❤ t❤❛t v(x, y) = - N i=1 χ e i (y, u 0 (x)) ∂u 0 ∂x i (x), ✇✐t❤ χ e i s♦•✉t✐♦♥ ♦❢ ✭✷✳✾✮✱ ✇r✐tt❡♥ ❢♦r λ = e i ✳ ◆♦✇ •❡t ✉s ♦❜s❡r✈❡ t❤❛t✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✼ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 7 ✱ ✇❡ ❣❡t T * ε (∇u ε -∇v ε ) → 0 str♦♥❣•② ✐♥ L 2 (Ω × Y * ). ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✶✶✮ iv ❛♥❞ ✭✷✳✼✻✮✱ •❡❛❞s t♦ ∇ y v = ∇ y u ❛✳❡✳ ✐♥ Ω × Y * , ✭✷✳✼✼✮ ✇❤✐❝❤ ✐♠♣•✐❡s v = u + w(x)✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ w ♦♥•② ❞❡♣❡♥❞✐♥❣ ♦♥ x✳ ❙✐♥❝❡ M Y * ( v) = M Y * ( u) = 0 ❛♥❞ M Y * ( v) = M Y * ( u) + M Y * (w), ✇❡ ❞❡r✐✈❡ w = 0 ❛♥❞ v = u.
❲❤❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ 

T * ε (∇v ε ) ⇀ ∇u 0 + ∇ y u ✇❡❛❦•② ✐♥ L 2 (Ω × Y * ), ✭✷✳✼✽✮ ❛♥❞ t❤❡ ❝•❛✐♠❡❞ ❡①♣r❡ss✐♦♥ ♦❢ u✳ ✷✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✽ ❋✐rst✱ •❡t ✉s ♦❜s❡r✈❡ t❤❛t✱ ✉♥❞❡r ♦✉r ❛ss✉♠♣t✐♦♥s✱ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✶✶✮ ❤♦•❞ tr✉❡ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ u ε ✭st✐•• ❞❡♥♦t❡❞ ❜② ε✮✱ ✇❤❡r❡ u 0 ∈ H 1 0 (Ω) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ u ∈ L 2 (Ω; H 1 per (Y * )) ✐s ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❆•s♦ ✇❡ ❤❛✈❡ t❤❡ ✈❛•✐❞✐t② ♦❢ ✭✷✳✶✸✮✳ ❚❤❡♥✱ ✇❡ ♥♦✇ ✐❞❡♥t✐❢② t❤❡ •✐♠✐t ♣r♦❜•❡♠ s❛t✐s✜❡❞ ❜② (u 0 , u)✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ t❛❦❡ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✱ φ ∈ D(Ω) ❛♥❞ ξ ∈ C 1 per (Y * )✱ ❛♥❞ ✉s❡ ψ ε (x) = ϕ(x) + εφ(x)ξ x ε ∈ V ε ✼✺ ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✷✳✼✮✱ ♦❜t❛✐♥✐♥❣ Ω * ε A ε (x, u ε )∇u ε ∇ψ ε dx + ε γ Γ ε 1 ρ ε h(u ε )ψ ε dσ = Ω * ε f ζ(u ε )ψ ε dx + Γ ε 1 g ε ψ ε dσ. ✭✷✳✼✾✮ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♦•✉t✐♦♥ v ε ♦❢ ♣r♦❜•❡♠ ✭✷✳✸✺✮ ❛♥❞ ✇r✐t❡ lim ε→0 Ω * ε A ε (x, u ε )∇u ε ∇ψ ε dx = lim ε→0 Ω * ε A ε (x, u ε )∇v ε ∇ψ ε dx + lim ε→0 Ω * ε A ε (x, u ε )∇(u ε -v ε )∇ψ ε dx. ✭✷✳✽✵✮ ❇② ✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ❍ 1 ✮✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✼✱ ♦♥❡ ❤❛s lim ε→0 Ω * ε A ε (x, u ε )∇(u ε -v ε )∇ψ ε dx = 0, ✭✷✳✽✶✮ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♥♦r♠ ♦❢ ψ ε ✐s ❜♦✉♥❞❡❞ ✐♥ V ε ✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 4.5 ♦❢ ❬✷✺( ✇❤❡♥ s❤♦✇✐♥❣ (5.5) ❛♥❞ (5.16) ✭✇r✐tt❡♥ ❢♦r z ε = u ε ❛♥❞ Z = -div(A 0 (u 0 )∇u 0 ) + c γ h(u 0 ) - |∂T | |Y | M ∂T (g)✮✱ ✇❡ ♦❜t❛✐♥ lim ε→0 Ω * ε A ε (x, u ε )∇v ε ∇ψ ε dx = 1 |Y | Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + φ∇ y ξ)dxdy, ✭✷✳✽✷✮ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✼✽✮✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t ✐♥ ❬✷✺( t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s t❛❦❡♥ ✐♥ D(Ω) ❛♥❞ t❤❡♥ ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✐s ✉s❡❞✳ ❍❡r❡ t❤✐s ✐s ♥♦t ♣♦ss✐❜•❡ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠✱ s♦ t❤❛t ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✳ ❚❤❡ ♦♥•② ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❬✷✺( ✐s t❤❛t ♥♦✇ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦••♦✇✐♥❣ ❛❞❞✐t✐♦♥❛• •✐♠✐t✿ Λ * ε A ε (x, u ε )∇v ε ∇ϕdx ≤ β ∇v ε L 2 (Ω * ε ) ∇ϕ L 2 (Λ * ε ) → 0, ❛s ε → 0. ❚❤❡ ♠❛✐♥ ❞✐✣❝✉•t② ✐s t❤❡♥ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ s✐♥❣✉•❛r t❡r♠✳ ▲❡t ✉s s❤♦✇ t❤❛t lim ε→0 Ω * ε f ζ(u ε )ψ ε dx = θ Ω f ζ(u 0 )ϕχ {u 0 >0} dx. ✭✷✳✽✸✮ ▲❡t ✉s ❞❡✜♥❡ µ ε (x) . = εφ(x)ξ x ε , t❤❛t ✐s ψ ε = ϕ + µ ε . ✭✷✳✽✹✮ ❲❡ r❡♠❛r❦ t❤❛t✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥s ✷✳✶✶ 2,3,6 ✲✷✳✶✻ 2,3 ✱ ♦♥❡ ❤❛s T * ε (µ ε ) = εT * ε (φ)ξ, T b ε (µ ε ) = εT b ε (φ)ξ ❛♥❞ ∇µ ε = ε∇φξ • ε + φ∇ y ξ • ε , ✼✻ ❛♥❞    ✐✮ T * ε (µ ε ) → 0 str♦♥❣•② ✐♥ L 2 (Ω × Y * ), ✐✐✮ T * ε (∇µ ε ) → φ∇ y ξ str♦♥❣•② ✐♥ L 2 (Ω × Y * ). ✭✷✳✽✺✮ ❋r♦♠ ♥♦✇ ♦♥✱ ✇✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ ϕ ≥ 0 ❛♥❞ µ ε ≥ 0 ✐♥ ✭✷✳✽✹✮✳ ■♥❞❡❡❞ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡✐r ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣❛rts ❛s ✐♥ ✭✷✳✷✮✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✼✱ ✇❡ s♣•✐t t❤❡ s✐♥❣✉•❛r ✐♥t❡❣r❛• ✐♥t♦ t✇♦ t❡r♠s✿ ♦♥❡ ♥❡❛r t❤❡ s✐♥❣✉•❛r✐t② ❛♥❞ ♦♥❡ ❢❛r ❢r♦♠ ✐t✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ δ ✇❡ ✇r✐t❡ 0 ≤ Ω * ε f ζ(u ε )ψ ε dx = {0<uε≤δ} f ζ(u ε )ψ ε dx + {uε>δ} f ζ(u ε )ψ ε dx . = I δ ε + J δ ε . ✭✷✳✽✻✮ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ✇r✐tt❡♥ ❢♦r ϕ, µ ε ≥ 0 ✇❡ ❤❛✈❡ 0 ≤ lim sup ε→0 I δ ε ≤ lim sup ε→0 Ω * ε A ε (x, u ε )∇u ε ∇ψ ε Z δ (u ε )dx + cε γ-1 2 h(2δ) ρ L ∞ (∂T ) ψ ε Vε . ❋r♦♠ ❍ 5 ✮✱ ❍ 6 ✮ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♥♦r♠ ♦❢ ψ ε ✐♥ V ε ✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛•✐t② ✈❛♥✐s❤❡s ❛s ε ❛♣♣r♦❛❝❤❡s t♦ ③❡r♦✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ δ✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 2,4 ✇❡ ❤❛✈❡ lim sup ε→0 I δ ε ≤ lim sup ε→0 1 |Y | Ω×Y * T * ε (A ε (x, u ε ))T * ε (∇u ε )T * ε (∇ψ ε Z δ (u ε ))dxdy + lim sup ε→0 Λ * ε A ε (x, u ε )∇u ε ∇ψ ε Z δ (u ε )dx. ■♥ ✈✐❡✇ ♦❢ ❛ss✉♠♣t✐♦♥ ❍ 1 ✮✱ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t②✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✾ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ψ ε ✇❡ ❣❡t lim sup ε→0 Λ * ε A ε (x, u ε )∇u ε ∇ψ ε Z δ (u ε )dx = 0. ❚❤❡♥✱ ✐❢ t A ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡❞ ♠❛tr✐① ✜❡•❞ ♦❢ A✱ 0 ≤ lim sup ε→0 I δ ε ≤ lim sup ε→0 1 |Y | Ω×Y * T * ε (A ε (x, u ε ))T * ε (∇u ε )T * ε (∇ψ ε Z δ (u ε ))dxdy = lim sup ε→0 1 |Y | Ω×Y * T * ε ( t A ε (x, u ε ))T * ε (∇ψ ε Z δ (u ε ))T * ε (∇u ε )dxdy. ✭✷✳✽✼✮ ❲❡ ♥♦✇ ❛♣♣•② t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ t♦ ♣r♦✈❡ t❤❛t T * ε ( t A ε (x, u ε ))T * ε (∇ψ ε Z δ (u ε )) → t A(y, u 0 )(∇ϕ + φ∇ y ξ)Z δ (u 0 ) str♦♥❣•② ✐♥ L 2 (Ω × Y * ). ✭✷✳✽✽✮ ✼✼ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ♣r♦✈❡ ✭✷✳✶✶✮ ii ✭s❡❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✮✱ ✇❡ ♦❜t❛✐♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (Z δ (u ε )) → Z δ (u 0 ) ❛✳❡✳ ✐♥ Ω × Y * . ✭✷✳✽✾✮ ❋r♦♠ ✭✷✳✷✷✮ v ✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 6 ✱ ✭✷✳✽✺✮ ii ❛♥❞ ✭✷✳✽✾✮ ✐t ❢♦••♦✇s t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε ( t A ε (x, u ε ))T * ε (∇ψ ε )T * ε (Z δ (u ε )) → t A(y, u 0 )(∇ϕ + φ ∇ y ξ)Z δ (u 0 ) ❛✳❡✳ ✐♥ Ω × Y * . ✭✷✳✾✵✮ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✷✹✮✱ ❍ 1 ✮✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 2,5 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ψ ε ❛♥❞ Z δ ✱ ✇❡ ❣❡t E×Y * |T * ε ( t A ε (x, u ε ))T * ε (∇ψ ε )T * ε (Z δ (u ε ))| 2 dxdy ≤ β 2 E×Y * |T * ε (∇ψ ε )| 2 dxdy ≤ β 2 |Y | E∩Ω * ε |∇ψ ε | 2 dx ≤ c E |∇ϕ| 2 dx + c E |∇Φ ξ| 2 dx + c E |Φ∇ξ| 2 dx, ❢♦r ❛♥② ♠❡❛s✉r❛❜•❡ s❡t E × Y * ⊂ Ω × Y * ✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✾✵✮✱ ❛••♦✇s ✉s t♦ ❛♣♣•② t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ t♦ ❣❡t ✭✷✳✽✽✮✳ ❯s✐♥❣ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✭✷✳✽✼✮✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✶✶✮ iv ✱ ✇❡ ❤❛✈❡ 0 ≤ lim sup ε→0 I δ ε ≤ 1 |Y | Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + φ∇ y ξ)Z δ (u 0 )dxdy. ■♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s δ ❣♦❡s t♦ ③❡r♦ ✐♥ t❤✐s ✐♥❡q✉❛•✐t②✱ •❡t ✉s ♦❜s❡r✈❡ t❤❛t Z δ (u 0 ) → χ {u 0 =0} ❛✳❡✳ ✐♥ Ω ❛♥❞ Z δ (u 0 ) ≤ 1. ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ 0 ≤ lim δ→0 lim sup ε→0 I δ ε ≤ 1 |Y | Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + φ∇ y ξ)χ {u 0 =0} dxdy = 0, ✭✷✳✾✶✮ s✐♥❝❡✱ ❞✉❡ t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ u ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✻✱ t❤❡ ❢✉♥❝t✐♦♥s ∇u 0 ❛♥❞ ∇ y u ✈❛♥✐s❤ ✇❤❡r❡ u 0 ✐s ❡q✉❛• t♦ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ •✐♠✐t ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❡r♠ J δ ε ❞❡✜♥❡❞ ✐♥ ✭✷✳✽✻✮✱ ♦❜s❡r✈❡ ✜rst t❤❛t Λ * ε f ζ(u ε )ψ ε χ {uε>δ} dx ≤ 1 δ k Λ * ε f ψ ε dx ≤ c δ k f L 1 (Λ * ε ) → 0, ❛s ε → 0, s✐♥❝❡ ψ ε ✐s✱ ✐♥ ♣❛rt✐❝✉•❛r✱ ✐♥ L ∞ (Ω)✳ ❍❡♥❝❡✱ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✻✶✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉•❛ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✱ ✇❡ ❝❛♥ ✇r✐t❡✿ 0 ≤ lim ε→0 J δ ε = lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )dxdy = lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )dxdy + lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 =δ} )dxdy. ✭✷✳✾✷✮ ✼✽ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✽✽✮✱ ✇❡ ❛♣♣•② t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ t♦ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✾✷✮✳ ❋r♦♠ ✭✷✳✻✺✮✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 2,5 ❛♥❞ t❤❡ ❢❛❝t t❤❛t ψ ε ∈ L ∞ (Ω)✱ ♦♥❡ ❤❛s E×Y * |T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )|dxdy ≤ |Y | δ k Ω * ε ∩E |f ψ ε |dx ≤ c δ k f L 1 (E) , ❢♦r ❛♥② ♠❡❛s✉r❛❜•❡ s❡t E × Y * ⊂ Ω × Y * ✳ ❙✐♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ 6 ❛♥❞ ✭✷✳✽✺✮ i ✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} ) → f ζ(u 0 )ϕχ {u 0 >δ} ❛✳❡✳ ✐♥ Ω × Y * , t❤❡ ❱✐t❛•✐ t❤❡♦r❡♠ ❣✐✈❡s lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )dxdy = 1 |Y | Ω×Y * f ζ(u 0 )ϕχ {u 0 >δ} dxdy = θ Ω f ζ(u 0 )ϕχ {u 0 >δ} dx. ❋✐♥❛••②✱ ✐♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ •❛st ❡q✉❛•✐t②✱ ❛s δ ❣♦❡s t♦ ③❡r♦✱ ✇❡ ✉s❡ ❛❣❛✐♥ t❤❡ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠✳ ❙✐♥❝❡ f ζ(u 0 )ϕχ {u 0 >δ} → f ζ(u 0 )ϕχ {u 0 >0} ❛✳❡✳ ✐♥ Ω ❛♥❞ ❜② t❤❡ ❡st✐♠❛t❡ ✐♥ ✭✷✳✶✸✮ 0 ≤ f ζ(u 0 )ϕχ {u 0 >δ} ≤ f ζ(u 0 )ϕ ∈ L 1 (Ω), ✇❡ ♦❜t❛✐♥ lim δ→0 lim ε→0 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 / =δ} )dxdy = θ Ω f ζ(u 0 )ϕχ {u 0 >0} dx. ✭✷✳✾✸✮ ❆s ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✾✷✮✱ ❢♦r ❡✈❡r② δ ∈ R + \D✱ ✇✐t❤ D ❣✐✈❡♥ ❜② ✭✷✳✺✻✮✱ ✐t r❡s✉•ts 1 |Y | Ω×Y * T * ε (f )T * ε (ζ(u ε ))T * ε (ψ ε )T * ε (χ {uε>δ} )T * ε (χ {u 0 =δ} )dxdy = 0. ✭✷✳✾✹✮ ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ❝♦••❡❝t ✭✷✳✾✷✮✲✭✷✳✾✹✮ ❛♥❞ ❣❡t lim δ→0 lim ε→0 J δ ε = θ Ω f ζ(u 0 )ϕχ {u 0 >0} dx, ✭✷✳✾✺✮ ✼✾ ✇❤✐❝❤ ✐♠♣•✐❡s✱ ❜② ✭✷✳✽✻✮ ❛♥❞ ✭✷✳✾✶✮✱ t❤❛t ✭✷✳✽✸✮ ❤♦•❞s tr✉❡✳ ❖❜s❡r✈❡ ♥♦✇ t❤❛t t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✺✱ ❚❤❡♦r❡♠ 4.5(✱ ✇❤❡♥ ϕ ∈ D(Ω)✱ st✐•• ❛♣♣•② t♦ t❤❡ ❝❛s❡ ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✱ ❣✐✈✐♥❣ lim ε→0 ε γ Γ ε 1 ρ ε h(u ε )ψ ε dσ = c γ Ω h(u 0 )ϕdx, ✭✷✳✾✻✮ ✇✐t❤ c γ ❞❡✜♥❡❞ ❜② ✭✷✳✶✺✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✽✺✮✱ T * ε (µ ε ) → 0 str♦♥❣•② ✐♥ L 2 (Ω; H 1 (Y * )), s♦ t❤❛t lim ε→0 Γ ε 1 g ε ψ ε dσ = lim ε→0 ε Γ ε 1 g x ε (ϕ + µ ε )dσ = |∂T | |Y | M ∂T (g) Ω ϕdx, ✭✷✳✾✼✮ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✽ ✇r✐tt❡♥ ✜rst ❢♦r ω ε = ϕ ❛♥❞ t❤❡♥ ❢♦r ω ε = µ ε ✳ ❚❤❡♥✱ ✇❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ •✐♠✐t ✐♥ ✭✷✳✼✾✮✱ ✇❡ ❝♦♠❜✐♥❡ ✭✷✳✽✵✮✲✭✷✳✽✸✮✱ ✭✷✳✾✻✮✲✭✷✳✾✼✮ ❛♥❞ ❤❛✈❡ Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + φ∇ y ξ)dxdy + |Y |c γ Ω h(u 0 )ϕdx = |Y * | Ω f ζ(u 0 )ϕχ {u 0 >0} dx + |∂T |M ∂T (g) Ω ϕdx, ❢♦r ❡✈❡r② ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✱ φ ∈ D(Ω) ❛♥❞ ξ ∈ C 1 per (Y * )✳ ❇② ❞❡♥s✐t② ✇❡ ♦❜t❛✐♥ Ω×Y * A(y, u 0 )(∇u 0 + ∇ y u)(∇ϕ + ∇ y ψ)dxdy + |Y |c γ Ω h(u 0 )ϕdx = |Y * | Ω f ζ(u 0 )ϕχ {u 0 >0} dx + |∂T |M ∂T (g) Ω ϕdx, ✭✷✳✾✽✮ ❢♦r ❡✈❡r② ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω) ❛♥❞ ψ ∈ L 2 (Ω; H 1 per (Y * ))✳ ▲❡t ✉s ♥♦✇ ♥♦t✐❝❡ t❤❛t ❢♦r♠✉•❛ ✭✷✳✶✼✮ ✐s ❛ ❦♥♦✇♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ u ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✼✮✱ ❛ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t u 0 ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠✿    -div(A 0 (u 0 )∇u 0 ) + c γ h(u 0 ) = θf ζ(u 0 )χ {u 0 >0} + |∂T | |Y | M ∂T (g) ✐♥ Ω, u 0 = 0 ♦♥ ∂Ω. ✭✷✳✾✾✮ ❆•s♦✱ u 0 r❡s✉•ts t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜•❡♠✱ s✐♥❝❡ ❬✹✻✱ ❚❤❡♦r❡♠ 6.2( ❤♦•❞s ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 2 ✮✲ ❍ 6 ✮ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s s❛t✐s✜❡❞ ❜② A 0 ❣✐✈❡♥ ✐♥ ✭✷✳✶✵✮✳ ❚❤✐s ✐♠♣•✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ u ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ M Y * ( u) = 0✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ u 0 ♣r♦✈✐❞❡s t❤❡ ✈❛•✐❞✐t② ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✳✶✶✮ ❢♦r t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t u 0 > 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ♣r♦✈❡ t❤❛t v . = -u 0 < ✽✵ 0 ❛✳❡✳ ✐♥ Ω✳ ❖❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ ✭✷✳✶✸✮ ❤♦•❞s✱ v ≤ 0 ✐♥ Ω ❛♥❞ v = 0 ♦♥ ∂Ω✱ s♦ t❤❛t sup Ω v = 0✳ ◆♦✇✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❡r❡ ❡①✐sts ❛ ❜❛•• B ✇❡•• ❝♦♥t❛✐♥❡❞ ✐♥ Ω s✉❝❤ t❤❛t sup B v = 0 = sup Ω v✱ t❤❡♥✱ ❢r♦♠ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣•❡✱ ❜② ✉s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ∂Ω✱ ✇❡ ❞❡r✐✈❡ v ≡ 0 ✐♥ Ω✱ t❤❛t ✐s u 0 ≡ 0 ✐♥ Ω✳ ❙✐♥❝❡ u 0 ✐s ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✷✳✾✾✮✱ ✇❤♦s❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✐s Ω A 0 (u 0 )∇u 0 ∇ϕdx + c γ Ω h(u 0 )ϕdx = θ Ω f ζ(u 0 )χ {u 0 >0} ϕdx + |∂T | |Y | M ∂T (g) Ω ϕdx, ∀ϕ ∈ H 1 0 (Ω) ∩ L ∞ (Ω)✳ ❚❤❡ ❤②♣♦t❤❡s✐s h(0) = 0✱ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ θ✱ f ✱ ζ ❛♥❞ g ✐♠♣•② t❤❛t ❡❛❝❤ ✐♥t❡❣r❛• ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛❜♦✈❡ ✐s ③❡r♦✱ ❢♦r ❡✈❡r② ϕ ∈ D(Ω)✳ ❚❤✐s ♠❡❛♥s t❤❛t f ≡ 0 ♦♥ Ω ❛♥❞ g ≡ 0 ♦♥ ∂T ✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❛ss✉♠♣t✐♦♥ ❍ 4 ✮✳ ❈♦♥s❡q✉❡♥t•② u 0 > 0 ❛•♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω ❛♥❞ χ {u 0 >0} ≡ 1✳ ❚❤❡♥ u 0 s❛t✐s✜❡s t❤❡ •✐♠✐t ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✳ ✽✶ ❈❤❛♣t❡r ✸ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•ts ❢♦r ❛ ❝•❛ss ♦❢ s✐♥❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥s P✳ ❉♦♥❛t♦ ❛♥❞ ❋✳ |❛✐♠♦♥❞✐✱ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉•ts ❢♦r ❛ ❝•❛ss ♦❢ s✐♥✲ ❣✉•❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥s✱ ■♥✿ ❈♦♥st❛♥❞❛ ❈✳✱ ❉❛••❛ |✐✈❛ ▼✳✱ ▲❛♠❜❡rt✐ P✳✱ ▼✉s♦•✐♥♦ P✳✭❡❞s✮ ■♥t❡❣r❛• ▼❡t❤♦❞s ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ❱♦•✉♠❡ ✶✱ ♣♣✳ ✽✸✕✾✸ ✭✷✵✶✼✮✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❣✐✈❡ ❛♥ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉•ts ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❲❡ ♣r♦✈❡ s♦♠❡ ❡①✐s✲ t❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ r❡❣✉•❛r✐t② r❡s✉•ts ❢♦r ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ ❛ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ s✐♥❣✉•❛r ♣r♦❜•❡♠ ♣♦s❡❞ ✐♥ ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥✳ ❖♥ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡❡♥ t❤❡ t✇♦ ❝♦♠♣♦✲ ♥❡♥ts t❤❡ ❤❡❛t ✢✉① ✐s ♣r♦♣♦rt✐♦♥❛• t♦ t❤❡ •✉♠♣ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❊✈❡♥ ❤❡r❡ t❤❡ ❞✐✣❝✉•t② ❛r✐s❡s ✐♥ ❞❡❛•✐♥❣ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞✱ t❤❡ s✐♥❣✉•❛r ❞❛t✉♠ ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦♥❞✐t✐♦♥✳ ✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ❲❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡✱ t❤❡ ✉♥✐q✉❡♥❡ss ❛♥❞ t❤❡ r❡❣✉•❛r✐t② ❢♦r ❛ ✇❡❛❦ s♦•✉t✐♦♥ u ♦❢ ❛ q✉❛s✐✲ •✐♥❡❛r ❡••✐♣t✐❝ s✐♥❣✉•❛r ♣r♦❜•❡♠ ♣♦s❡❞ ✐♥ ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥ Ω = Ω 1 ∪ Ω 2 ∪ Γ ♦❢ R N ✱ N ≥ 2✱ ✇✐t❤ ❛♥ ✐♠♣❡r❢❡❝t ❝♦♥t❛❝t ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ Γ✳ ✽✷ ▼♦r❡ ♣r❡❝✐s❡•②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❜•❡♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✿               

  ❡❛r s✐♥❣✉•❛r •♦✇❡r ♦r❞❡r t❡r♠ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ζ ✭s✐♥❣✉•❛r ✐♥ ③❡r♦✮ ❛♥❞ f ✇❤♦s❡ s✉♠♠❛❜✐•✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ ζ ♥❡❛r ✐ts s✐♥❣✉•❛r✐t②✳ ❚❤❡ ♥♦♥•✐♥❡❛r ❜♦✉♥❞❛r② t❡r♠ h ✐s ❛ C 1 ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ρ ❛♥❞ g ❛r❡ ♣❡r✐♦❞✐❝ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ♣r❡s❝r✐❜❡❞ s✉♠♠❛❜✐•✐t✐❡s✳ ❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣r♦

  r♥é✱ ♣ér✐♦❞✐q✉❡ ❞❛♥s •❛ ♣r✐♠✐èr❡ ✈❛r✐❛❜•❡ ❡t ❞❡ ❈❛r❛t❤é♦❞♦r②✳ ▲❡ t❡r♠❡ s✐♥❣✉•✐❡r ♥♦♥ •✐♥é❛✐r❡ ❡st •❡ ♣r♦❞✉✐t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ζ ✭s✐♥❣✉•✐❡r ❡♥ ③ér♦✮ ❡t ❞❡ f ✱ ❞♦♥t •❛ s♦♠♠❛❜✐•✐té ❞é♣❡♥❞ ❞❡ •❛ ❝r♦✐ss❛♥❝❡ ❞❡ ζ ♣rès ❞❡ s❛ s✐♥❣✉•❛r✐té✳ ▲❡ t❡r♠❡ ❞❡ ❜♦r❞ ♥♦♥ •✐♥é❛✐r❡ h ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝r♦✐ss❛♥t❡ ❞❡ ❝•❛ss❡ C 1 ✱ ρ ❡t g s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ♣ér✐♦❞✐q✉❡s ♥♦♥ ♥é❣❛t✐✈❡s ❛✈❡❝ s♦♠♠❛❜✐•✐té ❝♦♥✈❡♥❛❜•❡s✳ ♦✉r ét✉❞✐❡r •

  ✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✸( ❜② ▼✳❈❤✐♣♦t ✭s❡❡ ❛•s♦ ❬✸(✮ ❢♦r q✉❛s✐•✐♥❡❛r ♥♦♥s✐♥✲ ❣✉•❛r ♣r♦❜•❡♠ ✇✐t❤ ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❛•s♦ r❡❢❡r t♦ ❬✶✷( ❛♥❞ ❬✶✸( ❢♦r •✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥s ❛♥❞ t♦ ❬✶✾( ❢♦r ♥♦♥•✐♥❡❛r |♦❜✐♥ ❝♦♥❞✐t✐♦♥s✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t ✐❢ B ✐s ✉♥✐❢♦r♠•② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✐♥ t ✇✐t❤ ❝♦♥st❛♥t L✱ t❤❡♥ w(t) . = Lt s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❛ss✉♠♣t✐♦♥✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ζ ❛ ♠♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s ✐s ♥❡❡❞❡❞✱ ❛s ❞♦♥❡ ✐♥ ❬✹✷( ❛♥❞ ❬✺✷(✱ ♥❛♠❡•② ζ ✐s ♥♦♥ ✐♥❝r❡❛s✐♥❣ ✐♥ [0, +∞[✳ ❲❡ ❡①♣•✐❝✐t•② ♦❜s❡r✈❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥② ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r ζ ❡①❝❡♣t ❢♦r t❤✐s r❡s✉•t✳ ❆•s♦✱ ✉♥❞❡r str♦♥❣❡r ❤②♣♦t❤❡s❡s ♦♥ t❤❡ s✉♠♠❛❜✐•✐t✐❡s ♦❢ t❤❡ ❞❛t❛ f ❛♥❞ g✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ♣r♦✈❡ ❛ r❡❣✉•❛r✐t② r❡s✉•t ✐✳❡✳ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ❛❞❛♣t t♦ ♦✉r ♥❡❡❞s ❛♥ ❛r❣✉♠❡♥t ♦❢ ❬✷✹(✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❝•❛ss✐❝❛• r❡s✉•ts ♦❢ ❙t❛♠♣❛❝❝❤✐❛ ❬✻✾(✱ ❛s ✐♥ ❬✷✹(✱ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✹(✳ ✶✵ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ s✐♥❣✉•❛r ♣r♦❜•❡♠s ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ❡♥t✐r❡•② ❞❡✈❡•♦♣s ✐♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r✱ ♣✉❜•✐s❤❡❞ ✐♥ ❬✹✼(✳ ❲❡ st✉❞② t❤❡r❡ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ ❝•❛ss ♦❢ q✉❛s✐•✐♥❡❛r ❡••✐♣t✐❝ ♣r♦❜•❡♠s ✇✐t❤ s✐♥❣✉•❛r •♦✇❡r ♦r❞❡r t❡r♠s ♣♦s❡❞ ✐♥ ♣❡r✐♦❞✐❝❛••② ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥s✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Ω * ε t❤❡ ♣❡r✐♦❞✐❝❛••② ♣❡r❢♦r❛t❡❞ ❞♦♠❛✐♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝♦♥s✐❞❡r✳■t ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t✱ Ω✱ t❤❡ s❡t ♦❢ t❤❡ ε✲♣❡r✐♦❞✐❝ ❤♦•❡s ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s t❤❡ ♣❡r✐♦❞✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ Ω

  s❡ t❤❡② ❛r❡ ❡✈❡♥•② ❞✐str✐❜✉t❡❞✱ ❛❝t✉❛••② t❤✐s ✐s ❛ r❡❛•✐st✐❝ ❛ss✉♠♣t✐♦♥ ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣•✐❝❛t✐♦♥s✳ ❚❤✐s ❦✐♥❞ ♦❢ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ❝❛♥ ❜❡ ♠♦❞❡•❡❞ ❜② ♣❡r✐♦❞✐❝✐t②✱ ✇❤✐❝❤ ✐s ❝❤❛r❝❛t❡r✐③❡❞ ❜② ❛ s♠❛•• ♣❛r❛♠❡t❡r ε✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣❡r✐♦❞✳ ▲❡tt✐♥❣ ε ❣♦ t♦ ③❡r♦✱ ✇❡ ✜♥❞ ❛ •✐♠✐t ♣r♦❜•❡♠ ✭t❤❡ ✬❤♦♠♦❣❡♥✐③❡❞✬ ♣r♦❜•❡♠✮ ✇❤♦s❡ st✉❞② ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥s✐❞❡r t❤❡ ❣•♦❜❛• ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♠❛✲ t❡r✐❛•✱ ❛t ❛ ♣❤②s✐❝❛• •❡✈❡•✳ ❍❡r❡ t❤❡ ♣❡r✐♦❞✐❝✐t② ❝♦♠❡s ❢r♦♠ ❜♦t❤ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♠❡❞✐❛ ❛♥❞ t❤❡ ❤✐❣❤ ♦s❝✐••❛t✐♥❣ ❝♦❡✣❝✐❡♥ts✳❚❤❡ ✜rst r❡s✉•ts ❛❜♦✉t t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r② ❞❛t❡ ❜❛❝❦ t♦ t❤❡ ❋r❡♥❝❤✱ |✉ss✐❛♥

-+ 2 ,C 1 .F

 21 div(B(x, u)∇u) + λu = f ζ(u) ✐♥ Ω \ Γ, u = 0 ♦♥ ∂Ω, (B(x, u 1 )∇u 1 )ν 1 = (B(x, u 2 )∇u 2 )ν 1 ♦♥ Γ, (B(x, u 1 )∇u 1 )ν 1 = -h(u 1 -u 2 ) ♦♥ Γ, ✭✸✳✶✮ ✇❤❡r❡ ν 1 ✐s t❤❡ ✉♥✐t ❡①t❡r♥❛• ♥♦r♠❛• ✈❡❝t♦r t♦ Ω 1 ✱ ❛♥❞ ✇❡ ♣r❡s❝r✐❜❡ ❛ ❉✐r✐❝❤•❡t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r② ❛♥❞ ❛ •✉♠♣ ♦❢ t❤❡ s♦•✉t✐♦♥ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ q✉❛s✐•✐♥❡❛r t❡r♠ ❝♦♥s✐sts ✐♥ ❛ ✉♥✐❢♦r♠•② ❡••✐♣t✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❈❛r❛t❤é♦❞♦r② ♠❛tr✐① ✜❡•❞ B(x, t)✱ λ ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛• ♥✉♠❜❡r✱ ζ(s) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛• ❢✉♥❝t✐♦♥ s✐♥❣✉•❛r ❛t s = 0 ❛♥❞ f ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❞❛t✉♠ ✇❤♦s❡ s✉♠♠❛❜✐•✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ ζ ♥❡❛r t❤❡ s✐♥❣✉•❛r✐t②✳ ❆s ❢♦r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ t❡r♠ h ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣r♦♣♦rt✐♦♥❛••② ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❛t ✢✉① ❛♥❞ t❤❡ •✉♠♣ ♦❢ t❤❡ s♦•✉t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥✲ ♥❡❣❛t✐✈❡ ♦♥ Γ✳ ❚❤❡ ❞✐✣❝✉•t② ❛r✐s❡s ✐♥ ❞❡❛•✐♥❣ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t❤❡ q✉❛s✐•✐♥❡❛r ♠❛tr✐① ✜❡•❞✱ t❤❡ s✐♥❣✉•❛r ❞❛t✉♠ ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ◗✉❛s✐•✐♥❡❛r ❞✐✛✉s✐♦♥ ♠❛tr✐① ✜❡•❞s ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♠❛t❡r✐❛•s •✐❦❡ ❣•❛ss ♦r ✇♦♦❞✱ ✐♥ ✇❤✐❝❤ t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛♥❣❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✷(✮✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ♠♦❞❡•s ❛ •✉♠♣ ♦❢ t❤❡ s♦•✉t✐♦♥ t❤r♦✉❣❤ ❛ r♦✉❣❤ ✐♥t❡r❢❛❝❡ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✷✶( ❢♦r ❛ ♣❤②s✐❝❛• •✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡• ✭s❡❡ ❛•s♦ ❬✹✷( ❛♥❞ ❬✺✾(✮✳ ❆ s♦✉r❝❡ t❡r♠ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ s♦•✉t✐♦♥ ✐ts❡•❢ ❛♥❞ ❜❡❝♦♠❡s ✐♥✜♥✐t❡ ✇❤❡♥ t❤❡ s♦•✉t✐♦♥ ✈❛♥✐s❤❡s ❝❛♥ ♠♦❞❡•✱ ❢♦r ✐♥st❛♥❝❡✱ ❛♥ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t♦r ✇❤❡r❡ ❡❛❝❤ ♣♦✐♥t ❜❡❝♦♠❡s ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ❛s ❛ ❝✉rr❡♥t ✢♦✇s ✐♥ ✐t✳ ❲❡ r❡❢❡r t♦ ❬✹✷✱ ❙❡❝t✐♦♥ 3( ❢♦r ❞❡t❛✐•s ♦♥ t❤❡ ♣❤②s✐❝❛• ♠❡❛♥✐♥❣ ♦❢ t❤✐s ♣r♦❜•❡♠✳ ❚❤❡ ♠❛✐♥ r❡s✉•ts ❛r❡ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ❢♦r ♦✉r ♣r♦❜•❡♠✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ✐t ✇✐t❤ ❛ s❡✲ q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥♦♥•✐♥❡❛r✐t② ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡♥✱ s✉✐t❛❜•❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ t♦❣❡t❤❡r ✇✐t❤ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡ ❛r❣✉♠❡♥ts✱ ❛••♦✇ ✉s t♦ ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠✱ ❛s ❞♦♥❡ ✐♥ ❬✹✷(✱ ❬✺✶( ❛♥❞ ❬✺✷(✱ ✇❤✐❝❤ ♣r❡s❡♥t ❛ s✐♠✐•❛r s✐♥❣✉•❛r t❡r♠✳ ❋♦r t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦•✉t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛• ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♠❛tr✐① ✜❡•❞ B ❛♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ ζ✳ ■♥ ♣❛rt✐❝✉•❛r ✇❡ ♣r❡s❝r✐❜❡ t❤❛t ζ ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ♦❜s❡r✈✐♥❣ t❤❛t ✭❛s ✐♥ ❬✹✻(✮ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥② ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r ✐t ❡①❝❡♣t ❢♦r t❤✐s r❡s✉•t✳ ❲❡ ❛•s♦ st❛t❡ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ ❛ss✉♠✐♥❣ str♦♥❣❡r ❤②♣♦t❤❡s✐s ♦♥ t❤❡ s✉♠♠❛❜✐•✲ ✐t② ♦❢ t❤❡ ❞❛t✉♠ f ✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♠❛✐♥ ♥♦✈❡•t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛s❡ st✉❞✐❡❞ ✐♥ ❬✹✻( ❝♦♥❝❡r♥s t❤❡ ✽✸ ♣r♦♦❢s ♦❢ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✱ ❣✐✈❡♥ ❤❡r❡ ✐♥ ❞❡t❛✐• ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❚❤❡♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ❛♥❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ♠❡r❡•② s❦❡t❝❤ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦♦❢s✳ ❚❤❡② ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣ t♦ t❤❡ ♣r❡s❡♥t ❝❛s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♥❡s ❢r♦♠ ❬✹✻(✱ ✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② t❡r♠✳ ✸✳✷ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❚♦ ❞❡s❝r✐❜❡ t❤❡ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥✱ ✇❡ s✉♣♣♦s❡ N ≥ 2 ❛♥❞ ❞❡♥♦t❡ ❜② ❼ Ω ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✐♥ R N ❛♥❞ ∂Ω ✐ts ❜♦✉♥❞❛r②✱ ❼ Ω := Ω 1 ∪Ω 2 ∪Γ t❤❡ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥✱ ✇❤❡r❡ Ω 2 ✐s ❛♥ ♦♣❡♥ s❡t s✉❝❤ t❤❛t Ω 2 ⊂ Ω ✇✐t❤ ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② Γ ❛♥❞ Ω 1 := Ω \ Ω 2 ✱ ❼ ν i t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛• t♦ Ω i ❢♦r i = 1,2✱ ❼ u i = u |Ω i t❤❡ r❡str✐❝t✐♦♥ t♦ Ω i ♦❢ ❛ ❢✉♥❝t✐♦♥ u ❞❡✜♥❡❞ ✐♥ Ω✱ ❼ ∼ t❤❡ ③❡r♦ ❡①t❡♥s✐♦♥ t♦ t❤❡ ✇❤♦•❡ ♦❢ Ω ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ Ω 1 ❛♥❞ Ω 2 ✱ ❼ χ E t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛♥② s✉❜s❡t E ♦❢ R N ✱ ❼ M(α, β, E) t❤❡ s❡t ♦❢ ♠❛tr✐① ✜❡•❞s A = (a i,j ) 1≤i,j≤N ∈ (L ∞ (E)) N ×N s✉❝❤ t❤❛t (A(x)λ, λ) ≥ α|λ| 2 ❛♥❞ |A(x)λ| ≤ β|λ|, ∀λ ∈ R N ❛♥❞ ❛✳❡✳ ♦♥ E. ❋✐❣✉r❡ ✸✳✶✳ ❚❤❡ t✇♦✲❝♦♠♣♦♥❡♥t ❞♦♠❛✐♥ Ω ■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② ♣r♦❜•❡♠ ✭✸✳✶✮ ✉♥❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❤②♣♦t❤❡s❡s✿ ❍ 1 ) ❚❤❡ r❡❛• N × N ♠❛tr✐① ✜❡•❞ B : (x, t) ∈ Ω × R → B(x, t) = (b i,j (x, t)) N i,j=1 ∈ R N 2 ✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t B(•, t) ∈ M(α, β, Ω), ❢♦r ❡✈❡r② t ∈ R; ✽✹ ▲❡t ❛•s♦ Z δ ❜❡✱ ❢♦r ❡✈❡r② δ > 0✱ t❤❡ ❛✉①✐•✐❛r② ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② Z δ (s✐❢ δ ≤ s ≤ 2δ, 0, ✐❢ s ≥ 2δ. ✭✸✳✹✮ ❖❜s❡r✈❡ t❤❛t 0 ≤ Z δ (s) ≤ 1 ❢♦r ❛♥② ♣♦s✐t✐✈❡ r❡❛• s ❛♥❞ ∇Z δ (s) = χ {δ≤s≤2δ} -1 δ ∇s . ✭✸✳✺✮ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ r❡s✉•t ❢♦r ♣r♦❜•❡♠ ✭✸✳✶✮✱ ✇❤♦s❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✿                          ❋✐♥❞ u ∈ V s✉❝❤ t❤❛t u > 0 ❛✳❡✳ ✐♥ Ω, Ω f ζ(u)ϕdx < +∞ ❛♥❞ Ω\Γ B(x, u)∇u∇ϕdx + Ω λuϕdx + Γ h(u 1 -u 2 )(ϕ 1 -ϕ 2 )dσ = Ω f ζ(u)ϕdx, ∀ϕ = (ϕ 1 , ϕ 2 ) ∈ V. ✭✸✳✻✮ ❆ ❢✉♥❝t✐♦♥ u s❛t✐s❢②✐♥❣ ✭✸✳✻✮ ✐s ❝❛••❡❞ ❛ s♦•✉t✐♦♥ t♦ ♣r♦❜•❡♠ ✭✸✳✶✮✳ ✸✳✸ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r ❛ s♦•✉t✐♦♥ u t♦ ♣r♦❜•❡♠ ✭✸✳✶✮✳ ❆s ✉s✉❛• ✐♥ t❤❡ •✐t❡r❛t✉r❡✱ t❤❡s❡ ❡st✐♠❛t❡s ❛r❡ t❤❡ ♠❛✐♥ t♦♦• ✇❤❡♥ ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ u✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡② ❛•s♦ ❛♣♣•② t♦ ❛ s♦•✉t✐♦♥ u m ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✹✳✶✮✱ ✇❤❡r❡ t❤❡② ❛r❡ ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ m✱ t❤❡② ❛••♦✇ t♦ ♣❛ss t♦ t❤❡ •✐♠✐t✳ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 4 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ t♦ ♣r♦❜•❡♠ ✭✸✳✶✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❤♦•❞ tr✉❡✿ ∇u L 2 (Ω\Γ) ≤ C 1 f ❞❡♣❡♥❞s ♦♥ α ❛♥❞ C p ✳ ❆•s♦ u 1 -u 2 L 2 (Γ) ≤ C 2 f C 2 ❞❡♣❡♥❞s ♦♥ α✱ h 0 ❛♥❞ C p ✳ ✽✻ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮✳ ❈❤♦♦s✐♥❣ u ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✸✳✻✮✱ ✉s✐♥❣ ❍ 1 ✮✲❍ 4 ✮ ❛♥❞ ❛♣♣•②✐♥❣ t❤❡ (♦✉♥❣ ✐♥❡q✉❛•✐t② ✇❡ ❣❡t α ∇u 2 L 2 (Ω\Γ) + h o Γ (u 1 -u 2 ) 2 dσ ≤ Ω\Γ B(x, u)∇u∇udx + Ω λu 2 dx + Γ h(u 1 -u 2 ) 2 dσ = Ω f ζ(u)udx ≤ Ω f u 1-θ dx ≤ η u 2 L 2 (Ω) + c(η) f |❡♠❛r❦ ✸✳✶ ✇❡ ♦❜t❛✐♥ α ∇u 2 L 2 (Ω\Γ) + h o Γ (u 1 -u 2 ) 2 dσ ≤ c(η, C p ) u 2 V 1 ×H 1 (Ω 2 ) + c(η) f ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ✇❡ ❣❡t α ∇u 2 L 2 (Ω\Γ) + h o u 1 -u 2 2 L 2 (Γ) -c(η, C p )c 2 u 2 V ≤ c(η) f η s✉✣❝✐❡♥t•② s♠❛•• s♦ t❤❛t α -c(η, C p )c 2 ≥ 0 ❛♥❞ h 0 -c(η, C p )c 2 ≥ 0✱ ✜rst•② ✇❡ ❝❛♥ ♥❡❣•❡❝t t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❜♦✉♥❞❛r② t❡r♠ ✐♥ ✭✸✳✾✮ ❛♥❞ ❞❡❞✉❝❡ ✭✸✳✼✮✳ ◆❡❣•❡❝t✐♥❣ ♥♦✇ t❤❡ t❡r♠s ♦✉ts✐❞❡ Γ ✐♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✾✮✱ ✇❡ ❞❡❞✉❝❡ ✭✸✳✽✮✳ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 4 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮✳ ❚❤❡♥ f ζ(u)ϕ L 1 (Ω) ≤ c, ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ϕ ∈ V ✇✐t❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ β✱ λ✱ h 0 ✱ C p ✱ c 2 ✱ C 1 ✱ C 2 ✱ ϕ H 1 0 (Ω) ❛♥❞ f L l (Ω) ✳ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮ ❛♥❞ •❡t ✉s ❝❤♦♦s❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ϕ ∈ H 1 0 (Ω) ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✸✳✻✮✳ ❙✐♥❝❡ f ✱ ζ ❛♥❞ ϕ ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② t❡r♠ ✈❛♥✐s❤❡s✱ ✉s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ❢♦r ❡❛❝❤ t❡r♠✱ ✇❡ ❤❛✈❡ 0 ≤ Ω f ζ(u)ϕdx = Ω\Γ B(x, u)∇u∇ϕdx + Ω λuϕdx ≤ β ∇u L 2 (Ω\Γ) ∇ϕ L 2 (Ω\Γ) + λ u L 2 (Ω) ϕ L 2 (Ω) . ❋r♦♠ |❡♠❛r❦ ✸✳✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✷✱ t❤❛♥❦s t♦ ❡st✐♠❛t❡s ✭✸✳✼✮ ❛♥❞ ✭✸✳✽✮✱ ✇❡ ❤❛✈❡ Ω\Γ B(x, u)∇u∇ϕdx + Ω λuϕdx ≤ βC 1 f 1 1+θ L 2 1+θ (Ω) ∇ϕ L 2 (Ω\Γ) + C(λ, C p , c 2 , C 1 , C 2 ) f 1 1+θ L 2 1+θ (Ω) ϕ L 2 (Ω) . ✽✼ ❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛•✐t✐❡s ✐♠♣•② t❤❡ r❡s✉•t ❢♦r ϕ ∈ H 1 0 (Ω)✳ ■❢ ♥♦✇ ϕ = (ϕ 1 , ϕ 2 ) ∈ V ✐s ♥♦♥♥❡❣❛✲ t✐✈❡✱ s✐♥❝❡ Γ ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐st ♥♦♥♥❡❣❛t✐✈❡ ψ 1 ❛♥❞ ψ 2 ✐♥ H 1 0 (Ω) s✉❝❤ t❤❛t ϕ = (ϕ 1 , ϕ 2 ) = (ψ 1 |Ω 1 , ψ 2 |Ω 2 ). ❚❤❡♥ 0 ≤ Ω 1 f ζ(u)ϕ 1 dx + Ω 2 f ζ(u)ϕ 2 dx ≤ Ω f ζ(u)ψ 1 dx + Ω f ζ(u)ψ 2 dx ≤ c. ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❡st✐♠❛t❡s t❤❡ ✐♥t❡❣r❛• ♦❢ t❤❡ s✐♥❣✉•❛r t❡r♠ ❝•♦s❡ t♦ t❤❡ s✐♥❣✉•❛r s❡t {u = 0} ❛♥❞ ✐s ❝r✉❝✐❛• ❢♦r t❤❡ ♣r♦♦❢s ♦❢ ♥❡①t r❡s✉•ts✳ Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 4 ✮✱ •❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮ ❛♥❞ δ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ r❡❛• ♥✉♠❜❡r✳ ❚❤❡♥✱ {0≤u≤δ} f ζ(u)ϕdx ≤ Ω\Γ B(x, u)∇u∇ϕZ δ (u)dx +2δλ ϕ L 1 (Ω) + 2δ h L ∞ (Γ) ϕ 1 + ϕ 2 L 1 (Γ) , ❢♦r ❡✈❡r② ϕ ∈ V ✱ ϕ ≥ 0✱ ✇❤❡r❡ Z δ ✐s ❞❡✜♥❡❞ ❜② ✭✸✳✹✮✳ Pr♦♦❢✳ ▲❡t u ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮ ❛♥❞ ϕ ∈ V ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❈❤♦♦s❡✱ ❢♦r k > 0✱ Z δ (u)T k (ϕ) ∈ V ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✸✳✻✮✳ ❯s✐♥❣ ✭✸✳✺✮✱ ✇❡ ❤❛✈❡ Ω\Γ B(x, u)∇u∇T k (ϕ)Z δ (u)dx -1 δ {Ω\Γ}∩{δ<u<2δ} B(x, u)∇u∇uT k (ϕ)dx +λ Ω uZ δ (u)T k (ϕ)dx + Γ h(u 1 -u 2 )[Z δ (u 1 )T k (ϕ 1 ) -Z δ (u 2 )T k (ϕ 2 )]dσ = Ω f ζ(u)Z δ (u)T k (ϕ)dx. ❋r♦♠ ❍ 1 ✮ ❛♥❞ s✐♥❝❡ ϕ, δ ❛♥❞ α ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛•✐t② ✐♠♣•✐❡s {0≤u≤δ} f ζ(u)T k (ϕ)dx = {0≤u≤δ} f ζ(u)Z δ (u)T k (ϕ)dx ≤ Ω f ζ(u)Z δ (u)T k (ϕ)dx ≤ Ω\Γ B(x, u)∇u∇T k (ϕ)Z δ (u)dx + λ Ω uZ δ (u)T k (ϕ)dx + Γ h(u 1 -u 2 )[Z δ (u 1 )T k (ϕ 1 ) -Z δ (u 2 )T k (ϕ 2 )]dσ. ✽✽ ❙✐♥❝❡ u, Z δ ❛♥❞ T k ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ✉s✐♥❣ t❤❡ ❍ö•❞❡r ✐♥❡q✉❛•✐t② ✇❡ ❛•s♦ ❤❛✈❡ λ Ω uZ δ (u)T k (ϕ)dx + Γ h(u 1 -u 2 )[Z δ (u 1 )T k (ϕ 1 ) -Z δ (u 2 )T k (ϕ 2 )]dσ ≤ λ Ω uT k (ϕ)χ {0≤u≤2δ} dx + Γ h[u 1 Z δ (u 1 )T k (ϕ 1 ) + u 2 Z δ (u 2 )T k (ϕ 2 )]dσ ≤ 2δλ Ω T k (ϕ)dx + Γ h[u 1 χ {0≤u 1 ≤2δ} T k (ϕ 1 ) + u 2 χ {0≤u 2 ≤2δ} T k (ϕ 2 )]dσ ≤ 2δλ T k (ϕ) L 1 (Ω) + 2δ h L ∞ (Γ) T k (ϕ 1 ) + T k (ϕ 2 ) L 1 (Γ) . ❋♦r ❡✈❡r② k > 0✱ ✇❡ ❣❡t {0≤u≤δ} f ζ(u)T k (ϕ)dx ≤ Ω\Γ B(x, u)∇u∇T k (ϕ)Z δ (u)dx +2δλ T k (ϕ) L 1 (Ω) + 2δ h L ∞ (Γ) T k (ϕ 1 ) + T k (ϕ 2 ) L 1 (Γ) . ❲❡ ❝❛♥ ♣❛ss t♦ t❤❡ •✐♠✐t ❛s k t❡♥❞s t♦ ✐♥✜♥✐t② ✐♥ t❤✐s ✐♥❡q✉❛•✐t②✳ ❈♦♥✈❡r❣❡♥❝❡ ✭✸✳✸✮ ❛♥❞ ❋❛t♦✉✬s •❡♠♠❛ ❛♣♣•✐❡❞ ♦♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ❣✐✈❡ t❤❡ r❡s✉•t✳ ✸✳✹ ▼❛✐♥ r❡s✉•ts ❆s ✉s✉❛• ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜•❡♠ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✹(✱ ❬✶✾(✱ ❬✷✹(✱ ❬✹✷(✱ ❬✺✶(✱ ❬✺✷( ❛♥❞ ❬✺✸(✮✱ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✸✳✶✮✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ ♦✉r ♣r♦❜•❡♠ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥s✐♥❣✉•❛r ♣r♦❜•❡♠s ❛♥❞ ✉s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s st❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♣❛ss t♦ t❤❡ •✐♠✐t✳ ❍❡r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ❜②                -div(B(x, u m )∇u m ) + λu m = T m (f ζ(|u m |)) ✐♥ Ω \ Γ, u m = 0 ♦♥ ∂Ω, (B(x, u m1 )∇u m1 )ν 1 = (B(x, u m2 )∇u m2 )ν 1 ♦♥ Γ, (B(x, u m1 )∇u m1 )ν 1 = -h(u m1 -u m2 ) ♦♥ Γ, ✭✸✳✶✵✮ ✇❤❡r❡✱ ❢♦r ❡✈❡r② m ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥ T m ✐s t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛t •❡✈❡• m✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✉•❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✸✳✶✵✮ r❡❛❞s                ❋✐♥❞ u m ∈ V s✉❝❤ t❤❛t Ω\Γ B(x, u m )∇u m ∇ϕdx + Ω λu m ϕdx + Γ h(u m1 -u m2 )(ϕ 1 -ϕ 2 )dσ = Ω T m (f ζ(|u m |))ϕdx, ∀ϕ ∈ V. ✽✾ ❚❤❛♥❦s t♦ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❛✈♦✐❞ t❤❡ s✐♥❣✉•❛r✐t② ❛t 0✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜•❡♠ ♠❛❦❡s ✉s❡ ♦❢ ❛r❣✉♠❡♥ts s✐♠✐•❛r t♦ ❬✶✵( ❛♥❞ ❬✶✶(✳ ▼♦r❡♦✈❡r✱ ❛s ✐♥ ❬✹✻( ❛♥❞ ❬✹✷( ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t u m ≥ 0 ❛✳ ❡✳ ✐♥ Ω✱ s♦ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ζ(u m ) ✐♥st❡❛❞ ♦❢ ζ(|u m |) ✐♥ t❤❡ ♣r♦❜•❡♠✳ ❚❤❡♦r❡♠ ✸✳✻✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 4 ✮✱ ♣r♦❜•❡♠ ✭✸✳✻✮ ❛❞♠✐ts ❛t •❡❛st ❛ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ❋♦r m ∈ N✱ •❡t u m ∈ V ❜❡ ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜•❡♠ ✭✸✳✶✵✮✳ ❖❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ T m (f ζ(|u m |)) s❛t✐s✜❡s t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s t❤❡ ❢✉♥❝t✐♦♥ f ζ(|u m |) ❢♦r ❡✈❡r② ✜①❡❞ m ∈ N✱ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✸ ❛♣♣•② ✉♥✐❢♦r♠•② ✇✐t❤ r❡s♣❡❝t t♦ m✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t t❤❡r❡ ❡①✐sts u ∈ V s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱          ✐) u m ⇀ u ✇❡❛❦•② ✐♥ V, ✐✐) u m → u str♦♥❣•② ✐♥ L 2 (Ω) ❛♥❞ ❛✳❡✳ ✐♥ Ω, ✐✐✐) u m1 -u m2 → u 1 -u 2 str♦♥❣•② ✐♥ L 2 (Γ).❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ ♣r♦♦❢ ❢♦••♦✇s t❤❛t ♦❢ ❚❤❡♦r❡♠ 5.2 ❢r♦♠ ❬✹✻(✳ ❲❡ ❛•s♦ st❛t❡ t❤❡ t✇♦ r❡s✉•ts ❜❡•♦✇✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❢♦••♦✇✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉•ts ❢r♦♠ ❬✹✻(✳ ❚❤❡ ✜rst ♦♥❡ ❞❡❛•s ✇✐t❤ ✉♥✐q✉❡♥❡ss ❛♥❞ ✐t ✐s st❛t❡❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✸( ❢♦r ❛ q✉❛s✐•✐♥❡❛r ♣r♦❜•❡♠ ✇✐t❤ ❉✐r✐❝❤•❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡♦r❡♠ ✸✳✼✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ❍ 1 ✮✲❍ 4 ✮✱ s✉♣♣♦s❡ ❢✉rt❤❡r t❤❛t ζ ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ [0, +∞[ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ω : R → R✱ ✇✐t❤ ω(t) > 0 ∀ t > 0✱ s❛t✐s❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿      ✐) |B(x, t 1 ) -B(x, t 2 )| ≤ ω(|t 1 -t 2 |) ❢♦r ❛✳❡✳ x ∈ Ω, ∀ t 1 / = t 2 ; ✐✐) ∀y > 0, lim r♦❜•❡♠ ✭✸✳✻✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦•✉t✐♦♥✳ Pr♦♦❢✳ ❲❡ ❛❞❛♣t t♦ ♦✉r ❝❛s❡ t❤❡ ✐❞❡❛s ♦❢ ❬✷✸( ✭s❡❡ ❛•s♦ ❬✶✾(✮✳ ❚♦ ❞♦ t❤❛t✱ •❡t u ❛♥❞ w ❜❡ t✇♦ s♦•✉t✐♦♥s ♦❢ ♣r♦❜•❡♠ ✭✸✳✻✮✳ ❋♦r ❛♥② µ > 0✱ s❡t E := {x ∈ Ω \ Γ | (u -w)(x) > µ} ❛♥❞ ❞❡✜♥❡