
HAL Id: tel-01998725
https://theses.hal.science/tel-01998725

Submitted on 29 Jan 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Supergravities in Superspace
Bertrand Souères

To cite this version:
Bertrand Souères. Supergravities in Superspace. Mathematical Physics [math-ph]. Université de
Lyon, 2018. English. �NNT : 2018LYSE1141�. �tel-01998725�

https://theses.hal.science/tel-01998725
https://hal.archives-ouvertes.fr










Sn

SO(1, d 1)

11

τ

O(l3)

O(l6)

O(l6)

O(l6)



O(l0)

O(l3)

O(l6) X8







12 672

10

ae = 0.001156652181643(764)

19 29



3 × 2 × 1



Z2

F B

[B,B] = B, [B,F ] = F, {F, F} = B.

N

1 2

1

1 2 1 2 0



1016

3 × 2 × 1

N > 1

26

10

10



10

S←→ SO(32)
T←→ E8×E8

T←→
↖↘ ↙↗

↓
11

11 11

N = (1, 0)

SO(32) E8 × E8

11

11

11



10



1

(E,B, F, π)

E B × F

B F

E B π x ∈ E

U ⊂ B π(x) π

ϕ : π−1(U) → U × F ϕ(x) = π(x)



π−1(U)
ϕ−−→ U × F

π↘ ↙p1

U

p1 U B π−1(U)

U × F ϕ U

B ϕ1 ϕ2 U

u ∈ π−1(p)

ϕ1(u) = (p, f1)

ϕ2(u) = (p, f2)

}
⇒ f2 = g21 f1 ,

g12 G

(P,B,G, π) F G

G P × G → P

u ∈ P ϕ(u) = (p, h)

ϕ(ug) = ϕ(u)g = (p, h)g = (p, hg)

G p

B F

E (E,B, F, π) s : B → E

π ◦ s = IB p ∈ B s(p) E

p U ⊂ B s

U → π−1(U) p ∈ B ϕ(s(p)) = (p, f) f ∈ F

B R d

B 2d (TB,B,Rd, π)

p B TpB {xm, m = 1 . . . d} U ⊂ B{
∂

∂xm
, m = 1 . . . d

}
p ∈ U V TpB

V = vm
∂

∂xm
= vm∂m .

p TpB

T ∗
pB T ∗B {dxm, m =

1 . . . d} 〈dxm, ∂n〉 = δmn



L = lmdx
m .

p ∈ B gp : TpB × TpB → R

V W p �→ gp(Vp,Wp)

p ∈ B TpB

GL(d,R) V

V = vm
∂

∂xm
= vm

∂yn

∂xm︸ ︷︷ ︸
∈ GL(d,R)

∂

∂yn

∂
∂xm

∂
∂ym

∂yn

∂xm

(P,B,GL(d,R), π)

p

(1, d−1) p ∈ M

TpM ±(1, −1, . . . , −1)

O(1, d−1)
SO+(1, d−1)

SO(1, d−1) Spin(1, d−1)
PS Spin(1, d−1) 2[d/2] V

ρ PS × V )/G

(u, v) ∼
(
ug, ρ(g−1)v

) {
(u, v) ∈ PS × V

g ∈ Spin(1, d−1)

TM

v1, v2 ∈ TM, Γ(v1)Γ(v2) + Γ(v2)Γ(v1) = 2g(v1, v2)

∂
∂xm f : B → R

V [f ]|p = vm ∂f
∂xm

∣
∣
p



ΓmΓn + ΓnΓm = 2gmnI .

Spin(1, d−1) V

εmn(x) V
1
2Γmn spin(1, d−1)

Γmn = Γ[mΓn] , ψ −→ e
1
2
εmn(x)Γmn

ψ .

M

±(1, −1 . . . −1)
M R C

M

TM ⊗ · · · ⊗
TM∗ ⊗ · · ·

M

M

p V W

vm∂m wn∂n g T ∗M ⊗ T ∗M

g = gmn dx
m ⊗ dxn g(vm∂m, w

n∂n) = gmn v
mwn := vmwm .

p {ea, a = 1 . . . d} T ∗
pM g

{ea, a = 1 . . . d} T ∗
pM

g = ηab e
a ⊗ eb g(vaea, w

beb) = ηab v
awb := vawa .

ea ea 〈ea, eb〉 = δab
eam ema

ea = eam dxm ea = ema ∂m



ΓaΓb + ΓbΓa = 2ηabI

Γa Γm Γm = eam Γa

eam → Λa
b e

b
m

gmn = eam ηab e
b
n −→ ecm Λa

c ηab Λ
b
d︸ ︷︷ ︸

ηcd

edn = gmn ,

Γm
np

DmTn
p = ∂mTn

p + Γq
np Tq

p − Γp
nq Tn

q ,

ω Γ

DmV
n = enbDmV

b Γ

ωm
a
b = ean Γn

mp e
p
b − enb ∂me

a
n ,

ω SO(1, d−1)

so(1, d−1)

ωa
b = (ωm)ab dx

m, ωab = −ωba .

DmTa
b = ∂mTa

b + ωm
c
a Tc

b − ωm
b
c Ta

c .



Dmψ
α = ∂mψ

α +
1

4
ωm

ab (Γab)
α
β ψ

β

Dp gmn = 0

V mV ngmn

Γm
np =

1

2
gmr
(
∂ngrp + ∂pgrn − ∂rgnp

)
︸ ︷︷ ︸

Γ̂m
np

+
1

2

(
Tm

np + Tn
m

p + Tp
m

n

)
︸ ︷︷ ︸

Cm
np

,

Γ̂ Cm
np T

Tm
np = 2Γm

[np]

TpM
2 →

TpM T (u, v) = ∇uv−∇vu−[u, v] u, v T (u, v) TM

T a = Dea = ea + ωa
b ∧ eb

=
1

2
Tmn

a dxm∧ dxn .

Rmn,p
q = 2

(
∂[mΓq

n]p + Γq
[m|sΓ

s
|n]p
)

TpM
3 →

TpM R(u, v)w = ∇u∇vw − ∇v∇uw − ∇[u,v]w u, v, w R(u, v)w

TM

g

Ra
b = Dωa

b = ωa
b + ωa

c ∧ωc
b

= Rmn
a
b dx

m∧ dxn .



T a + ωa
b ∧T b = eb∧Ra

b

Ra
b + ωa

c ∧Rc
b − ωc

b ∧Ra
c = 0 .

Rmn = gnqRmn,pq = ema Rmn
ab

R = gmpgnqRmn,pq = ema e
n
bRmn

ab

F A

ω

ω =
1

p!

{
dxm1∧ . . . ∧ dxmp ωm1...mp

ea1∧ . . . ∧ eap ωa1...ap

ω ∈
p∧
T ∗
pM .

x → y

y = t(x)

TM ⊗ T ∗M

T = Ta
b(x) dxa ⊗ ∂

∂xb
= Tab(y) dya ⊗

∂

∂yb
,

Ta
b(x) Tab(y)

(dx, ∂
∂x)

Tab(y)
∂ya

∂xc
∂xd

∂yb
dxc ⊗ ∂

∂xd
,

δTc
d x x→ y

δTc
d(x) = T (t−1(y))a

b ∂ya

∂xc
(x)

∂xd

∂yb
(x) − Tc

d(x) .

x → y (y(x) = x + ξ) φ



δξ(x)φm1...mk
= ξp ∂pφm1...mk

+ n (∂[m1|ξ
p) φp|m1...mk] ,

L φ

d ι

Lφ = ( ιξ + ιξ )φ ,

{
ιξφ = 1

(n−1)! ξ
pφpm2...mk

dxm2∧ . . . ∧ dxmk

φ = 1
(n+1)! ∂p φm1...mk

dxp∧ dxm1∧ . . . ∧ dxmk .

Mnr Pm Q

Z

R Q

[Mnr,M
pq] = 4 δ

[p
[nM

q]
r]

[Pm,Mpq] = ηm[pPq]

[Pm, Pn] = 0

Qα

11 10 10 2 × 16

(+) (−) 11

{Q±, QT
±} =

1

2
(1± Γ11)Γ

mCPm

{Q±,Mnr} =
1

2
(Γnr)Q±

{Q+, Q
T
+} = 0

{Q,QT } = (ΓmC)Pm

{Q,Mnr} =
1

2
(Γnr)Q

[Pm, Qα] = 0 [P 2, Qα] = 0 P 2

11

(PmPm = 0)

(E,E, 0, . . . , 0)



SO(1, d−1) SO(d−2)
γm {γm, γn} = δmn

(d−2) Γm

Γ0 = iσ2 ⊗ I, Γ1 = σ1 ⊗ I, Γm = σ3 ⊗ γm−1 (m = 2, . . . , d−1),

{Γm,Γn} = ηmn d

(d−2) (1, d−1)
d = 11

ψ =

(
ψ(+)

ψ(−)

)
Q =

(
Q(+)

Q(−)

)
,

ψ Q 32 (+) (−) 16

C(11) iσ2 ⊗ C9

{Q,Q} = E (Γ0 − Γ1)C(11) = 2E

(
I16 0

0 0

)
.

Q(+) Q(−)

{Q(+)
α , Q

(+)
β } = 2E I16 , {Q(−)

α , Q
(−)
β } = {Q(+)

α , Q
(−)
β } = 0 .

Q
(+)
α

|0〉
Qi1 |0〉

Qi1Qi2 |0〉
Qi1Qi2Qi3 |0〉
Qi1 . . . Qi4 |0〉
Qi1 . . . Qi5 |0〉
Qi1 . . . Qi6 |0〉
Qi1 . . . Qi7 |0〉
Q1 . . . Q8|0〉

|0〉 11

8

Q(+)

256

11

Q



{xm,m = 0 . . . d−1} {θμ, μ = 1 . . . 2[
d
2 ]}

θ

G
(
x, θ, θ̄

)
= e−i(−xmPm + θ Q + θ̄ Q̄) ,

11 θα

10 2 × 16 θα θα

T = Taα
bβ dxa ⊗ θα ⊗ ∂

∂xb
⊗ ∂

∂θβ
.

ZM = (xm, θμ)

EA = EA
M dZM , EA = EM

A

∂

∂ZM
,

EA
M

EA
M EN

A = δNM =

(
δnm 0

0 δνμ

)
.

H =
1

k!
EAk∧ . . . ∧EA1 HA1...Ak

,



EA∧EB =

{
(−1)

(+1)

}
× EB∧EA ,

∂A∂B

EA∧EB HAB = Eb∧EaHab + 2Ea∧EαHαa + Eβ∧EαHαβ

H θ x 11

HAB

HAB(x, θ) = HAB(x) +

32∑
i=1

1

i!
θμ1 . . . θμi (Hμ1...μ2)AB .

θ

θ = 0

Ωa
b

T a Ra
b

ΩA
B = dZM (ΩM )AB −→

{
RA

B = DΩA
B = ΩA

B +ΩA
C∧ΩC

B

TA = DEA = EA + EB∧ΩB
A ,

Ωα
β =

1

4
(Γa

b)αβ Ωa
b, Ωα

b = Ωa
β = 0 .

DMψ
α = ∂Mψ

α + ωM
α
β ψ

β

M = m

ZM → Z ′M = ZM + ξM



Φ(p) =
1

p!
Φm1...mp xmp∧ . . . ∧ xm1 ,

(
Φ(p)∧Ψ(q)

)
= Φ(p)∧ Ψ(q) + (−1)q Φ(p)∧Ψ(q) .

11

1

�( xa1∧ . . . ∧ xap) =
1

(d−p)!ε
a1...ap

b1...b10−p xb1∧ . . . ∧ xb10−p ,

Φ(p)∧ � Φ(p) = (�1)
1

p!
Φm1...mpΦ

m1...mp .

G ρ G V

ρ : G→ GL(V )
∣∣ g1, g2 ∈ G, ρ(g1)ρ(g2) = ρ(g1g2)

H V H G

∀h ∈ H, ∀g ∈ G, ρ(g)h ∈ H .

0 V

Sn
d SO(1, d−1)

Sn

Sn n

n! n



s =
{
1 2 3
3 1 2

}
S3 T

Ta1a2a3
s−→ Ta3a1a2 .

T

T[a1a2a3] =
1

6
Ta1a2a3 −

1

6
Ta2a1a3 + · · · − 1

6
Ta3a2a1

Sn−→ ±T[a1a2a3] .

± S3
Sn

Sn Rn!

{e1, · · · , en} Rn

{e1 ⊗ · · · ⊗ en, · · · , en ⊗ · · · ⊗ e1} := {e1···n, · · · , en···1} .

(−4, . . . , 7) −4 e1...n + . . .+7 en...1 S3

R6 g =
{
1 2 3
2 3 1

}
GL(R6)

ρ(g) =

⎡⎢⎢⎢⎢⎢⎣
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦
e123
e132
e213
e231
e312
e321

ρ(g) ( 2 e123−3 e231) = ( 2 e312−3 e123)

ρ(g)

⎡⎢⎢⎢⎢⎣
1
0
0
1
0
0

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
1
0
0
0
1
0

⎤⎥⎥⎥⎥⎦
e123
e132
e213
e231
e312
e321

S3
R6

S2 {e12, e21}

ρ
({

1 2
1 2

})
=

[
1 0

0 1

]
e12
e21

ρ
({

1 2
2 1

})
=

[
0 1

1 0

]
e12
e21

.



{e12+e12, e21−e12}

ρ
({1 2

1 2

})
=

[
1 0

0 1

]
e12+e21
e12−e21

ρ
({

1 2
2 1

})
=

[
1 0

0 −1

]
e12+e21
e12−e21

.

S2 R2

S3
n

Sn
Rn!

S3

−→ 1 2 3

↗
1 2
3

↘ 1 3
2

−→
1
2
3

=⇒

⎡⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎦

(1)

(2)

(3) ei
′s

e123
1 2
3

e123
(1)−→ e123 + e213

(2)−→ e123 − e321 + e213 − e231
(3)−→

⎧⎪⎪⎪⎨⎪⎪⎪⎩
e123 − e321 + e213 − e231
e213 − e312 + e123 − e132
e132 − e231 + e312 − e321 .

1 3
2 1 2 3

1
2
3

Sn



n Sn
ei1 ⊗ · · · ⊗ ein Ti1...in

SO(1, d 1)

SO(1, d−1)
SO(1, d−1)

SO(1, d−1)

Ta1...an −→ Λa1
b1 . . . Λa1

b1 Tb1...bn (n < d) ,

(i1 . . . in)

i n

1

SO(1, 10) SO(1, 9)

B5 D5

B5 D5 (i1 . . . i5)

SO(1, 10)

(00000) 1

(10000) 11

(01000) 55

(00100) 165

(00010) 330

(00001) 32

SO(1, 9)

(00000) 1

(10000) 10

(01000) 45

(00100) 120

(00010) 16 (+)

(00001) 16 (−)

.

V ⊗ V

(10000)⊗ (10000) = (20000) ⊕ (01000) ⊕ (00000)

Tmn = Smn + Amn + I

121 = 65 + 55 + 1 ,



S A I

FabcGd = HabHcd 11

B5

(00100)⊗ (10000) = (00010)⊕ (01000)⊕ (10100)

(01000)2⊗S = (00000)⊕ (00010)⊕ (02000)⊕ (20000) .

(00010)

F[abcGd] =

H[abHcd]



2
11

= 11 N = 1

gmn ψm Cmnp

SO(9)

gmn

gmn 11

gmn eam



gmn −→

SO(9)︷ ︸︸ ︷
(1/2) 9 (9 + 1)

det(g) �=0︷︸︸︷
− 1 = 44 ,

eam −→ 9 9︸︷︷︸
SO(9)

− (1/2) 8 9︸ ︷︷ ︸ − 1︸︷︷︸
det(e) �=0

= 44 .

ψm ψμ
m

(10001) SO(1, 10) Γmψm = 0

ψμ
m −→ 2[

9
2
] 9︸ ︷︷ ︸

SO(9)

− 2[
9
2
]︸︷︷︸ = 128 .

δε ψm ∝ Dmε , δε e
a
m ∝ ε̄Γaψm .

C C

SO(9)
(
9
3

)
= 84

128 84 + 44 = 128

S =
1

κ2

∫
d11x

√
g

[
− 1

4
R(ω)

− i

2
ψmΓmnrDn

(
ω + ω̂

2

)
ψr

− 1

48
GmnrsG

mnrs

+
1

192

(
ψ̄m Γmnrspq ψn + 12 ψ̄r Γsp ψq

) (
Grspq + Ĝrspq
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a = 0, . . . 10 α = 1, . . . 32

M = (m,μ)

ZM = (xm, θμ) EA = (Ea, Eα)

EA = (Ea, Eα)

ΩA
B

TA =
1

2
EC∧EB TBC

A RA
B =

1

2
ED∧EC RCDA

B ,



DTA = EB∧RB
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4 +R3G2 + · · ·
)
+O(l7) ,

l

R3G2

R2(∂G)2 (∂G)4

t8t8R
4

Ω

Ωn n

Hn = {ω ∈ Ωn| ω = 0} /
{
ω ∼ ω + λ, λ ∈ Ωn−1

}
.

(∂G)4



Hn( ) Hn( )

Hn( )

τ

Ω

p q Ωp,q

Ωn = ⊕
∑

p+q=n

Ωp,q .

(p, q) ω ∈ Ωp,q

ω =
1

p!q!
Eβq∧ . . . ∧Eβ1∧Eap∧ . . . ∧Ea1 ωa1...apβ1...βq .

Φ(p,q) ∈ Ωp,q Φ ∈ Ωn

(p, q)

ω : Ωp,q −→
Ωp+1,q + Ωp,q+1 + Ωp−1,q+2 + Ωp+2,q−1

= b + f + τ + t ,

b f b : Ωp,q → Ωp+1,q
f : Ωp,q →

Ωp,q+1 τ t

ω ∈ Ωp,q

( bω)a1...ap+1β1...βq = (p+ 1)×(
D[a1ωa2...ap+1]β1...βq

+
p

2
T[a1a2|

c ωc|a3...ap+1]β1...βq
+ q (−1)p T[a1|(β1|

γ ω|a2...ap+1]γ|β2...βq)

)
( fω)a1...apβ1...βq+1 = (q + 1)×(
(−1)pD(β1|ωa1...ap|β2...βq+1) +

q

2
T(β1β2|

γ ωa1...apγ|β3...βq+1) + p (−1)p T(β1|[a1|
c ωc|a2...ap]|β2...βq+1)

)
(τω)a1...ap−1β1...βq+2 =

1

2
(q + 1)(q + 2) T(β1β2|

c ωca1...ap−1|β3...βq+2)

(tω)a1...ap+2β1...βq−1 =
1

2
(p+ 1)(p+ 2) T[a1a2

γ ωa3...ap+2]γβ1...βq−1
.



2 = 0

(p−2, q−4) 0 = τ2

(p−1, q+3) 0 = fτ + τ f

(p, q+2) 0 = 2
f + bτ + τ b

(p+1, q+1) 0 = b f + f b + τt+ tτ

(p+2, q) 0 = 2
b + f t+ t f

(p+3, q−1) 0 = bt+ t b

(p+4, q−2) 0 = t2 .

τ

τ

(p, q) τ

Hp,q
τ = {ω ∈ Ωp,q | τω = 0} /

{
ω ∼ ω + τλ, λ ∈ Ωp+1,q−2

}
.

τ

τ

(Γa)(α1α2
(Γab)α3α4) = 0 .

p = 0, 1, 2 τ (p, q)

ωα1...αq = Sα1...αq

ωaα1...αq = (Γab)(α1α2
P b

α3...αq)

ωabα1...αq = (Γab)(α1α2
Uα3...αq) ,

S P U τ ω

Hp,q
τ p = 0, 1, 2

Hp,q
τ p ≥ 3



s τ

s : H
p,q
τ → Hp,q+1

τ ω ∈ [ω] ∈ Hp,q
τ

s[ω] := [ fω] .

fω τ

τ fω = − fτω = 0 ,

s[ω]

[ f (ω + τλ)] = [ fω − τ fλ] = [ fω] .

2
s = 0

2
s[ω] = s[ fω] = [ 2

fω] = −[( bτ + τ b)ω] = 0 ,

Hp,q
s

Hp,q
s = {ω ∈ Hp,q

τ | sω = 0} /
{
ω ∼ ω + sλ, λ ∈ Hp,q−1

τ

}
.

D D L

D

S =
1

D!

∫
Dx εm1...mDLm1...mD | ,

θμ = 0

ξ

δL = LξL = ( iξ + iξ )L = iξL ,



L

ξ|

ZD WD+1 = ZD

WD+1

D + 1 D

WD+1

WD+1

WD+1 = KD ZD KD

LD := ZD −KD

W12 :=

↑︷︸︸︷
Z11 =

↑︷︸︸︷
K11︸ ︷︷ ︸

Z11 −K11

l

l Z11

O(l0)

O(l3)

Z11 O(l6)

Z11 O(l6)

KD

KD LD



Lm1...mD

∣∣ = eaDmD
· · · ea1m1

La1...aD

∣∣
+D eaDmD

· · · ea2m2
ψα1
m1

Lα1a2...aD

∣∣
+D eaDmD

ψ
αD−1
mD−1 · · ·ψα1

m1
Lα1...αD−1aD

∣∣
+ ψαD

mD
· · ·ψα1

m1
Lα1...αD

∣∣ ,
ψα
m := Em

α| em
a := Em

a|

La1...aD

S =

∫ (
R � 1− 1

2
G4∧G7 −

1

6
C3∧G4∧G4

)∣∣ ,

Z11 = −1

6
C3∧G4∧G4 , W12 := Z11 = −1

6
G4∧G4∧G4 .

K11

K11 = Z11 = −1

6
G4∧G4∧G4 ,

O(l0)

D[A1
KA2...A12) +

11

2
T F
[A1A2| KF |A3...A12) = − 11!

6(4!)3
G[A1...A4

GA5...A8 GA9...A12) ,

12

(12, 0) (0, 12)

Ka1...a11 K



Da1K
(2)
a2...a12 +

11

2
Ta1a2

γ K(3/2)
γa3...a12 = − 11!

6(4!)3
G[a1...a4 Ga5...a8 Ga9...a12) ,

K(2)

K(3/2) K(1)

13

K(−7/2) K(2) −3/2 −1/2

−3
2 0 = Dα1K

(−7/2)
α2...α12 +

11
2 Tα1α2

f K
(−3)
fα3...α12

−1
2 0 = 7

12Dα1K
(−1)
α2...α7a1...a5 − 5

12Da1K
(−3/2)
a2...a5α1...α7 +

11
2

(
5
33Tα1α2

fK
(−1/2)
fα3...α7a1...a5

+ . . .

)
.

G4 K

−7/2 −1
K11

[Da1 ] = 1 [Ta1a2
α] = 3/2 [Gabαβ ] = [Tαβ

a] = 0

[Dα1 ] = 1/2
[
Taα

β
]
= 1 [Gabcd] = 1

K

0 K(0) K(−2)

1

2
Dα1

0︷ ︸︸ ︷
Kα2...α6a1...a6 +

1

2
Da1

0︷ ︸︸ ︷
Ka2...a6α1...α6 +

11

2

(
5

22
Tα1α2

f Kfα3...α6a1...a6 +
5

22
Ta1a2

γ Kγa3...a6α1...α6︸ ︷︷ ︸
0

+
12

22
Ta1α1

γ Kγα2...α6a2...a6︸ ︷︷ ︸
0

)

= − 11!

6(4!)3
18

77
Ga1a2α1α2Ga3a4α3α4Ga5a6α5α6 .

K

(Γf )α1α2Kfa1...a6α3...α6 = 90 (Γa1a2)α1α2(Γa3a4)α3α4(Γa5a6)α5α6 ,

Gαβab

K



(Γe)α1α2(Γea1...a4)α3α4 = 3 (Γa1a2)α1α2(Γa3a4)α3α4 ,

Ka1...a7α1...α4 = 42 (Γa1...a5)α1α2(Γa6a7)α3α4 ,

τ Ka1...a7α1...α4 = β(Γf )α1α2Sa2...a7α3α4 S

K11

K 0

1/2

K(2) 2

Ka1...a11 =
1

72
εa1...a11Gd1...d4G

d1...d4 .

5/2 K

K

K11

τ

K(2) =
1

11!
ea11∧ . . . ∧ ea1

(
1

72
εa1...a11Gd1...d4 G

d1...d4

)
=

1

3
G∧G7 .

L11 = Z11−K11

S =

∫ (
− 1

3
G4∧G7 −

1

6
C3∧G4∧G4

)∣∣ .

V = �1 = − 1

11!
εa1...a11 e

a1 . . . ea11 ,

R � 1 =
1

144
Gd1...d4G

d1...d4 V =
1

6
G∧ � G .

K(2) −R� 1+ 1
2 G∧ �G Z11−K11



O(l3)

l3

l3

S =

∫ (
R � 1− 1

2
G4∧ � G4 −

1

6
C3∧G4∧G4 + l3

(
C3∧G4∧trR

2 + 2trR2∧ � G4

))∣∣∣ ,
l trR2 :=

Ra
b∧Rb

a (11, 0)

l3

Z11 = C3∧G4∧trR
2 , W12 = Z11 = G4∧G4∧trR

2 .

K

K11 = G4∧G4∧R
ab∧Rba .

D[A1
KA2...A12) +

11

2
T F
[A1A2| KF |A3...A12) =

11!

4(4!)2
R[A1A2|c1c2 R|A3A4|

c2c1 G|A5...A8
GA9...A12)

[Rabcd] = 2

K − 1/2 Kα1...α11 5 Ka1...a11

K

5 K

2

12
Dα1Kα2a1...a9 +

10

12
Da1Ka2...a10α1α2

+
11

2

(
1

66
Tα1α2

f Kfa1...a10 +
15

22
Ta1a2

γ Kγα1α2a3...a10 +
10

33
Ta1α1

γ Kγα2a2...a10

)
=

11!

4(4!)2

(
2

1

66
Rα1α2

c1c2 Ra1a2c2c1 Ga3...a6 Ga7...a10

− 1
2

33
Rα1a1

c1c2 Rα2a2c2c1 Ga3a4a5a6 Ga7...a10

+ 2
1

11
Ra1a2

c1c2 Ra3a4c2c1 Ga5a6α1α2 Ga7a8α3α4

)
.

K



K(5)
a1...a11 = −165 εa1...a7

b1...b4 Gb1...b4 Ra8a9
c1c2 Ra10a11c2c1

K11

∣∣ = (−2G7∧trR
2
) ∣∣ .

L11 = Z11 −K11 l3

ΔS =

∫ (
C3∧G4∧trR2 + 2 G7∧trR

2
)∣∣ ,

l3

3

O(l6)

Z11

Z11 = l6C3∧X8 , W12 = Z11 = l6G4∧X8 ,

X8

X8 = trR4 − 1

4
(trR2)2 ,

(trR2)2 := trR2∧trR2 trR4 := Ra
b∧Rb

c∧Rc
d∧Rd

a

O(l6)

G4 = 0 , G7 +
1

2
G4∧G4 = l6X8 ,

l

l

G4 = G
(0)
4 + l6G

(1)
4 + · · · , G7 = G

(0)
7 + l6G

(1)
7 + · · · ,



RA
B

G
(0)
m1...m4

G
(1)
4

l = zM∂M
l

G
(0)
4 = 0 , G

(0)
7 + 1

2G
(0)
4 ∧G

(0)
4 = 0 ,

G
(1)
4 = 0 , G

(1)
7 + G

(1)
4 ∧G

(0)
4 = X

(1)
8 ,

l6X8 = l6X
(1)
8 + · · · X

(1)
8

R(0) W12 l W12 = l6W
(1)
12 + · · ·

W
(1)
12 = X

(1)
8 ∧G

(0)
4 = Z11 , Z11 = X

(1)
8 ∧C

(0)
3 .

W
(1)
12 = K11 , K11 = G

(1)
7 ∧G

(0)
4 − 2G

(0)
7 ∧G

(1)
4 .

l6 L11 = Z11 −K11

ΔS = l6
∫ (

X
(1)
8 ∧C

(0)
3 − G

(1)
7 ∧G

(0)
4 + 2G

(0)
7 ∧G

(1)
4

)∣∣∣ ,
(11, 0)

S =

∫ (
R(0) � 1− 1

2
G

(0)
4 ∧ �G

(0)
4 − 1

6
C

(0)
3 ∧G

(0)
4 ∧G

(0)
4

+ l6
(
X

(1)
8 ∧C

(0)
3 −G

(1)
7 ∧G

(0)
4 + 2G

(0)
7 ∧G

(1)
4

))∣∣∣ ,
R(0) G(0)

R(1) G(1)

K11 = G4∧X8

G4 G7 X8



S =

∫ (
R � 1− 1

2
G4∧ � G4 −

1

6
C3∧G4∧G4 + l6

(
X8∧C3 +ΔL � 1

))
,

ΔL R G ΔL

C3

� G4 +
1

2
G4∧G4 = X8 +

δ

δC3
(ΔL � 1) .

ΔL C3 G4

C3 ΔL∫
Φ7∧ δC3 Φ7

G7 = �G4 + O(l6)

O(l6)

O(l6)

G
(0)
4 Gαβab G

(1)
4 ∧G

(0)
4

D(α1| G
(1)
|α2...α8)

− 7

2
i (Γf )(α1α2| G

(1)
f |α3...α8)

=
(
X

(1)
8

)
α1···α8

.

D < 11

l6

G
(1)
0,7

l6 G
(1)
0,7 = 0

(Γf )(α1α2| G
(1)
f |α3...α8)

=
(
X

(1)
8

)
α1···α8

.

8 X0,8 τ

G7



K11

D[A1
KA2...A12) +

11

2
T F
[A1A2| KF |A3...A12) =

11!

(4!)42

(
G[A1...A4| R|A5A6|c1c2 R|A7A8|

c2c3 R|A9A10|c3c4 R|A11A12)
c4c1

− 1

4
G[A1...A4| R|A5A6|c1c2 R|A7A8|

c1c2 R|A9A10|d1d2 R|A11A12)
d1d2

)
,

K11 [Kα1...α12 ] =
5
2

[Ka1...a11 ] = 8

3 7/2 O(l6)

K11 4

G4

K(5/2)
α1...α11

= K(3)
a1α1...α10

= K(7/2)
a1a2α1...α9

= 0 ,

2 5/2 3

4

(Γf )α1α2 K
(4)
fa1a2α3...α10

= 2520 (Γa1a2)α1α2

(
Rα3α4

c1c2 Rα5α6c2c3 Rα7α8
c3c4 Rα9α10c4c1

− 1

4
Rα3α4

c1c2 Rα5α6c1c2 Rα7α8
d1d2 Rα9α10d1d2

)
= (Γa1a2)α1α2 X

(8)
α3...α10

.

(trR2)2 − 1/4

1
64

(Γu0u1)(Γu2u3)(Γu4u5)(Γu6u7) Gu0u1
y0y1Gu2u3y0y1Gu4u5z0z1Gu6u7

z0z1

4
24 64

(Γu0u1)(Γu2u3)(Γu4u5)(Γv0...v5) Gu0u1
y0y1Gu2u3y0y1Gu4u5v0v1Gv2...v5

2
242 64

(Γu0u1)(Γu2u3)(Γv0...v3x0x1)(Γw0...w3
x0x1) Gu0u1

y1y2Gu2u3y1y2Gv0...v3Gw0...w3

4
242 64

(Γu0u1)(Γu2u3)(Γv0...v5)(Γw0...w5) Gu0u1v0v1Gu2u3w0w1Gv2...v5Gw2...w5

4
243 64

(Γu0u1)(Γv0...v5)(Γw0...w3y0y1)(Γx0...x3
y0y1) Gu0u1v0v1Gv2...v5Gw0...w3Gx0...x3

1
244 64

(Γu0...u3y0y1)(Γv0...v3
y0y1)(Γ

w0...w3z0z1)(Γx0...x3z0z1
) Gu0...u3Gv0...v3Gw0...w3Gx0...x3 ,



trR4

1
64

(Γu0u1)(Γu2u3)(Γu4u5)(Γu6u7) Gu0u1
y0y1Gu2u3y0z0Gu4u5y1z1Gu6u7

z0z1

4
24 64

(Γu0u1)(Γu2u3)(Γu4u5)(Γv0...v5) Gu0u1
y0y1Gu2u3v0y0Gu4u5v1y1Gv2...v5

2
242 64

(Γu0u1)(Γu2u3)(Γv0...v5)(Γw0...w5) Gu0u1v0w0Gu2u3v1w1Gv2...v5Gw2...w5

4
242 64

(Γu0u1)(Γu2u3)(Γv0...v4x0)(Γw0...w4
x0) Gu0u1v0

y0Gu2u3w0y0Gv1...v4Gw1...w4

4
243 64

(Γu0u1)(Γv0...v4y0)(Γw0...w4y1)(Γx0...x3
y0y1) Gu0u1v0w0Gx0...x3Gv1...v4Gw1...w4

1
244 64

(Γu0...u3
y0y1)(Γ

v0...v3y0
z0)(Γ

w0...w3y1
z1)(Γx0...x3

z0z1) Gu0...u3Gv0...v3Gw0...w3Gx0...x3 .

X8 τ

(Γa1a2)α1α2 X
(8)
α3...α10

= (Γa1a2)α1α2 (Γf )α3α4 Gfα5...α10

= (Γf )α1α2

(
3 (Γ[a1a2|)α3α4 G|f ]α5...α10

− 2 (Γfa1)α3α4 Ga2α5...α10

)
= (Γf )α1α2

(
3 (Γ[a1a2|)α3α4 G|f ]α5...α10

)
,

Kfa1a2α3...α10 = 3 (Γ[a1a2|)α3α4 G|f ]α5...α10
.

X8 τ

τ X8

Γ(5)/Γ(6)

Γ(2)Γ(2)Γ(2)Γ(2) Γ(2)Γ(2)Γ(2)Γ(6) Γ(2)Γ(2)Γ(5)Γ(5)

G4

(Γa1a2)(Γa3a4)(Γa5a6)(Γa7a8) G4
a1a2;a3a4;a5a6;a7a8

(Γa1a2)(Γa3a4)(Γa5a6)(Γa7...a12) G4
a1a2;a3a4;a5a6;a7...a12

(Γa1a2)(Γa3a4)(Γa5...a9)(Γa10...a14) G4
a1a2;a3a4;a5...a9;a10...a14 ,

G4
a1a2;...;a7a8

G4
a1a2;...;a7...a12 G4

a1a2;...;a10...a14 G4



G4
a1a2;a3a4;a5a6;a7a8 =

7

2733
Ga1

efgGa2a7a8eGa3a5a6
hGa4fgh + · · ·

G4
a1a2;a3a4;a5a6;a7...a12 =

25

2934
Ga1a7

fgGa2a11a12fGa3a4a9a10Ga5a6a8g + · · ·

G4
a1a2;a3a4;a5...a9;a10...a14 =

1

21136
Ga1a2a10

fGa3a5a11fGa4a12a13a14Ga6a7a8a9 + · · · ,

X0,8

B5

(00001)⊗S8 = 1(00000)⊕ · · · ⊕ 1(40000)︸ ︷︷ ︸
45

⊕ 2(00004)⊕ 2(10002)⊕ 2(01002)︸ ︷︷ ︸
3

.

(00001)⊗S8

(00002) (Γe1)(Γe1)(Γ
e2)(Γe2a1...a5)

G B5

(00010)⊗S4 = 4(00000)⊕ · · · ⊕ 6(00004)⊕ · · · ⊕ 3(40000)︸ ︷︷ ︸
95

,

(00006) (00008) (01006) (10006) (00001)⊗S8

4 G

G4

B5

(00000) (00001)⊗S8

G4

(Γe1)(Γe1)(Γ
e2)(Γe2)

(
α1G

(4)G(4)G
(4′)G(4′) + · · ·+ α4G(1)

(3)G(1′)(3)G
(1)

(3′)G
(3′)(1′)

)
,

α1, . . . , α4

G4 (00004)(
β1 (Γ

e1)(Γe1)(Γ
a1...a6)(Γb1...b6) + β2 (Γ

[a1)(Γa2...a6])(Γ[b1)(Γb2...b6])
)

×
(
α1Ga1a2b1

e1 Ga3b2b3e1 Ga4a5a6
e2 Gb4b5b6e2 + · · ·+ α6Ga1a2a3b3 Ga4a5a6b2 Gb1b2

e1e2 Gb5b6e1e2

)
,



β1, β2, α1, . . . , α6

G4 (00004)

X(8) τ (04000) (03002)

(02004)

X0,8 Γ(1)

G4
a1a2;...;a7a8

S8

⊗S4
= ⊕ ⊕ ⊕ ⊕

Y T1

(5 )

G4
a1a2;...;a7a8 B5 × S8

∑
R VR × R

VR V = (10000) B5

R S8
G4

a1a2;...;a7a8 B5×S8
VR R

Y T1 (04000) (02004) (03002)

G4
a1a2;...;a7...a12 S12

⊗S3 ⊗ =

Y T2

⊕ · · · (16 )

G4
a1a2;...;a7...a12 B5 × S12

Y T2 (03002) (04000)

(02004)

G4
a1a2;...;a10...a14 S14

⊗S2 ⊗
⊗S2

=

Y T3

⊕

Y T4

⊕ · · · (23 )



G4
a1a2;...;a10...a14 B5 × S14

Y T3 (02004)

Y T4 (03002) (04000)

Y T1 Y T3

(trR2)2

trR4 X8 (trR2)2 trR4 τ

K11 W12 =

K11

I12 :=W12 − K11 ,

0 = ( I)p,13−p = τIp+1,11−p + fIp,12−p + bIp−1,13−p + tIp−2,14−p .

W12 = K11

4 Ip,12−p = 0 p = 0, 1, 2 p = 2 τI3,9 = 0

I3,9 = 0 τ K4,7 τ

Hp,12−p
τ p ≥ 3 Ip,12−p = 0

p ≥ 3 W12 = K11

W ′
12 =

1

6
G4∧G4∧G4 .

l6

W
′(1)
12 =

1

2
G

(0)
4 ∧G

(0)
4 ∧G

(1)
4 = Z11 , Z11 =

1

2
G

(1)
4 ∧G

(0)
4 ∧C

(0)
3 ,

W
′(1)
12 = K11 , K11 = −G(0)

7 ∧G
(1)
4 .



l6 Z11 −K11

ΔS′ = l6
∫
G

(1)
4 ∧

(
1

2
G

(0)
4 ∧C

(0)
3 +G

(0)
7

)
,

(11, 0)

l6

l6

12

U12 = l6G4∧trR
4 , V12 = l6G4∧(trR

2)2 ,

U−1
4V 12

U V

U V

11 KU KV l6 U (1) = KU V (1) = KV

ΔSU = l6
∫ (

trR4∧C
(0)
3 −KU

)
, ΔSV = l6

∫ (
(trR2)2∧C

(0)
3 −KV

)
.

ΔSU ΔSV
trR4 (trR2)2

KU KV G
(1)
4 G

(1)
7

ΔS′

ΔS

ΔSU ΔSV

V

ΔV

GM1...M4 = G
(0)
M1...M4

+ l6G
(1)
M1...M4

+ · · · ,



G7 RA
B

l6

Φ = EAΦA = E(0)AΦ
(0)
A + l6(E(0)AΦ

(1)
A + E(1)AΦ

(0)
A ) + · · · ,

EA = E(0)A + l6E(1)A + · · ·
Φ

θ = 0

Φ(0)
m | = em

aΦ(0)
a | + ψα

mΦ(0)
α | , Φ(1)

m | = em
aΦ(1)

a | + ψα
mΦ(1)

α | ,

em
a ψα

m O(l6) EA

θ

O(l6)

G
(0)
A1...A4

G
(1)
A1...A4

l G4 = 0

l

l

S = S(0) + l6S(1) + · · ·
δ = δ(0) + l6δ(1) + · · ·

δ(0)S(0) = 0 , δ(0)S(1) + δ(1)S(0) = 0 ,

δ(1)S(0)

S(1)

δ(0)

S(1) δ(1)

δ(1)S(1) �= 0

S(2) δ(2)

δ(2)S(0) + δ(1)S(1) + δ(0)S(2) = 0 .



S(2)

−δ(1)S(1)

S(1)

l6

l6

l

l

W12 =
(
l6X8 −

1

2
G4∧G4

)
∧G4 =

(
G7∧G4

)
,

l

ΔS =

∫ (
l6X8∧C3 −

1

2
G4∧G4∧C3 −G7∧G4

)∣∣∣∣ .
l6 G4

l6

l

O(l6)

X8

K K
(4)
a1...a3α1...α8 G

τ (04000) (03002) (02004)

45

K
(4)
a1...a3α1...α8



(00001)⊗S8 G (00010)⊗S4

(Γf )(α1α2|Kfa1...ak|α3...α12−k) = T[a1...ak](α1...α12−k) ,

T

9/2 TDR GRT RDT T 3 GTDG

G3T DTDG G2DT

SO(1, 10) K

τ X8

K11 4

(Γf )(α1α2|G
(1)
f |α3...α8)

= X(1)
α1...α8

.

(00001)⊗S8 (00010)⊗S4

X8

G

(00014) 1 ΓeΓea1...a4Γb1...b6Γc1...c6 1 Ga1...a4Gb1...b4Gb5b6c1c2Gc3...c6

(31000) 1 Γa1Γb1Γc1Γd1...d9 1 Ga1d1d2
e1Gb1d3d4e1Gc1d5d6

e2Gd7d8d9e2

(10102) 1 Γa1Γ[b1Γb2b3]Γc1...c5 19 (?)

(01002) 2

{
ΓeΓeΓa1a2Γb1...b6

Γa1a2Γ[b1b2Γb3b4Γb5b6]

}
23 (?)

(?)

G4 (10102)

G4



Ga1...a4 Ga5...a8

Gb1...b4 Gb5...b8 16!/(4!)4/4! = 2 627 625

SO(1, 10)

zi

zi zi

SO(1, 10)

(01102) (00001)⊗S8 1

(00010)⊗S4 14

(Γ[a1)(Γa2a3])(Γa4a5)(Γa6a7a8b1b2) .

(01102) G4

(b3, b4) (b5, b6 (b7 b8)

a6 a1 a4
a7 a2 a5
a8 a3
b1
b2

(01102)

G4



438 8!
24

= 1103 760

Γ(1)Γ(1)Γ(1)Γ(1)



3

D[A1
KA2...A12) +

11

2
T[A1A2|

F KF |A3...A12) =
11!

4(4!)2
R[A1A2|c1c2 R|A3A4|

c2c1 G|A5...A8
GA9...A12) .



K

R G G

G

11

11 10

εa1...ad = ±2[d/2] (γa1...ad) ,

1 −1 ±1



(γa)α
β

2[d/2] × 2[d/2]

γ(aγb) = ηab

1, α 0, α

α β

γ Γ Γ α β

(γabc)α
β

(γ[aγbγc])α
β

α β

(γabcγdeγfghi)α
β

α β

α β

δbc (γa)α
β − δab (γc)α

β
+ (γabc)α

β

γa1...anγb1...bk =

(n,k)∑
i=0

(
n

i

)(
k

i

)
i! (−1)

i
2
(i−1)+i(n−i) δ

[a1...ai
[b1...bi

γai+1...an]
bi+1...bn].

δ δa1...anb1...bn
= δ

[a1
[b1
. . . δ

an]
bn]

a1 . . . an b1 . . . bn

a1, . . . , ad

εa1...ad

α β

δ ε Δ . . . ε . . .



− 9 δbc (γa)α
β
+ 9 δab (γb)α

β − 8 (γabc)α
β

γa1...ane1...epγep...e1b1...bk =

(n,k)∑
i=0

⎛⎝p−1∏
l=0

(D−n−k−l+i)

⎞⎠(n
i

)(
k

i

)
i! (−1) i

2
(i−1)+i(n−i) δ[a1...ai[b1...bi

γai+1...an]bi+1...bn]

(γa1a2eγb1b2γc1c2e)α
β

(γa1a2eγb1b2γc1c2e)α
β = (γa1a2γeγb1b2γc1c2e)α

β − δ[a1e (γa2]γb1b2γc1c2e)α
β

(γe1...elγb1...bkγc1...cne1...el)α
β ,

e1 . . . el

(γe1...elγb1...bkγc1...cne1...el)α
β =

(l,k)∑
i=0

(k−i,n+i)∑
p=0

i! p!

(
l

i

)
(−1) i

2
(i−1)+i(l−i) (−1) p

2
(p−1)+p(k−i−p)

×
(

p∏
m=0

(D−k−n−m+p)

)(
k−i
p

)(
n+i

p

)
δ
[y1...yp
[z1...zp

(
γ
yp+1...yk−i]

zp+1...zn+i]

)
α
β
+ ( · · · )

y1 . . . yk−i = bi+1 . . . bk z1 . . . zn+i = b1 . . . bi c1 . . . cn (. . . )

b1 . . . bk

D = 11

α α −→ (γabγc)α
α

α α −→ (γabγcd)α
α

−64 δabcd

a1 . . . a3 a4 . . . a11 α α −→ (γa1...a3γa4...a11)α
α

−32 εa1...ad



(γab)α
β
(γcd)β

δ

(γabγcd)α
δ

γa1...ak =
1

(d−k)! (i)
[d/2]+1 (−1) 1

2
d(d−1) (−1) 1

2
k(k−1) εa1...ak

b1...bd−k γb1...bd−k γ
∗ ,

γ∗

(γa1a2)α
β
(γb1...b9)βε

1
2 εb1...b9e1e2 (γa1a2

)α
β
(γe1e2)βε

(γa1...a5 γb1...b5 γc1...cn)α
β (γa1b1c1 γa2b2c2 . . . γanbncn)α

β

n (s)

3 12 206 1.0

5 94 428 7.5

7 383 283 28.6

n (s)

3 490 < 0.1

4 13 562 1.4

5 539 041 51.1

T H



(γa1...a5γb1...b5γc1...cn)α
β Ta1b1c1a2b2Ha3b3c3 (γa1b1c1γa2b2c2 . . . γanbncn)α

β Ta1b1c1a2b2Ha3b3c3

n (s)

3 1 138 0.2

5 7 654 0.9

7 31 332 2.9

n (s)

3 26 < 0.1

4 465 0.3

5 16 058 3.0

16 058(
δc2a1 δ

b5c5
b4c4

δa4a5b3c3a2b1b2c1
(γa3)α

β + δa3a4a1a2 (γa5b1b2b3b4b5c1c2c3c4c5)α
β + . . .

)
T a1a2b1b2c1 Ha3b3c3 ,

δc2a1
δb4c3a5c5 δ

a4b3b5c4
a2b1b2c1

(γa3)α
β Ha3b3c3 T a1a2b1b2c1

δb4c3a5c5 δ
a4b3b5c4
a2b1b2c1

(γa3
)α

β Ha3b3c3 T a2b1b2c1c2

δc5b4 δ
a4b3b5c4
a2b1b2c1

(γa3
)α

β Ha3a5b3 T a2b1b2c1c2 + δb4a5
δa4b3b5c4
a2b1b2c1

(γa3
)α

β Ha3b3c5 T a2b1b2c1c2

δc5b4 (γa3
)α

β Ha3a5b3 T a4b3b5c2c4 + δb4a5
(γa3

)α
β Ha3b3c5 T a4b3b5c2c4

T



a1, a2, b1, a3, b2, c1 a1, a2, a3 b1, b2

Ta1a2b1a3b2c1

Rabcd

Gabc

ψ

ψab
α

±1

Gabcd

Tab
α

11 11

Cαβ = −Cβα, CαβC
βγ = δγα, ψα = Cαβψβ ,



ψ̄γ(i)ψ = ψα(γ(i))α
βχβ

= −ψγC
γα(γ(i))α

βχβ

= −ψγ(γ
(i))γβχβ

ψ̄ψ = ψαC
αβψβ

ψ α α β ψ β

ψα ψα

γ(2)

ψ α α β ψ β

(γnp)αβ ψ
α ψβ

10 10

ψ α ψ α

C =

[
0 −δαβ
δα

β 0

]
, Γm =

[
0 (γm)αβ

(γm)αβ 0

]
, Γmn =

[
(γmn)αβ 0

0 (γmn)α
β

]
,

10

ψ α α β ψ β

(γnp)
α
β ψα ψβ

(γnp)
α
β

(γnp)
αβ



2Bab Fabc Rcdef

2 (DdBab)FabcRcdef + 2Bab (DdFabc)Rcdef + 2Bab Fabc (DdRcdef )

2(DeDdBab)FabcRcdef + 2(DdBab) (DeFabc)Rcdef + . . .

∗ ∗∗

μ α λ α

11 μα λα

μ α z1 z2 λ α β δ

11 (z1 + z2)(γa)βδ μ
α λα

ρ α ν β μ β

ρβ νβ μα

−μα νβ ρβ

μ β H λ α

μβ Habc λα



−Habc λα μβ

Habc λδ(γabc)
δελε

μβ Habc λα

ε

(Dελα) Habc μβ − λα (DεHabc) μβ + λα Habc (Dεμβ)

μβ Habc μβ λα

z1 (γa)α
β Gab + 2 z2 (γa)α

β Gab

(z1 + 2 z2)(γa)α
β Gab

12
7 z1 δb1a1

(γa1a2
γc1)αβ Gb1b2



u0, u1, . . .

. . . z8, z9

Ga1a3 Ga1a4 Ga2a3 Ga2a4 +Ga1a2 Ga1a4 Ga2a3 Ga3a4 +Ga1a2 Ga1a3 Ga2a4 Ga3a4

3Gu0u1
Gu0u2

Gu1u3
Gu2u3

G

Gu0u1u2 Gu0u3u4 Gu1u2u5 Gu3u4u5 +Gu0u1u2 Gu0u1u3 Gu2u4u5 Gu3u4u5



Gu0u1u2 Gu0u3u4 Gu1u2u5 Gu3u4u5 +Gu0u1u2 Gu0u1u3 Gu2u4u5 Gu3u4u5

Gu0u1u2
Gu0u3u4

Gu1u2u5
Gu3u4u5

+Gu0u1u2
Gu0u1u3

Gu2u4u5
Gu3u4u5

2Gu0u1u2
Gu0u1u3

Gu2u4u5
Gu3u4u5

Aa0a1a3a8 Aa0a5a7a9 Aa1a3a6a8 Aa2a4a5a9 Aa2a4a6a7

⎡⎢⎢⎢⎣
0 1 3 0 0
1 0 0 2 1
3 0 0 0 1
0 2 0 0 2
0 1 1 2 0

⎤⎥⎥⎥⎦ ∼

[
1 2 1
2 0 1
1 1 0

]
→ [1 2 1 2 0 1 1 1 0]

��[
0 2 1
2 1 1
1 1 0

]
→ [0 2 1 2 1 1 1 1 0]



n! n

n!

A⎡⎢⎢⎢⎣
0 1 3 0 0
1 0 0 2 1
3 0 0 0 1
0 2 0 0 2
0 1 1 2 0

⎤⎥⎥⎥⎦
−→ 13
−→ 112
−→ 13
−→ 22
−→ 112

⎫⎪⎪⎪⎬⎪⎪⎪⎭
31 > 22 > 112

2! 2! 1! 5!

⎡⎢⎢⎢⎢⎣
0 3 0 1 0
3 0 1 0 0
0 1 0 1 2
1 0 1 0 2
0 0 2 2 0

⎤⎥⎥⎥⎥⎦ −−−−−−−→

⎡⎢⎢⎢⎢⎣
0 3 1 0 0
3 0 0 1 0
1 0 0 1 2
0 1 1 0 2
0 0 2 2 0

⎤⎥⎥⎥⎥⎦

−Au0u1u2u3 Au0u4u5u6 Au1u7u8u9 Au2u3u4u5 Au6u7u8u9 .



2 δb1b2a1a3
Aa2a4 + δb1b2a1a2

Aa3a4

a2, a3

a2, a3

3 δb1b2a1a2
Aa3a4

−δb1b2a1a2
Aa3a4

(γa1a2a3
)α

β
Aa4a5

a1, a2, a3

a3, a4

1
3

(
−Aa4a5

(γa1a2a3
)α

β
+Aa2a5

(γa1a3a4
)α

β −Aa1a5
(γa2a3a4

)α
β
)

1
2

(
Aa4a5

(γa1a2a3
)α

β +Aa3a5
(γa1a2a4

)α
β
)

n

n!

3 432

a1a2a3a4a5a6a7 b1b2b3b4b5b6b7 ,

a1, a2, a3, a4, a5, a6, a7, b1, b2, b3, b4, b5, b6, b7



1
3 432

(
a1a2a3a4a5a6a7 b1b2b3b4b5b6b7 + a1a2a3a4a5a6b1 a7b2b3b4b5b6b7 +

)
14!

a1 a2 a3 a4 a5 a6 a7 b1 b2 b3 b4 b5 b6 b7

a1, a2, a3, a4, a5, a6, a7, b1, b2, b3, b4, b5, b6, b7

H

ab ea eb

(ab) Hab TeaTeb

(γa)αβ Ta1...an
β = 0

(γa1...an)α
β Ta1...ak

β k < n

(γa1...anb1...bk)α
β
Tb1...bk = (−1)

1
2
k(k−1) k!

(
n

k

)
(γ[a1...ak|)α

β T|ak+1...an] ,

(γabcde)α
β
Jbeβ

−6 (γa)α
β
Jcdβ

SU(N)

T

Sn



3
2

(
1
6Tabcd +

1
6Tabdc +

1
2

(
1
6Tacbd − 1

6Tbcad
)

+ 1
2

(
1
6Tacdb − 1

6Tbcda
)
+ 1

2

(
1
6Tadbc − 1

6Tbdac
)
+ 1

2

(
1
6Tadcb − 1

6Tbdca
))

T

→
(1, d − 1)

→
2
3

(
Tabc +

1
2 (Tacb − Tbca)

)
+ 1

10

(
− δcb T ar1r1 + δca Tbr1r1

)

α β
4
3

(
1
2

(
(γbcd)α

βHae − (γacd)α
βHbe

)
+ (γabc)α

βHde

)

2 =

⊗

→

→



→

a b c
d

11

(γe1e2)(α1α2|(γae1e2)|α3)α4
,

(00001) ⊗ (00001)⊗3S (10000) (00001) ⊗ (00001)⊗3S = 2(10000) + . . .



Iaα1α2α3,α4
= (γe1e2)(α1α2|(γa

e1e2)|α3)α4
− z1 (γ

e1)(α1α2|(γae1)|α3)α4
− z2 (γa)(α1α2|C|α3)α4

!
= 0

z1
z2

γp1p2γq1

Iaα1α2α3,α4
α1, α2, α3

p1, p2 α1 α1 q1, q2 α3 α4

− 1
6 z (γa1a2

γq1)α3

α3 (γa3a4
γp1p2

)α1

α1 Ga1a2a3a4
+

128
3 (54 + 8z1 − z2) δ

p1p2
aq1

γp1...p5γq1...q5

64
3 (10 + z2) εap1...p5q1...q5

{
10 + z2 = 0

54 + 8z1 − z2 = 0
⇒

{
z1 = −8

z2 = −10

(γa1a2e1...e4)(α1α2| (γ
a3a4

e2e3e4)|α3α4| (γ
b1

e1)|α5α6)

(a1 . . . a4, b1)

(10010)

(10010) (00001)⊗6S = 1(10010)+ . . .

Ia1...a4,b1α1...α4
=

(γa1a2e1...e4)(α1α2| (γ
a3a4

e2e3e4)|α3α4| (γ
b1

e1)|α5α6) − z1 (γ
[a1a2|)(α1α2| (γ

|a3a4])|α3α4| (γ
b1)|α5α6) = 0

(10010)

T
(10010)
a1a2a3a4,b1



Ia1...a4,b1
α1...α4

a1, a2, a3, a4 b1

(γp1p2)α1α2(γq1q2)α3α4(γr1)α5α6

8192

45
(1 + 15z1)

(
16Tp1p2q1q2r1 + 8Tp1p2q1r1q2 + 5 δr1q1Tp1p2q2u0u0 + 8Tp1q1q2r1p2 + 5 δr1p1Tp2q1q2u0u0

)
.

z1 −1/15 z1

z1

2(DαDaTbβ
ε) .

Tbβ
ε = (γa)β

εHa
b H

T

H

H

T

Tbβ
ε α

T

T

T H

f1 f2 f1 f2[
(γc)β

ε
Hbc α

]



2(γc)β
ε(
DαDaHbc

)

[DA, DB) VC = −TAB
EDE +RAB,C

EVE

Dα Da DαH

d1 d2 d2 d1

d1 d2 d1 d2 δ δ . . .

2(γc)β
ε(
DaDαHbc + Taα

δHδc + TaαeHec + . . .
)

DαHbc

H G

10 λα
μα

(γabλ)α(γabλ)
β ,

Iαβ = (γabc)αε1(γab)
βε2 λε1 λε2 ,



λε1 λε2 (γabc)αε1(γabc)
βε2

(α, β)

(00001)⊗2 = (10000)⊕ (00100)⊕ (00002) ,

z1 (λγ
h1μ)(γh1)

αβ

z3 (λγ
h1h2h3μ)(γh1h2h3)

αβ

z5 (λγ
h1...h5μ)(γh1...h5)

αβ .

zi −Iαβ+z1(· · ·)+z3(· · ·)+
z5(· · ·) γ(1) γ(3) γ(5)

z1 λu0 λu0 (γh1)
u0u1

z3 λu0
λu0

(γh1h2h3
)u0u1

z5 λu0 λu0 (γh1···h5)
u0u1 z5 λu0 λu0 εh1···h5u2···u6 (γu2···u6)

u0u1

z3 z3 = 1/2

z1 z5



4

32

I IIA IIB

N (1, 0) (1, 1) (2, 0)

m→ 0

N = 1

N = 8 N = (1, 1)

11 k

M11 −→Mk × T11−k (1 ≤ k ≤ 10)

(X0, X1, . . . , X10) −→ (x0, x1, . . . , xk−1, z1, . . . , z11−k) ,



Mk T11−k

M11 →M10×S1 TM11 TM10

M11

eMA = e
2
3
φ

⎡⎢⎢⎢⎣ e−
3
4
φ ema

√
2Aa

0 1

⎤⎥⎥⎥⎦ ,

A φ

g11 = e−
1
6
φ + e

4
3
φ(dz + A)⊗2

M10

Fa1...an = eM1
a1 . . . eMn

an FM1...Mn

= e−
n−1
12

φ
(
e−

1
12

φ em1
a1 . . . e

mn
an +

√
2n e

2
3
φ δm1

11 A[a1e
m2
a2 . . . e

mn

an]

)
Fm1...mn

= e−
n
12

φFa1...an +
√
2n e(

2
3
−n−1

12 )φ A[a1|F11 |a2...an] .

F11 a2...an (n−1)
11 n∂[M1

CM2...Mn]

(n − 2)

C11 a3...an 10

ψM −→

⎧⎨⎩ψm = e−
1
24

φ
(
ψm +

√
2

12 Γ11ΓmΛ
)
+

√
2Amψ11

ψ11 = 2
√
2

3 e
17
24

φ Λ
,

Λ 10 ψm Λ
1
2 (1± Γ11)

11

11 δxm = ξm(x)

δξE
A
M = ξP

(
∂PE

A
M

)
+
(
∂Mξ

P
)
EA

P ,

Am → Am + −1√
2
∂mξ11 Am

10

11 10 ε̄Γ11ΓmnΛ 10



ψ
(11)
M →

{
ψ±
m

Λ± eAM →

⎧⎪⎪⎨⎪⎪⎩
eam

Ca

φ

G4 = C3 →

⎧⎪⎪⎨⎪⎪⎩
G4 = C3

G3 = C3 +G2∧ C2

G2 = C

,

11

11 Spin(1, 10)

Spin(1, 10)× R+

ωA
B −→ ωA

B + δBAK .

M11

M10 × S1

11

C2 G2 G
′
2 = G2 +

mC2

C1 C2

C2



Spin(1, 9)

(00001)⊗A4 �⊂ (00000)

(00010)⊗ (00001)⊗A3 �⊂ (00000)

(00010)⊗A2 ⊗ (00001)⊗A2 ⊂ 1× (00000)

Sf Sf

DEA = TA DTA = EB RA
B

ΩA
B +ΩA

C∧ ΩC
B = RA

B DRA
B = 0 .

(10000)⊗ (00001)⊗S2 = 1(00000)⊕ . . . ⇒ Tαβ
c = f(φ)(γc)αβ ,



f(φ)

E Ω T

hA
B = EM

A δEB
M

dAB
C = EM

A δΩMB
C

}
⇒ δTAB

C = 2d[AB)
C + 2D[AhB)

C − 2h[A|D TD|B)
C + TAB

D hD
C .

h d T

h hα
β hαβ ha

b

Tαβ
c : f(φ)(γc)αβ −−−−−−−→ −i(γc)αβ

h d

Tαβ
c = −i(γc)αβ

Tαβc = −i(γc)αβ
Tαb

c = 0

Tα
b
c = 0

Tab
c = 0

1/2 2

1/2

D(αTβγ)
e + T(αβ|εTε|γ)e = R(αβγ)

e = 0 ,

23

T(αβ|ε (γe)ε|γ) = 0 ,

λα
λ

(00010)⊗S2 ⊗ (00001) = 2(00001)⊕ . . . ,

λ

Tαβ
ε

z1 λ(αδβ) + z2 (γ
f )αβ(γfλ)

γ ,

z2 =
1
2z1

λα μα



Dαμβ Taα
β

(00001)⊗(00010) (00000) ⊕ (01000) ⊕ (00002)

Dαμ
β Lδβα + Lef (γ

ef )α
β + Le1...e4 (γ

e1...e4)α
β

(10000)⊗(00001)⊗(00010) (00000) ⊕ (01000) ⊕ (00002) ⊕ (00002)

Taα
β V

(1)
a δβα + V

(2)
e (γa

e)α
β + (γa

efg)α
βH

(1)
efg + (γa

ef )α
βH

(2)
aef ,

H V

Dαμ
β Dαλβ L′ δαβ+. . .
(L,L′)

3/2

2

L L′

L = 3
4(μλ) L = 1

2me
2φ + 3

4(μλ) L = 3
2m+ 3

4(μλ)

L′ = −3
4(μλ) L′ = −1

2me
2φ − 3

4(μλ) L′ = 3
2m− 3

4(μλ) ,

3/2

2

1

3
DαTab

δ +
2

3
D[a|T|b]αδ +

2

3
Tα[a|ETE|b]δ +

1

3
T[ab|ETEα

δ = Rabα
δ ,

E (α, δ)

2 × 2

A = B = C = D = 0

x

B = C = 0

A B C D



0 = L2 + 18i
5 me2φK3

0 = i L4 − 2
3 K3∧L2 + 4K1∧L4

0 = i � L4 + 8K1∧ � L4 + 24K3∧L4

0 = i � L2 + 12K1∧ � L2 + 864K3∧ � L4 .

A = D = 0

0 = K1

0 = i K3 − 4K1∧K3

0 = i � K3 − 8K1∧ � K3 − 128
3 L2∧ � L4 − 768L4∧L4 − 8

45 me
2φ � L2

0 = i � K1 − 12K1∧ � K1 − 32
3 L2∧ � L2 − 144K3∧ � K3 − 4608L4∧ � L4 + 2

5 m
2e4φ ,

Rmn = gmn

(3i
2
∇ K(1) + 18K2

(1) −
1

25
m2e4φ

)
+ 12i∇(mKn) − 16KmKn − 64

9

(
2L2

(2)mn − 1

8
gmnL

2
(2)

)
+ 48

(
3K2

(3)mn − 1

4
gmnK

2
(3)

)
− 768

(
4L2

(4)mn − 3

8
gmnL

2
(4)

)
,

Φ2
(p) := Φm1...mpΦ

m1...mp Φ2
(p)mn := Φmm2...mpΦn

m2...mp p Φ

φ

K(1) =
i

2
φ ,

φ

ĝmn = e
3
2
φgmn .



R̂mn = −1

2
∂mφ∂nφ− 1

25
m2e4φgmn − 64

9

(
2L2

(2)mn − 1

8
gmnL

2
(2)

)
+ 48

(
3K2

(3)mn − 1

4
gmnK

2
(3)

)
− 768

(
4L2

(4)mn − 3

8
gmnL

2
(4)

)
,

R̂mn ĝ

g

L2 L4 K3 ĝmn R m

− 3
16F − i

24e
−2φH 1

192e
−2φG gmn −R 5

2m ,

0 = ∇̂2φ− 3

8
e3φ/2F 2 +

1

12
e−φH2 − 1

96
eφ/2G2 − 4

5
m2e5φ/2

0 = (e3φ/2�̂F ) + eφ/2H∧�̂G

0 = (e−φ�̂H) + eφ/2F ∧�̂G− 1

2
G∧G+

4

5
me3φ/2�̂F

0 = (eφ/2�̂G)−H∧G ,

∇̂ �̂

ĝ

0 = R̂mn +
1

2
∂mφ∂nφ+

1

25
m2e5φ/2ĝmn +

1

4
e3φ/2

(
2F 2

(2)mn − 1

8
ĝmnF

2
(2)

)
+

1

12
e−φ
(
3H2

(3)mn − 1

4
ĝmnH

2
(3)

)
+

1

48
eφ/2
(
4G2

(4)mn − 3

8
ĝmnG

2
(4)

)
,

ĝ

F =
4

5
mH , H = 0 , G = H∧F .

Sb =

∫
10x
√
ĝ
(
R̂+

1

2
(∂φ)2 +

8

25
m2e5φ/2 +

1

2!2
e3φ/2F 2 +

1

3!2
e−φH2 +

1

4!2
eφ/2G2

)
+CS ,



3/2

i �∇λ = −24

5
me2φμ− 36

5
(μλ)μ− 16

3
L(2)(γ

(2)μ)

− 12K(1)(γ
(1)λ) + 3K(3)(γ

(3)λ) +
3

40
(μγ(3)μ)(γ

(3)λ)

i �∇μ =
24

5
me2φλ+

36

5
(μλ)λ− 16

3
L(2)(γ

(2)λ)

− 12K(1)(γ
(1)μ)− 3K(3)(γ

(3)μ) +
3

40
(λγ(3)λ)(γ

(3)μ) .

1

0 = K̂1

0 = L̂2 +
18

5
me2φ K̂3

0 = K̂3 + 4i K̂1∧K̂3

0 = L̂4 +
2i

3
L̂2∧K̂3 − 4i K̂1∧L̂4 ,

0 = D[AK̂B) +
1

2
TAB

F K̂F

0 = D[AL̂BC) + T[AB|F L̂F |C) +
6

5
me2φ K̂ABC

0 = D[AK̂BCD) +
3

2
T[AB|F K̂F |CD) + 4i K̂[AK̂BCD)

0 = D[AL̂BCDE) + 2T[AB|F L̂F |CDE) +
4i

3
L̂[ABK̂CDE) − 4i K̂[AL̂BCDE) .



K̂a = Ka

L̂ab = Lab +
3

8
μγabλ

K̂abc = Kabc −
1

8
μγabcμ+

1

8
λγabcλ

L̂abcd = Labcd +
1

32
μγabcdλ ,

K̂α =
i

2
λα

K̂α =
i

2
μα

L̂α
β = − 3

16
δβα

L̂α
β = − 3

16
δαβ

K̂abα =
i

12
(γabλ)α

K̂ab
α = − i

12
(γabμ)

α

K̂aαβ = − 1

24
(γa)αβ

K̂a
αβ =

1

24
(γa)

αβ

L̂abcα =
i

96
(γabcμ)α

L̂abc
α = − i

96
(γabcλ)

α

L̂abα
β = − 1

192
(γab)α

β

L̂ab
α
β =

1

192
(γab)

α
β ,

3/2

Tab = T̃ab + γ[aT̃b] + γabT̃ T̃

T̃α =
344

225
Lμ+

8

9
L(2)(γ

(2)μ) +
8

45
L(4)(γ

(4)μ)

+
8

9
K(1)(γ

(1)λ)− 16

45
K(3)(γ

(3)λ)− 11

450
(μγ(3)μ)(γ

(3)λ)

T̃α = −344

225
Lλ+

8

9
L(2)(γ

(2)λ)− 8

45
L(4)(γ

(4)λ)

+
8

9
K(1)(γ

(1)μ) +
16

45
K(3)(γ

(3)μ)− 11

450
(λγ(3)λ)(γ

(3)μ)

T̃α
a = − 3i

20
(γ(1)a ∇(1)μ)−

1

5
L(2)(γ

(2)
a λ) +

2

5
L(4)(γ

(4)
a λ)

+
1

5
K(1)(γ

(1)
a μ)− 3

20
K(3)(γ

(3)
a μ) +

3

160
(λγ(3)λ)(γ

(3)
a μ)

T̃aα = − 3i

20
(γ(1)a ∇(1)λ)−

1

5
L(2)(γ

(2)
a μ)− 2

5
L(4)(γ

(4)
a μ)

+
1

5
K(1)(γ

(1)
a λ) +

3

20
K(3)(γ

(3)
a λ) +

3

160
(μγ(3)μ)(γ

(3)
a λ)

ΔTα := −T̃α + ( ) ΔTα := −T̃α + ( )



ΔT

T̃αλα T̃αμ
α T̃ 3/2

c1ΔT
α c2ΔTα c1 c2
c2 = c1

Sf =

∫
10x
√
ĝ e(6−8c1/9)φ

[
(Λ̄Γm∇mΛ)− 4

225
(270− 43c1)e

5φ/4m(Λ̄Λ)

− (1− 1

6
c1) e

3φ/4Fmn(Λ̄Γ
mnΓ11Λ) + (

1

8
− 2

135
c1) e

−φ/2Hmnp(Λ̄Γ
mnpΓ11Λ)

+
1

1080
c1 e

φ/4Gmnpq(Λ̄Γ
mnpqΛ) +

2

5
(15− c1)(Λ̄Λ)

2
]
,

Γm Λ

F := −16

3
L̂(2) , H := 24i e2φK̂(3) , G := 192 e2φL̂(4) .

S = Sb + αSf α

0 = −2i∇ K(1) − 24K2
(1) −

4

5
m2e4φ − 32

3
L̂2
(2) − 48K̂2

(3) − 384L̂2
(4) −

16

5
me2φ(λμ)

− 8(λγ(2)μ)L̂(2) + 8
(
(λγ(3)λ)− (μγ(3)μ)

)
K̂(3) − 32(λγ(4)μ)L̂(4) + 144(λμ)2 ,

2

c3λαΔT
α + c4μ

αΔTα
λαT̃

α μαT̃α

Sb + αSf (α

c1, . . . , c4)

α = −80 , c1 = c2 =
27

4
, c3 = c4 = −45 .

Tα
ab

em
aen

bTα
ab = ∇[mψα

n] +O(ψ) ψα
m ≡ 0



S = Sb − 80

∫
10x
√
ĝ
[
(Λ̄Γm∇mΛ) +

9

25
e5φ/4m(Λ̄Λ)

+
1

8
e3φ/4Fmn(Λ̄Γ

mnΓ11Λ) +
1

40
e−φ/2Hmnp(Λ̄Γ

mnpΓ11Λ)

+
1

160
eφ/4Gmnpq(Λ̄Γ

mnpqΛ) +
33

10
(Λ̄Λ)2

]
,

Sb
2

Rbc = ηbc

(
− 1

25
m2e4φ +

3i

2
∇ K(1) + 18K2

(1) +
8

9
L̂2
(2) − 12K̂2

(3) + 288L̂2
(4)

− 36

5
(λμ)me2φ − 16

3
(λγ(2)μ)L̂(2) + 6

[
(λγ(3)λ)− (μγ(3)μ)

]
K̂(3)

+ 24(λγ(4)μ)L̂(4) − 108(λμ)2
)

+ 12i∇(bKc) − 16KbKc −
128

9
L̂2
(2)bc + 144K̂2

(3)bc − 3072L̂2
(4)bc

+ 4i(λγ(b∇c)λ) + 4i(μγ(b∇c)μ)−
32

3
(λγ(b

iμ)L̂c)i − 36
[
(λγ(b

ijλ)− (μγ(b
ijμ)
]
K̂c)ij

− 192(λγ(b
ijkμ)L̂c)ijk .

ΔTα
a := −T̃α + ( ) ΔTα :=

−T̃aα + ( )

c5(ΔT(bγc)λ) + c6(ΔT(bγc)μ) +

c7 ηbc(ΔTλ) + c8 ηbc(ΔTμ)

c5 = c6 = −24 , c7 = c8 = −81

4
.

ψm

gmn Ψm

ĝmn

ψm ≡ 0 ←→ Ψm ≡ −3

4
ΓmΛ ,



θ

δξem
a = −i(εγaψm)− i(ζγaψm)

g(β) ψ(β)

g(β)mn := e2βφĝmn , ψ(β)
m := Ψm −β ΓmΛ , β ∈ R ,

δξφ = ξ ∇φ = (ελ) + (ζμ) ψ(β)

ψ(β)
m ≡ 0 ←→ Ψm ≡ βΓmΛ ,

β =

⎧⎨⎩
−3

4 ,

0,
1
4 , .

Ψ̂GP
m λGP GP

ψGP
m ≡ β

√
2Γ11Γmλ

GP , Ψ̂GP
m ≡ cΓ11Γmλ

GP ,

c :=
√
2(β + 1/12) β ∈ R (λ̄λ)2

(λ̄ΓmnΓ11λ)
2(
26

√
2

3
c3 − 29

4
c4) + (λ̄Γmnpqλ)

2(
1√
2
c3 − 21

8
c4)

+ (λ̄Γmnpλ)
2(

7

3
√
2
c3 − 5c4) + (λ̄ΓmnpΓ11λ)

2(−2

3
c2 +

7√
2
c3 +

√
2c3 − 6c4)

= (32c2 − 276
√
2c3 +

1773

2
c4)(λ̄λ)2 ,

(λ̄ΓmnΓ11λ)
2 = 6 (λ̄λ)2

(λ̄Γmnpλ)
2 = 48 (λ̄λ)2

(λ̄ΓmnpΓ11λ)
2 = −48 (λ̄λ)2

(λ̄Γmnpqλ)
2 = −336 (λ̄λ)2 .



S = Sb +

∫
10x
√
ĝ
{
(1− 144β2)Λ̄Γm∇mΛ)− (36β2 − 10β +

21

20
)e5φ/4m(Λ̄Λ)

− 1

2
(29β2 − 9

2
β +

5

16
)e3φ/4Fmn(Λ̄Γ

mnΓ11Λ)− (4β2 +
1

3
β)e−φ/2Hmnp(Λ̄Γ

mnpΓ11Λ)

− 1

24
(21β2 − 1

2
β − 3

16
)eφ/4Gmnpq(Λ̄Γ

mnpqΛ)− (8c2 − 69
√
2c3 +

1773

8
c4)(Λ̄Λ)2

}
,

Sb c

β

× 3

β = −3/4

SE Sst β = 0, 1/4

SE = Sb +

∫
10x
√
ĝ
[
(Λ̄Γm∇mΛ)− 21

20
e5φ/4m(Λ̄Λ) +

3

512
(Λ̄Λ)2

− 5

32
e3φ/4Fmn(Λ̄Γ

mnΓ11Λ) +
1

128
eφ/4Gmnpq(Λ̄Γ

mnpqΛ)
]
,

Sst = Sb +

∫
10x
√
ĝ
[
− 8(Λ̄Γm∇mΛ)− 4

5
e5φ/4m(Λ̄Λ)− 5

2
(Λ̄Λ)2

− 1

2
e3φ/4Fmn(Λ̄Γ

mnΓ11Λ)−
1

3
e−φ/2Hmnp(Λ̄Γ

mnpΓ11Λ)−
1

24
eφ/4Gmnpq(Λ̄Γ

mnpqΛ)
]
.

SE

Sst

0 =
(
�̂
[
e3φ/2F − (29β2 − 9

2
β +

5

16
)e3φ/4(Λ̄Γ(2)Γ11Λ)

])
+ eφ/2H∧�̂G

0 =
(
�̂
[
e−φH − (24β2 + 2β)e−φ/2(Λ̄Γ(3)Γ11Λ)

])
+ eφ/2F ∧�̂G− 1

2
G∧G+

4

5
me3φ/2�̂F

0 =
(
�̂
[
eφ/2G− (21β2 − 1

2
β − 3

16
)eφ/4(Λ̄Γ(4)Λ)

])
−H∧G ,

(Λ̄Γ(p)Λ) :=
1
p!(Λ̄Γm1...mpΛ) xmp∧ . . . ∧ xm1



β = 0 β

dS10

(Λ̄Λ) (Λ̄Λ)2

m,β = 0

−R̂mn =
3

212
(Λ̄Λ)2ĝmn .

dS10

dS4×M6

M6

M1,3 F H G = 0

φ = 0

M1,3 ×M6

s2 = s2(M1,3) + s2(M6) .

−Rμν = Ω gμν , −Rmn = ωgmn ,

〈Λ̄Λ〉 〈(Λ̄Λ)2〉 〈(Λ̄Λ)2〉 �= 〈Λ̄Λ〉2

R̂ < 0 R̂ > 0



gμν gmn

Ω

ω

η

∇mη = iPmη ,

P J M6 J η

iη†γ(2)η = J .

λ μ

λ = χ+ ⊗ η + c.c. , μ = χ− ⊗ η + c.c. ,

χ+ χ− M1,3

M6

χ±
M6

(Λ̄Λ) = �(A) , (Λ̄Γ(2)Λ) = �(A) J , (Λ̄Γ(4)Λ) = �(A) vol4 + �(A) 1

2
J2 ,

A := 4 (χ̄+χ−)
vol4 M1,3 m,β = 0

(μ,m)

Ω = ω =
3

212
(Λ̄Λ)2 ,

(Λ̄Γ(m∇n)Λ)

dS4 ×M6



(Λ̄Λ)2



τ X8





\





H2R3 H2(∇H)R2

R4



R3F 2



O(α′2)

α′3

O(l3)

N = 1







A
O(l0)

W12 = K11

K11

K11 = −1

6
G4∧G4∧G4 ,

K11

K11

− 3 2 Kα1...α11 Ka1...a11

D[A1
KA2...A12) +

11

2
T F
[A1A2| KF |A3...A12) = − 11!

6(4!)3
G[A1...A4

GA5...A8 GA9...A12),

[ABC)

ai αi

K11



[Da1 ] = 1

[Dα1 ] = 1/2

[Ta1a2
α] = 3/2[

Taα
β
]
= 1

[Gabαβ ] = [Tαβ
a] = 0

[Gabcd] = 1

3 1/2

− 3 12 − 1/2 7 5

K11 Kα1...α4a1...a7 0

6 6

−1/2

7

12
Dα1Kα2...α7a1...a5 − 5

12
Da1Ka2...a5α1...α7 +

11

2

(
5

33
Tα1α2

f Kfα3...α7a1...a5 − 7

22
Ta1a2

εKεa3...a5α1...α7 − 35

66
Ta1α1

εKεα2...α7a2...a5

)
= 0 ,

K
(−1/2)
α1...α5a1...a6 K

(−1)
α1...α6a1...a5 K

(−3/2)
α1...α7a1...a4 K

(−2)
α1...α8a1...a3

0 A1 . . . A6 → α1 . . . α6 A7 . . . A12 → a1 . . . a6

0

1

2
Dα1

0︷ ︸︸ ︷
Kα2...α6a1...a6 +

1

2
Da1

0︷ ︸︸ ︷
Ka2...a6α1...α6 +

11

2

(
5

22
Tα1α2

f Kfα3...α6a1...a6 +
5

22
Ta1a2

ε Kεa3...a6α1...α6︸ ︷︷ ︸
0

+
12

22
Ta1α1

ε Kεα2...α6a2...a6︸ ︷︷ ︸
0

)

= − 11!

6(4!)3
18

77
Ga1a2α1α2 Ga3a4α3α4 Ga5a6α5α6 .

(Γf )α1α2Kfa1...a6α3...α6 = 90 (Γa1a2)α1α2(Γa3a4)α3α4(Γa5a6)α5α6 .

(Γe)α1α2(Γea1...a4)α3α4 = 3 (Γa1a2)α1α2(Γa3a4)α3α4 ,



Ka1...a7α1...α4 = 42 (Γa1...a5)α1α2(Γa6a7)α3α4 .

1/2 A1 . . . A5 → α1 . . . α5 A6 . . . A12 → a1 . . . a7

1/2

5

12

Dα(Γ(5)Γ(2))=0︷ ︸︸ ︷
Dα1Kα2...α5a1...a7 − 7

12
Da1

0︷ ︸︸ ︷
Ka2...a7α1...α5 +

11

2

(
5

33
Tα1α2

f Kfα3...α5a1...a7 − 35

66
Ta1a2

ε Kεa3...a7α1...α5︸ ︷︷ ︸
0

− 7

22
Ta1α1

ε Kεα2...α6a2...a6︸ ︷︷ ︸
0

)
= 0 ,

(Γf )α1α2Kfa1...a7α3...α5 = 0 .

[Kfa1...a7α3...α5 ] = 1/2

Ka1...a8α1...α3 = 0 .

1 A1 . . . A4 → α1 . . . α4 A5 . . . A12 → a1 . . . a8

1

4

12
Dα1

0︷ ︸︸ ︷
Kα2...α4a1...a8 +

8

12

a1(Γ
(5)Γ(2))=0︷ ︸︸ ︷

Da1Ka2...a8α1...α4 +

11

2

(
1

11
Tα1α2

f Kfα3α4a1...a8 +
14

33
Ta1a2

γ Kγa3...a8α1...α4︸ ︷︷ ︸
0

+
16

33
Ta1α1

γ Kγα2...α4a2...a8

)

= − 11!

6(4!)3
12

55
Ga1a2a3a4Ga5a6α1α2Ga7a8α3α4 ,

(Γf )α1α2Kfa1...a8α3α4 =− 56

3
iGa1a2a3f (Γ

f )α1α2 (Γa4...a8)α3α4

+
7

18
iGfghi (Γa1...a6

fghi)α1α2 (Γa7a8)α3α4

+ 70 i (Γa1a2)α1α2(Γa3a4)α3α4Ga5...a8 .



70 i (Γa1a2)α1α2 (Γa3a4)α3α4 Ga5...a8 =
70

3
i (Γf )α1α2 (Γfa1...a4)α3α4 Ga5...a8

= 42 i (Γf )α1α2 (Γ[fa1...a4|)α3α4 G|a5...a8] −
56

3
i (Γf )α1α2 (Γ[a1...a5|)α3α4 G|a6a7a8]f .

τ

7

18
(Γa1...a6

fghi)α1α2 (Γa7a8)α3α4 = − 7

18
εja1...a6

fghi (Γj)α1α2 (Γa7a8)α3α4

= −1

2
ε[ja1...a6|

fghi (Γj)α1α2 (Γ|a7a8])α3α4 +
1

9
εa1...a7

fghi (Γj)α1α2 (Γa8j)α3α4︸ ︷︷ ︸
0

.

(Γj)α1α2Kja1...a8α3α4 = (Γj)α1α2

(
42 i (Γ[ja1...a4)α3α4 Ga5...a8] −

1

2
i ε[ja1...a6|

i1...i4 (Γ|a7a8])α3α4 Gi1...i4

)
.

H9,2
τ

Ka1...a9α1α2 = 42 i (Γa1...a5)α1α2 Ga6...a9 −
1

2
i εa1...a7

i1...i4 (Γa8a9)α1α2 Gi1...i4 ,

τ

3/2 A1 . . . A3 → α1 . . . α3 A4 . . . A12 → a1 . . . a9

3/2

3

12
Dα1Kα2α3a1...a9 − 9

12
Da1

0︷ ︸︸ ︷
Ka2...a9α1...α3 −

11

2

(
1

22
Tα1α2

f Kfa1...a9α3 +
6

11
Ta1a2

γ Kγa3...a9α1...α3 +
9

22
Ta1α1

γ Kγα2α3a2...a9︸ ︷︷ ︸
0

)
= 0 ,

(Γf )α1α2Kfa1...a9α3 =+ 252 (Γa1...a5)α2α3 (Γa6a7)α1Γ Ta8a9
γ

− 3 εa1...a7
i1...i4(Γa8a9)α1α2 (Γi1i2)α3Γ Ti3i4

γ

+ 504 (Γa1a2)(α1α2| (Γa3...a7)|α3Γ) Ta8a9
γ .

Kfa1...a9α3

(10000)⊗ (00001) = (10001)⊕ (00001) ,



Tab
α (01001)

Ka1...a10α1 = 0 ,

(Γi1i2)α3Γ

Tab
γ

2 A1A2 → α1α2 A3 . . . A12 → a1 . . . a10

2

2

12
Dα1Kα2a1...a10 +

10

12
Da1Ka2...a10α1α2 +

11

2

(
1

66
Tα1α2

f Kfa1...a10 +
10

33
Ta1a2

γ Kγa3...a10α1α2 +
15

22
Ta1α1

γ Kγα2a2...a10

)
= − 11!

6(4!)3
18

66
Ga1a2a3a4Ga5a6a7a8Ga9a10α1α2 ,

(Γf )α1α2Kfa1...a10 =

− 10 i

(
42 i (Γa2...a6)α1α2 a1Ga7...a10 −

1

2
i εa2...a8

i1...i4 (Γa9a10)α1α2 a1Gi1...i4

)
− 20 i Ta1α1

ε
(
42 i (Γa2...a6)εα2 Ga7...a10 −

1

2
i εa2...a8

i1...i4 (Γa9a10)εα2 Gi1...i4

)
− 1575Ga1...a4Ga5...a8(Γa9a10)α1α2 .

Γ(1)

Ka1...a11 =
1

72
εa1...a11Gd1...d4G

d1...d4 .

Γ(2) Γ(5)

5/2 A1 → α1 A2 . . . A12 → a1 . . . a11

5/2

Ka1...a11

1

12
Dα1Ka1...a11 − 11

12
Da1Ka2...a11α1 − 11

2

(
2

12
Ta1a2

γ Kγa3...a11α1 − 10

12
Ta1α1

γ Kγa2...a11

)
= 0 ,



1

72
εa1...a11 Dα1GabcdG

abcd − 330 iGa1a2gh (Γ
gh

a3...a9 Ta10a11)α1 + 2310 iGa1...a4 (Γa5...a9 Ta10a11)α1 .

0 = εa1...a11 Td1d2
δ (Γd3d4)δα1 G

d1...d4 +
77

4
εa1...a5

b1...b6 (Γb1...b6 Ta6a7)α1 Ga8...a11

− 990 εa1...a7
b1b2gh (Γb1b2 Ta8a9)α1 Ga10a11gh ,

εa1...a11
3 12

O(l3)

K11 = G4∧G4∧R
ab∧Rba .

K11

D[A1
KA2...A12) +

11

2
T F
[A1A2| KF |A3...A12) =

11!

4(4!)2
R[A1A2|c1c2 R|A3A4|

c2c1 G|A5...A8
GA9...A12) .

[Rabcd] = 2

K − 1/2 Kα1...α11 5 Ka1...a11

0 3/2

Kα1...α11 −1/2

0

Dα1 Kα2...α12︸ ︷︷ ︸
0

+
11

2
Tα1α2

f Kfα3...α12 =
11!

4(4!)2
Rα1α2c1c2

Rα3α4
c2c1 Gα5...α8 Gα9...α12︸ ︷︷ ︸

0

,

(Γf )α1α2 Kfα3...α12 = 0 .

[Kfα3...α12 ] = 0 H1,10
τ τ

Kfα3...α12



(10000)⊗ (00001)⊗S10 = 1× (00000) + · · · ,

Kfα3...α12

Kfα3...α12 ∝ (Γf )α3α4(Γ
a)α5α6(Γa)α7α8(Γ

b)α9α10(Γb)α11α12 .

Ka1α3...α12 = 0

0 3/2

K
(1/2)
a1a2α1...α9

1/2 K
(1)
a1a2a3α1...α8 K

(3/2)
a1a2a3a4α1...α7

H3,8
τ H4,7

τ

2 A1 . . . A8 → α1 . . . α8 A9 . . . A12 → a1 . . . a4

8

12
Dα1

0︷ ︸︸ ︷
Kα2...α8a1...a4 +

4

12
Da1

0︷ ︸︸ ︷
Ka2...a4α1...α8

+
11

2

(
14

33
Tα1α2

f Kfa1...a4α3...α8 +
1

11
Ta1a2

γ Kγα1...α8a3a4︸ ︷︷ ︸
0

+
16

33
Ta1α1

γ Kγα3...α8a2...a4︸ ︷︷ ︸
0

)

=3
4

55

11!

4(4!)2
Rα1α2c1c2 Rα3α4

c2c1 Ga1a2α5α6 Ga3a4α7α8 ,

(Γf )α1α2 Kfa1...a4α3...α8 = −180 i (Γf )α1α2(Γfa1...a4)α3α4 Rα5α6
c1c2 Rα7α8c2c1 .

H5,6
τ

K(2)
a1...a5α1...α6

= −180 i (Γa1...a5)α1α2 Rα3α4
c1c2Rα5α6c2c1 ,

τ



5/2 A1 . . . A7 → α1 . . . α7 A8 . . . A12 → a1 . . . a5

5/2

7

12
Dα1Kα2...α7a1...a5 − 5

12
Da1

0︷ ︸︸ ︷
Ka2...a5α1...α7

−11

2

( 7

22
Tα1α2

f Kfa1...a5α3...α7 +
5

33
Ta1a2

γ Kγα1...α7a3...a5︸ ︷︷ ︸
0

+
35

66
Ta1α1

γ Kγα3...α7a2...a5︸ ︷︷ ︸
0

)
=

11!

4(4!)2

(
2

1

11
Rα1α2c1c2 Rα3a1

c2c1 Ga2a3α4α5 Ga4a5α6α7

)
,

(Γf )α1α2 Kfa1...a5α3...α7 =

− 120 i (Γa1...a5)α1α2Rα3α4
c1c2

(
(Γe1e2)α5α6(Γ[c1c2 Te1e2])α7 +

1

24
(Γc1c2

e1...e4)α5α6(Γe1e2 Te3e4)α7

)
+ 1800 i (Γa1a2)α1α2 (Γa3a4)α3α4Rα5α6

c1c2Rα7a5c2c1 .

1800 i (Γ[a1a2|)α1α2 (Γ|a3a4|)α3α4 Rα5α6
c1c2Rα7|a5]c2c1

= 600 i (Γg)α1α2 (Γg[a1a2a3a4|)α3α4 Rα5α6
c1c2Rα7|a5]c2c1

= 600 i (Γg)α1α2

(
6

5
(Γ[ga1a2a3a4|)α3α4 Rα5α6

c1c2Rα7|a5]c2c1 +
1

5
(Γa1a2a3a4a5)α3α4 Rα5α6

c1c2Rα7gc2c1

)
.

τ H6,5
τ

K(5/2)
a1...a6α1...α5

= 720 i (Γa1...a5)α1α2 Rα3α4
c1c2Rα5a6c2c1 ,

τ



3 A1 . . . A6 → α1 . . . α6 A7 . . . A12 → a1 . . . a6

3

1

2
Dα1Kα2...α6a1...a6 +

1

2
Da1

0︷ ︸︸ ︷
Ka2...a6α1...α6

+
11

2

(
5

22
Tα1α2

f Kfa1...a6α3...α6 +
5

22
Ta1a2

γ Kγα1...α6a3...a6︸ ︷︷ ︸
0

+
6

11
Ta1α1

γ Kγα3...α6a2...a6︸ ︷︷ ︸
0

)

=
11!

4(4!)2

(
− 12

77
Rα1a1

c1c2 Rα2a2c2c1 Ga3a4α3α4 Ga5a6α5α6

+ 2
1

154
Rα1α2

c1c2 Rα3α4c2c1 Ga1a2α5α6 Ga3...a6

+ 2
3

77
Ra1a2

c1c2 Rα1α2c2c1 Ga3a4α3α4 Ga5a6α5α6

)
,

−5

4
i (Γf )α1α2 Kfa1...a6α3...α6 =− 1

2
Dα1 Kα2...α6a1...a6

− 1

2
Da1 Ka2...a6α1...α6

− 3T ε
a1α1

Kεα2...α6a2...a6

− 2700Rα1a1
c1c2 Rα2a2c2c1 Ga3a4α3α4 Ga5a6α5α6

+ 225Rα1α2
c1c2 Rα3α4c2c1 Ga1a2α5α6 Ga3...a6

+ 1350Ra1a2
c1c2 Rα1α2c2c1 Ga3a4α3α4 Ga5a6α5α6 .

G3

− 225 iGa1...a4 (Γa5a6)α1α2 Rα3α4
c1c2 Rα5α6c1c2

− 360 (Γa1...a5)α1α2 Rα3α4c1c2 Tc2α5
ε Tc1ε

β (Γa6)βα6

+ 720 (Γa1...a5)α1α2 Rα3α4c1c2 Tc1α5
ε Ta6ε

β (Γc2)βα6

− 540 i (Γa1...a5)(α1ε| Ta6α2
εR|α3α4|

c1c2 R|α5α6)c2c1 .

−540 i

(
2

6
(Γa1...a5)α1ε Ta6α2

εRα3α4
c1c2 Rα5α6c2c1 +

4

6
(Γa1...a5)α1α2 Ta6α3

εRεα4
c1c2 Rα5α6c2c1

)
.

(Γg)α1α2

(
5

8
i εga1...a6

b1...b4 Gb1...b4 Rα3α4
c1c2 Rα5α6c2c1

)
+ 225 iGa1...a4 (Γa5a6)α1α2 Rα3α4

c1c2 Rα5α6c2c1 ,



τ

G3

G(DG)

− 360 i (Γa1...a5)α1α2 Rα3α4
c1c2

c2Tc1α5
β(Γa6)βα6

− 720 i (Γa1...a5)α1α2 Rα3α4
c1c2

c1Ta6α5
β(Γc2)βα6

− 180 i (Γa1...a5)α1α2 Rα3α4
c1c2

a6Rα5α6c2c1 ,

RG

− 1350 (Γa1a2)α1α2 (Γa3a4)α3α4 Ra5a6
c1c2 Rα5α6c2c1

+ 45 (Γa1...a5)α1α2 Rα3α4
c1c2
(
(Γe1e2 Γa6)α5α6 Rc2c1e1e2 − 2 (Γe1e2 Γc2)α5α6 Rc1a6e1e2

)
.

τ

− 1350 (Γa1a2)α1α2 (Γa3a4)α3α4 Ra5a6
c1c2 Rα5α6c2c1 =

(Γg)α1α2

(
− 630 i (Γ[ga1...a4|)α3α4 R|a5a6]

c1c2 Rα5α6c2c1 + 180 (Γa1...a5)α1α2 Ra6g
c1c2 Rα5α6c2c1

)
,

RG T 2

+ 2700 (Γa1a2)α1α2 (Γa3a4)α3α4 Rα5a5
c1c2 Rα6a6c2c1

+ 1080 i (Γa1...a5)α1α2

(
(Γe1e2)α3α4(Γ[c1c2 Te1e2])α5 +

1

24
(Γc1c2

e1...e4)α3α4(Γe1e2 Te3e4)α5

)
Rα6a6c2c1 .

τ

2700 (Γa1a2)α1α2 (Γa3a4)α3α4 Rα5a5
c1c2 Rα6a6c2c1 =

1

3
2700 (Γg)α1α2

(
7

5
(Γga1...a4)α3α4 Rα5a5

c1c2 Rα6a6c2c1 +
2

5
(Γa1...a5)α3α4 Rα5a6

c1c2 Rα6gc2c1

)
,

TT H7,4
τ

RG T 2 G3

K(3)
a1...a7α1...α4

=504 i (Γa1...a5)α1α2

(
−Ra6a7

c1c2 Rα5α6c2c1 + 2Rα5a6
c1c2 Rα6a7c2c1

)
− 1

2
i εa1...a7

b1...b4 Gb1...b4 Rα1α2
c1c2 Rα3α4c2c1 ,

τ



7/2 A1 . . . A5 → α1 . . . α5 A6 . . . A12 → a1 . . . a7

7/2

5

12
Dα1Kα2...α5a1...a7 − 7

12
Da1Ka2...a7α1...α5

−11

2

(
5

33
Tα1α2

f Kfa1...a7α3...α5 − 7

22
Ta1a2

γ Kγα1...α5a3...a7 +
35

66
Ta1α1

γ Kγα3...α5a2...a7

)
=

11!

4(4!)2

(
2

1

11
Rα1a1

c1c2 Ra2a3c2c1 Ga4a5α3α4 Ga6a7α5α6

+ 4
1

66
Rα1a1

c1c2 Rα2α3c2c1 Ga2a3α4α5 Ga4...a7

)
.

G(DT ) T (DG) TR

TG2

τ RT TG2

K(7/2)
a1...a8α1...α3

=2016 i (Γa1...a5)α1α2 Ra6a7
c1c2Rα3a8c2c1

+ 4 εa1...a7
b1...b4 Gb1...b4 Rα1α2

c1c2 Rα3a8c2c1 ,

τ

4 A1 . . . A4 → α1 . . . α4 A5 . . . A12 → a1 . . . a8

4

4

12
Dα1Kα2...α4a1...a8 +

8

12
Da1Ka2...a8α1...α4

+
11

2

(
1

11
Tα1α2

f Kfa1...a8α3α4 +
14

33
Ta1a2

γ Kγα1...α4a3...a8 +
16

33
Ta1α1

γ Kγα2...α4a2...a8

)
=

11!

4(4!)2

(
1260Ra1a2

c1c2 Ra3a4c2c1 Ga5a6α3α4 Ga7a8α5α6

+ 35Rα1α2
c1c2 Rα3α4c2c1 Ga1a2a3a4 Ga5...a8

+ 4 210Rα1α2
c1c2 Ra1a2c2c1 Ga3a4a5a6 Ga7a8α3α4

− 2 840Rα1a1
c1c2 Rα2a2c2c1 Ga3a4α3α4 Ga5a6a7a8

)
.

R2 RG2 R(DG) G4 G2(DG)

GT 2 T (DT ) G(DR) R2 G2R GT 2

τ

Da1Ra2a3c1c2 = −Ta1a2γRγa3c1c2 ,



G(DR) GT 2

G G2(DG) G4

εa1...a7
b1...b4 Da8Gb1...b4 =

1

2
εa1...a8

b1...b3 DcGcb1...b3 = 105Ga1...a4 Ga5...a8 .

K(4)
a1...a9α1...α2

= −1512 i (Γa1...a5)α1α2 Ra6a7
c1c2 Ra8a9c2c1

− 6 εa1...a7
b1...b4 Gb1...b4 Rα1α2

c1c2 Ra8a9c2c1

+12 εa1...a7
b1...b4 Gb1...b4 Rα1a8

c1c2 Rα2a9c2c1 ,

τ

9/2 A1 . . . A3 → α1 . . . α3 A4 . . . A12 → a1 . . . a9

9/2

3

12
Dα1Kα2α3a1...a9 − 9

12
Da1Ka2...a9α1...α3

−11

2

(
1

22
Tα1α2

f Kfa1...a9α3 +
6

11
Ta1a2

γ Kγα1...α3a3...a9 +
9

22
Ta1α1

γ Kγα2α3a2...a9

)
=

11!

4(4!)2

(
2

1

110
Rα1α2

c1c2 Rα3a1c2c1 Ga2...a5 Ga6...a9

+ 4
3

55
Ra1a2

c1c2 Rα1a3c2c1 Gα2α3a4a5 Ga6...a9

)
.

R(DT ) RTG G2(DT ) G3T T 3

TG(DG) T (DR) RTG τ

T (DR)

T 3 TG(DG) G3T τ

9/2

K(9/2)
a1...a9α1α2

= 60 i εa1...a7
b1...b4 Gb1...b4 Ra8a9

c1c2 Rα1a10c2c1 .



A1A2 → α1α2 A3 . . . A12 → a1 . . . a10

5

2

12
Dα1Kα2a1...a9 +

10

12
Da1Ka2...a10α1α2

+
11

2

(
1

66
Tα1α2

f Kfa1...a10 +
15

22
Ta1a2

γ Kγα1α2a3...a10 +
10

33
Ta1α1

γ Kγα2a2...a10

)
=

11!

4(4!)2

(
2

1

66
Rα1α2

c1c2 Ra1a2c2c1 Ga3...a6 Ga7...a10

− 1
2

33
Rα1a1

c1c2 Rα2a2c2c1 Ga3a4a5a6 Ga7...a10

+ 2
1

11
Ra1a2

c1c2 Ra3a4c2c1 Ga5a6α1α2 Ga7a8α3α4

)
.

RT 2 GT (DT ) G2T 2 GR2

GR(DG) RG3 R(DR) G2(DR) T 2(DG) GR2 τ

R(DR) RT 2 G2(DR) G2T 2

T 2(DG) G2T 2 τ 5

K(5)
a1...a11 = −165 εa1...a7

b1...b4 Gb1...b4 Ra8a9
c1c2 Ra10a11c2c1 .

11/2 A1 → α1 A2 . . . A12 → a1 . . . a11

K

1

12
Dα1Ka1...a11 −

11

12
Da1Ka2...a11α1 − 11

2

(
1

6
Ta1α2

f Kfa2...a11 −
5

6
Ta1a2

γ Kγα1a3...a11

)
=

11!

4(4!)2

(
2

6
Rα1a1

c1c2 Ra2a3c2c1 Ga4...a7 Ga8...a11

)
.

TR2 GR(DT ) G2TR GT (DR) RT (DG) T 3G

GT (DR) T 3G RT (DG) G2TR

O(l6) X8

X8

X8 (R2)∧ (R2)

O(l3) G7

dG
(1)
7 = G

(0)
4 ∧ (R2)2 ,



(R2) O(l3) W12

O(l6)

W12 = G
(0)
4 ∧ (R2)2

(A.24)
= G

(1)
7 ∧ (R2) = K11 ,

K11 G
(1)
7 ∧ (R2) O(l6)

ΔS = l6
∫ (

(R2)2∧C
(0)
3 −G

(1)
7 ∧ R2

)
,

G
(1)
7

X8 G
(1)
7

1

7!

(
D[A1

GA2...A8) +
7

2
T[A1A2|

F GF |A3...A8)

)
=

(
1

4!
G[A1...A4|

)(
1

2!
R|A5A6|

c1c2

)(
1

2!
R|A7A8)c2c1

)
,

2D[A1
GA2...A8) + 7T[A1A2|

F GF |A3...A8) = 105G[A1...A4|R|A5A6|
c1c2 R|A7A8)c2c1

[Gα1...α7 ] = 1/2 [Ga1...a7 ] = 4

1 [Gα1...α7 ] = 0

(00000) �⊂ (00001)⊗S7

Gα1...α7 = 0 1

−i (Γf )α1α2 Gfα3...α8 = 0 .

Gfα3...α8 (Γfe1)α3α4 S
e1

α5...α8 S

(10000) ⊗ (00001)⊗S4 = 2(00010) ⊕ · · ·
1 G

(Γf
e1)(Γe1e2)(Γ

e2h1...h4)Gh1...h4

(Γf
g1)(Γe1e2...e5)(Γ

e2...e5h1...h4)Gh1...h4

τ

(Γf
e1)
(
12 δh1

e1 (Γh2h3)(Γh4)− (Γg1)(Γe1
g1h1...h4)

)
Gh1...h4

(Γa)(Γab) = 0 (Γf
h1)(Γh2h3)(Γh4)Gh1...h4



τ (Γh4)(Γ[f |h1)(Γh2h3)G|h4]h1...h3
(Γf

e1) (Γg1)

(Γe1
g1h1...h4)Gh1...h4 (Γg1)(Γ[f |e1)(Γe1|g1]

h1...h4)Gh1...h4

Gfα3...α8 τ Gfα3...α8 = 0

3/2

−i (Γf )α1α2 Gfa1α3...α7 = 0 .

Gfa1α3...α7 (Γfa1)Sα5α6α7

Sα5α6α7 (00001)⊗S3 1 (01001)

T z (Γfa1)α1α2 (Γ
e1e2)α3α4

Te1e2 α5 z

2 2

(Γf )α1α2 Gfa1a2α3...α6 = 6 (Γa1a2)α1α2 Rα3α4
c1c2 Rα5α6c2c1 −

2

5
i z Dα1Ga1a2α2...α6 .

Ga1a2α2...α6 z(Γa1a2)α1α2 (Γ
e1e2)α3α4 (Γ

e3e4)α5α6

Re1...e4 τ

z 0 z = 0 G

τ τ

(Γa1a2)
(
(Γu0u1)(Γu2u3)G

u0u1
u4u5G

u2u3u4u5 + (Γu0u1)(Γu2...u7)G
u2u3u4u5Gu6u7u0u1

)

Gα1...α7

U V



B

11

�Γ(n) = −(−1)
1
2
n(n−1)Γ(11−n) ,

(Γa1...an)αβ = (−1)
1
2
(n−1)(n−2)(Γa1...an)βα ,

Γ(0) Cαβ

ψα = Cαβ ψ
β ,

(Γm)αβ = (Γm)α
εCεβ

(Γm)αβ = Cαε (Γ
m)ε

β
, CαβC

βδ = δβα



Gabαβ = −i (Γab)αβ

Tαβ
f = −i (Γf )αβ

Taα
β = − 1

36

(
(Γbcd)α

β
Gabcd +

1

8
(Γa

bcde)α
β
Gbcde

)
Rαβab =

i

6

(
(Γgh)αβ Gghab +

1

24
(Γab

ghij)αβ Gghij

)
Rαabc =

i

2

(
(ΓaTbc)α − 2(Γ[bTc]a)α

)
.

DαGabcd = 6 i (Γ[ab|)αε T|cd]ε

DαRabcd = [a|Rα|b]cd − Tab
εRεαcd + 2T[a|αεRε|b]cd

DαTab
β =

1

4
Rabcd(Γ

cd)α
β − 2D[aTb]α

β − 2T[a|αεT[b]εβ .

G R T

DfGfa1a2a3 = − 1

1152
εa1a2a3b1...b4c1...c4G

b1...b4Gc1...c4

(Γa)αε Tab
ε = 0

Rab −
1

2
ηabR =

1

12

(
GafghGb

fgh − 1

8
ηabGfghiG

fghi

)
.

ai bj



(Γa1...a5e1)(Γb1...b5e1) =

+ 120 δa1...a5b1...b5
(Γe1)(Γe1)

+ 1 (Γa1...a5)(Γb1...b5)

− 600 δa1...a3b1...b3
(Γe1)(Γ

e1a4a5
b4b5)

+ 25 δa1b1 (Γe1)(Γ
e1a1...a4

b1...b4)

− 150
1

2

(
δa1b1 (Γa2a3)(Γa4a5

b2...b5) + (a↔ b)

)
+ 600 δa1...a3b1...b3

(Γa4a5)(Γb4b5)

(Γa1...a4e1e2)(Γb1...b4e1e2) =

− 12
1

2

(
(Γa1a2)(Γa3a4

b1...b4) + (a↔ b)

)
+ 288 δa1a2b1b2

(Γa3a4)(Γb3b4)

− 96
1

2

(
δa1b1 (Γ

a2)(Γa3a4
b2...b4) + (a↔ b)

)
+ 192 δa1...a3b1...b3

(Γa4)(Γb4)

+ 2 (Γe1)(Γ
e1a1...a4

b1...b4)

− 144 δa1a2b1b2
(Γe1)(Γ

e1a3a4
b3b4)

+ 48 δa1...a4b1...b4
(Γe1)(Γe1)

(Γa1...a3e1...e3)(Γb1...b3e1...e3) =

+ 36 δa1...a3b1...b3
(Γe1)(Γ

e1)

− 108 δa1b1 (Γe1)(Γ
e1a2a3

b2b3)

+ 216 δa1b1 (Γa2a3)(Γb2b3)

− 36
1

2

(
(Γa1)(Γa2a3

b1...b3) + (a↔ b)

)
+ 324 δa1a2b1b2

(Γa3)(Γb3)

(Γa1a2e1...e4)(Γb1b2e1...e4
) =

+ 48 δa1a2b1b2
(Γe1)(Γ

e1)

− 96 (Γe1)(Γ
e1a1a2

b1b2)

+ 168 (Γa1a2)(Γb1b2)

+ 672 δa1b1 (Γa1)(Γb1)

(Γa1e1...e5)(Γb1e1...e5) =

+ 240 δa1b1 (Γe1)(Γ
e1)

+ 1680 (Γa1)(Γb1)

(Γe1...e6)(Γe1...e6) =

+ 4320 (Γe1)(Γ
e1)

(Γa1a2e1...e3)(Γb1b2e1...e3) =

− 36 δa1a2b1b2
(Γe1)(Γ

e1)

+ 24 (Γe1)(Γ
e1a1a2

b1b2)

− 42 (Γa1a2)(Γb1b2)

+ 168 δa1b1 (Γa2)(Γb2)

(Γa1e1...e4)(Γb1e1...e4
) =

− 96 δa1b1 (Γe1)(Γ
e1)

+ 336 (Γa1)(Γb1)

(Γe1...e5)(Γe1...e5) =

− 720 (Γe1)(Γ
e1)



(Γa1...a4e1)(Γb1...b4e1
) =

+ 6
1

2

(
(Γa1a2)(Γa3a4

b1...b4) + (a↔ b)

)
− 72 δa1a2b1b2

(Γa3a4)(Γb3b4)

− 48
1

2

(
δa1b1 (Γa2)(Γa3a4

b2...b4) + (a↔ b)

)
+ 96 δa1...a3b1...b3

(Γa4)(Γb4)

− 1 (Γe1)(Γ
e1a1...a4

b1...b4)

+ 72 δa1a2b1b2
(Γe1)(Γ

e1a3a4
b3b4)

− 24 δa1...a4b1...b4
(Γe1)(Γe1)

(Γa1...a3e1e2)(Γb1...b3e1e2) =

− 24 δa1...a3b1...b3
(Γe1)(Γ

e1)

+ 36 δa1b1 (Γe1)(Γ
e1a2a3

b2b3)

− 54 δa1b1 (Γa2a3)(Γb2b3)

− 12
1

2

(
(Γa1)(Γa2a3

b1...b3) + (a↔ b)

)
+ 108 δa1a2b1b2

(Γa3)(Γb3)

(Γa1e1)(Γb1...b4e1
) =

+ 1 (Γe1)(Γ
e1a1

b1...b4)

+ 12 δa1b1 (Γb2)(Γb3b4)

(Γa1e1)(Γb1e1) = + 1 (Γa1)(Γb1)

− 1 δa1b1 (Γe1)(Γ
e1)

(Γa1...a4e1)(Γb1...b5
e1) =

− 60 ηa1b1 (Γa2a3)(Γa4b2...b5)

− 60 ηa1b1 (Γ
a2)(Γa3a4b2...b5)

− 720 δa1...a3c1...c3 η
c1b1ηc2b2ηc3b3 (Γa4)(Γb4b5)

+ 240 δa1...a3c1...c3 η
c1b1ηc2b2ηc3b3 (Γa4)(Γb4b5)

+ 140 ηa1b1 (Γ[a2)(Γa3a4b2...b5])

− 120 δa1a2c1c2
ηc1b1ηc2b2 (Γe1)(Γ

e1a3a4b3...b5)

(Γa1e1)(Γb1...b5
e1) =

− 6 (Γ[a1)(Γb1...b5])

− 5 ηa1b1 (Γe1)(Γ
e1b2...b5)

+ 1 (Γa1)(Γb1...b5)



C
n

Sn

Ta1a2a3a4

1 2 3
4

1 3 4
2

1 2 4
3 T (1) T (2) T (3)

(T (1))a1a2a3a4 a1 a2
a3 (

Ta1a2a3a4 + Ta1a3a2a4 + Ta2a1a3a4 + Ta2a3a1a4 + Ta3a1a2a4 + Ta3a2a1a4
)
,



a1 a4

(Π(1)T )a1a2a3a4 = (T (1))a1a2a3a4 =

1

8

(
Ta1a2a3a4 + Ta1a3a2a4 + Ta2a1a3a4 + Ta2a3a1a4 + Ta2a3a4a1 + Ta2a4a3a1+

Ta3a1a2a4 + Ta3a2a1a4 + Ta3a2a4a1 + Ta3a4a2a1 + Ta4a2a3a1 + Ta4a3a2a1
)
.

Π(1)Π(1)T =

Π(1)T Π(1)T = T (1) T
1 2 3
4

T (1) T (2)
1 2 3
4

1 3 4
2

(T (1))[ab|c|d] = 0 (T (2))[abc]d = 0

(T (1))[a|bc|d] = (T (1))abcd (T (2))[ab]cd = (T (2))abcd

(T (1))a(bc)d = (T (1))abcd (T (2))ab(cd) = (T (2))abcd .

T (i)

T
(1)
a1a4a3a2 T

(1)
a2a1a4a3 T

(1)
a2a3a1a4 T (i)

T
(1)
a1(a2a3a4)

= T (1)
a1a4a3a2 +

1

3
T (1)
a2a1a4a3 +

1

3
T (1)
a2a3a1a4

T
(1)
[a1a2]a3a4

=
1

2
T (1)
a1a4a3a2 +

1

2
T (1)
a2a1a4a3 + 0 T (1)

a2a3a1a4 .

T

3 4 2
1

(Π(4)T )a1a2a3a4 = T (1)
a1a4a3a2 + T (1)

a2a1a4a3 + 0 T (1)
a2a3a1a4

+ 0 T (2)
a1a4a3a2 − T (2)

a2a1a4a3 + T (2)
a2a3a1a4

+ T (3)
a2a1a3a4 + 0 T (3)

a2a1a4a3 − T (3)
a2a3a1a4 .

Ta1a2a3a4



⊗4︸︷︷︸
T

= ︸ ︷︷ ︸
TS

⊕ 3︸ ︷︷ ︸
T (1,2,3)

⊕ 2︸ ︷︷ ︸
T ′(1,2)

⊕ 3︸ ︷︷ ︸
T ′′(1,2,3)

⊕ ︸︷︷︸
TA

,

T (1) T (2) T (3)

3

T ⊗
⊗4 T

⊗
⊗4

T

3 H

Ta1...a6 := Ha1a2a3Ha4a5a6 −→
⊗S2

= ⊕ .

T (1), . . . T (5) T ′(1), . . . T ′(5)

Ha1a2a3Ha4a5a6 = T (1)
a1a2a3a4a5a6 + T ′(1)

a1a2a3a4a5a6 + T ′(1)
a1a2a3a4a6a5 − T ′(1)

a1a2a3a5a6a4 ,

T (1) T ′(1)
1 4
2 5
3 6

1 6
2
3
4
5



D

0 = −∇̂2φ+
3

8
e3φ/2F 2 − 1

12
e−φH2 +

1

96
eφ/2G2 +

4

5
m2e5φ/2

− 5

4
(36β2 − 10β +

21

20
)e5φ/4m(Λ̄Λ)− 3

8
(29β2 − 9

2
β +

5

16
)e3φ/4Fmn(Λ̄Γ

mnΓ11Λ)

+
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2
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1

3
β)e−φ/2Hmnp(Λ̄Γ
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1

96
(21β2 − 1

2
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16
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mnpqΛ) ,

0 = R̂mn +
1
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e3φ/2
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8
ĝmnF
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e−φ
(
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ĝmnH
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+

1

48
eφ/2
(
4G2
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8
ĝmnG
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)
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1

16
gmn(Λ̄Γ
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− 1

8
ĝmn

(
(36β2 − 10β +

21

20
)e5φ/4m(Λ̄Λ) + (8c2 − 69

√
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1773

8
c4(Λ̄Λ)2

)
− 1

2
(29β2 − 9

2
β +

5

16
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1

3
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2
H(m
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1
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(21β2 − 1

2
β − 3
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(
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ijk(Λ̄Γn)ijkΛ)−
1
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ĝmnG(4)(Λ̄Γ
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.



μα λα

C =

(
0 δαβ

−δαβ 0

)
, Γm =

(
0 (γm)αβ

(γm)αβ 0

)
, Γmn =

(
(γmn)αβ 0

0 (γmn)α
β

)
,

C−1Γa1...an = (−1)
1
2
(n−1)(n−2)C−1 Γa1...an ,

ξA

δξE
A
M = ξN

(
∂NE

A
M

)
+
(
∂Mξ

N
)
EA

N = ∇Mξ
A + ξBTBM

A ,

ξ

ψα
m := Eα

m| ψmα := Emα| (εα, ζα)

εα := ξα| ζα := ξα|

δψα
m = ∇mε

α + em
c(εβTβc

α + ζβT
β
c
α)|

δψmα = ∇mζα + em
c(εβTβcα + ζβT

β
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δμα = (εβ∇βμ
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mnpqε

δλα = (εβ∇βλα + ζβ∇βλα)|
= −Lζ +Kmγ

mε− Lmnγ
mnζ −Kmnpγ

mnpε− Lmnpqγ
mnpqζ ,



e−3φ/4δμ =
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∂mφγ̂
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3
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3
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)
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Ψm = e3φ/8
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ψmα

ψα
m
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ΓmΛ , Λ = e−3φ/8Γ11

(
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)
, Θ = e3φ/8
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nΓpq)Γ11 +
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3
δm

nΓpqr)
}
Θ ,

ψR
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2
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R
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1

2
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(3) =
1

2
H(3) , FR

(4) =
1

2
G(4)

mR =
4

5
m , φR = −1

2
φ , RR = −R̂ .

k = 1 ψGP
m λGP
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2
√
2
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√
2

3
Γ11Γmλ

GP ,

Ψ̂GP
m := ψGP

m + (
√
2/12)Γ11Γmλ
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