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M. WENBIAO JIANG

Composition du Jury :

M. HAVET Jean-Louis

Professeur, GPIP, CNAM Paris Président

Mme. CHARCOSSET Catherine

DR CNRS, LAGEP, Université Lyon 1 Rapporteur
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❤♦r✐③♦♥t❛❧ t✉❜✉❧❛r✱ ✭❞✮ ✢❛t✲♣❧❛t❡✱ ✭❡✮ st✐rr❡❞ t❛♥❦✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✸✽❪✳ ✻
✷✳✺ ❱❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ ❣❛s ❤♦❧❞✲✉♣ ❢r♦♠ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥ s✐♠✉❧❛t✐♦♥s✱ ✐❧✲

❧✉str❛t✐♦♥ ❢r♦♠ ❬✹✽❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✷✳✻ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ❜② ❱♦❧✉♠❡ ♦❢ ❋❧✉✐❞ ♠❡t❤♦❞✱ ✐❧❧✉str❛t✐♦♥

❢r♦♠ ❬✺✽❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✷✳✼ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ ❧✐q✉✐❞ ♣❤❛s❡ ❢r♦♠ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ s✐♠✉❧❛t✐♦♥✱

✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✹✺❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✽ ❇✉❜❜❧❡ s✇❛r♠ s✐♠✉❧❛t❡❞ ❜② ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧✱ ✐❧❧✉str❛t✐♦♥

❢r♦♠ ❬✺✾❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✾ ❚❤❡ ❜✉❜❜❧❡s ❝❛♣t✉r❡❞ ❜② s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✼✹❪✳ ✶✷
✷✳✶✵ ❚❤❡ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ♠❡❛s✉r❡❞ ❜② ✐♥❢r❛✲r❡❞ t❡❝❤♥✐q✉❡✱ ✐❧❧✉str❛t✐♦♥

❢r♦♠ ❬✻✶❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✷✳✶✶ ✭❛✮ ✢♦✇ ♣❛tt❡r♥s✱ ✭❜✮ ✢♦✇✲♣❛tt❡r♥ ♠❛♣✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✼✺❪✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✷✳✶✷ ❈❤❛✐♥ ♦❢ ♠❛ss tr❛♥s❢❡r ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✷✳✶✸ ❚❤❡ ♣r♦❝❡ss ♦❢ ❞✐✛✉s✐♦♥✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❲✐❦✐♣❡❞✐❛ ❛rt✐❝❧❡ ❉✐✛✉s✐♦♥✳ ✶✺
✷✳✶✹ ❯♥st❡❛❞② st❛t❡✿ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✶✺ ❚❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ✉s❡❞ t♦ ❞❡❞✉❝❡ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ❞✐✛✉s✐♦♥✳ ✳ ✳ ✶✻
✷✳✶✻ ◆❡r♥st✬s ✜❧♠ t❤❡♦r②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✶✼ ❚✇♦ ✜❧♠ ♠♦❞❡❧✿ ✜❧♠s ❡①✐st ✐♥ ❜♦t❤ ♣❤❛s❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷✳✶✽ P❤♦t♦s②♥t❤❡s✐s✿ ❧✐❣❤t r❡❛❝t✐♦♥s ❛♥❞ ❞❛r❦ r❡❛❝t✐♦♥s✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✽✺❪✳ ✷✵
✷✳✶✾ ▲✐❣❤t✲r❡s♣♦♥s❡ ❝✉r✈❡✿ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ❛♥❞

❧✐❣❤t ✐♥t❡♥s✐t②✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✽✼❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✷✵ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✇✐t❤ t✐♠❡ ✐♥ ❛ ❝❧♦s❡❞ s②st❡♠✳ ✷✺
✷✳✷✶ µ✲s♣❛❝❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ N s✉❜s♣❛❝❡s✱ ❡❛❝❤ s✉❜s♣❛❝❡ ❤♦❧❞s ❛ ❝♦♥st❛♥t µi✱

❛♥❞ µi ✐♥❝r❡❛s❡s ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐♥ t❤❡ ✐❧❧✉str❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✷✷ ❋♦r µi < µ❡♥✈✱ ❝❡❧❧s ✏✢♦✇✑ ✐♥ µ✲s♣❛❝❡ ❢r♦♠ s♠❛❧❧❡r µi t♦ ❧❛r❣❡r µi+1❀ ❢♦r

µj > µ❡♥✈✱ ❝❡❧❧s ❛r❡ ✏tr❛♥s♣♦rt❡❞✑ ✐♥ µ✲s♣❛❝❡ ❢r♦♠ ❧❛r❣❡r µj t♦ s♠❛❧❧❡r
µj−1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✷✸ ▼✐❝r♦❛❧❣❛❡ ❛r❡ ❛❜s♦r❜❡❞ ♦♥ t❤❡ ❜✉❜❜❧❡ s✉r❢❛❝❡✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✵✻❪✳ ✷✽
✷✳✷✹ ❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧✳ ❆♥ ❡❧❧✐♣s❡ r❡♣r❡s❡♥ts ❛

♠♦❞❡❧ ❤❛♥❞❧✐♥❣ ❛ s♣❡❝✐✜❝ ♣r♦❜❧❡♠✱ ❛♥❞ ❛ r❡❝t❛♥❣❧❡ r❡♣r❡s❡♥ts t❤❡ ✐♥♣✉ts
r❡q✉✐r❡❞ ❜② ❛ ♠♦❞❡❧✱ ♦r ♦✉t♣✉ts ②✐❡❧❞❡❞ ❢r♦♠ ❛ ♠♦❞❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵



①✐✐

✸✳✶ ❆ ❜✉❜❜❧❡ t❤❛t ❞♦❡s ♥♦t s♣r❡❛❞ ❜❡②♦♥❞ t❤❡ ♦r✐✜❝❡ ❡❞❣❡✳ ✭❛✮ ❚❤❡ t❤r❡❡
s✉r❢❛❝❡ str❡ss❡s σ ❛❝t ♦♥ t❤❡ tr✐♣❧❡ ❧✐♥❡ ❧♦❝❛t❡❞ ❛t t❤❡ ♦r✐✜❝❡ ❡❞❣❡✳ α✱
β ❛r❡ t❤❡ ❛♥❣❧❡s ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r❢❛❝❡s✱ ❛♥❞ β ✐s s❡t t♦ ❜❡ π/2✳ ✭❜✮
❚❤❡ ❣❛s✲❧✐q✉✐❞ s✉r❢❛❝❡ str❡ss σGL ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣
♦♥ t❤❡ ❜✉❜❜❧❡ ❛s ❛ ✇❤♦❧❡✳ ❚❤❡ ❧✐q✉✐❞✲s♦❧✐❞ s✉r❢❛❝❡ str❡ss σHLS ♣✉❧❧s t❤❡
❜✉❜❜❧❡ ♦✉t✇❛r❞s ❛♥❞ ♠❛② ♠❛❦❡ t❤❡ ❜✉❜❜❧❡ s♣r❡❛❞ ♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧
s✉r❢❛❝❡✳ ❚❤❡ ❣❛s✲s♦❧✐❞ s✉r❢❛❝❡ str❡ss σVGS r❡s✐sts t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ FB✳ ✸✹

✸✳✷ ❚❤❡ ♠❡t❤♦❞ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❜✉❜❜❧❡ ✈♦❧✉♠❡✳ ✭❛✮ ΩV ✐s t❤❡ ♠❛①✐♠✉♠
❣❛s ✈♦❧✉♠❡ t❤❛t ❝❛♥ ❜❡ s✉♣♣♦rt❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✳
✭❜✮ ❉✉r✐♥❣ ❜✉❜❜❧❡ s♣r❡❛❞✐♥❣✱ Ωh ✐s t❤❡ ❣❛s ✈♦❧✉♠❡ t❤❛t ✐s ❤❡❧❞ ❜② t❤❡
❤♦r✐③♦♥t❛❧ s♦❧✐❞ s✉r❢❛❝❡✱ ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s ΩH = (Ωh)♠❛①✳ ✭❝✮ ❚❤❡
❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✉♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s t✇♦ ♠❛①✐♠✉♠
✈♦❧✉♠❡s✳ ◆♦t✐❝✐♥❣ t❤❛t t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ✈♦❧✉♠❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛r❦
r❡❣✐♦♥ ❛♣♣❡❛rs t✇✐❝❡ ✐♥ t❤❡ t♦t❛❧ ✈♦❧✉♠❡✱ t❤✉s t❤❡ t❤❡♦r❡t✐❝❛❧ ❜✉❜❜❧❡
✈♦❧✉♠❡ ✐s ❛ ❧✐tt❧❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❛❝t✉❛❧ ♦♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✸ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ F h
B ❛♥❞ t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡ Fa

✈❡rs✉s s♣r❡❛❞✐♥❣ r❛❞✐✉s r ❢♦r t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt✳ δ = 0 ✐♥❞✐❝❛t❡s F h
B =

Fa✱ δ < 0 ✐♥❞✐❝❛t❡s F h
B < Fa✳ ❆♥❞ r♠❛① ✐s t❤❡ ♠❛①✐♠✉♠ s♣r❡❛❞✐♥❣

r❛❞✐✉s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✹ ❋✉♥❝t✐♦♥ ΩH = ε
[
(1−cos θH)3 sin3 θH
2+3 cos θH−cos3 θH

] 1

2 ❢♦r ❞✐✛❡r❡♥t κ✳ ❚❤❡ ❝✉r✈❡s ❛r❡
s❧✐❣❤t❧② st❛❣❣❡r❡❞ ❢♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② ♦❢ t❤❡ ✢❛t t❛✐❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✺ ▼❛①✐♠✉♠ ❜✉❜❜❧❡ ✈♦❧✉♠❡ Ω ✈❡rs✉s ✇❡tt❛❜✐❧✐t② θH ✿ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡✲
t✇❡❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✭✸✳✷✷✮ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❢r♦♠
▲✐♥ ❡t ❛❧✳ ❬✶✶✹❪✳ ❚❤❡ t❤❡♦r② ❛❧✐❣♥s ✇❡❧❧ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥ts ❢♦r t✇♦
♦r✐✜❝❡ s✐③❡s✱ R1 = 0.275 ♠♠ ❛♥❞ R2 = 0.125 ♠♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✻ ❆ ❧✐❣❤t r❛② tr❛✈❡❧✐♥❣ ✐♥ ❧✐q✉✐❞ ✇✐❧❧ ❜❡ r❡❢r❛❝t❡❞ ✇❤❡♥ ✐t ❛rr✐✈❡s ❛t t❤❡
❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✼ ❆♥ ❛♥♥✉❧❛r✲❧✐❦❡ s❤❛❞♦✇ ✐s ❢♦r♠❡❞ ♦♥ t❤❡ r❡❝♦r❞✐♥❣ ♣❧❛♥❡ ✇❤❡♥ ❛ ❧✐❣❤t
❜❡❛♠ tr❛✈❡❧✐♥❣ ✐♥ ❧✐q✉✐❞ ♠❡❡t ❛ ❣❛s ❜✉❜❜❧❡ ❞✉❡ t♦ t❤❡ r❡❢r❛❝t✐♦♥✳ ✳ ✳ ✳ ✹✶

✸✳✽ ❙❝❤❡♠❛t✐❝ s❦❡t❝❤ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✸✳✾ ❚❤❡ ✾ ♥♦③③❧❡s ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ r❡❛❝t♦r ✭t❤❡ s✐❞❡ ❝♦♥♥❡❝t✐♥❣ ✇✐t❤

❣❛s s♦✉r❝❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✸✳✶✵ ❇✉❜❜❧❡ ♠❡t❡r ♠❡t❤♦❞ t♦ ♠❡❛s✉r❡ ❣❛s ✢♦✇ r❛t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✸✳✶✶ ■♠❛❣❡ ♣r♦❝❡ss✐♥❣✳ ✭❛✮ r❛✇ ✐♠❛❣❡✱ ✭❜✮ ❜✐♥❛r✐③❡❞ ✐♠❛❣❡✱ ✭❝✮ ✇❤✐t❡ ③♦♥❡s

❡❧✐♠✐♥❛t❡❞✱ ✭❞✮ ✐♥✈❡rt❡❞ ✐♠❛❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✸✳✶✷ ❚❤❡ ❤✐st♦❣r❛♠ ♦❢ ❋✐❣✳ ✸✳✶✶✭❛✮✱ ❜✐♥ ✇✐❞t❤✿ ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✸✳✶✸ ❈♦✉♥t✐♥❣ ❜✉❜❜❧❡s ❛t ❱❋❈ ✶%✳ ✭❛✮ t❤❡ ♣r♦❜❡ ♣♦✐♥t ✭r❡❞ ♣♦✐♥t✮✱ ✭❜✮

♣✐①❡❧ ✐♥t❡♥s✐t② ♦❢ ♣r♦❜❡ ♣♦✐♥t ♦✈❡r ❛♥ ✐♠❛❣❡ s❡q✉❡♥❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✶✹ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✭❛✮ ❜✉❜❜❧❡ ♥✉♠❜❡r ❛♥❞ ✭❜✮ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❢♦r t❤❡

tr✐♣❧✐❝❛t❡ r❡❝♦r❞✐♥❣s ❛t ❱❋❈ ✶ %✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✶✺ ❇✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❢♦r ❛❧❧ t❤❡ ✢♦✇ r❛t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✸✳✶✻ ❚❤❡ ❤♦r✐③♦♥t❛❧ s❡❣♠❡♥t❛t✐♦♥ ♠❡t❤♦❞ t♦ ❝❛❧❝✉❧❛t❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡✳ ✳ ✳ ✳ ✹✾
✸✳✶✼ ✭❛✮ s❤❛♣❡ ❛♥❞ ✭❜✮ ✈♦❧✉♠❡ ♦❢ ❛ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ❛t ❞✐✛❡r❡♥t ♠♦♠❡♥ts

✭❱❋❈ ✶%✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✸✳✶✽ ✭❛✮ t❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ✭❜✮ ❛ s♠❛❧❧ ❜✉❜❜❧❡

♦❝❝✉rr❡❞ ❛t t = 10.1 s ❛t st❡❛❞② st❛t❡✱ ✭❝✮ ❤✐st♦❣r❛♠ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡
❛t st❡❛❞② st❛t❡✱ ❜✐♥ ✇✐❞t❤✿ ✸ ✭❱❋❈ ✶%✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✶✾ ❚❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ❤✐st♦❣r❛♠ ✭r✐❣❤t ❝♦❧✉♠♥✮
♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛t ❱❋❈ ✸%✲✾%✱ ❜✐♥ ✇✐❞t❤✿ ✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷



①✐✐✐

✸✳✷✵ ❚❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ❤✐st♦❣r❛♠ ✭r✐❣❤t ❝♦❧✉♠♥✮
♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛t ❱❋❈ ✶✷%✲✸✵%✱ ❜✐♥ ✇✐❞t❤✿ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✷✶ ❚❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s ❛t st❡❛❞② st❛t❡✳ ✳ ✺✹
✸✳✷✷ ✭❛✮ ❛ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ❛t st❡❛❞② st❛t❡✱ ❛♥❞ ✭❜✮ ✐ts ❡✈♦❧✉t✐♦♥ ♦❢

❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ✭❱❋❈ ✶%✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✸✳✷✸ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s

❛t st❡❛❞② st❛t❡ ✭❱❋❈ ✶%✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✸✳✷✹ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s

❛t st❡❛❞② st❛t❡ ✭❱❋❈ ✸✵%✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✸✳✷✺ ✭❛✮ ❛♥ ❡❧♦♥❣❛t❡❞ ❜✉❜❜❧❡✱ ✭❜✮ ❢❛❧s❡ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡✱ ✭❝✮ ❛✉t❤❡♥t✐❝

❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡✳ ✭❱❋❈ ✸✵%✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✶ ❚❤❡ ✈❛❧✉❡ ♦❢ α ✐♠♣❧✐❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ ✢✉✐❞s ✐♥ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❧❣♦r✐t❤♠s ❢♦r ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥✳ ✭❛✮ ❛❝t✉❛❧ ✐♥t❡r✲
❢❛❝❡✱ ✭❜✮ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭P▲■❈✮✱ ✭❝✮ s✐♠♣❧❡ ❧✐♥❡
✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭❙▲■❈✮✴❞♦♥♦r✲❛❝❝❡♣t♦r ✭❉✲❆✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✸ ❚✇♦ st❡♣s ♦❢ P▲■❈✿ ✶✳ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ∇α✱ ✷✳
♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ t♦ s❛t✐s❢② t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹ ❇✉❜❜❧❡ ❜r❡❛❦❛❣❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ❝❛❧❝✉❧❛t❡❞ ✐♠♣❧✐❝✐t❧② ❜② ❱❖❋♠❡t❤♦❞✱
✐❧❧✉str❛t✐♦♥s ❢r♦♠ ♦✉r s✐♠✉❧❛t✐♦♥s ✭s❝❛❧❡✿ ❡①t❡r✐♦r ❞✐❛♠❡t❡r ♦❢ t❤❡ ♥♦③③❧❡
✐s ✸ ♠♠✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✺ ❙✐♠✉❧❛t✐♦♥ ❜② ✐♥t❡r❋♦❛♠✿ ✸❉ r✐s✐♥❣ ❜✉❜❜❧❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞ ❛r♦✉♥❞
✐t✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✺✽❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✻ ❙✐♠✉❧❛t✐♦♥ ❜② ✐♥t❡r❋♦❛♠✿ ✷❉ r✐s✐♥❣ ❜✉❜❜❧❡✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✺✾❪✳ ✳ ✳ ✻✺
✹✳✼ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ✷❉ s✐♠✉❧❛t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✹✳✽ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❈♦✉r❛♥t ♥✉♠❜❡r ♦♥ ❣❛s ❤♦❧❞✲✉♣✱ ♠❡s❤ s✐③❡ ∆x = 1 ♠♠✳ ✻✽
✹✳✾ ✷❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ♠❡s❤ s✐③❡s✱ ❛t ♣❤②s✐❝❛❧ t✐♠❡ t = 1 s✳ ✭❛✮

∆x = 0.25ds✱ ✭❜✮ ∆x = 0.5ds✱ ✭❝✮ ∆x = ds✳ ds ✐s t❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢
t❤❡ s♣❛r❣❡r✳ ✭❙❝❛❧❡✿ ✇✐❞t❤ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ✐s ✷✽✻ ♠♠✳✮ ✳ ✳ ✳ ✳ ✻✾

✹✳✶✵ ❚✇♦ ❜✉❜❜❧❡s ✐♥ ❞✐✛❡r❡♥t s❤❛♣❡ r❡❣✐♠❡✳ ❈♦♥❞✐t✐♦♥s✿ Co♠❛① = 0.75✱
∆x = 0.5 ♠♠✱ ✐♥❥❡❝t✐♥❣ ❣❛s ✈❡❧♦❝✐t② vg = 0.2 ♠✴s✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t
❞✐❛♠❡t❡r d1 ≈ 1.5 ♠♠✱ d2 ≈ 4.5 ♠♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✹✳✶✶ ❙❤❛♣❡ r❡❣✐♠❡ ♠❛♣ ❢♦r ❜✉❜❜❧❡s ❛♥❞ ❞r♦♣s ❬✶✻✻❪✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✼✵❪✳ ✼✷
✹✳✶✷ ❚❤❡ ♠✐♥✐✲r❡❛❝t♦r ✐♥ ✸❉ s✐♠✉❧❛t✐♦♥s✳ ✭◆✉♠❡r✐❝❛❧ ❞♦♠❛✐♥✿ 14× 14× 20

♠♠✱ ❡①t❡r✐♦r ❞✐❛♠❡t❡r ♦❢ t❤❡ ♥♦③③❧❡✿ ✸ ♠♠✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✹✳✶✸ ❚❤❡ ❜♦tt♦♠ ✈✐❡✇ ♦❢ t❤❡ ♠❡s❤❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✹✳✶✹ ❉②♥❛♠✐❝ ♠❡s❤ ✐s ✏❛❝t✐✈❛t❡❞✑ ❛s s♦♦♥ ❛s t❤❡ ♠❡s❤ ♠❡❡t t❤❡ ✐♥t❡r❢❛❝❡✱

✐❧❧✉str❛t✐♦♥ ❢r♦♠ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❱❋❈ ✸%✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✹✳✶✺ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲

♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✶%✳ ✳ ✼✼

✹✳✶✻ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✸%✳ ✳ ✼✽



①✐✈

✹✳✶✼ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✻%✳ ✳ ✼✽

✹✳✶✽ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✾%✳ ✳ ✼✾

✹✳✶✾ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✶✷%✳ ✼✾

✹✳✷✵ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✷✵%✳ ✽✵

✹✳✷✶ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✽✵ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✇♦ ❜✉❜✲
❜❧❡s ❞✐❞ ♥♦t ✜♥❛❧❧② ♠❡r❣❡ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✳ ❚✐♠❡
✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✸✵%✳ ✽✵

✹✳✷✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❯♣✲
♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✽✵ ♣✐①❡❧s✳ ❚❤❡ ♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥
s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ✐✳❡✳ ✸ ♠♠✳ ❚✇♦ ❜✉❜✲
❜❧❡s ✜♥❛❧❧② ♠❡r❣❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s✱ ♥♦t ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❚✐♠❡ ✐♥t❡r✈❛❧
❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s s✐♠✐❧❛r✳ ❱❋❈✿ ✸✵%✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹✳✷✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ✭Vs✐♠✮ ❛♥❞
❡①♣❡r✐♠❡♥ts ✭V✐♠❣✮✳ ❚❤❡ ✈❡rt✐❝❛❧ ❜❛r ✐s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ ❚❤❡
❝✉r✈❡ ❢♦r s✐♠✉❧❛t✐♦♥s ❛r❡ s❧✐❣❤t❧② s❤✐❢t❡❞ t♦ t❤❡ r✐❣❤t t♦ ❜❡tt❡r ❞✐st✐♥✲
❣✉✐s❤ t❤❡ t✇♦ ❝✉r✈❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✹✳✷✹ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸
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▲✐st ♦❢ ❚❛❜❧❡s
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▲✐st ♦❢ ❆❜❜r❡✈✐❛t✐♦♥s

✷❉ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧
✸❉ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❈❋❉ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s
❈❋▲ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇②
❈P❯ ❈❡♥tr❛❧ Pr♦❝❡ss✐♥❣ ❯♥✐t
❈❙❋ ❈♦♥t✐♥✉✉♠ ❙✉r❢❛❝❡ ❋♦r❝❡
❈✳❱✳ ❈♦♥tr♦❧ ❱♦❧✉♠❡
❉✲❆ ❉♦♥♦r✲❆❝❝❡♣t♦r
❉❖▼ ❉✐s❝r❡t❡ ❖r❞✐♥❛t❡s ▼❡t❤♦❞
❊✲❊ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
❊✲▲ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥
❍❙▼ ❍♦r✐③♦♥t❛❧ ❙❡❣♠❡♥t❛t✐♦♥ ▼❡t❤♦❞
■❆ ■♥t❡rr♦❣❛t✐♦♥ ❆r❡❛
▲❉❆ ▲❛s❡r ❉♦♣♣❧❡r ❆♥❡♠♦♠❡tr②
▲❊❉ ▲✐❣❤t✲❡♠✐tt✐♥❣ ❞✐♦❞❡
▲■❋ ▲❛s❡r✲■♥❞✉❝❡❞ ❋❧✉♦r❡s❝❡♥❝❡
▼❈▼ ▼♦♥t❡ ❈❛r❧♦ ▼❡t❤♦❞
❖♣❡♥❋❖❆▼ ❖♣❡♥ ❙♦✉r❝❡ ❋✐❡❧❞ ❖♣❡r❛t✐♦♥ ❛♥❞ ▼❛♥✐♣✉❧❛t✐♦♥
P❇❊ P♦♣✉❧❛t✐♦♥ ❇❛❧❛♥❝❡ ❊q✉❛t✐♦♥
P❇❘ P❤♦t♦❜✐♦r❡❛❝t♦r
P❈ P❡rs♦♥❛❧ ❈♦♠♣✉t❡r
P❉❊ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥
P■❱ P❛rt✐❝❧❡ ■♠❛❣❡ ❱❡❧♦❝✐♠❡tr②
P▲■❈ P✐❡❝❡✇✐s❡ ▲✐♥❡❛r ■♥t❡r❢❛❝❡ ❈❛❧❝✉❧❛t✐♦♥
❘❚❊ ❘❛❞✐❛t✐✈❡ ❚r❛♥s❢❡r ❊q✉❛t✐♦♥
❙▲■❈ ❙✐♠♣❧❡ ▲✐♥❡❛r ■♥t❡r❢❛❝❡ ❈❛❧❝✉❧❛t✐♦♥
❱❋❈ ❱♦❧✉♠❡tr✐❝ ❋❧♦✇ ❈♦♥tr♦❧❧❡r
❱❖❋ ❱♦❧✉♠❡ ❖❢ ❋❧✉✐❞
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▲✐st ♦❢ ❙②♠❜♦❧s

❙②♠❜♦❧ ◆❛♠❡ ❯♥✐ts

A ❛r❡❛ ♠2

[A] ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥ ♦♣❡r❛t♦r ✲
AR ❛s♣❡❝t r❛t✐♦ ✶
[b] ❦♥♦✇♥ ❝♦❧✉♠♥ ✈❡❝t♦r ✲
C ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ❦❣·♠−3

c ❣❡♥❡r❛❧ ❝♦❡✣❝✐❡♥t ✲
Co ❈♦✉r❛♥t ♥✉♠❜❡r ✶
D ❞✐❧✉t✐♦♥ r❛t❡ s−1

D ❞✐✛✉s✐✈✐t② ♠2·s−1

d ❞✐❛♠❡t❡r ♠
e ❜❛s❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ❧♦❣❛r✐t❤♠ ✲
❊♦ ❊öt✈ös ♥✉♠❜❡r ✶
F ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ✶
F ❣❡♥❡r❛❧ ❢♦r❝❡ ◆ ✭❦❣·♠·s−2✮
f❡①t ❢♦r❝❡ ♣❡r ✉♥✐t ♠❛ss ♠·s−2

fC ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ◆·♠−1

fσ ❢♦r❝❡ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ❦❣·♠−2·s−2

f ❣❡♥❡r❛❧ ❢♦r❝❡ ♣❡r ✉♥✐t ♠❛ss✴✈♦❧✉♠❡✴❧❡♥❣t❤ ◆·❦❣−1✱ ◆·♠−3 ♦r ◆·♠−1

f ❢r❡q✉❡♥❝② ❍③ ✭s−1✮
f❝✐r❝ ❝✐r❝✉❧❛r✐t② ✶
G ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ ✶
H ❞✐♠❡♥s✐♦♥❧❡ss ❍❡♥r② ❝♦❡✣❝✐❡♥t ✶
h ❤❡✐❣❤t ♠
I ♣✐①❡❧ ✐♥t❡♥s✐t② ✲
I s♣❡❝✐✜❝ r❛❞✐❛t✐✈❡ ✐♥t❡♥s✐t② ❲·♠−2·sr−1·❍③−1

i ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
J ♠❛ss ✢✉① ❦❣·♠−2·s−1

j ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
je ❡♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♠·s−3·sr−1

k ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
ka ❣❡♥❡r❛❧ ❝♦❡✣❝✐❡♥t ✲
k, kg, kl ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ♠·s−1

Ks s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✇❤❡♥ µ = 0.5µ♠❛① ❦❣·♠−3

Kg,Kl ♦✈❡r❛❧❧ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ♠·s−1

l ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
M ♠❛ss ❦❣
m ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
▼♦ ▼♦rt♦♥ ♥✉♠❜❡r ✶
N ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✲
N t♦t❛❧ ❝❡❧❧ ♥✉♠❜❡r ✲
n r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✶
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n ❛♠♦✉♥t ♦❢ s✉❜st❛♥❝❡ ♠♦❧
~n ♥♦r♠❛❧ ✈❡❝t♦r ❛t ✐♥t❡r❢❛❝❡ (≈ ∇αl) ♠−1

n̂ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ❛t ✐♥t❡r❢❛❝❡ ✶
nc ❝❡❧❧ ♥✉♠❜❡r ❞❡♥s✐t② ✐♥ t♦t❛❧ s♣❛❝❡ ✲
O tr✉♥❝❛t✐♦♥ ❡rr♦r ✲
P ♣r♦❞✉❝t ❝♦♥❝❡♥tr❛t✐♦♥ ❦❣·♠−3

P r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ✲
P ♣❡r✐♠❡t❡r ♠
p ♠♦♠❡♥t✉♠ ❦❣·♠·s−1

p ✈♦❧✉♠❡✲❛✈❡r❛❣❡❞ ♠♦♠❡♥t✉♠ ❦❣·♠−2·s−1

p ♣r❡ss✉r❡ P❛ ✭❦❣·♠−1·s−2✮
Q ✈♦❧✉♠❡tr✐❝ ✢♦✇ r❛t❡ ♠3·s−1

q q✉❛❞r❛t✉r❡ ✇❡✐❣❤t ✲
rX ❝❡❧❧ ❣r♦✇t❤ r❛t❡ ❦❣·♠−3·s−1

rD ❝❡❧❧ ❞❡❛t❤ r❛t❡ ❦❣·♠−3·s−1

rS s✉❜str❛t❡ ❝♦♥s✉♠♣t✐♦♥ r❛t❡ ❦❣·♠−3·s−1

r ✭❛s s✉❜s❝r✐♣t✮ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♠
r r❛❞✐✉s ♠
~r ♣♦s✐t✐♦♥ ♠
R r❛❞✐✉s ♠
R r❛♥❞♦♠ ♥✉♠❜❡r ✲
❘❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✶
S s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❦❣·♠−3

s s♦✉r❝❡ t❡r♠ ✲
ŝ ❣❡♥❡r❛❧ ♥♦r♠❛❧✐③❡❞ ✈❡❝t♦r ♠
sc ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧ ♥✉♠❜❡r ❞❡♥s✐t② ✐♥ t♦t❛❧ s♣❛❝❡ ✲
t t✐♠❡ s
T t❤❡r♠♦❞②♥❛♠✐❝ t❡♠♣❡r❛t✉r❡ ❑
u ✈❡❧♦❝✐t② ♠·s−1

V ✈♦❧✉♠❡ ♠3

v ✈❡❧♦❝✐t② ✐♥ P■❱ ♠·s−1

vg ✐♥❥❡❝t✐♥❣ ❣❛s ✈❡❧♦❝✐t② ♠·s−1

w ✇♦r❦ ♣❡r ✉♥✐t ❛r❡❛ ❏·♠−2 ✭❦❣·s−2✮
w ✇✐❞t❤ ♠
X ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❦❣·♠−3

[x] ✉♥❦♥♦✇♥ ❝♦❧✉♠♥ ✈❡❝t♦r ✲
Y ②✐❡❧❞ ❝♦❡✣❝✐❡♥t ✶
x, y, z s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♠

α ❝♦♥t❛❝t ❛♥❣❧❡ r❛❞
αl ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞ ✶
β ❝♦♥t❛❝t ❛♥❣❧❡ r❛❞
βe ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♠−1

δ ❞✐✛❡r❡♥❝❡ ✲
∆ ❞✐✛❡r❡♥❝❡ ✲
∆x ✭✐♥ ❝❤❛♣t❡r ✹✮ ♠❡s❤ s✐③❡ ♠
∆r ❞✐s♣❧❛❝❡♠❡♥t ♠
ε ❣❡♥❡r❛❧ ❝♦❡✣❝✐❡♥t ✲
ǫ ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧ ♥✉♠❜❡r ❞❡♥s✐t② ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡ ✲
θ ✭✐♥ ❝❤❛♣t❡r ✷✮ ❝♦♥t❛❝t ❛♥❣❧❡ r❛❞
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θ ✭✐♥ ❝❤❛♣t❡r ✺✮ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s r❛❞
ζ ✈❡❧♦❝✐t② ✐♥ ❛♥ ✐♥t❡r♥❛❧ s♣❛❝❡ ✲
η ❞②♥❛♠✐❝ ✈✐s❝♦s✐t② P❛·s ✭❦❣·♠−1·s−1✮
κ ❝✉r✈❛t✉r❡ ♠−1

κa ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ♠−1

Λ ❛ ❝♦♥st❛♥t ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✲
λ ❍❡♥r② ❝♦❡✣❝✐❡♥t P❛·♠3·♠♦❧−1

µa ❛tt❡♥✉❛t✐♦♥ ❝♦❡✣❝✐❡♥t ♠−1

µ s♣❡❝✐✜❝ ❝❡❧❧ ❣r♦✇t❤ r❛t❡ s−1

ν ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ♠2·s−1

ξ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛♥ ✐♥t❡r♥❛❧ s♣❛❝❡ ✲
π P✐ ✲
ρ ❞❡♥s✐t② ❦❣·♠−3

σ s✉r❢❛❝❡ t❡♥s✐♦♥ ◆·♠−1 ✭❦❣·s−2✮
σs s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t ♠−1

τ ♦♣t✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤ ♠
Φ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ✲
φ ♣♦❧❛r ❛♥❣❧❡ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s r❛❞
χ ❝❡❧❧ ♥✉♠❜❡r ❞❡♥s✐t② ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡ ✲
Ψ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✲
ψ ❣❡♥❡r❛❧ s❝❛❧❛r ✜❡❧❞ ✲
Ω ✈♦❧✉♠❡ ♠3

Ω ✭❛s dΩ✮ s♦❧✐❞ ❛♥❣❧❡ sr

∇ ♥❛❜❧❛ ♦♣❡r❛t♦r✱ ∇ =
(

∂
∂x ,

∂
∂y ,

∂
∂z

)

♠−1
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P❤②s✐❝❛❧ ❈♦♥st❛♥ts

❆✐r ❞❡♥s✐t② ρ❛✐r = ✶✳✶✾ ❦❣·♠−3

❆✐r ❞②♥❛♠✐❝ ✈✐s❝♦s✐t② µ❛✐r = 1.80× 10−5 P❛·s
❆✐r ♠♦❧❛r ♠❛ss M❛✐r = 2.90× 10−2 ❦❣·♠♦❧−1

❆✐r✲✇❛t❡r s✉r❢❛❝❡ t❡♥s✐♦♥ σ0 = 7.20× 10−2 ◆·♠−1

❆t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ p❛t♠ = 1.00× 105 P❛
●r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ g = ✾✳✽✵✻✻✺ ♠·s−2

●❛s ❝♦♥st❛♥t R = ✽✳✸✶✹✹✺✾✽ ❏·♠♦❧−1·❑−1

❘♦♦♠ t❡♠♣❡r❛t✉r❡ ❞✉r✐♥❣ ❡①♣❡r✐♠❡♥ts T0 = ✷✾✸ ❑
❲❛t❡r ❞❡♥s✐t② ρ✇❛t❡r = ✾✾✽ ❦❣·♠−3

❲❛t❡r ❞②♥❛♠✐❝ ✈✐s❝♦s✐t② µ✇❛t❡r = 1.00× 10−3 P❛·s
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❆s t❤❡ ✐♥❞✉str✐❛❧✐③❛t✐♦♥ ♣r♦❝❡ss s♣❡❡❞ ✉♣✱ ✇❡ ❞❡♠❛♥❞ ♠♦r❡ ❛♥❞ ♠♦r❡ ❡♥❡r❣② t♦ ❢✉❧✜❧❧
t❤❡ ❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥t✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳✶ ❢r♦♠ t❤❡ r❡♣♦rt ♦❢ P❡tr♦❧❡✉♠ ❬✶❪✳
▼❡❛♥✇❤✐❧❡✱ ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✳ ✶✳✶ t❤❛t t❤❡ ❧❛r❣❡st ❢r❛❝t✐♦♥ ♦❢ ❝♦♥s✉♠❡❞ ❡♥❡r❣② ✐s
st✐❧❧ ❢♦ss✐❧ ❢✉❡❧✱ ❛♥❞ ✐t s❡❡♠s t❤❛t t❤❡ s✐t✉❛t✐♦♥ ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ❜❡ s♦ ❢♦r ❞❡❝❛❞❡s ❬✷❪✳
❍♦✇❡✈❡r✱ ❢♦ss✐❧ ❢✉❡❧ ✐s ❛ ♥♦♥✲r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❞♦❡s ♥♦t r❡♥❡✇
✐ts❡❧❢ ❛t ❛ s✉✣❝✐❡♥t r❛t❡ ❢♦r s✉st❛✐♥❛❜❧❡ ❡❝♦♥♦♠✐❝ ❡①tr❛❝t✐♦♥ ✐♥ ♠❡❛♥✐♥❣❢✉❧ ❤✉♠❛♥
t✐♠❡✲❢r❛♠❡s ❬✸❪✳ ❲♦rs❡ st✐❧❧✱ t❤❡ ❝♦♠❜✉st✐♦♥ ♦❢ ❢♦ss✐❧ ❢✉❡❧ ❡♠✐ts ❡♥♦r♠♦✉s ❛♠♦✉♥ts
♦❢ ❝❛r❜♦♥ ❞✐♦①✐❞❡✱ ❛ ❣r❡❡♥❤♦✉s❡ ❣❛s✱ ✐♥t♦ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❆❜♦✉t ❤❛❧❢ ♦❢ t❤❡ ❡♠✐tt❡❞
❝❛r❜♦♥ ❞✐♦①✐❞❡ r❡♠❛✐♥s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ❣❧♦❜❛❧ ✇❛r♠✐♥❣ ❛♥❞
♦t❤❡r ❝❧✐♠❛t❡ ♣r♦❜❧❡♠s ❬✹❪✳

World consumption
Million tonnes oil equivalent
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World primary energy consumption grew by 1.0% in 2016, well below the 10-year average of 1.8% and the third consecutive year at or below 1%. As was the case in 
2015, growth was below average in all regions except Europe & Eurasia. All fuels except oil and nuclear power grew at below-average rates. Oil provided the largest 
increment to energy consumption at 77 million tonnes of oil equivalent (mtoe), followed by natural gas (57 mtoe) and renewable power (53 mtoe).
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❚♦ ♠✐t✐❣❛t❡ t❤❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✱ ❈❖2 ❝❛♣t✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❢♦ss✐❧ ❢✉❡❧ ♣♦✇❡r
♣❧❛♥ts✱ ❢✉❡❧ ♣r♦❝❡ss✐♥❣ ♣❧❛♥ts ❛♥❞ ♦t❤❡r ✐♥❞✉str✐❛❧ ♣❧❛♥ts✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ♠❛✐♥ s②s✲
t❡♠s ❢♦r ❝❛♣t✉r✐♥❣ ❈❖2✿ ♣♦st✲❝♦♠❜✉st✐♦♥ ❝❛♣t✉r❡✱ ♣r❡✲❝♦♠❜✉st✐♦♥ ❝❛♣t✉r❡ ❛♥❞ ♦①②✲
❢✉❡❧ ❝♦♠❜✉st✐♦♥ ❝❛♣t✉r❡ ❬✺❪✳ ❍❡r❡ ✇❡ ❢♦❝✉s ♠❛✐♥❧② ♦♥ t❤❡ ♣♦st✲❝♦♠❜✉st✐♦♥ ❝❛♣t✉r❡✱



✷ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

✇❤♦s❡ ♣r✐♥❝✐♣❛❧ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ♣❤②s✐❝♦❝❤❡♠✐❝❛❧ ❛❜s♦r❜❡♥ts✱ ❞❡❡♣ ♦❝❡❛♥ st♦r❛❣❡✱ ❣❡✲
♦❧♦❣✐❝❛❧ st♦r❛❣❡ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ✜①❛t✐♦♥ ❬✻❪✳ ❆♠♦♥❣ t❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s✱ ❜✐♦❧♦❣✐❝❛❧ ✜①❛✲
t✐♦♥ ✐s t❤❡ ♦♥❧② s✉st❛✐♥❛❜❧❡ t❡❝❤♥♦❧♦❣②✱ s✐♥❝❡ ✐t ❝❛♥ ✜① ❝❛r❜♦♥ ❛♥❞ ❝♦♥✈❡rt ✐♥t♦ ❜✐♦❢✉❡❧
❛♥❞ ♣r♦❞✉❝ts ❛❣❛✐♥✳ ❚❤❡r❡❢♦r❡✱ ❜✐♦❧♦❣✐❝❛❧ ✜①❛t✐♦♥ ✐♥ ♣r✐♥❝✐♣❧❡ ❝❛♥ ♠✐t✐❣❛t❡ ❡♥❡r❣②
s❤♦rt❛❣❡ ❛♥❞ ❣❧♦❜❛❧ ✇❛r♠✐♥❣ ✐♥ t❤❡ s❛♠❡ t✐♠❡✳

❇♦t❤ t❡rr❡str✐❛❧ ❝r♦♣s ❛♥❞ ♠✐❝r♦❛❧❣❛❡ ❝❛♥ ❛❝❝♦♠♣❧✐s❤ ❜✐♦❧♦❣✐❝❛❧ ✜①❛t✐♦♥✳ ❍♦✇❡✈❡r✱
♠✐❝r♦❛❧❣❛❡ ❝❛♥ ✜① ❈❖2 ✈✐❛ ♣❤♦t♦s②♥t❤❡s✐s ❛t ❤✐❣❤❡r r❛t❡ t❤❛♥ t❡rr❡str✐❛❧ ❝♦r♣s ❝❛♥
❬✻❪✱ t❤✉s ♠✐❝r♦❛❧❣❛❡ ❤❛✈❡ ❤✐❣❤❡r ❜✐♦♠❛ss ②✐❡❧❞s ♣❡r ✉♥✐t ❧❛♥❞ ❛r❡❛❬✼❪✳ ❆❧s♦✱ t❤❡ ❣r♦✇t❤
♦❢ ♠✐❝r♦❛❧❣❛❡ ✐s ♥♦t ❧✐♠✐t❡❞ ❜② t❤❡ s❡❛s♦♥s ❛s t❤❡ t❡rr❡str✐❛❧ ❝r♦♣s✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s
❛ st❛❜❧❡ s✉♣♣❧② ♦❢ ❜✐♦♠❛ss ❢♦r ✐♥❞✉str✐❡s✳ ❇❡s✐❞❡s✱ ♠✐❝r♦❛❧❣❛❡ ❝❛♥ ❜❡ ❝✉❧t✐✈❛t❡❞ ✉♥❞❡r
t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ✉♥s✉✐t❛❜❧❡ ❢♦r t❤❡ t❡rr❡str✐❛❧ ❝r♦♣s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡② ❝❛♥
❣r♦✇ ✐♥ ❜r❛❝❦✐s❤✱ s❛❧✐♥❡ ❛♥❞ ✇❛st❡ ✇❛t❡r ❬✽❪✳ ▼♦r❡ ✐♠♣♦rt❛♥t✱ ♠✐❝r♦❛❧❣❛❡ ❛❧s♦ ❤❛✈❡
❣r❡❛t ❝♦♠♠❡r❝✐❛❧ ✈❛❧✉❡✱ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♥✉tr✐t✐♦♥s✱ ❝♦s♠❡t✐❝s✱ ♣❤❛r♠❛❝❡✉t✐❝❛❧s✱
❜✐♦❞✐❡s❡❧✱ ❡t❝✳ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ❬✾❪ ❬✶✵❪✳

❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ s②st❡♠s t♦ ❝✉❧t✐✈❛t❡ ♠✐❝r♦❛❧❣❛❡✿ ♦♣❡♥ s②st❡♠ ❛♥❞ ❝❧♦s❡❞ s②s✲
t❡♠✳ ❋♦r ❡①❛♠♣❧❡✱ r❛❝❡✇❛② ♣♦♥❞ ✐s ❛ t②♣✐❝❛❧ ♦♣❡♥ s②st❡♠ ❛♥❞ ❝♦❧✉♠♥ ♣❤♦t♦❜✐♦r❡❛❝t♦r
✐s ❛ ❝❧♦s❡❞ s②st❡♠✳ ■♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ s♠❛❧❧ s✐③❡✱ t❤❡ ❡❛s② ♠♦♥✐t♦r✐♥❣ ❛♥❞ ❝♦♥✲
tr♦❧❧❛❜❧❡ ❝♦♥❞✐t✐♦♥s ✐♥❝❧✉❞✐♥❣ ✐❧❧✉♠✐♥❛t✐♦♥✱ ❈❖2 ❝♦♥s✉♠♣t✐♦♥✱ ❡t❝✳✱ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r
✐s ♠♦r❡ ♣r❛❝t✐❝❛❧ ❛♥❞ s✉✐t❛❜❧❡ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝❛r❜♦♥✲✜①❛t✐♦♥ ✐♥ ❛
❧❛❜♦r❛t♦r②✳

❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s t②♣❡s ♦❢ ♣❤♦t♦❜✐♦r❡❛❝t♦rs ✐♥ t❡r♠s ♦❢ ✐❧❧✉♠✐♥❛t✐♦♥✱ ♠✐①✐♥❣ ❛♥❞
s❤❛♣❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❜♦t❤ ✐♥t❡r♥❛❧❧②✲✐❧❧✉♠✐♥❛t❡❞ ❛♥❞ ❡①t❡r♥❛❧❧②✲✐❧❧✉♠✐♥❛t❡❞ ♣❤♦t♦✲
❜✐♦r❡❛❝t♦rs ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❬✶✶❪✳ ❚♦ ♠✐① ❣❛s ❛♥❞ ❧✐q✉✐❞✱ ❜♦t❤ ❣❡♥t❧❡ st✐rr✐♥❣ ❜②
✐♠♣❡❧❧❡r ❛♥❞ ❛✐r✲❧✐❢t ❞❡s✐❣♥ ❛r❡ ❛✈❛✐❧❛❜❧❡ ❬✶✷❪✳ ❆s ❢♦r t❤❡ s❤❛♣❡✱ t✉❜✉❧❛r✱ ✢❛t ♣❛♥❡❧✱
✈❡rt✐❝❛❧ ❝♦❧✉♠♥ ♣❤♦t♦❜✐♦r❡❛❝t♦rs ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ❬✶✸❪✳ ■♥ t❤✐s t❤❡s✐s✱
t❤❡ ♣❤♦t♦❜✐♦r❡❛❝t♦r t❤❛t ✇❡ ✐♥✈❡st✐❣❛t❡ ✐s ❛♥ ❛✐r❧✐❢t ♦♥❡✱ s✐♥❝❡ t❤❡ s❤❡❛r✐♥❣ ♦❢ ❛ st✐rr❡❞
r❡❛❝t♦r ♠❛② ❞❛♠❛❣❡ t❤❡ ♠②❝❡❧✐✉♠ ❬✶✹❪✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s❤❛♣❡ ♦❢ r❡❛❝t♦r ✐s ❛ ❝✉❜♦✐❞
r❛t❤❡r t❤❛♥ ❛ ❝♦❧✉♠♥✱ s✐♥❝❡ ❛ ❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r ♠❛② ❝❛✉s❡ ✐♠❛❣❡ ❞✐st♦rt✐♦♥ ✇❤❡♥ ✇❡
t❛❦❡ ✐♠❛❣❡s ♦❢ ❜✉❜❜❧❡s ❛♥❞ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ✜❡❧❞ ❬✶✺❪✳

❚❤❡ ♣❤❡♥♦♠❡♥❛ ✐♥s✐❞❡ ❛♥ ❛✐r❧✐❢t ♣❤♦t♦❜✐♦r❡❛❝t♦r ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦✲♣❤❛s❡
✢♦✇ ❛♥❞ ❝❡❧❧ ❣r♦✇t❤ ❬✶✻❪✳ ❋✐rst✱ ❛✐r ✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ r❡❛❝t♦r ❛♥❞ ❈❖2 ✐s tr❛♥s❢❡rr❡❞
✐♥t♦ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ❜② t❤❡ ❧✐q✉✐❞ ♠❡❞✐✉♠✳ ▼❡❛♥✇❤✐❧❡✱ ❛✐r ❜✉❜❜❧❡s ❛❧s♦ ♣❧❛② ❛♥ ✐♠✲
♣♦rt❛♥t r♦❧❡ ✐♥ st✐rr✐♥❣ t❤❡ ❧✐q✉✐❞ ❛♥❞ ♠✐①✐♥❣ ❛❧❧ s♦rts ♦❢ ♥✉tr✐❡♥ts✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇✐t❤
t❤❡ ❡①t❡r♥❛❧ ✐❧❧✉♠✐♥❛t✐♦♥✱ t❤❡ ❝❡❧❧s ❝♦♥✈❡rt ✐♥♦r❣❛♥✐❝ ❝❛r❜♦♥ ✐♥t♦ ♦r❣❛♥✐❝ ❝❛r❜♦♥ ❜②
♣❤♦t♦s②♥t❤❡s✐s✳ ❊❛❝❤ st❡♣ ✐♥ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ ✐s ❛ ❝♦♠♣❧✐❝❛t❡❞ ♣❤❡♥♦♠❡♥♦♥✱
❤♦✇❡✈❡r✱ t❤❡ r❡❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r s❤♦✇s ✉♣ ✐♥ t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥
t❤❡ ❜❛s✐❝ ♣❤❡♥♦♠❡♥❛✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠♦t✐♦♥ ♦❢ ❜✉❜❜❧❡s ♦❜✈✐♦✉s❧② ✐♥✢✉❡♥❝❡s t❤❡
♠✐①✐♥❣ ♦❢ ❛ r❡❛❝t♦r✳ ❆❧s♦✱ t❤❡ ❧✐❣❤t ✐♥t❡♥s✐t② ✐s ❛tt❡♥✉❛t❡❞ ✇✐t❤ ❞✐st❛♥❝❡ ❛❝❝♦r❞✐♥❣ t♦
❇❡❡r✲▲❛♠❜❡rt ❧❛✇ ❬✶✼❪✱ ❛❝❝♦r❞✐♥❣❧②✱ t❤❡ ❝❡❧❧ ❣r♦✇t❤ ✇✐❧❧ ❤❛✈❡ ✢✉❝t✉❛t✐♦♥s ✇✐t❤✐♥ t❤❡
s♣❛❝❡ ♦❢ t❤❡ r❡❛❝t♦r ❬✶✽❪✳ ❇❡s✐❞❡s✱ t❤❡ ❝❡❧❧s tr❛✈❡❧ ❛❧♦♥❣ ✇✐t❤ ❧✐q✉✐❞ ✐♥ ❛ r❡❝✐r❝✉❧❛t❡❞
✇❛② ❬✶✾❪✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝❡❧❧s ❣r♦✇ ❢❛st❡r ✇❤❡♥ t❤❡② ❛r❡ ❡♥tr❛✐♥❡❞ t♦✇❛r❞s t❤❡
r❡❛❝t♦r ✇❛❧❧ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

❆t ❧❛❜♦r❛t♦r② s❝❛❧❡✱ t❤❡ ❝❡❧❧ ❣r♦✇t❤ ✐s ❝♦♥s✐❞❡r❡❞ ❤♦♠♦❣❡♥❡♦✉s ❞✉❡ t♦ t❤❡ r❡❝✐r❝✉✲
❧❛t✐♦♥ ✐♥s✐❞❡ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r ❬✷✵❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❧❛❜✲s❝❛❧❡ r❡❛❝t♦r
✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❣❛s✲❧✐q✉✐❞ t✇♦✲♣❤❛s❡ ✢♦✇✱ ♥❛♠❡❧② t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs
❛♥❞ ❤②❞r♦❞②♥❛♠✐❝s✳ ❆❝t✉❛❧❧②✱ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❧❛r❣❡❧② ❞❡t❡r♠✐♥❡ t❤❡ ❤②❞r♦❞②✲
♥❛♠✐❝s✱ s✐♥❝❡ ❜✉❜❜❧❡s ❛r❡ t❤❡ ♠♦♠❡♥t✉♠ s♦✉r❝❡ ♦❢ t❤❡ t✇♦✲♣❤❛s❡ ✢♦✇✳ ▼♦r❡♦✈❡r✱
❜✉❜❜❧❡ s✐③❡ ❛♥❞ ❜✉❜❜❧❡ s❤❛♣❡ ❤❛✈❡ ❝r✉❝✐❛❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❣❛s✲❧✐q✉✐❞ ♠❛ss tr❛♥s❢❡r
r❛t❡s✱ ✇❤✐❝❤ ❞✐r❡❝t❧② ❞❡t❡r♠✐♥❡s t❤❡ ❝❡❧❧ ❣r♦✇t❤ ❬✷✶❪ ❬✷✷❪✳ ❚❤✉s✱ ✉♥❞❡rst❛♥❞✐♥❣ ❜✉❜❜❧❡
❜❡❤❛✈✐♦rs ❜❡❝♦♠❡s t❤❡ ✈❡r② ♥❡❝❡ss❛r② ✜rst st❡♣ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣❤❡♥♦♠❡♥❛ ✐♥s✐❞❡
❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳
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❚❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ s②st❡♠s✱ s♣❡❝✐❛❧❧② t❤❡ ❝❧♦s❡❞ s②s✲
t❡♠s✱ ✐✳❡✳ ♣❤♦t♦❜✐♦r❡❛❝t♦rs✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣❤❡♥♦♠❡♥❛ ✐♥s✐❞❡ ♣❤♦t♦❜✐♦r❡❛❝t♦rs
r❡q✉✐r❡s ❜♦t❤ ♣❤②s✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ❦♥♦✇❧❡❞❣❡✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ❝❤❛♣✲
t❡r✳

✷✳✶ ▼✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ s②st❡♠s

▼✐❝r♦❛❧❣❛❡ ❛r❡ ♣❤♦t♦s②♥t❤❡t✐❝ ♠✐❝r♦♦r❣❛♥✐s♠s t❤❛t ❝❛♥ ❝♦♥✈❡rt ❝❛r❜♦♥ ❞✐♦①✐❞❡ ✐♥t♦
♦r❣❛♥✐❝ ♠❛tt❡r✱ s✉❝❤ ❛s ❝❛r❜♦❤②❞r❛t❡s ❛♥❞ ❧✐♣✐❞s✱ ✇❤✐❝❤ ✐s ❛ ❢❡❡❞st♦❝❦ ❢♦r ❜✐♦❞✐❡s❡❧
❬✷✸❪ ❬✷✹❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❛s✐❝ ❝♦♥❞✐t✐♦♥s t♦ ❝✉❧t✐✈❛t❡ ♠✐❝r♦❛❧❣❛❡
❛r❡ ❧✐❣❤t✱ ✇❛t❡r✱ ❈❖2✱ ❛♥❞ ♦t❤❡r tr❛❝❡ ❡❧❡♠❡♥ts ❬✷✺❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ ❜② t✇♦
❦✐♥❞s ♦❢ s②st❡♠s✱ ♦♣❡♥ s②st❡♠s✱ s✉❝❤ ❛s r❛❝❡✇❛② ♣♦♥❞s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷ ❛♥❞
❝❧♦s❡❞ s②st❡♠s✱ s✉❝❤ ❛s ♣❤♦t♦❜✐♦r❡❛❝t♦rs ✭P❇❘✮✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✸✳

❋✐❣✉r❡ ✷✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ ▼✐❝r♦❛❧❣❛❡ ♣r♦❝❡ss ❢r♦♠ ❬✷✻❪✳

❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ♦♣❡♥ s②st❡♠s ❛r❡ ❧♦✇❡r ❝♦sts✱ ❡❛s✐❡r ❝♦♥str✉❝t✐♦♥ ❛♥❞ s✐♠♣❧❡r
♠❛✐♥t❡♥❛♥❝❡✱ t❤✉s ♦♣❡♥ s②st❡♠s ❛r❡ ✇✐❞❡❧② ❛♣♣❧✐❡❞ ✐♥ ❧❛r❣❡✲s❝❛❧❡ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝✲
t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦♣❡♥ s②st❡♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♥t❛♠✐♥❛t❡❞ ❜② ❡①t❡r♥❛❧ ❜❛❝t❡r✐❛✱ ❢✉r✲
t❤❡r♠♦r❡✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧s♦ ❞✐✣❝✉❧t t♦ ❜❡ ❦❡♣t ❝♦♥st❛♥t ❬✸✶❪✳
■♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡s❡ s❤♦rt❝♦♠✐♥❣s✱ ❝❧♦s❡❞ s②st❡♠s ✇❡r❡ ❞❡s✐❣♥❡❞ t♦ ♣r♦✈✐❞❡ ❛
♠♦r❡ ❝❧♦s❡❞ s♣❛❝❡ ❛♥❞ ❜❡tt❡r ❝♦♥tr♦❧ ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ❢❛❝t♦rs✳ ❚❤❡s❡ t✇♦ s②st❡♠s ❛r❡
❝♦♠♣❛r❡❞ ✐♥ t❛❜❧❡ ✷✳✶ ❬✸✷❪ ❬✸✸❪ ❬✸✹❪✳
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sludge for this study taken from the treatment center at 
Kheir Abad Industrial Zone, Arak, and the concentrated 
slat solutions were added to the column as required. The 
pH of the concentrate during the experiments was constant 
at 6.5 and the air flow rate was 0.5 L/min. Samples were 
taken at the intervals of 24 h, even though a sample was 
taken right after 10 min to investigate the possible scavenger 
role of the bacteria, and were subsequently centrifuged at 
40 000 r/min for 12 min. Then, residual concentration of each 
metal in the solution was analyzed by using a Shimadzu AA-
680 Flame Emission Atomic Absorption Spectrophotometer.

Sparger

Exit valve

Control valve

Flow meter

Figure 1. Schematic diagram of the bubble column reactor.
   To make sure the result of metal removals using the 
combination of four bacteria, the process was re-executed 
with even a higher concentrated-effluent. This extra 
concentration was achieved using the salt of the two 
metals. Also, to investigate the kinetic process, it was 
necessary to gain more points of concentration with time 
therefore two samples were taken in every 24 h instead.

3. Results

3.1. Effect of contact time

   Figure 2 shows the removal percentage within the 96 h 
of the experiment. The 96-h cycle is much higher than the 
cycles usually applied to the biosorption processes. 
   As it can be illustrated in Figure 2, though with longer 
residence time, the majority of removal has occurred in 
the first 24 h at the beginning (33% for nickel and 88% for 
zinc) and practically very much less on the rest of the day 

(22% for nickel and 8% for zinc). This suggests that the 
bonding of the metal ions to active sites occurs effectively 
on the solid surface, with no specific ion diffusion into 
particle[7,8]. 

Figure 2. The effect of contact time on the removal percentage.
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   The influence of contact time on the biosorption capacity 
for different metal ions is shown in Figure 3. Removal 
efficiency of nickel increases from 29.43% to 54.65% as the 
contact time increases from 10 min to 96 h. This efficiency 
for zinc increases from 54.92% to 88.66% as the contact time 
increases from 10 min to 24 h. Maximum removals were 
attained within the first 7 h of mixing. Equilibrium time 
was set to be 27 h for zinc and 96 h for nickel.

Figure 3. The influence of contact time on the biosorption capacity for 
different metal ions.
qt: The amount of metal adsorbed at the time of t; qe: The amount of metal 
adsorbed in equilibrium.
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3.2. The effect of aeration

   To demonstrate the importance of turbulence and 

✭❜✮ ✭❝✮

❋✐❣✉r❡ ✷✳✸✿ ❆ s❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♣❤♦t♦❜✐♦r❡❛❝✲
t♦r✿ ✭❛✮ st✐rr❡❞ t❛♥❦ ❬✷✽❪✱ ✭❜✮ ❛✐r❧✐❢t ❬✷✾❪✱ ✭❝✮ ❜✉❜❜❧❡ ❝♦❧✉♠♥ ❬✸✵❪✳
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❚❛❜❧❡ ✷✳✶✿ ❆ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦♣❡♥ ❛♥❞ ❝❧♦s❡❞ ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✲
✈❛t✐♦♥ s②st❡♠s✱ ❜❛s❡❞ ♦♥ ❬✸✷❪ ❬✸✸❪ ❬✸✹❪✳

P❛r❛♠❡t❡rs ❖♣❡♥ s②st❡♠s ❈❧♦s❡❞ s②st❡♠s

❈♦sts ❘❡❧❛t✐✈❡❧② ❝❤❡❛♣ ❊①♣❡♥s✐✈❡

❈♦♥str✉❝t✐♦♥ ❘❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❙♦♣❤✐st✐❝❛t❡❞

▼❛✐♥t❡♥❛♥❝❡ ❊❛s② ❉✐✣❝✉❧t

❖❝❝✉♣✐❡❞ ❛r❡❛ ▲❛r❣❡ ❘❡❧❛t✐✈❡❧② s♠❛❧❧

❈♦♥t❛♠✐♥❛t✐♦♥ r✐s❦ ❍✐❣❤ ▲♦✇

◆❛t✉r❛❧ ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞❡♥❝❡
✭✇❡❛t❤❡r✱ s❡❛s♦♥✱ s✉♥❧✐❣❤t✱ ❡t❝✳✮

❆❜s♦❧✉t❡ ■♥s✐❣♥✐✜❝❛♥t

▼✐①✐♥❣ P♦♦r ●♦♦❞

❇✐♦♠❛ss ♣r♦❞✉❝t✐✈✐t② ▲♦✇ ❍✐❣❤

❈✉❧t✐✈❛t❛❜❧❡ s♣❡❝✐❡s ▲✐♠✐t❡❞ ◆❡❛r❧② ❛❧❧

❊♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ❝♦♥tr♦❧
✭t❡♠♣❡r❛t✉r❡✱ ♣❍✱ ✐❧❧✉♠✐♥❛t✐♦♥✱ ❡t❝✳✮

❉✐✣❝✉❧t P♦ss✐❜❧❡
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✷✳✷ P❤♦t♦❜✐♦r❡❛❝t♦rs

❇❡t✇❡❡♥ t❤❡ t✇♦ s♦rts ♦❢ s②st❡♠s✱ ❝❧♦s❡❞ s②st❡♠s✱ ♥❛♠❡❧② P❇❘s ❛r❡ ♠♦r❡ ❛❞♦♣t❡❞ ❢♦r
❧❛❜✲✉s❡ ✐♥ ✈✐❡✇ ♦❢ t❤❡✐r ❛❝❝✉r❛t❡ ❝♦♥tr♦❧ ♦❢ ♣❛r❛♠❡t❡rs✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ ❛❧s♦ ✈❛r✐♦✉s
❞❡s✐❣♥s ♦❢ P❇❘s✱ t❤❡ ♠❛✐♥ t②♣❡s ❛r❡ ❤♦r✐③♦♥t❛❧ t✉❜✉❧❛r✱ ✈❡rt✐❝❛❧ ❝♦❧✉♠♥ ✭✐♥❝❧✉❞✐♥❣
❜✉❜❜❧❡ ❝♦❧✉♠♥ ❛♥❞ ❛✐r❧✐❢t✮✱ ✢❛t✲♣❧❛t❡✱ ❛♥❞ st✐rr❡❞ t❛♥❦✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✹✱ t❤❡② ❛r❡
❝♦♠♣❛r❡❞ ✐♥ t❛❜❧❡ ✷✳✷ ❬✸✶❪ ❬✸✺❪ ❬✸✻❪ ❬✸✼❪✳

❋✐❣✉r❡ ✷✳✹✿ ❱❛r✐♦✉s t②♣❡s ♦❢ ♣❤♦t♦❜✐♦r❡❛❝t♦rs✿ ✭❛✮ ❜✉❜❜❧❡ ❝♦❧✉♠♥✱
✭❜✮ ❛✐r❧✐❢t✱ ✭❝✮ ❤♦r✐③♦♥t❛❧ t✉❜✉❧❛r✱ ✭❞✮ ✢❛t✲♣❧❛t❡✱ ✭❡✮ st✐rr❡❞ t❛♥❦✱ ✐❧❧✉s✲

tr❛t✐♦♥ ❢r♦♠ ❬✸✽❪✳
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❘❡❛❝t♦r t②♣❡ ❆❞✈❛♥t❛❣❡s ❉✐s❛❞✈❛♥t❛❣❡s

❚✉❜✉❧❛r

• ❘❡❧❛t✐✈❡❧② ❝❤❡❛♣
• ❍✐❣❤ s✉r❢❛❝❡ t♦ ✈♦❧✉♠❡ r❛t✐♦
• ▲♦✇ ❤②❞r♦❞②♥❛♠✐❝ str❡ss
• ❍✐❣❤ ❜✐♦♠❛ss ♣r♦❞✉❝t✐✈✐t②
• ❙✉✐t❛❜❧❡ ❢♦r ♦✉t❞♦♦r ❝✉❧t✐✈❛t✐♦♥

• ❋♦✉❧✐♥❣
• ▲❛r❣❡ ❧❛♥❞ s♣❛❝❡ r❡q✉✐r❡❞
• ❆❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❞✐ss♦❧✈❡❞ ♦①②❣❡♥
• P❤♦t♦✐♥❤✐❜✐t✐♦♥ r✐s❦
• P♦♦r ♠❛ss tr❛♥s❢❡r

❱❡rt✐❝❛❧ ❝♦❧✉♠♥

• ❍✐❣❤ ♠❛ss tr❛♥s❢❡r
• ●♦♦❞ ♠✐①✐♥❣
• ▲♦✇ s❤❡❛r str❡ss
• ▲♦✇ ♣❤♦t♦✐♥❤✐❜✐t✐♦♥

• ❙♠❛❧❧ ✐❧❧✉♠✐♥❛t✐♦♥ ❛r❡❛
• ❊①♣❡♥s✐✈❡ ❝♦♥str✉❝t✐♦♥ ♠❛t❡r✐❛❧s
• ▲✐♠✐t❡❞ s❝❛❧❡ ✉♣

❋❧❛t✲♣❧❛t❡

• ❍✐❣❤ s✉r❢❛❝❡ t♦ ✈♦❧✉♠❡ r❛t✐♦
• ❙♠❛❧❧ ❧❛♥❞ s♣❛❝❡ r❡q✉✐r❡❞
• ●♦♦❞ ❧✐❣❤t ♣❛t❤
• ▲♦✇ ♦①②❣❡♥ ❛❝❝✉♠✉❧❛t✐♦♥

• ❋♦✉❧✐♥❣
• ❍✐❣❤ ❤②❞r♦❞②♥❛♠✐❝ str❡ss
• P♦♦r t❡♠♣❡r❛t✉r❡ r❡❣✉❧❛t✐♦♥

❙t✐rr❡❞ t❛♥❦
• ❍✐❣❤ ♠❛ss tr❛♥s❢❡r
• ❙✐♠♣❧❡ ❞❡s✐❣♥
• ▼♦❞❡r❛t❡ ❜✐♦♠❛ss ♣r♦❞✉❝t✐✈✐t②

• ❉✐✣❝✉❧t t♦ s❝❛❧❡ ✉♣
• ❙♠❛❧❧ ✐❧❧✉♠✐♥❛t✐♦♥ ❛r❡❛
• ❍✐❣❤ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥



✷✳✸✳ ●❛s✲❧✐q✉✐❞ ✢♦✇ ✼

✷✳✸ ●❛s✲❧✐q✉✐❞ ✢♦✇

●❛s✲❧✐q✉✐❞ ✢♦✇ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ ✐♥s✐❞❡ ❛ P❇❘✱ s✐♥❝❡ ✐t
✐s t❤❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇ t❤❛t ♣r♦✈✐❞❡s ♥❡❛r❧② ❛❧❧ t❤❡ ❡ss❡♥t✐❛❧ ♥✉tr✐❡♥ts ❛♥❞ ♠♦✈❡♠❡♥ts ❢♦r
❝❡❧❧ ❣r♦✇t❤✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❛❧❣❛❧ ❝❡❧❧s ♠♦✈❡ ✇✐t❤ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❬✸✾❪✱ ❝♦♥s❡q✉❡♥t❧②✱
t❤❡② ♠❛② ❜❡ ❜r♦✉❣❤t ❝❧♦s❡r ♦r ❢✉rt❤❡r t♦ t❤❡ ❧✐❣❤t s♦✉r❝❡ ❜② t❤❡ ❧✐q✉✐❞ ♣❤❛s❡✳ ❍♦✇❡✈❡r✱
t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝❡❧❧s ❛♥❞ ❧✐❣❤t s♦✉r❝❡ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝❡❧❧
❣r♦✇t❤ ❞✉❡ t♦ ❧✐❣❤t ❛tt❡♥✉❛t✐♦♥ ♦✈❡r ❞✐st❛♥❝❡ ❬✹✵❪ ❬✹✶❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✢♦✇ ♣❛tt❡r♥ ♦❢
t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ str♦♥❣❧② ❞❡t❡r♠✐♥❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛ P❇❘✳

■♥ ❢❛❝t✱ t❤❡ ✢♦✇ ♣❛tt❡r♥s✱ ♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ♦❢ ❜♦t❤ ♣❤❛s❡s ❛r❡ st✐❧❧ ❞❡s❝r✐❜❡❞
❜② t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❬✹✷❪ ❬✹✸❪✳ ❇❡s✐❞❡s✱ t❤❡ t✇♦ ♣❤❛s❡s ❛r❡ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞
❛s ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ❛♥❞ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ✐s

∂~u

∂t
+ (~u · ∇)~u = −1

ρ
∇p+ ν∇2~u+ ~g + ~f❡①t, ✭✷✳✶✮

✇❤❡r❡ p ✐s t❤❡ ♣r❡ss✉r❡✱ ν ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✱ ~g ❞❡♥♦t❡s ❣r❛✈✐t② ❛♥❞ ~f❡①t r❡♣r❡✲
s❡♥ts ♦t❤❡r ❡①t❡r♥❛❧ ❢♦r❝❡s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ♦♥ t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✳
❊q✉❛t✐♦♥ ✭✷✳✶✮ ✐s ❛ s❡t ♦❢ ♥♦♥✲❧✐♥❡❛r P❉❊s ✭P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✮✱ ✐t ❤❛s ♥♦
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ ❈❋❉ ✭❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✲
✐❝s✮ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ t♦♦❧s✱ s✉❝❤ ❛s P■❱ ✭P❛rt✐❝❧❡ ■♠❛❣❡ ❱❡❧♦❝✐♠❡tr②✮✱
s❤❛❞♦✇❣r❛♣❤②✱ ❡❝t✳ ❛r❡ ♦❢t❡♥ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✢♦✇ ♣❛tt❡r♥s✳

❈❋❉ s✐♠✉❧❛t✐♦♥s ♦❢ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ❛♣♣❧✐❡❞ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♦❢ P❇❘ ❞❡s✐❣♥s ✐♥ r❡❝❡♥t ②❡❛rs✱ t❤❛♥❦s t♦ t❤❡ r❛♣✐❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♠♣✉t❡rs ❬✹✹❪✳
❚❤❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s t♦ s✐♠✉❧❛t❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ✐♥❝❧✉❞❡ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥ ✭❊✲
❊✮✱ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ ✭❊✲▲✮ ❛♥❞ ❱♦❧✉♠❡ ♦❢ ❋❧✉✐❞ ✭❱❖❋✮✳ ❚❤❡ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
❛♣♣r♦❛❝❤ tr❡❛ts ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s♣❡rs❡❞ ♣❤❛s❡s ❛s ✐♥t❡r✲♣❡♥❡tr❛t✐♥❣ ❝♦♥t✐♥✉✉♠
❬✹✺❪✱ t❤✉s t❤❡ ❜✉❜❜❧❡s ❝❛♥ ♥♦t ❜❡ ✇❡❧❧ r❡♣r❡s❡♥t❡❞ ❜② t❤✐s ♠❡t❤♦❞✳ ❚❤❡ ❊✉❧❡r✐❛♥✲
▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ tr❡❛ts t❤❡ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ❛s s♣❤❡r✐❝❛❧ ♣❛rt✐❝❧❡s✱ t❤❡r❡❢♦r❡ t❤❡
❜✉❜❜❧❡s ❝❛♥ ❜❡ tr❛❝❦❡❞✳ ❱❖❋ ♠❡t❤♦❞ ✐s ❛ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ t❤❛t ❝❛♥ tr❛❝❦ t✇♦✲✢✉✐❞
✐♥t❡r❢❛❝❡✱ t❤✉s t❤❡ ❜✉❜❜❧❡s ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ❜② t❤✐s ♠❡t❤♦❞✳

❆♠♦♥❣ t❤❡s❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s✱ t❤❡r❡ ✐s ♥♦t ❛♥ ❛❜s♦❧✉t❡❧② ❜❡st ♦♥❡✱ ❛ ❜❡tt❡r ♠♦❞❡❧
✐s t❤❡ ♦♥❡ t❤❛t ❝❛♥ ❢✉❧✜❧❧ t❤❡ r❡s❡❛r❝❤ ♣✉r♣♦s❡ ✇✐t❤ ❧❡❛st ❝♦st✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❇❡❝❦❡r
❡t ❛❧✳ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ ❧✐q✉✐❞ ♣❤❛s❡ ✐♥ ❛ r❡❝t❛♥❣✉❧❛r ❜✉❜❜❧❡ ❝♦❧✉♠♥
❜② s✐♠♣❧❡ ✷❉ ❊✲❊ s✐♠✉❧❛t✐♦♥✱ ✇❤♦s❡ r❡s✉❧ts ✇❡r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts ❬✹✻❪✳
P✢❡❣❡r ❡t ❛❧✳ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✸❉ ❛♥❞ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ✐♥ ❊✲❊ s✐♠✲
✉❧❛t✐♦♥s✱ ❛♥❞ t❤❡② ❢♦✉♥❞ t❤❛t ❛ ✸❉✱ t✉r❜✉❧❡♥t ❊✲❊ ♠♦❞❡❧ ❛❣r❡❡❞ ❜❡tt❡r ✇✐t❤ t❤❡
❡①♣❡r✐♠❡♥ts ❬✹✼❪✳ ❘❛♠♣✉r❡ ❡t ❛❧✳ ❛❞♦♣t❡❞ t❤❡ ❊✲❊ ♠♦❞❡❧ t♦ ♦❜t❛✐♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
❛♥❞ ❣❛s ❤♦❧❞✲✉♣ ❛t ❤✐❣❤ ❣❛s ✈❡❧♦❝✐t② ❬✹✽❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✺✱ ♥❛t✉r❛❧❧②✱ ♠♦r❡ s♦✲
♣❤✐st✐❝❛t❡❞ ✐♥✢✉❡♥❝❡ ❢r♦♠ ❜✉❜❜❧❡s ✇❛s ♦♠✐tt❡❞ ✐♥ t❤✐s r❡s❡❛r❝❤✳ ❉❡❡♥ ❡t ❛❧✳ ❛♣♣❧✐❡❞
❧❛r❣❡ ❡❞❞② s✐♠✉❧❛t✐♦♥ t♦ ❛ ✸❉ ❊✲❊ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝❛♣t✉r❡❞ ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❡ ❜✉❜❜❧❡
♣❧✉♠❡ ♠♦✈❡♠❡♥t✳ ❇✉✇❛ ❡t ❛❧✳ ❛♣♣❧✐❡❞ s✐♥❣❧❡✴♠✉❧t✐✲❣r♦✉♣ ♠♦❞❡❧ t♦ ✸❉ ❊✲❊ s✐♠✉❧❛✲
t✐♦♥s ✐♥ ♦r❞❡r t♦ r❡♣r❡s❡♥t ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥ ❬✺✵❪✳ ❙❛♥②❛❧ ❡t ❛❧✳ ❝♦✉♣❧❡❞ t❤❡ ❊✲❊ ♠♦❞❡❧
✇✐t❤ P♦♣✉❧❛t✐♦♥ ❇❛❧❛♥❝❡ ▼♦❞❡❧ ✭P❇▼✮ ✐♥ ♦r❞❡r t♦ ♠♦❞❡❧ t❤❡ s✐❣♥✐✜❝❛♥t ✈❛r✐❛t✐♦♥s ✐♥
❜✉❜❜❧❡ s✐③❡ ❞✐str✐❜✉t✐♦♥ ❞✉❡ t♦ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ❛♥❞ ❜r❡❛❦✉♣✱ ❛♥❞ t❤❡ P❇▼ ✇❡r❡
s♦❧✈❡❞ ❜② ❈❧❛ss❡s ▼❡t❤♦❞ ✭❈▼✮ ❛♥❞ ◗✉❛❞r❛t✉r❡ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ✭◗▼❖▼✮ ❬✺✶❪✳
❇❛♥♥❛r✐ ❡t ❛❧✳ ❛❧s♦ ❝♦✉♣❧❡❞ ❊✲❊ ♠♦❞❡❧ ✇✐t❤ P❇▼✱ ❜✉t t❤❡② ❝❛rr✐❡❞ ♦✉t t❤✐s ❝♦✉♣❧✐♥❣
✐♥ ❛♥ ♦♣❡♥ s♦✉r❝❡ ♣❧❛t❢♦r♠✿ ❖♣❡♥❋❖❆▼ ❬✺✷❪✳ ❙❛r❦❛r ❡t ❛❧✳ st✉❞✐❡❞ ♠✐①✐♥❣ ✐♥ ❛ st✐rr❡❞
❜✐♦r❡❛❝t♦r ❜② ❊✲❊ ♠♦❞❡❧ ❝♦✉♣❧❡❞ ✇✐t❤ P❇▼ ❬✺✸❪✳ ▼♦r❝❤❛✐♥ ❡t ❛❧✳ ❝♦✉♣❧❡❞ ✸❉ ❊✲❊
♠♦❞❡❧ ✇✐t❤ ♣♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡ ♠♦❞❡❧ ♦❢ ♠✐❝r♦❛❧❣❛❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✐♥✈❡st✐❣❛t✐♥❣ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦♥ ❝❡❧❧ ❣r♦✇t❤ ❬✺✹❪✳ ●r❛❞♦✈ ❡t ❛❧✳ ❝♦✉♣❧❡❞ ♠❛ss



✽ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

tr❛♥s❢❡r ✇✐t❤ ✸❉ ❊✲❊ ♠♦❞❡❧ ✐♥ ❆◆❙❨❙ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡ ❝❡❧❧ ❝✉❧t✐✈❛t✐♦♥ ✐♥ ❛
✐♥❞✉str✐❛❧✲s❝❛❧❡ ❜✐♦r❡❛❝t♦r ❬✺✺❪✳ ❘❛❤✐♠✐ ❡t ❛❧✳ ❛❧s♦ ❛❞❞❡❞ ♠❛ss tr❛♥s❢❡r ✐♥t♦ ✸❉ ❊✲❊
♠♦❞❡❧✱ ❜✉t ✐t ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ♦♣❡♥ s♦✉r❝❡ ❖♣❡♥❋❖❆▼ ❬✺✻❪✳ ❙❛✐♥✐ ❡t ❛❧✳ ❛❞❞❡❞ r❛✲
❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥t♦ ✸❉ ❊✲❊ ♠♦❞❡❧ ❬✺✼❪✳ ❆❦❤t❛r ❡t ❛❧✳ ❛♣♣❧✐❡❞ ❱❖❋ ♠❡t❤♦❞ t♦ st✉❞②
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✉♣❡r✜❝✐❛❧ ❣❛s ✈❡❧♦❝✐t② ♦♥ ❣❛s ❤♦❧❞✲✉♣ ✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ ❜✉❜❜❧❡ ❝♦❧✉♠♥
❬✺✽❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✻✱ ②❡t t❤❡ ❜✉❜❜❧❡s ✇❛s ♥♦t ✇❡❧❧ r❡s♦❧✈❡❞ ❜② t❤❡ ❝♦♠♣✉t❡r ♦❢
t❤❛t t✐♠❡✳ ❇❡s❜❡s ❡t ❛❧✳ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❞✐s♣❡rs❡❞ ❜✉❜❜❧❡s ❬✹✺❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✼✱ t❤❡r❡❢♦r❡ ❊✲▲ ♠♦❞❡❧ ✇❛s ❛❞♦♣t❡❞
✐♥ t❤❡✐r r❡s❡❛r❝❤✱ ②❡t ✇✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜✉❜❜❧❡ ❜r❡❛❦✉♣✱ ❝♦❛❧❡s❝❡♥❝❡ ❛♥❞
❞❡❢♦r♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❞❞ ❛ ❜r❡❛❦✉♣✱ ❝♦❛❧❡s❝❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥
❦❡r♥❡❧ t♦ t❤✐s ♠♦❞❡❧✱ ✐♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ t❤♦s❡ ♣❤❡♥♦♠❡♥❛✳ ❊✲▲ ♠♦❞❡❧ ✇❛s ❛❧s♦ ❛♣✲
♣❧✐❡❞ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜✉❜❜❧❡ s✇❛r♠ ✐♥ ❛ ❜✉❜❜❧❡ ❝♦❧✉♠♥ ❬✺✾❪✱ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✷✳✽✳ ❚❛❜❧❡ ✷✳✸ s✉♠♠❛r✐③❡s s♦♠❡ r❡♣r❡s❡♥t❛t✐✈❡ st✉❞✐❡s t❤❛t ❛♣♣❧✐❡s t❤❡ ❞✐✛❡r❡♥t
♠✉❧t✐♣❤❛s❡ ♠♦❞❡❧s✱ ❛♥❞ ❛♥ ❡①t❡♥❞❡❞ t❛❜❧❡ ✐♥❝❧✉❞✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳

▼❡❛♥✇❤✐❧❡✱ t❤❡ r❡s❡❛r❝❤❡rs ❛❧s♦ ❞❡✈❡❧♦♣❡❞ s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s t♦ ♠❡❛✲
s✉r❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇✳ ❋✐rst ♦❢ ❛❧❧✱ t♦ ♦❜t❛✐♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t t❤❡ ❣❛s ♣❤❛s❡✱ ✐✳❡✳
❜✉❜❜❧❡s✱ ❛ s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡ ✐s ♦❢t❡♥ ❛♣♣❧✐❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ❜✉❜❜❧❡s ❜② ❤✐❣❤
s♣❡❡❞ ❝❛♠❡r❛ ❬✻✵❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✾✳ ❆❧t❤♦✉❣❤ ✐t ✐s ❞✐✣❝✉❧t t♦ ♠❡❛s✉r❡ t❤❡ ♣❤②s✐❝❛❧
q✉❛♥t✐t✐❡s ✐♥s✐❞❡ ❛ ❜✉❜❜❧❡✱ ❛ ♥♦♥✲✐♥✈❛s✐✈❡ ✐♥❢r❛✲r❡❞ t❡❝❤♥✐q✉❡ ✇❛s ❞❡✈❡❧♦♣❡❞ r❡❝❡♥t❧②
t♦ ♠❡❛s✉r❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥s✐❞❡ ❛ ❜✉❜❜❧❡ ❬✻✶❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✷✳✶✵✳ ❙❡❝♦♥❞✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ✐s ♦❢t❡♥ ♠❡❛s✉r❡❞ ❜② ▲❉❆ ✭▲❛s❡r
❉♦♣♣❧❡r ❆♥❡♠♦♠❡tr②✮ ♦r P■❱ t❡❝❤♥✐q✉❡✳ ▲❉❆ ✐s ❛ ♣♦✐♥t ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡✱ ②❡t
▲❉❆ ❤❛s ✈❡r② ❤✐❣❤ t❡♠♣♦r❛❧ r❡s♦❧✉t✐♦♥ ❬✻✷❪✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ P■❱ ❛❧❧♦✇s ❛ ❢✉❧❧✲✜❡❧❞
♠❡❛s✉r❡♠❡♥t✱ ❜✉t t❤❡ t❡♠♣♦r❛❧ r❡s♦❧✉t✐♦♥ ✐s ♦❢t❡♥ ❧✐♠✐t❡❞ ❜② ❧❛s❡r r❡♣❡t✐t✐♦♥ r❛t❡ ❛♥❞
❝❛♠❡r❛ ❢r❛♠✐♥❣ r❛t❡ ❬✻✸❪✳ ❇❡s✐❞❡s✱ ✐♥ s♦♠❡ st✉❞✐❡s✱ ❝♦♥❞✉❝t✐✈✐t② ♣r♦❜❡s ❛r❡ ✉s❡❞ t♦
♠❡❛s✉r❡ t❤❡ ❣❛s ❤♦❧❞✲✉♣✱ ❜✉❜❜❧❡ ✈❡❧♦❝✐t②✱ ❡t❝✳ ❬✹✽❪✱ t❤❡ ♠❡❛s✉r✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s t❤❛t
t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t✐✈✐t② ✈❛r✐❡s ✇✐t❤ ❣❛s ❤♦❧❞✲✉♣ ❬✻✹❪✳

❇♦t❤ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡❞ t❤❛t ❣❛s✲❧✐q✉✐❞ ✢♦✇ ❤❛s s❡✈❡r❛❧
✢♦✇ ♣❛tt❡r♥s✱ ❢♦r ❡①❛♠♣❧❡ ❜✉❜❜❧② ✢♦✇✱ ❛♥♥✉❧❛r ✢♦✇✱ s❧✉❣ ✢♦✇✱ ❡t❝✳ ❬✻✺❪✱ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✷✳✶✶✭❛✮✱ ❛♥❞ t❤❡ ✢♦✇ ♣❛tt❡r♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✢✉✐❞ ♣r♦♣❡rt✐❡s✱ t❤❡ ♣✐♣❡ s✐③❡✱ t❤❡
✢♦✇ r❛t❡s✱ ❡t❝✳ ❬✻✻❪✳ ❋✉rt❤❡r♠♦r❡✱ s❡✈❡r❛❧ ✢♦✇✲♣❛tt❡r♥ ♠❛♣s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞
❬✻✼❪ ❬✻✽❪ ❬✻✾❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✶✭❜✮✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❣❛s✲❧✐q✉✐❞
✢♦✇ ✐♥ ♠♦st ♦❢ P❇❘s ✐s ♦❢t❡♥ ❛ ❜✉❜❜❧② ✢♦✇ ❬✼✵❪ ❬✼✶❪ ❬✼✷❪✳

❚❛❜❧❡ ✷✳✸✿ ❱❛r✐♦✉s st✉❞✐❡s t❤❛t ❛♣♣❧✐❡s ❞✐✛❡r❡♥t ♠✉❧t✐♣❤❛s❡ ♠♦❞❡❧s
t♦ ✐♥✈❡st✐❣❛t❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ✐♥ ❛ r❡❛❝t♦r✳

❘❡❢✳ ❖❜❥❡❝t✐✈❡ ▼✉❧t✐♣❤❛s❡ ♠♦❞❡❧ ▼❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❙tr❡♥❣t❤ & ▲✐♠✐t❛t✐♦♥

❬✹✻❪
✭✶✾✾✹✮

❚♦ st✉❞② t❤❡ ❣❛s✲
❧✐q✉✐❞ ✢♦✇ ✐♥ ❛ r❡❝t✲
❛♥❣✉❧❛r ❜✉❜❜❧❡ ❝♦❧✲
✉♠♥ ❜② ❜♦t❤ s✐♠✲
✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐✲
♠❡♥ts✳ ❊①♣❡r✐♠❡♥t❛❧
st✉❞② ❢♦r t❤❡ ✐♥✢✉✲
❡♥❝❡ ♦❢ t❤❡ t②♣❡ ❛♥❞
❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❣❛s
s♣❛r❣❡r ♦♥ t❤❡ ❤②❞r♦✲
❞②♥❛♠✐❝s✳

✷❉✱❊✉❧❡r✐❛♥✲
❊✉❧❡r✐❛♥✱❧❛♠✐♥❛r

❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ✜❡❧❞ ✭✈♦rt✐❝❡s✮
❛❣r❡❡❞ ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ♦♥❡ q✉❛❧✐t❛t✐✈❡❧②
❢♦r ♥♦♥✲❝♦❛❧❡s❝✐♥❣ ❜✉❜❜❧② ✢♦✇ r❡❣✐♠❡

❙tr❡♥❣t❤✿ ✈❡❧♦❝✐t② ✜❡❧❞
✇❛s ✐♥✈❡st✐❣❛t❡❞ ❜② ❜♦t❤
❡①♣❡r✐♠❡♥ts ❛♥❞ s✐♠✉❧❛✲
t✐♦♥✳ ▲✐♠✐t❛t✐♦♥✿ t❤❡
❜✉❜❜❧❡s ✇❡r❡ ♥♦t ❝❛♣✲
t✉r❡❞✳

❬✹✼❪
✭✶✾✾✾✮

❚♦ ♦❜t❛✐♥ t❤❡ ❦♥♦✇❧✲
❡❞❣❡ ♦❢ t❤❡ ❤②❞r♦✲
❞②♥❛♠✐❝s ✐♥ ❝❤❡♠✐❝❛❧
r❡❛❝t♦rs ❛♥❞ ✜♥❛❧❧②
t♦ ✐♠♣r♦✈❡ t❤❡ ❡✣✲
❝✐❡♥❝② ♦❢ t❤❡ r❡❛❝t♦r✳

✷❉ ✈s ✸❉✱ ❊✉❧❡r✐❛♥✲
❊✉❧❡r✐❛♥✱ ❧❛♠✐♥❛r ✈s
k − ǫ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
s♦❢t✇❛r❡✿ ❈❋❳✹✳✷✳

✷❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♥♦t ❛❜❧❡ t♦ s❤♦✇ t❤❡
♣❡r✐♦❞✐❝ ❜✉❜❜❧❡ ❤♦s❡ ♠♦✈❡♠❡♥t ♦❜s❡r✈❡❞ ✐♥
r❡❛❧✐t② ❞✉❡ t♦ ❛♥ ♦✈❡r✲♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ t✉r✲
❜✉❧❡♥t ❡♥❡r❣② ✐♥ t❤❡ ✢✉✐❞✳ ▲❛♠✐♥❛r s✐♠✉❧❛✲
t✐♦♥s ❞✐❞ ♥♦t r❡♣r♦❞✉❝❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡
t❡st ❝❛s❡✱ ❛ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ❤❛❞ t♦ ❜❡ ❝♦♥✲
s✐❞❡r❡❞✳ ❚❤❡ t✉r❜✉❧❡♥❝❡ ❞❛♠♣❡♥❡❞ t❤❡ ❞②✲
♥❛♠✐❝ ♦❢ t❤❡ ❜✉❜❜❧❡✳ ✸❉ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛
s✉✣❝✐❡♥t ✜♥❡ r❡s♦❧✉t✐♦♥ ✐s ♥❡❝❡ss❛r② ❢♦r ❛❝✲
❝✉r❛t❡ r❡s✉❧ts✳

❙tr❡♥❣t❤✿ ✷❉ ❛♥❞ ✸❉
✇❡r❡ ❝♦♠♣❛r❡❞✱ ✇✐t❤
❛♥❞ ✇✐t❤♦✉t t✉r❜✉❧❡♥❝❡
♠♦❞❡❧ ✇❡r❡ ❝♦♠♣❛r❡❞✳
▲✐♠✐t❛t✐♦♥✿ t❤❡ ❜✉❜❜❧❡s
✇❡r❡ ♥♦t ❝❛♣t✉r❡❞✳



✷✳✸✳ ●❛s✲❧✐q✉✐❞ ✢♦✇ ✾

❘❡❢✳ ❖❜❥❡❝t✐✈❡ ▼✉❧t✐♣❤❛s❡ ♠♦❞❡❧ ▼❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❙tr❡♥❣t❤ & ▲✐♠✐t❛t✐♦♥

❬✹✾❪
✭✷✵✵✶✮

❚♦ ❛♣♣❧② ❧❛r❣❡ ❡❞❞②
s✐♠✉❧❛t✐♦♥ t♦ t❤❡
♠♦❞❡❧✐♥❣ ♦❢ ❣❛s✲
❧✐q✉✐❞ ✢♦✇✳ ❚♦
❝♦♠♣❛r❡ k − ǫ ❛♥❞
❧❛r❣❡ ❡❞❞② t✉r❜✉❧❡♥❝❡
♠♦❞❡❧✳

✸❉✱ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
k − ǫ ✈s ❧❛r❣❡ ❡❞❞② t✉r✲
❜✉❧❡♥❝❡ ♠♦❞❡❧✱ s♦❢t✇❛r❡✿
❈❋❳✹✳✸✳

▲❊❙ s✐♠✉❧❛t✐♦♥ ❝❛♣t✉r❡❞ t❤❡ str♦♥❣ tr❛♥✲
s✐❡♥t ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❜✉❜❜❧❡ ♣❧✉♠❡✱ ✇❤✐❝❤
✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❇♦t❤ t❤❡
✈❡❧♦❝✐t② ❛♥❞ ✈❡❧♦❝✐t② ✢✉❝t✉❛t✐♦♥s ✇❡r❡ ✐♥
q✉❛♥t✐t❛t✐✈❡ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ❞❛t❛✳

❙tr❡♥❣t❤✿ ❆♥♦t❤❡r t✉r✲
❜✉❧❡♥❝❡ ♠♦❞❡❧ ✭▲❊❙✮ ✇❛s
✉s❡❞ ✐♥ t❤✐s st✉❞②✳ ▲✐♠✲
✐t❛t✐♦♥✿ ❛❜s❡♥❝❡ ♦❢ ❜✉❜✲
❜❧❡s ✐♥ s✐♠✉❧❛t✐♦♥s✳

❬✺✵❪
✭✷✵✵✷✮

❚♦ ✉♥❞❡rst❛♥❞ ❜❡tt❡r
t❤❡ ♠✐①✐♥❣ ✐♥ ❜✉❜❜❧❡
❝♦❧✉♠♥ r❡❛❝t♦r✱ ✇❡
❤❛✈❡ t♦ ❦♥♦✇ ❜❡tt❡r
t❤❡ ❞②♥❛♠✐❝ ❝❤❛r❛❝✲
t❡r✐st✐❝s✳ ❚❤❡ ❡✛❡❝t
♦❢ ❣❛s ✢♦✇ r❛t❡ ❛♥❞
s♣❛r❣❡r ❝♦♥✜❣✉r❛t✐♦♥
♦♥ ❞②♥❛♠✐❝s ♦❢ ❣❛s✲
❧✐q✉✐❞ ✢♦✇ ✇❡r❡ st✉❞✲
✐❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞
❡①♣❡r✐♠❡♥t❛❧❧②✳

✸❉✱❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
s✐♥❣❧❡✴♠✉❧t✐✲❣r♦✉♣
♠♦❞❡❧s✱ s♦❢t✇❛r❡✿ ❋▲❯✲
❊◆❚✹✳✺✳

❚❤❡ ♣❧✉♠❡ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞s ♠❡❛s✉r❡❞ ❜②
✇❛❧❧ ♣r❡ss✉r❡ ✢✉❝t✉❛t✐♦♥ ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ ▲❉❆ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ❧✐t❡r❛✲
t✉r❡✳ ❇✉❜❜❧❡ ♣❧✉♠❡ ❝♦♠♣r✐s✐♥❣ ♦❢ s♠❛❧❧❡r
❜✉❜❜❧❡s ❧❡❞ t♦ ❢❛st❡r ♦s❝✐❧❧❛t✐♦♥s t❤❛♥ t❤♦s❡
❝♦♠♣r✐s✐♥❣ ♦❢ ❧❛r❣❡r ❜✉❜❜❧❡s✳ ❈♦❛❧❡s❝❡♥❝❡
✐s ♠♦r❡ ♣r❡✲❞♦♠✐♥❛♥t t❤❛♥ ❜r❡❛❦❛❣❡ ❜❡❝❛✉s❡
♦❢ ❧♦✇❡r t✉r❜✉❧❡♥❝❡✳ ▲♦✇❡r ❛①✐❛❧ ✉♣✇❛r❞ ❛✈✲
❡r❛❣❡❞ ✈❡❧♦❝✐t② r❡s✉❧t❡❞ ✐♥ ❧♦♥❣❡r r❡s✐❞❡♥❝❡
t✐♠❡✱ ❧♦✇❡r ❜✉❜❜❧❡ ❝♦♥❝❡♥tr❛t✐♦♥✳

❙tr❡♥❣t❤✿ ✢♦✇ ♣❛tt❡r♥
❛♥❞ ♣❧✉♠❡ ♦s❝✐❧❧❛t✐♦♥ ♣❡✲
r✐♦❞s ✇❡r❡ ✇❡❧❧ ✐♥✈❡st✐✲
❣❛t❡❞✳ ▲✐♠✐t❛t✐♦♥✿ ♥♦ ❡①✲
♣❧✐❝✐t ❜✉❜❜❧❡s✳

❬✺✶❪
✭✷✵✵✺✮

❚♦ ♠♦❞❡❧ ✈❛r✐❛t✐♦♥s
✐♥ t❤❡ ❜✉❜❜❧❡ s✐③❡ ❞✐s✲
tr✐❜✉t✐♦♥ ❞✉❡ t♦ ❜✉❜✲
❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ❛♥❞
❜r❡❛❦✉♣

✷❉✱ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
❝♦✉♣❧❡❞ ✇✐t❤ P♦♣✉❧❛t✐♦♥
❇❛❧❛♥❝❡ ▼♦❞❡❧✱ s♦❧✈✐♥❣
t❤❡ ❡q✉❛t✐♦♥s ❜② ❈❧❛ss❡s
▼❡t❤♦❞ ❛♥❞ ✭❉✐r❡❝t✮
◗✉❛❞r❛t✉r❡ ▼❡t❤♦❞
♦❢ ▼♦♠❡♥ts✱ ♠✐①t✉r❡
k − ǫ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
s♦❢t✇❛r❡✿ ❋▲❯❊◆❚ ✻✳✵✳

❊✈❡♥ ❛t ❧♦✇ ❣❛s ✢♦✇ ✈❡❧♦❝✐t②✱ ❜✉❜❜❧❡ s✐③❡
❞✐str✐❜✉t✐♦♥ ❝❤❛♥❣❡s✳ ❆t ❧❡❛st ✶✷✲✶✽ ❝❧❛ss❡s
❛r❡ r❡q✉✐r❡❞ t♦ ❛❝❝✉r❛t❡❧② ♠♦❞❡❧ t❤❡ ❡♥t✐r❡
r❛♥❣❡ ♦❢ ❜✉❜❜❧❡ ❞✐❛♠❡t❡rs ✐♥ ❛ t②♣✐❝❛❧ ❜✉❜✲
❜❧❡ ❝♦❧✉♠♥✳ ◗▼❖▼ r❡q✉✐r❡s ❧♦✇❡r ❈P❯
t✐♠❡ t❤❛♥ ❈▼✳

❙tr❡♥❣t❤✿ ❜✉❜❜❧❡ s✐③❡
❞✐str✐❜✉t✐♦♥ ✇❡r❡ st✉❞✐❡❞
✇✐t❤ r❡❧❛t✐✈❡❧② ❧❡ss ❝♦♠✲
♣✉t✐♥❣ t✐♠❡✳ ▲✐♠✐t❛✲
t✐♦♥✿ ♥♦ t❤❡✐r ♦✇♥ ❡①♣❡r✲
✐♠❡♥ts✳

❬✹✽❪
✭✷✵✵✼✮

❚♦ ✐♥✈❡st✐❣❛t❡ ❜✉❜✲
❜❧❡ ❝♦❧✉♠♥ r❡❛❝t♦r ❛t
❤✐❣❤ s✉♣❡r✜❝✐❛❧ ✈❡✲
❧♦❝✐t② ✭UG ≤ 0.4✮✳

✸❉✱❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
st❛♥❞❛r❞ k − ǫ ✈s ❘◆●
k − ǫ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
s♦❢t✇❛r❡✿ ❋▲❯❊◆❚ ✻✳✷✳

❚❤❡ ❝♦♥❞✉❝t✐✈✐t② ♣r♦❜❡s ✇❡r❡ ✉s❡❞ t♦ ♠❡❛✲
s✉r❡ ❧♦❝❛❧ t✐♠❡✲❛✈❡r❛❣❡❞ ❣❛s ❤♦❧❞✲✉♣✱ ❜✉❜❜❧❡
s✐③❡ ❞✐str✐❜✉t✐♦♥✱ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ❞✐str✐❜✉✲
t✐♦♥✱ ❛♥❞ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤✐♥
t❤❡ ❝♦❧✉♠♥✳ ❚❤❡ ❈❋❉ ♠♦❞❡❧ s❤♦✇❡❞ ❣♦♦❞
❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❢♦r t✐♠❡✲
❛✈❡r❛❣❡❞ ✢♦✇ ♣r♦♣❡rt✐❡s✳

❙tr❡♥❣t❤✿ ❜♦t❤ ❡①♣❡r✲
✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s
❢♦r ❣❛s ❤♦❧❞✲✉♣✱ ❜✉❜❜❧❡
✈❡❧♦❝✐t② ❛♥❞ ❜✉❜❜❧❡ s✐③❡✳
▲✐♠✐t❛t✐♦♥✿ ♦♥❧② s✐♠✉❧❛✲
t✐♦♥s ❢♦r ✈❡❧♦❝✐t② ✜❡❧❞✱ ♥♦
P■❱ ♠❡❛s✉r❡♠❡♥ts✳

❬✺✽❪
✭✷✵✵✼✮

❚♦ st✉❞② t❤❡ ✐♥✢✉✲
❡♥❝❡ ♦❢ s✉♣❡r✜❝✐❛❧ ❣❛s
✈❡❧♦❝✐t② ❛♥❞ ❞✐str✐❜✲
✉t♦rs ♦♥ ❣❛s ❤♦❧❞✲✉♣
❛♥❞ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛✳
t❤❡ ❛✉t❤♦rs ❤❛✈❡ ✉s❡❞
❱❖❋ ♠❡t❤♦❞✱ ✇❤✐❝❤
✇❛s ✉s❡❞ ❢♦r s✐♥❣❧❡
❜✉❜❜❧❡ ❜❡❢♦r❡✱ ✐♥ t❤✐s
♣❛♣❡r t❤❡ ❱❖❋ ✐s
✉s❡❞ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s
❜✉❜❜❧❡ ❝❤❛✐♥✳

✷❉ ✈s ✸❉✱ ❱❖❋✱ k−ǫ t✉r✲
❜✉❧❡♥❝❡ ♠♦❞❡❧✱ s♦❢t✇❛r❡✿
❋▲❯❊◆❚ ✻✳✶✳

▲♦✇❡r s✉♣❡r✜❝✐❛❧ ❣❛s ✈❡❧♦❝✐t② r❡s✉❧t❡❞ ✐♥
s♠❛❧❧❡r ❜✉❜❜❧❡s ❛♥❞ ❧♦✇❡r ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✲
✐t②✳ ▲❡❛❞✐♥❣ ❜✉❜❜❧❡ ✇❛s ❜✐❣❣❡r t❤❛♥ tr❛✐❧✲
✐♥❣ ❜✉❜❜❧❡ ✇❤✐❝❤ ♠✐❣❤t ❜❡ ❞✉❡ t♦ ❧❡ss ❡❢✲
❢❡❝ts ♦❢ ✇❛❧❧ ❛♥❞ ♦t❤❡r s✉r❢❛❝❡ ❢♦r❝❡s ♦♥ t❤❡
tr❛✐❧✐♥❣ ❜✉❜❜❧❡✳ ❇✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t✐❡s ✐♥
✷❉ ✇❡r❡ ∼ ✸✵✪ ❧♦✇❡r t❤❛♥ t❤♦s❡ ✐♥ ✸❉✱
♠❛②❜❡ ❜❡❝❛✉s❡ t❤❡ ✸❉ ✇❛❦❡ ❝❛♥♥♦t ❜❡ ❛❝✲
❝✉r❛t❡❧② ♠♦❞❡❧❡❞ ✇✐t❤ ✷❉✳ ✸❉ ❜✉❜❜❧❡ r✐s❡
✈❡❧♦❝✐t② ❤❛❞ ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❉❡❝❦✇❡r
❡q✉❛t✐♦♥ ❬✼✸❪✳ ❙❛♠❡ s✉♣❡r✜❝✐❛❧ ❣❛s ✈❡❧♦❝✐t②✱
s♠❛❧❧❡r s✐③❡ ❞✐str✐❜✉t♦r r❡s✉❧t❡❞ ✐♥ s♠❛❧❧❡r
❜✉❜❜❧❡s ❛♥❞ ❧♦✇❡r ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t②✳ ●❛s
❤♦❧❞✲✉♣ ❢r♦♠ ✸❉ ❱❖❋ s✐♠✉❧❛t✐♦♥ ❤❛❞ ❣♦♦❞
❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳

❙tr❡♥❣t❤✿ ❱❖❋ ♠❡t❤♦❞
✐s ✉s❡❞ ❢♦r st✉❞②✐♥❣ ❛
❜✉❜❜❧❡ s✇❛r♠✳ ▲✐♠✐t❛✲
t✐♦♥✿ ♠♦r❡ ❜✉❜❜❧❡ ❜❡❤❛✈✲
✐♦rs s❤♦✉❧❞ ❜❡ ❞❡t❛✐❧❡❞✳

❬✺✷❪
✭✷✵✵✽✮

❚♦ ♣r❡❞✐❝t ❜✉❜❜❧❡
s✐③❡ ❞✐str✐❜✉t✐♦♥✱
✈♦❧✉♠❡ ❢r❛❝t✐♦♥
❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞
t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢
❜✉❜❜❧❡ ❜r❡❛❦✉♣ ❛♥❞
❝♦❛❧❡s❝❡♥❝❡✳

✸❉✱ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
❝♦✉♣❧❡❞ ✇✐t❤ P♦♣✉❧❛t✐♦♥
❇❛❧❛♥❝❡ ▼♦❞❡❧✱ s♦❧✈❡❞
❜② ❈❧❛ss❡s ▼❡t❤♦❞✱
❞✐s♣❡rs❡❞ k − ǫ t✉r❜✉✲
❧❡♥❝❡ ♠♦❞❡❧✱ s♦❢t✇❛r❡✿
❖♣❡♥❋❖❆▼✳

●♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ❛♥❞
❡①♣❡r✐♠❡♥ts✳ ❊❧❡✈❡♥ ❝❧❛ss❡s ✐s ❛ ❣♦♦❞ ❝♦♠✲
♣r♦♠✐s❡ ❜❡t✇❡❡♥ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt ❛♥❞ ♣r❡❝✐s✐♦♥✳

❙tr❡♥❣t❤✿ ❊✲❊ ❛♥❞ P❇▼
❛r❡ ❝♦✉♣❧❡❞ ✐♥ ❖♣❡♥✲
❋❖❆▼✱ ❛♥ ♦♣❡♥ s♦✉r❝❡
s♦❢t✇❛r❡✳ ▲✐♠✐t❛t✐♦♥✿ ♥♦
❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥✳

❬✺✾❪
✭✷✵✶✶✮

❚♦ s✐♠✉❧❛t❡ t✉r❜✉✲
❧❡♥t ❜✉❜❜❧② ✢♦✇ ✐♥
❝♦♠♣❧❡① s②st❡♠s ❜②
❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥
❛♣♣r♦❛❝❤✳

✸❉ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥✱
▲❊❙ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
❜✉❜❜❧❡ ❣r♦✇t❤✴❝♦❧❧❛♣s❡
✇❛s ♠♦❞❡❧❡❞ ❜② t❤❡
❘❛②❧❡✐❣❤✕P❧❡ss❡t ❡q✉❛✲
t✐♦♥✱ ❝②❧✐♥❞r✐❝❛❧ ❛♥❞
r❡❝t❛♥❣✉❧❛r r❡❛❝t♦r✳

❚❤❡ ❛♣♣r♦❛❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r s✐♠✉❧❛t✐♦♥ ♦❢
s✉❜❣r✐❞ ❜✉❜❜❧❡ ❞②♥❛♠✐❝s ✐♥ ❝♦♠♣❧❡① ✢♦✇s
✇✐t❤♦✉t ❝❛✈✐t❛t✐♦♥ ❛s ✇❡❧❧ ❛s s♠❛❧❧✲s❝❛❧❡
❜✉❜❜❧② ❝❛✈✐t❛t✐♥❣ ✢♦✇s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s
s✉✐t❛❜❧❡ ❢♦r s✐♠✉❧❛t✐♦♥ ♦❢ ✉♣ t♦ ♠✐❧❧✐♦♥ ❜✉❜✲
❜❧❡s ✐♥ ❛ t✉r❜✉❧❡♥t ✢♦✇✳

❙tr❡♥❣t❤✿ ❛ t❤r♦✉❣❤ ♥✉✲
♠❡r✐❝❛❧ st✉❞② ♦❢ ❜✉❜✲
❜❧② ✢♦✇ ❜② ❊✉❧❡r✐❛♥✲
▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧ ✇✐t❤
❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ❦❡r✲
♥❡❧✳ ▲✐♠✐t❛t✐♦♥✿ t❤❡r❡ ✐s
♥♦ t❤❡✐r ♦✇♥ ❡①♣❡r✐♠❡♥✲
t❛❧ ✈❛❧✐❞❛t✐♦♥✳

❬✺✹❪
✭✷✵✶✹✮

❚♦ ❞❡✈❡❧♦♣ ❛ ❈❋❉
♥♦❞❡❧ ❝♦✉♣❧❡❞ ✇✐t❤
❛ ♣♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡
♠♦❞❡❧ ❢♦r t❤❡ ❜✐♦❧♦❣✐✲
❝❛❧ ♣❤❛s❡ ❢♦r ❧❛❜✲s❝❛❧❡
❛♥❞ ✐♥❞✉str✐❛❧ s❝❛❧❡
❜✐♦r❡❛❝t♦rs✳

✸❉ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
❝♦✉♣❧❡❞ ✇✐t❤ ♣♦♣✉❧❛t✐♦♥
❜❛❧❛♥❝❡ ♠♦❞❡❧✱ k − ǫ ❛♥❞
▲❊❙ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r ✭✼✵ ▲

❛♥❞ ✼✵ ♠3✮✳

❈❡❧❧ ❣r♦✇t❤ ✇❛s ❡ss❡♥t✐❛❧❧② s❡♥s✐t✐✈❡ t♦ t❤❡
✈♦❧✉♠❡ ❛✈❡r❛❣❡ ❝♦♥❝❡♥tr❛t✐♦♥s✱ ✇❤❡r❡❛s s✉❜✲
str❛t❡ ❛ss✐♠✐❧❛t✐♦♥ ✇❛s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡
s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉❜str❛t❡s✳ ❚❤❡
❜✐♦❧♦❣✐❝❛❧ r❛t❡s ❛r❡ ♥♦t ❛❧❣❡❜r❛✐❝❛❧❧② ❧✐♥❦❡❞
t♦ t❤❡ ❧♦❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥s✳

❙tr❡♥❣t❤✿ t❤❡ ❤❡t❡r♦✲
❣❡♥❡✐t② ♦❢ ❝❡❧❧s ✐♥ ❧✐q✉✐❞
♣❤❛s❡ ✇❛s t❛❦❡♥ ✐♥t♦ ❛❝✲
❝♦✉♥t✳ ▲✐♠✐t❛t✐♦♥✿ ♦♠✐t✲
t✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜✉❜✲
❜❧❡ ❜❡❤❛✈✐♦rs ♦♥ t❤❡ ❤❡t✲
❡r♦❣❡♥❡✐t② ♦❢ ❝❡❧❧s✳

❬✹✺❪
✭✷✵✶✺✮

❚♦ st✉❞② t❤❡ ❧✐q✉✐❞
♣❤❛s❡ ✈❡❧♦❝✐t② ✐♥ ❤♦✲
♠♦❣❡♥❡♦✉s r❡❣✐♠❡ ❛t
❧♦✇ ❣❛s ✢♦✇ r❛t❡s✳

✸❉✱ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥✱
k − ǫ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
❛♥ ❛✈❡r❛❣❡ ❛❜♦✉t ✶✵✵ t♦
✶✺✵ ❜✉❜❜❧❡s ❛r❡ ♣r❡s❡♥t
✐♥ t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡
r❛♥❣❡ ♦❢ s✉♣❡r✜❝✐❛❧ ❣❛s
✈❡❧♦❝✐t✐❡s ❝♦♥s✐❞❡r❡❞✳

❚❤✐s ❛rt✐❝❧❡ ❤❛s ♠❛✐♥❧② ❝♦♠♣❛r❡❞ t❤❡ ♠❡❛✲
s✉r❡❞ ❛♥❞ t❤❡ s✐♠✉❧❛t❡❞ ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐✲
③♦♥t❛❧ t✐♠❡✲❛✈❡r❛❣❡❞ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ♣r♦✜❧❡s✳
❆t ❧♦✇ ❣❛s ✢♦✇ r❛t❡ ✭✵✳✶ ▲✴♠✐♥✮✱ ✐t ❤❛❞ ❛
r❡❛s♦♥❛❜❧❡ ❛❣r❡❡♠❡♥t✱ ❜✉t ❛t r❡❧❛t✐✈❡❧② ❤✐❣❤
❣❛s ✢♦✇ r❛t❡ ✭✵✳✷ ▲✴♠✐♥✮✱ t❤❡ ❞✐s❝r❡♣❛♥❝②
✇❛s ❧❛r❣❡r✳

❙tr❡♥❣t❤✿ ✈❡❧♦❝✐t② ✜❡❧❞
✇❛s ✐♥✈❡st✐❣❛t❡❞ ❜② ❜♦t❤
P■❱ ❛♥❞ ✸❉ t✉r❜✉❧❡♥t
❊✲▲ s✐♠✉❧❛t✐♦♥✳ ▲✐♠✲
✐t❛t✐♦♥✿ ❧♦✇ ❣❛s ✢♦✇
r❛t❡✱ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡
♦r ❜r❡❛❦✉♣ ✇❛s ♥♦t t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t✳

❬✺✸❪
✭✷✵✶✻✮

❚♦ ✐♥✈❡st✐❣❛t❡ ♠✐①✐♥❣
✐♥ ❛ st✐rr❡❞ ❜✐♦r❡❛❝t♦r
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
♦❢ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡
❛♥❞ ❜r❡❛❦✉♣

✸❉✱ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
❝♦✉♣❧❡❞ ✇✐t❤ P♦♣✉❧❛t✐♦♥
❇❛❧❛♥❝❡ ▼♦❞❡❧✱ k−ǫ t✉r✲
❜✉❧❡♥❝❡ ♠♦❞❡❧✱ s♦❢t✇❛r❡✿
❋▲❯❊◆❚ ✶✹✳

◆❡❛r t❤❡ ✐♠♣❡❧❧❡r r❡❣✐♦♥✱ ❜✉❜❜❧❡ s✐③❡ ✇❛s
s♠❛❧❧❡r✱ ❛♥❞ ❤❡♥❝❡ ♠❛ss tr❛♥s❢❡r ✇❛s ♠♦r❡
❡✛❡❝t✐✈❡✳ ❆♥ ♦♣t✐♠✉♠ ✐♠♣❡❧❧❡r ✇❛s ♦❜✲
t❛✐♥❡❞ t♦ ❛❝❤✐❡✈❡ ♠❛①✐♠✉♠ ♠✐①✐♥❣ ✇✐t❤♦✉t
❝r❡❛t✐♥❣ ❡①❝❡ss✐✈❡ ❝❡❧❧ ❞❛♠❛❣❡✳

❙tr❡♥❣t❤✿ ♠✐①✐♥❣ ✐♥ ❛
❜✐♦r❡❛❝t♦r ✇❛s st✉❞✐❡❞ ❜②
❛ ❡❝♦♥♦♠✐❝ ❛♥❞ ❡✛❡❝t✐✈❡
✇❛②✳ ▲✐♠✐t❛t✐♦♥✿ ♥♦ t❤❡✐r
♦✇♥ ❡①♣❡r✐♠❡♥ts✳



✶✵ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

❘❡❢✳ ❖❜❥❡❝t✐✈❡ ▼✉❧t✐♣❤❛s❡ ♠♦❞❡❧ ▼❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❙tr❡♥❣t❤ & ▲✐♠✐t❛t✐♦♥

❬✺✺❪
✭✷✵✶✽✮

❚♦ ❞❡✈❡❧♦♣ ❛ ❈❋❉
♠♦❞❡❧ ❢♦r s✐♠✉❧❛t✐♥❣
❝❡❧❧ ❝✉❧t✐✈❛t✐♦♥ ✐♥ ❛♥
✐♥❞✉str✐❛❧✲s❝❛❧❡ r❡❛❝✲
t♦r✳

✸❉ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
♠❛ss tr❛♥s❢❡r ❛♥❞ ❜❛❝✲
t❡r✐❛❧ ❛❝t✐✈✐t②✱ r❡❛❧✐③❛❜❧❡
k − ǫ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱
s♦❢t✇❛r❡✿ ❆◆❙❨❙✳

❈♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♣❡❝✐❡s ✐♥ s✐♠✉❧❛t✐♦♥s ✇❡r❡
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♦♥❡ ♠❡❛s✉r❡❞ ✐♥ ❛
s✐♠✐❧❛r s❝❛❧❡ r❡❛❝t♦r✳ ❚❤❡ ❈❋❉ ♠♦❞❡❧✐♥❣
✇❛s ♣r♦✈❡❞ t♦ ❜❡ ❛ r❡❧✐❛❜❧❡ t♦♦❧ ❢♦r ❞❡s✐❣♥
♦❢ ✐♥❞✉str✐❛❧ ❛❡r♦❜✐❝ ❢❡r♠❡♥t❡rs✳

❙tr❡♥❣t❤✿ ✐t st✉❞✐❡❞ ♠♦st
♣❤❡♥♦♠❡♥❛ ✐♥ ❛ ❜✐♦r❡✲
❛❝t♦r✱ ❧✐❦❡ ♠❛ss tr❛♥s✲
❢❡r✱ ❢❡r♠❡♥t❛t✐♦♥ ❦✐♥❡t✲
✐❝s✱ t✉r❜✉❧❡♥❝❡✱ ❡t❝✳ ▲✐♠✲
✐t❛t✐♦♥✿ ❤②❞r♦❞②♥❛♠✐❝s
✇❛s ♥♦t ✈❛❧✐❞❛t❡❞ ❜② ❡①✲
♣❡r✐♠❡♥ts✳

❬✺✻❪
✭✷✵✶✽✮

❚♦ ✐♥✈❡st✐❣❛t❡ ❤②✲
❞r♦❞②♥❛♠✐❝s✱ ♦①②❣❡♥
tr❛♥s❢❡r ❛♥❞ ♦①②❣❡♥
✉♣t❛❦❡ ✐♥ ❜✉❜❜❧❡✲
❝♦❧✉♠♥ ❛♥❞ ❛✐r❧✐❢t
❜✐♦r❡❛❝t♦rs ❜② s✐♠✉✲
❧❛t✐♦♥s

✸❉ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r✱ ♠❛ss
tr❛♥s❢❡r ❛♥❞ ♦①②❣❡♥
❝♦♥s✉♠♣t✐♦♥ ✇❡r❡ ❛❧s♦
❛❞❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱
s♦❢t✇❛r❡✿ ❖♣❡♥❋❖❆▼✳

❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧t ❢♦r ❣❛s ❤♦❧❞✉♣ ❛♥❞
❣❛s✲❧✐q✉✐❞ ♠❛ss tr❛♥s❢❡r ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❝♦r✲
r❡❧❛t✐♦♥s ❢r♦♠ t❤❡ ❜✉❜❜❧❡✲❝♦❧✉♠♥ ❧✐t❡r❛t✉r❡✳

❙tr❡♥❣t❤✿ ❛ t❤♦r♦✉❣❤ ♥✉✲
♠❡r✐❝❛❧ st✉❞② ♦❢ ❜✐♦r❡❛❝✲
t♦r✳ ▲✐♠✐t❛t✐♦♥✿ ♥♦ t❤❡✐r
♦✇♥ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛✲
t✐♦♥✳

❬✺✼❪
✭✷✵✶✽✮

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡
✐♠♣❡❧❧❡r s♣❡❡❞ ✐♥
r❡✈♦❧✉t✐♦♥s ❛♥❞
❝r♦ss♦✈❡r ❢r❡q✉❡♥❝②
❜❡t✇❡❡♥ t❤❡ ❧✐❣❤t ❛♥❞
t❤❡ ❞❛r❦ ③♦♥❡s ♦♥ t❤❡
❣r♦✇t❤ ♦❢ ♠✐❝r♦❛❧❣❛❡
✐♥ ❛ st✐rr❡❞ t❛♥❦
♣❤♦t♦❜✐♦r❡❛❝t♦r ❜②
❈❋❉✳

✸❉ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥✱
❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r✱ k − ǫ

t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t r❛❞✐❛✲
t✐✈❡ tr❛♥s❢❡r✱ s♦❢t✇❛r❡✿
❆◆❙❨❙✲❋❧✉❡♥t✳

❚❤❡ ❝❡❧❧ ♣❛rt✐❝❧❡s ❢♦❧❧♦✇❡❞ t❤❡ ✢✉✐❞ tr❛✲
❥❡❝t♦r②✳ ❚❤❡ ❝r♦ss♦✈❡r ❢r❡q✉❡♥❝② ❜❡t✇❡❡♥
t❤❡ ❞❛r❦ ❛♥❞ ❧✐❣❤t ③♦♥❡s ✐s ❝r✐t✐❝❛❧ ❢♦r ❝❡❧❧
❣r♦✇t❤✳

❙tr❡♥❣t❤✿ r❛❞✐❛t✐✈❡
tr❛♥s❢❡r ✇❛s ❝♦✉♣❧❡❞
✇✐t❤ ❈❋❉✳ ▲✐♠✐t❛t✐♦♥✿
♥♦ ❡♥♦✉❣❤ ❡①♣❡r✐♠❡♥t❛❧
✈❛❧✐❞❛t✐♦♥✳

❋✐❣✉r❡ ✷✳✺✿ ❱❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ ❣❛s ❤♦❧❞✲✉♣ ❢r♦♠ ❊✉❧❡r✐❛♥✲❊✉❧❡r✐❛♥
s✐♠✉❧❛t✐♦♥s✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✹✽❪✳

❋✐❣✉r❡ ✷✳✻✿ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ❜② ❱♦❧✉♠❡ ♦❢ ❋❧✉✐❞ ♠❡t❤♦❞✱
✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✺✽❪✳



✷✳✸✳ ●❛s✲❧✐q✉✐❞ ✢♦✇ ✶✶

❋✐❣✉r❡ ✷✳✼✿ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ ❧✐q✉✐❞ ♣❤❛s❡ ❢r♦♠ ❊✉❧❡r✐❛♥✲
▲❛❣r❛♥❣✐❛♥ s✐♠✉❧❛t✐♦♥✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✹✺❪✳

❋✐❣✉r❡ ✷✳✽✿ ❇✉❜❜❧❡ s✇❛r♠ s✐♠✉❧❛t❡❞ ❜② ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧✱
✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✺✾❪✳



✶✷ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

❋✐❣✉r❡ ✷✳✾✿ ❚❤❡ ❜✉❜❜❧❡s ❝❛♣t✉r❡❞ ❜② s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡✱ ✐❧❧✉s✲
tr❛t✐♦♥ ❢r♦♠ ❬✼✹❪✳

❋✐❣✉r❡ ✷✳✶✵✿ ❚❤❡ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ♠❡❛s✉r❡❞ ❜② ✐♥❢r❛✲r❡❞ t❡❝❤♥✐q✉❡✱
✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✻✶❪✳



✷✳✸✳ ●❛s✲❧✐q✉✐❞ ✢♦✇ ✶✸

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✶✶✿ ✭❛✮ ✢♦✇ ♣❛tt❡r♥s✱ ✭❜✮ ✢♦✇✲♣❛tt❡r♥ ♠❛♣✱ ✐❧❧✉str❛t✐♦♥
❢r♦♠ ❬✼✺❪✳



✶✹ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

✷✳✹ ▼❛ss tr❛♥s❢❡r

✷✳✹✳✶ ▼❛ss tr❛♥s❢❡r ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r

▼❛ss tr❛♥s❢❡r ❢♦r ❈❖2 ❢r♦♠ ❣❛s t♦ ❛ ❝❡❧❧ ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ st❡♣s ❬✼✻❪✿

✶✳ tr❛♥s❢❡r ❢r♦♠ ❛ ❣❛s ❜✉❜❜❧❡ t♦ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✱ ♠❛✐♥❧② ❜② ❝♦♥✈❡❝t✐♦♥ ❛♥❞
❞✐✛✉s✐♦♥✱

✷✳ tr❛♥s♣♦rt ❛❝r♦ss ❛ t❤✐♥ ❧✐q✉✐❞ ❜♦✉♥❞❛r② ❧❛②❡r s✉rr♦✉♥❞✐♥❣ t❤❡ ❣❛s ❜✉❜❜❧❡✱ ✉s✉❛❧❧②
❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ❛♥❞ ❝♦♥✈❡❝t✐♦♥✱

✸✳ tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡ ❧✐q✉✐❞ ❜✉❧❦✱ ✉s✉❛❧❧② ❜② ❝♦♥✈❡❝t✐♦♥ ♦r t✉r❜✉❧❡♥❝❡✳

✹✳ tr❛♥s♣♦rt ❛❝r♦ss ❛♥♦t❤❡r ❧✐q✉✐❞ ❜♦✉♥❞❛r② ❧❛②❡r s✉rr♦✉♥❞✐♥❣ t❤❡ ❝❡❧❧✱ ❜② ❞✐✛✉s✐♦♥✱

✺✳ tr❛♥s♣♦rt ❛❝r♦ss t❤❡ ❝❡❧❧ ❡♥✈❡❧♦♣❡ t♦ t❤❡ r❡❛❝t✐♦♥ s✐t❡ ✐♥s✐❞❡ t❤❡ ❝❡❧❧✱ ♠❛✐♥❧② ❜②
❞✐✛✉s✐♦♥✱

❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✷✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠❛ss tr❛♥s❢❡r ❢♦r ♣r♦❞✉❝ts ❢r♦♠ ❝❡❧❧ t♦ ❧✐q✉✐❞
❢♦❧❧♦✇s t❤❡ r❡✈❡rs❡ r♦✉t❡✱ ❡①❝❡♣t t❤❛t t❤❡ s♦❧✐❞ ♣r♦❞✉❝ts tr❛♥s♣♦rt ♦♥❧② ❢r♦♠ ❝❡❧❧ t♦
❧✐q✉✐❞✳

1 2 3 4 5

Gas

Liquid

Cell

Boundary layer
Boundary layer

❋✐❣✉r❡ ✷✳✶✷✿ ❈❤❛✐♥ ♦❢ ♠❛ss tr❛♥s❢❡r ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳

✷✳✹✳✷ ❉✐✛✉s✐♦♥ ✐♥ ❛ s✐♥❣❧❡ ♣❤❛s❡

❙❡✈❡r❛❧ ✐♠♣♦rt❛♥t st❡♣s ♦❢ ♠❛ss tr❛♥s❢❡r ❛r❡ ❛❝❤✐❡✈❡❞ ❜② ❞✐✛✉s✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ♥❡t
♠♦✈❡♠❡♥t ♦❢ ♠♦❧❡❝✉❧❡s ♦r ❛t♦♠s ❢r♦♠ ❛ r❡❣✐♦♥ ♦❢ ❤✐❣❤ ❝♦♥❝❡♥tr❛t✐♦♥ ✭♦r ❤✐❣❤ ❝❤❡♠✐❝❛❧
♣♦t❡♥t✐❛❧✮ t♦ ❛ r❡❣✐♦♥ ♦❢ ❧♦✇ ❝♦♥❝❡♥tr❛t✐♦♥ ✭♦r ❧♦✇ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✮ ❬✼✼❪ ❬✼✽❪✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✸✳

❚♦ q✉❛♥t✐t❛t✐✈❡❧② st✉❞② ❞✐✛✉s✐♦♥✱ ❛ q✉❛♥t✐t② ❝❛❧❧❡❞ ❞✐✛✉s✐♦♥ ✢✉① ✐s ❞❡✜♥❡❞ ❛s t❤❡
♠❛ss tr❛♥s❢❡rr❡❞ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ♣❡r ✉♥✐t ❛r❡❛ ♣❡r ✉♥✐t t✐♠❡ ❬✼✾❪✿

J =
M

At
, ✭✷✳✷✮

✇❤❡r❡ A ✐s ❛r❡❛✱ t ✐s t✐♠❡✱ M ✐s ♠❛ss✿

M =

∫

V
CdV, ✭✷✳✸✮

✇❤❡r❡ C ✐s ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ✐s t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✱
♠❛ss ✐s ❛❧s♦ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✱ s♦ ✐s J ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ s♦✲❝❛❧❧❡❞ st❡❛❞②✲st❛t❡



✷✳✹✳ ▼❛ss tr❛♥s❢❡r ✶✺

❋✐❣✉r❡ ✷✳✶✸✿ ❚❤❡ ♣r♦❝❡ss ♦❢ ❞✐✛✉s✐♦♥✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❲✐❦✐♣❡❞✐❛
❛rt✐❝❧❡ ❉✐✛✉s✐♦♥✳

❞✐✛✉s✐♦♥✳ ❖t❤❡r✇✐s❡✱ ✐❢ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ✐t ✐s ✉♥st❡❛❞②✲st❛t❡
❞✐✛✉s✐♦♥✳

❙t❡❛❞②✲st❛t❡ ❞✐✛✉s✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❋✐❝❦✬s ✜rst ❧❛✇s ♦❢ ❞✐✛✉s✐♦♥ ❬✼✾❪✿ ❞✐✛✉s✐♦♥
✢✉① ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r✱

J = −DdC
dx

, ✭✷✳✹✮

✇❤❡r❡ D ✐s ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦r ❞✐✛✉s✐✈✐t②✱ ♠✐♥✉s s✐❣♥ ✐♠♣❧✐❡s t❤❛t ♠❛ss ✐s tr❛♥s✲
❢❡rr❡❞ ❢r♦♠ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ t♦ ❧♦✇❡r ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡✐t② ♦❢ ♠❛ss
❝♦♥❝❡♥tr❛t✐♦♥ ✐s t❤❡ ❞r✐✈✐♥❣ ❢♦r❝❡ ❢♦r ♠❛ss tr❛♥s❢❡r✳

�1 
�2 �3 

�3 > �2 > �1 

Spatial position � 

M
a

ss
 c

o
n

c
e

n
tr

a
ti

o
n

❋✐❣✉r❡ ✷✳✶✹✿ ❯♥st❡❛❞② st❛t❡✿ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✳

■♥ ✉♥st❡❛❞② st❛t❡✱ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✷✳✶✹✳ ❆♥❞ ✉♥st❡❛❞②✲st❛t❡ ❞✐✛✉s✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ❞✐✛✉s✐♦♥ ❬✼✾❪✱
✇❤✐❝❤ ✐s ❞❡❞✉❝❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✺ ✐s

∆C =
∆M

∆V
=
J1A∆t− J2A∆t

A∆x
,

t❤✉s
∆C

∆t
= −∆J

∆x
, ✭✷✳✺✮



✶✻ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

✐♥ ♦t❤❡r ✇♦r❞s✱
∂C

∂t
= −∂J

∂x
. ✭✷✳✻✮

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✹✮ ✐♥t♦ ✭✷✳✻✮✱ ✇❡ ❤❛✈❡

∂C

∂t
= − ∂

∂x

(

−D∂C
∂x

)

= D∂
2C

∂x2
, ✭✷✳✼✮

✇❤✐❝❤ ✐s ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ❞✐✛✉s✐♦♥✱ ✐ts t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ✐s

∂C

∂t
= D∇2C. ✭✷✳✽✮

∆� 

�1 �2 � 

❋✐❣✉r❡ ✷✳✶✺✿ ❚❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ✉s❡❞ t♦ ❞❡❞✉❝❡ ❋✐❝❦✬s s❡❝♦♥❞ ❧❛✇
♦❢ ❞✐✛✉s✐♦♥✳

✷✳✹✳✸ ❉✐✛✉s✐♦♥ ❜❡t✇❡❡♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ ♣❤❛s❡s

❲❤❡♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ ♣❤❛s❡s ❛r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡r❡ ✐s ♥♦ ♥❡t ♠❛ss tr❛♥s❢❡r ❜❡t✇❡❡♥
t❤❡ t✇♦ ♣❤❛s❡s✳ ❚❤✐s ❣❛s✲❧✐q✉✐❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞❡s❝r✐❜❡❞ ❜② ❍❡♥r②✬s ❧❛✇✱ ✇❤✐❝❤ s❛②s
t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ❞✐ss♦❧✈❡❞ ❣❛s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts ♣❛rt✐❛❧ ♣r❡ss✉r❡✶ ❬✽✶❪✿

p = λCl, ✭✷✳✾✮

✇❤❡r❡ p ✐s ❣❛s ♣❛rt✐❛❧ ♣r❡ss✉r❡ ✭P❛✮✱ C ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❞✐ss♦❧✈❡❞ ❣❛s ✐♥ ❧✐q✉✐❞
✭♠♦❧✴♠3✮ ❛♥❞ λ ✐s ❍❡♥r② ❝♦❡✣❝✐❡♥t ✭P❛·♠3✴♠♦❧✮✳ ❇❡s✐❞❡s✱ t❤❡ ✐❞❡❛❧ ❣❛s ❧❛✇ ✐s

p =
n

V
RT = CgRT, ✭✷✳✶✵✮

✇❤❡r❡ Cg ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❣❛s ♣❤❛s❡✳ ❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✶✵✮ ✐♥t♦ ❡q✉❛t✐♦♥
✭✷✳✾✮✱ ✇❡ ❤❛✈❡

Cg = HCl, ✭✷✳✶✶✮

✇❤❡r❡
H =

λ

RT
, ✭✷✳✶✷✮

✶■♥ ❛ ♠✐①t✉r❡ ♦❢ ❣❛s❡s✱ ❡❛❝❤ ❣❛s ❤❛s ❛ ♣❛rt✐❛❧ ♣r❡ss✉r❡ ✇❤✐❝❤ ✐s t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ♣r❡ss✉r❡ ♦❢ t❤❛t
❣❛s ✐❢ ✐t ❛❧♦♥❡ ♦❝❝✉♣✐❡❞ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♠✐①t✉r❡ ❛t t❤❡ s❛♠❡ t❡♠♣❡r❛t✉r❡ ❬✽✵❪✳
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❦♥♦✇♥ ❛s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❍❡♥r② ❝♦❡✣❝✐❡♥t✳
❍❡♥r②✬s ❧❛✇ ❤♦❧❞s ♦♥❧② ✐♥ ❣❛s✲❧✐q✉✐❞ ❡q✉✐❧✐❜r✐✉♠✱ ✐❢ ✐t ✐s ♥♦t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡r❡ ✇✐❧❧

❜❡ ♥❡t ♠❛ss tr❛♥s❢❡r ❛❝r♦ss t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ✉♥t✐❧ ❡q✉✐❧✐❜r✐✉♠ ✐s r❡❛❝❤❡❞ ❛❣❛✐♥✳
❚♦ st✉❞② t❤❡ ♠❛ss tr❛♥s❢❡r ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣❤❛s❡s ❞✉❡ t♦ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠✱ ◆❡r♥st
♣r♦♣♦s❡❞ ❛ ✜❧♠ t❤❡♦r② t❤❛t ❛ss✉♠❡s ❛ st❛❣♥❛♥t ✜❧♠ ❡①✐st✐♥❣ ✐♥ ♦♥❡ ♣❤❛s❡ ♥❡❛r t❤❡
✐♥t❡r❢❛❝❡ ❬✽✷❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✻✳ ◆♦t❡ t❤❛t t❤✐s st❛❣♥❛♥t ✜❧♠ ✐s ❤②♣♦t❤❡t✐❝❛❧ s✐♥❝❡
✇❡ ❞♦ ♥♦t r❡❛❧❧② ❦♥♦✇ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡ ♥❡❛r t❤❡ ✐♥t❡r❢❛❝❡✳

Bulk fluid

Stagnant film

Interface

� 

❋✐❣✉r❡ ✷✳✶✻✿ ◆❡r♥st✬s ✜❧♠ t❤❡♦r②✳

❚❤❡ ♠♦❧❡❝✉❧❡s ♣❛ss t❤r♦✉❣❤ t❤✐s ✜❧♠ ❜② ❞✐✛✉s✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② ❋✐❝❦✬s ❧❛✇
✭✷✳✹✮✱ t❤✉s ♠❛ss ✢✉① ❛❝r♦ss t❤✐s ✜❧♠ ✐s

J = −DCb − Ci

δ
, ✭✷✳✶✸✮

✇❤❡r❡ Cb ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ❜✉❧❦ ✢✉✐❞✱ Ci ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡ ❛♥❞ δ
✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤✐s ✜❧♠✳ ▼♦r❡♦✈❡r✱ ❡q✉❛t✐♦♥ ✭✷✳✶✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

J = kc(Cb − Ci), ✭✷✳✶✹✮

✇❤❡r❡
kc = −D

δ
✭✷✳✶✺✮

✐s ❦♥♦✇♥ ❛s ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❛♥❞ ✐ts ✐♥✈❡rs❡ 1/kc ✐s ❝❛❧❧❡❞ r❡s✐st❛♥❝❡ t♦ ♠❛ss
tr❛♥s❢❡r✳ ❇❡s✐❞❡s✱ ❍❡♥r②✬s ❧❛✇ ✐s ❛♣♣❧✐❡❞ t♦ ❝❛❧❝✉❧❛t❡ Ci ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ✐♥t❡r❢❛❝❡
✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❜✉❧❦ ✢✉✐❞ ✐♥ ❋✐❣✳ ✷✳✶✻ ✐s ❧✐q✉✐❞ ♣❤❛s❡ ❛♥❞ t❤❡
♦t❤❡r s✐❞❡ ✐s ❣❛s ♣❤❛s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✶✮✱ ✇❡ ❤❛✈❡

Ci =
Cg

H
. ✭✷✳✶✻✮

◆❡r♥st✬s ✜❧♠ t❤❡♦r② ❛❝t✉❛❧❧② r❡❞✉❝❡s ❣❛s✲❧✐q✉✐❞ ♠❛ss tr❛♥s❢❡r t♦ ♦♥❡✲♣❤❛s❡✲❧✐❦❡
♠❛ss tr❛♥s❢❡r✱ s✐♥❝❡ ❜♦t❤ ✜❧♠ ❛♥❞ ❜✉❧❦ ❛r❡ ✐♥ t❤❡ s❛♠❡ ♣❤❛s❡✱ t❤❡ ♦t❤❡r ♣❤❛s❡ ❛♣♣❡❛rs
♦♥❧② ❛s ♣❛rt ♦❢ ✐♥t❡r❢❛❝❡ ❜② ❍❡♥r②✬s ❧❛✇✳ ❍♦✇❡✈❡r✱ ❣❛s ❛♥❞ ❧✐q✉✐❞ ♣❤❛s❡s ❛r❡ ♦❢t❡♥ ♦♥



✶✽ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

❛♥ ❡q✉❛❧ ❢♦♦t✐♥❣✱ t❤✉s ▲❡✇✐s ❛♥❞ ❲❤✐t♠❛♥ ♣r♦♣♦s❡❞ ❛ t✇♦✲✜❧♠ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ✜❧♠s
❡①✐st ❛t ❜♦t❤ s✐❞❡s ♦❢ ✐♥t❡r❢❛❝❡ ❬✽✸❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✼✳

Bulk gas Bulk liquid

interface

gas film liquid film

��  

��  
���  ���  �  

�  

❋✐❣✉r❡ ✷✳✶✼✿ ❚✇♦ ✜❧♠ ♠♦❞❡❧✿ ✜❧♠s ❡①✐st ✐♥ ❜♦t❤ ♣❤❛s❡s✳

❙t✐❧❧ s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ✐♥t❡r❢❛❝❡ ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ❍❡♥r②✬s ❧❛✇
✭✷✳✶✶✮ ❤♦❧❞s✱ t❤✉s ✇❡ ❤❛✈❡

Cli =
Cgi

H
, ✭✷✳✶✼✮

✇❤❡r❡ Cli✱ Cgi ❛r❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡ ✐♥ ❧✐q✉✐❞ ✜❧♠✱ ❣❛s ✜❧♠✱ r❡s♣❡❝t✐✈❡❧②✳
❋✉rt❤❡r♠♦r❡✱ ❋✐❝❦✬s ❧❛✇ ❤♦❧❞s ✐♥ t❤❡s❡ t✇♦ st❛❣♥❛♥t ✜❧♠s✿

Jl = kl(Cl − Cli), ✭✷✳✶✽✮

Jg = kg(Cg − Cgi). ✭✷✳✶✾✮

❆♥❞ t❤❡ st❛❣♥❛♥t ✜❧♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✐♥ st❡❛❞② st❛t❡✱ t❤✉s ✢✉① t❤r♦✉❣❤ ❡❛❝❤
✜❧♠ s❤♦✉❧❞ ❜❡ ❡q✉❛❧✿

Jl = Jg = J. ✭✷✳✷✵✮

❈♦♥s❡q✉❡♥t❧②✱ ❡q✉❛t✐♦♥s ✭✷✳✶✽✮ ✭✷✳✶✾✮ ❜❡❝♦♠❡

J = kl(Cl − Cli), ✭✷✳✷✶✮

J = kg(Cg − Cgi). ✭✷✳✷✷✮

❍♦✇❡✈❡r✱ ❝♦♥❝❡♥tr❛t✐♦♥s ❛t ✐♥t❡r❢❛❝❡ Cli✱ Cgi ❝❛♥ ♥♦t ❜❡ ♠❡❛s✉r❡❞✳ ❚❤❡r❡❢♦r❡✱ t✇♦
❛✉①✐❧✐❛r② ❡q✉❛t✐♦♥s ❛r❡ ♣r♦♣♦s❡❞✿

J = Kl(Cl − C∗
l ), ✭✷✳✷✸✮

J = Kg(C
∗
g − Cg), ✭✷✳✷✹✮

✇❤❡r❡ Kl✱ Kg ❛r❡ ❝❛❧❧❡❞ ♦✈❡r❛❧❧ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥ts✱ C∗
l ✱ C

∗
g ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥

♦❢ ❧✐q✉✐❞✴❣❛s ♣❤❛s❡ ❛t ✐♥t❡r❢❛❝❡ t❤❛t ✇♦✉❧❞ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ ❜✉❧❦ ❣❛s✴❧✐q✉✐❞✱ ✇❤✐❝❤ s❛t✐s✜❡s ❍❡♥r②✬s ❧❛✇ ✭✷✳✶✶✮✿

C∗
l =

Cg

H
, ✭✷✳✷✺✮

C∗
g = HCl. ✭✷✳✷✻✮



✷✳✺✳ ▲✐❣❤t ✶✾

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✷✺✮ ✭✷✳✷✻✮ ✐♥t♦ ✭✷✳✷✸✮ ✭✷✳✷✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ t✇♦ ♦✈❡r❛❧❧ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥ts✿

Kl = HKg. ✭✷✳✷✼✮

■♥ ♦t❤❡r ✇♦r❞s✱ Kl ❛♥❞ Kg ❛r❡ ♣❤②s✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✱ t❤❡② ♦♥❧② ❤❛✈❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢
❛ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t✱ t❤✉s ❡✐t❤❡r ♦♥❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♠❛ss tr❛♥s❢❡r✱ ❤❡r❡ ✇❡
❝❤♦♦s❡ Kl t♦ r❡♣r❡s❡♥t t❤❡ ♦✈❡r❛❧❧ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✳

❙✉❜s❡q✉❡♥t❧②✱ ❡q✉❛t✐♦♥ ✭✷✳✷✸✮ ✐s r❡✇r✐tt❡♥ ❛s

J = Kl[(Cl − Cli) + (Cli − C∗
l )], ✭✷✳✷✽✮

s✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✶✼✮ ✭✷✳✷✺✮ ✐♥t♦ ✭✷✳✷✽✮✱ ✇❡ ❤❛✈❡

J = Kl

[

(Cl − Cli) +
(Cgi − Cg)

H

]

. ✭✷✳✷✾✮

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✷✶✮ ✭✷✳✷✷✮ ✐♥t♦ ✭✷✳✷✾✮✱ ✇❡ ♦❜t❛✐♥

J = Kl

[
J

kl
+

J

Hkg

]

, ✭✷✳✸✵✮

J ✐s ❝❛♥❝❡❧❡❞✱ ✇❡ ✜♥❛❧❧② ❤❛✈❡
1

Kl
=

1

kl
+

1

Hkg
. ✭✷✳✸✶✮

■♥ ❡q✉❛t✐♦♥ ✭✷✳✸✶✮✱ 1/Kl r❡♣r❡s❡♥ts t♦t❛❧ r❡s✐st❛♥❝❡ t♦ ♠❛ss tr❛♥s❢❡r✱ ✇❤✐❝❤ ✐s ❞❡t❡r✲
♠✐♥❡❞ ❜② ❧✐q✉✐❞ ✜❧♠ r❡s✐st❛♥❝❡ ✭1/kl✮✱ ❣❛s ✜❧♠ r❡s✐st❛♥❝❡ ✭1/kg✮ ❛♥❞ s♦❧✉❜✐❧✐t② ✭1/H✮✳
❋♦r ❤✐❣❤❧② s♦❧✉❜❧❡ ❣❛s❡s ✭❧♦✇ H✮✱ s✉❝❤ ❛s ❛♠♠♦♥✐❛✱ ✐t s❛t✐s✜❡s 1/Hkg ≫ 1/kl✱ ❝♦♥✲
s❡q✉❡♥t❧②✱ t❤❡ ❧✐q✉✐❞ ✜❧♠ r❡s✐st❛♥❝❡ ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ♣♦♦r❧②
s♦❧✉❜❧❡ ❣❛s❡s ✭❤✐❣❤ H✮✱ s✉❝❤ ♦①②❣❡♥✱ s❛t✐s❢②✐♥❣ 1/kl ≫ 1/Hkg✱ t❤✉s ❣❛s ✜❧♠ r❡s✐st❛♥❝❡
❝❛♥ ❜❡ ✐❣♥♦r❡❞✳

✷✳✺ ▲✐❣❤t

▼✐❝r♦❛❧❣❛❧ ❣r♦✇t❤ ✐s ❛ ♣❤♦t♦s②♥t❤❡t✐❝ ♣r♦❝❡ss✱ ❜② ✇❤✐❝❤ ❧✐❣❤t ❡♥❡r❣② ✐s ❛❜s♦r❜❡❞ ❜②
❝❤❧♦r♦♣❤②❧❧✱ ❛♥ ♦r❣❛♥✐❝ ♣✐❣♠❡♥t ❝♦♥t❛✐♥❡❞ ✐♥ ♦r❣❛♥✐s♠s✱ s✉❜s❡q✉❡♥t❧② ❝❛r❜♦♥ ❞✐♦①✐❞❡
❛♥❞ ✇❛t❡r ❛r❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❝❛r❜♦❤②❞r❛t❡s ❛♥❞ ♦①②❣❡♥ ❬✽✹❪✳ ▼♦r❡♦✈❡r✱ ♣❤♦t♦s②♥✲
t❤❡s✐s ✐s tr❛❞✐t✐♦♥❛❧❧② ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✱ t❤❡ ❧✐❣❤t✲❞❡♣❡♥❞❡♥t r❡❛❝t✐♦♥s✱ ♦r ❧✐❣❤t
r❡❛❝t✐♦♥s ❛♥❞ ❧✐❣❤t✲✐♥❞❡♣❡♥❞❡♥t r❡❛❝t✐♦♥s✱ ♦r ❞❛r❦ r❡❛❝t✐♦♥s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✽
❬✽✺❪✳ ❚❤❡ ❧✐❣❤t r❡❛❝t✐♦♥s r❡q✉✐r❡ ❧✐❣❤t t♦ ♣r♦❞✉❝❡ ♦r❣❛♥✐❝ ❡♥❡r❣② ♠♦❧❡❝✉❧❡s✱ ❆❚P ❛♥❞
◆❆❉P❍✳ ❚❤❡ ❞❛r❦ r❡❛❝t✐♦♥s ✉t✐❧✐③❡ ❡♥❡r❣② ♠♦❧❡❝✉❧❡s ✭❆❚P✴◆❆❉P❍✮ t♦ ✜① ❝❛r❜♦♥
❞✐♦①✐❞❡ ✐♥t♦ ❝❛r❜♦❤②❞r❛t❡s✳ ❚❤❡r❡❢♦r❡✱ ♣❤♦t♦s②♥t❤❡s✐s ✐s ❡ss❡♥t✐❛❧❧② t❤❡ ❝♦♥✈❡rs✐♦♥
❢r♦♠ ❧✐❣❤t ❡♥❡r❣② ✐♥t♦ ❝❤❡♠✐❝❛❧ ❡♥❡r❣②✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss ✐s ❞r✐✈❡♥
❜② ❧✐❣❤t ❡♥❡r❣②✳ ■♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❧✐❣❤t ✐♥ ♠✐❝r♦❛❧❣❛❧ ❣r♦✇t❤✱
✐t ✐s ♥❡❝❡ss❛r② t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ❧✐❣❤t ✐♥✢✉❡♥❝❡s ❧❛❜✲s❝❛❧❡ ♦r ❡✈❡♥ ✐♥❞✉str✐❛❧✲s❝❛❧❡
♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ ❬✽✻❪✳

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❧✐❣❤t ✐♥t❡♥s✐t② ❛♥❞ ♣❤♦t♦s②♥t❤❡s✐s ♦❢ ❝❡❧❧s ✐s ❝❧❛ss✐❝❛❧❧② ❞❡✲
♣✐❝t❡❞ ❜② ❛ s♦✲❝❛❧❧❡❞ ❧✐❣❤t✲r❡s♣♦♥s❡ ❝✉r✈❡✱ ❛❧s♦ ❦♥♦✇♥ ❛s P■ ✭P❤♦t♦s②♥t❤❡s✐s✲■rr❛❞✐❛♥❝❡✮
❝✉r✈❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✾ ❬✽✼❪✳ ❙❝✐❡♥t✐sts ✜rst st✉❞✐❡❞ P■ ❝✉r✈❡ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢
❝❡❧❧s✱ t❤❡♥ ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s ♦♥❧② r❡❝❡♥t❧② ❬✽✽❪ ❬✽✾❪ ❬✾✵❪ ❬✾✶❪✳ ❚❤❡ ❝✉r✈❡ ✐♥❝❧✉❞❡s t❤r❡❡
❞✐st✐♥❝t st❛❣❡s✿



✷✵ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

❋✐❣✉r❡ ✷✳✶✽✿ P❤♦t♦s②♥t❤❡s✐s✿ ❧✐❣❤t r❡❛❝t✐♦♥s ❛♥❞ ❞❛r❦ r❡❛❝t✐♦♥s✱ ✐❧✲
❧✉str❛t✐♦♥ ❢r♦♠ ❬✽✺❪✳

✶✳ ▲✐❣❤t✲❧✐♠✐t❡❞✿ r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ❧✐♥❡❛r❧② ✐♥❝r❡❛s❡s ✇✐t❤ ❧✐❣❤t ✐♥t❡♥s✐t② ❛t
r❡❧❛t✐✈❡❧② ❧♦✇ ❧✐❣❤t ✐♥t❡♥s✐t②✳

✷✳ ▲✐❣❤t✲s❛t✉r❛t❡❞✿ t❤❡ ❝✉r✈❡ r❡❛❝❤❡❞ ❛ ♣❧❛t❡❛✉✱ ❛❝❝♦r❞✐♥❣❧② r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s
♦❜t❛✐♥s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡✳

✸✳ ▲✐❣❤t✲✐♥❤✐❜✐t❡❞✿ r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ❞❡❝r❡❛s❡s ✇✐t❤ ❧✐❣❤t ✐♥t❡♥s✐t②✱ ❦♥♦✇♥ ❛s
♣❤♦t♦✲✐♥❤✐❜✐t✐♦♥ ♦❢ s②♥t❤❡s✐s✳

❋✐❣✉r❡ ✷✳✶✾✿ ▲✐❣❤t✲r❡s♣♦♥s❡ ❝✉r✈❡✿ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❛t❡ ♦❢ ♣❤♦✲
t♦s②♥t❤❡s✐s ❛♥❞ ❧✐❣❤t ✐♥t❡♥s✐t②✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✽✼❪✳

❙✉❜s❡q✉❡♥t❧②✱ s❡✈❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❛r❡ ❝♦♥str✉❝t❡❞ t♦ ✜t t❤❡ ❧✐❣❤t✲r❡s♣♦♥s❡
❝✉r✈❡ ✇❤❡♥ ❧✐❣❤t ✐♥t❡♥s✐t② ✐s ❧✐♠✐t❡❞✱ ♥❛t✉r❛❧❧② ♣❤♦t♦✲✐♥❤✐❜✐t✐♦♥ ✐s ♥♦t ❛❝❝♦✉♥t❡❞ ❢♦r
✐♥ s✉❝❤ ♠♦❞❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ ▼♦♥♦❞✲❧✐❦❡ ♠♦❞❡❧s ❞❡s❝r✐❜❡ t❤❡ ❧✐❣❤t✲r❡s♣♦♥s❡ ❝✉r✈❡ ❛s
❬✽✼❪

P = P♠❛①
I

Ik + I
, ✭✷✳✸✷✮

✇❤❡r❡ P ✐s t❤❡ r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s✱ P♠❛① ✐s t❤❡ ♠❛①✐♠✉♠ r❛t❡ ♦❢ s②♥t❤❡s✐s✱ I ✐s
t❤❡ ❧✐❣❤t ✐♥t❡♥s✐t②✱ Ik r❡♣r❡s❡♥ts s❛t✉r❛t✐♦♥ ✐rr❛❞✐❛♥❝❡✳

❇❛s❡❞ ♦♥ t❤❡ st✉❞② ♦❢ ❧✐❣❤t✲r❡s♣♦♥s❡ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s✱ r❡s❡❛r❝❤❡rs ❡st❛❜❧✐s❤❡❞ t❤❡
❧✐❣❤t✲r❡s♣♦♥s❡ ♠♦❞❡❧ ❢♦r t❤❡ ✇❤♦❧❡ ❝✉❧t✉r❡ ✐♥❝❧✉❞✐♥❣ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❝❡❧❧s✳ ❚❤❡ ✜rst
❝❛t❡❣♦r② ♦❢ ♠♦❞❡❧s ✐s s✐♠♣❧❡✱ t❤❡ ❧✐❣❤t✲r❡s♣♦♥s❡ ❝✉r✈❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❤♦♠♦❣❡♥❡♦✉s



✷✳✻✳ ❈❡❧❧ ❣r♦✇t❤ ✷✶

✐♥ t❤❡ ❡♥t✐r❡ ❝✉❧t✉r❡ ❜② ❛ss✉♠✐♥❣ t❤❛t ❡❛❝❤ s✐♥❣❧❡ ❝❡❧❧ r❡❝❡✐✈❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ❧✐❣❤t
✐♥t❡♥s✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜rst t②♣❡ ♦❢ ♠♦❞❡❧s ❢♦r t❤❡ ❡♥t✐r❡ ❝✉❧t✉r❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡
♠♦❞❡❧ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s✱ ✐✳❡✳ ✭✷✳✸✷✮✳

❍♦✇❡✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧s ✐s ✈❡r② ✐❞❡❛❧✱ s✐♥❝❡ ❧✐❣❤t ✐♥t❡♥✲
s✐t② ♠❛② ✈❛r② ❢r♦♠ ♣❧❛❝❡ t♦ ♣❧❛❝❡ ❞✉❡ t♦ t❤❡ ❧✐❣❤t✲❜❧♦❝❦✐♥❣ ❜② ❞❡♥s❡ ❝❡❧❧s ❛♥❞ ❧✐❣❤t
❛tt❡♥✉❛t✐♦♥ ✇✐t❤ ❞✐st❛♥❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡❝♦♥❞ ❝❛t❡❣♦r② ♦❢ ♠♦❞❡❧s ✐s ❡st❛❜❧✐s❤❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♥✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧✐❣❤t ✐♥ t❤❡ r❡❛❝t♦r✳ ■♥ s✉❝❤ ♠♦❞❡❧✱ ❧✐❣❤t
✐♥t❡♥s✐t② ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♦❢t❡♥ ❞❡s❝r✐❜❡❞ ❜②
t❤❡ ❇❡❡r✲▲❛♠❜❡rt ❧❛✇

I(x) = I0e
−µax, ✭✷✳✸✸✮

✇❤❡r❡ x ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ s②st❡♠ s✉r❢❛❝❡ t♦ t❤❡ ❝❡❧❧ ✐♥ q✉❡st✐♦♥✱ I0 ✐s t❤❡ ✐♥❝✐❞❡♥t
❧✐❣❤t ✐♥t❡♥s✐t②✱ µa ✐s t❤❡ ❛tt❡♥✉❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞
♣♦s✐t✐♦♥✳ ■♥❝✐❞❡♥t❛❧❧②✱ t❤❡ ❛tt❡♥✉❛t✐♦♥ ❝♦❡✣❝✐❡♥t µa ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❜s♦r❜✐♥❣
❛❜✐❧✐t② ♦❢ ❝❤❧♦r♦♣❤②❧❧ ❛♥❞ ♦t❤❡r ❧✐❣❤t✲❛❜s♦r❜✐♥❣ ♠♦❧❡❝✉❧❡s ❬✾✷❪✳

❊q✉❛t✐♦♥ ✭✷✳✸✸✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐rr❛❞✐❛♥❝❡ ✐s r❛♣✐❞❧② ❛tt❡♥✉❛t❡❞ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢
♣❡♥❡tr❛t✐♥❣ t❤❡ ❝✉❧t✉r❡ ♠❡❞✐✉♠✱ ❝♦♥s❡q✉❡♥t❧②✱ ❝❡❧❧s ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥ ❞❛r❦ r❡❛❝t✐♦♥s
✇❤❡♥ t❤❡② ❛r❡ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❚❤❡r❡❢♦r❡✱ ❜② ♠✐①✐♥❣ ♦❢ ❛ ♣❤♦t♦✲
❜✐♦r❡❛❝t♦r✱ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ♠❛② ❡①♣❡r✐❡♥❝❡ ❛ s❤♦rt❡r ❧✐❣❤t✴❞❛r❦ ❝②❝❧❡✱ ✇❤✐❝❤ ♠❛②
r❡❞✉❝❡ ❧✐❣❤t✲✐♥❤✐❜✐t✐♦♥ ❬✽✼❪✳ ❚❤❡ ❡✛❡❝t ♦❢ s❤♦rt ❧✐❣❤t✴❞❛r❦ ❝②❝❧❡ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
s❡❝♦♥❞ t②♣❡ ♦❢ ♠♦❞❡❧s✱ t❤✉s t❤❡ t❤✐r❞ ❝❛t❡❣♦r② ♦❢ ♠♦❞❡❧s ✐s ❡st❛❜❧✐s❤❡❞ t♦ ✐♥❝❧✉❞❡ t❤✐s
❡✛❡❝t ❬✾✸❪ ❬✾✹❪ ❬✾✺❪ ❬✾✻❪ ❬✾✼❪✳ ❙✉❝❤ ♠♦❞❡❧ ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜② r❡❝♦r❞✐♥❣ ♣❤♦t♦s②♥t❤❡s✐s
♦❢ ❡✈❡r② s✐♥❣❧❡ ❝❡❧❧✱ ✇❤✐❝❤ ✐s ❞r✐✈❡♥ ❜② ❧✐q✉✐❞ ✢♦✇ t♦ ♠♦✈❡ ❜❡t✇❡❡♥ t❤❡ ❧✐❣❤t ❛♥❞ ❞❛r❦
③♦♥❡s✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ r❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ♦❢ t❤❡ ❡♥t✐r❡ ❝✉❧t✉r❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❜②
s✉♠♠✐♥❣ ❛❧❧ t❤❡ r❛t❡s ♦❢ ♣❤♦t♦s②♥t❤❡s✐s ♦❢ s✐♥❣❧❡ ❝❡❧❧✳ ❍♦✇❡✈❡r✱ s✉❝❤ ♠♦❞❡❧ r✉♥s t❤❡
r✐s❦ ♦❢ ♦✈❡r✜tt✐♥❣✱ s✐♥❝❡ t❤❡r❡ ❛r❡ t♦♦ ♠❛♥② ♣❛r❛♠❡t❡rs ❬✾✽❪✳

✷✳✻ ❈❡❧❧ ❣r♦✇t❤

❚❤✐s t❤❡s✐s ♠❛✐♥❧② st✉❞✐❡❞ t❤❡ ♣❤②s✐❝s ✐♥s✐❞❡ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✱ ✐✳❡✳ t❤❡ ♣❤❡♥♦♠❡♥❛
♦❢ ❣❛s✲❧✐q✉✐❞ ✢♦✇✳ ❍♦✇❡✈❡r✱ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss ✇✐❧❧ ❝♦♠❡ s❤♦rt❧② ✐♥t♦ t❤❡ s✉❜❥❡❝t
✐♥ ❢✉t✉r❡ ♦♥❝❡ t❤❡ st✉❞② ♦❢ ♣❤②s✐❝s ✐s ✜♥✐s❤❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣✐✈❡ t❤❡ t❤❡♦r❡t✐❝❛❧
♠✐♥✐♠✉♠ t❤❛t ❞❡s❝r✐❜❡s ❝❡❧❧ ❣r♦✇t❤ t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❢✉t✉r❡ st✉❞✐❡s ❬✾✾❪ ❬✶✵✵❪✳ ❚♦
❝♦♥str✉❝t ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❝❡❧❧ ❣r♦✇t❤ ✐♥ ❛ r❡❛❝t♦r✱ ✇❡ ♥❡❡❞ t❤❡ ❡q✉❛t✐♦♥s
t❤❛t ❞❡s❝r✐❜❡✿

✶✳ ❑✐♥❡t✐❝ ♠♦❞❡❧s ♦❢ ❝❡❧❧ ❣r♦✇t❤

✷✳ ▼❛ss ❜❛❧❛♥❝❡ ❢♦r ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✸✳ ❍❡t❡r♦❣❡♥❡✐t② ♦❢ ❝❡❧❧ ❣r♦✇t❤

✷✳✻✳✶ ❑✐♥❡t✐❝ ♠♦❞❡❧

❋✐rst ♦❢ ❛❧❧✱ t♦ st✉❞② ❝❡❧❧ ❣r♦✇t❤✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ r❛t❡ ♦❢ ❝❡❧❧ ❣r♦✇t❤ rX ✱ ✇❤✐❝❤
✇❛s ❢♦✉♥❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣r❡s❡♥t ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥✿

rX = µX, ✭✷✳✸✹✮

✇❤❡r❡ µ ✐s t❤❡ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡✱ ✐ts ✉♥✐t ✐s s−1✱ ❛♥❞ X ✐s t❤❡ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ ❝❡❧❧s ✐♥ ❛ r❡❛❝t♦r✱ ✐ts ✉♥✐t ✐s ❣❡♥❡r❛❧❧② ❣✴▲✳

❚❤❡r❡❢♦r❡✱ ❛ ♠♦❞❡❧ ❢♦r t❤❡ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡
r❛t❡ ♦❢ ❝❡❧❧ ❣r♦✇t❤ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✸✹✮✳ ❆t ❧♦✇ s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ s✉♣♣♦s✐♥❣



✷✷ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❧✐♠✐t✐♥❣ s✉❜str❛t❡✱ t❤❡ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡
▼♦♥♦❞ ♠♦❞❡❧

µ = µ♠❛①
S

Ks + S
, ✭✷✳✸✺✮

✇❤❡r❡ µ♠❛① ✐s t❤❡ ♠❛①✐♠✉♠ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡✱ Ks ✐s t❤❡ s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥
✇❤❡♥ t❤❡ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ✐s ✵✳✺µ♠❛①✱ S ✐s t❤❡ s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ µ♠❛①✱ Ks

❛r❡ ❝♦♥st❛♥ts✱ ✐♥✢✉❡♥❝❡❞ ❜② t❡♠♣❡r❛t✉r❡✱ ♣❍✳✳✳✱ t❤❡② ❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡
♠✐❝r♦✲♦r❣❛♥✐s♠✱ ❢♦r ❡①❛♠♣❧❡ Ks ♦❢ ❆❡r♦❜❛❝t❡r ❛❡r♦❣❡♥❡s ✐s ✽ ♠❣✴▲✱ ❛♥❞ t❤❡ Ks ♦❢
❆s♣❡r❣✐❧❧✉s ♦r②③❛❡ ✐s ✺ ♠❣✴▲✳

❚❤❡r❡ ❛r❡ ❝❡rt❛✐♥❧② ♦t❤❡r ♠♦❞❡❧s ❢♦r ❝❡❧❧ ❣r♦✇t❤✱ ❛s s❤♦✇♥ ✐♥ t❛❜❧❡ ✷✳✹ ❬✶✵✵❪✳

❚❛❜❧❡ ✷✳✹✿ ❉✐✛❡r❡♥t ❦✐♥❡t✐❝ ♠♦❞❡❧s ❬✶✵✵❪

▼♦❞❡❧ ♥❛♠❡ ❑✐♥❡t✐❝ ❡①♣r❡ss✐♦♥

❚❡ss✐❡r µ = µ♠❛①(1− e−cs/Ks)

▼♦s❡r µ = µ♠❛①
cns

cns+Ks

❈♦♥t♦✐s µ = µ♠❛①
cs

cs+Ksx

❇❧❛❝❦♠❛♥ µ =

{

µ♠❛①
cs
2Ks

; cs ≤ 2Ks

µ♠❛①; cs ≥ 2Ks

▲♦❣✐st✐❝ ❧❛✇ µ = µmax(1− x
Kx

)

✷✳✻✳✷ ▼❛ss ❜❛❧❛♥❝❡

❈❡❧❧s✱ s✉❜str❛t❡s✱ ♣r♦❞✉❝ts✱ t❤❡② ❛❧❧ r❡s♣❡❝t ♠❛ss ❜❛❧❛♥❝❡✱ ❛ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ♠❛ss
❜❛❧❛♥❝❡ ✐s

■♥❧❡t+ Pr♦❞✉❝t✐♦♥+ ■♥✐t✐❛❧ ❙t❛t❡ = ❖✉t❧❡t+ ❈♦♥s✉♠♣t✐♦♥+ ❋✐♥❛❧ ❙t❛t❡, ✭✷✳✸✻✮

✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ❛s

■♥❧❡t+ Pr♦❞✉❝t✐♦♥ = ❖✉t❧❡t+ ❈♦♥s✉♠♣t✐♦♥+❆❝❝✉♠✉❧❛t✐♦♥, ✭✷✳✸✼✮

✇❤❡r❡
❆❝❝✉♠✉❧❛t✐♦♥ = ❋✐♥❛❧ ❙t❛t❡− ■♥✐t✐❛❧ ❙t❛t❡. ✭✷✳✸✽✮

❋♦r t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ t❤✐s s❡❝t✐♦♥ ✷✳✻✳✷✱ µ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐❢♦r♠ ✐♥ t❤❡ ✇❤♦❧❡
r❡❛❝t♦r✱ ❢♦r ✇❤✐❝❤ ❛ ♣❡r❢❡❝t❧②✲♠✐①❡❞ r❡❛❝t♦r ✇✐❧❧ ❜❡ ❛ ♥❡❝❡ss❛r② ❜✉t ♥♦t s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥✱ s✐♥❝❡ µ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❣❡ ♦❢ ❝❡❧❧✱ ❡t❝✳

▼❛ss ❜❛❧❛♥❝❡ ♦❢ ❝❡❧❧s

❚❤❡ ❝❡❧❧s ❤❛✈❡ t❤❡✐r s♣❡❝✐✜❝ ❢♦r♠ ♦❢ ♠❛ss ❜❛❧❛♥❝❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ✐♥
✭✷✳✸✼✮ ❜❡❝♦♠❡s t❤❡ ❜✐rt❤ ♦❢ ❝❡❧❧s✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✐s ❛❝t✉❛❧❧② t❤❡ ❞❡❛t❤ ♦❢ ❝❡❧❧s✱ ❛♥❞
t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ♥♦✇ t❤❡ ♥❡t ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧s ✐♥ t❤❡ ❜✐♦r❡❛❝t♦r✳ ❙✉♣♣♦s✐♥❣ t❤❛t
t❤❡ ✈♦❧✉♠❡ ♦❢ ❜✐♦r❡❛❝t♦r ✐s ❛ ❝♦♥st❛♥t V0✱ t❤✉s t❤❡ ♠❛ss ❜❛❧❛♥❝❡ ♦❢ ❝❡❧❧s ♣❡r ✉♥✐t t✐♠❡
✐s

Q✐♥X✐♥ + rXV0 = Q♦✉tX♦✉t + rDV0 +
d(V0X)

dt
, ✭✷✳✸✾✮



✷✳✻✳ ❈❡❧❧ ❣r♦✇t❤ ✷✸

✇❤❡r❡ Q ✐s t❤❡ ✈♦❧✉♠❡tr✐❝ ✢♦✇ r❛t❡ ♦❢ ❧✐q✉✐❞✱ X ✐s t❤❡ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❝❡❧❧s✱ rX ✱
rD ❛r❡ t❤❡ r❛t❡ ♦❢ ❝❡❧❧✉❧❛r ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ r❡s♣❡❝t✐✈❡❧②✳

❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡r❡ ✐s ♥♦ ❝❡❧❧✉❧❛r ❞❡❛t❤ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❞✐s❝✉ss✐♦♥s✳ ❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ ❛♣♣❧② ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❡q✉❛t✐♦♥
✭✷✳✸✾✮✿

❇✳❈✳ ✶✱ ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡♥ r❡❛❝t♦r✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s✿

Q✐♥ = Q♦✉t = Q, ✭✷✳✹✵✮

t❤✉s ✭✷✳✸✾✮ ✐s ♥♦✇

QX✐♥ + rXV0 = QX♦✉t +
d(V0X)

dt
. ✭✷✳✹✶✮

▼♦r❡ ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ ✭✷✳✹✵✮✿
❇✳❈✳ ✶✳✶✱ ❛ ♣❡r❢❡❝t❧②✲♠✐①❡❞ r❡❛❝t♦r✱ ✇❤♦s❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❝❡❧❧s ❞♦❡s ♥♦t ❞❡♣❡♥❞

♦♥ t❤❡ s♣❛❝❡✿ X✭x, y, z, t✮✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ t❛❦❡ s♦♠❡ s❛♠♣❧❡s ❢r♦♠ ❞✐✛❡r❡♥t ③♦♥❡s
♦❢ t❤❡ r❡❛❝t♦r✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡s ❤❛s ♥♦ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♦♥❡ ✐♥ t❤❡
r❡❛❝t♦r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

X♦✉t = X, ✭✷✳✹✷✮

❝♦♥s❡q✉❡♥t❧②✱ ✭✷✳✹✶✮ ❜❡❝♦♠❡s

QX✐♥ + rXV0 = QX + V0
dX

dt
. ✭✷✳✹✸✮

❇✳❈✳ ✶✳✷✱ st✐❧❧ ❛ ♣❡r❢❡❝t❧②✲♠✐①❡❞ r❡❛❝t♦r✱ ②❡t ♦♥❧② s✉❜str❛t❡✱ ♥♦ ❝❡❧❧ ✐♥ t❤❡ ✐♥❧❡t
✢♦✇✱ ✇❤✐❝❤ ✐s ♦❢t❡♥ t❤❡ ❝❛s❡✱ ✐♥ ♦t❤❡r ✇♦r❞s

X✐♥ = 0, ✭✷✳✹✹✮

t❤✉s ✭✷✳✹✸✮ ❜❡❝♦♠❡s

rX − Q

V
X =

dX

dt
. ✭✷✳✹✺✮

❚♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✸✹✮✱ ✇❡ ❤❛✈❡

(µ−D)X =
dX

dt
✭✷✳✹✻✮

✇❤❡r❡
D =

Q

V0
, ✭✷✳✹✼✮

❦♥♦✇♥ ❛s ❞✐❧✉t✐♦♥ r❛t❡✳ ❊q✉❛t✐♦♥ ✭✷✳✹✻✮ s✐♠♣❧② s✐❣♥✐✜❡s t❤❛t t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❝❡❧❧s ✭µ✮
♠✐♥✉s t❤❡ r❡♠♦✈❛❧ ♦❢ ❝❡❧❧s ✭D✮ ❡q✉❛❧s t♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧s ✭dX✮✳

❇✳❈✳ ✷✱ ❛ ❝❧♦s❡❞ r❡❛❝t♦r✭❜❛t❝❤✮✱ ✇❤✐❝❤ s❛t✐s✜❡s

Q✐♥ = Q♦✉t = 0, ✭✷✳✹✽✮

✐♥ t❤✐s ❝❛s❡✱ ✭✷✳✸✾✮ ❜❡❝♦♠❡s

rX =
dX

dt
. ✭✷✳✹✾✮

▼❛ss ❜❛❧❛♥❝❡ ♦❢ s✉❜str❛t❡

❚❤❡ s✉❜str❛t❡ ❛❧s♦ ❤❛s ✐ts ♦✇♥ ✈❡rs✐♦♥ ♦❢ ✭✷✳✸✼✮✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❜✐♦❧♦❣✐❝❛❧ r❡❛❝t✐♦♥
❞♦s❡ ♥♦t ♣r♦❞✉❝❡ s✉❜str❛t❡✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ✐t ♦♥❧② ❝♦♥s✉♠❡s s✉❜str❛t❡✳ ❚❤❡r❡❢♦r❡✱



✷✹ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

t❤❡ ♣r♦❞✉❝t✐♦♥ ❢♦r s✉❜str❛t❡ ✐s ✵✱ t❤❡ ♠❛ss ❜❛❧❛♥❝❡ ♦❢ s✉❜str❛t❡ ♣❡r ✉♥✐t t✐♠❡ ✐s

Q✐♥S✐♥ = Q♦✉tS♦✉t + rSV0 +
d(V0S)

dt
, ✭✷✳✺✵✮

✇❤❡r❡ S ✐s t❤❡ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s✉❜str❛t❡✱ rS ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ r❛t❡ ♦❢ s✉❜str❛t❡
❝♦♥❝❡♥tr❛t✐♦♥✱ ✇❤✐❝❤ s❛t✐s✜❡s

rS =
rX
YXS

, ✭✷✳✺✶✮

✇❤❡r❡ YXS ✐s t❤❡ ②✐❡❧❞ ❝♦❡✣❝✐❡♥t✳ ❊q✉❛t✐♦♥ ✭✷✳✺✶✮ ❥✉st ♠❡❛♥s t❤❛t t❤❡ r❡❛❝t✐♦♥
❝♦♥s✉♠❡s ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ s✉❜str❛t❡✱ ❛♥❞ ♣r♦❞✉❝❡s s♦♠❡ ❝❡❧❧s ❛❝❝♦r❞✐♥❣❧②✳

❋♦r ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿
❇✳❈✳ ✶✱ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣❡r❢❡❝t❧②✲♠✐①❡❞ r❡❛❝t♦r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✹✵✮ ❛♥❞

S♦✉t = S, ✭✷✳✺✷✮

t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✺✶✮✱ ♠❛ss ❜❛❧❛♥❝❡ ✭✷✳✺✵✮ ❜❡❝♦♠❡s

QS✐♥ = QS +
rX
YXS

+ V0
dS

dt
. ✭✷✳✺✸✮

❙✉❜s❡q✉❡♥t❧②✱ ❞✐✈✐❞✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✺✸✮ ❜② V0✱ t❤❡♥ ❛♣♣❧②✐♥❣ ✭✷✳✹✼✮ ✭✷✳✸✹✮✱ ✇❡ ❤❛✈❡

(S✐♥ − S)D − µX

YXS
=
dS

dt
, ✭✷✳✺✹✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♥❡t ✐♥✢♦✇ ♦❢ s✉❜str❛t❡ ♠✐♥✉s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ s✉❜str❛t❡
❡q✉❛❧s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ s✉❜str❛t❡✳ ❇❡s✐❞❡s✱ ✇❤❡♥ t❤❡ ✐♥❧❡t ✢♦✇ s❛t✐s✜❡s

S✐♥ > S, ✭✷✳✺✺✮

t❤❡ s✉❜str❛t❡ ❝❛♥ ♠❛❦❡ t❤❡ ❝❡❧❧s ✢♦✉r✐s❤✳
❇✳❈✳ ✷✱ ❛ ❝❧♦s❡❞ ♣❡r❢❡❝t❧②✲♠✐①❡❞ s②st❡♠✱ s❛t✐s❢②✐♥❣ ✭✷✳✹✽✮✱ t❤✉s ✭✷✳✺✵✮ ❜❡❝♦♠❡s

dS

dt
= − µX

YXS
, ✭✷✳✺✻✮

s✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✹✾✮✱ ✇❡ ❤❛✈❡

dS

dX
= − 1

YXS
, ✭✷✳✺✼✮

✐♥ ♦t❤❡r ✇♦r❞s✱
X −X0 = S0 − YXSS. ✭✷✳✺✽✮

❲✐t❤ ❡q✉❛t✐♦♥s ✭✷✳✺✻✮ ✭✷✳✺✽✮ ✭✷✳✸✺✮✱ ✇❡ ♦❜t❛✐♥

dS

dt
= − µ♠❛①S

Ks + S

(
S0
YXS

− S

)

. ✭✷✳✺✾✮

❆ t②♣✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✺✾✮ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✵✱ ✇❤❡r❡ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡
s✉❜str❛t❡ ✇✐❧❧ ❜❡ ❡①❤❛✉st❡❞✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ t♦ t❛❦❡ ♣❧❛❝❡ ❢♦r ❛ ❝❧♦s❡❞ s②st❡♠✳



✷✳✻✳ ❈❡❧❧ ❣r♦✇t❤ ✷✺

0

❋✐❣✉r❡ ✷✳✷✵✿ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ s✉❜str❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✇✐t❤ t✐♠❡ ✐♥
❛ ❝❧♦s❡❞ s②st❡♠✳

▼❛ss ❜❛❧❛♥❝❡ ♦❢ ♣r♦❞✉❝ts

❋♦r ♣r♦❞✉❝ts✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ✐♥ ✭✷✳✸✼✮ ✐s ❥✉st t❤❡ ♠❡t❛❜♦❧✐❝ ♣r♦❞✉❝ts✱ ❛♥❞ t❤❡ ❝♦♥✲

s✉♠♣t✐♦♥ ✐s ✵✳ ◆♦r♠❛❧❧②✱ t❤❡r❡ ✐s ♥♦ ♣r♦❞✉❝ts ✐♥ ✐♥❧❡t ✢♦✇✱ ✐✳❡✳

P✐♥ = 0. ✭✷✳✻✵✮

❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛ss ❜❛❧❛♥❝❡ ♦❢ ♣r♦❞✉❝ts ♣❡r ✉♥✐t t✐♠❡ ✐s

rPV0 = Q♦✉tP♦✉t +
d(PV0)

dt
, ✭✷✳✻✶✮

✇❤❡r❡ P ✐s t❤❡ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣r♦❞✉❝ts✱ rP ✐s t❤❡ ❢♦r♠❛t✐♦♥ r❛t❡ ♦❢ ♣r♦❞✉❝ts✱
s✐♠✐❧❛r t♦ ✭✷✳✺✶✮✱ ✐t s❛t✐s✜❡s

rP = YPXrX . ✭✷✳✻✷✮

❋♦r ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿
❇✳❈✳ ✶✱ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣❡r❢❡❝t❧②✲♠✐①❡❞ r❡❛❝t♦r✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ✭✷✳✹✵✮ ❛♥❞

P♦✉t = P. ✭✷✳✻✸✮

❈♦♥s❡q✉❡♥t❧②✱ ✭✷✳✻✶✮ ❜❡❝♦♠❡s

rP −DP =
dP

dt
, ✭✷✳✻✹✮

s✉❜st✐t✉t✐♥❣ ✭✷✳✻✷✮✱ ✇❡ ❤❛✈❡

YPXrX −DP =
dP

dt
, ✭✷✳✻✺✮

✇❤♦s❡ s✐❣♥✐✜❝❛♥❝❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ✭✷✳✹✻✮✳
❇✳❈✳ ✷✱ ❛ ❝❧♦s❡❞ s②st❡♠✱ ✐♠♣❧②✐♥❣ ✭✷✳✹✽✮✱ t❤✉s ✭✷✳✻✶✮ ❜❡❝♦♠❡s

YPXrX =
dP

dt
. ✭✷✳✻✻✮



✷✻ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

✷✳✻✳✸ P♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ µ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐❢♦r♠ ✐♥ t❤❡ ✇❤♦❧❡ r❡❛❝t♦r✱ ✇❤✐❝❤
✐s ♦❢t❡♥ ♥♦t t❤❡ ❝❛s❡ ✐♥ r❡❛❧✐t②✱ s✐♥❝❡ t❤❡ ❝❡❧❧s ♠❛② ❣r♦✇ ✇✐t❤ ❞✐✛❡r❡♥t ✈❡❧♦❝✐t✐❡s ✐♥
❞✐✛❡r❡♥t ③♦♥❡s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✷✳✻✳✸✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ♠❡t❤♦❞ t♦ ❞❡s❝r✐❜❡
t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❛ r❡❛❝t♦r✱ ♥❛♠❡❧② t❤❡ ♣♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ✭P❇❊✮ ❬✶✵✶❪
❬✶✵✷❪ ❬✶✵✸❪✳

❚❤❡ P❇❊ ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s ❛ ❝♦♥s❡r✈❡❞
q✉❛♥t✐t②✱ s✐♥❝❡ t❤❡ ❝❡❧❧ ♥✉♠❜❡r ✐s ❛❧s♦ ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t② ✇✐t❤ ❛ s♦✉r❝❡ t❡r♠ ✭♥❡t
❜✐rt❤✴❞❡❛t❤ ♦❢ ❝❡❧❧s✮✳ ❋♦r ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t② ψ✱ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✐s

∂ρ

∂t
+∇ · (ρ~u) = s, ✭✷✳✻✼✮

✇❤❡r❡ ρ ✐s ψ ♣❡r ✉♥✐t ✈♦❧✉♠❡✱ ~u ✐s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ s ✐s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ψ ♣❡r
✉♥✐t ✈♦❧✉♠❡ ♣❡r ✉♥✐t t✐♠❡✱ ✐✳❡✳ t❤❡ ♥❡t s♦✉r❝❡ t❡r♠✳

❋♦r ❝❡❧❧ ♥✉♠❜❡r✱ ❡q✉❛t✐♦♥ ✭✷✳✻✼✮ ❤❛s t❤❡ ❢♦r♠

∂nc
∂t

+∇ξ · (nc~ζ) +∇r · (nc~u) = sc, ✭✷✳✻✽✮

✇❤❡r❡ ξ ❞❡♥♦t❡s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ✐♥t❡r♥❛❧ s♣❛❝❡ ✐♥ ✇❤✐❝❤ ❤❡t❡r♦❣❡♥❡✐t② t❛❦❡s ♣❧❛❝❡✱
❢♦r ❡①❛♠♣❧❡ ❝❡❧❧ s✐③❡✱ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡✱ ❡t❝✳❀ r ✐s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣❤②s✐❝❛❧ s♣❛❝❡❀ nc ✐s t❤❡ ❝❡❧❧ ♥✉♠❜❡r ♣❡r ♣❤②s✐❝❛❧ ✈♦❧✉♠❡ ♣❡r ✐♥t❡r♥❛❧
✈♦❧✉♠❡❀ sc ✐s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧ ♥✉♠❜❡r ♣❡r ♣❤②s✐❝❛❧ ✈♦❧✉♠❡ ♣❡r ✐♥t❡r♥❛❧ ✈♦❧✉♠❡❀ ~ζ
✐s t❤❡ ✏✈❡❧♦❝✐t②✑ ✐♥ t❤❡ ✐♥t❡r♥❛❧ s♣❛❝❡✿

~ζ(t) =
d~ξ

dt
. ✭✷✳✻✾✮

❆❧s♦ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ t♦t❛❧ ❝❡❧❧ ♥✉♠❜❡r ✐s

N (t) =

∫

Ωξ

∫

Ωr

ncdξdr, ✭✷✳✼✵✮

❛♥❞ t❤❡ ❝❡❧❧ ♥✉♠❜❡r ❞❡♥s✐t② ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐s

χ(r, t) =

∫

Ωξ

ncdξ. ✭✷✳✼✶✮

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ✐♥t❡❣r❛t❡ ✭✷✳✻✽✮ ♦♥ t❤❡ ✐♥t❡r♥❛❧ s♣❛❝❡✿

∂

∂t

(
∫

Ωξ

ncdξ

)

+∇ξ ·
(

~ζ

∫

Ωξ

ncdξ

)

+∇r ·
(

~u

∫

Ωξ

ncdξ

)

=

∫

Ωξ

scdξ. ✭✷✳✼✷✮

❇② s✉❜st✐t✉t✐♥❣ ✭✷✳✼✶✮ ✐♥t♦ ✭✷✳✼✷✮✱ ✇❡ ❤❛✈❡

∂χ

∂t
+∇ξ · (~ζχ) +∇r · (~uχ)

︸ ︷︷ ︸

❝♦♥✈❡❝t✐✈❡

= ǫ(r, t), ✭✷✳✼✸✮

✇❤❡r❡ ǫ ✐s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝❡❧❧ ♥✉♠❜❡r ♣❡r ♣❤②s✐❝❛❧ ✈♦❧✉♠❡✳ ❊q✉❛t✐♦♥ ✭✷✳✼✸✮ ✐s t❤❡
♣♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ❝❡❧❧ ❣r♦✇t❤✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ♦❢ ❡q✉❛t✐♦♥
✭✷✳✼✸✮✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡ ❈❋❉ ♠♦❞❡❧✐♥❣✱
t❤✉s ✇❡ ❥✉st ♥❡❡❞ t♦ tr❡❛t t❤❡ r❡st ♣❛rt✱ ✐✳❡✳ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r♥❛❧



✷✳✻✳ ❈❡❧❧ ❣r♦✇t❤ ✷✼

s♣❛❝❡✿
∂χ

∂t
+∇ξ · (~ζχ) = ǫ(r, t). ✭✷✳✼✹✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ✐s ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♦♥❧② ✐♥t❡r♥❛❧ ❝♦♦r❞✐✲
♥❛t❡✱ ❝♦♥s❡q✉❡♥t❧②✱ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✷✳✼✹✮ ❜❡❝♦♠❡s

∂χ

∂t
+

∂

∂µ

(
∂µ

∂t
χ

)

= ǫ(r, t), ✭✷✳✼✺✮

✇❤✐❝❤ s✐❣♥✐✜❡s t❤❛t t❤❡ ❝❡❧❧s ❛r❡ tr❛♥s♣♦rt❡❞ ❜② t❤❡ ✏✈❡❧♦❝✐t②✑ ✜❡❧❞ ✐♥ µ✲s♣❛❝❡✳ ❚❤❡
✏✈❡❧♦❝✐t②✑ ❛t ❛ µ✲♣♦✐♥t✱ ♦r t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝❡❧❧ tr❛♥s♣♦rt ❛t t❤✐s ♣♦✐♥t✱ ✐s st✐❧❧ ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ▼♦♥♦❞ ❡q✉❛t✐♦♥ ✭✷✳✸✺✮✿ ❝❡❧❧s ✇✐❧❧ ✏✢♦✇✑ ✐♥t♦ ❛ ❧❛r❣❡r✴s♠❛❧❧❡r ♥❡✐❣❤❜♦r✐♥❣ µ✲
♣♦✐♥t ✐❢ t❤❡ ❛❝t✉❛❧ ♣♦✐♥t ✐s s♠❛❧❧❡r✴❧❛r❣❡r t❤❛♥ µ❡♥✈✱ t❤❡ ♦♣t✐♠❛❧ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡
✐♥ t❤❡ s❛♠❡ ♠❡❞✐✉♠ ❬✶✵✶❪✳

❚♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ ❡q✉❛t✐♦♥ ✭✷✳✼✺✮✱ t❤❡ µ✲s♣❛❝❡ ✇✐t❤ t❤❡ r❛♥❣❡ ♦❢ [0, µ♠❛①] ✐s
♦❢t❡♥ ❞✐✈✐❞❡❞ ✐♥t♦ N s✉❜s♣❛❝❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✶✳ ❚❤❡r❡❢♦r❡✱ µ ✐♥ t❤❡ i✲t❤
s✉❜s♣❛❝❡ ✐s

µi =
i− 1

N − 1
µ♠❛①, i = 1, 2, · · · , N, ✭✷✳✼✻✮

❛♥❞ µi ✐s ❛ ❝♦♥st❛♥t ✐♥ ❡❛❝❤ s✉❜s♣❛❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝❡❧❧s ✇✐❧❧ ✏✢♦✇✑ ❢r♦♠ i✲t❤ s✉❜s♣❛❝❡
t♦ (i+1)✲t❤ s✉❜s♣❛❝❡ ❢♦r µi < µ❡♥✈✱ ❛♥❞ ❛❧s♦ ❢r♦♠ i✲t❤ s✉❜s♣❛❝❡ t♦ (i−1)✲t❤ s✉❜s♣❛❝❡
❢♦r µi > µ❡♥✈✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✷✳

�1 = 0 �2 …… ��  �� = �max …… 

❋✐❣✉r❡ ✷✳✷✶✿ µ✲s♣❛❝❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ N s✉❜s♣❛❝❡s✱ ❡❛❝❤ s✉❜s♣❛❝❡
❤♦❧❞s ❛ ❝♦♥st❛♥t µi✱ ❛♥❞ µi ✐♥❝r❡❛s❡s ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐♥ t❤❡ ✐❧❧✉str❛✲

t✐♦♥✳

��  ��+1 μ 

�env  �݆−1 �݆  

❋✐❣✉r❡ ✷✳✷✷✿ ❋♦r µi < µ❡♥✈✱ ❝❡❧❧s ✏✢♦✇✑ ✐♥ µ✲s♣❛❝❡ ❢r♦♠ s♠❛❧❧❡r µi

t♦ ❧❛r❣❡r µi+1❀ ❢♦r µj > µ❡♥✈✱ ❝❡❧❧s ❛r❡ ✏tr❛♥s♣♦rt❡❞✑ ✐♥ µ✲s♣❛❝❡ ❢r♦♠
❧❛r❣❡r µj t♦ s♠❛❧❧❡r µj−1✳

❋✉rt❤❡r♠♦r❡✱ t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ t❤❡ ❡♥t✐r❡ ❡q✉❛t✐♦♥ ✭✷✳✼✸✮✱ ▼♦r❝❤❛✐♥ ❡t ❛❧✳ ❤❛✈❡
❝♦✉♣❧❡❞ ❈❋❉ ♠♦❞❡❧✐♥❣ t❤❛t ❤❛♥❞❧❡s t❤❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇✱ ❛ ❦✐♥❡t✐❝ r❛t❡ ❡①♣r❡ss✐♦♥ t❤❛t
❞❡s❝r✐❜❡s ❜✐♦❧♦❣✐❝❛❧ r❡❛❝t✐♦♥s ❛♥❞ ❛ ♣♦♣✉❧❛t✐♦♥ ❜❛❧❛♥❝❡ ♠♦❞❡❧✐♥❣ t❤❛t ❛❝❝♦✉♥ts ❢♦r ❜✐✲
♦❧♦❣✐❝❛❧ ❛❞❛♣t❛t✐♦♥ t♦ ❧♦❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts ❬✺✹❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♣❛rt✐❝✉❧❛r❧②
✐♥t❡r❡st✐♥❣ ✇❤❡♥ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ s❝❛❧❡✲✉♣ ❛♥ ❛❡r❛t❡❞ ❢❡r♠❡♥t❡r✱ s✐♥❝❡ t❤❡ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ❣r❛❞✐❡♥ts ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ♦❝❝✉r ❛t ❧❛r❣❡ s❝❛❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ s✉❝❤ ❛♣♣r♦❛❝❤ ❛❧s♦



✷✽ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

♣r♦✈✐❞❡s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❞❡❝r❡❛s❡❞ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ♣♦♦r❧② ♠✐①❡❞ ✐♥❞✉str✐❛❧
❜✐♦r❡❛❝t♦rs✳

❇❡s✐❞❡s✱ ξ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✼✸✮ ♠❛② ✐♥❝❧✉❞❡ ♠♦r❡ t❤❛♥ ♦♥❡ ✐♥t❡r♥❛❧ ❝♦♦r❞✐♥❛t❡✳ ❋♦r
❡①❛♠♣❧❡✱ ◗✉❡❞❡✈✐❧❧❡ ❡t ❛❧✳ ❤❛✈❡ r❡❝❡♥t❧② ✐♥✈❡st✐❣❛t❡❞ t✇♦ ✐♥t❡r♥❛❧ ❝♦♦r❞✐♥❛t❡s✱ t❤❡
s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ❛♥❞ t❤❡ ❝❡❧❧ ❧❡♥❣t❤ ♦❢ r♦❞ s❤❛♣❡❞ ❝❡❧❧s ❬✶✵✹❪✱ ✐♥ ♦r❞❡r t♦ ✉♥❝♦✉♣❧❡
❣r♦✇t❤ ✐♥ ♠❛ss ✭❝♦♥tr♦❧❧❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❛♥❛❜♦❧✐❝ r❡❛❝t✐♦♥s✮ ❛♥❞ ❣r♦✇t❤ ✐♥ ♥✉♠❜❡r
✭❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❝❡❧❧ ❞✐✈✐s✐♦♥ ❦❡r♥❡❧✮ ✇❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡t✇❡❡♥ ❛ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥
❛♥❞ ✐ts ❡♥✈✐r♦♥♠❡♥t ✐s ❞✐sr✉♣t❡❞✳

✷✳✼ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ♦♥ ❝❡❧❧ ❣r♦✇t❤

❇♦t❤ ♣❤②s✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❛♥❞ t❤❡② ❛r❡ ❛❧❧ ✐♥❞✐s✲
♣❡♥s❛❜❧❡ ❢♦r t❤❡ ♣r♦♣❡r ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❍♦✇❡✈❡r✱ t❤❡s❡ t✇♦ ❦✐♥❞s ♦❢
♣❤❡♥♦♠❡♥❛ ♠❛② ♥♦t ❜❡ ❜②st❛♥❞❡rs t♦ ❡❛❝❤ ♦t❤❡r✿ ❛♥ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠ ♠❛②
t❛❦❡ ♣❧❛❝❡ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✳

❋♦r ❡①❛♠♣❧❡✱ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❝❛♥ ❛✛❡❝t ♠✐❝r♦❛❧❣❛❧
❣r♦✇t❤ ❛♥❞ ❣✐✈❡ r✐s❡ t♦ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠✐❝r♦❛❧❣❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❜✉❜❜❧❡ ❝♦❧✉♠♥
♣❤♦t♦❜✐♦r❡❛❝t♦r ❬✶✵✺❪✿ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ❛r❡ ❛❜s♦r❜❡❞ ♦♥ t❤❡ ❜✉❜❜❧❡ s✉r❢❛❝❡✱ ❛♥❞
❝❡❧❧s ❛r❡ ❝❛rr✐❡❞ ✉♣✇❛r❞s ❜② t❤❡ ❜✉❜❜❧❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✸✳ ❈♦♥s❡q✉❡♥t❧②✱ ♠✐✲
❝r♦❛❧❣❛❡ t❡♥❞ t♦ ❛❝❝✉♠✉❧❛t❡ ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❝✉❧t✉r❡✳ ❋✉rt❤❡r✱ s♠❛❧❧❡r ♦r✐✜❝❡ s✐③❡ ❛♥❞
❤✐❣❤❡r ❣❛s ✢♦✇ r❛t❡ ♣r♦❞✉❝❡ ♠♦r❡ s❡r✐♦✉s ❜✉❜❜❧❡ ❝❛rr②✐♥❣✱ ✇❤✐❝❤ ❛❝❝♦r❞✐♥❣❧② r❡s✉❧ts
✐♥ ♠♦r❡ ❛❝❝✉♠✉❧❛t✐♦♥s ♦❢ ❝❡❧❧s ❛t t❤❡ t♦♣ ♦❢ ❝✉❧t✉r❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ r❡✈❡rs❡ ❡✛❡❝t ❛❧s♦
❡①✐sts ❬✶✵✻❪✿ t❤❡ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❈❖2 ❜✉❜❜❧❡s r❡s✉❧t❡❞
✐♥ ❛♥ ❡❛s✐❡r ❜✉❜❜❧❡ ❞❡t❛❝❤♠❡♥t ✐♥ t❤❡ ♠✐❝r♦❛❧❣❛❧ s✉s♣❡♥s✐♦♥ t❤❛♥ ✐♥ ♣✉r❡ ✇❛t❡r✱ s✐♥❝❡
t❤❡ ❛❣❣r❡❣❛t✐♦♥ ♦♥ ❜✉❜❜❧❡ s✉r❢❛❝❡ ♠❛② ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ❣❛s✲❧✐q✉✐❞ s✉r❢❛❝❡ t❡♥s✐♦♥✳
❇❡s✐❞❡s✱ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛t s♣❛r❣❡r ❝❛♥ r❡s✉❧t ✐♥ s❤❡❛r str❡ss✱ ✇❤✐❝❤ ✇✐❧❧ ✜♥❛❧❧② ❧❡❛❞
t♦ ❝❡❧❧ ❞❛♠❛❣❡ ❛♥❞ ❞❡❛t❤ ❬✶✵✼❪✳ ❆♥❞ s♠❛❧❧ ❜✉❜❜❧❡s ❛r❡ ♠♦r❡ ❞❛♠❛❣✐♥❣ t❤❛♥ ❧❛r❣❡
❜✉❜❜❧❡s ❬✶✵✽❪✳

❋✐❣✉r❡ ✷✳✷✸✿ ▼✐❝r♦❛❧❣❛❡ ❛r❡ ❛❜s♦r❜❡❞ ♦♥ t❤❡ ❜✉❜❜❧❡ s✉r❢❛❝❡✱ ✐❧❧✉s✲
tr❛t✐♦♥ ❢r♦♠ ❬✶✵✻❪✳

❆❧s♦✱ ❚✳ ❈♦✇❛r❞ ❡t ❛❧✳ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ s♠❛❧❧ ❜✉❜❜❧❡s t♦
❝✉❧t✐✈❛t❡ ♠✐❝r♦❛❧❣❛❡s✱ ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜✉❜❜❧❡ s✐③❡ ❛♥❞ r✐s❡ ✈❡❧♦❝✐t② ♦♥ ♠✐❝r♦❛❧❣❛❧
❤❛r✈❡st✐♥❣ ✐s s✐❣♥✐✜❝❛♥t ❬✶✵✾❪✳ ❇❡s✐❞❡s✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❝❛♥ ❛❧s♦ ✐♠♣❛❝t ❣❛s✲❧✐q✉✐❞
♠❛ss tr❛♥s❢❡r✱ ✇❤✐❝❤ ❛❧s♦ ✐♥✢✉❡♥❝❡s t❤❡ ❝❡❧❧ ❣r♦✇t❤✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠❛ss tr❛♥s❢❡r
❝♦❡✣❝✐❡♥t ✇❛s ♦❜s❡r✈❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❜✉❜❜❧❡ ❞✐❛♠❡t❡r ❬✶✶✵❪✳ ❆❧s♦✱ ❛ s♠❛❧❧
✢♦✇ r❛t❡ ✇✐t❤ ❧❛r❣❡ ❜✉❜❜❧❡s ♠❛② ❜❡ ♠♦r❡ ❡✣❝✐❡♥t ❢♦r ❈❖2 ♠❛ss tr❛♥s❢❡r s✐♥❝❡ t❤❡
s❤❡❛r✐♥❣ ❢♦r❝❡s ❛r❡ r❡❞✉❝❡❞ ❬✶✶✶❪✳



✷✳✽✳ ❚❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✷✾

✷✳✽ ❚❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧

❆ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✐s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ st✉❞② ❛❧❧ t❤❡ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ✐♥t❡r❛❝t✐♦♥s ❜❡✲
t✇❡❡♥ t❤❡♠ ✐♥ ❛ ♣❤♦t♦❜✐♦r❛❝t♦r✱ ❛♥❞ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦✉♣❧✐♥❣
❞✐✛❡r❡♥t s✉❜✲♠♦❞❡❧s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✷✹✳ ❙t❛rt✐♥❣ ✇✐t❤ ❣❛s✲❧✐q✉✐❞ ✢♦✇✿ ❤②❞r♦❞②✲
♥❛♠✐❝s✱ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♣r❡ss✉r❡ ✐♥ ❜✉❜❜❧❡s✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✐♥❝❧✉❞✐♥❣ ❜✉❜❜❧❡
✈♦❧✉♠❡ ❛♥❞ s❤❛♣❡ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❤♦❞s ❧✐❦❡ s❤❛❞♦✇❣r❛♣❤②✱
P■❱✱ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ♣r♦♣♦s❡❞ ❛♥❞ ✈❛❧✐❞❛t❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❛❦✐♥❣ ❤②❞r♦❞②✲
♥❛♠✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛s ✐♥♣✉t✱ ♣❧✉s ▲❛❣r❛♥❣✐❛♥ tr❛❝❡r ♣r♦♣❡rt✐❡s✱ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt
♠♦❞❡❧ ②✐❡❧❞s ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❝❡❧❧ tr❛❥❡❝t♦r✐❡s✱ ❡t❝✳ ❙✐♠✐❧❛r❧②✱ t❤❡ tr❛♥s♣♦rt ♠♦❞❡❧
♦❢ s❝❛❧❛r ❡①✐st✐♥❣ ♠❛✐♥❧② ✐♥ ❧✐q✉✐❞ ❣✐✈❡s ♣❍✱ t❡♠♣❡r❛t✉r❡ ❛♥❞ s❝❛❧❛r ❝♦♥❝❡♥tr❛t✐♦♥ ❛t
❞✐✛❡r❡♥t ♠♦♠❡♥ts ❛♥❞ ♣♦s✐t✐♦♥s✳

▼❡❛♥✇❤✐❧❡✱ ✉s✐♥❣ ❣❛s ♣r❡ss✉r❡✱ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ❜✉❜❜❧❡s✱ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ❜✉❜✲
❜❧❡ s❤❛♣❡✱ t❡♠♣❡r❛t✉r❡✱ ❡t❝✳ ❛s ✐♥♣✉ts✱ ❣❛s✲❧✐q✉✐❞ ♠❛ss tr❛♥s❢❡r ♠♦❞❡❧ ❣✐✈❡s t❤❡
❛♠♦✉♥t ♦❢ ❈❖2 tr❛♥s❢❡rr❡❞ ❢r♦♠ ❜✉❜❜❧❡s ✐♥t♦ ❧✐q✉✐❞✳ ❆♥❞ t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❞✐s✲
s♦❧✈❡❞ ❈❖2 ❜❡❝♦♠❡s ❛♥ ✐♥♣✉t ❢♦r t❤❡ ❞✐ss♦❧✈❡❞ ❣❛s s❝❛❧❛r tr❛♥s♣♦rt ♠♦❞❡❧✱ ✇❤✐❝❤
♣r♦✈✐❞❡s ❞✐ss♦❧✈❡❞ ❈❖2 ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ❞✐✛❡r❡♥t ♠♦♠❡♥ts ❛♥❞ ♣♦s✐t✐♦♥s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇✐t❤ ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❝❡❧❧ tr❛❥❡❝t♦r✐❡s✱ ❧✐q✉✐❞ s❝❛❧❛r ❝♦♥❝❡♥✲
tr❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♠♦❞❡❧s✱ ♣❧✉s ❡①t❡r♥❛❧ ✐❧❧✉♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✱ ❧✐❣❤t
♠♦❞❡❧ ②✐❡❧❞s ❧✐❣❤t r❡❝❡✐✈❡❞ ❜② ♠♦✈✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s ❬✶✶✷❪✳ ❙✉❜s❡q✉❡♥t❧②✱ r❛t❡ ♦❢
♣❤♦t♦s②♥t❤❡s✐s ✐s ♦❜t❛✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ♣❤♦t♦s②♥t❤❡s✐s✲✐rr❛❞✐❛♥❝❡ r❡❧❛t✐♦♥s❤✐♣✳

❋✐♥❛❧❧②✱ ❛❧❧ t❤❡ ♦✉t♣✉ts ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧s s❡r✈❡ ❛s ✐♥♣✉ts ❢♦r t❤❡ ❝❡❧❧ ❣r♦✇t❤
♠♦❞❡❧✱ ✇❤✐❝❤ ❣✐✈❡s t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ st❛t❡s s✉❝❤
❛s ♣♦s✐t✐♦♥ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ st❛t❡s ❧✐❦❡ ❝❡❧❧ ❣r♦✇t❤ r❛t❡ ♦❢ ♠✐❝r♦❛❧❣❛❡ ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝✲
t♦r✳

■♥ ❝❤❛♣t❡r ✺✱ ✇❡ ✇✐❧❧ ❛tt❡♠♣t t♦ ❝❛rr② ♦✉t s♦♠❡ ✐♠♣♦rt❛♥t s✉❜✲♠♦❞❡❧s✱ ❛♥❞ ❛❧s♦
✐♥tr♦❞✉❝❡ ♦t❤❡r ❡ss❡♥t✐❛❧ ❦❡r♥❡❧s ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✐♥ ♠♦r❡ ❞❡t❛✐❧s✳



✸✵ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

❚❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r

❈❡❧❧ ❣r♦✇t❤ ♠♦❞❡❧

❉✐ss♦❧✈❡❞ ❣❛s
❝♦♥❝❡♥tr❛t✐♦♥✱ ✳✳✳

❉✐ss♦❧✈❡❞ ❣❛s s❝❛❧❛r
tr❛♥s♣♦rt ♠♦❞❡❧

❆♠♦✉♥t ♦❢
❞✐ss♦❧✈❡❞ ❣❛s

▼❛ss tr❛♥s❢❡r
♠♦❞❡❧ ✭●✴▲✮

❇✉❜❜❧❡ ❜❡❤❛✈✐♦rs✿
❜✉❜❜❧❡ ✈♦❧✉♠❡✱
❜✉❜❜❧❡ s❤❛♣❡✱ ✳✳✳

●❛s ❝♦♥❝❡♥tr❛t✐♦♥✱
❣❛s ♣r❡ss✉r❡✱ ✳✳✳

✐♥ ❜✉❜❜❧❡s

P❤♦t♦❜✐♦r❡❛❝t♦r ❣❡♠♦t❡r②✱
✐♥❧❡t✴♦✉t❧❡t ❝♦♥❞✐t✐♦♥s❘❛t❡ ♦❢ ♣❤♦t♦s②♥t❤❡s✐s

P❤♦t♦s②♥t❤❡s✐s✲
✐rr❛❞✐❛♥❝❡
r❡❧❛t✐♦♥s❤✐♣

❘❛❞✐❛t✐✈❡ tr❛♥s❢❡r
✐♥ ❝✉❧t✉r❡ ♠❡❞✐✉♠

▲✐❣❤t ♠♦❞❡❧

♣❍✱ t❡♠♣❡r❛t✉r❡✱
❧✐q✉✐❞ s❝❛❧❛r

❝♦♥❝❡♥tr❛t✐♦♥✱ ✳✳✳

▲✐q✉✐❞ s❝❛❧❛r
tr❛s♥♣♦rt ♠♦❞❡❧

❍②❞r♦❞②♥❛♠✐❝s✿
✈❡❧♦❝✐t② ✜❡❧❞✱ ✳✳✳

▲✐q✉✐❞ s❝❛❧❛r
♣r♦♣❡rt✐❡s

❊①t❡r♥❛❧
✐❧❧✉♠✐♥❛t✐♦♥

❈❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥✱
❝❡❧❧ tr❛❥❡❝t♦r✐❡s✱ ✳✳✳

▲❛❣r❛♥❣✐❛♥
tr❛s♥♣♦rt ♠♦❞❡❧

▲❛❣r❛♥❣✐❛♥ tr❛❝❡r
♣r♦♣❡rt✐❡s

●❛s✲❧✐q✉✐❞ ✢♦✇✿
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ✳✳✳

❊①♣❡r✐♠❡♥ts✿ s❤❛❞♦✇❣r❛♣❤②✱ P■❱✱ ✳✳✳
&

❙✐♠✉❧❛t✐♦♥s✿ ❱❖❋ ♠❡t❤♦❞✱ ✳✳✳

●❛s❡♦✉s s❝❛❧❛r
♣r♦♣❡rt✐❡s

❋✐❣✉r❡ ✷✳✷✹✿ ❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧✳ ❆♥ ❡❧✲
❧✐♣s❡ r❡♣r❡s❡♥ts ❛ ♠♦❞❡❧ ❤❛♥❞❧✐♥❣ ❛ s♣❡❝✐✜❝ ♣r♦❜❧❡♠✱ ❛♥❞ ❛ r❡❝t❛♥❣❧❡
r❡♣r❡s❡♥ts t❤❡ ✐♥♣✉ts r❡q✉✐r❡❞ ❜② ❛ ♠♦❞❡❧✱ ♦r ♦✉t♣✉ts ②✐❡❧❞❡❞ ❢r♦♠ ❛

♠♦❞❡❧✳



✷✳✾✳ ❖❜❥❡❝t✐✈❡s ✸✶

✷✳✾ ❖❜❥❡❝t✐✈❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ r❡✈✐❡✇❡❞ ❛❧❧ t❤❡ ❡ss❡♥t✐❛❧ st✉❞✐❡s ♦❢ ♣❤②s✐❝❛❧✱ ❜✐♦❧♦❣✐❝❛❧✱ ❛♥❞
♣❤②s✐❝❛❧✲❜✐♦❧♦❣✐❝❛❧ ❝♦✉♣❧✐♥❣ ♣❤❡♥♦♠❡♥❛ ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✱ ✇❤✐❝❤ ♣r❡s❡♥ts t❤❡ ❣r❡❛t
❝♦♠♣❧❡①✐t② ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ■♥ ❧✐❣❤t ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✱ ✇❡ ❢♦✉♥❞ t❤❛t ❜✉❜❜❧❡
❜❡❤❛✈✐♦rs ❤❛✈❡ ✐♠♣♦rt❛♥t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✿ ♦♥ ♦♥❡
❤❛♥❞✱ ❜✉❜❜❧❡s ❛r❡ t❤❡ ❞r✐✈✐♥❣ s♦✉r❝❡ ♦❢ t❤❡ ❣❛s✲❧✐q✉✐❞ ✢♦✇✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡②
❛❧s♦ ❤❛✈❡ ❞✐r❡❝t ✐♠♣❛❝t ♦♥ ❝❡❧❧ ❣r♦✇t❤✳ ❍♦✇❡✈❡r✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛ t❤♦r♦✉❣❤ st✉❞②
♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✭✈♦❧✉♠❡ ❛♥❞ s❤❛♣❡ ❡✈♦❧✉t✐♦♥✮ ✐♥ ❛ ❜✉❜❜❧❡ ❝♦❧✉♠♥ ♣❤♦t♦❜✐♦r❡❛❝t♦r
✇❛s ♥♦t ♦❢t❡♥ r❡♣♦rt❡❞ ✐♥ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳

❚❤❡r❡❢♦r❡✱ t❤✐s P❤❉ ♣r♦❥❡❝t ❛✐♠s t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❜✉❜❜❧❡s ❜❡❤❛✈❡ ✉♥❞❡r ❞✐✛❡r❡♥t
✢♦✇ ❝♦♥❞✐t✐♦♥s ❜② ❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ❣❛✐♥ ♠♦r❡ ✐♥s✐❣❤t
✐♥t♦ t❤❡ ❝♦♠♣❧✐❝❛t❡❞ ♣❤❡♥♦♠❡♥❛ ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❖♥ t❤❡ ❜❛s✐s ♦❢ ❧✐t❡r❛t✉r❡
r❡✈✐❡✇✱ s❤❛❞♦✇❣r❛♣❤② ✐s ❛❞♦♣t❡❞ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❤♦❞✳ ❆❧s♦✱ ❱❖❋ ♠❡t❤♦❞
s❡❡♠s t♦ ❜❡ ❛ ♠♦r❡ s✉✐t❛❜❧❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r t❤✐s ♣r♦❥❡❝t✱ s✐♥❝❡✱ ❛♠♦♥❣ t❤❡
♠❛✐♥str❡❛♠ ♠✉❧t✐♣❤❛s❡ ♠♦❞❡❧s✱ ♦♥❧② ❱❖❋ ❝❛♥ ❣❡♥❡r❛t❡ ❜✉❜❜❧❡s ❛♥❞ r❡♣r❡s❡♥t ❜✉❜❜❧❡
s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❦❡r♥❡❧s✳

■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ ❛✐♠ ♦❢ t❤❡ ♣r♦❥❡❝t✱ ❢♦❧❧♦✇✐♥❣ r❡s❡❛r❝❤ ♦❜❥❡❝t✐✈❡s ❛r❡ ♣✉rs✉❡❞
✐♥ t❤✐s t❤❡s✐s✿

✶✳ ❚♦ ❞❡s✐❣♥ ❛♥❞ ♠❛♥✉❢❛❝t✉r❡ ❛ ❧❛❜✲s❝❛❧❡ ♣❤♦t♦❜✐♦r❡❛❝t♦r s✉✐t❛❜❧❡ ❢♦r t❤❡ ♣r❡s❡♥t
❛♥❞ ❢♦❧❧♦✇✲✉♣ st✉❞✐❡s✿

• ❚❤❡ r❡❛❝t♦r ✉s❡s ❣❧❛ss ❛s t❤❡ ♠❛t❡r✐❛❧ ♦❢ ✐ts ✇❛❧❧ ✐♥ ♦r❞❡r t❤❛t t❤❡ ❝❛♠❡r❛
❝❛♥ ❝❧❡❛r❧② ❝❛♣t✉r❡ t❤❡ ❜✉❜❜❧❡s✳

• ❚❤❡ r❡❛❝t♦r ✐s ❛ r❡❝t❛♥❣✉❧❛r ♦♥❡ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♣♦ss✐❜❧❡ ✐♠❛❣❡ ❞✐st♦rt✐♦♥✳

• ❚❤❡ r❡❛❝t♦r s✐③❡ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ ❢♦r ❧❡ss ❡♥❡r❣② ❞❡♠❛♥❞✱ ❡❛s✐❡r ♠❛✐♥t❡✲
♥❛♥❝❡✱ ❧❡ss ❝♦♠♣❧✐❝❛t❡❞ ♣❤❡♥♦♠❡♥❛✳ ❇❡s✐❞❡s✱ ❛ s♠❛❧❧ r❡❛❝t♦r ❛❧s♦ ❜❡♥❡✜ts
t❤❡ ❧❛t❡r s✐♠✉❧❛t✐♦♥✱ s✐♥❝❡ ❛ s♠❛❧❧❡r ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ r❡q✉✐r❡s ❧❡ss ❝♦♠✲
♣✉t✐♥❣ t✐♠❡✳

• ❚❤❡ r❡❛❝t♦r ❤❛s ♠✉❧t✐♣❧❡ ♥♦③③❧❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s s❡❛r❝❤✐♥❣ ❢♦r t❤❡ ♦♣t✐♠❛❧
✐♥❥❡❝t✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥✳

✷✳ ❚♦ s❡t ✉♣ ❛ ♣❤♦t♦❣r❛♣❤② s②st❡♠ t❤❛t ❝❛♥ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ ❜✉❜❜❧❡s✱ s♣❡❝✐❛❧❧②
t❤❡ ♣r♦✜❧❡ ♦❢ ❛ ❜✉❜❜❧❡✿

• ❆ s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡ ✐s ❛♣♣❧✐❡❞ t♦ ❝♦♥str✉❝t t❤❡ s②st❡♠✳

• ❆ ♠♦♥♦❝❤r♦♠❛t✐❝ ❧✐❣❤t s♦✉r❝❡ ✐s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✉♥✇❛♥t❡❞ ♦♣t✐❝❛❧
❡✛❡❝t ♦♥ t❤❡ ✐♠❛❣❡s✳

• ❚❤❡ ❝❛♠❡r❛ ❤❛s ❡♥♦✉❣❤ ✜❡❧❞ ♦❢ ✈✐❡✇ s♦ t❤❛t ❛ ✇❤♦❧❡ ❜✉❜❜❧❡ ❝❛♥ ❜❡ ❝❛♣t✉r❡❞
❜② t❤❡ ❝❛♠❡r❛✳

• ❚❤❡ ❝❛♠❡r❛ ❝❛♥ t❛❦❡ ✐♠❛❣❡s ❛t ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❢r❛♠❡ r❛t❡ ✐♥ ♦r❞❡r t♦
r❡❝♦r❞ ❡♥♦✉❣❤ ✐♠❛❣❡s ❢♦r ❛ ❢❛st✲♠♦✈✐♥❣ ❜✉❜❜❧❡✳

✸✳ ❚♦ ♣r♦❝❡ss t❤❡ ✐♠❛❣❡s t♦ ♦❜t❛✐♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✿

• ■♠❛❣❡ Pr♦❝❡ss✐♥❣ ❚♦♦❧❜♦①❚▼ ✐♥ ▼❛t❧❛❜ ✐s ❛♣♣❧✐❡❞ t♦ ♣r♦❝❡ss t❤❡ ✐♠❛❣❡s
s✐♥❝❡ ✐t ♣♦ss❡ss❡s ♠❛♥② ♣r❛❝t✐❝❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✐t ✐s ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ♣r♦✲
❝❡ss✐♥❣ ♠❛♥② ✐♠❛❣❡s✳

• ❚❤❡ ✐♠❛❣❡s ❛r❡ ❜✐♥❛r✐③❡❞ ❛♥❞ ✉s❡❧❡ss ❡❧❡♠❡♥ts ✐♥ t❤❡ ✐♠❛❣❡s ❛r❡ r❡♠♦✈❡❞✳

• ❇✉❜❜❧❡ ✈♦❧✉♠❡✱ ❜✉❜❜❧❡ s❤❛♣❡ ❛♥❞ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠
t❤❡ ♣r♦❝❡ss❡❞ ✐♠❛❣❡s✳



✸✷ ❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ ❛rt

✹✳ ❚♦ s✐♠✉❧❛t❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❜② ❛ ♥✉♠❡r✐❝❛❧ t♦♦❧✿

• ❖♣❡♥❋❖❆▼ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ❜❛s✐❝ t♦♦❧✱ ✇❤♦s❡ s♦❧✈❡r ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇
✐s ❜❛s❡❞ ♦♥ ❱❖❋ ♠❡t❤♦❞✳

• ❚❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✐s ✐♥✈❡st✐❣❛t❡❞ ❜② ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✳

• ❚❤❡ ❜❛s✐❝ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ ❧❡ss ❝♦♠♣✉t❛t✐♦♥✲
✐♥t❡♥s✐✈❡ s✐♠✉❧❛t✐♦♥s✱ s✉❝❤ ❛s ✷❉ s✐♠✉❧❛t✐♦♥s✳

• ✸❉ ❜✉❜❜❧❡s ❛r❡ s✐♠✉❧❛t❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ❛♥❞ t❤❡ r❡❧❡✈❛♥t ✐♥❢♦r♠❛✲
t✐♦♥ ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ♣♦st✲♣r♦❝❡ss✐♥❣✳

✺✳ ❚♦ ❝♦♠♣❛r❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❢r♦♠ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤♦s❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✿

• ❚❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ t♦ s✐♠✉❧❛t❡ ❜✉❜❜❧❡s ✐s ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤
t❤✐s ❝♦♠♣❛r✐s♦♥✳

• ❚❤❡ ✇♦r❦✐♥❣ r❛♥❣❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ❢♦r ❛ s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ✐s
❛❧s♦ ❦♥♦✇♥✳

✻✳ ❙❡✈❡r❛❧ ♣♦✐♥ts ❛r❡ ❞✐s❝✉ss❡❞ ❛s ♣❡rs♣❡❝t✐✈❡s✿

• ❚❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❛rr✐✈❡ ❛t ❛ q✉❛s✐✲st❡❛❞② st❛t❡ ♦❢ t✇♦✲♣❤❛s❡ ✢♦✇✳

• ❚❤❡ ♠✐①✐♥❣ t✐♠❡ ♦❢ ❛ s❝❛❧❛r tr❛❝❡r✳

• ❚❤❡ tr❛♥s♣♦rt ♦❢ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ✐♥ t❤❡ ❧✐q✉✐❞✳

• ❚❤❡ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ ❛♥❞ ✐ts ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❝❛❧❝✉❧❛t✐♥❣
t❤❡ ❧✐❣❤t ✜❡❧❞ t❤r♦✉❣❤♦✉t t❤❡ r❡❛❝t♦r✳

• ❚❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ t❤❛t ❝♦✉♣❧❡s ❞✐✛❡r❡♥t ♣❤❡♥♦♠❡♥❛✳



✸✸

❈❤❛♣t❡r ✸

❊①♣❡r✐♠❡♥t❛❧ st✉❞②

■♥ t❤✐s ❝❤❛♣t❡r✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❛ ❧❛❜✲s❝❛❧❡ ♣❤♦t♦❜✐♦r❡❛❝t♦r ✉♥✲
❞❡r ❞✐✛❡r❡♥t ❜✉❜❜❧✐♥❣ ❝♦♥❞✐t✐♦♥s ✉s✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❤♦❞s✳ ❲❡ ✜rst ❣❛✈❡ ❛ ♣r❡❧✐♠✲
✐♥❛r② ❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✉t ✐♥✢✉❡♥❝❡ ♦❢ ✇❡tt❛❜✐❧✐t② ♦♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡t❛❝❤♠❡♥t✳
❚❤❡♥✱ ❜✉❜❜❧❡s ✇❡r❡ ❝❛♣t✉r❡❞ ✐♥t♦ ❞✐❣✐t❛❧ ✐♠❛❣❡s ❜② ❛♣♣❧②✐♥❣ ❛ s❤❛❞♦✇❣r❛♣❤② t❡❝❤✲
♥✐q✉❡✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡s ✇❡r❡ ♣r♦❝❡ss❡❞ ✐♥ ♦r❞❡r t♦ ✜❧t❡r ♦✉t t❤❡ ❧❡ss
✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥s ❛♥❞ ♦♥❧② ❦❡❡♣ t❤❡ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥ts✳ ❋✐♥❛❧❧②✱ s❡✈❡r❛❧ ❜✉❜❜❧✐♥❣
❢❡❛t✉r❡s✱ s✉❝❤ ❛s ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②✱ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ❛♥❞ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥✱
✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ♣r♦❝❡ss❡❞ ✐♠❛❣❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ▼❛t❧❛❜ ❝♦❞❡ ❢♦r ✐♠❛❣❡
♣r♦❝❡ss✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❛♣♣❡♥❞✐① ❇✳

✸✳✶ Pr❡❧✐♠✐♥❛r② r❡✢❡❝t✐♦♥ ♦♥ t❤❡ r♦❧❡ ♦❢ ✇❡tt❛❜✐❧✐t② ✐♥

❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡t❛❝❤♠❡♥t

❋♦r ❛ ❜✉❜❜❧② ✢♦✇✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ❡ss❡♥t✐❛❧ ♣❤❡♥♦♠❡♥❛ ✐s ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛♥❞
❞❡t❛❝❤♠❡♥t ❛t ❛ s✉❜♠❡r❣❡❞ ♦r✐✜❝❡✱ s✐♥❝❡ ✐t ✐♥✐t✐❛❧❧② ❞❡t❡r♠✐♥❡s ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ❜✉❜❜❧❡
✈❡❧♦❝✐t② ❛♥❞ ♦t❤❡r ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ♦❢ ❜✉❜❜❧② ✢♦✇✳ ❚❤❡ ♣r❡✈✐♦✉s r❡s❡❛r❝❤❡rs
❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ❜✉❜❜❧❡ ❣r♦✇t❤ ❤❛s t✇♦ r❡❣✐♠❡s ❬✶✶✸❪✿ ✇❤❡♥ t❤❡ ❣❛s ✢♦✇ r❛t❡ ✐s
s♠❛❧❧❡r t❤❛♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✱ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ✢♦✇ r❛t❡✱ ♦♥
t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ✢♦✇ r❛t❡ ✇❤❡♥ t❤❡ ❣❛s ✢♦✇ r❛t❡
✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

■♥ t❤✐s s❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ r❡❣✐♠❡ ♦❢ ❧♦✇ ❣❛s ✢♦✇ r❛t❡ ✇❤❡r❡ ❜✉❜❜❧❡
❢♦r♠❛t✐♦♥ ✐s ❛ q✉❛s✐✲st❛t✐❝ ♣r♦❝❡ss✱ t❤❡r❡❢♦r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ ❛♣✲
♣r♦❛❝❤ ❢♦r t❤❡ ♣r♦❝❡ss✳ ■♥ t❤✐s r❡❣✐♠❡✱ ✐t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t ✇❡tt❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐✜❝❡
♠❛t❡r✐❛❧ ✐s ❛♥ ✐♠♣♦rt❛♥t ❢❛❝t♦r t❤❛t ✐♥✢✉❡♥❝❡s ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❬✶✶✹❪✳ ❚❤❡ ♠♦❞❡❧ ♦❢
✐♠♣❛❝t ♦❢ ✇❡tt❛❜❧✐t② ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❣❛s ✢♦✇ r❛t❡✿ ✇❡tt❛❜✐❧✐t② ❤❛s ♥♦ ✐♥✢✉❡♥❝❡
♦♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❢♦r s♠❛❧❧ ❝♦♥t❛❝t ❛♥❣❧❡s✱ ❤♦✇❡✈❡r✱ ❜✉❜❜❧❡ ✈♦❧✉♠❡ st❛rts t♦ ✐♥❝r❡❛s❡
❞r❛♠❛t✐❝❛❧❧② ✇✐t❤ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥❝❡ ❝♦♥t❛❝t ❛♥❣❧❡ ❡①❝❡❡❞s ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳ ■♥ ❡①✐st✐♥❣
❧✐t❡r❛t✉r❡✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ q✉❛❧✐t❛t✐✈❡❧② ❬✶✶✹❪ ❬✶✶✺❪✳ ◆❡✈❡rt❤❡✲
❧❡ss✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ ❝❛♣✐❧❧❛r② ❢♦r❝❡ ❛♥❞
❛❞❤❡s✐✈❡ ❢♦r❝❡✱ ✜♥❛❧❧② ✇❡ ♦❜t❛✐♥ ❛ ❢♦r♠✉❧❛ t♦ q✉❛♥t✐t❛t✐✈❡❧② ❞❡s❝r✐❜❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥
❬✶✶✻❪✳

❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❜✉❜❜❧❡ ❣r♦✇t❤ ❛t ❧♦✇ ❣❛s ✢♦✇ r❛t❡ ✐s r❡❣❛r❞❡❞ ❛s ❛ q✉❛s✐✲
st❛t✐❝ ♣r♦❝❡ss✳ ❇❛s❡❞ ♦♥ t❤✐s ❤②♣♦t❤❡s✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛ ❜✉❜❜❧❡
❞♦❡s ♥♦t s♣r❡❛❞ ♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧ s♦❧✐❞ s✉r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✳ ■♥ t❤✐s ❝❛s❡✱ ❛
t❤r❡❡✲♣❤❛s❡ ❝♦♥t❛❝t ❧✐♥❡ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ♦r✐✜❝❡ ❡❞❣❡✳ ❚❤✉s✱ r❡❢❡rr✐♥❣ t♦ ❋✐❣✳ ✸✳✶✭❛✮✱
t❤❡ s✉r❢❛❝❡ str❡ss❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠ s❛t✐s❢② ❬✶✶✼❪

σHLS = −σGL cosα ✭✸✳✶✮

σVGS = σGL sinα, ✭✸✳✷✮



✸✹ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

Liquid

Solid

Gas

GL


H

LS
 


V

GS


B
F

H

LS


V

GS


✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✿ ❆ ❜✉❜❜❧❡ t❤❛t ❞♦❡s ♥♦t s♣r❡❛❞ ❜❡②♦♥❞ t❤❡ ♦r✐✜❝❡ ❡❞❣❡✳
✭❛✮ ❚❤❡ t❤r❡❡ s✉r❢❛❝❡ str❡ss❡s σ ❛❝t ♦♥ t❤❡ tr✐♣❧❡ ❧✐♥❡ ❧♦❝❛t❡❞ ❛t t❤❡
♦r✐✜❝❡ ❡❞❣❡✳ α✱ β ❛r❡ t❤❡ ❛♥❣❧❡s ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r❢❛❝❡s✱ ❛♥❞ β ✐s s❡t
t♦ ❜❡ π/2✳ ✭❜✮ ❚❤❡ ❣❛s✲❧✐q✉✐❞ s✉r❢❛❝❡ str❡ss σGL ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥
t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡ ❜✉❜❜❧❡ ❛s ❛ ✇❤♦❧❡✳ ❚❤❡ ❧✐q✉✐❞✲s♦❧✐❞ s✉r❢❛❝❡
str❡ss σH

LS ♣✉❧❧s t❤❡ ❜✉❜❜❧❡ ♦✉t✇❛r❞s ❛♥❞ ♠❛② ♠❛❦❡ t❤❡ ❜✉❜❜❧❡ s♣r❡❛❞
♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡✳ ❚❤❡ ❣❛s✲s♦❧✐❞ s✉r❢❛❝❡ str❡ss σV

GS r❡s✐sts
t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ FB ✳

✇❤❡r❡ α ✐s t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡✱ H✱ V st❛♥❞ ❢♦r ✏❍♦r✐③♦♥t❛❧✑✱ ✏❱❡rt✐❝❛❧✑✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
G✱ L✱ S st❛♥❞ ❢♦r ✏●❛s✑✱ ✏▲✐q✉✐❞✑✱ ✏❙♦❧✐❞✑✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ✇❛②✱ σGL ✐s t❤❡ ❣❛s✲
❧✐q✉✐❞ s✉r❢❛❝❡ str❡ss✱ σHLS ✐s t❤❡ s✉r❢❛❝❡ str❡ss ❛t t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐q✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡
❛♥❞ σVGS ✐s t❤❡ s✉r❢❛❝❡ str❡ss ❛t t❤❡ ✈❡rt✐❝❛❧ ❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✳

■♥ ❛❞❞✐t✐♦♥✱ ❜♦t❤ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s♦❧✐❞ s✉r❢❛❝❡s s❛t✐s❢②

σGL cos θH = σHGS − σHLS ✭✸✳✸✮

σGL cos θV = σVGS − σVLS , ✭✸✳✹✮

❦♥♦✇♥ ❛s t❤❡ ❨♦✉♥❣ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ θ ✐s t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥ ❛ ♣❡r❢❡❝t❧② ✢❛t ❛♥❞
r✐❣✐❞ s✉r❢❛❝❡✳ ❚❤✐s ❛♥❣❧❡ ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡s ✇❡tt❛❜✐❧✐t② ♦❢ t❤❡ s✉r❢❛❝❡✿ ❛ s♠❛❧❧ θ ✐♠♣❧✐❡s
❤✐❣❤ ✇❡tt❛❜✐❧t② ✭❤②❞r♦♣❤✐❧✐❝ s✉r❢❛❝❡✮✱ ✇❤❡r❡❛s ❛ ❧❛r❣❡ θ s✐❣♥✐✜❡s ❧♦✇ ✇❡tt❛❜✐❧✐t② ✭❤②✲
❞r♦♣❤♦❜✐❝ s✉r❢❛❝❡✮✳ ■❢ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s✉r❢❛❝❡s ✐s ✐❞❡♥t✐❝❛❧✱
❢r♦♠ ❡q✉❛t✐♦♥s ✭✸✳✶✮ ✭✸✳✷✮ ✭✸✳✸✮ ✭✸✳✹✮✱ ✇❡ ❤❛✈❡

cos
(

α− π

4

)

=

√
2

2
cos θ, ✭✸✳✺✮

✇❤❡r❡ θ = θH = θV ✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ π/2 < α < π ❢♦r 0 < θ < π✱ t❤✐s ♦❜t✉s❡
❝♦♥t❛❝t ❛♥❣❧❡ α ✐s ♦❜s❡r✈❡❞ ❞✉r✐♥❣ ❜✉❜❜❧❡ ♣✐♥❝❤✲♦✛ ❬✶✶✽❪ ❬✶✶✾❪✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
✐♥✐t✐❛❧ st❛❣❡ ♦❢ ❜✉❜❜❧❡ ♣✐♥❝❤✲♦✛✱ ♥❛♠❡❧② t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜✉❜❜❧❡ ♥❡❝❦✱ ♠❛② r❡s✉❧t
❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t❤r❡❡ ♣❤❛s❡s s❡❡❦ t♦ ❛tt❛✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛t t❤❡ ♦r✐✜❝❡ ❡❞❣❡✳

❋✐❣✳ ✸✳✶✭❜✮ s❤♦✇s t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡ ❜✉❜❜❧❡ ❛s ❛ ✇❤♦❧❡✳ ■♥s✐❞❡ ❛ t✉❜❡✱ t❤❡
❝❛♣✐❧❧❛r② ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ✐s ❬✶✷✵❪

fC = σGS − σLS . ✭✸✳✻✮



✸✳✶✳ Pr❡❧✐♠✐♥❛r② r❡✢❡❝t✐♦♥ ♦♥ t❤❡ r♦❧❡ ♦❢ ✇❡tt❛❜✐❧✐t② ✐♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛♥❞

❞❡t❛❝❤♠❡♥t
✸✺
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✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✸✳✷✿ ❚❤❡ ♠❡t❤♦❞ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❜✉❜❜❧❡ ✈♦❧✉♠❡✳ ✭❛✮ ΩV

✐s t❤❡ ♠❛①✐♠✉♠ ❣❛s ✈♦❧✉♠❡ t❤❛t ❝❛♥ ❜❡ s✉♣♣♦rt❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧
❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✳ ✭❜✮ ❉✉r✐♥❣ ❜✉❜❜❧❡ s♣r❡❛❞✐♥❣✱ Ωh ✐s t❤❡ ❣❛s ✈♦❧✲
✉♠❡ t❤❛t ✐s ❤❡❧❞ ❜② t❤❡ ❤♦r✐③♦♥t❛❧ s♦❧✐❞ s✉r❢❛❝❡✱ ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s
ΩH = (Ωh)♠❛①✳ ✭❝✮ ❚❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✉♠ ♦❢ t❤❡
♣r❡✈✐♦✉s t✇♦ ♠❛①✐♠✉♠ ✈♦❧✉♠❡s✳ ◆♦t✐❝✐♥❣ t❤❛t t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ✈♦❧✲
✉♠❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛r❦ r❡❣✐♦♥ ❛♣♣❡❛rs t✇✐❝❡ ✐♥ t❤❡ t♦t❛❧ ✈♦❧✉♠❡✱
t❤✉s t❤❡ t❤❡♦r❡t✐❝❛❧ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❛ ❧✐tt❧❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❛❝t✉❛❧

♦♥❡✳

❍♦✇❡✈❡r✱ ❧✐q✉✐❞✲s♦❧✐❞ s✉r❢❛❝❡ str❡ss ✐s ❛ ❤♦r✐③♦♥t❛❧ ❢♦r❝❡ ❛t t❤❡ ♦r✐✜❝❡ ❡❞❣❡✱ ♥❛t✉r❛❧❧②✱
✐t ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❝❛♣✐❧❧❛r② ❢♦r❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❛♣✐❧❧❛r② ❢♦r❝❡ ♣❡r
✉♥✐t ❧❡♥❣t❤ ❛t ♦r✐✜❝❡ ❡❞❣❡ ✐s t❤❡ ❣❛s✲s♦❧✐❞ s✉r❢❛❝❡ str❡ss

fC = σVGS , ✭✸✳✼✮

✇❤✐❝❤ r❡s✐sts t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ FB✳ ❉✉r✐♥❣ ❜✉❜❜❧❡ ❞❡t❛❝❤♠❡♥t✱ ✉♣✇❛r❞ FB ❛♥❞
❞♦✇♥✇❛r❞ σVGS ✇✐❧❧ str❡t❝❤ t❤❡ ❜✉❜❜❧❡ t♦ ❜r❡❛❦ ✉♣✱ ✇❤✐❝❤ ♠❛② ❡①♣❧❛✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s
❢r♦♠ ❑❡✐♠ ❡t ❛❧✳ ❬✶✷✶❪✿ ✏■♥ t❤❡ ❧❛st st❛❣❡s ✭♦❢ ❜✉❜❜❧❡ ♣✐♥❝❤✲♦✛✮✱ t❤❡ ❛✐r ❛♣♣❡❛rs t♦
t❡❛r ✐♥st❡❛❞ ♦❢ ♣✐♥❝❤✑✳ ■♥ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥✱ σHLS t❡♥❞s t♦ ♣✉❧❧ t❤❡ ❜✉❜❜❧❡ ♦♥t♦
t❤❡ ❤♦r✐③♦♥t❛❧ s♦❧✐❞ s✉r❢❛❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❜✉❜❜❧❡ ♠❛② s♣r❡❛❞ ♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧
s✉r❢❛❝❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ ✐s ♠❡t ✇✐t❤ r❡s✐st❛♥❝❡ ♠❛✐♥❧② ❢r♦♠ t✇♦ ❢♦r❝❡s✿
t❤❡ s✉r❢❛❝❡ str❡ss σVGS ♣r♦✈✐❞❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✱ ❛♥❞ t❤❡ ❛❞❤❡s✐✈❡
❢♦r❝❡ Fa ♣r♦✈✐❞❡❞ ❜② t❤❡ ❤♦r✐③♦♥t❛❧ ❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✳

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛①✐♠✉♠ ❜✉❜❜❧❡ ✈♦❧✉♠❡ Ω✱ ✇❡ ❛rt✐✜❝✐❛❧❧② ❞✐✈✐❞❡ t❤❡ ❜✉❜❜❧❡ ✐♥t♦
t✇♦ ♣❛rts✳ ❆ ✏✈❡rt✐❝❛❧ ♣❛rt✑ t❤❛t ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❣❛s✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✱ ❛♥❞ ❛
✏❤♦r✐③♦♥t❛❧ ♣❛rt✑ t❤❛t ❛❞❤❡r❡s t♦ t❤❡ ❤♦r✐③♦♥t❛❧ s♦❧✐❞ s✉r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✭❛✮
❛♥❞ ✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s

Ω = ΩV + (Ωh)♠❛①, ✭✸✳✽✮

✇❤❡r❡ ΩV ✐s t❤❡ ♠❛①✐♠✉♠ ✈♦❧✉♠❡ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❛rt✱ Ωh ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡
❤♦r✐③♦♥t❛❧ ♣❛rt✱ ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s ΩH = (Ωh)♠❛①✳

❇② ❡q✉❛t✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✉♦②❛♥❝② ❢♦r❝❡

F V
B = ΩV ∆ρg, ✭✸✳✾✮

❛♥❞ t❤❡ ❝❛♣✐❧❧❛r② ❢♦r❝❡
FC = 2πRσVGS , ✭✸✳✶✵✮



✸✻ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

✇❡ ❡st✐♠❛t❡ ΩV ✐♥ ❋✐❣✳ ✸✳✷✭❛✮ ❛s

ΩV =
2πσVGS

∆ρg
R, ✭✸✳✶✶✮

✇❤❡r❡ R ✐s t❤❡ ♦r✐✜❝❡ r❛❞✐✉s✱ ∆ρ ✐s t❤❡ ❞❡♥s✐t② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❧✐q✉✐❞ ❛♥❞ ❣❛s✱ g ✐s
t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❛❧❣❡❜r❛✐❝ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt ❤❛s t❤❡
s❤❛♣❡ ♦❢ ❛ s♣❤❡r✐❝❛❧ ❝❛♣✱ t❤✉s

Ωh(θH , r) =
π(2 + 3 cos θH − cos3 θH)r3

3 sin3 θH
, ✭✸✳✶✷✮

✇❤❡r❡ r ✐s t❤❡ s♣r❡❛❞✐♥❣ r❛❞✐✉s ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✭❜✮✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✉♦②❛♥❝② ❢♦r❝❡ ✐s

F h
B = ∆ρgΩh. ✭✸✳✶✸✮

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ❛❝t✉❛❧ ❤♦r✐③♦♥t❛❧ ♣❛rt ✐s t❤❡ s♣❤❡r✐❝❛❧ ❝❛♣ s✉❜tr❛❝t❡❞ ❜②
t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ♣❛rt✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛r❦ r❡❣✐♦♥ ✐♥ ❋✐❣✳ ✸✳✷✭❝✮✳ ■♥ ♦t❤❡r
✇♦r❞s✱ t❤❡ ❛❝t✉❛❧ Ωh ❞❡♣❡♥❞s ♦♥ t❤❡ ♦r✐✜❝❡ r❛❞✐✉s R✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s♣❤❡r✐❝❛❧ ❝❛♣
❝❛♥ ❛♣♣r♦①✐♠❛t❡❧② r❡♣r❡s❡♥t t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt ❜② ❛ss✉♠✐♥❣ t❤❛t R ✐s s♠❛❧❧ ❡♥♦✉❣❤✱
♥❛♠❡❧② t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ✈♦❧✉♠❡ ✐s ♥❡❣❧✐❣✐❜❧❡✳

❚♦ ♣✉❧❧ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt ❛✇❛② ❢r♦♠ t❤❡ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡✱ t❤❡ r❡q✉✐r❡❞ ✇♦r❦
♣❡r ✉♥✐t ❛r❡❛ ✐s

wH = σGL + σHLS − σHGS , ✭✸✳✶✹✮

❦♥♦✇♥ ❛s t❤❡ ✇♦r❦ ♦❢ ❛❞❤❡s✐♦♥ ❬✶✷✷❪✳ ❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ✐♥t♦ ✭✸✳✶✹✮✱ ✇❡ ❤❛✈❡

wH = σGL(1− cos θH). ✭✸✳✶✺✮

■t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✇♦r❦
♦❢ ❛❞❤❡s✐♦♥ ❬✶✷✸❪ ❬✶✷✹❪✱ ❤❡♥❝❡ ✇❡ ♦❜t❛✐♥

Fa = 2πrkaσGL(1− cos θH), ✭✸✳✶✻✮

✇❤❡r❡ ka ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦❡✣❝✐❡♥t r❡❧❛t✐♥❣ t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡ t♦ t❤❡ ✇♦r❦ ♦❢
❛❞❤❡s✐♦♥✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✉♦②❛♥❝② ❢♦r❝❡ ❛♥❞ t❤❡
❛❞❤❡s✐✈❡ ❢♦r❝❡✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡

δ = F h
B − Fa = c

[

r3 − 6kaσGL

∆ρg

(1− cos θH) sin3 θH
2 + 3 cos θH − cos3 θH

r

]

, ✭✸✳✶✼✮

✇❤❡r❡

c =
π(2 + 3 cos θH − cos3 θH)∆ρg

3 sin3 θH
✭✸✳✶✽✮

✐s ♣♦s✐t✐✈❡ ❢♦r 0 < θH < π✳ ❲❡ ♣❧♦t δ ✈❡rs✉s r ✐♥ ❋✐❣✳ ✸✳✸✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r
r < r♠❛① t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡✳ ❚❤❡ ❜✉❜❜❧❡ ❝♦♥t✐♥✉❡s
t♦ s♣r❡❛❞ ♦✈❡r t❤❡ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡ ✉♥t✐❧ t❤❡ s♣r❡❛❞✐♥❣ r❛❞✐✉s ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠
✈❛❧✉❡

r♠❛① =

√

6kaσGL

∆ρg

(1− cos θH) sin3 θH
2 + 3 cos θH − cos3 θH

, ✭✸✳✶✾✮



✸✳✶✳ Pr❡❧✐♠✐♥❛r② r❡✢❡❝t✐♦♥ ♦♥ t❤❡ r♦❧❡ ♦❢ ✇❡tt❛❜✐❧✐t② ✐♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛♥❞

❞❡t❛❝❤♠❡♥t
✸✼

rmax
0

Spreading radius r

δ = F
h

B − Fa

δ = 0

❋✐❣✉r❡ ✸✳✸✿ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ Fh
B ❛♥❞ t❤❡

❛❞❤❡s✐✈❡ ❢♦r❝❡ Fa ✈❡rs✉s s♣r❡❛❞✐♥❣ r❛❞✐✉s r ❢♦r t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt✳
δ = 0 ✐♥❞✐❝❛t❡s Fh

B = Fa✱ δ < 0 ✐♥❞✐❝❛t❡s Fh
B < Fa✳ ❆♥❞ r♠❛① ✐s t❤❡

♠❛①✐♠✉♠ s♣r❡❛❞✐♥❣ r❛❞✐✉s✳

❛t ✇❤✐❝❤ t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ F h
B ❡q✉❛❧s t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡ Fa✳ ❋♦r r > r♠❛①✱ t❤❡

❜✉♦②❛♥❝② ❢♦r❝❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡✱ t❤✉s t❤❡ ❜✉❜❜❧❡ st❛rts ❞❡t❛❝❤✐♥❣✳
❚❤❡ ♠❛①✐♠✉♠ ✈♦❧✉♠❡ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛rt ✐s ❡st✐♠❛t❡❞ ❛s ΩH = Ωh(r♠❛①) ❢♦r ❛

✜①❡❞ θH ✳ ❚♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥s ✭✸✳✶✷✮ ✭✸✳✶✾✮✱ ✇❡ ♦❜t❛✐♥

ΩH =
π

3

(
6kaσGL

∆ρg

) 3

2

[
(1− cos θH)3 sin3 θH
2 + 3 cos θH − cos3 θH

] 1

2

, ✭✸✳✷✵✮

❛ ❢✉♥❝t✐♦♥ ♦❢ ✇❡tt❛❜✐❧✐t② ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡ θH ✳ ❚♦ ❛♥❛❧②③❡ ❡q✉❛t✐♦♥ ✭✸✳✷✵✮✱ ✇❡
✇r✐t❡

ε =
π

3

(
6kaσGL

∆ρg

) 3

2

. ✭✸✳✷✶✮

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ♣❧♦t ΩH ❢♦r ❞✐✛❡r❡♥t ε ✐♥ ❋✐❣✳ ✸✳✹✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t ΩH ❤❛s
❛ ✢❛t t❛✐❧ ✇❤❡r❡ ΩH ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧s ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s✐③❡ ♦❢ t❤✐s t❛✐❧
✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r ε✱ ❛ ❧❛r❣❡r ε ✐♠♣❧✐❡s ❛ s♠❛❧❧❡r t❛✐❧✳ ■♥ t❤❡ ❝♦♥t❡①t
♦❢ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥✱ t❤✐s ✢❛t t❛✐❧ ✐♥❞✐❝❛t❡s t❤❛t ❛ ❜✉❜❜❧❡ ❝❛♥ ❤❛r❞❧② s♣r❡❛❞ ♦✈❡r ❛
r❡❧❛t✐✈❡❧② ❤②❞r♦♣❤✐❧✐❝ s✉r❢❛❝❡ ✭✇✐t❤ s♠❛❧❧ θH✮✳ ▲✐♥ ❡t ❛❧✳ ❬✶✶✹❪ ❤❛✈❡ ❞❡s❝r✐❜❡❞ t❤✐s
♣❤❡♥♦♠❡♥♦♥ ❛s✿ ✏t❤❡ ❜✉❜❜❧❡ ❣r♦✇t❤ ♦♥ t❤❡ ❤②❞r♦♣❤♦❜✐❝ s✉r❢❛❝❡ ✐s ♥♦ ❧♦♥❣❡r t❛❦✐♥❣
♣❧❛❝❡ ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡ ♦r✐✜❝❡ ❛s t❤❡ ❝❛s❡ ♦❢ ❤②❞r♦♣❤✐❧✐❝ s✉r❢❛❝❡s✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♥t❛❝t
❜❛s❡ ♦❢ t❤❡ ❜✉❜❜❧❡ st❛rt❡❞ t♦ s♣r❡❛❞ ❜❡②♦♥❞ t❤❡ ♦r✐✜❝❡ ❡❞❣❡ ❛s t❤❡ ♦r✐✜❝❡ s✉r❢❛❝❡
❜❡❝❛♠❡ ♠♦r❡ ❤②❞r♦♣❤♦❜✐❝✳✑

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✷✵✮ ✐♥t♦ ✭✸✳✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ t♦t❛❧ ✈♦❧✉♠❡

Ω(R, θH) =
2πσVGS

∆ρg
R+

π

3

(
6kaσGL

∆ρg

) 3

2

[
(1− cos θH)3 sin3 θH
2 + 3 cos θH − cos3 θH

] 1

2

. ✭✸✳✷✷✮

❊q✉❛t✐♦♥ ✭✸✳✷✷✮ ❡①♣❧❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ♠❛❞❡ ❜② ▲✐♥ ❡t ❛❧✳ ❬✶✶✹❪✿ ✏❋♦r
♦r✐✜❝❡ ❝♦♥t❛❝t ❛♥❣❧❡s ✭θH✮ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✺✺◦✱ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜②



✸✽ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❋✐❣✉r❡ ✸✳✹✿ ❋✉♥❝t✐♦♥ ΩH = ε
[
(1−cos θH)3 sin3 θH
2+3 cos θH−cos3 θH

] 1

2

❢♦r ❞✐✛❡r❡♥t κ✳

❚❤❡ ❝✉r✈❡s ❛r❡ s❧✐❣❤t❧② st❛❣❣❡r❡❞ ❢♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② ♦❢ t❤❡ ✢❛t t❛✐❧s✳

t❤❡ ♦r✐✜❝❡ ❞✐❛♠❡t❡r ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡✳ ❍♦✇❡✈❡r✱
✇❤❡♥ t❤❡ ♦r✐✜❝❡ ❝♦♥t❛❝t ❛♥❣❧❡ ❡①❝❡❡❞s t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ ✺✺◦✱ t❤❡ ❛✐r ❜✉❜❜❧❡ ✈♦❧✉♠❡
✐♥❝r❡❛s❡❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝♦♥t❛❝t ❛♥❣❧❡ ❞✉❡ t♦ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ❝♦♥t❛❝t ❜❛s❡✳✑

■♥s♣❡❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✷✷✮ ✇❡ s❡❡ t❤❛t ❢♦r s♠❛❧❧ θH ✱ t❤❡ t♦t❛❧ ✈♦❧✉♠❡ ✐s ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ♦r✐✜❝❡ s✐③❡ ✐♥ t❤❡ ✜rst t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✷✷✮✱ s✐♥❝❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❛❧♠♦st
✈❛♥✐s❤❡s✳ ❖♥❝❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❧❡❛✈❡s t❤❡ ✢❛t t❛✐❧✱ ✐t ✐♥❝r❡❛s❡s ❞r❛♠❛t✐❝❛❧❧② ✇✐t❤
✐♥❝r❡❛s✐♥❣ θH ✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ t♦ t❤❡ t♦t❛❧ ✈♦❧✉♠❡
✇✐❧❧ ❜❡❝♦♠❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ✜rst t❡r♠✱ ♥❛t✉r❛❧❧②✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ❬✶✶✹❪✿ ✏t❤❡
❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦r✐✜❝❡ s✐③❡ t♦ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ✐♠♣♦rt❛♥t ♦♥❧② ❢♦r ❤②❞r♦♣❤✐❧✐❝
s✉r❢❛❝❡s✳✑✳

❙✐♠✐❧❛r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ ✐✳❡✳ ❝♦♥st❛♥t ❜✉❜❜❧❡ ✈♦❧✉♠❡ ♦♥ ❤②❞r♦♣❤✐❧✐❝ s✉r❢❛❝❡
❛♥❞ ❞r❛♠❛t✐❝❛❧ ✐♥❝r❡❛s❡ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇✐t❤ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥ ❤②❞r♦♣❤♦❜✐❝ s✉r❢❛❝❡✱
❛r❡ ❛❧s♦ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ♦t❤❡r ❛rt✐❝❧❡s ❬✶✷✺❪ ❬✶✷✻❪ ❬✶✷✼❪ ❬✶✷✽❪ ❬✶✷✾❪✱ t❤❡② ❝❛♥ ❛❧s♦ ❜❡
❡①♣❧❛✐♥❡❞ ✐♥ ♣r✐♥❝✐♣❧❡ ❜② ❡q✉❛t✐♦♥ ✭✸✳✷✷✮✳

❋✐❣✳ ✸✳✺ s❤♦✇s ❛ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✭✸✳✷✷✮
❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❢r♦♠ ▲✐♥ ❡t ❛❧✳ ❬✶✶✹❪✳ ❚❤❡ ❝♦♥st❛♥ts ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✷✮ ❛r❡
❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❛ss✉♠❡ t❤❛t ΩH ✐s ✵ ❢♦r θH = 0.087✱ ❝♦♥s❡q✉❡♥t❧②✱ ❢r♦♠
Ω(R1 = 0.275 mm, θH = 0.087) = 11 ♠♠3✱ ✇❡ ❤❛✈❡

2πσVGS

∆ρg
≈ 40 ♠♠2. ✭✸✳✷✸✮

❚❤✐s ✐s ❛ ❝♦♥st❛♥t✱ s✐♥❝❡ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ✈❡rt✐❝❛❧ s♦❧✐❞ s✉r❢❛❝❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡
✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❙✉❜s❡q✉❡♥t❧②✱ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡
t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✉❡s ❢♦r R1 = 0.275 ♠♠✱ ✇❡ ♦❜t❛✐♥

π

3

(
6kaσGL

∆ρg

) 3

2

≈ 85.4 ♠♠3, ✭✸✳✷✹✮

✇❤✐❝❤ ✐s ❛❧s♦ ✐♥✈❛r✐❛♥t ❜② ❛ss✉♠✐♥❣ t❤❛t ka ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✻✮ ✐s ❛ ❝♦♥st❛♥t✳ ❲✐t❤ t❤❡



✸✳✷✳ ❲♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ s❤❛❞♦✇❣r❛♣❤② ✸✾

❋✐❣✉r❡ ✸✳✺✿ ▼❛①✐♠✉♠ ❜✉❜❜❧❡ ✈♦❧✉♠❡ Ω ✈❡rs✉s ✇❡tt❛❜✐❧✐t② θH ✿ ❛
❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✭✸✳✷✷✮ ❛♥❞ t❤❡ ❡①♣❡r✲
✐♠❡♥t❛❧ ❞❛t❛ ❢r♦♠ ▲✐♥ ❡t ❛❧✳ ❬✶✶✹❪✳ ❚❤❡ t❤❡♦r② ❛❧✐❣♥s ✇❡❧❧ ✇✐t❤ t❤❡
❡①♣❡r✐♠❡♥ts ❢♦r t✇♦ ♦r✐✜❝❡ s✐③❡s✱ R1 = 0.275 ♠♠ ❛♥❞ R2 = 0.125 ♠♠✳

❝♦♥st❛♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ R1 = 0.275 ♠♠✱ t❤❡ ❡st❛❜❧✐s❤❡❞ ❡q✉❛t✐♦♥ ❛❧s♦ ♣r❡❞✐❝ts t❤❡
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❝♦rr❡❝t❧② ❢♦r t❤❡ s❡❝♦♥❞ ♦r✐✜❝❡ s✐③❡✱ ♥❛♠❡❧② R2 = 0.125 ♠♠✳

■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮✱ ✇❡ ❤❛✈❡

σVGS ≈ 60 ♠❏✴♠2, ✭✸✳✷✺✮

t❤❡ s✉r❢❛❝❡ ❡♥❡r❣② ♦❢ ✸✵✹ st❛✐♥❧❡ss st❡❡❧✱ ✐✳❡✳ t❤❡ ♦r✐✜❝❡ ♠❛t❡r✐❛❧ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts
❬✶✶✹❪✳ ❚❤❡ s✉r❢❛❝❡ ❡♥❡r❣② ♦❢ ✸✵✹ st❛✐♥❧❡ss st❡❡❧ ✐♥ ♦t❤❡r ❧✐t❡r❛t✉r❡ ✐s ❛❜♦✉t ✺✵∼✻✵
♠❏✴♠2 ❬✶✸✵❪ ❬✶✸✶❪✱ ✇❤✐❝❤ ❝♦♥✜r♠s t❤❡ ✈❛❧✉❡ ✭✸✳✷✺✮ ❞❡❞✉❝❡❞ ❢r♦♠ ♦✉r ❛♣♣r♦❛❝❤✳ ❚❤✐s
✐s ❛♥♦t❤❡r ✇❛② ❢♦r t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

✸✳✷ ❲♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ s❤❛❞♦✇❣r❛♣❤②

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❛s t♦ ❛❝q✉✐r❡ t❤❡ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ✐♥❢♦r♠❛t✐♦♥s
❛❜♦✉t ❜✉❜❜❧❡s✳ ❇② ❛ss✉♠✐♥❣ t❤❛t ❜✉❜❜❧❡ s❤❛♣❡ ✐s ❛①✐s②♠♠❡tr✐❝✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❝❛♥ ❜❡
❛❝❤✐❡✈❡❞ ❜② t❛❦✐♥❣ ♣❤♦t♦s ♦❢ ❜✉❜❜❧❡ ♣r♦✜❧❡ ✭✐✳❡✳ ♣r♦❥❡❝t✐♦♥ ♦❢ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✮ ❛t
r❡❣✉❧❛r t✐♠❡ ✐♥t❡r✈❛❧s✳ ❚❤❡r❡❢♦r❡✱ t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ✐♥ ♣❤♦t♦❣r❛♣❤✱
❛ s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡ ✇❛s ❝❤♦s❡♥ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳ ■♥ ♣r✐♥❝✐♣❧❡✱ s❤❛❞♦✇❣r❛♣❤②
✐s ❛ ❜❛❝❦❧✐❣❤t✐♥❣ t❡❝❤♥✐q✉❡✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s✉❜❥❡❝t ✐s ♣❧❛❝❡❞ ❜❡t✇❡❡♥ t❤❡ ❧✐❣❤t
s♦✉r❝❡ ❛♥❞ t❤❡ ❝❛♠❡r❛✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ s❤❛❞♦✇ ✐s ❣❡♥❡r❛t❡❞ ❞✉❡ t♦ t❤❡ r❡❢r❛❝t✐♦♥ ♦❢
❧✐❣❤t ✐♥ ♥♦♥✲✉♥✐❢♦r♠ tr❛♥s♣❛r❡♥t ♠❡❞✐❛ ❬✶✸✷❪✳ ❋♦r ❜✉❜❜❧② ✢♦✇✱ ❝♦❧❧✐♠❛t❡❞ ❧✐❣❤t ✇✐❧❧
❜❡ r❡❢r❛❝t❡❞ ❛t t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✻✳

❆❝❝♦r❞✐♥❣ t♦ ❙♥❡❧❧✬s ❧❛✇✱ t❤❡ ❛♥❣❧❡ ♦❢ r❡❢r❛❝t✐♦♥ s❛t✐s✜❡s

sin θ2 =
n1

n2
sin θ1, ✭✸✳✷✻✮



✹✵ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

�1 

�1 

�2 ℎ 

Incident light ray

Refracted light ray

Bubble
Liquid

❋✐❣✉r❡ ✸✳✻✿ ❆ ❧✐❣❤t r❛② tr❛✈❡❧✐♥❣ ✐♥ ❧✐q✉✐❞ ✇✐❧❧ ❜❡ r❡❢r❛❝t❡❞ ✇❤❡♥ ✐t
❛rr✐✈❡s ❛t t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✳

✇❤❡r❡ θ1✱ θ2 ❛r❡ ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥❝❡✱ ❛♥❣❧❡ ♦❢ r❡❢r❛❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ n1✱ n2 ❛r❡ t❤❡
r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ❧✐q✉✐❞✱ ❣❛s r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ♥♦r♠❛❧❧② s❛t✐s✜❡s

n1 > n2, ✭✸✳✷✼✮

s✐♥❝❡ ❧✐❣❤t tr❛✈❡❧s ❢❛st❡r ✐♥ ❣❛s t❤❛♥ ✐♥ ❧✐q✉✐❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

θ2 > θ1, ✭✸✳✷✽✮

✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣❛r❛❧❧❡❧ ❧✐❣❤t ❜❡❛♠ ✐♥ ❧✐q✉✐❞ ❞✐✈❡r❣❡s ✇❤❡♥ ✐t ❛rr✐✈❡s ❛t t❤❡ ✐♥t❡r✲
❢❛❝❡✳ ❇❡s✐❞❡s✱ ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥❝❡ ❛❧s♦ s❛t✐s✜❡s

sin θ1 =
h

r
, ✭✸✳✷✾✮

✇❤❡r❡ h ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✻✱ r ✐s t❤❡ r❛❞✐✉s ♦❢ ❛ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡✳ ❙✉❜st✐t✉t✐♥❣ ✭✸✳✷✾✮
✐♥t♦ ✭✸✳✷✻✮✱ ✇❡ ❤❛✈❡

sin θ2 =
n1

n2r
h. ✭✸✳✸✵✮

❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t r❛② ✐s ♠♦r❡ ❞❡✢❡❝t❡❞ ❛s ✐t ❛rr✐✈❡s ❛t ❤✐❣❤❡r ✏❧❛t✐t✉❞❡✑ ♦❢
t❤❡ ❜✉❜❜❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❧✐❣❤t r❛②s t❤❛t ♣❡♥❡tr❛t❡ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡
❜✉❜❜❧❡ ♠❛② st✐❧❧ ❛rr✐✈❡ ❛t t❤❡ ✐♠❛❣❡ s❡♥s♦r ♦❢ t❤❡ ❝❛♠❡r❛✱ ②❡t ❛❧❧ t❤❡ r❡st ❧✐❣❤t r❛②s
♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❜✉❜❜❧❡ ❝♦♠♣❧❡t❡❧② ❢❛♥ ♦✉t✱ ❤❡♥❝❡ ❛♥ ❛♥♥✉❧❛r✲❧✐❦❡ s❤❛❞♦✇ ✇✐❧❧
❛♣♣❡❛r ♦♥ t❤❡ r❡❝♦r❞✐♥❣ ♣❧❛♥❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✼✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❜✉❜❜❧❡ ♣r♦✜❧❡
✐s s✉❝❝❡ss❢✉❧❧② r❡❝♦r❞❡❞ ✐♥t♦ t❤❡ ❞✐❣✐t❛❧ ✐♠❛❣❡s ❛s t❤❡ ❜♦r❞❡r❧✐♥❡ ❜❡t✇❡❡♥ ❞❛r❦ ❛♥❞
❜r✐❣❤t r❡❣✐♦♥s✳



✸✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✹✶

Shadow

Bubble profile

Bubble profile

❋✐❣✉r❡ ✸✳✼✿ ❆♥ ❛♥♥✉❧❛r✲❧✐❦❡ s❤❛❞♦✇ ✐s ❢♦r♠❡❞ ♦♥ t❤❡ r❡❝♦r❞✐♥❣ ♣❧❛♥❡
✇❤❡♥ ❛ ❧✐❣❤t ❜❡❛♠ tr❛✈❡❧✐♥❣ ✐♥ ❧✐q✉✐❞ ♠❡❡t ❛ ❣❛s ❜✉❜❜❧❡ ❞✉❡ t♦ t❤❡

r❡❢r❛❝t✐♦♥✳

✸✳✸ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s②st❡♠ ✇❛s s♣❡❝✐❛❧❧② ❞❡s✐❣♥❡❞ t♦ s✉♣♣♦rt ❛ ❧♦♥❣✲t❡r♠ r❡s❡❛r❝❤ ♦♥
t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣❤♦t♦❜✐♦r❡❛❝t♦rs✱ ✐♥❝❧✉❞✐♥❣ t❤✐s P❤❉ ♣r♦❥❡❝t
❛♥❞ t❤❡ ❢♦❧❧♦✇✲✉♣ st✉❞✐❡s✳ ❋♦r t❤❡ ♣r❡s❡♥t st✉❞②✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✇❛s ♠❛✐♥❧②
❝♦♥st✐t✉t❡❞ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✱ ❛ ❣❛s ✐♥❥❡❝t✐♦♥ s②st❡♠ ❛♥❞ ❛ s❤❛❞♦✇❣r❛♣❤② ♠❡❛s✉r✲
✐♥❣ ❞❡✈✐❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✽✳

❋✐rst ♦❢ ❛❧❧✱ P■❱ ❡①♣❡r✐♠❡♥ts ♠❛② ❜❡ ❝♦♥❞✉❝t❡❞ ✐♥ ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✱ t❤✉s ❛
r❡❝t❛♥❣✉❧❛r ❣❧❛ss ❝♦❧✉♠♥ ✇❛s s❡❧❡❝t❡❞ t♦ ❜❡ t❤❡ ♣❤♦t♦❜✐♦r❡❛❝t♦r✱ s✐♥❝❡ ❛ ❝②❧✐♥❞r✐❝❛❧
r❡❛❝t♦r ♠❛② ❝❛✉s❡ ♦♣t✐❝❛❧ ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ✐♠❛❣❡s ❬✶✸✸❪✳ ❚❤❡ ✐♥♥❡r ❞✐♠❡♥s✐♦♥s ✭✇✐❞t❤✱
❞❡♣t❤ ❛♥❞ ❤❡✐❣❤t✮ ♦❢ t❤❡ ❣❧❛ss ❝♦❧✉♠♥ ✇❡r❡ 28×10×60 ❝♠✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❡❛❝t♦r
✇❛❧❧s ✇❡r❡ ✇❡❧❧ ❝❧❡❛♥❡❞ ❜❡❢♦r❡ ♣❡r❢♦r♠✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✐♥ ♦r❞❡r t♦ r❡♠♦✈❡ ❞✉st
❛♥❞ ❣r❡❛s❡ t❤❛t ♠❛② st❛✐♥ t❤❡ ✐♠❛❣❡s✳ ❆❢t❡r✇❛r❞s✱ t❤❡ r❡❛❝t♦r ✇❛s ✜❧❧❡❞ ✇✐t❤ ✸✵ ❝♠
♦❢ ❞✐st✐❧❧❡❞ ✇❛t❡r ❛t 20± 1 ◦❈✳

❙❡❝♦♥❞❧②✱ ✾ ❜r❛ss ❝❤♦♣♣❡r ♥♦③③❧❡s ✇✐t❤ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ ✷ ♠♠ ❛♥❞ ✵✳✺ ♠♠ t❤✐❝❦
✇❡r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❛t t❤❡ ❜♦tt♦♠✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✾✳ ❆♥❞ ❡❛❝❤ ♥♦③③❧❡ ✇❛s
❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s✇✐t❝❤✐♥❣ ✈❛❧✈❡ ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ♥♦③③❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥ ❜✉❜❜❧✐♥❣ ✐♥ t❤❡ ❢✉t✉r❡✳ ◆♦♥❡t❤❡❧❡ss✱ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱
♦♥❧② t❤❡ ❝❡♥tr❛❧ ♥♦③③❧❡ ✇❛s ✉t✐❧✐③❡❞ t♦ ✐♥❥❡❝t ❣❛s ✐♥t♦ ❧✐q✉✐❞✳ ❆♥❞ t❤❡ ❣❛s ✢♦✇ r❛t❡ ✇❛s
st❛❜✐❧✐③❡❞ ❛♥❞ r❡❣✉❧❛t❡❞ ❜② ❛ ✈♦❧✉♠❡tr✐❝ ✢♦✇ ❝♦♥tr♦❧❧❡r ✭❱❋❈✱ r❛♥❣❡ ✵✲✺✵✵ ♠▲✴♠✐♥✱
❇r♦♥❦❤♦rst ❋✷✵✶✲❈✮✳

▲❛st❧②✱ ✐♥ t❤❡ s❤❛❞♦✇❣r❛♣❤② ❡q✉✐♣♠❡♥t✱ ❛ ✉♥✐❢♦r♠ ❧✐❣❤t s♦✉r❝❡ ✭▲❊❉ ♣❛♥❡❧✱ 85×90
♠♠✮ ❛♥❞ ❤✐❣❤ s♣❡❡❞ ❝❛♠❡r❛ ✭P❤❛♥t♦♠✱ ❱✸✶✵✮ ✇❡r❡ ❛rr❛♥❣❡❞ ❛t t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡
r❡❛❝t♦r t♦ r❡❝♦r❞ t❤❡ ❜✉❜❜❧❡s ✇✐t❤ ❛ r❛t❡ ♦❢ ✷✵✵ ❢♣s ✭❢r❛♠❡ ♣❡r s❡❝♦♥❞✮✳ ❚❤❡ ❝❛♠❡r❛
✇❛s tr✐❣❣❡r❡❞ ♦♥ t✉r♥✐♥❣ ♦♥ t❤❡ ❱❋❈✱ t❤✉s t❤❡ ✐♠❛❣❡s ❛❧s♦ r❡❝♦r❞❡❞ t❤❡ ❜✉❜❜❧❡ tr❛✐♥
❜❡❢♦r❡ ✐ts st❛❜✐❧✐③❛t✐♦♥✳ ❋♦r ❡❛❝❤ ✢♦✇ r❛t❡ ❝♦♥❞✐t✐♦♥✱ t❤❡ ✐♠❛❣❡s ✇❡r❡ r❡❝♦r❞❡❞ ✐♥
tr✐♣❧✐❝❛t❡ ❛♥❞ ❡❛❝❤ r❡❝♦r❞✐♥❣ ❧❛st❡❞ ❛❜♦✉t ♦♥❡ ♠✐♥✉t❡✳

❇❡s✐❞❡s✱ ❱❋❈ ✇❛s ❝❛❧✐❜r❛t❡❞ ❜② ❜✉❜❜❧❡ ♠❡t❡r ♠❡t❤♦❞ ❬✶✸✹❪✱ ✇❤✐❝❤ r❡q✉✐r❡s ♦♥❧②
❛ ❣r❛❞✉❛t❡❞ ❝②❧✐♥❞❡r ❛♥❞ ❛ ❝❤r♦♥♦♠❡t❡r✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ♠❡❛s✉r✐♥❣ ❣❛s ✢♦✇ r❛t❡ ❜②
❜✉❜❜❧❡ ♠❡t❡r ♠❡t❤♦❞ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✵✳



✹✷ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

Light 

source

Air supply

Flow  controller

Camera

PC

Air exhaust

❋✐❣✉r❡ ✸✳✽✿ ❙❝❤❡♠❛t✐❝ s❦❡t❝❤ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳

❚❤❡r❡❢♦r❡✱ t❤❡ ✢♦✇ r❛t❡ ✐s

Q =
Vi − Vf

∆t
, ✭✸✳✸✶✮

✇❤❡r❡ Vi✱ Vf ❛r❡ t❤❡ r❡❛❞✐♥❣ ♦♥ t❤❡ ❣r❛❞✉❛t❡❞ ❝②❧✐♥❞❡r ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r st♦♣♣✐♥❣
✐♥❥❡❝t✐♥❣ ❣❛s✱ r❡s♣❡❝t✐✈❡❧②✱ ∆t ✐s t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ r❡❝♦r❞❡❞ ❜② t❤❡ ❝❤r♦♥♦♠❡t❡r✳ ❚❤❡
♠❡❛s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞ ✶✵ t✐♠❡s ❢♦r ❡❛❝❤ ❱❋❈ s❡t ♣♦✐♥t✱ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡
r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ✸✳✶✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ r❡s✉❧ts✱ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❣❛s ✢♦✇ r❛t❡ ✇❛s
s❛t✐s❢❛❝t♦r②✱ s✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ♦❢ ✶✵ ♠❡❛s✉r❡♠❡♥ts ❢♦r ❡❛❝❤ ✢♦✇ r❛t❡
✇❛s ❧❡ss t❤❛♥ ✶✵%✳



✸✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✹✸

❋✐❣✉r❡ ✸✳✾✿ ❚❤❡ ✾ ♥♦③③❧❡s ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ r❡❛❝t♦r ✭t❤❡ s✐❞❡
❝♦♥♥❡❝t✐♥❣ ✇✐t❤ ❣❛s s♦✉r❝❡✮✳

❋✐❣✉r❡ ✸✳✶✵✿ ❇✉❜❜❧❡ ♠❡t❡r ♠❡t❤♦❞ t♦ ♠❡❛s✉r❡ ❣❛s ✢♦✇ r❛t❡✳



✹✹ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❚❛❜❧❡ ✸✳✶✿ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❱❋❈✳

❊①♣✳ ◆♦✳ P❡r❝❡♥t❛❣❡ ♦❢ ❢✉❧❧ s❝❛❧❡† ▼❡❛s✉r❡❞ ✢♦✇ r❛t❡∗ ✭♠▲✴♠✐♥✮

❋❘✶ ✶% X̄ = 80.3, σ = 5.8✱ c❱ = 7.2%

❋❘✷ ✸% X̄ = 110.2, σ = 1.9✱ c❱ = 1.7%

❋❘✸ ✻% X̄ = 145.5, σ = 1.3✱ c❱ = 0.89%

❋❘✹ ✾% X̄ = 179.1, σ = 2.3✱ c❱ = 1.3%

❋❘✺ ✶✷% X̄ = 216.8, σ = 4.4✱ c❱ = 2.0%

❋❘✻ ✷✵% X̄ = 314.6, σ = 8.1✱ c❱ = 2.6%

❋❘✼ ✸✵% X̄ = 428.1, σ = 20.2✱ c❱ = 4.7%

† ✶✵✵%✿ ✶✵✵✵ ♠▲✴♠✐♥ ✭t❤❡♦r❡t✐❝❛❧✮
∗
X̄✿ ♠❡❛♥✱ σ✿ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ c❱✿ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥✱ s❛♠♣❧❡ s✐③❡✿ ✶✵



✸✳✹✳ ■♠❛❣❡ ♣r♦❝❡ss✐♥❣ ✹✺

✸✳✹ ■♠❛❣❡ ♣r♦❝❡ss✐♥❣

❚❤❛♥❦s t♦ t❤❡ s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡✱ ❜✉❜❜❧❡s ✇❡r❡ r❡❝♦r❞❡❞ ✐♥ ✶✷✲❜✐t ❣r❛②s❝❛❧❡
✐♠❛❣❡s ✭✐♥t❡♥s✐t② r❛♥❣❡ [0, 4095]✮✱ ✐♠❛❣❡ r❡s♦❧✉t✐♦♥ ✇❛s 800× 400✱ ❛♥ ❛r❜✐tr❛r✐❧② ❝❤♦✲
s❡♥ r❛✇ ✐♠❛❣❡ ✐s s❤♦✇♥ ❛s ❛♥ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✳ ✸✳✶✶✭❛✮✳ ■♥ t❤❡ r❛✇ ✐♠❛❣❡✱ t❤❡ ❧✐q✉✐❞
❛♥❞ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ ❛ ❜✉❜❜❧❡ ❛r❡ ❜r✐❣❤t✱ ✇❤❡r❡❛s t❤❡ ♣❡r✐♣❤❡r❛❧ ♣❛rt ♦❢ ❛ ❜✉❜✲
❜❧❡ ✐s ❞❛r❦✱ ✇❤✐❝❤ ✐s t❤❡ ❡①♣❡❝t❡❞ ♦♣t✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢
s❤❛❞♦✇❣r❛♣❤② ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ❚❤❡ r❛✇ ✐♠❛❣❡s ✇❡r❡ ❜✐♥❛r✐③❡❞ ❜② ❖ts✉✬s ♠❡t❤♦❞ ❬✶✸✺❪
❬✶✸✻❪✳ ❚❤✐s ♠❡t❤♦❞ ❛ss✉♠❡s t❤❛t ❛♥ ✐♠❛❣❡ ❝♦♥t❛✐♥s t✇♦ ❦✐♥❞s ♦❢ ♣✐①❡❧s✿ ❜❛❝❦❣r♦✉♥❞
❛♥❞ ❢♦r❡❣r♦✉♥❞✳ ❚❤❡♥✱ ❜❛s❡❞ ♦♥ t❤❡ ♣✐①❡❧ ✐♥t❡♥s✐t② ❤✐st♦❣r❛♠✱ ✐t ❞❡t❡r♠✐♥❡s t❤❡ ❜❡st
t❤r❡s❤♦❧❞ t♦ s❡❣r❡❣❛t❡ t❤♦s❡ t✇♦ ♣✐①❡❧ ♣♦♣✉❧❛t✐♦♥s✳ ■♥ ♦✉r ❝❛s❡✱ t❤✐s ♠❡t❤♦❞ ✐s ♣❛rt✐❝✲
✉❧❛r❧② ✇❡❧❧✲s✉✐t❡❞✱ s✐♥❝❡ t❤❡ t✇♦ ♣✐①❡❧ ♣♦♣✉❧❛t✐♦♥s ✇❡r❡ ✈❡r② ❞✐st✐♥❝t t❤❛♥❦s t♦ ❧✐❣❤t
✉♥✐❢♦r♠✐t②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✷✱ t❤❡ ❤✐st♦❣r❛♠ ♦❢ ❋✐❣✳ ✸✳✶✶✭❛✮✳ ❆♥❞ t❤❡ ❜✐♥❛r✐③❡❞
✐♠❛❣❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✶✭❜✮✳ ❍♦✇❡✈❡r✱ ❛ ❜✉❜❜❧❡ ✐♥ t❤❡ ❜✐♥❛r✐③❡❞ ✐♠❛❣❡s ❛❧✇❛②s
✐♥❝❧✉❞❡❞ s♦♠❡ ✇❤✐t❡ ③♦♥❡s t❤❛t ❛r❡ ✐♥❤❡r❡♥t ✐♥ s❤❛❞♦✇❣r❛♣❤②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✇❤✐t❡
③♦♥❡s ✇❡r❡ ❡❧✐♠✐♥❛t❡❞ t❤r♦✉❣❤ ❛r❡❛ ♦♣❡♥✐♥❣ ❬✶✸✼❪✱ ✇❤✐❝❤ r❡♠♦✈❡s ❛❧❧ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ✭♦❜❥❡❝ts✮ ✇✐t❤ ♣✐①❡❧s ❧♦✇❡r t❤❛♥ ❛ ❣✐✈❡♥ ✈❛❧✉❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✶✭❝✮✳
❋✐♥❛❧❧②✱ t❤❡ ❜❧❛❝❦ ❛♥❞ ✇❤✐t❡ ♣✐①❡❧s ✇❡r❡ ✐♥✈❡rt❡❞ t♦ ♠❛❦❡ ❢✉rt❤❡r ❛♥❛❧②s✐s ♣♦ss✐❜❧❡✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✶✭❞✮✱ s✐♥❝❡ ✐t ✐s t❤❡ ✇❤✐t❡ ♣✐①❡❧s t❤❛t ✇❡r❡ r❡❝♦❣♥✐③❡❞ ❛s ❛♥ ♦❜❥❡❝t✳

→ → →

✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉r❡ ✸✳✶✶✿ ■♠❛❣❡ ♣r♦❝❡ss✐♥❣✳ ✭❛✮ r❛✇ ✐♠❛❣❡✱ ✭❜✮ ❜✐♥❛r✐③❡❞ ✐♠❛❣❡✱
✭❝✮ ✇❤✐t❡ ③♦♥❡s ❡❧✐♠✐♥❛t❡❞✱ ✭❞✮ ✐♥✈❡rt❡❞ ✐♠❛❣❡✳



✹✻ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❋✐❣✉r❡ ✸✳✶✷✿ ❚❤❡ ❤✐st♦❣r❛♠ ♦❢ ❋✐❣✳ ✸✳✶✶✭❛✮✱ ❜✐♥ ✇✐❞t❤✿ ✶✳

✸✳✺ ■♠❛❣❡ ❛♥❛❧②s✐s

✸✳✺✳✶ ❈♦✉♥t✐♥❣ ❜✉❜❜❧❡s

❚♦ ❝♦✉♥t ❜✉❜❜❧❡s✱ ❛ ♣r♦❜❡ ♣♦✐♥t ✇❛s ♣❧❛❝❡❞ ✐♥ t❤❡ ♣r♦❝❡ss❡❞ ✐♠❛❣❡s ✭❛❜♦✉t ✾ ♠♠
❛❜♦✈❡ t❤❡ ♥♦③③❧❡✮✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❛ ❜✉❜❜❧❡ ❛❢t❡r ✐ts ❞❡t❛❝❤♠❡♥t ❢r♦♠ t❤❡ ♥♦③③❧❡✱
❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✸✭❛✮✳ ❚❤❡ ♣✐①❡❧ ✐♥t❡♥s✐t② I ❛t t❤✐s ♣r♦❜❡ ♣♦✐♥t ✐♥❞✐❝❛t❡❞ ✇❤❡t❤❡r
❛ ❜✉❜❜❧❡ r❡❛❝❤❡❞ t❤❡ ♣♦✐♥t✿

I =

{

1, ❛ ❜✉❜❜❧❡ ✐s ♣r❡s❡♥t

0, ❛❜s❡♥❝❡ ♦❢ ❜✉❜❜❧❡
. ✭✸✳✸✷✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♣✐①❡❧ ✐♥t❡♥s✐t② I ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♠❛❣❡s ❢♦r♠❡❞ ❛ s❡r✐❡s ♦❢
sq✉❛r❡ ♣✉❧s❡s✱ ♦♥❡ ♣✉❧s❡ ✐♠♣❧✐❡❞ ❛ ♥❡✇ ❜✉❜❜❧❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✸✭❜✮✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❜✉❜❜❧❡s ✇❡r❡ ❝♦✉♥t❡❞ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♣✉❧s❡s✳ ❇❡s✐❞❡s✱ ✐♥ ♦r❞❡r t♦ ❛ss❡ss ❢♦r t❤❡
q✉❛❧✐t② ♦❢ t❤✐s ♠❡t❤♦❞✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r♦❜❡ ♣♦✐♥t ♣♦s✐t✐♦♥ ♦♥ t❤❡ ❜✉❜❜❧❡ ❢❡❛t✉r❡s
✭❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②✱ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛♥❞ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦r✮ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❛♥❞
s❤♦✇♥ ♥♦t t♦ ❜❡ r❡❧❡✈❛♥t ❛s ❧♦♥❣ ❛s t❤❡ ♣r♦❜❡ ♣♦✐♥t ✇❛s ♥♦t ✐♥ ❝♦♥t❛❝t ✇✐t❤ ♠♦st ♦❢
t❤❡ ❜✉❜❜❧❡s ❜❡❢♦r❡ ✐ts ❞❡t❛❝❤♠❡♥t✳

✸✳✺✳✷ ❇✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②

❲✐t❤ t❤❡ ✏♣r♦❜❡✲♣♦✐♥t✑ ♠❡t❤♦❞✱ t❤❡ ♣✉❧s❡s ✇❡r❡ ❝♦✉♥t❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ❛ ❝♦❞❡
❞❡✈❡❧♦♣❡❞ ✐♥ ▼❛t❧❛❜✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ ♥✉♠❜❡r ✇❛s
♦❜t❛✐♥❡❞✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✹✭❛✮✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ✇❛s ❛❧s♦
❝❛❧❝✉❧❛t❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❜✉❜❜❧❡ ♥✉♠❜❡r ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✸✳✶✹✭❜✮✳ ■♥s♣❡❝t✐♥❣ ❋✐❣✳ ✸✳✶✹✭❜✮✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❜❡❝❛♠❡ ❛❧♠♦st
✐♥s❡♥s✐t✐✈❡ t♦ t✐♠❡ ❛❢t❡r ❛ ❢❡✇ s❡❝♦♥❞s✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡❞ t❤❛t t❤❡ ❜✉❜❜❧✐♥❣ st❡❛❞② st❛t❡
✇❛s r❡❛❝❤❡❞ ❛❢t❡r ❛ ♣❡r✐♦❞ ♦❢ ❢❛st ❝❤❛♥❣❡s ✐♥ t❤❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②✳ ❚❤✐s tr❛♥s✐❡♥t
r❡❣✐♠❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✇❛s ❞✉❡ t♦ t❤❡ ♣r❡ss✉r❡ ❜✉✐❧❞✉♣ ✐♥ t❤❡ t✉❜✐♥❣ ♣r✐♦r t♦ t❤❡
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Probe

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✸✿ ❈♦✉♥t✐♥❣ ❜✉❜❜❧❡s ❛t ❱❋❈ ✶%✳ ✭❛✮ t❤❡ ♣r♦❜❡ ♣♦✐♥t ✭r❡❞
♣♦✐♥t✮✱ ✭❜✮ ♣✐①❡❧ ✐♥t❡♥s✐t② ♦❢ ♣r♦❜❡ ♣♦✐♥t ♦✈❡r ❛♥ ✐♠❛❣❡ s❡q✉❡♥❝❡✳

♦♣❡♥✐♥❣ ♦❢ t❤❡ ❱❋❈✳ ❋✐♥❛❧❧②✱ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❢♦r ❛❧❧ t❤❡ ✢♦✇ r❛t❡s ✐s ♣❧♦tt❡❞ ✐♥
❋✐❣✳ ✸✳✶✺✱ ❛♥❞ t❤❡ ♠❡❛♥ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛t st❡❛❞② st❛t❡ ✐s r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ✸✳✷✱
✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛t st❡❛❞② st❛t❡ ✐♥❝r❡❛s❡❞ ✇✐t❤ t❤❡ ✢♦✇
r❛t❡✱ ②❡t t❤❡ ✢✉❝t✉❛t✐♦♥ ♦❢ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛❧s♦ ✐♥❝r❡❛s❡❞ ✇✐t❤ ✢♦✇ r❛t❡✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✹✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✭❛✮ ❜✉❜❜❧❡ ♥✉♠❜❡r ❛♥❞ ✭❜✮ ❜✉❜❜❧✐♥❣
❢r❡q✉❡♥❝② ❢♦r t❤❡ tr✐♣❧✐❝❛t❡ r❡❝♦r❞✐♥❣s ❛t ❱❋❈ ✶ %✳



✹✽ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❋✐❣✉r❡ ✸✳✶✺✿ ❇✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❢♦r ❛❧❧ t❤❡ ✢♦✇ r❛t❡s✳

❚❛❜❧❡ ✸✳✷✿ ▼❡❛♥ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛t st❡❛❞② st❛t❡✳

❱❋❈ s❡t ♣♦✐♥t ❇✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②∗ ✭❍③✮

✶% X̄ = 0.0894, σ = 0.0232✱ c❱ = 26.0%

✸% X̄ = 0.1011, σ = 0.0247✱ c❱ = 24.4%

✻% X̄ = 0.1091, σ = 0.0322✱ c❱ = 29.5%

✾% X̄ = 0.1186, σ = 0.0311✱ c❱ = 26.3%

✶✷% X̄ = 0.1189, σ = 0.0392✱ c❱ = 33.0%

✷✵% X̄ = 0.1214, σ = 0.0465✱ c❱ = 38.3%

✸✵% X̄ = 0.1251, σ = 0.0538✱ c❱ = 43.0%

∗
X̄✿ ♠❡❛♥✱ σ✿ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ c❱✿ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥
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✸✳✺✳✸ ❇✉❜❜❧❡ ✈♦❧✉♠❡

❚❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❛ ✷❉ ♣r♦❝❡ss❡❞ ✐♠❛❣❡ ❜② t❤❡ ❤♦r✐③♦♥t❛❧ s❡❣✲
♠❡♥t❛t✐♦♥ ♠❡t❤♦❞ ✭❍❙▼✮ ❬✶✸✽❪ ❬✶✸✾❪✳ ❚❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t♦ s❧✐❝❡ ❛
❜✉❜❜❧❡ ❤♦r✐③♦♥t❛❧❧②✱ ❛♥❞ ❡✈❡r② s❧✐❝❡ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❛ ❞✐s❝✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✻✳�  �(�) 

∆�  

❋✐❣✉r❡ ✸✳✶✻✿ ❚❤❡ ❤♦r✐③♦♥t❛❧ s❡❣♠❡♥t❛t✐♦♥ ♠❡t❤♦❞ t♦ ❝❛❧❝✉❧❛t❡ ❜✉❜✲
❜❧❡ ✈♦❧✉♠❡✳

❚❤❡ r❛❞✐✉s ♦❢ ❛ ❞✐s❝ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t r(z)✱ t❤✉s t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❡①♣r❡ss❡❞
❛s✿

V =

∫

πr2(z)dz. ✭✸✳✸✸✮

■♥ r❡❛❧✐t②✱ ❛ ❞✐s❝ ❤❛s ✐ts t❤✐❝❦♥❡ss ∆z✱ t❤❡r❡❢♦r❡ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐s ❛♣♣r♦①✐♠❛t❡❞
❛s

V ≈
∑

πr2∆z. ✭✸✳✸✹✮

■♥ t❤✐s ✇♦r❦✱ r ✇❛s ♦❜t❛✐♥❡❞ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♣✐①❡❧ ❤♦r✐③♦♥t❛❧❧② ❢r♦♠ t❤❡ ♣r♦❝❡ss❡❞
✐♠❛❣❡✱ ❛♥❞ ∆z ✇❛s ❡q✉❛❧ t♦ ♦♥❡ ♣✐①❡❧✳ ❆ ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ♥♦r♠❛❧❧② ❤❛❞ ❛ ❞✐❛♠❡t❡r ♦❢
❛❜♦✉t 10 ∼ 100 ♣✐①❡❧s✳ ❈♦♥s❡q✉❡♥t❧②✱ ❡✈❡♥ ✐❢ ❢❡✇ ♣✐①❡❧s ✇❡r❡ ♦♠✐tt❡❞ ❛t t❤❡ ❣❛s✲❧✐q✉✐❞
✐♥t❡r❢❛❝❡ ❞✉❡ t♦ t❤❡ ❜✐♥❛r✐③❛t✐♦♥✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦♥ t❤❡ ❡st✐♠❛t❡ ♦❢ r ✇❛s ♦♥❧② ❛
❢❡✇ ♣❡r❝❡♥t✱ ✇❤✐❝❤ ✐s ❛❝❝❡♣t❛❜❧❡✳ ❆t ❧❛st✱ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❡①♣r❡ss❡❞ ✐♥ ♣✐①❡❧s ✇❛s
❝♦♥✈❡rt❡❞ ✐♥t♦ ❝✉❜✐❝ ♠✐❧❧✐♠❡t❡r ❜② ✉s✐♥❣ ❛ s♣❛t✐❛❧ ❝❛❧✐❜r❛t✐♦♥ ❢❛❝t♦r✳

▼♦r❡♦✈❡r✱ ❛ ❜✉❜❜❧❡ ❝♦♥st❛♥t❧② ❝❤❛♥❣❡❞ ✐ts s❤❛♣❡ ❞✉r✐♥❣ r✐s✐♥❣✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✸✳✶✼ ✭❛✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡❞ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❍❙▼ t♦ ❜✉❜❜❧❡ s❤❛♣❡ ❜②
❛♣♣❧②✐♥❣ ❍❙▼ t♦ t❤❡ s❛♠❡ ❜✉❜❜❧❡ ❜✉t ✐♥ ❞✐✛❡r❡♥t ❢r❛♠❡s ✭s❤❛♣❡s✮✳ ❚❤❡ r❡s✉❧t ✐s
♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✸✳✶✼✭❜✮✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❍❙▼ ✐♥ ❛
s❡r✐❡s ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❢r❛♠❡s ✇❛s ♥❡❛r❧② ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡✿ t❤❡ ✈❛r✐❛t✐♦♥
♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈♦❧✉♠❡ ✐s ❛t t❤❡ ♠♦st ✶✵ %✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ ❜✉❜❜❧❡ ❝❛♥
❜❡ ❡st✐♠❛t❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✈♦❧✉♠❡s ❛t ❞✐✛❡r❡♥t ♠♦♠❡♥ts✿

Vi =
1

m

m∑

j=1

V (tj), ✭✸✳✸✺✮

✇❤❡r❡ Vi ✐♥❞✐❝❛t❡s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ i✲t❤ ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡✱ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛♠❡s
✐♥❝❧✉❞✐♥❣ t❤❡ s❛♠❡ ❜✉❜❜❧❡✱ ❛❜♦✉t 4 ∼ 6 ✐♥ ❣❡♥❡r❛❧✳

❙✉❜s❡q✉❡♥t❧②✱ t❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡ Vi ✇❛s ♦❜t❛✐♥❡❞ ❢♦r ❱❋❈ ✶%✱
❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✽✭❛✮✱ ✇❤❡r❡ ♦♥❡ ❞♦t ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ ❜✉❜❜❧❡✳ ❚❤❡ ❜✉❜❜❧✐♥❣
♣r♦❝❡ss ❝♦♥s✐st❡❞ ♦❢ t✇♦ ♦❜✈✐♦✉s❧② ❞✐✛❡r❡♥t st❛❣❡s✳ ❚❤❡ ✜rst st❛❣❡✱ ✐✳❡✳ ❆ ♣❡r✐♦❞
✐♥ ❋✐❣✳ ✸✳✶✽✭❛✮✱ ❤❛❞ ❛ str♦♥❣ r❛✐s❡ ❢♦❧❧♦✇❡❞ ❜② ❛ s❤❛r♣ ❞❡❝r❡❛s❡ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞❡❞ t♦ t❤❡ ✉♥st❡❛❞② ❣❛s ✢♦✇ r❡❣✐♠❡ t❤❛t ✇❛s ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✳



✺✵ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

−−−−−−−−−−−−−−−−−−−→❚✐♠❡

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✼✿ ✭❛✮ s❤❛♣❡ ❛♥❞ ✭❜✮ ✈♦❧✉♠❡ ♦❢ ❛ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ❛t
❞✐✛❡r❡♥t ♠♦♠❡♥ts ✭❱❋❈ ✶%✮✳

✸✳✶✹✭❜✮✳ ❆❢t❡r ❛ ❢❡✇ s❡❝♦♥❞s✱ ✐♥ ❛ s❡❝♦♥❞ st❛❣❡✱ ✐✳❡✳ ❇ ♣❡r✐♦❞ ✐♥ ❋✐❣✳ ✸✳✶✽✭❛✮✱ t❤❡
❜✉❜❜❧✐♥❣ r❡❛❝❤❡❞ st❡❛❞② st❛t❡✱ s✐♥❝❡ t❤❡ ✈♦❧✉♠❡ ♦❢ ❡❛❝❤ ❜✉❜❜❧❡ ✇❛s q✉❛s✐ ❝♦♥st❛♥t✳ ❆s
r❡✈❡❛❧❡❞ ❜② ❋✐❣✳ ✸✳✶✽✭❝✮✱ ❤✐st♦❣r❛♠ ♦❢ ❛❧❧ t❤❡ Vi ❛t st❡❛❞② st❛t❡ ❛t ❱❋❈ ✶%✱ ♠♦r❡ t❤❛♥
✾✵% ♦❢ ❜✉❜❜❧❡s ❛t st❡❛❞② st❛t❡ ✇❡r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❛ s♠❛❧❧ r❛♥❣❡ ♦❢ ✈♦❧✉♠❡✿ ❛❜♦✉t
69 ∼ 78 ♠♠3✱ t❤✐s ✐s t❤❡ ♠❛❥♦r ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥✳ ■t ❛❧s♦ ❡①✐st❡❞ ❛ s❡❝♦♥❞ ♠✐♥♦r
❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥✱ ✇❤♦s❡ ✈♦❧✉♠❡ r❛♥❣❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❢r♦♠ ✶✵ t♦ ✺✵ ♠♠3✱ ❛♥❞ t❤✐s
♣♦♣✉❧❛t✐♦♥ ✐s ❝❧❡❛r❧② ❞✐st✐♥❝t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤❡s❡ t✐♥② ❜✉❜❜❧❡s ❛♣♣❡❛r❡❞
r❡❣✉❧❛r❧② ✐♥ t❤❡ ❜✉❜❜❧✐♥❣ ❛s s❤♦✇♥ ✇✐t❤ t❤❡ ❧♦✇❡r ❞♦ts ✐♥ ❋✐❣✳ ✸✳✶✽✭❛✮✱ ❛♥❞ ✇❡r❡
r❡❣✉❧❛r❧② ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ ❢r❛♠❡s✱ s✉❝❤ ❛s ❋✐❣✳ ✸✳✶✽✭❜✮✳ ❚❤✐s ♣♦♣✉❧❛t✐♦♥ r❡♣r❡s❡♥ts
❧❡ss t❤❛♥ ✶✵% ♦❢ t❤❡ ❜✉❜❜❧❡s ❛t st❡❛❞② st❛t❡✳ ❖♥❡ ❝♦✉❧❞ ❛ss✉♠❡ t❤❛t t❤❡ ♦❝❝✉rr❡♥❝❡
♦❢ s✉❝❤ t✐♥② ❜✉❜❜❧❡s ♠❛② r❡s✉❧t ❢r♦♠ s♠❛❧❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❣❛s ✢♦✇ r❛t❡ ❞❡s♣✐t❡ t❤❡
✉s❡ ♦❢ ❛ ❣❛s ✢♦✇ ❝♦♥tr♦❧❧❡r✳



✸✳✺✳ ■♠❛❣❡ ❛♥❛❧②s✐s ✺✶

A B

✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✸✳✶✽✿ ✭❛✮ t❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ✭❜✮ ❛
s♠❛❧❧ ❜✉❜❜❧❡ ♦❝❝✉rr❡❞ ❛t t = 10.1 s ❛t st❡❛❞② st❛t❡✱ ✭❝✮ ❤✐st♦❣r❛♠ ♦❢

❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛t st❡❛❞② st❛t❡✱ ❜✐♥ ✇✐❞t❤✿ ✸ ✭❱❋❈ ✶%✮✳



✺✷ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❋✐❣✉r❡ ✸✳✶✾✿ ❚❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ❤✐st♦❣r❛♠
✭r✐❣❤t ❝♦❧✉♠♥✮ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛t ❱❋❈ ✸%✲✾%✱ ❜✐♥ ✇✐❞t❤✿ ✸✳



✸✳✺✳ ■♠❛❣❡ ❛♥❛❧②s✐s ✺✸

❋✐❣✉r❡ ✸✳✷✵✿ ❚❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ❤✐st♦❣r❛♠
✭r✐❣❤t ❝♦❧✉♠♥✮ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛t ❱❋❈ ✶✷%✲✸✵%✱ ❜✐♥ ✇✐❞t❤✿ ✸ ✳



✺✹ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

❋✉rt❤❡r♠♦r❡✱ t❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❤✐st♦❣r❛♠ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❢♦r ♦t❤❡r
✢♦✇ r❛t❡s ❛r❡ ❛❧s♦ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✸✳✶✾ ❛♥❞ ✸✳✷✵✱ ✇❤❡r❡ ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❜✉❜❜❧✐♥❣
❛❧✇❛②s ✉♥❞❡r✇❡♥t t❤❡ s❛♠❡ ✉♥st❡❛❞②✲t♦✲st❡❛❞② r❡❣✐♠❡ ❛t ✇❤❛t❡✈❡r ✢♦✇ r❛t❡✳ ❲❡ ❛❧s♦
❢♦✉♥❞ t❤❛t ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐♥❝r❡❛s❡❞ ✇✐t❤ ✢♦✇ r❛t❡✳ ❇❡s✐❞❡s✱ ❛s t❤❡ ✢♦✇ r❛t❡ ✐♥❝r❡❛s❡❞✱
t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❛s ♠♦r❡ ❛♥❞ ♠♦r❡ ❞✐str✐❜✉t❡❞✱ ❛♥❞ ♠♦r❡ ❞✐st✐♥❝t ❣r♦✉♣s ♦❢ ❜✉❜❜❧❡s
✇❡r❡ ❣❡♥❡r❛t❡❞✿ ❛❜♦✉t ✷ ❣r♦✉♣s ❛t ❱❋❈ 1 ∼ 9%✱ ✸ ❣r♦✉♣s ❛t ❱❋❈ 12 ∼ 20%✱ ❛♥❞ ✹
❣r♦✉♣s ❛t ❱❋❈ 30%✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❛s
♠♦r❡ s❝❛tt❡r❡❞ ❛t ❤✐❣❤❡r ✢♦✇ r❛t❡✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❤✐st♦❣r❛♠s✿ ✐t ❜❡❝❛♠❡ ♠♦r❡
s♣r❡❛❞✐♥❣ ❛s t❤❡ ✢♦✇ r❛t❡ ✐♥❝r❡❛s❡❞✳ ❚❤❡ ✐♥❝r❡❛s❡❞ ❞✐s♣❡rs✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇✐t❤
✢♦✇ r❛t❡ ♠❛② r❡s✉❧t ❢r♦♠ t❤❡ ♠♦r❡ ❢r❡q✉❡♥t ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ❛t ❤✐❣❤❡r ✢♦✇ r❛t❡✳ ■♥
♦r❞❡r t♦ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡❧② ❡✈❛❧✉❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✢♦✇ r❛t❡ ♦♥ t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱
✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ Vi ❛t st❡❛❞② st❛t❡✱ ❛s s❤♦✇♥
✐♥ ❋✐❣✳ ✸✳✷✶✳ ❇♦t❤ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❣❡♥❡r❛❧❧② ✐♥❝r❡❛s❡❞
✇✐t❤ ✢♦✇ r❛t❡✱ ✇❤✐❝❤ ❝♦♥✜r♠❡❞ ♦✉r ✈✐s✉❛❧ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❋✐❣✳ ✸✳✶✾ ❛♥❞ ✸✳✷✵✳

❋✐❣✉r❡ ✸✳✷✶✿ ❚❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s
❛t st❡❛❞② st❛t❡✳

✸✳✺✳✹ ❇✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs

❙❤❛♣❡ ❢❛❝t♦rs ♦❢ ❜✉❜❜❧❡s ❛r❡ ✐♠♣♦rt❛♥t ✐♥❞✐❝❛t♦rs t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥
t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❬✶✹✵❪✳ ❋✐rst✱ ❛ ✈❡r② ❝♦♠♠♦♥ s❤❛♣❡ ❢❛❝t♦r ✐s
t❤❡ ❛s♣❡❝t r❛t✐♦✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s

AR =
h

w
, ✭✸✳✸✻✮

✇❤❡r❡ h ✐s t❤❡ ✈❡rt✐❝❛❧ ❤❡✐❣❤t ♦❢ t❤❡ ❜✉❜❜❧❡ ❛♥❞ w ✐s t❤❡ ❤♦r✐③♦♥t❛❧ ✇✐❞t❤✳ ❚❤❡ ✈❛❧✉❡
♦❢ t❤✐s s❤❛♣❡ ❢❛❝t♦r ❝♦✉❧❞ ❜❡ ❧♦✇❡r ♦r ❤✐❣❤❡r t❤❛♥ ✉♥✐t②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜✉❜❜❧❡
♦s❝✐❧❧❛t✐♦♥✳



✸✳✺✳ ■♠❛❣❡ ❛♥❛❧②s✐s ✺✺

❆♥♦t❤❡r ♦❢t❡♥ ✉s❡❞ ❢❛❝t♦r ✐s ❝✐r❝✉❧❛r✐t②✱ ❞❡✜♥❡❞ ❛s

f❝✐r❝ =
4πA

P2
, ✭✸✳✸✼✮

✇❤❡r❡ A ✐s t❤❡ ♣r♦❥❡❝t❡❞ ❛r❡❛ ♦❢ t❤❡ ❜✉❜❜❧❡✱ P ✐s ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r✐♠❡t❡r✳ A ❛♥❞
P ✇❡r❡ ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧② ❜② ❝♦✉♥t✐♥❣ ♣✐①❡❧s ✐♥ t❤❡ ✐♠❛❣❡✳ ❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤✐s
s❤❛♣❡ ❢❛❝t♦r ✐s t❤❡ sq✉❛r❡❞ r❛t✐♦ ♦❢ t❤❡ ♣❡r✐♠❡t❡r ♦❢ ❛ ❝✐r❝❧❡ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❛r❡❛ ❛s
❛ ✷❉ ♦❜❥❡❝t t♦ t❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡ ✷❉ ♦❜❥❡❝t✿

f❝✐r❝ =

(
P❝✐r❝❧❡

P♦❜❥❡❝t

)2

=




2π

√
A♦❜❥❡❝t

π

P♦❜❥❡❝t





2

=
4πA♦❜❥❡❝t

P2
♦❜❥❡❝t

. ✭✸✳✸✽✮

❚❤❡ ❝✐r❝✉❧❛r✐t② ❝❛♥ ♥♦t ❜❡ ❣r❡❛t❡r t❤❛♥ ✶✱ s✐♥❝❡ ❛ ❝✐r❝❧❡ ❤❛s t❤❡ s❤♦rt❡st ♣❡r✐♠❡t❡r
❛♠♦♥❣ ❛❧❧ t❤❡ s❤❛♣❡s ✇✐t❤ t❤❡ s❛♠❡ ❛r❡❛✳ ❚❤❡r❡❢♦r❡✱ ♦♥❧② ❛ ♣❡r❢❡❝t❧② s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡
✇♦✉❧❞ ❣✐✈❡

f❝✐r❝ = 1. ✭✸✳✸✾✮

■♥ ♦t❤❡r ❝❛s❡s✱ f❝✐r❝ ✐s s♠❛❧❧❡r t❤❛♥ ✶✱ ❛♥❞ t❤❡ s♠❛❧❧❡r f❝✐r❝✱ t❤❡ ♠♦r❡ ✢❛tt❡♥❡❞ ✭❡✐t❤❡r
❤♦r✐③♦♥t❛❧❧② ♦r ✈❡rt✐❝❛❧❧②✮ t❤❡ ❜✉❜❜❧❡ ✐s✳

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs ❢r♦♠ t❤❡ ♣r♦❝❡ss❡❞ ✐♠❛❣❡s✱ ❛ ❝♦❞❡
✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ▼❛t❧❛❜ ❜❛s❡❞ ♦♥ ❡q✉❛t✐♦♥s ✭✸✳✸✻✮ ❛♥❞ ✭✸✳✸✼✮✳ ❲✐t❤ t❤✐s ❝♦❞❡✱ ✇❡ ✜rst
♦❜t❛✐♥❡❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s❤❛♣❡ ❢❛❝t♦rs ♦❢ ❛ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ t❤❛t ✇❛s ❛r❜✐tr❛r✐❧②
❝❤♦s❡♥ ❢r♦♠ t❤❡ ♠❛❥♦r ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✷✭❜✮✳ ❋♦r t❤✐s ❜✉❜❜❧❡✱
❜♦t❤ ❝✐r❝✉❧❛r✐t② ❛♥❞ ❛s♣❡❝t r❛t✐♦ ❣❡♥❡r❛❧❧② ❞❡❝r❡❛s❡❞ ❛s t❤❡ ❜✉❜❜❧❡ r♦s❡ ✐♥ ❛ ✈❡r②
s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡ ✭≈ 25 ♠s✮✳ ❆❝t✉❛❧❧②✱ t❤✐s tr❡♥❞ ✇❛s ♦❜s❡r✈❡❞ ❢♦r ❛❧❧ t❤❡ ❜✉❜❜❧❡s
✇❤❛t❡✈❡r t❤❡ ❣❛s ✢♦✇ r❛t❡✳ ❆❢t❡r t❤❡ ❜✉❜❜❧❡ ✢❛tt❡♥❡❞✱ ✐t ❝♦♥t✐♥✉❡❞ ♦s❝✐❧❧❛t✐♥❣ ✉♥t✐❧
❜✉rst✐♥❣ ❛t t❤❡ ✇❛t❡r s✉r❢❛❝❡✳ ❇✉❜❜❧❡ ♦s❝✐❧❧❛t✐♦♥ ✐s ❛ ♥❛t✉r❛❧ r❡s✉❧t ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥✱
❛s ❛♥② ♦❜❥❡❝t ❡①♣❡r✐❡♥❝✐♥❣ ❛ t❡♥s✐♦♥ ❢♦r❝❡ ❛♥❞ ♣❡rt✉r❜❡❞ ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥
t❡♥❞s t♦ ♦s❝✐❧❧❛t❡✳

❋✉rt❤❡r♠♦r❡✱ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✈❛r✐❛❜✐❧✐t② ❢r♦♠ ❜✉❜❜❧❡ t♦ ❜✉❜❜❧❡✱
✇❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ s❤❛♣❡ ❢❛❝t♦rs ❢♦r ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✐♠✐❧❛r ❜✉❜❜❧❡s✱ ✐✳❡✳ t❤♦s❡ ✐♥
t❤❡ ♠❛❥♦r ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥✱ r❡❢❡r t♦ ❋✐❣✳ ✸✳✶✽✭❛✮ ❛♥❞ ✭❝✮✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✳
✸✳✷✸✱ ✇❤❡r❡ t✇♦ ♦✈❡r❧❛♣♣✐♥❣ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦ s❤❛♣❡ ❢❛❝t♦rs ♦❢
t❤❡ s❛♠❡ ❜✉❜❜❧❡ ❜❡❢♦r❡ ✐t ❧❡❢t t❤❡ ✜❡❧❞ ♦❢ ✈✐❡✇✳ ❇♦t❤ s❤❛♣❡ ❢❛❝t♦rs ✇❡r❡ ❛t ♠❛①✐♠✉♠
❛t t❤❡ ♠♦♠❡♥t ❛ ❜✉❜❜❧❡ ❥✉st ❞❡t❛❝❤❡❞✱ ❛♥❞ t❤❡② ❞❡❝r❡❛s❡❞ ❛s t❤❡ ❜✉❜❜❧❡ r♦s❡✱ ❛s
❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✳ ✸✳✷✷✭❜✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝✐r❝✉❧❛r✐t② ✇❛s q✉✐t❡ r❡♣❡❛t❛❜❧❡ ❢♦r
❛❧❧ t❤❡ ❜✉❜❜❧❡s✿ ✐ts ✐♥✐t✐❛❧ ✈❛❧✉❡ ✇❛s ❛❧✇❛②s ❝❧♦s❡ t♦ ✶ ❢♦r ❡❛❝❤ ❜✉❜❜❧❡✱ s✐♥❝❡ ❛ ❜✉❜❜❧❡
❛♣♣❡❛r❡❞ ❛s ❛❧♠♦st ♣❡r❢❡❝t❧② r♦✉♥❞❡❞ ✇❤❡♥ ✐t ❥✉st ❡s❝❛♣❡❞ ❢r♦♠ t❤❡ ♥♦③③❧❡✱ ❛♥❞ t❤❡
❝✐r❝✉❧❛r✐t② ❛❧s♦ ❞❡❝r❡❛s❡❞ t♦ ❛♣♣r♦①✐♠❛t✐✈❡❧② ✵✳✽ ❢♦r ❡❛❝❤ ❜✉❜❜❧❡✳ ❚❤❡ r❡♣❡❛t❛❜✐❧✐t②
❛♥❞ ✐♥✐t✐❛❧ ✉♥✐t② ♦❢ ❝✐r❝✉❧❛r✐t② ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❥❡❝t❡❞ ❛r❡❛ ❛♥❞ ♣❡r✐♠❡t❡r ✇❡r❡ ❝♦r✲
r❡❝t❧② ❝❛♣t✉r❡❞✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❛s♣❡❝t r❛t✐♦ ✇❛s ❧❡ss ❝♦♥s✐st❡♥t t❤❛♥ ❝✐r❝✉❧❛r✐t②✿
❛s♣❡❝t r❛t✐♦ s♦♠❡t✐♠❡s st❛rt❡❞ ❛t ❛❜♦✉t ✶✳✶ r❛t❤❡r t❤❛♥ ✶✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡ ❢♦r ❛
s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡✳ ❈❡rt❛✐♥❧②✱ ❢r♦♠ ❛♥♦t❤❡r ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❝❛♥ ❛❧s♦ t❤✐♥❦ t❤❛t ❛s♣❡❝t
r❛t✐♦ ✇❛s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ✈❛r✐❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡✿ ❡✈❡♥ t❤♦✉❣❤ t✇♦ ❜✉❜❜❧❡s
✇❡r❡ s✐♠✐❧❛r ✐♥ t❡r♠s ♦❢ ❝✐r❝✉❧❛r✐t②✱ t❤❡② ✇❡r❡ ♣♦ss✐❜❧② q✉✐t❡ ❞✐✛❡r❡♥t r❡❣❛r❞✐♥❣ ❛s♣❡❝t
r❛t✐♦✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❜✉❜❜❧❡s ✐♥ ❋✐❣✳ ✸✳✷✸✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝✐r✲
❝✉❧❛r✐t② ✇❛s ♠♦r❡ ✏❡rr♦r✲t♦❧❡r❛♥t✑ t❤❛♥ t❤❡ ❛s♣❡❝t r❛t✐♦✱ s✐♥❝❡ t❤❡ ❝✐r❝✉❧❛r✐t② ✐♥❝❧✉❞❡❞
♠✉❝❤ ♠♦r❡ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ ❛s♣❡❝t r❛t✐♦✳



✺✻ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

✭❛✮

✭❜✮

❋✐❣✉r❡ ✸✳✷✷✿ ✭❛✮ ❛ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ❛t st❡❛❞② st❛t❡✱ ❛♥❞ ✭❜✮ ✐ts
❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ✭❱❋❈ ✶%✮✳

❇❡s✐❞❡s✱ ❛s ✢♦✇ r❛t❡ ❤❛s s✐❣♥✐✜❝❛♥t ✐♥✢✉❡♥❝❡ ♦♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ✐t ✐s ✈❡r② ❧✐❦❡❧②
t❤❛t t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ❛t ❤✐❣❤ ✢♦✇ r❛t❡ ♠❛② ❛❧s♦ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡
❛t ❧♦✇ ✢♦✇ r❛t❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ s❤❛♣❡ ❢❛❝t♦rs ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥
♦❢ ❜✉❜❜❧❡s ❛t st❡❛❞② st❛t❡ ❛t ❱❋❈ ✸✵%✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✹✳ ❆t ❤✐❣❤ ✢♦✇ r❛t❡✱
✇❡ ❢♦✉♥❞ t❤❛t ❧❛r❣❡r ❛s♣❡❝t r❛t✐♦ ♦❝❝✉rr❡❞ ♠♦r❡ ❢r❡q✉❡♥t❧②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡
❜✉❜❜❧❡s ✇❡r❡ ❣❡♥❡r❛❧❧② ♠♦r❡ ❡❧♦♥❣❛t❡❞ t❤❛♥ t❤♦s❡ ❛t ❧♦✇ ✢♦✇ r❛t❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✸✳✷✺✭❛✮✳ ❚❤❡ ❧❛r❣❡r ❛s♣❡❝t r❛t✐♦ ♠❛② ❛❧s♦ r❡s✉❧t ❢r♦♠ t❤❡ ❢❛❧s❡ ♦r ❛✉t❤❡♥t✐❝ ❜✉❜❜❧❡
❝♦❛❧❡s❝❡♥❝❡ ❞✉❡ t♦ t❤❡ s❤♦rt❡r ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❜✉❜❜❧❡s ❛t ❤✐❣❤ ✢♦✇ r❛t❡✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✺✭❜✮ ❛♥❞ ✭❝✮✳ ■♥ ❜r✐❡❢✱ ❜✉❜❜❧❡ s❤❛♣❡ ✇❛s ❧❡ss r♦✉♥❞❡❞✱ ②❡t st✐❧❧
❡①❤✐❜✐t✐♥❣ ❛①✐s②♠♠❡tr②✱ ❛♥❞ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ✇❛s ♠♦r❡ ❢r❡q✉❡♥t ❛t ❤✐❣❤ ✢♦✇ r❛t❡✳



✸✳✺✳ ■♠❛❣❡ ❛♥❛❧②s✐s ✺✼

❋✐❣✉r❡ ✸✳✷✸✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ♦❢ ❛ ♣♦♣✲
✉❧❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s ❛t st❡❛❞② st❛t❡ ✭❱❋❈ ✶%✮✳

❋✐❣✉r❡ ✸✳✷✹✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ♦❢ ❛ ♣♦♣✲
✉❧❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s ❛t st❡❛❞② st❛t❡ ✭❱❋❈ ✸✵%✮✳



✺✽ ❈❤❛♣t❡r ✸✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞②

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✸✳✷✺✿ ✭❛✮ ❛♥ ❡❧♦♥❣❛t❡❞ ❜✉❜❜❧❡✱ ✭❜✮ ❢❛❧s❡ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡✱
✭❝✮ ❛✉t❤❡♥t✐❝ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡✳ ✭❱❋❈ ✸✵%✮

✸✳✻ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s❤❛❞♦✇❣r❛♣❤② t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ✐s
❜❛s❡❞ ♦♥ t❤❡ r❡❢r❛❝t✐♦♥ ♦❢ ❧✐❣❤t ✇❤❡♥ ✐t ♣❛ss❡s ❢r♦♠ ✇❛t❡r ✐♥t♦ ❛✐r✳ ❲✐t❤ s❤❛❞♦✇❣r❛✲
♣❤② t❡❝❤♥✐q✉❡✱ ❜✉❜❜❧❡s ✇❡r❡ s✉❝❝❡ss❢✉❧❧② ❝❛♣t✉r❡❞ ✐♥t♦ ✐♠❛❣❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❜✉❜❜❧❡
❜❡❤❛✈✐♦rs ❛t ❞✐✛❡r❡♥t ✢♦✇ r❛t❡s ✇❡r❡ st✉❞✐❡❞ ❜② ✐♠❛❣❡s ♣r♦❝❡ss✐♥❣ ❛♥❞ ❛♥❛❧②s✐s✳ ❋✐rst
♦❢ ❛❧❧✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛t ❡❛❝❤ ✢♦✇ r❛t❡ t❡♥❞❡❞ t♦ ❜❡ st❛❜❧❡ ❛❢t❡r
❛ ❢❡✇ s❡❝♦♥❞s ♦❢ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ✢♦✇ ♠❡t❡r✱ ❛♥❞ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛t st❡❛❞② st❛t❡
✐♥❝r❡❛s❡❞ ✇✐t❤ ✢♦✇ r❛t❡✳ ❙❡❝♦♥❞✱ ♠❡❛♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✐♥❝r❡❛s❡❞ ✇✐t❤ ✢♦✇ r❛t❡✱ ❛♥❞
❜✉❜❜❧❡ ✈♦❧✉♠❡ ❞✐str✐❜✉t✐♦♥ ✇❛s q✉✐t❡ ♠♦♥♦❞✐s♣❡rs❡ ❛t ❧♦✇ ✢♦✇ r❛t❡✱ ②❡t ✐t ❜❡❝❛♠❡
♠♦r❡ ♣♦❧②❞✐s♣❡rs❡ ❛t ❤✐❣❤❡r ✢♦✇ r❛t❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❝✐r❝✉❧❛r✐t② ♦❢ ♠♦st
❜✉❜❜❧❡s ❜❡❣✉♥ ❛t ✶ ❛t ❧♦✇ ✢♦✇ r❛t❡✱ ✐♠♣❧②✐♥❣ t❤❛t ❜✉❜❜❧❡s ✇❡r❡ r♦✉♥❞❡r ❛♥❞ ❣❛s✲❧✐q✉✐❞
✐♥t❡r❢❛❝❡ ✇❛s s♠♦♦t❤❡r ❛t ❧♦✇ ✢♦✇ r❛t❡✱ ❛♥❞ ♦♥❡ ❜✉❜❜❧❡ ✇❛s r❡❧❛t✐✈❡❧② ❞✐st❛♥t ❢r♦♠
❛♥♦t❤❡r ♦♥❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❛♠♦✉♥t ♦❢ ❥✉st ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡s ❤❛❞
t❤❡ ❛s♣❡❝t r❛t✐♦ ❣r❡❛t❡r t❤❛♥ ✶ ❛t ❤✐❣❤ ✢♦✇ r❛t❡✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ❜✉❜❜❧❡s ❞❡❢♦r♠❡❞
♠♦r❡ ✈✐♦❧❡♥t❧② ❛t ✐ts ❞❡t❛❝❤♠❡♥t ❛♥❞ t❤❡ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡ ✇❛s s✐❣♥✐✜❝❛♥t✳



✺✾

❈❤❛♣t❡r ✹

◆✉♠❡r✐❝❛❧ st✉❞②

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✱ ❣❛s✲❧✐q✉✐❞ ✢♦✇ ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r ✐s ❛ ❜✉❜❜❧② ✢♦✇✱ t❤✉s
✐t ✇♦✉❧❞ ❜❡ ❜❡tt❡r t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❞✐s♣❡rs❡❞ ❜✉❜❜❧❡s✳ ■♥
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤✐s r❡q✉✐r❡♠❡♥t✱ ❱♦❧✉♠❡ ♦❢ ✢✉✐❞ ✭❱❖❋✮ ♠❡t❤♦❞ ✇❛s ❝❤♦s❡♥ t♦ ❜❡
t❤❡ ♠♦❞❡❧✐♥❣ ❢r❛♠❡✇♦r❦ s✐♥❝❡ ✐t ❝❛♥ s✐♠✉❧❛t❡ ❞✐s❝r❡t❡ ❛♥❞ ❞❡❢♦r♠❛❜❧❡ ❜✉❜❜❧❡s✳ ❋✉r✲
t❤❡r♠♦r❡✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❱❖❋ ♠❡t❤♦❞ ✇❛s ♠❛❞❡ ♦♥ ❛♥ ♦♣❡♥ s♦✉r❝❡ ♣❧❛t❢♦r♠✱
❖♣❡♥❋❖❆▼✱ ✇❤✐❝❤ ✐s ❜❡❝♦♠✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣♦♣✉❧❛r ✐♥ s❝✐❡♥t✐✜❝ r❡s❡❛r❝❤ t❤❛♥❦s
t♦ ✐ts ✈❡rs❛t✐❧✐t② ❛♥❞ ✢❡①✐❜✐❧✐t②✳ ❙✉❜s❡q✉❡♥t❧②✱ ❝❛s❡ s❡t✉♣s ✇❡r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❡①♣❡r✐✲
♠❡♥ts ✇❡r❡ r❡♣r♦❞✉❝❡❞ ♥✉♠❡r✐❝❛❧❧②✳ ❋✐♥❛❧❧②✱ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ ❞✐s❝✉ss❡❞✳

✹✳✶ ■♥tr♦❞✉❝t✐♦♥ t♦ ❱❖❋ ♠❡t❤♦❞

❱❖❋ ♠❡t❤♦❞ ✐s ❛ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ t❤❛t ❝❛♥ tr❛❝❦ t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ t✇♦ ♦r ♠♦r❡
✐♠♠✐s❝✐❜❧❡ ✢✉✐❞s ❬✶✹✶❪✳ ■♥ ❱❖❋ ♠❡t❤♦❞✱ ❡❛❝❤ ✢✉✐❞ ❛♥❞ ✐♥t❡r❢❛❝❡ ✐s r❡❝♦❣♥✐③❡❞ ❜② ❛
✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❬✶✹✷❪ ❬✶✹✸❪✳ ❚❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉✲
t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥
❬✶✹✹❪✳ ❲✐t❤ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛ s✐♥❣❧❡ s❡t ♦❢ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❡♥t✐r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❜② ✈♦❧✉♠❡✲❛✈❡r❛❣✐♥❣ t❤❡ ♣❤②s✐❝❛❧
♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s ✈✐s❝♦s✐t②✱ ❞❡♥s✐t②✱ ❡t❝✳ ❬✶✹✺❪✳

✹✳✶✳✶ ❱♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢✉♥❝t✐♦♥

❱❖❋ ♠❡t❤♦❞ tr❡❛ts ♦♥❧② t✇♦ ✢✉✐❞s ❢♦r ❛ ❣❛s✲❧✐q✉✐❞ s②st❡♠✳

❉❡✜♥✐t✐♦♥

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ❛t ❛ ♣♦✐♥t ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ❬✶✹✻❪
❬✶✹✼❪ ❬✶✹✽❪✿

F (x, y, z) =







1 ♣♦✐♥t ♦❝❝✉♣✐❡❞ ❜② ❧✐q✉✐❞

Λ ♣♦✐♥t ♦♥ t❤❡ ✐♥t❡r❢❛❝❡

0 ♣♦✐♥t ♦❝❝✉♣✐❡❞ ❜② ❣❛s

, ✭✹✳✶✮

✇❤❡r❡ Λ ✐s ❛ ❝♦♥st❛♥t ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞
✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ✭❈✳❱✳✮ V ✐s

αl =
1

V

∫∫∫

V
F (x, y, z)dV, ✭✹✳✷✮

✇❤❡r❡ x, y, z ❛r❡ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ r❡✈❡rs❡ r❡❧❛t✐♦♥ ♦❢ ✭✹✳✷✮ ✐s

F (x, y, z) = lim
V→0

αl. ✭✹✳✸✮



✻✵ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

❯♥❞❡rst❛♥❞❛❜❧②✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ✐s

1− αl. ✭✹✳✹✮

❋r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✶✮ ✭✹✳✷✮ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ αl s✐❣♥✐✜❡s

αl =







1 ❈✳❱✳ ♦❝❝✉♣✐❡❞ ❜② ❧✐q✉✐❞

∈ (0, 1) ❈✳❱✳ ✐♥❝❧✉❞✐♥❣ ❛ s❡❣♠❡♥t ♦❢ ✐♥t❡r❢❛❝❡

0 ❈✳❱✳ ♦❝❝✉♣✐❡❞ ❜② ❣❛s

. ✭✹✳✺✮

■♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✉s✉❛❧❧② ❞✐✈✐❞❡❞
✐♥t♦ ♠❛♥② ❝❡❧❧s✳ ❊❛❝❤ ❝❡❧❧ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❈✳❱✳✱ t❤✉s t❤❡ ❝♦♥t❡♥t ♦❢ ❡❛❝❤ ❝❡❧❧ ❝❛♥
❜❡ ❦♥♦✇♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✺✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❜♦t❤ ♣❤❛s❡s
✐s ♦❜t❛✐♥❡❞ ❜② r❡❛ss❡♠❜❧✐♥❣ ❛❧❧ t❤❡ ❝❡❧❧s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✳

❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ✈❛❧✉❡ ♦❢ α ✐♠♣❧✐❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ ✢✉✐❞s ✐♥
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳

❚❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥

■♥ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ t❤❡ t✇♦ ✢✉✐❞s ❛r❡ s♣❛t✐❛❧❧② r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥
αl✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ t✇♦ ✢✉✐❞s ✐s ❣✐✈❡♥ ❜② t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢
αl✳

❇♦t❤ ❧✐q✉✐❞ ❛♥❞ ❣❛s ❛r❡ ❧♦❝❛❧❧② ❝♦♥s❡r✈❡❞✱ t❤✉s αl ✐s ❛❧s♦ ❧♦❝❛❧❧② ❝♦♥s❡r✈❡❞✳ ❆♥②
❧♦❝❛❧❧② ❝♦♥s❡r✈❡❞ s❝❛❧❛r ✜❡❧❞ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥✱ ✐✳❡✳ ❝♦♥t✐♥✉✐t②
❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ αl ❛❧s♦ s❛t✐s✜❡s t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥

∂αl

∂t
+∇ · (~uαl) = 0, ✭✹✳✻✮

✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ α✳ ■❢ ❜♦t❤ ✢✉✐❞s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✐♥❝♦♠✲
♣r❡ss✐❜❧❡✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ s❛t✐s✜❡s

∇ · ~u = 0. ✭✹✳✼✮



✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❱❖❋ ♠❡t❤♦❞ ✻✶

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ αl ✐s s✐♠♣❧✐✜❡❞ t♦

∂αl

∂t
+ ~u · ∇αl = 0. ✭✹✳✽✮

❍♦✇❡✈❡r✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ~u ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✽✮ ✐s st✐❧❧ ❛♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t② s♦ ❢❛r✳
❆❝t✉❛❧❧②✱ ~u ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ✈♦❧✉♠❡✲❛✈❡r❛❣❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤
✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳✷✳

◆♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ ✐♥t❡r❢❛❝❡

❋♦r ❛ ❈✳❱✳ ✐♥❝❧✉❞✐♥❣ ❛ s❡❣♠❡♥t ♦❢ ✐♥t❡r❢❛❝❡✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ α ♦❢ t❤✐s ❈✳❱✳ ✐s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤✐s ✐♥t❡r❢❛❝❡✱ ❛s ❞❡♠♦♥str❛t❡❞ ❜❡❧♦✇✳

❙✉♣♣♦s✐♥❣ t❤❡ ❈✳❱✳ ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✹✳✸✮✱ t❤❡ ❣r❛❞✐❡♥t ♦❢
α ✐s

∇αl ≈ ∇F . ✭✹✳✾✮

▼❡❛♥✇❤✐❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✹✳✶✮✱ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ✐♥t❡r❢❛❝❡ ✐s

G(x, y, z) = F (x, y, z)− Λ = 0. ✭✹✳✶✵✮

❚❤❡r❡❢♦r❡✱ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ❛t t❤❡ ✐♥t❡r❢❛❝❡ ✐s

~n = ∇G = ∇(F − Λ) = ∇F . ✭✹✳✶✶✮

❋r♦♠ ❡q✉❛t✐♦♥s ✭✹✳✾✮ ✭✹✳✶✶✮✱ ✇❡ ❤❛✈❡

~n ≈ ∇αl, ✭✹✳✶✷✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥t❡r❢❛❝❡ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡
❣r❛❞✐❡♥t ♦❢ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳

✹✳✶✳✷ ▼♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s

■♥ ❱❖❋ ♠❡t❤♦❞✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ~u ✐s s❤❛r❡❞ ❜② ❜♦t❤ ✢✉✐❞s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❱❖❋
♠❡t❤♦❞ s♦❧✈❡s ♦♥❧② ❛ s✐♥❣❧❡ s❡t ♦❢ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❢♦r ❛❧❧ t❤❡ ♣❤❛s❡s✿

∂

∂t
(ρ~u) +∇ · (ρ~u~u) = −∇p+∇ ·

[
η
(
∇~u+∇~uT

)]
+ ρ~g + ~fσ, ✭✹✳✶✸✮

✇❤❡r❡ ~fσ ✐s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❡①♣r❡ss❡❞ ❛s ❛ ✈♦❧✉♠❡ ❢♦r❝❡✱ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s
❛r❡ ❣✐✈❡♥ ❜②

ρ = αlρl + (1− αl)ρg, ✭✹✳✶✹✮

η =
1

ρ
[αlρlµl + (1− αl)ρgµg] , ✭✹✳✶✺✮

✇❤❡r❡ ρl✱ ρg ❛r❡ t❤❡ ❞❡♥s✐t✐❡s ♦❢ ❧✐q✉✐❞✱ ❣❛s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ηl✱ ηg ❛r❡ t❤❡ ✈✐s❝♦s✐t✐❡s
♦❢ t❤❡ t✇♦ ✢✉✐❞s✳

❚❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✸✮ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❈❙❋ ✭❈♦♥t✐♥✉✉♠
❙✉r❢❛❝❡ ❋♦r❝❡✮ ♠♦❞❡❧ ❬✶✹✶❪ ❬✶✹✻❪✿

~fσ = σκ~n

[

αlρl + (1− αl)ρg
1
2(ρl + ρg)

]

, ✭✹✳✶✻✮



✻✷ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

✇❤❡r❡ ~n ✐s t❤❡ ♥♦r♠❛❧ t♦ t❤❡ ✐♥t❡r❢❛❝❡✱ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮✱ σ ✐s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥
♣❡r ✉♥✐t ❧❡♥❣t❤✱ κ ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡✱ ❞❡✜♥❡❞ ❛s

κ = −∇ · n̂, ✭✹✳✶✼✮

✇❤❡r❡ n̂ ✐s t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ✐♥t❡r❢❛❝❡

n̂ =
~n

|~n| , ✭✹✳✶✽✮

s✉❜st✐t✉t✐♥❣ ✭✹✳✶✽✮ ✐♥t♦ ✭✹✳✶✼✮✱ ✇❡ ❤❛✈❡

κ = −∇ · n̂

= −∇
(

1

|~n| · ~n
)

= −
[
1

|~n|∇ · ~n+ ~n · ∇
(

1

|~n|

)]

= −
{

1

|~n|∇ · ~n+ ~n ·
[(

− 1

|~n|2
)

∇|~n|
]}

=
1

|~n|

(
~n

|~n|∇|~n| − ∇ · ~n
)

. ✭✹✳✶✾✮

❲✐t❤ ❡q✉❛t✐♦♥s ✭✹✳✶✻✮ ✭✹✳✶✷✮ ✭✹✳✶✾✮✱ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ✜♥❛❧❧② ❡①♣r❡ss❡❞ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✿

~fσ = σ
∇αl

|∇αl|

[ ∇αl

|∇αl|
∇|∇αl| − ∇ · (∇αl)

] [

αlρl + (1− αl)ρg
1
2(ρl + ρg)

]

. ✭✹✳✷✵✮

✹✳✶✳✸ ■♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✹✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❧❣♦r✐t❤♠s ❢♦r ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥✳
✭❛✮ ❛❝t✉❛❧ ✐♥t❡r❢❛❝❡✱ ✭❜✮ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭P▲■❈✮✱
✭❝✮ s✐♠♣❧❡ ❧✐♥❡ ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭❙▲■❈✮✴❞♦♥♦r✲❛❝❝❡♣t♦r ✭❉✲❆✮✳

❱♦❧✉♠❡ ❢r❛❝t✐♦♥ ❝❛♥ ♥♦t r❡❝♦♥str✉❝t t❤❡ ✐♥t❡r❢❛❝❡ ❛❧♦♥❡✱ s✐♥❝❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✐s
❛ s❝❛❧❛r✱ ②❡t t❤❡ ✐♥t❡r❢❛❝❡ ✐s ♦r✐❡♥t❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ❞✐r❡❝t✐♦♥ ✭✐✳❡✳ ♥♦r♠❛❧✮✳ ❚❤❡r❡❢♦r❡✱
✐t r❡q✉✐r❡s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s t♦ r❡❝♦♥str✉❝t t❤❡ ✐♥t❡r❢❛❝❡✳ ■t ❡①✐sts ♠❛✐♥❧②
t❤r❡❡ ❛❧❣♦r✐t❤♠s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✷✿ s✐♠♣❧❡ ❧✐♥❡ ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭❙▲■❈✮ ❬✶✹✾❪✱
❞♦♥♦r✲❛❝❝❡♣t♦r ✭❉✲❆✮ ❬✶✹✷❪✱ ❛♥❞ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭P▲■❈✮ ❬✶✺✵❪✳
❆❝❝♦r❞✐♥❣ t♦ ❙▲■❈ ❛♥❞ ❉✲❆✱ t❤❡ ✐♥t❡r❢❛❝❡ ❝❛♥ ♦♥❧② ❜❡ ♣❧❛❝❡❞ ❤♦r✐③♦♥t❛❧❧② ♦r ✈❡rt✐❝❛❧❧②



✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❱❖❋ ♠❡t❤♦❞ ✻✸

✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧ ❬✶✹✺❪✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ P▲■❈ ❤❛❞ ❛
s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t s✐♥❝❡ ✐t ❛❧❧♦✇s ❛♥ ♦❜❧✐q✉❡ ✐♥t❡r❢❛❝❡ ❬✶✺✶❪✱ ✇❤♦s❡ ♥♦r♠❛❧ ✐s
❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✹✳✶✷✮✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ♣❛r❛❧❧❡❧❧② tr❛♥s♣♦rt❡❞ ✉♥t✐❧ ✐t
♠❡❡ts t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❝❡❧❧ ❬✶✺✷❪✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✸✳

Normal

Parallel transport

❋✐❣✉r❡ ✹✳✸✿ ❚✇♦ st❡♣s ♦❢ P▲■❈✿ ✶✳ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✐s ❛♣♣r♦①✲
✐♠❛t❡❞ ❜② ∇α✱ ✷✳ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ t♦ s❛t✐s❢② t❤❡

✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳

✹✳✶✳✹ Pr♦s ❛♥❞ ❝♦♥s

❱❖❋ ♠❡t❤♦❞ ❛♥❞ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧ ❛r❡ t❤❡ ♠❛✐♥str❡❛♠ ♠✉❧t✐♣❤❛s❡ ♠♦❞❡❧s
t❤❛t ❝❛♥ ❝❛♣t✉r❡ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦r ❛♥❞ ✐ts ❡✛❡❝ts✱ t❤❡② ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ t❛❜❧❡ ✹✳✶✳ ■♥
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❊✲▲ ♠♦❞❡❧✱ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❱❖❋ ✐s t❤❛t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞
✐♠♣♦rt❛♥t ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✱ s✉❝❤ ❛s ❜✉❜❜❧❡ ❜r❡❛❦❛❣❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥✱ ❛r❡ ❝❛❧❝✉❧❛t❡❞
✐♠♣❧✐❝✐t❧②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✹✳ ■♥ ❢❛❝t✱ ❱❖❋ ♠❡t❤♦❞ ❝❛♥ ❤❛♥❞❧❡ ♠❡r❣✐♥❣ ❛♥❞ ❜r❡❛❦✉♣
♦❢ ❛♥② ✢✉✐❞✲✢✉✐❞ ✐♥t❡r❢❛❝❡✳ ❚❤❡r❡❢♦r❡✱ ❱❖❋ ✐s ♦❢t❡♥ ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡ ❥❡t ❜r❡❛❦✉♣✱
❞❛♠ ❜r❡❛❦✱ t❤❡ ♠♦t✐♦♥ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❧❛r❣❡ ❜✉❜❜❧❡ ✐♥ ❛ ❧✐q✉✐❞✱ ❡t❝✳ ❬✶✹✶❪✳

❚❛❜❧❡ ✹✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❱❖❋ ❛♥❞ ❊✉❧❡r✐❛♥✲▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧

❈♦♠♣✉t✐♥❣ ❚✐♠❡ ❇✉❜❜❧❡ s✐③❡ ❉❡❢♦r♠❛t✐♦♥✴❝♦❛❧❡s❝❡♥❝❡✴❜r❡❛❦❛❣❡

❱❖❋ ▲♦♥❣ ❈❛❧❝✉❧❛t❡❞† ❈❛❧❝✉❧❛t❡❞†

❊✲▲ ▼❡❞✐✉♠ ❙✉♣♣❧✐❡❞∗ ❙✉♣♣❧✐❡❞∗

† ❈❛❧❝✉❧❛t❡❞✿ t❤❡s❡ q✉❛♥t✐t✐❡s ♦r ♣❤❡♥♦♠❡♥❛ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♠♦❞❡❧ ✐ts❡❧❢✱ ♥♦ ❡①tr❛ ♦♣❡r❛t✐♦♥
♥❡❡❞❡❞✳
∗ ❙✉♣♣❧✐❡❞✿ t❤❡s❡ q✉❛♥t✐t✐❡s ♦r ♣❤❡♥♦♠❡♥❛ ❝❛♥ ♥♦t ❜❡ ❝❛❧❝✉❧❛t❡❞ ♦r ❤❛♥❞❧❡❞ ❜② t❤❡ ♠♦❞❡❧✱ t❤✉s
r❡❧❡✈❛♥t ❞❛t❛ ♦r ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❜❡ ❛❞❞✐t✐♦♥❛❧❧② s✉♣♣❧✐❡❞✳



✻✹ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

❋✐❣✉r❡ ✹✳✹✿ ❇✉❜❜❧❡ ❜r❡❛❦❛❣❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ❝❛❧❝✉❧❛t❡❞ ✐♠♣❧✐❝✐t❧②
❜② ❱❖❋ ♠❡t❤♦❞✱ ✐❧❧✉str❛t✐♦♥s ❢r♦♠ ♦✉r s✐♠✉❧❛t✐♦♥s ✭s❝❛❧❡✿ ❡①t❡r✐♦r

❞✐❛♠❡t❡r ♦❢ t❤❡ ♥♦③③❧❡ ✐s ✸ ♠♠✮✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛❞✈❛♥t❛❣❡s✱ ❧✐❦❡ ❛♥② ♦t❤❡r ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧✱ ❱❖❋ ❛❧s♦ ❤❛s
s♦♠❡ ❧✐♠✐t❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✳ ✹✳✶✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡r✲
❢❛❝❡ ❧♦❝❛t✐♦♥ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r✐❞ s✐③❡✿ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ❜❡tt❡r r❡s♦❧✈❡❞ ❛s
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧s ✐♥❝r❡❛s❡✳ ▼♦r❡ t❤❛♥ t❤❡ ✐♥t❡r❢❛❝❡ ❧♦❝❛t✐♦♥✱ ❛❧❧ t❤❡ ♣❤②s✐❝❛❧
✐♥❢♦r♠❛t✐♦♥s ❛t s✉❜✲❣r✐❞ s❝❛❧❡ ❛r❡ ❝♦♠♣❧❡t❡❧② ❜❧✉rr❡❞✱ ✇❤✐❝❤ ♠❛② ❧❡❛❞ t♦ ♣❤②s✐❝❛❧❧②
♠❡❛♥✐♥❣❧❡ss r❡s✉❧ts ✐❢ t❤❡ ♠❡s❤ ✐s t♦♦ ❝♦❛rs❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛rt✐✜❝✐❛❧ ❝♦❛❧❡s❝❡♥❝❡
♠❛② ♦❝❝✉r ✇❤❡♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❜✉❜❜❧❡s✴❞r♦♣❧❡ts ✐s ❧❡ss t❤❛♥ t❤❡ ❣r✐❞ s✐③❡
❬✶✹✹❪✳ ❚❤❡r❡❢♦r❡✱ t♦ ♦❜t❛✐♥ ♠♦r❡ ❛❝❝✉r❛t❡ r❡s✉❧ts✱ ♠❡s❤ ✐s ♦❢t❡♥ ✈❡r② ✜♥❡ ✐♥ s❡r✐♦✉s
st✉❞✐❡s✱ ✇❤✐❝❤ ♠❡❛♥s ❛ ❤✉❣❡ ❝♦♠♣✉t✐♥❣ t❛s❦ ❛♥❞ ❛ ❧♦t ♦❢ ❈P❯ t✐♠❡✱ ❛♥❞ t❤✐s ✐s
❛❝t✉❛❧❧② ❛♥♦t❤❡r ❞r❛✇❜❛❝❦ ♦❢ ❱❖❋ ♠❡t❤♦❞✳

✹✳✷ ■♥tr♦❞✉❝t✐♦♥ t♦ ❖♣❡♥❋❖❆▼

❖♣❡♥❋❖❆▼ ✭❖♣❡♥ s♦✉r❝❡ ❋✐❡❧❞ ❖♣❡r❛t✐♦♥ ❆♥❞ ▼❛♥✐♣✉❧❛t✐♦♥✮ ✐s ❛♥ ♦♣❡♥ s♦✉r❝❡
❈✰✰ ❧✐❜r❛r② ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ✢✉✐❞ ✭♦r ❝♦♥t✐♥✉✉♠✮ ♠❡❝❤❛♥✐❝s ❬✶✺✸❪✳ ❈✰✰
✐s ❛♥ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❧❛♥❣✉❛❣❡✱ ✇❤✐❝❤ ❢❛❝✐❧✐t❛t❡s ❝♦❞❡ r❡✉s❡✳ ❖♣❡♥❋❖❆▼ ❧✐❜r❛r✐❡s
❤❛s t❤r❡❡ ♠❛✐♥ ❝❛t❡❣♦r✐❡s✿ ♣r❡✲♣r♦❝❡ss✐♥❣ ✭❡✳❣✳ ♠❡s❤✐♥❣✮✱ s♦❧✈❡rs ❛♥❞ ♣♦st✲♣r♦❝❡ss✐♥❣
✭❡✳❣✳ ✈✐s✉❛❧✐③❛t✐♦♥✮ ❬✶✺✹❪✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❡ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝❛t❡❣♦r✐❡s✱ ♣r❡✲
♣r♦❝❡ss✐♥❣ ✐s ✐♥ ❝❤❛r❣❡ ♦❢ t❤❡ s♣❛❝✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✜❡❧❞s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❧❡ s♦❧✈❡rs ❣✐✈❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ P❉❊s✳ ❊❛❝❤
s♦❧✈❡r ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣❡❝✐✜❝ ♣r♦❜❧❡♠✱ t❤✉s ❛ s♦❧✈❡r ♠❛② ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ ❛♥♦t❤❡r
♦♥❡✳ ◆♦♥❡t❤❡❧❡ss✱ ❛ s♦❧✈❡r ❝❛♥ ❛❧✇❛②s ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♠❛tr✐① ❡q✉❛t✐♦♥
❬✶✺✺❪✿

[A][x] = [b], ✭✹✳✷✶✮

✇❤❡r❡ [A] ✐s t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞✐s❝r❡t✐③❡❞ ♦♣❡r❛t♦rs✱ [b] ✐s t❤❡ ✈❡❝t♦r ♦❢
❦♥♦✇♥ ✜❡❧❞s ❛♥❞ [x] ✐s t❤❡ ✈❡❝t♦r ♦❢ ✉♥❦♥♦✇♥ ✜❡❧❞s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳

❆❧t❤♦✉❣❤ t❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s ✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✱ ❥✉st ❛ ❢❡✇ ♦♣❡r❛t♦rs
❛r❡ ♦❢t❡♥ ✉s❡❞✱ s✉❝❤ ❛s ∇·✱ ∇2 ❛♥❞ ∂/∂t✱ t❤✉s t❤❡② ❛r❡ ✇r✐tt❡♥ ✐♥t♦ r❡✉s❛❜❧❡ ❈✰✰
❝❧❛ss❡s ✐♥ ♦r❞❡r t♦ ❜❡ s❤❛r❡❞ ❜② ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s✳ ❢✈♠ ❛♥❞ ❢✈❝ ❛r❡ t❤❡ ♥❛♠❡s♣❛❝❡s
t❤❛t ❝♦♥t❛✐♥ t❤❡ ❢✉♥❝t✐♦♥s r❡♣r❡s❡♥t✐♥❣ t❤♦s❡ ❝♦♠♠♦♥ ♦♣❡r❛t♦rs✳ ❋♦r ❡①❛♠♣❧❡✱ ∇·
❝♦rr❡s♣♦♥❞s t♦ ❢✈♠✿✿❞✐✈✭✮ ♦r ❢✈❝✿✿❞✐✈✭✮✱ ∇2 ❝♦rr❡s♣♦♥❞s t♦ ❢✈♠✿✿❧❛♣❧❛❝✐❛♥✭✮ ♦r
❢✈❝✿✿❧❛♣❧❛❝✐❛♥✭✮✱ ❛♥❞ ∂/∂t ✐s r❡♣r❡s❡♥t❡❞ ❛s ❢✈♠✿✿❞❞t✭✮ ♦r ❢✈❝✿✿❞❞t✭✮ ✐♥ ❖♣❡♥❋❖❆▼
❬✶✺✻❪✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♥❛♠❡s♣❛❝❡s ✐s t❤❛t ❢✈♠ ❝❛❧❝✉❧❛t❡s ✐♠♣❧✐❝✐t
❞❡r✐✈❛t✐✈❡s✱ ✇❤❡r❡❛s ❢✈❝ ❝❛❧❝✉❧❛t❡s ❡①♣❧✐❝✐t ♦♥❡s ❬✶✺✺❪✳

[x] ❛♥❞ [b] ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✶✮ ❛r❡ ❛❧s♦ r❡♣r❡s❡♥t❡❞ ❜② ❈✰✰ ❝❧❛ss❡s✱ ❦♥♦✇♥ ❛s ✜❡❧❞
❝❧❛ss❡s✱ ❢♦r ❡①❛♠♣❧❡ ✈♦❧❙❝❛❧❛r❋✐❡❧❞✱ ✈♦❧❱❡❝t♦r❋✐❡❧❞ ❛♥❞ ✈♦❧❚❡♥s♦r❋✐❡❧❞✱ ✇❤✐❝❤



✹✳✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❖♣❡♥❋❖❆▼ ✻✺

❞❡✜♥❡s ❛ ✜❡❧❞ ❛t ❝❡❧❧ ❝❡♥t❡rs✱ ❛♥❞ s✉r❢❛❝❡❙❝❛❧❛r❋✐❡❧❞✱ s✉r❢❛❝❡❱❡❝t♦r❋✐❡❧❞✱ ❛♥❞
s✉r❢❛❝❡❚❡♥s♦r❋✐❡❧❞✱ ✇❤✐❝❤ ❞❡✜♥❡s ❛ ✜❡❧❞ ❛t ❝❡❧❧ ❢❛❝❡s✳

❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❖♣❡♥❋❖❆▼ ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝r❡❛t❡ ♥❡✇ s♦❧✈❡rs ❢♦r ♥❡✇ ♣r♦❜✲
❧❡♠s ❜② ♠❛♥✐♣✉❧❛t✐♥❣ ✐ts ❧✐❜r❛r✐❡s✳ ■♥ ✈✐❡✇ ♦❢ ✐ts ✈❡rs❛t✐❧✐t② ❛♥❞ ✢❡①✐❜✐❧✐t②✱ ❖♣❡♥❋❖❆▼
❤❛s r❡❝❡♥t❧② ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡ ♠❛♥② ✢✉✐❞ ♣❤❡♥♦♠❡♥❛✱ ✐♥❝❧✉❞✐♥❣ t✇♦✲♣❤❛s❡
✢♦✇✳ ❆♠♦♥❣ ❛♥ ✐♠♣♦rt❛♥t ♥✉♠❜❡r ♦❢ s♦❧✈❡rs t❤❛t ❖♣❡♥❋❖❆▼ ♣♦ss❡ss❡s✱ t❤❡ ♦♥❡
t❤❛t tr❡❛ts t✇♦✲♣❤❛s❡ ✢♦✇ ✐s ✐♥t❡r❋♦❛♠✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❱❖❋ ♠❡t❤♦❞✳ ❚❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ ✐♥t❡r❋♦❛♠ ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞ t❤r♦✉❣❤ s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❦ t❡sts ❜②
♣r❡✈✐♦✉s r❡s❡❛r❝❤❡rs ❬✶✺✼❪✱ t❤❡② ❤❛✈❡ s❤♦✇♥ t❤❛t ✐♥t❡r❋♦❛♠ ✐s ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡
t✇♦✲♣❤❛s❡ ✢♦✇ ✇✐t❤ s✉✣❝✐❡♥t ❛❝❝✉r❛❝②✳ ❙♣❡❝✐❛❧❧②✱ s♦♠❡ ♦t❤❡r r❡s❡❛r❝❤❡rs ❤❛✈❡ ❛s✲
s❡ss❡❞ ✐ts ❛❜✐❧✐t② t♦ s✐♠✉❧❛t❡ ❜✉❜❜❧❡s ❬✶✹✵❪ ❬✶✺✽❪ ❬✶✺✾❪✱ ✇❤✐❝❤ ❛❧s♦ s❤♦✇❡❞ t❤❛t ✐t ❝❛♥
r❡s♦❧✈❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦r ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❛❝❝✉r❛❝②✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✺ ❛♥❞ ✹✳✻✳ ❇❡✲
s✐❞❡s✱ ❖♣❡♥❋❖❆▼ ❛❧s♦ ♣♦ss❡ss❡s ❛ ❢✉♥❝t✐♦♥ ❝❛❧❧❡❞ ❞②♥❛♠✐❝ ♠❡s❤✱ ✇❤✐❝❤ ❛❧❧♦✇s ❛
♠❡s❤ r❡✜♥❡♠❡♥t ❛r♦✉♥❞ t❤❡ t✇♦✲♣❤❛s❡ ✐♥t❡r❢❛❝❡ ❞✉r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ❬✶✻✵❪✱ t❤✉s t❤❡
✐♥t❡r❢❛❝❡ ❝❛♥ ❜❡ ❜❡tt❡r r❡s♦❧✈❡❞ ✇✐t❤ t❤✐s ❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✈❡r t❤❛t ❝❛♥
❤❛♥❞❧❡ ❞②♥❛♠✐❝ ♠❡s❤ ✐s ✐♥t❡r❉②▼❋♦❛♠✱ ✇❤✐❝❤ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ✐♥t❡r❋♦❛♠✱ ❤❛s ❜❡❡♥
❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡ ❜✉❜❜❧❡s ❬✶✻✶❪ ❬✶✻✷❪ ❛♥❞ ❞r♦♣❧❡ts ❬✶✻✸❪✳

❋✐❣✉r❡ ✹✳✺✿ ❙✐♠✉❧❛t✐♦♥ ❜② ✐♥t❡r❋♦❛♠✿ ✸❉ r✐s✐♥❣ ❜✉❜❜❧❡ ❛♥❞ ✈❡❧♦❝✐t②
✜❡❧❞ ❛r♦✉♥❞ ✐t✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✺✽❪✳

❋✐❣✉r❡ ✹✳✻✿ ❙✐♠✉❧❛t✐♦♥ ❜② ✐♥t❡r❋♦❛♠✿ ✷❉ r✐s✐♥❣ ❜✉❜❜❧❡✱ ✐❧❧✉str❛t✐♦♥
❢r♦♠ ❬✶✺✾❪✳



✻✻ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

✹✳✸ ✷❉ s✐♠✉❧❛t✐♦♥s

■♥ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ♥❡❡❞ t♦ ❛❞❥✉st ♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs t♦ ♦❜t❛✐♥ s✐❣♥✐✜❝❛♥t
r❡s✉❧ts✱ t❤✉s ✇❡ ♥❡❡❞ t♦ ❝❛rr② ♦✉t ❛ ❧♦t ♦❢ t❡sts ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣❧❛t❢♦r♠ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ ❛ s❡r✐❡s ♦❢ ❡①♣❡r✐♠❡♥ts✳ ■t ✐s t❤❡ s❛♠❡ ❝❛s❡ ✐♥ ❈❋❉✱ t❡sts ❛r❡ ❛❧s♦
♥❡❝❡ss❛r② ❜❡❢♦r❡ r✉♥♥✐♥❣ ❛♥② ♠❡❛♥✐♥❣❢✉❧ s✐♠✉❧❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ✇❛②s t♦
❝❛rr② ♦✉t t❤❡s❡s t❡sts✿ ✷❉ s✐♠✉❧❛t✐♦♥s ♦r ✸❉ s✐♠✉❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛s st❛t❡❞ ✐♥ s❡❝t✐♦♥
✹✳✶✳✹✱ ❱❖❋ ♠❡t❤♦❞ ✐s t✐♠❡✲❝♦♥s✉♠✐♥❣✱ t❤✉s ✸❉ s✐♠✉❧❛t✐♦♥s ❥✉st ❢♦r t❡sts s❡❡♠s t♦♦
❡①tr❛✈❛❣❛♥t✳ ❚❤❡r❡❢♦r❡✱ ✷❉ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛❞♦♣t❡❞ t♦ t❡st t❤❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs✳

✹✳✸✳✶ ◆✉♠❡r✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❚❤❡ ✷❉ r❡❛❝t♦r ❢♦r t❤❡ t❡sts ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✼✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✷❉ s✐♠✉❧❛t✐♦♥s
❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✹✳✷✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❖♣❡♥❋❖❆▼
❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✹✳✸✳

❚❛❜❧❡ ✹✳✷✿ ❈♦♥✜❣✉r❛t✐♦♥s ❢♦r ✷❉ s✐♠✉❧❛t✐♦♥s

P❛r❛♠❡t❡r ❱❛❧✉❡

●❡♦♠❡tr② ✷❉ r❡❝t❛♥❣✉❧❛r

❉✐♠❡♥s✐♦♥s
✷✽✻ ♠♠×✺✽✵ ♠♠
✭❝❧♦s❡ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡✮

P❤❛s❡s ❛✐r✲✇❛t❡r

❲❛t❡r ❤❡✐❣❤t ✺✵✵ ♠♠

❙♣❛r❣❡r ♥✉♠❜❡r ✶

❙♣❛r❣❡r ❧♦❝❛t✐♦♥ ❝❡♥t❡r ♦❢ t❤❡ ❜♦tt♦♠

❙♣❛r❣❡r s✐③❡
❞✐❛♠❡t❡r ds = 2 ♠♠
✭s❛♠❡ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡✮

●❛s ✢♦✇ r❛t❡ ✵✳✹ ▲✴s

■♥✐t✐❛❧ t✐♠❡ st❡♣ ✵✳✵✵✶ s

▼❛①✐♠✉♠ ❈♦✉r❛♥t ♥✉♠❜❡r ✵✳✺✺✱ ✵✳✼✺✱ ✵✳✾✺

▼❡s❤ s✐③❡ ✵✳✺ ♠♠✱ ✶ ♠♠✱ ✷ ♠♠



✹✳✸✳ ✷❉ s✐♠✉❧❛t✐♦♥s ✻✼

❚❛❜❧❡ ✹✳✸✿ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ✷❉ s✐♠✉❧❛t✐♦♥s

❱♦❧✉♠❡ ❢r❛❝t✐♦♥ Pr❡ss✉r❡ ❱❡❧♦❝✐t②

❲❛❧❧s ③❡r♦●r❛❞✐❡♥t ✜①❡❞❋❧✉①Pr❡ss✉r❡ ✜①❡❞❱❛❧✉❡

❆t♠♦s♣❤❡r❡ ✐♥❧❡t❖✉t❧❡t t♦t❛❧Pr❡ss✉r❡ ♣r❡ss✉r❡■♥❧❡t❖✉t❧❡t❱❡❧♦❝✐t②

❙♣❛r❣❡r ✐♥❧❡t❖✉t❧❡t ✜①❡❞❋❧✉①Pr❡ss✉r❡ ✜①❡❞❱❛❧✉❡

❋✐❣✉r❡ ✹✳✼✿ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ✷❉ s✐♠✉❧❛t✐♦♥s✳

✹✳✸✳✷ ◆✉♠❡r✐❝❛❧ t❡sts ♦♥ ❈♦✉r❛♥t ♥✉♠❜❡r

■♥ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ P❉❊s✱ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇② ✭❈❋▲✮ ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ♥❡❝✲
❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ❬✶✻✹❪✳ ❋♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✱ t❤❡ ❈❋▲ ❝♦♥❞✐✲
t✐♦♥ ✐s

Co =
|~u|∆t
∆x

≤ Co♠❛①, ✭✹✳✷✷✮

✇❤❡r❡ Co ✐s ❝❛❧❧❡❞ ❈♦✉r❛♥t ♥✉♠❜❡r✱ |~u| ✐s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✈❡❧♦❝✐t②✱ ∆t ✐s t✐♠❡ st❡♣✱
∆x ✐s ♠❡s❤ s✐③❡✱ Co♠❛① ♥♦r♠❛❧❧② ✐s ✶ ❢♦r ❡①♣❧✐❝✐t s❝❤❡♠❡s✱ ②❡t Co♠❛① ❝♦✉❧❞ ❜❡ ❧❛r❣❡r
t❤❛♥ ✶ ❢♦r ✐♠♣❧✐❝✐t s❝❤❡♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❛❞✈❡❝t✐♦♥
❡q✉❛t✐♦♥

∂ψ

∂t
+ u

∂ψ

∂x
= 0, ✭✹✳✷✸✮



✻✽ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

✐❢ ✐t ✐s s♦❧✈❡❞ ❜② ❡①♣❧✐❝✐t ✉♣✇✐♥❞ s❝❤❡♠❡✱ t❤❡♥ t❤❡ ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ ✐s ❬✶✻✺❪

∂ψ

∂t
+ u

∂ψ

∂x
=
u∆x

2
(1− Co)

∂2ψ

∂x2
︸ ︷︷ ︸

♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥

+O(∆2x), ✭✹✳✷✹✮

✇❤❡r❡ O ✐s t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r✱ ❛♥❞ ✭✹✳✷✹✮ s❤♦✉❧❞ s❛t✐s❢②

0 < Co ≤ 1 ✭✹✳✷✺✮

✐♥ ♦r❞❡r t♦ ❝♦♥✈❡r❣❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥✳

5 10 15 20 25 300
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Comax = 0.55
Comax = 0.75
Comax = 0.95

❋✐❣✉r❡ ✹✳✽✿ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❈♦✉r❛♥t ♥✉♠❜❡r ♦♥ ❣❛s ❤♦❧❞✲✉♣✱ ♠❡s❤
s✐③❡ ∆x = 1 ♠♠✳

❆❧t❤♦✉❣❤ Co ♥❡❡❞s t♦ ❜❡ ❧❡ss t❤❛♥ ✶✱ Co ❝❛♥ ♥♦t ❜❡ t♦♦ s♠❛❧❧ ❡✐t❤❡r✱ s✐♥❝❡ s♠❛❧❧❡r
Co ✐♠♣❧✐❡s s♠❛❧❧❡r t✐♠❡ st❡♣ ❛♥❞ ❧❛r❣❡r ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✱ ❝♦♥s❡q✉❡♥t❧② ♠♦r❡ ❝♦♠✲
♣✉t✐♥❣ t✐♠❡ ❛♥❞ ❧❛r❣❡r ❡rr♦r✳ ❚❤❡r❡❢♦r❡✱ Co ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r t❤❛t s❤♦✉❧❞
❜❡ r❡❣✉❧❛t❡❞ ❝❛r❡❢✉❧❧②✳ ❋♦rt✉♥❛t❡❧②✱ ❖♣❡♥❋❖❆▼ ✐s ❛❜❧❡ t♦ ❛❞❥✉st t✐♠❡ st❡♣ ❛✉t♦✲
♠❛t✐❝❛❧❧②✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ❖♣❡♥❋❖❆▼ ❛❧s♦ ♣♦ss❡ss❡s ❛✉t♦♠❛t✐❝ ❛❞❥✉st♠❡♥t ♦❢ Co✳
❍♦✇❡✈❡r✱ Co♠❛① ✐s st✐❧❧ ✉♥❞❡t❡r♠✐♥❡❞✱ t❤✉s ✐t s❤♦✉❧❞ ❜❡ t❡st❡❞ ❜② ✷❉ s✐♠✉❧❛t✐♦♥s✳
❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♥✢✉❡♥❝❡s ♦❢ Co♠❛① ♦♥ ❣❛s ❤♦❧❞✲✉♣ ❜② ✜①✐♥❣ ♠❡s❤
s✐③❡ t♦ ✶ ♠♠✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✽✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t Co♠❛① ❤❛s tr✐✈✐❛❧ ✐♥✢✉❡♥❝❡
♦♥ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜①❡❞

Co♠❛① = 0.75 ✭✹✳✷✻✮

✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ❛♥♦t❤❡r ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡r✿ ♠❡s❤ s✐③❡✳

✹✳✸✳✸ ◆✉♠❡r✐❝❛❧ t❡sts ♦♥ ♠❡s❤ s✐③❡

▼❡s❤ s✐③❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ✐♥ ❛❧♠♦st ❛❧❧ s♦rts ♦❢ t❤❡ ❈❋❉ s✐♠✉❧❛t✐♦♥s✱
s✐♥❝❡ ✐t ❝❛♥ ❛✛❡❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s✉❧ts✳ ❋♦r ❱❖❋ ♠❡t❤♦❞✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ♠❡s❤



✹✳✸✳ ✷❉ s✐♠✉❧❛t✐♦♥s ✻✾

s✐③❡ ❞❡♠❛♥❞s ❡✈❡♥ ♠♦r❡ ♣r✉❞❡♥❝❡✱ s✐♥❝❡ ❛♥ ✐♥❛♣♣r♦♣r✐❛t❡ ♠❡s❤ s✐③❡ ♠❛② r❡s✉❧t ✐♥
❝♦♠♣❧❡t❡❧② ♥♦♥❡①✐st❡♥t r❡s✉❧ts✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ t❡st❡❞ ❞✐✛❡r❡♥t ♠❡s❤ s✐③❡s ❜②
✈✐rt✉❡ ♦❢ t❤❡ ✜①❡❞ ♠❛①✐♠✉♠ ❈♦✉r❛♥t ♥✉♠❜❡r ✭✹✳✷✻✮✳ ■♥ t❤❡ ❡♥t✐r❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥✱ t❤❡ ♦♥❧② s✐③❡ t❤❛t ❝❛♥ ❜❡ t❛❦❡♥ ❛s ❛ r❡❢❡r❡♥❝❡ ✐s t❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ t❤❡
s♣❛r❣❡r ds✱ t❤✉s ✇❡ t❡st❡❞ t❤r❡❡ ❝❛s❡s ✇✐t❤ ♠❡s❤ s✐③❡

∆x =







0.25ds

0.5ds

ds

, ✭✹✳✷✼✮

t❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✾✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✹✳✾✿ ✷❉ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ♠❡s❤ s✐③❡s✱ ❛t ♣❤②s✐❝❛❧ t✐♠❡
t = 1 s✳ ✭❛✮ ∆x = 0.25ds✱ ✭❜✮ ∆x = 0.5ds✱ ✭❝✮ ∆x = ds✳ ds ✐s t❤❡ ✐♥♥❡r
❞✐❛♠❡t❡r ♦❢ t❤❡ s♣❛r❣❡r✳ ✭❙❝❛❧❡✿ ✇✐❞t❤ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ✐s ✷✽✻

♠♠✳✮

■♥ ❋✐❣✳ ✹✳✾✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❞✐s❝r❡t❡ ❜✉❜❜❧❡s ✇❤❡♥ ∆x < ds✱ ❛♥❞ t❤❡ ❜✉❜❜❧❡s
❛r❡ ❝❡rt❛✐♥❧② ♠♦r❡ ❞✐st✐♥❝t ✇✐t❤ s♠❛❧❧❡r ♠❡s❤ s✐③❡✳ ❍♦✇❡✈❡r✱ ❞✐s❝r❡t❡ ❜✉❜❜❧❡s ❛r❡
❤❛r❞❧② r❡s♦❧✈❡❞ ✇❤❡♥ ∆x = ds✱ ✐♥st❡❛❞✱ t❤❡ ❣❛s ♣❤❛s❡ ✐s ♠♦r❡ ❧✐❦❡ ✏❢✉♠❡s✑ t❤❛♥
❜✉❜❜❧❡s✱ ❛♥❞ ✇❡ ❝❛♥ ❛❧s♦ r❡❛s♦♥❛❜❧② ✐♥❢❡r t❤❛t t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ❡✈❡♥ ✇♦rs❡ ❢♦r
∆x > ds✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t ♠❡s❤ s✐③❡✶ s❤♦✉❧❞ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡
✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ t❤❡ s♣❛r❣❡r ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❣❡♥✉✐♥❡ ❜✉❜❜❧❡s✳

✹✳✸✳✹ Pr❡❧✐♠✐♥❛r② ✈❛❧✐❞❛t✐♦♥s

❆❢t❡r t❤❡ ♣r❡✈✐♦✉s tr✐❛❧s✱ ✇❡ ❝❤♦s❡

Co♠❛① = 0.75,∆x = 0.5 ♠♠(= 0.25ds) ✭✹✳✷✽✮

❢♦r ❛ r❡❧❛t✐✈❡❧② ✏❢♦r♠❛❧✑ ✷❉ s✐♠✉❧❛t✐♦♥✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❝♦♠♣❛r❡❞ t❤✐s ✷❉ s✐♠✉❧❛✲
t✐♦♥ ✇✐t❤ ❡①✐st✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ♣r❡❧✐♠✐♥❛r② ✈❛❧✐❞❛t✐♦♥s ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❜② ❖♣❡♥❋❖❆▼✳ ❆ ❢❡❛s✐❜❧❡ ✈❛❧✐❞❛t✐♦♥ ✐s t♦ q✉❛❧✐t❛t✐✈❡❧② ❝♦♠♣❛r❡
❜✉❜❜❧❡ s❤❛♣❡ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✱ s✐♥❝❡ ✐t ❡①✐sts ❛♥ ❡♠♣✐r✐❝❛❧ ♠❛♣
♦❢ s❤❛♣❡ r❡❣✐♠❡ ❢♦r ❜✉❜❜❧❡s ❛♥❞ ❞r♦♣s ❬✶✻✻❪✱ ❦♥♦✇♥ ❛s ●r❛❝❡ ❞✐❛❣r❛♠✱ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✹✳✶✶✳ ❚♦ ✐❞❡♥t✐❢② t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡ ✐♥ ●r❛❝❡ ❞✐❛❣r❛♠✱ ✇❡ ♥❡❡❞

✶♦r ❛t ❧❡❛st ♠❡s❤ s✐③❡ ❛r♦✉♥❞ s♣❛r❣❡r ✐❢ ✐t ✐s ♥♦t ❛ ✉♥✐❢♦r♠ ♠❡s❤



✼✵ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

t❤r❡❡ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡rs

❊♦ =
(ρl − ρg)gd

2

σ
, ✭✹✳✷✾✮

▼♦ =
(ρl − ρg)gη

4
l

ρ2l σ
3

, ✭✹✳✸✵✮

❘❡ =
d|~u|
νl

, ✭✹✳✸✶✮

✇❤❡r❡ ❊♦ ✐s ❊öt✈ös ♥✉♠❜❡r✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ r❛t✐♦ ♦❢ ❜✉♦②❛♥❝② t♦ s✉r❢❛❝❡ t❡♥s✐♦♥
❢♦r❝❡s ❬✶✻✼❪✱ ▼♦ ✐s ▼♦rt♦♥ ♥✉♠❜❡r✱ ✇❤✐❝❤ ✐s ✉s❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❊öt✈ös ♥✉♠❜❡r
t♦ ❞❡t❡r♠✐♥❡ t❤❡ s❤❛♣❡ ♦❢ ❜✉❜❜❧❡s ♦r ❞r♦♣s ♠♦✈✐♥❣ ✐♥ ❛ s✉rr♦✉♥❞✐♥❣ ✢✉✐❞ ❬✶✻✽❪✱ ❘❡
✐s t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❢♦r ❛ ♠♦✈✐♥❣ ❜✉❜❜❧❡ ✐♥ ❧✐q✉✐❞✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ r❛t✐♦ ♦❢
❜✉❜❜❧❡ ✐♥❡rt✐❛❧ t♦ ❧✐q✉✐❞ ✈✐s❝♦s✐t② ❬✶✻✼❪✱ d ✐s t❤❡ ❡q✉✐✈❛❧❡♥t s♣❤❡r✐❝❛❧ ❞✐❛♠❡t❡r✳

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❝❤♦s❡ t✇♦ ❜✉❜❜❧❡s ❢r♦♠ t❤❡ ✷❉ s✐♠✉❧❛t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✵✳
❋♦r ❛♥ ❛✐r✲✇❛t❡r s②st❡♠✱ ▼♦rt♦♥ ♥✉♠❜❡r ✐s ❛❜♦✉t ❬✶✻✾❪

▼♦ = 10−11, ✭✹✳✸✷✮

✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❜✉❜❜❧❡s✳ ❆♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ❞✐❛♠❡t❡r ✇❛s

d1 ≈ 1.5 ♠♠, ✭✹✳✸✸✮

d2 ≈ 4.5 ♠♠, ✭✹✳✸✹✮

t❤✉s t❤❡ ❊öt✈ös ♥✉♠❜❡r ❢♦r t❤❡ t✇♦ ❜✉❜❜❧❡s ✇❛s

❊♦1 =
(ρl − ρg)gd

2
1

σ
≈ 1000× 10× (1.5× 10−3)2

70× 10−3
≈ 0.3, ✭✹✳✸✺✮

❊♦2 =
(ρl − ρg)gd

2
2

σ
≈ 1000× 10× (4.5× 10−3)2

70× 10−3
≈ 3. ✭✹✳✸✻✮

❚❤❡ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✇❛s ❛❜♦✉t t❤❡ ✐♥❥❡❝t✐♥❣ ❣❛s ✈❡❧♦❝✐t②✿

|~u1| = |~u2| ≈ vg = 0.2 ♠✴s, ✭✹✳✸✼✮

t❤✉s t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✇❛s

❘❡1 =
d1|~u1|
νl

≈ 1.5× 10−3 × 0.2

0.9× 10−6
≈ 300, ✭✹✳✸✽✮

❘❡2 =
d2|~u2|
νl

≈ 4.5× 10−3 × 0.2

0.9× 10−6
≈ 1000. ✭✹✳✸✾✮

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛t✐♦♥ ♦❢ ❡❛❝❤ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡ ✐♥ ●r❛❝❡
❞✐❛❣r❛♠✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✶✳ ❲❡ ♦❜s❡r✈❡❞ t❤❛t ❜✉❜❜❧❡ ✶ ✇❛s ✐♥ s♣❤❡r✐❝❛❧ r❡❣✐♠❡ ♦❢
●r❛❝❡ ❞✐❛❣r❛♠✱ ❛♥❞ ✐t ✇❛s ✐♥❞❡❡❞ ❛ st❛❜❧❡ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ s✐♠✉❧❛t✐♦♥
r❡s✉❧ts ✐♥ ❋✐❣✳ ✹✳✶✵❀ ❜✉❜❜❧❡ ✷ ✇❛s ✐♥ ✇♦❜❜❧✐♥❣ r❡❣✐♠❡ ♦❢ ●r❛❝❡ ❞✐❛❣r❛♠✱ ❛♥❞ ✐t ❛❧s♦
❝❡❛s❡❧❡ss❧② ♦s❝✐❧❧❛t❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■♥ ❜r✐❡❢✱ t❤❡ s❤❛♣❡ ♦❢ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡s ♠❡t
t❤❡ ♦♥❡ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐❛❣r❛♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ♣r❡❧✐♠✐♥❛r✐❧② ❝♦♥❝❧✉❞❡ t❤❛t
❖♣❡♥❋❖❆▼ ✐s ❛❜❧❡ t♦ ❝♦♥s✐st❡♥t❧② ❝❛t❝❤ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✳



✹✳✸✳ ✷❉ s✐♠✉❧❛t✐♦♥s ✼✶

Bubble 1

Bubble 2

t = 0.8 s t = 0.85 s t = 0.9 s t = 0.95 s

❋✐❣✉r❡ ✹✳✶✵✿ ❚✇♦ ❜✉❜❜❧❡s ✐♥ ❞✐✛❡r❡♥t s❤❛♣❡ r❡❣✐♠❡✳ ❈♦♥❞✐t✐♦♥s✿
Co♠❛① = 0.75✱ ∆x = 0.5 ♠♠✱ ✐♥❥❡❝t✐♥❣ ❣❛s ✈❡❧♦❝✐t② vg = 0.2 ♠✴s✳ ❚❤❡

❡q✉✐✈❛❧❡♥t ❞✐❛♠❡t❡r d1 ≈ 1.5 ♠♠✱ d2 ≈ 4.5 ♠♠✳



✼✷ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

Bubble 1

Bubble 2

❋✐❣✉r❡ ✹✳✶✶✿ ❙❤❛♣❡ r❡❣✐♠❡ ♠❛♣ ❢♦r ❜✉❜❜❧❡s ❛♥❞ ❞r♦♣s ❬✶✻✻❪✱ ✐❧❧✉s✲
tr❛t✐♦♥ ❢r♦♠ ❬✶✼✵❪✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✼✸

✹✳✹ ✸❉ s✐♠✉❧❛t✐♦♥s

■♥ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ ✇❡ ❛❝❤✐❡✈❡❞ s♦♠❡ ♣r❡♣❛r❛t♦r② ✐♥✈❡st✐❣❛t✐♦♥s ❜② ✷❉ s✐♠✉✲
❧❛t✐♦♥s✳ ❊✈❡♥ t❤♦✉❣❤ ✷❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❛❧r❡❛❞② ❛❜❧❡ t♦ r❡✈❡❛❧ s♦♠❡ ❢❛❝ts ❛❜♦✉t
❜✉❜❜❧❡s✱ ✐t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t ✷❉ s✐♠✉❧❛t✐♦♥s ♠❛② ❤❛✈❡ ♦❜✈✐♦✉s ❞✐s❝r❡♣❛♥❝② ✇✐t❤
❡①♣❡r✐♠❡♥ts ✐♥ t❡r♠s ♦❢ s♦♠❡ ❤②❞r♦❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❜✉❜❜❧❡s ❬✺✽❪ ❬✶✼✶❪ ❬✶✼✷❪✳
❚❤❡r❡❢♦r❡✱ ❡①♣❧♦r❛t✐♦♥s ✐♥ ✷❉ ❛r❡ ♥♦t s✉✣❝✐❡♥t✱ ✇❡ s❤♦✉❧❞ ❝♦♥t✐♥✉❡ ❝❛rr②✐♥❣ ♦✉t t❤❡
r❡❛❧ ✸❉ s✐♠✉❧❛t✐♦♥s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❛t ❞✐✛❡r❡♥t ❣❛s ✢♦✇ r❛t❡ ✇❡r❡
st✉❞✐❡❞ ❜② ✸❉ s✐♠✉❧❛t✐♦♥s✳

✹✳✹✳✶ ◆✉♠❡r✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❋♦r ✸❉ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦✉❧❞ ♦♥❧② ✐♥✈❡st✐❣❛t❡ ❛ s♠❛❧❧ ✈♦❧✉♠❡ ❛r♦✉♥❞ t❤❡ s♣❛r❣❡r ❞✉❡
t♦ t❤❡ t✐♠❡✲❝♦♥s✉♠✐♥❣ ❢❡❛t✉r❡ ♦❢ ❱❖❋ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ✭❧❡♥❣t❤✱ ✇✐❞t❤
❛♥❞ ❤❡✐❣❤t✮ ♦❢ t❤❡ ✸❉ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ✇❡r❡ ❛♣♣r♦①✐♠❛t❡❧② r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r ♦❢
✷✵ r❡❧❛t✐✈❡ t♦ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❧❛❜ r❡❛❝t♦r✱ ②❡t t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♥♦③③❧❡ ❦❡♣t
t❤❡ s❛♠❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✷✳ ❙✐♠✉❧❛t✐♦♥s ✐♥ t❤✐s s♠❛❧❧ ✈♦❧✉♠❡ ❛r❡ st✐❧❧ r❡❧✐❛❜❧❡✱
s✐♥❝❡ t❤❡ r❡st ♦❢ ❧✐q✉✐❞ ❛❧♠♦st ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢
❧✐q✉✐❞ ❧❡✈❡❧ ✐s ❛❧s♦ ♥❡❣❧✐❣✐❜❧❡ ❬✶✼✸❪✳ ▼♦r❡♦✈❡r✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥
✇❛s r❡❞✉❝❡❞✱ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐s st✐❧❧ t♦♦ ❤✉❣❡ ❢♦r ❛ P❈✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❝♦♠♣✉t✐♥❣ t❛s❦s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ s✉♣❡r❝♦♠♣✉t❡r ▼és♦❝❡♥tr❡✷ ❜② r✉♥♥✐♥❣ ✐♥
♣❛r❛❧❧❡❧✱ ✇❤✐❝❤ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❖♣❡♥❋❖❆▼ ❜② ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❋✐❣✉r❡ ✹✳✶✷✿ ❚❤❡ ♠✐♥✐✲r❡❛❝t♦r ✐♥ ✸❉ s✐♠✉❧❛t✐♦♥s✳ ✭◆✉♠❡r✐❝❛❧ ❞♦✲
♠❛✐♥✿ 14× 14× 20 ♠♠✱ ❡①t❡r✐♦r ❞✐❛♠❡t❡r ♦❢ t❤❡ ♥♦③③❧❡✿ ✸ ♠♠✳✮

✷❈♦♠♣✉t✐♥❣ ❝❡♥t❡r ♦❢ ❈❡♥tr❛❧❡❙✉♣é❧❡❝ ❛♥❞ ➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ P❛r✐s✲❙❛❝❧❛② s✉♣♣♦rt❡❞ ❜②
❈◆❘❙ ❛♥❞ ❘é❣✐♦♥ ❰❧❡✲❞❡✲❋r❛♥❝❡ ✭http://mesocentre.centralesupelec.fr/✮✳

http://mesocentre.centralesupelec.fr/


✼✹ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

■♥ t❤❡ ✸❉ s✐♠✉❧❛t✐♦♥s✱ t❤❡ s♣❛r❣❡r ❦❡♣t t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s ❛s t❤❡ r❡❛❧ ♦♥❡ ✐♥ t❤❡
❡①♣❡r✐♠❡♥ts✳ ❇❡s✐❞❡s✱ t❤❡ ✇❛t❡r ❤❡✐❣❤t ✇❛s r❡❞✉❝❡❞ t♦ ✶✼ ♠♠ s✐♥❝❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦
tr❛❝❦ t❤❡ ❜✉❜❜❧❡ ✐♥ ❛ ♥✉♠❡r✐❝❛❧ ✇✐♥❞♦✇ ✇❤♦s❡ ❛r❡❛ ✇❛s ❝❧♦s❡ t♦ t❤❡ r❡❝♦r❞✐♥❣ ✇✐♥❞♦✇
♦❢ t❤❡ ✈✐❞❡♦ ❝❛♠❡r❛✳ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❡r❡ ❛s t❤❡ ♦♥❡ ♦❢ ✉❧tr❛✲♣✉r❡ ✷✵ ◦❈ ✇❛t❡r✱
❛s ✐t ✇❛s ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ✭❘❡❢✳ ❚❛❜✳ ✶✮✳ ▼♦r❡ ❞❡t❛✐❧❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✸❉
s✐♠✉❧❛t✐♦♥s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜❧❡ ✹✳✹✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❛s ✐♥✐t✐❛❧❧② ✜❧❧❡❞ ✇✐t❤ st✐❧❧ ✇❛t❡r✱ ❧❡❛❞✐♥❣ t♦ t❤❡ s✉❜✲
s❡q✉❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

~u = ~0, ✭✹✳✹✵✮

p = 101325 + ρ✇❛t❡rgh, ✭✹✳✹✶✮

αl = 1. ✭✹✳✹✷✮

❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ ✐♥❥❡❝t✐♥❣ ❣❛s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ✢♦✇ r❛t❡ ✐♥ t❛❜❧❡
✸✳✶✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ✐♥❧❡t ✭s♣❛r❣❡r✮✿

~u · n̂ = − Q

A✐♥❧❡t
, ✭✹✳✹✸✮

∇p · n̂ = 0, ✭✹✳✹✹✮

αl = 0, ✭✹✳✹✺✮

✇❤❡r❡ n̂ ✇❛s ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮✳ ❲❤✐❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s ❣♦✈❡r♥❡❞ t❤❡ ♦✉t❧❡t
✭❛t♠♦s♣❤❡r❡✮✿

∇~u · ~n = ~0, ✭✹✳✹✻✮

p = 101325 P❛, ✭✹✳✹✼✮

∇αl · ~n = 0. ✭✹✳✹✽✮

❚❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❖♣❡♥❋❖❆▼ ❛r❡ st✐❧❧ t❤♦s❡ ✐♥ t❛❜❧❡
✹✳✸✳

❇❛s❡❞ ♦♥ t❤❡ ❡①♣❡r✐❡♥❝❡ ✇✐t❤ ✷❉ t❡sts✱ ✇❡ ❛ss✐❣♥❡❞ s♠❛❧❧❡r ♠❡s❤ s✐③❡ t♦ t❤❡ r❡❣✐♦♥
❛r♦✉♥❞ t❤❡ s♣❛r❣❡r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✸✳ ❇❡s✐❞❡s✱ ❞②♥❛♠✐❝ ♠❡s❤ ✐s ❛❧s♦ t✉r♥❡❞ ♦♥
✐♥ ♦r❞❡r t♦ ❜❡tt❡r r❡s♦❧✈❡ t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✹✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✼✺

❚❛❜❧❡ ✹✳✹✿ ❈♦♥✜❣✉r❛t✐♦♥s ❢♦r ✸❉ s✐♠✉❧❛t✐♦♥s

P❛r❛♠❡t❡r ❱❛❧✉❡

●❡♦♠❡tr② ✸❉ r❡❝t❛♥❣✉❧❛r

❉✐♠❡♥s✐♦♥s ✶✹ ♠♠×✶✹ ♠♠×✷✵ ♠♠

P❤❛s❡s ❛✐r✲✇❛t❡r

❲❛t❡r ❤❡✐❣❤t ✶✼ ♠♠

❙♣❛r❣❡r ♥✉♠❜❡r ✶

❙♣❛r❣❡r ❧♦❝❛t✐♦♥ ❝❡♥t❡r ♦❢ t❤❡ ❜♦tt♦♠

❙♣❛r❣❡r ❞✐♠❡♥s✐♦♥s







✐♥♥❡r ❞✐❛♠❡t❡r✿ ✷ ♠♠
♦✉t❡r ❞✐❛♠❡t❡r✿ ✸ ♠♠

❤❡✐❣❤t✿ ✷ ♠♠

●❛s ✢♦✇ r❛t❡ t❤♦s❡ ✐♥ t❛❜❧❡ ✸✳✶

■♥✐t✐❛❧ t✐♠❡ st❡♣ ✵✳✵✵✵✶ s

▼❛①✐♠✉♠ ❈♦✉r❛♥t ♥✉♠❜❡r ✵✳✼✺

■♥✐t✐❛❧ ♠❡s❤ ❝❡❧❧ ♥✉♠❜❡r ✻✻✸✸✺✵

❈❡❧❧ s❤❛♣❡ ❤❡①❛❤❡❞r❛❧

❉②♥❛♠✐❝ ♠❡s❤ ②❡s

Pr♦❝❡ss♦r ♥✉♠❜❡r ✷✹

❈♦♠♣✉t✐♥❣ t✐♠❡ ≈ 1 ✇❡❡❦ ❢♦r ✶ ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡



✼✻ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

❋✐❣✉r❡ ✹✳✶✸✿ ❚❤❡ ❜♦tt♦♠ ✈✐❡✇ ♦❢ t❤❡ ♠❡s❤❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳

t = 0 s t = 0.055 s

❋✐❣✉r❡ ✹✳✶✹✿ ❉②♥❛♠✐❝ ♠❡s❤ ✐s ✏❛❝t✐✈❛t❡❞✑ ❛s s♦♦♥ ❛s t❤❡ ♠❡s❤ ♠❡❡t
t❤❡ ✐♥t❡r❢❛❝❡✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❱❋❈ ✸%✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✼✼

✹✳✹✳✷ ❱✐s✉❛❧ ✈❛❧✐❞❛t✐♦♥s

❆❢t❡r ❛ ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ s✉♣❡r❝♦♠♣✉t❡r ✭❛❜♦✉t ♦♥❡ ♠♦♥t❤ ❢♦r ♦♥❡ ✢♦✇ ❝♦♥❞✐✲
t✐♦♥✮✱ ✇❡ ♦❜t❛✐♥❡❞ ❛❜♦✉t 2 ∼ 4 ❜✉❜❜❧❡s ❢♦r ❡❛❝❤ ✢♦✇ r❛t❡✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ✈❛❧✐❞❛t❡❞
❜② t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ✜rst ✇❡ ✈✐s✉❛❧❧② ❝♦♠♣❛r❡❞ t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥
♦❢ ❜✉❜❜❧❡s ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣ ✹✳✶✺✲✹✳✷✷✳ ❋r♦♠ t❤❡ ✈✐✲
s✉❛❧ ❝♦♠♣❛r✐s♦♥s✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥s ✐♥ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❜❛s✐❝❛❧❧②
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤♦s❡ ✐♥ ❡①♣❡r✐♠❡♥ts ♦✈❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✢♦✇ r❛t❡✱ ✐✳❡✳ ❱❋❈
1% ∼ 20%✳ ❆t ❤✐❣❤❡r ✢♦✇ r❛t❡✱ ❡✳❣✳ ❱❋❈ ✸✵%✱ t✇♦ ❛❞❥❛❝❡♥t ❜✉❜❜❧❡s ✇❡r❡ ✈❡r② ❝❧♦s❡✱
❝♦♥s❡q✉❡♥t❧②✱ t✇♦ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s ❝♦✉❧❞ t❛❦❡ ♣❧❛❝❡ ✐♥ s✐♠✉❧❛t✐♦♥s✳ ❋✐rst s✐t✉❛t✐♦♥
✇❛s t❤❛t t✇♦ ❜✉❜❜❧❡s ❛♣♣❡❛r❡❞ t♦ ♠❡r❣❡✱ ②❡t ❛❝t✉❛❧❧② ♥♦t✱ ✇❤✐❝❤ ❝❛♣t✉r❡❞ ✇❡❧❧ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s✐t✉❛t✐♦♥ ✐♥ ❡①♣❡r✐♠❡♥ts✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣ ✹✳✷✶✳ ❙❡❝♦♥❞ s✐t✉❛t✐♦♥ ✇❛s
t❤❛t t✇♦ ❜✉❜❜❧❡s ❝♦❛❧❡s❝❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ❧❛r❣❡r ❜✉❜❜❧❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✷✷✱ ✇❤✐❝❤
✇❛s ♥♦t r❡❛❧❧② t❤❡ ❝❛s❡ ✐♥ ❡①♣❡r✐♠❡♥ts✿ t✇♦ ❜✉❜❜❧❡s ❞✐❞ ❛♣♣r♦❛❝❤ ❡❛❝❤ ♦t❤❡r✱ ②❡t t❤❡②
❞✐❞ ♥♦t ✜♥❛❧❧② ♠❡r❣❡✳ ❚❤❡ ❞✐s❝r❡♣❛♥❝✐❡s t❤❛t ❛r❡ ♦❜s❡r✈❡❞ ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧ ❝✉r✈❛t✉r❡
❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ❛ ✇❡❧❧ ❦♥♦✇♥ ♣r♦❜❧❡♠ ♦❢ ❖♣❡♥❋❖❆▼ ❱❖❋ s♦❧✈❡r ✐♥t❡r❋♦❛♠✳ ■♥❞❡❡❞✱
✐ts ✇❡❛❦ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❡✛❡❝t ✐♥t♦ t❤❡ ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❝❛♥ ❧❡❛❞
t♦ ✐♥❛❝❝✉r❛❝✐❡s ❢♦r ❝❛♣✐❧❧❛r✐t② ❞♦♠✐♥❛t❡❞ ♣❤❡♥♦♠❡♥❛✳ ❙❡✈❡r❛❧ t❡❝❤♥✐q✉❡s t♦ ❜❡tt❡r
r❡s♦❧✈❡ t❤❡ ✐♥t❡r❢❛❝❡ ♦r ✐♠♣❧✐❝✐t❧② ❝♦♠♣✉t❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐♥ t❤❡ ❢♦r❝❡ ❜❛❧❛♥❝❡ ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✼✹❪ ❬✶✼✶❪ ❬✶✼✺❪✳ ❲❡ ❞✐❞ ♥♦t ❛♣♣❧② t❤♦s❡ t❡❝❤♥✐q✉❡s
❜❡❝❛✉s❡✱ ✐♥ ♦✉r ❝❛s❡✱ t❤❡ ✢♦✇ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❜✉♦②❛♥❝②✳

❋✐❣✉r❡ ✹✳✶✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✶%✳



✼✽ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

❋✐❣✉r❡ ✹✳✶✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✸%✳

❋✐❣✉r❡ ✹✳✶✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✻%✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✼✾

❋✐❣✉r❡ ✹✳✶✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✾%✳

❋✐❣✉r❡ ✹✳✶✾✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✶✷%✳



✽✵ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

❋✐❣✉r❡ ✹✳✷✵✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✷✵%✳

❋✐❣✉r❡ ✹✳✷✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✽✵ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✇♦ ❜✉❜❜❧❡s ❞✐❞ ♥♦t ✜♥❛❧❧② ♠❡r❣❡ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s ❛♥❞
❡①♣❡r✐♠❡♥ts✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✸✵%✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✽✶

❋✐❣✉r❡ ✹✳✷✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ❡✈♦❧✉t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥
❡①♣❡r✐♠❡♥ts✳ ❯♣♣❡r ✐♠❛❣❡s ❛r❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s✱ ❧♦✇❡r ✐♠❛❣❡s ❛r❡
❢r♦♠ ❡①♣❡r✐♠❡♥ts✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s❝❛❧❡✿ ✸ ♠♠ ❂ ✽✵ ♣✐①❡❧s✳ ❚❤❡
♥♦③③❧❡ ❞✐❛♠❡t❡r ✐♥ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱
✐✳❡✳ ✸ ♠♠✳ ❚✇♦ ❜✉❜❜❧❡s ✜♥❛❧❧② ♠❡r❣❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s✱ ♥♦t ✐♥ ❡①✲
♣❡r✐♠❡♥ts✳ ❚✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ✐♠❛❣❡s ✐♥ ✉♣♣❡r ❛♥❞ ❧♦✇❡r r♦✇ ✐s

s✐♠✐❧❛r✳ ❱❋❈✿ ✸✵%✳



✽✷ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

✹✳✹✳✸ ❇✉❜❜❧❡ ✈♦❧✉♠❡

■♥ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ ✸❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✈❛❧✐❞❛t❡❞ ❜② ✈✐s✉❛❧ ❝♦♠♣❛r✐s♦♥s ✇✐t❤
❡①♣❡r✐♠❡♥ts✱ ②❡t t❤❡② ❛r❡ ♥♦t s✉✣❝✐❡♥t ❢♦r ♠♦r❡ q✉❛♥t✐t❛t✐✈❡ ✈❛❧✐❞❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱
✇❡ s❤♦✉❧❞ ❛❧s♦ ❝♦♠♣❛r❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✐♥ t❡r♠s ♦❢ s♦♠❡ ✐♠♣♦rt❛♥t
♣❛r❛♠❡t❡rs ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✳ ❲❡ ❜❡❣✉♥ t❤✐s q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❜✉❜❜❧❡
✈♦❧✉♠❡✱ s✐♥❝❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❤❛s ✐♠♣♦rt❛♥t ✐♥✢✉❡♥❝❡ ♦♥ ❝❡❧❧ ❣r♦✇t❤ ❛s ♠❡♥t✐♦♥❡❞ ✐♥
✐♥ s❡❝t✐♦♥ ✷✳✼✳

❚❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ❜② ♣♦st✲♣r♦❝❡ss✐♥❣ ♦❢ ❖♣❡♥✲
❋❖❆▼✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✈♦❧✉♠❡ ♦❢ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡s ✐♥❝r❡❛s❡❞ ❛
❧✐tt❧❡ ❜✐t ❢♦r t❤❡ ✜rst ❜✉❜❜❧❡s ✉♥t✐❧ r❡❛❝❤✐♥❣ ❛ ❝♦♥st❛♥t ✈❛❧✉❡✱ ✇❤✐❝❤ ❤❛s ❛❧r❡❛❞② ❜❡❡♥
♦❜s❡r✈❡❞ ✐♥ ♦t❤❡r r❡s❡❛r❝❤ ❬✶✶✸❪✳ ❙❡❝♦♥❞✱ ✇❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❛✈❡r❛❣❡❞ ✈♦❧✉♠❡
Vs✐♠ ♦❢ t❤❡ ❜✉❜❜❧❡s ❣❡♥❡r❛t❡❞ ❛t ❡❛❝❤ ✢♦✇ r❛t❡✳ ❙✉❜s❡q✉❡♥t❧②✱ ❜✉❜❜❧❡ ✈♦❧✉♠❡ Vs✐♠
❛♥❞ V✐♠❣ ✭❢r♦♠ ❡①♣❡r✐♠❡♥ts✮ ✇❡r❡ ❝♦♠♣❛r❡❞ ❢♦r ❞✐✛❡r❡♥t ✢♦✇ r❛t❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳
✹✳✷✸✳ ❚❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♦♥❡ ❢r♦♠
❡①♣❡r✐♠❡♥ts✱ s✐♥❝❡ t❤❡✐r r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ✇❛s ❧❡ss t❤❛♥ ✶✺%✳ ❆♥❞ t❤❡ ❞✐s❝r❡♣❛♥❝✐❡s
❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ✇❡r❡ ♥♦t st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛s t❤❡✐r
❡rr♦r ❜❛rs ♦✈❡r❧❛♣♣❡❞✳
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❋✐❣✉r❡ ✹✳✷✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛✲
t✐♦♥s ✭Vs✐♠✮ ❛♥❞ ❡①♣❡r✐♠❡♥ts ✭V✐♠❣✮✳ ❚❤❡ ✈❡rt✐❝❛❧ ❜❛r ✐s t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥✳ ❚❤❡ ❝✉r✈❡ ❢♦r s✐♠✉❧❛t✐♦♥s ❛r❡ s❧✐❣❤t❧② s❤✐❢t❡❞ t♦ t❤❡ r✐❣❤t

t♦ ❜❡tt❡r ❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦ ❝✉r✈❡s✳

❍♦✇❡✈❡r✱ ✸❉ s✐♠✉❧❛t✐♦♥s ❝♦✉❧❞ ♥♦t r❡♣r♦❞✉❝❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✐♥ ✈❡r②
❞❡t❛✐❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ s❡❝t✐♦♥ ✸✳✺✳✸✱ t❤❡ r❡s✉❧ts s❤♦✇❡❞ t❤❛t t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❛s
❞✐str✐❜✉t❡❞✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ r❡✈❡❛❧❡❞ ♦♥❧② ❛❢t❡r ❛♥❛❧②③✐♥❣ t❤♦✉s❛♥❞s ♦❢ ❜✉❜❜❧❡s✳ ■♥
s✐♠✉❧❛t✐♦♥s✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦♠♣✉t✐♥❣ t✐♠❡✱ ♦♥❧② ❛ ❢❡✇ ❜✉❜❜❧❡s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✇❛s ♥♦t ❛❜❧❡ t♦ r❡♣r❡s❡♥t t❤❡ ♣♦❧②❞✐s♣❡rs✐t② ♦❢ t❤❡
❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇✐t❤✐♥ t❤❡ ❝♦♥str❛✐♥t ♦❢ t❤❡ ♣r❡s❡♥t ❝♦♠♣✉t✐♥❣ ♣♦✇❡r✳

❇❡s✐❞❡s✱ ❛s t❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❛s ❝♦rr❡❝t❧② ❝♦♠♣✉t❡❞ ❜② s✐♠✉❧❛t✐♦♥s ❢♦r ❡❛❝❤ ✢♦✇
r❛t❡✱ t❤❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ✇♦✉❧❞ ❛❧s♦ ❜❡ ✐♥ ❛❝❝♦r❞❛♥❝❡



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✽✸

✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡✱ s✐♥❝❡ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜②

f =
Q

V
. ✭✹✳✹✾✮

❚❤❡r❡❢♦r❡✱ ✇❡ ♠❛② ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣r♦♣❡r❧②
❝❛♣t✉r✐♥❣ ❛ tr❛✐♥ ♦❢ ❜✉❜❜❧❡s ✐♥ t❡r♠s ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛♥❞ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝②✳

✹✳✹✳✹ ❇✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs ✐s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ✇❛② t♦ q✉❛♥t✐t❛t✐✈❡❧② ✈❛❧✲
✐❞❛t❡ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ◆♦t❡ t❤❛t ❛ ❝♦❞❡ ✇❛s ❛❧r❡❛❞② ❞❡✈❡❧♦♣❡❞ ✐♥ ▼❛t❧❛❜ t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♠❛❣❡s✱ t❤✉s t❤❡ s❛♠❡ ❝♦❞❡ ✇❛s r❡✉s❡❞
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❤❛♣❡ ❢❛❝t♦rs ♦❢ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡s✳ ❙✉❜s❡q✉❡♥t❧②✱ ❛♥ ❡①♣❡r✐♠❡♥t❛❧
❜✉❜❜❧❡ ❛♥❞ ❛ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❝❛rr② ♦✉t t❤✐s ✈❛❧✐❞❛t✐♦♥✳
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❜✉❜❜❧❡ ❢♦r t❤❡ ✈❛❧✐❞❛t✐♦♥ ✇❛s ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥ ❢r♦♠ t❤❡ ❤✐❣❤❡st
❜❛r ✐♥ ❋✐❣✳ ✸✳✶✽✭❛✮✱ s✐♥❝❡ t❤❡ s❤❛♣❡ ❢❛❝t♦rs ✇❡r❡ q✉✐t❡ s✐♠✐❧❛r ❢♦r ❛❧❧ t❤❡ ❜✉❜❜❧❡s ✐♥ t❤✐s
❜❛r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✸✳ ■t ✇❛s t❤❡ s✐♠✐❧❛r s✐t✉❛t✐♦♥ ❢♦r t❤❡ ❢❡✇ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡s✿
t❤❡✐r ❡✈♦❧✉t✐♦♥s ♦❢ s❤❛♣❡ ❢❛❝t♦rs ✇❡r❡ ❛❧s♦ ❝❧♦s❡✱ t❤✉s t❤❡ ✜rst ❞❡t❛❝❤❡❞ ❜✉❜❜❧❡ ✇❛s
❝❤♦s❡♥ ❛s t❤❡ s✐♠✉❧❛t❡❞ ❜✉❜❜❧❡ ❢♦r t❤❡ ✈❛❧✐❞❛t✐♦♥✱ ❥✉st ❢♦r t❤❡ s❛❦❡ ♦❢ ❛ ❝❧❡❛r❡r r❡♣r❡✲
s❡♥t❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ st❛rt ❛♥❞ ❡♥❞ ❢r❛♠❡s ♠✐❣❤t ♥♦t ❜❡ str✐❝t❧② ❝♦rr❡s♣♦♥❞✐♥❣
❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✱ s✐♥❝❡ t❤❡ ❢r❛♠❡ r❛t❡ ✐♥ s✐♠✉❧❛t✐♦♥s ✇❛s ❤✐❣❤❡r
t❤❛♥ t❤❡ ♦♥❡ ✐♥ ❡①♣❡r✐♠❡♥ts ❞✉❡ t♦ t❤❡ ❧✐♠✐t❡❞ ♠❡♠♦r② ♦❢ t❤❡ ✈✐❞❡♦ ❝❛♠❡r❛✳

❙✐♠✐❧❛r❧②✱ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts ❢♦r ❞✐✛❡r❡♥t
✢♦✇ r❛t❡s ✇❡r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✳ ✹✳✷✹✲✹✳✸✵✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ ❝♦rr❡❝t❧②
r❡♣r❡s❡♥ts t❤❡ tr❡♥❞ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ♦❜s❡r✈❡❞ ❜② t❤❡ ✈✐❞❡♦ ❝❛♠❡r❛ ✇✐t❤ ❛
r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❛❜♦✉t ✶✵%✳ ❙♣❡❝✐❛❧❧②✱ ✐♥ ❡①♣❡r✐♠❡♥ts ❛t ❱❋❈ ✸✵%✱ ❛s♣❡❝t r❛t✐♦
❛♥❞ ❝✐r❝✉❧❛r✐t② ❤❛❞ ❛ s❤❛r♣ ❝❤❛♥❣❡ ✭t❤❡r❡ ✇❛s ❛ ♣❧❛t❡❛✉ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡
s❤❛♣❡ ❢❛❝t♦rs✮ ❞✉❡ t♦ t❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❜✉❜❜❧❡s ✭♥♦t ❝♦❛❧❡s❝❡♥❝❡✱ s✐♥❝❡ t❤❡② ✇❡r❡
s❡♣❛r❛t❡❞ ✜♥❛❧❧②✮✱ ✇❤✐❝❤ ✇❛s ❛❧s♦ ♣r♦♣❡r❧② r❡♣r❡s❡♥t❡❞ ❜② ❖♣❡♥❋❖❆▼✱ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✹✳✸✵✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t ❖♣❡♥❋❖❆▼ ✐s ❜♦t❤ ❛♣♣r♦♣r✐❛t❡ ❢♦r ❛♥❞ ❡✣❝✐❡♥t
✐♥ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ✇✐t❤ s✉✣❝✐❡♥t ❛❝❝✉r❛❝②✳



✽✹ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✹✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✶%✳

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✺✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✸%✳



✹✳✹✳ ✸❉ s✐♠✉❧❛t✐♦♥s ✽✺

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✻✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✻%✳

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✼✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✾%✳



✽✻ ❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ st✉❞②

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✽✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✶✷%✳

t = 0 s t = 0.025 s

❋✐❣✉r❡ ✹✳✷✾✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✶✷✻ ♣✐①❡❧s✳ ❱❋❈✿ ✷✵%✳



✹✳✺✳ ❈♦♥❝❧✉s✐♦♥s ✽✼

t = 0 s t = 0.01 s t = 0.025 s

❋✐❣✉r❡ ✹✳✸✵✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ❢❛❝t♦rs✳ ❚❤❡ ✐♠❛❣❡s ❤❛✈❡
t❤❡ s❛♠❡ s❝❛❧❡ ✿ ✸ ♠♠ ❂ ✽✵ ♣✐①❡❧s✳ ❱❋❈✿ ✸✵%✳

✹✳✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧s ♦❢ ❱❖❋ ♠❡t❤♦❞ ❛♥❞ ❖♣❡♥✲
❋❖❆▼✱ ✇❤✐❝❤ ✇❡r❡ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧s ❛❞♦♣t❡❞ ✐♥ ♦✉r ✇♦r❦ t♦ s✐♠✉❧❛t❡ ❜✉❜❜❧② ✢♦✇✳
❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❝❛rr✐❡❞ ♦✉t s❡✈❡r❛❧ ✷❉ ♥✉♠❡r✐❝❛❧ t❡sts ♦♥ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧
t♦♦❧ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ♠❛①✐♠✉♠ ❈♦✉r❛♥t ♥✉♠❜❡r ✇❛s tr✐✈✐❛❧✱ ②❡t t❤❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡
✇❛s ❝r✉❝✐❛❧✿ ✐t s❤♦✉❧❞ ❜❡ ❧❡ss t❤❛♥ t❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ t❤❡ s♣❛r❣❡r✱ ♦t❤❡r✇✐s❡ t❤❡
r❡s✉❧ts ✇♦✉❧❞ ❜❡ ✉♥r❡❛❧✳ ❲✐t❤ t❤❡ ❡①♣❡r✐❡♥❝❡s ✐♥ ✷❉ s✐♠✉❧❛t✐♦♥s✱ ✇❡ s✉❝❝❡ss❢✉❧❧② ♣❡r✲
❢♦r♠❡❞ ❝♦♠♣❧❡t❡ ✸❉ s✐♠✉❧❛t✐♦♥s✱ ✇❤❡r❡❛❢t❡r ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✱ s✉❝❤
❛s ❜✉❜❜❧❡ ✈♦❧✉♠❡✱ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ✐♥ ✸❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t
✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡s✳ ■♥ ❜r✐❡❢✱ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ t♦♦❧ ♣r♦✈❡❞ t♦ ❜❡ ❝❛♣❛✲
❜❧❡ ♦❢ ❝♦rr❡❝t❧② r❡♣r❡s❡♥t✐♥❣ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ♦✈❡r ❛ r❡❧❛t✐✈❡❧② ✇✐❞❡ r❛♥❣❡ ♦❢ ❣❛s
✢♦✇ r❛t❡✳





✽✾

❈❤❛♣t❡r ✺

Pr❡♣❛r✐♥❣ ❛ ❝♦♠♣❧❡t❡ ♠♦❞❡❧

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ ✇❡ ♠❛✐♥❧② ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✉♥❞❡r ❞✐✛❡r❡♥t
✢♦✇ ❝♦♥❞✐t✐♦♥s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst t❡st t❤❡ ❝♦♠♣❡t❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✐♥
s✐♠✉❧❛t✐♥❣ t❤❡ ❤②❞r♦❞②♥❛♠✐❝s ♦❢ t❤❡ t✇♦✲♣❤❛s❡ ✢♦✇ ✐♥ ♦r❞❡r t♦ ♣r❡♣❛r❡ ❛ ❝♦♠♣❧❡t❡
♠♦❞❡❧ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❋✉rt❤❡r♠♦r❡✱ ♦t❤❡r ❡ss❡♥t✐❛❧ ❦❡r♥❡❧s ❢♦r ♣r❡♣❛r✐♥❣ s✉❝❤
❝♦♠♣❧❡t❡ ♠♦❞❡❧ ❛r❡ ❛❧s♦ ❞✐s❝✉ss❡❞✳

✺✳✶ ◗✉❛s✐✲st❡❛❞② st❛t❡ ♦❢ t✇♦✲♣❤❛s❡ ✢♦✇

❇❡❢♦r❡ t❤❡ ✐♥❥❡❝t✐♦♥ ♦❢ ❣❛s✱ t❤❡ ❧✐q✉✐❞ ✐s ♦❜✈✐♦✉s❧② ✐♥ ❛ st❡❛❞② st❛t❡ ✭st❛❣♥❛♥t ❝♦♥❞✐✲
t✐♦♥✮✳ ❍♦✇❡✈❡r✱ t❤✐s st❡❛❞② st❛t❡ ✇✐❧❧ ❜❡ ❜r♦❦❡♥ ❢r♦♠ t❤❡ ♠♦♠❡♥t t❤❛t ❣❛s ✐s ✐♥❥❡❝t❡❞✱
s✐♥❝❡ t❤❡ ❜✉❜❜❧❡s ✇✐❧❧ st❛rt t♦ st✐r t❤❡ ❧✐q✉✐❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❢t❡r ❛ ❝❡rt❛✐♥ t✐♠❡ ♦❢
❜✉❜❜❧✐♥❣✱ t❤❡ t✇♦✲♣❤❛s❡ ✢♦✇ ✇✐❧❧ ❛rr✐✈❡ ❛ q✉❛s✐✲st❡❛❞② st❛t❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t s♦♠❡
♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❛r❡ ❛❧♠♦st t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✈♦❧✉♠❡✲❛✈❡r❛❣❡❞
♠♦♠❡♥t✉♠

p =
1

V

∫

[ρlαl + ρg(1− αl)]|~u|dV ✭✺✳✶✮

♠❛② ❜❡❝♦♠❡ ❝♦♥st❛♥t ✐♥ t❤❡ q✉❛s✐✲st❡❛❞② st❛t❡✳

❋✐❣✉r❡ ✺✳✶✿ ❚❤❡ ❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r ✉s❡❞ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❤②✲
❞r♦❞②♥❛♠✐❝s✳



✾✵ ❈❤❛♣t❡r ✺✳ Pr❡♣❛r✐♥❣ ❛ ❝♦♠♣❧❡t❡ ♠♦❞❡❧

❚❤❡ ♠✐♥✐♠✉♠ t✐♠❡ r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ t❤❡ q✉❛s✐✲st❡❛❞② st❛t❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛✲
r❛♠❡t❡r ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❡❛s② t♦ ❝❛rr② ♦✉t ❡①♣❡r✐♠❡♥ts t♦
✐♥✈❡st✐❣❛t❡ t❤✐s ♣❛r❛♠❡t❡r✱ s✐♥❝❡ ✐t ♠❛② r❡q✉✐r❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ s❡✈❡r❛❧ ✈❡❝t♦r ❛♥❞
s❝❛❧❛r ✜❡❧❞s ✐♥ t❤❡ ✇❤♦❧❡ r❡❛❝t♦r✳ ❚❤❡r❡❢♦r❡✱ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ✇❛② ✐s t❤❡ ❈❋❉ s✐♠✉✲
❧❛t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ q✉❛s✐✲st❡❛❞② st❛t❡✱ ✐♥t❡r❉②▼❋♦❛♠✱ t❤❡ ❖♣❡♥❋❖❆▼
s♦❧✈❡r ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇✱ ✇❛s ♠♦❞✐✜❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ p ✐♥t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳
❆❢t❡r✇❛r❞s✱ p ✇❛s ❝♦♠♣✉t❡❞ ❜② t❤✐s ♠♦❞✐✜❡❞ s♦❧✈❡r ❢♦r ❛ ❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r ✇✐t❤ t❤❡
✈♦❧✉♠❡ ♦❢ ✶ ▲✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✶✱ s✐♥❝❡ ❛ ❝②❧✐♥❞r✐❝❛❧ s❤❛♣❡ ✐s ♠♦r❡ ❝♦♠♠♦♥ ✐♥
t❤❡ ✐♥❞✉str✐❛❧ r❡❛❝t♦rs ❬✶✼✻❪ ❬✶✼✼❪✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❡t✉♣ ❢♦r t❤❡ ❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r ✐s
r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ✺✳✶✳

❚❛❜❧❡ ✺✳✶✿ ◆✉♠❡r✐❝❛❧ s❡t✉♣ ❢♦r t❤❡ ❝②❧✐♥❞r✐❝❛❧ r❡❛❝t♦r

P❛r❛♠❡t❡r ❱❛❧✉❡

●❡♦♠❡tr② ✸❉ ❝②❧✐♥❞r✐❝❛❧

❉✐♠❡♥s✐♦♥s D = 100 ♠♠✱ H = 127 ♠♠

❱♦❧✉♠❡ ✶ ▲

❱♦❧✉♠❡ ♦❢ ❝✉❧t✉r❡ ♠❡❞✐✉♠ ✵✳✽ ▲

P❤❛s❡s ❛✐r✲✇❛t❡r

❙♣❛r❣❡r ♥✉♠❜❡r ✶

❙♣❛r❣❡r ❧♦❝❛t✐♦♥ ❝❡♥t❡r ♦❢ t❤❡ ❜♦tt♦♠

❙♣❛r❣❡r ❞✐♠❡♥s✐♦♥s







✐♥♥❡r ❞✐❛♠❡t❡r✿ ✷ ♠♠
♦✉t❡r ❞✐❛♠❡t❡r✿ ✹ ♠♠

❤❡✐❣❤t✿ ✷ ♠♠

●❛s ✢♦✇ r❛t❡ ✶✼✾✳✶ ▲✴♠✐♥ ✭❱❋❈ ✾%✮

■♥✐t✐❛❧ t✐♠❡ st❡♣ ✵✳✵✵✵✶ s

▼❛①✐♠✉♠ ❈♦✉r❛♥t ♥✉♠❜❡r ✵✳✼✺

■♥✐t✐❛❧ ♠❡s❤ ❝❡❧❧ ♥✉♠❜❡r ✹✻✸✺✺✽✵

❈❡❧❧ s❤❛♣❡ t❡tr❛❤❡❞r❛❧

❉②♥❛♠✐❝ ♠❡s❤ ②❡s

Pr♦❝❡ss♦r ♥✉♠❜❡r ✷✹

❈♦♠♣✉t✐♥❣ t✐♠❡ ≈ 1 ✇❡❡❦ ❢♦r ✷ s ♣❤②s✐❝❛❧ t✐♠❡

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ p ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✷✱ ✇❤❡r❡ ✇❡ ♦❜s❡r✈❡ t❤❛t p t❡♥❞s t♦ ❜❡
❝♦♥st❛♥t ❛❢t❡r ❛❜♦✉t ✹ s✳ ❚❤✐s r❡s✉❧t✱ ✐♥ t❡r♠s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡✱ ✐s ✇❡❧❧✲❦♥♦✇♥



✺✳✷✳ ❙❝❛❧❛r tr❛♥s♣♦rt ✾✶

❢♦r ❛♥② ❜✐♦❧♦❣✐st✳ ❚❤❡r❡❢♦r❡✱ ❛♣❛rt ❢r♦♠ ❜✉❜❜❧✐♥❣✱ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✐s ❛❧s♦ ❝❛♣❛❜❧❡
♦❢ r❡♣r♦❞✉❝✐♥❣ s♦♠❡ ❤②❞r♦❞②♥❛♠✐❝ ♣❤❡♥♦♠❡♥❛ ♦❢ t✇♦✲♣❤❛s❡ ✢♦✇✳

❋✐❣✉r❡ ✺✳✷✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈♦❧✉♠❡✲❛✈❡r❛❣❡❞ ♠♦♠❡♥t✉♠✳

✺✳✷ ❙❝❛❧❛r tr❛♥s♣♦rt

■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ♣❤②s✐❝❛❧✲❜✐♦❧♦❣✐❝❛❧ ♠♦❞❡❧✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ st✉❞② t❤❡
tr❛♥s♣♦rt ♦❢ s♦♠❡ s❝❛❧❛r q✉❛♥t✐t✐❡s✱ s✉❝❤ ❛s t❤❡ t❡♠♣❡r❛t✉r❡✱ ♣❍ ♦❢ t❤❡ ❧✐q✉✐❞✱ ❛♥❞
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♦♠❡ ❝❤❡♠✐❝❛❧ s✉❜st❛♥❝❡s ♥❡❝❡ss❛r② ❢♦r t❤❡ ❛❧❣❛❧ ❣r♦✇t❤✳ ❆
❧✐q✉✐❞ tr❛❝❡r tr❛♥s♣♦rts ♦♥❧② ✐♥ ❧✐q✉✐❞ ♣❤❛s❡✱ ❛♥❞ ✐ts tr❛♥s♣♦rt ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡
❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥

∂(αlψl)

∂t
+∇ · (αlψl~u)
︸ ︷︷ ︸

❝♦♥✈❡❝t✐♦♥

= D∇2(αlψl)
︸ ︷︷ ︸

❞✐✛✉s✐♦♥

, ✭✺✳✷✮

✇❤❡r❡ ψl ✐s t❤❡ s❝❛❧❛r t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❧✐q✉✐❞ tr❛❝❡r✱ D ✐s t❤❡ ❞✐✛✉s✐✈✐t② ♦❢ tr❛❝❡r
✐♥ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡✳ ❍♦✇❡✈❡r✱ ❛ ❣❛s❡♦✉s tr❛❝❡r✱ s✉❝❤ ❛s ❈❖2✱ ❝❛♥ tr❛♥s♣♦rt ✐♥ ❜♦t❤
♣❤❛s❡s✱ t❤✉s ✐ts tr❛♥s♣♦rt ✐s ❞❡s❝r✐❜❡❞ ❜② ❬✶✺✻❪

∂ψg

∂t
+∇ · (ψg~u) = ∇ ·

[

De
1−H

αlH + (1− αl)
∇(αlψg)

]

, ✭✺✳✸✮

✇❤❡r❡ ψg ✐s t❤❡ s❝❛❧❛r t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❣❛s❡♦✉s tr❛❝❡r✱ H ✐s t❤❡ ❍❡♥r② ❝♦❡✣❝✐❡♥t✱
❛♥❞ De ✐s t❤❡ ✈♦❧✉♠❡✲✇❡✐❣❤t❡❞ ❞✐✛✉s✐✈✐t②

De =
DlDg

αlDg + (1− αl)Dl
, ✭✺✳✹✮

✇❤❡r❡ Dl✱ Dg ✐s t❤❡ ❞✐✛✉s✐✈✐t② ♦❢ ❣❛s❡♦✉s tr❛❝❡r ✐♥ ❧✐q✉✐❞ ♣❤❛s❡✱ ❣❛s ♣❤❛s❡✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ tr❛♥s♣♦rt ♦❢ ❧✐q✉✐❞ tr❛❝❡r ✐♥ ❧✐q✉✐❞ ♣❤❛s❡ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ♠✐①✐♥❣ ✐♥ t❤❡

❧✐q✉✐❞ ♣❤❛s❡✳ ❆ ❣♦♦❞ ♠✐①✐♥❣✱ ✐✳❡✳ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ s❝❛❧❛r q✉❛♥t✐t✐❡s ✐♥ t❤❡ ❧✐q✉✐❞
♣❤❛s❡✱ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r ♦❜❥❡❝t✐✈❡s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❖♥❧② ❛❢t❡r
❡♥t❡r✐♥❣ ❛ q✉❛s✐✲st❡❛❞② st❛t❡✱ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ ❢♦r s♦♠❡ ✐♥✐t✐❛❧❧②



✾✷ ❈❤❛♣t❡r ✺✳ Pr❡♣❛r✐♥❣ ❛ ❝♦♠♣❧❡t❡ ♠♦❞❡❧

❤❡t❡r♦❣❡♥❡♦✉s s❝❛❧❛r ✜❡❧❞s✳ ❚❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❛tt❛✐♥ ❤♦♠♦❣❡♥❡♦✉s st❛t❡ ✐s ❝❛❧❧❡❞
♠✐①✐♥❣ t✐♠❡✱ ✇❤✐❝❤ ✐s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ❢♦r t❤❡ ❞❡s✐❣♥ ❛♥❞ ♦♣❡r❛t✐♦♥ ♦❢
❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r ❬✶✼✽❪✳ ❚♦ ❡✈❛❧✉❛t❡ t❤✐s ♠✐①✐♥❣ t✐♠❡✱ ❛ ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡ ✐s t♦
❞✐str✐❜✉t❡ ❛♥ ❛♠♦✉♥t ♦❢ tr❛❝❡r ❛t ♦♥❡ ♣♦✐♥t✱ ❛♥❞ ♠✐①✐♥❣ t✐♠❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ tr❛❝❡r ❛t t❤❡ tr❛❝❡r s♦✉r❝❡ ♦r ❛♥♦t❤❡r ♣♦✐♥t
❬✶✼✾❪✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ ❛❧s♦ ❜❡ ❡❛s✐❧② ❝❛rr✐❡❞ ♦✉t ❜② t❤❡ ❈❋❉ s✐♠✉❧❛t✐♦♥s✳

■♥ ♦✉r ❝❛s❡✱ t❤❡ r❡❛❝t♦r ✇❛s st✐❧❧ t❤❡ ♦♥❡ ✐♥ ❋✐❣✳ ✺✳✶✱ ❛♥❞ ❛ ❞r♦♣❧❡t ♦❢ ❧✐q✉✐❞ tr❛❝❡r
✇❛s ❛❞❞❡❞ ✐♥t♦ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❛t q✉❛s✐✲st❡❛❞② st❛t❡✱ ❛s ✐❢ ✐t ✇❛s ❞r♦♣♣❡❞ ❢r♦♠ t❤❡
t♦♣ ♦❢ t❤❡ r❡❛❝t♦r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✸✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ ♥♦r♠❛❧✐③❡❞
✈❛r✐❛♥❝❡ ✲ ✐✳❡✳ ✈❛r✐❛♥❝❡ ❞✐✈✐❞❡❞ ❜② ✐ts ✐♥✐t✐❛❧ ✈❛❧✉❡ ✲ ♦❢ t❤✐s tr❛❝❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦✈❡r
t❤❡ ❧✐q✉✐❞ ♣❤❛s❡✳ ❋✐❣✳ ✺✳✹ r❡♣♦rts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤✐s q✉❛♥t✐t②✳ ❆s ♦♥❡ ❝❛♥ s❡❡✱
❧❡ss t❤❛♥ ✵✳✺ s❡❝♦♥❞ ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ♥♦r♠❛❧✐③❡❞ ✈❛r✐❛♥❝❡ t♦ ❢❛❧❧ ❜❡❧♦✇ ✺%✳ ❚❤✐s
❞✉r❛t✐♦♥ ✐s ❢❛r ❜❡❧♦✇ ❛♥② r❡❧❡✈❛♥t ♠✐❝r♦❜✐♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐t
❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ♠✐①✐♥❣ ♦❢ t❤✐s ♣❤♦t♦❜✐♦r❡❛❝t♦r ✐s ✇❡❧❧✲s✉✐t❡❞ ❢♦r ♠✐❝r♦❛❧❣❛❡
❣r♦✇t❤✳ ❚❤✐s ❛❧s♦ ✐❧❧✉str❛t❡s t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ t♦♦❧ t♦ ❛ss❡ss
❢♦r t❤❡ q✉❛❧✐t② ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r ♠✐①✐♥❣✳

❋✐❣✉r❡ ✺✳✸✿ ❲❤❛t t❤❡ ♣❤♦t♦❜✐♦r❡❛❝t♦r ❧♦♦❦ ❧✐❦❡ ✵✳✶ s ❛❢t❡r tr❛❝❡r
✐♥❥❡❝t✐♦♥✳ ●r❡❡♥✿ ❜✉❜❜❧❡ ✐♥t❡r❢❛❝❡✱ ❜❧✉❡✿ tr❛❝❡r✳



✺✳✸✳ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt ❛♥❞ P■❱ ✾✸

❋✐❣✉r❡ ✺✳✹✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❡❞ ✈❛r✐❛♥❝❡✳ ❚❤❡ st❛rt t✐♠❡
✐s t❤❡ ♠♦♠❡♥t t❤❛t tr❛❝❡r ✐s ✐♥❥❡❝t❡❞✱ ❛♥❞ t❤❡ ❧✐q✉✐❞ ❛❧r❡❛❞② r❡❛❝❤❡s

q✉❛s✐✲st❡❛❞② st❛t❡ ❛t t❤❛t ♠♦♠❡♥t✳

✺✳✸ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt ❛♥❞ P■❱

❇❡s✐❞❡s s❝❛❧❛r tr❛♥s♣♦rt✱ ❛♥♦t❤❡r ❡ss❡♥t✐❛❧ ❡❧❡♠❡♥t t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✐s
▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt✱ ♥❛♠❡❧② t❤❡ ♠♦✈❡♠❡♥t ♦❢ ▲❛❣r❛♥❣✐❛♥ tr❛❝❡rs✱ s✉❝❤ ❛s ♠✐❝r♦❛❧❣❛❧
❝❡❧❧s✱ ✐♥ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡✳ ❚♦ s✐♠✉❧❛t❡ t❤✐s ❣❛s✲❧✐q✉✐❞✲s♦❧✐❞ ✢♦✇✱ t❤❡ ✉s✉❛❧ ✇❛② ✐s t♦
❝♦✉♣❧❡ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✇✐t❤ ❱❖❋ ♠❡t❤♦❞ ❬✶✽✵❪ ❬✶✽✶❪✳ ❘❡❣❛r❞✐♥❣ ❡①♣❡r✐♠❡♥ts✱ P■❱
✐s ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❡t❤♦❞ t♦ st✉❞② t❤❡ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt✱ s✐♥❝❡ tr❛❝❡r ♣❛rt✐❝❧❡s ❢♦r
P■❱ ✇♦✉❧❞ ❜❡❤❛✈❡ ❥✉st ❧✐❦❡ t❤❡ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s✳

✺✳✸✳✶ ❲♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ P■❱

P■❱ ✐s ❛ ❧❛s❡r ♦♣t✐❝❛❧ t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ❡♥❛❜❧❡s ♥♦♥✲✐♥tr✉s✐✈❡ ❛♥❞ ✐♥st❛♥t❛♥❡♦✉s ♠❡❛✲
s✉r❡♠❡♥t ♦❢ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ✢✉✐❞s ❬✶✽✷❪✳ ❆ st❛♥❞❛r❞ P■❱ ♠❡❛s✉r❡s t✇♦ ✈❡❧♦❝✐t②
❝♦♠♣♦♥❡♥ts ✐♥ ❛ ♣❧❛♥❡✱ ✇❤✐❧❡ ❛ st❡r❡♦ ♦r t♦♠♦❣r❛♣❤✐❝ P■❱ ❛❧❧♦✇s t♦ ♠❡❛s✉r❡ ❛❧❧ t❤❡
t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ P■❱ ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞✳
❋✐rst ♦❢ ❛❧❧✱ t❤❡ ✢♦✇ ✐s s❡❡❞❡❞ ✇✐t❤ ❧✐❣❤t✲s❝❛tt❡r✐♥❣ ♣❛rt✐❝❧❡s✱ ✇❤✐❝❤ ❛r❡ ✐❧❧✉♠✐♥❛t❡❞
❜② ❛ ❧✐❣❤t s❤❡❡t✳ ❙✉❜s❡q✉❡♥t❧②✱ ❛ ❝❛♠❡r❛ r❡❝♦r❞s t❤❡ s❝❛tt❡r❡❞ ❧✐❣❤t ❜② t❤❡ ♣❛rt✐❝❧❡s
❛t ❛ r❡❣✉❧❛r t✐♠❡ ✐♥t❡r✈❛❧ ∆t✳ ❋✐♥❛❧❧②✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ∆r ♦❢ ❛ ❣r♦✉♣ ♦❢ ♣❛rt✐❝❧❡s ✐s
♦❜t❛✐♥❡❞ ❜② ❛♥❛❧②③✐♥❣ t❤❡ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ♦❢ t✇♦ s✉❝❝❡ss✐✈❡ ✐♠❛❣❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡
✈❡❧♦❝✐t② ✐s ❝❛❧❝✉❧❛t❡❞ ❛s

v =
∆r

∆t
. ✭✺✳✺✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♦♣t✐❝❛❧ ❛①✐s ♦❢ t❤❡ ❝❛♠❡r❛ ✐s ❣❡♥❡r❛❧❧② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❧✐❣❤t s❤❡❡t
✐♥ ♦r❞❡r t♦ r❡❝♦r❞ t❤❡ ✐❧❧✉♠✐♥❛t❡❞ ♣❧❛♥❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✺✳
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Introduction
Particle Image Velocimetry (PIV):

Imaging of tracer particles, calculate displacement: local fluid velocity

Twin Nd:YAG
laser CCD camera

Light sheet
optics

Frame 1: t = t0

Frame 2: t = t0 + t

Measurement
section

❋✐❣✉r❡ ✺✳✺✿ ❙❝❤❡♠❛t✐❝ s❦❡t❝❤ ♦❢ ❛ P■❱ s②st❡♠✱ ✐❧❧✉str❛t✐♦♥ ❢r♦♠ ❬✶✽✸❪✳

✺✳✸✳✷ P■❱ s❡t✉♣

❆ t②♣✐❝❛❧ P■❱ ❡①♣❡r✐♠❡♥t ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts ❬✶✽✹❪✿

• ❍❛r❞✇❛r❡✿

✕ tr❛❝❡r ♣❛rt✐❝❧❡s✿ s❤♦✉❧❞ ❜❡ ❡❛s✐❧② ✈✐s✐❜❧❡ ❛♥❞ ❢♦❧❧♦✇ t❤❡ ✢♦✇ ♣❡r❢❡❝t❧②✱ ♠♦❞✲
❡r❛t❡ ♥✉♠❜❡r ❞❡♥s✐t②✳

✕ ♣✉❧s❡❞ ❧❛s❡r✿ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t✇♦ ♣✉❧s❡s s❤♦✉❧❞ ♥♦t ❜❡ ❧♦♥❣❡r
t❤❛♥ t❤❡ ♦♥❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♠❛❣❡s✳

✕ ❧✐❣❤t s❤❡❡t ♦♣t✐❝s✿ t♦ ♣r♦❞✉❝❡ ❛ ❧✐❣❤t s❤❡❡t ❢r♦♠ ❛ ❝♦❧❧✐♠❛t❡❞ ❧✐❣❤t r❛②✳

✕ ❤✐❣❤ s♣❡❡❞ ❝❛♠❡r❛✿ ❜❡tt❡r t♦ ❤❛✈❡ ❛ ❤✐❣❤ ❢r❛♠❡ r❛t❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡
s❛♠❡ ♣❛rt✐❝❧❡s ❛♣♣❡❛r ✐♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♠❛❣❡s✳

• ❙♦❢t✇❛r❡✿

✕ ❝❛❧✐❜r❛t✐♦♥✿ t♦ ❝♦♥✈❡rt ❞✐st❛♥❝❡ ✐♥ ♣✐①❡❧s ✐♥t♦ r❡❛❧ ❞✐st❛♥❝❡✳

✕ ❡✈❛❧✉❛t✐♦♥✿ t♦ ✜♥❞ t❤❡ ♠♦st ♣r♦❜❛❜❧❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❛ ❣r♦✉♣ ♦❢ ♣❛rt✐❝❧❡s✳

✕ ♣♦st✲♣r♦❝❡ss✐♥❣✿ t♦ r❡♠♦✈❡ t❤❡ s♣✉r✐♦✉s ♠❡❛s✉r❡♠❡♥ts✳

✺✳✸✳✸ ❈r♦ss✲❝♦rr❡❧❛t✐♦♥ ♦❢ ✐♠❛❣❡s

P■❱ ❞♦❡s ♥♦t tr❛❝❦ ❡✈❡r② s✐♥❣❧❡ tr❛❝❡r ♣❛rt✐❝❧❡✱ r❛t❤❡r✱ ✐t tr❛❝❦s s❡✈❡r❛❧ ♣❛rt✐❝❧❡s ✐♥ ❛
s♠❛❧❧ r❡❣✐♦♥ ❦♥♦✇♥ ❛s t❤❡ ✐♥t❡rr♦❣❛t✐♦♥ ❛r❡❛ ✭■❆✮✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s
✐s ♦❜t❛✐♥❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ■❆s✳ ❚❤❡
❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ■❆s ✇✐t❤ r❡s♦❧✉t✐♦♥ w × h ✐s ❞❡✜♥❡❞ ❛s

Φk(l,m) =
h∑

j=1

w∑

i=1

Ik+1(i, j) · Ik(i+ l, j +m), ✭✺✳✻✮

✇❤❡r❡ I ✐s t❤❡ ❞❛t❛ ♠❛tr✐① ♦❢ t❤❡ ■❆✱ k ✐♥❞✐❝❛t❡s t❤❡ k✲t❤ ❢r❛♠❡✳ ❇② tr②✐♥❣ ❞✐✛❡r❡♥t
(l,m) t♦ ♠❛①✐♠✐③❡ Φk✱ ✇❡ ❛r❡ ❛❝t✉❛❧❧② ❡①♣❧♦r✐♥❣ ❤♦✇ ❢❛r Ik ❤❛s t♦ ❜❡ ♠♦✈❡❞ r❡❧❛t✐✈❡
t♦ Ik+1 ✐♥ ♦r❞❡r t❤❛t t❤❡ ✇❤✐t❡ ❞♦ts ✭tr❛❝❡r ♣❛rt✐❝❧❡s✮ ✐♥ t❤❡ t✇♦ ■❆s ♦✈❡r❧❛♣ ❛s
❜❡st ❛s ♣♦ss✐❜❧❡ ❬✶✽✺❪✳ ❚❤❡r❡❢♦r❡✱ (l,m) t❤❛t ♠❛①✐♠✐③❡s Φk ✐s ❛❧s♦ t❤❡ ♠♦st ♣r♦❜❛❜❧❡
❞✐s♣❧❛❝❡♠❡♥t ✐♥ ♣✐①❡❧s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ❚❤❡ r❡❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐s s✉❜s❡q✉❡♥t❧② ♦❜t❛✐♥❡❞



✺✳✹✳ ▲✐❣❤t ♠♦❞❡❧ ✾✺

❜② ❛♣♣❧②✐♥❣ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❢❛❝t♦r✳ ❈r♦ss✲❝♦rr❡❧❛t✐♦♥ ✐s ❛ st❛t✐st✐❝❛❧ ❝♦♥❝❡♣t✱ t❤✉s P■❱
✐s ❡ss❡♥t✐❛❧❧② ❛ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ❛❝t✉❛❧❧② ♠❛❦❡s t❤❡ P■❱ ♠❡❛s✉r❡♠❡♥t ♠♦r❡
r♦❜✉st t❤❛♥ ♦t❤❡r ♣❛rt✐❝❧❡✲tr❛❝❦✐♥❣ t❡❝❤♥✐q✉❡s✳

✺✳✸✳✹ P♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✲✉♣ st✉❞②

P■❱ t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ❛♣♣❧✐❡❞ t♦ ♠✉❧t✐♣❤❛s❡ s②st❡♠s✱ ❛s s✉♠♠❛r✐③❡❞ ✐♥ ❬✶✽✻❪✳
❋♦r ❛ ❜✉❜❜❧② ✢♦✇✱ P■❱ ✇❛s ♦❢t❡♥ ✉s❡❞ t♦❣❡t❤❡r ✇✐t❤ s❤❛❞♦✇❣r❛♣❤② ✐♥ ♦r❞❡r t♦ r❡❝♦r❞
s✐♠✉❧t❛♥❡♦✉s❧② ❧✐q✉✐❞ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❬✻✵❪ ❬✶✽✼❪ ❬✶✽✽❪ ❬✶✽✾❪✳ ❋♦r
❡①❛♠♣❧❡✱ ❜✉❜❜❧❡ s✐③❡ ❞✐str✐❜✉t✐♦♥s✱ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛s✱ ❣❛s ❤♦❧❞✉♣s ❛♥❞ ✢♦✇
✈❡❧♦❝✐t✐❡s ✇❡r❡ ♠❡❛s✉r❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ ❬✶✾✵❪✳ ❇❡s✐❞❡s✱ P■❱ ✇❛s s♦♠❡t✐♠❡s ✉s❡❞
❛❧♦♥❣ ✇✐t❤ ❛ ▲■❋ ✭▲❛s❡r✲■♥❞✉❝❡❞ ❋❧✉♦r❡s❝❡♥❝❡✮ t❡❝❤♥✐q✉❡ t♦ ❜❡tt❡r ❞✐st✐♥❣✉✐s❤ t❤❡
t✇♦ ♣❤❛s❡s ❬✶✾✶❪ ❬✶✾✷❪✳ ❚❤❛♥❦s t♦ P■❱✱ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
❜✉❜❜❧❡s ❛♥❞ ❧✐q✉✐❞ ♣❤❛s❡ ❜❡❝♦♠❡s ♣♦ss✐❜❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡
r✐s✐♥❣ ❜✉❜❜❧❡ ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ s✉rr♦✉♥❞✐♥❣ ❧✐q✉✐❞ ✇❛s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✾✸❪✳ ❆♥❞
❜✉❜❜❧❡✲✐♥❞✉❝❡❞ t✉r❜✉❧❡♥❝❡ ✐♥ ❧✐q✉✐❞ ♣❤❛s❡ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❛ ❝②❧✐♥❞r✐❝❛❧ t❛♥❦
❬✶✾✹❪ ❬✶✾✺❪ ❛♥❞ ❛ r❡❝t❛♥❣✉❧❛r ♦♥❡ ❬✶✾✻❪✳

■♥ t❤✐s P❤❉ ♣r♦❥❡❝t✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✇❡r❡ t❤♦r♦✉❣❤❧② ✐♥✈❡st✐❣❛t❡❞ ❜② ❜♦t❤ ❡①♣❡r✲
✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s✳ ❲✐t❤ t❤✐s ❦♥♦✇❧❡❞❣❡ ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs✱ ♣❧✉s P■❱ t❡❝❤♥✐q✉❡✱
✇❡ ❝❛♥ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✐♥✢✉❡♥❝❡ t❤❡ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❛♥❞
t❤❡r❡❜② ❛❧s♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ tr❛♥s♣♦rt ♦❢ ♠✐❝r♦❛❧❣❛❧ ❝❡❧❧s ✐♥ t❤❡ ❢♦❧❧♦✇✲✉♣ st✉❞②✳ ▼♦r❡✲
♦✈❡r✱ ✇❡ ♠❛② ❜❡ ❛❧s♦ ❛❜❧❡ t♦ ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢✉t✉r❡
♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ❤②❞r♦❞②♥❛♠✐❝s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♠❡❛s✉r❡❞ ❜②
P■❱✳

✺✳✹ ▲✐❣❤t ♠♦❞❡❧

▲✐❣❤t ✐♥t❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ❤❛s ✐♠♣♦rt❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛ ♣❤♦t♦❜✐♦r❡✲
❛❝t♦r✱ t❤✉s r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥ t❤❡ ❝✉❧t✉r❡ ♠❡❞✐✉♠ s❤♦✉❧❞ ❛❧s♦ ❜❡ st✉❞✐❡❞ ✐♥ t❤❡
❢✉t✉r❡✳ ❋♦r t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♠♦♥♦❝❤r♦♠❛t✐❝ r❛❞✐❛t✐♦♥ ✐♥ ❛ r❛❞✐❛t✐✈❡❧② ♣❛rt✐❝✐♣❛t✐♥❣
♠❡❞✐✉♠✱ t❤❡ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ ✭❘❚❊✮ ✐s ❬✶✾✼❪

dI(~r, ŝ)

ds
= je

︸︷︷︸

❡♠✐ss✐♦♥

−κaI(~r, ŝ)
︸ ︷︷ ︸

❛❜s♦r♣t✐♦♥

− σsI(~r, ŝ)
︸ ︷︷ ︸

♦✉t✲s❝❛tt❡r✐♥❣

+
σs
4π

∫ 4π

0
I(~r, ŝ′)Ψ(ŝ, ŝ′)dΩ′

︸ ︷︷ ︸

✐♥✲s❝❛tt❡r✐♥❣

, ✭✺✳✼✮

✇❤❡r❡ I(~r, ŝ) ✐s t❤❡ s♣❡❝✐✜❝ ✐♥t❡♥s✐t② ❛t ♣♦s✐t✐♦♥ ~r ❛♥❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ŝ✱ je ✐s t❤❡ ❡♠✐s✲
s✐♦♥ ❝♦❡✣❝✐❡♥t✱ κa ✐s t❤❡ ✭❧✐♥❡❛r✮ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✱ σs ✐s t❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t✱
I(~r, ŝ′) ✐s t❤❡ s♣❡❝✐✜❝ ✐♥t❡♥s✐t② ♦❢ ❛♠❜✐❡♥t r❛❞✐❛t✐♦♥✱ Ψ(ŝ, ŝ′) ✐s t❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡
❢✉♥❝t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s❝❛tt❡r✐♥❣ ❢r♦♠ ❞✐r❡❝t✐♦♥ ŝ′ ✐♥t♦ ❞✐r❡❝t✐♦♥
ŝ✱ ŝ′ ❛♥❞ Ω′ ❛r❡ ❞✉♠♠② ✐♥t❡❣r❛t✐♦♥ ✈❛r✐❛❜❧❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇♦ ♥❡❣❛t✐✈❡ t❡r♠s ✐♥
✭✺✳✼✮ ❛r❡ ♦❢t❡♥ ❝♦♠❜✐♥❡❞✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❞❡r✐✈❡ t❤❡ s♦✲❝❛❧❧❡❞ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t

βe = κa + σs. ✭✺✳✽✮

❊q✉❛t✐♦♥ ✭✺✳✼✮ ✐s ❛♥ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❢♦r ✇❤✐❝❤ ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ✐s
✉s✉❛❧❧② ✐♠♣♦ss✐❜❧❡ ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✳ ❚❤❡r❡❢♦r❡✱ s❡✈❡r❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥
❞❡✈❡❧♦♣❡❞ t♦ ❛♣♣r♦①✐♠❛t❡❧② s♦❧✈❡ t❤❡ ❘❚❊✱ s✉❝❤ ❛s ❞✐s❝r❡t❡ ♦r❞✐♥❛t❡s ♠❡t❤♦❞ ✭❉❖▼✮
❬✶✾✽❪ ❛♥❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✭▼❈▼✮ ❬✶✾✾❪✱ ✇❤✐❝❤ ❛r❡ ♦❢t❡♥ ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡
r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ❉❖▼ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ st✉❞②
t❤❡ ❧✐❣❤t ✐♥t❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ✐♥s✐❞❡ ❛♥ ♦♣❡♥ ♣♦♥❞ ✐♥ ❬✷✵✵❪ ❛♥❞ t❤❡ ❛❞✈❛♥❝❡s ♦❢ ▼❈▼



✾✻ ❈❤❛♣t❡r ✺✳ Pr❡♣❛r✐♥❣ ❛ ❝♦♠♣❧❡t❡ ♠♦❞❡❧

✐♥ s♦❧❛r ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ✐s t❤❡ ❧❡❛❞✐♥❣ ❝♦♠♠✉♥✐t② ❢♦r t❤✐s ❦✐♥❞ ♦❢ ❞❡✈❡❧♦♣♣❡♠❡♥t
❤❛✈❡ ❜❡❡♥ s✉♠♠❛r✐③❡❞ ✐♥ ❬✷✵✶❪✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ❉❖▼ ✐s t♦ ❞✐✈✐❞❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞✐r❡❝t✐♦♥ ŝ′ ✐♥ r❛♥❣❡ ♦❢ [0, 4π]
✐♥t♦ ❛ s❡t ♦❢ ❞✐s❝r❡t❡ ❞✐r❡❝t✐♦♥s ŝi ❬✶✾✼❪✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♥t❡❣r❛❧ t❡r♠ ✐♥ ✭✺✳✼✮✱
✇❤✐❝❤ ✐s t❤❡ ♣r✐♠❡ ❢❛❝t♦r t❤❛t r❡♥❞❡rs ✭✺✳✼✮ ✉♥s♦❧✈❛❜❧❡✱ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

∫ 4π

0
I(~r, ŝ′)Ψ(ŝ, ŝ′)dΩ′ ≈

n∑

i=1

qiI(~r, ŝi)Ψ(ŝ, ŝi), ✭✺✳✾✮

✇❤❡r❡ qi ✐s t❤❡ q✉❛❞r❛t✉r❡ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ŝi✳ ❚❤✐s ♠❡t❤♦❞
②✐❡❧❞s ❛ ✜❡❧❞ ♦❢ ✐❧❧✉♠✐♥❛t✐♦♥ t❤r♦✉❣❤♦✉t t❤❡ s❝❡♥❡✳ ❍❡♥❝❡✱ ❢r♦♠ ❛ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧
♣❡rs♣❡❝t✐✈❡✱ ❧✐❣❤t✐♥❣ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛♥② ♦t❤❡r ✜❡❧❞ ✭❝♦♥❝❡♥tr❛t✐♦♥✱ t❡♠♣❡r❛t✉r❡✱
✳✳✳✮ t❤❛t ♣r♦✈✐❞❡s ❛ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧✳ ●✐✈❡♥ t❤❡ ❢❛❝t t❤❛t ❉❖▼ ❛♣♣r♦❛❝❤ ✐s ✈❡r②
❝♦♠♣✉t❛t✐♦♥✲✐♥t❡♥s✐✈❡✱ ✐t ✐s r❡❧❡✈❛♥t t♦ ✉s❡ ✐t ✇❤❡♥ ❦♥♦✇✐♥❣ t❤❡ ✇❤♦❧❡ ✜❡❧❞ ✐s ✐♠♣♦r✲
t❛♥t✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❝❛s❡s ✇❤❡r❡ r❛❞✐❛t✐♦♥ ✐s ♥♦t str♦♥❣❧② ❝♦✉♣❧❡❞ ✇✐t❤ ✢✉✐❞ ✢♦✇s✱
✐t ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ t♦ ❝♦♠♣✉t❡ t❤❡ r❛❞✐❛t✐✈❡ ✜❡❧❞s ❧❡ss ♦❢t❡♥ t❤❛♥ t❤❡ ✢✉✐❞ ♦♥❡s✳

❈♦♠♣❛r❡❞ t♦ ❉❖▼✱ ▼❈▼ ✐s ♠♦r❡ ❧✐❦❡ ❛ ✏❜r✉t❡ ❢♦r❝❡✑ t❡❝❤♥✐q✉❡✿ ✐t ❞♦❡s ♥♦t ♠❛t❤✲
❡♠❛t✐❝❛❧❧② s♦❧✈❡ t❤❡ ❘❚❊ ✭✺✳✼✮✱ r❛t❤❡r✱ ✐t ♠✐♠✐❝s t❤❡ ♣r♦❝❡ss ♦❢ ❡♠✐ss✐♦♥✱ ❛❜s♦r♣t✐♦♥
❛♥❞ s❝❛tt❡r✐♥❣ ❜② tr❛❝✐♥❣ ♥✉♠❡r♦✉s ✐♥❞✐✈✐❞✉❛❧ ♣❤♦t♦♥s ♦r ♣❤♦t♦♥ ♣❛❝❦❡ts ❢r♦♠ ❡♠❡r✲
❣❡♥❝❡ t♦ ❡①t✐♥❝t✐♦♥✳ ■♥ ▼❈▼✱ ♦♣t✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤✱ s❝❛tt❡r✐♥❣ ❛♥❣❧❡✱ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥
❛❢t❡r s❝❛tt❡r✐♥❣ ❡t❝✳ ❛r❡ ❛❧❧ ❣❡♥❡r❛t❡❞ ❜② r❛♥❞♦♠ ♥✉♠❜❡r ❬✷✵✷❪✿

τ = − 1

κa
ln(Rτ ), ✭✺✳✶✵✮

θ = 2πRθ, ✭✺✳✶✶✮

φ = cos−1(1− 2Rφ), ✭✺✳✶✷✮

✇❤❡r❡ R ❛r❡ r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥ [0, 1]✱ τ ✐s t❤❡ ♦♣t✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤✱ θ✱ φ ✐s t❤❡ ❛③✲
✐♠✉t❤❛❧✱ ♣♦❧❛r s❝❛tt❡r✐♥❣ ❛♥❣❧❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ▼❈▼ ❝❛♥ s✐♠✉❧❛t❡ r❛❞✐❛t✐✈❡
tr❛♥s❢❡r ❢♦r ❛♥② ❣❡♦♠❡tr②✱ ✐♥❝✐❞❡♥t ❧✐❣❤t✱ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥✱ ❡t❝✳✱ ❛s ❧♦♥❣ ❛s
t❤❡ ❛♠♦✉♥t ♦❢ r❛♥❞♦♠ ♥✉♠❜❡r✱ ✐✳❡✳ tr❛❝❡❞ ♣❤♦t♦♥s✱ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ◆♦♥❡t❤❡❧❡ss✱
▼❈▼ st✐❧❧ r❡q✉✐r❡s t❤❡ ❡ss❡♥t✐❛❧ ♣❛r❛♠❡t❡rs✱ ✈✐③✳ t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✱ t❤❡ s❝❛t✲
t❡r✐♥❣ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ♣❤♦t♦♥ ✐s
❛❜s♦r❜❡❞✱ s❝❛tt❡r❡❞ ♦r s✉r✈✐✈❡s✳ ▼❈▼ ♠❡t❤♦❞s ②✐❡❧❞ ❛ ✏♣r♦❜❡ ✈❛❧✉❡✑✱ ♠❡❛♥✐♥❣ t❤❛t
✐❧❧✉♠✐♥❛t✐♦♥ ✐s ❦♥♦✇♥ ❛t ❛ ♣♦✐♥t✱ ♦r ❛s ❛♥ ❛✈❡r❛❣❡ ♦✈❡r ❛ s✉r❢❛❝❡ ♦r ✈♦❧✉♠❡✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❛ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧ ❝♦✉♣❧✐♥❣✱ ✐t ♠❡❛♥s t❤❛t ❛ ▼❈▼ ❝♦♠♣✉t❛t✐♦♥ ❤❛s t♦ ❜❡
♠❛❞❡ ❢♦r ❡✈❡r② tr❛❝❡r✳ ❊✈❡♥ t❤♦✉❣❤ ▼❈▼ ♠❡t❤♦❞s ❛r❡ r❡❧❛t✐✈❡❧② ❢❛st ❝♦♠♣❛r❡❞ t♦
❉❖▼ ♦♥❡s✱ t❤❡✐r ✉s❡ ✐s r❡❧❡✈❛♥t ✇❤❡♥ ❢❡✇ tr❛❝❡rs ❛r❡ ✉s❡❞✳

✺✳✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❤②❞r♦❞②♥❛♠✐❝s ♦❢ ❛ ❝②❧✐♥❞r✐❝❛❧ ♣❤♦t♦❜✐♦r❡❛❝✲
t♦r ❜② t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡ ✈♦❧✉♠❡✲
❛✈❡r❛❣❡❞ ♠♦♠❡♥t✉♠ ♦❢ t❤❡ t✇♦✲♣❤❛s❡ ✢♦✇ t❡♥❞❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❛❢t❡r ❛ ❝❡rt❛✐♥ t✐♠❡✱
✇❤✐❝❤ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t ❛♠♦♥❣ t❤❡ ❜✐♦❧♦❣✐sts✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧ ✇❛s ❛❧s♦ ❝❛♣❛❜❧❡
♦❢ r❡♣r❡s❡♥t✐♥❣ t❤❡ s❝❛❧❛r tr❛♥s♣♦rt ✐♥❝❧✉❞✐♥❣ ♠✐①✐♥❣✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡
♦t❤❡r ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts t♦ ❛❝❤✐❡✈❡ ❛ ❢✉❧❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✱ s✉❝❤ ❛s
P■❱ ❛♥❞ ❧✐❣❤t ♠♦❞❡❧✐♥❣✳ ❇② ❛ss❡♠❜❧✐♥❣ ❛❧❧ t❤❡s❡ ❡❧❡♠❡♥ts ❛♣♣r♦♣r✐❛t❡❧②✱ t❤❡ ❝♦♠♣❧❡t❡
♠♦❞❡❧ ❢♦r ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r s❤♦✉❧❞ ❜❡ ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ❢✉t✉r❡✳



✾✼

❈❤❛♣t❡r ✻

●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s

❇✉❜❜❧❡s ♣r♦✈✐❞❡ ❜♦t❤ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ❝❛r❜♦♥ s♦✉r❝❡ ❢♦r ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ ✐♥
❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❚❤❡r❡❢♦r❡✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❣r❡❛t❧② ❛✛❡❝t ♠✐①✐♥❣✱ ♠❛ss tr❛♥s❢❡r✱
❛♥❞ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ r❡❛❝t♦r✳ ■♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡✐r ✐♠♣♦rt❛♥❝❡✱ t❤✐s t❤❡s✐s
✐♥✈❡st✐❣❛t❡❞ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✉♥❞❡r ❞✐✛❡r❡♥t ✢♦✇ ❝♦♥❞✐t✐♦♥s ❜② ❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧
❛♥❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣❛rt✱ ✇❡ ✜rst ❞❡✈❡❧♦♣❡❞ ❛ ❜r❛♥❞ ♥❡✇ ♣❤♦t♦❜✐♦r❡❛❝t♦r ❢♦r t❤✐s
P❤❉ t❤❡s✐s ❛♥❞ ❧❛tt❡r st✉❞✐❡s✳ ❲✐t❤ t❤✐s ❞❡✈✐❝❡✱ ❜♦t❤ s❤❛❞♦✇❣r❛♣❤② ❛♥❞ P■❱ ❝❛♥ ❜❡
❝❛rr✐❡❞ ♦✉t✳ ❙♣❡❝✐❛❧❧② ❢♦r t❤✐s t❤❡s✐s✱ ❛ s❤❛❞♦✇❣r❛♣❤② ❡q✉✐♣♠❡♥t ✇❛s s❡t ✉♣ ❛r♦✉♥❞
t❤❡ r❡❛❝t♦r ✐♥ ♦r❞❡r t♦ t❛❦❡ ❤✐❣❤✲q✉❛❧✐t② ✐♠❛❣❡s ♦❢ ❜✉❜❜❧❡s✳ ❙✉❜s❡q✉❡♥t❧②✱ ❜✉❜❜❧❡
❜❡❤❛✈✐♦rs ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❝❡ss✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ t❤❡ r❛✇ ✐♠❛❣❡s✳ ❋r♦♠ t❤❡ ❡①✲
♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ ✇❡ ❢♦✉♥❞ t❤❛t ❜♦t❤ ❜✉❜❜❧✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ ❛✈❡r❛❣❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡
✐♥❝r❡❛s❡❞ ✇✐t❤ ❣❛s ✢♦✇ r❛t❡ ❛t st❡❛❞② st❛t❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥ ❜❡❝❛♠❡
♠♦r❡ ❞✐s♣❡rs❡ ✐♥ t❡r♠s ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ ❣❛s ✢♦✇ r❛t❡✳ ❇❡s✐❞❡s✱
❜✉❜❜❧❡ s❤❛♣❡ ✐s ❛❧s♦ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ ❣❛s ✢♦✇ r❛t❡✿ ❜✉❜❜❧❡s ❛t ❧♦✇ ✢♦✇ r❛t❡ ✇❡r❡
r❡❧❛t✐✈❡❧② r♦✉♥❞❡❞✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ❡❧♦♥❣❛t❡❞ ❜✉❜❜❧❡s ❢r❡q✉❡♥t❧② ❛♣♣❡❛r❡❞ ❛t ❤✐❣❤
✢♦✇ r❛t❡✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t ❜✉❜❜❧❡s ✇❛s s❤♦rt❡r ❛t ❤✐❣❤ ✢♦✇ r❛t❡✱
✇❤✐❝❤ s♦♠❡t✐♠❡s ❣❛✈❡ r✐s❡ t♦ ❡✈❡♥ ❧♦♥❣❡r ❜✉❜❜❧❡ ❞✉❡ t♦ ❜✉❜❜❧❡ ❝♦❛❧❡s❝❡♥❝❡✳

■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❛rt✱ ✇❡ ♣r♦♣♦s❡❞ ❱❖❋ ♠❡t❤♦❞ ❛♥❞ ❖♣❡♥❋❖❆▼ ❛s t❤❡ ♥✉♠❡r✲
✐❝❛❧ t♦♦❧s t♦ s✐♠✉❧❛t❡ ❜✉❜❜❧❡s✳ ✷❉ ❝❛s❡s ✇❡r❡ s❡t ✉♣ t♦ t❡st t❤❡ t♦♦❧s ❛♥❞ ✸❉ ❝❛s❡s
✇❡r❡ ♣r❡♣❛r❡❞ ❢♦r ❢♦r♠❛❧ s✐♠✉❧❛t✐♦♥s✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤♦s❡ ❝❛s❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥
s✉♣❡r❝♦♠♣✉t❡r ▼és♦❝❡♥tr❡✳ ❆♥❞ t❤❡ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✇❡r❡ ❛❝q✉✐r❡❞ ❢r♦♠ t❤❡ ♣♦st✲
♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ ✷❉ s✐♠✉❧❛t✐♦♥s ❞❡♠♦♥str❛t❡❞ t❤❛t ❈♦✉r❛♥t
♥✉♠❜❡r ❤❛❞ ♥♦ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❤✐❧❡ ♠❡s❤ s✐③❡ ♣❧❛②❡❞ ❛
❞❡❝✐s✐✈❡ r♦❧❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✿ ✐t s❤♦✉❧❞ ❜❡ ❧❡ss t❤❛♥ t❤❡ ♥♦③③❧❡ s✐③❡✱ ♦t❤❡r✇✐s❡
t❤❡ r❡s✉❧ts ✇❡r❡ ♣❤②s✐❝❛❧❧② ♠❡❛♥✐♥❣❧❡ss✳ ❙✉❜s❡q✉❡♥t❧②✱ ✸❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✈❛❧✐❞❛t❡❞
✇✐t❤ ❡①♣❡r✐♠❡♥ts✿ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❛♥❞ ❜✉❜❜❧❡ s❤❛♣❡ ❡✈♦❧✉t✐♦♥ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✐♥
❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤♦s❡ ❢r♦♠ ❡①♣❡r✐♠❡♥ts✳ ❍♦✇❡✈❡r✱ ❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♣✉t✐♥❣ ♣♦✇❡r✱
t❤❡ ♣♦❧②❞✐s♣❡rs✐t② ♦❢ ❜✉❜❜❧❡ ♣♦♣✉❧❛t✐♦♥ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥✉✲
♠❡r✐❝❛❧ t♦♦❧s✳

❲✐t❤ t❤❡ ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r
✇❡r❡ q✉❛♥t✐t❛t✐✈❡❧② st✉❞✐❡❞✱ ✇❤✐❝❤ ❝♦♥s❡q✉❡♥t❧② ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇
❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❞❡t❡r♠✐♥❡ ♠❛ss tr❛♥s❢❡r✱ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥✱ ❡t❝✳ ❙✉❜s❡q✉❡♥t❧②✱ ❛
❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❜✉❜❜❧❡ ❜❡❤❛✈✐♦rs ❛♥❞ t❤❡✐r ❡✛❡❝t ♦♥ ♦t❤❡r ♣❤❡♥♦♠❡♥❛ ✇♦✉❧❞
❛❧❧♦✇ ✉s t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ♠✐❝r♦❛❧❣❛❧ ❝✉❧t✐✈❛t✐♦♥ ✐♥ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳
▼♦r❡♦✈❡r✱ t❤❡ ✈❛❧✐❞❛t❡❞ s✐♠✉❧❛t✐♦♥ t♦♦❧ ♠❛② s♣❡❡❞ ✉♣ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r
s✐♥❝❡ s♦♣❤✐st✐❝❛t❡❞ ❡①♣❡r✐♠❡♥ts ❛r❡ ♥♦ ♠♦r❡ ♥❡❡❞❡❞✳ ❇❡s✐❞❡s✱ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❝♦✉❧❞
❛❧s♦ ❤❡❧♣ t♦ st✉❞② ♦t❤❡r t②♣❡s ♦❢ r❡❛❝t♦rs✱ s✉❝❤ ❛s ❝❤❡♠✐❝❛❧ r❡❛❝t♦r✱ ❛s ❧♦♥❣ ❛s ❜✉❜❜❧②
✢♦✇ ❡①✐sts ✐♥ s✉❝❤ ❡q✉✐♣♠❡♥t✳

❚❤✐s t❤❡s✐s ♣❧❛❝❡❞ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ♦♥ t❤❡ ❣❛s ♣❤❛s❡ ♦❢ t❤❡ t✇♦✲♣❤❛s❡ ✢♦✇✱ t❤✉s
❢✉rt❤❡r r❡s❡❛r❝❤ ✐s ♥❡❡❞❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡✱ ✐✳❡✳ t❤❡ ❤②❞r♦❞②♥❛♠✐❝s ✐♥



✾✽ ❈❤❛♣t❡r ✻✳ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s

❛ ♣❤♦t♦❜✐♦r❡❛❝t♦r✳ ❆♥♦t❤❡r st❡♣ ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✐rr❛❞✐❛♥❝❡ ✐♥ ❞✐✛❡r❡♥t ③♦♥❡ ♦❢
t❤❡ r❡❛❝t♦r✳ ❋✐♥❛❧❧②✱ ❛ ♣❤②s✐❝❛❧✲❜✐♦❧♦❣✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞❡❧ ✇♦✉❧❞ ❛❧s♦ ❜❡ r❡q✉✐r❡❞ t♦
❞❡s❝r✐❜❡ ❝❡❧❧ ❣r♦✇t❤ ✐♥ ❛ ♠♦✈✐♥❣ ❧✐q✉✐❞✳
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✶ close all
✷ clear all
✸

✹ Calibration=3/80; % mm/pixels
✺ timeCali=1/200; % second/frame
✻

✼ cd D:\DirectoryWithImages;
✽ ImSeq=struct2cell(dir(’*.tif’));
✾ [k,n]=size(ImSeq);

✶✵

✶✶ boundarySeq=cell(1,n);
✶✷ probe=zeros(1,n);
✶✸ peri=zeros(1,n);
✶✹ area=zeros(1,n);
✶✺ bound=zeros(n,4);
✶✻

✶✼ % probe point
✶✽ px=200;
✶✾ py=500;
✷✵

✷✶ %% image processing
✷✷ for i=1:n
✷✸ single=ImSeq{1,i};
✷✹ seq=imread(single);
✷✺ crop=imcrop(seq,[1 1 400 700]); % cut nozzle
✷✻ thresh=imbinarize(crop);
✷✼ % obtain the threshold for small objects
✷✽ CCthres = bwconncomp(thresh);
✷✾ ca = regionprops(CCthres,’Centroid’,’Area’);
✸✵ areaThres = cat(1,ca.Area);
✸✶ [row,~]=size(areaThres);
✸✷ % delete small objects
✸✸ if row>1
✸✹ sortA=sort(areaThres);
✸✺ SmallThresh=sortA(end-1)+1;
✸✻ fill=bwareaopen(thresh,SmallThresh);
✸✼ else
✸✽ fill=thresh;
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✸✾ end
✹✵ invert=imcomplement(fill);
✹✶ probe(i)=invert(py,px);
✹✷ invert=im2double(invert);
✹✸ % for bubble volume
✹✹ [B,~] = bwboundaries(invert,’noholes’);
✹✺ boundarySeq{1,i}=B;
✹✻ % for bubble shape factors
✹✼ CCinvert = bwconncomp(invert);
✹✽ cp = regionprops(CCinvert,’Area’,’Perimeter’,’BoundingBox’);
✹✾ pe = cat(1,cp.Perimeter);
✺✵ ar = cat(1,cp.Area);
✺✶ bbox = cat(1,cp.BoundingBox);
✺✷ idx = find( (bbox(:,2)<=py) & (bbox(:,4)+bbox(:,2)-1>=py) & ...
✺✸ (bbox(:,1)<=px) & (bbox(:,3)+bbox(:,1)-1>=px) );
✺✹

✺✺ if ~isempty(idx) & ( size(idx,1) == 1 )
✺✻ peri(i)=pe(idx);
✺✼ area(i)=ar(idx);
✺✽ bound(i,:)=bbox(idx,:);
✺✾ end
✻✵ cir=4*pi*area./(peri.^2); % circularity
✻✶ end
✻✷ ratio=bound(:,4)./bound(:,3); % aspect ratio
✻✸

✻✹ % plot probe pulses
✻✺ figure(1)
✻✻ plot(1:n,probe)
✻✼ ylim([0 1.5])
✻✽ xlabel(’Image sequence’,’FontSize’,18,’Interpreter’,’latex’)
✻✾ ylabel(’Value at a probe point’,’FontSize’,18,’Interpreter’,’latex’)
✼✵

✼✶ %% pick begining and ending frame of the same bubble
✼✷ f=[];
✼✸ for j=2:(n-1)
✼✹ if probe(j)==1 & ...
✼✺ ((probe(j-1)==0 & probe(j+1)==1) | (probe(j-1)==1 & probe(j+1)==0))
✼✻ f=[f;j];
✼✼ end
✼✽

✼✾ end
✽✵

✽✶ % pick bubble group with complete begining and end frames
✽✷ % to make sure the size of fbu is an even number
✽✸ if probe(f(1)-1)==1 & probe(f(1)+1)==0
✽✹ f=f(2:end);
✽✺ end
✽✻ if probe(f(end)-1)==0 & probe(f(1)+1)==1
✽✼ f=f(1:(end-1));
✽✽ end
✽✾

✾✵ %% bubble number
✾✶ hf=f(1:2:end);
✾✷ [sf,~]=size(hf);
✾✸ bNum=1:sf;
✾✹ figure(2)
✾✺ plot(hf*timeCali,bNum,’k-’)
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✾✻ xlabel(’Time (s)’,’Interpreter’,’latex’,’FontSize’,18)
✾✼ ylabel(’Cumulative bubble number’,’Interpreter’,’latex’,’FontSize’,18)
✾✽

✾✾ %% derivative of bubble number
✶✵✵ nc=30;
✶✵✶ bDiff=zeros(sf,1);
✶✵✷ for i=(nc+1):(sf-nc)
✶✵✸ der=fit( hf( (i-nc):(i+nc) ),bNum( (i-nc):(i+nc) )’,’poly2’);
✶✵✹ coefs=coeffvalues(der);
✶✵✺ bDiff(i)=2*coefs(1)*hf(i)+coefs(2);
✶✵✻ end
✶✵✼ figure(3)
✶✵✽ plot(hf((nc+1):(sf-nc))*timeCali,bDiff((nc+1):(sf-nc)),’k-’)
✶✵✾ xlabel(’Time (s)’,’Interpreter’,’latex’,’FontSize’,18)
✶✶✵ ylabel(’Bubbling frequency (Hz)’,’Interpreter’,’latex’,’FontSize’,18)
✶✶✶

✶✶✷ %% bubble volume
✶✶✸ meanv=zeros(sf,1);
✶✶✹ for ib=1:sf
✶✶✺ vol=[]; % a bubble volume during rising
✶✶✻ for q=f(ib):f(ib+1)
✶✶✼ bounCell=boundarySeq{1,q}; %all the boundaries inside one frame
✶✶✽ [m,~]=size(bounCell);
✶✶✾ for h=1:m
✶✷✵ bj=bounCell{h};
✶✷✶ yj=bj(:,1);
✶✷✷ xj=bj(:,2);
✶✷✸ if (min(yj)<=py)&&(py<=max(yj)&&min(xj)<=px)&&(px<=max(xj))
✶✷✹ % pick out the boundary including probe point
✶✷✺ boundary=bounCell{h};
✶✷✻ end
✶✷✼ end
✶✷✽ yp=boundary(:,1);
✶✷✾ xp=boundary(:,2);
✶✸✵ Ymax=max(yp);
✶✸✶ Ymin=min(yp);
✶✸✷ d=Ymax-Ymin+1;
✶✸✸ r=zeros(d,1);
✶✸✹ for j=Ymin:Ymax
✶✸✺ % pick out two end points at the same height level
✶✸✻ logi=(yp==j);
✶✸✼ xpi=xp(logi);
✶✸✽ xpisort=sort(xpi);
✶✸✾ r(j-Ymin+1)=(xpisort(end)-xpisort(1))/2;
✶✹✵ end
✶✹✶ vol=[vol;sum(pi*r.^2)*Calibration^3]; % volume
✶✹✷ end
✶✹✸ meanv(ib)=mean(vol);
✶✹✹ end
✶✹✺

✶✹✻ % flow rate, the last bubble is discarded to have correct time interval
✶✹✼ totv=sum(meanv(1:(end-1)))*1e-3; % unit: mL
✶✹✽ time=(f(end-1)-f(1))*timeCali/60; % unit: minute
✶✹✾ Q=[num2str(totv/time),’ mL/min’] % flow rate, unit: mL/min
✶✺✵

✶✺✶ % plot mean bubble volume
✶✺✷ bf=-hf(1); % frame number not included
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✶✺✸ figure(4)
✶✺✹ plot((hf+bf)*timeCali,meanv,’b.’)
✶✺✺ xlabel(’Time (s)’,’FontSize’,18’,’Interpreter’,’latex’)
✶✺✻ ylabel(’Mean bubble volume (mm$^3$)’,’FontSize’,18’,’Interpreter’,’latex’)
✶✺✼

✶✺✽ % plot bubble shape factors
✶✺✾ hz=10; % plot every ’hz’ bubbles
✶✻✵ for ic=1:hz:sf
✶✻✶ figure(5)
✶✻✷ hd=plot( ((f(ic):f(ic+1))+bf)*timeCali,ratio(f(ic):f(ic+1)),’bs-’,...
✶✻✸ ((f(ic):f(ic+1))+bf)*timeCali,cir(f(ic):f(ic+1)),’ro-.’);
✶✻✹ hold on
✶✻✺ set(hd, {’MarkerFaceColor’}, {’b’;’r’});
✶✻✻ legend({’Aspect ratio ($h/w$)’,’Circularity’},’Interpreter’,’latex’,...
✶✻✼ ’FontSize’,13,’Location’,’southwest’);
✶✻✽ xlabel(’Time (s)’,’FontSize’,18’,’Interpreter’,’latex’)
✶✻✾ end
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Résumé : Au cours des dernières années, la culture

de microalgues est largement étudiée pour produire

des biocarburants et d’autres produits de valeur en

fixant le dioxyde de carbone de l’atmosphère, afin

d’atténuer simultanément les effets du changement

climatique et de réduire la dépendance à l’égard

des carburants fossiles. En comparaison avec les

systèmes ouverts, les photobioréacteurs fermés sont

davantage utilisés en laboratoire, car ils permettent de

contrôler avec précision les facteurs environnemen-

taux tels que le pH, la concentration en éléments nu-

tritifs, etc. Le principe de fonctionnement d’un photo-

bioréacteur repose sur l’injection de bulles dans le mi-

lieu de culture pour (i) apporter du dioxyde de carbone

aux cellules (ii) agiter le liquide et favoriser le transfert

de matière si aucun agitateur mécanique est employé.

Par l’apport d’énergie lumineuse les cellules trans-

forment le carbone inorganique en carbone organique

par photosynthèse. Ainsi, les phénomènes physiques

- l’écoulement, transfert de matière, transfert radia-

tif - et les phénomènes biologiques - photosynthèse,

croissance cellulaire et mort - coexistent dans un

photobioréacteur. Plus important encore, tous les

phénomènes de base sont fortement dépendants les

uns des autres. Des recherches récentes ont révélé

que le comportement des bulles avait également une

incidence directe sur le processus biologique. En rai-

son du comportement significatif des bulles sur la

productivité d’un photobioréacteur, la génération de

bulles a été étudiée dans cette thèse au moyen de

méthodes expérimentales et numériques.

Dans l’étude expérimentale, nous avons conçu puis

fabriqué un nouveau photobioréacteur (colonne à

bulles de forme rectangulaire) afin d’étudier le bul-

lage in situ. L’emploi d’une technique d’ombrosco-

pie couplée à une caméra vidéo (haute fréquence

d’acquisition) a permis l’enregistrement de séries de

bulles. Les images traitées ont permis de mesurer

des caractéristiques de bulles (fréquence, volume,

facteur de forme). Le volume moyen des bulles et la

fréquence de formation de bulles augmentent avec le

débit de gaz. De plus, la distribution volumique mono-

dispersée à faible débit devient de plus en plus poly-

dispersée par l’accroissement de celui-ci. L’évolution

de la forme des bulles lors de leur remontée dans le

liquide a été évaluée par l’emploi de deux facteurs

de forme : le rapport d’aspect et la circularité. Ces

facteurs diminuent avec la remontée des bulles et

traduisent une déformation horizontalement. A débit

élevé, les bulles coalescent plus fréquemment.

La simulation du bullage a été réalisé par l’emploi

d’une méthode Volume of Fluid (VOF) et d’une bi-

bliothèque open source de mécanique numérique des

fluides OpenFOAM. Ces choix de méthodes sont

motivés en raison de la robustesse d’OpenFOAM

en matière de simulation d’écoulements diphasiques

rapportée dans la littérature. Une première étude

numérique de simulation 2D a permis de déterminer

les valeurs appropriées des paramètres numériques

(nombre de Courant et la taille du maillage) tout en

minimisant le temps de calcul par rapport à une pré-

étude 3D. Sans surprise, nous avons déterminé que

la taille des mailles devait être inférieure au diamètre

de la buse pour obtenir des résultats significatifs. De

façon plus surprenante, nous avons observé que le

nombre maximum de Courant n’a pas d’importance

particulière pour ces simulations (dans une limite rai-

sonnable : 0 à 1). Les simulations 3D ont ensuite été

menées sur un supercalculateur du Mésocentre Fu-

sion (Université Paris Saclay). Elles ont montré que

le volume des bulles et l’évolution de leur forme cal-

culées numériquement étaient en accord avec les

résultats expérimentaux. Cependant, les simulations

3D n’ont pas permis de représenter la polydisper-

sité de la distribution volumique des bulles en raison

d’un temps de calcul nécessaire trop important pour

générer une population de bulles suffisamment nom-

breuses. Pour finir, l’outil numérique a aussi été uti-

lisé pour explorer plusieurs caractéristiques hydrody-

namiques de mélange dans un réacteur d’un litre de

forme cylindrique.

Pour conclure, le comportement des bulles a été

suivi à la fois par des méthodes expérimentales et

numériques Cette première étape nous aidera à al-

ler plus loin dans la compréhension des phénomènes

physico-biologiques complexes qui ont lieu au sein

d’un photobioréacteur.
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Abstract : In recent years, microalgae cultivation has

been widely studied to produce biofuel and other va-

luable products by fixing carbon dioxide from the at-

mosphere, with the aim to mitigate both the climate

change and the strong dependence on fossil fuel. In

comparison with open ponds, closed photobioreac-

tors are more often used in laboratory due to their

accurate control of environmental factors like pH, nu-

trient concentration, etc. The working principle of a

typical photobioreactor is to inject gas bubbles into

the culture medium, (i) providing carbon dioxide to the

cells and (ii) stirring the liquid. The cells convert inor-

ganic carbon into organic carbon through photosyn-

thesis under illumination. Therefore, physical pheno-

mena, e.g. bubbly flow, mass transfer, radiative trans-

fer, and biological phenomena, e.g. photosynthesis,

cell growth and death, coexist in a photobioreactor.

More importantly, all the basic phenomena are stron-

gly dependent to each other. Some recent research

revealed that bubble behavior may directly affect the

biological process. In this context, the aim of this study

was to investigate the bubbly flow in a reactor column

by both experimental and numerical methods.

In the experimental part, we first designed and ma-

nufactured a new photobioreactor (rectangular shape

bubble column) to in situ study the bubbling. Cou-

pling a shadowgraphy technique with a high-speed re-

cording video camera allows capturing bubbles train.

Both averaged bubble volume and bubbling frequency

increased with gas flow rate. Furthermore, quite mo-

nodisperse distribution of bubble volume was obtai-

ned at low flow rate. Polydispersity increased with the

flow rate. The bubble shape evolution was quantita-

tively assessed using two shape factors, an aspect

ratio and a circularity. We found that both shape fac-

tors dropped rapidly during bubble rising as soon as

the bubble detached from the nozzle which implied

that bubbles were flattened. At higher flow rate, bubble

coalescence occurred quite frequently.

Volume of Fluid (VOF) method and OpenFOAM, an

open source CFD library, were chosen to perform

the bubbling simulation. This choice of methods was

made since the robustness of OpenFOAM in simu-

lating two-phase flow was reported by the literature.

In a first step, 2D simulations were carried out for

determining appropriate values of numerical parame-

ters such as the maximum Courant number and mesh

size. We found that mesh size should somehow be

largely smaller than the nozzle diameter to have mea-

ningful results. On the other hand, maximum Courant

number had no importance in the simulations (provi-

ded that its value belongs between 0 and 1). Further-

more, 3D simulations were performed in a computing

cluster (Mesocentre Fusion, University Paris Saclay).

Calculated bubble volume and bubble shape evolution

were in correct accordance with the experiments. Ho-

wever, 3D simulations were not able to represent the

polydispersity of bubble volume distribution due to a

much higher computing time for considering a suffi-

cient number of bubbles. Finally, several hydrodyna-

mic characteristics related to mixing thanks to a bub-

bling in a cylindrical shape one liter reactor were also

explored by the proposed numerical tool.

To conclude, bubble behaviors were successfully cap-

tured by experimental methods and represented by

numerical methods. This first step helps us to go

further in understanding the complicated physical-

biological phenomena of a photobioreactor.

Université Paris-Saclay
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