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Abstract

The central position held by Topological Quantum Field Theories (TQFTs) in the
study of low dimensional topology is due to their extraordinarily rich structure,
which allows for various interactions with and applications to questions of geo-
metric nature. Ever since their first appearance, a great effort has been put into
extending quantum invariants of 3-dimensional manifolds to TQFTs and Fxtended
TQFTs (ETQFTs). This thesis tackles this problem in two different general frame-
works. The first one is the study of the semisimple quantum invariants of Witten,
Reshetikhin and Turaev issued from modular categories. Although the correspond-
ing ETQFTs were known to exist for a while, an explicit realization based on the
universal construction of Blanchet, Habegger, Masbaum and Vogel appears here for
the first time. The aim is to set a golden standard for the second part of the thesis,
where the same procedure is applied to a new family of non-semisimple quantum
invariants due to Costantino, Geer and Patureau. These invariants had been pre-
viously extended to graded TQFTs by Blanchet, Costantino, Geer an Patureau,
but only for an explicit family of examples. We lay the first stone by introducing
the definition of relative modular category, a non-semisimple analogue to modular
categories. Then, we refine the universal construction to obtain graded ETQFTs
extending both the quantum invariants of Costantino, Geer and Patureau and the
graded TQFTs of Blanchet, Costantino, Geer and Patureau in this general setting.

Keywords

Extended TQFTs, Non-Semisimple Categories, Topological Quantum Field Theo-
ries, Quantum Invariants, Modular Categories, 2-Categories



Résumé

La position centrale occupée par les Théories Quantiques des Champs Topologiques
(TQFTs) dans I’étude de la topologie en basse dimension est due a leur structure
extraordinairement riche, qui permet différentes interactions et applications a des
questions de nature géométrique. Depuis leur premiére apparition, un grand effort
a été mis dans l'extension des invariants quantiques de 3-variétés en TQFTs et en
TQFT Etendues (ETQF Ts). Cette thése s’attaque a ce probléme dans deux cadres
généraux différents. Le premier est I’étude des invariants quantiques semi-simples
de Witten, Reshetikhin et Turaev issus de catégories modulaires. Bien que les ET-
QFTs correspondantes étaient connues depuis un certain temps, une réalisation
explicite basée sur la construction universelle de Blanchet, Habegger, Masbaum et
Vogel apparait ici pour la premiére fois. L’objectif est de tracer la route & suivre
dans la deuxiéme partie de la thése, ou la méme procédure est appliquée & une
nouvelle famille d’invariants quantiques non semi-simples due a Costantino, Geer
et Patureau. Ces invariants avaient déja été étendus en TQFTs graduées par Blan-
chet, Costantino, Geer and Patureau, mais seulement pour une famille explicite
d’exemples. Nous posons la premiére pierre en introduisant la définition de caté-
gorie modulaire relative, un analogue non semi-simple aux catégories modulaires.
Ensuite, nous affinons la construction universelle pour obtenir des ETQFTs gra-
duées étendant a la fois les invariants quantiques de Costantino, Geer et Patureau
et les TQFTs graduées de Blanchet, Costantino, Geer et Patureau dans ce cadre
général.

Mots-clés

TQFTs Etendues, Catégories Non Semi-Simples, Théories Quantiques des Champs
Topologiques, Invariants Quantiques, Catégories Modulaires, 2-Catégories
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Introduction

The main purpose of this thesis is to develop a general theory for the con-
struction of non-semisimple Extended Topological Quantum Field Theories for
the Costantino-Geer-Patureau quantum invariants of closed 3-manifolds defined
in [CGP14]. This short chapter is intended to provide motivation for this work
by outlining a rough overview of the domain and a brief introduction to its main
concepts.

Why are TQFTs interesting?

The study of Topological Quantum Field Theories represents a paramount ex-
ample of the fruitful interaction between physics and mathematics, and a rather
exceptional one too: it proves that the domains do not interact exclusively when
mathematical theories are used as a tool in order to approach problems or to con-
struct models of physical interest. Indeed, the converse happens as well: physics
can be an outstanding propeller for new ideas in mathematics. This is exactly what
happened with quantum topology, a mathematical discipline which stemmed from
some groundbreaking discoveries in theoretical physics. By now Topological Quan-
tum Field Theories, often abbreviated to the acronym TQFT, have taken a life of
their own within the boundaries of pure mathematics. It is even possible to work
on related research themes while knowing little or nothing of the physical concepts
that brought the subject into being. It is however fascinating to think that this
beautiful and elegant mathematical theory was inspired by physics, and that some
of the deepest questions and conjectures in the field are still provided by physical
insight.

Before setting out to explain what quantum topologists mean by TQFTs, which
is often different, at least on the level of terminology, from what theoretical physi-
cists mean, let us try to answer a more fundamental question: why should we
care about them? We begin with what is arguably the most naive motivation:
TQFTs provide numerical invariants for closed manifolds, called quantum invari-
ants, which enjoy good locality properties. In other words, in order to compute
their global value on a complicated closed manifold we can cut the latter along
codimension 1 submanifolds and we can then recombine the data assigned to the
simpler pieces obtained. In particular, it is sufficient to understand quantum in-
variants in local settings where the topology is simpler. This is a highly valuable
feature, as powerful topological invariants tend to be hard to explicitly compute in
general. Now, to be honest, it should not be thought that people actually build
TQFTs in order to obtain invariants for closed manifolds, at least not in dimen-
sion 3. Indeed, for what concerns all of the constructions treated in this thesis,
this picture would be misleading. Most of the time we start with some numerical
invariant of closed manifolds we already know, and then we try to extend it to a

xiii



xiv INTRODUCTION

TQFT, which is not necessarily an easy job. If we succeed in doing so, then we can
understand how local behaviours determine global ones, thus highly improving the
computability features of the invariant we started with. At any rate, the production
of closed manifold invariants is probably not the real reason people try to construct
TQFTs. Their true appeal lies in the richness of their structure, a feature which
allows for a number of interactions with and applications to questions of geometric
nature. The better known of them, at least in low dimensional topology, is the
study of Mapping Class Groups of surfaces. These elementary algebraic structures
are very easy to define and, at the same time, extraordinarily hard to understand,
with many open questions about them being active research themes. One of the
most famous conjectures in the field concerns their linearity, that is the existence of
faithful representations. Since in general Mapping Class Group representations are
quite hard to construct, every machinery that produces them is extremely helpful
in the investigation. This makes 3-dimensional TQFTs highly attractive as they
naturally induce representations of Mapping Class Groups of surfaces, called quan-
tum representations, which are among the most effective tools at our disposal in
order to tackle these kinds of problems.

What is a TQFT?

We have already mentioned Topological Quantum Field Theories in several
places, but we have not yet given a precise definition. This is because the mathe-
matical formalisation of the concept has a rather abstract flavor, and it is therefore
natural, at first glance, to wonder why we should even consider such a notion.

In extremely concise terms, a TQFT is a symmetric monoidal functor from a
cobordism category to a linear category. For the 3-dimensional theory, to which
we will exclusively confine for this thesis, it involves associating a vector space
with every closed surface in such a way that the topological operation of dis-
joint union of surfaces corresponds to the algebraic operation of tensor product
of vector spaces. At the same time, a 3-dimensional TQFT associates with every
3-dimensional cobordism between closed surfaces a linear map between the corre-
sponding vector spaces in such a way that the topological operation of gluing of
cobordisms is translated to the algebraic operation of composition of linear maps.
This means that by realizing a closed 3-manifold as the gluing of a finite family of
cobordisms we can compute its invariant as the composition of the corresponding
linear maps. It also means that TQFTs can be used for constructions which were
completely out of the reach of numerical invariants of closed 3-manifolds. For in-
stance, it is thanks to the rich structure provided by vector spaces and linear maps
that quantum representations of Mapping Class Group can be obtained.

The definition of TQFT provided here is essentially due to Atiyah. It was first
published in his 1988 paper [A88| and it was inspired by an analogue set of axioms
for Conformal Field Theories which had been previously proposed by Segal in [S88|.
However, as it often happens, the concept had already been considered before the
scientific community agreed on its actual definition. It made its first appearance
in a 1978 paper [S78] by Schwarz, where quantum field theories whose dynamics
is independent of the metric were first discussed. The first family of examples was
constructed only ten years later, and at the physical level of rigor, by Witten, but
in order to understand its importance we first need to outline a rough historical
overview of the events leading to this discovery.
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A brief history of quantum topology

For a long time the only known polynomial invariant of knots was the Alexan-
der polynomial. Tts definition, which first appeared in the 1928 paper [A28] by
Alexander, is derived from the homology of the infinite cyclic cover of the knot
complement. In particular, its geometric interpretation is rather clear, as its con-
struction allows for a concrete intuition of the topological properties it measures.
This means its limits are also well understood: for instance, a knot and his mirror
image always share the same Alexander polynomial. For more than sixty years all
the polynomial invariants of knots that were discovered were systematically proven
to boil down to some renormalization of the Alexander polynomial.

In 1985 a short paper [J85] by Jones introduced what is now known as the
Jones polynomial. This discovery started a small revolution in knot theory. Indeed,
an early computation by Jones and Birman shows that this invariant is not yet
another version of the Alexander polynomial, as it distinguishes the left trefoil
from the right trefoil. The definition, which is based on representations of braid
groups in Von Neumann algebras, makes it hard to understand what topological
properties of knots are detected, and to this day we are still missing a geometric
interpretation. On the other hand, thanks to skein calculus, the Jones polynomial
turns out to be rather easy to compute and quite a powerful invariant. For instance,
whether or not it is capable of detecting the unknot is still an open question.

The mysterious nature of the Jones polynomial is the main reason topolo-
gists were so excited when in 1989 a theoretical physics paper [W89] by Witten
showed the world an unexpected manifestation of this knot invariant in the con-
text of quantum field theory. Indeed, the birth of the domain known today as
quantum topology can probably be traced back to this event. Witten constructed
a new family of invariants of closed 3-manifolds which recovered and generalized
the Jones polynomial, and at the same time he predicted these invariants should
be understood as part of a richer structure provided by a family of TQFTs. His
construction made use of Feynman’s path integral, a tool which has not yet been
formalized on a mathematical level. More precisely, Witten’s definition involves
fixing a closed 3-manifold and integrating the Chern-Simons functional over the
whole infinite-dimensional space of connections on its tangent bundle. Since it is
not clear what sense should be made of a measure on such space, the mathematical
foundations of this approach are rather shaky. The insight it provides however is
remarkable, as many open conjectures about these 3-manifold invariants are in-
spired by the original construction. Witten remains to date the only physicist to
have ever been awarded the Fields medal, a sign that his talents for mathematics
are widely acknowledged.

This thrilling discovery sparked the interest of topologists in quantum field the-
ory, and many of them set out to try and formalize Witten’s results. Reshetikhin
and Turaev were the first who managed to produce a rigorous, although completely
different, construction of Witten’s family of 3-manifold invariants. Shortly after-
wards Turaev succeeded in completing Witten’s program by extending these invari-
ants through the construction, in a very general setting, of the family of TQFTs
known today as Witten-Reshetikhin-Turaev. His work is what we call in this thesis
the semisimple theory, and in Chapter 1 we entirely rephrase it in order to set the
golden standard for its non-semisimple generalization.
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Pleasures and pains of semisimple theories

Although, as we mentioned earlier, TQFTs are not that easy to build, the first
and most famous family of examples comes in several different incarnations. The
existence of various interpretations for it is an essential feature of the semisimple
theory which ensure connections with many areas of mathematics. It allows indeed
for the study of related questions under different perspectives and it makes room
for the use of diverse techniques in order to reach deep results. Here is a non-
exhaustive list of the main different realizations of the Witten-Reshetikhin-Turaev
family of quantum invariants and TQFTs:

(i) The original construction was performed by Witten in his 1988 paper
[W88]. Although its mathematical basis is not firm, its main advantage
lies in the unique insight it provides. An example of the deep open
questions which are inspired by this approach is Witten’s asymptotic
conjecture, the prediction of a relation between a certain limit stated
in terms of Witten-Reshetikhin-Turaev quantum invariants and some
expression involving classical invariants such as Reidemeister torsions,
Chern-Simons invariants and the spectral flow of representations of the
fundamental group.

(i) The first rigorous construction was obtained by Reshetikhin and Turaev
in their 1991 paper [RT91], for what concerns quantum invariants, and
by Turaev in his 1994 book [T94], for what concerns TQFTs. Their ap-
proach is based on the semisimple representation theory of the restricted
version of the quantum group of sly at roots of unity. Its rather alge-
braic flavor makes it the best suited for generalizations. Indeed, all of
the constructions which will be central to this thesis are derived from
this version of the theory.

(i) In their 1992 paper [BHMV92| Blanchet, Habegger, Masbaum and
Vogel delivered a completely combinatorial construction of these quan-
tum invariants, which they extended to TQFTs in their 1995 paper
[BHMV95|. Their definition relies on the bracket polynomial intro-
duced by Kauffman in [K87]. The advantage of this approach is that it
makes computations easier by translating them into a problem of skein
calculus. They are also to be credited with the introduction of the uni-
versal construction, a very general machinery on which all of the results
in this thesis will heavily rely.

(iv) More recently, in a series of paper which culminated with [AU15], An-
dersen and Ueno gave a geometric interpretation of the previous construc-
tions which allows for the use of analytic methods in order to approach
a number of open questions like the Andersen-Masbaum-Ueno conjecture
on the dynamics of diffeomorphisms of surfaces. An example of the deep
results within the reach of geometric techniques is given by the asymp-
totic faithfulness of Mapping Class Group representations established by
Andersen in [A06].

As it is witnessed by the previous list, Witten-Reshetikhin-Turaev quantum invari-
ants and TQFTs have been studied extensively since their first appearance. In fact,
they provide a very active research theme to this day. Although much more remains
to be discovered, certain weaknesses of this family of examples are already known:
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(i) There exist infinite families of pairs of inequivalent closed 3-manifolds
which cannot be distinguished by the Witten-Reshetikhin-Turaev quan-
tum invariants. Examples are provided by pairs of lens spaces which are
homotopically equivalent but not homeomorphic.

(#) Quantum representations of Mapping Class Groups induced by Witten-
Reshetikhin-Turaev TQFTs are never faithful. In particular Dehn twists
along simple closed curves always act on TQFT vector spaces of closed
surfaces with finite order.

(éi1) In general the theory is not well-suited to treat certain fundamental ques-
tions. An example is provided by the volume conjecture first proposed
by Kashaev in [K97] and later generalized by Murakami and Murakami
in [MMO01] and by Murakami, Murakami, Okamoto, Takata and Yokota
in [MMOTYO02]|. In its complex form, it consists in the prediction of a
relation between some expression involving the hyperbolic volume of the
complement of a hyperbolic link, together with its Chern-Simons invari-
ant, and a certain limit stated in terms of the Jones polynomials colored
with the Steinberg representations of quantum sl;. Since the latter are
not featured in the construction of Reshetikhin and Turaev, certain as-
pects of these questions are out of the reach of semisimple quantum
invariants.

Non-semisimple theories

In the algebraic construction by Reshetikhin and Turaev there is substantial
room for improvement, as only small semisimple quotients of representation cate-
gories of quantum sly enter the picture. We could hope to obtain more powerful
quantum invariants and TQFTs by adapting their machinery in order to take into
account also non-semisimple parts of categories of representations. This has been
done quite early, most notably in the 1996 paper [H96] by Hennings and in a
series of publications by Kerler and Lyubashenko which culminated in their joint
2001 book [KLO1]. These constructions of non-semisimple quantum invariants and
TQFTs would deserve to be discussed at lenght, but we will not focus on them in
this thesis. We just point out that non-semisimple Hennings invariants vanish on all
closed 3-manifolds with positive first Betti number and that Kerler-Lyubashenko
TQFTs are defined only for connected surfaces. In particular, though it is extremely
interesting, this version of the non-semisimple theory still has some weaker points.

What was probably lacking from earlier attempts at producing powerful non-
semisimple constructions is the theory of traces on ideals which was developed
by Geer and Patureau through a number of collaborations with Turaev, Kujawa
and Virelizier. This body of work constitutes the ground on which more recent
non-semisimple constructions have been erected. In their 2014 paper [CGP14]
Costantino, Geer and Patureau defined a new family of quantum invariants of
closed 3-manifolds of Witten-Reshetikhin-Turaev type which are based on the non-
semisimple representation theory of the unrolled version of quantum sly. In their
2017 paper [BBG17] Beliakova, Blanchet and Geer defined, in the case of restricted
quantum sly, a logarithmic version of Hennings’ invariants which integrates the new
technology of traces on ideals into the construction.

This thesis builds on the first of these two works. Indeed, TQFTs extending the
Costantino-Geer-Patureau invariants in the case of quantum sls have already been
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defined in [BCGP16] by Blanchet, Costantino, Geer and Patureau, and a series of
remarkable properties, which mark a sharp contrast with the Witten-Reshetikhin-
Turaev theory, have been established:

(i) The Costantino-Geer-Patureau quantum invariants are strictly finer than
the Witten-Reshetikhin-Turaev ones. Indeed, they recover various classi-
cal invariants such as the Reidemeister torsion, which naturally appears
in a standard normalization. This allows to recover the whole classifica-
tion of lens spaces.

(7i) All of the quantum representations of Mapping Class Groups induced
by the Blanchet-Costantino-Geer-Patureau TQFTs have unprecedented
behaviours, with Dehn twists along non-separating simple closed curves
always acting with infinite order. In particular, nothing is known to be
in the kernels of these representations, as all diffeomorphisms which were
there in the semisimple theory no longer are.

(éii) The inclusion of Steinberg representations of quantum sls, also known
as Kashaev colors, into the construction makes it possible to use these
quantum invariants and TQFTs in order to extend the volume conjecture
to links in arbitrary manifolds and to prove it for an infinite family of
examples.

What is an Extended TQFT?

What this thesis actually deals with is the construction of Fxtended TQFTs,
which will be often abbreviated with the acronym ETQFT. The idea is that, just
like invariants of closed manifolds, TQFTs may be hard to compute in general. One
thing we could try to do then is to localize them also in their codimension 1 parts.
This means extending their definition so to allow computations of vector spaces
associated with codimension 1 submanifolds to be made by cutting the latter along
codimension 2 submanifolds and then recombining the data assigned to the various
simpler pieces obtained. In the same abstract terms used before, an ETQFT can
then be defined as a symmetric monoidal 2-functor from a cobordism 2-category to
a linear 2-category. The possible targets this time are many, and different choices
can give rise to slightly different theories. For the purpose of this thesis we may
think of a 3-dimensional ETQFT as associating a complete linear category with
every closed 1-manifold, a linear functor with every 2-dimensional cobordism and
a natural transformation with every 3-dimensional cobordism with corners.

In what sense does the above notion do the job we introduced it for in the
first place? Well, exactly in the same way TQFTs provided the analogue service
for quantum invariants. Indeed, computing the quantum invariant of a closed 3-
manifold by means of a TQFT amounts to do the following: we start by interpreting
the closed 3-manifold as a cobordism between two copies of the empty surface. Then
the TQFT associates with it a linear endomorphism of a certain vector space which,
as a consequence of monoidality, is isomorphic to the base field, the unit for the
tensor product of vector spaces. Such a map is just a product with some fixed
number, which we can interpret as the quantum invariant of the closed 3-manifold.
This idea directly generalizes to the extended setting. Indeed, if we want to compute
the TQFT vector space of a closed surface by means of an ETQFT, the procedure
is the same: we start by interpreting the closed surface as a cobordism between
two copies of the empty 1-manifold. Then the ETQFT associates with it a linear
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endofunctor of a certain linear category which, as a consequence of monoidality,
is equivalent to the category of finite-dimensional vector spaces, the unit for the
tensor product of complete linear categories. Such a functor is equivalent to a tensor
product with some fixed vector space, which we can interpret as the TQFT vector
space of the closed surface. In particular, hidden behind the higher structure of a
symmetric monoidal 2-functor, we still have a recipe which associates a complex
number with every closed 3-manifold and a vector space with every closed surface.

Results

It has been known for a while that Witten-Reshetikhin-Turaev TQFTs extend
to ETQFTs. In fact, all semisimple ETQFTs have been classified by Bartlett,
Douglas, Schommer-Pries and Vicary in their 2015 paper [BDSV15]. Once again,
there are several ways of constructing all of these ETQFTs. In Chapter 1 we present
a completely general and explicit recipe for doing so which mixes two of the classical
approaches: the algebraic formalism of Turaev, and the universal construction of
Blanchet, Habegger, Masbaum and Vogel. None of the results contained in this
first part of the thesis is original, but we provide a detailed construction all the
same in order to chart a course we will later follow while trying to develop an
analogous theory in the previously unexplored non-semisimple setting. The two
key algebraic structures introduced by Turaev which allow for the implementation
of the whole procedure are non-degenerate pre-modular categories and modular
categories. A non-degenerate pre-modular category is precisely what is needed, in
the most general version of the theory, in order to obtain an associated Witten-
Reshetikhin-Turaev quantum invariant. A modular category is just a pre-modular
category satisfying a strong non-degeneracy condition which implies the weaker
one required to construct closed 3-manifold invariants. The main result then is
that the Witten-Reshetikhin-Turaev quantum invariant associated with a modular
category extends to an ETQFT. We can even give a combinatorial description of
this ETQFT and a meaningful interpretation of its various components in terms of
algebraic structures on the modular category at use.

In Chapter 2 we play the same game, but starting from the Costantino-Geer-
Patureau quantum invariants. This time we implement the universal construction
of Blanchet, Habegger, Masbaum and Vogel in the context of the algebraic formal-
ism introduced by Costantino, Geer and Patureau. Results in this second half of
the thesis are new, and they combine to provide a very general theory for the pro-
duction of non-semisimple ETQFTs. The key algebraic structures underlying the
construction of Costantino-Geer-Patureau quantum invariants are non-degenerate
relative pre-modular categories. We should think of these categories as some sorts
of non-semisimple analogues to the building blocks for Witten-Reshetikhin-Turaev
quantum invariants. Our first contribution is the identification of the new concept
of relative modular category, an algebraic structure which will play the role of mod-
ular categories in this non-semisimple setting. Our main result can be then stated
as follows:

THEOREM. The Costantino-Geer-Patureau quantum invariant associated with
a relative modular category extends to a graded ETQFT.

In order to build these graded ETQFTs we have to construct 2-categories of
cobordisms whose decorations involve cohomology classes. We point out that this
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time the theory is significantly more complicated, as the procedure we implemented
in the semisimple setting does not directly produce an ETQFT. Indeed, we face
obstructions to monoidality, and the strategy to tackle them will be to refine the
universal construction by integrating them into its structure. This phenomenon
is responsible for the appearance of gradings in this non-semisimple version of the
theory. Finally, a combinatorial description and a meaningful interpretation of the
various components can be derived for this graded ETQFT in complete analogy
with the semisimple case, although some of the explicit characterizations this time
are decidedly more complicated.



Préface

Le but principal de cette thése est de développer une théorie générale pour la
construction de Théories Quantiques des Champs Topologiques Etendues non semi-
simples pour les invariants quantiques de Costantino-Geer-Patureau de 3-variétés
fermées définis dans [CGP14]. Ce court chapitre est consacré a motiver ce tra-
vail en esquissant une vue d’ensemble du domaine et une bréve introduction a ses
principaux concepts.

Pourquoi les TQFTs sont-elles intéressantes ?

L’étude des Théories Quantiques des Champs Topologiques représente un écla-
tant exemple de l'interaction fructueuse entre la physique et les mathématiques qui
est plutot exceptionnel : il prouve que les domaines n’interagissent exclusivement
lorsque des théories mathématiques sont utilisées comme outil pour aborder des pro-
blémes ou pour construire des modéles d’intérét physique. En effet, le phénoméne
inverse se produit aussi : la physique peut étre un propulseur exceptionnel pour
de nouvelles idées en mathématiques. C’est exactement ce qui s’est produit avec
la topologie quantique, une discipline mathématique née & partir de découvertes
révolutionnaires en physique théorique. Maintenant, les Théories Quantiques des
Champs Topologiques, souvent abrégées par 'acronyme TQFT, ont évolué en des
concepts autonomes en mathématiques fondamentales. Il est méme possible de tra-
vailler sur des thémes de recherche connexes tout en connaissant peu ou pas les
concepts physiques qui ont amené & la naissance le sujet. C’est pourtant fascinant
de penser que cette belle et élégante théorie mathématique a été inspirée de la phy-
sique et que certaines des questions les plus profondes et des conjectures les plus
importantes du domaine sont toujours inspirées par une compréhension physique.

Avant d’expliquer ce que les topologues quantiques entendent par TQFT, qui
est souvent différent, au moins sur le plan de la terminologie, de ce que les physi-
ciens théoriques entendent, essayons de répondre & une question plus fondamentale :
pourquoi devrions-nous nous en préoccuper ? Nous commencons par ce qui est sans
doute la motivation la plus naive : les TQFTs produisent des invariants numériques
pour les variétés fermées, appelés invariants quantiques, qui satisfont de bonnes
propriétés de localité. En d’autres termes, afin de calculer leur valeur globale sur
une variété fermée compliquée, nous pouvons couper cette derniére le long de sous-
variétés de codimension 1 et nous pouvons ensuite recombiner les données associées
aux morceaux plus simples obtenues. En particulier, il suffit de comprendre les
invariants quantiques dans des contextes locaux ot la topologie est plus simple.
Cette caractéristique est trés précieuse, d’autant plus que les invariants topolo-
giques puissants ont tendance a étre difficiles & calculer explicitement en général.
Or, pour dire vrai, il ne faut pas penser que les gens construisent des TQFTs afin
d’obtenir des invariants pour les variétés fermées, au moins pas en dimension 3.

xxi
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En effet, pour ce qui concerne toutes les constructions traitées dans cette thése,
cette image serait trompeuse. La plupart du temps, on commence avec un invariant
numérique des variétés fermées qu’on connait déja, puis on essaie de ’étendre en
une TQFT, ce qui n’est pas nécessairement facile. Si nous arrivons & le faire, nous
pouvons comprendre comment les comportements locaux déterminent les compor-
tements globaux, améliorant ainsi considérablement les propriétés de calculabilité
de I'invariant de départ. En tout cas, la production d’invariants des variétés fermées
n’est probablement pas la vraie raison pour laquelle les gens essaient de construire
des TQFTs. Leur véritable attrait réside dans la richesse de leur structure, une
caractéristique qui permet un certain nombre d’interactions et d’applications & des
questions de nature géométrique. La plus connue d’entre elles, au moins en topo-
logie en basse dimension, est I’étude des Mapping Class Groups de surfaces. Ces
structures algébriques élémentaires sont trés faciles & définir et, en méme temps,
extraordinairement difficiles & comprendre, avec beaucoup de questions ouvertes a
ce sujet qui constituent des thémes de recherche actifs. L'une des conjectures les
plus célébres dans le domaine concerne leur linéarité, c’est a dire l'existence de
représentations fidéles. Puisque, en général, les représentations des Mapping Class
Groups sont assez difficiles & construire, toutes les machines qui les produisent sont
extrémement utiles dans 'enquéte. Cela rend les TQFTs de dimension 3 trés inté-
ressantes car elles produisent naturellement des représentations des Mapping Class
Groupes de surfaces, appelées représentations quantiques, qui sont parmi les outils
les plus efficaces & notre disposition pour s’attaquer a ces types de problémes.

Qu’est-ce qu’une TQFT ?

Nous avons déja mentionné les Théories Quantiques des Champs Topologiques &
plusieurs endroits, mais nous n’avons pas encore donné une définition précise. C’est
parce que la formalisation mathématique du concept a une saveur plutét abstraite,
et il est donc naturel, & premiére vue, de se demander pourquoi on devrait méme
considérer une telle notion.

En termes extrémement concis, une TQFT est un foncteur monoidal symétrique
d’une catégorie de cobordisme vers une catégorie linéaire. Pour ce qui concerne la
théorie en dimension 3, a laquelle nous allons nous restreindre dans cette thése, il
s’agit d’associer un espace vectoriel & chaque surface fermée de telle sorte que ’opé-
ration topologique d’union disjointe de surfaces correspond a ’opération algébrique
de produit tensoriel d’espaces vectoriels. Au méme temps, une TQFT en dimension
3 associe a chaque cobordisme de dimension 3 entre surfaces fermées une applica-
tion linéaire entre les espaces vectoriels correspondants de telle sorte que 'opération
topologique de recollement de cobordismes soit traduite dans ’opération algébrique
de composition d’applications linéaires. Cela signifie que, en réalisant une 3-variété
fermée comme le recollement d’une famille finie de cobordismes, nous pouvons calcu-
ler son invariant comme la composition des applications linéaires correspondantes.
Cela signifie également que les TQFTs peuvent étre utilisés pour des constructions
qui étaient totalement hors de portée des invariants numériques de 3-variétés fer-
mées. Par exemple, c’est grace a la riche structure fournie par les espaces vectoriels
et les applications linéaires que les représentations quantiques des Mapping Class
Groups peuvent étre obtenues.
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La définition de TQFT fournie ici est essentiellement due & Atiyah. Elle a été
publiée pour la premiére fois dans son article daté de 1988 [A88] et elle a été inspi-
rée par un ensemble analogue d’axiomes pour les Théories Conformes des Champs
qui avait déja été proposé par Segal dans [S88|. Cependant, comme cela arrive sou-
vent, le concept avait déja été considéré avant que la communauté scientifique ne
se mette d’accord sur sa définition. Il a fait sa premiére apparition en 1978 dans un
article de Schwarz [S78], ou des théories quantiques des champs dont la dynamique
est indépendante de la métrique ont été discutées pour la premiére fois. La pre-
miére famille d’exemples a été construite seulement dix ans plus tard, et au niveau
physique de la rigueur, par Witten, mais pour comprendre son importance, il faut
d’abord donner un apergu historique des événements menant a cette découverte.

Bréve histoire de la topologie quantique

Pendant longtemps, le seul invariant polynomial des nceuds connu était le po-
lynome d’Alexander. Sa définition, qui est apparue pour la premiére fois en 1928
dans l'article d’Alexandre [A28], est dérivé de ’homologie du revétement cyclique
infinie du complément du noeud. En particulier, son interprétation géométrique
est assez claire, car sa construction permet une intuition concréte des propriétés
topologiques qu’il mesure. Cela signifie également que ses limites sont bien com-
prises : par exemple, un nceud et son image miroir partagent toujours le méme
polynéme d’Alexander. Pendant plus de soixante ans, chaque découverte d’un nou-
veau invariant polynomial des noeuds a été systématiquement démontré aboutir a
une renormalisation du polyndéme d’Alexander.

En 1985, un court article [J85] de Jones a introduit ce qu’on appelle maintenant
le polynome de Jones. Cette découverte a déclenché une petite révolution dans la
théorie des noeuds. En effet, un calcul de Jones et Birman a montré tout de suite
que cet invariant n’était pas une autre version du polynéme d’Alexander, car il
arrive a distinguer le tréfle gauche du tréfle droit. La définition, qui est basé sur
des représentations des groupes de tresses dans des algébres de Von Neumann, rend
difficile de comprendre quelles propriétés topologiques des nceuds sont détectées et,
A ce jour, nous n’avons encore pas trouvé une interprétation géométrique. D’autre
part, grace aux relations d’écheveaux, le polynéme de Jones s’avére étre plutot
facile & calculer et assez puissant comme invariant. Par exemple, la question de
comprendre s’il est capable de détecter le noeud trivial reste encore ouverte.

La nature mystérieuse du polynoéme de Jones est la raison principale de ’enthou-
siasme qui s’est diffusé parmi les topologues lorsque, en 1989, un article de physique
théorique de Witten [W89] a montré au monde une manifestation inattendue de
cet invariant des nceud dans le contexte de la théorie quantique des champs. En
effet, la naissance du domaine connu aujourd’hui sous le nom de topologie quan-
tique peut étre probablement remonté a cet événement. Witten a construit une
nouvelle famille d’invariants des 3-variétés fermées qui retrouvent et généralisent le
polynéme de Jones, et en méme temps il a prédit que ces invariants devraient étre
compris comme faisant partie d’une structure plus riche fournie par une famille de
TQFTs. Sa construction utilisait 'intégrale de chemin de Feynman, un outil qui
n’a pas encore a été formalisé au niveau mathématique. Plus précisément, la défini-
tion de Witten consiste a fixer une 3-variété fermée et a intégrer la fonctionnelle de
Chern-Simons sur ’espace de dimension infinie des connexions sur son fibré tangent.
Comme il n’est pas clair quel sens doit étre fait d’une mesure sur un tel espace, les
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fondements mathématiques de cette approche sont plutét fragiles. Le point de vue
qu’il fournit cependant est remarquable, car de nombreuses conjectures ouvertes
a propos de ces invariants des 3-variétés s’inspirent de la construction originale.
Witten reste a ce jour le seul physicien a avoir recu la médaille Fields, signe que
ses talents pour les mathématiques sont largement reconnus.

Cette découverte passionnante a suscité 'intérét des topologues dans la théorie
quantique des champs, et beaucoup d’entre eux ont entrepris d’essayer de forma-
liser les résultats de Witten. Reshetikhin et Turaev ont été les premiers qui ont
réussi a produire une construction rigoureuse, bien que complétement différente,
de la famille d’invariants des 3-variétés de Witten. Peu de temps aprés, Turaev a
réussi a compléter le programme de Witten en étendant ces invariants a travers la
construction, dans un cadre trés général, de la famille de TQFTs connue aujour-
d’hui comme de Witten-Reshetikhin-Turaev. Son travail est ce que nous appelons
dans cette thése la théorie semi-simple. Dans le Chapitre 1 nous allons présenter
une reformulation de ces résultats afin de tracer la route pour leur généralisation
non semi-simple.

Joies et douleurs des théories semi-simples

Bien que, comme nous ’avons mentionné plus tot, les TQFTs ne soient pas
faciles a construire, la premiére et la plus célébre famille d’exemples se présente
dans plusieurs incarnations différentes. L’existence d’interprétations diverses est une
caractéristique essentielle de la théorie semi-simple qui assure connexions avec de
nombreux domaines des mathématiques. Elle permet en effet d’étudier des questions
connexes sous différentes perspectives et elle permet de recourir a des techniques
variées afin d’atteindre des résultats profonds. Voici une liste non exhaustive des
principales réalisations différentes de la famille d’invariants quantiques et de TQFTs
de Witten-Reshetikhin-Turaev :

(i) La construction originale a été réalisée en 1988 par Witten dans son
article [W88]. Bien que sa base mathématique ne soit pas ferme, son
principal avantage réside dans la perspective unique qu’elle fournit. Un
exemple des questions profondes ouvertes qui s’inspire de cette approche
est la conjecture asymptotique de Witten, la prédiction d’une relation
entre une limite exprimée en termes des invariants quantiques de Witten-
Reshetikhin-Turaev et une certaine expression impliquant des invariants
classiques tels que la torsion de Reidemeister, les invariants de Chern-
Simons et le flot spectral des représentations du groupe fondamental.

(#) La premiére construction rigoureuse a été obtenue en 1991 par Reshe-
tikhin et Turaev dans leur article [RT91], pour ce qui concerne les in-
variants quantiques, et en 1994 par Turaev dans son livre [T94], pour
ce qui concerne les TQFTs. Leur approche est basée sur la théorie semi-
simple de représentation de la version restreinte du groupe quantique de
sly aux racines de 'unité. Sa saveur plutét algébrique le rend le mieux
adapté aux généralisations. En effet, toutes les constructions au centre
de cette thése sont dérivées de cette version de la théorie.

(#i) Dans leur article daté de 1992 [BHMV92| Blanchet, Habegger, Mas-
baum et Vogel ont livré une construction entiérement combinatoire de
ces invariants quantiques, qu’ils ont étendus en TQFTs dans leur article
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daté de 1995 [BHMV95]. Leur définition repose sur le polyndéme du cro-
chet introduit par Kauffman dans [K87|. L’avantage de cette approche
est qu’il rend les calculs plus faciles en les traduisant en un probléme de
calcul d’écheveaux. Ils sont également & créditer pour 'introduction de
la construction universelle, une procédure trés générale de laquelle tous
les résultats de cette thése dépendront fortement.

Plus récemment, dans une série d’articles qui ont abouti a [AU15], An-
dersen et Ueno ont donné une interprétation géométrique des construc-
tions précédentes qui permet 'utilisation de méthodes analytiques pour
aborder un certain nombre de questions ouvertes comme le Conjecture
Andersen-Masbaum-Ueno sur la dynamique des difféeomorphismes des
surfaces. Un exemple des résultats profonds a la portée des techniques
géométriques est donné par la fidélité asymptotique des représentations
des Mapping Class Groups établie par Andersen dans [A06].

Comme le montre la liste précédente, les invariants quantiques et les TQFTs de
Witten-Reshetikhin-Turaev ont été largement étudiés depuis leur premiére appari-
tion. En fait, ils constituent un théme de recherche trés actif a ce jour. Bien qu’il
reste encore beaucoup & découvrir, certaines faiblesses de cette famille d’exemples
sont déja connues :

(4)

(id)

Il existe des familles infinies de paires de 3-variétés inéquivalentes qui
ne peuvent pas étre distingués par les invariants quantiques de Witten-
Reshetikhin-Turaev. Des exemples sont fournis par des paires d’espaces
lenticulaires qui sont homotopiquement équivalents, mais pas homéo-
morphes.

Les représentations quantiques des Mapping Class Groups induites par
les TQFTs de Witten-Reshetikhin-Turaev ne sont jamais fidéles. En par-
ticulier, les twists de Dehn le long de courbes fermées simples agissent
toujours avec ordre fini sur les espaces vectoriels de TQFT des surfaces
fermées.

En général, la théorie n’est pas bien adaptée pour traiter certaines ques-
tions fondamentales. Un exemple est fourni par la conjecture de volume
proposée d’abord par Kashaev dans [K97]| et généralisée plus tard par
Murakami et Murakami dans [MMO1] et par Murakami, Murakami, Oka-
moto, Takata et Yokota dans [MMOTY02]. Dans sa forme complexe,
elle consiste en la prédiction d’une relation entre une expression impli-
quant le volume hyperbolique du complément d’un entrelacs hyperbo-
lique, ainsi que son invariant de Chern-Simons, et une certaine limite
exprimée en termes des polynémes de Jones coloriés avec les représen-
tations de Steinberg de sly quantique. Comme ces derniéres ne figurent
pas dans la construction de Reshetikhin et Turaev, certains aspects de
ces questions sont hors de portée des invariants quantiques semi-simples.

Théories non semi-simples

Dans la construction algébrique de Reshetikhin et Turaev, il existe une grande
marge d’amélioration, car seuls des petits quotients semi-simples de catégories de
représentations de slo quantique interviennent. Nous pourrions espérer obtenir des
invariants quantiques et des TQFTs plus puissants en adaptant leur construction
afin de prendre en compte également des parties non semi-simples des catégories
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de représentations. Cela a été fait assez to6t, notamment dans l'article de Hennings
daté de 1996 [H96] et dans une série de publications de Kerler et Lyubashenko
qui ont abouti & leur livre en collaboration [KLO1] en 2001. Ces constructions
d’invariants quantiques et de TQFTs non semi-simples mériteraient d’étre discutés
longuement, mais nous ne nous concentrerons pas sur eux dans cette thése. Nous
soulignons simplement que les invariants non semi-simples de Hennings s’annulent
sur toutes les 3-variétés fermées avec premier nombre de Betti positif et que les
TQFTs de Kerler-Lyubashenko sont définies uniquement pour les surfaces connexes.
En particulier, bien qu’elle soit extrémement intéressante, cette version de la théorie
non semi-simple a encore des points faibles.

Ce qui manquait probablement dans les tentatives précendentes de produire des
constructions non semi-simples puissantes, c¢’est la théorie des traces sur des idéaux
développée par Geer et Patureau a travers un certain nombre de collaborations avec
Turaev, Kujawa et Virelizier. Ce corps de travail constitue le terrain sur lequel des
de 2014 [CGP14] Costantino, Geer et Patureau ont défini une nouvelle famille d’in-
variants quantiques de 3-variétés fermées de type Witten-Reshetikhin-Turaev qui
sont basés sur la théorie non semi-simple des représentations de la version déroulé
de slp quantique. Dans leur article daté de 2017 [BBG17| Beliakova, Blanchet et
Geer définissent, dans le cas de sl quantique restreint, une version logarithmique
des invariants de Hennings qui intégre la nouvelle technologie des traces sur des
idéaux dans la construction.

Cette thése s’appuie sur la premiére de ces deux ceuvres. En effet, des TQFTs
étendants les invariants de Costantino-Geer-Patureau dans le cas de sly quantique
ont déja été définies dans [BCGP16| par Blanchet, Costantino, Geer et Patureau,
et une série de propriétés remarquables, qui marquent une nette différence avec la
théorie de Witten-Reshetikhin-Turaev, ont été établies :

(4) Les invariants quantiques de Costantino-Geer-Patureau sont strictement
plus fins que les invariants de Witten-Reshetikhin-Turaev. En effet, ils
retrouvent plusieurs invariants classiques comme la torsion de Reide-
meister, qui apparait dans une normalisation standard. Cela permet de
récupérer la classification compléte des espaces lenticulaires.

(i) Toutes les représentations quantiques des Mapping Class Groups induites
par les TQFTs de Blanchet-Costantino-Geer-Patureau ont des comporte-
ments sans précédent, avec les twists de Dehn le long de courbes fermées
simples non séparantes agissant toujours avec ordre infini. En particulier,
on ne connait rien dans les noyaux de ces représentations, car tous les
diffeomorphismes qui étaient 14 dans la théorie semi-simple n’y sont plus.

(#) L’inclusion dans la construction des représentations de Steinberg de sly
quantique, également connues sous le nom de couleurs de Kashaev, per-
met d’utiliser ces invariants quantiques et ces TQFTs pour étendre la
conjecture de volume aux entrelacs dans des variantes arbitraires et pour
la prouver pour une famille infinie d’exemples.

Qu’est-ce qu’une TQFT Etendue ?

Ce que cette thése traite en réalité est la construction de TQFTs Etendues,
qui seront souvent abrégé avec 'acronyme ETQFT. L’idée est que, tout comme les
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invariants des variétés fermées, les TQFTs peuvent étre difficiles a calculer en géné-
ral. Une chose que nous pourrions tenter de faire alors est de les localiser également
dans leurs parties de codimension 1. Cela signifie étendre leur définition de maniére
a permettre de réaliser les calculs d’espaces vectoriels associés aux sous-variétés
de codimension 1 en coupant ces derniéres le long de sous-variétés de codimen-
sion 2 et ensuite en recombinant les données associées aux différentes morceaux
plus simples obtenues. Dans les mémes termes abstraits utilisés précédemment, une
ETQFT peut alors étre définie comme un 2-foncteur monoidal symétrique d’une
2-catégorie de cobordismes vers une 2-catégorie linéaire. Les cibles possibles cette
fois sont nombreuses, et différents choix peuvent donner lieu a des théories lége-
rement différentes. Aux fins de cette thése, nous pouvons penser qu'une ETQFT
en dimension 3 associe une catégorie linéaire compléte & chaque 1-variété fermeée,
un foncteur linéaire & chaque cobordisme de dimension 2 et une transformation
naturelle & chaque cobordisme & coins de dimension 3.

Dans quel sens la notion ci-dessus fait-elle ce pour lequel nous I’avons introduite
en premier lieu? Exactement de la méme maniére que les TQFTs fournissaient le
service analogue pour les invariants quantiques. En effet, le calcul de l'invariant
quantique d’une 3-variété fermée au moyen d’'une TQFT se fait comme suit : on
commence par interpréter la 3-variété fermée comme un cobordisme entre deux co-
pies de la surface vide. Ensuite, la TQFT lui associe un endomorphisme linéaire
d’un certain espace vectoriel qui, en conséquence de la monoidalité, est isomorphe
au corps de base, I'unité pour le produit tensoriel d’espaces vectoriels. Une telle
application n’est qu’un produit avec un nombre fixe, ce que 'on peut interpréter
comme l'invariant quantique de la 3-variété fermée. Cette idée se généralise direc-
tement au cas étendu. En effet, si nous voulons calculer ’espace vectoriel de TQFT
d’une surface fermée au moyen d’'une ETQFT, la procédure est la méme : on com-
mence par interpréter la surface fermée comme un cobordisme entre deux copies
de la 1-variété vide. Ensuite, 'ETQFT lui associe un endofoncteur linéaire d’une
certaine catégorie linéaire qui, en conséquence de la monoidalité, équivaut a la ca-
tégorie des espaces vectoriels de dimension finie, I'unité pour le produit tensoriel
de catégories linéaires complétes. Un tel foncteur équivaut & un produit tensoriel
avec un espace vectoriel fixe, que I'on peut interpréter comme ’espace vectoriel de
TQFT de la surface fermée. En particulier, cachée derriére la structure supérieure
de 2-foncteur monoidal symétrique, nous avons encore une recette qui associe un
nombre complexe & chaque 3-variété fermée et un espace vectoriel & chaque surface
fermée.

Résultats

On sait depuis un certain temps que les TQFTs de Witten-Reshetikhin-Turaev
s’étendent en ETQFTs. En fait, toutes les ETQFTs semi-simples ont été classées
par Bartlett, Douglas, Schommer-Pries et Vicary dans leur article daté de 2015
[BDSV15]. Encore une fois, il existe plusieurs fagons de construire toutes ces ET-
QFTs. Dans le Chapitre 1, nous présentons une recette complétement générale et
explicite pour faire cela, qui mélange deux des approches classiques : le forma-
lisme algébrique de Turaev et la construction universelle de Blanchet, Habegger,
Masbaum et Vogel. Aucun des résultats contenus dans cette premiére partie de
la thése n’est original, mais nous fournissons une construction détaillée tout de
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méme pour tracer une route que nous suivrons plus tard en essayant de dévelop-
per une théorie analogue dans le cadre non semi-simple précédemment inexploré.
Les deux structures algébriques clés introduites par Turaev qui permettent la mise
en ceuvre de la procédure sont les catégories pré-modulaires non dégénérées et les
catégories modulaires. Une catégorie pré-modulaire non dégénérée est précisément
ce qui est nécessaire, dans la version la plus générale de la théorie, afin d’obte-
nir un invariant quantique de Witten-Reshetikhin-Turaev. Une catégorie modulaire
est juste une catégorie pré-modulaire satisfaisant une condition de non dégénéres-
cence plus forte qui implique celle plus faible requise pour construire des invariants
des 3-variétés fermées. Le résultat principal est alors que l'invariant quantique de
Witten-Reshetikhin-Turaev associé a une catégorie modulaire s’étend en une ET-
QFT. Nous pouvons méme donner une description combinatoire de cette ETQFT
et une interprétation significative de ses différentes composantes en termes de struc-
tures algébriques sur la catégorie modulaire utilisée.

Dans le Chapitre 2, nous jouons le méme jeu, mais & partir des invariants
quantiques de Costantino-Geer-Patureau. Cette fois, nous mettons en ceuvre la
construction universelle de Blanchet, Habegger, Masbaum et Vogel dans le cadre
du formalisme algébrique introduit par Costantino, Geer et Patureau. Les résul-
tats de cette deuxiéme moitié de la thése sont nouveaux et ils se combinent pour
fournir une théorie trés générale pour la production d’ETQFTs non semi-simples.
Les structures algébriques clés sous-jacentes a la construction des invariants quan-
tiques de Costantino-Geer-Patureau sont les catégories pré-modulaires relatives non
dégénérées. 1l faut penser & ces catégories comme & une sorte d’analogue non semi-
simple aux briques fondamentales des invariants quantiques de Witten-Reshetikhin-
Turaev. Notre premiére contribution est ’identification du nouveau concept de ca-
tégorie modulaire relative, une structure algébrique qui jouera le role des catégories
modulaires dans ce cadre non semi-simple. Notre résultat principal peut alors étre
énoncé comme suit :

THEOREME. L’invariant quantique de Costantino-Geer-Patureau associé & une
catégorie modulaire relative s’étend en une ETQFT graduée.

Afin de construire ces ETQFTs graduées, nous sommes obligés d’introduire des
2-catégories de cobordismes dont les décorations impliquent des classes de cohomo-
logie. Nous soulignons que, cette fois, la théorie est beaucoup plus compliquée, car
la procédure que nous avons mise en ceuvre dans le cadre semi-simple ne produit
pas directement une ETQFT. En effet, nous sommes confrontés & des obstacles a la
monoidalité, et la stratégie pour les franchir sera d’affiner la construction universelle
en les intégrant dans sa structure. Ce phénomeéne est responsable de 'apparition des
graduations dans cette version non semi-simple de la théorie. Enfin, une description
combinatoire et une interprétation significative des différents composants peuvent
étre dérivées pour cette ETQFT graduée en parfaite analogie avec le cas précédent,
bien que certaines des caractérisations explicites cette fois soient décidément plus
compliquées.



CHAPTER 1

Semisimple Extended Topological Quantum Field
Theories

This chapter builds the general theory for the construction of 3-dimensional
ETQFTs extending the Witten-Reshetikhin-Turaev quantum invariants defined in
[T94]. As pointed out by Schommer-Pries in [S11], these ETQFTs have been
well-known for some time, so the results we present here are by no means original.
What we provide is a new explicit construction, whose main purpose is to set
the golden standard for future non-semisimple generalizations. The approach we
choose is based on the work of Turaev on modular categories, but it also exploits a 2-
categorical version of the universal construction introduced by Blanchet, Habegger,
Masbaum and Vogel. The 14+1+1 TQFTs thus obtained are realized by symmetric
monoidal 2-functors defined over 2-categories of cobordisms decorated with colored
ribbon graphs and taking values in 2-categories of complete linear categories.

1.1. Introduction

In his 1994 book [T'94] Turaev developed the general theory for the construction
of Witten-Reshetikhin-Turaev quantum invariants. His work is based on surgery
presentations and it exploits some algebraic structures called non-degenerate pre-
modular categories, which consist of semisimple ribbon linear categories featuring
some finiteness properties. For every such category % Turaev builds an invariant
WRT¢ of closed 3-manifolds M equipped with &-colored ribbon graphs T%.

The original construction of [RT91] fits into this picture as follows: for every
natural number r > 2 we can fix a primitive 2r-th root of unity ¢ and we can con-
sider the category U,slp-mod of finite-dimensional integral-weight representations
of the restricted version of quantum sls. The category obtained from qulg—mod
by quotienting negligible morphisms is then pre-modular and non-degenerate, and
the induced Witten-Reshetikhin-Turaev invariant coincides with the corresponding
invariant of [RT91].

1.1.1. Main results. The algebraic structures which allow for the construc-
tion of ETQFTs extending the Witten-Reshetikhin-Turaev quantum invariants are
called modular categories. They constist of pre-modular categories satisfying a
slightly stronger non-degeneracy condition with respect to the one which is needed
in order to obtain invariants of closed 3-manifolds. The quotients of U,sla-mod we
mentioned earlier provide important examples of modular categories. We state here
the main result of this chapter.

THEOREM 1.1.1. If € is a modular category then WRTg extends to an ETQFT
Eg : Cob? — Catc.
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The 2-functor Eg can be described in terms of the modular category € which
is used as a building block: the generating object of Cobf, the circle, is mapped
to a linear category which is Morita equivalent to €, and generating 1-morphisms
of Cobf, discs and pants, can be interpreted as algebraic structures on &.

1.1.2. Outline of the construction. We will essentially follow the approach
of Blanchet, Habegger, Masbaum and Vogel’s paper [BHMV95]| in the context of
the general formalism of Turaev’s book [T94|. The strategy will be to consider
a non-degenerate pre-modular category € and to plug the associated quantum
invariant WRT¢ into a machinery called the extended universal construction. This
operation produces a 2-functor denoted

Eg : Cobf — Catc.

Here Cobf is a symmetric monoidal 2-category of €-decorated cobordisms of di-
mension 14141, Catc is the symmetric monoidal 2-category of complete linear
categories and Eg is the completion of a 2-functor which is called the covariant
quantization 2-functor associated with WRTg. If the category & is modular then
the monoidality of the 2-functor E¢ can be shown thanks to a set of surgery ax-
ioms satisfied by WRT¢. These properties allow for the reduction of the proof to
a problem of skein calculus, which can be studied and solved in situations where
the topology is simple. Once the result is established, the same techniques can be
used to produce a more combinatorial description of the 2-functor Eg in terms of
the modular category €.

1.1.3. Structure of the exposition. The chapter is organized as follows:
we begin by introducing the main ingredients of our construction, modular cate-
gories, in Section 1.2. We devote Section 1.3 to the detailed construction of the
symmetric monoidal 2-categories of decorated cobordisms, which we will then use
as the domains for our semisimple ETQFTs. In Section 1.4 we introduce a set of
surgery axioms derived from [BHMYV95] and in Section 1.5 we use them to dra-
matically simplify the study of vector spaces of morphisms by restricting to fixed
connected cobordisms with corners. In Section 1.6 we recall the definition of the
Witten-Reshetikhin-Turaev quantum invariants of closed 3-manifolds and we prove
they satisfy the surgery axioms. Starting from Sections 1.7 and 1.8 we fix a mod-
ular category ¥, we consider the associated Witten-Reshetikhin-Turaev quantum
invariant and we study the associated quantization 2-functor. The main results are
contained in Section 1.9, where we show that the 2-functor ]:]rg is indeed symmetric
monoidal. Section 1.10 contains a detailed discussion of the relationship between
this ETQFT and the associated Witten-Reshetikhin-Turaev TQFT. Sections 1.11
and 1.12 are devoted to the explicit description, in terms of the relative modu-
lar category €, of the linear categories and of the linear functors associated with
generating objects and 1-morphisms of Cobf respectively.

1.2. Modular categories

This section is devoted to the definition of the algebraic structures which are
going to play the leading role in the construction. We first set the ground by
recalling classical concepts like ribbon categories and colored ribbon graphs.
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1.2.1. Ribbon categories. Let us begin by recalling the basic notions for
the whole construction. A pivotal category is given by:

(i) a strict monoidal category €;
(#i) a monoidal functor! d : €°P — € called the duality functor;
(iii) a pair of dinatural transformations®
ev:®o(dxidg) =1, coev:1ofgwg=®o (idg xd),
called the left evaluation and the left coevaluation respectively, satisfying
(idv & evv) o (COGVV & ldv) =idy,
(EVV X idv*) o (idv* X Coer) = idy=
for every object V' € Ob(%);

(iv) a monoidal natural isomorphism ¢ : d o d = idg.

REMARK 1.2.1. Our notation for pivotal categories, and more in general for
all categories equipped with some specified structures, will be slightly abusive, as
we will always drop all references to extra data and refer only to the underlying
categories.

REMARK 1.2.2. If & is a pivotal category then the image of an object V &
Ob(®°P) under the duality functor d will be denoted by V* and the image of a
morphism f € Homgeopr (V, V') will be denoted by f* € Homeg (V*, V'*).

If € is a pivotal category we define the right evaluation and the right coevalu-
ation to be the dinatural transformations
ev:®o (idg x d) = 1o fgger, coev:1= o (dxidg)
given by
EVy 1= evy= O (go‘_/l ®idy+), coevy = (idy+ ® py ) o coevy=.

If B is a braiding on a pivotal category € then we define the twist of € to be the
natural isomorphism ¥ : idg = idg associating with every object V' € Ob(%) the
morphism

Yy = (idy ® évy) o (By,y ®idy+) o (idy & coevy ).

REMARK 1.2.3. The twist satisfies
Yvey: = Pviv o Pyvyr o (Vv @ Jvr).

If € is a pivotal category then a braiding 8 on € is compatible with the pivotal
structure if the twist ¢ satifies

()" = Dy-.

A ribbon category is then a pivotal category together with a compatible braiding.

1f % is a monoidal category then the standard monoidal structure on €°P is determined by
the opposite tensor product ® o Bgop,gor : GP x GP — G°P where g 4 : € X €' = €' x €
denotes the standard braiding functor of categories € and €’.

2If % is a monoidal category then the constant functor 1 : €°P X € — % maps every object
to 1 and every morphism to idj.
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1.2.2. Colored ribbon graphs. In this subsection we recall the definition of
the category of €-colored ribbon graphs and of the associated Reshetikhin-Turaev
functor. In order to do so we fix a ribbon category €. If ¥ is a 2-dimensional
cobordism and if P C ¥ is a ribbon set® then a &-coloring of P, denoted V : P —
Ob(®), is given by an object V(p) of € called the color of p for each vertex p € P.
A @-colored ribbon set PV C X is given by a ribbon set P C ¥ together with a
@-coloring V : P — Ob(%).

REMARK 1.2.4. If ¥ and ¥’ are 2-dimensional cobordisms and if PV C X is
a @-colored ribbon set then every time we have a positive embedding of surfaces
fs : ¥ < X" we obtain a @-colored ribbon set fx(P") C ¥’ given by fs(P) with
color V(p) on fx(p) for every vertex p € P.

If M is a 3-dimensional cobordism with corners from ¥ to ¥, if PY € ¥ and
P’V c ¥ are @-colored ribbon sets and if T C M is a ribbon graph from P to P’
then a €-coloring of T extending V and V', denoted ¢ : T — €, is given by:

(i) an object p(e) of & called the color of e for each edge e C T
(7)) a morphism ¢(C) of € called the color of C for each coupon C C T.

These data satisfy:
(i) The color ¢(e) of an edge e C T intersecting O M along a vertex fym (p)
equals V (p);
(i4) The color ¢(e) of an edge e C T intersecting 0" M along a vertex far ()
equals V(p');
(#4) The color ¢(C) of a coupon C C T of type (k, k') belongs to

Homg (1) @ ... @ p(er)™, (€)™ @ ... @ p(ef,)+)
where e; is the edge of T intersecting 9" C' along its i-th input point,
where ¢}, is the edge of T' intersecting 3&0 along its #’-th output point,
where ¢; is the sign given by the orientation of the ¢-th input point of C,
where ¢/, is the sign given by the orientation of the ¢’-th output point of
C and where Vt:=V and V~ :=V* for all V € Ob(%).
A @-colored ribbon graph T¢ C M from PV to PV s given by a ribbon graph
T C M from P to P’ together with a &-coloring ¢ : T — € extending V and V'.
REMARK 1.2.5. For @-colorings of ribbon tangles we will sometimes use the

same notation V we use for @-colorings of ribbon sets instead of ¢, in order to
stress the absence of coupons.

REMARK 1.2.6. If M is a 3-dimensional cobordism with corners from ¥ to X",
if M’ is a 3-dimensional cobordism with corners from ¥’ to X" and if T® C M
is a @-colored ribbon graph from PV C ¥ to P’ V' ¥/ then every time we have
positive embeddings of surfaces fx : X < X/ and fgr : X7 < X" and a positive
embedding of manifolds with faces fy; : M < M’ satisfying

fum o fo=farofarms farp o for = faro famy

we obtain a @-colored ribbon graph fu;(T%) ¢ M’ from f5(PY) to fs(P"V") given
by fa(T) with color ¢(e) on fur(e) for every edge e C T and with color ¢(C) on
fa(C) for every coupon C C T.

3A reference for the notation and terminology used here for ribbon sets and ribbon graphs
can be found in Appendix B.5.



1.2. MODULAR CATEGORIES 5

REMARK 1.2.7. Every @-coloring V : P — Ob(%) of a ribbon set P C ¥
determines a @-colored ribbon tangle (P x )V C ¥ x L.

We can now begin to define the ribbon category Ribg of € -colored ribbon graphs:
an object (V) of Ribg is a finite sequence
((615 ‘/1)7 sy (€k7 Vk))
where ¢; is an element of {4+, —} and V; is an object of & for all ¢ = 1,... k. If
E@V) = ((e1,V1),...,(ek, V&)) is an object of Ribg then we denote with V¢ the

object of € given by
VE'®...eV*.

REMARK 1.2.8. Let D? denote the 2-dimensional cobordism from & to S! given

by*
(D2, &,idg1, @, FDi)
where the collar F' D2 is defined as
Fpe : R_x St - D?
(t— (z,y) = Fr(t-)-(z,y)

for the embedding Fy, : R_ < I specified in Remark B.4.2. Then with every
object (£,V) = ((e1,V1),..., (e, Vi)) of Ribg we can associate the standard &-
colored ribbon set P(£) 7 inside D2 whose oriented vertex set is given by

% k-1
P(2) :{<Zk,0) € D? zlk}

with orientation specified by the sequence of signs €1, ..., e, with framing tangent
to {(x,y) € D? | y = 0} and given by the positive unit vector at positive vertices
and by the negative unit vector at negative vertices and with @-coloring V : P(€) —
Ob(%) given by V (2=k=1 0) = V; for all i = 1,..., k.

A morphism T : (£,V) — (£/,V') of Ribg is an equivalence class of -colored
ribbon graphs inside D2 x I from P(£)V to P(£")V’. Two @-colored ribbon graphs

from P(& )‘7 to P(g” )‘7/ are equivalent if their oriented graphs are isotopic relative
to P(€) x {0} and P(€’) x {1} through an isotopy which preserves framings via
pullback and colorings.

REMARK 1.2.9. The notation for morphisms of Ribg will be a little abusive
since we will not distinguish between an isotopy class of @-colored ribbon graphs
and any of its representatives.

REMARK 1.2.10. Morphisms of Ribg will simply be represented by oriented
diagrams in {((x,y),t) € D?> x I | y = 0}. In particular we will always implicitly
assume the framing to be the blackboard one, and coupons will always be depicted
with their horizontal faces oriented from left to right and with their vertical faces
oriented from bottom to top. When depicting ribbon graphs inside general cobor-
dism with corners we will be more careful, always specifying framing of ribbon sets
and of edges and orientations of coupons.

43ee Definition B.4.1.
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REMARK 1.2.11. We can always suppose that every morphism T¥ from (&,V)
to (€7, V') is represented, up to isotopy, by a vertical graph in some neighborhood
of % (D? x I). More precisely we can suppose that

TNN(©O"(D? x 1)) = (P(&) x I) NN (0" (D? x I)),
TNN}(D?*x 1)) = (P(E") x I) NN (9% (D? x I))
for some neighborhood N (0% (D? x I)) of d+idpe.

Let us now describe the structure of the ribbon category Ribg: if we consider
morphisms T : (£,V) — (&7,V') and T'¢" : (&’,V') — (", V") in Ribg then the
vertical composition of idp2 with itself determines a €-colored ribbon graph inside
idpz *idp2 which we denote T% Up /v T’%". The composition T'¢ o T% : (& ‘7) —
(", V") of T'¢" and T is then defined as f(T? Up(env T'¢") for the isomorphism

f: (D*xI)up: (D?>x1I) — D2 T
[((z,y),1),1] . {((i

—

The tensor product (£,V) @ (£, V') of objects (£,V) and (€',V') of Ribg is
given by
((e1, Vi), e vy (Bl Vi), (€1, V), ooy (€0, Vi)
The tensor product T¢ @ T'¢" of morphisms T? and T'?" of Ribg is given by
Froa (TP U f1 1 (T79)
for the embeddings

fk,k’ : D2 x I — D2 x I
(@) = (p- @y - (20))
fiw: D*xI = D? x I

(@) = (&5 @+ (520)).
The dual (£,V)* of an object (£,V) = ((e1,V1),.. ., (ex, Vi) of Ribg is given by

(=&, V) = ((=eks Vi) - - -+ (—€1, V1))
where —+ := — and —— := +. The braiding, the twist, the left evaluation and left
coevaluation of Ribg are depicted in Figure 1.

B+, v),(+.v7) Diy,v) ev(4,v) coev(L y)

FIGURE 1. Braiding, twist, left evaluation and left coevaluation in Ribg.
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REMARK 1.2.12. From now on the term %-colored ribbon graph, if used without
any reference to the ambient cobordism with corners, will denote morphisms of

Ribg.

An elementary morphism TY : (£,V) — (£, V') of Ribg is a morphism of Ribg
which features a single coupon of color f € Homg(Ve, V') and whose oriented
graph is contaned in {((z,y),t) € D* x I | y = 0}.

THEOREM 1.2.1. If € is a ribbon category then there exists a unique braided
monoidal functor Fg : Ribg — € mapping the object (+,V) to V, the object (—,V)
to V*, an elementary morphism to the color of its coupon and the braiding, the twist
and the left evaluation and the left coevaluation of Ribg to those of €.

The functor Fg is the Reshetikhin-Turaev functor associated with 6.

1.2.3. Main definitions. We are ready to recall the concepts of pre-modular
and modular categories, which are semisimple ribbon categories featuring some
finiteness and some non-degeneracy properties. All pivotal and ribbon categories
we are going to consider from now on are going to be linear®.

REMARK 1.2.13. It is to be understood that a monoidal linear category is
a linear category equipped with a monoidal structure whose unit is given by a
simple object 1 € Ob(%) and whose tensor product is given by a bilinear functor
® : € X € — €. In particular, when considering some monoidal linear category &
we will always confuse Endg (1) with C by identifying id; with 1. A pivotal linear
category will be a strict monoidal linear category equipped with a pivotal structure
whose duality functor is linear. A ribbon linear category will simply be a pivotal
linear category which is ribbon.

Let us start by fixing the terminology for semisimple categories. We say a
dominating set® D for a linear category € is reduced if
dil’n(c HOIH%(V, V/) = (5\/7\//

for all V,V' € D. A semisimple category is then a linear category € which admits
a reduced dominating set.

LEMMA 1.2.1. Let € be a semisimple category, let V, V' be objects of € and let
D be an ordered reduced dominating set. Then:
(i) Homg(V, V') is finite-dimensional.
(ii) Homg(V,W) = 0 and Homg (W, V') = 0 for all but a finite number of
WeD.
(iit) The linear map
(cviwv)wep : @D Homg(W,V’) ® Homg(V, W) — Homg(V,V’)
weD

P ow ® fw — > gwo fw

WeD WeD
s an isomorphism.

This is proved in [T94].

5In this thesis the term linear will always stand for linear over C.
6See Definition A.5.18.
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LEMMA 1.2.2. Let € be a semisimple ribbon category. Then the pairing
trg ocyyr vy Homg(V',V) @ Homg(V, V') — C
g f — trg(go f)
is non-degenerate for all V,V' € Ob(¥%).

This result too is proved in [T'94].

DEFINITION 1.2.1. A pre-modular category is a semisimple ribbon category €
together with a reduced dominating set I'(€) = {V; € Ob(¥) | ¢ € I} for some
ordered finite index set I.

REMARK 1.2.14. If € is a pre-modular category the we will always suppose
there exists an index 0 € I such that Vo = 1 € T'(%).

If € is a pre-modular category then its Kirby color is the formal linear combi-
nation of objects
Q= Zdimqg(Vi) Vi
i€l

If T¥ is a €-colored ribbon graph and if K C idpz is a framed knot disjoint from
T then we denote with K UT¥ the formal linear combination of €-colored ribbon
graphs

Z dimg (V) - (K¥* U T?)

i€l
where V;(K) = V;. Although K UT¥ is not actually a morphism of Ribg, we can
still define its image Figz (K U T¥) under the Reshetikhin-Turaev functor as

Z dimg (V) - Fg (K" UT?) .
iel
REMARK 1.2.15. In fact the name Kirby color comes from the following prop-
erty: the Reshetikhin-Turaev functor is invariant under the second Kirby move, the

handle slide, over knot components colored with 2. A proof of this fact is contained
in [BO3]J.

For a pre-modular category € we denote with A, and A_ the evaluations of
the Reshetikhin-Turaev functor Fg against the €-colored framed unknots depicted
in the left hand part and in the right hand part of Figure 2 respectively.

Cor OO

Q Q

FIGURE 2. The @-colored framed unknots representing A} and A_.

DEFINITION 1.2.2. A modular category € is a pre-modular category which
admits a modularity parameter ¢ € C* such that
¢ - (coevy, oevy,) ifi=j
0 ifi#j
for all 7,5 € I, where f; ; is the image under the Reshetikhin-Turaev functor Fg of
the €-colored ribbon tangle depicted in Figure 3.

dimg (Vi) - fij = {
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Vi
134
Vi

F1GURE 3. Modularity condition.

PROPOSITION 1.2.1. If € is a modular category then the modularity parameter
¢ equals A_Ay.

PRrROOF. The proof of this fact follows from Remark 1.2.15 together with the
modularity condition for € applied to the evaluation of the Reshetikhin-Turaev
functor Fg against the @-colored ribbon tangle ribbon tangle depicted in Figure
4. |

/\ T 1
Q
FIGURE 4. The @-colored ribbon tangle witnessing ( = A_A,.

Our definition of modular categories is not the standard one of [T94], but it is
in fact equivalent to it. The remainder of the section is devoted to the explanation
of this equivalence. If € is a pre-modular category then the positive Hopf link
matriz of € is the I x I matrix whose (i, j)-th entry S;’]'- is defined as the evaluation
of the Reshetikhin-Turaev functor Fg against the €-colored framed link depicted
in the left-hand part of Figure 5 for all i, j € I.

() P

FIGURE 5. The @-colored framed links representing the (4, j)-th
entry of the positive and of the negative Hopf link matrix of €
respectively.

PROPOSITION 1.2.2. A pre-modular category € is modular if and only if it its
positive Hopf link matriz is invertible.

PRrROOF. If the positive Hopf link matrix of € is invertible than it is known
that the modularity condition of Definition 1.2.2 holds”. Then let us suppose &
is modular and let us consider the negative Hopf link matrix of € whose (i, j)-th
entry S;; is defined as the evaluation of the Reshetikhin-Turaev functor F against

See Exercise 3.10.2 of [T94].
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the €-colored framed link depicted in the right-hand part of Figure 5 for all 4,5 € L.
Now we have

Sy =tre(fi;),  Si=tre(f3})
for the @-colored ribbon tangles depicted in Figure 6 for all 4, j, k € 1.

v; v;
bk
|

. . — +
FIGURE 6. The €-colored ribbon tangles representing f;; and ik

Therefore we have

ZSUSJ—; = Ztrg ij tre(f ]k Zdlmg trg f fj—",;) = M
jel jel jel
where Mjy, is given by the evaluation of the Reshetikhin-Turaev functor Fg against
the @-colored framed link depicted in Figure 7 for all i, k € I. As a consequence we
get
Mix = (o = A_A4 b,
and we can conclude.

Vi — Vi

L

Q

FIGURE 7. The ®-colored framed link representing M;y.

1.3. Decorated cobordisms

This section is devoted to the definition of the domain 2-category for our ex-
tended TQFTs, the symmetric monoidal 2-category Cobf of decorated cobordisms
of dimension 14+1+1.

1.3.1. 2-Category of decorated cobordisms. In this subsection we fix a
ribbon category € and we define the symmetric monoidal 2-category Cobf of
decorated cobordisms of dimension 1+1-+1 which will serve as the domain for our
ETQFTs. The notation we use for cobordisms is introduced in Appendix B.4.
Let us remark that the various decorations we will equip cobordisms with will
play different roles. While €-colored ribbon sets and graphs will be needed in the
following in order to explicitly describe the ETQFTs we are building, the purpose
of Lagrangians subspaces and signature defects is to fix the framing anomaly in the
Witten-Reshetikhin-Turaev TQFTs. Appendix B.6 collects all the results we shall
need about Lagrangian subspaces and Maslov indices.

DEFINITION 1.3.1. An object T of Cobf is given by a smooth oriented closed
1-dimensional manifold I".
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DEFINITION 1.3.2. A I-morphism £ : I — I of Cobf is given by a triple
(%,PV, %) where:
(i) 3 is a 2-dimensional cobordism from I" to I";
(i) PV C X is a @-colored ribbon set;
(i) & C Hi1(X;R) is a Lagrangian subspace with respect to the intersection
pairing M.

DEFINITION 1.3.3. The identity 1-morphism idr : I' — I' associated with an

object T" of Cobf is the triple
(IxT,2° H(I x T';R)).
DEFINITION 1.3.4. A 2-morphism M : ¥ = ¥’ of Cobf between 1-morphisms
%, %" : T — I' is given by an equivalence class of triples (M, T¥,n) where:
(i) M is a 3-dimensional cobordism with corners from ¥ to ¥';
(i) T% C M is a B-colored ribbon graph from PV to P'V';
(i) n € Z is called the signature defect.
Two triples (M, T# n) and (M’, T’ ¢ n' ) are equivalent if n = n’ and if there exists
an isomorphism of cobordisms with corners f : M — M’ satisfying f(T¥) = T

DEFINITION 1.3.5. The identity 2-morphism idy : ¥ = ¥ associated with a

1-morphism ¥ = (X,PV, &) of Cobf is the equivalence class of the triple
(2 x LPY x1,0).

REMARK 1.3.1. We will adopt the following abusive notation: whenever we
will glue two topological spaces X and X along a common subspace Y we will
suppress all references to the natural embeddings of X and of X’ into X Uy X'.
In particular we will consider both X and X’ as submanifolds of X Uy X', the
@-colored ribbon sets and graphs inside X and inside X’ as @-colored ribbon sets
and graphs inside X Uy X’ and the homologies of X and of X’ as subspaces of the
homology of X Uy X'.

DEFINITION 1.3.6. The horizontal composition %'o% : I' — T of 1-morphisms
TV >T"and: T =T of Cob;g is given by the triple

(Sup Y, PYuPV, 2+ 2.

DEFINITION 1.3.7. The horizontal composition M' oM : &' o ¥ = %" o %"
of 2-morphisms M’ : &' = 2" and M : & = X" of Cobf for 1-morphisms
2,2 :T = I'Mand &', %" : TV = I'” is given by the equivalence class of the
triple

(M Urrx1 M/, TY U T“‘o ,n + Tl/).

REMARK 1.3.2. If £, %', 2" : I" — I’ are 1-morphisms and if M : ¥ = ¥’ and
M’ : &' = ¥” are 2-morphisms of Cob§ then the gluing M Us M’ determines, up
to isotopy, a @-colored ribbon graph which we denote T¥ Up,y+ T ¢' . Indeed if

FML]:Z’XR_%M, Fym : X' xRy — M’

is the pair of collars we choose in order to glue M to M’ we can suppose, up to
isotopy, that

TNN@EM) = Fym (P xR_)N N(o% M),
T'AN(O"M') = Fym(P' x Ry) N N(9" M)
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for some neighborhoods N (9% M) and N (8" M’) of 0% M and 9" M’ inside M and
M’ respectively. The oriented graph of T Up,vs T ¢" will be denoted T Up: T”

DEFINITION 1.3.8. The vertical composition M' * M : ¥ = %" of 2-morphisms
M:% =2 andM: 2 = % of Cobf for 1-morphisms %, %', %" : I' — I is
given by the equivalence class of the triple

(M Usy M/, T% Upror T 41 — p(M. 2, &', M’*g”))
for the Lagrangian subspaces
M.Z = {z' € Hy(X'iR) | ipp,a' € iy (2)} C Hi(S';R)
M™2" = {z' € Hy(ZR) | ipm,a’ € gy, (2")} C Hi(Z';R).
where:
(1) ipm 2 X — M denotes the embedding obtained by composing fym with
the inclusion 0" M — M;
() i X" — M denotes the embedding obtained by composing fam with
the inclusion 83‘_M — M,
(#ii) ippm + X' < M’ denotes the embedding obtained by composing fyym
with the inclusion 0" M’ — M’;
(iv) 1 M X" < M’ denotes the embedding obtained by composing fMjrh
with the inclusion 0% M’ — M.

DEFINITION 1.3.9. The unit of Cobf is the empty object &.

DEFINITION 1.3.10. The tensor prouct I @ I'' of objects T and T"" of Cobgg is
given by I'uU I

DEFINITION 1.3.11. The tensor product 3 @ &' : ' @ I — I’ @ '’ of 1-
morphisms £ : T = T and &' : TV = T of Cob? is given by the triple

Uy, PYurPV 2+ %)

DEFINITION 1.3.12. The tensor product M@ M’ : X @ &' = 2" @ X" of 2-
morphisms M : £ = 2" and M’ : &' = 2" of Cobf is given by the equivalence
class of the triple

MUM, T UT? n+n).

1.3.2. Extended universal construction for decorated cobordisms. In
this subsection we fix the terminology for quantum invariants, TQFTs and ETQFTs
in the context of decorated manifolds and cobordisms. We also recall the main ideas
of the extended universal construction, the fundamental machinery our investiga-
tion is based on, postponing a detailed account to Appendix A.7.

REMARK 1.3.3. Morphisms of Cobf from @ to itself are naturally arranged in
a symmetric monoidal category with respect to the tensor product of 1-morphisms
and 2-morphisms and with unit given by the empty 1-morphism idg. This category
will be denoted Cobf for brevity. Analogously, the set of 2-morphisms of Cobf
from idg to itself forms a commutative monoid with respect to the tensor product
of 2-morphisms and with unit given by the empty 2-morphism id;q, . This monoid
will be denoted Mang for brevity.
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An invariant on Man§ is a function from Man% to C. A covariant quantization
functor on Cob;g is a functor from Cobg to Vectc. A contravariant quantization
functor on Cob3g is a functor from (Cobf)op to Vectc. A covariant quantization 2-
functor on Cobf is a 2-functor from Cobf to Catc. A contravariant quantization
2-functor on Cob? is a 2-functor from (Cob%)°? to Catc. A quantum invariant
on Manf is a commutative monoid homomorphism from Mang to C. A TQFT on
Cob? is a symmetric monoidal functor from Cob? to Vecte. An ETQFT on Cobg
is a symmetric monoidal 2-functor from Cob¢ to Catc.

The extended universal construction is a machinery which associates with every
invariant Z on Man? a covariant and a contravariant quantization 2-functors on
Cobf denoted Ez and E, respectively. The image of an object T" of Cobf under
Ez is a linear category Az(T") called the covariant universal linear category of T
whose objects are 1-morphisms of Cobf of the form ¥ : @ — I' and whose
morphism vector spaces Homy , () (2, X}) are given by certain quotients, which
are defined using Z, of the free complex vector spaces generated by 2-morphisms
of Cobf of the form My : ¥ = .. The image of a 1-morphism ¥ : I" — T of
Cob? under E is a covariant linear functor Fz(2) : Az(I') — Az(I'") called the
covariant universal linear functor of % which maps every object £ of Az(T") to
the object & o B of Az(I'') and every morphism [Mr] of Az(T") to the morphism
idg o Mp] of Az(I"'). The image of a 2-morphism M : £ = %’ of Cob? under E
is a natural transformation nz(M) : Fz(Z) = Fz(X') called the covariant universal
natural transformation of M which associates with every object X of Az (T") the
morphism [Moidy_] of Az(T"). The contravariant quantization 2-functor E, is
defined similarly.

1.4. Surgery axioms

We move on to the study of the quantization 2-functors produced by the ex-
tended universal construction. We begin by introducing a set of axioms for quantum
invariants on Manf which, when satisfied, enable us to better handle universal lin-
ear categories, linear functors and natural transformations. This is much in the
spirit of [BHMV95] and [BCGP16].

REMARK 1.4.1. From now until the end of the chapter € will denote a fixed
pre-modular category.

Let © = (X,PV,2), 2’ = (E’,P’V/,SZ’) be 1-morphisms of Cobf from I' to
I, let M be a cobordism with corners from ¥ to ¥, let T¥ C M be a @-colored
ribbon graph from P to P’V and let n be an integer. If L=L; U... ULy C M is
a framed link disjoint from T then we denote with

(M,L$U...UL2UT?, n)
the formal linear combination of 2-morphisms of Cobf
3 dimg(V,)---dimg(V;,) - (M,LY” U...UL™ UT“",n) .
1,0 €L

REMARK 1.4.2. Although (M, L$U...UL!UT¥, n) is not actually a 2-morphism

of Cobf7 we will treat it as such by abuse of notation.
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DEFINITION 1.4.1. The index k surgery 1-morphism Xy : @ — @ of Cob3g for
k=0,1,2 is given by

o= (37! x §%, 27, {0}) = idy,
£y = (8" x 8%, 27, {0}),
Ty = (S x SY, 27, &)
where S~! := @ and where the Lagrangian subspace %, C HjS1 x SLR) is
generated by the homology class of the meridian m := {(1,0)} x S1 c St x S

DEFINITION 1.4.2. The index k attaching 2-morphism Ay : idg = X of Cobg
for K =0,1,2 is given by

Ag = (87! x D%, 27,0) = idiq,,,
A := (8" x D3 27,0),
Ay = (' x D2, K%, 0)
where the framed knot K5 is given by
Ko :=S' x {(0,0)} c S' x D2
with orientation induced by S' and with framing tangent to
S x {(z,y) € D? | y = 0}.
DEFINITION 1.4.3. The index k belt 2-morphism By : idg = X of Cobg for
k=0,1,2 is given by
By := (DF x $37% 29,0)
where D := {0}.
A quantum invariant Z on Manf satisfies the surgery azioms if there exist
Ar € C* such that for every 2-morphism M : ) = idg of Cob? we have
Z(M*Bg) = A Z(M * Ay),
for k=0,1,2.

REMARK 1.4.3. Let Z be a non-trivial quantum invariant on Manf satisfying
the surgery axioms. Then:

1 1 1dg = 1dg 18 a closed 2-morphism of Co satistying
If M : id idg is a closed 2 hism of Cob$ satisfying Z(M) # 0
then

Z(M)Z(Bo) = Z(M®Bg) = Z(M =+ Bo) = Ao Z(M* Ag) = Ao Z (M)
implies Z(Bg) = Ao;
(i4) Let A; : 1 = idy denote the 2-morphism of Cobg given by
(S° x D3, 27,0).
Then the chain of equalities
Xo = Z(Bo) = Z(A;1 *B1) = M Z (A1 % A1) = A\ Z(Bo ® Bo) = A Z(Bo)?

implies \; = )\0_1;
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(7ii) Let By : 1 = idy denote the 2-morphism of Cobf given by
(D x 82, 27,0).
Then we have
Z(By xB1) = M Z(By * A1) = M\ Z(By) = 1.
REMARK 1.4.4. Let U C S® denote the @-colored framed knot given by the
unknot
U={(z,y,2,t) €S| 2> +3>=1,2=t =0}
with any orientation and with framing tangent to
{(z,y,2,t) € S* | 2=t =0}.

If Z is a non-trivial quantum invariant on Manf satisfying the surgery axioms then
we have

Ao = Z(S3,U%0)7 1
Indeed if By : $9 = idgy denotes the 2-morphism of Cob? given by
(D2 x St, @,0)
then we have
1=Z(B1*B1) = Z(Bs *By) = \aZ(Bs % Ag) = M Z(S3,U%,0).
REMARK 1.4.5. Let Z be a non-trivial quantum invariant on Man;g satisfying
the surgery axioms. Then
Z(M, T¥,n) = k"Z(M, T¥,0)
with
K= MZ(S* 27,1).
LEMMA 1.4.1. Let Z be a quantum invariant on Manf, let T' be an object
of Cobg, let r, X1 be objects of Az(T') and let My : T ® Bp = I} be a
2-morphism of Cob;g with k € {0,1,2}. If Z satisfies the surgery azioms then
Mr * (Br ® idg,.)] = Ak - [Mr * (A ® idy,)]

as vectors of Homy , (r)(Zr, ).

ProOF. We have to show that
Zr (Mr % (B, ® idy,)) = Ap - Zr (Mrp * (A ® idy,.))
where for every 2-morphism M{. : £r = Zf of Cobf the natural transformation
Zr (M) : Zr(Zr) = Zr(Z7)

8

comes from the extended universal construction®. But then the equality we have

to prove is equivalent to
Z(M * Bk) = )\kZ(M * Ak)

for every 2-morphism M : ¥ = idg of Cobf, which is precisely the index k surgery
axiom. (]

8See Appendix A.7 for the definition.
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1.5. Connection Lemma

In this section we derive the main consequences of surgery axioms: all mor-
phisms between a fixed pair of objects of a universal linear category associated
with a quantum invariant which satisfies the surgery axioms are generated by all
possible decorations on a fixed connected cobordism with corners.

We fix our notation for surgery. If M is a 3-dimensional cobordism with corners
from X to ¥’ then every k-component framed link L inside M determines, up to
isotopy, k disjoint positive embeddings ¢1,, : S* x D? < M such that:

(i) L; == 11,,(S* x {(0,0)}) is the i-th component of the link L;

(i) mp, :=w,({(1,0)} x S1) is a meridian of L;;

(iii) £r, =1, (ST x {(0,1)}) is a longitude of L; determined by the framing.
These embeddings determine a 3-dimensional cobordism with corners My, from
Y= (St x SHu...u(S' x S LY to ¥ called the exterior of L in M whose
support My, is given by M deprived of the interior of the image of ¢1, = ¢p,, L. . .L¢g,
and whose incoming horizontal boundary identification is given by

faugyr = [’L1|Sl><Sl U...u LLk‘Slxsl U fagn -

Then M is isomorphic to
((s1 x D) U...u (St xﬁ)u(le)) Us, My

and we define (M, L) to be the 3-dimensional cobordism with corners
(D*xSYHu...u(D* xSHu (S xI)) Us, M.

REMARK 1.5.1. The 3-dimensional cobordism with corners y»(M, L) depends
on the choice of the embedding ¢1,, but its isomorphism class depends only on L.

Let M and M’ be 3-dimensional cobordisms with corners from ¥ to ¥’ and let
L C M be a framed link. If there exists an isomorphism of cobordisms with corners
f i x2(M,L) — M’ then we say that L gives a surgery presentation for M inside
M or equivalently that L is a surgery framed link for M’ inside M. In this case the
identification of the exteriors of L is the isomorphism fi, : My, — M}, induced by f
between the exterior of L in M and the cobordism with corners M from Xy, to ¥’
whose support is given by f(My) C M’ with boundary identifications induced by
those of My, via f. Therefore a surgery framed link L for M’ inside M induces an
isomorphism of cobordisms with corners between M’ and

((S1 xD2)U...L(S! xﬁ)u(ZxI)) Us, M}.
REMARK 1.5.2. If L is a surgery framed link for M’ inside M we will call M},
the exterior of L in M’ even if L is not contained in M’.

The following result is a standard consequence of the Lickorish-Wallace Theo-
rem.

LEMMA 1.5.1. If M and M’ are non-empty connected 3-dimensional cobordisms
with corners from X to X' then there exists a surgery framed link for M’ inside M.

REMARK 1.5.3. If Z is a quantum invariant on Manf which satisfies the surgery
axioms, if " is an object of Cob;g7 if

EH‘ = (Epvpv,g)a E/I[/‘ = ( II/’7P/IV”7$H)
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are objects of Az(I'), if M is a non-empty connected cobordism with corners from
Yr to ¥ and if MY, : ¥p = 7. is a non-empty connected 2-morphism of Cob¥
of the form (M’IC,T”‘/’”,n”) then Lemmas 1.5.1 and 1.4.1 yield the equality

MP] = A3 - [Mr, LE U f7H(T"%7), n]
between morphisms of HomAZ(r)(ET, }E%) where L = L U... ULy is some surgery
framed link for M/ inside M, where T” is contained inside M{ up to isotopy and

where n € Z is determined via the Maslov index formula.

If M is a 3-dimensional cobordism with corners from ¥ to ¥/ and if PV C &
and P'Y" C ¥ are @-colored ribbon sets then a @-skein inside M relative to PV
and P"V' is an equivalence class of €-colored ribbon graphs T¥ C M from PV to
P"V'. Two @-colored ribbon graphs T and T'¢" are equivalent if there exists an
isomorphism of cobordism with corners f : M — M isotopic to the identity relative
to OM satisfying f(T¥) = T'¢". We denote with P& (M; PV, P’V") the free complex
vector space generated by €-skeins inside M relative to PV and P’ v

REMARK 1.5.4. Our notation for €-skeins will be a little abusive since we will
not distinguish between an equivalence class of €-colored ribbon graphs and any
of its representatives.

LEMMA 1.5.2. Let T be an object of Cobf, let
ET:(EF’Pvag)’ gI/‘:( gaP//VNw?”)
be objects of Az(I') and let M be a non-empty connected 3-dimensional cobordism

with corners from Xp to . If Z is a quantum invariant on Manf wich satisfies
the surgery axioms then the natural linear map

Pz yg(Mp;PV,P”V”) — HOHIAZ(]F)(E]F,E%)
TY — [Mp, T¥, 0]

18 surjective.
PROOF. We have to show that for every morphism
[ /Il“v THS@//7 ?’LH] € HomAZ(T)(ET7 E/I[/‘)

there exist some €-colored ribbon graphs TY* C My for i = 1,...,k such that
k
> A+ M, TE 0] = M7, T, )
i=1

First of all we can suppose that M/, is connected: indeed if it is not then, thanks
to Lemma 1.4.1, a finite sequence of index 1 surgeries on M. connecting its com-
ponents will determine a vector of Homy , r)(Zr, %1) which is a non-zero scalar
multiple of [M7, T”%",n”]. Now thanks to Lemma 1.5.1 and to Remark 1.5.3 we
know there exists some framed link L = L; U ... ULy C M together with some
integer n € Z such that

[ /li‘a Tu@”’n//] = )"2€ ' [Mfa LQ U fL_l(Tmp”%n} = )‘126"(‘:” ' [Mfa LQ U fL_l(TNLp”%O]'
t
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REMARK 1.5.5. It is possible to give the exact same description of the con-
travariant universal linear categories. In particular Lemma 1.4.1 can be directly
translated into an analogous result for the corresponding contravariant universal
linear categories.

LEMMA 1.5.3. Let I" be an object of Cobf, let
E;I“ _ (E}7P/V”3/)’ E%’ _ (E/IL/,PWV,H,@?/H)
be objects of A (T") and let M- be a non-empty connected 3-dimensional cobordism

with corners from ¥y to X, If Z is a quantum invariant on Man§ wich satisfies
the surgery axioms then the natural linear map

pz: Fe(Mp PV P"V") — Homy, (r)(BF, BF)
T'? — M/, T'%, 0]
18 surjective.

REMARK 1.5.6. The exact same proof that was given for Lemma 1.5.2 can be
repeated here.

1.6. Witten-Reshetikhin-Turaev invariants

In this section we recall the definition of the Witten-Reshetikhin-Turaev quan-
tum invariants of decorated closed 3-dimensional manifolds, which were first con-
structed in [RT91] and later generalized in [T94], and we show them to satisfy the
surgery axioms introduced earlier.

If € satisfies the non-degeneracy condition

A_AL#0

for the parameters A, and A_ given in Figure 2 then the Witten-Reshetikhin-
Turaev quantum invariant associated with € is the unique quantum invariant on
Manf evaluating each closed connected 2-morphism M = (M, T¥ n) of Cobf to
the complex number

WRT% (M, T?,n) := @~ 1Fgn=o B g (L U f71(T¥))

where:

L: S% — My, is the identification of the exteriors of L;
(L) is the signature of L;

D is a choice of a square root of A_A_;

5= Ay 9

=9 T AC

REMARK 1.6.1. A proof of the fact that WRT¢ is a well-defined invariant on
Man{ is contained in [T94].

PROPOSITION 1.6.1. If € is modular then the Witten-Reshetikhin- Turaev quan-
tum invariant WRTg satisfies the surgery azioms with Ay = /\1_1 =X =921
Moreover k = 4.

PRrROOF. The 0-surgery axiom holds with parameter Ay = 2! thanks to the
trivial computation

WRT%(By) = 21200 0F,(2%) =271
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The 1-surgery axiom holds with parameter A\; = & thanks to two easy compu-
tations. First of all, using the notation of Remarks 1.4.3 and 1.4.4, we have

WRTg (B +By) = 217169 O Fp (U = 2% =1,

as follows from the modularity condition of Definition 1.2.2. Now the claim follows
from the fact that if T® and T’ are closed morphisms of Ribg then we have the
equality
Fe(T? @ T'?') = Fg(T?)Fg(T'?).
Finally the 2-surgery axiom holds with parameter Ay = 2~!. Indeed if we
consider a surgery framed link L =L; U... UL C S3 for

M % Ay = (M Ugi gt (S* x D2), T? UK, n)
and if we set Ky, := fL_l(Kz) C S3 then LUKy, C S? is a surgery framed link for
M * By = (M Ugi g1 (D? x SY), T? n+ o(LUKy) — o(L)),
and we obtain equalities
WRTg (M x Ay) = @~ 1Fsn oW (LE UKD,
WRT%(M % By) = @~ 1~ (k1) s(nto(Luke)—o(L))—o(LUKL) @ (1S y KD).
O

REMARK 1.6.2. As a corollary Lemma 1.5.2 applies to WRT% whenever € is
modular.

REMARK 1.6.3. The only quantum invariant we will consider from now on is
WRTg. We will therefore adopt a lighter notation for the extended universal con-
struction: instead of using the full subscript WRT¢ for universal linear categories,
linear functors and natural transformations we will simply refer to the modular
category €.

1.7. Skein modules

In this section we introduce skein modules and we explain how the study of the
universal linear categories associated with WRTg is related to the study of these
vector spaces, much in the spirit of [ BHMV95].

REMARK 1.7.1. From now we will suppose that the pre-modular category €
we fixed in Remark 1.4.1 is actually modular. In particular WRT¢ satisfies the
surgery axioms.

DEFINITION 1.7.1. The (&,V)-colored 2-disc D25,\7)
(&, V) of Ribg is the 1-morphism of Cobf given by
(D%, P(E)",{0}).
DEFINITION 1.7.2. The T¥-colored 3-cylinder (D? x I)re : D?a?) = D?&‘",V’)
for a morphism T? : (£, V) — (£7, V') of Ribg is the 2-morphism of Cob? given by
(D x I, T%,0).

: @ — S' for an object
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If 2, % : " — I'" are 1-morphisms of Cobf then we denote with 77 (2, X’) the
complex vector space generated by the set of 2-morphisms M : ¥ = %’ of Cob;g.
Then we denote with % (%, %’) the subspace of 7'(%, %) generated by vectors of

the form .
;Ai : (M’ * (idz" o ((]D)2 X Dpe: ® ididr)) « M)

for some 1-morphism £ : S'®@ I' — I of Cobf, for some 2-morphisms
M: %= "0 (D, ®idr), M :X"0(Df, 5 ®idr) =3’

of Cob?, for some objects (£,V) and (£7,V’) of Ribg and for some morphisms
T, ..., Tém 2 (8,V) — (£7,V') of Ribg satisfying the equality

D> A Fg(T) =0
=1

between vectors of Homg (V, V'),
Let 3, % : " — I’ be 1-morphisms of Cobf of the form

=P, %), =PV, 2
and let M be a 3-dimensional cobordism with corners from ¥ to X’. Let
He(M; PV, P
denote the subspace of S’g(M;PV,P'V') given by the preimage of the subspace
H (2, %) of 7(2, %) under the natural linear map
p: Pe(M;PV.PV) = 7(2,%)
T — (M, T¥,0).

A vector of Fg(M; PV, P"V") will be called a &-skein relation.

If M is a 3-dimensional cobordism with corners from ¥ to ¥/ and if PV € &
and P’V C &/ are @-colored ribbon sets then the skein module of M relative to PV
and PV is the complex vector space

Se(M; PV, PV := 94 (M; PV, PV') /% (M; PV, P'V).

Two @-skeins in P& (M; PV, P'V") are said to be skein equivalent if their difference
is a ¢-skein relation.

LEMMA 1.7.1. Let T be an object of Cobf, let
r = (S, PV, %), k=P, 2

be objects of Ag(T") and let M be a cobordism with corners from X to ¥Y.. The
linear map

T Se(Mp;PY,P"V") —  Homy,(r)(Zr, Z¢)
T% — [Mp, T%,0]

is well-defined.

PRrROOF. First of all, if

k
IS
i=1
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is a @-skein relation in Sog(M[‘; PV, P"V") then we have to show that
Z/\ (WRTg)r(Mp, T, 0) =0

for the natural transformatlons
(WRT%)r (Mp, T7*,0) : (WRT)r(Zr) = (WRT%)[[‘(E%)

coming from the extended universal construction (see Appendix A.7 for a defini-
tion). In particular, it suffices to show that WRTg vanishes on % (idg,idg). This
is true thanks to the very definition of WRTg in terms of the Reshetikhin-Turaev
functor Fg. O

REMARK 1.7.2. The same result holds also for the contravariant universal linear
categories associated with WRT¢. In other words, vectors in morphism spaces of
contravariant universal linear categories are invariant under skein equivalence just
like vectors in morphism spaces of covariant universal linear categories.

1.8. Morita reduction

We use here the results of the previous sections in order to give a better
description for covariant universal linear categories associated with the Witten-
Reshetikhin-Turaev invariant, to which we will confine from now on. In particular,
we give for every covariant universal linear category both an explicit description of
a dominating set and a triviality criterion for morphisms. This will allow for a proof
in the following sections of the monoidality of the completion of the quantization
2-functor produced by the extended universal construction.

Let ¥ be a cobordism from @ to I'. A fundamental ribbon set P for X is a
ribbon set inside ¥ given by a single positive ribbon vertex in every component
of Xp. If P is a fundamental ribbon set for ¥ then a fundamental €-coloring V'
of P is a @-coloring satisfying V(p) € I'(¥) for every p € P. We denote with F(P)
the set of fundamental €-colorings of P.

REMARK 1.8.1. If P is a fundamental ribbon set for X and if we have a fixed
choice for a Lagrangian & C H'(X;R) then we denote with (Zr)y the object of
Ag(T") given by

=r, PV, 2)
for every fundamental @-coloring V' of P.

LEMMA 1.8.1. Let I be an object of Cobf, let ¥ be a non-empty cobordism
from @ to I', let P be a fundamental ribbon set for X and let & C H(Xr;R) be
a Lagrangian. Then

D(Er) :={(Zr)v |V € F(P)}
dominates Ag(T).

PROOF. Let T = (X7, PV, 2") and B = (2%, P"Y", 2") be objects of
Ag(T). If My is a connected cobordism with corners from ¥} to X and if MY, is
a connected cobordism with corners from Yy to X7 then, thanks to Lemma 1.5.2,
every morphism of Hom, () (S, Z7°) can be debcrlbed by some linear combination
of @-skeins inside My Uy, M7. relative to P"V" and P”Y". But thanks to the
semisimplicity of € every such @-skein can be written, up to isotopy and skein

equivalence, as a linear combination of %-skeins whose %-colored ribbon graphs
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meet X' transversely in P inducing a fundamental €-coloring of P. In other words
every morphism

[Mp Us, M7, T%,0] € Homy, r)(ZT, 1)

can be decomposed as

Z/\ (M, T, 0) 5 (M, TF w3,0)]

for some fundamental @-colorings V; of P, for some @-skein TY" inside Mp relative
to P”V" and PY+ and for some @-skein T, # inside MY relatlve to PV and P’
for every i =1,...,k. O

If P is a ribbon graph inside a 2-dimensional cobordism ¥ from I" to I then
we will denote with P the ribbon graph inside the cobordism X from I/ to I" whose
oriented vertex set P is obtained from P by reversing the orientation of every vertex
and whose framing at P is given by the framing of P at p for every p € P.

If V is a @-coloring of P then V will denote the @-coloring of P defined by
V(p) = V(p) for every p € P.

Let ¥ be a cobordism from I" to @. A ribbon set P’ C ¥, is a fundamental
ribbon set for X if P’ is a fundamental ribbon set for ¥7.. Let P’ be a fundamental
ribbon set for X}.. A fundamental €-coloring V' of P’ is a €-coloring such that V’
is a fundamental €-coloring of P’. We denote with F(P’) the set of fundamental
©-colorings of P’.

REMARK 1.8.2. If P’ is a fundamental ribbon set for ¥, and if we have a fixed
choice for a Lagrangian &' C H'(X};R) then we denote with (Z].)y~ the object

of AL (T") the 1-morphism of Cobf given by
(=5, P, 2)
for every fundamental €-coloring V' of P’'.
LEMMA 1.8.2. Let I" be an object of Cobf, let
Zr=(=r,PY.2), Br=(ShLPY,2Y)

be objects of Ag(T") and let My p,...,Mgr : op = X be 2-morphisms of Cobf.
Let &' be a non-empty cobordism from I' to &, let P’ be a fundamental ribbon set
for X, let #' € HY (X3 R) be a Lagrangian, let M be a connected cobordism with
corners from @ to XpUp X and let M/ be a connected cobordism with corners from
X Ur X5 to @. Then a linear combination Zle Ai - [M; ] determines a trivial
morphism in Homy, () (Zr, B1) if and only if

k
3 A\ WRTq ((M’, T ,0) * (id%)w ° MZ—,F) + (M, T, 0)) -0
i=1
for all fundamental €-colorings V' of P’, for all €-skeins T inside M relative to

@2 and PY UP"Y" and for all €-skeins T'¢" inside M’ relative to PV UPV" and
@2,
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PRrROOF. The vector
k

> i - M r] € Homy, (r)(Zr, £1)
i=1
is trivial if and only if

Z)\ (WRT)r(M; r) = 0.

This happens if and only 1f we have the equality

k
Z AZWRTg (MNI * (idzl]j/ @) Mi,F) * MH) =0
i=1
for every object
E%/ _ ( " P///V 3///)
of AL(T") and for all 2-morphisms M” : idg = 2{ o Tr and M’ : B o B} = idy
of Cob? of the form

M = (M// T/up” n//) M = (M/// e ’I”L”,).

But, just like in the proof of Lemma 1.8.1, we can use Lemma 1.5.3, isotopy and
skein equivalence to obtain a decomposition

"

///Lp’.” (p
ldE’” § :u“J ”,7 ! 70]*[ /1“7 ! O]

for some connected cobordlsms with corners M. from X7’ to ¥} and MY/ from

. /Sa/v . . . 11 ’
¥ to XY, and for some @-skeins T inside M/, relative to PV and P'Yi and

111

T;MPJ inside M/ relative to P Vi and PV for all j=1,...,£. Now we can apply
Lemma 1.5.2 to

[(MF, T; T'%,0) o idy, ] * [M]
and to )
M) 5 (M7, T, 0) 0 id ]
in order to conclude. ([l

1.9. Monoidality

In this section we prove the main result: if € is modular then the covariant
quantization 2-functor E¢ : Cob3g — Catc is an ETQFT.

We begin by studying the universal linear category A¢ ().

Let Pg2 denote the fundamental ribbon set for S? given by

Pga = {p} ={(0,0,1)} C 5
with framing tangent to
{(z,y,2) € S* |y =0}

For every i € I we simply denote with 7 the fundamental €-coloring of Pg2 deter-
mined by i(p) = V;, and we denote with S? the object of Az (@) given by

(5%, P&, {0}).

Such an object will be called an i—colored 2-sphere.
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LEMMA 1.9.1. For alli,i" € 1T we have
dime Homy, (g) (S S: ,,) = 0;,00i 0.
PrOOF. Thanks to Lemma 1.5.2 we know that every morphism in
Homy, (o) (S7,S7)
can be represented by some linear combination of €-skeins inside the trivial cobor-

dism with corners S? x I relative to Pé2 and P’S'; Up to isotopy and skein equiva-
lence we can moreover restrict to €-skeins Té consisting of an oriented graph T¢
contained in

{((:z:,y,z),t) €S xI ‘ Y= 0}
featuring a single coupon C with color f € Homg(V;, Vi) like the one represented
in Figure 8.

FIGURE 8. The @-colored ribbon graph T, inside S? x L.

In other words, what we have is a surjective linear map from Homg(V;, Vi)
to HomA%,(@)(S Sz,/) whose kernel is to be determined. The semisimplicity of €
immediately implies

dim¢ HomAz,(g) (S SZ//) < i

When i = i we can specify S? as a non-empty 2-dimensional cobordism from & to
@, we can specify S2 xI as a 3-dimensional cobordism with corners from & to S21US2
and we can specify S? x I as a 3-dimensional cobordism with corners from S2 LI S2
to @. Then, thanks to Lemma 1.8.2, the triviality of the vector [S? x I, Té, 0] in
Homp, ( @)(S SZ.) can be tested by choosing Pf, := P2 as a fundamental ribbon
set, by COHSlderlng all fundamental €- COIOI"IIlgb i" of Pg,, by considering all &-
skems T'¢" inside S? x I relative to @2 and Pt g U PSQ, by considering all €-skeins
T7¢" inside S2 x I relative to f”2 U Pg, and @g and by computing the Witten-
Reshetikhin-Turaev invariant WRqu on the resulting closed 2-morphism of Cob%
Up to isotopy, skein equivalence and multiplication by some non-zero scalar this
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amounts to evaluating the Reshetikhin-Turaev functor Fg against the @-colored
ribbon graph T¥s.#" of Figure 9 for all

f € Homg (1,V; @ Vi), f' € Homg (V; @ V7, 1).

7]

FIGURE 9. The %-colored ribbon graph T¥s.s".

Then the modularity condition for € gives
dim«; HOmAg(g) (Sz S2) < (57;70.

19

The dimension of HomAg(g)(Sg, S3) is furthermore exactly equal to 1 because the
non-triviality of [idgz] follows from the evaluation of Fig against T#+.4" for

f =coev; € Homg(1,1®1%), f =ev; € Homg(1l® 1%, 1).

DEFINITION 1.9.1. The 0-colored 3-disc
]D)g tidy = S(Z)
is the 2-morphism of Cobf given by
(D3, (T8)" 0)
where (T})" is the @-colored ribbon graph contained in
{(z,y,2) € D* | y = 0}

and represented in the left-hand part of Figure 19 whose only coupon is colored

DEFINITION 1.9.2. The inverse 0-colored 3-disc
Dy : S2 = idy
is the 2-morphism of Cobf given by
(D7, (%), 0)
where (T9)id: is the €-colored ribbon graph contained in
{(z,y,2) € D* |y =0}

and represented in the right-hand part of Figure 19 whose only coupon is colored
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FIGURgE 10. The 0-colored 3-disc D3 and the inverse 0-colored 3-
disc Dy. The ribbon graphs T} and TY are represented in blue
with blackboard framing. The arrows on the faces of the coupons
specify the orientations of their horizontal boundaries and of their
vertical boundaries.

LEMMA 1.9.2. We have the equality
9 [Dg *ﬁﬂ - [idgg]
between vectors of HOmA?(g)(S%, S3).

ProOF. This result is an immediate consequence of the index 1 surgery axiom.
d

REMARK 1.9.1. Since the equality
D - [ﬁi * Dg} = [ididg]
follows immediately from the index 0 surgery axiom, we have
9 - [Dp| = [DF] " € Homa, (o) (83,ido)
and the objects idg and S3 of A (2) are isomorphic.

REMARK 1.9.2. If V is an object of a linear category A then we denote with
V : C — A the linear functor mapping the unique object of the unit linear category
Cto V.

THEOREM 1.9.1. The linear functor idg : C — Ag (@) is a Morita equivalence.

PROOF. Ag(@) is dominated by the set {idg}, as follows immediately from
Lemmas 1.8.1, 1.9.1 and 1.9.2 and from Theorem A.5.1. O

Let us define the 2-transformation
n: X O(EgXEg)ﬁEgO@

as follows: with every object (I',T"") of Cobf X Cobf the 2-transformation n
associates the linear functor

Mrr - Aqg(]r) X Aqg(l[—‘/) — Ag(]r & ]F/)
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mapping every object (2, Xr/) of Ag(I") ® Az(I"') to the object ¥r ® T/ of
A%z (T ® T'") and mapping every morphism

[Mr] @ [My]
of Homy, (1) (Zr, 2f) ® Homu, 0y (Zr/, £1) to the morphism
[Mp ® M/]
of Homy, (rer (Zr @ T, T ® BYv). With every 1-morphism
(%, %) (I, ) — (1", T")
of Cob? x Cob{ the 2-transformation 1 associates the natural transformation
Ns3 Fe(Z @ L) onp pr = npw pon o (Fa(T) ® Fe (D))
associating with every object (2, Bp/) of Ag(I") ® Ag(I) the morphism?
d(zor)@(20x,)
of Hom, (rrgr (£ o Zr) @ (T 0 Br), (T @ L) o (Br @ Tr)).
THEOREM 1.9.2. For all objects I and T of Cobf the linear functor
Nr i Ag(D) B Ag(T) = Ag(T @ T)
1s a Morita equivalence.
PROOF. If Ag(I") is dominated by
D(Er) = {(Br)v |V € F(P))
and if Ag(I") is dominated by
D(Sr) = {(Br)v V' € F(P))
then Ag(T" ® T) is dominated by
D(SrUSE) = {(Br)v @ (Be)v | V € F(P), V' € F(P')}.
Therefore np v clearly defines a bijection between generators.

To see that it is faithful let us consider objects X, E% of Ag(T"), objects
Y, Bf of Ag(T), coefficients Ay,. .., \; € C and morphisms

[MLFL ey [Mk,]l‘] S HomA%j(r)(Er, E%),
[MLF’L ey [Mky]r'] S HOHIA%(]I*')(E]F/, E;{v)
satisfying
k
> i np e (Mir] ® M) = 0.
i=1
Then for every object f. of Al (T), for every object B of AL (I) and for all
2-morphisms
M:idg = (Bp o Br), M :idg = (S oTp),
M": (Zp o 2f) = idg, M”: (L[ o BY) = ide

9We simply confuse (8 @ %) o (S1 ® Br/) with (R o %) ® (5 o B1) by a very slight abuse
of notation.
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of Cob¥ we have the equality
WRTq ((M” & M")  ((ids;, @ idsy, ) o (Mi,r © M) + (M@ M)
— WRTg (M” # (idy; oM, )« M) WRTq (M’” « (id% ° Mw,> . M’)

for every i = 1,..., k. This implies

k
> A (Mir]® Mir) =0.

To see that n - is also full we need to show that for all objects
or=(3r,PY,2), z{=(LLPY,27)
of Ag(T") and for all objects
B = (S PV, ), = (5, P 2
of Agz(T") every morphism
[Mrgr] € Homy, (rer (Sr ® 2pv, Bt ® Tp)

can be written as

k
> A mp e (M p] ® M p/])
i=1

for some coefficients A1, ..., A\x € C, and for some morphisms
[Ml,F]v ey [Mk,]l‘] S HOIIIA%/(]F)(ET, Eﬁ/‘),
[Ml,]r/]v ey [MkJI”] S HOI’HA%,(]IV)(E]F/, E%/)

To do so let us consider connected cobordisms with corners My from ¥ p to X7 U S2
and My from S?2U X to X%,. Then [Mrgp] can be presented by some linear
combination of €-skeins inside

(M[* L (E[v X I)) UE;LI_IS2I_IEF/ (( /I/" X I) L MI‘/)-

Up to isotopy and skein equivalence Lemmas 1.9.1 and 1.9.2 allow us to conclude.
O

1.10. TQFT

In this section we describe the TQFT produced by Egg. Indeed, as it was
explained in the introduction, every ETQFT on Cobf yields a TQFT on Cobf, and
linear functors associated with closed 1-morphisms of Cobf determine vector spaces
which we explicitly characterize. When the modular category € is taken to be the
modular quotient of the category qulg—mod of finite-dimensional representations
of the restricted version of quantum sly at ¢ = e%i, then our description recovers
the TQFT associated with the quantum invariants of [RT91].

We recall that the universal construction associates with the quantum invariant
WRTg% on Manf a covariant and a contravariant quantization functors on Cobf
denoted Ug and Ul respectively. The image of an object 3 of Cobf under Ug
is a vector space Vg(X) called the covariant universal vector space of ¥ given
by a certain quotient, which is defined using WRT¢, of the free complex vector
space generated by morphisms of Cobf of the form My, : idgy = ¥. The image of a
morphism M : £ = ¥’ of Cobg under Ug is a linear map fg(M) : Vg () — Vg (Z')
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called the covariant universal linear map of M which maps every vector [Mg] of
Vg (2) to the vector [M  My] of Vg (%').

ProrosITION 1.10.1. For every 1-morphism ¥ : @ — @& of Cobf we have
ng(E) = HomA?(g)(idg, E)

PROOF. The vector spaces Vg(2) and Hom,, () (idg, X) are both quotients of

the free vector space generated by the set of 2-morphisms Mg : idg = ¥ of Cobf.
We have to show that they are the exact same quotient. It is clear that if

k
Z)‘i . [Mi,rz] =0e€ HomArg(g)(id@» %)
i=1
then
k
Z)\l . [Mi’g] =0¢ Vg(E)
i=1

because, using the notation of Appendix A.7, the kernel of the linear map
(WRT%)x
given by the universal construction contains the kernel of the linear map
(WRT%)z)ids =

determined by the linear functor (WRTg)g given by the extended universal con-
struction. To show that the converse is also true, let us suppose

k
i=1

This means
k

> AWRTg (M #M; 5) =0

i=1
for every 2-morphism M’ : ¥ = idg of Cob? Such a linear combination determines
a trivial vector in Homy, (z)(idg, %) if

k

3 A\ WRT (M' X (id% ° Mi,z> * M) —0

i=1
for every object % of A% (2) and for all 2-morphisms

M:idg = 2, 0idg, M : 2, 0% = idy
of Cob¥. But since

M « (id% oMi,E> «M = (M’ x ((id% *M) oidE>) « M 5

for every i = 1,...,k we can conclude. ([l

COROLLARY 1.10.1. The covariant quantization functor Ug is a TQFT on
Cob?.
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Let us consider the linear functor
Fp: Ag(2) — Vect(fcg
mapping every object ¥ & of Ag () to the covariant universal vector space Vg (X )
and mapping every morphism [Mg] of Homy, (¢ (2 g, %) to the covariant universal

linear map

fe(Mg) : Vg(2g) — Vg (Ty).
PRrROPOSITION 1.10.2. The linear functor
Fg:Ag(2) — Vectgg
is a Morita equivalence.

PROOF. Since Vect(ég is dominated by the unit linear category C and since
Vg(idg) is ismorphic to it as an object of Vectfcg then, thanks to Theorem A.5.1,
we just need to show that Fy is faithful and full. In order to do so, let us fix
objects Ty = (Lg,PV, &) and B2 = (X4, P"V", Z") of Ag(@). We begin by
showing faithfulness, so let us consider a morphism

> i+ M 5] € Homy, (0 (2o, £7)
=1
satisfying
> X+ fe (M) = 0.
i=1

This means that

> AWRTg (M % M; g % My, ) =0

i=1
for every vector [My,] of Vg(Zg) and for every 2-morphism M’ : £7, = idgy of
Cob¥. Therefore we can choose connected cobordisms M from @ to Yg US? and
M’ from ¥% US? to @ and, thanks to Lemma 1.8.2, we have

> A Mip] =0
=1

in Homy, (2)(2 g, %) if and only if

3 A\ WRTq ((M’, T 0) % M; 5 * (M, , T%, 0)) =0
i=1
for every index i’ € I, for all €-skeins T inside My, relative to @2 and PV U Pisl2

and for all @-skeins T’  inside M’ relative to PV U PgQ and @2. Therefore
faithfulness follows from Lemmas 1.9.1 and 1.9.2. Finally, in order to show fullness
of Fy, let us choose a basis

(Mo 5], Mg 3,1}
of Vg(Xz), its dual basis

{[ /1,)2,3]a R [ ;C,Eg]}
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of V(X&) with respect to the non-degenerate pairing (-, )y, of Remark A.7.2 and
a basis

{[MLE%], ey [Mk//ﬁxlé}}
of Vg(Z7). Then a basis for Hom¢ (Vg (Zg), Ve (%)) is given by the linear maps

fe (Mj,mg *Mé,m)
foralli=1,...,kand j=1,...,k". O
We complete the picture with a standard linear algebra result. Let us consider

a linear functor F : Vectfcg — Vectﬁfcg and let np : F' = (-® F(C)) denote the natural
transformation associating with every vector space V' the linear map

(r)y = F(V) = Ve F(C)
wooe Y v @F(f;)(w)
i=1
where {v1,...,v,} is a basis of V and where {f1,..., fn} is its dual basis of V*.

PROPOSITION 1.10.3. The natural transformation ng : F = (- ®@ F(C)) is a
well-defined natural isomorphism.

PrOOF. We consider the linear map
(np')y,: V®F(C) —  F(V)
vz = F(fy)(x),

where, for every v € V, the linear map f, : C — V is determined by f,(1) = v.
Then (nz'),, is the inverse of (np),, because

ZF fvl 1 ZF fv, sz (me Of1> =

for every w € F(V) and
sz®Ffz fo) sz®Ffz fl@) =) filvyi@r=ver
i=1 i=1
for every v € V and every z € F(C).
Both linear maps (nr),, and (7];1)‘/ are independent of the choice of the basis,
because another basis {v],..., v}, } of V determines a dual basis {f1,..., f,} of V*,
and there exist complex numbers a;;,b;; € C for i,7 = 1,...,n such that

n n n
/ !
g aijbjk = 05k, V; = E aijvi, [ = E b fr-
=1 i=1 k=1

Then

Z’U;@F(fj,)(w): Z azjb]kvz(g)ka sz®Ffz
j=1 i,j,k=1
for every w € F(V).
Moreover, we have

(ne)vr o F(f) = (f ®idp(c)) © (nF)v
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for every linear map f : V. — V'. Indeed if {v{,...,v},} is a basis of V' and if
{fl,..., f.,} is its dual basis of V'* then there exist complex numbers ¢;; € C for
t=1,...,n and j = 1,...,n such that

f(vj) chijvéa fi/ofzzcijfj-
i=1 j=1
Therefore

DU @ FUNF(w) =D v @ F(f e f)(w)

i=1

=) > e F(fi)(w)

i=1 j=1

for every w € F(V). O

REMARK 1.10.1. Lemma 1.10.3 can be used to relate the universal vector space
Vg () of a closed 1-morphism ¥ : @ — @ of Cob{ to its universal linear functor
Fe(Y) : Ag (D) — Ag (D) as explained in the introduction.

REMARK 1.10.2. Our goal will be to produce computations of universal vector
spaces associated with closed 1-morphisms of Cobf in terms of the modular cate-
gory €. We will think about this question as follows: if ¥ : @ — & is a 1I-morphism
of Cob¥ then we look for a linear functor Fy, : C — Vect(fég together with a natural
isomorphism*°

F:
C - Vectﬁfcg
idg [} Fy
Ub>

Az (2) W Az (9)

The idea is then to try and decompose the 1-morphism ¥ : & — @ as a compostion
of tensor products of elementary 1-morphisms which are easier to describe and
compute.

10Since the linear category C features a single object, every such linear functor and every
such natural isomorphism are constant, so we are actually looking for a single finitely generated
vector space together with a linear isomorphism from Vg (%) to it.
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1.11. Universal linear categories

We describe here covariant universal linear categories in terms of €.
Let
F:% — Ag(Sh)
be the linear functor mapping every object V of € to the object ]]])(2+,V) of Az (Sh)
given by Definition 1.7.1 and mapping every morphism f of Homg(V, V") to the
morphism [(D? x H)Té] of HomA?(Sl)(D(?+7V), D?—;—,V”)) given by Definition 1.7.2 for

the @-colored ribbon graph TfDQXI inside D? x I consisting of the oriented graph
Tp2y 1 contained in

{((z,y),t) € D* x I |y =0}
featuring a single coupon with color f which is represented in Figure 11.

FIGURE 11. The %-colored ribbon graph Téle inside D? x 1.

THEOREM 1.11.1. The linear functor F : € — Ag(S') is a Morita equivalence.
PROOF. The family of objects
(D%, |V € Ob(®))

dominates A (S!) thanks to Lemma 1.8.1. Therefore, thanks to Theorem A.5.1,
we just need to show that F' is faithful and full. In order to do so, let us fix objects
V and V" of .

To begin with, the linear map

F : Homg (V, V") — Homa, a1y (D2 ), D2, 1))

is surjective thanks to Lemmas 1.5.2 and 1.7.1.
Furthermore, in order to see that

F : Homg (V, V") — Homy, @) (D2, 1), D2, 1))

is also injective it is sufficient to use the non-degeneracy of the trace trg established
in Lemma 1.2.2: indeed if f € Homg(V, V") is a non-trivial morphism then there
exists some morphism f’ € Homeg (V" V) satisfying trg(f/ o f) # 0. O
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1.12. Universal linear functors

We describe covariant universal linear functors induced by a set of generating
1-morphisms of Cobf composed of 2-discs and 2-pants. This allows for the compu-

tation of the covariant universal vector spaces associated with closed 1-morphisms
of Cob?.

1.12.1. 2-Discs. The first family of universal linear functors we are going to
analyse is equivalent to a collection of constant functors. Indeed, recall Definition
1.7.1 for the (+, V')-colored 2-disc and Remark 1.9.2 for the notation we adopt for
constant linear functors. For every object V' of € we have a commutative diagram
of linear functors of the form®!

v .
%%
)

¢
{ng
Ag (2 -
¢ Pe (D2, )

We move on to describe a family of universal linear functors which are equivalent
to Hom functors. Indeed, let V' be an object of €.

DEFINITION 1.12.1. The dual (—,V')-colored 2-disc

Ag(SY)

ﬁ?i)v) : Sl —
is the 1-morphism of Cobf given by
(D% P(-)".{0}).

We denote with B the 3-dimensional cobordism from @& to D? Ugi D2 with
support B = D3 whose outgoing horizontal boundary identification is induced by
the diffeomorphism

DQUSlﬁ — 8D3
—\/17x27y2,x,y> 1=—1
i, (z,y)] ‘
\/1—m2—y27m,y> 1=+1
For object V in € let
Homg(V,:) : € — Vectég

be the linear functor mapping every object V'’ of & to the vector space Homg (V, V')
and mapping every morphism f’ of Homg (V’/, V") to the linear map
Homg(V, f'): Homg(V, V') — Homg(V,V")
f = frof.

HThe linear functor F was introduced in Theorem 1.11.1.
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Then for every object V' of € we define the linear map
—2
(nv))y, : Homg(V,V') = Ve (B{_y) 0D2 1)
f = [By=[B.Tf0]

where Té is the @-colored ribbon graph contained in {(z,y,2) € B | y = 0}
represented in Figure 12.

FIGURE 12. The vector [By]. The ribbon graph Tg is represented
in blue with blackboard framing.

PROPOSITION 1.12.1. For every object V' of € the collection of the linear maps
(n(—v))v defines a natural isomorphism'?

R Homg (V, -) ~
© Vectég

PROOF. The result is established by showing that the linear maps
—2
() v+ Homg (V, V') = Vig (D_yy o D2, 1))

12The linear functor Fy is given in Proposition 1.10.2.
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are isomorphisms for every object V’ of € and that they are natural with respect
to morphisms of €. In order to do so, let us fix an object V' of &.

To begin with, the linear map (1(_ y))y- is surjective thanks to Lemmas 1.5.2
and 1.7.1.

Furthermore, in order to see that (1 )y is also injective it is sufficient
to use the non-degeneracy of the trace trg established in Lemma 1.2.2: indeed
if f € Homg(V,V') is a non-trivial morphism then there exists some morphism
f' € Homg (V', V) satisfying trg(f' o f) # 0.

Finally, the naturality of n_ v is proved by checking that

. 2 o
Fo ([ o (@* xDp] ) (By]) = Bref]
for all objects V', V" of &, for every morphism f of Homg(V,V’) and for every
morphism f’ of Homg(V/, V). O

1.12.2. 2-Pants. We define the 2-pant cobordism P? as the 2-dimensional
cobordism from S! LU S! to S! whose support P? is given by

o (o((4o) Bor(39)-1)) o

where B((x,v), p) is the open ball of center (x, %) and radius p in R?, whose incoming
boundary identification is given by

fpa: S'USY = AB((-1,0), 1 uaB((4,0),1)
z=2 Yy = —1
(i,(x,y)) = {(.LiQ’z) '
4

and whose outgoing boundary identification is given by idg:.

We also define the dual 2-pant cobordism P? as the 2-dimensional cobordism
from S! to S* LIS' whose support is given by P2, whose incoming boundary iden-
tification is given by idg: and whose outgoing boundary identification is given by

fpz.
DEFINITION 1.12.2. The 2-pant
P?2:S'®St - st
is the 1-morphism of Cobf given by
(P?,27, H(P%R)) .
DEFINITION 1.12.3. The dual 2-pant
P’:s! »sles!
is the 1-morphism of Cobf given by
(ﬁ, @Q’,Hl(Pz;IR{)> .

We begin with the study of the 2-pant cobordism, which induces a family of
universal linear functors that are equivalent to tensor product functors. Let

VIi€XEC— €

be the linear functor mapping every object (V, V') of € ® € to the object V@V’ of
€ and mapping every morphism of the form f® f’ of Home (V, V") @Home (V', V')
to the morphism f ® f’ of Homg(V @ V', V" @ V).
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REMARK 1.12.1. For every object (£,V) of Ribg we have a 2-morphism

(D? X D) piaye : DYy yey = D?av)

of Cobf given by Definition 1.7.2 for the obvious morphism
TV 2 (+,V°) = (& V)
For every object (V,V’) of € ® € we define (v )(v,y) to be the morphism
[(D2 X H)Tidv®v,]
of
Homyg st (D%+,V®V’)’P2 ° (D?JnV) ® D%«”’)) ’

: 2 2 2 2 1
where we confuse the objects D{ , 1) ;1)) and P%o (]D(JDV) ® DH,V,)) of Ag(Sh)
by identifying them via the isomorphism induced by the obvious positive diffeomor-
phism from D? to (D? U D?) Ug151 P2.

PROPOSITION 1.12.2. The collection of the morphisms (nv)v,v/) defines a nat-
ural isomorphism

. \V/ .
CERE — €

ﬁsaslo(ﬁgﬁ) (8 F
v

PROOF. For every object (V,V’) of € ® € the morphism (1v ),y is clearly
invertible.
In order to show the naturality of 7y we have to check that

(Fe(P?) ([(D* xD)f @ (D? x D) 5]) o [(D? X D). piay g ]
— [0 X Dygoyrrgyon] o [0 x D]
for every morphism of the form
f @ f' € Homg(V, V") @ Homg (V', V'").
O

Before going any further, we stop to introduce some notation which will be
used in the following. We choose a fixed 3-dimensional cobordism with corners X
from D2 LUD? to D? Ug1 P2 whose support X is given by

(I x D*)~ (B <(0,0,0), i) UB ((1,0,0), i)) C R3,

whose incoming horizontal boundary 9" X is given by

<aB ((0,0,0), i) UOB <(1,o,0), D) nx,
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whose outgoing horizontal boundary 8_};X is given by I x D? and whose outgoing
vertical boundary dY X is given by

(0T x D*) ~ (B ((0,0,0), i) UB <(1,0,0), i)) .

We can now begin with the study of the dual 2-pant cobordism, which gives rise
to a family of universal linear functors that are equivalent to coproduct functors.
Let

A:C—-ECRE
be the linear functor mapping every object V of € to the objec

P, viev)

i€l

tlS

of the completion of € ® € and mapping every morphism f of Homg (V, V") to the

morphism
(65 - (idv; @ (idv;: ® 1)), .oy
of

Homg g | DV, V7 @ V)PV Vi V")
Jel i€l
Let us consider for every index j in I and for every object V of € the 2-morphism
) 2 —2 5
Xjv : Divy) @D vy vy = B oDy,

of Cobf given by
(X, T, 0)
for the €-skein T4”" represented in Figure 13.

F1GURE 13. The 2-morphism X; of Cobf.

Then for every object V of € we define (na)y to be the morphism
Xiv])i=
(D) iz

13gee Appendix A.5 for the notation we use for completions of linear categories.
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2 2 o2 T2
Homy, sigg) | DDEvy) @ Dfvrav) P oDy |
jel
where we confuse the objects D%J“Vj*@‘/) and D(Q(f,vj),(ﬁv)) of Az (S!) by identifying
them via the isomorphism
|:(D2 X H)Tidvj*®v}
which was introduced in Remark 1.12.1.

PROPOSITION 1.12.3. The collection of the morphisms (na)y defines a natural
isomorphism

. A .
€ "EKE
F () ﬁslslo(ﬁgﬁ)
/N

Ag(S') — 7 Ae(S' @ 8)
e ()

PRrOOF. Let us consider the 2-morphisms

.2 2 2 2
Xiv : P oD, vy = D v,y @D{_ vy (+,v))

of Cobf given by
Kov = (X, 1,0
for the ribbon graph T% represented in Figure 14.

FIGURE 14. The 2-morphism Xy of Cob;g.

Then the inverse of the morphism
X ] 1=
([ 3,V ])jell
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of

Homg (g11) 691 D%Jr,vj) ® D%H/;@V)’@Q oDP, v
j€
is given by the morphism J
27" (dimg(V;) - m]);?iﬁ

of

Homjg, g1 gst) (Pz © D%+,V)’ @D?+,Vi) ® D?+,\4*®V)> :
Indeed a @-skein inside I x S x I represeftling the composition

DY dimg(Vi) - [Xi v+ X v
i€l

is represented in Figure 15, so that the modularity condition of Definition 1.2.2
yields the equality

271 Zdimrg(Vi) : [Xi,v * m] - {idP%D%ﬁv)] .

i€l

FIGURE 15. The morphism ), ; dimg (V;) - [X; v * X; v].

The equality

o dlmg(v;) . [Xi,V * Xj’v] = 5ij . |:idD%+,Vi) ® idp2 ]

(+.vrev)

follows essentially from Lemma 1.8.2 and from the modularity condition of Defini-
tion 1.2.2.
In order to show the naturality of na we have to establish the equality

(Pa(®) ([(02 x ] 0 [X5:v] = K] 0 [(B? x Diay, © (D? x Dyia,. o]
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of morphisms of

2 2 2 2
Homy, g1 551y | D DFrv,) @D vrevy P oD v
JEl

for every j € I and for every f € Homg(V,V”). This is done by using Lemma
1.8.2. (I

1.12.3. Examples of computations. For every 1 < n € N we fix an oriented
trivalent graph @,, inside R? x {0} C R3 like the one represented in Figure 16.

Gp—1 Qan-—2 ag

Gn a1
Il Cn—11Cn—-2 --- C1 Il

bnfl bn72 b2

FI1GURE 16. Trivalent graph of genus n. For n = 1 it has a unique
edge a and no vertex, while for n > 1 it has 3n — 3 edges, named
according to the picture, and 2n — 2 vertices.

Let X, be a standard closed surface of genus n obtained as the boundary of
a standard tubular neighborhood of ®,, in R3. We denote with ¥, : @ — @ the
1-morphism of Cobf given by

(Zrmggagzn)

where the Lagrangian subspace &x, C Hi(X,;R) is generated by the homology
classes of meridians of edges of ®,,.
If n = 1 then the set Col(®1) of colorings of ®; is defined to be the index set I.

REMARK 1.12.2. We should think of elements i of Col(®1) as labelings of the
edge a of ®;.

If n > 1 then we denote with I,, the finite set
n n n—1
HI X HI X H L.
r=1 (=1 =1
An element of I,, is denoted

(Zj?l_é) = (i17"'ain7jl7"’7jn7k17"~aknfl)'

The set Col(®,,) of colorings of ®,, is the subset of I,, given by

(78 et

REMARK 1.12.3. We should think of elements (;, 7, IE:) of Col(®,,) as labelings

of edges of ®,,, where the edge a, is labeled i,, the edge b, is labeled j, and the
edge ¢y is labeled ky.

1] = jlain = ]n} .
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PROPOSITION 1.12.4. Ifn =1 then Vg(X1) is isomorphic to

n—1

@ ® Homg (1,V; ® V).

i€Col(®y) £=1
If n > 1 then Vg (X,,) is isomorphic to

n—1
D Q (Home(n.Vie Vi, ®Vi) @ Home(1.V;, @ Vi, ©V;,)).
(7.7.k)€Col(®,,) =1
PROOF. If n = 1 then the 1-morphism %, : @ — @ of Cobg can be decom-
posed, up to isomorphism, as
D2o @2 oP? o D?.
If n > 1 then the l-morphism ¥, : @ — & of Cob;g can be decomposed, up to
isomorphism, as
WO@QOEO...OEOPQODQ

for the 1-morphisms E : S! ® S' = S' @ St of Cob;g represented Figure 17.

FIGURE 17. The 1-morphism = of Coby.

Then thanks to Propositions 1.12.1, 1.12.2 and 1.12.3 we can conclude. (I



CHAPTER 2

Non-Semisimple Extended Topological Quantum
Field Theories

This chapter provides the general theory for the construction of 3-dimensional
ETQFTs extending the Costantino-Geer-Patureau quantum invariants defined in
[CGP14|. Our results rely on relative modular categories, a class of non-semisimple
ribbon linear categories modeled on representations of unrolled quantum groups,
and they exploit a 2-categorical version of the universal construction introduced by
Blanchet, Habegger, Masbaum and Vogel. The 1+1+1 TQFTs thus obtained are
realized by symmetric monoidal 2-functors defined over 2-categories of admissible
cobordisms decorated with colored ribbon graphs and cohomology classes and tak-
ing values in 2-categories of complete graded linear categories. In particular our
construction extends the family of graded TQFTs defined for unrolled quantum
sly by Blanchet, Costantino, Geer and Patureau in [BCGP16] to a new family of
graded ETQFTs.

2.1. Introduction

In [CGP14] Costantino, Geer and Patureau developed the general theory for
the construction of a new class of non-semisimple Witten-Reshetikhin-Turaev type
quantum invariants of closed 3-manifolds. Their work is based on surgery presenta-
tions and it exploits some rather complicated algebraic structures: if G and I are
abelian groups called the structure group and the periodicity group respectively and
if X is a “small” subset of GG called the critical set then their machinery provides a
quantum invariant’ CGPg of decorated closed 3-manifolds for every pre-modular?
G-category € relative to (II, X) satisfying some non-degeneracy condition. Such
relative pre-modular categories, introduced here in Definition 2.2.1, are ribbon cat-
egories with three important new features: they carry a G-structure, they have
finiteness properties only up to the action of IT and, more importantly, they are
not necessarily semisimple, with the deviation from semisimplicity being measured
by X C G. The Costantino-Geer-Patureau invariants are evaluated against closed
3-manifolds M equipped with €-colored ribbon graphs T¥ and cohomology classes
w with G-coeflicients, but not arbitrary ones: T%¥ and w should satisfy a certain
compatibility condition and, more importantly, a certain admissibility condition?®,

IThe invariant defined in [CGP14] is actually called N.

’In [CGP14] the authors use the term modular instead of pre-modular. Our change of
terminology is motivated by the semisimple theory, where quantum invariants are defined for any
non-degerate pre-modular category, and modularity is only needed in order to prove symmetric
monoidality of functorial extensions.

3See Subsections 2.3.1 and 2.3.3.

43
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the lack of which makes it impossible to even lay down the definition. A small
survey of the construction is provided by [D15].

An explicit family of examples, which inspired the general theory in the first
place, is obtained by considering certain non-degenerate relative pre-modular cat-
egories € = UqHslg—mod of finite-dimensional complex-weight representations of
the so called unrolled version of quantum slo when ¢ is a primitive 2r-th root of
unity for » > 2. These categories feature G = C/2Z as their structure group
with critical set X = Z/2Z and periodicity group II = Z. This family of ex-
amples extends the multivariable Alexander polynomial, the Kashaev invariants
and the Akutsu-Deguchi-Othsuki invariants to framed colored links in arbitrary
3-manifolds. An unexpected phenomenon is the appearance of the abelian Rei-
demeister torsion, which can be recovered by the sl Costantino-Geer-Patureau
invariants at the level » = 2. This distingushes dramatically the non-semisimple
theory from the semisimple one, as the relationship between the Reidemeister tor-
sion and the Witten-Reshetikhin-Turaev invariants remains a great open question,
part of Witten’s asymptotic conjecture.

In [BCGP16] Blanchet, Costantino, Geer and Patureau extended this family
of sls quantum invariants to non-semisimple Z-graded Topological Quantum Field
Theories*. The latter are symmetric monoidal functors with sources given by cat-
egories of admissible decorated cobordisms and with targets given by categories
of Z-graded® vector spaces. When the level r, which is half of the order of the
root of unity ¢, is a multiple of 4 then the braiding on Z-graded vector spaces
is the super-symmetric one. This family of Z-graded TQFTs has surprising new
properties which produce unprecedented results: indeed, if we consider the induced
representations for Mapping Class Groups of surfaces, the actions of Dehn twists
along non-separating simple closed curves have infinite order.

2.1.1. Main results. Extended TQFTs, usually abbreviated as ETQFTs,

are symmetric monoidal 2-functors from 2-categories of cobordisms to linear 2-

categories. They provide localizations of TQFTs while further enriching their struc-
ture. Therefore it is natural to ask the following:

(i) Is it possible to upgrade the family of Z-graded TQFTs coming from un-

rolled quantum sl to a new family of non-semisimple Z-graded ETQFTs?

(ii) Can we find conditions for a non-degenerate pre-modular G-category €
relative to (II, X) under which CGPg extends to a IT-graded ETQFT?

The goal of this chapter is to give a positive answer to both of these questions.
Indeed we prove that if € is a non-degenerate relative pre-modular category then
we only need to make a small additional requirement in order to carry out the whole
plan. We call this condition relative modularity, we introduce it in Definition 2.2.2
and we draw the analogies with the standard modularity condition coming from
the semisimple theory. Since in particular this property is established for Uf slo-
mod in Lemma A.4 of [BCGP16], our construction applies to all of the Blanchet-
Costantino-Geer-Patureau Z-graded TQFTs. Our ETQFTs will then be given by

4The abbreviation TQFT is an acronym for this term.
5Remark that the periodicity group of the categories of representations of unrolled quantum
sly appears as the grading group for vector spaces.



2.1. INTRODUCTION 45

symmetric monoidal 2-functors defined over 2-categories Cob;g of decorated cobor-
disms satisfying admissibility conditions, and taking values in 2-categories CatfcY
of complete IT-graded linear categories. We state here our main result.

THEOREM 2.1.1. If € is a modular G-category relative to (II, X) then CGPg
extends to a II-graded ETQFT

g : Cobf — Catg.

Unlike the non-semisimple ETQFTs constructed by Kerler and Lyubashenko
in [KLO1]|, the 2-functor K¢ is defined also for non-connected surfaces. It can be
described in terms of the relative modular category % which is used as a building
block: connected objects of Cobf are mapped to complete I7-graded linear cate-
gories which, up to equivalence, are given by IT-graded extensions of homogeneous
subcategories of projective objects of €. Furthermore, generating 1-morphisms of
Cobf can be translated into I7-graded linear functors between these IT-graded lin-
ear categories, and they can be interpreted as algebraic structures on them. This de-
scription presents us immediately with a new phenomenon: the 2-functor Feg is fully
monoidal, but the images of certain objects of the domain 2-category are in gen-
eral non-semisimple. This result may seem to contradict Theorem 3 of [BDSV15],
which can roughly be stated as follows: not only every modular category € de-
termines a 3-dimensional ETQFT featuring € as the image of S!, but these are
essentially all of the possibilities. In particular, images of closed 1-dimensional
manifolds under 3-dimensional ETQFTs are necessarily semisimple. This apparent
incongruity can in fact be explained as follows: all of the objects of the cobordism
2-category considered in [BDSV15] are fully dualizable, and semisimplicity is a
consequence of this property. On the other hand, in the definition of the admissible
cobordism 2-category Cobf we forbid some non-admissible decorated cobordisms
by removing them from the categories of morphisms. This makes some “critical”
objects into non-dualizable ones, thus making room for non-semisimplicity.

We may ask again what it means, in this I7-graded version of the theory, for a
TQFT to extend a quantum invariant, or for an ETQFT to extend a TQFT. The
idea is exactly the same one we used to answer this question before the appear-
ance of gradings. Indeed a II-graded TQFT associates with a closed 3-manifold
a Il-graded linear endomorphism of a certain IT-graded vector space which, as a
consequence of monoidality, is 1-dimensional in degree 0 and 0-dimensional in all
other degrees. Such a map is just a product with some fixed complex number which
we can intepret as the quantum invariant of the closed 3-manifold. Analogously, a
IT-graded ETQFT associates with a closed surface a IT-graded linear endofunctor
of a certain I7-graded linear category which, as a consequence of monoidality, is
equivalent to the category of IT-graded vector spaces. Such a functor is equivalent
to a product with some fixed II-graded vector space, which we can interpret as
the IT-graded TQFT vector space of the closed surface. In particular a IT-graded
ETQFT still essentially associates a complex number with every closed 3-manifold
and a Il-graded vector space with every closed surface. In this sense our construc-
tion recovers the quantum invariants of [CGP14] and generalizes the TQFTs of
[BCGP16] to all relative modular categories.

2.1.2. Outline of the construction. We will essentially try to reproduce the
previous chapter in the non-semisimple setting of Costantino, Geer and Patureau.
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The strategy will be to fix a non-degenerate pre-modular G-category € relative
to (I, X) and to apply the extended universal construction to the corresponding
quantum invariant® CGPg. This operation produces a 2-functor denoted

E¢ : Cob? — Catc.
This time Cobf denotes a suitable symmetric monoidal 2-category of admissible
cobordisms decorated with €-colored ribbon graphs and cohomology classes with
G-coefficients. However, unlike in the semisimple case, Eg is not an ETQFT on
the nose, not even when the category € is relative modular. Indeed, in this case
a set of surgery axioms satisfied by CGPg allows us to parametrize the deviation
from monoidality of E¢ by means of the periodicity group II. Nevertheless, we can
define a IT-graded extension

Eg : Cobl — Catl!
of E¢ with target the symmetric monoidal 2-category of complete 1I- graded linear
categories. The idea is to replace the image of an object of Cob3 under Erg, which
is a complete linear category, with a suitably defined complete I7-graded linear
category obtained by integrating the obstruction to monoidality into its structure.
We can then show that the resulting 2-functor Eg is indeed symmetric monoidal,
and thus provides a IT-graded ETQFT. Once again, skein calculus techniques can
be used to produce a more combinatorial description of Eg in terms of the rela-
tive modular category €, with images of generating 1-dimensional manifolds corre-
sponding to natural subcategories of € and with images of generating 2-dimensional
cobordisms corresponding to meaningful functors between them.

2.1.3. Structure of the exposition. The chapter is organized as follows:
we begin by introducing the main ingredients of our construction, relative modular
categories, in Section 2.2. We devote Section 2.3 to the detailed construction of
the symmetric monoidal 2-categories of admissible decorated cobordisms, which we
will then use as the domains for our non-semisimple ETQFTs. In Section 2.4 we in-
troduce a set of surgery axioms derived from [BCGP16] and in Section 2.5 we use
them to dramatically simplify the study of vector spaces of morphisms by restrict-
ing to fixed connected cobordisms with corners, much in the spirit of [BHMV95|.
In Section 2.6 we recall the definition of the Costantino-Geer-Patureau quantum
invariants of closed 3-manifolds and we prove they satisfy the surgery axioms. Start-
ing from Sections 2.7 and 2.8 we fix a relative modular category €, we consider
the associated Costantino-Geer-Patureau quantum invariant and we study the as-
sociated quantization 2-functor. In Section 2.9 we prove the failure of E to be an
ETQFT, we carefully analyse its deviation from monoidality and we upgrade the
construction by defining the IT-graded quantization 2-functors Ees and Efg. Our
main results are contained in Sections 2.10 and 2.11, where we show that the 2-
functor B¢ is indeed monoidal and symmetric. Section 2.12 contains a detailed
discussion of the relationship between our ETQFT and the associated generalized
version of the Blanchet-Costantino-Geer-Patureau TQFT. Sections 2.13 and 2.14
are devoted to the explicit description, in terms of the relative modular category
@, of the II-graded linear categories and of the IT-graded linear functors associated
with elementary objects and 1-morphisms of Cobf respectively.

6The invariant defined in [CGP14] is a different renormalization of the one considered here.
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2.2. Relative modular categories

This section is devoted to the definition of the algebraic structures which are
going to play the leading role in the construction, relative modular categories. They
are a non-semisimple analogue of modular categories and, since their definition
involves a lot of different ingredients, we first set the ground by recalling definitions
for various concepts like group structures, traces on ideals induced by ambidextrous
objects and group realizations.

2.2.1. Group structures and homogeneous colored ribbon graphs. We
begin by introducing group structures on monoidal categories. In order to do so let
us fix an abelian group G. If € is a strict monoidal category then a G-structure on
% is given by a family of full subcategories {€, | g € G} of € indexed by elements
of G and satisfying V @ V' € Ob(@44, ) for all V € Ob(%,) and all V' € Ob(E,).
A strict monoidal category € equipped with a G-structure is called a G-category”
and G is called the structure group of €. For every g € G the subcategory €, is
called the homogeneous subcategory of index g. If an object V' of € belongs to the
homogeneous subcategory of index g then we will write i(V) = g and we will say V
is a homogeneous object of index g. We say a G-structure on a pivotal category € is
compatible with the pivotal structure if V* € Ob(%_,) for all V € Ob(€,). A pivotal
G-category is then a pivotal category equipped with a compatible G-structure, and
a ribbon G-category is a pivotal G-category which is ribbon.

Let us fix for this subsection a ribbon G-category €. If ¥ is a 2-dimensional
cobordism and if P C ¥ is a ribbon set® then a @-coloring V : P — Ob(®) is
G-homogeneous if V(p) is a homogeneous object of € for every vertex p € P. A
&-colored ribbon set PV C ¥ is G-homogeneous if the €-coloring V : P — Ob(®)
is G-homogeneous.

If M is a 3-dimensional cobordism with corners from ¥ to ¥, if PV ¢ ¥ and
PV c ¥ are G-homogeneous €-colored ribbon sets and if T C M is a ribbon graph
from P to P’ then a @-coloring ¢ : T — € extending V and V' is G-homogeneous,
denoted , if (e) is a homogeneous object of € for every edge e C T. A %-
colored ribbon graph T¢ C M from P" to PV is G-homogeneous if the €-coloring
¢ : T — € extending V and V' is G-homogeneous.

The ribbon G-category Ribg of G-homogeneous 6 -colored ribbon graphs is the
subcategory of? Ribg whose objects are objects

((e1, V1), -+, (En, Vi)
of Ribg such that V; is a homogeneous object of € for all i = 1,...,k, and whose
morphisms are morphism T% : (£,V) — (£7, V') of Ribg such that ¢ : T — € is a
G-homogeneous @-coloring.

REMARK 2.2.1. We still denote with Fg the restriction of theReshetikhin-
Turaev functor associated with & to the subcategory Ribg of Ribe.

7In literature a monoidal category with a G-structure is usually called a G-graded category,
see [TV12|, [GP13] and [CGP14|. We change terminology because we will use the term graded
category in the enriched sense, with grading appearing on morphisms rather than on objects.

8We recall that a reference for the notation and terminology used for ribbon sets and ribbon
graphs can be found in Appendix B.5, while €-colorings are introduced in Section 1.2.

9The ribbon category Ribg has been introduced in Section 1.2.
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2.2.2. Traces on ideals and ambidextrous objects. In this subsection we
recall the notions of ambidextrous objects and of traces on ideals in ribbon linear
categories which are central in the theory of renormalized link invariant developed
by Geer, Patureau and Turaev in [GPT09]. We say an object V of a category &
is a retract of another object V' of & if there exist morphisms f € Homeg(V, V')
and [/ € Homg(V', V) satisfying f' o f = idy. A subcategory €’ of & is said to
be closed under retraction if every retract of every object of €’ is an object of €”.
Moreover a subcategory €’ of a monoidal category & is said to be absorbent if for
all objects V of € and V' of €’ the tensor products V@ V' and V' @ V are objects
of €'. An ideal F of a monoidal category € is then a full subcategory of € which
is absorbent and closed under retraction.

LEMMA 2.2.1. If € is a pivotal category, if F is an ideal of € and if V € Ob(F)
then V* € Ob(¥).

A proof of this Lemma can be found in [GPV13]|. The ideal .y generated
by an object V' of a pivotal category € is the smallest among the ideals ¥ of €
satisfying V' € Ob(¥).

EXAMPLE 2.2.1. If € is a pivotal category then the full subcategory Proj(%) of
projective objects of € is an ideal of €, and it coincides with the full subcategory
Inj(€) of injective objects. Moreover if V' is a projective object of € with epic
evaluation then Proj(%) = fy. Again this is proved in [GPV13].

We will consider from now on pivotal and ribbon categories which are linear.

REMARK 2.2.2. It is to be understood that a monoidal linear category is a linear
category equipped with a monoidal structure whose unit is given by a simple object
1 € Ob(®) and whose tensor product is given by a bilinear functor ® : € x € — 6.
In particular, when considering some monoidal linear category € we will always
confuse Endg (1) with C by identifying idy with 1. A pivotal linear category will be
a strict monoidal linear category equipped with a pivotal structure whose duality
functor is linear. A ribbon linear category will simply be a pivotal linear category
which is ribbon.

The left partial trace of a morphism f € Endg(V ® V') of a ribbon linear
category € is the morphism tr(f) € Endg (V') given by

try(f) := (evy ®idy) o (idys @ f) o (coevy @ idy)
and the right partial trace of f is the morphism tr,(f) € Endg (V) given by
trr(f) = (ldv ® &IV/) o (f ® idv/*) o (ldv (9 COEVV/).

See Figure 1 for a graphical representation.

FIGURE 1. Partial traces of a morphism f € Endg(V @ V).
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A trace t on an ideal F of a ribbon linear category € is a family
t:={ty : Endg(V) - C |V € Ob(.¥)}
of linear maps satisfying:
(i) tvey: = ty(tri(f)) for all objects V of € and V' of ¥ and for all
morphisms f € Endg(V ® V');
(i) tveyr = ty(trp(f) for all objects V of F and V' of € and for all mor-
phisms f € Endg(V @ V');
(#i) tv(f'of) =ty (fof’) for all objects V and V' of .F and for all morphisms
f € Homg(V, V') and f’ € Homg(V', V).
A trace t on an ideal .F of a ribbon linear category € is non-degenerate if
tyocyyrv: Homg(V’, V) & Homg(V, V/) - C

is a non-degenerate pairing for every V' € Ob(.¥) and for every V' € Ob(®). The
dimension d associated with a trace t on an ideal F of a ribbon linear category €

is the function
d: § — C

V - ty (ldv)
The main propeller for the theory of traces on ideals in ribbon linear categories
is the existence of a special kind of object: a simple object V' of a ribbon linear
category € is ambidextrous if for every f € Endg(V ® V*) we have

focoevy = (¢y ®idy«) o py«y o f*o M\T—i,v 0 COeVy+,

where the isomorphisms py, € Homg (VRV')*, V*®@V*) are part of the structure
of the monoidal linear functor d : €°® — €. If € is a ribbon linear category and if
V' is an ambidextrous object of & then there exists a unique trace t on ¥y, which
satisfies!” d(V) = 1. Moreover if V is projective with epic evaluation then the
unique trace t on Proj(®€) satisfying d(V) = 1 satisfies d(V’) # 0 for every simple

projective object V' of € with epic evaluation'!.

2.2.3. Group realizations. The last ingredient we will need for the definition
of relative modular categories is the action of an abelian group II. If v : [T xII — Z*
is a symmetric Z-bilinear map then we denote with IT” the symmetric monoidal
linear category with set of objects Ob(II) = II, with vector spaces of morphisms
satisfying

dim¢ Hompw (u, u') = 8y 0,

with unit 0 € I7, with tensor product mapping each pair of objects (u, ') of IT x IT
to u®u' := u+u’ and with braiding given by the morphisms 8, ./ := v(u, v’)-idytuw
for all u,u’ € II. A realization of IT in a braided monoidal category € is a braided
monoidal functor ¢ : [1¥ — €.

REMARK 2.2.3. For every realization o of IT in € and for all u,u’ € IT we will
denote with ¢ € Homg (1, 0(0)) and with p,, » € Homg(o(uw)@o(vw'), o(u+u')) the
morphisms of € coming from the structure of o, and we denote with o(II) the set
of objects {o(u) € Ob(®) |u € II} of .

10gee Theorem 3.3.2 of [GKP11] for this result.

Hgee Section 5 of [GPV13] for this result. If we work with abelian categories then another
condition ensuring the existence and uniqueness up to scalar of a trace on Proj(%) is provided by
Corollary 3.2.1 of [GKP13].
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REMARK 2.24. If ¢ : [I¥ — € is a realization of II in & then all objects in
o(IT) := {o(u)|u € IT} are simple and Homeg (o(u) @ V, o(u) ® V') is isomorphic to
Homg (V, V') for all V, V' € Ob(®) and for every u € II. In particular o(u) @ V is
simple if and only if V' is simple.

A free realization of II in a braided monoidal category € is a realization of
IT in ¥ such that for every simple object V' of & the tensor product o(u) ® V is
isomorphic to V' if and only if u = 0.

2.2.4. Main definitions. Relative modular categories will provide a non-
semisimple analogue to modular categories with group structure. However, for
them to be manageable, we will need to be able to control their non-semisimplicity.
In particular, like in [GP13] and in [CGP14], we will want their generic homoge-
neous subcategory to be semisimple, with the non-semisimple part of the category
originating from a “small” set of critical indices. Before making precise what is
the exact notion of smallness we will need, let us start by fixing the terminology
for semisimple categories. We say a dominating set'? D for a linear category € is
reduced if

dim(c HOIH%(V, V/) = 5\/7\//
for all V,V' € D. A semisimple category is then a linear category € which admits
a reduced dominating set.
A subset X of an abelian group G is small symmetric if:

(i) X =-X;
k

(i) G ¢ U(gi—i—X) for all K € N and all g1,...,gx € G.
i=1

If G is an abelian group and X C G is a small symmetric subset then all elements
in G\ X are called generic and all elements in X are called critical. Let us fix
such an abelian group G with a small symmetric subset X C G. We say a linear
G-category € is semisimple relative to X if:

(i) G, is semisimple for all g € G \ X;

(i) V € Ob(®,), V' € Ob(€y), g # g = Homg(V, V') = 0.
If € is a semisimple G-category relative to X then X is called the set of critical
indices or simply the critical set.

REMARK 2.2.5. For a semisimple G-category relative to X we will use the term
relative semisimple category every time there will be no need to explicitly mention
the structure group G and the critical set X C G.

A semisimple ribbon G-category relative to X is just a ribbon linear G-category
which is semisimple relative to X.

DEFINITION 2.2.1. If G and II are abelian groups and if X C G is a small
symmetric subset then a pre-modular G-category relative to (I, X) is given by:
(i) a semisimple ribbon G-category € relative to X C G;
(71) aset ©(F,) = {Vi € Ob(%,) | i € I} of simple projective objects of &
with epic evaluation for all g € G\ X and for some ordered finite set I,;
(éi1) an ambidextrous projective object Vy of € with epic evaluation;
(iv) a free realization o : IIY — €.

12Gee Definition A.5.18.
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These data satisfy the following conditions:
(i) o(II)®@0O(6y) :={o(u)@V; |u € II,i € I} is a reduced dominating set
for €4;
(i) dimg (o (u)) # 0;
(#1) Bv.o(u) = ¥(g, u) -5;(2)7‘/ for all g € G, V € Ob(®,) and u € II and for
some Z-bilinear homomorphism 1 : G x IT — C*.
The group I is called the periodicity group of €.

REMARK 2.2.6. If € is a pre-modular G-category relative to (II, X) then we
denote with t the unique trace on Proj(%) satisfying d(Vp) = 1 and we introduce

the notation
U e
geGNX

PROPOSITION 2.2.1. If € is a pre-modular G-category relative to (II, X) then
the trace t on Proj(€) is non degenerate.

PROOF. We begin with a remark. If U is a projective object of € and if
Vi € ©(%,) then the morphism evy, ® idy is still epic because U is dualizable.
Therefore, since U is projective, there exists a section s of evy, ® idy, which is a
morphism in Homg (U, V* @ V; @ U) satistying (evy, ® idy) o s = idy.

Let us consider a homogeneous projective object U, a homogeneous object W
of the same index and a non-zero morphism f € Homeg (U, W) between them. Then
if V; € ©(%,) the morphism

(idy, ® (f o (evy, ®idy)) ® idy~) o (coevy, ® idy, ® coevy)
is a non-zero morphism of €, because
fol(evy, ®idy)os=f
for every section s of evy, ® idy. Then, since €, is semisimple and V; is simple,
there exists a retraction r of idy, ® ((f ® idy~«) o coevy ), which is a morphism in
Homg (V; ® W ® U*,V;) satisfying
ro (idy, ® ((f ® idy+) o coevy)) = idy;.
Let h € Homg (W, V;* ® V; ® U) denote the morphism
(idVi* XTrQ idU) o (CONQVVi R idy ® CONQVU)
and let f' € Homg (W, U) denote the morphism
(evy, ®idy) o h.
Then
ty, (f/ o f) =ty ((evv X ldU) oho f) = tVi*®Vi®U(h ofo (evvl. X idU))

= ty, (tr(try(h o f o (evy, ®idy))))

=ty (ro (1dV ® ((f ® idy~) o coevy)))

= tV (ld )
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If € is a pre-modular G-category relative to (IT,X) then the Kirby color of
index g € G\ X is the formal linear combination of objects

Q=Y _d(Vy)
i€l
If T¥ is a G-homogeneous €-colored ribbon graph, if K C idp2 is a framed knot

disjoint from T and if g € G ~ X is a generic index then we denote with K U T%
the formal linear combination of G—homogeneous ®-colored ribbon graphs

> dvi) - (K uT?)
icly
where V;(K) = V;. Although K*?s UT¥ is not actually a morphism of Ribg, we can
still define its image Fig (K% U T*") under the Reshetikhin-Turaev functor as
> d(Vi) - Fg (KV* U T?).
i€ly

REMARK 2.2.7. For a pre-modular G-category € relative to (II, X) there exist
constants A, A_ € C satisfying

frv =44 -idy, foy=A_-idy
for every V € Ob(®,) with g € G \ X, where fiy and f_y are the images under
the Reshetikhin-Turaev functor Fg of the %-colored ribbon tangles depicted in

Figure 2. Observe that A; and A_ do not depend neither on V' € Ob(%,) nor on
g € G~ X. This is proved in Lemma 5.10 of [CGP14].

Yo oy

FIGURE 2. The @-colored ribbon tangles representing f,y and f_y .

DEFINITION 2.2.2. A modular G-category € relative to (II, X) is a pre-modular
G-category relative to (I, X) which admits a relative modularity parameter ¢ € C*
such that

¢-(coevy, oevy,) ifi=j
d(V;) - iq,j = P .
0 ifi#j
forall g,h € G\ X and all 4,5 € I}, where fg is the image under the Reshetikhin-
Turaev functor Fg of the €-colored ribbon tangle depicted in Figure 3.

V;
Vil

FIGURE 3. Relative modularity condition.
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REMARK 2.2.8. Definition 2.2.2 is a direct generalization of Definition 1.2.2,
which was shown in Proposition 1.2.2 to be equivalent to the standard definition of
modular categories of [T'94].

PROPOSITION 2.2.2. If € is a modular G-category relative to (I, X) then the
relative modularity parameter ¢ equals A_A. .

PROOF. The proof of this fact follows from the relative modularity condition
for € applied to the evaluation of the Reshetikhin-Turaev functor Fy against the
€-colored ribbon tangle ribbon tangle depicted in Figure 4 for any 7 € I,. |

> I v,
C\S*_P
Q
Q, 7 P
FI1GURE 4. The @-colored ribbon tangle witnessing { = A_A,.

2.3. Admissible cobordisms

This section is devoted to the definition of the domain 2-category for our ex-
tended TQFTs, the symmetric monoidal 2-category (V30b3‘g of admissible decorated
cobordisms of dimension 1+1+1. Since our goal is to extend the Costantino-Geer-
Patureau quantum invariants, which require cohomology classes for their definition,
decorations on cobordisms will be richer than usual.

2.3.1. Group colorings on decorated cobordisms. In this subsection we
fix an abelian group G and we introduce a new piece of decoration for cobordisms:
G-colorings. They consist of relative cohomology classes with coefficients in G to-
gether with discrete sets of specified base points which are needed in order to induce
G-colorings on horizontal and vertical gluings. Their role will be to determine in-
dices for surgery presentations of 3-dimensional manifolds. The notation we use for
cobordisms is introduced in Appendix B.4.

DEFINITION 2.3.1. If I" is a 1-dimensional smooth manifold without boundary
then a G-coloring £4 of I' is given by:
(4) a finite set A C I called the base set, whose elements are called base
points;
(ii) a cohomology class & € HY (I, A; G).
These data satisfy the following condition: if I; is a non-empty connected compo-
nent of I then ANI; = {a;} for exactly one point a; € I;.

DEFINITION 2.3.2. If ¥ is a 2-dimensional cobordism from I" to I, if P is a
ribbon set inside ¥ and if {4 and &y, are G-colorings of I" and I' respectively then
a G-coloring Op of (X,P) extending 4 and &y, is given by:

(4) a finite set B C (X ~ (P U0X)) called the base set, whose elements are
called base points;
(ii) a cohomology class ¥ € H'(X \ P,Ax U BU A’s; G) where

Ap = fx_ (4), Ay := [z (A).
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These data satisfy the following conditions:
(¢) if X} is a non-empty connected component of X' then

(AxUB)N X; #+ @;
(@) jr9 =¢ and j59 = ¢ for the embeddings
jr: (I A) = (YN P,As UBUA%),
Jro (I A" = (XN P,As UBUA%)
induced by fs_ and fx, respectively.

REMARK 2.3.1. Every G-coloring £4 of I' naturally determines a G-coloring
I x &4 of I X T extending £4 and €4 whose base set is given by

{0,1} x AcIxTI
and whose cohomology class is given by 7}-.£ for the projection
mr: (I x1,{0,1} x A) — (I, A)
induced by the natural projection onto the second factor of I x I.

DEFINITION 2.3.3. If ¥ and ¥’ are 2-dimensional cobordisms from I" to I'’, if M
is a 3-dimensional cobordism with corners from ¥ to ¥', if T C M is a ribbon graph
from P C ¥ to P/ C ¥, if €4 and &, are G-colorings of I" and I respectively, if
Yp and V¥, are G-colorings of (3,P) and (X', P’) respectively which both extend
€4 and £, then a G-coloring w of (M, T) extending 9p and ¥z, is a cohomology
class

we€ HY (M ~T,Ay UBy UB)yUAYYG)
where

An = fan (A2) U fap (Asr),  Bui= fan (B),
By = fMﬁ; (B'), o= fME(A/Z) U fMj;(AIE/)-

This data satisfies the following condition: jrw = ¢, jr,w =¥, jrw = 75§ and
Jrw = m}¢ for the embeddings

Jjo (NP, As UBUAY) — (M \T,Ay UBy UBY UAY),
g (XN P A UB ' UAY,) — (M NT,An UBy UBy UA)Y),

gr:(I'x I,Ax{0,1}) = (M \T,Ap UBp UBy UA),),

gro s (I x I, A" x {0,1}) — (M \ T, Ay U By U By U AY)
induced by fym, fMi , farv, fMJ’r respectively and for the projections

mr: (' x I,Ax{0,1}) — (I, A),
o (I x I, A" x {0,1}) — (I, A)

induced by the natural projections onto the first factors of I" x I and I x I respec-
tively.

REMARK 2.3.2. If ¥ and ¥’ are 2-dimensional cobordisms from I" to I, if M
and M’ are 3-dimensional cobordisms with corners from ¥ to ¥/, if TV ¢ M’ is
a ribbon graph from P C ¥ to P’ C ¥/, if £4 and ¢, are G-colorings of I" and
I respectively, if ¥p and 5, are G-colorings of (X,P) and (X', P’) respectively
which both extend 4 and &/;, and if w’ is a G-coloring of (M’, T”) extending Jp
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and 95, then every isomorphism of cobordisms with corners f : M — M’ induces
a G-coloring f*w’ of (M, f~1(T")) extending ¥p and ¥, given by the cohomology
class

[ e HY(M ~ f~1(T"), Ay U By U By U Ay G)
where the induced isomorphism of pairs
fo(M~ fHT"), Ay UBy U By UAY) = (M NT', Ay U By U BYy U AYy)
is still denoted f by abuse of notation.

REMARK 2.3.3. If ¥ is a 2-dimensional cobordism from I" to I, if {4 and &/,
are G-colorings of I' and I respectively and if P C X is a ribbon set then very
G-coloring ¥ of (X, P) naturally determines a G-coloring 95 x I of (¥ x I, P x I)
extending Y5 and ¥ whose base set is given by

Bx{0,1} c ¥ x1I
and whose cohomology class is given by 73,7 for the map of pairs
(X x 1)~ (PxI),(As UBUAY) x{0,1}) = (Y~ P,Ax UBU AY,)
induced by the natural projection onto the first factor of (X ~\ P) x I.

Let us fix a ribbon G-category €. If ¥ is a 2-dimensional cobordism and if
P C X is a ribbon set then we say a G-homogeneous &-coloring V' of P and a G-
coloring Vg of (X, P) are compatible if for every oriented vertex p € P the homology
class m,, of a positive meridian of p satisfies (¢, mp) =1(V(p)). A (€, G)-coloring
(V,98) of (3,P) is given by a @-coloring V of P together with a compatible G-
coloring ¥p of (X, P). If M is a 3-dimensional cobordism with corners and if T C M
is a ribbon graph then we say a G-homogeneous &-coloring ¢ of T and a G-coloring
w of (M, T) are compatible if for every oriented edge e C T the homology class m,
of a positive meridian of e satisfies (w, me) = i(p(e)). A (€, G)-coloring (p,w) of
(M, T) is given by a €-coloring ¢ of T together with a compatible G-coloring w of
(M, T).

2.3.2. 2-Category of decorated cobordisms. In this subsection we fix a
ribbon G-category € and we introduce the symmetric monoidal 2-category Cobf
of decorated cobordisms of dimension 14+1+1.

DEFINITION 2.3.4. An object T’ of Cobg is given by a pair (I, £4) where:

(i) I' is a smooth oriented closed 1-dimensional manifold;
(i) &4 is a G-coloring of I

DEFINITION 2.3.5. A I-morphism ¥ : T — TV of Cob? is given by a 4-tuple
, 9B, where:
¥,PV, 95, %) wh

(i) X is a 2-dimensional cobordism from I" to I";

(ii) PV C X is a G-homogeneous €-colored ribbon set;

i) Y¥p is a G-coloring of (X, P) extending £4 an , which is compatible

iii) Up is a G-colori f(X,P di d ¢4, which i ibl
with the €-coloring V : P — Ob(%);

(iv) & C Hy(X;R) is a Lagrangian subspace!® with respect to the intersec-
tion pairing rhy.

137 subspace A of a finite dimensional real vector space H equipped with an antisymmetric
bilinear form is Lagrangian if it satisfies A = A+,
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DEFINITION 2.3.6. The identity 1-morphism idr : I' — T’ associated with an
object T' = (I',€4) of Cobf is the 4-tuple
(IxT,2%,Ix&x, Hi(I x T';R)).
DEFINITION 2.3.7. A 2-morphism M : ¥ = X' of Cobf between 1-morphisms
3,3 : ' — I is given by an equivalence class of 4-tuples (M, T¥,w,n) where:
(i) M is a 3-dimensional cobordism with corners from ¥ to ¥';
(i) T% C M is a G-homogeneous @-colored ribbon graph from PV to PV,
(#1) w is a G-coloring of (M, T) extending (B,¥) and (B’,?) which is com-
patible with the €-coloring ¢ : T — €;
(i) n € Z is called the signature defect.

Two 4-tuples (M, T¢,w,n) and (M, T% ' n/) are equivalent if n = n’ and if
there exists an isomorphism of cobordisms with corners f : M — M’ satisfying
f(T%) =T and f*u' = w.

DEFINITION 2.3.8. The identity 2-morphism ids, : ¥ = X associated with a
1-morphism X = (X, PV 95, &) of Cobf is the equivalence class of the 4-tuple

(2 xLPY x1,95 x I,0).

In order to define horizontal and vertical compositions of 1-morphisms and

2-morphisms we need to be able to induce uniquely determined G-colorings on hor-

izontal and vertical gluings of €-decorated cobordisms. The following observation
will be repeatedly used for this purpose.

REMARK 2.3.4. Let X_, X, Y be topological spaces, let A_ C 0X_, Ay C
00X, be subspaces and let f_ : Y — A_, f, : Y — A, be homeomorphisms.
If FE_. c X_, E; C Xy, E CY are subsets satisfying f_(F) = E_ N A_ and
f+(E) = EL N A, let us consider relative cohomology classes

a_ € HY(X_,E_;G), ay € HY(X,,E;G)
satisfying j3 (a_) = v, (a4) for the embeddings of pairs
Jy_ (Y E) = (X Eo), gy, « (Y, E) = (X4, Ey)

induced by f_ and fy respectively. Then there exists a relative cohomology class
a_ Uy ay € HY(X_ Uy X1, E_ U E,;QG) satisfying j% (a_ Uy ay) = a_ and
J%, (a- Uy ay) = ay for the natural embeddings of pairs

Jx_ (X, Eo) = (X_Uy Xy, E_UEL),

Jx, (X4 By) = (X Uy Xy E_UEY)

as follows from the Mayer-Vietoris sequence

o ———— HYY,E;G) ——— H'(X_ Uy Xy,ix (E_)Uix, (E4);G)

Gx_Jx,) i —iy,

HY (X_,E_;G)® H' (X4, E4;G)
Such a cohomology class is furthermore unique if the map

HY(Y,E;G) - HY(X_Uy X{,E_UE;G)
is zero. This happens, for instance, when H°(Y, E;G) = 0.

HYY,E;G) — -
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REMARK 2.3.5. If ¥ : T' — I and ¥’ : IV — I are 1-morphisms of Cob$
then the horizontal composition of ¥/ with ¥ determines a unique G-coloring

I U{/A/ 19/3/
of (XU ¥, PUP’) extending €4 and &'}, defined as follows: its base set is given

by B U B’ and its cohomology class is given by j*( Ups ¢') where ¢ Ups ' is the
unique cohomology class in

H'(ZUp ¥)N(PUP),Ax UBU AL UAY, UB UAYL;G)
given by Remark 2.3.4 and where j is the inclusion of the pair
((2 Ur &)~ (PUP'), Ay, s» UBUB' U ’éup/z/>
into the pair
(Xur XY\ (PUP),As UBUAx, UAS, UB UAY)
with
Asup, s =As = fe (A), Ay, o =A% = fo (A7)
DEFINITION 2.3.9. The horizontal composition X'oX : T' — T of 1-morphisms
ST =T and £ : T — I’ of Cob? is given by the 4-tuple
(SUp S, PYUPY g U 0, L+ L)
REMARK 2.3.6. If X, X" : T - IV and X', ¥ : IV — T are 1-morphisms and

ifM:X — X" and M’ : ¥’ — X" are 2-morphisms of Cob;‘? then the horizontal
composition of M’ with M determines a unique G-coloring

w US%, N w’
of MUr/ 1M/, TUT') extending 95 U Vg, and ¥, Up 5., given by j* (YU 9')
where ¥ U, 9’ is the unique cohomology class in
H'((Xup )~ (PUP"),Ax UBUAL UAY, UB UAY,;G)
given by Remark 2.3.4 and where j is the inclusion of the pair
((ZUp ) (PUP), Asu,, s UBUB U A )

into the pair

(Xur XY\ (PUP),AsUBUAx, UAL, UB UAY)
with

Asu,, s =As =[x (A), A, s =A% = fo (A7)

DEFINITION 2.3.10. The horizontal composition M' oM : X' o ¥ = ¥ o 2"
of 2-morphisms M' : ¥/ = ¥ and M : ¥ = X" of Cob? for 1-morphisms
X, : T - IV and ¥, %" : IV — I is given by the equivalence class of the
4-tuple

(M Upr 1 M, TP U T | w Ugr, x1 Win+n').
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REMARK 2.3.7. If ¥, 33" : T — I'" are 1-morphisms and if M : ¥ — X/ and
M’ : ¥ — ¥" are 2-morphisms of Cobg then the vertical composition of M’ with
M determines a G-coloring
w Uyt W'
of MUy M/, TUp T') extending J5 and 9%, given by j*(wUs w') where wUxsr w’
is the unique class in

HY((MUs: M"Y\ (TUp: T'), Apy U By U By UAY U AN UBY, UBY U ALY G)
given by Remark 2.3.4 and where j is the inclusion of the pair
((M Usy M)\ (T Up T'), Arguy, 0 U By U By U Aﬁwuz/M/>
into the pair
(MUsg: M"Y~ (TUp: T"), App U Bpyp U BYyy U ALy U Apge U BYy U BY U AL
with
Amugmr = far (As) U farp(Asr),
A?wuz,M' = fam (AU fMj}‘ (Als).
DEFINITION 2.3.11. The vertical composition M'«sM : X = X" of 2-morphisms

M :% =% and M: ¥ = 3 of Cobg for 1-morphisms %, 2" : T' — I is
given by the equivalence class of the 4-tuple

(M Usy M/, T% Up v T w Uy, Won+n —uMZL,ZL,M*F"))
where the correction term p(M,Z, %', M'™*Z")) is the Maslov index of the La-
grangian subspaces M,.&, &', M"* <" C H;(X';R) introduced in Definition 1.3.8.

DEFINITION 2.3.12. The unit of Cobg is the unique object whose manifold is
empty and it will be denoted @.

REMARK 2.3.8. Let X, X’ be topological spaces and let £ C X,E’ C X' be
subsets. If a € H*(X,E;G) and o/ € H*(X', E'; G) are cohomology classes then
we denote with a Ll o’ the cohomology class in H*(X U X', E U E’; G) defined as

alld = qgyei a+gielyta
for the natural inclusions
gx (XUX FUE)— (XUuX ,FuX’),
gx  (XUX EUFE)—= (XUX' XUE,
ex : (X,E) = (XUX,EUX'),
ex : (X', E) = (XUX', XUE.

DEFINITION 2.3.13. The tensor product T @ T” of objects T and T” of Cob¥ is
given by the pair (I'UT”, (EUE)auar)-

DEFINITION 2.3.14. The tensor product X @ X' : T @ IV — I @ I’ of 1-
morphisms X : T — T and X' : T/ — T" of Cob¥ is given by the 4-tuple

Cus,PYuPY,Wud)pup, L+ %)



2.3. ADMISSIBLE COBORDISMS 59

DEFINITION 2.3.15. The tensor product MM’ : X @ X' = X" @ X" of 2-
morphisms M : £ = X" and M’ : ' = X" of Cob? is given by the equivalence
class of the 4-tuple

MUM, T? UT¥ ,wUw, n+n).

DEFINITION 2.3.16. The braiding I-morphism fr - : TQI — I'QT associated
with objects T' and T of Cobf is given by the 4-tuple'*

AX(CUTY), 22,1 % (EUE) aun, Hi(I x (I'UT");R)).
DEFINITION 2.3.17. The braiding 2-morphism
(ﬁ(ryr/)ﬁ(]_’v/’ru/))z’zl . ﬁr//’]_'v// (e} (E ® 2/) = (2/ ® 2) o BF,F/

associated with 1-morphisms X : T — T” and X' : T — T of Cob is given by
the 4-tuple!®
(ZuXHXI, (PYUPY) x1,(Wp Udg) x I,0).

2.3.3. 2-Category of admissible cobordisms. In this subsection we fix a
pre-modular G-category € relative to (I7, X) and we define the symmetric monoidal
2-category Cobg of admissible decorated cobordisms of dimension 1+1+1.

If ¥ is a connected 2-dimensional cobordism and if P C ¥ is a ribbon set then
a vertex p € P is said to be projective with respect to a €-coloring V of P if V(p) is
a projective object of €. A @-coloring V : P — Ob(®) is projective if there exists
a projective vertex p € P with respect to V. If M is a connected 3-dimensional
cobordism with corners and if T C M is a ribbon graph then an edge e C T is said
to be projective with respect to a €-coloring ¢ of T if p(e) is a projective object
of €. A €-coloring ¢ : T — € is projective if there exists a projective edge e C T
with respect to . If ¥ is a connected 2-dimensional cobordism and if P C ¥ is a
ribbon set then a simple closed oriented curve v C X \ P is generic with respect to
a G-coloring 95 of (3,P) if (¥,v) € G~ X as a homology class. A G-coloring Jp
of (X, P) is generic if there exists a generic simple closed oriented curve v C X'\ P
with respect to ¥p. If M is a connected 3-dimensional cobordism with corners and
if T C M is a ribbon graph then an oriented knot K C M \.T is generic with respect
to a G-coloring w of (M, T) if (w, K) € G~ X as a homology class. A G-coloring w
of (M, T) is generic if there exists a generic oriented knot K C M \ T with respect
to w.

REMARK 2.3.9. If ¥ = X,U...UY, is a 2-dimensional cobordism with connected
components 3; for i = 1,...,n and if P C X is a ribbon set which decomposes as
P =P,U...UP, with P; C &, then every (€, G)-coloring (V,9p) of (£, P) naturally
restricts to a (€, G)-coloring of (3;,P;) for all ¢ = 1,...,n which will be denoted
(Vi, (9:)B,)- Analogously if M = M; U...UM,, is a 3-dimensional cobordism with
corners with connected components M; for i = 1,...,n and if T C M is a ribbon
graph which decomposes as T = Ty U...UT,, with T; C M; then every (€,G)-
coloring (y,w) of (M, T) naturally restricts to a (%, G)-coloring of (M;, T;) for all
i=1,...,n which will be denoted (¢;,w;).

If ¥ = ¥,U...U3, is a 2-dimensional cobordism with connected components ¥3;
fori=1,...,nand if P C ¥ is a ribbon set which decomposesas P =P;U...UP,,

143ee Definition B.4.10 for the flip cobordism Ix (I U TY).
153ee Definition B.4.11 for the flip cobordism with corners (£ L %) XI.
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with P; C %; then a (€, G)-coloring (V,9p) of (£,P) is admissible if for every
connected component ¥; of 3 disjoint from the incoming boundary 9_ X' either V;
is projective or (¥;)p, is generic, and it is strongly admissible if for every connected
component ¥; of ¥ either V; is projective or (¢;)p, is generic. If M =M;U... UM,
is a 3-dimensional cobordism with corners with connected components M; for i =
1,...,nand if T C M is a ribbon graph which decomposes as T = T;U...UT,, with
T; C M; then a (€, G)-coloring (p,w) of (M, T) is admissible if for every connected
component M; of M disjoint from the incoming horizontal boundary 0" M either
©; s projective or w; is generic, and it is strongly admissible if for every connected
component M; of M either ¢; is projective or w; is generic.

DEFINITION 2.3.18. A 1-morphism X = (X,PY, 95, Z) of Cob? is admissible
if (V,9p) is an admissible (€, G)-coloring for (X, P), and it is strongly admissible
if (V,9p) is a strongly admissible (€, G)-coloring for (3, P).

REMARK 2.3.10. The previous definition has the following direct consequences:

(i) If T is an object of Cob? then idy is an admissible 1-morphism.
(i) If ' : TV - T and 3 : T — I" are admissible 1-morphisms of Cob?
then ¥’ o X is an admissible 1-morphism.
(i4i) If ¥ and X’ are admissible 1-morphisms of Cob? then ¥ ® ¥’ is an
admissible 1-morphism.

DEFINITION 2.3.19. A 2-morphism M = (M, T%,w,n) of Cob® is admissible
if (p,w) is an admissible (%, G)-coloring for (M, T).

REMARK 2.3.11. The previous definition has the following direct consequences:

(i) If ¥ is an admissible 1-morphism of Cobf then idy is an admissible
2-morphism.

(i) M : 3 — X" and M : ¥ — =" are admissible 2-morphisms of Cob?
for 1-morphisms X, X" :T' - TV and X/, X" : TV — I then M’ o M is
an admissible 2-morphism.

(¢i) T M : ¥ = ¥” and M : ¥ — X/ are admissible 2-morphisms of
Cob? for 1-morphisms 3, 3/, %" : T' — I then M’ + M is an admissible
2-morphism.

(iv) If M and M’ are admissible 2-morphisms of Cob% then M ® M’ is an
admissible 2-morphism.

DEFINITION 2.3.20. The symmetric monoidal 2-category Cobf of admissible
3-dimensional cobordisms is the symmetric monoidal 2-category whose objects are
objects of Cobf, whose morphisms are admissible morphisms of Cobf and whose
symmetric monoidal structure is inherited by that of Cobs.

2.3.4. Extended universal construction for admissible cobordisms. In
this subsection we consider a pre-modular G-category & relative to (I7, X) and we
fix the terminology for quantum invariants, TQFTs and ETQFTs in the context of
admissible decorated manifolds and cobordisms. We also recall the main ideas of
the extended universal construction, the fundamental machinery our investigation
is based on, postponing a detailed account to Appendix A.7.

REMARK 2.3.12. Morphisms of Cobf from @ to itself are naturally arranged in
a symmetric monoidal category with respect to the tensor product of 1-morphisms
and 2-morphisms and with unit given by the empty 1-morphism idg. This category
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will be denoted Cob? for brevity. Analogously, the set of 2-morphisms of Cob;g
from idg to itself forms a commutative monoid with respect to the tensor product
of 2-morphisms and with unit given by the empty 2-morphism idiq,. This monoid
will be denoted Manf for brevity.

An invariant on Manf is a function from Manf to C. A covariant quantization
functor on Cobg is a functor from Cob? to Vecte. A contravariant quantization
functor on Cob? is a functor from (Cob? )°P to Vecte. A covariant quantization 2-
functor on Cob¥ is a 2-functor from Cob? to Catc. A contravariant quantization
2-functor on Cob¥ is a 2-functor from (Cob?)°P to Catc. A quantum invariant
on Man is an invariant on Man§ which is a commutative monoid homomorphism.
A TQFT on Cobf is a covariant quantization functor on Cobf which is symmetric
monoidal. An ETQFT on Cob§ is a symmetric monoidal 2-functor from Cob? to
Catc. A IT -graded TQFT on Cob? is a symmetric monoidal functor from Cobf
to Vect(lcY . A Il-graded ETQFT on Cobf is a symmetric monoidal 2-functor from
Cob? to Catg .

The extended universal construction is a machinery which associates with every
invariant Z on Mang a covariant and a contravariant quantization 2-functors on
Cobf denoted Ez and E’, respectively. The image of an object T of Cobf under
Ez is a linear category Az(T') called the covariant universal linear category of T
whose objects are 1-morphisms of Cobf of the form ¥y : @ — T and whose
morphism vector spaces HomAZ(p)(Ep, 34L) are given by certain quotients, which
are defined using Z, of the free complex vector spaces generated by 2-morphisms
of Cob¥ of the form My : £ = 3. The image of a 1-morphism X : T' — I of
Cob? under Ej is a covariant linear functor Fz(X) : Az(T') — Az(T") called the
covariant universal linear functor of 3 which maps every object X of Az(T) to
the object X o 31 of Az(I) and every morphism [Mr] of Az(T') to the morphism
ids; o Mp] of Az(T). The image of a 2-morphism M : 3 = %’ of Cob¥ under E
is a natural transformation nz (M) : Fz(X) = Fz(X’) called the covariant universal
natural transformation of M which associates with every object X of Az(T') the
morphism [Moids.] of Az(IV). The contravariant quantization 2-functor E/, is
defined similarly.

2.4. Surgery axioms

We move on to the study of the quantization 2-functors given by the extended
universal construction. We begin by introducing a set of axioms for quantum in-
variants on Man‘;,g which, when satisfied, enable us to better handle universal linear
categories, linear functors and natural transformations. This is much in the spirit

of [BHMV95| and [BCGP16].

REMARK 2.4.1. From now on % will denote a fixed pre-modular G-category
relative to (11, X) and ¢, will denote a fixed index in I, for every generic g € G\ X.
This choice specifies a fixed projective simple object V, :=V;_ of €,.

Let & = (X,PY,95,%), ¥ = (¥,P"V 9%, %) be 1-morphisms of Cob?
from T to I, let M be a cobordism with corners from X to ¥, let T C M be a
G-homogeneous @-colored ribbon graph from PV to P’ V" and let n be an integer.
IfL=L;U...UL; C Mis a framed link disjoint from T and if w is a G-coloring of
(M,LUT) extending ¥p and 95, which is compatible with ¢ : T — € and which
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satisfies (w,mp,) = ¢; € G\ X for a positive meridian my, of L; foralli =1,... k
then we denote with

(M, LY U...ULY™ UT®, w,n)
the formal linear combination of 2-morphisms of Cobg

Ad(Vi)---d(Vi,) - (M, LY UL UL* UT®,w,n) .
k

i1€lg,  in€lg,

REMARK 2.4.2. Although (M,L?”1 Uu...u L?‘”ﬂ U T¥ w,n) is not actually a
2-morphism of Cobf, we will treat it as such by abuse of notation.

DEFINITION 2.4.1. For every generic g € G \ X the g-colored index 0 surgery
1-morphism 2o 4 : & — O of Cobf is given by

o, = (S7' x S*,27,04,{0}) = ids.

DEFINITION 2.4.2. For every generic g € G \ X the g-colored index 1 surgery
I-morphism 31 4: @ — & of Cobf is given by

S = (80 x 2PV, (91,)5,.{0})

where the @-colored ribbon set PYQ is given by
Py := 8% x {ps,pn} C SY x S?

for the poles ps = (0,0,—1) and py = (0,0, 1), with orientation given by the sign
+ on (0,ps) and (1,py) and by the sign — on (0,py) and (1,pg), with framing
tangent to
SY % {(z,y,2) € S* |2 >0,z =0}

and with @-coloring given by the object V; for every point, where the base set
By C 8Y x 5% is given by S° x {pg} for some equatorial point pr and where V1,4 is
the only cohomology class yielding a G-coloring of (S° x S?, P;) which is compatible
with the @-coloring of P;. See Figure 5 for a graphical representation.

Vs Y

V Vo

FIGURE 5. The 1-morphism ¥, 4. The ribbon set P; is given by
the four framed blue vertices. The base set B; is given by the two
starred red equatorial points. The oriented red equators, which
form a basis for the first homology group, are evaluated to g by
V1,g.
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DEFINITION 2.4.3. For every generic g € G \ X the g-colored index 2 surgery

I-morphism 3o 4 : @ — & of Cobf is given by
Bog:= (8! x 81,07, (V2,9) 5, Z2)

where the base set By C S' x S! is given by {((1,0),(0,1))}, where 92, is the
cohomology class determined by (¥ 4,m) = ¢ and (92 4,¢) = 0 for the positive
meridian m := {(1,0)} x ST and for the positive longitude ¢ := S* x {(0,1)} and
where the Lagrangian subspace %, C H'(S! x S1;R) is generated by m. See Figure
6 for a graphical representation.

FIGURE 6. The 1-morphism X, ,. The base set By is given by
the starred red intersection point between the meridian and the
longitude. These two oriented red curves, which form a basis for
the first homology group, are evaluated to g and to 0 respectively
by 19279.

DEFINITION 2.4.4. For every generic g € G\ X the g-colored index 0 attaching
2-morphism Ag 4 :idg = g 4 of Cobf is given by

Ay, = <S*1 x DI, @‘3,0,0) — idiq, -
DEFINITION 2.4.5. For every generic g € G\ X the g-colored index 1 attaching
2-morphism Ay 4 :idg = X1 4 of Cobf is given by
Ay, = (S?x D TV, wa, 4.0)

where the €-colored ribbon tangle T l/f is given by

T., =S x {(z,y,2) € D* |z =y =0} ¢ S° x D?
with orientation determined by that of P, with framing tangent to

SO x {(x,y,2) € D* | y = 0}

and with @-coloring uniquely determined by the @-coloring already present on
P; € S° x S? and where w,, 4 is the only G-coloring of (S° x D3, T,,) extending
¥1,4. See Figure 7 for a graphical representation.
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FIGURE 7. The 2-morphism A; ;. The ribbon tangle T, is rep-
resented by the two vertical blue edges with blackboard framing.
The cohomology class w,, 4 is completely determined by ¥ 4.

DEFINITION 2.4.6. For every generic g € G\ X the g-colored index 2 attaching
2-morphism Ay 4 :idg = 2o 4 of Cobf is given by
Azy = (8" % D2 K" iy g,0)
where the framed knot K, is given by
Ky := 5" % {(0,0)} ¢ S* x D2
with orientation induced by S' and with framing tangent to
St x {(z,y) € D? | y = 0}

and where w,, , is the only G-coloring of (S x D2, Ks) extending 95 4. See Figure
8 for a graphical representation.

FIGURE 8. The 2-morphism As ;. The framed knot Kj is given by
the oriented blue core of the solid torus with blackboard framing.
The cohomology class w,, 4 is completely determined by 3 4.

DEFINITION 2.4.7. For every generic ¢ € G ~\ X the g-colored index 0 belt
2-morphism By 4 : idg = 3¢ 4 of Cob? is given by

By, = (DO X s3,KXg,w07g,o)
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where the @-colored framed knot Kg ? is given by the unknot
Ko :=D° x {(x,y,2,t) € S® |2 +¢y* =1,2 =t =0} c D" x §*
with any orientation, with framing tangent to
D° x {(z,y,2,t) € S* | z=t =0}

and with @-coloring given by the object V; and where wy 4 is the only G-coloring
of (D x S, Kg) which is compatible with the @-coloring of K.

DEFINITION 2.4.8. For every generic ¢ € G ~\ X the g-colored index 1 belt
2-morphism By 4 :idg = 31 4 of Cobf is given by
By, = (D' x 8, T} wp, 4,0)

where the €-colored ribbon tangle T ,‘D/f is given by
Ty, := D' x {ps,pn} C D' x S?
with orientation determined by that of P;, with framing tangent to
D' x {(z,y,2) € S* |y =0}

and with @-coloring uniquely determined by the @-coloring already present on
P; € S x S? and where wy,, , = 7*(¥1,4) for the natural projection

71 (D' x (S~ {ps.pn1}),0D" x {pr}) = (S* ~ {ps,pn}, {PE})

See Figure 9 for a graphical representation.

FIGURE 9. The 2-morphism B, 4. The ribbon tangle Ty, is rep-
resented by the two vertical blue edges with blackboard framing.
The red line joining the two starred red equatorial points, which,
together with any oriented red equator, forms a basis for the first
homology group, is evaluated to 0 by wy, 4.

DEFINITION 2.4.9. For every generic ¢ € G ~\ X the g-colored index 2 belt
2-morphism Bg 4 1 idg = X9 4 of Cobf is given by
B, = (D? x S', 27, wp, 4,0)
where w,, 4 is the only G-coloring of (D? x S, &) extending 95 4. See Figure 10 for
a graphical representation.



66 2. NON-SEMISIMPLE ETQFTS

FIGURE 10. The 2-morphism By ;. The cohomology class wy, 4 is
completely determined by 5 .

A quantum invariant Z on Manf satisfies the surgery axioms if there exist
Ak,g € C* such that for every 2-morphism M : ¥ ; = idg of Cobf we have

Z(M * Bk,g) = )\k}gZ(M * Ak,g)7
for k =0,1,2 and for every g € G\ X.

REMARK 2.4.3. Let Z be a non-trivial quantum invariant on Manf satisfying
the surgery axioms. Then:

(i) If M : idg = idg is a closed 2-morphism of Cob? satisfying Z(M) # 0
then
ZM)Z(By,yg) =ZM®Bgg) =Z(M=xBgy) = Xo,gZ(M*Ag4)
= Xo,gZ (M)
implies Z(Bg,4) = Ao, for every g € G\ X;
(i) For every g € G\ X let Ay, : 37, = idy denote the 2-morphism of
Cob;g given by

(S° x D3, Ty, way.4:0)

where, using the notation of Definition 2.4.5, T, is obtained from T,, by
reversing the orientation of the tangle T,,. Then the chain of equalities

Xog=Z(Bog) =Z(A14%B1g) =AM gZ(A1g*A1g) = 4Z(Bog ®Boyg)
= >‘179Z(BO,g)2
implies A\; 4 = /\a; for every g € G \ X
(#3) Forevery g € G\ X and every ¢’ € G let 3y g x I : ¥y ;, = ¥ ; denote
the 2-morphism of Cobf given by
(SO x §% X L,PY* x I, (1.4)B, x I, 0)

where, using the notation of Definition 2.4.2, the G-coloring (V1 4) B, X Iy
satisfies

1

(idSOXSQaO)*((ﬂl,g)B1 X Ig’) = (19179)31

for the incoming horizontal boundary identification (idgoygz,0) and
(V1,9)B, % Iy, {=1} x {pp} x I) =0, ((V1,9)p, x Iy, {1} x {pp} x I) =g".
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Let also By 4 : 31 4 = idg denote the 2-morphism of Cobf given by
— =V
(DT x S%, Ty, *,Why.450)

where, using the notation of Definition 2.4.8, T}, is obtained from T},
by reversing the orientation of the tangle T3,,. Then we have

Z(Big* (B9 x Iy) #Brg) = A g Z(Brg * (B9 x Iyr) * Ay )
=A,gZ(Bo,y) =1
for every g € G\ X and every ¢’ € G.

REMARK 2.4.4. Let L} € S? be the @-colored framed link depicted in Figure
11. If Z is a non-trivial quantum invariant on Manf which satisfies the surgery
axioms then we have

N = Z(83 L), w007t

for every g € G\ X, where w; is the only G-coloring of (S3,L1) wich is compatible
with the @-coloring of L;. Indeed, for all g,¢' € G\ X, let By g4 : 3o, = idgy
denote the 2-morphism of Cobf given by

(D2 x SY, L3, ws,0)

where the €-colored ribbon graph L‘Q/2 is given by

1 1 —
LQ = {(2,())7(2,0)} XSI c D2 XS1

with opposite orientations on the two components, with framing tangent to
{(z,y) € D? |y =0} x S
and with constant @-coloring given by the object V,/ and where w» is the only G-

coloring of (D2 x S', Ly) extending (¥3)p, wich is compatible with the &-coloring
of Ly. Then we have

1= Z(Bl’g * (El,g X Ig/) * Bl,g) = Z(Bg,glﬁg * Bgﬁg/) = AQ’g/Z(BQ’gﬁg/ * Ag’g/)
= )\Q’QIZ(S37L¥17W1,O).
forall g, € G\ X.

FIGURE 11. The @-colored framed link L;* C S? with blackboard framing.
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REMARK 2.4.5. Let Z be a non-trivial quantum invariant on l\v/[anf satisfying
the surgery axioms. Then

ZM, T w,n) =k"Z(M, T? w,0)
with
K= Mg Z(S3, UV wy, 1)
where the @-colored framed knot U"s is given by the unknot
U= {(z,y,2,t) €S® |2 +y*=1,2=t =0}

with any orientation, with framing tangent to

{(z,y,2,t) € 8% |z =t =0}
and with €-coloring given by the object V;; and where w, is the unique G-coloring
of (S?,U) which is compatible with the &-coloring of U.

LEMMA 2.4.1. Let Z be a quantum invariant on Man‘f, let T' be an object of
Cob?, let X, 3L be objects of Az(T') and let Mrp : Xj o ® p = X be a 2-
morphism of Cob? with k € {0,1,2} and g € G~ X. If Z satisfies the surgery
axioms then

[MF * (Bk,g & idzr)] = >\k,g . [Mr * (Ak,g ® idgr)]
as vectors of Homy , (ry(Zr, X1).
ProOF. We have to show that
Zr (Mr * (Bk,g & idzr)) = )\k,g - Zr (Mr * (Ak7g ® idgr))
where for every 2-morphism Mj. : p = % of Cob? the natural transformation
Zr(Mp) : Zr(Zr) = Zr(Zr)
comes from the extended universal construction!®. But then the equality we have
to prove is equivalent to
Z(M* By g) = A gZ(M * Ay g)

for every 2-morphism M : 3, ; = idg of Cobf7 which is precisely the g-colored
index k surgery axiom. |

2.5. Connection Lemma

In this section we derive the main consequences of surgery axioms: all mor-
phisms between a fixed pair of strongly admissible objects of a universal linear
category associated with a quantum invariant which satisfies the surgery axioms
are generated by all possible decorations on a fixed connected cobordism with cor-
ners.

We fix our notation for surgery. If M and M’ are 3-dimensional cobordisms
with corners from Y to X/ then a surgery framed link L for M’ inside M determines,
up to isomorphism, a cobordism with corners

X2(M,L) := ((s1 x DZ)U...U(S' x D) U (T x 1)) Us, My

where %1, denotes (S x SY)U. ..U (St x SY)UX and where My, denotes the exterior
of L in M, together with an isomorphism f : x2(M,L) — M’ of cobordisms with

165ee Appendix A.7 for the definition.
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corners restricting to an indentification fr, : My, — M}, of the exteriors of L. Here
M, denotes the cobordism with corners from ¥, to ¥’ whose support is given by
f(Mpr) € M’ with boundary identifications induced by those of My, via f. We also
denote with mp, the simple closed curve inside the incoming horizontal boundary
A" My, of My, corresponding to the positive meridian {(1,0)} x ST € S x S* of the
i-th copy of S x D2,

REMARK 2.5.1. Let £, %" : ' = I be 1-morphisms of Cob¢ and let M be a
cobordism with corners from ¥ to ¥'. If L € M is a framed link then for every
@-colored ribbon graph T¢ C M from PV to P’V the inclusion

(Mp NT,Ap UBpUByUAY) = (M~ (LUT), Ay U By U B U ALY
induces an isomorphism between the first homology groups of the two pairs. In
particular if M’ : ¥ = ¥’ is a 2-morphism of Cob¥ of the form (M’,T'¢",w’ n/)
and if L gives a surgery presentation for M’ inside M then we denote with fz’é w’ the
unique G-coloring of (M, L U f; *(T")) satisfying

* /%

F = S
where j denotes the inclusion of the pair
(Mp, ~ f7N(T"), Apr U Bar U By U Ayy)
into the pair
(M ~ (LU f{ 1(T"), Ay U By U By U Ay,
where j' denotes the inclusion of the pair
(Mp N\ T, Ap U By UBYy UAY)
into the pair
(M'\T', Ay U By U BYy U A
and where fi, also denotes, by abuse of notation, the isomorphism of pairs induced
by fL between
(Mp ~ fi ' (T"), Apr U By U By U AYy)

and
(Mi N T/,AM/ U By U Bg\/p U A /).

Let 3,XY' : " — IV be 1-morphisms of Cobf, let M be a non-empty connected
cobordism with corners from ¥ to ¥, let M’ : £ = 3/ be a 2-morphism of Cob¥
of the form (M’, T ¢ W/ ) for some non-empty connected cobordism with corners
M from ¥ to ¥/, let L = Ly U...Ly € M be a framed link giving a surgery
presentation for M’ and let f : x2(M,L) — M’ be an isomorphism of cobordisms
with corners. We say that L gives a computable surgery presentation for M', or
that L is a computable surgery framed link for M, if { fw', mp,) =g; € GNX for
all i =1,...,k, and in this case we denote with L« the formal linear combination
of @-colored ribbon graphs inside M given by L?yl Uu...u ng’“.

LEMMA 2.5.1. If X, : T' — I are I-morphisms of Cobf, if M is a non-
empty connected cobordism with corners from ¥ to ¥ and if M’ : ¥ = X/ is a
non-empty connected 2-morphism of Cob;f then there exists a computable surgery

framed link for M’ inside M.
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REMARK 2.5.2. A proof of this Lemma in the case where M = S3 can be found
in [CGP14]. The proof of the general case is completely analogous.

REMARK 2.5.3. If Z is a quantum invariant on Manf which satisfies the surgery
axioms, if I" is an object of Cobf, if
Sr =PV 05, 2), Sf= (5P 9%, L")
are objects of Az (T"), if M is a non-empty connected cobordism with corners from
Yr to X% and if Mf ; Sr = 3. is a non-empty connected 2-morphism of Cob§
of the form (MY, T”? ,w"”,n") then Lemmas 2.5.1 and 2.4.1 yield the equality

[M/II‘] = >\2,g1 e )\Q,Qk : [MFva” U f]_Tl(THSDN)v L#wllvn]

between morphisms of Hom, , (ry(Zr, X1), where L = L; U ... ULy is some com-
putable surgery framed link for M{. inside M, where T” is contained inside Mf
up to isotopy and where n € Z is determined via the Maslov index formula.

DEFINITION 2.5.1. The g-colored 1-sphere S; for an index g € G is the object
of Cobf given by
(Slv (é-g)Asl)

where Ag: is the base set given by {(1,0)} C S' and where &, is the unique
cohomology class satisfying (£;,S') = g. If g is generic then S}] is said to be a
generic circle, while if g is critical then Sé is said to be a critical circle.

DEFINITION 2.5.2. The (£,V)-colored 2-disc Dév (O = Sil(vs) for an object

V)
(£, V) of Ribg is the 1-morphism of Cob$ given by

D% PE)Y, (V- 0
( ,P(€) 7( (E,V))BD2 A }>
where Bp2 is the base set given by {(0, 1)} C D? and where U2y is the unique

cohomology class compatible with the €-coloring of P(¢") which evaluates to 0 every
relative homology class that can be represented by some oriented arc contained in

{(z,y) € D* |y > 0}.
DEFINITION 2.5.3. The T¥-colored 3-cylinder (D? x I)1e : ng 7 = Dé/ 71
for a morphism T¢ : (&,V) — (£,V’) of Ribg with i(Ve) = i(V") is the 2-
morphism of Cobf given by
(D? x I, T%, wr+, 0)
where wre is the unique G-coloring extending (19(57‘7))3172 and (19(5,_"7/))3[)2 which is
compatible with the @-coloring of T' and which evaluates to 0 the relative homology

class of the oriented arc Bp2 x I.

A quantum invariant Z on Man? satisfies the skein aziom if for all objects
(£,V) and (€7,V’) of Ribg satisfying i(V<) = i(V’¢') = g and for all morphisms
T, T/ : (£,V) = (€, V') of Ribg satisfying Fg(T¢) = Fg(T'¢") we have

Z (M« (idg o (D? x I)p¢ ) * M) = Z (M * (ids; 0 (D® X D) ) x M)
for every choice of a l-morphism X : S}J — @ of Cobf and of 2-morphisms

M:idg = XoD? , and M': X oD?, ;= idg of Cob¥.
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LEMMA 2.5.2. Let Z be a quantum invariant on Man%, let (£,V) and (&',V')
be objects of RibS satisfying i(VE) = i(V'e) = g, let T®,T% : (&, V) — (&', V') be
morphisms of RibS satisfying Fg(T?) = Fg(T'?"), let T be an object of Cob? , let
Y, Bf be objects of Az(T), let X' : S} — T be a 1-morphism of Cob? and let
Mr:3Xr = Yo D(Qg’v) and Mf : ¥/ o D?g/ﬁ') = Xf be 2-morphisms of Cobf.
If Z satisfies the skein axiom then

[M{.  (ids o (D? x I)1¢ ) * Mp] = [M{. * (ids/ o (D? x I)p ) % Mr]
as vectors of Homy , (ry(Zr, B1).

REMARK 2.5.4. The proof of this Lemma is analogous to the proof of Lemma
2.4.1.

Let (S! x S'), : @ — @ be the 1-morphism of Cobf given by
(Sl X Slﬁ ggv (E)Bzﬁ 32)

where By C S x St is given by {((1,0),(0,1))}, where Jz, is the cohomology
class determined by (J24,¢) = g and (J24,m) = 0 for the oriented longitude
¢ := S* x {(0,1)} and meridian m := {(1,0)} x S! and where the Lagrangian
Py C HY(S! x S1;R) is generated by the homology class of m.

REMARK 2.5.5. The only difference between (S* x S'), and the g-colored index
2 surgery l-morphism X, , is that the G-coloring (92 4)p, of Xy, is given by a
cohomology class satisfying (J2 4,¢) = 0 and (92 4,m) = g.

Let (S! x D2)g, : idg — (S x S'), be the 2-morphism of Cob¥ given by
(Sl X ﬁ, @g,WQ’g, 0)
where wg 4 is the only G-coloring on (S! x D2, @) extending (92 4) 5,
Let (S' x D2)y, ; :idy — (S! x S'), be the 2-morphism of Cob§ given by
(S' x D2, K% UKY,wp, 4,0)
where L = K_ UK} is the framed link depicted in Figure 12 and where wy, 4 is the

only G-coloring on (S' x D2, L) extending (Js,4)p, which is compatible with the
@-coloring on L.

FIGURE 12. The 2-morphism (S x D2)y, ,. The framed link L is
represented by the two blue knots K_ and K, with blackboard
framing. The cohomology class wy, 4 evaluates the oriented red
longitude to g and the oriented red meridian to 0.
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LEMMA 2.5.3. If Z is a quantum invariant on Manf which satisfies the surgery
axioms then o o
(8" x D)o y] = Aaghe,y - [(S" x D7)

as vectors in Homy , (g (idg, (ST x S1),).

PROOF. Surgery along L yields a cobordism with corners x(S! x D2, L) which

is isomorphic to S! x D2 because surgery along K, cancels the effects of surgery
along K_. O

LEMMA 2.5.4. Let Z be a quantum invariant on Manf wich satisfies the surgery
azioms and the skein axiom. Let T' be an object of Cobf, let X, 3¢ be objects of
Az(T), let Mr : 3p = X be a 2-morphism of Cobg of the form (Mp, T? w,n)
and let g € G\ X be a generic index. Then the vector [Mr| of Homp , ) (Zr, 1)
can be represented by a linear combination

k
> X [Mp, T win]
=1

where every €-colored ribbon graph T{* contains an edge colored with Vy in every
connected component of M.

PROOF. Since the following proof can be carried out in each connected com-
ponent of M separately, let us assume that M is connected. Let us start by
supposing that T¥ contains a projective edge e colored with a projective object U
of €. Then, thanks to the skein axiom, we can replace a small portion of e with an
embedded copy of the @-colored ribbon graph TS{}ZJ‘Q represented in Figure 13 for

any section'” s € Homg (U, Vi@V,@U) of evy, ®idy.

FIGURE 13. The @-colored ribbon graph Tgﬁ;’g.

Let us now suppose that T¥ does not contain a projective edge. Then, thanks
to the admissibility condition, there exists some generic oriented knot K C Mp ~\
T satisfying (w,K) € G N~ X. Now Lemma 2.5.3 enables us to produce a €-
colored framed link inside a tubular neighborhood of K whose every component is
projective, and we reduce the previous case. (I

If M is a 3-dimensional cobordism with corners from ¥ to ¥, if PV ¢ ¥ and
PV’ C 3 are G-homogeneous @-colored ribbon sets and if 95 and ¥, are G-
colorings of (X,P) and (¥',P’) which are compatible with V' and V' respectively
then a @-skein inside M relative to (PV,95) and (P'V',9',) is an equivalence class
of pairs (T%,w) where T% C M is a G-homogeneous €-colored ribbon graph from

17The existence of such a section is established in the proof of Proposition 2.2.1.
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PV to P’V and where w is a G-coloring of (M, T) extending ¥ and 95, which is
compatible with . Two pairs (T¥,w) and (T’¢,w’) are equivalent if there exists
an isomorphism of cobordisms with corners f : M — M isotopic to the identity
relative to OM satisfying f(T¥) = T%" and f*w = w. A G-skein (T¥,w) inside M
relative to (PY,9p) and (P'V",9%,) is admissible if (¢, w) is an admissible (€, G)-
coloring of (M, T). We denote with F&(M; (P, 9p), (P'V,, '=/)) the free complex
vector space generated by admissible @-skeins inside M relative to (PY,95) and
(P ).

REMARK 2.5.6. Our notation for @-skeins will be a little abusive since we will
not distinguish between an equivalence class of €-colored ribbon graphs and any
of its representatives.

LEMMA 2.5.5. Let T be an object of Cobf, let

Sr=(Er, PV, 95,2), Sh=ELP"Y 9%, L")
be objects of Az(T') and let M be a non-empty connected 3-dimensional cobordism
with corners from X to ¥7.. If Z is a quantum invariant on Mang wich satisfies
the surgery axioms and the skein axiom then the natural linear map

Pz 9@(MF; (Pv,ﬂB), (PNVN, lé//)) — HOIDAZ(F)(EF, Ell-/\)
(T%,w) — [Mp, T?, w, 0]

18 surjective.

PrROOF. We have to show that for every morphism
M7, T"¢", w",n"] € Homp ,r)(Zr, TT)

there exist some ribbon graphs T; C M together with some admissible (€, G)-
colorings (¢;,w;) of Mp,T;) for i = 1,...,k such that
k
Z)\z ' [MF7T;‘pi7wia O] = [ IIL7T//Lp”7wN,nH}'
i=1

First of all we can suppose that M/ is connected: indeed if it is not then, thanks
to Lemma 2.5.4, we can choose some g € G~ X and we can suppose that every
connected component of M/ contains an edge of T”¢" which is colored with V.
Then, thanks to Lemma 2.4.1, a finite sequence of g-colored index 1 surgeries on M}
connecting its components will determine a vector of Homy , (ry(Xr, X1) which is a

non-zero scalar multiple of [M7,, 7" W, n”]. Now thanks to Lemma 2.5.1 and to
Remark 2.5.3 we know there exists a computable framed link L = Ly U...UL, C Mp
together with some integer n € Z such that

M, T 0" 0 = Nayg, o Ao - M, L7 U S (T7), S )
= )‘2791 T )‘279k K" [MF’LWH U fITl(Tmp”)? L#w/l70]' O

REMARK 2.5.7. At this point in the construction the contravariant universal
linear categories divert fom the covariant ones. Indeed the admissibility condition
is equivalent to the strong admissibility condition for all objects and morphisms
in covariant universal linear categories, while in the contravariant case the two
properties differ. This discrepancy is not visible in Lemmas 2.4.1, 2.5.2 and 2.5.3,



74 2. NON-SEMISIMPLE ETQFTS

which can be directly translated into analogous results for the corresponding con-
travariant universal linear categories. On the other hand, Lemmas 2.5.4 an 2.5.5
require stronger hypotheses. More precisely, Lemma 2.5.4 only applies to strongly
admissible morphisms of A% (T') and Lemma 2.5.5 only applies to strongly admissi-
ble objects A’;(T'). These stronger hypotheses allow for the exact same proofs that
were given in the covariant case.

2.6. Costantino-Geer-Patureau invariants

In this section we recall the definitions for the Geer-Patureau-Turaev renormal-
ized invariants of admissible €-colored closed ribbon graphs, which were first intro-
duced in [GPTO09], and for the Costantino-Geer-Patureau quantum invariants of
admissible decorated closed 3-manifolds, which were first constructed in [CGP14],
and we show that the latter satisfy the surgery axioms introduced earlier.

A closed morphism T¥ : @ — @ of Rib$ is admissible if the closed 2-morphism

(Sg, T‘P, Wre, 0)

is admissible for the unique G-coloring wre+ of (S?,T) which is compatible with
the @-coloring ¢ of T. We denote with Ribg (@, @) the set of admissible closed
morphisms of Ribg.

REMARK 2.6.1. Recall we confuse closed ribbon graphs contained in idpz with

ribbon graphs contained in S3.

If T : @ — @ is an admissible closed morphism of Ribg and if e € T is a
projective edge with respect to ¢ then a morphism
TZe: (+,0(e)) = (+, ¢(e))
of Ribg is obtained from T¥ by cutting it open at e if
trripg (TE°) = €v(4 p(e)) © (T @id(— v)) 0 coev(y y(e)) = T7.

The Geer-Patureau-Turaev renormalized invariant Fy, of admissible € -colored
closed ribbon graphs is the function

Fl: Rib§(2,0) — C
T — tw(e) (Fg(Tfe))
where e C T' is any projective edge with respect to ¢, where T¢ is obtained from

T% by cutting it open at e and where t is the unique trace on Proj(%) satisfying
ty, (idy,) = 1 for the specified ambidextrous projective object V; of €.

THEOREM 2.6.1. The Geer-Patureau- Turaev renormalized invariant F, of ad-
missible € -colored closed ribbon graphs is well-defined.

REMARK 2.6.2. A proof of this result, which consists in showing that the def-

inition of F, does not depend on the choice of the projective edge e where to cut
open T, can be found in [GPT09].

If € satisfies the non-degeneracy condition
A_AL #0

for the parameters Ay and A_ given in Remark 2.2.7 then the Costantino-Geer-
Patureau quantum invariant associated with € is the unique quantum invariant on
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Man¥ evaluating each closed connected 2-morphism M = (M, T%, w, n) of Cob;g
to the complex number

CCGPg(M, T? w,n) := @~ Fen =L EL(LY U f71(T¥))

L=L;U...UL, C S? is a computable surgery framed link for M in S3;
frn:Si— ML is the identification of the exteriors of L;
o(L) is the signature of L;

D is a choice of a square root of A_A_;
§ = 92

9 A
_ REMARK 2.6.3. A proof of the fact that CGPg is a well-defined invariant on
Man$ is contained in [CGP14].

LEMMA 2.6.1. The Costantino-Geer-Patureau quantum invariant CGP¢ satis-
fies the skein azxiom.

PrROOF. The result directly follows from the definition of the Geer-Patureau-
Turaev renormalized invariant Fy, of admissible -colored closed ribbon graphs in
terms of the Reshetikhin-Turaev functor Fg. O

PROPOSITION 2.6.1. If € is modular relative to (II, X) then the Costantino-
Geer-Patureau quantum invariant CGPg satisfies the surgery axioms with param-
eters Ao,y = /\1_,; = 271d(V,) and Ng,y = D! for every g € G~ X. Moreover
K=9.

Proor. The 0O-surgery axiom holds for every generic g € G~ X with Ao 4 =
271d(V,) thanks to the trivial computation

CGPg(Bo,) = 277060 FL(Ky?) = 27 1d(V,).

The 1-surgery axiom holds for every generic g € G\ X with A\ ; = @d(V,)~!
thanks to two easy computations. First of all, using the notation of Remark 2.4.3,
we have

CQP4(B1, By ) = 27200 FL (L) = 275 1A, = 1,

as follows from the evaluation of the Geer-Patureau-Turaev renormalized invariant
F, against the admissible @-colored framed link LXO C S? depicted in Figure 14,
which gives (A, = 236 thanks to the relative modularity condition of definition
2.2.2. Now the claim follows'® from the fact that if T®, T'¢ : (+.Vy) = (+, V)
are morphisms of Ribg such that both trrine (T%) and trgg,e (T #') are admissible
@ -colored closed ribbon graphs then we have the equality

Fg(trring (T 0 T?)) = d(Vy) ™! Fg(trping (T"%") Fy, (trring (T%)).-
Finally the 2-surgery axiom holds for every generic g € G\ X with Ay 4 = 271,
Indeed if L = L; U... ULy, C S? is a computable surgery framed link for
M*Agg (M Ugt gt (S ><D2) TLPUKQ ,OJU(192 o) Ba waz,g,n)

183ee axiom (N ¢) in the axiomatic definition of the Costantino-Geer-Patureau invariant
contained in [CGP14].
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FIGURE 14. The admissible @-colored framed link L} ¢ S3. The
two components colored with €2, form a computable surgery framed
link for By 4 * By, inside S* whose signature is equal to 1, while
the two components colored with V,; are decorations.

and if we set Ky, := fL_l(KQ) C S3 then LUKj, C S? is a computable surgery framed
link for

M x B2,g = (M Ugt st (D2 X S1>,TLP,OJ U(192’g)
and we obtain equalities
CGPu(M* Ay ) = 2 1k o M EL (LY UKD),
CGP%(M % B2,g) _ 9—1—(k+1)6(n+o‘(LUKL)—0'(L))—U(LUKL)Fé(Lw U Kgg)-

, Wha,g, M+ o(LUKy) —a(L)),

B

O

REMARK 2.6.4. As a corollary Lemma 2.5.5 applies to CGPg whenever € is
relative modular.

REMARK 2.6.5. The only quantum invariant we will consider from now on is
CGPg. We will therefore adopt a lighter notation for the extended universal con-
struction: instead of using the full subscript CGPg¢ for universal linear categories,
linear functors and natural transformations we will simply refer to the relative
modular category €.

2.7. Admissible skein modules

In this section we define admissible skein modules which project onto vector
spaces of morphisms of universal linear categories associated with CGP¢, much in
the spirit of [BHMV95] and [BCGP16].

REMARK 2.7.1. From now on we will suppose that the pre-modular G-category
@ relative to (11, X') we fixed in Remark 2.4.1 is actually modular relative to (IT, X).
In particular CGP¢ satisfies the surgery axioms.

If ,% : T — I are 1-morphisms of Cob? then we denote with 7' (X, %') the
complex vector space generated by the set of 2-morphisms M : ¥ = X/ of Cob}ig.
Then we denote with F# (3,3’) the subspace of 7'(X, X’) generated by vectors of

the form
m

Yon- (M « (idzu o ((D2 x D)ges @ ididr)) « M)

i=1



2.7. ADMISSIBLE SKEIN MODULES s

for some 1-morphism X' : Sil(vs) QT — TV of Cobf, for some 2-morphisms

. " 2 3 /. " 2 : /
M:X=3% o(D(av)@ldp)7 M:X o(D(g,yv,)®1dp):>Z

of Cob?, for some objects (£,V), (87, V') of Ribg satisfying i(V¢) = (V') and for
some morphisms T{!, ..., T¢m : (& ‘7) — (&7, \7’) of Ribg satisfying the equality
m

> Xi- Fg(T) =0
=1

’

between vectors of Home (VE,V'e).

REMARK 2.7.2. The 2-morphisms (D2 xI)¢; are not required to be admissible.

Let X,¥’ : T' — IV be 1-morphisms of Cobf of the form
Y= (P ¥5,%), =PV 02
and let M be a 3-dimensional cobordism with corners from ¥ to ¥’. Let
He(M; (P, 95), (PV',9%5))

denote the subspace of $¢(M; (PY,9p), (P’V',195,)) given by the preimage of the
subspace # (3, X’) of 7/ (2, %) under the natural linear map

pr Fe(M;(PY,05), PV, 05) -  7(2,%)
(T%,w) = (M, T?,w,0).
A vector of g (M; (PV,95), (PV',9%,)) will be called a €-skein relation. We also
denote with ) ,
Hy(M; (PV,95), PV, 95))

the subspace of $¢(M; (P, 95), (P, 9%,)) generated by vectors of the form

(M, T? UK, j*w, 0) = v((w, Ky}, u) - (M, T, w,0)
for some u € II and some framed knot K C M disjoint from T and colored with
o(u), where K/ is a parallel copy of K determined by the framing and where j is
the inclusion of pairs

j: (M~ (TUK), Ay UBy UBYUAY) < (M NT, Ay U By U By U ALY).

A vector of #,(Mp; (P, 95), (P"V",9%,)) will be called a o-skein relation.

If M is a 3-dimensional cobordism with corners from ¥ to ¥, if PV ¢ ¥ and
PV' C %' are G-homogeneous &-colored ribbon sets and if 95 and 95, are G-
colorings of (X,P) and (¥',P’) which are compatible with V' and V' respectively
then the admissible skein module of M relative to (PY,95) and (P'V',9',) is the
complex vector space

Sg(M; (PV, 193), (P/V ,19/ /))
defined as the quotient of
Fe(M; (PY,95), @Y, 9%.))
with respect to
%(M’ (Pva ’193)7 (P/V/aﬁl ’)) + ‘%U(M; (va ﬁB)a (P/V/v ¥ ’))

Two @-skeins in ¢ (M; (PV,05), (P'Y",9%,)) are said to be skein equivalent if their
difference is a sum of a €-skein relation with a o-skein relation.
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LEMMA 2.7.1. Let T be an object of Cob¥, let
Sr = (S0, PV, 05,2), f= (P 9., L")

be objects of Ag(T') and let Mp be a cobordism with corners from X to X.. The
linear map

g - Sg(M[*;(Pv,ﬁB),(PNV”,’&/é//)) — HomAg(F)(EIHEII,‘)
(T?,w) = [Mp, T, w, 0]

is well-defined.

PRrOOF. First of all, if
k

ZAi ’ (Tfivwi)
i=1

is a @-skein relation in $¢(Mp; (PY,93), (P"V",9%,)) then we have to show that
k
Z )\z . (CGP@)F(MF7 T;—pi, Wi, 0) =0
i=1

for the natural transformations
(CGP%)[‘(M[‘,T?i,wl',O) : (CGP@)F(EF) = (CGPg)I‘(ZII—/‘)

coming from the extended universal construction (see Appendix A.7 for a defini-
tion). In particular, it suffices to show that CGPg vanishes on %(idg, idg). This is
true thanks to the very definition of CGPg in terms of the Geer-Patureau-Turaev
renormalized invariant F, of admissible closed @-colored ribbon graphs, which is
itself defined in terms of the Reshetikhin-Turaev functor Fg.

Now if (T, w) is an admissible @-skein in M and if K C M is a framed knot
disjoint from T then we have to show that

(CGPg)r(Mp, T¢ UK™, j*w,0) = 9((w, K)),u) - (CGP%)r(Mp, T, w,0).

This follows from the definition of Fy, in terms of F and from the second and third
condition in Definition 2.2.1. O

REMARK 2.7.3. The same result holds also for the contravariant universal linear
categories associated with CGPg. In other words, vectors in morphism spaces of
contravariant universal linear categories are invariant under skein equivalence just
like vectors in morphism spaces of covariant universal linear categories.

2.8. Morita reduction

We use here the results of the previous sections in order to give a better descrip-
tion for covariant universal linear categories associated with the Costantino-Geer-
Patureau invariant, to which we will confine from now on. In particular, we give
for every covariant universal linear category an explicit description of a dominating
set. This will allow for a careful analysis in the following sections of the obstruction
for the monoidality of the completion of the quantization 2-functor produced by
the extended universal construction.



2.8. MORITA REDUCTION 79

REMARK 2.8.1. From now on we will fix a choice, for every critical z € X,
of a generic index g, € G ~\ X satisfying g, + * € G ~ X. Such a choice exists
because X is small symmetric in G. We also introduce the short notation d, for
d(Vy,) € C*, where V,, is the fixed projective simple object of index g, specified
in Remark 2.4.1.

REMARK 2.8.2. If z € X then Proj(%,) is dominated by the set
(V. } @ o) ® O(Gy,10) = {Vy. @c(u) @V |u€ i €1y, 40}

In other words if V' is a projective object of €, then we can always find objects
Viesoo s Vi, € O(Gy,+2), elements uy, ..., u, € I and morphisms

sj € Homg(V, V" @ o(u;) @ Vi), 1; € Homg(V, ®o(u;) @V, V)

YR
satisfying idy = Z?Zl rj 0 s;. Indeed, since V' is projective, there exists'? a section
s € Homg (V, Vg’i @V, ®V) of evy, ®idy. Then, since V,, ®V has index g, +z and

since €, +o is semisimple and dominated by o (1) ® ©(y,+2), we can conclude.

Let us fix an object T' = (I',£4) of Cob%. Every cobordism
Yr=%¥pU...UXp,
from @ to I' whose i-th connected component X, is given by a cobordism from @
to I; induces a decomposition I' = I'1 U ... U I, and the index i(Xr,) of X, with

respect to T' is defined as the element of G given by (&, j;«[I3]) for the fundamental
class [I3] of I'; and for the inclusion

Ji o (I, @) = (I A).

If i(Xr,) € G\ X then X, is said to be a generic component of X with respect to
T while if i(Xp,) € X then X, is said to be a critical component of ¥ with respect
toT.

Let X be a cobordism from @ to I'. A fundamental ribbon set P for ¥ with
respect to T' is a ribbon set inside ¥y decomposed as a disjoint union

P=P_uPyuP,
where:
(i) P_ is given by a single negative ribbon vertex in every critical component
of ¥ with respect to I';
(i) Pg is given by a single positive ribbon vertex in every component of Xr;
(iii) P is given by a single positive ribbon vertex in every component of .
Let P be a fundamental ribbon set for Xy with respect toI". If p_ € P_ is contained
in the connected component X, of X then the index x:(p_) of p— with respect to T
is defined as the element of X given by i(Xr,) € X. A fundamental (€, G)-coloring
(V,98) of (Xp,P) extending €4 is a (€, G)-coloring satisfying:
(1) V(p-) =Vy,, , for every p_ € P_;
(i) V(po) € o(II) for every py € Py;
(i) V(ps) € O(F) for every py € Py.

REMARK 2.8.3. The compatibility between V and ¥p together with the as-
sumption that g, + = € G \ X for every x € X guarantees the genericity of the
index of V(p4) for every py € Py.

195ee the beginning of the proof of Proposition 2.2.1.
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We denote with & (3, P) the set of fundamental (€, G)-colorings of (X, P)
extending & 4.

REMARK 2.8.4. If P is a fundamental ribbon set for ¥ with respect to I" and
if we have a fixed choice for a base set B C (X~ (PU9JXr)) and for a Lagrangian
Z C H'(Zr;R) then we denote with (Xr) 9y the object of Ag(T') given by

(EF’PV,’ﬂB’g)
for every fundamental (€, G)-coloring (V,9g) of (X1, P) extending &4.

LEMMA 2.8.1. Let T' = (I,€4) be an object of Cobf, let X be a non-empty
cobordism from @ to I', let P be a fundamental ribbon set for X with respect to T,
let B be a base set for Xp and let & C H'(Xr;R) be a Lagrangian. Then

D(Zr) := { (Zr)v,9) | (V.95) € F(3r,P)}

dominates Ag(T).

PROOF. Let B = (S0, PV 0%, 2") and T = (S0, P*Y" 9%, #") be
objects of Ag(T"). If M is a connected cobordism with corners from X7 to Xp
and if M7, is a connected cobordism with corners from X to ¥/ then, thanks to
Lemma 2.5.5, every morphism inside Homy,, (ry (27, 3¢) can be described by some

linear combination of admissible €-skeins inside M Ux,. M. relative to

w
(P//VH, 19// //), (P/VV P g/V).

But every such @-skein can be written, up to isotopy and skein equivalence, as a
linear combination of admissible €-skeins whose €-colored ribbon graphs meet X'
transversely in P inducing a fundamental (%, G)-coloring of (X, P). This follows
from the semisimplicity of %i(Eri) for generic components X, of ¥ with respect to
I, and it follows from Remark 2.8.2 for critical components X, of ¥ with respect
to I'. In other words every morphism

[MF UEF M/I,W T(pvw?()] € HomArg(F) (2;_',‘7 Ef:)

can be decomposed as

k
Z)\l . [( /ILaT;“pi 7(*‘);/70) * (MF,TfiawiaO)
i=1

for some fundamental (€, G)-colorings (V;, (9;)p) of (Xr,P), for some admissible
@-skein (TY',w;) inside M relative to

PV 9%, PV, (9:)B)

1

. . 1l
and for some admissible &-skein (T; ”* , w!

) inside M. relative to

(Y, @)z), (P 0h)
forevery i =1,...,k. ([

If P is a ribbon graph inside a 2-dimensional cobordism ¥ from I" to I then
we will denote with P the ribbon graph inside the cobordism X from I/ to I" whose
oriented vertex set P is obtained from P by reversing the orientation of every vertex
and whose framing at P is given by the framing of P at p for every p € P.

If (V,9p) is a (€,G)-coloring of (3,P) then (V,9p) will denote the (%,G)-
coloring of (X, P) defined by V(p) = V(p) for every p € P and by 9 = 9.
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Let T' = (I',€4) be an object of Cob§ and let Y/ be a cobordism from I" to
@. A connected component Y T, of Y/ is generic with respect to T' if 3 T, 1s generic
with respect to ' and it is critical with respect to T' if ¥/ is critical with respect
to I'. A ribbon set P’ C ¥/ is a fundamental ribbon set for ' with respect to T if
P’ is a fundamental ribbon set for E’ with respect to I'. Let P’ be a fundamental
ribbon set for 7. with respect to I‘. A fundamental (€,G)-coloring (V',9%,) of
(X7, P") extending €4 is a (€, G)-coloring such that (V7, (¥’)p:) is a fundamental
(€, G)-coloring of (X7.,P’). We denote with F(Xp,P’) the set of fundamental
(€, G)-colorings of (X, P’) extending £4.

REMARK 2.8.5. If P’ is a fundamental ribbon set for ¥/ and if we have a fixed
choice for a base set B’ C (X~ (P'UdX))) and for a Lagrangian &' C H'(X};R)
then we denote with (31.) (v ¢/) the object of Ag (T') the 1-morphism of Cob¥ given
by

(S, PV 0, Z)
for every fundamental (€, G)-coloring (V',9¥5,) of (X, P’) extending €4.
LEMMA 2.8.2. Let T be an object of Cob;g, let
EF:(Efvpvaﬁng)a /l'l‘:( /II’»PNVHv %”73”)

be objects of Ag(T') and let My p,..., Mg : p = XL be 2-morphisms of Cob;g.
Let X' be a non-empty cobordism from I' to &, let P’ be a fundamental ribbon set
for ¥ with respect to T, let B’ be a base set for Yy, let ' C HY (X1 R) be a
Lagrangian, let M be a connected cobordism with corners from & to XpUpr ¥ and
let M be a connected cobordism with corners from X Up 3. to @. Then a linear

combination Z 1 Ai - [M ] determines a trivial morphzsm in Homy, (ry(Sr, X1)
if and only if

k
3 ACGPg ((M’,T’@’,w',O) « (ld(2 vron Mr) * (M,T“’,w,O)) —0

i=1
for all fundamental (€, G)-colorings (V',9'%,) of (X}, P’') extending €4, for all ad-
missible € -skeins (T¥,w) inside M relative to

(2°,24), (PV UP"Y 9p U, 1939,)
and for all €-skeins (T'¢",w') inside M’ relative to
(P"V” UPY 0%, Ue, ﬁgg,) . (92,0,).

PRrROOF. The vector
k

Z YR [Mi,l"] S HOIDA%(F)(XJI‘7 2’1{‘)
i=1
is trivial if and only if

ZA (CGP&)r(M; ) = 0.

This happens if and only 1f we have the equality
k
> AiCGPg (M # (idgy o My r) + M”) =0

=1
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for every object

/1_/‘/ — ( IFH>PH/V , ggm?gm)
of A (T") and for all 2-morphisms M” : idy = X/ 0 Xp and M : 3/ 0 f. = idy
of Cob? of the form

M/I — (MH, T//LP// , w//’ n/l)’ MI// — (M/H, T///go ,UJH/, n///)’

Thanks to Lemma 2.5.4 we can suppose that T"¢" restricts to an admissible -
colored ribbon graph in every connected component of M”. Therefore, up to sliding
projective arcs of T"¢" through all connected components of ¥ x1, we can suppose
that idsy is strongly admissible. Then, just like in the proof of Lemma 2.8.1, we
can use the contravariant version of Lemma 2.5.5 discussed in Remark 2.5.7, isotopy
and skein equivalence to obtain a decomposition

4
: 1!’ 1"
[ldzll‘”] - z :'u’j - ?‘lvTj ! 7(“};'//70] * [ vaTj Jaw;vo}
j=1

for some connected cobordisms with corners M/ from ¥/ to ¥} and MY from ¥
195
J

(P///V”/v /Bg’”)a (P/Vj/a (19;)3’)

to X7, and for some admissible €-skeins (T;?,w?) inside M/ relative to

ua
1"p;
J

"

and (T ;

inside M’/ relative to
T
(P/V7,7 (19;)3’)1 (vamv g”’)

forall j =1,...,¢. Now we can apply Lemma 2.5.5 to

, W

(M}, T 0}, 0) 0 idsy.]  [M”]
and to .
M) (MY, T 57w, 0) o idsy]

J
in order to conclude. O

2.9. Graded extensions

In this section we analyse the failure of Ey at being an ETQFT. We describe the
obstruction to monoidality as IT-suspension systems on universal linear categories.
This allows for the construction of suitable I7-graded extensions which lead to the
definition of the II-graded quantization 2-functors E¢ and E,.

2.9.1. 2-Spheres. We begin by studying the universal linear category Ag(9),
which measures the obstruction to monoidality for Eg.

REMARK 2.9.1. We suppose from now on that the element 0 € G is critical.
Indeed, should 0 be generic, we could choose 1 as the specified projective ambidex-
trous object of €. Then we would have Proj(€) = € and, since dimg(1) = 1, the
Geer-Patureau-Turaev renormalized invariant F, would be equivalent to Fg thanks
to Corollary 17 of [GPT09]. Then CGP¢% would boil down to Witten-Reshetikhin-
Turaev with G-structure. In particular the construction could be carried on also
without this assumption, but since it would force us to use two different notations
for the rest of the exposition while producing just a very mild generalization of what
was already well-known, we prefer to directly concentrate on the new situation.
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Let Pg2 = (Pg2)_ U (Pg2)p U (Pg2)+ denote the fundamental ribbon set for S?

given by (Ps2)— = {p-} = {(~1,0,0)} C %, by (Ps2)o = {po} = {(0,0,1)} € S
and by (Ps2); = {p+} = {(1,0, 0)} c S? Wlth framing given by

==Y (CD), =T, =2 (D)

R — S?
t +— (sint,0,cost)
0,—1)} € S? and let Y52 be the cohomology class

for the curve
v

Consider the base set Bgz = {(0,
in H'(S% \ Ps2, Bg2; G) given by

<1952,mp_>:<1952,mp+>:go, <1952,mp0> :O
for positive meridians m,_ of p. for ¢ € {—,0,+}. For every u € II and for every
i € Iy, we denote with ((u, ), (9s2) B, ) the fundamental (€, G)-coloring of (S, Pg2)
determined by (u,4)(po) = o(u) and by (u,4)(ps+) = V;, and we will simply denote
with Sfm the object of Az (&) given by

(827 151217(1982) 52’{0})'

Such an object will be called a (u,%)-colored 2-sphere.

FIGURE 15. The (u, i)-colored 2-sphere S?

LEMMA 2.9.1. For all u,u” € II and for all i,i" € 1,, we have
dim¢ Homy, (o (Si i Su Y ) = 0i,ig, 0t i gy Ouyut -

PrOOF. Thanks to Lemma 2.5.5 we know that every morphism in

HomA@(z) (Si,i’ Simw)

can be represented by some linear combination of admissible €-skeins inside the
trivial cobordism with corners S? x I relative to

(P§217 (1952)352% (P§2 " (1982)352)'
Up to isotopy and skein equivalence we can moreover restrict to admissible €-skeins
of the form (Té,wf) where Té consists of an oriented graph T contained in

{((x,y,z),t) €S*x1 ‘ y:O}
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featuring a single coupon C with color f € Homg(V,; @ o(u)@V;, Vi @o(u”) @ Vi)
like the one represented in Figure 16.

FIGURE 16. The @-colored ribbon graph Té inside S? x I.

In other words, what we have is a surjective linear map from
Homg (Vi © o(u) @ V;, Vi @ o(u”) @ Vi)
to
HOmAg/(g) (SZJ? Si//’i//)

whose kernel is to be determined. In order to do so we can specify S2 as a non-empty
2-dimensional cobordism from @ to &, we can specify S? x I as a 3-dimensional
cobordism with corners from & to S2I_I782 and we can specify S?x1I as a 3-dimensional
cobordism with corners from S2 LI S?2 to @. Then, thanks to Lemma 2.8.2, the
triviality of the vector [S? x I, Té,wf,O] in HOmA%,(g)(Si’,L-, SZ,,J,,) can be tested
by choosing P’§2 := Pg2 as a fundamental ribbon set, Bg. := Bg2 as a base set,
Vg, = g2 as a Cohomilogy class, by considering all fundamental (€, G)-colorings
((u',3), (151/32)352) of (S?,P%,), by considering all admissible &-skeins (T, ') in-
side S? x I relative to

(07,22), (P& UPE", (0s2)p, U (9)Bs )
by considering all admissible -skeins (T”%",w") inside $2 x I relative to
(Pg2 TP (95) 5, U (1952)3§2) , (92,9,)

and by computing the Costantino-Geer-Patureau invariant CGP¢ on the resulting
closed 2-morphism of Cobf. Up to isotopy, skein equivalence and multiplication
by some non-zero scalar this amounts?” to evaluating the Geer-Patureau-Turaev

203ee Remark 2.9.2.
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renormalized invariant Fy, against the admissible @-colored closed ribbon graph
Ty 1" of Figure 17 for all g € G~ X and for all

J' € Homg (1, V) @ o(u) @ V; @ Vi @ o(u')* @ Vy,) ,

J" € Homg (V; @ o(u") @ Vir @ Vi @ o(u')* @ Vy,, 1) .

| /" |

. i

o(u") | Vi V,,
Vao
L 5]

-

o(u) | Vi
>,
Vo | Vir| o(u')

1

| f |

FIGURE 17. The admissible @-colored closed ribbon graph Ty’ /""",

The middle o(u)-colored strand can be pulled out on top of the closed compo-
nent encircling it at the cost of a multiplicative factor ¥ (g, —u). Then, thanks to
the relative modularity condition for €, we get

F% (Tgf,f/,f”> — 5ia’i90d81<'¢(g, —U)Fé (Tgafyf/Yf//)

for the admissible €-colored closed ribbon graph T¢s.#'.s" depicted in Figure 18.

| " |

T
o(u”)| Vi Vo

o)
+ 4

F1GURE 18. The admissible €-colored closed ribbon graph T¥7.#".¢" .
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The region enclosed by the dotted rectangle represents a morphism in
Homg (o (u), Vi @ o(u") @ Vir).

Since this vector space is naturally isomorphic to Homg (o(u) ® Vg,,o(uw”) @ Vir)
then the semisimplicity of €, implies

dim(c HOmAg(g) (SQ SQ// *//) S 1) 51'

. 1"
u,1 M u' 6“7“ :

. "y
Lgq tg0

The dimension of Hom,, (&) (s?

ring Siy%) is furthermore exactly equal to 1 because

the non-triviality of [idgz "190] follows from the evaluation of F, against T¥7s.s".s" for
i =1g4,, for v’ = u and for
f= idVg*Q@o’(u)(X)Vgo € Homg (V, @ o(u) ® Vy,, Vi @ 0o(u) @ V),
f= COBVYx @0 (u)@Vy, € Homg (1, Vg, @ o(u) @ Vg, @ Vi @ 0 (u)” @ Vg,),
= Vv 9o(u)@Vyy € Homg (Vy; @ o(u) @ Vy, @ Vi @ o(u)* @ Vg, 1). O

REMARK 2.9.2. In order to give a complete proof, we would also have to con-
sider the case of a critical index x € X for the closed component of the ribbon
graph in Figure 17, which of course would determine a Kirby color which is not
defined. The problem is that the chosen surgery presentation would no longer be
computable, and this is a recurring phenomenon with relative pre-modular cat-
egories which makes arguments a little cumbersome, like in [CGP14]. We will
explain here how to adapt the proof given above to the critical case by passing to
a computable surgery presentation, and this can be done every time an analgous
situation shows up, so we will not give details again. By using the skein axiom
we can produce a strand with color V, in a small region of the graph along the
bottom left edge colored with V. Then we can change the index of the critical
component by sliding the new arc over it. If we take care of doing this by subtrac-
tion we obtain a computable surgery presentation because the index of the surgery
knot is changed from x to g, + =, which is generic. We can then pull the middle
o(u)-colored strand out on top of the diagram and the cost of doing this, in terms
of multiplicative factors, is equal to ¥(g, + =, —u)¥(ge, —u) "t = ¥(x, —u). We can
then use the relative modularity condition just like in the generic case, and remark
that now the V,_-colored strand can be returned to its original position, so that
the modification we performed on T5’/"**" can in fact be undone. The rest of the
proof is unchanged.

REMARK 2.9.3. Since we established that for every i # iy, and for every u € II
the (u,i)-colored 2-sphere S2 ; is a zero object of Ag (@), we will switch from now
on to the simpler notations

82 Q2 u . phlgg
u T Puyigy S22+ 482

and we will refer to S2 as the u-colored 2-sphere.

REMARK 2.9.4. Lemmas 2.8.1 and 2.9.1 immediately imply that A¢ (@) is
Morita equivalent to its full linear subcategory with set of objects {S2 | u € IT}.
This is of course not Morita equivalent to the unit linear category C unless IT = {0},
in which case we can prove that E¢ is monoidal. Therefore, as in Remark 2.9.1, we
will suppose from now on that I7 is not trivial, and thus that E¢ is not an ETQFT.
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2.9.2. 3-Discs. The next subsubsections are dedicated to the study of vector
spaces of morphisms between tensor products of fundamental spheres in Ag(2).

DEFINITION 2.9.1. The 0-colored 3-disc
is the 2-morphism of Cobf given by
(DS, (’I%)E? We, O)
where (T})¢ is the €-colored ribbon graph contained in
{(z,y,2) € D’ | y = 0}
and represented in the left-hand part of Figure 19 whose only coupon is colored with
the invertible morphism ¢ € Homg (1, 0(0)) given by the braided monoidal functor

o : 11 — € and where w, is the only G-coloring of (D3, T}) which is compatible
with the @-coloring on T§,.

DEFINITION 2.9.2. The inverse 0-colored 3-disc
D, 82 = idy
is the 2-morphism of Cobf given by
(D%, (1) w1,0)
where (T9)¢ ' is the @-colored ribbon graph contained in

{(a:,y,z) e D3 ‘ Y= O}
and represented in the right-hand part of Figure 19 whose only coupon is colored
with the invertible morphism ¢~! € Homg(0(0), 1) given by the braided monoidal
functor ¢ : II — % and where w.-1 is the only G-coloring of (D3, T9) which is
compatible with the €-coloring on TY.

FIGURE 19. The 0-colored 3-disc D3 and the inverse 0-colored 3-

disc ﬁg. The ribbon graphs T} and T9 are represented in blue with
blackboard framing. The arrows on the faces of the coupons specify
the orientations of their horizontal boundaries and of their vertical
boundaries. The cohomology classes w. and w.-1 are completely
determined by the @-colorings on T} and on TY respectively.
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LEMMA 2.9.2. We have the equality
Pd;" - {Dg *ﬁg} - [idsg}
between vectors of Homy, (o) (SE, S3).
PRrROOF. This result is an immediate consequence of the gg-colored index 1
surgery axiom. O
REMARK 2.9.5. Since the equality
245" - Dy + DY = [idia.]
follows immediately from the gg-colored index 0 surgery axiom, we have
2d;" - [Dy) = [D§] ™" € Homy, (5 (83, ido)
and the objects idg and S3 of Ag(9) are isomorphic.

2.9.3. 3-Pants. We define the 3-pant cobordism®' P as the 3-dimensional
cobordism from S? LU S? to S? whose support P? is given by

o (o) en((sas) )

where B((z,y, 2),p) is the open ball of center (x,y,z) and radius p in R3, whose
incoming horizontal boundary identification is given by

fiop s S?UST = 0B ((-1,0,0),1) UOB ((3,0,0),})
" {(%z,z) i= -1

(2.49) i+

(i, (z,9,2))

and whose outgoing horizontal boundary identification is given by idg=.

We define the inverse $-pant cobordism P3 as the 3-dimensional cobordism from
S2 to S2 U S? whose support is given by P3, whose incoming horizontal boundary
identification is given by id g2 and whose outgoing horizontal boundary identification

is given by f(psyn .
Let us consider u,u’ € II.
DEFINITION 2.9.3. The (u,u’)-colored 3-pant

P} :S2®S2, =82,

w,u’

is the 2-morphism of Cob? given by
(P3’ (T%)uu,u/ s Wity it 0)

where (T3)*«v" is the €-colored ribbon graph contained in

{(xvyvz) € p? | Yy = O}
and represented in Figure 20, whose only coupon is colored with the invertible mor-
phism iy, ,+ € Homg(o(u)®@c(u'),o(u+u')) given by the braided monoidal functor
o : 11 — €, and where wy, , is the unique G-coloring of (P3, T3) which is compati-
ble with the €-coloring of T3 and which evaluates to 0 every relative homology class
that can be represented by some oriented arc contained in {(z,y, 2) € P3|z > 0}.

21The name comes from the analogy with the 2-dimensional pants cobordism, which can
similarly be defined as the complement of two small discs inside the unit disc in R2.
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FIGURE 20. The (u,u)-colored 3-pant P ,. The ribbon graph
T} is given by the three blue edges together with the middle blue
trivalent graph with blackboard framing. The arrows on the faces
of the coupon specify the orientation of its horizontal boundary and
of its vertical boundary. The cohomology class Wity o is completely
determined by the &-coloring on T4 and by the vanishing condition
for the evaluations against relative homology classes contained in

the lower hemisphere.

DEFINITION 2.9.4. The inverse (u,u)-colored 3-pant

=3

P,.,:Si ,=8S.®S2

w,u’

is the 2-morphism of Cobf given by
(?7 (T%)p’;lu/ ) wp,;’lul ; 0)

—1
where (T})"«+" is the €-colored ribbon graph contained in

{(x,y,z) epP? | y= 0}
and represented in Figure 21, whose only coupon is colored with the invertible mor-
phism u;i, € Homg (o (u+u'),0(u) @o(u')) given by the braided monoidal functor
o :II = %, and where w -1 is the only G-coloring of (P3,T?%) which is compatible

u,u

with the @-coloring on T? and which evaluates to 0 every relative homology class
that can be represented by some oriented arc contained in {(z,y,2) € P3| z > 0}.
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FIGURE 21. The inverse (u,u')-colored 3-pant ?i’u,. The ribbon

graph T? is given by the three blue edges together with the middle
blue trivalent graph with blackboard framing. The arrows on the
faces of the coupon specify the orientation of its horizontal bound-

ary and of its vertical boundary. The cohomology class w,-1 s
completely determined by the €-coloring on T# and by the vanish-
ing condition for the evaluations against relative homology classes

contained in the lower hemisphere.

LEMMA 2.9.3. For all u,v ,u” v € II we have
dim(c HOmA%(@) (Si ® Si/, Si//) = 5u+u/7u//
dim(c HOIHA%)(@) (S,IQL, S,[QL// ® Si///) = 6u’u”+u/”.

PrOOF. We will only prove the first statement as the proof of the second one

is completely analogous. Thanks to Lemma 2.5.5 every morphism in
HOmAg(g) (Si ® Si/7 Siu)

can be represented by some linear combination of admissible €-skeins inside the 3-
pant cobordism P? relative to (P ng;, (Us2) B, U(Js2) By, ) and (ng, (Us2) B, )-
Up to isotopy and skein equivalence, just like for Lemma 2.9.1, we have a surjective
linear map from

Homg (V) @ o(u) ® Vg, @ Vi @ o(u') @ Vg,, Ve @ o(u”) @ Vy,)

to
HOmAg(Q) (Si ® Si/, Si//)
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and we have to study its kernel. In order to do so we can specify S as a non-
empty 2-dimensional cobordism from @ to &, we can specify P3 as a 3-dimensional
cobordism from @ to S? U S? U S2? and we can specify S? x I as a 3-dimensional
cobordism from S? LUS2 to @. Then the triviality of the image of a morphism

f € Homg (Vi @ 0(u) @ Vg, @ Vi @ o(u') @ Vg, Vi @ o(u”) @ V)

in HomA%(g)(Si ®8S2,,S2,,) can be tested by evaluating the Geer-Patureau-Turaev
renormalized invariant F against the admissible @-colored closed ribbon graph
T¥s5.5".5" depicted in Figure 22 for every "’ € IT and for all

J' € Homg (1, V) @ o(u) @ Vg, @ Vi @ o(u') @ Vg, @ Vil @ o(u")* @ V),

? 790
f" € Homg (Vi @ o(u") @ Vg, @ Vil @ o(u"')* @ Vg,, 1) .

Vgo{ w %0‘( w ‘/go J(
I R

FI1GURE 22. The admissible €-colored closed ribbon graph T¥f.s/ ..

///)

k= <

As before, the region enclosed by the dotted rectangle represents a morphism
in Homg(o(u) ® o(u'),Vy @ o(u”) @ Vy,). Since this vector space is naturally
isomorphic to Homg (o (u+u') ® Vg, o(u”’) @ V4, ) the semisimplicity of €,, implies

dim(c HOmAg(g) (Si (%9 Si/7 Si//) < 6u+u/7u//.

The dimension of Homy, (o(S2 ® S2,,S2_ /) is furthermore exactly 1 because the

non-triviality of [P3 ] follows from the evaluation of Fy against T#7.s"." where

u" = u + v and where

feHomg(Vy @0(u) @ Vy, @ Vo @a(u') @ Vy,, Vi @ o(u+u') @ Vy,),

07 " go
f € Homg (1, Vy @ o(u) @ Vy, @ Vo @ o(u') @ Vy, @ Vi @ o(u+u')" @ Vy,),
f" € Homg (Vg @ o(u+ ') @ Vg, @ Vg @ o(u+ )" @ Vg, 1)
are given by the images under the Reshetikhin-Turaev functor Fg of the @-colored

ribbon graphs depicted in Figure 23.
|
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Vgn Vgo

o(u+u)
FIGURE 23. The @-colored ribbon graphs representing f, f' and f”.

LEMMA 2.9.4. For every u € I we have the equalities
[P3.. + (Dg @idsz )] = [P * (idsz ® DF)] = [ids:]
between vectors of Homp,()(S2,S2) and
(Do @ids; ) « Py, | = [(idsz @ Dy ) + Py | = [idsz]
between vectors of Homy, (z)(S2,82).

PrOOF. Once again, we will only prove the first statement as the proof of the
second one is completely analogous. The equality

Ho,u © (5 & ldo(u)) = Muy,0 © (ida(u) ® 5) = ida(u)
follows from the definition of ¢, which is a braided monoidal functor between

braided monoidal categories. The result then follows from the existence of iso-
morphisms between the cobordisms

(D30 (S* x 1)) Usziys2 P2, ((S® x I) UD?) Ugep g2 P2, S? x L. O
LEMMA 2.9.5. For all u,u’,u" € II we have the equalities
{Pz-l—u’,u” * (Pi7u/ ® idsi”)] = I:Pz7u/+u// * (lds% ® Pi/7u//):|

between vectors of Homp, ()(SE ® S2, @ S2,,8% ., 1 0r) and

{(?i’u/ ® ids2”) * §i+u/’u//:| = [(ldsz ® ?i/’u//) * ?i’u/+uu:|

between vectors of Homyp, (z)(S2, /v S2® 82, ®82,,).
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PrROOF. As usual, we will only prove the first statement as the proof of the
second one is completely analogous. The equality

Hutu’ u’” © (,Uu,u’ 0y ida(u”)) = My’ +u’” © (ldo(u) ® .uu/,u”)
follows from the definition of o, which is a braided monoidal functor between
braided monoidal categories. The result then follows from the existence of iso-
morphisms between the cobordisms

(PP U (S* xI)) Uszge P2, ((S? x I) UP?) Ugz g2 P O
REMARK 2.9.6. The morphism space
Homy, (o) (3 @ 84, Sit)
is generated by [P ] for all u,u' € IT and
Homy, () (S5, Sir @ Sin)

is generated by [ﬁi,,,um] for all u”,u" € II.

LEMMA 2.9.6. For all u,v’ € IT we have the equality
[P+ Pl ] = 245" [ids; @ idge |

u,u’ *
between vectors of Homy,()(SE ® S2,,82 @ S2)).
PROOF. The equality
M;L' O fyu = ((ida(u) ® 5_1) ° Uz:,%)) ® (MO,U' o(e® ida(u’)))
follows from the definition of o, which is a braided monoidal functor between
braided monoidal categories. The existence of isomorphisms between the cobor-
disms

PPUge P, ((S2 x I) IP?) Uge o 50 (ﬁu (S2 x I))
implies the equality
[ﬁi,m * Pi,u’:| = [(idsg QPG ) * (?i,o ® idsi/)}
between vectors of Homy, (z)(S% ® S2,,82 ® S2,). The result now follows from
Lemmas 2.9.2 and 2.9.4. (|
LEMMA 2.9.7. For all u,vu’ € IT we have the equality

{ngu, *?i,u/} = 9d;!- [idsz }

u4u’
between vectors of HOmAg(g)(SZ+u/, SZ+u')-
PROOF. Thanks to Remark 2.9.4 we have dim¢ Homy, ()(S7,,,,, S /) = 1.
° must be of the form A - [idsz /] for some A € C.

’
u,u utu

In particular {Pi,u/ * P
Thanks to Lemma 2.9.6 we have the chain of equalities

[ids; @ idsz | = 272a3- [P}, + L+ Pl <P
=272\ [P, < P, |
— P 1dyA - [idsi ®id52/}

which implies A = @d; . 0
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REMARK 2.9.7. Lemmas 2.9.6 and 2.9.7 combine to give the equality
2d;"- [Py | = P
between vectors of Homp, (2 (S2,,/, 52, )
DEFINITION 2.9.5. For all w,u’ € II the twisted (u,u’)-colored 3-pant
P3 ., :S:l®SL =Si,.,
is the 2-morphism of Cobf given by
Pi’,u * 5sg,si, .
LEMMA 2.9.8. For all u,vu’ € IT we have the equality
[lsiu,} =v(u,u’)- [Piu/]
between vectors of Homy, () (SE ® S2,,82, /).

PRrROOF. For the proof of this Lemma we adopt the notation used in the proof
of Lemma 2.9.3. We know that [Pi,u’] generates the vector space

HomA%(g) (SZ ® Siu Si+u’>7

so there have to exist coefficients A, ., € C for all u, v’ € IT satisfying
(B3] = - [P

In order to compute A, we choose P3 as a cobordism from @ to S2 L S2 U S2
and S? x I as a cobordism from S? LU S2 to @. Now it is sufficient to compare
the evaluations of the Geer-Patureau-Turaev renormalized invariant Fy, against the
admissible &-colored closed ribbon graphs T%s.s"./" and T#7.'.s depicted in Figure
22 for i"" = ig4,, for v = u+ «’ and for

f € Homg(Vy @ 0(u) @ Vg @ Vi @ 0(u') @ Vg, Vor @ a(u+u') @ V),

f/ € Homgg(]l, VgT) ® U(u) ® vao ® VgT) ® U(U/) ® Vgo ® vax; ® O'(U + U/)* ® Vgo)?
[ € Homg(Vy @o(u+u')@Vy, @V @0(u+u') @V, 1),

fe Homg (Vy @ 0(u) @ Vg, @ Vi @ 0(u') @ Vg, Vo @ o(u+u')* @ V)
given by the images under the Reshetikhin-Turaev functor Fg of the ribbon graphs
depicted in Figure 23 and 24.

By applying twice the skein condition for relative modular categories we can
pull the o(u)-colored strand in Figure 24 on top of all the V, -colored strands. Then
the equality

Hoy? o © Ba(u),a(u’) = V(uﬂ u/) M’
coming from the definition of braided monoidal functor leads to the equality
F%(T*Df,f/,f“) = V(u,u/) .Fé(TW.f',f’,.f"')’

which proves the assertion. ([
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o(u+u')

FIGURE 24. @-colored ribbon graph representing f.

2.9.4. Suspension systems. We sidetrack for a moment in order to define
an operation we will apply to our quantization 2-functors E¢ and Ef,. This will
allow for the definition of a symmetric monoidal 2-functor at the cost of changing
the target symmetric monoidal 2-category.

REMARK 2.9.8. If A is a linear category then the category Catc (A, A) of linear
functors from A to A together with their natural transformations is monoidal with
unit given by idy and with tensor product given by composition.

DEFINITION 2.9.6. A IT-suspension system on a linear category A is a monoidal
functor S : IT — Catc(A, A).

REMARK 2.9.9. If S is a IT-suspension system on a linear category A then we
denote with

e € Homeao(a,n)(1,5(0),  fruyu € Homeag, (a,n)(S(u) @ S(u'), S(u+u'))

the natural transformations coming from the structure of .S and we denote with S*
the functor S(u), which is called the u-suspension functor.

DEFINITION 2.9.7. If A is a linear category and if S is a IT-suspension system
on A then the IT-graded extension of A along S is the II-graded linear category A
with set of objects

Ob(A) := Ob(A),
with vector spaces of degree u morphisms
Hom{} (V, V') := Homy (V, S™*(V"))
for all objects V and V' of A and for every degree u € I, with identities
id) := ey € Homy (V, S%(V))

for every object V of A and with compositions

f/u/ *fu = (,uf—u,—'u/)V” o Sfu(f/u,) o fu c HOInA(‘/, Sfufu/(v//))
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for all f* € Homy (V, S~*(V")) and f"*" € Homy (V’, S~ (V")).

ExaMPLE 2.9.1. The standard II-suspension system on Vectg’lcg is the II-
suspension system S on Vectg & Jefined by S*(V):=Vo L_, for every IT-graded

vector space V and every u € II, where L, : II — II is the functor defined by

Lu(W) == u+u/. We denote with Vect ™ the IT-graded extension of Vect®

along the standard I7-suspension system S, and for every u € IT and all objects V,
V' of Vect{cY 8 we denote with Hom%(V, V') the vector space of degree u morphisms
of Vect{™ from V to V.

The results of the previous subsections can now be summarized as follows. For
every object T of Cobf and for every u € I we have a functor

mapping each object Xp of Az(T') to S2 ® I and each morphism [Mr] of Ag(T)
to [idgz ® Mr]. We have a natural isomorphism
€. idA%,(r) = g
associating with each object X of Ag(T') the morphism [D§ ®ids.]. We also have
for each u,u’ € IT natural isomorphisms
Mo 2 S0 gu' y gut!
associating with each object X1 of A¢(T') the morphism [Pi)u/(@idgr]. Analogously,
for every object I" of Cobf and for every u € I we have a functor
S* AL (T) — AL (T)
mapping each object Ef of AL (T) to S2 ® X and each morphism [Mp] of AL(T)
to [idgz ® Mp]. We have a natural isomorphism
€: idA%(r) = S
associating with each object It of A%(T') the morphism [Dj ®idsy ]. We also have
for each u,u’ € IT natural isomorphisms
[+ 8% 0 S — §utY

associating with each object 31 of AZ(T') the morphism [Piu, ®idsy |-

PRrROPOSITION 2.9.1. For every object T' of Cobf the functors S* together with

the natural transformations € and puy . for u,u' € II form a II-suspension system
on Ag(T') and on AL (T).

2.9.5. Graded quantization 2-functors. We are now ready to improve the
extended universal construction by defining a II-graded version of the quantization
2-functors E¢ and Ef,.

DEFINITION 2.9.8. The covariant universal II-graded linear category Ag(T)
associated with an object T' of Cob¥ is the IT-graded extension of Ag(T') along the
II-suspension system S given by Proposition 2.9.1.

The contravariant universal II-graded linear category Ay (T') associated with
an object T' of Cob? is the IT-graded extension of AL (T) along the IT-suspension
system S given by Proposition 2.9.1.
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DEFINITION 2.9.9. The covariant universal II-graded linear functor
Fg(z) : Ag(l—‘) — Ag(l—‘/)

associated with a 1-morphism X : ' — IV of Cobf is the IT-graded linear functor
mapping every object X1 of Ag(T') to the object X o X of Ag(IV) and mapping
every degree u morphism [M{] € Homg_ry(2r, X1) to the degree u morphism

[ids o My] € Homj, (2 0 Xp, X o 37).
The contravariant universal II-graded linear functor
F(3) : Ag(T') — Ag(T)

associated with a 1-morphism X : I" — IV of Cobf is the IT-graded linear functor
mapping every object X7, of A%(I”) to the object f, o X of Ay (T') and mapping
every degree u morphism [My] € Homj{, ) (2p/, B17) to the degree u morphism

[MF) oidx] € Homj{, ) (Ep 0 B, X o X).
DEFINITION 2.9.10. The covariant universal II-graded natural transformation
Mg (M) : Fo(2) = Fe(X)

associated with a 2-morphism M : 3 = ¥ of Cob¥ is the IT-graded natural
transformation associating with every object X of A¢(T') the degree 0 morphism

[Df @ (Moids,)] € HomX%(F,)(E 0¥, ¥ oXp).
The contravariant universal II-graded natural transformation
g (M) : Fig () = Fg (X)

associated with a 2-morphism M : ¥ = ¥’ of Cobg is the IT-graded natural
transformation associating with every object X5 of A% (I’) the degree 0 morphism

[DS ® (idzfr, o M)} € HomK%(F)( oY, X o %),
DEFINITION 2.9.11. The covariant II-graded quantization 2-functor
Eg : Cob? — Catl
associated with CGP¢ is the 2-functor mapping each object T of Cobf to Ag(T),
each 1-morphism X of Cob to Fg(X) and each 2-morphism M of Cob¥ to Mg (M).
The contravariant II-graded quantization 2-functor
/ SRR AN 1
E. - (Cobg) — Cat]’
associated with CGPg is the 2-functor mapping each object T' of Cob§ to AL(T),
each 1-morphism X of Cob§ to F/, (%) and each 2-morphism M of Cob§ to 7 (M).

LEMMA 2.9.9. Let T' = (I',€4) be an object of Cob%, let X be a cobordism
from @ to I', let P be a fundamental ribbon set for X with respect to T', let B be
a base set for X and let & C H'(Xr;R) be a Lagrangian. Then the set

D(Zr) == {(Zr)v) | (V,9p) € F(Er,P)}

dominates Ag(T).



98 2. NON-SEMISIMPLE ETQFTS

PROOF. Let B = (S0, PV 0%, 2") and B¢ = (S0, PV 9%, #") be

objects of Ag(T"). If M is a connected cobordism with corners from X7 to S2uxr
and if M7 is a connected cobordism with corners from ¥ to S? L %% then, thanks
to the Connection Lemma 2.5.5, every morphism inside

Homj{, 0y (31, Tf) = Homp, ) (51, S, @ BfY)
can be described by some linear combination of admissible @-skeins inside

M7 = Mp Uszus,. ((8? X I) UMY) Ugepgesy (PP U (SF x 1))
relative to
nv'" o qn —u wv?” w

(P 5 B//) 5 (PS2 L| P 5 (’1982)352 L| 793/1/) .
But, just like in the proof of Lemma 2.8.1, and thanks to Lemmas 2.9.1 and 2.9.3,
every such admissible @-skein (T, w) can be written, up to isotopy and skein equiv-

alence, as a linear combination of admissible €-skeins inducing a decomposition of
MY, T%, w,0] into a linear combination of morphisms of the form

([P"‘_%_uw] ®id2,ry) * ({idsgul ® [M}’T;«o;/’w;/’o}) « [Mp, T? w;, 0]

for some fundamental (€, G)-colorings (V;, (9;)p) of (Xr,P) and for some funda-
mental (€, G)-colorings (—v;, (Ug2)p,) of (S%,Pg2) with i = 1,...,k, for some
@-skein (TY", w;) inside M relative to

(P“V”, ’lg,/) (P UPY, (W) p, U (9:)5)
and for some @-skein (T/*" w!') inside M. realtive to
(PY,0)5), (P UP™Y", (9s2)p. U0 )
forevery i =1,...,k. (Il

2.10. Monoidality

This section contains the first part of the proof of our main result, which is the
monoidality of the 2-functor E¢.

REMARK 2.10.1. If V is an object of a Il-graded linear category A then we
denote with V' : C — A the II-graded linear functor mapping the unique object of
the unit I7T-graded linear category C to V.

THEOREM 2.10.1. The II-graded linear functoridg : C — Ag (@) is a II-Morita
equivalence.

PROOF. Ag (@) is dominated by the set {idy}, as follows immediately from
Lemma 2.9.9 and from Theorem A.6.1. (]

REMARK 2.10.2. We will constantly confuse @ @ IV with TV and ' ® & with T
for all objects T' and I of Cobf by a very slight abuse of notation. This means
that the braiding 1-morphisms Sy r+ and fSr o of Cobf given by definition 2.3.16
will be confused with idps and with idr respectively. Then for all 1-morphisms

Yoo, Y¥:I'=1" Y:T-T' Y. 0202
of Cob? we will use the notation Ss s and Bs» s for the braiding 2-morphisms

(Bo,r),(z,r))ex and (Br,e),@x,z))s s and we will consider them as a 2-
morphisms from £ ® ¥’ to ' ® ¥ and from X" ® X to X" @ X" respectively.
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REMARK 2.10.3. We introduce a short notation which will be useful for the
statement and the proof of the next result: consider objects I', IV, T, I'", 1-
morphisms X, ¥ :T' - I'”, ¥/, ¥ : IV — I’ and 2-morphisms

M:2=82%, M:¥=82%",
MI/ . 82 ® 2 = 2// M/// . S2/ ® 2/ = E///

of CobZ. Then we denote with
P..MaM):Z¥ = S2

u+t+u

, ® EN ® 2///
the 2-morphism of Cobf given by
(Pi,u’ ® idz//®gm) * (lds% & 5211’52/ ® idz///) * (M & M/) s

we denote with

Pwu/ (M// ® M///) . SZ

u+u

ERY =X g%
the 2-morphism of Cobf given by
(M @ M) (1dsg ® g2, 5 ® idg/) « (ﬁf’w, ® idg@,gr) .
Let us define the 2-transformation
n: K o(Eg xEg) =>Ego®

as follows: with every object (I',TV) of Cobf X Cob? the 2-transformation n
associates the IT-graded linear functor

mapping every object (X, Xr/) of Ag(T') ® Ag (IV) to the object Xr ® X of
A (T ® IT) and mapping every degree u 4+ v’ morphism

[My] © [My-]
of Homj_ (X1, 1) ® HomX;(F/)(Ep, 34,) to the degree u + «' morphism
[P—u,—U’ (Mr ® M?‘I/)]
of HOHIX;ZLI:@F,)(EF ® X/, X @ Xf,). With every 1-morphism
(%,%): (T, 1) = (", 1)

of Cob¥ x Cob¥ the 2-transformation 7 associates the IT-graded natural transfor-
mation

nz’z/ : F{g(z ® E/) o T]F’r/ = '771'\//’1-\/// O (]F%(E) X ]F%(E/))
associating with every object (Zr, Xy ) of Ag(T') ® Ag(T) the degree 0 morphism??
- 10
1d(202p)®(2’021—-/)
of Hom}_ pgrim ((£02r) @ (£ 0 ), (E®@ X') o (Br @ Brv)).

22We simply confuse (£ ® X/) o (Er ® B) with (2 o Bp) ® (X 0 Zp/) by a very slight
abuse of notation.
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REMARK 2.10.4. To actually check that n is a 2-transformation we need to
go through some very lengthy but also very standard applications of structural
properties of the symmetric monoidal 2-category Cobf. We will not report them
here as they are not very enlightening. We just stress one fact: the proof that np

is a Il-graded linear functor uses the naturality of the braiding of Cob? together
with the identity

3 3 3 . .
|:PU+1)',U”+’U”/ * (P'U,U' X P’U”,U’”) * (ldsg X ’Bsi//vsil X ldsi/”>:|
= I/(U/7 'U”) . I:Pg+v”,’u'+v”’ * (Pl?)),'u” ® P’L3)’,’U’”):|

which holds for all v, v’,v"”,v"”" € II and which itself follows from Lemmas 2.9.5 and

2.9.8. This is used to prove the equality?®?
i (IME) @ Mg ) o mp (IMy] @ M)
= v ) (v M) @ (Mg« M) )
THEOREM 2.10.2. For all objects T and I oféobf the Il -graded linear functor
is a II-Morita equivalence.
PrOOF. If Ag(T") is dominated by
D(Zr) = {(Zr) v | (V,9B) € F(3r,P)}
and if Ag(TV) is dominated by

D(Zr) = { (EF’)(VUW)
then Ag(T' ® IV) is dominated by

(V/, 19/3/) S S#T(Ep/, P/)}

V,95) € F(Sr, P),
D(ErUXp) = {(EI‘)(V,ﬁ) ® (B ) (vr 00 EV/ 51;) c G(J(gr, )P’) }

Therefore nr ./ clearly defines a bijection between generators.
To see that it is faithful let us consider objects X, X of Ag(T), objects
Y, 2L of Ag(TY), coefficients A;, € C, degree u — u; morphisms
M't"] € HomX;(“li)(Ep, pIY
and degree u; morphisms
[ler,] € HOHIX;(F,)(EFI7 Ei—/v)

with ¢ = 1,..., k satisfying
k
> A mb e (IMIT™] © M) = 0.
=1

Then for every object Xf. of AL(T'), for every object Xf, of AL (I") and for all
2-morphisms
M:idy = (ZhoSp), M :idg = (S oXp),
M": (8% 4y, ®(Bp o 2f)) = ide, M": (8%, @ (Ep o2L)) = idy

233ce Remark A.6.3.
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of Cob? the evaluation of CGPg against
Pfquu,-,fui (MH ® Mm) *Putus, ((idE{- ® idE;_/ ) °© (M;LEUI ® M?lr/ )) * (M ® M/)
equals

2d5'CGPy (M  (ids; o MIT" ) + M) CGPy (M« (ids;, 0 M, ) « M)

for every i = 1,..., k. This implies

k
> (Imyp @ vin ) =o.
i=1
To see that np p/ is also full we need to show that for all objects
Sr = (20, PY,95,2), Zh= (5P 0%, L")
of Ag(T") and for all objects
S = (B, PV ), S = (S P, 2
of Ag(T”) every degree u morphism
Mpgr/] € Homj, (rer) (Er @ Er, Bp @ Bp)
can be written as .
> mt e (IMEE) @ M)
for some coefficients \; Eﬁé, for some degree u — u; morphisms
[M{7*] € Homj ) (Br, 2r),
and for some degree u; morphisms
[Mi'r] € Homx;(r,)(Epg L)

with ¢ = 1,...,k. To do so let us consider connected cobordisms with corners
Mp from Xp to S* U X} and My from Xy to S U X7,. Then [Mg ] can be
presented by some linear combination of @-skeins inside the connected cobordism
with corners obtained by gluing My UM to

((S*x DU ((BFus?) x 1) U (27 x 1)) Uszuseusposy, PP U (SF x ) U (SF x 1)

along S? LYY LS?UYY,. Up to isotopy and skein equivalence Lemmas 2.9.1 and
2.9.3 allow us to conclude. O

2.11. Symmetry

In this section we complete the proof of Theorem 2.1.1 by establishing the
symmetry of the monoidal 2-functor Eg.

DEFINITION 2.11.1. The flip morphism
[ﬂ%l‘,xr/] S Hom%g(p@,r) (EI" &® EI“’ ﬁI‘,F’ o (EI‘ X El"/))

associated with objects Xr of Ag(T) and X+ of Ag(T”) is the degree 0 morphism
of A¢(I" ®T) given by

{Dg ® (5(®,®)>(F,F’))2F,2F,} :
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THEOREM 2.11.1. For all objects T, T’ of Cob%, S, 3L of Ag(T) and Xy,
¥4 of Ag(I) and for every morphism
[M{] @ [My] € Homy iy (Zr, 2p) @ Homy ) (B, 21v)

the diagram

X @ 3p Brr o (Xp @ X))

N\ /

)i (M) @ ME) - [5gm

IS >
of morphisms of Ag(T’ @ T') is commutative.

PROOF. The proof of this Theorem is a rather lengthy application of the nat-
urality property of the braiding 3 of Cobf, so we will not write it in detail. The
only additional ingredient which is needed is the following equality

V(“a U/) ’ [Piu’—u,O * (Pg—u/,—u ® Dg)]

—u/,—u

= [Pg,—u’—u * (Dg ® Piu’,—u)]

between morphisms of HomA%(g)(Sgu, ®S%,,S%,_,), which is a consequence of

Lemmas 2.9.4, 2.9.5 and 2.9.8 and of the equality v(—u’,—u) = v(u,u’) which
obviously holds for all u,u’ € IT. O

2.12. Graded TQFT

In this section we describe the IT-graded TQFT produced by Fg. Indeed, as
it was explained in the introduction, every II-graded ETQFT on Cobf yields a
Il-graded TQFT on Cobf, and II-graded linear functors associated with closed
1-morphisms of Cob? determine I1-graded vector spaces which we explicitly char-
acterize. When the relative modular category € is taken to be the category U, f slo-
mod of finite-dimensional complex-weight representations of the unrolled version of
quantum sly at ¢ = e™ then our description recovers the Z-graded TQFT defined
in [BCGP16].
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DEFINITION 2.12.1. The covariant universal IT-graded vector space Vg (32) as-
sociated with a l-morphism ¥ : @ — & of Cobf is the IT-graded vector space
whose space of degree u vectors V&(X) is given by** V¢ (S2, ® X) for every u € I1.

The contravariant universal II-graded vector space Vi (3) associated with a
l-morphism ¥ : @ — @ of Cobf is the II-graded vector space whose space of
degree u vectors Vi¢(X) is given by V. (S2 ® %) for every u € II.

DEFINITION 2.12.2. The covariant universal II-graded linear map
fg(M) : Vg(Z) — Vg(zl)
agssociated with a 2-morphism M : ¥ = ¥/ between 1-morphisms 3, ¥’ : & — & of
Cobf is the IT-graded linear map whose degree u component fi(M) is given by?°
fg(idgz @ M) : Vg(S2, © 2) — Vg(S2, @ ).
for every u € II.
The contravariant universal II-graded linear map
(M) : Vig(3') — Vig ()
qssociated with a 2-morphism M : 3 = 3’ between 1-morphisms X, ¥ : & — & of
Cobf is the IT-graded linear map whose degree u component i (M) is given by
fy(idg2 @ M) : Vg (S2 @ &) — Vi (S2 @ X).
for every u € II.
DEFINITION 2.12.3. The covariant II-graded quantization functor
Ug : Cob¥ — Vect?
associated with CGPg is the functor mapping each object 3 of Cobf to Vg (%)
and each morphism M of Cob? to Fg(M).
The contravariant II-graded quantization functor
/ = 1.7\ I
Ug : <C0b3> — Vectg
associated with CGPg is ‘ghe functor mapping each object ¥ of Cob? to Vi (%)
and each morphism M of Cob? to Fi,(M).
REMARK 2.12.1. For every object ¥ of Cobf the IT-graded pairing
()2 Vg(B) @ Vg(E) = C
whose degree 0 component
()% PVER) @ VEE) »C
uell
maps every vector
M5 ® [Mg] € Ve " (2) ® Vg ()
to
CGPe(Mg"+My) e C
is non-degenerate thanks to Remark A.7.2.

243ee Definition A.7.3.
25Gee Definition A.7.4.
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ProprosITION 2.12.1. For every 1-morphism ¥ : & — & of Cobf we have
Vrg(z) = HOmA%,(Q) (idg, 2)

PrOOF. For every degree u in II the spaces of degree u vectors V(%) and
Homy, 4 (idg, %) are both quotients of the free vector space generated by the set

of 2-morphisms MY, : idg = S2, ® ¥ of Cob?. We have to show that they are
the exact same quotient It is clear that if

ZA [M{,] =0 € Hom_ 4 (idg, )

then
Z/\ My ,] =0€Ve(E)
because, using the notation of Appendix A.7, the kernel of the linear map
(CGP%)s2 os
given by the universal construction contains the kernel of the linear map

((CGP%)2)idy 52 ,0n

determined by the linear functor (CGPg)y given by the extended universal con-
struction. To show that the converse is also true, let us suppose

D it [Mig] =0€ Vi (®).

This means
k

D " AiCGPg (M Mf'y) =0

i=1
for every 2-morphism M’ : 82, ® 3 = idy of Cob§. Such a linear combination
determines a trivial vector in Homj_ 4 (idg, ) if

k

Y A\CCPg (M’ x (id% ° M;{E) « M) —0

i=1
for every object 37, of AL (@) and for all 2-morphisms

M:idyg = £, 0idyg, M :X,0(S%, ®%)=idy
of Cob?. But since
M« (idsy, o Mg ) + M = (M’ ((ids, +M) 0ids) ) + M

for every i = 1,...,k we can conclude. [

COROLLARY 2.12.1. The covariant II-graded quantization functor Ug is a II-
graded TQFT on Cobf.

The proofs of Lemmas 2.5.5 and 2.8.2 can be directily adapted to the simpler
context of the universal construction in order to obtain the following analogue
results, which we state for the convenience of the reader.
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LEMMA 2.12.1. Let ¥ : @ — & be a I-morphism of Cobf of the form
(2, PV, 95, 2)
and let My, be a non-empty connected 3-dimensional cobordism from @ to X. If Z

is a quantum invariant on Mang wich satisfies the surgery azioms and the skein
aziom then the natural linear maps

pz: ad¥ (Ms; (92,24),(PYV,95)) — Vz(%)

(T‘F,w) — [ME; T¢7w70]
and ,
pypi ad¥ (Mg (PY,95), (87,05)) — V(%)
(T/S‘J 7w’) = [Mlxu T"® ) le 0]

are surjective.

LEMMA 2.12.2. Let ¥ : @ — & be a 1-morphism of Cobf of the form
(E,PV’ﬂB,g)’
let M; s :idg = X be 2-morphisms of Cobf fori=1,... k and let M§, be a con-
nected cobordism with corners from X to @. If Z is a quantum invariant on Mang

wich satisfies the surgery axioms and the skein axiom then a linear combination

Zle Ai - [M; s] determines a trivial vector of Vz(X) if and only if the expression

k
>Nz (Mg, T/, 0) « My
i=1

vanishes for all €-skeins (T'¢', ') inside M, relative to (PV,9g) and (2%, D).
Let us consider for every object Xy of Ag (D) the IT-graded pairing
Hs, (,-) : Homy, () (g, idy) ® Homy, () (ide, Bg) — C
whose degree 0 component
Hy, () : @ Hom " ) (Bo,ide) @ Hom (4 (ids, £g) = C

uell
maps every vector

to 5
CGPg (ﬁo £PE (idsz_ ® Mgu) . Mg) eC.

PROPOSITION 2.12.2. For every object gy = (Xg,PV,95,ZF) of Ag(D) the
II-graded pairing Hs, (-, ) is non-degenerate.

PROOF. Let us fix a connected cobordism M’ from ¥4 to S? and let M’ denote
the connected cobordism

((82 X I) U M/) Ug2 g2 p3 Ug2 D3

from S%2 U ¥4 to @. Then, thanks to Lemmas 2.9.1, 2.9.2 and 2.9.3, every &-skein
(T'%",&') inside M’ relative to

(P& UPY, (¥s2)B,, UdB), (07,20)
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satisfies o s

(30, 1%,,0)| = [Dg + P, » (ids:, @ M))]
for some 2-morphisms M’ : X5 = S2 of Cob? . Therefore, thanks to Lemmas
2.12.1 and 2.12.2, the only vector of Homy_(4(idg, ¥ ) which is annihilated by
the whole of Hom&:(g)(zg,id@) under Hs, (-, ) is 0.

Let us fix now a connected cobordism M from & to S2 LI Y 4 and let M denote
the connected cobordism

M Us2uzz ((82 U E@) >2 I)

fr9m Z to Yg U S2. Then, thanks to Lemmas 2.9.1, 2.9.2 and 2.9.3, every @-skein
(T%,&) inside M relative to

(27, 95), (PV U P, 95U (1982)352)
satisfies o

|:(M7 TS&? (Z)a 0>:| = |:BSZ_H,Eg * M:|

for some 2-morphism M : idg = S? , ® X4 of Cobf and, thanks to Lemma 2.9.1,
every @-skein (T'?',&') inside

P3 = ((S?US?) X I) Ugz 52 P® Ug2 D3
relative to

(P& UPE, (9s2)pe UWs2)ps ) o (27, 00)
satisfies _ .
{(PB’ T 7w/70)] = 0\ [ﬁo # P, % Bsa 52

for some non-zero A € C. This means that the only vector of Hom&;‘( g)(zg, idg)
which is annihilated by the whole of Homj_ (4 (idg, ¥z) under Hs, (+,+) is 0. O

Let us consider the I7-graded linear functor

Fy : Ag () — Vect '

mapping every object Xy of Ag (@) to the II-graded vector space Vg (Xgs) and
mapping every degree u morphism [M%} of Homy_ (4 (X, 37) to the IT-graded
linear map
Fz([M3]) : Vg (Bg) = ST (Ve (23))

whose degree v component is given by

F(Mg])": Vg(Ze) — V't (25)

M| = [(PE L @idsy )« (idse, @ M) « M|
PROPOSITION 2.12.3. The II-graded linear functor
Fy : Ag(2) — Vect 2@

is a II-Morita equivalence.
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PROOF. Since Vect(lc7 & is dominated by the unit II-graded linear category C
and since Vg (idg) is ismorphic to it as an object of Vecté:7 8 then, thanks to The-
orem A.6.1, we just need to show that Fg is faithful and full. In order to do so, let
us fix objects g = (8, PV, 05, %) and T, = (X4, PV 070, L") of Ag(2).
We begin by showing faithfulness, so let us consider a degree v morphism

> X+ [MY,] € Homy, () (20, B%)
=1

satisfying

> i-Fy (M) =0
i=1
This means that

3 ACGPg (M’ . (Piv’fu ® idz%) « (idsav ® M;{g) « M‘)’:z) ~0
=1

for every degree v of IT, for every degree v vector [My; | of Vg (X4) and for every
2-morphism M’ : 82 @ %/ = idy of Cob?. Therefore we can choose connected
cobordisms My, from @ to S? U ¥4 and M’ from S? U Y% to @, and then we can
specify
Ms,, := Ms, Uszus, ((S2USg) X 1)
as a connected cobordism from @ to X4 L S? and
M’ = ((S? x I) U (5 U S*)X I)) Useugesyy (PP L(S% x I)) Usesy M

as a connected cobordism from S? LI ¥ 1 S? to @. This means that, thanks to
Lemma 2.12.2, we have

Ai [Mg] =0
i=1
in Homg_ () (¥g,X%) if and only if

n

i/\iCGP% ((M',T@’,@/,O) * (idsi, o M;.fg) * (ME@,T%@,O)) =0
=1

for every u/ € II, for all admissible @-skeins (T?, o) inside My, relative to
(22, 55), (PV L PY, 95 L (1952)352)
and for all @-skeins (T'?",&’) inside M’ relative to
<P§2u UP"V" UPY, (¥s2)p,, U, U (1932)352) . (27,05).

Therefore faithfulness follows from Lemmas 2.9.1 and 2.9.3. Finally, in order to
show fullness of Fg, let us fix some v € IT and let us choose a basis

{[ Ilj,E,g]a cey [ Z,Eg]}
of V& (X4), its dual basis
{MTZ]. . M ST}
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of Homgg( ) (X4, idgy) with respect to the non-degenerate pairing induced by Propo-
sitions 2.12.1 and 2.12.2 and a basis

(MG MY
of HOmX;(’Ug)(idg, ¥7). Then a basis for Home(VY(Zg), Vi (27)) is given by
the linear maps

(F5 ([M757] = M 5]))"
foralli=1,...,kand j=1,...,k". O
We complete the picture with a standard linear algebra result.

REMARK 2.12.2. If V is a finitely generated I1-graded vector space then its dual
IT-graded vector space V* is the IT-graded vector space Homg (V, C). In particular,
for every u € II the space of degree u vectors (V*)* is naturally isomorphic to
(Vo).

IfF: Vectg’fg — Vectg’fg is a IT-graded linear functor let g, : F = (- ® F(C))
denote the IT-graded natural transformation associating with every IT-graded vector
space V the IT-graded linear map (7)), with degree u component

(mg)y = (FEV)" — @D v @ F(C)"
u' eIl
w3 T e E (7)) (w),
uw'ell i=1
where {v"% ... ,vz:‘;,} is a basis of V*~* and where {£7%*" ..., f;:i:f'} is

its dual basis of (V*)~“+%" for every u’ € II.

PROPOSITION 2.12.4. The II-graded natural transformation g : F = (-QF(C))
is a well-defined II-graded natural isomorphism.

PRrROOF. For every u € II we consider the linear map
(ae')y: DV eEC)” - (F(V)"
w'ell
,Uu—u’ ® l,u’ — ((fu—u l)u ) ($u )’

pu—u

where for every v*~* € V=% the degree u—u' morphism [FZ;“;, € Homfé*“’ (C,V)
: : —u’ \0(10Y _ ,u—u —1
is determined by (f7.",)"(1°) = v*~*. Then (mg ")
because

y is the inverse of (7))

Moy — !

u% ; v (( Zr_u;/)u) (F (7)) @)
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for every u € IT and every w* € (F(V))* and

= e () e () o)

uw'ell =1
[
> R (e o e ) ) (@)

w'ell i=1

Moy —u!

Z Z f u+u u— u(u u)vu u®xu':vufu’®xu'

well i=1

’

for every u € II, every v~ € V*~* and every 2 € (IF((C))“ .
For every u € IT both degree u components (W]F) and ( ); are independent
of the choices of the bases, because for every v’ € IT another basis

' '
fo )
1—u’ 1—u’
o7, }

of V¥ determines a dual basis

of (V*)~*, and there exist complex numbers a;;, ;]" € Cfori,j=1,...,ny such
that
’U./ nu/ ’U.
Dot =G ot =3 el G =3 by
j=1 i=1
Then

,U/u ' ®Fu ((f; u+u> )(wu)
w'ell j=1

Z Z au ub u+u /ufu/®Fu (<f;€—u+u')u> (w*)

w' €Il i,j,k=1

=Y o o () )

uw €Il i=1
for every u € IT and every w* € (F(V))".
Moreover, we have

()™ o T ((£)) = (£" ®id¥c))" © ()Y
for every degree u morphism £* € Homg(V,V’). Indeed, for every v’ € II, if

{vllu+u , ,U/u,Jru }
Mt

{f’ u—u' /—u—u/}
R
nu+ul

’
is a basis of V/“™" and if
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is the dual basis of (V/*)~%~%" then there exist complex numbers c?j’u/ € C for
i=1,...,ny ,j=1,...,ny such that

wi o w'y w,au’  rutu’ r—u—u’ —u
f(vj)—i:cz‘j’ v, E:C i

Therefore

’
utu —u’

D /u+uuu~®Fu+uf (o) (3 (o)) ()

n

u'’ell i=1
u+u —ul!
=X R (e o) )
uw'’ell =1
'u.+u —u!! Myl oyt
=3 X X eg W)
w! €IT i=1
I’Lu+u ol Myt oyt
_ Z Z Z Cuufu /u+u—u ®Fu (ﬁy u+uH)( u)
w! €IT i=1
n—
_ Z Z fu(vy/_u//) ® ]F‘u,(fj—ul_'_ul/)(wu/)
w'ell j=1
for every u’ € II and every = (]F(V))“/ U

REMARK 2.12.3. Lemma 2.12.4 can be used to relate the universal IT-graded
vector space Vg () of a closed 1-morphism X : & — @ of Cob¥ to its universal
II-graded linear functor Fg (X)) : Ag () — Ag(2) as explained in the introduction.

REMARK 2.12.4. Our goal will be to produce computations of universal II-
graded vector spaces associated with certain closed 1-morphisms of Cobf in terms
of the relative modular category €. We will think about this problem as follows:
if 3 . @ — @is a l-morphism of Cob? then we look for a IT-graded linear functor

:C— VectH fe together with a IT-graded natural isomorphism?°

F
C -z VectH fe
idg (3 Fy
D>
%(9) Az (2)
Fe ()

263ince the IT-graded linear category C features a single object, every such I7-graded linear
functor and every such I7-graded natural isomorphism are constant, so we are actually looking for
a single finitely generated IT-graded vector space together with a IT-graded linear isomorphism
from Vg (X) to it.
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The idea is then to try and decompose the 1-morphism 3 : @ — & as a compostion
of tensor products of elementary 1-morphisms which are easier to describe and
compute.

2.13. Universal graded linear categories

We describe here covariant universal I7-graded linear categories in terms of
II-graded extensions of ideals of projective homogeneous objects of €.

REMARK 2.13.1. For every index g € GG there exists a standard IT-suspension
system on Proj(&,) given by the linear functors S* : Proj(€,) — Proj(%,) mapping
every object V to o(u) ® V' and every morphism f to idy(,) ® f. We denote with
Proj(®,) the II-graded extension of Proj(%,) along this standard II-suspension
system.

We begin with some preliminary results. The following is a key technical result
which is needed in order to relate the II-suspension systems we are considering
on universal I7-graded linear categories to those we just introduced on ideals of
projective homogeneous objects of €.

LEMMA 2.13.1. For all u,u’ € II we have the equality
do - fSQ,u,u’ = C : fo,u,u’

where fs2 0 and fouw are the images under the Reshetikhin-Turaev functor Fg
of the €-colored rTibbon graphs represented in Figure 25.

o(u+u') o(u+u')

¢ ,
Vgo ! VgoV Vgo J q Vt]o /

FIGURE 25. The @-colored ribbon graphs representing fg2 ,, v and fo oy -

PRrROOF. The equality follows immediately from the properties of the Z-bilinear
homomorphism ¢ : Gx II — C* of Definition 2.2.1 and from the relative modularity
condition of Definition 2.2.2. O



112 2. NON-SEMISIMPLE ETQFTS

REMARK 2.13.2. Let us consider for all indices g, ¢’ € G and for every object V/
of Proj(&,) the object’” DZ, ) .. := (D*, P(+)", (19(+7V)7g,)BD2 ,{0}) of Ag(S})
determined by the unique cohomology class (1 vy, which is compatible with
the @-coloring of P(+) and which evaluates to ¢’ every relative homology class
that can be represented by some oriented arc from Bpz to (Agi)p2 contained in

{(z,y) € D* | y > 0}. Let D(2+,V) x Iy : D%—s—,\/),o = D(2+,V)7g, denote the 2-

morphism (D? x I, P(+)Y x I,w,,0) of Cobf determined by the unique G-coloring
wy extending (9(4,v),0)B,. and (I(1,v),¢)B,.- Then [D§ @ (DF, ) x Iy)] is a

degree 0 isomorphism from D% V)0 O D% See Figure 26 for a graphical

V)9
representation of D?Jﬁv) x I

N__|
g

FIGURE 26. The 2-morphism D%+7V) x I of Coby.
We denote with Y the 3-dimensional cobordism with corners from D? to S2UD?
whose support Y is given by?®

(D> xI)\ B <<0,0,;) ;) C R3,

whose incoming horizontal boundary Y is given by D? x {0} with identification
given by (idp2,0) : D* — D? x {0}, whose outgoing horizontal boundary d%Y is
given by 9B((0,0,3), ) U D? x {1} with identification induced by the diffeomor-
phisms
S — 9B((0,0,3),5)
T 4—z
(@y2) = (545

and (idp2,1) : D?> — D? x {1} and whose outgoing vertical boundary identification
is given by idgi 7.

REMARK 2.13.3. From now on we adopt the following notation: for every
generic index g in G \. X and for every projective homogeneous object V of € we
choose a fixed section s,y € Homg (V, V@V, @V) of the epimorphism evy, ®idy .

2"Recall that for every object (£, V) of Ribg and for every morphism T% of Ribg we in-
troduced the g-colored 1-sphere S; of Definition 2.5.1 and the (£, V)—colored 2-disc D?_ _  of

(E&V)
Definition 2.5.2.
28B((x,y, ), p) is the open ball of center (z,y, z) and radius p in R3.
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Then for every degree w in I, for every index g in G and for every object V of
Proj(%,) we denote with 7, 4 v € Homg (V) @0 (u)@V,®@V,0(u)®@V) the retraction

((ldg(u) ® eVVg) o (ﬂ;(lu)vvg* ® idvg)> ®idy
of the map s, 4 v € Homg(o(u) @ V, V) @ o(u) ® V, ® V) given by

(ﬂg(u)y; ® idvg ® idv) o (idg(u) & Sg7v)
and we denote with denote with p, 4 v € Endg(V; ®o(u) @V, ®V) the idempotent

Su,g,V O Tu,g,V-
Finally, for every degree u in II, for every index ¢ in G, for all objects V, V" of
Proj(%,) and for every degree u morphism f* of Homf;mj(gg) (V, V") we denote with
5 € Homg (V, VX @ o(—u) ® Vy, ® V") the morphism

27 do + (5—ugov o f*).
so that we have the equality r_, 4,,v o for = f*.

go
Let
Fy : Proj(€,) — Ag(S})
be the II-graded linear functor mapping every object V' of Proj(%,) to the object
D%+,V) of A{g(S;) and mapping every degree u morphism f* of Hom]}fmj(%g)(v, %40
to the degree u morphism

u fo
[Yfgo} — [Y,T;O,wfgo,o}

of Homj{_ (s1) (D¢, vy Dy yiy), where ij;go is the -colored ribbon graph contained
in {(z,y,2) € Y | y = 0} represented in Figure 27 and where wyu is the unique
cohomology class which is compatible with the €-coloring of Ty and which eval-
uates to 0 every relative homology class that can be represented by some oriented
arc contained in {(z,y,2) €Y |y > 0}.

THEOREM 2.13.1. The II-graded linear functor Fy : Proj(€,) — Ag(S}) is a
well-defined II-Morita equivalence.

Proor. The first property we have to establish is the functoriality of F,. The
identity

3 : _ 0
Diwidoy, , | = [Yia,,,]

follows from Lemma 2.9.2. Furthermore, the identity
utu’ u’ u

[Y(f—tu/*fu)go} - [Yf;’él} * {Yfgo}
follows from Lemma 2.13.1: indeed, thanks to Lemma 2.8.2, we can reduce our-
selves to study two closed admissible €-colored ribbon graphs T§§2 and T¥#> whose
diagrams differ only in some small region where they look like the €-colored ribbon
graphs represented in the left-hand part and in the right-hand part of Figure 25 re-
spectively. Therefore in order to conclude we just need to notice that T§§ ? features
an additional component of the surgery link which leaves the signature unchanged,
so that?’

P~ do - Fg (T5”) = ¢ Fg (T7).

29Companre with the definition of the Costantino-Geer-Patureau invariant of Section 2.6.
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FI1GURE 27. The degree u morphism [Y“J?u ]. The ribbon graph Ty
90

is represented in blue with blackboard framing. The cohomology
class wya is completely determined by the &-coloring on Ty and
by the specified evaluations against the relative homology classes
represented by the oriented red curves.

Now, for what concerns the Morita equivalence, the family of objects
{D{; v |V € Ob(Proj(%,))}

dominates Aqg(S!l]) thanks to Remark 2.13.2. Therefore, thanks to Theorem A.6.1,
we just need to show that I, is faithful and full. In order to do so, let us fix objects
V and V" of Proj(&,).

Let us begin by showing that the degree u component

FY : Homg, g, (V, V") — HOng(Sé) (D%JDV), D?+,V”))
is surjective for every u € II. Thanks to Lemma 2.5.5 we know that every morphism
in Homxg(sé)(D%+,v), D%JF’V,,)) can be represented by some admissible @-skein in-
side Y relative to

(P(+)V’ (?9(+>V))BD2) ) (PS—2U U P(+)V”a (1982)352 U (19(+,V"))BD2) .

Up to isotopy and skein equivalence we can moreover restrict to admissible -skeins
of the form (T{(, wy) where f is a morphism in Homg (V, Vi @ o(—u) ®@ Vg, @ V).
Remark that we can suppose that the G-coloring w; evaluates to 0 every relative
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homology class that can be represented by some oriented arc contained in
{(z,y,2) €Y |y >0}

because if wy g is the unique G-coloring of (Y,Ty) extending (J(4v))p,, and
(Us2) By U (J(4,v)) B, Which is compatible with the &-coloring of Ty and which
evaluates to ¢’ the relative homology class of the oriented arc between the two
different components of 8&Y which is represented in red in Figure 27 then we have
the equality?’

[Y,T{(,wf,g/,O} = (g, u) - [Y,T{(,wf,O}
between vectors of Hong(s;)(D@,v)’D?+,V//))~ Therefore every degree u mor-
phism of Homxg(sé)(D(QJDV)7 D%JF’V,,)) is of the form [Y?] for some morphism f of
Homg (V,V; @ o(—u) ® Vy, ® V"). Now it is enough to show that

[Y;] = {Yg,uygo,vr/of} - @dal . FZ (T,uhgo’v// o f)

for every f € Homg(V,V; @ o(—u) ® Vy, @ V”). In order to do so we can apply
Lemma 2.8.2 and, since the critical case is completely analogous, we will suppose
for the rest of the proof that g € G . X. It is readily checked that the evaluation
of the Geer-Patureau-Turaev renormalized invariant Fy, against the admissible €-
colored closed ribbon graph Tgf I8 represented in Figure 28 is unchanged if we
replace f with py» _, o f, and that this holds for every i’ € I, for every u' € II
and for all

' € Homg (1,V @V @ o(u')*),
f" € Homg (Vy @ o(—u) @ Vg, @ V" @ Vi @ o(u')", 1) .
This is enough to show the surjectivity of Fy and it also proves that for every

f* € Homg,;4,)(V,V") the definition of Fy(f") is actually independent of the
choice of the section sg, v of evy, ®idy~ which was made in Remark 2.13.3.

f// |

T T 7T
O'(—U) Vgo V//
S

| f |

FIGURE 28. The admissible €-colored closed ribbon graph Tﬁf‘f"f”.

307t can be proven as usual by appealing to Lemma 2.8.2.
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Finally, in order to see that
]FZ . Homﬁimj(gg) (‘/7 V//) — Homxg(sé) (D%+,V)7 D?Jr’v//))

is also injective it is sufficient to use the non-degeneracy of the trace t on Proj(%,):
indeed if we consider some non-trivial degree u morphism f* € Homp, (4, (V. V")
then there exists some morphism f’,, € Homg(o(—u) ® V", V) satisfying

tv (fL, o f") #0.

Now let us choose a retraction 7_,, g, v~ of the monomorphism

((ﬂa(—u),v;o ®idy,, ) o (idy(—u) ® CO~€VVQO)> ® idyw,

whose existence is ensured by the injectivity of V”. Then the evaluation of the
Geer-Patureau-Turaev renormalized invariant Fy, against the admissible &-colored
closed ribbon graph Tgf 47" when V/ =V, when u' = 0 € IT and when
f="Ffa, [=(dv®@idy-® (e7H*) o coevy,
f'=evyo((flyofugvr) ®idv- ®e")

is exactly
tv (w0 Twgovr o (((Bowvy, @idy,,) 0 (ido(ay @ cGovy,, ) ) @idyn ) o f*)
=ty (fL,of") £0. O
2.14. Universal graded linear functors

We describe covariant universal I7-graded linear functors induced by a set of
generating l-morphisms of Cobf composed of 2-discs, 2-pants and 2-cylinders.
This allows for the computation of the covariant universal I1-graded vector spaces
associated with some elementary closed 1-morphisms of Cobg.

2.14.1. 2-Discs. The first family of universal I7-graded linear functors we are
going to analyse is equivalent to a collection of constant II-graded linear functors.
Indeed, recall Definition 2.5.2 for the (+,V)-colored 2-disc and Remark 2.10.1 for
the notation we adopt for constant I7-graded linear functors. For every index g € G
and for every object V' of Proj(€,) we have a commutative diagram of II-graded
linear functors of the form?!

C——— Proj(,)

~ g
2
Fe (D(+,V))

3lThe 17 -graded linear functor Fy; was introduced in Theorem 2.13.1.
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We move on to describe a family of universal I7-graded linear functors which
are equivalent to I7-graded Hom functors. Indeed, g be an index in G and let V' be
an object of €.

DEFINITION 2.14.1. The dual (—,V)-colored 2-disc
ﬁi",) : S; — o
is the 1-morphism of Cobf given by
(DZP(—)", (9) 5 - 10})

We denote with Z the 3-dimensional cobordism from @ to S? U (D? Ug: D2)
whose support Z is given by

1
D*< B ((0,0,0),4) C R3,

whose outgoing horizontal boundary identification is induced by the diffeomor-
phisms

52 — 9B ((0,0,0), 1)
(x,y,2) = (%4, F)
and _ )
D?uUg D2 — oD?

_m,x,y) i=—1
VI—aZ—ay)  i=
For every index g € G and for every object V of €, let

Homg (V;-) : Proj(%,) — Vect®

be the II-graded linear functor mapping every object V' of Proj(%,) to the II-
graded vector space Homg (V, V') whose space of degree u vectors is given by

Hom(V, V') := Homg (V,o(—u) @ V')

(i, (z, )] —

and mapping every degree u/ morphism f* of Homﬂoj(gg) (V', V") to the IT-graded
linear map

Homg (V, f) : Homg (V, V') = ™% (Homg (V, V"))
whose degree u component Hom(V, f*') maps every vector f* of Hom%(V, V) to

the vector f/* % f*:= (U_y,—w @ idyn) o (idg(—w) ® Yo fv of Horn%*'“/(v7 V.
Then for every object V' of Proj(%,) we define the IT-graded linear map

(We,w)v, : Homg (V, V') — Vg (ﬁfﬂv) o Dﬁw,))

whose degree u component (9 _ )} maps every vector f* of Homg(V,V’) to the

)

vector®? .
) = ()
of V¢ (ﬁi,v) ) D? Jr7‘/,))7 where T;"" is the @-colored ribbon graph contained in

{(z,y,2) € Z | y = 0} represented in Figure 29 and where wyy is the unique
cohomology class which is compatible with the €-coloring of Ty and which evaluates

32We use the notation introduced in Remark 2.13.3.
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to 0 every relative homology class that can be represented by some oriented arc
contained in {(z,y,2) € Z |y > 0}.

FIGURE 29. The degree u vector [Z;ﬁ;o]. The ribbon graph Ty
is represented in blue with blackboard framing. The cohomology
class wyu is completely determined by the €-coloring on Tz and
by the specified evaluation against the relative homology class rep-
resented by the oriented red curve.

PROPOSITION 2.14.1. For every index g € G and for every object V of Proj(€y)
the II-graded linear maps (W(f,v))V' define a II-graded natural isomorphism>3

R Home (V;-) )
Proj(€,) Vectg’fg

-
}F% (D(—,V)>

33The II-graded linear functor Fgy is given in Proposition 2.12.3.
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PrROOF. The result is established by showing that the linear maps

“ u U =2
(W(_7v))V/ . Hong(v, V,) — V%r (D(77V) [e] D%+,V’))
are isomorphisms for every degree w in IT and for every object V' of Proj(%,) and
that they are natural with respect to morphisms of Proj(%,). Both properties are
checked by reproducing the proof of Theorem 2.13.1.
The surjectivity and injectivity of ( W(_,v))\u/' is shown just like the fullness and
faitfhulness of Fy. Indeed every degree u vector of Vi (ﬁ?_,v) o D% +,v')) is of the
form [Z%] for some morphism

f € Homg(V,Vy; @ o(—u) @ Vg, @ V'),

and we have
u

[27] = {Zzw,go,v/"f} =2d; " <W(77V))V/ (r—u,go,v © f) -

Moreover, if f* € Hom(V, V") is non-zero then the non-degeneracy of the trace t
on Proj(€) guarantees the existence of some morphism

f/—u € HOIH%(O’(—U) ® Vlv V)
satisfying tv (f”, o f*) # 0. This allows us to deduce the non-triviality of [Z’;u ].
g0
Finally, the naturality of M) s proved by establishing the equality

Py ([, o i ]) ([2]) = [Z(;‘r’“’*f“)gj
of degree u + u’ vectors of V%(ﬁ?_,v) o D%+7V,,)) for all degrees w,u’ of II, for
all objects V', V" of Proj(%,), for every degree u vector f* of Homg(V,V') and
for every degree u/ morphism f*" of Homp,oj(%,)(V', V"). The result follows from
Lemma 2.13.1, and the proof is completely analogous to the proof of the functorial-
ity of Fy: thanks to Lemma 2.12.2 we reduce ourselves to compare two admissible
%-colored closed ribbon graphs whose diagrams differ only in some small region
where they look like the €-colored ribbon graphs represented in the left-hand part
and in the right-hand part of Figure 25 respectively. The evaluation of the Geer-
Patureau-Turaev renormalized invariant Fy, against the first admissible &-colored
closed ribbon graph has then to be corrected with a @~! factor which takes into
account the additional surgery component, and we can conclude. (Il

2.14.2. 2-Pants. We define the 2-pant cobordism P? as the 2-dimensional
cobordism from S US! to S* whose support P? is given by

o (o((4o) Bon((39)1)) o=

where B((x,), p) is the open ball of center (x, %) and radius p in R?, whose incoming
boundary identification is given by

fpz: S'UST = AB((-1,0
¥
(i, (z,y)) { ot2 %

and whose outgoing boundary identification is given by idg:.
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We also define the dual 2-pant cobordismE as the 2-dimensional cobordism
from S' to S' L'S' whose support is given by P2, whose incoming boundary iden-
tification is given by idg: and whose outgoing boundary identification is given by
fp2. Let us consider indices g,¢' € G.

DEFINITION 2.14.2. The (g, g’)-colored 2-pant

2 .ql 1 1
Py, :S,98, =Sy,
is the 1-morphism of Cobf given by
(PQ’ 27, (V9.9) e HI(PQ;R))
where ¥ o is the unique G-coloring of (P?, @) extending (£4)a,, U (§5)a,, and
(Eg49) Ag which evaluates to 0 every relative homology class that can be repre-

sented by some oriented arc contained in {(z,y) € P? | y < 0}. See the left-hand
part of Figure 30 for a graphical representation.

DEFINITION 2.14.3. The dual (g, g’)-colored 2-pant

P2 . ql 1 1
P, :Sgy =S, @S,
is the 1-morphism of Cobf given by

(P2.97, (95.00)0. Hi (P5R))

See the right-hand part of Figure 30 for a graphical representation.

FIGURE 30. The (g,g')-colored 2-pant P ,, and the dual (g, g’)-

colored 2-pant f;g,. The G-coloring (¥4,4/)z is uniquely deter-
mined by the specified evaluations against the homology classes
represented by the oriented red curves.

We begin with the study of the 2-pant cobordism, which induces a family of
universal IT-graded linear functors that are equivalent to IT-graded tensor product
functors. For all indices g, ¢’ € G let

Vg.q : Proj(€y) B Proj(€y ) — Proj(€g+q)

be the I7-graded linear functor mapping every object (V, V') of Proj(%€,) & Proj(€,)
to the object V @ V' of Proj(@4+, ) and mapping every degree u + u' morphism

of the form f* @ f of Homg,,54,,(V. V") ® Homﬁi;oj(%g,)(V’, V') to the degree
u + v’ morphism

(/,[,_u,_u/ ® idV”®V”’) o (ida(fu) X ﬁ;(l—u’),v” X iqu/) o (fu ® f/u’>

u+u'
of Homproj(%ﬁg/)(v V., V"' @V").
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REMARK 2.14.1. For every object (&,V) of Ribg we have a 2-morphism

(D? X T)piaye : DY, yey = D? V)

of Cobf given by Definition 2.5.3 for the obvious morphism
T (+,VE) = (5,V)
of Ribg.
For every object (V, V") of Proj(%,) & Proj(®,/) we define (7 ,)((]V vy to be
9,9 ’
the degree 0 morphism
[D§ @ (D? X I),piay gy |
of
0 2 2 2 2
Homy 1 ) (D(+’V®v'>ng,g/ ° (D(+,v> ® Dy vy, )) )
where we confuse the objects D?(Jr,v)’(%v,)) and Pz}g, o (D( )®D(+ v')) of
Ag( S; n g,) by identifying them via the degree 0 isomorphism induced by the obvious
positive diffeomorphism from D? to (D? U D?) Ug1 51 P2.

PROPOSITION 2.14.2. For all indices g,g' € G the collection of the degree 0

morphisms (Wvgng?V,V’) defines a II-graded natural isomorphism>*

. . Vg .
Proj(€,) ¥ Proj(€,) 5 Proj(€g+4')

ﬁs;s;, o (Fg X Fg’)

PROOF. For every object (V,V’) of Proj(%,) ® Proj(€,/) the degree 0 mor-
phism (¢ )?V vy is clearly invertible.

In order to show the naturality of Ny, Ve have to establish the equality
(Fe(P} ) <n3+s ([yz, ] @ [y D) « D@ (D? X 1)y 0]

= [Dj ® (D* x I) L

V” V”’

u+u ]
Yo uer),

of degree u + u’ morphisms of

2 2 2
HOmA (Sl /) (D(+ V®V’)7Pg,g/ o} (D(_hv//) & D(+,V///)))
for every degree u + v’ morphism of the form

fu & f/ul € Hom;roj(‘gg)(‘/’ V”) ® Homgroj(%g/)(vl7 V/H)'

34The IT-graded linear functor ng1 g1 is given in Theorem 2.10.2.
g’ g/
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The proof essentially follows the proof of Theorem 2.13.1: thanks to Lemma 2.8.2
we can reduce to compare two admissible €-colored closed ribbon graphs whose
diagrams differ only in some small region. Then, since the definition of the II-
graded linear functor F, : Proj(€,) — Ag(S}) is actually independent of the choice
of the section sg, v»gy of the epimorphism evy, ®idy~gy which was made in
Remark 2.13.3, we can make sure the region where they differ contains %-colored
ribbon graphs which look like the ones represented in the left-hand part and in the
right-hand part of Figure 25 respectively. This allows us to conclude. (]

We choose now some fixed 3-dimensional cobordism with corners X from D2uD?
to D2 Ug1 P2 whose support X is given by

(I x D*)~ (B <(0,0,0), i) UB ((1,0,0), i)) C R3,

whose incoming horizontal boundary 9" X is given by

<aB ((0,0,0), i) UOB ((1,0,0), i)) nx,

whose outgoing horizontal boundary 0% X is given by I x 9D? and whose outgoing
vertical boundary 0y X is given by

(0I x D?) ~ (B ((070,0), le) UB ((1,0,0), i)) .

We move on to the study of the dual 2-pant cobordism, which gives rise to
a family of universal IT-graded linear functors that are equivalent to I7-graded
coproduct functors. We have to distinguish two cases: either one of the two colors
is generic or both of them are critical. The two situations can be treated similarly,
although the second one is much more complicated. We begin by analysing the
generic case, and the structure of the exposition is meant to highlight the analogies
with the critical case.

For all generic indices g,h € G \ X, for every arbitrary index ¢’ € G, for
all 4,j € I, and for every object V' of Proj(€444) we denote with T;’;’,’“h the
@ -colored ribbon graph represented in Figure 31.

Vi v

P

Vi

FIGURE 31. The @-colored ribbon graph T;"g'i’v’h.
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LEMMA 2.14.1. For all generic indices g,h € G\ X, for every arbitrary index
g € G, for alli,j €1, and for every object V' of Proj(€y44) we have the equality

Cild(vi) ' (6 ® Fg (Tgsoféj’.’v’h» =0y - Vg,g/(id?/; ® ido;@v)
between degree 0 morphisms of
Hom%roj(%ngg/)(VYj Y V]* & Vvﬂ th & ‘/z* by V)
REMARK 2.14.2. Let us consider the object

P v av)

i€l

of Proj(%,) X Proj(€, ). Then the degree 0 morphism
(6 - (i}, @i} )

of Endl(;’roj(%g) & Proj(%g,)(®ielg(‘/i7 V¥ @ V)) is the identity.

i,j€l,

For every generic index g € G\ X and for every arbitrary index ¢’ € G let
Ag.g : Proj(€y4e) — Proj(€,) X Proj(€,)
be the II-graded linear functor mapping every object V' of Proj(€4+4) to the object
P v ev)
i€l
of the completion of Proj(€,) X Proj(%,) and mapping every degree u morphism
f* of Homp, ;¢ . ) (V, V") to the degree u morphism

(355 - G}, © 2, (i) @ 1)

IS

u * * "
Homyp, . ) & Proj(%,/) 69(‘/% VieV), @(Vi, Vie V")
) j€l, i€l
Let us consider for every index j in I, and for every object V' of Proj(€g+¢)
the 2-morphism

L2 2 52 2
Xjv : Dis vy @ D v, +.v) = Py o Dig vy

of Cobf given by
(X, T s WX 997,55 0)

for the admissible €-skein (T;’gjbvg/,wx%gl,jy) represented in Figure 32.

Then for every object V of Proj(€,+,) we define (5, )} to be the degree 0

morphism
([D§ @ X;v]) iz

jel,

of

0 2 2 52 2
HomAg(s;eas;,) @ Dy, ® D(+,v_;®v), Pyg oDl |
j€l,
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*
&
0

FIGURE 32. The 2-morphism Xy of Cob?.

where we confuse the objects D?+,‘/,-*®V) and D%(f,vj)’(hv)) of Ag(S;Jrg,) by iden-
tifying them via the degree 0 isomorphism

Dg ® (D2 X I)T‘dv."@v
which was introduced in Remark 2.14.1.

PROPOSITION 2.14.3. For every generic index g € GNX and for every arbitrary
indez g’ € G the collection of the degree 0 morphisms (m, )Y defines a II-graded
9.9
natural isomorphism

. ANgg
Proj(€g+gy) — Proj(® |X|]PI‘OJ

\ \O ®F,)
99

+ R . ﬁAgsl
]Fg P /

97!]

PROOF. Let us consider the 2-morphisms

. P2 2 2 2
Xiv i Py g oD vy = Dy vy @D v, (+,v)
of Cobf given by
X .. . /oi, v W'
Xy = (X Tx g9 %a,,0,v> 0)
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for the ribbon graph Ty , ., represented in Figure 33.

|

FIGURE 33. The 2-morphism X v of Cobf.

=

Then the inverse of the degree 0 morphism
([Dg@X;v])

i=1
Jj€lg

0 2 2 P2 2
Homj_ (s1es1,) DDt @Dl veor) Py oDy,
’ jel,
is given by the degree 0 morphism
27" (Ad(V;) - [Di @ Xi,v])@elg

Jj=1

0 B2 2 2 2
Hom[xg(s;@Sé,) Pyg oD vy @ Divy @ D(+aV?®V)
iel,

Indeed an admissible @-skein inside I x S* x I yielding the composition

> d(Vi) - [Xiv +Xiy]

i€l
is represented in Figure 34, so that the relative modularity condition of Definition
2.2.2 yields the equality

271 Y d(Vi) - [Df @ (Xiy +Xiv)] = |Df @ idpe

i€l,

2
vQ/OD(+,V)
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FIGURE 34. The morphism ) . ; d(V;) - [X; v * X, v].

i€l

The equality
271V - [Df @ (Xiv *X,v)]

0
= 0ij - Mg g1
g’ g/

Y9 ® |Y?
(ld(‘)/i>go (id(‘)/i*®v> w0

_— e e 3 1 1
— 6” |:D0 ® ldD?+,Vi) ® ldD2 :|

(+,V8V)

follows essentially from Lemma 2.14.1, and it boils down to the study of the -
colored ribbon graph T;’f;}’v’h of Figure 31 for every h € G ~ X thanks to Lemma
2.8.2.

In order to show the naturality of 7, , we have to establish the equality

(7o) ([¥3,])+ DR 0

= [Dg & Xk,V”} *’r]g;,szl

YO‘ ® YU
), | ¥

Vg (92 0))
90

of degree u morphisms of

0 2 2 B2 2
HomAg(s;@)Sl,) @ Dy ® D(+,V;®V)7 Py g oDl v
T \jely,

for every j € I, for every u € IT and for every f* € Homl}froj(gﬁg,)(‘/, V). This is
done by using Lemmas 2.8.2 and 2.13.1. (I
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We move on to analyse the critical case. Since the statements are much heavier,
we should bear in mind the analogue but simpler generic situation in order to
interpet them.

For all critical indices z,2’ € X, for every generic index h € G ~ X, for all
i,j € I, 1, and for every object V of Proj(€,1,/) we denote with Tff;j}’v’h the
@ -colored ribbon graph represented in Figure 31.

Vi Vo, V

FIGURE 35. The %-colored ribbon graph T¥"7"""

z,x’

LEMMA 2.14.2. For all critical indices x,x' € X, for every generic index h €
G\ X, foralli,j €1y, 1, and for every object V' of Proj(€y4a) there exist degree
—U, morphisms

;?Z € Homprlg’]l(g )(V* ®V;, V) @ Vi)
and degree u, morphisms
Tl € Hompro o S(Vi@ Vg, @ VIV @V, @ V)

form=1,... N that yield the equality

W) - (e @ e (TZ)) = Dw ) - V(s @7 )

between degree 0 morphisms of

Homp, iz (Vo @V; @V @V, @V, Vy @V, @V @V, ®V).

z+x

REMARK 2.14.3. Let us consider the object
P VeV, VeV, V)

i€lgyta

of Proj(€,) ¥ Proj(€,). Then the morphism

(Z STL 7;7; ® TL Z,], )

4,J€ gy +a
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of Endﬂ,}ml(g ) & Proj(@, ,)(@ielg“” (Vs @V, Vi*@Vy, ®V)) is an idempotent. Indeed
for every h € G ~\ X the degree 0 morphism

1 Pi,5,V,h
(d(V3) - le@ Fg (T
(e B (1))
of Endgroj(gz+z,)(@ielgw+m (V. @VieVr @V, ®@V)) is clearly an idempotent thanks

to the relative modularity condition of Definition 2.2.2. This means
> b —unh —u) - (st siy) @ (ioiw > i v )

1<l m<N
kEIg$+m

- Zw —un) - (sl @i v )
for all 4,5 € I, 1. But thls 1mphes

S GururtCh —ue) bl —um) - (it st ) @ (i i ))

1<, m<N
kelgm+7¢

N

= > Guatblhy—un) - (s @i )

n=1
for every u € I, so that the claim follows from the properties of .
It will be useful to introduce the following notation: for all £,m € {1,..., N},
for all i, j € Iy, 4 and for every f* € Homp, % , ) (V, V") we denote with

—Ug—Um Up—Um * %
Stmiyg . € HOMp ot (V. @ V3, V) @ Vi)

the degree —uy — u,, morphism
—Uyg —Um
D Sk xS
k€ly, ta

and we denote with

rieter € Hompy b un (Vi @ Vy, @ V.V @V, @ V)

the degree uy + u + u,, morphism
Z T * Ve o (id?/,;@wgz ® fu) *T
k€l to
For all critical indices z,z’ in X let
A+ Proj(.sar) — Proj(8,) & Proj(%.)
be the IT-graded linear functor mapping every object V of Proj(®,+.) to the object

—Un

1,5€lg, +a
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of the completion of Proj(®,) R Proj(€,s) and mapping every degree u morphism
f* of Homp, ;4. +“,)(V, V') to the degree u morphism

Z g e Um o puetutunm

£,m,i,j lmyi,g, f@
1<l,m<N
FElps ts 1€l ts
of
N N
Homﬁroj(%m) & Proj(%,) (im (Z Syl ® rz:%,j7v> ;im (Z Sy ® TZ?J,V")) .
n=1 n=1

Let us consider for every index j in I, 4, and for every object V' of Proj(€z4')
the 2-morphism

. 2 2 —2 2
Xjv 1 DU v v @ Dl v, v (+v) = Paw Dy,

of Cobf given by
(X, T;’;J,;EV;I/ y WX 2,275,V 0)

for the admissible €-skein (T%’ ,,wx 2 4’,;,v) represented in Figure 36.

3k

FIGURE 36. The 2-morphism X,y of Cob? .

Then for every object V' of Proj(€,+.) we define (WAM, )Y to be the degree 0

morphism
> sy o X ety s ({Y(—;%) }g’{v(% ) D
1<n<N kg Jgg k.3 V ) g
kEIgz+m i=1
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of
2

0 . 0 —Unp, Um D 2
oo (o (s, (Y0, | [V, ])) P Phin)

where we confuse the objects D%+,Vg*m®\/7¢) and D%(_,qu)’(+7‘/i)) of Ag(S}H_z/) by
identifying them via the degree 0 isomorphism

D} @ (D X 1) oy, o, ]
and where we confuse the objects D%+,Vi*®Vg$®V) and D(2(—,vi),(+,vgw),(+,V)) of
Ag(S} +o) by identifying them via the degree 0 isomorphism
[Dg ® (D% x I)Tidvi*®vgm®vj| .
PROPOSITION 2.14.4. For all critical indices x,x’ € X the collection of the

degree 0 morphisms (9, )\ defines a II-graded natural isomorphism

z,x!

~ Am,m’ o oA
Broj(usar) —— Proj(®,) & Proj(@,)

ﬁs;,s;, °© (Fw X Fm’)

Ag(S;+z,) T Ag(Si & S}L,/)
€ Px,z/

PROOF. Let us consider the 2-morphisms
x —.p2 2 2 2
Xiv 1 Po o oD vy = Dl v, ).+ @ Dl v (Vi) (+v)
of Cobf given by
Xi7v = (X, T/)i;j/w/, w;7w/7ijv, 0)

for the ribbon graph T&’w’z, represented in Figure 37.
Then the inverse of the degree 0 morphism

. 0 - 7
5 fiwom] s, (25 ] [, )
1<n<N ’ 9 g0 3V 90
kely, y. =1
g+ jZ'EIngrm

of
Hom! im [ 2 Yo un @ YU P, oD?
Ae(S1@S1) Tsesu \ |7 G2, (5),) ) )T T TV
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|
|

FIGURE 37. The 2-morphism X,y of Cob?.

is given by the degree 0 morphism

27t dAd(Ve) - (ng;,s;, ([Y(u%)o} ® [Yl(L:;”,z,v)gOD . ﬁi’v])

1<n<N
k€lg, 1o 1=1

of

0 52 2 . 0 —Up Uy ]
HomArg(sms;,) (Pac,x’ ° D vy, im <ns;,s;/ <[Y(s;?&") ] ® [Y(va) ))) :
J I Jgg 2V /g0 d

Indeed an admissible @-skein inside I x S! x I yielding the composition

Z d(V;) - [Xiv * X v]

i€l ta

is represented in Figure 38, so that the relative modularity condition of Definition
2.2.2 yields the equality
o7t d(V;)- D@ (Xiy *Xiv)] = | D3 @ids: .
.EIZ: (Vi) - [Dg ® (Xiv * Xiv)] 0GB op2,
1Clgpta

The equality

271d(V;) - [Dg @ (Xiy *Xjv)] = i’?g;s; ({Y?)] © {Y? >]>

n,i,J n,i,j,V
n=1 <
follows essentially from Lemma 2.14.1, and it boils down to the study of the -

colored ribbon graph Tf;’j}’v’h of Figure 35 for every h € G ~ X thanks to Lemma
2.8.2.
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Sg.,V

d(V;) - [Xiv * Xy,v].

FIGURE 38. The morphism Eielg L

In order to show the naturality of 5,  we have to establish the equality

(Fe®Z.) ([¥5 ]) < DY 0 X,0]

_ 3 u —Ug—Um Up+u+Um

- > [D()@Xk,whns;,s;,(l‘[@“ﬂ“-m> e D
1<t m<N tomkig ) oo tm kg, f) oo
k€lgyta

of degree u morphisms of

0 : 0 —Up Uy =2 2
HoMicisyost) (”n ("Si*si/ QY()] N {Y<r:,?rv>qo]>) Powr© D“’V”))

for every j € Iy, 44, for every u € II and for every f* € Homﬁéroj(%ﬁm,)(v, V.
This is done by using Lemmas 2.8.2 and 2.13.1. O

2.14.3. 2-Cylinders. The last cobordisms we are left to analyse are some-
what simpler than the preceding ones. Let us consider indices g,¢" € G.
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DEFINITION 2.14.4. The (g,¢’)-colored 2-cylinder
Iy xS}:S; =S,
is the 1-morphism of Cob? given by
(Ix S, @2, Iy x (&) a., Hi(I x SY;R))

where Iy X (§g)a,, = (Iy X &) is the unique G-coloring of (I x S', &) extending
(§9)ag, and (§g)a,, which satisfies (Iys x &;, 1 x {Ag1}) = g'. See Figure 39 for a

graphical representation.
P\ i

FIGURE 39. The 1-morphism I, x S}.

sl

For all indices g,¢" € G let
I, 4 : Proj(€,) — Proj(%,)

be the II-graded linear functor given by the identity on objects of Proj(%,) and by
a factor ¢/(—¢’, u) rescaling on degree u morphism vector spaces of Proj(%&,).

For all indices g, ¢’ € G and for every object V of Proj(%,) we define (ng g,)?,
to be the degree 0 morphism Y

3 2 0 2 1 2
D} (D) x1,)] € Hom{, g\, (D%.v), (I x 81) o D2, )

determined by the 2-morphism D% vy X I, of Cobg which was introduced in
Remark 2.13.2 and which is represented in Figure 2.13.2, where we confuse the
objects D?—S-,V)y/ and (Ig/ X S;) o D%+7V) of Aqg(S}]) by identifying them via the
degree 0 isomorphism induced by any positive diffeomorphism from D? to D? Ug:
(I x SY).

PROPOSITION 2.14.5. For all indices g,g' € G the collection of the degree 0
morphisms (n; /)?, defines a II-graded natural isomorphism

. Ig.g R
Proj(@,) ————— Proj(%,)
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PROOF. The degree 0 morphism (7, )}, is clearly invertible for every object
V of Proj(%,) and the equality B

(f0rm) ¥ (00,1
= w(ig/’u) . [(ids%u ® (D%_,'_"/) X Igl)> *Y’U,;LO]
of degree u morphisms of HomA(S_}?)(D?JDV),D%JF’V,,)), which holds for every de-

gree u morphism f* of Homp,j(g,)(V, V"), follows from remarks which were made
during the proof of Theorem 2.13.1. |

We are missing one last family of generating 1-morphisms of Cobf from our
description: indeed for every generic index g € G \ X the g-colored 1-sphere S; of
Cob? is dualizable, but the left counit given by the g-colored 2-cylinder ﬁ;_ ,0D?,

which is admissible, cannot be obtained from the previous 1-morphisms because D?
is not admissible. However we do not need any extra work in order to figure out

the covariant universal IT-graded linear functor Fg(P, _, o D?).
Let us consider the object

Ag—g(1) = PVi, V7)
i€l
of Proj(%,) X Proj(€_,).
For every index j in Ig, let us consider the 2-morphism
.2 2 B2 2
Xj . D(+’ij) ® D(*,VJ) = Pg,g’ o D
of Cobf given by
(X, T;’;],g?wx797jv 0)

for the admissible €-skein (T;’;{ g2 WX,g,5) represented in Figure 40.

FIGURE 40. The 2-morphism X; of Cobf.

Then we define WOAQ Q) to be the degree 0 morphism
D) ® X;])i=
([Dp @ J])j =

of

0 2 2 P2 2
Homj s1es1 ) DDy, ©DYy,) Py oD? |,

J€Ely
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where we confuse the objects D? of Ag(S!,) and D%_ v;) by identifying them

(+7‘/j*)
via the degree 0 isomorphism

[Dg ® (D? x I)

idy, *
1%
T J

which was introduced in Remark 2.14.1.
For every generic index g € G \ X we get a II-graded natural isomorphism

Ag,g’(ﬂ) A )
C ——— Proj(€,) & Proj(€_,)

idg

2.14.4. Examples of computations. For every 1 < n € N we fix an oriented
trivalent graph @,, inside R? x {0} C R3 like the one represented in Figure 41.

Gp—1 Qan—2 ag

Qn a1
Il Cn—11Cn—-2 --- C1 I

by, b1

bp—1 bn—2 b2

FIGURE 41. Trivalent graph of genus n. For for n = 1 it has a
unique edge a and no vertex, while for n > 1 it has 3n — 3 edges,
named according to the picture, and 2n — 2 vertices.

Let X, be a standard closed surface of genus n obtained as the boundary
of a standard tubular neighborhood of ®,, in R3. Let us consider the ordered
basis {a1,...,an,a,...,al} of Hi(X,;Z) defined as follows: for n = 1 we take
« to be the homology class determined by a positive meridian of a and o’ to be
homology class determined by the cycle a, which has to be pushed into Y, using
the vertical framing. For n > 1 we take ay to be the homology class determined
by a positive meridian of the edge a, and we take o to be the homology class
determined as before by a certain cycle in ®,,, where o} corresponds to a; + ¢1,
where az corresponds to ag+cg+bs—cp_q for all 1 < ¢ < n and where o, corresponds
to a, —cp_1-
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We will adopt the notation § = (g1, ..., gn) for elements of G™. For all §,g’ €

G" we denote with X,, 75/ : @ — @ the 1-morphism of Cobf given by

(Zn, 22, (19!_}3!_]")32" ZLx,)

where the base set By, is composed of a single point, where the cohomology class
Vg5 is determined by the evaluations (97 5/, a¢) = g¢ and (V3 3/, o) = g, for every
¢=1,...n and where the Lagrangian subspace &x, is generated by the homology
classes aq, ..., ay,. See Figure 42 for a graphical representation.

FIGURE 42. The 1-morphism 3, 5 5/ of Cobf.

2.14.4.1. Generic surfaces. If n =1 and g € G \ X then the set Col(®y, g) of
colorings of ®; which are compatible with 9, 4 is defined to be the index set I,.

REMARK 2.14.4. We should think of elements 7 of Col(®1, g) as labelings of the
edge a of ®; which are compatible with 9, .

Ifn>1and §=(g1,...,9s) is an element of G™ then we denote with d(g) the
element of G™~! given by (g2 — 91,93 — g2,-++,9n — gn_1). If § € (G~ X)™ and
d(g) € (G~ X)"~! then we denote with I; the finite set

n n n—1
HIgz x ngz x H Lgpir—ge-
=1 =1 =1

An element of I is denoted

(%;.;7 E) = (il, A 77:n7j17 R 7j7b7kl17 et k'”/—l)'
The set Col(®y, §) of colorings of ®,, which are compatible with 97 5/ is the subset

of Iz given by
{@ﬁ@e@

REMARK 2.14.5. We should think of elements (Z, 7, E) of Col(®,, ) as labelings

of edges of ®,, which are compatible with ¥ 5/, where the edge a, is labeled 4z, the
edge by is labeled j, and the edge ¢, is labeled ky.

11 = J1,0n :jn}~

PROPOSITION 2.14.6. Ifn =1 with g € G\ X then Vg (X1 4 4) is isomorphic
to

n—1
P & Home(1,V; @ V).

i€Col(®y,9) £=1
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Ifn>1withge (GNX)" and d(g) € (G X)""! then Vg(X,, 55/) is isomorphic
to

n—1
D 0% (Homqg(]l, V' ® Vi, ® Vi,) ® Homg (1, Vj, ® Vy, ® ijﬂ)) .
(i,7,k)eCol(®,,5) =1

PROOF. If n = 1 then the l-morphism %, ,, : @ — @ of Cob? can be
decomposed, up to isomorphism, as
N2 -~ P2 1 1 2 2
D?o Py g0 ((IO X Sg) ® (I!J' X S—g)) oPy _4oD"

If n > 1 then the 1-morphism X,, 57/ : @ — @ of Cobf can be decomposed, up to
isomorphism, as

— =2
2 — — 2 2
D oPgh_g1 051,2O---Oﬁn—l,nOPgm_gn oD

for the 1-morphisms Zy 41 : S_zl]/z+1 ® Sl_ngrl
Figure 43.

ge+1 ‘ ‘ :

D

.qz+1 ‘ ‘ g
Y

D

FIGURE 43. The 1-morphism Z 44, of Cob¥ .

— S), @Sl  of Cob¥ represented

Then thanks to Propositions 2.14.1, 2.14.2, 2.14.3 and 2.14.5 we can conclude.
(|

2.14.4.2. Critical tori. We will give a description also for the universal II-
graded vector space associated with a critical torus. This time, instead of colorings
of trivalent graphs, we will state our result in terms of subspaces of Hom spaces.

Let V be an object of Proj(®y) and let X1 5. v : @ — & denote the 1-
morphism of Cobf given by

(21, ng (199,9’)321 3 321)

where the @€-colored ribbon set Pgl is given by a single positive point with color
V.
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If z is a critical index in X, if h is an arbitrary index in G and if V is an object
of Proj(®,) then for all indices 4, j € I, 1, we denote with
Pijvh Homg (1, V) @V; @V @V, @ V) = Homg(1,V, @V, @V @V, @V)
the IT-graded linear map whose degree v component P ; v, maps every vector f}fv
of Homg(1,V, @ V; @V @V, ®V) to the vector

0 IL n
Zw ) (VO sy @) * F)

of Homg (1, V,, ® Vi V@V, ® V) where, if h € G\ X, we have

v - (@ Fe (T2)) = Zw )+ Va5 O )

for the @-colored ribbon graph Tff;,’v’h represented in Figure 35.

PROPOSITION 2.14.7. If z,x’ are critical indices in X and if V is an object of
Proj(®o) then Vg (X1 447,v) is isomorphic to

i (pig,ver) jer, .. C @ Home (1,V;" @ V; ® Vi @V, @ V).

1€lg,+a

Proor. The 1-morphism ¥ 5 5y : @ — @ of Cobgg can be decomposed, up
to isomorphism, as

N2 - P2 1 1 2
D2oP, o ((IgxS;)® (Ly xSL,))oPi _, oD}, .
Then thanks to Propositions 2.14.1, 2.14.2, 2.14.4 and 2.14.5 we can conclude. [J



APPENDIX A

Algebraic appendices

We recall the concepts of symmetric monoidal category and of symmetric
monoidal 2-category, we introduce complete linear categories and complete graded
linear categories and we present in detail a generalized version of the universal
construction of Blanchet, Habegger, Masbaum and Vogel which provides an essen-
tial piece of machinery for the production of Extended Topological Quantum Field
Theories.

A.1. Monoidal categories

We begin with some classical definitions. Comprehensive references are given
by [EK66] and by [EGNO15].

DEFINITION A.1.1. A monoidal category is given by:
(i) a category €;
(#) a distinguished object 1 € Ob(®) called the unit;
(#i) a functor ® : € x € — € called the tensor product;
(iv) a family of natural isomorphisms
AZ@O(ﬂXidg)OAgiidqg’, p:®o(ing]l)OA<g$idg,
a:®o(®xidg) = ®o (idg x ®)
called the left unitor, the right unitor and the associator respectively,
where Ag : € — € x € is the diagonal functor and where 1 : ¢ — €
is the constant functor mapping each object to 1 and each morphism to
idy.
These data must satisfy the following conditions:
(i) The diagram

r®(1®y)
Ay 1,y ldz®/\y
T®1)Qy - TRy
( ) Pz ®idy

is commutative for all objects z,y € Ob(%).

139
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(ii) The diagram
Ay yRz,w
eyo2)w -z ((yo2)w)

/ \

Oz y,> ® idy, ids ® oy, 2 0
(z@y)®2)Qw @ (y® (20 w))
\ /‘

ArRy,z,w Ay oy, 2Qw

~ 7

(z®y) ®(z@w)
is commutative for all objects z,y, z € Ob(¥).

Monoidal categories were first introduced as categories with multiplication by
Bénabou in [B63].

LEMMA A.1.1. If€ is a monoidal category then Ay = py, Ay ®idy = A\pgy00y 2y
and prey = (ids @ py) 0 a1 for all objects x,y € Ob(F).
A proof of this result can be found in [K64].

DEFINITION A.1.2. A monoidal category € is strict if the natural isomorphisms
A, p and « are identity natural isomorphisms.

DEFINITION A.1.3. A braided monoidal category is given by:
(i) a monoidal category €;
(i) a natural isomorphism
B:®@=>R®orT

called the braiding, where 7 : € X € — € X € denotes the functor
switching the two factors.

These data must makes the following diagrams
ﬁx,y@)z
@Yz — (Yez)Qx

/ \

Uy y,z Oy 2z
/ \
(z®y)©z y® (@)
\ /
Bw,y ® idz ldy 0 Bm,z

\ /

(YR2)®2z—y® (2@ 2)

Qy,z,z
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ﬁz®y,z
(zRyY)®z— 2@ (zQY)

/ \

-1 —1

ax7y,z aZ@Jl
/ \
r® (y® 2) zRx)®y
\ /
ld:r 0 By,z Bm,z & ldy

9«“®\(Z®y) — ($®Z)/®y
Uy
into commutative ones for all objects z,y, z € Ob(%).
See [JS93] for a reference on braided monoidal categories.

DEFINITION A.1.4. A braided monoidal category € is symmetric if the diagram

Yy
ﬂx,y 53},35
TRY TRY
idagy

is commutative for all objects z,y € Ob(%).

EXAMPLE A.1.1. The category Cat whose objects are categories and whose
morphisms are functors, with monoidal structure given by the cartesian product x
of categories and with unit given by the discrete category 1 with a single object
is a symmetric monoidal category.

ExAMPLE A.1.2. The category Vectc whose objects are vector spaces and
whose morphisms are linear maps, with monoidal structure given by the standard
tensor product ® of vector spaces and with unit given by 1-dimensional vector space
C is a symmetric monoidal category.

DEFINITION A.1.5. A monoidal functor F : € — €' between monoidal cate-
gories € and €’ is given by:
(i) a functor F': € — €’;
(7) an isomorphism ¢ : 1" — F(1);
(#i) a natural isomorphism p: ® o (F X F) = F o ®.



142 A. ALGEBRAIC APPENDICES

These data must satisfy the following conditions:
(i) The diagrams
M1,z
F1)® F(z) — F(1®=x)

T

e idF(z) (idp o M),

\ |

1 ® F(x) — F(x)

’

,U/z,]l
F(z)® F(1) — F(z ®1)

T

idp(a) ®'e (idp o p)s
F(z)® 1 — F(2)
PF(a)

are commutative for every object z € Ob(%).
(i) The diagram

1dF(:r) ® Hy,z
Fz) @ (F(y) @' F(2)) — F(z) @ Fy @ 2)

/ \

i), F (), F(2) Ha,yoz
(F(z) @' F(y)) @ F(z) Flr® (y® 2))
M.,y ®' ldF'(z) (ldF o a)z,y,z

\ /

Flaey) @ F(z) —— F((z®y) ®2)
Hax®y,z

is commutative for all objects x,y, z € Ob(®).
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DEFINITION A.1.6. A braided monoidal functor F : € — €’ between braided
monoidal categories € and €’ is a monoidal functor which makes the diagram

y) @ F(x)
7N

Br ), Fy) [y
/ N\
F(z) @' F(y) Fly®x)
AN /
P,y (idF 0 B)a.y
N
F(x ® y)

into a commutative one for all objects z,y € Ob(%).

A braided monoidal functor between symmetric monoidal categories will be
called a symmetric monoidal functor.

A.2. Enriched categories

The standard reference for the material introduced in this section is [K82]. Let
us fix a monoidal category F# .
DEFINITION A.2.1. A K -enriched category € given by:

(i) a class Ob(®) whose elements are called objects;

(ii) an object Homg(x,y) of & for all z,y € Ob(€) which is called the
F -object of morphisms;

(#) a morphism 1, in Homg (1, Homg(z, z)) for all x € Ob(€) called the
identity K -morphism;

() a morphism ¢, in Homg (Homg(y, 2) ® Homg(z,y), Homg(z, 2)) for
all x,y, 2 € Ob(®) called the composition K -morphism;

These data must satisfy the following conditions:

(i) The diagrams of morphisms of #
Homg (y, y) ® Homeg (z, y)

/N

1 ® 1dHomga (z,y) Cay,y

1 ® Homg(z,y) —— Homg(x,y)

)‘Homcg (z,y)
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Homg(x, y) ® Homg (z, )

/N

1dHqu§ (z,y) ®1; Ca,zy

Homg(x,y) ® 1 ——— Homg(z,y)

pHom@(z,y)

are commutative for all objects z,y € Ob(%).
(ii) The diagram of morphisms of #

Home (y, w) ® Homeg (, y)

7N

Cy,zw & 1den% (x,y) Ca,y,w
Homg (z, w) ® Homg (y, 2) ® Homeg(z,y) Homg (z, w)
ldHOmgg(Z w) @ Cqy,z Cx,z,w

N

Homg (2, w) ® Homeg(z, 2)

is commutative for all objects z,y, z,w € Ob(%).
DEFINITION A.2.2. A % -enriched functor F : € — ¥’ between # -enriched
categories € and €’ is given by:
(7) a function F : Ob(€) — Ob(¥");
(%) amorphism Fy , in Homg (Homg (2, y), Home (F(x), F(y))) forall z,y €
Ob(%);
These data must satisfy the following conditions:
(i) The diagram of morphisms of #
1p()
1 —— Homg/ (F(z), F(x))

N/
\/

Homg (z, x)

is commutative for every object x € Ob(%).
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(ii) The diagram of morphisms of #
Homg (F(y), F(2)) © Homeg: (F (), F(y))

Fy:®F CF(2).F(4).F ()
/
Homg (y, z) ® Homg (2, ) Homg: (F(x), F(2))
\ /
Cry,z
\ /
Homg (z, 2)

is commutative for all objects z,y, z € Ob(%).

DEFINITION A.2.3. A F-enriched functor F : € — €’ is fully faithful if F, ,
is an isomorphism for all objects z,y € Ob(%).

DEFINITION A.2.4. A F-enriched natural trasformation n : F' = G between
F -enriched functors F' : € — €’ and G : € — €’ is given by a H-morphism
7, € Homg (1, Homg/ (F(z), G(x))) for all € Ob(%) making the diagram of #-
morphisms

Homg (z,y) ® 1

A .
pﬁimg(z,y) Gw,y D Nz
e ~
Homg (z, y) Homg/ (G(z), G(y)) ® Home (F(z), G(x))
AHomgg(w,y) CF(),G(z),G(y)
1 ® Homg (z,y) Homg (F(z),G(y))
A /
Ny @ Foy CF(z),F(y),G(y)
~ e

Homg: (F(y), G(y)) @ Home: (F(2), F(y))
into a commutative one for all objects z,y € Ob(%).

DEFINITION A.2.5. The wvertical composition ¢ xn : F = H for J -enriched
natural trasformations n : F = G and ¢ : G = H is the H-enriched natural
trasformation defined by

(0 xm)z := CF(z),G(z),H(z) © (Jp ®My) 0 /\1_1.
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REMARK A.2.1. If € and €’ are #-enriched categories then we can arrange
K -enriched functors and J# -enriched natural transformations between them into a
category Caty(€,%").

DEFINITION A.2.6. The underlying category €y of a F-enriched category € is
the category Catg (1,%) where 1 denotes the F-enriched category with a single
object x with a single #-object of morphisms Homy (x, %) = 1 € Ob(%).

DEFINITION A.2.7. The J -enriched unit category 1 is the F -enriched category
with a single object * and with #-object of morphisms Hom; (x, ) := 1 € Ob(%).

DEFINITION A.2.8. The % -enriched tensor product € ® €’ of # -enriched cat-
egories € and €’ is the F-enriched category with Ob(€ R €') given by

Ob(%) x Ob(%")
and with Homg g % ((z,2'), (y,y’)) given by
Homg (z,y) ® Homg (z',y') € Ob(X)
for all objects z,y € Ob(¥) and z’,y" € Ob(¥’).
A.3. 2-Categories
Standard references for this section are provided by [B67], [KS74] and [GT74].

DEFINITION A.3.1. A 2-category € (sometimes called a weak 2-category or a
bicategory) is given by:

(i) a class Ob(®) whose elements are called objects;

(i) a category €(z,y) for all z,y € Ob(€) whose objects are called I-
morphisms, whose morphisms are called 2-morphisms and whose compo-
sition is called the vertical composition (1-morphisms will be represented
by arrows f : x — y, 2-morphisms will be represented by double-struck
arrows « : f = g and the vertical compositionof 5: g = handa: f =g
will be denoted 8 * « : f = h);

(#) a functor 1, : 1 — € (x,x) for all x € Ob(F) called the identity (here 1
stands for the unity with respect to the cartesian product of categories,
and the image under 1, of the unique object of 1 will be denoted id,);

(4v) a functor ¢z . : €(y,2) X €(z,y) = G(z,z2) for all z,y,z € Ob(E)
called the horizontal composition (the horizontal composition of g : y — 2
and f :  — y will be denoted gof :  — z and the horizontal composition
of :h=kand a: f = g will be denoted Boa:ho f = kog);

(v) natural isomorphisms ¢, , and r, , for all 2,y € Ob(€) of the form

y) X €(z,y)

A

1 de%my Czy,y

/AN

1xEx,y) — E(x,y)

A6 (zy)
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) X G(z, )

AN

ld% (z,y) X 1 Cx,z,y

/AN

E(r,y) x 1T ——— €(z,9)

P8 (z,y)

called the left unitor and the right unitor respectively, where
A:i®o (]l X idCat) 0 Acat = idcat, p:r®o (idCat X ]l) 0 Acat = idcat,

are the left and the right unitors of the symmetric monoidal category
Cat;
(vi) a natural isomorphism ag .. for all z,y, z, w € Ob(®) of the form

C(y,w) x €(z,y)

N

Cy,z,w X ld%(w,y) Ca,y,w
%(Z,w) X %(y,z) X g(zyy) U, %(I,w)
\ a:c,y,z,w /
id%(z’w) X Cry,z Cx,zw

NS

C(z,w) x €(z,z2)

called the associator.
These data must satisfy the following conditions:
(i) The diagram of 2-morphisms
go( ld of)

/\

(Gz,y,y,2)g,id,,f idg o (

(goidy)o f gof
(T2,y)g 0idys

is commutative for all objects z,y € Ob(®) and for all 1-morphisms
frx—=y g:y— 2z
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(i) The diagram of 2-morphisms
(ax,yﬂu,t)k:,hog,f
(ko(hog))of==ko((hog)of)

/ ’

(ay,z,w,t)k,h,g o ldf 1dk © (aw,y,z,w)h,g,f
(koh)og)o f ko(ho(gef))

N\ A

(az,y,z,t)koh,g,f (ar,z,w,t)k,h,gof

7

(koh)o(gof)

is commutative for all objects x,y, z,w,t € Ob(®) and all 1-morphisms
fre—=y,g:y—>z, h:z=>w k:w—t

ExaMPLE A.3.1. The 2-category Ring is defined as follows: objects are rings
R with unit; the category Ring(R, R’) is the category whose objects are (R, R)-
bimodules and whose morphisms are (R’, R)-bimodule homomorphisms, with ver-
tical composition given by composition of (R’, R)-bimodule homomorphism; the
horizontal composition functor

cr.r re: Ring(R',R") x Ring(R, R') — Ring(R, R")
maps (M’, M) to the (R”, R)-bimodule M’ @ g M.

DEFINITION A.3.2. If € is a 2-category then its opposite 2-category €°P is
the 2-category defined by Ob(€°P) := Ob(€) and by €°P(z,y) := €(y,z) for all
z,y € Ob(8).

DEFINITION A.3.3. A 2-functor F : € — €' between 2-categories € and €’
is given by:

(i) a function F : Ob(®) — Ob(€’);
(7) a functor Fy , : €(z,y) = €' (F(z),F(y)) for all z,y € Ob(E);
(#4) a natural isomorphism F, for all x € Ob(®) of the form
Ir(a)
1 ——— @'(F(x),F(z))

N/
1, F, Fm,x
€ (x,x)

(we will use the abusive notation F, : idg(,) = F . (id;) for the associ-
ated invertible 2-morphism);
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(4v) a natural isomorphism F, , . for all z,y,z € Ob(€) of the form
€' (F(y), F(z)) x €'(F(z), F(y))

These data must satisfy the following conditions:
(i) the diagrams of 2-morphisms

(Fr,y,y)idwf
Fy,y(idy) o FIU(f) o Fm’y(idy o f)

Fy ° isz,y(f) Fw,y((gw,y)f)

idF(y) o Fﬂ?’y(f) —_— Fm,y(f)
(tr@). P () e, , (1)

(Faey)fid,
(Fuy)(f) 0 Fyo(idy) == Fy y(f 0idy)

Tu(f) OF:E FI,U((Twy)f)

(rF@.F)E, ()

are commutative for all objects z,y € Ob(®) and for all 1-morphisms
frx—y;
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(i) The diagram of 2-morphisms
(Fzw(h) oFy 2(g)) o Fauy(f)

N

(Fy’z’w)h,g o ldF:r,y(f)

N

Fz,w(h) ° (Fy,z (g) o Fz,y(f)) Fy,w(h og)o Fz,y(f)
idg, ,(n) © (Fay,z)g.s (Fa,y,w)hog, s
Fz,w(h) o Fm,z(g o f) Fx,w((h © g) © f)

A 7
(F;c,z,w)h,gof Fx,w((ax,y,z,w)h,g,f)
\ /
Fuw(ho(gof))

is commutative for all objects z,y,z,w € Ob(€) and all 1-morphisms
fix—y,g:y— 2z h:z— wand where the unlabeled arrow is
(0F (2).F (1) F(2) F(w) ). 0o (0).F, . (9).Fur , ()"

DEFINITION A.3.4. A 2-transformation o : F = G between a pair of 2-functors
F:€ — % and G: € — €' is given by:
(i) a l-morphism o, : F(z) — G(x) for all z € Ob(€);
(7) a natural isomorphism o, for all z,y € Ob(®) of the form

'(G(z),G(y))
N
Ga,y (02)"

Oz,y

/ N\,
€ (z,y) 4 &'(F(z), G(y))
AN /

Fay (o)

/

@'(F(2), F(y))

where (0,)* is the functor horizontally pre-composing 1-morphisms of
€' (G(z),G(y)) with o, and (o). is the functor horizontally post-
composing 1-morphisms of €'(F(x),F(y)) with o,.
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These data must satisfy the following conditions:
(i) The diagram of 2-morphisms
-1
"F(2).G(x)

/ !

lR(2),G(x) idg, o F,
idg ) 0 ox o, 0F, ,(id,)
G, oide, (Ux,x)idw

N\ S

G, (idg) ooy
is commutative for all objects z € Ob(¥).
(ii) The diagram of 2-morphisms
Gy,z(g) o o'y) o Fm,y(f)

= T

Gy.:(9) o (oyoFuy(f)) o.oF, .(9) oF.,(f)

/ \

—~
—~

(2) (5)
/ \
Gy,Z(g)O(GLy(f)OU:v) Uzo(Fy 2(g)oF ,y(f))

(Gy,2(9) 0 Gay(f)) ooy 0.0F;.(90f)

\/

Gm,z(g o f) 00

is commutative for all objects z,y,z € Ob(€) and for all 1-morphisms
f:x =y, g:y — z with respect to the following labeling of the
unlabeled arrows (starting from (1) and moving clockwise):

(1) = (aF (2),G(2),G(1),G(2)) Gy - (9),Guy (Niow  (2) =lda, .(g) © (Tay)s
(3) = (aF (@), F),G1).G(=)) G - (g oy Fuy () (D) = (Uy 2)g 0idr, (1)
(5) = (aF(2) F(y).F(2).G(2))o. F, () Fo (1) (6) =1do. 0 (Fay2)g
(1) = (U:C,Z)gOf (8) = ( z,y, Z)g folde,
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DEFINITION A.3.5. A 2-modification T’ : ¢ = 19 between 2-transformations

o:F = Gand 9 : F = G is given by a 2-morphism I';, : o, = 9, for all
x € Ob(®) making the following diagram of 2—morphisms

/\

idg, (5o Ta
/ “\
Gyy(f) ooy 9y o Fyy(f)
N\ /
(Cay) s T, oide, ,(p)
N

y O F, y
into a commutative one for all objects z,y € Ob(®) and all 1-morphisms f : z — y.

ExXAMPLE A.3.2. If we fix a pair 2-categories € and €’ then 2-functors from
€ to €', together with 2-transformations and 2-modifications between them, can
be arranged into a 2-category which will be denoted 2Cat(€,€’).

DEFINITION A.3.6. Two objects z,y of a 2-category € are equivalent if there
exist 1-morphisms f : z — y, g : y = = and invertible 2-morphisms 7 : id, = go f,
€: fog=idy. The 1-morphisms f and g are called equivalences between x and y.
If further n and e satisfy

(g o) * (noidy) = idy, (s 0idy) * (idy o) = idy
then (f, g,n, ) is called an equivalence adjunction system, f is called the left adjoint

of g, g is called the right adjoint of f, n is called the unit of the adjunction and e
is called the counit of the adjunction.

REMARK A.3.1. For every pair of equivalent objects x,y € Ob(€) there exists
an equivalence adjuction system (f,g,n,¢).

Let F: € — € and G : € — €’ be 2-functors between 2-categories € and
®’'. A 2-transformation o : F = G is called an equivalence 2-transformation if
it can be completed to an equivalence adjunction system (o,0*,Hy, E,) inside
2Cat(®€,€’) for some 2-trasformation o* : G = F and for some invertible 2-
modifications Hy : idg = 600, E, : 00 0* = idg.

DEFINITION A.3.7. A strict 2-category € is a 2-category whose unitors and
associators are identities. It can be equivalently defined as a Cat-enriched category.

EXAMPLE A.3.3. The strict 2-category Cat is defined as follows: objects are
categories €; the category of morphisms Cat(€,%”’) is the category whose objects
are functors from € to ¥’ and whose morphisms are natural transformations.
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EXAMPLE A.3.4. The strict 2-category Catg is defined as follows: objects are
F -enriched categories €; the category of morphisms Catgy (€, %’) is the category
whose objects are J-enriched functors from & to €’ and whose morphisms are
F -enriched natural transformations.

Two categories are said to be equivalent if they are equivalent as objects of the
strict 2-category Cat. Two % -enriched categories are said to be equivalent if they
are equivalent as objects of the strict 2-category Catg .

A.4. Monoidal 2-categories
References for this section are provided by [MO00], [S16] and [S11].

DEFINITION A.4.1. A monoidal 2-category is given by:
(i) a 2-category €;
(7) a distinguished object 1 € Ob(®) called the unit;
(i) a 2-functor ® : € x € — € called the tensor product;
(iv) a family of equivalence 2-transformations
)\:(X)O(]lXidqg)OAg#idg, p:®0(id<gXﬂ)OAg=>idqg,
a:®o0(®xidg) = ®o (idg X ®)
called the left unitor, the right unitor and the associator respectively,
where Ag : € — € x € is the diagonal 2-functor and where 1 : € — €
denotes the constant 2-functor mapping each object to 1, together with
specified equivalence adjunction systems
(>‘7)‘*7HA7EA)7 (p7p*7HpaEp)7 (aaa*chuEa);
(v) invertible 2-modifications A, P, M and II of the form

1®(z®vy) r®(ye1L)
A1 z,y Azwy AXgy,1 id, @ Py

YL

(1®x)®y—>x®y TRYR]l ———— @Y
)‘®1d pz@y

xR (1y)

/\

Qg 1,y id, ® Ay
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Az y@z,w

(ze@Y2)ew—re((y®2)Qw)

/ \

Ay y,z ® ldw 1dz & Qy 2w
Hl‘,y,z,w
(z@y)®2)@w z® (y® (2 @w))
Ar@y,z,w Az .y, zQw

~ 7

(z®y)© (2 ®w)

These data must satisfy five conditions in the form of commuting polytopes of
2-modifications which can be found in Definition 4.4 of [S16].

EXAMPLE A.4.1. The strict 2-category Catgy can be made into a monoidal
2-category by specifying the F-enriched unit category as a unit object and by
specifying the J# -enriched tensor product as a tensor product 2-functor.

DEFINITION A.4.2. A symmetric monoidal 2-category is given by:

(i) a monoidal 2-category €;
(#) an equivalence 2-transformation
B:=RoT

called the braiding, where 7 : € x € — € x € denotes the 2-functor
switching the two factors, together with a specified equivalence adjunc-
tion system

(8,8",Hg,Ep);
(éi1) invertible 2-modifications A, B and ¥ of the form
ﬂm,y@z

rRY®z) —— (YR 2)Q

/ \

am,y,z ay,z,ac
(zRy) @z ! y® (2 @)
N
IBm,y ® ldz ldy ® /BCD,Z

\ /

Y@r)®z ——y@ (o2

Qy,z,z
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6x®y7z
@ERyY)®z—— 20 (1Y)

x,Y,z Z,T,Y
2®(y®2) U (@) ®y
N e
id, ® 8,, , B, . ®id,

Yy

ﬁiﬂ,y lgy,lﬂ

Ew,y

TRy TQY
idyey

These data must satisfy seven conditions in the form of commuting polytopes of
2-modifications which can be found in Definitions from 4.5 to 4.8 of [S16].

EXAMPLE A.4.2. Every symmetric braiding § on a monoidal category J# in-
duces a symmetric braiding 3 on the monoidal 2-category Catg given by the
2-transformation which associates with each pair of & -enriched categories € and
&’ the H-enriched functor

Bew CRE - € RE
given by the function mapping every object (z,z’) of € ® €’ to the object (2',x)
of ' ® € and by the H-morphisms Brom (), Homg, (2/,y7) from
Homg w ¢ ((z,2'), (y,3/)) = Homg (z, y) ® Home: (2, y')

to

Homg' %((ZJ’ .’13), (ylv y)) = Homg (Z‘/, y/) ® Homg(a:, y)
Therefore when % is symmetric monoidal with braiding 8 then Catg can be made
into a symmetric monoidal 2-category denoted Catgg.
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REMARK A.4.1. If € is a symmetric monoidal 2-category then €(1,1) is a
symmetric monoidal category.

DEFINITION A.4.3. A monoidal 2-functor is given by:
(i) a 2-functor F : € — €’;
(i) an equivalence ¢ : 1’ — F(1) together with a specified equivalence ad-
junction system (¢,t*,1,,€,);
(#i) an equivalence 2-transformation x : ® o (F x F) = F o ® together with
a specified equivalence adjunction system (x, x*, Hy, Ey);
(iv) invertible 2-modifications I'; A and €2 of the form

X]l,a:
F(1) @ F(z) F(1®z)
r,
1’ ®' F(z) F(z)
/
AF (2)
Xz,]l
F(z) ® F(1) Flx®1)
idp() ®" ¢ ) (idr 0 p)2
A,
F(z)® 1’ F(z)

p/F(:c)
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idp(z) ® X, -
F(r) @' (F(y) ® F(z2)) — F(z) @ F(y ® 2)

/ \

OF (2) F(y).F() Xz,y@z
(F(z) @ F(y)) @ F(z) 4 F(z® (y® 2))
\ Qx,y,z
Xz’y ®/ ldF(z) (ldF O a)m,y,z

\ /

Fzoy) @ Fiz) —— F((z®y)®2)
Xx®y,z
These data must satisfy two conditions in the form of commuting polytopes of
2-modifications which can be obtained from Equations (HTA1) and (HTA2) of
[GPS95] as explained in Definition 2.5 of [S11].
DEFINITION A.4.4. A symmetric monoidal 2-functor is given by:

(¢) a monoidal 2-functor F : € — €’;
(i) an invertible 2-modification © of the form

Fy) @ F
)

AN

IG/F(I)7F(y Xy,

/ AN

F(z) @' F(y) 4 F(y®z)

NI

Xx,y (1dF @] /B)z,y

F(z®y)

These data must satisfy three conditions in the form of commuting polytopes of 2-
modifications which can be obtained from Equations (BHA1), (BHA2) and (SHA1)
of [MO0O] as explained in Definition 2.5 of [S11].
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A.5. Complete linear categories

Let Vectc denote the monoidal category of complex vector spaces and complex
linear maps.

DEFINITION A.5.1. A linear category is a Vectc-enriched category A.

DEFINITION A.5.2. A linear functor is a Vectc-enriched functor F' between
linear categories.

EXAMPLE A.5.1. If A and A’ are linear categories then the category Catc (A, A’)
whose objects are linear functors F' : A — A’ and whose morphisms are natural
transformations 7 : F' = F’ naturally admits the structure of a linear category.

ExAMPLE A.5.2. If € is a category then the free linear category generated by
@ is defined as the linear category having the same set of objects as € and having
the free complex vector space generated by the set Home(x,y) as vector space of
morphisms between objects x and y.

ExaMpPLE A.5.3. If F: A — A’ is a linear functor between linear categories A
and A’ then the quotient linear category A/ker F is defined as the linear category
whose set of objects is given by

Ob(A/ker F) := Ob(A)
and whose vector spaces of morphisms are given by
Homy ) ker 7 (2, y) := Homy (z,y)/ ker Fy, ,
for all z,y € Ob(A).

DEFINITION A.5.3. The unit linear category C is the Vectc-enriched unit cat-
2
egory”.

DEFINITION A.5.4. The tensor product A ® A’ of linear categories A and A’ is
the Vectc-enriched tensor product of linear categories.

DEFINITION A.5.5. The trivial braiding functor Sa a+ associated with linear
categories A and A’ is the linear functor

6A,A’ TARAN = A RA
induced by the trivial braiding of vector spaces.

DEFINITION A.5.6. The symmetric monoidal 2-category Catc of linear cate-
gories is the 2-category whose objects A are linear categories, whose 1-morphisms
F : A — A’ are linear functors and whose 2-morphisms 1 : F = F’ are natural
transformations, with monoidal structure given by the unit linear category C, by
the tensor product of linear categories ® and by the trivial braiding S of linear
categories.

DEFINITION A.5.7. A linear category is complete if it is closed under finite
direct sums and if all its idempotents split.

Here Fy,, : Homp (z,y) — Homy/ (F(z), F(y)) is the linear map determined by the linear
functor F'.

2If % is a monoidal category then the F#-enriched unit category is the J#-enriched category
having a single object with F#-object of morphisms given by the unit object 1 of % .
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REMARK A.5.1. Sometimes complete linear categories are called Cauchy com-
plete, as in [BDSV15].

DEFINITION A.5.8. The additive completion Mat(A) of a linear category A is
the linear category whose set of objects Ob(Mat(A)) is given by
¢ L1
@Pai:=| : ||zicObA),LeN
i=1 oy
and whose morphism vector spaces

¢
Homypa(a) | @D 25, P wi
j=1 i=1

are given by

S o e
(fz‘j)ﬁigip = oo fij € Homa (2, y;)
e w1 oo fme
for all z;,y; € Ob(A) withi=1,...,mand j =1,...,¢. The identity morphism of
an object @521 x; € Ob(Mat(A)) is given by the morphism

14
(5ij : idmi)lgi)jgg € EndMat(A) (@ xz)

i=1
and the composition of a morphism

L m
(fij)1<i<m € Hompgag(a) @xj,@yi

Isise j=1  i=1

with a morphism

n

m
(9ij)1<isn € Homppae(a) @ij 2

ISism j=1 =1

is given by the morphism

m 4 n
<Z Gik Ofkj) € Homypa(ay | Pz, @ =i
k=1 1gisn j=1 i=1
1<t
REMARK A.5.2. If z is an object of a linear category A then we will denote

with = the object @,_; « of Mat(A) too.

DEFINITION A.5.9. The idempotent completion Kar(A) of a linear category A
is the linear category whose set of objects Ob(Kar(A)) is given by

{(z,p) | £ € Ob(A), peEndr(z), pop=p}

and whose morphism vector spaces Homgar(a)((, p), (4, q)) are given by
{f e Homp(z,y) | fop=f=qof}
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for all (z,p), (y,q) € Ob(Kar(A)). The identity of an object (z,p) is given by the
idempotent morphism p and compositions are directly inherited from compositions
in A.

REMARK A.5.3. If z is an object of a linear category A then we will denote
with z the object (z,id;) of Kar(A) too.

DEFINITION A.5.10. The completion A of a linear category A is defined as the
linear category Kar(Mat(A)).

REMARK A.5.4. Every object of the completion A of a linear category A is of
the form

1 P11 Pue
im (pij)1<i,j<e = )
Te Der v Pee
for some natural number ¢, for some objects 1, ..., x; of A and for some morphisms
pij € Homy (x5, z;) satisfying
I
Zpik © PLj = Dij
k=1
for all 4,7 =1,...,¢. Analogously every morphism of

Homy (im (pij)lgi,jgg ,im (qij)1gingm)
is of the form
fll e flf

1<ige =
1<gsm

(fij) Do
fml fmé

for some morphisms f;; € Homy (z;,y;) satisfying

y4 m
Zfik oprj = fij = Z(Iik ° fij
k=1 k=1

foralli=1,...,mand j = 1,...,¢. In practice most of the time we will drop all
references to the sets of indices, either because they can be clearly deduced from
the context or because it is unnecessary to choose name for them, so that objects
will often simply be denoted by

im (p;;) € Ob(A)
and morphisms will often simply be denoted by
(fiy) € Homy (im (py;) , im (gij)) -

REMARK A.5.5. Every linear functor F : A — A’ admits an extension F': A —

A, called the completion of F', mapping every object im(p;;) € Ob(A) to the object
im (F (pi)) € Ob(A’)
and mapping every morphism (f;;) € Homj (im(p;;),im(g;;)) to the morphism
(F(fi;)) € Homg, (im (F' (pi;)) , im (F (gi;)))
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Analogously every natural transformation 7 : F' = G admits a natural extension
7 F = G, called the completion of n, associating with every object

m (pij)i i j<o

of A the morphism

0
(Z G(pik) © 1) © F(ij))
k=1 1<4,5<8
of

Homy, (im (F (5i))y<; jr» im0 (G (015)) 1 e ) -

DEFINITION A.5.11. The complete unit linear category C is the completion of
the unit linear category C.

DEFINITION A.5.12. The complete tensor product A 8 A’ of linear categories A
and A’ is defined as .
ARA.

DEFINITION A.5.13. The complete braiding functor BA,A’ associated with linear

categories A and A’ is the completion of the braiding functor Sa as associated with
A and A'.

DEFINITION A.5.14. The symmetric monoidal 2-category® Catc of complete
linear categories is the 2-category whose objects A are complete linear categories,
whose 1-morphisms F : A — A’ are linear functors and whose 2-morphisms 7 : F' =
F’ are natural transformations, with identities and compositions inherited by Catc
and with monoidal structure given by the complete unit linear category C, by the
complete tensor product of linear categories X and by the complete braiding B of
linear categories.

DEFINITION A.5.15. The completion F : € — Catc of a 2-functor F : € —
Catc is the 2-functor mapping every object z of € to the completion F(z) of the
linear category F(x), mapping every l-morphism f of € to the completion f‘( f) of
the linear functor F(f) and mapping every 2-morphism « of € to the completion
F(a) of the natural transformation F(a).

DEFINITION A.5.16. Two linear categories A and A’ are Morita equivalent if
their completions are equivalent as objects of Catc.

DEFINITION A.5.17. A Morita equivalence between linear categories A and A’ is
a linear functor F' : A — A’ whose completion F' is part of an equivalence adjunction
system in Catc.

DEFINITION A.5.18. A set D of objects of a linear category A is a dominating

set for A if for every object = of A there exist objects x1,...,z, in D and morphisms
r; € Homy (z;,2) and s; € Homp (2, 2;) with ¢ = 1,...,n satisfying
n
id, = Z T 0 8;.
i=1

If D is a dominating set for A we say that D dominates A.

3The notation used in [BDSV15] is 2Vecty.
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THEOREM A.5.1. Let A and A’ be linear categories and let F : A — A be a fully
faithful linear functor. If F(Ob(A)) dominates A’ then F is a Morita equivalence.

PRrOOF. For every object 2’ of A’ we have a decomposition

n
. / /
id, = g 750 8;
i=1

with 7} € Homp/ (F(x;),2"), with s; € Homp (2/, F(z;)) and with z; € Ob(A) for
i =1,...,n. Then let us consider the object
im(s} o 75)1<ij<n

of A’. This is indeed an object of the completion of A’ because
n
/ / / /A A /
E 8; 0T 08, or; = 8;0idg o7
k=1

/,

")1<i,j<n as objects of A’ via the invertible mor-

Then z is isomorphic to im(s} o r
phisms

<n € Homy, (z,im(s] o r;-)l@-ngn) ,

This means z is isomorphic to the image of the object
im(F = (s; 0 7)1 j<n
of A under the functor F'. O
A.6. Complete graded linear categories

Let IT be an abelian group, let v : IT X II — Z* be a symmetric Z-bilinear map
and let II denote the discrete category whose set of objects is given by the set of
elements of I1.

DEFINITION A.6.1. A [T-graded vector space V is a functor

V : IT — Vectc.

If V is a IT-graded vector space then for every u € IT the vector space V¥ :=
V(u) is called the space of degree u vectors.

DEFINITION A.6.2. A II-graded vector space V is locally finitely generated if
V* is finite dimensional for every u € II.



A.6. COMPLETE GRADED LINEAR CATEGORIES 163

DEFINITION A.6.3. The dimension of a locally finitely generated II-graded vec-
tor space V is the function

dimV: II — N
u +—  dim V¥

DEFINITION A.6.4. A locally finitely generated II-graded vector space V is
finitely generated if

Z dim V* < +00.
uell
DEFINITION A.6.5. A II-graded linear map £ : V — V' for IT-graded vector
spaces V and V' is a natural transformation
f:V=V.
If f:V — V' is a II-graded linear map then for every u € IT the vector space
linear map £* := £, € Hom¢(V*, V™) is called the degree u component of f.

REMARK A.6.1. If f : V — V' is a IT-graded linear map then we can define
II-graded vector spaces ker f and im f as
(ker £)* := ker(f"), (Imf)* :=im(f")
respectively.

DEFINITION A.6.6. The unit II-graded vector space C is the II-graded vector

space defined by
Cu C wu=0
{0} u#0

DEFINITION A.6.7. The tensor product VRV’ of II-graded vector spaces V and
V' is the IT-graded vector space defined by
(V ® V,)u — @ Vufu’ ® V,u’_
u’ €Il
DEFINITION A.6.8. The v-braiding morphism B\’}’V, associated with II-graded
vector spaces V and V' is the degree 0 linear map

Byy VRV =V eV
defined by

’ ’ ’ ’

(B Buen V'™ @V = @y VY @V
’
quu' ® ,U/u’ N V(u/, w— u/) . U/'u,/ @ iU

DEFINITION A.6.9. The monoidal category Vect(lc7 of I1-graded vector spaces is
the category whose objects are IT-graded vector spaces, whose morphisms are I1-
graded linear maps, whose identities are given by identity natural transformations,
whose compositions are given by vertical compositions of natural transformations,
whose unit is the unit I7-graded vector space and whose tensor product is given by
the tensor product of IT-graded vector spaces. It can be made into a symmetric
monoidal category by equipping it with the braiding 5" : ® = ® o 7 defined by the
v-braiding morphism g y, for every pair of II-graded vector spaces V and V.

DEFINITION A.6.10. A II-graded linear category, also called II-graded linear
category, is a Vecté:7 -enriched category A.
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DEFINITION A.6.11. A II-graded linear functor is a Vectg—enriched functor F
between II-graded linear categories.

DEFINITION A.6.12. A Il-graded natural transformation is a Vectg—enriched
natural transformation 7 between II-graded linear functors.

REMARK A.6.2. If A is a II-graded linear category, if x,y are objects of A and
if w is an element of IT then the vector space (Hompy (z, y))" will be called the vector
space of degree w morphism of A from x to y and it will be denoted Homj (x,y).
The underlying category Ag of a I1-graded linear category A is the linear category
having Ob(A) as set of objects and having Hom (z, ) as vector space of morphisms
from z to y for all z,y € Ob(A).

DEFINITION A.6.13. The unit Il-graded linear category C is the Vectg-enriched
unit category.

DEFINITION A.6.14. The tensor product A ® A" of II-graded linear categories
A and A is the Vecté7 -enriched tensor product of IT-graded linear categories.

REMARK A.6.3. If A and A’ are IT-graded linear categories then
Homy g o/ ((x, 2), (y,v")) := Homy (2, y) ® Homp (', y")

for all objects z,y of A and 2,3y’ of A'. If f* € Hom}(z,y), ¢g* € Hom} (y, 2) are
morphisms of A and if f*" € HomY («',y'), ¢’ € Hom?%, (¢, ') are morphisms of
A then

fro " e Homy ity ((z,2"), (y,y'), ¢" @ g™ € Hompy, ((y,9), (2,2"))
are morphisms of A ® A’ and their composition is defined as

(0" ®@g" ) o(f* @ f") =v( v) (¢"c f*) @ (g" o f™).

Remark we are actually using a non-standard convention, as the standard choice

would have been to use v(u,v") as a multiplying factor instead of v(v/, v). Of course
both choices produce a coherent compositon laws on A & A'.

DEFINITION A.6.15. The v-braiding functor By . associated with II-graded lin-
ear categories A and A is the IT-graded linear functor

Bia ARA = A ®A
induced by the v-braiding of I7-graded vector spaces.

DEFINITION A.6.16. The symmetric monoidal 2-category Cat{c7 of IT-graded
linear categories with v-braiding is the 2-category whose objects A are complete
IT-graded linear categories, whose 1-morphisms F : A — A’ are IT-graded linear
functors and whose 2-morphisms 7 : F = F are IT-graded natural transformations,
with monoidal structure given by the unit I7-graded linear category C, by the tensor
product of II-graded linear categories X and by the v-braiding 8” of II-graded
linear categories.

DEFINITION A.6.17. An object = of a II-graded linear category A is said to
be the u-suspension of an object y of A for some u € II if there exists a degree u
invertible morphism f* € Homj (x,y).

DEFINITION A.6.18. An object x of a IT-graded linear category A is said to be
the direct sum in A of a family of objects x; of A for ¢ € I if it is the direct sum of
x; for i € I in the underlying category Ag of A.
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DEFINITION A.6.19. A degree 0 morphism of a IT-graded linear category A is
said to be an idempotent of A if it is an idempotent morphism of the underlying
category Ag.

DEFINITION A.6.20. A Il-graded linear category A is complete if it is closed
under suspensions and finite direct sums and if all of its idempotents split.

DEFINITION A.6.21. The suspension completion Deg(A) of a II-graded linear
category A is the IT-graded linear category whose set of objects Ob(Deg(A)) is given
by

{(z,v) | x € Ob(A),v € IT'}
and whose degree u morphism vector spaces Homp, 4 (%, ), (y, w)) are given by
Hom{{t"~" (x,y) for all u € IT and all (z,v), (y,w) € Ob(Deg(A)). Identities and
compositions are directly inherited from A.

REMARK A.6.4. If x is an object of a IT-graded linear category A then we will
denote with x the object (z,0) of Deg(A) too.

DEFINITION A.6.22. The additive completion Mat(A) of a II-graded linear cat-
egory A is the IT-graded linear category whose set of objects Ob(Mat(A)) is given
by

¢ 1
@Pari:=| : ||zicOb®),leN
i=1 Iy
and whose degree v morphism vector spaces

l m
Homl%/lat(A) @ Ly, @ Yi
j=1 =1

are given by

flul ffe

(f55)1gigm = Lo fi; € Homj (x5, yi)
1<5<e y y
ml 7 ml

for every u € II and for all z;,y; € Ob(A) withi=1,...,mand j=1,...,¢. The
identity morphism of an object @le x; € Ob(Mat(A)) is given by the degree 0
morphism
¢
. 10 0
((51] . ldwi)lgi,jgf S EndMat(A) <@ in)
i=1
and the composition of a degree u morphism

£ m
(£5)1<i<m € Homiay | €D, P wi
j=1 i—1

1<t

with a degree v morphism

1<gsm

m n
(97)1<i<n € Homyyyg(a) @%@«Zi
j=1 i=1
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is given by the degree u + v morphism

m 4 n
v U u-+v
E 9ir © [r; € HomMat(A) @ Zj @ Zi
k=1 Igign j=1 i=1
1<l

REMARK A.6.5. If x is an object of a I1-graded linear category A then we will
denote with = the object @, _; = of Mat(A) too.

DEFINITION A.6.23. The idempotent completion Kar(A) of a II-graded linear
category A is the II-graded linear category whose set of objects Ob(Kar(A)) is given
by

{(z.p") |z € Ob(A), p° € End}(x), p°op’=p’}
and whose degree u morphism vector spaces Homg,, ) ((z, 1°), (y,q°)) are given by
{r* € Homj (z,y) | f*op’ = f*=¢"o f*}
for all u € IT and all (x,p°), (y,q°) € Ob(Kar(A)). The identity of an object (x,p°)

is given by the idempotent morphism p and compositions are directly inherited
from compositions in A.

REMARK A.6.6. If x is an object of a IT-graded linear category A then we will
denote with z the object (z,id2) of Kar(A) too.

DEFINITION A.6.24. The completion A of a I-graded linear category A is de-
fined as the IT-graded linear category Kar(Mat(Deg(A))).

REMARK A.6.7. Every object of the completion Aofall -graded linear category
A is of the form

0 Vp—v
(z1,v1) pir 0 P
Vv —V; _ . . .
im ( p,; = , _ )
1<i,j<e . 0
1— V¢
(xla W) Y5 s Doy
for some natural number ¢, for some objects x1,...,zp of A, for some degrees
v1,...,v; € IT and for some morphisms p;; " € Hom,’™ "' (z;, z;) satisfying
¢
Vi — V4 Vj—Vk _ Vj—V4
> v ony " = vy
k=1
for all i,j =1,...,£. Analogously every degree u morphism of
w [ - v —V; . w;—w;
Homj ( im (pl; ) . ,im (qi/ ) N
1<4,5<0 1<i,jsm
is of the form
u+vy —wi u+ve—wiy
11 e 1
fquvjfwi .
ij 1<ige : . :
1<i<m fquvlfwm . fquwszm
ml ml
for some morphisms f;;JFUfwi € Homxﬂ)j “Y (x4, ;) satisfying

‘e m

utvg—w; vi—vE _ putvi—w; Wi —w; utvj—wg
E :fik ©Prj = fij = E :qik O Jkj
k=1 k=1
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foralli=1,...,mand j = 1,...,¢. In practice most of the time we will drop all
references to the sets of indices, either because they can be clearly deduced from
the context or because it is unnecessary to choose name for them, so that objects
will often simply be denoted by

im (pf;:‘”i) € Ob(A)
and degree v morphisms will often simply be denoted by

(fl_u_Jrvj*wi) c Hom}i (im <p;_1;*vi) im (q;ij{j*wi)) )
REMARK A.6.8. Every I1-graded linear functor F : A — A" admits an extension
F: A — A, called the completion of F, mapping every object im(p;);f_”i) € Ob(A)
to the object
im (IF”J'_W (pf]’_v)> € Ob(A)

fu-i-vj —w; Vj—U; Wi —w;

and mapping every degree u morphism (f;; ) € Homj (im(p;; ), im(g;; )

to the degree u morphism

(Fu+vj—wi (fiuj+vj*wi)> c HOHIX, <1m (ij—vi (pz)]]*%)> ,im (]ij—wi (q;‘g]*wz)))

Analogously every II-graded natural transformation 7 : F = G admits a natural

extension 7) : F = G, called the completion of 1), associating with every object
im( vjfvi)

Pu o icigee

of A the degree 0 morphism

£
Ve —V; [V —Vi 0 Vi —V Vj—Vk
(ZGk i) 0 0 o F >)
1<, 5<L

k=1

Hom, (i (oo (piy ™)) (e () ).
1<i,5<L 1<, <L

DEFINITION A.6.25. The complete unit II-graded linear category C is the com-
pletion of the unit I7-graded linear category C.

of

DEFINITION A.6.26. The complete tensor product A & A’ of II-graded linear
categories A and A’ is defined as

AxA.

DEFINITION A.6.27. The complete v-braiding functor B&A, associated with II-
graded linear categories A and A’ is the completion of the v-braiding functor BE ar
associated with A and A'.

DEFINITION A.6.28. The symmetric monoidal 2-category CatZ of complete
Il-graded linear categories with v-braiding is the 2-category whose objects A are
complete IT-graded linear categories, whose 1-morphisms F : A — A’ are IT-graded
linear functors and whose 2-morphisms 5 : F = F’ are II-graded natural trans-
formations, with monoidal structure given by the complete unit I7T-graded linear
category C, by the complete tensor product of II-graded linear categories X and
by the complete v-braiding 3 of II-graded linear categories.
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DEFINITION A.6.29. The completion F : € — Cat¥ of a 2-functor F : € —
Cat(lc7 is the 2-functor mapping every object x of € to the completion f‘(m) of the II-
graded linear category F(z), mapping every l-morphism f of € to the completion
ﬁ‘( f) of the IT-graded linear functor F(f) and mapping every 2-morphism « of €
to the completion F(«) of the IT-graded natural transformation F(a).

DEFINITION A.6.30. Two II-graded linear categories A and A’ are IT-Morita
equivalent if their completions are equivalent as objects of Catg .

DEFINITION A.6.31. A II-Morita equivalence between II-graded linear cate-
gories A and A’ is a IT-graded linear functor F : A — A’ whose completion I is
part of an equivalence adjunction system in Cat(g .

DEFINITION A.6.32. A set D of objects of a IT-graded linear category A is a

dominating set for A if for every object x of A there exist objects x1,...,x, in D,
elements uy, ..., u, € II, degree u;, morphisms r;* € Hom}'(z;, ) and degree —u;
morphisms s; “* € Hom, “*(z,2;) with ¢ = 1,...,n satisfying

n
id? = er os; .
i=1
If D is a dominating set for A we say that D dominates A.

THEOREM A.6.1. Let A and A" be IT-graded linear categories and let F : A — A
be a fully faithful II-graded linear functor. If F(Ob(A)) dominates A’ then F is a

II-Morita equivalence.

PRrROOF. For every object ' of A’ we have a decomposition

n
.10 Tu; I—ug
id,, = E r;' o8]
i=1

with w; € II, with r** € Hom}:(F(z;),’), with s, " € Hom " (2/,F(z;)) and
with z; € Ob(A) for ¢ = 1,...,n. Then let us consider the object
im(s;™" 01" ) 1< j<n
of A’. This is indeed an object of the completion of A’ because
n
Z s Mor ™ os "o r;uj =s "o id% o T;uj.
k=1

E . . I—u; /uJ- . . N2 . . .
Then z is isomorphic to im(s; " o 7,7 )1<i j<n as objects of A via the invertible

degree 0 morphisms

( /—ui) I—u; I
S; .

0 .
<n € Homy, (x,lm(si or; )1<i’j<n> ,

0 (: I—u; fu g
€ Homy, (Hn(si or; J)lgi7j<"’$> .
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Indeed we have equalities

I—u; Iug I—u _ I—u;
(si oy hciksn © (s " icken = (57 “)1<i<n
j=1 j=1
Iug, I—u u I
(r")i=1_ o (s "o Nickjcn = (r;7)i=1_,
1<kLn 1<j<n
I, /—up _ 0
. " )i=1  o(s 1<kgn = id
I—u g I—u; U
(s “Vigicn o (r; =1 = (s or: 7 )1giji<n
2 ; X J 1<j<n [ J S EVAS
This means x is isomorphic to the image of the object
: uj—u;\—1(J—Uq u g .
im((F* )7 (s, or; Ni<ij<n
of A under the functor F. ([l

A.7. Extended universal construction
This section presents a 2-categorical version of the construction of [ BHMV95].

DEFINITION A.7.1. Let C be a set, let € be a category and let € be a 2-
category.
(i) An invariant on C is a function from C to C.
(i) A covariant quantization functor on € is a functor from € to Vectc.
(iii) A contravariant quantization functor on € is a functor from €°P to
Vectc.
(i) A covariant quantization 2-functor on € is a 2-functor from € to Catc.

(v) A contravariant quantization 2-functor on € is a 2-functor from €°P to
Cat(c.

DEFINITION A.7.2. A pointed category is given by a category € together with a
specified object called the base point. A pointed 2-category is given by a 2-category
@ together with a specified object called the base point.

REMARK A.7.1. By abuse of notation we will often denote pointed categories
and pointed 2-categories without specifying base points, especially when we have
natural choices for base points, as it is the case with monoidal categories and
monoidal 2-categories, for which the base point will always be tacitly taken to be
the unit for the tensor product.

Let us start by recalling the universal construction, which was introduced in
[BHMV95|. In order to do so let us fix a pointed category € with base point
2o € Ob(®), let us consider the set C := Homg(xg,xg) and an invariant ¢ on C.

Let 2 be an object of €, let 7' (x) be the free complex vector space generated
by the set Homg (zo, ) and let 7/(z) be the free complex vector space generated
by the set Homeg (z, z9). We define the linear map

Yy ¥ (x) = Home (7 (), C)
which maps every vector f, : o — x in the basis of 7'(x) to the linear map
Vulfe) : 7' (x) = C

mapping every vector f, : & — x¢ in the basis of 7”/(z) to the evaluation ([, o f,).
Analogously we define the linear map

! V' () — Home (7 (), C)
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which maps every vector f! : x — xo in the basis of 7”/(z) to the linear map
Up(fe) 1 7 (x) = C
mapping every vector f, : £og — x in the basis of 7'(z) to the evaluation ¥(f2 o f,).

DEFINITION A.7.3. The covariant universal vector space of x with respect to
is the complex vector space

Vy(x) := 7 (z)/ ker ¢),.

The contravariant universal vector space of x with respect to v is the complex vector
space
Vi (x) :=7"(x)/ ker i),

Let f be a morphism of € from x to z'.

DEFINITION A.7.4. The covariant universal linear map of f with respect to ¥
is the linear map
£y (f) : Vi (2) - Vi (')
[fz1$0—>$] = [fofzia?oﬁl‘/}
The contravariant universal linear map of f with respect to 1 is the linear map
f{p(f) : V;b(a:’) — Vib(a:)
[fe, ia' = mo] — [flof:x— o]

x
DEFINITION A.7.5. The universal construction associates with an invariant
on C the following data:
(i) a covariant quantization functor Uy, : € — Vectc mapping each object
x of € to Vy(z) and each morphism f of € to f,(f);
(i4) a contravariant quantization functor U, : €°P — Vectc mapping each
object z of €°P to V,(z) and each morphism f of €°P to f},(f).

REMARK A.7.2. For every object = of € the pairing
(e V() @Vy(e) — C
(el = W(fiefz)

is non-degenerate.

Let us now describe the extended universal construction, which builds on the
universal construction we just introduced. In order to do so let us fix a pointed
2-category € with base point zy € Ob(€), let us consider the pointed category
€ := G (x0, o) with base point id,, € Ob(¥), the set C := Homg (id,,,ids,) and
an invariant ¥ on C. Then the universal construction extends 1 to a covariant
quantization functor Uy : € — Vectc and to a contravariant quantization functor
Ui[) 1 €°P — Vectc.

Let x be an object of €, let /4(x) be the free linear category generated by
€ (z0,7) and let .4’ (z) be the free linear category generated by €(z,z). We
define the linear functor

Y, 1 /A(x) — Cate (4 (), Vecte)
which maps every object f, : xg — x of /4(x) to the linear functor
Vo (fe) + A (x) = Vecte
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mapping every object f. :x — o of /4'(x) to the universal vector space

Vlb(fg/c © fw)

and every vector o, : f; = fi in the basis of Hom 4 () (f, f.') to the universal
linear map

fy (o oidy,) : Vi (fr o fa) = Vo (fa' 0 fa),
and which maps every vector a, : f; = fi/ in the basis of Hom 4, (fs, fi) to the
natural transformation

associating with every object f/ : & — zg of .4'(z) the linear map
fy(idy; 0 ag) : Vip(fr 0 fa) = Vy(fa o f2)-
Analogously we define the linear functor
Yl A (r) — Cate(/4(x), Vecte)
which maps every object f. : x — x¢ of .4’ () to the linear functor
Wl (fr) : A(x) — Vecte
mapping every object f; : o — x of /A(x) to the universal vector space

Vi (fz 0 fa)
and every vector «, : f, = fi in the basis of Hom ;(,)(fz, f;) to the universal
linear map
fy(idy 0 aw) : Vy(fz 0 fo) = Vy(fz 0 £2),
and which maps every vector o, : f; = f, in the basis of Hom 4/ () (fs, f.") to the
natural transformation
Uylag) L (fe) = ¥ (f2)

associating with every object f, : xg — x of /4(x) the linear map
fy (g oidy,) : Vy(fr o fa) = Vy(fy o fa).
DEFINITION A.7.6. The covariant universal linear category of x with respect to
1 is the linear category
Ay (z) == A(x)/ keri),.
The contravariant universal linear category of x with respect to 1 is the linear
category
Ny (x) := A (x)/ ker ¢,
Let f be a 1-morphism of € from z to z’.

DEFINITION A.7.7. The covariant universal linear functor of f with respect to

1) is the linear functor
Fw(f) : Aw(l‘) — Aw(‘r/)

mapping every object f, : xo — z of Ay(x) to the object fo fy : zg —
of Ay(z') and mapping every morphism [ay : fp = fI/] of Ay(x) to the morphism
lidfoag: fofy= fofl]of Ay(z').

The contravariant universal linear functor of f with respect to 1 is the linear
functor

B () Ay (a') = Al ()
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mapping every object f;, : 2’ — zg of Aj,(z') to the object f;, o f : 2’ — g of
Ay (z) and mapping every morphism [, : f;, = f/] of A} (2) to the morphism
[al, oidy : fr 0 f = fi) o f] of A} ().

Let o be a 2-morphism of € from f:xz — x’ to f' : o — .

DEFINITION A.7.8. The covariant universal natural transformation of o with
respect to 1) is the natural transformation

mp(a) 1 Fy(f) = Fy(f)
which associates with every object f, : zg — = of Ay(z) the morphism
[Oindfz :fof:r = f/ofz]
of Ay(z').
The contravariant universal natural transformation of o with respect to 1 is
the natural transformation

My ()  Fy(f) = Fu(f)
which associates with every object f;, : 2" — xo of Aj,(2") the morphism
[idy), o0 floof = flof]
of A, ().

DEFINITION A.7.9. The extended universal construction associates with an in-
variant ¢ on C the following data:
(i) a covariant quantization 2-functor E,, : € — Catc mapping each object
x of € to Ay(x), each 1-morphism f of € to Fy(f) and each 2-morphism
a of € to ny(a);
(i) a contravariant quantization 2-functor E;b : €°P — Catc mapping each
object x of €°P to Aj,(z), each 1-morphism f of €°P to I, (f) and each
2-morphism « of €°P to n;, ().

REMARK A.7.3. For every object  of € we will denote with Ay (z) the com-
pletion of the universal linear category Ay (x), for every l-morphism f of € we
will denote with F(f) the completion of the universal linear functor F,(f) and for
every 2-morphism « of € we will denote with ), (o) the completion of the universal
linear functor ny ().



APPENDIX B

Topological appendices

We introduce the right concepts of manifolds with corners, of collars and of glu-
ings which are needed for our construction. We also fix the notation for cobordisms
and ribbon graphs. The last section contains details about Lagrangian subspaces
and Maslov indices.

REMARK B.0.1. We adopt the convention that there exists a unique orientation
on the empty set @ and that an orientation for a connected 0-dimensional manifold
is a sign, + or —. The convention we use to induce an orientation on the boundary
is the “outward normal first” convention.

B.1. Manifolds with corners

This section follows [J68]. Consider the manifolds with boundary
Ry ={zeR|z>0}, R_:={zeR|z<0}

oriented as submanifolds of R. A map f from V' C R} to R" is smooth if there
exists an open neighborhood W of V' in R™ and a smooth map g : W — R"™ such
that
gl, =1

Let X be an orientable m-dimensional topological manifold with boundary. A
chart at © € X is a pair (U, ) where U is an open subset of X containing = and
¢ : U — R} is a homeomorphism onto its image. Two charts (U, ¢) and (U, ¢’)
are compatible if the transition function

¢ o0 waun 1 PUNT) = ' UNT)

is a diffeomorphism, and they are co-oriented if the Jacobian determinant of the
transition function is positive. An (oriented) atlas with corners for X is a collection
of compatible (co-oriented) charts containing a chart at x for every x € X. An
(oriented) smooth structure with corners on an (orientable) topological manifold
with boundary is an (oriented) atlas with corners which is maximal under inclusion.
Given an (oriented) atlas with corners & for X there exists a unique maximal
(oriented) smooth structure with corners containing /.

DEFINITION B.1.1. An (oriented) manifold with corners is an (orientable) topo-
logical manifold with boundary X equipped with an (oriented) smooth structure
with corners.

If X is an oriented manifold with corners and ¢ is its oriented smooth structure
with corners then X denotes the opposite oriented manifold with corners obtained
by replacing & with the opposite oriented smooth structure with corners & which
is composed of all charts outside of & which are compatible with charts in &/. Other
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notations we will sometimes use for X are —X and (—1)X, with +X and (+1)X
denoting X.

REMARK B.1.1. If X is an (orientable) topological manifold and Y is an (ori-
ented) manifold with corners then every homeomorphism f : X — Y induces via
pull-back an (oriented) smooth structure with corners which makes X into an (ori-
ented) m-dimensional manifold with corners. Given an oriented smooth atlas with
corners & for Y the pull-back f*&f is composed of charts

(1 @) e o)
with (U, ) € o.

A map f: X — Y between manifolds with corners is smooth at x € X if it is
smooth when read in any pair of charts at « and at f(x) respectively.

DEFINITION B.1.2. A smooth map f: X — Y between manifolds with corners
is a map which is smooth at x for all x € X.

The tangent space at x € X is defined as usual as the vector space T, X of deriva-
tions on the algebra €°°(z) of germs of smooth functions at x, and the differential
dof : ToX — Ty)Y at ¥ € X of a smooth map f : X — Y between manifolds
with corners is defined using the algebra homomorphism f* : €°°(f(z)) — €°°(z).
A smooth map f: X — Y between manifolds with corners is an immersion if d, f
is injective for all € X, and it is and embedding if it is also a homeomorphism.
If X and Y are oriented manifolds with corners of the same dimension then an
embedding f : X < Y is positive if it preserves the orientations, and it is negative
otherwise.

DEFINITION B.1.3. A submanifold with corners of a manifold with corners X
is a topological submanifold Y of X together with a smooth structure with corners
making the inclusion i : Y < X into a smooth embedding.

The indez i(z) of a point x € X is the number of vanishing coordinates of ¢(z)
for any chart (U, @) at x. A connected face of a manifold with corners X is the
closure of a component of {x € X | i(x) = 1}.

DEFINITION B.1.4. A manifold with faces X is a manifold with corners whose
every point € X belongs to exactly i(x) different connected faces.

A face of a manifold with faces X is a disjoint union of connected faces and is
itself an manifold with faces, which is oriented if X is oriented.

REMARK B.1.2. If X and Y are (oriented) manifolds with faces, then so is
XxY.

DEFINITION B.1.5. An (oriented) m-dimensional (2)-manifold is given by an
(oriented) m-dimensional manifold with faces X together with a decomposition of
its boundary into a union of (oriented) faces

0X =9"XUo'X
such that 9" X N9V X is a possibly empty (oriented) face of both 9" X and 9V X. The

face 0P X is called the horizontal boundary and the face 9V X is called the vertical
boundary of X.
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REMARK B.1.3. Our abusive notation for (2)-manifolds will be the same used
for manifolds with faces.

A face of a (2)-manifold X contained in "X is a horizontal face, or a face of
horizontal type, and a face contained in 0V X is a wvertical face, or a face of vertical

type.

DEFINITION B.1.6. An isomorphism of (oriented) (2)-manifolds is a (positive)
diffeomorphism of manifolds with faces which preserves the vertical and the hori-
zontal boundaries.

REMARK B.1.4. A face of an (oriented) (2)-manifold is an (oriented) manifold
with boundary and two faces of a (2)-manifold intersect along unions of connected
components of their boundaries. A horizontal face of an (oriented) (2)-manifold is
naturally an (oriented) (2)-manifold with empty horizontal boundary and a vertical
face of an (oriented) (2)-manifold is naturally an (oriented) (2)-manifold with empty
vertical boundary. The boundary of a horizontal face coincides with its vertical
boundary and the boundary of a vertical face coincides with its horizontal boundary.

REMARK B.1.5. If X is an (oriented) n-dimensional manifold with boundary
and Y is an (oriented) m — n-dimensional manifold with boundary, then X x Y is
naturally an (oriented) m-dimensional (2)-manifold. Indeed we can define

OMX xY):=(-1)"(X x9Y), (X xY):=0X xY.
B.2. Collars

This section is adapted from Section 2 of [L0OO]. Let X be an oriented m-
dimensional (2)-manifold and let €AY and (—1)™ 12 A" be a vertical and a hori-
zontal face of X respectively with eV, e" € {4+, —}. Let YV and Y" be oriented m—1-
dimensional manifolds with boundary and let f¥ : YV — AV and f? : YY" — A" be
positive diffeomorphisms. A (horizontal) collar for the identification f¥ inside X
is a positive embedding

FV:R_ o+ xYV — X
whose image is an open neighborhood of A" inside X satisfying FV(0,y¥) = f¥(y")
for every yV € YV. A (vertical) collar for f* inside X is a positive embedding

FloYP xR = X

whose image is an open neighborhood of A" inside X satisfying F®(y*,0) = f"(y")
for every y" € Y'h.

PROPOSITION B.2.1. If X is an oriented (2)-manifold, if YV and Y are ori-
ented m — 1-dimensional manifolds with boundary, if VAV and (—1)""eP AN are
faces of X and if f¥ : YV — AV and f : Y® — AP are positive diffeomorphisms
then there exist collars F¥ and F™ for f¥ and f* inside X.

In the above situation suppose that Z is an oriented m —2-dimensional manifold
without boundary and that ¢" : Z — B® ¢V : Z — BY are positive diffeomorphisms
satisfying f" o g" = fV o ¢¥, where ¢V B" is the manifold (f")~(A" N AV) oriented
as a face of Y and (—1)™"1ehBV is the manifold (f¥)~'(A" N AY) oriented as
a face of YV. Then we say (f", f¥,g" g) is a positive compatible system around
AP N AV, and a collar for f* o g® = f¥ o g¥ inside X is a positive embedding
G :R_.v x ZxR_. < X whose image is an open neighborhood of A" N AV inside
X satisfying G(0, z,0) = f1 o g"(2) = fV 0 g¥(2) for every z € Z.
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PROPOSITION B.2.2. If X is an oriented m-dimensional (2)-manifold, if eV A¥
and (—1)™~teP AN are a wvertical and a horizontal face of X respectively and if
(f® f¥,g", ¢V) is a positive compatible system around A" N AV then there exists a
collar G for f" o g* = fV o ¢" inside X.

REMARK B.2.1. Each collar G for fhog® = f¥og" inside X induces a horizontal
collar G" for ¢g" inside Y" defined as

Gh . R_Ev X J — Yh
(t"2) = (M7HGE,2,0)
and a vertical collar GV for gV inside YV defined as
GY: ZxR_an — Yyv
() = () HG(0,28)).

PROPOSITION B.2.3. Let X be an oriented m-dimensional (2)-manifold, let
eVAY and (—1)™ 1M AP be a vertical and a horizontal face of X respectively and
let (f*, f¥,g" g") be a positive compatible system around A" N AY.

(i) For all collars G" : R_.v x Z < Y" and G¥ : Z x R_.n < YV for g®
inside Y™ and for g¥ inside YV respectively there exists a collar G for
frogh = fVogY inside X agreeing with G* and GV in a neighborhood
of {0} x Z x {0}, i.e. satisfying

UGN, ) = G(t", 2,0)
for all (t*,2) in some neighborhood of {0} x Z C R_.v x Z and
FY(GY (2,t) = G(0, 2,tV)

for all (z,t¥) in some neighborhood of Z x {0} C Z x R_.u. Moreover
any two such collars are isotopic through an isotopy which fizes some
neighborhood of {0} x Z x {0} C O(R_ov x Z x R_.n).

(ii) For all collars G :R_ov x Z x R_u = X for fogh = f¥og¥ inside X
there exist a vertical collar F™ for f* inside X and a horizontal collar
FY for fV inside X agreeing with G in a neighborhood of {0} x Z x {0},
i.e. satisfying

Fh(Gh(thv Z)v tv) = G(thv 2, tv)
for all (t*, z, V) in some neighborhood of {0} x Zx {0} C R_.v x ZxR_n
and

FY(t", GY (2, %)) = G(t", 2, 1Y)
for all (t*, z,t¥) in some neighborhood of {0} x Zx{0} C R_.v x ZxR__n,
where the collars G* and GV are those given by Remark B.2.1. Moreover

any two such collars are isotopic through an isotopy which fizes some
neighborhood of {0} x Z x {0} CR_ov x Z x R__u.

B.3. Gluing

Let X and X’ be oriented m-dimensional (2)-manifolds, let AY and A’ be
vertical faces of X and of X’ respectively, and let (—1)™~1A" and (—1)""'A™® be
horizontal faces of X and of X’ respectively. Let YV and Y™ be oriented m — 1-
dimensional manifolds with boundary, let

oYV A fYyY s AV iyt oAb oyt oAt
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be positive diffeomorphisms. Let FV : R_ x YV < X and F'V : Ry x YV — X'
be a pair of horizontal collars for f¥ and f’" inside X and X’ respectively, and let
FRiyhxR_ < X and F'™™: Yhx R, < X’ be a pair of vertical collars for f* and
f" inside X and X’ respectively. We denote with X Uy+ X’ and with X Uyn X'
the oriented m-dimensional (2)-manifolds obtained by gluing horizontally X to X’
along the (horizontal) gluing data (YV, f¥, f, FV,F"") and by gluing vertically
X to X' along the (vertical) gluing data (Y™, fh,f’h,Fh,F’h) respectively. More
precisely X Uyv X’ and X Uyn X' are obtained as topological manifolds from the
disjoint union X U X’ := ({-1} x X) U ({+1} x X) by identifying {—1} x AY to
{41} x A" using f"¥ o (f¥)~! and by identifying {—1} x A" to {+1} x A" using
I ho (f®)~! respectively. These quotient spaces come with natural (topological)
embeddings

i% X = XUyv X', %t X' = X Uyv X,

et X o X Upn X/, il 0 XD X Uy X,
Their smooth structures are the only ones making the restrictions
X NAY S XUy X 0%y X' NAY s X Uy X

i%| A
XNAY X'NA

. h . h
z})‘(|X\Ah:X\A — X Uyn X', z})‘(,}X,\A,h:X/\A’ — X Uyn X'

and the maps

FYUyw FY RxYY — X Uy X/
F¥(t,y%),0] t<0

(ty¥) — [/v( V) ]
[F"™(t,y),1] t=0

FbhUyn F'" YEXR — X Uyn X/

Wt —

[F™(y",),0] t<0
[F(y"1),1] >0
into smooth embeddings. The boundary of X Uy+ X’ is decomposed as
OM(X Uyv X') := 0" X Ugyv 9" X,
OV (X Uyv X)) i= 0% (0" X N AV) Ui% (0¥ X'~ A™Y)
and the boundary of X Uyn X’ is decomposed as
(X Uyn X') 1= il (0"X ~ AM) Uil (0" X7~ A,
8¥(X Uy X') 1= 0" X Upyn 0° X
REMARK B.3.1. Let us consider oriented (2)-manifolds X, X', X" and X", let
(Y, f, f', F, F') be a gluing data for X and X’ andletg: X — X" and ¢’ : X' — X"
positive diffeomorphisms. If X" Uy X denotes the (2)-manifold determined by
the gluing data
(Y.gofigof.goF g oF)
we get a natural positive diffeomorphism g Uy ¢’ : X Uy X' — X" Uy X" induced
by g and ¢'.
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B.4. Cobordisms

DEFINITION B.4.1. If I" and I are oriented d — 2-dimensional closed manifolds
a d — 1-dimensional cobordism ¥ from I' to I'' is a 5-tuple

(X fe_ fe, Fx_,Fs,)

where:

(i) X is a smooth oriented d — 1-dimensional compact manifold with bound-
ary called the support whose boundary is decomposed as

with 0_X N9 Y = @;

(ii) fx_ :I' — 0_X is a positive diffeomorphism called the incoming bound-
ary identification and fx, : I'" — 04X is a positive diffeomorphisms
called the outgoing boundary identification;

(i) Fy_ Ry xI'— X is a collar for fx_;

() Fg, :R_xI"— X is a collar for fx, .

Two cobordisms ¥ and Y’ from I" to I are isomorphic if there exists a positive
diffeomorphism f : X — X’ such that:

(i) fofss =Ffsys
(i) fo Fx_ agrees with Fy/ in a neighborhood of 0 x I';
(#1i) fo Fx, agrees with Fs in a neighborhood of 0 x I’
Such a diffeomorphism f is called an isomorphism of cobordisms and is denoted
DI
REMARK B.4.1. If ¥ is a d — 1-dimensional cobordism from I" to " and X’ is
a smooth oriented d — 1-dimensional compact manifold with boundary then every

positive diffeomorphism f : X — X’ induces an isomorphism of cobordisms between
> and

Y =(X fofo ,fofs,,foFs_ ,foFs,).

REMARK B.4.2. Every oriented smooth d — 2-dimensional closed manifold I”
determines a d — 1-dimensional cobordism I x I" from I” to itself called the trivial
cobordism of I' and given by

(I X F7 (Oaidl—')’(laid[‘%FI, X idF7FI+ X ldF)
where (0,idp) : I' — {0} x I" and (1,idp) : I' — {1} x I" project to the identity
on the second component and where F;_ : Ry — I and Fy, : R_ < I are some
fixed embeddings satisfying Fy_(ty) =t for every ty < % and Fy, (t_) =1+1_

for every t_ > —%.

REMARK B.4.3. If ¥ is a d — 1-dimensional cobordism from I" to I then we
will always denote with X the opposite cobordism from IV to I" given by

(x, feo, foo Py Py )
where:
(i) 0_X =0,% and 0, X = 0_X;
(it) Py (t4,2") = Fx, (—ty,2’) for all t; € Ry and all 2’ € I';
(i) Fy (t—,2) =Fx_(—t_,z)forallt_ € R_andallzel.
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REMARK B.4.4. Whenever we have an oriented d — 1-dimensional closed man-
ifold X' we will denote with ¥ the only d — 1-dimensional cobordism from & to @
whose support is given by X

REMARK B.4.5. If ¥ is a cobordism then we will speak of topological properties
of its support X as if they were properties of ¥ itself. For instance if X is connected
then we will say ¥ is connected.

DEFINITION B.4.2. If I" and I are oriented d — 2-dimensional closed manifolds
and ¥ and ¥’ are d — 1-dimensional cobordisms from I' to I” a d-dimensional
cobordism with corners M from ¥ to ¥’ is a 9-tuple

(M, fae s Fares fars s farys Fargs Faee s Far, s Fars)

where:

(i) M is an oriented d-dimensional compact (2)-manifold whose underlying
manifold with faces is called the support, whose horizontal boundary is
decomposed as

"M = (~1)" (M UL M)
with O M U aﬂl_M = @ and whose vertical boundary is decomposed as
"M = 0" M UOY M
with 0¥ M NoY M = @;

(i) fam + X — O™ M is a positive diffeomorphism called the incoming hor-
izontal boundary identification, fMJ}; X - 82]\4 is a positive diffeo-
morphism called the outgoing horizontal boundary identification, farv :
I' x I — 9¥ M is a positive diffeomorphism called the incoming vertical

boundary identification, fMX, :I" x I — Oy M is a positive diffeomor-
phism called the outgoing vertical boundary identification such that

fa (fo_(2)) = fare (2,0),  fan (fer (2) = farv (2,1)
for all x € I and
fMl;(fE+ (@) = for (2,0), fMi (fz;r () = fo (', 1)

for all 2’ € I';

(i) Far, : Ry x I' x Ry < M is a collar for fym o fx_ agreeing with Fix_
and idp x Fy_ in a neighborhood of {0} x I' x {0};

(iv) Fuyr : Ry x I'x R_ < M is a collar for fMle o fxr agreeing with Fy
and idp x Fr, in a neighborhood of {0} x I' x {0};

(v) Fa, RO xT" xRy < M is a collar for fym o fx, agreeing with Fs,
and idp x Fr_ in a neighborhood of {0} x I'" x {0};

(vi) Fa i RO x I" x R_ < M is a collar for fMi o fx: agreeing with Fy.
and ids x Fy, in a neighborhood of {0} x I x {0}.

Two cobordisms with corners M and M’ from ¥ to X/ are isomorphic if there
exists an isomorphism of oriented (2)-manifolds f: M — M’ such that:

(1) fofMl_* :fM’_hv fOfM_}“_ = fMjrh;
(ir) fofay = faarv, fofuy = farys
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(ii) foFu_, foFu. agree with Fi, Fpys in a neighborhood of {0} x I"x {0};

() foFp,, foFy agree with Fpy, Fiyr in a neighborhood of {0} x I x {0};.

Such an f is called an isomorphism of cobordisms with corners and is denoted
f:M— M.

REMARK B.4.6. If M is a d-dimensional cobordism with corners from ¥ to ¥’

and M’ is an oriented d-dimensional compact (2)-manifold then every isomorphism

of oriented (2)-manifolds f : M — M’ induces an isomorphism of cobordisms with
corners between M and the cobordism with corners M’ given by

(M', fofamsfofam,fofas,fofuy,foFu,foFu,foFu, foFu).

REMARK B.4.7. Every d— 1-dimensional cobordism X from I" to I determines
a d-dimensional cobordism with corners ¥ x I from ¥ to itself called the trivial
cobordism with corners of ¥ and given by

(Z X I, (idZ,O),(idZ,l),fZL X id[,fz‘Jr X id],
Fs_ XF]f,ng ><F11+,}72+ XF]77F2+ XF]+).

REMARK B.4.8. Whenever we have a d-dimensional compact manifold M with
boundary M = _M Ud, M where 0_M N9, M = @ we denote with M the only
d-dimensional cobordism with corners from d_M to d4M whose support is given
by M with incoming horizontal boundary identification given by idg_p; and with
outgoing horizontal boundary identification given by idg, as. Since we use the same
notation for all possible decompositions of the boundary, we will specify incoming
and outgoing horizontal boundaries whenever our choice will not be evident.

REMARK B.4.9. If M is a cobordism with corners then we will speak of topolog-
ical properties of its support M as if they were properties of M itself. For instance
if M is connected then we will say M is connected.

DEFINITION B.4.3. If ¥ is a d — 1-dimensional cobordism from I" to I'" and if
>’ is a d — 1-dimensional cobordism from I/ to I"” then we denote with ¥ Upr 3/
the d — 1-dimensional cobordism from I" to I'” given by

(E UF/ El?fﬂ_afﬂiraFE_aFZir)
with gluing data (I, fx, , s , Fx,, Fsr ).
DEFINITION B.4.4. If ¥ and X" are d — 1-dimensional cobordisms from I" to I,
if ¥’ and X" are d— 1-dimensional cobordisms from I to I'”’, if M is a d-dimensional
cobordism with corners from ¥ to ¥ and if M’ is a d-dimensional cobordism with

corners from Y’ to X' then we denote with MUr 1M’ the d-dimensional cobordism
with corners from ¥ Up ¥/ to X" Up X" given by

(M Uprsr M', fam Uprxr Faars Fare Urosr Faees faae s s Fars Fae, Faae, Fary)

where:

(i) the gluing data is given by the d — 1-dimensional manifold with boundary
I'" x I together with the diffeomorphisms fM}r and fy~ and with any
pair of collars

FMX:R,XF’XI(—)M, Fyrw iRy x I x I — M’

for f MY and fys~ respectively such that F' My agrees with Fs, in a neigh-
borhood of {0} xI'"x{0} C R_xI"xR, and with Fj, in a neighborhood



B.4. COBORDISMS 181

of {0} x I x {0} C R_ x I'" x R_ and such that Fy;~ agrees with Fys
in a neighborhood of {0} x I'" x {0} C Ry x I'"" x R and with Fj, in a
neighborhood of {0} x I'" x {0} C Ry x I'" x R_;
(#) the boundary of M Ur/w; M’ is decomposed as
0% (M Uprsr M') = 0" M Ups oy 92 M,
8i(M Urixr M/) = 8_};M Urrx {1} 6&M’,
0¥ (M Uprixg M') = ip (0¥ M),
O (M Uprg M') =ipp (0L M").
DEFINITION B.4.5. If ¥, ¥/ and X" are d — 1-dimensional cobordisms from I"
to I, if M is a d-dimensional cobordism with corners from X to ¥’ and if M’ is a
d-dimensional cobordism with corners from Y’ to ¥’ then we denote with M Uy M’
the d-dimensional cobordism with corners from X to X" given by
(M Ugr M, fap s faps (fare Uz faare) 0 upsrs (fary Use faagy) © wrv,
Fv s Fay Fus Fr)
where:

(7) the gluing data is given by the d— 1-dimensional manifold with boundary
Y together with the diffeomorphisms f M and fym and with any pair
of collars

FM? : X RO = M, Fym: X xRy —= M
for f MY and fj,m respectively such that FMi agrees with F;. in a neigh-

borhood of {0} x I'x {0} C Ry xI"'xR_ and with Fj/, in a neighborhood
of {0} x I x {0} C R_ x I'" x R_ and such that Fj;n agrees with Fi

in a neighborhood of {0} x I' x {0} C Ry x I' x Ry and with Fyy in a
neighborhood of {0} x I'" x {0} CR_ x I'" x Ry;
(#) the boundary of M Uxs M’ is decomposed as

O (M Usy M') = ip (0" M),
M (M Usy M') = ipp (01 M),
0¥ (M Us M"Yy =0 M Ur 8" M’,
OL(M Usy M') = 0L M Ups Oy M';
(éit) the diffeomorphisms upx; and upr s are defined as
upxy: I'xI — (I'x I)Up (I' x 1)

—1, (z, 2(t t< i
w0 er G o
upixr: I'xI — (I'"x I)Up (I x I)
@D {[—ux’,w(tm t<3
[+1, (", 20(t) = 1)) t>3

where ¢ : I — I is a diffeomorphism satisfying ¢(t) = % for all ¢ < 1,
P(t) =St forall ¢ > 3 and (3) = 3.
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DEFINITION B.4.6. If ¥ is a d — 1-dimensional cobordism from I" to I"' then the
left wedge cobordism with corners (X x I)p_ is the d-dimensional cobordism with
corners from (I x I') Up ¥ to X given by

(¥ xI,(fx,0),(ds, 1), fx_ xidy, fx, xidy,
F[_ Xid[' XF]_,FZ)_ XF[+7F2+ XF[_,F2+ XFI+)
where {5 : (I x I') Up X — X coincides with idy on X' \ Fx_(Ry x I') and with

(Fg)p_:(IxF)Ung_(RerF) — X
-1, (¢, 2)] — Fs_(t,x)
[-‘r].,Fg_ (tJr,(E)] = Fx_ (1/J+(t+)7ff)7

elsewhere for some fixed embedding ¢, : Ry — R satisfying ¢4 (t4+) =t + 1 for
all ty < 1and ¢y (ty) =t forall ty > 3.

DEFINITION B.4.7. If ¥ is a d — 1-dimensional cobordism from I" to I then
the right wedge cobordism with corners (X x I) ry is the d-dimensional cobordism

with corners from X Up: (I x TV) to X given by

(Z X I7 (7”2’0),(id2a1)af2, X idI7f2+ X id17
Fs_ XFji,in ><P’[+,F'Lr X idpr ><]‘7]7,F’2+ XF[Jr)

where ry : X Ups (I x I'") = X coincides with idx on X\ Fy (R_ x I'') and with

(FZ‘)[‘J’F:FZUF(R—XF/)UF’ (IXF/) — b))
[—1,F2+(t,,$l)] — FE_*_(’IZJ, t,),x’)
[+1, (t,2")] =  Fx (t—1,27),

elsewhere for some fixed embedding ¥_ : R_ — R_ satisfying ¢_(t_) =¢t_ — 1 for
allt_ > —land ¢_(t_) =t_ for all t_ < —3.

DEFINITION B.4.8. If ¥ is a d — 1-dimensional cobordism from I" to I'” and if
¥/ is a d — 1-dimensional cobordism from I to I'" then we denote with X LI’ the
d — 1-dimensional cobordism! from I" LU I to I'" LU I given by

(ZUE/M]CZL Lle’_7f2+ LleQJFEi uFE’_aF2+ |_|F2;_>

DEeFINITION B.4.9. If M is a d-dimensional cobordism with corners from X to
¥ and if M’ is a d-dimensional cobordism from ¥’ to ¥ then we denote with
MUM’ the d-dimensional cobordism with corners from YUY to X" LY given by

(M UM, fym U fagms fam U fams fay U far s farg U farsys
Fa, U Fa, Fage U Fpgry Fay, U oy Fags U Fpyr).

DEFINITION B.4.10. If I" and I are oriented smooth d — 2-dimensional closed
manifolds then the flip cobordism Ix(T UT’) of I' and I"" is the d — 1-dimensional
cobordism from I' U T to I'" U I given by

(Ix(ury,(0,idryr), (1, 7r,r), Fr_ xidprup, Fr, X )
where we use the notation of Remark B.4.2 and
T - rrur — rur’
(-1,2") — (41,2
(+1,z2) — (-1,2).

1f X and X’ are sets then we denote with X LU X’ the set ({—1} x X)U({+1} x X’), although
most of the time we will suppress references to the first coordinate.
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DEFINITION B.4.11. If ¥ is a d — 1-dimensional cobordism from I" to I"” and
if ¥’ is a d — 1-dimensional cobordism from I to I'" then the flip cobordism with
corners (X UY)xI of ¥ and ¥/ is the d-dimensional cobordism from

(BUX) Uprupey (Ix@"UL))
to
(IX(@UT) Urur (B'UE)
given by
(ZuX) xI,(rsus,0), sus o (idrxrury YUrur 7s7,),1),
(fo_ U fsr ) xidy, (fsq U foy) xidp,
(Fo_ UFsy ) x Fr_,Fr_ x (idpur) x Fr,,
Fr, x (idpmype) x Fy_, (FE; UFx,)x Fr,)
where we use the notation of Definitions B.4.6, B.4.7 and B.4.10.

B.5. Ribbon graphs

REMARK B.5.1. Our notation will differ from the one used in [T94] for what
concerns the orientations of edges. This is done in order to have a coherent notation
for the orientation induced on the boundary throughout the exposition.

DEFINITION B.5.1. If 3 is a 2-dimensional cobordism then an oriented vertex
set P inside X, denoted P C X, is an embedded oriented discrete set inside X
disjoint from 0% whose points are called vertices.

REMARK B.5.2. The empty set is admitted as an oriented vertex set.

Let Ix {0} denote the trivial cobordism of the oriented 0-dimensional manifold
given by the set {0} with positive orientation and let I x {0} x I denote the trivial
cobordism with corners of I x {0}.

DEFINITION B.5.2. If M is a 3-dimensional manifold with corners then a coupon
C inside M of type (k, k') is given by:
(i) an embedded oriented 2-dimensional manifold with faces C inside M
disjoint from OM;
(ii) a diffeomorphism of manifolds with faces fo : I x {0} x I — C specifying
an orientation for C' and a structure C of cobordism with corners from
Ix {0} to Ix {0} on C distinguishing an incoming horizontal boundary

O C = fo(I x {0} x {0})
and an outgoing horizontal boundary
hC = foll x {0} x {1})

called the bottom base of C and the top base of C respectively;
(#i) a set Inc of k oriented points lying along the bottom base at

{fc (kil’o,o) cohC i=1,...,k}

called the input set;
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(iv) a set Oute of k' oriented points lying along the top base at
f
{fc (klzﬂ,m) ediC |i = 1,...,k;’}

called the output set.
REMARK B.5.3. The empty set is admitted both as an input and as an output
set.

REMARK B.5.4. If M and M’ are 3-dimensional manifolds with faces and if C
is a coupon of type (k, k") inside M then every positive embedding fas : M < M’
naturally induces a coupon of type (k, k) inside M’ which will be denoted f3;(C).

REMARK B.5.5. If M is a 3-dimensional manifold with faces we will say an
embedded 1-dimensional manifold with boundary X C M intersects nicely an em-
bedded 2-dimensional manifold with faces Y € M if X NY = 90X NJY and if for
every point in this intersection the tangent vector to X is also tangent to Y but
not to dY.

DEerFINITION B.5.3. If M is a 3-dimensional cobordism with corners from ¥ to
¥ and if P C ¥ and P’ C ¥’ are oriented vertex sets then an oriented graph T
inside M from P to P', denoted T' C M, is given by:
(i) a finite set of oriented embedded smooth arcs inside M called the edges
of T}
(7i) a finite set of coupons inside M.
These data satisfy:
(i) The union of all edges F intersects OM transversely along the union of
fME (P) and fMi (P");
(i) The union of all edges E intersects C nicely along the union of Ing and
Out¢ for every coupon C;
(éii) The orientation obtained by placing a positive tangent vector to F before
a positive frame of 9 M agrees with the orientation of M at positive
vertices and disagrees at negative vertices of fym (P) and ka (P.

(iv) The orientation obtained by placing a positive tangent vector to E before
a positive tangent vector to 0%.C agrees with the orientation of C' at
positive points and disagrees at negative points of Ing and Oute for
every coupon C.

REMARK B.5.6. We will use the notation e C T for edges of T and C C T for
coupons of T'.

REMARK B.5.7. If M is a 3-dimensional cobordism with corners from ¥ to X",
if M’ is a 3-dimensional cobordism with corners from ¥’ to ¥/ and if T C M is an
oriented graph from P C ¥ to P’ C ¥’ then every time we have positive embedding
of surfaces fx, : ¥ — X and fgr : X" < X' and a positive embedding of
manifolds with faces fa; : M — M’ satisfying

fumofo=farofarms farp o for = faro fany

we obtain an oriented graph fi(T) C M’ from fx(P) to fx(P’) with an edge fas(e)
for every edge e C T and with a coupon fj;(C) for every coupon C C T.
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REMARK B.5.8. Every oriented vertex set P C ¥ naturally determines an
oriented graph P x I from P to itself inside ¥ x I called the trivial oriented graph
on P which features an edge {p} x I C P x I for every vertex p € P with orientation
determined by the orientation of p.

DEFINITION B.5.4. If ¥ is a 2-dimensional cobordism then a ribbon set P inside
>, denoted P C %, is given by:
(i) an oriented vertex set P C X;
(7) a framing given by a non-zero tangent vector v, € T,X for all p € P.

A vertex together with its framing is called a ribbon vertex.
REMARK B.5.9. The empty set is admitted as a ribbon set.

REMARK B.5.10. If ¥ and ¥/ are 2-dimensional cobordisms and if P C ¥ is a
ribbon set then every positive embedding of surfaces fx : X < X’ induces a ribbon
set fx(P) C ¥/ given by fx(P) with framing d,fx(v,) at fx(p) for every vertex
peP.

DEFINITION B.5.5. If M is a 3-dimensional cobordism with corners from ¥ to
¥ and if P C ¥ and P’ C ¥/ are ribbon sets then a ribbon graph T inside M from
P to P/, denoted T C M, is given by:

(4) an oriented graph T' C M;

(i) a framing given by a nowhere-vanishing normal vector field X, along
every edge e C T.

These data satisfy:

(i) The framing of T' equals the framing of fym (P) and fMJll (P') at their
intersection.

(ii) The framing of T equals the positive unit tangent vector of 91C at
positive input and output points and equals the negative unit tangent

vector of 9 C' at negative input and output points of C for every coupon
C.

REMARK B.5.11. The empty set is considered to be a ribbon graph.

A ribbon graph between empty ribbon sets will be called a closed ribbon graph,
a ribbon graph without coupons will be called a ribbon tangle, a ribbon tangle
between empty ribbon sets will be called a framed link and a connected framed link
will be called a framed knot.

REMARK B.5.12. If M is a 3-dimensional cobordism with corners from X to X,
if M’ is a 3-dimensional cobordism with corners from Y’ to X/ and if T C M is a
ribbon graph from P C ¥ to P’ C ¥’ then every time we have positive embedding of
surfaces fx : X < X and fxr : X7 < X and a positive embedding of manifolds
with faces fy; : M — M’ satisfying

fumofo=farofarms farp o for = faro fary
we obtain a ribbon graph fas(T) C M’ from fx(P) to fx(P’) given by fu(T') with
framing dfa(X.) along fas(e) for every edge e C T.

REMARK B.5.13. Every ribbon set P C ¥ naturally determines a ribbon tangle
P x1I from P to itself inside ¥ x I called the trivial ribbon tangle on P whose oriented
graph is given by P x I C X' x [ with framing Xy,}; = 75:(v,) along each edge
{p} x I C P x I for the natural projection 7y : X' x I — X.
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B.6. Maslov index

This section contains details on Lagrangian subspaces and Maslov indices.
Standard references are provided by [W69] and [T94]. Coefficients for homology
and cohomology groups will always be in R.

If X is a compact oriented n-dimensional manifold then for every £k =0,...,n
we have natural intersection pairings hx: Hp(X) x Hp,—;(X) — R defined by

athy b:= (Dy'a~ D'b,[X])
for all @ € Hi(X) and b € H,_;(X), where Dx denotes the Poincaré duality
isomorphism. The properties of the cup product imply
bhx a= (—l)k("fk)a thx b
for all a € Hy(X) and b € H,,_,(X).

DEFINITION B.6.1. If X is a compact oriented n-dimensional manifold a bound-
ary pair (A, B) for X is given by compact oriented n — 1-dimensional submanifolds
A and B of 0X satisfying 0X = AUB and ANB =0A=0B.

REMARK B.6.1. We admit both (@,0X) and (90X, &) as boundary pairs.

If X is a compact oriented n-dimensional manifold and (A, B) is a boundary
pair for X then for every k = 0,...,n we have natural relative intersection pairings
r’ﬂf(’B: Hy(X,A) x H,_;(X, B) — R defined again by the formula

ahy? b= (Dx'a ~ Db, [X])
for all @ € Hy,(X,A) and b € H,_,(X, B). Again, we have

b rh)B;’A a= (—1)k("_k)a rh?’B b
for all @ € H(X,A) and b € H,_,(X, B).

REMARK B.6.2. Let (A4, B) be a boundary pair for an n-dimensional compact
manifold X. If B = {a1,...,an} is a basis of Hy(X, A) then let us denote with
U = {pt,...,¢™} the basis of H*(X, A) which is dual to % under the Universal
Coefficient isomorphism and let us denote with & = {b;,...,b,,} the basis of
H, _;(X, B) which is dual to % under the Poincaré Duality isomorphism. Then for
all a € Hi(X, A) we have

a= Z((pi,@ ca; = Z(a rhﬁ’B bi) - a;.
i=1 i=1
In particular these relative pairings are always non-degenerate.

REMARK B.6.3. It follows directly from the naturality of cup and cap products
that absolute and relative pairings agree where they are both defined. More pre-
cisely, if (4, B) is a boundary pair for an n-dimensional compact manifold X and
ifga: (X,9) = (X,A), qg: (X,9) — (X, B) are inclusions then

gasahy” qpb=arx b

for all @ € Hi(X) and b € H,_;(X). In particular for every k = 0,...,n we
can characterize the annihilator Anng, (H,—%(X)) C Hg(X) as the kernel of the
homomorphism gox. : Hp(X) — Hi(X,0X) induced by inclusion.
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REMARK B.6.4. Another consequence of naturality is that compatible relative
pairings agree where they are both defined. More precisely, if (A, B) and (A’, B')
are boundary pairs for an n-dimensional compact manifold X satisfying A C A’
and if g4 : (X, A) = (X, A), g5 : (X, B') = (X, B) are inclusions then

qar+a rh;l’B/ b=a rh‘;‘(’B qB«b
for all a € H(X,A) and b € H,_,(X,B’).
PROPOSITION B.6.1. Let (A, B) be a boundary pair for an n-dimensional com-
pact manifold X, let
jA* : ank(A7aA) — ank(X; B)
be induced by inclusion and let
Oy : Hk(X,A) — Hk_l(A)
be the homomorphism coming from the long exact sequence of the pair (X, A). Then
ahiy? jab=d.ah9 %% b
foralla € Hy(X,A) and b € H,_(A,0A).

The proof essentially follows from the proof of Theorem 3.43 of Hatcher’s book
[HO02].

Now let X be a compact oriented n-dimensional manifold and let Yy be a
compact oriented separating n — 1-dimensional submanifold of X with boundary
Yy = Yo N 0X. Then Y, induces a decomposition X = X_ U Xy with X_ and

X, being codimension-0 submanifolds of X having boundaries 0X_ = Y_ U Y,
and 0X, = Yy UY, respectively, where Y_ and Y, satisfy 0X = Y_ UY, and

Y. NY, =0Y_ =0Yy, =0Y; =: Z. We do not exclude the case 0X = &, nor the
case 0Yy = @, and so Y_ and Y, may be empty, even simultaneously.

ProprosiTION B.6.2. Let X, X_, X, Y_| Yy, Yi and Z be as above and let
0X = AU B be a decomposition satisfying either A CY_ or Y_ C A. Set
A_:=ANoX_, B_:=0X_~A_
and let
Jx_ s Hi(X_,A_) = Hp(X, A),
qx, s Hy n(X,B) = Hy (X, BUX),
ex,«: Hyp(X_,B_) = H,_1(X,BUX})

be induced by inclusions. Then
Jx_sa th’B b=a mﬁ:’B’ e}i*qxﬂb
forallae H(X_,A_) and b € H,_(X, B).

The proof essentially follows from the naturality of the cup product.

When a manifold X decomposes into two pieces X_ and X, as above it is
useful to study intersection pairings on X in terms of their restrictions to X_ and
X4. The following is a crucial technical result in this direction. Consider the
subspaces XY} = Xy UYr and Y :=Y_UYyUY, of X. Let ix, : Xy — X,
tox, 10X+ = X, ixy, : XY3 — X and iy : Y — X denote inclusions.
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ProposiTION B.6.3. Let X, X_, X., Y_, Yy, Yy and Z be as above and
let imix, . and imigx_ . be subspaces of Hn_(X). Then we have the following
equalities:

Anng, (imix,,) =imixy, . C Hx(X),
Anng, (imix_, +imix, ) = imiy, C Hy(X),
Anng, (imigx,«) = imix_ . +imixy « C Hi(X),
Anng (imipx_« +imigx,«) = imix_. +imix, . +imiy, C Hy(X)
PrROOF. Remark B.6.3 and Proposition B.6.2 combine to give the equality
ax ix, +btr = 6;(1;*QXY;*04 fh?()ii’g by,

for all a € Hy(X) and b € H,x(X4), where qx_. : H(X) — Hp(X, XYz) and
ex « : Hp(Xx,0X1) — Hy(X, XY%) are induced by inclusions. Therefore, since
rhi)ii’@ is non-degenerate, the exact sequence of the pair (X, XY= ) gives the first
annihilator.

The second annihilator equals imixy_, Nimixy,, which, thanks to the Mayer-
Vietoris sequence associated with XY_ amd XY, equals imiy,.

The previous equality and Proposition B.6.1 combine to give the equality

a Mx igx, bt = Ovqoxsa hox, by

for all @ € Hi(X) and by € Hp,_(0X1), where gox« : Hp(X) — Hp(X,0X) is
induced by inclusion and where 0, : Hy(X,0X) — Hy_1(0X4) comes from the rel-
ative Mayer-Vietoris sequence associated with (X4, @) and (XY%,0X). Therefore,
since Mpx, is non-degenerate, the third annihilator equals qg)lf*(ker 04). Now the
exactness of the relative Mayer-Vietoris sequence above gives the equality

ker 0, = impx, . +imjxv,,
where px_ . @ Hp(X+) = Hp(X,0X) and jxy, « : Hp(XY%,0X) — Hy(X,0X) are
induced by inclusoons. But since px, . factors through gsx. we get
qg)lf*(impxi* —l—imjxyp) = imix .« +imixy
Finally the last annihilator equals
(imix s +imixy,.) N (imix, . +imixy «) =imix_. +imix, . +imiy,,

thanks to inclusions imix_, C imiyxy_« and imix, . C imixy,«, and thanks to
the Mayer-Vietoris sequence associated with XY_ and XY,. (I

Another technical result which will be fundamental in the following is the fol-
lowing characterization of the intersection pairing restricted to the subspace Y.

PropoOSITION B.6.4. Let X, X_, X, Y_, Yy, Y and Z be as above and let
s+ He(Y) = Hy—1(2),
Oy_«: Hn—k(Y) — Hn—k—l(Z)

be the homomorphisms coming from the Mayer-Vietoris sequences associated with
Yo and 0X and with Y_ and 0X respectivey. Then

iy*a th iy*b = (—1)k . 8y0*a r‘hZ ay_*b

foralla € Hy(Y) and b € H,_(Y).
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PrROOF. We have the commutative diagrams

HL(Y.0%) — X (0 2) — 2 (2)
4o X«

Hy(Y) JYox iz .
PoX

Hu(X,0X) ¢ Hy(X_,Y.) —— Hy_y(Y_)
JIX_x X _ %

671

Ho (V0 ) 25 v 2) =2 e 2)
qoX 4 *

H, 1Y) Jy_« 1 Zox
PX,x

Hy, (X, X4) - H, ,(X-,Y)) T’ Hy,—x-1(Yo)
6X+* X _*

where all dimension-preserving homomorphisms are induced by inclusions and all
other homomorphisms come from long exact sequences of pairs. Therefore let us
fix a € Hy(Y) and b € H,,_(Y) and let us set ag := e, y,qox«a € Hg(Yy, Z) and
b = 85)1<+*qax+*b € Hy(Y_,Z). Then we have
iy«a Mx iy«b = pox«a mg}(x,z Ty «b
= JX_+JYox00 m?{X,@ Ty b
) Yo _
= JYyxQ0 mX7 ° eXi*pXJr*b
. Y_Yo .
= JYpxQ0 FhX77 0 jyi*b_
_ . Yo,Y_ .
(=D)F 9y b M dvgeao
= (1) 95 Ly Wb mgo,z ag

(_1)k(nfk)+k(nfk71)

- ag rh}Z,(;Q’ 8X7*jy7*b_
= (—1)k - ag le/g)@ izo*ayi*b,
= (—1)k . 8}/0*@0 th 8Yi*b,

where the first equality follows from Remark B.6.3, where the second, the fourth
and the eight equality follow from the commutativity of the previous diagrams,
where the the third equality follows from Proposition B.6.2 and where the sixth
and the ninth equality follow from Proposition B.6.1. O
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Let H be a finite dimensional real vector space equipped with an antisymmetric
bilinear form w. A subspace A C H is isotropic if it satisfies A C AL. An isotropic
subspace & of H is Lagrangian if & = Z*. The pair (H,w) is called a symplectic
space if w is non-degenerate.

ExampLE B.6.1. If X' is a 4m + 2-dimensional closed oriented manifold then
its middle homology Ha,,+1(X) equipped with the intersection pairing My is a
symplectic space.

PROPOSITION B.6.5. Let M be a compact oriented (4m + 3)-dimensional man-
ifold and let igpy : OM — M denote the inclusion of OM inside M. Then
kerigare C Homa1(OM) is a Lagrangian subpace of (Ham+1(OM), Manr).

PROOF. Propostion B.6.1 gives for all a € Hapi2(M,0M), b € Hopy1(OM)
the equality
a m‘LM’g iaM*b = 0.a FﬁaM b
where 0, : Hopmio(M,0M) — Hapy1(OM) is the homomorphism coming from the

long exact sequence of the pair (M,0M). From the non-degeneracy of rhf/[’aM we

derive kerigar. = (im d,)* and the equality kerigys. = im0, gives the result. [0

Now let X' be a compact oriented 4m + 2-dimensional manifold and let I, be a
closed oriented separating 4m + 1-dimensional submanifold of X' disjoint from 0X.
Then I induces a decomposition X = X_ U X for codimension-0 submanifolds
Y_ and XY of X with boundaries

0¥_=T_Uly, 0X,=1IyUrly,
where I'_ and I'y satisfy X = I_ LU T,. Let
Z_C H2m+1(2—)7 g—i— - H2m+1(2+)
be Lagrangian subspaces and consider inclusions ¢y : Xy — X\

PrOPOSITION B.6.6. Let X, X, X, I, Iy and I'y be as above. Then the
subspace & :=ix_ (Z_) +ix, (Z1) is a Lagrangian subspace of Hopq1(X).
Proor. Consider inclusions iy, : I+ — X and set
Ly =iy, (Z+)+imir . C Hopy1(X).
Remark that imip, . C iy, (&4), so that L_ + Ly = &. Now if we set
r=r_ur,ur,

and we let ip : I' — X denote the inclusion of I" inside X, we have imip, C L_NL,.
Therefore (L+)* C (imir,)* and, thanks to Proposition B.6.3, we get

(imir,)t =imis _ +imis,, + Hyp1(2)F =imis | +imis, .

Now it is easy to study (L+)*: indeed, since both ix_, and ix . preserve intersec-
tion pairings, Proposition B.6.3 gives (L+)* =ix,, (Z+)+imis._ .. Therefore

Lt =L )" N(Ly) =i (L) +is, (L) =Z.
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Let (H,w) be a symplectic space and let A C H be an isotropic subspace. If
H|A denotes the space A+/A and w|A denotes the antisymmetric form induced by
w on H|A then (H|A,w|A) is a symplectic space. For all subspaces B C H let B|A
denote the subspace of H|A given by [(B + A) N A+]/A. We say B|A is obtained
by contraction along A.

LEMMA B.6.1. If & is a Lagrangian subspace of the symplectic space (H,w)
then for all isotropic subspaces A C H the contraction £|A is a Lagrangian subspace
of (H|A,w|A).

Proor. For all z,2',a,a’ € H we have

wx+a,2' +d)=w( ) +wlx+a,d)+wlar +ad)—wlad).
Ifz,2' € £, a,a € Aand x+a,2’ +a’ € AL then all terms on the right-hand side
are equal to 0. Therefore Z|A C (Z|A)* in (H|A,w|A). For the opposite inclusion
we have
(Z+ANA = (FtnA)+Ac Pt +A=2+ A
Therefore [(£ + A)NAL]E N AL C (£ + A)n AL and (Z]|A)* C Z|A. O

Let M be a compact oriented 4m + 3-dimensional manifold and let X'_ and
X+ be compact oriented 4m + 2-dimensional submanifolds of its boundary M
satisfying OM = XY_U X, and Y_NX, =0X_ =0X, =1 Let

igi:Ei%aM, iaMZaM‘—)M7 ipilr‘—>2i, ip: I —0M

denote inclusions. If #_ is a Lagrangian subspace of Ha,11(X-) and &4 is a
Lagrangian subspace of Hop,i1 (X5 ) then set

M*g— = {y S H2m+1(2+) | iaM*iZ+*y S i@M*iZ‘_*(g—)} - H2m+1(2+)’
M*ng = {:E € H2m+1(27) | oMty T € iaM*i2+*(g+)} C H2m+1(27).

ProPoOSITION B.6.7. Let M, ¥_, X and I' be as above. Then for all La-
grangian subspaces £ C Homi1(X-) and L+ C Hami1(X+) we have that M, Z_
is a Lagrangian subspace of Home1(Xy) and M*Zy is a Lagrangian subspace of
H2m+1(2—)-

PROOF. The kernel of the homomorphism ignrs : Homi1(OM) — Hopy1 (M)
is a Lagrangian subspace thanks to Proposition B.6.5. Moreover, since homomor-
phisms ix, . : Hopme1(X1) — Hamy1(0M) preserve intersection pairings, we also
know that ix_,(Z_) and ix, .(Z;) are isotropic subspaces of Hay,41(0M). There-
fore we have that the contraction kerigas«|ix, «(Z+) is a Lagrangian subspace of
Hopmy1(0M)|ix, (L) thanks to Lemma B.6.1. Now we claim that the space
Hopm41(0M)|ix, «(ZLy) is isomorphic to imigﬁ/ imip, and that, under these iso-
morphisms, the subspace kerignr|is_«(Z-) corresponds to ix, . (M,Z_)/imir,
and the subspace keriga«|ix, «(Z5) corresponds to ix_.(M*Zy)/imir,. Then,
since M.&_ D imir » and M*Z, D imir_., we can conclude. To show the claim
we remark that, since imir, Cix,.(Zx), we have (ix,.(Zs))*t C (imir,)*t. But
now, thanks to Proposition B.6.3, we have (imir,)* = imiy_,-+im ix,«. Therefore
(in (L))t =is, (L) +imis, . and Hopy 1 (OM)]is, «(Le) ~imiy_./imip,.

(I
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Let (H,w) be a symplectic space and let &, %, &3 be three Lagrangian sub-
spaces of H. Every element of the vector space

LN (L +Ps)
(31 n 32) + (31 n gg,)
is represented by some a; € &; which is equal to a sum as + agz for as € & and
az € 3. Now consider the bilinear form

<'7'> : W(gl7g2ag3) X W(glagQ;g?)) — R
(laa]; [b2 + bs]) = w(ar, be)

where a1 € £,bo € Zo,b3 € &3. This map is well-defined: indeed suppose
that a1 = as + a3z with a; € Y3 N % and by = by + bg with b; € &;. Then
we have w(ai,by) = w(as,bs) = w(az,by) = 0. Analogously for a; € & and
b; € &1 N we have w(ay,by) = 0. Moreover this map is symmetric: indeed the
equality w(ay,b;1) = 0 implies 0 = w(ag, b2) +w(az, bs) = w(as, ba) —w(bs, az), which
gives

W(Sfl,gg,ffg) =

w(al, b2) = w(ag, bg) = w(bg, CLQ) = w(bl, ag)
for all a;,b; € &;. The symmetric form (-,-) is called the Maslov form associ-

ated with the Lagrangian spaces &y, %o, ¥, and its signature, which is denoted
w( L1, Lo, Ls3), is the Maslov index of Ly, Lo, Ls.

PROPOSITION B.6.8. If (H,w) is a symplectic space and if &1, Lo, ¥3 are three
Lagrangian subspaces of H then
(L, Lo, L3) = — (Lo, L1, L3) = — (L1, L3, Lo).

If ® is a symmetric bilinear form on a finite-dimensional real vector space V'
then we denote with o(®) its signature.

LEMMA B.6.2. Let V be a finite dimensional real vector space equipped with a
symmetric bilinear form ® and let W C V be a linear subspace. If W is isotropic

then
oc(®)=0 ((I)|WLxWi> .

The signature of a compact oriented 4k-dimensional manifold X is the signature
of the symmetric intersection form Mx: Har(X) X Hop(X) — R and is denoted
o(X). Let W be a compact oriented 4k-dimensional manifold, let My be a compact
oriented separating 4k — 1-dimensional submanifold of W with dMy = My N OW
inducing a decomposition W = W_ U W, for codimension-0 submanifolds W_ and
W, having boundaries OW_ = M_ U My and W, = MyU M, respectively, where
M_ and M, satisfty OW = M_ UM, and M_ N M, = OM_ = OMy =0M, = X.

THEOREM B.6.1. Let W, M_, My, M4 and X be as above, let
ixgx : H1(X) — Hy (M),
ixs  Hi(X) — Hi(My)
be induced by inclusions and set £y :=keriy,, and Ly :=keris, .. Then
(W) = o(W_) + 0(Wy) + u( L=, Lo, L4).
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PROOF. Let us consider the subspace M := M_ U My U My and inclusions
iwy : We = W, igw, : OWx — W and iy : M — W. Then thanks to Proposition
B.6.3 we have

(imiaw_* + imiaw+*)l =imiw_s + imiW+* +imip C Hgk(W)
and so imigw_, +imigw, « is an isotropic subspace of Hay(W). Therefore, thanks
to Lemma B.6.2, o(W) equals the signature of imiw_, + imiw, . + imiy.. Now

if we choose complements Vi for imigw, . inside imiw, . we get an orthogonal
decomposition

imiw_« + imiW+* +imiy. =V_® V+ B imips«.
Since V_ and V, carry the signature of W_ and W, respectively we get
oc(W)=0c(W_)+o(W4) + o(imip).
Let us consider the homomorphism dy. : Hor (M) — Hap—1(X) coming from the
Mayer-Vietoris sequence associated with My and OW and let us define the map
v imiwj*/(imiaw_* + imi3W+*) — W(go,g_,g_;,_)
[irr+a) — [Ooxal.
The image of Oy« equals kerix, . N keriy, . where iy, : X — OW denotes the
inclusion of X' inside 0W. Now keriy,. equals the image of the connection ho-
momorphism in the exact sequence of the pair (W, X'), which in turn equals the
image of
O—s + O4s : Hopy(M_, X)) ® Hop(My,Y) = Hop—1(X),
where Oy, : Hop(My,X) — Hop—1(X) comes from the exact sequence of the pair
(M4, ). In other words im 0y, = % N (L- + Z4). Moreover
Oox (imigw_« + imigw, ) = (Lo NZ-) + (Lo NZy)

because 0o+ © igw,« coincides with the homomorphism coming from the Mayer-
Vietoris sequence associated with M, and M. Therefore ¥ is an isomorphism.
Moreover we have Jp, = —0_, — Oy« because J_, + 01, coincides with the the
homomorphism coming from the Mayer-Vietoris sequence associated with W and
My (the order here is reversed with respect to the sequence which yields Ops).
Therefore, thanks to Proposition B.6.4, we get

iM*a fhW i]y[*b = (—1)%80*61 rh; 8,*19
= — (80*a f‘hg —8_*1))
—(liprsal, Ulipgb]).
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