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❆✳✸ ■❧❧✉0+1❛+✐♦♥ ❞✉ ❝1♦✐0❡♠❡♥+ ✶ ♣♦✐♥+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

❆✳✹ ■❧❧✉0+1❛+✐♦♥ ❞✉ ❝1♦✐0❡♠❡♥+ ✉♥✐❢♦1♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

❇✳✶ ❉21♦✉❧❡♠❡♥+ ❞❡ ❧✬❛❧❣♦1✐+❤♠❡ ❞❡ ✜❧+1❛❣❡ ❞✉ ❢1♦♥+ ❞❡ R❛1❡+♦ ❬▼■❨▼✵✸❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

❇✳✷ ▼2+❤♦❞❡ ❞❡ ❣2♥21❛+✐♦♥ ❞✬✉♥ ❢1♦♥+ ❞❡ R❛1❡+♦ ❤♦♠♦❣I♥❡ ✭✷✵ ♣♦✐♥+0✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺



①✐✐ ▲■❙❚❊ ❉❊❙ ❋■●❯❘❊❙

❇✳✸ ❚✐&❛❣❡ ❛❧+❛,♦✐&❡ ♣❛& ❤②♣❡&❝✉❜❡ ❧❛,✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

❈✳✶ ❋♦&♠❡ ;,❛♥❞❛&❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❈✳✷ ❙❝❤+♠❛ ❞❡ ;②♥,❤@;❡ ♣❛& ❧❡; ;❡♥;✐❜✐❧✐,+; ♠✐①,❡; ❙✴❑❙✴❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

❈✳✸ ❙❝❤+♠❛ ❞❡ ;②♥,❤@;❡ ❙✴❑❙✴❚ ❛✈❡❝ ♣❡&,✉&❜❛,✐♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

❈✳✹ ❙❝❤+♠❛ ❞❡ ;②♥,❤@;❡ ❙✴❑❙✴❚ ❛✈❡❝ ♠♦❞@❧❡ ❞❡ &+❢+&❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺
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✷✳✶ ❆❜%❝✐%%❡ %♣❡❝*+❛❧❡ ❞✉ %②%*1♠❡ ❜♦✉❝❧4 ♣♦✉+ ❞✐✛4+❡♥*❡% ❝♦♥%✐❣♥❡% ❞❡ ✈✐*❡%%❡ ❞❡ V0 ✳ ✺✸

✸✳✶ ◆✐✈❡❛✉ ❞❡ ❧❛ ❝♦♥*+❛✐♥*❡ σ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✷ >+✐♥❝✐♣❛✉① ❝+✐*1+❡% ❞✬♦♣*✐♠✐%❛*✐♦♥ ❞❛♥% ❧❡ ❞♦♠❛✐♥❡ *❡♠♣♦+❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸✳✸ ❘4❣❧❛❣❡ ❞❡ ❧✬❛❧❣♦+✐*❤♠❡ ❞❡ +4%♦❧✉*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✸✳✹ ❱❛❧❡✉+% ❞❡ ❧❛ ♥♦+♠❡ H∞ ❞❡% ❞✐✛4+❡♥*❡% ❝♦♥✜❣✉+❛*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✺ ❱❛❧❡✉+% ❞❡ ❧✬❡++❡✉+ ♠❛①✐♠❛❧❡ ❞❡ *❡♥%✐♦♥ ❞❡ ❜❛♥❞❡ ♣♦✉+ ❧❡% ❞✐✛4+❡♥*❡% ❝♦♥✜❣✉+❛*✐♦♥% ✾✽

✸✳✻ ❚❡♠♣% ❞❡ %②♥*❤1%❡ ❞❡% ❞✐✛4+❡♥*❡% ❛♣♣+♦❝❤❡%✱ J ❧✬❛✐❞❡ ❞✬✉♥ >❈ 4L✉✐♣4 ❞✬✉♥ ♣+♦✲

❝❡%%❡✉+ ✐♥*❡❧ ✐✼ ✾✻✵ ✭L✉❛❞❝♦+❡ ✸✳✷●❤③✮ ❡* ❞❡ ✹ ●♦ ❞❡ ❘❆▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✸✳✼ ❘4❝❛♣✐*✉❧❛*✐❢ ❞❡% ❝♦♥✜❣✉+❛*✐♦♥% ❞❡% ♣❡+*✉+❜❛*✐♦♥% ❞❡ ❝♦✉♣✉+❡ 4*✉❞✐4❡% ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

❇✳✶ ❊++❡✉+% ❞✬❡%*✐♠❛*✐♦♥% ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡* ❞❡ ❧✬4❝❛+*✲*②♣❡ ♣♦✉+ ❧❡% ❞✐✛4+❡♥*❡% ♠4*❤♦❞❡

❞❡ *✐+❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

❇✳✷ ❚❛✐❧❧❡ ❞✉ ❥❡✉ ❞❡ ♣❛+❛♠1*+❡% ♣♦✉+ ❞✐✛4+❡♥*❡% ♠4*❤♦❞❡ ❞❡ *✐+❛❣❡ ❛❧4❛*♦✐+❡ ❬▲♦✈✵✽❪ ✳ ✶✹✾
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◆♦"❛"✐♦♥& ✫ ❆❝*♦♥②♠❡&

 ❛"❛♠$%"❡' ❞❡' ♠♦❞$❧❡'

αd  ♦"✐$✐♦♥ ❛♥❣✉❧❛✐*❡ ❞✉ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡ ❞❡ ❧❛ "❡❝$✐♦♥ ❞❡ ❞/*♦✉❧❡♠❡♥$

αe  ♦"✐$✐♦♥ ❛♥❣✉❧❛✐*❡ ❞✉ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡ ❞❡ ❧❛ "❡❝$✐♦♥ ❞✬❡♥*♦✉❧❡♠❡♥$

α̇d ❱✐$❡""❡ ❛♥❣✉❧❛✐*❡ ❞✉ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡ ❞❡ ❧❛ "❡❝$✐♦♥ ❞❡ ❞/*♦✉❧❡♠❡♥$

α̇e ❱✐$❡""❡ ❛♥❣✉❧❛✐*❡ ❞✉ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡ ❞❡ ❧❛ "❡❝$✐♦♥ ❞✬❡♥*♦✉❧❡♠❡♥$

Cfsi ❈♦✉♣❧❡ ❞❡ ❢*♦$$❡♠❡♥$" "❡❝" ❞✉ i ♠❡

*♦✉❧❡❛✉

E ▼♦❞✉❧❡ ❞✬/❧❛"$✐❝✐$/ ❞❡ ❧❛ ❜❛♥❞❡ ✭♠♦❞✉❧❡ ❞❡ ❨♦✉♥❣✮

E0 ❈♦❡✣❝✐❡♥$ ✐♥$❡*♠/❞✐❛✐*❡ E0 = ES + T0
ǫi ❆❧❧♦♥❣❡♠❡♥$ *❡❧❛$✐❢ ❞❛♥" ❧❡ ❜*✐♥ ❞❡ ❜❛♥❞❡ i
ǫx ❆❧❧♦♥❣❡♠❡♥$ *❡❧❛$✐❢ ❞❛♥" ❧❛ ❞✐*❡❝$✐♦♥ x
ǫy ❆❧❧♦♥❣❡♠❡♥$ *❡❧❛$✐❢ ❞❛♥" ❧❛ ❞✐*❡❝$✐♦♥ y
ǫz ❆❧❧♦♥❣❡♠❡♥$ *❡❧❛$✐❢ ❞❛♥" ❧❛ ❞✐*❡❝$✐♦♥ z
fv(Ω(t)) ▲♦✐ ❞❡ ❢*♦$$❡♠❡♥$" ✈✐">✉❡✉① ❞/♣❡♥❞❛♥$" ❞❡ ❧❛ ✈✐$❡""❡ Ω(t)
Fj ❋♦*❝❡ ❡①❡*❝/❡ ♣❛* ❧❡ ✈/*✐♥ "✉* ❧❡ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡

h ➱♣❛✐""❡✉* ❞❡ ❧❛ ❜❛♥❞❡

Ji ■♥❡*$✐❡ ❞✉ i ♠❡

*♦✉❧❡❛✉

Jarbre ■♥❡*$✐❡ ❞❡ ❧✬❛*❜*❡ ❞❡" *♦✉❧❡❛✉① ♠♦$♦*✐"/"

Ki ❈♦♥"$❛♥$❡ ❞❡ ❝♦✉♣❧❡ ❞✉ ♠♦$❡✉* ❡♥$*❛C♥❛♥$ ❧❡ *♦✉❧❡❛✉ i
l ▲❛*❣❡✉* ❞❡ ❧❛ ❜❛♥❞❡

l0 ▲❛*❣❡✉* ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ *❡♣♦"

Li ▲♦♥❣✉❡✉* ❞✉ ❜*✐♥ ❞❡ ❜❛♥❞❡ i ❡♥$*❡ ❧❡" *♦✉❧❡❛✉① i ❡$ i+ 1
L0 ▲♦♥❣✉❡✉* ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ *❡♣♦"

Lcg ❉✐"$❛♥❝❡ ❡♥$*❡ ❧✬❛①❡ ❞❡ *♦$❛$✐♦♥ ❡$ ❧❡ ❝❡♥$*❡ ❞❡ ❣*❛✈✐$/ ❞✉ ❞❛♥"❡✉* ♣❡♥❞✉❧❛✐*❡

Ld ▲♦♥❣✉❡✉* ❞✉ ❜*❛" ❞✉ ❞❛♥"❡✉* ✭❡♥$*❡ ❧❡" ❛①❡" ❞❡ *♦$❛$✐♦♥ ❞✉ ♣❡♥❞✉❧❡ ❡$ ❞✉ *♦✉❧❡❛✉✮

Lv ❇*❛" ❞❡ ❧❡✈✐❡* ❞❡ ❧❛ ❢♦*❝❡ ❡①❡*❝/❡ "✉* ❧❡ ❞❛♥"❡✉* ♣❛* ❧❡ ✈/*✐♥ ♣♥❡✉♠❛$✐>✉❡

ν ❈♦❡✣❝✐❡♥$ ❞❡  ♦✐""♦♥

ρ ▼❛""❡ ✈♦❧✉♠✐>✉❡ ❞❡ ❧❛ ❜❛♥❞❡

ρ0 ▼❛""❡ ✈♦❧✉♠✐>✉❡ ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ *❡♣♦"

Rd ❘❛②♦♥ ❞❡ ❧❛ ❜♦❜✐♥❡ ❞/*♦✉❧❡✉*

Re ❘❛②♦♥ ❞❡ ❧❛ ❜♦❜✐♥❡ ❡♥*♦✉❧❡✉*

Ri ❘❛②♦♥ ❞✉ *♦✉❧❡❛✉ i
S ❙❡❝$✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡

S0 ❙❡❝$✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ *❡♣♦"

Ti ❚❡♥"✐♦♥ ❞❛♥" ❧❡ ❜*✐♥ ❞❡ ❜❛♥❞❡ i
Tint ❚❡♥"✐♦♥ ❞❛♥" ❧❛ "❡❝$✐♦♥ ✐♥$❡*♠/❞✐❛✐*❡
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T0 ❚❡♥&✐♦♥ ♥♦♠✐♥❛❧❡ ❞❡ ❧❛ ❜❛♥❞❡

Ui ❈♦♥&✐❣♥❡ ❞❡ ❝♦✉♣❧❡ ❞✉ ♠♦2❡✉3 ❞✉ 3♦✉❧❡❛✉ i
Vi ❱✐2❡&&❡ ❧✐♥5❛✐3❡ ❞✉ 3♦✉❧❡❛✉ i
V0 ❱✐2❡&&❡ ♥♦♠✐♥❛❧❡ ❞❡ ❞5✜❧❡♠❡♥2 ❞❡ ❧❛ ❜❛♥❞❡

Ωd ❱✐2❡&&❡ ❛♥❣✉❧❛✐3❡ ❞✉ ❞53♦✉❧❡✉3

Ωe ❱✐2❡&&❡ ❛♥❣✉❧❛✐3❡ ❞❡ ❧✬❡♥3♦✉❧❡✉3

Ωi ❱✐2❡&&❡ ❛♥❣✉❧❛✐3❡ ❞✉ 3♦✉❧❡❛✉ i
ω 8✉❧&❛2✐♦♥ ✭3❛❞✴&✮

◆♦"❛"✐♦♥& ♠❛"❤)♠❛"✐*✉❡&

‖G(s)‖
∞

◆♦3♠❡ H∞ ❞✉ &②&2>♠❡ G(s)
σi(M) i ♠❡

✈❛❧❡✉3 &✐♥❣✉❧✐>3❡ ❞❡ M
ℜ(a) 8❛32✐❡ 35❡❧❧❡ ❞✉ ♥♦♠❜3❡ ❝♦♠♣❧❡①❡ a
ℑ(a) 8❛32✐❡ ✐♠❛❣✐♥❛✐3❡ ❞✉ ♥♦♠❜3❡ ❝♦♠♣❧❡①❡ a
s ❖♣53❛2❡✉3 ❞❡ ▲❛♣❧❛❝❡

A,B,C,D ▼❛23✐❝❡& ❞✬52❛2 ❞✬✉♥ &②&2>♠❡

M0(s) ▼♦❞>❧❡ ❞❡ 35❢53❡♥❝❡

µ(a) ▼♦②❡♥♥❡ ❞❡ ❧✬❡♥&❡♠❜❧❡ ❞✉ ❥❡✉ ❞❡ ✈❛3✐❛❜❧❡& a

σ(a) ➱❝❛32✲2②♣❡ ❞❡ ❧✬❡♥&❡♠❜❧❡ ❞✉ ❥❡✉ ❞❡ ✈❛3✐❛❜❧❡& a

W.(s) ❋✐❧23❡ ❞❡ ♣♦♥❞53❛2✐♦♥

◆♦"❛"✐♦♥& -❡❧❛"✐✈❡& 0 ❧✬♦♣"✐♠✐&❛"✐♦♥

~f ❱❡❝2❡✉3 ❞❡& ♦❜❥❡❝2✐❢&

~x ❱❛3✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥

~g(~x) ❁ ❈♦♥23❛✐♥2❡ ❞✬✐♥5❣❛❧✐25

~h(~x) ❂ ❈♦♥23❛✐♥2❡ ❞✬5❣❛❧✐25

J ❋♦♥❝2✐♦♥ ❞❡ ❝♦I2

ωi 8♦♥❞53❛2✐♦♥ ❞❡& ♦❜❥❡❝2✐❢&

~α 8❛3❛♠>23❡& ✐♥❝❡32❛✐♥&

❆❝-♦♥②♠❡&

❇❖ ❇♦✉❝❧❡ ❖✉✈❡32❡

❇❋ ❇♦✉❝❧❡ ❋❡3♠5❡

❇▼■ ❇✐❧✐♥❡❛& ▼❛(&✐① ■♥❡+✉❛❧✐(② ✕ ■♥5❣❛❧✐25 ▼❛23✐❝✐❡❧❧❡ ❇✐❧✐♥5❛✐3❡

▲▼■ ▲✐♥❡❛& ▼❛(&✐① ■♥❡+✉❛❧✐(② ✕ ■♥5❣❛❧✐25 ▼❛23✐❝✐❡❧❧❡ ▲✐♥5❛✐3❡

▲8❱ ▲✐♥❡❛& /❛&❛♠❡(❡& ❱❛&②✐♥❣ ✕ ▲✐♥5❛✐3❡ M 8❛3❛♠>23❡& ❱❛3✐❛♥2&

▲❚■ ▲✐♥❡❛& ❚✐♠❡ ■♥✈❛&✐❛♥( ✕ ▲✐♥5❛✐3❡ M ❚❡♠♣& ■♥✈❛3✐❛♥2



✏ ■❧ ♥✬② ❛ ♣❛( ❞❡ ♣+♦❜❧.♠❡(✱ ✐❧ ♥✬② ❛ 2✉❡

❞❡( (♦❧✉4✐♦♥(✳ ✑

❆♥❞#$ ●✐❞❡

■♥"#♦❞✉❝"✐♦♥ ✫ *#♦❜❧-♠❛"✐0✉❡

❉❛♥* ❧❡* *❡❝-❡✉#* ♠❛♥✉❢❛❝-✉#✐❡#*✱ ❝♦♠♠❡ ❞❛♥* ❜❡❛✉❝♦✉♣ ❞❡ ❞♦♠❛✐♥❡*✱ ❧❡* ❡①✐❣❡♥❝❡* ❞❡ ♣❡#❢♦#✲

♠❛♥❝❡* ❝♦♥-✐♥✉❡♥- ❞❡ *✬❛❝❝#♦9-#❡ ❡- ❞❡✈✐❡♥♥❡♥- ❞❡ ♣❧✉* ❡♥ ♣❧✉* ❝♦♥-#❛✐❣♥❛♥-❡*✱ ❛✉**✐ ❜✐❡♥ ❡♥

-❡#♠❡ ❞❡ #❡♥❞❡♠❡♥- ;✉❡ ❞❡ ;✉❛❧✐-$✳

=♦✉# #$♣♦♥❞#❡ > ❝❡* ❡①✐❣❡♥❝❡*✱ ❞✐✛$#❡♥-❡* *-#❛-$❣✐❡* ♦♥- $-$ ❞$✈❡❧♦♣♣$❡*✱ ❝♦♠♠❡ ♣❛# ❡①❡♠♣❧❡* ❧❛

♠✐*❡ ❡♥ ♣❧❛❝❡ ❞❡ *$✈@#❡* ❝♦♥-#A❧❡* ❞❡ ;✉❛❧✐-$ -♦✉- ❛✉ ❧♦♥❣ ❞❡ ❧❛ ❝❤❛✐♥❡ ❞❡ ♣#♦❞✉❝-✐♦♥✱ ❧✬✐♠♣❧❛♥✲

-❛-✐♦♥ ❞❡ ❝❛♣-❡✉#* *✉♣♣❧$♠❡♥-❛✐#❡* ♦✉ ❞❡ ♠♦②❡♥* ❞❡ ❞✐❛❣♥♦*-✐❝*✳

❈❡♣❡♥❞❛♥-✱ ❧❛ ♣♦✉#*✉✐-❡ ❞❡ ❧✬❛♠$❧✐♦#❛-✐♦♥ ❞❡* ♣❡#❢♦#♠❛♥❝❡* ♣❛**❡ $❣❛❧❡♠❡♥- ♣❛* ✉♥❡ #❡♠✐*❡ ❡♥

;✉❡*-✐♦♥ ❞❡ ❧✬♦✉-✐❧ ❞❡ ♣#♦❞✉❝-✐♦♥✳ ■❧ *✬❛❣✐- ❞✬♦♣-✐♠✐*❡# ❝❡- ♦✉-✐❧✱ ✈♦✐#❡ ♠F♠❡ ❞❡ ❧❡ #❡❝♦♥❝❡✈♦✐#✳

❈❡--❡ ♣❤❛*❡ ❞✬♦♣-✐♠✐*❛-✐♦♥ ❡*- ❣$♥$#❛❧❡♠❡♥- ❜❛*$❡ *✉# ❧✬❡①♣❡#-✐*❡ ❡- ❧❡ *❛✈♦✐#✲❢❛✐#❡ ❛❝❝✉♠✉❧$* ❞❛♥*

❝❤❛❝✉♥❡ ❞❡* ❞✐*❝✐♣❧✐♥❡* ♠✐*❡* ❡♥ ♦❡✉✈#❡ ✿ ♠$❝❛♥✐;✉❡✱ $❧❡❝-#♦-❡❝❤♥✐;✉❡✱ $❧❡❝-#♦♥✐;✉❡✱ ✐♥❢♦#♠❛-✐;✉❡✱

❛✉-♦♠❛-✐;✉❡✱ ❡-❝✳ ❉❡ ♣❧✉*✱ ❧❡* ✐♥❞✉*-#✐❡❧* ♦♣-✐♠✐*❡♥- ♦✉ #❡❝♦♥H♦✐✈❡♥- ❣$♥$#❛❧❡♠❡♥- ❧❡* ❞✐✛$#❡♥-*

$❧$♠❡♥-* ♦✉ ❝♦♠♣♦*❛♥-* ❞❡ ❢❛H♦♥ ✐♥❞$♣❡♥❞❛♥-❡✱ ❡♥ ❢♦♥❝-✐♦♥ ❞❡* ❝♦♥♥❛✐**❛♥❝❡* ❞❡ ❝❤❛;✉❡ ❡①♣❡#- ❡-

❞❡* ❝♦♥-#❛✐♥-❡* ♣#♦♣#❡* > ❝❤❛;✉❡ ✐♥❞✉*-#✐❡✳ ❈❡--❡ ❞$♠❛#❝❤❡ ✏♠♦♥♦✕♠$-✐❡#✑ ♦✉ ♠♦♥♦✲❞✐*❝✐♣❧✐♥❛✐#❡

♥❡ ❝♦♥❞✉✐- ♣❛* -♦✉❥♦✉#* ❛✉① #$*✉❧-❛-* ❡*❝♦♠♣-$*✳

■❧ ❡*- ❞♦♥❝ ✐♠♣♦#-❛♥- ❞❡ ❝♦♥*✐❞$#❡# ❧❛ ♠❛❝❤✐♥❡ > ♦♣-✐♠✐*❡# ❝♦♠♠❡ ✉♥ *②*-@♠❡ ❡♥-✐❡#✱ ❝✬❡*- > ❞✐#❡

❞❛♥* *❛ ❣❧♦❜❛❧✐-$✱ ❝❛#❛❝-$#✐*$ ♣❛# ❧✬✐♥-❡#❝♦♥♥❡①✐♦♥ ❞❡ *♦✉*✲*②*-@♠❡* ❞②♥❛♠✐;✉❡*✱ ❞✬❛❝-✐♦♥♥❡✉#*✱

❞❡ ❝❛♣-❡✉#*✱ ❞❡ *②*-@♠❡* ❞❡ ❝♦♠♠❛♥❞❡✱ ❡-❝✳ ❊♥ ♣❛#❛❧❧@❧❡✱ ✐❧ ❡*- ♣#✐♠♦#❞✐❛❧ ❞✬❛✈♦✐# ✉♥❡ ❛♣♣#♦❝❤❡

♠✉❧-✐❞✐*❝✐♣❧✐♥❛✐#❡ ❡- ♠✉❧-✐♦❜❥❡❝-✐❢ ❞❛♥* ❧❛ ♣❤❛*❡ ❞✬♦♣-✐♠✐*❛-✐♦♥✳

❉❛♥* ❧❡ ❝❛❞#❡ ❞❡ ❝❡--❡ -❤@*❡✱ ♦♥ *✬✐♥-$#❡**❡ ❛✉① *②*-@♠❡* ♠$❝❛-#♦♥✐;✉❡* ❛**❡#✈✐*✱ ♥♦♥✲❧✐♥$❛✐#❡*✱

> ♣❛#❛♠@-#❡* ✈❛#✐❛♥-*✳ ▲✬♦♣-✐♠✐*❛-✐♦♥ ❞❡ -❡❧* *②*-@♠❡* ❝♦♠♣❧❡①❡* ♣#$*❡♥-❡ ❞✐✈❡#* ✈❡##♦✉* *❝✐❡♥✲

-✐✜;✉❡* ❡- -❡❝❤♥♦❧♦❣✐;✉❡*✳ ❊♥ ❡✛❡-✱ ❧❛ #❡❝❤❡#❝❤❡ ❞✬✉♥❡ ♦✉ ♣❧✉*✐❡✉#* *♦❧✉-✐♦♥* ♦♣-✐♠❛❧❡* ✈✐* > ✈✐*

❞✬✉♥ ❝❛❤✐❡# ❞❡* ❝❤❛#❣❡* ✭;✉✐ ❡*- ❧✉✐✲♠F♠❡ > ❢♦#♠❛❧✐*❡# ♦✉ > ♦♣-✐♠✐*❡#✮ ♥$❝❡**✐-❡ ❛✉ ♣#$❛❧❛❜❧❡

❞❡ ❞$✜♥✐# ❞❡* ❝#✐-@#❡* ❞❡ ✏♣❡#❢♦#♠❛♥❝❡*✑ ✭❡- ❞❡* ❝♦♥-#❛✐♥-❡*✮ ;✉✐ ♥❡ *♦♥- ♣❛* -♦✉❥♦✉#* ❢❛❝✐❧❡*

> $-❛❜❧✐#✳ ❉❡ ♣❧✉*✱ ❧✬♦♣-✐♠✐*❛-✐♦♥ ❞❡ ❧❛ ♠❛❝❤✐♥❡ ❜❛*$❡ *✉# ❞❡* ♠♦❞@❧❡* ♣❤$♥♦♠$♥♦❧♦❣✐;✉❡* ♦✉

❝♦♠♣♦#-❡♠❡♥-❛✉① ✉-✐❧✐*❡ *♦✉✈❡♥- ❞❡* ❧♦❣✐❝✐❡❧* ❞❡ ❞✐✛$#❡♥-❡* ❞✐*❝✐♣❧✐♥❡* ✭▼❛-❧❛❜✴❙✐♠✉❧✐♥❦✱ ▼❙❈

❆❞❛♠*✱ ❆❜❛;✉*✱ ❙❛♠❝❡❢✱ ✳✳✳✮ ;✉✐ ♥❡ ❝♦♠♠✉♥✐;✉❡♥- ♣❛* -♦✉❥♦✉#* ❡♥-#❡ ❡✉①✳

▲❡ ♣#♦❜❧@♠❡ ♣♦*$ ❡*- ❞✐✣❝✐❧❡✱ ♥♦♥ ❝♦♥✈❡①❡ ❡♥ ❣$♥$#❛❧✱ ❡- ❧❛ #❡❝❤❡#❝❤❡ ❞❡ *♦❧✉-✐♦♥* ❡*- ❝❤#♦♥♦✲

♣❤❛❣❡✳

❯♥❡ ❞✐✣❝✉❧-$ *✉♣♣❧$♠❡♥-❛✐#❡ ✈✐❡♥- ❞✉ ❢❛✐- ;✉❡✱ ❞❛♥* ❞❡ ♥♦♠❜#❡✉① ❝❛* ❞✬$-✉❞❡*✱ ❝❡#-❛✐♥* ♣❛#❛✲

♠@-#❡* *♦♥- ✐♥❝❡#-❛✐♥*✳ ❊♥ ❡✛❡-✱ ❝❡#-❛✐♥* ♣❛#❛♠@-#❡* *♦♥- ❞✐✣❝✐❧❡* > $✈❛❧✉❡# ♣#$❝✐*$♠❡♥-✱ ❞✬❛✉-#❡*

♦♥- ❞❡* -♦❧$#❛♥❝❡* ❞❡ ❢❛❜#✐❝❛-✐♦♥ ♦✉ ❞❡ ♠♦♥-❛❣❡✱ ❞✬❛✉-#❡* ❡♥❝♦#❡ $✈♦❧✉❡♥- ❡♥ ❢♦♥❝-✐♦♥ ❞✉ -❡♠♣*

✶



✷ ■◆❚❘❖❉❯❈❚■❖◆ ✫ )❘❖❇▲➱▼❆❚■◗❯❊

♦✉ ❞❡ ❧❡✉&' ❝♦♥❞✐+✐♦♥' ❞✬✉+✐❧✐'❛+✐♦♥✳ ❈❡' ✐♥❝❡&+✐+✉❞❡' ❞♦✐✈❡♥+ 1+&❡ ♣&✐'❡' ❡♥ ❝♦♠♣+❡ ❧♦&' ❞❡ ❧❛

♣❤❛'❡ ❞✬♦♣+✐♠✐'❛+✐♦♥✳

▲❛ ♠6+❤♦❞♦❧♦❣✐❡ ❞✬♦♣+✐♠✐'❛+✐♦♥ ❛✐♥'✐ 8✉❡ ❧❡' ❛❧❣♦&✐+❤♠❡' ❞❡ &❡❝❤❡&❝❤❡ ❞❡ ❧✬♦♣+✐♠✉♠ ❞6♣❡♥❞❡♥+

❞❡ ♥♦♠❜&❡✉① ❛'♣❡❝+' ❝♦♠♠❡ ❧❛ ❝♦♠♣❧❡①✐+6 ❞❡ ❧❛ ♠❛❝❤✐♥❡ ; ♦♣+✐♠✐'❡& ✭❝♦♠♣♦&+❡♠❡♥+' ❧✐♥6❛✐&❡'

♦✉ ♥♦♥✕❧✐♥6❛✐&❡'✱ ❞✐♠❡♥'✐♦♥✱ ♥♦♠❜&❡ ❞❡ ♣❛&❛♠?+&❡'✱ '②'+?♠❡' ❛✈❡❝ ♦✉ '❛♥' &❡+❛&❞✱ ✳✳✳✮✱ ❧❛ ♥❛+✉&❡

❡+ ❧❡ ♥♦♠❜&❡ ❞✬♦❜❥❡❝+✐❢' ❡+ ❞❡ ❝♦♥+&❛✐♥+❡' ; &❡'♣❡❝+❡&✱ ❧❛ ♥❛+✉&❡ ❡+ ❧❡ ♥♦♠❜&❡ ❞❡ ✈❛&✐❛❜❧❡' ❞❡

❞6❝✐'✐♦♥ ✭❧❡' &6❣❧❛❣❡' 8✉❡ ❧✬♦♥ '♦✉❤❛✐+❡ ♦♣+✐♠✐'❡&✱ ❧❡' ♣❛&❛♠?+&❡' ; ♦♣+✐♠✐'❡&✱ ✳✳✳✮✱ ❧❡' ♠♦❞?❧❡' ❡+
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▲❛ ✈✐%❡##❡ ❞❡ ❧❛ ❜❛♥❞❡✱ ❛✉ ♥✐✈❡❛✉ ❞✉ *♦✉❧❡❛✉✱ ❡#% ♦❜%❡♥✉❡ ❡♥ ❛♣♣❧✐?✉❛♥% ❧❡ ♣*✐♥❝✐♣❡ ❢♦♥❞❛♠❡♥%❛❧

❞❡ ❧❛ ❞②♥❛♠✐?✉❡ ❡♥ *♦%❛%✐♦♥ #✉* ✉♥ *♦✉❧❡❛✉✳ ❖♥ #✉♣♣♦#❡*❛ ?✉❡ ❧❛ ✈✐%❡##❡ ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ ♥✐✈❡❛✉

❞✉ *♦✉❧❡❛✉ ❡#% )❣❛❧❡ 9 ❧❛ ✈✐%❡##❡ ❧✐♥)❛✐*❡ ❞✉ *♦✉❧❡❛✉ ✿ ✐❧ ♥✬② ❛ ♣❛# ❞❡ ♣❛%✐♥❛❣❡✳ ▲❡ ♣❛%✐♥❛❣❡ ❡% ❧❡#

❝♦♥❞✐%✐♦♥# ❞✬❛♣♣❛*✐%✐♦♥ #♦♥% )%✉❞✐)# ❞❛♥# ❬❱❑✵✺❪✳ ▲❛ ✈✐%❡##❡ ❞✉ *♦✉❧❡❛✉ i ♣❡✉% V%*❡ ❝❛❧❝✉❧)❡ ❞❡



✶✵ ❈❍❆#■❚❘❊ ✶✳ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ❉✬❊◆❚❘❆■◆❊▼❊◆❚ ❉❊ ❇❆◆❉❊❙

Ti-1

TV

Vi+1

i i

L i

Rouleau iε i-1

ε i

Volume d’analyse

Rouleau i+1

❋✐❣✉$❡ ✶✳✶ ✕ ❱♦❧✉♠❡ ❞✬❛♥❛❧②.❡ ❡♥/0❡ ❞❡✉① 0♦✉❧❡❛✉①

❧❛ ♠❛♥✐30❡ .✉✐✈❛♥/❡ ✿

dJiΩi

dt
=

d

dt

(

JiVi
Ri

)

= Ri(Ti − Ti−1) +Kiui − Cri ✭✶✳✶✮

♦8 Ji ❡./ ❧✬✐♥❡0/✐❡ ❞✉ 0♦✉❧❡❛✉✱ Ri ❧❡ 0❛②♦♥ ❞✉ 0♦✉❧❡❛✉✳ Ωi ❡/ Vi .♦♥/ 0❡.♣❡❝/✐✈❡♠❡♥/ ❧❡. ✈✐/❡..❡.

❛♥❣✉❧❛✐0❡ ❡/ ❧✐♥=❛✐0❡ ❞✉ 0♦✉❧❡❛✉✳ Ti ❡/ Ti−1 .♦♥/ ❧❡. /❡♥.✐♦♥. ❞❡ ❜❛♥❞❡ ❡♥ ❛✈❛❧ ❡/ ❡♥ ❛♠♦♥/ ❞✉

0♦✉❧❡❛✉ i✱ Kiui ❡./ ❧❡ ❝♦✉♣❧❡ ♠♦/❡✉0 ❛♣♣❧✐?✉= ❛✉ 0♦✉❧❡❛✉✳ @♦✉0 ✉♥ 0♦✉❧❡❛✉ ♥♦♥ ♠♦/♦0✐.=✱ ❝❡ /❡0♠❡

❡./ ♥✉❧✳ Cri ❡./ ❧❡ ❝♦✉♣❧❡ 0=.✐./❛♥/ ✐♥❞✉✐/ ♣❛0 ❧❡. ❢0♦//❡♠❡♥/. ❞❡ 0♦/❛/✐♦♥ ❞✉ 0♦✉❧❡❛✉ ♣❛0 0❛♣♣♦0/

❛✉ ❜B/✐✳ ❈❡. ❢0♦//❡♠❡♥/. .♦♥/ ❞❡ ❞❡✉① /②♣❡. ✿ ❧❡. ❢0♦//❡♠❡♥/. ✈✐.?✉❡✉① ❡/ .❡❝. ✿

Cri = f(Ωi) + Cfsi ✭✶✳✷✮

❛✈❡❝ f(Ωi) ?✉✐ ❝♦00❡.♣♦♥❞ ❛✉ ❝♦✉♣❧❡ ❞❡ ❢0♦//❡♠❡♥/. ✈✐.?✉❡✉① ❢♦♥❝/✐♦♥ ❞❡ ❧❛ ✈✐/❡..❡ ✭❧❡. ❢0♦//❡✲

♠❡♥/. ✈✐.?✉❡✉① .♦♥/ ♣0♦♣♦0/✐♦♥♥❡❧. F ❧❛ ✈✐/❡..❡✱ ❛✉/♦✉0 ❞✬✉♥ ♣♦✐♥/ ❞❡ ❢♦♥❝/✐♦♥♥❡♠❡♥/ ❬❑♦I✵✵❪✮

❡/ Cfsi ?✉✐ 0❡♣0=.❡♥/❡ ❧❡ ❝♦✉♣❧❡ ❞❡ ❢0♦//❡♠❡♥/. .❡❝. ✭♦✉ ❢0♦//❡♠❡♥/. ❞❡ ❈♦✉❧♦♠❜✮✳

❉❛♥. ❧❡ ❝❛❞0❡ ❞❡ ❝❡ /0❛✈❛✐❧✱ ❧❛ ♠♦❞=❧✐.❛/✐♦♥ ❞❡. ❢0♦//❡♠❡♥/. .❡❝. /✐❡♥/ ❝♦♠♣/❡ ❞❡ ❧✬❡✛❡/ ❙/0✐❜❡❝❦✳

◆♦✉. ❛✈♦♥. ✉/✐❧✐.= ❧❡ ♠♦❞3❧❡ ❞❡ ❇♦ ❡/ @❛✈❡❧❡.❝✉ ❬❇@✽✷❪ ❬❑♦I✵✵❪✳

✶✳✷✳✷ ❚❡♥&✐♦♥ ❞❡ ❜❛♥❞❡

❆✈❛♥/ ❞✬=/❛❜❧✐0 ❧❛ 0❡❧❛/✐♦♥ ❞=❝0✐✈❛♥/ ❧❛ /❡♥.✐♦♥ ❞❡ ❜❛♥❞❡ ❡♥/0❡ ❞❡✉① 0♦✉❧❡❛✉① ❝♦♥.=❝✉/✐❢.✱ ✐❧ ❡./

✐♥/=0❡..❛♥/ ❛✉ ♣0=❛❧❛❜❧❡ ❞❡ 0❛♣♣❡❧❡0 ?✉❡❧?✉❡. ❧♦✐. =❧=♠❡♥/❛✐0❡. ❞❡ 0❤=♦❧♦❣✐❡ ❡/ ❞❡ ♠=❝❛♥✐?✉❡✳

✶✳✷✳✷✳✶ ❘❡❧❛'✐♦♥ ❡♥'+❡ ❛❧❧♦♥❣❡♠❡♥'✱ '❡♥/✐♦♥ ❡' ❝♦♥'+❛✐♥'❡

▲✬❛❧❧♦♥❣❡♠❡♥/ ❞✬✉♥❡ ❜❛♥❞❡ ❡♥ ♠♦✉✈❡♠❡♥/ ♣0♦✈✐❡♥/ ❞❡ ❧❛ ❞✐✛=0❡♥❝❡ ❞❡ ✈✐/❡..❡. ❡♥/0❡ ❧❡. 0♦✉✲

❧❡❛✉① ❡♥ ❛♠♦♥/ ❡/ ❡♥ ❛✈❛❧✳ ❆✜♥ ❞❡ ?✉❛♥/✐✜❡0 ❧✬❛❧❧♦♥❣❡♠❡♥/✱ ✐❧ ❝♦♥✈✐❡♥/ ❞❡ ❞=✜♥✐0 ❛✉ ♣0=❛❧❛❜❧❡

❧✬❛❧❧♦♥❣❡♠❡♥/ 0❡❧❛/✐❢ ǫ ❞✬✉♥❡ ❜❛♥❞❡ ✿

ǫ =
L− L0

L0
✭✶✳✸✮

♦8 L ❡/ L0 0❡♣0=.❡♥/❡♥/ 0❡.♣❡❝/✐✈❡♠❡♥/ ❧❛ ❧♦♥❣✉❡✉0 .♦✉. ❝♦♥/0❛✐♥/❡ ❡/ ❛✉ 0❡♣♦.✳

▲❡ ❝♦♠♣♦0/❡♠❡♥/ ❞✬✉♥ ♠❛/=0✐❛✉ .♦✉. ❝♦♥/0❛✐♥/❡ ❞❡ /0❛❝/✐♦♥ ❡./ ❞♦♥♥= ♣❛0 .❛ ❝♦✉0❜❡ ❝♦♥/0❛✐♥/❡✲

❛❧❧♦♥❣❡♠❡♥/✳ ▲❡ ❝♦♠♣♦0/❡♠❡♥/ ♣❡✉/ ❣=♥=0❛❧❡♠❡♥/ .❡ ❞=❝♦♠♣♦.❡0 ❡♥ ?✉❛/0❡ ❣0❛♥❞❡. ③♦♥❡. ✿ ✉♥❡

③♦♥❡ =❧❛./✐?✉❡ ♦8 ❧❡. ❞=❢♦0♠❛/✐♦♥. .♦♥/ 0=✈❡0.✐❜❧❡.✱ ✉♥❡ ③♦♥❡ ❞❡ ❞=❢♦0♠❛/✐♦♥. ✐00=✈❡0.✐❜❧❡. ✭❛♣♣❡❧=❡

=❣❛❧❡♠❡♥/ ③♦♥❡ ❞❡ ❞=❢♦0♠❛/✐♦♥. ♣❡0♠❛♥❡♥/❡.✮✱ ✉♥❡ ③♦♥❡ ❞❡ ./0✐❝/✐♦♥ ♦8 ❧❡ ♠❛/=0✐❛✉ .✬❡♥❞♦♠♠❛❣❡

❢♦0/❡♠❡♥/ ❡/ ❡♥✜♥ ❧❛ 0✉♣/✉0❡✳



✶✳✷✳ ❊◗❯❆❚■❖◆❙ ,❍➱◆❖▼➱◆❖▲❖●■◗❯❊❙ ✶✶

▲❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ❞*❝,✐- ❧❡ ❝♦♠♣♦,-❡♠❡♥- ❞✬✉♥ ♠❛-*,✐❛✉ ❞❛♥3 ❧❛ ③♦♥❡ *❧❛3-✐5✉❡ ✿ ❡❧❧❡ ❞*✜♥✐- ❧❛

,❡❧❛-✐♦♥ ❡♥-,❡ ❧✬❛❧❧♦♥❣❡♠❡♥- ,❡❧❛-✐❢ ǫ ❡- ❧❛ ❝♦♥-,❛✐♥-❡ σ ❡♥ ✐♥-,♦❞✉✐3❛♥- ❧❡ ♠♦❞✉❧❡ ❞❡ ❨♦✉♥❣ E
✭<❛✮ ✿

σ = Eǫ =
F

S
✭✶✳✹✮

F ❡3- ❧❛ ❢♦,❝❡ ❛♣♣❧✐5✉*❡ ❡- S ❧❛ 3❡❝-✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡✳

❈❡♣❡♥❞❛♥-✱ ❡♥ ❣*♥*,❛❧✱ ❧❡ ❝♦♠♣♦,-❡♠❡♥- ❞❡3 ♠❛-*,✐❛✉① 3♦✉3 ❝♦♥-,❛✐♥-❡3 ♥❡ 3❛-✐3❢❛✐- ♣❛3 ❛✉ 3❡✉❧

♠♦❞D❧❡ *❧❛3-✐5✉❡ *-❛❜❧✐ ♣❛, ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡✳ ❊♥ ❡✛❡-✱ ❧❡ ❝♦♠♣♦,-❡♠❡♥- ❞❡3 3♦❧✐❞❡3 ❞*❢♦,♠❛❜❧❡3✱

❞*❝,✐- ♣❛, ❧❛ ,❤*♦❧♦❣✐❡✱ ❛33♦❝✐❡ 3✐♠✉❧-❛♥*♠❡♥- ❧✬*❧❛3-✐❝✐-*✱ ❧❛ ✈✐3❝♦3✐-* ❡- ❧❛ ♣❧❛3-✐❝✐-* ❞✉ ♠❛-*,✐❛✉✳

■❧ ❡①✐3-❡ ❞✐✛*,❡♥-3 ♠♦❞D❧❡3 ,❤*♦❧♦❣✐5✉❡3 ❞❡ ❜❛3❡ ❝♦✉♣❧❛♥- ❧✬*❧❛3-✐❝✐-* ❡- ❧❛ ✈✐3❝♦3✐-*✱ ❝♦♠♠❡ ♣❛,

❡①❡♠♣❧❡ ❧❡ ♠♦❞D❧❡ ❞❡ ▼❛①✇❡❧❧ ♦✉ ❧❡ ♠♦❞D❧❡ ❞❡ ❱♦✐❣- ❬▲❈✾✽❪✳

❉❛♥3 ❧❡ ❝❛❞,❡ ❞❡ ❝❡ -,❛✈❛✐❧✱ ♥♦✉3 ❛❧❧♦♥3 ♥♦✉3 ❧✐♠✐-❡, R ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡✳ ❈❡♣❡♥❞❛♥-✱ ♥♦✉3 ❝♦♥3✐✲

❞*,♦♥3 5✉❡ ❧❡ ♠♦❞✉❧❡ ❞❡ ❨♦✉♥❣ ♥❡ 3❡,❛ ♣❛3 ❝♦♥♥✉ ❞❡ ❢❛T♦♥ ♣,*❝✐3❡✳ ❉✬✉♥❡ ♣❛,-✱ 3♦♥ *✈❛❧✉❛-✐♦♥

❡3- 3♦✉✈❡♥- ❞✐✣❝✐❧❡ ❡-✱ ❞✬❛✉-,❡ ♣❛,-✱ 3❛ ✈❛❧❡✉, ♥✬❡3- ♣❛3 ❝♦♥3-❛♥-❡ ❞❛♥3 ❧❡ -❡♠♣3 ❡- ♣❡✉- *✈♦❧✉❡,

❢♦,-❡♠❡♥- ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧❛ -❡♠♣*,❛-✉,❡ ❡- ❞❡ ❧✬❤✉♠✐❞✐-* ❛♠❜✐❛♥-❡3✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡ ♣❛,❛♠D-,❡

❢❡,❛ ❞♦♥❝ ❧✬♦❜❥❡- ❞✬✉♥❡ *-✉❞❡ ♣❛,-✐❝✉❧✐D,❡ ❡- 3❡3 ✈❛,✐❛-✐♦♥3 3❡,♦♥- ♣,✐3❡3 ❡♥ ❝♦♠♣-❡ ❞❛♥3 ❧✬❛♥❛❧②3❡

❞❡ ❧❛ ,♦❜✉3-❡33❡ ❞✉ 3②3-D♠❡ ❛33❡,✈✐✱ ❛✐♥3✐ 5✉❡ ❞❛♥3 ❧❛ 3②♥-❤D3❡ ❞❡ ❝♦♠♠❛♥❞❡3 R ♣❛,❛♠D-,❡3 ✐♥✲

❝❡,-❛✐♥3✳

▲✬❛❧❧♦♥❣❡♠❡♥- ❞✬✉♥ ♠❛-*,✐❛✉ 3♦✉♠✐3 R ✉♥❡ ❝♦♥-,❛✐♥-❡ ✉♥✐❛①✐❛❧❡ ✐♠♣❧✐5✉❡ *❣❛❧❡♠❡♥- ❞❡3 ❞*❢♦,♠❛✲

-✐♦♥3 ❞❛♥3 ❧❡3 ❞✐,❡❝-✐♦♥3 ♣❡,♣❡♥❞✐❝✉❧❛✐,❡3 R ❧✬❛①❡ ❞❡ ❧❛ ❝♦♥-,❛✐♥-❡✳ ❈❡3 ❝♦♥-,❛❝-✐♦♥3 ♣❡✉✈❡♥- Y-,❡

❝❛,❛❝-*,✐3*❡3 R ❧✬❛✐❞❡ ❞✉ ❝♦❡✣❝✐❡♥- ❞❡ <♦✐33♦♥ ν✳ ▲❛ ,❡❧❛-✐♦♥ ❡♥-,❡ ❧✬❛❧❧♦♥❣❡♠❡♥- ❞❛♥3 ❧❛ ❞✐,❡❝-✐♦♥

❞❡ 3♦❧❧✐❝✐-❛-✐♦♥✱ ǫx✱ ❡- ❧❛ ❝♦♥-,❛❝-✐♦♥ ❞❛♥3 ❧❡3 ❞✐,❡❝-✐♦♥3 ♣❡,♣❡♥❞✐❝✉❧❛✐,❡3 3✬❡①♣,✐♠❡ ❞❡ ❧❛ ❢❛T♦♥

3✉✐✈❛♥-❡ ✿

ǫz = ǫy = −νǫx ✭✶✳✺✮

▲❛ 3❡❝-✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡ 3❡ -,♦✉✈❡ ❞♦♥❝ ♠♦❞✐✜*❡ ❝♦♠♠❡ 3✉✐- ❬❑♦T✵✵❪ ✿

S = lh = (1 + ǫy)l0(1 + ǫz)h0 = S0(1− νǫx)2 ✭✶✳✻✮

♦^ l ❡- h ,❡♣,*3❡♥-❡♥- ❧❛ ❧❛,❣❡✉, ❡- ❧✬*♣❛✐33❡✉, ❞❡ ❧❛ ❜❛♥❞❡✳ ▲✬✐♥❞✐❝❡ 0 ,❡♣,*3❡♥-❡ ❧❡3 ❣,❛♥❞❡✉,3

❛✉ ,❡♣♦3✳

❊♥ ♣,❛-✐5✉❡✱ ♣♦✉, ❧❛ ♣❧✉♣❛,- ❞❡3 ❜❛♥❞❡3 *❧❛3-✐5✉❡3✱ ❧❛ ✈❛❧❡✉, ❞✉ -❡,♠❡ (1− νǫx)2 ❡3- -,D3 ♣,♦❝❤❡

❞❡ ✶ ❡-✱ ❞❡ ♣❛, ❝❡ ❢❛✐-✱ ❧❡ ❝♦❡✣❝✐❡♥- ❞❡ <♦✐33♦♥ 3❡,❛ ♥*❣❧✐❣* ❞❛♥3 ❧❛ 3✉✐-❡ ❞❡ ❝❡ -,❛✈❛✐❧✳

❊♥ ❛♣♣❧✐5✉❛♥- ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ✭③♦♥❡ *❧❛3-✐5✉❡✮✱ ♦♥ ♣❡✉- ❡3-✐♠❡, ❧❛ -❡♥3✐♦♥ ❞❡ ❜❛♥❞❡ R ❧✬❛✐❞❡ ❞❡

❧❛ ,❡❧❛-✐♦♥ ✿

T = ESǫx ✭✶✳✼✮

✶✳✷✳✷✳✷ ▲♦✐ ❞❡ ❝♦♥*❡+✈❛.✐♦♥ ❞❡ ❧❛ ♠❛**❡

❈♦♥3✐❞*,♦♥3 ❧❡ ✈♦❧✉♠❡ ❞✬❛♥❛❧②3❡ ♣,*3❡♥-* R ❧❛ ✜❣✉,❡ ✶✳✷✳ ▲❛ ♠❛33❡ ❞❡ ❧❛ ❜❛♥❞❡ ❛✉ ,❡♣♦3 ✭3❛♥3

❝♦♥-,❛✐♥-❡✮ ❞❛♥3 ❝❡ ✈♦❧✉♠❡ ❡3- ❞♦♥♥*❡ ♣❛, ✿

M0 = ρ0L0l0h0 ✭✶✳✽✮

▲♦,35✉❡ ❧❛ ❜❛♥❞❡ ❡3- 3♦✉♠✐3❡ R ✉♥❡ ❝♦♥-,❛✐♥-❡ ❞✬❛❧❧♦♥❣❡♠❡♥-✱ ❧❛ ♠❛33❡ ❞❡ ❧❛ ❜❛♥❞❡ ❞❛♥3 ❧❡ ✈♦❧✉♠❡

❞✬❛♥❛❧②3❡ ✈❛✉- ✿

M = ρLlh ✭✶✳✾✮
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l
0

L
0

h
0

l

L

h

F

F

❋✐❣✉$❡ ✶✳✷ ✕ ▼♦❞'❧❡ ♣♦✉, ❧❛ ❧♦✐ ❞❡ ❝♦♥1❡,✈❛3✐♦♥ ❞❡ ❧❛ ♠❛11❡

▲❡1 ❞✐♠❡♥1✐♦♥1 ❞✬✉♥❡ ❜❛♥❞❡ 1♦✉1 ❝♦♥3,❛✐♥3❡ 1♦♥3 ♦❜3❡♥✉❡1 ❡♥ ❝♦♥1✐❞8,❛♥3 ❧✬❛❧❧♦♥❣❡♠❡♥3 ,❡❧❛3✐❢

1✉✐✈❛♥3 ❧❡1 3,♦✐1 ❛①❡1 ✿

L = L0(1 + ǫx) l = l0(1 + ǫy) h = h0(1 + ǫz) ✭✶✳✶✵✮

❊♥ ❝♦♥1✐❞8,❛♥3 A✉❡ ❧❛ ♠❛11❡ ❞❡ ❧❛ ❜❛♥❞❡ ❞❛♥1 ❧❡1 ❞❡✉① ❝❛1 ✭❛✉ ,❡♣♦1 ❡3 1♦✉1 ❝♦♥3,❛✐♥3❡✮ ❡13

❝♦♥13❛♥3❡✱ ♦♥ ♦❜3✐❡♥3 ❧❛ ♠❛11❡ ✈♦❧✉♠✐A✉❡ ❬❙❤✐✾✶❪ ✿

ρ =
ρ0

(1 + ǫx)(1 + ǫy)(1 + ǫz)
✭✶✳✶✶✮

❊♥ ♥8❣❧✐❣❡❛♥3 ❧❛ ❝♦♥3,❛❝3✐♦♥ ❞❡ ❧❛ 1❡❝3✐♦♥ ❞❡ ❜❛♥❞❡ ❞✉❡ ❛✉ ❝♦❡✣❝✐❡♥3 ❞❡ I♦✐11♦♥✱ ♦♥ ❛,,✐✈❡ J ❧❛

,❡❧❛3✐♦♥ ✿

ρ =
ρ0

(1 + ǫ)
✭✶✳✶✷✮

✶✳✷✳✷✳✸ ❘❡❧❛(✐♦♥ ❡♥(,❡ ❧❛ ✈✐(❡..❡ ❞❡ ❜❛♥❞❡ ❡( ❧✬❛❧❧♦♥❣❡♠❡♥(

▲✬8A✉❛3✐♦♥ ❞❡ ❝♦♥3✐♥✉✐38 ❞❡ ❧❛ ♠8❝❛♥✐A✉❡ ❞❡1 ✢✉✐❞❡1 ♣❡✉3 L3,❡ ❛♣♣❧✐A✉8❡ J ✉♥ ❜,✐♥ ❞❡ ❜❛♥❞❡ ❡♥

♠♦✉✈❡♠❡♥3 ❬❇,❛✼✸❪ ✿

∂ρ

∂t
+ div(ρ~V ) = 0 ✭✶✳✶✸✮

❊♥ ❝♦♠❜✐♥❛♥3 ❧❡1 8A✉❛3✐♦♥1 ✭✶✳✶✷✮ ❡3 ✭✶✳✶✸✮✱ ❧❛ ,❡❧❛3✐♦♥ ❡♥3,❡ ✈✐3❡11❡ ❡3 ❛❧❧♦♥❣❡♠❡♥3 ❞❡ ❜❛♥❞❡

❞❡✈✐❡♥3 ✿

∂

∂t

(

1

1 + ǫ

)

+
∂

∂x

(

V

1 + ǫ

)

= 0 ✭✶✳✶✹✮

♦Q ǫ ❡13 ❧✬❛❧❧♦♥❣❡♠❡♥3 ,❡❧❛3✐❢ ❞❛♥1 ❧❛ ❞✐,❡❝3✐♦♥ ❞❡ ❞8♣❧❛❝❡♠❡♥3✳ ❊♥ ✐♥38❣,❛♥3 ❝❡33❡ ,❡❧❛3✐♦♥ 1✉,

❧❡ ✈♦❧✉♠❡ ❞✬❛♥❛❧②1❡ ✭❝❢ ✜❣✉,❡ ✶✳✶✮ ❡3 ❡♥ 1✉♣♣♦1❛♥3 A✉❡ ❧❛ ❧♦♥❣✉❡✉, ❞❡ ❜❛♥❞❡ ❡♥ ❝♦♥3❛❝3 ❛✈❡❝

❧❡ ,♦✉❧❡❛✉ ❡13 ♥8❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥3 ❧❛ ❧♦♥❣✉❡✉, ❞❡ ❜❛♥❞❡ ❡♥3,❡ ❧❡1 ❞❡✉① ,♦✉❧❡❛✉① ❝♦♥18❝✉3✐❢1✱ ♦♥

♦❜3✐❡♥3 ❧❛ ,❡❧❛3✐♦♥ 1✉✐✈❛♥3❡ ✿

d

dt

(

Li

1 + ǫi

)

= − Vi+1

1 + ǫi
+

Vi
1 + ǫi−1

✭✶✳✶✺✮

▲❛ ❞8♠♦♥13,❛3✐♦♥ ❡13 ❞♦♥♥8❡ ❞❛♥1 ❬❑♦V✵✵❪✳ ❈❡33❡ 8A✉❛3✐♦♥ ❞✐✛8,❡♥3✐❡❧❧❡ ♣❡,♠❡3 ❞❡ ❝❛❧❝✉❧❡, ❧✬❛❧✲

❧♦♥❣❡♠❡♥3 ,❡❧❛3✐❢ ǫi ✭❡♥3,❡ ❧❡1 ,♦✉❧❡❛✉① i ❡3 i + 1✮ ❡♥ ❢♦♥❝3✐♦♥ ❞❡ ❧✬❛❧❧♦♥❣❡♠❡♥3 ,❡❧❛3✐❢ ❡♥ ❛♠♦♥3

ǫi−1 ❡3 ❞❡1 ✈✐3❡11❡1 ❞❡1 ❞❡✉① ,♦✉❧❡❛✉① Vi ❡3 Vi+1✳
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✶✳✷✳✸ ▼♦❞'❧❡ ❧✐♥,❛✐.❡

▲❛ ❧✐♥'❛(✐)❛*✐♦♥ ❞✉ ♠♦❞/❧❡ ❡)* ♥'❝❡))❛✐(❡ ♣♦✉( ❧❛ )②♥*❤/)❡ ❞❡ ❝♦♠♠❛♥❞❡) ❧✐♥'❛✐(❡)✳ ❉❡ ♣❧✉)✱ ❡❧❧❡

♣❡(♠❡* ❧✬'*✉❞❡ ❢(':✉❡♥*✐❡❧❧❡ ❞✉ )②)*/♠❡✳ ▲❡ ❞'✈❡❧♦♣♣❡♠❡♥* ❧✐♠✐*' ❞✬♦(❞(❡ ✶ ✿

1

1 + ǫ
≈ 1− ǫ ✭✶✳✶✻✮

♣❡(♠❡* ❞❡ ❧✐♥'❛(✐)❡( ❧❛ (❡❧❛*✐♦♥ ✭✶✳✶✺✮✳ A♦✉( ❝❡❧❛✱ ✐❧ ❢❛✉❞(❛ ❞✬❛❜♦(❞ ❞'(✐✈❡( ❧❛ ♣❛(*✐❡ ❣❛✉❝❤❡ ❞❡ ❧❛

(❡❧❛*✐♦♥ ✭✶✳✶✺✮ ❛✈❛♥* ❞✬❛♣♣❧✐:✉❡( ❧❡ ❞'✈❡❧♦♣♣❡♠❡♥* ❧✐♠✐*' ❞✬♦(❞(❡ ✶✳ ❖♥ ♦❜*✐❡♥* ❛✐♥)✐ ❬❑♦G✵✵❪ ✿

L
dǫi
dt

= Vi+1 − Vi + ǫi−1Vi − ǫi(2Vi − Vi+1) ✭✶✳✶✼✮

▲❛ ❧✐♥'❛(✐)❛*✐♦♥ ❞❡ ❝❡**❡ (❡❧❛*✐♦♥ ❛✉*♦✉( ❞✬✉♥ ♣♦✐♥* ❞❡ ❢♦♥❝*✐♦♥♥❡♠❡♥*✱ ❡♥ ❝♦♥)✐❞'(❛♥* V =
V0 +∆V ✱ ǫ = ǫ0 +∆ǫ ❞♦♥♥❡ ❬❑♦G✵✵❪ ✿

L
d∆ǫi
dt

= (1 + ǫ0)(∆Vi+1 −∆Vi) + V0( ǫi−1 − ǫi) ✭✶✳✶✽✮

❈❡**❡ (❡❧❛*✐♦♥ ♣❡✉* M*(❡ *(❛♥)❝(✐*❡ ❡♥ *❡♥)✐♦♥ ❞❡ ❜❛♥❞❡ N ❧✬❛✐❞❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ❡♥ ♣♦)❛♥*

T = ESǫ ✿

L
d∆Ti
dt

= (ES + T0)(∆Vi+1 −∆Vi) + V0(Ti−1 − Ti) ✭✶✳✶✾✮

❉❛♥) ❝❡(*❛✐♥) ♠'❝❛♥✐)♠❡)✱ *❡❧) ❧❡ ❞❛♥)❡✉( ♦✉ ❧✬❛❝❝✉♠✉❧❛*❡✉(✱ ❧❛ ❧♦♥❣✉❡✉( ❞❡ ❜❛♥❞❡ ❡♥*(❡ ❞❡✉①

(♦✉❧❡❛✉① ♥✬❡)* ♣❛) *♦✉❥♦✉() ❝♦♥)*❛♥*❡ ❡* ❧❡ *❡(♠❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧❛ (❡❧❛*✐♦♥ ✭✶✳✶✺✮ ❞❡✈✐❡♥* ✿

d

dt

(

Li

1 + ǫi

)

= L
d

dt

(

1

1 + ǫi

)

+
1

1 + ǫi

dL

dt
✭✶✳✷✵✮

▲❛ (❡❧❛*✐♦♥ ✭✶✳✶✾✮ ❞❡✈✐❡♥* ❛✐♥)✐ ✿

L
d∆Ti
dt

= (ES + T0)(∆Vi+1 −∆Vi +
dLi

dt
) + V0(Ti−1 − Ti) ✭✶✳✷✶✮

❈❡) (❡❧❛*✐♦♥) ❞'❝(✐*❡) ❞❛♥) ❬❑♥✐✵✸❪ )♦♥* ✉*✐❧✐)'❡) ❞❛♥) ❧❡ ❝❛❞(❡ ❞❡ ❝❡ *(❛✈❛✐❧✱ ❛✜♥ ❞❡ ❝♦♥)*(✉✐(❡

❧❡) ♠♦❞/❧❡) ❧✐♥'❛✐(❡) ❞❡) )②)*/♠❡) '*✉❞✐')✳

✶✳✸ ▼♦❞&❧❡) ❞❡) *❧*♠❡♥-) ♣/✐♠✐-✐❢) ❞✬✉♥❡ ❧✐❣♥❡ ❞✬❡♥-/❛✐♥❡♠❡♥- ❞❡

❜❛♥❞❡) ✢❡①✐❜❧❡)

▲❡) (❡❧❛*✐♦♥) ✭✶✳✶✮ ❡* ✭✶✳✶✺✮ ♣❡(♠❡**❡♥* ❞❡ ❝♦♥)*(✉✐(❡ ❧❡) ♠♦❞/❧❡) ♥♦♥✲❧✐♥'❛✐(❡) ❞❡) '❧'♠❡♥*)

♣(✐♠✐*✐❢) ❞❡) )②)*/♠❡) ❞✬❡♥*(❛✐♥❡♠❡♥* ❞❡ ❜❛♥❞❡)✳ ◗✉❡❧:✉❡) ❡①❡♠♣❧❡) ❞❡ ♠♦❞'❧✐)❛*✐♦♥ )♦♥* ❞♦♥♥')

❝✐✲❛♣(/)✳ ❊♥)✉✐*❡✱ N ♣❛(*✐( ❞✉ ♠♦❞/❧❡ ❞❡ ❝❤❛:✉❡ '❧'♠❡♥*✱ ♦✉ ❡♥)❡♠❜❧❡ ❞✬'❧'♠❡♥*)✱ ✐❧ ❡)* ♣♦))✐❜❧❡

❞❡ ❝♦♥)*(✉✐(❡ ❧❡ )✐♠✉❧❛*❡✉( ❞❡ ❧❛ ❝❤❛Y♥❡ ❞✬❡♥*(❛✐♥❡♠❡♥* '*✉❞✐'❡✳

✶✳✸✳✶ ▲❡ ❞,.♦✉❧❡✉.

▲❡ )❝❤'♠❛ ❞❡ ♣(✐♥❝✐♣❡ ❞✉ ❞'(♦✉❧❡✉( ❡)* ❞♦♥♥' N ❧❛ ✜❣✉(❡ ✶✳✸✳ ▲❡ ❞'(♦✉❧❡✉( ❡)* ❣'♥'(❛❧❡♠❡♥* ❧❡

♣(❡♠✐❡( '❧'♠❡♥* ❞✬✉♥❡ ❧✐❣♥❡✳ ❊♥ ❞'❜✉* ❞❡ ❧✐❣♥❡✱ ❝✬❡)* ❧✉✐ :✉✐ ✈❛ ❞'(♦✉❧❡( ❧❡ ♣(♦❞✉✐*✳ ▲❛ *❡♥)✐♦♥

❞❡ ❞'(♦✉❧❡♠❡♥* ❞❡ ❧❛ ❜❛♥❞❡ ❞'♣❡♥❞ '❣❛❧❡♠❡♥* ❞❡ ❧❛ *❡♥)✐♦♥ Tb ❞❛♥) ❧❛ ❜♦❜✐♥❡✳
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K  u
d d

T V VTb
d

d
i

Ld

❋✐❣✉$❡ ✶✳✸ ✕ ❙❝❤(♠❛ ❞✉ ❞(-♦✉❧❡✉-

▲❛ -❡❧❛2✐♦♥ ✭✶✳✶✮ ❞❡✈✐❡♥2 ♣♦✉- ❧❡ ❞(-♦✉❧❡✉- ✿

dJdΩd

dt
=

d

dt

(

JdVd
Rd

)

= TdRd −Kdud − Cfs − fv(Ωd) ✭✶✳✷✷✮

❉❛♥< ❝❡22❡ -❡❧❛2✐♦♥✱ Jd ❡2 Rd -❡♣-(<❡♥2❡♥2 -❡<♣❡❝2✐✈❡♠❡♥2 ❧✬✐♥❡-2✐❡ ❡2 ❧❡ -❛②♦♥ ❞✉ ❞(-♦✉❧❡✉-✳ ❈❡<

❣-❛♥❞❡✉-< ✈❛-✐❡♥2 ❛✉ ❝♦✉-< ❞✉ 2❡♠♣<✳ Ωd ❡<2 ❧❛ ✈✐2❡<<❡ ❞❡ -♦2❛2✐♦♥ ❞✉ ❞(-♦✉❧❡✉-✳ TdRd -❡♣-(<❡♥2❡

❧❡ ❝♦✉♣❧❡ ✐♥❞✉✐2 ♣❛- ❧❛ ❜❛♥❞❡✳ Kdud -❡♣-(<❡♥2❡ ❧❡ ❝♦✉♣❧❡ ♠♦2❡✉- ❀ ❝❡ 2❡-♠❡ ♣❡✉2 D2-❡ ❝❤♦✐<✐ ♥(❣❛2✐❢

❛✜♥ ❞✬♦❜2❡♥✐- ✉♥ <✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❡♥ ❝♦✉♣❧❡ ud ♣♦<✐2✐❢✳ Cfs ❡<2 ❧❡ ❝♦✉♣❧❡ ❞❡ ❢-♦22❡♠❡♥2< <❡❝<

❡2 fv ✭G✉✐ ❞(♣❡♥❞ ❞❡ ❧❛ ✈✐2❡<<❡ ❞❡ -♦2❛2✐♦♥ ❞✉ ❞(-♦✉❧❡✉-✮ ♣❡-♠❡2 ❞❡ ♠♦❞(❧✐<❡- ❧❡< ❢-♦22❡♠❡♥2<

✈✐<G✉❡✉① ❞❡ ❧❛ ❜♦❜✐♥❡ ♣❛- -❛♣♣♦-2 ❛✉ ❜I2✐✳

▲❡ -❛②♦♥ ❡<2 ❞(2❡-♠✐♥( ♣❛- ❞(❝-(♠❡♥2❛2✐♦♥ ✿ J ❝❤❛G✉❡ 2♦✉- ♦♥ ❡♥❧K✈❡ ❧✬(♣❛✐<<❡✉- h ❞❡ ❧❛ ❜❛♥❞❡

<✉♣♣♦<(❡ ❝♦♥<2❛♥2❡ ✿

dRd

dt
= − h

2π

Vd
Rd

✭✶✳✷✸✮

▲✬✐♥❡-2✐❡ Jd -(<✉❧2❡ ❞❡ ❧❛ <♦♠♠❡ ❞❡ ❧✬✐♥❡-2✐❡ ❞❡ ❧✬❛-❜-❡ ♠♦2❡✉- Jarbre ❡2 ❞❡ ❧✬✐♥❡-2✐❡ ❞❡ ❧❛ ❜♦❜✐♥❡ ✿

Jd = Jarbre +
πρl

2
(R4 −R4

arbre) ✭✶✳✷✹✮

♦L ρ ❡<2 ❧❛ ♠❛<<❡ ✈♦❧✉♠✐G✉❡ ❡2 l ❧❛ ❧❛-❣❡✉- ❞✉ ♣-♦❞✉✐2 ❞(-♦✉❧(✳

▲✬(❧♦♥❣❛2✐♦♥ ǫd ❞✉ ❜-✐♥ ❞❡ ❜❛♥❞❡ <✐2✉( ❛♣-K< ❧❡ ❞(-♦✉❧❡✉- ❡<2 ❝❛❧❝✉❧(❡ ❡♥ ❛♣♣❧✐G✉❛♥2 ❧❛ -❡❧❛2✐♦♥

✭✶✳✶✺✮ ✿

d

dt

(

Ld

1 + ǫd

)

= − Vi
1 + ǫd

+
Vd

1 + ǫb
✭✶✳✷✺✮

♦L Vi ❡<2 ❧❛ ✈✐2❡<<❡ ❧✐♥(❛✐-❡ ❞✉ -♦✉❧❡❛✉ <✐2✉( ❛♣-K< ❧❡ ❞(-♦✉❧❡✉-✳

▲❛ ❧♦✐ ❞❡ ❍♦♦❦❡ ♣❡✉2 D2-❡ ❛♣♣❧✐G✉(❡ ❛✜♥ ❞✬♦❜2❡♥✐- ❧✬❡①♣-❡<<✐♦♥ ❞❡ ❧❛ 2❡♥<✐♦♥ ❞❡ ❞(-♦✉❧❡♠❡♥2 ✿

T = ESǫ ✭✶✳✷✻✮

▲❛ 2❡♥<✐♦♥ Tb(= ESǫb) ❡<2 ❧❛ 2❡♥<✐♦♥ ❞❛♥< ❧❛ ❞❡-♥✐K-❡ <♣✐-❡ ❞❡ ❧❛ ❜♦❜✐♥❡✳ ▲❛ ✈❛❧❡✉- ❞❡ ❝❡22❡

2❡♥<✐♦♥ ♣❡✉2 D2-❡ ❛♣♣-♦①✐♠(❡ ❞❡ ❞✐✈❡-<❡< ♠❛♥✐K-❡<✳ ❑♦R ❬❑♦R✵✵❪ ♣-♦♣♦<❡ ❞❡ ❧✉✐ ❞♦♥♥❡- ❧❛ ✈❛❧❡✉-

♥♦♠✐♥❛❧❡ ❞❡ ❧❛ 2❡♥<✐♦♥ ❞❡ ❞(-♦✉❧❡♠❡♥2 Td✳ ❊♥ -(❛❧✐2(✱ ❧❛ <✐♠✉❧❛2✐♦♥ ❞✉ ♠♦❞K❧❡ ♥♦♥✲❧✐♥(❛✐-❡ ❞✉

❞(-♦✉❧❡✉- ♠♦♥2-❡ G✉❡ ❧❛ ✈✐2❡<<❡ Vd ❡2 ❧❛ 2❡♥<✐♦♥ Td <♦♥2 ♣❡✉ ✐♥✢✉❡♥❝(❡< ♣❛- ❧❛ ✈❛❧❡✉- ❞❡ Tb✳ ❉❡

♣❧✉<✱ ❧✬❛♣♣-♦①✐♠❛2✐♦♥ ❢❛✐2❡ ♣❛- ❑♦R ♣❡-♠❡2 ❞❡ <✐♠♣❧✐✜❡- ❧❡< -❡❧❛2✐♦♥< ♦❜2❡♥✉❡< ❛♣-K< ❧✐♥(❛-✐<❛2✐♦♥✳

❆✜♥ ❞❡ ❝♦♥<2-✉✐-❡ ❧❡ ♠♦❞K❧❡ ❧✐♥(❛✐-❡ ❞✉ ❞(-♦✉❧❡✉-✱ ♥♦✉< ✉2✐❧✐<♦♥< ❧❡< -❡❧❛2✐♦♥< ✭✶✳✶✮ ❡2 ✭✶✳✶✾✮ G✉✐

<♦♥2 ❧✐♥(❛-✐<(❡< ❛✉2♦✉- ❞✬✉♥ ♣♦✐♥2 ❞❡ ❢♦♥❝2✐♦♥♥❡♠❡♥2✱ ❡♥ ❝♦♥<✐❞(-❛♥2 G✉❡ ❧❡ -❛②♦♥ ❡2 ❧✬✐♥❡-2✐❡ ❞❡

❧❛ ❜♦❜✐♥❡ ✈❛-✐❡♥2 ❧❡♥2❡♠❡♥2✳ ▲❡< ❢-♦22❡♠❡♥2< <❡❝< <♦♥2 (❣❛❧❡♠❡♥2 ♥(❣❧✐❣(< ❞❛♥< ❧❡ ♠♦❞K❧❡ ❧✐♥(❛✐-❡✳
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❊♥ ♣♦&❛♥( T = T0 + t ❡( V = V0 + v✱ ❧❛ ,❡❧❛(✐♦♥ ♣❡,♠❡((❛♥( ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ (❡♥&✐♦♥ ❞❡ ❜❛♥❞❡

❞❡✈✐❡♥( ✿

Ld
dtd
dt

= −V0td + (vi − vd)(ES + T0) ✭✶✳✷✼✮

▲❛ ,❡❧❛(✐♦♥ ❞;❝,✐✈❛♥( ❧❛ ✈✐(❡&&❡ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡✈✐❡♥( ✿

Jd
dvd
dt

= tdR
2 −KdRdud − fvvd ✭✶✳✷✽✮

■❧ ❡&( ✐♥(;,❡&&❛♥( ❞✬♦❜(❡♥✐, ❧❡& ❢♦♥❝(✐♦♥& ❞❡ (,❛♥&❢❡,( ❞❡ ❧❛ ✈✐(❡&&❡ ❡( ❞❡ ❧❛ (❡♥&✐♦♥ ❛✉ ❞;,♦✉❧❡✉,✳

▲✬❛♣♣❧✐❝❛(✐♦♥ ❞❡ ❧❛ (,❛♥&❢♦,♠;❡ ❞❡ ▲❛♣❧❛❝❡ ❝♦♥❞✉✐( @ ✿

vd(s) = −
(Lds+ V0)KdRd

P (s)
u(s) +

R2
dE0

P (s)
vi(s) ✭✶✳✷✾✮

td(s) =
E0KdRd

P (s)
u(s) +

(Jds+ fv)E0

P (s)
vi(s) ✭✶✳✸✵✮

♦) E0 = ES + T0 ❡+ P (s) = JdLds
2 + (JdV0 + Ldfv)s+ fvV0 +R2E0

✶✳✸✳✷ ▲❡& '♦✉❧❡❛✉① ❧✐❜'❡& ❡/ ♠♦/♦'✐&1&

❆✜♥ ❞❡ ❣✉✐❞❡3 ❡+ ❞❡ 4✉♣♣♦3+❡3 ❧❛ ❜❛♥❞❡ +♦✉+ ❛✉ ❧♦♥❣ ❞❡ ❧❛ ❧✐❣♥❡✱ ❞❡4 3♦✉❧❡❛✉① ❧✐❜3❡4 4♦♥+ ❡♠♣❧♦②=4✳

❈❡3+❛✐♥4 ❞❡ ❝❡4 3♦✉❧❡❛✉① 4♦♥+ ♠♦+♦3✐4=4 ❛✜♥ ❞❡ +3❛❝+❡3 ❧❛ ❜❛♥❞❡✳ ▲❛ +❡♥4✐♦♥ ❞❡ ❜❛♥❞❡ ❡♥ ❛✈❛❧ Ti
❡+ ❧❛ ✈✐+❡44❡ ❞✉ 3♦✉❧❡❛✉ Vi ❞=♣❡♥❞❡♥+ ❞❡ ❧❛ +❡♥4✐♦♥ ❡♥ ❛♠♦♥+ Ti−1 ❡+ ❧❛ ✈✐+❡44❡ ❡♥ ❛✈❛❧ Vi+1✳ ▲❡

4❝❤=♠❛ ❞❡ ♣3✐♥❝✐♣❡ ❞✉ 3♦✉❧❡❛✉ +3❛❝+❡✉3 ❡+ ❧❡4 ❞✐✛=3❡♥+❡4 ♥♦+❛+✐♦♥4 4♦♥+ ❞♦♥♥=4 D ❧❛ ✜❣✉3❡ ✶✳✹✳

K  u
i i

T
V V

Ti-1
i

i
i+1

Li

rouleau tracteur

rouleau libre

❋✐❣✉$❡ ✶✳✹ ✕ ❙❝❤=♠❛ ❞✉ 3♦✉❧❡❛✉ +3❛❝+❡✉3

▲❡ 3❛②♦♥ ❡+ ❧✬✐♥❡3+✐❡ ❞✉ 3♦✉❧❡❛✉ =+❛♥+ ❝♦♥4+❛♥+4✱ ❧❛ 3❡❧❛+✐♦♥ ♣❡3♠❡++❛♥+ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈✐+❡44❡ ❡4+

4✐♠♣❧❡ D 3=4♦✉❞3❡ ✿

Ji
dVi
dt

= (Ti − Ti−1)R2
i +KiRiui −RiCfs −Rifv(Ωi) ✭✶✳✸✶✮

❖♥ 4✉♣♣♦4❡ K✉✬✐❧ ♥✬② ❛✐+ ♣❛4 ❞❡ ❣❧✐44❡♠❡♥+ ❡♥+3❡ ❧❛ ❜❛♥❞❡ ❡+ ❧❡ 3♦✉❧❡❛✉✳ L♦✉3 ❧❡4 3♦✉❧❡❛✉① ♥♦♥

♠♦+♦3✐4=4✱ ❧❡ +❡3♠❡ KiRiui ❡4+ ♥✉❧✳ ▲❡4 3♦✉❧❡❛✉① ❧✐❜3❡4 ♣❡✉✈❡♥+ =❣❛❧❡♠❡♥+ M+3❡ =K✉✐♣=4 ❞❡ ❝❛♣✲

+❡✉34 ❞❡ ❢♦3❝❡ ❛✜♥ ❞❡ ♠❡4✉3❡3 ❧❛ +❡♥4✐♦♥ ❞❡ ❜❛♥❞❡✳

▲❛ +❡♥4✐♦♥ ❞❡ ❜❛♥❞❡ ❡♥ ❛✈❛❧ Ti ❡4+ ❝❛❧❝✉❧=❡ D ❧✬❛✐❞❡ ❞❡ ❧❛ 3❡❧❛+✐♦♥ ✿

d

dt

(

Li

1 + ǫi

)

= − Vi+1

1 + ǫi
+

Vi
1 + ǫi−1

✭✶✳✸✷✮
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❊♥ ❝♦♥&✐❞)*❛♥, ✉♥ ♣♦✐♥, ❞❡ ❢♦♥❝,✐♦♥♥❡♠❡♥, ✭T0 ❡, V0 ,❡❧& 4✉❡ T = T0 + t ❡, V = V0 + v✮✱ ❧❡&
)4✉❛,✐♦♥& ❧✐♥)❛✐*❡& ❞)❝*✐✈❛♥, ❧❛ ,❡♥&✐♦♥ ❡, ❧❛ ✈✐,❡&&❡ ❞❡ ❜❛♥❞❡ &♦♥, ❞♦♥♥)❡& ♣❛* ✿

Li
dti
dt

= (ES + T0)(vi+1 − vi) + V0(ti−1 − ti) ✭✶✳✸✸✮

Ji
dvd
dt

= (ti − ti−1)R2
i −KiRiui − fvvi ✭✶✳✸✹✮

❊♥ ✉,✐❧✐&❛♥, ❧❛ ,*❛♥&❢♦*♠) ❞❡ ▲❛♣❧❛❝❡ ♦♥ ♦❜,✐❡♥, ✿

vi(s) =
(Lis+ V0)KiRi

P (s)
ui(s) +

R2
iE0

P (s)
vi+1(s)−

LiR
2s

P (s)
ti−1 ✭✶✳✸✺✮

ti(s) =
E0KiRi

P (s)
ui(s) +

(Js+ fv)E0

P (s)
vi+1(s)−

(Jis+ fv)V0 + E0R
2
i

P (s)
ti−1 ✭✶✳✸✻✮

✶✳✸✳✸ ▲✬❡♥'♦✉❧❡✉'

▲❛ ❧✐❣♥❡ &❡ ,❡*♠✐♥❡ ❞❛♥& ❧❛ ♣❧✉♣❛*, ❞❡& ❝❛& ♣❛* ✉♥ ❡♥*♦✉❧❡✉* 4✉✐ ❛ ♣♦✉* ❜✉, ❞❡ ♠❡,,*❡ ❡♥ ❜♦❜✐♥❡&

❧❡ ♣*♦❞✉✐, ✜♥✐✳ ▲❡ &❝❤)♠❛ ❞❡ ♣*✐♥❝✐♣❡ ❞❡ ❧✬❡♥*♦✉❧❡✉* ❛①✐❛❧ ❡&, ❞♦♥♥) D ❧❛ ✜❣✉*❡ ✶✳✺✳ ▲❛ ,❡♥&✐♦♥

❞✬❡♥*♦✉❧❡♠❡♥, Te ❡&, ❞),❡*♠✐♥)❡ D ♣❛*,✐* ❞❡ ❧❛ ,❡♥&✐♦♥ Ti−1 ❡, ❞❡& ✈✐,❡&&❡& Vi ❡, Ve✳

K  u
e e

V VTi e
e

Le

Ti-1

i-1

❋✐❣✉$❡ ✶✳✺ ✕ ❙❝❤)♠❛ ❞❡ ❧✬❡♥*♦✉❧❡✉* ❛①✐❛❧

▲❛ ✈✐,❡&&❡ ❞✬❡♥*♦✉❧❡♠❡♥, ❡&, *)❣✐❡ ♣❛* ❧❛ *❡❧❛,✐♦♥ ✿

dJeΩe

dt
=

d

dt

(

JeVe
Re

)

= −TeRe +Keue − Cfs − fv(Ωe) ✭✶✳✸✼✮

▲✬✐♥❡*,✐❡ ❞❡ ❧✬❡♥*♦✉❧❡✉* Je ❡&, ❞),❡*♠✐♥)❡ ♣❛* ❧❛ *❡❧❛,✐♦♥ ✭✶✳✷✹✮✳ ▲❡ *❛②♦♥ ❡&, ❝❛❧❝✉❧) ♣❛* ✐♥❝*)✲

♠❡♥,❛,✐♦♥ ✿

dRe

dt
=

h

2π

Ve
Re

✭✶✳✸✽✮

▲✬❛❧❧♦♥❣❡♠❡♥, *❡❧❛,✐❢ ǫe ❞)♣❡♥❞ ❞❡& ✈✐,❡&&❡& Vi ❡, Ve ❡, ❞❡ ❧✬❛❧❧♦♥❣❡♠❡♥, ǫi−1 ✿

d

dt

(

Le

1 + ǫe

)

= − Ve
1 + ǫe

+
Vi

1 + ǫi−1
✭✶✳✸✾✮

❖♥ ♣*♦❝N❞❡ ❞❡ ❧❛ ♠O♠❡ ♠❛♥✐N*❡ 4✉❡ ♣♦✉* ❧❡ ❞)*♦✉❧❡✉* ♣♦✉* ❝♦♥&,*✉✐*❡ ❧❡ ♠♦❞N❧❡ ❧✐♥)❛✐*❡ ❞❡

❧✬❡♥*♦✉❧❡✉*✳ ❖♥ ♦❜,✐❡♥, ✿

Je
dve
dt

= −teR2
e +KeReue − fvve ✭✶✳✹✵✮

Le
dte
dt

= (ve − vi)(ES + T0)(ti−1 − te)V0 ✭✶✳✹✶✮



✶✳✸✳ ▼❖❉➮▲❊❙ ❉❊❙ ➱▲➱▼❊◆❚❙ -❘■▼■❚■❋❙ ✶✼

▲❡$ ❢♦♥❝)✐♦♥$ ❞❡ ),❛♥$❢❡,) ♦❜)❡♥✉❡$ ♣❛, ❛♣♣❧✐❝❛)✐♦♥ ❞❡ ❧❛ ),❛♥$❢♦,♠3❡ ❞❡ ▲❛♣❧❛❝❡ $♦♥) ❞♦♥♥3❡$

♣❛, ✿

ve(s) =
(Les+ V0)KeRe

P (s)
u(s) +

R2
eE0

P (s)
vi(s)−

R2
eV0

P (s)
ti−1(s) ✭✶✳✹✷✮

te(s) =
E0KeRe

P (s)
u(s)− (Jes+ fv)E0

P (s)
vi(s) +

(Jes+ fv)V0
P (s)

ti−1(s) ✭✶✳✹✸✮

✶✳✸✳✹ ▲❡ ❞❛♥)❡✉+ ♣❡♥❞✉❧❛✐+❡

▲❡$ ❞❛♥$❡✉,$ ♣❡♥❞✉❧❛✐,❡$ ♦✉ ❧✐♥3❛✐,❡$ $♦♥) ),;$ ♣,3$❡♥)$ ❞❛♥$ ❧✬✐♥❞✉$),✐❡✳ ■❧$ ♣❡,♠❡))❡♥)✱ ❞✬✉♥❡

♣❛,)✱ ❧❡ ❝♦♥),?❧❡ ✐♥❞✐,❡❝) ❞❡ ❧❛ )❡♥$✐♦♥ ❞❡ ❜❛♥❞❡ ❬❑❋❇

+
✵✹❪ ❬●❑G❇✶✶❪ ❡)✱ ❞✬❛✉),❡ ♣❛,)✱ ✐❧$

❛❣✐$$❡♥) ❝♦♠♠❡ ✉♥ ✜❧),❡ ♠3❝❛♥✐J✉❡ ❛✜♥ ❞❡ ,3❞✉✐,❡ ❧❡$ ♦$❝✐❧❧❛)✐♦♥$ ❡) ❧❡$ ♣❡,)✉,❜❛)✐♦♥$ ❞❡ )❡♥$✐♦♥

❬G❉❩G✵✸❪✳ ❊♥ ❣3♥3,❛❧✱ ✐❧$ $♦♥) ♣❧❛❝3$ ♣,♦❝❤❡ ❞✉ ❞3,♦✉❧❡✉, ♦✉ ❞❡ ❧✬❡♥,♦✉❧❡✉, ❛✜♥ ❞❡ ❣❛,❛♥)✐, ✉♥❡

)❡♥$✐♦♥ ❞❡ ❞3,♦✉❧❡♠❡♥) ♦✉ ❞✬❡♥,♦✉❧❡♠❡♥) ♦♣)✐♠❛❧❡✳ ▲❡ ♠♦❞;❧❡ ❞✉ ❞❛♥$❡✉, ♣❡♥❞✉❧❛✐,❡ ❛ 3)3 ❞♦♥♥3

❞❛♥$ ❬❑❋❇

+
✵✹❪✳ ❯♥❡ 3)✉❞❡ ❛✈❛♥❝3❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❛✈❡❝ ❞❛♥$❡✉, ♣❡♥❞✉❧❛✐,❡ ❛ 3)3 ♠❡♥3❡ ❞❛♥$

❬●❑G❇✶✶❪✳

▲❡ ❞❛♥$❡✉, ♣❡♥❞✉❧❛✐,❡ ❡$) ❝♦♠♣♦$3 ❞✬✉♥❡ $),✉❝)✉,❡ ❝♦♥)❡♥❛♥) ✉♥ ,♦✉❧❡❛✉ ❧✐❜,❡ J✉✐ ♣❡✉) ♣✐✈♦)❡,

❛✉)♦✉, ❞✬✉♥ ❛①❡ O✳ ❯♥ ✈3,✐♥ ♣♥❡✉♠❛)✐J✉❡ ❡$) ✉)✐❧✐$3 ❛✜♥ ❞✬❛♣♣❧✐J✉❡, ✉♥❡ ❢♦,❝❡ $✉, ❝❡))❡ $),✉❝✲

)✉,❡✳ ▲❛ ✈❛❧❡✉, ❞❡ ❝❡))❡ ❢♦,❝❡ ❞3♣❡♥❞ ❞❡ ❧❛ )❡♥$✐♦♥ ❞❡ ❜❛♥❞❡ ❞3$✐,3❡✳ ▲❡ $❝❤3♠❛ ❞❡ ♣,✐♥❝✐♣❡ ❞✉

❞❛♥$❡✉, ♣❡♥❞✉❧❛✐,❡ ❡$) ❞♦♥♥3 S ❧❛ ✜❣✉,❡ ✶✳✻✳
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❋✐❣✉$❡ ✶✳✻ ✕ ❙❝❤3♠❛ ❞✉ ❞❛♥$❡✉, ♣❡♥❞✉❧❛✐,❡

▲❛ ♣♦$✐)✐♦♥ ❛♥❣✉❧❛✐,❡ α ❞✉ ❞❛♥$❡✉, ❡$) ❝❛❧❝✉❧3❡ ❡♥ ❛♣♣❧✐J✉❛♥) ❧❡ ♣,✐♥❝✐♣❡ ❢♦♥❞❛♠❡♥)❛❧ ❞❡ ❧❛



✶✽ ❈❍❆#■❚❘❊ ✶✳ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ❉✬❊◆❚❘❆■◆❊▼❊◆❚ ❉❊ ❇❆◆❉❊❙

❞②♥❛♠✐(✉❡ ❡♥ +♦-❛-✐♦♥ ❛✉ ♣♦✐♥- O✳ ▲❡1 ❝♦✉♣❧❡1 ❛❣✐11❛♥- 1✉+ ❧❡ ❜+❛1 ❞✉ ❞❛♥1❡✉+ 1♦♥- ❞✉1 6 ❧❛

-+❛❝-✐♦♥ ❡①❡+❝8❡ ♣❛+ ❧❡1 ❞❡✉① ❜+✐♥1 ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥- ❡- ❡♥ ❛✈❛❧ ❞✉ +♦✉❧❡❛✉ ❞✉ ❞❛♥1❡✉+✱ 6 ❧❛

❢♦+❝❡ ❡①❡+❝8❡ ♣❛+ ❧❡ ✈8+✐♥ ❡- ❛✉ ♣♦✐❞1 ❞✉ ❞❛♥1❡✉+✳ ▲❡1 ❢+♦--❡♠❡♥-1 ❛✉-♦✉+ ❞❡ ❧✬❛①❡ ❞✉ ❞❛♥1❡✉+ ♥❡

❞♦✐✈❡♥- ♣❛1 =-+❡ ♥8❣❧✐❣81✳

▲❛ ♠♦❞8❧✐1❛-✐♦♥ ❞8❝+✐-❡ ❞❛♥1 ❬●❛1✶✶❪ ❞♦♥♥❡ ✿

Jdpα̈ = T1 (Ld −R) cos (α− β)+T2 (Ld +R) cos (α− θ)−FjLv cos γ−PdLcg sinα−Cf ✭✶✳✹✹✮

♦E Jdp ❡- Pd +❡♣+81❡♥-❡♥- +❡1♣❡❝-✐✈❡♠❡♥- ❧✬✐♥❡+-✐❡ ❡- ❧❡ ♣♦✐❞1 ❞❡ ❧✬❡♥1❡♠❜❧❡ ❞✉ ❞❛♥1❡✉+✳ Ld ❡1- ❧❛

❧♦♥❣✉❡✉+ ❞✉ ❜+❛1 ❞✉ ❞❛♥1❡✉+✱ ❝✬❡1- 6 ❞✐+❡ ❧❛ ❞✐1-❛♥❝❡ ❡♥-+❡ ❧✬❛①❡ ❞❡ +♦-❛-✐♦♥ ❞✉ +♦✉❧❡❛✉ ❧✐❜+❡ ❡-

❧✬❛①❡ ❞❡ +♦-❛-✐♦♥✳ Lv ❡1- ❧❛ ❞✐1-❛♥❝❡ ❡♥-+❡ ❧✬❛①❡ ❞❡ +♦-❛-✐♦♥ ❞✉ ❞❛♥1❡✉+ ❡- ❧❡ ❜♦✉- ❞❡ ❧❛ -✐❣❡ ❞✉

✈8+✐♥✳ Lcg ❡1- ❧❛ ❞✐1-❛♥❝❡ ❡♥-+❡ ❧✬❛①❡ ❞❡ +♦-❛-✐♦♥ ❡- ❧❡ ❝❡♥-+❡ ❞❡ ❣+❛✈✐-8 G ❞✉ ❞❛♥1❡✉+✳ T1 ❡- T2
1♦♥- ❧❡1 -❡♥1✐♦♥1 ❞❛♥1 ❧❡1 ❜+✐♥1 ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥- ❡- ❡♥ ❛✈❛❧ ❞✉ +♦✉❧❡❛✉ ❞❛♥1❡✉+✳ R +❡♣+81❡♥-❡ ❧❡

+❛②♦♥ ❞✉ +♦✉❧❡❛✉ ❧✐❜+❡ ❡- Cf ❝♦++❡1♣♦♥❞ ❛✉ ❝♦✉♣❧❡ ❞❡ ❢+♦--❡♠❡♥-1 ✭1❡❝1 ❡- ✈✐1(✉❡✉①✮✳ ▲✬❛♥❣❧❡ α
❡1- ❧✬❛♥❣❧❡ ❡♥-+❡ ❧❛ ✈❡+-✐❝❛❧❡ ❡- ❧❡ ❜+❛1 ❞✉ ❞❛♥1❡✉+✱ κ ❡1- ❧✬❛♥❣❧❡ ❡♥-+❡ ❧❡ ❜+❛1 ❝♦♥-❡♥❛♥- ❧❡ +♦✉❧❡❛✉

(✉✐ 1❡ ❞8♣❧❛❝❡ ❡- ❧❡ ❜+❛1 ❞✉ ❞❛♥1❡✉+ ❛❝❝✉❡✐❧❧❛♥- ❧❛ -✐❣❡ ❞✉ ✈8+✐♥✳ θ ❡- β 1♦♥- +❡1♣❡❝-✐✈❡♠❡♥- ❧❡1

❛♥❣❧❡1 ❡♥-+❡ ❧❡1 ❜+✐♥1 ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥- ❡- ❡♥ ❛✈❛❧ ❡- ❧✬❤♦+✐③♦♥-❛❧❡✳ γ +❡♣+81❡♥-❡ ❧✬❛♥❣❧❡ ❡♥-+❡ ❧❛

-✐❣❡ ❞✉ ✈8+✐♥ ❡- ❧❛ ♣❡+♣❡♥❞✐❝✉❧❛✐+❡ ❛✉ ❜+❛1 ❞✉ ❞❛♥1❡✉+ ❛❝❝✉❡✐❧❧❛♥- ❧❛ -✐❣❡ ❞✉ ✈8+✐♥✳ ❋✐♥❛❧❡♠❡♥-✱

ψ ❡1- ❧✬❛♥❣❧❡ ❡♥-+❡ ❧❛ -✐❣❡ ❞✉ ✈8+✐♥ ❡- ❧✬❤♦+✐③♦♥-❛❧❡✳

I♦✉+ ♣♦✉✈♦✐+ +❡1♣❡❝-❡+ ❧❛ ❝♦♥1✐❣♥❡ ❞❡ -❡♥1✐♦♥ ❞❡ ❜❛♥❞❡✱ ✐❧ ❢❛✉- ♠❛✐♥-❡♥✐+ ❧❡ ❜+❛1 ❞✉ ❞❛♥1❡✉+ ❞❛♥1

1❛ ♣♦1✐-✐♦♥ ✈❡+-✐❝❛❧❡ ✭α = 0✮✳ ❉❛♥1 ❝❡--❡ ♣♦1✐-✐♦♥✱ ❧♦+1(✉❡ ❧✬♦♥ ❞81✐+❡ ❛✈♦✐+ ✉♥❡ -❡♥1✐♦♥ T0 ❞❛♥1

❧❡1 ❜+✐♥1 ❞❡ ❜❛♥❞❡1 ✭❛✉ ♥✐✈❡❛✉ ❞❡ T1 ❡- T2✮✱ ✐❧ ❢❛✉- ❛♣♣❧✐(✉❡+ ❧❛ ❢♦+❝❡ ✭❞✉ ✈8+✐♥✮ 1✉✐✈❛♥-❡ ✿

Fj =
T0(Ld −R) cosβ0 + T0(Ld +R) cos θ0

Lv cos γ0
✭✶✳✹✺✮

■❧ ❢❛✉- 8❣❛❧❡♠❡♥- ♣+❡♥❞+❡ ❡♥ ❝♦♠♣-❡ ❧❛ ♠♦❞✐✜❝❛-✐♦♥ ❞❡ ❧❛ ✈✐-❡11❡ ❧✐♥8❛✐+❡ ❞❡ ❧❛ ❜❛♥❞❡ ❡♥ ❡♥-+8❡

❡- ❡♥ 1♦+-✐❡ ❞✉ +♦✉❧❡❛✉ ❞❛♥1❡✉+✱ ♣✉✐1(✉❡ ❧❡ +♦✉❧❡❛✉ 1❡ ❞8♣❧❛❝❡ ✭♠♦✉✈❡♠❡♥- ♣❡♥❞✉❧❛✐+❡✮✳ ❖♥ ♣❡✉-

❛✐18♠❡♥- ❞8-❡+♠✐♥❡+ ❬●❛1✶✶❪ ✿

V itesse entrée Ve = V − (Ld −R)α̇
V itesse sortie Vs = V + (Ld +R)α̇

✭✶✳✹✻✮

▲❛ -❡♥1✐♦♥ T1 1❡+❛ ❞♦♥❝ ❝❛❧❝✉❧8❡ ❡♥ ❝♦♥1✐❞8+❛♥- Ve -❛♥❞✐1 (✉❡ ❧❛ -❡♥1✐♦♥ T2 1❡+❛ ❝❛❧❝✉❧8❡ ❡♥

❝♦♥1✐❞8+❛♥- Vs✳ ❈❡--❡ ❞✐✛8+❡♥❝❡ ❞❡ ✈✐-❡11❡1 -❛♥❣❡♥-✐❡❧❧❡1 ❡♥-+❡ ❧✬❡♥-+8❡ ❡- ❧❛ 1♦+-✐❡ ❞✉ +♦✉❧❡❛✉ ❡♥

♠♦✉✈❡♠❡♥- ♠♦♥-+❡ (✉❡ ❧❛ ❜❛♥❞❡ ❞❡✈+❛✐- ❣❧✐11❡+ 1✉+ ❧❡ +♦✉❧❡❛✉ ❧♦+1(✉❡ ❝❡❧✉✐✲❝✐ ❢❛✐- ✉♥ ♠♦✉✈❡♠❡♥-

♣❡♥❞✉❧❛✐+❡✳

✶✳✸✳✹✳✶ ▼♦❞'❧❡ ❧✐♥,❛✐.❡

▲❛ +❡❧❛-✐♦♥ ✭✶✳✹✹✮ ♣❡✉- =-+❡ ❧✐♥8❛+✐18❡ ♣♦✉+ ❞❡ ♣❡-✐-❡1 ✈❛+✐❛-✐♦♥1 ❞❡ ❧✬❛♥❣❧❡ α ❛✉-♦✉+ ❞❡ ❧❛ ♣♦1✐-✐♦♥

✈❡+-✐❝❛❧❡✱ ❡♥ ❢❛✐1❛♥- ✉♥ ❞8✈❡❧♦♣♣❡♠❡♥- ❧✐♠✐-8 ❞✬♦+❞+❡ ✶✳

▲❛ ❧✐♥8❛+✐1❛-✐♦♥ ❝♦♥❞✉✐- 6 ❧✬❡①♣+❡11✐♦♥ 1✉✐✈❛♥-❡ ✿

Jdp
d2α

dt2
= T1(Ld −R)cosβ0 + T2(Ld +R)cosθ0 + FLv cos γ0 − PLcgα− Cf ✭✶✳✹✼✮

♦E ❧✬✐♥❞✐❝❡ 0 ❝♦++❡1♣♦♥❞ ❛✉① ❛♥❣❧❡1 ❝♦♥1✐❞8+81 ❧♦+1(✉❡ ❧❡ ❞❛♥1❡✉+ ❡1- 6 ❧❛ ✈❡+-✐❝❛❧❡✱ ❝✬❡1- 6 ❞✐+❡

α = 0✳
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▲❡$ %❡♥$✐♦♥$ ❡♥ ❡♥%)*❡ ❡% ❡♥ $♦)%✐❡ ❞✉ )♦✉❧❡❛✉ ❞❛♥$❡✉) ♣❡✉✈❡♥% 1%)❡ ❞*%❡)♠✐♥*❡$ ❡♥ ♣)❡♥❛♥% ❡♥

❝♦♠♣%❡ ❧❡$ ✈✐%❡$$❡$ %❛♥❣❡♥%✐❡❧❧❡$ ❞❡ ❧❛ ❜❛♥❞❡ ❞*✜♥✐❡$ ♣❛) ❧❛ )❡❧❛%✐♦♥ ✭✶✳✹✻✮ ✿

L1 =
dT1
dt

= (ES + T0)

(

V2 − V1 +
dL1

dt
− (Ld −R)α̇

)

+ V0(T0 − T1)

L2 =
dT2
dt

= (ES + T0)

(

V3 − V2 +
dL2

dt
− (Ld +R)α̇

)

+ V0(T1 − T2)
✭✶✳✹✽✮

▲❛ (❡❧❛+✐♦♥ ✭✶✳✹✽✮ +✐❡♥+ ❝♦♠♣+❡ ❞❡ ❧❛ ✈❛(✐❛+✐♦♥ ❞❡ ❧♦♥❣✉❡✉(6 ❡♥ ❡♥+(7❡ ❡+ 6♦(+✐❡ ❞✉ ❞❛♥6❡✉(

♣❡♥❞✉❧❛✐(❡✳ ▲❛ ♠♦❞7❧✐6❛+✐♦♥ ❞✉ ❞❛♥6❡✉( ♣❡♥❞✉❧❛✐(❡ ❡+ 6♦♥ ❛66❡(✈✐66❡♠❡♥+ ❡♥ ♣♦6✐+✐♦♥ 6♦♥+ 7+✉❞✐76

❡♥ ❞7+❛✐❧6 ❞❛♥6 ❬❑❋❇

+
✵✹❪ ❬●❑?❇✶✶❪ ❬?❉❩?✵✸❪✳

✶✳✸✳✺ ▲✬❛❝❝✉♠✉❧❛+❡✉-

▲✬❛❝❝✉♠✉❧❛+❡✉( ❡6+ ✉♥ 6②6+E♠❡ +(E6 ✉+✐❧✐67 ❞❛♥6 ❧✬✐♥❞✉6+(✐❡✳ ■❧ ❡6+ ❣7♥7(❛❧❡♠❡♥+ ♣❧❛❝7 ♣(♦❝❤❡ ❞❡

❧✬❡♥(♦✉❧❡✉( ♦✉ ❞✉ ❞7(♦✉❧❡✉(✳ ❈❡ ♠7❝❛♥✐6♠❡ ❡6+ ❝♦♠♣♦67 ❞❡ (♦✉❧❡❛✉① ❧✐❜(❡6 ✜①❡6 ♣❛( (❛♣♣♦(+ ❛✉

❜L+✐ ✭(♦✉❧❡❛✉① ❞✉ ❜❛6 6✉( ❧❛ ✜❣✉(❡ ✶✳✼✮✱ +❛♥❞✐6 O✉❡ ❞✬❛✉+(❡6 (♦✉❧❡❛✉① ❧✐❜(❡6 6♦♥+ ✜①76 6✉( ✉♥

❝❤❛(✐♦+ ♠♦❜✐❧❡ ✭(♦✉❧❡❛✉① ❞✉ ❤❛✉+ 6✉( ❧❛ ✜❣✉(❡ ✶✳✼✮✳ ▲✬❛❝❝✉♠✉❧❛+❡✉( ♣❡(♠❡+✱ ❝♦♠♠❡ 6♦♥ ♥♦♠

❧✬✐♥❞✐O✉❡✱ ❞❡ 6+♦❝❦❡( ❡+ ❞❡ (❡6+✐+✉❡( ❧❛ ❜❛♥❞❡ ❡♥ ❞7♣❧❛Q❛♥+ ❧❡ ❝❤❛(✐♦+ ♠♦❜✐❧❡ ❡+ ❞♦♥❝ ❡♥ ❢❛✐6❛♥+

✈❛(✐❡( ❧❛ ❧♦♥❣✉❡✉( ❞❡6 ❜(✐♥6 ❞❡ ❜❛♥❞❡6 Laccu✳ ❈❡❧❛ ♣❡(♠❡+ ❞❡ ❝❤❛♥❣❡( ❧❛ ❜♦❜✐♥❡✱ S ❧✬❡♥(♦✉❧❡✉( ♦✉

❛✉ ❞7(♦✉❧❡✉(✱ 6❛♥6 6+♦♣♣❡( ❧❛ ♣(♦❞✉❝+✐♦♥✳ ?❛( ❡①❡♠♣❧❡✱ ❧❡ ❝❤❛♥❣❡♠❡♥+ ❞✬✉♥❡ ❜♦❜✐♥❡ ❛✉ ❞7(♦✉❧❡✉(

♥7❝❡66✐+❡ ❞❡ 6+♦♣♣❡( ❧❛ ✈✐+❡66❡ ❞❡ ❧❛ ❜❛♥❞❡ S ❧✬❡♥+(7❡ ❞❡ ❧✬❛❝❝✉♠✉❧❛+❡✉( ✭Ve = 0✮ ❡+ ❞❡ ♠♦✉✈♦✐(

6✐♠✉❧+❛♥7♠❡♥+ ❧❡ ❝❤❛(✐♦+ ♠♦❜✐❧❡ ✭6✉( ❧❛ ✜❣✉(❡ ✶✳✼ ❧❡ ❝❤❛(✐♦+ ♠♦❜✐❧❡ ❞❡6❝❡♥❞✮ ❞❡ ♠❛♥✐E(❡ S ❣❛(❞❡(

✉♥❡ ✈✐+❡66❡ ❞❡ ❜❛♥❞❡ ❝♦♥6+❛♥+❡ S ❧❛ 6♦(+✐❡ ❞❡ ❧✬❛❝❝✉♠✉❧❛+❡✉(✳ ❆✐♥6✐ ❧✬❛❝❝✉♠✉❧❛+❡✉( (❡6+✐+✉❡ ❞❡ ❧❛

❜❛♥❞❡ ❞✉(❛♥+ ❝❡++❡ ♣❤❛6❡✳ ❯♥❡ ❢♦✐6 ❧❡ ❝❤❛♥❣❡♠❡♥+ ❞❡ ❜♦❜✐♥❡ +❡(♠✐♥7✱ ❧❛ ✈✐+❡66❡ ❞✉ ❞7(♦✉❧❡✉( ❡6+

❛✉❣♠❡♥+7❡ ❞❡ ♠❛♥✐E(❡ S ❛✈♦✐( Ve > Vs ❡+ ❛✐♥6✐ ❞❡ ❢❛✐(❡ (❡♠♦♥+❡( ❧❡ ❝❤❛(✐♦+ ♠♦❜✐❧❡ ♣♦✉( ❛++❡✐♥❞(❡

6❛ ♣♦6✐+✐♦♥ ♥♦♠✐♥❛❧❡✳

L
acc
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T
n-1

chariot

❋✐❣✉$❡ ✶✳✼ ✕ ❙❝❤7♠❛ ❞❡ ❧✬❛❝❝✉♠✉❧❛+❡✉(

▲❛ ♠♦❞7❧✐6❛+✐♦♥ ❝♦♠♣❧E+❡ ❡+ ❧❛ ❝♦♠♠❛♥❞❡ ❛✈❛♥❝7❡ ❞❡ ♣❧✉6✐❡✉(6 +②♣❡6 ❞✬❛❝❝✉♠✉❧❛+❡✉(6 6♦♥+ ❞7✲

❝(✐+❡6 ❞❛♥6 ❬?❙❉✵✸❪ ❬❑❑❇✵✾❪ ❬❑❑✶✷❪ ❬❑❑❇✶✷❪ ❬❑❑❘✶✷❪ ✳



✷✵ ❈❍❆#■❚❘❊ ✶✳ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ❉✬❊◆❚❘❆■◆❊▼❊◆❚ ❉❊ ❇❆◆❉❊❙

✶✳✹ ❈♦♥&'(✉❝'✐♦♥ ❞❡& ♠♦❞/❧❡& ❝♦♠♣❧❡'& ❞❡& &②&'/♠❡& 3'✉❞✐3&

▲❡$ %&✉❛)✐♦♥$ ❞❡ ❜❛$❡ ❞%❝0✐)❡$ ♣0%❝%❞❡♠♠❡♥) ♦♥) ♣❡0♠✐$ ❞❡ ❝♦♥$)0✉✐0❡ ❧❡$ ♠♦❞4❧❡$ ♣❤%♥♦♠%♥♦❧♦✲

❣✐&✉❡$ ❞❡$ %❧%♠❡♥)$ ❞✬✉♥❡ ❝❤❛9♥❡ ❞❡ ❞%0♦✉❧❡♠❡♥)✲❡♥)0❛✐♥❡♠❡♥)✲❡♥0♦✉❧❡♠❡♥) ❞❡ ❜❛♥❞❡$ %❧❛$)✐&✉❡$✳

❈❡$ ♠♦❞4❧❡$ $♦♥) ❡♥$✉✐)❡ ♣0♦❣0❛♠♠%$ ❞❛♥$ ❧✬❡♥✈✐0♦♥♥❡♠❡♥) ❧♦❣✐❝✐❡❧ ▼❛)❧❛❜✴❙✐♠✉❧✐♥❦✳

A0✐♥❝✐♣❛❧❡♠❡♥) ❞❡✉① ❛♣♣❧✐❝❛)✐♦♥$ $♦♥) %)✉❞✐%❡$ ❞❛♥$ ❧❡ ❝❛❞0❡ ❞❡ ❝❡ )0❛✈❛✐❧✱ ❡♥ ♣❧✉$ ❞❡ $②$)4♠❡$
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)❡$)❡0 ❞❡$ $)0❛)%❣✐❡$ ❞❡ ❝♦♠♠❛♥❞❡✱ ❡) ❞✬❛✉)0❡ ♣❛0) N ♠❡♥❡0 ❞❡$ ❛♥❛❧②$❡$ ♣❛0❛♠%)0✐&✉❡$✳

✶✳✹✳✶ ❇❛♥❝ ❡①♣*+✐♠❡♥.❛❧ ❞❡ ❧✬❯♥✐✈❡+4✐.* ❞❡ ❙.+❛4❜♦✉+❣

▲❡ ❜❛♥❝ ❡①♣%0✐♠❡♥)❛❧ ❡$) ❝♦♠♣♦$% ❞❡ ♥♦♠❜0❡✉① 0♦✉❧❡❛✉① ❧✐❜0❡$✱ ❞❡ ♣❧✉$✐❡✉0$ 0♦✉❧❡❛✉① ♠♦)♦0✐$%$✱

❞✬✉♥ ❞%0♦✉❧❡✉0 ❡) ❞✬✉♥ ❡♥0♦✉❧❡✉0✱ ❞❡ ❞❡✉① ❞❛♥$❡✉0$ ♣❡♥❞✉❧❛✐0❡$ ❡) ❞❡ ♣❧✉$✐❡✉0$ ❝❛♣)❡✉0$ ❞❡ ✈✐)❡$$❡

❡) ❞❡ ❝❛♣)❡✉0$ ❞❡ ❢♦0❝❡ N ❥❛✉❣❡$ ❞❡ ❝♦♥)0❛✐♥)❡✳ ❈❡ ❜❛♥❝ ♣❡0♠❡) ♣❧✉$✐❡✉0$ ❝❤❡♠✐♥$ ❞❡ ❜❛♥❞❡ &✉✐

✉)✐❧✐$❡♥) ♣❧✉$ ♦✉ ♠♦✐♥$ ❞❡ 0♦✉❧❡❛✉① ✭♠♦)♦0✐$%$ ♦✉ ♥♦♥✮✳ ▲❡ ❝❤❡♠✐♥ ❞❡ ❜❛♥❞❡ ✉)✐❧✐$% ❡$) ♣0%$❡♥)%

N ❧❛ ✜❣✉0❡ ✶✳✽✳ ▲❡$ 0♦✉❧❡❛✉① $♦♥) ♥✉♠%0♦)%$ N ♣❛0)✐0 ❞✉ ❞%0♦✉❧❡✉0✱ ❧❡$ 0♦✉❧❡❛✉① ✺ ❡) ✷✻ $♦♥) ❧❡$

0♦✉❧❡❛✉① ❧✐❜0❡$ ❞❡$ ❞❛♥$❡✉0$ ♣❡♥❞✉❧❛✐0❡$✳ ▲❡$ 0♦✉❧❡❛✉① ♠❛0&✉%$ ❞❡ ❧❛ ❧❡))0❡ J $♦♥) %&✉✐♣%$ ❞❡

❝❛♣)❡✉0$ ❞❡ ❢♦0❝❡ N ❥❛✉❣❡$ ❞❡ ❝♦♥)0❛✐♥)❡✳ ▲❡$ 0♦✉❧❡❛✉① ✶✱ ✶✶✱ ✶✾ ❡) ✸✵ $♦♥) ♠♦)♦0✐$%$✳ ▲❡$ 0♦✉❧❡❛✉①

✶✽ ❡) ✶✾ $♦♥) ❡♥)0❛✐♥%$ ♣❛0 ❧❡ ♠W♠❡ ♠♦)❡✉0✳
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❋✐❣✉$❡ ✶✳✽ ✕ ❈❤❡♠✐♥ ❞❡ ❜❛♥❞❡ ❞✉ ❜❛♥❝ ✐♥❞✉$)0✐❡❧

▲❡ $✐♠✉❧❛)❡✉0 ♥♦♥✲❧✐♥%❛✐0❡ ❡$) ♦❜)❡♥✉ ❡♥ ♣0♦❣0❛♠♠❛♥) ❧❡$ %&✉❛)✐♦♥$ ♥♦♥✲❧✐♥%❛✐0❡$ ❞❛♥$ ❧✬❡♥✈✐✲

0♦♥♥❡♠❡♥) ❧♦❣✐❝✐❡❧ ▼❛)❧❛❜✴❙✐♠✉❧✐♥❦✳

✶✳✹✳✶✳✶ ❈♦♥&'(✉❝'✐♦♥ ❞✬✉♥ ♠♦❞/❧❡ ❧✐♥2❛✐(❡

▲❛ $②♥)❤4$❡ ❞❡ ❝♦♠♠❛♥❞❡$ ❧✐♥%❛✐0❡$ ❛✈❛♥❝%❡$ ♥%❝❡$$✐)❡ ✉♥❡ %)✉❞❡ ❢0%&✉❡♥)✐❡❧❧❡ ❡) ♣♦✉0 ❝❡❧❛ ✉♥

♠♦❞4❧❡ ❧✐♥%❛✐0❡ ❞❡ ❧❛ ♠❛❝❤✐♥❡ ❡$) ✐♥❞✐$♣❡♥$❛❜❧❡✳ ▲❛ ❧✐♥%❛0✐$❛)✐♦♥ ❡$) ❢❛✐)❡ ❛✉)♦✉0 ❞✬✉♥ ♣♦✐♥) ❞❡

❢♦♥❝)✐♦♥♥❡♠❡♥) ❝❛0❛❝)%0✐$% ♣❛0 ✉♥❡ ✈✐)❡$$❡ ♥♦♠✐♥❛❧❡ V0 ❞❡ ❧❛ ❜❛♥❞❡✱ ✉♥❡ )❡♥$✐♦♥ ♥♦♠✐♥❛❧❡ T0 ❞❡
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❧❛ ❜❛♥❞❡✱ ✉♥❡ ♣♦,✐.✐♦♥ ❛♥❣✉❧❛✐0❡ ♥♦♠✐♥❛❧❡ α0 ❞❡, ❞❛♥,❡✉0, ♣❡♥❞✉❧❛✐0❡,✳ ❉❡ ♣❧✉,✱ ❧❡, 0❛②♦♥, ❡.

✐♥❡0.✐❡, ❞✉ ❞50♦✉❧❡✉0 ❡. ❞❡ ❧✬❡♥0♦✉❧❡✉0 ,♦♥. ❝♦♥,✐❞505, ❝♦♠♠❡ 5.❛♥. ✜①❡,✳ ▲❡, ❢0♦..❡♠❡♥., ,❡❝,

,♦♥. ♥5❣❧✐❣5, ✭❞❛♥, ❧❛ ❝♦♠♠❛♥❞❡✱ ❧❡✉0 ❡✛❡. ♣❡✉. >.0❡ ❝♦♠♣❡♥,5 ♣❛0 ✉♥ .❡0♠❡ ❞❡ ❢❡❡❞❢♦0✇❛0❞✮✳

▲❡ ♠♦❞A❧❡ ❧✐♥5❛✐0❡ ❡,. ♠✐, ,♦✉, ❧❛ ❢♦0♠❡ ❞✬✉♥❡ 0❡♣05,❡♥.❛.✐♦♥ ❞✬5.❛., ❞✬✉♥ ,②,.A♠❡ ♠✉❧.✐✈❛0✐❛❜❧❡

✭♣❧✉,✐❡✉0, ❡♥.05❡,✱ ♣❧✉,✐❡✉0, ,♦0.✐❡,✮ ✿

{

Essẋ = A(t)x(t) +B(t)u(t)
y = C(t)x(t)

✭✶✳✹✾✮

▲❡ ✈❡❝.❡✉0 ❞✬5.❛., x ❡,. ❝♦♠♣♦,5 ❞❡ ❧✬❡♥,❡♠❜❧❡ ❞❡, ✈✐.❡,,❡, ❡. ❞❡, .❡♥,✐♦♥, ❞❡ ❜❛♥❞❡ ♣05,❡♥.❡,

❞❛♥, ❧❛ ❧✐❣♥❡ ❞✬❡♥.0❛✐♥❡♠❡♥.✳ ▲❡ ,②,.A♠❡ ❝♦♠♣♦0.❛♥. ✷ ❞❛♥,❡✉0, ♣❡♥❞✉❧❛✐0❡,✱ ❧❡, ❛♥❣❧❡, ❡. ❧❡✉0,

❞50✐✈5❡, ,♦♥. ❛❥♦✉.5,✳ ▲✬❡♥.05❡ ♠✉❧.✐✈❛0✐❛❜❧❡ u ❞✉ ,②,.A♠❡ ❡,. ❝♦♠♣♦,5❡ ❞❡, ❝♦♥,✐❣♥❡, ❞❡ ❝♦✉♣❧❡

ui ❞❡ ❝❤❛H✉❡ ♠♦.❡✉0✳ ▲❡, 5H✉❛.✐♦♥, ♦♥. ♠♦♥.05 H✉❡ ♣♦✉0 ♣♦✉✈♦✐0 ❞5.❡0♠✐♥❡0 ❧✬❛♥❣❧❡ α ❞❡, ❞❡✉①

❞❛♥,❡✉0, ♣❡♥❞✉❧❛✐0❡,✱ ✐❧ ❢❛✉. ✐♥❝❧✉0❡ ❧❡, ✈❛0✐❛.✐♦♥, ❞❡ ❧♦♥❣✉❡✉0 ❞❡, ❜0✐♥, ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥. ❡.

❡♥ ❛✈❛❧ ❞❡ ❝❤❛H✉❡ ❞❛♥,❡✉0✱ ❛✐♥,✐ H✉❡ ❧❛ ❢♦0❝❡ ❛♣♣❧✐H✉5❡ ♣❛0 ❝❤❛H✉❡ ✈50✐♥✱ ❞❛♥, ❧❡ ✈❡❝.❡✉0 ❞✬❡♥.05❡

❞✉ ,②,.A♠❡ ❧✐♥5❛✐0❡✳ ▲❡ ✈❡❝.❡✉0 ❞❡ ,♦0.✐❡ y ❡,. ❝♦♠♣♦,5 ❞❡, ✈✐.❡,,❡, ❧✐♥5❛✐0❡, ❞❡, ♠♦.❡✉0,✱ ❞❡,

.❡♥,✐♦♥, ❞❡ ❜❛♥❞❡ ❛✉ ♥✐✈❡❛✉ ❞❡, ❝❛♣.❡✉0, ❞❡ ❢♦0❝❡ ❡. ❞❡, ♣♦,✐.✐♦♥, ❞❡, ❞❛♥,❡✉0, ✭,✐ ❧❡, ❞❛♥,❡✉0,

,♦♥. ✉.✐❧✐,5,✮✳ ❋✐♥❛❧❡♠❡♥.✱ Ess ❡,. ✉♥❡ ♠❛.0✐❝❡ ✐♥✈❡0,✐❜❧❡ ♣❡0♠❡..❛♥. ❞❡ ,✐♠♣❧✐✜❡0 ❧✬5❝0✐.✉0❡ ❞❡ ❧❛

0❡♣05,❡♥.❛.✐♦♥ ❞✬5.❛.,✳ ▲❡ ✈❡❝.❡✉0 ❞✬5.❛., x ❡,. ❞5✜♥✐ ❝♦♠♠❡ ,✉✐. ✿

xT =
[

V1 T1 V2 T2 · · · T29 V30 αd α̇d αe α̇e

]

✭✶✳✺✵✮

▲❡ ✈❡❝.❡✉0 ❞❡ ❧✬❡♥.05❡ ♠✉❧.✐✈❛0✐❛❜❧❡ u ❡,. ❞5✜♥✐ ❝♦♠♠❡ ,✉✐. ✿

uT =
[

ud ut1 ut2 ue F1 L̇4 L̇5 F2 L̇25 L̇26

]

✭✶✳✺✶✮

▲✬❛,,❡0✈✐,,❡♠❡♥. ❡♥ .❡♥,✐♦♥ ❞❡ ❜❛♥❞❡ ❡,. ❛,,✉05 ❛✉ ❞50♦✉❧❡✉0 ❡. L ❧✬❡♥0♦✉❧❡✉0 ❡♥ 05❣✉❧❛♥. ❧❛

♣♦,✐.✐♦♥ ❞❡, ❞❛♥,❡✉0, ♣❡♥❞✉❧❛✐0❡,✱ .❛♥❞✐, H✉✬❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❧✐❣♥❡ ♦♥ ✉.✐❧✐,❡ ❞❡✉① ❝❛♣.❡✉0, ❞❡

❢♦0❝❡ ♣❧❛❝5, ,✉0 ❧❡ 0♦✉❧❡❛✉ 13✳ ❈❡, ❝❛♣.❡✉0, ♠❡,✉0❡♥. ❧❛ ♠♦②❡♥♥❡ ❞❡, .❡♥,✐♦♥, T12 ❡. T13✳ ▲❡
✈❡❝.❡✉0 ❞❡, ,♦0.✐❡, y ❡,. ❞♦♥❝ ❞5✜♥✐ ♣❛0 ✿

yT =
[

Ωd Ω11 Ω18 Ωe αd Tint αe

]

avec Tint =
T12 + T13

2

✭✶✳✺✷✮

▲❡ ,②,.A♠❡ ❝♦♠♣♦0.❡ ❞♦♥❝ ✶✵ ❡♥.05❡,✱ ✼ ,♦0.✐❡, ❡. ✻✸ 5.❛.,✳ ▲❡, ♠❛.0✐❝❡, A✱ B ❡. Ess ,♦♥. ❞5✜♥✐❡,

❝♦♠♠❡ ,✉✐. ❬●❛,✶✶❪ ✿
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






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

−fd R2
d(t) 0 0 · · · 0 0 · · · 0 0 0 · · · 0 0

−E0 −V0 E0 0 · · · 0 0 · · · 0 0 0 · · · 0 0

0 −R2
2 −f2 R2

2 · · · 0 0 · · · 0 0 0 · · · 0 0
✳

✳
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✳

✳
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0 0 0 0 · · · −f26 R2
26 · · · 0 0 0 · · · 0 0

0 0 0 0 · · · −E0 −V0 · · · 0 0 0 · · · 0 δ
✳

✳
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✳

✳

✳

✳

✳

0 0 0 0 0 0 0 · · · −f29 R2
29 0 · · · 0 0

0 0 0 0 0 0 0 · · · −E0 −V0 E0 · · · 0 0

0 0 0 0 0 0 0 · · · 0 −R2
e −fe · · · 0 0

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳
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✳

✳
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0 0 0 0 0 0 0 · · · 0 0 0 · · · 0 1
0 0 0 0 0 0 0 · · · 0 0 0 · · · −LcgePde −Cfde
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
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✭❞✮ ❆♥❣❧❡ ❞✉ ❞❛♥'❡✉+ ❡♥+♦✉❧❡✉+ αe

❋✐❣✉$❡ ✶✳✶✵ ✕ ❈♦♠♣❛)❛✐+♦♥ ❞❡+ +♦)/✐❡+ ❞❡+ ♠♦❞0❧❡+ ❧✐♥2❛✐)❡ ❡/ ♥♦♥✲❧✐♥2❛✐)❡

✶✳✹✳✷ ▼♦❞'❧✐*❛,✐♦♥ ❞✬✉♥ *②*,1♠❡ ❝♦♥,❡♥❛♥, ❞❡* '❧'♠❡♥,* ♥♦♥ ♣6✐♠✐,✐❢* ✿ ❡①❡♠♣❧❡

❞✉ ♣6♦,♦,②♣❡ ❋❚❙

❈❡ ♣)♦/♦/②♣❡ /)0+ +♣2❝✐✜7✉❡ ❡+/ ❞2✈❡❧♦♣♣2 ❞❡♣✉✐+ ♣❧✉+✐❡✉)+ ❛♥♥2❡+ ❛✉ +❡✐♥ ❞❡ ❧✬■♥+/✐/✉/ <❧✉)✐❞✐+✲

❝✐♣❧✐♥❛✐)❡ ❍✉❜❡)/ ❈✉)✐❡♥ ❞❡ ❙/)❛+❜♦✉)❣✳ ■❧ ❡+/ ❛♣♣❡❧2 ❋❚❙ ♣♦✉) ❋❛+/ ❚❛♣❡ ❙②+/❡♠✳ ■❧ ❡+/ ✉/✐❧✐+2

❛✉ +❡✐♥ ❞✉ ❣)❛♥❞ ❛❝❝2❧2)❛/❡✉) ❞❡ ♣❛)/✐❝✉❧❡+ ❞✉ ❈❊❘◆✳ ▲❡+ ♣❛)/✐❝✉❧❡+ )❛❞✐♦❛❝/✐✈❡+ ✐++✉❡+ ❞❡ ❧❛

❝♦❧❧✐+✐♦♥ ❞✬❛/♦♠❡+ +♦♥/ )2❝♦❧/2❡+ +✉) ✉♥❡ ❜❛♥❞❡ ❡♥ ❛❧✉♠✐♥✐✉♠✳ ❈❡+ ♣❛)/✐❝✉❧❡+ ♥❡ ♣❡✉✈❡♥/ ♣❛+ G/)❡

2/✉❞✐2❡+ ❡/ ❞2♥♦♠❜)2❡+ ❛✉ ♣♦✐♥/ ❞❡ ❝♦❧❧❡❝/✐♦♥ ♣✉✐+7✉❡ ❝❡❧✉✐✲❝✐ ❡+/ ♣♦❧❧✉2 ♣❛) ❧❡+ ♣❛)/✐❝✉❧❡+ ❞❡+

❡①♣2)✐❡♥❝❡+ ♣)2❝2❞❡♥/❡+✳ ❉❡ ♣❧✉+✱ ❝❡+ ♣❛)/✐❝✉❧❡+ ♦♥/ ✉♥❡ ❞❡♠✐✲✈✐❡ /)0+ ❝♦✉)/❡ ❡/ ❞♦✐✈❡♥/ ❞♦♥❝ G/)❡

/)❛♥+♣♦)/2❡+ /)0+ )❛♣✐❞❡♠❡♥/ ❞✉ ♣♦✐♥/ ❞❡ ❝♦❧❧❡❝/✐♦♥ ❥✉+7✉✬❛✉ ❞2/❡❝/❡✉)✳ ▲❡ ❝❛❤✐❡) ❞❡+ ❝❤❛)❣❡+

❞❡ ❝❡ ♣)♦❥❡/ ✐♠♣♦+❡ ✉♥ ❛++❡)✈✐++❡♠❡♥/ ❡♥ ♣♦+✐/✐♦♥ /)0+ )❛♣✐❞❡ ✿ ✉♥❡ ❜❛♥❞❡ ❛✉ )❡♣♦+ ❞♦✐/ G/)❡

❞2♣❧❛❝2❡ +✉) ✺✵❝♠ ❡♥ ♠♦✐♥+ ❞❡ ✶✵✵♠+ ✭/❡♠♣+ )❡♣♦+✲)❡♣♦+✮✳ ◆♦✉+ ❛✈✐♦♥+ ❧❛ ❝❤❛)❣❡ ❞❡ ♠♦❞2❧✐+❡)

❧❡ +②+/0♠❡ ❡/ ❞✬2/✉❞✐❡) ❧❛ ❝♦♠♠❛♥❞❡✳ ❯♥❡ 2/✉❞❡ ❞2/❛✐❧❧2❡ ♥♦✉+ ❛ ♠♦♥/)2 7✉✬✉♥ +②+/0♠❡ ❝❧❛++✐7✉❡

R ✸ ♠♦/❡✉)+ ♥❡ ♣❡)♠❡/ ♣❛+ ❞✬❛//❡✐♥❞)❡ ❧❛ )❛♣✐❞✐/2 ❞❡ ❞2♣❧❛❝❡♠❡♥/ +♦✉❤❛✐/2❡✳
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❋✐❣✉$❡ ✶✳✶✶ ✕ ❙❝❤(♠❛ ❞❡ ♣.✐♥❝✐♣❡ ❞✉ ❋❚❙

▲❡ 5②578♠❡ ❡57 ❝♦♠♣♦5( ❞❡ ✸ ♠♦7❡✉.5✱ ✻ ❝❛♣7❡✉.5 ❞❡ ❢♦.❝❡ > ❥❛✉❣❡5 ❞❡ ❝♦♥7.❛✐♥7❡ ♥♦7(❡5 J1...6  ✉"

❧❛ ✜❣✉"❡ ✶✳✶✶✱ ❡+ ❞❡ ❞❡✉① ♠/❝❛♥✐ ♠❡ +♦✉+ 4 ❢❛✐+ ✐♥♥♦✈❛♥+ ✳ ■❧ "❡❣"♦✉♣❡♥+ ✉♥ ❞❛♥ ❡✉" ♣❡♥❞✉❧❛✐"❡

❡+ ✉♥ ❛❝❝✉♠✉❧❛+❡✉" ✭♥♦✉ ❧❡ ❛♣♣❡❧❧❡"♦♥ ❞❛♥ ❡✉"✲❛❝❝✉♠✉❧❛+❡✉"✮ ❛✜♥ ❞❡ ♣♦✉✈♦✐"  ❛+✐ ❢❛✐"❡ ❧❡

❝❛❤✐❡" ❞❡ ❝❤❛"❣❡ ✳

=❧✉ ✐❡✉" "♦✉❧❡❛✉① ❧✐❜"❡ ♣❡"♠❡++❡♥+ ❧❡ ❣✉✐❞❛❣❡ ❞❡ ❧❛ ❜❛♥❞❡✳ ❉❡ ♣❧✉ ✱ ❧❡  ② +A♠❡ ❞♦✐+ ❢♦♥❝+✐♦♥♥❡"

❞❛♥ ✉♥ ❡♥✈✐"♦♥♥❡♠❡♥+ ❤❡"♠/+✐B✉❡  ♦✉ ✈✐❞❡ ♣✉✐ B✉✬✐❧  ❡"❛ ❞✐"❡❝+❡♠❡♥+ ❧✐/ 4 ❧✬❛❝❝/❧/"❛+❡✉" ❞❡

♣❛"+✐❝✉❧❡ ✳ ▲❛ ♣"❡  ✐♦♥ ❞❛♥ ❧❡ ❝❛✐  ♦♥ ❝♦♥+❡♥❛♥+ ❧❡  ② +A♠❡  ❡"❛ ❞❡ ❧✬♦"❞"❡ ❞❡ 10−6 4 10−5 ♠♠❍●

✭♠✐❧❧✐♠A+"❡ ❞❡ ♠❡"❝✉"❡ ♦✉ ❚♦""✮  ♦✐+ ❡♥✈✐"♦♥ 1, 3310−4 4 1.3310−3 =❛ ✭❧❛ ♣"❡  ✐♦♥ ❛+♠♦ ♣❤/"✐B✉❡

❡ + ❞✬❡♥✈✐"♦♥ 105 =❛✮✳ ❈❡ ♣"♦+♦+②♣❡ ❡ + ✉♥✐B✉❡♠❡♥+ ❞/❞✐/ ❛✉① ♣❤❛ ❡ ❞❡ +❡ +✱ ❧❡  ② +A♠❡ ❞/✜♥✐+✐❢

♥❡  ❡"❛ ♣❛ /B✉✐♣/ ❞❡ ❝❛♣+❡✉" ❞❡ ❢♦"❝❡✳

❈❡  ② +A♠❡ ❢♦♥❝+✐♦♥♥❡ ❡  ❡♥+✐❡❧❧❡♠❡♥+ ❡♥ "/❣✐♠❡ +"❛♥ ✐+♦✐"❡ ❡+ ❧❡ ❛❝❝/❧/"❛+✐♦♥ ♠✐ ❡ ❡♥ ❥❡✉  ♦♥+

❣"❛♥❞❡ ✳ ▲❡ ❞❛♥ ❡✉"✲❛❝❝✉♠✉❧❛+❡✉" ♣❡"♠❡+ ❞✬✉♥❡ ♣❛"+ ❞❡ "❡ +✐+✉❡" ♣❧✉ "❛♣✐❞❡♠❡♥+ ❧❛ ❜❛♥❞❡✱ ♣❛"

"❛♣♣♦"+ 4 ✉♥ ❝❧❛  ✐B✉❡ ❞/"♦✉❧❡✉"✱ ❡+ ❞✬❛✉+"❡ ♣❛"+ ❛ ✉♥ ❡✛❡+ ✜❧+"❛♥+  ✉" ❧❡ +❡♥ ✐♦♥ ❞❡ ❜❛♥❞❡✳

❈❡ ♥♦✉✈❡❛✉ ♠/❝❛♥✐ ♠❡ ❛ /+/ ❝♦♥K✉ ❛✈❡❝ ✉♥ ❡♥❝♦♠❜"❡♠❡♥+ "/❞✉✐+ ✭✈♦✐" ✜❣✉"❡ ✶✳✶✶ ❡+ ✶✳✶✷✮✳

■❧ ♥❡ ❝♦♥+✐❡♥+ ♣❛ ❞❡ ✈/"✐♥ ♣♥❡✉♠❛+✐B✉❡ ♠❛✐ ✉♥ "❡  ♦"+ ❞♦♥+ ❧❛ "❛✐❞❡✉" ❡+ ❧❛ ❧♦♥❣✉❡✉" ♦♥+

/+/  ♦✐❣♥❡✉ ❡♠❡♥+  /❧❡❝+✐♦♥♥/❡ ❛✜♥ ❞✬❛♣♣❧✐B✉❡" ✉♥❡ ❢♦"❝❡ ♣"/❞/✜♥✐❡ ❡♥ ♣♦ ✐+✐♦♥ ♥♦♠✐♥❛❧❡ ✭❜"❛ 
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Axe de rotation

❋✐❣✉$❡ ✶✳✶✷ ✕ ❙❝❤(♠❛ ❞✉ ❞❛♥.❡✉0✲❛❝❝✉♠✉❧❛3❡✉0

❤♦0✐③♦♥3❛❧✮ ❡3 ❞♦♥❝ ✉♥❡ 3❡♥.✐♦♥ ❞❡ ❜❛♥❞❡ ♣0(❞(✜♥✐❡✳

❉❛♥. ✉♥ ♣0❡♠✐❡0 3❡♠♣.✱ ❧❡ .②.3>♠❡ ❛ (3( ♠♦❞(❧✐.( ❞❛♥. ❧✬❡♥✈✐0♦♥♥❡♠❡♥3 ▼❛3❧❛❜✴❙✐♠✉❧✐♥❦✳ ❯♥❡

❛33❡♥3✐♦♥ ♣❛03✐❝✉❧✐>0❡ ❛ (3( ♣♦03(❡ E ❧✬❛❞❛♣3❛3✐♦♥ ❞❡. (F✉❛3✐♦♥. ♣❤(♥♦♠(♥♦❧♦❣✐F✉❡. ❛✉ .②.3>♠❡

❞❛♥.❡✉0✕❛❝❝✉♠✉❧❛3❡✉0✳ H✉✐. ❧❡. ♣❛0❛♠>30❡. ❞✉ ♠♦❞>❧❡ ♦♥3 (3( ✐❞❡♥3✐✜(. ♣♦✉0 0❡♣0♦❞✉✐0❡ ❧❡.

♠❡.✉0❡. ❡✛❡❝3✉(❡. .✉0 ❧❡ ♣0♦3♦3②♣❡✳ ❆♣0>. ✈❛❧✐❞❛3✐♦♥ ❞✉ ♠♦❞>❧❡✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ❝♦♠♠❛♥❞❡ ❛ (3(

♣0♦♣♦.(❡✳

▲❡ ♠♦❞>❧❡ ❡.3 ❛..❡③ ❝♦♠♣❧❡①❡ ❡3 ❛ ♥(❝❡..✐3( ♣❧✉.✐❡✉0. ♠♦✐. ❞❡ 30❛✈❛✐❧✳ H✉✐. ❞❡. ♣❛0❛♠>30❡. ❞✉

♠♦❞>❧❡ ♦♥3 (3( ✐❞❡♥3✐✜(. E ❧✬❛✐❞❡ ❞❡ ❧♦♥❣✉❡. ❝❛♠♣❛❣♥❡. ❞❡ ♠❡.✉0❡. (3❛❧(❡. .✉0 ♣❧✉.✐❡✉0. ♠♦✐.✳ ■❧

❛ ❢❛❧❧✉ ❛✉♣❛0❛✈❛♥3 ✐♥.30✉♠❡♥3❡0 ❧❡ ❜❛♥❝ ❡3 ❝♦♥✜❣✉0❡0 ♥♦30❡ .②.3>♠❡ ❞❙♣❛❝❡ ♣♦✉0 ❧✬❛❝F✉✐.✐3✐♦♥ ❡3

❧❛ ❝♦♠♠❛♥❞❡✳ ❊♥ 30♦✐.✐>♠❡ (3❛♣❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡①✐.3❛♥3❡ ❛ (3( ♦♣3✐♠✐.(❡ E ❧✬❛✐❞❡ ❞❡ ♥♦30❡ ♠♦❞>❧❡

❡3 ✉♥❡ ❝♦♠♠❛♥❞❡ ♣❧✉. ♣❡0❢♦0♠❛♥3❡ ❛ (3( ♣0♦♣♦.(❡✳

❈❡ 30❛✈❛✐❧ ❛ ❞♦♥♥( ❧✐❡✉ E ❧❛ ♣✉❜❧✐❝❛3✐♦♥ ❞✬✉♥ ❛03✐❝❧❡ ❞❡ ❥♦✉0♥❛❧✳ ❈❡3 ❛03✐❝❧❡✱ 0❡♣0♦❞✉✐3 ❡♥ ❆♥♥❡①❡✱

✐♥❞✐F✉❡ ❧❡. ❛♣♣0♦❝❤❡. ✉3✐❧✐.(❡. ❡3 ❧❡. 0(.✉❧3❛3. ♦❜3❡♥✉.✳ ◆♦✉. ❛✈♦♥. ♣0(❢(0( ✐♥❞✐F✉❡0 ❧❡. ❞(3❛✐❧. ❡♥

❆♥♥❡①❡✱ ♣♦✉0 ❝❡ .②.3>♠❡ ❜✐❡♥ .♣(❝✐✜F✉❡ ❡3 ♥♦♥ ❣(♥(0✐F✉❡✱ ♣♦✉0 ♥❡ ♣❛. ❛❧♦✉0❞✐0 ❝❡ ❝❤❛♣✐30❡ ✶✳

✶✳✺ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ,-.✉❝-✉.❡ ❞✉ ,②,-0♠❡ ,✉. ,♦♥ ❝♦♠♣♦.-❡♠❡♥-

❞②♥❛♠✐5✉❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡.-❡

▲❛ 3❤>.❡ ❞❡ ❱✳ ●❛..♠❛♥♥ ❛ (3✉❞✐( ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♥♦♠❜0❡ ❞❡ 0♦✉❧❡❛✉① ♠♦3♦0✐.(. ❡3 ❞❡ 0♦✉❧❡❛✉①

❧✐❜0❡. .✉0 ❧❡ ❝♦♠♣♦03❡♠❡♥3 ❞②♥❛♠✐F✉❡ ❞✉ .②.3>♠❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡03❡ ✭.❛♥. ❧❛ ❝♦♠♠❛♥❞❡✮✳ ▲❡.

♣0✐♥❝✐♣❛❧❡. ♦❜.❡0✈❛3✐♦♥. F✉✐ .✬❡♥ ❞(❣❛❣❡♥3 .♦♥3 ✿

✕ ✉♥❡ ❛✉❣♠❡♥3❛3✐♦♥ ❞✉ ♥♦♠❜0❡ ❞❡ 0♦✉❧❡❛✉① ♠♦3♦0✐.(. ❝♦♥❞✉✐3 E ✉♥❡ ❛✉❣♠❡♥3❛3✐♦♥ ❞✉ ♥♦♠❜0❡

❞❡ ♣✐❝. ❞❡ 0(.♦♥❛♥❝❡ ❞❡. ✈❛❧❡✉0. .✐♥❣✉❧✐>0❡. ♠❛①✐♠❛❧❡. ✭❝♦♠♣♦03❡♠❡♥3 ❢0(F✉❡♥3✐❡❧ ❞✉ .②.3>♠❡✮✳

▲❡ 0(❣❧❛❣❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❞❡✈0❛✐3 ❞♦♥❝ X30❡ ♣❧✉. ❞✐✣❝✐❧❡ .✐ ❧❡ ♥♦♠❜0❡ ❞✬❛❝3✐♦♥♥❡✉0. ❡.3 (❧❡✈(✱

❞❛♥. ❧❡ ❝❛.✱ ❜✐❡♥ ❡♥3❡♥❞✉✱ ♦Z ❞❡. ♣❡0❢♦0♠❛♥❝❡. (❧❡✈(❡. .♦♥3 0❡❝❤❡0❝❤(❡.✳

✕ ❧❡. 0♦✉❧❡❛✉① ❧✐❜0❡. ♦♥3 ✉♥❡ ✐♥✢✉❡♥❝❡ ♥♦♥ ♥(❣❧✐❣❡❛❜❧❡ .✉0 ❧❡ ❝♦♠♣♦03❡♠❡♥3 ❞②♥❛♠✐F✉❡ ❞❡ ❧❛

3❡♥.✐♦♥ ❞❡ ❜❛♥❞❡✱ ❡3 ❝❡❝✐ ❞✬❛✉3❛♥3 ♣❧✉. ❧♦0.F✉❡ ❧❡✉0 ♥♦♠❜0❡ ❡.3 (❧❡✈(✳ ❈✉0✐❡✉.❡♠❡♥3✱ ♣0❛3✐F✉❡✲

♠❡♥3 3♦✉. ❧❡. 30❛✈❛✉① ♣✉❜❧✐(. ♥❡ 3✐❡♥♥❡♥3 ♣❛. ❝♦♠♣3❡ ❞❡. 0♦✉❧❡❛✉① ❧✐❜0❡. ❞❛♥. ❧❛ .②♥3❤>.❡ ❞❡

❧❛ ❝♦♠♠❛♥❞❡ ❡♥ 3❡♥.✐♦♥ ❞❡ ❜❛♥❞❡ ❬H❙❉✵✼❪ ❬❆♥❣✵✹❪✳

▲❛ ❝♦♠♣❛0❛✐.♦♥ ❡♥30❡ ❧✬✉3✐❧✐.❛3✐♦♥ ❞❡ ❞❛♥.❡✉0. ❡3 ❞❡ ❝❛♣3❡✉0. ❞❡ ❢♦0❝❡ ❛ (3( ♣❡✉ ❛❜♦0❞(❡ ❞❛♥. ❧❡.

❞✐✛(0❡♥3❡. 3❤>.❡. ❡♥ ✏❡♥0♦✉❧❡♠❡♥3✑ ❡3 ♣❡✉ ❞❡ 30❛✈❛✉① ♦♥3 (3( ♣✉❜❧✐(. E ❝❡ .✉❥❡3✳ ❈❡33❡ ❝♦♠♣❛0❛✐.♦♥

❛ ❞♦♥❝ ❢❛✐3 ❧✬♦❜❥❡3 ❞❡ ♥♦. ✐♥✈❡.3✐❣❛3✐♦♥.✳



✶✳✺✳ ■◆❋▲❯❊◆❈❊ ❉❊ ▲❆ ❙❚❘❯❈❚❯❘❊ ❉❯ ❙❨❙❚➮▼❊ ✷✼

✶✳✺✳✶ ❉❛♥&❡✉) ♦✉ ❝❛♣-❡✉) ❞❡ ❢♦)❝❡ ❄

▲✬✉%❛❣❡ ❞❡% ❞❛♥%❡✉+%✱ ❡- -♦✉- ♣❛+-✐❝✉❧✐3+❡♠❡♥- ❞❡% ❞❛♥%❡✉+% ♣❡♥❞✉❧❛✐+❡%✱ ❡%- -+3% +5♣❛♥❞✉ ❞❛♥%

❧✬✐♥❞✉%-+✐❡✳ ▲❛ +5❣✉❧❛-✐♦♥ ❞❡ ❧❛ -❡♥%✐♦♥ ❞❡ ❜❛♥❞❡ ❡%- ❢❛✐-❡ ✐♥❞✐+❡❝-❡♠❡♥- ♣❛+ ❧✬✐♥-❡+♠5❞✐❛✐+❡ ❞✬✉♥

❝♦++❡❝-❡✉+ ❞❡ ❧❛ ♣♦%✐-✐♦♥ ❞✉ ❞❛♥%❡✉+✳ ❉❡ ♣❧✉%✱ ❧❡ ❞❛♥%❡✉+ %❡+- 5❣❛❧❡♠❡♥- ❞❡ ✏✜❧-+❡ ♠5❝❛♥✐<✉❡✑✳

▲✬❛✉-+❡ ❛❧-❡+♥❛-✐✈❡ ❡%- ❞❡ ❢❛✐+❡ ❧❛ +5❣✉❧❛-✐♦♥ ❞❡ ❧❛ -❡♥%✐♦♥ ❞❡ ❜❛♥❞❡ ? ❧✬❛✐❞❡ ❞❡ ❝❛♣-❡✉+% ❞❡ ❢♦+❝❡

? ❥❛✉❣❡% ❞❡ ❝♦♥-+❛✐♥-❡✳

▲❡% ❞❡✉① %-+❛-5❣✐❡% ♥❡ ♣❡✉✈❡♥- B-+❡ ❝♦♠♣❛+5❡% <✉✬❡♥ ❜♦✉❝❧❡ ❢❡+♠5❡✱ ❝✬❡%- ? ❞✐+❡ ❛✈❡❝ ❧❛ ❝♦♠✲

♠❛♥❞❡✳ ❈❡♣❡♥❞❛♥-✱ ❞❛♥% ❝❡ ♣❛+❛❣+❛♣❤❡ ♥♦✉% ❝♦♠♣❛+♦♥% ❧❡% ❝♦♠♣♦+-❡♠❡♥-% ❢+5<✉❡♥-✐❡❧% ✭❛✈❡❝

❡- %❛♥% ❞❛♥%❡✉+✮✳ ▲❡% ❜❛%❡% ❞❡ ❧❛ ♠♦❞5❧✐%❛-✐♦♥ ❞✉ ❞❛♥%❡✉+ ♣❡♥❞✉❧❛✐+❡ ♦♥- 5-5 ♣+♦♣♦%5❡% ❞❛♥%

❬❑❋❇

+
✵✹❪ ❡- ❬❱❑✵✼❪✳

▲❡ %②%-3♠❡ 5-✉❞✐5 ❡%- ❝❡❧✉✐ +❡♣+5%❡♥-5 ? ❧❛ ✜❣✉+❡ ✶✳✽ ❡- <✉✐ ❝♦♥-✐❡♥- ❞❡✉① ❞❛♥%❡✉+% ♣❡♥❞✉❧❛✐+❡%✳

S♦✉+ ❧❛ ✈❡+%✐♦♥ %❛♥% ❞❛♥%❡✉+✱ ✐❧ %✉✣- ❞❡ ❜❧♦<✉❡+ ❧❡% ❞❡✉① +♦✉❧❡❛✉① ❧✐❜+❡% ❞❡% ❞❛♥%❡✉+% ♣❡♥❞✉✲

❧❛✐+❡%✱ ? %❛✈♦✐+ ❧❡% +♦✉❧❡❛✉① ✺ ❡- ✷✻✳

S♦✉+ ❧❡% ❞❡✉① %②%-3♠❡%✱ ❛✈❡❝ ❡- %❛♥% ❞❛♥%❡✉+%✱ ❧❡% %♦+-✐❡% ❝❤♦✐%✐❡% %♦♥- ❧❡% -❡♥%✐♦♥% ❞❡ ❜❛♥❞❡

❞✉ ❞5+♦✉❧❡✉+✱ ❞❛♥% ❧❛ %❡❝-✐♦♥ ✐♥-❡+♠5❞✐❛✐+❡ ❡- ? ❧✬❡♥+♦✉❧❡✉+✳ ▲❡ -+❛❝5 ❞❡% ✈❛❧❡✉+% %✐♥❣✉❧✐3+❡%

♠❛①✐♠❛❧❡% ❡- ♠✐♥✐♠❛❧❡% ❞❡ ❝❡% ❞❡✉① %②%-3♠❡% ❡♥ ❜♦✉❝❧❡ ♦✉✈❡+-❡ ❡%- ❞♦♥♥5 ? ❧❛ ✜❣✉+❡ ✶✳✶✸✳
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Système avec danseurs

Système sans danseur

❋✐❣✉$❡ ✶✳✶✸ ✕ ❱❛❧❡✉+% %✐♥❣✉❧✐3+❡% ♠❛①✐♠❛❧❡% ❡- ♠✐♥✐♠❛❧❡% ❞✉ %②%-3♠❡ ❛✈❡❝ ❡- %❛♥% ❞❛♥%❡✉+%

▲❡ ❝♦♠♣♦+-❡♠❡♥- ❞②♥❛♠✐<✉❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡+-❡ ❡%- ❞✐✛5+❡♥- ❞✬✉♥ %②%-3♠❡ ? ❧✬❛✉-+❡✳ ▲❡ %②%-3♠❡

❛✈❡❝ ❞❛♥%❡✉+% ♣♦%%3❞❡ ❞❡% ♣✐❝% ❞❡ +5%♦♥❛♥❝❡ ? ❜❛%%❡% ❢+5<✉❡♥❝❡% ✭♣+❡♠✐❡+ ♣✐❝ ❛✉① ❛❧❡♥-♦✉+% ❞❡

✵✳✻ +❛❞✴%❡❝✮✱ ❧❡% ♣✐❝% ? ❢+5<✉❡♥❝❡% ♣❧✉% 5❧❡✈5❡% %♦♥- ❛--5♥✉5%✳ S♦✉+ ❧❡ %②%-3♠❡ %❛♥% ❞❛♥%❡✉+✱ ❧❡

❣❛✐♥ ❡♥ ❜❛%%❡ ❢+5<✉❡♥❝❡ ❡%- ❝♦♥%-❛♥- %✉+ ✉♥❡ ♣❧✉% ❧❛+❣❡ ♣❧❛❣❡ ✿ ❧❡ ♣+❡♠✐❡+ ♣✐❝ ❞❡ +5%♦♥❛♥❝❡ %❡

%✐-✉❡ ? ✉♥❡ ❞5❝❛❞❡ ♣❧✉% 5❧❡✈5❡✳

❆✐♥%✐✱ ❛ ♣"✐♦"✐✱ ❧❡ %②%-3♠❡ %❛♥% ❞❛♥%❡✉+ ❞❡✈+❛✐- B-+❡ ♣❧✉% ❢❛❝✐❧❡ ? ❝♦♠♠❛♥❞❡+ ❛✈❡❝ ❞❡% ❝♦++❡❝-❡✉+%

✏%✐♠♣❧❡%✑ ✭%✐ ❧❛ ❜❛♥❞❡ ♣❛%%❛♥-❡ ❡♥ ❜♦✉❝❧❡ ❢❡+♠5❡ ♥✬❡%- ♣❛% -+♦♣ 5❧❡✈5❡✮✳

▲❛ ❝♦♠♠❛♥❞❡ ❞❡ ❝❡% ❞❡✉① %②%-3♠❡% %❡+❛ 5-✉❞✐5❡ ♣❧✉% ❧♦✐♥✳



✷✽ ❈❍❆#■❚❘❊ ✶✳ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ❉✬❊◆❚❘❆■◆❊▼❊◆❚ ❉❊ ❇❆◆❉❊❙

✶✳✺✳✷ ❙%&✉❝%✉&❡ ❞✉ ❞❛♥-❡✉& ♣❡♥❞✉❧❛✐&❡

▲❡ ❝♦♠♣♦()❡♠❡♥) ❞②♥❛♠✐/✉❡ ❞✉ ❞❛♥1❡✉( ♣❡♥❞✉❧❛✐(❡ ❞3♣❡♥❞ ❞❡ ❞✐✛3(❡♥)❡1 ❣(❛♥❞❡✉(1 ❡) ❞✐♠❡♥✲

1✐♦♥1 ♠3❝❛♥✐/✉❡1✳ ❈❡1 ✈❛❧❡✉(1 ♣❡✉✈❡♥) :)(❡ ♦♣)✐♠✐13❡1 ❬❱❑✵✼❪✳ ❈❡♣❡♥❞❛♥) ♦♥ ♣❡✉) ❛✐13♠❡♥)

❛❥♦✉)❡( ♦✉ ♠♦❞✐✜❡( ✉♥ ❝♦♥)(❡♣♦✐❞1 ❛✜♥ ❞✬❛❥✉1)❡( ❧❛ ♣♦1✐)✐♦♥ ❞✉ ❝❡♥)(❡ ❞❡ ❣(❛✈✐)3 ♣❛( (❛♣♣♦() D

❧✬❛①❡ ❞❡ (♦)❛)✐♦♥✳ ◗✉❛)(❡ ❝♦♥✜❣✉(❛)✐♦♥1 1♦♥) 3)✉❞✐3❡1✱ 1❛❝❤❛♥) /✉❡ 1✉( ❧❡ ❜❛♥❝ ✐♥❞✉1)(✐❡❧ ❧❡ ❝❡♥)(❡

❞❡ ❣(❛✈✐)3 ❡1) 1✐)✉3 ❡♥)(❡ ❧❡ (♦✉❧❡❛✉ ❧✐❜(❡ ❡) ❧✬❛①❡ ❞❡ (♦)❛)✐♦♥ ❞✉ ❞❛♥1❡✉( ✭Lcg = 0.07m✮✳
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❋✐❣✉$❡ ✶✳✶✹ ✕ ❱❛❧❡✉(1 1✐♥❣✉❧✐O(❡1 ♠✐♥✐♠❛❧❡1 ❡) ♠❛①✐♠❛❧❡1 ♣♦✉( ❞✐✛3(❡♥)❡1 ✈❛❧❡✉(1 ❞❡ Lcg

▲❛ ✜❣✉(❡ ✶✳✶✹ ♠♦♥)(❡ ❧❡1 ✈❛❧❡✉(1 1✐♥❣✉❧✐O(❡1 ♠❛①✐♠❛❧❡1 ❡) ♠✐♥✐♠❛❧❡1 ❞✉ 1②1)O♠❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡()❡

♣♦✉( ✹ ✈❛❧❡✉(1 ❞❡ ❧❛ ❧♦♥❣✉❡✉( Lcg✳ ▲❡1 ❡♥)(3❡1 ❝♦♥1✐❞3(3❡1 1♦♥) ❧❡1 ✹ ❝♦♥1✐❣♥❡1 ❞❡ ❝♦✉♣❧❡ ❞❡1
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✶✳✻ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ✈❛-✐❛/✐♦♥ ❞❡ ♣❛-❛♠3/-❡4 ❡♥ ❜♦✉❝❧❡ ♦✉✈❡-/❡

▲✬✐♥✢✉❡♥❝❡ ❞✬✉♥❡ ✈❛(✐❛)✐♦♥ ❞❡ ❧✬3❧❛1)✐❝✐)3 ❞❡ ❧❛ ❜❛♥❞❡ 1✉( ❧❡ ❝♦♠♣♦()❡♠❡♥) ❞②♥❛♠✐/✉❡ ❞✉ 1②1)O♠❡
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❞✉ ❞3(♦✉❧❡✉( 1✉( ❧❡ ❝♦♠♣♦()❡♠❡♥) ❢(3/✉❡♥)✐❡❧ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡()❡ ❞✉ 1②1)O♠❡ 3)✉❞✐3✳



✶✳✼✳ ❈❖◆❈▲❯❙■❖◆ ✷✾

✶✳✻✳✶ ■♥✢✉❡♥❝❡ ❞❡* +❛②♦♥*

▲❛ ✜❣✉'❡ ✶✳✶✺ ✐❧❧✉./'❡ ❧❡ ❝♦♠♣♦'/❡♠❡♥/ ❢'67✉❡♥/✐❡❧ ❞✉ .②./:♠❡ 6/✉❞✐6 ✭✜❣✉'❡ ✶✳✽✮ ❡♥ ❜♦✉❝❧❡

♦✉✈❡'/❡✱ ♣♦✉' ❞✐✛6'❡♥/. '❛②♦♥. ❞❡ ❜♦❜✐♥❡.✳

10 10 10
0

10
1

10 10
3

10
4

0

40

Pulsation (rad/s)

G
ai

n
 (

d
B

)

Rd = 0.1 m    Re =1 m

❋✐❣✉$❡ ✶✳✶✺ ✕ ❱❛❧❡✉'. .✐♥❣✉❧✐:'❡. ♠✐♥✐♠❛❧❡. ❡/ ♠❛①✐♠❛❧❡. ♣♦✉' ❞✐✛6'❡♥/❡. ✈❛❧❡✉'. ❞❡. '❛②♦♥.

▲❡. '❛②♦♥. ❞❡. ❜♦❜✐♥❡. ♦♥/ ♣'✐♥❝✐♣❛❧❡♠❡♥/ ✉♥❡ ✐♥❝✐❞❡♥❝❡ .✉' ❧❡ ❣❛✐♥ ./❛/✐7✉❡ ❞✉ .②./:♠❡ ❡/ .✉' ❧❡.

❞❡✉① ♣'❡♠✐❡'. ♣✐❝. ❞❡ '6.♦♥❛♥❝❡✳ ▲❡. '6.♦♥❛♥❝❡. E ♣❧✉. ❤❛✉/❡. ❢'67✉❡♥❝❡. ♥❡ .♦♥/ ♣❛. ♠♦❞✐✜6❡.
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▲❡# #②#%&♠❡# ❞✬❡♥%+❛✐♥❡♠❡♥% ❞❡ ❜❛♥❞❡# ✢❡①✐❜❧❡# ♥2❝❡##✐%❡♥% ❧✬❛##❡+✈✐##❡♠❡♥% ❞❡ ❞❡✉① ❣+❛♥❞❡✉+# ✿

❧❛ ✈✐%❡##❡ ❞❡ ❞2✜❧❡♠❡♥% ❡% ❧❛ %❡♥#✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡✳ ▲❡ ❜✉% ❡#% ❞❡ ❝♦♥✈♦②❡+ ❧❛ ❜❛♥❞❡ ; ❧❛ ✈✐%❡##❡

✈♦✉❧✉❡ %♦✉% ❡♥ ♠❛✐♥%❡♥❛♥% ❧❛ %❡♥#✐♦♥ ❞❛♥# ✉♥ ✐♥%❡+✈❛❧❧❡ ❛❝❝❡♣%❛❜❧❡ ❛✉%♦✉+ ❞❡ ❧❛ ❝♦♥#✐❣♥❡✳ ▲❛

%❛✐❧❧❡ ❞❡ ❝❡% ✐♥%❡+✈❛❧❧❡ ❞2♣❡♥❞ ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ❡% ❞✉ %②♣❡ ❞❡ ♠❛%2+✐❛✉ ✉%✐❧✐#2✳ =❛+ ❡①❡♠♣❧❡✱ ❧✬✐♠✲

♣+❡##✐♦♥ #✉+ ✉♥ #✉♣♣♦+% 2❧❛#%✐@✉❡ ♥2❝❡##✐%❡ @✉❡ ❧❛ %❡♥#✐♦♥ #♦✐% ❝♦♥%+A❧2❡ ❞❡ ❢❛C♦♥ %+&# ♣+2❝✐#❡ ❛✜♥

❞❡ ♥❡ ♣❛# ❞2❢♦+♠❡+ ❧❡# ♠♦%✐❢#✳ ▲❡# ❜❡#♦✐♥# %♦✉❥♦✉+# ❝+♦✐##❛♥%# ❞❡ ❧✬✐♥❞✉#%+✐❡ ❡♥ %❡+♠❡ ❞❡ @✉❛❧✐%2 ❡%

❞❡ ❝❛❞❡♥❝❡ ❞❡ ♣+♦❞✉❝%✐♦♥ ❝♦♥❞✉✐#❡♥% ; ❧✬2❧❛❜♦+❛%✐♦♥ ❞❡ ❝♦♠♠❛♥❞❡# ❞❡ ♣❧✉# ❡♥ ♣❧✉# ♣❡+❢♦+♠❛♥%❡#✳
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♣♦✉+ ❧❛ #②♥%❤&#❡ ❞❡ ❝♦++❡❝%❡✉+# ❞❡ %❡♥#✐♦♥ ❞❡ ❜❛♥❞❡ ❝❡♥%+❛❧✐#2# ❞❛♥# ❬❑♦C✵✵❪ ❡% ❬❑❑❞▼❆✵✷❪✳ ❉❡#

❝♦++❡❝%❡✉+# ❛✈❡❝ #2@✉❡♥❝❡♠❡♥% ❞❡ ❣❛✐♥ ♦♥% 2❣❛❧❡♠❡♥% 2%2 ❞2✈❡❧♦♣♣2# ❞❛♥# ❬❑♦C✵✵❪✳

❯♥ ❞❡# ❞2❢❛✉%# ❞❡ ❧❛ #②♥%❤&#❡ ❝❡♥%+❛❧✐#2❡ ❡#% @✉❡ ❧✬♦+❞+❡ ❞❡# ❝♦++❡❝%❡✉+# ♦❜%❡♥✉# ❡#% #✉♣2+✐❡✉+

; ❧✬♦+❞+❡ ❞✉ #②#%&♠❡ ; ❝♦♠♠❛♥❞❡+✳ ❈❡%%❡ ❛♣♣+♦❝❤❡ ♥✬❡#% ❞♦♥❝ ♣❛# ❛♣♣❧✐❝❛❜❧❡ ❛✉① #②#%&♠❡# ❞❡
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❆✜♥ ❞✬❛♠.❧✐♦&❡& ❧✬❛,,❡&✈✐,,❡♠❡♥' ❞❡, ♠♦'❡✉&,✱ ✉♥ '❡&♠❡ ❞❡ ♣&.✲❝♦♠♣❡♥,❛'✐♦♥ ♦✉ ❢❡❡❞❢♦&✇❛&❞ ✭❋❋

,✉& ❧❛ ✜❣✉&❡ ✷✳✶✮ ❡,' ❛❥♦✉'. 8 ❧❛ ,♦&'✐❡ ❞✉ ❝♦&&❡❝'❡✉& ❞❡ ✈✐'❡,,❡✳ ❈❡ '❡&♠❡ ♣❡&♠❡' ❞✬.❧✐♠✐♥❡& ❧✬❡✛❡'

❞❡, ❢&♦''❡♠❡♥', ,❡❝, ❡' ✈✐,7✉❡✉①✳ ■❧ ♣❡&♠❡' .❣❛❧❡♠❡♥' ❞❡ ❝♦♠♣❡♥,❡& ❧❡ ❝♦✉♣❧❡ ❞❡ '&❛❝'✐♦♥ ❞❡ ❧❛
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❡♥ ❝♦✉♣❧❡ ❞✉ ♠♦'❡✉& ❡♥ ✉♥ '❡&♠❡ ❞❡ ♣&.✲❝♦♠♣❡♥,❛'✐♦♥ u0i ❡' ✉♥ '❡&♠❡ ui ❝♦&&❡,♣♦♥❞❛♥' 8 ❧❛
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d

dt
(JiΩi) =

d

dt

(

JiVi
Ri

)

= Ri(Ti − Ti−1) +Ki(u0i + ui)− f(Ωi)− Cfsi ✭✷✳✶✮

❊♥ ❝❤♦✐,✐,,❛♥' ❧❡ '❡&♠❡ ❞❡ ♣&.✲❝♦♠♣❡♥,❛'✐♦♥ ❞❡ ❧❛ ♠❛♥✐T&❡ ,✉✐✈❛♥'❡ ✿

u0i(t) =
Ri(t)(Ti−1(t)− Ti(t)) + f(Ωi(t)) + Cfsi

Ki
✭✷✳✷✮

❛❧♦&, ❧❛ ❢♦♥❝'✐♦♥ ❞❡ '&❛♥,❢❡&' ❡♥'&❡ ❧❛ ❝♦♥,✐❣♥❡ ❞❡ ❝♦✉♣❧❡ ui ❡' ❧❛ ✈✐'❡,,❡ ❞✉ ♠♦'❡✉& Ωi ,❡ &.❞✉✐'

8 ✉♥❡ ❡①♣&❡,,✐♦♥ ,✐♠♣❧❡ ✿

Ωi(s)

ui(s)
=
Ki

Jis
✭✷✳✸✮
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V
1/Ri

uiref

Correcteur IP

a

s
b Ji

i

FF = u0

Correcteur de vitesse

i

❋✐❣✉$❡ ✷✳✷ ✕ ❈♦&&❡❝%❡✉& ■D ❞❡ ✈✐%❡//❡
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❛✜♥ ❞✬♦❜%❡♥✐& ✉♥❡ ❝♦♥/✐❣♥❡ ❞❡ ✈✐%❡//❡ ❞❡ &♦%❛%✐♦♥ Ω✳ ▲❛ /♦&%✐❡ ❞✉ ❝♦&&❡❝%❡✉& ❞❡ ✈✐%❡//❡ ❡/% ♠✉❧✲
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a ❡% b /♦♥% ❧❡/ ♣❛&❛♠S%&❡/ ❞✉ ❝♦&&❡❝%❡✉& ■D M ❞0%❡&♠✐♥❡&✳ ▲❛ ❢♦♥❝%✐♦♥ ❞❡ %&❛♥/❢❡&% ❡♥ ❜♦✉❝❧❡

❢❡&♠0❡✱ ❝♦♥/✐❞0&❛♥% ❧❛ ❢♦♥❝%✐♦♥ ❞❡ %&❛♥/❢❡&% ❞❡ ❧❛ &❡❧❛%✐♦♥ ✷✳✸✱ ❞❡✈✐❡♥% ❬●❛/✶✶❪ ✿

Ωi(s)

Ωref (s)
=

1

1 +
s

a
+

s2

abKi

✭✷✳✹✮

▲❛ &❡❧❛%✐♦♥ ✭✷✳✹✮ ♠♦♥%&❡ ❜✐❡♥ 6✉❡ ❧❡ ❝♦&&❡❝%❡✉& ■D ♥✬✐♥%&♦❞✉✐% ♣❛/ ❞❡ ③0&♦ ❞❛♥/ ❧❛ ❜♦✉❝❧❡ ❢❡&♠0❡✳

▲✬✉%✐❧✐/❛%✐♦♥ ❞✬✉♥ ❝♦&&❡❝%❡✉& D■ ❛✉&❛✐% ❞♦♥♥0❡ ❬●❛/✶✶❪ ✿

Ωi(s)

Ωref (s)
=

1 + τs

1 + τs+
s2

kKi

✭✷✳✺✮
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❞❡ ❝♦✉♣✉&❡ ωv /♦✉❤❛✐%0/✳ ▲❡/ ♣❛&❛♠S%&❡/ a ❡% b ❞❡✈✐❡♥♥❡♥% ✿














a =
ωv

2ζv

b =
ω2
v

aKi
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❉❛♥/ ❧❡ ❝❛❞1❡ ❞❡ ❝❡ 01❛✈❛✐❧✱ ❧❡/ ❝♦11❡❝0❡✉1/ H∞ /♦♥0 ❝❛❧❝✉❧6/ ♣♦✉1 ❧❛ ♣❧✉♣❛10 ♣❛1 ♦♣0✐♠✐/❛0✐♦♥✱

❞❛♥/ ❧✬❡♥✈✐1♦♥♥❡♠❡♥0 ❧♦❣✐❝✐❡❧ ♠♦❞❡❋1♦♥0✐❡1✳
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❋✐❣✉$❡ ✷✳✺ ✕ ❙❝❤'♠❛ ❞❡ ♣-✐♥❝✐♣❡ ❞❡ ❧❛ 1②♥3❤41❡ ❙✴❑❙✴❚ ❛✈❡❝ ♠♦❞4❧❡ ❞❡ -'❢'-❡♥❝❡

▲❡ ❝❤♦✐① ❡3 ❧❡ -'❣❧❛❣❡ ❞❡1 ✜❧3-❡1 ❞❡ ♣♦♥❞'-❛3✐♦♥ 1♦♥3 ❞✐✣❝✐❧❡1 ❡3 ♦♥3 ❞♦♥♥' ❧✐❡✉ A ❞❡ ♥♦♠❜-❡✉①

3-❛✈❛✉① ❬▲❙❲✾✶❪ ❬▲❛♥✵✺❪✳ ▲❛ ❢♦♥❝3✐♦♥ ❞❡ ♣♦♥❞'-❛3✐♦♥ Wp ❥♦✉❡ ✉♥ -J❧❡ ✐♠♣♦-3❛♥3 1✉- ❧❡ ❝♦♠♣♦-✲

3❡♠❡♥3 ❞❡ ❧✬❡--❡✉- ❡♥3-❡ ❧❛ 1♦-3✐❡ ❞✉ 1②134♠❡ ❡3 ❧❛ 1♦-3✐❡ ❞✉ ♠♦❞4❧❡ ❞❡ -'❢'-❡♥❝❡✳ ❯♥❡ ♠'3❤♦❞❡

❞❡ -'❣❧❛❣❡ ❞❡ Wp ❡13 ❞♦♥♥'❡ ❞❛♥1 ❬❇❲❙✾✻❪✳ ■❧ ♣-♦♣♦1❡ ❞❡ ✜①❡- 3-♦✐1 ❝-✐34-❡1 ❞❡ -'❣❧❛❣❡ ✿ ❧✬❡--❡✉-

13❛3✐R✉❡ 3♦❧'-'❡ εb✱ ✉♥❡ ❜❛♥❞❡ ♣❛11❛♥3❡ ωb ❡3 ✉♥ ❣❛✐♥ ♠❛①✐♠✉♠ ❞✉ 3-❛♥1❢❡-3 (M0 − T )✱ ♥♦3' M ✳

▲❛ ❢♦-♠❡ ❞❡ Wp ❞❡✈✐❡♥3 ✿

Wp =
s+Mωb

M(s+ εbωb)
✭✷✳✼✮

▲❡ ✜❧3-❡ Wu ❡13 ✉3✐❧✐1' ❛✜♥ ❞❡ ❧✐♠✐3❡- ❧✬❛♠♣❧✐3✉❞❡ ❞❡1 1✐❣♥❛✉① ❞❡ ❝♦♠♠❛♥❞❡✳ ■❧ ♣❡✉3 '❣❛❧❡♠❡♥3

W3-❡ ✉3✐❧✐1' ♣♦✉- ♠♦❞❡❧❡- ❧❡ ❝♦♠♣♦-3❡♠❡♥3 ❞❡1 1✐❣♥❛✉① ❞❡ ❝♦♠♠❛♥❞❡ ❡♥ ❧✐♠✐3❛♥3 ♣❛- ❡①❡♠♣❧❡

❧❡✉- ❜❛♥❞❡ ♣❛11❛♥3❡✳

▲❡ ✜❧3-❡Wt ♣❡-♠❡3 ❞❡ ❝♦♥3-❛✐♥❞-❡✱ ❡♥ ❝♦♠♣❧'♠❡♥3 ❞❡Wp✱ ❧❡ ❝♦♠♣♦-3❡♠❡♥3 ❞✉ 1②134♠❡ ❡♥ ❜♦✉❝❧❡

❢❡-♠'❡✳ ❉❛♥1 ❜❡❛✉❝♦✉♣ ❞❡ 1②♥3❤41❡1 ❞❡ ❝♦♠♠❛♥❞❡✱ Wt ❡13 ♦♠✐1 ❬❑♥✐✵✸❪✳

▲❛ ♣♦♥❞'-❛3✐♦♥Wd ♣❡-♠❡3 ❞✬❛✉❣♠❡♥3❡- ❧❡1 ♣❡-❢♦-♠❛♥❝❡1 ❞❡ -❡❥❡3 ❞❡ ♣❡-3✉-❜❛3✐♦♥1 ♣❛- ❧❡ ❝♦--❡❝✲

3❡✉-✳ ▲❡1 ✏♣❡-3✉-❜❛3✐♦♥1✑ ❝♦♥1✐❞'-'❡1 ✐❝✐ 1♦♥3 ❧❡1 ❢♦-❝❡1 ❛♣♣❧✐R✉'❡1 ♣❛- ❧❡1 ✈'-✐♥1 1✉- ❧❡1 ❞❛♥1❡✉-1

❡3 ❧❛ ❝♦♥1✐❣♥❡ ❞❡ ✈✐3❡11❡✳

✷✳✸✳✷ ❘$%♦❧✉)✐♦♥ ❞✉ ♣.♦❜❧0♠❡ H∞ ❛✈❡❝ ❝♦♥).❛✐♥)❡% ❞✬♦.❞.❡ ❡) ❞❡ %).✉❝)✉.❡

▲❛ 1②♥3❤41❡ 13❛♥❞❛-❞ ❍∞ ♥❡ ♣❡-♠❡3 ♣❛1 ❞❡ ✜①❡- ❞❡1 ❝♦♥3-❛✐♥3❡1 ❞✬♦-❞-❡ ❡3 ❞❡ 13-✉❝3✉-❡ ❞❡1

❝♦--❡❝3❡✉-1✳ ❈❡♣❡♥❞❛♥3 ♣❧✉1✐❡✉-1 ❛♣♣-♦❝❤❡1 ♦♥3 '3' ❞'✈❡❧♦♣♣'❡1 ♣♦✉- ♦❜3❡♥✐- ❞❡1 ❝♦--❡❝3❡✉-1

❞✬♦-❞-❡ -'❞✉✐3✳ ❖♥ ♣❡✉3 ❝✐3❡- ❧❡1 ♠'3❤♦❞❡1 ❞❡ -'❞✉❝3✐♦♥ ❞✬♦-❞-❡ ❛ ♣♦#$❡&✐♦&✐✳ ❙♦✐3 ♦♥ 1②♥3❤'3✐1❡

✉♥ ❝♦--❡❝3❡✉- ❞✬♦-❞-❡ ♣❧❡✐♥ R✉❡ ❧✬♦♥ -'❞✉✐3 ❡♥1✉✐3❡ ❛✉3❛♥3 R✉❡ ♣♦11✐❜❧❡✱ 1♦✐3 ♦♥ -'❞✉✐3 ❧✬♦-❞-❡ ❞✉

♠♦❞4❧❡ ❞✉ 1②134♠❡ ♣✉✐1 ♦♥ 1②♥3❤'3✐1❡ ✉♥ ❝♦--❡❝3❡✉- ❞✬♦-❞-❡ ♣❧❡✐♥ ♣♦✉- ❝❡ ♥♦✉✈❡❛✉ 1②134♠❡✳ ▲❡1

3❡❝❤♥✐R✉❡1 ❞❡ -'❞✉❝3✐♦♥ ❞✬♦-❞-❡ ✉3✐❧✐1❡♥3 ♣-✐♥❝✐♣❛❧❡♠❡♥3 ❧❛ ❞'❝♦♠♣♦1✐3✐♦♥ ❡♥ ✈❛❧❡✉-1 1✐♥❣✉❧✐4-❡1

❞❡ ❍❛♥❦❡❧ ❬❙❈▲✾✵❪ ❬❋❆❈

+
✾✾❪✳ ❈❡♣❡♥❞❛♥3 ❧✬♦-❞-❡ ❞✉ ❝♦--❡❝3❡✉- ♥❡ ♣❡✉3 ♣❛1 W3-❡ ✜①' ❛✉ ♣-'❛❧❛❜❧❡✳

❉❡ ♣❧✉1✱ ❧❡1 ♣❡-❢♦-♠❛♥❝❡1 ❡3 ❧❛ 13❛❜✐❧✐3' ♥❡ 1♦♥3 ♣❛1 3♦✉❥♦✉-1 ❣❛-❛♥3✐❡1✳

■❧ ❡①✐13❡ '❣❛❧❡♠❡♥3 ❞❡1 ♠'3❤♦❞❡1 ❞✐-❡❝3❡1 ✭❛ ♣&✐♦&✐✮ R✉✐ 1②♥3❤'3✐1❡♥3 ❧❡ ❝♦--❡❝3❡✉- ❞✬♦-❞-❡ -'❞✉✐3

✭❡3 A 13-✉❝3✉-❡ ✜①❡✮ A ♣❛-3✐- ❞✉ 1②134♠❡ ❞✬♦-❞-❡ ♣❧❡✐♥✳ ❉❡1 ❝♦♥3-❛✐♥3❡1 ❞✬♦-❞-❡ ❡3 ❞❡ 13-✉❝3✉-❡ 1♦♥3

❛❥♦✉3'❡1 A ❧❛ 1②♥3❤41❡ ❍∞✱ ❝❡ R✉✐ ❝♦♥❞✉✐3 A ❧❛ -'1♦❧✉3✐♦♥ ❞✬✉♥❡ ❇▼■ ✭❇✐❧✐♥✐❡❛- ▼❛3-✐① ■♥❡R✉❛✲

❧✐3②✮✳ ▲❡ ♣-♦❜❧4♠❡ ❞❡✈✐❡♥3 ❛❧♦-1 ♥♦♥✲❝♦♥✈❡①❡ ❡3 ♥♦♥✲❧✐11❡✳ ❉❡ ♥♦♠❜-❡✉① 3-❛✈❛✉① ♦♥3 ♣♦-3' 1✉-

❧❛ -'1♦❧✉3✐♦♥ ❞❡ ❝❡ 3②♣❡ ❞❡ ♣-♦❜❧4♠❡ ❞✬♦♣3✐♠✐1❛3✐♦♥ ❬❖❍▼✵✻❪ ❬❆◆✵✻❪ ❬❆❇◆✵✼❪ ❬❆◆✵✼❪ ❬❇♦♠✵✼❪

❬❙❆◆✵✾❪ ❬❙❆❇❙✶✶❪ ❬❙❆❆◆✶✶❪ ❬▼❑❙❙✶✸❛❪✳

▲❛ 1②♥3❤41❡ ❞❡1 ❝♦--❡❝3❡✉-1 ❞❡ 3❡♥1✐♦♥ ❞✉ ❜❛♥❝ ✐♥❞✉13-✐❡❧ ❡13 -'❛❧✐1'❡ ❡♥ ✉3✐❧✐1❛♥3 ❞❡✉① ❛♣♣-♦❝❤❡1 ✿
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❞✬✉♥❡ ♣❛)* ❧❡, ❝♦))❡❝*❡✉), ❞❡ ❧❛ ,*)✉❝*✉)❡ ❞/❝❡♥*)❛❧✐,/❡ ,♦♥* ,②♥*❤/*✐,/, ,✐♠✉❧*❛♥/♠❡♥* ✭,②♥*❤5,❡

❝❡♥*)❛❧✐,/❡✮ ❡* ❞✬❛✉*)❡ ♣❛)* ❧❡, ❝♦))❡❝*❡✉), ,♦♥* ,②♥*❤/*✐,/, ,/♣❛)/♠❡♥* ✭,②♥*❤5,❡ ❞/❝❡♥*)❛❧✐,/❡✮✳

8♦✉) ❝❡**❡ ❞❡)♥✐5)❡ ❛♣♣)♦❝❤❡✱ ❧❡ ,②,*5♠❡ ❣❧♦❜❛❧ ❡,* ❛✉ ♣)/❛❧❛❜❧❡ ❞/❝♦♠♣♦,/ ❡♥ ,♦✉,✲,②,*5♠❡, ❡*

❝❤❛=✉❡ ❝♦))❡❝*❡✉) ❡,* ❝❛❧❝✉❧/ ♣♦✉) ❧❡ ,♦✉,✲,②,*5♠❡ ❝♦♥❝❡)♥/✱ ❡♥ ❢❛✐,❛♥* ❛❜,*)❛❝*✐♦♥ ❞❡, ❛✉*)❡,

,♦✉,✲,②,*5♠❡,✳ ▲❡, ♣❛)❛♠5*)❡, ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥ ✈✐*❡,,❡ ♦♥* /*/ ✜①/, ✿ ζv ❂ ✶✳✶ ❡* ωv ❂ ✻✵✵

)❛❞✴,❡❝ ✭✈♦✐) )❡❧❛*✐♦♥ ✭✷✳✻✮✮✳ ❈❡, ♣❛)❛♠5*)❡, ♣❡)♠❡**❡♥* ❞✬♦❜*❡♥✐) ✉♥❡ ❜♦✉❝❧❡ ❞❡ ✈✐*❡,,❡ ❛✈❡❝

✉♥❡ ❜❛♥❞❡ ♣❛,,❛♥*❡ ❞✬❡♥✈✐)♦♥ ✶✵✵ ❍③✱ ,❛♥, )/,♦♥❛♥❝❡✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡, ,♣/❝✐✜❝✐*/, ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡

✈✐*❡,,❡ ,✉) ❧❡ ❝♦♠♣♦)*❡♠❡♥* ❞②♥❛♠✐=✉❡ ❞❡ ❧❛ ❜❛♥❞❡ ,❡)❛ /*✉❞✐/❡ ♣❛) ❧❛ ,✉✐*❡✳

✷✳✸✳✷✳✶ ❙②♥'❤)*❡ ❝❡♥'-❛❧✐*1❡ ❞❡* ❝♦--❡❝'❡✉-* ❞✉ ❜❛♥❝ ✐♥❞✉*'-✐❡❧

▲❡ ,❝❤/♠❛ ❞❡ ,②♥*❤5,❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❞/❝❡♥*)❛❧✐,/❡ ❞✉ ❜❛♥❝ ♠✉❧*✐✲♠♦*❡✉), ❞❡ ❧✬❯❞❙✱ ✐♥❝❧✉❛♥*

❧❡, ✜❧*)❡, ❞❡ ♣♦♥❞/)❛*✐♦♥✱ ❡,* ❞♦♥♥/ O ❧❛ ✜❣✉)❡ ✷✳✻✳ ▲❡, ❝♦))❡❝*❡✉), Cv✱ =✉✐ ,♦♥* ❞❡, ❝♦))❡❝*❡✉),

■8✱ ♣❡)♠❡**❡♥* ❧✬❛,,❡)✈✐,,❡♠❡♥* ❞❡ ✈✐*❡,,❡ ❞❡, ♠♦*❡✉),✳ ▲❡, ❝♦))❡❝*❡✉), ❞❡ *❡♥,✐♦♥ CT ❡* ❞❡ ♣♦,✐✲

*✐♦♥ ❞❡, ❞❛♥,❡✉), CP ,♦♥* ❧❡, ❝♦))❡❝*❡✉), O ,②♥*❤/*✐,❡) ♣❛) ❧✬❛♣♣)♦❝❤❡ H∞✳ ❉❛♥, ♥♦*)❡ ❝❛,✱ ♥♦✉,

❛✈♦♥, ❝❤♦✐,✐ ❞❡, ❝♦))❡❝*❡✉) 8■✳
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♦( W. ❝♦**❡,♣♦♥❞ ❛✉① ❞✐✛5*❡♥6, ✜❧6*❡, Wp✱ Wt✱ Wd ❡6 Wu✳

▲❡, ❝♦**❡❝6❡✉*, ;■ ❞❡ 6❡♥,✐♦♥ ❡6 ♣♦,✐6✐♦♥ ❞❡ ❞❛♥,❡✉*, ♣❡♥❞✉❧❛✐*❡, ♦♥6 565 ,②♥6❤56✐,5, ,✐♠✉❧6❛✲
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❞♦♥♥5, D ❧❛ ✜❣✉*❡ ✷✳✼✳

▲❛ ❝♦♥,✐❣♥❡ ❡6 ❧❛ ♠❡,✉*❡ ❞❡ ❧❛ ✈✐6❡,,❡ ❞✉ ♣*❡♠✐❡* 6*❛❝6❡✉* ,♦♥6 ❞♦♥♥5❡, D ❧❛ ✜❣✉*❡ ✷✳✼✭❛✮✳ ▲❛

❝♦♥,✐❣♥❡ ❡6 ❧❛ ♠❡,✉*❡ ❞❡ ❧❛ 6❡♥,✐♦♥ ✐♥6❡*♠5❞✐❛✐*❡ ,♦♥6 ❞♦♥♥5❡, D ❧❛ ✜❣✉*❡ ✷✳✼✭❜✮✳ ▲❡, ,❛✉6, ❡♥

❝*5♥❡❛✉① ❛♣♣❧✐H✉5, ,✉* ❧❡, ❝♦♥,✐❣♥❡, ❞❡ ✈✐6❡,,❡ ❡6 ❞❡ 6❡♥,✐♦♥ ❞❡ ❜❛♥❞❡ ♥❡ ,♦♥6 ♣*5,❡♥6, H✉❡ ❞❛♥,

❧❡ ❜✉6 ❞❡ ✈❛❧✐❞❡* ❧❡, ♣❡*❢♦*♠❛♥❝❡, ❡♥ ,✉✐✈✐ ❞❡ ❝♦♥,✐❣♥❡, ❡6 ❡♥ ❞5❝♦✉♣❧❛❣❡ ✈✐6❡,,❡✕6❡♥,✐♦♥ ❀ ✐❧,

♥❡ ❝♦**❡,♣♦♥❞❡♥6 ❞♦♥❝ ♣❛, ❛✉ 6②♣❡ ❞❡ ❝♦♥,✐❣♥❡, ✉6✐❧✐,5 ❞❛♥, ❧✬✐♥❞✉,6*✐❡ ✭❧✬✐♥❞✉,6*✐❡ ✉6✐❧✐,❡ ❞❡,

❝♦♥,✐❣♥❡, ❝♦♥,6❛♥6❡,✮✳ ▲❡, ❞❡✉① ✜❣✉*❡, ♠♦♥6*❡♥6 H✉❡ ❧❡, ♣❡*❢♦*♠❛♥❝❡, ❡♥ ,✉✐✈✐ ❞❡ ❝♦♥,✐❣♥❡, ❞❡

6❡♥,✐♦♥ ❡6 ❞❡ ✈✐6❡,,❡ ,♦♥6 6*C, ❜♦♥♥❡,✳ ❉❡ ♣❧✉,✱ ❧❡ ❝♦✉♣❧❛❣❡ ✈✐6❡,,❡✕6❡♥,✐♦♥ ❞❡ ❜❛♥❞❡ ❡,6 H✉❛,✐♠❡♥6

❛♥♥✉❧5 ♣✉✐,H✉❡ ❞❡, ✈❛*✐❛6✐♦♥, ❞❡ 6❡♥,✐♦♥ ♥✬❡♥6*❛✐♥❡♥6 ♣❛, ❞❡ ✈❛*✐❛6✐♦♥, ❞❡ ✈✐6❡,,❡ ✐♠♣♦*6❛♥6❡, ❡6

✈✐❝❡✲✈❡%&❛✳

▲❡, ✜❣✉*❡, ✷✳✼✭❝✮ ❡6 ✷✳✼✭❞✮ ❞♦♥♥❡♥6 ❧❡, ♠❡,✉*❡, ❞❡ ❧❛ ♣♦,✐6✐♦♥ ❛♥❣✉❧❛✐*❡ ❞❡, ❞❛♥,❡✉*, ♣❡♥❞✉❧❛✐*❡,✳

▲❛ ♣♦,✐6✐♦♥ ❞✉ ❞❛♥,❡✉* ❞❡ ❧❛ ,❡❝6✐♦♥ ❞❡ ❞5*♦✉❧❡♠❡♥6 ✈❛*✐❡ ❞❡ ♠♦✐♥, ❞❡ ✺ ❞❡❣*5,✳ ❉❛♥, ❧❛ ,❡❝6✐♦♥

❞✬❡♥*♦✉❧❡♠❡♥6✱ ❧❡ ❞❛♥,❡✉* ♣❡♥❞✉❧❛✐*❡ ❝♦♥,❡*✈❡ ✉♥❡ ♣♦,✐6✐♦♥ 6*C, ♣*♦❝❤❡ ❞❡ ❧❛ ♣♦,✐6✐♦♥ ♥♦♠✐♥❛❧❡✳

▲❡ ❝♦♠♣♦*6❡♠❡♥6 ❢*5H✉❡♥6✐❡❧ ❞✉ ,②,6C♠❡ ❡,6 ✐❧❧✉,6*5 D ❧❛ ✜❣✉*❡ ✷✳✽✳ ▲❡, ❣❛❜❛*✐6, ✭✐♥✈❡*,❡ ❞❡,

✜❧6*❡, ❞❡ ♣♦♥❞5*❛6✐♦♥ ♠✉❧6✐♣❧✐5 ♣❛* γopt✮ ,♦♥6 ❛❥♦✉65, ❡♥ ♣♦✐♥6✐❧❧5,✳ ▲❛ ✜❣✉*❡ ✷✳✽✭❛✮ ♠♦♥6*❡ ❧❡

❝♦♠♣♦*6❡♠❡♥6 ❞❡ ❧✬❡**❡✉* ❡♥6*❡ ♠♦❞C❧❡ ❞❡ *5❢5*❡♥❝❡ ❡6 ❧❡ ,②,6C♠❡✳ ▲❡, *5,✉❧6❛6, ♣♦✉* ❧❡, ,❡❝6✐♦♥,

❡♥*♦✉❧❡✉* ❡6 ❞5*♦✉❧❡✉* ,♦♥6 6*C, ,✐♠✐❧❛✐*❡, ❛❧♦*, H✉❡ ❧❡, *5,✉❧6❛6, ❞❡ ❧❛ ,❡❝6✐♦♥ ✐♥6❡*♠5❞✐❛✐*❡ ,♦♥6

♣❧✉, ✏❝❤❛❤✉65,✑✳ ▲❡ ♠Q♠❡ ❝♦♥,6❛6 ♣❡✉6 Q6*❡ ❢❛✐6 ,✉* ❧❛ ✜❣✉*❡ ✷✳✽✭❜✮ H✉✐ ♣*5,❡♥6❡ ❧❛ ❢♦♥❝6✐♦♥ ❞❡

,❡♥,✐❜✐❧✐65 ❝♦♠♣❧5♠❡♥6❛✐*❡ T ✭❢♦♥❝6✐♦♥ ❞❡ 6*❛♥,❢❡*6 ❡♥ ❜♦✉❝❧❡ ❢❡*♠5❡✮✳ ❋✐♥❛❧❡♠❡♥6✱ ❧❛ ✜❣✉*❡ ✷✳✽✭❝✮

♣*5,❡♥6❡ ❧❛ ❢♦♥❝6✐♦♥ ❞❡ 6*❛♥,❢❡*6 K.S ❞✉ ,②,6C♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡*♠5❡ ✭H✉✐ *❡♣*5,❡♥6❡ ❧❛ ❢♦♥❝6✐♦♥ ❞❡

6*❛♥,❢❡*6 ❡♥6*❡ ❧❡ ,✐❣♥❛❧ ❞❡ ,♦*6✐❡ ❞✉ ❝♦**❡❝6❡✉* ❡6 ❧❛ ❝♦♥,✐❣♥❡✮✳ ▲❡ ❝♦♠♣♦*6❡♠❡♥6 ❞❡, ,❡❝6✐♦♥,

❞5*♦✉❧❡✉* ❡6 ❡♥*♦✉❧❡✉* ,♦♥6✱ ✉♥❡ ❢♦✐, ❞❡ ♣❧✉,✱ 6*C, ,✐♠✐❧❛✐*❡,✳ ▲❡ ,✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ ❧❛ ,❡❝6✐♦♥

✐♥6❡*♠5❞✐❛✐*❡ ❛ ✉♥ ❣❛✐♥ ,✉♣5*✐❡✉* ♣❛* *❛♣♣♦*6 ❛✉① ❛✉6*❡, ,❡❝6✐♦♥,✱ ❞❛♥, ❧❡, ❜❛,,❡, ❢*5H✉❡♥❝❡,✳

▲❡ ♠♦❞C❧❡ ❞❡ *5❢5*❡♥❝❡ ❝❤♦✐,✐ ♣♦✉* ❝❤❛H✉❡ ,♦✉,✲,②,6C♠❡ ❞❡✈*❛✐6 ✜①❡* ❧❛ ❜❛♥❞❡ ♣❛,,❛♥6❡ ❞❡ ❧❛

❜♦✉❝❧❡ ❢❡*♠5❡ ♣♦✉* ❝❤❛H✉❡ ,♦✉,✲,②,6C♠❡✳ ❊♥ *5❛❧✐65✱ ✉♥❡ ,②♥6❤C,❡ ,✐♠✉❧6❛♥5❡ ❞❡, ❝♦**❡❝6❡✉*, ♥❡

♣❡*♠❡6 ♣❛, ❢♦*❝5♠❡♥6 ❞✬♦❜6❡♥✐* ❝❡6 ♦❜❥❡❝6✐❢✳ ❊♥ ❡✛❡6✱ ❝❡66❡ ,②♥6❤C,❡ ❝♦♥❞✉✐6 D ✉♥ ♦♣6✐♠✉♠ ❣❧♦❜❛❧

γopt H✉✐ ♥❡ ❝♦**❡,♣♦♥❞ ♣❛, ❢♦*❝5♠❡♥6 D ❧✬♦♣6✐♠✉♠ ❞❡ ❝❤❛H✉❡ ,♦✉,✲,②,6C♠❡✳
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✭❝✮ ❋♦♥❝&✐♦♥ ❞❡ &*❛♥,❢❡*& ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ KS

Section dérouleur

Section intermédiaire

Section enrouleur

opt
 W.-1

opt
 W.-1

opt
 W.-1

Modèle de référence section dérouleur

Modèle de référence section intermédiaire

Modèle de référence section enrouleur

❋✐❣✉$❡ ✷✳✽ ✕ ❈♦♠♣♦()❡♠❡♥) ❢(-.✉❡♥)✐❡❧ ❞✉ 3②3)5♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡(♠-❡ ❛✈❡❝ ❧❡3 ❣❛❜❛(✐)3 ♣♦✉( ❧❛

3②♥)❤53❡ 3✐♠✉❧)❛♥-❡ ❞❡3 ❝♦((❡❝)❡✉(3 ❞❡ )❡♥3✐♦♥✴♣♦3✐)✐♦♥ ❞❡3 ❞❛♥3❡✉(3 ♣♦✉( Wd = 0

✷✳✸✳✷✳✷ ❙②♥&❤()❡ ❞,❝❡♥&.❛❧✐),❡ ❞❡) ❝♦..❡❝&❡✉.) ❞✉ ❜❛♥❝ ✐♥❞✉)&.✐❡❧

▲❡3 (-3✉❧)❛)3 ❞❡ ❧❛ 3②♥)❤53❡ 3✐♠✉❧)❛♥-❡ ❞❡3 ❝♦((❡❝)❡✉(3✱ ♣(-3❡♥)-3 ❛✉♣❛(❛✈❛♥)✱ 3♦♥) ♠❛✐♥)❡♥❛♥)

❝♦♠♣❛(-3 ❛✉① (-3✉❧)❛)3 ❞❡ ❧❛ 3②♥)❤53❡ ❞-❝❡♥)(❛❧✐3-❡ ❞-❝(✐)❡ ❞❛♥3 ❬●❛3✶✶❪✳ ▲❛ 3②♥)❤53❡ ❞-❝❡♥)(❛❧✐✲

3-❡ ❛ ♥-❝❡33✐)- ❛✉ ♣(-❛❧❛❜❧❡ ❧❡ ❞-❝♦✉♣❛❣❡ ❞✉ 3②3)5♠❡ ❣❧♦❜❛❧ ❡♥ ✹ 3♦✉3✲3②3)5♠❡3✱ ❝❤❛❝✉♥ ❝♦♥)❡♥❛♥)

✉♥ 3❡✉❧ ❛❝)✐♦♥♥❡✉( ✭(♦✉❧❡❛✉ ♠♦)♦(✐3- ♦✉ ❜♦❜✐♥❡ ❡♥)(❛✐♥-❡ ♣❛( ✉♥ ♠♦)❡✉(✮ ❡) ❞❡3 (♦✉❧❡❛✉① ❧✐❜(❡3✳

▲❡ 3❝❤-♠❛ ❞✉ ♣(✐♥❝✐♣❡ ❞❡ ❞-❝♦✉♣❛❣❡ ✉)✐❧✐3- ❡3) ♣(-3❡♥)- H ❧❛ ✜❣✉(❡ ✷✳✾✳ ❊♥3✉✐)❡ ❧❡ ❝♦((❡❝)❡✉( ✭❞❡

)❡♥3✐♦♥ ♦✉ ❞❡ ♣♦3✐)✐♦♥ ❞✉ ❞❛♥3❡✉(✮ ❝♦((❡3♣♦♥❞❛♥) H ❝❤❛.✉❡ 3♦✉3✲3②3)5♠❡ ❡3) 3②♥)❤-)✐3-✳

▲❛ (❡♣(-3❡♥)❛)✐♦♥ ❞✬-)❛)3 ❞✉ 3②3)5♠❡ ❣❧♦❜❛❧ ❛33❡(✈✐ ❡♥ ✈✐)❡33❡ ✭❡) ❝♦✉(❛♥)✮ ♣❡✉) M)(❡ ♠✐3❡ 3♦✉3

❧❛ ❢♦(♠❡ ✿
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▲❡) ✐♥❞✐❝❡) i ✭❛✈❡❝ i = 1, 2, 3, 4✮ ❞♦♥♥❡♥1 ❧❡ ♥✉♠56♦ ❞✉ )♦✉)✲)②)19♠❡✳

M1
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M3’

M4

J

J

J

J

J

M2

Section dérouleur

Section 

intermédiaire

Section enrouleur

Section

tracteur maître

❋✐❣✉$❡ ✷✳✾ ✕ ❉5❝♦✉♣❛❣❡ ❡♥ )♦✉)✲)②)19♠❡) ❞✉ ❜❛♥❝ ✐♥❞✉)16✐❡❧

❉❛♥) ❧❛ )❡❝1✐♦♥ ❞56♦✉❧❡✉6✱ ❧❛ 1❡♥)✐♦♥ ❞❡ ❜❛♥❞❡ ❡)1 ❛))❡6✈✐❡ ♣❛6 ✉♥ ❞❛♥)❡✉6 ♣❡♥❞✉❧❛✐6❡✳ ▲❛ 6❡♣65✲

)❡♥1❛1✐♦♥ ❞✬51❛1) ❞✉ )♦✉)✲)②)19♠❡ ❝♦♥1✐❡♥1 ✿

✕ ❧❡ ✈❡❝1❡✉6 ❞✬❡♥165❡ u1 = [ud F1 L̇4 L̇5]
T

❝♦♠♣♦)5 ❞✉ )✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❞✉ ♠♦1❡✉6 ❞✉

❞56♦✉❧❡✉6 ud✱ ❞❡ ❧❛ ❢♦6❝❡ F1 ❛♣♣❧✐D✉5❡ ♣❛6 ❧❡ ✈56✐♥ )✉6 ❧❡ ❜6❛) ❞✉ ❞❛♥)❡✉6 ❡1 ❞❡) ✈❛6✐❛1✐♦♥) ❞❡

❧♦♥❣✉❡✉6) ❞❡) ❜6✐♥) ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥1 ❡1 ❡♥ ❛✈❛❧ ❞✉ ❞❛♥)❡✉6 ♣❡♥❞✉❧❛✐6❡ ✭✈♦✐6 ✜❣✉6❡ ✶✳✻✮✳

✕ ❧❡ ✈❡❝1❡✉6 ❞✬51❛1 x1 = [V1 T1 V2 T2 · · · V10 T10 αd α̇d]
T
❝♦♠♣♦)5 ❞❡) ✈✐1❡))❡) ❧✐♥5❛✐6❡ Vi ❞❡)

6♦✉❧❡❛✉①✱ ❞❡) 1❡♥)✐♦♥) Ti ❞❡) ❜6✐♥) ❞❡ ❜❛♥❞❡✱ ❞❡ ❧❛ ♣♦)✐1✐♦♥ ❛♥❣✉❧❛✐6❡ ❞✉ ❞❛♥)❡✉6 αd ❡1 ❞❡ )❛

❞56✐✈5❡ α̇d✳

✕ ❧❡ ✈❡❝1❡✉6 ❞❡ )♦61✐❡ y1 = [Ωd αd]
T

❝♦♠♣6❡♥❛♥1 ❧❛ ✈✐1❡))❡ ❛♥❣✉❧❛✐6❡ ❞✉ ❞56♦✉❧❡✉6 Ωd ❡1 ❧❛

♣♦)✐1✐♦♥ ❛♥❣✉❧❛✐6❡ ❞✉ ❞❛♥)❡✉6 αd✳

❉❛♥) ❧❛ )❡❝1✐♦♥ ✐♥1❡6♠5❞✐❛✐6❡✱ ❧❛ 1❡♥)✐♦♥ ❡)1 ❛))❡6✈✐❡ ❡♥ ✉1✐❧✐)❛♥1 ❧❡) ❝❛♣1❡✉6) ❞❡ ❢♦6❝❡ H ❥❛✉❣❡)

❞❡ ❝♦♥16❛✐♥1❡ ♣65)❡♥1) )✉6 ❧❡ 6♦✉❧❡❛✉ ✶✸✳ ▲❛ 6❡♣65)❡♥1❛1✐♦♥ ❞✬51❛1 ❞❡ ❝❡ )♦✉)✲)②)19♠❡ ❝♦♠♣6❡♥❞ ✿

✕ ❧❡ ✈❡❝1❡✉6 ❞✬❡♥165❡ u2 = u11 ❝♦♠♣♦)5 ❞✉ )✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❞✉ ♣6❡♠✐❡6 ♠♦1❡✉6 16❛❝1❡✉6 u11✳
✕ ❧❡ ✈❡❝1❡✉6 ❞✬51❛1 x2 = [V11 T11 V12 T12 · · · V17 T17]T ❝♦♠♣♦)5 ❞❡) ✈✐1❡))❡) Vi ❞❡) 6♦✉❧❡❛✉① ❡1

❞❡) 1❡♥)✐♦♥) Ti ❞❡) ❜6✐♥) ❞❡ ❜❛♥❞❡ ✳
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✕ ❧❡ ✈❡❝'❡✉) ❞❡ +♦)'✐❡ y2 = [Ω11 Tint]
T
❝♦♠♣)❡♥❛♥' ❧❛ ✈✐'❡++❡ ❛♥❣✉❧❛✐)❡ ❞✉ ♣)❡♠✐❡) ')❛❝'❡✉) Ω11

❡' ❧❛ '❡♥+✐♦♥ ✐♥'❡)♠3❞✐❛✐)❡ Tint =
T12 + T13

2
✳

❉❛♥+ ❧❛ +❡❝'✐♦♥ ♠❛✐')❡✱ ❧❡ ')❛❝'❡✉) ♠❛✐')❡ ❡+' ❛++❡)✈✐ ✉♥✐7✉❡♠❡♥' ❡♥ ✈✐'❡++❡ ✭❡' ❡♥ ❝♦✉♣❧❡✮✱ ✐❧

♥✬② ❛ ❛✉❝✉♥ ❛++❡)✈✐++❡♠❡♥' ❞❡ '❡♥+✐♦♥ ❞❡ ❜❛♥❞❡✳ ▲❛ )❡♣)3+❡♥'❛'✐♦♥ ❞✬3'❛' ❞❡ ❝❡ +♦✉+✲+②+'?♠❡

❝♦♠♣)❡♥❞ ✿

✕ ❧❡ ✈❡❝'❡✉) ❞✬❡♥')3❡ u3 = u18 ❝♦♠♣♦+3 ❞✉ +✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❞✉ ❞❡✉①✐?♠❡ ♠♦'❡✉) ')❛❝'❡✉)

u18✳
✕ ❧❡ ✈❡❝'❡✉) ❞✬3'❛' x3 = [V18 T18 V19]

T
❝♦♠♣♦+3 ❞❡+ ✈✐'❡++❡+ Vi ❞❡+ ❞❡✉① )♦✉❧❡❛✉① ')❛❝'3+ ♣❛) ❧❡

+❡❝♦♥❞ ')❛❝'❡✉) ❡' ❞❡ ❧❛ '❡♥+✐♦♥ ❡♥')❡ ❝❡✉①✲❝✐ ❝✬❡+' B ❞✐)❡ T18✳
✕ ❧❡ ✈❡❝'❡✉) ❞❡ +♦)'✐❡ y3 = Ω18 ❝♦♠♣♦+3 ❞❡ ❧❛ ✈✐'❡++❡ ❛♥❣✉❧❛✐)❡ ❞✉ )♦✉❧❡❛✉ ✶✽ ✭Ω18 = Ω19✮

❆ ❧✬✐♥+'❛) ❞❡ ❧❛ +❡❝'✐♦♥ ❞3)♦✉❧❡✉)✱ ❧❛ +❡❝'✐♦♥ ❡♥)♦✉❧❡✉) ❝♦♥'✐❡♥' ✿

✕ ❧❡ ✈❡❝'❡✉) ❞✬❡♥')3❡ u4 = [ue F2 L̇25 L̇26]
T
❝♦♠♣♦+3 ❞✉ +✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ue ❞✉ ♠♦'❡✉) ❞❡

❧✬❡♥)♦✉❧❡✉)✱ ❞❡ ❧❛ ❢♦)❝❡ F2 ❛♣♣❧✐7✉3❡ ♣❛) ❧❡ ✈3)✐♥ +✉) ❧❡ ❜)❛+ ❞✉ ❞❛♥+❡✉) ❡' ❞❡+ ✈❛)✐❛'✐♦♥+ ❞❡

❧♦♥❣✉❡✉)+ ❞❡+ ❜)✐♥+ ❞❡ ❜❛♥❞❡ ❡♥ ❛♠♦♥' ❡' ❡♥ ❛✈❛❧ ❞✉ ❞❛♥+❡✉) ♣❡♥❞✉❧❛✐)❡ ✭L̇25 ❡' L̇26✮✳

✕ ❧❡ ✈❡❝'❡✉) ❞✬3'❛' x4 = [T19 V20 T20 · · · T29 V30 αe α̇e]
T
❝♦♠♣♦+3 ❞❡+ ✈✐'❡++❡+ Vi ❞❡+ )♦✉❧❡❛✉①✱

❞❡+ '❡♥+✐♦♥+ Ti ❞❡+ ❜)✐♥+ ❞❡ ❜❛♥❞❡✱ ❞❡ ❧❛ ♣♦+✐'✐♦♥ αe ❛♥❣✉❧❛✐)❡ ❞✉ ❞❛♥+❡✉) ❡' ❞❡ +❛ ❞3)✐✈3❡✳

✕ ❧❡ ✈❡❝'❡✉) ❞❡ +♦)'✐❡ y1 = [Ωe αe]
T
❝♦♠♣♦+3 ❞❡ ❧❛ ✈✐'❡++❡ ❛♥❣✉❧❛✐)❡ Ωe ❞❡ ❧✬❡♥)♦✉❧❡✉) ❡' ❞❡ ❧❛

♣♦+✐'✐♦♥ ❛♥❣✉❧❛✐)❡ αe ❞✉ ❞❛♥+❡✉)✳

▲❡+ 3❧3♠❡♥'+ ♥♦♥ ❞✐❛❣♦♥❛✉① ✭A12, A21, A23, A32, A34etA43✮ ❞❡ ❧❛ ♠❛')✐❝❡ A ✭✈♦✐) ✭✷✳✶✵✮✮ +♦♥'

♥3❣❧✐❣3+ ❞❛♥+ ❧❛ +②♥'❤?+❡ ✏❞3❝❡♥')❛❧✐+3❡✑ ❞❡+ ❝♦))❡❝'❡✉)+ ❞❡ '❡♥+✐♦♥✴ ♣♦+✐'✐♦♥ ❞❡+ ❞❛♥+❡✉)+✳ ❖♥

♥3❣❧✐❣❡ ♣❛) ❝♦♥+37✉❡♥' ❧❡ ❝♦✉♣❧❛❣❡ ❡♥')❡ +♦✉+✲+②+'?♠❡+ ✭❧❡ ❝♦✉♣❧❛❣❡ 3'❛♥' )3❛❧✐+3 ♣❛) ❧❛ ❜❛♥❞❡

❡❧❧❡✲♠N♠❡✮✳

❈❡''❡ ❛♣♣)♦❝❤❡ ❛ ❧✬❛✈❛♥'❛❣❡ ❞❡ ♣♦✉✈♦✐) ✐♠♣♦+❡) ✭+3♣❛)3♠❡♥'✮ ❧❡ ❝♦♠♣♦)'❡♠❡♥' ❞②♥❛♠✐7✉❡ ❞❡

❝❤❛7✉❡ ❛❝'✐♦♥♥❡✉)✳ P♦✉) ❧❡+ ❞❡✉① +')❛'3❣✐❡+ ❞❡ +②♥'❤?+❡ ❞❡+ ❝♦))❡❝'❡✉)+ ✭+②♥'❤?+❡ +✐♠✉❧'❛♥3❡

❡' +②♥'❤?+❡ ❞3❝❡♥')❛❧✐+3❡✮✱ ♥♦✉+ ❛✈♦♥+ ✉'✐❧✐+3 ❧❡+ ♠N♠❡+ ✜❧')❡+ ❞❡ ♣♦♥❞3)❛'✐♦♥✳ ▲❡+ ❝♦))❡❝'❡✉)+

❞❡ ❝❤❛7✉❡ +♦✉+✲+②+'?♠❡ +♦♥' +②♥'❤3'✐+3+ ❞❛♥+ ❧✬❡♥✈✐)♦♥♥❡♠❡♥' ▼❆❚▲❆❇✴❙✐♠✉❧✐♥❦ B ❧✬❛✐❞❡ ❞❡

❧✬❛❧❣♦)✐'❤♠❡ ❞3✈❡❧♦♣♣3 ♣❛) ❆♣❦❛)✐❛♥ ❡' ◆♦❧❧ ❬❆◆✵✻❪✳

▲❛ ✜❣✉)❡ ✷✳✶✵ ♣)3+❡♥'❡ ❧❡+ )3+✉❧'❛'+ ❞❡ +✐♠✉❧❛'✐♦♥ ❞✉ +②+'?♠❡ ❛✈❡❝ ❧❡+ ❝♦))❡❝'❡✉)+ +②♥'❤3'✐+3+ ❞❡

❢❛[♦♥ ❞3❝❡♥')❛❧✐+3❡✳ ◆♦✉+ ❛✈♦♥+ ✉'✐❧✐+3 ✉♥ ❛✉')❡ ❛❧❣♦)✐'❤♠❡ ❞✬♦♣'✐♠✐+❛'✐♦♥ 7✉❡ ❞❛♥+ ❬●❛+✶✶❪ ❡'

♥♦✉+ ❛✈♦♥+ ♦❜'❡♥✉ ❞❡+ )3+✉❧'❛'+ ❧3❣?)❡♠❡♥' ♠❡✐❧❧❡✉)+✳ ❉❡+ +❛✉'+ ❞❡ ❝♦♥+✐❣♥❡+ ❞❡ ✈✐'❡++❡ ❡' ❞❡

'❡♥+✐♦♥ ❞❡ ❜❛♥❞❡ +♦♥' ✐♥')♦❞✉✐'+ ❛❧'❡)♥❛'✐✈❡♠❡♥' ❛✜♥ ❞❡ ✈✐+✉❛❧✐+❡) ❧❡+ ♣❡)❢♦)♠❛♥❝❡+ ❡♥ +✉✐✈✐ ❞❡

❝♦♥+✐❣♥❡+ ❡' ❡♥ ❞3❝♦✉♣❧❛❣❡ '❡♥+✐♦♥✴✈✐'❡++❡✳ ▲✬❛++❡)✈✐++❡♠❡♥' ❞❡ ❧❛ ♣♦+✐'✐♦♥ ❛♥❣✉❧❛✐)❡ ❞❡+ ❞❛♥✲

+❡✉)+ ❞♦♥♥❡ ❞❡ ')?+ ❜♦♥+ )3+✉❧'❛'+ ✿ ❧❡+ ✈❛)✐❛'✐♦♥+ ❛♥❣✉❧❛✐)❡+ +♦♥' ')?+ ❢❛✐❜❧❡+✱ ♠N♠❡ ❡♥ ♣)3+❡♥❝❡

❞❡ +❛✉'+ ❞❡ ✈✐'❡++❡ ❡' ❞❡ '❡♥+✐♦♥ ❞❡ ❜❛♥❞❡✳ ▲❡ +✉✐✈✐ ❞❡ ❝♦♥+✐❣♥❡ ❞❡ ✈✐'❡++❡ ❡+' ❡①❝❡❧❧❡♥'✱ ❧❡ +✉✐✈✐

❞❡ '❡♥+✐♦♥ ♣)3+❡♥'❡ ✉♥ ❧3❣❡) ❞3♣❛++❡♠❡♥' '♦✉' B ❢❛✐' ❛❝❝❡♣'❛❜❧❡ ✭❡♥ )3❛❧✐'3 ♦♥ ♥✬❛♣♣❧✐7✉❡ ♣❛+ ❞❡

+❛✉'+ ❞❡ ❝♦♥+✐❣♥❡+✮✳

▲❛ ✜❣✉)❡ ✷✳✶✶ ♠♦♥')❡ ❧❡ ❝♦♠♣♦)'❡♠❡♥' ❢)37✉❡♥'✐❡❧ ❞✉ +②+'?♠❡ ❛✈❡❝ ❧❡+ ❝♦))❡❝'❡✉)+ +②♥'❤3'✐+3+ ❞❡

❢❛[♦♥ ❞3❝❡♥')❛❧✐+3❡✳ ▲❛ ❝♦♠♣❛)❛✐+♦♥ ❞❡ ❝❡+ )3+✉❧'❛'+ ❛✈❡❝ ❝❡✉① ❞❡ ❧❛ ✜❣✉)❡ ✷✳✽ ♣❡)♠❡' ♣❧✉+✐❡✉)+

♦❜+❡)✈❛'✐♦♥+ ✿

✕ ▲❡+ ❢)37✉❡♥❝❡+ ❞❡ ❝♦✉♣✉)❡ ❞❡ ❝❤❛7✉❡ ❢♦♥❝'✐♦♥ ❞❡ ')❛♥+❢❡)' +♦♥' ♠✐❡✉① )❡+♣❡❝'3❡+ ❛✈❡❝ ❧❡+
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❋✐❣✉$❡ ✷✳✶✵ ✕ ❙✐♠✉❧❛+✐♦♥ ❞✉ ♠♦❞/❧❡ ♥♦♥✲❧✐♥2❛✐3❡ ♣♦✉3 ❧❡5 ❝♦33❡❝+❡✉35 ❞❡ +❡♥5✐♦♥✴ ♣♦5✐+✐♦♥ ❞❡5

❞❛♥5❡✉35 ♦❜+❡♥✉5 ♣❛3 5②♥+❤/5❡ ❞2❝❡♥+3❛❧✐52❡

❝♦33❡❝+❡✉35 5②♥+❤2+✐525 ❞❡ ❢❛<♦♥ ❞2❝❡♥+3❛❧✐52❡✳

✕ ▲❡5 ❢♦♥❝+✐♦♥5 ❞❡ +3❛♥5❢❡3+ ❝♦♥❝❡3♥❛♥+ ❧❡5 ❞❛♥5❡✉35 5♦♥+ ♣❧✉5 ❝❤❛❤✉+25 ❛✈❡❝ ❧❛ 5②♥+❤/5❡ ❞2❝❡♥✲

+3❛❧✐52❡✳
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+*❛❧✐5/❡ ❞❡5 ❝♦**❡❝+❡✉*5 ❞❡ +❡♥5✐♦♥✴ ♣♦5✐+✐♦♥ ❞❡5 ❞❛♥5❡✉*5 ✭Wd = 0✮

✷✳✸✳✷✳✸ ❈♦♠♣❛(❛✐*♦♥ ❞❡* *②♥/❤1*❡* ❞2❝❡♥/(❛❧✐*2❡ ❡/ *✐♠✉❧/❛♥2❡ ✿ ❛♥❛❧②*❡ ❢(28✉❡♥✲

/✐❡❧❧❡ ❞❡* ❢♦♥❝/✐♦♥* ❞❡ /(❛♥*❢❡(/

▲❛ ✜❣✉*❡ ✷✳✶✷ ♠♦♥+*❡ ❧✬❡♥5❡♠❜❧❡ ❞❡5 ❢♦♥❝+✐♦♥5 ❞❡ +*❛♥5❢❡*+ ❞✉ 5②5+7♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡*♠/❡✳ ❈❤❛0✉❡

❧✐❣♥❡ ❝♦**❡5♣♦♥❞ D ✉♥❡ 5♦*+✐❡ ❡+ ❝❤❛0✉❡ ❝♦❧♦♥♥❡ ❝♦**❡5♣♦♥❞ D ✉♥❡ ❡♥+*/❡✳ ▲❡ ♠♦❞7❧❡ ❞❡ */❢/*❡♥❝❡

M0 ❡5+ *❡♣*/5❡♥+/ 5✉* ❧❡5 ❞✐❛❣*❛♠♠❡5 ❢*/0✉❡♥+✐❡❧5 ❝♦**❡5♣♦♥❞❛♥+5 ✭❧❡5 /❧/♠❡♥+5 ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡✮✳

❖♥ *❡♠❛*0✉❡ +♦✉+ ❞✬❛❜♦*❞ 0✉❡ ❧❡5 ❢♦♥❝+✐♦♥5 ❞❡ +*❛♥5❢❡*+ 5✉* ❧❛ ❞✐❛❣♦♥❛❧❡ *❡5♣❡❝+❡♥+ ♠✐❡✉① ❧❛

❜❛♥❞❡ ♣❛55❛♥+❡ ❞/5✐*/❡ ❧♦*50✉❡ ❧❛ 5②♥+❤75❡ ❡5+ ❞✐5❥♦✐♥+❡✳ ❆ ❧✬✐♥✈❡*5❡✱ ❧❡ ❝♦♠♣♦*+❡♠❡♥+ ❞❡5 ❞❡✉①

❞❛♥5❡✉*5 ♣❡♥❞✉❧❛✐*❡5 ❡5+ ♠♦✐♥5 ❝❤❛❤✉+/ ❡+ ❝♦♥+✐❡♥+ ❞❡5 ♣✐❝5 ♠♦✐♥5 /❧❡✈/5 ♣♦✉* ❧❛ 5②♥+❤75❡ 5✐✲

♠✉❧+❛♥/❡✳ ❈❡♣❡♥❞❛♥+✱ ❧❡ ❝♦♠♣♦*+❡♠❡♥+ ❞❡ ❧❛ +❡♥5✐♦♥ ✐♥+❡*♠/❞✐❛✐*❡ ❝♦♥+✐❡♥+ ✉♥ ♣✐❝ ❞❡ */5♦♥❛♥❝❡

♣♦✉* ❧❛ 5②♥+❤75❡ 5✐♠✉❧+❛♥/❡✳
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❋✐❣✉$❡ ✷✳✶✷ ✕ ❊♥&❡♠❜❧❡ ❞❡& ❢♦♥❝/✐♦♥& ❞❡ /1❛♥&❢❡1/ ♣♦✉1 ❧❛ &②♥/❤7&❡ ❝❡♥/1❛❧✐&8❡ ✭❡♥ ❜❧❡✉✮ ❡/

❞8❝❡♥/1❛❧✐&8❡✭❡♥ 1♦✉❣❡✮

❊♥ ❝♦♥&✐❞81❛♥/ ❧❡& ❢♦♥❝/✐♦♥& ❞❡ /1❛♥&❢❡1/ ❤♦1& ❞✐❛❣♦♥❛❧❡✱ ♦♥ 1❡♠❛1=✉❡ =✉❡ ❧❡& ❞❡✉① &②♥/❤7&❡&

❝♦♥❞✉✐&❡♥/ ? ❞❡& ❝♦♠♣♦1/❡♠❡♥/& &✐♠✐❧❛✐1❡& ✭❡/ ❝❡1/❛✐♥❡& &♦♥/ /17& ♣1♦❝❤❡&✮✳

❈❡♣❡♥❞❛♥/✱ ♣♦✉1 ❧❛ ♣❧✉♣❛1/ ❞❡& ❢♦♥❝/✐♦♥& ❞❡ /1❛♥&❢❡1/ ❤♦1& ❞✐❛❣♦♥❛❧❡✱ ❧❡& ♣✐❝& ❞❡ 18&♦♥❛♥❝❡ &♦♥/

❧8❣71❡♠❡♥/ ♠♦✐♥& 8❧❡✈8& ♣♦✉1 ❧❛ &②♥/❤7&❡ &✐♠✉❧/❛♥8❡✳

▲❡& ✈❛❧❡✉1& &✐♥❣✉❧✐71❡& ♠❛①✐♠❛❧❡& ❞✉ &②&/7♠❡ ❣❧♦❜❛❧ ❡♥ ❜♦✉❝❧❡ ❢❡1♠8❡ &♦♥/ ❝♦♠♣❛18❡& &✉1 ❧❛ ✜❣✉1❡

✷✳✶✸✳ ❖♥ ✈♦✐/ =✉❡ ❧❡& ✈❛❧❡✉1& &✐♥❣✉❧✐71❡& ♠❛①✐♠❛❧❡& ❞✉ &②&/7♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡1♠8❡ ❝♦♥&❡1✈❡ ✉♥ ❣❛✐♥

&/❛/✐=✉❡ ❝♦♥&/❛♥/ &✉1 ✉♥❡ ♣❧❛❣❡ ❞❡ ❢18=✉❡♥❝❡ &✉♣81✐❡✉1❡✱ ♣❧✉& ❞✬✉♥❡ ❞8❝❛❞❡ ❞❡ ♣❧✉&✱ =✉❛♥❞ ❧❡&

❝♦11❡❝/❡✉1& &♦♥/ &②♥/❤8/✐&8& &✐♠✉❧/❛♥8♠❡♥/✳
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❋✐❣✉$❡ ✷✳✶✸ ✕ ❈♦♠♣❛*❛✐,♦♥ ❞❡, ✈❛❧❡✉*, ,✐♥❣✉❧✐4*❡, ♠❛①✐♠❛❧❡, ❞✉ ,②,74♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡*♠;❡

✷✳✸✳✷✳✹ ❙%❛❜✐❧✐%* ❞✉ -②-%/♠❡ ❣❧♦❜❛❧ ❛--❡4✈✐✱ ❡♥ ♣4*-❡♥❝❡ ❞❡ ✈❛4✐❛%✐♦♥- ❞❡ ♣❛4❛♠/%4❡-

■❧ ❡,7 ✐♥7;*❡,,❛♥7 ❞❡ 7*❛❝❡* ❧❡, ③♦♥❡, ❞❡ ,7❛❜✐❧✐7; ❞✉ ,②,74♠❡ ❣❧♦❜❛❧ ❛,,❡*✈✐ ✭❡♥ 7❡♥,✐♦♥✱ ✈✐7❡,,❡

❡7 ❝♦✉*❛♥7✮ ❡♥ ❢♦♥❝7✐♦♥ ❞❡ ❧❛ ✈✐7❡,,❡ ❞❡ ❞;✜❧❡♠❡♥7 ❞❡ ❧❛ ❜❛♥❞❡ ❡7 ❞❡ ,♦♥ ;❧❛,7✐❝✐7;✳ ❈❡, ❞❡✉①

❣*❛♥❞❡✉*, ♣❡✉✈❡♥7 ✈❛*✐❡* ❣*❛♥❞❡♠❡♥7 ❞❛♥, ✉♥ ,②,74♠❡ ✐♥❞✉,7*✐❡❧✳

B♦✉* ❝❡❧❛✱ ♥♦✉, ❛❧❧♦♥, ;7✉❞✐❡* ❧❛ ❧♦❝❛❧✐,❛7✐♦♥ ❞❡, ♣C❧❡, ❡♥ ❜♦✉❝❧❡ ❢❡*♠;❡ ❞✉ ,②,74♠❡ ❧✐♥;❛✐*❡✱ ❡♥

❢♦♥❝7✐♦♥ ❞❡ V0 ❡7 ❞❡ E0 ✭❛✈❡❝ E0 = E.S + T0✮✳ ▲❛ *❡♣*;,❡♥7❛7✐♦♥ ❞✬;7❛7, ❞✉ ,②,74♠❡ ❡♥ ❜♦✉❝❧❡

❢❡*♠;❡ ♣❡✉7 F7*❡ ❢♦*♠✉❧;❡ ❞❡ ❧❛ ❢❛G♦♥ ,✉✐✈❛♥7❡ ✿

{

ẋbf (t) = Abfxbf (t) +Bbfubf (t)
y(t) = Cbfxbf (t)

✭✷✳✶✶✮

▲✬✐♥❞✐❝❡ bf ,❡ *❛♣♣♦*7❡ I ❧❛ ❜♦✉❝❧❡ ❢❡*♠;❡ ❞✉ ,②,74♠❡ ✭❛✈❡❝ ❝♦♠♠❛♥❞❡, ❡♥ ❝♦✉*❛♥7✱ ❡♥ ✈✐7❡,,❡ ❡7

❡♥ 7❡♥,✐♦♥✮✳ ubf ❡,7 ❧❡ ✈❡❝7❡✉* ❞✬❡♥7*;❡ ❝♦**❡,♣♦♥❞❛♥7✱ ❞❛♥, ♥♦7*❡ ❝❛,✱ I ❧❛ ❝♦♥,✐❣♥❡ ❞❡ 7❡♥,✐♦♥,

❡7 ❛✉① ♣❡*7✉*❜❛7✐♦♥, ✭❧❡, ♣❡*7✉*❜❛7✐♦♥, ❝♦**❡,♣♦♥❞❡♥7 ✐❝✐ ❛✉① ❢♦*❝❡, ❛♣♣❧✐J✉;❡, ♣❛* ❧❡, ✈;*✐♥, ❡7

I ❧❛ ❝♦♥,✐❣♥❡ ❞❡ ✈✐7❡,,❡✮ ✿ ubf (t) = [r(t) d(t)]T ✳ ▲❡, ♠❛7*✐❝❡, ❞✉ ,②,74♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡*♠;❡ ,♦♥7 ✿

Abf =

[

A−BrDcC BrCc

−BcC Ac

]

✭✷✳✶✷✮

Bbf =

[

BrDc Bd

Bc 0

]

✭✷✳✶✸✮

Cbf =
[

C 0
]

✭✷✳✶✹✮

▲❡, ♠❛7*✐❝❡, ❛✈❡❝ ❧✬✐♥❞✐❝❡ c ❢♦♥7 *;❢;*❡♥❝❡ ❛✉① ♠❛7*✐❝❡, ❞❡ ❧❛ *❡♣*;,❡♥7❛7✐♦♥ ❞✬;7❛7, ❞❡ ❧❛ ❝♦♠✲

♠❛♥❞❡✳ ▲❛ ♠❛7*✐❝❡ Br *❡♣*❡♥❞ ❧❡, ;❧;♠❡♥7, ❞❡ ❧❛ ♠❛7*✐❝❡ B ,❡ *;❢;*❛♥7 ❛✉① ❡♥7*;❡, ❞❡ ❝♦♠♠❛♥❞❡

❡7 ❧❛ ♠❛7*✐❝❡ Bd *❡♣*❡♥❞ ❧❡, ;❧;♠❡♥7, ❞❡ ❧❛ ♠❛7*✐❝❡ B *❡❧❛7✐❢, ❛✉① ♣❡*7✉*❜❛7✐♦♥,✳

❙✐ 7♦✉, ❧❡, ♣C❧❡, ❞✉ ,②,74♠❡ ❜♦✉❝❧;✱ ❡7 ❞♦♥❝ ❧❡, ✈❛❧❡✉*, ♣*♦♣*❡, ❞❡ ❧❛ ♠❛7*✐❝❡ Abf ✱ ,♦♥7 I ♣❛*7✐❡,

*;❡❧❧❡, ,7*✐❝7❡♠❡♥7 ♥;❣❛7✐✈❡,✱ ❧❡ ♣♦✐♥7 ❡,7 ❝♦♥,✐❞;*; ❝♦♠♠❡ ,7❛❜❧❡✳ ▲❛ ✜❣✉*❡ ✷✳✶✹ ♠♦♥7*❡ ❧❡, ③♦♥❡,

❞❡ ,7❛❜✐❧✐7; ♣♦✉* ❧❡, ♠;7❤♦❞❡, ❞❡ ,②♥7❤4,❡ ,✐♠✉❧7❛♥;❡ ❡7 ❞;❝❡♥7*❛❧✐,;❡ ❡♥ ❢♦♥❝7✐♦♥ ❞❡ V0 ✭❧❛ ✈✐7❡,,❡
❞❡ ❞;✜❧❡♠❡♥7✮ ❡7 E0 ✭ES + T0✮✳ ▲❛ ,②♥7❤4,❡ ,✐♠✉❧7❛♥;❡ ❞❡, ❝♦**❡❝7❡✉*, ❞❡ 7❡♥,✐♦♥ ❞❡ ❜❛♥❞❡ ❡7



✺✵ ❈❍❆#■❚❘❊ ✷✳ ❈❖▼▼❆◆❉❊ ❘❖❇❯❙❚❊ ❉➱❈❊◆❚❘❆▲■❙➱❊ ❉❊ ❚❨#❊ H∞

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
0

10
1

10
2

10
3

Coefficient E
0
 (N)

V
0
 (

m
/m

in
)

Synthèse centralisée

Synthèse décentralisée

Point nominal

❋✐❣✉$❡ ✷✳✶✹ ✕ ❩♦♥❡ ❞❡ ,-❛❜✐❧✐-2 ❞✉ ,②,-5♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡9♠2❡

❞❡ ♣♦,✐-✐♦♥ ❞❡, ❞❛♥,❡✉9, ❝♦♥❞✉✐- ; ✉♥❡ ♣❧✉, ❣9❛♥❞❡ ③♦♥❡ ❞❡ ,-❛❜✐❧✐-2 ♣❛9 9❛♣♣♦9- ❛✉① ♣❛9❛♠5-9❡,

E0 ❡- V0✱ ❡♥ ❝♦♠♣❛9❛✐,♦♥ ; ❧❛ ,②♥-❤5,❡ ❞✐,❥♦✐♥-❡✳

❆ ❧✬✐♥✈❡9,❡✱ ❧❛ ③♦♥❡ ❞❡ ,-❛❜✐❧✐-2 ❝♦99❡,♣♦♥❞❛♥- ❛✉① ❝♦99❡❝-❡✉9, ❝❛❧❝✉❧2, ,2♣❛92♠❡♥- ❝♦♠♣♦9-❡ ❞❡,

✏-9♦✉,✑ ♣♦✉9 ❧❡,G✉❡❧, ❧❡ ,②,-5♠❡ ❜♦✉❝❧2 ❡,- ✐♥,-❛❜❧❡✳ ❊♥ ❡✛❡-✱ ❝❡--❡ ,②♥-❤5,❡ ♥❡ -✐❡♥- ♣❛, ❝♦♠♣-❡

❞❡, ✐♥-❡9❛❝-✐♦♥, ❡♥-9❡ ❧❡, ,♦✉,✲,②,-5♠❡,✳

❆ -✐-9❡ ❞❡ ❝♦♠♣❛9❛✐,♦♥✱ ,✉9 ❧❛ ✜❣✉9❡ ✷✳✶✹✱ ✐❧ ② ❛ ✷✺ ✪ ❞❡ ♣♦✐♥-, ,-❛❜❧❡, ,✉♣♣❧2♠❡♥-❛✐9❡, ♣♦✉9 ❧❛

,②♥-❤5,❡ ,✐♠✉❧-❛♥2❡ ♣❛9 9❛♣♣♦9- ; ❧❛ ,②♥-❤5,❡ ❞2❝❡♥-9❛❧✐,2❡✳

◆♦✉, ❛✈♦♥, 9❡-❡♥✉ ❧❛ ,②♥-❤5,❡ ,✐♠✉❧-❛♥2❡ ❞❡, ❝♦99❡❝-❡✉9, ♣♦✉9 ❧❛ ,✉✐-❡ ❞❡, -9❛✈❛✉①✳ ❈❡ ❝❤♦✐① ❡,-

♠♦-✐✈2 ♣❛9 ✉♥❡ ♣❧✉, ❣9❛♥❞❡ ③♦♥❡ ❞❡ ,-❛❜✐❧✐-2 ♣❛9 9❛♣♣♦9- ❛✉① ✈❛9✐❛-✐♦♥, ❞❡ ♣❛9❛♠5-9❡, ❝♦♥,✐❞292,

❡- ♣❛9❝❡ G✉❡ ❝❡--❡ ❛♣♣9♦❝❤❡ ❛ ✉♥ ❢♦9- ♣♦-❡♥-✐❡❧ ❞✬✉-✐❧✐,❛-✐♦♥ ❞❛♥, ❧✬♦♣-✐G✉❡ ❞❡ ❧✬♦♣-✐♠✐,❛-✐♦♥

❣❧♦❜❛❧❡ ♣❧✉9✐❞✐,❝✐♣❧✐♥❛✐9❡ ❞✉ ,②,-5♠❡✳

✷✳✹ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ✈❛-✐❛/✐♦♥ ❞❡ ♣❛-❛♠3/-❡4 ❡♥ ❜♦✉❝❧❡ ❢❡-♠7❡

❉5, G✉❡ ❧❛ ,②♥-❤5,❡ ❞❡, ❞✐✛29❡♥-, ❝♦99❡❝-❡✉9, ❡,- ❡✛❡❝-✉2❡✱ ♥♦✉, ♣♦✉✈♦♥, 2-✉❞✐❡9 ❧✬✐♥✢✉❡♥❝❡ ❞❡

❞✐✛29❡♥-, ♣❛9❛♠5-9❡, ,✉9 ❧❡, ❝♦♠♣♦9-❡♠❡♥-, -❡♠♣♦9❡❧ ❡- ❢92G✉❡♥-✐❡❧ ❞✉ ,②,-5♠❡ ❜♦✉❝❧2✳ Q♦✉9 ❝❡--❡

2-✉❞❡✱ ♥♦✉, ❝♦♥,✐❞29♦♥, ✉♥❡ ✈✐-❡,,❡ ❞❡ ❞2✜❧❡♠❡♥- ♥♦♠✐♥❛❧❡ V0 = 500m/min ❡- ✉♥❡ 2❧❛,-✐❝✐-2 ❞❡

❜❛♥❞❡ E = 160MPa ✭❝❡ G✉✐ ❝♦99❡,♣♦♥❞ ; ✉♥ ♣♦❧②♠59❡ -95, 2❧❛,-✐G✉❡✮✳ ❊♥ -❡♥❛♥- ❝♦♠♣-❡ ❞❡

❧❛ ,❡❝-✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡ ❡- ❞❡ ❧❛ -❡♥,✐♦♥ ♥♦♠✐♥❛❧❡ T0 = 50N ✱ ♥♦✉, ❛✈♦♥, E0 = 12530N ✭❛✈❡❝

E0 = E.S + T0✮✳



✷✳✹✳ ■◆❋▲❯❊◆❈❊ ❉❊ ▲❆ ❱❆❘■❆❚■❖◆ ❉❊ 0❆❘❆▼➮❚❘❊❙ ❊◆ ❇❖❯❈▲❊ ❋❊❘▼➱❊ ✺✶

✷✳✹✳✶ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ✈✐/❡00❡ ❞❡ ❞1✜❧❡♠❡♥/

❉❛♥% ✉♥ ♣(❡♠✐❡( ,❡♠♣%✱ ♥♦✉% ❛♥❛❧②%♦♥% ❧❡% ❡✛❡,% ❞✬✉♥❡ ✈❛(✐❛,✐♦♥ ❞❡ ✈✐,❡%%❡ ❞❡ ❞5✜❧❡♠❡♥, %✉( ❧❡

❝♦♠♣♦(,❡♠❡♥, ❞②♥❛♠✐8✉❡ ❞❡ ❧❛ ❜❛♥❞❡✱ ❧❡% ❝♦((❡❝,❡✉(% 5,❛♥, %②♥,❤5,✐%5% ♣♦✉( V0 = 500m/min✳
▲❡% ✈❛❧❡✉(% ❞❡ ❧❛ ✈✐,❡%%❡ ❝♦♥%✐❞5(5❡% ❛✉ ❝❤❛♣✐,(❡ ✶ %♦♥, (❡♣(✐%❡% ♣♦✉( ❧✬5,✉❞❡ ❡♥ ❜♦✉❝❧❡ ❢❡(♠5❡✳

10 10 10
0

10
1

10 10
3

10
4

0

40

Pulsation (rad/s)

G
ai

n
 (

d
B

)

V0 = 100 m/min

V0 = 500 m/min

❋✐❣✉$❡ ✷✳✶✺ ✕ ❱❛❧❡✉(% %✐♥❣✉❧✐B(❡% ❞✉ %②%,B♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡(♠5❡ ♣♦✉( ♣❧✉%✐❡✉(% ✈❛❧❡✉(% ❞❡ ✈✐,❡%%❡

❞❡ ❞5✜❧❡♠❡♥,

▲❛ ✜❣✉(❡ ✷✳✶✺ ♠♦♥,(❡ ❧❡% ✈❛❧❡✉(% %✐♥❣✉❧✐B(❡% ♠❛①✐♠❛❧❡% ❞✉ %②%,B♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡(♠5❡ ♣♦✉( ❞✐❢✲

❢5(❡♥,❡% ✈✐,❡%%❡% ❞❡ ❜❛♥❞❡✳ ▲✬❛✉❣♠❡♥,❛,✐♦♥ ❞❡ ❧❛ ✈✐,❡%%❡ ❝♦♥❞✉✐, E ✉♥ ❞✐❛❣(❛♠♠❡ ❢(58✉❡♥,✐❡❧

♠♦✐♥% ✏❝❤❛❤✉,5✑✳ ❉❡ ♣❧✉%✱ ❧❡% ♣✐❝% ❞❡ (5%♦♥❛♥❝❡ %♦♥, ♠♦✐♥% ✐♠♣♦(,❛♥,% ❧♦(%8✉❡ ❧❛ ✈✐,❡%%❡ ❞❡ ❞5✜✲

❧❡♠❡♥, ❡%, ❛✉❣♠❡♥,5❡✳ ❆ ❧✬✐♥✈❡(%❡✱ ✉♥❡ ❢❛✐❜❧❡ ✈✐,❡%%❡ ❞❡ ❞5✜❧❡♠❡♥, ❡♥❣❡♥❞(❡ ❞❡% ♣✐❝% ❞❡ (5%♦♥❛♥❝❡

✐♠♣♦(,❛♥,% ❡, ♥♦♠❜(❡✉①✳

Partie réelle

P
ar

ti
e 

im
ag

in
ai

re

❋✐❣✉$❡ ✷✳✶✻ ✕ JK❧❡% ❞✉ %②%,B♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡(♠5❡ ♣♦✉( ♣❧✉%✐❡✉(% ✈❛❧❡✉(% ❞❡ ❧❛ ✈✐,❡%%❡ ❞❡ ❞5✜❧❡♠❡♥,

❞❡ ❜❛♥❞❡



✺✷ ❈❍❆#■❚❘❊ ✷✳ ❈❖▼▼❆◆❉❊ ❘❖❇❯❙❚❊ ❉➱❈❊◆❚❘❆▲■❙➱❊ ❉❊ ❚❨#❊ H∞

0 20 40 60 80 100
0

200

400

600

800

1000

1200

Temps (s)

V
it

es
se

 (
m

/m
in

)

V
0
 = 200 m/min

V
0
 = 500 m/min

V
0
 = 1250 m/min

✭❛✮ ❱✐%❡''❡ ❞✉ ♣+❡♠✐❡+ %+❛❝%❡✉+ V11

0 20 40 60 80 100
0

10

20

30

40

50

60

70

80

Temps (s)

T
en

si
on

 (
N

)

Consigne

V
0
 = 200 m/min

V
0
 = 500 m/min

V
0
 = 1250 m/min

✭❜✮ ❚❡♥'✐♦♥ ✐♥%❡+♠2❞✐❛✐+❡ Tint

0 20 40 60 80 100

0

Temps (s)

an
gl

e
d
 (

de
g)

Consigne

V
0
 = 200 m/min

V
0
 = 500 m/min

V
0
 = 1250 m/min

✭❝✮ ❆♥❣❧❡ ❞✉ ❞❛♥+❡✉, +❡❝-✐♦♥ ❞0,♦✉❧❡✉,

0 20 40 60 80 100

0

1

Temps (s)

an
gl

e
e
 (

de
g)

Consigne

V
0
 = 200 m/min

V
0

V
0

✭❞✮ ❆♥❣❧❡ ❞✉ ❞❛♥+❡✉, +❡❝-✐♦♥ ❡♥,♦✉❧❡✉,

0 20 40 60 80 100
0

10

20

30

40

50

60

70

80

Temps (s)

T
en

si
on

 (
N

)

Consigne

V
0
 = 200 m/min

V
0
 = 500 m/min

V
0
 = 1250 m/min

✭❡✮ ❚❡♥+✐♦♥ ❞0,♦✉❧❡✉, Td

0 20 40 60 80 100
0

10

20

30

40

50

60

70

80

Temps (s)

T
en

si
on

 (
N

)

Consigne

V
0
 = 200 m/min

V
0
 = 500 m/min

V
0
 = 1250 m/min

✭❢✮ ❚❡♥+✐♦♥ ❡♥,♦✉❧❡✉, Te

❋✐❣✉$❡ ✷✳✶✼ ✕ ❙✐♠✉❧❛+✐♦♥ ❞✉ ♠♦❞/❧❡ ♥♦♥✲❧✐♥2❛✐3❡ ♣♦✉3 ♣❧✉5✐❡✉35 ✈❛❧❡✉35 ❞❡ ❧❛ ✈✐+❡55❡ ❞❡ ❞2✜❧❡✲

♠❡♥+



✷✳✹✳ ■◆❋▲❯❊◆❈❊ ❉❊ ▲❆ ❱❆❘■❆❚■❖◆ ❉❊ 0❆❘❆▼➮❚❘❊❙ ❊◆ ❇❖❯❈▲❊ ❋❊❘▼➱❊ ✺✸

▲❛ ✜❣✉'❡ ✷✳✶✻ ✐❧❧✉/0'❡ ❧❛ ♣♦/✐0✐♦♥ ❞❡/ ♣5❧❡/ ❞✉ /②/07♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡'♠<❡ ♣♦✉' ♣❧✉/✐❡✉'/ ✈❛❧❡✉'/

❞❡ ❧❛ ✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0 ✭❧❡/ ❝♦''❡❝0❡✉'/ <0❛♥0 /②♥0❤<0✐/</ ♣♦✉' V0 = 500m/min✮✳ ❯♥❡ ❢❛✐❜❧❡

✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0 ❝♦♥❞✉✐0 B ❧✬❛♣♣❛'✐0✐♦♥ ❞❡ ♣5❧❡/ B ♣❛'0✐❡ '<❡❧❧❡ ♣♦/✐0✐✈❡ ❡0 ❞♦♥❝ B ❧✬✐♥/0❛❜✐❧✐0<

❞✉ /②/07♠❡ ❜♦✉❝❧<✳ ❈❡❝✐ ❡/0 ❝♦''♦❜♦'< ♣❛' ❧❛ ✜❣✉'❡ ✷✳✶✹✳ ▲✬❛✉❣♠❡♥0❛0✐♦♥ ❞❡ ❧❛ ✈✐0❡//❡ ❞❡ ❞<✜❧❡✲

♠❡♥0✱ H✉❛♥0 B ❡❧❧❡✱ ✐♥❞✉✐0 ✉♥ ❵'❡//❡''❡♠❡♥0✬ ❞❡/ ♣5❧❡/ ❛✉0♦✉' ❞❡ ❧✬❛①❡ '<❡❧✳

▲❡ 0❛❜❧❡❛✉ ✷✳✶ ♣'</❡♥0❡ ❧❛ ✈❛❧❡✉' ♠❛①✐♠❛❧❡ ❞❡ ❧❛ ♣❛'0✐❡ '<❡❧❧❡ ❞❡/ ♣5❧❡/ ❞✉ /②/07♠❡ ❡♥ ❜♦✉❝❧❡

❢❡'♠<❡✱ <❣❛❧❡♠❡♥0 ❛♣♣❡❧<❡ ❛❜/❝✐//❡ /♣❡❝0'❛❧❡✱ ♣♦✉' 0'♦✐/ ✈❛❧❡✉'/ ❞❡ ❧❛ ✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0 ✭❧❡/

❝♦''❡❝0❡✉'/ <0❛♥0 /②♥0❤<0✐/</ ♣♦✉' V0 = 500m/min✮✳ ▲♦'/H✉❡ ❧❛ ✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0 ❡/0 ❢❛✐❜❧❡✱

❧✬❛❜/❝✐//❡ /♣❡❝0'❛❧❡ ❞✉ /②/07♠❡ ❛✉❣♠❡♥0❡ ❝♦♥/✐❞<'❛❜❧❡♠❡♥0✳ ❈❡♣❡♥❞❛♥0✱ ✉♥❡ ✈✐0❡//❡ <❧❡✈<❡ ♥❡

❝♦♥❞✉✐0 ♣❛/ B ✉♥ ❝❤❛♥❣❡♠❡♥0 ✐♠♣♦'0❛♥0 ❞❡ ❧❛ ✈❛❧❡✉' ❞❡ ❧✬❛❜/❝✐//❡ /♣❡❝0'❛❧❡✳

❱❛❧❡✉' ❞❡ ❧❛ ✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0 ❆❜/❝✐//❡ /♣❡❝0'❛❧❡

V0 = 100m/min ✵✳✺✼

V0 = 500m/min ✲✵✳✵✶✸✾

V0 = 2500m/min ✲✵✳✵✶✸✸

❚❛❜❧❡❛✉ ✷✳✶ ✕ ❆❜/❝✐//❡ /♣❡❝0'❛❧❡ ❞✉ /②/07♠❡ ❜♦✉❝❧< ♣♦✉' ❞✐✛<'❡♥0❡/ ❝♦♥/✐❣♥❡/ ❞❡ ✈✐0❡//❡ ❞❡ V0

▲❛ ✜❣✉'❡ ✷✳✶✼ ♣'</❡♥0❡ ❧❡/ /✐♠✉❧❛0✐♦♥/ ❞✉ ♠♦❞7❧❡ ♥♦♥✲❧✐♥<❛✐'❡ ❞✉ /②/07♠❡ ♣♦✉' 0'♦✐/ ✈❛❧❡✉'/ ❞❡

✈✐0❡//❡ ❞❡ ❞<✜❧❡♠❡♥0✳ ▲❡ /②/07♠❡ <0❛♥0 ✐♥/0❛❜❧❡ ♣♦✉' ✉♥❡ ✈✐0❡//❡ V0 = 100m/min✱ ♥♦✉/ ❛✈♦♥/

♣'♦❝<❞< ❛✉① /✐♠✉❧❛0✐♦♥/ ♣♦✉' ✉♥❡ ✈✐0❡//❡ V0 = 200m/min ❡0 V0 = 1250m/min ✭❧❡/ ❝♦''❡❝0❡✉'/

<0❛♥0 /②♥0❤<0✐/</ ♣♦✉' V0 = 500m/min✮✳ S❧✉/✐❡✉'/ ❝♦♥/0❛0❛0✐♦♥/ /✬❡♥ ❞<❣❛❣❡♥0 ✿

✕ S♦✉' ✉♥❡ ❝♦♥/✐❣♥❡ ❞❡ ✈✐0❡//❡ <❧❡✈<❡ ✭V0 = 1250m/min✮ ❧✬❛♥❣❧❡ ❞✉ ❞❛♥/❡✉' ❞<'♦✉❧❡✉' ✈❛'✐❡

❜❡❛✉❝♦✉♣✳ S♦✉' ② '❡♠<❞✐❡'✱ ✐❧ ❢❛✉❞'❛✐0 ❞✐♠✐♥✉❡' ❧❛ ♣❡♥0❡ ✭❡0 ❞♦♥❝ ❧✬❛❝❝<❧<'❛0✐♦♥✮ ❞❡ ❧❛ ❝♦♥/✐❣♥❡

❞❡ ✈✐0❡//❡ ❛✉ ❞<♠❛''❛❣❡✳ ▲❡ /✉✐✈✐ ❞❡ ❝♦♥/✐❣♥❡/ ❞❡ ✈✐0❡//❡ ❡0 0❡♥/✐♦♥ ❞❡ ❜❛♥❞❡ ❡/0 0'7/ ❜♦♥✳ ▲❡

❝♦✉♣❧❛❣❡ ✈✐0❡//❡✕0❡♥/✐♦♥ ❞❡ ❜❛♥❞❡ ❡/0 0'7/ ❢❛✐❜❧❡✳

✕ S♦✉' ✉♥❡ ❝♦♥/✐❣♥❡ ❞❡ ✈✐0❡//❡ '<❞✉✐0❡ ✭❞❛♥/ ♥♦0'❡ ❝❛/ V0 = 200m/min✮✱ ❧❡/ 0❡♥/✐♦♥/ ❞❡ ❜❛♥❞❡

♣'</❡♥0❡♥0 ❞❡ ❢♦'0❡/ ♦/❝✐❧❧❛0✐♦♥/ ❞❛♥/ ❧❛ ③♦♥❡ ❞❡ ❞<♠❛''❛❣❡✱ /✉'0♦✉0 ♣♦✉' ❧❛ 0❡♥/✐♦♥ Tint✳ ❈❡/
♦/❝✐❧❧❛0✐♦♥ ♣❡✉✈❡♥0 ❞<0<'✐♦'❡' ❧❛ ❜❛♥❞❡✳ ■❞<❛❧❡♠❡♥0✱ ✐❧ ❢❛✉❞'❛✐0 /②♥0❤<0✐/❡' ❞❡/ ❝♦''❡❝0❡✉'/ /♣<❝✐✲

✜H✉❡♠❡♥0 ♣♦✉' ❧❛ ♣❤❛/❡ ❞❡ ❞<♠❛''❛❣❡ ❡0 ❝❤❛♥❣❡' ❞❡ ❝♦''❡❝0❡✉'/✱ ❞❡ ❢❛W♦♥ ♥♦♥ ❛❜'✉♣0❡✱ B ♣❛'0✐'

❞✬✉♥❡ ❝❡'0❛✐♥❡ ✈✐0❡//❡✳ ❖♥ ♣♦✉''❛ ♣❛' ❡①❡♠♣❧❡ ✉0✐❧✐/❡' ✉♥❡ /0'❛0<❣✐❡ ❞❡ S■✲▲S❱ ❞<✈❡❧♦♣♣<❡ ♣❛'

●❛//♠❛♥♥ ❡0 ❑♥✐00❡❧ ❬●❑✶✶❪✳

✷✳✹✳✷ ■♥✢✉❡♥❝❡ ❞❡* +❛②♦♥*

▲❡ ❝❤❛♣✐0'❡ ✶ ❞<❞✐< B ❧❛ ♠♦❞<❧✐/❛0✐♦♥ ❛ ♠♦♥0'< H✉❡ ❧❡/ '❛②♦♥/ ❞❡/ ❜♦❜✐♥❡/ ♦♥0 ✉♥❡ ✐♥✢✉❡♥❝❡

✐♠♣♦'0❛♥0❡ /✉' ❧❡ ❝♦♠♣♦'0❡♠❡♥0 ❢'<H✉❡♥0✐❡❧ B ❜❛//❡/ ❢'<H✉❡♥❝❡/ ❞❡ ❧❛ ❜♦✉❝❧❡ ♦✉✈❡'0❡ ✭✈♦✐' ♣❛'❛✲

❣'❛♣❤❡ ✶✳✻✳✶✮✳ ■❧ ❡/0 ✐♥0<'❡//❛♥0 ❞✬❛♥❛❧②/❡' ❧✬✐♥✢✉❡♥❝❡ ❞❡/ '❛②♦♥/ /✉' ❧❡ ❝♦♠♣♦'0❡♠❡♥0 ❢'<H✉❡♥0✐❡❧

❡♥ ❜♦✉❝❧❡ ❢❡'♠<❡✳

◆♦✉/ ❛✈♦♥/ ✈✉ ❛✉ ❞<❜✉0 ❞❡ ❝❡ ❝❤❛♣✐0'❡ H✉❡ ❧❡/ '❛②♦♥/ ❞❡/ ❜♦❜✐♥❡/ /♦♥0 ✉0✐❧✐/</ ❞❛♥/ ❧❛ ❝♦♠♠❛♥❞❡

❡♥ ✈✐0❡//❡✳ ❈❡00❡ ♠❡/✉'❡ /❡'❛ ❝♦♥/✐❞<'<❡✱ ❞❛♥/ ✉♥ ♣'❡♠✐❡' 0❡♠♣/✱ ❝♦♠♠❡ ♣❛'❢❛✐0❡✳ ▲❡/ ❝♦''❡❝0❡✉'/

▲❚■ /♦♥0 /②♥0❤<0✐/</ ♣♦✉' Rd = 0.5m ❡0 Re = 0.2m✳ ❊♥ ♣❧✉/ ❞❡ ❝❡00❡ ❝♦♥✜❣✉'❛0✐♦♥ ♥♦♠✐♥❛❧❡ ❞❡/

'❛②♦♥/ ❞❡/ ❜♦❜✐♥❡/✱ ❧❡/ ❞❡✉① ❝❛/ ❡①0'`♠❡/ /♦♥0 <0✉❞✐</✱ ❝✬❡/0 B ❞✐'❡ ❞<'♦✉❧❡✉' ✈✐❞❡✭Rd = 0.1m ❡0
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Re = 0.8m✮ ❡$ ❡♥&♦✉❧❡✉& ✈✐❞❡ ✭Rd = 0.8m ❡$ Re = 0.1m✮✳

▲❛ ✜❣✉&❡ ✷✳✶✽ ♠♦♥$&❡ ❧❡7 ✈❛❧❡✉&7 7✐♥❣✉❧✐8&❡7 ♠❛①✐♠❛❧❡7 ❡$ ♠✐♥✐♠❛❧❡7 ❞✉ 7②7$8♠❡ ❜♦✉❝❧= ♣♦✉& ❧❡7

$&♦✐7 ❝♦♥✜❣✉&❛$✐♦♥7 ❞❡7 &❛②♦♥7✳ ▲❡7 ✈❛❧❡✉&7 7✐♥❣✉❧✐8&❡7 7♦♥$ ✐❞❡♥$✐?✉❡7 ♣♦✉& ❧❡7 $&♦✐7 ❝♦♥✜❣✉&❛$✐♦♥7

=$❛♥$ ❞♦♥♥= ?✉❡ ❧❛ ♠❡7✉&❡ ❞❡7 &❛②♦♥7 ✉$✐❧✐7=❡ ❞❛♥7 ❧❛ ❝♦♠♠❛♥❞❡ ❝♦&&❡7♣♦♥❞ ♣❛&❢❛✐$❡♠❡♥$ A ❧❛

✈❛❧❡✉& &=❡❧❧❡ ❞❡7 &❛②♦♥7 ❞❡7 ❜♦❜✐♥❡7✳
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❋✐❣✉$❡ ✷✳✶✽ ✕ ❱❛❧❡✉&7 7✐♥❣✉❧✐8&❡7 ♠❛①✐♠❛❧❡7 ❡$ ♠✐♥✐♠❛❧❡7 ❞✉ 7②7$8♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡&♠=❡ ♣♦✉&

♣❧✉7✐❡✉&7 ✈❛❧❡✉&7 ❞❡7 &❛②♦♥7

▲❛ ✜❣✉&❡ ✷✳✶✾ ♠♦♥$&❡ ❧❡7 7✐♠✉❧❛$✐♦♥7 ❞✉ ♠♦❞8❧❡ ♥♦♥✲❧✐♥=❛✐&❡ ♣♦✉& ♣❧✉7✐❡✉&7 ✈❛❧❡✉&7 ❞❡7 &❛②♦♥7

✐♥✐$✐❛✉① ❞❡7 ❜♦❜✐♥❡7✳ ▲❡ ❝❛7 ♥♦♠✐♥❛❧ ✭Rd = 0.5m ❡$ Re = 0.2m✮ ♣♦✉& ❧❡?✉❡❧ ❧❡7 ❝♦&&❡❝$❡✉&7

7♦♥$ 7②♥$❤=$✐7=7 ❡7$ ❝♦♠♣❛&= ❛✈❡❝ ❧❡7 ❞❡✉① ❝❛7 ❡①$&G♠❡7 ✉$✐❧✐7=7 ♣♦✉& ❧✬❛♥❛❧②7❡ ❢&=?✉❡♥$✐❡❧❧❡✳ ▲❡7

♣❡&❢♦&♠❛♥❝❡7 ❡♥ 7✉✐✈✐ ❞❡ ❝♦♥7✐❣♥❡7 ❡$ ❡♥ ❞=❝♦✉♣❧❛❣❡ $❡♥7✐♦♥ ✕ ✈✐$❡77❡ 7♦♥$ ❝♦♥7❡&✈=❡7 $♦✉$ ❛✉

❧♦♥❣ ❞✉ ❞=&♦✉❧❡♠❡♥$ ❞❡ ❧❛ ❜♦❜✐♥❡ ❞✉ ❞=&♦✉❧❡✉&✳ ▲❛ ❝♦♠♠❛♥❞❡ ✉$✐❧✐7❛♥$ ❧❛ ♠❡7✉&❡ ❞❡7 &❛②♦♥7

♣❡&♠❡$ ❜✐❡♥ ❞❡ ❞=7❡♥7✐❜✐❧✐7❡& ❧❛ ❜♦✉❝❧❡ ❢❡&♠=❡ ❞❡ $❡♥7✐♦♥7 ❛✉① ✈❛&✐❛$✐♦♥7 ❞❡ &❛②♦♥7✳

▲❛ ❝♦♠♠❛♥❞❡ 7✉♣♣♦7❡ ❧❛ ♠❡7✉&❡ ❡①❛❝$❡ ❞❡7 &❛②♦♥7 ❞❡7 ❜♦❜✐♥❡7✳ ▼❛❧❤❡✉&❡✉7❡♠❡♥$✱ ❡♥ ♣&❛$✐?✉❡

❝❡$$❡ ♠❡7✉&❡ ♣❡✉$ G$&❡ ❡♥$❛❝❤=❡ ❞✬✉♥❡ ❡&&❡✉& ✭♣❛& ❡①❡♠♣❧❡ ❡♥ ✉$✐❧✐7❛♥$ ❞❡7 ❝❛♣$❡✉&7 ✉❧$&❛7♦♥7✱ ❝❡

?✉✐ ❡7$ 7♦✉✈❡♥$ ❧❡ ❝❛7✮✳ ■❧ ♣❡✉$ G$&❡ ✐♥$=&❡77❛♥$ ❞✬♦❜7❡&✈❡& ❧❡ ❝♦♠♣♦&$❡♠❡♥$ ❞✉ 7②7$8♠❡ ❧♦&7?✉❡

❧❛ ♠❡7✉&❡ ❞❡7 &❛②♦♥7 ✭❡$ ❞❡7 ✐♥❡&$✐❡7✮ ✉$✐❧✐7=❡ ❞❛♥7 ❧❛ ❝♦♠♠❛♥❞❡ ❡7$ ❡♥$❛❝❤=❡ ❞✬✉♥❡ ❡&&❡✉&✳ ▲❛

✜❣✉&❡ ✷✳✷✶ ♠♦♥$&❡ ❧❡7 ✈❛❧❡✉&7 7✐♥❣✉❧✐8&❡7 ♠❛①✐♠❛❧❡7 ♣♦✉& ❞✐✛=&❡♥$❡7 ✈❛❧❡✉&7 ❞❡ ❧✬❡&&❡✉& ❞❡ &❛②♦♥✳

▲❛ ❝♦♠♠❛♥❞❡ ❡7$ 7②♥$❤=$✐7= ♣♦✉& Rd = 0.5m ❡$ Re = 0.2m✳ ▲✬❡&&❡✉& ❞❡ ♠❡7✉&❡ ❞❡7 &❛②♦♥7

❡7$ ❡①❛❣=&=❡ ❛✜♥ ❞❡ ♠✐❡✉① ♦❜7❡&✈❡& 7♦♥ ✐♥✢✉❡♥❝❡ 7✉& ❧❡7 ✈❛❧❡✉&7 7✐♥❣✉❧✐8&❡7 ❞✉ 7②7$8♠❡ ❜♦✉❝❧=✳

▲❡7 &❛②♦♥7 ✐♥❞✐?✉=7 7♦♥$ ❝❡✉① ✉$✐❧✐7=7 ❞❛♥7 ❧❛ ❝♦♠♠❛♥❞❡ ❀ ❧❡7 &❛②♦♥7 ❞✉ 7②7$8♠❡ 7♦♥$ ✜①=7 ♣♦✉&

❧❡7 $&♦✐7 ❝♦✉&❜❡7 A ❧❡✉&7 ✈❛❧❡✉&7 ♥♦♠✐♥❛❧❡7✳ ❈♦♠♠❡ ♦❜7❡&✈= ❛✉ ♣&❡♠✐❡& ❝❤❛♣✐$&❡✱ ❧❡7 &❛②♦♥7 ❞❡7

❜♦❜✐♥❡7 ♦♥$ ✉♥❡ ✐♥✢✉❡♥❝❡ 7✉& ❧❡ ❣❛✐♥ ❞✉ 7②7$8♠❡ ✭❡♥ ❜♦✉❝❧❡ ♦✉✈❡&$❡✮ A ❜❛77❡7 ❢&=?✉❡♥❝❡7✳

▲❛ ✜❣✉&❡ ✷✳✷✵ ♠♦♥$&❡ ❧❡7 7✐♠✉❧❛$✐♦♥7 ❞✉ ♠♦❞8❧❡ ♥♦♥✲❧✐♥=❛✐&❡ ♣♦✉& ✉♥❡ ❡&&❡✉& 7✉& ❧❛ ♠❡7✉&❡ ❞❡7

&❛②♦♥7 ❞❡ ✷✪✳ ▲❛ ❝♦♠♠❛♥❞❡ ❡7$ 7②♥$❤=$✐7=❡ ♣♦✉& Rd = 0.5m ❡$ Re = 0.2m ❡$ ❧❡ 7②7$8♠❡ ❡7$

7✐♠✉❧= ♣♦✉& ✉♥❡ ♠❡7✉&❡ ❞❡ &❛②♦♥7 ♣❛&❢❛✐$❡ ❡$ ✉♥❡ ♠❡7✉&❡ ❞❡ &❛②♦♥7 ❡♥$❛❝❤=❡ ❞❡ ✷✪ ❞✬❡&&❡✉&✳

▲❡ &❛②♦♥ ❞=&♦✉❧❡✉& ❡7$ 7♦✉7✲❡7$✐♠= ❡$ ❧❡ &❛②♦♥ ❡♥&♦✉❧❡✉& ❡7$ 7✉&❡7$✐♠= ❞❡ ✷✪ ❞❡ ❧❡✉&7 ✈❛❧❡✉&7

♥♦♠✐♥❛❧❡7✳ ❈❡$ ♦&❞&❡ ❞❡ ❣&❛♥❞❡✉& ❞✬❡&&❡✉& ❡7$ $♦✉$ A ❢❛✐$ &=❛❧✐7$❡ ❧♦&7?✉❡ ❞❡7 ❝❛♣$❡✉&7 ✉❧$&❛✲
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❋✐❣✉$❡ ✷✳✷✶ ✕ ❱❛❧❡✉+, ,✐♥❣✉❧✐0+❡, ♠❛①✐♠❛❧❡, ❞✉ ,②,50♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡+♠:❡ ❛✈❡❝ ❡++❡✉+ ,✉+ ❧❛

♠❡,✉+❡ ❞❡, +❛②♦♥,

,♦♥, ,♦♥5 ✉5✐❧✐,:,✳ ❈❡55❡ ❡++❡✉+ ❡♥5+❛✐♥❡ ❞❡, ✈❛+✐❛5✐♦♥, ❜❡❛✉❝♦✉♣ ♣❧✉, ✐♠♣♦+5❛♥5❡, ❞❡ ❧❛ ♣♦,✐5✐♦♥

❛♥❣✉❧❛✐+❡ ❞❡, ❞❡✉① ❞❛♥,❡✉+, ♣❡♥❞✉❧❛✐+❡,✱ ❝❡ ?✉✐ ❞♦♥♥❡ ✉♥❡ ❡++❡✉+ ,5❛5✐?✉❡ ,✉+ ❧❡, 5❡♥,✐♦♥, ❞❡,

,❡❝5✐♦♥, ❞❡ ❞:+♦✉❧❡♠❡♥5 ❡5 ❞✬❡♥+♦✉❧❡♠❡♥5✳ ❈❡♣❡♥❞❛♥5✱ ❧✬❡++❡✉+ ❡,5 +:,♦+❜:❡ ♣❡5✐5 A ♣❡5✐5 ❣+B❝❡ A

❧✬❛❝5✐♦♥ ✐♥5:❣+❛❧❡ ❞✉ ❝♦++❡❝5❡✉+ ❞❡ ♣♦,✐5✐♦♥ ❞❡, ❞❛♥,❡✉+,✳ ▲❛ 5❡♥,✐♦♥ ✐♥5❡+♠:❞✐❛✐+❡ ❝♦♥,❡+✈❡ ❞❡,

♣❡+❢♦+♠❛♥❝❡, ?✉❛,✐♠❡♥5 ✐♥❝❤❛♥❣:❡,✳

▲✬✉5✐❧✐,❛5✐♦♥ ❞❡ ❧❛ ♠❡,✉+❡ ❡①❛❝5❡ ❞❡, +❛②♦♥, ❞❛♥, ❧❛ ❝♦♠♠❛♥❞❡ ♣❡+♠❡5 ❞♦♥❝ ❞❡ ❞:,❡♥,✐❜✐❧✐,❡+ ❧❛

❜♦✉❝❧❡ ❢❡+♠:❡ ❛✉① ✈❛+✐❛5✐♦♥, ❞❡ ❝❡✉①✲❝✐✳ ❈❡♣❡♥❞❛♥5✱ ♥♦✉, ❛✈♦♥, ♠♦♥5+: ?✉✬✉♥❡ ❢❛✐❜❧❡ ❡++❡✉+ ,✉+

❝❡55❡ ♠❡,✉+❡ ❞:❣+❛❞❡ ❧❡, ♣❡+❢♦+♠❛♥❝❡, ❞✉ ,②,50♠❡✳

✷✳✹✳✸ ■♥✢✉❡♥❝❡ ❞❡ ❧✬-❧❛/0✐❝✐0- ❞❡ ❧❛ ❜❛♥❞❡

▲❡ ❝♦♠♣♦+5❡♠❡♥5 ❞②♥❛♠✐?✉❡ ❞✬✉♥❡ ❜❛♥❞❡ ❡♥5+❛✐♥:❡ ❞:♣❡♥❞ ❢♦+5❡♠❡♥5 ❞❡ ,♦♥ :❧❛,5✐❝✐5: ❬●❛,✶✶❪✱

❝❛+❛❝5:+✐,:❡ ✐❝✐ ♣❛+ ❧❡ ♠♦❞✉❧❡ ❞❡ ❨♦✉♥❣ E✳ ▲❛ ❝♦♠♠❛♥❞❡ ❛ :5: ,②♥5❤:5✐,:❡ ♣♦✉+ ✉♥ ♠♦❞✉❧❡ ❞❡

❨♦✉♥❣ E = 160▼K❛✱ ❧❡, ✈❛+✐❛5✐♦♥, ❞❡ ❧✬:❧❛,5✐❝✐5: ,♦♥5✱ ♣♦✉+ ❧✬❛♥❛❧②,❡ ❢+:?✉❡♥5✐❡❧❧❡✱ ❡①❛❣:+:❡,

❛✜♥ ❞❡ ♠✐❡✉① ♦❜,❡+✈❡+ ❧❡✉+ ✐♥✢✉❡♥❝❡✳ ▲❛ ✜❣✉+❡ ✷✳✷✷ ♠♦♥5+❡ ❧❡, ✈❛❧❡✉+, ,✐♥❣✉❧✐0+❡, ♠❛①✐♠❛❧❡,

❡5 ♠✐♥✐♠❛❧❡, ❞✉ ,②,50♠❡ ❛,,❡+✈✐ ♣♦✉+ ❞✐✛:+❡♥5❡, ✈❛❧❡✉+, ❞❡ E✳ ▲✬❛✉❣♠❡♥5❛5✐♦♥ ❞❡ ❧✬:❧❛,5✐❝✐5:

E ❝♦♥❞✉✐5 ❛✉ ❞:♣❧❛❝❡♠❡♥5 ❞❡, +:,♦♥❛♥❝❡, ✈❡+, ❧❡, ❤❛✉5❡, ❢+:?✉❡♥❝❡,✳ ❉❡ ♣❧✉,✱ ❧❛ ❤❛✉5❡✉+ ❞❡,

♣✐❝, ❡,5 ♣❧✉, ✐♠♣♦+5❛♥5❡ ?✉❛♥❞ E ❛✉❣♠❡♥5❡✳ ▲♦+,?✉❡ E ❞✐♠✐♥✉❡✱ ❧❡, +:,♦♥❛♥❝❡, ,♦♥5 ❞:♣❧❛❝:❡,

✈❡+, ❧❡, ❜❛,,❡, ❢+:?✉❡♥❝❡, ❡5 ❧❡✉+, ❛♠♣❧✐5✉❞❡, ,♦♥5 ❧:❣0+❡♠❡♥5 ❛55:♥✉:❡,✳ ▲❡, ✈❛+✐❛5✐♦♥, ❞❡ ❧✬:❧❛,✲

5✐❝✐5: ❞❡ ❧❛ ❜❛♥❞❡ ♦♥5 ❞♦♥❝ ✉♥❡ ✐♥❝✐❞❡♥❝❡ ✐♠♣♦+5❛♥5❡ ,✉+ ❧❡ ❝♦♠♣♦+5❡♠❡♥5 ❞②♥❛♠✐?✉❡ ❞✉ ,②,50♠❡✳

▲❛ ✜❣✉+❡ ✷✳✷✸ ♣+:,❡♥5❡ ❧❡, ♣Q❧❡, ❞✉ ,②,50♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡+♠:❡ ♣♦✉+ 5+♦✐, ✈❛❧❡✉+, ❞❡ ❧✬:❧❛,5✐❝✐5:✳

▲✬❛✉❣♠❡♥5❛5✐♦♥ ❞❡ ❧✬:❧❛,5✐❝✐5: ❞❡ ❧❛ ❜❛♥❞❡ ♣❡✉5 ❝♦♥❞✉✐+❡ A ❧✬✐♥,5❛❜✐❧✐5: ❞✉ ,②,50♠❡ ❜♦✉❝❧:✳ ▲♦+,?✉❡

E ❛✉❣♠❡♥5❡✱ ❞❡, ♣Q❧❡, ,❡ ❞:♣❧❛❝❡♥5 ✈❡+, ❧❛ ❞+♦✐5❡ ❡5 ❧❡✉+, ♣❛+5✐❡, ✐♠❛❣✐♥❛✐+❡, ❛✉❣♠❡♥5❡♥5✳ ❈❡+✲

5❛✐♥, ♣Q❧❡, ,♦♥5 ♠R♠❡ ❧♦❝❛❧✐,:, A ❞+♦✐5❡ ❞❡ ❧✬❛①❡ ✐♠❛❣✐♥❛✐+❡ ✭♣Q❧❡, ✐♥,5❛❜❧❡,✮✳ ▲♦+,?✉❡ E ❞✐♠✐♥✉❡✱

❧❡, ♣Q❧❡, ,❡ +❛♣♣+♦❝❤❡♥5 ❞❡ ❧✬❛①❡ +:❡❧✱ ❡5 ♥❡ ,❡ ❞:♣❧❛❝❡♥5 ♣❛, ✈❡+, ❧❛ ❞+♦✐5❡✳

■❧ ❡,5 :❣❛❧❡♠❡♥5 ✐♥5:+❡,,❛♥5 ❞❡ ❢❛✐+❡ ❞❡, ,✐♠✉❧❛5✐♦♥, 5❡♠♣♦+❡❧❧❡,✱ A ❧✬❛✐❞❡ ❞✉ ♠♦❞0❧❡ ♥♦♥✲❧✐♥:❛✐+❡✱
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❉❡ ♥♦♠❜,❡✉① &,❛✈❛✉① ♦♥& 4&4 ♠❡♥4$ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬♦♣&✐♠✐$❛&✐♦♥ ♠✉❧&✐❞✐$❝✐♣❧✐♥❛✐,❡✳ [❛,

❡①❡♠♣❧❡ ❘❛♦ ❡& ❚✐✇❛,✐ ❬❘❚✵✾❪ ♦♣&✐♠✐$❡♥& ❞❡$ ♣❛❧✐❡,$ ♠❛❣♥4&✐R✉❡$ $❛♥$ ❝♦♥&❛❝&✳ ▲❡$ ✈❛,✐❛❜❧❡$

❞❡ ❞4❝✐$✐♦♥ $♦♥& ❝♦♠♣♦$4❡$ ❞❡$ ♣❛,❛♠?&,❡$ ♠4❝❛♥✐R✉❡$ ✭❣4♦♠4&,✐R✉❡✱ ❞❡$ ♣❛,❛♠?&,❡$ ❞❡ ❢♦♥❝✲

&✐♦♥♥❡♠❡♥& ✭❝♦✉,❛♥&✱ ♠♦♥&❛❣❡✱ ✳✳✳✮ ❡& ❞❡$ ♣❛,❛♠?&,❡$ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❞✉ $②$&?♠❡✳ ■❧ $✬❛❣✐$$❛✐&

❞✬♦♣&✐♠✐$❡, ❝♦♥❥♦✐♥&❡♠❡♥& ❧❛ ♣❛,&✐❡ ♠4❝❛♥✐R✉❡ ❡& ❧❛ ❝♦♠♠❛♥❞❡✳

❯♥❡ ❛&&❡♥&✐♦♥ ♣❛,&✐❝✉❧✐?,❡ ❞❛♥$ ❧❡ ❝❛❞,❡ ❞❡ ❝❡ &,❛✈❛✐❧ ❡$& ♣♦,&4❡ U ❧✬♦♣&✐♠✐$❛&✐♦♥ ❞❡$ $②$&?♠❡$

❞②♥❛♠✐R✉❡$✱ ❡& ♣❧✉$ ♣❛,&✐❝✉❧✐?,❡♠❡♥& U ❧✬♦♣&✐♠✐$❛&✐♦♥ ❞❡$ ❝♦,,❡❝&❡✉,$✳ ▲❡$ ❝♦,,❡❝&❡✉,$ ♣❡✉✈❡♥&

@&,❡ ♦♣&✐♠✐$4$ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ &❡♠♣♦,❡❧✳ ❉❡ ♣❧✉$ ❡♥ ♣❧✉$ ❞❡ ❧♦❣✐❝✐❡❧$ ❞✬✐♥❣4♥✐❡,✐❡ ✉&✐❧✐$❡♥& ❝❡&&❡

❛♣♣,♦❝❤❡ ❞❡♣✉✐$ R✉✬✐❧$ ✐♥&?❣,❡♥& ❞❡$ ♣,♦❣,❛♠♠❡$ ♦✉ ❜♦^&❡$ U ♦✉&✐❧$ ❞✬♦♣&✐♠✐$❛&✐♦♥✳ ❊♥ ,4❛❧✐&4✱

✐❧ ❢❛✉❞,❛✐& 4❣❛❧❡♠❡♥& ❝♦♥$✐❞4,❡, ❧❡ ❝♦♠♣♦,&❡♠❡♥& ❞②♥❛♠✐R✉❡ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ ❢,4R✉❡♥&✐❡❧ ♣♦✉,

❛✉❣♠❡♥&❡, ♦✉ ❣❛,❛♥&✐, ❞❡$ ♣❡,❢♦,♠❛♥❝❡$ ❞②♥❛♠✐R✉❡$✳ ▼❛❧❤❡✉,❡✉$❡♠❡♥& ❧✬❛♣♣,♦❝❤❡ ❢,4R✉❡♥&✐❡❧❧❡

♥✬❡$& ✉&✐❧✐$❛❜❧❡ R✉❡ ♣♦✉, ❧❡$ ♠♦❞?❧❡$ ❧✐♥4❛✐,❡$ ✭❣4♥4,❛❧❡♠❡♥& ♦♥ ❧✐♥4❛,✐$❡ ❧❡ ♠♦❞?❧❡ ♥♦♥✲❧✐♥4❛✐,❡

❛✉&♦✉, ❞❡ ♣♦✐♥&✭$✮ ❞❡ ❢♦♥❝&✐♦♥♥❡♠❡♥&✮✳

▲❛ ♠4&❤♦❞❡ ❧❛ ♣❧✉$ ✐♥&✉✐&✐✈❡ ♣♦✉, ♦♣&✐♠✐$❡, ❧❡$ ♣❡,❢♦,♠❛♥❝❡$ ❞✬✉♥ $②$&?♠❡ ❞②♥❛♠✐R✉❡ ❝♦♥$✐$&❡

U ♠✐♥✐♠✐$❡, ❧✬❡,,❡✉, ❡♥&,❡ ❝♦♥$✐❣♥❡$ ❡& ♠❡$✉,❡$ $❡❧♦♥ ✉♥ ❝,✐&?,❡✳ ❙❡❦❛❥ ❡& ❙,❛♠❡❦ ❬❙❙✵✺❪ ✉&✐❧✐$❡♥&

✉♥ ❛❧❣♦,✐&❤♠❡ ❣4♥4&✐R✉❡ ♣♦✉, ♠✐♥✐♠✐$❡, ✉♥ ✐♥❞❡① ❞❡ ♣❡,❢♦,♠❛♥❝❡ ♣,❡♥❛♥& ❡♥ ❝♦♠♣&❡ ♣❧✉$✐❡✉,$

❣,❛♥❞❡✉,$ ✿ ❧✬❡,,❡✉, ❡♥&,❡ ❧❛ ❝♦♥$✐❣♥❡ ❡& ❧❛ $♦,&✐❡✱ ❧❛ ❞4,✐✈4❡ ❞❡ ❧✬❡,,❡✉,✱ ❧❡ $✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ ❡&

$❛ ❞4,✐✈4❡✳ ▲❛ ❢♦♥❝&✐♦♥ ♦❜❥❡❝&✐❢ U ♠✐♥✐♠✐$❡, ❡$& ✉♥❡ $♦♠♠❡ ♣♦♥❞4,4❡ ❞❡$ ❝,✐&?,❡$ ♣,4❝4❞❡♠♠❡♥&

❝✐&4$✳

❯♥❡ ♠4&❤♦❞❡ ♠✉❧&✐♦❜❥❡❝&✐❢ ❛ 4&4 ♣,♦♣♦$4❡ ♣❛, [♦♣♦✈ ❡! ❛❧✳ ❬[❋❲✵✺❪ ♣♦✉, ❧❛ $②♥&❤?$❡ ❞❡ ❝♦,,❡❝✲

&❡✉, [■❉ ❞❡ $②$&?♠❡$ ❝❤✐♠✐R✉❡$✳ ▲❡ ♣,❡♠✐❡, ♦❜❥❡❝&✐❢ ❡$& ❧❛ ♠✐♥✐♠✐$❛&✐♦♥ ❞✉ ❝,✐&?,❡ ■❙❊ ✭■♥&❡❣,❛❧

♦❢ ❙R✉❛,❡❞ ❊,,♦, ✕ ■♥&4❣,❛❧❡ ❞✉ ❝❛,,4 ❞❡ ❧✬❡,,❡✉,✮✳ ▲❡ $❡❝♦♥❞ ♦❜❥❡❝&✐❢ ❡$& ❧❡ ❝,✐&?,❡ ■❆❊ ✭■♥&❡❣,❛❧

♦❢ ❆❜$♦❧✉&❡ ❊,,♦, ✕ ■♥&4❣,❛❧❡ ❞❡ ❧❛ ✈❛❧❡✉, ❛❜$♦❧✉❡ ❞❡ ❧✬❡,,❡✉,✮ ❞✉ $✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡✳

❖♥ ♣❡✉& 4❣❛❧❡♠❡♥& ❝♦♥$✐❞4,❡, ❧❡$ $②$&?♠❡$ ❞②♥❛♠✐R✉❡$ ✉♥✐R✉❡♠❡♥& ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ ❢,4R✉❡♥&✐❡❧

❡& ❞♦♥❝ ✉&✐❧✐$❡, ❞❡$ ❝,✐&?,❡$ ❞❛♥$ ❝❡ ❞♦♠❛✐♥❡✳ ▲❡$ ❝,✐&?,❡$ ❧❡ ♣❧✉$ ,4♣❛♥❞✉$ $♦♥& ❧✬♦♣&✐♠✐$❛&✐♦♥ H2

❬❋❆❈

+
✾✾❪ ❬❈❈❑✵✺❪ ❡& ❧✬♦♣&✐♠✐$❛&✐♦♥ H∞ ❬❙[✵✺❪ ❬❉❋✾✾❪✳ ❈✬❡$& ❝❡&&❡ ❞❡,♥✐?,❡ ❛♣♣,♦❝❤❡ R✉❡ ♥♦✉$



✸✳✷✳ ▲✬❖&❚■▼■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ▼➱❈❆❚❘❖◆■◗❯❊❙ ❉➱❚❊❘▼■◆■❙❚❊❙ ✻✺

✉#✐❧✐&♦♥& ❞❛♥& ❧❡ ❝❛❞-❡ ❞❡ ❝❡ #-❛✈❛✐❧✳ ❉❡ ♥♦♠❜-❡✉① ❝❤❡-❝❤❡✉-& ♦♥# ❞5✈❡❧♦♣♣5 ❞✐✈❡-&❡& ♠5#❤♦❞❡&

❡# ❧♦❣✐❝✐❡❧& ❞✬♦♣#✐♠✐&❛#✐♦♥ ❞❡ ❧❛ ♥♦-♠❡ H∞✳ ▲❡ ♣-♦❜❧:♠❡ H∞ &#❛♥❞❛-❞ ❡&# -5&♦❧✉ ♣-✐♥❝✐♣❛❧❡♠❡♥#

; ❧✬❛✐❞❡ ❞❡& ❡<✉❛#✐♦♥& ❞❡ ❘✐❝❝❛#✐ ❬❉●❑❋✽✾❪ ♦✉ ❞❡ ▲▼■ ✭▲✐♥❡❛- ▼❛#-✐① ■♥❡<✉❛❧✐#✐❡&✮ ❬●❆❈✾✹❪✳

❈❡♣❡♥❞❛♥#✱ ❧❛ -❡❝❤❡-❝❤❡ ❞❡ ❝♦--❡❝#❡✉-& H∞ ❞✬♦-❞-❡ ❡# ❞❡ &#-✉❝#✉-❡ ✜①❡& ❡&# ✉♥ ♣-♦❜❧:♠❡ -5♣✉#5

❞✐✣❝✐❧❡ ❡# ♥♦♥ ❧✐&&❡✳ ❉✐✛5-❡♥#❡& ❛♣♣-♦❝❤❡& ❡①✐&#❡♥# ❝♦♠♠❡ ♣❛- ❡①❡♠♣❧❡ ❧❛ -5&♦❧✉#✐♦♥ ❞❡ ❇▼■

✭❇✐❧✐♥❡❛- ▼❛#-✐① ■♥❡<✉❛❧✐#✐❡&✮ ❬❇❖❑✵✻❪✳ ❉❡✉① ❧♦❣✐❝✐❡❧& ✭❡♥ -5❛❧✐#5 ❝❡ &♦♥# ❞❡& ❢♦♥❝#✐♦♥& ❞❛♥&

❧✬❡♥✈✐-♦♥♥❡♠❡♥# ▼❛#❧❛❜✮ &♦♥# ❛&&❡③ ❡✣❝❛❝❡& ✿ ❍■❋❖❖ ✭❍ ■♥✜♥✐#② ❋✐①❡❞ ❖-❞❡- ❖♣#✐♠✐&❛#✐♦♥✮

❞5✈❡❧♦♣♣5 ♣❛- ❇✉-❦❡ ❡! ❛❧✳ ❬❇❍▲❖✵✻❪ ❡# ♣❧✉& -5❝❡♠♠❡♥# ❤✐♥❢&#-✉❝# ❞5✈❡❧♦♣♣5 ♣❛- ❆♣❦❛-✐❛♥ ❡#

◆♦❧❧ ❬❆◆✵✻❪✳

❉✐✛5-❡♥#& #-❛✈❛✉① ♦♥# ✉#✐❧✐&5 ❝❡& ❧♦❣✐❝✐❡❧& ♣♦✉- ❧❛ &②♥#❤:&❡ ❞❡ ❝♦--❡❝#❡✉-& H∞ ❛♣♣❧✐<✉5❡ ; ❞❡&

&②&#:♠❡& &♣5❝✐✜<✉❡&✳ Z❛- ❡①❡♠♣❧❡✱ ❧❡& #-❛✈❛✉① ❞❡ ❇♦♠♣❛-# ❬❇♦♠✵✼❪ ❡# ❞❡ ❙✐♠]❡& ❬❙❆◆✵✾❪ &♦♥#

❞❡& ❛♣♣❧✐❝❛#✐♦♥& ❞✐-❡❝#❡& ❞❡& ❛❧❣♦-✐#❤♠❡& ❞5✈❡❧♦♣♣5& ♣❛- ❆♣❦❛-✐❛♥ ❡# ◆♦❧❧ ❬❆◆✵✻❪ ; ❧❛ &②♥#❤:&❡

❞❡ ❝♦--❡❝#❡✉-& ❞❛♥& ❧❡ ❞♦♠❛✐♥❡ ❛5-♦♥❛✉#✐<✉❡✳ ●❛&&♠❛♥♥ ❡# ❑♥✐##❡❧ ♦♥# ✉#✐❧✐&5 ❍■❋❖❖ ♣♦✉-

&②♥#❤5#✐&❡- ❧❡& ❝♦--❡❝#❡✉-& ❞❡ #❡♥&✐♦♥ ❞✬✉♥ &②&#:♠❡ ❞✬❡♥#-❛✐♥❡♠❡♥# ❞❡ ❜❛♥❞❡& ✢❡①✐❜❧❡& ❬●❑Z❇✶✶❪✳

▼❛✐& ✐❧& ♦♥# 5❣❛❧❡♠❡♥# ❞5✈❡❧♦♣♣5 ✉♥❡ ❛♣♣-♦❝❤❡ ✐♥♥♦✈❛♥#❡✱ ; ❧✬❛✐❞❡ ❞✬❛❧❣♦-✐#❤♠❡& ❣5♥5#✐<✉❡&✱ ♣♦✉-

❧❛ &②♥#❤:&❡ ❞❡ ❝♦--❡❝#❡✉-& H∞ ❬●❛&✶✶❪✳

✸✳✷✳✷ ▲❡% ♣'♦❜❧+♠❡% ❞✬♦♣/✐♠✐%❛/✐♦♥

▲❡& ♣-♦❜❧:♠❡& ❞✬♦♣#✐♠✐&❛#✐♦♥ ♣❡✉✈❡♥# `#-❡ ❞5✜♥✐& ❝♦♠♠❡ ❧❛ -❡❝❤❡-❝❤❡ ❞❡ ❧✬♦♣#✐♠✉♠ ❞✉ ♦✉ ❞❡&

❝-✐#:-❡&✱ 5❣❛❧❡♠❡♥# ❛♣♣❡❧5& ❢♦♥❝#✐♦♥& ❞❡ ❝♦a#✱ ❡♥ ❛❣✐&&❛♥# &✉- ❧❡& ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ <✉✐ 5✈♦✲

❧✉❡♥# ❞❛♥& ✉♥ ❡&♣❛❝❡ ❞❡ -❡❝❤❡-❝❤❡ ❞♦♥♥5✳ ▲✬♦♣#✐♠✉♠ ❞✬✉♥❡ ❢♦♥❝#✐♦♥ ♣❡✉# `#-❡ ❧❡ ♠✐♥✐♠✉♠ ♦✉

❧❡ ♠❛①✐♠✉♠ &❡❧♦♥ ❧❡ ❝-✐#:-❡✳ ❯♥ ♣-♦❜❧:♠❡ ❞✬♦♣#✐♠✐&❛#✐♦♥ ❡&# &♦✉✈❡♥# &♦✉♠✐& ; ❞❡& ❝♦♥#-❛✐♥#❡&✳

❊❧❧❡& ♣❡✉✈❡♥# ❝♦♥❝❡-♥❡- ❧❡& ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ ♦✉ ❞❡& ♣❛-❛♠:#-❡& ❡①#5-✐❡✉-&✳ ▲❡& ❝♦♥#-❛✐♥#❡&

♠♦❞✐✜❡♥# ❧✬❡&♣❛❝❡ ❞❡ -❡❝❤❡-❝❤❡ ♣✉✐&<✉❡ ❝❡-#❛✐♥& ❥❡✉① ❞❡ ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ ❛♣♣❛-#❡♥❛♥# ; ❧✬❡&✲

♣❛❝❡ ❞❡ -❡❝❤❡-❝❤❡ ♣❡✉✈❡♥# ♥❡ ♣❛& ❝♦♥✈❡♥✐- ❬❈❙✵✷❪✳

❙♦✐# ✉♥ ♣-♦❜❧:♠❡ ❞✬♦♣#✐♠✐&❛#✐♦♥ <✉✐ ❛ ✉♥ ✈❡❝#❡✉- ♦❜❥❡❝#✐❢

~f ✭<✉✐ -❡❣-♦✉♣❡ ❧✬❡♥&❡♠❜❧❡ ❞❡& ❢♦♥❝#✐♦♥&

; ♦♣#✐♠✐&❡-✮ ❞5♣❡♥❞❛♥# ❞❡& ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ -❡❣-♦✉♣5❡& ❞❛♥& ❧❡ ✈❡❝#❡✉- ~x✱ ❡# &♦✉♠✐& ❛✉①

❝♦♥#-❛✐♥#❡& -❡❣-♦✉♣5❡& ❞❛♥& ❧❡& ✈❡❝#❡✉-& ~g ✭❝♦♥#-❛✐♥#❡& ❞✬✐♥5❣❛❧✐#5✮ ❡#

~h ✭❝♦♥#-❛✐♥#❡& ❞✬5❣❛❧✐#5✮✳

❈❡ ♣-♦❜❧:♠❡ ❝♦♥&✐&#❡ ; ✿

∣

∣

∣

∣

∣

∣

minimiser ~f(~x)
sous les contraintes ~g(~x) < 0

~h(~x) = 0

✭✸✳✶✮

▲❡& ♣-♦❜❧:♠❡& ❞✬♦♣#✐♠✐&❛#✐♦♥ ♣❡✉✈❡♥# `#-❡ ❝❛-❛❝#5-✐&5& ♣❛- ❧❡ #②♣❡ ❞❡ ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥✱ ❧❡

#②♣❡ ❞❡& ❝-✐#:-❡& ❡# ❞❡ ❧❛ ♣-5&❡♥❝❡ ♦✉ ♥♦♥ ❞❡ ❝♦♥#-❛✐♥#❡&✳ ▲❡& ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ &♦♥# ❧❡& ♣❛-❛✲

♠:#-❡& &✉- ❧❡&<✉❡❧& ♦♥ ♣❡✉# ❛❣✐- ❡# <✉✐ 5✈♦❧✉❡♥# ❞❛♥& ✉♥ ❡&♣❛❝❡ ❞❡ -❡❝❤❡-❝❤❡ ❞♦♥♥5✳ ❊❧❧❡& ♣❡✉✈❡♥#

`#-❡ -5❡❧❧❡&✱ ❞✐&❝-:#❡& ♦✉ ❝♦♠❜✐♥❛#♦✐-❡&✳ ❉❡& ✈❛-✐❛❜❧❡& ❝♦♠❜✐♥❛#♦✐-❡& ♣❡✉✈❡♥# ♣-❡♥❞-❡ ✉♥ ♥♦♠❜-❡

✜♥✐ ❞❡ ✈❛❧❡✉-&✳ ▲❡& ❝-✐#:-❡&✱ ♦✉ ♦❜❥❡❝#✐❢&✱ &♦♥# ❧❡& ❢♦♥❝#✐♦♥& <✉✐ <✉❛♥#✐✜❡♥# ❧❛ <✉❛❧✐#5 ❞✬✉♥ ❥❡✉ ❞❡

✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥✳ ▲❡& ❝♦♥#-❛✐♥#❡& ♣❡-♠❡##❡♥# ❞❡ &❛✈♦✐- &✐ ✉♥ ✈❡❝#❡✉- ❞❡ ❞5❝✐&✐♦♥ ❡&# ✏-5❛❧✐&❛✲

❜❧❡✑ ♦✉ ♥♦♥✳

▲❡& ♣-♦❜❧:♠❡& ❞✬♦♣#✐♠✐&❛#✐♦♥ ❡♥ ✐♥❣5♥✐❡-✐❡ &♦♥# ❧❛ ♣❧✉♣❛-# ❞✉ #❡♠♣& ❞❡& ♣-♦❜❧:♠❡& ❞✬♦♣#✐♠✐&❛#✐♦♥

♥♦♥✲❧✐♥5❛✐-❡& ❝♦♥#-❛✐♥#&✳ ❊♥ ❡✛❡#✱ ❧❡& -❡❧❛#✐♦♥& ❡♥#-❡ ❧❡& ✈❛-✐❛❜❧❡& ❞❡ ❞5❝✐&✐♦♥ ❡# ❧❡& ❢♦♥❝#✐♦♥&

♦❜❥❡❝#✐❢& ♥❡ &♦♥# ♣❛& ❝♦♥♥✉❡& ❡# ♥5❝❡&&✐#❡♥# ❧✬✉#✐❧✐&❛#✐♦♥ ❞✬✉♥ ❝♦❞❡ ❞❡ ❝❛❧❝✉❧ ♥✉♠5-✐<✉❡ ✭&✐♠✉❧❛#❡✉-

❞❡ ❧❛ ♠❛❝❤✐♥❡ ♣❛- ❡①❡♠♣❧❡✮✳



✻✻❈❍❆#■❚❘❊ ✸✳ ❖#❚■▼■❙❆❚■❖◆▼❯▲❚■❈❘■❚➮❘❊ ❉❯ ❈❖▼#❖❘❚❊▼❊◆❚ ❉❊ ▲❆ ❇❆◆❉❊

✸✳✷✳✷✳✶ ❖♣&✐♠✐)❛&✐♦♥ ♠✉❧&✐❝0✐&10❡

▲♦#$%✉❡ ❧❡ ✈❡❝+❡✉# ♦❜❥❡❝+✐❢

~f ❝♦♥+✐❡♥+ ♣❧✉$✐❡✉#$ ❢♦♥❝+✐♦♥$✱ ♦♥ ♣❛#❧❡ ❞❡ ♣#♦❜❧5♠❡ ❞✬♦♣+✐♠✐$❛+✐♦♥

♠✉❧+✐♦❜❥❡❝+✐❢✳ ▲❛ $♦❧✉+✐♦♥ ❞✉ ♣#♦❜❧5♠❡ ♥✬❡$+ ❣:♥:#❛❧❡♠❡♥+ ♣❛$ ✉♥✐%✉❡ ❀ ♦♥ ♦❜+✐❡♥+ ✉♥ ❡♥$❡♠❜❧❡

❞❡ $♦❧✉+✐♦♥$ ✭=❛#❡+♦✮✳ ▲❡$ ♣♦✐♥+$ ❞♦♠✐♥❛♥+$ ❞❛♥$ ❧✬❡$♣❛❝❡ ❞❡$ ♦❜❥❡❝+✐❢$ ❢♦#♠❡♥+ ❧❡ ❢#♦♥+ ❞❡ =❛#❡+♦✳

❯♥ ♣♦✐♥+ ❞♦♠✐♥❛♥+ ❡$+ ✉♥ ♣♦✐♥+ ♣♦✉# ❧❡%✉❡❧ ♦♥ ♥❡ ♣❡✉+ ♣❛$ ❛♠:❧✐♦#❡# ✉♥ ♦❜❥❡❝+✐❢ $❛♥$ ❞:❣#❛❞❡#

❧✬✉♥ ❞❡$ ❛✉+#❡$✳ ❙♦✐❡♥+ ❞❡✉① ✈❡❝+❡✉#$ ❝#✐+5#❡$ f1 ❡+ f2✳ ❖♥ ❞✐+ %✉❡ f1 ❞♦♠✐♥❡ f2 $✐ ❡+ $❡✉❧❡♠❡♥+

$✐ f1 ≤ f2 ❡+ f1 6= f2✱ ❝✬❡$+ C ❞✐#❡ f1k ≤ f2k ♣♦✉# +♦✉+ k ❡+ f1k < f2k ♣♦✉# ❛✉ ♠♦✐♥$ ✉♥ k ✭k
#❡♣#:$❡♥+❡ ❧✬✉♥ ❞❡$ ♦❜❥❡❝+✐❢$ C ♠✐♥✐♠✐$❡#✮ ❬❖+❤✾✽❪✳
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0

1

2

3

4

5

6

7

8

J
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Front de Pareto
Point dominé

1

point utopique

point NADIR

A

B

❋✐❣✉$❡ ✸✳✶ ✕ ❊①❡♠♣❧❡ ❞❡ ❢#♦♥+ ❞❡ =❛#❡+♦ ♣♦✉# ✉♥ ♣#♦❜❧5♠❡ C ❞❡✉① ♦❜❥❡❝+✐❢$ C ♠✐♥✐♠✐$❡#

▲❛ ✜❣✉#❡ ✸✳✶ ♠♦♥+#❡ ❧❡ ❢#♦♥+ ❞❡ =❛#❡+♦ ♣♦✉# ✉♥ ♣#♦❜❧5♠❡ C ❞❡✉① ♦❜❥❡❝+✐❢$ J1 ❡+ J2 ✿ ♦♥ ❝♦♥$✐❞5#❡

%✉❡ ❧❡$ ❞❡✉① ❢♦♥❝+✐♦♥$ ❞❡ ❝♦O+ $♦♥+ C ♠✐♥✐♠✐$❡#✳ ▲❡ ❢#♦♥+ ❞❡ =❛#❡+♦ ❡$+ ♦❜+❡♥✉ ❡♥ ✉+✐❧✐$❛♥+ ❧✬❛❧❣♦✲

#✐+❤♠❡ ♣#:$❡♥+: ♣❛# ❬▼■❨▼✵✸❪✳ ❖♥ ♣❡✉+ :❣❛❧❡♠❡♥+ ❞:✜♥✐# ❞✬❛✉+#❡$ ♣♦✐♥+$ ♣❛#+✐❝✉❧✐❡#$ ♣#:$❡♥+$

$✉# ❧❛ ✜❣✉#❡ ✸✳✶ ❀ ❧❛ ❞:✜♥✐+✐♦♥ ❞❡ ❝❡$ ❞✐✛:#❡♥+$ ♣♦✐♥+$ ❡$+ ❢♦#♠✉❧:❡ ♣❛# ❞❡ ♥♦♠❜#❡✉① ❛✉+❡✉#$

❬❖+❤✾✽❪ ❬❈❙✵✷❪ ❬▲✐❡✵✾❪✳

❚♦✉+ ❞✬❛❜♦#❞ ❧❡$ ♣♦✐♥+$ ✐❞:❛✉① $♦♥+ ❧❡$ ♣♦✐♥+$ %✉✐ ♠✐♥✐♠✐$❡♥+ ✉♥ ♦❜❥❡❝+✐❢ $❛♥$ +❡♥✐# ❝♦♠♣+❡ ❞❡$

❛✉+#❡$✳ ▲❡ ♣♦✐♥+ ✐❞:❛❧ ♣♦✉# ❧✬♦❜❥❡❝+✐❢ J1 ❝♦##❡$♣♦♥❞ ❛✉ ♣♦✐♥+ A ❞❡ ❧❛ ✜❣✉#❡ ✸✳✶ ❡+ ❧❡ ♣♦✐♥+ ✐❞:❛❧

❞❡ ❧✬♦❜❥❡❝+✐❢ J2 ❝♦##❡$♣♦♥❞ ❛✉ ♣♦✐♥+ B✳ ▲❡$ ♣♦✐♥+$ ✐❞:❛✉① $♦♥+ ✉+✐❧✐$:$ ♣♦✉# ♥♦#♠❛❧✐$❡# ❧❡ ❢#♦♥+

❞❡ =❛#❡+♦ ❬●#♦✵✻❪✳

▲❡ ♣♦✐♥+ ✉+♦♣✐%✉❡✱ %✉❛♥+ C ❧✉✐✱ ❡$+ ❧❡ ♣♦✐♥+ ♣♦✉# ❧❡%✉❡❧ +♦✉$ ❧❡$ ♦❜❥❡❝+✐❢$ $♦♥+ ♠✐♥✐♠❛✉①✳ ❈❡

♣♦✐♥+ ❡$+ ❜✐❡♥ $O# ✐♥❛++❡✐❣♥❛❜❧❡ ❞❛♥$ ❧❛ ♣❧✉♣❛#+ ❞❡$ ♣#♦❜❧5♠❡$ ❞✬♦♣+✐♠✐$❛+✐♦♥ :+❛♥+ ❞♦♥♥: %✉❡

❧❡$ ♦❜❥❡❝+✐❢$ $♦♥+ $♦✉✈❡♥+ ❛♥+❛❣♦♥✐$+❡$✳ ▲❡ ♣♦✐♥+ ✉+♦♣✐%✉❡ ❡$+ $♦✉✈❡♥+ ✉+✐❧✐$: ♣♦✉# ❝❤♦✐$✐# ✉♥ ♣♦✐♥+

❞✉ ❢#♦♥+ ❞❡ =❛#❡+♦ ❛②❛♥+ ❧❡ ♠❡✐❧❧❡✉# ❝♦♠♣#♦♠✐$ ❡♥+#❡ ❧❡$ ♦❜❥❡❝+✐❢$ ❬▼✐❡✾✾❪✳

▲❡ ❞❡#♥✐❡# ♣♦✐♥+ #❡♠❛#%✉❛❜❧❡ ❡$+ ❛♣♣❡❧: ♣♦✐♥+ ◆❆❉■❘ ✿ ✐❧ ❝♦##❡$♣♦♥❞ ❛✉① ✈❛❧❡✉#$ ♠❛①✐♠❛❧❡$ ❞❡

❝❤❛%✉❡ ♦❜❥❡❝+✐❢ ❞❛♥$ ❧✬❡♥$❡♠❜❧❡ =❛#❡+♦ ♦♣+✐♠❛❧✳ ▲❡ ♣♦✐♥+ ◆❆❉■❘ ♣❡✉+ ❢❛❝✐❧❡♠❡♥+ _+#❡ ❞:+❡#♠✐♥:

C ❧✬❛✐❞❡ ❞❡$ ♣♦✐♥+$ ✐❞:❛✉①✱ ✐❧ ♣❡✉+ :❣❛❧❡♠❡♥+ _+#❡ ✉+✐❧✐$: ♣❛# ❝❡#+❛✐♥$ ❛❧❣♦#✐+❤♠❡$ ♣♦✉# #❡$+#❡✐♥❞#❡

❧✬❡$♣❛❝❡ ❞❡ #❡❝❤❡#❝❤❡ ❬▼❊❘▲✶✵❪✳

❯♥❡ ❢♦✐$ ❧❡ ♣#♦❜❧5♠❡ ❞✬♦♣+✐♠✐$❛+✐♦♥ ♣♦$: ❝♦♥✈❡♥❛❜❧❡♠❡♥+✱ ✐❧ ❡①✐$+❡ ♣❧✉$✐❡✉#$ ♠:+❤♦❞❡$ ❞❡ #:$♦✲

❧✉+✐♦♥✳
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✸✳✷✳✸ ▲❡% ❛❧❣♦*✐,❤♠❡% ❞✬♦♣,✐♠✐%❛,✐♦♥

■❧ ❡①✐'(❡ ❞❡ ♥♦♠❜.❡✉'❡' ❢❛♠✐❧❧❡' ❞✬❛❧❣♦.✐(❤♠❡' ❞✬♦♣(✐♠✐'❛(✐♦♥✱ ❝❤❛❝✉♥❡ ❞✬❡❧❧❡ ❛②❛♥( ❞❡ ♥♦♠❜.❡✉'❡'

✈❛.✐❛♥(❡'✳ ▲❡ ❝❤♦✐① ❞❡ ❧✬❛❧❣♦.✐(❤♠❡ ♣♦✉. ✉♥ ♣.♦❜❧<♠❡ ❞♦♥♥= ♣❡✉( '❡ ❢❛✐.❡ ❡♥ ❢♦♥❝(✐♦♥ ❞❡' ✐♥❢♦.✲

♠❛(✐♦♥' ?✉❡ ❧✬♦♥ ♣♦''<❞❡ '✉. ❧❛ ♦✉ ❧❡' ❢♦♥❝(✐♦♥' ❞❡ ❝♦@( ❞✉ ♣.♦❜❧<♠❡ ❬❉✉❝✵✼❪✳

■❧ ❡①✐'(❡ ♣.✐♥❝✐♣❛❧❡♠❡♥( ❞❡✉① ❝❛(=❣♦.✐❡' ❞✬❛❧❣♦.✐(❤♠❡' ❞✬♦♣(✐♠✐'❛(✐♦♥ ✿ ❧❡' ❛❧❣♦.✐(❤♠❡' ❞=(❡.♠✐✲

♥✐'(❡' ❡( ❧❡' ❛❧❣♦.✐(❤♠❡' '(♦❝❤❛'(✐?✉❡'✳ ❯♥ ❛❧❣♦.✐(❤♠❡ ❞=(❡.♠✐♥✐'(❡ ❞♦♥♥❡.❛ (♦✉❥♦✉.' ❧❡ ♠H♠❡

.='✉❧(❛( '✐ ♦♥ ❧❡ ❧❛♥❝❡ ♣❧✉'✐❡✉.' ❢♦✐' ❛✈❡❝ ❧❡' ♠H♠❡' ❝♦♥❞✐(✐♦♥' ❞❡ ❞=♣❛.(✳ ■❧ ❡①✐'(❡ ❞❡✉① ❢❛♠✐❧❧❡'

❞✬❛❧❣♦.✐(❤♠❡' ❞=(❡.♠✐♥✐'(❡' ✿ ❧❡' ❛❧❣♦.✐(❤♠❡' ❞=(❡.♠✐♥✐'(❡' ❛♥❛❧②(✐?✉❡' ❡( ❧❡' ❛❧❣♦.✐(❤♠❡' ❞=✲

(❡.♠✐♥✐'(❡' ❣=♦♠=(.✐?✉❡'✳ ▲❡ ♣.✐♥❝✐♣❛❧ ❞=❢❛✉( ❞❡ ❝❡' ❛♣♣.♦❝❤❡' ❡'( ❧❡✉. '❡♥'✐❜✐❧✐(= ❛✉① ♠✐♥✐♠❛

❧♦❝❛✉① ❡( ❛✉① ♣♦✐♥(' ❞❡ ❞=♣❛.( ❬❈❙✵✷❪✳

❉✬✉♥❡ ♣❛.( ❧❡' ♠=(❤♦❞❡' ❛♥❛❧②(✐?✉❡' ♣❡✉✈❡♥( H(.❡ ✉(✐❧✐'=❡' ❧♦.'?✉❡ ❧❛ ❢♦♥❝(✐♦♥ ♦❜❥❡❝(✐❢ ❡'( ❝♦♥(✐♥✉❡

❡( ❞=.✐✈❛❜❧❡✳ ❈❡' ♠=(❤♦❞❡' ✉(✐❧✐'❡♥( ✉♥❡ ❞✐.❡❝(✐♦♥ ❞❡ .❡❝❤❡.❝❤❡✱ '♦✉✈❡♥( ❜❛'=❡ '✉. ❧❡ ❣.❛❞✐❡♥( ❞❡

❧❛ ❢♦♥❝(✐♦♥ ♦❜❥❡❝(✐❢✱ ❛✜♥ ❞❡ ❝♦♥✈❡.❣❡. ✈❡.' ❧✬♦♣(✐♠✉♠✳ ▲❡' ♣.✐♥❝✐♣❛❧❡' ♠=(❤♦❞❡' ❞=(❡.♠✐♥✐'(❡'

❛♥❛❧②(✐?✉❡' '♦♥( ❧❛ ♠=(❤♦❞❡ ❞❡ ◆❡✇(♦♥ ❬❉❡❞✵✻❪ ❡( '❡' ❞=.✐✈=❡' ❝♦♠♠❡ ❧❛ ♠=(❤♦❞❡ ❞❡ ◗✉❛'✐✲

◆❡✇(♦♥ ❬❉❙✾✻❪✳ ❖♥ ♣❡✉( =❣❛❧❡♠❡♥( ❝✐(❡. ❧❡' ♠=(❤♦❞❡' ❞❡ ❧❛ ♣❧✉' ❣.❛♥❞❡ ♣❡♥(❡ ❬❆✈.✼✻❪ ❡( ❞✉

❣.❛❞✐❡♥( ❝♦♥❥✉❣✉= ❬◆❛③✵✾❪✳

❉✬❛✉(.❡ ♣❛.(✱ ❧❡' ♠=(❤♦❞❡' ❣=♦♠=(.✐?✉❡' ♥❡ ♥=❝❡''✐(❡♥( ♣❛' ❧❛ ❝♦♥♥❛✐''❛♥❝❡ ❞✉ ❣.❛❞✐❡♥( ❞❡ ❧❛

❢♦♥❝(✐♦♥ ❞❡ ❝♦@(✳ ❊❧❧❡' ❢♦♥❝(✐♦♥♥❡♥( ♣❛. ✐(=.❛(✐♦♥' '✉❝❝❡''✐✈❡' ?✉✐ .❡❝❤❡.❝❤❡♥( ❧❛ ❞✐.❡❝(✐♦♥ ❧❛ ♣❧✉'

❢❛✈♦.❛❜❧❡✳ ❖♥ ♣❡✉( ♥♦(❛♠♠❡♥( ❝✐(❡. ❧❛ ♠=(❤♦❞❡ (.<' ✉(✐❧✐'=❡ ❞✉ '✐♠♣❧❡① ❬❍♦.✽✺❪✳ ❖♥ ♣❡✉( =❣❛✲

❧❡♠❡♥( ❝✐(❡. ❧❛ ♠=(❤♦❞❡ ❞❡ ❘♦'❡♥❜.♦❝❦ ❬❘♦'✻✵❪ ❡( ❧❛ ♠=(❤♦❞❡ ❞❡ ✈❛.✐❛(✐♦♥' ❧♦❝❛❧❡' ❞❡ ❍♦♦❦❡ ❡(

❏❡❡✈❡' ❬❍❏✻✶❪✳

▲❡' ❛❧❣♦.✐(❤♠❡' '(♦❝❤❛'(✐?✉❡'✱ ?✉❛♥( \ ❡✉①✱ ♣❡.♠❡((❡♥( ❞❡ (.♦✉✈❡. ❧✬♦♣(✐♠✉♠ ❣❧♦❜❛❧ ❞✬✉♥ ♣.♦✲

❜❧<♠❡ ❝♦♠♣❧❡①❡ ❡♥ '✬❛♣♣✉②❛♥( '✉. ❞❡' ♥♦(✐♦♥' ♣.♦❜❛❜✐❧✐'(❡'✳ ❈❡' ❛❧❣♦.✐(❤♠❡' ♣❡✉✈❡♥( ❞♦♥♥❡. ❞❡'

.='✉❧(❛(' ❞✐✛=.❡♥(' ❡♥ ❧❡' .❡❧❛♥^❛♥( ❛✈❡❝ ❧❡' ♠H♠❡' ❝♦♥❞✐(✐♦♥' ✐♥✐(✐❛❧❡' =(❛♥( ❞♦♥♥= ❧❡✉. ❝❛.❛❝(<.❡

'(♦❝❤❛'(✐?✉❡✳

❖♥ ♣❡✉( ❞✐'(✐♥❣✉❡. ❞✬✉♥❡ ♣❛.(✱ ❧❡' ❛❧❣♦.✐(❤♠❡' ✉(✐❧✐'❛♥( ✉♥ '❡✉❧ ✐♥❞✐✈✐❞✉ ?✉✐ =✈♦❧✉❡ ❞❛♥' ❧✬❡'♣❛❝❡

❞❡ .❡❝❤❡.❝❤❡✱ ❝♦♠♠❡ ♣❛. ❡①❡♠♣❧❡ ❧❛ .❡❝❤❡.❝❤❡ (❛❜♦✉ ❬●❧♦✾✵❪ ❡( ❧❡ .❡❝✉✐( '✐♠✉❧= ❬

✄

❈✽✺❪✳ ❉✬❛✉(.❡

♣❛.(✱ ❝❡.(❛✐♥' ❛❧❣♦.✐(❤♠❡' ✉(✐❧✐'❡♥( ✉♥❡ ♣♦♣✉❧❛(✐♦♥ ❞✬✐♥❞✐✈✐❞✉' ?✉✐ =✈♦❧✉❡♥( ✈❡.' ❧✬♦♣(✐♠✉♠ ❞❡

❧❛ ❢♦♥❝(✐♦♥ ❞❡ ❝♦@(✳ ▲❛ ♣❧✉♣❛.( ❞❡ ❝❡' ❛❧❣♦.✐(❤♠❡' ❝♦♣✐❡♥( ✉♥ ❝♦♠♣♦.(❡♠❡♥( ❡①✐'(❛♥( ❞❛♥' ❧❛

♥❛(✉.❡✳ ▲✬❛❧❣♦.✐(❤♠❡ ❞❡ ❝♦❧♦♥✐❡ ❞❡ ❢♦✉.♠✐' ❝♦♣✐❡ ❧❡ ❝♦♠♣♦.(❡♠❡♥( ❞❡ ❧✬✐♥'❡❝(❡ ♣♦✉. (.♦✉✈❡. ❧❡

❝❤❡♠✐♥ ❧❡ ♣❧✉' ❝♦✉.( ❡♥(.❡ ❧❛ ❢♦✉.♠✐❧✐<.❡ ❡( ✉♥❡ '♦✉.❝❡ ❞❡ ♥♦✉..✐(✉.❡ ❬❉♦.✾✷❪✳ ▲✬❛❧❣♦.✐(❤♠❡ ❞❡

❧✬❡''❛✐♠ ♣❛.(✐❝✉❧❛✐.❡ ❝♦♣✐❡ ❧❡ ❝♦♠♣♦.(❡♠❡♥( ❞❡' ♥✉=❡' ❞✬♦✐'❡❛✉① ♦✉ ❞❡' ❜❛♥❝' ❞❡ ♣♦✐''♦♥' ❀ ❝❤❛?✉❡

✐♥❞✐✈✐❞✉ ✈❛ ✏❛♣♣❡❧❡.✑ '❡' ❝♦♥❣=♥<.❡' ?✉❛♥❞ ✐❧ (.♦✉✈❡ ✉♥ ♦♣(✐♠✉♠ ❬❑❊✾✺❪✳

e❧✉'✐❡✉.' ❛❧❣♦.✐(❤♠❡' .❡''❡♠❜❧❡♥( \ ❧❛ (❤=♦.✐❡ ❞❡ ❧✬=✈♦❧✉(✐♦♥ ❞❡ ❉❛.✇✐♥✳ ❖♥ ♣❡✉( ❝✐(❡. ❧❛ ♣.♦❣.❛♠✲

♠❛(✐♦♥ ❣=♥=(✐?✉❡✱ ?✉✐ ❡♥ ♣❧✉' ❞✬♦♣(✐♠✐'❡. ❞❡' ♣❛.❛♠<(.❡' ♣❡✉( =❣❛❧❡♠❡♥( (.♦✉✈❡. ❞❡' ❢♦♥❝(✐♦♥'

♦✉ ❝.=❡. ❞❡' '(.✉❝(✉.❡' ❝♦♠♣❧❡①❡' \ ♣❛.(✐. ❞❡ ❜❧♦❝' =❧=♠❡♥(❛✐.❡' ❬❑♦③✾✷❪✳ e♦✉. ✜♥✐.✱ ♦♥ ♣❡✉( ❝✐(❡.

❧❡' ❛❧❣♦.✐(❤♠❡' ❣=♥=(✐?✉❡' ?✉✐ ❢♦♥( =✈♦❧✉❡. ✉♥❡ ♣♦♣✉❧❛(✐♦♥ ♣❛. ❝.♦✐'❡♠❡♥(' ❡♥(.❡ ❧❡' ✐♥❞✐✈✐❞✉'

❞❛♥' ❧❡ ❜✉( ❞❡ ❝♦♥✈❡.❣❡. ✈❡.' ✉♥ ✐♥❞✐✈✐❞✉ ♦♣(✐♠❛❧✳ ■❧' ♦♥( =(= ♣.='❡♥(=' ♣❛. ❍♦❧❧❛♥❞ ❬❍♦❧✾✷❪✳

▲❡' ❛❧❣♦.✐(❤♠❡' ❣=♥=(✐?✉❡' '♦♥( ♣.✐♥❝✐♣❛❧❡♠❡♥( ✉(✐❧✐'=' ❞❛♥' ❧❡ ❝❛❞.❡ ❞❡ ❝❡ (.❛✈❛✐❧✳

✸✳✷✳✸✳✶ $%✐'❡ ❡♥ ❝♦♠♣.❡ ❞❡' ❝♦♥.%❛✐♥.❡'

▲❛ ❢❛^♦♥ ❧❛ ♣❧✉' '✐♠♣❧❡ ❞❡ ♣.❡♥❞.❡ ❡♥ ❝♦♠♣(❡ ✉♥❡ ❝♦♥(.❛✐♥(❡ ❡'( ❞❡ ♠♦❞✐✜❡. ❧❡ ♣.♦❜❧<♠❡ ❝♦♥(.❛✐♥(

❡♥ ✉♥ ♣.♦❜❧<♠❡ ♥♦♥ ❝♦♥(.❛✐♥( ❡♥ ♠♦❞✐✜❛♥( ❧✬♦❜❥❡❝(✐❢✳ ❯♥❡ '♦❧✉(✐♦♥ ❝♦♥'✐'(❡ \ ♣=♥❛❧✐'❡. ❧❛ ✈❛❧❡✉.

❞❡ ❧✬♦❜❥❡❝(✐❢ ❡♥ ② ❛❥♦✉(❛♥( ✉♥ (❡.♠❡ p '✐ ❧❛ ❝♦♥(.❛✐♥(❡ g ♥✬❡'( ♣❛' .❡'♣❡❝(=❡✳ ▲✬♦❜❥❡❝(✐❢ f ♣❡✉(

H(.❡ ❡①♣.✐♠= ❝♦♠♠❡ '✉✐( ✿



✻✽❈❍❆#■❚❘❊ ✸✳ ❖#❚■▼■❙❆❚■❖◆▼❯▲❚■❈❘■❚➮❘❊ ❉❯ ❈❖▼#❖❘❚❊▼❊◆❚ ❉❊ ▲❆ ❇❆◆❉❊

{

f(~x) = J si g(~x) < 0
f(~x) = J + p si g(~x) ≥ 0

✭✸✳✷✮

❉✬❛✉+,❡. ♠0+❤♦❞❡. ❡①✐.+❡♥+ ❡+ ✉+✐❧✐.❡♥+ ❧❡. ♥♦+✐♦♥. ❞❡ ♣0♥❛❧✐+0 ♦✉ ❞❡ ❜❛,,✐:,❡ ❬❈❈❈✾✾❪✱ ♦♥ ♣❡✉+

0❣❛❧❡♠❡♥+ ❝✐+❡, ❧❛ ♠0+❤♦❞❡ ❞✉ ▲❛❣,❛♥❣✐❡♥ ❛✉❣♠❡♥+0 ❬▲❚✵✷❪✳

▲❡. ♠0+❤♦❞❡. ❞✐,❡❝+❡. ♥❡ +,❛♥.❢♦,♠❡♥+ ♣❛. ❧❡ ♣,♦❜❧:♠❡ ❡+ ❧❡ +,❛✐+❡ ❞✐,❡❝+❡♠❡♥+ ❝♦♠♠❡ ✉♥ ♣,♦✲

❜❧:♠❡ ❞✬♦♣+✐♠✐.❛+✐♦♥ ❝♦♥+,❛✐♥+✳ ❈❡. ♠0+❤♦❞❡. ♣,♦❝:❞❡♥+ G ✉♥❡ .✉✐+❡ ❞❡ ♠✐♥✐♠✐.❛+✐♦♥. ✉♥✐❞✐,❡❝✲

+✐♦♥♥❡❧❧❡. ♦✉ ,❡♠♣❧❛❝❡♥+ ❧❡ ♣,♦❜❧:♠❡ ♦,✐❣✐♥❛❧ ♣❛, ✉♥❡ .✉✐+❡ ❞❡ .♦✉.✲♣,♦❜❧:♠❡. ❛♣♣,♦❝❤0.✳ ❖♥

♣❡✉+ ♥♦+❛♠♠❡♥+ ❝✐+❡, ❧❛ ♣,♦❣,❛♠♠❛+✐♦♥ ,0❝✉,.✐✈❡ J✉❛❞,❛+✐J✉❡ ❬❲▼✵✻❪✳

▲❡ ♣,♦❜❧:♠❡ ❞❡ ❧❛ ♣❧✉♣❛,+ ❞❡. ♠0+❤♦❞❡. J✉✐ ♣,❡♥♥❡♥+ ❡♥ ❝♦♠♣+❡ ❞❡. ❝♦♥+,❛✐♥+❡. ❡.+ ❧❛ ,❡❝❤❡,❝❤❡

❞❡ .♦❧✉+✐♦♥. ,❡.♣❡❝+❛♥+ ❧❛ ❝♦♥+,❛✐♥+❡✳ ❊♥ ❡✛❡+✱ ❞❛♥. ❝❡,+❛✐♥. ❝❛. ❧✬♦❜❥❡❝+✐❢ ♥❡ ♣❡✉+ P+,❡ 0✈❛❧✉0

.✐ ❧❛ ❝♦♥+,❛✐♥+❡ ♥✬❡.+ ♣❛. ,❡.♣❡❝+0❡ ❀ ♦♥ ,❡♠♣❧❛❝❡,❛ ❞♦♥❝ ❧❛ ✈❛❧❡✉, ❞❡ ❧✬♦❜❥❡❝+✐❢ ♣❛, ❧❡ +❡,♠❡

p✳ ❈❡♣❡♥❞❛♥+✱ ❛✈❡❝ ❝❡++❡ ♠0+❤♦❞❡✱ ❧✬❛❧❣♦,✐+❤♠❡ ♥✬❛✉,❛ ❛✉❝✉♥❡ ✐♥❞✐❝❛+✐♦♥ .✉, ❧❛ ❞✐,❡❝+✐♦♥ ❞❛♥.

❧❛J✉❡❧❧❡ ❝❤❡,❝❤❡, ❧❡. ♣♦✐♥+. ,❡.♣❡❝+❛♥+ ❧❛ ❝♦♥+,❛✐♥+❡✳ ❖♥ ♣❡✉+ ❞♦♥❝ ✉+✐❧✐.❡, ❧❛ ❝♦♥+,❛✐♥+❡ ❝♦♠♠❡

✉♥ ♦❜❥❡❝+✐❢ G ♠✐♥✐♠✐.❡, J✉❛♥❞ ❡❧❧❡ ♥✬❡.+ ♣❛. ,❡.♣❡❝+0❡✳ ❖♥ ♣❡✉+ ❛✐♥.✐ ❞0✜♥✐, ✉♥ ♦❜❥❡❝+✐❢ f ❝♦♠♠❡

.✉✐+ ✿

{

f(~x) = J(~x) si g(~x) < 0
f(~x) = g(~x).p si g(~x) ≥ 0

✭✸✳✸✮

♦T J ❡.+ ❧✬♦❜❥❡❝+✐❢ G ♠✐♥✐♠✐.❡, J✉❛♥❞ ❧❛ ❝♦♥+,❛✐♥+❡ ❡.+ ,❡.♣❡❝+0❡✳ g ❡.+ ❧❛ ✈❛❧❡✉, ❞❡ ❧❛ ❝♦♥+,❛✐♥+❡

❡+ p ❡.+ ✉♥❡ ♣0♥❛❧✐+0 ❛✈❡❝ ❧❛J✉❡❧❧❡ ♦♥ ♠✉❧+✐♣❧✐❡ g J✉❛♥❞ ❧❛ ❝♦♥+,❛✐♥+❡ ♥✬❡.+ ♣❛. ,❡.♣❡❝+0❡✳ ❈❡++❡

❢❛U♦♥ ❞❡ ♣,❡♥❞,❡ ❡♥ ❝♦♠♣+❡ ✉♥❡ ❝♦♥+,❛✐♥+❡ ♣❡✉+ P+,❡ ✉+✐❧✐.0❡ ❡♥ .②♥+❤:.❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ .②.✲

+:♠❡. ♠0❝❛+,♦♥✐J✉❡.✳ ❊♥ ❡✛❡+✱ ❧❛ ❝♦♥+,❛✐♥+❡ .✉, ❧❛ .+❛❜✐❧✐+0 ❞✉ .②.+:♠❡ ♣❡✉+ P+,❡ ,❡♣,0.❡♥+0❡

♣❛, ❧✬❛❜.❝✐..❡ .♣❡❝+,❛❧❡ ✭♠❛①✐♠✉♠ ❞❡ ❧❛ ♣❛,+✐❡ ,0❡❧❧❡ ❞❡. ♣W❧❡. ❞✉ .②.+:♠❡ ❛..❡,✈✐✮ ✿ .✐ ❧✬❛❜.❝✐..❡

.♣❡❝+,❛❧❡ ❡.+ .✉♣0,✐❡✉,❡ G ✵ ♦♥ ❧❛ ♠✐♥✐♠✐.❡ ❡+ .✐ ❡❧❧❡ ❡.+ ✐♥❢0,✐❡✉, G ✵ ♦♥ ♠✐♥✐♠✐.❡ ❧❡ ❝,✐+:,❡ ❞❡

♣❡,❢♦,♠❛♥❝❡ J ✳

✸✳✷✳✸✳✷ #$✐&❡ ❡♥ ❝♦♠♣-❡ ❞❡ ♣❧✉&✐❡✉$& ♦❜❥❡❝-✐❢&

▲❛ ♣❧✉♣❛,+ ❞❡. ❛♣♣,♦❝❤❡. ♣,0.❡♥+0❡. ❥✉.J✉✬✐❝✐ ♣❡,♠❡++❡♥+ ❞❡ ,0.♦✉❞,❡ ❞❡. ♣,♦❜❧:♠❡. ❞✬♦♣+✐♠✐✲

.❛+✐♦♥. ♠♦♥♦♦❜❥❡❝+✐❢✳ ❆✜♥ ❞❡ ♣,❡♥❞,❡ ❡♥ ❝♦♠♣+❡ ♣❧✉.✐❡✉,. ♦❜❥❡❝+✐❢.✱ ♦♥ ♣❡✉+ ✉+✐❧✐.❡, ♣❧✉.✐❡✉,.

♠0+❤♦❞❡.✳ ❉❛♥. ✉♥ ♣,❡♠✐❡, +❡♠♣.✱ ♣♦✉, +,♦✉✈❡, ❧❡ ❢,♦♥+ ❞❡ Y❛,❡+♦ ♦♥ ♣❡✉+ ❢❛✐,❡ ❧❛ .♦♠♠❡

♣♦♥❞0,0❡ ❞❡. ♦❜❥❡❝+✐❢. ❬❙❙✵✺❪

J =
n
∑

i=1

ωifi(~x) ✭✸✳✹✮

♦T n ❡.+ ❧❡ ♥♦♠❜,❡ ❞✬♦❜❥❡❝+✐❢.✱ f ❡.+ ❧❛ ✈❛❧❡✉, ❞✬✉♥ ♦❜❥❡❝+✐❢ ❞0♣❡♥❞❛♥+ ❞❡. ✈❛,✐❛❜❧❡. ❞❡ ❞0❝✐.✐♦♥

~x✳ ω ❡.+ ❧❡ ✈❡❝+❡✉, ❞❡. ♣♦♥❞0,❛+✐♦♥. +❡❧ J✉❡ ❧❛ .♦♠♠❡ ❞❡. ♣♦♥❞0,❛+✐♦♥. .♦✐+ 0❣❛❧❡ G ✶✳ ❖♥ ♣❡✉+

❡♥.✉✐+❡ ❢❛✐,❡ ✈❛,✐❡, ❧❡. ♣♦♥❞0,❛+✐♦♥. ωi ❛✜♥ ❞✬♦❜+❡♥✐, ❧✬❡♥.❡♠❜❧❡ ❞❡. ♣♦✐♥+. ❞✉ ❢,♦♥+ ❞❡ Y❛,❡+♦✳ ▲❡

♣,♦❜❧:♠❡ ,❡♥❝♦♥+,0 ❛✈❡❝ ❝❡++❡ ♠0+❤♦❞❡ ❡.+ ❧❛ ♠❛✉✈❛✐.❡ ❞✐.♣❡,.✐♦♥ ❞✉ ❢,♦♥+ ❞❡ Y❛,❡+♦✳ ❊♥ ❡✛❡+✱

❢❛✐,❡ ✈❛,✐❡, ❧✐♥0❛✐,❡♠❡♥+ ❧❡. ♣♦♥❞0,❛+✐♦♥. ωi ♥❡ ❣❛,❛♥+✐+ ♣❛. ❞✬❛✈♦✐, ✉♥❡ ,0♣❛,+✐+✐♦♥ ❤♦♠♦❣:♥❡ ❞❡.

♣♦✐♥+. ♦❜+❡♥✉. .✉, ❧❡ ❢,♦♥+ ❞❡ Y❛,❡+♦✳ ❯♥❡ .♦❧✉+✐♦♥ ❝♦♥.✐.+❡ G ✉+✐❧✐.❡, ❧❛ ♠0+❤♦❞❡ ❞❡ ❧❛ ❝♦♥+,❛✐♥+❡

♥♦,♠❛❧❡ ✭◆♦,♠❛❧ ❈♦♥.+,❛✐♥+ ♠❡+❤♦❞✮ ❬▼■❨▼✵✸❪✳

❯♥❡ ❛✉+,❡ ♠0+❤♦❞❡ ❝♦♥.✐.+❡ G ❞✐✈✐.❡, ❧❡ ♣,♦❜❧:♠❡ ♠✉❧+✐♦❜❥❡❝+✐❢ ❡♥ .♦✉.✲♣,♦❜❧:♠❡. G ✉♥ .❡✉❧ ♦❜✲

❥❡❝+✐❢ ♣♦✉, ❧❡.J✉❡❧. ❧❡. ❛✉+,❡. ❝,✐+:,❡. .♦♥+ ❝♦♥.✐❞0,0. ❝♦♠♠❡ ❞❡. ❝♦♥+,❛✐♥+❡. ❬▼❛✈✵✾❪✳
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▲❡$ ❛❧❣♦)✐+❤♠❡$ ❣.♥.+✐0✉❡$ ♦♥+ .+. ❛❞❛♣+.$ 4 ❧❛ ).$♦❧✉+✐♦♥ ❞❡ ♣)♦❜❧6♠❡$ ♠✉❧+✐♦❜❥❡❝+✐❢$✳ ❖♥ ♣❡✉+

❝✐+❡) ▼❖●❆ ❬❋❋✾✸❪ ❡+ ❱❊●❆ ❬❙❝❤✽✺❪ 0✉✐ ❢✉)❡♥+ ❧❡$ ♣)❡♠✐❡)$ ❛❧❣♦)✐+❤♠❡$ ❣.♥.+✐0✉❡$ ♠✉❧+✐♦❜✲

❥❡❝+✐❢$✳ ▲✬✐❞.❡ ❡$+ ❞❡ ❝❧❛$$❡) ❧❡$ ✐♥❞✐✈✐❞✉$ ❡♥ ❢♦♥❝+✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉) ❞❡ ❧❡✉)$ ♦❜❥❡❝+✐❢$✳ ❈❤❛0✉❡

❛❧❣♦)✐+❤♠❡ ✉+✐❧✐$❡ ✉♥❡ ❢❛L♦♥ ❞✐✛.)❡♥+❡ ♣♦✉) ❣.)❡) ❝❡ ❝❧❛$$❡♠❡♥+✳

▲❡$ ❛❧❣♦)✐+❤♠❡$ ❣.♥.+✐0✉❡$ .+❛♥+ ♣)✐♥❝✐♣❛❧❡♠❡♥+ ✉+✐❧✐$.$ ❞❛♥$ ❝❡++❡ +❤6$❡✱ ✉♥❡ ❛++❡♥+✐♦♥ ♣❛)+✐❝✉✲

❧✐6)❡ ❡$+ ♣♦)+.❡ 4 ❧❡✉) ❞❡$❝)✐♣+✐♦♥ $✉❝❝✐♥❝+❡✳

✸✳✷✳✹ ▲❡& ❛❧❣♦+✐-❤♠❡& ❣0♥0-✐2✉❡&

▲❡$ ❛❧❣♦)✐+❤♠❡$ ❣.♥.+✐0✉❡$ ❬❍♦❧✾✷❪ $♦♥+ ✐♥$♣✐).$ ❞❡ ❧❛ +❤.♦)✐❡ ❞❡ ❧✬.✈♦❧✉+✐♦♥ ❞❡ ❈❤❛)❧❡$ ❉❛)✇✐♥

❬❉❛)✺✾❪✳ ❈❡++❡ +❤.♦)✐❡ ❝♦♥$✐❞6)❡ 0✉❡ ❧❡$ ✐♥❞✐✈✐❞✉$ ❧❡$ ♠✐❡✉① ❛❞❛♣+.$ 4 ❧✬❡♥✈✐)♦♥♥❡♠❡♥+ $✉)✈✐✈❡♥+

❡+ $❡ )❡♣)♦❞✉✐$❡♥+✳ ▲❡ ✈♦❝❛❜✉❧❛✐)❡ ✉+✐❧✐$. ❡$+ ❛♥❛❧♦❣✉❡ 4 ❝❡❧✉✐ ✉+✐❧✐$. ❡♥ ❜✐♦❧♦❣✐❡ ✿ ❧✬✐♥❞✐✈✐❞✉

)❡♣).$❡♥+❡ ✉♥ ❥❡✉ ❞❡ ✈❛)✐❛❜❧❡$ ❞❡ ❞.❝✐$✐♦♥✱ ✉♥❡ ♣♦♣✉❧❛+✐♦♥ )❡♣).$❡♥+❡ ✉♥ ❡♥$❡♠❜❧❡ ❞✬✐♥❞✐✈✐❞✉$✳

▲❡ ♣)✐♥❝✐♣❡ ❡$+ ❞♦♥❝ ❞❡ ❣.♥.)❡) ✉♥❡ ♣♦♣✉❧❛+✐♦♥ ✐♥✐+✐❛❧❡ ❞❡ +❛✐❧❧❡ ❞♦♥♥.❡ ❡+ ❞❡ ❢❛✐)❡ .✈♦❧✉❡) ❧❡$

✐♥❞✐✈✐❞✉$ ✈❡)$ ❧✬♦♣+✐♠✉♠✳ U♦✉) ❝❡ ❢❛✐)❡✱ ❧✬❛❧❣♦)✐+❤♠❡ ✈❛ $.❧❡❝+✐♦♥♥❡) ❧❡$ ♠❡✐❧❧❡✉)$ ✐♥❞✐✈✐❞✉$ ♣♦✉)

❧❡$ ✏❝)♦✐$❡)✑ ❡+ ♦❜+❡♥✐) ✉♥❡ ♣♦♣✉❧❛+✐♦♥ ❞✬❡♥❢❛♥+$✳ ❉❡ ♣❧✉$✱ ❞❡$ ♠✉+❛+✐♦♥$ ❛❧.❛+♦✐)❡$ $❡)♦♥+ ❛❥♦✉+.❡$

♣❡♥❞❛♥+ ❧✬.✈♦❧✉+✐♦♥ ❛✜♥ ❞❡ ❣❛)❛♥+✐) ❧❛ ❞✐$♣❡)$✐♦♥ ❞❡$ ✐♥❞✐✈✐❞✉$ ❞❛♥$ ❧✬❡$♣❛❝❡ ❞❡ )❡❝❤❡)❝❤❡✳ ❈❡++❡

♦♣.)❛+✐♦♥ $❡)❛ ).♣.+.❡ +❛♥+ 0✉❡ ❧❡ ❝)✐+6)❡ ❞✬❛))Y+ ♥❡ $❡)❛ ♣❛$ $❛+✐$❢❛✐+✳

▲❡$ ❛❧❣♦)✐+❤♠❡$ ❣.♥.+✐0✉❡$ .+❛♥+ ♣)✐♥❝✐♣❛❧❡♠❡♥+ ✉+✐❧✐$.$ ❞❛♥$ ♥♦$ +)❛✈❛✉①✱ ❧❡✉) ❢♦♥❝+✐♦♥♥❡♠❡♥+

❡$+ ❞.+❛✐❧❧. ❡♥ ❛♥♥❡①❡ ❆✳

✸✳✷✳✺ ▲❡& ❛✉-+❡& ❛❧❣♦+✐-❤♠❡& ❞❡ +0&♦❧✉-✐♦♥ ❞❡ ♣+♦❜❧8♠❡&

❉❡ ♥♦♠❜)❡✉① ❛❧❣♦)✐+❤♠❡$ $+♦❝❤❛$+✐0✉❡$ ♣❡)♠❡++❡♥+ ❞❡ ).$♦✉❞)❡ ❧❡$ ♣)♦❜❧6♠❡$ ❞✬♦♣+✐♠✐$❛+✐♦♥

♠✉❧+✐♦❜❥❡❝+✐❢$✳ ◆♦♠❜)❡ ❞✬❡♥+)❡ ❡✉① $♦♥+ ✐♥$♣✐).$ ❞❡ ❧❛ ♥❛+✉)❡✳ ❯♥❡ ❧✐$+❡ ❜)6✈❡ ❡$+ ❞♦♥♥.❡ ❝✐✲

❛♣)6$✳

✸✳✷✳✺✳✶ ▲❡ '❡❝✉✐+ ,✐♠✉❧/

❈❡+ ❛❧❣♦)✐+❤♠❡ ❡$+ ❞.)✐✈. ❞✬✉♥ ♣)♦❝.❞. $♦✉✈❡♥+ ✉+✐❧✐$. ❡♥ ♠.+❛❧❧✉)❣✐❡ ✿ ❧❡ )❡❝✉✐+✳ ▲❡ ♣)✐♥❝✐♣❡ ❡$+

❞❡ ❝❤❛✉✛❡) ✉♥ ♠❛+.)✐❛✉ )❛♣✐❞❡♠❡♥+ ❡+ ❞❡ ❧❡ )❡❢)♦✐❞✐) ❧❡♥+❡♠❡♥+✳ ▲♦)$0✉❡ ❧❡ ♠❛+.)✐❛✉ ❡$+ ❝❤❛✉✛.

❧❡$ ❛+♦♠❡$ ❧❡ ❝♦♠♣♦$❛♥+ ✈♦♥+ $❡ $.♣❛)❡) ❡+ $✬❛❣✐+❡)✱ ❡♥ ❧❡ )❡❢)♦✐❞✐$$❛♥+ ❧❡♥+❡♠❡♥+ ❧✬❛❣✐+❛+✐♦♥ ✈❛

❞✐♠✐♥✉❡) ❧❡♥+❡♠❡♥+ ❡+ ❧❡$ ❛+♦♠❡$ ✈♦♥+ $❡ ❵)❛♥❣❡)✬ ❞❡ ❢❛L♦♥ +)6$ ♦)❞♦♥♥.❡✳ ❉❡✉① .0✉✐♣❡$ ♦♥+ ❡✉

❧✬✐❞.❡ ❞✬✉+✐❧✐$❡) ❝❡ ♣)✐♥❝✐♣❡ ♣♦✉) ❧❛ ).$♦❧✉+✐♦♥ ❞❡ ♣)♦❜❧6♠❡ ❞✬♦♣+✐♠✐$❛+✐♦♥ ❬❑●❱✽✸❪ ❡+ ❬

✄

❈✽✺❪✳ ▲❡

♣)✐♥❝✐♣❡ ❡$+ ❞❡ +❡$+❡) ❧❡$ ✈♦✐$✐♥$ ❞❡$ ♣♦✐♥+$ ❛❝+✉❡❧$ ❛✈❡❝ ✉♥❡ ❞✐$+)✐❜✉+✐♦♥ ❞❡ ♣)♦❜❛❜✐❧✐+. ❞.♣❡♥❞❛♥+

❞❡ ❧❡✉) 0✉❛❧✐+.✳ ▲❡ ❝)✐+6)❡ ❞❡ ▼.+)♦♣♦❧✐$ ❬▼❘❘

+
✺✸❪ ❞$♣❡♥❞❛♥) ❞❡ ❧❛ )❡♠♣$,❛)✉,❡ T ♣❡,♠❡) ❞❡

.❛✈♦✐, .✐ ❧✬♦♥ ❣❛,❞❡ ✉♥ ♥♦✉✈❡❧ ✐♥❞✐✈✐❞✉ ♦✉ ♥♦♥✳ ❈❡ ❝,✐)7,❡ ❞$♣❡♥❞ ❞❡ ❧❛ ❞✐✛$,❡♥❝❡ ❡♥),❡ ❧❡ ♥♦✉✈❡❧

✐♥❞✐✈✐❞✉ ❡) ❧✬❛♥❝✐❡♥ ✿ .✐ ❧❡ ♥♦✉✈❡❧ ✐♥❞✐✈✐❞✉ ❡.) ♠❡✐❧❧❡✉, ♦♥ ❧❡ ❝♦♥.❡,✈❡ .✐♥♦♥ ♦♥ ❧❡ ❝♦♥.❡,✈❡ ❛✈❡❝

✉♥❡ ♣,♦❜❛❜✐❧✐)$ ♣,♦♣♦,)✐♦♥♥❡❧❧❡ ; ❧❛ )❡♠♣$,❛)✉,❡ T ✳ ❯♥❡ )❡♠♣$,❛)✉,❡ $❧❡✈$❡ ❞♦♥♥❡,❛ ❞♦♥❝ ✉♥

❝♦♠♣♦,)❡♠❡♥) ),7. ❛❣✐)$ ; ❧✬❛❧❣♦,✐)❤♠❡✱ ?✉❛♥❞ ❧❛ )❡♠♣$,❛)✉,❡ ❡.) ❢❛✐❜❧❡ ❧✬❛❧❣♦,✐)❤♠❡ ❝♦♥.❡,✈❡,❛

♠♦✐♥. ❞❡ ♣♦✐♥). ♠♦✐♥. ♣❡,❢♦,♠❛♥).✳ ◗✉❛♥❞ T = 0 ♦♥ ♥❡ ❝♦♥.❡,✈❡,❛ ?✉❡ ❧❡. ✐♥❞✐✈✐❞✉. ♠❡✐❧❧❡✉,.

?✉❡ ❧❡ ♣♦✐♥) ❡♥ ❝♦✉,.✳ ▲❡ ♣❛,❛♠7),❡ T $✈♦❧✉❡,❛ ❞♦♥❝ ❛✉ ❝♦✉,. ❞✉ ♣,♦❝❡..✉. ❞✬♦♣)✐♠✐.❛)✐♦♥ ❡♥

.✉✐✈❛♥) ❧❡ .❝❤$♠❛ ❞❡ ,❡❢,♦✐❞✐..❡♠❡♥)✳

❈❡) ❛❧❣♦,✐)❤♠❡ ; $)$ ✉)✐❧✐.$ ♣♦✉, ❧❛ .②♥)❤7.❡ ❞❡ ❝♦♠♠❛♥❞❡. ❝♦♠♠❡ ♣❛, ❡①❡♠♣❧❡ ♣❛, ▼✐),❛ ❡! ❛❧✳

❬▼❏❈✾✶❪ ❡) ♣❧✉. ,$❝❡♠♠❡♥) ♣❛, ▼❛❤❛, ❡) ❆❧✐ ❬▼❆✶✶❪✳



✼✵❈❍❆#■❚❘❊ ✸✳ ❖#❚■▼■❙❆❚■❖◆▼❯▲❚■❈❘■❚➮❘❊ ❉❯ ❈❖▼#❖❘❚❊▼❊◆❚ ❉❊ ▲❆ ❇❆◆❉❊

✸✳✷✳✺✳✷ ▲❡& ❝♦❧♦♥✐❡& ❞❡ ❢♦✉/♠✐&

▲✬♦♣&✐♠✐)❛&✐♦♥ ♣❛, ❝♦❧♦♥✐❡ ❞❡ ❢♦✉,♠✐) ❝♦♣✐❡ ❧❡ ❝♦♠♣♦,&❡♠❡♥& ❞❡ ❢♦✉,♠✐) 3✉✐ ❝❤❡,❝❤❡♥& ❞❡ ❧❛

♥♦✉,,✐&✉,❡✳ ❊♥ ❡✛❡&✱ )✐ ♦♥ ♣❧❛❝❡ ❞✬✉♥❡ ♣❛,& ✉♥❡ ❢♦✉,♠✐❧✐9,❡ ❡& ❞✬❛✉&,❡ ♣❛,& ✉♥ ♣♦✐♥& ❞❡ ♥♦✉,,✐&✉,❡

❞❛♥) ✉♥ ❡♥✈✐,♦♥♥❡♠❡♥&✱ ♠;♠❡ ❝♦♠♣❧❡①❡✱ ❛✉ ❜♦✉& ❞✬✉♥ &❡♠♣) ✜♥✐ ♦♥ ♦❜)❡,✈❡,❛ ✉♥❡ ❝♦❧♦♥♥❡ ❞❡

❢♦✉,♠✐) 3✉✐ ,❡❧✐❡,❛ ❧❡ ♣♦✐♥& ❞❡ ♥♦✉,,✐&✉,❡ ? ❧❛ ❢♦✉,♠✐❧✐9,❡ ❡♥ ❡♠♣,✉♥&❛♥& ❧❡ ❝❤❡♠✐♥ ♦♣&✐♠❛❧✳ ❆♣,9)

❞❡ ❧♦♥❣✉❡) ♦❜)❡,✈❛&✐♦♥) ❞❡) ❢♦✉,♠✐)✱ ♦♥ ❛ ♣✉ ❞B❝,✐,❡ ❧❡ ♣,♦❝❡))✉)✳ ❉❛♥) ✉♥ ♣,❡♠✐❡, &❡♠♣) ❞❡)

B❝❧❛✐,❡✉,) ✈♦♥& ♣❛,❝♦✉,✐, ❧✬❡♥✈✐,♦♥♥❡♠❡♥&✱ ❧✬❡)♣❛❝❡ ❞❡ ,❡❝❤❡,❝❤❡✱ ❞❡ ❢❛D♦♥ ❛❧B❛&♦✐,❡✳ ❯♥❡ ❢♦✐) ✉♥

♣♦✐♥& ❞❡ ♥♦✉,,✐&✉,❡ ❞B❝♦✉✈❡,& ❧❛ ❢♦✉,♠✐ ✈❛ ,❡✈❡♥✐, ❛✉ ♥✐❞ ❡♥ ❞B♣♦)❛♥& ❞❡) ♣❤B,♦♠♦♥❡) )✉, )♦♥

❝❤❡♠✐♥✳ ▲❡) ❛✉&,❡) ❢♦✉,♠✐) ✈♦♥& )✉✐✈,❡ ❝❡) ♣❤B,♦♠♦♥❡) ❞❡ ❢❛D♦♥ ❛♣♣,♦❝❤B❡) ❡& )✉, ❧❡✉, ,❡&♦✉,

❡❧❧❡) ✈♦♥& ❞B♣♦)❡, ? ❧❡✉, &♦✉, ❞❡) ♣❤B,♦♠♦♥❡) ♣♦✉, ,❡♥❢♦,❝❡, ❧❛ ♣✐)&❡✳ F❡&✐& ? ♣❡&✐&✱ ❧❡) ❢♦✉,♠✐)

❢❛✐)❛♥& ❞❡) ❡,,❡✉,) )✉, ❧❡✉, ❝❤❡♠✐♥ ✈♦♥& &,♦✉✈❡, ✉♥ ❝❤❡♠✐♥ ♣❧✉) ❝♦✉,&✱ ❝❡ ❝❤❡♠✐♥ )❡,❛ ♣❛,❝♦✉,✉

♣❛, ♣❧✉) ❞❡ ❢♦✉,♠✐) )✉, ✉♥❡ ♣B,✐♦❞❡ ❞♦♥♥B❡ ❡& ❧❛ ♣✐)&❡ ❞❡ ♣❤B,♦♠♦♥❡) )❡,❛ ❞♦♥❝ ♣❧✉) ❢♦,&❡✳ ❆✉

✜♥❛❧✱ ❧❡) ❝❤❡♠✐♥) ♥♦♥ ♦♣&✐♠❛✉① ✈♦♥& ❞✐)♣❛,❛✐&,❡✱ ❧❡) ♣❤B,♦♠♦♥❡) B&❛♥& ✈♦❧❛&✐❧❡)✱ ❡& ✐❧ ♥❡ ,❡)&❡,❛

3✉❡ ❧❡ ❝❤❡♠✐♥ ♦♣&✐♠❛❧✳ ❈❡ ♣,✐♥❝✐♣❡ ❛ B&B ❛❞❛♣&B ♣❛, ❉♦,✐❣♦ ❬❉♦,✾✷❪ ? ❧❛ ,B)♦❧✉&✐♦♥ ❞❡ ♣,♦❜❧9♠❡)

❞✬♦♣&✐♠✐)❛&✐♦♥✳

❖♥ &,♦✉✈❡ 3✉❡❧3✉❡) ♣✉❜❧✐❝❛&✐♦♥) )✉, ❧❛ )②♥&❤9)❡ ❞❡ ❝♦,,❡❝&❡✉,) ❡♥ ✉&✐❧✐)❛♥& ❝❡& ❛❧❣♦,✐&❤♠❡✱ ♥♦✲

&❛♠♠❡♥& ❬❩❈❩✵✻❪✳ ▼❛❤❛, ❛ B❣❛❧❡♠❡♥& &❡)&B ❝❡& ❛❧❣♦,✐&❤♠❡ )✉, ❧❛ )②♥&❤9)❡ ❞❡ ❝♦,,❡❝&❡✉,) ❞✬♦,❞,❡

✜①❡ ❬▼❆❍❇✶✶❪✳

✸✳✷✳✺✳✸ ▲✬❡&&❛✐♠ ♣❛/4✐❝✉❧❛✐/❡

❯♥❡ ❛✉&,❡ ♠B&❤♦❞❡ ,B♣❛♥❞✉❡ ❡)& ❧✬❡))❛✐♠ ♣❛,&✐❝✉❧❛✐,❡✳ ❈❡& ❛❧❣♦,✐&❤♠❡ ❝♦♣✐❡ ❧❡ ❝♦♠♣♦,&❡♠❡♥&

❞✬✉♥ ✈♦❧ ❞✬♦✐)❡❛✉✱ )✉, ❧❡ ♠;♠❡ ♣,✐♥❝✐♣❡ 3✉❡ ❧✬♦♣&✐♠✐)❛&✐♦♥ ♣❛, ❝♦❧♦♥✐❡ ❞❡ ❢♦✉,♠✐) ✭❧❡) ✐♥❞✐✈✐❞✉)

❝♦♠♠✉♥✐3✉❡♥& ❡♥&,❡ ❡✉①✮✳ ❈❡ ♣,✐♥❝✐♣❡ ❛ B&B ✉&✐❧✐)B ♣♦✉, ,B)♦✉❞,❡ ❞❡) ♣,♦❜❧9♠❡) ❞✬♦♣&✐♠✐)❛&✐♦♥

♣❛, ❬❑❊✾✺❪✳ ❯♥ ❝❡,&❛✐♥ ♥♦♠❜,❡ ❞✬✐♥❞✐✈✐❞✉) )♦♥& B♣❛,♣✐❧❧B) ❞❛♥) ❧✬❡)♣❛❝❡ ❞❡ ,❡❝❤❡,❝❤❡✱ ❝❤❛❝✉♥

❞✬❡✉① ❝♦♥♥❛✐& ❧❛ ✈❛❧❡✉, ❞❡ ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ❝♦Y& ♠✐♥✐♠✉♠ 3✉✬✐❧ ❛ ❛&&❡✐♥&✱ ❧❛ ♠❡✐❧❧❡✉,❡ )♦❧✉&✐♦♥

❞❡ )♦♥ ✈♦✐)✐♥❛❣❡ ✭3✉✐ ♣❡✉& ;&,❡ ❧❛ &♦&❛❧✐&B ❞❡ ❧❛ ♣♦♣✉❧❛&✐♦♥✮ ❡& )❛ ✈✐&❡))❡✳ ▲❡ ❞B♣❧❛❝❡♠❡♥& ❞❡

❝❤❛3✉❡ ✐♥❞✐✈✐❞✉ )❡ ❢❡,❛ ✈❡,) ❧✬♦♣&✐♠✉♠ ❣❧♦❜❛❧ ❞❡ ❧❛ ♣♦♣✉❧❛&✐♦♥✱ ♦✉ ❞✉ ✈♦✐)✐♥❛❣❡✱ ❞✬✉♥❡ ❢❛D♦♥

)&♦❝❤❛)&✐3✉❡ ❀ ✐❧ ❛✉,❛ ♥♦&❛♠♠❡♥& ✉♥❡ ✐♥❡,&✐❡ 3✉✐ ✈❛ ❧✉✐ ❢❛✐,❡ ❞B♣❛))❡, ❧❛ ♣♦)✐&✐♦♥ ❞✉ ♠✐♥✐♠✉♠

❣❧♦❜❛❧✳ ❙✉, )♦♥ &,❛❥❡&✱ ❝❤❛3✉❡ ✐♥❞✐✈✐❞✉ ✈❛ ♣❛,❝♦✉,✐, ✉♥ ❡♥)❡♠❜❧❡ ❞❡ )♦❧✉&✐♦♥) ❞❡ ❧✬❡)♣❛❝❡ ❞❡

,❡❝❤❡,❝❤❡ ❡& ❝❡,&❛✐♥❡♠❡♥& &,♦✉✈❡, ♠✐❡✉① 3✉❡ ❧❡ ♠✐♥✐♠✉♠ ✈❡,) ❧❡3✉❡❧ ✐❧ )❡ ❞B♣❧❛❝❡✳ ▲✬✐♥❡,&✐❡ ❡& ❧❛

♣❛,& )&♦❝❤❛)&✐3✉❡ ❞✉ ♠♦✉✈❡♠❡♥& ❞❡✈,♦♥& ❞B❝,♦✐&,❡ ❛✉ ❝♦✉,) ❞❡ ❧✬♦♣&✐♠✐)❛&✐♦♥ ❛✜♥ ❞❡ ♣❡,♠❡&&,❡

❧❛ ❝♦♥✈❡,❣❡♥❝❡ ❡& ❞❡ ♥❡ ♣❛) ❛✈♦✐, ✉♥ ❡♥)❡♠❜❧❡ ❞❡ ♣❛,&✐❝✉❧❡) 3✉✐ ❡,,❡♥& ❞❛♥) ❧✬❡)♣❛❝❡ ❞❡ ,❡❝❤❡,❝❤❡✳

❉❡ ♥♦♠❜,❡✉① ❛✉&❡✉,) ♦♥& ❛♣♣❧✐3✉B ❝❡& ❛❧❣♦,✐&❤♠❡ ? ❧❛ )②♥&❤9)❡ ❞❡ ❝♦,,❡❝&❡✉,)✳ ❖♥ ♣❡✉& ❝✐&❡,

❲❛♥❣ ❡! ❛❧✳ ❬❲F❲✵✽❪✱ ❆❧ ❍❛❜,✐ ❡! ❛❧✳ ❬❆❍❆❈

+
✵✾❪✳

✸✳✸ "#✐%❡ ❡♥ ❝♦♠♣,❡ ❞❡% ✐♥❝❡#,✐,✉❞❡% ♣❛#❛♠0,#✐1✉❡%

▲❡) ♠B&❤♦❞❡) ❛❜♦,❞B❡) ♣,B❝B❞❡♠♠❡♥& )✉♣♣♦)❡♥& ✐♠♣❧✐❝✐&❡♠❡♥& 3✉❡ ❧❡) ❞♦♥♥B❡) ❞✬❡♥&,B❡) ❡&

❧❛ ✈❛❧❡✉, ❞❡) ❢♦♥❝&✐♦♥) ❞❡ ❝♦Y&) )♦♥& ❞B&❡,♠✐♥✐)&❡) ❡& ❝♦♥♥✉❡) ♣,B❝✐)B♠❡♥&✳ ❈❡♣❡♥❞❛♥&✱ ♣♦✉, ❧❛

♣❧✉♣❛,& ❞❡) ♣,♦❜❧9♠❡) ♣,❛&✐3✉❡) ❝❡) ❤②♣♦&❤9)❡) )♦♥& ✐♠♣❛,❢❛✐&❡)✳ ❊♥ ❡✛❡&✱ ❧❡) ♠♦❞9❧❡) ✉&✐❧✐)B) )♦♥&

❡♥&❛❝❤B) ❞✬❡,,❡✉,)✳ ❉❡ ♣❧✉)✱ ❝❡,&❛✐♥) ♣❛,❛♠9&,❡) ❞✉ ♠♦❞9❧❡ )♦♥& ❞✐✣❝✐❧❡) ? ✐❞❡♥&✐✜❡, ♣,B❝✐)B♠❡♥&

❡& ❞✬❛✉&,❡) B✈♦❧✉❡♥& ❛✉ ❝♦✉,) ❞✉ &❡♠♣)✳ ▲❡) ✐♥❝❡,&✐&✉❞❡) ♣❡✉✈❡♥& B❣❛❧❡♠❡♥& ✈❡♥✐, ❞❡ ❧❛ ♣,B❝✐)✐♦♥

❞❡) ✈❛,✐❛❜❧❡) ❞❡ ❞B❝✐)✐♦♥✱ ♣❛, ❡①❡♠♣❧❡ ❧❡) ❞✐♠❡♥)✐♦♥) ❞✬✉♥❡ ♣✐9❝❡ ♠B❝❛♥✐3✉❡ ♥❡ ♣♦✉,,♦♥& ;&,❡

,❡♣,♦❞✉✐&❡) 3✉✬❛✈❡❝ ✉♥❡ ❝❡,&❛✐♥❡ ♣,B❝✐)✐♦♥ ✭✉♥❡ ♣❡&✐&❡ ✈❛,✐❛&✐♦♥ ❞❡ ❞✐♠❡♥)✐♦♥ ♣❡✉& ❢♦,&❡♠❡♥&

❞B❣,❛❞❡, ❧❡) ♣❡,❢♦,♠❛♥❝❡)✮✳ ▲❛ ✜❣✉,❡ ✸✳✷ ♠♦♥&,❡ ❧❛ ❞✐✛B,❡♥❝❡ ❡♥&,❡ ✉♥ ♣♦✐♥& ♦♣&✐♠❛❧A♠❛✐) ♠♦✐♥)



✸✳✸✳ "❘■❙❊ ❊◆ ❈❖▼"❚❊ ❉❊❙ ■◆❈❊❘❚■❚❯❉❊❙ "❆❘❆▼➱❚❘■◗❯❊❙ ✼✶

"♦❜✉&'❡ ❛✉① ✈❛"✐❛'✐♦♥& ❞✉ ♣❛"❛♠1'"❡ α ❡' ✉♥ ♣♦✐♥' B ♣❧✉& "♦❜✉&'❡ ❛✉① ✈❛"✐❛'✐♦♥& ♣❛"❛♠3'"✐4✉❡& ✿

♣♦✉" ✉♥❡ ✈❛"✐❛'✐♦♥ ∆α ❞✉ ♣❛"❛♠1'"❡ α✱ ❧❡ ♣♦✐♥' A ❡♥❣❡♥❞"❡ ✉♥❡ ♣❧✉& ❣"❛♥❞❡ ✈❛"✐❛'✐♦♥ ❞❡ J ✭✐❧

&✉✣' ❞❡ ❝♦♠♣❛"❡" ∆JA ❡' ∆JB✮✳ ▲❡ ♣♦✐♥' B ❡&' ❛♣♣❡❧3 &♦❧✉'✐♦♥ ✏"♦❜✉&'❡✑✳

J
A Point Performant

B Point Robuste

A
B

J
A

J
B

❋✐❣✉$❡ ✸✳✷ ✕ ❈♦♠♣❛"❛✐&♦♥ ♣♦✐♥'& "♦❜✉&'❡ ❡' ♣♦✐♥' ♣❡"❢♦"♠❛♥'

▲❛ ✈♦❧♦♥'3 ❞❡ ♣"❡♥❞"❡ ❡♥ ❝♦♠♣'❡ ❧❡& ✐♥❝❡"'✐'✉❞❡& ❞❛♥& ❧❛ "3&♦❧✉'✐♦♥ ❞❡& ♣"♦❜❧1♠❡& ❞✬♦♣'✐♠✐&❛'✐♦♥

♥✬❡&' ♣❛& ♥♦✉✈❡❧❧❡✳ ❖♥ ♣❡✉' ♥♦'❛♠♠❡♥' ❝✐'❡" ❉❛♥'③✐❣ ❬❉❛♥✺✺❪ 4✉✐ ❞1& ✶✾✺✺ ♣"❡♥❞ ❡♥ ❝♦♠♣'❡ ❧❡&

✐♥❝❡"'✐'✉❞❡&✳

■❧ ❡①✐&'❡ ❞❡ ♥♦♠❜"❡✉&❡& ❢❛N♦♥& ❞❡ ♣"❡♥❞"❡ ❡♥ ❝♦♠♣'❡ ❧❡& ✐♥❝❡"'✐'✉❞❡& ❞❛♥& ❧❡& ♣"♦❜❧1♠❡& ❞✬♦♣'✐♠✐✲

&❛'✐♦♥✳ ■❧ ❡①✐&'❡ ♣"✐♥❝✐♣❛❧❡♠❡♥' ❞❡✉① ❛♣♣"♦❝❤❡&✳ ▲❛ ♣"❡♠✐1"❡ ❛❥♦✉'❡ ✉♥ ♦❜❥❡❝'✐❢ ♦✉ ✉♥❡ ❝♦♥'"❛✐♥'❡

♣♦✉" ❛&&✉"❡" ❧❛ "♦❜✉&'❡&&❡ ❞❡ ❧❛ &♦❧✉'✐♦♥ ✜♥❛❧❡ ❬❚▲✶✵❪✳ ▲❛ &❡❝♦♥❞❡✱ 4✉❛♥' U ❡❧❧❡✱ ♠♦❞✐✜❡ ❝♦♠♣❧1✲

'❡♠❡♥' ❧❡ ♣"♦❜❧1♠❡ ❡♥ ❧❡ "❡❢♦"♠✉❧❛♥' ♦✉ ❡♥ ♠♦❞✐✜❛♥' ❧❡& ♦❜❥❡❝'✐❢& ❬▼❱❩✾✺❪✳

❉❛♥& ❧❛ ❧✐''3"❛'✉"❡✱ ❧✬♦♣'✐♠✐&❛'✐♦♥ "♦❜✉&'❡ ❛ ❞❡✉① ❞3✜♥✐'✐♦♥& ❜✐❡♥ ❞✐✛3"❡♥'❡& ✿ ❧❛ ♣"❡♠✐1"❡ ❞3✜♥✐'

❧✬❛❧❣♦"✐'❤♠❡ ❝♦♠♠❡ 3'❛♥' "♦❜✉&'❡✱ ❝✬❡&' U ❞✐"❡ 4✉❡ ♣♦✉" ♣❧✉&✐❡✉"& ✉'✐❧✐&❛'✐♦♥& ❞❡ ❝❡❧✉✐✲❝✐ ✐❧ ❝♦♥✈❡"✲

❣❡"❛ ✈❡"& ✉♥ ♦♣'✐♠✉♠ 3❣❛❧ ♦✉ 34✉✐✈❛❧❡♥' ❡♥ '❡"♠❡ ❞❡ ✈❛❧❡✉"& ❞❡& ♦❜❥❡❝'✐❢&✳ ▲❛ &❡❝♦♥❞❡ ❞3✜♥✐'✐♦♥✱

4✉❡ ♥♦✉& ❛✈♦♥& ✉'✐❧✐&3❡ ❞❛♥& ❧❡ ❝❛❞"❡ ❞❡ ❝❡ '"❛✈❛✐❧✱ ❝♦♥❝❡"♥❡ ❧❛ "♦❜✉&'❡&&❡ ♣❛"❛♠3'"✐4✉❡ ❞❡ ❧❛

&♦❧✉'✐♦♥ '"♦✉✈3❡✳

✸✳✸✳✶ ❆❥♦✉' ❞✬♦❜❥❡❝'✐❢/ ♦✉ ❞❡ ❝♦♥'1❛✐♥'❡/ ♣♦✉1 4✉❛♥'✐✜❡1 ❧❛ 1♦❜✉/'❡//❡ ♣❛1❛✲

♠9'1✐4✉❡

▲✬❛♣♣"♦❝❤❡ ❧❛ ♣❧✉& ✐♥'✉✐'✐✈❡ ♣♦✉" '"❛✐'❡" ✉♥ ♣"♦❜❧1♠❡ ❞✬♦♣'✐♠✐&❛'✐♦♥ "♦❜✉&'❡ ❡&' ❞✬❛❥♦✉'❡" ✉♥ ♦✉

♣❧✉&✐❡✉"& ♦❜❥❡❝'✐❢& ❞❡ 4✉❛♥'✐✜❝❛'✐♦♥ ❞❡ ❧❛ "♦❜✉&'❡&&❡✳ ❯♥❡ ❝♦♥'"❛✐♥'❡ ♣❡✉' ['"❡ ✉'✐❧✐&3❡ U ❧❛ ♣❧❛❝❡

❞✬✉♥ ♦❜❥❡❝'✐❢✳ \❛" ❡①❡♠♣❧❡✱ ❚♦&❝❛♥♦ ❡' ▲②♦♥♥❡' ❬❚▲✶✵❪ ✉'✐❧✐&❡♥' ❧❡ '❤3♦"1♠❡ ❞❡ ❑❤❛"✐'♦♥♦✈ ♣♦✉"

✈3"✐✜❡" ❧❛ &'❛❜✐❧✐'3 ❞✬✉♥ &②&'1♠❡ ❞②♥❛♠✐4✉❡ ♣♦✉" ✉♥ ✐♥'❡"✈❛❧❧❡ ❞❡ ✈❛"✐❛'✐♦♥& ❞♦♥♥3✳ ❈❡ '❤3♦"1♠❡

'"1& ✉'✐❧❡ ❬❑❤❛✼✽❪ ♣❡"♠❡' ❞❡ ♣"♦✉✈❡" 4✉✬✉♥ &②&'1♠❡ ❡&' "♦❜✉&'❡ &✉" ❧✬✐♥'❡"✈❛❧❧❡ ❞❡ ✈❛"✐❛'✐♦♥& ❞❡&

♣❛"❛♠1'"❡& ❡♥ 3'✉❞✐❛♥' ❧❡ ♣♦❧②♥`♠❡ ❝❛"❛❝'3"✐&'✐4✉❡ ❞❡ ❝❡ &②&'1♠❡ ✉♥✐4✉❡♠❡♥' &✉" ❧❡& ❜♦"♥❡& ❞❡

❧✬✐♥'❡"✈❛❧❧❡ ❞❡ ✈❛"✐❛'✐♦♥&✳ ❈❡♣❡♥❞❛♥'✱ ❝❡ '❤3♦"1♠❡ ♥3❝❡&&✐'❡ ❧❡ ❝❛❧❝✉❧ ❞❡& "❛❝✐♥❡& ❞❡ ❝❡ ♣♦❧②♥`♠❡

❝❛"❛❝'3"✐&'✐4✉❡ ❡' ♥❡ ♣❡✉' ❞♦♥❝ ♣❛& ['"❡ ❛♣♣❧✐4✉3 U ✉♥ &②&'1♠❡ ❞✬♦"❞"❡ 3❧❡✈3 ❝♦♠♠❡ ❝❡❧✉✐ 3'✉❞✐3

❞❛♥& ❝❡ ♠3♠♦✐"❡✳



✼✷❈❍❆#■❚❘❊ ✸✳ ❖#❚■▼■❙❆❚■❖◆▼❯▲❚■❈❘■❚➮❘❊ ❉❯ ❈❖▼#❖❘❚❊▼❊◆❚ ❉❊ ▲❆ ❇❆◆❉❊

✸✳✸✳✷ ▼♦❞✐✜❝❛*✐♦♥ ❞❡- ♦❜❥❡❝*✐❢-

❯♥❡ ♠♦❞✐✜❝❛,✐♦♥ ❞❡- ♦❜❥❡❝,✐❢- ❡-, ✉,✐❧✐-3❡ ❞❛♥- ❞❡✉① ,②♣❡- ❞✬❛♣♣8♦❝❤❡- ✿ ❧❛ ♠3,❤♦❞❡ ❞❡- ✐♥✲

,❡8✈❛❧❧❡- ❬◆❡✉✾✶❪ ❡, ❧✬❛♣♣8♦❝❤❡ ♠✉❧,✐✲-❝3♥❛8✐♦- ❬▼❱❩✾✺❪✳ ▲❛ ♣8❡♠✐H8❡ ❛♣♣8♦❝❤❡ ♥❡ ♥3❝❡--✐,❡ ♣❛-

❞✬✐♥❢♦8♠❛,✐♦♥ -✉8 ❧❡- ♣❛8❛♠H,8❡- ✐♥❝❡8,❛✐♥- ❛❧♦8- I✉❡ ❧❛ -❡❝♦♥❞❡ ♥3❝❡--✐,❡ ❧❛ ❝♦♥♥❛✐--❛♥❝❡ ❞❡- ❧♦✐-

❞❡ ♣8♦❜❛❜✐❧✐,3 -✉✐✈✐❡- ♣❛8 ❧❡- ♣❛8❛♠H,8❡- ✐♥❝❡8,❛✐♥-✳

✸✳✸✳✷✳✶ ▼%&❤♦❞❡ ❞❡+ ✐♥&❡.✈❛❧❧❡+

▲❛ ♠3,❤♦❞❡ ❞❡ 83-♦❧✉,✐♦♥ ♣❛8 ✐♥,❡8✈❛❧❧❡- ❡-, -♦✉✈❡♥, ✉,✐❧✐-3❡ ♣♦✉8 ❧❛ 83-♦❧✉,✐♦♥ ❞❡ ♣8♦❜❧H♠❡-

-♦✉♠✐- J ❞❡- ✐♥❝❡8,✐,✉❞❡-✳ ▲❡ ♣8✐♥❝✐♣❡ ❡-, ❞✬♦♣,✐♠✐-❡8 ✉♥ ❝8✐,H8❡ ♣♦✉8 ❧❡- ♣❛8❛♠H,8❡- ✐♥❝❡8,❛✐♥-

✈❛8✐❛♥, ❞❛♥- ✉♥ ✐♥,❡8✈❛❧❧❡ ❞♦♥♥3✳

❈❡,,❡ ❛♣♣8♦❝❤❡ ♥3❝❡--✐,❡ ❝❡♣❡♥❞❛♥, ✉♥❡ ❡①♣8❡--✐♦♥ ❧✐,,38❛❧❡ ❞❡- ♦❜❥❡❝,✐❢- ❡, ♥✬❡-, ❞♦♥❝ ♣❛- ,♦✉✲

❥♦✉8- ❛♣♣❧✐❝❛❜❧❡ J ❧❛ ❝♦♥❝❡♣,✐♦♥ ❞❡ -②-,H♠❡- ♠3❝❛,8♦♥✐I✉❡- ♥3❝❡--✐,❛♥, ✉♥ ♠♦❞H❧❡ ❞❡ -✐♠✉❧❛,✐♦♥✳

❇❡♥❥❛♠✐♥ ❬❇❡♥✵✷❪ ❛♣♣❧✐I✉❡ ❧❛ ♠3,❤♦❞❡ ❞❡- ✐♥,❡8✈❛❧❧❡- J ❧❛ ❝♦♠♠❛♥❞❡ ❞❡ ✈3❤✐❝✉❧❡- ❛✉,♦♥♦♠❡-✳

✸✳✸✳✷✳✷ ❆♣♣.♦❝❤❡ ♠✉❧&✐✲+❝%♥❛.✐♦+

▲❡- ❛♣♣8♦❝❤❡- ♠✉❧,✐✲-❝3♥❛8✐♦- ✉,✐❧✐-❡♥, ✉♥ ❡♥-❡♠❜❧❡ ✜♥✐ Ss ❞❡ -❝3♥❛8✐♦- ♣❡8♠❡,,❛♥, ❧❛ ♠♦❞3❧✐✲

-❛,✐♦♥ ❞❡ ❧✬✐♥❝❡8,✐,✉❞❡✳ ▲❛ ♠3,❤♦❞❡ ♣8✐♥❝✐♣❛❧❡♠❡♥, ✉,✐❧✐-3❡ ❡-, ❧❛ ❣3♥38❛,✐♦♥ ❞❡ ✈❛❧❡✉8- ❞❡ ♣❛8❛✲

♠H,8❡- ✐♥❝❡8,❛✐♥- J ❧✬❛✐❞❡ ❞✬✉♥❡ ❞✐-,8✐❜✉,✐♦♥ ❤②♣❡8❝✉❜❡ ❧❛,✐♥ ❬▼❇❈✼✾❪ ❡♥ ,❡♥❛♥, ❝♦♠♣,❡ ❞❡ ❧❡✉8-

❧♦✐- ❞❡ ♣8♦❜❛❜✐❧✐,3✳ ▲❡ -②-,H♠❡ ❡-, ❡♥-✉✐,❡ 3✈❛❧✉3 ♣♦✉8 ❝❤❛I✉❡ ✈❛❧❡✉8 ❞✉ ♣❛8❛♠H,8❡ ❛✐♥-✐ ❣3♥383✳

O❧✉-✐❡✉8- ❝8✐,H8❡- ♣❡✉✈❡♥, ❡♥-✉✐,❡ P,8❡ ✉,✐❧✐-3-✳ ❖♥ ♣❡✉, 3,✉❞✐❡8 ❧❡ ♣✐8❡ ❝❛- ♦✉ ❧❡ ❝❛- ♠♦②❡♥✱

❝♦♠♠❡ ❞3❝8✐, ❞❛♥- ❬▼❱❩✾✺❪✳ ❉❡ ♣❧✉-✱ ✉♥❡ 3,✉❞❡ ♣8❡♥❛♥, ❡♥ ❝♦♠♣,❡ ❧❡- ♣8♦♣8✐3,3- -,❛,✐-,✐I✉❡-

❞✉ ❥❡✉ ❞❡ ✈❛❧❡✉8- ❞❡- ♦❜❥❡❝,✐❢- ♣❡✉✈❡♥, P,8❡ ❡①❛♠✐♥3❡✳ ❈❡- ❛♣♣8♦❝❤❡- -♦♥, ❞3❝8✐,❡- ❞❛♥- ❧❛ ,❤H-❡

❞❡ ❱✐♥❝❡♥, ❇❛✉❞♦✉✐♥ ❬❇❛✉✶✷❪✳

❯♥❡ ❛✉,8❡ ❛♣♣8♦❝❤❡✱ ❞3✈❡❧♦♣♣3❡ ❞❛♥- ♥♦- ,8❛✈❛✉①✱ ❝♦♥-✐-,❡ J ✉,✐❧✐-❡8 ✉♥ ♥♦♠❜8❡ ❞❡ -❝3♥❛8✐♦- ❞❡

❧✬❡-♣❛❝❡ Ss I✉✐ 8❡-♣❡❝,❡♥, ✉♥❡ ❝♦♥,8❛✐♥,❡ ❝♦♠♠❡ ♦❜❥❡❝,✐❢ ❞❡ ❧❛ 8♦❜✉-,❡--❡✳ O❛8 ❡①❡♠♣❧❡✱ ❧❡ ♥♦♠❜8❡

❞❡ -②-,H♠❡- ❛♣♣❛8,❡♥❛♥, J ❧✬❡♥-❡♠❜❧❡ Ss ❞❡- -❝3♥❛8✐♦- ♦T ❧❡ ♠♦❞H❧❡ ❧✐♥3❛✐8❡ ❝♦88❡-♣♦♥❞❛♥, ❡-,

-,❛❜❧❡ -❡8❛ ✉,✐❧✐-3✳

❯♥❡ ❛✉,8❡ ♠3,❤♦❞❡ ❡-, ❧✬✉,✐❧✐-❛,✐♦♥ ❞❡- ❛♣♣8♦❝❤❡- ❵❦✲-✐❣♠❛✬ ❞♦♥, ❧❡ ♣8✐♥❝✐♣❡ ❡-, ❞✬✉,✐❧✐-❡8 ❧❛

♠♦②❡♥♥❡ ❡, ❧✬3❝❛8,✲,②♣❡ ❞❡- ✈❛❧❡✉8- ❞✬✉♥ ♦❜❥❡❝,✐❢ ♣♦✉8 ❝❤❛I✉❡ 3❧3♠❡♥, ❞❡ ❧✬❡♥-❡♠❜❧❡ ❞❡- -❝3♥❛✲

8✐♦-✳

❈♦♥-✐❞38♦♥- ❧❡ ♣8♦❜❧H♠❡ ❞✬♦♣,✐♠✐-❛,✐♦♥ -✉✐✈❛♥, ✿

∣

∣

∣

∣

Minimiser f(~x, ~α)
sous la contrainte g(~x, ~α) < 0

✭✸✳✺✮

♦T ~α ❡-, ❧✬❡♥-❡♠❜❧❡ ❞❡- ♣❛8❛♠H,8❡- α ✐♥❝❡8,❛✐♥- ❡, ~x ❡-, ❧✬❡♥-❡♠❜❧❡ ❞❡- ✈❛8✐❛❜❧❡- ❞❡ ❞3❝✐-✐♦♥✳ ❈❡-

♣❛8❛♠H,8❡- α ♣❡✉✈❡♥, P,8❡ ❞❡- ✈❛8✐❛❜❧❡- ❞❡ ❞3❝✐-✐♦♥✱ ❞❡- ♣❛8❛♠H,8❡- ♣8♦♣8❡- ❛✉ -②-,H♠❡ ♦✉ ❞❡-

✈❛8✐❛❜❧❡- ❡♥✈✐8♦♥♥❡♠❡♥,❛❧❡- ✭,❡♠♣38❛,✉8❡✱ ❤✉♠✐❞✐,3✱ ❡♥-♦❧❡✐❧❧❡♠❡♥,✱✳✳✳✮✳

❊♥ ❝♦♥-✐❞38❛♥, I✉❡ ❧❡- ❧♦✐- ❞❡ ♣8♦❜❛❜✐❧✐,3 ❞❡- ♣❛8❛♠H,8❡- α -♦♥, ❝♦♥♥✉❡-✱ ✉♥ ❡♥-❡♠❜❧❡ ❞❡ -❝3♥❛✲

8✐♦- Ss ♣❡✉, P,8❡ ❣3♥383- ❡♥ -✉✐✈❛♥, ❝❡- ❧♦✐- ❞❡ ♣8♦❜❛❜✐❧✐,3✳ O♦✉8 ♣8♦❝3❞❡8 ❛✉ ,✐8❛❣❡ ❞❡- ✈❛❧❡✉8-

❞❡- ❞✐✛38❡♥,- ♣❛8❛♠H,8❡-✱ ✉♥❡ ❞✐-,8✐❜✉,✐♦♥ ❤②♣❡8❝✉❜❡ ❧❛,✐♥ ♣❡✉, P,8❡ ✉,✐❧✐-3❡✳ ▲❛ ✈❛❧❡✉8 ❞❡ ❧❛

❢♦♥❝,✐♦♥ ❞❡ ❝♦\, f(~x, ~α) -❡8❛ ❝❛❧❝✉❧3❡ ♣♦✉8 ❝❤❛I✉❡ ✈❛❧❡✉8 ❞❡- ♣❛8❛♠H,8❡- ~α✳
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▲❛ ♠%&❤♦❞❡ ❉❋❙❙ ✭❉❡/✐❣♥ ❋♦3 ❙✐①✲❙✐❣♠❛✮ ♣3♦♣♦/❡ ❞❡ ♠✐♥✐♠✐/❡3 ✉♥❡ ❢♦♥❝&✐♦♥✱ ❧❡ ♣❧✉/ /♦✉✈❡♥&

✉♥❡ /♦♠♠❡ ♣♦♥❞%3%❡ ❞%♣❡♥❞❛♥& ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡& ❞❡ ❧✬%❝❛3&✲&②♣❡ ❞❡/ ✈❛❧❡✉3/ ❞❡ ❧✬♦❜❥❡❝&✐❢✱ ❡♥

❛❥♦✉&❛♥& ✉♥❡ ❝♦♥&3❛✐♥&❡ ❦✲/✐❣♠❛ ✿

∣

∣

∣

∣

∣

∣

Minimiser F (µf , σf )
sous les contraintes µf + kσf < USL

µf − kσf > LSL
✭✸✳✻✮

♦F µf ❡& σf /♦♥& 3❡/♣❡❝&✐✈❡♠❡♥& ❧❛ ♠♦②❡♥♥❡ ❡& ❧✬%❝❛3&✲&②♣❡ ❞❡/ ✈❛❧❡✉3/ ❞✉ ❝3✐&G3❡ ♣♦✉3 ❧✬❡♥/❡♠❜❧❡

❞❡/ /❝%♥❛3✐♦/✳ USL ❡& LSL /♦♥& 3❡/♣❡❝&✐✈❡♠❡♥& ❧❡/ ❜♦3♥❡/ /✉♣%3✐❡✉3❡/ ❡& ✐♥❢%3✐❡✉3❡/ ❛❞♠✐/❡/

♣♦✉3 ❧❛ ✈❛❧❡✉3 ❞✉ ❝3✐&G3❡ J ✳

▲❛ ♠%&❤♦❞❡ ❉❋❙❙ ❛ %&% ❛♣♣❧✐H✉%❡ I ❧✬♦♣&✐♠✐/❛&✐♦♥ ❞❡ ❧❛ /&3✉❝&✉3❡ ❞✬✉♥❡ ❛✉&♦♠♦❜✐❧❡ ♣♦✉3 ❛♠%✲

❧✐♦3❡3 ❧❛ 3%/✐/&❛♥❝❡ ❛✉① ❝❤♦❝/ ♣❛3 ❑♦❝❤✱ ❨❛♥❣ ❡& ●✉ ❞❛♥/ ❬❑❨●✵✹❪✳

▲❛ ✈❛❧❡✉3 ❞❡ k ❡/& /♦✉✈❡♥& ✜①%❡ I ✻ ❛✜♥ ❞❡ ♣3♦❝%❞❡3 I ✉♥❡ ♦♣&✐♠✐/❛&✐♦♥ /♦✉/ ❝♦♥&3❛✐♥&❡/ /✐①✲

/✐❣♠❛✳ ▲❡ ♣3♦❜❧G♠❡ ❞❡ ❝❡ &②♣❡ ❞❡ ♣3♦❜❧G♠❡ ❞✬♦♣&✐♠✐/❛&✐♦♥ ❡/& H✉✬✐❧ ♣❡✉& R&3❡ ✐♥/♦❧✉❜❧❡✳ ❊♥ ❡✛❡&✱

❧✬❡①✐/&❡♥❝❡ ❞✬✉♥❡ ❝♦♥✜❣✉3❛&✐♦♥ 3❡/♣❡❝&❛♥& ❧❡/ ❝♦♥&3❛✐♥&❡/ ❦✲/✐❣♠❛ ♥✬❡/& ♣❛/ ❣❛3❛♥&✐❡✳ ❉❡ ♣❧✉/ ❧❡

♥✐✈❡❛✉ k ❞❡/ ❝♦♥&3❛✐♥&❡/ /✐❣♠❛ ❞♦✐& R&3❡ ✜①% ❛ ♣"✐♦"✐✳

❆✜♥ ❞❡ ♣❛❧✐❡3 ❛✉① ❞✐✛%3❡♥&/ ♣3♦❜❧G♠❡/ ❞❡ ❧❛ ♠%&❤♦❞❡ ❉❋❙❙✱ ❧❛ ♠%&❤♦❞❡ ❛ %&% ❛♠%❧✐♦3%❡ ♣♦✉3

♣♦✉✈♦✐3 ✉&✐❧✐/❡3 ✉♥❡ ❛♣♣3♦❝❤❡ ♠✉❧&✐♦❜❥❡❝&✐❢ ❞❡ ♠❛♥✐G3❡ I ♥❡ ♣❛/ ❞❡ ✜①❡3 ❧❡/ ❝♦♥&3❛✐♥&❡/ /✐❣♠❛

❛✈❛♥& ❧❛ 3%/♦❧✉&✐♦♥ ❬❙❋✵✼❪✳ ■❧ /✬❛❣✐& ❞❡ ❧❛ ♠%&❤♦❞❡ ❉❋▼❖❙❙ ✭❉❡/✐❣♥ ❋♦3 ▼✉❧&✐✲❖❜❥❡❝&✐✈❡ ❙✐①

❙✐❣♠❛✮ H✉✐ ❛ %&% ❛♣♣❧✐H✉%❡ ❛✈❡❝ /✉❝❝G/ I ❧✬♦♣&✐♠✐/❛&✐♦♥ ❞❡ ❧❛ ❢♦3♠❡ ❞✬❛✐❧❡/ ❞✬❛✈✐♦♥ ❞❛♥/ ❬❙❋✵✼❪✳

❈❡&&❡ ♠%&❤♦❞❡ ♣3♦♣♦/❡ ❞❡ ♠✐♥✐♠✐/❡3 ❧❛ ♠♦②❡♥♥❡ µf ❡& ❧✬%❝❛3&✲&②♣❡ σf ❞❡ ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ❝♦Z&

♣♦✉3 ❧✬❡♥/❡♠❜❧❡ ❞❡/ /❝%♥❛3✐♦/✳ ▲❡ ♣3♦❜❧G♠❡ ❞✬♦♣&✐♠✐/❛&✐♦♥ ❞❡ ❧✬%H✉❛&✐♦♥ ✸✳✺ ❞❡✈✐❡♥& ❞♦♥❝ ✿

∣

∣

∣

∣

∣

∣

Minimiser µf (~x)
σf (~x)

sous la contrainte nbg(~x)<0 > SC
✭✸✳✼✮

♦F nbg((~x)<0 ❡/& ❧❡ ♥♦♠❜3❡ ❞❡ ♣♦✐♥&/ H✉✐ 3❡/♣❡❝&❡♥& ❧❛ ❝♦♥&3❛✐♥&❡ g(~x)✳ SC ❡/& ✉♥❡ ❧✐♠✐&❡ ❞✬❛❝✲
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❈❤❛❝✉♥ ❞❡ ❝❡% ❝(✐*+(❡% ❞♦♥♥❡(❛ ❞❡% (1%✉❧*❛*% ❞✐✛1(❡♥*%✳ ▲❡% ❝(✐*+(❡% ♣(❡♥❛♥* ❡♥ ❝♦♠♣*❡ ❡①♣❧✐❝✐✲

*❡♠❡♥* ❧❡ *❡♠♣%✱ ❝♦♠♠❡ ❧❡% ❝(✐*+(❡% ITAE ❡* ITSE✱ ♣(✐✈✐❧1❣✐❡♥* ❧❛ (❛♣✐❞✐*1✳

"♦✉( %②♥*❤1*✐%❡( ✉♥❡ ❝♦♠♠❛♥❞❡ ❞❡ %②%*+♠❡% ♠1❝❛*(♦♥✐=✉❡% 1✈✐*❛♥* ❧❡% ♦%❝✐❧❧❛*✐♦♥% %✉( ❧❡% %♦(*✐❡%✱

❙❡❦❛❥ ❬❙❙✵✺❪ ♣(♦♣♦%❡ ❞✬✉*✐❧✐%❡( ✉♥ ❝(✐*+(❡ ❝♦♠♣♦(*❛♥* ❧✬❡((❡✉( ✭❡♥*(❡ ❝♦♥%✐❣♥❡% ❡* %♦(*✐❡%✮ ❡* %❛

❞1(✐✈1❡✳ ■❧ ♣(♦♣♦%❡ 1❣❛❧❡♠❡♥* ❞✬❛❥♦✉*❡( ❧❡ %✐❣♥❛❧ ❞❡ ❝♦♠♠❛♥❞❡ u(t) ❡* %❛ ❞1(✐✈1❡✳ ■❧ ✉*✐❧✐%❡ ✉♥❡

%♦♠♠❡ ♣♦♥❞1(1❡ ❞❡ ❝❡% ❞✐✛1(❡♥*% ❝(✐*+(❡% ✿

J =

∫ T

0
|e(t)|+ α|ė(t)|+ β|u(t)|+ γ|u̇(t)|dt ✭✸✳✾✮

❛✈❡❝ e = r − y ❧✬❡((❡✉( ❞❡ %✉✐✈✐ ❞❡ ❝♦♥%✐❣♥❡%✳

▲❛ ❞✐✣❝✉❧*1 (1%✐❞❡ ❞❛♥% ❧❡ ❝❤♦✐① ❞❡% ❢❛❝*❡✉(% ❞❡ ♣♦♥❞1(❛*✐♦♥✳ ▲❡ ♣(♦❜❧+♠❡ ❞✬♦♣*✐♠✐%❛*✐♦♥ ♠♦♥♦✲

♦❜❥❡❝*✐❢ ♣❡✉* /*(❡ *(❛♥%❢♦(♠1 ❡♥ ✉♥ ♣(♦❜❧+♠❡ ♠✉❧*✐♦❜❥❡❝*✐❢ ❡♥ ❞1❝♦♠♣♦%❛♥* ❧❡ ❝(✐*+(❡ J ✳

❉❛♥% ❝❡(*❛✐♥% ❝❛%✱ ✐❧ ♣❡✉* /*(❡ ✐♥*1(❡%%❛♥* ❞❡ ♠✐♥✐♠✐%❡( ❧✬❛♠♣❧✐*✉❞❡ ♠❛①✐♠❛❧❡ ❞❡ ❧✬❡((❡✉( e✳
"♦✉( ✐♥*1❣(❡( ❧✬❡((❡✉( ♠❛①✐♠❛❧❡ ❞❛♥% ❧❡ ♣(♦❝❡%%✉% ❞✬♦♣*✐♠✐%❛*✐♦♥✱ ❞❡✉① %♦❧✉*✐♦♥% %♦♥* ♣♦%%✐❜❧❡% ✿

%♦✐* ♠✐♥✐♠✐%❡( ❞✐(❡❝*❡♠❡♥* %❛ ✈❛❧❡✉( ✭♦✉ ❧✬✐♥❝❧✉(❡ ❞❛♥% ✉♥ ❝(✐*+(❡ B ♦♣*✐♠✐%❡( ✈✐❛ ✉♥ ❢❛❝*❡✉(

❞❡ ♣♦♥❞1(❛*✐♦♥✮✱ %♦✐* ✉*✐❧✐%❡( ❞❡% ❣❛❜❛(✐*% ❝♦♠♠❡ ❝♦♥*(❛✐♥*❡%✳ ❉❛♥% ❝❡ ❞❡(♥✐❡( ❝❛%✱ ❧❡ ♣(♦❜❧+♠❡

❞✬♦♣*✐♠✐%❛*✐♦♥ ❞❡✈✐❡♥* ✿
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∣

∣

∣

∣

Minimiser J(x)
sous la contrainte y ∈ Gabarit ✭✸✳✶✵✮
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||G||2 =
√

1

2π

∫ +∞

−∞

Trace(G∗(jω)G(jω))dω ✭✸✳✶✶✮
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J1 =

∫ tmax

0
|αd(t)−αdref (t)|dt+

∫ tmax

0
|Tint(t)−Tintref (t)|dt+

∫ tmax

0
|αe(t)−αeref (t)|dt ✭✸✳✶✺✮
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♣❧✉5✐❡✉25 ✈❛❧❡✉25 ❞❡ ❧✬8❧❛5*✐❝✐*8 ❞❡ ❜❛♥❞❡
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❬❋❑❘✶✷❪ ❬❋❑✶✸❜❪✳
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♥♦)♠❛❧❡✮✳ ❈❡ ♥♦♠❜)❡ ❡0* ✉♥ ❜♦♥ ❝♦♠♣)♦♠✐0 ❡♥*)❡ ❧❡ *❡♠♣0 ❞❡ 0✐♠✉❧❛*✐♦♥ ✭❡* ♦♣*✐♠✐0❛*✐♦♥✮ ❡* ❧❛

♣)/❝✐0✐♦♥✱ ❞❛♥0 ❧❡ ❝❛0 ❞❡ ♥♦*)❡ ❛♣♣❧✐❝❛*✐♦♥✳
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Minimiser µH(x)
σH(x)

sous la contraintes λ < 0
✭✸✳✶✽✮

❛✈❡❝ µH(x) ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ♥♦)♠❡ H∞ ♣♦✉) ❧✬❡♥0❡♠❜❧❡ ❞❡0 ✈❛❧❡✉)0 ❞❡0 ♣❛)❛♠B*)❡0✱ σH(x)
❧✬/❝❛)*✲*②♣❡ ❞❡ ❧❛ ♥♦)♠❡ H∞ ❞❡ ❧✬❡♥0❡♠❜❧❡ ❞❡0 ✈❛❧❡✉)0 ❞❡0 ♣❛)❛♠B*)❡0✳

❈❡ ♣)♦❜❧B♠❡ ❞✬♦♣*✐♠✐0❛*✐♦♥ ❡0* )/0♦❧✉ ❞❛♥0 ❧✬❡♥✈✐)♦♥♥❡♠❡♥* ❧♦❣✐❝✐❡❧ ♠♦❞❡❋)♦♥*✐❡)✳ ▲✬❛❧❣♦)✐*❤♠❡

▼❖●❆✷ ❡0* ✉*✐❧✐0/ ❛✈❡❝ ✉♥❡ ♣♦♣✉❧❛*✐♦♥ ❞❡ ✹✵ ✐♥❞✐✈✐❞✉0 ❡* ✷✵✵ ❣/♥/)❛*✐♦♥0✳ ❊*❛♥* ❞♦♥♥/ ❧❛ ❝♦♠✲

♣❧❡①✐*/ ❞✉ ♣)♦❜❧B♠❡ ❞✬♦♣*✐♠✐0❛*✐♦♥ ❛✈❡❝ ♠♦❞B❧❡ 0*♦❝❤❛0*✐5✉❡✱ ❧❛ ♣)♦❜❛❜✐❧✐*/ ❞❡ ♠✉*❛*✐♦♥ ❛ /*/

❛✉❣♠❡♥*/❡ = ✸✵ ✪✳ ▲❛ ♣)♦❜❛❜✐❧✐*/ ❞❡ ❝)♦✐0❡♠❡♥* ❞✐)❡❝*✐♦♥♥❡❧ ❡0* ❞❡ ✺✵ ✪✱ ❧❡ *❛✉① ❞❡ 0/❧❡❝*✐♦♥ ❞❡

✺ ✪ ❡* ❧❡ *❛✉① ❞❡ ❝)♦✐0❡♠❡♥* ✉♥✐❢♦)♠❡ ❡0* ❝❤♦✐0✐ = ✶✺ ✪✳ F♦✉) ❝❤❛5✉❡ ✐*/)❛*✐♦♥✱ ✉♥ ❡♥0❡♠❜❧❡ ❞❡

✸✵ ✈❛❧❡✉)0 ❞❡0 ♣❛)❛♠B*)❡0 ✐♥❝❡)*❛✐♥0 ❡0* ❣/♥/)/ ❡♥ ✉*✐❧✐0❛♥* ✉♥ *✐)❛❣❡ ❤②♣❡)❝✉❜❡ ❧❛*✐♥✳ ❉❛♥0 ❝❡**❡

/*✉❞❡✱ ♥♦✉0 ❝♦♥0✐❞/)♦♥0 ✉♥ 0❡✉❧ ♣❛)❛♠B*)❡ ✐♥❝❡)*❛✐♥ ✿ ❧❡ ♠♦❞✉❧❡ ❞❡ ❨♦✉♥❣ E ❞❡ ❧❛ ❜❛♥❞❡ ✭❝✬❡0*

= ❞✐)❡ 0♦♥ /❧❛0*✐❝✐*/✮ 5✉✐ ❡0* 0✉♣♣♦0/ 0✉✐✈)❡ ✉♥❡ ❧♦✐ ❞❡ ♣)♦❜❛❜✐❧✐*/ ♥♦)♠❛❧❡ ❛✈❡❝ ✉♥❡ ♠♦②❡♥♥❡

❞❡ 16MPa ❡* ✉♥ /❝❛)*✲*②♣❡ ❞❡ 4MPa✳ ▲❡0 ✈❛❧❡✉)0 ♥/❣❛*✐✈❡0 ❛✐♥0✐ 5✉❡ ❧❡0 ✈❛❧❡✉)0 0✉♣/)✐❡✉)❡0 =

400MPa ♥❡ 0♦♥* ♣❛0 ♣)✐0❡0 ❡♥ ❝♦♠♣*❡✳
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Front de Pareto

Configuration obtenue durant l’optimiation

❋✐❣✉$❡ ✸✳✶✶ ✕ ❋%♦♥( ❞❡ +❛%❡(♦ ❞✉ ♣%♦❜❧1♠❡ ❞❡ 3②♥(❤13❡ ❢%78✉❡♥(✐❡❧❧❡ ❛✈❡❝ ♠♦❞1❧❡ 3(♦❝❤❛3(✐8✉❡
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? ❧✬❛✐❞❡ ❞✉ ♠♦❞1❧❡ 3(♦❝❤❛3(✐8✉❡✳ ▲✬❡♥3❡♠❜❧❡ ❞❡3 ♣♦✐♥(3 (✐❡♥( ❝♦♠♣(❡ ❞✉ ❝❛%❛❝(1%❡ ✐♥❝❡%(❛✐♥ ❞❡

❧✬7❧❛3(✐❝✐(7 ❞❡ ❧❛ ❜❛♥❞❡✱ ❝✬❡3( ❞♦♥❝ ✉♥ ❢%♦♥( ❞❡ +❛%❡(♦ ✏%♦❜✉3(❡✑ ✈✐3 ? ✈✐3 ❞❡3 ✈❛%✐❛(✐♦♥3 ❞✉ ♠♦❞✉❧❡

❞❡ ❨♦✉♥❣✳

❈❤♦✐① ❞❡ ❧❛ ❝♦♥✜❣✉.❛/✐♦♥ ♦♣/✐♠❛❧❡

❈❡♣❡♥❞❛♥( ✐❧ ♥✬❡3( ♣❛3 ❛✐37 ❞❡ ❝❤♦✐3✐% ✉♥❡ ❝♦♥✜❣✉%❛(✐♦♥ ♦♣(✐♠❛❧❡ 3✉% ❧❡ ❢%♦♥( ❞❡ +❛%❡(♦✱ ♦✉ ♣%♦❝❤❡
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❝♦♥(%❛✐♥(❡ ✻ σ✳
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♥♦✉3 (❡♥♦♥3 7❣❛❧❡♠❡♥( ❝♦♠♣(❡ ❞❡3 %7♣♦♥3❡3 (❡♠♣♦%❡❧❧❡3✳ ◆♦✉3 ❛✈♦♥3 ♠✐3 ❡♥ ♣❧❛❝❡ ✉♥❡ ♥♦✉✈❡❧❧❡
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3✐♠✉❧♦♥3 ❛✜♥ ❞❡ %❡❝♦♥3(%✉✐%❡ ✉♥ ♣3❡✉❞♦ ❢%♦♥( ❞❡ +❛%❡(♦ ❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ (❡♠♣♦%❡❧✳ ❊♥ ❡✛❡(✱

✉♥❡ ❝♦♥✜❣✉%❛(✐♦♥ +❛%❡(♦✲♦♣(✐♠❛❧❡ ❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ ❢%78✉❡♥(✐❡❧ ♥❡ ❧❡ 3❡%❛ ♣❛3 ❢♦%❝7♠❡♥( ❞❛♥3 ❧❡

❞♦♠❛✐♥❡ (❡♠♣♦%❡❧✳ ❉✬✉♥❡ ♣❛%(✱ ❧❡ ♠♦❞1❧❡ ♥♦♥✲❧✐♥7❛✐%❡ ❡3( ✉(✐❧✐37 ❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ (❡♠♣♦%❡❧ (❛♥❞✐3

8✉❡ ❧❡ ♠♦❞1❧❡ ❧✐♥7❛✐%❡ ❡3( ✉(✐❧✐37 ❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ ❢%78✉❡♥(✐❡❧✳ ❉✬❛✉(%❡ ♣❛%(✱ ❧❡3 ❝%✐(1%❡3 (❡♠♣♦%❡❧3
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✶✳ +%✐3❡ ❡♥ ❝♦♠♣(❡ ❞❡ ❧❛ ♣%♦①✐♠✐(7 ♣❛% %❛♣♣♦%( ❛✉ ❢%♦♥( ❞❡ +❛%❡(♦ ❢%78✉❡♥(✐❡❧ ✿ ✉♥ ♣♦✐♥( ♣%♦❝❤❡

❞✉ ❢%♦♥( ❞❡ +❛%❡(♦ ❢%78✉❡♥(✐❡❧ ❞❡✈%❛ ❛✈♦✐% ♣❧✉3 ❞❡ ❝❤❛♥❝❡ ❞✬G(%❡ 37❧❡❝(✐♦♥♥7 8✉✬✉♥ ♣♦✐♥(

7❧♦✐❣♥7✳

✷✳ ●❛%❛♥(✐❡ ❞❡ ❧❛ ❞✐✈❡%3✐(7 ❞❡3 ❝♦♥✜❣✉%❛(✐♦♥3 ✿ ❞❡3 ❝♦♥✜❣✉%❛(✐♦♥3 ❞❡✈%♦♥( ♣♦✉✈♦✐% G(%❡ 37❧❡❝✲

(✐♦♥♥7❡3 (♦✉( ❛✉ ❧♦♥❣ ❞✉ ❢%♦♥( ❞❡ +❛%❡(♦ ❢%78✉❡♥(✐❡❧✳

✸✳ ▲❡ ♥♦♠❜%❡ ❞❡ ❝♦♥✜❣✉%❛(✐♦♥3 ? ❡①❛♠✐♥❡% ❞❡✈%❛ %❡3(❡% %❛✐3♦♥♥❛❜❧❡ 7(❛♥( ❞♦♥♥7 ❧❡ (❡♠♣3
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Configuration optimale commune

A

✭❜✮ #❛%❡'♦ '❡♠♣♦%❡❧

❋✐❣✉$❡ ✸✳✶✺ ✕ ❈♦♠♣❛*❛✐,♦♥ ❞❡, ❢*♦♥1, ❞❡ 2❛*❡1♦ ❢*34✉❡♥1✐❡❧ ❡1 1❡♠♣♦*❡❧

▲❛ ✜❣✉*❡ ✸✳✶✺ ❝♦♠♣❛*❡ ❧❡, ❢*♦♥1, ❞❡ 2❛*❡1♦ ❢*34✉❡♥1✐❡❧ ❡1 1❡♠♣♦*❡❧✳ ▲❛ ❞✐✛3*❡♥❝❡ ❡♥1*❡ ❧❡, ❞❡✉①

❢*♦♥1, ❞❡ 2❛*❡1♦ ❡,1 ♥♦1❛❜❧❡✱ ❛✉,,✐ ❜✐❡♥ ,✉* ❧❛ ❢♦*♠❡ 4✉❡ ,✉* ❧✬♦♣1✐♠❛❧✐13✱ ❛✉ ,❡♥, ❞❡ 2❛*❡1♦✱ ❞❡,

❞✐✛3*❡♥1❡, ❝♦♥✜❣✉*❛1✐♦♥,✳ ❆✐♥,✐✱ ❧❡, ❝♦♥✜❣✉*❛1✐♦♥, 2❛*❡1♦✲♦♣1✐♠❛❧❡, ❡♥ ❢*34✉❡♥1✐❡❧ ♥❡ ,♦♥1 ♣❛,

1♦✉1❡, ♦♣1✐♠❛❧❡, ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ 1❡♠♣♦*❡❧ ❡1 ✈✐❝❡✲✈❡%&❛✳ ❙❡✉❧, 4✉❡❧4✉❡, ♣♦✐♥1, ,♦♥1 ❝♦♠♠✉♥,

❛✉① ❞❡✉① ❢*♦♥1, ❞❡ 2❛*❡1♦✳

❈♦♥#$❛✐♥#❡ ✻ )✐❣♠❛

❯♥❡ ❝♦♥1*❛✐♥1❡ ,✉♣♣❧3♠❡♥1❛✐*❡ ❡,1 ❛❥♦✉13❡ ✿ ✐❧ ,✬❛❣✐1 ❞✬✉♥❡ ❝♦♥1*❛✐♥1❡ ✏,✐① ,✐❣♠❛✑✳ ❈❡❧❧❡✲❝✐ ♣❡*✲

♠❡1 ❞❡ ❣❛*❛♥1✐* ✉♥❡ ❧✐♠✐1❡ ♠❛①✐♠❛❧❡ ,✉* ❧❡ ❝*✐1H*❡✳ ❈❡11❡ ❧✐♠✐1❡ ♥❡ ,❡*❛ ♣❛, ❞3♣❛,,3❡ ♣♦✉* ✉♥❡

♣*♦❜❛❜✐❧✐13 ❞❡ ✻ ,✐❣♠❛ ,♦✐1 ✉♥❡ ❡**❡✉* ❞❡ ✵✳✵✵✵✵✵✵✷✪✳

▲❛ ,3❧❡❝1✐♦♥ ,❡ ❢❛✐1 ❞❡ ❢❛M♦♥ ❣3♦♠31*✐4✉❡ ❡♥ 1*❛M❛♥1 ❧❛ ❞*♦✐1❡ ❞✬34✉❛1✐♦♥ µJ = −6σJ+USL ✭USL
❝♦**❡,♣♦♥❞ O ❧❛ ✈❛❧❡✉* ❧✐♠✐1❡ ❞✉ ❝*✐1H*❡ O ♥❡ ♣❛, ❞3♣❛,,❡*✮ ✿ ❧❡, ♣♦✐♥1, ❡♥✲❞❡,,♦✉, ❞❡ ❝❡11❡ ❧✐❣♥❡

*❡,♣❡❝1❡♥1 ❧❛ ❝♦♥1*❛✐♥1❡ ✻ σ✳ ■❧ ,✉✣1 ❞♦♥❝ ❞✬❛✉❣♠❡♥1❡* ❧❛ ✈❛❧❡✉* ❞❡ USL ❥✉,4✉✬O 1*♦✉✈❡* ❛✉ ♠♦✐♥,

✉♥ ♣♦✐♥1 4✉✐ *❡,♣❡❝1❡ ❧❛ ❝♦♥1*❛✐♥1❡✳ ■❧ ❝♦♥✈✐❡♥1 ❞❡ *❡♣3*❡* ❝❡ ♣♦✐♥1 ,✉* ❧❡ 2❛*❡1♦ ❢*34✉❡♥1✐❡❧ ❡1

❞❡ ✈3*✐✜❡* 4✉✬✐❧ ♥✬❡,1 ♣❛, 1*♦♣ 3❧♦✐❣♥3 ❞✉ ❢*♦♥1 ❞❡ 2❛*❡1♦ ❢*34✉❡♥1✐❡❧✳ ❉❡ ♣❧✉,✱ ,✐ ♣❧✉,✐❡✉*, ♣♦✐♥1,

,♦♥1 1*♦✉✈3, ❛✈❡❝ ❧❛ ♠31❤♦❞❡ ❞3❝*✐1❡✱ ❧❡ ❢*♦♥1 ❞❡ 2❛*❡1♦ ❢*34✉❡♥1✐❡❧ ,❡*❛ ✉1✐❧✐,3 ♣♦✉* ,3❧❡❝1✐♦♥♥❡*
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Configuration Pareto-optimale

Autre configuration

A

❋✐❣✉$❡ ✸✳✶✻ ✕ ❙6❧❡❝+✐♦♥ ❞❡ ❧❛ ❝♦♥✜❣✉*❛+✐♦♥ ♦♣+✐♠❛❧❡

▲❛ ✜❣✉*❡ ✸✳✶✻ ♠♦♥+*❡ ❧❡ 9❛*❡+♦ +❡♠♣♦*❡❧ ❞✉ ♣*♦❜❧;♠❡ ❞❡ <②♥+❤;<❡ ❞❡< ❝♦**❡❝+❡✉*< ❞❡ +❡♥<✐♦♥ ❞❡

❜❛♥❞❡✳ ▲❛ ❞*♦✐+❡ *❡♣*6<❡♥+❡ ❧❛ ❝♦♥+*❛✐♥+❡ ✻ σ✱ ❧❡< ♣♦✐♥+< ❡♥ ❞❡<<♦✉< <♦♥+ ❝❡✉① A✉✐ *❡<♣❡❝+❡♥+ ❧❛

❝♦♥+*❛✐♥+❡ <✐① <✐❣♠❛✳ ❈❡++❡ ❞*♦✐+❡ C ❝♦♠♠❡ 6A✉❛+✐♦♥ ✿

µJ = −6σJ + 22 ✭✸✳✷✵✮

▲❛ ✈❛❧❡✉* ❞❡ ❧❛ ❧✐♠✐+❡ ♦❜+❡♥✉❡ ❡<+ ❞♦♥❝ ❞❡ ✷✷ ◆❡✇+♦♥✳ ❈❡❧❛ <✐❣♥✐✜❡ A✉❡ ❧❛ ✈❛❧❡✉* ❞❡ ❧✬❡**❡✉*

♠❛①✐♠❛❧❡ ♥❡ ❞❡✈*❛✐+ ♣❛< ❞6♣❛<<❡* ✷✷ ◆❡✇+♦♥ ♣♦✉* ✾✾✳✾✾✾✾✾✾✽ ✪ ❞❡< ✈❛❧❡✉*< ❞❡ ❧✬6❧❛<+✐❝✐+6 <✉✐✈❛♥+

❧❛ ❧♦✐ ❞❡ ♣*♦❜❛❜✐❧✐+6 ❞6❝*✐+❡ ♣*6❝6❞❡♠♠❡♥+✳ ▲❛ ❝♦♥✜❣✉*❛+✐♦♥ ♠❛*A✉6❡ ♣❛* ❧❛ ❧❡++*❡ A <❡ +*♦✉✈❛♥+

<♦✉< ❧❛ ❞*♦✐+❡ ❡+ C ❞✐<+❛♥❝❡ ♠❛①✐♠❛❧❡ ❞❡ ❝❡❧❧❡✲❝✐ ✭✈♦✐* ✜❣✉*❡ ✸✳✶✻✮ ❣❛*❞❡ ❞❡ ❜♦♥♥❡< ♣❡*❢♦*♠❛♥❝❡<

❞❛♥< ❧❡ ❞♦♠❛✐♥❡ ❢*6A✉❡♥+✐❡❧ ✭✈♦✐* ✜❣✉*❡ ✸✳✶✺✭❛✮✮✳ ❈✬❡<+ ❝❡++❡ ❝♦♥✜❣✉*❛+✐♦♥ A✉✐ ❡<+ *❡+❡♥✉❡ ♣♦✉*

❧❡ *6❣❧❛❣❡ ❞❡< ❝♦**❡❝+❡✉*< ❞❡ +❡♥<✐♦♥ ❡+ ❞❡ ♣♦<✐+✐♦♥ ❞❡< ❞❛♥<❡✉*<✳

▲❛ ✜❣✉*❡ ✸✳✶✼ ❝♦♠♣❛*❡ ❧❡< <✐♠✉❧❛+✐♦♥< +❡♠♣♦*❡❧❧❡< ❞❡ ❧❛ ❝♦♥✜❣✉*❛+✐♦♥ ♦❜+❡♥✉❡< ❛✈❡❝ ❝❡❧❧❡ ♦❜+❡✲

♥✉❡ ♣❛* ❧✬❛♣♣*♦❝❤❡ ❝❧❛<<✐A✉❡ ❞6❝*✐+❡ ❛✉ ❝❤❛♣✐+*❡ ✷✱ ❧♦*<A✉❡ ❧❛ ✈❛❧❡✉* ❞❡ ❧✬6❧❛<+✐❝✐+6 ❡<+ ❞♦✉❜❧6❡✳

▲✬❛♣♣*♦❝❤❡ ♣*6<❡♥+6❡ ♣❡*♠❡+ ❞✬♦❜+❡♥✐* ✉♥❡ ❝♦♥✜❣✉*❛+✐♦♥ ❜✐❡♥ ♣❧✉< *♦❜✉<+❡ ❛✉① ✈❛*✐❛+✐♦♥< ❞✬6❧❛<✲

+✐❝✐+6 ❞❡ ❜❛♥❞❡ +♦✉+ ❡♥ ♠❛✐♥+❡♥❛♥+ ❞❡ ❜♦♥♥❡< ♣❡*❢♦*♠❛♥❝❡< ❡♥ <✉✐✈✐ ❞❡ ❝♦♥<✐❣♥❡ ❡+ ❞❡ ❞6❝♦✉♣❧❛❣❡

+❡♥<✐♦♥✕✈✐+❡<<❡✳ ❉❡ ♣❧✉<✱ ❧✬❡**❡✉* ❞❡ +❡♥<✐♦♥ ♥❡ ❞6♣❛<<❡ ♣❛< ✷✷ ◆❡✇+♦♥ ✭❛✈❡❝ ❧❡< ❝♦♥<✐❣♥❡< ❞6✜♥✐❡<

❛✉ ♣*6❛❧❛❜❧❡✮✳

▲✬♦♣+✐♠✐<❛+✐♦♥ ❞❡ ❝♦**❡❝+❡✉*< ❛✈❡❝ ❝♦♥+*❛✐♥+❡ <✐① <✐❣♠❛ ❛ ♣❧✉<✐❡✉*< ❛✈❛♥+❛❣❡< ✿

✕ ❧✬✐♥❝❡*+✐+✉❞❡ <✉* ❧❛ ✈❛❧❡✉* ❞❡ ❧✬6❧❛<+✐❝✐+6 ❡<+ ♣*✐<❡ ❡♥ ❝♦♠♣+❡✱ ♣❛* ❧✬✐♥+❡*♠6❞✐❛✐*❡ ❞✬✉♥❡ ❧♦✐

♥♦*♠❛❧❡ ❞❡ ♣*♦❜❛❜✐❧✐+6✳

✕ ♣❧✉<✐❡✉*< *6❣❧❛❣❡< ❞❡ ❝♦**❡❝+❡✉*< ♣❡✉✈❡♥+ S+*❡ ♦❜+❡♥✉< ❡+ A✉✐ ❣❛*❛♥+✐<<❡♥+ ✉♥ ❜♦♥♥❡ *♦❜✉<+❡<<❡

✈✐< C ✈✐< ❞❡ ✈❛*✐❛+✐♦♥< ❞✉ ♣❛*❛♠;+*❡ ❝♦♥<✐❞6*6 ✭✐❝✐ ❧✬6❧❛<+✐❝✐+6 ❞❡ ❧❛ ❜❛♥❞❡✮✱ ❡+ ❞❡ ❜♦♥♥❡<

♣❡*❢♦*♠❛♥❝❡< ❞②♥❛♠✐A✉❡<✳

✕ ❈❡++❡ ❛♣♣*♦❝❤❡ ❞♦♥♥❡ 6❣❛❧❡♠❡♥+ ❞❡ ❜♦♥< *6<✉❧+❛+< ❧♦*<A✉❡ ♣❧✉<✐❡✉*< ♣❛*❛♠;+*❡< <♦♥+ ✐♥❝❡*+❛✐♥<✳

■❧ ❡<+ ❝❧❛✐* A✉❡ ❧❡< *6<✉❧+❛+< ❞6♣❡♥❞❡♥+ 6❣❛❧❡♠❡♥+ ❞❡ ❧❛ ❧♦✐ ❞❡ ♣*♦❜❛❜✐❧✐+6 ❞✉ ♣❛*❛♠;+*❡ ✐♥❝❡*+❛✐♥✳

▲✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡++❡ ❧♦✐ ❞❡ ♣*♦❜❛❜✐❧✐+6 ❞❡✈*❛ S+*❡ 6+✉❞✐6❡ ✉❧+6*✐❡✉*❡♠❡♥+✳
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✭❞✮ ❚❡♥'✐♦♥ ❡♥,♦✉❧❡✉, Te

❋✐❣✉$❡ ✸✳✶✼ ✕ ❙✐♠✉❧❛,✐♦♥/ ,❡♠♣♦2❡❧❧❡/ ✿ ❝♦♠♣❛2❛✐/♦♥ ❞❡ ❧✬❛♣♣2♦❝❤❡ ♣28/❡♥,8❡ ❛✈❡❝ ❧✬❛♣♣2♦❝❤❡

❝❧❛//✐:✉❡✱ ♣♦✉2 ✉♥❡ 8❧❛/,✐❝✐,8 ♠✉❧,✐♣❧✐8❡ ♣❛2 ✷
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❝♦,,❡*♣♦♥❞❛♥1 7 ❧❛ ❝♦♥✜❣✉,❛1✐♦♥ A✱ *♦♥1 ,❡♣,<*❡♥1<❡* 7 ❧❛ ✜❣✉,❡ ✸✳✷✷✳ 3♦✉, ❝❡❧❛✱ ❧❛ ✈✐1❡**❡ ❞❡

❞<✜❧❡♠❡♥1 ❡*1 ❢♦,1❡♠❡♥1 ,<❞✉✐1❡ ✿ ❡❧❧❡ ❡*1 ❞✐✈✐*<❡ ♣❛, ✉♥ ❢❛❝1❡✉, ✼✱ ❝❡ @✉✐ ❝♦,,❡*♣♦♥❞ 7 ✉♥❡ ✈❛❧❡✉,

❞✬❡♥✈✐,♦♥ ✼✵ ♠✴♠✐♥✳ ▲❡* ❝♦,,❡❝1❡✉,* *♦♥1 *②♥1❤<1✐*<* ♣♦✉, ✉♥❡ ✈❛❧❡✉, ♥♦,♠✐♥❛❧❡ V0 = 500m/min✳
▲❡ ❝❤❛♣✐1,❡ ♣,<❝<❞❡♥1 ❛ ♠♦♥1,< @✉❡ ❧❡ *②*1G♠❡ ❡*1 ♣❧✉* ❞✐✣❝✐❧❡ 7 ❝♦♠♠❛♥❞❡, @✉❛♥❞ ❧❛ ✈✐1❡**❡ ❡*1

❢❛✐❜❧❡✳ ▲❛ ❝♦♥✜❣✉,❛1✐♦♥ ♦♣1✐♠❛❧❡ ♣♦✉, ✷ ♣❛,❛♠G1,❡* ✐♥❝❡,1❛✐♥* ❡*1 ❝♦♠♣❛,<❡ ❛✈❡❝ ❧❛ ❝♦♥✜❣✉,❛1✐♦♥

♣,<❝<❞❡♥1❡ ✭❛✈❡❝ ✉♥❡ ✐♥❝❡,1✐1✉❞❡ *✉, ❧✬<❧❛*1✐❝✐1< ✉♥✐@✉❡♠❡♥1✮✳ ■❧ ❡*1 ♥♦1❡, @✉❡ ❧❡ ,<❣❧❛❣❡ ♦♣1✐♠❛❧

♣♦✉, ❧❡ *②*1G♠❡ 7 ♣❛,❛♠G1,❡* ✜①❡* ❡1 ♥♦♥ ✐♥❝❡,1❛✐♥* ✭✈♦✐, ♣❛,❛❣,❛♣❤❡ ✷✳✸✳✷✮ ❞♦♥♥❡ ❞❡* ,<*✉❧1❛1*

✐♥*1❛❜❧❡*✳

❖♥ ,❡♠❛,@✉❡ @✉❡ ❧❡ ,<❣❧❛❣❡ ❞❡* ❝♦,,❡❝1❡✉,* @✉✐ 1✐❡♥1 ❝♦♠♣1❡ ❞❡ ❧✬✐♥❝❡,1✐1✉❞❡ *✐♠✉❧1❛♥<❡ ❞❡* ❞❡✉①

♣❛,❛♠G1,❡* ❞♦♥♥❡ ❞❡* ,<*✉❧1❛1* ♥❡11❡♠❡♥1 ♠❡✐❧❧❡✉,*✳

✸✳✹✳✷✳✻ ❙②♥(❤*+❡ ❞❡+ ❝♦00❡❝(❡✉0+ ❞✉ ❜❛♥❝ ✐♥❞✉+(0✐❡❧ ♣❛0 ♠❛①✐♠✐+❛(✐♦♥ ❞❡ ❧❛ ✈❛0✐❛✲

(✐♦♥ ❛❞♠✐++✐❜❧❡ ❞❡+ ♣❛0❛♠*(0❡+

▲❡ ❝♦♠♣♦,1❡♠❡♥1 *1♦❝❤❛*1✐@✉❡ ❞❡* ♣❛,❛♠G1,❡* ✐♥❝❡,1❛✐♥* ♥❡ ♣❡✉1 ♣❛* 1♦✉❥♦✉,* P1,❡ ❝♦♥♥✉ 7

❧✬❛✈❛♥❝❡✳ ❖♥ *❛✐1 @✉❡❧* ♣❛,❛♠G1,❡* ✈❛,✐❡♥1✱ ♠❛✐* ♦♥ ♥❡ *❛✐1 ♣❛* 1♦✉❥♦✉,* @✉❛♥1✐✜❡, ❝❡11❡ ✈❛,✐❛1✐♦♥

*✉, ✉♥❡ ❧✐❣♥❡ ✐♥❞✉*1,✐❡❧❧❡✳ ❯♥❡ ❛♣♣,♦❝❤❡ ✐♥1<,❡**❛♥1❡ ❝♦♥*✐*1❡ ❝❡11❡ ❢♦✐*✲❝✐ 7 ♠❛①✐♠✐*❡, ❧❛ ✈❛,✐❛1✐♦♥

❞❡* ♣❛,❛♠G1,❡* ✐♥❝❡,1❛✐♥* 1♦✉1 ❡♥ ❝♦♥*❡,✈❛♥1 ❞❡* ♣❡,❢♦,♠❛♥❝❡* ❛❝❝❡♣1❛❜❧❡*✱ ❛✉ ❧✐❡✉ ❞❡ ♠❛①✐♠✐*❡,

❧❡* ♣❡,❢♦,♠❛♥❝❡* ♣♦✉, ✉♥❡ ✐♥❝❡,1✐1✉❞❡* ♣❛,❛♠<1,✐@✉❡ ✜①<❡ 7 ❧✬❛✈❛♥❝❡✳ ▲❡ ❜✉1 ❡*1 ❞♦♥❝ ❞✬♦❜1❡♥✐, ❧❡

*②*1G♠❡ ❧❡ ♣❧✉* ,♦❜✉*1❡ ♣♦**✐❜❧❡ ♣♦✉, ❞❡* ♣❡,❢♦,♠❛♥❝❡* ❛❝❝❡♣1❛❜❧❡*✳ ▲❡ ♣,♦❜❧G♠❡ ❞✬♦♣1✐♠✐*❛1✐♦♥

♣❡✉1 *❡ ♠❡11,❡ *♦✉* ❧❛ ❢♦,♠❡ ✿

∣

∣

∣

∣

Maximimiser σ(~α)
sous la contrainte µH + 6σH < UL

✭✸✳✷✸✮

♦S ~α ,❡♣,<*❡♥1❡ ❧✬❡♥*❡♠❜❧❡ ❞❡* ♣❛,❛♠G1,❡* ✐♥❝❡,1❛✐♥*✳ ❈❡ ♣,♦❜❧G♠❡ ❞✬♦♣1✐♠✐*❛1✐♦♥ ,❡❝❤❡,❝❤❡ ❞♦♥❝

❧❛ ❝♦♥✜❣✉,❛1✐♦♥ @✉✐ ♠❛①✐♠✐*❡ ❧✬<❝❛,1✲1②♣❡ ❞❡* ♣❛,❛♠G1,❡* ✐♥❝❡,1❛✐♥* 1♦✉1 ❡♥ ❣❛,❛♥1✐**❛♥1 @✉❡ ❧❛

✈❛❧❡✉, ❞❡ ❧❛ ♥♦,♠❡ H∞ ♥❡ ❞<♣❛**❡ ♣❛* ✉♥❡ ✈❛❧❡✉, ❧✐♠✐1❡ ✜①<❡ UL ♣♦✉, ✉♥❡ ♣,♦❜❛❜✐❧✐1< ❞❡ ✻ σ✳ ▲❛
✈❛❧❡✉, ❞❡ UL ❡*1 ❝❡♣❡♥❞❛♥1 ❞✐✣❝✐❧❡ 7 ✜①❡,✳ ▲❛ ,<*♦❧✉1✐♦♥ ❞❡ ❝❡ ♣,♦❜❧G♠❡ ❞✬♦♣1✐♠✐*❛1✐♦♥ ♥❡ ♣❡✉1
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❋✐❣✉$❡ ✸✳✷✷ ✕ ❙✐♠✉❧❛*✐♦♥ ❞❡ ❧❛ ❝♦♥✜❣✉2❛*✐♦♥ 34❧❡❝*✐♦♥♥4❡ ♣♦✉2 ✉♥❡ ✈✐*❡33❡ ❞✐✈✐34❡ ♣❛2 ✼

♣❛3 3❡ ❢❛✐2❡ ❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ *❡♠♣♦2❡❧ 4*❛♥* ❞♦♥♥4 ❧❡ ❣2❛♥❞ ♥♦♠❜2❡ ❞✬4✈❛❧✉❛*✐♦♥3 ♥4❝❡33❛✐2❡3

✭❞❛♥3 ❧❡ ❞♦♠❛✐♥❡ *❡♠♣♦2❡❧✱ ❧❡ ♣2♦❜❧=♠❡ ❞✬♦♣*✐♠✐3❛*✐♦♥ ♥4❝❡33✐*❡2❛✐* ♣❧✉3 ❞✬✉♥ ♠♦✐3 ❞❡ ❝❛❧❝✉❧ 3✉2

✉♥ >❈ 4@✉✐♣4 ❞✬✉♥ ♣2♦❝❡33❡✉2 ■♥*❡❧ ✐✼ @✉❛❞❝♦2❡ ❡* ❞❡ ✻ ●♦ ❞❡ ❘❆▼✮✳

▲❛ ✈❛❧❡✉2 ❞✉ ♣❛2❛♠=*2❡ UL ♣❡✉* I*2❡ ✜①4❡ ♣❛2 ✐*42❛*✐♦♥✳ ◆♦✉3 ❛✈♦♥3 ❝❡♣❡♥❞❛♥* ✜①4 ❛2❜✐*2❛✐2❡✲

♠❡♥* UL M ❧❛ ♠I♠❡ ✈❛❧❡✉2 @✉❡ ❝❡❧❧❡ ♦❜*❡♥✉❡ ♣❛2 ❧❛ ❝♦♥✜❣✉2❛*✐♦♥ ♣24❝4❞❡♥*❡✱ ❛✜♥ ❞❡ ♣♦✉✈♦✐2

❝♦♠♣❛2❡2 ❧❡3 243✉❧*❛*3 ♦❜*❡♥✉3✳

>♦✉2 243♦✉❞2❡ ❝❡ ♣2♦❜❧=♠❡ ❞✬♦♣*✐♠✐3❛*✐♦♥✱ ✉♥❡ ✈❡23✐♦♥ ❛♠4❧✐♦24❡ ❞❡ ❧✬❛❧❣♦2✐*❤♠❡ ◆❙●❆✷ ❬❉❆>▼✵✵❪

❛ 4*4 ✉*✐❧✐34❡✳ ❈❡**❡ ✈❡23✐♦♥✱ ♥♦♠♠4❡ ✏4❧✐*✐3♠❡ ❝♦♥*2T❧4✑ ❬❉●✵✶❪✱ ♣❡2♠❡* ❞✬❛✈♦✐2 ✉♥❡ ❛♠4❧✐♦2❛✲

*✐♦♥ ❞✉ ♣2✐♥❝✐♣❡ ❞✬4❧✐*✐3♠❡✳ ❆✐♥3✐✱ ❞✬✉♥❡ ❣4♥42❛*✐♦♥ M ❧✬❛✉*2❡ ❧❡3 ✐♥❞✐✈✐❞✉3 ✏4❧✐*❡3✑ 3♦♥* ❝♦♥3❡2✈43✱

❧✬4❧✐*✐3♠❡ ♥❡ 2❡♣♦3❡ ♣❧✉3 ✉♥✐@✉❡♠❡♥* 3✉2 ❧❡3 ✈❛❧❡✉23 ❞❡ ❧✬♦❜❥❡❝*✐❢ ♠❛✐3 4❣❛❧❡♠❡♥* 3✉2 ❧❛ ❞✐3*❛♥❝❡

34♣❛2❛♥* ✉♥ ♣♦✐♥* >❛2❡*♦✲♦♣*✐♠❛❧ ❞❡3 ❛✉*2❡3 3✉2 ❧❡ ❢2♦♥* ❞❡ >❛2❡*♦✳ ▲❡3 ❝♦♥✜❣✉2❛*✐♦♥3 ❛②❛♥* ❞❡3

♣❡2❢♦2♠❛♥❝❡3 ♦♣*✐♠❛❧❡3 ❡* 4*❛♥* ✐3♦❧4❡3 3❡2♦♥* ❞♦♥❝ ❝♦♥3❡2✈4❡3✳ ❈❡**❡ ❛♣♣2♦❝❤❡✱ ❞4✈❡❧♦♣♣4❡ ♣❛2
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❧✬0❧❛,.✐❝✐.0✳ ❈❡♣❡♥❞❛♥.✱ ✉♥❡ ③♦♥❡ ❞❡ ♥♦♥✲,.❛❜✐❧✐.0 ❡①✐,.❡ ❧♦*, ❞❡ ❧❛ ❞✐♠✐♥✉.✐♦♥ ❞❡ ❧✬0❧❛,.✐❝✐.0✳

■❧ ❡,. B *❡♠❛*8✉❡* 8✉✬✉♥ ❝♦✉♣❧❡ ✭E✱ v0✮ 8✉✐ ❝♦♥❞✉✐. B ✉♥❡ ✐♥,.❛❜✐❧✐.0 ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ ❢*08✉❡♥.✐❡❧

♥✬❡♥❣❡♥❞*❡ ♣❛, ❢♦*❝0♠❡♥. ✉♥❡ ✐♥,.❛❜✐❧✐.0 ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ .❡♠♣♦*❡❧✳ ❈❡❝✐ ❡,. ❞V ❛✉① ♥♦♥✲❧✐♥0❛*✐.0,

❞✉ ,②,.@♠❡✳

▲✬0.✉❞❡ ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ .❡♠♣♦*❡❧✱ .*@, ❝❤*♦♥♦♣❤❛❣❡✱ ❞❡✈*❛✐. /.*❡ *0❛❧✐,0❡ ✉❧.0*✐❡✉*❡♠❡♥.✳

■❧ ❡,. ✐♥.0*❡,,❛♥. 0❣❛❧❡♠❡♥. ❞❡ ❝♦♠♣❛*❡* ❧❡ .❡♠♣, ❞✬❡①0❝✉.✐♦♥ ❞❡, ❞✐✛0*❡♥.❡, ,②♥.❤@,❡, ❞❡, ❝♦*✲

*❡❝.❡✉*, ❞❡ .❡♥,✐♦♥ ❡. ❞❡ ♣♦,✐.✐♦♥ ❞❡, ❞❛♥,❡✉*, ♣❡♥❞✉❧❛✐*❡,✳ ▲❡ .❛❜❧❡❛✉ ✸✳✻ *0♣❡*.♦*✐❡ ❧❡ .❡♠♣,

❞❡ ,②♥.❤@,❡ ❞❡, ❞✐✛0*❡♥.❡, ❛♣♣*♦❝❤❡, ❡♥ ❝♦♥,✐❞0*❛♥. ❧❡ ♠/♠❡ ♥♦♠❜*❡ ❞❡ ❣0♥0*❛.✐♦♥, ❞❡, ❛❧❣♦✲

*✐.❤♠❡, ❣0♥0.✐8✉❡,✳ ▲✬❛♣♣*♦❝❤❡ ❝❧❛,,✐8✉❡ ✉.✐❧✐,❛♥. ❧✬❛❧❣♦*✐.❤♠❡ ❞❡ ❆♣❦❛*✐❛♥ ❡. ◆♦❧❧ ❬❆◆✵✻❪ ❛ ✉♥

.❡♠♣, .*@, ✐♥❢0*✐❡✉* ❛✉① ❛♣♣*♦❝❤❡, 0✈♦❧✉.✐♦♥♥❛✐*❡,✳ ▲✬❛♣♣*♦❝❤❡ .❡♠♣♦*❡❧❧❡ ✭❛♣♣*♦❝❤❡ ✷✮ ♥0❝❡,✲

,✐.❡ ❞❡ ♥♦♠❜*❡✉,❡, ,✐♠✉❧❛.✐♦♥, ❞✉ ♠♦❞@❧❡ ♥♦♥✲❧✐♥0❛✐*❡ ❡,. ♣❛* ❝♦♥,08✉❡♥.✱ ❡♥ .♦✉.❡ ❧♦❣✐8✉❡✱ ❝❡..❡

❛♣♣*♦❝❤❡ ❡,. ❧❛ ♣❧✉, ❝❤*♦♥♦♣❤❛❣❡✳ ▲✬❛♣♣*♦❝❤❡ ❢*08✉❡♥.✐❡❧❧❡ ❞0.❡*♠✐♥✐,.❡ ✭❛♣♣*♦❝❤❡ ✸✮ ♥0❝❡,,✐.❡

✉♥ .❡♠♣, ❞❡ ❝❛❧❝✉❧ ✏*❛✐,♦♥♥❛❜❧❡✑✳

❆♣♣*♦❝❤❡ ❚❡♠♣, ❞❡ *0,♦❧✉.✐♦♥

❛♣♣*♦❝❤❡ ✶ ✹✺ ,❡❝♦♥❞❡,

❛♣♣*♦❝❤❡ ✷ ✻✻ ❤

❛♣♣*♦❝❤❡ ✸ ✽❤

❛♣♣*♦❝❤❡ ✹ ✷✵❤

❛♣♣*♦❝❤❡ ✺ ✷✽❤

❛♣♣*♦❝❤❡ ✻ ✷✵❤

❚❛❜❧❡❛✉ ✸✳✻ ✕ ❚❡♠♣, ❞❡ ,②♥.❤@,❡ ❞❡, ❞✐✛0*❡♥.❡, ❛♣♣*♦❝❤❡,✱ B ❧✬❛✐❞❡ ❞✬✉♥ K❈ 08✉✐♣0 ❞✬✉♥ ♣*♦❝❡,✲

,❡✉* ✐♥.❡❧ ✐✼ ✾✻✵ ✭8✉❛❞❝♦*❡ ✸✳✷●❤③✮ ❡. ❞❡ ✹ ●♦ ❞❡ ❘❆▼

K♦✉* ❝♦♥❝❧✉*❡✱ ❝❤❛8✉❡ ❛♣♣*♦❝❤❡ ♣*0,❡♥.❡ ❞❡, ❛✈❛♥.❛❣❡, ❡. ❞❡, ✐♥❝♦♥✈0♥✐❡♥.,✳ ▲✬❛♣♣*♦❝❤❡ ❢*08✉❡♥✲

.✐❡❧ ❞0.❡*♠✐♥✐,.❡ ✭❛♣♣*♦❝❤❡ ✸✮ ♦❜.✐❡♥. ❞❡ ❜♦♥, *0,✉❧.❛., ❛✉,,✐ ❜✐❡♥ ❡♥ .❡*♠❡ ❞❡ ♣❡*❢♦*♠❛♥❝❡ ❡♥

,✉✐✈✐ ❞❡ ❝♦♥,✐❣♥❡,✱ ❞❡ *♦❜✉,.❡,,❡ ♣❛* *❛♣♣♦*. ❛✉① ✈❛*✐❛.✐♦♥, ❞❡ E ❡. ❞❡ V ❡. ❡♥ .❡♠♣, ❞✬❡①0✲

❝✉.✐♦♥✳ ❈❡♣❡♥❞❛♥.✱ ❝♦♥.*❛✐*❡♠❡♥. ❛✉① ❛♣♣*♦❝❤❡, ,.♦❝❤❛,.✐8✉❡,✱ ❡❧❧❡ ♥❡ ♣❡*♠❡. ♣❛, ❞❡ ✜①❡* ✉♥❡

❝♦♥.*❛✐♥.❡ ,✉* ❧✬❡**❡✉* ♠❛①✐♠❛❧❡ ❞❡ .❡♥,✐♦♥✳ ❉❡ ♣❧✉,✱ ❧✬❛♣♣*♦❝❤❡ ❢*08✉❡♥.✐❡❧❧❡ ❞0.❡*♠✐♥✐,.❡ ♥❡



✶✵✷❈❍❆#■❚❘❊ ✸✳ ❖#❚■▼■❙❆❚■❖◆▼❯▲❚■❈❘■❚➮❘❊ ❉❯ ❈❖▼#❖❘❚❊▼❊◆❚❉❊ ▲❆ ❇❆◆❉❊

♣$❡♥❞ ❡♥ ❝♦♠♣+❡ ,✉❡ ❧❛ 0+❛❜✐❧✐+3 ❞✉ 0②0+5♠❡✱ ♣❛0 ❧❡ ♠❛✐♥+✐❡♥ ❞❡0 ♣❡$❢♦$♠❛♥❝❡0 ❧♦$0,✉❡ ❧❡0 ♣❛✲

$❛♠5+$❡0 ✈❛$✐❡♥+✳ ▲❡0 ❛♣♣$♦❝❤❡0 0+♦❝❤❛0+✐,✉❡0 ✭❛♣♣$♦❝❤❡0 ✹ ❡+ ✺✮ ♦♥+ ❧✬❛✈❛♥+❛❣❡ ❞❡ ♣♦✉✈♦✐$ ✜①❡$

✉♥❡ ❡$$❡✉$ ♠❛①✐♠❛❧❡ ❛✉+♦$✐03❡ ❞❡ +❡♥0✐♦♥ ❞❡ ❜❛♥❞❡ ♣♦✉$ ✉♥❡ ❧♦✐ ❞❡ ♣$♦❜❛❜✐❧✐+3 ❞♦♥♥3❡0 ❞❡0

♣❛$❛♠5+$❡0 ✈❛$✐❛♥+0✳

✸✳✹✳✷✳✽ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ♣/✐1❡ ❡♥ ❝♦♠♣4❡ ❞❡1 ♣❡/4✉/❜❛4✐♦♥1

❈♦♠♠❡ ♣$30❡♥+3 ♣$3❝3❞❡♠♠❡♥+✱ ❧❛ ♣♦♥❞3$❛+✐♦♥ Wd ♣❡$♠❡+ ❞❡ ♣$❡♥❞$❡ ❡♥ ❝♦♠♣+❡ ❧❡0 ♣❡$+✉$❜❛✲

+✐♦♥0 ❞✉ 0②0+5♠❡ ✭✈♦✐$ ✜❣✉$❡ ✷✳✺✮✳ ❉❛♥0 ❧✬❛♣♣❧✐❝❛+✐♦♥ ♣$30❡♥+3❡✱ ❧❡0 ✏♣❡$+✉$❜❛+✐♦♥0✑ 0♦♥+ ❝♦♠♣♦✲

03❡0 ❞✬✉♥❡ ♣❛$+ ❞❡ ❧❛ ❝♦♥0✐❣♥❡ ❞❡ ✈✐+❡00❡ ❡+ ❞✬❛✉+$❡ ♣❛$+ ❞❡0 ❢♦$❝❡0 ❛♣♣❧✐,✉3❡0 ♣❛$ ❧❡0 ✈3$✐♥0 0✉$

❧❡0 ❞❛♥0❡✉$0 ♣❡♥❞✉❧❛✐$❡0✳ ❏✉0,✉❡ ✐❝✐✱ ❧❛ ♣♦♥❞3$❛+✐♦♥ 3+❛✐+ ❝♦♥0✐❞3$3❡ ♥✉❧❧❡ ❡+ ❧❡0 ♣❡$+✉$❜❛+✐♦♥0

❝✐+3❡0 ♥✬3+❛✐❡♥+ ❞♦♥❝ ♣❛0 ❝♦♥0✐❞3$3❡0✳ ▲❡ ✜❧+$❡ Wd ❡0+ ❞❡ ❧❛ ❢♦$♠❡ ✿

Wd =





Wd1 0 0
0 Wd2 0
0 0 Wd3





✭✸✳✷✹✮

▲❡ ✜❧+$❡ Wd1 ❡0+ $❡❧❛+✐❢ L ❧❛ ❝♦♥0✐❣♥❡ ❞❡ ✈✐+❡00❡ ❡+ ✈❛✉+ Wd1 = 0.001✳ ▲❡0 ❞❡✉① ✜❧+$❡0 $❡❧❛+✐❢0 ❛✉①

❢♦$❝❡0 ❞❡0 ✈3$✐♥0 ❛❣✐00❛♥+ ❡♥ ❜❛00❡0 ❢$3,✉❡♥❝❡0✱ 0♦♥+ ❝❤♦✐0✐0 ❞❡ ❧❛ ❢♦$♠❡ ✿

Wdi(s) =
KWdi

1 + τWdis
✭✸✳✷✺✮

▲❡0 +❡$♠❡0 KWdi ❡+ τWdi 0♦♥+ ♦♣+✐♠✐030✱ ♣♦✉$ ❝❤❛,✉❡ ❞❛♥0❡✉$✱ ❛✜♥ ❞❡ ♠✐♥✐♠✐0❡$ ❧✬❡$$❡✉$ ❞❡

♣♦0✐+✐♦♥ ❞❡0 ❜$❛0 ❞❡0 ❞❡✉① ❞❛♥0❡✉$0✳ ▲❡0 ♣♦0✐+✐♦♥0 ❛♥❣✉❧❛✐$❡0 ❛②❛♥+ ✉♥❡ ♣❡+✐+❡ ❛♠♣❧✐+✉❞❡ ❀ ❧❡

❝$✐+5$❡ ■❆❊ 0❡$❛ ✉+✐❧✐03✳ ❯♥❡ ❝♦♥+$❛✐♥+❡ 0✉$ ❧❛ ✈❛❧❡✉$ ♠❛①✐♠❛❧❡ ❞❡ ❧❛ ♣♦0✐+✐♦♥ ❛♥❣✉❧❛✐$❡ ❞❡ ❝❤❛,✉❡

❞❛♥0❡✉$ ❡0+ ❛❥♦✉+3❡✳ ▲❡ ♣$♦❜❧5♠❡ ❞✬♦♣+✐♠✐0❛+✐♦♥ ❡0+ ❢♦$♠✉❧3 ❞❡ ❧❛ ♠❛♥✐5$❡ 0✉✐✈❛♥+❡ ✿

Minimiser

∫ T

0
|αd(t)|dt+

∫ T

0
|αe(t)|dt

sous la contrainte |αd(t)| < 5 & |αe(t)| < 5
✭✸✳✷✻✮

❈❡ ♣$♦❜❧5♠❡ ❞✬♦♣+✐♠✐0❛+✐♦♥ ❡0+ $30♦❧✉ ♣❛$ ✉♥ ❛❧❣♦$✐+❤♠❡ ❣3♥3+✐,✉❡ ❞❡ +②♣❡ ▼❖●❆✷ ❛✈❡❝ ✉♥❡

❝♦♥✜❣✉$❛+✐♦♥ 0✐♠✐❧❛✐$❡ L ❝❡❧❧❡ ✉+✐❧✐03❡ ♣♦✉$ ❧❡0 ♣$♦❜❧5♠❡0 ❞3❝$✐+0 ♣$3❝3❞❡♠♠❡♥+✳ ❆ ❝❤❛,✉❡ ✐+3$❛✲

+✐♦♥✱ ❧❡0 ❝♦$$❡❝+❡✉$0 0♦♥+ $❡❝❛❧❝✉❧30 ♣❛$ ✉♥❡ ❜♦✉❝❧❡ ✐♥+❡$♥❡ ❞✬♦♣+✐♠✐0❛+✐♦♥ ✉+✐❧✐0❛♥+ ❧✬❛❧❣♦$✐+❤♠❡

❞❡ ❆♣❦❛$✐❛♥ ❡+ ◆♦❧❧ ❬❆❇◆✵✼❪✳ ▲❛ 0②♥+❤50❡ ❛✈❡❝ ❧❡ ✜❧+$❡ Wd ♦♣+✐♠❛❧ ❡0+ ❡♥0✉✐+❡ ❝♦♠♣❛$3❡ ❛✈❡❝ ❧❛

0②♥+❤50❡ 0❛♥0 ❝❡ ✜❧+$❡ ✭Wd = 0✮✳

▲❛ ✜❣✉$❡ ✸✳✷✼ ♠♦♥+$❡ ❧❡0 0✐♠✉❧❛+✐♦♥0 ❞✉ 0②0+5♠❡ ♣♦✉$ ❧❡0 ❞❡✉① 0②♥+❤50❡0✳ ❯♥❡ ❞✐✛3$❡♥❝❡ 0✐❣♥✐✜❝❛✲

+✐✈❡ ❡0+ ♦❜0❡$✈3❡ 0✉$ ❧❡0 ♣♦0✐+✐♦♥0 ❛♥❣✉❧❛✐$❡0 ❞❡0 ❜$❛0 ❞❡0 ❞❡✉① ❞❛♥0❡✉$0 ✿ ❧❡0 ❛♥❣❧❡0 ❞❡0 ❞❛♥0❡✉$0

0♦♥+ ❜✐❡♥ ♠♦✐♥0 ✐♠♣♦$+❛♥+0 ❧♦$0,✉❡ ❧❡0 ♣❡$+✉$❜❛+✐♦♥0 0♦♥+ ♣$✐0❡0 ❡♥ ❝♦♠♣+❡ ❞❛♥0 ❧❛ 0②♥+❤50❡✳

▲❡0 ③♦♥❡0 ❞❡ 0+❛❜✐❧✐+3 ❞❡0 0②♥+❤50❡0 ❛✈❡❝ ❡+ 0❛♥0 ♣$✐0❡ ❡♥ ❝♦♠♣+❡ ❞❡0 ♣❡$+✉$❜❛+✐♦♥0 0♦♥+ ❝♦♠♣❛✲
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♣❡7❢♦7♠❛♥❝❡- ❞②♥❛♠✐C✉❡- ❞✬✉♥❡ ❧✐❣♥❡ ❞✬❡♥.7❛✐♥❡♠❡♥. ❞❡ ❜❛♥❞❡✳ ❈❡♣❡♥❞❛♥. ✐❧ ❡-. 3❣❛❧❡♠❡♥. ❢♦7.
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❧❡ ❝❛❞7❡ ❞❡ ❝❡ .7❛✈❛✐❧ ✿ ❧❛ -❡❝♦♥❞❡ ✭B ♣❛7.✐7 ❞❡ ❧❛ ❣❛✉❝❤❡✮✱ ❧❛ C✉❛.7✐;♠❡ ✭❡. ❞♦♥❝ ❧❡ .7❛❝.❡✉7 ♠❛✐.7❡

-❡ -✐.✉❡ ❛✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❧✐❣♥❡✮✱ ♦✉ ❧❛ -✐①✐;♠❡ ♣♦-✐.✐♦♥ ✭B ♣❛7.✐7 ❞❡ ❧❛ ❣❛✉❝❤❡✮✳

▲❛ ♣♦-✐.✐♦♥ ❞✉ .7❛❝.❡✉7 ♠❛✐.7❡ ❛ ✉♥❡ ✐♥✢✉❡♥❝❡ -✉7 ❧❛ -.7✉❝.✉7❡ ❣❧♦❜❛❧❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ✿ ❧❡-

.7❛❝.❡✉7- -✐.✉3- ❡♥ ❛♠♦♥. ♦✉ ❡♥ ❛✈❛❧ ❞✉ .7❛❝.❡✉7 ♠❛V.7❡ ♥✬✉.✐❧✐-❡♥. ♣❛- ❧❡ ♠H♠❡ ❡♠♣❧❛❝❡♠❡♥. ❞❡-

❝❛♣.❡✉7- ❞❡ ❢♦7❝❡ ✭✈♦✐7 ✜❣✉7❡ ✸✳✸✵✮ ✿ ❧❛ ♠❡-✉7❡ ❞❡ .❡♥-✐♦♥ ♣❡✉. -❡ -✐.✉❡7 ❛✈❛♥. ♦✉ ❛♣7;- ❧❡ 7♦✉❧❡❛✉

♠♦.♦7✐-3✱ -❡❧♦♥ ❧❡ ❝❛-✳
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✸✳✹✳ ❖$❚■▼■❙❆❚■❖◆ ❉❊❙ ❙❨❙❚➮▼❊❙ ❉✬❊◆❚❘❆■◆❊▼❊◆❚ ❉❊ ❇❆◆❉❊❙ ❋▲❊❳■❇▲❊❙ ✶✶✶

❡"# "✐♠✉❧( ♣♦✉+ ✉♥❡ (❧❛"#✐❝✐#( ❞❡ ❜❛♥❞❡ ❞✐✈✐"(❡ ♣❛+ ✉♥ ❢❛❝#❡✉+ ✺✳ ▲❡" +("✉❧#❛#" ❞❡ "✐♠✉❧❛#✐♦♥ "♦♥#

❞♦♥♥(" 6 ❧❛ ✜❣✉+❡ ✸✳✸✻✳

❈❡" "✐♠✉❧❛#✐♦♥" ♠♦♥#+❡♥# <✉❡ ❧❡ "②"#>♠❡ ❡"# ♠♦✐♥" +♦❜✉"#❡ ❛✉① ✈❛+✐❛#✐♦♥" ❞❡ ❧✬(❧❛"#✐❝✐#( ❧♦+"<✉❡

❧❡" ❜❛♥❞❡" ♣❛""❛♥#❡" ❛✉❣♠❡♥#❡♥#✳ ❉❡ ♣❧✉"✱ ❧❛ ❝♦♥✜❣✉+❛#✐♦♥ ❞❛♥" ❧❛<✉❡❧❧❡ ❧❡ #+❛❝#❡✉+ ♠❛✐#+❡ ❡"#

"✐#✉( ❡♥ "✐①✐>♠❡ ♣♦"✐#✐♦♥ ❡"# ♠♦✐♥" +♦❜✉"#❡ <✉❡ ❧❡" ❛✉#+❡"✳ ❊♥ ❡✛❡#✱ ❧♦+"<✉❡ E ✈❛+✐❡ ❝❡##❡ ❝♦♥✜✲

❣✉+❛#✐♦♥ ❝♦♥❞✉✐# 6 ❞❡ ♣❧✉" ❣+❛♥❞❡ ❡++❡✉+" ❞❡ #❡♥"✐♦♥ ❞❡ ❜❛♥❞❡✳

F♦✉+ ❝♦♥❝❧✉+❡✱ ❝❡##❡ (#✉❞❡ ❛ ♣❡+♠✐" ❞✬♦❜"❡+✈❡+ <✉❡ ❧❡ +❡❥❡# ❞❡ ♣❡+#✉+❜❛#✐♦♥" ❡# ❧❛ +♦❜✉"#❡""❡ ♣❛✲

+❛♠(#+✐<✉❡ "♦♥# ❞❡✉① ♦❜❥❡❝#✐❢" ❛♥#❛❣♦♥✐"#❡"✳ ❊♥ ❡✛❡#✱ ❧♦+"<✉❡ ❧❡" ❜❛♥❞❡" ♣❛""❛♥#❡" "♦♥# ❢❛✐❜❧❡"✱

❧❡ "②"#>♠❡ ❡"# ♣❧✉" +♦❜✉"#❡ ❛✉① ✈❛+✐❛#✐♦♥" ❞❡ ❧✬(❧❛"#✐❝✐#( ❞❡ ❧❛ ❜❛♥❞❡ ♠❛✐" ❧❡ "②"#>♠❡ ❡"# "❡♥"✐❜❧❡

❛✉① ♣❡+#✉+❜❛#✐♦♥"✳ ❆ ❧✬✐♥✈❡+"❡✱ ❞❡" ❜❛♥❞❡" ♣❛""❛♥#❡" (❧❡✈(❡" ❛""✉+❡♥# ✉♥ ❜♦♥ +❡❥❡# ❞❡ ♣❡+#✉+✲

❜❛#✐♦♥" ♠❛✐" ❧❡ "②"#>♠❡ ❡"# ❛❧♦+" ♣❧✉" "❡♥"✐❜❧❡ ❛✉① ✈❛+✐❛#✐♦♥" ❞❡ E✳ ❉❡ ♣❧✉"✱ ❧❛ ❝♦♥✜❣✉+❛#✐♦♥

✉#✐❧✐"❛♥# ❧❡ "✐①✐>♠❡ #+❛❝#❡✉+ ❝♦♠♠❡ ♠❛✐#+❡ ❡"# ♠❡✐❧❧❡✉+❡ <✉❡ ❧❡" ❛✉#+❡" ❡♥ ❝❡ <✉✐ ❝♦♥❝❡+♥❡ ❧❡ +❡❥❡#

❞❡ ♣❡+#✉+❜❛#✐♦♥"✱ ❛❧♦+" <✉❡ ❝❡##❡ ❝♦♥✜❣✉+❛#✐♦♥ ❡"# ❧❛ ♠♦✐♥" ❜♦♥♥❡ ❧♦+"<✉❡ ❧✬(❧❛"#✐❝✐#( ❞❡ ❧❛ ❜❛♥❞❡

✈❛+✐❡✳

▲✬(#✉❞❡ ❞(#❛✐❧❧(❡ ❞❡ ❧✬❡♠♣❧❛❝❡♠❡♥# ♦♣#✐♠❛❧ ❞✉ #+❛❝#❡✉+ ♠❛✐#+❡ ❡# ❞✉ +(❣❧❛❣❡ ❞❡" ❜❛♥❞❡" ♣❛""❛♥#❡"

❛ ❢❛✐# ❧✬♦❜❥❡# ❞✬✉♥❡ ♣✉❜❧✐❝❛#✐♦♥ ❬❋❑✶✸❛❪ +❡♣+♦❞✉✐#❡ ❡♥ ❆♥♥❡①❡ ❞❡ ❝❡ ♠(♠♦✐+❡✳ ❉❡" +❡❝♦♠♠❛♥✲

❞❛#✐♦♥" ♣♦✉+ ❧✬✐♥❞✉"#+✐❡ ② "♦♥# ✐♥❞✐<✉(❡"✳ ❉❡ ♣❧✉"✱ ❧✬❛♥❛❧②"❡ ❞✉ ❧✐❡✉ ❞❡" ♣M❧❡" ❡# ❞❡" ③(+♦" ❞✉

"②"#>♠❡ ❜♦✉❝❧(✱ ❡♥ ❢♦♥❝#✐♦♥ ❞❡ E✱ ❡"# ❞(❝+✐#❡✳

✸✳✹✳✸✳✷ ■♥✢✉❡♥❝❡ ❞❡ ❧❛ ❜❛♥❞❡ ♣❛//❛♥0❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡ ✈✐0❡//❡ /✉4 ❧❡/ ♣❡4❢♦4♠❛♥❝❡/

❞✉ /②/08♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡4♠9❡ ❞✉ ❜❛♥❝ ✐♥❞✉/04✐❡❧

❉❛♥" ❝❡##❡ (#✉❞❡✱ ✐❧ "✬❛❣✐# ❞✬♦❜"❡+✈❡+ ❧✬✐♥✢✉❡♥❝❡ ❞✬✉♥❡ ✈❛+✐❛#✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡ ♣❛""❛♥#❡ ❞❡ ❧✬❛""❡+✲

✈✐""❡♠❡♥# ❞❡ ✈✐#❡""❡ ❞✉ ❜❛♥❝ ❡①♣(+✐♠❡♥#❛❧ ❞❡ ❧✬❯❞❙ "✉+ ❧❡" ♣❡+❢♦+♠❛♥❝❡" ❞②♥❛♠✐<✉❡ ❞✉ "②"#>♠❡

❜♦✉❝❧( ✭❛✈❡❝ ❛""❡+✈✐""❡♠❡♥# ❞❡ #❡♥"✐♦♥ ❞❡ ❜❛♥❞❡ ❡# ❞❡ ♣♦"✐#✐♦♥ ❞❡" ❞❛♥"❡✉+"✮✳ ❉❛♥" ❝❡# ❡①❡♠♣❧❡✱ ❧❛

❜❛♥❞❡ ♣❛""❛♥#❡ ❞❡ ✈✐#❡""❡ ♣❡✉# ♣+❡♥❞+❡ ❛+❜✐#+❛✐+❡♠❡♥# "♦✐# ❧❛ ✈❛❧❡✉+ ❞❡ 600rad/s✱ "♦✐# 200rad/s✳
❊♥ ❡✛❡#✱ (#❛♥# ❞♦♥♥( ❧❛ ❝♦♠♣❧❡①✐#( ❞✉ "②"#>♠❡" ❝♦♥"✐❞(+( ✭♥♦♠❜+❡ ❞❡ +♦✉❧❡❛✉① ❧✐❜+❡"✱ ♣+("❡♥❝❡

❞❡ ❞❛♥"❡✉+" ♣❡♥❞✉❧❛✐+❡"✱ ✳✳✳✮ ❧❛ ❜♦✉❝❧❡ ❞❡ ✈✐#❡""❡ ♥❡ ♣❡✉# ♣❛" T#+❡ ❛✉""✐ ❧❡♥#❡ <✉❡ ♣♦✉+ ❧❡ "②"#>♠❡

❣(♥(+✐<✉❡ ❞✉ ♣❛+❛❣+❛♣❤❡ ♣+(❝(❞❡♥#✳

▲❛ ✜❣✉+❡ ✸✳✸✼ ♣+("❡♥#❡ ❧❡" ✈❛❧❡✉+" "✐♥❣✉❧✐>+❡" ♠❛①✐♠❛❧❡" ❡# ♠✐♥✐♠❛❧❡" ❞❡" "②"#>♠❡" ❡♥ ❜♦✉❝❧❡

❢❡+♠(❡ ♣♦✉+ ❧❡" ❞❡✉① +(❣❧❛❣❡" ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡♥ ✈✐#❡""❡✳ ▲❛ ❞✐✛(+❡♥❝❡ ❡♥#+❡ ❧❡" ❞❡✉① +(❣❧❛❣❡"

♥✬❡"# ♣❛" ♥♦#❛❜❧❡ ✿ ❧❡" ❞❡✉① ❝♦♠♣♦+#❡♠❡♥# ❢+(<✉❡♥#✐❡❧" "♦♥# #+>" "✐♠✐❧❛✐+❡"✳ ❉❡ ♣❧✉"✱ ❧❛ ❧♦❝❛❧✐"❛#✐♦♥

❞❡" ♣M❧❡" ♣♦✉+ ❧❡" ❞❡✉① "②"#>♠❡" ❜♦✉❝❧(" ❡"# <✉❛"✐✲✐❞❡♥#✐<✉❡✳

▲❛ ✜❣✉+❡ ✸✳✸✾ ♠♦♥#+❡ ❧❡" "✐♠✉❧❛#✐♦♥" ❞✉ ♠♦❞>❧❡ ♥♦♥✲❧✐♥(❛✐+❡ ♣♦✉+ ❧❡" ❞✐✛(+❡♥#" ✈❛❧❡✉+" ❞❡ ❧❛ ❜❛♥❞❡

♣❛""❛♥#❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡ ✈✐#❡""❡✳ ▲❡" ❞✐✛(+❡♥❝❡" ❡♥#+❡ ❧❡" ❞❡✉① ❝♦♥✜❣✉+❛#✐♦♥" "♦♥# #+>" ♠✐♥✐♠❡"✳

▲❛ ❝♦♥✜❣✉+❛#✐♦♥ ❛✈❡❝ ✉♥❡ ❢+(<✉❡♥❝❡ ❞❡ ❝♦✉♣✉+❡ ❞❡ 600rad/s "❡♠❜❧❡ ❧(❣>+❡♠❡♥# ♠❡✐❧❧❡✉+❡✳ ❊♥

❡✛❡#✱ ❧❡" ♣♦"✐#✐♦♥" ❛♥❣✉❧❛✐+❡" ❞❡" ❞❡✉① ❞❛♥"❡✉+" "♦♥# ♣❧✉" ♣+♦❝❤❡" ❞❡ ❧❛ ❝♦♥"✐❣♥❡ ❡# ❧❛ #❡♥"✐♦♥

✐♥#❡+♠(❞✐❛✐+❡ ❡"# ♠♦✐♥" ♦"❝✐❧❧❛♥#❡ ❧♦+" ❞❡ "❛✉#" ❞❡ #❡♥"✐♦♥✳

▲✬(#✉❞❡ ❞❡" ❝♦♠♣♦+#❡♠❡♥#" ❢+(<✉❡♥#✐❡❧ ❡# #❡♠♣♦+❡❧ ❞✉ "②"#>♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡+♠(❡ ♣♦✉+ ❧❡" ❞❡✉①

❜❛♥❞❡" ♣❛""❛♥#❡" ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡ ✈✐#❡""❡ ♥❡ ♣❡+♠❡# ♣❛" ❞❡ ♠♦♥#+❡+ ✉♥❡ ❞✐✛(+❡♥❝❡ ♥♦#❛❜❧❡✳ ❯♥❡

(#✉❞❡ ❞❡ ❧❛ "#❛❜✐❧✐#( ♣❛+❛♠(#+✐<✉❡" "✬✐♠♣♦"❡ ♣♦✉+ ✈(+✐✜❡+ "✐ ❧❛ ❜❛✐""❡ ❞❡ ❧❛ ❜❛♥❞❡ ♣❛""❛♥#❡ ❞❡

❧❛ ❜♦✉❝❧❡ ❞❡ ✈✐#❡""❡ ♠♦❞✐✜❡ ❧❛ ③♦♥❡ ❞❡ "#❛❜✐❧✐#( ♣❛+❛♠(#+✐<✉❡✳ ▲❡ ♣+✐♥❝✐♣❡ ❡"# ❞❡ ❢❛✐+❡ ✈❛+✐❡+ ❧❛

✈✐#❡""❡ ❞❡ ❞(✜❧❡♠❡♥# ❡# ❧✬(❧❛"#✐❝✐#( ❞❡ ❧❛ ❜❛♥❞❡ ❡# ❞✬♦❜"❡+✈❡+ ❧✬❛❜"❝✐""❡ "♣❡❝#+❛❧❡ ❞✉ "②"#>♠❡ ❡♥

❜♦✉❝❧❡ ❢❡+♠(❡ ✭♥♦✉" ❛♥❛❧②"♦♥" ❞♦♥❝ ❧❡ "②"#>♠❡ ❧✐♥(❛✐+❡ ❛""❡+✈✐✮✳

▲❛ ✜❣✉+❡ ✸✳✸✽ ♠♦♥#+❡ <✉❡ ❧❛ ③♦♥❡ ❞❡ "#❛❜✐❧✐#( ❡"# (❧❛+❣✐❡ ♣♦✉+ ✉♥❡ ❜❛♥❞❡ ♣❛""❛♥#❡ ❞❡ ✷✵✵ +❛❞✴"❡❝✳
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❋✐❣✉$❡ ✸✳✸✼ ✕ ❱❛❧❡✉+, ,✐♥❣✉❧✐0+❡, ❞✉ ,②,30♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡+♠9❡ ♣♦✉+ ♣❧✉,✐❡✉+, ✈❛❧❡✉+, ❞❡ ❧❛ ❜❛♥❞❡
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❋✐❣✉$❡ ✸✳✹✾ ✕ ❩♦♥❡ ❞❡ 1.❛❜✐❧✐.7 ❞❡1 ❝♦55❡❝.❡✉51 ❡♥ ❢♦♥❝.✐♦♥ ❞❡1 ✈❛5✐❛.✐♦♥1 ❞❡1 ♣❛5❛♠?.5❡1 E0 ❡.

V0

▲❡ ❞❛♥1❡✉5 ♣❡♥❞✉❧❛✐5❡ ❡1. ♣5✐♥❝✐♣❛❧❡♠❡♥. ✉.✐❧✐17 ♣♦✉5 ✜❧.5❡5 ❧❡1 ♣❡5.✉5❜❛.✐♦♥1 ✐11✉❡1 ❞❡1 ❜♦❜✐♥❡1

❞✉ ❞75♦✉❧❡✉5 ❡. ❞❡ ❧✬❡♥5♦✉❧❡✉5 ❬D❉❩D✵✸❪✳ D♦✉5 1✐♠✉❧❡5 ❧❡1 ♣❡5❢♦5♠❛♥❝❡1 ❞❡ ✜❧.5❛❣❡✱ ♥♦✉1 1✐♠✉❧♦♥1

❧❡ ❞75♦✉❧❡♠❡♥. ❞✬✉♥❡ ❜♦❜✐♥❡ ❝✐5❝✉❧❛✐5❡ ♠❛✐1 ❡①❝❡♥.57❡ ❞❡ ✺ ❝♠✳ ◆♦✉1 ❛✈♦♥1 ✿

Rdp(t) = Rd(t) + 0.05 sin(θ(t)) ✭✸✳✷✾✮

♦O Rdp(t) ❡1. ❧❡ 5❛②♦♥ ❞75♦✉❧❡✉5 ♣❡5.✉5❜7✱ Rd(t) ❡1. ❧❡ 5❛②♦♥ ❞❡ ❧❛ ❜♦❜✐♥❡ ♥♦♥ ❡①❝❡♥.57❡ ❡. θ ❡1.
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▲❡ $0♦✐'✐-♠❡ ❝❤❛♣✐$0❡ ❝♦♥$✐❡♥$ ❧❡' ❝♦♥$0✐❜✉$✐♦♥' ♠❛❥❡✉0❡' ❞❡ ❝❡' $0❛✈❛✉① ❞❡ $❤-'❡✳ ■❧ ❞.❝0✐$✱ ❞❛♥'

✉♥ ♣0❡♠✐❡0 $❡♠♣'✱ ❧❡' ♠.$❤♦❞❡' ❞✬♦♣$✐♠✐'❛$✐♦♥ ✉$✐❧✐'.❡' ♣♦✉0 ❧❛ ❝♦♥❝❡♣$✐♦♥ ❞❡ '②'$-♠❡' ♠.❝❛$0♦✲

♥✐1✉❡'✱ ❛✈❡❝ ♣0✐'❡ ❡♥ ❝♦♠♣$❡ ❞✬✐♥❝❡0$✐$✉❞❡' ♣❛0❛♠.$0✐1✉❡'✳ ❉❛♥' ✉♥ '❡❝♦♥❞ $❡♠♣'✱ ✉♥❡ ❛$$❡♥$✐♦♥

♣❛0$✐❝✉❧✐-0❡ ❡'$ ♣♦0$.❡ > ❧❛ '②♥$❤-'❡ ❞❡ ❝♦♠♠❛♥❞❡' ❡♥ $❡♥'✐♦♥ ❞❡ '②'$-♠❡' ❞✬❡♥$0❛✐♥❡♠❡♥$ ❞❡

❜❛♥❞❡'✳ ▲❡' ❝0✐$-0❡' ✉'✉❡❧❧❡♠❡♥$ ✉$✐❧✐'.' '♦♥$ '✉❝❝✐♥❝$❡♠❡♥$ .♥✉♠.0.'✱ ♣✉✐' ❞✐✛.0❡♥$❡' ❛♣♣0♦❝❤❡'

❞✬♦♣$✐♠✐'❛$✐♦♥ '♦♥$ ❞.❝0✐$❡' ❡$ ❝♦♠♣❛0.❡' ❞✬✉♥❡ ♣❛0$ ❛✈❡❝ ❧❛ ♠.$❤♦❞❡ ❝❧❛''✐1✉❡ ❞.❝0✐$❡ ❛✉ ❝❤❛♣✐$0❡

✷ ❡$ ❞✬❛✉$0❡ ♣❛0$✱ ❡❧❧❡ '♦♥$ .❣❛❧❡♠❡♥$ ❝♦♠♣❛0.❡' ❡♥$0❡ ❡❧❧❡'✳ ❉❡' ❛♣♣0♦❝❤❡' ✐♥♥♦✈❛♥$❡' ❛♣♣❧✐1✉.❡'

> ❧❛ '②♥$❤-'❡ ❞❡ ❝♦♠♠❛♥❞❡' ❞❡ '②'$-♠❡' ♠.❝❛$0♦♥✐1✉❡' ♦♥$ .$. ❞.✈❡❧♦♣♣.❡' ❡$ ❛❞❛♣$.❡' > ❝❡

❞♦♠❛✐♥❡ ❞✬❛♣♣❧✐❝❛$✐♦♥✳ ❈❤❛1✉❡ ♠.$❤♦❞❡ ♣♦''-❞❡ '❡' ❛✈❛♥$❛❣❡' ❡$ '❡' ✐♥❝♦♥✈.♥✐❡♥$'✳

❈❡ ❝❤❛♣✐$0❡ $0❛✐$❡ .❣❛❧❡♠❡♥$ ❞✉ ❝❤♦✐① ♦♣$✐♠❛❧ ❞❡ ❧❛ '$0✉❝$✉0❡ ❞✉ '②'$-♠❡ ❡♥ '❡ ❝♦♥❝❡♥$0❛♥$
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❞❡ ❝♦♥❝❡✈♦✐8 ✉♥ %②%*3♠❡ F ♣❛8*✐8 ❞❡ ❜❧♦❝% .❧.♠❡♥*❛✐8❡%✳
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#❡♠❡♥# ❞❡ ❧❛ ❜❛♥❞❡ ❡♥ ✸ ❞✐♠❡♥-✐♦♥- -♦♥# ❡♥ ❝♦✉1- ❛✉ -❡✐♥ ❞❡ ❧✬34✉✐♣❡ ❞❡ 1❡❝❤❡1❝❤❡✳ ❈❡- #1❛✈❛✉①

♣♦✉11❛✐❡♥# ;#1❡ ❝♦✉♣❧3- ❛✈❡❝ ❧❡- ❛♣♣1♦❝❤❡- ❞✬♦♣#✐♠✐-❛#✐♦♥ ♣13-❡♥#3❡-✳ ❈❡- #1❛✈❛✉① ❞♦♥♥❡1♦♥# ❛✐♥-✐

❞❡ ♥♦✉✈❡❧❧❡- ✈❛1✐❛❜❧❡- ❞❡ ❞3❝✐-✐♦♥ #❡❧❧❡- 4✉❡ ❧❡ #②♣❡ ❞❡ 1❡✈;#❡♠❡♥# ♣13-❡♥# -✉1 ❧❡- 1♦✉❧❡❛✉①✱ ❧❛

❢♦1♠❡ ❞❡- ❝♦♥-✐❣♥❡ ❞❡ #❡♥-✐♦♥✱ ❡#❝✳✳✳ ■❧- ❞♦♥♥❡1♦♥# 3❣❛❧❡♠❡♥# ❞❡ ♥♦✉✈❡❧❧❡- ✐♥❢♦1♠❛#✐♦♥- -✉1 ❧❛

4✉❛❧✐#3 ❞✉ -②-#A♠❡ ❝♦♠♠❡ ♣❛1 ❡①❡♠♣❧❡ ❧❡- #♦❧31❛♥❝❡- ❣3♦♠3#1✐4✉❡-✳

▲❡- ❛♣♣1♦❝❤❡- ❛✈❡❝ ❝♦♥#1❛✐♥#❡- -✐① -✐❣♠❛ -♦♥# ❛♣♣❧✐4✉3❡- ❡♥ ❝♦♥-✐❞31❛♥# 4✉❡ ❧❡- ♣❛1❛♠A#1❡- ✐♥✲

❝❡1#❛✐♥- -✉✐✈❡♥# ✉♥❡ ❧♦✐ ♥♦1♠❛❧❡✳ ▲❛ ♠3#❤♦❞❡ ❞❡ ❝♦♥❝❡♣#✐♦♥ ♣♦✉11❛✐# ;#1❡ 3#❡♥❞✉❡ ❛✉ ❝❛- ♦D ❧❡-

♣❛1❛♠A#1❡- -✉✐✈❡♥# ❞✬❛✉#1❡- ❧♦✐- ❞❡ ♣1♦❜❛❜✐❧✐#3✳

▲❛ ❞✐✣❝✉❧#3 ❞❡ ❧❛ -②♥#❤A-❡ H∞ 13-✐❞❡ ❞❛♥- ❧❡ ❝❤♦✐① ❞❡- ✜❧#1❡- ❞❡ ♣♦♥❞31❛#✐♦♥✳ ■❧ -❡1❛✐# ♣♦-✲

-✐❜❧❡ ❞✬✐♥#3❣1❡1 #♦✉- ❧❡- ✜❧#1❡- ❞❡ ♣♦♥❞31❛#✐♦♥ ❛✉ ♣1♦❝❡--✉- ❞✬♦♣#✐♠✐-❛#✐♦♥✳ G❛1 ❡①❡♠♣❧❡✱ ❙❛♥❞♦✉

❬❙❛♥✶✷❪ ♣1♦♣♦-❡ ❧✬✉#✐❧✐-❛#✐♦♥ ❞✬❛❧❣♦1✐#❤♠❡- ❞✬❡--❛✐♠ ♣❛1#✐❝✉❧❛✐1❡ ♣♦✉1 13❣❧❡1 ❧❡- ♣❛1❛♠A#1❡- ❞❡-

✜❧#1❡- ❞❡ ♣♦♥❞31❛#✐♦♥✳



✶✷✻ ❈❖◆❈▲❯❙■❖◆ ●➱◆➱❘❆▲❊ ✫ -❊❘❙-❊❈❚■❱❊❙



▲✐"#❡ ❞❡" &✉❜❧✐❝❛#✐♦♥"

❘❡✈✉❡$ ✐♥'❡(♥❛'✐♦♥❛❧❡$ ❛✈❡❝ ❝♦♠✐'. ❞❡ ❧❡❝'✉(❡
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✷✵✶✶✱ ❊❧0❡✈✐❡5✱ ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ✶✷ ❙❡♣'❡♠❜❡5 ✷✵✶✷✱ ❉❖■ ✿ ✶✵✳✶✵✶✻✴❥✳♠❛'❝♦♠✳✷✵✶✷✳✵✾✳✵✵✷

✕ ❏✳ ❋(❡❝❤❛(❞✱ ❉✳ ❑♥✐''❡❧ ✿ ❉.✐✈❡ .❡7✉✐.❡♠❡♥+* ❢♦. ❡❧❛*+✐❝ ✇❡❜ .♦❧❧✲+♦✲.♦❧❧ *②*+❡♠✳▼❡❝❤❛♥✐0♠ ❛♥❞

▼❛❝❤✐♥❡ ❚❤❡♦5②✱ ❊❧0❡✈✐❡5✱ ✈♦❧✉♠❡ ✻✻✱ ♣❛❣❡0 ✶✹✕✸✶✱ ✷✵✶✸✱ ❉❖■ ✿ ✶✵✳✶✵✶✻✴❥✳♠❡❝❤♠❛❝❤'❤❡♦5②✳✷✵✶✸✳✵✸✳✵✵✺✳

❘❡✈✉❡$ ✐♥'❡(♥❛'✐♦♥❛❧❡$ ❛✈❡❝ ❝♦♠✐'. ❞❡ ❧❡❝'✉(❡ ✿ ❛('✐❝❧❡ $♦✉♠✐$

✕ ❏✳ ❋(❡❝❤❛❞✱ ❉✳ ❑♥✐''❡❧ ✿ ❘♦❜✉*+ ✇❡❜ +❡♥*✐♦♥ ❝♦♥+.♦❧❧❡. *②♥+❤❡*✐* ♦♣+✐♠✐③❛+✐♦♥ ✉♥❞❡. *✐① *✐❣♠❛

❝♦♥*+.❛✐♥+ ♦❢ ❛ ❧❛.❣❡✲*❝❛❧❡ .♦❧❧✲+♦✲.♦❧❧ *②*+❡♠ ✇✐+❤ ✉♥❝❡.+❛✐♥ ✇❡❜ ❡❧❛*+✐❝✐+②✳ ❊♥❣✐♥❡❡5✐♥❣ ❆♣♣❧✐✲

❝❛'✐♦♥0 ♦❢ ❆5'✐✜❝✐❛❧ ■♥'❡❧❧✐❣❡♥❝❡✱ ❊❧0❡✈✐❡5✱ ❛5'✐❝❧❡ 0♦✉♠✐0

❈♦♠♠✉♥✐❝❛'✐♦♥$ 6 ❞❡$ ❝♦♥❢.(❡♥❝❡$ ✐♥'❡(♥❛'✐♦♥❛❧❡$ ❛✈❡❝ ❝♦♠✐'. ❞❡ ❧❡❝'✉(❡ ❡' ❛❝'❡$

✕ ❨✳ ▼❛5'③✱ ❏✳ ❋(❡❝❤❛(❞✱ ❉✳ ❑♥✐''❡❧ ✿ ❆❞✈❛♥❝❡❞ ♠♦+✐♦♥ ❝♦♥+.♦❧ ❞❡*✐❣♥ ❢♦. ❧♦♥❣✐+✉❞✐♥❛❧ ✇❡❜

❞②♥❛♠✐❝* ✐♥ .♦❧❧✲+♦✲.♦❧❧ *②*+❡♠* ✿ ✈❡❧♦❝✐+② ♦. ♣♦*✐+✐♦♥ ❝♦♥+.♦❧ ❄ ❆❙▼❊ ■♥'❡5♥❛'✐♦♥❛❧ ❉❡0✐❣♥

❊♥❣✐♥❡❡5✐♥❣ ❚❡❝❤♥✐❝❛❧ ❈♦♥❢❡5❡♥❝❡0✱ P♦5'❧❛♥❞✱ ❯❙❆✱ ✷✵✶✸

✕ ❏✳ ❋(❡❝❤❛(❞✱ ❉✳ ❑♥✐''❡❧✱ ❏✳ ❘❡♥❛✉❞ ✿ ◆❡✇ .♦❜✉*+ ❝♦♥+.♦❧❧❡. *②♥+❤❡*✐* ♦♣+✐♠✐③❛+✐♦♥ ♠❡+❤♦❞♦❧♦❣②

✉♥❞❡. *✐① *✐❣♠❛ ❝♦♥*+.❛✐♥+ ✿ ❆♣♣❧✐❝❛+✐♦♥ +♦ ✐♥❞✉*+.✐❛❧ .♦❧❧✲+♦✲.♦❧❧ *②*+❡♠*✳ ✾
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✉♥❞❡. ♣❛.❛♠❡+.✐❝ ✉♥❝❡.+❛✐♥+✐❡*✳ ❆❙▼❊ ❇✐❡♥♥✐❛❧ ❈♦♥❢❡5❡♥❝❡ ♦♥ ❊♥❣✐♥❡❡5✐♥❣ ❙②0'❡♠0 ❉❡0✐❣♥0

❛♥❞ ❆♥❛❧②0✐0✱ ◆❛♥'❡0✱ ❋5❛♥❝❡✱ ❏✉❧② ✷✵✶✷
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❝♦♥❣*+, ❛♥♥✉❡❧ ❞❡ ❧❛ ❙♦❝✐454
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❧❛,❣❡✲/❝❛❧❡ ,♦❧❧✲&♦✲,♦❧❧ /②/&❡♠ ✉♥❞❡, ♣❛,❛♠❡&,✐❝ ✉♥❝❡,&❛✐♥&✐❡/✳ ✷✸

 ♠❡

❥♦✉*♥4❡ 4✈♦❧✉5✐♦♥♥❛✐*❡,

5❤4♠❛5✐H✉❡,✱ I❛*✐,✱ ✷✵✶✸

✕ ❱✳ ●❛,,♠❛♥♥✱ ❉✳ ❑♥✐55❡❧✱ ❏✳ ❋%❡❝❤❛%❞ ✿ ▼✉❧&✐✲❖❜❥❡❝&✐✈❡ ❘♦❜✉/& ❈♦♥&,♦❧❧❡, ❖♣&✐♠✐③❛&✐♦♥ ❢♦,

❈♦♠♣❧❡① ▼❡❝❤❛&,♦♥✐❝ ❙②/&❡♠/ ❉❡/✐❣♥ ✿ ❆♣♣❧✐❝❛&✐♦♥ &♦ ❘♦❧❧✲&♦✲❘♦❧❧ ❙②/&❡♠/✳ ✶✷

 ♠❡

❝♦♥❣*+,

❛♥♥✉❡❧ ❞❡ ❧❛ ❙♦❝✐454 ❢*❛♥7❛✐,❡ ❞❡ ❘❡❝❤❡*❝❤❡ ❖♣4*❛5✐♦♥♥❡❧❧❡ ❡5 ❞✬❆✐❞❡ > ❧❛ ❉4❝✐,✐♦♥✱ ❙5 ❊5✐❡♥♥❡✱

✷✵✶✶

❆✉*%❡( ❝♦♥❢$%❡♥❝❡( ✐♥*❡%♥❛*✐♦♥❛❧❡( ❛✈❡❝ ❛❝*❡(

✕ ❏✳ ❋%❡❝❤❛%❞✱ ❉✳ ❑♥✐55❡❧ ✿ ▼✉❧&✐✲♦❜❥❡❝&✐✈❡ ❞❡/✐❣♥ ♦♣&✐♠✐③❛&✐♦♥ ♦❢ ✐♥❞✉/&,✐❛❧ ,♦❧❧✲&♦✲,♦❧❧ /②/&❡♠/

✉/✐♥❣ ♠♦❞❡❋❘❖◆❚■❊❘✳ ▼♦❞❡❋*♦♥5✐❡* ✷✵✶✷ ❯,❡*,✬ ♠❡❡5✐♥❣✱ ❚*✐❡,5❡✱ ■5❛❧②✱ ✷✵✶✷

✕ ❉✳ ❑♥✐55❡❧✱ ❏✳ ❋%❡❝❤❛%❞ ✿ ❘♦❜✉/& ❝♦♥&,♦❧ ❞❡/✐❣♥ ❢♦, ❧♦♥❣✐&✉❞✐♥❛❧ ✇❡❜ ❞②♥❛♠✐❝/✳ ❇❛❤♥❧❛✉❢

❙❡♠✐♥❛*✱ ❈❤❡♠♥✐5③✱ ❆❧❧❡♠❛❣♥❡✱ ✷✵✶✶
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▲❛ ✜❣✉'❡ ❆✳✶ '+,✉♠❡ ❧❡ ❞+'♦✉❧❡♠❡♥2 ❞✬✉♥ ❛❧❣♦'✐2❤♠❡ ❣+♥+2✐6✉❡✳

Population
Initiale Évaluation Sélection

Croisement
mutation

Convergence ?
Oui

Évaluation

Non

❋✐❣✉$❡ ❆✳✶ ✕ ❉+'♦✉❧❡♠❡♥2 ❞✬✉♥ ❛❧❣♦'✐2❤♠❡ ❣+♥+2✐6✉❡

❆✳✶ ❘❡♣&'(❡♥*❛*✐♦♥ ❞❡( ✐♥❞✐✈✐❞✉(

❆✈❛♥2 ❞✬✉2✐❧✐,❡' ✉♥ ❛❧❣♦'✐2❤♠❡ ❣+♥+2✐6✉❡✱ ✐❧ ❢❛✉2 ❝❤♦✐,✐' ❧❛ ❢❛=♦♥ ❞♦♥2 ❧❡, ✐♥❞✐✈✐❞✉,✱ ❝♦♥2❡♥❛♥2

❧✬❡♥,❡♠❜❧❡ ❞❡, ✈❛❧❡✉', ❞❡ ❝❤❛6✉❡ ✈❛'✐❛❜❧❡ ❞❡ ❞+❝✐,✐♦♥✱ ,❡'♦♥2 '❡♣'+,❡♥2+, ❬●✉+✶✵❪✳ ▲❛ ♠❛♥✐D'❡ ❧❛

♣❧✉, ,✐♠♣❧❡ ❞❡ ❝♦❞❡' ✉♥ ✐♥❞✐✈✐❞✉ ❡,2 ❧❡ ❝♦❞❛❣❡ ❜✐♥❛✐'❡✳ ❈❤❛6✉❡ ✈❛❧❡✉' ❞❡ ✈❛'✐❛❜❧❡ ❞❡ ❞+❝✐,✐♦♥ ❡,2

'❡♣'+,❡♥2+❡ ♣❛' ,♦♥ ❝♦❞❡ ❜✐♥❛✐'❡✳ ❈❡ ❝♦❞❛❣❡ ❡,2 ✉2✐❧✐,+ ❞❛♥, ❧❛ ♣'❡♠✐D'❡ ✈❡',✐♦♥ ❞✬❛❧❣♦'✐2❤♠❡,

❣+♥+2✐6✉❡, ❬❍♦❧✾✷❪✳ ❈❡♣❡♥❞❛♥2 ❝❡ ❝♦❞❛❣❡ ♥+❝❡,,✐2❡ ❞❡ ✜①❡' ❧❡, ❜♦'♥❡, ❡2 ❧❛ ♣'+❝✐,✐♦♥ ❞❡ ❝❤❛6✉❡

✈❛'✐❛❜❧❡ ❞❡ ❞+❝✐,✐♦♥ ❛ ♣"✐♦"✐✳

❯♥❡ ❛❧2❡'♥❛2✐✈❡ ❛✉ ❝♦❞❛❣❡ ❜✐♥❛✐'❡ ❡,2 ❧❡ ❝♦❞❛❣❡ ❣'❛②✳ ▲❡, ✈❛'✐❛❜❧❡, ❞❡ ❞+❝✐,✐♦♥ ,♦♥2 '❡♣'+,❡♥2+❡,

♣❛' ✉♥ ❝♦❞❡ ❜✐♥❛✐'❡ ♠❛✐, ❧♦',6✉✬♦♥ ❛✉❣♠❡♥2❡ ❧❛ ✈❛❧❡✉' ❞✬✉♥❡ ✈❛'✐❛❜❧❡ ❞✬✉♥❡ ✉♥✐2+✱ ✐❧ ♥✬② ❛ 6✉✬✉♥

,❡✉❧ ❜✐2 6✉✐ ❝❤❛♥❣❡ ❞✬+2❛2 ❬●'❛✺✸❪✳ ▲✬❛✈❛♥2❛❣❡ ❞❡ ❝❡ ❝♦❞❛❣❡ ❡,2 6✉❡ ❞❡✉① ✐♥❞✐✈✐❞✉, ❛✈❡❝ ❞❡,

✈❛❧❡✉', ❞❡ ✈❛'✐❛❜❧❡, ❞❡ ❞+❝✐,✐♦♥ ♣'♦❝❤❡, ♦♥2 ♣❧✉, ❞❡ ,✐♠✐❧✐2✉❞❡, 6✉❡ ❞❛♥, ❧❡ ❝❛, ❞✬✉♥ ❝♦❞❛❣❡

❜✐♥❛✐'❡ ❝❧❛,,✐6✉❡✳

▲❡ ❝♦❞❛❣❡ '+❡❧ '❡♣'+,❡♥2❡ ❧❡, ✐♥❞✐✈✐❞✉, ♣❛' ❧❛ ✈❛❧❡✉' ❞✐'❡❝2❡ ❞❡, ✈❛'✐❛❜❧❡, ❞❡ ❞+❝✐,✐♦♥✳ ❈❡ ❝♦❞❛❣❡

❡,2 ♣❧✉, ✐♥2✉✐2✐❢ ♣✉✐,6✉❡ ♦♥ ♣❡✉2 ❞✐'❡❝2❡♠❡♥2 ❧❡ ❝♦♠♣'❡♥❞'❡ ,❛♥, 2'❛❞✉❝2✐♦♥✳ ❈❡♣❡♥❞❛♥2 ❧❡, ♦♣+✲

'❛2❡✉', ❣+♥+2✐6✉❡, ✭♦♣+'❛2❡✉', ♠❛2❤+♠❛2✐6✉❡, 6✉✐ ♠♦❞✐✜❡♥2 ❧❡, ✐♥❞✐✈✐❞✉,✮ ,♦♥2 ♣❧✉, ❝♦♠♣❧❡①❡,

P ♣'♦❣'❛♠♠❡'✳ ❉❡ ♥♦♠❜'❡✉① ❛❧❣♦'✐2❤♠❡, ✉2✐❧✐,❛♥2 ❧❡ ❝♦❞❛❣❡ '+❡❧ ❧❡ 2'❛❞✉✐,❡♥2 ❡♥ ❢❛✐2 ❡♥ ❜✐♥❛✐'❡

♣♦✉' ❧✬✉2✐❧✐,❡' ♣❧✉, ❛✐,+♠❡♥2✳

❈❡'2❛✐♥, ♣'♦❜❧D♠❡, ❞✬♦♣2✐♠✐,❛2✐♦♥ ✉2✐❧✐,❡♥2 ✉♥ ❝♦❞❛❣❡ ♣❛'2✐❝✉❧✐❡'✳ Q❛' ❡①❡♠♣❧❡✱ ❧❛ '❡♣'+,❡♥2❛2✐♦♥

,♦✉, ❢♦'♠❡ ❞✬❛'❜'❡, ❡,2 ✉2✐❧✐,+❡ ♣❛' ❧❛ ♣'♦❣'❛♠♠❛2✐♦♥ ❣+♥+2✐6✉❡ ❬❑♦③✾✷❪✳ ❖♥ ♣❡✉2 +❣❛❧❡♠❡♥2 ❝✐2❡'

❧❡ ♣'♦❜❧D♠❡ ❞✉ ✈♦②❛❣❡✉' ❞❡ ❝♦♠♠❡'❝❡ ❬❲❍✶✷❪ 6✉✐ ✉2✐❧✐,❡ ✉♥❡ ♣❡'♠✉2❛2✐♦♥ ❞❡ ❝❤✐✛'❡, ♦✉ ❞❡ ❧❡22'❡,

♣♦✉' '❡♣'+,❡♥2❡' ❝❤❛6✉❡ ✐♥❞✐✈✐❞✉,✳

❯♥❡ ❢♦✐, ❧❛ '❡♣'+,❡♥2❛2✐♦♥ ❞❡, ✐♥❞✐✈✐❞✉, ❝❤♦✐,✐❡ ♦♥ ♣❡✉2 ♣❛,,❡' P ❧✬+2❛♣❡ ,✉✐✈❛♥2❡ 6✉✐ ❡,2 ❧❛ ❣+♥+✲

'❛2✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛2✐♦♥ ✐♥✐2✐❛❧❡✳

❉❛♥, ❧❡ ❝❛❞'❡ ❞❡ ❝❡22❡ 2❤D,❡ ❧❡ ❝♦❞❛❣❡ '+❡❧ ❡,2 2♦✉❥♦✉', ✉2✐❧✐,+✳

❆✳✷ ●'♥'&❛*✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛*✐♦♥ ✐♥✐*✐❛❧❡

▲❛ ♣'❡♠✐D'❡ +2❛♣❡ ❞❛♥, ❧❡ ❞+'♦✉❧❡♠❡♥2 ❞✬✉♥ ❛❧❣♦'✐2❤♠❡ ❣+♥+2✐6✉❡ ❡,2 ❧❛ ❣+♥+'❛2✐♦♥ ❞❡ ❧❛ ♣♦♣✉✲
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✏♠❡✐❧❧❡✉)✑ ?✉❡ ❧❡' ♣❛)❡♥(' ❬❆❘D✵✺❪✳

D♦✉) ❧❡' ✐♥❞✐✈✐❞✉' ✉(✐❧✐'❛♥( ✉♥ ❝♦❞❛❣❡ )5❡❧ ♦♥ ♣❡✉( ❧❡' ❝♦♥✈❡)(✐) ❡♥ ✐♥❞✐✈✐❞✉' ❝♦❞5' ❡♥ ❜✐♥❛✐)❡

♦✉ ✉(✐❧✐'❡) ❞❡' ♠5(❤♦❞❡' ❞❡ ❝)♦✐'❡♠❡♥( ❞5✈❡❧♦♣♣5❡' ♣♦✉) ❧❡ ❝♦❞❛❣❡ )5❡❧✳ ▲❡ ❝)♦✐'❡♠❡♥( ❜✐♥❛✐)❡

'✐♠✉❧5✱ ♣)5'❡♥(5 ❞❛♥' ❬❉❆✾✹❪✱ ♣)❡♥❞ ❡♥ ❝♦♠♣(❡ ❧❛ ♣)♦①✐♠✐(5 ❞❡' ❡♥❢❛♥(' ❝)55' ♣❛) )❛♣♣♦)( ❛✉

♣❛)❡♥(' ❞♦♥( ✐❧' '♦♥( ✐''✉'✳ ❙✐ ❧❡' ❞❡✉① ♣❛)❡♥(' '♦♥( ()8' ❞✐✛5)❡♥('✱ ❣5♥5)❡) ✉♥ ❡♥❢❛♥( ❛✉ ♠✐❧✐❡✉

❞✬❡✉① ♥✬❛ ❛✉❝✉♥ ✐♥(5)O(✱ ❧❡' ❡♥❢❛♥(' ♣)♦❝❤❡' ❞❡' ♣❛)❡♥(' '❡)♦♥( ❞♦♥❝ ♣)✐✈✐❧5❣✐5'✳ ❉❛♥' ❧❡ ❝❛' ♦;

❧❡' ✈❛)✐❛❜❧❡' ❞❡ ❞5❝✐'✐♦♥ '♦♥( ❜♦)♥5❡'✱ ❧❛ ♠5(❤♦❞❡ ❛ 5(5 ❛❞❛♣(5❡ ♣♦✉) ♥❡ ♣❛' ❣5♥5)❡) ❞✬❡♥❢❛♥('

❡♥ ❞❡❤♦)' ❞❡' ❜♦)♥❡' ❬❉❆✾✾❪✳

▲❡ ❝)♦✐'❡♠❡♥( ♥❡ ♣❡✉( O()❡ ✉(✐❧✐'5 '❡✉❧✳ ❊♥ ❡✛❡(✱ ❝✬❡'( ✉♥ ♦♣5)❛(❡✉) ♥❡ ❢❛✈♦)✐'❛♥( ?✉❡ ❧✬❡①♣❧♦✐(❛✲

(✐♦♥✳ ❈♦♥'✐❞5)♦♥' ✉♥ ♣)♦❜❧8♠❡ ❞✬♦♣(✐♠✐'❛(✐♦♥ ♠♦♥♦♦❜❥❡❝(✐❢ S ❞❡✉① ✈❛)✐❛❜❧❡' ❞❡ ❞5❝✐'✐♦♥ ❜✐♥❛✐)❡✳

❙✐ ❧♦)' ❞❡ ❧❛ ❣5♥5)❛(✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛(✐♦♥ ✐♥✐(✐❛❧❡✱ ❧❡' ✐♥❞✐✈✐❞✉' ♥❡ ❝♦♥(✐❡♥♥❡♥( ?✉✬✉♥❡ ✈❛❧❡✉)

♣♦''✐❜❧❡ ❞✬✉♥❡ ✈❛)✐❛❜❧❡ ❞❡ ❞5❝✐'✐♦♥✱ ♣❛) ❡①❡♠♣❧❡ ✵✱ ❧❡ ❝)♦✐'❡♠❡♥( ♥❡ ♣❡)♠❡( ♣❛' ❞✬❡①♣❧♦)❡) ❧❡'

'♦❧✉(✐♦♥' ♣♦✉) ❧❡'?✉❡❧❧❡' ❝❡((❡ ✈❛)✐❛❜❧❡ ✈❛✉( ❧❡ ❝♦♥()❛✐)❡✳ ■❧ ❢❛✉( ❞♦♥❝ ❛❥♦✉(❡) ✉♥ ♦♣5)❛(❡✉) ❢❛✈♦✲

)✐'❛♥( ❧✬❡①♣❧♦)❛(✐♦♥✳ ❈❡( ♦♣5)❛(❡✉) ❡'( ❧❛ ♠✉(❛(✐♦♥✳

❆✳✹✳✷ ▼✉&❛&✐♦♥

▲✬♦♣5)❛(❡✉) ❞❡ ♠✉(❛(✐♦♥ ♣❡)♠❡( ❞❡ ❞✐✈❡)'✐✜❡) ❧❛ ♣♦♣✉❧❛(✐♦♥ ✿ ♦♥ ♠✉(❡ ✉♥ ❣8♥❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉

♣♦✉) ❝)5❡) ✉♥ ♥♦✉✈❡❧ ✐♥❞✐✈✐❞✉✳ ❈❡( ♦♣5)❛(❡✉) ♣❡)♠❡( ❞✬5✈✐(❡) ❧❡ ❜❧♦❝❛❣❡ ❞❛♥' ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧

♣✉✐'?✉❡ ❧✬✐♥❞✐✈✐❞✉ ♠✉(5 ❛✉)❛ ❞❡ ❢♦)(❡' ❝❤❛♥❝❡' ❞❡ '♦)(✐) ❞❡ ❧❛ ✈❛❧❧5❡ ❡( ❞✬❡①♣❧♦)❡) ❧✬❡'♣❛❝❡ ❞❡

)❡❝❤❡)❝❤❡✳ ■❧ ❡①✐'(❡ ♣❧✉'✐❡✉)' ❢❛U♦♥' ❞❡ ♣)♦❝5❞❡) S ❧❛ ♠✉(❛(✐♦♥ ❞✬✉♥ ✐♥❞✐✈✐❞✉✳

▲❛ ♠5(❤♦❞❡ ❞❡ ♠✉(❛(✐♦♥ ❧❛ ♣❧✉' '✐♠♣❧❡ ❡'( ❧❛ ❜❛'❝✉❧❡✳ D♦✉) ❝❡❧❛✱ ♦♥ '5❧❡❝(✐♦♥♥❡ ✉♥ ✐♥❞✐✈✐❞✉ ❛✈❡❝

✉♥❡ ♣)♦❜❛❜✐❧✐(5 ❞❡ ♠✉(❛(✐♦♥ pm ✭'♦✉✈❡♥( ❢❛✐❜❧❡✮✱ ♦♥ ♣❛)❝♦✉)( ❧❛ ❝❤❛✐♥❡ ❜✐♥❛✐)❡ ❞❡ ❝❡( ✐♥❞✐✈✐❞✉ ❡(

♣♦✉) ❝❤❛?✉❡ ❜✐( ♦♥ (✐)❡ ✉♥ ♥♦♠❜)❡ ❛❧5❛(♦✐)❡✳ ❙✐ ❝❡ ♥♦♠❜)❡ ❛❧5❛(♦✐)❡ ❡'( ✐♥❢5)✐❡✉) S pm ♦♥ ❝❤❛♥❣❡

❧❛ ✈❛❧❡✉) ❞✉ ❜✐( ❝♦♥'✐❞5)5✳

❯♥❡ ♠5(❤♦❞❡✱ ❢♦♥❝(✐♦♥♥❛♥( ♠✐❡✉① ♣♦✉) ❧❡' ✈❛❧❡✉)' )5❡❧❧❡'✱ ❡'( ❧❛ ♠✉(❛(✐♦♥ ❛✈❡❝ ✉♥❡ ❞✐'()✐❜✉(✐♦♥

♥♦)♠❛❧❡✳ ❖♥ ❝❤♦✐'✐( ✉♥ ✐♥❞✐✈✐❞✉ ❞❡ ❧❛ ♣♦♣✉❧❛(✐♦♥ ❛✈❡❝ ✉♥❡ ♣)♦❜❛❜✐❧✐(5 pm ✭'♦✉✈❡♥( ❢❛✐❜❧❡✮✳ D♦✉)

❝❤❛?✉❡ ✈❛❧❡✉) ❞❡' ✈❛)✐❛❜❧❡' ❞❡ ❞5❝✐'✐♦♥ x ❞❡ ❝❡( ✐♥❞✐✈✐❞✉✱ ♦♥ (✐)❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ✈❛❧❡✉) x′ '✉✐✈❛♥(
✉♥❡ ❧♦✐ ❞❡ ♣)♦❜❛❜✐❧✐(5 ♥♦)♠❛❧❡ ❝❡♥()5❡ N(x) '✉) ❧❛ ✈❛❧❡✉) x✳



✶✸✽ ❆◆◆❊❳❊ ❆✳ ■◆❚❘❖❉❯❈❚■❖◆ ❆❯❳ ❆▲●❖❘■❚❍▼❊❙ ●➱◆➱❚■◗❯❊❙

x′ = x+N(0, σ) ✭❆✳✸✮

♦( x′ ❡* x +♦♥* -❡+♣❡❝*✐✈❡♠❡♥* ❧❛ ♥♦✉✈❡❧❧❡ ✈❛❧❡✉- ✭❛♣-6+ ♠✉*❛*✐♦♥✮ ❡* ❧✬❛♥❝✐❡♥♥❡ ✈❛❧❡✉- ✭❛✈❛♥*

♠✉*❛*✐♦♥✮ ❞❡ ❧❛ ✈❛-✐❛❜❧❡ ❞❡ ❞:❝✐+✐♦♥✳ N(0, σ) ❡+* ❧❛ ❧♦✐ ♥♦-♠❛❧❡ ❞❡ ♠♦②❡♥♥❡ 0 ❡* ❞✬:❝❛-*✲*②♣❡ σ
✜①: ♣❛- ❧✬✉*✐❧✐+❛*❡✉-✳

❯♥❡ ❢♦✐+ ❧❛ ♥♦✉✈❡❧❧❡ ♣♦♣✉❧❛*✐♦♥ ❝-::❡✱ ✐❧ -❡+*❡ B +❛✈♦✐- +✐ ♦♥ ❛--C*❡ ❧❡ ♣-♦❝❡++✉+ ♦✉ +✐ ♦♥ ❧❡

-❡❝♦♠♠❡♥❝❡ ♣♦✉- ✉♥❡ ♥♦✉✈❡❧❧❡ ✐*:-❛*✐♦♥✳

❆✳✺ ❈$✐&'$❡ ❞✬❛$$,&

■❧ -❡+*❡ B +♣:❝✐✜❡- ❧❡ ❝-✐*6-❡ ❞✬❛--C* E✉✐ +❡-❛ ✈:-✐✜: B ❧❛ ✜♥ ❞❡ ❝❤❛E✉❡ ❣:♥:-❛*✐♦♥✳ ▲❡ ❝-✐*6-❡ ❞✬❛--C*

❧❡ ♣❧✉+ +✐♠♣❧❡ ❡+* ❧❡ ♥♦♠❜-❡ ❞❡ ❣:♥:-❛*✐♦♥+ ✿ ❧✬❛❧❣♦-✐*❤♠❡ +✬❛--C*❡ E✉❛♥❞ ❧❡ ♥♦♠❜-❡ ❞❡ ❣:♥:-❛*✐♦♥+

❝❤♦✐+✐ ♣❛- ❧✬✉*✐❧✐+❛*❡✉- ❡+* ❛**❡✐♥*✳

❯♥ ❝-✐*6-❡ ❞✬❛--C* +✐♠✐❧❛✐-❡ ❡+* ❜❛+: +✉- ❧❡ *❡♠♣+ ❞✬♦♣*✐♠✐+❛*✐♦♥ ✿ ❧♦-+E✉❡ ❧❡ *❡♠♣+ -:❣❧: ♣❛-

❧✬✉*✐❧✐+❛*❡✉- ❡+* ❛**❡✐♥*✱ ❧✬❛❧❣♦-✐*❤♠❡ +✬❛--C*❡✳

▲✬❛--C* ❞❡ ❧✬❛❧❣♦-✐*❤♠❡ ♣❡✉* ❛✉++✐ C*-❡ ❝♦♥❞✐*✐♦♥♥: ♣❛- ❧❛ ✈❛-✐❛*✐♦♥ ❞❡ ❧❛ ❢♦♥❝*✐♦♥ ♦❜❥❡❝*✐❢ ✿ +✐ ❧❛

✈❛-✐❛*✐♦♥ ❞❡ ❧❛ ❢♦♥❝*✐♦♥ ♦❜❥❡❝*✐❢ ♥❡ ❞:♣❛++❡ ♣❛+ ✉♥ ❝❡-*❛✐♥ +❡✉✐❧ ✜①: ♣❛- ❧✬✉*✐❧✐+❛*❡✉-✱ ♣❡♥❞❛♥* ✉♥

❝❡-*❛✐♥ ♥♦♠❜-❡ ❞❡ ❣:♥:-❛*✐♦♥+✱ :❣❛❧❡♠❡♥* ✜①: ♣❛- ❧✬✉*✐❧✐+❛*❡✉-✱ ♦♥ ❝♦♥+✐❞6-❡ E✉❡ ❧✬❛❧❣♦-✐*❤♠❡ ♥❡

*-♦✉✈❡-❛ ♣❛+ ❞❡ ♠❡✐❧❧❡✉-❡ +♦❧✉*✐♦♥ ❡* ❧✬❛❧❣♦-✐*❤♠❡ +✬❛--C*❡✳

❆✳✻ ❉✐✛0$❡♥&2 ❛❧❣♦$✐&❤♠❡2 ❣0♥0&✐8✉❡2 ♠✉❧&✐♦❜❥❡❝&✐❢2

▲✬♦♣*✐♠✐+❛*✐♦♥ ♠✉❧*✐♦❜❥❡❝*✐❢ ♣❡✉* C*-❡ ❡✛❡❝*✉:❡ B ❧✬❛✐❞❡ ❞❡ ❞✐✛:-❡♥*❡+ ❛♣♣-♦❝❤❡+ ✉*✐❧✐+❛♥* ❞❡+

❛❧❣♦-✐*❤♠❡+ ❣:♥:*✐E✉❡+✳ ❯♥❡ ❞❡+❝-✐♣*✐♦♥ *-6+ +✉❝❝✐♥❝*❡+ ❞✬❛♣♣-♦❝❤❡+ ❝❧❛++✐E✉❡+ ❡+* ♣-:+❡♥*:❡ ❝✐✲

❛♣-6+✳

❆✳✻✳✶ ❱❊●❆ ✿ ❱❡❝*♦, ❊✈❛❧✉❛*❡❞ ●❡♥❡*✐❝ ❆❧❣♦,✐*❤♠

▲❡ ♣-❡♠✐❡- ❛❧❣♦-✐*❤♠❡ ❣:♥:*✐E✉❡ ♠✉❧*✐♦❜❥❡❝*✐❢ ❡+* ♣-♦♣♦+: ♣❛- ❙❝❤❛✛❡- ❡♥ ✶✾✽✺ ❬❙❝❤✽✺❪✳ ▲❡ ♣-✐♥✲

❝✐♣❡ ❡+* -❡❧❛*✐✈❡♠❡♥* +✐♠♣❧❡ ✿ ♦♥ +:♣❛-❡ ❧❛ ♣♦♣✉❧❛*✐♦♥ ❡♥ ✉♥ ♥♦♠❜-❡ n ❞❡ +♦✉+✲♣♦♣✉❧❛*✐♦♥+ ❞❡

*❛✐❧❧❡ :❣❛❧❡ ✭n :*❛♥* :❣❛❧❡♠❡♥* ❧❡ ♥♦♠❜-❡ ❞✬♦❜❥❡❝*✐❢+✮✳ ❉❛♥+ ❝❤❛E✉❡ +♦✉+✲♣♦♣✉❧❛*✐♦♥✱ ♦♥ ♦♣*✐♠✐+❡
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❡30 )❡3♣❡❝0,❡ ♣♦✉) ✉♥❡ ✈❛❧❡✉) ❞❡ j✱ ❛❧♦)3 ❧❡ ♣♦✐♥0 i ♥✬❡30 ♣❛3 ♦♣0✐♠❛❧✳ ❙✐ ❛✉❝✉♥❡ ❝♦♥✜❣✉)❛0✐♦♥ fj ♥❡
✈,)✐✜❡ ❧❛ ❝♦♥❞✐0✐♦♥ ❞❡ ♥♦♥✲♦♣0✐♠❛❧✐0,✱ ❝❡❧❛ )❡✈✐❡♥0 - ❞✐)❡ 7✉✬❛✉❝✉♥❡ ❝♦♥✜❣✉)❛0✐♦♥ ♥❡ ❞♦♠✐♥❡✱ ❛✉

3❡♥3 ❞❡ B❛)❡0♦✱ ❧❛ ❝♦♥✜❣✉)❛0✐♦♥ fj ✿ ❝✬❡30 ❞♦♥❝ ✉♥❡ ❝♦♥✜❣✉)❛0✐♦♥ ❞♦♠✐♥❛♥0❡ ❡0 ❡❧❧❡ ❡30 ❛❥♦✉0,❡ ❞❛♥3



✶✹✹❆◆◆❊❳❊ ❇✳ ❆❯❚❘❊❙ ❆▲●❖❘■❚❍▼❊❙ ❯❚■▲■❙➱❙ ❉❯❘❆◆❚ ▲❊❙ 2❍❆❙❊❙ ❉✬❖2❚■▼■❙❆❚■❖◆

❧❡ ✈❡❝&❡✉( p✳ ▲✬❛❧❣♦(✐&❤♠❡ &❡2&❡ ❛✐♥2✐ &♦✉&❡2 ❧❡2 ❝♦♥✜❣✉(❛&✐♦♥2✳ ❉62 7✉❡ &♦✉&❡2 ❧❡2 ❝♦♥✜❣✉(❛&✐♦♥2

2♦♥& &(❛✐&8❡2✱ ❝✬❡2& : ❞✐(❡ j = m✱ ❧✬❛❧❣♦(✐&❤♠❡ 2✬❛((<&❡✳

■❧ ❡2&✱ ❡♥ ❡✛❡&✱ ♣❧✉2 ❢❛❝✐❧❡ ❞❡ ✈8(✐✜❡( 7✉✬✉♥ ♣♦✐♥& ❡2& ❞♦♠✐♥8 7✉❡ 2✐ ✐❧ ❡2& ❞♦♠✐♥❛♥&✳ ▲✬❛❧❣♦(✐&❤♠❡

✉&✐❧✐2❡ 2✐♠♣❧❡♠❡♥& ❧❡ ❢❛✐& 7✉❡ 2✐ ✉♥❡ ❝♦♥✜❣✉(❛&✐♦♥ ♥✬❡2& ❞♦♠✐♥8❡ ♣❛( ❛✉❝✉♥❡ ❛✉&(❡✱ ❛❧♦(2 ❡❧❧❡ ❡2&

❞♦♠✐♥❛♥&❡ ❛✉ 2❡♥2 ❞❡ A❛(❡&♦✳ ❈❡& ❛❧❣♦(&✐❤♠❡ ❞❡ ✜❧&(❛❣❡ ❛ 8&8 ✉&✐❧✐28 &♦✉& ❛✉ ❧♦♥❣ ❞❡ ❝❡&&❡ &❤62❡

♣♦✉( ❡①&(❛✐(❡ ❧❡ ❢(♦♥& ❞❡ A❛(❡&♦ ❞✬✉♥ ❡♥2❡♠❜❧❡ ❞❡ ❝♦♥✜❣✉(❛&✐♦♥2✳

❇✳✷ ❖❜%❡♥✐) ✉♥ ❢)♦♥% ❞❡ .❛)❡%♦ ❤♦♠♦❣3♥❡

▲♦(27✉✬✉♥ ♣(♦❜❧6♠❡ ♠✉❧&✐♦❜❥❡❝&✐❢ ❞♦✐& <&(❡ (82♦❧✉✱ ❧❛ 2♦♠♠❡ ♣♦♥❞8(8❡ ❞❡2 ♦❜❥❡❝&✐❢2 ❡2& 2♦✉✈❡♥&

✉&✐❧✐28❡ ✿

J =
∑

i

ωifi(x) avec
∑

i

ωi = 1 ✭❇✳✶✮

♦J x (❡❣(♦✉♣❡ ❧✬❡♥2❡♠❜❧❡ ❞❡2 ✈❛(✐❛❜❧❡2 ❞❡ ❞8❝✐2✐♦♥✱ f (❡♣(82❡♥&❡ ❧✬❡♥2❡♠❜❧❡ ❞❡2 ♦❜❥❡❝&✐❢2 ❡& ω
(❡♣(82❡♥&❡ ❧❡2 ♣♦♥❞8(❛&✐♦♥2 ❛♣♣❧✐7✉8❡2 : ❝❤❛❝✉♥ ❞❡2 ♦❜❥❡❝&✐❢2✳

❋❛✐(❡ ✈❛(✐❡( ❧❡2 ♣♦♥❞8(❛&✐♦♥2 ❧✐♥8❛✐(❡♠❡♥& ♥❡ ❣❛(❛♥&✐& ♣❛2 &♦✉❥♦✉(2 ❧✬♦❜&❡♥&✐♦♥ ❞✬✉♥ ❢(♦♥& ❞❡ A❛(❡&♦

❤♦♠♦❣6♥❡✳ ❊♥ ❡✛❡&✱ ❞❡2 ❝♦♥❝❡♥&(❛&✐♦♥2 ❞❡ ♣♦✐♥&2 ❡& ❞❡2 ③♦♥❡2 ✈✐❞❡2 ♣❡✉✈❡♥& ❛♣♣❛(❛N&(❡✳ A♦✉( ②

(❡♠8❞✐❡(✱ ❧❛ ♠8&❤♦❞❡ ❞❡ ❧❛ ❝♦♥&(❛✐♥&❡ ♥♦(♠❛❧❡ ✭◆♦(♠❛❧ ❈♦♥2&(❛✐♥& ▼❡&❤♦❞✮ ♣❡✉& <&(❡ ✉&✐❧✐28❡

❬▼■❨▼✵✸❪✳ ❈❡&&❡ ♠8&❤♦❞❡ 2❡ ❞8❝♦♠♣♦2❡ ❡♥ ♣❧✉2✐❡✉(2 8&❛♣❡2✳ ❚♦✉& ❞✬❛❜♦(❞✱ ❧❡2 ♣♦✐♥&2 ✐❞8❛✉①

✭✈♦✐( ✜❣✉(❡ ✸✳✶✮ ❞❡ ❝❤❛7✉❡ ♦❜❥❡❝&✐❢ 2♦♥& &(♦✉✈82 ❡♥ ♣(♦❝8❞❛♥& : ✉♥❡ ♦♣&✐♠✐2❛&✐♦♥ ♠♦♥♦♦❜❥❡❝&✐❢✱

❡♥ ❝♦♥2✐❞8(❛♥& ❝❤❛❝✉♥ ❞✬❡✉① ✐♥❞8♣❡♥❞❛♠♠❡♥&✳ ❯♥❡ ❢♦✐2 ❝❡2 ♣♦✐♥&2 ♦❜&❡♥✉2✱ ✉♥❡ ♥♦(♠❛❧✐2❛&✐♦♥

♣❡✉& <&(❡ ♦♣8(8❡ ✿

fi =
fi −min(fi)

max(fi)−min(fi)
✭❇✳✷✮

▲✬8&❛♣❡ 2✉✐✈❛♥&❡ ❝♦♥2✐2&❡ : ❞8✜♥✐( ❞❡2 ♣♦✐♥&2 ✉♥✐❢♦(♠8♠❡♥& (8♣❛(&✐2 2✉( ❧❛ ❞(♦✐&❡ ✉&♦♣✐7✉❡✳ ❈❡&&❡

❞(♦✐&❡ ❡2& ❞8✜♥✐❡ ❝♦♠♠❡ (❡❧✐❛♥& ❧❡2 ♣♦✐♥&2 ✐❞8❛✉① ❡♥&(❡ ❡✉①✳ ❙✐ ❧❡ ♥♦♠❜(❡ ❞✬♦❜❥❡❝&✐❢2 ❡2& 2✉♣8(✐❡✉(

: ✷✱ ❧❛ ❞(♦✐&❡ ❞❡✈✐❡♥& ✉♥ ♣❧❛♥ ♣✉✐2 ✉♥ ❤②♣❡(♣❧❛♥✳ ▲✬87✉❛&✐♦♥ ❞❡ ❧❛ ❞(♦✐&❡ ✉&♦♣✐7✉❡ ❞❛♥2 ❧✬❡2♣❛❝❡

♦❜❥❡❝&✐❢ ♥♦(♠❛❧✐28 ❡2& ✿

y = −x+ 1 ✭❇✳✸✮

▲✬❡2♣❛❝❡ ❡♥&(❡ ❝❡2 ♣♦✐♥&2 (8♣❛(&✐2 ✉♥✐❢♦(♠8♠❡♥& ❞8♣❡♥❞ ❞✉ ♥♦♠❜(❡ ❞❡ ♣♦✐♥&2 ❞82✐(82 ❡& 2✬❡①♣(✐♠❡

❝♦♠♠❡ 2✉✐& ✿

δ =
1

nbpt − 1
✭❇✳✹✮

▲❡2 ❝♦♦(❞♦♥♥8❡2 ❞❡2 ♣♦✐♥&2 ✉♥✐❢♦(♠8♠❡♥& (8♣❛(&✐❡2 2❡(♦♥& ♦❜&❡♥✉❡2 ♣❛( ❧❛ (❡❧❛&✐♦♥ ✿

Xpj = α1

Ypj = α2

avec α1 = [0 δ 2δ · · · nbptδ]
et α2 = 1− α1

✭❇✳✺✮

▲❡2 ❞(♦✐&❡2 ♣❡(♣❡♥❞✐❝✉❧❛✐(❡2 : ❧❛ ❞(♦✐&❡ ✉&♦♣✐7✉❡ ❡& ♣❛22❛♥& ♣❛( ❝❤❛❝✉♥ ❞❡2 ♣♦✐♥&2 ✉♥✐❢♦(♠8♠❡♥&

(8♣❛(&✐2 2✉( ❝❡❧❧❡✲❝✐ 2♦♥& ♣(✐2❡ ❡♥ ❝♦♠♣&❡ ♣♦✉( 28♣❛(❡( ❧✬❡2♣❛❝❡ ♦❜❥❡❝&✐❢ ❡♥ ❞✐✛8(❡♥&❡2 ③♦♥❡2✳ ❉❛♥2

❝❤❛❝✉♥❡ ❞❡ 2❡2 ③♦♥❡2✱ ✉♥ 2♦✉2✲♣(♦❜❧6♠❡ ❞✬♦♣&✐♠✐2❛&✐♦♥ ❡2& (82♦❧✉2 ✿
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∣

∣

∣

∣

Minimiser f2
sous la contrainte solution dans la zone

✭❇✳✻✮

▲❛ ✜❣✉-❡ ❇✳✷ ❞♦♥♥❡ ✉♥ ❡①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛:✐♦♥ ❞❡ ❧❛ ♠;:❤♦❞❡ ❞❡ ❧❛ ❝♦♥:-❛✐♥:❡ ♥♦-♠❛❧❡ ♣♦✉- ✷✵

♣♦✐♥:>✳

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

f 1

f
2

Point idéal

Point idéal

Droite utopique

❋✐❣✉$❡ ❇✳✷ ✕ ▼;:❤♦❞❡ ❞❡ ❣;♥;-❛:✐♦♥ ❞✬✉♥ ❢-♦♥: ❞❡ B❛-❡:♦ ❤♦♠♦❣C♥❡ ✭✷✵ ♣♦✐♥:>✮

❇✳✸ ❚✐%❛❣❡ ❛❧*❛+♦✐%❡

▲♦-> ❞❡ ❧✬♦♣:✐♠✐>❛:✐♦♥ -♦❜✉>:❡✱ ✐❧ ❢❛✉: ✉:✐❧✐>❡- ✉♥❡ ♠;:❤♦❞❡ ❞❡ :✐-❛❣❡ ❛❧;❛:♦✐-❡ ❞❡> ♣❛-❛♠C:-❡>

✐♥❝❡-:❛✐♥> ❛✜♥ ❞❡ ❣❛-❛♥:✐- ❧❛ ♣❡-:✐♥❡♥❝❡ ❞✉ ❥❡✉ ❞❡ ✈❛❧❡✉-> ❞✉ ❝-✐:C-❡ ♦❜:❡♥✉✳ ❉❡✉① ❛♣♣-♦❝❤❡> >♦♥:

✐♥:;-❡>>❛♥:❡> ✿ ❧❡ :✐-❛❣❡ ❞❡ ▼♦♥:❡ ❈❛-❧♦ ❡: ❧❡ :✐-❛❣❡ ♣❛- ❤②♣❡-❝✉❜❡ ❧❛:✐♥✳ ▲❡> ❡①♣❧✐❝❛:✐♦♥> ❞♦♥♥;❡>

❝✐✲❛♣-C> >♦♥: ✐>>✉❡> ❞❡ ❬▲♦✈✵✽❪✳

▲❡ ❜✉: ❡>: ❞✬❡>:✐♠❡- ❧❛ ♠♦②❡♥♥❡ µY ❡: ❧✬;❝❛-:✲:②♣❡ σY ❞✬✉♥❡ ✈❛-✐❛❜❧❡ ❛❧;❛:♦✐-❡ Y P✉✐ ❡>: ❢♦♥❝:✐♦♥

❞✬✉♥ ❥❡✉ ❞❡ ✈❛-✐❛❜❧❡> ❛❧;❛:♦✐-❡> ❞;✜♥✐ ❝♦♠♠❡ >✉✐: ✿

Y = f(X1, X2, · · · , Xd) ✭❇✳✼✮

♦R ❝❤❛P✉❡ Xi ❡>: ✉♥❡ ✈❛-✐❛❜❧❡ ❛❧;❛:♦✐-❡ ♦❜;✐>>❛♥: S ✉♥❡ ❧♦✐ ❞❡ ♣-♦❜❛❜✐❧✐:; Di✳ ▲❛ ❢♦♥❝:✐♦♥ f ♣❡✉:

T:-❡ ❞;✜♥✐❡ ❞✐-❡❝:❡♠❡♥: ♦✉ ❡>: ✐>>✉❡ ❞❡ ❝❛❧❝✉❧ ❞✬✉♥ ♠♦❞C❧❡ ♥✉♠;-✐P✉❡✳

❇✳✸✳✶ ❚✐&❛❣❡ ❞❡ ▼♦♥.❡ ❈❛&❧♦

▲❡ ♣-✐♥❝✐♣❡ ❞❡ ❧❛ ♠;:❤♦❞❡ ❞❡ ▼♦♥:❡✲❈❛-❧♦ ✐♥:-♦❞✉✐:❡ ♣❛- ❬▼❯✹✾❪ ❡>: ❞❡ :✐-❡- ✉♥ ❥❡✉ ❞❡ ✈❛✲

❧❡✉-> ❛❧;❛:♦✐-❡>✱

{

x
(1)
i , · · · , x(N)

i

}

✱ ♣♦✉- ❝❤❛❝✉♥ ❞❡> ♣❛-❛♠C:-❡> ✐♥❝❡-:❛✐♥> ❡♥ >✉✐✈❛♥: ❧❡✉- ❧♦✐ ❞❡

♣-♦❜❛❜✐❧✐:; Di✳

x(1) =
(

x
(1)
1 , · · · , x(1)d

)T

x(2) =
(

x
(2)
1 , · · · , x(2)d

)T

✳

✳

✳

✳

✳

✳

✳

✳

✳

x(N) =
(

x
(N)
1 , · · · , x(N)

d

)T

✭❇✳✽✮
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❯♥ %❝❤❛♥)✐❧❧♦♥ sY =
{

y(1), · · · , y(N)
}

❞❡ ❧❛ ✈❛0✐❛❜❧❡ ❛❧%❛)♦✐0❡ Y ❡2) ❞%)❡0♠✐♥% ♣❛0 ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛

❢♦♥❝)✐♦♥ f ♣♦✉0 ❝❤❛❝✉♥ ❞❡2 ❥❡✉① ❞❡ ✈❛❧❡✉02 x(i)✳

y(j) = f
(

x
(j)
1 , · · · , x(j)d

)

, j = 1, ..., N ✭❇✳✾✮

▲❛ ♠♦②❡♥♥❡ ❡) ❧✬%❝❛0)✲)②♣❡ ❞❡ ❧❛ ✈❛0✐❛❜❧❡ Y ♣❡✉✈❡♥) B)0❡ ❞%)❡0♠✐♥% ✿

µY ≈ µ̂Y =
1

N

N
∑

j=1

y(j)

σY ≈ σ̂Y =

√

√

√

√

1

N − 1

N
∑

j=1

(y(j) − µ̂Y )
✭❇✳✶✵✮

♦E µ̂Y ❡) σ̂Y 2♦♥) 0❡2♣❡❝)✐✈❡♠❡♥) ❧❛ ♠♦②❡♥♥❡ ❡) ❧✬%❝❛0)✲)②♣❡ ❡2)✐♠%2✳

❈❡♣❡♥❞❛♥)✱ ❧❛ ♠%)❤♦❞❡ ❞❡ ▼♦♥)❡ ❈❛0❧♦ ♥✬❡2) ♣❛2 )0I2 ♣0%❝✐2❡ ❞❛♥2 ❧✬❡2)✐♠❛)✐♦♥ ❞❡ ❧❛ ♠♦②❡♥♥❡

❡) ❞❡ ❧✬%❝❛0)✲)②♣❡✳ ▲❛ ♣0%❝✐2✐♦♥ ❡2) ❞♦♥♥%❡ ♣❛0 ✿

|µ̂Y (N)− µY | ≤ C
1√
N

✭❇✳✶✶✮

♦E N ❡2) ❧❡ ♥♦♠❜0❡ ❞✬%❝❤❛♥)✐❧❧♦♥2✳ ❈❡))❡ 0❡❧❛)✐♦♥ ♠♦♥)0❡ J✉❡ ♣♦✉0 0%❞✉✐0❡ ❧✬❡00❡✉0 ❞❡ ♠♦✐)✐% ✐❧

❢❛✉) ♠✉❧)✐♣❧✐❡0 ❧❛ )❛✐❧❧❡ ❞❡ ❧✬%❝❤❛♥)✐❧❧♦♥ ♣❛0 ✹✳

❇✳✸✳✷ ❍②♣❡(❝✉❜❡ ❧❛.✐♥

❈❡) ❛❧❣♦0✐)❤♠❡ ❞✬❡2)✐♠❛)✐♦♥✱ ✐♥)0♦❞✉✐) ❞❛♥2 ❬▼❇❈✼✾❪✱ ❛ %)% ❝0%% ♣♦✉0 ♣❛❧❧✐❡0 ❧❡ ♠❛♥J✉❡ ❞❡

♣0%❝✐2✐♦♥ ❞❡ ❧❛ ♠%)❤♦❞❡ ❞❡ ▼♦♥)❡ ❈❛0❧♦✳ ❈❡))❡ ♠%)❤♦❞❡ ❞✐✈✐2❡ ❧✬✐♥)❡0✈❛❧❧❡ ❞❡ ✈❛0✐❛)✐♦♥2 ❞❡ ❝❤❛J✉❡

✈❛0✐❛❜❧❡ ❛❧%❛)♦✐0❡ ❡♥ 2✉✐✈❛♥) 2❛ ❧♦✐ ❞❡ ♣0♦❜❛❜✐❧✐)%✳ ❙✐ ❧❛ ♣0♦❜❛❜✐❧✐)% ❡2) ✉♥✐❢♦0♠❡✱ ❧❡2 ③♦♥❡2 ❛✉0♦♥)

)♦✉)❡2 ❧❛ ♠B♠❡ )❛✐❧❧❡✳ ❙✐ ❧❛ ❧♦✐ ❞❡ ♣0♦❜❛❜✐❧✐)% ❡2) ✉♥❡ ❧♦✐ ♥♦0♠❛❧❡✱ ❧❡2 ③♦♥❡2 ❛✉0♦♥) ✉♥❡ )❛✐❧❧❡

✐♥✈❡02❡♠❡♥) ♣0♦♣♦0)✐♦♥♥❡❧❧❡ Q ❧❛ ♣0♦❜❛❜✐❧✐)% J✉✬✉♥❡ ✈❛❧❡✉0 ② 2♦✐) ✐♥❝❧✉2❡✳ ❯♥ ♣0♦❞✉✐) ❝❛0)%2✐❡♥ ❞❡

❝❡2 ❞✐✛%0❡♥)2 ✐♥)❡0✈❛❧❧❡2 ❞♦♥♥❡ ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ ❞✐♠❡♥2✐♦♥ %❣❛❧❡ ❛✉ ♥♦♠❜0❡ ❞❡ ✈❛0✐❛❜❧❡2 ❛❧%❛)♦✐0❡2✳

❖♥ ❝❤♦✐2✐) ❡♥2✉✐)❡ ✉♥ ♣♦✐♥) ❞❛♥2 ❝❤❛J✉❡ ❝❡❧❧✉❧❡ ❞❡ ❢❛T♦♥ Q ❝❡ J✉❡ ❧✬✐♥)❡0✈❛❧❧❡ ❞❡ ❝❤❛J✉❡ ✈❛0✐❛❜❧❡

❛❧%❛)♦✐0❡ 2♦✐) 0❡♣0%2❡♥)%❡ ✶ ❢♦✐2✳

U❛0 ❡①❡♠♣❧❡✱ ❧♦02J✉✬✐❧ ❢❛✉) )✐0❡0 ❞❡2 ✈❛❧❡✉02 ❞❛♥2 ✉♥ ❡2♣❛❝❡ Q ❞❡✉① ❞✐♠❡♥2✐♦♥2✱ ♦♥ ❞%❝♦✉♣❡

❧✬✐♥)❡0✈❛❧❧❡ ❞❡ ✈❛0✐❛)✐♦♥2 ❞❡ ❝❤❛J✉❡ ✈❛0✐❛❜❧❡ ❛❧%❛)♦✐0❡ ❡) ♦♥ ♣0♦❥❡))❡ ❝❡ ❞%❝♦✉♣❛❣❡ ❞❛♥2 ❧❡ ♣❧❛♥

X1 = f(X2)✳ ❖♥ ♦❜)✐❡♥) ❛✐♥2✐ ✉♥ ♠❛✐❧❧❛❣❡✳ ❉❛♥2 ❝❤❛❝✉♥❡ ❞❡2 ③♦♥❡2 ❞❡ ❝❡ ♠❛✐❧❧❛❣❡2 ✉♥ ♣♦✐♥) 2❡0❛

2%❧❡❝)✐♦♥♥% ❞❡ 2♦0)❡ J✉❡ ❞❛♥2 ❝❤❛J✉❡ ❧✐❣♥❡ ❡) ❞❛♥2 ❝❤❛J✉❡ ❝♦❧♦♥♥❡ ✐❧ ♥✬② ❛✐ J✉✬✉♥ 2❡✉❧ ♣♦✐♥)✳ ▲❛

✜❣✉0❡ ❇✳✸ ♠♦♥)0❡ ❞❡✉① )✐0❛❣❡2 ❛❧%❛)♦✐0❡2 ❞❡ ✾ ♣♦✐♥)2 ❞❛♥2 ✉♥ ❡2♣❛❝❡ Q ❞❡✉① ✈❛0✐❛❜❧❡2 ❛❧%❛)♦✐0❡2

2✉✐✈❛♥) ❞❡2 ❞✐2)0✐❜✉)✐♦♥2 ✉♥✐❢♦0♠❡2✳ ❯♥ ❝❛2 ❤♦♠♦❣I♥❡ ❡) ✉♥ ❝❛2 ♥♦♥✲❤♦♠♦❣I♥❡ 2♦♥) 0❡♣0%2❡♥)%2✳

❆✜♥ ❞❡ ♣❛❧❧✐❡0 ❧❡ ♣0♦❜❧I♠❡ ❞❡ ♥♦♥✲❤♦♠♦❣%♥%✐)% ❞❡ ❧❛ ❞✐2)0✐❜✉)✐♦♥ ♦❜)❡♥✉❡ ✭✈♦✐0 ✜❣✉0❡ ❇✳✸✱ ✐❧ ❡①✐2)❡

♣❧✉2✐❡✉02 2♦❧✉)✐♦♥2✳ ▲❛ ♣0❡♠✐I0❡ ❝♦♥2✐2)❡ Q ❣%♥%0❡0 ♣❧✉2✐❡✉02 ❤②♣❡0❝✉❜❡2 ❧❛)✐♥2✱ ❡) ❞❡ ❝❤♦✐2✐0 ❧❡

♠❡✐❧❧❡✉0 0%2✉❧)❛) ❣0Z❝❡ Q ✉♥ ❝0✐)I0❡ ❞✬✉♥✐❢♦0♠✐)%✳ ❖♥ ♣❡✉) ♥♦)❛♠♠❡♥) ❝✐)❡0 ❬❏▼❉✾✵❪ ❡) ❬❋❲❇✾✹❪✳

■❧ ♣❡✉) B)0❡ ♠♦♥)0% J✉❡ ❧❛ ♣0%❝✐2✐♦♥ ❞❡ ❧✬❡2)✐♠❛)✐♦♥ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞✬✉♥ )✐0❛❣❡ ♣❛0 ❤②♣❡0❝✉❜❡

❧❛)✐♥ 2✬❡①♣0✐♠❡ ✿

|µ̂Y (N)− µY | ≤ C
1

N
✭❇✳✶✷✮

❆✐♥2✐✱ ♣♦✉0 ❞✐✈✐2❡0 ❧✬❡00❡✉0 ❞✬✉♥ ❢❛❝)❡✉0 ✷ ✐❧ 2✉✣) ❞❡ ♠✉❧)✐♣❧✐❡0 ❧❛ )❛✐❧❧❡ ❞❡ ❧✬%❝❤❛♥)✐❧❧♦♥ ♣❛0 ❧❡

♠B♠❡ ❢❛❝)❡✉0✳ ▲❛ ❢♦0♠✉❧❡ ❡2) 2✐♠✐❧❛✐0❡ ♣♦✉0 ❧❛ ♣0%❝✐2✐♦♥ ❞❡ ❧✬%❝❛0)✲)②♣❡✳
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Tirage non homogène

Tirage  homogène

❋✐❣✉$❡ ❇✳✸ ✕ ❚✐&❛❣❡ ❛❧+❛,♦✐&❡ ♣❛& ❤②♣❡&❝✉❜❡ ❧❛,✐♥

❇✳✸✳✸ #♦❧②♥(♠❡ ❞❡ ❝❤❛♦/

❆✜♥ ❞❡ &+❞✉✐&❡ ❧❡ ♥♦♠❜&❡ ❞❡ ✈❛❧❡✉&: ♥+❝❡::❛✐&❡: ❧❡ ♣♦❧②♥;♠❡ ❞❡ ❝❤❛♦: ♣❡✉, <,&❡ ✉,✐❧✐:+✳ ❈❡,,❡

❛♣♣&♦❝❤❡ ♣❡&♠❡, ❞✬+✈❛❧✉❡& ❧❡: ❝❛&❛❝,+&✐:,✐?✉❡: ❞✬✉♥❡ ✈❛&✐❛❜❧❡ ❛❧+❛,♦✐&❡ ❛ +,+ ✐♥,&♦❞✉✐,❡ ♣❛& ❲✐❡♥❡&

❬❲✐❡✸✽❪✳ ▲❡ ♣&✐♥❝✐♣❡ ❡:, ❞❡ &❡♣&+:❡♥,❡& ❧❛ &+♣♦♥:❡ ❞✉ ❝&✐,E&❡ ❝♦♠♠❡ ✉♥❡ :✉✐,❡ ❞❡ ♣♦❧②♥;♠❡:✳

❈♦♥:✐❞+&♦♥: w(x) +,❛♥, ❧❛ ❞❡♥:✐,+ ❞❡ ♣&♦❜❛❜✐❧✐,+ ❞❡ ❧❛ ✈❛&✐❛❜❧❡ ❛❧+❛,♦✐&❡X✳ ❙✐ ❧❛ ✈❛&✐❛❜❧❡ ❛❧+❛,♦✐&❡
Y = f(X1, X2, · · · , Xd) ❛ ✉♥❡ ✈❛&✐❛♥❝❡ ✜♥✐❡✱ ❡❧❧❡ ♣❡✉, <,&❡ ❡①♣&✐♠+❡ :♦✉: ❧❛ ❢♦&♠❡ ✿

Y =

∞
∑

i=0

αipi(x) ✭❇✳✶✸✮

♦N pi(x) ❡:, ✉♥ ♣♦❧②♥;♠❡ ❞❡ x✳ ❇✐❡♥ ❡♥,❡♥❞✉ ❧✬♦&❞&❡ ❞✉ ♣♦❧②♥;♠❡ ❞❡ ❝❤❛♦: ♥✬❡:, ♣❛: ✐♥✜♥✐ ❡, ❧❡
❞+✈❡❧♦♣♣❡♠❡♥, ❞❡ ❧❛ &❡❧❛,✐♦♥ ❇✳✶✸ ❡:, ,&♦♥?✉+ O i = k✳

▲❡ nème
♠♦♠❡♥, :,❛,✐:,✐?✉❡ ❞❡ Y :✬+❝&✐, ✿

〈yn〉 =

∫

((f(x))nw(x)dx =

∫

(

k
∑

i=0

αipi(x)

)n

w(x)dx

=
k
∑

i=0

αi

∫

pi(x)w(x)dw

✭❇✳✶✹✮

■❧ ❡:, ❛✐♥:✐ ♣♦::✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡& ,♦✉, ♠♦♠❡♥, :,❛,✐:,✐?✉❡ ❞❡ ❧❛ ❞✐:,&✐❜✉,✐♦♥✳ ▲❛ &❡❧❛,✐♦♥ ❇✳✶✹ ♣❡✉,

<,&❡ :✐♠♣❧✐✜+❡ ❡♥ ❝♦♥:✐❞+&❛♥, ?✉❡ ♣♦✉& ,♦✉,❡ ❞✐:,&✐❜✉,✐♦♥ w(x)✱ ✐❧ ❡①✐:,❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣♦❧②♥;♠❡:
♦&,❤♦❣♦♥❛✉① ♣♦✉& ❧❡:?✉❡❧: ✿

〈pi(x), pj(x)〉w =

∫

pi(x)pj(x)w(x)dx = 0, pour i 6= j ✭❇✳✶✺✮

❊♥ ♣❛&,✐❝✉❧✐❡&✱ :✐ w(x) ❡:, ✉♥❡ ❧♦✐ ♥♦&♠❛❧❡✱ ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♣♦❧②♥;♠❡: ♦&,❤♦❣♦♥❛✉① ❡:, ❢♦&♠+❡ ♣❛&
❧❡: ♣♦❧②♥;♠❡: ❍❡&♠✐,✐❡♥ ✿
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He0(x) = 1,
He1(x) = x,

He2(x) = x2 − 1,

He3(x) = x3 − 3x,

He4(x) = x4 − 6x2 + 3,
✳

✳

✳

✳

✳

✳

✭❇✳✶✻✮

■❧ ❡♥ ,-.✉❧0❡ ❧❡. ,❡❧❛0✐♦♥. .✉✐✈❛♥0❡. ✿

µY = α0

σ2Y =

k
∑

i=0

α2
i

✭❇✳✶✼✮

■❧ ❢❛✉0 ❛✐♥.✐ ❞-0❡,♠✐♥❡, ❧❡. ❝♦❡✣❝✐❡♥0. αi <✉✐ ,❡♣,♦❞✉✐.❡♥0 ❧❡ ❝♦♠♣♦,0❡♠❡♥0 ❞❡ ❧❛ ✈❛,✐❛❜❧❡ ❛❧-❛0♦✐,❡

Y ✳ ▲❛ ♠-0❤♦❞❡ ❞❡. ♠♦✐♥❞,❡. ❝❛,,-. ❡.0 .♦✉✈❡♥0 ✉0✐❧✐.-❡✳
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|µ̂Y (N)− µY | ≤ C
1

eN
✭❇✳✶✽✮

E♦✉, ❞✐✈✐.❡, ❧✬❡,,❡✉, ♣❛, ✷✱ ✐❧ .✉✣0 ❞♦♥❝ ❞✬❛✉❣♠❡♥0❡, ❧❛ 0❛✐❧❧❡ ❞❡ ❧✬-❝❤❛♥0✐❧❧♦♥ ❞✬✉♥ ❢❛❝0❡✉,

ln(2) ≈ 0.7✳

▲❡ ♥♦♠❜,❡ ❞❡ 0✐,❛❣❡. ❛❧-❛0♦✐,❡. ❞♦✐0 J0,❡ -❣❛❧ ❛✉ ♥♦♠❜,❡ ❞❡ ♣❛,❛♠K0,❡. αi .♦✐0 ✿

nbvaleurs =
(nbparam + ordre)!

nbparam!ordre!
✭❇✳✶✾✮

❇✳✸✳✹ ❈♦♠♣❛)❛✐+♦♥ ❞❡+ ❞✐✛0)❡♥1+ 1✐)❛❣❡+

❆✜♥ ❞❡ ❝♦♠♣❛,❡, ❡♥0,❡ ❡❧❧❡. ❧❡. ❞✐✛-,❡♥0❡. ♠-0❤♦❞❡. ♣,-.❡♥0-❡.✱ ❬▲♦✈✵✽❪ ♣,♦♣♦.❡ ❞✬✉0✐❧✐.❡, ❧❛

❢♦♥❝0✐♦♥ ✿

f(x) = 20







e−
(x+2.7)2

2

√
2π

+
e
−

(x−2.7)2

2(2)2

2
√
2π







X ∈ N(0, 0.8), w(x) =
e
−(x−2)2

2(0.82)

0.8
√
2π

✭❇✳✷✵✮

♦S N(0, 0.8) ❡.0 ❧❛ ❧♦✐ ♥♦,♠❛❧ ❞❡ ♠♦②❡♥♥❡ ✵ ❡0 ❞✬-❝❛,0✲0②♣❡ ✵✳✽✳

▲❡. ✈❛❧❡✉,. ❡①❛❝0❡. ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡0 ❞❡ ❧✬-❝❛,0✲0②♣❡ ♣❡✉✈❡♥0 J0,❡ ❝❛❧❝✉❧- ❛♥❛❧②0✐<✉❡♠❡♥0 ✿

µY ≈ 3.52098
σY ≈ 0.50731

✭❇✳✷✶✮

▲❡. ❞✐✛-,❡♥0. ,-.✉❧0❛0. ♦❜0❡♥✉. ♣❛, ❬▲♦✈✵✽❪ .♦♥0 ,-♣❡,0♦,✐-. ❞❛♥. ❧❡ 0❛❜❧❡❛✉ ❇✳✶✳ ❈♦♠♠❡ ❛00❡♥❞✉✱

❧❛ ♠-0❤♦❞❡ ❞❡ ❧✬❤②♣❡,❝✉❜❡ ❧❛0✐♥ ❞♦♥♥❡ ❞❡ ♠❡✐❧❧❡✉,. ,-.✉❧0❛0. <✉❡ ❧❛ ❝❡❧❧❡ ❞❡ ▼♦♥0❡ ❈❛,❧♦✳ ▲❡

♣♦❧②♥D♠❡ ❞✉ ❝❤❛♦. ♣❡,♠❡0 ❞✬❛♠-❧✐♦,❡, ❧❛,❣❡♠❡♥0 ❧❡. ,-.✉❧0❛0. ♦❜0❡♥✉.✳ ❊0❛♥0 ❞♦♥♥- ❧❡. ,-.✉❧0❛0.
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▼♦♥&❡ ❈❛*❧♦ ❍②♣❡*❝✉❜❡ ❧❛&✐♥ 3♦❧②♥4♠❡ ❞✉ ❝❤❛♦8

♥❜✈❛❧ ❊**❡✉* µY ❊**❡✉* σY ❊**❡✉* µY ❊**❡✉* σY ❊**❡✉* µY ❊**❡✉* σY
✽ ✵✳✶✸✺✷✸ ✵✳✶✻✶✵✸ ✵✳✵✸✽✸✾ ✵✳✵✽✷✸✻ ✵✳✵✶✶✷✼ ✵✳✵✷✻✺✺

✶✻ ✵✳✶✶✼✶✶ ✵✳✵✽✻✹✻ ✵✳✵✸✵✺✼ ✵✳✵✹✵✼✶ ✵✳✵✵✵✷✼ ✵✳✵✵✵✽✻

✸✷ ✵✳✵✺✾✷✷ ✵✳✵✹✼✶✸ ✵✳✵✵✼✺✼ ✵✳✵✶✻✹✽

✻✹ ✵✳✵✺✼✼✽ ✵✳✵✺✷✺✸ ✵✳✵✵✸✹✷ ✵✳✵✵✻✹✽

✶✷✽ ✵✳✵✸✽✸✽ ✵✳✵✸✹✶✹ ✵✳✵✵✷✹✻ ✵✳✵✵✹✽✹

✷✺✻ ✵✳✵✷✷✸✹ ✵✳✵✷✵✶✶ ✵✳✵✵✶✽✾ ✵✳✵✵✸✶✸

✺✶✷ ✵✳✵✷✵✻✶ ✵✳✵✶✺✶✵ ✵✳✵✵✵✺✻ ✵✳✵✵✶✷✺

✶✵✷✹ ✵✳✵✶✵✸✶ ✵✳✵✶✵✹✼ ✵✳✵✵✵✹✷ ✵✳✵✵✶✵✹

✷✵✹✽ ✵✳✵✵✾✻✹ ✵✳✵✵✽✺✵ ✵✳✵✵✵✷✼ ✵✳✵✵✵✹✾

✹✵✾✻ ✵✳✵✵✼✽✻ ✵✳✵✵✻✷✻ ✵✳✵✵✵✶✷ ✵✳✵✵✵✷✶

✽✶✾✷ ✵✳✵✵✸✽✾ ✵✳✵✵✹✵✼ ✵✳✵✵✵✵✺ ✵✳✵✵✵✵✼

✶✻✸✽✹ ✵✳✵✵✷✾✶ ✵✳✵✵✸✹✶ ✵✳✵✵✵✵✸ ✵✳✵✵✵✵✺

❚❛❜❧❡❛✉ ❇✳✶ ✕ ❊**❡✉*8 ❞✬❡8&✐♠❛&✐♦♥8 ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡& ❞❡ ❧✬G❝❛*&✲&②♣❡ ♣♦✉* ❧❡8 ❞✐✛G*❡♥&❡8 ♠G&❤♦❞❡

❞❡ &✐*❛❣❡

✶ ✪ ❞✬❡**❡✉* ✵✱✶ ✪ ❞✬❡**❡✉*

▼♦♥&❡ ❈❛*❧♦ ✷✺✻✴✽✶✾✷ ✶✻✸✽✹✴ ❄

▲❛&✐♥ ❤②♣❡*❝✉❜❡ ✶✻✴✶✷✽ ✻✹✴✷✵✹✽

❈❤❛♦8 3♦❧②♥♦♠✐❛❧ ✽✴✶✷ ✶✷✴✷✵

❚❛❜❧❡❛✉ ❇✳✷ ✕ ❚❛✐❧❧❡ ❞✉ ❥❡✉ ❞❡ ♣❛*❛♠Q&*❡8 ♣♦✉* ❞✐✛G*❡♥&❡8 ♠G&❤♦❞❡ ❞❡ &✐*❛❣❡ ❛❧G❛&♦✐*❡ ❬▲♦✈✵✽❪

✐♥&G*❡88❛♥&8 ♦❜&❡♥✉8 ♣❛* ❝❡&&❡ ❞❡*♥✐Q*❡ ♠G&❤♦❞❡✱ ❡❧❧❡ ♥✬❛ ♣❛8 G&G &❡8&G❡ ❛✈❡❝ ❞❡8 &✐*❛❣❡8 ❞❡ ♣❧✉8

❞❡ ✸✵ ✈❛❧❡✉*8✳

▲❡ &❛❜❧❡❛✉ ❇✳✷ ♠♦♥&*❡ ❧❡ ♥♦♠❜*❡ ❞✬G❝❤❛♥&✐❧❧♦♥8 ♥G❝❡88❛✐*❡8 ♣♦✉* ❛&&❡✐♥❞*❡ ✶✪ ♣✉✐8 ✵✳✶✪ ❞✬❡**❡✉*

❞✬❡8&✐♠❛&✐♦♥ ❞❡ ❧✬G❝❛*&✲&②♣❡ ❡& ❞❡ ❧❛ ♠♦②❡♥♥❡✳ 3♦✉* ♦❜&❡♥✐* ✉♥❡ ❡**❡✉* ✐♥❢G*✐❡✉*❡ U ✶✪✱ ❧✬✉&✐❧✐✲

8❛&✐♦♥ ❞✉ ♣♦❧②♥4♠❡ ❞❡ ❝❤❛♦8 ♣❡*♠❡& ❞❡ ❞✐✈✐8❡* ❧❡ ♥♦♠❜*❡ ❞✬G✈❛❧✉❛&✐♦♥8 ♣❛* ✷ ♣♦✉* ❧✬❡8&✐♠❛&✐♦♥

❞❡ ❧❛ ♠♦②❡♥♥❡ ❡& ♣❛* ✶✵ ♣♦✉* ❧✬❡8&✐♠❛&✐♦♥ ❞❡ ❧✬G❝❛*&✲&②♣❡✱ ♣❛* *❛♣♣♦*& U ❧✬❤②♣❡*❝✉❜❡ ❧❛&✐♥✳ ▲❡

♣♦❧②♥4♠❡ ❞❡ ❝❤❛♦8 ❞♦♥♥❡ ❞♦♥❝ ❞❡8 *G8✉❧&❛&8 &*Q8 ✐♥&G*❡88❛♥&8✳

❈❡♣❡♥❞❛♥&✱ ❧♦*8 ❞❡8 ❞✐✛G*❡♥&8 ❡88❛✐8 ♣❡♥❞❛♥& ❝❡8 &*❛✈❛✉① ❞❡ &❤Q8❡✱ ❧❡ ♣♦❧②♥4♠❡ ❞❡ ❝❤❛♦8 ♥✬❛ ♣❛8

❢♦♥❝&✐♦♥♥G ♣✉✐8W✉✬✐❧ ❛ ❢♦✉*♥✐& ❞❡8 *G8✉❧&❛&8 ✐♥❝♦❤G*❡♥&8✳ ❈❡ ♥✬❡8& W✉✬U ❧❛ ✜♥ ❞❡ ❝❡8 &*❛✈❛✉① ❞❡

&❤Q8❡ W✉❡ ❧❡ ❜✉❣ ❞✉ ❧♦❣✐❝✐❡❧ ❝♦♠♠❡*❝✐❛❧ ✉&✐❧✐8G ❛ G&G ❝♦**✐❣G✳
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❆♥♥❡①❡C
❘❛♣♣❡❧ (✉* ❧❛ ❝♦♠♠❛♥❞❡ *♦❜✉(0❡ H∞

❙♦♠♠❛✐%❡

❈✳✶ ❋♦%♠✉❧❛*✐♦♥ ❞✉ ♣%♦❜❧0♠❡ ❞❡ 2②♥*❤02❡ H∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❈✳✷ ❙②♥*❤02❡ H∞ ❛✈❡❝ ✜❧*%❡2 ❞❡ ♣♦♥❞<%❛*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

❈✳✷✳✶ ▼%&❤♦❞❡ ❞❡+ +❡♥+✐❜✐❧✐&%+ ♠✐①&❡+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

❈✳✷✳✷ ❙②♥&❤6+❡ ❛✈❡❝ ♣;✐+❡ ❡♥ ❝♦♠♣&❡ ❞❡+ ♣❡;&✉;❜❛&✐♦♥+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

❈✳✷✳✸ ❙②♥&❤6+❡ ❛✈❡❝ ♠♦❞6❧❡ ❞❡ ;%❢%;❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺
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❈✳✶ ❋♦%♠✉❧❛*✐♦♥ ❞✉ ♣%♦❜❧0♠❡ ❞❡ 2②♥*❤02❡ H∞

❈♦♥&✐❞)*♦♥& ✉♥ &②&-.♠❡ ❧✐♥)❛✐*❡ ✐♥✈❛*✐❛♥- ❛②❛♥- ❝♦♠♠❡♥- ❡♥-*)❡ u(t) ❡- ❝♦♠♠❡ &♦*-✐❡ y(t) ❞❡

❞✐♠❡♥&✐♦♥ *❡&♣❡❝-✐✈❡ nbe ❡- nbs✳ ❖♥ &✉♣♣♦&❡ 8✉❡ &❛ ♠❛-*✐❝❡ ❞❡ -*❛♥&❢❡*- G(s) ❡&- ❝♦♥♥✉❡✳ ❖♥

♣❡✉- )❝*✐*❡ ✿

y(t) = G(s)u(t) ✭❈✳✶✮

❙✐ ❧❡ &②&-.♠❡ ❡&- ♠♦♥♦✲✈❛*✐❛❜❧❡✱ ♦♥ ♣❡✉- ❞)✜♥✐* ❧❡ ♠♦❞✉❧❡ |G(jω)| ♣♦✉* ❝❤❛8✉❡ ♣✉❧&❛-✐♦♥ ω✳ ❙✐
❧❡ &②&-.♠❡ ❡&- ♠✉❧-✐✈❛*✐❛❜❧❡✱ ♦♥ ♣❡✉- ❞)✜♥✐* ❧❛ ✈❛❧❡✉* &✐♥❣✉❧✐.*❡ ❝♦♠♠❡ )-❛♥- ✿

σi(G(jω)) =
√

λi(G(jω)G(−jω)T ) =
√

λi(G(−jω)TG(jω))
i = 1,min(nbe, nbs)

✭❈✳✷✮

▲❡& ✈❛❧❡✉*& ♣*♦♣*❡& λi &♦♥- *)❡❧❧❡& ♣♦&✐-✐✈❡& ♦✉ ♥✉❧❧❡&✳ ▲❡& ✈❛❧❡✉*& &✐♥❣✉❧✐.*❡& &♦♥- *)❡❧❧❡& ❡-

❡❧❧❡& ♣❡✉✈❡♥- F-*❡ ❝❧❛&&)❡&✳ ❖♥ ♥♦-❡*❛ σ ❧❛ ✈❛❧❡✉* &✐♥❣✉❧✐.*❡ ♠❛①✐♠❛❧❡ ❡- σ ❧❛ ✈❛❧❡✉* &✐♥❣✉❧✐.*❡

♠✐♥✐♠❛❧❡✳
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Abstract

This  paper  concerns  a  very  specific  unwinding–winding  system.  It is  used  to  study  radioactive  nuclei  produced  by various

low  energy  beam  appliances.  Due  to  the  short  lifetime  of  the  species  considered,  they  have  to  be  moved  very  fast  from  the

collection  point  to  the  measuring  station.  To  ensure  the high  displacement  speed,  a  new combined  dancer–accumulator  mechanism

has  been  developed.  This  paper  focuses  on the  development  of a non-linear  model  of the roll-to-roll  system  including  the two

dancer–accumulator  mechanisms.  Then  the obtained  simulation  results  are compared  with  measurements.  Once  the system  model

is  validated,  a new  control  strategy  is proposed  and  discussed.

©  2012  Published  by  Elsevier  B.V. on behalf  of IMACS.
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1. Introduction

Systems  handling  web  materials  such  as  textile,  paper,  polymer  or  metal are  very  common in  industry,  because  they

represent a convenient  way  of  transporting  and  processing  a product  from one  roll to  another.  The basic  idea  is to  move

the web  at  an expected  speed  while  maintaining  web  tension as  constant  as  possible.

The considered  system  is very  specific. In  fact, it is  used  near  low  energy  radioactive  ions  beams  facilities. The web,

placed in  front of  incident  particles,  collects the  radioactive  ions  to built  a radioactive  source  which  can  be  studied at

the collection  point  and  then  transports at  a  very  high  speed to  another dedicated  measuring  station.  The lifetime  of

the species  of  interest  is in  the range  10–1000  ms  [18,19].  Therefore,  the key challenges  are,  on  one  hand,  to  move  the

web very  fast, speed  up  to  10 m/s,  and,  on  the  other,  to  ensure an accurate  position  control so that ions  can be  properly

analysed by the detectors.

To  ensure  these  specificities,  a new combined  dancer–accumulator  mechanism  was developed  [3]. Usually  accumu-

lator and dancer  are  used  separately  in  a web  processing  line:  accumulator  permits  roll  core changes without stopping
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Fig. 1.  The unwinding–rewinding system photo and sketch.

the  line in  the  processing  section  whereas  pendulum  dancers  are  used to  attenuate  web  tension  disturbances  and  to  avoid

fast and  high web  tension  variations  and/or  to  perform  indirect  web  tension  control.  In  this  work,  the characteristic

of the  two  mechanisms  is coupled  together  in one  device:  the  accumulator  part facilitates fast  position  control  of  the

studied ions  whereas the  dancer  part  prevents  web  breakages.

The focus  of  this  paper  is on  the  modelling  of  the  entire  plant  (shown  in  Fig. 1)  including  the  specific

dancer–accumulator developed  mechanism.  Simulations  of  the model  are  then compared  with  experimental  mea-

surements. Once  the  model  is  validated,  a new  control  strategy,  which  allows  faster  displacement,  is proposed  and

compared with  the  present  one.  For  the  first  time, a  dancer  and an accumulator  are  combined  in  order  to  improve  the

velocity performances  of  a roll-to-roll  system.  This paper  presents  the  modelling  and  control of  this new roll-to-roll

mechanism.

Firstly, the  system  and  its  use are  described.  Then  the  mechanical  modelling  of  the  system  is presented. Next,  the

control strategy  is  described  and  modelled.  The  simulation  results are  compared with measurements  carried  out  on the

real plant.  Finally  a  new control strategy  is proposed  and  its  parameters  are  optimized.

2. System  description

2.1. Mechanical  composition  of the system

The system  is composed  of  three  motors: an  unwinder,  an intermediate  driven roller also called  ‘Cabestan’  and  a

rewinder. Moreover,  the  system  uses  two  dancer–accumulator  mechanisms  and  some  idle  rollers  to  guide the  web.

The prototype  bench includes  four  load  cells,  labelled  as  Ji, i =  1,  2,  4,  5, to  monitor  web  tension during the process.

Another way  to  determine  web  tension uses  out-of-plan  vibrations  measurement  [25]  but  such  approach  was not  applied

in this  work.  The unwinder  and  the  rewinder  are  driven  by  two  Parvex  HX820  motors.  The  ‘Cabestan’ is driven by  a

Parvex HX440  motor.  A  photo  and  a sketch  of  the  system  are  given  in  Fig.  1.

2.2. Process  description  and  specifications

Firstly, the radioactive  ions generated  by  the particle accelerator  are  collected  on  the  web. When  the  collection  time

is over,  the  device  moves  the  web  in  front  of  the detector.  The  objective  is  to  have  a 50  cm  web  displacement  in less  than

100 ms  with  a  precision  of  1 mm  or  less. Therefore,  the web  has to  move at a speed of  up  to  10  m/s  with an  acceleration
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Fig. 2.  Cabestan and unwinder references.

of  up  to  300 m/s2.  Moreover  the  system  has to work  under  a vacuum  of  10−5 to 10−6 Torr.  The tape  transport  system

is synchronized  with a  signal  coming  from the  pulsation  system  of  the  accelerator  (typically  a signal each  second).

2.3. Present  control  strategy

The  unwinder  and  rewinder  speed  are  controlled  by  PID  controller  while the  ‘Cabestan’  is  controlled  in position

(industrial tuning)  to  ensure  precise  position  of  the  studied  particles.

In common  industrial  application  of  roll-to-roll  systems  the  device  operates  essentially  in steady  space:  the  web

tension and  speed  references  remain  constant  during  the process.  In  this application  the  system  operates  essentially

during transient  states:  the  web  speed  is successively  increasing  and  decreasing.  Due  to  this specificity,  and  to  real-time

processing unit  limitations,  a two  phases  control  strategy  has been developed.

The scenario  is as  follow.  First,  the  system  proceeds  to the accumulation  step:  a sufficient  web  length  is stored in

the upper  accumulator  from the  unwinder  material  roll while  the  rewinder empties  the  lower  accumulator.  The  angular

position of each  accumulator  arm  is used  as  feedback  signal  to  the  rewinder  and  unwinder  using  P  controllers, thus  we

have a cascading control  strategy:  motors  velocity  control and  arms position  control.  During  this phase,  the  ‘Cabestan’

is locked,  so that  radioactive  ions  can  be  collected.  Then  the  system  proceed  to  the restitution  step,  the  ‘Cabestan’  moves

the web  of  the  desired  distance to  place  the  radioactive  ions  in  front of  the  detectors.  During this  step  the  unwinder

and rewinder  are locked.  At the  end  of  these  two  phases,  the  system  waits  for the  same  sequence  to  start again. The

‘Cabestan’ and unwinder  references  are  shown  in  Fig. 2. The shown  references  were  used for  identification  purpose  of

the presented  prototype.  For  the  final plant,  the references  should  be  a little  faster  in  order  to  achieve  the requirement

on displacement  time  (50 cm  in  100  ms).

3. System  modelling

The  modelling  of  roll-to-roll  system  is studied for  several  years  [9,27,1,20]. The model  is built  from  the equations

describing the web  tension in  each  web  span  and the speed of  two  consecutive  rollers  assuming  that  no slippage  occurs.

Another method  to  model  web  handling  systems  uses  energetic  macroscopic  representation  [26]. In  this  work,  the arm

dynamical behaviour  of  the  new  dancer–accumulator  system  is modelled.

3.1. Mechanical  modelling

The velocity  dynamics  of  a roller is given  by  torque  balance on  it,  whereas  the  calculation  of  web  tension  between

two consecutive  rollers  is  based  on  three laws [9]: Hooke’s  law,  Coulomb’s  law and  mass  conservation  law.
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Fig. 3.  Driven roller scheme.

3.1.1. Unwinder–rewinder  modelling

For the  unwinder  and  the  rewinder we  have  to determine  the  roller rotational  speed Ω  and  the  web  tension  T. The

speed transfer function of  the  velocity  controlled  motors  is a second  order  one.  It  is  given  in (1).

Ω

Ωref

=
G0

(s/wn)2 +  2ζ(s/ωn) + 1
(1)

with G0 the  static  gain, wn the  crossover  frequency  and  ζ the damping  factor.  Ωref is  the  speed reference  signal  in  volts

and s is  the  Laplace  variable.  The parameters  G0,  ωn and  ζ  have  been  identified.  During identification  procedure the

loading effect  of  the  web  effect has been  studied.  Due  to  high bandwidth  of  the  speed control  loop and  high torque

of unwinder  and  rewinder motors  this effect can  be  neglected.  Moreover,  the  loading  effect coming  from the  master

roller is  attenuated  by  the  dancer–accumulator  mechanism.

The web  strain  is calculated  as  follows  [9]:

d

dt

(

L

1 + εd

)

=  −
Vp

1  +  εd

+
Vd

1  + εb

(2)

where L  is the  web  length  between  the  unwinder,  or  the  rewinder,  and  the  idle  roller close  to  the  driven roller (rewinder

or unwinder).  Considering  the  unwinder,  Vp is  the  idle roller speed,  Vd is the  unwinder  speed.  εb is the  strain inside  the

wound roll,  considered  equal  to  zero,  and  εd is the  web  strain between  the  unwinder  and  the  idle  roller.  Considering

the rewinder,  Vp is  the  rewinder  speed  and  Vd is  the  idle  roller  speed.  εb is the  web  strain between  the  idle  roller  and

the preceding roller,  εd is the  web  strain  between  the  idle  roller  and  the  rewinder.

The web  tension  T  is related  with the  web  strain  ε using Hooke’s  law  (in case  of  an  elastic  web):

T =  ESε  (3)

where E  is the  Young’s  modulus  and  S  the  web  cross-section.

3.1.2. Intermediate  rollers model

The idle rollers and  Cabestan  speeds and  the  web  tension  between  two  consecutive  rollers  have  to  be determined.

Fig. 3 shows  the  variables  used  for  the  calculation  of  these variables.

Assuming  no  slippage  between  the  web  and  the  rollers, the  velocity  of  the  ith  roller is obtained  by  the  application

of torque  balance  on  it:

d(IiΩi)

dt
=  Ri(Ti − Ti−1) + KiUi − γri (4)

where Ii is  the  roller inertia,  Ωi is the  ith roller velocity.  Ti−1 and  Ti are  respectively  the  upstream and  downstream  web

tension. Ki is the current loop gain, i.e. the  ratio  from the reference  voltage  to  torque  (the current loop  dynamic  being

very fast).  Ui is  the  torque  reference  signal  and  γri is the  roller friction.  Naturally,  KiUi is  equal to  zero for  idle  rollers.

The web  strain  ε between  two  consecutive  rollers  is deduced  from [9]:

d

dt

(

Li

1 + εi

)

= −
Vi+1

1  + εi

+
Vi

1 + εi−1
(5)

where Li is the web  span  length,  Vi+1 is the  downstream  roller  speed,  Vi is the  upstream  roller speed  and  εi−1 is  the

upstream web  strain.
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Fig. 4.  Upper dancer–accumulator photo.
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Fig. 5. Upper dancer–accumulator scheme.

3.1.3.  Dancer–accumulator  model

Using  the  previous  equations,  the  web  tensions  and the  rollers  speed  inside the  dancer–accumulator  can  be calculated.

Now, the  arm  angle  and  the  web  length  of  each web  span  have to  be  determined.  Figs.  4 and  5  show  the upper  accumulator

picture and scheme.  The scheme  shows  the  principal  parts of  the  dancer–accumulator  mechanism.  Pendulum  dancers

have been  rarely  studied  in  the  literature.  A  first  model  was  published  in [7]. More recent  models  are  given in [5,6,17].

Whereas the  accumulator  model  is described  in  [13,10,15,16].  A  new design of  accumulator  mechanism  is  described

in [11,12].

First,  the  arm angle  α  is calculated  by  using  the  following  relation:

I
d2α

dt2
= γm −  γr (6)

where I  denotes  the  arm inertia,  α  represent  the  angle between  the  arm  and  the  horizontal.  γm and  γr are  respectively

the driven  and  the  resistive  torque.  The  resistive  torque  γr is  neglected  in the  simulator.  Simulations  have shown  that

the resistive  torque  of  the arm does  not  play  an important  role.

The driven  torque  is generated  by the  different  web  spans,  the  spring  force  and  the  arm weight.  Whereas  the  resistive

torque is generated  by  the  static  and  dynamic  frictions.  The resulting  force  from  the  web  tension on each  idle  arm

rollers can  be  easily  calculated  under  geometric  considerations:

Feq =

2
∑

i=1

(|T  | sin(β1 − α))  (7)

where T  is the  web  span  tension,  β1 is the  angle  between  the  web  and  the  horizontal,  this  angle is shown  in  Fig. 7.

Then the  spring  force  Fspring is determined:

Fspring = [Pc + k(L − L0)]  · cos(δ′)  (8)
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Fig. 6.  Upper arm applied forces.

where Pc is  the  nominal spring  stress.  L is the  spring  length,  L0 is the nominal spring  length  (when  α =  0).  k is the

spring stiffness  coefficient. Finally,  δ′ is the  angle  between  the  spring and  vertical.  Then  the  three resulting  torques  can

be calculated:

γT =

3
∑

i=1

bi ·  Feqi (9)

γS = Fspring ·  bspring · cos(α) (10)

γW = Weight  · Lp ·  cos(α) (11)

γT is the  torque  generated by  the  web  tensions.  bi  corresponds  to  the  distance  between  the  arm  rotational axis  and  the

idle roller  centre.  γS represents  the torque  generated by  the  spring,  bspring denotes  the  distance  between  the  spring  and

the arm  rotational  axis.  Finally,  γW is  the  torque  generated  by the  arm weight,  Lp represents  the  distance  between the

arm rotational  axis and  the  arm gravity  centre.  The  different  distances  are  represented  in  Fig.  6.

Finally the  upper  arm  angle is given by the differential  equation:

I
d2α

dt2
=  γT − γS − γW (12)

For the  lower  arm  the  sign  of  γT and γS has to be  changed.

Then the  web  span  lengths in the accumulator  have to  be  determined.  First  the  distance  between  two  consecutive

idle rollers  centre  Di, shown  in  Fig.  7 can  be  easily  calculated  using  Pythagore’s  Theorem:

D2
i = (b · cos(α)  − xc)2 + (b  · sin(α)  − yc)2 (13)

where b is the distance  between  the  rotational  arm  axis  and  the  arm idle  roller  centre.  xc is  the  abscissa of  the  point  C

and yc is its ordinate.

Li

Di

α

C

A

O β1

Web

Fig. 7. Upper arm necessary distance.
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Fig. 8.  Simulink model diagram block.
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Fig. 9.  Mechanical model validation.

Then the  web  length  between  two  consecutive  rollers  in  the  dancer–accumulator  mechanism  Li  can be calculated

using Thales’  theorem:

Li =

(

R1

R2
+ 1

)

√

[

Di

(R1/R2)  +  1

]2

−  R2
2 (14)

Finally the  dancer–accumulator  mechanism can  be  entirely  modelled using  (5)  to  obtain  the  web  tension,  (4)  to

obtain each  roller  speed,  (14)  to  determine  each  web  span  length  and  (12)  to calculate  the  arm angle.

3.1.4. Model  of  the  global  system

The previous  equations  have  been  implemented  in  Matlab/Simulink  software  environment.  The Simulink  diagram

is seen  in  Fig.  8. The  building of  a complex  model  from  nonlinear  equations  is described  in [12,14].

3.2. Mechanical  model validation

To validate  the  mechanical  model,  many  measurements were  made on  the  system  under  different configurations  using

a dSpace  1103  realtime  board.  In  order  to compare  the  results of  the simulation  with the  corresponding  experimental

values, the  measured  motor velocity  is used  as  model  input,  which  means  that  the  motors  models  are  replaced  by  the

measured speed as  shown  in  Fig.  9.  Then  the  simulated  arm angle and  web  tensions  of  the  four  load cells  are  compared

with the  corresponding  measurements.

A sensitivity  analysis  concludes  that  the simulated  web  tensions  drastically  depend  on  the  rollers  frictions.  Therefore

the frictions  have  to be included  in  the  simulator  and  have  to  be identified.

3.2.1. Identification  of  the  friction  coefficients

Due to high  web  tension  dependence  to the  frictions, they  have  to  be modelled.  Two  friction  types  are  observed

on each  roller: the  static  friction  and  the dynamic  friction.  One  can observe,  with a camera,  that  the  web slips  on

the idle rollers  during the  starting  phase  and  therefore  it  is not  relevant to include  static  friction  of  the  idle  rollers  in

the mechanical  behaviour  of  the  web.  Considering  that  all  idle  rollers  have  the  same  bearings,  the  dynamic  friction

coefficients are  supposed  identical.

Friction torque  is then  considered  as  proportional  to  the  roller rotational  speed.  Due  to high  speed and  acceleration,

friction torque  has  to  be saturated.  Two  parameters  have then to be  identified,  the  friction  coefficient  and  the saturation

value, these  parameters  are  identified  using  the  web  tension measurement  provided  by  the four  load cells,  see  Ji in

Fig. 1.  In order  to identify  the  friction  parameters  an optimization  approach  is used.  The criterion  to  minimize  is based

on the  measured  web  tension  shape.  First  each  web  tension  is  considered and  its  shape  is computed.  Then  for  each

optimization point the  system  is simulated. For  each  simulation  point  the  error is equal  to  zero  if  the  simulated  tension
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Fig. 12. Measured/simulated dancer–accumulator arm angular position: Cabestan before the wound rolls, web displacement of 23 cm.

is inside  the  measurement  shape,  for instance  the  point  A  in Fig. 10. If  the  simulation  point  is outside  the  measurement

shape, like  point B,  the error is equal  to  the  distance  between  the  point  and  the  nearest  shape.

Err(t) =

{

0 if  Ts ∈ Sh

|Ts − Sh|  if  Ts /∈  Sh

(15)

where Ts is the simulated  tension,  Sh is  the  area  defined  by the  tension measurement  shape.  Finally  the  criterion  of

each simulation  point  is added  in  order  to  have  an error  criterion  to  minimize.

Errcriterion =

T
∑

t=0

Err(t) (16)

The values  of  the  two  parameters  used in  the  rest  of  the  paper  are  as  follows:  friction  coefficient  is equal  to  5.5  ×  10−5

and the  saturation  of  the  friction  torque  is equal to 4.8  ×  10−4 N m.

3.2.2. Comparison  between  measurements  and  simulation

First, the  standard  configuration  of  the  system  is used.  In  this  configuration  the  two  dancer–accumulators  use three

idle rollers  on  their  arms.  The Cabestan  speed  is of  25  Hz,  which correspond  to  about  6.3  m/s.  The Cabestan  has an

acceleration of  650  Hz/s  (about  160  m/s2).  The web  is moved  of  23  cm.  During the considering  phase the  web  restitution

step and web  accumulation  step are  inverted:  the  Cabestan moves  the  web  first and  then the  web  is accumulated  in  the

upper arm.

Fig. 11 shows the  comparison  between  measured  and  simulated  web  tension provided  by  the  four  load cells.  One

can see  that  the  general  shape  of  each  web  tension is reproduced.  Nevertheless  high peaks  present on  the  measured

tensions are  not  reproduced;  these  peaks  correspond  to  web  detachment  phenomena;  these  phenomena  are  not  modelled.

Moreover the  J4 and  J5 web  tension are  very  difficult  to reproduce  correctly  because web  slipping  and  detachment

phenomena are  located  on  the  Cabestan.  The most  important  is to ensure  the  web  tension  variation  scale reproduction

and secondarily  to  have  a good  idea  of  the  web  tension  shape.

In Fig.  12 one can see  that  the  two  arm  angular  positions  are quiet  well reproduced.  The error in the  simulation  can

be explained  by  the  lack  of  a precise  wound  roll  radius  measurement.
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Fig. 13. Measured/simulated web tensions comparison: Cabestan after the wound rolls, web displacement of 43 cm.

To ensure  the  model  validation  a second  measurement  is used  with  the  same  procedure  of  validation. Now  the  first

step is the  accumulation  step  and  the  Cabestan  moves  once  the  accumulation  step  is finished.  The web  is displaced  of

43 cm.

For  the  second  configuration,  the  four web  tensions  shown  in  Fig.  13  are  well reproduced.  Some peaks  are  present  on

the web  measurements  due  to detachment  and  slippage  phenomena.  Due  to  the  greater distance  of  web  displacement,

the peaks  on measured  web  tension  are  higher  than in the  previous  configuration.  In  fact,  the  web  is moved  for  a  longer

time and then the detachment  between  the  roller and  the web  is greater  and  involves  higher  web  tension  peaks.

The dancer  arm  angular  position  for  the second  configuration  can  be seen in  Fig. 14.  The  arm  displacement  direction

is reversed  due to  the  inversion  of  the  two  steps. In  fact,  when the  Cabestan  moves, the two  arms go  up.  When  the

wound roll  moves,  in  the  accumulation  step,  the  two  arms go down. On the  upper  arm angular  position  measurement,

one can  see  that,  due  to extended  time of  displacement  and  detachment  of  the web,  the  arm inertia  comes  to  play  a role

and an  overshoot  can  be  seen.  This phenomenon  is not  reproduced  in the  simulator.

It is shown  that  the mechanical  model  of  the  system  gives  an acceptable  restitution  of  the  four  web  tensions  and

the two  arm  angular  position.  Now  the  control  strategy  can  be implemented  on  the mechanical  model  to simulate  the

entire plant behaviour.
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Fig. 14. Measured/simulated dancer–accumulator arm angular position for the second configuration of the plant.

3.3. Control  strategy  implementation

The current  control  strategy  is implemented  in Matlab/Simulink  software  environment  using  two  functions.  The  first

one is used  to  fill in  the  upper  accumulator  and  to  empty  the  lower accumulator  using  P  controllers. In  fact,  the position

reference of  the Cabestan  is equal to zero, the control strategy  used  during this  step  is illustrated  in  Fig. 15(a).  Once

the two  accumulator  arms are  correctly  located,  the  unwinder  and  rewinder  motors  are  locked,  speed  reference  equal

to zero,  and  an  ‘authorization’  signal is  send  to  the  second  function.  The  second  function  creates  the  position  reference

of the  Cabestan,  taking  into  account  the  desired  maximum  speed,  acceleration  and  web  displacement  distance.  Then

the Cabestan  moves  the  web,  the control strategy  used  during  this step is illustrated  in  Fig. 15(b).
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Fig. 15. Scheme of  the control strategy for the two steps. (a) Control strategy during accumulation step. (b) Control strategy during restitution step.
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Fig. 16. Comparison between simulated and measured web tension.

Fig.  15 shows the  scheme  of  the  control strategy.  Cv is the  PID  speed  controller used  for  the  unwinder  and  the

rewinder. Cp is  the  PID  position  controller  used  for  the  Cabestan,  Cαi is  the  P  arm position  controller.  During  the

displacement of  the  Cabestan,  the  two  arm  position  controllers  Cα1 and  Cα2 are disconnected  and  the  speed  reference

is equal  to  zero.  During the  accumulation  step the  Cabestan  reference  is  equal to  zero.

3.3.1. Comparison  between  measurements  and  simulation

This time, the  entire  simulator  (considering  the mechanical  part and  the  control  strategy)  is compared  with  the

corresponding measurements.  The  particle  accelerator  signal  is used  to  synchronise  measurement  and  simulation.

First, the  second  configuration  of  Section  3.2.2  is used.  The  web  is displaced  of  43  cm.

Fig. 16 shows  the comparison  between  the  simulated  and  measured  web  tension.  One  can  see that  the  reproduction

of the  web  tension  shape  and  value are  acceptable.  On  one  hand, some  peaks  on  the  measurement  are  not  reproduced,

these peaks  are due  to  detachment  phenomena  between  the  web  and  the  roller.  On  the  other  hand, some  peaks  on the

simulation, usually  on  system  startup,  are  not  present  in  measurements  due  to high  acceleration,  the  web  slips on  the

roller, the  slipping  phenomena  being  not  modelled.

The simulation  of  the  arm angular  position  and  its  measurements  are  compared  in  Fig.  17.  One  can  see  that  the

angular position  maximal  value  reproduction  is better  than the  previous  one,  however  the  reproduction  quality  of

angular position  dynamic  decreases.  In  fact,  the  simulation  results  are no  more  dependent of  the  radius measurement
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Fig. 17. Comparison between simulated and  measured arm angular position.

because  now  the  control  strategy  is  implemented  but  the  arm dynamic  is difficult  to  reproduce  due  to  unmodelled

physical parts  of  the  control  loop (electronic  speed  controller,  sensor  . .  .). In  fact, these parts are  not  all  accessible

Now the  entire  system  model  including  the  mechanical  part  and  the  control  strategy  is validated  and  it can  be used

to test  some  control  configurations  of  the  system  without  prototype  modification.
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Fig. 19. Web tension along the web path with the new control strategy.

4. Example  of  model usefulness:  new  control  strategy  proposal

The most  important  function  of  a simulator  is to  test  new  control  strategies  without  spending  time to  implement

them on the  real system.  To reduce  the  time needed  to  place  the  studied  particles  in  front of  detector  a  new  control

strategy is proposed.

4.1.  Control  strategy

The  control  of  web  tension  is studied  for  several  years  [22,27].

This time, the  three  motors  move  at the  same  time.  In  fact, the  Cabestan  moves the  web  of  the  desired  distance  while

the unwinder  and  the  rewinder  is controlled  in  order  to  keep  the  accumulator  arm  position  near  to  0  using  PI position

controllers. The  two  accumulators  are  used  as  dancer pendulum  rollers  to  indirectly  control  the  web  tension  [5,6]  and to

limit fast  web tension variation  [17]. The three  idle  rollers  are useful to  accumulate  enough  web  to ensure  the  expected

acceleration and  speed  without control difficulties.  Considering  Fig. 15  the  speed  control  of  the  unwinder  and  rewinder

and the  position  control  of  the  Cabestan  are  kept as  the same.  The two  position  controllers  Cαi are now  PI controllers.

This control  strategy  is used  in industrial  applications  [23,21].  Four  control parameters  have  to  be identified,  two  for

each controller.

4.2. Control  optimization

Once  the  control  strategy  is chosen, its parameters  have  to  be adjusted.  Due  to high  non-linearities  of  the  system,

linear control  synthesis  method  cannot  be applied:  an optimization  approach  is then  proposed.  This  kind of  approach
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was successful  used  on  roll-to-roll  systems  to  optimize  control  [8]  and  mechanical  [24]  parts. The optimization  is

solved in  Matlab  software  environment  using  Genetic  Algorithm  [2]. The  aim  is to  minimize  the  maximum  arm  angle

variation and  its  oscillations.

F  =  max(|ε1(t)|)  +  max(|ε2(t)|)  +

T
∑

t=0

∣

∣

∣

∣

dε1(t)

dt

∣

∣

∣

∣

+

T
∑

t=0

∣

∣

∣

∣

dε2(t)

dt

∣

∣

∣

∣

(17)

where F  is  the  optimization  criterion,  ε1 and  ε2 are  respectively  the  error on  the  upper  and  the lower arm  angular

position. The  error derivative  is minimized  in  order  to  limit  the  dancer  arm  oscillations.

4.3. Results

The  presented  control  strategy  permits  to  reduce  the  time between  two  consecutive  web  displacements,  and  to  avoid

tension disturbances  during  the  radioactive  particle  sticking  because the  web  does  not  move in all  the  process  line.

However this  control  strategy  needs  a more  powerful  processing  unit for the  real  time control.

Fig. 18  shows  the  two  arm  angular  position  for a web  displacement  of  23 cm.  One  can see that  the  arm  angular

range of the  two dancers is now significantly  reduced:  the  arm moves less  than  10◦.  These  results  can  be  compared

with Fig.  12 where  the  angular  amplitude  is about  20◦.

With the  new  control  strategy,  it is  important  to  verify  that  the web  tensions are  kept in  an acceptable  range  in all

the process  line,  that  it  is  the  case as  one  can  see  in Fig.  19. The  simulated  web  tension  can be  compared  with  the  web

tension in  Fig.  11, one  can  see  that  the  variation of  web  tensions is higher  for  a few  values,  for  instance  the  web  tension

measured on  load  cell  J4. However  the  web  tensions  are  kept  in  an acceptable  range  where  web  deterioration  does  not

occur. Keep  in  mind that  some  phenomena  as  the  detachment  and  slippage  between  the  rollers  and  the  web  are  not

modelled, these  phenomena  could  decrease  the  web  peaks.

5. Conclusion

A  mathematical  model  of  a new  mechanism  design was  developed.  This new  mechanism  design has  the particularity

to combine  two  systems  together;  the  pendulum  dancer  roller and  the  accumulator.  This  mathematical  model was then

used to  model a complex  roll-to-roll  system  for a particular  application  in a particle accelerator.  The mechanical model

is validated  using  measurements  with two  different configurations  of  the  system.  Then,  once  the  mechanical  model  is

validated, a control  strategy  is implementing  on  it.  The  obtained  simulation  results are  compared  with measurements.

The simulator  is then  used  to  develop  a new control strategy  and  to  test  its behaviour.

Future work  consists  in  the  implementation  of  the  proposed  control strategy  on the  fast  prototyping  platform  in

order to  test  its validity.  Moreover  the  PI-LPV  controller synthesis  presented  in  [4]  can  be adapted to the studied system

in order  to  obtain  better  robustness  with  respect  to the different  configurations  of  the system.
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This paper analyzes for the first time the influence of the master roller placement of roll-to-roll

systems and the effects of velocity and tension bandwidths. In such systems, each motor

driven roller is controlled separately (decentralized control). The influence of the master roller

position, which is only controlled in velocity and therefore gives the web speed, is studied. The

other motor driven rollers are also controlled using optimized PI web tension controllers,

automatically synthesized in the fixed-order and structure H∞ framework. The web speed and

tension control bandwidths play amajor role on the system performances and therefore have to be

chosen carefully. The impact of the master roller placement, considering several setting values of

speed and control bandwidths, is analyzedwith respect to reference tracking, disturbance rejection

and robustness to web elasticity variations. Several configurations and settings are compared in

time domain simulations and frequency system/signal analysis.

© 2013 Elsevier Ltd. All rights reserved.
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1. Introduction

Systems handling web materials such as textile, paper, polymer or metal are very common in industry, because they

represent a convenient way of transporting and processing a product from one roll to another. The variables to be monitored

and controlled in order to achieve the expected product quality are web tension and speed in each span. Therefore, the goal

is to move the web at an expected speed while maintaining web tension as constant as possible [1]. In order to set up the

speed and tension controllers, requirements have to be fixed. These requirements are the bandwidth of the closed-loop

system and the overshoot. Moreover, the master driven roller has to be placed adequately. The master roller position has an

impact on the tension control structure: upstream web tension control is used before the master roller and downstream web

tension control after (see Fig. 4). For the first time, the influence of the master roller position and the closed-loop bandwidths

is analyzed.

A generic roll-to-roll system, composed of seven master driven rollers and six idle rollers is studied. A linear simulator of this

plant is developed in the Matlab/Simulink software environment [2,3]. A linear state space model is also built for automatic

controller synthesis. Each driven roller speed is controlled by IP controller, whereas web tension is controlled using PI controller.

In this work, the decentralized tension control is adjusted using fixed order and structure H∞ approach [4,5].

This work concerns the study of the influence of closed-loop bandwidth and master roller position regarding reference tracking,

disturbance rejection and robustness to web elasticity variation. A preliminary study is dedicated to the description of roll-to-roll

systems modeling and web speed and tension control advanced synthesis. The web dynamics is then analyzed for different master

roller positions and different bandwidths (the controllers are automatically calculated).
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2. Modeling

The non-linear model of a web transport system is built from the equations describing the velocity of each roller and the web

tension behavior between two consecutive rollers [6,2,7].

2.1. Web speed determination

The web linear speed Vi of a roller i, is equal to the linear roller speed assuming that no slippage occurs (see Fig. 1), which

depends on the upstream web tension Ti − 1 and the downstream web tension Ti, is given by:

Ji
dV i

dt
¼ T i−T i−1ð ÞR

2
i þ K iRiui−f dV i ð1Þ

where Ji is the roller inertia, Ki is the torque constant of the motor, Ri is the roller radius, ui is the roller control signal and fd is the

dynamic friction coefficient. This equation assumes that no slippage occurs: the web speed is equal to the linear roller speed.

Moreover a static friction can be added.

2.2. Web tension determination

The strain  i of web span i, which depends on the upstream web strain  i − 1 and the speeds of the two consecutive rollers, is

given by the differential equation [2]:

d

dt

Li
1þ  i

 !

¼−

V iþ1

1þ  i

þ
V i

1þ  i−1

ð2Þ

where Li is the web span length, Vi + 1 is the downstream roller speed, and Vi is the upstream roller speed.

For an elastic web, the web tension T is obtained using Hooke's law:

T ¼ ES i ð3Þ

where E is the web Young's modulus and S is the web cross-section.

The web tension is determined using the non-linear differential Eq. (2). This equation can be linearized aroundworking points T0,

and V0. Considering Ti = T0 + ti, Vi = V0 + vi, Ti − 1 = T0 + ti − 1 and Vi + 1 = V0 + vi + 1 the linear equation becomes [2]:

Li
dti
dt
¼ V0 ti−1−tið Þ þ viþ1−vi

" #

ESþ T0ð Þ: ð4Þ

2.3. Linear model

The relations depicted in Eqs. (1) and (4) permit to construct the state-space representation of the studied roll-to-roll system:

_x tð Þ ¼ Ax tð Þ þ Bu tð Þ
y tð Þ ¼ Cx tð Þ

$

ð5Þ

where x is the state vector, u the control vector, and y the output vector.A is the state matrix,B the input matrix andC the output

matrix.

The system scheme is shown in Fig. 2, the big circles (Vi, V3, V5,…) correspond to the motor driven rollers and the small circles

(V2, V4, V6,…) correspond to the idle rollers equipped with a load cell. The dynamical model needs the calculation of each roller

speed and web tension in each span. Therefore, the state vector is composed of the velocity of each motor driven roller, the

velocity of each idle roller (equipped with a load cell) and the web tension in each web span:

x ¼ V1 Ts1 V2 Ts2 V2 Ts3 ⋯ Ts12 V13½ %
T
: ð6Þ

Ti-1

Ti

Ki 
ui

Vi Vi+1

Li

Fig. 1. Analyzed web span.
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The system has 8 inputs: the input web tension Tin and the seven motor control signals.

u ¼ T in u1 u3 u5 u7 u9 u11 u13½ "
T

ð7Þ

The system has 13 outputs: the motor driven roller rotational speeds and the web tension located at each idle roller.

y ¼ ω1 ω3 ω5 ω7 ω9 ω11 ω13 T1 T3 T5 T7 T9 T11½ "
T

ð8Þ

where:

T1 ¼
Ts1 þ Ts2

2
T3 ¼

Ts3 þ Ts4
2

T5 ¼
Ts5 þ Ts6

2

T7 ¼
Ts7 þ Ts8

2
T9 ¼

Ts9 þ Ts10
2

T11 ¼
Ts11 þ Ts12

2
:

ð9Þ

Once the linear model is built, the influence of the web elasticity on its behavior is studied and shown in Fig. 3. This figure

represents the maximum singular values (singular values are used to analyze the frequency behavior of multiple inputs–multiple

outputs system, see [8]) of the studied generic plant for differentweb elasticities. One can see that the frequency andmagnitude of the

resonance peaks depend on the web elasticity value. For web elasticity decreasing, the resonances move to lower frequencies.

3. Control strategy

In roll-to-roll systems, two variables have to be mastered: the web speed and web tension in each span. To control these

variables, decentralized cascading control structure is used [9,10], as shown in Fig. 4. Each motor is firstly torque controlled with the

controllerCc. This control loop has to be very fast and is approximated by the gain Ki. Then CV is used to control the roller speed. Finally,

CT is used to control the web tension. The roller speed and web tension control loops are described more precisely in following

sections. In Fig. 4, im is the measured current and ir represents the current reference.

The master roller, as indicated in Fig. 4, has only a torque loop and a speed loop, whereas the other rollers have also a web

tension loop. The master roller imposes the web speed of all the lines. Its position choice changes the web longitudinal dynamics

of the whole plant and therefore the position has to be chosen adequately.

3.1. Motor speed control

The speed control is ensured using IP controller. The main asset of the IP controller is that it does not introduce a zero in the

closed-loop transfer function.
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Fig. 2. System under study.
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Fig. 3. Maximum singular values of the plant (open-loop): influence of the web elasticity.
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The speed controller structure is given in Fig. 5. The linear speed reference is divided by the roller radius in order to have a

rotational speed reference. The controller output is multiplied by the roller inertia in order to simplify the closed loop and to

remove sensitivity to inertia variations (useful for the case of wound roll). When the loading effects of the web and the frictions

are compensated by a feedforward (not represented in Fig. 4), the relation of the system open loop becomes:

Ωi

ui

¼
K i

Jis
ð10Þ

where Ωi is the rotational roller speed, ui is the motor control signal, and Ji is the roller inertia. The torque closed loop has been

considered as very fast and approximated by the gain Ki.

The closed-loop transfer function with IP controller is:

Ωi sð Þ

Ωref sð Þ
¼

1

1þ
s

a
þ

s2

abK i

: ð11Þ

The IP controller parameters a and b are calculated as follows:

a ¼
ωV

2ζV
b ¼

ω
2
V

aK i

ð12Þ

where ωV is the desired bandwidth of the speed closed-loop, ζV is the desired damping factor and Ki is the motor torque constant.

3.2. Web tension control

Web tension control is studied for several years [2,11–15]. In this work, a H∞ approach is used to synthesize each tension

controller [5,12,16]. The H∞ synthesis approach is commonly used in many domains [17,18], it consists in finding a stabilizing
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controller that minimizes the H∞ norm of the transfer function between a set of exogenous inputs r and a set of performance

outputs z.

jjTr→zjj∞ b γ ð13Þ

3.2.1. H∞ fixed order and fixed structure synthesis

The major drawback of the H∞ approach is the high order of the obtained controller. Indeed, the order of the controller is equal

to the sum of the system order and the weighting functions order [8]. Using current model reduction approach, the controller

order cannot always be reduced while stability and performances are preserved. For industrial applications, it is highly relevant to

develop design algorithms producing fixed structure and fixed order controllers (for example decentralized PI controllers). The

mathematical problem seems to be difficult because fixed-order controller synthesis can be formulated as a nonsmooth affine

problem in the nonconvex cone of stable matrices. Recent progress in nonsmooth problem solving permit to develop relevant

synthesis tools like HIFOO released in 2005 [19] and more recently hinfstruct [20]. This last one is used in this work to synthesize

the web tension controller of each subsystem.

The web tension controller is synthesized using S/KS/T weighting scheme and model matching, as illustrated in Fig. 6. The

reference modelM0 depicts the desired closed-loop system behavior, it is taken as a second order transfer function with damping

factor ζT equal to 1 and cross-over frequency ωT:

M0 ¼
1

1þ 2ζT

s

ωT

þ
s

ωT

 !2
ð14Þ
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where s represents the Laplace variable. The weighting functionsWp,Wu andWt appear in the transfer matrix of the closed-loop

function Tr → z. r is composed of the tension reference, and z is the performance output and is composed of z1, z2, and z3 (see

Fig. 6).

Tr→z :¼

Wp M0−TCLð Þ

WuCTSCL
W tTCL

2

4

3

5 ð15Þ

where SCL is the sensitivity function:

SCL ¼ I þ GiCTð Þ
−1

: ð16Þ

Gi contains the subsystem including the speed control loop (see Fig. 7), and CT is the web tension controller. TCL is the

complementary sensitivity function:

TCL ¼ I−SCL: ð17Þ
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Table 1

The three settings of the speed and tension closed-loop bandwidths.

Speed bandwidth ωV

(rad/s)

Tension bandwidth ωT

(rad/s)

Applications

5 1.3 Standard plants and applications

20 5.2 Better disturbance rejection

40 10.4 Advanced applications
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The weighting functionWp has a high gain at low frequency in order to reject low frequency disturbances [2]. The form ofWp is

as follows:

Wp sð Þ ¼

s

M
þ ωB

sþ ωBε0
ð18Þ

where M is the maximum peak magnitude of SCL. ωB is the required frequency bandwidth (ωB > ωT), and ε0 is the allowed

steady-state error.

The tension controller CT (see Fig. 7) is a PI controller:

ΔV ref i

εT i

¼ Kpi

1þ τis

s
ð19Þ

whereΔV ref i
is theweb tension controller output that adjusts the speed reference and εT i

is the web tension error signal, i is the roller

number. Kpi and τi are the controller parameters to be determined. The optimization problem can be formulated as follows:

minimize jjTr→zjj∞ ¼ γopt

subject to λ b 0
ð20Þ

where ‖Tr→ z‖∞ is the H∞ norm of the closed-loop subsystem and λ is the maximum real part of the system poles also called spectral

abscissa. The last condition ensures the stability of each closed-loop subsystem.
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The decentralized PI web tension controller is calculated for the two web tension control cases. CT is calculated for the model

Gi, see Fig. 6, including the velocity loop: the upstream and the downstream tension controls. The same weighting functions and

reference model are used for the two cases and therefore the obtained H∞ norms are very close.

3.3. Drive requirements

The desired bandwidths of motor speed loop and web tension control have to be chosen adequately with respect to the size

and requirements of the whole roll-to-roll plant. Klassen [21] recommends, for classical huge roll-to-roll plants, a bandwidth of

5 rad/s for the speed loop and 1.3 rad/s for the tension loop. However, some applications need higher bandwidths in order to

better reject disturbances [3,22].

In this study, different settings are studied, as given in Table 1. But we keep the ratio between speed and tension bandwidths

as recommended by Klassen.

4. Decentralized control synthesis

In order to synthesize an optimal tension controller of the given web span, the mathematical model of the subsystem is

needed. In this application, two types of subsystem exist depending on the master roller position: in the first one the load cell is

placed after the driven roller (downstream tension control) and in the second one the load cell is placed before (upstream tension

control), as illustrated in Fig. 4.

50 52 54 56 58 60
50

60

70

80

90
T1

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

50 52 54 56 58 60
50

60

70

80

90

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

50 52 54 56 58 60
50

60

70

80

90

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

50 52 54 56 58 60
50

60

70

80

90

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

50 52 54 56 58 60
50

60

70

80

90

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

50 52 54 56 58 60
50

60

70

80

90

Time (Second)

T
en

si
o
n
 (

N
ew

to
n
)

T2

T3 T4

T5 T6

Filtered Web Tension Reference

Master Roller in 2nd Position

Master Roller in 4th Position

Master Roller in 6th Position

Fig. 10. Comparison of the three master roller position configurations in terms of reference tracking with ωV = 20 rad/s and ωT = 5.2 rad/s.

21J. Frechard, D. Knittel / Mechanism and Machine Theory 66 (2013) 14–31



Case a) downstream web tension control. In the case of downstream web tension control, the subsystem Hi to be modeled is

represented in Fig. 7. The state space representation of this subsystem is calculated using Eqs. (1) and (4).
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where the subscript i is used for the driven roller and the subscript i + 1 is used for the idle roller. V depicts the linear web speed,

and Ts stands for the web span tension. R and J are respectively the roller radius and inertia. L is the web span length. VO depicts

the nominal web speed of the linear model and the constant E0 = ES + T0 depends on the web elasticity E, the web cross-section

S and the nominal tension used for model linearization T0.
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Fig. 11. Comparison of the three master roller position configurations in terms of reference tracking with ωV = 40 rad/s and ωT = 10.4 rad/s.
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The first step consists in synthesizing the motor speed controller Cv for each motor driven roller, as indicated in Section 3.1.

With this controller Cv and the subsystem model Hi (Eqs. (21) and (22)), the model Gi can be constructed (see Figs. 6 and 7) in

order to synthesize CT (Eq. (19)) in the H∞ framework, as indicated in part Section 3.2.

The obtained sensitivity (M0 − TCL) and complementary sensitivity TCL functions are presented in Fig. 8 for different bandwidth

settings. One can see that the closed loop transfer function TCL gain has less variations (the low frequency gain is constant for a larger

bandwidth and the resonance magnitudes are reduced) when the speed bandwidthωV and tension bandwidth ωT are increased, see

Fig. 8(c).

Case b) upstream web tension control. In the case of upstream tension control, the subsystem Hi can be modeled in the same

manner. The web tension controller CT is then automatically synthesized, as indicated previously.

The obtained sensitivity (M0 − TCL) and complementary sensitivity TCL functions are very close to the downstream subsystem

behavior.

4.1. Decentralized control synthesis

With a fixed speed bandwidthωV and tension bandwidthωT (for example Table 1), all controllers for the industrial decentralized

structure are automatically optimized, in Matlab/Simulink software environment.

5. Influence of master driven roller position and controller bandwidth: Simulations

In order to analyze the influence of the master roller position, three configurations are studied: the master roller is located at

second position, or in the middle of the generic plant or at the sixth position.

These three configurations are compared to each other using a time and frequency based analysis for the three bandwidth

settings presented in Table 1.

In roll-to-roll systems, the most important characteristics to ensure is the web tension reference tracking, the web tension

perturbation rejection and the robustness regarding web elasticity variations.
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5.1. Reference tracking performance

Web tension reference tracking is a key point in roll-to-roll systems control. The resulting web tensions have to be compared

for the three master driven roller positions. In this study, the web tension reference is a step filtered with a first order low-pass

filter:

T filtered

Tref

¼
1

0:2sþ 1
: ð23Þ

The web tension simulations are presented in Figs. 9, 10 and 11. Different observations can be made:

• for low speed and tension bandwidths (Fig. 9), the tensions have slow response, as expected, but the master roller position does

not play an important role. All three placement configurations lead to acceptable overshoot performances.

• for high speed and tension bandwidths (Fig. 11), tension reference tracking is faster.

• the overshoot is quite the same for all bandwidth configurations.

The master roller placement does not play an important role on the tension reference tracking performances of the whole

system. In fact, the mean overshoot along the line is quite the same for all master roller placements. Nevertheless, the master

roller should be placed close to the web span that needs more accurate reference tracking. In fact, if a particular web tension is

considered, T5 for instance, one can see that this particular tension has better performances when the master roller is close to it,

i.e. when the master roller is placed in fourth position.
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Fig. 14. Simulation of the web tensions with the disturbance applied on Tin with ωV = 5 rad/s and ωT = 1.3 rad/s.
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The Bode diagrams in Fig. 12 show the maximum diagonal and non-diagonal transfer functions of the closed-loop plant

(a diagonal transfer function is defined as a transfer function between a tension reference Tref i
and the corresponding measured web

tension Ti. A non-diagonal transfer function is defined as a transfer function between a web tension reference Tref i
and another

measuredweb tension Tj). In fact, themaximumnon-diagonal transfer function shows themaximum coupling between tensions. The

Bode diagrams of the maximum diagonal and non-diagonal transfer functions give interesting informations:

• the resonancemagnitude of the diagonal transfer function and themaximumof the non-diagonal transfer function are amplified for

low speed and tension bandwidths.

• the worst results are obtained for the master roller located at sixth position and the best results occur when the master roller is

placed at second position (for the three bandwidth settings).

5.2. Disturbance rejection

In industrial roll-to-roll systems, theweb tensions are disturbed by the unwinding of a roll having eccentricity and non-circularity.

The eccentricity involves a sinus web tension disturbance with a frequency equal to the roller rotational frequency, whereas

non-circularity leads to a perturbation composed of several sinus. In this study, the tension disturbance is composed of a fundamental

signal (produced by unwind roll eccentricity) and three harmonics involved by non-circularity. The number of harmonics is limited

and low, as shown in experimental results [23].

For didactic reasons, the four sinuses of the perturbation signal have the same amplitude in this study in order to easily compare

the disturbance rejection in each frequency range. The results can be adapted for different amplitudes. The perturbation signal is

represented in Fig. 13(a) and (b).
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Fig. 15. Simulation of the web tensions with the disturbance applied on Tin with ωV = 20 rad/s and ωT = 5.2 rad/s.
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To compare the master roller configurations in terms of disturbance rejection, the disturbance signal is applied on the input

tension Tin.

The simulation results are shown in Figs. 14, 15 and 16. One can see that the perturbation signal is well rejected (or filtered) in

the case of high speed and tension bandwidths (note that the magnitude scale is not the same for the three figures). The results are

confirmed by the Bode diagrams (Fig. 12): the magnitude of the non-diagonal transfer function decreases when the bandwidths

increase. The simulations show also that the configurationwith themaster roller in sixth position gives a little better results than the

other placements. Moreover, simulations have been made for the same disturbance signal on Ts7 and Ts12 and lead to the same

conclusions.

5.3. Robustness regarding web elasticity variation

Web elasticity usually varies with air temperature and moisture. This variation can decrease the system closed loop control

performances. Moreover, some process lines include facilities which can make the web elasticity varying, for instance an oven

changes the web elasticity drastically.

Moreover, in industry it is interesting to use the same control settings for different web materials. In order to evaluate the

robustness of the master roller position, the web elasticity is divided by a factor five and the three position configurations are

compared for each bandwidth value.

The simulation results are shown in Figs. 17, 18 and 19. One can see that the system is more robust to web elasticity decreasing

when the closed-loop bandwidths are lower (since the open-loop resonances, illustrated in Fig. 3, are outside of closed-loop

bandwidths). Moreover, the configuration with the master driven roller at the sixth position is less robust to web elasticity

variations.
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Fig. 16. Simulation of the web tensions with the disturbance applied on Tin with ωV = 40 rad/s and ωT = 10.4 rad/s.
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6. Analysis and discussion

Fig. 20 gives the poles of the closed-loop system for 2 values of the web elasticity, with the master roller in second position.

Each subfigure shows the results for one configuration of speed and tension bandwidths.

For a web elasticity divided by a factor 5, many poles move more to the imaginary axis when the bandwidths are increased, in

comparison with nominal elasticity (damping factor ζ is lower for E/5). In parallel, the closed loop zeros are not affected by

elasticity changes (see Fig. 21, the Y-scale is close to zero). Therefore, in the case of high bandwidths, the web elasticity decreasing

leads to worse reference tracking behavior (overshoot and time response are increased, see Figs. 11 and 19).

In the case of low bandwidths, the zeros and the dominant poles are not affected by web elasticity variations. Therefore, the

reference tracking behaviors do not change significantly for a different value of elasticity (see also Figs. 9 and 17).

The H∞ norm of the closed-loop complete system can also be used as a performance criterion when web elasticity is varying.

Such criterion is used for systems performances comparison in [20,24].

Table 2 gives the H∞ norm of the whole controlled roll-to-roll system without any weighting functions (in this case the H∞ norm

represents the peak gain of the singular values). One can deduce that the H∞ norm is less varying, for different web elasticities, when

the bandwidths are low. This is confirmed by the time domain simulations: Figs. 9 and 17 are quite similar whereas Figs. 11 and 19

give different reference tracking behaviors.

H∞ norm should not be considered alone as a performance index, because this norm does not indicate the frequency location of

the resonances but only the maximum magnitude of the global closed-loop transfer function.

The optimal position of the master roller and the speed and tension bandwidths are difficult to choose and depend on system

requirements and control structure.Moreover, to reject disturbances the best position of themaster driven roller is the sixthwhereas

the second position leads to better robustness to web elasticity variation.
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Fig. 17. Simulation with a web elasticity of E/5 = 32 MPa for ωV = 5 rad/s and ωT = 1.3 rad/s.
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For the considered industrial decentralized control structure, different observations have been made:

• the requirements for having a good robustness to web elasticity variations are in contradiction with them for disturbance

rejection: the closed-loop bandwidths should be low to guarantee robustness properties to web elasticity variations and high in

order to increase the disturbance rejection behavior (and also reference tracking performances, but usually the tension reference is

constant).

• on the one hand, if high tension precision and high input disturbance rejection behavior are required along the line, the master

roller should be placed at the end of the line and the bandwidths should be as large as possible, taking into account the technical

limitations (a pendulum dancer can also be used in the unwind section [5]). However, if web elasticity is varying drastically, for

example polymerwebwith temperature changes, the system can become unstable. A solution consists in synthesizing PI–LPV tension

controllers [12].

• on the other hand, if high robustness to web elasticity is needed, the bandwidths have to be low. However, the system with low

bandwidths is more sensitive to web tension disturbances. In this case, the master roller placement does not play an important

role.

• nevertheless, if high precision is required in a specific area, as printing area for example, the master roller should be placed close

to this processing area, see Fig. 11.

7. Conclusion

This paper illustrates the effects on web tensions of speed and tension closed-loop bandwidths and master roller position.

The simulation results show that the choice of these parameters highly depends on the system applications and requirements. In
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Fig. 18. Simulation with a web elasticity of E/5 = 32 MPa for ωV = 20 rad/s and ωT = 5.2 rad/s.
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fact, the configuration depends on the need of web elasticity robustness, disturbance rejection and tension reference tracking

performances. Three placement configurations have been studied, for three closed-loop bandwidth settings.

The results are analyzed in time and frequency domain. Recommendations are given in order to help plant user to set

up roll-to-roll systems with respect to reference tracking, input disturbance rejection and robustness to web elasticity

variations.

All observations have also been made for a larger scale system (with higher number of driven rollers and idle rollers).
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Fig. 19. Simulation with a web elasticity of E/5 = 32 MPa for ωV = 40 rad/s and ωT = 10.4 rad/s.
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Table 3

Parameters of the studied generic system (see [3]).

Gain of the torque closed-loop 5.64 N m/V

Diameter of the rollers (idle and driven) 0.1 m

Inertia of the motor driven rollers + motor inertia 0.0814 kg/m2

Inertia of the idle rollers 0.0743 kg/m2

Web cross-section l = 300 mm, e = 0.260 mm

Span length 1 m

Young modulus of the web 160 MPa

Web nominal speed 100 m/min

Web nominal tension 50 N
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❬❙❉✾✹❪ ◆✳ ❙'✐♥✐✈❛0 ❡: ❑✳ ❉❡❜ ✿ ▼✉❧:✐♦❜❥❡❝:✐✈❡ ♦♣:✐♠✐③❛:✐♦♥ ✉(✐♥❣ ♥♦♥❞♦♠✐♥❛:❡❞ (♦3:✐♥❣

✐♥ ❣❡♥❡:✐❝ ❛❧❣♦3✐:❤♠(✳ ❊✈♦❧✉#✐♦♥❛$② ❈♦♠♣✉#❛#✐♦♥✱ ✷✿✷✷✶✕✷✹✽✱ ✶✾✾✹✳
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❬❙❋✵✼❪ ❖②❛♠❛ ❆✳ ❙❤✐♠♦②❛♠❛✱ ❑✳ ❡1 ❑✳ ❋✉❥✐✐ ✿ ▼✉❧1✐✲♦❜❥❡❝1✐✈❡ =✐① =✐❣♠❛ ❛♣♣A♦❛❝❤ ❛♣♣❧✐❡❞

1♦ A♦❜✉=1 ❛✐A❢♦✐❧ ❞❡=✐❣♥ ❢♦A ♠❛A= ❛✐A♣❧❛♥❡✳ ■♥ ✹✽

th
❙%&✉❝%✉&❡*✱ ❙%&✉❝%✉&❛❧ ❉②♥❛♠✐❝*

❛♥❞ ▼❛%❡&✐❛❧* ❈♦♥❢❡&❡♥❝❡✱ ❍❛✇❛✐✐✱ ✷✵✵✼✳

❬❙❤✐✾✶❪ ❑✳ ❍✳ ❙❤✐♥ ✿ ❉✐*%&✐❜✉%❡❞ ❝♦♥%&♦❧ ♦❢ %❤❡ %❡♥*✐♦♥ ✐♥ ♠✉❧%✐✲*♣❛♥ ✇❡❜ %&❛♥*♣♦&% *②*%❡♠*✳

❚❤K=❡ ❞❡ ❞♦❝1♦A❛1✱ ❖❦❧❛❤♦♠❛ ❙1❛1❡ ❯♥✐✈❡A=✐1②✱ ❙1✐❧❧✇❛1❡A✱ ❖❦❧❛❤♦♠❛✱ ✶✾✾✶✳

❬❙❤✐✵✵❪ ❑✳❍✳ ❙❤✐♥ ✿ ❚❡♥*✐♦♥ ❝♦♥%&♦❧✳ ❚❛♣♣✐ NA❡== ❡❞✐1✐♦♥✱ ✷✵✵✵✳

❬❙♦✵✾❪ ❆✳ ▼✳ ❙✐♠+❡- ✿ ❙②♥%❤=*❡ ❞❡ ❝♦♠♣❡♥*❛%❡✉&* *%&✉❝%✉&>* ♣❛& ❧✬♦♣%✐♠✐*❛%✐♦♥ ♥♦♥ ❧✐**❡✳

❚❤K=❡ ❞❡ ❞♦❝1♦A❛1✱ ❯♥✐✈❡A=✐1O ❞❡ ❚♦✉❧♦✉=❡✱ ✷✵✵✾✳

❬❙♦❜✻✼❪ ■✳▼✳ ❙♦❜♦❧✬- ✿ ❖♥ 1❤❡ ❞✐=1A✐❜✉1✐♦♥ ♦❢ ♣♦✐♥1= ✐♥ ❛ ❝✉❜❡ ❛♥❞ 1❤❡ ❛♣♣A♦①✐♠❛1❡ ❡✈❛✲

❧✉❛1✐♦♥ ♦❞ ✐♥1❡❣A❛❧✳ ❯❙❙❘ ❈♦♠♣✉%❛%✐♦♥❛❧ ▼❛%❤✳ ❛♥❞ ▼❛%❤✳ C❤②*✳✱ ✼✿✽✻✕✶✶✷✱ ✶✾✻✼✳

❬❙❖❋✵✺❪ ❑✳ ❙❤✐♠♦②❛♠❛✱ ❆✳❖②❛♠❛ ❡1 ❑✳ ❋✉❥✐✐ ✿ ❆ ♥❡✇ ❡✣❝✐❡♥1 ❛♥❞ ✉=❡❢✉❧ A♦❜✉=1 ♦♣1✐♠✐③❛✲

1✐♦♥ ❛♣♣A♦❛❝❤ ✲ ❞❡=✐❣♥ ❢♦A ♠✉❧1✐✲♦❜❥❡❝1✐✈❡ =✐① =✐❣♠❛✳ ■♥ ❊✈♦❧✉%✐♦♥❛&② ❈♦♠♣✉%❛%✐♦♥✱

✷✵✵✺✳ ❚❤❡ ✷✵✵✺ ■❊❊❊ ❈♦♥❣&❡** ♦♥✱ ✈♦❧✉♠❡ ✶✱ ♣❛❣❡= ✾✺✵ ✕✾✺✼ ❱♦❧✳✶✱ =❡♣1✳ ✷✵✵✺✳

❬❙N✵✺❪ ❙✳ ❙❦♦❣❡-4❛❣ ❡1 ❚✳ 5♦-4❧❡4❤✇❛✐4❡ ✿ ▼✉❧%✐✈❛&✐❛❜❧❡ ❢❡❡❞❜❛❝❦ ❝♦♥%&♦❧ ✕ ❆♥❛❧②*✐*

❛♥❞ ❞❡*✐❣♥✳ ❲✐❧❡②✱ ✭✶✾✾✻ ❀ ✷✵✵✺✮✳

❬❙❙✵✺❪ ■✳ ❙❡❦❛❥ ❡1 ▼✳ ❙7❛♠❡❦ ✿ ❘♦❜✉=1 ❝♦♥1A♦❧❧❡A ❞❡=✐❣♥ ❜❛=❡❞ ♦♥ ❣❡♥❡1✐❝ ❛❧❣♦A✐1❤♠=

❛♥❞ =②=1❡♠ =✐♠✉❧❛1✐♦♥✳ ■♥ ❉❡❝✐*✐♦♥ ❛♥❞ ❈♦♥%&♦❧✱ ✷✵✵✺ ❛♥❞ ✷✵✵✺ ❊✉&♦♣❡❛♥ ❈♦♥%&♦❧

❈♦♥❢❡&❡♥❝❡✳ ❈❉❈✲❊❈❈ ✬✵✺✳ ✹✹%❤ ■❊❊❊ ❈♦♥❢❡&❡♥❝❡ ♦♥✱ ♣❛❣❡= ✻✽✽✶ ✕ ✻✽✽✻✱ ❞❡❝✳

✷✵✵✺✳

❬❙❙N

+
✵✾❪ ❆✳▼✳ ❙✐♠♦❡-✱ ❉✳❈✳ ❙❛✈❡❧❧✐✱ N✳❈✳ 5❡❧❧❛♥❞❛✱ ◆✳ ▼❛74✐♥- ❡1 N✳ ❆♣❦❛7✐❛♥ ✿

❘♦❜✉=1 ❞❡=✐❣♥ ♦❢ ❛ 1❝=❝ ♦=❝✐❧❧❛1✐♦♥ ❞❛♠♣✐♥❣ ❝♦♥1A♦❧❧❡A ✐♥ ❛ ✇❡❛❦ ✺✵✵✲❦✈ ✐♥1❡A❝♦♥✲

♥❡❝1✐♦♥ ❝♦♥=✐❞❡A✐♥❣ ♠✉❧1✐♣❧❡ ♣♦✇❡A ✢♦✇ =❝❡♥❛A✐♦= ❛♥❞ ❡①1❡A♥❛❧ ❞✐=1✉A❜❛♥❝❡=✳ C♦✇❡&

❙②*%❡♠*✱ ■❊❊❊ ❚&❛♥*❛❝%✐♦♥* ♦♥✱ ✷✹✭✶✮✿✷✷✻ ✕✷✸✻✱ ❢❡❜✳ ✷✵✵✾✳

❬❙❙❱

+
✵✹❪ ❊✳ ❙✳ ❙✐❛❤✱ ▼✳ ❙❛-❡♥❛✱ ❏✳▲✳ ❱♦❧❛❦✐-✱ N✳❨✳ 5❛♣❛❧❛♠❜7♦- ❡1 ❘✳❲✳ ❲✐❡-❡ ✿

❋❛=1 ♣❛A❛♠❡1❡A ♦♣1✐♠✐③❛1✐♦♥ ♦❢ ❧❛A❣❡✲=❝❛❧❡ ❡❧❡❝1A♦♠❛❣♥❡1✐❝ ♦❜❥❡❝1= ✉=✐♥❣ ❞✐A❡❝1 ✇✐1❤

❦A✐❣✐♥❣ ♠❡1❛♠♦❞❡❧✐♥❣✳ ▼✐❝&♦✇❛✈❡ ❚❤❡♦&② ❛♥❞ ❚❡❝❤♥✐M✉❡*✱ ■❊❊❊ ❚&❛♥*❛❝%✐♦♥* ♦♥✱

✺✷✭✶✮✿✷✼✻✕✷✽✺✱ ✷✵✵✹✳

❬❙②=✽✾❪ ●✳ ❙②-✇❡7❞❛ ✿ ❯♥✐❢♦A♠ ❝A♦==♦✈❡A ✐♥ ❣❡♥❡1✐❝ ❛❧❣♦A✐1❤♠=✳ ■♥ C&♦❝❡❡❞✐♥❣* ♦❢ %❤❡ ✸&❞

■♥%❡&♥❛%✐♦♥❛❧ ❈♦♥❢❡&❡♥❝❡ ♦♥ ●❡♥❡%✐❝ ❆❧❣♦&✐%❤♠*✱ ♣❛❣❡= ✷✕✾✱ ❙❛♥ ❋A❛♥❝✐=❝♦✱ ❈❆✱

❯❙❆✱ ✶✾✽✾✳ ▼♦A❣❛♥ ❑❛✉❢♠❛♥♥ N✉❜❧✐=❤❡A= ■♥❝✳

❬❚❡♥✵✶❪ ●✳ ❚❡♥♥❛♥4 ✿ ❙✐① *✐❣♠❛ ✿ ❙C❈ ❛♥❞ ❚◗▼ ✐♥ ▼❛♥✉❢❛❝%✉&✐♥❣ ❛♥❞ ❙❡&✈✐❝❡*✳ ●♦✇❡A

N✉❜❧✐=❤✐♥❣✱ ✷✵✵✶✳

❬❚▲✶✵❪ ❘✳ ❚♦-❝❛♥♦ ❡1 N✳ ▲②♦♥♥❡4 ✿ ❘♦❜✉=1 =1❛1✐❝ ♦✉1♣✉1 ❢❡❡❞❜❛❝❦ ❝♦♥1A♦❧❧❡A =②♥1❤❡=✐=

✉=✐♥❣ ❦❤❛A✐1♦♥♦✈✬= 1❤❡♦A❡♠ ❛♥❞ ❡✈♦❧✉1✐♦♥❛A② ❛❧❣♦A✐1❤♠=✳ ■♥❢✳ ❙❝✐✳✱ ✶✽✵✭✶✵✮✿✷✵✷✸✕

✷✵✷✽✱ ♠❛✐ ✷✵✶✵✳

❬❱❑✵✺❪ ▼✳ ❱❡❞7✐♥❡- ❡1 ❉✳ ❑♥✐44❡❧ ✿ ❆♥ ✐♠♣A♦✈❡❞ ❢A✐❝1✐♦♥ =❧✐❞✐♥❣ ♠♦❞❡❧ ❢♦A ✇❡❜ ❤❛♥❞❧✐♥❣

=②=1❡♠=✳ ❆♣♣❧✐❝❛1✐♦♥ 1♦ 1❤❡ ❝♦♥1A♦❧❧❡A ♣❛A❛♠❡1A✐③❛1✐♦♥✳ ■♥ ■❋❆❈ ❲♦&❧❞ ❈♦♥❣&❡**✱

✈♦❧✉♠❡ ✶✻✱ ♣❛❣❡= ✶✼✶✹✕✶✼✶✹✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝✱ ✷✵✵✺✳

❬❱❑✵✼❪ ▼✳ ❱❡❞7✐♥❡- ❡1 ❉✳ ❑♥✐44❡❧ ✿ ❉❡=✐❣♥ ♦♣1✐♠✐③❛1✐♦♥ ✉=✐♥❣ ❣❡♥❡1✐❝ ❛❧❣♦A✐1❤♠= ♦❢

✇❡❜ ❤❛♥❞❧✐♥❣ =②=1❡♠=✱ 1❤❡ ❝❛=❡ ♦❢ 1❤❡ ♣❡♥❞✉❧✉♠ ❞❛♥❝❡A ♠❡❝❤❛♥✐=♠✳ ■♥ ❆❙▼❊ ■♥✲

%❡&♥❛%✐♦♥❛❧ ▼❡❝❤❛♥✐❝❛❧ ❊♥❣✐♥❡❡&✐♥❣ ❈♦♥❣&❡** ❛♥❞ ❊①♣♦*✐%✐♦♥✱ ❙❡❛11❧❡✱ ❲❛=❤✐♥❣1♦♥✱

❯❙❆✱ ✷✵✵✼✳

❬❲❍✶✷❪ ❲❛♥❣ ❡1 ❍✉✐ ✿ ❈♦♠♣❛A✐=♦♥ ♦❢ =❡✈❡A❛❧ ✐♥1❡❧❧✐❣❡♥1 ❛❧❣♦A✐1❤♠= ❢♦A =♦❧✈✐♥❣ 1=♣ ♣A♦❜❧❡♠

✐♥ ✐♥❞✉=1A✐❛❧ ❡♥❣✐♥❡❡A✐♥❣✳ ❙②*%❡♠* ❊♥❣✐♥❡❡&✐♥❣ C&♦❝❡❞✐❛✱ ✹✿✷✷✻ ✕ ✷✸✺✱ ✷✵✶✷✳
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❬❲❤✐✽✾❪ ❉✳ ❲❤✐#❧❡② ✿ ❚❤❡ ❣❡♥✐1♦3 ❛❧❣♦3✐1❤♠ ❛♥❞ 8❡❧❡❝1✐♦♥ ♣3❡88✉3❡ ✿ ❲❤② 3❛♥❦✲❜❛8❡❞

❛❧❧♦❝❛1✐♦♥ ♦❢ 3❡♣3♦❞✉❝1✐✈❡ 13✐❛❧8 ✐8 ❜❡81✳ ■♥ "#♦❝❡❡❞✐♥❣* ♦❢ ,❤❡ ❚❤✐#❞ ■♥,❡#♥❛,✐♦♥❛❧

❈♦♥❢❡#❡♥❝❡ ♦♥ ●❡♥❡,✐❝ ❆❧❣♦#✐,❤♠*✱ ♣❛❣❡8 ✶✶✻✕✶✷✶✳ ▼♦3❣❛♥ ❑❛✉❢♠❛♥♥✱ ✶✾✽✾✳

❬❲✐❡✸✽❪ ◆✳❲✐❡♥❡( ✿ ❚❤❡ ❍♦♠♦❣❡♥❡♦✉8 ❈❤❛♦8✳ ❆♠❡#✐❝❛♥ ❏♦✉#♥❛❧ ♦❢ ▼❛,❤❡♠❛,✐❝*✱ ✻✵✭✹✮✿

✽✾✼✕✾✸✻✱ ✶✾✸✽✳

❬❲▼✵✻❪ ❳✳ ❲❛♥❣ ❡1 ❩✳ ▼❛♦ ✿ ❆ 3❡❝✉38✐✈❡ S✉❛❞3❛1✐❝ ♣3♦❣3❛♠♠✐♥❣ ❛♣♣3♦❛❝❤ 1♦ ♠✉❧1✐✉8❡3

❞❡1❡❝1✐♦♥ ❢♦3 ♠❝✲❝❞♠❛ 8②81❡♠ ✇✐1❤ ♠✲S❛♠✳ ■♥ ❊❧❡❝,#✐❝❛❧ ❛♥❞ ❈♦♠♣✉,❡# ❊♥❣✐♥❡❡✲
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Jonathan FRECHARD 

Systèmes d’entrainement de bandes 
flexibles : optimisation multicritère 
des performances dynamiques par 

approche évolutionnaire 

Résumé 

La conception des systèmes d'entrainement de bande est étudiée depuis de nombreuses années. 
Ces systèmes sont très répandus dans l'industrie puisque le conditionnement sous forme de bobines 
simplifie le traitement de nombreux matériaux tels que le papier, le carton, les polymères, ... Ces 
systèmes regroupent un grand nombre de difficultés : ils sont de grande dimension, un fort couplage 
existe entre les grandeurs et de nombreux paramètres varient au cours du temps. La méthode 
d’optimisation classique consiste à considérer chaque partie du système sans tenir compte des 
autres. De plus, au sein d'un même sous-ensemble, l’optimisation est réalisée discipline par 
discipline. Une nouvelle approche est proposée et appliquée à la synthèse de la commande : il s’agit 
de considérer le système global en prenant en compte la robustesse paramétrique. Ensuite, le choix 
optimal du tracteur maître et de la technologie d'asservissement de la tension de bane associée sont 
étudiées. 

Mots clés : Optimisation multicritère, conception de système mécatronique, approche évolutionnaire, 
commande d'ordre et de structure fixes, commande H infini 

Abstract  

The design of roll-to-roll systems is studied for several years. This kind of system is very common in 
industry because the wound roll packaging simplify the treatment of material such as paper, 
cardboard, polymers, metal ... The studied systems have a high number of difficulties: they are large-
scale systems, a high coupling between physical values exists and several parameters are time 
dependent. The classical optimisation method consists in considering separately each subsystem 
without taking into account interactions. Moreover, the classical optimisation is made for each 
scientific field. A new approach is developed and applied to controller synthesis: the controllers are 
synthesized considering the global system with parametric uncertainties. The optimal choice of the 
master roller position and the technology used to control web tension are then studied. 

Keywords : Multicriteria optimisation, design of mechatronic systems, evolutionnary approaches, 
fixed order and structure control, H infinity control 


