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i 
 

Résumé 

Les principaux mécanismes d'amortissement présents dans les transmissions par engrenages 

sont étudiés, en se basant sur une analyse transitoire du problème de lubrification élasto-

hydrodynamique dans les contacts linéiques. Plusieurs modèles linéaires sont proposés suite à 

de nombreuses simulations numériques, permettant de prédire l’amortissement du lubrifiant 

dans les différentes conditions de contact, y compris les situations des pertes de contact 

momentanées suivies d’impact. Un modèle dynamique d’engrenage à un seul degré de liberté 

est présenté qui combine les contributions diverses du lubrifiant à l'amortissement structurel 

représentatif de la dissipation interne des engrenages. Un certain nombre de comparaisons avec 

des résultats expérimentaux est présenté pour une gamme de conditions de fonctionnement et 

de géométries d'engrenages, qui prouve la capacité du modèle à reproduire proprement le 

comportement dynamique des engrenages droits. On montre que l'amortissement associé au 

lubrifiant contribue essentiellement lors des pertes de contact et des chocs entre dentures se 

produisant au voisinage des vitesses critiques. Le cas des engrenages hélicoïdaux est analysé 

différemment du fait de l’absence de perte de contact pour ce type d’engrenage. Un modèle 

tridimensionnel simple est ainsi développé qui prend en compte la dissipation des différents 

éléments de la transmission. Un nombre de résultats est présenté qui, d'abord, confirme la 

contribution majeure de l'engrènement à l'amortissement global des engrenages droits, et, dans 

un second lieu, montre que les paliers constituent la principale source d'amortissement dans les 

transmissions par engrenages hélicoïdaux. 

 

Mots clés: Amortissement, dynamique des engrenages, lubrification elasto-

hydrodynamique, contacts linéiques, multigrilles, vibration et bruit, paliers. 
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Abstract 

The primary damping mechanisms present in geared systems are investigated based on a 

transient analysis of the elasto-hydrodynamic lubrication problem for line contacts. Several 

linear models are derived from extensive numerical simulations, which make it possible to 

simulate the damping caused by the lubricant squeezing by the teeth with and without 

momentary contact losses and impacts. A one-degree-of-freedom gear dynamic model is set up 

which combines these lubricant damping sources along with structural damping that reproduces 

the internal dissipation in gear elements. A number of comparisons with benchmark 

experimental evidence are presented for a range of operating conditions and gear geometries, 

which prove that the proposed approach is sound in the case of spur gears. It is shown that the 

damping associated with lubricant squeezing contributes for the most part when contact losses 

and shocks between the teeth occur at critical speeds. The case of helical gears is analyzed 

differently since no contact loss occurs for such gears. A simple three-dimensional model is 

thus developed which accounts for the dissipation in the mechanical parts surrounding the gears. 

A number of results are presented which, first, confirm the primary contribution of the gear 

mesh to the overall damping in spur gears, and second, show that bearings constitute the main 

source of damping in helical gears transmissions. 

 

Keywords: Damping, gear dynamics, elasto-hydrodynamic lubrication, line contacts, 

multigrid, vibration and noise, bearings. 
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Notation 

Chapter 1 

𝑢𝑢ℎ     discrete form on grid ℎ 

𝐷𝐷𝐷𝐷𝐷𝐷 dynamic transmission error [𝑚𝑚] 

𝑓𝑓 general right hand side function 

𝐼𝐼ℎ𝐻𝐻 restriction operator from fine to coarse grid 

𝐼𝐼𝐻𝐻ℎ  interpolation operator from coarse to fine grid 

𝑘𝑘  number of grids/levels 

𝐾𝐾 continuous deformation kernel 

𝐾𝐾ℎ,ℎ  discrete deformation kernel on grid ℎ 

𝐿𝐿 differential operator 

𝑁𝑁𝐿𝐿𝐷𝐷𝐷𝐷  no load transmission error [𝑚𝑚] 

𝑟𝑟  residual 

𝐷𝐷𝐷𝐷𝑇𝑇  quasi-static transmission error [𝑚𝑚] 

𝑢𝑢  continuous solution of the differential equation 

𝑢𝑢�ℎ,𝑢𝑢�ℎ approximations to 𝑢𝑢ℎ 

𝑣𝑣ℎ  numerical error 

𝛾𝛾 number of correction cycles 

𝛿𝛿𝑏𝑏  tooth bending deformation [𝑚𝑚] 

𝛿𝛿𝑐𝑐  teeth contact deformation [𝑚𝑚] 

𝛿𝛿𝑓𝑓𝑤𝑤  gear body related deformation [𝑚𝑚] 

𝜈𝜈0, 𝜈𝜈1, 𝜈𝜈2 number of relaxation sweeps on different levels 

𝜔𝜔  deformation [m] 

Chapter 2 

𝑎𝑎 amplitude of the imposed load [𝑁𝑁/𝑚𝑚] 

𝐴𝐴  dimensionless amplitude of the imposed load 

𝑏𝑏  Hertzian contact half width [𝑚𝑚] 

𝑏𝑏∗ Hertzian contact half width [𝑚𝑚] (impact problem)  
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𝑐𝑐𝑖𝑖𝑖𝑖  normal viscous damping during impact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑙𝑙 normal viscous damping during permanent contact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝐶𝐶𝑙𝑙 dimensionless normal viscous damping  

𝐶𝐶𝑖𝑖𝑖𝑖  dimensionless normal viscous damping during impact 

𝑑𝑑  width of the line contact [𝑚𝑚] 

𝐷𝐷  dissipated energy by the viscous forces  

𝐷𝐷’ reduced modulus of elasticity [𝑃𝑃𝑎𝑎] 

𝑓𝑓  external load on the cylinder [𝑁𝑁/𝑚𝑚] (impact problem) 

𝑓𝑓𝑙𝑙 frequency of excitation 

𝐹𝐹  dimensionless load on the cylinder (impact problem) 

ℎ film thickness [𝑚𝑚] 

ℎ0 rigid body separation [𝑚𝑚]   

ℎ0 position of the cylinder [𝑚𝑚] (impact problem)  

ℎ𝑋𝑋  dimensionless grid mesh size 

ℎ𝑇𝑇  dimensionless time-step 

𝐻𝐻 dimensionless film thickness 

𝐻𝐻0  dimensionless rigid body displacement 

𝐻𝐻0  dimensionless position of the cylinder (impact problem) 

𝐿𝐿     dimensionless material parameter (Moes) 𝐿𝐿 = 𝐺𝐺√𝑈𝑈4  

𝑀𝑀 dimensionless load parameter (Moes) 𝑀𝑀 = 𝑊𝑊1/√𝑈𝑈 

𝑝𝑝 pressure [𝑃𝑃𝑎𝑎] 

𝑝𝑝ℎ  maximum Hertzian pressure [𝑃𝑃𝑎𝑎] 

𝑝𝑝ℎ∗  maximum Hertzian pressure [𝑃𝑃𝑎𝑎] (impact problem) 

𝑃𝑃 dimensionless pressure 𝑃𝑃 = 𝑝𝑝/𝑝𝑝ℎ 

𝑅𝑅𝑥𝑥           reduced radius of curvature in 𝑥𝑥 direction [𝑚𝑚] 

𝑅𝑅𝑡𝑡  dimensionless reduced radius of curvature  

𝑡𝑡 time [𝑇𝑇] 

𝑡𝑡𝑙𝑙  period of excitation [𝑇𝑇] 

𝐷𝐷 dimensionless time 

𝐷𝐷𝑙𝑙 dimensionless period of excitation 

𝑢𝑢𝑖𝑖 mean surface velocity 𝑢𝑢𝑖𝑖 = (𝑢𝑢1 + 𝑢𝑢2) 2⁄  [𝑚𝑚/𝑇𝑇] 

𝑈𝑈𝑖𝑖𝑡𝑡   dimensionless mean surface velocity 

𝑣𝑣  velocity of the cylinder  [𝑚𝑚/𝑇𝑇] (impact problem) 
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𝑉𝑉 dimensionless velocity of the cylinder (impact problem) 

𝑤𝑤𝑡𝑡 load per unit length [𝑁𝑁/𝑚𝑚] 

𝑤𝑤∗  maximum load [𝑁𝑁/𝑚𝑚] (impact problem) 

𝑊𝑊𝑡𝑡 dimensionless load 

𝑥𝑥 coordinate [𝑚𝑚] 

𝑋𝑋            dimensionless coordinate 𝑋𝑋 = 𝑥𝑥/𝑏𝑏 

𝛼𝛼 pressure viscosity coefficient [𝑃𝑃𝑎𝑎−1] 

𝛼𝛼� dimensionless pressure viscosity index  

𝛽𝛽 dimensionless parameter 𝛽𝛽 = √𝐿𝐿 𝑀𝑀⁄   

𝛿𝛿∗ maximum deformation [𝑚𝑚] (impact problem) 

Δ gear mesh displacement [𝑚𝑚] 

𝜂𝜂             viscosity [𝑃𝑃𝑎𝑎 𝑇𝑇] 

𝜂𝜂0  viscosity at ambient pressure [𝑃𝑃𝑎𝑎 𝑇𝑇] 

�̅�𝜂  dimensionless viscosity 

𝜆𝜆   dimensionless parameter 

𝜆𝜆∗   dimensionless parameter (impact problem) 

𝜌𝜌             density [𝑘𝑘𝑘𝑘/𝑚𝑚3] 

𝜌𝜌0  density at ambient pressure 

�̅�𝜌  dimensionless density 

𝜒𝜒 correction factor for impact damping  

𝜔𝜔     frequency of the excitation 

Ω dimensionless frequency of the excitation Ω = 2𝜋𝜋𝑓𝑓𝑙𝑙  

𝑟𝑟𝑟𝑟𝑓𝑓      reference values (sub-script) 

Chapter 3 

̇ , ̈   first and second derivative with respect to time 

𝐴𝐴0     apparent contact area [𝑚𝑚] (friction law) 

𝐴𝐴𝑐𝑐     actual average contact area [𝑚𝑚] (friction law) 

𝑐𝑐𝑖𝑖𝑖𝑖  normal viscous damping during impact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑙𝑙 normal viscous damping during permanent contact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑛𝑛 equivalent normal damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑠𝑠𝑡𝑡 structural damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑡𝑡  friction induced damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 
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𝐶𝐶 equivalent damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑑𝑑 gear face width [𝑚𝑚] 

𝐷𝐷𝐷𝐷𝐷𝐷 dynamic transmission error [𝑚𝑚] 

𝑓𝑓𝑖𝑖      gear meshing frequency [𝐻𝐻𝐻𝐻] 

𝑓𝑓𝑛𝑛      gear natural frequency [𝐻𝐻𝐻𝐻] 

𝐹𝐹𝑁𝑁 normal force on the line of action [𝑁𝑁] 

𝐹𝐹𝑛𝑛1,2
��������⃗  normal contact forces  

𝐹𝐹𝑡𝑡1,2
�������⃗  tangential shear forces 

𝐹𝐹𝑒𝑒 excitation force [𝑁𝑁] 

ℎ𝑐𝑐 central film thickness [𝑚𝑚] 

𝐼𝐼𝐶𝐶𝑅𝑅 involute contact ratio 

𝐽𝐽1,2 polar mass moments of inertia of gears 1 and 2, respectively 

𝑘𝑘(𝑀𝑀)     mesh stiffness at point 𝑀𝑀 [𝑁𝑁/𝑚𝑚]  

𝐾𝐾 equivalent stiffness [𝑁𝑁/𝑚𝑚] 

𝑚𝑚0  average square value of the height of roughness (friction law) [𝑚𝑚2] 

𝑀𝑀𝑒𝑒𝑒𝑒     equivalent mass [𝑘𝑘𝑘𝑘] 

𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚 average pressure on the contact [𝑃𝑃𝑎𝑎] 

𝑅𝑅1,2    contact radii of curvature of gears 1 and 2, respectively [𝑚𝑚] 

𝑅𝑅𝑏𝑏1,2 base radii of gears 1 and 2, respectively [𝑚𝑚] 

𝑡𝑡𝑖𝑖  gear meshing period [𝑇𝑇] 

𝐷𝐷1,2 torque applied on gears 1 and 2, respectively [𝑁𝑁 𝑚𝑚] 

𝐷𝐷𝑛𝑛1,2 moments of the normal forces [𝑁𝑁 𝑚𝑚] 

𝐷𝐷𝑡𝑡1,2 moments of the tangential forces [𝑁𝑁 𝑚𝑚] 

𝑢𝑢1,2 tangential surface speeds of gears 1 and 2, respectively [𝑚𝑚/𝑇𝑇] 

𝑢𝑢𝑠𝑠 sliding velocity [𝑚𝑚/𝑇𝑇] 

𝛥𝛥  mesh deflection 𝛥𝛥 =  𝑅𝑅𝑏𝑏1𝜃𝜃1 + 𝑅𝑅𝑏𝑏2𝜃𝜃2 [𝑚𝑚] 

𝛾𝛾 starting roll angle [°] 

𝜁𝜁 damping factor  

𝜁𝜁𝑓𝑓𝑙𝑙𝑓𝑓𝑖𝑖𝑓𝑓 fluid traction [𝑃𝑃𝑎𝑎] 

𝜁𝜁𝑟𝑟𝑚𝑚𝑓𝑓𝑟𝑟ℎ solid traction [𝑃𝑃𝑎𝑎] 

𝜂𝜂             viscosity [𝑃𝑃𝑎𝑎 𝑇𝑇] 

𝜃𝜃1,2 rotational displacements of gears 1 and 2, respectively [𝑟𝑟𝑎𝑎𝑑𝑑] 
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𝜇𝜇𝑓𝑓 coefficient of friction 

𝜏𝜏𝐿𝐿  limiting shear stress [𝑃𝑃𝑎𝑎] 

𝜏𝜏𝑁𝑁  shear stress [𝑃𝑃𝑎𝑎] 

𝜙𝜙 pressure angle [°] 

𝜙𝜙𝑡𝑡 thermal correction factor (friction law) 

Ω1,2 pinion, gear angular velocity [𝑟𝑟𝑎𝑎𝑑𝑑/𝑇𝑇] 

Chapter 4 

̇ , ̈      first and second derivative with respect to time  
𝑐𝑐𝑖𝑖𝑖𝑖  normal viscous damping during impact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑙𝑙 normal viscous damping during permanent contact [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑛𝑛 equivalent normal damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑠𝑠𝑡𝑡 structural damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝑐𝑐𝑡𝑡  friction induced damping [𝑁𝑁𝑇𝑇/𝑚𝑚] 

𝐶𝐶𝑓𝑓     maximum dynamic factor 

𝐷𝐷𝐷𝐷𝐷𝐷 dynamic transmission error [𝑚𝑚] 

𝐹𝐹𝑛𝑛1,2
��������⃗  normal contact forces 

𝐹𝐹𝑡𝑡1,2
�������⃗  tangential shear forces 

𝑘𝑘(𝑀𝑀)     mesh stiffness at point 𝑀𝑀 [𝑁𝑁/𝑚𝑚] 

𝑘𝑘𝜙𝜙𝑝𝑝     modal stiffness with mode P [𝑁𝑁/𝑚𝑚] 

𝐿𝐿/𝐷𝐷     length to diameter ratio (journal bearing) 

𝑚𝑚𝜙𝜙𝑝𝑝     mass associated with mode 𝑃𝑃 [𝑘𝑘𝑘𝑘] 

𝑞𝑞     vector of the pinion-gear degrees of freedom 

𝑅𝑅/𝐶𝐶     radius to clearance ratio (journal bearing) 

𝑢𝑢1,2  small displacements along the axis �⃗�𝑍 of gears 1 and 2, respectively [𝑚𝑚] 

𝑈𝑈(𝑀𝑀)  structural vector at point 𝑀𝑀 (shear forces) 

𝑣𝑣1,2   small displacements along the axis 𝑆𝑆 of gears 1 and 2, respectively [𝑚𝑚] 

𝑉𝑉(𝑀𝑀)    structural vector at point 𝑀𝑀 (normal deflection) 

𝑤𝑤1,2  small displacements along the axis 𝐷𝐷�⃗  of gears 1 and 2, respectively [𝑚𝑚] 

𝑋𝑋  total degrees of freedom vector. 

𝛿𝛿𝑒𝑒(𝑀𝑀)     initial separation caused by tooth modifications or errors [𝑚𝑚] 
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𝛥𝛥(𝑀𝑀)      normal deflection [𝑚𝑚] 

𝜁𝜁 damping factor  

𝜁𝜁𝑝𝑝  modal damping factor associated with mode P 

𝜃𝜃1,2  small rotations around the axis �⃗�𝑍 of gears 1 and 2, respectively [𝑟𝑟𝑎𝑎𝑑𝑑] 

𝜐𝜐1,2  tangential dynamic surface velocities of gear 1 and 2, respectively [𝑚𝑚/𝑇𝑇] 

�⃗�𝜐1,2   vector of displacements of the centers of gears 1 and 2, respectively 

𝜇𝜇0     viscosity of the lubricant (journal bearing) [𝑃𝑃𝑎𝑎 𝑇𝑇] 

𝜙𝜙1,2   small rotations around the axis 𝑆𝑆 of gears 1 and 2, respectively [𝑟𝑟𝑎𝑎𝑑𝑑] 

Φ𝑝𝑝   eigenvector associated with mode P 

𝜓𝜓1,2  small rotations around the axis 𝐷𝐷�⃗  of gears 1 and 2, respectively [𝑟𝑟𝑎𝑎𝑑𝑑] 

𝜔𝜔��⃗ 1,2   vector of rotational displacements of gears 1 and 2, respectively 

𝜔𝜔𝑝𝑝  eigenfrequency of the mode 𝑃𝑃 [𝐻𝐻𝐻𝐻] 

Ω1,2 pinion, gear angular velocity [𝑟𝑟𝑎𝑎𝑑𝑑/𝑇𝑇] 

[𝐶𝐶]     equivalent damping matrix 

[𝐶𝐶𝑏𝑏]     damping matrix related to bearings 

[𝐶𝐶𝑖𝑖]     damping matrix related to gear mesh 

[𝐶𝐶𝑠𝑠]     damping matrix related to shafts 

�𝐶𝐶𝑠𝑠𝜙𝜙�     modal damping matrix related to shafts 

[𝐾𝐾]     equivalent stiffness matrix 

[𝐾𝐾𝑏𝑏]     damping matrix related to bearings 

[𝐾𝐾𝑖𝑖]     damping matrix related to gear mesh 

[𝐾𝐾𝑠𝑠]     damping matrix related to shafts 

[𝑀𝑀]     equivalent mass matrix 

[𝑀𝑀𝐺𝐺]     mass matrix related to gears 

[𝑀𝑀𝑠𝑠]     mass matrix related to shafts 
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General introduction 

Despite significant improvements in the analysis of gear dynamics over the last decades, the 

damping mechanisms remain major unknowns which, to a large extent, control gear vibrational 

responses. The main challenges in this research area are caused by i) the insufficient 

information on the dissipative properties of materials and ii) the diversity and complexity of the 

damping mechanisms in geared transmissions. In these conditions, the theoretical analyses to 

characterize and quantify gear damping are sparse and still challenging in view of the variety 

of operating conditions to be considered. Damping, however, is crucial in order to avoid 

detrimental vibrations and shocks and a better knowledge and control of the damping properties 

in gears is needed for successful designs and operations. It seems quite clear that one of the 

major contributions to gear damping comes from the lubricated contacts between the teeth and 

that the energy dissipated by the lubricant tends to limit dynamic tooth loads. It is therefore 

believed that an in-depth understanding of the lubrication dynamic properties in gears is 

required in order to set up realistic damping models. In this context, the main objective of this 

research work is to couple the analysis of gear lubrication with the dynamic study of gears in 

order to propose physics-based damping modeling which can be integrated in the numerical 

simulations of geared systems.  

The outline of the memoir is as follows. The first chapter presents a survey of the literature 

related to EHL lubrication, gear dynamic modeling and multilevel methods. The second chapter 

introduces the theory used to study the dynamic characteristics of the lubricated contacts 

between gear teeth. Different contact models are considered which account for both permanent 

contact situations and contact loss/shock regimes mostly observed in spur gears. A set of 

numerical results is presented including curve-fitted equations derived from massive 

simulations which can be used to predict quickly the lubricant related damping for each 

situation. Then, in chapter 3, the damping formulations are introduced in a purely torsional gear 

model and validated via a number of comparisons with experimental evidence. Finally, a three 

dimensional dynamic model is considered in chapter 4 to extend the field of application of the 

proposed theory to different types of gears and incorporate the contributions of shafts and 

bearings. A number of numerical simulations have been performed for various gears, bearing 

technologies (rolling element and journal bearings) and the contribution of each source of 
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damping is analyzed. A general conclusion summarizes the major findings and presents 

possible further extensions of the proposed methodology. 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

3 
 

Chapter 1 

State of the art   

The first chapter aims at presenting the basic notions and definitions related to the fields of 

elastohydrodynamic lubrication and gear dynamics. A brief overview of the progress in both 

fields is provided as well, going back to the first efforts made more than a century ago and 

ending with the latest improvements on which one can rely to elaborate any complex study. The 

basic routines employed when using the efficient multigrid and multi-integration techniques, 

are also highlighted.  

1.1 ElastoHydrodynamic Lubrication 

1.1.1 Description of the EHL problem 

The so-called ElastoHydrodynamic Lubrication (EHL) is the kind of lubrication encountered 

in the contact between highly stressed machine elements in relative motions such as gears, 

rolling element bearings, cam tappets etc. This form of fluid film lubrication presents two 

essential characteristics: 

• Large elastic deformations, i.e. the deformations of the contacting surfaces are generally 

much larger than the lubricant film thickness. 

• Important piezo-viscous effects, i.e. the lubricant viscosity is far from being constant 

due to very high pressures in the contact (up to few GPa), viscosity is much larger than 

the atmospheric viscosity. 

 The basic EHL problem consists therefore of a system of equations that combine those different 

aspects to study the behavior of the lubricant inside the gap that separates the contacting bodies. 

The basic equation which describes the flow inside the contact, is the Reynolds equation [1]. It 

is derived from the Navier-Stokes equations assuming that inertia forces are neglected 

compared to viscous forces, a narrow gap assumption is also made. Hence the resulting 

equation, for a two dimensional problem, reads: 
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A complementary cavitation condition is considered that guarantees a positive pressure inside 

the contact. The deformed geometry of the gap is described by the elastic deformation equation. 

A linear elastic deformation between two uniform and isotropic bodies is assumed, and the 

deformation can thus be approximated by: 

𝜔𝜔(𝑥𝑥,𝜕𝜕) =
2
𝜋𝜋𝐷𝐷′

� �
𝑝𝑝(𝑥𝑥′,𝜕𝜕′)𝑑𝑑𝑥𝑥′𝑑𝑑𝜕𝜕′

�(𝑥𝑥 − 𝑥𝑥′)2 + (𝜕𝜕 − 𝜕𝜕′)2

+∞

−∞

+∞

−∞ 
 (1.2)  

The geometry of contacting bodies is generally rather complex and time-varying, such as the 

contact between two gear teeth. However, because the contact dimensions, i.e. the contact width 

and film thickness, are very small compared to the dimensions of the body, a parabolic 

approximation is used to model the contact geometry, i.e. the geometry is reduced to that of two 

parabolic bodies, each presenting a radius of curvature in each direction, and an equivalent 

contact geometry of a parabolic body with a plane is then considered as illustrated in Figure 1.1 

(line contact). The viscosity increases enormously inside the contact, as stated earlier. The 

simplest form of the viscosity pressure dependence is exponential [2], generally the Roelands 

equation is used [3]. The density pressure relation is given by Dowson and Higginson [4]. 

Finally, the equilibrium of the applied load and the pressure generated inside the contact is 

checked through the force balance equation.  

 

Figure 1.1: EHL line contact equivalent geometry. 
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1.1.2 A brief historical overview  

The basics of ElastoHydrodynamic Lubrication were laid more than a century ago. Hertz [5] 

first described the elastic deformation of the contact between two solids. A few years later, 

Reynolds [1] established the basis of lubrication theory stimulated by the observations of Tower 

[6] of the pressure generation in journal bearings.  Some of the first studies to couple the elastic 

deformation and lubrication were performed by Ertel [7] and Grubin [8] to predict the film 

thickness in line contacts. More detailed reviews of the history and fundamentals of 

elastohydrodynamic lubrication are proposed by Dowson [9] and Gohar [10]. Numerical 

solutions of the EHL problem were first proposed by Dowson and Higginson [11] for line 

contacts and, a decade later, by Hamrock and Dowson for point contacts [12,13]. Since then, 

the increased capacities of computers and the development of efficient numerical methods [14-

15], enhanced the progress in numerical studies of the EHL problem. Various numerical work 

that considered several complex features affecting largely the lubrication behavior were 

performed. A few are mentioned in what follows as examples of the wide application of the 

EHL problem in varied fields. Generalized forms of the Reynolds equation were developed [16-

18] to account basically for the non-Newtonian behavior of the lubricant. Thermal effects were 

also of a certain interest [19, 20].  The effect of surface roughness on lubrication under various 

conditions was extensively analyzed, the contributions of Venner and Lubrecht [21-24] and 

Evans et al. [25, 26] can be cited, among others. Some complex contact geometries were 

considered by Messé and Lubrecht [27] for the cam/tappet contact and more recently by 

Bouassida et al. [28] for the piston ring cylinder liner contact. Other work studied starved 

lubrication [29-31], along with friction forces in lubricated contacts [32-33]. The focus is placed 

on previous numerical work since a numerical study of the EHL problem is presently aimed. 

Otherwise, several experimental studies can be cited [34-37]. 

1.1.3 EHL contact dynamics 

The dynamic behavior of lubricated contact is also of great interest, knowing that all machine 

elements are subjected to time varying operating conditions including dynamic loading and 

variable surface speeds and geometries. Wijnant et al. [38] analyzed the film thickness 

fluctuations due to structural vibrations in elastohydrodynamic lubrication (EHL) contacts and 

highlighted the limitation of steady state analyses. Later, the authors [39] investigated the 

accuracy of the simulated EHL responses to load fluctuations by comparing some of their 

previous results [40] with the experimental evidence of Sakamoto et al. [41]. Wang et al. [42] 
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solved the transient thermo-elastohydrodynamic lubrication problem of an involute spur gear 

using a simplified multi-grid method. Li and Kahraman [43] proposed a transient, non-

Newtonian, mixed EHL model for involute spur gears and combined this model with a non-

linear gear dynamic model [44] in order to predict the influence of dynamic tooth loads and 

contact losses on gear lubrication. Barbieri et al. [45] presented a model combining transient 

point contact EHL along with the dynamic behavior of spur gears and showed that neglecting 

dynamic loads and inertial effects would lead to unrealistic solutions. The lubricated impact 

problem was solved numerically as well [46-49]. Wang et al. [49], for instance, provided some 

predictions of the film thickness under pure impact for line contacts. They conducted a 

dimensionless analysis using modified Hertzian parameters and solved the problem using 

Multigrid techniques [50]. Most of the presented work focused on the influence of dynamic 

effects on film thickness and pressure inside the contact. Only few were dedicated to quantify 

the dynamic characteristics of EHL contact, i.e. stiffness and damping. For instance, Wijnant 

[51] proposed some fitted relations of the stiffness and damping in both circular and elliptical 

contacts in order to investigate the influence of the lubrication of the dynamic behavior of ball 

bearings [52]. Other contributions to this topic can as well be underlined as the work of Sarangi 

et al. [53, 54] and Hooke et al [55]. 

1.2 Multigrid and Multi-integration techniques 

As stated earlier in this chapter, the simplest form of the EHL problem consists of a system of 

nonlinear integrodifferential equations, i.e. the Reynolds and deformation equations. Therefore, 

efficient numerical methods are needed to obtain fast and accurate solutions even when 

additional complex features are considered. Standard iterative methods such as Jacobi and 

Gauss-Seidel relaxation, converge slowly when applied to partial differential problems despite 

their good error smoothing properties [50]. The convergence is accelerated when the smooth 

error is solved on a coarser grid, which is the principle of multi-grid method. More details on 

the method and its principle are found in [50]. The method was first developed and proved to 

be efficient by Brandt [14, 56] in the mid 70’s. Multi-grid was applied first to 

elastohydrodynamic lubrication by Lubrecht et al. [57-59] to calculate film thickness and 

pressure profiles in line and point contacts. Brandt and Lubrecht [60] developed later the 

multilevel multi-integration technique to reduce the complexity of the integration of the elastic 

deformation which dominated calculation times. Using the proposed technique, Venner [61] 

presented a stable algorithm for line and point contact problem of a much reduced complexity 
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compared to conventional algorithms. The emergence of those efficient numerical methods 

boosted the evolution of the numerical work in the EHL field as presented in the previous 

review. The basic principles of multi-grid and multi-integration methods are highlighted 

hereinafter. 

 

Figure 1.2: Fine grid with mesh size 𝒉𝒉𝒉𝒉 and coarse grid with mesh size 𝑯𝑯𝒉𝒉  =  𝟐𝟐𝒉𝒉𝒉𝒉 for a 

one dimensional problem. 

The simplest form of a multigrid algorithm considers two grids, the target grid on which the 

problem is solved and an auxiliary grid coarser by a factor of 2 to solve the smooth error. Figure 

1.2 shows a standard coarsening for a one dimensional problem, with two equidistant grid 

having a mesh size ℎ𝑥𝑥 (fine grid) and 𝐻𝐻𝑥𝑥 = 2ℎ𝑥𝑥 (coarse grid) respectively. 

Therefore the equations are discretized on the grid points 𝑥𝑥𝐼𝐼
𝐻𝐻𝑥𝑥 = 𝑥𝑥𝑖𝑖=2𝐼𝐼

ℎ𝑥𝑥  . Standard discretization 

and uniform grids are suitable for the EHL problem considered in the present work. However, 

for some problems of fluid dynamics, a different kind of discretization on the cells of the grid 

is used. Furthermore, a local grid refinement technique can be efficiently implemented into a 

multigrid algorithm [62] when some local effects are to be studied more precisely.  

1.2.1 Full Approximation Scheme  

There are two different ways of implementing a Multigrid process. The simplest scheme is the 

’Correction Scheme’ (CS) and is only applicable to linear equations. The ’Full Approximation 

Scheme’ (FAS) is suited for both linear and non-linear equations, thus, compatible with the 

EHL problem. The FAS is described in this section. A differential equation generally reads: 

𝐿𝐿〈𝑢𝑢〉  =  𝑓𝑓 (1.3)  

with 𝐿𝐿 a differential operator dependent on 𝑢𝑢 and applied on 𝑢𝑢. 

A discretized form of the equation is as follows: 

𝐿𝐿ℎ〈𝑢𝑢ℎ〉  =  𝑓𝑓ℎ (1.4)  
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Based on an approximate solution 𝑢𝑢�ℎ obtained after few relaxation on the finer grid, the residual 

of the equation is defined as: 

𝑟𝑟ℎ = 𝑓𝑓ℎ − 𝐿𝐿ℎ〈𝑢𝑢�ℎ〉  (1.5)  

Introducing the error vector 𝑣𝑣ℎ = 𝑢𝑢ℎ − 𝑢𝑢�ℎ in equation (1.5), one obtains: 

𝑟𝑟ℎ = 𝑓𝑓ℎ − 𝐿𝐿ℎ〈𝑢𝑢ℎ − 𝑣𝑣ℎ〉 (1.6)  

For nonlinear equations, the error can’t be treated separately from the solution. To approximate 

the error on the coarse grid, equation (1.5) as well as the definition of the error are substituted 

in equation (1.4): 

𝐿𝐿ℎ〈𝑢𝑢�ℎ + 𝑣𝑣ℎ〉 = 𝐿𝐿ℎ〈𝑢𝑢�ℎ〉 + 𝑟𝑟ℎ (1.7)  

The obtained approximate solution is then transferred to the coarser grid for correction. The 

coarse grid discrete problem is written as follows: 

𝐿𝐿𝐻𝐻〈𝑢𝑢𝐻𝐻〉  =  𝑓𝑓𝐻𝐻 (1.8)  

with: 

𝑢𝑢𝐻𝐻 = 𝐼𝐼ℎ𝐻𝐻(𝑢𝑢�ℎ + 𝑣𝑣ℎ) = 𝐼𝐼ℎ𝐻𝐻𝑢𝑢�ℎ + 𝑣𝑣𝐻𝐻 (1.9)  

and  

𝑓𝑓𝐻𝐻 = 𝐿𝐿𝐻𝐻〈𝐼𝐼ℎ𝐻𝐻𝑢𝑢�ℎ〉 + 𝐼𝐼ℎ𝐻𝐻𝑟𝑟ℎ (1.10)  

where 𝐼𝐼ℎ𝐻𝐻 is a restriction operator from the fine to the coarse grid.  

A number of relaxations are performed on the coarse grid to obtain a good approximation of 

the coarse grid variable, then the approximate solution on the fine grid 𝑢𝑢�ℎ is corrected as 

follows: 

𝑢𝑢�ℎ = 𝑢𝑢�ℎ + 𝐼𝐼𝐻𝐻ℎ(𝑢𝑢�𝐻𝐻 − 𝐼𝐼ℎ𝐻𝐻𝑢𝑢�ℎ) (1.11)  

where 𝐼𝐼𝐻𝐻ℎ is an interpolation operator from coarser to finer grid. 

Generally more than two grids are used and the fine grid solution is corrected using coarser 

grids, considering the above equations recursively.  
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1.2.2 Intergrid transfers  

Some essential steps of the FAS scheme are the transfers between the fine and the coarse grid, 

i.e. the restriction of residuals from fine to coarse grid and the interpolation of the correction 

from the coarse to the fine grid. Both steps are highlighted. 

a. Restriction 

Restriction aims at representing residuals on coarser grid from the know residuals on fine grid 

(via operator 𝐼𝐼ℎ𝐻𝐻). The simplest way is to simply ’inject’ the fine grid quantity to the coarse grid. 

This type of restriction is referred to as injection. The value in the coarse grid point is taken as 

the value of the coinciding fine grid point.  

 

Figure 1.3: Restriction from fine grid by full weighting for a one dimensional problem. 

A more sophisticated operation is used, that provide a more rich approximation of the smooth 

part of the fine grid function. This operation is known as full weighting. The value on the coarse 

grid is a weighted average of the value in the coinciding fine grid point and its two neighbors 

as in Figure 1.3 (one dimensional problem). Both types of restriction can be considered 

depending of the nature of the considered problem. 

b. Interpolation 

The interpolation is the operation that transfers the correction from the coarse to the fine grid 

(via operator 𝐼𝐼𝐻𝐻ℎ). Interpolation implies that the value of a fine grid point is determined by 

interpolation form from the values of a group of coarse grid points in its neighborhood. For a 

one dimensional problem, as in Figure 1.4, the representation of the correction on both grids 

are related as: 

𝑣𝑣2𝐼𝐼ℎ = 𝑣𝑣𝐼𝐼𝐻𝐻      0 ≤ 𝐼𝐼 ≤ 𝑛𝑛/2 
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𝑣𝑣2𝐼𝐼+1ℎ = (𝑣𝑣𝐼𝐼𝐻𝐻 + 𝑣𝑣𝐼𝐼+1𝐻𝐻 )/2     0 ≤ 𝐼𝐼 < 𝑛𝑛/2 (1.12)  

 

 

Figure 1.4: Linear interpolation from coarse to fine grid for a one dimensional problem. 

1.2.3 Full Multigrid algorithms 

Normally, a single coarse grid is not sufficient to approximate and reduce the smooth error of 

the solution on the fine grid, thus coarser grids are used and the procedure is repeated 

recursively to obtain the most efficient reduction of the error with the least number of 

relaxations. A Multi-Level Cycle (MLC) algorithm is thus considered, which consists in a 

coarse grid correction cycle with multiple grids. A recursive Multi-Level Cycle algorithm 

performed using 𝑘𝑘 grids (levels) is presented as follows: 

If 𝑘𝑘 > 1  

• 𝜈𝜈1 relaxations are performed on level 𝑘𝑘 

• Restriction of the residual from level 𝑘𝑘 to level 𝑘𝑘 − 1 (FAS, equations (1.9,1.10)) 

• 𝛾𝛾 Multi-Level Cycle using 𝑘𝑘 − 1 levels 

• Interpolation of the correction from level 𝑘𝑘 − 1 to level 𝑘𝑘 (FAS, equation (1.11)) 

• 𝜈𝜈2 relaxations are performed on level 𝑘𝑘 

Else  

• 𝜈𝜈0 relaxations are performed on the coarsest level 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

11 
 

𝜈𝜈0, 𝜈𝜈1, 𝜈𝜈2 represents the number of relaxations performed on each level and on the coarsest level. 

𝛾𝛾 determines the number of correction cycles used on each level. A Multi-Level Cycle 

performed using 4 levels with 𝛾𝛾 = 1 is illustrated in Figure 1.5, each level is indicated by a 

circle with the number of relaxations inside. Due to its shape, it is known as a 𝑉𝑉-cycle. If more 

accuracy is needed, more work is performed on coarser grids and 𝛾𝛾 is set to 2, the obtained 

algorithm is referred to as a 𝑊𝑊-cycle. 

 

Figure 1.5: An example of a Multi-Level Cycle (𝜸𝜸 = 𝟏𝟏). 𝑽𝑽(𝑽𝑽𝟏𝟏,𝑽𝑽𝟐𝟐) cycle. 

The basic idea behind introducing the coarser grids is to accelerate the convergence of the 

solution, however coarse grid might serve to generate an accurate first approximation of the 

solution on the finest grid. The resulting process is the so-called Full Multi-Grid (FMG), which 

is an extended version of the recursive coarse grid correction cycle described as follows (𝑘𝑘 

levels): 

If 𝑘𝑘 > 1  

• Full Multi-Grid using 𝑘𝑘 − 1 levels 

• Interpolation of the approximation from level 𝑘𝑘 − 1 to level 𝑘𝑘  (operator 𝐼𝐼𝑘𝑘−1𝑘𝑘 ) 

• 𝛾𝛾 Multi-Level Cycle using 𝑘𝑘 levels 

Else 
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• 𝜈𝜈0 relaxations are performed on the coarsest level 

Figure 1.6 illustrates a Full Multi-grid algorithm performed using 4 levels with one 𝑉𝑉-cycle. 

Double circles refer to the converged solution at the considered level.  

 

 

Figure 1.6: A FMG algorithm with one 𝑽𝑽 cycle. 

1.2.4 Multilevel multi-integration 

The weak point of the Full Multi-Grid algorithm as presented here remains the time consuming 

calculation of the integral of the elastic deformation. The complexity of this task is reduced by 

mean of the multilevel multi-integration technique, presented briefly in this section. Multi-

integration refers to the calculation of integral transforms (Multi-integral) as the following: 

𝜔𝜔(𝑥𝑥) = �𝐾𝐾(𝑥𝑥,𝜕𝜕)𝑢𝑢(𝜕𝜕)𝑑𝑑𝜕𝜕
Ω

,      𝑥𝑥 ∈ Ω (1.13)  

given the function 𝑢𝑢.  

Discretized on a uniform grid of a mesh size ℎ with 𝑛𝑛 points, the integral reads: 

𝜔𝜔𝑖𝑖
ℎ = ℎ𝑛𝑛�𝐾𝐾𝑖𝑖,𝑗𝑗

ℎ,ℎ𝑢𝑢𝑗𝑗ℎ 
𝑗𝑗

 (1.14)  

where 𝐾𝐾𝑖𝑖,𝑗𝑗
ℎ,ℎ = 𝐾𝐾(𝑥𝑥𝑖𝑖,𝜕𝜕𝑗𝑗), and the subscript 𝑖𝑖 refers to each point of the grid. 
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Hence, one deals with an integral over all points 𝑖𝑖 of the domain Ω, and to be calculated in all 

points of  Ω, which would require a huge computational time (𝑂𝑂(𝑛𝑛2) operations) if evaluated 

on a single grid with classic summation. However, when calculated using multilevel multi-

integration technique, it requires an optimal number of operations (𝑂𝑂(𝑛𝑛 ln𝑛𝑛)) [50]. The basic 

idea of this technique is to benefit from the smoothness of the kernel 𝐾𝐾 and to compute the 

value of the integral on the coarsest grid using less points and thus less computing time is 

needed. The solution (function 𝑢𝑢) is defined on the finest grid and transferred to coarser grid 

(anterpolation), then a coarse grid summation is performed followed by an interpolation of the 

calculated integral from coarser to finer grid. Additional attention is needed in case of singular 

kernels. All details on the development of the method and its implementation in the Full Multi-

grid algorithm are found in [50]. 

1.3 Gear Dynamics 

The main sources of noise and vibration in a geared transmission are highlighted in the current 

section along with the basic principles of gear dynamics. A brief overview of the progress in 

the study of gear dynamics is presented. A special focus is placed on the contributions to the 

problem of damping. 

1.3.1 Noise and vibration in geared transmission 

The various excitations found in geared transmissions are separated into internal and external 

excitations. Internal excitations are mainly related to the mating gear teeth via  i) the mesh 

stiffness fluctuations, and ii) the diverse geometric imperfections and mounting errors. They 

result in a deviation of the transmitted load and the motion transfer between the two gears, 

commonly known as gear transmission error which represent a basic parameter used to judge 

the overall quality of a gear set. External excitations are basically related to the fluctuation in 

the input and output torque and equally the variation of the imposed speed of rotation. The 

emphasis is placed on internal sources of noise and vibration generally more complicated to 

analyze than external excitations. 

a. Mesh stiffness variation  

The stiffness of the pinion-gear link (mesh stiffness) is a key factor in the study of gear 

dynamics, it is actually representative of the gear teeth elasticity and its deformation when 

loaded. The computation of a mesh stiffness related to a teeth pair combines i) a local 
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contribution related to the contact between the teeth, and ii) a more global contribution 

associated to the tooth bending and its connection to the gear body. Some analytical 

formulations of the mesh stiffness are found in literature and are briefly exposed afterward. The 

local and global contributions are treated separately. 

i. Contact stiffness 

The classic way to compute the contact deformation assimilates the contact between the mating 

teeth to the contact between two semi-infinite plane subjected to a normal Hertzian pressure. A 

2D formulation of the contact deformation is provided by Weber et al. [63, 64] as follows: 

𝛿𝛿𝑐𝑐 = 4
𝐹𝐹
𝑏𝑏

1 − 𝜈𝜈2

𝜋𝜋𝐷𝐷
�ln

2�𝑘𝑘1𝑘𝑘2
𝑎𝑎

−
𝜈𝜈

2(1 − 𝜈𝜈)� 
(1.15)  

with: 

 𝐹𝐹/𝑏𝑏 : the force per unit face width 

 𝑘𝑘1,2: the distances between the point of contact and the tooth center line, on the pinion 

and gear respectively (Figure 1.7).  

𝑎𝑎: the half width of contact zone. 

𝐷𝐷, 𝜈𝜈: the Young’s modulus and the Poisson’s ratio. 

 

A more complete formulation of the contact deflection combine the analytical formula of 

Lundberg [65] with the approximate Hertzian approach originally used at Hamilton Standard 

[66] and the semi-empirical formula provided by Palmgren for rollers [67]. 

 

ii. Tooth bending stiffness  

In order to compute the tooth bending deformations, the tooth is modeled as a cantilever of 

variable cross section. The strain energy of the tooth subjected to a concentrated load is then 

equated to the work of the corresponding imposed load. The most commonly used formula for 

bending displacements is provided by Weber and Banaschek [64] as follows: 

𝛿𝛿𝑏𝑏 =
𝐹𝐹
𝑏𝑏

1
𝐷𝐷

cos2 𝛼𝛼𝑓𝑓 �10.92 �
(𝑢𝑢𝑤𝑤 − 𝜕𝜕)2

𝑑𝑑(𝜕𝜕)3 𝑑𝑑𝜕𝜕
𝑓𝑓𝑤𝑤

0
+ 3.1(1 + 0.294 tan2 𝛼𝛼𝑓𝑓)�

1
𝑑𝑑(𝜕𝜕)𝑑𝑑𝜕𝜕

𝑓𝑓𝑤𝑤

0
� (1.16)  

with 𝛼𝛼𝑓𝑓 the pressure angle and the other parameters are defined as in Figure 1.7. 
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Figure 1.7: Parameters for Weber’s formulae. 

iii. Gear body contribution 

The previous formulation considers a rigid connection between the tooth and the gear body. In 

order to take into account the gear body elasticity, the tooth is supposed to be rigid and the gear 

body is assimilated to a semi-infinite elastic plane subjected to normal and tangential forces as 

well as to bending moments. Assuming a linear distribution of normal stress and a constant 

shear stress at the tooth root, the displacement in the direction of the tooth load can be estimated 

under the form: 

𝛿𝛿𝑓𝑓𝑤𝑤 =
𝐹𝐹
𝑏𝑏

1
𝐷𝐷

cos2 𝛼𝛼𝑓𝑓 �𝐿𝐿 �
𝑢𝑢𝑤𝑤
𝑆𝑆𝑓𝑓𝑤𝑤

�
2

+ 𝑀𝑀�
𝑢𝑢𝑤𝑤
𝑆𝑆𝑓𝑓𝑤𝑤

� + 𝑃𝑃(1 + 𝑄𝑄 tan2 𝛼𝛼𝑓𝑓)� (1.17)  

with: 

 𝑆𝑆𝑓𝑓𝑤𝑤: the tooth thickness at the critical section (Figure 1.7). 

             𝐿𝐿,𝑀𝑀,𝑃𝑃 and 𝑄𝑄: constants which differ depending on the authors [63, 66, 68]. 

Further developments of the previous formulations were brought by O’Donnell [69, 70], Attia 

[68] and Cornell [66]. Sainsot et al. [71] modeled the gear body as an elastic annulus instead of 
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a half-plane, and proposed a more accurate formulation of the base deflection. Numerical 

methods such as the finite element method, the boundary element method and finite differences 

have also been extensively used [72-74]. 

The above individual contributions are then superimposed in each point of contact and the total 

displacement is thus computed, resulting in a time-varying mesh stiffness that depends of the 

number of conjugate teeth pairs in contact during the convolute action (the contact length). 

Figure 1.8 shows two examples of mesh stiffness periodic evolution obtained using the 

aforementioned formulations for errorless spur and helical gear pairs.  

 

 

 

 

Figure 1.8: Examples of time-varying gear mesh stiffness.   

    (b) Helical gear 

(a) Spur gear 
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The figure illustrates the important effect of the gear type on the mesh stiffness variation, which 

tends to be smoother for helical gears. One can consequently state than even perfect gears can 

generate vibrations due to the elastic character of the mating gears resulting in these parametric 

excitations.  

b. Tooth shape errors and mounting errors 

The concept of perfect, errorless gears can hardly be representative of reality. Some 

unavoidable errors are indeed present to some extent in all gears. Tooth shape errors are 

basically due to the machining process including several inaccuracies, thermal distortions 

related to thermal treatment, etc. [75, 76]. The mounting errors are related to the assembly 

process of the different parts of the transmission. The presence of those imperfections and 

misalignments alters the motion transfer and may induce partial and total contact loss and thus 

gives rise to some undesirable vibrations.  

Focusing on shape errors, on can separate i) pitch error, ii) tooth profile error and iii) lead error 

presented separately after. 

i. Tooth profile errors 

Tooth profile error basically illustrates the total deviation between the actual tooth profile and 

the theoretical involute curve, see Figure 1.9. 

 

 

Figure 1.9: Tooth profile error [75]. 

ii. Pitch errors 

Pitch error is defined as the difference between an actual measured pitch value and its 

theoretical value. One can distinguish i) individual pitch errors that illustrate the difference 
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between any adjacent tooth surfaces, ii) the pitch variation error that represents the actual pitch 

variation between two adjacent teeth and iii) the accumulated pitch error that cumulates the 

differences in pitch computed over any number of teeth. 

 

Figure 1.10: Single pitch error [75]. 

iii. Lead errors 

Lead errors represent the deviations of the actual advance of the tooth profile from the ideal 

value or position, see Figure 1.11. Lead errors result in distorted flank traces on the base plane 

and are likely to deteriorate tooth contacts, particularly by concentrating contacts in certain 

areas. In addition to the previous shape errors, on can mention the effect of surface damage 

related generally to contact fatigue. This phenomenon results in superficial cracks and 

imperfections localized on some of the gear teeth and can thus affect the dynamic behavior of 

gears [77]. 

 

Figure 1.11: Examples of lead error traces on the base plane [78]. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

19 
 

iv. Mounting errors 

Mountings errors cannot always be avoided, and this can lead to i) misalignments, ii) run-out 

and iii) eccentricities. Misalignments illustrate the fact that the rotating shafts are not parallel, 

and can be produced during the assembly of the gears on the shafts or the assembly of the shafts 

itself on bearings. One can separate a) the shaft inclination that corresponds to a rotation of the 

shaft in the plane formed by the theoretical parallel shafts and b) the shaft deviation that 

corresponds to a rotation of the shaft in the normal plane to the plane formed by the two shafts 

(Figure 1.12).  

 

Figure 1.12: Shaft misalignments [79]. 

Umezawa et al. [79] studied, experimentally, the relation of misalignments with the dynamic 

behavior for different kinds of helical gears. The authors [79] underlined the clear effect of both 

types of misalignments on gear vibration. Run-out is the error in radial position of the teeth 

which can be measured by indicating the position of a pin or ball inserted in each tooth space 

around the gear and taking the largest difference. Eccentricities correspond to centers of rotation 

which do not coincide with the centers of the pinion and/or the gear. Eccentricities can therefore 

induce imbalance as presented by Sabot et al. [80]. 

c. Gear transmission error 

Harris [81] introduced the concept of transmission error (T.E.) in relation to the study of gear 

dynamic tooth forces. Gear transmission error is defined as the deviation in the position of the 

driven gear (for any given position of the driving gear), relative to the position that the driven 

gear would occupy if both gears were geometrically perfect and rigid. T.E. is generally 
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expressed as an angular deviation computed on the driven gear nut also as a distance on the 

base plane [82].  

 

Figure 1.13: Transmission error definition [83]. 

Depending on operational conditions, one can separate i) the no-load transmission error 

(NLTE), ii) the quasi-static transmission error (TEs) and iii) the dynamic transmission error 

(DTE). The NLTE is measured on a gear pair rotating at low speed and transmitting zero load, 

it is actually representative of geometrical deviations related to machining defects and mounting 

errors. From a mathematical point of view, using the fact that the transmission error is null for 

perfect gears (no errors), the NLTE (projected on the base plane) reads [78]: 

𝑁𝑁𝐿𝐿𝐷𝐷𝐷𝐷 = −
𝐷𝐷𝑖𝑖𝑡𝑡𝑥𝑥(𝑡𝑡)
cos𝛽𝛽𝑏𝑏

 (1.18)  

where 𝐷𝐷𝑖𝑖𝑡𝑡𝑥𝑥(𝑡𝑡) represents the maximum of the equivalent normal deviations superimposed on 

the gear and pinion, and 𝛽𝛽𝑏𝑏 is the helix angle. 

Based on the same concept, the TEs combines the NLTE and the elastic deflections that results 

from the transmitted load as follows: 

𝐷𝐷𝐷𝐷𝑇𝑇 = 𝑥𝑥 + 𝑁𝑁𝐿𝐿𝐷𝐷𝐷𝐷 (1.19)  

where 𝑥𝑥 is the displacement in the base plane related to the teeth deformation along with shafts 

and bearings displacements. 

TEs is widely used to study the effect of tooth shape deviations (error and shape modifications) 

[84,85], furthermore it can be used as an indicator of the excitations and noise level in a 

transmission, capturing most of the mesh excitation (linear behavior) as demonstrated by Velex 
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et al. [86]. TEs is introduced directly as a source of excitation as well in several models 

[82,87].The dynamic transmission error DTE includes as well the inertial effects and provide a 

better insight on the vibrational behavior of the transmission including some nonlinear 

phenomena as contact loss. Various experimental procedures are considered to measure the 

transmission error using i) accelerometers [88], ii) optical methods [89] or iii) interferometric 

systems [90, 91]. 

 

Figure 1.14: Quasi-static transmission errors. (a) experiments, (b) simulations [92]. 

Along with the transmission error, other parameters are used to illustrate the dynamic behavior 

of gears. The dynamic factor, for instance, is frequently used to describe the dynamic loading 

on gear teeth. It is defined as the ratio between the global dynamic transmitted load and the 

static load. The dynamic factor was initially computed through some empirical formulations 

[93, 94] considering spur gears without any contact loss. It was then investigated both 

experimentally and numerically by Houser and Seireg [95, 96] taking into account the mesh 

stiffness fluctuation, the inertial effects and geometric deviations for spur and helical gears. 

Moreover, Kubo [97] provided some valuable curves that serve as reference for models 
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validation. Furthermore, the notion of tooth root stress is also used to quantify the tooth loading 

[98]. This parameter is experimentally more easily reachable and can be computed using strain 

gauges placed at the root of several teeth and across the face width [98, 99]. 

1.3.2 Advances in gear dynamics study 

The current section highlights the basic improvements in the study of geared transmissions in 

the last few decades from different viewpoint, i.e. experimental, analytical and numerical 

contributions. The first attempts date back more than half a century [81, 84, 93, 94], and aimed 

at understanding and quantifying the dynamic loading on gear teeth, mainly for spur gears. 

Since then, gear dynamics have been a major concern to respond to the increasingly 

complicated requirements and consequent constraints. This is illustrated by the vast literature 

extensively reviewed by Özgüven and Houser [82], Wang et al. [100] and Remond et al. [101] 

to name a few. 

Several efforts were made to characterize experimentally the dynamic behavior of gears and 

thus provide a kind of reference for dynamic models developed later on. A large part of 

experimental work focused on spur gears [87, 90]. Measurements are made in terms of 

transmission errors, accelerations, tooth loads and tooth root stresses. Among others, Kahraman 

and Blankenship [88, 102, 103] performed benchmark measurements of dynamic transmission 

errors using a four-square test rig, and analyzed the effect of operating conditions and profile 

modifications on dynamic response for identical spur gear pairs. Umezawa et al. [79] studied 

the effect of misalignments and contact ratio on helical gears vibration. Moreover, Baud and 

Velex [99] investigated quasi-static and dynamic stresses at the root of spur and helical teeth 

on a geared rotor system. Multi-mesh geared transmissions were considered as well [104, 105]. 

Experimental data remain however rather sparse compared to theoretical and numerical 

developments.  

A primary concern in the modeling of a geared transmission is the realistic description of the 

contact between the mating gears, i.e. the mesh stiffness fluctuation that presents one of the 

major sources of noise and vibration. From this point of view, one can distinguish i) models 

with constant mesh stiffness [87], ii) models with time-varying mesh stiffness [82] and iii) 

models with nonlinear mesh stiffness and more accurate description of the teeth contact [100]. 

The first type of models is basically suitable for modal analyses as in [106]. The mesh related 

excitations are introduced via the quasi-static transmission error. Though it provides exact 

solutions, this type of modeling lack a real description of the teeth contact problem. The first 
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models to consider time-varying stiffness were purely torsional [107]. Periodic mesh stiffness 

function that accounts for the variable number of teeth pairs in contact (step functions for spur 

gears and trapezoidal functions for helical gears) are basically introduced to illustrate the mesh. 

Such models served to analyze gears instability phenomenon [108], to study dynamic loading 

on gears for single [108] and multistage gear trains [109, 110] as well as planetary and epicyclic 

gears [111]. Nevertheless, the previous approaches are highly approximate omitting the great 

dependence of mesh stiffness on instantaneous contact conditions between active flanks along 

with possible contact losses and shocks encountered basically when using spur gears [112]. In 

this context, Velex and Maatar [92] proposed an original procedure which treats the equations 

of motions and the contact problem between mating flanks simultaneously. The problem is 

solved using a time-step numerical scheme [113] combined with a unilateral normal contact 

algorithm [114] which updates the mesh stiffness depending on contact conditions. Mesh 

stiffness is thus no more considered as an input of the problem, but a consequence of the instant 

behavior of the system. The transmission error is seen as a solution of the problem as well and 

not an imposed excitation as previously. The proposed method was then extended to deal with 

various types of gears and increasingly complex features. One can cite the work of Ajmi and 

Velex [115] which focused on wide-faced gears, Bettaïeb et al. [116] which proposed a hybrid 

approach that combines elastic foundations for tooth contact and substructures derived from 

three-dimensional finite element grids for thin-rimmed gears and their supporting shafts, 

Abousleiman and Velex [117] a hybrid model that accounts for ring-gear deflections to simulate 

quasi-static and dynamic behavior of planetary/epicyclic gear.  

Furthermore, several models tempted to couple the gear elements with the surrounding 

elements, i.e. the supporting shafts and bearings that have essential effect on the dynamic 

performance of the transmission. Velex [107], for instance, attempted to model shaft elements 

using beam finite elements coupled with a spring-mass mesh model. Three dimensional finite 

elements were used as well to model shaft elements [118]. Focusing on bearings, Lahmar and 

Velex [119] proposed a model that treats simultaneously the contact conditions in gears and 

rolling element bearings. The bearings contribution is thus introduced as a time-varying, non-

linear external force. They underlined the significant interaction between gears and bearing 

dynamic response. More recently, Abbes et al. [120] studied the effect of ball bearing waviness 

on the dynamic response of helical gears. Many models of varied complexity included journal 

bearings in geared transmission simulations. Kahraman et al. [121] combined a spring-damper 

configuration of the mesh with a bearing model using some classic dynamic coefficients. Later, 
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Theodossiades et al. [122] included a nonlinear short journal bearing model. Baud and Velex 

[98] worked somehow conversely, they coupled an accurate description of the gear teeth contact 

with a simple bearing configuration using dynamic coefficients. More recently, Baguet et al. 

[123, 124] proposed dynamic models that consider simultaneous solutions of the equations of 

motion, tooth contact conditions, and the isothermal Reynolds equation for short or finite length 

bearings. In the continuity of their work, Fargère and Velex [125-126] introduced a nonlinear 

modeling of gear mesh and journal bearings based on a direct solution of the Reynolds equation, 

including thermal effects and lubricant injection mode and circulation. They showed that 

bearing clearances and elastic coupling can largely influence static and dynamic tooth loading. 

1.3.3 The problem of damping 

In the conclusion of their seminal paper on gear dynamics, Gregory et al. [84] highlighted the 

paramount importance of damping on dynamic loading and the urgent need for further research 

into the mechanism of damping in mechanical transmissions. Damping does not only control 

the amplifications at critical speeds but has also a great influence on the transmission stability. 

Damping tends to eliminate or reduce the instability zones as proven by Velex [108], among 

others. More than 50 years later, and even if a large number of dynamic models have been 

proposed as shown earlier, the literature on the specific topic of gear damping mechanisms has 

remained sparse [127]. Most of the time, constant or time varying damping factors [128] are 

employed which can be estimated from experimental results but can hardly be generalized to 

any gear geometry and operating conditions. Considering a transmission model of 𝑁𝑁 degree to 

freedom, the resulting equations of motions read: 

[𝑀𝑀]�̈�𝑋 + [𝐶𝐶]�̇�𝑋 + [𝐾𝐾]𝑋𝑋 = 𝐹𝐹 (1.20)  

Two classical procedures are most commonly employed when damping is assumed to be 

constant: i) damping is assumed to be proportional to the mass or/and the stiffness matrices 

(Rayleigh’s damping [129]) which leads to the following damping matrix [𝐶𝐶] = 𝑎𝑎[𝑀𝑀] + 𝑏𝑏[𝐾𝐾], 

where 𝑎𝑎 and 𝑏𝑏 are two constants to be adjusted from experimental results, ii) a limited number 

of modal damping factors 𝜁𝜁𝑝𝑝 is used, the damping matrix is supposed to be orthogonal with 

respect to the mode-shapes of the undamped system with averaged stiffness matrix which leads 

to a diagonal modal damping matrix �𝐶𝐶𝜙𝜙� = 𝑑𝑑𝑖𝑖𝑎𝑎𝑘𝑘�2𝜁𝜁𝑝𝑝�𝑘𝑘𝜙𝜙𝑝𝑝𝑚𝑚𝜙𝜙𝑝𝑝� ,𝑝𝑝 = 1,𝑁𝑁, where 𝑘𝑘𝜙𝜙𝑝𝑝 ,𝑚𝑚𝜙𝜙𝑝𝑝 

are respectively the modal stiffness and mass associated with mode 𝑃𝑃. The damping matrix [𝐶𝐶] 

is then deduced through i) a change of basis operation which implies that all the modes have 
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been calculated, or ii) by performing a truncated summation on a limited number of modes 

following Craig [130]. Here again, 𝜁𝜁𝑝𝑝 is either estimated or measured to fit experimental 

evidence. Regardless of the method used, the proposed damping is unlikely to properly 

represent the dissipation mechanisms in a geared transmission. 

In the last decade, some valuable contributions to the damping modeling in gears were 

published. [131-133] introduced the modeling of lubricant related damping in the analysis of 

gear rattle phenomena. Some analytical expressions of the hydrodynamic force acting on the 

tooth flanks were developed to account for the effect of the lubricant on the vibration, under 

isoviscous hydrodynamic conditions. More recently, Li and Kahraman [134] proposed a gear 

damping model by combining a mixed EHL model of a spur gear with a torsional dynamic 

model, thus accounting for a variety of contact conditions such as speed, load and lubricant 

temperature. Later, the authors extended their modeling strategy to study the combination of 

transverse and torsional degrees of freedom using a tribo-dynamic model [135]. Based on a 

similar approach, Guilbault et al. [136] considered a combination of simplified models to 

simulate the lubricant squeeze damping along with tooth hysteresis and the contributions of the 

elements surrounding the pinion-gear system. Finally, Liu et al. [137] recently characterized 

analytically damping and stiffness in lightly loaded gears for vibro-impact regimes at different 

speeds and lubricant temperatures. The previous efforts showed the interest and the feasibility 

of a realistic modeling of the damping mechanism in gears and thus inspired the present 

investigations. 

1.4 Conclusion 

Based on the previous survey, one can state that the fields of lubrication and gear dynamics 

have both evolved enormously, stimulated by the huge growth of computing capacities, the 

emergence of powerful numerical techniques and obviously the development  of more accurate 

experimental devices. Furthermore, damping is proven to be a key factor in controlling the 

stability and the dynamic behavior of any geared system. Nevertheless, only few efforts were 

made to quantify the dissipation in such systems and to improve the modeling of the active 

sources of damping. This is mainly due to the diversity of the sources of dissipation in a 

complex system and to the lack in the information on dissipative properties of materials. In this 

context, the present work seeks to make a first constructive attempt to provide some realistic 

formulations of the damping found in geared transmissions, and more precisely due to 
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lubricated contacts, that could be generalized to different types of gears and transmissions, and 

bring a deeper understanding of the damping mechanisms in a geared transmissions. 
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Chapter 2 

Modeling of damping in lubricated line contacts 

The current research focuses on quantifying the damping related to the lubrication of rotating 

gears. The lubricant film separating the mating teeth can indeed dissipate energy by squeeze 

effect in the normal direction and in the tangential direction. In this chapter, emphasis is placed 

on the modeling of the normal contributions of the lubricant, i.e. acting in the direction of the 

line of action, to the total system damping. An EHL transient analysis is considered to study 

the dynamic behavior of lubricated line contacts. Both cases of permanent contact conditions 

and contact losses and shocks encountered in gears are studied separately. 

2.1 Permanent lubricated line contacts 

2.1.1 Permanent contact model 

Following the approach of Wijnant for ball bearings [51], this section is aimed at analyzing line 

EHL contacts under time-varying loads in order to provide a viscous damping formulation for 

a wide range of operating conditions. Assuming isothermal, fully flooded lubrication between 

the teeth, the Reynolds equation for permanent line contacts reads: 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜌𝜌ℎ3

12𝜂𝜂
𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥
� −

𝜕𝜕(𝑢𝑢𝑖𝑖  𝜌𝜌ℎ)
𝜕𝜕𝑥𝑥

−
𝜕𝜕(𝜌𝜌ℎ)
𝜕𝜕𝑡𝑡

= 0 (2.1)  

Approximating the shape of the two contacting surfaces by parabolas, the corresponding film 

thickness separating the two surfaces is given by: 

             ℎ(𝑥𝑥) = ℎ0 +
𝑥𝑥2

2𝑅𝑅𝑥𝑥
−

2
𝜋𝜋𝐷𝐷′

� 𝑝𝑝(𝑥𝑥′)
+∞

−∞
𝑙𝑙𝑛𝑛 �

𝑥𝑥 − 𝑥𝑥′

𝑥𝑥0
�
2

𝑑𝑑𝑥𝑥′           (2.2)  

where 𝑥𝑥0 is a reference distance at which deflection is taken to be zero. 

Equating the total pressure force and the external load 𝑤𝑤𝑡𝑡, the force balance equation leads to: 

  � 𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥 = 𝑤𝑤𝑡𝑡

+∞

−∞
          (2.3)  
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The lubricant rheology is characterized by the Roelands equation [3] for viscosity-pressure 

dependency as 

            𝜂𝜂(𝑝𝑝) = 𝜂𝜂0 exp�(𝑙𝑙𝑛𝑛(𝜂𝜂0) + 9.67) �−1 + �1 +
𝑝𝑝
𝑝𝑝0
�
𝑧𝑧
��              (2.4)  

where 𝐻𝐻 is the pressure viscosity index and 𝑝𝑝0 a constant. 

along with the formula of Dowson and Higginson [4] for the density-pressure relation, i.e. 

𝜌𝜌(𝑝𝑝) = 𝜌𝜌0
5.9. 108 + 1.34𝑝𝑝

5.9. 108 + 𝑝𝑝
 (2.5)  

In order to simulate the dynamic loading conditions in gears, a time-varying excitation force is 

imposed under the form:  

      𝑤𝑤𝑡𝑡 = 𝑤𝑤0 + a sin (𝜔𝜔𝑡𝑡)   (2.6)  

The Hertzian contact parameters are used to obtain the dimensionless system of equations to be 

solved, i.e., the dry contact half width 𝑏𝑏 and the maximum Hertzian pressure 𝑝𝑝ℎ. The time-

varying parameters are normalized with respect to their values at a reference point.  

The set of dimensionless variables are: 

𝑋𝑋 = 𝑥𝑥 𝑏𝑏⁄ ; 

 𝑃𝑃 = 𝑝𝑝 𝑝𝑝ℎ ; ⁄  

𝐻𝐻 = ℎ𝑅𝑅𝑥𝑥 𝑏𝑏2; ⁄  

𝐷𝐷 = 𝑡𝑡 𝑢𝑢𝑟𝑟𝑒𝑒𝑓𝑓 𝑏𝑏⁄ ;  

�̅�𝜌 = 𝜌𝜌 𝜌𝜌0;  ⁄  

�̅�𝜂 = 𝜂𝜂 𝜂𝜂0;⁄  

𝑊𝑊𝑡𝑡 = 𝑤𝑤(𝑡𝑡) 𝑤𝑤𝑟𝑟𝑒𝑒𝑓𝑓⁄ ; 

𝑅𝑅𝑡𝑡 = 𝑅𝑅(𝑡𝑡) 𝑅𝑅𝑟𝑟𝑒𝑒𝑓𝑓; ⁄  

𝑈𝑈𝑖𝑖𝑡𝑡 = 𝑢𝑢𝑖𝑖(𝑡𝑡) 𝑢𝑢𝑟𝑟𝑒𝑒𝑓𝑓⁄   

and the resulting system of dimensionless equations reads: 
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𝜕𝜕
𝜕𝜕𝑋𝑋

�𝜉𝜉
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
� − 𝑈𝑈𝑖𝑖𝑡𝑡

𝜕𝜕(�̅�𝜌𝐻𝐻)
𝜕𝜕𝑋𝑋

−
𝜕𝜕�̅�𝜌𝐻𝐻
𝜕𝜕𝐷𝐷

= 0   (2.7)  

𝐻𝐻(𝑋𝑋) = 𝐻𝐻0 +
𝑋𝑋2

2𝑅𝑅𝑡𝑡
−

1
2𝜋𝜋

� 𝑃𝑃(𝑋𝑋′)
+∞

−∞
𝑙𝑙𝑛𝑛(𝑋𝑋 − 𝑋𝑋′)2𝑑𝑑𝑋𝑋′  (2.8)  

   � 𝑃𝑃(𝑋𝑋)𝑑𝑑𝑋𝑋 =
𝜋𝜋
2
𝑊𝑊𝑡𝑡

+∞

−∞
     (2.9)  

    𝑊𝑊𝑡𝑡 = 1 + 𝐴𝐴 sin(Ω𝐷𝐷)    (2.10)  

 

where 𝜉𝜉 is defined as : 

       𝜉𝜉 =
�̅�𝜌𝐻𝐻3

�̅�𝜂𝜆𝜆
       where    𝜆𝜆 =

12𝑢𝑢𝑟𝑟𝑒𝑒𝑓𝑓𝜂𝜂0𝑅𝑅𝑥𝑥2

𝑏𝑏3𝑝𝑝ℎ
         

2.1.2 Discrete equations 
The governing equations are discretized on a uniform grid with mesh size ℎ covering a 

computational domain Ω ( 𝑋𝑋𝑡𝑡 ≤ 𝑋𝑋 ≤ 𝑋𝑋𝑏𝑏), see Figure 2.1. The discrete solution at time step 𝑘𝑘 

at any point 𝑋𝑋𝑖𝑖 of the grid is denoted 𝑃𝑃𝑖𝑖,𝑘𝑘ℎ . Using finite differences, equation (2.7) is 

approximated in each interior point of the grid.  

 

Figure 2.1: Discrete computational domain. 

The outer differential 𝜕𝜕/𝜕𝜕𝑋𝑋 of the Poiseuille term is approximated using a short central second 

order discretization: 

�
𝜕𝜕
𝜕𝜕𝑋𝑋

�𝜉𝜉
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
��

𝑖𝑖,𝑘𝑘

=
�𝜉𝜉 𝜕𝜕𝑃𝑃𝜕𝜕𝑋𝑋�𝑖𝑖+1/2,𝑘𝑘

− �𝜉𝜉 𝜕𝜕𝑃𝑃𝜕𝜕𝑋𝑋�𝑖𝑖−1/2,𝑘𝑘

ℎ𝑥𝑥
 (2.11)  

Second, the inner derivatives are discretized as follows: 
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�𝜉𝜉
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
�
𝑖𝑖+1/2,𝑘𝑘

= 𝜉𝜉𝑖𝑖+1/2,𝑘𝑘
ℎ �𝑃𝑃𝑖𝑖+1,𝑘𝑘

ℎ − 𝑃𝑃𝑖𝑖,𝑘𝑘ℎ �
ℎ𝑥𝑥

  (2.12)  

and  

�𝜉𝜉
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
�
𝑖𝑖−1/2,𝑘𝑘

= 𝜉𝜉𝑖𝑖−1/2,𝑘𝑘
ℎ �𝑃𝑃𝑖𝑖,𝑘𝑘ℎ − 𝑃𝑃𝑖𝑖−1,𝑘𝑘

ℎ �
ℎ𝑥𝑥

  (2.13)  

Combining these two steps, one obtains: 

�
𝜕𝜕
𝜕𝜕𝑋𝑋

�𝜉𝜉
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
��

𝑖𝑖,𝑘𝑘

=
𝜉𝜉𝑖𝑖−1/2,𝑘𝑘
ℎ 𝑃𝑃𝑖𝑖−1,𝑘𝑘

ℎ − �𝜉𝜉𝑖𝑖+1/2,𝑘𝑘
ℎ + 𝜉𝜉𝑖𝑖−1/2,𝑘𝑘

ℎ �𝑃𝑃𝑖𝑖,𝑘𝑘ℎ + 𝜉𝜉𝑖𝑖+1/2,𝑘𝑘
ℎ 𝑃𝑃𝑖𝑖−1,𝑘𝑘

ℎ   
ℎ𝑥𝑥2

 (2.14)  

where 𝜉𝜉𝑖𝑖−1/2,𝑘𝑘
ℎ  and 𝜉𝜉𝑖𝑖+1/2,𝑘𝑘

ℎ  denote the parameter 𝜉𝜉 at time-step 𝑘𝑘 at some intermediate points 

𝑋𝑋𝑖𝑖 − ℎ𝑥𝑥/2 and 𝑋𝑋𝑖𝑖 + ℎ𝑥𝑥/2 respectively, and are approximated as: 

𝜉𝜉𝑖𝑖±1/2,𝑘𝑘
ℎ = (𝜉𝜉𝑖𝑖,𝑘𝑘ℎ + 𝜉𝜉𝑖𝑖±1,𝑘𝑘

ℎ )/2 (2.15)  

with  

𝜉𝜉𝑖𝑖,𝑘𝑘ℎ =
�̅�𝜌�𝑃𝑃𝑖𝑖,𝑘𝑘ℎ ��𝐻𝐻𝑖𝑖,𝑘𝑘ℎ �

3

�̅�𝜂�𝑃𝑃𝑖𝑖,𝑘𝑘ℎ ��̅�𝜆
 (2.16)  

The wedge term and the squeeze term are approximated using a first order upstream 

discretization as follows: 

�
𝜕𝜕(�̅�𝜌𝐻𝐻)
𝜕𝜕𝑋𝑋

�
𝑖𝑖,𝑘𝑘

=
�̅�𝜌𝑖𝑖,𝑘𝑘ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘ℎ − �̅�𝜌𝑖𝑖−1,𝑘𝑘

ℎ 𝐻𝐻𝑖𝑖−1,𝑘𝑘
ℎ

ℎ𝑥𝑥
 (2.17)  

 

�
𝜕𝜕(�̅�𝜌𝐻𝐻)
𝜕𝜕𝐷𝐷

�
𝑖𝑖,𝑘𝑘

=
�̅�𝜌𝑖𝑖,𝑘𝑘ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘ℎ − �̅�𝜌𝑖𝑖,𝑘𝑘−1ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘−1ℎ

ℎ𝑡𝑡
 (2.18)  

leading to the discrete form of the equation (2.7): 

𝜉𝜉𝑖𝑖−1/2,𝑘𝑘
ℎ 𝑃𝑃𝑖𝑖−1,𝑘𝑘

ℎ − �𝜉𝜉𝑖𝑖+1/2,𝑘𝑘
ℎ + 𝜉𝜉𝑖𝑖−1/2,𝑘𝑘

ℎ �𝑃𝑃𝑖𝑖,𝑘𝑘ℎ + 𝜉𝜉𝑖𝑖+1/2,𝑘𝑘
ℎ 𝑃𝑃𝑖𝑖−1,𝑘𝑘

ℎ   
ℎ𝑥𝑥2

− 𝑈𝑈𝑖𝑖𝑡𝑡𝑘𝑘
�̅�𝜌𝑖𝑖,𝑘𝑘ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘ℎ − �̅�𝜌𝑖𝑖−1,𝑘𝑘

ℎ 𝐻𝐻𝑖𝑖−1,𝑘𝑘
ℎ

ℎ𝑥𝑥
−
�̅�𝜌𝑖𝑖,𝑘𝑘ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘ℎ − �̅�𝜌𝑖𝑖,𝑘𝑘−1ℎ 𝐻𝐻𝑖𝑖,𝑘𝑘−1ℎ

ℎ𝑡𝑡
= 0 

(2.19)  

where 𝑃𝑃𝑖𝑖,𝑘𝑘ℎ = 0 at the boundary, and 𝑃𝑃𝑖𝑖,𝑘𝑘ℎ ≥ 0 satisfying the cavitation condition at all points of 

the domain, the dimensionless time-step and the mesh size are chosen equal. 
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 The film thickness equation (2.8) can be discretized as: 

𝐻𝐻𝑖𝑖,𝑘𝑘ℎ = 𝐻𝐻0 +
𝑋𝑋𝑖𝑖2

2𝑅𝑅𝑡𝑡𝑘𝑘
−

1
𝜋𝜋
�𝐾𝐾𝑖𝑖,𝑗𝑗ℎℎ𝑃𝑃𝑖𝑖,𝑘𝑘ℎ

𝑗𝑗

 (2.20)  

where the coefficients 𝐾𝐾𝑖𝑖,𝑗𝑗ℎℎ can be computed as:  

𝐾𝐾𝑖𝑖,𝑗𝑗ℎℎ = �𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑗𝑗 +
ℎ𝑥𝑥
2
� �ln �𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑗𝑗 +

ℎ𝑥𝑥
2
� − 1�         

− �𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑗𝑗 −
ℎ𝑥𝑥
2
� �ln �𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑗𝑗 −

ℎ𝑥𝑥
2
� − 1�  

(2.21)  

Finally, the discrete force balance equation reads: 

�𝑃𝑃𝑖𝑖,𝑘𝑘ℎ

𝑖𝑖

=
𝜋𝜋
2
𝑊𝑊𝑡𝑡𝑘𝑘 (2.22)  

Because of the complexity of the Reynolds and deformation equations which are non-linear 

integro-differential equations, efficient numerical methods are needed. Multi-grid and multi-

integration techniques briefly introduced in chapter 1 are used to solve the EHL problem and 

obtain fast and accurate solutions compatible with extensive parameter analyses.  

 

2.1.3 Numerical results 

Figure 2.2 shows some snapshots of the pressure and film thickness distributions at different 

time-steps during the simulation for a time-varying external load as defined in equation (2.10). 

In such conditions, the dimensionless load 𝑊𝑊𝑡𝑡 and the rigid body displacement 𝐻𝐻0 are re-

calculated at every time-step. Figure 2.3(a) shows the corresponding evolution during the 

simulation. Though it is not easily observed, the solution is shifted in time compared with the 

imposed time-varying load; such a phase shift is caused by the viscous damping provided by 

the lubricant. This fact is more clearly illustrated in the magnified representation in Figure 

2.3(b). 

Simulating the lubricated normal contact as a linear viscous damper, one can write: 

𝑤𝑤𝑡𝑡  = 𝑐𝑐𝑙𝑙ℎ0̇     (2.23)  

where 𝑐𝑐𝑙𝑙 is the damping constant,  ℎ0 is the mutual approach and over-dots represent first order 

time derivatives. 
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Figure 2.2: Examples of pressure distribution and film thickness in an EHL contact 

under periodic load. 

Figure 2.4 shows an example of hysteresis loop obtained by plotting the mutual approach versus 

the dimensionless contact force. The trajectory is approximately elliptical, thus confirming that 

a linear damping model as in equation (2.23) can be employed. 

The area enclosed by the ellipse equals the work done by the load, i.e. the energy dissipated by 

the viscous forces per period. 
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Figure 2.3: Mutual approach and load evolution versus time. 

Introducing a dimensionless damping constant: 

    𝐶𝐶𝑙𝑙 = 𝑐𝑐𝑙𝑙
𝑢𝑢𝑖𝑖𝑏𝑏
𝑤𝑤0𝑅𝑅𝑥𝑥

    (2.24)  

(𝒂𝒂) 

(𝒃𝒃) 
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the dissipated energy for a sine excitation reads: 

𝐷𝐷 = 𝜋𝜋𝐶𝐶𝑙𝑙𝛺𝛺𝐵𝐵2 (2.25)  

where 𝐵𝐵 represents the amplitude of the mutual approach 𝐻𝐻0. 

 

Figure 2.4: Mutual approach versus load (hysteresis loop). 

The Moes parameters are normally sufficient to describe the behavior of an EHL contact 

considering either steady state or transient solutions. These parameters are defined as: 

𝑀𝑀 = 𝜋𝜋�
3

4𝜆𝜆
 (2.26)  

 

𝐿𝐿 = 𝛼𝛼��
16𝜆𝜆

3
4

 (2.27)  

In the present study, the frequency of the excitation 𝑓𝑓𝑙𝑙 and its amplitude 𝐴𝐴 need to be considered 

and further investigations are required in order to analyse their influence on the lubricated 

contact.  

First, considering the excitation amplitude, calculations are performed for 𝐴𝐴 varying from 0.1 

to 0.9. With increasing amplitudes, a non-linearity appears which slightly alters the shape of 

the hysteresis loop (8% between the minimum and the maximum amplitude) but the linear 
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approximation still seems valid for estimating the equivalent damping 𝐶𝐶𝑙𝑙 (Figure 2.5). Similar 

results have been obtained when sweeping over large ranges of 𝑀𝑀, 𝐿𝐿 and 𝑓𝑓𝑙𝑙  suggesting that the 

damping constant 𝐶𝐶𝑙𝑙 can be considered as independent of the excitation amplitude 𝐴𝐴. The 

presented solutions have been obtained using a mesh with 4096 nodal points. The dimensionless 

time-step and the finest mesh grid size were equal ℎ𝑡𝑡 = ℎ𝑥𝑥 = 0.0017. The accuracy of the 

damping values was generally better than 1%. Considering the excitation frequency 𝑓𝑓𝑙𝑙 = Ω/2𝜋𝜋, 

Figure 2.6 represents the resulting damping parameter 𝐶𝐶𝑙𝑙  versus 𝑓𝑓𝑙𝑙, for 𝑀𝑀 = 100, 𝐿𝐿 = 10, 𝐴𝐴 =

0.1. It can be noticed that 𝐶𝐶𝑙𝑙 is constant for the lower frequencies and decreases for higher 

values of 𝑓𝑓𝑙𝑙. The results are confirmed through a large number of simulations considering wide 

ranges of 𝑀𝑀, 𝐿𝐿 and 𝐴𝐴.  

 

Figure 2.5: Numerical values of the damping constant 𝑪𝑪𝑪𝑪 as a function of the amplitude 

of the excitation 𝑨𝑨. 

A curve fitted equation (2.28) is proposed based on these results to describe the dependence of 

the damping constant 𝐶𝐶𝑙𝑙 of the frequency of the imposed load 𝑓𝑓𝑙𝑙. The equation relates the values 

of the damping at high frequencies to the constant value at the lower ones.  

 

  𝑓𝑓(𝐷𝐷𝑙𝑙) =
0.06 𝐷𝐷𝑙𝑙1.15

�1 + (0.06𝐷𝐷𝑙𝑙1.15)44
 (2.28)  

where 𝐷𝐷𝑙𝑙 = 𝑡𝑡𝑙𝑙𝑢𝑢𝑖𝑖/𝑏𝑏 is the dimensionless period 1/𝑓𝑓𝑙𝑙. 
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Figure 2.6: Numerical values of the damping constant 𝑪𝑪𝑪𝑪 as a function of the frequency 

of the excitation 𝒇𝒇𝑪𝑪. 

The sensitivity of the damping constant on the classic Moes parameters 𝑀𝑀 and 𝐿𝐿 is analyzed 

hereinafter. Considering first that the material parameter 𝐿𝐿 is kept constant, the effect of the 

load parameter 𝑀𝑀 is studied. Calculations were performed for 𝐿𝐿 = 10 and 𝑀𝑀 varying from 5 to 

1000. As shown in Figure 2.7(a), the damping constant decreases with an increasing 𝑀𝑀, and 

since 𝐿𝐿 is fixed, the variation of 𝑀𝑀 is only due to load variations. Similar behavior has been 

observed for other values of 𝐿𝐿 (𝐿𝐿 = 1 → 25) and one can conclude that viscous damping 

becomes lower as load increases. Focusing on the material parameter 𝐿𝐿, Figure 2.7(b) shows 

that, for 𝑀𝑀 = 100, damping increases with an increasing 𝐿𝐿 parameter. Here again, similar 

trends have been found for a range of 𝑀𝑀 parameters (𝑀𝑀 = 5 → 1000). Based on these findings 

(only a few are shown), a single parameter combining 𝑀𝑀 and 𝐿𝐿 has been introduced under the 

form 𝛽𝛽 = √𝐿𝐿 𝑀𝑀⁄  which leads to a most satisfactory result in terms of damping constant 𝐶𝐶𝑙𝑙 . 

In Figure 2.8, the simulated values of 𝐶𝐶𝑙𝑙 are plotted versus the new parameter 𝛽𝛽 which show 

that damping increases with 𝛽𝛽. The best fit has been obtained by using the following expression: 

𝐶𝐶𝑙𝑙 =
2.5 𝛽𝛽1.2

�1 + (3𝛽𝛽0.85)2
 𝑓𝑓(𝐷𝐷𝑙𝑙) (2.29)  

As illustrated in Figure 2.9 which shows that the numerical values and the results from (2.29) 

are in excellent agreement thus validating the proposed damping formula. 
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Figure 2.7: Damping constant 𝑪𝑪𝑪𝑪 as a function of the load parameter 𝑴𝑴 and the material 

parameter 𝑳𝑳. 

(𝐛𝐛)  𝑴𝑴 = 𝟏𝟏𝟑𝟑𝟑𝟑. 

(𝐏𝐏)  𝑳𝑳 = 𝟏𝟏𝟑𝟑. 
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Figure 2.8: Numerical values of the damping constant 𝑪𝑪𝑪𝑪 as a function of 𝜷𝜷. 

 

Figure 2.9: Numerical values of 𝑪𝑪𝑪𝑪 as a function of 𝜷𝜷 (symbols) and its curve fitted 

equation (drawn line). 

Using the previous equation, a damping constant 𝑐𝑐𝑙𝑙 for a line contact of width 𝑑𝑑 is derived as: 

𝑐𝑐𝑙𝑙 = 𝐶𝐶𝑙𝑙
𝜔𝜔1𝑅𝑅𝑥𝑥 
𝑢𝑢𝑖𝑖𝑏𝑏

𝑑𝑑 (2.30)  
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One must note that the range of values of 𝑀𝑀 and 𝐿𝐿 considered in the current study covers and 

even exceeds the range of operating conditions generally found in gears in terms of load, speed 

and temperature. 

2.2 Forced lubricated impact 

2.2.1 EHL Model 

During the meshing course, the dynamic effects in spur gears can be large enough to 

momentarily unload the teeth and generate shocks at some critical speeds [84] which are 

detrimental in terms of tooth loading and gear noise (rattle noise). The corresponding dynamic 

tooth contact conditions can be assimilated to those for a forced impact problem between a 

cylinder and a lubricated plane. The problem of lubricated impact was studied both 

experimentally [34-36] and numerically [46-49]. In the current work, the pure impact for line 

contacts analyzed by Wang et al. [49] is extended accounting for additional external force 

imposed on the falling cylinder. Neglecting the entrainment velocity (𝑢𝑢𝑖𝑖 = 0), the Reynolds 

equation for line contacts is simplified as: 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜌𝜌ℎ3

12𝜂𝜂
𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥
� −

𝜕𝜕(𝜌𝜌ℎ)
𝜕𝜕𝑡𝑡

= 0  (2.31)  

The film thickness function is still given by (2.2) but the static equilibrium equation (2.3) is 

replaced by the following dynamic equations: 

 
𝜕𝜕𝑣𝑣
𝜕𝜕𝑡𝑡

=
1
𝑖𝑖
�� 𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥

+∞

−∞
− 𝑓𝑓� (2.32)  

𝜕𝜕ℎ0
𝜕𝜕𝑡𝑡

= 𝑣𝑣(𝑡𝑡) (2.33)  

where 𝑖𝑖 is the mass of the cylinder per unit width, 𝑓𝑓 is the external load on the cylinder 

(corresponding to that generated by the torque on the pinion and the gear), 𝑣𝑣 is the vertical 

velocity of the cylinder and ℎ0, its  position. 

The viscosity and density pressure relations in equations (2.4) and (2.5) are unchanged and a 

dimensionless analysis has been conducted for which the relevant dimensionless parameters 

can be found in [49]. The resulting system of dimensionless equations reads: 
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𝜕𝜕
𝜕𝜕𝑋𝑋

�
�̅�𝜌𝐻𝐻3

𝜆𝜆∗�̅�𝜂
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
� −

𝜕𝜕(�̅�𝜌𝐻𝐻)
𝜕𝜕𝐷𝐷

= 0 (2.34)  

 

𝐻𝐻(𝑋𝑋) = 𝐻𝐻0 +
𝑋𝑋2

2
−

1
2𝜋𝜋

� 𝑃𝑃(𝑋𝑋′)
+∞

−∞
𝑙𝑙𝑛𝑛 �

𝑋𝑋 − 𝑋𝑋′

𝑋𝑋0
�
2

𝑑𝑑𝑋𝑋′ (2.35)  

 

𝜕𝜕𝑉𝑉
𝜕𝜕𝐷𝐷

=
1
𝐼𝐼
�� 𝑃𝑃(𝑋𝑋)𝑑𝑑𝑋𝑋

+∞

−∞
− 𝐹𝐹� (2.36)  

 

𝜕𝜕𝐻𝐻0
𝜕𝜕𝐷𝐷

= 𝑉𝑉 (2.37)  

where 𝜆𝜆∗ is a dimensionless parameter defined in [49] as: 

𝜆𝜆∗ = (12𝜂𝜂0𝑅𝑅𝑥𝑥2)/(𝑏𝑏∗2𝑝𝑝ℎ∗𝑡𝑡∗), 𝑡𝑡∗ = 𝛿𝛿∗/𝑣𝑣0. 

The problem is discretized and then iteratively solved using multilevel techniques. The first 

term in equation (2.34) is approximated using a second order central discretization, as for the 

squeeze term a second order backward discretization is used. Second order central discretization 

for the Poiseuille term and second order backward discretization for the squeeze term (equation 

(2.34)) are considered. Up to 9 levels with 2561 points are considered and an accuracy better 

than 5% is generally obtained. 

2.2.1 Numerical results 

Figure 2.10 and Figure 2.11 show examples of film thickness and pressure evolutions versus 

time during both impact and rebound respectively. As the cylinder falls, the pressure becomes 

higher until the lubricant ceases to flow and a bell-shape is formed at the center of the contact. 

During rebound, the film thickness evolution is approximately similar to that during impact but 

backwards. On the other hand, pressure decreases and lubricant flows out, symmetrical pressure 

spikes occur as well.  

The pressure distribution, the cylinder position 𝐻𝐻0 and velocity 𝑉𝑉 are determined at each time-

step and consequently the viscous force developed by the lubricant during impact can be 

computed. The lubricant being modelled as a linear viscous damper, the dimensionless viscous 

force that decelerates the falling cylinder is expressed as: 
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   𝑊𝑊𝑡𝑡 = � 𝑃𝑃(𝑋𝑋)𝑑𝑑𝑋𝑋
+∞

−∞
= 𝐶𝐶𝑖𝑖𝑖𝑖

𝜕𝜕𝐻𝐻0
𝜕𝜕𝐷𝐷

  (2.38)  

and the energy dissipation during impact is derived from the variation in kinetic energy as: 

𝐷𝐷 =
1
2
𝐼𝐼(𝑉𝑉02 − 𝑉𝑉𝑓𝑓2)  (2.39)  

 

 

Figure 2.10: Pressure distribution and film thickness evolution during impact. 

Equating 𝐷𝐷 and the work produced by both the viscous force from the lubricant and the external 

force 𝐹𝐹, one obtains: 

𝐷𝐷 = ∫ (𝑊𝑊𝑡𝑡 − 𝐹𝐹)𝑑𝑑𝐻𝐻0 = ∫ 𝐶𝐶𝑖𝑖𝑖𝑖𝑉𝑉2𝑑𝑑𝐷𝐷 − 𝐹𝐹∫ 𝑉𝑉𝑑𝑑𝐷𝐷 (2.40)  
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leading to the dimensionless equivalent damping constant 𝐶𝐶𝑖𝑖𝑖𝑖: 

𝐶𝐶𝑖𝑖𝑖𝑖 =
𝐷𝐷 + 𝐹𝐹∫ 𝑉𝑉𝑑𝑑𝐷𝐷
∫ 𝑉𝑉2𝑑𝑑𝐷𝐷

 (2.41)  

Based on dimensionless analysis, numerous numerical simulations have been performed and an 

approximate expression of the corresponding dimensionless damping constant 𝐶𝐶𝑖𝑖𝑖𝑖 for impact 

conditions has been established for a wide range of operating conditions.  

 

 

Figure 2.11: Pressure distribution and film thickness evolution during rebound. 
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As shown in Figure 2.12, the damping for pure impact conditions (𝐹𝐹 = 0) can be expressed in 

terms of parameter 𝜉𝜉 only which is defined as: 

𝜉𝜉 = 𝜆𝜆∗ 𝛼𝛼�0.2  (2.42)  

and a curve fitted equation for 𝐶𝐶𝑖𝑖𝑖𝑖 can be derived under the form: 

  𝐶𝐶𝑖𝑖𝑖𝑖 =
1.2𝜉𝜉 + 0.025
𝜉𝜉 + 0.45

 (2.43)  

Considering the influence of a superimposed external load 𝐹𝐹, a correcting factor 𝜒𝜒 is introduced 

which, based on the results in Figure 2.13, can be expressed as: 

𝜒𝜒 =
1 + 0.1 � 𝑓𝑓𝑤𝑤∗ 𝜉𝜉−2�

0.75

1 + 0.055 � 𝑓𝑓𝑤𝑤∗ 𝜉𝜉−2�
0.75 (2.44)  

and finally lead to the following damping constant 𝑐𝑐𝑖𝑖𝑖𝑖 representative of the dissipation by 

impact in a line contact of width 𝑑𝑑: 

  𝑐𝑐𝑖𝑖𝑖𝑖 = �
1
4

+
1
2

ln 2� 𝐶𝐶𝑖𝑖𝑖𝑖 𝜒𝜒
𝑤𝑤∗

𝑣𝑣0
𝑑𝑑  (2.45)  

 

Figure 2.12: Dimensionless damping constant versus parameter 𝝃𝝃. 
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Figure 2.13: Correcting factor in terms of load 𝒇𝒇 and parameter 𝝃𝝃. 

2.3 Conclusion 

A fully transient EHL model is proposed to precisely analyze the normal contact forces in 

dynamic conditions including the influence of momentary contact losses and shocks between 

the teeth. Following the approach of Wijnant et al. for rolling element bearings and Wang et al. 

for impact in lubricated contacts, the lubrication of line contacts is investigated from different 

perspectives. Several linear viscous damping formulations which are valid for a wide range of 

operating conditions are derived from extensive numerical EHL simulations. The proposed 

equations reproduce the lubricant damping capacities in both permanent contact conditions 

under an oscillating load and during the normal approach of two lubricated bodies. The obtained 

formulas are expected to provide substantial improvements to the damping modeling in gears 

and are therefore integrated in a gear dynamic model to be tested and validated in the following 

chapters. 
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Chapter 3 

Application to gear dynamics: Torsional model 

As a first attempt to validate the simple formulations of lubricant damping obtained in the 

previous chapter, a single degree of freedom gear model that accounts only for torsional 

displacements is considered. The model ignores the contributions of shafts, bearings, casings, 

and focuses basically on the gear mesh. Though such a torsional model is generally not 

appropriate for real applications, it represents an interesting first approach making it possible 

to illustrate and understand the damping mechanism in gears, particularly the lubricant 

contribution to the overall damping. The different sources of damping that can be introduced 

using the torsional model are first highlighted, the different formulations are then implemented 

and the simulation results are validated through comparison with experimental evidence. 

3.1 Sources of damping 

Focusing on a pinion-gear pair, it is generally accepted that, for medium speeds, damping 

mostly comes from i) the lubricated contacts between the teeth, and ii) the internal dissipation 

in the solid parts giving rise to structural (or internal) damping. The lubricant film separating 

the mating teeth can dissipate energy by squeeze effect in the normal direction and in the 

tangential direction (shear effect) whose contributions are successively analyzed as follows. 

3.1.1 Lubricant normal viscous damping 

The damping provided by the lubricant in the direction of the line of action is modelled using 

the simple formulations proposed in chapter 2, considering both permanent contact conditions 

and contact loss situation. The permanent contact damping coefficient, denoted 𝑐𝑐𝑙𝑙 is computed 

using equations (2.28), (2.29) and (2.30) from the previous chapter. As for the damping model 

used when contact losses occur, it can be formulated based on the lubricate impact problem 

studied previously. Equations (2.43), (2.44) and (2.45) are combined to compute the 

corresponding damping coefficient 𝑐𝑐𝑖𝑖𝑖𝑖. The aforementioned components are introduced in the 

gear dynamic model as presented in the next section. 
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3.1.2 Lubricant tangential viscous damping 

As said earlier, the lubricant contributes to the damping in the tangential direction to the contact 

through friction. A tangential damping coefficient is formulated in this section using some 

empirical traction law from literature [138]. 

The friction forces between mating teeth act perpendicular to the line of action and, for mixed 

lubrication regimes,  they can be simulated by combining solid and fluid tractions [138] leading 

to the composite friction coefficient for one given contact line between two teeth:  

   𝜇𝜇𝑓𝑓 =
1

𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚
�𝑆𝑆𝑘𝑘𝑛𝑛(𝑢𝑢𝑠𝑠)

𝐴𝐴𝑐𝑐
𝐴𝐴0

𝜁𝜁𝑟𝑟𝑚𝑚𝑓𝑓𝑟𝑟ℎ + �1 −
𝐴𝐴𝑐𝑐
𝐴𝐴0
� 𝜁𝜁𝑓𝑓𝑙𝑙𝑓𝑓𝑖𝑖𝑓𝑓� (3.1)  

where 𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚 is the average pressure on the contact, 𝑆𝑆𝑘𝑘𝑛𝑛(𝑢𝑢𝑠𝑠) is +1 or -1 depending on the sign 

of the sliding speed 𝑢𝑢𝑠𝑠 and the contact surface ratio 𝐴𝐴𝑐𝑐/𝐴𝐴0 is given by: 

𝐴𝐴𝑐𝑐
𝐴𝐴0

=
1
2
�

1
2
�1 − 𝑟𝑟𝑟𝑟𝑓𝑓𝑐𝑐 �

𝜙𝜙𝑇𝑇ℎ𝑐𝑐
�2𝑚𝑚0

��� (3.2)  

Considering a classic Ree-Eyring model, the fluid traction can be expressed as: 

  𝜁𝜁𝑓𝑓𝑙𝑙𝑓𝑓𝑖𝑖𝑓𝑓 = 𝜏𝜏𝐿𝐿 sinh−1(
𝜏𝜏𝑁𝑁
𝜏𝜏𝐿𝐿

)  (3.3)  

where  

  𝜏𝜏𝑁𝑁 =
𝜂𝜂Δ𝑢𝑢
𝜙𝜙𝑡𝑡ℎ𝑐𝑐

 (3.4)  

Introducing the instant tangential surface speeds of the pinion and gear as: 

𝑢𝑢1 = 𝑢𝑢�1 + 𝑢𝑢�1,𝑢𝑢2 = 𝑢𝑢�2 + 𝑢𝑢�2 (3.5)  

where 𝑢𝑢�1, 𝑢𝑢�2 are the rigid-body speeds and 𝑢𝑢�1, 𝑢𝑢�2 represent the additional small perturbations 

due to the system vibrations, 

Equation (3.3) is rewritten after separating the rigid-body and vibratory components as:  

𝜏𝜏𝑓𝑓𝑙𝑙𝑓𝑓𝑖𝑖𝑓𝑓 = 𝜏𝜏𝐿𝐿 ln�
𝜏𝜏𝑁𝑁
𝜏𝜏𝐿𝐿

+ �1 + �
𝜏𝜏𝑁𝑁
𝜏𝜏𝐿𝐿
�
2

 � = 𝜏𝜏𝐿𝐿 ln �2
𝜏𝜏𝑁𝑁
𝜏𝜏𝐿𝐿
�  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

47 
 

= 𝜏𝜏𝐿𝐿(ln 2 + ln�
𝜂𝜂(Δ𝑢𝑢� + Δ𝑢𝑢�)
𝜙𝜙𝑡𝑡ℎ𝑐𝑐𝜏𝜏𝐿𝐿

�)  

= 𝜏𝜏𝐿𝐿 ln �2
𝜂𝜂𝛥𝛥𝑢𝑢�
𝜙𝜙𝑡𝑡ℎ𝑐𝑐𝜏𝜏𝐿𝐿

� + 𝜏𝜏𝐿𝐿 ln �1 +
Δ𝑢𝑢�
Δ𝑢𝑢�
�  

= 𝜏𝜏𝐿𝐿 sinh−1 �
𝜂𝜂𝛥𝛥𝑢𝑢�
𝜙𝜙𝑡𝑡ℎ𝑐𝑐𝜏𝜏𝐿𝐿

� +
𝜏𝜏𝐿𝐿
Δ𝑢𝑢�

Δ𝑢𝑢� (3.6)  

thus leading to the following expression of the fluid friction force on one tooth 

  𝐹𝐹𝑡𝑡 = 𝜇𝜇𝐹𝐹𝑁𝑁 = 𝐹𝐹𝑡𝑡� +
𝐹𝐹𝑁𝑁
𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚

�1 −
𝐴𝐴𝑐𝑐
𝐴𝐴0
�
𝜏𝜏𝐿𝐿
Δ𝑢𝑢�

Δ𝑢𝑢�      (3.7)  

from which, the equivalent tangential damping by the lubricant is deduced as: 

  𝑐𝑐𝑡𝑡 =
𝐹𝐹𝑁𝑁
𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚

�1 −
𝐴𝐴𝑐𝑐
𝐴𝐴0
�
𝜏𝜏𝐿𝐿
Δ𝑢𝑢�

 (3.8)  

The influence of solid friction is accounted for as external forces on the pinion and the gear but 

its contribution to damping is discarded since 𝜁𝜁𝑟𝑟𝑚𝑚𝑓𝑓𝑟𝑟ℎ does not vary with speed if a Coulomb’s 

model is employed. 

3.1.3 Structural/Internal damping 

Internal damping results from the energy dissipation within the material due to various 

microscopic and macroscopic processes. Once deformed, energy is absorbed and dissipated by 

the material itself, due to the friction between the internal planes, which slip or slide as 

deformations take place. Structural damping accounts for the mechanical energy dissipation 

associated with the structural deflections of the different components in the system such as the 

teeth, gear bodies, shafts, etc. Several models are employed to represent both types of damping 

that are generally estimated from experimental results. In what follows, internal and structural 

damping mechanisms are not differentiated and an equivalent viscous damping factor is used 

to represent the related energy dissipations. The damping ratio is fixed around 0.5% based on 

results from the literature [139].  
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3.2 Torsional dynamic model 

The damping components defined in the previous section are incorporated into the classic 

torsional gear dynamic model shown in Figure 3.1. The pinion and the gear are assimilated to 

two rigid cylinders connected by a non-linear, time-varying stiffness element 𝐾𝐾(𝑡𝑡) and a time-

varying damping 𝐶𝐶(𝑡𝑡) determined by combining the elementary damping components 

presented in the previous section. The pinion is subjected to a torque 𝐷𝐷1 and a resisting torque 

𝐷𝐷2 is applied to the gear. The polar moments of inertia of the pinion and the gear are 𝐽𝐽1 and 𝐽𝐽2 

respectively. The contacts on tooth flanks are submitted to normal contact forces 𝐹𝐹𝑛𝑛1�����⃗  and 𝐹𝐹𝑛𝑛2�����⃗  in 

the line-of-action direction and tangential traction (friction) forces 𝐹𝐹𝑡𝑡1�����⃗ and 𝐹𝐹𝑡𝑡2�����⃗  in the direction 

perpendicular to the line of action as illustrated in Figure 3.2. For errorless unmodified gears, 

the mesh deflection is given by: 

  𝛥𝛥 =  𝑅𝑅𝑏𝑏1𝜃𝜃1 + 𝑅𝑅𝑏𝑏2𝜃𝜃2 (3.9)  

where 𝜃𝜃1 and 𝜃𝜃2 are the small perturbations caused by the mesh elasticity superimposed on 

rigid body displacements.  

Considering the coordinate system in Figure 3.2, the normal contact forces 𝐹𝐹𝑛𝑛1�����⃗  and 𝐹𝐹𝑛𝑛2�����⃗    read:  

𝐹𝐹𝑛𝑛1�����⃗ = −𝐹𝐹𝑛𝑛2�����⃗ = −�𝑘𝑘𝛥𝛥 + 𝑐𝑐𝑛𝑛�̇�𝛥�. �⃗�𝑥   (3.10)  

 

Figure 3.1: Gear pair dynamic model. 
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Figure 3.2: Gear geometry and external forces. 

In equation (3.10), 𝑐𝑐𝑛𝑛 is the normal damping coefficient which, depending on the contact 

conditions, is expressed as: 

a) for permanent contacts, 

𝑐𝑐𝑛𝑛   = �
1
𝑐𝑐𝑠𝑠𝑡𝑡

+
1
𝑐𝑐𝑙𝑙
�
−1

 (3.11)  

b) or, in case of contact losses and shocks, 

𝑐𝑐𝑛𝑛 = 𝑐𝑐𝑖𝑖𝑖𝑖   (3.12)  

where 𝑐𝑐𝑙𝑙 refers to the equivalent viscous damping due to normal load, 𝑐𝑐𝑠𝑠𝑡𝑡 is the structural 

damping (set to 0.5%) and 𝑐𝑐𝑖𝑖𝑖𝑖 is  the equivalent damping provided by the lubricant during 

contact regain. 

It is to be noted that the structural damping and that associated with the normal effects on the 

lubricant film are in series and that, consequently, the smallest value will contribute most to the 

overall value of 𝑐𝑐𝑛𝑛. For the purely torsional gear dynamic model in Figure 3.1, the dynamic 

component Δ𝑢𝑢� reduces to: 

 Δ𝑢𝑢� = 𝑅𝑅1�̇�𝜃1 + 𝑅𝑅2�̇�𝜃2 (3.13)  

which, according to Li and Kahraman [134] can be approximated by using the radii of curvature 

at pitch point as: 
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   Δ𝑢𝑢� ≅ 𝑡𝑡𝑎𝑎𝑛𝑛(𝜙𝜙) �𝑅𝑅𝑏𝑏1�̇�𝜃1 + 𝑅𝑅𝑏𝑏2�̇�𝜃2� ≅ 𝑡𝑡𝑎𝑎𝑛𝑛(𝜙𝜙) �̇�𝛥  (3.14)  

and, using (3.7) and (3.14), the tangential forces 𝐹𝐹𝑡𝑡1�����⃗ and 𝐹𝐹𝑡𝑡2�����⃗   are expressed as: 

  𝐹𝐹𝑡𝑡1�����⃗ = −𝐹𝐹𝑡𝑡2�����⃗ = −𝜇𝜇𝑓𝑓𝐹𝐹𝑛𝑛�⃗�𝜕 ≅ −(𝐹𝐹𝑡𝑡� + 𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑛𝑛(𝜙𝜙)�̇�𝛥 )�⃗�𝜕   (3.15)  

The dynamic moment equations for the pinion and the gear lead to: 

   𝐽𝐽1�̈�𝜃1(𝑡𝑡) = 𝐷𝐷𝑛𝑛1 + 𝐷𝐷𝑡𝑡1 + 𝐷𝐷1   (3.16)  

𝐽𝐽2�̈�𝜃2(𝑡𝑡) = 𝐷𝐷𝑛𝑛2 + 𝐷𝐷𝑡𝑡2 + 𝐷𝐷2   (3.17)  

 where 𝐷𝐷𝑛𝑛1, 𝐷𝐷𝑛𝑛2, 𝐷𝐷𝑡𝑡1, 𝐷𝐷𝑡𝑡2  are respectively the moments of the normal and the tangential forces 

at the pinion and gear centers 𝑂𝑂1, 𝑂𝑂2 defined as: 

𝐷𝐷𝑛𝑛1 = �𝑂𝑂1𝑀𝑀��������⃗ × 𝐹𝐹𝑛𝑛1������⃗ �. 𝐻𝐻  (3.18)  

𝐷𝐷𝑛𝑛2 = �𝑂𝑂2𝑀𝑀��������⃗ × 𝐹𝐹𝑛𝑛2������⃗ �. 𝐻𝐻 (3.19)  

𝐷𝐷𝑡𝑡1 = ��𝑂𝑂1𝑀𝑀𝑘𝑘�����������⃗ × 𝐹𝐹𝑡𝑡1𝑘𝑘�������⃗ �. 𝐻𝐻
2

𝑘𝑘=1

 (3.20)  

𝐷𝐷𝑡𝑡2 = ��𝑂𝑂2𝑀𝑀𝑘𝑘�����������⃗ × 𝐹𝐹𝑡𝑡2𝑘𝑘�������⃗ �. 𝐻𝐻
2

𝑘𝑘=1

   (3.21)  

Replacing the normal and tangential forces by their analytical expressions, the following 

differential system is obtained: 

�𝐽𝐽1 0
0 𝐽𝐽2

� ��̈�𝜃1
�̈�𝜃2
� + �𝐶𝐶11 𝐶𝐶12

𝐶𝐶21 𝐶𝐶22
� ��̇�𝜃1
�̇�𝜃2
� + 𝐾𝐾(𝑡𝑡,𝛥𝛥) �

𝑅𝑅𝑏𝑏1
2 𝑅𝑅𝑏𝑏1𝑅𝑅𝑏𝑏2

𝑅𝑅𝑏𝑏1𝑅𝑅𝑏𝑏2 𝑅𝑅𝑏𝑏2
2 � �𝜃𝜃1𝜃𝜃2

� = �
𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡1
𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡2

� 

 (3.22)  

where  

 𝐶𝐶11 = 𝑐𝑐𝑛𝑛𝑅𝑅𝑏𝑏1
2 + 𝑅𝑅𝑏𝑏1�𝑅𝑅1𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

 (3.23)  

𝐶𝐶12 = 𝑐𝑐𝑛𝑛𝑅𝑅𝑏𝑏1𝑅𝑅𝑏𝑏2 + 𝑅𝑅𝑏𝑏2�𝑅𝑅1𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

 
(3.24)  
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𝐶𝐶21 = 𝑐𝑐𝑛𝑛𝑅𝑅𝑏𝑏1𝑅𝑅𝑏𝑏2 + 𝑅𝑅𝑏𝑏1�𝑅𝑅2𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

 
(3.25)  

𝐶𝐶22 = 𝑐𝑐𝑛𝑛𝑅𝑅𝑏𝑏2
2 + 𝑅𝑅𝑏𝑏2�𝑅𝑅2𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

  
(3.26)  

𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡1 = 𝐷𝐷1 −�𝐹𝐹𝑡𝑡�𝑅𝑅1𝑖𝑖

2

1

  
(3.27)  

𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡2 = 𝐷𝐷2 −�𝐹𝐹𝑡𝑡�𝑅𝑅2𝑖𝑖

2

1

 
(3.28)  

After multiplying the first line by 𝑅𝑅𝑏𝑏1𝐽𝐽2 and the second one by 𝑅𝑅𝑏𝑏2𝐽𝐽1, adding and dividing all 

the terms by  𝑅𝑅𝑏𝑏2
2𝐽𝐽1 + 𝑅𝑅𝑏𝑏1

2𝐽𝐽2 , the semi-definite system (3.22) is reduced to a single differential 

equation of the form: 

𝑀𝑀𝑒𝑒𝑒𝑒�̈�𝛥 + 𝐶𝐶(𝑡𝑡)�̇�𝛥 + 𝐾𝐾(𝑡𝑡,𝛥𝛥)𝛥𝛥 = 𝐹𝐹𝑒𝑒 (3.29)  

where  

𝑀𝑀𝑒𝑒𝑒𝑒 =
𝐽𝐽1𝐽𝐽2

𝑅𝑅𝑏𝑏2
2𝐽𝐽1 + 𝑅𝑅𝑏𝑏1

2𝐽𝐽2
  (3.30)  

𝐹𝐹𝑒𝑒 =
𝑅𝑅𝑏𝑏1𝐽𝐽2𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡1 + 𝑅𝑅𝑏𝑏2𝐽𝐽1𝐷𝐷𝑡𝑡𝑚𝑚𝑡𝑡2

𝑅𝑅𝑏𝑏2
2𝐽𝐽1 + 𝑅𝑅𝑏𝑏1

2𝐽𝐽2
   (3.31)  

𝐶𝐶 = 𝑐𝑐𝑛𝑛 +
𝑐𝑐𝑡𝑡1𝐽𝐽2𝑅𝑅𝑏𝑏1 +  𝑐𝑐𝑡𝑡2𝐽𝐽1𝑅𝑅𝑏𝑏2
𝑅𝑅𝑏𝑏2

2𝐽𝐽1 + 𝑅𝑅𝑏𝑏1
2𝐽𝐽2

     (contact) 

= 𝑐𝑐𝑛𝑛   (contact loss) (3.32)  

𝑐𝑐𝑡𝑡1 = �𝑅𝑅1𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

 (3.33)  

𝑐𝑐𝑡𝑡2 = �𝑅𝑅2𝑖𝑖 tan(𝜙𝜙) 𝑐𝑐𝑡𝑡𝑖𝑖

2

1

   (3.34)  

The equation of motion is integrated step-by-step in time by using a Newmark’s scheme 

coupled with a unilateral normal contact algorithm [140] which verifies that the contact forces 
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are positive, cancel the mesh stiffness when contact is lost and select the proper damping model 

depending on the dynamic contact conditions as illustrated in Figure 3.3. 

 

 

Figure 3.3: Process of numerical simulation of the torsional model. 
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3.3 Results 

3.3.1 Spur gears  

Using a four-square test rig, Kahraman and Blankenship [88, 102, 103] performed benchmark 

measurements of dynamic transmission errors (DTE) for several 1:1 spur gears (identical 

pinions and gears), operating conditions and profile modifications.  For the unmodified gears 

defined in Table 3.1 and the lubricant properties in Table 3.2, Figure 3.4  shows a series of 

experimental DTE speed-sweep curves versus gear mesh frequency 𝑓𝑓𝑖𝑖 at three different load 

levels. The dynamic responses are dominated by amplitude jumps at the major and secondary 

tooth critical speeds typical of contact losses and shocks between the teeth. The numerical 

curves obtained by solving (3.29) have been superimposed and it can be noticed that the DTE 

variations are correctly reproduced in terms of peak positions and amplifications thus proving 

that the damping modeling is sound. A temperature of 55°C is considered for the considered 

simulations. 

Number of teeth 50 

Module 3 mm 

Pressure angle 20° 

Face width 20 mm 

Outside diameter 156 mm 

Pitch diameter 150 mm 

Base circle diameter 140.95 mm 

Involute contact ratio (ICR) 1.75 

Table 3.1: Test gear characteristics (identical pinion and gear). Spur gears. 

Density 𝜌𝜌 (kg/m3) 859 

Viscosity at 40℃ (Pa. s) 0.043 

Pressure viscosity coefficient 𝛼𝛼(GPa−1) 19.8 

Table 3.2: Lubricant basic properties. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

54 
 

 
Figure 3.4: Measured [88] and numerical RMS of DTE versus the gear meshing 

frequency 𝒇𝒇𝒇𝒇. Spur gears. 

 
Figure 3.5: Mean damping ratio versus the gear meshing frequency 𝒇𝒇𝒇𝒇. Different loads. 

Spur gears. 
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Figure 3.6: Relative contribution of the lubricant to the global damping ratio for 𝑻𝑻 =

𝟑𝟑𝟑𝟑𝟑𝟑 𝑵𝑵𝒇𝒇. Spur gears. 

 
Figure 3.7: Evolution of damping ratio and mesh stiffness versus dimensionless time for 

𝑻𝑻 = 𝟑𝟑𝟑𝟑𝟑𝟑 𝑵𝑵, at 𝟐𝟐𝟐𝟐𝟑𝟑𝟑𝟑 𝑯𝑯𝑯𝑯. Spur gears. 
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Figure 3.8: Tangential damping ratio versus dimensionless time for 𝑻𝑻 = 𝟑𝟑𝟑𝟑𝟑𝟑 𝑵𝑵 at (𝒂𝒂) 

𝟔𝟔𝟑𝟑𝟑𝟑 𝑯𝑯𝑯𝑯, (𝒃𝒃) 𝟏𝟏𝟐𝟐𝟑𝟑𝟑𝟑 𝑯𝑯𝑯𝑯 and (𝒄𝒄) 𝟐𝟐𝟑𝟑𝟑𝟑𝟑𝟑 𝑯𝑯𝑯𝑯. Spur gears. 

(𝒂𝒂) 

(𝒄𝒄) 

(𝒃𝒃) 
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The average damping factor calculated over a mesh period is plotted in Figure 3.5 versus mesh 

frequency and shows that i) the lubricant contributes significantly when contact is lost whereas, 

ii) structural damping seems prominent for permanent contact conditions. It is also noticed that 

the amount of damping decreases with load. These trends are confirmed in Figure 3.6 which 

shows that the percentage of damping from the lubricant can reach 80% at the critical speeds in 

the presence of impacts while its contribution hardly exceeds 20% in the rest of the speed range. 

The previous investigations provide some global information on the damping variation for a 

range of operating speeds. To better understand the damping mechanism during contact losses, 

Figure 3.7 reproduces the evolution of the time-variant damping and mesh stiffness functions 

at the main critical speed 2500 𝐻𝐻𝐻𝐻 (3000 𝑅𝑅𝑃𝑃𝑀𝑀) for 𝐷𝐷 = 300 𝑁𝑁𝑚𝑚. The mesh stiffness 

fluctuates depending on the length of contact, i.e. due to the variation of the number of teeth in 

contact, and becomes null when contact loss occurs (the unilateral normal contact algorithm). 

When the gear teeth are in contact, the damping is approximately constant and is dominated by 

the structural contribution. During the phase of contact regain, the squeezing film becomes 

active and introduces a significant amount of damping which plays a major role in limiting the 

magnitude of the tooth dynamic loading. Moreover, no clear information is provided by Figure 

3.5 regarding the tangential contribution of the lubricant to the overall damping, which is mainly 

active during permanent contact situations. Therefore, to get a better insight on this 

contribution, the time evolution of the tangential component of the damping is computed for 

different speeds at which permanent contact conditions prevail. Figure 3.8 shows that some 

local high damping compared to the rest of the mesh period are found, with a clear decrease of 

the damping for higher speeds. However, the amount of the damping related to lubricant shear 

is generally very low compared to the other contributions, with the higher values hardly 

exceeding the constant structural damping (0.5%) and mainly for low speeds.  

The precedent statements on the different contributions to the damping are thus reinforced, it is 

the lubricant squeeze effect during teeth separation that contributes most to the overall damping 

with a limited contribution of the lubricant shear effect. The internal dissipation is the main 

active source of damping otherwise. The previous simulations considered a given temperature 

and lower loads are found to yield higher damping. However, temperature can change 

depending on operating conditions, the effect of the temperature on damping is actually 

analyzed considering, for a given load, three different lubricant temperatures. The obtained 

responses are presented in Figure 3.9. Higher temperatures lead clearly to higher amplitudes at 

critical speeds, this is explained in Figure 3.10 that shows the evolution of the mean damping 
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Figure 3.9: Numerical RMS of DTE versus the gear meshing frequency 𝒇𝒇𝒇𝒇 . Different 

lubricant temperatures. 𝑻𝑻 = 𝟏𝟏𝟑𝟑𝟑𝟑 𝑵𝑵𝒇𝒇. Spur gears. 

 
Figure 3.10: Mean damping ratio versus the gear meshing frequency 𝒇𝒇𝒇𝒇. Different 

lubricant temperatures. 𝑻𝑻 = 𝟏𝟏𝟑𝟑𝟑𝟑 𝑵𝑵𝒇𝒇. Spur gears. 
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ratio for a range of operating speeds. In fact, the higher is the temperature, the lower is the 

damping provided by the lubricant which is caused basically by the decrease of the lubricant 

viscosity. 

Further comparisons are displayed in Figure 3.11 which illustrate the influence of gear 

geometry on dynamic DTE response curves. Three different profile (or involute) contact ratios 

(ICR) have been tested which were obtained by changing the gear outside diameter re the gear 

data in Table 3.1. The tooth profiles were still unmodified and a slight symmetrical lead crown 

of amplitude 0-5𝜇𝜇𝑚𝑚 was added to make sure that the load distribution was reasonably centered 

on the face width and avoid edge contacts. Figure 3.11 represents the RMS of DTE versus the 

mesh frequency normalized with respect to the measured system natural frequency 𝑓𝑓𝑛𝑛 so that 

the three gear geometries can be directly compared. It can be observed that the simulated results 

compare well with the experimental findings both in terms of amplitudes and frequencies. It is 

also confirmed that gears with ICR close to 2 exhibit very limited dynamic response. Finally, 

the influence of profile modifications is examined in Figure 3.12 by considering the response 

curves obtained for a pinion and a gear both modified by a constant tip relief of amplitude 

10 𝜇𝜇𝑚𝑚 and two different extents of modification (starting roll angle 𝛼𝛼 of 20.9° and 24.8°). Here 

again, the predicted numerical response curves agree well with the measurements and confirm 

the versatility of the proposed damping model. 

 
Figure 3.11: Measured [102] and calculated RMS of DTE versus 𝒇𝒇𝒇𝒇/𝒇𝒇𝒇𝒇 for unmodified 

gears for 𝑻𝑻 = 𝟑𝟑𝟑𝟑𝟑𝟑 𝑵𝑵𝒇𝒇.  Spur gears.  
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Figure 3.12: Measured [103] and calculated RMS of DTE versus  𝒇𝒇𝒇𝒇/𝒇𝒇𝒇𝒇  for 𝑻𝑻 =

𝟑𝟑𝟑𝟑𝟑𝟑 𝑵𝑵𝒇𝒇. Spur gears. 

3.3.2 Helical gears  

The proposed modeling of damping is shown to be suitable for spur gear simulations. Helical 

gears, however, present some different behavior compared with spur gears and contact losses 

at critical speeds do not generally occur. Therefore, the major active source of damping for spur 

gears is missing when helical gears are considered. Some measurements made on a pair of 

identical helical gears (Table 3.3) are performed by Kubur et al. [141]. The obtained response 

curves are used to test the relevance of the proposed model for helical gears simulations.  

Number of teeth 50 

Module 2.714 mm 

Pressure angle 18.224° 

Face width 20 mm 

Outside diameter 155.4 mm 

Pitch diameter 150 mm 

Base circle diameter 140.95 mm 
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Helix angle 25.232° 

Involute contact ratio (ICR) 1.6 

  Table 3.3: Test gear characteristics (identical pinion and gear). Helical gears. 

Figure 3.13 presents the RMS of DTE versus the operational speed, the numerical curve is 

compared to the experimental curve obtained by [141]. A slightly damped response curve is 

observed and the simulated maximum amplitude at the critical speed is shown to be largely 

higher than the measured amplitude. 

The lubricant contribution in this case is highlighted through the computation of the tangential 

component of the lubricant damping. The related mean damping ratio is plotted in Figure 3.14. 

A damping ratio lower than 0.5 % for the lower speeds and much lower for higher speeds can 

be observed. Thus one can state the tangential contribution of the lubricant to the damping in 

helical gears is relatively limited and contributes very little to the reduction in vibration 

amplitudes.  

 

Figure 3.13: Measured [141] and calculated RMS of DTE versus input speed for 

 𝑻𝑻 = 𝟐𝟐𝟐𝟐𝟑𝟑 𝑵𝑵𝒇𝒇. Helical gears. 
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Figure 3.14: Tangential damping ratio versus input speed for 𝑻𝑻 = 𝟐𝟐𝟐𝟐𝟑𝟑 𝑵𝑵𝒇𝒇. Helical 

gears. 

 
Figure 3.15: Measured [141] and calculated RMS of DTE versus input speed for 𝑻𝑻 =

𝟐𝟐𝟐𝟐𝟑𝟑 𝑵𝑵𝒇𝒇. Various damping ratios. Helical gears. 
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Much higher damping is indeed needed to obtain amplitudes that are comparable to the 

measurements as illustrated in Figure 3.15. Figure 3.15 compares the numerical results using 

the present model with the results corresponding to higher constant damping. A damping ratio 

higher than 6 % is required to properly reproduce the amplitude of the 𝐷𝐷𝐷𝐷𝐷𝐷 at the main critical 

speed. The limitation of the present approach in analyzing the dynamic behavior for helical 

gears is thus underlined. The gear mesh barely contributes to the amplitude reduction at critical 

speeds and quite different damping sources from the surrounding elements are to be 

investigated comprising mainly the supporting shafts and bearings. 

3.4 Conclusion 

The various contributions of the lubricant to the damping mechanisms in spur and helical gears 

have been investigated mostly based on transient EHL analyses for line contacts. Both normal 

and tangential effects have been considered and characterized via equivalent linearized 

damping elements derived from extensive numerical simulations. Internal (structural) damping 

has also been taken into account and added in series with the lubricant normal damping whereas 

the contributions of friction have been superimposed in parallel. Two different normal damping 

models have been employed depending on the dynamic contact conditions, i.e. when contact 

between the teeth is established or when tooth contact is momentarily lost and a regime 

characterized by impacts arises (spur gears). These damping elements have been inserted into 

a classic one-degree-of-freedom gear dynamic model and the corresponding numerical 

predictions have been compared with benchmark experimental results from the literature. 

Focusing on spur gears, it has been shown that the simulated dynamic transmission errors 

compare well with the measurements for a variety of gears and operating conditions thus 

proving that the damping models are sound. Based on these results, it has been observed that 

the lubricant seems to contribute mostly to the damping mechanism in the presence of shocks 

whereas internal damping is prevalent for the other regimes. These findings are in line with the 

theoretical and measurement results obtained by Dareing and Johnson [142] for rolling contact 

vibrations and suggest that damping should depend on load and be sensitive to temperature via 

the lubricant properties. The case of helical gears, however, needs to be analyzed from a rather 

different perspective since contact losses at critical speeds do not generally occur and 

consequently rather different damping mechanisms should be expected. 
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Chapter 4  

Application to gear dynamics: Three 

dimensional model 

Based on the results in chapter 3, extended gear models need to be employed in order to simulate 

the damping mechanisms in helical gears and more specifically the couplings between the mesh 

and shaft-bearing dissipative properties. To this end, a three-dimensional model is set up which 

accounts for torsional, bending, axial displacements and makes it possible to consider shafts 

and bearings of different natures.  

4.1 3D Lumped parameter model 

The model comprises 6 nodes with 6 degrees of freedom each, in order to simulate simple 

geared transmissions with one pinion-gear pair supported by two parallel shafts with bearings 

at the ends of each shaft as illustrated in Figure 4.1. 

 

Figure 4.1: Lumped parameter model. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

66 
 

The state equations associated with this model are of the form: 

[𝑀𝑀]�̈�𝑋 + [𝐶𝐶(𝑡𝑡,𝑋𝑋)]�̇�𝑋 + [𝐾𝐾(𝑡𝑡,𝑋𝑋)]𝑋𝑋 = 𝐹𝐹0 + 𝐹𝐹𝛿𝛿(𝑡𝑡, 𝛿𝛿𝑒𝑒) + 𝐹𝐹�̇�𝛿�𝑡𝑡, 𝛿𝛿�̇�𝑒� + 𝐹𝐹𝑡𝑡(𝑡𝑡, �̇�𝑋) (4.1)  

where 

𝑋𝑋 represents the total degrees of freedom vector. 

[𝑀𝑀], [𝐶𝐶(𝑡𝑡,𝑋𝑋)] and [𝐾𝐾(𝑡𝑡,𝑋𝑋)] are the mass, damping and stiffness matrices. Damping and 

stiffness matrices are generally nonlinear and time-varying. 

𝐹𝐹0 , constant applied torques. 

𝐹𝐹𝛿𝛿(𝑡𝑡, 𝛿𝛿𝑒𝑒) introduces the contribution of shape deviations. 

𝐹𝐹�̇�𝛿(𝑡𝑡, 𝛿𝛿�̇�𝑒) results from the mesh normal contribution to the damping mechanism. 

𝐹𝐹𝑡𝑡(𝑡𝑡, �̇�𝑋) results from the lubricant shear contribution to the damping mechanism. 

The mass, stiffness and damping matrices are derived subsequently as the sum of the different 

matrices related to gears, shafts and bearings. A classic approach is used regarding the mass 

and stiffness whereas the overall damping matrix is original and constructed by considering the 

various damping sources in the transmission including the mesh contribution. 

4.1.1 Gear-Pinion Pair 

a. Mass and Stiffness 

The pinion and gear are assimilated to two rigid cylinders with 6 degrees of freedom each as in 

Figure 4.2. The corresponding 12 degrees of freedom are: 

6 translations: 𝑢𝑢1, 𝑣𝑣1,𝑤𝑤1 (pinion) and  𝑢𝑢2, 𝑣𝑣2,𝑤𝑤2 (gear) 

6 rotations: 𝜙𝜙1,𝜓𝜓1, 𝜃𝜃1 (pinion) and 𝜙𝜙2,𝜓𝜓2,𝜃𝜃2 (gear) 

𝑂𝑂1,𝑂𝑂2 are the pinion and gear centers respectively. 

The axial and radial displacements of the gear and pinion centers are expressed as follows: 

�⃗�𝜐1(𝑂𝑂1) = 𝑣𝑣1𝑇𝑇 + 𝑤𝑤1𝑡𝑡 + 𝑢𝑢1𝐻𝐻 (4.2)  

�⃗�𝜐2(𝑂𝑂2) = 𝑣𝑣2𝑇𝑇 + 𝑤𝑤2𝑡𝑡 + 𝑢𝑢2𝐻𝐻 (4.3)  

The rotational displacements read: 
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𝜔𝜔��⃗ 1 = 𝜙𝜙1𝑇𝑇 + 𝜓𝜓1𝑡𝑡 + 𝜃𝜃1𝐻𝐻  (4.4)  

𝜔𝜔��⃗ 2 = 𝜙𝜙2𝑇𝑇 + 𝜓𝜓2𝑡𝑡 + 𝜃𝜃2𝐻𝐻  (4.5)  

The inertial effects of the gear-pinon pair are introduced through a diagonal matrix [𝑀𝑀𝐺𝐺] that 

includes the mass of each gear and the moments of inertia with respect to each axis of the 

(𝑆𝑆,𝐷𝐷�⃗ , �⃗�𝑍) coordinate system (Figure 4.2) as: 

[𝑀𝑀𝐺𝐺] =
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 (4.6)  

where 𝑚𝑚1,𝑚𝑚2 denotes the mass of the pinion and gear respectively, and 𝐼𝐼1, 𝐼𝐼2, 𝐼𝐼01, 𝐼𝐼02 represents 

their moments of inertia re the three axes (𝑆𝑆,𝐷𝐷�⃗ , �⃗�𝑍). 

The corresponding stiffness matrix is obtained by considering the elastic component of the 

elemental force at point of contact 𝑀𝑀 transmitted between the pinion and the gear (see Figure 

4.3):  

𝑑𝑑�⃗�𝐹(𝑀𝑀) = 𝑘𝑘(𝑀𝑀)Δ(𝑀𝑀)𝑑𝑑𝑀𝑀. 𝑛𝑛�⃗  (4.7)  

where 𝑘𝑘(𝑀𝑀) represents the time-varying mesh stiffness and  𝑛𝑛�⃗  the unit normal vector to the 

tooth flanks at point 𝑀𝑀. 

The normal deflection ∆(𝑀𝑀) can be expressed as: 

∆(𝑀𝑀) = �⃗�𝜐1(𝑀𝑀).𝑛𝑛�⃗ − �⃗�𝜐2(𝑀𝑀).𝑛𝑛�⃗ − 𝛿𝛿𝑒𝑒(𝑀𝑀) (4.8)  

∆(𝑀𝑀) = 𝑉𝑉(𝑀𝑀)𝑇𝑇𝑞𝑞 − 𝛿𝛿𝑒𝑒(𝑀𝑀) (4.9)  
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where 𝑉𝑉(𝑀𝑀) =

⎣
⎢
⎢
⎡ 𝑛𝑛�⃗
𝑂𝑂1𝑀𝑀��������⃗ × 𝑛𝑛�⃗
−𝑛𝑛�⃗

−𝑂𝑂2𝑀𝑀��������⃗ × 𝑛𝑛�⃗ ⎦
⎥
⎥
⎤
 , 𝛿𝛿𝑒𝑒(𝑀𝑀) represents the initial separation caused by tooth 

modifications or errors. 

 

Integrating the elemental force 𝑑𝑑�⃗�𝐹 and developing the force wrench between the pinion and 

gear lead to the time-varying mesh stiffness matrix [𝐾𝐾𝑖𝑖(𝑡𝑡,𝑋𝑋)] and the excitation vector related 

to shape deviations 𝐹𝐹𝛿𝛿(𝑡𝑡, 𝛿𝛿𝑟𝑟) under the form: 

 

[𝐾𝐾𝑖𝑖(𝑡𝑡,𝑋𝑋)] = ∫ 𝑘𝑘(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑇𝑇𝑑𝑑𝑀𝑀 (4.10)  

𝐹𝐹𝛿𝛿(𝑡𝑡, 𝛿𝛿𝑟𝑟) = ∫ 𝑘𝑘(𝑀𝑀)𝛿𝛿𝑟𝑟(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑑𝑑𝑀𝑀 (4.11)  

 

 

Figure 4.2: Pinion-Gear Pair and base plane. 
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Figure 4.3: Line of action and bases definition. 

b. Mesh damping 

A gear mesh damping matrix is developed as the combination of the tangential and the normal 

contributions to the damping related to the gear teeth and the lubricant separating the mating 

surfaces. Both contributions are developed subsequently.  

As considered for the torsional model, friction forces between the mating teeth contribute to the 

overall damping mechanism and their contribution is introduced using the model proposed by 

Diab et al. [138]. Considering the lumped parameter model for the gear-pinion pair as in Figure 

4.2, the velocity of any potential point of contact on the base plane 𝑀𝑀, reads: 

𝑉𝑉�⃗ (𝑀𝑀1) = Ω1𝐻𝐻 × 𝑂𝑂1𝑀𝑀1����������⃗ + �⃗�𝜐1̇(𝑂𝑂1) + 𝜔𝜔��⃗ 1̇ × 𝑂𝑂1𝑀𝑀1����������⃗  (4.12)  

𝑉𝑉�⃗ (𝑀𝑀2) = Ω2𝐻𝐻 × 𝑂𝑂2𝑀𝑀2�����������⃗ + �⃗�𝜐2̇(𝑂𝑂2) + 𝜔𝜔��⃗ 2̇ × 𝑂𝑂2𝑀𝑀2�����������⃗  (4.13)  

The tangential dynamic surface velocities in the off line of action direction of the gears are as 

follows: 

𝜐𝜐1 = �̅�𝜐1 + 𝜐𝜐�1 = 𝑋𝑋(𝑀𝑀1)Ω1 + �⃗�𝜐1̇(𝑂𝑂1) ∙ 𝑌𝑌�⃗ + 𝜔𝜔��⃗ 1̇ ∙ (𝑂𝑂1𝑀𝑀1����������⃗ × 𝑌𝑌�⃗ )       (4.14)  

𝜐𝜐2 = �̅�𝜐2 + 𝜐𝜐�2 = −𝑋𝑋(𝑀𝑀2)Ω2 + �⃗�𝜐2̇(𝑂𝑂2) ∙ 𝑌𝑌�⃗ + 𝜔𝜔��⃗ 2̇ ∙ (𝑂𝑂2𝑀𝑀2�����������⃗ × 𝑌𝑌�⃗ ) (4.15)  

The dynamic component Δ𝜐𝜐� reads: 

Δ𝜐𝜐� = ( 𝑋𝑋(𝑀𝑀2)Ω2 + 𝑋𝑋(𝑀𝑀1)Ω1) − �⃗�𝜐2̇(𝑂𝑂2) ∙ 𝑌𝑌�⃗ + �⃗�𝜐1̇(𝑂𝑂1) ∙ 𝑌𝑌�⃗  

−𝜔𝜔��⃗ 2̇ ∙ �𝑂𝑂2𝑀𝑀2�����������⃗ × 𝑌𝑌�⃗ � + 𝜔𝜔��⃗ 1̇ ∙ �𝑂𝑂1𝑀𝑀1����������⃗ × 𝑌𝑌�⃗ � 

= �̅�𝜐1 − �̅�𝜐2 + 𝑈𝑈𝑇𝑇�̇�𝑞 (4.16)  
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where  

𝑈𝑈 =

⎣
⎢
⎢
⎢
⎡ 𝑌𝑌�⃗
𝑂𝑂1𝑀𝑀1����������⃗ × 𝑌𝑌�⃗

−𝑌𝑌�⃗
−𝑂𝑂2𝑀𝑀2�����������⃗ × 𝑌𝑌�⃗ ⎦

⎥
⎥
⎥
⎤
   and 𝑞𝑞 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑣𝑣1
𝑤𝑤1
𝑢𝑢1
𝜙𝜙1
𝜓𝜓1
𝜃𝜃1
𝑣𝑣2
𝑤𝑤2
𝑢𝑢2
𝜙𝜙2
𝜓𝜓2
𝜃𝜃2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

thus leading to the following expression of the fluid friction force on one tooth 

𝐹𝐹𝑡𝑡 = 𝜇𝜇𝑓𝑓𝐹𝐹𝑁𝑁 = 𝐹𝐹𝑡𝑡� +
𝐹𝐹𝑁𝑁
𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚

�1 −
𝐴𝐴𝑐𝑐
𝐴𝐴0
�
𝜏𝜏𝐿𝐿
𝛥𝛥�̅�𝜐

𝑈𝑈𝑇𝑇�̇�𝑞 (4.17)  

From which, the equivalent tangential damping by the lubricant is deduced as: 

𝑐𝑐𝑡𝑡 =
𝐹𝐹𝑁𝑁
𝑝𝑝𝑖𝑖𝑚𝑚𝑚𝑚

�1 −
𝐴𝐴𝑐𝑐
𝐴𝐴0
�
𝜏𝜏𝐿𝐿
Δ�̅�𝜐

     (4.18)  

The tangential forces 𝐹𝐹𝑡𝑡1�����⃗ and 𝐹𝐹𝑡𝑡2�����⃗   are expressed as: 

 

 𝐹𝐹𝑡𝑡1 = 𝐹𝐹�𝑡𝑡1 + 𝑈𝑈𝑇𝑇�̇�𝑞�
𝜂𝜂(𝑥𝑥)
ℎ(𝑥𝑥)𝑑𝑑𝑇𝑇 = 𝐹𝐹�𝑡𝑡1 + 𝑐𝑐𝑡𝑡𝑈𝑈𝑇𝑇�̇�𝑞    (4.19)  

𝐹𝐹𝑡𝑡2 = 𝐹𝐹�𝑡𝑡2 + 𝑈𝑈𝑇𝑇�̇�𝑞�
𝜂𝜂(𝑥𝑥)
ℎ(𝑥𝑥)𝑑𝑑𝑇𝑇 = 𝐹𝐹�𝑡𝑡2 + 𝑐𝑐𝑡𝑡𝑈𝑈𝑇𝑇�̇�𝑞 (4.20)  

𝐹𝐹𝑡𝑡1�����⃗ = −𝐹𝐹𝑡𝑡1𝑌𝑌�⃗  (4.21)  

𝐹𝐹𝑡𝑡2�����⃗ = 𝐹𝐹𝑡𝑡2𝑌𝑌�⃗  (4.22)  

A compact form of the resulting viscous shear forces wrench is finally obtained as: 

⎩
⎪
⎨

⎪
⎧ −𝐹𝐹𝑡𝑡1𝑌𝑌�⃗

−𝑂𝑂1𝑀𝑀1����������⃗ × 𝐹𝐹𝑡𝑡1𝑌𝑌�⃗

𝐹𝐹𝑡𝑡2𝑌𝑌�⃗

𝑂𝑂2𝑀𝑀2�����������⃗ × 𝐹𝐹𝑡𝑡2𝑌𝑌�⃗

= −𝑐𝑐𝑡𝑡𝑈𝑈𝑈𝑈𝑇𝑇�̇�𝑞 + 𝑐𝑐𝑡𝑡𝑈𝑈𝑇𝑇�̇�𝑞 = −[𝐶𝐶𝑡𝑡(𝑡𝑡)]�̇�𝑞 + 𝐹𝐹𝑡𝑡(𝑡𝑡, �̇�𝑋) (4.23)  

where [𝐶𝐶𝑡𝑡(𝑡𝑡)] is a time-varying gear mesh viscous damping matrix generated by tooth friction. 
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Furthermore, the normal viscous elemental force at the point of contact 𝑀𝑀 of the gears reads: 

𝑑𝑑𝐹𝐹𝑛𝑛���⃗ (𝑀𝑀) = 𝑐𝑐𝑛𝑛(𝑀𝑀)Δ̇(𝑀𝑀)𝑑𝑑𝑀𝑀.𝑛𝑛�⃗  (4.24)  

The normal deflection ∆(𝑀𝑀) reads: 

∆(𝑀𝑀) = 𝑢𝑢�⃗ 1(𝑀𝑀).𝑛𝑛�⃗ − 𝑢𝑢�⃗ 2(𝑀𝑀).𝑛𝑛�⃗ − 𝛿𝛿𝑒𝑒(𝑀𝑀) (4.25)  

∆(𝑀𝑀) = 𝑉𝑉(𝑀𝑀)𝑇𝑇𝑞𝑞 − 𝛿𝛿𝑒𝑒(𝑀𝑀) (4.26)  

where   𝑉𝑉(𝑀𝑀) and 𝛿𝛿𝑒𝑒(𝑀𝑀) are defined as previously. 

The resulting normal viscous forces read: 

𝐹𝐹𝑛𝑛1 = ∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)∆̇(𝑀𝑀)𝑑𝑑𝑀𝑀 = ∫ (𝑐𝑐𝑛𝑛(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑇𝑇�̇�𝑞 − 𝑐𝑐𝑛𝑛(𝑀𝑀)𝛿𝛿�̇�𝑒(𝑀𝑀))𝑑𝑑𝑀𝑀 (4.27)  

𝐹𝐹𝑛𝑛2 = ∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)∆̇(𝑀𝑀)𝑑𝑑𝑀𝑀 = ∫ �𝑐𝑐𝑛𝑛(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑇𝑇�̇�𝑞 − 𝑐𝑐𝑛𝑛(𝑀𝑀)𝛿𝛿�̇�𝑒(𝑀𝑀)�𝑑𝑑𝑀𝑀 (4.28)  

𝐹𝐹𝑛𝑛1�����⃗ = −𝐹𝐹𝑛𝑛1𝑛𝑛�⃗  (4.29)  

𝐹𝐹𝑛𝑛2�����⃗ = 𝐹𝐹𝑛𝑛2𝑛𝑛�⃗  (4.30)  

The resulting viscous normal forces and moments on gear and pinion: 

⎩
⎪
⎨

⎪
⎧ −𝐹𝐹𝑛𝑛1𝑛𝑛�⃗
−𝑂𝑂1𝑀𝑀��������⃗ × 𝐹𝐹𝑛𝑛1𝑛𝑛�⃗

𝐹𝐹𝑛𝑛2𝑛𝑛�⃗
𝑂𝑂2𝑀𝑀��������⃗ × 𝐹𝐹𝑛𝑛2𝑛𝑛�⃗

= −∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑉𝑉(𝑀𝑀)𝑇𝑇𝑑𝑑𝑀𝑀�̇�𝑞 + ∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)𝛿𝛿�̇�𝑒𝑉𝑉(𝑀𝑀)𝑑𝑑𝑀𝑀 

= −∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)𝑉𝑉𝑉𝑉𝑇𝑇�̇�𝑞 + ∫ 𝑐𝑐𝑛𝑛(𝑀𝑀)𝛿𝛿�̇�𝑒𝑉𝑉 

= −[𝐶𝐶𝑛𝑛(𝑡𝑡)]�̇�𝑞  + 𝐹𝐹�̇�𝛿(𝑡𝑡, 𝛿𝛿�̇�𝑒) (4.31)  

where 𝑐𝑐𝑛𝑛 is the time-varying normal damping coefficient which, depending on the contact 

conditions, is expressed as : 

 

for permanent contacts, 

𝑐𝑐𝑛𝑛   = �
1
𝑐𝑐𝑠𝑠𝑡𝑡

+
1
𝑐𝑐𝑙𝑙
�
−1

 

 

b) or, in case of contact losses and shocks, 
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𝑐𝑐𝑛𝑛 = 𝑐𝑐𝑖𝑖𝑖𝑖  

 

where 𝑐𝑐𝑙𝑙 refers to the equivalent viscous damping due to normal loading, 𝑐𝑐𝑠𝑠𝑡𝑡 is the structural 

damping (set to 0.5-1%) and 𝑐𝑐𝑖𝑖𝑖𝑖 is the equivalent damping provided by the lubricant during 

impact. 

 

The resulting normal viscous damping matrix [𝐶𝐶𝑛𝑛(𝑡𝑡)] can be written as follows: 

[𝐶𝐶𝑛𝑛(𝑡𝑡)] = �
[𝐶𝐶𝑛𝑛1,1] [𝐶𝐶𝑛𝑛1,2]
[𝐶𝐶𝑛𝑛2,1] [𝐶𝐶𝑛𝑛2,2]�     �12𝐷𝐷𝐷𝐷𝐹𝐹 (4.32)  

As well as for the tangential viscous damping matrix [𝐶𝐶𝑡𝑡(𝑡𝑡)]: 

[𝐶𝐶𝑡𝑡(𝑡𝑡)]  =   �
[𝐶𝐶𝑡𝑡1,1] [𝐶𝐶𝑡𝑡1,2]
[𝐶𝐶𝑡𝑡2,1] [𝐶𝐶𝑡𝑡2,2]�     �12𝐷𝐷𝐷𝐷𝐹𝐹 (4.33)  

Resulting in a mesh damping matrix that can be introduced into the overall damping matrix of 

the complete system as follows:  

[𝐶𝐶𝑖𝑖(𝑡𝑡,𝑋𝑋)] =  

⎝

⎜
⎜
⎜
⎜
⎛

0
�𝐶𝐶𝑛𝑛1,1� + [𝐶𝐶𝑡𝑡1,1] ⋯ �𝐶𝐶𝑛𝑛1,2� + [𝐶𝐶𝑡𝑡1,2]

⋮
⋱

0
⋱ 

⋮

�𝐶𝐶𝑛𝑛2,1� + [𝐶𝐶𝑡𝑡2,1] ⋯ �𝐶𝐶𝑛𝑛2,2� + [𝐶𝐶𝑡𝑡2,2]
0⎠

⎟
⎟
⎟
⎟
⎞

 

⎭
⎪
⎪
⎬

⎪
⎪
⎫

36𝐷𝐷𝐷𝐷𝐹𝐹 

 (4.34)  

4.1.2 Shafts 

a. Mass and Stiffness 

Some classic mass and stiffness matrix are used to account for all the possible motions of the 

shaft elements. Uniform cylindrical segments with two nodes and 6 degree of freedom per node 

are considered as in Figure 4.4. 
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Figure 4.4: Degrees of freedom for shaft elements.  

 The total mass and stiffness matrices are expressed as the sum of some individual matrices 

associated with traction, bending and torsion: 

[𝑀𝑀𝑠𝑠] = [𝑀𝑀𝑡𝑡𝑥𝑥] + �𝑀𝑀𝑏𝑏𝑒𝑒𝑆𝑆� + �𝑀𝑀𝑏𝑏𝑒𝑒𝑇𝑇� + [𝑀𝑀𝑡𝑡𝑚𝑚] (4.35)  

[𝐾𝐾𝑠𝑠] = [𝐾𝐾𝑡𝑡𝑥𝑥] + �𝐾𝐾𝑏𝑏𝑒𝑒𝑆𝑆� + �𝐾𝐾𝑏𝑏𝑒𝑒𝑇𝑇� + [𝐾𝐾𝑡𝑡𝑚𝑚] (4.36)  

where 

[𝑀𝑀𝑡𝑡𝑥𝑥] and [𝐾𝐾𝑡𝑡𝑥𝑥] represent the mass and stiffness matrices related to axial displacements: 

[𝑀𝑀𝑡𝑡𝑥𝑥] =
𝜌𝜌𝑆𝑆𝐿𝐿

6
�2 1
1 2� → �

𝑢𝑢1
𝑢𝑢2� 

(4.37)  

[𝐾𝐾𝑡𝑡𝑥𝑥] =
𝐷𝐷𝑆𝑆
𝐿𝐿
� 1 −1
−1 1 � → �

𝑢𝑢1
𝑢𝑢2� 

 

(4.38)  

�𝑀𝑀𝑏𝑏𝑒𝑒𝑆𝑆�, �𝑀𝑀𝑏𝑏𝑒𝑒𝑇𝑇�, �𝐾𝐾𝑏𝑏𝑒𝑒𝑆𝑆� and �𝐾𝐾𝑏𝑏𝑒𝑒𝑇𝑇� represent respectively the mass and stiffness matrices related 

to bending in two perpendicular radial directions: 

�𝑀𝑀𝑏𝑏𝑒𝑒𝑆𝑆� =
𝜌𝜌𝑆𝑆𝐿𝐿
420

�

156 −22𝐿𝐿
4𝐿𝐿2

𝑆𝑆𝜕𝜕𝑚𝑚.

    
54 13𝐿𝐿

13𝐿𝐿 −3𝐿𝐿2
156 22𝐿𝐿

4𝐿𝐿2
� → �

𝑣𝑣1
𝜓𝜓1
𝑣𝑣2
𝜓𝜓2

� (4.39)  

�𝑀𝑀𝑏𝑏𝑒𝑒𝑇𝑇� =
𝜌𝜌𝑆𝑆𝐿𝐿
420

�

156 −22𝐿𝐿
4𝐿𝐿2

𝑆𝑆𝜕𝜕𝑚𝑚.

    
54 13𝐿𝐿

13𝐿𝐿 −3𝐿𝐿2
156 22𝐿𝐿

4𝐿𝐿2
� → �

𝑤𝑤1
𝜙𝜙1
𝑤𝑤2
𝜙𝜙2

� (4.40)  
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�𝐾𝐾𝑏𝑏𝑒𝑒𝑆𝑆� =
𝐷𝐷 𝐼𝐼𝑥𝑥

(1 + 𝑎𝑎)𝐿𝐿3
�

12 6𝐿𝐿
(4 + 𝑎𝑎)𝐿𝐿2

𝑆𝑆𝜕𝜕𝑚𝑚.

    

−12 6𝐿𝐿
−6𝐿𝐿 (2 − 𝑎𝑎)𝐿𝐿2

12 −6𝐿𝐿
(4 + 𝑎𝑎)𝐿𝐿2

� → �

𝑣𝑣1
𝜓𝜓1
𝑣𝑣2
𝜓𝜓2

� (4.41)  

�𝐾𝐾𝑏𝑏𝑒𝑒𝑇𝑇� =
𝐷𝐷 𝐼𝐼𝑥𝑥

(1 + 𝑎𝑎)𝐿𝐿3
�

12 −6𝐿𝐿
(4 + 𝑎𝑎)𝐿𝐿2

𝑆𝑆𝜕𝜕𝑚𝑚.

    

−12 −6𝐿𝐿
6𝐿𝐿 (2 − 𝑎𝑎)𝐿𝐿2

12 6𝐿𝐿
(4 + 𝑎𝑎)𝐿𝐿2

� → �

𝑤𝑤1
𝜙𝜙1
𝑤𝑤2
𝜙𝜙2

� (4.42)  

 

[𝑀𝑀𝑡𝑡𝑚𝑚] and [𝐾𝐾𝑡𝑡𝑚𝑚] represent the mass and stiffness matrices related to torsion: 

[𝑀𝑀𝑡𝑡𝑚𝑚] =
𝐼𝐼0𝐿𝐿
6
�2 1
1 2� → �𝜃𝜃1𝜃𝜃2

� (4.43)  

[𝐾𝐾𝑡𝑡𝑚𝑚] =
𝐺𝐺 𝐽𝐽
𝐿𝐿
� 1 −1
−1 1 � → �𝜃𝜃1𝜃𝜃2

� (4.44)  

Where  

𝑎𝑎 =
12𝐷𝐷𝐼𝐼𝑥𝑥
𝐺𝐺𝐿𝐿2𝑆𝑆

, 𝐼𝐼𝑥𝑥 =
𝜋𝜋𝑅𝑅4

4
, 𝐽𝐽 =

𝜋𝜋𝑅𝑅4

2
, 𝐼𝐼0 = 𝜌𝜌𝐽𝐽 

𝐿𝐿: Length of the shaft element 

𝑆𝑆: surface area of cross section 

𝐷𝐷: Young’s Modulus 

𝐺𝐺: Shear modulus 

𝜌𝜌: density 

 

b. Damping 

 

A damping matrix that accounts for the internal dissipation in the shaft elements is introduced 

based on a modal analysis of the system.  

For low to moderate modal densities, modal damping matrices [𝐶𝐶𝑠𝑠𝜙𝜙] can be supposed to be 

orthogonal with respect to the modes and can be expressed as: 
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�𝐶𝐶𝑠𝑠𝜙𝜙� = 𝑑𝑑𝑖𝑖𝑎𝑎𝑘𝑘 �2𝜁𝜁𝑝𝑝�𝑘𝑘𝜙𝜙𝑝𝑝𝑚𝑚 𝜙𝜙𝑝𝑝  � ,𝑝𝑝 = 1,𝑁𝑁𝑖𝑖𝑚𝑚𝑓𝑓 (4.45)  

with: 𝜁𝜁𝑝𝑝: modal damping factor associated with mode P (later set to 0.5-1% for internal 

damping). 

𝑘𝑘𝜙𝜙𝑝𝑝 ,𝑚𝑚𝜙𝜙𝑝𝑝: modal stiffness and mass associated with mode P.  

To uncouple the different sources of damping and only account for the contribution of the 

internal damping of the shafts, a limited number of modes is considered, i.e., the modes with 

zero or negligible amount of strain energy stored in the bearings and gears (for which the major 

contribution comes from the shafts). Following Craig [130], a physical internal damping matrix 

can be determined by a truncated summation over a limited number of modes as: 

[𝐶𝐶𝑠𝑠] = �
2𝜁𝜁𝑝𝑝𝜔𝜔𝑝𝑝
𝑚𝑚𝜙𝜙𝑝𝑝

𝑁𝑁𝑟𝑟

𝑝𝑝=1

�[𝑀𝑀]Φ𝑝𝑝��[𝑀𝑀]Φ𝑝𝑝�
𝑇𝑇

) (4.46)  

with: 𝑁𝑁𝑟𝑟: the number of modes related to shaft elements. 

𝜔𝜔𝑝𝑝 = �𝑘𝑘𝜙𝜙𝑝𝑝/𝑚𝑚𝜙𝜙𝑝𝑝. 

Φ𝑝𝑝: the eigenvector associated with mode P. 

4.1.3 Bearings  

It is commonly accepted that bearings are likely to play a determinant role in vibration transfer. 

They are generally characterized by a nonlinear behavior which is dependent on operational 

conditions and different types of defects so that bearings can also, to a certain extent, be 

regarded as possible sources of excitation. This memoir being centered on gears, a linearized 

bearing model is used leading to lumped stiffness and damping parameters deduced from radial 

displacements (𝑣𝑣,𝑤𝑤) assuming that the contributions of axial displacements and infinitesimal 

rotations can be neglected.  Both journal bearings and rolling element bearings are considered 

and successively analyzed in what follows. 

a. Journal bearings 

Journal bearings are generally suited for high speed applications and are characterized by their 

low friction and relatively high damping levels. Hydrodynamic lubrication normally prevails in 
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journal bearings and the shaft and bushing are fully separated by a pressurized thin lubricant 

film. The dynamic behavior of journal bearings is usually investigated based on a numerical 

solution of the Reynolds equation while surface deflections are neglected. In this section, the 

basic developments used to derive the so-called dynamic coefficients of journal bearings are 

briefly presented. A more detailed formulation of the problem along with the numerical values 

of the bearing stiffness and damping introduced later in the proposed model can be found for 

various geometries and operating conditions in [143].  

The force applied at the bearing generally oscillates around a mean value that corresponds to 

the static loading 𝐹𝐹0. Assuming that both displacements and velocities induced by the dynamic 

loading in the vicinity of the static position remain small, the relation between the dynamic 

bearing force denoted 𝐹𝐹𝑏𝑏 and the displacement and velocities can be linearized around the static 

position 𝐴𝐴1(𝑥𝑥0, 𝜕𝜕0) (Figure 4.5) as follows: 

𝐹𝐹𝑏𝑏({𝑥𝑥,𝜕𝜕}𝑡𝑡) = 𝐹𝐹0({𝑥𝑥0,𝜕𝜕0}𝑡𝑡) − �
𝜕𝜕𝐹𝐹𝑏𝑏
𝜕𝜕𝑢𝑢

� ({𝑥𝑥,𝜕𝜕}𝑡𝑡 − {𝑥𝑥0,𝜕𝜕0}𝑡𝑡) − �
𝜕𝜕𝐹𝐹𝑏𝑏
𝜕𝜕�̇�𝑢

� {�̇�𝑥, �̇�𝜕}𝑡𝑡 (4.47)  

where 𝑥𝑥 and 𝜕𝜕 represent the displacements around the static position, �̇�𝑥 and �̇�𝜕 are the 

components of the velocity of the center of the shaft, [𝜕𝜕𝐹𝐹𝑏𝑏/𝜕𝜕𝑢𝑢] and [𝜕𝜕𝐹𝐹𝑏𝑏/𝜕𝜕�̇�𝑢 ] denotes 

respectively the tangent stiffness and damping matrices of the bearing. 

 

Figure 4.5: Frame definition for the computation of the journal bearing dynamic 

coefficients. 
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The stiffness and damping matrices are written as: 

�
𝜕𝜕𝐹𝐹𝑏𝑏
𝜕𝜕𝑢𝑢

� = �
𝐾𝐾𝑏𝑏𝑥𝑥𝑥𝑥  𝐾𝐾𝑏𝑏𝑥𝑥𝑥𝑥
𝐾𝐾𝑏𝑏𝑥𝑥𝑥𝑥 𝐾𝐾𝑏𝑏𝑥𝑥𝑥𝑥

� , �
𝜕𝜕𝐹𝐹𝑏𝑏
𝜕𝜕�̇�𝑢

� = �
𝐶𝐶𝑏𝑏𝑥𝑥𝑥𝑥 𝐶𝐶𝑏𝑏𝑥𝑥𝑥𝑥
𝐶𝐶𝑏𝑏𝑥𝑥𝑥𝑥 𝐶𝐶𝑏𝑏𝑥𝑥𝑥𝑥

�  (4.48)  

The eight coefficients presented in equation (4.48) are computed using Reynolds equation that 

describes the flow of the lubricant withstanding the dynamic loading. For cylindrical 

coordinates, Reynolds equation for hydrodynamic lubrication reads: 

1
𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜃𝜃

�
ℎ3

𝜇𝜇
𝜕𝜕𝑝𝑝
𝜕𝜕𝜃𝜃
� +

𝜕𝜕
𝜕𝜕𝐻𝐻
�
ℎ3

𝜇𝜇
𝜕𝜕𝑝𝑝
𝜕𝜕𝐻𝐻
� = 6Ω

𝜕𝜕ℎ
𝜕𝜕𝜃𝜃

+ 12(�̇�𝑥𝑐𝑐𝐷𝐷𝑇𝑇𝜃𝜃 + �̇�𝜕𝑇𝑇𝑖𝑖𝑛𝑛𝜃𝜃) (4.49)  

The problem can be normalized, i.e. the force components are divided by the static load and the 

displacements and velocities are made dimensionless with respect to the clearance and the 

angular velocity. The various dynamic coefficients are determined by imposing small 

perturbations in displacement and speed to the center of the shaft 𝐴𝐴1 in both 𝑋𝑋 and 𝑌𝑌 directions 

and computing the resulting additional dynamic forces, see [143]. One must note that the 

obtained values are expressed in the frame (𝐴𝐴2,𝑋𝑋,𝑌𝑌) as in Figure 4.5, where the 𝑋𝑋 direction is 

considered parallel to the static bearing force 𝐹𝐹0. A change of basis is thus needed to obtain the 

stiffness and damping coefficients in the frame (𝐴𝐴2, 𝑆𝑆,𝐷𝐷,𝑍𝑍) employed in the gear dynamic 

model see Figure 4.2. The resulting stiffness and damping matrices corresponding to each 

bearing are as follows: 

 �𝐾𝐾𝑏𝑏𝑖𝑖� = �
𝐾𝐾𝑏𝑏𝑖𝑖𝑖𝑖,𝑖𝑖 𝐾𝐾𝑏𝑏𝑖𝑖𝑖𝑖,𝑤𝑤

𝐾𝐾𝑏𝑏𝑖𝑖𝑤𝑤,𝑖𝑖 𝐾𝐾𝑏𝑏𝑖𝑖𝑤𝑤,𝑤𝑤
…

⋮ ⋱
�

𝑆𝑆,𝑇𝑇,𝑍𝑍

 , �𝐶𝐶𝑏𝑏𝑖𝑖� = �
𝐶𝐶𝑏𝑏𝑖𝑖𝑖𝑖,𝑖𝑖 𝐶𝐶𝑏𝑏𝑖𝑖𝑖𝑖,𝑤𝑤

𝐶𝐶𝑏𝑏𝑖𝑖𝑤𝑤,𝑖𝑖 𝐶𝐶𝑏𝑏𝑖𝑖𝑤𝑤,𝑤𝑤
…

⋮ ⋱
�

𝑆𝑆,𝑇𝑇,𝑍𝑍

�6𝐷𝐷𝐷𝐷𝐹𝐹 (4.50)  

where 𝑖𝑖 = 1,3,4,6 denotes the number of the bearing (node) considered.  

After assembly of the individual matrices, the overall bearing damping matrix takes a form 

similar to that of the stiffness matrix, i.e.,  

[𝐶𝐶𝑏𝑏]    =  

⎝

⎜
⎜
⎜
⎛
�𝐶𝐶𝑏𝑏1� ⋯    ⋯     ⋯     ⋯      ⋯     ⋯

⋱                                          ⋮

𝑇𝑇𝜕𝜕𝑚𝑚

�𝐶𝐶𝑏𝑏3�                            ⋮
�𝐶𝐶𝑏𝑏4�              ⋮

⋱     ⋮
�𝐶𝐶𝑏𝑏6�⎠

⎟
⎟
⎟
⎞

 

⎭
⎪⎪
⎬

⎪⎪
⎫

36𝐷𝐷𝐷𝐷𝐹𝐹 (4.51)  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

78 
 

b. Rolling element bearings 

Rolling element bearings are appropriate for low to moderate speeds. Various types of bearings 

are used depending on the application (ball bearing, roller bearings, etc.).  The dynamic 

behavior of rolling bearings is far from being simple [144-146], however a detailed analysis of 

its nonlinear behavior is beyond the scope of our study. Hence some simple configuration of a 

rolling element bearing is considered. Diagonal matrices that include representative values of 

stiffness and damping related to the rolling bearings are introduced. 

Based on the previous analysis the overall mass, stiffness and damping matrices (equation (4.1)) 

respectively read: 

[𝑀𝑀] = [𝑀𝑀𝑠𝑠] + [𝑀𝑀𝐺𝐺] (4.52)  

[𝐾𝐾(𝑡𝑡,𝑋𝑋)] = [𝐾𝐾𝑠𝑠] + [𝐾𝐾𝑖𝑖(𝑡𝑡,𝑋𝑋)] + [𝐾𝐾𝑏𝑏] (4.53)  

[𝑪𝑪(𝒕𝒕,𝑿𝑿)] = [𝑪𝑪𝒔𝒔] + [𝑪𝑪𝒇𝒇(𝒕𝒕,𝑿𝑿)] + [𝑪𝑪𝒃𝒃] (4.54)  

4.2 Results 

Several simulations are performed for both spur and helical gears. The trends found with the 

single degree of freedom model are questioned and the couplings between the mesh force and 

the bearing damping properties are investigated.   

4.2.1 Identical spur gears  

The contribution of each of the previously mentioned sources of damping is analyzed 

considering first a spur gear transmission. A pair of identical gears is considered (Table 4.1) 

which are mounted on identical shafts of 320 mm length with two uniform segments of 90 mm 

diameter each. A 300 𝑁𝑁𝑚𝑚 torque is imposed on the pinion shaft. 

Number of teeth 50 

Module 3 mm 

Pressure angle 20° 

Face width 20 mm 

Outer diameter 156 mm 

Pitch diameter 150 mm 

Base diameter 140.95 mm 
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Involute contact ratio (𝐈𝐈𝐈𝐈𝐈𝐈) 1.75 

Table 4.1: Test gears characteristics (identical pinion and gear). Spur gears. 

First, the contributions of the shafts and the gear mesh to the damping mechanism are inspected. 

The dynamic response of the gear-pinion pair is computed with and without the mesh damping 

matrix and the corresponding maximum dynamic factor 𝐶𝐶𝑓𝑓 versus mesh frequency is shown in 

Figure 4.6. The dynamic factor is defined as the maximum dynamic mesh force to the static 

mesh force ratio. The response curves in Figure 4.6 underline the limited effect of the internal 

damping of the shafts on the dynamic behavior of the gear pair since it only slightly affects the 

response amplitude at the main critical speed. On the other hand, it can be observed that mesh 

damping, which is here dominated by the lubricant contribution when contact is lost, leads to a 

significant reduction in amplitudes close to the tooth critical speeds. The effect is however 

limited for other speeds, i.e. for permanent contact conditions where the structural deflections 

of the teeth appears as the major source of damping. These observations are in line with the 

results obtained previously using the torsional model.  

Considering bearings at both ends of the shafts, they are expected to contribute to the overall 

damping of the system and their influence on dynamic mesh forces is highlighted hereinafter. 

Starting with a bearing model representative of rolling element bearings, i.e. with relatively low 

damping, constant stiffness and damping coefficients of  5.105𝑁𝑁/𝑚𝑚𝑚𝑚 and 5 𝑁𝑁. 𝑇𝑇/𝑚𝑚𝑚𝑚 

respectively are introduced in the simulations. The dynamic factor curves in Figure 4.7 show 

that the amplifications at the major tooth critical speeds are unchanged whereas some secondary 

peaks are smoothened by bearing damping in spite of their relatively small contributions. Under 

these conditions, mesh damping related to impacts still dominates the overall damping. 

A second series of results have been obtained considering journal bearings whose 

characteristics are 𝐿𝐿/𝐷𝐷 = 0.25,𝑅𝑅/𝐶𝐶 = 1000, 𝜇𝜇0 = 0.0178 Pa. s. Journal bearings are known 

to generate larger damping levels compared to rolling element bearings of comparable stiffness 

but their introduction in the dynamic model mainly leads to a shift of the response peaks while 

the response amplitudes remain more or less unchanged as illustrated in Figure 4.8.  

This particular behavior has been investigated further by changing the journal bearing 

dimensions. The corresponding response curves are plotted in Figure 4.9 and the respective 

damping values versus speed are presented in Figure 4.10. As shown in Figure 4.9, three 

different bearings with different damping levels (Figure 4.10) lead to approximately the same 

response curve with negligible differences at some operational speeds. 
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Figure 4.6: Dynamic response curves. Comparison between structural damping and 

mesh damping. Spur gears. 

 
Figure 4.7: Dynamic response curves. Comparison between mesh damping and REB 

damping. Spur gears. 
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Figure 4.8: Dynamic response curves. Comparison between mesh damping and journal 

bearing damping. Spur gears. 

 
Figure 4.9: Dynamic response curves. Comparisons between various journal geometries. 

Spur gears. 
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Figure 4.10: Mean journal bearing radial damping variation for different geometries as 

a function of the gear mesh frequency. Spur gears. 

Based on these findings, one can state that i) mesh damping is the major source of damping at 

the main amplifications, ii) bearing generally provide a smoother behavior with shifted speeds 

in the case of journal bearings, and finally iii) no clear difference between rolling element 

bearings and journal bearings is found with regard to dynamic amplitudes, in spite of large 

differences in damping levels. These observations agree with the conclusions derived by 

Hambric et al. [147] who studied both numerically and experimentally the benefit of replacing 

rolling element bearings by journal bearings in a simple test gearbox which is simulated in the 

next section. 

4.2.2 Comparisons with experimental evidence 

Hambric et al. [147] stated that no clear benefits were found by replacing the rolling element 

bearings with journal bearings in the NASA GRC’s test gearbox.  This conclusion was drawn 

after several measurements and simulations of the vibration and sound at gear mesh frequency 

(GMF) tones for several operational speeds considering both types of bearings. The authors 

showed that for  2 × 𝐺𝐺𝑀𝑀𝐹𝐹 tones, the gearbox is quieter at all considered speeds when journal 

bearings are used, however no clear conclusion was made on the noise reduction for 1 × 𝐺𝐺𝑀𝑀𝐹𝐹 

tones. The NASA GRC’s test gearbox dimensions are reproduced and the three dimensional 

dynamic model is used to study the dynamic behavior using different bearings. The considered 
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gearbox comprises a pair of identical gears as in Table 4.2, supported on identical shafts of 256 

mm with two uniform segments of about 35 mm each. Ball bearings support the shafts at their 

loaded ends and roller bearings are used at the free ends. Identical journal bearings are 

employed to replace the rolling element bearings otherwise (𝐿𝐿/𝐷𝐷 = 0.62,   𝑅𝑅/𝐶𝐶 = 1065, 𝜇𝜇0 =

0.0294 Pa. s). 

Number of teeth 50 

Module 3.175 mm 

Pressure angle 20° 

Face width 6.35 mm 

Outer diameter 95.3 mm 

Pitch diameter 88.9 mm 

Root diameter 79.73 mm 

Linear tip relief on both flanks 18 𝜇𝜇𝑚𝑚 starting at 24 deg 

Table 4.2: NASA GRC gearbox spur gear parameters. 

Gear dynamic transmission error (DTE) variations are analyzed to illustrate the vibration 

reduction in the gearbox as it is accepted that DTE  time-variations are representative of gear 

noise    Therefore, the RMS of DTE were computed over a wide range of operational speeds for 

both bearing configurations, and the variations of DTE are plotted versus the gear meshing 

frequency in Figure 4.11. 

Information on the stiffness and damping values used for rolling elements bearings can be found 

in [147]. Figure 4.12 shows the evolution of the mean damping associated with the journal 

bearings versus gear mesh frequency. Figure 4.11 shows that replacing the rolling elements 

bearings by journal bearings introduce mainly a shift of the response peaks towards the higher 

speeds whereas the corresponding amplitudes remain similar. This confirms the trends 

previously shown by the authors as well as the conclusions of Hambric et al. [147]. 

In order to appraise the noise level at different 𝐺𝐺𝑀𝑀𝐹𝐹, the amplitudes of the 1 × 𝐺𝐺𝑀𝑀𝐹𝐹 and 2 ×

𝐺𝐺𝑀𝑀𝐹𝐹 components of DTE are extracted for a range of operational speeds and plotted in Figure 

4.13 and Figure 4.14 respectively with respect to the gear mesh frequency (𝐻𝐻𝐻𝐻) and the 

corresponding operational speeds (𝑟𝑟𝑝𝑝𝑚𝑚). For 1 × 𝐺𝐺𝑀𝑀𝐹𝐹, contrasted results are observed as 

journal bearings lead to higher amplitudes at some speeds and lower amplitude at some others. 

As for 2 × 𝐺𝐺𝑀𝑀𝐹𝐹, the amplitudes using journal bearings are lower for a range of operational 

speeds, considered by [147] in their analysis, however, for higher speeds, rolling elements 
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bearing become quieter. Here again, the results confirm the previous observations. The 

maximum displacement of the shaft center at the bearing locations on the input shaft has been 

computed for rolling element and journal bearings (Figure 4.15). It is shown that, as expected, 

displacements are smaller in the case of journal bearings thus showing that, even if there is 

some degree of coupling between the gear mesh and shaft dynamic behavior, they react 

differently to bearing damping depending on the frequency range of interest. 

 

 

 

 

 
Figure 4.11: Numerical RMS of DTE versus the gear meshing frequency. Comparison 

between rolling elements bearings and journal bearings. NASA GRC’s test gearbox. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

85 
 

 

Figure 4.12:  Mean journal bearing radial damping variation as a function of the gear 

mesh frequency. 

 

Figure 4.13: 𝟏𝟏 × 𝑮𝑮𝑴𝑴𝑮𝑮 component of the DTE. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

86 
 

 

Figure 4.14: 𝟐𝟐 × 𝑮𝑮𝑴𝑴𝑮𝑮 component of the DTE. 

 

Figure 4.15: Maximum radial displacement of the center of the bearing located at the 

loaded end of the input shaft. 
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4.2.3 Identical helical gears  

Compared with spur gears, helical gear mesh excitations are generally lower leading to 

smoother dynamic behavior suggesting that the damping mechanisms might be rather different 

since contact losses and shocks are unlikely. In this context, it is believed that the other sources 

of damping can become prevalent and need to be investigated on a model that accounts for 

translational degree-of-freedoms and not just for torsional displacements.  

Number of teeth 50 

Normal module 2.714 mm 

Pressure angle 18.224° 

Helix angle 25.232° 

Face width 20 mm 

Outside diameter 156 mm 

Pitch diameter 150 mm 

Base circle diameter 140.954 mm 

Involute contact ratio (𝐈𝐈𝐈𝐈𝐈𝐈) 1.6 

Table 4.3: Test gears characteristics (identical pinion and gear). Helical gears. 

A pair of identical gears is considered (Table 4.3) which are supported on identical shafts of 

320 mm length with two uniform segments of 90 mm diameter each (same as for the spur gears 

case). An external torque of 250 𝑁𝑁𝑚𝑚 is imposed. As for helical gears, it can be noticed that the 

internal damping of shafts barely contributes to amplitude reduction as shown in Figure 4.16. 

The dynamic response obtained when adding mesh damping also indicates that it has limited 

effect on the dynamic behavior. In a next phase, emphasis is placed on bearing contributions to 

damping. Rolling element bearings are considered first, a constant damping of 5 𝑁𝑁. 𝑇𝑇/𝑚𝑚𝑚𝑚 is 

introduced at the ends of the shafts in both radial directions. The corresponding response curve 

is presented in Figure 4.17 that shows a significant reduction of the higher amplitudes along 

with smoother dynamic responses at all speeds. Considering journal bearings (𝐿𝐿/𝐷𝐷 =

0.25,𝑅𝑅/𝐶𝐶 = 500, 𝜇𝜇0 = 0.0178 Pa. s), the results in Figure 4.18 clearly reveal that they 

strongly contribute to the overall damping since the response peaks are all flattened.  It can also 

be observed that the major tooth critical speed is shifted towards the higher speeds.  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

88 
 

 
Figure 4.16: Dynamic response curves. Comparison between internal damping and mesh 

damping. Helical gears. 

 
Figure 4.17: Dynamic response curves. Comparison between mesh damping and rolling 

element bearing damping. Helical gears. 

Based on these results, the following provisional conclusions can be drawn: bearings contribute 

significantly to the overall damping mechanism in helical gear transmissions and, b) journal 
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bearings seem to provide more damping than rolling element bearings (contrary to what was 

reported for spur gears). 

The damping coefficients for journal bearings are known to strongly depend on a number of 

geometrical and lubricant parameters (length 𝐿𝐿, clearance 𝐶𝐶 and lubricant viscosity 𝜇𝜇0) and it 

is certainly interesting to examine their contribution to damping. The clearance effect is 

analyzed by varying the ratio 𝑅𝑅/𝐶𝐶  (𝐿𝐿/𝐷𝐷 = 0.25, 𝜇𝜇0 = 0.0178 Pa. s). Three different values 

are considered, and the corresponding dynamic tooth load curves are plotted in Figure 4.19, 

showing that a larger clearance leads to a more damped response. The evolution of the 

respective bearing damping versus speed is presented in Figure 4.20 which shows that, 

unexpectedly, higher damping in the bearings can result in stronger dynamic mesh force 

amplifications. This somewhat singular behavior will be investigated further in the following 

section. 

 

Figure 4.18: Dynamic response curves. Comparison between mesh damping and journal 

bearing damping. Helical gears. 

Considering the influence of bearing length, Figure 4.21  shows that a shorter bearing (𝑅𝑅/𝐶𝐶 =

1000, 𝜇𝜇0 = 0.0178 Pa. s) is more effective in terms of dynamic tooth load amplifications 

although the damping provided in this case is lower than that produced by longer bearings as 

presented in Figure 4.22 confirming the unexpected behavior previously exposed. Finally, the 

effect of the lubricant is studied (𝐿𝐿/𝐷𝐷 = 0.5, 𝑅𝑅/𝐶𝐶 = 500) and the results in Figure 4.23 
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indicate that a lower viscosity reduce dynamic response at the mesh whereas, here too, bearing 

damping evolves the opposite way (Figure 4.24).  

At this stage, further investigations are therefore needed to explain the apparently contradictory 

results which show that increasing bearing damping is not necessarily beneficial for dynamic 

tooth loading. In order to separate the effect of bearing stiffness and damping on the behavior 

of the system, and understand more deeply the effect of the variation in damping levels on the 

amplifications of dynamic tooth load, a constant stiffness value is imposed while damping is 

varied over a wide range going from the lower values of rolling elements bearings 

(~5 𝑁𝑁. 𝑇𝑇/𝑚𝑚𝑚𝑚) to the higher levels associated with journal bearings (~1000 𝑁𝑁. 𝑇𝑇/𝑚𝑚𝑚𝑚). The 

different dynamic responses are compared in Figure 4.25 which reveals two opposite behaviors: 

a) starting with the lowest damping values, a logical evolution of the maximum amplitude with 

the increase in damping is observed, b) after a certain threshold, however, the tendency is 

inversed and larger response amplitudes are obtained when damping is increased, along with a 

shift of the response peaks.  

 

Figure 4.19: Dynamic response curves. Comparison between different clearance values. 

Journal bearings. Helical gears. 
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Figure 4.20: Mean journal bearing radial damping variation. Comparison between 

different clearance values. Helical gears. 

 
Figure 4.21: Dynamic response curves. Comparison between different lengths. Journal 

bearings. Helical gears. 
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Figure 4.22: Mean journal bearing radial damping variation. Comparison between 

different lengths. Helical gears. 

 

Figure 4.23: Dynamic response curves. Comparison between different lubricant 

viscosities. Journal bearings. Helical gears. 
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Figure 4.24: Mean journal bearing radial damping variation. Comparison between 

different lubricant viscosities. Helical gears. 

 

Figure 4.25: Dynamic response curves. Comparisons between various bearings damping 

(constant stiffness). Helical gears. 

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

94 
 

This set of simulations, though simplified re journal bearing modeling, actually reproduces the 

system behavior well when more accurate journal bearing models are employed. This 

observation leads to the conclusion that the frequency shift is caused by damping and not by 

stiffness variations. Under such conditions, more refined modal analyses incorporating the 

influence of damping (often neglected at this stage) need to be performed. 

4.2.4 Modal analysis of the damped system 

In the majority of mechanical systems, the influence of damping on critical speeds can be 

ignored, i.e. the computation of the natural frequencies is performed considering the undamped 

system and solely based on the overall mass and the stiffness matrices. Basically this kind of 

analysis is suited for systems with moderate damping. However, when high damping is 

introduced in the system, a modified modal analysis is needed. Based on the previous results, 

it transpires that journal bearing damping cannot be discarded in the case of geared transmission 

as it appears as strongly influential on the position of the critical speeds. 

Considering an 𝑁𝑁 degree of freedom system with constant viscous damping and constant 

averaged stiffness matrices, the free-vibration system can be expressed as: 

 

𝑀𝑀�̈�𝑥 + 𝐶𝐶�̇�𝑥 + 𝐾𝐾𝑥𝑥 = 0 (4.55)  

Introducing 𝑣𝑣 = �̇�𝑥, so that �̈�𝑥 = �̇�𝑣, the 2nd order differential equation is classically transformed 

into two sets of first order differential equations as follows: 

 
𝑑𝑑
𝑑𝑑𝑡𝑡
�𝑥𝑥𝑣𝑣� = � 0𝑁𝑁×𝑁𝑁 𝐼𝐼𝑁𝑁×𝑁𝑁

−𝑀𝑀−1𝐾𝐾 −𝑀𝑀−1𝐶𝐶
� �𝑥𝑥𝑣𝑣� (4.56)  

A general solution of the form 𝑥𝑥 = �̅�𝑥𝑟𝑟𝜆𝜆𝑡𝑡 is considered, hence 𝑣𝑣 = 𝜆𝜆�̅�𝑥𝑟𝑟𝜆𝜆𝑡𝑡 which, after 

substituting 𝑥𝑥 and 𝑣𝑣 in the previous equation, gives: 

 

� 0𝑁𝑁×𝑁𝑁 𝐼𝐼𝑁𝑁×𝑁𝑁
−𝑀𝑀−1𝐾𝐾 −𝑀𝑀−1𝐶𝐶

� � �̅�𝑥𝜆𝜆�̅�𝑥� = 𝜆𝜆 � �̅�𝑥𝜆𝜆�̅�𝑥� (4.57)  

Leading to a standard Eigen-value problem, where the eigenvalues are: 

𝜆𝜆𝑝𝑝 = −𝜁𝜁𝑝𝑝𝜔𝜔𝑝𝑝 + 𝑖𝑖𝜔𝜔𝑝𝑝�1 − 𝜁𝜁𝑝𝑝2, (for the undamped case 𝜆𝜆𝑝𝑝 = 𝑖𝑖𝜔𝜔𝑝𝑝). 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

95 
 

where 𝜔𝜔𝑝𝑝 and 𝜁𝜁𝑝𝑝  represent respectively the undamped natural frequency and the modal 

damping ratio corresponding to the mode 𝑃𝑃, 𝜔𝜔𝑝𝑝 = |𝜆𝜆𝑝𝑝|, 𝜁𝜁𝑝𝑝 = −𝑅𝑅𝑟𝑟(𝜆𝜆𝑝𝑝)/𝜔𝜔𝑝𝑝 [148]. 

Using the overall mass, stiffness and damping matrices of the helical gear system with journal 

bearings, the real natural frequencies of the system and the resulting damping ratio related to 

each natural mode have been determined as described above. The corresponding natural 

frequencies and damping factors are listed in Table 4.4 for each set of bearing parameters 

studied. The results show that the modal analysis indicates that the position of the major tooth 

critical frequency follows the same law of variation as the position with the maximum dynamic 

factor amplitude in figures 4.19, 4.21 and 4.23. 

 

𝑳𝑳
𝑫𝑫

 
𝑹𝑹
𝑪𝑪

 
𝝁𝝁𝟑𝟑 

(𝑷𝑷𝒂𝒂. 𝒔𝒔) 

𝒇𝒇𝒑𝒑 

(𝑯𝑯𝑯𝑯) 

𝜻𝜻𝒑𝒑 

(%) 

0.25 500 0.0178 2679 4.15 

0.25 1000 0.0178 2626 2.29 

0.25 1500 0.0178 2583 1.27 

0.5 500 0.0086 2665 4.33 

0.5 500 0.0178 2643 3.36 

0.5 500 0.0479 2600 1.86 

0.5 1000 0.0178 2567 1.01 

Table 4.4: Natural frequencies and damping ratios. Journal bearings. 

Moreover, the amplitude evolution is directly correlated to the damping factors. For instance, 

as said earlier, a higher clearance (Figure 4.19) lead to a more damped response and the results 

in the table show that a higher clearance leads to a higher damping ratio (4.15% compared to 

2.29% and 1.28%) even if the locally imposed damping values are lower than those in the other 

cases. Similar analysis is conducted to clarify the tendencies shown in Figure 4.25. Once again, 

both the shift in critical speeds and the different amplitude levels can be explained by the modal 

analysis when damping is taken into account. 
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𝑪𝑪𝒃𝒃𝒊𝒊𝒗𝒗,𝒗𝒗
�𝑪𝑪𝒃𝒃𝒊𝒊𝒘𝒘,𝒘𝒘

� 

(𝑵𝑵. 𝒔𝒔/𝒇𝒇𝒇𝒇) 

𝒇𝒇𝑝𝑝 

(𝑯𝑯𝑯𝑯) 

𝜻𝜻𝑝𝑝 

(%) 

5 2435 2.45 

10 2442 4.38 

50 2486 8.85 

100 2606 6.34 

200 2608 3.56 

500 2599 1.95 

1000 2586 1.28 

Table 4.5: Natural frequencies and damping ratios. Constant stiffness. 

4.2.5 Further investigations 

In this section, further results are presented in order to study the effect of geometry (inter-

bearing distance, shaft length) on the dynamic response of gears with the objective of 

consolidating the previous conclusions and gain more information on bearing-gear dynamic 

interactions. Spur and helical gear simulations are presented separately. 

a. Spur gears  

The spur gear geometry is described in Table 4.1, the shaft diameter is kept the same and the 

distance between the bearings is reduced to 250 mm. Three different configurations of journal 

bearing are compared with the results obtained with a rolling element bearing configuration 

(same as in section 4.2.1) as illustrated in Figure 4.26. The viscosity of the lubricant is the same 

for the three journal bearing configurations ( 𝜇𝜇0 = 0.0178 Pa. s).  

The results confirm the trends highlighted earlier, e.g. both types of bearing (journal /rolling 

element) provide comparable dynamic load amplitudes at critical speeds thus neither of them  

appear as superior with regard to dynamic tooth loads. Moreover, despite the significant 

difference in damping for the three journal bearing cases (Figure 4.10), the variation of the 
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amplitude at the main critical speed is limited. Once again, the complementary contribution of 

bearings is underlined compared to the major contribution of the gear mesh to damping in spur 

gears. A number of simulations have been performed considering shorter/longer shafts with 

different diameters which all led to similar conclusions. 

 
Figure 4.26: Dynamic response curves. Comparisons between rolling element and 

various journal bearings geometries. Spur gears. 

b. Helical gears 

The helical gear dimensions of Table 4.3 are used and the distance between the bearings is 

reduced to 200 mm. The same bearing configurations as for spur gears (see above) are 

considered. As shown in Figure 4.27, journal bearings of different dimensions lead to a more 

damped tooth load curves compared to rolling element bearings which indicates that either 

types of bearing can be chosen to lower dynamic tooth loads depending on operational speeds 

and system compliance. Furthermore, the inversed trend noticed for high damping levels is 

confirmed, i.e. beyond a certain limit of bearing damping, the natural frequencies of the system 

are modified and larger tooth load amplifications are found. The same behavior has been 

repeatedly observed with various shafts dimensions. 
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Figure 4.27: Dynamic response curves. Comparisons between rolling element and 

various journal bearings geometries. Helical gears. 

4.2.6 Non identical helical gears 

Only identical gear pairs and shafts were considered in the previous sections. The present 

section focuses on the behavior of systems with one pinion and one gear (Table 4.6) of different 

dimensions (as is the case in most industrial applications) supported by shafts whose 

dimensions are given in Table 4.7. The results obtained using rolling element bearings (𝐶𝐶𝑏𝑏𝑖𝑖,𝑖𝑖 =

𝐶𝐶𝑏𝑏𝑤𝑤,𝑤𝑤 = 1 𝑁𝑁. 𝑇𝑇/𝑚𝑚𝑚𝑚) and journal bearings (𝐿𝐿/𝐷𝐷 = 0.25, 𝑅𝑅/𝐶𝐶 = 1000, 𝜇𝜇0 = 0.0178 Pa. s) 

are confronted in Figure 4.28 where it can clearly be seen that lower amplitudes of the maximum 

dynamic factor are obtained using the rolling elements bearings. Moreover, it is found that the 

natural frequency positions are mainly affected by the type of bearing. For instance, journal 

bearings eliminate one of the modes near 3000 𝐻𝐻𝐻𝐻 and move the major and secondary critical 

speeds towards the lower speed range, mostly because of the high value of damping as pointed 

out earlier in this chapter. The analysis is extended by considering several journal bearing 

configurations with a variety of parameters controlling their dynamic properties such as bearing 

length, radial clearance and lubricant viscosity. Figure 4.29 to 4.34 illustrate the various 

response curves obtained by sweeping over the range of parameters described above along with 

the corresponding mean damping on the input and output bearings. Based on these results, it is 
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confirmed that larger journal bearing damping can lead to higher vibrations thus suggesting that 

bearing design re dynamic tooth loads requires special attention. Finally, Table 4.8 synthetizes 

the critical speed positions and related damping factors for each of the configuration treated. 

 

 Pinion Gear 

Number of teeth 26 157 

Normal module 4 mm 

Pressure angle 20° 

Helix angle 12.5° 

Face width 50 mm 40 mm 

Addendum coefficient 1.4 

Dedendum coefficient 1.0 

Pitch diameter 106.5 mm 643.2 mm 

Center distance 375 mm 

Linear tip relief on both flanks 13 𝜇𝜇𝑚𝑚 on 20% of the active profile length 

Table 4.6: Gear data. Non identical helical gears [98]. 

 

 Input shaft (pinion) Output shaft (gear) 

External diameter 70 mm 90 mm 

Internal diameter 30 mm 30 mm 

Bearings distance 320 mm 

Table 4.7: Shaft dimensions. 
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Figure 4.28: Dynamic response curves. Comparison between rolling element bearings 

and journal bearings. Non identical helical gears. 

 
Figure 4.29: Dynamic response curves. Comparison between different clearance values 

(𝑳𝑳/𝑫𝑫 = 𝟑𝟑.𝟐𝟐𝟐𝟐,𝝁𝝁𝟑𝟑 = 𝟑𝟑.𝟑𝟑𝟏𝟏𝟎𝟎𝟎𝟎 𝐏𝐏𝐏𝐏. 𝐬𝐬) . Journal bearings. Non identical helical gears. 
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Figure 4.30: Mean journal bearing radial damping variation. Comparison between 

different clearance values. Non identical helical gears. 

(𝒂𝒂) Bearing 1 (input) 

(𝒃𝒃) Bearing 6 (output) 
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Figure 4.31: Dynamic response curves. Comparison between different lengths (𝑹𝑹/𝑪𝑪 =

𝟏𝟏𝟑𝟑𝟑𝟑𝟑𝟑,𝝁𝝁𝟑𝟑 = 𝟑𝟑.𝟑𝟑𝟏𝟏𝟎𝟎𝟎𝟎 𝐏𝐏𝐏𝐏. 𝐬𝐬). Journal bearings. Non identical helical gears. 

 
 

(𝒂𝒂) Bearing 1 (input) 
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Figure 4.32: Mean journal bearing radial damping variation. Comparison between 

different lengths. Non identical helical gears. 

 
Figure 4.33: Dynamic response curves. Comparison between different lubricant 

viscosities (𝑳𝑳/𝑫𝑫 = 𝟑𝟑.𝟐𝟐,𝑹𝑹/𝑪𝑪 = 𝟏𝟏𝟑𝟑𝟑𝟑𝟑𝟑). Journal bearings. Non identical helical gears. 

(𝒃𝒃) Bearing 6 (𝒃𝒃) Bearing 6 (output) 
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Figure 4.34: Mean journal bearing radial damping variation. Comparison between 

different lubricant viscosities. Non identical helical gears. 

(𝒃𝒃) Bearing 1 

(𝒃𝒃) Bearing 6 

(𝒂𝒂) Bearing 1 (input) 

(𝒃𝒃) Bearing 6 (output) 
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𝑳𝑳
𝑫𝑫

 
𝑹𝑹
𝑪𝑪

 
𝝁𝝁𝟑𝟑 

(𝑷𝑷𝒂𝒂. 𝒔𝒔) 

𝒇𝒇𝒑𝒑 

(𝑯𝑯𝑯𝑯) 

𝜻𝜻𝒑𝒑 

(%) 

0.25 500 0.0178 4021 2.82 

0.25 1000 0.0178 4005 2.15 

0.25 1500 0.0178 3982 1.75 

0.5 1000 0.0086 3982 1.81 

0.5 1000 0.0178 3982 1.68 

0.5 1000 0.0479 3982 1.46 

REB (𝟏𝟏 𝑵𝑵. 𝒔𝒔/𝒇𝒇𝒇𝒇) 4392 2.7 

Table 4.8: Natural frequencies and damping ratios. 

 

4.3 Conclusion 

A variety of damping sources has been investigated for both spur and helical gears based on a 

three dimensional lumped parameter dynamic model from which contrasted conclusions have 

been drawn depending on the type of gear (spur or helical).  

As for spur gears, mesh damping, i.e. lubricant and tooth contributions, plays a major role in 

the damping mechanism mainly when contact losses occur. Concerning the role of bearings, 

their complementary contribution has been pointed out as they lead to smoother responses at 

all operational speeds. The amplitude at critical speeds are, however, hardly affected but a major 

influence on the positions of critical speeds has been put forward. In line with experimental 

evidence from the literature, no clear interest on dynamic tooth loads has been found on using 

either rolling element or journal bearings.  

Focusing on helical gears, other damping sources become predominant. Mesh damping and the 

internal damping of the supporting shafts barely contribute to vibration reduction. The main 

active source of damping in helical gears is actually the bearings at both ends of the shafts. Both 
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rolling element and journal bearings are shown to have a prominent contribution to the vibration 

reduction. An unexpected behavior has been highlighted when journal bearings are used as it 

has been found that, for high levels of bearing damping, any increase in damping results in 

higher amplifications of the dynamic tooth loading. Based on modal analyses, it has been 

demonstrated that high damping introduced locally at some points of the system modifies 

largely the natural frequencies of the system but do not necessarily have the expected effect at 

other points of the system, at the gear nodes for instance. Special attention must therefore be 

paid to restrict damping within a certain favorable range of values when dealing with gears 

supported by journal bearings. 
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General conclusion 

The present work can be viewed as an approach to understanding and quantifying the damping 

mechanisms in geared systems. Having placed emphasis on the damping related to the lubricant 

entrapped between the gear teeth and regarded as a primary source of dissipation, a transient 

EHL analysis has been conducted and different contact models have been developed which 

reproduce the dynamic contact conditions found in gears: i) a permanent contact model that 

describes the contact behavior under oscillating loads and, ii) a forced impact model that 

illustrates the contact loss situations followed by shocks found mainly in spur gears. Both 

problems have been solved using efficient multigrid techniques making it possible to run 

massive parameter analyses and sweep over wide ranges of operating conditions. The resulting 

numerical values have been fitted and simple linearized formulas have been derived to predict 

the damping related to tooth lubrication. The introduction of these approximate damping 

formulae in any gear dynamic model is straightforward. 

Considering first a classic one-degree-of-freedom torsional gear dynamic model, realistic 

damping models based on the simplified outcomes of EHL analyses are assessed which 

comprise the normal and tangential contributions of the lubricant along with the internal 

damping in the gear material. Several comparisons with benchmark measurements from the 

literature show that this model can realistically reproduce the damping mechanisms in spur 

gears but is less efficient for helical gears. The main information on damping provided by the 

torsional model are summarized as follows: i) the lubricant mainly prevents the high tooth load 

amplifications when shocks between the teeth occur, ii) structural damping prevails for 

permanent contact regimes, iii) lubricant shear and tooth friction contributions can be influential 

but generally of secondary importance and finally, iv) mesh damping associated with lubricated 

tooth contacts has a minor effect on dynamic loads in helical gears.  

The study is then extended to investigate the contributions to the overall damping of the 

mechanical parts surrounding the gears. To this end, a simple three-dimensional model is 

developed which accounts for the dissipation in gears, shafts and bearings. Focusing on spur 

gears, the major influence of mesh damping on dynamic tooth loads is confirmed whereas 

bearings play a complementary role since they only slightly reduce amplitudes at critical speeds, 

regardless of their damping level. As for helical gears, the following conclusions can be drawn: 

i) mesh damping only has a limited effect on dynamic loading (in contrast with spur spears), ii) 
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bearings constitute the main source of damping in such transmissions, iii) no general conclusion 

can be made concerning more favorable bearing architecture regarding dynamic tooth loading, 

journal bearings can lead to smoother dynamic responses but can also induce high 

amplifications despite their large damping.  

It is believed that the present work presents some useful quantitative and qualitative pieces of 

information concerning damping in geared transmissions. Nevertheless, further improvements 

are certainly needed to provide a more complete analysis of the different features related to gear 

damping. In particular, the influence of tooth surface roughness would deserve attention as it 

can significantly modify the normal and tangential damping elements. The friction (tangential) 

damping ratio depends on the actual contact area hence on roughness morphology (via 

parameter 𝑚𝑚0 in (3.2)). At the same time, the lubricant film and pressure distribution can be 

strongly affected by surface roughness with high pressure zones where the lubricant viscosity 

can be large enough so that their contribution to the normal damping can be highly altered in 

both permanent contact and impact conditions. A deep analysis of the nonlinear behavior of the 

contact that arises when pronounced surface roughness is considered (see appendix B) is indeed 

necessary. Furthermore, the realistic description of the contact between the mating gears, in 

terms of rigidity and damping must be combined with a more accurate modeling of the bearings 

dynamic behavior including the related nonlinearities for each type of bearing as in [119] for 

rolling element bearings and [126] for journal bearings. 
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Appendix A 

Damping under multi-frequency excitation  

Gear teeth are generally subjected to multi-frequency periodic loading that can be decomposed 

into Fourier series as follows:  

𝑤𝑤𝑡𝑡 = 𝑤𝑤0 + �𝑎𝑎𝑖𝑖sin (iωt
𝑛𝑛

𝑖𝑖=1

+ 𝜙𝜙𝑖𝑖) (A.1)  

In order to compute the damping provided by the lubricated contact subjected to such loading, 

further numerical simulations are performed considering first a bi-frequency excitation as in 

equation (A.2) and then the general case of multi-frequency excitation. The main purpose is to 

relate the damping corresponding to each frequency with the overall damping that corresponds 

to the total load. 

𝑤𝑤𝑡𝑡 = 1 + 𝑎𝑎1 sin(ω𝑡𝑡 + 𝜙𝜙1) + 𝑎𝑎2sin (2ω𝑡𝑡 + 𝜙𝜙2) (A.2)  

Introducing the dimensionless parameters as in chapter 2, the load reads: 

𝑊𝑊𝑡𝑡 = 1 + 𝐴𝐴1 sin(Ω𝐷𝐷 + Φ1) + 𝐴𝐴2sin (2Ω𝐷𝐷 + Φ2) (A.3)  

The resulting rigid body displacement Δ is, thus:  

Δ = 𝐵𝐵0 + 𝐵𝐵1 sin(Ω𝐷𝐷 + 𝜓𝜓1) + 𝐵𝐵2 sin(2Ω𝐷𝐷 + 𝜓𝜓2) (A.4)  

The total dissipated energy equals: 

𝐷𝐷 = � 𝐷𝐷𝑒𝑒𝑒𝑒Δ̇2𝑑𝑑𝐷𝐷
2𝜋𝜋/Ω

0
= 𝜋𝜋𝐷𝐷𝑒𝑒𝑒𝑒Ω(B12+4𝐵𝐵22)  (A.5)  

The equivalent damping 𝐷𝐷𝑒𝑒𝑒𝑒 along with the different amplitudes of the normal approach can be 

computed numerically, following the same strategy as in chapter 2. 

Through several numerical simulations, it can be noticed that the energy dissipated by imposing 

a load as in equation (A.3) can be related to the energy dissipated if each component were taken 

separately as follows: 

𝐷𝐷 = 𝐷𝐷1 + 2𝐷𝐷2 (A.6)  

where  𝐷𝐷1 = 𝜋𝜋𝐷𝐷1Ω(𝐵𝐵112 + 𝐵𝐵122 ) and 𝐷𝐷2 = 2𝜋𝜋𝐷𝐷2Ω(𝐵𝐵212 + 𝐵𝐵222 ). 
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Equating equations (A.5) and (A.6), the equivalent damping 𝐷𝐷𝑒𝑒𝑒𝑒 is computed as: 

𝐷𝐷𝑒𝑒𝑒𝑒 =
𝐷𝐷1𝐵𝐵12 + 4𝐷𝐷2𝐵𝐵22

𝐵𝐵12 + 4𝐵𝐵22
 (A.7)  

with 𝐷𝐷1 and 𝐷𝐷2 that can be simply computed using the proposed formulation of the damping in 

equations (2.28) and (2.29). 

The previous procedure can be extended to multi-frequency excitation as in equation (A.1). The 

corresponding dimensionless load and rigid body displacement read: 

𝑊𝑊𝑡𝑡 = 1 + �𝐴𝐴𝑖𝑖sin (iΩT
𝑛𝑛

𝑖𝑖=1

+ Φ𝑖𝑖) (A.8)  

Δ = Δ0 + �𝐵𝐵𝑖𝑖sin (iΩt
𝑛𝑛

𝑖𝑖=1

+ 𝜓𝜓𝑖𝑖) (A.9)  

The total dissipated energy is developed by analogy as: 

𝐷𝐷 = � 𝐷𝐷𝑒𝑒𝑒𝑒Δ̇2𝑑𝑑𝐷𝐷
2𝜋𝜋/Ω

0
= 𝜋𝜋𝐷𝐷𝑒𝑒𝑒𝑒Ω�𝑖𝑖2𝐵𝐵𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= �𝑖𝑖𝐷𝐷𝑖𝑖

𝑛𝑛

𝑖𝑖

= �𝑖𝑖2𝜋𝜋𝐷𝐷𝑖𝑖Ω(𝐵𝐵𝑖𝑖2)
𝑛𝑛

𝑖𝑖

 (A.10)  

where 𝐷𝐷𝑖𝑖 is the dissipated energy , and 𝐷𝐷𝑖𝑖 the damping coefficient corresponding to each 

frequency 𝑖𝑖Ω separately. 

Based on the previous analysis, the equivalent damping is computed as: 

𝐷𝐷𝑒𝑒𝑒𝑒 =
∑ 𝑖𝑖2𝐷𝐷𝑖𝑖𝐵𝐵𝑖𝑖2𝑛𝑛
𝑖𝑖=1
∑ 𝑖𝑖2𝐵𝐵𝑖𝑖2𝑛𝑛
𝑖𝑖=1

 (A.11)  
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Appendix B 

A note on the influence of roughness on damping 

It is accepted that surface roughness influence greatly the performance and characteristics of 

lubricated contacts. Non-smooth surfaces can induce some local high pressure zones that can 

lead to a reduction of the damping capacity of the lubricant film caused by the largely increased 

values of the lubricant viscosity. Therefore, some few simulations are conducted to provide 

more precise information on the surface roughness influence. To do so, a one-sided waviness 

is introduced to the gap between the contacting surfaces and the transient EHL problem for 

permanent contacts presented in chapter 2 is reproduced. Accounting for surface features, the 

dimensionless film thickness equation reads:  

𝐻𝐻(𝑋𝑋) = 𝐻𝐻0 +
𝑋𝑋2

2
−

1
2𝜋𝜋

� 𝑃𝑃(𝑋𝑋′)
+∞

−∞
𝑙𝑙𝑛𝑛 �

𝑋𝑋 − 𝑋𝑋′

𝑋𝑋0
�
2

𝑑𝑑𝑋𝑋′ − 𝑅𝑅(𝑋𝑋) (B.1)  

with  𝑅𝑅(𝑋𝑋) = 𝐴𝐴𝑅𝑅cos (2𝜋𝜋
𝜆𝜆𝑅𝑅
𝑋𝑋) where 𝐴𝐴𝑅𝑅 and 𝜆𝜆𝑅𝑅 denote the amplitude and the wavelength of the 

surface feature respectively. 

A set of numerical simulations is performed considering different wavelengths (𝜆𝜆𝑅𝑅=0.1, 0.25, 

0.5, 1.), varying the amplitude from the extremely low values to some high values representative 

of the real amplitude of roughness encountered in gears (𝐴𝐴𝑅𝑅 = 0.0005 − 0.1) and sweeping a 

wide range of operating conditions (𝑀𝑀, 𝐿𝐿,𝐴𝐴 and 𝐷𝐷).  Figure B.1 shows a snapshot of the pressure 

at one given time-step during the simulation for a given set of 𝐴𝐴𝑅𝑅 and 𝜆𝜆𝑅𝑅 (𝐴𝐴𝑅𝑅 = 0.05, 𝜆𝜆𝑅𝑅 =

0.5). Some localized high pressure peaks are noticed that can exceed 1.5 times the maximum 

Hertzian pressure and can in some conditions go up to twice the Hertzian pressure. The pressure 

increase is normally proportional to the ratio 𝐴𝐴𝑅𝑅/𝜆𝜆𝑅𝑅 . An equivalent damping coefficient 𝐶𝐶𝑙𝑙𝑠𝑠 is 

computed following the same strategy used earlier for perfectly smooth surfaces. 

Figure B.2 exposes a set of results obtained with amplitudes of roughness up to 0.025. The ratio 

of the rough damping with respect to smooth damping is plotted as a function of the Hertzian 

pressure. The level of amplitudes considered is considered sufficiently low to guarantee a linear 

behavior of the contact. A great dependence of the damping on the roughness is noticed in 

Figure B.2. Higher amplitudes generate a higher reduction of the damping coefficients leading 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2016LYSEI089/these.pdf 
© [M. Ankouni], [2016], INSA Lyon, tous droits réservés



 

126 
 

to some values up to 20 % of the smooth damping values (1 𝐺𝐺𝑃𝑃𝑎𝑎). The effect is less noticeable 

for lightly or extremely high loaded contacts. For low loads, the lubricated gap between the 

contact bodies is relatively large and a higher roughness is needed to cause a local increase in 

the pressure, furthermore the amplitude of the roughness is largely smoothened under high loads 

and narrow effect is found on damping.  

 
Figure B.1: Pressure distribution and film thickness in an EHL rough contact (𝑴𝑴 =

𝟐𝟐𝟐𝟐,𝑳𝑳 = 𝟏𝟏𝟑𝟑,𝑨𝑨𝑹𝑹 = 𝟑𝟑.𝟑𝟑𝟐𝟐,𝝀𝝀𝑹𝑹 = 𝟑𝟑.𝟐𝟐). 

The previous observations are unlikely be extended to rougher surfaces. An increasingly 

nonlinear behavior is induced by higher amplitudes. In this context, few simulations were 

performed considering some roughness values comparable or even higher from the average film 

thickness (of the order of gear teeth roughness). The obtained results showed that a further 

increase of the surface roughness can lead to a lower reduction and even a small increase of the 

damping values. This can be explained by the extremely low pressures that appear between the 

pressure peaks and that results in lowering the viscosity of the lubricant that can therefore flow 

again and thus dissipate further. The computing of damping in this case is not truly accurate 

since the behavior becomes hugely nonlinear and thus the assumption of linear damper is no 

more appropriate. Further investigation are indeed needed to properly quantify the influence of 

the roughness on the dynamic behavior of the contact.   
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Figure B.2: Damping reduction for different amplitudes of roughness. From top to 

bottom: 𝑨𝑨𝑹𝑹 = 𝟐𝟐𝒆𝒆−𝟑𝟑,𝟏𝟏𝒆𝒆−𝟑𝟑,𝟐𝟐.𝟐𝟐𝒆𝒆−𝟑𝟑,𝟐𝟐𝒆𝒆−𝟑𝟑,𝟏𝟏𝒆𝒆−𝟐𝟐,𝟐𝟐.𝟐𝟐𝒆𝒆−𝟐𝟐.  𝝀𝝀𝑹𝑹 = 𝟑𝟑.𝟐𝟐. 
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