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R É S U M É E N F R A N Ç A I S

Extrait du guide à l’usage du candidat au Doctorat en vue de la
soutenance de thèse (version du 25/06/2015) du collège doctoral
de l’Université de Perpignan via Domitia: La langue des thèses et
mémoires dans les établissements publics et privés d’enseignement est
le français, sauf exceptions justifiées par les nécessités de l’enseignement
des langues et cultures régionales ou étrangères ou lorsque les en-
seignants sont des professeurs associés ou invités étrangers. La maîtrise
de la langue française fait partie des objectifs fondamentaux de l’ensei-
gnement. (· · ·) Lorsque cette langue n’est pas le français, la rédaction
est complétée par un résumé substantiel en langue française. Pour l’ED
305 une synthèse d’une vingtaine de pages en français est intégrée au
manuscrit, mettant en évidence les apports principaux du travail de
thèse.

0.1 introduction

La puissance de calcul des ordinateurs pour le HPC (High Per-
formance Computing) augmente exponentiellement depuis quelques
dizaines d’années. Suivant cette tendance, l’ordinateur exascale,
c’est-à-dire 1018 opération flottante par seconde sera développé
avant 2020. La fréquence des processeurs ne peut plus être aug-
mentée d’une façon efficace. Pour cela, la puissance de calcul
est améliorée en développant des nouveaux jeux d’instruction,
ou en utilisant plusieurs coeurs (ou processeurs) en parallèle.
L’ordonnancement dynamique des taches et le comportement
non déterministe de ces environnements parallèles changent l’ordre
des opérations d’une exécution à une autre. À cause des erreurs
d’arrondi, l’addition flottante est non-associative. Le changement
d’ordre des opérations dans les environnements conduit les cal-
culs flottants à fournir des résultats différents d’une exécution à
une autre même, pour les mêmes entrées. Nous nous intéressons
dans cette thèse à ce problème de non-reproductibilité numérique
dans les BLAS (Basic Linear Algebra Subprograms).
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Chaque opération flottante génère une erreur d’arrondi qui
éloigne le résultat calculé du résultat exact. Le problème de re-
productibilité se pose lorsque les mêmes calculs génèrent des
erreurs différentes. Nous pouvons définir le problème de repro-
ductibilité sur plusieurs niveaux.

1. La reproductibilité des résultats numériques quand les cal-
culs sont effectués en parallèle sur la même machine avec
un nombre de threads1 fixé.

2. La reproductibilité lorsque les calculs sont effectués sur la
même machine en faisant varier le nombre de threads.

3. La reproductibilité des résultats quand les calculs sont ef-
fectués sur des machines différentes.

Dans les 3 niveaux cités, l’ordre ou la sémantique des opéra-
tions flottantes peuvent changer d’une exécution à une autre. Ce
qui va engendrer la génération d’erreurs différentes. Pour cela
nous pourrons obtenir des résultats différents pour les mêmes
entrées du programme.

La reproductibilité des résultats est très importante pour com-
prendre le comportement d’un programme ou pour déboguer
des erreurs ou même pour faire la différence entre les bugs et
les erreurs numériques. Dans certains cas, la reproductibilité des
résultats est une condition nécessaire pour accepter qu’un pro-
gramme est correct. Pour cela elle est listée parmi les 10 premiers
défis de l’ordinateur exascale [38].
Des échecs liés au problème de reproductibilité sont dénoncés
dans plusieurs applications de simulation scientifique comme

• dynamique des fluides [51];

• simulation hydrodynamique [36];

• simulation d’énergie [66];

• modélisation climatique [23]; et en

• simulation dynamique moléculaire [61].

1 thread est utilisé pour nommer une séquence de calcul susceptible de
s’exécuter en parallèle
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Plusieurs solutions ont été proposées pour avoir des résul-
tats numériques reproductibles. Les bibliothèques de program-
mation parallèle comme OpenMP [63] et TBB [64] donnent la
possibilité d’ordonnancer les taches statiquement et exécuter les
réductions dans un ordre déterministe pour effectuer les opéra-
tions flottantes dans le même ordre et garantir des résultats re-
productibles. Par contre cette solution reste exposée au change-
ment de jeu d’instructions si les calculs sont effectués sur deux
processeurs différents. La bibliothèque MKL de Intel [31] va
un peu plus loin et donne la possibilité d’utiliser le même jeu
d’instructions sur deux processeurs différents avec la fonction-
nalité CNR [33] disponible sur la version 11.0 (ou plus récentes)
de la bibliothèque. L’inconvénient de cette solution est l’obligation
d’utiliser le même nombre de threads pour que les résultats
soient reproductibles. Cela va limiter les performances si un
code basé sur MKL est porté d’un processeur à un autre qui
à plus de coeurs ou un jeu d’instructions plus récent. D’autres
travaux consistent à améliorer la précision du résultat pour avoir
des résultats reproductibles [36, 66]. Cependant, cette technique
n’est pas une solution universelle et reste exposée au problème
de reproductibilité si les données sont mal conditionnées. Dem-
mel et Nguyen proposent de préarrondir les entrées pour com-
mettre toujours la même erreur et fournir le même résultat in-
dépendamment de l’ordre des opérations [12]. Ce qui garantit la
reproductibilité des résultats mais pas toujours la précision, en
particulier pour, une fois de plus, les problèmes mal condition-
nés. des travaux récents [9, 41] proposent des solutions pour cal-
culer une solution reproductible et correctement arrondie pour
résoudre à la fois les deux problèmes de reproductibilité et de
précision.

L’objectif de cette thèse est de fournir une implémentation re-
productible des BLAS (Basic Linear Algebra Subroutines). Les
fonctions de BLAS sont classées en 3 niveaux.

1. Le premier niveau définit les fonctions d’une complexité
O(n) (opérations vecteur-scalaire ou vecteur-vecteur).

2. Le deuxième niveau définit les fonctions d’une complexité
O(n2) (opérations matrice-vecteur).
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3. Le troisième niveau définit les fonctions d’une complexité
O(n3) (opérations matrice-matrice).

Nous proposons ici des solutions pour le premier et le deux-
ième niveau seulement. Nous nous intéressons à cette biblio-
thèque parce qu’elle est largement utilisée pour développer des
applications scientifiques. Fournir des BLAS reproductibles per-
mettrait de résoudre le problème de reproductibilité pour une
grande partie des applications qui en souffrent. De plus, lorsque
c’est possible, fournir une implémentation arrondie correctement
résout le problème de reproductibilité indépendamment de la
configuration matérielle (nombre de threads et architecture de
processeur). Cet objectif est atteignable pour une grande par-
tie des BLAS grâce aux algorithmes de sommation et transfor-
mations sans erreur. Nous étudions les algorithmes de somma-
tion pour implémenter des BLAS correctement arrondies avec
un minimum de surcoût en terme de temps d’exécution par rap-
port aux BLAS classiques. Nous prenons comme référence la bib-
liothèque Intel MKL qui fournit une implémentation des BLAS
extrêmement bien optimisée pour les architectures Intel.

0.2 arithmétique flottante

Le standard IEEE-754 [26] normalise la représentation, les opéra-
tions et les modes d’arrondi pour les nombres flottants. La représen-
tation des nombres flottants est basée sur la notation scientifique.
Un nombre flottant x s’écrit:

x = (−1)signe ×mantisse× 2exposant−biais,

Pour les trois formats binaires (binary32, binary64 et binary128)
introduits par le standard IEEE-754, les signe,mantisse et exposant
sont définis de la façon suivante.

• signe prend la valeur 0 pour les nombres positifs et 1 pour
les nombres négatifs.

• mantisse une chaine binaire:

mantisse = b0.b1b2...bm−1,
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où pour m la taille de la mantisse, soit:

– m = 24 pour binary32;

– m = 53 pour binary64; et

– m = 113 pour binary128.

Nous avons b0 = 1 pour les nombres flottants normalisés,
et b0 = 0 pour les nombres flottants dénormalisés (ou sous-
normaux). Pour cela, la partie fractionnelle seulement est
stockée en mémoire et la valeur de b0 est implicite.

• exposant définit le décalage de la virgule sur la mantisse
d’un nombre flottant. Les tableaux 2.1 et 2.2 montrent les
formats utilisés et comment calculer la valeur d’un nombre
flottant à partir de sa présentation binaire.

0.2.1 Modes d’arrondi

Quatre modes d’arrondi sont introduites par le standard IEEE-
754.

1. Arrondi au plus proche.

2. Arrondi dirigé vers zéro.

3. Arrondi dirigé vers le haut.

4. Arrondi dirigé vers le bas.

Dans ce qui suit, nous supposons que le mode d’arrondi par
défaut est l’arrondi au plus proche.

0.2.2 Arrondi correct et arrondi fidèle

Pour un nombre réel x, l’arrondi correcte de x est un nombre
flottant x̂ qui dépend du mode d’arrondi utilisée. Nous nous in-
téressons ici et dans toute cette thèse à l’arrondi au plus proche.
Donc l’arrondi correcte x̂ est le nombre flottant le plus proche
de x. Ainsi l’arrondi correct du x flottant est lui-même.
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Si x n’est pas flottant, les deux nombres flottant qui entourent
x sont tous les deux des arrondis dits fidèles de x. Par contre,
l’arrondi fidèle de x est aussi lui même si ce dernier est un flot-
tant.

0.2.3 Opérations flottantes

Le standard IEEE-754 exige que les opérations arithmétiques
de base (+,−,×, /,√) soient correctement arrondies. Même si
les entrées d’une opération sont des nombres flottants, le résul-
tat ne l’est pas nécessairement. Pour cela les opération flottantes
⊕,	,⊗,� remplacent respectivement les opérations mathéma-
tiques +,−,×, /.

Pour deux nombres flottants a et b, le résultat a⊕b est l’arrondi
correct de a+ b. De même pour les autres opérations 	,⊗ et �.

0.2.4 Erreurs d’arrondi

Les résultats fournis par des opérations flottantes sont générale-
ment des approximations des résultats exacts qui dépendent du
mode d’arrondi. La différence entre le résultat exact et le résul-
tat flottant est ce qu’on appelle l’erreur d’arrondi. Pour un résultat
exact x, et round(x) étant l’arrondi correcte de x, nous avons:

|x− round(x)| < u · |x| ,

ou u est l’unité d’arrondi définie telle que:

u = 2−m en arrondi au plus proche, ou

u = 21−m en arrondi dirigé.

On rappelle que m est le nombre de bits dans la mantisse de
round(x). La valeur |x− round(x)| est l’erreur absolue et cette
erreur peut être exprimé relativement à x avec la formule:

|x− round(x)|

|x|
6 u.
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La valeur de |x− round(x)| / |x| est l’erreur relative entre résultat
calculé et résultat exact.

0.2.5 L’élimination

L’élimination (cancellation) survient lors de la soustraction de
deux nombres flottants qui sont très proches. Sterbenz a démon-
tré [60] que pour a/2 6 b 6 2a la soustraction flottante de a
et b est exacte (a	 b = a − b). Donc l’élimination n’introduit
pas de nouvelles erreurs au calcul mais elle amplifie les erreurs
générées par les calculs précédents. En d’autres termes, l’élimination
augmente l’erreur relative de façon beaucoup plus significative
que l’erreur absolue.

0.2.6 Transformations sans erreur

Les transformations sans erreur sont des algorithmes qui nous
permettent de calculer les erreurs commises en effectuant des
opérations flottantes. En arrondi au plus proche, pour deux nom-
bres flottants a et b, les deux algorithmes TwoSum et FastTwoSum
(regardez les algorithmes 2.3 et 2.2) peuvent être utilisés pour
calculer s et e tel que:

s = a⊕ b,

a+ b = s+ e.

L’algorithme FastTwoSum requiert la condition |a| > |b| pour
garantir la transformation sans erreur. Toutefois, les deux en-
trées a et b peuvent être permutées pour vérifier que |a| > |b|.

Pour deux nombres flottants a et b, les algorithmes TwoProd
et 2MultFMA (algorithmes 2.6 et 2.7) calculent p et e tel que:

p = a⊗ b,

a× b = p+ e.

2MultFMA effectue moins d’opérations flottantes que TwoProd
et il est par conséquent plus efficace. Mais il est basé sur l’instruction
FMA (Fused Multiply and Add) qui n’est pas disponible sur
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tous les processeurs.

0.3 sommation et blas

Nous présentons dans cette section nos algorithmes pour des
sommations et des BLAS reproductibles. Les solutions proposées
fournissent des résultats qui ne dépendent ni du nombre de
threads, ni de l’architecture du processeur. La précision des ré-
sultats est aussi très importante. Pour cela, nous assurons l’arrondi
au plus proche lorsque c’est possible. Autrement, nos algorithmes
fournissent des résultats plus précis que les algorithmes clas-
siques.

0.3.1 Précision et reproductibilité de la sommation

Soit p un vecteur de nombres flottants, et leurs sommes exacte
et calculée S =

∑n
i=1 pi et Ŝ = p1⊕p2⊕ ...⊕pn. Muller et al. rap-

pellent dans [40] que l’erreur relative sur Ŝ est majorée comme
suit: ∣∣∣S− Ŝ∣∣∣

|S|
6 γn−1 ·

∑n
i=1 |pi|

|
∑n
i=1 pi|

,

où

γn =
nu

1−nu
.

Donc l’erreur relative dépend de n la taille du vecteur p, la
précision machine u et le conditionnement de la somme défini
par la formule

cond

(
n∑
i=1

pi

)
=

∑n
i=1 |pi|

|
∑n
i=1 pi|

.

0.3.2 Somme correctement arrondie

Pour la somme séquentielle, nous avons étudié les algorithmes
déjà disponibles et observé que iFastSum [69] est plus efficace
en terme de temps de calcul pour des petits vecteurs (< 5000),
tandis que OnlineExact [70] doit être préféré pour des grands
vecteurs. Les deux algorithmes calculent l’arrondi au plus proche
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de la somme, mais de deux façons différentes.

Somme séquentielle

L’algorithme iFastSum repose sur la distillation (expliquée
dans la section 3.4.1) pour effectuer des transformations sans er-
reur sur le vecteur d’entrée et utiliser répétitivement la somme
des erreurs pour améliorer la précision du résultat. Le nom-
bre d’itérations effectuées par iFastSum dépend du condition-
nement du problème. Comme tous les algorithmes basés sur la
distillation, iFastSum est plus efficace quand le vecteur d’entrée
tient dans le cache du processeur. Autrement, le coût de recharger
les données de la mémoire à chaque raffinement va significative-
ment augmenter le temps d’exécution pour cet algorithme. Plus
de détails sur cet algorithme sont présentés dans la section 3.4.1.

De l’autre côté OnlineExact est basé une approche différente.
Il utilise aussi iFastSum pour calculer l’arrondi correct de la
somme, mais après avoir réduit la taille du vecteur. Pour cela,
OnlineExact accumule dans un même accumulateur les entrées
qui ont le même exposant. Les accumulateurs sont simulés avec
deux nombres flottants standards. OnlineExact utilise un ac-
cumulateur pour chaque valeur possible de l’exposant. Pour le
format binary64, le vecteur d’entrée p est ainsi transformé sans
erreur en un vecteur C de 4096 nombres flottants (2048 accu-
mulateurs de 2 nombres flottants chacun). Un vecteur de cette
taille (32kb) tiendrait au moins dans le cache L2 des processeurs
actuels. Notez que l’algorithme OnlineExact ne fait qu’un seul
passage sur le vecteur d’entrée pour le transformer sans erreur à
un vecteur qui tient dans le cache, et sur lequel nous allons appli-
quer un algorithme de sommation itératif. Cette solution est très
efficace pour les grands vecteurs, mais nous utilisons iFastSum
directement pour des petits vecteur pour ne pas payer le coût de
transformation sans réduire significativement la taille du vecteur.
Nous décrivons l’algorithmeOnlineExact avec quelques légères
modifications pour des raisons d’optimisation dans la section 4.2.2.
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Somme parallèle

Nous décrivons notre algorithme de sommation parallèle cor-
rectement arrondie en trois étapes comme le montre la figure 0.1.

Th
re

ad
2

[
]

T
hr

ea
d

1

[
]

p

[
]C’

[
]

C’

exp accumulate

exp accumulate

[
]T

[
]

T

distillation

distillation

∪

[
]C

result
iFastSum(C)

Étape 1 Étape 2 Étape 3

Figure 0.1: Algorithme parallèle pour la sommation correctement
arrondie (le vecteur p est distribué sur les threads, ici nous

montrons un exemple avec deux threads)

étape 1 Dans cette étape, le vecteur d’entrée est divisé entre
les threads. Chaque thread fait une transformation sans erreur
sur sa partie locale du vecteur. Le but de cette première étape
est de réduire la taille de vecteur en entrée. Cela est fait en util-
isant la transformation de OnlineExact expliquée dans la sec-
tion précédente. Le résultat de cette étape est un vecteur local C ′

de taille 4096.

étape 2 Cette étape applique un algorithme de distillation
sur le vecteur C ′ généré par l’étape précédente pour transformer
les données locales en somme de nombres flottants qui ne se
chevauchent pas. Si la taille du vecteur local est suffisamment
petite, on peut sauter la première étape et faire directement la
distillation pour transformer le vecteur en somme de flottants
qui ne se chevauchent pas. La figure 0.1 montre que le résultat
de cette étape est écrit dans le vecteur T . La taille de ce dernier
dépend du range d’exposant de l’entrée. Dans le pire des cas
pour le format binary64, cette taille est limitée à 39 nombre flot-
tant: la range d’exposants supportés par le format (2048) divisés
par la taille de la mantisse (53).
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étape 3 Dans cette dernière étape, nous effectuons une opéra-
tion d’union pour rassembler tous les vecteurs locaux T dans un
seul vecteur C. Jusque là, toutes les opérations effectuées sont
des transformations sans erreur. Ce qui garantit que

n∑
i=1

pi =

m∑
j=1

Cj.

Donc il suffit d’utiliser iFastSum en séquentiel pour calculer
l’arrondi correct de C.

0.3.3 Premier niveau des BLAS

Après avoir expliqué notre algorithme de sommation nous
passons maintenant aux BLAS. Dans cette section, nous nous
intéressons au premier niveau des BLAS. Des solutions repro-
ductibles sont proposées pour le produit scalaire (dot), la norme
euclidienne (nrm2) et la somme des valeurs absolues (asum).

Produit scalaire correctement arrondi

Le produit scalaire de deux vecteurs x et y de taille n est défini
par la formule:

S =

n∑
i=1

xi · yi.

Pour chaque i, nous utilisons TwoProd ou 2MultFMA pour
calculer pi et ri tel que:

xi · yi = pi + ri.

Cela implique

n∑
i=1

xi · yi =
n∑
i=1

pi +

n∑
i=1

ri =

2n∑
i=1

qi,

où qi = pi et qn+i = ri. Donc le produit scalaire de deux
vecteurs de taille n est transformé sans erreur en une somme
d’un vecteur de taille 2n. Toutes les multiplications xi × yi sont
indépendantes et donc peuvent être effectuées en parallèle. L’algorithme
de sommation présenté dans la section 0.3.2 est ensuite utilisé
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pour calculer la somme du vecteur q.

Norme euclidienne fidèlement arrondie

La norme euclidienne d’un vecteur p est définie par la la for-
mule (

n∑
i=1

p2i

)1/2
.

La somme
∑n
i=1 p

2
i est correctement arrondie en utilisant le

produit scalaire présenté dans la section précédente pour multi-
plier le vecteur p par lui même. Ensuite, nous calculons la racine
carrée de cette somme pour avoir une norme euclidienne fidèle-
ment arrondie [21].

Malheureusement, notre algorithme n’assure pas un résultat
correctement arrondi. Cependant, ce dernier est reproductible
en plus d’être fidèlement arrondi parce qu’il dépend d’un pro-
duit scalaire reproductible (correctement arrondi) et une opéra-
tion de racine carrée qui est aussi reproductible et correctement
arrondie comme le garantit le standard IEEE-754.

La somme des valeurs absolues

Le même algorithme de sommation introduit dans la section 0.3.2
pourrait être aussi utilisé pour calculer la somme des valeurs ab-
solues (asum) d’un vecteur p. Néanmoins, la somme des valeurs
absolues est un problème qui est bien conditionné et ne né-
cessite pas un algorithme aussi compliqué et coûteux pour at-
teindre les objectifs de notre bibliothèque. Nous allons plutôt
utiliser un algorithme de sommation compensée pour améliorer
la précision du résultat, et cela est généralement suffisant pour
avoir un résultat correctement arrondi. Nous utilisons pour cela
l’algorithme Sum2 [44]. La version séquentielle de ce dernier est
introduite dans [44], tandis que la version parallèle est présentée
dans [68]. Sum2 effectue la somme d’un vecteur p en remplaçant
l’opération de la somme ⊕ par l’algorithme TwoSum qui calcul
et écrit les erreurs générées dans un autre vecteur p ′ (le vecteur
p peut être écrasé si nécessaire). Ensuite, la somme du vecteur
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p ′ est utilisée pour raffiner le résultat.

Nous introduisons un petit changement à l’algorithme Sum2.
Lorsque la somme de p ′ est effectuée, nous définissons une valeur
maximale pour l’erreur générée en fonction des valeurs intermé-
diaires de cette somme. Cela nous permettra de savoir si le ré-
sultat compensé est correctement arrondi ou pas. Si ce résultat
est correctement arrondi, il est retourné par notre asum. Sinon,
il est jeté et notre algorithme de sommation présenté dans la sec-
tion 0.3.2 est alors utilisé pour calculer un résultat correctement
arrondi. Notre approche est présentée avec plus de détails dans
la section 5.4.

0.3.4 Deuxième niveau des BLAS

Dans cette section, nous introduisons nos solutions pour as-
surer la reproductibilité du deuxième niveau des BLAS. Des so-
lutions reproductibles sont proposées pour la multiplication ma-
trice vecteur (gemv) et la résolution des systèmes triangulaires
(trsv).

Multiplication matrice vecteur correctement arrondie

La multiplication matrice vecteur des BLAS 2 est définie par
l’expression

y = αA · x+βy,

où A est une matrice de m lignes et n colonnes, x est un vecteur
de taille n, y est un vecteur de taille m et α et β sont deux
nombres flottants. Notre objectif est de garantir que tous les élé-
ments de y sont correctement arrondis. Donc pour chaque i, il
faut assurer que

yi = αa
(i) · x+βyi

est correctement arrondi, où yi est le ime élément de y et a(i)

est la ime ligne de A. Pour cela nous utilisons l’algorithme décrit
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par les trois étapes suivantes.

étape 1 Premièrement, le produit scalaire a(i) · x est trans-
formé sans erreur en somme de nombres flottants qui ne se
chevauchent pas. Pour cela, nous utilisons d’abord TwoProd ou
2MultFMA pour transformer ce produit scalaire en une somme.
Ensuite, nous appliquons le même algorithme décrit pour la
somme parallèle correctement arrondie (étapes 1 et 2 de l’algorithme
de somme parallèle dans la section 0.3.2). Le résultat de cette
étape est écrit dans un vecteur T d’une taille maximale limité à
39 dans le pire des cas.

étape 2 Tous les éléments du vecteur T générés par l’étape
précédente sont multipliés par α, et yi est multiplié par β en
utilisant TwoProd ou 2MultFMA pour que la transformation
soit sans erreur. Cela écrit tous les résultats de la multiplication
et les erreurs associées dans un seul vecteur T2.

étape 3 Jusqu’ici, αa(i) · x+βyi a été transformé sans erreur
en un vecteur T2. Donc finalement, il suffit d’utiliser iFastSum
pour calculer la somme arrondie correctement de T2.

La version parallèle de cet algorithme calcule plusieurs yi
en utilisant plusieurs threads après avoir décomposé la matrice
comme le montre la figure 0.2. Pour p threads, A est décomposé
en p blocs tel que chaque bloc contient m/p lignes, y est aussi
décomposé en p sous-vecteurs, tandis que x est atteignable par
tous les threads.

Résoudre un système triangulaire

Pour T une matrice triangulaire carrée de taille n et b un vecteur
de n nombre flottants, résoudre un système triangulaire consiste
à trouver le vecteur x tel que Ax = b. Nous supposons ici que
la matrice T est une matrice triangulaire inférieure inversible.
Les éléments de x peuvent être calculés en utilisant la formule
suivante
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A x y

A(3)

A(2)

A(1)

A(0)

y3

y2
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· =

-

-

-

-

-

Figure 0.2: Algorithme parallèle pour la multiplication
matrice-vecteur correctement arrondie (exemple avec 4

threads)

xi = (bi −

i−1∑
j=1

tij · xj)/tii pour i = 1...n,

Notez que avant de calculer xi, tous les éléments xj où j < i

doivent être calculés. Cela crée une dépendance entre chaque xi
et les éléments précédents. L’algorithme séquentiel 6.2 peut être
utilisé pour calculer x. Une version parallèle de cet algorithme a
été présentée dans [25]. Elle consiste à décomposer la matrice T
en blocs comme le montre la figure 0.3. Chaque bloc trsv dépend
des blocs gemv de la même ligne, et les blocs gemv dépendent
du trsv de la même colonne.

Les blocs trsv sont exécutés en séquentiel tandis que les blocs
gemv sont exécutés en parallèle. La source principale de la non-
reproductibilité numérique pour trsv est la non-associativité de
l’addition dans le produit scalaire

∑i−1
j=1 tij ·xj. Les versions séquen-

tielle et parallèle exécutent cette accumulation avec un ordre dif-
férent, ce qui va générer des erreurs différentes et donc fournir
des résultats non reproductibles. Nous proposons deux approches
différentes pour résoudre le problème dans ce cas. (1) la pre-
mière solution consiste à calculer l’arrondi correct de l’expression
bi −

∑i−1
j=1 tij · xj pour garantir la reproductibilité indépendam-

ment de l’ordre des opérations. Pour cela nous avons utilisé
l’algorithme HybridSum [69] (qui est similaire à OnlineExact
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TRSV

TRSVGEMV

TRSVGEMV GEMV

TRSVGEMV GEMV GEMV

Figure 0.3: Résoudre un système triangulaire en parallèle et exemple
de dépendances entre les blocs trsv et gemv

mais demande moins d’espace mémoire, plus de détails dans la
section 3.4.6). (2) la deuxième solution qui se base sur les nom-
bres flottants indexés introduits dans [12] est présentés dans la
section 3.5.3. Le résultat d’accumulation d’un vecteur de nom-
bres flottants dans un nombre indexé est toujours reproductible
indépendamment de l’ordre des opérations. Contrairement à la
première approche, ici nous n’améliorons pas la précision de cal-
cul, mais nous utilisons des raffinements itératifs après la résolu-
tion. Nous rappelons que les étapes du processus de raffinement
itératif sont les suivantes.

1. Calculer une solution approchée x̂.

2. Calculer le résidu r = b− Tx̂.

3. Calculer la solution du système (T , r) pour avoir un terme
correctif d.

4. Mettre à jour x̂ = x̂+ d.
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5. Répéter depuis l’étape 2 si la solution n’est pas suffisam-
ment précise (dépend de la condition d’arrêt).

Plus de détails sur ces deux approches sont présentés dans la
section 6.3.1.

0.4 résultats expérimentaux

Cette section compare nos solutions pour la sommation et
pour des BLAS reproductibles aux autres solutions disponibles.
Nous prenons les solutions fournies par la bibliothèque MKL
comme référence de temps d’exécution, et une implémentation
MPFR comme référence pour la précision. Nous comparons la
qualité numérique des résultats dans un premier temps. Ensuite
nous analysons le surcoût de nos solutions par rapport à MKL
sur des architectures Intel.

0.4.1 Précision

Les résultats numériques fournis par nos solutions sont d’une
part comparés aux algorithmes classiques, et d’un autre côté aux
autres solutions reproductibles. Pour la somme, nous consid-
érons les trois algorithmes ReprodSum [11], FastReprodSum [11]
etOneReduction [13] (présentés en détail dans les sections 3.5.1,
3.5.2 et 3.5.4 respectivement). Pour le produit scalaire, la multi-
plication matrice-vecteur et la résolution des systèmes triangu-
laires, nous considérons seulement des solutions basées sur 1-
Reduction et que nous appelonsOneReductionDot,OneReductionGemv
et OneReductionTrsv.

Nous testons les différentes solutions avec une taille de prob-
lème fixe et un nombre de conditionnement variable. La somme
des valeurs absolues et la norme euclidienne ne sont pas incluses
dans ce test parce que leur conditionnement ne peut pas être
augmenté. Les algorithmes utilisés pour générer des instances
avec des conditionnements différents sont présentés dans l’annexe B
(section B.4.1 pour la sommation et le produit scalaire, section B.4.2
pour la multiplication matrice vecteur et section B.4.3 pour les
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systèmes triangulaires).

précision de la somme Pour la somme, la figure 4.6 com-
pare la précision de notre algorithme de sommation Rsum à la
somme classique et aux autres solutions reproductibles. Nous
montrons sur l’axe des X le log en base 10 du conditionnement
du problème et sur l’axe des Y le log en base 10 de l’erreur rel-
ative. La taille du vecteur est fixée à 105 pour toutes les entrées.
L’erreur relative est calculée par rapport au résultat de la somme
calculée avec la bibliothèque MPFR.
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Figure 0.4: Précision de la somme (taille de vecteur n = 105)

Comme prévu, la précision de la somme classique dépend en
grande partie du conditionnement du problème. À cette taille,
pour des conditionnements supérieurs à 1015, l’erreur relative
est supérieures à 1. Ce qui signifie que le résultat ne contient au-
cun chiffre significatif. Notre algorithme Rsum donne toujours
des résultats correctement arrondis, et l’erreur relative est tou-
jours inférieure à u ≈ 10−16. Les autres solutions reproductibles
sont plus précises que la somme classique mais elles dépendent
toujours du conditionnement; ce qui rend leur utilisation diffi-
cile à justifier pour des problèmes mal conditionnés.
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précision du produit scalaire Nous avons limité nos
tests ici à des conditionnements inférieurs à 1016 et nous avons
aussi exclu les deux algorithmes ReprodSum et FastReprodSum
parce que 1-Reduction est censé améliorer ces derniers.
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Figure 0.5: Précision du produit scalaire (taille de vecteur n = 105)

Nous avons aussi le même comportement que pour la somme.
Notre algorithme Rdot assure que le résultat est correctement
arrondi, tandis que la précision du produit scalaire de MKL
dépend du conditionnement. OneReductionDot reste un peu
plus précis que MKLDot.

précision du la multiplication matrice-vecteur La
multiplication matrice-vecteur s’appuie sur le produit scalaire.
Il est donc tout à fait normal qu’elle exhibe le même comporte-
ment. Notre implémentation donne toujours des résultats cor-
rectement arrondis, alors que les résultats de la multiplication
matrice-vecteur de MKL et celle basée sur 1-Reduction dépen-
dent du conditionnement.

précision de la résolution des systèmes triangulaires

Nous présentons ici deux mesures de précision pour chaque al-
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Figure 0.6: Précision de la multiplication matrice-vecteur

gorithme. Pour une solution calculée x̂, nous considérons l’erreur
relative évaluée avec la relation

‖ x̂− x̃ ‖∞ / ‖ x̃ ‖∞,

tel que x̃ est la solution de référence calculée en utilisant la bib-
liothèque MPFR, et le résidu normalisé par b est calculé avec la
formule

‖ b−Ax̂ ‖∞ / ‖ b ‖∞ .

Nous avons aussi inclus la fonction trsv de la bibliothèque
XBLAS [37] qui effectue toutes les opérations en double préci-
sion. Elle nous servira comme référence pour estimer la préci-
sion de nos solutions.

Nous avons expliqué que nous proposons deux algorithmes
différents pour la résolution des systèmes triangulaires. Le pre-
mier algorithme Rtrsv calcule l’arrondi correct de l’expression
bi−

∑i−1
j=1 tij · xj, alors que le second la calcule d’une façon repro-

ductible et ensuite améliore la précision avec des raffinements
itératifs.
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Figure 0.7: Précision de la résolution des systèmes triangulaires (taille
du système = 1000)

La figure 0.7 montre les résultats de précision pour tous les
algorithmes testés. Nous montrons sur l’axe des X dans les deux
figures 0.7a et 0.7b le log (en base 10) du conditionnement. L’axe
des Y, montre montre le log (en base 10) de l’erreur relative sur
la figure 0.7a, et le log (en base 10) du résidu normalisé sur la
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figure 0.7b.

Comme on l’a vu pour les fonctions précédentes, l’erreur rela-
tive de la solution fournie par MKLTrsv augmente linéairement
avec le conditionnement. Le même comportement est observé
pour OneReductionTrsv et Rtrsv. Cela implique que calculer
l’arrondi correct de bi −

∑i−1
j=1 tij · xj n’améliore pas forcement

la précision de la solution. Par contre, la solution qui réalise
des raffinements itératifs fournit les même résultat que MPFR
pour des conditionnement inférieurs à 1012, et une erreur rela-
tive inférieure à u pour des conditionnement inférieurs à 1013.
XBLASTrsv montre aussi le même comportement, mais il est un
peu plus précis pour des grands conditionnements.

La figure 0.7b montre que le résidu de la solution calculée ne
dépend pas du conditionnement mais dépend principalement
de l’algorithme utilisé. Les plus grands résidus sont donnés par
MKLTrsv. Rtrsv assure des petites valeurs pour ce résidu alors
que pourtant il calcule des solutions presque aussi précises que
celles de MKLTrsv, Les trois autres algorithmes testés donnent
des résidus d’une qualité intermédiaire entre ceux de Rtrsv et
ceux de MKLTrsv.

Il est bien connu qu’un petit résidu n’implique pas forcément
une meilleure précision [20]. Pour une solution calculée x̂, un
petit résidu signifie que Ax̂ prédit b précisément, tandis qu’avoir
une meilleur précision exige que x̂ soit proche de la solution
exacte x. Pour deux solutions calculées x̂1 et x̂2, il est possible
que ‖ x̂1 − x ‖∞ > ‖ x̂2 − x ‖∞ alors que ‖ Ax̂1 − b ‖∞ < ‖
Ax̂2 − b ‖∞.

0.4.2 Temps d’exécution

Assurer la reproductibilité et améliorer la précision nécessite
l’utilisation d’algorithmes qui sont compliqués, et qui introduisent
plus d’opération. Ce qui à priori engendre un énorme surcoût
en terme de complexité. Mais en pratique, un algorithme qui
fait plus d’opérations n’est pas forcement plus lent. Nous avons
testé nos solutions pour la sommation et les BLAS sur plusieurs
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environnements différents. Nos tests ont été effectués sur une
station de travail, un accélérateur Intel Xeon Phi et un super
calculateur (seul le produit scalaire a été testé sur ce dernier).
Pour plus d’informations sur l’environnement de test regardez
le tableau B.1. Notre méthodologie est expliquée en détail dans
l’annexe B. Le temps d’exécution a été mesuré en cycles en util-
isant l’instruction assembleur RDTSC.

Les figures 0.8, 0.9, 0.11, 0.12, 0.13 et 0.14 montrent respective-
ment le surcoût de nos algorithmes de somme, produit scalaire,
norme euclidienne, somme des valeurs absolues, multiplication
matrice-vecteur et résolution des systèmes triangulaires chacun
comparé par rapport à MKL sur les deux environnements A et
B. La figure 0.10 montre la scalabilité du produit scalaire sur un
super calculateur à mémoire distribuée.

Le tableaux 0.1 récapitule le surcoût de ces derniers par rap-
port à MKL sur les trois environnements testés.

Séquentiel parallèle
CPU

super
calculateur

Xeon
Phi

somme 4× 1× N.D. 6×
dot 4.5× 1× 1× 4×
nrm2 8× 2× N.D. 7×
asum (worst) 1.5 (7)× 1 (2)× N.D. 2 (8)×
gemv 8× 2× N.D. 7×
trsv 25-30× 8-10× N.D. 3-4×

Table 0.1: Le surcoût de nos solutions par rapport à MKL

0.5 conclusion

Obtenir des résultats reproductibles dans un environnement
massivement parallèle est très important pour les calculs sci-
entifiques. Nous avons présenté dans cette thèse quelques so-
lutions pour assurer la reproductibilité numérique en parallèle.
Une implémentation reproductible et précise des BLAS a été pro-
posée. Les BLAS sont largement utilisées pour développer des
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Figure 0.8: Sommation (Cond = 108)
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Figure 0.9: Produit scalaire (Cond = 10
8)
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Figure 0.11: Norme euclidienne
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Figure 0.12: Somme des valeurs absolues
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Figure 0.13: Multiplication matrice-vecteur (Cond = 10
8)
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applications de simulation et calcul scientifique. Alors, fournir
une implémentation reproductible et précise des BLAS aidera les
développeurs à assurer que leurs applications se comportent de
même façon indépendamment de l’environnement d’exécution.
Nous rappelons les objectifs de notre implémentation des BLAS:

• Reproductibilité : la reproductibilité des résultats jusqu’au
dernier bit.

• Précision: les résultats fournis par notre bibliothèque doivent
être plus précis que ceux fournis par les BLAS classiques.

• Efficacité: Un surcoût minimal par rapport aux BLAS clas-
siques et optimisées.

Des approches différentes ont été utilisées selon la nature du
problème abordé. Les transformations sans erreur et les algo-
rithmes de sommation correctement arrondie nous permettent
d’implémenter un produit scalaire et une multiplication matrice-
vecteur correctement arrondis ainsi qu’une norme euclidienne
fidèlement arrondie. Pour la somme des valeurs absolues nous
avons utilisé l’algorithme Sum2 qui assure l’arrondi correct dans
la majorité des cas. Et finalement, pour les systèmes triangu-
laires, nous nous appuyons sur un algorithme de somme repro-
ductible pour faire les calculs et les raffinements itératifs et as-
surer à la fois la reproductibilité et la précision du résultat. Mal-
heureusement, nos approches ne sont à priori pas convenables
pour le troisième niveau des BLAS à cause du surcoût mémoire
qu’elles nécessitent. Pour cela, nous avons présenté des solutions
pour les deux premiers niveaux seulement.

Le tableau 0.1 récapitule le surcoût de notre bibliothèque par
rapport à MKL. Ce dernier varie entre 1 et ×30. Dans les cas
où le surcoût est acceptable pour l’utilisateur, notre bibliothèque
pourrait facilement remplacer les BLAS classiques qui ne garan-
tissent ni la reproductibilité ni la précision. Par contre, si le sur-
coût est trop élevé, l’utilisation de notre bibliothèque restera lim-
itée au débogage et la validation des applications seulement, ou
pour des applications dont la reproductibilité ou la précision des
résultats est une forte exigence.
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1
I N T R O D U C T I O N

Supercomputer computational power is increasing exponentially.
Given this trend, exascale computing, i.e. 1018 floating-point op-
erations per second is likely to be reached before 2020. Since
the CPU clock speed is hitting energy and heat walls, it can
no more be increased efficiently. The computational power of
recent computers is increased by several sophisticated architec-
tural improvements supporting more ILP (Instruction Level Par-
allelism), refining instruction sets to introduce fused operations
(like Fused Multiply and Add) and larger registers for SIMD
(Single Instruction Multiple Data) instructions, or by using a
huge number of processors and perform parallel computations
using a lot of threads or processes.

The growth of this computational power allows us to solve
more and more complex problems. However it also increases the
amount of rounding errors, their propagation and possibly their
maleficent effects. Tasks are likely to be scheduled dynamically
to balance irregular workload. Therefore, repeated runs of the
same program on the same input would not perform operations
in the same order. Due to round off errors, non-associativity of
floating-point addition and dynamic behavior in massively par-
allel systems, numerical reproducibility and accuracy of large
scale scientific simulations are becoming critical issues; exam-
ples are presented in Section 1.1. In this thesis, we focus in partic-
ular on accuracy and numerical reproducibility of parallel BLAS
which is ubiquitous in scientific computing.

We define numerical reproducibility as getting the same result
up to the last bit from multiple runs of the same program for
the same input. The main source of non-reproducibility is the
non-associativity of floating-point addition. Furthermore, vari-
ous factors can change the order and/or the semantic of floating-
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point operations. It is informative to distinguish 3 levels for non-
reproducibility problem.

1. Obtaining reproducible results for a given processor with
the same number of threads
In parallel environments, dynamic task scheduling and non
deterministic reductions are employed to balance work-
loads dynamically and reduce the running time. However,
they introduce a non-deterministic behavior that might mod-
ify the operation order from one run to another even if the
same number of threads is used.

2. Obtaining reproducible results for a given processor with
different thread configurations
Even on the same processor, running a program with dif-
ferent numbers of threads would also change data distri-
bution, and therefore changes the operation order, which
leads to non-reproducible numerical results.

3. Obtaining reproducible results for different processors
with different architectures
Another factor that might influence numerical results is the
processor architecture and the supported instruction set.
Some instructions are supported on some processors only,
register and floating-point unit sizes for SIMD operations
also vary from one processor to another, which leads to
change operation order. Therefore, porting even a serial
source code across different architectures would lead to
binaries that generate different results for the same input
data.

There are other potential sources of non-reproducibility. For
example compiling the same source with different compilers, dif-
ferent compiler versions, different compiler flags or linking with
different math libraries would also lead to non-reproducible re-
sults. However, most of these compiler dependencies are beyond
the scope of our work and corresponds to classical (but not sim-
ple) porting issues. We consider only the case where we control
the compiler flags and prevent the use of aggressive optimiza-
tions, especially those that are opaque and not documented.
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1.1 motivation

Obtaining reproducible results in parallel is already a challenge
on today’s computers. Issues have been reported in fluid dy-
namics [51], hydrodynamics [36] and energy [66] simulations,
climate modeling [23], GPU accelerated molecular dynamic sim-
ulations [61] and a lot of other scientific applications. Numerical
reproducibility is very important for debugging since it is very
hard to differentiate numerical errors and implementation errors
if the results are not reproducible. Published results should also
be reproducible so they can be replicated and studied carefully.
Numerical reproducibility is listed as one of the top ten chal-
lenges for future exascale supercomputers and it is even consid-
ered in some cases as a measure of code correctness [38].

1.2 how to ensure numerical reproducibility

In response to non-reproducibility failures, several techniques
have been proposed. The most prevalent ones are presented
here.

• Deterministic Behavior
This technique ensures that the order of operations does
not change from one run to another. For this, data should
be statically scheduled, parallel reductions have to be de-
terministic and the used instruction set should be the same
even on different processors. Parallel programming libraries
as OpenMP [63] and TBB [64] implement static scheduling
and deterministic reductions. Intel MKL library [31] start-
ing with its 11.0 release has introduced the CNR (Condi-
tional Numerical Reproducibility) [33] feature that allows
users to specify the used instruction set for its functions.
Therefore the same instruction set could be used for differ-
ent architectures to ensure reproducible results. The draw-
back of this technique is that the number of threads and
the used instruction set should remain the same between
different runs for the data to be scheduled in the same way.
This defeats the purpose of using more recent processor
and leads to a significant performance drop if such imple-
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mentation is ported to a processor with more cores or with
a more recent instruction set.

• Improving Result Accuracy
It might solve the reproducibility problem for a specific
application [36] and is not considered as a generic solu-
tion. Higher accuracy could be achieved either by using
more accurate algorithms [44, 55] or using higher preci-
sion. Note that even for improved accuracy, the result still
depends on operation order. Therefore, if the problem is ill
conditioned this technique does not recover the full bitwise
reproducibility, yet by improving accuracy, even if results
are not exactly reproducible the difference is small enough
to trust the program [66].

• Deterministic Error
Demmel and Nguyen [12] came up with this technique that
consists in pre-rounding the inputs to commit the same
errors in any different run configuration. The sum of pre-
rounded inputs is exact independently from the order of
operations. Therefore the result is the same for any order
and does not depend on thread configuration nor register
size. Despite ensuring numerical reproducibility, this solu-
tion does still have accuracy issues, especially when the
problem is ill conditioned. This solution is explained in
more details in chapter 3.

• Correctly Rounded Results
Recent works [9, 41] present different algorithms to cal-
culate correctly rounded parallel sum. Although, the au-
thors tackle the problem using different approaches, they
agree on the fact that parallel correctly rounded summa-
tion can be performed at minimal or even no extra-cost
compared to classical summation. Being unique, provid-
ing the correctly rounded results systematically solves the
reproducibility problem.
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1.3 our goal

Our work does not focus on one specific application. A paral-
lel library that ensures reproducible results independently from
the running environment is provided instead. We choose to im-
plement reproducible BLAS (Basic Linear Algebra Subroutines)
since this library is commonly used to develop high quality sci-
entific applications. Note also that most major hardware man-
ufacturers provide their own BLAS implementations that are
very well optimized for their architectures. We mention here In-
tel MKL library [31], ACML [2] provided by AMD, ESSL [18]
which is optimized for IBM architectures and cuBLAS [72] from
Nvidia. Therefore, relying on BLAS allows developers to imple-
ment portable and efficient applications with minimal effort. Pro-
viding reproducible BLAS implementation that return the same
results independently from the running environment would solve
the reproducibility problem or at least improve result reproducibil-
ity in most applications that rely on BLAS: It suffices to link the
application with our library which of course provides the same
interface. We define next the goals that should be satisfied by
such a reproducible BLAS implementation, and that will be ours
in this work.

• Bitwise Numerical Reproducibility
Whenever a subroutine is called with the same input data
it should always provide the bitwise identical result. The
only requirement is that the running environment should
implement the IEEE-754 standard for floating-point arith-
metic [26].

• Maximum Accuracy
Computing a non-accurate answer is hard to justify even
if it is reproducible. We aim at providing a reproducible
answer with maximum accuracy. The correctly rounded re-
sult is provided when possible. However, for some BLAS
routines (like triangular solver) it is very hard if not im-
possible to ensure that the result is the correctly rounded
value of the solution. Therefore, when correctly rounded
results can not be provided we ensure at least that our sub-
routines besides being reproducible are more accurate than
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classical implementations. More details about our BLAS ac-
curacy are given in Chapters 5 and 6.

• Running Time Performance
In this scope, running time is as important as result ac-
curacy. Since most BLAS implementations are focused on
performance, our implementation should be competitive
enough to be actually useful in practice. So, we try to en-
sure maximum performance without compromising the re-
sult accuracy.

1.4 contributions

The aim of this work is to provide a reproducible BLAS imple-
mentation. BLAS functions are classified into 3 levels.

1. The level 1 BLAS contains functions of O(n) complexity
(scalar-vector and vector-vector operations).

2. The level 2 BLAS contains functions of O(n2) complexity
(matrix-vector operations).

3. The level 3 BLAS contains functions of O(n3) complexity
(matrix-matrix operations).

We focus in this work on level 1 and level 2 subroutines. Since
most reproducibility problems in BLAS are originated from the
non-associativity of floating-point summation we design first
a parallel correctly rounded summation algorithm. Afterwards,
we rely on this latter to implement reproducible, correctly or
faithfully rounded level 1 BLAS for shared memory parallel sys-
tems. Our first results are published in [6]. Then, our approach is
extended to level 2 BLAS. We provide implementations for both
distributed memory parallel systems and Intel Xeon Phi acceler-
ator to validate our approach on different environments. These
latter cover all platforms that are significant of today’s practice
of floating-point computing. These results have been published
in [8, 7].
This document is organized as following.
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chapter 2 : In this chapter we present the basic concepts
about floating-point numbers and their main properties as for-
mats, rounding modes and hardware implementations. Some
advanced concepts about error-free transformations are also pre-
sented.

chapter 3 : This chapter focuses on summation and explain
the source of numerical reproducibility problem. Existing solu-
tions to obtain numerical reproducibility are also addressed in
more details.

chapter 4 : We present in this chapter our correctly rounded
summation algorithm. We study its accuracy and its performance
on CPU and on Xeon Phi accelerator. Our summation algorithm
is also compared to other available solutions in different scenar-
ios to exhibit the advantages and the drawbacks of each solution.

chapter 5 : In this chapter, parallel, reproducible and accu-
rate algorithms are introduced for level 1 BLAS. The addressed
subroutines are the dot product (dot), the sum of absolute values
(asum) and the euclidean norm (nrm2). Our implementation en-
sures correctly rounded dot and asum, while for nrm2 we ensure
that the result is faithfully rounded besides being reproducible.

chapter 6 : The last chapter of this document deals with
level 2 BLAS. we focus on the two subroutines: matrix-vector
multiplication (gemv) and triangular solver (trsv). We rely on
the dot product from the previous chapter to implement a cor-
rectly rounded gemv.

For trsv unfortunately we do not ensure that the result is cor-
rectly rounded. However we show that it is reproducible and
much more accurate than classic BLAS implementation.





Part I

S TAT E O F T H E A RT





2
B A C K G R O U N D

2.1 introduction

Floating-point numbers are used to approximate real numbers
on today’s computers. In this chapter we describe the IEEE-754 [26]
standard for floating-point arithmetic. Hardware implementa-
tion and performance of floating-point operations are presented
here. We also introduce the floating-point errors for elementary
operations and for the sum of a floating-point vector. Since we
aim at providing a reproducible implementation of BLAS (Ba-
sic Linear Algebra Subprograms) [3], this summation is a very
important building block. And finally we tackle some more ad-
vanced concepts as error-free transformations and extra preci-
sion.

2.2 the ieee-754 standard

The IEEE-754 [27] is a widely adopted standard that defines the
formats, the exceptions, the operations and the rounding rules
for floating-point numbers. This standard has been a successful
attempt to provide a consistent floating-point number represen-
tation to be used by most of machines.

A floating-point number is composed from a sign, a mantissa
and an exponent. The representation is based upon the scien-
tific notation using the radix two nearly on all computers. Three
primary binary formats are defined in the IEEE-754 standard: bi-
nary32, binary64 and binary128 are encoded on 32, 64 and 128

bits respectively. The 2008 version of the standard introduced
also two formats for decimal floating-point numbers. However
these formats are mainly motivated by financial applications (for
example when the exchange rate is defined in decimal and can
not be exactly presented in binary formats) and will not be con-
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sidered in this document.

The value of a floating-point number x is computed using the
following formula :

x = (−1)sign ×mantissa× 2exponent−bias, (2.1)

where,

• sign takes the value 0 for a positive or 1 for a negative
floating-point number. A single bit is used for sign in all
three formats.

• mantissa is a binary string

mantissa = b0.b1b2...bm−1, (2.2)

Such that the value of the mantissa size m depends on the
different IEEE-754 formats.

– m = 24 for binary32.

– m = 53 for binary64.

– m = 113 for binary128.

Exponent
value E

Numerical value

(0...00)2 = 0 2sign × 0.b1b2...bm−1 × 21−bias

(0...01)2 = 1 2sign × 1.b1b2...bm−1 × 21−bias

(0...10)2 = 2 2sign × 1.b1b2...bm−1 × 22−bias

. .

. .

(1...10)2 = X 2sign × 1.b1b2...bm−1 × 2X−bias

(1...11)2 if mantissa = 0 than ±∞ else NaN (Not a
Number)

Table 2.1: Numerical values according to exponent (inspired from [45])

In binary, bi ∈ {0, 1} for i > 0, while b0 = 1 for normalized
floating-point numbers and b0 = 0 for subnormal ones (see
Table 2.1). Therefore, only the fractional part is stored and
there is no need to store b0.
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• exponent defines the shift of the floating-point in the man-
tissa. If the value of "exponent - bias" is positive the point
is shifted to the right. Otherwise, the point is shifted to
the left. Table 2.1 shows the possible values corresponding
to the exponent of a floating-point number. The properties
of the defined formats by the IEEE-754 standard are pre-
sented in Table 2.2.

Format Exponent size Mantissa size m Bias
value

binary32 8 bits 24 bits (23 stored) 127

binary64 11 bits 53 bits (52 stored) 1023

binary128 15 bits 113 bits (112 stored) 16383

Table 2.2: Standard floating-point number formats

The machine precision ε is defined to be the distance between
1 and its next larger floating-point neighbor. We have

ε = 21−m,

where m is the mantissa length in Relation (2.2).

2.2.1 Rounding Modes

The standard defines two types of rounding modes, roundings
to nearest and directed roundings.

2.2.1.1 Roundings to Nearest

rounding to nearest, ties to even rounds to the near-
est floating-point value. If the number falls at the same distance
from 2 successive floating-point numbers, it is rounded to the
even (zero least significant bit) floating-point number (see Fig-
ure 2.1).

rounding to nearest, ties away from zero also rounds
to the nearest floating-point value. If the number falls at the
same distance from 2 successive floating-point numbers, it is
here rounded to the farthest from zero, i.e. the largest in absolute
value.
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0y x
round(y) round(x)

Figure 2.1: Rounding to nearest

2.2.1.2 Directed Roundings

rounding towards positive infinity rounds to the clos-
est larger floating-point number.

rounding towards negative infinity rounds to the
closest smaller floating-point number.

rounding towards zero rounds to the closest floating-
point number which is smaller in absolute value (see Figure 2.2).

0y x
round(y) round(x)

Figure 2.2: Directed rounding towards zero

2.2.2 Floating-Point Operations

The IEEE-754 standard requires the five basic algebraic oper-
ations (+,−,×, /,√) to be correctly rounded according to the
used rounding mode. In this document we denote the four stan-
dard floating-point operations ⊕,	,⊗,�, which respectively cor-
respond to the real arithmetic operations +,−,×, /.

For two floating-point numbers a and b, the result of the ad-
dition + is not necessarily a floating-point number. The floating-
point operation ⊕ guarantees that the result is a representable
floating-point number such that:

a⊕ b = round(a+ b),
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where round(x) is a rounding map that computes the floating-
point number corresponding to the real number x. When a⊕b 6=
a + b, the floating-point addition introduces a rounding error
into its result. See Figure 2.3 for a visual explanation of the add
result and its rounding error.

a

b⊕

=

a+ b

a⊕ b error

Figure 2.3: Rounding error for addition

2.3 correctly or faithfully rounded

For a given real number x, the correctly rounded value depends
the used rounding mode. We focus in this document on round-
ing to nearest (except when we state explicitly another rounding
mode). Therefore we define the correctly rounded result as the
closest floating-point number to the real number x.

A faithfully rounded value of x is defined as one of the two
floating-point numbers that surround it if it is not a floating-
point number, while it equals x if this latter is a floating-point
number.
Figure 2.4 shows a visual explanation for correctly and faithfully
rounded results.

2.4 rounding errors

Floating-point operations approximate the result to one appro-
priate floating-point number. The generated error depends on
the used rounding mode. If x is the exact result we have:

|x− round(x)| < u · |x| ,
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x Faithfully roundedFaithfully rounded

x Correctly rounded
(Rounding to nearest)

Figure 2.4: Faithfully and correctly rounding (Rounding to nearest)
values

where the rounding unit u is defined as

u = 2−m for roundings to nearest, and

u = 21−m for directed roundings.
(2.3)

The value of |x− round(x)| is the absolute error which can
also be estimated relatively to |x| as

|x− round(x)|

|x|
6 u.

The value of |x− round(x)| / |x| is known as the relative rounding
error.

2.5 cancellation

Cancellation occurs when we subtract a floating-point number
from another that is approximately equal to it, i.e. the addition
of two floating-point numbers with very close values and differ-
ent signs.

Sterbenz has shown in [60] that if a/2 6 b 6 2a then the
subtraction of a and b is exact (a	 b = a− b). Accordingly the
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subtraction of two floating-point numbers that have the same
exponent can be performed with no error. Therefore, the cancel-
lation itself does not generate errors, yet it magnifies the errors
already introduced by the previous operations when the highest
significant bits (or digits) cancel. Note that the cancellation in-
creases the relative error while the absolute error is not affected.

2.6 ufp, ulp and lnb

We present in this section the three functions ulp, ufp and lnb
of a floating-point number. Those functions will be used later for
our demonstrations and error analysis.

ufp : stands for "Unit in the First Place". This concept has
been introduced in [54]. For a given real number x we have:

if x 6= 0 ⇒ ufp(x) = 2blog2 |x |c ,

if x = 0 ⇒ ufp(x) = 0 .

In other words, we could define ufp(x) as the weight of the
leading bit in the mantissa of x.

ulp : stands for "Unit in the Last Place". For a normalized
floating-point number x, it verifies:

ulp(x) = ufp(x) · 2u . (2.4)

lnb : stands for "Last Non-zero Bit". Introduced in [46], lnb(x)
is the weight of the last bit with positive value in the mantissa
of x. For a floating-point number x we know that:

ulp(x) 6 lnb(x) 6 ufp(x) .

Note that both ufp and lnb are defined for every real number
while ulp depends on the used floating-point format.

Given two real numbers x , y, we have

lnb(x) > ufp(x) · 2u ⇐⇒ round(x) = x ,

lnb(x) < ufp(x) · 2u ⇐⇒ round(x) 6= x .
(2.5)
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and

lnb(x+ y) > min(lnb(x), lnb(y)),

lnb(x× y) = lnb(x)× lnb(y).
(2.6)

Figure 2.5 illustrates those different concepts.

1.01 ........ 10100101110100

ufp lnb ulp

Figure 2.5: ulp , ufp and lnb of a floating-point number (only the
mantissa is presented)

2.7 sum of floating-point numbers

Let p be a vector of n floating-point numbers and let S =
∑n
i=1 pi

be the exact sum. We have seen that the IEEE-754 standard re-
quires addition to be correctly rounded. However this rule does
not apply to the accumulation of n floating-point numbers. Let Ŝ
be the result of the floating-point accumulation of pi computed
using Algorithm 2.1.

Algorithm 2.1 The classical accumulation algorithm

Input: p: a vector of n floating-point numbers
Output: Ŝ: the evaluated sum of pi

1: Ŝ = 0

2: for (i = 1 : n) do
3: Ŝ = Ŝ⊕ pi
4: end for

The difference between S and Ŝ is the absolute error of the
classic summation algorithm. It has been shown in [40] that for
rounded to nearest elementary additions we have:

∣∣∣S− Ŝ∣∣∣ 6 γn−1 · n∑
i=1

|pi| , (2.7)
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where

γn =
nu

1−nu
. (2.8)

The relative error of Algorithm 2.1 can be calculated from Rela-
tion (2.7). Dividing the both sides by |S|, we have:∣∣∣S− Ŝ∣∣∣

|S|
6 γn−1 ·

∑n
i=1 |pi|

|S|
= γn−1 ·

∑n
i=1 |pi|

|
∑n
i=1 pi|

. (2.9)

The relative error depends on the machine precision, the vector
size and the condition number. Here the condition number of
the sum is defined by the expression:

cond

(
n∑
i=1

pi

)
=

∑n
i=1 |pi|

|
∑n
i=1 pi|

. (2.10)

Therefore, Relation (2.9) can be written as:∣∣∣S− Ŝ∣∣∣
|S|

6 γn−1 · cond

(
n∑
i=1

pi

)
.

Due to cancellations the value of |
∑n
i=1 pi| can be very small

compared to
∑n
i=1 |pi|. This leads to an ill conditioned problem. If

there is not much cancellations, the value of |
∑n
i=1 pi| would be

close to
∑n
i=1 |pi| and the condition number will be small. In this

case, the problem is said to be well conditioned.

2.8 error-free transformations

We focus in this section on error-free transformations for ad-
dition and multiplication operations. In this case, an error-free
transformation is an algorithm that provides an exact result for
an elementary floating-point operation as the sum of more than
one floating-point numbers.

2.8.1 Error-Free Transformations for Addition

2.8.1.1 Algorithm FastTwoSum

This algorithm has been introduced by Dekker [10]. Given two
floating-point numbers a and b, such that the exponent of a is
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larger than or equal to the exponent of b1 [40], and a rounding to
nearest mode is used. FastTwoSum computes the two floating-
point numbers s and e such that:

s = a⊕ b,

a+ b = s+ e.
(2.11)

Algorithm 2.2 Algorithm FastTwoSum (Dekker, 1971)

Input: a,b: floating-point numbers
Output: s, e: floating-point numbers
Requires: exponent(a) > exponent(b)

1: s = a⊕ b
2: t = s	 a
3: e = t	 b

2.8.1.2 Algorithm TwoSum

This algorithm has been introduced by Knuth [34]. It also com-
putes floating-point values s and e that satisfy Relation (2.11),
and works properly only in roundings to nearest. Nevertheless,
TwoSum does not require any preliminary knowledge of the
order of magnitude of a and b. It requires 6 floating-point oper-
ations instead of 3 floating-point operations with FastTwoSum.

Algorithm 2.3 Algorithm TwoSum (Knuth, 1969)

Input: a,b: floating-point numbers
Output: s, e: floating-point numbers

1: s = a⊕ b
2: t = s	 a
3: e = (a	 (s	 t))⊕ (b	 t)

2.8.1.3 Priest’s Addition EFT

The two previous algorithms TwoSum and FastTwoSum work
perfectly in rounding to nearest. In directed roundings neither

1 the condition |a| > |b| is easier to check
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TwoSum nor FastTwoSum guarantee that the transformation
is error-free. Priest’s algorithm [48] does not require to round
to nearest and transform two given floating-point numbers a, b
into s, e such that a+ b = s+ e. However, this algorithm does
not always guarantee that s = a⊕ b.

Algorithm 2.4 Priest’s transformation algorithm (1992)

Input: a,b: floating-point numbers
Output: s, e: floating-point numbers

1: if |a| < |b| then
2: (a,b) = (b,a)
3: end if
4: s = a⊕ b
5: w = s	 a
6: x = s	w
7: y = x	 a
8: z = b	 y
9: e = z	w

10: if e⊕w 6= z then
11: s = a

12: e = b

13: end if

It also requires that |a| > |b| so the inputs a and b should be
permuted if necessary.

2.8.2 Error-Free Transformations for Multiplication

We present here the two algorithms TwoProd and 2MultFMA
that perform an error-free transformation for multiplication. Al-
gorithm 2MultFMA is more efficient, yet it requires a FMA
floating-point unit which is not available in all processors.

2.8.2.1 Algorithm TwoProd

For two floating-point numbers a and b, this algorithm com-
putes floating-point values p and e such that:
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p = a⊗ b,

a× b = p+ e.
(2.12)

Algorithm TwoProd is introduced by Dekker [10]. It relies on
Veltkamp’s Split algorithm [40].

veltkamp’s Split : Let m be the mantissa size, x be a given
floating-point number, and s be a positive integer. This algo-
rithm splits x into two floating-point numbers xh and xl such
that :

• x = xh + xl;

• the mantissa of xh fits in m − s bits;

• the mantissa of xl fits in s bits.

Algorithm 2.5 Veltkamp’s Split algorithm (1968)

Input: x: floating-point number, s: positive integer
Output: xh , xl: floating-point numbers

1: a = βs + 1 {*β is the radix*}
2: b = x ⊗ a
3: c = x 	 b
4: xh = a ⊕ c
5: xl = x 	 xh

TwoProd uses Veltkamp’s algorithm to split the inputs a and
b using s = dm/2e. If m is even then the mantissa of both
split results fit in m/2 bits. Therefore, the pairwise products
of (ah , al) and (bh , bl) is performed with no error since their
result mantissas fit in m bits. If m is odd then the mantissa of
the low part from split results fits in dm/2e bits. Therefore, the
mantissa of al × bl in general does not fit in m bits.

However, if the radix β = 2, then the lower part computed
by Veltkamp’s algorithm fits in s − 1 bits [40]. Note that if s =

dm/2e and m is odd then bm/2c = s − 1. Since the mantissas
of all split results fit in bm/2c bits, pairwise products of (ah , al)
and (bh , bl) can be performed exactly.
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Algorithm 2.6 Algorithm TwoProd

Input: a , b: floating-point numbers
Output: p , e: floating-point numbers

1: (ah , al) = Split(a , dm/2e)
2: (bh , bl) = Split(b , dm/2e)
3: p = a ⊗ b
4: phh = ah ⊗ bh {*Exact multiplication*}
5: phl = ah ⊗ bl {*Exact multiplication*}
6: plh = al ⊗ bh {*Exact multiplication*}
7: pll = al ⊗ bl {*Exact multiplication*}
8: t1 = phh 	 p
9: t2 = phl ⊕ t1

10: t3 = plh ⊕ t2
11: e = pll ⊕ t3

2.8.2.2 Algorithm 2MultFMA

The error-free transformation of two floating-point numbers prod-
uct is easier when a FMA instruction is available.

the fma (fused multiply-add) instruction : The FMA
instruction evaluates the expression a × b + c with one final
rounding. In other words, given the floating-point numbers a,b
and c,

FMA(a,b, c) = round(a× b+ c).

The numerical results of the FMA instruction can be different
from the results of two separate "addition then multiplication".
On one side, the FMA performs a single rounding, while two
separate operations generate two roundings. Therefore, replac-
ing a sequence of a separate floating-point "multiplication then
addition" by a FMA instruction could lead to different numeri-
cal results.

The FMA instruction is available on almost all recent CPUs,
e.g. all Intel CPUs based on Haswell (released in 2013) or more
recent microarchitecture support it. It is also included in the
IEEE-754 standard since the 2008 revision [27]. Thus, it is gain-
ful to consider FMA when designing algorithms. More details
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about the FMA instruction are given in Section 2.10.3.

Algorithm 2.7 Algorithm 2MultFMA

Input: a,b: floating-point numbers
Output: p, e: floating-point numbers

1: p = a⊗ b
2: e = FMA(a,b,−p)

Algorithm 2MultFMA uses the FMA instruction to reduce
the number of floating-point operations required to perform an
error-free transformation of the product. Only 3 operations are
required or 2 operations if we consider FMA as a single opera-
tion. Algorithm 2MultFMA is much more efficient compared to
Dekker’s TwoProd that requires 17 floating-point operations.

Algorithm 2MultFMA consists in two instructions. The first
instruction computes p, and the second one computes e as the
difference between exact a×b and computed a⊗b (stored in p).
If no overflow nor underflow occurs, e is calculated exactly such
that the error-free transformation verifies Relation (2.12).

2.9 extra precision

Currently, the binary128 format is not implemented on main-
stream CPUs, but some software tweaks are introduced to im-
plement higher precisions than binary64.

2.9.1 Double-Double Arithmetic

Double-double arithmetic aims at doubling the precision offered
by the standard binary64 format. A double-double number x is
a non-evaluated sum of two standard binary64 numbers xh and
xl such that:

xh = xh ⊕ xl
x = xh + xl.

(2.13)

Basic double-double arithmetic operations +,−,× and / are
implemented in software relying on standard binary64 arith-



2.10 hardware implementation and performance 25

metic. The library XBLAS Li et al. [37] (available at [1]) uses
the double-double format to provide a more accurate BLAS im-
plementation.

2.9.2 Floating-Point Expansions

Expansions store a number of an arbitrary precision as a non-
evaluated sum of a floating-point array. The double-double for-
mat presented in the previous section can be considered as ex-
pansion of size 2. The expansion size can be set to an integer n to
simulate n times the machine precision. However, the larger the
expansion is, the more resource intensive it will be. One should
find a compromise between accuracy and cost depending on ap-
plication requirements.

Algorithms for addition, multiplication and division of two ex-
pansions are proposed in the works of Priest and Shewchuk [47,
48, 57].

2.9.3 Superaccumulators

Superaccumulators are introduced to accumulate floating-point
numbers without generating any error. A superaccumulator is
a fixed-point number that is long enough to cover the range of
all possible inputs. It is mainly composed of three parts, a sign,
an integer part and a fractional part (a status part for exceptions
and special values can also be considered [35]). U. Kulisch and
V. Snyder in [35] suggested a superaccumulator of size 4288 bits
to perform a correctly rounded dot product of two binary64 vec-
tors (with size 6 288). Superaccumulators are also used in [9] to
perform a correctly rounded accumulation.

2.10 hardware implementation and performance

We present in this section some basic algorithms for perform-
ing elementary operations. Latency and throughput of opera-
tions are also presented. We focus only on Intel processor perfor-
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mance because all our performance tests have been performed
on Intel architectures.

2.10.1 Floating-Point Addition

According to [43], a basic floating-point addition (or subtraction)
requires the following steps

1. Compute the difference between input exponents.

2. Shift the mantissa of the input with smaller exponent to
the right to align the bits with the same weight.

3. Perform an integer addition on the mantissas.

4. If the integer result is negative, it is converted from two’s
complement to a sign and mantissa.

5. In the case of cancellation, the first leading bit is shifted to
the left to keep a single bit before the point.

6. Normalization of the mantissa, and exponent update.

7. Round the mantissa.

This is not the algorithm used on today’s hardware due to
its high latency. Improvements can be made to improve this lat-
ter [43]. However it is presented for the sake of explanation. The
latency of a floating-point addition on current Intel CPUs is 3 or
4 cycles depending on the microarchitecture [30].

2.10.2 Floating-Point Multiplication

The floating-point multiplication is simpler than addition, it con-
sists in [39]:

1. Exclusive or (xor) between the signs.

2. Integer addition of the exponents.

3. Integer multiplication for the mantissas.



2.10 hardware implementation and performance 27

Note that a denormalization of the mantissa before the multi-
plication and a result normalization are required. Despite being
simple, the latency of the floating-point multiplication is usually
higher than addition due to the high latency of integer multipli-
cation. On current Intel CPUs the latency of multiplication is 4

or 5 cycles depending on the microarchitecture [30].

2.10.3 Fused Multiply and Add

FMA occurs frequently in a wide range of numerical applica-
tions, especially when linear algebra operations are used. There-
fore, a hardware implementation of a single instruction that per-
forms a multiply-add operation is very important for perfor-
mance. As explained in Section 2.8.2.2 a single rounding oper-
ation is performed here and the result for the FMA could be dif-
ferent from separated multiplication and addition. An efficient
algorithm to perform a FMA is presented in [4]. In practice addi-
tion and multiplication steps can overlap with each other. Conse-
quently, a FMA operation when it is implemented in hardware
costs the same as a single multiplication. FMA is available on In-
tel CPUs starting from Haswell architecture [29] released in 2013.
Its latency on Intel CPUs is 4 or 5 cycles depending on the ar-
chitecture. FMA operation is also available on the Intel Xeon Phi
accelerator which is important for our experimentation results
in chapters 4, 5 and 6.

2.10.4 Pipelining

A floating-point operation usually requires several stages and
takes more than one cycle. The latency of a floating-point opera-
tion varies from 3 cycles (for addition) up to more than 14 cycles
(for division) [30]. Pipelining increases the throughput of the
floating-point unit. Therefore even if a floating-point operation
requires more than one cycle, a new operation is started before
ending the previous one. Pipelining ensures that the throughput
of a floating-point unit is (significantly) less than its latency. The
latency and throughput of floating-point operations on recent



28 background

Intel microarchitectures are summarized in Table 2.3.2

Archi Sandy Bridge Haswell Skylake

lat thr lat thr lat thr

Add 3 1 3 1 4 1

Mult 5 1 5 1 4 1

FMA N/A N/A 5 1 4 1

Div 15-22 14-22 14-20 13 14 4

SQRT 21-22 14-22 20 13 18 6

Table 2.3: Latency and throughput of floating-point operations [30]

Note that pipelined operations should not depend on each
other. For example the addition operations in Algorithm 2.1 can
not be pipelined, since Ŝ is in the same time one input for the
addition in iteration i and the output of the addition in the itera-
tion i− 1. It is up to the developer’s responsibility to implement
a program that benefits well from the pipelining to make the
floating-point units operating at a consistent throughput.

A possible solution to benefit from pipelining is to use differ-
ent accumulators inside the loop so the accumulations to differ-
ent variables do not depend on each other. Algorithm 2.8 is a
pipelined version of Algorithm 2.1.

The four floating-point operations inside the loop in Algo-
rithm 2.8 are independent and can be pipelined. Theoretically
this algorithm should be about 4 times faster than Algorithm 2.1.
However in practice there are some other bottlenecks that reduce
these benefits.

2.10.5 SIMD Instructions

SIMD stands for Single Instruction on Multiple Data. SIMD in-
structions apply the same operation on a vector of data simulta-
neously instead of dealing with individual scalars. At the archi-
tectural level, large registers are used to store a vector of data

2 We present the throughput for a single floating-point unit, some architectures
have multiple units that execute the same operation
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Algorithm 2.8 Pipelined summation algorithm

Input: p: a vector of n floating-point numbers
Output: Ŝ: the evaluated sum of pi

1: Ŝ1 = 0

2: Ŝ2 = 0

3: Ŝ3 = 0

4: Ŝ4 = 0

5: n4 = n− (n mod 4) {*The largest 4 multiple 6 n*}
6: for (i = 1 : 4 : n4) do
7: Ŝ1 = Ŝ1 ⊕ pi
8: Ŝ2 = Ŝ2 ⊕ pi+1
9: Ŝ3 = Ŝ3 ⊕ pi+2

10: Ŝ4 = Ŝ4 ⊕ pi+3
11: end for
12: {*Remaining elements*}
13: for (j = n4+ 1 : n) do
14: Ŝ1 = Ŝ1 ⊕ pj
15: end for
16: Ŝ = Ŝ1 ⊕ Ŝ2 ⊕ Ŝ3 ⊕ Ŝ4

and apply a SIMD instruction to this vector. At the time we are
writing this document, the maximum size of registers on CPUs
is 256 bits, and the size of registers for Intel Xeon Phi accelerator
is 512 bits.

Wide registers can be used as vectors of standard binary64

floating-point numbers. Using SIMD instructions or vectoriza-
tion provides a significant boost to the throughput of floating-
point units. However, some algorithms can not be vectorized
easily and/or efficiently due to various factors.

1. Data dependency: we can not vectorize operations that
depend on each other. For example, operations in Algo-
rithm 2.8 can be vectorized, while dependency prevent vec-
torization in Algorithm 2.1.

2. Non contiguous data: the cost of gathering data from differ-
ent memory regions in a single register is very high and is
not always compensated by vector operations. these latter
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are useful only if a lot of vector operations are performed
using the gathered data.

3. Restrictions on data alignment: for example if the size of
the vector to load into register is 32 bytes, the data to be
read should be at a memory address that is multiple of 32.
Otherwise, multiple instructions should be used to read
different chunks of data and gather them in a single regis-
ter which takes more time than a single instruction.

4. Vectorization is not always an automatic process and some-
times requires a huge and time consuming development
effort.

2.11 conclusion

We have addressed in this chapter some of the most important
notions and properties of floating-point arithmetic. The IEEE-
754 standard specification and some hardware implementation
details are presented. Floating-point operations and rounding
errors are addressed for elementary operations and for vector
summation. We have tackled also some advanced concepts as
error-free transformations and extra precision.
The notions presented in this chapter will be used throughout
this document to design and analyze our algorithms for repro-
ducible and accurate BLAS and to demonstrate their numerical
properties.
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A C C U R A C Y A N D N U M E R I C A L
R E P R O D U C I B I L I T Y

3.1 introduction

Clock speed on recent CPUs is hitting an energy and heat wall
and can no more be increased efficiently. Therefore, performing
parallel computations is unavoidable to increase compute power.
The computational power of today’s computers allows us to
solve more complex problems that manipulate huge amounts of
data in parallel. The floating-point performance increases expo-
nentially, which also increases the amount of round-errors gener-
ated by these operations. Ensuring accurate and reproducible re-
sults is becoming more and more challenging. We define numeri-
cal reproducibility problem as getting identical numerical results
from multiple runs of the same program on the same data inde-
pendently from the number of used threads and the machine
architecture. Reproducibility raises due to the non-associativity
of floating-point addition and to the way how parallel systems
and architectural differences change the order and the semantic
of floating-point operations. In this chapter we focus on accuracy
and reproducibility problems for summation and BLAS. Several
algorithms that attempt to solve those issues are presented here.

3.2 non reproducibility of the summation

Due to rounding errors, the floating-point addition is not associa-
tive. Performing the floating-point operations in different orders
could generate different rounding errors. Therefore, for three
given floating-point numbers a, b and c, a⊕ (b⊕ c) might be
different from (a⊕ b)⊕ c. As an example, for machine precision
uwe have u = (−1⊕ 1)⊕u 6= −1⊕ (1⊕u) = 0, since (1⊕u) = 1.

Because of the non-associativity of floating-point addition, the
result of a summation does not only depend on input data but

31
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also on the operation order. For instance Algorithms 2.1 and 2.8
could provide different results despite being mathematically equiv-
alent. In practice, accumulation order can change due to change
in architectural details as the register size for example. In paral-
lel environments the operation order can change due to dynamic
scheduling and non-deterministic reductions as well as a chang-
ing number of threads.

The summation of floating-point numbers has already been
introduced in Section 2.7. We recall that for a given vector p =

(p1,p2, ...,pn) we define the sum S as:

S =

n∑
i=1

pi = p1 + p2 + ... + pn,

while a floating-point summation Ŝ is computed (without taking
into account the accumulation order for the moment) as

Ŝ = p1 ⊕ p2 ⊕ ...⊕ pn.

As it can be noted in Algorithm 2.1, we accumulate the elements
of p into one global result, therefore those operations are not
independent. This summation can be parallelized by using a dif-
ferent accumulator for each thread. A partial sum is computed
for every thread, then a reduction operation is performed. Since
the floating-point addition is not associative, it is not surpris-
ing to obtain different numerical results when we parallelize the
summation in this way. Non-associativity of addition is the main
reason of non-reproducibility either in summation or in other
operations as in BLAS. Figures 9 and 11 in [5] show that the nu-
merical reproducibility of summation in parallel environments
depends mainly on the number of used threads and on the con-
dition number of the problem.

3.3 reproducibility vs accuracy

Reproducibility is different from accuracy. Accuracy is measured
by the relative error of the numerical result, or in other terms by
how many correct bits (or digits) appear in the numerical result
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compared to the (usually unknown) exact result. On the other
hand, reproducibility is defined as obtaining identical numeri-
cal results from one run to another if the input data does not
change which means that the relative difference between those
results should be 0. Nevertheless, this reproducible result can
be either accurate or not, depending on the used algorithm. We
can go up to imagine a reproducible result with no correct digit
compared to the exact result if the problem to solve is too ill-
conditioned.

One way to benefit from reproducible and accurate result is
to ensure that this latter is correctly rounded. Note that the cor-
rectly rounded result as we define it in Section 2.3 is unique, and
in the rounding to nearest mode it also ensures the minimal pos-
sible relative error. However, as computing a rounded to nearest
result require more computations, it might introduce an impor-
tant extra-cost to the running time. We consider this issue along
analysis proposed in Chapters 4, 5 and 6.

3.4 accurate summation algorithms

Many algorithms have been introduced to improve the accuracy
of floating-point summation (see references mentioned in [40,
24]). Some of them ensure smaller relative errors compared to
the classic algorithm, while others go up to ensure that the re-
sult is faithfully or even correctly rounded. The most recent al-
gorithms of each category are presented in this section.

3.4.1 Distillation Algorithms

Distillation is an algorithm that transforms an input vector p0

iteratively to a vector pk such that
∑n
i=1 p

0
i =

∑n
i=1 p

k
i , and for

each k, pkn =
∑n
i=1 p

k−1
i . This process relies on performing sum-

mation while replacing the floating-point addition by the algo-
rithm TwoSum. Distillation is usually used to improve summa-
tion accuracy or to perform an error-free transformation on a
vector of floating-point numbers. A wide range of summation
algorithms relies on distillation. We present here SumK and
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iFastSum. Other varieties of distillation algorithms have been
presented in [71].

3.4.2 SumK

This algorithm has been introduced in [44]. It relies mainly on
distillation. Ogita and al. identified Algorithm VecSum which
simply consists in one distillation step. Note that Algorithm 3.1
(VecSum) introduces a different vector for the output. However
in practice the input vector can be overwritten to save memory.

Algorithm 3.1 Algorithm VecSum

Input: p: a n−vector of floating-point numbers;
Output: q: an error-free transformation of vector p;

1: q1 = p1
2: for (i = 2; i 6 n; i = i+ 1) do
3: (qi,qi−1) = TwoSum(pi,qi−1);
4: end for

Algorithm 3.1 guarantees that

n∑
i=1

pi =

n∑
i=1

qi,

qn = ((...(p1 ⊕ p2)⊕ ...)⊕ pn).

If the sum of vector p is ill-conditioned there should be a lot of
cancellations during this process. Therefore

∑n
i=1 |qi|�

∑n
i=1 |pi|

while
∑n
i=1 pi =

∑n
i=1 qi. The authors prove in [44] that if cond(

∑n
i=1 pi) >

u−1, we have:

n∑
i=1

|qi| ≈ u ·
n∑
i=1

|pi| .

Therefore, computing the sum of the vector q is a significantly
less ill-conditioned problem than computing the sum of the vec-
tor p, since:

cond

(
n∑
i=1

qi

)
=

∑n
i=1 |qi|

|
∑n
i=1 qi|

≈ u ·
∑n
i=1 |pi|

|
∑n
i=1 pi|

≈ u · cond

(
n∑
i=1

pi

)
.
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Algorithm SumK uses repeatedly algorithm VecSum to en-
hance the accuracy of the summation result. Algorithm 3.2 de-
tails this process.

Algorithm 3.2 Algorithm SumK

Input: p: a n−vector of floating-point numbers
K: the number of iterations

Output: Sk: sum of pi which is almost as accurate as if com-
puted in K times the working precision

1: for (k = 1;k 6 K− 1;k = k+ 1) do
2: p = vecSum(p)

3: end for
4: Sk = 0

5: for (i = 1; i 6 n; i = i+ 1) do
6: Sk = Sk ⊕ pi
7: end for

The authors proved that for K = 2 the relative error is bounded
as:

|Sk − S|

|S|
6 u+ γ2n−1 · cond

(
n∑
i=1

pi

)
, (3.1)

and for K > 3 the relative error is proven to be improved as:

|Sk − S|

|S|
6 u+ 3 · γ2n−1 + γK2n−2 · cond

(
n∑
i=1

pi

)
. (3.2)

The condition number effect in the last term of Relation (3.2)
can be vanished by choosing a large enough K. However the
condition number should be known, yet, it is usually not the
case in practice.

3.4.3 iFastSum

Algorithm iFastSum has been introduced by Zhu and Hayes
in [69]. Its principle is not different from SumK. iFastSum adapts
the number K of iterations to the condition number of the prob-
lem without computing it, and repeats the distillation process
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until the final result is correctly rounded.

Relation (3.2) shows that regardless of the value of K we can
not ensure that the relative error is smaller than u + 3 · γ2n−1.
Therefore increasing the value of K is not enough to ensure a
correctly rounded result. Algorithm 3.3 presents a simplified ver-
sion of iFastSum. This latter defines a dynamic error control
during the distillation process to estimate an error bound and
decide if the result is correctly rounded. Properties of iFastSum
are demonstrated in [69]. Although, we give next a brief descrip-
tion of this algorithm due to its significance for this work.

Lines 6-12 define the main distillation loop. Line 9 test en-
sures that only non-zero errors are kept for the next iterations,
and the variable count counts those errors. The input vector
p is overwritten by the generated errors. Considering that the
exact sum is S, we know that at the end of this loop we have
S = Ŝ+ St +

∑count−1
i=0 pi.

Since for each intermediate evaluation of St the generated er-
ror is smaller than ulp(St)/2 and Smax is the maximum inter-
mediate value of the sum of generated errors,

∑count−1
i=1 pi is

bounded by (count− 1)× ulp(Smax)/2. If the condition in line
17 is verified, Ŝ is guaranteed to be a faithfully rounded value
of S. The condition in line 18 tests if recursive calls are allowed.
Note that if it is not the case (allowRec is set to false), iFastSum
returns a faithfully rounded result. Otherwise, lines 21-26 ensure
that the final result is correctly rounded. At this level we know
that Ŝ + St −maxError 6 S 6 Ŝ + St +maxError. After lines
22 and 23 we have Ŝ+ S− + e− 6 S 6 Ŝ+ S+ + e+. Afterwards,
the function round3 (presented in Figure 2.3 of [69]) is used to
round Ŝ+S++ e+ and Ŝ+S−+ e−. If both values round to Ŝ, this
latter is ensured to be the correctly rounded result. Otherwise, S1
and S2 are computed such that S1 is a faithfully rounded result
of S− Ŝ, and S2 is a faithfully rounded result of S− Ŝ−S1. Finally,
the function round3 is used to compute a correctly rounded re-
sult for S. Since Ŝ is a faithfully rounded value of S we know
that S1 < ulp(Ŝ). In the same way we deduce that S2 < ulp(S1).
We distinguish two possibilities here:
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Algorithm 3.3 Algorithm iFastSum

Input: p: a n−vector of floating-point numbers (overwritten
during the process)
allowRec: a boolean that indicates if recursive calls are al-
lowed (default value is true)

Output: Ŝ: roundToNearest(
∑n
i=1 pi)

1: Ŝ = 0

2: while true do {*Return instruction stops the loop*}
3: count = 1 {*Counts non-zero errors*}
4: St = 0 {*The sum of this iteration*}
5: Smax = 0 {*The max intermediate value of St*}
6: for (i = 1; i 6 n; i = i+ 1) do
7: (St,pcount) = TwoSum(St,pi)
8: Smax = max(Smax, |St|)
9: if pcount 6= 0 then

10: count = count+ 1

11: end if
12: end for
13: maxError = (count− 1)× ulp(Smax)/2
14: (Ŝ,St) = TwoSum(Ŝ,St)
15: n = count {*Work on non-zero errors only*}
16: pcount = St {*store the error in p*}
17: if maxError < ulp(Ŝ)/2 then
18: if not allowRec then {*Only one level of recursion*}
19: return Ŝ

20: end if
21: (S+, e+) = TwoSum(St,maxError)
22: (S−, e−) = TwoSum(St,−maxError)
23: if (Ŝ ⊕ S+ 6= Ŝ) or (Ŝ ⊕ S− 6= Ŝ) or (round3(Ŝ,S+, e+) 6=

Ŝ) or (round3(Ŝ,S−, e−) 6= Ŝ) then
24: S1 = iFastSum(p, false) {*p is updated by this call*}
25: S2 = iFastSum(p, false)
26: Ŝ = round3(Ŝ,S1,S2)
27: end if
28: return Ŝ

29: end if
30: end while
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1. |S1| = ulp(Ŝ)/2, in this case only the sign of S2 is needed. If
S2 > 0, rounding up Ŝ+ S1 returns the correctly rounded
result of S; if S2 < 0, rounding down Ŝ + S1 returns the
correctly rounded result of S. If S2 = 0, we deduce that S is
the exact midpoint of two floating-point numbers, in this
case the tie breaking rule in rounding to nearest guarantees
that Ŝ⊕ S1 is the correctly rounded value of S.

2. |S1| 6= ulp(Ŝ)/2, in this case Ŝ⊕ S1 provides the correctly
rounded value of S.

Some steps have been simplified in our description. However
iFastSum is presented in more details with formal demonstra-
tions in [69].

3.4.4 AccSum

This algorithm has been presented by Rump and al. in [54].
AccSum ensures that the result is faithfully rounded. It also re-
lies on error-free transformation, but not the same as SumK and
iFastSum. For a given vector p of size n the algorithm extracts
only leading parts of the elements of p as shown in Figure 3.2.

Algorithm ExtractScalar is used to extract leading parts of pi.
Given σ a power of 2 and σ > |pi|, Algorithm 3.4 (ExtractScalar)
splits the input pi into q and p ′ such that:

lnb(q) > ulp(σ),

q 6 2 · ufp(pi),
ufp(p ′) < ulp(σ),

q+ p ′ = pi.

As for TwoSum and FastTwoSum, algorithm ExtractScalar

ensures that the transformation is error-free only when a round-
ing to nearest mode is used. Therefore this rounding mode is
required for AccSum to work properly. A visual illustration of
algorithm ExtractScalar is shown in Figure 3.1.

The value of σ used in AccSum depends on:
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Algorithm 3.4 Algorithm ExtractScalar

Input: σ,pi: two floating-point numbers
Output: q,p ′: two floating-point numbers

1: q = (pi ⊕ σ)	 σ
2: p ′ = pi 	 q

1. max(|pi|), the maximum of absolute values of vector p, and

2. n, the vector size.

σ

pi

q

p ′

Figure 3.1: Input and output of the ExtractSclalar

Figure 3.2 shows that leading parts of all elements of p are
extracted using the same σ1. In this case the leading parts can be
accumulated with no rounding error. In the next iteration σ1 is
scaled into σ2 to extract the leading parts of the result p ′. Using
a σi to split the elements of p guarantees that all the elements
of p ′ are smaller than ulp(σi). Therefore it is possible to esti-
mate the maximum value of

∑
p ′i and investigate its influence

on the calculated sum to define a stopping condition. AccSum
ensures that the computed sum is faithfully rounded in a very
similar way to iFastSum without introducing advanced tests to
ensure correctly rounded result. Algorithm NearSum [55] relies
on the same process as AccSum and introduces a similar test to
iFastSum to ensure correctly rounded results.

3.4.5 FastAccSum

This algorithm is very similar to AccSum. It improves that lat-
ter by relying on FastTwoSum instead of ExtractScalar to re-
duce the number of performed floating-point operations by 25%.
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EminEmax

p1

p2

p3
...

...

pn

max(pi)

σ1 σ2

Figure 3.2: Algorithm AccSum

FastAccSum [52] accumulates the leading parts to σ using FastTwoSum
instead of extracting them. Note that σ is not computed in the
same way as for AccSum because it should be chosen such
that all its intermediate values during the accumulation remain
larger than pi. Afterwards, the initial value of σ is subtracted
from the final value to yield the sum of accumulated leading
parts. As for AccSum this process is repeated to refine the result
until it is faithfully rounded.

3.4.6 HybridSum

The major drawback of the previously presented algorithms is
that they run multiple times through the input data to refine the
summation result and provide a correctly or faithfully rounded
result. More refinements are required when the problem is ill-
conditioned. HybridSum [69] overcomes this problem, i.e., it
provides a similar process independently from the condition
number. It accumulates with extra precision the entries with the
same exponent in a same accumulator.

Higher precision accumulators are not implemented in hard-
ware. HybridSum splits the input mantissa into two parts so the
standard floating-point numbers are considered as accumulators.
Algorithms 2.5 and 3.5 can be used to split a floating-point num-
ber into 2 floating-point numbers with a half length mantissa.
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Algorithm 3.5 Split algorithm

Input: x,mask: floating-point numbers
Output: xh, xl: floating-point numbers

1: xh = binaryAnd(x,mask) {*put the last 26 bits in the man-
tissa to 0*}

2: xl = x	 xh

Note that we need a distinct accumulator for every possible
exponent: for instance 2048 accumulators for binary64 format.
This process reduces the size of input data to a 2048-vector with-
out generating any roundoff error. This is very interesting for
large vector entries because it error-free transforms the input to
a small vector at a low cost. Afterwards, an iterative summation
algorithm can be run on this small vector at small cost. The au-
thors used iFastSum [69] to compute a correctly rounded result.
However any summation algorithm can be used. Algorithm 3.6
details how HybridSum transforms the input data into a 2048-
vector.

Algorithm 3.6 HybridSum transformation

Input: p: a vector of n floating-point numbers
Output: C: a vector of 2048 floating-point numbers

1: for (i = 1; i 6 n; i = i+ 1) do
2: (pi,h,pi,l) = split(pi)
3: eh = exponent(pi,h)

4: el = exponent(pi,l)

5: Ceh = Ceh ⊕ pi,h
6: Cel = Cel ⊕ pi,l
7: end for

3.4.7 OnlineExact

The principle of OnlineExact [70] is the same as HybridSum. It
error-free transforms the input data to a small vector by accumu-
lating the elements with the same exponent in distinct accumu-
lators. Although, OnlineExact uses two standard floating-point
numbers (or expansions of size 2) to implement high precision
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accumulators. TwoSum is used to add a standard floating-point
number to the first part of the accumulator. The error calculated
by TwoSum is added to the second part of the accumulator.
Therefore, OnlineExact requires two vectors of 2048 elements
each to ensure that the transformation is error-free. We exhibit
in chapter 4 that algorithm FastTwoSum can be used in this case
instead of TwoSum without requiring a particular order for in-
puts. The process of OnlineExact transformation is detailed in
Algorithm 3.7.

Algorithm 3.7 OnlineExact transformation

Input: p: a vector of n floating-point numbers
Output: Ch,Cl: two vectors of 2048 floating-point numbers

1: for (i = 1; i 6 n; i = i+ 1) do
2: e = exponent(pi)

3: (Che, error) = TwoSum(Che,pi)
4: Cle = Cle + error

5: end for

3.4.8 How to Choose the Right Summation Algorithm?

We have presented a wide range of summation algorithms which
have different properties. The choice of the used algorithm de-
pends on application needs or the nature of the problem that we
deal with. According to numerical properties, we distinguish 3
sets of summation algorithms.

algorithms that improve accuracy like SumK pre-
sented in Section 3.4.2 or PrecSum presented in [55]. Algorithms
in this category usually provide a result as if computed in higher
precision. They aim at improving the accuracy in cases where
the machine precision is not enough to ensure application sta-
bility. Nevertheless, the accuracy of the result still suffer from
condition number effects.

faithfully rounded summation are useful for applica-
tions that deal with very ill conditioned problems. Algorithms
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in this category also rely on improving accuracy. We mention
for example AccSum [54] and FastAccSum [52] presented in
Sections 3.4.4 and 3.4.5 respectively. The authors of algorithms
in this category demonstrate that the error is smaller than the
result’s ulp. Both algorithms have input size limitations. For a
given machine precision u, AccSum works for vectors with size
n <
√
u−1, while FastAccSum require n < u−1.

correctly rounded summation We focus in this docu-
ment mainly on iFastSum. According to its parameters, it pro-
vides either faithfully or correctly rounded result. Algorithm
iFastSum has been presented in more details in Section 3.4.3.
OnlineExact and HybridSum also ensure correctly rounded re-
sult, but both of them rely on iFastSum.

3.5 solutions for reproducible summation

Solutions for reproducible summation that do not rely on accu-
racy improvement are presented in this section. We start with al-
gorithms ReprodSum, FastReprodSum and 1-Reduction . Then
we present the solutions provided by the few existing parallel
programming libraries.

3.5.1 ReprodSum

ReprodSum [11] relies onAccSum presented in the previous sec-
tion. Algorithm 3.4 (ExtractScalar) is used to extract the high
order parts of the input vector. As the sum of the leading parts is
exact, it is independent from the accumulation order. Therefore,
the parallel and sequential versions of the algorithm provide the
same result. WhileAccSum repeats the process until the result is
faithfully rounded, ReprodSum takes the number of iterations K
as a parameter. As for SumK, increasing the value of K increases
the accuracy of the result. If the condition number of the sum is
known, we should select a K that is large enough to overcome
huge cancellations or even to ensure a faithfully rounded results.
On the other side decreasing the value of K decreases the accu-
racy, but increases the performance.
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3.5.2 FastReprodSum

FastReprodSum [11] relies on FastAccSum. It improves the ReprodSum
algorithm by also performing 25% less floating-point operations.
FastReprodSum uses FastTwoSum to extract the leading parts
of the input vector instead of ExtractScalar for ReprodSum.
In this case the used σ is selected such that all its intermedi-
ate values are larger than pi. An additional condition is that
ufp(σ) does not change during the process to ensure that the
same number of bits is extracted from pi independently from
the order. Another problem raises in this case. Since the value
of σ changes during the process, if rounding to nearest mode is
used and the result is a midpoint, i.e., the middle of two floating-
point numbers, it would be rounded differently from one run to
another depending on ulp(σ). Therefore to guarantee that the
same leading part is extracted, a directed rounding should be
used. However the transformation is no more error-free since
FastTwoSum works only in rounding to nearest. Unfortunately
here we can not increase the value of K to obtain a faithfully
rounded result. Nevertheless, it is not the aim of this algorithm.

Note that both algorithms ReprodSum and FastReprodSum
also need to run through the input data at least twice. The first
run calculates the maximum absolute value of the input data
and defines σ that is used to extract the high leading parts of pi.
The second run extracts the high leading parts and compute the
reproducible sum. Also in the parallel case, two communications
are required. This property is considered as a huge handicap for
both algorithms ReprodSum and FastReprodSum, especially on
distributed memory parallel systems where communication cost
is critical.

3.5.3 Indexed Floating-Point Numbers

Indexed floating-point is a data structure that has been intro-
duced in [12] and presented with more details in Section 5 of [14].
An indexed number consists in K floating-point accumulators.
As for floating-point expansions presented in Section 2.9.2, a
trade off between accuracy and cost should be found: larger K



3.5 solutions for reproducible summation 45

ensures more accuracy for indexed numbers while it amplifies
their manipulation cost. The accumulation of n floating-point
numbers to an indexed number is ensured to be reproducible
independently from the operation order.

The principle of indexed numbers is similar to ReprodSum.
It breaks up the summation input into slices according to pre-
defined exponent intervals, and accumulates exactly the slices
from the same interval in the corresponding accumulator. Dur-
ing the accumulation process, the maximum (the first) accumu-
lator aligns to the largest absolute value in the input data while
slices that require smaller exponent ranges than that allowed by
the smallest (the last) accumulator are ignored.

3.5.4 1-Reduction

The aim of algorithm 1-Reduction [13] is to overcome the hand-
icap of two reductions within ReprodSum and FastReprodSum.
It relies on indexed floating-point numbers [12]. Therefore, it
does not require the maximum value of the input vector p to de-
fine σ. 1-Reduction uses binning to achieve reproducibility. The
inputs pi are split into slices according to predefined exponent
ranges. Only the slices of pi that are in the same exponent range
are accumulated together as shown in Figure 3.3.

EminEmax

p1

p2

p3

...
...

pn

Thread 1

Thread 2

Thread 3

S1 S2

Figure 3.3: Algorithm 1-Reduction (K = 2)
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In the parallel case, local data of each thread is accumulated
into an indexed floating-point number. Since the exponent range
for each bin is predefined, it is shared for all threads. Local in-
dexed numbers are aligned on the right bin according to thread
local maximum of absolute values. Afterwards, during the re-
duction step only the K leading bins are kept.

3.5.5 Static Scheduling and Deterministic Reduction

This solution is offered in parallel programming libraries. We
focus here on the library OpenMP since we used it for our im-
plementations. Dynamic scheduling is usually used to improve
performance by giving more work to the faster thread. Even if
threads run on different cores of the same processor, other fac-
tors (turbo boost, operating system interruptions, non-uniform
memory speed) can make one thread running faster than the
others. However, dynamic scheduling changes the accumulation
order for summation. Therefore, provided results are not repro-
ducible. The same apply for non-deterministic reductions. For
summation when the reduction is not deterministic we accumu-
late local sums that finished first to the global sum. Therefore
even if the data is scheduled in the same way, the reduction tree
order can be different from one run to another.

Static scheduling and deterministic reduction are used to en-
sure that even in parallel the order of accumulation is the same
from one run to another. In terms of timing, this solution is less
efficient due to the lack of dynamic behavior during runtime. Yet
this is not a definitive solution to reproducibility problem. Static
scheduling and deterministic reduction ensure reproducibility
only if the number of threads do not change from one run to
another, and if the program is run on the same processor with
the same instruction set (or a different processor that supports
the same instruction set).
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3.6 reproducible blas and summation

BLAS functions are ubiquitous in scientific applications. Since
most of BLAS routines rely on summation, parallel versions of
BLAS are not necessarily reproducible. We present in this section
the currently existing solutions to ensure reproducible BLAS.

3.6.1 Conditional Numerical Reproducibility

CNR (Conditional Numerical Reproducibility) is a feature that
was introduced in release 11.0 of Intel MKL library [33]. CNR
solves reproducibility problem when a software that uses MKL
is run by two different architectures with different instruction
sets. However, it requires the number of threads to be the same
from one run to another to ensure reproducible results [65]. This
feature is studied in more details in Appendix A.

3.6.2 ReproBLAS Library

The library ReproBLAS [42] relies on Indexed floating-point num-
bers (presented in Section 3.5.3) to provide a reproducible BLAS
implementation. Parallel accumulations in BLAS are performed
using an index number instead of standard floating-point num-
bers to be independent from accumulation order. The ReproB-
LAS library is presented in more details in [14]. According to
the library website, and the last downloadable version, only se-
quential and MPI implementations are provided at this moment.
Future versions should include OpenMP implementation.

3.6.3 ExBLAS library

ExBLAS [19] is a recent BLAS implementation that aims at en-
suring reproducibility by computing correctly rounded outputs.
The summation algorithm used in this library relies on super-
accumulators and floating-point expansions presented in sec-
tions 2.9.3 and 2.9.2 respectively. Note that it costs much less to
accumulate a floating-point number into an expansion than to
accumulate it into a large superaccumulator. Therefore, expan-
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sions are used as first level filtering, and the superaccumulator
is accessed only when the accumulation result no more fits in the
expansion [9]. The summation process is explained in Figure 3.4.

Input data

Floating-point expansion

Superaccumulator

Correctly rounded output

Figure 3.4: The principle of summation used within ExBLAS

Small expansions are efficient when the exponent range of the
input data is small. However for large exponent range, the pre-
cision offered by small expansions is not enough, the access to
the superaccumulator becomes more frequent and the algorithm
is less efficient. Large expansions hold their efficiency for large
exponent ranges. However, accumulations to larger expansions
cost more than for small ones. A trade off on the expansion size
should be made according to the input vector exponent range.

3.7 conclusion

In this chapter, we have presented the accuracy limits and the nu-
merical reproducibility problem for summation. Different algo-
rithms have been proposed to overcome those problems. In Sec-
tion 3.4 we present recent solutions to improve the accuracy of
summation or even to compute a correctly or faithfully rounded
result, while Section 3.5 studies algorithms and techniques to
ensure reproducible parallel summation. Section 3.6 present so-
lutions for reproducibility used in some BLAS implementations.
We clearly distinguish accuracy from reproducibility. More ac-
curacy does not always ensure reproducibility while a repro-
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ducible result is not necessarily accurate. However, ensuring that
the result is correctly rounded always yields reproducibility be-
cause this latter is unique. Therefore we will focus next on en-
suring correctly rounded results to guarantee both accuracy and
reproducibility for summation and BLAS.
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PA R A L L E L R E P R O D U C I B L E A N D C O R R E C T LY
R O U N D E D S U M M AT I O N

4.1 introduction

In this chapter, we focus only on parallel reproducible summa-
tion. We aim at ensuring reproducible summation by computing
a correctly rounded result. For the sequential case, we will study
a wide selection of available algorithms and choose the most ef-
ficient one. For parallel correctly rounded summation we design
a new algorithm relying on error-free transformations. Our so-
lution is compared to already available reproducible summation
algorithms used in ReproBLAS [42]. We also compare our sum-
mation to ExBLAS [19] summation since both algorithms solve
the reproducibility problem by computing the correctly rounded
sum. The optimized summation provided by Intel MKL library
is taken as reference to exhibit the extra-cost of our algorithm.
Performance evaluation in this chapter is done for two environ-
ments significant of a workstation type and a many-core accel-
erator. CPU measures are done for environment A (workstation,
Table B.1), and accelerator measures are done for environment
B (Intel Xeon Phi accelerator, Table B.1). We show that our sum-
mation algorithm exhibits almost no extra-cost cost compared to
other implementations in the best case, while in the worst one
it costs about 6× more than MKL summation which is neither
accurate nor reproducible.

4.2 implementation and optimization of sequential

summation

In this section we study algorithmsAccSum, FastAccSum, iFastSum,
HybridSum and OnlineExact. We start by presenting some im-
plementation details, then we exhibit performance results.

53
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As shown in Table B.1 we prohibit the compiler use of aggres-
sive floating-point optimizations. The option "-fp-model double"
is used so all the intermediate values are computed in double
precision (80 bits registers are not used). The option "-fp-model
strict" disables value-unsafe optimizations. For example, if value-
unsafe optimizations are allowed, the compiler could rely on
addition associativity and replace for in stance the line 1 instruc-
tion in Algorithm 3.4 (q = (pi ⊕ σ)	 σ) by "q = pi".

Vectorization and data prefetching have been manually intro-
duced using Intel intrinsic instructions [32]. Loops are manually
unrolled for vectorization. However we allow the compiler to in-
troduce more unrolling with the option "-funroll-all-loops".

For the sake of optimization, we have introduced few changes
to algorithms HybridSum and OnlineExact. We prove that for
HybridSum it is possible to ensure that the transformation is
error-free with no need to calculate the exponent of the trail-
ing part of split results. For OnlineExact we demonstrate that
FastTwoSum can be used instead of TwoSum to reduce the
floating-point operation count. Our implementation of both al-
gorithms is presented hereafter.

4.2.1 Optimization of HybridSum

As described in Algorithm 3.6, HybridSum transforms the in-
put vector p to a smaller one by accumulating elements with the
same exponent into the same accumulator (lines 5, 6). The input
floating-point numbers are split into two parts, each with half
the mantissa of standard binary64 numbers (line 2). Both Algo-
rithms 2.5 (Veltkamp) and 3.5 (binary mask) can be used to split
the input data. However we prefer Veltkamp’s algorithm for two
reasons.

1. For binary64 inputs, Algorithm 2.5 guarantees that both
outputs (high and low parts) have bm/2c bits mantissa
even if m is odd [40]. At the contrary if the Algorithm 3.5
is used, at least one of the two parts could have dm/2e bits
mantissa. Here m = 53.
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2. Algorithm 2.5 is more efficient in practice1 since it only
relies on floating-point operations. Therefore it neither re-
quires a mix of integer and floating-point registers or units,
nor casting operations. At the contrary Algorithm 3.5 uses
integer units for mask operation.

Veltkamp’s Split algorithm (Algorithm 2.5)

Input: x: floating-point number, s: positive integer
Output: xh, xl: floating-point numbers

1: a = βs + 1 {*β is the radix*}
2: b = x⊗ a
3: c = x	 b
4: xh = a⊕ c
5: xl = x	 xh

To get the exponent of a floating-point number we perform
two operations. We put the sign bit to 0 using a mask operation.
Afterwards we shift 52 bits to the right to eliminate the mantissa
and keep only the binary presentation of the exponent. Note that
we do not have the real value of the exponent because of the
bias that should be considered as shown in Tables 2.1 and 2.2.
However, we only need to distinguish elements with the same
exponent, so there is no need to compute the real value here.

We next demonstrate that when we split one input pi into two
parts pi,h and pi,l, it is not necessary to know the exponent of pi,l
to accumulate it to the right accumulator. The original version of
HybridSum transformation has been proved to be error-free in
Section 3.2 of [69]. However we recall its demonstration in Theo-
rem 4.1 using our Chapter 3 notations before demonstrating the
properties of our the modified version.

Theorem 4.1. Let p be a vector of floating-point numbers resulting
from Veltkamp’s split algorithm applied on binary64 floating-point
numbers using s = dm/2e, wherem is the mantissa size for binary64.
Let all elements of p have the same exponent e, n be the size of p
and C be a binary64 floating-point number. We demonstrate that for

1 According to our experiments on environment A.
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n 6 2dm/2e, C = p1 ⊕ p2 ⊕ ... ⊕ pn is a binary64 floating-point
number.

Proof. For a given floating-point number x, Muller and al. have
shown in [40, page 135] that for binary formats, split(x, s) yields
xh and xl such that.

• xh fits in m− s bits.

• xl fits in s− 1 bits.

Since we use s = dm/2e andm = 53 is odd for binary64 floating-
point numbers, m − s = bm/2c and s − 1 = bm/2c. Therefore
both xh and xl fit in bm/2c bits.

Note that all elements of p are generated using Veltkamp’s
split algorithm, so mantissa of pi fits in bm/2c bits. For every
pi ∈ p, exponent(pi) = e, so we have:

|pi| < 2
e+1,

lnb(pi) > 2
e−bm/2c+1.

(4.1)

For C =
∑n
i=1 pi, and according to Relation (4.1),

|C| < n · 2e+1.

We consider that n 6 2dm/2e, so

|C| < 2dm/2e · 2e+1 = 2e+dm/2e+1.

Therefore, its unit in first place is bounded as:

ufp(C) 6 2e+dm/2e. (4.2)

For C =
∑n
i=1 pi, Relation (2.6) yields

lnb(C) > min
i

(lnb(pi)). (4.3)

So according to Relation (4.1)

lnb(C) > 2e−bm/2c+1. (4.4)

From Relations (4.2) and (4.4), we have:
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ufp(C)

lnb(C)
6

2e+dm/2e

2e−bm/2c+1
,

6 2e+dm/2e−e+bm/2c−1,

6 2m−1,

6
u−1

2
,

andlnb(C) > ufp(C) · 2u.

Therefore, according to Relation (2.5), C is a floating-point num-
ber.

Let (pi,h,pi,l) = split(pi, dm/2e). We exhibit that it is sufficient
to compute the exponent of the leading part eh to derive the
accumulator corresponding for both leading and trailing parts.
Hence, the trailing part pi,l is accumulated to the accumulator
Ceh−dm/2e without computing its exponent.

We first prove in Lemma 4.1 an additional property of the
Veltkamp split algorithm which will also be useful for our demon-
stration.

Lemma 4.1. Let x be a floating-point number in binary format, m be
the mantissa size, 0 < s < m and (xh, xl) = split(x, s) using Algo-
rithm 2.5 (Veltkamp). We show that exponent(xh) > exponent(x).

Proof. As in [40] we only focus on the case where the input 1 6
x < 2 without loss of generality. Muller and al. [40] has shown
that:

x = xh − xl,

xl 6 2
s−m,

xh is a multiple of 2s−m+1.

(4.5)

Therefore, to ensure that exponent(xh) > exponent(x) we
need in this case to prove that xh > 1.

We prove by contradiction that xh > 1. For xh < 1, we show
that the properties of the algorithm presented in Relation (4.5)
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can not be true.
Let 1 6 x < 2 be written as x = 1+w, such that 0 6 w < 1. Since
xh is a multiple of 2s−m+1,

xh < 1 =⇒ xh 6 1− 2s−m+1. (4.6)

From Relation (4.5), we have:

xl = x− xh,

xl > 1+w− 1+ 2s−m+1,

xl > w+ 2s−m+1,

xl > 2
s−m+1,

(4.7)

yet it is proven in [40] as recalled in Relation (4.5) that xl 6 2s−m.
Therefore xh < 1 can not be true. We deduce that xh > 1, which
implies that exponent(xh) > exponent(x).

Theorem 4.2. Let p be a vector of n floating-point numbers built with
Veltkamp’s split algorithm for s = dm/2e, such that:

• either pi is a leading part with exponent(pi) = e;

• or pi is the trailing part of a leading part xh such that exponent(xh) =
e+ dm/2e.

For n < 2bm/2c, the accumulation C = p1 ⊕ p2 ⊕ ... ⊕ pn is a
floating-point number.

Proof. Let x be a floating-point number, and ex its exponent.
Muller and al. [40] have shown that (xh, xl) = split(x, s) are
such that:

• |xh| 6 2ex+1 and lnb(xh) > 2ex+s−m+1;

• |xl| 6 2ex+s−m and lnb(xl) > 2ex−m+1.

For binary64 format and using s = dm/2e, those relations are
written as:

|xh| 6 2
ex+1 and lnb(xh) > 2ex−bm/2c+1,

|xl| 6 2
ex−bm/2c and lnb(xl) > 2ex−m+1.

(4.8)
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Here, a leading part, xh ∈ p is such that exponent(xh) = e. So
Relation (4.8) yields

|xh| < 2
e+1,

lnb(xh) > 2
e−bm/2c+1.

(4.9)

On the other side, a trailing value xl ∈ p is such that exponent(xh) =
e + dm/2e. Muller and al. show in [40] that exponent(xh) 6

ex+ 1, and Lemma 4.1 shows that exponent(xh) > ex. Therefore
we distinguish two cases here. i) If exponent(xh) = ex, we have
ex = e+ dm/2e and

|xl| 6 2
ex−bm/2c = 2e+dm/2e−bm/2c = 2e+1, (4.10)

and

lnb(xl) > 2
ex−m+1 = 2e+dm/2e−m+1 = 2e−bm/2c+1. (4.11)

ii) In the second case, ex = e+ dm/2e− 1, that yields:

|xl| 6 2
ex−bm/2c = 2e+dm/2e−1−bm/2c = 2e, (4.12)

and

lnb(xl) > 2
ex−m+1 = 2e+dm/2e−1−m+1 = 2e−bm/2c. (4.13)

We deduce from Relations (4.9), (4.10), (4.11), (4.12) and (4.13)
that all ∀pi ∈ p are such that:

|pi| 6 2
e+1,

lnb(pi) > 2
e−bm/2c.

(4.14)

For C =
∑n
i=1 pi, we have

|C| 6 n · 2e+1,

so for n < 2bm/2c,

|C| < 2e+bm/2c+1,

ufp(C) 6 2e+bm/2c.
(4.15)
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According to Relations (4.14) and (4.3)

lnb(C) > 2e−bm/2c. (4.16)

From Relations (4.15) and (4.16), and following the same process
as in Theorem 4.1, we find that

lnb(C) > ufp(C) · 2u.

Therefore, C is a floating-point number.

Theorem 4.2 proves that it is possible to avoid to compute the
exponent of the trailing part of split results. In practice, this op-
timization is very efficient since it replaces with a single integer
subtraction two operations (mask and shift) that requires also to
move a floating-point number to an integer register.

Algorithm 4.1 HybridSum transformation with single exponent
computation

Input: p: a vector of n floating-point numbers
Output: C: a vector of 2048 floating-point numbers

1: for (i = 1; i 6 n; i = i+ 1) do
2: (pi,h,pi,l) = split(pi)
3: eh = exponent(pi,h)

4: Ceh = Ceh ⊕ pi,h
5: Ceh−dm/2e = Ceh−dm/2e ⊕ pi,l
6: end for

For our implementation ofHybridSum, each accumulator sus-
tains n < 2bm/2c accumulations. However, counting the number
of floating-point numbers accumulated to each Ce is costly both
in terms of time and space, Therefore, the authors suggest in [69]
to only keep track of the total number of summands. Each time
the latter reaches the maximum size supported by the accumula-
tors, the accumulators themselves are split and accumulated to
a new accumulator vector according to their current exponent.
Then the process continues on the rest of the input vector [69].
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4.2.2 Optimization of OnlineExact

Like HybridSum, OnlineExact transforms the input vector to
a smaller one by accumulating inputs according to their expo-
nent. As described in Algorithm 3.7 OnlineExact uses a size 2
expansion to simulate a higher precision accumulator. Each ac-
cumulator Ce consists of two standard floating-point numbers
Ce,h and Ce,l (lines 3, 4). The input does not need to be split, it is
instead accumulated to Ce,h. The error of this first operation can
be computed using algorithm TwoSum and accumulated to Ce,l,
the second part of accumulator. The authors have shown in [70]
that up to 2bm/2c floating-point numbers with the same exponent
can be exactly accumulated to a size 2 expansion. When the in-
put vector is larger than 2bm/2c, the accumulators themselves are
considered as separate floating-point numbers and accumulated
according to there exponents to a new fresh vector, then the pro-
cess continues.

4.2.2.1 Optimization Using FastTwoSum

Let C be an accumulator that consists of two floating-point num-
bers Ch and Cl (lines 3, 4). And let p be the vector of floating-
point numbers that are accumulated into C (all elements of p
have the same exponent e).

Each element of p is accumulated to Ch using algorithm TwoSum,
then the computed error is accumulated into Cl. We prove that
TwoSum in this case can be replaced by FastTwoSum without
having to compare its input.

We can ensure that (s, e) = FastTwoSum(a,b) is an error-free
transformation only if we have preliminary knowledge about
the larger element between a and b: |a| > |b| or exponent(a) >
exponent(b) (see Algorithm 2.2). Comparing a and b and per-
muting inputs if necessary is possible, yet the additional cost of
branch related to the comparison operation might be higher than
the cost of the three floating-point operations that we gain com-
pared to the algorithm TwoSum – this depends on the branch
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predictor performance and misprediction cost.

Rump and al. have weakened the requirement for algorithm
FastTwoSum to guarantee that the transformation is error-free.
They have shown in [54] that FastTwoSum works if lnb(a) >

ulp(b) independently from the order of the inputs a and b. We
prove that this condition is satisfied in our case.

Note that for each element pi of exponent e in p we have:

ufp(pi) = 2
e,

ulp(pi) = ufp(pi) · 2u = 2e · 2u,

lnb(pi) > 2u · 2e.

Therefore, for each intermediate value of Ch and each pi ∈ p,
and according to Relation (2.6)

lnb(Ch) > min
i

(lnb(pi)) > 2
e · 2u = ulp(pi).

Elements of p might have different signs. Therefore, it is possi-
ble for |Ch| to be smaller than |pi| due to cancellations. However,
FastTwoSum(Ch,pi) is still guaranteed to be an error-free trans-
formation of Ch + pi because lnb(Ch) > ulp(pi).

Note also that all demonstrations from the original paper [70]
and those in this section remain valid for

ufp(pi) 6 2
e,

lnb(pi) > 2u · 2e.
(4.17)

Algorithm 4.2 OnlineExact transformation using FastTwoSum

Input: p: a vector of n floating-point numbers
Output: Ch,Cl: two vectors of 2048 floating-point numbers

1: for (i = 1; i 6 n; i = i+ 1) do
2: e = exponent(pi)

3: (Che, error) = FastTwoSum(Che,pi)
4: Cle = Cle + error

5: end for
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4.2.3 Runtime Performance for Summation Algorithms

We implemented and tested the presented algorithms that guar-
antee either correctly or faithfully rounded summation result.
We focus on runtime performance only in this section since all
the tested algorithms have the same accuracy. Accuracy is ad-
dressed in more details in Section 4.5.

Our experimental approach is explained in Appendix B. The
generator introduced in Section B.4.1 is used to generate two sets
of vectors with condition numbers 108 and 1032 and different vec-
tor sizes. We perform our tests on environment A (workstation,
Table B.1), and we measure runtime in cycles using the assembly
instruction rdtsc.

Figures 4.1a and 4.1b respectively exhibit tested algorithm run-
times for condition numbers 108 and 1032. We show on the X-axis
the log10 of the input vector size, and on the Y-axis the number
of cycles divided by the size of the vector. Every instance is run
16 times, and only the minimum execution time is presented to
minimize measurement errors. Insignificant running time mea-
sures are excluded.

For summations with small condition number (108), Figure 4.1a
shows that all the five presented algorithms have almost sim-
ilar performance. However, for small vectors both algorithms
HybridSum and OnlineExact are not very efficient due to their
nature of the algorithms that transforms large vectors to smaller
ones and then apply an iterative summation algorithm. For larger
input vectors, algorithm OnlineExact is a little more efficient
than the other algorithms, yet the difference is not very signifi-
cant. When data no more fits in the L3 cache, both the algorithms
AccSum and FastAccSum run much slower than the other al-
gorithms. Figure 4.1b shows the running time of the same al-
gorithms for larger condition numbers (1032). In this case, it-
erative algorithms are less efficient since they require more it-
erations and therefore multiple loads of the input vector and
more floating-point operations. At the contrary,HybridSum and
OnlineExact that do not depend on condition number behave
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Figure 4.1: Performance results for summation algorithms

as efficient as before.

Figure 4.2 shows the running time for previous algorithms
with respect to the condition number. On the X-axis we present
the log10 of the condition number. On the Y-axis we show the
number of cycles. We already mentioned that algorithmsHybridSum
andOnlineExact do not depend on the condition number. There-
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Figure 4.2: Performance according to condition number
(vector size = 50000)

fore both algorithms are more efficient for ill conditioned prob-
lems. The only drawback of HybridSum and OnlineExact is
that they are less efficient for small input data.

4.2.4 Our Hybrid Summation Algorithm Rsum

We have shown in the previous section that the efficiency of
tested summation algorithms mainly depends on the size and
the condition number of the problem. We introduce one hy-
brid solution that consists in selecting the used algorithm ac-
cording to the input size. OnlineExact is used for large vec-
tors (> 5000 according to our experiments). For smaller vectors
FastAccSum is the most efficient algorithm. However we pre-
fer using iFastSum since its results are correctly rounded while
FastAccSum only provides faithfully rounded results. We call
this hybrid algorithm Rsum. We next present its parallel version
and how it compares to other solutions.
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4.3 parallel correctly rounded sum

Our algorithm for a parallel correctly rounded summation is pre-
sented in Figure 4.3. We distinguish 3 different steps.
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Figure 4.3: Parallel algorithm for correctly rounded sum
(entry vector p is distributed to every thread, here 2)

step 1 The input vector p has been split between all available
threads. Then each thread uses Algorithm 3.7 (OnlineExact)
to accumulate elements with the same exponent. Algorithm 3.6
(HybridSum) also can be used, yet it is slightly less efficient
for our test environment. This step consists in reducing the size
of the local data to a smaller vector C ′ that fits in L1 or L2

caches. The size of C ′ is 4096 binary64 numbers when using
Algorithm 3.7 and 2048 for Algorithm 3.6. For smaller vectors,
this step does not need to be executed, and we start with the sec-
ond step instead. Note that a single run through the input data
is performed at this level.

step 2 In this second step, the local vector C ′ is distilled. An
iterative distillation algorithm is efficient on a vector that fits
in a high level cache (L1 or L2). The result of this distillation
is a vector T such that elements of T are non-overlapping and
ordered by magnitude. In other words for each index i:

ulp(Ti) > ufp(Ti+1).
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This property guarantees that vector T can not contain less ele-
ments and so requires the smallest possible memory space. The
size of T is bounded by the size of the exponent range divided
by the size of the mantissa: it is smaller than 2048/53 ≈ 39 for
binary64. Note that this step reduces the size of C ′ so the se-
quential computation in the next step takes minimal time.

step 3 In this last step we gather the distillation result of
all threads into a single vector C. For t threads, a binary tree
union with O(log2(t)) complexity can be implemented. Since
all the operations that we have performed are error-free trans-
formations, it is guaranteed that:

n∑
i=1

pi =

m∑
j=1

Cj.

Finally, we use the summation algorithm iFastSum to compute
the correctly rounded sum S = RN(

∑n
i=1 pi) of the vector C.

4.4 runtime performance for our parallel summa-
tion

Before comparing our parallel summation algorithm Rsum to
other available solutions, we show its scalability in Figure 4.4.
Our implementation is run in sequential and parallel with dif-
ferent thread configurations. X-axis shows log10 of the input
data size, while Y-axis shows the running time in cycles divided
by the input size. Our summation algorithm scales well up to 16
threads for large vectors (the number of available cores in our
environment A in Table B.1). The same algorithm is tested with
240 threads on the environment B presented in Table B.1 (Intel
Xeon Phi accelerator). We recall that for the sequential version,
iFastSum is used for small vectors and OnlineExact for large
vectors.

Our correctly rounded Rsum is also compared to other avail-
able solutions. To illustrate the performance of our algorithm
we compare its running time to the BLAS routine cblas_dasum
(sum of absolute values) implemented in Intel MKL library. No
parallel version for cblas_dasum is provided in MKL. We use
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Figure 4.4: Rsum: scaling (environment A, cond = 108)

the optimized sequential MKL version to implement a parallel
one. The input vector is split according to the number of threads,
the sequential version is used to accumulate the local data for
each thread, then one OpenMP reduction yields the final result.

Our solution is also compared to the algorithms ReprodSum
[11], FastReprodSum [11] and 1-Reduction [12] presented in
Sections 3.5.1, 3.5.2 and 3.5.4 respectively. We had to implement
all those algorithms instead of using the ReproBLAS library it-
self since it does not offer a shared memory parallel version2. In
Section 4.6 our solution is also compared to the ExBLAS library.

Figure 4.5 exhibits the performance of our algorithm on dif-
ferent architectures. We present on the X-axis the log10 of the
input vector size, and we show the execution time normalized
by the MKL based summation on the Y-axis.

In Figure 4.5a we show that in the optimized sequential case
our algorithm runs about 4× slower than MKL implementation

2 At the time we are writing this document only sequential and MPI parallel
versions are available
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Figure 4.5: Rsum: Performances (Cond = 108)
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that is neither reproducible nor accurate. Reproducible solutions
ReprodSum (K = 2), FastReprodSum (K = 2) and 1-Reduction
(K = 3) are about 2× to 3× slower than MKL’s implementation.
However, they do not ensure that the result is correctly rounded.

Figure 4.5b shows that for the CPU parallel case our algorithm
and 1 − Reduction are as efficient as the parallel summation
based on MKL. Note that at this level all those three algorithms
are reaching the scaling limit imposed by the memory band-
width. ReprodSum and FastReprodSum algorithms are about
2× slower than the others because both run through the input
data twice. Therefore, they suffer twice from the bandwidth lim-
itation.

On Xeon Phi accelerator, we show in Figure 4.5c that our sum-
mation algorithm is about 6× slower than the optimized summa-
tion, and about 3× slower than the other reproducible summa-
tion algorithms. Our algorithm suffers from operations that can
not be vectorized: when we accumulate the elements of the in-
put vector in the vector C according to their exponent we access
to non-contiguous data. Therefore, there is no way to efficiently
vectorize those operations. Unlike the other algorithms, our sum-
mation do not benefit from the AVX-512 registers available on
Xeon Phi.

4.5 accuracy results

In this section we present accuracy results for the different sum-
mation algorithms. We consider classic summation algorithm
(Algorithm 2.1), reproducible algorithms ReprodSum, FastReprodSum
and 1-Reduction, and we experimentally confirm that our sum-
mation algorithm ensures correctly rounded results.

Accuracy results are presented in Figure 4.6. On the X-axis we
show the log10 of the condition number, the Y-axis shows the
log10 of the relative error of the computed result compared to
the correctly rounded one calculated using the MPFR library [62].
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Figure 4.6: Accuracy results for different summation algorithms
(vector size = 100000)

The accuracy of the classic summation algorithm decreases for
large condition numbers. For the tested vector size, provided re-
sult does not contain any correct significant digit when the con-
dition number is larger than 1015. Reproducible solutions are
more accurate than the classic summation algorithms. However,
despite being reproducible, the result is also of a very poor sig-
nificance for problems with large condition number. Finally, our
algorithm guarantees that the summation result is always cor-
rectly rounded and that it does not depend anymore on the con-
dition number of the input data.

Note that both algorithms ReprodSum and 1-Reduction will
be more accurate for larger K. However they will require more
computations and will certainly run slower than for the current
value of K To obtain results similarly accurate to Rsum, other
reproducible solutions need to identify K according to the input
condition number.
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4.6 compare to ExBLAS

We consider the summation algorithm provided by the ExBLAS
library. This latter is available online at [19]. Principle of the al-
gorithm used in ExBLAS are presented in Section 3.6.3 and the
full algorithm is presented in [9]. The generator provided by
the ExBLAS library is used to generate input vectors with dif-
ferent exponent ranges. This latter is defined by the difference
between the maximum and the minimum exponents of input
floating-point numbers (decimal exponent). Two ranges of 8 and
32 have been considered.

We recall that ExBLAS uses floating-point expansions and su-
peraccumulators to add the inputs without any error. The expen-
sive process where the input moves to the superaccumulator of
is performed only when the result does no more fit in the expan-
sion. Note that large expansions are more efficient for problems
with large exponent range, while small expansions are suited
for problems with smaller exponent range. We test 3 sizes for
the expansion, 2, 4 and 6. To study the performance in different
scenarios we compare our solution to ExBLAS summation with
different expansion size and for different exponent ranges.

Figure 4.7 presents our Rsum algorithm compared to ExBLAS
summation in the sequential case for two different exponent
ranges, and with expansion sizes: 2, 4 and 6.
In Figure 4.7a we show that small expansions (of size 2) are very
efficient, while larger ones increases the running time ExBLAS
summation up to the cost cost of our Rsum for size 4 expansion,
and more than Rsum for size 6 expansion.
For larger exponent range, Figure 4.7b shows that size 2 ex-
pansions are no more efficient because this expansion size is
not large enough to hold the accumulation result. Therefore,
the costly access to superaccumulator is more regular. However,
larger expansions of sizes 4 and 6 exhibit the same performance
as for small exponent range.

Parallel results are shown in Figure 4.8. For the sake of read-
ability, running times are normalized by our summation algo-



4.6 compare to exblas 73

rithm (see Y-axis legend in Figures 4.8a and 4.8b).

Figure 4.8a shows the result for small exponent range. We
have already explained that our summation algorithm reaches
the memory bandwidth limit. Both configurations with expan-
sion of size 2 or 4 reach the same performance. Size 6 expansion
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Figure 4.7: Rsum vs ExBLAS: relative performance (ratio/size),
summation, sequential case
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Figure 4.8: Rsum vs ExBLAS: relative performance (ratio/size),
summation, parallel case (threads = 16)

is resource intensive and is not able to reach the same efficiency
even when all available cores are used.

For larger exponent range, we observe with Figure 4.7b the
same behavior as for the sequential case, when size 2 expansion
introduces a heavy loss of efficiency. Expansions with size 4 and
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6, despite being less efficient than size 2 expansion for small ex-
ponent range, keep the same efficiency for large exponent range.
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Figure 4.9: Impact of the exponent range on summation algorithm
efficiency (vector size = 105)

To show the impact of the exponent range on summation al-
gorithms, we exhibit in Figure 4.9 the runnings time of our solu-
tion and ExBLAS summation for different exponent ranges and a
given vector size. Exponent ranges between 4 and 160 are tested.
We recall that the decimal exponent range of binary64 format
is about 620. Exponent range is shown on the X-axis, and run-
ning time in cycles is shown on the Y-axis. We also included the
early-exit version of the ExBLAS algorithm (denoted as Expan-
sion6EE). It consists in avoiding to perform useless operations
when a floating-point number is accumulated into an expansion.
The algorithm used in ExBLAS consists in accumulating the in-
put into the first element of expansion array using the algorithm
TwoSum. Then the committed error is accumulated to the next
expansion element until reaching the expansion end. Early-exit
consists in testing if the error is zero before accumulating it to
the next expansion element. This technique is particularly effi-
cient when a large expansion is used for inputs with small expo-
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nent range.

Figure 4.9 shows that the only configuration that is more ef-
ficient than our summation algorithm is when using size 2 ex-
pansion or when early-exit is used for small exponent ranges
(< 16). Using larger expansions is more efficient for large ex-
ponent ranges. However, larger expansions requires much more
floating-point operations for the accumulation to be performed.
Therefore, our algorithm compares favorably to ExBLAS when
the input is not restricted to a small exponent range or when
large expansions are used.

4.7 conclusion

In this chapter we presented Rsum, a new parallel algorithm
for reproducible correctly rounded summation. It relies on error-
free transformations and appears to be very efficient in terms of
running time and accuracy compared to other existing parallel
summation algorithms. Rsum relies on different summation al-
gorithms depending on the input size. It uses OnlineExact is
used to error-free transform the input data at a constant cost.
Some algorithmic changes have been introduced to this latter
to improve its running time performance. We have shown in
section 4.4 that our algorithm scales almost perfectly for large
vectors up to 16 cores. Compared to MKL based implementa-
tion, the parallel version of our solution has almost no extra-cost
when it runs on CPU, and up to 5× extra-cost when it runs on
Xeon Phi accelerator. However, it always ensures that the result
is correctly rounded and its timing performance and accuracy
does not depend neither on the condition number nor on the
exponent range of the input. Section 4.6 shows that our algo-
rithm compares very favorably to ExBLAS summation that also
ensures a correctly rounded result.
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R E P R O D U C I B L E L E V E L 1 B L A S

5.1 introduction

Chapter 4 introduces our algorithm for reproducible and cor-
rectly rounded floating-point summation. In this chapter, we fo-
cus on level 1 BLAS subroutines. Subroutines at this level per-
forms scalar-vector and vector-vector operations with a linear
complexity, i.e. O(n) where n is the entry dimension. We con-
sider the subroutines dot (dot product), asum (sum of abso-
lute values) and nrm2 (euclidean norm) and introduce a repro-
ducible solution for their computation. Algorithms are designed
for these subroutines. Performance tests show that our parallel
implementation for CPU has about 2× extra-cost compared to
implementations based on Intel MKL library in the worst case
scenario. For Xeon Phi implementations the extra-cost is up to
about 6× and this overhead is explained as we did for summa-
tion in chapter 4.

5.2 dot product

Dot product takes as input two vectors x and y of equal length
and computes the scalar corresponding to the sum of the prod-
ucts xi × yi as:

S =

n∑
i=1

xi · yi.

Dot product is ubiquitous in scientific computing and is also
one important building block for higher level BLAS subroutines.
In the next section we explain how the dot product of two n-
vectors can be transformed with no error to a sum of a 2n-vector.
Therefore we use Rsum to implement a correctly rounded dot
product.

77
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5.2.1 Sequential Dot Product

The dot product of two n-vectors is transformed into a sum
of a 2n-vector using algorithms TwoProd or 2MultFMA (Al-
gorithms 2.6 and 2.7). Algorithm 2MultFMA is more efficient,
yet it requires an FMA floating-point unit to be available. Let
us compute (pi, ri) such that pi + ri = xi × yi for every (xi,yi)
thanks to TwoProd or 2MultFMA according to Relation (2.12).
This error-free transformation ensures that

n∑
i=1

xi · yi =
n∑
i=1

pi +

n∑
i=1

ri =

2n∑
i=1

qi.

with qi = pi and qn+i = ri. Therefore, we have the following
floating-point equality:

round

(
n∑
i=1

xi · yi

)
= round

(
n∑
i=1

pi +

n∑
i=1

ri

)
. (5.1)

The sum of the 2n-vector (the right part of Relation (5.1)) is
performed using algorithm iFastSum for small length data. For
larger input data, algorithm OnlineExact is used. Note that the
2n-vector does not need to be created when using algorithm
OnlineExact. The multiplication result pi and its error ri can be
accumulated directly and exactly according to their exponents
to vector C.

[
]x

[
]y

[
]C

TwoProd(xi ,yi)

pi

ri

Cepi
+pi

Cepi
−m + ri

result
iFastSum(C)

TwoProd and exp accumulation

Figure 5.1: Algorithm for a sequential correctly rounded dot product
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Let epi be the exponent of pi. We prove that even if the ex-
ponent of the error ri is not computed and is accumulated to
the accumulator Cepi−m as shown in Figure 5.1, Relation (4.17)
remains valid.

Theorem 5.1. Let x,y be two floating-point numbers of precision u
and mantissa length m. The error-free transformation:

(p, r) = TwoProd(x,y)

verifies:

ufp(r) 6 2e,

lnb(r) > 2u · 2e,

where e = ep −m for ep = exponent(p).

Proof. Let ex and ey be the exponents of x and y. We assume that
no overflow nor underflow occurs and that rounding to nearest
mode is used since it is required for algorithm TwoProd to work
properly. Without loss of generality, we also assume that x > 0
and y > 0. Therefore we have:

x 6 2ex+1 − ulp(x),

y 6 2ey+1 − ulp(y).

The real number z = x× y is such that:

z 6 (2ex+1 − ulp(x))× (2ey+1 − ulp(y)),

z 6 2ex+1 × (1− u)× 2ey+1 × (1− u),

z 6 2ex+ey+2 × (1− u)2,

z < 2ex+ey+2,

ufp(z) 6 2ex+ey+1.

(5.2)

Starting from Relation (2.6):

lnb(z) = lnb(x)× lnb(y),

and since for each floating-point number x, lnb(x) > ulp(x) we
deduce that:
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lnb(z) > ulp(x)× ulp(y).

According to Relation (2.4), we write:

lnb(z) > 2u× ufp(x)× 2u× ufp(y),
lnb(z) > 2u× 2ex × 2u× 2ey ,

lnb(z) > (2u)2 × 2ex+ey ,

lnb(z) > 2ex+ey+2−2m.

Note that TwoProd ensures that p = x⊗ y, so p = round(z).
According to Relation (5.2) we have:

z 6 2ex+ey+2 × (1− u)2,

round(z) 6 round(2ex+ey+2 × (1− u)2),

p 6 2ex+ey+2 × round((1− u)2).

Since (1− u)2 < (1− u), we have:

p 6 2ex+ey+2 × round(1− u),
ufp(p) 6 2ex+ey+2 × ufp(1− u),
ufp(p) 6 2ex+ey+2 × 2−1,
ufp(p) 6 2ex+ey+1.

We recall that r is the multiplication error, so

r 6
ulp(p)

2
,

r 6
2u · ufp(p)

2
,

r 6 u · ufp(p).

(5.3)

And since r = z− p,

lnb(r) > min(lnb(z), lnb(p)). (5.4)

Note that p = round(z), so lnb(p) > lnb(z). Therefore

lnb(r) > lnb(z),

lnb(r) > 2ex+ey+2−2m,

lnb(r) > 2ex+ey+1 · 21−2m,

lnb(r) > 2u2 · ufp(p),

(5.5)
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According to our hypothesis, ep = e +m, so ufp(p) = 2e+m

yields in Relations (5.3) and (5.5):

r 6 u · 2e+m = 2e+m−m = 2e.

So we derive

ufp(r) 6 2e;

and

lnb(r) > 2u2 · 2e+m,

lnb(r) > 2u · u · 2e+m,

lnb(r) > 2u · 2−m · 2e+m,

lnb(r) > 2u · 2e.

Hence, the exact accumulation of the dot product only require
one exponent extraction for every partial product xi × yi.

5.2.2 Parallel Dot Product

Our parallel algorithm for correctly rounded dot product is very
similar to the summation one presented in Figure 4.3. The only
difference is that it performs a TwoProd operation before accu-
mulating the result and the error according to the result expo-
nent as presented in Figure 5.1 for the sequential version. As
for summation, the parallel correctly rounded dot product algo-
rithm consists in the 3 steps presented in Figure 5.2.

step 1 In the first step, both input vectors x and y are split
equally between threads. Each thread performs an error free
transformation for its local dot product: Algorithm TwoProd

replaces the floating-point multiplication. The multiplication re-
sult and its error are accumulated into C ′ according to the result
exponent. Note that for small input vectors (6 10000 accord-
ing to our experiments) this accumulation according to exponent
can be skipped and the multiplication result and error are stored
without accumulation to C ′. This avoids performing additional
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Figure 5.2: Parallel algorithm for correctly rounded dot product
(input vectors x and y are distributed to every thread, here

2)

operations that do not reduce the size of the input data. Note
that the size of C ′ is 4096 binary64 number. Therefore it fits at
least in L2 cache on recent processors (Intel processors based on
Haswell or more recent architectures have at least 256 KB cache
while 4096 binary64 occupies 32 KB). A similar transformation
relying on HybridSum could be used. However according to the
running time for our test environment OnlineExact transforma-
tion is more efficient.

step 2 In the second step we perform a distillation of the
result of Step 1 to transform the vector C ′ to the vector T that
requires the smallest possible memory space to store the local
dot product without error.

step 3 Finally, the local vectors T are gathered into a single
vector C. The sequential iterative correctly rounded summation
algorithm iFastSum is used to compute the sum of C.
Since all the performed transformations are error free, apply-
ing a correctly rounded summation to C provides the correctly
rounded result of the dot product.
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5.2.3 Runtime Performance Results

We consider again the environments presented in Table B.1. As
for summation, we test our sequential implementation and CPU
parallel version on environment A (workstation). A Xeon Phi ac-
celerator version is tested on environment B. Additionally, we
consider environment C which corresponds to a supercomputer
with distributed memory1. Those test environments are signif-
icant of today’s practice of floating-point computing. OpenMP
library is used to implement the shared memory parallel dot
product for both CPU and Xeon Phi. A hybrid MPI/OpenMP
version is implemented for environment C. The OpenMP library
is used for multithreading on the same socket and MPI is used
to exchange data between different sockets.

We compare the performance results of our dot product to
the highly optimized Intel MKL library and to implementations
relying on 1-Reduction algorithm used by the ReproBLAS li-
brary [42]. We had to implement our version of the 1-Reduction
dot product since ReproBLAS library does not offer neither OpenMP,
nor hybrid OpenMP/MPI versions. We take care that the same
libraries are used for all algorithms for the comparison to be
fair. We also use the generator from [44] and explained in Sec-
tion B.4.1 to generate vectors of different sizes and a same con-
dition number to ensure that the presented performance results
only depend on the input data size. However, according to our
experiments, the condition number would have no impact on
the running time of the considered algorithms.

Algorithms ReprodSum and FastReprodSum are not included
in those tests because we have exhibited in the previous chapter
that 1-Reduction is more efficient. The CNR feature [65] is also
not used here since it does not aim at ensuring the reproducibil-
ity between sequential and parallel runs even on the same pro-
cessor. We study this feature in details in Appendix A.

In Figure 5.3 we present the running time of different dot prod-
uct implementations for CPU based sequential and shared mem-

1 https://www.cines.fr/calcul/materiels/occigen/
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ory parallel systems, and for Xeon Phi accelerator. We show on
the X-axis the log10 of the input vector size. The Y-axis shows
the running time normalized by the Intel MKL dot product one.

Figure 5.3a shows that our sequential correctly rounded dot
product runs about 5× slower than Intel MKL dot product. On
the other side, 1-Reduction dot product is only twice slower
compared to MKL one.

When we run the CPU parallel version using all the avail-
able cores, Figure 5.3b shows that both our solution and the
1-Reduction dot product reach the same performance as Intel
MKL, the latter being restricted by memory bandwidth.

We show in Figure 5.3c that for Intel Xeon Phi accelerator, our
correctly rounded dot product runs about 4× slower than both 1-
Reduction and MKL solutions. As we explained for summation,
our algorithm suffer from exponent driven operations that can
not be vectorized efficiently. Therefore AVX-512 floating-point
units available on Xeon Phi are mostly used to perform scalar
operations. This limits considerably the performance of our dot
product on Xeon Phi accelerator.

Results for large distributed memory system performed on
Occigen supercomputer (environment C) are presented in Fig-
ure 5.4. Note that only dot product was tested on this architec-
ture due to access time limitation to this supercomputer. We run
the three previously presented dot products on the same data
set (fixed size and condition number) with different hardware
configurations.

Figure 5.4a shows the scalability for the single socket config-
uration. On the X-axis we show the number of used threads,
and the running time in cycles on the Y-axis we show. It is not
a surprise that MKL dot product does not scale so far since it
is quickly limited by the memory bandwidth. 1-Reduction and
our correctly rounded dot product scale well up to exhibit no
extra-cost ratio compared to MKL. Again such scaling occurs
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Figure 5.3: Performance results for dot product on shared memory
systems (Cond = 10

8)
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until being limited by the memory bandwidth.

Figures 5.4b and 5.4c show the running time of different dot
products for multi socket configuration. For the classic optimized
dot product we use the OpenMP implementation provided by
MKL to compute the (socket) local dot, then a MPI reduction
is used to compute the final result. On the X-axis we show the
number of used sockets (all cores are used on each socket). On
the Y-axis, we show in Figure 5.4b the running time in cycles and
in Figure 5.4c the extra-cost compared to the classic dot product.
Note that the same data is presented in different ways on these
two figures. Both correctly rounded and 1-Reduction dots stay
almost as efficient as classic dot. All algorithms have the same
performance when performing local computations on a single
socket as shown in Figure 5.4a. Since all algorithms perform a
single additional communication in multi socket configuration,
they all exhibit similar performances.

5.2.4 Accuracy Results

Accuracy results for dot product are shown in Figure 5.5. Pre-
vious versions are tested for different condition numbers. We
show on the X-axis the log10 of the condition number, and on
the Y-axis the log10 of the relative error compared to correctly
rounded dot product computed with MPFR. In almost all cases,
1-Reduction dot besides being reproducible is more accurate
than Intel MKL dot. However, for ill-conditioned problems both
MKL and 1-Reduction derived implementation provide worth-
less results. As expected our dot product always exhibits cor-
rectly rounded results independently from the condition num-
ber of the problem.

5.3 euclidean norm

The euclidean norm of a vector p is defined as (
∑n
i=1 p

2
i )
1/2. The

sum
∑n
i=1 p

2
i can be correctly rounded either in sequential or in

parallel by using the previous dot product to multiply the input
vector p by itself. Afterwards, we apply a square root on the dot
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Figure 5.5: Accuracy results for dot product (size = 10
5)

product result to yield a faithfully rounded euclidean norm as
proven in [21]. This approach does not ensure that the final re-
sult of the euclidean norm is correctly rounded. However this
faithfully rounded result is reproducible because it depends on
a reproducible correctly rounded summation and on the repro-
ducible IEEE-754 square root operator.

Note that we do not use directly the MKL implementation of
nrm2 because it is implemented using a more complicated and
slower algorithm: it evaluates the euclidean norm as maxi(pi)×
(
∑n
i=1(pi/maxi(pi))2)1/2 to avoid underflows and overflows and

for a fair performance comparison. Since our solution does not
manage to avoid underflows nor overflows, we use instead the
dot product of MKL to compute the sum

∑n
i=1 p

2
i , and then a

square root to return the expected result. We name it as the clas-
sic euclidean norm.
Performance results are presented in Figure 5.6.

Except the final square root, algorithms that compute euclidean
norm perform the same number of floating-point operations
compared to their dot product counterparts for a given input
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Figure 5.6: Performance results for euclidean norm



90 reproducible level 1 blas

vector size. Therefore the same running time is observed as the
running time remains CPU bound. However, for classic euclidean
norm which is memory bound2 a significant performance boost
is observed. It runs about twice as fast as its dot product coun-
terparts since it reads twice less data from the memory.

Figure 5.6a shows that in the sequential case our reproducible
faithfully rounded euclidean norm runs about 8× slower than
the classic euclidean norm. The extra-cost is shown in Figure 5.6b
to be about twice in parallel on CPU when all 16 cores are
used. And Figure 5.6c shows that on Xeon phi accelerator our
euclidean norm costs about 6× more compared to the classic
one.

5.4 sum of absolute values

The sum of absolute values (asum) of a vector p is defined as
S =

∑n
i=1 |pi|. Our summation algorithm Rsum presented in

Chapter 4 can also be used to compute a correctly rounded
sum of absolute values. However, condition number of asum
is known to equal 1. This justifies the use of the more runtime
efficient compensated algorithm SumK [44]. Since the relative
error bound of SumK is always greater than u (as shown in Re-
lations (3.1) and (3.2)), its result can not be guaranteed to be
correctly rounded. Nevertheless, this error bound is very pes-
simistic and occurs only in the worst case scenario. We propose
an algorithm based on Sum2 (SumK with K = 2) that evalu-
ates the error bound during the computations to verify if the
Sum2 result is correctly rounded or not. If the result is correctly
rounded it is returned by our algorithm. Otherwise, the correctly
rounded summation algorithm presented in Chapter 4 is used.

Algorithm 5.1 details our process to compute the correctly
rounded sum of absolute values.

Lines 1-6 are nothing more than Sum2 (Section 3.4.2) with an
additional variable maxError that stores the maximum of the
generated errors when accumulating into variable Ŝ. This allows

2 bottlenecked by the memory bandwidth
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Algorithm 5.1 Correctly rounded sum of absolute values

Input: p: a vector of n floating-point numbers
Output: Ŝ: the correctly rounded sum of p.

1: q = vecSum(|p|) {*qn = p1 ⊕ p2 ⊕ ... ⊕ pn and
∑n
i=1 qi =∑n

i=1 |pi|*}
2: maxError = 0

3: for (i = 1 : n− 1) do
4: Ŝ = Ŝ⊕ qi {*the sum of errors for the compensation*}
5: maxError = max(ulp(|Ŝ|)/2,maxError)
6: end for
7: errorBound = maxError× (n− 1)

8: (Ŝ,qn) = TwoSum(Ŝ,qn) {* compensation *}
9: E+ = roundUp(qn + errorBound)

10: E− = roundDown(qn − errorBound)

11: if Ŝ⊕ E+ = Ŝ⊕ E− then
12: Ŝ = Ŝ⊕ qn
13: else
14: Ŝ = Rsum(|p|) {*algorithm presented in Chapter 4*}
15: end if

us to have a dynamic error bound for Ŝ+qn, this error bound is
computed by multiplying maxError by the number of possible
errors (n− 1). Note that this multiplication is exact for n 6 u−1

since maxError is a power of 2. Therefore we know that the
exact result S is such that:

Ŝ+ qn − errorBound 6 S 6 Ŝ+ qn + errorBound. (5.6)

We also know that roundDown(qn − errorBound) 6 qn −

errorBound and qn+errorBound 6 roundUp(qn+errorBound),
so after running instructions 9 and 10, this leads to:

Ŝ+ E− 6 S 6 Ŝ+ E+. (5.7)

Since rounding is monotonic, we have

round(Ŝ+ E−) 6 round(S) 6 round(Ŝ+ E
+),

Ŝ⊕ E− 6 round(S) 6 Ŝ⊕ E+.
(5.8)

We distinguish two cases here
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• If Ŝ⊕E− and Ŝ⊕E+ round to the same floating-point value,
any value in the interval [Ŝ⊕ E−, Ŝ⊕ E+] including S have
the same rounding. Hence the rounding of any point of the
interval is a correctly rounded result of S. We return Ŝ⊕qn
that is the the correctly rounding of S in this case.

• If Ŝ ⊕ E− and Ŝ ⊕ E+ do not round to the same floating-
point value, we use algorithm Rsum to return a correctly
rounded sum of absolute values.

Note that in practice, it is uncommon for Ŝ⊕E− and Ŝ⊕E+ to
have different roundings for this very well conditioned problem.
This situation occurs only when the exact result is very close
to the midpoint of two floating-point numbers. For more than
400 randomly generated vectors with size between 1000 and 108,
the condition in line 8 of Algorithm 5.1 was always verified and
there was no need to use the more complicated algorithm.

5.4.1 Parallel Version

A parallel version of algorithm Sum2 is introduced in [68]. It
consists in two steps. (1) First we apply the sequential algorithm
Sum2 on local data without performing the final error compen-
sation. So we end with 2 floating-point numbers per thread. (2)
Then we gather all these numbers in a single vector. Afterwards
the master thread applies a sequential Sum2 on this vector (this
same idea is used for vectorization).

We use this algorithm for our sum of absolute values in paral-
lel. Furthermore, as in for the sequential algorithm we compute
the error bound during the accumulation to test if the final result
is correctly rounded or not. As before, when Ŝ⊕ E− and Ŝ⊕ E+

round to different values, parallel Rsum is used to provide a cor-
rectly rounded asum.

Note that in parallel, Ŝ, qn and maxError are not necessarily
reproducible [53]. Therefore the values that depend on those lat-
ter, i.e. Ŝ, E− and E+ are also not necessarily reproducible. There-
fore Ŝ⊕E− and Ŝ⊕E+ could round to the same value in one run,
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and to different values in another. However, in both cases a cor-
rectly rounded result is provided, either directly or using our
Rsum algorithm. A running time difference could be observed
even if reproducible results are provided. We recall again that
this situation occurs very rarely in practice (only if the exact re-
sult is very close to the midpoint of two floating-point numbers).
This reproducible asum is named Rasum in the following.

5.4.2 Performance Results

In Figure 5.7 we show running time results for the sum of abso-
lute values. Our algorithm Rasum is compared to ClassicAsum
which relies on MKL cblas_dasum, and to algorithmOneReductionAsum

that relies on the OneReduction reproducible algorithm. In all
subfigures, the X-axis shows the log10 of the input size, and the
Y-axis the running time normalized by ClassicAsum. The per-
formance of our solution depends on whether algorithm Sum2

is accurate enough to provide a correctly rounded result or not.
Therefore we show performance for both cases.

Performance of the sequential implementation for CPU is shown
in Figure 5.7a. If the correctly rounded result is provided by al-
gorithm Sum2 (if the condition in line 8 of Algorithm 5.1 is satis-
fied), the extra-cost of our algorithm is less than twice compared
to MKL implementation, and it runs even faster thanOneReductionAsum.
However, for the (rare) cases where Sum2 does not ensure that
the result is correctly rounded, our more costly algorithm is used
and the extra-cost grows up to 7× compared to MKL implemen-
tation.

For the parallel case, Figure 5.7b shows that ClassicAsum ex-
hibits the same behavior as the other memory bound routines
and does not scale very well. For large vectors, both correctly
rounded summation algorithm Rasum, and reproducible sum-
mation algorithm OneReductionAsum reach the performance
of ClassicAsum. In the worst case scenario, our Rasum costs
about twice compared to ClassicAsum based on MKL imple-
mentation.
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Figure 5.7: Performance results for sum of absolute values
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Finally, for Xeon Phi accelerator, we show in Figure 5.7c that
reproducible solutions run about two times slower compared to
ClassicAsum. Our Rasum also runs about twice slower than
ClassicAsum. However, the cost can go up to 8× in the worst
case that relies on Rsum which is not efficient on this environ-
ment.

5.5 conclusion

We have presented in this chapter algorithms for a correctly
rounded dot product and sum of absolute values, and also a
faithfully rounded one for the euclidean norm. Only level 1
BLAS has been addressed in this chapter and results have been
presented on three different platforms. Our proposed algorithms
ensure the reproducibility and the accuracy of results indepen-
dently from the condition number of the input. The extra-cost of
our solutions on CPU is up to 9× in the sequential case. However
our algorithms scale better than MKL solutions and exhibit al-
most no extra-cost in the parallel case. Nevertheless on Xeon Phi
accelerator, we observe that MKL optimized implementations
are up to about 5× faster than ours. However, these algorithms
are still useful for applications that could require reproducibility
or accurate results.





6
R E P R O D U C I B L E L E V E L 2 B L A S

6.1 introduction

This chapter focuses on level 2 BLAS. We address matrix vec-
tor multiplication (gemv) and triangular solver (trsv). Sequential
and parallel correctly rounded algorithms for matrix-vector mul-
tiplication are introduced. For triangular solver unfortunately
we do not ensure that the final result is correctly rounded. How-
ever we guarantee that it is reproducible independently from
machine architecture and thread configuration, and that it pro-
vides more accurate results than the trsv provided by MKL. As
in previous chapters, running time and accuracy will be tested
on the same computing environments.

6.2 matrix vector multiplication

Matrix-vector multiplication (gemv) is defined in the BLAS as
y = αA · x + βy, where A is a matrix of size m × n, y is a
m-vector, x is a n-vector and α and β are two floating-point
numbers. For a correctly rounded matrix-vector multiplication
we need to ensure that yi = αa(i) · x+ βyi is correctly rounded
where a(i) is the ith row of matrix A, and yi is the ith element of
vector y.

6.2.1 Sequential Correctly Rounded Algorithm

Algorithm 6.1 details our proposed correctly rounded gemv. For
every yi and a(i) we distinguish three steps. (1) In the first step,
we transform the dot product a(i) ·x into a sum of non-overlapping
floating-point numbers stored in a vector T (line 1). This error-
free transformation uses a minimum extra storage (< 39 num-
bers for binary64), and it is performed in different ways depend-
ing on the vector size. The transformation process presented in

97
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Section 5.2.2 is used (steps 1 and 2 of parallel algorithm for dot
product). (2) In the second step, we multiply all elements of T
by α and yi by β both using TwoProd. The results generated by
TwoProd are stored in the vector T2 (lines 4-8). Note that the
data is transformed with no error, and that

size(T2)∑
j=1

T2j = αa
(i) · x+βyi.

with size(T2) 6 2× 39+ 2 = 80. (3) Therefore, the last step con-
sists in applying iFastSum to vector T2 to evaluate the final
correctly rounded value of yi.

Algorithm 6.1 Correctly rounded matrix-vector multiplication

Input: A: a matrix of size m×n,
y: m-vector, x: n-vector, α,β: two scalars.

Output: y = αA · x+βy (all yi are correctly rounded).
1: for (i = 1 : m) do
2: a(i) = A[i, 1 : n]
3: T = dotTransform(a(i), x) {* Step 1 *}
4: K = size(T)

5: for k = 1 : K do
6: (T2[k], T2[k+K]) = TwoProd(T [k],α)
7: end for
8: (T2[2×K+ 1], T2[2×K+ 2]) = TwoProd(yi,β)
9: {* End of step 2 *}

10: yi = iFastSum(T2) {* Step 3 *}
11: end for

6.2.2 Parallel Correctly Rounded Algorithm

For matrix-vector multiplication, it is possible to design several
algorithms according to the matrix decomposition. Three pos-
sible ones are: row layout, column layout and block decompo-
sition. We opt for row layout decomposition because the error
free transformation that we use for dot product is more efficient
when working on large vectors. This choice also avoids the addi-
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tional cost of reduction.
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Figure 6.1: Parallel algorithm for correctly rounded matrix-vector
multiplication (4 threads case)

Figure 6.1 shows how our parallel matrix-vector multiplica-
tion is performed. Vector x must be attainable for all threads.
On the other side matrix A and vector y are split into t parts
where t is the number of threads. Each thread handles the panel
A(i) of A and the sub-vector y(i) of y. This latter is updated with
y(i) = αA(i) · x+βy(i) as described in the sequential case.

6.2.3 Running Time Results

As presented in Chapter 4 and 5 for sum and dot product, we
generate data with different sizes and condition numbers. The
used generator is presented in Section B.4.2. Data with fixed con-
dition number cond = 108 and different sizes between 1000 and
20000 are generated for this test.

We perform our running time evaluations on environments
A (workstation) and B (accelerator) presented in Table B.1. Run-
ning time of our correctly rounded matrix vector multiplication
(Rgemv) is compared to the reference optimized MKL imple-
mentation (MKLGemv) and to one implementation we derived
from 1-Reduction algorithm (OneReductionGemv) by perform-
ing all accumulations of the dot products a(i) · x in an indexed
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number (presented in Section 3.5.3). We parallelizeOneReductionGemv
in the same way as Rgemv (See Section 6.2.2).
Performance results are shown in Figure 6.2. We show on the
X-axis the size of the input, while the Y-axis shows the running
times normalized by MKL implementation.

Figure 6.2a shows that for large data sets, our sequential Rgemv
is about 8× slower than MKL, while OneReductionGemv is
only 3 to 4× slower.

Note that even at this BLAS level, the time spent loading data
from the memory significantly dominates the one spent perform-
ing floating-point operations. Therefore, as for dot product (see
Figure 5.4a) MKLGemv does not scale so far and the extra-cost
of Rgemv is down to 2× in parallel case on CPU (environment
A) and OneReductionGemv shows almost no extra-cost.

Since Rgemv relies on the same transformation used for Rdot,
it suffers from similar performance issues on Xeon Phi acceler-
ator. Figure 6.2c shows that it costs about 6× more than MKL
implementation, while OneReductionGemv costs only 2 to 4×
more compared to the same reference.

6.2.4 Accuracy Results

We focus here on the accuracy of each algorithm depending on
the condition number of the input data. We generate data with
condition number between 105 and 1016, and with m = n =

12000 using the algorithm presented in Section B.4.2. Figure 6.3
shows on X-axis the log10 of the condition number, and on Y-
axis the log10 of the relative error defined as ‖ ŷ−y ‖∞ / ‖ y ‖∞,
where ŷ is the result provided by the tested algorithm and y is
our reference result computed using MPFR library.

The accuracy of gemv results mainly depends on the accu-
racy of the dot product a(i) · x. Therefore we observe the same
behavior as for dot product in Figure 5.5. Our Rgemv always
ensures that the provided result is correctly rounded of course.
MKLGemv accuracy depends on the condition number. Results
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Figure 6.3: Accuracy results for matrix vector multiplication
(m = n = 12000)

are acceptable for small ones, but have no significance for large
ones. The same behavior is observed for OneReductionGemv
besides being reproducible and slightly more accurate than MKL.

We recall also that even in parallel, if row oriented decompo-
sition is used for classic algorithms (as MKLGemv) the results
are reproducible when the number of threads changes. However,
this reproducibility is not guaranteed between different architec-
tures. The CNR feature available on MKL can solve this problem
in some cases, and it is studied in details in Appendix A.

6.3 triangular solver

Let T be a square triangular matrix of size n, and let b be a n-
vector of floating-point numbers. Solving this triangular system
is finding a n-vector x such that Tx = b. For the sake of simplic-
ity we consider that T is a lower triangular matrix. The system
Tx = b can be solved using the following formula
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xi = (bi −

i−1∑
j=1

tij · xj)/tii, i = 1...n, (6.1)

Note that to compute xi, all xj with j < i should have been cal-
culated. This creates a dependency between each element of x
and the previous ones. Algorithm 6.2 presents the well known
forward substitution process that solves a lower triangular sys-
tem.

Algorithm 6.2 Forward substitution algorithm

Input: T : a lower triangular n×n matrix,
b: a n-vector of floating-point numbers.

Output: x: a n-vector of floating-point numbers.
Ensure: Tx = b

1: x1 = x1/t11
2: for (i = 2 : n) do
3: S = 0

4: for (j = 1 : i− 1) do
5: S = S+ tij · xj
6: end for
7: xi = (bi − S)/tii

8: end for

A parallel version of this algorithm has been presented in [25].
Their approach is to split T into blocks as shown in Figure 6.4.
Each trsv block depends on gemv blocks in the same row, while
each gemv block depends on the trsv block in the same column.
trsv block computations are performed using a serial algorithm.
While gemv every block is executed in parallel.

Another parallel algorithm is presented in [56]. It relies on
sparse matrix multiplication to compute T−1, then it multiplies
this latter by the input b to compute the solution x. However we
do not consider this algorithm because of the cost of matrix in-
version. Note that this algorithm is more efficient for the level 3
BLAS function trsm (solving multiple triangular systems using
the same coefficient matrix).
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Figure 6.4: Parallel triangular solver and example of dependencies
between trsv and gemv

Higham has shown in [24] that for a machine precision u, the
backward substitution algorithm provides a solution x̂ such that

‖ x− x̂ ‖∞
‖ x ‖∞ 6

γn · cond(T , x)
1− γn · cond(T)

. (6.2)

with

γn =
nu

1−nu
.

Here n is the input system size, and the Skeel condition num-
ber [58] is defined as:

cond(T , x) =
‖ |T−1| · |T | · |x| ‖∞

‖ |x| ‖∞ ,

cond(T) = ‖ |T−1| · |T | ‖∞ .
(6.3)

Higham also demonstrated that the error bound in Relation (6.2)
does not depend on the order of the loop at the line 3 of Algo-
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rithm 6.2 [24]. Therefore, either the sequential or the parallel
version of this algorithm have the same error bound.

6.3.1 Reproducible and Accurate trsv

The main source of non-reproducibility in the forward substitu-
tion algorithm is the parallel evaluation of bi−

∑i−1
j=1 tij · xj when

computing every xi (Relation (6.1)). We compare three different
algorithms here.

1. the first algorithm computes the correctly rounded result
of bi −

∑i−1
j=1 tij · xj for each xi;

2. the second computes bi−
∑i−1
j=1 tij · xj using a reproducible

algorithm;

3. the last one also computes bi −
∑i−1
j=1 tij · xj using a repro-

ducible algorithm, and applies an iterative refinement pro-
cess to increase the result accuracy.

We present next those three algorithms in more details.

the first algorithm consists in computing the correctly
rounded result of bi −

∑i−1
j=1 tij · xj. In practice, either TwoProd

or 2MultFMA (depending on FMA availability) is used for the
multiplication tij · xj. Afterwards, the sum of all results and gen-
erated errors are accumulated according to their exponent as
shown in Figure 5.2. We can rely either on HybridSum or on
OnlineExact for this transformation.

In parallel, bi −
∑i−1
j=1 tij · xj is rounded to nearest in the same

way. However, the process is split into two tasks as shown in
Figure 6.5. For a block size r, a first part error-free transforms r
dot products in parallel. The second part is a sequential trsv call
builds on the previous error-free transformation to compute the
correctly rounded value of bi −

∑i−1
j=1 tij · xj.

The block size r should be chosen very carefully such that all
the accumulator vectors (one accumulator vector for each block
row) fit at least in L3 cache. HybridSum is preferred here be-
cause it requires smaller accumulator vector for each row and
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Figure 6.5: Parallel triangular solver relying on correctly rounded dot
product

allows using larger blocks to better benefit from parallelism.

Iakymchuk and al. have used a similar process to implement a
parallel reproducible trsv in [28] relying on floating-point expan-
sions and superaccumulators instead of algorithm HybridSum.

the second algorithm uses 1-Reduction to evaluate a re-
producible value of the sum bi−

∑i−1
j=1 tij ·xj independently from

the operation order. Algorithms ReprodSum and FastReprodSum
are not used because they both require to compute the max of
absolute values before evaluating the sum. Indeed this is im-
possible to implement efficiently in parallel since we have only
a part of vector x in each call. On the other side, 1-Reduction
works properly even when it does not have all the input data as
explained in Section 3.5.4.
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Figure 6.6: Recursive parallel triangular solver

Note that trsv is not yet provided in the current ReproBLAS [42].
So we had to implement and use our own OneReductionTrsv.
We split recursively the matrix T as shown in Figure 6.6 to have
larger parallel gemv blocks.

the third algorithm relies on the previous one to solve
the triangular system in a reproducible way, then it uses iterative
refinement to improve the result accuracy. Iterative refinement
consists in computing the following steps [24].

1. x̂ = solve(T ,b).

2. Compute the residual r = b− Tx̂.

3. d = solve(T , r).

4. Update x̂ = x̂+ d.

5. Repeat from step 1 if x̂ is not accurate enough (depending
on stop condition).
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We evaluate the residual r with a higher precision to ensure
more accurate results and faster convergence. Reproducibility
of the matrix-vector multiplication in Step 2 should also be en-
sured to be reproducible, Otherwise this iterative process would
in general converge to different solutions even if the solver is
reproducible.

Algorithm 6.3 Reproducible iterative refinement

Input: T : a lower triangular matrix n × n floating-point num-
bers,
b: a n-vector of floating-point numbers.

Output: x̂: a n-vector of floating-point numbers.
Ensure: Tx̂ ≈ b

1: x̂ = OneReductionTrsv(T ,b,K = 2)

2: i = 0

3: dx0 = ∞
4: repeat
5: i = i+ 1

6: r = OneReductionGemv(A,−x̂,b,K = 3)

7: dxi = OneReductionTrsv(T , r,K = 2)

8: x̂ = x̂⊕ dxi

9: until 2 ‖ dxi ‖∞>‖ dxi−1 ‖∞ OR ‖ dxi ‖∞< 2u ‖ x̂ ‖∞
We use a 1-Reduction based dot product for both the solver

and the residual evaluation. For the solver 1-Reduction is used
with K = 2, while for the residual K = 3 is chosen. TwoProd
is used to perform multiplications to avoid multiplication error
and improve accuracy of the residual r. Algorithm 6.3 details our
reproducible iterative refinement. with a stop condition inspired
from [15].

6.3.2 Accuracy Results

The accuracy of numerical results produced by previously pre-
sented algorithms is studied in this section. We use the triangu-
lar system generator presented in Section B.4.3 to generate data
with fixed size and different condition numbers. We show here
the impact of the system condition number on the solution accu-
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racy and on the residual.
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Figure 6.7: Accuracy of triangular solvers (size = 1000)

Figure 6.7 compares the different proposed solutions with the
double-double implementation of trsv provided by XBLAS [1]
(routine BLAS_trsv_xwith extended precision). We also included
the solver from XBLAS library. In Figure 6.7a we show on the
X-axis the log10 of the Skeel condition number defined in Re-
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lation (6.3). The Y-axis shows the log10 of the relative error for
the calculated solution x̂ compared to the solution x̃ obtained
by a MPFR relying solver. The relative error is computed as
‖ x̂− x̃ ‖∞ / ‖ x̃ ‖∞.

Note that HybridSumTrsv, OneReductionTrsv and our itera-
tive refinement algorithm all ensure reproducible results inde-
pendently from the running environment. We focus more on
their accuracy in this section. As expected the relative error for
MKL implementation grows linearly with the condition number.
HybridSumTrsv computes the correctly rounded result of the
intermediate dot products, and it manages to improve slightly
the accuracy of the result, yet exhibiting the same behavior than
MKLTrsv. Its relative errors grows linearly with respect to the
condition number. Since the dot product that relies onOneReduction
is more accurate than the classic dot product we observe that
OneReductionTrsv is also more accurate than MKLTrsv and
less accurate thanHybridSumTrsv. For condition numbers smaller
than 1012, both XBLASTrsv and our iterative refinement algo-
rithm compute the same result as the MPFR solver. For larger
condition numbers, our iterative refinement solver is slightly less
accurate than XBLAS, yet it provides very accurate results com-
pared to other algorithms.

Figure 6.7b shows on the X-axis the residual normalized by
b. The normalized residual is computed as ‖ r ‖∞ / ‖ b ‖∞.
The condition number of the system seems to have no effect on
the residual for all algorithms. MKLTrsv has the larger residual.
Surprisingly, the residual of HybridSumTrsv is smaller than the
one of XBLASTrsv whereas these latter provide more accurate
results. and iterative refinement algorithm that provide more ac-
curate results. It is well known that smaller residual does not
imply higher accuracy [20]. For a computed solution x̂ a small
residual means that Ax̂ predicts accurately the right hand side b,
while a higher accuracy means that the difference between the
computed solution x̂ and the exact solution x is smaller. Note
that for two computed solutions x̂1 and x̂2 it is possible that
‖ x̂1 − x ‖∞ > ‖ x̂2 − x ‖∞ and ‖ Ax̂1 − b ‖∞ < ‖ Ax̂2 − b ‖∞.
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6.3.3 Performance Results

Running time for the different solvers is presented in Figure 6.8.
Tests are performed with environments A and B (workstation
and accelerator in Table B.1). In all subfigures we show on X-axis
the size of the triangular system and on the Y-axis the running
time normalized by those of the optimized MKLTrsv solver.

Figure 6.8a shows the running time for the sequential versions
of tested solvers. OneReductionTrsv is about twice slower than
MKLTrsv while ensuring reproducible and slightly more accu-
rate results, and also smaller residual. AlgorithmHybridSumTrsv

is about 9× slower. However it ensures much smaller residuals
and slightly more accurate solutions. And finally the iterative
refinement algorithm is about 20-30× slower in the sequential
case (depending on the number of performed iterations) while
it provides the same results as the MPFR relying solver for con-
dition numbers smaller than 1012 and ensures a decent accuracy
for larger condition numbers.

We show in Figure 6.8b that the extra-cost compared toMKLTrsv
is lower for all algorithms. HybridSumTrsv costs about 4-6×
more depending on input size, OneReductionTrsv has almost
no extra-cost for input sizes larger than 3000, while the iterative
refinement algorithm costs about 7-10× more than MKLTrsv.

Performance results on Xeon Phi accelerator are also shown.
We admit first that the trsv problem is not suitable for accelera-
tors (including Intel Xeon Phi) due to dependencies and sequen-
tial computations so introduced. Note that Xeon Phi accelerator
is not designed to perform sequential computations due to its
very slow clock speed and its architectural design: even Xeon
Phi one single core can not execute instructions for the same
thread in adjacent cycles [49, 50]. Therefore at least two threads
per core should be used to maximize performance. In short, the
sequential part in the triangular solver will limit extensively the
performance with Xeon Phi which it is mainly designed to run
multi-threaded wide SIMD vector applications.
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Figure 6.8: Performance results for triangular solver (Cond = 108)
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In practice, the parallel triangular solver is faster on CPU (en-
vironment A) than on Xeon Phi. However some applications that
are suitable for accelerators use triangular solver as an interme-
diate step. For example, a linear solver might rely on BLAS 3

operation that are suitable for accelerators to perform a LU or
QR factorization, then switch through triangular solver to com-
pute the solution. Therefore, we thought that it is important to
provide a reproducible triangular solver for Xeon Phi.

Figure 6.8c exhibits the running time for different solvers. All
solvers are very close to each other in terms of running time.
HybridSumTrsv is the slowest algorithm here being about 5×
slower than MKLTrsv in the best case. OneReductionTrsv com-
pares differently to MKL implementation depending on the in-
put size. For small to medium size inputs (6 8000)OneReductionTrsv
has about 1-2× extra-cost, while for larger inputs it is up to 30%
faster than MKL implementation. Unfortunately, MKL is not an
open source library and the used algorithm is not public. There-
fore we can not explain this performance drop of MKL trian-
gular solver when running on Xeon Phi. The extra-cost of our
iterative refinement solver is about 3-5× which is acceptable in
most cases, especially when we consider the accuracy gain.

6.4 conclusion

In this chapter we presented algorithms for reproducible and
accurate level 2 BLAS functions. For matrix-vector multiplica-
tion we introduced Rgemv which is an algorithm that relies on
error-free transformations to ensure correctly rounded results.
For triangular solver, several solutions are compared, One can
either use a solver based on error-free transformations that en-
sures small residual or an algorithm relying on OneReduction
algorithm with iterative refinements that is almost as accurate
as XBLAS solver. In terms of running time, we have shown that
the cost of correctly rounded gemv is about twice compared to
MKL implementation in the parallel case on CPU. In the sequen-
tial case and on Xeon Phi accelerator the extra-cost is higher and
can be justified only if we deal with ill conditioned problems or
in applications where the numerical reproducibility is an impor-
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tant requirement. For trsv, the two algorithms that we proposed
are compared toMKLTrsv. HybridSumTrsv costs about 5− 10×
more than MKL implementation either on CPU or Xeon Phi ac-
celerator and does not considerably improve accuracy. However,
relying on the reproducible OneReduction summation and en-
hancing the resolutions with iterative refinement ensures accu-
rate results and shows very promising running times on test
environments. Its extra-cost in parallel varies from 3 to 10× de-
pending on the environment.



7
C O N C L U S I O N A N D F U T U R E W O R K

Obtaining reproducible result on a massively parallel environ-
ment is not an easy task, and it has been listed as one of top
ten challenges for exascale [38]. We have presented some solu-
tions to improve numerical reproducibility of HPC software. We
suggest to implement a reproducible version of BLAS. These rou-
tines are widely used in scientific applications since optimized
implementations for different platforms are available. Non-reproducibility
of BLAS numerical results rises mainly because of the non-associativity
of floating point addition. The order of floating-point operations
change in parallel systems because of dynamic scheduling, non-
deterministic reductions, varying number of threads depending
on resource availability and heterogeneous architectures. There-
fore, numerical results might change from one run to another.

We recall that our goal was to implement a reproducible BLAS
library that ensures the following properties:

• Bitwise Numerical Reproducibility: result should be repro-
ducible up to the last bit.

• Maximum Accuracy: result is ensured to have less error-
bound than classical BLAS.

• Running Time Performance: extra-cost should be accept-
able in practice in respect to optimized but non reproducible
BLAS.

Numerical results provided by our BLAS implementation should
not depend on thread configuration, nor on processor architec-
ture. Implementing reproducible BLAS library would help de-
velopers to easily ensure that their applications behave in the
same way independently from the running environment.

115
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We exploit error-free transformations and efficient recent sum-
mation algorithms to provide very accurate results. For level
1 BLAS, the dot product and the sum of absolute values are
correctly rounded. Our euclidean norm is ensured to be repro-
ducible while being only faithfully rounded besides being . For
level 2 BLAS we proposed a correctly rounded matrix-vector
multiplication and a parallel reproducible triangular solver which
is almost as accurate as the one provided by XBLAS which use
extended precision (double-double format).

We use different approaches depending on the addressed rou-
tine. Error-free transformations and correctly rounded summa-
tion algorithms are used for dot product, euclidean norm and
matrix vector multiplication. Our reproducible and correctly rounded
sum of absolute values relies on the compensated summation
algorithm Sum2. For triangular solver, we implement a repro-
ducible iterative refinement process to ensure both numerical
reproducibility and accuracy. All used algorithms are carefully
optimized for each of the presented test environments. Since we
introduce additional floating-point operations to ensure numeri-
cal reproducibility and accuracy, it is expected for our library to
run slower than optimized BLAS implementations.

Sequential Shared
memory

Distributed
memory

Xeon
Phi

sum 4 1 N.D. 6

dot 4.5 1 1 4

nrm2 8 2 N.D. 7

asum (worst) 1.5 (7) 1 (2) N.D. 2 (8)

gemv 8 2 N.D. 7

trsv 25-30 8-10 N.D. 3-4

Table 7.1: Extra-cost ratio of our reproducible and accurate solutions

In table 7.1 we synthesize the extra-cost of our accurate and
reproducible summation and BLAS implementations compared
to classic optimized ones1. It varies between no extra-cost up

1 Either MKL implementation or ones that rely on MKL subroutines
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to 30× slower depending on the running environment and the
subroutine. The main factor that influences the running time
of our BLAS is the summation algorithm. The recent summa-
tion algorithm proposed by Neal [41] is not studied in details
here. However, it relies on the same principle as HybridSum
and OnlineExact (accumulating the inputs with the same expo-
nent), and is expected to exhibit the same running time prop-
erties (slightly more or less efficient depending on the environ-
ment).

The practical usability of our library depends on applications.
In cases where the additional cost is low enough to be accept-
able for the user our implementation can easily replace non-
reproducible ones. At the contrary, in cases where the extra-cost
is very high, it will be harder to replace optimized BLAS even
if they are not reproducible. However, our solutions can be used
for debugging or validation steps. Note also that reproducibility
might be an important requirement for some applications even
if the extra-cost is high, especially if the running time of the part
that raises non-reproducibility issue is negligible compared to
the full running time of the application.

7.0.1 Future Work

Comparing and studying summation algorithms and optimizing
them carefully at a very low level for each architecture is a very
hard and time consuming process. Designing an auto tuning
process that compares several implementations for summation
algorithms and select the most efficient one during the installa-
tion step would be helpful to identify what is the best efficient
implementation for each architecture.

The current version of our library is limited to level 1 and 2
BLAS. It runs on Intel CPUs and Intel Xeon Phi accelerator only.
Ensuring numerical reproducibility on each platform that sup-
ports IEEE-754 standard requires providing an implementation
for other architectures, and also extending our solutions to level
3 BLAS. Unfortunately our approach is not suitable for this level.
The need for extra memory to compute a correctly rounded dot
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product prevents us from using tiling efficiently. Therefore, a dif-
ferent approach should be developed for level 3 BLAS and even
higher level LAPACK routines as matrix decompositions and lin-
ear solver.



Part III

A P P E N D I C E S





A
A B O U T I N T E L M K L C O N D I T I O N A L
N U M E R I C A L R E P R O D U C I B I L I T Y

a.1 introduction

We present and analyze the CNR feature (Conditional Numeri-
cal Reproducibility) available for Intel MKL library since release
11.0 [33]. The CNR feature does not aim to solve the problem
of reproducibility between sequential and parallel versions of
the same program. According to Intel’s technical report [65] the
number of threads must remain the same from run to run for
the results to be consistent. Although, it solves the reproducibil-
ity problem when a software that uses MKL runs on two dif-
ferent architectures. We study this feature and how it impacts
performance.

a.1.1 How to Use CNR Feature

By default Intel MKL library uses versioning to identify the code
based on instruction set supported by the host processor. CNR
feature allows the user to manually select the code to run for
used MKL functions. Instruction sets supported by MKL are
SSE2, SSE3, SSSE3, SSE4_1, SSE4_2, AVX, AVX2. These instruc-
tion sets are ordered according to their release date and are also
inclusive. One Intel processor that supports a recent instruction
set also supports the older ones.

CNR specifies the instruction set to be used in two ways. Ei-
ther via the environment variable "MKL_CBWR" (export MKL_CBWR
= "instruction set"), or in the source code by calling function
"mkl_cbwr_set" before calling other MKL functions.

When CNR is turned off MKL functions might use dynamic
scheduling and non-deterministic reductions. In this case results
can be non-reproducible even if the thread configuration and the
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instruction set is not changed. When MKL_CBWR value is set to
"AUTO", the code corresponding to the most recent instruction
set is selected. Deterministic reductions and static data schedul-
ing are also used [59]. Therefore, the order of floating-point op-
erations is guaranteed to be the same when the same number of
threads is used on the same processor or other processors that
support the same instruction set.

To ensure reproducibility between different Intel processors
that have different instruction sets the value of MKL_CBWR
should be set to a value that corresponds to one instruction
set supported by every processor. To ensure reproducibility on
all Intel architecture compatible processors (even non Intel pro-
cessors), the value of MKL_CBWR should be set to "COMPATI-
BLE" [65].

a.2 reproducibility and performance

We present in this section numerical and performance results for
BLAS implemented by MKL. Tests have been performed on two
different processors with two different instruction sets (AVX and
AVX2). Three subroutines from different BLAS levels have been
addressed: dot product (level 1 BLAS), triangular solver (level 2

BLAS) and matrix-matrix multiplication (level 3 BLAS).

a.2.1 Test Methodology

We perform our tests on both environments A and D presented
in Table B.1. The CPUs from those environments are based on
two different architectures and support two different instruction
sets. On each processor we test all possible values for "MKL_CBWR"
except "AUTO" because it is equivalent to AVX on environment
A, and to AVX2 on environment D. And we exclude also the
deprecated "SSE3".
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a.2.2 Numerical Results

We present in Figures A.1 and A.2 the numerical results of three
functions: cblas_ddot, cblas_dtrsv and cblas_dgemm. Gener-
ators presented in appendix B are used to yield data. However,
condition number has no effect on efficiency of MKL implemen-
tation (condition number only affect the accuracy of MKL re-
sults).

In Figure A.1 we show the test of BLAS functions with CNR
turned off, while Figure A.2 shows the numerical results for the
same functions when MKL_CBWR is set to AVX. We opt for
AVX because it is the most recent instruction set supported by
both processors. For the subfigures, we show on the X-axis the
number of used threads. On the Y-axis we show the log10 of the
relative error compared to the reference result computed using
MPFR library [62]. On Figures A.1a, A.1b and A.1c we see that
all three functions provide different results on different proces-
sors when CNR is turned off. This is due to the dispatcher that
selects a code based on the instruction set AVX for environment
A, and a code based on AVX2 for environment D. However,
when MKL_CBWR is set to AVX, both test environments give
the same numerical results when the same number of threads is
used as shown in Figures A.2a, A.2b and A.2c. Any other value
exceptAVX2 (because it is not supported on processor A) should
ensure that both processors get the same results. Although, the
choice impacts performance as we will show in section A.2.3. It
is not surprising that the most recent supported instruction set
ensures the best performance.

In Figure A.3 we show that reproducibility is not always guar-
anteed when we change number of threads. Therefore, the CNR
feature can not be used to ensure reproducibility between the
sequential and the parallel versions of a program.

Note that for triangular solver and matrix multiplication it is
possible for the parallel version to run dependant operations in
the same order as on the sequential version. Figure A.3c shows
that results are reproducible when the code based on AVX or
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Figure A.1: Numerical reproducibility for two different environments
with CNR turned off
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Figure A.2: Numerical reproducibility for two different environments
with MKL_CBWR set to AVX
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SS4.2 is used. However the results are not reproducible for SS4.1,
SSSE3 or SSE2 (result variations are very small and hard to see
in Figure A.3c. So see Figure A.4 for smaller range of Y-axis).
The same behavior is observed for trsv in Figure A.3b.

-7.922

-7.9218

-7.9216

-7.9214

-7.9212

-7.921

-7.9208

-7.9206

-7.9204

-7.9202

-7.92

0 1 2 4 8 16 32

L
o

g
1
0
 o

f 
th

e
 R

e
la

ti
v
e
 E

rr
o

r

Number of Threads

MKLGemmSSE2

Figure A.4: Non reproducibility of gemm based on SSE2 for different
number of threads, Size = 1500 (Focus of Figure A.3c)

a.2.3 Performance Results

Impact of CNR on performance varies depending on the ad-
dressed function. Timing results are shown in Figures A.5 and A.7.

For memory bound level 1 and 2 BLAS functions we see with
Figures A.5a and A.5b that there is no significant performance
difference in the sequential case. At this BLAS level, the perfor-
mance bottleneck lies in the available memory bandwidth. Since
the cost of loading a floating-point number from the memory
is much higher than the cost of a floating-point operation this
memory bottleneck can not be removed even when the most ef-
ficient available instruction set is used. In the parallel case for
dot and trsv (Figures A.6a and A.6b) all configurations perform
similarly except Compatible and SSE2 that scale down at the
sequential version level. We have investigated the execution of
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Figure A.7: Performance results for gemm (environment D)

those two versions by setting to verbose the environment vari-
able "KMP_AFFINITY" [22] and see detailed informations about
the thread mapping. Both Compatible and SSE2 versions run
a single threaded function for dot and trsv even when we link
with parallel MKL library and disable the dynamic control of
thread configuration [16].
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On the other side, for compute bound functions as gemm, im-
pact of the CNR feature on performance is very important. For
both the sequential and the parallel case in Figures A.5c and A.6c
respectively, extra cost is up to twice when we set "MKL_CBWR"
to SSE4_2, and it goes up to about 3 times for older instruction
sets. Note that when CNR is turned off, the most recent sup-
ported instruction set is used. Therefore the extra cost of using
older instruction sets should be higher if the processor supports
newer instruction sets.

To explain this behavior we exhibit in Figure A.7 the perfor-
mance of matrix multiplication for different values of "MKL_CBWR"
for environment D that supports AVX2 instruction set. The extra
cost of using the oldest instruction set compared to AVX2 goes
up to 5 times in both sequential and parallel cases.
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Figure A.8: Floating Point Capabilities of a Single Core on Intel
Processors

This behavior raises important questions about the future proof-
ness of this solution. According to current trend on Intel proces-
sors, the floating point performance of a single core is doubling
every 3 years as shown in Figure A.8. Hence, the performance
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that we drop for keeping numerical reproducibility of a program
will grow exponentially.

a.3 conclusion

In this appendix we have discussed the CNR feature (Condi-
tional Numerical Reproducibility) available since release 11.0 of
Intel MKL library. This feature aims at getting reproducible nu-
merical results from run to run. Numerical reproducibility is en-
sured only when the same number of threads is used. To ensure
reproducibility on different processors CNR unifies the used in-
struction set using the common best advanced one. Therefore,
lot of performance have to be discarded to get reproducibility
between old and new processors. Since the floating-point perfor-
mance of Intel processors doubles every 3 years, extra cost of
using CNR feature for CPU bound functions would grow expo-
nentially in the future.
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W O R K M E T H O D O L O G Y

b.1 introduction

This appendix details the experimental methodology and frame-
works of this work Software and hardware combinations that
define our test environments is first introduced in Section B.2.
Section B.3 exhibits how we perform running time evaluations.
And finally we present in Section B.4 how are generated the data
data for the different problems that we deal with.

b.2 test environments

We have considered in this work four frameworks described in
Table B.1. Tests with environment A validates the performance
of the algorithms on CPU in the sequential and parallel cases.
With environment B we validate the portability and the effi-
ciency of presented algorithms many-core Intel Xeon Phi accel-
erator. We use OpenMP library [63] to implement a parallel ver-
sion of our algorithms for both CPU and Xeon Phi accelerator.
Environment C is the very new occigen supercomputer1. It al-
lows to test the distributed memory parallel version of our al-
gorithms. On this latter, the OpenMP library is used for multi-
threading on the same socket, and OpenMPI is used to exchange
data between different sockets. Only dot product is tested on en-
vironment C in Chapter 5. Finally, we use environment D to an-
alyze the CNR feature of the Intel MKL library in Appendix A.

Note that Xeon Phi accelerator does not support the same in-
struction set as CPUs. Therefore, different intrinsic instructions
are used for vectorization [32].

1 https://www.cines.fr/calcul/materiels/occigen/
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Environment A (workstation)
Processor Dual Intel Xeon E5-2650 v2 16 cores (8 per

socket). Hyper-threading disabled. L1/L2 =
32/256 KB per core. L3 = 20 MB per socket.

Bandwidth 59,7 GB/s.
Compiler Intel ICC 16.0.0.
Options -O3 -xHost -fp-model double -fp-model strict -

funroll-all-loops.
Libraries Intel OpenMP 5, Intel MKL 11.3.
ISA AVX.

Environment B (Intel Xeon Phi accelerator)
Processor Intel Xeon Phi 7120 accelerator, 60 cores, 4

threads per core. L1/L2 = 32/512 KB per core.
Bandwidth 352 GB/s.
Compiler Intel ICC 16.0.0.
Options -O3 -mmic -fp-model double -fp-model strict -

funroll-all-loops.
Libraries Intel OpenMP 5. Intel MKL 11.3.

Environment C (Occigen Supercomputer)
Processor 4212 Intel Xeon E5-2690 v3 (12 cores per socket).

L1/L2 = 32/256 KB per core. L3 = 30 MB per
socket.

Bandwidth 68 GB/s.
Compiler Intel ICC 15.0.0.
Options -O3 -xHost -fp-model double -fp-model strict -

funroll-all-loops.
Libraries Intel OpenMP 5. Intel MKL 11.2. OpenMPI 1.8.
ISA AVX2.

Environment D (Laptop)
Processor Intel Core I7-4500U, 2 cores, 4 threads. L1/L2 =

32/256 KB per core. L3 = shared 4 MB.
Bandwidth 25,6 GB/s.
Compiler Intel ICC 16.0.0.
Options -O3 -xHost -fp-model double -fp-model strict -

funroll-all-loops.
Libraries Intel OpenMP 5. Intel MKL 11.3.
ISA AVX2.

Table B.1: Experimental frameworks
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b.3 performance evaluation

Measuring run time performance of a program is very impor-
tant and challenging on todays machines. Performance analy-
sis is never perfectly accurate. However, this measure should at
least be accurate enough to be trusted. Recent processors pro-
vide hardware counters to provide more reliable performance
measures. We use the rdtsc assembly instruction to access to the
register that counts the number of cycles. This latter is called
before and after the tested function, and the difference between
two calls estimate the running time of the function. To minimize
measurement overhead, no software API is used and assembly
instruction is coded directly in C using asm instruction. We also
run the experiment several times and take only the minimal mea-
sured value (16 times for summation and level 1 BLAS and 8

times for level 2 BLAS). Insignificant running time measures are
excluded.

b.4 data generation

We present in this section our input data generators for sum-
mation, dot product, matrix vector multiplication and triangular
solver.

b.4.1 Summation and Dot Product Data Generator

We use the generator from [44] to generate dot products with
the requested size and condition number. A modified version of
this algorithm is used to generate condition dependent data for
summation. The principle is to generate a floating-point vector
p such that the value

∑n
i=1 |pi| / |

∑n
i=1 pi| equals (approximately)

the requested condition number. For this, random floating-point
numbers with wide exponent range are generated. Afterwards,
cancellations are introduced to eliminate the larger values and
reduce the value of |

∑n
i=1 pi| compared to

∑n
i=1 |pi|.
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b.4.2 Matrix Vector Multiplication Data Generator

We use the same algorithm to generate a matrix A and a vector
x such that all the dot products a(i) · x (a(i) is the ith row of i)
depend on the requested condition number. Note that we do not
consider the condition number of the matrix A, but we focus on
the condition number of the dot products a(i) · x that are more
significant in practice.

b.4.3 Triangular Systems Data Generator

Contrary to previous generators, we generate condition depen-
dant data for triangular systems in an empirical way that does
not rely on solid mathematical properties. Different approaches
are used to generate matrices with small, medium or large con-
dition numbers.

b.4.3.1 Large Condition Numbers

Viswanath and Trefethen demonstrated that the condition num-
ber of randomly generated triangular matrices grows exponen-
tially with the size n [67] . For n = 1000, this property is used
to generate triangular systems with a condition number larger
than 1012.

b.4.3.2 Small Condition Numbers

To generate large triangular matrices with small condition num-
bers, we first generate a random full dense matrix A. Edelman
has shown that the condition number of a randomly generated
full dense matrix grows linearly with its size [17]. Afterwards,
the QR decomposition is performed to split A into two matri-
ces Q and R, where Q is an orthogonal matrix and R is an upper
triangular matrix. Finally we rotate the matrix R as shown in Fig-
ure B.1 to get a lower triangular matrix L. We observe here that
cond(L) ≈ cond(A) which grows linearly with the matrix size
n. For n = 1000 This process provides matrices with condition
number smaller than 106.
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Figure B.1: Matrix 180° rotation

b.4.3.3 Medium Condition Numbers

Finally to generate matrices with condition numbers between
106 and 1012, we generate first a lower triangular matrix with a
small condition number, then we introduce some random per-
turbations that increase its condition.
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A B S T R A C T

Numerical reproducibility failures rise in parallel computation because
floating-point summation is non-associative. Massively parallel systems dy-
namically modify the order of floating-point operations. Hence, numerical
results might change from one run to another. We propose to ensure re-
producibility by extending as far as possible the IEEE-754 correct rounding
property to larger computing sequences. We introduce RARE-BLAS a repro-
ducible and accurate BLAS library that benefits from recent accurate and
efficient summation algorithms. Solutions for level 1 (asum, dot and nrm2)
and level 2 (gemv and trsv) routines are designed. Implementations rely-
ing on parallel programming API (OpenMP, MPI) and SIMD extensions are
proposed. Their efficiency is studied compared to optimized library (Intel
MKL) and other existing reproducible algorithms.

R É S U M É

Le problème de non-reproductibilté numérique surgit dans les calculs par-
allèles principalement à cause de la non-associativité de l’addition flottante.
Les environnements parallèles changent dynamiquement l’ordre des opéra-
tions. Par conséquent, les résultats numériques peuvent changer d’une exé-
cution à une autre. Nous garantissons la reproductibilité en étendant au-
tant que possible l’arrondi correct à des séquences de calculs plus impor-
tantes que les opérations arithmétique exigées par le standard IEEE-754.
Nous introduisons RARE-BLAS une implémentation des BLAS qui est re-
productible et précise en utilisant les transformations sans erreur et les
algorithmes de sommation appropriés. Nous présentons dans cette thèse
des solutions pour le premier (asum, dot and nrm2) et le deuxième (gemv
and trsv) niveaux des BLAS. Nous développons une implémentation de ces
solutions qui utilise les interfaces de programmation parallèles (OpenMP
et MPI) et les jeu d’instructions vectorielles. Nous comparons l’efficacité
de RARE-BLAS à une bibliothèque optimisé (Intel MKL) et à des solutions
reproductibles existantes.
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