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Introduction

Introduction générale

L’objet principal de cette these est I'étude de modeles nouveaux de jeux faisant
intervenir une infinité de joueurs. Les modeles que nous allons étudier s’inscrivent
dans la théorie récente des jeux a champ moyen, en abrégé MFG pour I'anglais
Mean Field Games. Les éléments caractéristiques d'un jeu a champ moyen sont :
le nombre infini de joueurs, I'indiscernabilité de ceux-ci et les interactions entre
les joueurs, qui sont supposées étre de type "champ moyen". Plus précisément, les
interactions entre joueurs ont uniquement lieu aux travers de couplages qui dé-
pendent de mesures induites par les autres joueurs, comme la mesure induite par
leur état ou par leur controles. Du point de vue du jeu sous-jacent, ces hypotheses
sont cruciales. L’indiscernabilité des joueurs et la nature des interactions nous
amenent alors a considérer la fonction valeur d’un joueur générique qui dépend, en
général, de mesures associées a la "foule" des autres joueurs. Ces mesures évoluent
suivant les comportements optimaux des joueurs.

La théorie des jeux a champ moyen a permis de modéliser de nombreuses si-
tuations faisant intervenir un grand nombre de joueurs. On peut par exemple
approcher sous certaines hypotheses les équilibres de Nash d’un jeu avec un grand
nombre de joueurs par ceux du jeu a champ moyen correspondant. Les jeux a
champ moyen sont par ailleurs particulierement adaptés pour modéliser des situa-
tions économiques ou de nombreux agents font face a un probleme de maximisation
d’utilité qui dépend des autres joueurs au travers de grandeurs macro-économiques.
Il convient aussi de préciser que la théorie des jeux a champ moyen est évidemment
concernée par des jeux comportant des aspects stochastiques. On peut distinguer
deux grandes classes de structures stochastiques dans les jeux a champ moyen. La
premiere comprend les situations sans aléa ou celles ou celui-ci est indépendant
d’un joueur a l'autre. La seconde classe est composée des jeux a champ moyen
ou les aléas des différents joueurs sont corrélés. L’indépendance des bruits permet
une grande simplification mathématique des problemes de la premiere classe. On
sépare donc souvent 'analyse de ces deux classes de problémes, méme si on peut



bien stir combiner les deux structures.

La prochaine partie de cette introduction porte sur quelques notations utilisées
dans ce chapitre. On présente ensuite quelques enjeux et résultats majeurs de la
théorie des jeux a champ moyen ainsi que le contexte dans lequel s’inscrit ce travail.
Le reste de cette introduction porte sur les principaux résultats de cette these.

Notations

On introduit ici quelques notations et conventions utilisées dans le reste de
cette introduction.

Le tore unitaire d dimensionnel est noté T¢

P(A) désigne I'ensemble des mesures de probabilités sur un ensemble A.
La dérivée directionnelle d'une fonction U : P(A) — R est notée (lorsqu’elle
existe)

U

om’
La dérivée intrinseque d'une fonction U : P(A) — R est notée (lorsqu’elle
existe)

D,,U.

On note

Hf(v K ')H(n—&-a,n—&-a,n-i-a) = Z ||D(l’l ! )f”oo

L] | [ <n

T Z sup D(l’l/’l//)f(xay, Z) — D(l,l’,l")f(l‘/’y/’ Z/)
Ut Dien(ewa) 2@yt |2 = 2|+ ly =y + |z = 2]

Pour une fonction U : P(A) — R, on note

oU oU

Lipa(U) = sup di (ma,my)|| 5= (ma,) = 5= (ms,-)|

mams %( (n+a)

oua € (0,1) et dy(mq, mg) désigne la distance de Monge-Kantorovich entre

my et mo.
Dans un espace probabilisé (€2, .4, P), on note

X~m
si m est la loi de probabilité de la variable aléatoire X.
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— Une application f : E — E’ d'un espace vectoriel £ dans son dual E’ est
dite monotone si

(f@@) = FW) (@ —y) > 0.

— Une application f : E — E’ d'un espace vectoriel métrique (E,d(-,-)) dans
son dual topologique E’ est dite & monotone si

(f(@) = F)) (@ —y) > ad(x,y).

— On utilise les notations standards WP pour les espaces de Sobolev, avec
la convention classique W2 = HF.

— Pour T > 0, on utilise également la notation W™™2((0,T), T%) pour I'en-
semble des fonctions qui ont n dérivées faible en temps et m dérivées faibles
en espace dans LP.

0.1 Quelques résultats majeurs de la théorie des
jeux a champ moyen
La théorie des jeux a champ moyen a donné lieu a de nombreux modeles qu’il

n’est pas possible de tous mentionner ici. Nous allons dans cette partie nous inté-
resser particulierement a deux types de modeles.

Le premier est un modele en temps continu dans un espace d’états continu
qui sera T¢. Chaque joueur contrdle sa trajectoire qui évolue suivant une équation
différentielle stochastique et a des cotits qui dépendent de la mesure associée a
I’état des autres joueurs. Dans ce cadre, en général, c’est a dire en présence d’'un
bruit commun, une équation typique qui décrit les équilibres de jeu a champ moyen
est :

—0U — (v+ B8)AU + H(z,V,Um) — (v+ ) /Rd divy (D, U)dm(y)+
+ / DU - DyH(y, VU, m)dm(y) — 28 /R div, (D, U)dm(y)

—ﬁ/ Tr[D? Uldm @ dm = 0 dans (0,7) XTdXP(Td);
U(T,xz,m) = g(x,m) dans T¢ x P(T%).

Cette équation aux dérivées partielles est appelée "master equation'. C’est ’équa-
tion satisfaite par la fonction valeur U d’un joueur générique. Cette fonction U
dépend du temps t, de I'état du joueur x et de la mesure des états des autres
joueurs m. L'interprétation de cette master equation est que la trajectoire (X;)i>o
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d’un joueur générique est donnée par :
{dXt — qudt + 2vdW, + /2BdB,; )

Xo ~ my;

ot (Wy)iso et (B)i>o sont deux mouvement browniens d dimensionnels indépen-
dants sur un espace probabilisé (€2, A4, P). Le controle du joueur est ici le processus
(on)i>0 a valeur dans RZ. Les joueurs sont initialement distribués suivant la mesure
de probabilité mg et v et § sont deux parametres positifs. Le mouvement brownien
(Wi)e>o est le bruit propre au joueur et (B;)i>o est le bruit commun qui affecte
tous les joueurs de la méme facon. Plus précisément, deux joueurs différents ont des
trajectoires (X;)i>0 et (Yz)i>0 qui sont solutions de (2) avec deux réalisations indé-
pendantes du mouvement brownien (W,);>o mais font face a la méme réalisation
de (By)i>0- La fonction U est alors la fonction valeur du probléme suivant :

T
inf E |:/O L(Xt, g, mt)dt + g(XT, mT) ; (3)

(at)i>0

ol (my)e>o est le processus qui décrit 1'évolution de la mesure des états des joueurs.
On se restreint ici a des controles en boucle fermée et la fonction de cott L est
telle que

H(z,p,m)= L*(z,p,m) := aiélgd{L(L a,m) —a-ph.

Une remarque fondamentale dans la théorie des jeux a champ moyen est qu’en
I'absence d'un bruit commun (c’est & dire § = 0), étant donnée la distribution
initiale des joueurs mo € P(T%), la master equation se réduit au systéme suivant :

—Ou — vAu+ H(z,Vu,m) =0 dans (0,T) x T¢;
om — vAm — div(D,H (x, Vu,m)m) = 0 dans (0,7) x T% (4)
m(0) = mo; u(T) = g(mr) dans T%

Ce systeme, composé d’une équation d’Hamilton-Jacobi-Bellmann (HJB) rétro-
grade et d'une équation de Fokker-Planck (FP), décrit les équilibres de Nash du
jeu a champ moyen. En effet si la fonction valeur u des joueurs satisfait 1’équa-
tion de HJB (dans un sens classique) de (4), alors les joueurs utilisent le controle
—D,H(x,Vu(t,z),m) lorsqu’ils se trouvent en (¢,z). La mesure des joueurs m
satisfait donc bien I’équation de FP dans (4). On remarque que le systeme (4) est
un systeme de caractéristiques pour la master equation (1) dans le cas f = 0. En
effet la relation suivante est vérifiée. :

U(t,z,m(t)) = u(t,z) dans (0,7) x T% (5)

12



ou U est une solution classique de (1) et (u, m) une solution du systéme (4).

Le systéme (4) et ses variantes constituent le jeu a champ moyen le plus lar-
gement étudié. I a été introduit et analysé en détails par Jean-Michel Lasry et
Pierre-Louis Lions dans [54] ainsi que par P.-L. Lions dans son cours [57]. Ce sys-
teme a également été indépendamment introduit dans un contexte plus particuliers
par M. Huang, P. Caines et R. Malhamé dans [48]. La master equation (1) a elle
été étudiée en détails par P.-L. Lions dans [57] et par Pierre Cardaliaguet, Frangois
Delarue, J.-M. Lasry et P.-L.. Lions dans [27].

Le second modele de jeux a champ moyen que 1’on présente ici est un modele
a espace d’états discret en temps continu. On note d le nombre d’états dans ce
modele. La master equation typique pour ce genre de modele, en I’absence de bruit
commun, est donnée par :

{—@U—i— (F(x,U)-V,)U = G(z,U) dans (0,T) x R%;

U(T) = Uy dans R%. (6)

L'inconnu U = (U")1<;<4 de cette équation s’interpréte comme la valeur du jeu
pour un joueur générique . C’est a dire qu’a l'instant ¢ et dans 1’état i, lorsque
I'histogramme (non normalisé¢) x € R? décrit la quantité de joueurs dans chaque
état, la valeur du MFG pour un joueur est U'(t, z). Le systéme hyperbolique non
conservatif du premier ordre (6) est I’analogue en dimension fini de (1). De la
méme fagon, le systéme caractéristique analogue a (4) associé a (6) est :

—V(t) = Gy(t),V(t)) pour 0 <t <T (i) ;
y(t) = —F(y(t), V(1)) pour 0 < ¢ < T (ii) ; (7)
y(0) = yo; V(T) = Un(y(T))-

Si (V. y) est solution de (7) et U est solution de (6) alors on a, au moins formelle-
ment, la relation suivante :

U(t,y(t)) =V (t) pour 0 <t <T.

L’interprétation de ce jeu a champ moyen a d états est que les joueurs controlent
leurs probabilités de transition au sein des états. Les transitions agrégées des
joueurs (modélisées par F') induisent une évolution de la densité des joueurs. Cette
évolution est modélisée par (ii)-(7). La valeur du jeu évolue elle suivant (i)-(7) ou
G est interprété comme un cofit.

Le systeme (6) a été introduit J.-M. Lasry et P.-L. Lions et étudié par P.-L.
Lions dans [57].
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Nous présentons maintenant quelques résultats majeurs concernant ces deux
modeles MFG. On commence par rappeler le résultat d’existence de J.-M. Lasry
et P.-L. Lions [54, 57] sur le systeme (4) :

Théoreme 0.1.1. On suppose que v > 0 et que le hamiltonien H est de la forme

ot H est régulier sur T% x RY et vérifie pour une constante C >0 :
Dy H| +|V.H| < C(1+ [p|), Yo, p € T x R,

On suppose de plus que f et g sont bornés de C** dans C**1 (Vk > 0,a €
(0,1)). On suppose enfin que f (respectivement g) est continu du sous ensemble
X de C([0,T], LY(T%)) (respectivement L*(T%)) des fonctions m > 0, [fam = 1
dans L>=((0,T), Wh=(T4)) (respectivement W1°°(T%)). Alors il existe au moins
une solution réguliére de (4).

Remarque 0.1.1. ] existe de nombreuses autres hypothéses différentes sur la
structure du hamiltonien qui permettent d’obtenir [’existence de solutions pour le

systéme (4).

Nous présentons maintenant un résultat d’unicité majeur dans la théorie des
MFG. Ce résultat de J.-M. Lasry et P.-L. Lions a été présenté dans [54, 57].

Théoréme 0.1.2. Supposons que g est monotone. Supposons également que
— ou bien H est local en m et vérifie

zDépH(:c,p,z) 5Dy H(z,p, 2) >0
%DPZH(.%,]?,Z) —DZH($,p,Z) -

au sens des matrices symétriques pour tout (z,p,z) € TT x RT x R}
— ou bien H est de la forme

H(z,p,m)= H(x,p)— f[m]

avec possiblement une dépendance non-locale en m, avec H convexe en p et
f strictement monotone en m
— ou bien H est de la forme

H(:E,p,m) = H(I,p) _f[m]

avec possiblement une dépendance non-locale en m, avec f monotone en m
et H convexe en p qui vérifie pour tout v € T4

H(x,p) — H(z,q) — D,H(z,q)-(p—q) =0=p=q.
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Alors il existe au plus une solution au systéme (/).

Ce résultat d'unicité est fondamental dans I'étude des jeux a champ moyen.
En effet comme nous 'avons expliqué plus haut, le systéme (4) joue le role de
caractéristiques pour la master equation (1) dans le cas § = 0. L’unicité pour ce
systeme est donc directement liée au caractére bien posé de la master equation.
En particuliers, en I'absence d’'unicité pour le systeme MFG, on s’attend a avoir
des chocs dans les solutions de la master equation. Les résultats obtenus jusqu’a
présent sur l'existence et 1'unicité de solutions pour la master equation utilisent
tous des hypotheses de monotonie. On peut classer ces résultats dans deux caté-
gories différentes, suivant qu’ils utilisent les caractéristiques ou non. Le résultat
le plus général obtenu utilisant les caractéristiques est le suivant et il s’intéresse
notamment au cas v > 0. Il témoigne de I'importance de la monotonie dans les
jeux a champ moyen. On trouve ce résultat dans le travail de P. Cardaliaguet, F.
Delarue, J.-M. Lasry et P.-L. Lions [27].

Théoréeme 0.1.3. On suppose que v > 0 et que H est de la forme :

H(z,p,m)= H(z,p) — f[m].
On suppose également que H, f et g sont globalement lipschitziennes et vérifient :

Y(z,p) € T x R? pour une constante C > 0 ;

Id -
-1 < D> H < Cld;
6f('7m7') 52f('7ma'7'>
sup (117l + 225 +op || HIC)
meP(T?) m (3+a,3+a) meP(T4) m (34a,3+a,3+a)
0% f S5g(-,m, )
+L2p3(5 2>+ Sup (||g('7m)||4+a+ ‘ (5
m meP(Td) m (440, 4+a)
52 M ) 52
+ sup 9(52) + sz4(5—g?) < 0o
meP(T4) m (44+a,44a,44a) m

pour un certain o € (0,1). On suppose de plus que f et g sont monotones. Alors
il existe une unique solution de classe C* de la master equation (1).

Ce résultat repose sur une étude détaillée du systeme caractéristique (4) ainsi
que de son équivalent stochastique dans le cas 8 > 0. Il est important de remarquer
que les hypotheses de régularité demandées sur f et g dans ce résultat sont tres
fortes, méme si elles peuvent étre légerement affaiblies dans le cas g = 0.

La seconde catégorie de résultats concernant la master equation est compo-
sée des résultats qui reposent uniquement sur des arguments de monotonie. Ces
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résultats de J.-M. Lasry et P.-L. Lions sont présentés dans [57]. Ces résultats s’in-
téressent a (6) et a (1) dans le cas v = 0. Ce dernier cas est traité par I'approche
dite hilbertienne que 1’on ne présente pas ici par soucis de concision. Dans le cas
espace d’états discret, on a alors le résultat suivant :

Théoréme 0.1.4. Soit U une solution réguliére de (6). On suppose que F, G et
Uy sont globalement lipschitziennes. On suppose également que Uy et (G, F') sont
monotones de respectivement R? dans R? et R?? dans R*. S’il existe o > 0 tel que
soit F' est o monotone, soit Uy et G sont a monotones, alors U est lipschitzienne
en espace, localement uniformément en temps, avec une constante de Lipschitz qui
ne dépend que de o et des constantes de Lipschitz de F, G et Uy.

Bien que cela ne soit pas le point de vue adopté dans cette these, il convient
de mentionner qu’il existe une théorie probabiliste des jeux a champ moyen. On
renvoie notamment au livre de F. Delarue et R. Carmona [30] pour plus d’infor-
mations sur cette vision des jeux a champ moyen. Les points de vue équations aux
dérivées partielles d’'un co6té et probabilités de 'autre conduisent évidemment a
des résultats tres proches les uns des autres dans la plupart des cas.

0.2 Organisation du manuscrit

Cette these est composée de résultats dans différentes directions concernant les
jeux a champ moyen. Elle est divisée en cinq chapitres qui sont indépendants les
uns des autres pour la majorité de leur contenu. Chacun des chapitres un a cinqg
est directement issu d’un article de recherche dont les références sont données en
début de chapitre. Une part importante de ce manuscrit est dédiée a 1’étude de
jeux a champ moyen ou les actions des joueurs sont de natures différentes que celles
que nous venons de présenter. Le premier chapitre de ce manuscrit est consacré a
I'étude de I'analogue du systeme (4) dans un cas ou les joueurs peuvent sortir du
jeu a champ moyen. Le temps d’arrét des joueurs fait parti de leurs controles et
ils cherchent donc a optimiser ce temps. On montre notamment dans ce premier
chapitre que la structure d’un jeu a champ moyen avec arrét optimal est moins
réguliere que celle de (4). Cela est notamment di au fait que I'ensemble des stra-
tégies des joueurs n’est pas convexe si l’'on considere uniquement des solutions du
systeme MFG correspondant a des équilibres de Nash en stratégie pure. Dans ce
premier chapitre on étend alors la notion de solution du systeme MFG de fagon a ce
que ces nouvelles solutions modélisent des équilibres de Nash en stratégies mixtes.
On montre 'existence de telles solutions sous certaines hypothéses de continuité
des couplages. On montre également 'unicité de ces solutions sous des hypotheses
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de monotonie analogues a celles du théoreme 0.1.2.

Le second chapitre de cette theése est consacré a une extension des résultats du
premier chapitre dans le cas ou le probleme d’optimisation des joueurs est de type
controle impulsionnel. C’est a dire que les joueurs peuvent sauter dans l'espace
d’états et qu’ils controlent ces sauts. L’équation de Hamilton-Jacobi-Bellmann vé-
rifiée par la valeur du jeu pour un joueur générique est alors une inéquation quasi-
variationnelle. Tout comme dans le chapitre précédent on montre que 'on peut
caractériser la densité des joueurs par une formulation variationnelle. On montre
alors I'existence de solutions au systéme analogue a (4) dans le cas controle im-
pulsionnel. On prouve aussi l'unicité de ces solutions sous des hypotheses de mo-
notonie. A l'instar du chapitre précédent, les solutions que 1'on considére dans ce
deuxieéme chapitre modélisent des équilibres de Nash en stratégies mixtes pour le
jeu a champ moyen sous-jacent.

Le troisieme chapitre de ce travail porte sur quelques digressions autour des
jeux a champ moyen. On étudie d’abord I'unicité des solutions de systémes de type
(4) lorsque le couplage entre les joueurs a également lieu au travers de la mesure de
leur contrdles. On montre notamment que sous certaines hypotheses, il y a unicité
des solutions pour un tel systeme. On s’intéresse également a la limite des modeles
de type MFG lorsque le parametre de préférence intertemporelle des joueurs tend
vers 'infini. Le modele MFG converge alors vers un modele d’évolution pure de
type agent-based model. Enfin on montre dans ce troisieme chapitre un résultat de
régularité analogue au théoreme 0.1.4 sur une master equation de type (6) avec
des termes qui modélisent la présence de bruit commun. La preuve de ce résultat
repose uniquement sur des arguments de monotonie et non sur ’étude des carac-
téristiques stochastiques de cette équation. Ce chapitre est issu d’un travail réalisé
en collaboration avec J.-M. Lasry et P.-L. Lions.

Le quatrieme chapitre de ce manuscrit est consacré a ’étude d’un algorithme
qui produit une suite convergeant vers la solution d’un systeme d’inégalités varia-
tionnelles. L’algorithme étudié est une extension de ’algorithme classique d’Uzawa
pour la recherche de point selle. On montre ensuite que I'on peut caractériser les
solutions de systemes MFG comme (4) avec un systéme d’inégalités variationnelles.
La méthode précédemment mentionnée s’applique alors et permet d’approcher la
solution du systeme MFG sous certaines hypothéses de monotonie.

Le cinquiéme et dernier chapitre de cette these est 'étude d’un modele de com-
munications sans-fil entre un grand nombre d’appareils et une antenne. Ce chapitre
porte sur la résolution numérique du systeme MFG qui modélise ce probleme ob-
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jets connectés-antenne. Ce travail a été réalisé en collaboration avec S. Vassilaras,
G. Paschos, M. Debbah, J.-M. Lasry et P.-L. Lions.

La suite de cette introduction est dédiée a la présentation des principaux ré-
sultats des chapitres suivants.

0.3 Problemes d’arrét optimal et de controle im-
pulsionnel dans les jeux a champ moyen

Dans cette partie on présente les systemes analogues a (4) qui modélisent des
jeux a champ moyen d’arrét optimal ou de contréle impulsionnel, en I'absence de
bruit commun. L’enjeu majeur de cette partie est de caractériser la densité des
joueurs dans ce type de situation. On donne également des résultats d’unicité ana-
logue au théoreme 0.1.2 sous des hypotheses de monotonie adaptées. Les résultats
présentés dans cette partie sont issus des articles [11] et [12].

Plusieurs travaux ont été réalisés sur des problemes de type arrét optimal ou
contréle impulsionnel dans les MFG. R. Carmona, F. Delarue et D. Lacker ont
obtenu un résultat d’existence dans un cadre probabiliste pour un probleme d’arrét
optimal dans [32]. D. Gomes et S. Patrizi ont étudié certains systemes MFG qui
modélisent des situations d’arrét optimal ou d’ optimal switching dans [42, 43].
Enfin M. Nutz a résolu un cas particuliers de probléeme d’arrét optimal dans [61].

0.3.1 Présentation formelle du probléeme d’arrét optimal

Le probleme MFG d’arrét optimal que I'on va étudier ici est le suivant. On
travaille sur T et on se fixe un temps final 7 > 0. On suppose que la trajectoire
d’un joueur générique est donnée par

{dXt = atdt + V 27/th, (8)

Xo ~ my;

olt mg € M(T?) est une mesure positive & densité mg € L*(T?) et (W;);>0 est un
mouvement brownien d dimensionnel sur T¢ pour un espace probabilisé (€2, A, P).
Le mouvement brownien (WW})i>o est associé a un bruit individuel et v > 0 est
une constante. Le joueur controle toujours le processus (oy)i>o mais il contrdle
désormais aussi un temps de sortie. Etant donnée 1'évolution de la densité m des
joueurs, le probleme d’optimisation du joueur générique est donné par

infE | [ L(X0 ) + fm(t)dt + 9(Xr,m()] (9)

o, T
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ou l'infimum est pris sur les controles en boucle fermée (a;)i>o et sur les temps
d’arrét 7 < T du processus (X;)s>o. La fonction v est le coiit de sortie des joueurs
et L le cott courant. On note H(z,p) = L*(z,p) la conjuguée de Fenchel de L par
rapport a sa seconde variable. La fonction valeur u du joueur générique satisfait
donc (sous des hypothéses sur H et 1) le probleme d’obstacle :
max(—du — vAu + H(x, Vu) — f(m),u —(m)) = 0 dans (0,T) x T%
u(T) = (m)(T) dans T
(10)
La question est alors de savoir comment, étant données prescrites les stratégies des
joueurs, on peut déterminer 1’évolution de leur densité m. Si on connait la solution
u de (10), on sait qu’il est optimal de sortir du jeu lorsque la trajectoire (X;);>o
atteint I’ensemble {u = ¢(m)}. Si cet ensemble est fermé, une équation naturelle
pour modéliser la densité m des joueurs est :
{&m —vAm — div(D,H(x, Vu)m) = 0 dans {u < ¢)(m)}; (11)

m = 0 dans {u = ¥(m)};m = mgy dans T,

Cependant, il n’existe pas en général de couple (u, m) solution de (10)-(11), peu
importe la régularité du hamiltonien H, de I'obstacle 1 ou de f. Cela est notam-
ment di a la discontinuité de (11) par rapport a u. On peut par exemple considérer
la suite (uy,),>0 définie par
1
Un = n—+1

pour observer la discontinuité en question. On peut noter que l'existence d’un
couple (u,m) qui satisfait (10)-(11) est associée a 'existence d’un équilibre de
Nash symétrqiue en stratégie pure pour le MFG sous jacent. Or, dans un jeu
d’arrét optimal, si on limite les joueurs a des stratégies pures, leur ensemble de
stratégies possibles n’est pas convexe. Cela justifie formellement la non existence de
solutions & (10)-(11). Pour palier cette non existence de solution, on va considérer
une inégalité variationnelle pour m qui va étendre 1’équation (11). On part de la
remarque suivante : étant donnée une fonction A de (0,7) x T¢ dans R, U {400},
on voudrait résoudre ’équation aux dérivées partielles suivante :

(12)

om — vAm — div(D,H (x, Vu)m) + Am = 0 dans (0,7) x T%
m(0) = mg dans T%.

On s’attend a avoir m > 0 et on remarque alors que pour toute fonction v réguliere
négative a support compact dans (0,7’) x T¢ on obtient

T
/ / (—0w —vAv + D,H(z,Vu) - Vo + Av)m = 0;
o Jre
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T
/ / (=0w — vAv + D,H(z,Vu) - Vo)m > 0;
0 JTd

avec une égalité si \v = 0.

Il faut noter que si A est un taux de sorti qui correspond & un comportement
optimal pour (9), alors si u est solution de (10) on a (u — ¥(m))A = 0. En effet
formellement il est strictement optimal de rester dans le jeu dans ’ensemble {u <
(m)}. On attend donc ici naturellement que la densité m vérifie a minima :

m > 0;

VUEWln((O 7), 79,0 < ¢(m),v(T) = p(m)(T) :

//rd —0i(v —u) —vA(v —u) + DpyH(z,Vu) - V(v — u))m— (13)
—/Tdv—u(())mozo.

On a ici supposé que u € WH22((0,T), T?) est solution de (10) dans L?. Comme
on 'a vu plus haut, (13) est formellement vérifiée par toute solution de (12) des
que A vérifie A\(u—(m)) = 0. Il faut donc introduire un critere de sélection parmi
toutes ces fonctions m. Par exemple le criteére choisit dans (11) est de dire que m
est nul dans {u = ¢(m)}. Cela correspond a dire que tous les joueurs sortent du
jeu lorsque cela est optimal. On introduit ici le critere suivant :

m = 0 dans {—0u — vAu + H(z,Vu) < f(m)}

que 'on réécrit

/OT /Td(_atu —vAu+ H(z,Vu) — f(m))m = 0. (14)

On rappelle que I'ensemble {—dyu — vAu+ H(x,Vu) < f(m)} correspond (s'il est
bien défini) a ’ensemble ou il est strictement sous optimal de rester dans le jeu.
L’ensemble {u = ¥(m)} N {—0ww — vAu + H(z,Vu) = f(m)} correspond lui a
I’ensemble ou il est a la fois optimal de rester et de partir du jeu.

On appelle donc solution mixte du jeu un couple (u,m) € WH22((0,T),T¢) x
L%((0,T), HY(TY)) tel que :

max(—0yu — vAu + H(z,Vu) — f(m),u —(m)) = 0 dans (0,T) x T¢;

u(T) = (m)(T) dans T

m > 0;

Vv € WH22((0,7), T%),v < b(m),o(T) = y(m)(T) :

/OT /Td(—&s(v —u) —vA(W —u) + DyH(z, Vu) - V(v — u))m—

- Td(U —u)(0)mo = 0;

/OT /Td(_atu —vAu+ H(x,Vu) — f(m))m = 0.
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La terminologie solution mixte fait ici référence au fait que de telles solutions s’in-
terpretent comme des équilibres de Nash en stratégies mixtes pour le jeu a champ
moyen sous-jacent. En effet, formellement, I'inégalité variationnelle satisfaite par
m implique que m vérifie une équation de type (12) pour un certain taux de dé-
part A. La contrainte (14) implique elle que A est nul dans {u < ¥(m)} et infini
dans {—0wu — vAu + H(xz,Vu) < f(m)}. Sur I'ensemble restant on a seulement
0 < X < 4o00. Cela s’interprete comme le fait que les joueurs choisissent de sortir
de facgon aléatoire avec un taux de départ donné par A. Ils jouent donc en stratégies
mixtes.

Pour terminer cette présentation formelle du probleme, on précise que l'inéga-
lité variationnelle (13) satisfaite par m avec la contrainte (14) est tres proche de
la notion de dérivée directionnelle d’une inéquation variationnelle introduite par
F. Mignot dans [60]. Cela rappelle le fait que dans de nombreux cas de systeémes
MFG, I'équation satisfaite par la densité des joueurs est 1’équation adjointe du
linéarisé de I’équation satisfaite par la fonction valeur du joueur générique.

0.3.2 Principaux résultats sur le cas arrét optimal

On rappelle que P'on s’intéresse ici aux couples (u,m) € W122((0,T),T¢) x
L*((0,T), H'(TY)) tels que

max(—0yu — vAu + H(z,Vu) — f(m),u —(m)) = 0 dans (0,7) x T¢;
u(T) = ¢ (m)(T) dans T%

m > 0;

Vv € WE2((0,T), T9),v < ¥(m), v(T) = ¢(m)(T) :

/OT /Td(—at(v —u) —vA(v —u) + D,H(z,Vu) - V(v — u))m—
— |, —=u)(0)mg = 0;

Td

/OT /Td(_atu —vAu+ H(x,Vu) — f(m))m = 0.

(15)

On établit dans le premier chapitre de cette these le résultat suivant :

Théoreme 0.3.1. On fait les hypotheses suivantes :
— f est continue de L*((0,T) x T?) dans lui méme pour la topologie faible.
— 1) est continue de L2((0,T) x T) dans WH22((0,T), T pour la topologie
faible.
— H est régqulier, globalement lipschitzien et convexre en sa seconde variable.
1l est uniformément borné par dessous.
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Alors il existe un couple (u,m) € WH22((0,T), T*) x L2((0,T), H'(T%)) qui satisfait
(15).
On donne maintenant quelques éléments de preuve de ce résultat, la preuve

complete étant détaillée plus loin dans cette these. On fixe un terme de pénalisation
e > 0 et on s’intéresse au systéme suivant :

—0yue — vAu, + H(z, Vue) + (ue — ¢¥(me))* = f(m.) dans (0,T) x T
ue = (me)(T) dans T,
dyme — vAm, — div(DyH (z, Vu)me) + 21y >pmo} = 0 dans (0,T) x T4

m.(0) = mg dans T¢;

(16)
avec o € L>=((0,T) x T%) qui vérifie
0<a<1dans (0,T)x T% (17)
a. = 1 dans {u. # ¥(m,)}.

L’existence, a € > 0 fixé, d'un triplet (ue, me, ) vérifiant (16)-(17) est donnée par
un théoreme de point fixe de Kakutani. Il est important de noter que le terme a, est
I'introduction, au niveau pénalisé, du fait que ’on cherche des solutions du systeéme
MFG qui modélisent des équilibres de Nash en stratégies mixtes. Formellement,
%< tend, lorsque € tend vers 0, vers le taux de sortie A des joueurs.

On déduit ensuite de :

me > 0; 0yme — vAm, — div(D,H (x, Vuc)m.) <0

de la compacité pour la suite (u, me)eso. On déduit alors des hypotheses sur f,
Y et H que, a extraction d’une sous suite pres, la suite (ue, m.) a une limite qui
vérifie

max(—0yu — vAu + H(z,Vu) — f(m),u —(m)) = 0 dans (0,T) x T¢;

u(T) = ¥ (m)(T) dans T%

m > 0;

Yo € WH22((0,T),T9),v < ¢b(m),v(T) = »(m)(T) :

/OT /Td(—&(v —u) — vA(v —u) + D,H(z, Vu) - V(v — u))m—

- Td(v —u)(0)mg > 0.

En observant certaines bornes sur (y/% Ly, >yp(m.)}Me)e>0, on déduit enfin que le
couple limite (u, m) vérifie :

/OT /Td(f(m) + Q4+ vAu — H(z, Vu))m = 0.
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On précise que le précédent théoreme n’apporte aucune information sur la ré-
gularité en temps de m.

On énonce maintenant un résultat d’unicité sur les couples (u,m) vérifiant

(15) :

Théoréme 0.3.2. On fait I'hypothése que f est strictement monotone de L* dans
lui méme. On suppose également que

— soit H=10 et O(-) + vAY(-) est monotone de L? dans lui méme.

— soit v =0 (et H est conveze en sa seconde variable).
Alors il existe au plus un couple (u,m) € WH%2((0,T),T%) x L?((0,T), H(T?))
qui vérifie (15).

Démonstration. On présente ici la preuve de ce résultat dans le cas v = 0 et H
convexe. On renvoie au premier chapitre de cette thése pour la preuve complete
de ce résultat.

Soient (u1,my) et (ug, me) deux solutions de (15). Comme u; et uy vérifient deux
problemes de 'obstacle, on déduit, a 1’aide des relations

/OT [rd(f(mz) + Oyu; + vAu; — H(x, Vu;))m; =0

que 'on a bien

/OT /Td(_(?t(m —ug) — vA(uy — ug) + H(x,Vuy) — H(x, Vug))(my — my)
> [ [ )~ £lma)) s — o)

Par ailleurs, comme le hamiltonien H est convexe, on obtient que

/OT /Td(_at(m —ug) — vA(uy — ug) + H(x,Vuy) — H(x, Vug))(my — my)
< /OT | (0 = uz) = v = uz) + DyH(, Vur) - V= )y
+ /OT /Td(—(()t(m —uy) — vA(us —wy) + DpyH(x, Vus) - V(ug — up))mo.

En utilisant les deux inégalités variationnelles satisfaites par m; et mso, on déduit
finalement que

/OT /Td(f(ml) — f(myg))(my —my) <0.

On conclut donc par la stricte monotonie de f que m; = ms. O
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0.3.3 Présentation formelle du probléme de contréle im-
pulsionnel

Le probleme MFG de controle impulsionnel auquel on s’intéresse est le suivant.
On suppose que la trajectoire d’un joueur générique est donnée par :

dX, = \2udW,,Yi,Vt € (T, Tis1):
X +=X-+&; (18)

Xo ~ my;

ott my € P(T?) est la mesure initiale de la répartition des joueurs, de densité
mo € L*(T%). Le processus (W;);>o est un mouvement brownien d dimensionnel
sur T? sous un espace probabilisé (2, 4, P). Le controle du joueur est ici la suite
de couples (7, &;)i>0. Cette suite doit étre progressivement mesurable par rapport
a la tribu générée par le processus (X;);>o. La suite (7;);>0 est une suite de temps
d’arrét pour ce processus et (&;)i>o est une suite a valeurs dans un ensemble fini
K C T4 Les joueurs peuvent donc décider de "sauter" dans I’espace d’états & plus
loin, pour tout ¢ dans K. Etant donnée 1'évolution de la densité m des joueurs
entre 0 et T' > 0, le joueur générique fait face au probleme d’optimisation suivant :

T )
inf E| [ f(Xom(s)ds + Y Lremh(Xn, &) (19)
(1i,€i)i>0 0 e

ou la trajectoire (X;)i>o vérifie (18) et 1" infimum est pris sur les suites (73, &;)i>o
vérifiant les propriétés énoncées dans le paragraphe précédent. Sous certaines hy-
potheses sur les fonctions de cotits f et k, la fonction valeur u associée a (19) vérifie
dans L? :

max(—0u — vAu — f(m),u — Mu) = 0 dans (0,T) x T% (20)
u(T) = 0 dans T4
ou Mu est défini pour tout u par
Mu(t, x) :gglg{u(t,:v—l—é) + k(z,8)}. (21)

En général on associe a ’équation (20) I'inéquation quasi-variationnelle (IQV)
suivante :
u < Mu,u(T) = 0;

Yo € L2((0,T), HY(T%)),v < Mu : (22)
Ji (=0 — vAu — f(m), v = w1 m > 0.

Il reste donc maintenant a trouver une caractérisation de la densité m des joueurs.
Au vu des résultats que 'on a exposés dans le cas arrét optimal, on s’attend a
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n’avoir des résultats d’existence que pour des couples (u,m) associés a des équi-
libres de Nash en stratégies mixtes pour le MFG sous-jacent. On cherche donc
une caractérisation variationnelle de la densité m des joueurs, dont les trajec-
toires évoluent suivant une équation différentielle stochastique de type (18). Pour
simplifier les notations et introduire la formulation variationnelle que 1’on va uti-
liser, on se place brievement dans le cas K = {£}, c’est a dire qu’il n’existe

qu'un seul saut possible £. Si les joueurs utilisent le saut £ avec un certain taux
A€ L®((0,T) x T, XA > 0, la densité m des joueurs vérifie :

(23)

om — vAm + Am — (Am)(t,z — &) = 0 dans (0,7) x T%
m(0) = mg dans T

Le dernier terme de la premiere ligne de cette équation traduit 'arrivée des joueurs
qui utilisent le contréle ¢ lorsqu’ils sont en (t,x — £). On remarque que si on
multiplie la premiere ligne de (23) par une fonction v réguliere telle que v < Mv
et que l'on integre, on obtient :

/ (Oym — vAm)v / (Am)(t, x) (t x) —v(t,r + 5))dxdt.
Td Td

Comme v < Mv on en déduit que

T 5 A T
_ > _
/0 Td< ym — vAm)v > /0 Td()\m)k

avec égalité si v vérifie A(v — Mv) = 0. Ainsi on attend de la densité m qu’elle
vérifie :

Yo € L2((0,7), H{(TY)) n H*((0,T), H(T),v(T) = 0,v < Mo :

[ 00 =) = v — )y — [ (0= u)(O)mo >0,

0

(24)

ou u est solution de (20). Comme dans le cas arrét optimal, cette seule inégalité
variationnelle ne suffit pas a caractériser m. On introduit donc le méme critere
que dans le cas arrét optimal afin d’obtenir des couples (u, m) qui modélisent des
équilibres de Nash en stratégies mixtes. Ce critere est donc :

/ /Td ) + Ou + vAu)m = 0. (25)

On appelle donc solution mixte du probléme un couple (u,m) vérifiant (20)-(24)-
(25).
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0.3.4 Principaux résultats sur le cas contréle impulsionnel

On présente ici les quelques résultats majeurs de cette these concernant les
couples (u, m) vérifiant :

maz(—0u — vAu — f(m),u — Mu) = 0 dans (0,T) x T%

u(T) = 0 dans T¢

Vo € L2((0,T), H'(T%) N HY((0,T), H-(T%),o(T) = 0,0 < Mv:  (26)
(=00 — ) — vA (0 — ) m) s g — fralo — w)(O)mo > 0

I fra(f(m) + Opu + vAu)m = 0.

Les résultats de cette partie se trouvent, ainsi que leur preuves détaillées, dans le
second chapitre de ce manuscrit. On commence par donner un résultat d’existence :

Théoreme 0.3.3. On fait les hypotheses suivantes :
— f est continue de L*((0,T), H (T?)) (équipé de la topologie faible) vers
L2((0,T), HY(T%)).
— f est uniformément bornée par dessous sur {m € L?((0,T), H*(T?)),m >
0}.
— f (LQ((O,T), Hl(Td))) est un borné de LP((0,T) x T%) avec p > d.
— Il existe ko > 0 tel que k(z,&) > koVa € T4, VE € K.
— La fonction x — infecx k(z,€) appartient a W (T9).
Alors il existe (u,m) € Wh22((0,T),T4) x L*((0,T), HY(T%)) vérifiant (26).

La preuve de ce résultat repose, comme dans le cas arrét optimal, sur I’étude
d’un systéme pénalisé. On ne précise pas ici ce systeme. On insiste cependant sur
le critere de compacité qui nous permet de passer a la limite. On utilise le fait que
sim e L2((0,T), HY(T%) N HY((0,T), H~1(T7)) vérifie une équation du type de
(23), pour un certain A vérifiant A(u* — Mu*) = 0 pour u* régulier donné, alors

v,A\(v—Mv)<0

T
2,00 < —  inf /a—A,_ll
Il < =, inf, A [ @ = vam o}

+ C(1+ [Im|z2camy)||mol |2,

ou C ne dépend que de k (qui apparait a travers M) et de ||u*||p~. On établit
cette estimée dans le chapitre 2 en utilisant une fonction test v bien choisie dans
I"infimum. Formellement, pour construire cette fonction test v, on résout le pro-
bleme de contrdle impulsionnel

{max(—@tv — vAv + Am,v — Mv) =0 dans (0,T) x T4 (28)

v(T) = 0 dans T
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Ensuite, si v est suffisamment réguliere, on peut écrire

T T
inf {/ (Oym — vAm, w)H_lel} < / (Oym — VAM,U) -1
0 0

w,A\(w—Mw)<0

T
:/ (=0 — VAU, M) -1 1
0

- /Td mov(0)

< —/()T/Td\Vm\Q—/Tdmov(O).

D’ott on déduit I'estimée si on peut majorer d’une fagon convenable ||v||zee(r2).
Dans le cas général, le probleme (28) n’admet pas de solution et donc en parti-
culiers pas de solutions régulieres. Dans le chapitre 2, on introduit une version
affaiblie de (28). On montre que sa solution v, bien que pas assez réguliere pour
effectuer I'intégration par parties faite plus haut, suffit a obtenir cette estimée.

Encore une fois, ce résultat n’apporte aucune information sur la régularité en
temps de m.

On présente maintenant un résultat d’unicité concernant les couples (u,m)
vérifiant (26).

Théoréme 0.3.4. Si f est strictement monotone de L*((0,T)xT%) dans lui méme,
alors il existe au plus un couple (u,m) € WH22((0,T),T4) x L*((0,T), H'(T%))
vérifiant (26).

La preuve de ce résultat suit exactement celle du théoreme 0.3.2 en prenant
H=0.
I1 est important de remarquer que cette preuve d’unicité, ainsi que l'estimée (27)
montrent un lien fort, de type adjoint du linéarisé, entre I'IQV (22) et I'inégalité
variationnelle (24) avec la condition (25).

0.4 Deux remarques sur les MFG
Bien que nous ne prenons pas le temps de détailler les deux sujets que nous

allons présenter ici, nous les mentionnons car ils sont traités dans le troisieme
chapitre de ce manuscrit. Le premier probléme s’intéresse a la convergence lorsque
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A tend vers l'infini de la solution du systéeme MFG :

—Ou — vAu+ H(z,Vu,m) + Au = 0 dans (0,7) x T%
om — vAm — div(D,H (x, Vu,m)m) = 0 dans (0,T) x T% (29)
m(0) = mo; u(T) = g(mr) dans T%

On montre alors que pour ce systéme (ainsi que pour d’autres problémes) la limite
formelle de (29) est une équation d’évolution pour la densité m des joueurs.

Le second sujet abordé dans le troisieme chapitre, et que nous ne développerons
pas ici, est la question de I'unicité des solutions de systeme de type :

—Ou — vAu+ H(Vu) — G[Vu,m] - Vu = f(m) dans (0,T) x T¢;
om — vAm — div((DpH(a:, Vu,m) — G[Vu, m])m) =0 dans (0,T) x T%
m(0) = mo; u(T) = g(mr) dans T%

(30)
ou "G[.]" signifie une dépendance fonctionnelle. Sous certaines hypotheses sur la
fonction G, le systeme (30) modélise un MFG dans lequel les trajectoires des
joueurs sont impactées par la mesure des controles des autres joueurs. On donne
donc un résultat d’unicité sur (30) dans le chapitre 3 qui est issu de l'article [14]
rédigé en collaboration avec J.-M. Lasry et P.-L. Lions.

0.5 Master equation en espace d’états fini avec
du bruit commun

On s’intéresse dans cette partie a des systémes non conservatifs hyperboliques
de la forme :

31
U|t:0 = UO dans Rd. ( )

{atU + (F(z,U) - V)U = G(z,U) dans Ry x R%;
On renvoie a la seconde partie de ce chapitre introductif pour I'interprétation en
termes de MFG de ce systeéme. Le systeme (31) a été introduit par J.-M. Lasry et
P.-L. Lions et largement étudié par P.-L. Lions dans son cours [57]. Nous présentons
ici des résultats similaires a ceux de P.-L. Lions pour des systémes de type (31)
auxquels on a ajouté des termes modélisant du bruit commun. Ces résultats se
trouvent dans 'article [14]. On se concentre ici sur des bruits communs de la forme
suivante : étant donné un espace probabilisé (€2, A, P), un processus de Poisson de
parametre A > 0 produit une séquence aléatoire de temps auxquels I’histogramme
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x de la répartition des joueurs est instantanément changé en T'(z), ou T est une
application de R? dans lui méme. Le systéme qui modélise ce type de bruit est

QU + (F(x,U) - V)U + MU = (DT(Tz))*(U(t, Tx))) = G(x,U) dans Ry x RY;
Uji—o = Uy dans R%.
(32)
Le terme

MU — (DT(Tx))*(U(t, Tx)))

modélise les anticipations que les joueurs font sur le bruit. Les deux résultats
que 'on va énoncer ici sont de natures différentes. Le premier est un résultat de
propagation de la monotonie pour I'application U. C’est a dire que sous certaines
hypothéses on aura :

Vt > 0,Vx,y € RY:
<U(t,z) - Ul(t,y),z —y >>0.

Le second résultat est un résultat concernant la propagation de régularité pour U.
Ils font tous les deux partie du troisieme chapitre de cette these qui a été réalisé en
collaboration avec J.-M. Lasry et P.-L. Lions. Le premier résultat est le suivant :

Théoréme 0.5.1. On suppose que T est affine. Si Uy est monotone de R? dans lui
méme et (G, F) est monotone de R* dans lui méme, alors toute solution régulicre
U de (32) est monotone pour tout temps.

Démonstration. On définit V' = U et on introduit W défini par :
Wit ,z,y) =<U(t,z) = V(t,y),z —y > . (33)
On note T' = e+.5 avec S linéaire et on remarque que W vérifie I’équation suivante :
OW + F(x,U) - VoW + F(y, V) - V,W + MW= < SUt, Tx) - SV (t,Ty),z —y > )
=< G(z,U) = Gy,V),z —y>+ < F(z,U) — F(y,V),U =V > dans R x R
On déduit alors en utilisant la monotonie de (G, F') que
W + F(x,U) - VoW + F(y, V) - V,W + \(W = W(t,Tz,Ty)) >0

Un résultat de type principe du maximum fort (que 'on peut trouver dans I’ap-
pendice du troisieme chapitre) nous permet alors d’établir que comme W(0) > 0
(car Uy est monotone), on a bien

W(t,z,y) > 0,Vt,z,y.
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La preuve de ce résultat implique également que si on prend deux solutions
régulieres U et V' de (32), alors la fonction W définie par (33) est positive pour tout
temps. On en déduit donc qu’il existe une seule solution réguliere (lipschitzienne
en espace) de (32) sous les hypotheses du théoréme 0.5.1. On observe donc encore
une fois que la monotonie des cotits pour le MFG est fortement liée au caractere
bien posé du probleme.

Le résultat de régularité que I'on présente maintenant est le suivant :

Théoreme 0.5.2. On fait les hypotheses suivantes :

— T est affine.

— Uy, F' et G sont lipschitziennes.

— Uy et (G, F) sont monotones.

— Il existe a > 0 tel que soit F' est a monotone, soit Uy et G sont ac monotones.
Alors st U est solution de (32), U est lipschitzienne en espace, localement unifor-
mément en temps.

La preuve de ce résultat étant fastidieuse, on se contente simplement d’en
énoncer les étapes clefs. On renvoie au troisieme chapitre de cette these pour sa
preuve détaillée.

L’étape principale de cette preuve consiste a écrire 'EDP vérifiée par la fonction
Z 3 définie par

Zs(t,x,6) =< & VW (t,2,6) > —B(t)|V.W(t,2,6)
ou W est définie ici par
Wi(t,x,&) =< Ul(t,z), &> .

En utilisant les hypotheses de monotonie et de régularité, on peut ensuite mon-
trer qu’il existe une fonction g strictement positive pour tout temps, pour laquelle
Zz > 0 pour tout temps, ce qui entraine une estimée sur le gradient en espace de U.

Comme on I’a mentionné dans la deuxieme section de ce chapitre, il est important
de noter que la preuve de ce résultat ne fait pas intervenir de systeme caractéris-
tique pour (32).

0.6 Itérations d’Uzawa et structure variationnelle
des MFG

Dans le cas dit potentiel, défini plus loin, les solutions de systéemes MFG du
méme type que (4) peuvent s’interpréter comme des points selle de certains lagra-
giens. On s’intéresse donc dans cette partie a la construction de suites convergeant
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vers la solution d’un systeme d’inégalités variationnelles, systéme qui rappelle les
conditions satisfaites par un point selle. Par inégalités variationnelles on entend ici
une formulation du type :

Trouver z € A tel que pour tout y € B :

F(z,y) > 0.

Cette formulation est donc en particuliers plus générale que la notion usuelle d’in-
équation variationnelle étudiée notamment par J.-L. Lions et G. Stampacchia qui
correspond au cas A = B.

On présente ici pourquoi l'algorithme d’Uzawa nous permet de construire une
suite qui converge vers la solution de certains systemes d’inégalités variationnelles,
méme lorsqu’il n’existe pas de lagrangien pour lequel ce type de systemes caracté-
rise un point selle. Ensuite, on montre que les systemes MFG (4), (15) et (26), pour
certaines formes de hamiltonien, peuvent étre interprétés comme des systemes d’in-
égalités variationnelles et que ceux-ci tombent dans le champ d’application de la
remarque précédente. Les résultats de cette partie sont détaillés, accompagnés de
simulations numériques, dans le quatrieme chapitre de cette these, qui est composé
de 'article [13]. On note également que depuis les premiéres méthodes numériques
pour résoudre (4) présentées par Yves Achdou et Italo Capuzzo-Dolcetta dans [2],
de nombreuses méthodes se sont développées. On renvoie ici le lecteur a [17] et [7]
pour des techniques relativement proches de celle que nous présentons ici.

On se donne un lagrangien L défini par
L(z,y) = F(x)+ < a(x),b(y) >, Vo € K1,y € K>

ou K est une partie convexe fermée d’'un espace de Hilbert (Hy, (-,-)) et Ky une
partie convexe fermée d'un espace de Hilbert (Hg, (- ))) Onnote (Hs, < -,- >) un
troisieme espace de Hilbert et a : Hy — H3 et b: Hy — H3 sont deux applications
continues. On suppose que I : H; — R est une application C'. Un point selle du
lagrangien L est un couple (z,y) vérifiant

inf sup L(z',y") = sup inf L(z',y") = L(x,vy) (34)

xIEKly’GKg y/eszleKl

On note P 4 la projection sur A C Hs dans Hs. On rappelle ici le résultat classique
de convergence de l'algorithme d’Uzawa :

Théoreme 0.6.1. On suppose que la différentielle f de F est une application o
monotone de Hy dans lui méme pour un certain o > 0. On suppose également
que Ky = b(K3) est un convere fermé de Hj et que a est une application C
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lipschitzienne pour C' > 0. Alors pour § < 2"‘ la suite (T, Yn)n>o définie par

Yo € Ky
x, = argmin {L(z,y,)} (35)

re Ky

yni1 € 07 ({P, (byn) + da(2))})

est telle que (x,)n>0 converge vers x, ou (x,y) est l'unique couple vérifiant (34).

Démonstration. Vu les hypotheses, on sait que le couple (z,y) caractérisé par (34)
satisfait :

f(x), 2" —z)+ < a(z') — a(x),b(y) >> 0,V2' € K,
<a(z),b(y’) —bly) ><0,Vy' € K.

Par construction, (x,,y,) vérifie pour tout n > 0
(f(zn), 2 — xp)+ < a(z") — a(zy,), b(y,) >> 0,V2' € K.
On déduit donc que

< a(n) = a(x),0(y) = blya) > = (f(x) = f(2n), 2 — 24)

>
> afle — za|[3-

On remarque ensuite que, comme Py est contractante :

16n+1) = b()l[zs <I1b(yn) — b(y) + 0(al@n) — a(2)) |l
<I1b(yn) — bW)I[Es +20 < blya) — b(y), alzn) — alx) >
+0%|la(zn) — a()|[Zs-

D’ot on déduit donc que

[16n-+1) = b5 < 1Ib(yn) — 0(W)l[Es — 20| |20 — 2l + 6*[la(zn) — a(@)l[3s-

Or comme § < CQ, on en déduit qu’il existe 5 > 0 tel que

Bllan —l[fn < [[6(yn) = 072 — [[0(yns1) = 0(Y)[77s-
Ce qui implique directement le résultat annoncé. O

La remarque que nous faisons maintenant porte sur les solutions (z,y) du
systeme

{( f@), 2 — )+ < a(z’) — a(z),bly) >> 0,V2' € K, (36)

<a(z),b(y") —bly) ><0,Vy' € Ko.
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Pour approcher les solutions de ce systeme, on considere les itérations :

Yo € Koy;
x, est défini par (f(z,), 2" — z,)+ < a(z') — a(x,), b(y,) >> 0; (37)
Yni1 € 07 ({P g, (b(yn) + da(2))}).

En particuliers on ne fait plus ’hypothese ici que f est la différentielle d'une
application F. On a alors le résultat suivant :

Théoréeme 0.6.2. On suppose que [ est une application o monotone de Hy dans
lui méme pour un certain o > 0. Alors sous les mémes hypotheses que le théoreme
0.6.1, les itérations (37) définissent bien une suite (T, Yn)n>o telle que (T,)n>0
converge vers x, ou (x,y) est l'unique couple vérifiant (36).

La preuve de ce résultat est essentiellement la méme que celle du théoreme
précédent. Nous ne la détaillons donc pas ici et renvoyons au quatriéme chapitre
pour sa preuve détaillée.

Deux remarques découlent des résultats précédents. La premiere est que 1’on
peut construire des approximations des systemes MFG (4), (15) et (26), dans le cas
potentiel, a 'aide des itérations d’Uzawa (35) (sous I'hypothese de o monotonie).
Le cas dit potentiel est celui ou il existe une fonction F, que nous prenons de
L*(T?) dans R pour fixer les idées, telle que pour tout m,m’ € L*(T9) :

fj 2 0 = Fm) /Td f(m)(m' —m).

t—0 t

ou f est la fonction apparaissant dans (15), (26) et dans (4) dans le cas H (z,p, m) =
H(x,p)— f(m). Il est bien connu que dans ce cas potentiel, la solution du systeme
MFG peut s’interpréter comme le point selle d'un lagrangien. Nous renvoyons a

[54] ainsi qu’aux chapitres 1 et 2 pour la présentation de ces interprétations.

La deuxieme remarque est que méme en dehors du cas dit potentiel, si f est
« monotone on peut toujours approcher des solutions de systemes MFG par des
itérations de type (37). On se place ici dans le cas stationnaire pour simplifier les
notations. Alors si (u,m) € HY(T?) x L?(T?) est solution de

max(—Au +u — f(m),u — M(u)) = 0 dans T¢;
Vo € HY(TY),v < M(v) :

Jra(=Av —u) + (v —w))m — frap(v —u) > 0;
Jra(f(m) + Au—w)m = 0;m > 0;u < M(u);
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on observe que (u, m) est également 'unique solution de

vm' € L2(T4),m' > 0:

Jra(f(m) + Au —u)(m' —m) = 0;

Vo e HY(T), v < M(v) :

Jra(=Av =) + (v = w))m = fra p(v = u) = 0;
m > 0;u < M(u).

Remarquons qu’en prenant M (u) défini soit comme l'opérateur de saut du cas
controle impulsionnel, soit comme une constante, on retrouve la formulation des
solutions MFG des cas arrét optimal et controle impulsionnel.

On remarque alors que si f est a monotone, on peut appliquer directement
le théoréeme 0.6.2 en prenant H, = Hs3 = L*(T¢), H, = H*(TY), K, = {m €
Hy,m >0} et Ky = {u€ H*u < M(u)}. On équipe dans ce cas L?(T%) de son
produit scalaire usuel et H?(T?) du produit scalaire < -, - > défini par I'opérateur
auto-adjoint L = —A + Id, c’est a dire

<wu,v>= | (Lu)v.
Td

Le cas du systeme MFG (4) étant plus complexe a cause du hamiltonien, on
modifie les itérations (37) en

ug € H?(T9);
m,, est défini par Vm' € L2(T?),m’' > 0:
Jra(f(my) + Auy, — uy, — H(x, Vuy,))(m' —m,) > 0;
Un41 est solution de :
—AUpi1 + Ups1 + H(z, Vugy) = — Auy, + uy, + H(x, Vuy,)
+ 6p(my — (Ly,)* ' p) dans T¢;

(38)

olt (8,)n>0 est une suite de réels strictement positifs et pour tout v € HY(T?), L,
est I'opérateur défini par

Lyu=—-Au+u+ D,H(z,Vv) - Vu.
On montre alors dans le quatrieme chapitre le résultat suivant :

Théoréme 0.6.3. S’il existe un couple (u,m) € H*(T?) x L*(T?) alors si
— f est a monotone.
— Le hamiltonien H est conveze.
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— H est globalement lipschitz.
alors il existe une suite de réels (0,,)n>0 telle que la suite (u,, m,) définie par (38)
soit bien définie et (m,,),>0 converge vers m dans L*(T?).

On illustre également ces différentes itérations d’Uzawa par des simulations
numeériques présentées dans le chapitre 4.

0.7 Un cas concret de modele MFG

On présente dans cette partie un probleme concret de MFG étudié dans le
cinquieme chapitre de cette these. Ce travail a été réalisé en collaboration avec S.
Vassilaras, G. Paschos, M. Debbah, J.-M. Lasry et P.-L. Lions et fait 'object de
l'article [15]. Ce modele a pour objet d’étudier les interactions qui existent entre
de nombreux objets connectés qui communiquent tous avec une seule antenne.
Ce type de modele est actuellement 'objet de nombreux travaux de recherche,
on renvoie a l'article [59] de F. Mériaux, S. Lasaulce, and H. Tembine pour une
présentation plus détaillée de ce probleme. L’espace d’états des objets connectés
(agents) est de dimension trois. Les trajectoires des agents sont données par :

dE; = —pdt;
dB, = —f("2)dt (39)
dht =V 27/th,

ou le processus (p;)i>o est le controle de I'agent, (W});>o est un mouvement brow-
nien réfléchi sur Uintervalle [(20) 72 Apin, (20) "2 himae] pour un espace probabilisé
(Q, A, P), f est une fonction croissante donnée, v > 0 une constante et I' un terme
de couplage que 'on précisera plus tard. La variable d’état E représente I’énergie
encore disponible pour un agent, B la quantité d’information qu'un agent a encore
a transmettre et h la qualité de sa liaison avec 'antenne. Un agent peut donc
transmettre de 'information en dépensant de 'énergie, mais son taux de trans-
mission d’information dépend du parametre de couplage I' et de la qualité h de sa
relation avec l'antenne.
Le probleme d’un agent est alors

sup E [— /T e Mdt + e "Y(E,, B,)|, (40)
0

0<p<pmax

ou (Ej, Bs, hs)s>o satisfait (39). Le temps d’arrét 7 est défini comme le temps de
sortie de I’ensemble {E > 0} U{B > 0} pour le processus (FEs, Bs)s>0. Le gain de
sortie 1 est une fonction donnée et p,,q., A, 0 > 0 sont des parametres du modele.
Les agents cherchent donc dans ce jeu a maximiser un gain de sortie qui croit
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avec 1’énergie finale restante F. et décroit avec la quantité d’information restant
a transmettre B, (on choisit 1 de telle sorte). Par ailleurs on pénalise le temps
passé dans le jeu pour diminuer les interférences entre appareils. On s’intéresse ici
a des équilibres stationnaires de ce MFG et on cherche donc des couples (u, m)
solutions de

— v+ \u + p*Opu + f(hr*)aBu = —0 dans RZ X [humin, hinax);

—v0pm — Op(p*m) — Op (f(hfi* )m) = m, dans R X [Aumin, Rinas);

u=1 sur {E>0}U{B >0} (41)
m=0sur {E£>0}U{B>0};

Opu = Opym = 0 sur {h = hpin} U{h = hynae }

ol my est le taux d’entrée des agents dans le MFG et p* est défini par

p*(E, B, h) = argmax {—p@Eu — f(hp)OBu} : (42)

0<p<pmaz r

Le terme de couplage I est lui défini par
P=o+c / / / m(E, B, h)hp*(E, B, h)dEdBdh;  (43)
Ri X [hmzn 7hmaz}

ou o,c > 0 sont des constantes du modele. Dans le cinquieme chapitre de ce
manuscrit, on présente des simulations numériques portant sur des solutions de

(41)-(42)-(43).

0.8 Perspectives et futurs développements

Bien siir, de nombreuses questions sont toujours sans réponse dans la théorie
des jeux a champ moyen. Certainement la plus importante de toutes concerne une
meilleure compréhension de la master equation. 11 semble en effet fondamental de
comprendre par exemple si les hypotheéses du théoreme 0.1.3 peuvent étre affai-
blies, et si oui comment. Il est fortement probable qu’il faille pour cela définir une
notion plus faible de solution de la master equation. Il est également crucial de
trouver des méthodes numériques qui pourraient permettre de résoudre la master
equation. En effet dans de nombreux cas pratiques, on ne peut pas ramener le
probleme a un systéeme MFG de dimension fini, or a I’heure actuelle c’est dans ce
genre de cas que se concentrent la plupart des méthodes numériques.

Concernant plus particulierement les problemes abordés dans ce manuscrit, on

peut noter qu’il reste encore a écrire une master equation dans le cas arrét opti-
mal ou contréle impulsionnel. Il reste également a prouver un résultat analogue au
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théoreme 0.1.3 dans ces cas. La difficulté majeure pour établir ce genre de résul-
tats réside dans l'absence de régularité de ’évolution en temps de la densité des
joueurs. Ce manque de régularité se traduit, au niveau de la master equation, par
une perte de différentiabilité de la solution. Il faut donc a priori trouver une notion
de solution plus faible pour pouvoir établir un résultat analogue au théoreme 0.1.3.

Par ailleurs, il est fondamental de continuer a développer de nouvelles appli-
cations des MFG. Que ce soit pour des modeles de décentralisation de prises de
décisions comme dans le chapitre 5 ou pour des modeles de jeux plus standards, la
théorie des MFG a de nombreux aspects tres généraux qui permettent d’aborder
des problemes diverses dans un cadre théorique solide. C’est pourquoi il est fort
probable que de nombreux problemes puissent étre résolus grace aux MFG. In-
versement le développement de nouveaux modeles permettra certainement d’avoir
une meilleure compréhension de la théorie des MFG ainsi que le développement
de nouvelles méthodes numériques.
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Chapitre 1

Arrét optimal dans les jeux a
champ moyen, une approche par
probleme de ’obstacle

Ce chapitre s’intéresse au probleme d’arrét optimal dans un contexte de jeu a
champ moyen. On introduit la notion de solution mixte pour résoudre le systeme
d’équations aux dérivées partielles qui modélise ce genre de probléeme. Cette notion
de solution traduit le fait que les équilibres de Nash du jeu a champ moyen sont en
stratégies mixtes. L’existence et 1'unicité de telles solutions sont prouvées sous des
hypothéses générales pour le probleme stationnaire et celui dépendant du temps.

Ce chapitre est accepté pour publication dans le Journal de Mathématiques
Pures et Appliquées.
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1.1 Introduction

1.1.1 General introduction

This paper is the first of a series devoted to the systematic study of mean field
games (MFG) of optimal stopping or impulse controls. We solve here a system
of forward-backward obstacle problems which models MFG of optimal stopping
without common noise. The case of the "Master equation" will be considered in a
subsequent work.

In the past decade, MFG have been broadly studied since their introduction
by Lasry and Lions in their series of paper [52, 53, 54| and it has been shown they
have lots of applications [45, 46]. From the well posedness of the problem [21, 57] to
the difficult question of the master equation [27, 57] through numerical questions
[2, 7] and developments like long time average [26] or learning in MFG [23], the
original model has been the source of a huge number of mathematical questions.
A very powerful probabilistic point of vue has also been developed [29, 49]. We
refer to [57] for a large study of the problem. We briefly recall the model proposed
by Lasry and Lions when there is no common noise. A continuum of indiscernable
players, which is characterized by a measure m, faces an optimal control problem
(which is stochastic here but can also be deterministic) whose value function is
denoted by u. The players are initially described by the measure mg and are only
interested in the distribution of the other players. Under general assumptions on
the regularity and geometry of the cost functions (involved in both the running
and terminal costs, respectively f and g), the value function u satisfies a Hamilton-
Jacobi-Bellman equation given the evolution of the measure of the player. On the
other hand, given the value function and then the behavior of the players, the
measure m satisfies a transport equation. Nash equilibria of the game are then
given by solutions of the MFG system :

—0wu — Au+ H(x,Vu) = f(z,m) in R? x (0,7);
om — Am — div(D,(H (x, Vu))m) = 0 in R? x (0,T); (1.1)
w(T) = g(T,m(T)), m(0) = mo.

Our purpose is to study the analogue of (1.1) for an optimal stopping problem.
In this setting, players do not affect their velocity anymore but choose a time after
which they definitively leave the game. We present our results in three different
situations : a stationary case, a time dependent case with a general exit cost and
a last case in which players can both leave the game and affect their velocity
like in the case we just described. We are going to introduce the notion of mixed
solutions for MFG, which describes Nash equilibria for MFG in mixed strategies.
As we shall see, this notion is both analytically natural and the good notion of
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solution for MFG with optimal stopping. Recently some results have been obtained
concerning the problem of optimal stopping in MFG. In [61], the author solves a
game of optimal stopping in a MFG and in [32], the authors prove an interesting
and general result of existence in a probabilistic approach of the problem. We may
also mention [42], in which the authors studied a MFG type system for an obstacle
problem, which is the natural Hamilton-Jacobi-Bellman equation for an optimal
stopping problem. Finally let us mention [20] in which the authors study a MFG
in which the players are absorbed once they reach the boundary of the domain,
meaning that the leaving time is not a control but determined by the model. Note
that MFG with optimal stopping are very natural, from at least two perspectives.
First, optimal stopping problems are interesting in themselves like for example
resistance games or the modeling of american options. Then, it appears natural to
allow the players to leave the MFG, because it is very restrictive to impose that all
the players have to stay until the end like it is done in the classical MFG model.
Indeed, it is more realistic to allow the players to leave the game by paying an exit
cost.

1.1.2 The model

We present here the typical framework which is beneath the idea of optimal
stopping in MFG. We refer to the next parts for more precise statements as we only
want to give an intuition on why the model we are going to study is general and
natural. We assume that there is an infinite number of players and we associate
to each player 7 a diffusion which satisfies :

dX} = \/2dW};
X§=x; in O

where € is a bounded, smooth open set of R? with d > 1. The player i has to
make the choice of a stopping time 7 which has to be measurable for the o-algebra
generated by the d-dimensional brownian motion (W});>o. We assume that all the
brownian motions ((W});>0); are independent. The cost is then defined by

[ 1K mls))ds + w(XE m(7));

where m(t) is the measure which characterizes the distribution of the player in
at time ¢. The players minimize the expectation of this cost. We work with a finite
horizon T and assume that if the diffusion (X}) reaches the boundary 9 of Q at
time t*, then the player i exits the game paying the cost fot* F(XE,m(s))ds. Given
the evolution of the measure m(t), the value function of the problem is a solution
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of the obstacle problem :

max(—owu(t,x) — Au(t,z) — f(x,m(t)),u(t,z) — Y (x,m(t))) = 0;
u(T, ) = ¥{z, m(T)) (12)
Vit < T,u(t,z) =0 on 0.

See for example [6] for more details on Hamilton-Jacobi-Bellman equations. On
the other hand, given the value function v and the fact that it is optimal to leave
the game at (¢,z) if u(t,z) = ¥(t, ), m satisfies

dym —Am =0 on {(t,z) € (0,T) x Q/u(t,z) < P(x,m(t))};
m(0) = my; (1.3)

m = 0 elsewhere;

because the players move freely in the set {u < 1)(m)} since it is optimal to stay in
the game. In this set, the players evolve only through the diffusion to which they
are associated (they use no control). On the other hand, because it is optimal to
leave the game in the set {u = 1}, we want m to be 0 in this set, as all the players
are leaving. We do not make precise here the sense in which systems (1.2) and (1.3)
have to be taken as it will be the subject of later discussions. In the same way
Nash equilibria in the classical MFG are given by solutions of the system (1.1), we
expect Nash equilibria of our problem to be the solutions of

max(—0u(t, x) — Au(t,z) — f(x,m(t)),u(t,x) — P(z,m(t))) = 0;
V(t,xz) € (0,T) x €;

Oym — Am =0 on {(t,z) €]0, T[xQ/u(t,x) < (z,m(t))};

m = 0 elsewhere;

w(T,z) =¢(x,m(T)) on Q;

YVt < T,u(t,z) =0 on 0S.

(OSMFQG)

For pedagogical reasons, we first solve a stationary setting in which the time va-
riable has disappeared and the leaving cost is 0. In this setting, we are forced to
introduce a source of players. This term can be interpreted as some players (who
are still identical to all the others) entering the game uniformly in time. If we do
not add this term, then the only equilibrium is m = 0 because, almost surely, the
trajectories of the players touch the boundary of {2 and thus the associated players
leave the game. We denote it by p. This term is completely arbitrary and do not
play a strong role in the qualitative approach we present. We also add a first order
term in the equations in "u" and "m". The first one stands for a preference for the
present over the future while the second one stands for a "natural" death rate of
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players. The "simpler" version of (OSM FG) is then

max(—Au+u — f(x,m),u) =0 in Q;
—Am+m=pon {u <0}

m =0 on {u=0};

u=m =0 on 0f.

(SMFG)

This system is the subject of the first part of this article and we extend our results
to the case of (OSM F@G) in the second part. In the last part we present the case
where both optimal stopping and continuous control are possible. This last setting
leads to the following system :

max(—du — Au+ H(z,Vu) — f(m),u) =01in (0,7) x Q;
om — Am — div(mD,H(z,Vu)) =0 in {u < 0};
(MFG){m =0 in {u = 0};

u=m =0 on 0f;

m(0) = mg and u(7) = 0 in §;

where H is the Fenchel conjugate of the part of the running cost which depends
on the control. More details on this problem are given in the last part.

Please note that every time we consider the case ¢(m) = 0, we are in fact consi-
dering the case where 1) does not depend on m (it could depend on x), as we can
change the cost f with the addition of 9,10 + A1 to pass from a problem in which
there is an exit cost to the case in which this cost is 0.

1.1.3 Assumptions

We present here the assumptions which hold for the rest of this discussion as

well as some notations

— Q is an open bounded subset of R? with a smooth ( say C?) boundary ;

— mg € L*() and my > 0;

— f is a contiuous application from L?*(Q) to L?(Q2) which maps L>°(£2) onto
itself;

— 1) is a continuous application from L*((0,7), L*(2)) to L*((0,T), HE(2) N
H?(Q)) N HY((0,T), L*()) and 9 is valued in the set of continuous func-
tions ;

— p € C*(Q) with compact support in 2 and p > 0.
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1.2 The stationary problem

1.2.1 Preliminary results

In this section, we present useful results regarding the (stationary) problems
(1.2) and (1.3). We address here the question of regularity of those problems in
order to present the results of regularity for the MFG problem later on.

The obstacle problem

This problem is classical (see for instance [18]). For any f of L*(Q), a solution
u of the obstacle problem is such that

max(—Au +u— f,u) =01in Q, u € H*(Q) N Hy(S).

Existence and uniqueness of solutions of this problem can be found in [18, 55].
Also, the mapping from L?(Q2) to H?(2) N H () which associates to each f the
solution of the previous problem is continuous with respect to the canonical norms
of those sets. Moreover, the sequence (u)c~o of H*(Q) N HY(Q) converges to u,
solution of the obstacle problem with source f, for the H*(2) norm, if u, is defined
for all € as the unique solution of

—Aue + ue + H(u)" = fin
ue = 0 on 0f).

Moreover, if f € L°°(Q), then v € C1*(Q) for any 0 < a < 1.

The equation in m

We are here interested in the regularity of the solution m of

{—Am—l—m:pinw;

m =0 on Jw;

where w is any open subset included in Q. We extend m by 0 on 2\ w. Obviously,
there exists a unique solution of this problem in Hj(w) and we cannot expect
further regularity without any assumptions on the regularity of w. (Hj(w) is here
defined as the closure of the C*™ functions with compact support in w for the H*(£2)
norm.) Then, if (w,)n>0 is a sequence of open subsets of 2 which converges towards
w, open set of €, with respect to the Hausdorff distance then the sequence of
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associated solutions (my,),>o converges towards m for the norm of H'({2). Finally,
if we define m, as the unique solution of

—Am, +m. + élwcm6 = p in
m. = 0 on 0€);

then (m)cso converges to m for the norm of L*(2). We also recall the following
result, which is very simple and that we shall need later.

Lemma 1.2.1. Let m € H}(Q) be such that
— there exists an open set w C ) such that —Am +m = p on w;
— —Am +m < p in the sense of distributions on €2 ;

and denote by u € H*(2) N HE () a negative function, then

/Q(—Au+u)m2 /Qup;

and we have an equality if the support of u is included in w.

Proof. This result is simply the translation in a variational form of the assumption
—Am+m < p.
O

1.2.2 First properties of the system

We now turn to the presentation of some results which give a better idea of the
situation we are trying to model. Mainly we prove uniqueness and non existence
of solutions for (SMFG). Those results highlight that we have to adopt a new
definition of solutions in order to find Nash equilibria of the MFG. We recall the
notion of monotone applications on functions’ spaces which is, as usual, crucial in
the study of MFG. An application T from L?*(2) into itself is said to be monotone
if

Vmy, my € LQ(Q),/Q(T(ml) —T(mg))(my —mg) > 0.

It is strictly monotone if the inequality is strict as soon as my #% my. T is said to
be anti-monotone if —T" is monotone.

We first prove a uniqueness result which depends on the monotonicity of the cost

f

Theorem 1.2.1. If f is strictly monotone, then there exists at most one solution

of (SMFG@G).
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Proof. We shall present here an analogue of the proof of uniqueness of Lasry and
Lions in [54]. We denote by (u1,m;) and (ug, my) two solutions of (SM FG) and
note u = u; — ug, m = my — my and the continuation sets ; = {u; < 0} and
Qy = {uy < 0}. We then compute :

/£11UQ2(_AU +u)m :/ (f(m1) = f(ma))m

Q1N

+ /Ql\ﬂz f(my)my + f(ma)ms.

Q2\

(1.4)

We here use the fact that on Qf, —Awu; = 0 which holds because the obstacle
problem
max(—Au; + u; — f(m;),u;) =0 in Q

holds true in L*(Q).

Let us remark that on 5, my = 0 and f(mg) > 0 because (ug,ms) is a solu-
tion of (SMF@G). Thus, it is in particular true on € \ Q9. Hence the following
inequality is true.

/91\92 f(mi)my > (f(my) — f(my))(my — my).

Q1\Q2

With the same argument on the third term of the right hand side of (1.4), we
obtain

/Qlusz(_Au +u)m > QIUQ2(f(ml) — f(my))m > 0.

We now evaluate the sign of this term in a different way. First, let us remark that
because of the fact that (ui,m;) and (ug, my) are solutions of (SM FG), we know
using lemma 1.2.1 that

/Q(—Aul + ul)ml + /Q(—AUQ + u2)m2 = /Q(Ul + UQ),O
This equality gives

/Q(—Au—l—u)m: —/Q(—Aul#—ul)mz#—/ﬂulp

—/(—AuQ+uQ)m1 +/ Uzp.
Q Q

Using once again lemma 1.2.1 we deduce
/(—Au +u)m < 0.
Q
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And finally we obtain

/Q(_Au +u)m = / (f(my) — f(mg))m = 0.

Q1UQ

So by strict monotonicity, m; = ms and the result is proved.
O

We observe that the monotonicity of f is important for the question of unique-
ness.We now show it is in general necessary.

Proposition 1.2.1. Uniqueness does not hold in general for (SMFQG).
Proof. We denote by m* € H}(Q) the unique solution of
—Am* +m* = pin Q.

We note E(m) = [ |x|m(z)dx. We define f(m) by the following equation for
m e L*(Q) :

E(m)
v Q = -2 1.
T ,f(x,m) E(m*) +
We observe that f(m*) = —1 and f(0) = 1. It is clear that (0,0) is a solution
of (SMFG). Now if we denote by u* the solution of the obstacle problem with
cost f(m?*), it is clear by the maximum principle that the contact zone with the
obstacle {u = 0} is empty and thus that (u*, m*) is also a solution of (SMFG). O

We take advantage of this collection of remarks around this new system to
present the fact that uniqueness of solutions does not hold in general, even if
f is strictly monotone, if the obstacle v depends on m. However, we are not
interested in giving too much detail about which assumption has to be made on
for uniqueness, as it is a subject of the next part.

Proposition 1.2.2. For all strictly monotone f, there exists an obstacle 1 such
that there is no uniqueness of solutions.

Proof. Once again we denote by m* € H}(Q) the unique solution of
—Am* 4+ m* = pin

which is strictly positive by the strong maximum principle. We define u* € HJ(2)N
H?(2) by the unique solution of

—Au* +u* = f(m") in Q;
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and u, € H}(Q) N H*(Q2) by the unique solution of
—Au, +u, = f(0).
Now define ¢ by the following :

m m—m

().

It is then easy to verify that both (u*,m*) and (u.,0) are solutions of (SMFG).
0

m* m*

Remark 1.2.1. We can notice that here 1 is monotone. We shall see later that
in order to have uniqueness of solutions, we have to make an assumption which is
somehow related to the anti-monotonicity of 1.

We now present an example of non existence of solutions for (SMFG). It is
very general in its construction and the reader could easily understand how it could
be adapted for different models.

Proposition 1.2.3. There exists f such that there is no solution for the system

(SMFG).
Proof. We define by m* the unique solution of the equation :

—Am+m = pin Q;
m = 0 on 0f.

We then choose a non-positive smooth function (C?) denoted by u* which vanishes
only on {zp} and on the boundary of the domain, where z, € ). We then define
f on L?(Q) by

flz,m) = —-Au*(z) + u*(x) + m(x) — m*(x),Vo € Q.

By construction

—Au* 4+ u* = f(m*),Vr €
u < 0.

Hence, u* satisfies the obstacle problem with source f(m*). By the strong maxi-
mum principle, m* is strictly positive on €2, so m* does not satisfy m* = 0 on
{u* = 0}. Thus the couple (u*,m*) is not a solution of (SM FG). Suppose that
there exists a solution (u, m) of (OSM FG), then necessarily m < m* (i.e. m < m*
and m # m*). Then recalling the strict monotonicity of f and the strong maximum
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principle we obtain that u < u* everywhere on the domain. So the contact zone
{u = 0} is empty. This contradicts the fact that m < m*, thus we have proven
that there is no solution to (SM F'G) in this case.

O

Remark 1.2.2. One can object to this conclusion that imposing that m vanishes
(in some sense) on {u* = 0} is very restrictive, regarding the problem we are trying
to model, because this set has a 0 Lebesque measure. One can think that we should
not have any constraint in this case. The interested reader could easily note that if

u* is such that it vanishes only on a small ball around xy, then we could also have
proven non existence in this case.

We have now proven that a solution of the system may not exist and that it
may not be unique if f is not monotone. This observation leads us to consider a
relaxed notion of solutions of (SMFG).

1.2.3 Towards the good notion of solutions

We now present the notion of mixed solutions of (SM FG) for which we can
establish better results of existence than for the notion of solution we used in the
previous section. We give two different approaches for (SM F'G), each of them leads
to this notion of mixed solution. The first one is an optimal control interpretation
of (SMFG). The second one is a penalized version of the problem.

The optimal control interpretation

We here assume that the dependence of f in m is local, meaning that
Vm e L*(Q),x € Q, f(z,m) = f(z,m(z)).

Thus, there exists F such that :

V(x,p) € Q xR, %;(xap> = f(z,p).

We assume that F(x,-) € C*(R) and that F is continuous as seen as a functional
from H}(Q) into L'(Q) (which is of course compatible with the fact that f €
CO(L* ().

We now introduce an optimal control problem using F which leads to (SM F'G).
We start by recalling the optimal control interpretation for the classical MFG
system (1.1). This approach was presented in [54] and has been well studied since
then (see [7, 22, 28] for example). Each time the authors of those articles link
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the system (1.1) with both an optimal control of a Fokker-Planck equation and
an optimal control of a Hamilton-Jacobi-Bellman equation. Here we only present
(formally) the link with the Fokker-Planck equation. For each control a, we define
m as the solution of the Fokker-Planck equation :

oym — Am — div(am) = 0 in |0, T[x;
m(0) = mg in ;

and we introduce the following problem

igf{/oT/Q}"(m) —i—L(x,a)m}.

Where L is the Fenchel conjugate of the Hamiltonian H with respect to the p
variable. Then it has been proved ([22] for example) that the infimum is reached
when a(t,z) = —D,H (x, Vu(t,z)), where (u,m) is the solution of (1.1). Our aim
is now to prove a similar result for (SMFG). We start by a remark : in the op-
timal control problem for the players, the term —D,H (z, Vu(t, x)) is an optimal
choice to minimize their cost (it is their best answer), if (u,m) is a solution of
(1.1). Thus, the problem of controlling the Fokker-Planck equation is interpreted
as prescribing a behavior for the players (it is the «, the control) and then mini-
mizing a quantity depending on the distribution of the players (m) induced by the
prescribed behavior (). For the optimal stopping case, we can describe a behavior
as an exit set in €2, on which the players leave the game. Thus, we can search for
an optimal control problem where the control «v is now a set and m (the associated
distribution of players) satisfies the equation associated with this behavior :

—Am+m = pin q;
m = 0 on OJa.

We then minimize the following

igf{/g}"(m)};

where the infimum is taken over the open sets of €. As it is well known minimization
problems over a collection of open sets are difficult in general. This is why, we shall
work on a relaxed version of the problem. We make two remarks : for all o, m is
positive by the maximum principle and the following inequality is satisfied in the
sense of distributions

—Am+m < p.

So a possible relaxation for the previous problem is

inf {/Qf(m)}; (1.5)
5)

meH
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where H = {m € H}(Q),m > 0,—Am + m < p} in which the second inequality
holds in the sense of distributions.

Theorem 1.2.2. Assume F is strictly convex, then the previous relaxed problem
admits a unique solution. Moreover, any minimizer m of the problem satisfies the
Fuler-Lagrange optimal conditions :

vm' e H,/Qf(m)(m’ —m) > 0.

Proof. The functional F is weakly sequentially lower semi continuous (ws lsc) for
the topology of HJ(f2) as it is both continuous and convex. Take a minimizing
sequence (my)nen, by definition,

—Am, +m, < p;

hence testing this relation against m,, itself,

L1vma+ [ m2 < [ pma < lpllz@lImallzz
Q Q Q

which implies a bound in H} (). So there is a subsequence of (m,,)nen which
converges toward a limit m in H}(Q) for the weak topology. It is easy to check
that the limit still belongs to H. Then because F is ws Isc, we get that m is a mi-
nimizer of the problem. And it is obviously unique if F is strictly convex. Because
of the regularity of F, the verification of the Euler-Lagrange inequality is trivial. [

From now on we will denote by m the unique minimizer of this problem and u
the solution of
max(—Au+u — f(m),u) =0 in
u =0 on 0f).

Let us remark that H is bounded in L*>°(£2), hence f(m) € L>*(Q) and thus u is
continuous. Our goal is to show that the couple (u,m) is a solution of (SMFG)
in a certain sense. More precisely we obtain the following :

Theorem 1.2.3. (u,m) satisfies :

max(—Au+u — f(m),u) =0 in Q;
—Am+m = p on {u < 0};

m =0 on 0%,

Jo flm)m = [qup.
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Proof. For all m’ in ‘H, we compute
Jrmyen’ —my = [ fm)n =)+ [ ) —m)
= [ (duswm —m)+ [ f(m)m —m)
{u<0} {u=0}

_ /Q (=Butw)m' —m)+ [ fm) ' = m)

Where the last equality holds true because u € H?(Q2). Take the sequence (m$).so
defined as solutions of

— A 05+ Mgy (5 — m)* = pin O
m{ = 0 on OS2

For all € > 0, m§ € H*(Q)N HL (). Next, observe that in the sense of distributions
—Am{ +mj < p;

m{ > 0 in €.

Hence, extracting a subsequence if necessary, (mg). converges weakly to a limit m;
in H such that m; < m on {u = 0} and

/Q(—Au—l—u)ml :/Qup.

Thus we can write

L rmm —m) = [upt [ (dutu)om) [ fm)m —m).

Now, note that because u satisfies an obstacle problem
f(m)>0=—-Au+uon {u =0}
Using this remark and the fact that m; < m on {u = 0} we obtain
| rm)m —m) <o,
{u=0}
Using lemma 1.2.1 we deduce that
| £m)ami—m) <o
and the inequality is strict if

—Am +m # p on {u < 0}.
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Thus, because of the Euler-Lagrange conditions of optimality it follows that
—Am +m = pon {u < 0}.
Now we define a sequence (m$).so as the solutions of

—Am§ 4+ m§ + $1p—gyme = p in Q;
m§ = 0 on 0f2.

Once again, extracting a subsequence if necessary, (m$). converges weakly to a
limit my € H and we deduce

JFm)ms —m) = [ fm)ma —m) =~ [ fm)m:
because both m and my satisfy
—Am'+m' = pin {u < 0}.

Remark that because of the Euler-Lagrange conditions, we obtain that

Au_o} f(m)m <0.

But because of the obstacle problem satisfied by u, this quantity is also positive.
Hence

/{u:@} flm)m = 0. (1.6)

Now we only have to remark that because (1.6) holds true,

We now introduce the following definition :

Definition 1.2.1. A pair (u,m) € (HJ () N H*(Q)) x HJ(Q) is a mized solution
of (SMFG) if :

— max(—Au+u — f(m),u) =0 in Q;

— —Am+m=p on {u <0} in D'(Q);
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— —Am+m<pinD(Q);

— f{u:O} fm)m =0;
— m > 0.

Let us remark that the third and fifth point of the definition imply together that
m € L*(Q) and thus that u is continuous and that {u < 0} is open. Obviously if
m is a minimizer of (1.5) and w is the solution of the obstacle problem with source
f(m), then (u,m) is a mixed solution of (SM F'G). We present here in which extent
it is natural to adopt this definition. This discussion is quite formal and we begin
by taking a mixed solution (u,m) of (SM FG). Let us remark that formally there
exits a potential V' such that

—Am+m+Vm = pin Q;

with the convention that V' equals oo when m equals 0. Because —Am + m < p,
V' > 0. The classical interpretation for such a term in mathematical modeling
is usually a death rate. It is more appropriate to talk about a leaving rate here
as we are interested in an optimal stopping game. We can now describe a Nash
equilibrium of the MFG using this potential V' : in the zone {V = 0} it is optimal
for the players to stay in the game; in the zone {V = oo} it is optimal for the
players to leave the game; the zone {0 < V' < oo} describes an indifference region
where it is both optimal to leave and to stay and where players do leave with a
non constant leaving rate given by V. We can remark we can still have a Nash
equilibrium even if the players behave differently in the same situation, as soon as
the way with which they choose between the options is random and that the law
of this choice is the same for all the players. A Nash equilibrium of the MFG is
then obtained when the leaving rate V' of the players in this region is such that
0 = —Au+u = f(m). Because the first equality comes from the fact that it is
optimal to leave, and the second one from the fact that it is optimal to stay.

It justifies our choice of the terminology mixed solution, as it corresponds to the
players playing in mixed strategies. Remark that here a strategy for the players is
not just an exit set {u = 0} but also a leaving rate V' on this set which characte-
rizes the probability they are playing as a strategy.

From a game theory point of vue it is very common to have existence of equi-
libria in mixed strategies but not in pure strategies. But from a MFG point of vue,
it is quite a surprise that Nash equilibria for the game cannot be found in pure
strategies for the optimal stopping problem. We recall that in the classical MFG
setting, under the monotonicity assumptions on the costs f and g, there exists a
unique solution for the system (1.1), which is interpreted as a Nash equilibrium in
pure strategies.
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The notion of mixed solutions of MFG we just presented is highly related to
the notion of weak solutions which is introduced in [32]. In [32], the measure of
stopping time is a weak solution, when it satisfies a fixed point property in a weak
sense. It can be seen as letting the players play in mixed strategies. The authors
of this article oppose their notion of weak solution to a notion of strong solution,
which is more or less a classical notion of solution for (SM F'G). They prove their
existence under a monotonicity assumption on the cost. We present the same result
with a partial differential equations point of vue. We begin with a lemma.

Lemma 1.2.2. Suppose that [ is anti-monotone and define T : H}(Q) — Hy(2)
by the fact that T(m) is the only solution of

—AT(m)+T(m) = p in {u < 0};
where u is the only solution of
max(—Au +u — f(m),u) =0 in §;
Then T(my) < T(msg) if my < ma.
Proof. Take m; < my and define u; and us by
max(—Au; + u; — f(m;),u;) =0 in Q;

for i = 1,2. Since uy; > uy (f is anti-monotone) we deduce that {u; < 0} C {ug <
0}. Thus m defined by m = T'(my) — T'(m;) satisfies

—Am+m =0 on {u; < 0}.

Let us note that T'(ms) is positive on {u; < 0} C {uy < 0} by the maximum
principle. Since T'(m;) vanishes everywhere on 0{u; < 0} we conclude by the
maximum principle that T'(m;) < T'(ms). O

We can now prove the following :

Theorem 1.2.4. Suppose that [ is anti-monotone, then there exists a smallest
"classical" solution (u*,m*) of (SMFGQG) such that all equations are satisfied in

L2(2). It is the smallest solution in the following sense : if (u,m) is a solution of
(SMFG), then m* < m.

Proof. We set my = 0. For all n € N, we define :

— Mpy1 = T<mn) )
— uy, the solution of the obstacle problem with source f(m,,).
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By the maximum principle, m; > 0 = myg. Using the previous lemma we get by
induction that (m,)n,en is an increasing sequence, while (u,),en is a decreasing
one. Recalling the estimates on the obstacle problem [18] , the sequence (uy)nen
converges pointwise to a limit we call u* € H?(Q2) N HI(Q). Since (up)nen is
decreasing, the sequence of open sets {u, < 0} converges to {u* < 0} for the
Hausdorff distance. Then recalling the result we gave in the previous section, we
deduce that (m,)n,en converges to m* which satisfies

—Am*+m* =pin {u" <0}

and is equal to 0 elsewhere. Thus, the couple (u*,m*) is a solution of the system
(SMFG@). It is then easy to prove that it is the smallest solution of the system.
Indeed, if we take another solution (u,m) of the system then obviously m > mgy =
0. Since m is a fixed point for the application 7', using the previous lemma, for
all n € N, m > m,,, which proves the last point of the theorem by passing to the
limit. O]

The penalized system

We now present a penalized version of (SM FG) which leads to the existence
of mixed solutions. A natural penalization for (SMFG) is the coupling of the
penalized version of both the obstacle problem and the Laplace’s equation on the
domain {u < 0} . This leads to the following penalized system of partial differential
equations :

—Au+u+ L(w)t = f(m) in Q;
—Am +m + gl{uzo}m = p in €,
u=m = 0 on 0f).

The lack of continuity of this system prevents us from proving existence of so-
lutions. Indeed the equation in m has no continuity with respect to v and this
problem cannot be overcome. The reason why is basically the same as the reason
why there is no existence of classical solutions for (SMFG). The proof of non-
existence of solutions for (SM FG) can be easily adapted to prove its counterpart
for this penalized system so we shall not present it here once again. We add a new
unknown « to introduce the leaving rate V' in the penalized system. This approach
makes the problem more convex and allows us to prove existence of solutions. We
say that (u,m,«) is a solution of the penalized system if

—Au+u+ t(u)t = f(m) in Q;
—Am +m+ falpsgm = p in Q; )
u=m =0 on 0f); '

0<a<liu#0=a=1.
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We are now able to prove the following :

Theorem 1.2.5. For all € > 0 there exists a solution (u.,m,a.) € (H?(2) N
H}(Q)) x H} () x L*=(Q) of (1.7).

Proof. We define first the application F; from L*(Q) into Hj(Q) N H*(Q) by :
Fi(m) is the only solution of the obstacle problem with source f(m). We also
define the correspondance F, from H}(Q2) N H*(Q) into L?(Q2) by :

Folu) = {m € Hy(Q) N H*(Q),3a € D(u), (u, m, ) solve (1.3%)};

where D(u) = {a € L*(Q),0 < a < 1l,u# 0= a =1} and (1.3*) is the following

(1.3%) {—Am + m o+ calpzom = p;
m = 0 in 0.

Thus finding a solution (u,m,«) of the penalized system is equivalent to finding
m € Fo(Fi(m)). Recalling the results of section 2 the application F; is well defined
and continuous. As we are going to apply Kakutani’s fixed point theorem, we just
have to verify that the correspondance JF; is upper semicontinuous (i.e. that for all
open set O C H}(Q), {u € HY(Q) N H*(Q), F2(u) C O} is open) and takes values
in the set of convex closed subsets of H}(Q). As the last point is trivial we focus on
the upper semicontinuity. We take an open set O C H}(Q2) and u € HJ (Q)NH*(Q)
such that Fy(u) C O.

We are now going to find a small enough ¢ > 0 such that for any v € Hg(Q)NH?(£2)
such that [|u — v||g2) < 6, Fo(v) C O. First we remark that

dist(Fo(u), O°) > 0.

Indeed, F»(u) is a compact subset of O because it is a bounded subset of Hg(£2)N
H?(Q). We call a = dist(Fa(u), 0¢) > 0. We now prove that for every m’ € F(v),
there exists m € Fy(u) such that |[m —m/||,2 < §, given that 0 is small enough.
Hence, F3(v) C O shall hold.

Take m’ € Fy(v), there exists o/, taking values between 0 and 1, such that

—Am' +m' + 2a'lsm’ = pin O
m’ =0 on 0.

We divide € into three zones and define a by :
—on{v>0}N{u=0}, a=d;
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— on {v<0}N{u=0} a=0;
— on the rest of Q, a = 1.
Then we define m as the solution of

—Am+m + %al{vzo}m =p;
m = 0 on 0f2.

and we set . =m’' — m. p solves

1 1
—Apt e+ gall({vzo}ﬁ{uZO})M == E(l({v>0}ﬁ{u<0})m/ = Lw>03nfu<opm
+ L=0ngu<onm’ + Lo=opnfusop) (@'m’ —m))
in §2;
=0 on 0f2.

All the terms of the right hand side involve characteristic functions of subsets where
u and v do not have strictly the same sign. We claim that we can always choose &
sufficiently small to make the second term has small as we want for the norm of
L?(€2), independently of m and m’. Hence taking § small enough, we obtain that
[[m" —m|[p2 < §. Thus we can apply Kakutani’s fixed point theorem and find a
solution of the penalized system.

O

Let us remark that we could have used a smoother version of the penalized
system to prove existence of solutions at a penalized level, but it would have been
less clear to show how this sequence of penalized solutions converges to a mixed
solution of the problem, which is the result we now present.

Theorem 1.2.6. There exists at least one mized solution of (SMFGQ).

Proof. We begin by introducing the penalized system, using the previous result, we
obtain that for all € > 0, there exists a solution (u., m., o) of the system (1.7). We
now prove uniform estimates and show that the limit is indeed a mixed solution
of (SMFG). First using m, as a test function in the equation satisfied by m, itself
we get the bound
Imellgy o) < C;

where C' only depends on €2 and p. Hence (f(m¢))eso is uniformly bounded in
L*(9). So we get a uniform bound in H?(Q) for (u)eso. Thus we can find a limit
(u,m) in (HH(Q)NH?(Q)) x H}(Q) for a subsequence of ((uc, m,))eso, for the weak
topology of H*(Q) x H}(Q). Because of the regularity of f it is clear that u solves
the obstacle problem with cost f(m).
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Since —Am, + m. < p for all ¢ > 0, we deduce that —Am + m < p. Hence,
m € L*(£2) which implies that u is continuous. Taking a smooth function ¢ with
support in {u < 0}, we have for all € :

Qe
/Q(_A¢ + ¢)me = - /Q 1{u520}ﬁ{u<0}?m6¢ + pr

Let us note that in view of classical results on variational inequalities [9], extracting
a subsequence if necessary, (u,).o converges uniformly toward u. Moreover because
¢ has support in {u < 0}, there exists some § > 0 such that ¢ is supported in
{u < —6}. Thus for € sufficiently small

Liu>03nfu<oy@ = 0.

Hence passing to the limit in a subsequence which converges to (u, m), we deduce

| (=80+0m = [ po.

Thus,
—Am +m = pin {u < 0}.

Now we are going to test the variational formulation of the penalized equation in
ue on m, and vice versa. Substracting the two equalities yields

[ (~duct 1(u6)+ ~ Jmme — [

Qe
Q(—AmE + me + ?1{u620}m6 — p)ue = 0.

Hence,
/(1( )+—f( ) -—1 —_—/

— (U mMe))me w >V MU Ue -
O c {ue>} QP

/Qf(me)mez/guep.

Thanks to the regularity of f we can pass to the limit in the previous equation

and we get
/Qf(m)m:/ﬂup.

Let us remark that we can write

[[u<0} flm)m = /{u<0}(—Au + u)m

= (—Am+m)u
{u<0}

From which we deduce

= U
{u<0}

= / pu.
Q
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which completes the proof of the fact that (u,m) is a mixed solution of (SMFG).
O

The following result also holds :

Theorem 1.2.7. If f is strictly monotone, then there exists at most one solution
of (SMFG).

The proof of this result is essentially the same as the one we present for the
uniqueness of classical solutions so we do not re-write it here.

1.3 The time dependent problem

We study in this part the solution of the time dependent MFG obstacle problem
with a smooth obstacle ¢ which depends on m : (OSMFG). We recall that from
the assumption we made on 1) at the end of the introduction, the weak derivative
of 1 in time and its space laplacian are both in L?. We here define the notion
of mixed solutions and present results of existence, and uniqueness which holds
under a monotonicity assumption on the costs.

Definition 1.3.1. A pair (u,m) € L*((0,T), H}(Q) N H*(Q)) x L*((0,T), H}(Q))
is a mized solution of (OSMFG) if

— max(—0u — Au— f(m),u —(m)) =0 in D'((0,T) x Q) ;

— Om —Am <0 inD'((0,T) x Q) ;

— m>0;

—u=vp(m)(T) att =T,

— for any smooth v such that v <0 and v(T) =0 :

/ / O — Av)m /Qv(O)mo > 0;

with an equality if v =u —P(m) ;
— é?tm Am = O in D'({u < w(m)})

Let us note that the fifth point is a variational formulation of the boundary
condition one has to impose on m at time ¢ = 0. This formulation implies that
m(0) < mg with possibly not an equality, as well as the second point of this
definition. This inequality at ¢ = 0 comes from the fact that a shock can occur
at this time, with lots of players leaving instantaneously the game. From a game
theory point of view, this property for m is quite reasonable and the uniqueness of
such mixed solutions justified it. As in the stationary case, the second and third

60



point of this definition imply that m € L* and thus, because of the assumption on
f, wis continuous and the set {u < ¥ (m)} is open. This definition is the adaptation
of the definition 1.2.1 for the case of time dependent problems with an obstacle
which depends on m. Note that the condition

/{u:w(m)}(f(m) + (0, + A)p(m))m =0

is the analogue of

/{u:O} fm)m =0

in the stationary case. Indeed this condition is interpreted as letting possible the
fact for m to be strictly positive in the contact region {u = 1 (m)}, when wu satisfies
the Hamilton-Jacobi-Bellman equation. Note that we apply the derivatives on
¥(m) which we see as an element of L*((0,T), H*(2)) N H'((0,T), L*(Q2)).

1.3.1 Preliminary results on the time dependent obstacle
problem

For any f; € L*((0,T), L*(Q2)) and an obstacle ¢; € L2((0,T), H*(Q)NHJ(2))N
H'((0,T), L*(2)) there exists a unique u € L*((0,T), H}(Q)NH?*(Q)) which solves

max(—du — Au — fi,u —1by) = 0;

in the sense of distributions in (0,7") x © with the terminal condition u(7") = ¢ (T).
This result is the exact analogue of the one we gave in the stationary case. Details
about this problem can be found in [9]. Such a u is called the solution of the
time dependent obstacle problem with source f;, cost 1; and terminal condition
1 (T). We recall that the mapping which associates to each pair (f1,1) a solution
u of the time dependent obstacle problem is continuous from L*((0,7), L*(£2)) x
(H((0,7), LA(Q)NL((0,T), H*(Q)NH(Q))) to L2((0, T), HA(Q)NHE (). More
importantly the sequence of solutions of the penalized system

—8{&6 — AUE + %(’U/e — 1/)1)—'— = f1 in (O, T) X Q,

u(T) = 11 (T);
VO <t <T:u/t)=0on 0

converges towards the solution of the obstacle problem in L((0,T), Hi(Q2)). Mo-
reover, if f; € L>((0,T) x ), then w is continuous if v is.
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1.3.2 Existence of mixed solutions

We now turn to the proof of existence of mixed solutions for (OSM F@G). As in
the stationary case, this result follows from the use of a penalized version of the
problem. This is why we introduce the following system for all € > 0 :

—0u — Au+ 2(u—1p(m))" = f(m) in(0,T) x Q;
om — Am + %Oél{uzwm)}m =0in (O,T) x €Q;
u=m =0 on 08

w(T) = $(m)(T) in &

m(0) = mg in Q;
O0<a<liu#yY(m)=a=1L1

(1.8)

There exist solutions for this system and the proof of this statement is step by
step the same as the one we did in the stationary case, so we do not present it
here. The interested reader shall easily be able to adapt all the elliptic arguments
into parabolic ones. We prove the following :

Theorem 1.3.1. Assume f is continuous from L? to itself and 1 is continuous
from L*((0,T), L*(Q)) to L*((0,T), Hy (Q)NH*(Q))NH((0,T), L*(Y)), then there
exists a mized solution of (OSMFGQG).

Proof. We take (u, me,)eso a sequence of solutions of the penalized system.
Using the same arguments as in the proof of this statement for the stationary
case, we obtain uniform bounds on (u., m,).so and we find a limit (u, m) such that

— (u;m) € L*((0,T), Hy(QQ)NH*(Q))NH'((0,T), L2(2)) x L*((0,T), Hy () ;

— w solves the obstacle problem with terminal condition ¢ (m)(T'), source f(m)

and obstacle ¥(m) ;

— Om —Am < 0in D'((0,7) x Q);

— m € L* and thus u is continuous;

— Om —Am =01in {u < ¢(m)} in D’(Q),

— for any smooth v such that v < 0 and v(T) =

// — 8 — Av)m /mov

We will here show why [¢,_y(m)y (f () +(0; +A)p(m))m = 0. Using the equations
satisfied by u. and m., and multiplying the equation in u, by m. and the one in
me by u. we can write :

T 1
O :/0 /Q(_atUG - Aue + E(ue - Qﬂ(me))"_ — f(?’)’l,g))y’n€
T Q.
_ /0 /Q(atme - Amﬁ + ?1{U52¢(m5)}me)ue
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Hence,
[ wtm)@m) = wmo = [ [ (Hlac = vim)* ~ fmm,

_/ /Q? {ue>1( me)}meue

We now use the equation verified by m, to interpret the term [, 1(m(T"))m.(T)

[ G tue = vm)y* = fonyme = S svimomenc = [ ~uc0)mg
+ [ om)Omo+ [ [ @wm) + Avm))m
—/ /Q c 1{ue>¢ (me) }1/1(7”6))77%

Using the fact that (ue —1¥(me))" = acliu>pmoy(ue — ¥(me)), we deduce

| [ () + 0ptme) + Ms(m)ym. = [ (u(0) = ) (0))m.

Passing to the limit we obtain

[ (m) + Dutom) + As(m)ym = [ (u(0) — () (0)mo.
Let us note that we are able to pass to the limit in the right hand side because
(te)eso is uniformly continuous in time with value in L2. This is fact is a conse-

quence of the L* bound on (f(m))so and of classical results concerning the
obstacle problem. Now, because 9ym — Am = 0 on {u < ¢(m)}, we derive finally

/ / ) + Owu + Au)ym = 0;

/{u:w(m)}(f(m) + 8yp(m) + Ay (m))m = 0;
by using that
[ [ @t wm)) + A= wm)m = = [ (u(0) = () (0))mo

which we obtain by passing to the limit at a penalized level on this equation. This
completes the proof of the fact that (u,m) is a mixed solution of (OSMFG). O
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1.3.3 Uniqueness of mixed solutions

We now turn to the question of uniqueness of such mixed solutions. We recall
that regarding the counter example presented in the first part, we cannot expect
uniqueness to hold in general and some assumptions must be made on the two
costs f and 1. The previous section strongly suggests to make an assumption on
the term f(m) + (0; + A)p(m), as it is involved in most of the calculations. One
can look as this term using the following remark. The formal obstacle problem

max(—dwu — Au — f,u—1) = 0;
can be equivalently reformulated as
max(—0w — Av — f,v) = 0;

where f = f + 9,0 + Ay and v = u — 9, given that 1 is smooth enough. Hence
it is natural to adapt the result of uniqueness in the stationary case by making an
assumption on the "new cost" f.

Theorem 1.3.2. Assume that f+(0;+A) is strictly monotone in L*((0,T), H} (Q)),
then there is a unique solution of the penalized system and a unique mized solution

for (OSMFQ).

Proof. This proof relies on the same arguments as the one we gave for classical
solutions of (SMFG). We only present here the proof of uniqueness for mixed
solutions, since the proof of uniqueness for the penalized system is the same as
this one except for the fact that (v — ¥)* = Ly>yy(u — 9) plays the role of the
integral relation satisfied by the mixed solutions.

We denote by (u1,m;) and (ug, ms) two mixed solutions, v; = u; — ¥(m;), ; =
{v; <0} for i = 1,2 and v = v; — vy and m = my — ms and by f=Ff+480+ Ay
We can compute

S o (O = dvm = [ (Fam) — F(ma))m

_ — Flma)m + - f(my)m.
From which we deduce
/Qluszz(_atv — Av)m :/ (f(m1) — f(ma))m

Q1UQs

— f(my)m + f(ma)m.
foﬂﬂg nggl

But we know that (u1,m;) and (ug, m2) are mixed solutions so
f =/ f =0.
/in f(mi)m /ng(m2)m2
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Hence using this relation in the previous equality, we get

[ Cow—nom= [ (Fom)~ Fom)m

+ f(m1)m2 + f(mz)m1-
Qiﬁﬂg ngﬂl

Now recalling the argument that because of the obstacles problem f (m;) > 0 on
(2¢ and the monotony of f we obtain, as in the stationary case,

/QNQJ—@W — Av)m 2 (f(ma) — f(ma))(my —ma).

Q1UQ9

Next, let us remark that

/ / Ov — Av)m / / O — Av)my — /Qv(())mg;
/0 /Q(—(?tv—Av)mg —/Qv(())mo).

Using the fifth point of the definition of mixed solutions, we obtain for ¢ = 1,2

and j #1
// (—0w; — Av;)m; / i(0)mg = 0;

/()T/Q(_atvi — Av;)m; — /sz‘(o)mo > 0.

Then, we deduce successively

/ (—0w — Av)m < 0;
Q1UQ

/ (—0w — Av)m = 0.
Q1UQ9

We can now state as in the stationary case that
f(my) — f(ma))m = 0.
[ () = fma))

So by strict monotonicity of f, m; = ms and there exists a unique solution of the
system.
O
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1.3.4 The optimal control interpretation

We present here the analogue of the optimal control approach for this more
difficult problem. Even if this approach is more restrictive than the approach we
just presented, we believe it is useful.

Let H := {m € L*((0,T), H}(Q)), s.t.,m > 0,m(0) < mg, ym — Am < 0} where
the last inequality is taken in the sense of distributions. Suppose there exist C*
potentials F and ¥ such that

oF
aip(ly m(ta x)) = f(l‘, m(t, $)),
and o
a—p(m,m(t,m)) = (0 + A)(t, m).

Where p stands for the second variable. Then we can prove :

Theorem 1.3.3. If F + VU is strictly convex and a continuous functional from
L2((0,T), H} () into L*((0,T) x Q), then there exists a unique minimizer m of

T
. / /.
[ oy
and (u,m) is the only mized solutions of (OSMFG) if u is set to be the only
solution of the time dependent obstacle problem with source f(m), obstacle ¥)(m)
and terminal cost ¥(m(T)).

This theorem relies on the same arguments than the ones we used in the first
part. It is natural having in mind the definition of mixed solutions. Indeed in the
stationary case the relation satisfied by m in the mixed zone was that f(m) =
0, meaning that the derivative of the function we want to minimize is 0 when
evaluated in m in this zone. Here the relation which is satisfied in the mixed zone
is f(m)+0wb(m)+ Ay(m) = 0, so it is natural to choose a functional such that its
derivative with respect to m gives the relation we are looking for. This explanation
is of course a heuristic one, but the proof is step by step the same as the one in
the stationary case, so we do not present it here.

1.3.5 Remarks on the assumptions on v
Assumption on the monotonicity

We made some strong assumptions on v in the previous section in order to find
uniqueness of solutions. Indeed we assumed that (0; + A) seen as a functional
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from L?((0,T), H}(Q)) to L*((0,T), H*(Q)NH}(Q))NH'((0,T), L*(Q)) is strictly
monotone. It is not obvious that non-trivial obstacles satisfy such a condition. This
is the question we want to address here.

We begin with a statement about the model this problem is concerned with. We
recall that uniqueness in [54] is obtained under the assumption that f is strictly
monotone, meaning that for m’ bigger than m, f(m') is bigger than f(m) and the
players pay a higher cost. This assumption tends to force the players to spread.
It is then natural to think that under such kind of assumptions, uniqueness may
hold. We proved that if f is strictly monotone, then if 9,10 + A1) is monotone, then
uniqueness holds. Remark that the operator d; + A (which is defined only when
boundary conditions are imposed, but this is not the purpose of this formal dis-
cussion) is decreasing in the following sense if 9, f; + A fi is bigger that 0, fo + Afy
then f, is bigger than f;. This means that making the assumption that 0,1+ A is
monotone implies that if m; is bigger than mg, then ¥(my) is bigger than ¢ (m).
Note this can be thought as an incitation to leave the game when the players are
more. This can be interpreted as in [21, 54| as a tendency for the players not to
accumulate. From this point of vue the assumption we make in order to have uni-
queness is natural. Moreover, it is easy to show that under the assumption that
O + At is monotone, 1 is anti-monotone.

We are going to show here that there are non-trivial 1) such that for all m; and
my in L*((0,T), Hy(2)) the following inequality holds true

[ @wtm) = vma)) + A ) — ) om —ma) 20, (19

Now let us remark that any 1 which does not depend on m satisfies such an
inequality. This makes this assumption coherent with the results of the first part.
We here denote by g a monotone operator from L? to itself and we define v by :
given m in L2((0,T), H3(Q)), ¥(m) is the only solution of

Opp(m) + Ap(m) = g(m) in (0,T) x €;
$(m)(T) = 0 in &
VO <t <T,¢(m)(t) =0 on 0.

Clearly the application 1 defined with this equation is regular enough to be taken
as an obstacle in (OSM FG) and satisfy (1.9).

Assumption on the existence of a primitive

We make here precise the sense in which we can understand the assumption we
made in the optimal control approach. We assume there exists a ¥ such that the
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derivative of ¥ with respect to m is 0y + A, Of course derivatives in the space
of measure are now well understood, see for instance section 2 in [27], however we
are not interested in presenting this formalism here and we want to introduce a
primitive in m in a local sense, just like we did for the cost f. That is why we want
Oy + A to have a local dependence in m, meaning that

(Op(m) + Ap(m))(t, ) = g(t, z,m(t, v)).

In which ¢ is a smooth function in the second variable. The functional ¥ is then
simply the primitive of g with respect to its second argument. Note that there are
1 such that such a ¢ exists, just define for example ¥ (m) implicitly as the only
solution of

{(’W(m) + Ag(m) = g(m) in (0,T) x
¥(m) =0on ({T} x Q) U ((0,T) x 09).

Hence there exist non trivial ¢ such that we can find a potential ¥ for which

ov
Gy ham(t.2)) = 0+ D) (W(m)(t.2)

1.4 The case of optimal stopping with continuous
control

In this last part, we extend the case of optimal stopping to a case in which both
the classical optimal control and optimal stopping can occur, in a MFG setting.
We work in the case in which 1) is equal to 0 because some technical difficulties
arise for general obstacles and we do not want to enter in those details. Mainly
we are interested with the existence and the uniqueness of mixed solutions of the
following forward-backward system :

max(—ou — Au+ H(z,Vu) — f(m),u) =01in (0,7) x Q;
om — Am — div(imD,H (z,Vu)) =0 in {u < 0};

m =0 in {u=0};

m(0) = mp and u(7") = 0 in 2.

(MFG)

We call mixed solution of this problem a couple (u,m) € L?((0,T), H*(Q) N
H} () x L*((0,T), H3(2)) such that

— max(—0u — Au+ H(z,Vu) — f(m),u) =01in D'((0,7) x Q) ;

— Om — Am — div(mD,H (z,Vu)) =0 in D'({u < 0});

— Om — Am — div(mD,H (x,Vu)) < 0in D'((0,T) x Q);
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* f{u:O}(f(m) — H(z,0))m =0;
— u(T)=0in Q;
— for any smooth v such that v <0 and v(T) =0 :

/OT /Q(_atv — Av+ D,H(z,Vu) - Vu)m > /QU(O)mo

with an equality if v = u.
We keep on with the assumptions we made on the regularity of f and we precise
here assumptions on the hamiltonian H. As we do not want to enter into details
about the more general assumption on the growth of the hamiltonian, we here
assume the following :
— The hamiltonian H is lipschitz in both variables and convex in the second
variable, moreover, it is bounded from below by a constant.
This regularity assumption together with the previous definition implies that if
(u,m) is a mixed solution, then m € L* and thus that w is continuous. Hence,
{u < 0} is open. We also present the optimal control interpretation of this problem.

1.4.1 Existence of mixed solutions

Once again we prove that there exist mixed solutions for (M FG) using a pe-
nalized version of it. Since the proof is again a very easy adaptation of the proof of
existence for (SMFG), we do not detail some arguments. We prove the following
result

Theorem 1.4.1. There exists at least one mized solution of (M FG).

Proof. As we did in the previous two parts we are going to introduce the following
penalized version of (M FGQG)

—0u — Au+ H(z, Vu) + 1(u)* = f(m) in (0,T) x Q;

om — Am — div(mDyH (z,Vu)) + *1p>0ym = 0 in (0,T) x Q;
m(0) = mg and u(7") = 0 in ;

m =u =0 on 0f);

u#0=a=1.

The proof of existence of solutions for such a system is the same as the one we
gave in the case of (SMFG), so we do not present it here. We have a sequence
(e, me))eso of elements of (L*((0,T), H*(2) N Hi()))? of solutions of the pena-
lized system. Using a priori estimates on the equations ([5]) we deduce that, up to
a subsequence, ((ue, m.))eso converges to (u,m), strongly in L2((0,7), H}(Q2)) for

69



(te)eso and weakly in L2((0,T), H}(Q)) for (me)eso with (u,m) € L*((0,T), H*(Q)N
H}()) x L*((0,T), Hi(€2)). Because of the regularity of f and H, u solves

max(—0u — Au+ H(x,Vu) — f(m),u) =0in (0,7) x Q;
and we obtain for m that

om — Am — div(mD,H (z,Vu)) < 01in (0,7) x Q;
om — Am — divimD,H (z,Vu)) = 0 in {u < 0}.

We now check that [(,_qy(f(m) — H(z,0))m = 0 to prove that (u,m) is indeed a
mixed solution of (M FG). As in the previous parts we multiply the equation in
u by m and we integrate, and vice-versa for the equation in m (at the penalized

level). This leads to
0 :/OT/Q(—&gu6 — Au, + H(x,Vu,) + 1(uE)Jr — f(me))me
— [ [ @um — S, = div(on, Dy V) + S som) )
By integration by parts in time, we obtain, using the fact that (u)™ = lisoyu
0= / ue(0))mo +/ / (@, Vue) = f(me))me
+ /0 /Qdiv(merH(x, Vue)) (ue).

because of the convergence (up to a subsequence) of ((u., m¢)) we can pass to the
limit in this equality and we get

O:/Q(u( m0+/ / (2, V) — f(m))m:
—i—/OT/Qdiv(mDpH(x, Vu))(u).
Then using that

/Qu(())mo+/0T/9div(mDpH(x,Vu))u = /OT/Q(—atu— Au)m

which leads to

/{uzo}(f(m> — H(z,0))m =0.

The variational formulation of the initial condition on m (which is the last point
of the definition of mixed solutions) follows as in the previous part. O
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1.4.2 Uniqueness of mixed solutions

We here show that adding a convex hamiltonian do not alter the property of
uniqueness of the problem.

Theorem 1.4.2. If f is strictly monotone, then there exists a unique mized solu-
tion of (MFG).

Proof. The proof here is once again the adaptation of the one we gave in the first
part. We take (uy,my) and (u2, m2) two mixed solutions of (M FG) and we are
going to show that

T
/0 (=00 = )1 =) + H(w, Vr) = H(w, Tuz))(m1 = ma) = 0.
First we note the sets ; = {u; < 0} for i = 1,2 and we compute
/ / N(ur —ug) + H(x,Vuy) — H(z, Vug))(my —ma) =
[ (m) = foma))m = ma) + [ (Fma) = H(z,0))(my — ma)
Q1N Q1ﬂQS
[ (fma) = H(z,0))(ma — m).
QQﬂQf
Once again, using the same arguments we used in the previous part we deduce
T
/ (=00 = A)(w1 = w2) + H{w, Vur) = H(, Vuz)) (m1 = mz) >
T
| [ (rm) = fma)) mi = m)
Now we obtain using the last point of the definition of mixed solutions, that
T T
/0 /Q((—at — A)(uy — ) (my — my) g/o /Q(DpH(a;, Vi) - V(uz — up))my
T
[ [(DH (@, Vuz) - V(1 = ua))ms.
Hence, using the convexity of H we get that
/ / Ul —Ug) mi — mg / / ZE VUQ (z,Vul))(ml—mg).
So we have proven
/ / Yuy — u2) + H(z, Vuy) — H(w, Vun))(my — my) = 0;

and we conclude as we did before. O
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1.4.3 The optimal control interpretation

We end this part with the presentation of the optimal control interpretation
of (MFG). We are not interested in giving results or proofs in this part as it is
only the mix of what we can found in [22, 28] and what we did in the optimal
control interpretation of (SMFG). We just want to show to the reader to which
optimization problem (M F@G) is linked. Moreover we do not want to add some
technical difficulties here. We suppose that there exists F € C*(Q x R) such that

0
V(z,p) € 2 xR, a;:(rc,p) = f(z,p).

The following optimization problem is then naturally linked to (M FGQG)

alvi?feH / /}" H(z,0)m + L(z,a)m }
where H is the set of (a, m) in L*((0,T), H'(Q)) x L*((0,T), H*(2) N Hg(2)), such
that m(0) < mg and

om — Am — div(am) <0

hold sin the sense of distributions. L is here the Fenchel conjugate of H with respect
to the second variable. Such a problem is convex and under strict convexity of F,
we have existence of a unique minimizer.
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Chapitre 2

Equations de Fokker-Planck pour
des particules sautantes et jeux a
champ moyen de contréle
impulsionnel

Ce chapitre s’intéresse a la description de la densité de particules évoluant sui-
vant des trajectoires optimales associées a un probleme de contrdle impulsionnel.
On commence par fixer une politique de sauts optimale et expliquer comment on
peut caractériser la densité de telles particules. On s’intéresse ensuite au cas avec
couplage ou le probleme de controle impulsionnel sous-jacent dépend de la densité
des particules que 'on cherche a modéliser : les jeux a champ moyen de controle
impulsionnel. Dans les deux cas, on donne une caractérisation variationnelle de la
densité des particules sautantes.

Ce chapitre a été soumis pour une publication dans les Annales de I'Institut
Henri Poincaré C : Analyse Non Linéaire.

73



2.1 Introduction

2.1.1 General introduction

This paper is the second of a series devoted to the systematic study of mean
field games (MFG for short) with optimal stopping or impulse control. In [11] we
developed an obstacle problem approach to solve a forward-backward system which
models MFG with optimal stopping (without common noise). We here develop the
same point of view for MFG with impulse control. As the definition of a Fokker-
Planck equation associated with a density of players playing an impulse control
problem is a difficult question in itself, it is the subject of the first part of this
article. This part is independent from the MFG theory. The case of the master
equation (i.e. when there is a common noise) will be treated in a subsequent work.

MFG model situations in which a continuum of indistinguishable players are
playing a differential game. The evolution of the density of players is induced by
the optimal choices the players make. In many situations, the costs involved in the
game depend only on the density of players. Denoting by u the value function of a
generic player and by m the density of players, a classical forward-backward MFG
system during the time interval (0,7") is

—0u — vAu + H(z,Vu) = f(m);
Om — vAm — div(D,H (z, Vu)m) = 0;
m(0) = mo; u(T) = g(m(T)).

where H(z,p) is the hamiltonian of a continuous optimal control problem, my
is the initial condition for the density of players, g and f are respectively the
terminal and running costs and v > 0 characterizes the intensity of the individual
noises. A solution (u, m) of this system corresponds to a Nash equilibrium for the
game with an infinite number of players. This system, as well as MFG, have been
introduced in [52, 53, 54| by J.-M. Lasry and P.-L. Lions. In these papers they
proved general conditions under which the existence and uniqueness hold for this
problem. Such games have been introduced independently in [48]. We also refer
to [21, 57] for more results on this system. MFG models have a wide range of
applications, see [3, 45, 46] for examples. Many interesting questions have also
been raised around this system, we can cite for example long time average [25],
learning [23], the difficult problem of the convergence of the system of N players
as N goes to infinity and the presence of a common noise [27]. Numerical methods
are also being developed, let us cite [2, 17] for instance. Let us also mention that
a powerful probabilistic point of view on MFG has been developed, we refer to
[29, 30, 49] for more details on this point of view. In this paper, we generalize
the results of the existence and uniqueness of the previous system to the case
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in which the players face an impulse control problem. Concerning closely related
works, several optimal control problems, related to the impulse control problem,
have been studied in a MFG setting. Optimal stopping or obstacle problems have
been studied in [11, 32, 42, 61], singular controls in [40, 47] and optimal switching
in [43].

2.1.2 Impulse control problems

Impulse control problems have been studied since the 70s. We refer to the
work of A. Bensoussan and J.-L. Lions (see [10]) for a complete presentation of
the problem. The terminology impulse control refers to an optimization problem
in which the state is driven by a stochastic ordinary differential equation with
jumps :

Vt € (15, Tit1), dXy = V2vdWy; 2.1)
XT.+ = XT._ + 527 ’

where (W;):>0 is a brownian motion under a standard probability space (€2, .4, P).
The jump & occurs at time 7; and is controlled by the player. The jumps are
characterized by the random sequence of stopping times (7;);>0 and the random
sequence of jumps (&;)i>0. Those two sequences are the controls and are adapted
to the brownian motion (W;);>¢ in the sense that the sequence (7;);>0 is indeed a
sequence of stopping times for this brownian motion and that (&;, 7;) is measurable
with respect to the o-algebra generated by (W;)o<i<r,. We assume that (&;);>o is
valued in a set K C T¢. Denoting by f the running cost and by k(x,¢) the cost
paid to use the jump & while on the position x, we define the value function u by

#(75);

T
U(t,l’) = (Ti)lilvl(ffi)iE[/t f(S’XS)dS - ; k(XTi_jgi)];

where the infimum is taken over all sequences ((7;);, (&;);) which are adapted to
the brownian motion in the sense prescribed above and which satisfy the fact that
(7:); is an increasing sequence and that (;); is valued in K. The trajectory (Xj)s>¢
is given by (2.1) with the initial condition X; = x. Under some assumptions on the
costs( which are detailed in the appendix), the value function u satisfies, in the
sense of quasi variational inequality (QVI) (which is also detailed in the appendix),
the Hamilton-Jacobi-Bellman equation :

max(—0u — vAu — fu(t,z) — infee e {k(x,&) +u(t,z +£)}) = 0.;
uw(T) =0.
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2.1.3 The density of players

In a MFG context, the main question we are addressing is how will evolve
an initial density of players, if those players are facing the same impulse control
problem. Intuitively, the density of players m has to satisfy (formally) at least
some requirements :

— Oym —vAm = 0 where it is optimal for the players to wait and not to jump

and where no player is arriving.

— m = 0 where it is strictly suboptimal not to jump.

— The flux of arriving players at z is equal to the sum over £ of the flows of

players which choose to use the jump £ at x — &.
Let us note that, at least formally, we talk about parts of the space on which it is
optimal to jump (i.e. to use a control to make the process (X;); jumps) because
all the players being indistinguishable, if it is optimal for one player to jump, then
it is optimal for all the players to jump.

The problem of finding a density m which satisfies the above requirements is not
classical, mostly because there is no particular assumption on how the players use
their controls. We focus on the problem of modeling the evolution of a density of
jumping players in the first part of this article. We build a dual characterization
of the solution of the Fokker-Planck "equation". We fix a function V' (¢, z,£) which
describes whether or not the players use the jump £ at the position  and time ¢.
Then we construct a density of players m which satisfies the required properties
and thus solves a Fokker-Planck equation of jumping particles. The characteriza-
tion of this density relies on the fact that we can interpret such Fokker-Planck
equations as dual equations of QVI. The construction of such a solution uses a pe-
nalized version of the problem in which we can write rigorously the PDE satisfied
by the density m. We then find a priori estimates which allow us to pass to the
limit in this penalized version of the problem, while obtaining a characterization
of the limit density. We also give results concerning the stationary case.

In the second part of this article, we present results on the uniqueness and exis-
tence for the impulse control problem in MFG. We also recall that in view of the
results of [11] we expect the solutions of the MFG system to be mixed solutions,
meaning that optimal strategies are random in general as the Nash equilibria of
the MFG can be mixed equilibria. We end this second part by giving results on
the stationary case and on the optimal control interpretation of such MFG.

We present in two appendixes new results concerning QVI and the heat equa-

tion in a time dependent domain, which we need in this article and which are
somehow independent of it.
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2.2 Fokker-Planck equation of jumping particles

In this part we present the variational formulation of the Fokker-Planck equa-
tion satisfied by the density of jumping particles. We work in the d dimensional
torus (denoted by T¢) in a time dependent setting, except for the last section
which is concerned with the stationary case. The positive real number T is the
final time and mo € L?(T9) is the initial density at time ¢t = 0. The aim of this
part is to construct a suitable notion to characterize densities of jumping particles.
By opposition to Fokker-Planck equations of jumping processes, we do not want
to model populations of particles which are driven by Poisson processes or other
jump processes of the sort. Namely if a unique jump £ is possible, we are interested
in building solutions for ¢ > 0 of

{@me—VAmE—FilAme—i(lAme)(t,x—ﬁ) =0; (29)

m(0) = my;

and passing to the limit € — 0. The interpretation of (2.2) is that the particles
jump & further if they are in the set A with a probability given by an exponential
law of parameter e !'. The interpretation of the limit m of solutions of (2.2) is that
it describes particles evolving only along brownian trajectories in A° and which
make a jump of £ once they reach A. If A is a smooth closed set such that the
reaching time of 0 A is well defined, then the trajectory (X;)s>o of a generic particle
is defined by

dX, = \20dW,, Vi Vs € (t;, tir1);
Xir = X, +n(X,-)E;

where n(z) is the smallest integer p such that =z 4+ p ¢ A and where ¢, is the
stopping time defined by the reaching time of A by the process (Xs)s>¢,. We recall
that this interpretation is given in the case in which a unique jump is possible, a
similar interpretation also exists in the case of a finite number of possible jumps.

Finding solutions of the penalized equation (2.2) does not require new techniques
and is not a difficult question in itself. The majority of this part is concerned with
building, uniform in €, a priori estimates (lemma 2.2.2) to pass to the limit € — 0.
Even though we use these uniform a priori estimates to prove proposition 2.2.1
and theorem 2.2.1, this estimate is crucial only to prove the existence of a limit as
€ goes to 0 (theorem 2.2.2).

As explained in the introduction, we shall characterize in this part the solution of a
Fokker-Planck equation (the limit density) of jumping particles with dual proper-
ties and not with a PDE. The main duality idea of this part is that a Fokker-Planck
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equation of jumping particle is somehow the dual or adjoint equation of a QVI,
which by the way describes how it is optimal to jump and thus how dynamics
of jumping particles evolve. Thus QVI are crucial for the study of the density of
jumping particles. For the sake of clarity, the results needed on QVI are given in
the appendix. We define here the notion of a smooth cost of jumps k. A function
k is said to be a smooth cost of jumps if it satisfies :

v§ € Kak(7£) € H2(Td)7
ko infeeg k(x, €) € W2(T4); (2.3)
Jko > 0 such that k > ko;

where K is a finite subset of T¢. The interpretation of k(x,€) is that it is the cost
paid by the player (or the energy used by a particle) to instantaneously go from

x to x + & We also define the operator M which plays an important role in the
study of QV'I by :

M(k,w)(t,2) = inf {h(z, ) + ult,z + )}, (2.4)
When there is no ambiguity on k, we shall write only Mu = M (k,u).

We begin the study of Fokker-Planck equations of jumping particles with the sim-
pler case of a unique possible jump before addressing the case of a finite number of
possible jumps. In each of these situations, we begin by constructing a penalized
version of the problem and we then pass to the limit in the resulting penalized
equation.

2.2.1 The case of a unique possible jump

We work here in the case in which a single jump € is possible. We also assume
that there is a measurable set A on which the particles jump. The first part of
this section is devoted to the study of a penalized equation. We then prove the
existence and uniqueness of the limit density under a certain assumption on the
set A. The study of the penalized equation is quite simple however we warn the
reader that the estimate of lemma 2.2.2 that we use at a penalized level is crucial
to study the limit case. An important feature of our model is that some assumption
has to be made on the set on which the particles jump. This assumption shows in
some sense the limit of this model. It can be formulated in the following way.

Hypothesis 2.2.1. The set A is such that there exists k € L™ satisfying (2.3),
and u € L*((0,T), H*(T4) N HY((0,T), L>(T4)) N L>((0,T) x T%) such that

u(t, ) = k(z,&) +u(t,z + &) for (t,z) € A;
uw(T) = 0.
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Formally, this assumption restricts the situations which we are able to model
to a case in which the particles do not jump an infinite number of time in a finite
time interval. Let us also note that if we interpret u as the value function of some
impulse control problem, then we are assuming that it is optimal to use its control
on the set A. For instance if A = T¢ or if A = ([21, 2] + vect(€))/Z? for some
11,79 € T (i.e. A is a strip of "direction" £), then the hypothesis does not hold.
Indeed in those cases, it is not possible to exit the set A by making jumps of &.
On the other hand, if A C B(xg,a) for 2y € T a < [£]/2, then A satisfies the
hypothesis (the construction of a function w satisfying the requirements is in this
case not trivial but fairly simple and we do not detail it here).

A penalized version of the problem

In order to understand how the density of jumping particles behave we first
introduce a smoother version of the problem. We here assume that the particles do
not simply jump when they are in A but that they have a given uniform probability
of jumping in this set. This method allows us to work with a PDE. We naturally
work with the equation :

Ome(t, x) —vAm(t, ) + 1lam(t, z) — 2(1ame)(t, . — &) = 0in (0,T) x T4
m(0,z) = mo(x) in T%

where € > 0 is a real number which describes the probability of jumping in A. The
term %1 am(t, z) stands for the leaving rate of particles which jump in A. The term
—%(1Am) (t,x — &) stands for the arriving rate of particles which jump at (t,z — &)
and thus which arrive at (¢, x). As € goes to 0, the probability of jumping becomes
more and more important. Thus finding the limit as € goes to 0 gives the desired
density of particles.

For the rest of this paper we may not always write the "(¢,z)" in order to ligh-
ten the notations. So by default, if the variable considered is not written, it is (¢, z).

We begin by showing how we can find estimates on such a penalized equation.
Let us introduce the set H defined by

H:={ve L*(0,7),H(T%),0w € L*((0,T), H ' (T")}. (2.5)
The following lemma will be useful to establish a priori estimates on m.

Lemma 2.2.1. Let m € L*((0,T), H*(T%)) be a solution of (2.2) and k satisfying
(2.3). If m >0, u € H and u < Mu almost everywhere on A, then

/[)T/Td(atm—yAm)u+1[4km20.
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Proof. We multiply (2.2) by u and we integrate, we then obtain after a change of
variable :

/OT /Td(&m —vAm)u + 1/Amu = 1/Am(t, x)u(t, x + £)dtdz.

€

Using the fact that ©« < Mwu on A we deduce the desired result. OJ

The previous result suggests to work with the set H (k) for some k where H (k)
is defined by :

H(k) == {m € L*((0,T7), H'(TY), D(k,m) > —oc};

where D(k,m) is defined by

D(k,m) := inf {/OT(—&U — VAU, M) 151 — /Td u(0)molu € AD(k)} ;

where AD(k) is defined by :
AD(k) :=={u e H,u < M(k,u) on A,u(T) =0}.

We recall that M is defined in (2.4). When no confusion is possible for k, as we do
for M, we shall only write D(m) and H.

The set H has to be interpreted as the set of admissible solutions of the Fokker-
Planck equation. Indeed if m is a density of jumping particles, then when particles
leave (or jump) we should have exactly the same arriving particles £ further. We
recall that 9ym — vAm < 0 is interpreted as particles leaving and 0ym — vAm > 0
as particles arriving. Thus it is natural to measure the variation of Oym — vAm
with functions u such that u(z) —u(z+¢&) < k. This "test" quantifies the fact that
some negativity for 0;m — vAm has to be compensated by some positivity of this
quantity ¢ further. Moreover, as jumps can only occur on A we restrict ourselves
to the case in which those conditions are satisfied only on A. We now prove the
following lemma, which states that in some sense, the quantity D(m) is of interest
to bound m in some functional space (this lemma is crucial to study the limit
e—0):

Lemma 2.2.2. Let k be such that it satisfies (2.3) and hypothesis 1 with a given
uw€ H. For any m € HNH(k), m > 0, there exists C(k) > 0 depending only on
k and ||u||p= such that

Ml |22 oz),m1) < =Dk, m) + C(k)(L+ |[ml]2(o.m),m1)) [0 |2
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Remark 2.2.1. The assumption m € H is crucial as it allows us to deal with the
problem of the time regularity. Moreover, the constant C (k) does not depend on A.

Proof. Because hypothesis 1 is satisfied, we are able to apply proposition 2.A.2
(appendix) and we deduce that there exists @ € L2((0,7), H*(T%)) such that :

u < M(k,u) on A,
Vo e Hyv < M(k,a) on A;
— Jo Jra0w(v — ) + v [ fra Vi V(o —a@) + 3 fra (D) > J3 fra(Am)(v — @).

Because we made the assumption m € H, we can remark that by integration by
parts in time :

T
D(k,m) = inf{/ (Om — vAm,v)g-1yxm|v € Hyv < M(k,v) on A,v(T) = 0}.
0
We obtain by density that
T
D(k,m) = inf{/ (Om—vAm, v) g1, |v € L*((0,T), HY(T%),v < M(k,v) on A}.
0

Thus we deduce

T
D(k,m) < / (B — AT, @) gt a1, (2.6)
0

One would like to write :
/ (Oym — vAm, ) - lel—/ (—0u — vAT, m) - 1xH1—/ 0)my;

</ AmmHlel—/ mg;

but since @ ¢ H, this does not make sense. However, because of the weak varia-
tional inequality satisfied by @, we can deduce that

T T
/0 G R /0 (A, m) g+ |[mol |2l o (z2).
Hence we obtain that
T
Dlkm) < = [ [ 19mf* + limol g2l ll e

Recalling the estimate of proposition 2.A.2 (appendix), the result is proved. O

This lemma suggests to find a priori estimates for solutions of (2.2) by loo-
king at the quantity D(m). However, this estimate requires the positivity of m.
In order to use this estimate to exhibit solutions of (2.2), we prove a maximum
principle for this equation. This proof is very general and can be applied to more

general equations. See [57] for an example of the use of this proof for systems of
conservation laws for instance.
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Proposition 2.2.1. Let A € L=((0,T) x T%), X > 0, my € L*(T%), mg > 0, and
m € L2((0,T) x T9) be a solution of

om(t,z) — vAm(t,z) + At, x)m(t,z) — Mt,z — E)m(t,z — &) = 0 4n (0,T) x T¢;
m(0) = myq in T4
(2.7)
Then, m > 0.

Proof. We assume in a first time that A and mg are smooth functions and that
mg > 0. Then by classical parabolic estimates, m is also smooth (C! in time and
C? in space). If there exists (tg, 7o) € (0,T) x T¢ such that m(ty,zo) < 0, then
there exists § > 0 such that m(ty, zo) + dtg < 0. We define p by :

p(t,x) = m(t,x) + 6t,Y(t,z) € (0,T) x T%

For any x € T% 1(0,2) > 0 and pu(ty, ) < 0, thus there exists (¢, 2;) € (0,7) x T¢
such that

w(t) > 0,vt <ty

pulty, 1) = 0;

Oppi(ty, 1) < 0;

Ap(ty,zq) > 0.

Let us remark that
(9tu = atm + 5,
=0+ vAm —Im+ (Am)(- — &).

Evaluating this last expression at (¢;,21) we obtain that Oyu(t,z1) > 0 which
is impossible. So we have proven that if A and mg are smooth, then m > 0. Be-
cause of the uniqueness of solutions of (2.7) (which will be independently proved in
the theorem 2.2.1) this result extends to non smooth A and mg with only mg > 0. O

Next, we establish the main result of this section : the existence and uniqueness
of a solution of (2.2).

Theorem 2.2.1. For any my € L3(T%), mg > 0, there exists a unique m € H
such that

om —vAm + 21t x)m(t,z) — 214tz — m(t,x — ) =0 in (0,T) x T%
m(0) = myg in T4

where the first line has to be taken in the sense of distributions. Moreover, m > 0.
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Proof. We define A € L™ by
1
A=-1y
€

We then define the application F from L?((0,T) x T¢) to itself by : F(m) is the
unique solution in H of

{@]—"(m) — VAF(m) + A\t 2)m(t, z) — M,z — E)m(t,x — &) = 0 in (0,T) x T

m(0) = mg in T%,

By standard parabolic estimates, F is continuous and compact. Let us take pu €
[0,1] and m € L*((0,T) x T%) such that m = puF(m), m satisfies

orm — vAm + pX(t, x)m(t, z) — pA(t,z — Em(t,z — &) =0in (0,T) x T4
m(0) = myg in T

By proposition 2.2.1, m > 0. For any v € H such that v < Mv on A, we obtain
using lemma 2.2.1 :

/OT/Td(atm— vAm)v > —,LL/OT » Am.

Hence by the lemma 2.2.2 we deduce that there exists C' > 0 independent of
such that :
) T
22 0.y, 11 (rayy < Cllml|20,7), 11y [Imol 2 + M/O /Td Am;
< Cllml|zzo,r),m ray)Imoll 2 + pl|Al[z2[|m]] 2.
From which we deduce that the set
{m < L2a Ju € [Oa 1]7m = /l]'_(m)}
is bounded in L2 Applying Schaefer’s fixed point theorem, we obtain that there

exists a solution of (2.2).

For any m; and my solutions of (2.2), we denote by dm = m; — my the diffe-
rence of these solutions. The function dm satisfies

Odm — vASm + At )om(t, z) — MNt,z — E)dm(t,z — &) =0 in (0,T) x T4
dm(0) = 0 in T
Multiplying this equation by dm and integrating in space, we obtain

1d

o7 Td(ém)2 + V/I'd |Vom|* + /Td Aom)? = /Td(A5m)(t,x)(6m)(t,I + &)d;
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5t a0 < el [0m()]Z2crs.

Finally, we deduce, using Gronwall’s lemma, that ém = 0 and thus that there
exists a unique solution of (2.2).

OJ

Existence of a limit density

We show here how we can pass to the limit in the equation (2.2) and hence
obtain a characterization of the density of jumping particles. For the rest of this
section, we fix k£ given in hypothesis 1. We now describe the behavior of the solu-
tions of (2.2) as € goes to 0.

Theorem 2.2.2. Assume hypothesis 1 holds, then there existsm € L?((0,T), H'(T?))
such that, extracting a subsequence if necessary, (m.). converges weakly in
L*((0,T), HY(TY)) toward m which satisfies

m =0 a.e. in A.

{D(m) > —00;

Moreover, for all v € H such that v < Mv on A and v(T) =0,

T
/0 (—0w — VAU, M) 151 — /Td v(0)mg

T
> / (=0 — vAu,m)g-1xm — | u(0)mg = D(m);
0 Td

for any w € H which satisfies u = Mu on A, u(T) = 0.

Remark 2.2.2. Let us note that the trace condition m(0) = my is not satisfied,
we send the reader to the paragraph following the proof for the interpretation of
this fact.

Proof. We define m, for all € > 0 as the unique solution of

Ome —vAmMe + 114t 2)me(t,x) — 114tz — me(t,z — &) =01in (0,T) x T%
me(0) = mg in T

For all € > 0, we can observe that

T
—o00 < D(m,) = /0 (=0 — VAU, M) -1 1 — /Td u(0)mo;
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where u € L*NL2((0,T), H'(T?)) is given by hypothesis 1. We known from lemma
2.2.2 that

[Imel |2y < =D(me) + C (k)L + [[mel |2 [[mol | 2.
Thus there exists C'(k,u) depending on k and u such that
1l [Z2gy < C (k) (14 [Imel |2 (1 + [[mol|22).

Hence we deduce that (m.)eo is a bounded sequence of L2((0,7), H*(T%)) and
as a consequence, that (D(m.))eso is also a bounded sequence. Thus, extrac-
ting a subsequence if necessary, (me).o converges weakly toward a limit m €

L2((0,T), H'(T4)). Now take any v € H such that v < Mv on A and any u € H
such that w = Mu on A and u(T) =v(T) = 0. For all e > 0 :

T T T T
/ (Oyme, u) g-15 g1 + V/ / VmNVu < / (Oyme, V) g-1xmr + V/ / Vm. V.
0 o Jrd 0 0o Jrd

Thus we deduce that

T
/ (=0 — vAu,m ) g-1xmr — | u(0)mg
0 Td

T
< /0 (—0w — VAV, M) -1 — /Td v(0)my.

Passing to the limit € goes to 0 we deduce :

Td

T
/ (—0w —vAv,m)g-14m — | v(0)mg
0

T
> / (=0 — vAu,m) g1 — | u(0)my.
0 Td

In particular,
D(m) > —oc.

Let us note that for all e > 0

1 1
D(m.) = —E/Akme < —E/Akomg.

Thus, m = 0 almost everywhere on A because (D(m)). is bounded. O

Interpretation of the limit density

From a variational point of view, the properties of the limit density m given in
this theorem are characterizing what we expect for such a density. Indeed, as we
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mentioned earlier, D(m) > —oo stands for the fact that m is an admissible density
for describing jumping particles. The condition m = 0 on A stands for the fact
that m is a density of particles which are actually jumping on A because otherwise
there will be particles on A. The condition :
Vu € Hyu=Muon A, u(T)=0: (2.8)
D(m) = J§ (=0 — vAuU, M) 11 — Jra u(0)mo; '

stands formally from the fact those particles are not jumping elsewhere than on
A. Indeed at a penalized level we know that

1
D(m.) = —E/Akme.

Thus the quantity D(m) is closely related to the set A on which the particles
actually jump. It appears that the quantity D(m) measures the aggregate cost
'paid" by all the particles which jump. Because m = 0 on A, we know that the
particles jump at least on A. Formally (2.8) states that the particles do not jump
elsewhere than on A ; because the total "cost" is minimum for particles which jump
from at least A. To understand why we state that (2.8) stands for the fact that
the particles do not jump elsewhere than on A, let us look at an example : we take
B a measurable subset of T¢ which satisfies hypothesis 1 and such that A C B.
We define p, by :

815”5 - VAlue + %13#6 - %(1B/J/€)(t, T — 6) = O;
1(0) = me.

Letting € go to 0, recalling the previous theorem, p satisfies D(p) > —oo and
i =0 on A because t = 0 on B. What is differentiating p from m is that, for
ve Hv< Mv,v=Mvon A, we do not necessary have an equality in :

T T
D) < [ @t v)gven +v [ [ Vuv
0 0o JTd
if v # Mv on B.

Finally, let us note that the initial condition m(0) = mo may not be satisfied.
This is a consequence of the fact that if A is not negligible near {¢ = 0}, then
particles are jumping instantaneously. We cannot expect in such a case for the
initial condition to be satisfied. However the variational relation satisfied by m is
sufficient to 'remember" that the density starts from my. In general, there is no
time regularity for the solution m. This discussion leads to the following definition :
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Definition 2.2.1. For any positive mg € L*(T?), A measurable subset of T, m €
L*((0,T), HY(TY)) is called a solution of the Fokker-Planck equation of particles
jumping on A if there exists k satisfying (2.3) such that

— m=0onA;

Vo,u € Hyv < M(k,v) on A,u= M(k,u) on A,o(T) =0,u(T) =0:
/OT(—at(u —0) = vA( — V), M) gt — /Td(u — )(0)mg < 0.

Even though we just explain in which extent this definition is legitimate, the
following section on the uniqueness, even though the assumptions on A will be a
bit more restrictive, justifies this choice of definition.

Uniqueness of the limit density

We now discuss the uniqueness of such solutions. We state that the uniqueness
holds under certain assumptions on the set A. Let us note that it is classical to
have some assumptions on the domain in the study of parabolic PDE in time
dependent domain, see [19, 41]. We make here the following assumption :

Hypothesis 2.2.2. The set A is either a closed set with Lipschitz boundary such
that ({T} x TY)N A is an open set with Lipschitz boundary, or it is non-decreasing
in time (for the inclusion).

Our main argument is that the uniqueness of solutions of the Fokker-Planck
equation can be deduced from an existence result for an "adjoint" equation. Under
hypothesis 2.2.2, we have the following result :

Lemma 2.2.3. Assume hypothesis 2.2.1 and 2.2.2 hold and take (k,u) given by
hypothesis 2.2.1. There exists € > 0 such that for any f € L=((0,T)xT9) ||f||r=~ <
€, there exists v € H such that, for all p € L*((0,T), H(T%)), u=0 on A :

foT(_atU — VAU, ) g-rxm = foT Jra(=0w — vAu+ f ) g-1xmn;
v=M(k,v) on A;
u(T) = uw(T).

Proof. See appendix B, theorem 2.B.1. O

We are now able to prove the following result :

Theorem 2.2.3. Assume hypothesis 2.2.1 and 2.2.2 hold, for any non negative
mo € L2(TY) there exists at most one m € L2((0,T), H(T%)) solution of the
problem in the sense of definition 2.2.1.
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Proof. We denote by m; and my two solutions. The idea of the proof consists in
constructing for ¢+ = 1,2, v; € H as in lemma 2.2.3 with respective data f = f;
and f = fo, where ||fi1||1, || f2]|r= < €. We then evaluate

T
/0 (=0 (v — ve) — VA(v1 — v2), M1 — Ma)g-1xH1-

This proof is the adaptation of the uniqueness proof we give for the MFG problem
at the end of this paper, which is itself an adaptation of the proof of uniqueness of
J.-M. Lasry and P.-L. Lions [54]. Because m; and my are solutions, the following
holds :

D(m;) = /OT(—@%(%‘) — vA(vs), M) p-rm — /Td v;(0)my.
Hence,

T
/0 (=0 (v — vg) — VA(v1 — v2),my — ma)g-1xmr = 0. (2.9)

On the other hand, using lemma 2.2.3, we derive that

/OT(—&&(M —vg) — VA(v1 — V), M1 — M) g-1xg = /OT /Td(ml —ma)(f1 — f2).

Recalling (2.9), we obtain that

/oT /Td(ml —ma)(f1 — f2) = 0.

Thus we deduce that m; = my because m; —my is orthogonal to the ball of center
0 and radius 2¢ of L*°((0,7) x T%). O

A remark on the hypothesis for uniqueness

Even though we are only able to prove the uniqueness of solutions of the Fokker-
Planck equation under hypothesis 2.2.2, we conjecture that uniqueness is a more
general property for this equation. Indeed we believe that an approach similar
to the one we present in the second part of Appendix B (theorem 2.B.2) can be
adapted to this situation. The technical difficulty which we have not been able to
overcome for the moment is to prove some time regularity for m when the set A
is decreasing.

However, we hope that the range of applications of hypothesis 2.2.2 is large enough

to convince the reader that the notion of solution of the Fokker-Planck equation
we present is the correct one.
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2.2.2 The case of a finite number of possible jumps

We now address a more general model as we look at situations in which different
jumps can occur. As we shall see, all the results of the case of a single jump are
adaptable to the case of a finite number of jumps. However there are in this section
more notations and we advise not to read this section before the previous one. We
denote by K C T¢ the finite set of possible jumps. In this setting a single set A is
no longer sufficient to describe all the jumps. We introduce V' which describes the
jumps by : V(&,t,x) is the proportion of particles which use the jump & at (¢, z).
We assume the following :

Ve LOO<K7 (OJT>7Td)7
V>0 (2.10)
Z&EK V(€>t7x) S 1.

We also define the following sets :

VE e K, Ae :={V(,-,-) > 0};

A= UfEKAE-
As in the case of a single jump, an assumption on the sets on which the particles
jump is still needed. We make here the following assumption :

Hypothesis 2.2.3. There ezists k satisfying (2.3) and uw € H N L™ such that

u < M(k,u) in (0,T) x T%

uw(T) =0;

VEe K, V(& tx)(k(z, &) +u(t,z + &) —u(t,z)) =0 a.e. in (0,T) x T4
(2.11)

We recall that the set H is defined by
H:={ve L*((0,T), H(T%), 0w € L*((0,T), H *(T%)}.
This hypothesis is slightly more sophisticated than hypothesis 1. This is due to
the fact that multiple jumps being possible, we have to be more precise. We still
assume that the sets on which the particles are jumping are given as a result of an

impulse control problem but we precise for which ¢ the minimum is reached.
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The penalized equation

We introduce first a penalized version of the problem. We recall that this pe-
nalization models situations in which the particles have a certain probability to
jump in the prescribed sets, and that the limit as € goes to 0 corresponds to the
probability of jumping going to 1. At this penalized level, we expect the density
of particles m to satisfy :

ome — vAM, + %mﬁ(t,m)(zgeK V(¢ t, x)) — %Z&K me(t,x =&V (Et,x—&) =0
in (0,T) x T
m(0) = myg in T2
(2.12)
We define the set AD(k) by :

AD(k) :=={u € H,u(T) =0,¥¢ € K,V (t,z,&)(u(t,z)—k(x,&)—u(t,z+E£)) < 0 on A}.

This set represents the set of admissible solutions of an impulse control problem
in which one can only use the jump & € K at (¢,z) if V(¢,z,£) > 0. Let us assume
that m is a smooth solution of the previous PDE. Then, as in the case of a single
jump, for any u € AD(k), after a simple change of variable we obtain that :

/OT(ﬁtm — VAM, u)g-1xq = — i/OT /Td m(t, ) (Z V(g,t,x)) u(t, z)dtdz+

{eK

+ 1/: /Td m(t, ) (Z V( t, x)u(t,x +§)) dtdz;

{eK

> 1/: [l 2) (3 Vgt k(e 2. )did:

{eK

This leads us to define the meaningful quantity :
T
D(k,m) = inf{/ (=0 — VAU, M) 151 — /d mou(0)|u € AD(k)};  (2.13)
0 T

We introduce the set H(k) := {m € L*((0,T), H'(T%)), D(k,m) > —oo}. Let us
remark that for any u satisfying (2.11) :

T
D(k,m.) = / (Oyme — VAM, u) -1 1.
0

The proofs of the following lemmata are the exact analogous of the proof we did
earlier in the case of a single jump so we do not present them here.
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Lemma 2.2.4. Assume hypothesis 2.2.3 holds for (k,u). Then there exists C' > 0
(independent on m and depending on k and ||u||p= ) such that for any m € H(k)N
H, withm >0 :

1l (22 0.y, iy < —D(k,m) + C (1 + [[ml| 2oy ) moll e

Lemma 2.2.5. Let mg € L*(T%), mg > 0, and m € L*((0,T), HY(T?)) be a
solution of (2.12). Then, m > 0.

Furthermore, as in the case of a single jump, we can prove the following result.

Theorem 2.2.4. Assume hypothesis 2.2.3 holds, then for all my € L*(T?) there
exists a unique solution m € H of the penalized equation (2.12).

The limit density

We now address the passage to the limit in (2.12) using the previous result.
As in the case of a single jump, the existence follows from lemma 2.2.4 and we
prove uniqueness under a more restrictive assumption in order to avoid technical
difficulties.

Theorem 2.2.5. [f there exists k satisfying (2.3) such that hypothesis 2.2.3 holds,
then there exists m € L*((0,T), H'(T%)) such that

m =0 in A,

{D(k;, m) > —oo;

and, for allv € AD(k) :

/OT(—atv — VAV, M) g1y — /Td v(0)mgy > /()T(—é’tu — VAU, M) 1511
— | u(0)mg
=D(k, m);
where u € H satisfies (2.11).
We recall that A is defined by
A =Uger{V(,-,-) >0}

We do not present the proof of this result as it is the same as the one we presented
in the case of a unique jump. Like we did in the case of a single jump, we give the
following definition :
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Definition 2.2.2. For any mo € L*(T9), if there exists k satisfying (2.3) and V

measurable function satisfying (2.10), m € L*((0,T), H'(T4)) is called a solution

of the Fokker-Planck equation of particles jumping with jumps described by V if
— m=0onA;

Yo € Hyv < M(k,v),Yu € H satisfying (2.11) :
T T

/ (—0w — VAU, M) 151 — /Td v(0)my 2/ (=0 — VAU, M) -1y 1
0 0

= e u(0)myg

=D(k,m).

We now turn to the question of the uniqueness of such solutions. As in the case
of a single jump, uniqueness is a consequence of an existence result for an adjoint
equation. Similarly as we proceeded in the particular case of a single jump, we are
going to make some assumption on A. Moreover here we add an hypothesis on the
function u given by hypothesis 2.2.3. We state the following hypothesis :

Hypothesis 2.2.4. The set A is either a closed set with Lipschitz boundary such
that ({T} x TY)N A is an open set with Lipschitz boundary, or it is non-decreasing
in time (for the inclusion). Moreover, there exists (k,u) satisfying hypothesis 2.2.3
such that :

{vg € K,x € A¢ = (k(z,&) +u(t,r + &) —u(t,r)) = 0; (2.14)

VEe Ko € Ae = YV # & ult,n) < k(x, &) +u(t,xz + ).
We are now able to state the uniqueness of solutions of Fokker-Planck equation

of jumping particles in the case of a finite number of possible jumps for a set A
verifying hypothesis 2.2.4.

Theorem 2.2.6. Under hypothesis 2.2.4, for any positive mg € L*(T?), there
exists at most one m € L*((0,T), H'(T%)) solution of the Fokker-Planck equation
of particles jumping with jumps described by V.

This result is proved following the same argument as the one for a unique
possible jump.
2.2.3 The stationary case

We now turn to the question of the stationary setting. Most of the arguments
of the proofs of the results below follow the ones from the time dependent set-
ting. Thus, we only details the arguments which differ form the one in the time
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dependent case.

We assume that there exists V' such that :

Ve Lo(K, TY);
V >0;

We denote by K C T9 the finite set of possible jumps. We assume that the following
assumption is satisfied :

Hypothesis 2.2.5. There exists u € H*(TY)NL>® sand k € L™®(K xT4) such that

VE € K, k(E,-) € H*(T?);
VEe K, V(Ex) (k(x, &) +ulx + &) —u(z)) =0 a.e. in T4

where M (k,u) is defined by :

M(k,u)(z) = inf k(&) + ulz + ©)

We study here a stationary Fokker-Planck equation in which there is a fixed
leaving rate of players § > 0 and a constant entry of players p € L®(T%), p > 0.
Namely, at a penalized level, we are interested in :

—vAm, + om, + 1me(:lr)( SV, :)3)) ! Sm(z - V(€ —€&) =pin T
€ ¢eK € cex
(2.15)
This section is organized as follow : we first show the existence and uniqueness of
solutions of the penalized equation (2.15). We then show the existence of a limit
as € goes to 0 which satisfies the Fokker-Planck equation in a weak sense. We then
prove the uniqueness of such limits.

The penalized equation

We begin this section by showing a general uniqueness result for equations of
the type of (2.15).

Proposition 2.2.2. Let (A, .., \,) € L>®(T))". Then, for any p € L*(T?), there
exists at most one solution m € H?(T?) of

—vAm +dm + m(x)(il)\z(xn — im(m — Nz — &) =pin T (2.16)
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Proof. Let us assume that there exist two such solutions m; and msy. Then if we
note 1 = my — my, it satisfies :

—vAp+op + p(x (Z)\ ) Zum— iz — &) =0in T

Let us assume p # 0, then the operator 7 has a spectral radius » > 1, where T is
defined from L!'(T%) into itself as follows : for any m € L'(T?), T (m) is the unique
solution of

n n

—VAT(m) + 6T (m) + T(m)(2) (Y Mi(2)) = > m(z — Nz — €) in T

i=1 i=1
The operator 7T is compact and
T({m € LT, m > 0}) C {m € L*(T%),m > 0}.

Thus by the Krein-Rutman theorem, there exists r > 1, w € {m € L'(T%),m >
0}, w # 0 such that :

n 1 n
_yAw+(5w+w(Z)\i(x)) =Y w(x Ai(x — &) in T
i=1 Ti=1
Integrating in space, we obtain that
1 n
5 (1 - ) \Jw = 0.
a0 * Td r (2 Aiw

i=1

The two terms of the left hand side are positive so we deduce that w = 0, which

is a contradiction. Thus p = 0 and there exists a unique solution of this PDE. [J
We now show that there exists a solution of (2.15).

Proposition 2.2.3. For any € > 0, there exists a unique solution m € L*(T?) of
(2.15). This solution m is positive.

Proof. We define the application T from L*(T?) into itself by : for any m € L*(T9),
T (m) is the unique solution of

—VAT(m)+0T (m)+e ' T(m)(2)( Y V(6 2)) =1 > mz—&V (6, 2—&)+p in T

§eEK (EK

Let us observe that if m > 0, then by the maximum principle 7 (m) > 0. Moreover,
if m € Q) defined by :

Q:={m e LYT%,m >0, /Td m(z) (Z V(f,ﬁ)) dz <67 /Td p}i

{eK
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then 7 (m) € Q. Indeed, integrating in space the equation which defines 7 (m), we
obtain that

5 TdT(m)+1/TdT<m> (gz v<g)> = po+1/Tdm(z v<g)).
€K ceK

Thus, €2 is stable by 7. Applying Schauder’s fixed point theorem, we deduce that
T has a fixed point. The uniqueness is given by the previous proposition. ([l

Remark 2.2.3. This result does not depend on the sets on which the particles
jump, i.e. it does not depend on the function V except for the fact that V>0 and

Yeex V() < 1.

Existence and uniqueness of the solution of the stationary Fokker-Planck
equaiton

We now turn to the existence of a limit density as € goes to 0. We define the
following set :

AD(k) = {v € HY (T, V¢ € K, V(t,2,&)(v(x) — k(z,&) —v(r +£)) <0 on A}
A crucial result to pass to the limit is the following :

Lemma 2.2.6. Assume hypothesis 2.2.5 holds true. Let m € H'(T%) be such that :

m >0,
0 Jram = Ja p.

Then for any k satisfying (2.3) :
75 ey < C (=D (k,m) + |[ml|m[lpll =) 3
where D(k,m) is defined by :
D(k,m) = {V/Tde-VU+5/Tdvm—/povlv € AD(k)}.
The following result holds true :

Theorem 2.2.7. Assume hypothesis 2.2.5 holds true. Then, there exists a unique
m € HY(TY) such that :
— Vé e K: V(& x)m(x) =0 almost everywhere in T¢.
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— For any u € HY(T?) which satisfies
Ve e K, V(&) (k(z, &) +u(r + &) —u(x)) =0 a.e. in TY
the following holds :
Vv € AD(k) :
v Tde-V(v—u)—l—é/Tdm(v—u) Z/po(v—u).

Proof. The proof of both existence and uniqueness are the exact analogous of the
ones in the time dependent case, see proposition 2.A.4 in the appendix for the
analogous in the stationary setting of proposition 2.A.2. 0

Remark 2.2.4. Let us note that the question of the uniqueness of solutions is
a lot more simpler in the stationary case. Indeed the time reqularity is no longer
a problem and the existence of solutions for the "adjoint" problem is then easily
proved following the argument of the time-dependent case.

2.2.4 A remark on the generality of this method

Before using this notion of solution of Fokker-Planck equation in a MFG of
impulse control, we precise some straightforward generalizations of the results of
the previous part. First working on the torus T¢ does not play any role but simpli-
fying the notations and fixing a framework. Thus those results generalize to more
complex domain and boundary conditions. Secondly, the cost of jumps k can be
allowed to depend on the time variable. If this dependence is smooth, this does
not change our results. Also more general jumps can be modeled with this kind of
method. For example one can think of impulse control in which any jump is pos-
sible; or a problem of optimal stopping time type, except that instead of leaving,
"stopping" the trajectories restarts it at the origin (or at any given point). In this
second problem, it is not the jumps but the destination which belongs to a finite
set. Both of these optimization problems have value functions which solves QVI
under some assumptions. In these two examples continuity of the value function is
crucial, hence appropriate assumptions have to be made on the regularity of solu-
tions and a solution of the Fokker-Planck equation may not be more regular than
a measure. The important point is that with the QVI comes a notion of "admis-
sible" solutions for the QVI (in this article being admissible is satisfying u < Mu).
With this notion comes the notion of admissible density of particles which is, in
this article, the fact that D(m) > —oo. Then a priori estimates on the solutions
of the Fokker-Planck equation are available and we can continue developing such
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solutions.

Finally, let us note that optimal switching problems can be formulated in terms
of QVI, see [10]. Thus we can model a density of particles, whose trajectories are
given by optimal trajectories of an optimal switching problem, using the same
technique as the one we have just presented in this section.

2.3 Mean field games of impulse control through
quasi-variational inequalities

We present in this part an application of the notion of solutions of a Fokker-
Planck equation of jumping particles. We study a MFG of impulse control where
the density of players is naturally a solution of this kind of equation. We work here
in the case of a finite number of possible jumps. We denote by K the set of jumps.
We denote by k satisfying (2.3) the cost of the different jumps depending on the
position. For any v € L2((0,T), HY(T%)), we define Mv by

Mu(t,x) = gg}f({k’(z,ﬁ) +o(t,z + &)}

We denote by f the running cost of the problem. The function f depends on
space, time and on the repartition of the player (i.e. f = f(¢,2,m)). We make the
following assumptions on f :
— £ is continuous from L%((0,