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Introduction
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Figure 1.1: Hexagone de la planete Saturne (a) et ligne de tourbillon de Karman (b).

1.1 Contexte

Dans cette these, on s’est intéressé principalement a la dynamique des poches de tourbillon pour des équations
issues de la mécanique des fluides posées dans le plan. Le point commun de toutes ces équations est que le
tourbillon vérifie une équation de transport et qu’on retrouve la vitesse en convolant le tourbillon avec un
noyau spécifique a chaque équation. Plus généralement, 1’étude de la dynamique du tourbillon est un sujet
ancien pour les équations d’Euler et est toujours en vogue. Les tourbillons se manifestent dans différents
phénomenes géophysiques, par exemple avec ’hexagone sur la planete Saturne et les tourbillons de Von
Karman (voir figure 1.1). De nombreuses études ont été menées que ce soit d’un point de vue théorique,
numérique et expérimentale et le sujet est trop vaste pour que nous puissions faire une synthese regroupant
tous les résultats existants. Nous nous contenterons donc de ne citer que quelques résultats du domaine.
Pour commencer, on rappelle les équations d’Euler qui permettent de décrire I’évolution d’un fluide parfait
incompressible homogene et non visqueux dans I’espace tout entier R%:

Ow+v-Vu+Vp=0, (t,z) € Ry x R%,
div(v) =0, (1.1.1)
U\t:O = 9.

Dans ce cas, v désigne le champ des vitesses et le scalaire p désigne la pression en tout point du fluide.
Physiquement, ces équations traduisent les conservations du moment et de la masse. Dans cette these
on ne s’est intéressé qu’a des modeles posés dans le plan donc par la suite nous nous attacherons au cas
ou d = 2. On tient quand méme a souligner que ce cas est particulier comparé au cas de la dimension
trois. En effet, dans le plan, les normes L? du tourbillon seront conservées ce qui permet de construire des
solutions classiques globales en temps. Malheureusement, pour les dimensions supérieurs ce n’est plus le
cas et l'existence de solutions globales reste une question ouverte dans le cas général. On sait cependant
que le systeme est localement bien posé pour des données initiales régulieres. On peut par exemple citer
les travaux de Wolibner et de Kato qui le montrent pour des espaces de Holder et de Sobolev. Pour ces
solutions, la vitesse est nécessairement lipschitzienne. Nous verrons qu’en dimension deux on peut construire
des solutions avec une vitesse moins réguliére.

Nous allons maintenant nous concentrer sur la dynamique des tourbillons. Physiquement, le tourbillon va
représenter la rotation locale de la particule. Le premier & s’y étre intéressé est Helmhotz en 1858. Dans [32],
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il étudie les tourbillons en dimensions deux et trois. Il montre en particulier que dans le plan, le tourbillon
peut s’identifier a un scalaire w = J1v9 — Jov1 et que son évolution est régit par une équation de transport,

Dw = 0w +v-Vw =0. (1.1.2)
dt

Cette équation est typique de la dimension deux, en effet, dans ce cas la vitesse est orthogonale en tout
temps et en tout point au tourbillon. Ce n’est plus le cas en dimension trois et on obtient un terme en
plus qui vient représenter I’étirement du tourbillon dans le fluide tridimensionnel. Ce terme ne permet pas
d’obtenir les lois de conservations sur les normes LP. Cependant, dans notre cas nous avons une infinité de
lois de conservation données par

Vp € [1,+09], [lw(®)llzr = [lwollLe-

Ce sont ces lois de conservation qui nous permettent de construire des solutions a la Yudovich avec une
vitesse sous la régularité lipschitzienne. L’équation (1.1.2) & elle seule n’est pas équivalente au systéme
(1.1.1). Pour pouvoir retrouver la vitesse, il nous faut rajouter une équation que l'on obtient sous des
hypotheses raisonnables de décroissance a 'infini qui nous permettent de retrouver la loi de Biot-Savart

_ vl _ i/ (z—y)*
v(t,x) =V \I/(t7$) - o R |Z‘ — y‘g w(t7y)dy

La fonction de courant ¥ est donnée par

¥(t.0) = 5o [ Toa(le — y(t.)ds

On obtient sous ces hypotheses deux systemes équivalents, dont le deuxieme est

dw+v-Vw=0, (t,r) € Ry xR?,
v=-VH(-A)"lw, (1.1.3)
Wit=0 = Wo

Cette reformulation a permis & Yudovich de démontrer le théoréme suivant dans [72].

Theorem 1.1.1. Soit wy € L? N L™ alors le systéme (1.1.3) admet une unique solution faible globale
w € L*®(RT; L2 N L>®) . De plus la vitesse v admet un flot ¢ continue dans les deuzx variables et qui est
l'unique solution de I’équation:

Y(t,x) ==z +/O v(s,¥(s,x))ds.

Tres récemment, un résultat similaire a été démontré dans [23] ou la condition d’intégrabilité a été
remplacée par une condition de symétrie. Le théoreme de Yudovich nous permet aussi d’affirmer que le
tourbillon est transporté par le flot c¢’est-a-dire que

w(t,z) = wo(¥y ' (@)

On verra par la suite que si ’on prend comme donnée initiale une poche de tourbillon alors cette structure
perdurera dans le temps. Nous allons d’abord aborder un cas limite des poches de tourbillon qui est les points-
vortex. Helmholtz a introduit dans son papier la notion de lignes de tourbillons dans I’espace, c’est une ligne
tangente en chaque point au vecteur tourbillon en ce point, et tubes de tourbillon, ’ensemble des lignes
de tourbillon s’appuyant sur une courbe fermée infiniment petite. Si maintenant on considere des tubes de
tourbillons de direction parallele a 'axe des z et que 'on regarde la coupe dans un plan orthogonal a cet
axe, on remarque que le mouvement des points obtenus est le méme dans tous les plans. Ces points sont
appelés points-vortex et c’est ce qui va nous intéresser pour le moment. Il explique un résultat bien connu
maintenant qui affirme que si 'on considére deux points vortex de méme intensités alors ils vont étre en
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rotation uniforme autour de leur centre de gravité et si leurs intensités sont de signes opposés alors ils vont
étre animés d’'un mouvement de translation. Ces points-vortex se retrouvent dans la nature notamment
dans les plasmas et les superfluides, on pourra consulter [3, 71, 22, 66, 25] pour quelques exemples ainsi que
[52, 2, 1] pour plus de détails que ceux donnés par la suite. Plus précisément, si 'on considére un tourbillon
constitué de N points vortex situés dans le plan et ayant comme position X;(¢) = (x;(t), y:(t)) alors

N
wo(x) = Zri5($ - Xi(0)),
i=0

avec I'; la circulation du i-eme vortex. On fait maintenant appel au théoreme de la circulation de Kelvin qui
nous dit que pour un fluide parfait incompressible n’étant soumis a aucune force extérieure, la circulation
le long d’une courbe matériel fermée C(t) qui se déplace avec le fluide est constante, voir par exemple [63].
Cela implique que le tourbillon a tout instant va rester concentré selon N points-vortex, autrement dit

w(t,z) = Z id(x — X;(¢)).

Quitte a négliger les effets induits, on peut montrer que I’évolution du i-eme point-vortex est régit par

I’équation

dX;

 ppu—
dt

=V H (i, yi)
avec )

H(zi,yi) = i Zrirj log (X3 — Xj1).

1#]

On obtient donc un systeme hamiltonien. Pour savoir si celui est intégrable ou non, on peut s’intéresser
aux quantités globalement conservées. On peut montrer que ’hamiltonien est une intégrale premiere du
mouvement et qu’il représente I’énergie cinétique du mouvement du fluide entourant les vortex. De plus,
comme ’hamiltonien est invariant par translation et rotation on peut montrer que les deux composantes de
I'impulsion linéaire ainsi que I'impulsion angulaire vont étre conservées. Ainsi si 'on considére un systeme
a N < 3 points, celui-ci est intégrable. Ce probleme est a rapprocher de celui de la mécanique céleste et
notamment de celui des trois corps. Dans ce cas, le satellite de masse négligeable serait apparenté a un
point-vortex d’intensité nulle et pour des raisons de dimensions, il faudrait considérer trois autres points-
vortex (voir par exemple [12]). Ce domaine est assez riche et permet de faire le lien avec d’autres branches
des mathématiques. Par exemple, des résultats ont été obtenus en faisant un lien avec des polynémes. Si
I'on considere N = Nj + N, vortex de méme intensités en valeurs absolues avec N7 positives et Ny négatives,
on peut introduire les polynoémes

Piz)=(z—2z1)(z—22) - (2 — zNn1)

et
Q(z)=(z—2z1)(z —22) - (2 — zN2)-

Au début, cette approche a été utilisée pour étudier les points-vortex qui étaient en équilibres relatifs, c’est-a-
dire en mouvement de rotation ou translation uniforme ou qui restaient a 1’équilibre. De nombreux résultats
ont été prouvés, pour plus d’exemples que ceux donnés on pourra consulter [1] par exemple. On peut citer
que N points-vortex identiques alignés sont en équilibres relatifs si et seulement si ils correspondent aux
racines du N-eme polynémes de Hermite. Si I'on considere maintenant N vortex identiques situés sur un
cercle avec un vortex au centre ou non alors ils sont en position d’équilibres relatifs si et seulement si ils sont
situés sur les sommets du polygone régulier a N cotés.

Les points-vortex peuvent étre vues comme les objets limites d’une autre structure, les tourbillons con-
centrés. Si la donnée initiale est de la forme

1
wo(z) = —2XD. avec D.=¢D

10



avec D un domaine borné alors ’objet limite lorsque € tend vers zéro est un point-vortex. Nous allons
maintenant nous intéresser aux poches de tourbillon.On considére une donné initiale qui est une poche de
tourbillon, wy = xp avec D comme précédemment. Dans ce cas, on sait que la solution va garder en tout
temps cette structure de poche. De plus, le domaine a I'instant ¢ est le transporté du domaine D par le flot
et la compréhension de notre solution dépend uniquement de la connaissance du bord du domaine a tout
instant. Cependant, le flot n’est pas assez régulier pour s’assurer que la régularité du bord soit toujours
transportée. Quelques résultats de persistance existent, par exemple dans [13], Chemin a montré que si
I'on part d’un bord ayant une régularité holdérienne C1T¢ avec 0 < & < 1 alors il n’y a pas formation de
singularité en temps fini et la régularité est bien propagée. On peut aussi lier ces objets aux points-vortex.
Par exemple, dans [36], ils partent de la connaissance du mouvements de deux points-vortex pour montrer
que le résultat persiste pour deux poches de tourbillon et les points-vortex sont dans ce cas vues comme
une limite de ces poches. On va maintenant s’intéresser & un type particulier de poches de tourbillon dont
le mouvement est périodique en temps appelés V-states ou équilibres relatives en mouvement de rotation
uniforme. On impose en plus la condition de rotation du domaine autour de 'origine a vitesse angulaire
constante. Cela se traduit par Dy = e** D avec Q une constante réelle. De plus, on dira qu'une V-state est
m-symétrique si son domaine est invariant par le groupe diédral d’ordre 2m. Le principal avantage de ces
solutions est qu’on connait leurs dynamiques exactes & tout instant. Le pionnier du domaine est Kirchhoff
qui a découvert qu'une ellipse de demi-axes a et b tourne uniformément a la vitesse Q0 = %, voir [43].
Des résultats numériques sont venus compléter I’étude, Deem et Zabsky ont construit numériquement des
V-states m-symétriques dans [17] pour m € {3,4,5}. La premieére preuve analytique de 'existence des V-
states est due a Burbea et s’appuie sur une technique perturbative. Pour résumer sa preuve en quelques
mots, on commence par reformuler I’équation vérifiée par le bord de la V-state. Pour I'obtenir, on se place
dans le référentiel de la poche qui tourne. On peut montrer que la vitesse d’un point du bord et celle de la
particule de fluide qui occupe la méme position ont les mémes composantes normales ce qui se traduit par

(v(t,z) — Qzt)-n =0, Vo € dD, (1.1.4)

avec n un vecteur normal unitaire sortant a la frontiere. Une autre équation équivalente & (1.1.4) est obtenue
en considérant plutot la fonction de courant W. Dans le référentiel en rotation, le bord est fixe donc c’est
une ligne de niveau de la fonction de courant relative, autrement dit

1
U(x) — iQxQ —pu=0,Vx €dD,

avec u une constante. En utilisant la dynamique prescrite de la solution, on peut se ramener a une équation
statique ou nos inconnues sont le bord de D et la vitesse de rotation 2. On commence par paramétriser
le bord de D a I'aide de son application conforme ® et on montre que I’équation que 'on doit résoudre se
ramene & G(2,P) = 0 avec G une fonctionnelle non linéaire. On montre ensuite que le disque va étre une
poche tournante pour n’importe quelle vitesse, c¢’est-a-dire

G(Q,1d) =0, VQ €R.

Enfin, on construit de nouvelles solutions en perturbant cet ensemble de solutions a ’aide d’un théoreme de
bifurcation. Ce théoreme est appelé théoreme de Crandall-Rabinowitz et sa démonstration sera présentée
dans la section suivante. La preuve de Burbea a été reprise avec plus de détails dans [37]. Ils ont en
méme temps prouvé que les V-states étaient convexes et que le bord possédait une régularité C>°. On
obtient donc avec ces résultats une famille de solutions faibles globales en temps dont la dynamique est
explicite. On peut citer deux autres résultats en lien avec ceux-ci. Récemment, Cérdoba et al ont exhibé,
en utilisant une technique perturbative, des solutions fortes globales pour (1.1.3) dans [9]. Ces solutions
sont des régularisations des V-states obtenues précédemment. Pour le deuxieme résultat, on rappelle que
Kirchhoff a montré que les solutions deux-symétriques sont des ellipses et qu’il obtient une formule explicite
de ces solutions. Comme la technique employée par Burbea et revisitée dans [37] s’appuie sur le fait qu’on
connait une famille explicite de solutions triviales, Hmidi et Mateu ont donc pu perturber ces ellipses pour
créer d’autres solutions dans [34].
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Enfin, nous allons nous intéresser & un dernier objet qui est de nature topologique un peu différent, les V-
states ”avec un trou”. Dans ce cas, D = Dy \ Dy avec D; et Dy deux domaines bornés simplement connexes
tel que Dy C D;. Leurs existences ont été prouvées dans [33] en perturbant 'anneau Ay = {2,b < |2| < 1}.
Cependant il a été nécessaire d’imposer quelques conditions pour pouvoir appliquer le théoreme de Crandall-
Rabinowitz. Le troisieme chapitre de cette these vient compléter ’étude menée dans [33, 35]. Leurs résultats
sont les suivants

Theorem 1.1.2. Soit b € (0,1) et m > 3 un entier tel que

(1-10%)

1407 —
* >

m < 0. (1.1.5)
Alors il existe deux courbes de V-states doublement connexes m-symétriques obtenues en bifurquant de
Uanneau Ay aux vitesses angulaires

Qi—Ligi;szi
moy 2m m

_p2 2
A, = (1 2b m—l) — ™,

La condition donnée par (1.1.5) assure une valeur propre €, simple et un discriminant A,, non nul. Si
cette condition n’est pas vérifiée, la valeur propre est double et nous sommes dans un cas dégénéré ou le
théoreme de Crandall-Rabinowitz ne s’applique plus. Pour pallier a ce probleme, Hmidi et Mateu ont utilisé
la réduction de Lyapunov-Schmidt dans [35]. Cette technique permet de réduire un probléme de dimension
infinie & un probleme de dimension finie et ils ont montré que

avec

Theorem 1.1.3. Pour m > 3, on note by, lunique solution dans (0,1) de

1—b?
me—gjrlmza (1.1.6)
e Soitb e (0,1)\ {bam, m > 2} alors il existe une courbe de V-states doublement connezxes 2-symétriques
qui bifurque de 'anneau Ay a la vitesse angulaire %. Dans ce cas, la bifurcation est transcritique.

e Sib=b,, avec m > 3 alors il n'existe pas de V-states m-symétriques qui bifurquent de l’anneau Ap.

Ces travaux ont été accompagnés d’études numériques obtenues dans [33]. Ils ont remarqué que pour b
proche de b,,, il y avait des petites boucles qui apparaissaient dans le diagramme de bifurcation. L’objectif du
troisieme chapitre a donc été de venir valider ce qui était observé de numériquement. Il a été nécessaire d’aller
plus loin que le théoréeme de bifurcation de Crandall-Rabinowitz. Sa démonstration revient a développer la
fonctionnelle & ’ordre un autour d’une solution triviale apres avoir utiliser la réduction de Lyapunov-Schmidt.
Ici, nous avons di aller jusqu’a l'ordre deux dans le développement comme nous le verrons par la suite avec
plus de détails.

Dans les chapitres 2 et 4 de cette these nous avons cherché a prouver 'existence de V-states en rotation
uniforme pour d’autres équations issues de la mécanique des fluides. Le modele est toujours de la forme
suivante

Ow+v-Vw=0, (t,z) € Ry xR?,
v(t,z) = VIU(t, ), (1.1.7)
Wit=0 = Wo

ot v = (v1,v2) est le champ des vitesses du fluide, V+ = (=0, 0;) et ¥ est la fonction de courant. Elle est
donnée par

W(tr) = [ Ko = yult.s)dy
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avec K un opérateur spécifique a I’équation considérée. Par la suite, on va considérer deux modeles

Da/2) 1 1
{ 21-ar(5,2) 27 mstG

K =
(@) L Ky(e]x), SWQG

(1.1.8)

avec o €]0,1] et ¢ € R. En prenant la limite en zéro dans la variable € ou «, on peut montrer qu’on
retrouve les équations d’Euler. Le modele avec le parameétre o permet d’interpoler les équations d’Euler
incompressibles (o« = 0) et les équations pour les surfaces quasi-géostrophiques appelées par la suite SQG
qui correspondent au cas o = 1. Le modele SQG est un modele asymptotique obtenu dans certains régimes
du modele quasi-géostrophique général. On suppose que les nombres de Rossby et de Ekman sont petits et
que le tourbillon potentiel est constant, voir [54]. Il permet de décrire I’évolution de la température 6 pour
certains flux atmosphériques et océaniques. Dans la littérature, ce n’est d’ailleurs pas le tourbillon qui vérifie
Péquation (1.1.7) mais 6. Les équations SQG ont été utilisées par Juckes et Held et al dans respectivement
[39] et [27] pour modéliser la circulation atmosphérique pres de la tropopause. Lapeyre et Klein s’en sont
servies pour décrire la dynamique des couches océaniques supérieurs dans [45]. De plus, ce modele a l'intérét
de montrer des analogies mathématiques et physiques avec les équations d’Euler en trois dimensions (voir
[14] ). En effet, on montre que le champ de vecteur V-8 solution de SQG est analogue au tourbillon puis
que les lignes de niveaux de 6 sont analogues aux lignes de tourbillon pour Euler 3D. On retrouve aussi des
criteres d’explosions analogues. Le deuxieme modele est appelé modele quasi-géostrophique shallow-water.
Notre but est de donner quelques explications sur la dérivation du modele.

Développons la dérivation formelle du modele shallow water quasi-géostrophique (SWQG), voir [67] pour
plus de détails. Nous commengons par mettre en place les équations de shallow water. Pour se faire
on considere un fluide de densité constante et tel que ’échelle de la variation de la hauteur du flot soit
petite devant la profondeur du fluide. Avec cette hypothése nous pouvons considérer que I’approximation
hydrostatique est valide. La courbure de la Terre sera aussi négligée et le fond rigide sera supposé plan et
a une altitude nulle. De plus, on fera ’hypotheése que la vitesse angulaire de la Terre est constante et on la
notera f. Introduisons maintenant quelques notations, la vitesse dans l’espace sera notée v = ui + vj + wk
avec k qui désigne la direction verticale et la vitesse dans le plan sera u = ui + vj. L’épaisseur de la couche
de fluide au point (z,y) sera notée h et la hauteur moyenne du fluide H. On applique le principe fondamental
de la dynamique pour obtenir I’équation suivante

%‘Jru.vquf xu=—gVh. (1.1.9)

D’autre part, le fluide étant incompressible, on a 1’équation classique de conservation de la masse

div(v) = 0.
On peut réécrire cette équation en coordonnée
ow
— = —divy(u).
0z n()

On integre cette équation entre le fond rigide et la surface libre et on obtient
w(h) — w(0) = —hdivy(u).
Or a la surface la vitesse verticale correspond a la dérivée matérielle de la position de la particule de fluide

Dh  0h
hy=20 2w Vh
w(h) 7 at—&—uv

On obtient une autre version de 1’équation de la conservation de la masse

%—l—u-Vh—i—hdivh(u) =0. (1.1.10)

13



Le principe est maintenant d’adimensionner nos équations et de voir sous certains régimes asymptotiques
quels sont les termes principaux. Pour se faire, on a besoin d’introduire des échelles, notamment celle
de la longueur et celle de la vitesse caractéristiques notées respectivement L et U et qui seront supposées
horizontalement isotropes. On a donc

(z,y) = O(L) et (u,v) = O(U).

On notera par la suite les valeurs adimensionnées avec un chapeau, par exemple,

.
T==.
L

On introduit aussi le parametre de Rossby Ry = % et le rayon de déformation Ly = Y92 Dans les océans,

les valeurs typiques de L4 sont situées entre 25 km et 100 km. Dans ’atmosphere terrestre a des latitudes
moyennes et aux poles, les valeurs sont plutdt comprises entre 1000 km et 1500 km (voir [55]). Physiquement,
le nombre de Rossby représente le rapport entre le terme d’advection et le terme de rotation dans ’équation
de conservation du moment. Dans les océans comme dans ’atmosphere pour des grandes valeurs de L il est
petit (respectivement Ry = 0,01 et Ry = 0,1). Enfin on peut écrire que la hauteur est une perturbation de
la hauteur moyenne,

h(z,y) = H+ Ah(z,y)

Ah L2
7 M (L3> |

L?. L? .
Ld Ld

avec 1’échelle suivante

On a donc

On suppose par la suite que I’advection est prédominante et que ’échelle de temps peut étre choisie de la
maniere suivante

L
T=_—.
U

Enfin la vitesse angulaire adimensionnée vaut un. On obtient apreés adimensionnement des équations (1.1.9)
et (1.1.10) les équations suivantes

Ry B;H(a-vm} +fxa=-Vh (1.1.11)
et R
L*\ |oh . _. L? X
Ro (Li) o7 TuVh| + {l-l-Ro (Liﬂ V-i=0. (1.1.12)

On se place a présent sous les hypotheses quasi-géostrophiques. Elles consistent a supposer que Ry est petit
et que les variations de la hauteur sont petites dans le sens ou

Ry (id) — O(Ry).

On peut développer toutes nos grandeurs en série suivant le parametre de Rossby
ﬂ=ﬂ0+Roa1+Rgﬂ2+"- .
En regardant les termes d’ordre zéro obtenus de (1.1.12) et (1.1.11), on obtient

fotlg = ——=2, 1.1.13
otlo % ( )
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U9 = 1.1.14
oty = 2 (1.1.14)
et
div(i) = 0. (1.1.15)
En considerant les termes obtenus a 'ordre un, on trouve les équations suivantes
L\’ dhg < L )2 SR R
— | —+|—) uo-Vho+div(uy) =0 1.1.16
( Ld) 5 7,) "o 0 (u1) ( )
et o5
% + (@o - V)T + fok x Ty = —Vh. (1.1.17)
On note £ la composante verticale du vecteur tourbillon et on applique le rotationel & (1.1.17) pour obtenir
0 | im
% + (o - V) & = — fodiv(tuy). (1.1.18)
On introduit la fonction de courant ¢y = % et grace & (1.1.13) et (1.1.14) on obtient
0

~ Oy - Oy

Yo="3z"" Bz

et & = V2. (1.1.19)
En injectant (1.1.19) dans (1.1.18) et en redimensionnant I’équation, on obtient finalement

9

at—ku-Vq:O

avec q le potentiel du tourbillon pour ’équation shallow water quasi-géostrophique. Il est donné par
02V L
L

On retrouve ainsi le modele avec le parametre € en posant € = L%

La théorie pour les équations d’Euler posées dans le plan est bien connue. Malheureusement, pour
les autres équations ce n’est pas le cas. Le modele shallow water quasi-géostrophique a été tres peu étudié
mathématiquement, nous citerons donc majoritairement les résultats concernant le modele avec le parametre
«. On va d’abord se concentrer sur le modele SQG dont les équations sont données dans la littérature sous

la forme suivante et qui permettent de décrire le potentiel de température noté 6

00 +u-V0=0, (t,7) € Ry xR?,
u=—Vt(-A)"29, (1.1.20)
g\t:O =t

avec u le champ des vitesses et V4 = (—8,,8;). L'opérateur (—A)~ = est défini de la maniére suivante

() H0w) = 5 [

T or r2 |7 —yl '

Pour a > 0, le noyau est plus singulier que le logarithme et il n’existe pas de résultats équivalents au théoréme
de Yudovich. Les premiers résultats pour SQG ont été obtenus dans [14]. Ils ont prouvé analytiquement
I'existence locale de solutions dans les espaces de Sobolev H®(R?) avec s > 3. L’existence et 'unicité locale
ont ensuite été prouvées dans d’autres espaces, par exemple pour 6y € C" N LY avec r > 1 et ¢ > 1 dans
[70]. Quelques résultats existent pour des donnés initiales moins régulieres. L’existence de solutions faibles
globales a été prouvée dans L? par Resnick dans [61] puis dans LP avec p > % par Marchand dans [51]. La
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question de I'unicité pour des solutions L? est toujours ouverte, cependant pour des espaces moins réguliers,
Buckmaster et al ont apporté une réponse négative dans [5].

Jusqu’a trés récemment, l'existence de solutions fortes globales était aussi une question sans réponse.
Cérdoba et al ont exhibé des solutions fortes globales pour SGQ dans [9] en régularisant des V-states.

On peut obtenir plus d’informations si on impose a la condition initiale d’étre une poche de tourbillon,
dans ce cas y(z) = xp avec D un domaine borné. Dans ces conditions, la solution existe au moins localement
en temps et garde cette structure de poche. Des existences locales ont été démontrées pour un front C'*° par
Rodrigo en utilisant le théoreme de Nash-Moser et pour un bord dans un espace de Sobolev par Gancedo
dans [62, 26] pour SQG .On considére maintenant des V-states en imposant en plus la rotation & vitesse
uniforme. Quelques résultats existent pour ces objets.

Dans [29, 8] lexistence de V-states bifurquant du disque a été prouvée pour 0 < a < 1 et ils ont montré
que le bord était analytique. Pour ce qui est des V-states avec un trou, leurs existences ont été prouvées
pour 0 < « < 1 dans [33, 30] en perturbant 'anneau A, = {z,b < |z| < 1}. Le théoréme de Yudovich n’étant
plus vrai pour a > 0, le caractere global en temps de ces solutions est aussi intéressant. Le cas o = 1 posait
probléme car 1'espace fonctionnel proposé dans [30] ne permettait pas de gérer la croissance logarithmique
du spectre non linéaire. L’objectif du chapitre 2 est de venir compléter I’étude en palliant & ce probleme.
On s’est inspiré de l'espace fonctionnel proposé dans [8]. Quelques difficultées sont apparues notamment
dans le calcul du linéarisé pour le cas limite « = 1. En effet, dans [33], le calcul n’avait pas été prouvé
mais obtenu par passage & la limite. Pour vérifier les hypotheses du théoréeme de bifurcation, il nous a fallu
trouver une forme compacte du linéarisé et nous avons du faire appel a la théorie des fonctions spéciales.
De plus, chercher les valeurs propres qui induisent un noyau unidimensionnel n’était pas non plus une chose
aisée et a demandé quelques efforts. Nous avons aussi montré que l'application conforme qui définit notre
V-state pouvait étre étendue en une fonction analytique sur une couronne. Des résultats similaires avaient
été prouvés uniquement pour la bifurcation depuis le disque dans [8].

Dans le dernier chapitre, on s’intéresse au modele SWQG. A ce jour, il n’existe pas de résultat théorique.
Cependant, le noyau a une singularité logarithmique donc le théoreme de Yudovich devrait étre aussi valide
dans ce cas. On peut citer quelques résultats numériques. Dans [55], Plotka et Dritschel s’intéressent aux
V-states 2-symétriques pour différents parametres v et A ou A correspond au ratio des deux demi-axes.
Ils étudient entre autres les valeurs pour lesquelles des instabilités apparaissent. Dans [57], Polvani et all
étudient l'existence de V-states et de deux poches de tourbillon en mouvement de translation.

Dans le chapitre 4, on a commencé par prouver 'existence de V-states m-symétriques obtenues en per-
turbant le disque. Ensuite, on a étudié comment le diagramme de bifurcation est perturbé en fonction de &
en s’intéressant notamment a la branche 2-symétrique. Les résultats obtenus s’inscrivent dans des travaux
plus généraux liés a la bifurcation imparfaite qui consiste a étudier comment la structure géométrique du
diagramme de bifurcation varie en fonction d’un parametre. Les pionniers du domaine sont Golubitsky et
Schaeffet [28] qui ont classifié différents cas possibles en utilisant la théorie des singularités. On peut trouver
des travaux en lien avec nos résultats dans [47, 65] par exemple. Le point qui a posé probléme dans la preuve
de l'existence des V-states m-symétriques est le calcul du linéarisé qui était plus complexe que dans le cas
d’Euler. En effet, le noyau n’étant plus explicite, nous avons di faire appel aux fonctions de Bessel pour
obtenir une forme compacte du linéarisé. De plus, quelques estimations sur ces mémes fonctions ont été
nécessaires pour valider les hypotheses du théoreme de bifurcation. Pour les autres résultats, nous avons
voulu perturber les solutions existantes pour les équations d’Euler. En effet, nous savons que les solutions
pour m = 2 correspondent aux ellipses de Kirchhoff et dans [34] les auteurs ont montré que cette famille
d’ellipses pouvait étre perturbée pour créer de nouvelles solutions. Nous avons prouvé que pour € petit on
peut construire des solutions 2-symétriques qui sont des perturbations des ellipses de Kirchhoff. Ensuite
on a bifurqué de cette famille pour certains parametres. Enfin nous avons aussi montré qu’une singularité
présente pour € = 0 dans le diagramme de bifurcation était éclatée . Pour cela, nous avons du développer
la fonctionnelle jusqu’a ’ordre deux. Pour finir, le dernier chapitre comporte aussi des résultats numériques
concernant les V-states ayant une symétrie deux et trois. On regarde notamment 1’éclatement de certaines
parties de la branche quand le parametre € est non nul et les V-states limites obtenues au bout des branches.

Les résultats obtenus seront présentés de maniere plus précise dans la partie suivante.
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1.2 Présentation des résultats

1.2.1 Le théoréme de Crandall-Rabinowitz

L’objectif de cette partie est de rappeler la preuve du théoreme de Crandall-Rabinowitz, on pourra voir par
exemple [42]. Les différentes preuves que nous avons élaborées au cours de cette thése sont intrinsequement
liées a la démonstration de ce théoreme. Dans le chapitre 2, nous avons utilisé le théoréme pour obtenir un
résultat global vis-a-vis du diagramme de bifurcation. Cependant pour les deux derniers chapitres, ils nous a
fallu comprendre la preuve du théoreme de bifurcation et aller au dela pour obtenir des résultats plus précis.

Tous les problemes que nous avons rencontrés peuvent se ramener a la résolution d’une équation de type

F(Q,f)=0 (1.2.1)

avec

F: RxX —Y
Q. f) — F,f)

ou X et Y sont des espaces de Banach et on demandera a la fonctionnelle F' d’avoir une certaine régularité.
A chaque fois, nous connaitrons un ensemble de solutions triviales, c¢’est-a-dire que nous aurons

F(2,0) =0, VQ € R. (1.2.2)

Dans les chapitres qui vont suivre, le parametre f correspond a une déformation d’un objet géométrique.
On considerera des déformations d’anneaux, de disques et d’ellipses qui vivront dans un espace de dimension
infinie. I” équation (1.2.2) signifie que ces formes géométriques seront des poches tournantes pour n’importe
quelle vitesse de rotation uniforme. L’idée est maintenant de venir perturber ces formes pour créer de
nouvelles solutions. Moralement, si le disque est solution pour n’importe quelle vitesse, on se dit qu’en
tordant un peu son bord, on pourra trouver une vitesse pour laquelle la forme obtenue sera une solution.
En vertu du théoreme des fonctions implicites, on voit qu'une condition pour espérer avoir des solutions
non triviales est que le noyau du linéarisé autour de (0,0) ne soit pas réduit & zéro. Plus précisément on va
demander au linéarisé de vérifier les conditions suivantes

dim(Ker(DfF(0,0))) =1 avec Ker(D;F(0,0)) = Vect(fo) (1.2.3)

et
dim(Y/Im(DfF(0,0))> =1. (1.2.4)

Autrement dit, on demande & D;F(0,0) d’étre un opérateur de type Fredholm d’indice zéro. La prochaine
étape est d’utiliser ces hypothéses pour ramener notre probleme de dimension infinie & un probléeme de
dimension finie en faisant appel a la réduction de Lyapunov-Schmidt. Tout d’abord, grace a (1.2.3) on peut
trouver un sous-espace fermé X de X tel que

X = Vect(fo) @ X.

Si Y désigne 'image de DyF(0,0) que l'on suppose fermée dans Y, d’apres (1.2.4) on peut écrire la
décomposition suivante

Y =Y @ Vect(W).

La réduction de Lyapunov-Schmidt permet d’isoler la partie dimension infinie de la perturbation et de
I’exprimer en fonction des autres parametres en utilisant le théoreme des fonctions implicites. Cette technique
repose sur 'utilisation de deux projecteurs,

P: X — Vect(fo) et Q@:Y — Vect(W).
Pour f € X on peut donc écrire la décomposition suivante,

f=g+kavecg=Pfetk=(Id—P)f.
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L’équation (1.2.1) est donc équivalente au systéme
Fi(Q9,k) 2 (Id—Q)F(Q,g+k) =0et QF(Q,g+ k) = 0. (1.2.5)
On remarque que
F1(0,0,0) =0,

Fy est réguliere et Dy F1(0,0,0) : X — Y est inversible. On peut donc appliquer le théoréme des fonctions
implicites et les solutions de F;(£2,g,k) = 0 sont localement autour du point (0,0,0) paramétrisées par
k= (8, g) avec

@ : R x Vect(fo) = X

qui est réguliere. Le systéme (1.2.5) est donc localement autour de (0,0,0) équivalent & I’équation posée en
dimension finie

F(Q,t) 2 QF(Qtfo + 0(Q,tfo)) = 0. (1.2.6)

Comme on a
F5(0,0) =0,

en utilisant un développement de Taylor & Pordre un, on montre que (1.2.6) est équivalente & I’équation
suivante qui porte le nom d’équation de bifurcation réduite

1
Fy(Q,t) £ /o QDyF(Q, stfo + ¢(8, stfo))(fo + Oy0(82, st fo) fo)ds = 0.
On a toujours
F5(0,0) =0

et notre but maintenant est d’appliquer le théoreme des fonctions implicites a la fonctionnelle Fy. Pour cela
on va supposer que la condition dite de transversalité est vérifiée

0aDfF(0,0)fo ¢ Im(DsF(0,0)). (1.2.7)
Cette hypothese nous assure la bijectivité du linéarisé
90 F»(0,0) = QdqDF(0,0) # 0.
On peut donc appliquer le théoreme des fonctions implicites pour obtenir localement autour de (0,0) que
Q =Y(t).
Finalement, pour ¢t dans un voisinage de zéro on a

F(p(t), tfo + o((t),tfo)) = 0.

Ceci acheve la démonstration du théoreme de Crandall-Rabinowitz dont I’énoncé précis sera donné par
exemple dans le chapitre 2.

Dans les chapitres 3 et 4 notre but était d’obtenir plus de précisions sur ’ensemble décrit par le couple
(Q,1) et le théoréme de Crandall-Rabinowitz n’était plus suffisant. On a prouvé que cet ensemble est une
ellipse déformée et une hyperbole déformée et pour le démontrer ils nous a fallu développer la fonctionnelle
jusqu’a 'ordre deux. Nous allons maintenant donner plus de détails sur les résultats démontrés au cours de
cette these.
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1.2.2 Existence de V-states doublement connexes pour les équations quasi-
géostrophiques

Dans ce chapitre, on s’est intéréssé au modele quasi-géostrophique dont les équations sont

00 +v-VO=0, (t,z) € Ry x R
v=—Vi(=A)"20, (1.2.8)
O1t=0 = b

1 , . N .
2 est défini de la maniere suivante

1 0(y)
21 Jre |2 — y|

L’opérateur (—A)

(—A)"20 = dy.
On remarque qu'’il est plus singulier que dans le cas quasi-géostrophique généralisé avec o € [0,1). Cette
singularité avait posée probléeme & Hassania, Hmidi et de la Hoz dans [29, 30] pour étendre leurs résultats
d’existence de V-states simplement et doublement connexes jusqu'a @ = 1 . En effet, 'espace fonctionnel
proposé ne permettait pas de gérer cette singularitée Il a fallu attendre le papier [8] de Castro et ses collab-
orateurs pour obtenir un espace fonctionnel satisfaisant. Ils ont prouvé l'existence de V-states simplement
connexes en déformant un disque. D’un point de vue technique, la différence entre la preuve dans le cas
simplement connexe et doublement connexe apparait surtout dans le calcul du linéarisé et la recherche des
valeurs propres qui conduisent a un opérateur de noyau unidimensionnel. Cependant, les espaces fonction-
nels restent similaires pour les deux preuves. Pour prouver I'existence de V-states doublement connexes, je
me suis inspirée de leurs espaces mais j’ai du les adapter pour pouvoir les utiliser avec le formalisme des
applications conformes. On rappelle que pour ces objets, notre donnée initiale est de la forme 6y = xp avec
D = Dy \ Dy ot D; et Dy sont deux domaines bornés simplement connexes avec Dy C D;. Notre but est de
construire de nouvelles solutions en perturbant ’anneau A, = {z € C,b < |z|] < 1} avec b € (0,1). La preuve
de 'existence de ces solutions suit les idées introduites par Burbea dans [6] et reprises dans [33, 30] dans
le cadre des V-states doublement connexes. La premiére étape consiste a réécrire les équations, on pourra
voir par exemple [29, 30]. On a vu précédemment que le bord du domaine était transporté par le flot. Si
I'on part d’un domaine ayant un bord régulier, au moins de classe C!, alors il peut étre défini de maniere
implicite & 'aide d’une fonction de classe au moins C!, ¢g : R? — R,

OD = {x € R*; po(x) = 0},
avec les hypotheses suivantes: Vo € 0D, Vo (z) # 0,
o < 0sur D et ¢y > 0 sur RQ\E.

On introduit maintenant
F(t,x) = p(™ (¢, 2)),

ou ¢ désigne le flot associé a la vitesse v et qui est donné par

Y(t,x) ==z —&—/(; v(s,¥(s,x))ds.

Dans ce cas, F(t,-) permet de décrire implicitement le bord & 'instant t donné par 9D, = ¢ (t,0D) et elle
vérifie ’équation de transport
OF +v-VF =0.

Soit o € [0, 27] — 7:(0) une paramétrisation de dD;, continument différentiable en t et 7i; un vecteur normal
unitaire sortant & 9D;. En dérivant par rapport a ¢ ’équation F(¢,v:(c)) = 0 on arrive a

3tF + 3t’yt -VF =0.
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Or pour un point du bord, le vecteur VF (¢, x) est colinéaire au vecteur normal 7i; donc on obtient
(O — v(t, 7)) - iy = 0. (1.2.9)

L’équation (1.2.9) signifie que le transport du bord par le flot implique que la vitesse d’un point du bord et
celle de la particule de fluide qui occupe la méme position ont le méme vecteur normal. On commence par
reformuler cette équation en utilisant les notations complexes pour obtenir

Im{ (&e% - U(@%))%’s} =0,

ou le prime désigne la dérivée en la variable ¢. On peut maintenant exprimer la vitesse a 'instant t en
fonction de la vitesse initiale via la formule

o(t, x) = Mg (e ).
On obtient donc la relation suivante
Im {U(ta ’Yt)’?é} =Im {Uo(’Yo)’Tﬁ} .

Comme un point du bord a l'instant t est un point du domaine initial qui a subi une rotation d’angle Qt,
alors on a la relation v, = e**4,. On obtient ainsi I’équation suivante

QRe {z2'} = Im {vg(2)z'} ,Vz € Dy U DD (1.2.10)

ol 2’ est un vecteur tangent au bord dD; ou dD5. La vitesse vg est donnée grace a la loi de Biot-Savart,

w() 1/ Loge ! L e

27 Jop, |z —¢] 27 Jop, |2 —¢]

ou d¢ désigne l'intégration complexe sur les bords respectifs de Dy et Do orientés dans le sens trigonométrique.
Utilisons maintenant les applications conformes pour paramétriser nos bords. Pour cela, on commence par
énoncer deux théoréemes sur ces applications. Le premier est le théoreme des applications conformes de
Riemann.

Theorem 1.2.1. On désigne par D la boule unité ouverte et K C C un domaine borné simplement conneze.
Alors il existe une unique application bi-holomorphe appelée aussi application conforme, ® : C\D — C\ K
qui s’écrit de la maniére suivante

Qn
@(z)zaz—i—zz—n avec a > 0.
neN

De plus, si le bord est assez régulier on peut prolonger ’application conforme jusqu’au bord. Plus
précisément si la frontiere ®(T) est une courbe de Jordan de classe C"*1 48 avec n € Net 0 < 8 < 1 alors
® peut étre prolongée continuement jusqu’au bord par une application de classe C"*1#. On paramétrise
nos bords avec nos deux applications conformes extérieurs ®; : T — dD; avec j € {1,2}. Ensuite on réécrit
(1.2.10) sur chaque bord avec celles-ci pour arriver au systéme d’équations suivant: Pour j € {1,2} et w €T

Gj(Q, P, (I)Q)(w) e Im{ (Q‘I)j (w) - S((I)l, (I)J)(U)) + S(q)g, <I>j)(w)> @;(w)w}
—0

avec

7'(1);(7')—1“(1)‘
S(‘Pi,q)j)(w):]_[r @,(7) — @ (w)] T
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ou le terme en ®’(w) rajouté dans S(®;, ®;) ne change rien a I’équation car orthogonal au vecteur normal
mais permet de mieux controler la singularité. On cherche maintenant notre ensemble de solutions triviales.
On peut remarquer que I’anneau est une poche tournante pour n’importe quelle vitesse angulaire €2, c’est-a-
dire que pour tout 2 € R et pour j € {1,2} on a

Yw e T, G;(Q,1d, bId)(w) = 0.
Nous allons donc essayer de trouver de nouvelles solutions en perturbant ’anneau A, avec b € (0,1) en
utilisant le théoreme de Crandall-Rabinowitz. Dans ce cas, les applications conformes ont la forme suivante,

“+o0
An
2] > 1, @1(2) =z + f1(2) Z+n§:1:zn

et
+oob
o =b =b —.
() = b+ fole) =b2+ 3

Les coefficients de Fourier sont supposés réels ce qui signifie que I’on cherche des V-states symétriques par
rapport a ’axe des abscisses. Dans un premier temps, on a besoin de vérifier que la fonctionnelle est bien
définie. Un des points délicats est de montrer lanalyticité. Plus précisément, considérons ¢ € (0,1) on
introduit les deux ensembles suivants

1
ng{z€C|5<|z|<6} et gz{z€C|5<|z|}.
On désigne par A, 'ensemble des fonctions holomorphes h sur . et telle que

Vze o, h(z)= Z hpz™™ avec h, €R.

n>1

et par ,ZE I’ensemble des fonctions holomorphes A sur C. qui vérifient
“+o0
VzeCe, h(z) =i hn(2" —27"), hy €R.
n=1

Moralement, pour prouver ’analyticité, on a besoin d’abord de s’assurer que

Gi: RxVxV — A
(Q, f1, f2)  — G;(Q, f1, f2)

est bien définie avec V' un voisinage de zéro dans A.. La partie technique consiste & prouver que le terme
S(®;,D;) avec i € {1,2} peut étre étendu analytiquement sur C.. Les termes croisés sont plus simples &
gérer car moins singuliers. On va expliquer les points clés sur un exemple type

_ [ 7O:h(1) — wI-h(w) dT
K = el

avech € Vet W =01 Id+ f avec f € V et on va expliquer comment étendre cette fonction. Tout d’abord,
nous devons comprendre comment nous pouvons prolonger le module. Pour se faire, on remarque que

W (rw) = W(w)[* = b*U~V|r — 12 g(r, w)g(T,w™")
avec la fonction g qui peut étre étendu de la maniere suivante

flrz) = f(2)

V€ o glnz) =1+ b=lz(r—1)
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En utilisant le théoréeme des accroissements finis et le principe du maximum, on arrive & montrer que pour f
assez petit dans une certaine norme, la fonction z € C. — g(7, 2)g(7, 2~1) est holomorphe et n’intersecte pas
le demi-axe réel négatif, ceci nous permet de définir la racine carrée de cette fonction qui va étre holomorphe
sur le méme ensemble. On doit finalement montrer que la fonction

o[ Tuh(r) — wd,h(w)
K(Z)_Z]ﬁ b 17 1]

d
g(r,2) 2g(F )2
-

est holomorphe sur C.. Pour le prouver on utilise le théoreme d’holomorphie sous le signe intégral. Ceci
montre que la fonctionnelle est bien définie. Ensuite, on doit prouver que les solutions existent en vérifiant
les différentes hypotheses du théoreme de bifurcation.

Nous devons donc nous intéresser a l’opérateur linéarisé calculé autour de la solution triviale. Pour
implémenter le théoreme de Crandall-Rabinowitz, nous avons besoin de trouver les valeurs de €2 associées a
un noyau unidimensionnel pour I'opérateur linéarisé. On commence par calculer I'opérateur linéarisé autour
de 'anneau. Le calcul est long et technique et pour obtenir une forme adéquate pour la suite, il nous faut
faire appel aux fonctions hypergéométriques de Gauss. On a aussi eu besoin d’utiliser les fonctions de Bessel
de premiere especes J,,, avec m € N données par

z ) 2k+n

+oo ~1 k
e =3 gt (3

k>0

Pour prendre en compte la symétrie m avec m un entier plus grand que un, on considere
+oo —+o00
hi(w) = g a, " et hy(w) = E ™™t weT.
n=1 n=1

Dans ce cas, on obtient

n>1 "

ou la matrice M,, est donné pour tout n > 2 par

a2 [ S+ M) ~0? A (b)
n bA,,(b) b+ S, — bA1(b)
avec 1
2~ 1
Sn =12 on 1T
s — +
et

() 2 % /0 T ) (t)dt.

Avec cette expression, nous pouvons trouver les valeurs de  tel que le noyau de DG(£,1d, bId) est unidi-
mensionnel. On commence par chercher quelles sont les valeurs de A qui conduisent & un noyau de dimension
un pour M, avec A £ 1 — 2Q. On s’intéresse donc a son déterminant qui est un polynéme du second degré

b
det(M,) = Z(V —2C, + D)
et dont le discriminant réduit associé est

A, = (2 + 1) Sy = (L40*)A1(b)* — 4b° X2 (b).
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Pour des raisons techniques, une restriction sur la symétrie m est imposée afin de s’assurer que A soit une
valeur propre simple pour la matrice M,,. En effet, si la valeur propre est double, on n’est plus confronté a
un opérateur de type Fredholm d’indice zéro et le théoreme de bifurcation ne s’applique plus. Ensuite, on
montre la stricte monotonie des valeurs propres en fonction de n pour conclure sur la dimension du noyau de
la fonctionnelle, la preuve s’appuie sur celle développée dans [30]. Nous pouvons ensuite vérifier les autres
conditions du théoreme de Crandall-Rabinowitz. La condition de transversalité est vérifiée car nous avons
évité le cas ou la valeur propre était double. On peut donc appliquer le théoreme de bifurcation et établir
Iexistence de nos V-states. Le résultat démontré est le suivant

Theorem 1.2.2. Soit b € (0,1) alors il existe N € N*\ {1} tel que pour tout entier m > N il existe
deux courbes de V-states doublement connexes m-symétriques solutions de l'équation (1.2.8) ayant un bord
analytique qui bifurquent de Uanneau Ay = {z € C,b < |z| < 1} aux vitesses angulaires

1 1
avec
1 [t
Am(b) £ 5 / I (bt) T (t)dt

0

et
S A gm—l 1
™= 2k +1

ot Jy, désigne la fonction de Bessel de premiére ordre.

Remark 1.2.3. Dans [30], Hmidi et all avaient démontré l'existence de V-states doublement connexes pour
a € (0,1). En passant d la limite lorsque « tend vers un dans leurs résultats, ils avaient prédit ce que jai
démontré.

1.2.3 Existence de petites boucles dans le diagramme de bifurcation pres des
valeurs propres dégénérées.

Le but de ce chapitre est d’étudier quelques propriétés locales du diagramme de bifurcation des poches
doublement connexes en rotation uniforme pour les équations d’Euler. On redonne les équations du tourbillon
pour le modele Euler incompressible dans le plan

Ow+v-Vw=0, (t,x) € Ry xR?,
v=-V(-A)"lw, (1.2.11)
Wit=0 = Wo

L’ existence de V-states m-symétriques doublement connexes obtenues en bifurquant de I’anneau A, est
connue. On a vu que pour chaque symétrie, on pouvait bifurquer si b < b,, ou b,, est 'unique solution
dans (0,1) de (1.1.6) et correspond & un cas dégénéré. Notre but est de comprendre ce qui se passe dans le
diagramme de bifurcation pres des cas dégénérés ou 'opérateur n’est plus de type Fredholm d’indice zéro. Un
étude numérique a été faite dans [33]. Ils ont analyser les différentes structure du diagramme de bifurcation
qui apparaissent lorsque le parametre b varie. L’étude qu’ils ont mené a été faite pour m = 4 et deux cas sont
apparues. Ils ont montré dans un premier temps que si ’on choisi un b proche de b4 alors on peut construire
des solutions pour tout Q € (Q;,9), il n’y a pas de "trou” dans le diagramme de bifurcation et les deux
branches issues des valeurs 2 et QI se rejoignent pour former des petites boucles dans le diagramme de
bifurcation, voir figure 1.2. De plus, les solutions construites pour les valeurs extrémes de 2 sont proches de
I’anneau et se sont entre temps déformées de la maniére suivante, les deux frontiéres sont passées du cercle
& un carré arrondi puis se sont déformées en un cercle avec un décalage de I1/4 entre les deux. Cependant
lorsqu’ils considerent des valeurs de b assez éloignées du cas dégénéré, ils n’arrivent a construire des solutions
que pour Q € (9,9, +e_Jet Qe [Qf —e.,Qf), avec e et e, des constantes positives. Il y a donc un
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trou dans le diagramme de bifurcation. Dans ce cas, la frontiére extérieure reste proche du cercle tandis
que la frontiere intérieure se transforme en un carré légérement arrondi non convexe avec des singularités
qui semblent apparaitre aux coins. Ces observations numériques rentrent dans les résultats connues sur la
bifurcation globale, voir [42], ol sous certaines hypothéses, on peut montrer que les branches se rejoignent
ou qu’elles sont non bornées.

b=0.63

Figure 1.2: Courbes de bifurcation des premiers coefficients de Fourier des deux applications conformes a1,1 and az1
par rapport a €.

Notre but est de prouver analytiquement I'existence des petites boucles dans le diagramme de bifurcation
pour b proche de b},. Plus précisément, nous allons montrer que

Theorem 1.2.4. Soit m > 3 et b}, lunique solution dans (0,1) de l’équation (1.1.6). Alors il existe
b, € (0,0},) tel que pour tout b dans (b, b)) les deux courbes de V-states m-symétriques données par le
Théoréme 1.1.5 se rencontrent et forment une boucle.

Comme pour le résultat précédant, nous pouvons réécrire les équations (1.2.11) avec les applications
conformes et montrer qu’elles sont équivalentes a: pour j € {1,2} et we T

GO f)(w) 2 T (9;0) - S(01,8;)(w) + 502, 8;)(w0) | By}
S (1.2.12)

avec

Azl—QQ,@](w):waJrfj(w) Oﬁblilet b2:b

et

S(@i,éj)(w)ﬁmég(r)dr

On définit pour j € {1,2}

Ajn
hj (’IU) = Z wnirl—l :

n>1

On peut calculer lopérateur linéarisé autour de la solution triviale pour la fonctionnelle G = (G, G2)

DG(,0,0)(h1, ho)(w) = > Mym(\) ( a1, )enm

a
n>1 2,n
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ou e, = Im(w™) et pour tout n > 1 on a

nA —1—nb? prtt
Mn(3) = ( —b" b(nA —n + 1) > '

Soit m > 3, on rappelle que b}, désigne I'unique solution dans (0, 1) de 1’équation (1.1.6) et que dans ce cas
la valeur propre est double. Pour tout b € [0,b%,), les valeurs propres de M,, sont simples et sont données
par

1+0% 1
AE = + =/A,(b
avec
1— 12 2
An(b)( 5 nl) — ™ > 0.

Notre stratégie est de reprendre la preuve du théoreme de Crandall-Rabinowitz qui a été développée dans la
section 1.2.1 en effectuant un développement de la fonctionnelle autour de la solution triviale. Cependant
pour pouvoir prouver l’existence de la boucle dans le diagramme de bifurcation nous aurons besoin d’aller a
Pordre deux. En effet, le terme linéaire dégénere pour le cas critique et on ne peut pas espérer un résultat
d’existence uniforme en b si ’on se contente de 'ordre un. On introduit maintenant les notations dans notre
cas. Tout d’abord, on peut montrer que

Ker(9;G(AE,0,0)) =< v, > .

Si G est définie sur R x X,,, et que son espace d’arrivé est Y,,, on peut montrer qu’il existe &},, un sous-espace
fermé de X,, tel que
X =< Uy > BXpy.

De plus si on note Y, 'image de @G(A,ﬁ, 0,0), on peut montrer qu’elle est de codimension un dans Y, et
qu’on peut écrire la décomposition suivante

Y, =< W,,, > ®Vm.
On introduit donc nos deux projecteurs utilisés dans la réduction de Lyapunov-Schmidt
P:X,,—=»<v,>eQ:Y,—~<W, >.
Maintenant, pour f = (f1, f2) € X, on utilise la décomposition
f=g+kavecg=Pfetk=(Id—P)f.
L’équation de la V-state (1.2.12) est donc équivalente au systéme
Fi(\ g, k)2 (Id— Q)G(\,g+k)=0et QG(\, g+ k) =0.

On montre qu’on peut appliquer le théoreme des fonctions implicites a F; et que les solutions de I’équation
Fi(\, g, k) = 0 sont localement décritent autour du point (Af,0) par la paramérisation k = ¢(), g) avec

m?
p:RX <vy >—= A,
qui est réguliere. Finalement résoudre I’équation de la V-state pres de (Af,0) est équivalent & résoudre

QG (A, tvm + @(\, tvy,)) = 0. (1.2.13)

En utilisant un développement de Taylor & lordre un, on montre que résoudre (1.2.13) est équivalent &
résoudre 1’équation réduite de bifurcation

1
Fy(\t) £ / QOrG(A, stvp, + ©(A, stvy,)) (Um + Ogp(A, stvm,)vm)ds = 0.
0

25



Contrairement & la preuve de Crandall-Rabnowitz ot un développement de F, & I'ordre un autour de (A%, 0)
suffit, nous avons eu besoin de calculer le développement & ’ordre deux. Apres de nombreux calculs tech-
niques nous obtenons

(A1) = am(b)(A =A%) + cm (D)X = N5)2 4+ dim (D)8 + (A = A5)? + %) e(A, 2)

avec
lim  e(\t) =0.
)= (Ah,0)

On peut montrer qu’il existe by, tel que pour tout b € (by,, by x) on a
am (b) <0, ¢m(b) >0 et dp(b) > 0.

Finalement, les zéros de F5 sont sur une ellipse perturbée. On montre qu’ils peuvent étre paramétrisés par
une courbe de Jordan réguliere en appliquant le théoreme des fonctions implicites et qu cette courbe possede
deux points d’intersections avec I’axe des réels. Ces points d’intersections correspondent a des V-states m-
symétriques donc on en déduit que le deuxieme point d’intersection correspond & la solution triviale (A, 0)
ce qui implique la formation de boucles dans le diagramme de bifurcation.

1.2.4 Existence de V-states pour les équations shallow water quasi-géostrophiques
et étude des perturbations du diagramme de bifuraction.

L’objectif de ce chapitre est de prouver I'existence de V-states pour le modele shallow water quasi-géostrophique
dont on rappelle les équations

0q+v-Vqg=0, (t,r) € Ry x R%
v=—-VI(-A+e2)" g, (1.2.14)
qjt=0 = 9o

avec € € R. On va de plus étudier le comportement local du diagramme de bifurcation pour des faibles
amplitudes en € et voir les différences par rapport au diagramme obtenu pour Euler. Dans un premier temps
nous avons prouvé l'existence de V-states simplement connexes obtenues en bifurquant du disque a ¢ fixé.
Nous avons également montré un résultat d’existence uniforme en € pour € dans un voisinage de zéro. Pour
montrer l'existence a € fixé on utilise le théoreme de Crandall-Rabinowitz classique tandis que ’existence
uniforme requiert une version modifiée ou le parametre est pris en compte. Dans tous les cas, nous devons
réécrire les équations (1.2.14) comme précédemment et on montre qu’elles sont équivalentes a: pour tout
weT

[1>

G(e,Q, f)(w) Im {Qq)(w)q)’(w)w— @’(w)@ﬁ@’(ﬂ[(ﬁ(@(w) — <I>(T)|)d7'}
— 0 (1.2.15)
K§(x) = Ko(lelz) + log (|e]/2)

ou K désigne la fonction de Bessel modifiée de deuxieme espece d’ordre zéro. Son expression est la suivante,
voir [69, p. 79-80],

z\2m
((f,ig)z P(m+1), Ky(z) = —Ki(2), (1.2.16)

Ko(2) = —log (;)Io(z) + i

m=0

avec

— 7.

T =

(1) =—y and VmeN*, ¢Y(m+1)= Z
k=1
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Le noyau a été additionné d’une constante pour tuer la singularité en € et obtenir une meilleur régularité en
cette variable mais cette astuce ne change rien aux équations. On peut montrer que pour toute valeur de
e, le disque est une poche tournante pour n’importe quelle vitesse, en effet, pour tout 2 € R et pour tout
weTona

G(g,9,0)(w) = 0.

On va donc considérer des perturbations du disques,
+oo
(w) =w+ f(w) =w+ Zanwn.
n=0

Il nous a fallu calculer I'opérateur linéarisé autour du disque et trouver une expression compacte. Contraire-
ment au modele d’Euler, le noyau n’est pas explicite et nous avons du faire appel aux fonctions de Bessels
modifiées de deuxieme espece d’ordre m, I, et K,,, pour m € Nx. On rappelle leurs expressions,

+oo (g) m—+2n

Im(Z) = Z mv \arg(z)| <7

n=0
et
+00 z n+2m .
Ku(z) = ( 1>"+1m_0m(!§fl+w<1og (2)—;¢(m+1)—;¢(n+m+l)>

L’identitée clé pour trouver une forme sympathique de l'opérateur linéarisé est la représentation intégrale
de Nicholson pour I,,(2) K, (z) , voir [69, p. 441] : pour n € N

2(=1"

™

L,(2)K,(z) =

/2 K(2z cos 0) cos(2nb)do. (1.2.17)
0

On considére maintenant
—+o0
h(w) = E anw"
n=0

et on obtient que

+oo
DG(e,2,0)(h)(w) = 3 an(n+1) (Qn+1(s) - Q) ens1, avec en = Im(w™)
n=0

avec
Qn(e) = L(leKr(le]) = Im(le)) Km(le])-
On montre que la suite (Im(|£|)Km(|5|)) est strictement décroissante et on en déduit la stricte monotonie
m>0

de la suite (), >2 qui nous permet de conclure sur les valeurs de € qui induisent un noyau unidimensionel.
Les autres conditions du théoreme de bifurcation sont vérifiées. Pour ’existence uniforme en ¢, il suffit de
vérifier que la fonctionnelle a une certaine régularité en la variable . Le résultat que 'on a démontré est le
suivant

Theorem 1.2.5. Soit ¢ € R and o € (0,1). Alors pour tout entier m > 1 il existe une courbe de V-states
m-symétriques obtenue en bifurquant du disque unité o la vitesse angulaire

() = LileKr(le]) = Im(le)) Km(le])-
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De plus, Uexistence est uniforme en e, pour € assez petit, au sens suivant. Ils existent a > 0 et des fonctions
continues ¢ : (—a,a)> = R, ¥ : (—a,a)? = CY(T) qui vérifient

m—1
?(0,0) = 2(0) = o=, (0,0) =0
tel que
Q=pe,t), Pl tw)= Zanm,l(e,t)ﬁnm_l
n>2
et

G(e, (e, t),w+tw™ ! + (e, t,w)) =0,V (e,t) € (—a,a)’, YweT.

Remark 1.2.6. On peut commencer par remarquer que le cas m = 1 est trivial, il correspond a la trans-
lation du disque unité. De plus, la régularité démontrée n’est pas optimale. Le noyau considéré étant une
perturbation réguliere du logarithme, on suppose que l’on peut montrer l’analiticité de ’application conforme
comme dans le cas d’Euler, voir [§].

Remark 1.2.7. On sait que pour les équations d’Euler, le diagramme de bifuraction dans le cas des V-states
simplement connexes est constituée de courbes pitchforks obtenues en bifurquant des disques de Rankine pour
chaque symétrie m. Notre théoréme montre que localement cette structure est préservée pour n’importe quelle
perturbation en € et on ne perds pas de symétries. On verra plus loin que ce n’est plus le cas lorsqu’on essaye
de construire de nouvelles solutions en perturbant les ellipses de Kirchhoff.

Dans une deuxieme partie, nous nous sommes intéréssées a la branche des solutions 2-symétriques et
nous avons chercher a comprendre comment cette branche allait étre perturbée lorsque ’on fait varier e.
Nos résultats sont en liens avec des travaux plus généraux liés a la bifurcation imparfaite qui consiste a
étudier comment la structure géométrique du diagramme de bifurcation varie en fonction d’'un parametre.
C’est un sujet nouveau dans 1’étude des V-states et on a montré quelques résultats intéressants. On connait
explicitement la branche 2-symétrique pour Euler qui est constituée des ellipses de Kirchhoff. D’autres
branches de V-states bifurquent a partir des ellipses avec de maniere alternée la symétrie deux et la symétrie
un. Numériquement, on observe que pour de faibles valeurs de ¢ la branche 2-symétrique pert son caractere
connexe et devient fragmentée en une famille dénombrables de composantes connexes. Nous avons réussi a
prouver partiellement ce résultat. Pour commencer, nous avons montré que pour ¢ suffisament petit nous
pouvions fabriquer des solutions qui allaient étre des perturbations des ellipses de Kirchhoff. Pour se faire
on commence par utiliser que les ellipses sont des solutions triviales pour le modele d’Euler, c¢’est-a-dire que

e (o, 14622,%> —0,VQ € (0,1)

ouag:w e T w+ QW est la paramétrisation conforme de l'ellipse centrée en zéro de demi-axes £@) avec
Q €[0,1). On sait que 'on peut construire des solutions pour € nul en perturbant Uellipse, c¢’est-a-dire que
notre application conforme prends la forme suivante

+oo
O(w) = ag(w) + f(w) =w+ Z faw™, avec f, €R
n=2

et on voudrait savoir si le résultat persiste pour € non nul. Pour se faire on introduit maintenant

N2

Fe) 26 (s T ag 1),

Notre but est de résoudre
F(e,Q,f)=0 (1.2.18)

en appliquant le théoreme des fonctions implicites. On sait que

F(0,Q,0) =0, VQ € [0,1).

28



Soit m > 3 un entier et on désigne par Q,, I'unique solution dans [0,1) de I’équation

1— 2
1+Q™ — @ m = 0.
4
Ils ont montré dans [34] que la suite (Q,)m>3 est strictement croissante avec
G = 1.

Nous allons introduire deux ensembles distincts,

Sreso £ {Q2m7m > 2} et Snreso £ {Q2m+17m > 1}

qui sont appelés ensemble de résonnance et de non résonnance et qui vont avoir des comportements différents
par la suite. Le calcul de 'opérateur linéarisé pour Euler autour de ellipse a été fait dans [34], on rappelle
sa forme ici. Si h(w) =), <, a,w™ alors

1
Loh£ DyF(0,Q,00h = 5 > Gniren;  en(w) =Im(w™),

n>1
avec
1 2
g2 = 5(1+Q) as,
93 = 2Q%as,
_ QZ
In+1 = (1 + Qn - n) (an+1 - Qan—l)y Vn > 3.

De plus, le noyau de L est non trivial si et seulement si Q = Qpn € Speso U Snreso €t dans ce cas il est
unidimensionel engendré par le vecteur

wm-i—l
1 - Qu?’

Nous avons étudié la structure du diagramme de bifurcation loin de ’ensemble S,.s,. Plus précisément,
soit m € N, on fixe § < M et on considere I, 5 = [Q2m + 9, Q2m+2 — 0]. Nous avons commencé
par prouver la stabilitée de la branche des ellipses de Kirchhoff en montrant qu’il existe une branche de
solution, pour e assez petit, qui vit pres de cette branche. On commence par choisir I'espace dans lequel
vit la perturbation pour obtenir une solution 2-symétrique de telle sorte que le noyau du linéarisé autour
du point (0,Q,0) pour @ dans 'ensemble I,, 5 est filtré. Pour tout Q € I, 5, le noyau de D;F(0,(Q,0) est
trivial si Q # Qam+1 et pour Q = Q241 il est engendré par vey,+1(w). On choisi donc un espace pour la
perturbation qui ne contient pas ce vecteur en la prenant sous la forme

flw) = Z hpw®™ L,

n>2

U (W)

Dans ce cas, pour tout @ € I, 5, Lo est injective. Ensuite, on montre la surjectivité de la différentielle et
on peut appliquer le théoreme des fonctions implicites pour construire nos solutions. Le théoréme que nous
avons démontré est le suivant

Theorem 1.2.8. On considére I’équation de la V-state (1.2.18) et soit m € N* et § < M On
définit Ly, s = [Qam + 0, Qami2 — 6. Alors il existe g > 0 et une fonction

f: [—60,50] X Im75 — XQ
(E7Q) — f(57Q)
de classe Ct tel que
F(Ea Q7 f(ga Q)) =0 V(Ea Q) € [_50750] X Im,&-

En particuler, la courbe Q € I, s — ag + f(e, Q) paramétrise des V-states deuz-symétriques qui vivent prés
des ellipses de Kirchhoff
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Maintenant que nous avons prouvé l'existence d’'une branche 2-symétrique pour € petit qui est proche
de celle d’Euler, on va prouver qu’on peut bifurquer de cette branche de solutions constituées d’ellipses
perturbées pour construire des solutions un-symétrique pres de l’ensemble S,.s,. Pour le prouver, nous
avons une nouvelle fois utilisé la réduction de Lyapuno-Schmidt pour construire nos solutions. On sait que

,merl

Ker(9;F(0,Qm,0)) =< v, > avec vy, (w) = 10w

Si X désigne ’espace dans lequel vit la perturbation et que I'espace d’arrivé de F est Y, on peut montrer
qu’il existe X' un sous-espace fermé de X tel que

X =< v, > dX.

De plus si on note Y 'image de DyF(0,Q,,,0), on peut montrer qu’elle est de codimension un dans Y et
qu’on peut écrire la décomposition suivante

Y =< W, > o).
On introduit donc nos deux projecteurs utilisés dans la réduction de Lyapunov-Schmidt
P: Xv—o<v,>ell: Y —»<W, >.
Maintenant, pour f € X, on utilise la décomposition
f=svy, +gavec g€ X et Pf = sv,.
On montre que (1.2.18) est équivalente au systéme
Fi(e,Q,5,9) 2 (Id —T)F(¢,Q, 50, +g) =0 (1.2.19)

et
Fy(5,Q,8,9) £TIF (¢, Q, sv,, + g) = 0. (1.2.20)

Comme pour les preuves précédentes, on applique le théoreme des fonctions implicites a F autour du point
(0,Qm,0,0) et on obtient une paramétrisation de g par une application ¢ qui est de classe C!,

g = 90(85 Q7 S) et par unicité @(57 Q,O) = f(57 Q)

On montre ensuite que I’équation (1.2.20) est équivalente &

9(e,Q,5) =0
avec

Q%) = 19, P(2, 0, (e, 0,0)) (vm + Dup(e, Q,0)), s = 0.

puis on applique le théoreme des fonctions implicites & § pour obtenir nos solutions. Plus précisément, le
théoreme démontré est le suivant,

A { Fz(E»Q»S’@(E-,Q-,S)), s#0 (1 5 21)

Theorem 1.2.9. Soit m > 3 un entier impair. Alors il existe g tel que pour tout € € [—egp,ep], il existe
une courbe de V-states un-symétriques obtenue en bifurquant au point Qe . proche de Q,, de la branche
deuz-symétrique construite au théoréeme 1.2.8.

Le dernier résultat que nous avons démontré est I’éclatement de la branche deux-symétrique en plusieurs
composantes connexes dans le diagramme de bifurcation pour un ¢ petit non nul qui a été observé numériquement,
voir figure 1.2.4

L’éclatement des singularitées semble étre vrai pour ’ensemble S,..s, mais nous ne le montrons anali-
tiquement que pour Q4. De plus nous avons réussi a prouver la séparation des deux branches uniquement
localement autour de Q4. Le résultat est le suivant,
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Figure 1.3: Eclatement de la branche deux-fold quand € = 0.01 dans (a) et € = 0.1 dans (b)

Theorem 1.2.10. On considére 'équation de la V-state donnée par (1.2.18). Alors il existe eg > 0 tel que
pour tout € € (—eg,€0) \ {0} il existe ro tel que l'ensemble

{F(EaQ’f) = 07 |Q - Q4| < Tsaf € X27 ||f||C1+°‘ < 7’5}

est donné par l'union de deux courbes unidimensionnelles disjointes.

Pour démontrer ce théoréme on va faire un développement de I’équation (1.2.18) jusqu’a l'ordre deux.
La premiere subtilitée est de faire disparaitre la singularité logarithmique en € au second ordre en le faisant
rentrer dans le terme de rotation et il n’a donc plus de contribution en tant que terme non linéaire. Pour
cela on commence par réécrire le noyau de la maniére suivante pour tout z > 0

K§(x) = (1) — log(a) — T-a®log(x) + T (1(2) — log(|e|/2))a? + " log e R* ()

avec R qui est au moins de classe C? dans la variable x et analytique en €. On note de plus
Gg(Q,®) = G(0,Q,)

avec G qui est définit par (1.1.20). On utilise la nouvelle forme du noyau pour obtenir une nouvelle expression
pour G(g,Q, ®).

G, N,®) = —Gp(Q.,9)+ %Im{Gl(@)} +elog|e| Im{G3 (g, D)}
avec . 62 —
0. 20+ 5 (v(2) - log(l<l/2) £ TP (i
G1(P) = WP (w) ]{Ilog(l@(T) — @(w)])|@(r) — 2(w)[*®'(r)dr
et

Ga(e,®) & —w &' (w) ﬁ ' (T)RE(|®(7) — @(w)])dT.
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Comme avant, on cherche des solutions qui sont des perturbations de I’ellipse
(I):aQ+f,f€X2,

et on impose la condition
1— 2
Q. = @ .
4

Finalement 1’équation de la V-state est équivalente a

R 2
Fe.2,®) 2 Fp(Qf)+ TIm{F(Q )} + &' g || In{Fa(e, Q. )} =0

avec

Fp(Q.f) & -Gr((1 - Q*)/4aq + ), Fi(Q.f) 2 Gi(ag + f)
et
F2(53Q7f) £ GQ(Ean +f)

Apres cette modification faite, notre fonctionnelle est plus réguliere en £ et on développe notre équation a
Pordre deux apres avoir une nouvelle fois utilisé la réduction de Lyapunov-Schmidt. On écrit notre perturba-
tion sous la forme f = sv4 + g comme précédemment, g est obtenue en appliquant le théoreme des fonctions
implicites et on se ramene a devoir résoudre une équation du type

U(e, Q. 5) = [ag? +bs(Q — Qa) + cs” + (. Q, )] ea

avec
a>0,b>0et c<O.

Quitte a faire des changements de variables, cela revient a résoudre
2 av2 ,iO2 1 A _
ag® — X +0Q° +£(6,Q,X)=0

avec tous les parametres positifs. Nos solutions sont cherchées sous la forme d’une perturbation de la solution

sans le petit terme,
la b
X =4 152+1Q2+y
c e

et la perturbation est obtenue dans les deux cas en montrant qu’elle est solution d’un probleme de point
fixe. Pour obtenir la contraction de I'application, on va devoir utiliser que notre fonctionnelle possede une
certaine régularité en €. C’est pour cela que la partie singuliére en ¢ a di étre masquée. Ensuite on montre

que nos deux courbes Q + /22 + %QQ +11(Q) et Q — —y/%e? + %QQ + y2(Q) ne s’intersectent jamais

ce qui montre la séparation de la branche en deux parties distinctes.
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Chapter 2

Relative equilibria with holes for the
surface quasi-geostrophic equations

Rendre I’ame? D’accord, mais a
qui?

— Pensées, provoc et autres
volutes,
Serge GAINSBOURG
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This chapter is the subject of the following publication:
Renault, Coralie, Relative equilibria with holes for the surface quasi-geostrophic equations.
Journal of Differential Equations,263,2017,no. 1,567-614.

Abstract. We study the existence of doubly connected rotating patches for the inviscid surface quasi-
geostrophic equation left open by de la Hoz, Hassainia and Hmidi in 2016 in [30]. By using the approach
proposed in 2016 by Castro, Cérdoba and Gomez-Serrano in [8] we also prove that close to the annulus the
boundaries are actually analytic curves.

2.1 Introduction

In this paper we investigate the surface quasi-geostrophic (SQG) model which describes the evolution of the
potential temperature 6 according to the transport equation,
00 +u-V0=0, (t,7) € Ry xR?,
uw=—V+t(=A)"20, (2.1.1)
9\t=0 = by

where u refers to the velocity field and V+ = (—d,,d;). The operator (—A)~2 is defined as follows

(—A) 20z :% 3 |j(y)y| .

This model is used to study the atmospheric circulations near the tropopause and the ocean dynamics in
the upper layers, see for instance [27, 39, 45]. This nonlinear transport equation is more singular than the
vorticity equation for the 2D Euler equations where the connection between the velocity and the vorticity is
given by the Biot-Savart law

u=-VH(—=A)7t0.

Another model appearing in the literature which interpolates between the (SQG) and Euler equations is the
(SQG), model, see [15], where the velocity is given by

u=-VH(=A)""20, ac(0,2).

These equations have been intensively studied during the past few decades and abundant results have been
established in different topics such as the well-posedness problem or the vorticity dynamics. For instance, it
is well-known that for Euler equations when the initial data 6, belongs to L> N L' then there is a unique
global weak solution § € L>°(R™; L> N L').This result is due to Yudovich, see for instance [72]. This theory
fails for @ > 0 due to the singularity of the kernel. However, the local well-posedness can be elaborated
in the sub-class of the vortex patches as it was shown in [11] and [26]. Recall that an initial datum is a
vortex patch when it takes the form yp, which is the characteristic function of a smooth bounded domain
D. The solutions keep this structure for a short time, that is, 6(t) = xp, where D; is another domain
describing the deformation of the initial one in the complex plane. The global existence of these solutions is
an outstanding open problem except for Euler equations in which case Chemin proved in [13] the persistence
of smooth regularity globally in time. Note that a significant progress towards settling this problem, for «
enough close to zero, has been done recently in [44]. Another direction related to the construction of periodic
global solutions through the bifurcation theory has been recently investigated. They correspond to rotating
patches also called V-states or relative equilibria. In this setting the domain of the patch is explicitly given
by a pure rotation with uniform angular velocity, that is, D; = Ry, oD where Ry, o is the planar rotation
with the center xy and the angle Qt; the parameter 2 is the angular velocity. The first example of rotating
patches goes back for Euler equation to Kirchhoff who discovered that an ellipse of semi-axes a and b rotates
uniformly with the angular velocity Q = %; see for instance [4, p304] and [46, p 232]. One century later,
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Deem and Zabusky gave in [17] numerical evidence of the existence of the V-states with m—fold symmetry
for each integer m € {2,3,4, 5} and afterwards Burbea gave an analytically proof in [6]. The main idea
of the demonstration is to reformulate the V-states equations with the contour dynamics equations, using
the conformal parametrization ®, and to implement some bifurcation arguments. The bifurcation from the
ellipses to countable curves of non symmetric rotating patches was discussed numerically and analytically in
[8, 37, 40]. On the other hand we point out that the extension of this study to the (SQG),, was successfully
carried out in [7, 29]. Moreover the boundary regularity was achieved in [7, 8, 37].

The existence of V-states with one hole, also called doubly connected V-states, has been recently explored in
[30, 33]. To fix the terminology, a patch 8y = xp is said to be doubly connected if the domain D = D; \ Dy
with Dy and D, being two simply connected bounded domains such that the closure Dy is strictly embedded
in Dy. The first result on the existence of m-fold symmetric V-states bifurcating from the annulus A, =
{z;b < |z] < 1} is established in [30]. Roughly speaking, it is shown that for higher modes m there exist two
branches of m-fold symmetric doubly connected V-states bifurcating from the annulus at explicit eigenvalues
QF . Similar result with more involved computations was obtained for (SQG), model with € [0,1), see
[33]. Actually, it is shown that for given o € [0,1) and b € (0,1), there exists N € N such that for each
m > N there exists two curves of m-fold doubly connected V-states bifurcating from the annulus A, at the
angular velocities

0 = L (1578 + (1 - )AL 0) £ & v/A (D)
with
Ap(a,b) = (7 +1)Sm — (1 + 62 A1 (5))° — 46*A2, (b),
+oo
A (b) 2 % /O Jm(bt)Jm(t)%
and

S 2 A (1) — Ay (1).

Where J,,, refers to the Bessel function of the first kind.

The main goal of this paper is to study the same problem for the SQG equation (4.1.1) corresponding to
a = 1. Our aim is twofolds. First we shall establish the existence of doubly connected V-states and second
we shall prove that the boundary is analytic. The main result of this paper reads as follows.

Theorem 2.1.1. Letb € (0,1), there exists N € N*\{1} with the following property: For any integer m > N
there exist two curves of m-fold doubly connected V-states with analytic boundaries for (4.1.1) bifurcating
from the annulus A, = {z € C,b < |z| < 1} at the angular velocities

i =1 [(1- %)sm - 0)] £ % An(D) (2.1.2)

where Sy, A and A, are defined above by taking o = 1.

e For o = 1, the expression of S, can be simplified and takes the form

1

n

1

12k+1

Sy =

3w
i

e As we shall see later in the proofs, the number N is defined as the smallest integer such that

14 b2 2b

Sy >b (1+bA1(b) + 1+bAN(b)> .

e Our results are in line with results foretold in [30].

35



Now we shall sketch the proof of Theorem 4.5.1 which relies on Crandall-Rabinowitz’s theorem applied in
suitable Banach spaces that capture the analyticity of the boundary. We mention that these spaces were
introduced in [8] in order to study the simply connected V-states. The first step is to write the bound-
ary equations using the exterior conformal parametrization of the domains D; and Ds. These conformal
mappings ®; : D¢ — Df have the following structure

Vel > 1, @y(z) =2+ > ‘:—Z and  By(z) =bz+ Y 27
neN neN

with D being the unit closed disc. The Fourier coefficients are supposed to be real meaning that we look only
for the V-states which are symmetric with respect to the real axis. Notice also that when the boundaries
are assumed to be enough smooth then the ®; admit unique univalent extension up the boundary. We recall
from Section 4.4.3 that the boundaries of the V-states are subject to the equations: For j € {1,2} andw € T

G(2, @1, @) (w) 2 Tm { (20 (w) = S(@1,25)() + (2, ®;) () ) T (@] |
=0

with
T®i(7) — wd’(w) dr

(0 ))(0) = f I

To apply the bifurcation arguments we make use of the Banach spaces X¥t1°8 and Y*~! that will be fully
described in the subsection 2.3.2. The main difficulty is to show that the functionals G; send a small
neighborhood in X*+1°¢ of the trivial solution (Id,bId) to the space Y*~!. This will be done carefully in
Section 2.4 where additional regularity properties will also be established. The second step is to compute
explicitly the linearized operator of the vectorial functional G = (G1, Gz2) at the annular solution (Id, b1d).
This part is very computational and after using special structures of the Gauss hypergeometric functions we
obtain the following compact expression: Given

+o0o +00
hi(w) = Z ap "  and  he(w) = Z ", weT
n=1 n=1

we get

DG(Q,1d, b1d)(hr, ha)(w) = %Z(n )My ( o > (W — gt

n>1 "

where the matrix M, is given for n > 2 by

v o (2 S+ BAD) —b2A,b
n= bA, (b) bQ+ S, — bAL(b) )

With this explicit formula in hand we find the values of 2 leading to a one dimensional kernel operator. We
say throughout this paper that 2 is an eigenvalue if for some n the matrix M, (£2) is not invertible. We also
check the full conditions required by the Crandall-Rabinowitz’s theorem. This discussion will be investigated
in detail in Section 2.5.

In what follows, we will need some notations:

e The unit disc and its boundary will be denoted respectively by D and T.
e The disc of r radius and centered in 0 and its boundary will be denoted by D,. and T,..

e We denote by C any positive constant that may change from line to line.
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e Let f: T — C be a continuous function. We define its mean value by,

f far 2 o [ fryar,

where dr stands for the complex integration.

e Let be X and Y be two normed spaces. We denote by £(X,Y") the space of all continuous linear maps
T : X — Y endowed with its usual strong topology.

e Let Y be a vector space and R be a subspace, then Y/R denotes the quotient space.

2.2 Boundary equations

We intend in this section to write down the equations governing the V-states in the doubly connected case.
But before doing that we shall recall the Riemann mapping theorem. To restate this result we need to recall
the definition of simply connected domains. Let C £ C U {oo} denote the Riemann sphere, we say that a
domain U C C is simply connected if the sets U and C \ U are connected.

Theorem 2.2.1 (Riemann Mapping Theorem). Let D denote the unit open ball and U C C be a simply
connected bounded domain. Then there is a unique bi-holomorphic map called also conformal, ® : C \D—
C\ U taking the form

@(z)zaz—«—ZZ—Z with  a > 0.

Notice that in this theorem the regularity of the boundary has no effect regarding the existence of the

conformal mapping but it contributes in the boundary behavior of the conformal mapping, see for instance
[60, 68].
Next, we shall move to the equations governing the boundary of the doubly connected V-states. This can be
done in the spirit of the paper [30]. Assume that 6y = xp is a rotating patch with an angular velocity 2 and
such that D = D; \ Dy is a doubly connected domain meaning that D; and Do are two simply connected
bounded domains with Dy C Dp. Denote by I'y and I's their boundaries, respectively. Then following the
same lines of [30] we find that the exterior conformal mappings ®; and ®, associated to Dy and D5 satisfy
the coupled nonlinear equations: For j € {1,2},w € T,

G2, @1, 82)(w) 2 Tm{(Q0;(w) = S(@1, D;)(w) + 5(®@s, 8;)(w) ) &} (W)}
=0 (2.2.1)

with

T (1) — w‘P; (W) dr
S(®i, @) (w) = ]{ 1®;(7) — @;(w)| 7

Notice that we aim at finding V-states which are small perturbation of the annulus A, with b € (0,1) and
therefore the conformal mappings take the form,

Vel 21, ®1(2) =2+ fr(z) =2+ > —

and
+oo b
P =b =b E =,
2('2) Z+f2(2) Z+n_1 on
We shall introduce the functionals

Gj(Qaflva) £ éj(Q7©17¢2) ,] - 1,2 (222)
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Then equations of the V-states become,
Vw e T, G(S fi, f2)(w) =0, j =1,2.

Now we can check that the annulus is a rotating patch for any €2 € R. Indeed,

G1(€,0,0)(w) = Im _w][lﬁ+w][ﬂﬂ ,
Tlr—w| T Tlor—w| T

Using the change of variable 7 = w¢ in the last equation we obtain:
&E-1 d§ b¢ —1 d¢
00w =tm{~ { 1=+ f G )
Now we just observe that each integral is real. In fact using the parametrization & = e’ one gets,
[ af—1dé 1 [* qe -1
Tlaé“—ll&_%/o jae=m — 1]
It suffices now to make again the change of variables n — —n. Hence we find,

Yw e T,G1(2,0,0)(w) =0.

Ya € (0,1],

Arguing similarly we also get
Yw € T,G2(Q,0,0)(w) =0.

2.3 Tools

In this section, we shall gather some useful results that we shall use throughout the paper. First, we will
recall the Crandall-Rabinowitz’s theorem which is the key tool of the proof of our main result. Second, we
shall introduce different basic Banach spaces needed in the bifurcation. Last, we shall collect some important
properties on special functions and which are helpful in the subsection 2.5.1 to get compact formula for the
linearized operator.

2.3.1 Crandall-Rabinowitz’s theorem

We intend now to recall Crandall-Rabinowitz’s theorem which is an important tool in the bifurcation theory
and will be used in the proof of Theorem 4.5.1. Let F': R x X — Y be a continuous function with X and Y
being two Banach spaces. Assume that F(A,0) = 0 for any A € R. Whether or not close to a trivial solution
(Mo,0) one may find a branch of non trivial solutions of the equation F(\,z) = 0 is the main concern of
the bifurcation theory. The following theorem provides sufficient conditions for the bifurcation based on the
structure of the linearized operator at the point (A, 0). For more details we refer to [16, 42].

Theorem 2.3.1. Let X,Y be two Banach spaces, V a neighborhood of 0 in X and let F: R x X — Y with
the following properties:

1 F(X,0) =0 for any XA € R.
2 The partial derivatives Fy, F, and F, exist and are continuous.
3 Ker(Ly) and Y/Im(Ly) are one-dimensional.
4 Transversality assumption: 0x0,F(0,0)zq ¢ Im(Lo), where
Ker(Ly) = span(zo), Lo = 9, F(0,0).

If Z is any complement of Ker(Ly) in X, then there is a neighborhood U of (0,0) in R x X, an interval
(—a,a), and continuous functions ¢ : (—a,a) = R, ¢ : (—a,a) — Z such that $(0) = 0,3(0) = 0 and

F7H0) U = {(6(©), €ao + €6(9)):[e] < af U {(1,0):(1,0) e U}.
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2.3.2 Function spaces

We shall see later the spaces that we shall introduce in this paragraph will play a central role in the proof
of our main theorem. They were first devised in [7] but with a different representation. Let € € (0,1) and
introduce the sets

1
CE:{zGC|5<|z<€} and 5:{26C|6<|z\}.
We denote by A, the set of holomorphic functions A on . and such that
Vze ., h(z)= Z hnz~" with h, €R.

n>1

For m € N we define A7 as the set of functions h € A. such that

Vze o, h(z)= Z Bz VML

n>1

Let .Zs be the set of holomorphic functions h on C. with the property

Vz € Cc, h(z —th , b €R.

For m € N we define A\? as the set of functions h € A, such that,

Vz € C., h(z szh —27"™) h, €R.

Finally we denote by A, the set of holomorphic functions on C. and such that,

Vz € Ce, h(z) = Y hnz" with h, €R.
nezZ

For k € N we introduce the spaces,

27 27
X/cHog;{hEAE, / |h(ze™)| d9<+00/ |(95R) (2e™)[dO < 4o,

< —l—oo}
L2(T)

H/ (0Fh)(eT) — (O%h)(e-) dr

|7 — | T

and
ijj_log _ Xk+10g N A?

We also define the spaces,

2m

27
Ykl = {h € A., |h(ge?)2df < +oo, / (05 1h) (€"))?db < +oo},
0 0

YEL = yhelnAm

2m 2m
Ykl = {h € A, / |h(e'?)|?df < +o0, /
0 0

2
/0

and

2
h(sflele)‘ df < +o0,

) 2 27
(afflh)(ge“’)] d < +oo, /
0

2
(afflh)(sflele)’ df < Jroo}.
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Next we shall be concerned with a characterization of the space X*t1°2 space in terms of the Fourier
coeflicients.

Lemma 2.3.2. Let k € N and h € A, with h(z) =5 hnz~™. Then h € X**1°¢ if and only if

neN*

+o0 +oo 2

hn
Yw € T7 h(w) = g hnw" and Hh”?ka“E; ~ E mrﬂk(l + 1og(n))2.
n=1 n=1

Proof. Tt is easy to see that for z € .

+oo _
(0Fh)(2) = 2(—1)’% (n(zk 1);1>! Zn1+k

Hence using the identity (2.5.1) we get for w € T

(Oh)(em) = (OFh)(ew) dr N, g b (k=D [ 7R —gnRdr
fT =1 ]{

|7 — w] T = entk  (n—1)! T —w| 7

+oo
hn n+k—=1!_ [ 2
- DL k2 Skl
;( ) entk  (p—1)! “ T T
Therefore we may obtain the equivalence between the norms since S,, ~ log(n). O

2.3.3 Hypergeometric functions

We shall give basic results on the Gauss hypergeometric functions. The formulae listed below will be
crucial in the computations of the linearized operator associated to the V-state equations. Recall that
V(a,b,c) € R xR x R\ (—=N) the hypergeometric function z — F(a,b, c; z) is defined on the open unit disc D
by the power series

+oo
N (@) (b)n 2"
F(a,b,c,z) = ;Wﬁ’ Vz € D.
Here, (), is the Pockhhammer symbol defined by,
() = 1 n=20
") zz+1)--(r+n—-1) n>1.

One may easily see that
(@) =2(1+2)p—1, (@)nt1 = (x +n)(2)n.

For a future use we recall an integral representation of the hypergeometric function, for instance see [69].
Assume that ¢ > b > 0, then

F 1
F(a,b,c;2) = (c) ) / 2711 — )71 — z2) %z, V2 € D.
0

T(O)T(c—b

The function T' : C\ (—N) — C refers to the gamma function which is an analytic continuation to the
negative half plane of the usual gamma function defined on the positive half-place {Re(z) > 0} by the

integral representation,
+oo
L(z) = / t*~le~tdt.
0

Next, we recall some contiguous functions relations of the hypergeometric series, see [69].
cF (a,b,c;2) —cF(a+1,b,¢;2) +bzF (a+1,b+1,¢+1;2) =0 (2.3.1)
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cF (a,b,c;2) —cF (a,b+1,¢;2) +azF (a+1,b+ 1,c+1;2) =0 (2.3.2)
bF (a,b+1,¢;2) —aF (a+1,b,¢;2) + (a—b) (a,b,¢;2) =0 (2.3.3)
cF (a,b,c;2) — (¢ —b)F (a,b,c+ 1;2) —bF (a, b+ 1,c+1;2) =0 (2.3.4)
We end this discussion with recalling Bessel function J,, of the first kind with n € N,

B (_1)k 2\ 2k+n
V2€C, Ju(2) = %m (5)

We recall the Sonine-Schaftheitlin’s formula which hold provided that 0 < b < a and the integral is convergent,
see for example [69, p. 401],

/+°° Julat)J,(bt) . @V T(Fu A+ sv — A+ 5)
0 tA 2T+ DI (Sp+3x—Ltv+d)

—A+1 v—XA— 1 b2
wp(brr—ATL Y prl o, 2.
2 2 a?

2.4 Regularity of the nonlinear functional

In this section we are going to check that the functionals G; seen in (3.2.3) are well-defined and satisfy the
regularity assumption required by Crandall-Rabinowitz’s theorem. Recall that the exterior domains C\D;
are parametrized by the conformal mappings ®; whose extension to the boundaries enjoy the following
structure,

VweT, &(w)=w+ Z apw" = w + f1(w) with a, € R.
neN*

Dy (w) = bw + Z " = bw + fa(w) with ¢, € R.
neN*

The parameter b belongs to (0,1) which means that we are looking for V-states which are perturbation of
the annulus centered at zero and of radius b and 1. Recall that the equations of the V-states are given by,

vw € T7 G](Q7 f17f2)<w) = 0’ .] = 172a
where
G1(Q 1, f2)(@) = T { (20, (w) — S(®@1, ;) (w) + (s, B;) (w)) T (@) | (2.4.1)

with
7®i(7) — wd’(w) dr
v @) = 25w T
The study of the regularity of these functionals will be done in several steps. In the first step we shall
analyze the existence of the functionals and in the second one establish some strong regularity.

S(®i, @;)(w)

2.4.1 Existence

The main result of this section reads as follows.
Proposition 2.4.1. For j € {1,2} and for any k > 3, there exists r € (0,1) such that,

Gj: RxV,xV, —Ykl!
(Q7f1af2) '—>Gj(Qv.flaf2)

is well-defined. Where V, = {f € X*18 || f|| xrr10e < 7}
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The proof of this result is postponed later and is founded on the following lemma.

Lemma 2.4.2. Lete € (0,1),5 € {1,2}, V =b6"d+V with V € V, and r small enough. Let h € V., then

the function
wETH][Tah —w@h()
Viwl 7

can be extended analytically in C¢ to a function K with K e Y*1. In addition,
1R lgics < C(IV s ery + 1V (e ) Dl o
Before giving details of the proof we need to make a comment.

Remark 2.4.3. Take

h: T —C and h: C. —C
T r—)Z::an?” z r—>z+°°“—"

n=1 zn

then for any T € T, z € C¢

+o0 a
—g na, 7 and 3h g n—--—.

Zn-i—l
n=1

Thus,

Proof. By change of variables, we may write

o 70:h(tw) — 07 h(w) dr
K = f S

Our next task is to get a holomorphic extension of w — |V (7w) — V(w)|. For this aim we write for any
T,weT,

V(rw) = V@) = (V(rw) = V(w)) (V(rw™) = Viw™))
= PO — 1P g(rw) g7, w7,

where g can be extended in a usual way as follows,

— V(rz) = V(2)
=14 ——"—=. 2.4.2
Vz € %) g<T7Z) + bﬂflz(T—l) ( )
Therefore we get as a by-product,
IC >0,vreT,Vze ., C'<lg(r,2) <C. (2.4.3)

Now we shall use the following estimate,
V(r2) = V()| < elm = 1[|0:V ]| oo e)-
This follows from the mean value theorem combined with the maximum principle for holomorphic functions.

Indeed, setting V(2) = V(L), which is holomorphic in the disc D1 = {z € C,|2| < 1}, we deduce by the
mean value theorem that for any 21,29 € D1,

V(21) = V(22)| < |21 — 22]10:V | 1o (57 (2.4.4)
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According to the maximum principle one readily gets

10=V || oo 57 = 0=V [l v (=17

1
e

= &%)|0. V|| oo (o1,

Applying this inequality with z; = L and 2z, = % for z € C. we deduce

V(r2) = V(2)| < elr = 110V || 1= ey
which is the desired inequality. Using Sobolev embedding X**1°8 < Lip(¢T) for k£ > 2 we find
[V (r2) = V(2)| < C|r = 1]]|0. V|| xi-1510s < C|7 — 1||| V|| xh+10 (2.4.5)

with C a constant depending on €.

Consequently, one may find small r such that for V € V, the function z € C. — g(7,2)g(r, 27 ) is
holomorphic and does not cross the negative real axis R_. This allows to define the square root of this latter
function, which remains in turn holomorphic in the same set C.. Finally, the holomorphic extension of K to
C. could be

-2 —) 2 —
bj_1|7_ _ 1| g(T7Z) g(T7 Z) T

= z][ k(z,T)dT.
T

It remains to check the holomorphic structure of this integral with respect to the complex parameter.
Observe that for fixed 7 € T\{1} the function z € C. — k(7, z) is holomorphic. We also note that the
mapping 7 € T\{1} — k(7, z) is bounded uniformly in z € C.. This follows from the estimate

K(z) =z ]{ T(0:h)(r2) — (0:h)(2) L1 adr

|0:h(72) — 0.h(2)| < elm — 1[[|02h]| o (cT)
< Clr = 1|||hll g e
< C|7’ — 1|||h||Xk+log.

Therefore in view of (2.4.3), we find a constant C' such that for any (z,7) € C. x T
|k(z,7)| < C. (2.4.6)

Consequently K is analytic in the annulus C. and therefore it belongs to the class A,. Hence, it remains to
check that K has finite norm in Y#=1. We shall start with the L? norm of the inner restriction w € T
K(ew). We observe that

K(ew) = ew fT k(ew, T)dr.

It is obvious from (2.4.6) that

K(e:) € L*°(T) c L*(T)

with
K (e)lzmy < CIV I mz e 17l ms 1)

As to the estimate over the exterior boundary we proceed in the same way as before and we get

1K (=)lz2cry < CINV |l 2em |7l 2 1)

™ | =

43



Now, we want to control the L2 norm of 851K (¢%-). In what follows, we just give details about 0¥~ 1K (e-),
we deal with the other term with similar ideas. The computations are very long and we shall focus only on
the leading term of 9* ! K. From Leibniz formula we may write

o k TZ) — k z
aicflK(Z) _ Z]f_ (8zh)( ) (8zh)( )9(7,2)72

b=t — 1| z T

Tk - k TZ 1 1 dT
+ Z]'[r( bj_11)|(7_82_hi|( )9(7',,2)_59(?,%)_5617
+ z]{ T(azh;](.Tf?T_(?lzh)(Z) ot [g(r, 2 dg(7, %)—%} dT—T T lot.

L 2Ky (2) 4+ 2Ko(2) + 2K3(2) + Lo.t.

We shall now check that the terms K5 and K3 can actually be included to the low order terms. Indeed, for
K5 we write according to (2.4.3),

K (&)l < ClOEA(E) | L2(m-

As to the third term K3 we shall only extract some significant terms and the other ones are treated in a
similar way. First, it is easy to get

0.[o(r. 2 to(7, 1) H] = 20 (olr.2)a(m. ) o 2 Ho(, )
and
0. (st gt 1)) =TI @Vb()(_iv) )T -ve) o
(VD) -V(E) - F-1Da:V(D) ~ (9:V(D) - 0:V(D)
+ ( ) bi—1a(7 — 1) ( >g(T’Z)
Thus
o (str o t) = g POV oz )
1 9.V(T)-a:.V(3) 1

1 .
g(7,2) " 29(T, f)*% +l.o.t.
z

2631 T-1)
Iterating this procedure we find

1 1 1
k—1 —2g(7. =) 2
2057 (g(r,2) R (7, 2)

) 1 W (r2) = 9E TV (2) |
2kl (r—1) 2

It follows that

Ks3(ew) =

1 70, h(eTw) — 8. h(ew) OF 'V (eTw) — 41V (ew _s 1. _1dr
_2bj_1]£ ( ) ( ) ( ) ( )g(T,&‘LU) 39(7—77) i

|7 — 1| T—1 cw T
1 70, h(eTw) — O, h(ew) OV (Z) — o1V (L) s 1 _sdr
+ -
2b-7_1 T

|7 —1] T—1 Ew
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By the definition of Hélder spaces

|a§_1‘~/(5i17w) — 85_1‘7(€ilw)| < Ei% H8§_1‘7”0%( T 1|§'

silT)|

Thanks to

1
/71 |dr| < +o0
T|r—1]2

combined with (2.4.3) we obtain

1K) lzem) < C(I0:hlsem) + 102l e e ) (1057 Vg gy + 105Vl gy +

CF(eT

Hence, using Sobolev embedding we get

1Ks(=) oy < C(IVImiery + IV ane-m) ) 1Bl s em.

Now let us move to the estimate of the term K7 which is is the most singular one. For this goal we need the
following lemma.

Lemma 2.4.4. Let be € € (0,1), V €V, and r be small enough. Define for any 7 € T and z € eTUe 1T

Vi) —V(z)

g(rz) =1+ btz(r —1)

Then

[N

=

g(r,2)72 = (1 + 32]‘/(12)) +(r—=1)H(r,z)

where H(-,e*1.) € L=(T x T) and
HH('afil')”Lw(TxT) < C||‘7||H3(si1T)-

Proof. We shall only prove the result for z € €T. Similar computations can be done for z € ¢~ 'T. From

Taylor expansion at the second order we find,

9.V (2)
pi—1

Vz€eT, g(r,2) =1+ + (1t = D)Hy(1, 2),

such that R
|Hy(7, )| < CllO2V | Lo o)

Using Sobolev embeddings we get for k > 3 and (1,2) € T x T
|Hi(7,2)| < C| V| 106
Finally, from standard computations we obtain the identity

- (1 + azjv(lz)> +(r—=1)H(r,z)

[

g(T, Z)_

with

_ _ —1
Hy(r, 2) <\/1 NR LA \/1 + 2D 4 (- 1) Hy (7, z))

\/1 + OZJ‘C(IZ) \/1 + 82}/7(1'3) + (’T — 1)H1(7—7'Z)

H(r,z)=—

One may easily check that
H(-,-) € L™(T x eT)

and the desired result follows immediately by choosing the radius r small enough. O

45



Let us now see how to use the preceding lemma for estimating K;. According to this lemma one may
obtain a constant C' depending on e and b such that

2.V(e) 1 V() OFh(er-) — Okh(e) dr
M 0+ S b S 1y B
+ Cl105h(e) | L2y < Ol xx+108.-
This concludes the proof of the Lemma 2.4.2. O

Now, we are in position to give the proof of the Proposition 4.6.2.
Proof. Note that for any w € T one has

Fj(w) — Fj(2)
21 ’

1\ 1 1\ 1 [ 70;P1(7) — w0, P;(w) dr

Fi(w)=Q®;(w)® | - ) - - | =) = u LR Lk

o =omn) (5)5-% () L i aa

Y (1)1][787(% T)—wa P (w )df
w)wr  [RAr) = O(w)] T

We shall prove that I} belongs to Yk=1. The first term of the right-hand side describing the rotation term
belongs to that space. The remaining terms are of two kinds: the self-induced terms and the interaction
terms. For the first ones we simply use Lemma 2.4.2 with h = V = ®;. As to the interaction terms, the

integrand is nowhere singular because the interfaces do not intersect and therefore they are well estimated.
We shall briefly give more explanation about this fact. Take the term

S0y [ T9(7) —w®i(w) dT W TP (Tw) — @4 (w) dr
K@ s f [y(r) — Br(w)] 7 7£|¢2<m>~1>1<w>\ -

Gj(Qafhfz)(w) =

with

As before we write, for any 7,w € T,

[MES

[@a(7w) — @1 (w)] = b7 = 11(5(7, @) (7,

wil))

fa(r2) = [1(2)
(br — 1)z

where
Vze o, g(rz)=1+

From the maximum principe,

fa(r2) = f1(2)
(br — 1)z

—~ foY — P’ 1 1 1
Re)==f " 2(12) Z (&) 5 -t L)1 0T
T |bT — 1] z T

_8||f2(5')”L°°(T)+||f1(€')||L°°(T) ce 2
1-9b 1-9b

Hence

Note that
0<1-b<|br—1<1+b

and consequently the integrand is less singular than those of the self-induced terms and thus one can find that
K is analytic in C, and belongs to YE=1 At this stage we have shown that F; belongs to the space YE-1 and
to achieve the proof of the proposition it remains to check that the Fourier coefﬁaentb of G;(Q, f1, f2) belong
to iR. By the assumptions, the Fourier coefficients of ®; = b/~'Id + f; are real and thus the coeflicient of
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5} are real too. From the stability of this property under the multiplication and the conjugation we deduce

that the Fourier coefficients of w — Q®;(w)®’;(w)w are real. To end the proof we shall check that the Fourier
coefficients of S(®;, ®;) for 7, j € {1,2} are real. We have

S(®i, ®;)(w) T0i(1) — wd’(w) dr dw
S (I)“ (b Z anw y p = ][ wn+1 ][ ][ T OJ)‘ T wn—i—l

T

The coefficient can also be written in the form

2 p27 19(1)1 620 _ inq);(ein) _innded
4w2/ / —a;em) © T

By taking the conjugate of a,, and using the properties:
i(e?) = i(e™"), }(e?) = ®i(e™") and |2| = [2].

One may obtain by change of variable

2w p2m 719(131 710)7 *inq);(e*in) inndad
= 47r2/ / D4 ( e“") Syl !

2w p2w ’LG@/ zn@;(ein) _innd&d
47r2/ / X ew —®,(em) © =

Consequently the Fourier coefficients of S(®;, ®;) are real and therefore G, (€2, 1, ®2) belongs to the space
Y*~1 and the proof of Proposition 4.6.2 is now achieved. O

2.4.2 Regularity
The goal of this section is to study the strong regularity of G; and the main result reads as follows.

Proposition 2.4.5. For j € {1,2} and for any k > 3, there exists r € (0,1) such that,

Gj: RxV,xV, —Yk1!
(Q7f1af2) '—>Gj(Qvf17f2)
is of class C1, where V;, = {f € X*H18| || f|| xir10 < 7}

Proof. To prove that G is of class C'! we shall first check the existence of its Gateaux derivative. Second,
we will show that this derivative is strongly continuous, and therefore it will necessary coincide with the
Fréchet derivative. This will answer the C! regularity. We split G into two terms, the self-induced term
and the interaction term,

Gj(Q7f17f2) = Oj(Q7fj) +Nj(f17f2)a ] € {1’2}
with

Vo € T, 05(Q £)(w) 2 T { (20;(w) + (~1)7 S(2;,®;)(w)) 3P} (w) }
and .
N (fi, f2)(w) 2 (=1)7 T { S(®;, @) (@)@ (@) } , i #
The Gateaux derivative of G at (fi, f2) in the direction (hq, ho) is given by the formula:

DG;(, f1, f2)(h1, h2) DO;(Q, fj)hj + DN;(f1, f2)(ha; ha)

.1 1

= lim = [05(Q, £ + thy) = O5(Q, f)] + = [N; (f1 + thy, fo + the) = Nj(f1, f2)]
d d

= Elt:OOj(Q7 fj + thj) + — Nj(fl +thy, fo + thg), (2.4.7)
t dt|,_,
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where the limits are taken in the strong topology of Y*~1. Once we have checked the existence of these
quantities, it remains to verify that the functions,

N d
Fi(t,w) 2 2 [05(0, -+ th)(@) — 0@, f5)@)] = 5| 059, f5 + thy)(w)
t=0
and
By(t,w) £ %[Nj(gvfl + thi, fa + the)(w) — N;(Q, f1>f2)(w)} - % N;(Q, fi + the, fo + the)(w)
t=0

can be analytically extended on C., and their extension, still denoted by Fj, satisfy
tim |5 (0)|y -1 = 0.
The existence of Gateaux derivative can be done in a straightforward way and one readily gets
7@ (1) — wd (W) d
s O e
T |®5(w) = @5(7)] T

h
(r®}(7) - w (w))Re((hj (M) =1 (@) (2(7) - @, <w>)) i
B

052 fhs(e) = T {2 (B ) + BTy )) @ + (1)

£ EE f ) =8P .

+o(e1y Im{q>/() Mf} (2.4.8)
and
DN;(, f1, fo)(hi, ho)(w) = (_1)111m{h;(w)w TTliii;)) c;((”)dT
B e (GO (30 - %)) ,,
- ] @)~ &, @) T
b T f e el } (249

First we note that Fi(t,w) can be written in the form

B I(t,w) — L(t,w™?)
_Z 2i

=1
with
hitw) — 22 } () - o) NN M);W)]d:
Re{ (h;(r) = hj(w) ) ( ®;(7) = ®;(w)
AT 7 () - ) ) ( [A@jg’(w” ) s
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L(t,w) = @9(w)w]£_[7h;(7) — whij(w)] lAfpj(hj)(va) - A(bjtr,w)l

I(t,w) = Wwﬁh@}(ﬂ — w(w)] [Afbj(hj)(T,W) — A(I)]%T’w)‘| )

L(tw) = th(w)@ AL ()W) T
Bt = OTGI)

We have use the following notations,
Ad;(1,w) = [@;(7) = &;(w)]

and

A, (hy)(1,w) = |@;(7) + th;(1) — @j(w) — thy(w)].
First, it is not difficult to check the following limit
B 75 (6) g+ = 0
Moreover, if t is small enought, one may use the Lemma 2.4.2 with h = h; and V = ®; 4 th; to etablish
tim [ 24(0)|os = 0

We have to rewrite the terms I, Is and I3 to compute theirs limits. We begin to rewrite one part of the
integrand term:

R (a2,(r.0))" — (8%, () (7)) it
B, (h)(7w) AR (W) (A (r,w)) (A (h))(r,w)) (Bh, (h))(r,0) + ARy (rw)) :
Then we display the dependency on t in the numerator
(ayr)” = (88, (h)r)” =t [2Re( () = 1y (@) (2507) = 056)) ) | = Plnr) = by
(2.4.11)

Moreover, straightforward manipulations lead to the following identity usefull for the term I3

1 _ 2 _
(A2 (me)” (a0 (rw)) (AL, () (rw) ) (A%, (h)(Tw)+A2; (rw))

(A%, (h)(rw)] (A%, (r)]? (A%, (h)(rw)] (A% (r)]? ,
: - ; £2.4.12)
[ ()P | Ak (1) (rw)] [ AL (1) () +A2;(mw)| (A% () (70)) (A%, (1) (A, () (Tw)+A; (70))
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Thanks to (2.4.10),(2.4.11),we rewrite the terms I and I .

[rh () (w)]lh()

Blhw) = 7t2mw]£ (a0;(r,w)) (A%, (ry)(r.w)) (A%, r(w)|+A<I>( >)d:,
) - )] [2Re((hj<7> ) (2,0 - 2,) )|,

S, (a2;(r.w) (A%, () (7,)) (85, ()(rw) + A8 () T

Ltw) = —t°I(w)w@ ][( )T((IZ;)hj ()03)](?(7(2]— (ijf))EA@( )) d:
- wéj(w)] [2Re(( ()= () (2560 - 2,0) )|

S 7{ (82;(r,w)) (&b, (h)(r.0)) (&b, (h)(r0) + ARs(rw)) T

Moreover, using in addition 2.4.12 we can also rewrite [.

L(t,w) O () 725

T) -

w®}(w)] |hy(7) — hy(w)[”

J

][T (A‘I)j(T ,w)

[T(I);(T) —wd’(w)

|

dr
) (8%, (1) () (8%, (h)(r,0) + A®s(r,)) T

—tQWwﬁ
—tQWQﬁ

(A<I>j (1,
[T@; (1)

w)
- w@}(w)]

[Tq); (1) — w(I);- (w)]

(A%, ().

S (W)w]i (A@j(ﬂ w))3 (Afp;

[7'(1)( (1)

- wq); (w)] _

_2t¢;(w)w]£ (At (hy)(r, w)) (

AD;(r,w))” (A, (hy)(r,w) + Ady(r, ))_2

One may see that we just need to check that the integral term of I;(¢,w) belongs to Y*=1. We introduce a
model integral term, the others term are controled in a similarly way. For any w € T,

(r@}(7) = w@)(@)) (h(r) = h(w)) (A7) ~ h(@)

dT

P(w)é][ ™
—of (

(hj)(T,w) + AD;(T,

- 1)@ (1Tw) + <I>j(

) (mm0) (3%

w) = @ (@)) (hj(rw) -

J

(h)(rw) T

hi(@)) (hs(3) = hy(

D) ar

Following the same idea of the Lemma 2.4.2, we can write

1 p—

1 1

(Afpj(hj)(Tw,w) + A@j(nu,w)) (Aq)](nu,w)) (At (hj)(Tw, w)) T

AQj(Tw,w) + A (hy)(Tw, w) B

bi—

7= fgy(r,0)g5(7, 1)
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Where g; and g; can be extended in the usual ways as follows,

fi(rz) = fi(2)
bi—lz(r—1)

hj(rz) = h;j(2)

Vz € € gj(TaZ):1+ bJ 1 ( 1) .

and g;(7,2) = g;(1,2) + 1

As before we can extend P analytically in C. and control the L? norm of the inner restriction w € T +
P(e*'w). We just give few details to control the L? norm of the leading term of ¥~ P(e-), the proof for
the control of 9¥~1 P(¢~1.) is similar. Using the same arguments than before we may write for z € C.

. ((0505)(r2) = (020,)()) (hs(72) = hi(2)) (hs(2) = hy(2)) gs(r, 2) g (7 1) % g

077 P(z) = z][ : —+l.ot
T 0 1P (g (m g (7 D)+ 5(m25E D) (g7

Applying the Lemma 2.4.4 with V; = f; and Vy = f; + th; we can establish for z € eTUe™!T the following

identity
(Vo 2em D+ famaam D)

= H
Ir— 1] PR OE

B -1
<\/(1+ O-1C)) (1 + <azb§,~>l<;>)+\/(1+ (8z(f3;jfi11j))(z))(1+ (azm;ﬂ?))(g))
m =1l '

+

With H(-,e*:) € L=(T x T).
Consequently, this identity allows us to deal with the leading term of 9*~!P. Tt follows for I € {1,2,3}

lin |1l = 0.
Eventually, we have proved than F; can be extended analytically on C. and

lim [ £ [y r—r = 0.

Moreover, the interaction term Fy is dealed with the same arguments than the regularity of the interaction
term. Our next task is to prove that

DG :Rx V. x V,, = L(R x Xk+los . xhtlog yk=1)

is well-defined and continuous.

For the first part, the non trivial point is that V(€2 f1, f2) € R x V. x Vi, DG;(, f1, f2) € L(R x X*+log x
Xktlog 'yk=1) The linearity is obvious.

As before, we just give details about the continuity of the self-induced term DO; (€, f;) . To begin we rewrite

0, 1) (hy)(w) = 3 HWL 1)

i=1

'\h

with

A =02 [0 (0) + hi@e ).

w

R 70 (7) — W (W) dr
b = (o)L f T2
. Th (1) — wh' (W) dr
o) = ey byl f O P O



and
(r®}(7) - w <w>>Re<(hj (1) = b (@) ) (@5(7) — @ (w))) N
(80, (7))’ T

Using the Lemma 2.4.2 and an adaptation, one may find a constant C such that for p € {1,2,3,4} the
following estimate is checked

ijH{/kfl < C||(I)j||Xk+1°g||hj||Xk+1°g~

Consequently, DG is well-defined. The continuity of DG} is the final point of the proof. We just explain
the continuity of DO;(,-). Let be f;, f; € V» x V,. and h; € X*H1°8 with ||h;| xr+10e = 1, we have for any
weT

1

DO £)0y)(w) — DO Fy) (1)) = 3 e B)

with .

Tw) = o (5(0) — @) )50)+ 2 (B50) — B(2) )y,

b =i £ r{xn-#e A)?I,j_(ff” i (w))d:,

Ty(w) = (_wl)j h;(%)]{ [T(i);(ﬂ _w(i);(w)} A®(r,w) AétT w)] dTT’

i) - S (e - ) f S

e = Wy ]£ (71 (r) = wh ) M)J%T’ = M)iw)] i

J 78 (1) — w @) ) Re( (I@) = 50 (8() — &)

= 2 ity £ JAGETER) 617 30))
iy (@ - ) (80 - aw) re( (B =m0 (356 - 8500) ),
) =3 @(5)]{ (A®;(7,w))° T
e /(l)][ (ro)(r) - wdi( ))Re<(h( ) hj(f))((éj(w)—cbj(w))_(éj(f)_@(f)wdT
) w o Twlr (Ai)j(T,w))S T

[ 1 - 1
(Ad;(r,w))’  (Ad;(r,w))’

For p € {1,2,4,6,7,8}, one may extend jzp as before. The control of the Y*~! norm leads on the lemma
2.4.2 and an adaptation, we can find a constant C such that

1llgims < ClI®; — &y kron.
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We give few details for the integral term of I5. As
L mrae) (e -em) - () -ew))
AD;(T,w) A(i)j(T, w) (A(bj (7, w)) (Aéj(T,w)) (A(I)j(T, w) + Ai)j(T,w))
(@j(T) — q)ﬂ(i)) (é)](’i') — @j(T) — éj(&)) + CI)]((JJ)>
(A<I)j(7', w)) (A&)j (7, w)) (Aq)j (ryw) + Aéj(T, w)) .

+

The integral can be split in two terms and we just give few details for one. We deal with the other in the
same way. After a change of variable, we shall extend and control the term

e ][ (Té;«m) - é}(w)) (@(m - <i>j<w>) ((@(;) —05(2)) - (5(4) - %(i))) -

(AD; (1w, w)) (Acﬁj(m,w)) <A<I>]—(Tw,w) + Aci>j(m,w)) T

I
As before, we can write
) 1
AD;(Tw,w) = Vo — 14/ g(r,w)g(7, —),
w

Aij(me) VT — 14/ (1, w)g(7, %)7

and

8 i) + 88,7 = 07— 11 a(matr. D)+ fatrgr. D).

where we can extend g and g as usual,

fi(rz) = £(2)
bi—lw(r —1)

filr2) = fi(2)

VZE o g(rz) =14 blw(r—1)°

and g(1,z) =1+

Thus the holomorpic extension of f 3 on C¢ is given by
. (r0-95(r2) - 08, (2)) (éjm) - <i>-<z>) (5@ -0, -4 +2,(3) 4
I3(2) = z][ —.
T Bl — 18\ /5(r, 2)5(7 1)\ o 297, 1) (Vo(n 29(m 1) + \fa(r e 1)) T

Concerning the Y*=1 norm, we just give some details for the L? norm of the leading term of 9*~1I3(e-). For
z € Cc, one may write

#oie - f (050;(72) — 05@;(2)) (85(72) = B5(2)) (85(2) = 05(2) = B5(1) + @5(1)) 4
o 1p it 03 e 09 5 (yatr e D)+ firm it D) T

The control of the L? norm of the inner restriction (w +— 9%~ I5(cw)) must ensure the continuity. First, one
may obtain the following identity for z € eTU eI T:

(&5(r2) = &5()) (8,(5) — @5(Z) — &5 + 0;(L)) K (1)

7'71|3\/g7'z \/gTz <\/g7'z T +\/g 2)g(T 1)_|T_1|+|T_1|

with the estimations

— +l.ot

H(t,z)

| K| pooexm) < C|[®5 — @l xrrion, || H| Lo (rxeett) < Ol — @l 04106 (2.4.13)
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The proof leads on the lemma 2.4.4 and an adaptation. Hence, we can estimate for p € {3,5}:
HINpr/kﬂ < C”q)j - (i)jHXHlog

For Iy we just need to notice this decomposition

1 - 1 B 1 11 ]
(Ad;(r,w))’  (AD;(r,w))’ (A (r,w))” |AL(T,w)  AD;(r,w)
N 1 11 ]

(A<I>j(7' w)) (Afi)j(T,w)) AD;(T,w) Aéj (1,w)

1 1
* (A&)j(r,w))Q AD,(1,w) A(ij(T,w)] .

With this writting and the same arguments than for I5 , we get
ol gxr < Cl|®; — ;| xrsro.

Finally, DG is continuous. O

2.5 Study of the linearized operator

The main task of this section is to perform a spectral study of the linearized operator of the functional
G introduced in (3.2.3) at the annular solution (Id,bId). The first subsection is dedicated to an explicit
computation of this operator and to get a more user-friendly expression through some basic identities on
hypergeometric functions. In the second part, we want to find the values of ) leading to a one-dimensional
kernel for the linearized operator. We show that for each frequency mode this study reduces to a second
degree equation on the variable 2. The dimension of the kernel is achieved through the strict monotonicity
of the eigenvalues with respect to the frequency. Lastly, we check the full assumptions of the Crandall-
Rabinowitz’s theorem especially the transversality condition which holds only when the eigenvalues are
simple.

2.5.1 Linearized operator

The primary purpose of this section is to compute the linearized operator of G at the trivial solution (Id, bId)
and to reach a more simplified and compact expression. Since G = (G1,G2) then for given (hy,hs) €
Xktlog o xktlog e have

DG(Q,0,0)(h, hg) = ( Dy, G1(9,0,0)h1 + Dy, G1(€2,0,0)hy >

Df1 GQ(Q7 0, O)hl + Df2G2(97 0, O)hg
Replacing in (2.4.7), (2.4.8) and (2.4.9) ®; by Id and ®, by bld yields
DGl(Q, 0, O)(hl, hg)(w) = Qﬁo(hl)(w) + El(hl)(w) + £2(h1, hg)(w),

DGQ(Q, 0, 0)(h1, hg)(w) =0 b,Co (hg)(w) + El(hg)(w) + Eg(hl, hg)(w)
with
Lo(h;)(w) = Im {1);(@) + h;(w)w}

—w dTr i (T — W)Re((m)(T - W)> dr
st :

|w—7‘\7

+1Im {(_1)jw]£ Th (1) — wh';(w) dT} |

|w — 7] T

£1(hy)(w) = T { (-1 W ()@ T -
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br —w dr Mm w][ whi(w) — Thy(7) dr
Tlor—w| T T |w — br| T

{_w][ (br — w)Re((hl(w) — ho(T)) (@ — bT)) ir
:

|br — w|3 T

and

L3l ho)(w) = T <—wh’2(w) b dn g f wtile) () dr)

Tlr—bw| T |bw — 7| T

(r — bw)Re((hl(T) — ha(w)) (T =) g
+ Im bE][ —
T |7 — bw|3 T
We shall now compute the Fourier series of the mapping w — DG(£2,0,0)(hq, he)(w) with

—+o00
hi( Zanw and ha(w chw weT

n=1
where a, and ¢, are real for all the values n € N*. This is summarized in the following proposition.

Proposition 2.5.1. Let b € (0,1), n € N* and define

+OO 2
An( L (bt)J, 2
b / T

with J, refers to the Bessel function of the first kind. Then, we have

k=1

DG(£2,0,0)(hy, ho)(w) = %Z(n +1)Mp 41 ( “C‘” ) (Wt —w"t)  VweT

n>1 "

where the matrix M, is given forn > 2 by:

v — (2 S+ BPAD) —b2 A, (b)
n= bA, (b) bQ+ S, — bA(b) )

Proof. We begin with the easier term Lo(h;)(w). Thus by straightforward computations we obtain

. +oo

ﬁO(hl)(W) = % Z(n + 1)an(wn+1 _ E"‘H).
and .
Lolha)w) = 5 Do (n+ Deale™ — ")

The computation of £1(h1)(w) lies on the following identities whose proofs can be found in [?]. Let n € N*
and w € T then

n—1
™ —whdr 2w" 1
_ = 2.5.1
T lw—7| 7 ™ ];) 2k +1 ( )
and
][ (T —w)?(r" — w") dr _ 202 L1 ' (2.5.2)
T lw— 73 T L 2k +1
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Performing straightforward computations we obtain the result

Li(h)(w) =1 f ][ wdr Z ][ )le
ie) =t n:1nanw |7 —w| T 2w |T—w\3 T
+oo —n —
”dT 1 —wdr
I = L%
e T LS e

Noticing the following equality

VTeT,VweT,][id—T: " —wtdr
T‘W

-l Jr e

we obtain thanks to (2.5.1) and (2.5.2) the following identity

+oo +oo
Ly(h)(w) =— Z oy Gnlm {w"“} + Z Bray,Im {w""‘l}
n=1 n=1

where )
m+1le= 1
A
)
T = 2k +1
and .
2 _ﬁ 1

Bn & — - Z

k=1

As

Finally we get
. 4oo
1
Cl(hl)(w) = _5 Z an(n + 1)Sn+1(w"+1 — w"“).

In the same way we obtain

. +oo

L Z Cn(n+ 1S4 (W —w" T,

Li(h2)w) = 5

n=1

To compute L3(hq, he)(w) we begin to rewrite

o br=wRe(m@) = ha (D@ =7)) 4y © [ hy(w) — ha(r) dr
= o

lbr — w|? T lbr — w|

@ [ (b1 —w)’((w) — ha(7)) dr
+ 2 ]{ T

|br — w3

Replacing h; and h; by their expressions, we obtain the following identity
+oo
br —w dT anW" — ¢, T" d1
Lo(h1,h =1 — ntT ——— - =
2(h1, h2)(w) m{ nz::l“a o —w| T Z ][ |w—b7'| p }
b <X (bw — 7)(anw™ — ™) (b — wF) (anw™ — ™)
Im {2 Z w dr — = Z dr

— |bT — w]? 2 |bT — wl?
apw"” — 7" dr
I E .
m{ ][ |or —w| T }
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To compute these terms, we will use the identities proved in [30]: Let b € (0,1) and n € N, then for any

w € T we have

7l (3) 1 1
——dr =" -2 F (- —,n+ 1
]{-|b7’—w T n! (2,n+2,n+ ’ >’

Fn+l T
—dr = f —d
7£|b7—w| " ]£|bT—w| "

1
n 1 1
= *"b”QF ( n+=,n+1;b°

n! 2’ 2
7 (3)n (3
dr = W "2 F 1; b7
T lw—=0b7]3 TeY n! (2’ n >

(3o (3 3
nin \2 2
][|w—b7\3d7_wb o (2,n+2,n—|—lb>

][ (br —w)(aw™ — et )dTZ 2 §aF (1 § 9. b2> S XD
T

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

3
(2) 4 F <1,n+g,n+2;b2>]7 (2.5.7)

lw — b7|? 2 272" (n+1)!" \2
and
1
(bw — 7)(cw™ — at™) 2,23 35 0 (2)nso 3 3 2
dr = —w" 202 [2eF (2.2 3.2 ) —apr~2nt2p (2, 02 32 |l (258
]-[r = T w sFlg g a n+2)! 2,n—|—2,n—|— ; ( )

We shall split the computation in many parts. By using (2.5.3) and (2.5.4) we find

br —w X 11 b? 3
— 771.2 __F 2,2 n+1.
znan [ e z[ (5:55%) - 5F (5520 |«

Moreover

+oo

3 n+ ][u:: nt S a,F (11 p) g
T Jw—=br| T 2 272

n=1

Now, using (2.5.7) we obtain

+oo 3
(b aw” — " pt2 1 5
72 ][ w — 7)(anw™ CT)dT: e ()n+1F< n+27n+2;b2>w+1

|b7'—w\3 2 "(n+1)! 2’
302 15 . 5\ s
—4aF(2 2Zb) .

For the last term of L£o(hq, he) we use (2.5.5) and (2.5.6)
(b — wT)(apw™ — cpT™
<33 f bmemlen Sk

1 b (3 (n+3),./3 5 ) 3 3 )
= = | = bV*F | = = 2:0% | —F (= = 1;b ntl
+2;c nl (2>n (n+1) gttt PRARICEARILA N
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Now we shall apply (2.3.1) witha =3, b="n

+
1<X [ (b= wP)(anw™ — cut™) 1% 13 b (3 1 3
775 ][ dr = = aF(=,2,1;0% ) —cn— (=) F=,n+=,1;0%) | "
2 2~ J; br — wp? 2 2'2 a\2) " \27" "2

Finally we get

. +oo
Z v Y n —n
La(h, b)) = 5 3 [an(Fo = 7) + (B = Bu)en| (@1 =)
n=1
with
11 b2 1 3 3 15 1 1 3
n F Lb?) - —F(=,2, 2% )| - Sv*F 2:0° | + =F 1302
7 ’n‘|: (2)27 7b> 2 <2?27 7b>} 4b (2)2? ’b>+2 (2727 ’b>7
1 11
= (=, =,1; b
5 (n+2) (2,2, ,b>,
"2 (Sns1 (1 5 b (3)n . (1
= Ay N e 2:p2) - 2% (= = 1; b2
Bn 2 (n+1)' (27 +2a + 7b) 2 nl (27n+ ,Tl+ 7b>
and

. Lo, (3 (1 1
ﬁn:—(n—kf)b"(ib) F<,n—|— 2,n—|—1;b2>.

Now, we want to simplify the expression of L3(hy, he) through the use of the identities (2.3.1)-(2.3.4). We
begin with (2.3.2) with a =%, b=n+ 3, c=7+ 1 and z = b* where 72 € {0,n} which implies

v (13 3 15 v /3 3
n—Tn=—n=F(5,5,20% ) = S0PF (S, 5,207 ) + —F (5, 5,207
py ’Y n2 <2727 b ) 4 (232) 9 + 4 2,27 5

- pnt2 3 3 1 5 1 1 3
S L S YR (2n+2n+20?)—=F(=n+2nt1:02)].
B =B 2(n +1)! (2>n <”+2> <2’"+2’”Jr ’ > 2 (2’7H2’"Jr ’ ”

Thus using (2.3.3), one may check the following expression

and

. +oo 2
7 b 13
Eg(hl, hg)(w) = B Z(n + 1)?F (27 5,2; b2) an(wn-i-l _wn-‘rl)
n=1
. 4oo
) 2 1 1 3 9 ntl  —n+tl
_2;n!(2)n+1F(27n+2an+2;b)cn(w —w").

Now we focus on L3(hy, hs) given by

La(h1, ha)(w) = Im {—wh;w)]{ |

T—bu}\?

T—bw dr *b][ whé(w)—rh’l(T)dT}
T

|bw — 7| T

= bw)Re((hl(T) — ha(w)) (T = bw)) dr
Observe that

= bRe((() = b @) (T=0)) gr b [ hy(r) — ha(w) dr
bw]i §wﬁ¥

|7 — bw|3

|7 — buw| T
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Replacing h; and h;» by their expressions we get
7T —bw dr = 1 Cn" — a, T dT
L3(h1, ho)(w Im{chnw \T—bw| wbnz <n+2>][Tn|bw—:|T}
bf][ (bw—r)(cnw"fanT 2+°°][ 17bw7 cnw nT >d

T |7 — bw|3 T—bw|3

T

As before, we shall split the computations in many parts. Thanks to (2.5.3) and (2.5.4), the first term takes
the form

—+o00

—bw dr —bw d
S neaw” ][ T O S e f L0
— IT—bw| 7 = Tlthb—w| 7

Note that we have used in the first line the identity
VrweT, |7—bw|=|br —w|

For the second term, we use (2.5.3) and (2.5.4) to obtain

“+o0 _ +oo
1 " — a, T dT 1 11
—wb = e s —)be  F (=, =, 1;0% )"t
“’,;(”*2)75 po—7 7 ;(”U) oo (3:5158)@
1 e 1 1 2\ —nt1
—i—E (n—i— ) (2)nF<2,n+2n+1b> )
The computation of the third term can be done in view of (2.5.8),

bw -7 (cnw" — anT") X4 i3 1 3 5 ) .
dr = = — Fl= — 3;b "
_ Z 3b3 ( 3 b2> 1.

For the last term, we use (2.5.5) and (2.5.6)

ﬁ Jio]{ (1 — boﬁ) (cnw" - anT”) " io f

2 |7 — bw|3 -

n=1

3 3
(2)n+1F(3 n—i—;,n—i—?,bz) o (Q)n (3’n+37n+17b2>]wn+1

(n+1)1" \ 2

n=1

+oo bn+3
g n

n=1
Finally, we obtain the following expression

. +oo
1

[:3(]7/1’ hQ)(w) - 5 Z [an(An - An) + Cn(én - en):| (wnJrl - wn+1)

n=1
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with

b+ (3)n 3 5 "+ (3)n 3 5
A, = (3 )+2F(n+,n+3;b2>— (3) +1F(n+,n+2;62>

2 (n+2)° \2 2 2 (m+1" \27 "2
+b”+3 3)n F<2 Jr% Jrl;bz)7
( Q)b’”rl (;Jz—i—;,n—l—l;Iﬂ)7
= bn {21? (;; ) F (;,;,Lb?ﬂ — %F (223 b2>
A 3en) - (3 300)]

and

~ 1 11
an:—< )bF( ,1,b2>
2
We want to simplify the expression of L£3(hq,hz2). First we note that
~ b 1 b 11 b3
0, -6, = "Cp (L3052 ¢ 5F (50510 e (3 5,3;1)2
2 2°2 272 16 2’

(3 _ /35, 33,
+ = 2F<2,2,2,b>—F<221b

2

By using (2.3.2) we get

-} 13 b (11 b_ (1 3
-0, = - DE (=, 2,2:0% —F e ) —=—F (=, =,1:0%
2(n+ ) (27277 )+ (2 277 ) 2 (27277

3 (35 33
SF(Z, 2,202 ) —F (=, 2,1;0%) |.
2 (272727b> (272) ’b>‘|

Now combining (2.3.2) witha=b= 3, c=1and z = b? as well as (2.3.4) witha=b= 3, c =1 and z = b?,
one may obtain the following identity

11 1
Fl= = 1¥)-F 7,§,1;b2 +§b2F §§262 —b’F §,§,1,b2 =0.
272 272 2 272’ 272

- b 13
0, —0,=— HF(=,=,2:0%).
1 (2 2 >

b3
i)

Consequently,

On the other hand

A 7& _ bn+1 (%)nJrl

b2 3
7(n—|—2)F §’n+§7n+3;b2 —b? n+§ F §,n+§,n+2;b2
(n+1)! 2 2

2 (n+2)° \2 2 2

3 1 1
= Ly ) — DF (= = Ly ) |.
5 n+2,n+ ,b) (n+1) (2,n+2,n+ b)]

+ b3 (n+1)F <3,
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Applying (2.3.2) with a = %, b=n+ %7 c=n+1 and z = b? one gets,

b2(n+3) (3 5 3 3 5
—(n 2>F(,n+,n+3;b2> —b? (n+)F( n+,n+2;b2)

1
A, - A, =yt (2
no o 2 (nt2) \2" 2 2) \27" "2

(n+1)!

3 3 1 3
+ b3 (n+1)F <2,n+2,n—|—1;b2> —(n+1)F <2,n+2,n—|—1;b2>

2 (3 3 )

Again applying (2.3.2) with a = %7 b=n+ %,c =n+2and z = b%, we deduce

A —A _ bn+1 (%)n—i—l

3 1 5 3 1 3
(n+ =)F (,n+,n—|—2;62) —(n+2)F <7n—|—,n—|—2;b2>

(n+1)! 2 2 2 2 2 2
3 3 5 3 3
—b? )R = 2:b? 2 HFE (= - 1;b2
b(n+2) (Tn+Tn+,b +b(n+1) 2,n+2,n+,b
1 3 o) b (3 3 o
(n+1)F<2,n+2,n+1,b>+2F<2,n+2,n+2,b .

We use (2.3.4) with a = %, b=n+ %, c=n+1 and z = b? to cancel some terms

1
An o An — bn+1 (5)""‘1

3 1 5 3 1 3
CE] (n+=)F (,n+,n+2;b2> —(n+2)F <7n—|—,n—|—2;b2)

2 2 2 2 2 2

1
—(n+1)F <2,n+z,n+1;b2>

Finally, using (2.3.4) with a = %, b=n+32,c=n+1and z = b% we obtain

2

~ bn+1 1 1
S B () wrnr (b D),
(n+1)1\2/,.,, 2 2

Consequently, we have

1 3
(n+1)F (,n +-,n+ 2;b2) ap (W — "

il 2 2
. +oo
b 1
- % S+ DF (2, ° o b2> (Wt — T,
n=1
As we have (see [69])
An(b) = (%)”b"_lF L lnpin
n = gt Tt TR )
the proof of the proposition is now achieved. O

2.5.2 Monotonicity of the eigenvalues

In what follows we shall use the variable A £ 1 — 20 instead of . The main task is to list the suitable
conditions on the used parameters in order to guarantee a one-dimensional kernel. Recall from Proposition
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2.5.1 that the operator DG(,0,0) acts as a Fourier matrix multiplier and the determinant of each matrix
M, is given by

det(M,,) = Z()\Q —2C,\ + Dy,) (2.5.9)
with
Cn = 14 (3-1)8,—(1-0*A(b)
{ D, = —3$52+42[3—14+2(1+0b)A1(b)] S, —4b* (A(b) — AZ(b)) — 2(1 — b*)A1(b) + 1

From that proposition one can easily see that the kernel of DG(£2,0,0) is non trivial if and only if
{Eln > 2, det(M,,) = O}

Therefore the dimension of the kernel is related to the structure of the eigenvalues and to how they depend
on the frequency modes. Observe that A — det(M,,) is a second order polynomial and the roots structure
depends on the reduced discriminant which is given by

A, = (Z + 1) Sn = (1+0*)A1(b)* — 4b*AZ (D).

We shall prove the following proposition.

Proposition 2.5.2. (1) For any n € N* we have A, (b) > 0, n — S, is a strictly increasing sequence,
n— A, (b) is a strictly decreasing sequence and b — A, (b) is a strictly increasing function.

(2) There exists N > 2 such that for any n > N we get A, > 0 and the equation det(M,) = 0 admits two
different real solutions given by
ME=C, £ VA,

(3) The sequences (Ay,)n>n and (N)),>n are strictly increasing and (X, )p>n is strictly decreasing.

(4) Ym >n > N we have
A, <A, < AP <AL

Proof. (1) The positivity and the monotonicity of A, (b) follow easily from the integral representation

bnfl

1
An(b) = FQ(;)/O "2 (1 —2)"2(1 — b%zx) " 2dx, for b € (0,1).

As to the monotonicity of S,, it is obvious.
(2) We write A, (b) = E,,(b)F,,(b) with

Ey(b) = (3+1) Sy~ (L+12)A1(0) — 2040 (0)
L41) 8, = (14 b2) Ay (b) + 26, ()

We remark that
A, (b) > 0 if and only if E,(b) > 0 or F,(b) < 0.

Using the strictly monotonicity of the sequences (Ap)nens and (S )nens We get
E,1(b) — E,(b) = <1 + i) (Snt1 — Sn) — 2b(Apg1(b) — Ap(b)) > 0.
Therefore (E,, (b))nens is a strictly increasing. As ml_l)IJIrlooEn(b) = +o00 and
Bi(b) = —(1+b)*A1 (D),
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we obtain that
N € N*such that Vn > N, E,(b) > 0.

This implies the assertion (2).
(3) Straightforward computations yield

Bnia == (14 i) (520 - 82) = 407 (A2 (0) = A200) = 2014 8) (14 1 ) MOS0 = 50)
1)
)

1 ) Snt1 + Sn) = 2(1+ b*) A1 (b) — 2b [An+1(b) + An(b)H

V Il
7 N N
— —
+ o+
S = S = O R O

N N N~

(Sust — 1) St Su) — 21+ 62>A1<b>} AR (A2, (b) — A2 ()
S

(
( n+1 T+ Sn) - 2(1 + bz)Al(b):|
(

- ) 1
i b
[ 1

(Sn+1— Sn) (1 + 3
i 1

(Sn+1 - Sn) ( + g

Vv
N

—

+

(Snt1 = Sn) (Eng1(b) + En (b)) > 0.

>(1+

As (Ap)p>n and (Sp)nens are strictly increasing, (A),>n is also strictly increasing. We focus now on
A

n

dn =3 = (5-1) Soa = 8 = VB~ V]

1 An-i-l _An
==-—-1 Sn _Sn - "
(b ) ( i ) \V4 A’thl + \/An

- _MT;WAT Kl + 2) (Snt1 = Sn) Kl + 2) (Sns1+Sn) —2(1+ b2)A1(b)H
¢T+11+\/A7 Kl N Z) (Sng1 = Sn) Kl + Z) (Sns1 +Sn) —2(1 + bQ)Al(b)H
(s
<3 m [( ) (Swy1 +Sn) —2(1+ b2>A1(b)H (Swer — Su)

+ m Kl + 2) (Spy1+Sn) —2(1+ b2)A1(b)H (Spi1—Sn)

<0

because [ (1+ 1) (Snt14+Sn) —2(1+40*)A1(b)] > Epp1(b)+En(b) > 0and VA, < (14 1) Sp—(1+b?)A1(b).
Consequently the sequence (A, )p>n is strictly decreasing.
(4) It is obvious and follows from (2) and (3). O

2.5.3 Proof of Theorem 4.5.1

This section is dedicated to the proof of the main result of this paper which is deeply related to the spectral
study developed in the preceding section combined with Crandall-Rabinowitz’s theorem. To proceed, fix
be (0,1) and m > N, where N was defined in Proposition 2.5.2. Set,

k+log __ k+log m
Xkilog — xhtlog q gm.
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We define the ball of radius r € (0,1) by
B = {f € XEFO | g <7}
and we introduce the neighborhood of the trivial solution (0, 0),
Vinr = B x B

The set Vi, is endowed with the induced topology of the product spaces. Take (fi, f2) € Vi, then the
expansions of the associated conformal mappings ®,,®5 in . are given successively by

oo,
@1(z) ==+ falz) = 2 (1 +Zm>
and
oo o
Dy(2) = bz + fa(z) =2 <b+ Z an> .
Consequently for any z € .
<I>j(e%z) = e%éj(z), j=1,2and |z] > e. (2.5.10)

From Proposition 2.5.2 recall the definition of the eigenvalues A% and the associated angular velocities
are

1 1
Q:I: R ==
1~ 1
=-—Cn Lt =vVA,
2 2
with
1 2
A, = ((b + 1) S — (1+ bz)Al(b)) — 4b%A2 ()
and

Con = (1 - 2) Sy + (1= b2)A1 (D).

Note that S, and A,,(b) were introduced in Proposition 2.5.1. The V-states equations are described in
(2.4.1) and (3.2.3) which we restate here, for j € {1, 2},

é(Q7 (I)la (I)Q) £ G(Q7f1af2) and G = <G17G2)

with

oo = (oei- | T | O ).

The following result is more precise than Theorem 4.5.1.

Theorem 2.5.3. Let k > 3, N be as in the Proposition 2.5.2, m > N, and take Q € {QE}. Then, the
following assertions hold true.

(1) There exists r > 0 such that G : R X Vp, . = YE1 x YE=1 s well- defined and is of class C*.
(2) The kernel of DG(2,0,0) is one dimensional and generated by

. Q + Sén - Al (b) —m—1
vo,m.wETH( D) w .
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(3) The range of DG(,0,0) is closed and is of co-dimension one in Y,i=1 x k=1,
(4) Transversality assumption: If 2 is a simple eigenvalue (A, > 0) then

9o DG (4, 0,0)v0.m ¢ Im (DG(22,0,0)) .

Proof. (1) Compared to Propositions 4.6.2 and 2.4.5, we just need to check that G = (G, G) preserves the
m-fold symmetry and maps X**18 x XF+los into YE=1 x Y*=1 To this end, it is sufficient to check that
for given (fy, fo) € XEFlog x XF+log the Fourier coefficients of éj(Q, ®q, P2) vanish at frequencies which are
not integer multiple of m. This amounts to proving that,

G (€, By, o) ("7 w) = G;(Q, By, D) (w), Vw € T, j =1,2.

As

(e w) = ) (w), (2.5.11)

the property is obvious for the first term Im{Qw®’;(w)®;(w)}. For the two last terms of G, it is enough to
check the identity,

Vw e T, S(®;,®;)(em w) =em S(P;, ®;)(w).

This follows easily by making the change of variables 7 = e ¢ and from (2.5.10) and (2.5.11),

oD (e ™ W) de¢

m e
E) — B, (eszw)| 3
Pl (w

S(®;, ®;)(e”

This concludes the proof of the following statement,

v(f17f2)ev’m,7‘7 G(Qafth)E}/fL 1><Yk 1.

(2) We shall describe the kernel of linear operator DG(2:,0,0) and show that it is one-dimensional. Let
h1, hs be two functions in X,’i{“og such that

“+o0
= Z an@™™ ! and ha(w Z cpw™ T, (2.5.12)
n=1
Recall from Proposition 2.5.1 the following expression,

DG(£2,0,0)(h,hy) = anMnm < ) (W"™ — "™ (2.5.13)

n>1

where the matrice M, is given for n > 2 by :

M Q— S, +b%A1(b) —b2A,. (D)
n bA, (D) b+ S, —bA1(b) )
Now if Q € {Qi} then
det(M,,) = 0.

Thus, the kernel of DG(2,0,0) is non trivial and is one-dimensional if and only if:

det(Mpm) # 0, Vn > 2.
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This condition is ensured by Proposition 2.5.2. Hence we have the equivalence:
(h1,h2) € Ker(DG(9,0,0)) if and only if a, = ¢, =0¥n > 2 and (a1,¢1) € Ker(M,,) (2.5.14)

Hence, a generator of Ker (DG(£2,0,0)) can be chosen as the pair of functions

weTr < QJF_X (b[)\l(b) >wm1.

(3) We introduce

Zm=19=(91,92) € Y x Vi g(w) =) < S > (W™ =), Yw € T

n>1

s.t. (A,,Cy) € R?Yn > 2 and 3(ay, ;) € R? with Mm( ‘C“ ) = < él >}
1 1

Z, is closed and of codimension 1 in V¥~ x Yk=1. The following inclusion is obvious
m(DG(Q,0,0)) C Z,
Therefore it remains just to check the converse. Let (g1, 92) € Z,,, we shall prove that the equation :
DG(€,0,0)(h1, ha) = (g1, 92)

admits a solution (hy,hy) € XF+o8 x XF+log where the Fourier expansions of these functions are given in
(2.5.12). According to (2.4.7), the preceding equation is equivalent to

An, _ An *
anm”(cn )(Cn >,Vn€N.

For n = 1, the existence follows from the condition of space Z,, and therefore we shall only focus on n > 2.
Owing to (2.5.14) the sequences (an)n>2 and (¢p)n>2 are uniquely determined by the formula

Qn _ 1 -1 Ap
<cn)—mMnm(cn>’V”22'

By computing the matrix M.l we deduce that for all n > 2,

_ Q4 ESam—A1(b)) b2 A (b)
{ On = mndet(M nm A + mndet(]\/[ )C”
_ bApnm (b) (2=bSnm+b>A1(b))
Cn = mndct(Mnm) A + mndet(Mpm) C

We just need to check that (hi, hy) € XEF1og x XF+los \We shall develop the computations only for h; since
the same analysis can be applied to hs. By using the characterization given by Lemma 2.3.2 one writes

n Cn
mndet( M) mndet(Mpm,)

||h1H§(’“+log |CL1|2 + Z 2(nm+k 1) 1+10g(nm))2

n)2E=1) (1 + log(nm))?
2 2 2 22
< |a | + Z 82 nm+k: 1) det( nm)2 [SnmAn + Anm( ) C’n]

2(k—1)
2 2 2
< |a | + Z 62(nm+k 1) A + Cﬂ)

S ||91||y;;—1 + llgzllyx-r-
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We have used the asymptotics Sy, ~ log(nm) and |det(M,,)| ~ S2,,..
(4) We have

. Sn .
8QDG(Q;|;:1’ O, O)Uo,m == un < 0 + b Al(b)

2\ —bAL0) > W™ =@,

We resort to reductio ad absurdum and we suppose that
9o DG(QE,0,0)v0,m € Im(DG(2E,0,0)).

Then there exists (ai, c;) € R? such that

()= (o)

. . Q+ S — Ay (b) . .
As M,, has a one-dimension kernel, 1}\ (b) will be a scalar multiple of one column of the
—4m
matrix M, which happens if and only if
(2 + Sy — Ay (0)” = b2 A, (b)? = 0. (2.5.15)

Combining this equation with det(M,,) = 0, we get

(Q = S, + %A1 (D)) <Q+ ST’” —Al(b)) + (Q+ ST’” —Al(b)>2 = 0.

This yields
'm 1
<Q + 57 — Al(b)> <2§2 + (0% — )AL (D) + (1 + b> Sm) =0
which is equivalent to

S m

Q
+ b

—Ay(b)=0ouQ = % <(1 — )AL (b)) + (1 — 2)57%) .

This first possibility is excluded by (2.5.15) because A, (b) # 0 and the second one is also impossible because
it corresponds to a double eigenvalue which is not also the case here. We obtain an absurdity and this
concludes the proof of Theorem 2.5.3. O
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Chapter 3

Existence of small loops in the
bifurcation diagram near the
degenerate eigenvalues

Injuries are our best teachers.

— Fat and Run,
Scott JUREK
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This chapter is the subject of the following publication:

Hmidi, Taoufik; Renault, Coralie, Existence of small loops in the bifurcation diagram near the degenerate
etgenvalues.

Nonlinearity, 30(2017),n0.10.

Abstract. In this paper we study for the incompressible Euler equations the global structure of the bi-
furcation diagram for the rotating doubly connected patches near the degenerate case. We show that the
branches with the same symmetry merge forming a small loop provided that they are close enough. This
gives an analytical proof for the numerical observations done in the recent work [33].

3.1 Introduction

During the last few decades an intensive research activity has been dedicated to the study in fluid dynamics
of relative equilibria, sometimes called steady states or V-states. These vortical structures have the common
feature to keep their shape without deformation during the motion and they seem to play a central role in the
emergence of coherent structures in turbulent flows at large scales, see for instance [19, 41, 49, 53, 63] and the
references therein. Notice that from experimental standpoint, their existence has been revealed in different
geophysical phenomena such as the aerodynamic trailing-vortex problem, the two-dimensional shear layers,
Saturn’s hexagon, the Kérman vortex street, and so on. Several numerical and analytical investigations have
been carried out in various configurations depending on the topological structure of the vortices: simply or
multiply connected vortices, dipolar or multipolar, see for instance [7, 8, 17, 33, 30, 24, 29, 35, 38, 37, 34].

In this paper we shall be concerned with some refined global structure of the doubly connected rotating
patches for the two-dimensional incompressible Euler equations. These equations describe the motion of an
ideal fluid and take the form,

Ow+v-Vw=0, (t,z) € Ry xR

v=-V(-A)"lw, (3.1.1)
Wjt=0 = Wo
where v = (v1,v2) refers to the velocity fields and w being its vorticity which is defined by the scalar

w = O1v2 — Oov1. Note that one can recover the velocity from the vorticity distribution according to the

Biot-Savart law,
L [ (a-—y*
= — _— dy.
v(z) = o /R2 P—F w(y)dy

The global existence and uniqueness of solutions with initial vorticity lying in the space L' N L™ is a
very classical fact established many years ago by Yudovich [72]. This result has the advantage to allow
discontinuous vortices taking the form of vortex patches, that is wo(z) = xp the characteristic function
of a bounded domain D. The time evolution of this specific structure is preserved and the vorticity w(t)
is uniformly distributed in bounded domain D,, which is nothing but the image by the flow mapping of
the initial domain. The regularity of this domain is not an easy task and was solved by Chemin in [13]
who proved that a C'**-boundary keeps this regularity globally in time without any loss. In general the
dynamics of the boundary is hard to track and is subject to the nonlinear effects created by the induced
velocity. Nonetheless, some special family of rotating patches characterized by uniform rotation without
changing the shape are known in the literature and a lot of implicit examples have been discovered in the
last few decades. Note that in this setting we have explicitly D; = Ro o:D where Ry o is a planar rotation
centered at the origin and with angle Q¢; for the sake of simplicity we have assumed that the center of rotation
is the origin of the frame and the parameter €2 denotes the angular velocity of the rotating domains. The
first example was discovered very early by Kirchhoff in [43] who showed that an ellipse of semi-axes a and b

rotates about its center uniformly with the angular velocity Q2 = % Later, Deem and Zabusky gave in

[17] numerical evidence of the existence of the V-states with m—fold symmetry for the integers m € {3,4,5}.
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Few years after, Burbea gave in [6] an analytical proof of the existence using complex analysis formulation
and bifurcation theory. The regularity of the V-states close to Rankine vortices was discussed quite recently
in [8, 37]. We point out that the bifurcation from the ellipses was studied numerically and analytically in
[8, 34, 41]. All these results are restricted to simply connected domains and the analytical investigation of
doubly connected V-states has been initiated with the works [33, 38]. To fix the terminology, a domain D
is said doubly connected if it takes the form D = D; \ Dy with D; and Dy being two simply connected
bounded domains satisfying Dy C D;. The main result of [33] which is deeply connected to the aim of this
paper deals with the bifurcation from the annular patches where D = A, = {z;b < |z] < 1}. For the clarity
of the discussion we shall recall the main result of [33].

Theorem 3.1.1. Given b € (0,1) and let m be a positive integer such that,

(1-0%)

14+ b —
* 2

m < 0. (3.1.2)
Then there exist two curves of doubly connected rotating patches with m-fold symmetry bifurcating from the

annulus Ay at the angular velocities,
1-v 1
+
U= 5,V

2 2
Am:(l 2b m—1> — 2™,

We emphasize that the condition (3.1.2) is required by the transversality assumption, otherwise the
eigenvalues (X are double and thus the classical theorems in the bifurcation theory such as Crandall-
Rabinowitz theorem [16] are out of use. The analysis of the degenerate case corresponding to vanishing
discriminant ( in which case ;}, = ;) has been explored very recently in [35]. They proved in particular
that for m > 3 and b € (0,1) such that A,, = 0 there is no bifurcation to m-fold V-states. However for
b e (0,1)\S two-fold V-states still bifurcate from the annulus A, where & = {b},,m > 3} and b, being the
unique solution in the interval (0,1) of the equation

(1-0%)
2

with

1+0™— m = 0. (3.1.3)
The proof of this result is by no means non trivial and based on the local structure of the reduced bifurcation
equation obtained through the use of Lyapunov-Schmidt reduction. Note that according to the numerical
experiments done in [33] two different scenarios for global bifurcation are conjectured. The first one when
the eigenvalues Q,, and Q. are far enough in which case each branch ends with a singular V-state and the
singularity is a corner of angle 5. For more details about the structure of the limiting V-states we refer the
reader to the Section 9.3 in [33]. Nevertheless, in the second scenario where the eigenvalues are close enough
there is no singularity formation on the boundary and it seems quite evident that there is no spectral gap
and the V-states can be constructed for any Q € [Q,, ], see Fig. 3.1 taken from [33]. Moreover, drawing
the second Fourier coefficient of each conformal mapping that parametrize each boundary as done in Fig. 3.2
we get a small loop passing through the trivial solution at 2, and €} . This suggests that the bifurcation
curve starting from .}, will return back to the trivial solution (annulus) at €.

Our main purpose in this paper is to go further in this study by checking analytically the second scenario
and provide for m > 3 the global structure of the bifurcation curves near the degenerate case. Our result
reads as follows.

Theorem 3.1.2. Let m > 3 and b, be the unique solution in (0,1) of the equation (3.1.3). Then there
exists by, € (0,b%,) such that for any b in (by,,b,) the two curves of m-fold V-states given by Theorem 3.1.1
merge and form a loop.

Now, we are going to outline the main steps of the proof. Roughly speaking we start with writing down
the equations governing the boundary 0D, UdDs of the rotating patches and attempt to follow the approach
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Q=0.1342 A Q = 1350, 0.1367, ..., 0.1520 Q=0.1520, 0.1534, ..., 0.1674

T a o5 0 05 1
Figure 3.1: Family of 4-fold V-states, for b = 0.63 and different 2. We observe that there is no singularity

formation in the boundary.

b=0.63

Q

Figure 3.2: Bifurcation curves of the Fourier coefficients a1,1 and a2,1 in (3.1.4) with respect to Q.

developed in [33]. For j € {1,2}, let ®; : D° — D¢ be the conformal mapping which enjoys the following
structure,
ajm
V|| > 1, @5(2) =bjz+ Y ~tan €Rbi=1 and b= (3.1.4)
neN
We have denoted by D¢ the complement of the open unit disc D and we have also assumed that the Fourier
coefficients of the conformal mappings are real which means that we look for V-states which have at least
one axis of symmetry that can be chosen to be the real axis. It is also important to mention that the domain
D is implicitly assumed to be smooth enough, more than C! as we shall see in the proof, and therefore each
conformal mapping can be extended up to the boundary. According to the subsection 3.2.2 the conformal
mappings satisfy the coupled equations: for j € {1,2}

G\ f1, f2)(w) 2 Im { ((1 — N, (w) + I(@j(w))) u@;(w)} —0,YweT

where
A=1-20, ®;(w)=buw+ f;(w)

NERVEES TGN R N
10) = 5= | g w5 [ =g

and
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Here d¢ denotes the complex integration over the unit circle T. The linearized operator around the annulus
defined through

Los(h) 2 ;G\, 0)h = %[G(A,th)htzo

plays a significant role in the proof and according to [35] it acts as a matrix Fourier multiplier. Actually, for
h = (h1, ha) chosen in suitable Banach space with

.
hi(w) =Y om0 G € R

n>1

we have the expression

Lyp(h) = Z Mpm (M) ( Z;’" ) enm with  ep(w) = Im(w")
n>1 g

where for n > 1 the matrix M, is given by

nA — 1 — nb? prtl
M"(A)—( 0 bA—n+1) )

It is known from [33] that for given m > 3 the values of b such that M,,(\) is singular, for suitable values
of A = Xt belong to the interval (0,b%) where b, has been introduced in (3.1.3). It is also shown in
that paper that the assumptions of Crandall-Rabinowitz theorem are satisfied, especially the transversality
assumption which reduces the bifurcation study to some properties of the linearized operator. This latter
property is no longer true for b = b*, and we have double eigenvalues A} = %. This is a degenerate case
and we know from [35] that there is no bifurcation. It seems that the approach implemented in this situation
can be carried out for b € (0,b%,) but close enough to b%,. In fact, using Lyapunov-Schmidt reduction
(through appropriate projections) we transform the infinite-dimensional problem into a two dimensional
one. Therefore the V-states equation reduces to the resolution of an equation of the type

Fy(\t)=0 with F,:R*> =R,

with I, being a smooth function and note that when b = b*, the point (Af . 0) is a critical point for I
and for that reason one should expand F5 to the second order around this point in order to understand
the resolvability of the reduced equation. At the order two F3y is strictly convex and therefore locally the
critical point is the only solution for F5. Reproducing this approach in the current setting and after long and
involved computations we find that for (\,#) close enough, for example, to the solution (A} ,0)

Fy(\ 1) = am(b)(A =A%) + em (D)X = A1)+ dm (D)2 + (A = A5)? + %) e(\,t)
with
lim (A t)=0.
(At)—=(X5,0)
Notice that
am(5) =0, cn(bs) >0, dy(b,) >0

and moreover for b belonging to a small interval (b,,,b%,) we get a,,(b) < 0. As we can easily check from
the preceding facts, the zeros of the associated quadratic form of Fy is a small ellipse. By implementing
perturbation arguments, we show that the structure of solutions of F5 are actually small perturbation of
the ellipse. Furthermore, they can be parametrized by a smooth Jordan curve and the intersection of this
curve with the real axis gives rise to two points which are {\f}. Note that the branches emanating from
that points describe the bifurcating curves of V-states with exactly m—fold symmetry, which implies the
formation of small loops in the bifurcation diagram. More details will be given later in Section 3.4.

The paper is organized as follows. In Section 3.2 we shall introduce some tools, formulate the V-states
equations and write down the reduced bifurcation equation using Lyapunov-Schmidt reduction. Section 3.3
is devoted to Taylor expansion at order two of the reduced bifurcation equation and the complete proof of
Theorem 3.1.2 will be given in the last section.
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3.2 Reminder and preliminaries

We shall recall in this section some tools that we shall frequently use throughout the paper and write down
the reduced bifurcation equation which is the first step towards the proof of Theorem 3.1.2. But before that
we will fix some notations. The unit disc and its boundary will be denoted respectively by D and T. and D,
is the planar disc of radius r and centered at the origin. Given a continuous function f : T — C we define

its mean value by,
1
]{f(T)dT = Py /rf(T)dT,

where dr stands for the complex integration.

3.2.1 Holder spaces

Now we shall introduce Holder spaces on the unit circle T. Let 0 < v < 1 we denote by C7(T) the space of
continuous functions f such that

T)— J(w
[ flleem = I fllLee Ty + sup Lfi” < .
rAweT T — W]

For any integer m, the space C™*7(T) stands for the set of functions f of class C"™ whose n—th order

derivatives are Holder continuous with exponent «. It is equipped with the usual norm,

dnf
dw™

C(T)

I fllcrevy £ 1l ooy + H

Recall that for n € N, the space C™(T) is the set of functions f of class C™ such that,

/]

cnm 2 Y NP (r < oo
k=0

3.2.2 Boundary equations

Let Dy € Dy be two simply connected domains and D = D; \ D2 be a doubly connected domain. The
boundary of D; will be denoted by I';. Then according to [33], HMdeg we find that that the exterior
conformal mappings ®; and ®5 associated to D; and D, satisfy the coupled nonlinear equations. For

Jje{l,2},

~

Gj()\7<I>17<I>2)(w):0, VweT,

with
G (A, By, By)(w) 2 Tm { ((1 — N (w) + I(D; (w))) w@}(w)} . (3.2.1)

Note that we have introduced A = 1 — 2§ because it is more convenient for the computations and

_ 3—@1(6) / _ E_(1)2(6) /
1) = f g o - f I=gr e

The integrals are defined in the complex sense and we shall focus on V-states which are small perturbations
of the annulus A, = {2,b < [z < 1} with b € (0,1). The conformal mappings ®; with j € {1,2} admit the
expansions,

+oo
Ajin
n=1

with
by =1,bp =b.
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Define R
Gj()‘7f17f2) = Gj()‘a(l)la(I)Q) (322)

then the equations of the V-states become,
Yw € Ta G()\,fth)('lU) =0

with
G = (G1,Go).

Note that the annulus is a solution for any angular velocity, that is,
G(A,0,0)=0

and the set {(X,0,0)|A € R} will be called the set of trivial solutions.

3.2.3 Reduced bifurcation equation.

For any integer m > 3, the existence of V-states was proved in [33] provided b € (0,b},) that guarantee the
transversality assumption. The idea is to check that the functional G has non trivial zeros using bifurcation
arguments. However, and as we have mentioned before in the Introduction, the knowledge of the linearized
operator around the trivial solution is not enough to understand the structure of the bifurcating curves
near the degenerate case corresponding to double eigenvalues. To circumvent this difficulty we make an
expansion at order two of the reduced bifurcation equation in the spirit of [35], and this will be the subject
of the current task. Let us first introduce Banach spaces that we shall use and recall the algebraic structure
of the linearized operator.
For a € (0,1), we set

+oo
Xin = {f = (f1.f2) € (CTT (M) flw) =Y A" Ay € RQ} :

n=1
and

“+o0
Y, = {G = (G1,G2) € (C*(T))%,G = Buénm, Bn € RQ} , en(w) = Im(@").

n=1

Note that the domains D; whose conformal mappings ®; associated to the perturbations f; lying in X,
are actually m—fold symmetric. Recall from the subsection 3.2.2 that the equation of m—fold symmetric
V-states is given by

G\ f) =0, [f=(f,f2) e B xB"CXn (32.3)

where B is the ball given by
B ={fect (), flw) = Y @@ ap € R, [fllcree <7}
n=1

We mention that we are looking for solutions close to the trivial solutions and therefore the radius r will be
taken small enough. The linearized operator around zero is defined by

OGO 0)h = LIGOL )]s,

As it is proved in [35], for h = (h1, ha) € X,, taking the expansions

QAin
hj(w) = Z wni;L—l’

n>1
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we get the expression

9 GA0)h =" Mym(N) ( @1n ) Cnm,s (3.2.4)

n>1 @2m
where for n > 1 the matrix M, is given by
nA —1—nb? prtl
Mn(A) = ( 0 b —nt 1) > :

We say throughout this paper that X is an eigenvalue if for some n the matrix M, () is not invertible. Since
det(M,(\)) = (nA — 1 —nb*)b(n\ —n + 1) + b !

is a polynomial of second order on the variable A, the roots are real if and only if its discriminant is positive.
From [?] we remind that the roots take the form,

1401

+ + =\/A

with the constraint
1— b2

An(b):< n—1)2—b2"zo.

According to [33] this condition is equivalent for n > 3 to

1-b?

n

—1>0" (3.2.5)

In addition, it is also proved that for any integer m > 3 there exists a unique b}, € (0, 1) such that A, (b%,) =0
and A, (b) > 0 for all b € [0,b%,). Moreover,

Ker(9;G(A\E,0)) = (vn,)

m)\ﬁfm+1 1 a vy 1
vm(w) — bml—l @mf 4 ; ,m wmf .
2,m

In order to be rigorous we could write vgi but for the sake of simple notations we note simply v,,. Now we
shall introduce a complement X,,, of the subspace (v,,) in the space X,,,

with

“+o0
X, = {h € (CH ()2 h(w) = ZA,@"’”*1 +a ( é )wml,An €R*ac R} .
n=2

It is easy to prove that the subspace is closed and
X = (Um) & X,

In addition the range Y, of 9;G(\%,0) in Yy, is given by
+o0 pm
Vm = {K € (C*M)%L K = ZQBnenm+ﬁ ( AL —m 41 ) em,Bn €R?, B3 € R} :
The subspace Y, is of co-dimension one and its complement is a line generated by
W, — 1 <m)\,ﬂ;£¢+1>em
\/(mx\?ﬁ —m+1)2 4+ p?>m b

Ao
=W, .em.
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Thus we have
Lyapunov-Schmidt reduction relies on two projections

P: X, — (vn), Q:Y,— (W)

For a future use we need the explicit expression of the projection @Q. The Euclidian scalar product of R? is
denoted by (, ) and for h € Y, we have

+oo
h=> Bupenm, Qh(w) = (B1,W,,)W,,.
n=1

Moreover, by the definition of () one has,
QO;G(\E,0) = 0. (3.2.6)
Unlike the degenerate case, the transversality assumption holds true
ONOrG (AL, 0)vm ¢ Im(9;G(A;;,0))
and therefore
QNI G(NE, 0)v,, # 0. (3.2.7)
For f € X,, we use the decomposition
f=9g+k with ¢g=Pf and k= Id-P)f
Then the V-state equation is equivalent to the system
Fi(\g, k)2 (Id-Q)GA\g+k)=0 and QG(\,g+k)=0.
Note that Fy : RX (v} X Xy, — Vi, is well-defined and smooth. Thus using (3.2.6) we can check the identity,
DiFi(A,0,0) = (Id = Q)0sG(N5;, 0) = D5 G(N;, 0).
Consequently
DpFi(0E,0,0) : Xy — Vi
is invertible. The inverse is explicit and is given by the formula

IGAE,00h =K <= VYn>2A, =M, B, and a= —bﬁm(mAi —m+1) (3.2.8)
Thus using the implicit function theorem, the solutions of the equation Fj (A, g, k) = 0 are locally described
around the point (A, 0) by the parametrization k = ¢(), g) with

@ : R X (vy) = X

being a smooth function. Remark that in principle ¢ is locally defined but it can be extended globally to
a smooth function still denoted by . Moreover, the resolution of the V-state equation near to (A\f,0) is

equivalent to
QG (A, tom + (X, tvy,)) = 0. (3.2.9)

As G(\,0) =0, VX it follows
©(X,0) =0, YA € V(AE), (3.2.10)

where V(A is a small neighborhood of A, Using Taylor expansion at order 1 on the variable ¢ the V-states
equation (3.2.9) is equivalent to the reduced bifurcation equation,

1
F(\t) £ / QoG (A, stvy, + ©(A, stuy,)) (Um + Ogp(A, Stvg,)vm)ds = 0. (3.2.11)
0

In addition, using (3.2.6) we remark that
Fy(A\E,0)=0.
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3.3 Taylor expansion

The goal of this section is to compute Taylor expansion of F5 at the second order. This quadratic form will
answer about the local structure of the solutions of the equation (3.2.11).

3.3.1 General formulae

The aim of this paragraph is to provide some general results concerning the first and second derivatives of ¢
and Fy. First notice that the transversality assumption required for Crandall-Rabinowitz theorem is given
by

NFo (A5, 0) = QO\0rG(AL, D)y, # 0.

Thus applying the implicit function theorem to Fy, we get in a small neighborhood of (A, 0) a unique curve
of solutions t € [—eg,e0] = (A(t),t) . We shall prove that for b close enough to b%, this curve is a smooth
Jordan curve and for this aim we need to know the full structure of the quadratic form associated to F5.
The following identities were proved in [35, p 13-14].

(AL, 0) = 9y0(\E,0)v,, = 0. (3.3.1)

and
Map(AE 0)=0. (3.3.2)

Now, we give the expressions of the coefficients of the quadratic form associated to F» around the point
(AE,0). For the proof see [35, Proposition 2].

Proposition 3.3.1. The following assertions hold true.

1. First derivatives:

INF2(AE0) = QOr0rG(AE, 0)(vim)

and

1
8tF2()‘7:|r:u O) = iQaffG(Arjr:m O)[Um; Um]

1

= 5 72 [QGO tom)]je=o-

2. Expression of O Fa(A\E,0):

InF2 (N5, 0) = —2Q020;G(N5,0)[0;G(A5,0)] 1 (Id — Q)90 G(AE, 0) v,

3. Eaxpression of Oy Fa(A\E,0):

9P 0%,0) = LT 1008, tn)leco + Q011G O, Bl
with
Um éj—; @(Ai,tvm)hzo
= (9,000 (14 - QGO )
and

Q05 G(NE, 0)[Vim, U] = 9,05 [QG (N, v + 5Um)]j1=0,5=0-
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4. Expression of 0x0; Fa(A\E,0):

ONDUFANE 0) = 5QONDy G N, )um, ] + 5Q0ND;GINE, 0) ()
+ Q05 s G(AE, 0)[Um, OrDgp (XS, 0)vyn]
with
aAagSO()‘?r:m O)Um = 7[afG()‘ia 0)]71(1(1 - Q)akafG(/\iv O)Um
3.3.2 Explicit formulae for the quadratic form

In this section we want to explicit the terms in the Taylor expansion of F5 at the second order. The main
result reads as follows.

Proposition 3.3.2. Let m > 3 and b € (0,b,). Then the following assertions hold true.

1. Ezpression of 0,F»(\%,0).
O Fy(\E,0) =0.

2. Expression of OxFy(\E,0).

m[(m)\,in —m+1)% — >

INFo(\E,0) = 7
A 2( ) bm—l[(m)\rin _m+1)2+b277l]§

3. Eapression of Ox\Fa(AE,0).

2pl—m (o \E _ 3
D Fa(AE0) = 4m bi (mAr —m+ 1)3
[(mAm —m +1)2 +b2™]2

4. Expression of 0y Fa(\E,0).

(*2 — (mAL —m + 1)?)?

OuFy(AE,0) = —m(m — 1)p>3m .
tt 2( ) ( ) ([mATin_m_Fl}Q_i_me)g

W,

+ B Ko Wop,
with
P I (mALE — 1)(mAE —m 4+ 1)2 4 (1 — 2m)(mAE —m + 1)pm ! 4 mp>m !
" [(m)\% -—m+1)2+ b2m]%
X (2XEm —2m +1)
and

= 2m(b - P (mAE —m+ 1))
Bm == det(Man ()

5. Expression of 050 F2(\E,0).
O Fy(AE,0) = 0.

Remark 3.3.3. In [35], all the preceding quantities were computed in the limit case b = bf, and our
expressions lead to the same thing when we take b — b},. This can be checked using the identity

m)\i—m—l—l:—\/lﬂm—i—Am:t\/Am

and when b = b}, the discriminant A, vanishes.
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In what follows we shall establish the formulae of Proposition 3.3.2. As we can observe from Proposition
k
3.3.1 that most of them are based on the quantities 4 [G(AE, tv,)]j—o for k € {2,3}. We introduce some
notations which will be very useful to obtain explicit expressions. We begin with:

®;(t,w) = w4 tvj w™ !
wich leads to
Gk tm) = T {[(1 = X5)@5 ) + 1@t w))w (07" + (1 — )y ™) }

with:
I(®;(t,w)) = Ii(®;(t, w)) — L(P;(t,w))

where:

L@ (tw) = f ijgzg = ig :; @ (t,7)dr.

We precise that the ®%(¢,7) that appears in the preceding formula is the derivative of ®; with respect to the
second variable 7.

Computation of 9;F»(\*,0)

We shall sketch the proof because most of the computations were done in [35]. Note that

1 d?

1
atF?O‘iv 0) = iQaffGo‘iv 0)[vim, vm| = iQ@[Gj()‘rimtvm)]lt=0'

To lighten the notations we introduce

_ [A+1tB,;
L(cbj(t,w))_]ﬁAHB(b +tC)dr

with
j—1 i—1 —m—1 =m—1 =m
A=V"w—-0b0""7, B=v;,0 — VimT and C =wv; (1 —m)7".

We can easily find that

d2

dt?

L d?
(G (N5 tvm)]ji=0 = Im {bj 1wﬁl(®j(t7w))|t:0 +2(1 - 2E)(1 - m)vim

d _
FL= )05 T8 00w |

2 d o
= Im {bJ 1W@I(®J(t7 U}))|t:0 + 2(1 — m)?}j’mal(@j (t, w))\t:ow 1} .

Recall from [35, p. 823] that

d

A . ., [B
a[Ii(‘bj(taw))ht:o = ][ E(AC — b 1B)dr + bt ][ Zd7-_

Moreover, for any ,j € {1, 2}, there exist real numbers p; ;,~; ; such that

B
][ZdT:,U,i’jwm_l

and
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a ,
][ E(AC —b"tB)dr = ;o™

Hence,
d

ﬁ[h(@j(t, w)]je=0 = Vi 0"+ 0 i jw™ !
Wlth j—1 i —1 j—1 1 —1
V= b T o V-t b7 o
Vi,j £ vim(1— m)][ bi—1 _ bi—lTdeT —b! ][ (bi—1 —bi-17)2 (Vj,m — Vi;mT Ydr.

We also get from (39) of [35],
V1,2 = 0.

For v21 by writing

1-b7 1—-0b7 B
V2,1 = U27m(1 - m)][ 1 _ bT?de - b][ m(vl,m - 'U2,mFm 1)dT.

combined with the following identities: for any m € N*
][ T - ][ T g =yt (3.3.3)
T (1 — bT) TT— b e

][ld —][Timd = mb™! (3.3.4)
U R O >

and

We obtain

Yo = Va,m (1 — m)[bm71 — bmH] + bug p [(Mm — Hym=2 — mb™] + b2v17m

= _,Uzymb’ﬁl-‘rl + b27}17m.

For ;; we recall that

1-7 1-7
Yiii = Vim(1— m)][ T T?de — Vim ][ ﬁ(l — ?m_l)dr.

-7

Thus using the residue theorem at co we deduce,

Yi,i = 0.
Finally we get,
d
—[I(®1(t,w))]j1=0 = (11,1 — bu2,1)wm_1 + [Uz,mbmH — b2v17m]ﬁm+1 (3.3.5)
dt
and J
—[(®2(t, w))]ji=0 = (p1,2 — bpig.o)w™ L. (3.3.6)

dt
Now we have to compute %[Ii(fbj (t,w))]jt=0- According to [?, p. 825-826] one has

2 B_-A .
%[Ii(q)j(t,w))]‘tzo = 2]£ [ABAi?)AB][AC — b1 B]dr.

Moreover
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B ,
f E[AC’ — b~ Bldr = fi; ;w
i
and

ZB i— —2m
- ]{ —FAC -0 'Bldr = n; jw*™ .

Then we have

Bz o .
@[L‘(‘Pj (t, w))]jt=0 = 2fi,;W + 21 ;W™
with
~ (vj’m - Ui’me_l)fm (’Uj;m — ’Ui;me_l) i—1 —m—1
Hij = vim(l— m)]_[r CE=r Tdr + T biTr)e b Vi T — Vjm]dT
and

][ (bj71 — bi717)(’0j7m — Uz'7m7m_1)

- (bi—1 — bi—17)2

bi—1][ (bj_l - bi_l?)(vj,m - Ui,m?m_l)QdT
T (bjfl _ biflfr)fi :

i Vim(m — 1)7"dr

+

For the diagonal terms we get

7).2 (1 _ 7.771—1) 1;.2 (]_ _ ,Tm—l)
Hi,i (1 — —7"d — ot —1]d
Hi, bl—l( m)]{_ 1-r1) Toar + pi—1 ]{_ (1—71)2 [T ] T

2

Ui,m
= (m- 1)bi—1

As to the term iy 2, we may write

~ ('Umevl m7m71)7 f (UQm*’l)l meil)f -1
— m 1 _ ) ’ md m > ) m d
IU/LQ vl, ( m)fr (b_ T) T T+Ul? T (b_ 7)2 T T
(UQ m — U1 me_l)
m 5 > dr.
A T

The first and the second integrals vanish using the residue theorem at co. Thus we find
fi1e = (m — 1)vg vy mb™ 2

Concerning the term fiz ; given by

~ (Ul m 'U2.m7'm_1)7 7[ (Ul m — U2 me_l) —m—1
— m 1 _ ) ) md i) ) b m m _ m d
fiz,1 = V2 ( m)]{ = br) T+ 1= br)? [v2,mT v1,m]dT

it can be computed using (3.3.3) and (3.3.4)

,ZZQ,l = U2,m(1 - m)[vl,mbm71 - 'U2,m} + va,mUI,m(m - l)bm72
02— 02 4 g1 T !
+ b][ (Cv2m = Vim ¥ V20 ™7 )
: (1= br)?

The last term vanishes thanks to the residue theorem. Finally we have:
fiz,g = 03 (m — 1).
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Now we shall move to the calculation of 7, ; for ¢, € {1,2}. We start with the term,

(b—?)(vgm—vl m?m—l)i ][ (b—?)(vgm—vl m?m—1)2
= m - 1 2 4 md . ’ d .
e = vun(n=1) U & b7 i
Using the residue theorem at co we get
n1,2 = 0.
Now we focus on the term 7, ; given by
(1 _b7)('U1m — Vo T ][ Ulm — V2 mT 1)2
= vy m(m—1 . : T + b dr.
21 = V2m(m )]£ (1—br)? T (1—br)3 T
According to (3.3.3) and (3.3.4) we get
1—-b7 m — Vo T 1
][ ( T)(Ejll, ; ;)22, T )?de = Uim (mb"kl . (m + l)bm+1)
T — 0T

4 vam (zmb2m —(2m - 1)b2m*2).

Applying the residue theorem, we can easily prove for any m € N*,

7 rmtl mim+1)
7d = d = bm_ .
= =

][ (]. — b?)('l}l’m — ’Ugym?mil)Q
T (1—-b71)3

Thus,

+ v%vm(Qm -1 ((m —1)pm3 — mem*l)
It follows that
No1 = fv;mmbzm - b%im + V1, mU2,m(m + 1)bm+1.
For the diagonal term we write

_ Ym L=DO=7"Y) ,  Yim [(L=T)A =T
Niyi = bi—l (m — 1)]{_ (1 — 7)2 dr + bz 1 f (1 — T)3 dr.

By the residue theorem we get

;.5 = 0.
Putting together the preceding estimates yields
d2
di2 (@1t w))ljt=0 = 2(”% b+ bzvim — U1,mV2,m (M + 1)bm+1)w2m+1
+ 2( 1)(”1 m Ug,m)E
and
d2 m—2 V2am\
[ (@a(tw))]ji=o = 2(m — 1)v27m(v17mb - T)w

Combining these estimates with (3.3.5) and (3.3.6) we find successively,
2

dt?

d2

" (@1 (1,10)) o+ 20— )0 g o T (1, 0)) o

[Gl()‘rﬂfw tvm)ht:o =Im {

2
o
= Qm('UZ,mb - bvl,m) €am
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and
2

[G2( N, tom)] =0 = Im {bwjtZI(CPQ(t, w)) =0 + 2(1 — m)’l}z’mgl(ég(ﬂ w))|t_0wm—1}

d2
de? dt

dt?
=0.

This can be written in the form,

d2

2m (v, mb™ — buy 1 )? ) .
@ 2m-

[G()‘rinatvm)]\t:o = ( 0
From the structure of the projector Q) we get

1
O F2(A, 0) = 5Q05 G (A5, 0) [V, v

1 _d?
= QQﬁ[G(/\?T:” tvm)ht:O
=0.

Hence the first point of the Proposition 3.3.2 is proved.

Computation of 9\ Fy(\f,0)

From the explicit expression of 9;G (A%, 0) it is easy to verify that

020 G(AE,0)(vm) = m ( U1,m ) em. (3.3.8)

buy ,m

Thus we have,

nF2(Ay, 0) = QONI;G (A, 0) (vrm)
o Vi,m Yy
= m< ( b ) ,Wm> W,

Straightforward computations lead to

+ _ 2 _ 12m +
ml(mAk —m + 1) — "] (mAm m+1)em. (33.9)

INFy(A\E,0) =
A 2( ) bm—l[(m)\ﬁ —m—i—l)Q—l—me] —pm

m?

Thus the second point of the Proposition 3.3.2 follows.

Computation of dy\Fy(\%,0)
Using (3.3.8) and(3.3.9) we obtain

Id — 0109, GOE . O),, — —2mbmAL —m + 1) o e
( Q)I\0rG(AL,, 0)vm, m

(mAg, —m + 1)24+b2m \ mA5, —m+1
pr— bm
-n mAE —m+1 em

with

A 2mb(mAE —m+1)
C(mAE —m A 1)2 fb2m

K
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Then by (3.2.8) and the expression of 9\d,¢ (A, 0) detailed in Proposition 3.3.1 one gets

00y (Niys 0) = —[0;G(A5, 0)] (1A — Q)NIr G (A, 0)vm,

_ £ y-1 b
— —K[0,;G(E,0) ( 1 ) e
C2mb T (mAE —m + 1)2 ( 1 ) —

3.3.10
(mAk —m+1)%+p2m \ 0 (35:10)

Consequently,

2 + _ 2
D GOE 0) D30y (N O] = A — 0 ] (é)e”"

(m)\ﬁ —m+1)2 4+ p?m

Straightforward computations lead to

2m2b = (mAE —m 4+ 1) [ mAE —m+1
O GNE,0)[0rDg0(NE, 0)vy,] = m m -
Q AUf ( m? )[ A QSD( m? )U ] [(m)\?:n*erl)ZﬁLme]Q ( —bm )e

Finally we obtain the following expression

8MF2(/\i 0) = 4Am2b = (mAE —m 4+ 1)3 .
" [(mAh —m +1)2+p2m)3 "

Computation of 9, Fr(\%,0)

We mention that most of the computations were done in [35] and so we shall just outline the basic steps.

Looking to the formula given in Proposition 3.3.1 we need first to compute %[G()\i,tvm)]‘tzo. From the
identity (60) of [35] we recall that

d3

dt3 dt3

3 1 A2
Gj()\i, t’Um)|t:O = Im {b] 1w—[[(<1>j (t, w))]|t:0 + 3(1 — m)vj,mw 1[@([(¢j (t7 w)))]t_o} .
It is also shown in [35, p. 835] that

3 B - A .
%[Ii(q)j(taw))]\tzo = —6]£ [BAA74AB]B[AC — b Bldr.

One can find real numbers 7; ; such that

1 d3 - N -
6 a5 Li(®4 (8, w))]je=0 = (m — 1) Ji @t 4+ 0K ot 4 et
where
(@gam = Vian ™) g = Viem™™ 1)
Jij = Uz’,m]{ CEEEEE —m g
and

K, = (vjm — ”i,mf”*lf(?j,m - vi’me_l)dT.
»J T (b]—l _ bz—lT)3

To start, we compute J; ;. The same proof of (61) of [?] gives
Jiz = 0.
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For Jy1 we use (3.3.4),

_ =m—1 _ m—1
Jo1 = U2,m][ W = 2T J0tm = 02T )?md'r
T

(1—0b7)2

= 1}27m[vim + v%jm]mbm_l + v17mv§7m[(1 —2m)b*m2 — 1].

As to J;; we easily get

PP f(l—fmlm—w-l)
T

—=m
= p26-1) (1—71)2 Tdr
= 0.
For K o we write
3 2 —2m—2 2 —=m—1 3 =m—1 2
VS VT i V2,mT m—e 27}27mv1’m7m — ’ULme + 2v17mv27m
Kl 2 = 3 d’T
T (b—1)
9 7_77171 d
— V1m0 —dT.
2,m T (b _ 7_)3

Using the residue theorem at oo, we can see that all the terms vanish except the last one that can
computed also with the residue theorem.

V1.m3 (M — 1)(m — 2)

K= 5

pm3.

For K51 given by

3 2 —1 2 2 =2m-2 3 =m-—1 2 =m—1
B VY gy — ’ULm’UQ’me + 2v1’mv2’m + V1,mV3 T — U5, T — 2v1’mv2,m7
Koy = dr.
T

2,m
(1—0r)3

we may use the residue theorem combined with (3.3.7)

e = vLmU%HﬁQm*2 — u§7m?m*1 — 2vimv27m?m’1
= (1—-b7)3
T
m(1—m)
2

dr
= (207, + V3 1) V2,m b2 4 vy 03, (m = 1) (2m — 1)b?m 3,

As to the diagonal terms K ; we use residue theorem leading to

v3 _ =m—1\2(7 _ -m—1
K;; = L f (-7 )y (-7 )dT
’ p3(i—1) T (1 _ 7-)3
_ U?,m (m - 1)(m B 2)
- p3Gi—1) 9
Summing up we find

1d3 m_ . m—2\_,.
6%[1((1)1(@ w))]It:O = (m - 1) (Ug,mvl,m - Ug,mgb ! + Uzls,m 2 )w 1

+ (m1- ﬁm)ﬁgmﬂ
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and

1d? U%,m(m - 1)(m - 2) m—3  U2m\—m+1
g (@2t w)l=0 = 5 (vl,mb - bT)w
+ (- 772,2)@377”1-
This leads to
a3 —9
—B[Gl()\ﬁ, tum)]jt=0 = Im{G(m -1 (v% mUL,m — vs m@bm*1 + 03 mm )@m.
dt ' 2 ’ 2
6 )T+ 61— m)vim(m — 1) (4, = 0, )T
+ 6(1 —m)vim (v%mmb%’ + b%07 ) — V1 mV2,m (M + 1)bm+1)@3m}
= 3m(m—1) (2v§’mv1,m — vg”mbm_l — vim)em + Y1€3m
and
dS + 2 m—2 V2,m\ —m ~ ~ __3m
G )]0 = Im {303, (m = 1)(m — 2) (v1,mb™ % = )™ + b(it .2 — )0
+6(1 — m)vg’m(m -1 (vl,mbm_2 — Uzl;m)wm}

v
= 3v§,m(m - 1)m( 2l;m — vl,mbm_z)em + Y2€3m
with v; € R. In summary,

2 3 m—1
a3 21}2,m1}17m - v2,mb

— 3
+ - _ 1,m Y1
o080 (g T Yo (7)) e

Using the structure of the projector @ we deduce after algebraic cancellations

L&
3 dt?

(72 — (A, —m o+ 1))

G )\i,tvm —o=—m(m—1)p>73" 3
[Q ( )]\t 0 ( ) ([m)win—m—Fl]z‘f'me)E

Wi,

Now we shall compute the term,

QaffG()‘fw 0) [V, U] = Q005 [G()\ia tvy + 85m)]|t:0,s:0~

To find an expression of v,,, we recall that

d? a . ~
ﬁ[G()\fn,tvm)]‘tzo = < g > eom  with @ = 2m(vg,mb™ — bvym)>.
Thus,
B = —[0;G(AE,0)) 7 ( 8‘ ) €am (3.3.11)
1 @\ _ome
= 7M2n}b < 0 ) w2 !
_ ( z)\l,m >w2m—1
V2.m
with
5 ba(2mAE —2m + 1) and B v’ma
m=— nd Vop=—"—""—"7p—-
: det(Mam (M) 21T det(Mam (M)
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Finally we can write,

~

Um = Bm'ﬁm

with ba
~ o
SR 3.3.12
p det(May, (M) ( )
+ _
b = (22l N ey s (51 amet
b B2

It follows that
Q0 05[G(NL, v + 5Um)]j1=0,520 = BmQ010s[G (N, tvm + 50 )]je=0,5=0-
We shall introduce the functions
w;(t,s,w) = b tw + tvj’mwl_m + sﬁjwl_Qm
and hence

Gj(t,s,w) £ G\ toy, + sby,)
=T { (1= XE)s (6 s,0) + T(5 (8 5,0)) | w8, 5,0) }

The following equality can be easily checked :

010,(G; (1,5, w)jm0amo = Tm{ (1= AE)Bj05m (1~ m)w™ + (1~ 2m)w™ )}
. d?
+ Imlw *1M[I(s@j(t,S,W))ht:o,s:o}

Bi(1 = 2m)Dh[T (95 (2, 5,0))]jeo,0=0T*" ' }

We write

(pj(t’87w) B (Pi(t, S’T) i—1 —m —=2m
Li(pi(t, s, w :][ O+ t(l —m)vg T+ 8B (1 —2m)T dr
(90]( )) T Qﬁj(t,S,IU) - gpi(ta SaT) ( ( ) ' ( ) )

A+tB+sC, .
TA+tB+sC( + t+s )T
with
A = bjflw - biflT7 B = Uj,mwm71 _ /Ui,m?m717 C — /BjWmel _ Bi?2m71
D = (1 — m)vi,mFm and E = (1 _ 2m)ﬁi?2m.

Straightforward computations lead to

, AB - AB AD
A[Li(p;(t, s, w)]j=0,5=0 b’_l][ — —dr +][ —dr
T T

A2 A
= ji,j’wmil + ei,j@erl
with Gi’j € R and

mil)d’r.

Joy =i f Wim it
J ][T (b1 — bi-1r)
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For the diagonal tens one has

On the other hand

- _ m—1
Jia = ][ Oom — 1" 7) 4
T (b—7)
= ULmbmil — V2,m-

Using again the residue theorem it is easy to see that,

4 (Ul m — U2 me_l)
Jo1 =0 ’ : dr = 0.
21 ]£ (1—br) g

Summing up we obtain,

A (p1(t,s,w))]jt=0,5m0 = (f1,1 — O2,1)W™ !

and
NI (pa(t, s, w)|jt=0,5—0 = (O1,2 — O22)W™ " + (V1,1 b1 — v )™

For the derivative with respect to s we may write

. AC — AC
Ol (1, 5,0))jtm0en0 = b ][ ][—dr
g

_ j\_’ijm 1+9 a2t
where (8 — Borm1)
jl L il Ld
g ]ﬁ(bﬂfbf*w ’
and

Y s gyt f O =BT - AT
ei’j—ﬁ(bﬂ'*l—bi*%) (1 =2m)B7™"dr —b ]£ CET=rSE dr.

It is easy to check that 5” € R, Vi,j € {1,2}. Now, we get

-~ 4 (177.2m71) B
Ji,i—ﬂz]{_(l_T) dr = 0.

Using the residue theorem we find

and

To summarize,

s (p1(t, 5, w))]jt=0,5=0 = (91 | — 0y Dt

89



and
Ds[I(p2(t, s,w))]jt=0,5m0 = (B1b*™ ™" = Ba)w™ 1 + (51,2 - 52,2)w2m+1-

Now we shall move to the second derivative with respect to ¢ and s,

g . BC BE. ., [CB cn
oyt s om0 = ¥ f Sgdr s f Zar vt f Slary f Sar
det ’ T T

T A2 A 2
: BCA BFEA DCA
i—1
+2b T73d7— Ti lzdl - — 5 !2d7

By homogeneity, there exist €; ; € R such that,

d2 —3m i—1 7%,  m— i—1 7t,0—m 4,7 —m .9 m—
M[Ii(@j(tvsvw)])\tZO,SZO =g jwom T = w4 w4 L™t
with
i = ][ (vj,m — Ui,m?mil)(ﬂj - 5ﬂ2m71)d77
. (b—1 — pi-1r)2
[ = ][ (0m = vim™™ 1) (85 — 5ﬁ2m_1)d7_’
T (bjfl _ bzfl,]—)2
-1
i _ (1 L W Vi T T oy
137 =(1 2m)5,]£ T bT7) T dT
and

ij (B; = BT Y
14] — (1 — m)vi’mfr(l);_l_()i_lﬂ/]— d’r.

We intend to compute all these terms. For the diagonal terms we write

Iivi _ Ui,mﬁi (1 — 7'”_1)(1 _ 7-2m71) "
1 - bQ(i—l) T (1 — 7_)2
’Ui,mﬁi

As to the term Iil’2 we have

—=m—1 2m—1 m
11,2:][ v2,mB2 _][01,m527 d _][Uz,mﬁﬂ d fvl,mBIT )d.
R A S e LI S (e R SN (S E

By the residue theorem we get

111’2 = vy mP1(1 — Zm)b%‘_2 + mﬁlvl,mbm_l.

Now we move to I, Residue theorem combined with (3.3.4) implies

m 2m—1 =m—1
2 ][ vimbr ][Uz,mﬁzT d _][U1,mﬁ2T d _][Uz,mﬁﬂ J
! S e Ay Sy v Py Sy e R Ay

= —Uz,mﬂl(m — 1)bm72.
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Moreover,

i _ vimbBi [ (1—77"1)(1 - ?2m71)dT
2 bQ(i—l) T (1 — T)2
Ui,mﬁi
= (1-m) )

For Iy? we use the change of variable 7 — 7

IiJ _ ][ (Uj,m - 'Ui,me_l)(ﬁj — ﬁi?Qm—l)dT
’ T (bi—1 — bi—17)2

_ (vj,m - ’Ui,mmel)(ﬁj _ ﬁiTQm—l)dT

= i (bi—l _ bj_lr)Q .

Therefore

1,2
Iy" =

(V2,m — V1, ™™ 1) (B2 — 172
]f_ e dr.

Similarly to I;"' we find
12172 = —Ul’mﬂg(m — 1)bm_2.

For the term 5! we write

21 ][ (V1,m — Vo, T 1) (B1 — ﬁQTQm_l)dT
2 = 1) '

The same computations for I 11 2 yield
I3 = 01 mBa(l — 2m)b*™ 2 4 mBavg ,,b™ L

For the diagonal term I§7 we easily get

i vimBi [ (=7,
I3 =(1-2m) i1 f'r =) T = 0.

Moreover,

(02,m - ’Ul,m’rmil)

1,2 o . —=2m _
‘[3 - (1 Qm)ﬁz ]f_ (b — 7_) 7T 0.

On the other hand, using (3.3.3) we find

(V1,m — V2™ 1)

2,1 _ _ —2m
I = (1 2m)62]£ = br) TN dT

= (1-2m)bs (vl’mem_l — ’Ug’mbm).

Now we move to the last terms Ii’j . Concerning the diagonal terms, we may write

i Vi, m Bi 1—r2m=1y
Iy = (1-m) pi-T ]ﬁ( = )7' dr

Vi,mBi
) pi—1

(I-m
For I,”® we obtain according to the residue theorem
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1,2
I

BQ?W BITm—l
(1- m)vl’m]f_ =) dr — (1 —m)vy m, g ﬁdT

= (]. — m)’l}lymﬂlbmil.

For the last term, we use (3.3.3) in order to get

_ T2m71
142’1 = (1- m)vzm]{(ﬂl (15_21)7_) )?de

= (1 — m)vgmﬁlbm_l.

Putting together the preceding identities we deduce

J2
dsdt
and
2
dsdt

Finally we get,

d2
%[GMta S, w)]lt:O,s:O
and
d2
M[G2(tv S, w)]\t:o,s:o =
+
+
+
+

[I(1(t, s, w))]ji=0,5m0 = (1,1 — €2,)W" T + (m — 1) (v1,mB1 — Bova,mb™ )W

[ (p2(t, s,w))]jt=0,5m0 = (€12 — €2,2)W ™ T + (1 = 2m) By (v1,mb™ " = V2, b*™ 2™

+ (m - 1)52 (U17mbnl_2 — UQTm)@mJ'_l.

— Im{(al,l — 52,1)@3’”1 + (m — 1)[vl,mﬁ1 — BQ@Q’mbm]wm

+ A= 2m) (01 — O2)7" }

+ In{ (A = DmBrosm®@™] + (1= m)orm(Bra — G0)7"" }

= ((m)\i = Dv1,mB1 + (1 = m)Bav2,mb™) €m + Ti€3m

_ ((mAfn D (mAE —m A+ 1)(2mAE —2m 1B (1 - m)b3m_1>em
+ 71€3m

Im{b(al’g — £9.2)W ™ + (1 — 2m) By [v1,mb™ — Uz,mbzm_l]wm}

T { (m = 1)Bafv1,mb™ " = v + Bo(1 = 2m) (01,2 — b2.2)0*"

(1= A5 Bava,ml(1 = m)w™ + (1= 2m)@"] + (1= m)vg,m (B~ = Ba)u™ }
T { Bo(1 = 2m) (01,mb™ " = 03,0 + (1 = )0z, (B 2 — Bo2)0*" }

([0mA = m+ )82 = mB*™ o+ v1,nb™ 81 (2m — 1) = mBa] ey
Y2€3m

(((1 —m)(mAL, —m+ 1) —m(2\5m — 2m + 1))p*™ 1

(mAE —m +1)b(2mAE — 2m + 1)(2m — 1))em + F2€3mm.

Using the definition of the projector @), we deduce after some computations

d2
Q%G(ta S, w)|t:0,s:0 = ’Cm Wm
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with

b (mAE — 1) (mAE —m + 1)2 + (1 — 2m)(mAE — m + )b+ 4 mp3m 1
[(mAF —m +1)2 + b2m]3 '

Km £ (2XEm —2m +1)

Eventually, we find

QG (A, 0)[vm, 030y 0 (N, 0) 0] = B Ko Wi,
ff m g

where f3,,, was defined in (3.3.12). This achieves the proof of Proposition 3.3.2-(4).

Computation of 9\0;F> (A, 0)

Now we shall prove the last point of Proposition 3.3.2. Recall from Proposition 3.3.1 that
+ 1 " 1 Lo
8,\8tF2(/\m7 0) = §Q8>\8ffG()\ma 0)['Um, ’Um] + §Q8AafG(Am, 0) (’Um)
+ QaffG()‘i7 0)[vm, 8/\6990()\?)1’ 0) V).

The first term vanishes since

d2

+ _
8,\8ffG()\m, 0) [vma Um] = a2

[8>\Gj(>\i,wm)]\,\:>\i,t:0

2

_ D.(t. w)P"

= ‘tZOIm {'U)@](taw)@](t’w)}

For the second term we combine (3.2.4) with (3.3.11)

0 G(AE,0)(T) = 2m< Ulm >ezm.

bU27m

Consequently we deduce that

Hence we find
N Fa(\E,0) = QO rG(AE, 0) [0, 0xDy (AL, 0)vy,].

Now we want to compute
Q71 G, 0)vm, 03Dy (N7, 0)vm] = QO05[G (AT, tom + 503030(Ars, 0)m)] =0, 0.
This was done in [?, Lemma 2-(ii)] combined with (3.3.10) and (3.3.11). We obtain
QG (N 0)[vm, 039y 0(Ary, 0)vm] = 0

and this completes the proof of the desired result.

3.4 Proof of the main theorem

This section is devoted to the proof of Theorem 3.1.2. To begin, we choose a small neighborhood of (A}, 0)
in the strong topology of R x X,,, such that the equation

Fi(\ tog,, k) =0, keX,
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admits locally a unique surface of solutions parametrized by

(A1) € (A — €0, A+ €0) X (—€0,€0) = k= p(\, tvy,) € X,
with €y > 0 and ¢ being a C' function and actually it is of class C* for any & € N. This follows from the fact
that the functionals defining the V-states are better than C''. They are of class C* and this can be proved by
implementing straightforward computations of their successive differentials. In order to alleviate the content
of the paper we prefer not to give details because the computations are long and tedious, and do not bring
any new difficulties compared to the study of C' regularity. For additional materials in this direction we
refer to [8, 37] devoted to the boundary regularity of simply connected V-states close to Rankine vortices.
Recall from (3.2.10) that
Qp()‘::w 0) =0.

As we have seen in the subsection 3.2.3, the V-states equation is equivalent to,
Fy(\t)=0 (3.4.1)

with (), t) being in the neighborhood of (A}, 0) in R? and F, : R? — (W,,). We intend to prove the following
assertion: there exists by, € (0,b%,) such that for any b € (b, b},) there exists € > 0 such that the set

& = {(t) € (N =& Ak +e) x (—e,e), Fa(A 1) =0} (3.4.2)

is a C''-Jordan curve in the complex plane. Taylor expansion of F, around the point (A},0) at the order
two is given by,

Fy(\ 1) NFo (N5, 00X = X)) + 0 Fa (N, 0)t
1 1
5&ﬂ%QLﬁXA—ALF+§&d%M;ﬂﬁ2

(A= X0)2 + e\, )W,y

- -

where
lim  e(At)=0.
(A1) = (A5,0)

Then using Proposition 3.3.2 we get for any (A, t) € (A}, —n, Af +n) x (=n,n), with n > 0,

Fa 1) = = (am )X = XL + cm(®)(A = M2 + dm (B + (A = )+ £2) (0, ) ) W

with
+ _ 1 2 b2m
am(b) = - me)\m m= ) } T
br=1[(mAf, —m +1)2 + b2m]z
92 211—m + _ 1 3
enld) = — m*b' " (mA;, —m+ )3
[(mAy + —m +1)2 +b27]2
and

(b2m—2 _ (m)\;; —m+ 1)2)2 ~ @K
([mA%7m+]_]2+b2m)% g fvm:

Note that for b = b}, we have A,, = 0 which implies that

A (b) = = (m — 1)p*37"

= 1+b°

- 5 mAL —m+1=-b"

m

Thus we get
am (by,) = 0,¢cm(by,) > 0.

94



Moreover we can check that for b = b7,

Bn >0 and K, <0

which implies in turn that d,,(bf,) > 0. Those properties on the signs remain true for b close to b}, that is,
b belongs to some interval [b,,b%,]. In addition we deduce from the identity given in Remark 3.3.3 that for
any b € (0,b%,) we have a,,(b) > 0. Indeed,

(mAL, —m+1)2 =" = (mAf, —m+1-b")(m)\}, —m+14+b™)
= (VAn = VAR +02 =) (VAR + 0™ — /A + b2™)
< 0.

Set 2(b) = ;ch((bb)) and using the change of variables

s=\— )\; + x0(b), (s, t) £ e(s + /\; - xo(b),t)

then the equation of F5 becomes

i ((s = 20(0)” +1%)¢p(s,1) = 0 (3.4.3)

em(b)8% + dp, (D)1? — Tom (D)

and

lim s,t) =0.
(s,t)—>(l'o(b),0)¢( )
Note that if we remove 1 from the second term of this equation we get the equation of a small ellipse centered

at (0,0) and of semi-axes ;C’:;((bg) and 7 da"(lg ) D)

this ellipse is contained in the box (—¢g, €9)? for which the solutions of the equation F} still parametrized by
. By small perturbation we expect to get a curve of solutions to Fy which is a small perturbation of the
ellipse. To prove rigorously this expectation we start with the change of variable,

. Thus taking b close enough to b}, one can guarantee that

z and s=uxo(b)y.

Consequently, the equation (3.4.3) becomes

cm(b)?
dpm (D)

1
G(b,x,y) éx2+y2—1+7((y—1)2+

Cm (D) ﬁ)@ (z0(b), 2,y) =0 (3.4.4)

with

Bag) 2 {MH;L s miiix)

Now we shall characterize the geometric structure of the planar set

& 2 {(z,y) € R G(b,x,y) = 0}.

IS

Lemma 3.4.1. There exists by, € (0,b},) such that for any b € (by,,b},) the set & contains a C-Jordan
curve and the point (0,0) is located inside. In addition, this curve is a smooth perturbation of the unit circle

T.

Proof. We shall look for a curve of solutions lying in the set c‘j’b and that can be parametrized through polar
coordinates as follows _
0 € [0,2n] — (z,y) = R(6)e®.
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Now we fix b and introduce the function

F(u,R(O) = R*0) -1
1
cm (D)

([R(Q) sinf — 1]2 + R%(0) cos? 9) {p\(u, R(0) cos b, R(0) sin 9).

Then according to (3.4.4) it is enough to solve
F(u,R(0)) =0 and p=xo(b). (3.4.5)

Recall that the function € is defined in the box (X, t) € (A, —n, At +n) x (—n,n) for some given real number
7 > 0. Thus it is not hard to find an implicit value pg > such that

F: (—Mo,,u,o) x B — Cl(T)

is well-defined and is of class C!, with B being the open set of C'}(T) defined by

1
_ 1 . _ / _
B={ReC (M) |1~ Rl + Rl < 5 }-
In addition
F(0,1)=0 and 0OrF(0,1)h = 2h, Yh € C*(T).

Thus 0gF(0,1) is an isomorphism and by the implicit function theorem we deduce the existence of py > 0
such that for any @ € (—p1, 1) there exists a unique R, € B such that (p, R,,) is a solution for F(u, R,,) = 0.
It is worthy to point out that u; can be chosen independent of b € [b,,,b%,] because the coefficients —-~

cm (D)
and i::gz; that appear in the nonlinear contribution of F are bounded. Now since limy 4 0(b) = 0 then

we deduce the existence of b, € (0,b%,) such that for any b € (b,,,bs,) the set of solutions for (3.4.5) is
described around the trivial solution R = 1 (the circle) by the curve 6 € [0, 27] - R, )(6)e’. On the other
hand from the definition of B we deduce that this curve of solutions is contained in the annulus centered at
the origin and of radii % and % It should be also non self-intersecting C! loop according to the regularity
of the polar parametrization. This achieves the proof of the lemma.

O

Now let us see how to use Lemma 3.4.1 to end the proof of Theorem 3.1.2. We have already seen in

Py

the subsection 3.2.3 that the vectorial conformal mapping ® £ ( o
2

) that describes the bifurcation curve

from (A, 0) is decomposed as follows

d(w) = ( 11) )w+tvm + o\ toy,)  with (¢ A) € &,

where &, has been defined in (3.4.2). As the relationship between the sets & and EAb is given through
a non degenerate affine transformations then the set &, is also a C'-Jordan curve. In addition the point

(A — ;{;:Ln((bb)) ,0) is located inside the curve and recall also that the point (A}, 0) belongs to &,. This fact

implies that the curve intersects necessary the real axis on another point (A,,0) # (A},0). By virtue of
(3.2.10) the conformal mappings at those two points coincide which implies in turn that the bifurcation curve
bifurcates also from the trivial solution at the point (A,,,0). Note that looking from the side (A, 0) this
curve represents V-states with exactly m-fold symmetry and not with more symmetry; to be convinced see
the structure of ®. However from the local bifurcation diagram close to the trivial solution which was studied
in [33] we know that the only V-states bifurcating from the trivial solutions with m-fold symmetry bifurcate
from the points (\},0) and (),,,0). Consequently we get \,, = A,, and this shows that the bifurcation
curves of the m—fold V-states merge and form a small loop.
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The last point to prove concerns the symmetry of the curve &, with respect to the A axis. This reduces to
check that for (A, t) € & then (A, —t) € &. Indeed, if D = D; \ Dy is an m-fold doubly-connected V-state,
its boundaries are parametrized by the conformal mappings

(bj (w) =w bj +aj1 o™+ Z ajmﬁm" y Gjn € R
n>2

Hence we find that the vectorial conform mapping ® admits the decomposition

D(w) = ( 11) >w+< 1.1 )wm1+\Il(w), Ve X,

a21

Observe that we have a unique ¢ such that

( 1,1 )w-l = tog(w) + U1 (w), T €A, (3.4.6)

az,1

Now we consider D = e’ D, the rotation of D with the angle -. Then the new domain is also a V-state

with a m-fold symmetry rotating with the same angular velocity. Thus it should be associated to a point

(A t) € &. Now the conformal parametrization of D is given by

i i QAin
Qj(w)=€e mPj(emw)=w | bj+ Z(—l)" 2, , ajn €R.

w’mn

Thus the vectorial conformal parametrization pa| = admits the decomposition
2

d(w) = ( 11) )w < 1,1 )wl +U(w), Ve,

a2,1

d(w) = < 11) > w =t (w) + Uy (w), Tp(w)2 - +T e X, (3.4.7)

This shows that (A, —t) belongs to the curve &, and this concludes the desired result.

Acknowledgements. The authors are partially supported by the ANR project Dyficolti ANR-13-BS01-
0003- 01.
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Chapter 4

Imperfect bifurcation for the
quasi-geostrophic shallow-water
equations

Sometimes you just do things!

— FEat and Run,
Scott JUREK
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We study analytical and numerical aspects of the bifurcation diagram of simply-connected rotating vortex
patch equilibria for the quasi-geostrophic shallow-water (QGSW) equations. The QGSW equations are a
generalisation of the Euler equations and contain an additional parameter, the Rossby deformation length
e~!, which enters in the relation between streamfunction and (potential) vorticity. The Euler equations are
recovered in the limit ¢ — 0. We prove, close to circular (Rankine) vortices, the persistence of the bifurcation
diagram for arbitrary Rossby deformation length. However we show that the two-fold branch, corresponding
to Kirchhoff ellipses for the Euler equations, is never connected even for small values €, and indeed is split
into a countable set of disjoint connected branches. Accurate numerical calculations of the global structure
of the bifurcation diagram and of the limiting equilibrium states are also presented to complement the
mathematical analysis.

4.1 Introduction

In this paper we investigate new aspects of simply-connected vortex patch relative equilibria satisfying the
quasi-geostrophic shallow water (QGSW) equations. These equations are derived asymptotically from the
rotating shallow water equations, in the limit of rapid rotation and weak variations of the free surface [67].
A key property of these equations, and of the parent shallow water equations, is the material conservation of
‘potential vorticity’, ¢, a quantity which remains unchanged following fluid particles. The QGSW equations
are given by

dq+v-Vqg=0, (t,7) € Ry xR?,

v=Vty,
’l/) — (A{Lﬁ 52)_1(] (4.1.1)
q|t=0 = 9o

where v refers to the velocity field, 1 is the streamfunction, V+ = (—0,,0;) and ¢ € R. The parameter ¢,
when it is positive, is known as the inverse ‘Rossby deformation length’; a natural length scale arising from a
balance between rotation and stratification. Small € physically corresponds to a free surface which is nearly
rigid. For € = 0, we recover the two-dimensional Euler equations.

Historically, substantially more is known about vortex patch relative equilibria for the Euler equations
than for the QGSW equations. The most famous example is the exact analytical solution for a rotating
ellipse, found by Kirchhoff in 1876 [43]. This is in fact a non-trivial family of solutions bifurcating from
Rankine’s vortex, the circular patch (all axisymmetric vorticity distributions are in equilibrium, by sym-
metry). Kirchhoff’s elliptical vortex is linearly stable when its aspect ratio A € [1/3,1], i.e. when it is
not strongly deformed from a circle, as was shown in 1893 by Love [48]. Love also discovered that there
is a sequence of instabilities, at A = \,,, for m = 3, 4, ..., ordered by the elliptical coordinate azimuthal
wavenumber m. That is, A3 > Ay > ..., with A, — 0 as m — oo [19]. Later, it was discovered that new
branches of vortex patch equilibria bifurcate from each of these instability points [10, 49], revealing that the
equilibrium solutions of Euler’s equations are exceedingly rich and varied. Analytical proofs and results on
the boundary regularity were given in [8, 34, 37, 7).

The ellipse is not the only solution which bifurcates from a circle. Deem and Zabusky in 1978 [17]
discovered, by numerical methods, m-fold symmetric vortex patch solutions for m > 2 which are the gen-
eralizations of Kirchhoff’s ellipse. The near-circular solutions resemble small-amplitude boundary waves.
Their existence was proved analytically by Burbea [6] using a conformal mapping technique and bifurcation
theory. At larger wave amplitudes, the outward protruding crests of the waves sharpen, ultimately limiting
in a shape with right-angle corners. These corners coincide with hyperbolic stagnation points in the rotating
reference frame in which the patch is steady. From an analytical point of view, this problem is still open
and some progress has been recently made in [31].

In the present study, we generalize these vortex patch solutions further by exploring how they are altered
for the QGSW equations when ¢ € R* (the Euler case corresponds to ¢ = 0). We focus on ¢ < 1 where
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analytical progress can be made, but also present numerical solutions that confirm the analysis and extend
it to larger positive €. A surprising discovery is a new branch of m-fold symmetric solutions which do not bi-
furcate from the circle (below we exhibit the case m = 3). This is an isolated branch and exists even for € = 0.

Some relevant vortex patch solutions for the QGSW equations are already available in the literature.
Polvani (1988) [59] and Polvani, Zabusky and Flier]l (1989) [58] computed the generalization of Kirchhoff’s
ellipse for various values of ¢ (as well as for doubly-connected patches and for multi-layer flows). Later,
Plotka and Dritschel (2012) [56] carried out a more comprehensive analysis of the generalized Kirchhoff
ellipse solutions, including linear stability and nonlinear evolution. In these studies, solutions were obtained
numerically, starting near the known circular patch solution. In all cases, the limiting states were found to
be dumbbell-shaped, specifically two symmetrical teardrop-shaped patches connected at a single point. This
is in stark contrast with Kirchhoff’s ellipse, which continues as a solution at arbitrarily small aspect ratio A.

In fact, as shown in this study, there are other two-fold symmetric vortex patch solutions of the QGSW
equations. However, these are not on the branch of solutions connected to the circular patch. We demon-
strate numerically, then prove mathematically, that the Kirchhoff branch for ¢ = 0 splits up into many
disconnected branches for any € > 0. The limiting dumbbell state found in the above studies is directly
related to the limiting state of just one of the solution branches bifurcating from the Kirchhoff ellipse at
A = Ay found by Luzzatto-Fegiz and Williamson (2010) [49] for e = 0. The other branch lies on a discon-
nected branch of solutions when € > 0. The same behavior appears to occur near all other even bifurcations,
i.e. near A = Ag, Ag, ..., though we only have numerical evidence for this at present.

The plan of the paper is as follows. In section 4.2, we describe the numerical method employed to
compute the vortex patch solutions. Results are then presented in section 4.3, both for the two-fold and
the three-fold singly-connected vortex patch solutions. The remainder of the paper is devoted to proving
the existence of m-fold solutions (in section 4.5), and proving that the two-fold solution branch splits near
A = Ag when |e| < 1 (in section 4.6). We conclude in section 4.7 and suggest ideas for future work.

4.2 Numerical approach

To navigate along equilibrium solution branches up to limiting states having corners on the patch boundaries,
it is necessary to employ a robustly convergent numerical method. Here we follow Luzzatto-Fegiz and
Williamson (2011) [50], employing a Newton iteration to find corrections to the boundary shape from the
exact condition

Y(x) — L0z)* =C (4.2.1)

expressing the fact that the streamfunction is constant in a frame of reference rotating at the angular velocity
Q. Here C is a constant, and in this section only « refers to the vector position of a point with coordinates
(z,y). For a single patch of uniform (potential) vorticity ¢ = 2w, the streamfunction ¢ is determined from
the contour integral

() = ng@r) (@ —2)dy — (¢ — y)de’) (42.2)

where C refers to the boundary of the patch, r = |’ — x| is the distance between «’ and @, and the function
H is given by
z2Ki(z) — 1

H(z) = 5

. (4.2.3)

where K is the modified Bessel function of order 1 [56]. In the limit z — 0, relevant to the Euler equations,
H (er) reduces to %(Inr? — 1) plus an unimportant constant.

We start with a guess ¢ = &(1)) for the shape of C. Here, following [21], we use a special coordinate
¥ proportional to the travel time of a fluid particle around C from some pre-assigned starting point. This
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coordinate simplifies the equations which must be solved at each step of the iterative procedure correcting
the boundary shape. The travel time ¢ is computed from

S dS/
t—/o el (4.2.4)

where s is arc length measured from the starting point, and @ = V(¢ — %Q|w|2) is the velocity in the rotating
frame of reference (here V4 = (—9/dy,d/0z) is the skewed gradient operator). The integral around the en-
tire boundary, T, gives the particle orbital period, from which we define the particle frequency §, = 27 /T,
a particularly useful diagnostic in which to characterize the equilibrium patch solutions. From €2, we define
the travel-time coordinate as ¥ = Q,t, where t is given in (4.2.4). Notably, at equilibrium, @ is tangent to
C. During the iteration to find an equilibrium, this will not be exactly true, but the small discrepancy has
no significant effect on the convergence of the numerical procedure.

We correct the previous guess & at each step of the iteration by taking

1(9) (g, —T
T
where a ¥ subscript denotes differentiation with respect to ). This represents a normal perturbation to the
previous boundary, though the scalar function 7 has units of area. This choice of perturbation leads to the

simplest form for the linearized approximation to (4.2.1) and (4.2.2),

2
Qi (9) */0 (") Ko(el@(9') — 2(0))dY' — 5Q12(0)° = C — (0) + 3Q&(9)|* = R(Y) (4.2.6)

N|—=

where terms only up to first order in 7 have been retained, and we have additionally included a perturbation
Q in the rotation rate Q = Q+ Q. Above, Ky is the modified Bessel function of order 0, and notably Ko(er)
reduces to — Inr plus an unimportant constant in the limit € — 0. On the right hand side of (4.2.6), 1 refers
to the streamfunction evaluated using the previous guess &, i.e. using & in place of « in (4.2.2). This is a
linear integral equation for 7 and possibly Q, but its solution requires additional constraints. First of all, we
require that the vortex patch area A remains constant, and without loss of generality we may take A = .
This constraint gives rise to an additional equation after linearising the expression for area

A= 1 ¢ xdy — ydz (4.2.7)
2 Je
leading to
2w
/ AH9)dy = A — A (4.2.8)
0

where A is the area of the previous guess found by using & in place of « in (4.2.7). If Q is held fixed during

the iteration (£2 = 0), no further constraints are necessary. However, holding € fixed does not allow one to
negotiate turning points in the equilibrium solution branches [50]. If we let 2 vary (and thus be determined
as part of the solution), we need to impose a further constraint. The most natural is angular impulse:

J = i&é |z |?(zdy — yda) (4.2.9)
c

whose linearisation leads to the additional equation
27 _
/ @) 2H0)d0 = J — T (4.2.10)
0

where .J is the angular impulse of the previous guess found by using Z in place of = in (4.2.9).
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Numerically, the vortex patch boundary for an m-fold equilibrium is represented by n = 400m boundary
nodes, approximately equally spaced in ¢. Upon each iteration, the travel time coordinate is recomputed and
the nodes are redistributed to be equally-spaced in 9, to within numerical discretisation error. The algorithm
for node redistribution is otherwise the same as that introduced in [20] and uses local cubic splines for high
accuracy. Also, the calculation of the streamfunction ¢ and velocity u = V*4 by contour integration is
described in [20], and further in [18] for the QGSW equations (as used by [56] to determine the branch of
2-fold QGSW equilibria bifurcating from the Rankine vortex).

The perturbation function 7j(¢#) is represented as the truncated Fourier series

N
A(9) =Y a; cos(jmd) (4.2.11)
=0

which imposes even symmetry. The same symmetry is imposed for the node redistribution, so only 201
boundary nodes are unique. Not all vortex patch equilibria have such symmetry [50], but we restrict atten-
tion to symmetric equilibria in this study. A truncation of N = 32 was found sufficient to produce results
accurate to within the plotted line widths below. Accuracy is not significantly improved when using larger
N because ultimately the highest modes cos(jmd) for j near N are poorly represented by the boundary
nodes. In general, we find N ~ 0.08n/m ensures the highest modes are adequately resolved, as judged by
the decay of the Fourier coefficients a; for j large.

Note the coefficient aq is directly determined by area conservation. From (4.2.8), we find

ap = AQ;A. (4.2.12)

This means that the streamfunction constant C' is determined by averaging (4.2.6) over ¥, and thus C' is
generally determined from all of the a,, and Q. However, C' is not needed to find an equilibrium, so this
calculation need not be done.

We solve (4.2.6) for a,, (n > 0) — together with (4.2.10) for  when  is allowed to vary — by substituting

(4.2.11) into (4.2.6), then multiplying both sides by 7! cos(im1), and finally integrating over ). This results
in the linear system

N
ZAijaj - BlQ = Cia i=1,2,..., N (4213)
=1

where the matrix elements A;; and vector components B; and C; are given by

27 27
Aij = Qp0i5 — %/0 /0 cos(imd) cos(imi' ) Ko (e|z(9¥') — 2 (9)|)d’ dv

2
B; = S |2 (9)|? cos(ima?)dv (4.2.14)
2 0
1 2
C; = f/ R(9) cos(imd)dd
T Jo

where d;; is the Kronecker delta. Notably, A;; = Aj;. Care is taken to avoid the logarithmic singularity in
Ky(er) by separating this function into a singular part S = —In(1 — cos(¢¥ — ¢)), which can be integrated
analytically (and contributes —d;;/(im) to A;;), and a non-singular remainder Ky — S which is integrated
by two-point Gaussian quadrature. The same numerical quadrature is used to compute B; (if Q # 0) and
C;. The area constant ao from (4.2.12) is ignored at this stage and is added after the linear system (4.2.13)
is solved.
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When € is held fixed, we have Q = 0 in (4.2.13) above, and then (4.2.13) may be directly solved for the
coefficients a;, j = 1, 2, ..., N. Otherwise, we need to add another equation in order to also obtain Q. We
do this by fixing the angular impulse and thus use (4.2.10). Inserting (4.2.11) into (4.2.10) and dividing by
27 results in the further linear equation

al J—J
;Bjaj =5 (4.2.15)
(again ignoring the area constant ag). If we tag —Q to the end of the vector of coefficients (a1,a9,...,an), we
obtain a symmetric linear system for this vector, which is easily solved by standard numerical linear algebra
packages. Only at this stage do we add a¢ from (4.2.12) and fully determine 7(¢}) from the sum in (4.2.11).
We then obtain a new guess for the vortex boundary shape from (4.2.5), and accept this as the converged
solution if the maximum value in |z — Z| < 10~7. Otherwise, we use = as the next guess Z and repeat the
above procedure.

The above explains how we obtain a single equilibrium state for either fixed rotation rate (2 or fixed an-
gular impulse J. To obtain a whole family of states or solutions, after convergence to one state, we slightly
change either € or J and search for the next state using the same iterative procedure described above.

This approach fails when we reach a turning point in either Q or J. When this happens, we switch the
control parameter (e.g. instead of changing Q) we change J) and continue to the next turning point. Fortu-
nately, the turning points for 2 and J are almost never coincident, so this is an effective strategy. A more
elaborate strategy was followed in [50], but the proposed strategy has been found to be highly effective. We
always reach limiting states containing near corners on their boundaries, beyond which there are no other
states with the same topology.

We note for completeness that the above procedure is readily generalized to study multiply-connected
vortex patch equilibria. The primary change is that the constant C' and all functions of ¢ in (4.2.6) acquire
a k subscript (denoting the kth patch boundary or contour), while all functions of ¢ acquire an ¢ subscript.
Furthermore, the integral is now summed over all contours ¢ and multiplied by the uniform potential vor-
ticity g¢. Each contour must also satisfy an area constraint like (4.2.8), with 1 and A supplemented by k
subscripts. If angular impulse is fixed, additionally (4.2.10) must be satisfied. Here again all functions of
¥ acquire a k subscript, and the integral must be summed over k£ and multiplied by the uniform potential
vorticity ¢gi. The impulse is an invariant of the entire vortex system.

The procedure also generalizes to cases in which the vortex patches steadily translate rather than rotate.
In this case, without loss of generality, we may suppose that the patches translate in the x direction at speed
U. The only changes then required in the procedure described above is to replace %Q|§:|2 by —Uy and to
impose linear impulse conservation,

1
I = g quyg yk<xkdyk — ykdl'k). (4216)
k Cr

When searching for equilibria of a fixed linear impulse I, an additional equation is required to determine the
perturbation U to the speed U. This is found by linearising (4.2.16) after substituting (4.2.5), supplemented
by k subscripts, yielding

2T
Sa [ @ —1-1 (42.17)
" 0
where I is the linear impulse of the previous guess found by using Z; in place of xj, in (4.2.16).

Various diagnostics may be used to characterize the equilibrium vortex patch solutions. For the symmetric
m-fold solutions studied here, the only other non-zero invariant besides angular impulse is the ‘excess’ energy
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Figure 4.1: Solution branch structure for 2-fold vortex patch equilibria when ¢ = 0.01. In (a), we shown
the particle frequency €2, versus rotation rate {2, while in (b) we show 7/2J versus 2 and render separate
branches in different colours. Note, for a circular vortex patch, J = 7/2. The upper right branch is not
shown in its entirety; it begins at the circular patch with Q =~ i and Q, ~ i. Also, only the first five
branches of an infinite set of them converging on Q2 = €2, = 0 are shown.

E, as defined in [56]. For a single patch of area A = 7, this is determined from

E = %(1n(€/2) +7) — % §é ;é H(er)|[(z' — z)-dz'][(z' — z)-d] (4.2.18)

where v = 0.5772... is Euler’s constant, r = | — @'|, and H(z) is defined in (4.2.3). This expression for £
has a finite limit as ¢ — 0, and equals the excess energy for the Euler equations (see discussion in appendix
B of [56]). For a circular patch, E = 7/16 when ¢ = 0.

The energy and angular impulse are important since minima or maxima of these quantities, as a function
of a control parameter like €2, generally indicate changes in stability. In the results below, we have confirmed
this by a direct linear stability analysis outlined in [21] and used previously in [56].

4.3 Numerical results

4.3.1 2-fold vortex patch equilibria

We begin by discussing 2-fold symmetric vortex patch equilibria, in particular the structure of the solution
branches for small . This structure is illustrated in two ways for ¢ = 0.01 in figure 4.1.

This figure shows the difficulty in distinguishing solution branches when a conserved quantity like J or
E is plotted versus the control parameter 2. On the other hand, 2, versus €2 fully opens the branching
structure, enabling one to see the separation in the branch stemming from the circular vortex (upper right)
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Figure 4.2: Solution branch structure for 2-fold vortex patch equilibria when ¢ = 0.1. Here, only 2, versus
Q is shown.

from the next branch. In panel (b), the separate branches are coloured, with the primary one being black,
the second one blue (partly overlaid by the third one in red), etc. The blue, red, green and cyan branches
all have the same general form. They rise at larger {2 from small 2,, reach a maximum in €2, then fall at
smaller Q. If we could reach the limiting states having one or more stagnation points on the vortex boundary
(where the boundary exhibits a corner), we would find €, = 0 since it would take an infinite time for a
particle to circulate around the boundary.

The separation of these branches becomes increasingly difficult to see as €2 decreases; however, at the
larger value of € = 0.1 (shown in figure 4.2), we can clearly see the second branch separating from the third.
We believe this is a generic feature for all € > 0: all branches separate.

The uppermost branch of solutions stemming from the circular vortex was computed previously by [56],
and at that time was thought to be the only branch of 2-fold solutions. The limiting state is a dumbbell
shaped vortex touching at a single point at the origin. On the second branch, there are two limiting states.
The one having the largest {2 has a rugby-ball shape with right-angled corners at the outermost tips. The
other limiting state has the form of an array of three vortices connected at two stagnation points. This
pattern continues for the other branches, with the vortex become increasingly elongated. The (near) limit-
ing states are illustrated in figures 4.3 and 4.4 together with the streamfunction in the co-rotating frame of
reference.

Key properties of the two-fold limiting states for € = 0.01 are provided in Table 1.

4.3.2 3-fold vortex patch equilibria

We next turn to 3-fold symmetric vortex patch equilibria, first studied by Deem and Zabusky in 1978 [17]
for the Euler equations (¢ = 0). Here we discuss the structure of the solution branches for a wide range of €.

The most surprising result is that there is a disconnected branch of solutions, not terminating at either
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Figure 4.3: Form of the (near) limiting solutions (black contours) and the co-rotating streamfunction (blue)
for (a) the end of the first branch, (b) the start of the second branch, (c¢) the end of the second branch, and
(d) the start of the third branch.

Branch Q w/2J 16E/m
la 0.250000 | 1.000000 1.000000
1b 0.106827 | 0.317246 | —0.456852
2a 0.159754 | 0.471293 0.110399
2b 0.076297 | 0.195486 | —1.231673
3a 0.107035 | 0.272772 | —0.692599
3b 0.059980 | 0.142097 | —1.777402
4a 0.080209 | 0.191364 | —1.268668
4b 0.049782 | 0.113129 | —2.181805
5a 0.064135 | 0.147404 | —1.714846
5b 0.042700 | 0.094682 | —2.504112

Table 4.1: Key properties of the (near) limiting states for e = 0.01 for the first 5 branches shown in figure
1. In the first column, ‘a’ denotes the start of a branch while ‘b’ denotes the end of it.
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Figure 4.4: Form of the (near) limiting solutions (black contours) and the co-rotating streamfunction (blue)
for (a) the end of the third branch, (b) the start of the fourth branch, (c) the end of the fourth branch, and

(d) the start of the fifth branch.
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Figure 4.5: Solution branch structure for 3-fold vortex patch equilibria when e = 3.5 (black) and e = 3.6
(blue). The branches start at the circular vortex patch solution in the upper right portion of the graph.



Figure 4.6: Form of the (near) limiting solutions (black contours) and the co-rotating streamfunction (blue)
for the state with (a) the smallest €2, (b) the intermediate value of €, and (c) the largest Q. Here ¢ = 3.6,
corresponding to the blue curves in figure 4.5.

end at the circular Rankine vortex. This was discovered by increasing € and finding a change in the topology
of the limiting states between ¢ = 3.5 and 3.6. This is associated with a bifurcation in the structure of the
solution branches, as shown in figure 4.5. For ¢ = 3.5 (black curves), the branch starting from the circular
patch in the upper right corner reaches a minimum in Q at 2 = 0.007704627, then increases and finally
decreases approaching the limiting state. (In fact dQ2/d, likely changes sign an infinite number of times
before reaching the limiting state at €, = 0.) This limiting state is triangular (albeit with curved sides), and
has the same form as found for the Euler equations (¢ = 0) in [17] (see below). For € = 3.6 (blue curves), the
branch starting from the circular patch in the upper right corner also reaches a minimum in €2, but then 2
increases and limits to a significantly smaller value as €2, — 0. This limiting state resembles three petal-like
vortices connected at a single point at the origin. This state is also the limiting state of three identical
co-rotating vortex patches, first studies in [21]. Having determined that there is a bifurcation in the solution
branch structure between € = 3.5 and 3.6, a new branch was discovered by taking the near limiting solution
for e = 3.6 and gradually decreasing ¢ to e = 3.5, holding the angular impulse fixed (€ must be allowed to
vary). In this way, we could find a solution on the black separated branch next to the blue one (the middle
pair of curves in the lower part of the figure with Q2 a 0.007). Having found one solution, we could then
continue in both directions to find the limiting states on this separated branch. (The blue separated branch
can be found similarly by jumping from the black separated branch at small Q2.) One of these limiting states
is the petal-like state just described. The other, at the smallest 2, is a new state consisting of a triangular
central vortex attached to three petals — a four vortex state. These limiting solutions are illustrated for
e = 3.6 in figure 4.6.

By continuing to jump branches from one value of € to another, we were able to determine that separated
branches exist over a wide range of €, and likely for all e. As e — 0, the separated branch moves far from the
primary branch stemming from the circular patch, as shown in figure 7. The limiting states are qualitatively
similar to those for € = 3.6 and are shown in figure4. 8. Key properties of the three-fold limiting states for
e = 0 are provided in Table 2.

A more complete picture of the bifurcation structure of the three-fold patch solutions for various values
of € is provided in figure 4.9. Each value of ¢ is seen to have a separated branch which exists at values of
) smaller than that of the limiting circular patch solution. In all cases, this separated branch is linearly
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Q w/2J 16E/m
0.333333 | 1.000000 1.000000
0.301234 | 0.885055 0.835043
0.122420 | 0.290564 | —1.002261
0.113192 | 0.272230 | —1.110795

Table 4.2: Key properties of the three-fold (near) limiting states for ¢ = 0.

0.18

0.16}

0.14}

0.12}

0.10}

0.08

0.06

00810 0.15 0.20 0.25 0.30 0.35

Q

Figure 4.7: Solution branch structure for 3-fold vortex patch equilibria when € = 0 (the Euler equations).
The primary branch starts at the circular vortex patch solution in the upper right portion of the graph.
There, Q) = % and Q, = %. The separated branch is new. The blue portion of the primary branch is linearly
stable while the red portion and the entire separated branch is linearly unstable.
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Figure 4.8: Form of the (near) limiting solutions (black contours) and the co-rotating streamfunction (blue)
for the state with (a) the smallest €2, (b) the intermediate value of Q, and (c) the largest . Here ¢ = 0,
corresponding to the Euler equations. The state in (¢) at the end of the primary branch of solutions was
discovered in [17]; the state in (b) was discovered in [21], while that in (a) is new.

unstable. Portions of the primary branch are also unstable, though there is a window of stability for all
€ > 0. The nonlinear evolution of the unstable states is deferred to another study, but the instabilities often
leave a time-dependent pulsating state.

4.4 'Tools used for the mathematical analysis

The purpose of this section is to review and collect some technical tools that are used throughout the
remainder of this paper. We first recall some simple facts about Holder spaces on the unit circle. Second,
we discuss basic properties of modified Bessel functions. Last we state the classical Crandall-Rabinowitz
theorem and give a generalized version with a parameter.

4.4.1 Notation

Here we introduce some notation that is used in the forthcoming sections.
e The unit disc of the plane and its boundary will be denoted by D and T, respectively.
e We denote by C any positive constant that may change from line to line.

e For a given continuous function f : T — C, we define its mean value by

f 1@ 2 o [ p(ein

where d7 stands for the complex integration.

Let X and Y be two normed spaces. We denote by £(X,Y) the vector space of all the continuous
linear maps endowed with its usual strong topology.

Let Y be a vector space and R be a subspace, then Y/R denotes the quotient space.
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Figure 4.9: Solution branch structure for 3-fold vortex patch equilibria for various e, as labelled. Blue
portions of the curves are linearly stable while red portions are linearly unstable, as determined by a full
linear stability analysis (following [21] and [56]). The uppermost blue curve connects the limiting circular
patch solutions continuously as a function of €.

4.4.2 Modified Bessel functions

This section is devoted to some classical properties of Bessel functions of imaginary argument. We start
with the Bessel function of the first kind and order v given by the expansion
+o0 v+2m
=D™(3)

Ju(z) = 7nZ=O T +m 1) |larg(z)| <.

Note that this sum converges in a classical way provided that I'(v +m + 1) exists for any positive integer.

In addition, for v = n € Z it is known that Bessel functions admit the following integral representation:

1 T
VzeC, Ju(z)= 7/ cos(nf — zsin 6)db.
0

s

Bessel functions of imaginary argument, denoted by I, and K,,, are given by

+o00 (E)u+2m
_ § 2
IU(Z) _m:O m'F(u+m+1)’ |3.I‘g(2:)| <7

and
ml,(2) — 1,(2)

Ko (z) = 2 sin(v)

,v e C\Z Jarg(z)| < .

However, for v = n € Z we set K,,(z) = lim K, (z). At this stage we recall useful expansions for K,, that
v—n

can be found for instance in [69, p. 79-80],

S z\2m
Ky(z) = —log (;)Io(z) + Z ((7272!)2 Pp(m+1), Ki(z)=—-Ki(z), (4.4.1)

m=0
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where

— 7.

T =

(1) =—y and VYmeN*, ¢Y(m+1)= Z
k=1

In addition, for n € N*

+00 z n+2m 5
Ko(z) = (=1)m+ 2::0 m("ziw <log (5) - %w(m 1) - %w(n +m+ 1))

1& (—1)™(n—m—1)!
+5 —2m .
2 Gy

Another useful property is the positivity of I,, and K,. In fact, for any n € N we have
Vo >0, I,(z) >0 and K,(z)>0. (4.4.2)

The first one is obvious from the definition since each term in the sum is strictly positive. As for the second
one, it can be deduced from the following integral representation found in e.g. [69, p. 181],

+oo
K,(z) = /0 e #ht cosh(vt)dt. (4.4.3)

Another useful identity found in [69, p. 441] deals with Nicholson’s integral representation of I, () K, (z):

forneN

2(=1)"
T

I,(2)K,(z) =

/2 Ky(2z cos 0) cos(2nb)do. (4.4.4)
0

For the convenience of the reader, we next describe the relationship between Ky and the Green function
associated with Helmholtz’s operator in two-dimensional space. Let ¢ € R* and consider in the distribution
sense the equation

(A + €3G, = dp,in S'(R?).

Then using a Fourier transform we obtain

~ 1

G:(§) = Gk Ve eR?.

Thus by a scaling argument, we have
G.(z) = Gi(ex), with Gi(z)= —— / e
Am? Jre 14 €7
Hence, a change of variables using polar coordinates yields
1 o0 r 27
Gi(z) = m/o 14‘77"2/0 cos(|x|r cos 0)dOdr

1 /+°° rJ0(|9c|7°)dr
0

2 1472
1

= —K
o Kol

where in the last line we have used an identity from [69, p. 425]. As an application we show how to recover
the velocity from the domain of the patch in (4.1.1). In fact, if D is a smooth bounded simply-connected
domain and ¢ = 1p, then from the foregoing results the streamfunction v, which is the solution of the elliptic
equation

(A-e*)yp=1p
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is given explicitly by
1
vle) = 5= [ Kolella = s)Lo(5)dAw)
™ JR2

where dA denotes the planar Lebesgue measure. It follows that the velocity induced by the patch v = V+
takes the form

1

o) = 5 [ Kolllla =€l (4.4.5)

where the integration should be understood in the complex sense.

4.4.3 Boundary equations

In what follows we state the boundary equation of a rotating patch. First, the initial data gqo = 1p generate
a rotating patch about the origin with uniform angular velocity 2 € R if

q(t) =1p, with D;=¢"D.
We may check that this is equivalent to
(v(z) — Qat) -fi(z) =0, Vae€ oD

with 7i(z) being the unit outward normal vector to the boundary at the point x. The velocity v induced by
qo is given by (4.4.5). Using complex notation we find that

Yw €T, G(e,Q,P)(w) =0,

with

G(e, 9, ®)(w) = Im {Q@(w)cpf(w)w - Wmﬁ @/(T)KO(\gucb(w) - @(T))dT}

and ® : T — C is at least a C'! parametrization of the boundary. Actually, we may add a constant term in

the kernel Ky without changing the equation. Thus according to the singularity structure of Ky near the
origin detailed in (4.4.1) the suitable constant to add is log (‘%l) Therefore

G(e,Q,®)(w) =Im {Q@(w)@’(w)w — @’(w)ﬁ]ﬁ (I)/(T)KSO(I)(M) — <I>(T)|)d7} (4.4.6)
with
K§(x) £ Ko(|e|z) +log (|e]/2)-

If we let € — 0, then without surprise we get the vortex patch equation associated with the Euler equations
described for example in [?]:

Gp(Q, d(w)) = Im{ (QWJr ;]ﬁq’(”_w@'(r)df)w@’(w)}.

One may notice that

G(0,Q,P(w)) = —Gg(2, P(w)). (4.4.7)
Indeed, starting from the general formula

1 —Z
faD log | — €|dé = ‘ﬁ]{m s

we find by a change of variables

O/(7)dr. (4.4.8)

]{ log(|B(w) — B(r) )/ (r)dr
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Thus
Gr(Q, d(w)) = Im{ (Qcp(w) + ]£1og(\<1>(w) - @(T)|)<1>'(T)d7)wq>'(w)}.

It suffices now to use the expansion (4.4.1) to deduce that
Ve #£0, lim Kj(z) = —log(x/2)
e—0

and thus we find (4.4.7).

4.5 Bifurcation to m—fold symmetric vortex patch equilibria

The main task of this section is to prove the existence of rotating m-fold vortex patch (relative) equilibria, or
‘V-states’ [17], for the QGSW model given by (4.1.1). In the first section we state our main result. The proof
is carried out in several steps and is detailed in different sections. The basic tool is the classical Crandall-
Rabinowitz’s theorem, and for the study of the imperfect bifurcation we need a slight generalization of this
theorem.

4.5.1 Main result

We first state our principal result concerning the existence of a countable family of bifurcating curves with
m-fold symmetry from Rankine (circular) vortices. More precisely, we obtain the following result.

Theorem 4.5.1. Let € € R, then for each integer m > 1 there exists a curve (or branch) of m-fold rotating
vortex patches bifurcating from the unit disc at the angular velocity

Qn(e) = L(lel) Ka(le]) = I () Km(le])-

Moreover, the existence is uniform for vanishing €. More precisely, there exists a > 0 and continuous
functions ¢ : (—a,a)® = R, ¥ : (—a,a)? — CYT(T) satisfying

m—1

- Qr, = -, , —
¢(0,0) n(0) = ==, (0,0)=0
such that
Q= 90(578)7 Q/J(E,&U)) = Zanmfl(é—?s)wnmil
n>2
and

G(e, o(e,s),w+ sw™ ! + sip(e, s,w)) =0,V (s, s) € (—a,a)?, YweT.
Recall that the function G defining the vortex patch equation is given by (4.4.6).

Remark 4.5.2. On the one hand, the case m =1 is trivial. It corresponds simply to the translation of the
unit disc, and with the notation of the theorem we have ¥(e,s,w) = 0. On the other hand, the reqularity of
the boundary is not at all optimal; like for the Euler equations we guess that it must be analytic, see [8, 37].

Remark 4.5.3. It is known that for the Euler equations the bifurcation diagram of simply connected vortex
patches is organized around Rankine vortices through a countable collection of pitchfork curves (one for each
symmetry). Theorem 4.5.1 shows that locally this structure is preserved for any perturbation size of € and
therefore there is no symmetry breakdown. This is not the case however for the bifurcation diagram close to
Kirchhoff’s ellipse, as discussed below in Section 4.6.

The proof of Theorem 4.5.1 is a consequence of the materials developed in next sections. Actually, the
first part of Theorem 4.5.1 follows from Theorem 4.5.4, Proposition 4.5.7, and Proposition 4.5.9. However
for the second part dealing with the stability of Eulerian branches under small perturbation on e, we need
to make use of Theorem 4.5.5.
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4.5.2 Crandall-Rabinowitz’s Theorem with a parameter

The main objective of this section is to formulate suitable conditions for the bifurcation from the trivial
solutions of a general nonlinear equation of the type

F(e,\,2z) =0, F:RxRxV—>Y

with Y a Banach space and V' a neighborhood of 0 in some Banach space X. We assume that F' is smooth
enough and
VA, F(0,A,0) =0.

The starting point is that for ¢ = 0 we know the structure of the bifurcation diagram near the trivial
solutions and it is of interest to understand how its geometric structure varies with respect to an arbitrary
perturbation in e. This is called an imperfect bifurcation. This subject is well developed in the literature
starting with the pioneering work of Golubitsky and Schaeffer [28], who classify the bifurcation diagram
in a general setting using tools from the theory of singularities. Various particular studies related to the
present study have been carried out over the last few decades, and one may consult for instance [47, 65]
and the references therein. In what follows we formulate some results dealing with imperfect bifurcations
with symmetry persistence. This phenomenon occurs especially when the trivial solutions do not vary with
respect to the parameter ¢, that is
VYA, Ve, F(e, A,0) = 0.

For the steadily-rotating vortex patch solutions of (4.1.1), these are precisely the suitable conditions enabling
a detailed study of the bifurcations from the unit disc. Next we recall the classical theorem of Crandall-
Rabinowitz [16] concerning bifurcations from trivial solutions. This will be applied to get the first part of
Theorem 4.5.1 when ¢ is fixed at an arbitrary value.

Theorem 4.5.4. Let X,Y be two Banach spaces, V be a neighborhood of 0 in X and let
F:RxV =Y
with the following properties:
1. F(X,0) =0 for any A € R.
2. The partial derivatives F, F, and F, exist and are continuous.
3. Ker(0,F(0,0)) = (zg) and Y/R(0,F(0,0)) are one-dimensional.
4. Transversality assumption: )0, F(0,0)xzo & R(9,F(0,0)).

If X is any complement of Ker (0,F(0,0)) in X, then there is a neighborhood U of (0,0) in R x X, an
interval (—a,a), and continuous functions ¥ : (—a,a) = R, ¢ : (—a,a) = Z such that ¥(0) = 0, ¢(0) =0
and

{(2) €U, FOua) = 0} = {(0(s), 530 + 50(5)) s Is] < af U {(1,0); (1,0) e U}

The next result deals with a slight generalization of the preceding Crandall-Rabinowitz’s theorem to in-
clude a parameter. This allows us to treat the stability of the bifurcation diagram under a small perturbation.
This will be the cornerstone of the proof of the second part of Theorem 4.5.1.

Theorem 4.5.5. Let X,Y be two Banach spaces, V' a neighbourhood of 0 in X and let
F:(-1,1)xRxV =Y
be a function of class C* with the following properties:

1. F(g,A\,0) =0 for any e € R and A € R.
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2. The partial derivatives F., Fy, F, and F\,; exist and are continuous.
3. Ker(9,F(0,0,0)) = (xo) and Y/R(9,F(0,0,0)) are one-dimensional.
4. Transversality assumption: )0, F(0,0,0)xo & R(9,F(0,0,0)).

If X is any complement of Ker (0,F(0,0,0)) in X, then there is a neighborhood U of (0,0,0), an interval
(—a,a), with a > 0, and continuous functions

Y:(—a,a)*> >R, ¢:(—a,a)® =X

such that ©(0,0) =0, ¥(0,0) =0 and
{Exe) e, Fle,n o) =0} = {(e,0(e ), 570+ 56(,9)) 5 lel, 5| < a} U{(£,2,0); (2,1,0) € U},

Proof. The proof is a simple adaptation of [16]. Let (wp) be a complement of Y £ R(9,F(0,0,0)) in Y.
Then
X=(zo)®X and Y = (wg)®d).

Consider the projection P : X — (xg) on (zo) along X given by
r=sr9+ 2, 2 € X = Px = sxg

and similarly define the projection @ : Y +— (wg) on (wg) along ). Then the equation F(e, A\,xz) = 0 is
equivalent to the system

Fi(e,\,8,2) 2 (Id— Q)F(g,\,sz0+2) =0 and QF(g,\, 570+ 2) = 0.
It is clear that for some 1 > 0, the function
Fi: (L 1) xRx(—=n,n) xU = Vnm
is C' with U a small neighbourhood of 0 in X . Moreover, it is not difficult to check that
0,F1(0,0,0,0) = (Id — Q)0, F(0,0,0) : X = Y

is an isomorphism. By the implicit function theorem, the solutions of the equation Fi(e, \,s,z) = 0 are
described near the point (0,0,0,0) by the parametrization z = (e, A, s) with

0:(=6,6>=X, 6§>0

being a C! function. Therefore we obtain

(Id — Q)F (g, A, szo + ¢(e, A, 8)) = 0,V[e], |A],|s] <. (4.5.1)
Consequently, solving the equation F(e, \,z) = 0 close to (0,0, 0) is equivalent to

Fa(e, A, s) £ QF (e, A, swo + ¢(e, A, 5)) =0, V|, |Al[s] < 6.
Using the assumption F(g,\,0) =0, for any € € R and A € R, one deduces by uniqueness that
o(e,A,0) =0, Vie|,|A| < 0. (4.5.2)

Now differentiating equation (4.5.1) with respect to s we get

8s<(Id — Q)F (2, A, 570 + (2, A, s))) =0,¥el, |\l |s] < .
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In particular we deduce for s =0
(Id — Q)@ajF(s, A, (e, )\,O)) (330 + Osip(e, A, 0)) =0,

which implies, in view of (4.5.2), that

9:F(0,0,0) (95¢(0,0,0)) = 0.
This gives 95¢(0,0,0) € (xg), but from the definition one has 95¢(0,0,0) € X and consequently

d5¢(0,0,0) = 0. (4.5.3)
Hence there exists a continuous function ¢; : (—§,)® — & such that
p(e, A\, s) = sp1(e, A, s) and ¢1(0,0,0) = 0.

Set

a | QF(g,X sz0+ ¢(e,\,s)) /s, s#0
9e, A, 8) = { QO F (g, A, 8)[x0 +050(2,1,0)], s=0. (4.5.4)

Note that ¢ is continuous and
9(07 07 O) = anF(O7 07 O)xo =0.

Moreover, thanks to (4.5.2) one may easily check that
(e, A, 0) =0, Vie|, |\ < 6.
Consequently, the partial derivative d)¢ exists, it is continuous and satisfies
9,9(0,0,0) = Q0,0,F(0,0,0)z.
From the transversality assumption we find
9,9(0,0,0) # 0.

Hence we can use a weak version of the implicit function theorem, see Appendix A in [16], and thus find
that the solutions of g(e, A, s) = 0 near the origin are parametrized by a C*! surface ¢ : (—a,a)? — R such
that A = 9 (e, s) and

9(e,¥(e, 5),s) =0,V[e|, |s| < a,a > 0.

Therefore the non-trivial solutions of the equation F(e, A\, x) = 0 near the origin are parametrized by
A=1(e,s), & =szo+sp1(e,U(e,5),s) 2 s+ s¢(e,s), Vs|,|e| <a.

This completes the proof of the desired result. O

4.5.3 Function spaces I

In this section we introduce the function spaces used below in studying the bifurcation from the unit disc.
For a € (0,1), we set

+o00
X = {f € O (T, s.t.Yw € T, f(w) = nz_;)fn@",fn c R}

and

+o0o
Y = {g e C*(TM),st.Vw e T, glw) = Zgnen(w),gn € R}, with e, (w) = Im(w™).
n=1
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As discussed below, the m-fold symmetric vortex patch solutions are essentially arising from bifurcations in
the more restrictive function spaces

—+oo

Xp={f € X5t V0 ET, f(w) =Y frm 10"}

n=1
and

“+ o0
Y,, = {g €Y, st.VweT, glw) = Zgnenm(w)}.
n=1

Of course, the spaces X and X,, are equipped with the strong topology of C't® whereas Y and Y,, are
equipped with the strong topology of C“.
Next we recall the following lemma (see e.g. [37, 29]).

Lemma 4.5.6. Let = {(w,w),w € T} and let K : Tx T\ ~ C be a measurable function with the
following properties. There exists C > 0 such that,

|K(w, )| <C, Y(w,7)¢
and that for each T € T, the function w € T\ {7} — K(w, 1) is differentiable and

‘awK(w,T)’ < ¢

ST
Then the operator
To(w) = | Kiw.mp(r)ar,
sends C*(T) to L>®(T) for any o € (0,1) with
1T¢lla < CaCllelloe, @ € LZ(T),

where Cy, depends only on a.

4.5.4 Regularity of the functional I

The main goal of this section is to study the regularity properties required by Theorem 4.5.4 and Theorem
4.5.5 for the functional G introduced in (4.4.6). Denote by B, the ball of center Id and radius r in the space
X and B;" the same ball in the space X,,.

Proposition 4.5.7. There exists r € (0,1) such that for any a € (0,1) the following holds true.
1. G:RxRx B, =Y is of class C'. It is at least of class C*.
2. The restriction G : R x R x B]® —'Y,, is well-defined.

Proof. The proofs are classical and can be performed in a similar way to those of [29, 37], using Lemma 4.5.6
in particular. Some details will be given later in the subsection 4.6.3. Thus we only sketch the proof of the
symmetry given in point (2). The spaces that used are described in subsection 4.5.3. Recall that

+o0
B:n = {(I) S Xm, Hq) - Id||cl+a(T) < ’I“}7 (I)(w) =w + Z fnm_lwnm—l
n=1

and

G(z,9, @) = Im{ (Q(I)(w) —I(e, @)(w)>q>/(w)w}
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with

I(e,®)(w) = ﬁ@'(r)KOQaH@(w) ~®(r)|)dr.

We begin by checking that G(g, €, f) belongs to Y,,. It is enough for that purpose to prove that

G(e,Q,®) (6271: w) =G(,Q,P)(w), Vw e T.

Note that
2im 24T

(I><emw> —em d(w), P <esz w> = &' (w) (4.5.5)

and thus the property is obvious for the first term Im {Q@(w)@’(w)ﬁ}. For the last term of G, it is enough
to check the identity,

27

I(e, D) (em”w) = e%l(s,é)(w), Yw e T.
This follows simply by making the change of variable 7 = e%ﬁ :
I(g, @) (erﬁﬂw> = ][ e @ (6%7) Ky <|5| ‘@(e%w) - @(ezﬁf T) DdT
T

2im

= ¥ L /0o (Jll®(w) — 0(r)]) dr

This ends the proof. O

4.5.5 Spectral study

In this section we compute the linearized operator at the trivial solution of the functional G introduced in
(4.4.6). We prove that it acts as a Fourier multiplier with symbol related to modified Bessel functions. This
allows us to describe the full range of 2 corresponding to non-trivial kernels. Finally, we check that for these
values of 2 all the assumptions of Crandall-Rabinowitz’s theorem are satisfied.

Structure of the linearized operator

We prove the following result.

400
Proposition 4.5.8. Let h: w Z a,w" € X, then
n=0

+oo
D:G(e,Q,1d)(h)(w) = Z an(n+1) (Qn+1(5) — Q) en+1(w), with e, (w) = Im(w™)
n=0

and

Q(e) = L)) Ka(le]) = Im(|e]) Km(Je])-

Proof. Without loss of generality, we may assume that € > 0. Now, for given h € X, one may deduce from
straightforward computations that

DyG(e, Q1) (h)(w) = Lo(h)(w) + L1(h)(w) + La()(w) (4.5.6)

with
Lo(h)(w) = QT { A(w)w + W (w) }
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Ly(h)(w) = Im{ — Wﬁfr Ky (5|w — T|)dT — E]i h' (1)Ko (€|w — T|)d7’}

and

Re( (h(w) — h(1))(w —T
£2(h)(w)61m{w]£ <( |w—7')( )>K6(€wT)dT}.

We begin with the easier term L£y(h)(w) whose computation is straightforward:

“+oo
Lo(h)(w) == anQ(n+ 1)enyr. (4.5.7)

n=0

For £4(h) we first use the change of variable 7 — wr

L1(h)(w) = Im {—h’(w)]i Ko(e|l — 7])dr — ]f_h’(Tw)Ko ()1 — T|)d7}
which implies that

+oo
ﬁl(h)(UI) = — Znan [ﬁK@(/El — T|)(?n+1 — ]_)dT‘| €ntl-

We focus on the integral term involving in £ (h)(w). By symmetry arguments we obtain

1 27

][ Ko(e[l =) (7" = 1)dr Ko (2esin(0/2)) (cos(nb) — cos6)df
T

2m Jo

_ 2 /’2’ K (2esin6) (cos(2nd) — cos(26))db
0

™

_ 2 /T2r Ko (2e cos 0) ((—1)" cos(2n6) + cos(26))d6.
0

™

Using (4.4.4) we deduce that
][ Ko(ell = 7)™+ — 1)dr = () Ko () — L(e) K (e):
a

Therefore

+00
Ly(h)(w) = Z nay, (Il (e)K1(e) — In(a)Kn(s))enH. (4.5.8)

For the computation of Lo(h)(w), we write

= m—1)(T — T —1)(T —
@(h)(w)Z?(ﬂ(T |11_><T| ) 11_)(7 1)}Kg(e|17|)m>en+l.

n=1

Now we compute the following integral term which is more delicate

s [ NG NE-D]
T R

First we use the following trigonometric identity: for 7 = €?, 0 € [0,27], one has

Re{ ((Tn -1 T -1)FE- 1>) dr } _1! cos(8/2) (sin + sin(nf) — sin ((n + 1)6) ) do.

[1—7] 1—7| 2im T
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Thus integration by parts yields

1 2w

dy, (ecos(0/2)) K{ (2 sin(6/2)) (sin9 + sin(nd) — sin ((n + 1)9)>d9

2m Jg

_% /0 " Ko(2esin(6/2)) (cos@ + ncos(nd) — (n+ 1) cos ((n+ 1)9))d9.

Performing a change of variables and invoking symmetry arguments imply

_2 /OT2r Ko (2esin(6)) (008(29) + ncos(2nf) — (n+ 1) cos (2(n + 1)6)>d9

™

dn

2 /g Ko(2ecos(6)) (008(29) —n(=1)"cos(2n8) — (n + 1)(=1)" cos (2(n + 1)9))d0'

T Jo

Using (4.4.4) we obtain
G = ~L (2K (&) — nTa(&) K () + (1 + D1 () Ko (2) (45.9)
Combined with (4.5.8) we find that

“+oo
La(h)(w) + L2()(w) = >0+ Dan (1) K1(E) = Ls1()Kns1(0) )ensa.

n=0

Putting together this identity with (4.5.7) gives the desired result.

Bifurcation assumptions

Next we check the assumptions on the linearized operator required by Theorem 4.5.4 and Theorem 4.5.5.
For this purpose, we introduce the countable dispersion set

S = {n(e) 2 LN Kr(le) = () Km(le), m > 1}, (4.5.10)

The main result reads as follows.

Proposition 4.5.9. Let € € R be a fized real number and G be the functional defined in (4.4.6); note that
some of its properties are detailed in Proposition 4.5.7. Then the following assertions hold.

1. The sequence m +— Sy, (g) is strictly increasing and converges to I (|e|) K1 (Je]).
2. The kernel of DfG(e,Q,Id) is non-trivial if and only if Q@ = Q. (e) € S. In this case, it is one-

dimensional and generated by

U iw €T = wm L

3. The range of DfG(z-:, Qu(e), Id) is closed in Y and is of co-dimension one. It is given by

+oo
R(DfG(E,Qm(s),Id)) = {g e C¥T),g= Z In€n, gn € R}.
n#m

n=1
4. Transversality assumption:

8QDfG(s, Qm,ld)vm % R(DfG(E, Qm,fd)).
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Proof. (1) We use the following inequality (see [64]). For v > 0 and > 0

(‘T) T Kuf
< < .

() v+V2+22 T K, p1(2)

Thus using the positivity of I,, and K,, mentioned in (4.4.2), we find that the sequence n — I,(|e]) K, (|¢]) is
strictly decreasing. It remains to check that lim I,,(|e]) K, (|e|) = 0. For this, we establish a precise result
n—oo

(z)

(4.5.11)

Nl= [Nl
Nl= [l

on the convergence rate used below: there exists C' > 0 such that for any real number ¢ ,

In(n + 1).

n

VneN*, 0<I,(e|)Kn(le]) <C (4.5.12)

Indeed, using integration by parts in (4.4.4) we find

2(—1)"e

L(le)Kn(le]) = — — /02 sin @ K1 (2|e| cos ) sin(2n6)d6.

Thus B
2 3
0< L(leh)Kn(e]) < |—;|/ sin § K1 (2[e| cos 0) | sin(2n6)|df.
™ Jo

On the other hand using (4.4.3) we deduce by the change of variable § = cosh¢ that for z > 0

+oo Y 9
K](CE) :‘/1 (& 9\/02jd0

+oo 0
de + / 040
/ \/ ¢ Vo2 +1

—+oo
<e”* —I—/ e *0do
2

< e—x + 16—232_
T

Consequently there exists C' > 0 such that for any = > 0,

Kl(.’t) S

8|Q

which implies after straightforward computations related to Dirichlet kernel,

VneN*, I()K C/2|s1n2n9

cos
< 7/2 |sm(2n9)\d9
n Jo sin 0
In(n + 1)
—

<C

(2) The result follows from the structure of the linearized operator stated in Proposition 4.5.8 and the strict
monotonicity of the eigenvalues (2, (€))m>1-
(3) We want to prove that for any m > 1 the range of D;G(e, Q,,(g),1d) coincides with

Zm é{geC’o‘( )y g ):Jfgnen,gnER}.

n#m
n=1
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As Z,, is closed in Y and of co-dimension one, it is enough to check that the range is Z,,. First, it is obvious
that
R(D;G(e, A (e),1d) C Z,

and it thus remains to check the reverse inclusion. Let g = Z gnén € Zpmy; we want to find h € X such that
n>1

D;G(e, Qi (e),1d)(h) = g.

Set h(w Z h,w", then the equation
n>0

D¢G(e, (), Id)h =

admits an explicit solution such that

gn+1
hy, = , n#*Fm-—1
(n+1)(Qnt1(e) — Qn(e))
and
hp—1 = 0.
We next check that h € C1T%(T). Since
In+1 .
h(w) = w"
W= 2 @@ 0@

n#Em—1
n>0

then it follows from Cauchy-Schwarz inequality and the Bessel identity that

|gn 1]
1Al LTy < Co Z 1
n>1

< Cligllz2(m
< Cllglleem

where Cj is the inverse of the distance between €, (¢) and S\{Q,(¢)}. Cp is finite due to the monotonicity
of the eigenvalues. We now prove that the derivative h’ belongs to C*. It is obvious that

+oo
B w) _ Ngn+1 @n—H,
0= 2 D@6 - T @)
n=1
which can be split as follows
+oo
(w) = w + w"
RRP M nCE 3 e
n=2 n=2
“+oo
= - In - w
> w2 [W = o ]
n=2
9n Ik gn 1 :| —n
+ + - w.
Z nK (| Im(Je]) Z { Qm(ﬁ) Ko ([e]) Im ([e])
n 2 n 2
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Set

+0o0 . o +o0 1 1 . i 400 "
)=S0 i =3 oot e T e S

n=2 n=2 n=2
and n
> q 1 1
Hy(w) =3 ~ [ - ]w"
L0 (20,6 KD
Then
1 1

W (w) = — (w)—x*Hl(w)Jer( X * Ha(w) + x * Hz(w).

Ko (D In(eN K (leNIm(el)

As x(w) =114 (2ig(w)) — 2ig(w), with IT; being the Szegd projection that sends continuously C*(T) to itself,
we deduce that x € C%(T). Hence in order to ensure b’ € C*(T) it is enough to prove that H; € L*(T),j €
{1,2,3}. Let us start with Hy. It is obvious that

_ Kn(le)In(le]) ’
Ko ([e)) I (le]) (Ko ([e]) Im (le]) — Kn(le) Tn(le]))

1 B 1 ‘
Qn(e) = Qmle)  Km(le)) Im(le])

Hence using (4.5.12) we find a constant C' depending on m and e such that for any n # m

‘Qn(s) — Qo) Kn(eDIn(e) ‘ < C Kulle)n(lel)

< C,ln(n +1) .
n
According to the Parseval identity, this proves that H; € L?(T) and by the usual embedding we find
Hy € LY(T). Tt is simple to check that Ha, H3 belong to L?(T) and so to L!(T) which completes the desired
result.
(4) For the transversality assumption, it is obvious that for any h € X

0a DG (e, U (e),1d)h = Im {h(w)@ n W} .

Therefore, for v, (w) = w™ !

9aDG (g, Qn(g),Id) vy = —mey, ¢ R(DsG(e, U (e),1d))

and consequently the transversality condition is verified.
O

4.6 Imperfect bifurcation close to the branch of Kirchhoff ellipses

This section is devoted to the study of the global structure of the two-fold branch. According to Theorem 4.5.1
we know there exists a local branch close to Rankine vortices that bifurcates at the point Qs(g). For e =0
the full branch is explicitly described by Kirchhoff ellipses, and according to [8, 34, 41, 49] we known that
from this branch a countable family of bifurcating curves emerges at the Love instability points [48]. Notice
that these new curves model alternating one/two-fold V-states and the two-fold V-states are characterized
by an odd frequency perturbation of the conformal mapping of the ellipse w € T — w + Qw.

We investigate below the ‘imperfect’ bifurcation, that is, the behavior of the solution branch structure
subject to a small perturbation in e. We prove that the scenarios of persistence/breakdown symmetry occur
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simultaneously close to the Kirchhoff ellipse branch. Indeed, we prove by using perturbation theory, see
Theorem 4.6.3, that far from the second bifurcating point the local structure of the two-fold branch persists
and varies continuously with respect to a small perturbation in €. However around the singularity set the
issue depends on the symmetry of the V-states. In fact, we show in Theorem 4.6.3 that the diagram structure
around the one-fold bifurcating curves is not destroyed and is similar to the Euler one. However, and this is
only proved for the m = 4 Love instability point, the symmetry is broken down around the first bifurcating
curve of the two-fold V-states (see Theorem 4.6.5). This is a kind of resonance phenomenon between the two
branches with the same symmetry leading to a separation of the singularity and a loss of the connectedness.
Numerically, in Section 4.3 this behavior is observed for the first two-fold branches emerging from the ellipse,
but from an analytical standpoint the problem is difficult due to the cumbersome computations required for
higher elliptical azimuthal wavenumbers.

4.6.1 Function spaces 11

We first introduce the function spaces suitable for studying the bifurcation from the two-fold branch. We
draw attention to the fact that we use the same notation as in the Section 4.5 dealing with the m-folds
structure but with a different meaning. For « € (0,1), we set

+oo
X = {f € CMTT), flw) =D faw", fn € R} (4.6.1)
n=2
and .
Y = {g € C¥(TM),g(w) = Zgnen(w),gn € R}, with  en(w) = Im(w™). (4.6.2)

4.6.2 Summary of the bifurcations from Kirchhoff ellipses

The results of this section were obtained in [34] and for the commodity of the presentation we briefly recall
them. Since ellipses are explicit rotating solutions for the Euler equations, then from [34] one finds that

G(0,=22,0g) =0, VQ € (0,1)

with ag: w € T — w + QW being the conformal parametrization of the ellipse centered at the origin and
with semi-axes 1+ @Q and @ € [0,1). Notice that Kirchhoff discovered that such ellipses rotate at the angular

1—-Q?
1

velocity . Introducing

F,Q,/)=G(e, =L a0+ [), [feX (4.6.3)
where the space X is described in (4.6.1), it is plain that

F(0,Q,0)=0, VvQe][0,1).

From (4.4.7) one obtains

1—-Q?
2

Let m > 3 be an integer and denote by @,, the unique solution in [0, 1) of the equation

Lo £ DyF(0,Q,0) = —D;Gp(

,0Q)- (4.6.4)

1 + Q"n _ 172Q2m — O7 (465)

and set
S2{Qp, m>3.

At various points in the argument, we need to distinguish between the following two subsets of S:
Sreso £ {QQMa m > 2} and  Snreso = {Q2m+17 m > 1} (466)
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The first one is called the ‘resonant set’ and the second is the ‘non-resonant set’. Note that from [34] we
know that the sequence (Q,)m >3 is strictly increasing with

lim @, =1.

m——+o00o

The following result dealing with the structure of the linearized operator Lg was proved in [34]. This was
used to prove the existence of bifurcations from Kirchhoff ellipses using the Crandall-Rabinowitz theorem.

Proposition 4.6.1. Let X and Y be the spaces introduced in (4.6.1) and (4.6.2). Then the following
assertions hold true.

1. Let h(w) = Zanw" € X, then

n>2

1
Loh = B Zgnﬂen; en(w) = Im(w™),

n>1
with
1 2
g2 = 5(1‘*‘@) az,
g3 = 2Q%as,
1— 2
gn+1 = (1 + Qn - TL) (an+1 - Qan—l)a n > 3.

2. The kernel of Lg is non-trivial if and only if Q@ = Q,, € S and it is a one-dimensional vector space

generated by

wm—i—l

vnl) = TG

3. The range of Lq is of co-dimension one in'Y and it is given by

R(Lg) = {g €eC*(T),g= Z In+1€n, Ggn € R}-
n>1
n#m

4. Transversality assumption: for any Q = Qn, € S,

0QLQum ¢ R(LqQ).

4.6.3 Regularity of the functional II

The main goal of this section is to study the regularity properties required by Theorem 4.5.4 for the functional
F introduced in (4.6.3).

Proposition 4.6.2. Let a € (0,1), p € (0,1) and set r, = 5%, Then we have

F:(-1,1)x(0,u) x B, — Y
(€,Q. f) — P9, f)

is well-defined and of class C*, and 0q0sF exists and is continuous on (—1,1) x (0, ) x B,,, where B, =
{f €X, |fllci+e < Tu}' Moreover for any i,j € N,i+ j < 3 the function aéach(s, .y .) 18 continuous.
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Proof. We only sketch the basic steps of the proof which closely parallels the proof developed in [34]. For
more details we refer the reader to this reference. First, we write

F(e,Q, f(w)) = Im{ @t (1+Qw2+wf<w>) (1-Qu?+77(w))
- @f(w)m]£¢/(T)Kg(|q>(w) — a(7)))dr |
with the notation ®(w) = a,(w) + f(w) and

K§(z) = Ko(|e|z) + log (11).

Since C is an algebra, f € C'* and f’ € C%, then the first function

weT—

=@ {[1+ QE? + Wf(w)][1 - Qu + F'(w)] |

belongs to C® and its Fourier coefficients are all real; therefore, it belongs to the space Y. The C! regularity
with respect to (Q, f) is elementary and was discussed in [34]. For the second term, using the results in
subsection 4.4.2, one may write

2.2

Kj(x) = —log(x) — (log ('%‘) + log(x)) %Kl(szwg) + Ka(22?) (4.6.7)
where . (@m_l
and

Ka(2) = Jf (f)m Y(m+1)
200y

Consequently,

— £ ¥ (OKG(900) = B = o' () + o () + 1o ()
where

Top(w) = f Joa([0(w) = B(r) ()
Tip(w) 2 Kalrw.c)olr)ir
and
Tap(w) & = f K& fo(w) = (7)) (r)dr

with

Rifrwe)e (log (51) + toxtiow) - <I><T>>> @) — B() K (2]0(w) — B()P)

Moreover, we have seen in (4.4.8) that

with




Let @ € (0, 1) and take 7, = 177# By the mean value theorem, there exists a constant C), such that for all
f€B,,
Lelr —w| < |(w) — O(7)] < Culr —w|, Vr,weT.

In addition, we may easily check that the kernel K (7, w) = % satisfies the assumptions of Lemma

4.5.6 and thus
702" || ca Ty < C|| @] < Co.

Note that according to [34] we also have that (e, Q, f) — To®" is of class C* from (—1,1) x (0, ) x By, to
C*(T). As for Ty, the kernel is not singular and one may easily check that

|I?1(7',w,€)| + |8wIA(1(T,w,6)| < Co,V1,w e T.

Consequently we may use once again Lemma 4.5.6 and deduce that (¢, Q, f) — 719’ is well-defined. Moreover
the Fourier coefficients of T7®’ are real which follows from the general fact

Tip(w) =Tie(w),Yp € X,Yw € T.

By straightforward arguments we can also prove that (g,Q, f) — T1®’ is of class C'. Observe that the
regularity with respect to & comes in particular from the fact that the function ¢ € (—1,1) ~ &?loge is
C'. The same analysis can be implemented for the last term 75®’ and this concludes the C! regularity of
(€,Q, f) — F(e,Q, f). Concerning the existence and the regularity of dg0sF it can be proved similarly to
the case e = 0 discussed in [34]. O

4.6.4 Bifurcation diagram far from the resonant set

The main goal of this section is study the structure of the bifurcation diagram far from the resonant set Syeso
defined in (4.6.6). We prove its persistence for small perturbations. This is done in two different subsections.
First we prove the stability of the Kirchhoff ellipse branch under small perturbations, leading to the existence
of a two-fold branch for (4.1.1) living close to the ellipse branch. Second we explore the bifurcation of one-fold
curves from the two-fold branch close to the non-resonant set. This proves the persistence of the bifurcation
diagram of the Euler equations under small perturbations in € but far from the resonant set.

Structure of the two-fold curve

The aim in this subsection is to construct two-fold V-states close to Kirchhoff ellipses £ parametrized
by w € T — w+ Qw, with @ € [0,1). We first study the case where @ is far from the resonant set
Sreso = {ng, m € N*}. We prove that a one-dimensional continuous curve can be constructed away from
this set and which remains close to Kirchhoff ellipses for small values of €. For this purpose we introduce
the spaces

Xo = {f € Cl+a(T),f(w> = Z fnw2n+1afn S R} (468)
neN*
and
Y, = {9 € C(T),g(w) = Z In€2n, Gn € R}, with e, (w) = Im(w™). (4.6.9)
neEN*

Note that a domain whose boundary is parametrized by ®(w) = w + QW + f(w),w € T with f € X5 is
two-fold. The main goal is to prove the following.

Theorem 4.6.3. Consider the V-state equation (4.6.3) and let m € N*, § < M Define I, 5 =
[Q2m + 6, Qami2 — 8]. Then there exists €9 > and a function

[ €0 €0] X Iins — Xo

(6,Q) — f(e,Q).
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of class C' such that

F(Ea Q7 f(ga Q)) = Oa V(Ea Q) € [_50750] X Im,ﬁ-
In particular the curve Q € I, 5 — ag + f(e,Q) describes rotating patches with two-fold symmetry living
close to Kirchhoff ellipses.

Proof. The proof relies on the use of the implicit function theorem. First notice from Proposition 4.6.2 that
for any p € (0,1), the functional

F:(=1,1) x (0,p) x B}, — Y3
(gﬂQ’f)}—>F(€7Qﬁf)

is well-defined and of class C!, where

B? ={fe€Xa, |flloi+a <7} and ruzzl7jﬁ. (4.6.10)
We point out that the persistence of two-fold symmetry follows from Proposition 4.6.2. In addition,
D¢F(0,Q,0) is given by the restriction of the operator L described by (4.6.4) on the sub-space Xs. As
we have seen in Proposition 4.6.1, the kernel of Ly is non-trivial if and only if @ € S. Since Q € I, s
then Ker D;F(0,Q,0) is trivial for any @ # Q2m+1, and for @ = Qaym+1 the kernel is one-dimensional and
generated by the vector vg,,+1(w) = % However this vector does not belong to X5 and consequently
Ker D;F(0,Q2m+1,0) is also trivial. Therefore for any @) € I, s the linear operator Dy F(0,Q,0) € £(X2,Y3)
is one-to-one. We check that it is also onto. Let g = > -, gne2, € Y2 and consider finding the pre-image
by DyF(0,Q,0). Then according to Proposition 4.6.1, h(u;) =" o1 hpw?™ T satisfies Dy F(0,Q,0)h = g if
and only if

g1 =2Q%h, and g, = (1 +Q* —(1— QQ)n) (hn — th,l),Vn > 2. (4.6.11)

Note that for each n the number ((1 —Q*)n—1— Q2") vanishes if and only if Q) = Q2,,, and thus for Q € I, 5
this coefficient does not vanish uniformly in n. One can see from the recursion relation that

hw® + G n
h(w) = %wgw) with G(’LU) = Z 1+ Q2 ;9(1 _ QQ)nw2n+l'

n>2

Since @ € (0,1) and 5 Q —2L— is C°°(T), then h € X5 if and only if G € C1**(T). Thus it suffices to establish
G € C*(T) or equwalently

(17Q2)g77 n «a
X: wETHT;l—kQQ”—(l—Q?)nUP e C*(T).

It is plain that

1+Q™
2n 2n
_Zg"w +Z 1+ Q2 — _Qz)ng”w

n>2 n>1
= It (2ig(w) — 1w ) + K10t (2ig(w) — glwz)

x(w)

with II* being the Szegd projection and

B 1 +Q2n on
K (w) = ;HQM_(l_Q2>nw :

It is easy to prove the existence of a constant C' > 0 such that for any @ € I, 5

1+Q* e
1+Q —(1-Q*>)nl — n
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Therefore K € L*(T) C L(T), combined with the fact IT*g € C%(T), implies that y € C*(T). Finally we
see that Dy F(0,Q,0) is onto and thus it is an isomorphism from X5 to Y,. By the implicit function theorem
and a standard compactness argument we conclude the existence of a unique surface of solutions

F(<€7 Q7 f(€7 Q)) = 07 V(<€7 Q) € [_50750] X Im,5~
This achieves the proof of Theorem 4.6.3. O

Bifurcation from the two-fold curve

In this subsection we prove the bifurcation of countable family of one-dimensional curves of V-states from
the curve constructed in Theorem 4.6.3 at some points which are close to the points of the non-resonant set

SNreso = {Q2m+1am > 1}
The main result may be stated as follows.

Theorem 4.6.4. Let m > 3 be an odd number. There exists €9 > 0 such that for any € € [—eo, 0],
there exists a one-dimensional curve of one-fold V-states bifurcating from the two-fold branch constructed in
Theorem 4.6.3 at a point Qc ym close to Qu,.

Proof. The proof follows the same lines of Theorem 4.5.5 with slight modifications using the Lyapunov-
Schmidt reduction in an important way. First recall from Proposition 4.6.2 that the functional F : (—=1,1) x
(0, ) x B, =Y is well-defined and is of class C', with

L—p
B,, ={feX, |fllci+e <7,} and =y

wmtl

According to Proposition 4.6.1, for @@ = Q,, the kernel of Lg,, is generated by the vector v, (w) = 0w
Denote by X a complement of v,, in X such that
Xo C X.

This last fact follows since m is odd and therefore the function v, is even; consequently, we can choose a
complement containing odd functions which is exactly the space X5. Recall that the spaces X and X5 were
introduced in (4.6.1) and (4.6.8). The range of Lg,, , denoted by ), is of co-dimension one and we may
choose a complement generated by the vector w,, = €,,. Then

X=Wn)®Xx and Y = (w,)dV.
Let II; : X — (v,,) be the projection along X onto (v,,). Thus
fZSUm+97 gGX:>H1f:svm,

and similarly define the projection Il : Y +— (w,,) along ) onto (w,,). The V-state equation F(e,Q, f) =0
is then equivalent to the system

FI(Ean57g) £ (Id_H2)F(‘€7QaS’Um +g) =0

and
F2(87Q7s7g) é H2F<E7Q78Um +g) =0.

The function Fy : (—1,1) x (0, 1) X (=n,n) x B, — Y is C!, with B, a small ball in X' centered at 0, and
n > 0 such that for any s € (—n,7n) and for any g € B, we have sv,, + g € B,,. Moreover,

FI(O7Q1’7’HO7O) =0
and it is not difficult to check that

agFl(OvanOvO) = (Id - HQ)afF(OanaO) X — y
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is an isomorphism. By the implicit function theorem the solutions of the equation F(e,@,s,g) = 0 are

described near the point (0, Q.,,0,0) by the parametrization g = (e, @, s) with
SD:(iéa(s)X(Qm*(san‘i’é)X(*av(s)*)Xv 0>0
being a C! function. By virtue of Theorem 4.6.3, we know the existence of a function

Q)= fle,Q)e Xp C X

such that
F(€7Q7f(€7Q)) = O

and so in particular
Fl(sv Q7 Oa f(57 Q)) =0.
Thus by uniqueness we get

@(&Qvo) = f(E,Q), V(E,Q) € (_57 6) X (Qm —0,Qm + 5)

As Kirchhoff ellipses are exact solutions for € = 0, we obtain

¢(0,Q,0) =0, YQ € (Qn —3,Qm +9).

The equation of F» in a neighbourhood of (0, @.,,0,0) takes the form

Fa(e,Q, ) 2 T F (2,Q, s0m + ¢(£,Q,8) =0, V[e|,|Q — Qul,|s| < 6.

From the relations (4.6.12) and (4.6.13) we deduce that
Fy(e,Q.0) =0, V| <6.Y[Q ~ Qu| <6

Set

Fa(2,Q.5)
GeQaeg o ST
H2afF(5aQ750(€7Q70)) (Um +8590(57Q30))7 s=0.
Then the function g is continuous and
9(0,Qm,0) = TI20;F(0,Qm,0)(vm + 950(0,Qmm,0))
= 0.

Indeed, by differentiating with respect to s the following equation
F1(€,Q,S7QO(E,Q,S)) = Oa v|€|a |Q - Qm" ‘3‘ S 4
at the point (0,Q,,,0), we find
(Id = I2)9¢ F'(0, @, 0)(vim + 05(0, @i, 0)) = 0.
Consequently, 95¢(0, Q:,,0) € Ker(Lg,,) N X, and therefore

85@(07 Qma 0) =0.

Thanks to (4.6.14), we obtain
00¢(0, @, 0) = 0.
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Moreover, g is differentiable with respect to Q and

9030, Q. 0) 15005 F (0, Qum, 0) (vim + 05(0, @, 0))

1507 F (0, Qm, 0) (0gUm|g=q,, + 900s¢(0,Qm,0))
507 F(0, Q. 0) (Um + 950(0, Qum, 0), dgp(0, Qm, 0))
12005 F (0, Qm, 0)(vm).

+ +

From the transversality assumption proved in Proposition (4.6.1), we obtain

Hence using a weak version of the implicit function theorem, see [16], we deduce that the solutions of
9(s,Q,s) = 0 near the point (0,Q,,,0) are parametrized by a continuous surface 7 : (—&¢,£9)?> — R such
that @ = 7y(e, s) and

g(e, (e, 8),s) =0,V|e| < e, V|s| <o, with &o > 0.

Therefore the solutions of the equation F'(e, @, f) = 0 near the point (0, @,,,0) are given by the union C; UCs
where

¢ = {(2.Q.9(=.2.0)). ¢ < 20.1Q ~ Qul < =0}

corresponding to the two-fold V-states constructed in Theorem 4.6.3 and

C2 = {(57'7(57 8), SUm + 50(577(53 S)a 3))a |€| < €0, |S| < 50}~
Note that the curve Cy is different from C; since for s # 0 the V-state parametrized by
weT— w+ QW+ svy,(w) + <p(€,’y(5, ), s)

is not two-fold because m is odd and therefore v, is a non-vanishing even function. In addition the curve
C, intersects C; at s = 0. This achieves the proof. O

4.6.5 Breakdown of the bifurcation diagram close to the resonant set

The numerical study conducted in Section 4.3 shows that, contrary to what occurs in the Euler equa-
tions, the two-fold branch is never connected for small € and is split into countable disjoint connected
components or branches. The separation of the singularity set seems to happen around the resonant set
Sreso = {ng,m > 2} due to the resonance between branches with the same symmetry. We provide an
analytical confirmation of this behavior only around the point @4 which is more tractable than the remain-
ing cases Qam,m > 3. We point out that the separation of the two-fold branch around @, is only proved
locally in the bifurcation diagram. The global structure of this separation is much more complicated and
may require more elaborate tools.

More precisely, we prove the following result.

Theorem 4.6.5. Consider the V-state equation (4.6.3). There exists e > 0 such that for any € €
(—€0,€0)\{0} there exists 7= > 0 such that the set

{F(gaQaf) = 03|Q7Q4‘ < Tsaf € X27||fHC'1+°‘ < 7’5}

is given by the union of two disjoint one-dimensional curves.

Proof. The proof is based on studying the local structure of the V-state equation (4.4.6) through the associ-
ated quadratic form. At first sight there is a logarithmic singularity in € at second order which could present
difficulties for understanding the local structure. However, as shown below, this term may be combined with
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the rotation term and therefore it does not contribute at the nonlinear level. To show this, we first make
some transformations using new unknowns. From (4.6.7) we may write for z > 0 the expansion

K§(x) = (1) —log(z) — %mQ log(z) + %(w@) —log(|e|/2))x* + e* loge R®(x)

where R? is at least of class C® in the variable x and analytic in the variable . It follows that

fcb'<r>f<5<\<1><r> —w))dr = - f &' (1) log(|®(r) — ®(w)|)dr
T T

62

+ ) = log(ll/2) ¥ (0)]8() — Bw)dr
- S f ¥ o0(r) — B () — 2w
+ e*log |5|][ T)RE(|®(1) — ®(w)])dr.

Denote I' = ®(T); then it is simple to obtain, by a change of variables and the residue theorem,

frm — B(w) 2

fr (IE[2 — B (w)E)de.

Flepas = [ ean

and since the domain D delimited by the curve I' is two-fold and centered at the origin then

][F [€[?d¢ = 0.

f@’m@(f) — B(w)[2dr
g

From Cauchy-Pompeiu’s formula we find

Hence

Thus we obtain

]£K8(|‘1>(7) — (w)))@'(r)dr = —]ﬁlog(@(T) — (w)[)@'(r)dr

82

- W)~ 10g(el/2)(w) £ TP (e
- 5 frose0m) - a)le) - Bw)Pe (r)dr
+ etlog el ][ RE(|®(1) — @(w)|)D' (7)dT.
T
Inserting this identity into (4.4.6) and using (4.4.7) we find
G(e,Q,0) = —-Gp(Q.,?)+ %Im{Gl(é)} + e*log |e| Im{G2 (s, @)}
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with

2
g
QEéQ-i-Z

(1(2) — log(lel/2)) f B(r)®'(r)dr,

G1(®) £ w ¥ (w) 1 log(|(7) — ®(w)])|®(7) — B(w)[*@'(7)dr

—~

T

and
Gole, ®) 2 T T (W) ]£ ' (1YRE (1B (7) — B(w)|)dr.

As before we look for solutions of the form
@ZOKQ—Ff, fGXQ.
Note that the space X5 was introduced previously in (4.6.8). We now impose the constraint

1-Q?
Q. = —*.

Set
FE(Qaf) é 7GE((17Q2)/4>0[Q+.}C)7 Fl(Qaf) éGl(aQ+f)

and

FQ(EuQvf) £ G2(5,0ZQ+f)~

Then the V-state equation is equivalent to

Fe.Q.0) 2 Fo(Q. 1)+ SIn{F Q. N} + () In(Ra(e.Q N} = 0. (16,10
Following the same lines of Proposition 4.6.2 we can check that
F:(=1,1) x (0,12) X By, — Ys
(£:Q. 1) — F(.Q.f)

is well-defined and of class C'', where the ball B,, was previously defined in (4.6.10). In fact, we can easily
check that F is at least C3. Moreover, BQﬁ and Dfﬁ are also C3. Note that from (4.6.3) we have

D;F(0,Q,0) = Dy Fp(Q,0) = Lg,

and the full structure of Ly was previously detailed in Proposition 4.6.1. Recall in particular that for Q@ = Q4

one has

wd

Ker£Q4 = <U4>, '04(U)) = W

and
R([’Qz;) = {g € CQ(T)’g = Zgne2n7 gn € R}

n>1

n#2

Let )A(Q be a complement of vy in X5, that is,
X2 = 5(:2 @ <’U4>.

Thus any f € X admits a unique decomposition in the form f = svy + g with g € X, and s € R. Denote
by Y the space R(Lg,), then

Yo = Yo & (es),
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and let I : Y5 — (e4) be the canonical projection along 37'2. Thus equation (4.6.16) is equivalent to
Hi(s,Q,s,9) = (Id — H)f(s, Q,sv44+9) =0 and Hs(e,Q,s,9) 2TF(e,Q, svy + g) = 0. (4.6.17)
Now we can directly observe that
0y H1(0,Q4,0,0) = (Id — 1)L,

and that 0y,H1(0,Q4,0,0) : Xy — Ys is an isomorphism. Thus, by the implicit function theorem, the
solutions of the equation Hj(e, @, s,g) = 0 are described near the point (0, Q4,0,0) by the parametrization
g = (e, Q,s) with

01 (=6,0) % (Q4 — 6,Q4 + 0) x (—=6,6) = Xo, 6>0 (4.6.18)

being a C! function. As the functions defining the V-states are smooth enough, ¢ is in fact at least of class
C? . Notice that the defect of regularity comes only from the variable ¢ and thus one gets more smoothness
in the remaining variables. Indeed, we have the following.

Remark 4.6.6. The functions gy and dsp are at least C3. To prove this, we just differentiate the equation

(Id - H)ﬁ(E, Qa Sv4 + (p(&" Qa 8)) =0, V(&‘, Q7 S) € (_65 5) X (Q4 - 67 Q4 + 6) X (_6; 5)
and arque by induction.

Now since the ellipses are solutions, then by uniqueness we obtain

(P(O, Qv 0) = Ova € (Q4 - 63 Q4 + 5) (4619)
This implies that for any k € {1,2,3}
959(0,Q,0) = 0,YQ € (Q1 — §,Q1 +9). (4.6.20)
On the other hand differentiating the first equation in (4.6.17) with respect to s we obtain
(Id — H) (£Q4 (U4 + a‘,«p(o, Q4, 0)) = 0

and as 05¢(0,Q4,0) € X, we deduce
95(0,Q4,0) = 0. (4.6.21)

Similarly, differentiating the first equation of (4.6.17) with respect to €, we obtain (due to (4.6.16))
(Id — H)£Q48590(0, Q4, 0) =0

which implies that

0:0(0,Q4,0) = 0. (4.6.22)
Now the V-state equation reduces in this small neighbourhood to the finite-dimensional equation
¢(5aQ,3) é HZ(&\)QvS)%O(EvQ’S)) = 0 (4623)
It is obvious from (4.6.16) that
2
€
¢(5> Q7 S) = wE(‘z Q7 S) + Zd}l (Ea Qa 8) + 84 lOg |E| 1/}2(5’ Qa 8) (4624)
with
wE(E7 Q7 S) £ IIFE (Q7 Sv4 + 90(57 8, Q))? wl (57 Q? S) = HIm{Fl (Qa 5v4 + @(6, Q7 S))}
and

1/}2(5‘7 Q7 S) £ IIIm {FQ (67 Qa Svg + @(5a Q7 S)) }

136



Moreover,

w(O7QaO) = O,VQ S (Q4 - 67 Q4 + 6)
which implies that for any k € {1, 2, 3,4}

951(0,Q,0) = 0,YQ € (Q4 — 6,Q4 + 9). (4.6.25)
Moreover straightforward computations yield, in view of (4.6.22) and the structures of II and Lg,,
9:1p(0,Q4,0) = I1Lq, 0:(0,Q4,0) = 0.
Using once again (4.6.22) we find

8?¢E(07Q470) = Ha‘?FE(Q470)(86@(()’Q470)7a€90(07Q470)) +H£Q4a€2¢(07Q470)
= 0.

Hence we obtain

1

331[1(0, Q4,0) = 577[11 (0,Q4,0)

_ %HIm{F1(Q4,0)}~

To compute the projection, we need to calculate the coefficients of w?* and w? in the Fourier expansion of
F1(Q4,0). First we have

F1(Q4,0) = wag, (w)l(w)
= (Ww-Qw)I(w)
with

I(w) = ]ilog(laca(ﬂ —ag, (w)])ag, (1) — aq, (w)[Pag, (7)dr.

Using the identity
Q. (1) — aq,(w)| = |7 —w|[l = Qurw|, Vr,weT

we find after straightforward computations
g, (1) — ag,(w)Pag, (1) = > ar(w)r* + > By(w)7 (4.6.26)

with

ao(w) 22+ Q3+ Quuw? +7?), ar(w) 2 —2Quuw— (1+QHw, az(w)2 Qu,
Bi(w) £ (QF — )(Quuw+w), Balw) £ —Qu(2QF+1) - Qiw® — Qiw’,

Ba(w) £ 2Q%w + Q41+ QHw and Bs(w) £ —Q3.

Now we compute for n € Z

][log(\aQ4(7) —ag,(w)|rdr = ][log(|7' —w|)r"dr + ][ log(|1 — Qarw|)r"dr
T T T

2 L(w) 4+ Ju(w).

137



First note that by a change of variables
1 27 ) )
I (w) = w" — / log |1 — e?]ei™+1)0dp.
271— 0
From elementary trigonometric identities we write
1 2 )
I, (w) = w”+14— / log (4sin*(0/2))e' ™ %qp.
T Jo

Using Lemma A.3 of [8] we get

Lt if e Z\[-1}
_ s W, it on
In(w) { 0, if n=-1.

In addition
1 2 . .
In(w) = w"“—/ log |1 — Q4e®|e’ "+ 10 g
2 0

1 2 )
= @""‘14— / log |14+ Q7 — 2Q4 cos(@)’el("ﬂ)ed&
T Jo

Again from Lemma A.4 [8] we obtain

|"+1‘fn .
Jp(w) = 2|n+1\Q T neZ\{-1}
0, if n=-1.

Putting together the preceding identities one finds

(4.6.27)

_ 1 n+1 [n41l—n+1 : _
Flog(la,(7) —aguwrar = § amEm (" FQETET), AL ne 2\
T 0, if n=-L

Using (4.6.26) we find

Iw) = > aw(w)(L(w) + Jx(w +Zﬁk w) + J_p(w))
k=0
2

= ak(w)(fk( + Ji(w +Zﬁk w) + J- ())
k=0

From straightforward calculation, and using the fact that Q4 is a solution of (4.6.5) with m = 4, we obtain

2

2
)} =6 Qs

HI{

k=0

Similarly we obtain

4 6 _and _ 92
Hlm{@ab4(w) Zﬂk (I + J_k)} = w&l.
k=2

12
Consequently
Qi 2
Him{ F1(Q1,0)} = TH(Q4 — 4Q3 + 3)es
Therefore
P20(0.Qu1) = (@1 - 403 + e, (4.6.28)
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We next compute 059:1(0, Q4,0). From (4.6.24) we write

asasw((LQZhO) = HG;FE(Q47O)[6€LP(O7Q47O)7v4 + 65@(0762470)]
+ H£Q4353590(0a Q4? O)

From (4.6.22) and the structure of I we find
050:1(0,Q4,0) = 0. (4.6.29)
Similarly we find

8Q351/)(07Q4,0) = HaQasFE(OaQ470)
= 00{110;Fp(Q, ¢(0,Q,0))(vs + 0:0(0,Q,0))} o -

Using (4.6.19) and (4.6.20) we deduce that
8Q85w(0, Q4, O) = H{8Q£Q04}Q:Q4'
This is the transversality assumption in the Crandall-Rabinowitz theorem. According to [?] we have

H{aQEQU4}Q:Q4 =4(Qq + Qi)e4

and thus
To compute dgd:1(0, Q4,0) we note from (4.6.19), (4.6.22) and the identity IILg, = 0 that
9Q0:4(0,Q4,0) = Tdg{drFr(Q,»(0,Q,0)9:0(0,Q.0)},_,
_— (4.6.31)

The computations of 921(0, Q4,0) can be performed using the formula

024(0,Q4,0) = O7FE(Qu,0)[va, va]

= {C;L;FE(Q4,SU4)}

s=0
Observe from (4.4.7) that
Fp(Qs,sva) = G(0,(1—Q1)/4,aq, + svi)
= _GE((l - QAQL)/4’ ag, + 51}4)
with
_ 02
Ge(l—Q3%/4,aq, + svs) = Im{(l 4Q4 (ag,(w) + svg(w)) + I(s))w(ab4(w) + svi(w))},
N A+sB / /
I(s) = %]{A—T—Tg(a@‘(ﬂ + sv4(7))d7'
and
A = QQ, (T) —QQ, (w)
B = wuy(1) —vg(w).
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It is easy to obtain

(G~ Qiftoa roa} = B} + m{ar 0w + 1'0wng, )}

L -
2

Im{ I (w)} 4+ Im{Iz(w)} + Im{I3(w)}.

We start by computing HIm{Il(w)}. It is straightforward to show

o ow? =3QuuP +5
Cw? = Qs (1 - Quu?)?’

va(w)wvy(w)

Set z = w?. Then

_ z  =3Quz+5
22— Q4 (1—Qu2)*

Note that z + Z_ZQ4 (*15”_%552 is holomorphic in the annulus of small radius @4 and large radius

va(w)wvl(w)

&, and
therefore it admits a Laurent expansion in this domain. To evaluate II Im{I 1 (w)} it suffices to compute the
coefficients of z? and 2—12 in that expansion using the residue theorem. The coefficient of 22 is given by

A][ 1 —3Q4z+5dz
72— Q4 (1-0Qq2)% 2%

Using the change of variable z — % we obtain

][ 2’2 5z — 3Q4 dz
T1-Qu4z (Z - Q4)2

g(2)
7£ G-Qu”
9 (Q4)

(>

with )
g(z) A z (52 - 3Q4)
1-— Q4Z '
Thus we obtain,
_ —7Q5+ 903
(1-Q3)?

Now we move on to the coefficient of Z% given by the formula

N ][ 22 =3Quz+5
b= 2d,z.
T2— Q4 (1*Q4Z)

Using the residue theorem we obtain

—3Q%+5
2 1
SRR A
Consequently
1— 2 1— 2
2Q4H1m{11(w)} = #Q‘l(a —bley
= 2Q%. (4.6.32)

Next we compute ITIm{I5(w)}. First notice that
A AB - BA
21/(0) = ][ Z’UQ(T)CZT +f TO/QA‘(T)CZT'
T T
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We rewrite Iz(w) as follows,
I(w) = In(w) + 2 (w) + Iz3(w),

where .
I (w) = wvfl(w)][ évﬁl(T)dT
T A
! E !
Ino(w) = wv4(w)][ ZQQA‘(T)dT
T
and _
BA

Iz (w) = —wvﬁl(w) el O/Q4 (T)dr.
T
Straightforward computations imply

][A NPT = Qawt —1 —3Q47% + 57
TAY T Quw (1 Qur?)?

Hence by the residue theorem we obtain

dr.

-3Qw? + 5Q%

(1-Qfw*)?
Since we can extend z — I51(z) to a holomorphic function in the annulus of small radius @ and large radius
Q , then I»; admits a Laurent expanslon in this domain. As before, to evaluate Il Tm{I2;(w)} it suffices to

compute the coefficients of z* and Z4 in that expansion using the residue theorem. The coefficient of z* is
given by

][ (r)dr =w*(QF — 1)

—3Q7w? + 5Q% dw

Moreover, the coefficient of Z% is given by

—3Q7w? + 5Q3% P,

b= ]{wvi(w)mf)(Qi - 1)W

One may thus deduce the following equality,

MIm{l (w)} = (a—b)es
Q4% (45 — 58 Q4" +21 Q%)
Q' = 1)(Q4>+1)

As for Iso, using the change of variable 7 — 7, we obtain by the residue theorem

][B/ ()d 7%’04 17@47’2(1’7'

—an (T)dr =

TA Qa E 1—Q4wTT
—v4(w

eq. (4.6.33)

Again, we can extend z ~ I21(z) to a holomorphic function in the same annulus and thus we just need to
compute the coefficients of z* and Z% denoted by ¢ and d, respectively:

—— f wiwu@) 3

o

and

d = f woiw)n@)utdu.
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According to the residue theorem we obtain

HIHI{[QQ(U/)} = (5 — d)€4

2
o _des (4.6.34)

(Qs*—1)
Now we move on to the last term Io3(w). The computations are very tedious and we use the Maple symbolic
manipulation package to obtain the following expressions

520 i (Qa)w?

BA , (r)dr =
T B = QD@1 + Quot — (1+ Q1)w?)

1, 2 e

where
a0(Qq) £3Q% —4Q7, a2(Qq) £4Q1° —4Q% + 7Q5 — 5Q1,

a4(Qa) 2 Q1 —8Q1 +7Q% — QF,  as(Qu) £ QF —3Q5 +3Q71 — Q7.
as(Qq) £3Q3 —2Q7 — Q4 and  a10(Q4) £ Q7 — 1.

Let é and f be the coefficient of z* and Z% in the Laurent expansion of Iy3(z). Again using Maple, we
obtain

MIm{lLs(w)} = (€—fles
O QI(21Q2 —65QF —12Q5 +47Q1 +12QF 4 5)
- _ CERIGER) es. (4.6.35)
Now using (4.6.33), (4.6.34) and (4.6.35) we find
MIm{l(w)} = 1Qi(TQi-2Qi - 1) es. (4.6.36)

2 (Qi—-1)

Now we compute Im{Ig(w)}. First we notice that

B?A - BBA BA - BA
I//(O) = ][ TO/QAL(T)dT +][ TU&(T)dT.
T T

Consequently, we can split I3 as follows,

I3(w) = I3 (w) + Is2(w) + Izz(w) + I34(w)

where -
B“A
I3 (w) = wo/Q4 (w) TO/Q4 (7)dT,
T
Ls(w) = wa B
32(w) = wag, (w) : Zv4(7') T,
BA
Is3(w) = —wagy, (w) FUQ(T)CZT
and _
BB

In the following, we denote by as; and bs; the coefficient in front of z* and z% in the Laurent expansion of
I3;(2) on the same annulus as before. We obtain the following expressions using Maple,

0 QI(-12Q8+8Q7+26Q1+3+12Q7 +4Q1° - 33Q})
o @ -1 (@G +1)
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and

QS (7T8Q5 +8Q7+3+56Q4% —129Q% —20Q5 + 12Q1°)

bz1 =

(@ -D* (@ +1)

Therefore,
MIm{lz:(w)} = (as1 —bs1)es
(56 Q1% +12Q1° — 85Q% — 12Q5 + 26 Q4 +8Q% + 3) Q3 (4.6.37)
= €4. .6.
(@ +1)(-1+@Q )
Similarly we obtain using Maple,
B, Yoo Bai(Qa)w?
—vy(T)dT = L=
f A = G - au@r =T
where
Bo(Qa) == —6Q4 +3Q5 +3Q4",  B2(Qa) == 3Q}° — 11QF + 13Q] — 5Q4,
B1(Qa) == 3Q7 — 11Q] + 13Q% = 5Q%,  Bs(Qa) := —6Q5 + 13Q] — 5Q73,
Bs(Qa) = —QF + 6Q — 5Q4 and B19(Q4) == 3Q% — 5.

The coefficients in the Laurent expansion have the following expressions,

azg = 0
and

(701901303 5@
32 — (QZ — 1)2 .
Consequently,
MIm{Isa(w)} = (as2 —bs2)es
7QF-9Q1+3Q7-5)Q3
_ (e Q42 Qi=5) Qi eq. (4.6.38)
(Q1—1)?

Thanks to Maple, one may find the following expression

(w? — Qu)QF (X5 72i(Qa)w?)
wS(w? — Q1)(—(QI° + 3Q%)w? + 3Q3(Q% + Nw — (3Q% + 1w + QF + Quuwd)

133(w) =
where
Y0(Q1) = 18Q3* — 15Q1°,  12(Q4) = 30Q;" — 68Q7 + 48Q] — 18Q},
74(Q4) = —15Q1 — 105Q% + 90Q§ + 80Q1" — 45Q%, 76(Q4) = —12Q" — 136Q] + 122Q} + 66Q] — 40Q7,
75(Q4) = —35Q3 + 104Q7% + 46Q%F — 112Q%,  710(Q4) = —30Q4 — 64Q + 86Q7,

and
712((24) = 30@2 — 25

This allows one to obtain

_ Q§(9Q8 —26Q5 +25)
(@QF+1)(-1+ Q)
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and
Q5 (—131Q% +56 Q4% +78Q1 +5+12Q7 —24Q% +12Q}°)

(@ +1)(-1+Qb)°

b3z =

Finally we obtain

HIm{lz3(w)} = (ass —bsz)es
QS (14Q5 +3QF —21Q1 - 3Q%+5)
QI +1)(-1+Q3)

= 4 es. (4.6.39)

For the last term, we use Maple to obtain

Zfzo £2i(Qa)w?
w®(w? — Q) ((Q1 + QF + Dw?(Qs — w?) + Qu(ws — Q)

BB
— . Falel(T)dT = —

where
£(Q4) = —3Q%, &(Q4) =3Q% —3Q% + 503,
£4(Qq) = 3QF — 8QF +5Q%,  &(Q4) = 3QF —8Q1 +5Q7,
£3(Q4) = —6Q3 +5Q4 and £10(Q4) = 2Q2 + 5.

Thus we deduce using Maple once again

_Qi(3Q1-5)

R CF RV
by — — 24 4 4 1 .
. (QF —1)2
Therefore we find
HIm{Ig4(’LU)} = (a34 - b34)64
6
_ (Q‘%@x e (4.6.40)

Finally, using (4.6.37), (4.6.38),(4.6.39) and (4.6.40) one finds

L2010+ 01— 1)
(—1+Q3)’

Now combining (4.6.32),4.6.36) with (4.6.41) and simplifying the polynomial equation of Q4, we obtain

2 6 4 9
07(0,Qa,0) = Q4(3Q‘E+ﬁ4@2)52@4+5)e4
o 1

MIm{7I5(w)} = e4. (4.6.41)

To summarize, up to this point we have proved that the V-state equation (4.6.24) reduces in the small
neighbourhood Is £ (—4,0) x (=6 + Q4,Q4 + ) x (—4,6) to the finite-dimensional equation

¥(e,Q,8) = 0. (4.6.42)

As 1) is at least C3, we can use a Taylor expansion with the integral form for the remainder around the point

(OaQ470)7

2
¢(57Qa8) = ¢(07Q470) +Sasw(OaQ4aO) +568¢(07Q470) + (Q - Q4)8Q¢(07Q470) + %835¢(07Q470)

+ia%p(oczo MWO 0 —Q4)0%,1(0 0 9%.4(0 0
2 £ s &4, )+ 2 Q/lz[}( aQ4a )+€(Q Q4) ngz[}( aQ4a )+€S 631/)( 7Q47 )

(Q — Qu)5051(0,Q4,0) + £(e,Q, s)ea
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where

1 _p)2
e Quaten= [ EPEDP0(0,Qa 1 0Q - @0).05) (2. @ — Quno)’dt

For a given vector h we use the notation h® to denote (h, h, h). Consequently, using the preceding compu-
tations concerning the quadratic expansion, we obtain for any (e, @, s) € I

(e, Q) = [as? +b5(Q — Qu) +cs* + 5(e, Q. ) e

with
Q1(Q1 —4Q7 +3)

a= e , b=4Q4(Q% +1)

and

- QI(BQL+ Q4—5Q4+5)
(—1+Q2)°

Since Q4 = V2 — 1, one may easily check that

a>0,b>0andc<0.

We introduce the parameters ¢ = —c, b= —Z—i and d = 2 -, which are three positive constants, and write

equation (4.6.42) in the new variables Q = @ — Q4 and X = s — dQ. In this way, we find in a small
neighbourhood of zero,

(e, Q,X) 2 |ac? — X% + Q% + £(,Q, X)|es =0 (4.6.43)

where
£(e,Q,X) =£(e,Q,s).

For the quadratic equation 3
ag? — X2 +0Q* =0

b
X =4[22 4 2Q2.
C C

We prove that this structure persists for the full equation,

we find for given ¢ # 0 two disjoint curves

ag? —EX? +1°Q% +4(¢,Q,X) = 0. (4.6.44)

To this end, we check that the solutions have the form

“,52_’_ Q2+y

where y is a small correction described shortly below. From (4.6.44) we deduce that y satisfies the equation

G(Q,y) =y,
with
2 £(5,Q /22 +1Q2 +y)
GQy) =+ - .
24/4%e2 4+ 2Q2? 261/ %e? + 2Q2

We prove the following lemma,
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Lemma 4.6.7. There exist two strictly positive constants n and €9 < 1 such that for any 0 < e < gg

G:EQXE%—>§3

ne2

(Q.y) — G(Q,)
is well-defined. Moreover, for any Q € Eneg , G admits a unique fized point y(Q) which depends continuously
on Q.
Proof. We begin with the simple inequality,

2 £, Q222+ 2Q% +y)
y 9 ) F ¢
1G(Q,y)| < — + . .
2)/%e2 4 2Q2 2\/%e2 4 2Q2

It is plain that there exists C' > 0 such that,

2
) < OnPe?.

26 /2e2 + 2Q2

For the second term we use the cubic form of the remainder and its continuity,

/ b 5
’5(57 Qa %52 + EQz + y)' é 07735§~

1G(Q.y)| < CnPe® + Onet.

It follows that,

Choosing 7 such that
Cn+Cn* <1 (4.6.45)

we guarantee that G is well-defined. In order to apply the Banach fixed point theorem with a parameter,
we need only check that G is a contraction. Let y and g be two elements of Bne 3, then we have

(W +9)@—y)
2\/%52+%Q2

é(e,Q, ZE2+§Q2+y)—é(E7Q7 gs2+éQ2+@)

G(Qy) -G(Qy)] <

+ -
261/ %e2 + %QQ
For the first term we write
(y+9)@ -y 1.
WG _y) < Cnezl|y —yl.

2/ 42+ £Q?

As for the second term we split it into two parts

£(2,Q 1 Tarn) — (e,Q i Eans) = Tale, Q,5,0) + Ta(e, Q,5,)
with )
T Qi) = [ 95 [D0(8(6.6,Q0) — DY (5(6.2,Qu0) | [o(e. Quu)] et
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where

9
B(G»EaQW) = (957Q4+9Qa9<\/ 252+§,Q2+y+dQ>>a U(67Q7y) = Q
V222 +2Q2+y+dq,

and

1 p .
Tr(e,Q,5,y) = /0 %(D%(ﬁw»s,qm) [v(s,Q,y)]dd(?*D3w(ﬁ<0,s,q,g))[v(aaQ,ﬂ)]‘S)dﬁ

According to Remark 4.6.6 and (4.6.23) one has that 5'yD31/1 is continuous. This implies by virtue of the
mean value theorem that

IT1(e,Q,9,9)] < Cly—al(e®+[QP+y*)
< Oly —gl(e +nPe? +9Ped)
< Cly—gl(e® +1<3).

For the term T we use the multi-linear structure of D3 which gives
|T2(87Q7g1y)| < C(EQ—’_QQ +y2)|y_g|
< O+t )y -1l
Finally, we have the following inequality, since ¢,n € [0, 1],
- . 5 5
G(Q,y) ~G(Q.9)] < Cly—gl(* +ne? + 1)
< Cly—gl(&* +n7ed).
For the choice of 77 made before in (4.6.45), it suffices to fix £y such that
C(e +n2€§) <1

in order to guarantee that G is a contraction and hence admits a unique fixed point y(Q) € Fne 3. The con-

tinuity dependence with respect to Q is classical and follows from the fixed point theorem with a parameter.
This achieves the proof of the lemma. O

Therefore equation (4.6.43) admits a solution in the form

X=X, (@) = |2+ 2Q2 +y(Q)

Reproducing the same analysis we can prove that the equation (4.6.43) admits another solution of the

form
b —
X(Q) =[5+ 2Q* +5(Q). §Q €D, ;.

It remains only to check that the curves Q € En

Nl

3 Xy are disjoint graphs. For this we write, by the
triangular inequality,

X0(Q) - X (@ > 2/%2 122~ (w(Q)] + Q)
> Ol —2nlel?)
> Ce

if € is small enough. Coming back to the initial unknowns, we find two disjoint curves of solutions to equation
(4.6.42). The proof of Theorem 4.6.5 is now complete. O
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4.7 Conclusions

In this paper we have described both numerically and analytically the bifurcation structure of two-fold and
three-fold symmetric singly-connected vortex patch equilibria for the Quasi-Geostrophic Shallow-Water equa-
tions. The numerical results reveal that the branch of solutions for two-fold symmetric equilibria, consisting
of a main branch of Kirchhoff elliptical vortices and secondary branches bifurcating at the Love instability
points for the Euler equations, likely separates into an infinite set of disjoint branches for any finite value
of the Rossby deformation length e~!. This is confirmed for £ < 1 by mathematical analysis for the first

separation near the Love instability point for elliptical azimuthal wavenumber m = 4.

The numerical results for the three-fold symmetric equilibria also reveal a separated branch, in this case
existing for all e. The mathematical analysis confirms that solutions exist for small € near the FEuler limit
(e = 0); these solutions are near circular in form. The separated solutions are beyond the scope of this
analysis. In a future work, we will report on the stability and nonlinear evolution of these solutions.
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RESUME

Dans cette these, on s’est intéressé a la dynamique des poches de tourbillon pour des équations
issues de la mécanique des fluides posées dans le plan. La theése est composée de trois partie
indépendantes. Un des objectifs est d’établir I'existence des tourbillons uniformément concentrés
et rigides, c-a-d, qui ne se déforment pas lors de I’évolution. Nous analysons deux configurations
liées a la nature topologique du support: poches simplement et doublement connexes. Nos solutions
sont obtenues via des techniques de bifurcations et d’analyse complexe. Le deuxieme objectif est
d’obtenir des précisions sur la structure globale du diagramme de bifurcation et sa réponse vis-a-vis
des petites perturbations dans le modele.

Plus précisément, dans le deuxieme chapitre on prouve ’existence de V-states doublement connexes
dans un voisinage de I’anneau pour le modele des surfaces quasi-géostrophique. On montre que 1’on
peut construire des branches de solutions qui sont des anneaux perturbés pour certaines valeurs
explicites de vitesses angulaires qui sont liées aux fonctions hypergéométriques de Gauss et aux
fonctions de Bessel.

Le troisieme chapitre porte sur I’étude de la structure du diagramme de bifurcation dans le cas
doublement connexes pour I’équation d’Euler. Numériquement, pres d’un cas dégénéré, les deux
branches issues des deux vitesses angulaires possibles semblaient se rejoindre pour former un lacet.
Nous avons prouvé analytiquement ce résultat.

Le quatrieme chapitre porte sur le modele shallow water quasi-géostrophique. Dans une premiere
partie, on prouve l’existence de V-states simplement connexes dans un voisinage du tourbillon de
Rankine pour un nombre dénombrable de vitesses angulaires liées aux fonctions de Bessels modifiées.
La deuxieme partie porte sur la réponse du diagramme de bifurcation lorsque 'on fait varier un
parametre du modele. On montre en particulier qu’une singularité présente lors d’un cas limite
est éclatée. Notre étude analytique a été complétée par des simulations numériques portant sur les
V-states limites pour les symétries deux et trois.

ABSTRACT

In this dissertation, we are concerned with the vortex dynamics for some equations arising in fluid
mechanics. We distinguish three independent parts. One of the objectives is to prove the existence
of uniformly concentrated rigid vortices, they do not change their shapes during the motion. We
examine two configurations related to the topological nature of the support: simply and doubly
connected vortex patches. Our solutions are obtained using bifurcation arguments and complex
analysis tools. The second objective is to obtain some precisions on the global structure of the
bifurcation diagram and ”its response to small perturbations.

More precisely, in the second chapter we prove the existence of doubly connected V-states in
a neighborhood of the annulus for the surface quasi-geostrophic model. We check that we can
construct some branches of solutions which are perturbated annulus at some angular velocities
related to hypergeometric Gauss functions and Bessel functions.

The goal of the third chapter is to study the structure of the bifurcation diagram in the doubly
connected case for Euler equations. Numerically, close to a degenerate case, the two branches of
solutions come from the two angular velocities seems to merge to form a loop. We prove analytically
this result.

In the last chapter, we focus on the shallow quasi-geostrophic model. In the first part, we prove the
existence of the simply V-states in a neighborhood of the Rankine Vortices for a countable number
of angular velocities related to modified Bessel functions. In the second part, we study the reaction
of the diagram bifurcation for small perturbations of the parameter. In particular, we prove that
some singularities are broken due to a resonance phenomenon. Our analytical study is completed
by numerical simulations on the limiting V-states for the two and three fold symetries.
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