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he l même fçon que dns une équipe sportiveD un ensemle musilD ou l QRème rordeD l9entente et l ohésion u sein d9un groupe de reherhe sont fondmentles pour vnerF t9i eu l hne d9e'etuer m thèse dns une formidle tmosphère de e point de vueF our elD j9exprime m profonde grtitude à mes deux direteurs de thèse hmitry et quillumeF xous vons prtgé notre ureu et nos journées pendnt plus de trois ns et il m9est impossile de résumer ii tout e qu9ils ont pu m9pporterF hu point de vue sienti(queD 9est une hne énorme pour un dotornt de pouvoir éhngerD ré)éhirD déttre et progresser hque jour ve des herheurs de leur niveuF i l9on joute tous les moments et onverstions plus personnels et tout ussi enrihissntsD el donne trois exellentes nnéesD et une rre plée vriment très hut pour mes futurs ollèguesF te tiens à remerier mes rpporteurs de thèse tenExoël puhs et elexnder odduny pour leurs ommentires et leur temps utilisé pour l releture de mon mnusritF te remerie ussi tous les memres du juryX tuli weyerD wrtine wihiloviD enn winguzziD et prédéri iéhon d9voir epté de venir jusqu9à glermontEperrnd pour l9évlution de m soutenne insi que pour leurs quesE tions et les disussions intéressntes que nous vons eu à ette osionF te remerie hleureusement les di'érents ollègues expérimentteurs ve qui j9i eu l hne de disuter et de ollorerF in premier lieuD je remerie l oE équipe du gPx et hvew dirigée pr tqueline floh et elerto emoF weri à wrijn wili¢evi¢D hilippe tEten et xiol grlon mon pour leurs impliE tions dns nos trvux ommuns qui sont mintennt puliés3 te remerie églement l9équipe de vee dirigée pr hniele nvittoD notmment entonio qinfrte pour son intérêt pour notre proposition et s motivtionF te voudris témoigner m reonnissne et m sympthie à l9ensemle de mes ollègues u sein de l9snstitut slD qu9ils soient herheursD dotornts ou de l9équipe dministrtiveF te remerie prtiulièrement ergei qui nous rejoints dns le ureu et dont l présene pendnt m rédtion prfois été slvtrieD l9équipe de spetrosopie optique pour tous nos éhnges miuxD insi que prnçoise et ness pour leur ide lors de mes di'érentes démrhes dministrtivesF te remerie ussi mes misD dotornts ou non @je ne ite ps tout le mondeD il y trop d9'reux3AD pour tous es moments de retrouvilles qui font du ienD que e soit l musiqueD les soiréesD les séjours prfois romolesques ou même le sport3 wention spéile à tous les olotiresD là enoreD il y de srés souvenirsF ve lou du spetle reste ien sûr pour l (nD l rique élémentire sns lquelle personne ne serit remerié iEdessusD meri à m fmilleF weri à mes prents de m9voir permis d9en rriver làD de m9voir poussé pr moments qund l motivtion me fisit défutD vous viez rison ç vlit ertinement le oupF Résumé gette thèse est onsrée à l desription de l physique à une prtiule insi qu9à elle de )uides quntiques osoniques dns des systèmes topologiquesF ves deux premiers hpitres sont introdutifsF hns le premierD nous introduisons des éléments de théorie des ndes et les quntités géométriques et topologiques ssoiées X tenseur métrique quntiqueD ourure de ferryD nomre de ghernF xous disutons di'érents modèles et rélistions expérimentles donnnt lieu à des e'ets topologiquesF hns le seond hpitreD nous introduisons les ondensts de foseE iinstein insi que les exitonsEpolritons de vitéF v première prtie des résultts originux disute des phénomènes topologiques à une prtiule dns des réseux en nid d9eillesF gel permet de omprer deux modèles théoriques qui mènent à l9e'et rll quntique norml pour les életrons et les photons dû à l présene d9un ouplge spinEorite et d9un hmp eemnF xous étudions ussi l9e'et rll quntique de vllée photonique à l9interfe entre deux réseux de vités ve potentiels lternés opposésF hns une seonde prtieD nous disutons de nouveux e'ets qui émergent due à l présene d9un )uide quntique intergissnt dérit pr l9éqution de qrossEitevskii dns es systèmesF remièrementD il est montré que les intertions spin nisotropes donnent lieu à des trnsitions topologiques gouvernées pr l densité de prtiules pour les exittions élémentires d9un ondenst spineur d9exitonEpolritonsF inE suiteD nous montrons que les tourillons qunti(és d9un ondenst slire dns un système ve e'et rll quntique de vlléeD mnifestent une propgtion hirle le long de l9interfe ontrirement ux pquets d9ondes linéiresF v diretion de propgtion de es derniers est donnée pr leur sens de rottion donnnt lieu à un trnsport de pseudospin de vllée protégé topologiquementD nlogue à l9e'et rll quntique de spinF in(nD revennt ux e'ets géométriques linéiresD nous nous sommes onentrés sur l9e'et rll normlF hns e ontexteD nous présentons une orretion nonE ditique ux équtions semiElssiques dérivnt le mouvement d9un pquet d9ondes qui s9exprime en termes du tenseur géométrique quntiqueF xous proE posons un protoole expérimentl pour mesurer ette quntité dns des systèmes photonique rditifsF Mots-clés: ssolnts topologiquesD géométrie de ndesD ourure de ferryD e'et rll normlD isolnt de ghernD ouplge spinEoriteD photonique topologiqueD exitonEpolritonsD ondensts de foseEiinsteinD exittions de fogoliuovD vortex qunti(ésF Abstract his thesis is dedited to the desription of oth singleEprtile nd osoni qunE tum )uid hysis in topologil systemsF efter introdutory hpters on these sujetsD s (rst disuss singleEprtile topoE logil phenomen in honeyom lttiesF his llows to ompre two theoretil models leding to quntum nomlous rll e'et for eletrons nd photons nd to disuss the photoni quntum vlley rll e'et t the interfe etween opposite stggered vity lttiesF sn seond prtD s present some phenomen whih emerge due to the interply of the liner topologil e'ets with the presene of interting osoni quntum )uid desried y menE(eld qrossEitevskii equtionF pirstD s show tht the spinEnisotropi intertions led to densityEdriven topologil trnsitions for eleE mentry exittions of ondenste loded in the polriton quntum nomlous rll model @therml equilirium nd outEofEequilirium qusiEresonnt exittion on(gurtionsAF henD s show tht the vortex exittions of slr ondenste in quntum vlley rll systemD ontrry to liner wvepketsD n exhiit roust hirl propE gtion long the interfeD with diretion given y their winding in rel speD leding to n nlog of quntum spin rll e'et for these nonEliner exittionsF pinllyD oming k to liner geometril e'etsD s will fous on the nomlous rll e'et exhiited y n elerted wvepket in twoEnd systemF sn this ontextD s present nonEditi orretion to the known semilssil equtions of motion whih n e expressed in terms of the quntum geometri tensor elementsF e lso propose protool to diretly mesure the tensor omponents in rditive photoni systemsF
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Introduction he lssi(tion of solids s metls or insultors is sed on the knowledge of their eletroni nd struture nd of the position of their permi levelF reneD if the permi level lies in foridden energy gp the system is insulting wheres the system is onduting if the permi level lies in n llowed energy ndF he disovery of the quntum rll e'et in the VH9s hs llowed to understnd tht suh lssi(tion is not ompleteF sndeedD the eigensttes ssoited with the energy nds n hve nonEtrivil strutureF vollyD nonEtrivil hnge of the eigensttes in reiproE l spe is ssoited with ferry urvtureF sn two dimensionsD this quntity integrted over the whole frillouin zone gives topologil invrint known s the ghern numerF sf the sum of the ghern numer over ll the nds elow ulk nd gp is di'erent from zero it implies the presene of gpless sttes t the oundE ries of the systemF e topologil insultor is system insulting in the ulk with suh onduting oundriesF heir lssi(tion requires the knowledge of the ulk invrint in ddition to the ulk nd struture nd the permi level positionF pigure IX hemti nd strutures of metlsD insultorsD ghern insultors nd ghern insultor nlogs for ritrry wvesF heres the permi level onept is deeply linked with the uli exlusion prinE iple nd therefore to the fermioni nture of eletronsD the existene of disonE tinuous nd struture is due to interferene e'ets thnks to their wve ehviourF reneD one n expet the existene of topologil invrints nd their ssoited edge sttes in other wve systemsF etullyD the reserh of new trnsport phenomE en relted to the presene of ferry urvture in reiprol spe hs een extended to mny re of hysis nd is nowdys n exponentilly growing (eldF he use of nlog systems provides new experimentl filities llowing n ess to quntities eyond the reh in solid stte systemsF prom the fundmentl point Contents of viewD novel e'ets re expeted due to the di'erent system spei(itiesF yf prtiulr interest is the interply of quntum )uid phenomen suh s super)uidity with topologil e'etsF he well mstered old tom or exitonEpolriton pltformsD where foseEiinstein ondenstion nd super)uidity hve een oservedD pper s good ndidtes to explore suh new physisF woreoverD some of these new pltforms ring novel pplition opportunitiesF por instneD the ility to engineer hirl edge sttes for light ould e used to solve the prolem of reiprol trnsportD ruil step to uild e0ient integrted optil iruitsF he work presented in this mnusript tkes ple in this ontextF sn the (rst hpterD we introdue the geometril ojets ssoited with the nd eigensttes tht we use long the thesisF e lso present severl models ndGor experimentl reliztions where topologil edge sttes hve een predited ndGor oservedF e quik introdution to foseEiinstein ondenstes nd vity polritons spei(ities is given in hpter PF ghpters QD R nd S report di'erent interrelted results tht s hve otined during the lst three yers s hFh studentF ghpter Q is devoted to single prtile topologil phenomen in honeyom lttiesF pirstD we give omprison etween eletroni nd photoni quntum nomlous rll e'ets sed on omintion of spinEorit oupling with eemn (eldF henD we present the quntum vlley rll e'et nd disuss it existene nd roustness in vity sed honeyom lttiesF sn hpter RD we present some novel phenomen ourring thnks to the interply etween interting ondenstes with nd topologyF e (rst show tht spin nisotropi intertions spei( of polriton systems n led to density driven topologil phse trnsitions for ogolon density wvesF e then disuss the possiility to orgnize roust hirl vortex propgtion when slr ondenste is loded in stggered honeyom lttieF pinllyD the hpter S fouses on nd geometryF e present protool to mesure the omponents of the quntum geometri tensors in severl photoni systemsF he possiility to use the quntum metri to estimte the nonEditiity nd to orret the semilssil equtions of motion of the nomlous rll e'et in two nd system is disussed in the lst setionF Chapter ith the disovery of the quntum rll e'et nd its quntized ondutivity explined in terms of topologil invrintsD ondensed mtter physiists underE stood tht the knowledge of the energy spetr is not su0ient to hrterize the eletroni properties of metls nd insultorsF xew phses of mtter hve een disE overed like topologil superondutors nd insultorsF o understnd their origin nd ehviourD physiists hd to introdue novel ojets in their toolox not present in stndrd textooks of solidEstte hysis ID P whih hrterize geometril nd topologil properties of the eigensttes of the systemF sn this hpterD we introdue the di'erent geometril nd topologil quntities whih will e used t di'erent moments throughout this thesisF sn the (rst setion IFID we give quik historil introdution of the quntum metri nd ferry urE vture nd the link etween the twoF sn setion IFPD we introdue nonEinterting floh rmiltonins nd show tht oth the metri nd the ferry urvture n e de(ned for floh stte vetors in the qusiEmomentum spe whih re ommonly used in ondensed mtter nd in wve physisF e give lso quik introduE tion to tightEinding pproximtion whih is useful tool to uild miniml modelsF etion IFQ is dedited to the presenttion of some importnt ondensed mtter models where nd geometry nd topology ply ruil roleF pinllyD we disuss the emergene of these onepts in other physil systems where wve phenomen re involved in setion IFRF yf ourseD the gol of this hpter is not to give omplete overview of topologE il hysis whih is y itself n enormous reserh (eld t the rossover etween mny res nd ould require whole thesis nd even moreD ut to introdue the onepts whih will e useful to red this mnusriptF everl reviews nd textooks hve een reently pulished on this sujet oth in ondensed mtter QD RD SD T nd other (elds UD VD WF 1.1 Historical viewpoint 1.1.1 Quantum metric tensor he distne etween two quntum sttes is de(ned y the puiniEtudy distneX

d F S = arccos(| ψ 1 |ψ 2 |)
@IFIA here | ψ 1 |ψ 2 | = F is the (delity whih quntify the overlp etween the two sttesF sn this form d F S n e interpreted s n ngle whih runs from 0 to π/2F sf we ssume tht |ψ (ξ) depends on some prmetersD ξ = (ξ 1 , ξ 2 , ...) one n de(ne the in(nitesiml distne etween two neighouring sttes |ψ (ξ) , |ψ (ξ + dξ) in the prmeter speF essuming F → 1 it redsX

d 2 F S ≈ 1 -| ψ (ξ) |ψ (ξ + dξ) | 2 = ds 2 @IFPA
his elementry distne ds 2 written in this form is lso referred s puiniEtudy distne in the literture nd we will use this denomintion long the thesisF he 1.1. Historical viewpoint 5 next step is to derive the metri tensor s funtion of the prmeter oordintes ξF e use the ylor expnsionX

|ψ (ξ + dξ) = |ψ (ξ) + ∂ ξ i |ψ (ξ) dξ i + 1 2 ∂ ξ i ∂ ξ j |ψ (ξ) dξ i dξ j @IFQA
where we use iinstein summtion onventionF e key ingredient of the derivtion is the normlistion ondition of rermitin quntum mehnis ψ|ψ = 1 whih impliesX

∂ ξ i ψ|ψ = -ψ|∂ ξ i ψ ⇐⇒ [ ψ|∂ ξ i ψ ] = 0 @IFRA
his relity ondition llows to dedue nother useful property for the seond prtil derivtivesX

[ ∂ ξ i ψ|∂ ξ j ψ ] = -[ ψ|∂ ξ i ∂ ξ j ψ ] @IFSA
sing these propertiesD we n ylor expnd iqF @IFPA up to the seond orderX

ds 2 = [ ∂ ξ i ψ|∂ ξ j ψ ] -∂ ξ i ψ|ψ ψ|∂ ξ j ψ dξ i dξ j = g ij dξ i dξ j @IFTA
where g ij re the elements of the quntum metri tensorF smportntlyD this ojet is invrint under the U (1) guge trnsformtions |ψ (ξ) → e iα(ξ) |ψ (ξ) F st is not surprising sine iqF @IFIA ws lredy invrint under suh trnsformtionsD howeverD it hs n importnt meningF his metri hrterizes distnes etween 4fmilies4 of sttes | ψ = e iα |ψ , α ∈ R F he spe of | ψ is known s the projeE tive rilert spe or the spe of rys nd ξ i re nothing else thn the oordintes in this speF his notion of projetive spe hd een ruil to extend the work of ferry on geometril phses eyond the diti limit tht we re going to introE due in the next setionF st is lso importnt to underline tht no spei( eigensis hs een introdued for this de(nitionF he quntum metri tensor hs een introdued in IWVH in the seminl pper of rovost nd llée IH in slightly di'erent mnnerX strting from the distne || |ψ 1 -|ψ 2 || 2 they derive the metri nd rerrnge the result to reover the guge invrineF prom the fundmentl point of viewD this quntum metri hs een used lter to mke the link etween the integrl of the timeEenergy unertinty for n ritrry quntum evolution nd the length of the orresponding urve in the projetive rilert spe IIF sn quntum informtion theoryD the quntum distne of pure sttes @IFIA hs een relted to the sttistil distne IP nd then extended to mixed sttes desried y density mtrix IQF 1.1.2 Adiabatic Berry phase, curvature and quantum geometric tensor sn IWVRD wF F ferry IR who wsn9t wre of the work of rovost nd lléeD wrote n importnt pper on geometril phses in quntum mehnis in the diti pproximtionF his work highlights tht fter yli evolution of the rmiltoninD the phse quired y the wvefuntion n e seprted in two ontriutionsX the dynmil nd geometril onesF he geometril prt ppers to e independent of the durtion of evolution ut only hrterized y the geometril pth followed y diti wvefuntion or the rmiltonin in prmeter speF where the rmiltonin depends expliitly on the prmeter λ = (λ 1 , λ 2 , ...)F woreE overD for ll λ vlues there exists n orthonorml sis stisfying the sttionry hrödinger equtionX

Ĥ[λ] |ψ n (λ) = E n (λ) |ψ n (λ) @IFVA
xote tht this sis is not uniqueD ny multiplition of the set of eigenvetors |ψ n (λ) y glol phse ftor e iα @U (1) guge trnsformtionA is lso sis of Ĥ[λ]F essuming the initil ondition |Ψ(t = 0) = |ψ n D the diti pproximE tion implies tht t eh time t the system remins in the initil eigenstteD mening tht the wvefuntion n e written sX

|Ψ(t) = c n (t) |ψ n [λ(t)] @IFWA
where c n (t) ∈ C @|c n | = 1A is the importnt quntity whih enodes the phse tht we wnt to nlyseF snserting @IFWA in @IFUAD we otin

i ċn (t) = c n (t) E n [λ(t)] -i ψ n [λ(t)]| ∂ ∂t |ψ n [λ(t)] @IFIHA
essuming the yli evolution (λ(T ) = λ(0)) nd integrting over one period T givesX c n (T ) = c n (0)e i(γ dyn +γ B ) with the two ontriutions given yX

γ dyn = - 1 T 0 E n [λ(t)]dt @IFIIA γ B = i T 0 ψ n [λ(t)]| ∂ ∂t |ψ n [λ(t)] dt @IFIPA = i T 0 ψ n [λ(t)]| ∇ λ |ψ n [λ(t)] • λdt = i C ψ n (λ)| ∇ λ |ψ n (λ) .dλ @IFIQA
γ B is the diti geometril phse whih is nowdys referred s ferry phseF he integrnd in the lst expression of γ B @IFIQA is lled ferry onnetionF

A n (λ) = i ψ n (λ)| ∇ λ |ψ n (λ) @IFIRA
st is vetor whose dimension is given y the prmeter spe dimensionlityF he ferry onnetion is not invrint under guge trnsformtions |ψ n (λ) → e iα(λ) |ψ n (λ) nd trnsforms s A n (λ) → A n (λ) -∇ λ α(λ)F roweverD the sinE gle vluedness of α(λ) t the eginning nd the end of the pth gurnteed y the losed ontour imposes the gugeEinvrine of the ferry phse @IFIQA modulo 2πF reneD s ntiiptedD the ferry phse @IFIQA is time independent nd ppers to e ompletely de(ned y the pth of the losed ontour in the λ prmeter speF 1.1. Historical viewpoint 7

Note. he single vluedness ondition for α(λ) invoked ove is vlid only if we del nonEdegenerte energy levels E n F he notion of diti ferry phse n e generlized for degenerte levelsF sn this se the ferry onnexion eomes mtrix nd meningful integrl over losed loop n e hieved y using pth ordered integrlF uh extension hs een proposed y ilzek nd ee in refF ISF e do not introdue this formlism here euse it will not e used in the present mnusript where we will lwys onsider nonEdegenerte sttesF Berry curvature. he losed ontour (C) llows to de(ne the oundry of n oriented surfe (S) in prmeter speF rene if the ferry onnetion A n (λ) is C 1 vetor (eld @A i derivle nd ∂ j A i ontinuousA one n use tokes theorem to rewrite iqF @IFIQA s surfe integrlF sn the generl se when the prmeter spe is DEdimensionl it gives QX

γ B = S D i,j 1 2 Ω 
(n) ij (dλ i ∧ dλ j ) @IFISA here the exterior produts (dλ i ∧ dλ j ) = -(dλ j ∧ dλ i ) re relted to the surfe elementsF e hve introdued the ferry urvture ntisymmetri tensor Ω

(n) ij X Ω (n) ij (λ) = ∂ λ i A j n -∂ λ j A i n @IFITA = i ∂ λ i ψ n |∂ λ j ψ n -∂ λ j ψ n |∂ λ i ψ n @IFIUA = -2 [ ∂ λ i ψ n |∂ λ j ψ n ]
@IFIVA @here we use the identityX (i(z -z) = -2 [z], z ∈ C) for the lst lineFA his is generl de(nition whih is independent of the dimension D of the prmeter speF he Ω (n) ij elements re invrint under U (1) trnsformtion ontrry to the ferry onnetionF hereforeD the ferry urvture n e importnt if we look for oservle physil onsequenesF he importnt speil se of three dimensionl prmeter spe llows to write the tokes theorem in more ommon formX

γ B = S B n .dS @IFIWA
where we hve introdued the ferry urvture in the pseudoEvetor form using the urlF B n (λ) = ∇ λ × A n @IFPHA sn this se the invrine of B n under the guge trnsformtion A n (λ) → A n (λ) -∇ λ α(λ) is esily heked using the ft tht the url of grdient lwys vnishesF he pseudoEvetor nd tensor omponents re relted sX [START_REF] Zhang | Particle-like behavior of topological defects in linear wave packets in photonic graphene[END_REF] )F xote tht if the prmeter spe is two diE mensionlD the ferry urvture dmits only one nonEzero omponent Ω (n) 8 Chapter 1. Introduction to band geometry and topology Adiabatic quantum geometric tensor. he ntisymmetri ferry urvture tensor is not the only guge invrint tensor hereF he symmetri metri tensor g ij introdued in the previous setion n lso e de(ned in terms of the diti sttes |ψ n (λ) tht we re using hereF woreoverD these two tensors n e uni(ed in more generl tensor lled quntum geometri tensor @qA ITF

Ω (n) ij = ε ijk (B n ) k or equivlently B n = (Ω (n) 23 , Ω (n) 31 , Ω (n)
T (n) ij = ∂ λ i ψ n |∂ λ j ψ n -∂ λ i ψ n |ψ n ψ n |∂ λ j ψ n = g (n) ij -i Ω (n) ij 2 @IFPIA
heres the metri g

(n)
ij hrterizing the distne etween the diti sttes is the rel prt of the quntum geometri tensorD the ferry urvture ppers to e losely relted to its imginry prtF

g (n) ij = [T (n) ij ] , Ω (n) ij = -2 [T (n) ij ]
@IFPPA st is importnt to stress however tht here the tensor is de(ned in the prmeter spe whih is diretly linked with the rmiltonin dependene on λ nd to the diti pproximtionF his spe is dierent from the generl projetive rilert spe of time dependent wvefuntion without the diti onstrint @whih mens tht |Ψ is not neessrily n instntneous eigenstte |ψ n (λ) A introdued in the lst setionF snterestinglyD the notion of geometril phse hs een extended lter to the more generl se of nonEditi yli evolutions IU nd soon fter to nonEditi nd nonEyli evolutions IVF foth extensions use the notion of the projetive rilert spe to generlize ferry9s result @IFIQAF he nonEyli se is hieved y introduing the geodesi trjetories de(ned y the quntum metri tensor to lose the ontour in the projetive rilert spe in order to ompute the geometri phse without guge 4unertinty4 prolemF Hamiltonian formulation. he ene(t to work in the diti pproximtion is tht the di'erent quntities introdued ove re dependent on the prmeter of the rmiltoninF por nowD we hve written them in terms of the diti eigensttesD therefore they re relted to the ontinuity of the diti sis s funtion of λF st n e useful to reformulte these expressions in terms of the prmetrized rmiltonin whih is ssumed to e ontinuous in λF e wy to do this is to strt from prmeter derivtive of the sttionry hrödinger eqution @IFVAX

∂ λ i ( Ĥ |ψ n ) = ∂ λ i (E n |ψ n ) @IFPQA
wultiplying on the left y ψ m | gives when m = nX

ψ m | ∂ λ i Ĥ |ψ n = (E n -E m ) ψ m |∂ λ i ψ n @IFPRA
hen using the expnsionX

∂ λ i ψ n |∂ λ j ψ n = m ∂ λ i ψ n |ψ m ψ m |∂ λ j ψ n @IFPSA
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e n rewrite the quntum geometri tensor @IFPIA in the formX

T (n) ij = m =n ψ n | ∂ λ i Ĥ |ψ m ψ m | ∂ λ j Ĥ |ψ n (E n -E m ) 2 @IFPTA
whih n e deomposed in the rel metri prtX

g (n) ij = [ m =n ψ n | ∂ λ i Ĥ |ψ m ψ m | ∂ λ j Ĥ |ψ n (E n -E m ) 2 ] @IFPUA
nd ferry urvture prtX

Ω (n) ij = -2 [T (n) ij ] = i(T (n) ij -T (n) ji ) @IFPVA = i m =n [ ψ n | ∂ λ i Ĥ |ψ m ψ m | ∂ λ j Ĥ |ψ n -ψ n | ∂ λ j Ĥ |ψ m ψ m | ∂ λ i Ĥ |ψ n (E n -E m ) 2 ]
sn the set of expressions @IFPTAD@IFPUA nd @IFPVA the derivtives t on the rmilE tonin insted of the eigensttes whih from prtil point of view n mke the numeril omputtion esierF woreoverD this llows to see diretly the possile divergene when two eigenenergies tend to rossing point (E n -E m ) → 0F xote tht if suh degenery oursD the diti pproximtion is not vlid nymoreF qenerllyD the geometril quntities will hve their mximl vlues ner the ntiE rossing points in the spetrum where the diti ondition needs to e more restritiveF he expression @IFPVA llows to dedue tht for ll λD the sum of the ferry urvtures for ll the eigensttes of the diti sis is neessrily zeroF n Ω (n) ij (λ) = 0, ∀λ @IFPWA Note: he onept of geometril phse is losely relted with the nhrtnm phse introdued erlier for polrized light ems IWD PHF ixperimentl signtures of the diti ferry phse hve een reported in di'erent systems in the VH9s PID PPD PQF feyond these on(rmtionsD the ferry urvture de(ned in momentum spe ppers to e mjor ingredient towrd new trnsport phenomen s we will see long the thesisF he rel prt of the diti q hs een introdued reently to hrterize mnyEody quntum phse trnsitions where |ψ 0 plys the role of the ground stte wvefuntion of prmeterEdependent rmiltonin Ĥ(λ) PRD PSF 1.2 Band theory of crystals 1.2.1 Bloch theorem and energy bands iletroni properties of solid rystls re well desried y nd theoryF sn this pprohD the eletrons re nonEinterting nd move in periodi potentil reted y the underlying ions supposed to e sttiF e rystl is periodi rrngement of n elementry ptternF his periodi rrngement is frvis lttieX n in(nite rry generted y disrete trnsltions R = D i n i a i @where n i ∈ ZD a i re the primitive vetors nd h is the dimension of the lttieAF yf ourseD rystls in nture re of dimension D ≤ 3D ut mthemtilly it is not foridden to de(ne ltties in higher dimensions nd it ppers to e ommonly used for tightEinding models with syntheti dimensionsF sn the followingD we will restrit our disussion to D ≤ 3F he eqution to e solved is the hrödinger one with the following single prtile rmiltoninX

Ĥ = p2 2m + U (r) @IFQHA
with U (r) periodi funtion with the periodiity of the frvis lttieF

U (r + R) = U (r) @IFQIA
his periodiity imposes the ommuttion of the rmiltonin with the lttie trnsE ltion opertors [ Ĥ, TR ] = 0D whih implies the existene of ommon sis whih digonlizes Ĥ nd the trnsltion opertors TR i F floh theorem tells us tht suh sis wvefuntions n e written s the produt of plne wve nd funtion with the periodiity of the frvis lttieX

Ψ n,k (r) = e ik.r u n,k (r) @IFQPA
where n is the nd index nd k lels the rystl momentumD nd u n,k respets the periodi onditionX u n,k (r + R) = u n,k (r) @IFQQA snserting the floh eigensttes in the sttionry hrödinger eqution Ĥ |Ψ nk = E n,k |Ψ nk D implies tht the |u nk must stisfy the eigenvlue prolemX

Ĥk |u nk = E n,k |u nk @IFQRA
where the floh rmiltonin Ĥk = e -ik•r Ĥe ik•r is now prmetrized y the qusiE momentum kF por eh kD there is set of disrete energies E n,k whih vry onE tinuously with k nd de(ne n energy nd in kEspeF hese nds re periodi in the reiprol spe Note: floh theorem is not restrited to the hrödinger eqution nd is in generl very useful tool for ny type of wve eqution in periodi mediF por exmpleD it is ommonly used to ompute the eigenmodes of photoni rystls PT whih onsist of periodi rry of regions with di'erent refrtive indexF hese rti(il rystls for optil wves hve een introdued y lonovith PU nd jeev PV in IWVU s wy to ontrol the spontneous emission for the former nd to study wve loliztion phenomen nlogous to single prtile wve loliztion in the hrödinger eqution for the ltterF xowdysD oth from the modelistion nd the experimentl point of viewD the study of photoni rystls hs eome reserh (eld y itselfF 1.2.2 Band geometry and topological Chern number sing floh theoremD we rrived t n eigenvlue prolem where the rmiltonin is prmeter dependentF his prolem is still very di0ult to solve ut one of its onsequenes is prtiulrly importntX t eh k pointD there exists n eigenE sis |u n,k F hese re the mthemtil ingredients whih were used y ferry to introdue the geometril quntities using the diti sisF hereforeD one n reEwrite them in the momentum spe formultionD where now the eigenenergies will orrespond to the eletroni nd struture in periodi potentilF he ferry onnetion n then e de(ned sX

E n (k + G) = E n (k) @with G = i n i b i
A n (k) = i u n,k | ∇ k |u n,k @IFQSA
the ferry urvture tensorX

Ω (n) ij (k) = i ∂ k i u n |∂ k j u n -∂ k j u n |∂ k i u n @IFQTA
nd the quntum geometri tensorX

T (n) ij (k) = ∂ k i u n |∂ k j u n -∂ k i u n |u n u n |∂ k j u n @IFQUA
he dimension of the reiprol spe is given y the dimension of the diret lttie in rel speF he periodiity of the eigenenergiesD the ferry urvture nd the q in reiprol spe llows to onsider the (rst frillouin zone s ompt losed mnifold @for exmpleD in Ih the f n e thought s irleD in Ph s torusD etFA for these quntitiesF heling with the ferry urvtureD this llows to de(ne topologil invrints suh s the ghern numersF sn generlD ghern numers n e de(ned for ny losed surfe of even dimensionF por the ske of onretenessD we restrit ourself to Ph ghern numers whih will e used throughout this thesisF 2D Chern numbers. sn two dimensionsD the losed frillouin zone llows to inE trodue the (rst ghern numerD topologil invrint de(ned y the integrl of the ferry urvture over the (rst fF

C n = 1 2π BZ d 2 kΩ (n) xy (k) @IFQVA
hysillyD the ghern numer orresponds to the )ux of the ferry urvture through the losed surfe de(ned y the frillouin zoneF pigure IFIX heme of Ph frillouin zone divided in two suspe S 1 nd S 2 F hue to the periodiity in reiprol speD olored edges n e identi(ed whih gives the torus losed surfe shown on the right pnelF he (rst property of ghern numers is their integer vluesF st is linked to the ft tht the ferry urvture )ux through ny Ph losed surfe is n integer modulo 2π nd n e understood s followsF e losed surfe hs no oundry y de(nitionD whih mens tht we nnot de(ne ontourF roweverD we n divide it in two di'erent surfes S 1 nd S 2 seprted y the ontour

∂S 1 = -∂S 2 C n = 1 2π S 1 +S 2 d 2 kΩ (n) xy (k) = 1 2π ∂S 1 A n,1 (k).dk + 1 2π ∂S 2 A n,2 (k).dk @IFQWA
where ∂S 1 = -∂S 2 F ine the ferry onnetion is guge dependentD in generl A n,1 nd A n,2 re di'erent in the two suspesF ih ontour integrl orresponds to ferry phse @IFIQA quired in momentum speD whih impliesX

C n = 1 2π ∂S 1 (A n,1 (k) -A n,2 (k)).dk = γ 1 -γ 2 2π =⇒ C n ∈ Z @IFRHA
reneD the ghern numer ppers to e proportionl to the di'erene of ferry phses whih is neessrily multiple of 2π sine they re omputed round the sme ontour ∂S 1 F snterestinglyD this resoning llows to understnd tht non zero ghern numer is linked with the impossiility to de(ne the ferry onnetion in the sme guge for |u n over the whole frillouin zone @if A n,1 = A n,2 , C n = 0AF enother useful property whih diretly stems from @IFPWAD is tht their sum over ll the nds is neessry zeroX

n C n = 0 @IFRIA
his will e useful to understnd how the ghern numers n e distriuted etween the nds in models with (nite set of ndsF por exmpleD for twoEnd modelsD it is su0ient to know the ghern numer ssoited with one ndD the seond one eing the oppositeF k) nd the integrted ferry urvture over the (rst f vnishesF ristorillyD the ghern numer hs een used in the VH9s y houless et lF PW to explin the quntiztion of the trnsverse ondutivity in the quntum rll e'et oserved experimentlly y ulitzing et lF QHF his ondutne is given y the formulX

Ω (n) ij (k) = -Ω (n) ij (-
σ xy = e 2 h nocc C n @IFRPA
where the sum is tken over the oupied vndu levels @C n = 1 for eh levelAF rereD timeEreversl symmetry is expliitly roken y the lrge trnsversl pplied mgneti (eld whih leds to the formtion of vndu levelsF ulittivelyD y inresing the externl mgneti (eldD the numer of vndu levels elow the permi energy inreses nd the ondutivity inreses y plteux of ondutne quntum e 2 /hF etullyD the topologil nture of C n hs een underlined y evron et lF in QI nd the link with ferry9s work nd its mthemtil interprettion in term of 4(er undles4 ws done in QPF e mjor onsequene of its topologil hrter is tht the ghern numer nnot hnge without the ourrene of nd degeneryF sn the quntum rll ontextD this implies tht the rll ondutne is insensitive to n externl perturtion if this one is smll enough so tht the ulk ndgp remins openF enother huge onsequene of non zero ghern numer is the ourrene of gpless hirl edge modes on the oundries of the systemF he numer of suh edge modes is diretly given y the ghern numer hrterizing the ulk of the smple thnks to the soElled Bulk-Boundary correspondence QQD QRF ell these mthemtil de(nitions work for every rmiltoninF e stress tht wheres even dimensions nd timeEreversl symmetry reking re needed to hve nonEzero topologil ghern numers @IFQVAD it is not required if we re interested in the geometrical ferry urvture @IFQTA or the quntum metri @IFQUAF his mens tht the geometril quntities re intrinsi to floh rmiltonins extly s the peE riodi nd strutures reF roweverD (nding the floh eigenenergies nd eigensttes is in generl di0ult tsk nd pproximte methods re needed espeilly if we wnt to keep nlytil omputtion suitleF e prtiulrly useful one to introdue miniml models with non trivil nd topology is the tightEinding pproximtion introdued elowF 1.2.3 Tight-binding approximation ightEinding pproximtion is the lowest pproximtion whih llows to keep trk of the geometry of the underlying lttieF he pproh onsists to ssume tht Chapter 1. Introduction to band geometry and topology eletrons re tightly ound to the disrete tomi sitesF he rmiltonin is then onsidered to e the sum of onEsite tomi rmiltonins with smll orretion ∆U (r, p)X

Ĥ = Nc i ĤR i at + ∆U @IFRQA
pirstD we ssume tht one oritl is su0ient to desrie the prolem ĤR i at |w R i = ε |w R i F hereforeD we n express the single prtile wvefuntion s omintion of onEsite sEoritls

|Ψ n,k = 1 √ N c i e -ik•R i |w R i @IFRRA
where the sum is tken on the totl numer of unit ells N c F he importnt prmE eters of suh models re the overlp integrls whih enode the tunnelling etween two seprted sitesF

t ij = w R i | ∆U |w R j = drw(r -R i ) * ∆U (r)w(r -R j ) @IFRSA
sing the t ij s prmeters the Ef rmiltonin n then e written sX

Ĥ = Nc i ε |w R i w R i | - i,j t ij |w R i w R j | @IFRTA
nd the eigenenergy is given yX

E(k) = Ψ n,k | Ĥ |Ψ n,k @IFRUA = ε - 1 N c i,j t ij e ik.(R i -R j )
@IFRVA e ommonly used pproximtion is to keep only the nerest neighour oe0ient di'erent from zeroF

t ij = t, if |R i -R j | = a 0, otherwise @IFRWA
where a is the lttie onstntF his gives E(k) = εj t e ik.d j D where d j @|d j | = aA re the nerest neighour vetors nd the preftor 1/N c hs een inluded in t F he restrition to one oritl per unit ell mens tht we end up with only one energy nd E(k)F hereforeD we n drop the nd index of the floh stte |ψ k F snterestinglyD this implies tht the |u k sttes re independent of kF his n e seen y looking t the expliit form of |u k fter the introdution of the disrete position opertorX

r = i r i |w r i w r i | @IFSHA
whih llows to dedueX

|u k = e ik.r |ψ k = 1 √ N c i |w r i = |u @IFSIA
pigure IFPX A roneyom lttie with frvis lttie sis vetors a 1 , a 2 nd nerest neighour vetors d i F he unit ell is highlighted in grey olorF A he orresponding frillouin zone in reiprol spe with the high symmetry pointsF prom their de(nition in qusiEmomentum prmeter spe @IFQSAD@IFQTAD@IFQTAD we n understnd tht the geometril quntities in qusiEmomentum spe nnot e de(ned in suh one nd modelsF wultiEnd models re requiredF uh multiE nd models n e hieved in Ef pproximtion when some internl degrees of freedom re tken into ount @egX spin or other onEsite oritlsA or if the lttie in onsidertion ontins severl toms in unit ell @suh s honeyom or vie ltties in PhAF sn the followingD we introdue the ltter with the honeyom lttieF Two atoms per unit cell. e onsider the honeyom lttie se here ut the resoning is pplile to ny system with severl toms per unit ellF sn the honeyom lttie there re two inequivlent lttie sites A nd B in frvis lttie unit ell @see pigF IFPAF e floh eigenstte n e written s liner omintion of their respetive oritl sttesF

|Ψ n,k = 1 √ N c i e -ik•R i c A (k) |w A,R i + e iφ c B (k) |w B,R i +d 1 @IFSPA
where we hoose the frvis vetors R i = n 1 a 1 +n 2 a 2 = R A,i de(ned y the position of A sites y onvention @see the unit ell in pigF IFPA with a 1,2 = (a3/2, ±a √ 3/2) T F he position of B sites is given y R B,i = R i + d 1 with d 1 = (a, 0) T F φ enodes the reltive phse etween the sulttiesF heres di'erent hoies re possile QSD Chapter 1. Introduction to band geometry and topology we hoose the quite nturl one used y lle QT where the phse enodes the reltive position etween A/B toms in unit ellX in our onvention @pigF IFPAD we hve therefore φ = k.d 1 F @fesides eing widely used QUD QVD this sis where the sulttie reltive position is kept ppers to e the good hoie to de(ne the ferry urvture without miguity for gpped grphene QWD RHFA sn this sisD the |u n,k re given yX

|u n,k = 1 √ N c i (c A (k) |w A,R i + c B (k) |w B,R i +d 1 ) @IFSQA
yn n projet it on unit ell using the projetor

Pj = |w A,R j w A,R j | + |w B,R j +d 1 w B,R j +d 1 | whih gives two omponent vetorX |ũ n,k = c A (k) c B (k) @IFSRA
@sn the followingD we remove the upper ∼ symol for ommodityFA he nerest neighour Ef rmiltonin n e written sX

Ĥ = i,α ε α |w αR α,i w α,R α,i | - i,l t (|w A,R i w B,R i +d l | + |w B,R i +d l w A,R i |)
@IFSSA where we use α = A/B index nd 1 ≤ l ≤ 3 the nerest neighour vetors indexF e n introdue the sulttie sis sttesX

|ψ A,k = 1 √ N c i e -ik.R i |w A,R i , |ψ B,k = 1 √ N c e -ik.d 1 i e -ik.R i |w B,R i +d 1 |w A,R i = dke ik.R i |ψ A,k , |w B,R i +d 1 = dke ik.R i e ik.d 1 |ψ B,k @IFSTA
whih llows to rewrite the rmiltonin @IFSSA in the formX

Ĥ = dk (|ψ A,k , |ψ B,k ) H k ( ψ A,k | , ψ B,k |) T @IFSUA
where H k is twoEyEtwo mtrix whih fter digonliztion gives the eigenenergies E n (k) nd the eigenvetors |u n,k F por the honeyom lttieD H k is given yX

H k = ε A -tf k -tf * k ε B @IFSVA with the o'Edigonl oe0ients f k X f k = e -ik.d 1 + e -ik.d 2 + e -ik.d 3 @IFSWA gonsidering ε A = -ε B = ∆D the eigenenergies re given yX E ±,k = ± (∆ 2 + t 2 |f k | 2 ) @IFTHA nd using f k = |f k |e -iφ k the spinor eigensttes red |u ±,k = 1 t 2 |f k | 2 + |∆ + E ±,k | 2 ±e -iφ k (∆ + E ±,k ) t|f k | @IFTIA whih redue to |u ±,k = 1 √ 2 (±e -iφ k , 1)
T when ∆ = 0F yne n remrk tht in this sisD the oe0ients f k re expressed in terms of the nerest neighour vetorsD onsequently they don9t hve the periodiity of the fX f k+G = f k F reneD wheres |f k | nd the eigenenergies remin GEperiodiD this is not the se for the mtrix H k nd its ssoited eigensttes |u ±,k F his ft is quite generi for Ef models with severl toms per unit ell with suh hoie of sisF he twoEyEtwo mtrix form of the rmiltonin @IFSVA llows to express it s n e'etive mgneti (eld ting on the sulttie pseudospin using the uli mtries

σ i X H k = -h(k). σF H k = -t [f k ]σ x + t [f k ]σ y + ∆σ z @IFTPA
reneD the eigensttes |u n,k orrespond to sttes ligned or ntiEligned with the (eldF he resulting inEplne e'etive (eld (h x , h y ) T texture in momentum spe is shown in (gure IFQ @AF his llows to visulize the tripling of periodiity of H k nd the opposite winding of the inEplne (eld round the K nd K points t the orner of the fF he tripled periodiity nd its signtures in tükelerg interferometry experiment is disussed in refF RIF e plot of the typil nd struture when ∆ = 0 is shown in (gure IFQ @AF yne n see the ourrene of hir ones t the orner of the frillouin zone K nd K where the oupling etween the sultties enoded y the inEplne e'etive (eld vnishesF Second quantized notation. heres the expression in terms of the single prE tile oritl sttes is onvenient to understnd the struture of the floh sttes in the Ef pproximtionD the rket nottion n mke the equtions quite longF hereforeD for the rest of the thesis we will use seond quntiztion formlism to write suh rmiltoninsF his pproh onsists in writing the rmiltonins in term of the onEsite ldder opertorsX

Ĥ = N i ε i â † R i âR i - ij (t ij â † R i âR j + h.c.) @IFTQA here the opertors â † R i , (â R i A rete @destroyA n exittion loted on site R i X â † i |vac = |w α,R i F st
will work in the sme wy for multiEoritl systemsF he fermioni or osoni nture of these opertors is not importnt s fr s we re deling with single prtile prolemsF he mtrix rmiltonin H k to digonlize is hieved s efore y introduing the pourier trnsformed opertorsX his model hs een introdued y uD hrie'er nd reeger @rA in IWVH RSD RP to desrie the ourrene of solitons in polyetylene polymer hinsF his is lso one of the simpler systems whih exhiits nonEtrivil topology with the possiility to lel the nd with ferry phse @often lled k phse in this seART whih llows to predit the presene of lolized sttes orresponding to the r solitonsF he system onsists of Ih dimer hinX two toms A nd B in unit ell re oupled with the strength t wheres the interEell oupling strength is t @pigF IFRF @AAF he tightEinding rmiltonin reds RUX

âR i = dke ik.R i âk , â † R i = dke -ik.R i â † k @IFTRA
Ĥ = m t b † m âm + tâ † m+1 bm + H.c. @IFTSA
where â, b re the nnihiltion opertors on the orresponding toms @A nd BD pigF IFRA in the unit ell mF efter pourier trnsformtionD the momentum spe pigure IFRX @A Ih dimer hin sheme with t > t nd A -B unit ell highlighted in greyF @A Ef nd struture with t = 0.9tF @A pinite hin Ef eigenenergies showing two degenerted gpEsttes t E = 0D @dA gorresponding inEgp eigenstte solute vlue pro(le showing the strong loliztion on the edgesF @numer of unitEells m = 100D t = 0.8tA rmiltonin redsX

H k = - 0 t + te -ika 0 t + te ika 0 0 @IFTTA
where a 0 is the distne etween eh unit ellF he twoEyEtwo mtrix form of the rmiltonin @IFTTA llows to express it s n e'etive mgneti (eld ting on the sulttie pseudospin using the uli mtries σ i X H k = -h(k). σD where h(k) omponents re given yX

h x = t + t cos (ka 0 ) , h y = t sin (ka 0 ) , h z = 0 @IFTUA he eigenvlue eqution H k |u n,k = E n,k |u n,k llows to (nd the energies nd eigenvetors in (u A , u B ) T sisX E ± (k) = ±|h| = ± t 2 + t 2 + 2tt cos (ka 0 ) @IFTVA h z = 0 implies the identity (h x + ih y ) = |h|e iφ k whih llows to write the sttes in onvenient formX |u ±,k = 1 √ 2 ±e -iφ k 1 @IFTWA
reneD the eigensttes lie on the equtor of the floh sphere in the sulttie pseuE dospin representtionF sf t = t D gp opens in the dispersion s shown in pigF IFRF@A nd we n de(ne k phse for eh nd s the integrl of ferry onE netion over the Ih frillouin zoneX

γ Z± = i π/a 0 -π/a 0 dk u ± | ∂ ∂k |u ± = π/a 0 -π/a 0 dk ∂φ k ∂k @IFUHA 20
Chapter 1. Introduction to band geometry and topology yne n then dedue the winding numer W = 1 2π γ Z whih enodes the numer of times the phse φ k hnges y n mount of 2π when k is vried in the fF his integer numer is topologil invrint euse if we keep h z = 0 it nnot hnge without ndgp losing t some kF por the r model studied hereD there re only two possiilitiesX

W = 1, if t > t 0, if t < t @IFUIA
roweverD it is importnt to note tht ontrry to the ghern numer @IFQVAD W is not guge invrint quntity sine it is linked to the ferry onnetion nd it n hnge if we dd kEdependent glol phse to |u n,k F woreoverD for n in(nite systemD it is dependent on the hoie of unit ell whih is ritrry @one ould hoose the reverse unit ell lel B -A in pigF IFRF @A whih will reverse the resulting winding numers @IFUIAAF por (nite system howeverD if we hoose to egin nd (nish the hin with the unit ell A -BX the se with W = 1 will orrespond to (nite hin whih egins nd (nishes with wekly ound tomsD nd W = 0 to the se of tightly ound toms on the edgesF sn the (rst se this leds to ourrene of lolized edge sttes whose energy is lying in the gpF en exmple of eigenenergies omputed for (nite size hin @IHH unitEellsA is shown in (gure IFR @AD where we n see two sttes lying in the gp t E = 0F he pro(le of these gp sttes is shown in pigF IFR @dA nd llows to oserve their strong loliztion on the edgesF he physil mening of the winding numer is lso reovered if we onsider the di'erene of winding etween two domins with t > t nd t > t omputed using the sme sis unit ellF his di'erene will not e 'eted y the hoie of the ommon unit ellF etullyD suh interfe stte etween domins orresponds extly to wht uEhrie'erEreeger studied in polyelyleneF he pro(le of these zero energyEsttes n lso e understood y linerizing the rmiltonin ner the nd edges t k = π/a 0 X

H = 0 m + iaqt m -iaqt 0 @IFUPA
where q = k -π/a 0 nd m = t -tF king the ontinuous limit llows to reple q y -i∂ x F yne n then model domin wll y vrying mss prmeter m(x) with the two limits m(x → ∞) = m + nd m(x → -∞) = m -F he wvefuntion n then e found y solving the zero energy equtionX

0 m(x) + at∂ x m(x) -at∂ x ψ A ψ B = 0 @IFUQA
whih leds to solution of the formX

ψ(x) = 1 0 e -1 ta x 0 m(x )dx @IFURA
his model hs een initilly studied y tkiwEei in the prtile physis ontext RV nd the r model n e seen s its ondensed reliztion RWF heoretillyD 1.3. Topological systems in condensed matter: examples 21 these lolized solitons hve een ssoited to hrge frtionliztion in eletroni systems without spin degree of freedom RVD SHF his pproh towrd hrge frE tionliztion for lolized ound sttes hs even een extended to Ph grpheneElike ltties reently SID SPD SQF roweverD to out knowledgeD no experimentl signture of this type of frtionliztion hs een reported yetF he r hin model hs lso een studied for osonsF sn photonisD suh lolE ized sttes hve een evidened in the mirowve domin in lttie of resontors SRF sn optisD lsing ourring in the edge sttes using n tive medium (rst disussed theoretilly in refF SS in the polriton frmework hs een oserved reently in di'erent pltforms STD SUD SVF woreoverD the reful study of men (eld qrossEitevskii eqution in n r hin SW hs llowed to shed new light on the hirl ehviour of nonEliner gp solitons oserved in experiments previously THF 1.3.2 Haldane model es explined previouslyD the ourrene of the ghern numers in hysis is losely relted to the disovery of the quntum rll e'etF etullyD the explntion of the quntized plteux hs relly een hllenge t tht time nd mny theoretil e'orts hve een done to understnd this e'et TIF wost of the studies were rried to understnd deeper the eletron ehviour under strong mgneti (eldsF hysiists onsidered the in)uene of disorder on free eletron vndu levels or rrperErofstdter like rmiltonins where the pplition of strong mgneti (eld leds to frtionliztion of the zeroE(eld floh ndsD eh sund eing hrterized y ghern numers TPD TQF @iven if this kind of 4quntum rll like4 modelsD due to the interply etween lttie potentil nd externl mgneti (eldD exhiits relly nie hysis with the pperne of selfEsimilr energy spetrumD we will not introdue them here euse this type of mgneti response will not e onsidered in the present thesisFA sn his seminl pperD rldne presented 4toy4 model where quntized onE dutne ours without the need of strong mgneti (eldF his ws relly pioneer work towrd the extension of topologil numer lssi(tion to ny nd theory nd he won the xoel prize in PHIT prtly for this disoveryF ris model is sed on honeyom lttie with omplex seondEneighour tunnelling oe0ients whih ould result from trnsversl periodi inhomogeneous mgneti (eld with zero )ux per hexgonl unit ell @whih mens no rofstdter utter)yAF he Ef rmiltonin redsX

Ĥ = -t 1 i,α a † R i b R i +dα -t 2 i,β a † R i a R i +a β e iν β φ + b † R i +d 1 b R i +d 1 +a β e -iν β φ + h.c.
@IFUSA where 1 ≤ α ≤ 3 nd 1 ≤ β ≤ 3 re the (rst nd nextEnerestEneighour @xxxA indiesF d α nd a β re (rst nd xxx vetors s de(ned in (gure IFP @AF ν β = (-1) β gives the sign of the quired phse depending on the tunnelling diretion s shown in (gure IFSF@AF sf we dd the stggering potentil i ∆(a † i a i -b † i b i ) TRD the pigure IFSX @A heme of the phse pttern inside unit ell @rrows orrespond to diretion with e iφ ssoited phseAF @A ghern insultor projeted nd struture sheme with the hirl edge mode rossing the ulk gpF @A opologil phse digrm of the rldne modelF @dAE@fA fulk Ef nd strutures orresponding to red @greenA dot in the phse digrm @A @t 2 = t 1 /12D φ = π/2AF rmiltonin in momentum spe otined fter pourier trnsformtion redsX

H k = ∆ -2t 2 f A,k -tf k -tf * k -∆ -2t 2 f B,k @IFUTA
with the oe0ientsX

f k = e -ik.d 1 + e -ik.d 2 + e -ik.d 3 @IFUUA f A/B,k = cos (k.a 1 ± φ) + cos (k.a 2 ∓ φ) + cos (k.a 3 ± φ) @IFUVA
yne n deompose the mtrix s H k = h 0 + h. σ using uli mtries with the following mtrix omponentsX

h 0 = -2t 2 cos φ (cos(k.a 1 ) + cos(k.a 2 ) + cos(k.a 3 )) @IFUWA h x = -t 1 (cos(k.d 1 ) + cos(k.d 2 ) + cos(k.d 3 )) @IFVHA h y = -t 1 (sin(k.d 1 ) + sin(k.d 2 ) + sin(k.d 3 )) @IFVIA h z = ∆ -2t 2 sin φ (sin(k.a 1 ) -sin(k.a 2 ) + sin(k.a 3 )) @IFVPA
nd the eigenenergies n then e written in the simple formX E ± (k) = h 0 ± |h|F foth the stggering potentil ∆ nd nonEzero xxx tunnelling t 2 led to gp opening t K nd K pointsF he stggering potentil reks the sptil inversion symmetry @think out the inversion enter on A-B link for exmpleA keeping the E symmetryD t 2 = 0 reks timeEreversl symmetry nd keeps inversion symmetryF es we hve seen in setion IFPFPD the ghern numer nnot e di'erent from zero in E symmetri systemsD therefore ∆ = 0 lone opens trivil gpF yn the ontrryD the tion of nonEzero xxx hopping lone opens topologil gpF reneD there should e topologil phse trnsition depending on the interply etween these prmetersF st turns out tht the gp is topologil with n ssoited ghern numer

C = ±1 if |∆/t 2 | < 3 √ 3 sin φ nd eomes trivil when |∆/t 2 | > 3 √
3 sin φF et the oundryD etween the two topologil phses the ndgp hs to lose somewhere in reiprol speF he phse digrm of this model is presented in pigF IFS @A with the orresponding ghern numersF sn pigures IFS @dAE@eAD we plot the ulk dispersions for φ = π/2 whih orrespond to the olored dot in @AF o hve more insight on the modelD nd understnd the ruil ingredients ledE ing to topologil gpD let us onsider φ = π/2 nd linerize @IFUTA round K nd K pointsX

H τz = (∆ + τ z 3 √ 3t 2 )σ z + v(τ z q y σ x -q x σ y ) @IFVQA
where τ z is the vlley index @τ z = ±1 for K/K vlleysAD v = 3 2 at 1 nd q = (k ∓ K)F he Eomponent of the ferry urvture n then e omputed nlytillyX

B τz (q) = v 2 τ z (∆ + τ z 3 √ 3t 2 ) 2 v 2 (q 2 x + q 2 y ) + |∆ + τ z 3 √ 3t 2 | 2 3/2 @IFVRA
Chapter 1. Introduction to band geometry and topology por the two extreme ses with only stggering potentil or xxx tunnellingD one n therefore diretly dedues the following propertiesX

B K (q) = -B K (q), if t 2 = 0, ∆ = 0 B K (q), if t 2 = 0, ∆ = 0 @IFVSA
reneD the stggering potentil ∆ opens gp with opposite ferry urvture t K nd K points where the windings of the inEplne (eld re opposite @ee @IFVRA nd lso pigF IFQF @AAF he ghern numer fter integrtion over the full f is therefore zero nd the gp is trivilF sn the opposite limitD the sign of the Eomponent of the e'etive (eld @τ z 3 √ 3t 2 A hnges etween the two vlleysD nd leds to smeEsign ferry urvtures nd therefore nonEzero topologil invrintF his lst term is sometimes lled Haldane mass in the literture TSF he resulting ghern numer is given yX

C = 1 2 sgn(3 √ 3t 2 + ∆) + sgn(3 √ 3t 2 -∆) @IFVTA
whih n e equl to ±1 or 0F reneD ulkEoundry orrespondene tells us tht there exists one hirl edge mode in the former on(gurtion s shemtized in (gure IFSF @AF he rldne model is the (rst exmple of lss of topologil insultors with nonEzero ghern numers whih re lled Chern insulators nowdysF e will use this denomintion nd lso quantum anomalous Hall phase @erA to design this type of topologil phse in the followingF hespite its fundmentl interest from the theoretil point of viewD whih hs led mny other works from the irth of ghern insultors to the uneEwele model disussed in the next setionD this design is quite unrelisti from the experimentl point of view for rel grphene s reognized y the uthor himself in the originl pperF roweverD these lst yersD there hve een ig e'orts to engineer rti(il systems with topologil nds nd in this ontextD the rldne model hs een relized reently using ultrold toms in optil ltties in TTF iven if the rldne model hs not een relized in solidEstte systemsD other proposls exist towrd the reliztion of the quntum nomlous rll e'et TUD TVD TWF ixperimentl signtures of eletroni er phses hve een reported reently in mgneti topologil insultors under externl mgneti (elds y severl groups UHD UID UPF 

Ĥ = -t 1 i,α,σ a σ † R i b σ R i +dα -t 2 i,β,σ a σ † R i a σ R i +a β e iν β σφ + b σ † R i +d 1 b σ R i +d 1 +a β e -iν β σφ +h.c.
@IFVUA where we use the sme nottion onvention s for the rldne model nd σ = ± enodes the spin @upGdownA indexF he mtrix rmiltonin in momentum spe is expressed s fourEyEfour mtrix in the sis (ψ

+ A , ψ + B , ψ - A , ψ - B ) H k = H + 0 0 H - @IFVVA
he spetrum onsists of four energy nds degenerted y pirs orresponding to the eigenvlues of the twoEyEtwo digonl loks H + nd H -F hese loks orrespond to the rldne mtrix rmiltonin @IFUTA with φ for H + nd -φ for H -F ine these loks re not oupledD one n lso ompute the ghern numers for eh spin suEspe seprtelyF sf we dd the stggering potentil ∆D the phse digrm in (∆, φ) spe for one spin omponent is therefore extly the sme s the one of the rldne model @pigF IFSA nd the opposite for the opposite spinF reneD if we onsider the full systemD the sum of the ghern numers elow the ndgp vnishesX C = C + + C -= 0 s it should e for ny E symmetri rmiltoninF hoes this men tht the gp is trivil nd tht there re no propgting edges sttes t the oundries of suh systemc yf ourseD s in the rldne model there re edge sttes ut now there re two of themX one for eh spin omponent nd eh of these hve opposite group veloitiesF hese edge sttes re lled helical edge sttesF roweverD the gp ghern numer is zero nd this invrint nnot e used to see the di'erene with onventionl insulting phseF etullyD in seond pper UQD une nd wele introdued new type of invrint for spin 1/2 fermioni prtiles in Ph E symmetri systems lled the Z 2 indexF hen there is no oupling etween the spin speies s in @IFVVAD this index is relted to the di'erene etween the independent ghern numers

C ± RX ν = (C + -C -) 2 mod2 @IFVWA
where ν = 0 orresponds to onventionl insultor nd ν = 1 to quantum spin Hall insulator or Z 2 topological insulatorF sn the originl pperD they onsidered the se of φ = π/2D sheme of the orresponding projeted dispersion is shown in (gure IFT where olored lines orrespond to spinEup spinEdown edge sttes respeE tivelyF sn this spinful model the spin dependent xxxEhopping is known s the intrinsi spin orit oupling nd should e present in grpheneF sn this seond pper UQD they onsidered the roustness of this e'et ginst Epreserving perturtion suh s the sh yg y dding the orresponding nerestEneighour tunnelling pigure IFTX untum spin rll e'etF @A snterfe etween quntum spin rll insultor nd onventionl insultorF @A heme of the projeted nd struture of the uneEwele modelD with opposite group veloities for upEdown spinsF term in the rmiltoninX

H R = iλ R i,α a + † R i , a - † R i σ × dα |d| b + R i +dα b - R i +dα -b + † R i +dα , b - † R i +dα σ × dα |d| a + R i a - R i
@IFWHA king into ount this term implies the presene of o'Edigonl loks in @IFVVA whih mens tht the S z spin omponent is not onserved nymoreF hey found tht the helil edge sttes re still present if the sh yg nd stggering perE turtion re su0iently smllF his is euse the sh yg respets fermioni E symmetryF sndeedD the Z 2 index n e generlized to the se where S z is not onserved nd is deeply linked with the existene of the urmers pirs in E symmetri system with hlfEinteger spins RF st is importnt to keep in mind tht suh pirs re well de(ned only in fermioni systemsF o our knowledge this model is one of the (rst proposls of symmetry-protected topologil phses nd hs relly inspired mny other works in this diretion towrd reent symmetry lssi(tion of topologil phses for fermioni systems URD USD UTF hespite the fundmentl interest of this work whih lerly prtiipted to lunh reserh (eldD the r phse in grphene hs never een oservedF st seems tht the intrinsi yg nd the linked topologil gp re relly to smll to e oserved in grphene UUD UVD UWF roweverD nother importnt proposl for quntum spin rll e'et hs een done t tht time VHD S sed on n e'etive k.p rmiltonin in rge quntum wells whih n e written in the form of @IFVVAF ulittivelyD they found tht this system n e in the r phse or in the trivil phse depending on the width of the quntum wellsF oon fter the proposlD the experimentl evidene of gpless interfe onduting sttes hs een limed in suh system VID VPF o our knowledgeD spinEresolved mesurements hve not een performed yetF Note. he urmers theoremD vlid for spin 1 2 prtilesD implies tht in timeE reversl symmetri system the two orthogonl spin sttes re degenerte in energyF sn ftD this theorem does not diretly relte on the sttistis @fermioni or osoniA of the orresponding prtiles ut on their ehviour under timeEreversl opertion @T 2 = -1AF reneD it should e pplile for ritrry pseudospin 1 2 prtiles with the sme ehviourF roweverD the existene of suh @qusiAEprtiles with n internal pseudospin degree of freedom following this lw is not lerF por exmpleD it is not the se of the polriztion pseudospin of photonsF 1.4 Extension to analog systems es we hve sid in previous remrkD floh9s theorem is not restrited to eletroni systems ut n e used to desrie ny wves moving in periodi strutureF ine the introdution of nd geometry is relted to the existene of severl nds in the energy spetrum nd their ssoited eigensttes nd not to the sttistis of the underlying prtilesD it seems quite nturl to expet tht similr ojets n e de(ned in ny wve systemF st seems simpleD ut tully it hs not een so esyF he (rst proposl of suh nlogy is due to rldne nd ghu in PHHS VQ@lmost QH yers fter the proposl of the former for quntum nomlous rll e'et3A nd it took them three yers for mke their pper eptedF his pioneer work hs een strting point of renewl in topologil physis toE wrd mny proposls nd experimentl reliztions of systems where nd topology plys roleF prom the experimentl point of viewD this extension to mny di'erE ent reserh (elds implies strong inrese of the possile oservles given y the peulirity of eh systemF his llows n experimentl ess to some fetures inessile in ondensed mtter physis nd is of strong interest to inrese the generl omprehension of topologil nd phenomenF he gol of this setion is to give to the reder n ide of the reent development in this diretion in di'erent (elds nd is not t ll n exhustive review of this rpidly growing (eldF por this we enourge the interested reder to look t the di'erent reviews ited elowF 1.4.1 Photonics he (eld of topologil photonis hs grown exponentilly these lst yers deling with mny proposls nd reliztions in vrious systems of vrious dimensionsF por the ske of onretenessD in this setionD we minly introdue the originl rldneE ghu proposl of quntum nomlous rll e'et nlog for light in two dimensionl photoni rystls nd present the (rst experimentl oservtion of the orrespondE ing hirl edges sttesF sndeedD these originl works elong to the sme fmily of Chapter 1. Introduction to band geometry and topology pigure IFUX @A heme of twoEdimensionl tringulr photoni rystl with the orresponding i nd w modes representtionF @A hotoni nd struture of tringulr photoni rystl for i nd w modes respetively @from refF VQAF here is liner i nd rossing ourring in w ndgpF photoni ghern insultors s the proposl in polriton system whih will e disE ussed in hpter QF por some reent overviews of the (eld of topologil photonis we enourge the reder to onsult the following review ppers UD V nd referenes thereinF Gyrotropic photonic crystals. sn PHHSD rldneEghu proposed to use the prdy e'et to open topologil ndgp in twoEdimensionl gyrotropi phoE toni rystl thnks to n externl mgneti (eld VQD VRF oon fterD this e'et hs een studied nd relized in squre lttie with gyromgneti mterils under externl mgneti (eld VSD VTF he tool to desrie theoretilly light propgtion in photoni rystls re wxwell equtionsF sn soure nd loss free medi they redX

∇ × E = -μ(r) ∂H ∂t , ∇.( ε(r)E) = 0 @IFWIA ∇ × H = ε(r) ∂E ∂t , ∇.( μ(r)H) = 0 @IFWPA
where μ(r) nd ε(r) re the lol permeility nd permittivity hermitin tensors of the mediumF por n osillting eletromgneti (eld E(r, t) = E(r)e iωt with frequeny ω these equtions leds to the following eigenvlue prolemX

∇ × μ(r) -1 ∇ × E = ω 2 ε(r)E @IFWQA
@en nlogous eqution n e hieved for the mgneti (eld HAF sn typil phoE toni rystls PT the permittivity nd permeility tensors re tken rel digonl nd the periodiity is given y the permittivity tensor ε(r + R) = ε(r)D the permeE ility eing tken equl to the vuum onstnt µ 0 F hese ssumptions re not 

ε =   ε x iη 0 -iη ε y 0 0 0 ε z   @IFWRA
imilrlyD for the (rst experimentl oservtion of topologil edge sttes for lightD ng et lF VSD VT used gyromagnetic mteril whih is modelized in wxwell equtions y the following permeility tensorX

μ =   µ x iκ 0 -iκ µ y 0 0 0 µ z   @IFWSA
@sn oth ses we onsider the mgnetiztion diretion to e long z xisFA sn generlD oth ε nd μ omponents will e periodi funtions with the periodiity of the photoni rystlF he floh theorem pplies s for the hrödinger eqution nd the floh funtion is given y the eletri (eld vetor whih n e written in the formX E nk (r) = e ik.r u n,k (r) @IFWTA xote tht the periodi prt u n is now three dimensionl vetorF es onseE queneD we hve k dependent nds nd ssoited eigensttesD whih is one ingreE dient needed to de(ne the geometri quntities in qusiEmomentum speF roweverD nother importnt property is present in the ferry phse de(nition whih is the rermitin nture of the time independent hrödinger eigenvlue prolemF tritly spekingD this property is not vlid for the wxwell equtions @IFWQA due to the presene of the ε tensor on the right prtF st tully orresponds to generalized rermitin eigenvlue prolemF sn this ontext the ferry onnetion n e de(ned s VSX

A n (k) = dru † n,k (r). ε∇ k u n,k (r) dru † n,k (r). εu n,k (r) 
@IFWUA he ssoited ferry urvture nd Ph ghern numers re then hieved from the stndrd formul B n = ∇ k × A n F sn two dimensionl photoni rystls with periodiity in xEy plneD the z inE dependene implies tht eqution @IFWQA n e deomposed into two deoupled equtions for the so lled rnsverseEiletri @iA nd rnsverseEwgneti @wA polrized modes orresponding to inEplne E T E = (E x , E y , 0) T or out of plne E T M = (0, 0, E z ) T eletri (elds respetively @see the sheme in pigF IFU @AAF his peulirity is tully the key element in the originl rldneEghu pper whih proposed to lift i nd degenery inside w ndgpF he orresponding ulk photoni nd struture efore the degenery lifting is shown in (gure IFU @AF Chapter 1. Introduction to band geometry and topology pigure IFVX First experimental observation of photonic topologically protected edge states in microwaves domain. A iture of the struture onstiE tuted of squre lttie of ferrite rods emedded etween two opper pltes with metlli oundriesF A rojeted omputed w energy nds showing the ulk dispersion in lue nd the hirl edge stte in redF A el spe imge of the hirl edge stte E z eletri (eld lulted with gywyv softwreF he str represents the ntenn nd the rrow the diretion of propgtionF he top pnel shows the eletri (eld pro(le without stterer wheres the lower one represents the sitution when metlli ostle is present on the edgeF dA wesured trnsmission spetr upon inlusion of the stterer nd the ntenn s shown in @A showing the high ontrst etween forwrd nd kwrd signls for frequenies lying in the seond gp of @AF @itures tken from UD VTA his degenery lifting is hieved thnks to the ntisymmetri o'Edigonl terms in the permittivity tensor @IFWRAF he sme pproh hs een relized experimentlly for w nds in the refF VT whose results re shown in (gure IFVF he system used in this work is squre rry of vndiumEdoped liumEironEgrnet @ferriteA rods emedded etween two opper pltes with metlli oundries @see sheme in pigF IFVF @AAF hey mnged to hieve photoni ndEgp for w modes in the rystl sl y pplying trnsverse mgneti (eld whih leds to permeility of the form @IFWSA in the mirowve dominF he omputed projeted w nd struture is shown in (gure IFV@A showing severl ulk nds together with their ssoited ghern numersF he sum of the ghern numers elow the seond ndgp is equl to I @ 2 n=1 C n = 1AD whih implies the presene of one hirl edge mode rossing this gp shown in redF he pnel A represents the orresponding E z (eld pro(le in rel spe during its propgtion without nd with n dditionl metlli defet on its pthF he experimentlly mesured trnsmission is plotted on pnel dA showing the very high ontrst etween forwrd nd kwrd trnsmission in the frequeny rnge orresponding to the seond ndgpF roweverD it is interesting to note tht the iE modes re not shown ontrry to the rldneEghu work where oth polriztion ulk dispersions re shown @pigF IFU @AAF sndeedD wheres the metlli defet used in their experiment does not ouple i nd w modesD nonEmetlli one will e le to stter light in the ulk region if no full ndgp is presentF prom the experimentl point of view gyrotropi e'ets re strongly dependent on the frequeny nd permeility of the ove form is typilly restrited to the mirowve dominF eentlyD similr one wy photoni edge modes hve een oserved using eletron ylotron resonne e'et in semiondutor @proE viding permittivity of the form @IFWRAA t the terhertz frequeny rnge VUF hespite the very smll photoni ndgp hievedD this pltform hs llowed the (rst oservtion of Ph topologil lser VV nd is of huge interest for pplitionsF yn the theoretil sideD the nlogy with quntum mehnis n e pushed further y writing wxwell9s equtions in the hrödinger formF 

i ∂ ∂t Ψ = M Ψ @IFWVA with Ψ = (E, H) T nd the mtrix M de(ned yX M = ε-1 0 0 μ-1 0 i∇× -i∇× 0 @IFWWA
A n (k) = dru † n,k (r).M -1 ∇ k u n,k (r) dru † n,k (r).M -1 u n,k (r) 
@IFIHHA with the T omponent vetors u n,k written in the form u n,k = (u E n,k , u H n,k ) T F his formultion ws tully lredy used in the rldneEghu pperF his implies tht we hve severl de(nitions for the ferry urvtureF he form @IFWUA llows to de(ne 4eletri4 nd 4mgneti4 ghern numers wheres the seond form @IFIHHA de(nes one generl ghern numerF heres the di'erent de(nitions re used y physiists depending on the system of interestD it is interesting to note tht the link etween the three is still not well understood from the mthemtil point of view WHF etullyD this peulirity is reminisene of wxwell equtionsD in the rest of the thesisD the results presented will lwys e linked with the hrödinger eqution where this prolem is sentF Other approaches toward 2D photonic edge states. efter the oservtion in the mirowve dominD di'erent diretions hve een followed in order to extend suh one wy sttes to the optil dominF yne importnt reliztion is sed on Ph rry of oupled Ih wveguidesF his type of system is well desried in the prxil limit y hrödinger eqution where the time derivtive is repled y the derivtion long the diretion of the Ih wveguidesF e periodi modultion in the z diretion n e used to emulte ploquet type of topologil insultorF yne wy hirl edge sttes in suh struture hve een reported in refF WIF xowdysD this pproh hs een extended to higher dimensions nd is n tive sujet of reserh VF e seond pproh to the prolem ws to (nd wy to generte rti(il mgE neti (eld for photonsF e model of this kind whih n e mpped to rrperElike Ef rmiltonin hs een proposed WP nd relized WQF ulittivelyD this system does not rek timeEreversl symmetry nd the syntheti mgneti (eld is ting oppositely for two pseudospins omponentsF his leds to ounterEpropgting edge sttes for the two pseudospin omponentsF es onsequeneD this system is n nlog of quntum spin rll e'et for photonsF roweverD timeEreversl symmetry protetion whih is ruil in the eletroni quntum spin rll e'et is not vlid in this photoni system where the pseudospin degree of freedom rely on the lttie @siteA strutureF reneD these photoni helil edge sttes n lwys e ksttered y ny disorder @not only mgneti disorderA present on the edgesF ixperimentl sigE nture of lsing in this type of helil edge modes using gin medium hs een reported reently WRD WSF 1.4.2 Cold-atoms systems he study of nd topology hs lso emerged in old tom hysisF sndeedD nowE dysD osoni or fermioni tomi gses re routinely loded in optil lttie poE tentils WTF sn the pst yersD the highEtunility of suh systems onerning oth the intertion etween prtiles nd the depth of the periodi potentils hs mde of this re of physis very interesting pltform to proe mnyEody phenomen WUD WVF he possiility to use suh systems in the nonEinterting regime to study topoE logil properties ssoited with the periodi nd strutures hs een exploited more reentlyF sndeedD the high ontrol of rti(il optil ltties hs llowed to emE ulte severl type of nonEinterting rmiltonins with non trivil topologies suh s the rrperErofstdter rmiltonin in squre lttie WW or the IWVV rldne model TTF he experimentl oservtion of the edge sttes eing quite hllengE ing in rel optil lttiesD di'erent pprohes hve een developed to proe the floh sttes topology from ulk propertiesF yne of them uses the possiility to rete nd mnipulte tomi wvepkets ditilly in given ndF reneD experimentl mesurement of the k phse @IFUHA in one dimensionl r system hs een reported in IHHF sn PhD the nomlous drift of n elerted wvepket in given nd indued y the lol ferry urvture hs een used to extrt the orresponding ghern numers IHID TTF e di'erent pproh sed on the ility to swith o' the optil lttie potentils hs een proposed IHP nd relized IHQ to mp out the lol ferry urvture in Ph twoEnd systems thnks to time of )ight mesurementsF hespite the ft tht the ove mesurements pper quite indiret ompred to wht is done in photonis where edge sttes re diretly proedD the old tom pltE form is still very promising for future studiesF sndeedD the high tunility hievle n e used to emulte higher dimensionl ltties using internl degrees of freeE dom s dditionl syntheti dimensionsF enother fsinting diretion is to omine topologil nd e'ets with intertions where prtile sttistis will eome imE portntF e reent review of this growing (eld hs een sumitted online for the interested reder WF 1.4.3 Other wave systems fnd topology onepts hve lso een introdued for other wves suh s meE hnil or soni wves in vrious systemsF por exmpleD ghern insultor models hve een predited theoretilly for phonons in Ph lttie of proteins IHR in fioE physisD t the nnosle in optomehnil rystls IHS nd for ousti wves in phononi rystl where time reversl symmetry is roken y the ddition of moving )uid IHTF elsoD topologil ound modes hve een studied in oupled osilltors ltties IHUD IHV where xewton oupled equtions n e rest in the hrödinger form similr to tightEinding models in ondensed mtter systems IHWF iven more stonishing nd eutiful for us is the reent use of this tool t lrger sles to explin the hirl ehviour of equtoril geophysil wves IIIF his type of geophysil wves re well desried y shllow wter equtions used to desrie qusiEtwo dimensionl )uid mehnis @the height of the )uid is smll pigure IFWX Chiral equatorial waves. @A glulted dispersions sed on shllow wter equtions on equtoril tngent plne @4βEplne pproximtion4A with linE erly vrying goriolis prmeter f = βy showing the two gpless ni nd uelvin wves @propgtion in the x diretionAD @A yservtionl evidene of the gpless uelvin mode @yriginl dt nd similr spetr showing the evidene of ni mode n e found in the pper IIHAF @itures reprinted from refF IIIA 1.5. Conclusion 35 ompred to the size of the thA written s IIPX

∂ ∂t h + ∇.(hv) = 0 @IFIHIA ∂ ∂t v + (v.∇)v = -g∇h -f n × v @IFIHPA
where h is height of the )uidD v is the veloityD n is the norml to the sphereD f = 2Ω.n is the goriolis prmeter eing positive @negtiveA in north @southA hemisphere @Ω is the erth ngulr rottion vetorAF efter lineriztion ner the sttionry solution h = H nd v = 0D these equtions n e rest in the hrödinger form with eigenmodes of the form Ψe i(ωt-kxx-kyy) whih led to the eigenvlue equtionX

ω   ψ 1 ψ 2 ψ 3   =   0 k x k y k x 0 -i f k y i f 0     ψ 1 ψ 2 ψ 3   @IFIHQA
he digonliztion gives three energy nds whih re gpped when f = 0F he ferry urvture ssoited to the nds is found to e opposite etween the two hemispheres @f > 0 or f < 0AF ine we re deling with ontinuous dispersion without frillouin zoneD some re is needed to de(ne rel topologil invrint IIID ut qulittivelyD the opposite fg in the two hemispheres implies the presene of two hirl gpless modes t the equtor where f = 0F hese wves were originlly predited theoretilly in the TH9s using shllow wter equtions with some spei( oundry onditions IIQ leding to spetr of the form shown in pigF IFW@A nd re known s ni nd uelvin wvesF en exmple of their oservtionl evidene is shown in (gure IFW@A IIHF

Conclusion

sn this hpter we hve introdued the ferry urvture nd metri ssoited with normlized eigensttes of prmeter dependent hermitin eigenvlue equtionsF henD we hve shown tht these ojets n e used in momentum speF he periE odiity of rystls imposes the presene of severl nds with ssoited geometril quntitiesF smportntlyD in two dimensions onsidering the frillouin zone s losed surfe llows to introdue the ghern numerX topologil invrint t the hert of topologil insultors physisF e then gve some historil tightEinding model where nd topology rises efore the lst setion where we ttempted to show difE ferent diretions towrd extensions of these onepts in other res oth in quntum nd lssil hysisF hile in our exmples the onepts of ferry urvture nd ghern numer hve een widely usedD the metri onsequenes hve not een disussedF his is due to the ft tht this metri is fr less known nd used in modern hysisF his is understndle euse the roustness of topologil e'ets ginst externl perturE tions mkes them very ttrtive sujet due to their universlityF xeverthelessD the metri nd possile ssoited e'ets hve een studied reentlyF sn ondensed Chapter 1. Introduction to band geometry and topology mtterD it ppers to ply role in di'erent ontextsD rnging from ontriution to the oritl suseptiility IIRD IIS nd orretions to the nomlous rll e'et IITD IIUD to the exiton vm shift in whs IIV nd super)uidity in )t nds IIWD IPHF sn hpter SD we present our results relted to this ojetF enother sujet tht we did not disuss t ll is the e'et of intertionsF sn eletroni systemsD this (eld dtes k to the disovery of the frtionl quntum rll e'et @priA IPI soon fter the integer oneF pri is still under ongoing reserh nowdys s one of the most striking exmples of strongly orrelted sttes of mtter giving rise to interesting hysis suh s the ourrene of exittions with frtionl sttistis nd frtionl hrges IPPD IPQD IPRF sn similr wyD strongly orrelted osoni systems re studied theoretillyF he new venue whih is opened with the nlog systems n ring some insight in this diretion tooF ghpter R is dedited to the presenttion of new e'ets linked with the menE(eld intertions of foseEiinstein ondenstes loded in periodi potentilsF Introduction to Bose-Einstein condensates and cavity polariton Physics Contents Chapter 2. Introduction to Bose-Einstein condensates and cavity polariton Physics sn the (rst setion PFID we introdue type of mrosopi osoni quntum )uid nmely the foseEiinstein ondenstesF e introdue the foseEiinstein distriE ution llowing osoni prtiles to e in the sme quntum stte whih n then e desried y the sme single prtile wvefuntion or order prmeterF henD we present the qrossEitevskii eqution whih desries the evolution of this mroE sopi wvefuntion in presene of men (eld intertionsF wo types of exittions re disussedX the fogoliuov exittions orresponding to density wves of smll mplitude on the top of ondenste nd vorties whih re topologil exittions of the full nonEliner equtionF he setion PFP is devoted to quik introduE tion to vity polritons qusiEprtiles nd their possile desription in terms of qrossEitevskii equtions when high densities re involvedF 2.1 Bose-Einstein condensates 2.1.1 Bose-Einstein statistics ttistil hysis is useful tool to desrie mrosopi thermodynmi properties of gses in term of mirosopi priniplesF hen pprohing low temperturesD the quntum nture of the underlying prtiles eomes relevntF he story of foseE iinstein ondenstion strted with the work of iinstein IPS on the sttistis of gs of identil osons sed on the previous rederivtion of lnk9s lw y fose IPTF prom these pioneer works we know tht n idel nonEinterting oson gs on(ned in R d volume oeys the soElled foseEiinstein distriutionX

f B (k, T, µ) = 1 e β(ε(k)-µ) -1 @PFIA
where β = (k b T ) -1 with k b the foltzmnn onstnt nd T the tempertureF µ is the hemil potentilF k is the d dimensionl wvevetorF st gives the expeted prtile ouption numer in single prtile stte of energy ε(k)F e fundmentl stte of energy ε(0) = 0 implies negtive hemil potentilF he totl numer of prtiles is then given yX

N (T, µ) = k f B (k, T, µ) @PFPA
where we n seprte the ground stte ontriution from the other sttesX

N (T, µ) = 1 e β(-µ) -1 + k =0 f B (k, T, µ) @PFQA
sn the thermodynmi limitD one n reple the sum y n integrl in reiprol spe nd otin the densityX

n(T, µ) = lim R→∞,N →∞ N (T, µ) R d = n 0 + 1 (2π) d ∞ 0 f B (k, T, µ)dk @PFRA
pigure PFIX Experimental observation of Bose-Einstein condensation in an atomic vaporF eloity distriutions @A just efore the trnsitionD @A fter the trnsitionX the ellipti lue re orresponds to the ondenste frtionD @A fter evportion llowing to hieve nerly pure ondensteF he olor represent the numer of tom t eh veloityD with white eing the most nd red the fewestF @prom refF IPUA whereX

n 0 = lim R→∞ 1 R d 1 e -β(µ) -1 @PFSA
he ground stte density n 0 vnishes for nonEzero µF yn the ontrryD the integrl over reiprol spe inreses when µ inresesF st mens tht the inrese of the prtile numer N in the system is ssoited to the inrese of the hemil potentil µF roweverD µ is ound from ove to zero for the positive de(niteness of N F he mximum density hievle y the integrl prt is then given yX

n c (T ) = lim µ→0 1 (2π) d ∞ 0 f B (k, T, µ)dk @PFTA
his funtion n e omputed nlytilly in the se of mssive prtiles with proli dispersionF st onverges for d > 2 nd diverges when d ≤ 2F hereforeD when d > 2D n c is ritil density ove whih it seems tht no more prtiles n e ddedF sn ftD ove this densityD the dditionl prtiles ollpse into the ground stteD whose density n e de(ned yX

n 0 (T ) = n(T ) -n c (T ) @PFUA
his is phse trnsition ove whih mrosopi numer of osons n uE multe @4ondense4A in the sme quntum stteF st is interesting to note tht no intertions re needed to hieve the foseEiinstein ondenstion in this originl formultionF wo wys n e used to ross this trnsitionX inrese the density t (xed @lowA tempertureD or derese the density t (xed @highA density or 

n c (T ) = ζ(3/2) mk b T 2π 2 3/2 , or T c (n) = n ζ(3/2) 2/3 2π 2 mk b @PFVA
ulittivelyD the lighter re the prtilesD the esier it is for them to ondenseF hen d ≤ 2 the divergene implies the sene of suh phse trnsition for nonE interting oson gsF roweverD in relisti (nite Ih nd Ph systems the resulting integrl @PFTA onverges nd qusiEondenstion n e hievedF sn the QH9sD soon fter the disovery of super)uid heliumD the nlogy with foseEiinstein ondenstion hs een proposed IPV ut in this liquid phse the intertions re not negligile nd the idel gs pproximtion is too rudeF sn ftD the (rst ler experimentl evidenes of fig were reported in IWWS in systems of dilute tomi gs ooled t ultrold tempertures @T ≈ 10 -7 KA y three di'erent groups IPUD IPWD IQHF pigure PFI shows the results from the pper of enderson et lF displying the veloity distriutions of the tomi loud efore the ondenste pperne @AD just fter its pperne @A nd fter some further evportion leding to nerly pure ondenste @lue nd white regionAF hese disoveries llowed y the preeding importnt development of ooling nd trpping tehniques of tomi gsesD prtiipted to the growth of the (eld of old tom hysis IQIF e few yers fter these oservtions in old tom systemsD fig oservtion hs een limed in di'erent systems with osoni qusiEprtiles suh s exitonsD mgnons IQQ nd exitonEpolritons IQPD IQRF hespite the ft tht the prtile numer is not stritly onserved in this system @photon lekge out of the vityAD thermliztion of the polriton gs n e hieved if the relxtion time to the ground stte is smller thn the polriton lifetime in the vityF sn suh regimeD one n onsider the prtile numer pproximtely onserved nd the oupny of the ground stte oeys the foseEiinstein sttistis with n e'etive temperture of the gsF he vity polriton pltform llows to study this therml regime nd lso the kineti regime where the ground stte is mrosopilly oupied ut does not oey the foseEiinstein distriution IQSF he interply etween these two regimes is ontrolled experimentlly y the detuning etween the vity nd exitoni modes @ee PFPFIFIAF pigure PFP shows the results from the (rst vity polriton ondenstion oserE vtion performed in gdeGgdwge mirovity t T = 5KF nel @A represents the ngulr distriution of the spetrlly integrted emission mesured t di'erent exittion powersF felow threshold @leftA the emission exhiits smooth distriuE tion entred t zero degrees orresponding to the in plne wvevetor k = 0F hen the exittion intensity is inresed @whih qulittively inreses polriton densityAD the emission from k = 0 eomes predominnt t threshold @enterA nd forms shrp pek ove @rightAF nel @A shows the orresponding energy nd ngle reE solved emission intensitiesF eove threshold the emission minly omes from the lowest energy stte orresponding to mrosopilly oupied stteF pigure PFPX Condensation of cavity polaritons.F @A pr (eld imges of relE spe intensity emission elow threshold t threshold nd ove thresholdF @A gorresponding ngulr nd energy resolved emission showing the high popultion of the ground stte ove thresholdF @prom refF IQPA Chapter 2. Introduction to Bose-Einstein condensates and cavity polariton Physics 2.1.2 Gross-Pitaevskii equation he prolem of homogeneous wekly interting oson gs hs een initilly studied y fogoliuov s wy to explin super)uidity of liquid relium IQTF he nonEhomogeneous se is desried y the qrossEitevskii eqution tht we introdue elow following refF IQUF his eqution n e derived strting from the rmiltonin for mny inry interting osonsX

Ĥ = 2 2m |∇ Ψ(r)| 2 + Ψ(r) † V ext Ψ(r) dr+ 1 2 Ψ(r) † Ψ(r ) † V (r-r ) Ψ(r) Ψ(r )drdr
@PFWA where V ext (r, t) is the externl potentil @for exmple trp to on(ne the prtilesA nd V (r -r ) is the intertion potentil etween two prtilesF he (eld opertors oey the stndrd osoni ommuttion rulesX

[ Ψ(r ), Ψ(r) † ] = δ(r -r ), [ Ψ(r ), Ψ(r)] = 0, [ Ψ(r ) † , Ψ(r) † ] = 0
@PFIHA yne otins the ext eqution for the (eld opertor evolution y using reisenerg

eqution i ∂ ∂t Ψ(r, t) = [ Ψ(r, t), Ĥ] whih givesX i ∂ Ψ(r, t) ∂t = - 2 ∇ 2 2m + V ext + 1 2 Ψ(r ) † V (r -r ) Ψ(r )dr' Ψ(r) @PFIIA
henD two pproximtions re used to hieve the qiF pirstD the oson gs is onsidered su0iently dilute suh tht the intertion potentil n e repled y ontt intertion V (r -r ) = αδ(r -r )F eondD ssuming T = 0 nd ll the prtiles in the single prtile ground stte forming the ondensteD one n reple the (eld opertor Ψ(r, t) y the lssil (eld Ψ(r, t) = Ψ(r, t) @men (eld pproximtionAF yne (nlly otinsX

i ∂Ψ(r, t) ∂t = - 2 ∇ 2 2m + V ext (r, t) + α|Ψ(r, t)| 2 Ψ(r, t) @PFIPA
e end with lssil nonEliner wve eqution lso known s the nonEliner hrödinger equtionF sts formultion for nonuniform oherent fose gses is due to independent works y qross nd itevskii in the 609s IQVD IQWD IRH nd is nowdys the min theoretil tool for investigting suh systemsF he men (eld pproximtion mens tht we neglet the therml or quntum depletion of the ondensteD nd leds to the normlistion N = |Ψ(r)| 2 drF Ψ n e seen s mrosopi wvefuntion of the ondenste lso referred to the ondenste order prmeterF st enodes its density n nd its phse θX Ψ(r, t) = n(r, t)e iθ(r,t) F he importnt hnge ompred to the stndrd hrödinger eqution desriE ing n idel gs is the nonEliner density dependent term α|Ψ(r, t)| 2 F sn wht followsD we will onsider the se α > 0 whih orresponds to repulsive intertion etween prtilesF ttionry solutions re found y writing Ψ(r, t) = ψ(r)e -iµt where µ is the hemil potentil leding to the sttionry qiX

µψ = - 2 ∇ 2 2m + V ext + α|ψ| 2 ψ @PFIQA
Remark. sn the following nd in generl long the thesis we will lwys onsider the twoEdimensionl qiF woreoverD eh time we will spek out interting osoni quntum )uid the ove men (eld pproximtion will e ssumedF

Elementary excitations

xowD tht we hve n e0ient eqution to desrie the ondensteD we introdue its elementry exittionsD known s Bogoliubov excitations or bogolonsF e re looking for smll osilltions of the order prmeter round equiliriumD we n strt from the order prmeter of the formX

Ψ(r, t) = (ψ(r) + δψ(r, t))e -iµt/ @PFIRA
where ψ(r) is the ondenste wvefuntion nd δψ is smll quntity of the formX

δψ(r, t) = i [u i (r)e -iω i t + v * i (r)e iω i t ] @PFISA
he peulir form of δψ s liner omintion of omplex oe0ients results from the oupling of e iω i t nd e -iω i t terms y the nonlinerity when inserted in the qiF gonsidering wek density perturtions propgting on top of homogeneous ondensteD the ove pertured wvefuntion n e written sX

Ψ(r, t) = ( √ n + ue i(k.r-ωt) + v * e -i(k.r-ωt) )e -iµt/ @PFITA
where the sttionry prt is ψ(r) = √ nD nd u nd v * re smll mplitudes of the ounterEpropgting modes with frequeny ωF snsertingD this nstz in the qi eqution @PFIPA keeping only (rst order in u nd v * yields the following systemX

ωu = 2 k 2 2m u + αn(u + v) @PFIUA -ωv = 2 k 2 2m v + αn(u + v) @PFIVA
he ogolon dispersion is hieved using determinnt methodX 

ω ± (k) = ± 2 k 2 2m 2 + 2 k 2 m αn @PFIWA @iquivlent
ξ = 1 k ξ = √ 2αnm @PFPHA
his is the soElled healing length of the ondensteF hysillyD it de(nes the sle of the density vrition when the ondenste is sumitted to shrp potentilF por exmpleD in semiEin(nite system with n in(nite wllD the density of the ondenste in the ground stte will e onstnt everywhere exept ner the wll where it hs to derese to zeroD the size of this region is given y ξF e prt of the thesis hs een dedited to the study of suh exittions nd their ssoited topology for spinor ondenste loded in honeyom potentilF he orresponding results re presented in ghpter RF

Vortex excitations

en importnt hrteristi of figs nd super)uids ompred to lssil )uid tht we hve not touhed yet is their irrottionlityF sndeedD strting from the generl the form of order prmeterX

ψ(r) = n(r)e iθ(r)
@PFPIA the use of the proility urrent formulD

j = n(r)v = 2mi (ψ * ∇ψ -ψ∇ψ * ) @PFPPA
leds to super)uid veloity proportionl to the phse grdientX

v = m ∇θ @PFPQA
hereforeD the existene of ψ imposes the irrottionlity of this osoni quntum )uidX ∇ × v = 0 everywhere exept t zero density points whih n e relted to phse singulritiesF he singleEvlueness of ψ imposes quntized irultion in unit of h/mX

v.dl = h m p @PFPRA
where p ∈ ZF his quntiztion rule of the irultion in super)uids ws originlly introdued y ynsger IRI nd peynmn IRP in the ontext of liquid heliumF sf p = 0D there is neessry phse singulrity inside the ontour orresponding to zero density pointF hese exittions re lled quantized vorticesF hese re topoE logil exittions IRQ whose topologil hrge is given y p enoding the numer of times the phse winds round the oreF his hrge nnot hnge without reE moving ompletely the singulrity from the systemF hue to this topologil ntureD vorties re relly roust ginst disorder or density )ututions in the systemF sn the ylindrilly symmetri se the sttionry vortex solution n e written in polr oordintes (r, φ) in the formX

ψ v (r, φ) = f p (r)e ipφ @PFPSA
nd the orresponding veloity isX v = p mr @PFPTA yne n see tht ontrry to rdil veloity of rotting rigid odiesD this veloity inreses when r dereses nd diverges t the ore of the vortex when r → 0F he rdil pro(le ψ v (r, φ) n e found y solving the sttionry qi numeriE llyF sn sene of externl potentil V ext = 0D inserting @PFPSA into the sttionry qi @PFIQA llows to (nd the symptoti ehviour IRRD IQUX

f p (r) ∝ r |p| , when r → 0 √ n ∞ , when r → ∞ @PFPUA
where n ∞ is the unpertured density t in(nityF por p = 1D good pproximtion of f 1 (r) n e written s IRSX

f 1 (r) = √ n ∞ r/ξ (r/ξ) 2 + 2 @PFPVA
yn n see tht the size of the ore is determined y the heling length ξ = / √ 2αmn ∞ F he rdil density pro(le |ψ v | 2 otined using this formul is shown in pnel @A of (gure PFR nd the orresponding phse pttern is plotted in pnel @AF polariton Physics pigure PFRX Vortex. @A hensity pro(le omputed using @PFPVAF @A hse pttern of the wvefuntion @PFPSA with p = 1F he singulrity is loted t the origin where the density vnishesF he energy ssoited with one vortex n e estimted y sutrting the energy funtionl integrl ssoited with the homogeneous solution of onstnt density n ∞ to the one with one vortex whih yieldsX

E v = 2 2m |∇ψ v | 2 + α 2 |ψ v | 2 -n ∞ 2 dR @PFPWA
yne n seprte this integrl into two regionsD the ore of size ξ nd the region fr from the ore where the density pro(le tends to e onstnt |ψ v | 2 ≈ n ∞ F por lrge systemD the seond prt domintes nd the min ontriution to E v omes from the kineti energy IRRD IRHX

E r>ξ v = p 2 πn ∞ 2 ln (C p R 0 /ξ) /m @PFQHA
where R 0 is the rdil system size nd C p is numeril onstnt whih depends on the winding @C 1 ≈ 1.56AF yviouslyD the quntized vortex with p = 1 is the lowest vortex stteF sn this lrge system limitD the qudrti dependene of this energy on p mens tht high energy vortex sttes @p = 2, 3, ...A re less stle thn severl @2, 3, ...A vorties with p = 1F reneD in generlD high order vorties will relx to severl vorties of p = 1 to minimise their energyF he existene of quntized vorties is the hllmrk of the ft tht ll the prE tiles shre the sme wvefuntionF sn setion RFQD we present study of vortex exittions when ondenste is loded in stggered honeyom lttieF e show tht this n led to n nlog of quntum spin rll e'et for vorties whose roE ustness ginst disorder is due to the topologil nture of vortiesF 2.2 Cavity polaritons ixitonEpolritons re qusiprtiles tht pper in solids in the strong oupling regime etween light nd mtterF he ulk exittions hve een introdued y rop(eld IRT nd egrnovih IRU independently in the SH9sF he oupling strength depends on the overlp etween eletri (eld nd exiton wvefuntion whih n e improved nd ontrolled y engineering on(nementF he (rst oservtion of strong oupling in Ph mirovity IRV hs een followed y numerous works sed on this geometry nowdys referred to vity polritons IRWF iven if the thesis is not stritly dedited to vity polriton hysisD it took ple in tem speilized on this topiF reneD when thinking out experiments this system rises nturlly nd severl results presented in the following hpters re relted with the spei( properties of these qusiprtilesF he gol of this setion is to introdue some useful properties for the thesis selfEonsisteny nd not to formlly present this growing (eldF everl good review ppers nd textooks n e onsulted for omplete overview of the (eld IRWD ISHD ISID ISPD ISQF 2.2.1 Linear regime 2.2.1.1 Exciton-photon coupling e typil mirovity design is shown on the sheme pigF PFS@AF st is onstituted of pryEerot vity mde of two frgg mirrors llowing the on(nement of the lightF qenerllyD exitons re themselves on(ned in Ph quntum wells emedded in the vityF e simple nd e0ient wy to desrie the oupling etween n exitoni resonne nd photoni vity mode is to use the two oupled osilltor model whose rmiltonin redsX

Ĥ = k E X (k)b † k b k + k E C (k)a † k a k + Ω R k (b † k a k + a † k b k ) @PFQIA where a † k , a k , b † k , b k
re osoni retion nd nnihiltion opertors for photons nd exitons respetively ting t given inEplne momentum k = (k x , k y ) T F Ω R is the i frequeny whih enodes the strength of the exitonEphoton ouplingF he inEplne exiton dispersion reltion isX pigure PFSX Cavity polaritons. @A heme of typil semiondutor plnnr miE rovityF he pryEerot vity is onsituted y two prrllel distriuted frgg re)etors @hfAF untum wells @sA emedded in the vity llow the Ph onE (nement of exitonsF @A ixmple of polriton dispersion @red linesAD unoupled exE iton nd vity mode @lk dshed linesAF @A gorresponding photoni @exitoniA frtions of the lower polriton rnh

E X (k) = E X (0) + 2 k 2 2m X , @PFQPA with k = k 2 x + k 2 y nd the vity mode dispersion redsX E C (k) = E C (0) 2 + 2 c 2 k 2 n 2 C @PFQQA with n C the refrtive index inside the vityF E C (0) = ck z /n C F essuming perfet mirrors implies the quntiztion of k z = mπ/n C L @m ∈ NAF et smll wvevetorsD
|C L | 2 , (|X L | 2 )F @ Ω R = 5meD δ = 0meD m X = 0.4m 0 D m C = 5.10 -5 m 0 AF
this gives proli dispersion for photonsX

E C (k) ≈ E C (0) + 2 k 2 2m C , with m C = πn C cL @PFQRA
es we n seeD the dimension redution due to the qunti(tion in the z diretion implies tht vity photons ehve like Ph mssive prtilesF es onsequeneD they now hve ground stteD ruil property to hieve qusiEequilirium foseE iinstein ondenstionF he new eigenEenergies re hieved y digonlizing the mtrixX

M = E X Ω R Ω R E C @PFQSA
whih gives two hyrid dispersion rnhesX

E U/L = 1 2 E X + E C ± (E C -E X ) 2 + 4 2 Ω 2 R @PFQTA
hese re the upper nd lower exciton-polariton modesF he orresponding normlE ized eigenvetors give the exitoni X L,U nd photoni C L,U frtions of the two rnhesF yne n introdue new polriton ldder opertors s omintion of exiton ns photon opertorsX

p Lk = X L (k)b k + C L (k)a k @PFQUA p U k = X U (k)b k + C U (k)a k @PFQVA
whih llow to reEwrite the rmiltonin @PFQIA in the digonl formX

Ĥ = k E L (k)p † Lk p Lk + k E U (k)p † U,k p U,k @PFQWA
he exitonEpolriton ppers therefore s new mixed lightEmtter qusiEprtileF en exmple of the dispersions is shown in (gure PFS @AD together with the exitoni nd photoni frtions @pnel @AA t zero detuningX E C (0) -E X (0) = δ = 0F he shpe of the dispersion s well s the exitoniGphotoni frtions re detuning dependentF he detuning is experimentlly ontrolled y vrying the width of the vityF he experimentl oservtion of suh ntiErossed rnhesD mening tht the oupling strength Ω R is lrger thn the linewidths indued y the lossesD is typilly onsidered s signture of the strong lightEmtter oupling regimeF sn wht followsD we re interested y the lower polriton rnh whih is proli t smll wvevetors mimiking the mssive prtile one with mss etween m C nd m X @the ext rtio eing detuningEdependentAF prom the modE eliztion sideD this mens tht we n use hrödinger eqution to study liner polriton dynmis in the vity plneF 2.2.1.2 TE-TM splitting: a photonic spin-orbit coupling sn the ove piture we hve negleted fundmentl property of lightD the poE lriztionF et nonEzero inEplne wvevetorD i nd w photoni modes n e de(nedF smportntlyD the resulting polriton modes re splitted in energy y the soElled iEw splitting whih hs di'erent originsX

• he Ph on(ned re exiton exhiits kEdependent longitudinal-transverse @vEA splitting due to longErnge eletronEhole exhnge mehnism ISRD ISSF his splitting eomes high t lrge wvevetor outside the lightEoneF • sn the rditive regionD the quntum well exitonEphoton oupling strength with i nd w photoni modes depends on the inidene ngle nd thereE fore on the inEplne wvevetorF his results in n energy splitting of the orresponding polriton modesF his e'et is tully linked with exiton vE energy splitting whih eomes imginry inside the lightEone ISSF

• yn the pure photon sideD in vity sed on dieletri mirrorsD the di'erE ene of re)etion oe0ients for i nd w polriztions leds to di'erent (eld penetrtion in the mirrors ISTF ulittivelyD t low wvevetorsD one n de(ne polriztion dependent e'etive msses from the di'erent e'etive vity widths seen y the two polriztions m gonsidering the lower prt of the lower polriton rnh in the proli pE proximtionD the omined e'et of these splittings n e modelized y di'erent e'etive mss for i nd w polriton modesF his llows to write the following e'etive rmiltonin in the liner polriztion sis

T E/T M C (L T E/T M ) @see @PFQRAAF
(ψ T E , ψ T M ) T H lin = 2 k 2 2m T E 0 0 2 k 2 2m T M @PFRHA
yne n rewrite this rmiltonin in the irulr polriztion sis (ψ + , ψ -) T @whih lso orresponds to the right exiton spin projetions S X z = ±1A usingX

ψ T E ψ T M = 1 √ 2 e iφ e -iφ ie iφ -ie -iφ ψ + ψ - @PFRIA
whih yieldsX

H circ = 2 k 2 2m * βk 2 e -2iφ βk 2 e 2iφ 2 k 2 2m * @PFRPA
where φ = arctan (k y /k x ) is the inEplne polr ngle nd we hve introdued the e'etive mss m * nd the iEw oupling term βX

1 m * = 1 2 1 m T E + 1 m T M , β = 2 4 1 m T E - 1 m T M @PFRQA
he rmiltonin @PFRPA n e deomposed s H circ = h 0 + h(k). σ with the efE fetive mgneti (eld given yX h LT = βk 2 (cos 2φ, sin 2φ) T = β(k 2

x -k 2 y , 2k x k y ) T F hereforeD the iEw splitting ppers s n e'etive kEdependent mgneti (eld ting on the polriztion pseudospin whih is nothing else thn the de(nition of spinEorit oupling @ygAF he nlogy n e pushed further y ompring this rmiltonin with the ones of hresselhus or sh yg in Ph eletroni systems ISUD ISVD ISWX

H D = 2 k 2 2m I + α D (k x σ x -k y σ y ) , H R = 2 k 2 2m I + α R (-k y σ x + k x σ y ) @PFRRA
he eigenenergies of the rmiltonins @PFRPA nd @PFRRA re plotted in (gures PFT @DA respetivelyF hue to the k dependene of sh or hresselhus ygD the orresponding dispersion exhiits liner ehviour round k = 0 nd minimum on irle of rdius |k| = k * ontrry to the iEw one whih still hs lol minimum t k = 0F he orresponding inEplne (eld h(k) textures on n isoenergy irle re shown in pigs @PFTA @D dD eAF he ruil di'erene etween photoni nd eletroni ygs is the doule winding of the formerF hue to this windingD the e'etive (eld orienttions t k nd -k re the sme wheres they re opposite for eletroni ygsF his ft is reminisene of the osoni nd fermioni nture of the underlying prtiles whose eigensttes ehves di'erently under timeEreversl symmetry opertionF hereforeD tking into ount the polriztion degree of freedom n led to non trivil polriton pseudospin dynmisF por exmpleD it hs led to the theoretil Remarks. hue to its di'erent originsD iEw splitting exists for mixed exitonE polritons s well s re exitons or vity photonsF st is interesting to ompre the photoni iEw splitting in vity geometry with the one in wveguides or photoni rystl slsF heres their fundmentl origin is the smeX light re)etion t nonEzero inidene ngle on ny dieletri interfeD the splitting etween i nd w modes for high inEplne wvevetors light in wveguides n e ritrry ig @ee pigF IFU for n exmpleFA with respet to the one introdued ove of vity photonsF he smllness of the ltter llows to interpret it s photoni ygF iven if it is lwys presentD the strength of iEw splitting depends on spei( design of experimentl setupsF st is sometimes wek ompred to the linewidthD nd n e negletedF he dvntge of the mixed vity polritons on re photons is their response to n external mgneti (eld thnks to exiton eemn splitting @∆σ z A ITQD ITR hievle t optil frequenyF etullyD the omintion of iEw nd eemn (eld in honeyom vity lttie n led to n optil wvelength ounterprt of the rldneEghu proposl of quntum nomlous rll e'et for light presented in the previous hpterF his model is disussed in setion QFIF st is interesting to note tht qudrti nd rossings our in other ontextsF por exmpleD it hs een studied in lttie systems where it is lso ssoited with doule winding of n e'etive (eld in the twoEnd pproximtion ITSD ITTF sn these sesD lifting the degenery leds to nd gp opening etween the the ulk nds nd n give rise to nonEzero ghern numers nd their ssoited gpE less hirl sttes on the oundry of the systemF roweverD this will not hppen in the vity system disussed here euse the two prol hve the sme urvture sign pigF PFTF@A nd no rel gp n e openedF enother di'erene is tht in ltE tie models the pseudospin reltes on the lttie struture wheres the polriztion pseudospin introdued here is n internl degree of freedomF 2.2.2 Non-linear regime hue to their exitoni prtD vity polritons intert with eh other ontrry to re vity photons t optil frequeniesF heres for wek polriton densities these intertions n e negletedD it is not possile nymore when the density is inresedF sn the strongEoupling regimeD signtures of polritonEpolriton inE tertions hve een (rst reported in qusiEresonnt pumping experiments with the oservtion of optil prmetri osilltions ITU nd istility ITVD ITWF woreoverD when deling with these omposite osons in the proli prt of the vfD these intrinsi nonElinerities pper to e good pltform to study quntum )uid physis nd mny works hve een done in this diretion towrd the oserE vtion of foseEiinstein ondenstionD super)uid ehviour nd quntized vorties IUHD IUID IUPD IUQF prom the experimentl point of viewD two min wys re used to rete polriE tonsF he o'Eresonnt exittionD whih onsist to rete lrge numer of exitons t high energy whih then relx to the lower polriton stte t k = 0 forming qusiEequilirium ondenste or polriton lserF he seond pproh is to diE retly injet mrosopi numer of polritons y using qusiEresonnt optil exittionF foth of them re widely used nd di'erent theoretil pprohes hve een developed to desrie the di'erent fetures whih n e seen in the experimentsF en pproximtion to desrie qusiEequilirium ondenste fter its formtion is to ssume therml equilirium nd n in(nite polriton lifetime whih llows to use prtile onserving qrossEitevskii equtionF hile it is of ourse not ext due to the (nite polriton lifetime @we hve to rememer tht the sme thing hppens in relisti tomi ondenste where toms evporte from their trpsAD it lredy llows to desrie vriety of phenomenF he resonnt pump on(gurtion n e desried y driven dissiptive q equtionF 2.2.2.1 Origin of interactions et low wvetors ompred to the fohr rdius @ka B 1A oEpolrized exitonE exiton @triplet on(gurtionA intertions re dominted y exhnge intertion IURD IUS whih n e desried y n e'etive oson intertion term t low densityX ĤXX = 1 2

k,k ,q V XX q b σ † k+q b σ † k -q b σ k b σ k @PFRSA
where the mtrix element V q n e pproximted y ontt potentil V 0 whih n hs een estimted V 0 = 6E b a 2 B /A with E b the exiton inding energyD a B the exiton fohr rdiusD A the Ph re oupied y the exitons IUSF heres the exitonEphoton sis n e useful to study polriton dynmis t lrge wvevetorsD we will lwys restrit ourself to smll wvetors ner the ottom of the vfF reneD using X U = -C L D C U = X L D one n rewrite the ove intertion rmiltonin in the polriton sisF xegleting the upper rnh polritons yields the e'etive polritonEpolriton intertions IUTX

ĤP P = 1 2 k,k ,q V P P 0,k,k p σ † Lk+q p σ † Lk -q p σ Lk p σ Lk @PFRTA with V P P q,k,k = X L (k+q)X L (k -q)X L (k)X L (k )V 0 ≈ X 4 L V 0 F he lst pproximtion is vlid ner k = 0F
es it ould e intuitively understoodD the exitoni frtion inreses the intertion strengthF sntertion etween exitons with opposite spin projetions @singlet on(gurE tionA is seond order e'et implying sttering to drk IUU or iexiton IUV intermedite sttesF sn the strong oupling regimeD when we del with vf polriE tonsD the sttering through these intermedite sttes is strongly redued euse due to the i splitting the vf energy is fr from their respetive resonnesF Chapter 2. Introduction to Bose-Einstein condensates and cavity polariton Physics sn the men (eld desription of the ondensteD this leds to di'erent intertion onstnts for triplet @α 1 A nd singlet on(gurtions @α 2 A ISIX

α 1 = V pp 0 A = α 2 @PFRUA
he ext α 2 /α 1 rtio is strongly dependent on the detuning etween the vity mode nd the exitoni resonne IUW nd n led to n nlog of peshh resonne for positive detuning when the two interting polritons energy omes in resonne with the iexiton ound stte energy IVHD IVIF sn the followingD we will onsider the onventionl se where the intertion onstnts re strongly imlned

|α 2 | α 1 IURD IVPD ISIF 2.2.2.2 Quasi-equilibrium spinor condensate
heling with the polriztion degree of freedom introdued ove implies to use spinor order prmeter Ψ to desrie polriton ondenstes ISID IVQF everl sis hoies re possileD here we hoose the irulr polriztion sis whih orresponds to the true spin projetion sis Ψ = (ψ + , ψ -) T F sn this sisD the kineti term H 0 is hieved y reEwriting @PFRPA in term of rel spe opertors k x,y → -i∂ x,y IVRX

H 0 = -2 2m ∇ 2 β(∂ y + i∂ y ) 2 β(∂ y -i∂ x ) 2 - 2 2m ∇ 2 @PFRVA
he resulting oupled qi equtions desriing the ondenste t T = 0 redX

i ∂ψ + ∂t = - 2 2m ∇ 2 ψ + + β(∂ y + i∂ x ) 2 ψ -+ α 1 |ψ + | 2 ψ + + α 2 |ψ -| 2 ψ + @PFRWA i ∂ψ - ∂t = - 2 2m ∇ 2 ψ -+ β(∂ y -i∂ x ) 2 ψ + + α 1 |ψ -| 2 ψ -+ α 2 |ψ + | 2 ψ - @PFSHA
he ove equtions re similr to the ones used to study inry mixtures of onE denstes in old tom systems IVSD IVTD IVU ut with n dditionl liner oupling due to iEw ygF α 1 nd α 2 re the intertion onstnts etween prtiles with the sme nd opposite spin projetionsF es disussed oveD for exitonEpolriton the intertion onstnts re strongly nisotropiX

α 1 >> |α 2 | @PFSIA
whih mens tht we re deling with misile ondenstesF hese equtions hve een widely used to study topologil exittions in polriton ondenstes suh s hlfEvorties IVVD IVR nd hlfEsolitons IVWD IWH whose existene hve een reported in di'erent experiments IWID IWPD IWQF hen looking for sttionry solutions we onsider onservtion of the totl prE tile numer @oth spin sttesAF herefore sttionry eqution re found y introE duing Ψ(r, t) = (ψ + , ψ -) T e -iµt with unique hemil potentil µF

µψ + = - 2 2m ∇ 2 ψ + + β(∂ y + i∂ x ) 2 ψ -+ α 1 |ψ + | 2 ψ + + α 2 |ψ -| 2 ψ + µψ -= - 2 2m ∇ 2 ψ -+ β(∂ y -i∂ x ) 2 ψ + + α 1 |ψ -| 2 ψ -+ α 2 |ψ + | 2 ψ - @PFSPA
st is interesting to hve look on the solution of the ove system for homogeneous ondensteX

µ = (α 1 + α 2 )n/2, ψ = n 2 1 1
@PFSQA reneD t T = 0 the ground stte of the spinor ondenste is linerly polrizedF 2.2.2.3 The Spin-Meissner eect st is ertinly useful to remind the equilirium ehviour of Ph homogeneous polriton ondenste in the presene of mgneti (eldF es shown in refF IWRD t low mgneti (eld n equilirium ondenste in its ground stte is elliptilly polrizedF st genertes selfEindued eemn (eld whih ompenstes the eemn splitting indued y the pplied mgneti (eldF his is lled the spinEweissner e'etD euse of the nlogy with the weissner e'et in superondutorsD where n externl mgneti (eld nnot penetrte into the superonduting regionF his e'et n e understood s followsF et T = 0D the ondenste is in its ground stteF essuming tht the prtile numer is onservedD the energy funtionl is given y the intertion energyX

E = 1 2 dr α 1 |ψ + | 4 + α 1 |ψ -| 4 + 2α 2 |ψ + | 2 |ψ -| 2 -µn @PFSRA sntroduing the density n = |ψ + | 2 + |ψ -| 2 D nd the irulr polriztion degree ρ c = |ψ + | 2 -|ψ -| 2 |ψ + | 2 + |ψ -| 2 = s z n , -1 ≤ ρ c ≤ 1 @PFSSA
llows to rewrite the energy sX

E = 1 2 dr 1 2 (α 1 + α 2 )n 2 + 1 2 (α 1 -α 2 )ρ 2 c n 2 -µn @PFSTA
sf n externl mgneti (eld is pplied in the diretion orthogonl to the vity plne eemn energy ontriution -∆s z = -∆ρ c n to the energy should e ddedX

E = 1 2 dr 1 2 (α 1 + α 2 )n 2 + 1 2 (α 1 -α 2 )ρ 2 c n 2 -2∆ρ c n -µn @PFSUA
where ∆ = g X |X| 2 µ B B z /2 with g X the exiton vndé gEftorD µ B the fohr mgE netonD X the exitoni frtion nd B z the mplitude of the pplied mgneti (eldF he sttionry solutions of the funtionl E = drI(n, ρ c ) re given y the following iulerEvgrnge equtionsX

∂I ∂ρ c = 0 ⇐⇒ ρ c (α 1 -α 2 )n 2 -2∆n = 0 @PFSVA ∂I ∂n = 0 ⇐⇒ (α 1 + α 2 )n + (α 1 -α 2 )ρ c n -∆ρ c -µ = 0 @PFSWA
hereforeD we n then distinguish three di'erent regimesX 56
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IF sf there is no externl (eldD ∆ = 0D @PFSVA gives ρ c = 0D the ondenste is ompletely linearly polrized nd the hemil potentil is µ = (α 1 + α 2 )n/2F @this development is equivlent to the previous one where we strt from q equtionAF PF sf wek (eld is ppliedD @PFSVA gives ρ c = 2∆/(α 1 -α 2 )nD the ondenste is elliptically polarizedF he hemil potentil given y @PFSWA is still µ = (α 1 + α 2 )n/2F heres the polriztion of the ondenste hs hngedD its ground stte energy does notF QF et the ritil (eld

∆ C = (α 1 -α 2 )n/2D ρ c = 1D the ondenste eomes
circularly polarizedF eove this ritil (eldD repling ρ c = 1 in @PFSWA llows to (nd the new hemil potentil µ = α 1 n-∆ whih is now linerly dependent on the externl eemn (eldF his peulir response to n externl mgneti (eld is diretly linked with the spin nisotropi hrter of polritonEpolriton intertionsF sf α 1 = α 2 the intermedite region where the externl eemn (eld is ompensted y the one indued y the intertions is not presentF he presene of these three regimes orresponding to di'erent ondenste polriztions hs to e kept in mind for the study of therml equilirium fogoliuov exittions when n externl (eld is pplied IWRF uh study of elementry exittions in polriton grphene will e presented in setion RFIF

Quasi-resonant injection

e seond importnt wy to rete polritons is the qusiEresonnt injetionF sing this tehniqueD one n diretly rete mrosopilly oupied nd oherent sttes t ny energyD momentumD density nd with the pseudospin stte ontrolled y the polriztion of the pumpF sn the menE(eld pproximtionD qusiEresonnt exitE tion n e desried y driven dissiptive qrossEitevskii eqution whih in the spinless se redsX

i ∂ψ ∂t = - 2 2m ∇ 2 -i 2τ + α 1 |ψ| 2 ψ + P @PFTHA
where P = F p e i(kp.r-ωpt) represents the externl pump drive with F p (r, t) the pump pro(leD nd i /2τ enodes the losses due to the (nite polriton lifetime τ F he energy nd wvevetor of the reted mrooupied stte re given y the pump term k p nd ω p F gontrry to the qrossEitevskii eqution the ove eqution desries system out of therml equilirium nd there is no wellEde(ned hemil potentil µF he spetrum of elementry exittions on top of homogeneous ondenste n e found in similr mnner y injeting in iqF @PFTHA the nstzX ψ(r, t) = e i(kp.r-ωpt) ψ s + ue i(k.r-ωt) + v * e -i(k.r-ω * t) @PFTIA pigure PFUX Elementary excitations of a driven mode for k p = 0. ed lines δ = 0D lue lines δ = 0.5αn @ ω p = 1.5αnAD flk lines δ = -0.5αn @ ω p = 0.5αnAF

where ψ s is the sttionry prt of the wvefuntion whih is given yX

2 k 2 p 2m -i 2τ -ω p + α 1 |ψ s | 2 ψ s + F p = 0 @PFTPA
he form of the ove nonliner sttionry eqution eqution leds to possile istle ehviour of the sttionry solution ITVD IWSF @sn some prmeter rngeD two sttionry solutions orresponding to two di'erent popultions re ville for given pump term F p FA he exittion dispersions re found fter the sme lineriztion proedure thn in PFIFQ nd gives for homogeneous vertil pump @k p = 0AX

ω 1,2 = ω p -i τ ± (E(k) -ω p ) 2 + α|ψ s | 2 [4(E(k) -ω p ) + 3α|ψ s | 2 ] @PFTQA with E(k) = 2 k 2 2m D |ψ s | 2 =
nF ome exmple of spetr re represented on (gure PFU for di'erent pump energiesF hi'erent on(gurtions re hievle depending on the detuning etween the pump mode nd the renormlized vf rnhX δ = ω p -(E(0) + α|ψ s | 2 )F hen δ > 0 the dispersion exhiits )t prt ner k = 0 ssoited with nonEzero imginry prt of the squre root whih n led to instilities if the imginry prt of the dispersions eomes positiveF sf δ < 0 gp is opened etween the two fogoliuov rnhes @lk linesAF hen δ = 0D tht isD when the detuning ompenstes extly the intertion energy αn one reovers the liner fogoliuov dispersion s in the therml equilirium se @see pigF PFQAF he ove pproh with nonEzero k p hs een used in refF IUI to theoretilly study polriton super)uidity in terms of the vndu riterionF polariton Physics pigure PFVX Micropillars and polariton molecules. @A ingle miropillr snE ning eletron mirosope imgeD red lines sketh the quntum well positions in the vity @greenAF @A gorresponding ngleEresolved photoluminesene spetrum showE ing the ground stte @sA nd the (rst exited @pA Hh on(ned modesF @A iw imges of polriton moleulesF @A hotoluminesene spetr showing the hyridistion of sEsttes s funtion of the distne etween the enters of the two miropillrsF @dA wesured @lultedA emission pttern for the onding ntiEonding s modesF @pnels @DA dpted from refF IWV nd @DdDeA from refF IWWA he drivenEdissiptive q eqution n e generlized to the spinor se whih yieldsX

i ∂ψ + ∂t = - 2 2m ∇ 2 - i 2τ + + α 1 |ψ + | 2 + α 2 |ψ -| 2 ψ + + β(∂ x -i∂ y ) 2 ψ -+ P + @PFTRA i ∂ψ - ∂t = - 2 2m ∇ 2 - i 2τ -+ α 1 |ψ -| 2 + α 2 |ψ + | 2 ψ -+ β(∂ x + i∂ y ) 2 ψ + + P -@PFTSA
where in generl τ + = τ -= τ nd the pump polriztion is ontrolled experimenE tlly (P + , P -) T F he inlusion of polriztion degree of freedom implies more omplex ut lso interesting ehviourF por exmpleD it hs led to the predition of polriztion multistility of the sttionry solutions IWTF e detiled theoretil study of stility of the driven mode s well s of the elementry exittion spetr negleting iEw splitting @β = 0A for di'erent pump polriztion on(gurtions n e found in refF IWUF

Potential engineering

ith the development of nnotehnology nd rystl growth tehniquesD the onE trol of semiondutor mirovity environment hs inresed signi(ntly the lst pigure PFWX Cavity lattices. @AE@A iw imges of honeyom nd vie vity ltties respetivelyF @A inergy resolved photoluminesene spetrum in the honE eyom lttieF sEnds nd pEnds emerging from oupling etween single pillr ground stte nd (rst exited stte re highlightedF @AE@A dpted from refF PHHD @A from refF PHI dedesF xowdysD di'erent tehniques re ommonly used in experiments to reE te potentil lndspes for polritons suh s metl deposition on the top of the smpleD mirovity ethingD pplition of surfe ousti wvesD nd optilly indued trps thnks to the exitoni reservoirs PHPF he deep ething tehnique is prtiulrly interesting euse it llows to hieve very high on(nement of light ndGor polritons in ritrry shpe potentil @t lest in qes smples where this pproh is well ontrolledAF por exmpleD one n hieve Hh on(nement in miropillr struture with disrete photoni sttes s shown in (gure PFV@DAF henD severl miropillrs n e oupled to uild photoni moleulesD the oupling strength eing ontrolled y the distne etween pillr enters pigF PFV@DdDeAF his proess n e generlized towrd lttie enE gineering s shown in (gure PFWF en interesting spet of using ltties of oupled photoni miropillrs is tht the tightEinding desription is very good pproxiE 60 Chapter 2. Introduction to Bose-Einstein condensates and cavity polariton Physics mtion PHHD PHQD IWVD PHIF his is well understndle y ompring the energy sles of (gures PFV@A nd PFW@A demonstrting the s nd pEnds emergene due to the hyridistion of the orresponding quntized sttes in single pillrF sn ftD this ility of experimentlists to uild high qulity rti(il ltties @lso well developed in old tom systems PHRA is one of the min motivtions of the work presented in this thesisF 

Photonic versus electronic quantum anomalous Hall eect

es we hve seen in the (rst hpterD the disovery of the quntum rll e'et QH nd its explntion in terms of topology PWD QP hve refreshed the interest to the nd theory in ondensed mtter physis leding to the de(nition of new lss of insuE ltors RD SF hey inlude quntum nomlous rll @erA phse with roken time reversl @A symmetry RQD TUD TV nd quntum spin rll topologil insultors with onserved symmetry RRD VHD VIF he r e'et ws initilly predited to our in honeyom ltties euse of the intrinsi pinEyrit goupling @ygA of the toms forming the lttieD wheres the extrinsi sh yg is detrimentl for r RRD UUD UVF yn the other hndD the lssil nomlous rll e'et is now known to rise from omintion of extrinsi sh yg nd of n e'etive eemn (eld PHSF sn Ph lttie with hir ones it leds to the formtion of er phse TVD PHTD for whih the intrinsi yg is detrimentl PHUD PHVD PHWF sn the lrge sh yg limitD this desription ws found to onverge towrds n extended IWVV rldne model PHUF sn photonisD shEtype yg nnot e implemented for symmetry resonsD ut nother e'etive inEplne yg is indued y the energy splitting etween the i nd w modesF sn plnr vitiesD the relted e'etive mgneti (eld hs winding numer P @insted of I for sh ee eF PFPFIFPAF st is t the origin of very lrge vriety of spinErelted e'etsD suh s the optil spin rll e'et ITHD ITID ferry phse for photons PIHD nd the genertion of topologilly proteted spin urrents in polritoni moleules PIIF he omintion of iEw yg nd eemn (eld in honeyom lttie hs indeed een found to yield er phse PIPD PIQD PIRD PISD PITD PIUD nd the orresponding model is relted to the seminl rldneEghu proposl VQ of photoni ghern insultor ee lso eF IFRFID whih it reovers in the limit of lrge iEw ygF sn this setionD we disuss two models towrd the quntum nomlous rll e'et in honeyom ltties sed on the omintion of eemn splitting nd spinEorit ouplingF his reipe hs een used independently to predit the ourrene of eri in eletroni grphene TV nd in its photoni nlog PIPF e show the role plyed y the winding numer of the yg on the er phsesF e estlish the omplete phse digrm for oth the photoni nd eletroni grpheneF sn ddition to opposite C n in the lowE(eld limitD we (nd the photoni se to e more omplexD showing topologil phse trnsition sent in the eletroni systemF where Ĥ0 is the nerestEneighour honeyom Ef rmiltoninD ĤZeeman enodes the onEsite eemn (eldD nd ĤSOC stnds for the spinEorit oupling whih n e written respetivelyX

Ĥ0 = -J i,j,σ a σ † R i b σ R i +d j + b σ † R i +d j a σ R i @QFPA ĤZeeman = i,σ σ∆ a σ † R i a σ R i + b σ, † R i +d j b σ R i +d j @QFQA
with J is the tunnelling oe0ient etween nerest neighour miropillrs @tomsA nd ∆ is the eemn splittingF σ = ± is the spin indexF he yg prt n e writtenX ĤRashba = -λ e i,j

e iφ j a + † R i b - R i +d j -e -iφ j a - † R i b + R i +d j -e -iφ j b + † R i +d j a - R i + e -iφ j b - † R i +d j a + R i @QFRA ĤT E-T M = -λ p i,j e i2φ j a + † R i b - R i +d j + e -i2φ j a - † R i b + R i +d j +e -i2φ j b + † R i +d j a - R i + e i2φ j b - † R i +d j a + R i @QFSA
where d j re the links etween nerestEneighours nd φ j = 2π(j -1)/3 their ngle with respet to the horizontl xis @1 ≤ j ≤ 3D s de(ned in pigF IFPAF λ e nd λ p re the mgnitudes for the sh @eletroniA nd iEw @photoniA indued yg respetivelyF xote tht λ p is de(ned y the di'erene of tunnelling etween longitudinl nd trverse polrized photons λ p = (J L -J T )/2 = δJ @oth nottions λ p nd δJ will e used in the following setionsAF his representtion @equivlent to formul @IFWHA up to sign for sh ygA llows to diretly see tht nonEzero yg implies some omplex tunnellingD similrly to wht hppens with n externl mgneti (eld in rrperElike models or in the IWVV rldne modelF rereD the yg ts s n e'etive inEplne mgneti (eld on the spin degree of freedom nd n dditionl onEsite eemn term is required to open ndgpF he resulting momentum spe rmiltonin for eletroni PIV nd photoni yg PIW is 4 y 4 mtrix written on the sis

(Ψ + A , Ψ - A , Ψ + B , Ψ - B )D
where A nd B lels stnd for the lttie tom type nd ± for the prtile spinX pigure QFIX @A olritoni miropillr shemeD @A polritoni grphene shemeF ulittivelyD the ruil di'erent φ dependenes of the tunneling f ± k,i re due to the di'erent winding numers of the sh nd iEw e'etive (elds in the re Ph systems see egF pigF PFTF 3.1.2 Phase diagram of the photonic and electronic QAH ithout eemn (eld @∆ = 0AD the digonliztion of these two rmiltonins gives four rnhes of dispersionF xer K nd K pointsD two rnhes splitD nd two others intersetD giving rise to soElled trigonl wrping e'etD nmely the pE perne of three extr hir rossing points see pigF QFQ@DdA nd pigF QFS@AF e Qh zoom of the energy (ne struture ner the K point is presented in (gure QFPF his e'et known to our in monolyer grphene due to the presene of sh PPH or iEw PIW ygs is similr to wht hppens in spinless fernl stked ilyer grphene PPID PPPD PPQ nd its trigonl shpe is due to the onserved threeE fold rottionl symmetry of the honeyom lttieF @he denomintion of 4trigonl wrping4 is lso used in spinless grphene to designte the tringulr shpe of the dispersion when getting wy from K pointF elong this thesis this denomintion will lwys refer to the ourrene of Q dditionl hir onesFA he di'erenes etween the two rmitonins in the whole frillouin zone re lerly visile on the (gures QFQ@EdA whih show Ph view of the Pnd rnh spin polriztions @DA nd energies @DdAF yn the pnels @DAD we see the di'erene of the inEplne winding numer round Γ @w Γ,e = 1 for sh nd w Γ,p = 2 for iEw ygAF eround K pointsD the iEw yg texture eomes hresselhusE like with winding w K,p = -1 wheres sh remins sh with w K,e = 1F sn oth ses the winding numers round the K nd K points hve the sme sign whih implies tht the ssoited ferry urvtures in the two vlley will dd to eh others nd give nonEzero ghern numers in oth models when will e rokenF yn the pnels @DdAD one n lerly oserve the formtion of smll tringles ner the hir pointsD the verties of these tringles orresponding to the rossing points pigure QFPX Trigonal warping. Qh oom of the (ne energy struture ner K point showing the emergene of three dditionl hir onesF with the third energy nd ee pigF QFPF e n oserve tht the verties re oriented long the K -K diretion for iEw yg nd rotted y TH • @K -Γ diretionA for the sh yg seD smll detilD whih hs ruil onsequenes for the topologil phse digrmF he topologil hrter of these rmiltonins with the pperne of the er e'etD ssoited with C n = ±2 due to the dditivity of the K nd K ontriutions to the ferry urvtureD hs lredy een suggested nd disussed y deriving n e'etive rmiltonin lose to the K point in di'erent limits for oth the eletroni TVD PHU nd photoni ses PIQD PIPF roweverD the presene of other topologil phse trnsitions due to dditionl degeneries ppering in other points of the (rst frillouin zone ws not hekedF he (gure QFR shows the digrm of topologil phses of oth models versus the yg nd eemn (eld strengthF he di'erent phses re hrterized y the nd ghern numers C n tht we lulte using the stndrd gugeEindependent nd stle tehnique of PPRF e remind tht hnge of C n is neessrily ompnied y gp losingF yviouslyD these phse digrms re symmetri with respet to ∆ = 0 @with inverted signs of C n for the negtive prtAF et low ∆D oth models re hrterized y C n = ±2D s lredy estlishedF roweverD we point here tht their C n signs re opposite due to the opposite winding of their yg round K pointsF pigure QFS@A shows the orresponding nd struture for the photoni seD where the doule pek struture round K nd K D rising from the trigonl wrping e'et nd responsile for the C n vlueD is lerly visileF snresing either the yg or the eemn (eld shifts these nd extremF sn the photoni seD the nd extrem (nlly meet t the M pointD whih mkes the gp loseD s shown on the 66 Chapter 3. Single particle topological eects in honeycomb lattices pigure QFQX @A nd @A pin polriztion textures in the presene of iEw nd sh ygD respetively @seond rnhAF hite rrowsX he inEplne spin projetionF @A nd @dA hispersions for iEw nd sh ygF he trigonl wrping ppers in di'erent diretionsF @∆ = 0D λ e = λ p = 0.2JAF pigure QFRX Topological phase diagrams. @A for the iEw yg nd @A for the sh yg with n pplied (eld ∆F ih phse is mrked y the C n of the ndsF (gure QFS@AF he ritil eemn (eld vlue t whih this trnsition tkes ple n e found nlytillyX ∆ 1 = J 2 -4λ 2 p F snresing the (elds further leds to n immedite reEopening of the gp with the C n pssing from CP to EI for the vlene ndF his se is shown on the (gure QFS@dAD where one n lerly see tht the numer of nd extrem is twie smller thn on QFS@AF his phse trnsition is entirely sent in the eletroni se euse of the di'erent orienttions of the trigonl wrpingF snresing the (eld even further leds to seond topologil trnsition this time present in oth models nd ssoited with the opening of two dditionl gps etween the two lower nd two upper rnhes @in the middle of the 4ondution4 nd nd of the 4vlene4 ndD orrespondinglyAD s shown on the (gure QFS@dAF his trnsition risesD when the minimum energy of the seond rnh t the Γ point is equl to the mximl energy of the lowest nd t the K pointD nd thus the system of P nds @eh ontining P rnhesA is split into R nds @eh ontining single rnhAF he orresponding trnsition in the photoni se ours when the eemn splitting isX

H k,i = ∆σ z F k,i F † k,i ∆σ z , F k,i = - f k J f + k,i λ i f - k,i λ i f k J @QFTA he omplex oe0ients f k nd f ± k,i re de(ned yX f k = 3 j=1 e (-ikd j ) , f ± k,e = ± 3 j=1 e (-i[kd j ∓φ j ]) @QFUA f ± k,p = 3 j=1 e (-i[kd j ∓2φ j ])
∆ 2 = 3(J 2 -λ 2 p ) 2J
F he lst topologil phse trnsition ours when the middle gp loses t the Γ point for ∆ 3 = 3J nd then reopens s trivil gpD wheres the two other ndgps re still topologilF 68 Chapter 3. Single particle topological eects in honeycomb lattices pigure QFSX Dispersion of photonic graphene for dierent Zeeman elds. @A ∆ = 0D @A ∆ = 0.5JD @A ∆ = ∆ 1 = J 2 -4λ 2 p D @dA ∆ = 1.5JF @λ p = 0.2JAF he di'erent gps re shown in grey with the vlues of the ssoited gp ghern numers @lso known s rll numersD nmely the sum of the ghern numers ssoited with the nds elow the nd gpX C = C n D ssoited with the quntized ondutne @IFRPA in eletroni systemsAF 3.2. Quantum valley Hall eect 69 3.1.3 Conclusions and other lattices he ove study hs llowed to mke ridge etween the quntum nomlous rll e'et for light nd for eletronsF sndeedD the tightEinding pproh llows to onsider iEw splitting s photoni yg nd to diretly ompre it to the sh yg in eletroni systemsF heres the ddition of eemn term leds to the opening of topologil gp in oth systemsD we hve highlighted their di'erE ent topologil phse digrms nd interpreted it s onsequene of the di'erent windings of the two ygsF his type of er sed on the omintion of inEplne yg nd eemn (eld n e extended to other lttie geometries in PhF por exmpleD ugome lttie hs een onsidered theoretilly oth for eletrons PHV nd photons PIUF imilr phse digrms ould e determined in these systems tooF st is interesting to note howeverD tht the ove ingredients do not led to er phse for vie lttiesF his n e understood s followsX due to the squre symmetryD the resulting f ± k oe0ients re relF es onsequeneD there is no inE plne winding of the spin eigensttes in momentum spe ontrry to the honeyom se pigF QFQ @DA whih is ruil to hieve nonEzero ghern numers when eemn (eld is ddedF hi'erent wys n e used to void this prolemF sn the eletroni se it hs een shown tht dding the intrinsi yg @whih ppers s seondEneighour hopping termA in the model n led to ndgp opening with nonEzero ghern numers PPSD wheres disloted vie lttie hs een onsidered in the photoni se PPTF pinllyD the experimentl oservtion of the polriton ghern insultor in honE eyom lttie hs een limed very reently PPU @fter the thesis defeneAF 3.2 Quantum valley Hall eect he presene of two vlleys round K nd K point in grphene llows to de(ne vlley pseudoEspinF sn stggered honeyom lttieD A nd B sites hve n energy di'erene TRD QU 2∆ AB F sn suh seD gp opens in the dispersion nd the system eomes insultingF he presene of this gp omined with the opposite winding of the inEplne (eld round K nd K points leds to the ourrene of opposite ferry urvture in the two vlleysF his peulir rmiltonin is relized in nture y severl rystlline struturesD suh s the trnsitionl metl dihlogenide @whA nd oron nitride monolyers PPVD PPWF e lrge prt of the unique properties of this lss of Ph mterils is due to the lol ferry urvture of their nds ner the K nd K points nd to the relted oritl momentF por instneD it imposes spei( optil seletion rulesF ynly irulrlyEpolrized σ + light n e sored y the K vlley trnsitionD while only σ -light is sored y the K vlley trnsition PQHD PQIF he vlley dependent ferry urvture is lso t the origin of the vlley rll e'et PQPD PPVD PQQ reently oserved experimentlly in wo 2 PQR where eletronsD elerted y n eletri (eldD experiene vlleyEdependent ferry urvture provoking vlleyEdependent pigure QFTX @A igzg interfe etween two wh ltties with opposite stggering potentils giving rise to zero lines modes nd quntum vlley rll e'et with proper hoie of prmetersF @A tggered honeyom ltties n e mde out of ethed plnr mirovitiesF he pnel shows top view of suh lttieF ih sulttie @A/BA is omposed of Hh vities @miropillrsA with di'erent rdiusF drift perpendiulr to the elertion diretionD whih leds to sptil seprtion of vlley eletronsF sn this setionD we introdue the quntum vlley rll e'et ourring t the interfe etween two opposite stggered honeyom lttiesF e use the tightE inding pproh hving in mind the possile reliztion in photoni system mde of oupled miropillrs PHHF sndeedD in this system the energy di'erene etween A nd B sites @linked with the gp sizeA should e esily ontrolled y tuning the pillr dimetersF sn the seond prtD tking dvntge of this rti(il system we emphsize tht shrp interfe n e repled y wide one without 'eting the presene of the hirl vlley polrized interfe modesF iven if not very originlD this setion is strting point for the next setion where we inlude the iEw photoni yg nd to the next hpter where we present study of vortex exittions in this systemF

Valleys topological charges

he spinless tightEinding floh rmiltonin desriing stggered honeyom lttie redsX

H k = ∆ AB -Jf k -Jf * k -∆ AB , f k = 3 j=1 exp (-ikd φ j ) @QFVA
where 2∆ AB is the energy di'erene etween the ground sttes of A nd B pillrs nd J is the nerest neighours tunnelling oe0ientF he lineristion of @QFVA round K nd K points yieldsX

H K,K = v f (τ z q x σ x + q y σ y ) + ∆ AB σ z @QFWA
where τ z is the vlley index @τ z = ±1 t K nd K respetivelyA nd v f = 3aJ 2 is the permi veloity de(ned in term of the tightEinding prmetersF e nonEzero ∆ AB leds to the opening of nd gp nd indues opposite ferry urvtures round K nd K pointsD whih for the vlene nd redsX

B z (q) = τ z 9a 2 J 2 ∆ AB (4∆ 2 AB + 9a 2 J 2 q 2 ) 3/2
@QFIHA @ee lso iqF @QUA of refF QW for formul de(ned on the whole fAF sf ∆ AB is smllD the ferry urvture is strongly onentrted round K nd K D whih llows to introdue vlley ghern numer QUD PQS C K,K = 1 2π B z (q)dq y nlogy with the spin ghern numerD whih is linked to the Z 2 topologil invrint hrterizing the quntum spin rll e'et @riA UQF rere this gives C K,K = ± 1 2 F he totl ghern numer of the nd C = C K + C K is therefore zero nd this system is trivial insultorF he )exiility of rti(il systems llows to relize stggered grphene ltties with ny sign of ∆ AB F he sheme proposed here is therefore to uild n interfe etween two wh nlogs with opposite energy nd gps @∆ AB < 0 for x < 0 nd ∆ AB > 0 for x > 0A s (rst proposed theoretilly in PQTF sn this situtionD one n predit the presene N of gpless modes in eh vlley on the interfe y omputing the di'erene of the vlley ghern numers ross itX

N K,K = C K,K (l) -C K,K (r) = ±1 @QFIIA
where l nd r stnd for the left nd right domins PQUD PQVF sn the ontinuous limit used hereD N is topologil hrge used to hrterize zeroEline modes etween two Ph hir vu with inverted mss gps PQWF sn honeyom lttiesD there re two inequivlent vlleys with hir dispersionsD leding to two gpless modes @one for eh vlleyA t the interfeF Note: st is importnt to keep in mind tht the de(nition of the vlley ghern numE ers C K is deeply linked with the ontinuous limitF wthemtillyD this ojet is di'erent from the rel ghern numer introdued in the (rst hpter @iqF @IFQVAA whih is otined y integrtion of the ferry urvture over closed surfe @the whole frillouin zoneAF sn this senseD the vlley ghern numer is not true topologiE l invrintF roweverD this limit is prtiulrly useful here euse it llows to use the domin wll topologil hrge to predit the vlley gpless modesF yf ourseD this pproh is only vlid for systems with well de(ned vlleysF pigure QFUX @A ion dispersion @golors represent loliztion on the interfe @redA nd on the edges of the struture @lueAAF @A gorresponding inEgp interfe wvefuntion solute vlues projetion on the trnsverse @xA diretion for K @solidE lkA nd K @dshedEredA vlleysF @tggered potentilX ∆ AB (r) = -∆ AB (l) = 0.1JA

Ribbon of coupled zig-zag chains

o hek the ove predition we ompute the dispersion of rion with suh interfe @whih n e onsidered s domin wllA long the zigzg diretion @see sheme pigF QFT@AA using the tightEinding pprohF o ompute the interfe or edge sttes spetr in the Ef pproximtionD we onsider rion of x oupled zigEzg hinsF sn this on(gurtionD the floh rmiltonin in the sis of floh wves ψ A/B,m (k y ) @where the index m numertes the hinsA n e written s (d × N ) × (d × N ) squre mtrix to digonlize @xoteX the sme method hs een used to evidene interfe sttes inluding spin degree of freedom nd to ompute the fogoliuov edge sttes in the next hpterAX 

H ky =                  D ky S ky 0 . . . 0 0 0 S †
D ky                  @QFIPA
where the dimension d nd the form of the loks D ky nd S ky depend on the system under onsidertionF he digonl loks D ky desrie nerestEneighour oupling within one in(nite zigEzg hin nd the sudigonl nd superdigonl loks S † ky nd S ky enode the oupling etween di'erent hinsF por grphene without spin degree of freedom these loks will e of dimension d = 2 @d = 4 if the spin is tken into ount s in the next setionD nd d = 8 for the fogoliuov mtries with spin degree of freedom tht we study in the next hpterAF por the stggered grphene seD one hs

D ky = ∆ AB -Jf ky -Jf * ky ∆ AB , S ky = - 0 0 J 0 @QFIQA
where f ky = 2 j e -ik.d j F rereD the summtion is only on the two nerest neighour inside zigEzg hinD the third neighour tunnelling eing inluded in the oupling lok S ky F e onsider rion of size L onstruted with N = 128 oupled zigzg in(nite hinsD the interfe is loted in the middle of the rion @∆ AB < 0 when m ≤ N/2 nd ∆ AB > 0 when m > N/2 AF he dispersion of the full rion is plotted in pigF QFU@AD where the interfe sttes re shown with red nd the rel oundry modes re shown with lue @oth for left nd right edgesD whih re degenerteAF he ltter re nonEdispersiveD onneting the extrem t the top of the vlene ndF yn the other hndD the interfe modes @redA re dispersiveF hey onnet the vlene nd the ondution nd in eh vlleyD with group veloities opposite in the two vlleysF reneD these gpless modes re ssoited with r urrent on the interfe PQTD PQUD PRHF he overlp of the wvefuntions of the interfe sttes @orresponding to the wvevetors K nd K A in rel spe in the diretion perpendiulr to the interfe is perfetD s shown in pigF QFU@AF his implies tht these sttes re not topologilly proteted ginst sttering on defet etween the K nd K vlleysF sn eletroni systemsD the prtil rgument whih is put forwrd is tht in su0iently len sysE tems this kind of ksttering tends to e negligile euse of the reltively lrge distne etween the two vlleys in momentum speF xonethelessD the presene of strong defets suh s tom vnies will led to the formtion of lolized sttes PRI nd rek the propgtionF his rguments fils in photonisD sine the vlleys reD on the oppositeD relE tively lose in reiprol speF ynly some spei( defet shpesD suppressing the sttering in prtiulr diretions nd thus suppressing the oupling etween the vlleysD would keep the vlley urrent unperturedF yn the other hndD rndom disorderD suh s the vrition of the pillr dimeter in miropillr lttiesD or the vrition of the hole size in photoni rystl sls ertinly indues n importnt sttering etween the vlleysF sn the susetion QFQFQD we demonstrte the E sene of topologil protetion for the vlley urrent in the ri y simulting the sttering on lolized defetF pigure QFVX ightEinding dispersions of zigzg rionsF @A IH zigzg hins of regE ulr honeyomD @A wide interfe @IH unstggered hinsA etween two stggered honeyom with sme stggering potentilD @AE@dA snterfe etween two stggered honeyom with opposite stggering potentil onstituted of IH nd PH unstggered hins respetively @∆ AB = ±0.25JA

Interface width impact

sn rti(il systemsD one ould reple the shrp interfe y n extended y dding regulr zigzg hins @∆ AB = 0A etween the two domins @∆ AB > 0 nd ∆ AB < 0AF sn suh seD do we still hve the gpless vlley modesc o eluidte this questionD we onsider rions of oupled in(nite zigzg hins in the tightEinding pproximtion for severl on(gurtionsF he lulted projeted dispersions re plotted in pigF QFVF golors orrespond to loliztion t the edge @lueA or t the enter @redA of the rionF sn pnel @AD we plot the dispersion of IH oupled regulr zigzg hins @∆ AB = 0A surrounded y vuumF his is not n interfeD ut just plin grphene rionF es expetedD the dispersion is gplessD with )t edge sttes onneting the two vlleysF por other pnelsD this rion is inserted etween two stggered honeyom lttiesF por thisD we onsider rion of totl numer of oupled zigzg hins N = 128 with di'erent domins insideF sn pnels @AE@AD the interfe ontins IH zigzg hins with ∆ AB = 0D wheres the domins on oth side re stggered @∆ AB = ±0.25JA with the sme @A or opposite @A stggering potentil F sn the se where the stggering is the sme on oth sidesD the system is fully isoltingD even in the entrl regulr honeyom region @red urvesAD where gp is opened due to the oupling of the grphene stripe to the two stggered dominsF sn the se where we hve opposite stggering on eh side of the interfe @pnel @AA the hirl modes rossing the gp re still presentF his mens tht the domin wll topologil invrint N K,K = ±1 de(ned in the previous susetion nd the orresponding resoning prediting the existene of the interfe sttes re still vlid when the interfe width is inresedF sf we inrese the interfe region furtherD the energy ndgp in this entrl region remins open @exept the single interfe mode rossing itA nd there is still single mode rossing the gp in eh vlleyD s predited y the topologil rgumentsF pinllyD nother exmple for n interfe of PH zigzg hins is plotted in pnel @dAF 3.2.4 Discussion hile it is possile to invert rel wh lttie simply y turning the Ph sheet upE side downD the interfes etween two inverted ltties nnot e formedD euse they would orrespond to metlEmetl or hlogenideEhlogenide hemil ondsF st seems therefore very di0ult to otin nd study hirl sttes t suh interfesF everl theoretil works hve proposed to use ilyer grphene systemsD where tunle gp n e opened y pplying is voltge PPID PRP to orgnize these interfe sttes PQUD PRQD PQSF ghirl vlleyEpolrized edge sttes re lso predited in these systems due to the oupling etween the two lyers with potentil di'erE ene PRRF he signture of the existene of the interfe modes hs een reported experimentlly in the ilyer system PRS nd the study of vlley polrized edge sttes or ri is nowdys reserh (eld in severl ondensed mtter systems PRTD PRUD PHWD PRVF wh nlogs n lso e relized using old toms in optil lttiesD or y oupling optil resontorsF sn the ltter seD ferry urvture n e proed y resonnt exittion of the hir point in momentum spe nd mesurement of drift of the wve pketD whihD howeverD is predited to e reltively smll PRWF eentlyD photoni quntum vlley rll e'et in photoni rystl sls PSHD PSID PSPD PSQ hs een theoretilly desriedF yservtion of suh photoni interfe sttes hve een reported reently in di'erent pltforms PSRD PSSD PSTD PSUF sn some of these worksD the uthors hve hosen to use the lel quntum spin rll e'et or photoni topologil insultorF e wnt to stress tht the e'etive rmiltonin relted to these systems is similr with the one shown in the previous prgrphD whih llows to orgnize interfe sttes nd not surfe sttes nd reltes to the zero line modes due to domin wll etween two opposite quntum vlley rll phse rther thn to the quntum spin rll e'etF imilrly with the 76 Chapter 3. Single particle topological eects in honeycomb lattices se we presentD the interfe urrent re sujet to disorder indued interEvlley stteringF 3.3 Photonic quantum valley Hall eect and perfect valley lter sn susetion QFQFID we onsider the impt of the splitting etween i nd w optil modesD whih is inherent to vityEsed photoni systems whih ws not onsidered eforeF e show tht the mgnitude of the splitting llows to tune the diretion of propgtion nd numer of interfe modesF sn susetion QFQFPD we propose sheme to uild perfet vlley (lter y using domin wll etween er nd r phses using mixed lightEmtter exitonEpolriton qusiEprtilesF pinllyD some numeril simultions eyond Ef pproximtion re presented in QFQFQ to illustrte nd on(rm the previous prgrphsF 3.3.1 QVH with TE-TM photonic SOC e now inlude the light polriztion degree of freedom nd the soElled iEw spinEorit oupling PIQ in our modelF he rmiltonin eomes 4 × 4 mtrix PIW written here in the

Ψ + A , Ψ - A , Ψ + B , Ψ - B sisF H qvh = ∆ AB I F k F † k -∆ AB I , F k = - f k J f + k δJ f - k δJ f k J @QFIRA
where δJ is the spin orit oupling @δJ = λ p A strength nd f ± k oe0ients re de(ned yX f ± k = 3 j=1 exp (-i[kd φ j ∓ 2φ j ])F he de(nition of vlley ghern numer when spinEorit oupling is present is not strit euse the yg rings n dditionl ontriution to the ferry urvture of eh ndF roweverD if the vlleys re still energetilly de(ned @whih mens tht they re lerly visile in the dispersionAD nd the two stggering potentils on eh side of the interfe re extly invertedD the di'erene etween vlley ghern numers N K,K is lwys well de(ned integerF

Valley topological charges: analytical results

o demonstrte tht the di'erene etween the vlley ghern numers remins inE tegerD we ompute nlytilly the topologil hrges of the vlleys in stggered honeyom lttie with iEw ygF por this purpose we derive n e'etive lowE energy rmiltonin to desrie the low energy nds @losest to the entrl gpA in given vlleyF sndeedD 2 × 2 rmiltonin with prtileEhole symmetry n e written s superposition of uli mtriesX H ef f = h. σ where h is n e'etive mgneti (eldF sing this nottionD the ferry urvture n e omputed usingX B z dq orrespond to the winding numer of the pseudospin on the floh sphere whih is equivlent to the ghern topologil invrint for 2 × 2 rmiltoninsF sn order to use the ove pitureD we need to redue the numer of sttes in the sis of our systemF pirstD we linerize the 4 × 4 rmiltonin de(ned ove round the K point @0, 4π 3 √ 3a AF sing the new oordinte q = (k -K)D we rewrite it in the sis Ψ + A , Ψ - B , Ψ - A , Ψ + B where A/B nd ± re the sulttie nd spin indies respetivelyF

Ω xy = B z = 1 2|h| 3 h.(∂ qx h × ∂ qy h) @QFISA
H qvh,K =     ∆ AB -3aδJ 2 (q y -iq x ) 0 3aJ 2 (q y + iq x ) -3aδJ 2 (q y + iq x ) -∆ AB 3aJ 2 (q y -iq x ) 0 0 3aJ 2 (q y + iq x ) ∆ AB -3δJ 3aJ 2 (q y -iq x ) 0 -3δJ -∆ AB     @QFITA
he ft tht some spinEorit oupling term ppers liner in q nd the others re onstnt in the ove linerized rmiltonin @QFITA is reminisene of the threefold rottionl symmetry of the honeyom lttieF sf ∆ AB = 0D the onstnt oe0ients -3δJ de(ne the splitting etween the inner nd the outer rnhes t q = 0 wheres the oe0ients liner in q re ssoited with the ourrene of three dditionl hir rossing etween the inner rnhes @trigonl wrpingX see pigF QFPAF H qvh n e written in the lok formX

H qvh,K = H 1 T T H 2 @QFIUA
where H 1 , H 2 , T re 2 × 2 mtriesF e re interested in the two rnhes losest to the gp @the inner rnhes of the dispersionAF he perturtion theory is pplile if the high energy rnhes re su0iently fr wyD whih mens δJ ∆ AB F sing the perturtion theoryD one n derive n e'etive 2 × 2 rmiltoninX

H ef f = H 1 -T H -1
2 T F sn the followingD we re interested in two di'erent limitsX when δJ J nd when δJ ∼ JF sn the (rst limitD one n neglet the term ∼ δJq @orresponding to neglet the trigonl wrping PIWAF he e'etive rmiltonin n then e written sX

H (1) K,ef f = ∆ AB 0 0 -∆ AB + 1 ∆ 2 AB + 9δJ 2 9a 2 J 2 ∆ AB 4 q 2 27a 2 J 2 δJ 4 (q y + iq x ) 2 27a 2 J 2 δJ 4 (q y -iq x ) 2 -9a 2 J 2 ∆ AB 4
q 2 @QFIVA hue to the sene of the terms ∼ δJqD when ∆ AB = 0 the energies re two inverted prol degenerte t q = 0F e similr development round K @0, -4π 3 √ 3a A llows to otin H K ,ef f F sing iqF @QFISAD we ompute the ferry urvture in this limitX

B (1) z = τ z 144a 4 ∆ AB J 4 δJ 4 q 2 (9a 4 δJ 2 J 4 q 4 + ∆ 2 AB (4δJ 2 + a 2 J 2 q 2 ) 2 ) 3/2 @QFIWA
where τ z = ±1 for KGK vlleysF he orresponding vlley ghern numer isX

C (1) K,K = 1 2π B z dq = τ z sign(∆ AB )(1 - ∆ AB ∆ 2 AB + 9δJ 2
) @QFPHA 78 Chapter 3. Single particle topological eects in honeycomb lattices he vlley ghern numers tend to C

K,K = τ z sign(∆ AB ) if the high energy nds re fr wy from the low energy ones @∆ AB δJAF es onsequeneD the topologil invrint hrterizing the domin wll etween two inverted wh isX

N (1) K,K = C K,K (l) -C K,K (r) = ±2sign(∆ AB )
@QFPIA whih mens tht there re two oEpropgting interfe sttes in given vlleyF yne n see from iqF @QFPHAD tht if the high energy nds re too loseD the vlley ghern numer of given low energy nd is not n integerF his mens tht the topologil hrge is shred etween the high nd low energy ndsF sn this seD perturtion theory eomes inpplile nd one needs to ompute the vlley ghern numers numerillyF sn the seond limitD where δJ ∼ JD the liner terms @δJqA hve to e onserved nd we n neglet the qudrti terms q 2 F he resulting e'etive 2×2 rmiltonin round K nd K n e written in the @Ψ + A ,

Ψ - B A nd @Ψ - A , Ψ + B A sisX H (2) K,ef f = ∆ AB 3aδJ 2 (q y -iq x ) 3aδJ 2 (q y + iq x ) -∆ AB @QFPPA H (2) 
K ,ef f = ∆ AB -3aδJ 2 (q y + iq x ) -3aδJ 2 (q y -iq x ) -∆ AB @QFPQA
fy looking on these two e'etive rmiltoninsD we n diretly see tht the signs of the digonl elements re the smeD wheres the windings of the e'etive inEplne (elds re oppositeD extly s in stggered honeyom ltties without ygF reneD the ferry urvtures re opposite in eh vlleysF hey n e lulted sX

B (2) z = - τ z 9a 2 ∆ AB δJ 2 (4∆ 2 AB + 9a 2 δJ 2 q 2 ) 3/2 @QFPRA
where τ z = ±1 for KGK vlleysF he orresponding vlley ghern numers re C

K,K = -τz 2 sign(∆ AB )F he domin wll invrint etween two inverted r phses is then N

(2) K,K = ∓sign(∆ AB ) whih implies the presene of one interfe mode in eh vlleyF he group veloities of these modes in the two vlleys re of ourse oppositeF his low energy study hs llowed us to determine nlytilly the vlley topoE logil hrge in these two limits nd hene to ompute the numer of vlleyE polrized interfe sttesF yne should note tht the topologil hrge of given vlley hnges sign etween the two limitsF he group veloities of the interfe sttes re inverted s wellF sn the ppendix eD we show the e'etive rmiltonin derived in the generl se etween the two limits onsidered hereF

Spectrum and discussion

sn the previous susetionD we hve derived n e'etive low energy twoEnd rmilE tonin in order to ompute nlytilly the vlley topologil hrgesF e hve shown tht it is possile to distinguish etween two on(gurtionsF sn the wek yg limitD N K,K = ±2sign(∆ AB )D wheres when δJ ∼ JD N K,K = ∓sign(∆ AB )F rereD we use the pproh presented in the susetion QFPFP to ompute the orE responding tightEinding dispersions in rion geometryF he results re shown in pigF QFW@A nd @A respetivelyF sn pigF QFW@AD there re two interfe sttes in eh vlleyD tht re visile within the ndgpF he rion dispersion in the seE ond limit is shown in pigF QFW@AD this time there is only one interfe stte in eh vlleyD s predited from the domin wll topologil invrint N F he orrespondE ing sptil overlp of the interfe wvefuntions in K nd -K vlleys is shown in pigF QFW@DdAF sn pigF QFW@AD we plot the two wvefuntions present in eh vlleys for zeroEenergy sttesF e n see slight di'erene in their loliztion pro(les wheres they show perfet overlp with their ounterEprt in the opposite vlleyF es in the se without ygD the ksttering from one vlley to the other is not foriddenF roweverD it should e noted tht the presene of iEw yg indues polriztion mismth etween the two vlleys @not visile on these (guresD showing only the solute vlue of the wvefuntionAD whih redues the ext overlp of the two wvefuntionsF

Perfect optical valley lter

ixitonEpolritonsD mixed exitonEphoton qusiEprtiles ppering in mirovities in the strong oupling regimeD re sensitive to n externl mgneti (eld due to their exitoni prtF yptil quntum nomlous rll @erA e'et hs een predited to our in honeyom lttie of polriton miropillrs with iEw yg under eemn (eld PIPD PSV ee lso previous setion QFIF rereD we propose to orgnize n interfe etween this er phse nd the r phse presented oveD in order to otin perfet vlley (lter s skethed in pigF QFIH@AD where the olored rrows represent the propgting edge sttes on the oundries of the er phseF e similr sheme hs een reently theoretilly proposed for eletrons in grphene with sh yg PSWF roweverD we stress tht the er e'et hs not een oserved yet in grphene nd tht the retion of suh interfe in eletroni systems seems quite hllenging experimentllyF 3.3.2.1 QAH phase: analytical results he tightEinding rmiltonin desriing the photoni er phse is the following PIPX

H qah = ∆ z σ z F k F † k ∆ z σ z @QFPSA
where ∆ z is the eemn splittingF e propose to rete topologil domin wll etween er nd r phsesF sn this susetion we derive n e'etive low energy theory for the er phseF he rmiltonin round the K point n e written in the

Ψ + A , Ψ - B , Ψ - A , Ψ + B sisX H qah,K =     ∆ z -3aδJ 2 (q y -iq x ) 0 3aJ 2 (q y + iq x ) -3aδJ 2 (q y + iq x ) -∆ z 3aJ 2 (q y -iq x ) 0 0 3aJ 2 (q y + iq x ) -∆ z -3δJ 3aJ 2 (q y -iq x ) 0 -3δJ ∆ z     @QFPTA
he di'erene etween this linerized rmiltonin nd the one of r phse @QFITA is tht the signs of the digonl elements of H 2 re invertedF sn the on(gurtionD where twoEnd e'etive theory n e pplied @δJ ∆ z AD we study the sme limits s in the previous setionX δJ J nd δJ ∼ JF sn the (rst limitD one hsX

H ( 1 
)
ef f = ∆ z 0 0 -∆ z + 1 ∆ 2 z + 9δJ 2 -9a 2 J 2 ∆z 4 q 2 27a 2 J 2 δJ 4 (q y + iq x ) 2 27a 2 J 2 δJ 4 (q y -iq x ) 2 9a 2 J 2 ∆z 4
q 2 @QFPUA whih implies the following ferry urvture when δJ

∆ z X B (1) z = 144a 4 ∆ z J 4 δJ 4 q 2 (9a 4 δJ 2 J 4 q 4 + ∆ 2 z (a 2 J 2 q 2 -4δJ 2 ) 2 ) 3/2
@QFPVA e similr development t K point giving the sme resultD one n dedue the two vlley ghern numersX C

K,K = sign(∆ z )(1 + ∆ z ∆ 2 z + 9δJ 2 ) ≈ sign(∆ z ) @QFPWA (1) 
hen δJ ∼ JD the low energy 2 × 2 rmiltonins round K nd K n e written in @Ψ + A , Ψ - B A nd @Ψ + B , Ψ - A A e'etive sis respetively sX

H (2) K,ef f = ∆ z 3aδJ 2 (q y -iq x ) 3aδJ 2 (q y + iq x ) -∆ z @QFQHA H (2) K ,ef f = ∆ z -3aδJ 2 (q y -iq x ) -3aδJ 2 (q y + iq x ) -∆ z @QFQIA
e n see tht oth the eemn (eld nd the winding of the inEplne (eld hve the sme sign whih results in equl ferry urvturesX

B (2) z = - 9a 2 ∆ z δJ 2 (4∆ 2 z + 9a 2 δJ 2 q 2 ) 3/2
@QFQPA leding to vlley topologil hrges C

K,K = -1 2 sign(∆ z )F hese nlytil results re useful to understnd the ehvior of the topologilly proteted edge sttes of quntum nomlous rll phse t the interfe with r phseD where the two vlleys re not equivlentF sing the domin wll topologil invrint N K,K llows to predit the numer of topologically protected interfe sttes in given vlleyF yf ourseD this topologil rgument is vlid only when the vlleys re energetilly well de(nedF 82 Chapter 3. Single particle topological eects in honeycomb lattices

Spectrum and discussion

es oveD we use tightEinding pproh in order to (nd the edge sttesF he two domins re desried y H qah nd H qvh D respetivelyF e onsider relisti on(gurtion for lttie of miropillrs where the iEw yg is reltively wek @δJ < J/2AF sn the left phseD the totl ghern numer is equl to C(l) = 2 × sign(∆ z ) wheres in the right one C(r) = 0D s explined oveF prom the ulkEoundry orrespondeneD the interfe supports two modes propgting in the sme diretionD given y the sign of ∆ z F hen the vlleys re energetilly well de(nedD one n ompute the vlley ghern numers in eh side nlytilly @previous susetionA or numerillyF sn the wek δJ limitD C K (l) = C K (l) = sign(∆ z ) in the left dominD wheres C K (r) = -C K (r) = sign(∆ AB ) in the right dominF he resulting domin wll invrints for eh vlley reX

N K,K = sign(∆ z ) ∓ sign(∆ AB )
@QFQQA e stress here tht even if the vlley ghern numers re not well de(ned integers for ll rnge of prmetersD their di'erene N K,K de(ned ove is lwys n integerF hereforeD the domin wll invrint lwys nels for one vlleyD nd is nonEzero for the other vlleyF he two oneEwy modes re therefore lwys vlley polrizedF o on(rm this nlysis sed on topologil rgumentD we ompute the disE persion of semiEin(nite rion s we did in the previous setionsF he results re shown in pigF QFIHF sn pnel @AD we n see tht the interfe sttes @redA re lolized in one of the two vlleys in momentum speF he nonEdispersive edge sttes of the r phse re shown in greenF he oneEwy dispersive edge sttes of the er phse @lueA ross the gp nd onnet the two vlleysF gontrry to the interfe etween two r phsesD there is no interfe stte rossing the gp in the seond vlleyF his mens tht the vlley polrized interfe sttes re reE lly topologilly proteted ginst ksttering in the presene of defetsF es skethed in pigF QFIH@AD the topologilly proteted edge sttes re purely vlley polrized due to the domin wll topologil invrint N F o lrify the di'erene etween this sheme nd the interfe etween two r phses desried in the previous setionD we plot in pigF R@DdA the edge nd interface stte wvefuntion @solute vluesA projetions in the x diretionF e n see tht the lue stte is lerly lolized on the left edge of the struture nd only the red ones re lolized on the interfeF his visul rgument llows to understnd the topologil proteE tion due to the sene of sptil overlp etween the two wvefuntions ontrry to the ses presented in the previous setions @pigF QFW@DdAAF 3.3.3 Numerical simulations sn this prtD we present the full numeril simultions using the hrödinger eqution tht we hve performed in order to on(rm the di'erent results otined in the tightE inding pprohF e desrie the evolution of polritons in the honeyom lttie pigure QFIHX Perfect valley lter. @A heme of the strutureD @A ion disE persion @golors represent loliztion on the interfe @redA nd on the left edge of the struture @lueAAF @DdA vefuntion projetions on the trnsverse @xA diretion for the sttes highlighted y the irles in @AX @A edge @dA interfeF @rmetersX ∆ z (l) = ∆ AB (r) = 0.1JD δJ = 0.2JD ∆ z (r) = ∆ AB (l) = 0A potentil y solving the spinor hrödinger eqution for polritons @in the proli pproximtion lose to the ottom of the vfAF

i ∂ψ ± ∂t = - 2 2m ∆ψ ± - i 2τ ψ ± ± ∆ z ψ ± + β ∂ ∂x ∓ i ∂ ∂y 2 ψ ∓ + U ψ ± + P @QFQRA
where ψ + (r, t), ψ -(r, t) re the two irulr omponentsD m = 5 × 10 -5 m el is the polriton mssD τ = 30 ps the lifetimeD β is the iEw oupling onstnt @orreE sponding to S7 di'erene in the longitudinl nd trnsverse mssesAF ∆ z is the mgneti (eld @pplied only in the er regionAD U is the lttie potentil @rdius of the pillrs r = 1.5µmD lttie prmeter a = 2.5µmAD whih for some simulE tions inludes n dditionl defet potentil @ qussin potentil of I me nd σ def = 1 µmA entered on ertin pillr t the interfeD nd P is the pump operE torF e hve generted P lttie potentilsX one for stggered honeyom lttie nd one for unpertured honeyom lttieF sn the stggered lttieD the devition of the pillr rdius from the verge vlue ws hosen to e IS7F hepending on the on(gurtion @rGr phses or rGer phsesAD we either exite lrge spot with wellEde(ned superposition of wvevetors orreE sponding to single vlley of the wh lttie @r phseAD or single pillr of the ghern insultor @er phseAD ut lwys with the frequeny within the ulk gpF 3.3.3.1 Bulk and interface dispersions pigure QFII@A shows the dispersion of the ulk wh nlog lttie when iEw splitting is negletedF he dispersion is otined y solving the hrödinger equE tion @QFQRA @the slr one euse we neglet polriztion for lrity hereA over timeD whih gives the timeEdependent wvefuntion ψ(r, t)D whih is then pourierE trnsformed to give the intensity s funtion of energy nd wvevetor n(k, E) = |ψ(k, E)| 2 D plotted in pigF QFIIF sn experimentsD suh dispersion is usully otined under nonEresonnt pumpingD whih n e desried y hoosing the pump operE tor P s rndom unorrelted qussin noiseF sn numeril experimentsD on n lso onsider short nrrow qussin pulse P = A 0 e -(r-r 0 ) 2 /σ 2 -(t-t 0 ) 2 /τ 2 0 D where A 0 is the mplitudeD r 0 is the position of the enter of the pumpD σ = 0.7 µm is its sptil extensionD nd τ 0 = 1 ps is its durtionF his llows highlighting only prt of the whole dispersion @for exmpleD only the interfe sttesAF he imge in pigF QFII is ut of Ph dispersion in the KM K diretionF uh representE tion llows to etter visulize the edge of the frillouin zone nd the gp @shown y dshed white lineAF nel @A shows the dispersion of the sttes lolized on the interfe etween two mutully inverted wh nlog lttiesF o otin itD the pump ws entered on one of the interfe pillrsF he min intensity omes from the vlleyEpolrized gp sttes @in the middleAF roweverD the juntion of two lrge pillrs t the interfe represents potentil trp even without tking into ount the stggering inversionD nd the lolized sttes of this trp re lso visile in pnel @A elow the ulk nd of pnel @AF hese sttes re not vlleyEpolrizedD euse they re entered t the Γ pointF wost interesting re the sttes in the entrl pigure QFIIX hispersion of the A ulk r nd A the rGr interfe sttes in its gpF he gp is mrked y dshed white lineF gpD whih lerly exhiit opposite group veloities for the K nd K vlleysF o exite these interfe sttesD the lser spot ws lolized t the interfeF his lso suppresses the exittion of the ulkD whose dispersion therefore does not pper on pnel @AF he ove dispersions hve een lulted to otin imges lose to wht n e mesured in experiments with relisti prmetersF tillD suh dispersions n e ompred with the tightEinding one in the spinless se pigF QFUF he elongtion of the seond nd in pigF QFII n e emulted in the f model y dding seond nerest neighour hopping prmeterF roweverD the tightEinding omputtion does not tke into ount the presene of higher energy nds @p, d... ndsA whih re oservle oth in experiments PHH nd in the ove simultion @not shownAF yne n lso note tht the f dispersion shown in pigF QFU orrespond to projetion in rion geometry wheres pigF QFII is ut of Ph dispersionF 3.3.3.2 Propagation on the interface: numerical experiments hile the iEw splitting ws negleted for the lultion of the dispersion in pigF QFII in order to otin ler imge with higher resolutionD we hve then inluded the iEw splitting in ll numeril lultions presented elowD oth for rGr nd rGer interfesF ell sptil imges shown elow re snpE shots tken from the orresponding video (les ville s supplementl mteril for the refF PTHF hese sptil imges show the totl intensity of emissionD given y pigure QFIQX gonversion of the interfe sttes t the TH • orners of polygonl inE terfe A rGr A rGerF ed rrows show the propgtion diretionF without eing pertured y suh ornerF ulittivelyD suh orner ts like mirror @formed y the periodi lttieAD whih redirets the wvepket from the input interfe stte into the output interfe stteF foth propgtion diretions long the tringle re ville y the hoie of the initil vlley exittionF nel @A shows the sme on(gurtionD ut for n interfe etween the rGer phsesF rereD no ksttering is possile for ny type of ornerD s we shll see elowD euse of the topologil protetionF he propgtion diretion is not de(ned y the exittion onditions @ single pillr of the interfe is exitedAD ut y the sign of the eemn splittingF roweverD lrge gp is more di0ult to otin in the er phse PSVD nd therefore one n expet to hve lrger exittion of the ulk in this seF es n e seen from the movie @see refF PTHD video (le QAD it is impossile to distinguish the topologilly proteted rGer phse from the rGr interfe whih does not provide ny topologil protetionF he sene of ksttering in one prtiulr experiment does not men tht the system is proteted ompletelyD s we shll see elowF 60 • corners. pigure QFIQ shows zoomed imge of more interesting on(guE rtionD orresponding to TH • turn of the interfeF nel @A shows the interfe etween the two r phsesF por suh ngleD the interfe hnges type @from eEe to fEf or vie versAD whih leds to severl visile e'etsF pirst of llD the hnge of the interfe typeD similr to the hnge of dimeriztion order in the uEhrie'erE pigure QFIRX ensitivity of the r interfe sttes to the perturtionsX kstE tering A on lolized defet A t the oundry with the 4vuum4F ed rrows show the propgtion diretionF reeger model RPD leds to the retion of defet stte @domin wllA etween the two regionsF his domin wll retes strong ksttering for the wvepket on the interfe sttesD ontrry to the IPH • turnD where the ksttering ws omE pletely sentF woreoverD sine the interfe hnges typeD the nture of the stte hnges s wellX from the 4ntiEonding4 stte of the (rst interfe @mde of two pillrs with lrger rdius nd therefore lower energyAD the stte hnges into the 4onding4 stte of the seond interfe @where there re two smller pillrsAF he two red rrows mrk the propgtion diretion for the ksttered prt nd the min prt of the wvepketF he propgtion diretion for oth of them is lerly visile in the movie @see PTHD video (le PAF sn the rGer interfe seD shown in pigF QFIQ@AD no ksttering is possile euse of the topologil protetionD provided y the er phseD ut the interfe stte lso hnges its nture t the TH • turnF roweverD euse of the omplited mutul tion of the iEw yg nd of the eemn splittingD it is more di0ult to nlyze from the sptil pttern of the totl intensityF he study of suh interfe juntions in the perfet vlley (lter my e sujet for future worksF hile it is not so ler from the snpshotD the ssoited movie @see PTHD video (le RA lerly shows the sene of ksttering t the juntionF QVH backscattering induced by a localised defect or the lattice boundary. pinllyD we hve designed speil numeril experiment to show tht the r sttes indeed do not provide topologil protetion from kstteringF pigure QFIR shows two distint situtionsF nel @A demonstrtes tht lolized defet @reted on single pillr on the interfeA leds to the ksttering of n importnt frtion of the wvepket @red rrowsAD while t the sme experiment the orners hve shown no kstteringD nd one might hve onluded tht the sttes re proteted @see PTHD video (le IAF nel @A @whih orresponds to the lultion of pigF QFIQ t lter timesD see PTHD video (le PA shows tht the interfe sttes n only exist on the interfe etween two inverted wh nlog lttiesD nd they nnot propgte t the oundry etween the wh nlog nd the 4vuum4 @sene of pillrsAF uh oundry leds to omplete re)etion of the propgting wvepketF Chapter 4 Topological eects for BECs in honeycomb lattices Contents es we hve seen in the previous hptersD nd topology hs eme these lst yers n importnt reserh (eld in vrious fermioni nd osoni systemsF enother (eld of reserhD extremely fruitfulD is the one deling with olletive e'etsF sn fermioni systemsD the omintion of nonEtrivil topology nd mny ody e'ets led to the frtionl quntum rll e'et IPPD nd more reently to the desription of topologil super)uids nd superondutors PTPD PTQD RD PTRF sn the ltterD the exittions re split o' y the superonduting gpD whih is topoE logilly nonEtrivil for spei( piringD reting topologil edge sttesF e vortex neessrily ontins suh edge sttesD whih n e wjorn fermion ound sttes PTS proteted y the prtileEhole symmetryF he hypothetil nonEeelin sttisE tis of these qusiEprtiles nd the ility to rid them y mnipulting vortex pirs renders topologil superondutors very ttrtive for topologil quntum omputing PTTF sn osoni systemsD the most wellEknown olletive e'et is the foseEiinstein ondenstion IPSD IQUD leding to fsinting dynmil ehviour suh s superE )uidity PTUD more generllyD to the physis of osoni quntum )uids PQWD PTVD ISPF heres sttionry solutions of the nonEliner qrossEitevskii eqution in periodi potentils hve een studied theoretilly in terms of floh wves PTWD PUH previE ouslyD the physis of interting fig in topologil systems is new (eld of reserh whih emerges thnks to the extension of topologil onepts eyond ondensed mtter systemsF o frD the onept of ghern numer nd hirl ehviour hve een extended to fogoliuov exittions in vrious on(gurtions deling with tomiD mgnoni or nonEliner photoni systems PUID PUPD PUQD PURD PUSD PUTD PUUD PUVF enother interesting ut less explored diretion is the study of nonEliner exiE ttionsD typil in figsD in systems with nonEtrivil single prtile nd topologyF por exmple severl works ppered on the desription of solitons in Ih SSD SW or Ph systems with non trivil nd topologyF ropgtive edge solitons PUWD PVH nd istle ehviour PVI hve een studied reently in polriton ghern insultor modelF yne should notie tht nonEliner edge solitons hve lso een studied in ploquet photoni topologil insultor WI in refF PVPF sn this hpter we onsider the e'et of nd geometry or topology on the exE ittions of fig loded in honeyom lttie in di'erent on(gurtionsF sn the setion RFI we onsider therml equilirium polriton ondenste in the polriton ghern insultor introdued in the previous hpterF e study the interply etween spinEnisotropi intertions nd the pplied eemn (eld on the fogoliuov exiE ttions of the ondensteF henD in setion RFP we present similr study in the more experimentlly relisti qusiEresonnt exittion sheme whih n led to full optil ontrol of topologil phse trnsitions without the need of n externl eemn (eldF sn the lst setion RFQD we study quntized vortex exittions of slr ondenste loded in stggered honeyom potentilF snterestinglyD these nonEliner exittions exhiit windingEvlley oupling in the ulk of the system llowing roust hirl propgtion long the interfe etween opposite stggered lttiesF 4.1. Thermal equilibrium Bogoliubov excitations in polariton Chern insulator 93

4.1 Thermal equilibrium Bogoliubov excitations in polariton Chern insulator gvity polritons hve een well studied in di'erent semiondutor mterils nd despite their (nite nd reltively short lifetimeD their foseEiinstein ondenstion lose to therml equilirium hs een oserved in severl works IQPD PVQD PVRD PVS deling with Ph vitiesF yne should notieD howeverD tht in ltties the formtion of gp solitons is muh more fvoured thn the formtion of homogeneous ondenE ste in the ground stte PHHD PVT euse of the higher overlp of the negtiveEmss sttes with the exitoni reservoir nd longer lifetime of sttes with ntisymmetri wve funtions PVUF imilrlyD the slow spin relxtion in the exitoni reservoir mkes it di0ult to hieve equilirium etween the two spin suEsystemsD nd preE vents the oservtion of the predited spinEweissner e'et PVVF hese two spets of rel systems mke the sitution tht we onsiderD nmely qusiEtherml equiliE rium for spinor polritons in periodi lttieD quite unrelisti t the present stge of tehnologyD ut of theoretil interestF roweverD similr onlusions n e hieved for qusiEresonnt pumpingD whih will e the sujet of the next setionD orresponding to the optiml on(gurtion for the experimentl veri(tion of our preditionsF e therefore onsider tht the polriton grphene is (lled y (nite density of interting polritons t therml equilirium t T = 0uF he polritons form foseE iinstein ondenste whih n e desried within the men (eld pproximtion y the spinor qrossEitevskii equtionF sn the Ef pproh q eqution n e written in the ondensed formX

i ∂Ψ i (r,t) ∂t = j H ij (k ) Ψ j (k )e ik .r dk + α 1 |Ψ i | 2 + α 2 |Ψ i+(-1) (i+1)mod2 | 2 -µ Ψ i (r, t)
@RFIA where the kineti term is written in k speF i index enodes the wvefuntion omponentD H ij re the mtrix elements of the polriton grphene floh rmiltoE nin de(ned in previous hptersF α 1 nd α 2 re the intertion onstnts etween prtiles with sme spins nd with opposite spinsD respetivelyF hese intertion onstnts in polritoni systems re in generl di'erent IUWD whih mens tht the intertions re spinEnisotropiF he reson is tht the exhnge in the singlet on(gurtion psses through drk exitoni sttesF e re going to look for the solution of this eqution inluding the ondenste nd its wek exittions whih n e written s REomponent spinorD tking into ount sulttie nd spin degrees of freedomX

Ψ(r, t) = (Ψ + A , Ψ - A , Ψ + B , Ψ - B ) T = Ψ 0 + ue i(k.r-ωt) + v * e -i(k.r-ωt)
@RFPA he (rst term Ψ 0 = (Ψ + 0,A , Ψ - 0,A , Ψ + 0,B , Ψ - 0,B ) T is the sttionry prt of the funtionF st holds the informtion out ondenste9s polriztion for the two sultties 94 Chapter 4. Topological eects for BECs in honeycomb lattices @A/BA nd oeys the normliztion ondition |Ψ 0 | 2 = nF por generlityD the foE goliuov oe0ients u, v re lso ispinors of the form (u + A , u - A , u + B , u - B ) T F rereD the sulttie indexes re de(ned y A nd BD while ± de(nes the polriton spinF por the kineti termD it is useful to write the ove wvefuntion in reiprol speX

Ψ(k , t) = Ψ 0 δ(k ) + uδ(k + k)e -iωt + v * δ(k -k)e iωt @RFQA
snserting the sttionry prt of @RFPA nd @RFQA in the q eqution @RFIA llows to (nd the hemil potentilF

[H k=0 + H int ] Ψ 0 = µ1 1 4 Ψ 0 @RFRA
where H k=0 is the momentum spe floh rmiltonin evluted t k = 0 nd H int is de(ned yX

H int =    α 1 |Ψ + 0,A | 2 + α 2 |Ψ - 0,A | 2 0 0 0 0 α 1 |Ψ - 0,A | 2 + α 2 |Ψ + 0,A | 2 0 0 0 0 α 1 |Ψ + 0,B | 2 + α 2 |Ψ - 0,B | 2 0 0 0 0 α 1 |Ψ - 0,B | 2 + α 2 |Ψ + 0,B | 2   
@RFSA hue to the spin weissner e'etD the groundstte ispinor Ψ 0 will tke di'erent forms depending on the strength of the eemn (eldF henD introduing the whole expressions @RFPA nd @RFQA nd keeping only liner terms in u nd v @fogoliuov pE proximtion s in susetion PFIFQA leds to n eigenvlues prolem for the dispersion nd the eigensttes of the elementry lowEmplitude exittions of the ondenste whih n e solved numerillyX

M u v = ω u v @RFTA
where M is 8 × 8 mtrix of the lok formX

M = H k + D -µ1 1 4 A -A † -(H T -k + D -µ1 1 4 )
@RFUA @where T, † symols denote the trnspose nd onjugteEtrnspose trnsformtion respetivelyAF he mtries D nd A ome from the nonEliner terms nd re de(ned s followsF

D =    2α 1 |Ψ + 0,A | 2 + α 2 |Ψ - 0,A | 2 0 0 0 0 2α 1 |Ψ - 0,A | 2 + α 2 |Ψ + 0,A | 2 0 0 0 0 2α 1 |Ψ + 0,B | 2 + α 2 |Ψ - 0,B | 2 0 0 0 0 2α 1 |Ψ - 0,B | 2 + α 2 |Ψ + 0,B | 2    @RFVA A =      α 1 Ψ +2 0,A α 2 Ψ - 0,A Ψ + 0,A 0 0 α 2 Ψ - 0,A Ψ + 0,A α 1 Ψ -2 0,A 0 0 0 0 α 1 Ψ +2 0,B α 2 Ψ - 0,B Ψ + 0,B 0 0 α 2 Ψ - 0,B Ψ + 0,B α 1 Ψ -2 0,B      @RFWA
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yne n notie tht the lok A ouples two floh rmiltonins de(ned t k nd -kD fogoliuov eigensttes will therefore e mixture of the opposite liner floh sttesF yne de(nes the fogoliuov eigensttes |Φ n,k sX

|Φ n,k = u v = (u + a , u - a , u + b , u - b , v + a , v - a , v + b , v - b ) T @RFIHA
woreoverD the normlistion onditionD required for the fogoliuov trnsformtion to e nonil @nmely to keep ogolons s osonsAD reds PVWD IQUX

1≤i≤4 |u i | 2 -|v i | 2 = 1 @RFIIA
where i index lels the di'erent u i @v i A omponents of n eigenstteF his ondition physilly signi(es tht the retion of one ogolon orresponds to the retion of qunt of energy ωF sn the following susetionsD we lulte nd nlyze the dispersions nd the orresponding eigensttes in di'erent sesX (rst without mgneti (eldD nd then under wek nd strong (eldsF nder mgneti (eld when gp will e opened in the dispersion we ompute the ghern numersF por this tskD the peulir form of M nd its eigensttes hs to e tken into ount to ompute the ferry onnetionF st is typilly done y introduing mtrix τ z = σ z ⊗1 1 4 diretly in the de(nition of the ferry onnetion s (rst notied in refF PUI nd ommonly used PURD PUPD PUQD PWHF his gives

A n (k) = i Φ n,k | ∇ k τ z |Φ n,k @RFIPA
he ghern numers n then e omputed s usul using C n = 1 2π BZ ∇ k × A n (k)dkF e use the sme pproh @from refF PPRA s the one used in the liner regime to ompute them numerillyF woreoverD the fogoliuov pproh typilly gives rise to symmetri positive nd negtive energy rnhes nd their ssoited ghern numers re opposite @C n = -C -n A PUID PWIF hereforeD in wht followsD we will onentrte on the positive prt of the spetrum nd nlyze its ssoited topologil invrintsF por this tskD we de(ne two ghern invrintsF ih of them is the sum of the ghern numers of the two rnhes forming 4vlene4 nd 4ondution4 nds @elow nd ove the gpAX

C V = C 1 + C 2 , C C = C 3 + C 4 @RFIQA

Zero magnetic eld

feuse of the spinEnisotropi intertions the miniml energy on(gurtion of polriton ondenste orresponds to linerly polrized stte IVQ ee susetion PFPFPF por the ske of de(nitenessD we hoose t k = 0X Ψ 0 = n/4(1, 1, 1, 1) T whih gives well de(ned @horizontlA orienttion of the inEplne polriztionF sn this on(gurtionD the hemil potentil is given yX

µ = (α 1 n + α 2 n)/2 -3J @RFIRA
where n is the densityD J is the f tunneling oe0ientF sing the fogoliuov formlismD we ompute the ogolon dispersion nd the orresponding eigensttesF he results for the zero mgneti (eld se re shown in pigF RFI@AD@AD@eAD@fAF pirstD we nlyze the simpler se of α 2 = 0D whih is still spinEnisotropi sine α 1 = α 2 F nel @A of pigF RFI shows the ogolon dispersionD nd pnel @eA ! the polriztion textureX white rrows indite the inEplne pseudospin diretion nd olor shows the liner @rGA polriztion degreeF glose to ΓD the two ogolon dispersions re i nd w polrizedF sn other wordsD the iEw symmetry of the system is not roken y the presene of ondenste polrized long wellEde(ned sptil diretionF he reson for this is tht α 2 is zeroD s we shll see elowF hue to intertionsD lose to k = 0 these two dispersions depend linerly on the wve vetorD with speed of sound given y c te,tm = α 1 n/m te,tm D nd the energy splitting @the mgnitude of the iEw e'etive (eldA is lso liner in kF et lrger momentD depending on the prmetersD one my reover proli dispersion with proli splittingF glose to the K pointD the preserved iEw symmetry of the system mkes the dispersion nd polriztion struture similr to the ones otined for polriton grphene with iEw splitting in the liner regime @see pigF QFQ@AAX there is liner intersetion in K pointD nd Q dditionl liner intersetions pper euse of the trigonl wrping @see lso the left pnel of pigF RFPAF he e'etive (eld texture round the K point is the one of the hresselhus (eldD s shll e disussed elowF he se with α 2 = 0 is shown on the pigsF RFI@AD@fAF e hve hosen to use α 2 = -0.2α 1 for ll lultionsD lthough the ext vlue depends on the on(gurtion @in prtiulrD on the detuningAF sn generlD α 2 is usully negtive IVP nd smll with respet to α 1 F he sttering rtes leding to the retion of ogolon with polristions prllel nd perpendiulr to the one of the ondenste re therefore di'erentD whih 'ets the sound veloities of the dispersions t k = 0F he eigensttes lose to the Γ point orrespond to these two polristionsD with their slope given y c = (α 1 + α 2 )n/m * nd c ⊥ = (α 1 -α 2 )n/2m * respetively @where m * is the polriton e'etive mss @PFRQAAF he polriztion texture is hene strongly modi(ed in the enter of the frillouin zoneD whih is the onsequene of the symmetry reking y n inEplne (eldD see pigF RFI@fAF hue to this symmetry rekingD the form of the nds hngesX the trigonl wrping initilly present round the K pointD s in the liner seD n dispper @pigF RFI@AAF sn this se two hir ones remin insted of four round eh K pointF he evolution of the (ne energy struture ner K point when α 2 is swithed on is shown in (gure RFPF yne n see tht with the inrese of α 2 the entrl hir one nd the dditionl one oriented in the k y diretion merge with eh other nd dispperF his trnsition from four to two hir ones n e desried in term of their respetive ssoited ferry phses @±πA s (+, +, +, -) -→ (+, +) nd is nlogous to the one disussed in refF PPP @pigsF I nd U of tht pperA for ilyer grpheneF sn our se howeverD this e'et is indued y the men (eld spin nisotropi intertion rther thn lttie distortionF st is importnt to note tht wheres the numer of hir ones hngeD the totl ferry )ux @2πA is onservedF woreoverD the rnhes of the sme nd ross eh otherD whih modi(es the 4.1. Thermal equilibrium Bogoliubov excitations in polariton Chern insulator 97

e) f) g) h) a) b) d) c)  eff         K' K K K K K K' K' K' K' K' K' K' M M M M K K K
pigure RFIX Thermal equilibrium bogolon dispersions. fnd strutures nd polriztion textures of fogoliuov exittions without nd with pplied mgneti (eldF @AE@A inergy dispersions without pplied mgneti (eldX α 2 = 0, -0.2α 1 reE spetivelyF @A hispersions with pplied mgneti (eld B < B C D @dA with B > B C F @eAE@fAE@gAE@hA gorresponding polriztion nd pseudospin texturesF he olors repE resent the liner polriztion degree while the white rrows show the orresponding pseudospin orienttion of the lowest energy stteF @et of prmetersX δJ = 0.2JD polriztion texture of eh rnhF e point here tht this e'etive (eld does not open gpD moreoverD euse the ontriution of α 2 hnges the energy of the ondensteD it n even led to the losing of gpD destroying the e'et of the pplied mgneti (eldF his will e disussed in detils in further setionsF sndeedD in the followingD we study the polriton grphene under n pplied mgneti (eldD whih overomes the nisotropy indued y nonzero α 2 D nd the e'etive inEplne (eld in K -K vlleys ome k in its hresselhusElike formF 4.1.2 Nonzero magnetic eld es in the liner se disussed in ghpter QD we pply n externl mgneti (eld in order to open gp nd ompute the ghern numers hrterizing the nd struture of ologonsF por this we hve to remind the spinEweissner e'etD predited for polriton ondenstes in plnr vities ee PFPFPFQ whih is linked to di'erent ondenste polriztion on(gurtionsF en pplied mgneti (eld B oriented in the growth diretion leds to the polriton eemn splitting hrterized y -∆σ z term in the rmiltoninF @xoteX in this setion sed on selfEonsistent work performed t the eginning of this thesis PUT we use this onvention of sign to e onsistent with the de(nition of the spinEweissner e'et PFPFPFQ IWRD this results in opposite ghern numers in the nonEinterting limit with respet to the one disussed in setion QFI ut does not hnge the generl mening of the topologil trnsition indued y the intertionsFAF ∆ = |X| 2 g X µ B B/2D where X is the exiton rop(eld oe0ientD g X is the exiton gEftorD µ B is the fohr mgnetonF enother spetD whih will ply key role in the followingD is tht the energy renormliztion indued y the intertions is lrger for the ogolon sttes thn for the ondenste itselfF sndeedD if one neglets α 2 D in the sene of the mgneti (eld the ondenste is shifted y α 1 n/2 with respet to the nonEinterting se t k = 0D wheres for lrge wvevetors the ogolon energy is shifted y 2α 1 n/2 with respet to the orresponding nonEinterting dispersionD s one n diretly see from the fogoliuov formul for the exittions ω = ( 2 k 2 /2m) 2 + 2α 1 n/2( 2 k 2 /2m)D where the energy ω is mesured from the hemil potentilD itself eing α 1 n/2F he onsequene is tht the selfEindued eemn (eld is lrger for the exited sttes thn for the ground stteD while the eemn splitting indued y n pplied (eld remins the sme @unless the exitoni frtion hnges signi(ntlyAF reneD in the mgneti (eld rnge 2B C > B > B C D the ogolon dispersions with opposite irulr polriztions should ross eh otherF he totl eemn (eld @pplied nd selfEinduedA t lrge wve vetors is in tht se opposite to the one in the ground stteF 4.1.2.1 Weak magnetic eld B < B C e now turn k to the polriton grphene se onsidering n pplied mgneti (eld weker thn the ritil (eld B C F sn suh seD the ondenste t equilirium 4.1. Thermal equilibrium Bogoliubov excitations in polariton Chern insulator 99 is elliptilly polrizedD with the polriztion spinor eingX

Ψ 0 = n/2     cos θ sin θ cos θ sin θ     , θ = 1 2 arcsin 1 - B B C 2 @RFISA
fy using this spinor in the expression of the ondenste wvefuntion ΨD we (nd the hemil potentilX

µ = α 1 + α 2 2 n -3J @RFITA
henD we n ompute the mtrix for the fogoliuov oe0ientsD tht we n digonlize in order to get the energy dispersions nd polriztion texture @pigF RFI@AD@gAAF sn this setion nd the following one we restrit the onsidertion to the se of δJ < J/2D typil for polriton grphene ethed out of plnr vityF pigure RFI@A demonstrtes gp opening t K nd K D similr to the liner seF rereD the selfEindued eemn (eld ompletely ompenstes the externl mgneti (eld round the Γ pointF he spinEweissner e'et is presentD like in plnr miE rovity without periodi potentilF he lower rnhes remin liner ner the enter of frillouin zoneF he presene of the gp llows us to ompute the nd ghern numers @C C(V ) A y using the gugeEinvrint pproh desried ove @RFIPAF sn the wek (eld regime @∆ B C < α 1 n/2AD the lulted ghern numers C C = -2D C V = +2 re inverted with respet to the nonEinterting seD where they hve the vlues C C = +2D C V = -2D euse the nonEinterting se y de(nition orresponds to the opposite limit of lrge mgneti (elds α 1 n = 0 ∆F his topologil inversion ours euse of the selfEindued eemn splitting t high wvevetorsD whih is opposite to the pplied mgneti (eld nd strongly exeeds itF he system is in di'erent topologil phse with inverted propgtion diretion of the hirl edge sttesD s ompred with the liner seF e stress here tht if α 2 eomes lrge @for exmpleD in the regime of polriton peshh resonne IVHD IVIAD the strength of the externl (eld hs to e lrge enough @∆ > |α 2 | nA to overome the nisotropy e'et desried in the previous setionD in order to open gp nd otin this topologil insulting phseF

Large magnetic eld B > B C

sn this susetionD we onsider the se of mgneti (eld ove the ritil vlue B > B C F reneD eemn splitting ppers etween the two lower rnhes in the Γ pointD where intertions do not ompenste the mgneti (eld nymoreF he ondenste polriztion eomes irulr in ΓX Ψ 0 = n/2(1, 0, 1, 0) T nd the hemil potentil eomes µ = α 1 n -∆ -3JF e n oserve tht the hemil potentil now depends of the pplied mgneti (eldF sing the fogoliuov pproh s oveD we (nd the eigenenergies nd the eigensttes for this on(gurtionF yne of the two lower rnhes @polrized opposite to the ondensteA eomes proli in Γ nd the degenery is lifted @see pigF RFI@dAD@hAAF he eemn splitting in the Γ point is proportionl to the di'erene etween B nd B C D extly s in the spinEweissner e'et in plnr vitiesX

∆ ef f = ∆ -∆ C = |X| 2 g X µ B B ef f /2
@RFIUA es we n see on pigF RFI@dAD gp opens etween the vlene nd ondution ndsF por B just over B C D the topology of the nds @C C = -2D C V = +2A is still inverted with respet to the nonEinterting seF ine the gp does not lose t B C D the nd topology nnot hngeD nd this result is expetedF roweverD when inresing the mgneti (eld ginD the rel eemn energy ontinues to rise wheres the selfEindued eemn (eldD reted y the intertionsD is sturtedF gonsequentlyD there exists threshold (eld B = B S D where the net eemn (eld t K nd K nels nd the gp loses nd immeditely reEopens when B > B S with n inverted topology of the ndsD ssoited with hnge of the signs of the ghern numers @C C = +2D C V = -2AF his topology now orresponds to the nonEinterting seF he phenomenon of the topology inversion is entirely due to the ft tht intertion energy with the ondenste is lrger for lrge wvevetor ogolons thn in the enter of frillouin zoneF fy writing the mtrix M in the upper B C se t K pointD we n (nd the nlytil expression for the threshold mgneti (eldD t whih the gp losesX

∆ S = 1 2 α 1 n -α 2 n -3J ± 6Jα 1 n + 9J 2 @RFIVA B S = 2 ∆ S |x| 2 g X µ B @RFIWA

Discussion

sn the previous suetionsD we hve demonstrted tht topologil inversion ours t threshold mgneti (eld B S F he inversion of the topology t B = B S n e oserved either vrying the mgneti (eld or the polriton densityF htever the densityD if it is (xedD one n lwys inrese the mgneti (eld to hieve the threshold vlue giving the inversionF sf one (xes the mgneti (eld t some vlueD it is possile to oserve the trnsition in the opposite diretionX from the norml topology of the nonEinterting system to inverted topology of the stronglyEinterting systemF sndeedD in polritoni systemsD the min experimentlly djustle prmeter is the optil pumpingD whih ontrols the retion of polritonsD while their lifetime is generlly (xed y the properties of the vityF he evolution of the gp s funtion of the ondenste density is shown on the pigF RFQD where we n oserve tht the gp loses t ritil density n S F he lk solid line orresponds to the relisti vlue of α 2 = -0.2α 1 @the sme s in previous setionsAD while the red dshed line hs een plotted with α 2 = -0.5α 1 D in order to lerly demonstrte the suppression of the topologil insultor ehviour y the nisotropy indued y the spinEnisotropi intertions of the ondenste nd its (xed liner polriztionF sndeedD for ny vlue of the pplied mgneti (eldD one n lwys inrese the density nd lose the gp vi α 2 nF husD the e'et of this onstntD whih is usully reltively wekD n pper ritil in ertin on(gurtionsF sn the simplest on(gurtion of reltively wek intertionsD where α 1 n << JD we n derive simpler expression for the threshold mgneti (eld t whih the inversion oursD using the ylor series expnsionX

∆ S = 2α 1 -α 2 2 n @RFPHA
his result n e rewritten to give the threshold density s funtion of n pplied mgneti (eldX

n S = 2∆ 2α 1 -α 2 , ∆ = |x| 2 g x µ B B 2 @RFPIA
por n < n S D the topology of fogoliuov exittions is the sme s in the liner seF he topology of the re dispersion is trnsferred to the ogolon dispersionD s it hs een lredy shown for tomi systems PUPF xeverthelessD in the se of polritons with their spinEnisotropi intertion nd the resulting selfEindued vrmor preessionD the topology of the ogolon dispersion is inverted t the threshE old density n = n S @pigF RFQAF his result implies the inversion of the propgtion diretion of the topologilly proteted edge sttesF he potentil of polriton grphene is therefore on(rmed y the oexistene of two dissiptionEless phenomenD whih re the super)uidity of the ondenste nd 102 Chapter 4. Topological eects for BECs in honeycomb lattices the existene of the topologilly proteted edge sttesF st will e espeilly useful to study the se of resonnt pumpingD whih is the esiest fesile experiment to study the mroEoupied sttes in polritoni systemsF 4.2 Bogoliubov excitations in the resonant pump regime sn wht followsD we onentrte on the experimentlly relisti on(gurtion of resonntly driven photoni @polritoniA lttie PHHD PHQD inluding (nite prtile lifetimeD without ny pplied mgneti (eld nd demonstrte the llEoptil ontrol of the nd topologyF e show tht the topologilly trivil nd struture eomes nonEtrivil under resonnt irulrly polrized pumping t the Γ point of the dispersionF e selfEindued topologil gp opens in the dispersion of the elementry exittionsF he tuning of the pump intensity llows to go through severl topologil trnsitions demonstrting the hirlity inversionF e oherent mroEoupied stte of exitonEpolritons is usully reted y resE onnt optil exittionF his regime is well desried in the menE(eld pproxiE mtion IUID IWU PFPFPF e n derive the driven tightEinding qrossEitevskii eqution in this honeyom lttie for homogeneous lser pump

F @ = 1AF i ∂ ∂t Ψ i = j H ij (k ) Ψ j (k )e ik .r dk + F i e i(kp.r-ωpt) + α 1 |Ψ i | 2 + α 2 |Ψ i+(-1) (i+1)mod2 | 2 -iγ p Ψ i @RFPPA
where i, j indies runs from 1 to 4 orresponding to the four wvefuntion ompoE nents (Ψ + A , Ψ - A , Ψ + B , Ψ - B )F H ij re the mtrix elements of the tightEinding rmilE tonin without the Zeeman term on the digonl @∆ = 0AF Ψ i re the omponents of the oherent mroEoupied stte wve funtionF α 1 nd α 2 re the intertion onstnts etween prtiles with the sme nd opposite spins respetivelyF γ p is the linewidth relted to @spinEindependentA polriton lifetime @τ p AD whih llows to tke the dissiption into ountF F i is the pump mplitudeF ω p nd k p re the frequeny nd wvevetor of the pump modeF sn the followingD we onsider homogeneous pump t k = 0 @pumping em perpendiulr to the vity plneA D whih implies tht its mplitude on e nd f pillrs is the smeF roweverD the spin projetions F + s nd F - s @where s refers to the sulttie indexAD determining the spin polriztion of the pumpD n e di'erentF sing the sulttie nd the spin indies @s nd σAD the qusiEsttionry driven solution hs the sme frequeny nd wvevetor s the pump @Ψ σ s = e i(kp.r-ωpt) Ψ σ p,s A nd stis(es the equtionsX

ω p + iγ p -α 1 |Ψ σ p,s | 2 -α 2 |Ψ -σ p,s | 2 Ψ σ p,s + f kp JΨ σ p,-s + f σ kp λ p Ψ -σ p,-s = F σ s @RFPQA
he tightEinding terms @f kp Df σ kp A of the polriton grphene indue oupling eE tween the sultties nd polriztionsF e ompute the dispersion of the elE ementry exittions using the stndrd wve funtion of wek perturtion @|u|D|v| |Ψ p |AX Ψ = e i(kp.r-ωpt) (Ψ p + ue i(k.r-ωt) + v * e -i(k.r-ω * t) ) @RFPRA where Ψ p = (Ψ + p,A , Ψ - p,A , Ψ + p,B , Ψ - p,B ) T D u nd v re vetors of the form

(u + A , u - A , u + B , u - B )
T F sing the sme method s in the therml equilirium seD we rrive to the following mtrix to digonlizeX

M = H kp+k + D p -ω p 1 1 4 A p -A † p -(H T kp-k + D p -ω p 1 1 4 ) @RFPSA
where D p nd A p re de(ned s in iqsF @RFVAD @RFWA with Ψ p,i repling Ψ 0,i F xote tht iqsF @RFPQA nd @RFPSA re written for n ritrry pump wve vetor k p F sn the followingD we onsider pump resonnt with the energy of the re lower polriton dispersion rnh in the Γ point @ω p = -f Γ J = -3J nd k p = 0AD whih implies the stility of the elementry exittions @ [ω] < 0A nd does not modify the frillouin zone with respet to the liner seF

Topological phase diagram e irulrly polrized pump indues irulrly polrized mroEoupied stte @n

-= 0AD nd n = n + = n + A + n + B = |Ψ + p,A | 2 + |Ψ + p,B | 2 F
gomined with spin nisotropi intertionsD it leds to elfEsndued eemn @sA splitting whih reks time reversl symmetryF e simple nlytil formul of the kEdependent s splitting etween the two lower dispersion rnhes is otined y negleting the yg @λ p = 0AX

Ω SI = ω p + |f k | + (ω p + |f k |J -2α 1 n + A/B ) 2 -(α 1 n + A/B ) 2
@sn the expression for the selfEindued (eld t the Γ point Ω SI (Γ) = √ 3α 1 n/2 the ftor 1/2 omes from the presene of two sultties nd the √ 3 ppers from resonnt pumpingD s ompred with lue shift of n equilirium ondenste µ = αnFA yne of the key di'erenes with respet to the mgneti (eld indued eemn (eld is the s dependene on the wvevetors nd energies of the re modesF his dependene hs lredy een shown to led to the inversion of the e'etive (eld sign t the K point @nd thus the inversion of the topologyA when oth pplied nd s (elds re present in foseEiinstein ondenste in the previous susetionF he (gure RFR@A shows the digrm of topologil phses under resonnt pumpE ing @versus the sA whih is quite similr to the one under mgneti (eld ee pigF QFR@A @the Ph dispersions re lso pretty similr to the ones in the liner regime ee pigsF QFS nd re not shown hereAF he only di'erene with respet to the liner se onerns the opening of the two dditionl gps whih does not tke ple t the sme pumping vluesD euse of the di'erene etween the s (elds in the upper nd lower ndsF he (gure RFR@A shows the mgnitude of the di'erent gps multiplied y the sign of the C n pigure RFRX All-optical topological phase transitions. @A opologil phse digrm in the resonnt pump regime versus the iEw yg nd sF @A qp sizes nd sign evolution long pth of onstnt yg λ p = 0.2J @dshed line in pnel @AAF he red nd lue urves orrespond to the opening of dditionl gpsF of the vlene nd @C = n i=1 C n A QQ for given vlue of the ygD quntity highly relevnt experimentllyF sn PHHD PHQ J is of the order or HFQ meD wheres the mode linewidth is of the order of HFHS meF fnd gps of the order of HFP J should e oservleF elso the s mgnitude shown on the xExis @elow IFS meA is omptile with the experimentlly essile vluesF o in prtie the topologil trnsition is oservle together with the spei( dispersion of the edge sttes in the di'erent phses whih re presented in pigs RFSF e would like to note tht the emergene of topologil e'ets driven y interE tions in osoni systems hs lredy een theoretilly proposedD suh s non zero ferry urvture in vie lttie (lled y tomi ondenstes PWH nd topologil fogoliuov edge modes in two di'erent driven shemes sed on ugome ltties PUSD PUQ with slr prtilesF 4.2.2 Bogoliubov edge states o demonstrte oneEwy edge sttes in the tightEinding pprohD we derive 8N ×8N fogoliuov mtrix for polriton grphene stripeD onsisting of N oupled in(nite zigEzg hins following the proedure of susetion QFPFPF por thisD we set sis of fogoliuov floh wves (u ± A/B,n , v ± A/B,n ) where n index numertes stripesD nd k y is the qusiEwvevetor in the zigzg diretionF he digonl loks desrie oupling within one hin nd re derived in the sme fshion s the w mtrix in the previous setionD oupling etween stripes is ounted for in sudigonl loksF pigures RFS@DA show the results of the nd struture lultion for two di'erE pigure RFSX Bogoliubov edge states. @DA fnd strutures of grphene rion in two di'erent phsesF flue nd red olors refer to the sttes lolized on the right nd left edgesF rmetersX λ p = 0.2J nd @A α 1 n = 1JD @A α 1 n = 4JF @A el spe sketh of the experimentl setupF he yellow rrows represent the edge sttes when C = +2 @dshed ones when C = -1AF ent vlues of α 1 n F he degree of loliztion on edges is lulted from the wve funtion densities on the edge hins |Ψ R | 2 nd |Ψ L | 2 @leftGrightD see insetAD nd is shown with olourD so tht the edge sttes re lue nd redF sn pigF RFS@A there is only one topologil gp hrterized y ghern numer +2 nd hene there re two edge modes on eh side of the rionF sn pigF RFS@AD we n oserve three topologil gps with the ghern numer of the top nd ottom nds eing ±1 respetivelyF ih of them is hrterized y the presene of only one edge mode on given edge of the rionD nd the group veloities of the modes re opposite to the previous phseX the hirlity is ontrolled y the intensity of the pumpF his inversionD ssoited with the hnge of the topologil phse @|C| = 2 → 1AD is fundmentlly di'erent from the one disussed in the previous setionD oserved for the sme phse @|C| = 2AF his optillyEontrolled trnsition llows to oserve the inversion of hirlity for wek modultions of Esymmetry reking pump round nonEzero onstnt vlueD whih n lso possily e used for mpli(tionF he inversion of hirlity of enter gp edge sttes @pigsF RFS@DAA should e oservle in pumpEproe experiment s shown y the numeril simultion presented elowF e sketh of the experiment using σ + nd σ -polrized lsers @the homogeneous pump nd the lolized proeA is presented on pigF RFS@AF yne should notie tht we n lso otin the inverted phses more onventionlly y inverting the diretion of the selfEindued eemn (eld whih is ontrolled y the irulrity of the homogeneous pumpF o on(rm our nlytil preditions nd support the oservility in relisti pumpEproe experiment @sketh shown in pig RFS@AAD we perform full numeril simultion eyond the tightEinding or fogoliuov pproximtionsF e solve the spinor qrossEitevskii eqution for polritons with qusiEresonnt pumping with honeyom lttie potentil

U X i ∂ ∂t ψ ± = - 2 2m ∆ψ ± + α 1 |ψ ± | 2 ψ ± + U ψ ± -i 2τ ψ ± + β ∂ ∂x ∓ i ∂ ∂y 2 ψ ∓ @RFPTA +P 0+ e -iωt + j P j-e - (t-t 0 ) 2 τ 2 0 e -( r-r j ) 2 σ 2 e -iωt
where ψ + (r, t), ψ -(r, t) re the two irulr omponents of the wve funtionD m = 5 × 10 -5 m el is the polriton mssD τ = 30 ps the lifetimeF he min pumping term P 0+ is irulr polrized @σ + A nd sptilly homogeneousD while the Q pulsed proes re σ -nd lolized on Q pillrsX P on the edges nd I in the ulkF he results @(ltered t the edge sttes energyA re shown in pigF RFTF es ompred with the C = 2 se @AD lrger gp of the C = -1 phse @A demonstrtes etter protetion ginst ulk exittionD longer propgtion distneD nd n inverted diretionD ll hieved y modulting the pump intensityF 4.3. Quantum spin Hall eect analog for BEC vortices 107 Eect of gain and losses. st hs to e notied tht ontrry to the therml equilirium regime disussed in the previous setionD pump nd losses re inherently present in the qusiEresonnt regime onsidered hereF sn the spei( se we onE siderD the homogeneous pump is neessry for the formtion of the mroEoupied sttionry stte t the Γ pointF he losses enoded y the polriton lifetime led to dmping of the fogoliuov exittionsF sn the numeril simultion disussed ove this implies tht the propgting edge sttes will dispper fter some timeF xote tht the sme type of dissiption ours in the liner regimeF sn oth sesD it is possile to detet the hirl propgtion of wvepket on the edge if the vity qulity ftor is su0iently highF por exmpleD if one ssume the edge stte group veloity to e v g = 0.7µm/ps nd the polriton lifetime τ = 30ps @typil for stte of the rt qesEsed vitiesAD the propgtion length n e estimted to e of 21µm @out IH vity pillrsAF yne n lso speulte out the e'et of lol gin on the edge of the smple on the fogoliuov edge sttesF sn polriton systemD this sitution n e orgE nized y dding n o'Eresonnt pump loted on the edge of the lttie whih will rete n exitoni reservoirF sf the gin is not too strong one n expet tht it will inrese the sustin of the fogoliuov edge modes nd hene their propgtion lengthF roweverD if the gin is too strong it n led to high inrese of popuE ltion in these modesF sn this seD instilities n develop nd the fogoliuov pproximtion @ville for wek density perturtionA will not e vlid nymoreF 4.3 Quantum spin Hall eect analog for BEC vortices opologil defets re distintive feture of quntum )uids PTVF uh rel spe exittions re stle nd nnot e removed y ontinuous trnsformtionD whih is lled topologil protetionF hey re known for more thn (fty yers nd determine the )uid propertiesD for exmpleD in the ferezinskiiEuosterlitzEhouless phse trnsition in foseEiinstein ondenstes IQUF es we hve seen in the (rst hpterD the onept of topology hs een pplied in di'erent ontext to reiprol spe sine the eightiesF his (eld expnded further reently with the disovery of the quntum spin rll e'et nd of the ssoited lss of Z 2 topologil insultors UQ tht we introdued in IFQFQF sn tht se the ulkEoundry orrespondene pplies nd gurntees on the interfe with trivil insultor the presene of pir of ounterEpropgting spinEpolrized sttesD whih euse of the preserved timeEreversl symmetry @A do not ouple with eh otherF his importnt disovery ws followed y the ttempts to extend the onept of topologilly proteted spin trnsport to other type of twoElevel systems whih n e mpped to pseudospin representing either n internl degree of freedom @photon polriztionA or n externl one @ngulr momentumD vlley PHWD etFAF roweverD for photonsD ts di'erently from fermions U nd rigorouslyD there is no symmetryEproteted photoni quntum spin rll e'etF his n e lerly 108 Chapter 4. Topological eects for BECs in honeycomb lattices visulized y expliitly onsidering the photoni spinEorit oupling due to the enE ergy splitting etween i nd w modes ITHD PIQ ee pigF @PFTAF st respets D ut it hs doule winding whih ouples ounterEpropgting spinEpolrized photoni modesF he reliztion of topologil spin trnsport for light therefore requires to frite struture where the iEw splitting is suppressedD whih is possile ut very demnding PWPD PWQF yther degrees of freedomD like the ngulr momentum of photons in ltties of ring vities hve een onsidered WPD WQD WSD with the forml prolem tht no spei( symmetry protets this pseudospin from disorderF pinllyD the quntum vlley rll e'et in stggered honeyom ltties uses the vlley pseudospin QUD PWRD PHW to whih one n ssoite vlley ghern numers PQSF r hs een evidened experimentlly in eletroni systems PRS nd reE ently onsidered in lrge series of works in photonis PWSD PSID PSPD PWTD PSHD PSR inluding our work PTH presented in setion QFQ showing the interest of this system eyond ondensed mtter physis PSTF sn these systems the dissiption mehnism is the interEvlley stteringF iven if it is rgued to e wekD ny defet lolized on the interfe indues ksttering of the edge modes s demonstrted in setion QFQ pigsF QFIQ@A nd QFIR nd n led to the enderson loliztion of the Ih edge sttesF sn this setionD we propose n originl omintion of rel nd reiprol spe topologiesD reting truly proteted pseudospin urrent in osoni systemF rereD the pseudospin urrent is not proteted y symmetry of the rmiltoninD ut y the winding numer of the quntized vorties @rel spe topologil invrintAF e onsider fig t the Γ point of the frillouin zone of r system sed on two stggered honeyom lttiesF e demonstrte the existene of oupling etween the vortex winding nd the vlley of the ulk floh ndF his oupling leds to hirl vortex propgtion on eh side of n interfe etween two regions with inverted stggeringD with true topologil protetion ginst kstteringD ontrry to the interfe sttes of the nonEinterting rmiltoninF his on(gurE tion n e seen s quntum spin rll e'et nlogD ut where the role of spin is plyed y the winding of the vortiesF yur results pply to polriton ondenstes in reently frited polriton honeyom ltties PHH nd to tomi figs in optil ltties PWUF Note: snterestinglyD motivted s us y the possiility to uild rti(il ltties in old tom nd nonliner photoni systems severl theoretil works hve reently ppered dedited to the study of Ph nonliner hir equtionF he uthors (nd novel nonEliner solutions suh s solitonsD vortiesD nd ring solitons nd study their stility in vrious on(gurtions PWVD PWWD QHHD QHIF e stress tht the vortex exittions tht we present elow nnot e desried y nonEliner hir eqution euse the unpertured ondenste is in its ground stte t Γ point nd needs to e desried y qrossEitevskii eqution inluding the lttie potentilF 4.3.1 Winding-valley coupling pirstD we shll demonstrte tht the ore of vortex with given winding orreE sponds to ertin vlley @K or K A of the singleEprtile dispersion of stggered grpheneD tht isD the existene of windingEvlley oupling for vortiesF vet us onsider the ore of su0iently lrge vortex @ξ aD where a is the distne etween nerest neighorsAD where the density is neessrily smll nd the intertions n e negletedF o minimize the onEsite energy given y

E = E A |ψ A | 2 + E B |ψ B | 2 D
the p is mostly lolized on the sites of the A typeD whih hve lower energy @ssuming E A < E B AF sn the limit of lrge gpD ∆ JD only the AEsites re populted nd therefore the floh funtion in the viinity of the vortex enter is (1, 0) T F hereforeD in the f pproh the vortex ore n e de(ned s omintion of three onEsite oritlsX

|ψ c = |ω A,R 1 + e i 2π 3 p |ω A,R 2 + e i 4π 3 p |ω A,R 3 @RFPUA
where p enodes the winding of the vortex ee susetion PFIFRF sing the de(nition of the floh stte |ψ A,k on A sulttie @IFSTAD one n otin the mplitude in momentum speX

ψp (k) = ψ A,k |ψ c = e ik.R 1 + e ik.R 2 e i 2π 3 p + e ik.R 3 e i 4π 3 p @RFPVA
king the (rst toms s the originD the three onEsite vetors re de(ned yX

R 1 = (0, 0)D R 2 = ( 3a 2 , √ 3a 
2 )D R 3 = (0, √ 3a)F yne n introdue two new vrilesX

η p = 2π 3 p + 3 2 ak x + √ 3 2 ak y @RFPWA ζ p = 4π 3 p + √ 3ak y @RFQHA
e n then (nd the position of the mximl proility density in the reiprol spe |ψ(k)| 2 D whih is given yX

| ψp (k)| 2 = 3 + 2 (cos η p + cos ζ p + cos(η p -ζ p )) @RFQIA
he mximl vlue of this expression is hieved when oth η p = 2πν nd ζ p = 2πµD where ν nd µ re integer numersF prom the ltterD tking for exmple ν = 0D it is esy to otinD for p = 1D k y = -K @where K = 4π/3

√ 3aAD nd k x = 0D nd for p = -1D k y = K nd k x = 0F
hereforeD we (nd tht the mximum vlue of the p is hieved for k = K nd k = K D depending on the vortex winding pF husD oth the floh wve nd the plne wve prt of the p in the ore of vortex of given winding de 
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pigure RFUX xumeril density pro(le of the vortex sttionry solution in rel @DDA nd reiprol @dDeDfA spe for di'erent (ltering sles @w = 7, 3, 1 µmD respetivelyAF flk lines in @DDA represent the lttie potentil ontourD nd dshed white lines in @dDeDfA highlight the (rst frillouin zoneF where τ = ±1 is the vlley numer nd s = sgn(∆) = sgn(E A -E B ) is the lttie stggeringF his result is linked with the wellEknown optil seletion rules in rnsitionl wetl hihlogenides PPV where the phse pttern t the K point exhiits n ngulr momentum for each unit ellD determining the ngulr momentum of photons for given vlleyF o on(rm this nlytil resultD we hve performed numeril simultions y solving the qi eyond the f pproximtionD with n expliit honeyom lttie potentil U (r)F ithout losing generlityD we onsider ll prmeters s in setion QFP @typil for exitonEpolritons PHHAD ut onsidering qusiEonservtive seF he neighour distne is d = 2.5 µmD pillr rdius r = 1.5 µmD m = 5×10 -5 m 0 @m 0 is the free eletron mssAD orresponding to J ≈ 0.25 meD nd αn = 0.3 meF o (nd the sttionry vortex wvefuntion in presene of honeyom lttie potentilD we solve the dmped qrossEitevskii eqution QHPX

i ∂ψ ∂t = (1 -iΛ) - 2 2m ∆ψ + α|ψ| 2 ψ + U ψ -µψ @RFQQA
where Λ = 0.03 is the dimensionless dmping oe0ientF his eqution gurntees tht sttionry solution with n energy µ persistsD wheres ny perturtions to this solution with higher energies deyD with the hrteristi dey rte proE portionl to the energy devition Γ = H -µF e strt with wvefuntion ψ ∼ tanh(r/r 0 ) exp(ipϕ)D where ϕ is the polr ngleD p = ±1 nd r 0 is of the order of expeted heling length ξ @severl mironsAF he dmped eqution onserves the zeroes of the wvefuntionD euse in the point r = 0 where ψ = 0 the right prt of the eqution vnishes nd thus ∂ψ/∂t = 0F he wvefuntion nnot therefore evolve towrds the ground stteD so it stilizes t sttionry solution with winding p = ±1F he results of these lultions re shown in pigF RFUF o get the informtion on the vortex oreD we pply sptil (ltering using qussin of size w @pnels @AE @AAF por lrge wD the imge in the reiprol spe @pigF RFU@dAA is dominted y the ondenste entered t the ground stte @Γ pointAF he ground stte itself is emptyD euse the vortex imposes v = 0 everywhereF por smller w @pigF RFU@eDfAAD the ore of the vortex is entered t the K points of the reiprol speD while the K vlleys re emptyF ypposite results re otined for opposite windingD on(rming the vlleyEwinding oupling for vortiesF 4.3.2 Vortex at the interface e hve shown tht the vortex p in the reiprol spe hs two ontriutionsF wost of the ondensed prtilesD fr from the vortex oreD re onentrted round the Γ point @smll kAF hese prtiles re prtilly un'eted neither y the presene of the lttieD nor y ny possile interfes euse t this sle the prtiles re lying in the proli prt of the dispersion in reiprol speF yn the other hndD the ore of the vortex is t the K pointD nd we n expet interesting e'ets linked with the interfesD where in the liner regime the sttes from the ulk K points give rise to hirl propgtive interfe sttes @r sttesAF sn wht followsD we estimte nlytilly the energy of the vortex s funtion of oth the wvevetor of the ore @dispersionA nd of its position in rel speF por this tsk one n strt from the grnd nonil expression IQUX

E v = 2 2m |∇ψ| 2 + ψ * U ψ + α 2 |ψ| 2 -n 2 dR @RFQRA
ulittivelyD this expression is the di'erene etween the energy of system with vortex nd the energy of system without vortex @ut with ondenste in the ground stte with the unpertured density nAF he (rst step is to split the integrl into P regionsX the ore @|R| ≤ ξA nd the outside zone @|R| > ξAF sn the seond regionD |ψ| 2 ≈ nD nd the only ontriution to the vortex energy omes from 112 Chapter 4. Topological eects for BECs in honeycomb lattices
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pigure RFVX DA inergy of the vortex ore t the interfe s funtion of its entrl wvevetorD exhiiting vlley hirlity @ E KD E K A @flue solid linesAF he dotted urves represent the liner f rion dispersionsD the di'erent olors orresponding to the loliztion on the interfe @redA nd on the edges @lueA s in pigF QFU@AF A inergy of the vortex s funtion of positionF @flue nd green urves orrespond to diret interfe or lrger one onstituted of R unstggered zigzg hins entered t x = 0 respetivelyFA the kineti energy termD whih n e estimted y the wellEknown logrithmi expression E r>ξ v = πn 2 ln (1.46R 0 /ξ) /m @R 0 is the system sizeA negleting the lttie potentilF sn the vortex oreD the presene of the lttie hs to e tken into ountF es we hve shown ove oth nlytilly nd numerillyD the ore of the vortex is wvepket entered t k 0 lose to either K or K @we tke qussin wvepket ψ G AF e lulte its energy versus k 0 using the f pproximtionF he X sptil diretionD perpendiulr to the interfeD hs to e treted in the rel spe @x 0 is the vortex enterAF he ontriution to the kineti energy is lulted sX

E kin,r<ξ v (x 0 , k 0 ) = x 0 +ξ x 0 -ξ dx dkψ * G ψ * 0 H k ψ 0 ψ G @RFQSA
where H k is the floh rmiltonin of rion of oupled in(nite zigzg hin @QFIPA @k = k y A nd ψ 0 (x, k) re the singleEprtile eigensttes of the lttieF hese eigensttes re quntized in the X diretionF heir sptil overlp with the vortex ore plys n importnt roleF por the delolized ulk sttes the overlp tends to zero with inrese of the stripe widthF yn the other hndD the stte lolized t the interfe @width κ ee pigF QFU@AA hs nonEvnishing overlp nd the onE triution of this stte domintes the dispersion of the vortex oreF en exmple of suh dispersion in the viinity of the K nd K points is shown in pigF RFV@DAX the dispersion of the ore @lue lineA inherits the dispersion of the liner eigensttes t the interfe @red dotsAD nd therefore their vlleyEdependent propgtion direE tion @hirlityAD s ompred with the nonEpropgting ulk sttes with zero group veloity extly t K or K @lk pointsAF he kineti energy of the ore lso depends on the position of its enter x 0 X if the ore is perfetly entered t the interfeD the energy t k 0 = K is extly the sme s tht of the interfe stteF yn the other hndD if the ore is loted in the ulkD its energy is tht of the top of the vlene ndD determined y the energy splitting E kin (x 0 , k 0 ) = -∆F he interfe therefore represents barrier of height of the order of the gp ∆D if only the kineti energy is tken into ountF he ontriution of the intertions to the vortex energy omes from the senE sitivity of the vortex to the lol hnges of the density in the ondensteF sn the vortex oreD the density |ψ| 2 is smll s ompred with the kground density n(r)D nd the integrl redsX

E int,r<ξ v = ξ 0 αn 2 πrdr @RFQTA
husD the vorties re ttrted to lowerEdensity regions minimizing the totl energy of the systemF he density of the ondenste without vortex depends on the lol potentilD whih 'ets the density of the ondenste t the sle given y the heling length ξF gonsidering the interfe s helt rrier V 0 δ(x) nd negleting the lttieD the density pro(le of the ondenste n e found nlytilly PVTX

n(x) = n 0 1 - 1 cosh 2 ((x c + |x|)/ξ ) @RFQUA
where x c nd ξ depend on V 0 F he intertion energy of the vortex ore s funtion of x 0 therefore exhiits minimum of width ξ ≈ ξF he sum of kineti @RFQSA nd intertion @RFQTA energies depends on the prmE eters of the systemF wo exmples of suh dependene s funtion of x 0 re shown in pigF RFV@A for ξ > κF he vortex n e lolized on either side of the interfeD the ltter ting s rrier preventing the vortex from hnging dominF he vortex ore is therefore loted in given domin where the windingEvlley oupling de(ned y iqF @RFQPA is well de(nedF st will move long the interfe in the diretion given y its winding @whih gives its vlley loliztionAF he resonnt intervlley sttering present for liner wvepket is ompletely foridden here euse it would require to invert the vortex winding nd therefore to hnge the veloity of ll the prtiles in the ondenste whih hs huge energy ostF etullyD the only wy for vortex to move kwrd is y tunnelling through the interfe rrierF sndeedD on the other side the vortex keeping its winding will hnge vlley euse of the stggering potentil inversion @iqF @RFQPAAF he di'erent possile mehnisms for this tunnelling re disussed in susetion RFQFR ut it is typilly negligileF yur nlytil results re gin fully on(rmed y numeril simultions of vortex propgtion long the interfe using iqF @RFQQA @with Λ = 0AF he snpshots of one of suh simultions re shown in pigF RFW @the full movie is ville t QHQAF pigure RFIHX A gontour plot of the potentil @lk lineA nd the phse of the vortex @in olorAF ed rrow shows the rottion diretionD green rrow shows the propgtion diretion of the vortexF A ortex veloity from numeril lultions nd its estimtion y di'erent modelsF e see tht the vortex remins tthed to the interfe nd propgtes longD without eing sttered kwrds on the ornersF en dditionl defet of I me @∼ 4J ∆A nd I µm width hs een dded on n interfe pillr for omprison with the liner seD where it leds to strong ksttering pigsF QFIQ@A nd QFIRF his llows us to hek tht the vortex is indeed immune to ksttering thnks to the dditionl topologil protetion provided y its winding vi the windingEvlley ouplingF e stressD howeverD tht in ontrst with eletroni quntum spin rll insultorsD where the prtile numer is onservedD ounterEpropgting vorties n nnihilteF 4.3.3 Vortex velocity estimation rereD we study how the vortex veloity depends on the prmeters of the system in order to hek tht the propgtion long the interfe is not linked with the wellEknown vortex rolling e'etF pirstD let us see tht the vortex relly follows the interfeD nd its ore is loted extly within the unit ellD whih seprtes the two inverted mterilsF pigure RFIH shows snpshot of the phse of the wvefuntion with vortexF e 2π phse jump line is lerly visileD nd the ore of the vortex is loted t the end of this lineF he rottion diretion of the vortex is shown with red rrowD nd the green rrow indites the propgtion diretion of the vortex long the interfe @white dshed lineAF e see tht the edge of the phse jump line is within the unit ell loted t the interfeF yne might think tht the vortex is simply rolling long the interfeD like wheelD onverting rottion into propgtionF he hrteristi distne t whih pigure RFIIX A e vortex t n interfe nd its net veloityF A ortex veloity s funtion of the gp sizeF ed points E numeril resultsD lk E nlytil solutionF the density n vry in the ondenste is given y the heling length ξ nd therefore the enter of the vortex in this 4rolling wheel4 imge hs to e loted t distne ξ from the wllD whih llows to (nd the speed of rottion of the prtiles where they meet with the wll @nd therefore the vortex propgtion speedA using the expression

v rol = m 1 r @RFQVA
where one tkes r = ξD whih gives simply tht the vortex propgtes with veloE ity roughly equl to the speed of sound in the ondenste v rol = αn/mF sn this modelD one ould therefore expet pronouned dependene of the vortex propgE tion veloity on the prtile densityF enother lterntive ould e tht the vortex simply propgtes with the group veloity of liner sttes t the interfeD whih n e lulted from the numeril dispersion pig QFIIF his gives v g = -1 ∂E/∂k = 0.7×10 6 mGs or 0.7 µmGpsF his is the veloity with whih the s t the interfe n e expeted to propgte in this prtiulr lttieF snterestinglyD the vortex veloity is di'erent from v g F pigure RFIH@A ompres the preditions of these models s funtion of inE tertion energy αn with numeril results @lk squresAF glerlyD the simple preditions of the two nive models @red irles for rolling e'et nd lk dshed line for the liner group veloityA strongly devite from numerisF he model of the rolling wheel @red dotsA predits dependene on the density whih is not oE served t ll @the intertion energy hnges y ftor SD nd there is no signi(nt hnge of the vortex veloityAF he group veloity of the interfe sttes strongly overestimtes the rel vortex propgtion speed @lso y ftor SAF ulittivelyD one n understnd this y the ft tht the vortex ore eing loted on one side of the interfeD its overlp with the liner interfe stte is slightly reduedF o lulte the vortex veloityD we nlyze the urrents tht tke ple within its ore @onentrted in given vlley euse of windingEvlley ouplingAF sn the ulkD the vlley sttes re not propgtingD ut rottingD euse the Q quntumE mehnil urrent terms etween the Q pillrs of the sme type whih hve di'erent phses @0D 2π/3D 4π/3A extly ompenste eh otherD s these re three identil vetors rotted t IPH degreesF sndeedD

j = n m ∇ϕ
where n is the prtile densityD nd thereforeD to lulte urrent in the tightE inding pproh we need to onsider only pillrs with nonzero density @the A sitesA n nd tke into ount the phse di'erene etween eh pirF et the interfe the sitution hngesD s n e seen in pigF RFII@AF he A pillrs on the left of the interfe re not lrge pillrs @with lower energyA ut smll pillrs @with higher energyAD nd thereforeD the Q urrent terms @lue rrowsA do not hve the sme preftorF he phse di'erenes re the smeD ut the density on the pillrs on the left of the interfe is smller @it is not zero s it would e in the ulkD euse the presene of the interfe mixes the floh sttesAD nd therefore the urrent term mrked s dshed line hs smller mgnitude thn the other twoF his results in net urrent pointing upwrdsD nd this is wht leds to the propgtive nture of the interfe sttesF he totl urrent reds

j = j 1 + j 2 + j 3 .
essuming tht the density on the A pillrs on the right of the interfe is n nd the density on the A pillrs on the left of the interfe is n D we n write the mgnitude of the urrent terms sX

j 1,2 = n + n 2 m 2π 3 √ 3a nd j 3 = n m 2π 3 √ 3a
he orienttion of the vetors mkes tht the X projetion of j 3 is 0D while the X projetions of j 1 nd j 2 re oppositeD nd so they ompenste eh otherF he Y projetions giveX

j Y = 1 2 (j 1 + j 2 ) -j 3 whih gives j Y = n -n 2 m 2π 3 √ 3a
ithout the interfeD n A = n A nd j = 0D s expetedF he presene of the interfe mkes n < nF sf we onsider n isolted prolem of two pillrs with oupling J 118 Chapter 4. Topological eects for BECs in honeycomb lattices nd energy splitting ∆ @whih determines the gp in the ulk wh nlogAD we n estimte n s

n = 2n 1 + ∆ + √ ∆ 2 + 4J 2 2 /4J 2 @RFQWA
yne n then estimte the vortex veloity y j Y /n whih yieldsX

v = v g n -n /n @RFRHA
euse 2π /m/3 √ 3a is simply n estimte of the group veloity v g in terms of the prmetersF e plot the dependene of v on the pillr size rtio ∆R/R @determining the gp size ∆A in pigF RFII@AF ed dots show the results of numeril simultionsF flk line is the nlytil solution given y iqF @RFRHAD where v g nd ∆ re tken from numeril simultions in liner regimeF e see tht it orresponds lmost perfetly to the points @ext numeril solutionA while there re no (tting prmetersF his on(rms the vlidity of our interprettionF 4.3.4 Interface properties and disorder eects es disussed in the susetion RFQFPD vorties sty tthed to the interfe thnks to the interply of kineti nd intertion energyF he interfe itself represents rrier of kineti energy for vortiesF yn the other hndD the presene of the interfe modi(es the density of the ondenste whih retes potentil trp for the vortiesF he sum of the two forms douleEtrp struture t oth sides of the interfeF esonnt intervlley sttering is ompletely foridden nd the only wy for them to move kwrd is to tunnel through the interfe rrier in rel speF rereD we disuss the possile mehnism leding to suh tunnelingF ortex tunneling hs een studied in the pst sine the disovery of mgneti vorties in superondutorsF wo min mehnisms n e responsile for this tunnelingX quntumEmehnil QHRD QHS nd therml QHTF he quntumEmehnil tunneling rte is proportionl to the mplitude of the pinning potentil nd exponentilly deys with the squre of the distne nd with the density QHRX t QM = V pin exp(-πnl 2 /2)F por polritonsD the intertion onstnt QHU is α ≈ 9 µeV/µm 2 mening tht for the intertion energy of 0.3 me the polriton density is of the order of 30 µm -2 nd the orresponding tunneling rte for tunneling distne of I µm is less thn 10 -11 s -1 @three thousnd yersAD supposing pinning potentil V pin of the order of I meF his rte n therefore e mde negligile if the width of the rrier @lA is su0iently lrgeF he therml tunnelingD responsile for the wellEknown vortex reep QHTD is governed y the therml tivtion mehnism involving n exponent of the rrier height ∼ exp(-∆/k B T )F sf one onsiders the spei( exmple of polritonsD they re strongly deoupled from the therml reservoir thnks to their photoni frtion nd the steepness of their dispersionF herml rodening in polriton systems like polriton grphene is omprle with the rodening indued y the lifetime PHHX the totl rodening σ is of the order of 30 µeD reneD vortex tunneling is thus restrited y the sme ondition s the oservtion of the edge sttesX σ < ∆ ! the rodening of ll soures should e smller thn the gpF sn our simultionsD stle vortex propgtion on one side of the interfe is oserved despite the residul ogolons @density wvesA in the ondenste tht n e seen in the movies QHQF iven though the quntum nd therml tunneling re suppressedD lolized defet n pertur the interfe rrierF hile positive potentil rriers repel vorties nd do not led to the rossing of the interfeD negtive potentil trps n prtilly destroy the protetive e'et of the interfe nd mke vortex ross itF yur simultions show tht this is indeed possileD if the size of the defet is omprle with the size of single pillr @or lrgerAD while its mplitude is omprle with the totl size of the ondution nd @6J ∝ 1 meAD muh higher thn the size of the gp @HFI meAF roweverD the interfe width n tully e inresed y inserting severl reguE lr @not stggeredA zigzg hins without 'eting the ehvior of the hirl interfe sttes ee susetion QFPFQF he thikness of the rrier leds to n exponentil derese of the vortex tunneling proility nd lso enhnes protetion ginst potentil defetsD ensuring tht the vorties lwys remin t the sme side of the interfeF sn this senseD the interfe is similr to the ulk of the smpleX there is n exponentilly smll overlp of the edge sttesD whih dereses with the inrese of the smple size @for the ulkA or of the interfe thikness @for the interfeAD nd whih provides protetion ginst sttering on reltively lrge defetsD whih for the ulk would led to sttering to the opposite side of the smpleD nd for the interfe would led to sttering to the opposite side of the interfeF e hve heked tht the vortex propgtion is roust ginst defets up to ±1.5 me @∼ 6JD the size of the whole ndA in mplitude nd up to 2.5 µm @∼lttie onstntA in sizeF hefets with the mplitude of the order of the gp do not pertur the vortex propgtion even with lrger sizes @heked up to S µmAF 4.3.5 Conclusions he ove setion highlights new omintion of topologil quntitiesX rel spe topologil hrge hrterized y the vortex winding numer nd momentum spe topology hrterized y the vlley ghern numerF e see tht the propE erties of the singleEprtile dispersion of the interfe sttes re inherited y the vortex solution of the nonEliner eqution vi the oreD the vortex providing proteE tion ginst ksttering y lolized disorder on the interfeF e demonstrte tht this omintion llows to hieve topologilly roust r e'et whih n e interpreted s n nlog of quntum spin rll e'etF hese results re promisE ing for the development of new (eld of vortextronisD where the informtion will e rried y vortiesF he possiility to rete hirl pthwys for vorties nd to utomtilly sort them ording to their winding ould e ruil for suh informtion tretmentF Chapter 5 Band geometry measurement and anomalous Hall eect sn setion SFID we present protool to mesure the omponents of the qunE tum geometri tensor in photoni systemsF everl imges presented orrespond to reiprol spe mps of the ferry urvture in spinor or slr honeyom ltties diretly relted to the e'ets disussed in the previous hptersF sn setion SFPD onsidering twoEnd system we highlight the link etween lol nonEditiity nd the quntum metriF e propose wy to tke the nonEditi frtion into ount in the semiElssil equtions desriing the nomlous rll e'etF 5.1 Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems enlog systems suh s old toms or photoni systems ring new experimentl perspetives to proe the nd geometryGtopologyF eentlyD severl protools hve een proposed to mesure the ferry urvture or ghern numers in suh systems RID QHVD QHWD QIH nd some of them hve een implemented experimentlly IHQD QIIF roweverD the rel prt of the q --the quntum metri --hs never een mesured experimentllyD to our knowledgeF sn reent pperD F yzw proposes n experimentl protool to reonstrut the q omponents in photoni )t nd QIPF his reonstrution is sed on the nomlous rll drift mesurement of the drivenEdissiptive sttionry solution in di'erent on(gurtionsD similr to previous works on the ferry urvture extrtion PRWD QHVF sn this setionD we propose di'erent method to extrt the omponents of the quntum geometri tensor y direct mesurements using polriztionEresolved nd sptilly resolved interferene tehniquesF his proposl is sed on the experiE mentl ility to perform diret mesurement of photon wveEfuntion in rditive photoni systems suh s plnr vities nd vity ltties PHHD PHID ut n e extended to other systems where kEdependent pseudospin orienttions n e meE suredF yur method is designed to extrt q omponents of systems with one or two oupled pseudospins @twoEnd or fourEnd modelsAD independently of the nd urvtureF e emphsize tht our proposl onerns the mesurement of geometril qunE tities linked to the rermitin prt of the systemF roweverD the dissiption @(nite lifetime of the rditive sttesA is the key ingredient whih enles the mesurementF es highlighted in reent worksD dissiption n lso e linked to new topologil numers relted to the nonEhermitiity nd the omplex eigenenergies QIQD QIRD ut this is not the sujet of the present setionF usetion SFIFI is dedited to twoEnd systems keeping in mind two prtiuE lr implementtionsF he (rst se we onsider is plnr mirovity tking into ount the light polriztion degree of freedomF he seond se is stggered honeyom lttie for slr photonsD where the pseudospin of interest is ssoiE ted with the lttie degree of freedomF e generlize the mesurement protool to generi fourEnd systems desried with two oupled pseudospins in suseE tion SFIFPF his sitution is relized in the sEnd of lttie with two toms per 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 123 unit ell @eFgF honeyom lttieA tking into ount the polriztion of lightF st is lso relized for slr prtiles in the pEnd of honeyom lttieF por ll exmplesD in ddition to the nlytil nd tightEinding resultsD we perform nuE meril simultions whih im to reprodue the experimentl mesurementF e solve numerilly the hrödinger eqution inluding pumping nd (nite lifetime of the photoni sttesD we then extrt the experimentlly essile prmeters nd use them to reonstrut the q omponentsF 5.1.1 Two-band systems he rmiltonin of ny twoElevel @twoEndA system n e mpped to pseudospin oupled to n e'etive mgneti (eldD euse the twoEyEtwo rmiltonin mtrix n e deomposed into liner omintion of uli mtries nd of the identity mtrixF es shown elowD the knowledge of the pseudospin is su0ient to reonE strut ll the geometril quntities linked with the eigensttesF e generl spinor wvefuntion n e mpped on the floh sphere using two ngles @θ E polrD φ E zimuthlA nd written in irulr polriztion @spinEupD spinEdownA sisX

|u n,k = ψ + ψ -= cos θ(k) 2 e iφ(k) sin θ(k) 2 @SFIA θ nd φ re de(ned for eh nd sX θ (k) = arccos S z (k), φ = arctan S y (k) S x (k) @SFPA
where the pseudospin omponents re linked with the intensity of eh polriztion of lightD if the prtiulr pseudospin is the tokes vetor of lightX

S z = |ψ + | 2 -|ψ -| 2 |ψ + | 2 + |ψ -| 2 , S x = |ψ H | 2 -|ψ V | 2 |ψ H | 2 + |ψ V | 2 , S y = |ψ D | 2 -|ψ A | 2 |ψ D | 2 + |ψ A | 2 @SFQA
where the ψ i orrespond to horizontlD vertilD digonlD ntiEdigonl nd iruE lr polriztion mplitudesF e stress here tht pseudospin is ritrry nd n orrespond to polriztion pseudospin or to sulttie pseudospin if the system is lttie with two toms per unit ellF hile for light the physil mening of the vertil nd digonl polriztions is quite nturlD for n ritrry pseudospin they hve to e reonstruted from the 4irulr4 @ψ + D ψ -A sis s followsX

ψ H = 1 √ 2 (ψ + + ψ -) ψ V = i √ 2 (ψ + -ψ -) ψ D = 1 √ 2 e iπ/4 ψ + + e -iπ/4 ψ - ψ A = i √ 2 e iπ/4 ψ + -e -iπ/4 ψ -
epplying iqF @IFQUA to the eigensttes @SFIA leds to the formulX 124Chapter 5. Band geometry measurement and anomalous Hall eect

g ij = 1 4 (∂ i θ∂ j θ + sin 2 θ∂ i φ∂ j φ) @SFRA B z = 1 2 sin θ(∂ x θ∂ y φ -∂ y θ∂ x φ) @SFSA
where iDj indies stnd for k x Dk y omponentsF hereforeD extrting θ(k) nd φ(k) for given energy nd t eh wvevetor k llows to fully reonstrut the omE ponents of the q in momentum speF his protool n e implemented using polriztionEresolved photoluminesene or interferometry tehniques ville for light in the stteEofEtheErt experiments PHHD PIID PHIF por twoEnd systemsD the metri tensor is the sme for eh nd @g + ij = g - ij = g ij AD wheres the ferry urvtures re opposite @B + z = -B - z A IISF 5.1.1.1 Planar cavity e plnr mirovity hs two min fetures importnt for our studyF pirstD it hs twoEdimensionl proli dispersion of photons lose to zero inEplne wveveE torD euse of the quntiztion in the growth diretionF his llows to use the hrödinger formlism to del with mssive photonsF eondD the energy splitting etween i nd w polrized eigenmodes is nlogous to spinEorit oupling for photonsD whih is neessry ingredient to otin nonEzero ferry urvtureF he other neessry ingredient to get nonEzero ferry urvture is n e'etive eemn splittingD whih in prtie n e implemented y using strong oupling of vity photons nd quntum well exitonsD hieved in modern mirovities IRVF he exitons re sensitive to pplied mgneti (eldsX they exhiit eemn splitting eE tween the omponents oupled to σ + nd σ -Epolrized photonsD induing eemn splitting for the resulting qusiprtiles E exitonEpolritons QISF rereD we onsider n dditionl splitting etween liner polriztions whih ts s stti inEplne (eld QITF uh (eldD usully linked with the rystllogrphi xesD n pper euse of the nisotropy of the quntum wellD nd it n e ontrolled y n eletri (eld pplied in the growth diretion QIUF he resulting rmiltonin in momentum spe n e written s twoEyEtwo mtrix in irulr sis (ψ

+ , ψ -) T F H k = 2 k 2 2m * + ∆ z αe -iϕ 0 + βk 2 e 2iϕ αe iϕ 0 + βk 2 e -2iϕ 2 k 2 2m * -∆ z @SFTA
where αD βD nd ∆ z de(ne the strength of the e'etive (elds orresponding to the onstnt E splittingD iEw ygD nd the eemn splittingD respetivelyF m * = m l m t /(m l + m t )D with m l nd m t orresponding to the longitudinl nd trnsverse e'etive mssesF k = k 2

x + k 2 y is the inEplne wvevetor with k x = k cos ϕD k y = k sin ϕF ϕ 0 is the inEplne ngle of the onstnt (eldF he eigenvlues of this rmiltonin for relisti prmeters re shown in pigF SFI s the rossEsetions of the Ph dispersion in the k x nd k y diretionsF 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 125

)

-1 0 1 a) b)
pigure SFIX hispersion of the plnr mirovity with rossed e'etive mgneti (elds @D eemn nd iEw splittingsF A k x rossEsetionD A k y rossEsetionF pigure SFPX re of the metri tensor g xx + g yy of the vf in vity system without Zeeman splittingX without @A nd with splitting @A from the nlytil formul @SFUAF 126Chapter 5. Band geometry measurement and anomalous Hall eect pigure SFQX ferry urvture of the vf in vity system with eemn splittingX without @A nd with splitting @A from the nlytil formul @SFUAF ghoosing ϕ 0 = 0D whih mens tht the onstnt (eld is in the x diretionD the q omponents re found nlytillyX

g xx = β 2 k 2 y α -k 2 β 2 + k 2 ∆ 2 z α 2 + 2 k 2 x -k 2 y αβ + k 4 β 2 + ∆ 2 z 2 g yy = β 2 k 2 x α + k 2 β 2 + k 2 ∆ 2 z α 2 + 2 k 2 x -k 2 y αβ + k 4 β 2 + ∆ 2 z 2 g xy = β 2 k x k y α 2 -k 4 β 2 α 2 + 2 k 2 x -k 2 y αβ + k 4 β 2 + ∆ 2 z 2 B ± z = ±2β 2 k 2 ∆ z α 2 + 2 k 2 x -k 2 y αβ + k 4 β 2 + ∆ 2 z 3/2
@SFUA e see tht while the ferry urvture requires nonEvnishing eemn splittingD the metri tensor n e nonzero even without ny pplied mgneti (eldX the iE w spinEorit oupling is su0ientF uh possiility for the metri to susist when the ferry urvture is null hs lso een notied in IIS for twoEnd f modelsF e plot the lulted tre of the metri tensor s funtion of wvevetor for β = 0.1 in the sene of eemn splitting @∆ z = 0A in pigF SFPF nel @A exhiits ylindril symmetry due to α = 0D while pnel @A demonstrtes the trnsformtion of the metri in the reiprol spe in presene of nonEzero inEplne e'etive (eld α = 0.2F e stress tht the metri diverges where the sttes eome degenerte @n emergent nonEeelin guge (eld forms round these points QIV when α = 0AD ut it n nevertheless e mesured su0iently fr from the points of degeneryF 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 127

xextD we plot the ferry urvture for nonEzero eemn splitting ∆ z = 0.1 in pigF SFQF xote tht α = 0 implying nisotropi eigenenergies leds to n importnt hnge in the ferry urvture distriution in momentum spe from ringElike mximum to two pointElike mxim in the k y diretionD similr to wht hppened to the metri tensorF etullyD ferry urvture is highest t the ntirossing of the rnhesD where the metri tensor ws divergent for zero eemn splittingF sn the isotropi seD this ntirossing does not depend on the diretion of the wvevetorD while the inEplne (eld reks this isotropy nd gives two preferentil diretions for the ntirossingD where the iEw splitting nd the inEplne (eld ompenste eh other @see pigF SFIAF hese results n e diretly ompred with numeril simultionsD from whih the q omponents re extrted using iqF @SFSAF rereD nd in the followingD we re solving the Ph hrödinger eqution numerilly over timeX

i ∂ψ ± ∂t = - 2 2m ∆ψ ± -i 2τ ψ ± ± ∆ z ψ ± + β ∂ ∂x ∓ i ∂ ∂y 2 ψ ∓ + αe ∓iϕ 0 ψ ∓ + U ψ ± + P
@SFVA where ψ + (r, t), ψ -(r, t) re the two irulr omponentsD m = 5 × 10 -5 m el is the polriton mssD τ = 30 ps the lifetimeD β is the iEw oupling onstnt @orreE sponding to S7 di'erene in the longitudinl nd trnsverse mssesAF ∆ z = 0.06 me is the mgneti (eld in the Z diretion @eemn splittingAD α is the inEplne e'etive mgneti (eld @splitting etween liner polriztionsA with its orienttion given y ϕ 0 = 0D P is the pump opertor @qussin noise or qussin pulse exiting ll sttes t t = 0AF U is n externl potentil used in the following susetions to enode the lttie potentil @hereD U = 0AF he solution of this eqution is then pourierEtrnsformed ψ(r, t) → ψ(k, ω) nd nlyzed s followsF por eh wvevetor kD we (nd the orresponding eigenenergy s mximum of |ψ(k, ω)| 2 over ωF henD the pseudospin S nd its polr nd zimuthl ngles θ, φ re lulted from the wvefuntion ψ(k, ω) using iqsF @SFPAE@SFQAF his orresponds to optil mesureE ments of ll T polriztion projetions t given wvevetor nd energyF pinllyD the ferry urvture is extrted from θ(k), φ(k) using iqF @SFSAF he results re shown in pigF SFRF nel @A shows the ferry urvture in plnr vity withE out the inEplne splitting @α = 0AF nel @A demonstrtes the modi(tion of the ferry urvture under the e'et of nonEzero inEplne (eld α = 0.1 meF es in the nlytil solutionD the ring is ontinuously trnsformed into two mximF 5.1.1.2 Staggered honeycomb lattice for scalar particles he rmiltonin of stggered honeyom lttie for slr prtilesD in the tightE inding pproximtion with two toms per unit ellD is lso twoEyEtwo mtrix whih n e mpped to n e'etive mgneti (eld ting on the sublattice pseuE dospinF he floh rmiltonin in (ψ A , ψ B ) T sis redsX

H k = ∆ AB -Jf k -Jf * k -∆ AB @SFWA
128Chapter 5. Band geometry measurement and anomalous Hall eect where f k = 3 j=1 exp (-ikd φ j ) nd ∆ AB is energy di'erene etween e nd f sulttie sttesF he orresponding tightEinding dispersion is plotted in pigF SFSF he gpD opened y the stggering potentilD leds to opposite ferry urvtures t K nd K points QUsee eF QFPF hile simple nlytil formul n e hieved y lineriztion of the rmiltonin round these pointsD hereD we ompute the geometril quntities numerilly using eqsF @IFPUAD @IFPVA whihD thnks to etter preisionD llows to reover the signture of the underlying lttie in the q omponents @pigF SFTAF sndeedD the presene of two vlleys in the hexgonl frillouin zone implies tringulr shpe of q omponents round K nd K pointsD whih is negleted in the (rstEorder pproximtionF imilr imges n lso e hieved nlytilly QWF e hve lso performed numeril simultions with the q extrtion for the stggered honeyom lttieF sn this setionD to onsider slr prtilesD only one spin component ws tken into ount in the hrödinger eqution @SFVA @ψ + A nd ll oupling etween the omponents ws removed @α = 0D β = 0AF husD the only remining pseudospin is the sulttie pseudospin linked with the honeyom potentil enoded in U (r) = 0F e use lttie potentil U (r) of 26 × 26 unit ells with rdius of the pillrs r = 1.5µmD pillr rdius modultion of QH7D nd lttie prmeter a = 2.5µmF yne the wvefuntion ψ(r, t) nd its imge ψ(k, ω) re foundD we extrt the ngles θ nd φ de(ning the spinorF he physil mening of the spinor here is di'erent from tht of the previous setionD nd the mening of these ngles di'ers s wellF por S z nd θ the mesurement is strightforwrdD euse |ψ + | 2 nd |ψ -| 2 re simply the intensities of emission from the two pillrs A nd B in the unit ellF 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 129

0 1 -1 0 1 -1 -1 k (µm ) x 0 1 -1 -1 k (µm ) x -1 k (µm )
k (1/a) -2 0 2 4 E (J) -3 0 3 K M K'
pigure SFSX tggered honeyom lttie tightEinding dispersion @∆ AB /J = 0.2AF hshed vertil lines mrk high symmetry points in the (rst frillouin zoneF o determine φD the phse di'erene etween the two pillrsD one hs to onsider the rel spe pourier imge of the orresponding wvevetor stte @the floh wve in rel speA nd determine this phse y interferene mesurements with referene emF his tehnique is nlogous to the one used reently to mesure the phse di'erene etween pillrs in honeyom photoni moleule PIIF pigure SFU shows two interferene ptterns for two opposite wvevetors q lose to prtiulr hir point KF he referene em propgtes long the x diretionD nd the devition of the interferene fringes from the vertil diretion is n evidene for the phse di'erene etween the pillrsF pigure SFV shows the results of the extrtion of the q omponents s disE ussed oveF nel @A shows the ferry urvture B z D nd pnel @A shows the XX omponent of the quntum metri @g xx AD with orresponding tightEinding results shown in pnels @A nd @dAD respetivelyF ell pnels re shown in the viinity of one of the hir points @hosen s the referene for the wvevetor qAD where these omponents di'er from zeroF his llows to demonstrte tht the resolution of the method is su0ient for the extrtion in spite of the rodening due to the (nite lifetimeD numeril disorderD nd the (nite size of the strutureF e see tht the g xx omponent is ompressed long the vertil diretionD s in the tightEinding lultion @pigF SFT@AD nd zoom in pigF SFV@dAAD nd tht the ferry urvture shows slight tringulr distortion due to the symmetry of the vlleyD whih would e simply ylindril in the (rst orderF 130Chapter 5. Band geometry measurement and anomalous Hall eect pigure SFTX untum geometri tensor omponents in stggered honeyom lttie @tightEinding resultsAF @A g xx D @A g yy D @A g xx +g yy D @dA ferry urvture B z F @lower ndD ∆ AB /J = 0.2AF hshed red squres round K point show the zoomed region for the numeri q extrtionF 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 131

0 2 4 0 1 -1 x (µm) 0 1 -1 x (µm) y (µm) a) b) A A B B
pigure SFUX ixmples of interferene pttern in rel spe used in order to reonE strut phse di'erene etween e nd f pillrs for two opposite vlues of qF he thik white lines re the ontour of the numeril stggered honeyom potentil used in the simultionsF ed @lueA dshed irles highlight the e @fA pillrsF 5.1.2 Four-band systems everl systems re well desried y fourEnd rmiltoninsF ome exmples re ilyer honeyom ltties PPQD spinor sEnds or pEnds in ltties with two toms per unit ell QIWF hen it omes to ounting for n dditionl degree of freedom like polriztion pseudospin in twoEnd lttie systemD where there is lredy sulttie pseudospinD one my think tht mesuring the two pseudospins should e su0ient to dedue the q in the (rst frillouin zoneF st is indeed the se when the rmiltonin n e deomposed in two unoupled twoEyEtwo loksD whih mens tht the two pseudospins re independentF his sitution is relized for fermions in ltties in presene of time reversl symmetry for instne RRD VH see eF IFQFQF rereD we onsider more generi situtionD where we ount for the possile oupling of the two pseudospinsX n eigenstte of the full system nnot e deomposed s produt of the two pseudospinsF he wvefuntion hs to tke into ount the entnglement of the two susystemsF e xx pigure SFVX ferry urvture @A nd metri tensor omponent g xx @AD extrted from numeril simultions sed on the hrödinger eqution @SFVAD ompred with orresponding tightEinding results @DdAF oom round K point @dshed red squre in pigF SFTAF 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 133

generl REomponent wvefuntion n e written sX

|u n,k = c + A e iφ + A , c - A e iφ - A , c + B e iφ + B , c - B e iφ - B T = e iφ - B      cos θ A 2 cos θ AB 2 e iφ A e iφ AB sin θ A 2 cos θ AB 2 e iφ AB cos θ B 2 sin θ AB 2 e iφ B sin θ B 2 sin θ AB 2      @SFIHA
reneD six ngles re neessry to prmetrize the generl wvefuntionF es in the previous setionD they re relted to pseudospin omponentsX

φ A = φ + A -φ - A = arctan S A y S A x φ B = φ + B -φ - B = arctan S B y S B x @SFIIA φ AB = φ - A -φ - B = arctan S AB - y S AB - x nd θ A = arccos S A z θ B = arccos S B z @SFIPA θ AB = arccos S AB z
where φ A D φ B D θ A D θ B re de(ned y the internl pseudospin @egF polriztionA on eh omponent of the externl pseudospin @eGf sulttiesAD φ AB is the phse di'erene etween the sulttie omponents for given omponent @σ -A of the internl pseudospinF θ AB is de(ned y the total intensity di'erene etween the two sulttiesF he mesurement of these six ngles in nd llows full reonstruE tion of the orresponding eigenstteF sing the eigenstte formultion @SFIHAD one n derive the q omponent formuls in terms of these nglesX

g ij = 1 4 (∂ i θ AB ∂ j θ AB + ∂ i θ A ∂ j θ A cos 2 θ AB 2 +∂ i θ B ∂ j θ B sin 2 θ AB 2 + ∂ i φ AB ∂ j φ AB sin 2 θ AB + cos 2 θ A 2 cos 2 θ AB 2 (3 -cos θ AB -cos θ A (1 + cos θ AB ))∂ i φ A ∂ j φ A + cos 2 θ B 2 sin 2 θ AB 2 (3 + cos θ AB + cos θ B (cos θ AB -1))∂ i φ B ∂ j φ B + cos 2 θ A 2 sin 2 θ AB (∂ i φ AB ∂ j φ A + ∂ j φ AB ∂ i φ A ) -cos 2 θ B 2 sin 2 θ AB (∂ i φ AB ∂ j φ B + ∂ j φ AB ∂ i φ B ) -cos 2 θ A 2 cos 2 θ B 2 sin 2 θ AB (∂ i φ A ∂ j φ B + ∂ j φ A ∂ i φ B ))
(5.13) 134Chapter 5. Band geometry measurement and anomalous Hall eect
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pigure SFWX ightEinding dispersion of regulr honeyom lttie with iEw yg nd eemn (eld @∆ z /J = 0.1D δJ/J = 0.2AF hshed vertil lines mrk high symmetry points in the (rst frillouin zoneF

B z = 1 4 (sin θ A cos 2 θ AB 2 (∂ x θ A ∂ y φ A -∂ y θ A ∂ x φ A ) + sin θ B sin 2 θ AB 2 (∂ x θ B ∂ y φ B -∂ y θ B ∂ x φ B ) + sin θ AB cos 2 θ A 2 (∂ x θ AB ∂ y φ A -∂ y θ AB ∂ x φ A ) -sin θ AB cos 2 θ B 2 (∂ x θ AB ∂ y φ B -∂ y θ AB ∂ x φ B ) + sin θ AB (∂ x θ AB ∂ y φ AB -∂ y θ AB ∂ x φ AB )) (5.14) 
yne n oserve tht the formul omplexity hs lerly inresed ompred to the twoEstte systemF roweverD we stress tht if the energy spetrum is essile experimentlly with su0ient resolutionD the extrtion protool di0ulty does not inrese despite the higher numer of nglesF sn the followingD we use spei( se in order to demonstrte the fesiility of the mesurementF Honeycomb lattice for spinor particles sn this setionD we onsider the sEnd of regulr honeyom lttie ontining vetoril @polrizedA photons with iEw splitting nd n externl eemn (eld s n exmple of fourEstte systemF sn suh systemD the quntum nomlous rll e'et for polritons hs een predited reently see eF QFIPIPF he miniml tightEinding floh rmiltonin written in irulr sis

(ψ + A , ψ - A , ψ + B , ψ - B ) T is the followingX H k = ∆ z σ z F k F + k ∆ z σ z , F k = - f k J f + k δJ f - k δJ f k J @SFISA
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pigure SFIHX untum geometri tensor omponents in regulr honeyom lttie @Ist ndD tightEinding resultsAF @A g

xx D @A g

yy D @A g

xx +g

(1) yy D @dA ferry urvture B

(1) z F @Ist ndD ∆ z /J = 0.1D δJ/J = 0.2A where δJ is the iEw yg strength nd f ± k = 3 j=1 exp (-i[kd φ j ∓ 2φ j ])F ∆ z is the eemn (eld nd σ z the third uli mtrixF he rmiltonin eomes fourEyEfour mtrix due to the dditionl polriztion degree of freedomF he typil dispersion in the (rst frillouin zone is plotted in pigure SFWF his time the full ndgp etween the two lower nd two upper nds is opened thnks to the omintion of the eemn (eld @whih reks timeEreversl symmetryA nd the iEw ygF sn this on(gurtionD the ferry urvtures round K nd K point hve the sme sign nd the gp ghern numer @or rll numerA C = 2 n C n is nonEzeroF sn (gures SFIH nd SFIID we plot the q omponents in reiprol spe of the two nds elow the ndgp @lue nd red lines in pigF SFWA omputed using eqsF @IFPUAD @IFPVAF yne n see tht the mp of these quntities is slightly more omplited thn efore due to the oupling etween the two pseudospins @sulttie nd polriztionAF sndeed one n oserve ler reminisenes of the trigonl wrping round the orner of the frillouin zoneF yne further remrkD for the (rst nd eh frillouin zone orner is linked with one 136Chapter 5. Band geometry measurement and anomalous Hall eect pigure SFIIX untum geometri tensor omponents in regulr honeyom lttie @tightEinding resultsAF @A g

(2) xx D @A g (2) yy D @A g (2) xx + g (2)
yy D @dA ferry urvture B 

z @A nd metri omponent g

xx @A extrted from numeril simultions sed on @SFVA using @SFIQAD@SFIRAF @AE@dA ight inding resultsF oom round K pointF 138Chapter 5. Band geometry measurement and anomalous Hall eect negtive ontriution to the ferry urvture wheres for the seond nd eh of them is ssoited with three positive ontriutionsF his llows to visulize why the gp ghern numer will e C = 2 n C n = C 1 + C 2 = +2F roweverD while the totl ghern numer remins unhnged s long s the gp does not loseD the lol ferry urvture n e redistriuted etween the two nds elow the ndgp s funtion of the prmetersX geometry n e smoothly deformed without hnging the overll topologyF sn numeril simultionsD the min di'erene with respet to the stggered @ut spinlessA honeyom lttie is the neessity to extrt the phse di'erene etween the pillrs for single spin omponent @σ -AD whih n e experimentlly relized y mking interfere the light emitted y di'erent pillrs PII using n dditionl polrizerF efter solving the hrödinger eqution iqF @SFVA for lttie of 26 × 26 unit ellsD tking into ount the iEw oupling nd eemn splittingD we hve extrted the ferry urvture lose to one of the K points of the Pnd nd @the one on the left of pigF SFIIAF he results of the extrtion re shown in pigF SFIP @DAF oomed tightEinding results re plotted in pigF SFIP @DdA for lrityF he prmeters re inherently di'erent from the ones of (gures SFIH nd SFIIX δJ = 0.44D ∆ z = 0.1X the iEw splitting hs een enhned to llow ler oservtion of the trigonl wrpingF es onsequene of the ltterD we oserve Q points with positive ferry urvture nd I point with negtive ferry urvture in the middle @q omponents hve een redistriuted with respet to (gures SFIH nd SFIIAF he positive point on the left is less visile euse it is not on the edge of the (rst frillouin zoneF

Conclusions

e hve presented method of diret extrtion of the quntum geometri tensor omponents in reiprol spe from the results of the optil mesurements in photoni systemsF e demonstrte the suessful pplition of this method to two di'erent twoEnd systemsX plnr vity nd stggered honeyom lttieF he protool for two nd system is similr in spirit with the one performed in old tom experiment reently IHQ @lso sed on the mesurement of the ngles θ(k) nd φ(k) prmetrizing the spinorAF he dvntge of the photoni pltform is the possiility to perform this extrtion y diret mesurements @no mnipultion of the lttie potentil is requiredAF sn the seond prtD we generlize the method to fourEnd systemD onsidering regulr honeyom lttie with iEw splitting nd eemn splitting s n exmpleF he numeril experiment ury enles to oserve the interesting ptterns of the quntum metri nd the ferry urvtureD s the signture of the trigonl wrping in the se of fourEomponent spinorD whih llows to e optimisti for future experimentsF he ess to these geometril quntities n llow to inrese our understnding of eh of the systems presented in the di'erent exmplesD where the q ould 'et the trnsport phenomen @eFgF vi the nomlous rll e'et s disussed in the next setionAF 5.2. Eective theory of non-adiabatic evolution based on the quantum geometric tensor 139 5.2 Eective theory of non-adiabatic evolution based on the quantum geometric tensor xonEditiity @xeA in quntum systems hs een studied extensively sine the pioneering works of vndu QPHD QPID ener QPPD nd others QPQD QPRD QPSD QPTD onerning the regime where the xe is exponentilly smllD wheres on(gurtions with powerElw xe were generlly onsidered s somewht less interesting QPUD QPVF he vndu qusiElssil formlism llows to lulte the (nl nonEditi frtion @trnsition proilityA when the perturtion smoothly vnish t in(nitiesF roweverD this pproh nnot e pplied to simple yet importnt sitution of mgneti (eld rotting with onstnt ngulr veloityD euse the perturtion does not vnishF woreoverD the xe hnges during the evolutionD nd its (nl vlue is di'erent from the mximl oneF he vnduEener formlism llows to (nd only the formerD while the ltter is not exponentilly smll even if the evolution is perfetly smoothF sn ll these sesD the rel prt of the q llows to quntify the xe nd rings orretion to the ferry phseF sn this setionD we lulte the nonEditi orretions @xegA for the phses nd trjetories of wvepket for (niteEtime quntum evolution eyond the vnduEener pproximtionD onsidering the importnt fmily of geodesi trjeE toriesD orresponding to elertion from zero initil veloityF e show tht these xegs re quntittively desried y the rel prt of the qD wheres the diE ti limit is desried y the imginry prt @ferry phseAF sn susetion SFPFID we ompute the (rst order nonEditi orretion to the geometri phse quired y spin in rotting mgneti (eldF henD in susetion SFPFPD we introdue new term in the semilssil equtions of motion desriing the nomlous rll e'et @eriA to tke into ount this nonEditiity nd show tht other orretions re null for geodesi trjetoriesF pinlly in SFPFQD we propose spei( exmple of pplitionX plnr mirovity in the strong oupling regime s prtil experimentl sitution showing how the rel nd imginry prt of the q ontrol the eriF 5.2.1 Two-level system in a magnetic eld e spinD whih follows slowly rotting mgneti (eldD is never perfetly ligned with itD nd thus it exhiits fst preession @frequeny ΩA out the mgneti (eld together with the slow rottion @ωA of oth of them in the zimuthl plne @pigF SFIQ@AAF his ehvior is similr to the rottion of smll wheel tthed to long shft @pigF SFIQ@AAX the wheelD rotting round its xis with the ngulr frequeny ΩD t the sme time rottes with the frequeny ω round the shft (xtion pointF por oth the spin nd the wheelD there is n importnt rottionl energy ssoited with the lrge frequeny ΩD ut nother prt of the energy is ssoited with the irulr motion ωF xoody ould think of negleting the kineti energy of the wheel9s motionF rowE everD the energy of the spin9s slow rottion enoded in the ferry phse hs een less pigure SFIQX @A floh sphere with the spin @red rrowA nd the mgneti (eld Ω @lue rrowAD diti trjetory @lueA nd rel trjetory @red dshed lineAY @A wehnil nlogX 4diti4 trjetory of n in(nitely smll wheel @lueAD yloid trjetory of point on wheel @redAF Ω E wheel rottion frequenyD v E wheel veloityD ω E shft enter rottionF evident to seeF st n e otined y pplying the energy opertor Ê = i ∂/∂t to the rotting spinor ψ(t) = 1/ √ 2(e -iωt , 1) T e iΩt/2 @vlid in the diti limit when ω → 0AD whih gives Ê = -Ω/2 + ω/2F he (rst term in this expression is the usul energy of the spin in the mgneti (eld @4dynmil phse4AD nd the seond is the energy ssoited with the ferry phse whih ppers euse of the time dependene of the spinorF por the time T = 2π/ω of one full rottion of the (eld it gives the well known result γ B = ωT / = πF roweverD euse of the (nite experiment durtionD the spin does not perfetly follow the (eld nd gets out of the zimuthl plneD tring yloidl trjetoryF he orresponding p reds

ψ (t) = cos θ(t) 2 e -iωt sin θ(t) 2 e i Ω cos ξ(t) 2 t @SFITA
where θ is the polr ngle nd ξ is the ngle etween the (eld nd the spinF everging this expression over preession time llows otining the orretion to the energyF 5.2.1.1 Spin dynamics in a slowly rotating eld o estimte the orretion lose to the diti limitD we use preession eqution for the spin dynmisD whih redsX dS dt = S × Ω @SFIUA 5.2. Eective theory of non-adiabatic evolution based on the quantum geometric tensor 141 z x q h W S pigure SFIRX he spin vetor S @redAD its projetion on the equtoril plne @greenAD nd the mgneti (eld Ω @lueA on the floh sphereD with the ngles used in the textX θ @polr ngle of SAD ζ @ltitude of SAD η @di'erene etween the longitudes of S nd ΩAD nd ξ @ngle etween S nd ΩAF ed dshed line shows the yloidl spin trjetoryF rereD Ω(t) is the mgneti (eld vetorD whih n hnge oth in diretion nd mgnitude in the generl seF S is the spin vetor whose omponents orrespond to the men vlue of the uli spin opertors S = 1 2 ( ψ| σx |ψ , ψ| σy |ψ , ψ| σz |ψ ) T F o e spei(D we onsider the rottion of the mgneti (eld in the equtoril plne Ω(t) = Ω(cos(ωt), sin(ωt), 0)F he sheme of the floh sphere with the spin nd the mgneti (eld nd their reltive ngles is shown in pigF SFIRF ine we re going to study smll devitions from the diti regimeD the motion of the spin vetor is limited to smll ngles lose to the equtor of the sphereF e n rewrite the equtions using two new vrilesX the ngle etween the spin nd the equtoril plne ζ @ltitudeAD nd the zimuthl ngle etween the spin projetion on this plne nd the mgneti (eld η @mesured in the sme diretion s usul zimuthl ngleAF hese equtions redX

dζ dt = -Ωη dη dt = Ω ζ -ω Ω @SFIVA
rereD Ω is the mgnitude of the mgneti (eldD while ω is its ngulr veloityX ω = dφ/dt @φ is the zimuthl ngle of the mgneti (eldAF e see tht these equtions re similr to the rmilton9s equtions for hrmoni osilltor in resled oordintes @η plys the role of oordinte q nd ζ E the role of momentum pAD ut with n extr term dη/dt = -ωD orresponding to onstnt veloity of the hrmoni osilltorD mening tht we onsider it in moving referene frmeD or 142Chapter 5. Band geometry measurement and anomalous Hall eect tht the osilltor itself is moving in our (xed referene frmeF pirst of llD we n (nd sttionry solutionX

ζ eq = ω Ω @SFIWA
st mens tht if the mgneti (eld rottes with onstnt ngulr veloity ωD the spin is le to follow it with the sme ngulr veloity if it is devited from the equtoril plne towrds the pole y ω/ΩF sn this seD η = 0F

Non-adiabatic fraction his solution is very importntD euse it llows us to estimte the nonEditiity in generl se onsidered elowF he frtion of the exited stte in the wvefuntion is given yX

f N A,eq = cos π/2-ζeq 2 sin π/2-ζeq 2 1/ √ 2 -1/ √ 2 2 ≈ ζ 2 eq 4 = ω 2 4Ω 2 @SFPHA
es it ould e intuitively understoodD it inreses when the ngulr veloity of the rotting mgneti (eld inresesF his frtion is omplementry to (delity F = | ψ|ψ 0 |D where ψ 0 is the ground stte in whih the system is expeted to reminX

f N A + F 2 = 1 @SFPIA
sf t t = 0 the spin is not in the position orresponding to the sttionry solution @the equilirium point ζ = ζ eq D η = 0AD it will preess out the equilirium positionD extly s the hrmoni osilltor with some initil displement osilltes round the equilirium pointF he solutions for spin ligned with the mgneti (eld s initil ondition redX

ζ(t) = ω Ω (1 -cos Ωt), η(t) = - ω Ω sin Ωt @SFPPA
reneD if t t = 0 the spin is in equtoril plneD it will osillte round the equiliE rium position ζ eq = ω/ΩD tht isD etween ζ = 0 nd ζ = 2ζ eq F he nonEditi frtion ssoited with the verge spin position will lso e will e given @SFPHAF snterestinglyD this xe frtion @frtion of the exited stte in the pA for spin on the floh sphere @SFPHA n e expressed for n ritrry prmeter spe using the quntum metri tensor @IFTA of two level systemF sndeedD using the reltion ω (λ) = dφ dt = 2 ds dt nd the de(nition of ds 2 ds 2 = g ij dλ i dλ j @SFPQA one n rewrite sX

f N A,eq (λ) = g λ i λ j Ω 2 dλ i dt dλ j dt @SFPRA
with Ω = Ω(λ)F his will e prtiulrly useful to express it in momentum speF 5.2. Eective theory of non-adiabatic evolution based on the quantum geometric tensor 143 5.2.1.2 Geometric phase correction.

yne n estimte the verge orretion to the energy due to the devition of S from Ω y pplying the energy opertor Ê to the generl spinor SFITF

Ê = Ω 2π 2π/Ω 0 ψ † (i ∂ ∂t ψ)dt @SFPSA = Ω 2π 2π/Ω 0 ω cos 2 (θ/2) - Ω 2 cos ξ + Ωt 2 sin ξ ∂ξ ∂t dt
he time dependene of θ(t) nd ξ(t) re found from the equtions for the spin dynmis @SFPPA usingX

θ (t) = π 2 -ζ(t), ξ = ζ 2 + η 2 @SFPTA
por smll nglesD one n ylor expnd the integrnd up to the seond order in ζD η nd ξ nd (nd n nlytil solution for the verge energyX

Ê = Ω 2π 2π/Ω 0 ψ † (i ∂ ∂t ψ)dt = - Ω 2 + ω 2 1 + ω Ω @SFPUA
where the lst term llows to (nd the orreted geometril phse fter full rottion time T X γ = π(1 + 2ω/Ω) @SFPVA or orretion of the formX γ -γ B γ B = 2π ΩT @SFPWA he diti limit is reovered when ω/Ω → 0D one n oserve tht the orretion dereses s 1/T nd not exponentillyF o illustrte it etterD the totl extr phse fter one full rottion of the mgneti (eld from the numeril solution of the hrödinger eqution is plotted in pigF SFIS@A s funtion of the rottion durtion T mesured in units of preession periods 2π/Ω @equivlent to the frequeny rtio Ω/ωAF vrger T mens slower rottion nd the diti limit orresponds to T → ∞ or ω/Ω → 0F e see tht the extr phse indeed onverges to the vlue πD ut the orretion is not negligileX ∆γ/γ B > 30% for ω > Ω/10F he di'erene etween the ext extr phse nd the diti vlue of π is shown in vogEvog plot on pigF SFIS@AD gin s funtion of T @lk urveAF e see tht insted of eing exponentilly smllD this orretion dereses only s 1/T F he nlytil non diti orretion @SFPWA @red urveAD (ts the ext resultF he smll osilltions whih n e seen in the numeril result @lk urvesA of the hrödinger eqution re due to the ft tht the spin does not stop its yloidl trjetory t the sme position on the floh sphere t the end of pigure SFISX @A otl extr phse for one full spinor rottion s funtion of the rottion timeY @A hevition from the diti ferry phseX numeril lultion @lkA nd nlytil orretion exhiiting 1/T dey @red dshedAF eh periods T F sndeedD fter one period the spin is not ligned with the mgneti (eld nd their reltive positionD di'erent t the end of eh yleD leds to these smll osilltions in the numerilly extrted geometri phseF his type of nonEditi orretion for the geometril phse quired y spin in rotting mgneti (eld hs een onsidered in severl works sed on di'erent pprohes whih give similr results QPWD QQHD QQIF xote tht this orretion is prt of the generl ehronovEenndn phse IUF 

= h 0 + h(k)
. σF he elertion of wvepket in these systemsD mening k → Ft is similr to the prolem of spin in timeEdependent mgneti (eld onsidered in the previous setionD where the role of the mgneti (eld is plyed y h(k)F e hve highlighted SFPFI tht nonEditiity is unvoidle in (nite time experiments nd we hve derived the (rst order nonEditi orretion to the geometril phse in the on(gurtion where the mgneti (eld is rotting long geodesi of the floh sphere @gret irleAF he nonEditi frtion should ply role in the wvepket dynmiF xegs ount for the ft tht the p is superposition of two eigensttes |u = f 0 |u 0 + f 1 |u 1 @where |f 1 | 2 = f N A found oveAF heir respetive energies ontriute oth to the (rst term on the right hnd side of iqF @SFQHAX ε

(k) = |f 0 | 2 ε 0 (k) + |f 1 | 2 ε 1 (k)D
ultimtely providing seondEorder orretion to the group veloityF yther xegs onern the seond term on the right hnd sideF e onsider the spei( se where the e'etive mgneti (eld is rotting on geodesis s onsidered ove @even if of ourse xeg should ply role for ny trE jetory in the floh sphereAF sn this seD the orretions derived from the stndrd e'etive vgrngin formlism QQQ pplied to higher order in the externl fore vnish s disussed elowF o tke into ount the xeg to the ferry urvture term in the semilssil equtionsD we need to keep trk of the rel trjetory of the spin on the floh sphereF e good estimtion is given y its equilirium trjeE tory θ = θ eq D η = 0F his is done y repling the ∂ φ derivtion y 1/ sin θ eq ∂ φ to de(ne the orreted ferry urvtureX

Ω θφ = i ( ∂ θ u 0 |∂ φ u 0 -∂ φ u 0 |∂ θ u 0 ) @SFQIA eomesX Ω N A,θφ = i sin θ eq ( ∂ θ u 0 |∂ φ u n -∂ φ u 0 |∂ θ u 0 ) ≈ (1 + ζ 2 eq 2
)Ω θφ @SFQPA he orreting ftor ppers to e proportionl to the equilirium nonEditi frtion f N A,eq introdued oveF woreoverD we hve seen previously tht this frE tion n e expressed in term of the quntum metri for n ritrry prmeter spe @SFPRAF ewriting the expression in k spe givesX urvture ppers to the seond order in the externl fore leding to third order orretion for the enter of mss veloityF his mens tht orretion to the energy should e tken up to this orderF his eqution shows tht the nomlous veloity is sum of the diti vlue @s in iqF @SFQHAA nd xeg @the seond term in the prenthesis in @SFQQAAF e stress tht this eqution is only vlid when the (eld follows geodesi trjetory in the prmeter speF sn suh seD while the renormlized energy ε rings seondE order orretions to the elertion in the diretion of the foreD the nomlous veloity only inludes this d ho orretionD euse the other (rst nd seondE order orretions to this term nel outF ine the trnsverse ondutivity rising from the nomlous veloity is known to e determined y the integrl of the ferry urvtureD its xeg ould e linked with the integrl of the quntum metriF 5.2.2.2 Corrections from the eective Lagrangian approach gorretions to semilssil eqution up to the seond order in the pplied (eld hve een onsidered using the e'etive vgrngin formlism in previous works y qo nd xiu IITD IIRF epplying the tehnique up to the third order in the pplied fore gives the following semiElssil equtions eppendix fFPX

Ω N A,ij =   1 + l,m g lm (ε 0 -ε 1 ) 2 ∂k l ∂t ∂k m ∂t   Ω ij @SFQQA
∂k ∂t = F @SFQSA ∂r ∂t = ∂ ε ∂k - ∂k ∂t × B @SFQTA with the orreted energyX ε = |f 0 | 2 ε 0 + |f 1 | 2 ε 1 @SFQUA
nd B the orreted ferry urvture up to the third order in the externl eletri foreX

B = B + B (c1) + B (c3) @SFQVA
where the orretion to the ferry urvture vetor n e expressed in terms of the quntum metri tensorX

B (c1) = ∇ k × ( 2 ↔ g F (ε 0 -ε 1 ) ) @SFQWA B (c3) = - 1 2 ∇ k ×   ( i,j g ij F i F j ) 2 ↔ g F (ε 0 -ε 1 ) 3   @SFRHA
where ↔ g is the metri in the mtrix formF B (c1) orresponds to the (rst order orretion found y qo nd xiu in IITD IIR reently written for twoEnd 5.2. Eective theory of non-adiabatic evolution based on the quantum geometric tensor 147 systemF sts ontriution to the nomlous veloity eing of seond order in the pplied foreD this orretion should dominte the one we hve introdued oveF roweverD in the se where energy nds hve rottionl symmetryD one n show tht oth B (c1) nd B (c3) vnish on geodesisF reneD if the wvepket follows geodesis in momentum speD the only orretion will e given y @SFQRAF Zero contribution along geodesics o demonstrte this we nlyze the (rstE order ontriution of the rel prt of the quntum geometri tensor to the trjetory long the geodesi lines in the prmeter speF his ontriution to the dynmil eqution redsX

ṙ = k × B (c1) @SFRIA
where the (rst order orretion of the ferry urvture is given y iqF @fFPTA vet us onsider prtile elerted from k = 0 in the X diretion y (eld long the X xis F = F x e x F he ontriution to the trjetory in the trnsverse diretion is given y ẏ = B (1) z kx @SFRPA where

B (1) z = 2 ∂ ∂k x g yx F x ε 0 -ε 1 - ∂ ∂k y g xx F x ε 0 -ε 1 @SFRQA
yther terms proportionl to F y dispper euse F y = 0F xote tht the indies of the tensor orrespond to the oordintes in the reiprol speD ut re written s x, y to sve speF he rel spe omponent of the fore tully represents the time derivtive of the wve vetor s wellX F x = dk x /dtF e need to nlyze eh of these two termsF pirstD we show tht the o'Edigonl omponents of the metri tensor re zero when the sis vetors re hosen tngentil nd perpendiulr to the geodesi urveD long whih the system propgtesF he (rst term is therefore zeroF hen we show tht the terms ∂ ∂k j g ii re zero s wellF pinllyD we show tht rottionl symmetry of the energy nds on the top of tht implies the vnishing of (rst nd third order ontriutions to the ferry urvture de(ned y eqsF @fFPTAE@fFPUAF Metric tensor along geodesic lines he length of prmetri urve in spe with metri tensor g ij is given yX Rotational symmetry ottionl symmetry of the energy nds mens tht

L = i,
ε i (k) = ε i (k) @with k = |k| = k 2 x + k 2 y AF hereforeD one hsX ∂ ∂k i (ε 0 -ε 1 ) = ∂(ε 0 -ε 1 ) ∂k ∂k ∂k i = ∂(ε 0 -ε 1 ) ∂k k i k @SFSUA
gomining the results of the ove prgrphs with this one in iqF @SFRQA with k x = F x t/ nd k y = 0 (nlly gives B

z = 0F he sme rguments pplied to iqF @fFPUA n e used to show tht B Comment on the absence of non-adiabatic correction. e hve shown ove tht higher order orretions found in the e'etive vgrngin formlism vnish on geodesisF yne n wonder why our e'etive orretion is not desried y this pprohF his n e qulittively understood s followsX the verge deE vition of the spin due to the yloidl trjetory tht we tke into ount is not perturtionF st is n estimtion of the ext solution of the dynmil hrödinger equtionF he yloidl trjetory is due to rel internd osilltions nd suh e'et nnot e desried y semilssil theory even if one use perturtion theory to higher ordersF yur e'etive orretion llows to estimte t whih order in the pplied fore it n eome importntF iven if the orreted semilssil equtions written in the form of eqsF @SFQRA re vlid only on geodesisD the nonE diti ehviour will e present for ny trjetoriesF he omprison with the work of qo nd xiu llows to stress tht some re is needed if one wnt to use their semilssil theory to higher order in the externl fore euse nonEditi e'ets n eome nonEnegligile ompred to the perturtive orretionsF

Polariton anomalous Hall eect

e egin with the proli spinor rmiltonin of the lower polriton rnh @vfA of plnr vityX

H 0 = 2 k 2 2m * + ∆ βk 2 e 2iφ βk 2 e -2iφ 2 k 2 2m * -∆ @SFSVA
with the following eigenvlues @pigF SFIT@AAX

ε ± (k) = 2 k 2 2m * ± (∆ 2 + β 2 k 4 ) @SFSWA
with ∆ = 60 µeD β = 0.14 meGµm -2 F hile the system shows no gp euse of the positive mss of oth rnhesD nd therefore is not topologil insultorD it 150Chapter 5. Band geometry measurement and anomalous Hall eect

k x k y 0 -2 -1 1 2 -1 1 0 r c 0 1 2 -1 -2 a) b)
pigure SFITX @A vf split y eemn (eld nd iEw ygY @A seudospin texture of the lower eigenstteX inEplne pseudospin projetion @rrowsA nd S Z @olorAF nevertheless exhiits nonEzero ferry urvtureD re)eted y the pseudospin texture @pigF SFIT@AAD similr to ilyer grphene under is voltge QQRD PPID PRPF e ompute nlytilly the q for the lower eigenstte in polr oordintes @kDφAX

g kk = ∆ 2 k 2 β 2 (∆ 2 + β 2 k 4 ) 2 , g φφ = k 2 β 2 ∆ 2 + β 2 k 4 @SFTHA g kφ = g φk = 0, B = 2∆k 2 β 2 (∆ 2 + k 4 β 2 ) 3/2 e Z
hese re plotted s solid urves in pigF SFIV@AF feuse of the k 2 dependene of the iEw ygD the form of the ferry urvture is di'erent from the one of sh yg QD PHS @with mximum t k = 0A nd similr to the one of ilyer grphene PWRF his prtiulr system llows to diretly ompre the result of the orreted semilssil equtions @SFQRA with the ext numeril solution of the time depenE dent spinor hrödinger eqution with grdient potentil @SFVAF sn the simultionD gussin wvepket is reted t t = 0 with σ + polriztionD we then extrt its enter of mss position over timeF e video of suh numeril experiment is ville in the supplementl mteril of refF IIUF pigure SFIU@A shows the trjetories of polriton elerted in miroE vity y relisti wedge U (x) = -F xD where F = 1 meG128 µm for Q vlues of βF he redEdshed urves lulted using eqution @SFQRA @ounting for oth

[T ] nd [T ]A re in exellent greement with diret numeril solution of the hrödinger eqution @SFVA @lk urvesAF he lue dotted urve shows the trE jetory without the orretion @SFQHAF he di'erene eomes more importnt for higher grdientsF pigF SFIU@A shows the (nl lterl shift ∆Y s funtion of βX diti @∆Y = √ βΓ 2 (3/4)/ √ ∆π E lue dotted eppendix gA nd orreted @redA urvesD s well s results of simultions @lk dotsAF xumeril results re muh pigure SFIUX Polariton anomalous Hall drift. @A trjetories in rel speX numeril @lkA nd nlytil @red dshedD unorreted E lue dshEdottedA for Q vlues of iEw yg β @∆ = 0.06 meAY @A pinl lterl shift s funtion of βX diti @lue dshEdotted lineAD orreted @red solid lineAD nd numeril @lk dotsAF rereD ∆ = 0.03 meF etter (tted y the theory inluding the xegF foth the relative lterl shift nd the xeg re omprle to the vlues reported for metmterils QQSF uh e'ets ould e importnt for pplitions in integrted polritonisF fy looking refully on the numerilly extrted urve in pigF SFIU@A one n distinguish some smll osilltionsF hese osilltions re reminisene of the yE loidl trjetory of the spin in the floh sphere whih do not pper in the orE reted semilssil equtions euse it ounts only the verge position of the spinF snterestinglyD similr osilltions of the enter of mss position pper in the Zitterbewegung e'et due to spin osilltionsF sn the onventionl e'etD this eE hviour ours when the wvepket is moving t onstnt longitudinl veloity @k = cteA nd if its enter in k spe is not in n eigenstte of the twoEnd systemF sn this senseD itterewegung osilltions n e seen s purely nonEditi eE hviourF he on(gurtion of n elerted wvepket onsidered here is more sutle @oth the spin dynmis nd the trnsverse motion of the wvepket re more omplitedAF he study of the interply etween n 4elerted ittereweE gung4 @nonEditi originA nd the nomlous rll e'et @vlid in the diti limitA in two nd systems is of interest for future worksF 5.2.3.1 QGT and non-adiabaticity measurement e very interesting opportunity to mesure the q diretly is o'ered y the rE ditive sttes of photoni systems whih llow to ess ll pseudospin omponents S vi polriztion s disussed in the previous setion SFIFIFIF he results of the extrtion re presented in pigF SFIV@A s dshed urvesD whose greement with the 152Chapter 5. Band geometry measurement and anomalous Hall eect a) b)

pigure SFIVX @A q omponentsX B Z @lkAY g kk @redA nd g φφ @greenA lE ulted nlytilly @solid linesA nd extrted from numeril experiment @dshed linesAF @A he nonEditiity @S 2 Y AD lulted using the full hrodinger eqution @lkAD the spin dynmis eqution @lueAD nd the q @red dshedAF solid lines otined from iqF @SFTHA on(rms the vlidity of this methodF e n use iqF @SFPRA to estimte the nonEditiity of polriton wvepketD elerted in omined iEw nd eemn (eldsF sn this se the totl mgneti (eld energy redsX

Ω = ∆ 2 + (βk 2 ) 2
@SFTIA he nonEditiity n therefore e written sX

f N A (k) = F 2 g kk 2 Ω 2 @SFTPA
e stress tht the nonEditi frtion nd the orresponding orretion re lE ulted from the diti metriF sn the experimentl on(gurtion we onsiderD where the polritons propgte in onstnt grdientD the nonEditiity of the wvepket n e mesured vi the digonl polriztion degreeF por thisD one should orient the vity in suh wy tht the wedge points in the X diretionF henD the 4horizontl4 polriztion should e hosen prllel to this X xisF sn this seD the diti evolution mens tht the spin rottes from the Z xis @irE ulr eigenstte t k = 0A to the X pseudospin xis @horizonl polriztionAD while the devition from this rottion is neessrily towrds the Y pseudospin xis @diE gonl polriztionAF he three pseudospin omponents n e extrted from the sptillyEintegrted intensities mesured in Q pirs of orthogonl polriztions @SFQAF pigure SFIV@A shows the greement etween the nonEditiityD given y the S 2

Y pseudospin omponentD lulted y solving full hrodinger equtions @lkAD the simple spin dynmis equtionD iqF @SFIVA @lueAD nd given y the omponent of the qD iqF @SFTPA @red dshedAF e see tht the ltter ptures very well the 5.2. Eective theory of non-adiabatic evolution based on the quantum geometric tensor 153 ehvior of the full systemD nd tht the spin dynmis eqution for smll ngles is su0iently preiseF he (gure is plotted for β = 0.14 meGµm -2 F

Conclusions

e introdue new type of orretion to the semilssil equtions of motion of n elerted on geodesi trjetories in twoEnd systems ppering in ny relisti (niteEdurtion experimentF hile the diti limit is determined y the ferry urvtureD the xeg is determined y the quntum metriF his orretion is not present in semilssil eqution derived from the wvepket e'etive vE grnginF woreoverD ll the orretions found in this pproh vnish on geodesi trjetoriesF heresD we hve studied the spei( se of geodesi trjetoriesD suh nonE diti ontriution should ply role for ny trjetory @extly s spin will exhiit yloidl trjetory on the floh sphere even if the mgneti (eld is not evolving on gret irleAF hereforeD in generlD some re will e needed when studying the wvepket response to higher order in the externl foreF he prtiulr se of plnr mirovity in the strong oupling regime llows to extrt the q omponents y diret mesurements nd to hek their e'ets on the wvepket evolutionF eentlyD we eme wre of work y eF qutierrezEuio et lF QQT devoted to mirosopi study of the @ditiA polriton nomlous rll e'et in sysE tem sed on rnsitionEwetl hihlogenides monolyer emedded in perfet metlli vityF hey give n interesting disussion on the di'erent ontriutions to the ferry urvture of polritons in this system nd derive n e'etive twoEyEtwo rmiltonin equivlent to iqF @SFSVAF sn the system they onsiderD the iEw splitting rises from the exitonEphoton ouplingD the re photoni one eing zero in metlli vitiesF Conclusions and perspectives sn this thesis we studied di'erent trnsport phenomen relted to the presene of nonEzero ferry urvtureF sn hpter QD we onsidered single prtile e'etsF e hve omputed the topologil phse digrms for two models leding to the quntum nomlous rll e'et for eletrons or photons in honeyom lttiesF e hve lso disussed the quntum vlley rll e'etF sn this seD if the existene of interfe sttes n e understood in term of vlley ferry urvturesD they re not topologilly roust ginst kstteringF sn hpter RD to look t the e'et of intertions we onsidered mrosopi foseEiinstein ondenstes loded in honeyom potentilsF e showed tht spinE nisotropi intertions of polritons n led to density driven topologil phse trnsitions for the fogoliuov density wves oth t therml equilirium nd under qusiEresonnt exittionF e lso onsidered vortex exittions in stggered honeyom potentil nd showed tht their intrinsi roustness omined with the vortexEvlley oupling leds to topologilly proteted vortex propgtionF sn the lst hpter SD we proposed protool to mesure the quntum geoE metri tensor omponents in reiprol spe for di'erent photoni or polritoni systemsF henD onsidering two nd system we highlighted the unvoidle nonEditiity during wvepket elertion in n nomlous rll experimentF e proposed wy to tke this e'et into ount in the semilssil equtions of motionF es n illustrtionD we onsidered the originl polriton nomlous rll e'et whih llowed us to ompre our result with numeril simultionsF hese results ppel for further studiesF gonerning the nonEditi orreE tionD di'erent diretions re openedF sn eletroni systemsD the nomlous rll e'et eing linked with quntized trnsverse ondutivity when integrted over the oupied sttesD we n wonder if the nonEditiity ould ring dditionl orretions to this quntityF hi'erent twoEnd models n e studied suh s the IWVV rldne model in two dimensions nd eyl semimetls in three dimensionsF por the vity polriton systemD it ould e useful to think out spei( experimenE tl onditions to inrese the nomlous rll drift nd its oservilityF enother interesting question onerns the e'et of intertions during the wvepket elE ertionF ueeping the interting regime in mindD the study of vortex exittions in honE eyom ltties tking into ount iEw yg nd eemn (eld ppers quite nturllyF heres we do not expet vortexEvlley oupling in this sitution s in stggered potentilD the understnding of their ore struture nd stility in the ulk is still of interestF he possiility to mke them move thnks to the underlying nd topology remins n interesting questionF enother longEterm topi onerns vortex mutul intertionsF por instneD the presene of lrge numer of vorties n led to vortex lusteringD sling eE 156Chapter 5. Band geometry measurement and anomalous Hall eect hviour relted to Ph quntum turuleneF he interply of this universl sling phenomen with the presene of ferry urvture @oth with nd without lttiesA ppers s very ttrtive diretion of reserhF

with f i,j = f i,j (k c )D nd A ij (k c ) = u i | i ∂
∂kc |u j re the intrnd nd internd ferry onnetion in the momentum speF @o otin this result equivlent to the one given y qo nd xiuD the reltive phse etween f 0 nd f 1 oe0ients hs to e onstnt or zeroFA he verge energy of the wvepket is given yX

W | H |W = |f 0 | 2 ε 0 (k c ) + |f 1 | 2 ε 1 (k c ) -eV (r c ) @fFISA
where ε i re the energies of the two unpertured ndsF he omplete e'etive vgrngin L(r c ,

.

r c , k c , .
kc ) hs the following formX

L = -r c + Ã(k c ) . . kc -ε + eV (r c ) @fFITA
where we hve introdued

à à = (|f 0 | 2 A 00 + |f 1 | 2 A 11 + f * 0 f 1 A 01 + f * 1 f 0 A 10 ) @fFIUA
nd the orreted energy de(ned yX

ε = |f 0 | 2 ε 0 + |f 1 | 2 ε 1 @fFIVA
sf we keep only the terms up to the (rst order in the eletri (eld @see elowA this vgrngin is extly the one used y qo nd xiu in IITF @sn the followingD we drop the index c to simplify the nottionsFA sn order to prove tht higherEorder orretions do not ontriute neither to the wvepket trjetory in the on(gurtion we onsider @on geodesisAD we use perturtion theory up to the third order in the externl eletri fore to write f 0 nd f 1 X

f 0 = 1 - e 2 2 E.A 01 * E.A 10 (ε 0 -ε 1 ) 2 + 2e 3 E.A 01 * E.A 11 * E.A 10 (ε 0 -ε 1 ) 3 -e 3 |E.A 01 | 2 * E.A 00 (ε 0 -ε 1 ) 3 (B.19) f 1 = -e E.A 10 (ε 0 -ε 1 ) -e 2 E.A 10 * E.A 00 (ε 0 -ε 1 ) 2 + e 2 E.A 11 * E.A 10 (ε 0 -ε 1 ) 2 + e 3 E.A 11 * E.A 11 * E.A 10 (ε 0 -ε 1 ) 2 (ε 1 -ε 0 ) -e 3 |E.A 00 | 2 * E.A 10 (ε 0 -ε 1 ) 2 (ε 1 -ε 0 ) (B.20)
E is the onstnt eletri (eld @E = -∂V ∂rc AF woreoverD on geodesis on hs A 00 = A 11 F sing this property nd the ove formulsD we n develop the seond term in the vgrnginX Ã. k = A 00 . . k ) 2(ε 0 -ε 1 ) 3 henD the remining expression in @fFITA nd pplying iulerEvgrnge equtions llows to (nd the equtions of motionX

∂k ∂t = -eE @fFPPA ∂r ∂t = ∂ ε ∂k - ∂k ∂t × B @fFPQA
with B the orreted ferry urvture up to the third orderX

B = ∇ k × Ã = B + B (c1) + B (c3) @fFPRA
hese equtions hve the sme form s the one derived keeping only (rst order term in eletri (eldF st is not surprising sine the vgrngin @fFITA hve lredy the sme form s @fFIIAF sing the identity IIRD IISX

g αβ = 1 2 ( u 0 | i ∂ ∂k α |u 1 u 1 | i ∂ ∂k β |u 0 + h.c.) @fFPSA
we n express the orretions in terms of the quntum metri tensor ↔ g s presented in setion SFPFPFP where

F i = -eE i X B (c1) = -e∇ k × ( 2 ↔ g E (ε 0 -ε 1 ) ) @fFPTA B (c3) = e 3 2 ∇ k ×   ( i,j g ij E i E j ) 2 ↔ g E (ε 0 -ε 1 ) 3   @fFPUA F + ∆ F @gFIA nd y (t) = F 3 t 3 β 2 ∆ 2 + F 4 t 4 β 2 / 4 3 -1 + F 4 t 4 β 2 ∆ 2 4 2 F 1 1, 5 4 , 7 4 , -F 4 t 4 β 2 ∆ 2 4
3 (∆ 3 4 + ∆F 4 t 4 β 2 ) @gFPA he mximl shift of the wvepket in the Y diretion t t → ∞ is given yX

y ∞ = √ β √ ∆ Γ 2 3 4 √ π @gFQA
e see tht inresing the lterl shift requires inresing the iEw splitting β or deresing the mgneti (eld ∆F he importne nonEditi orretion n e estimted y the mximl vlue of the nonEditi frtion f N A ehves sX

f N A,max ∝ β ∆ 3 @gFRA
o redue the mximl nonEditiityD it is therefore importnt to hve sufE (iently lrge eemn splitting ∆F o hve mximl displement nd good ditiity t the sme timeD it is etter to inrese the iEw yg β insted of reduing the mgneti (eld ∆D euse the nonEditiity ehves s 1/∆ 3 F he nlytil solution for the eqution @SFQRA of the min text inluding the nonEditi orretion n lso e foundX y (t) =

F 3 β 3   ∆t 15+2∆ 2 70t 2 + -15∆ 4 12 +8∆ 2 F 4 8 t 4 β 2 +3F 8 4 t 8 β 4 (∆ 2 4 +F 4 t 4 β 2 ) 3 + 5(-1) 3/4 ∆ ∆ β + F 4 t 4 β ∆ 4 ν F 3 β   140∆ 4 3 √ ∆ 2 +F 4 t 4 β 2 / 4
@gFSA 164Appendix C. Polariton anomalous Hall eect wavepacket trajectory

ν = 28∆ 3 2 E iarcsinh F t iβ ∆ , -1 + -28∆ 3 2 + 3iF 2 β F iarcsinh F t iβ ∆ , -1
@gFTA where E nd F re the ellipti integrls of the seond kindF nfortuntelyD we did not mnge to (nd the limit of this expression for t → ∞F prom the prtil point of viewD the ove nlytil expressions for y(t) pper quite umersomeD nd we dvise the diret numeril solution of equtions @SFQHA nd @SFQRAD euse the lultion time of the hypergeometri funtion nd the ellipti integrls is quite omprle or even longer thn the diret solution of the equtionsD while the results re identilF Physics of quantum uids in two-dimensional topological systems Abstract: his thesis is dedited to the desription of oth singleEprtile nd osoni quntum )uid hysis in topologil systemsF efter introdutory hpters on these sujetsD s (rst disuss singleEprtile topoE logil phenomen in honeyom lttiesF his llows to ompre two theoretil models leding to quntum nomlous rll e'et for eletrons nd photons nd to disuss the photoni quntum vlley rll e'et t the interfe etween opposite stggered vity lttiesF sn seond prtD s present some phenomen whih emerge due to the interply of the liner topologil e'ets with the presene of interting osoni quntum )uid desried y menE(eld qrossEitevskii equtionF pirstD s show tht the spinEnisotropi intertions led to densityEdriven topologil trnsitions for eleE mentry exittions of ondenste loded in the polriton quntum nomlous rll model @therml equilirium nd outEofEequilirium qusiEresonnt exittion on(gurtionsAF henD s show tht the vortex exittions of slr ondenste in quntum vlley rll systemD ontrry to liner wvepketsD n exhiit roust hirl propE gtion long the interfeD with diretion given y their winding in rel speD leding to n nlog of quntum spin rll e'et for these nonEliner exittionsF pinllyD oming k to liner geometril e'etsD s will fous on the nomlous rll e'et exhiited y n elerted wvepket in twoEnd systemF sn this ontextD s present nonEditi orretion to the known semilssil equtions of motion whih n e expressed in terms of the quntum geometri tensor elementsF e lso propose protool to diretly mesure the tensor omponents in rditive photoni systemsF Keywords: opologil insultorsD nd geometryD ferry urvtureD nomlous rll e'etD ghern insultorsD spinEorit ouplingD topologil photonisD exitonE polritonsD foseEiinstein ondenstesD fogoliuov exittionsD quntized vortiesF
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 1 Thermal equilibrium Bogoliubov excitations in polariton Chern insulator 101 pigure RFQX Interaction induced topological inversion. veft pnelX plot of the gp vlue under onstnt mgneti (eld s funtion of the densityF he gp loses t the ritil density n = n S F @rmeters δJ = 0.2JD ∆ = 0.6JD lk solid lineX α 2 = -0.2α 1 D red dshed lineX α 2 = -0.5α 1 AF ightX sllustrtion of the edge sttes t the oundry of the smpleF

pigure

  RFTX glulted imges of emission from the surfe sttes @A Ω SI = 0.3 meD C = 2 @A Ω SI = 0.6 meD gaEIF errows mrk the propgtion diretionF4.2.3 Numerical experiment

110 Chapter 4 .

 1104 (ne stte orresponding to ertin wellEde(ned vlley of the singleEprtile dispersionF yne n de(ne windingEvlley oupling lw sX τ = ps @RFQPA Topological eects for BECs in honeycomb lattices

  of the vortex propgtion long the interfeD showing the sptil density distriution |ψ(x, y)| 2 F

116 Chapter 4 .

 4 Topological eects for BECs in honeycomb lattices

Contents 5 . 1

 51 Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems . . . . . . . . . . . . . . . . . . 122 122Chapter 5. Band geometry measurement and anomalous Hall eect

  urvture extrted from numeril simultions using hrödinger eqution nd iqF @SFSAF

132Chapter 5 .

 5 Band geometry measurement and anomalous Hall eect

-

  ndD ∆ z /J = 0.1D δJ/J = 0.2A 5.1. Measuring the quantum geometric tensor in 2D photonic and exciton-polariton systems 137

140Chapter 5 .

 5 Band geometry measurement and anomalous Hall eect

144Chapter 5 .

 5 Band geometry measurement and anomalous Hall eect a) b)

5. 2 . 2

 22 Semiclassical equations of a wavepacket ferry urvture hs een shown to 'et the trjetory of elerted wvepketsD reting n nomlous veloity ontriution in the nomlous rll e'et QQPD QQQF he semilssil equtions of motion for the enter of mss of wvepket in presene of ferry urvture n e derived using n e'etive vgrngin formlism QQQD Q eppendix fFInd redX ε n is the energy dispersionD B = (Ω yz , Ω zx , Ω xy ) T is the ferry urvture vetor nd F is n externl onservtive foreD elerting the F por hrged prtilesD F = qEF wgneti foresD known to 'et the mgneti suseptiility IIRD IISD re not the sujet of the present workF he veloity of the wvepket enter of mss hs two ontriutionsX the norml group veloity v n = ∂ε n /∂kD nd the anomalous term proportionl to the ferry urvture of the nd whih ppers in the trnsversl diretion with respet to the pplied foreF hese equtions re vlid in the diti limit ssuming tht the wvepket remins in given nd nd

146Chapter 5 .

 5 Band geometry measurement and anomalous Hall eect whih (nlly leds the following orreted semilssil equtionX A = (Ω N A,yz , Ω N A,zx , Ω N A,xy ) T F ine k = FtD the orretion of the ferry

5. 2 .

 2 Eective theory of non-adiabatic evolution based on the quantum geometric tensor 151 a) b)

. k -e A 10 .

 10 E * A 01 . . k + A 01 .E * A 10 . . k (ε 0 -ε 1 ) @fFPIA + e 3 (E.A 10 * E.A 01 )(E.A 10 * A 01 . . k + E.A 01 * A 10 .

  photoni lttiesD Phys. Rev. Lett.D volF IIPD pF IQQWHPD epr PHIRF @gited on pges US nd IPPFA PSH F frikD rF wiykeD F heqottrdiD iF ksD nd wF rfeziD woE dimensionlly on(ned topologil edge sttes in photoni rystlsD New Journal of PhysicsD volF IVD noF IID pF IIQHIQD PHITF @gited on pges US nd IHVFA PSI F wD eF fF uhnikevD F rF wousviD nd qF hvetsD quiding eletromgE neti wves round shrp ornersX opologilly proteted photoni trnsport in metwveguidesD Phys. Rev. Lett.D volF IIRD pF IPURHID wr PHISF @gited on pges US nd IHVFA PSP F w nd qF hvetsD ellEi vlleyErll photoni topologil insultorD New Journal of PhysicsD volF IVD noF PD pF HPSHIPD PHITF @gited on pges US nd IHVFA PSQ FEhF ghen nd tFEF hongD lleyEproteted ksttering suppression in silion photoni grpheneD arXiv preprint arXiv:1602.03352D PHITF @gited on pge USFA PSR pF qoD rF ueD F ngD uF viD F uD F vinD F ghongD qF hvetsD nd fF hngD opologilly proteted refrtion of roust kink sttes in vlley photoni rystlsD Nature PhysicsD volF IRD noF PD pF IRHD PHIVF @gited on pges US nd IHVFA PSS F uD F wengD tF inD F rungD rF ingD hF rnD nd F enD hiE ret oservtion of vlleyEpolrized topologil edge sttes in designer surfe plsmon rystlsD Nature communicationsD volF VD noF ID pF IQHRD PHIUF @gited on pge USFA PST pF hngD opologil vlleytronisX frought to lightD Nature PhysicsD volF IRD noF PD pF IIID PHIVF @gited on pges US nd IHVFA

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  Historical viewpoint . . . . . . . . . . . . . . . . . . . . . . . . 4 1.1.1 Quantum metric tensor . . . . . . . . . . . . . . . . . . . . . 4 1.1.2 Adiabatic Berry phase, curvature and quantum geometric tensor 5 Berry phase. . . . . . . . . . . . . . . . . . . . . . . . . 6 Note. . . . . . . . . . . . . . . . . . . . . . . . . . 7 Berry curvature. . . . . . . . . . . . . . . . . . . . . . 7 Adiabatic quantum geometric tensor. . . . . . . . . . . 8 Hamiltonian formulation. . . . . . . . . . . . . . . . . 8 Note: . . . . . . . . . . . . . . . . . . . . . . . . . . . . Note: . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.2.2 Band geometry and topological Chern number . . . . . . . . 11

	1
	Introduction to band geometry
	and topology
	Contents
	1.1

[START_REF] Bleu | Robust quantum valley Hall eect for vortices in an interacting bosonic quantum uid[END_REF] 

1.2 Band theory of crystals . . . . . . . . . . . . . . . . . . . . . . 9 1.2.1 Bloch theorem and energy bands . . . . . . . . . . . . . . . . 9 2D Chern numbers. . . . . . . . . . . . . . . . . . . . . 11 1.2.3 Tight-binding approximation . . . . . . . . . . . . . . . . . . 13 Two atoms per unit cell. . . . . . . . . . . . . . . . . . 15 Second quantized notation. . . . . . . . . . . . . . . . 17 1.3 Topological systems in condensed matter: examples . . . . 18 1.3.1 Su-Schrieer-Heeger model . . . . . . . . . . . . . . . . . . . 18 1.3.2 Haldane model . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.3.3 Quantum spin Hall eect . . . . . . . . . . . . . . . . . . . . 24 Note. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4 Chapter 1. Introduction to band geometry and topology

  1.2. Band theory of crystals 13 pinllyD it is importnt to note tht nonEzero ghern numer implies the reking of timeEreversl symmetryF sndeedD if the rmiltonin hs timeEreversl symmetry one hs |u n,k = |u n,-k

* D whih implies tht

  Ribbon of coupled zig-zag chains . . . . . . . . . . . . . . . . 72 3.2.3 Interface width impact . . . . . . . . . . . . . . . . . . . . . . 74 3.2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 3.3 Photonic quantum valley Hall eect and perfect valley lter 76

	Chapter 3
	Single particle topological eects
	in honeycomb lattices
	Contents
	3.1 Photonic versus electronic quantum anomalous Hall eect 62

3.1.1 Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 3.1.2 Phase diagram of the photonic and electronic QAH . . . . . . 64 3.1.3 Conclusions and other lattices . . . . . . . . . . . . . . . . . . 69 3.2 Quantum valley Hall eect . . . . . . . . . . . . . . . . . . . . 69 3.2.1 Valleys topological charges . . . . . . . . . . . . . . . . . . . 70 Note: . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 3.2.2 3.3.1 QVH with TE-TM photonic SOC . . . . . . . . . . . . . . . . 76 3.3.1.1 Valley topological charges: analytical results . . . . 76 3.3.1.2 Spectrum and discussion . . . . . . . . . . . . . . . 78 3.3.2 Perfect optical valley lter . . . . . . . . . . . . . . . . . . . . 80 3.3.2.1 QAH phase: analytical results . . . . . . . . . . . . 80 3.3.2.2 Spectrum and discussion . . . . . . . . . . . . . . . 82 3.3.3 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . 82 3.3.3.1 Bulk and interface dispersions . . . . . . . . . . . . 84 3.3.3.2 Propagation on the interface: numerical experiments 85 120 • corners. . . . . . . . . . . . . . . . . . . . . . . . 86 60 • corners. . . . . . . . . . . . . . . . . . . . . . . . . 87 QVH backscattering induced by a localised defect or the lattice boundary. . . . . . . . . . . . . 88 62 Chapter 3. Single particle topological eects in honeycomb lattices
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k 2 2m + αn @ee pigF PFQAF

pigure PFTX 2D spin-orbit couplings. @A hispersion of vity photons @polriE tonsAD @A iletroni dispersion with sh or hresselhus ygF @D dD eA ssoenergy e'etive in plne (eld texturesX iEw @AD sh @dAD hresselhus @fAF

pigure QFWX @DA ion dispersions with iEw ygX @A δJ = 0.2J nd @A δJ = 0.8JF golors represent loliztion on the interfe @redA nd on the edges of the struture @lueAF @DdA gorresponding solute vlues of the interfe wvefuntions in K @solidElk nd solidElueA nd K @dshedEred nd dshedEyellowA vlleysF @tggered potentilX ∆ AB (r) = -∆ AB (l) = 0.1JA

Remerciements

fetween the two limits onsidered in setion QFQFI of the mnusript to ompute nlytilly vlley topologil hrgesD it is still possile to write n e'etive P y P rmiltonin whih redsX

his e'etive rmiltonin llows to ompute the energy dispersion tking into E ount the trigonl wrpingF woreoverD one n lso ompute the ferry urvture of the low energy nds whih n e written s follow in polr oordintes @qDφAF B z = -τ z 18a 2 ∆ AB δJ 4 (4δJ 4 -a 2 J 2 (δJ 2 + 4J 2 )q 2 + a 3 J 4 q 3 sin(3φ) (∆ 2 AB (4δJ 2 + a 2 J 2 q 2 ) 2 + 9a 2 δJ 2 q 2 (4δJ 4 + a 2 J 4 q 2 ) + 36a 3 δJ 4 J 2 q 3 sin(3φ)) 3/2 @eFPA pigure eFIX ferry urvture round K point with trigonl wrping ontriution @iqF @eFPAAF @rmetersX ∆ AB (r) = 0.1JD δJ = 0.2JA

158 Appendix A. Eective 2 by 2 Hamiltonian with trigonal warping he form of the the resulting ferry urvture desries well the dditionl nds extrem ontriutions @see pigF eFIAF his quntity is not integrle nlytilly ut onverge numerilly to 2π when δJ ∆ AB F ih dditionl hir pointsD loted t

D rrying π wheres the entrl one rries -πF roweverD this low energy e'etive theory doesn9t rry informtion out the seond vlleyF hen δJ inresesD the dditionl hir points of the K nd K rrying opposite topologil hrges move in opposite diretions on the sme line KK nd nel eh others for some ritil prmeters due to the (nite size of the frillouin zoneF henD the seond limit with C

(2)

in the setion QFQFI is hieved when the onept of vlley is gin well de(nedX tht is when δJ eomes su0iently lrgeF Appendix B Eective Lagrangian formalism sn IWWWD xiu nd undrm derived the semilssil equtions of motion of n eleE tron wvepket in floh nds QQQ using timeEdependent vritionl methodF heir pproh llowed to on(rm the nomlous rll e'et predited y urplus nd vuttinger QQP nd to express this e'et in terms of ferry urvtureF he gol of this ppendix is to introdue their derivtion for the se where only onstnt eletri (eld is ppliedF e (rst introdue this pproh to the (rst order in eletri (eldD nd then its extension to higher order orretions s introdued y qo nd xiu for the twoEnd seF B.1 Semiclassical equations derivation yne onsider wvepket restrited to move in one ndF he evolution of its mplitude shpe over time is negletedF he wvepket stte is written s superE position of the eigensttes of the given nd in reiprol speF

yne lso ssume tht the wvepket hs well de(ned enter of mss position in rel speD whih leds the following reltionF

he e'etive vgrngin of the wve pket n then e written s QD QQQX L = W | (i d dt -H) |W F he rmiltonin n e expnded round r c using grdient orretion in externl eletri potentil V @the seond order grdient orretion is zero sine we onsider onstnt externl foreAX

where H 0 is the unpertured rmiltonin @H 0 |ψ n = ε n |ψ n AF he seond ontriE ution to the e'etive vgrngin is then given yX

. kc @fFWA one n rewrite this term sX

. kc @fFIHA ymitting the totl time derivtive whih does not ontriute to the eqution of motions leds to the following e'etive vgrnginX

henD pply iulerEvgrnge equtions for the wvepket enter of mss oordintes r c nd k c gives the semilssil equtions @SFQHAF B.2 Higher-order corrections sn the refF IITD qo nd xiu extend this formlism to derive the semilssil eqution up to higher order in the externl (eldsF his is done y ssuming tht the wvepket is moving in pertured ndF herefore the wvepket stte is now written s superposition of the unpertured sttesF

where the oe0ients f 0 nd f n re otined from perturtion theory up to the wnted order nd respet the normliztion ondition 

B.2. Higher-order corrections

Appendix C

Polariton anomalous Hall eect wavepacket trajectory sn this setionD we present detiled results onerning the trjetory of n E elerted wvepket @under the e'et of fore F pplied in the diretionA in presene of the iEw yg nd onstnt mgneti (eld providing eemn splitE tingD solving equtions @SFQHA nd @SFQRA of setion SFPF he nlytil solution of iqF @SFQHA whih does not inlude the nonEditi orretion redsX