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Résumé : L’objet de cette these est I’étude des équations de Schrodinger et des ondes,
a la fois linéaires et non linéaires, dans des domaines extérieurs.

Nous nous intéressons en particulier aux inégalités dites de Strichartz, qui sont une
famille d’estimations dispersives mesurant la décroissance du flot linéaire, particulierement
utiles a I’étude des problémes non linéaires correspondants. Dans des géométries dites
non-captantes, c’est a dire ou tous les rayons de 'optique géométrique partent a l'infini,
de nombreux résultats montrent que de telles estimations sont aussi bonnes que dans
I’espace libre. D’autre part, la présence d’une trajectoire captive induit nécessairement
une perte au niveau d’une autre famille d’estimations a priori, les estimations d’effet
régularisant et de décroissance locale de 1’énergie, respectivement pour Schrédinger et
pour les ondes. En contraste de quoi, nous montrons des estimations de Strichartz sans
perte dans une géométrie captante instable : 'extérieur de plusieurs obstacles strictement
convexes vérifiant la condition d’Tkawa.

La seconde partie de cette these est dédiée a 1’étude du comportement en temps long
des équations non-linéaires sous jacentes. Lorsque le domaine dans lequel elles vivent
n’induit pas trop de concentration de I’énergie, on s’attend a ce qu’elles diffusent, c’est
a dire se comportent de maniere linéaire asymptotiquement en temps. Nous montrons
un tel résultat pour les ondes non linéaires critiques a ’extérieur d’une classe d’obstacles
généralisant la notion d’étoilé. A I'extérieur de deux obstacles strictement convexes, nous
obtenons un résultat de rigidité concernant les solutions a flot compact, premier pas vers
un résultat général. Enfin, nous nous intéressons a ’équation de Schrédinger non linéaire,
dans l'espace libre, mais avec un potentiel. Nous montrons que les solutions diffusent si
I’on prend un potentiel répulsif, ainsi qu'une somme de deux potentiels répulsifs ayant des
surfaces de niveau convexes, ce qui fournit un exemple de diffusion dans une géométrie
captante analogue a ’extérieur de deux convexes stricts.

Mots clés : Equations des ondes et de Schrédinger, estimations de Strichartz, ensemble
capté, équations non linéaires, diffusion.



DISPERSIVE EFFECTS AND LONG-TIME ASYMPTOTICS FOR WAVE EQUATIONS IN
EXTERIOR DOMAINS

Abstract: We are concerned with Schrodinger and wave equations, both linear and
non linear, in exterior domains.

In particular, we are interested in the so-called Strichartz estimates, which are a family of
dispersive estimates measuring decay for the linear flow. They turn out to be particularly
useful in order to study the corresponding non linear equations. In non-captive geometries,
where all the rays of geometrical optics go to infinity, many results show that Strichartz
estimates hold with no loss with respect to the flat case. Moreover, the local smoothing
estimates for the Schrédinger equation, respectively the local energy decay for the wave
equation, which are another family of dispersive estimates, are known to fail in any captive
geometry. In contrast, we show Strichartz estimates without loss in an unstable captive
geometry: the exterior of many strictly convex obstacles verifying Ikawa’s condition.

The second part of this thesis is dedicated to the study of the long time asymptotics
of the corresponding non linear equations. We expect that they behave linearly in large
times, or scatter, when the domain they live in does not induce too much concentration
effect. We show such a result for the non linear critical wave equation in the exterior of
a class of obstacles generalizing star-shaped bodies. In the exterior of two strictly convex
obstacles, we obtain a rigidity result concerning compact flow solutions, which is a first
step toward a general result. Finally, we consider the non linear Schrodinger equation
in the free space but with a potential. We prove that solutions scatter for a repulsive
potential, and for a sum of two repulsive potentials with strictly convex level surfaces.
This provides a scattering result in a framework similar to the exterior of two strictly
convex obstacles.

Keywords: Schrodinger and wave equations, Strichartz estimates, trapped set, non
linear equations, scattering.
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Estimations de Strichartz a ’extérieur de
plusieurs obstacles convexes

Soit 2 € R? un domaine & bord. Considérons 1’équation de Schrodinger avec conditions
au bord de Dirichlet

10yu — Au = 0, u = 0 sur 011, (LS)
u(0) = wo,

ainsi que ’équation des ondes
O?u — Au =0, u =0 sur 99, (W)
(u, Oru)(0) = (uo, ua)-

Afin de comprendre la théorie perturbative, ainsi que les équations non linéaires associées
a de telles équations, il est crucial de comprendre comment les solutions des équations
linéaires décroissent. En particulier, la mesure des normes de Lebesgue espace-temps LV LY,
ou estimations de Strichartz, s’avere particulierement pertinente. L’objet de la premiere
partie de cette these est 'obtention de telles estimations, aussi bonnes que dans ’espace
libre, dans une géométrie captante instable : 'extérieur de plusieurs obstacles strictement
convexes.

1.1. Estimations de Strichartz dans I'’espace libre

Dans le cas de I’espace libre Q = R? pour 1’équation de Schrédinger, prendre la transfor-
mée de Fourier en espace dans (LS) et intégrer en temps fournit la représentation explicite

1 Jz—y|?
u(x,t) = ———= e’ it ug(y)d
(@.0) = g [, @ o)y
d’olt on peut tirer ’estimation de dispersion ponctuelle

; 1
A
el e S 2’

17



1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

qui est une premiere mesure de la décroissance du flot linéaire. Elle permet en particulier,
combinée a des arguments de dualité, d’obtenir des estimations dites de Strichartz :

e uol| par, - (mayy S lluollz2,

ou le couple (g,r), doit respecter la condition d’admissibilité donnée par l'invariance
d’échelle de I’équation, soit

(214- g = g, (q,r,d) # (2,00,2).
Localement en temps, une telle estimation reflete un gain d’intégrabilité : si la donnée est
L?, 1a solution est dans L”, r > 2 pour presque tout temps. Globalement, elle décrit un
effet de décroissance : la norme L" de la solution doit tendre vers zéro, au moins dans un
sens en moyenne L? en temps.
Pour I’équation des ondes dans R¢, les estimations de Strichartz peuvent s’écrirent

lull Lar,zr®ay S lwollgs + llurll s
ou2<q<ooet2<r<oorespectent I'invariance d’échelle

1+d d
2 %
qg r 2 ’

et la condition d’admissibilité pour les ondes

1+d—1<d—1
q 2r — 4

Elles peuvent étre obtenues par sommation via la théorie de Littlewood-Paley d’estima-
tions localisées en fréquence, elles mémes par exemple conséquences de l’estimation de
dispersion pour les ondes

. at1 1
e =R W (hv/=A)ug|| 1 < h™F = 1@ (hv/=A)uol| 1
2

U(hy/—A) localisant en fréquences ~ h~1.

Pour Schrédinger comme pour les ondes, de telles estimations refletent la nature disper-
sive de I’équation : chaque fréquence se propage selon des directions différentes, et sont
moins bonnes pour les ondes, pour laquelle la dispersion est plus faible, chaque fréquence
se déplacant a la méme vitesse. En plus de leur interét intrinseque, elles fournissent un
outils tres robuste pour I’étude des équations non-linéaires correspondantes, en donnant,
par exemple, de bons espaces dans lesquels travailler pour obtenir des résultats d’existence
locale via des méthodes de point fixe, ainsi qu’un cadre utile a I’étude de ’asymptotique
en temps long de telles équations.

Leur longue histoire remonte aux travaux fondateurs de Strichartz [Str77] pour le cas
p = ¢ pour les ondes dans R?, étendu & tous les exposants ¢ # 2 pour Schrodinger par

18



1.2. Estimations de Strichartz et géométrie

Ginibre et Velo [GV85b], et a tous les exposants r # oo pour les ondes par les mémes
auteurs [GV8ba, GV87, GV95] ainsi que Lindblad et Sogge [LS95]. Le cas limite (ou
endpoint) ¢ = 2 pour Schrodinger, respectivement r = oo pour les ondes, est plus délicat.
Il a été obtenu dans un cadre général par [KT98], et est en particulier faux pour Schrodinger
en dimension deux (p,q,7) = (2,00,2) — voir par exemple [MS98], et pour les ondes en
dimension trois [KM93].

1.2. Estimations de Strichartz et géométrie

Nous donnons, dans ce paragraphe qui n’a pas vocation a étre exhaustif, un bref his-
torique de quelques-uns des principaux résultats obtenus dans des géométries non eucli-
diennes qui nous semblent pertinents pour la suite de ’exposition.

1.2.1. L’équation des ondes

Pour I’équation des ondes dans une variété sans bord, les singularités se propagent selon
les géodésiques a vitesse constante et la vitesse finie de propagation montre qu’il suffit
de se placer en coordonnées locales pour obtenir des estimations locales. C’est le chemin
suivit par exemple par [Kap89], [MSS93], [Smi98], et [Tat02]. Le cas d’un domaine & bord,
ou l'on doit traiter la propagation des singularités au bord, est plus délicat. L’étude de
la propagation des singularités dans un tel cadre a été menée par Melrose et Sjostrand
[MS78, MS82] qui définissent la notion de rayon bicaractéristique généralisé, généralisant
la notion de rayon optique, selon lesquels ont lieu la propagation.

A Textérieur d’un convexe strict, la paramétrix de Melrose et Taylor [MT87] fournit une
description explicite de la solution pres des points diffractifs. Elle est notamment utilisée
par Smith et Sogge [SS95] pour montrer que les estimations de I’espace libre sont vraies
en dehors d’un obstacle strictement convexe.

Dans le cadre d'une géométrie quelconque, une telle paramétrix n’est plus utilisable a
cause de la présence de rayons réfléchis plusieurs fois et de leur limites, les rayons dits
glissants. Si on a longtemps pensé que les estimations de ’espace libre devaient étre vraies
a lintérieur d’un convexe strict puisque les modes de galerie, accumulant 1’énergie pres
du bord, ne sont responsables d’aucune perte, Ivanovici [[val2] donne un contre exemple
fourni par les caustiques qui peuvent apparaitre prés du bord en temps petit.

Les premieres estimations locales pour I’équation des ondes dans un domaine général on
été obtenues par Burqg, Lebeau et Planchon [BLP08]. Elles sont la conséquence d’estima-
tions de projecteurs spectraux dus & Smith et Sogge [SS07a], et sont généralisées ensuite
par Blair, Smith et Sogge [BSS09a]. Elles se font sans perte de dérivées (la perte venant
des directions tangentes étant compensée par le fait que ces directions vivent dans un petit
cone de l'espace des fréquences), mais sur des plages d’indices restreintes par rapport a
I’espace libre.

Récemment, Ivanovici, Lebeau et Planchon [ILP14a] dans un cas modele, et Ivanovici,
Lascar, Lebeau et Planchon [[LLP] améliorent tous les résultats connus pour d > 3 &
I'intérieur d’un convexe strict quelconque. Ils obtiennent une estimation de dispersion
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

ponctuelle avec une perte d’1/4 de dérivées, et montrent que cette perte, due a l’apparition
de caustiques, est inévitable dans I'estimation dispersive. De plus, en montrant qu’elles
apparaissent de maniere suffisamment exceptionnelle pour que cet effet puisse étre atténué
par une moyenne en temps, ils obtiennent dans [[LP14b] des estimations de Strichartz sans
perte de dérivée, avec des exposants sur une plage réduite qui correspondrait a une perte
d’1/6 dans l'estimation dispersive.

1.2.2. L’équation de Schrodinger
Vitesse finie de propagation pour I'équation semi-classique

Dans le cas de ’équation de Schrodinger, la vitesse infinie de propagation rend les choses
beaucoup plus délicates. Cependant, le changement d’échelle semi-classique permet grace
a la méthode de Lebeau [Leb92] de se ramener a une vitesse finie (mais non constante) de
propagation. On considére une donnée localisée en fréquences d’ordre A1, et on utilise le
changement de variable en temps ¢t — ht. On considérera I’équation dite semi-classique :

(LSse)

10su — hAu = 0, u = 0 sur 02,
u(0) = W(—h2A)ug.

Maintenant, soit (e,)n>0 un systéme orthonormal dans L?(f2) de fonctions propres de
—Ap sur Q, de valeurs propres (A, )n>0. On identifie les données

ug,o € Vect {en, 2k <V < 2’%}

avec les solutions du systéme, pour hy = 2%

{iatuk — hAug = 0, up = 0 sur 99, (LSse)

ur(0) = ug .

On dira que pg = (yo,m0) € T*(2 x R) UT*(992 x R) n’est pas dans le front d’onde au
bord WE,(U) de U = (uk0)r>0, 'l existe un opérateur hj-pseudodifférentiel tangentiel
au bord, de symbole p compactement supporté, elliptique en py, et ¢ € C° égale a 1 pres
de yo tels que

Vo, YN, ||Opy, (P)vukllge@xa) < Cnohi -
Alors, d’apres [Leb92],

WEy(ux) € 5 N {7 € [, 5], [§] < D},

ol 5, est Pensemble caractéristique ¥, = {7 — [¢|* = 0}. De plus, en posant ©(U)(z, t, s) =
>k e‘ihlzlsuk(x,t, s), ©(U) vérifie

7OU)—AU) =0, u=0sur 92 x R x R,

pour lequel on dispose donc du théoréme de Melrose et Sjostrand. D’apres [Leb92], on a
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1.2. Estimations de Strichartz et géométrie

Lemme 1.1. Pour tout sop € R, pour tout py € T*(2 x R) UT*(2 x R),
po € WFb(U) < 9(p0, So) € WF{,(@(U))

ou 0(p, s) = (p; s, 1).

Le front d’onde au bord de la suite U est donc invariant par le flot bicaractérisque
généralisé sur T*(2 x R) UT*(0Q x R).

Estimations de Strichartz

En travaillant sur 1’équation semi-classique avec des données spectralement localisées,
on peut donc tirer parti de la vitesse finie de propagation et, dans le cas d’une variété
sans bord, travailler en coordonnées locales. C’est par exemple la stratégie suivie par
Burq, Gérard et Tzetkov [BGT04b], qui, s’'intéressent a une variété compacte sans bord.
En travaillant sur I’équation semi-classique avec donnée localisée en fréquence ~ h™1, ils
construisent une paramétrix en temps h dont ils déduisent des estimations de Strichartz
avec perte d’1/p dérivées :

”eitAuO HLP([O,T],L‘?(M)) < C(T) HUOHHUP(M)-

Notons qu’une telle perte est naturelle au sens oti ’énergie se propageant a la vitesse h ™1,
on s’attend a pouvoir montrer des estimations sans perte en temps h, qui aprés sommation,
donnent une perte 1/p. Mentionnons également, dans le cas d’un opérateur de Schrodinger
a coefficients variables, les travaux de Staffilani et Tataru [ST02].

Le cas d’une variété avec bord, ou il faut tenir compte des effets de reflexion, est, encore
une fois, plus délicat. Une stratégie, suivie par Anton [Ant08] puis Blair, Smith et Sogge
[BSS08], consiste, en redressant le bord et en faisant une symétrie par rapport a celui-
ci, & se ramener au cas d’une variété sans bords mais avec coefficients Lipshitziens. Ils
obtiennent ainsi des estimations avec perte de % dérivées, soit

||eitAu0”Lp([O7T]7L‘1(M)) < C(T)”U0HH4/3P(M)‘

Cependant, une telle méthode ne tient pas compte de la géométrie particuliere du bord
et n’a pas d’espoir d’étre utilisées dans des géométries plus particulieres ou des estimations
meilleures sont espérées. Dans le cas d’une variété compacte avec bord strictement concave,
dont un exemple est donné par le billard de Sinai, Ivanovici tire parti dans [Ival0] de la
vitesse finie de propagation pour I’équation semi-classique et de la paramétrix de Melrose et
Taylor, pour montrer des estimations en temps h sur les données localisées en fréquence,
qui une nouvelle fois fournissent apres sommation de Littlewood-Paley, des estimations
locales en temps avec perte d’1/p dérivées sur I’équation classique. A I'aide d’un argument
dont nous discuterons au paragraphe suivant, elle en déduit des estimations globales aussi
bonnes que dans l’espace libre a I'extérieur dans convexe strict. Par ailleurs, elle montre
dans [Ival2] qu’a intérieur d’un convexe strict, une perte d’1/6 de dérivées est inévitable.
Son contre exemple est donné par les modes de galerie, qui, rappelons-le, n’induisent
aucune perte dans le cas de ’équation des ondes.

21



1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

Enfin, notons que généraliser les travaux [[LP14a] et [ILLP] a I’équation de Schrédinger
afin d’obtenir des estimations fines a 'intérieur d’un convexe strict semble pour le moment
hors de portée : la vitesse non-constante de propagation rend les réflexions multiples au
bord extrémement difficiles a gérer.

Remarque. Des estimations de Strichartz sans perte n’impliquent pas nécessairement une
estimation de dispersion ponctuelle aussi bonne que dans ’espace libre. Un exemple re-
marquable de ce fait est fournit par Ivanovici et Lebeau, qui montrent en particulier dans
[IL17] que 'estimation de dispersion ponctuelle est fausse a l'extérieur d’une boule en di-
mensions d > 4. Comme il n’y a pas d’effet concentration explicite de ’énergie dans un tel
probléme, ce résultat est surprenant. Cependant, d’apres le principe de Huygens, chaque
point du bord atteint par ’onde se comporte comme une nouvelle source de lumiere, qui
peut donc refocaliser dans ’ombre de ’obstacle en un point expérimentalement observé
dit de Poisson-Arago, qui est a 'origine du contre exemple donné par les auteurs.

1.3. Effet régularisant, estimations de Strichartz et non-captivité

Une obstruction intuitive a ’obtention d’estimations de Strichartz globales et sans pertes
est la présence de rayons captés, qui devraient, au moins en un certain sens, induire des
effets de concentration de I’énergie. Pour cette raison, il est naturel de se placer sous
I’hypothese de non-captivité :

Définition. On dit qu’un obstacle © C R est non captant si tous les rayons de Poptique
géométrique de Rd\@ sortent de tout compact en temps fini. De la méme manieére, on dit
qu’une variété sans bord (M, g) est non-captante si toutes les géodésiques sortent de tout
compact en temps fini.

Plusieurs auteurs obtiennent des résultats en se placant sous cette hypothése : citons
notamment les travaux de Smith et Sogge [SS00], Staffilani et Tataru [ST02], Burq [Bur03],
Metcalfe [Met04], Hassell, Tao et Wunsch [HTWO06], Bouclet et Tzetkov [BT07], ainsi que
ceux de Bouclet [Boull].

En particulier, Smith et Sogge montrent dans [SS00] en dimension impaire pour les
ondes, que sous I’hypotheése de non-captivité, des estimations de Strichartz locales en
temps impliquent des estimations globales. Ce résultat est étendu a tout les dimensions
d’espace indépendamment par Burq [Bur03] et Metcalfe [Met04]. Un fait remarquable
apparaissant notamment dans [Bur03] est que des estimations de décroissance locale de
I’énergie pour les ondes

1O, XOru) | o i w2y S lwoll o + lluallzz, Vx € CZF,

qui sont en particulier vraies dans l’espace libre, permettent de mettre bout & bout des
estimations de Strichartz locales en temps pour obtenir une estimation globale. De la
méme maniere, la contrepartie pour Schrodinger de la décroissance locale de I'énergie, soit
Peffet régularisant

Ixull Lo mrvey S lluoll 2, Vx € G,
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1.4. Effet régularisant et trajectoires captées

qui reflete un gain d’une demi-dérivée, permet de mettre bout & bout des estimations de
Strichartz semi-classiques en temps h. Heuristiquement, I’estimation régularisante signifie
qu’une solution de I’équation de Schrédinger & fréquence ~ h~! passe un temps ~ h pres
de l'obstacle, il suffit donc d’obtenir des estimations pour des temps de 'ordre de h. C’est
par exemple la stratégie suivie par [Ival(] pour déduire des estimations semi-classiques en
temps h sur le billard de Sinai, des estimations globales et sans perte a I'extérieur d’un
obstacle convexe.

Notons qu’un précurseur remarquable a des résultats d’estimations locale de 1’énergie a
I'extérieur d’obstacles non captifs pour les ondes sont les travaux de Morawetz [Mor61],
Morawetz, Raltson et Strauss [MRS77], qui s’appuient sur la construction d’une fonction
d’échappement, c’est a dire une fonction de ’espace des phases qui croit selon les rayons
et respecte la réflexion au bord. Une telle fonction a été construite par [MRS77] dans le
cas d’un obstacle non captant. Sa construction dans le cadre de variétés sans bords est au
coeur de travaux plus récents : citons, par exemple le résultat de Datchev et Vasy [DV12].

Burq, Gérard et Tzetkov [BGT04a] montrent le méme effet régularisant que dans l’espace
libre a ’extérieur d’un obstacle non-captant général. Ils I’obtiennent comme conséquence
de P'estimation de résolvante

Ix(=Ap — (A Eie)*) " Xl r2)—r200) S AT
Al >1, 0<ex 1,

pour laquelle 'hypothése de non-captivité joue un réle crucial, montrée en grande généra-
lité entre autres par Lax et Philips [LP89], Melrose et Sjostrand [MS78, MS82], Vainberg
[Vn88], Vasy et Zworski [VZ00], et qui permet également, avec une méthode similaire, de
déduire la décroissance locale de 1’énergie pour les ondes. D’autre part, Burq montre en
particulier dans [Bur04], dans un cadre trés général, que 'effet régularisant sans perte, y
compris local en temps, est fauz s’il existe une trajectoire captée. Plus précisément, dans
le cadre qui nous intéresse, pour tout tg > 0, 'application

uy € C° C L? — xePug € L2([O,t0],H%)

n’est jamais bornée lorsque x n’est pas identiquement nulle sur I’ensemble capté.

1.4. Effet régularisant et trajectoires captées

Une question naturelle suite au résultat de [Bur04] évoqué précédemment est de se de-
mander si un effet régularisant avec perte serait valable dans certaines géométries captives.
On peut, essentiellement, distinguer trois types de trajectoires captives : elliptiques, para-
boliques, et hyperboliques. Considérant ’application de Poincaré de premier retour P dans
un voisinage de 'espace des phases d’un point p € T*€) d’une trajectoire captée, on dit
que la trajectoire est elliptique (stable) si toutes les valeurs propres de la différentielle de
P en p sont de modules plus petits que un, parabolique (neutre), si ces valeurs propres
sont toutes de module égaux a un, ou hyperbolique (instable) si il en existe au moins une
de module plus grand que un.
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

S’il existe une trajectoire elliptique, il est possible de construire des quasimodes & support
compact (e )n,>1 associés a A, — 00

—Aey = Men + 1y |rnllgs = O(N,),

alors, pour tout tg > 0 et tout s > 0

. to )
e enll 11 osopre) > ||/ e, || gsdt = to|| Anen + ol ms
0
> toAn — O(/\r_LOO)?

et aucun type d’effet régularisant ne peut étre vrai.

L’effet régularisant a I’extérieur de plusieurs obstacles strictement convexes

Nous nous intéressons ici a ’exemple canonique du cas hyperbolique, soit ’extérieur de
deux obstacles strictement convexes, et sa généralisation a I'extérieur de plusieurs (N > 3)
obstacles strictement convexes. Un tel cadre a été étudié dans un premier temps par
M.Ikawa [Tka82, Tka88] et C. Gérard [G88] dans les années 1980. Ikawa montre en parti-
culier dans [[ka82] a lextérieur de deux obstacles, résultat qu’il généralise plus tard dans
[[ka88] & Pexterieur d’un nombre arbitraire d’obstacles, que la résolvante x(—Ap—72)"1y,
holomorphe sur {Im7>0} , admet un prolongement holomorphe sur sur une bande du
demi-espace supérieur {|7]| > 1,Im7 < a} et y satisfait

Ix(=A = 7)Yl 2@ - 2@ < ClrIY,

pour un certain N > 1, ce qui implique en particulier des estimations de décroissance lo-
cales de I'énergie et effets régularisant avec perte d’un nombre fini de dérivées. A Iextérieur
de plusieurs (IV > 3) obstacles, il n’y a non plus une seule, mais une infinité de trajectoires
captives. L’hyperbolicité des trajectoires considérées séparemment ne suffit pas et il faut
s’intéresser a leur interaction. Ikawa fait dans [Ika88] une hypothese d’hyperbolicité forte :

Définition 1.2 (Condition d’Ikawa, 1 : hyperbolicité forte). Il existe a > 0 tel que

Z Ayd, et < oo, (1.4.1)
YEP

ot P désigne I'ensemble des trajectoires captées, d, la longueur de vy € P et A\, = / ,u}yu?y

ol u}y’Q sont les deux valeurs propres de module plus petit que un de ’application de
Poincaré associée a .

Cette hypothese sera plus tard connnue sous le nom de condition d’Ikawa. Son travail
s’appuie sur une construction de paramétrix pour 1’équation des ondes qui sera reprise
par Burq [Bur93] et nous méme, et sera décrite dans la suite de cette exposition. Cette
construction se fait au prix de 'hypothéese technique suivante
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1.5. Compenser la perte due a une trajectoire captive hyperbolique

Définition 1.3 (Condition d’Tkawa, 2 : pas d’obstacle dans l'ombre). Pour tous i, 7,k
deux a deux distincts,
COHV(@i U @]) NOL =0, (1.4.2)

Burq remarque dans [Bur04] que le résultat d’Tkawa, combiné & une estimation standard
pour les opérateurs auto-adjoints et a un principe du maximum semiclassique inspiré de
Thang et Zworski [TZ00], implique en fait l’estimation plus fine

o log(2 + VA
IX(—=Ap — (A i) xllr2 @) —r2(@) S 1(+ﬁ)

ANER, O<ex 1,

et donc une estimation régularisante avec une perte arbitrairement petite de € > 0 déri-
vées. Plus précisément, 'estimation de résolvante précédente implique pour des données
localisées en fréquence une perte logarithmique par rapport a la fréquence, soit :

. 1
”XeltAw(_hZA)UUHL2(]R,H1/2) < Noghl2 [ (=h*A)ug| 2, ¥x € CF,

ot ¢(—h%A) localise & la fréquence h.

Remarque. Le cas intermédiaire entre la perte totale engendrée par une trajectoire ellip-
tique et la perte logarithmique induite par un ensemble capté de type hyperbolique est
étudié par Christianson et Wunsch [CW13], qui montrent une estimation régularisante
optimale avec perte polynomiale dans une variété ayant une seule trajectoire périodique
faiblement hyperbolique.

1.5. Compenser la perte due a une trajectoire captive
hyperbolique

Si le lien précis entre effet régularisant sans perte et présence d’une trajectoire captée est
maintenant bien compris, suite notamment au résultat de [Bur04], ce n’est pas encore le cas
pour les estimations de Strichartz. En particulier, Burq, Guillarmou et Hassel établissent
dans [BGH10] des estimations de Strichartz sans perte dans une variété (M, g) sans bord,
conique & l'infini, de courbure négative et ayant un ensemble capté de type hyperbolique
suffisamment petit, établissant ainsi que la présence de trajectoires captées, pourvu qu’elles
soient suffisamment instables, n’induisent pas nécessairement une perte au niveau des
estimations de Strichartz. Plus précisément, les auteurs considérent une variété conique
a linfini de courbure strictement négative dans un partie compacte convexe qui inclut
I’ensemble capté, ce dernier étant supposé assez petit au sens ou sa pression topologique
en s = % est strictement négative :

La pression topologique P(s), dont on pourra trouver une définition précise dans [NZ06]
et [BGH10], mesure la compétition entre la densité de I’ensemble capté et 'instabilité du
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

flot. L’hypothese P(1/2) < 0 signifie que c’est l'instabilité qui emporte. Il s’agit en fait
de I’hypothese d’Tkawa d’hyperbolicité forte (1.4.1), écrite dans le présent contexte : ce
probleme est donc un homologue sans bord au probleme a ’extérieur de plusieurs obstacles
strictement convexes vérifiant la condition d’Tkawa.

Dans une telle géométrie, I'effet régularisant sans perte n’est plus valable d’apres [Bur04],
et ne peut donc plus étre utilisé pour mettre bout a bout des estimations de Strichartz
semi-classiques en temps h. Nonnenmacher et Zworski [NZ06], Datchev [Dat09] montrent
que de la méme maniere que pour le probleme d’lkawa, un effet régularisant avec perte
logarithmique est valable dans une telle variété :

. 1 0
Ixe™ (=R A)uo| o g2y S [log bl [(=h*A)ugl 2, Vx € C.

La remarque fondamentale de [BGH10] est que cette perte logarithmique peut étre com-
pensée si 'on montre des estimations de Strichartz en temps logarithmique h|log h|, soit

e (—h? Aol Lo (o np1og iy za(ar) S 1W(=hA)uoll .

Intuitivement, la perte logarithmique dans 'estimation régularisante signifie que 1’onde
passe du fait des phénomenes de captivité un temps plus grand pres de 'obstacle, de
I'ordre maintenant de h|logh| : il s’agit donc de montrer des estimations jusqu’aux temps
logarithmiques. En de tels temps, les auteurs adaptent la construction de paramétrix
de Anantharaman [Ana08] pour obtenir une estimation de dispersion ponctuelle pres de
I’ensemble capté. Notons que, dans le cas de ’équation des ondes dans une géométrie
similaire, une telle paramétrix a été construite par Bérard [B77].

1.6. Résultat : Estimations de Strichartz en dehors de deux
obstacles strictement convexes

Motivés par les travaux de Burq, Guillarmou et Hassel [BGH10] et d’'Tkawa [Ika82,
[ka88], nous nous intéressons aux estimations de Strichartz pour les équations de Schro-
dinger et des ondes a l'extérieur de plusieurs obstacles strictement convexes vérifiant la
condition d’Tkawa. Nous traitons tout d’abord le cas de de deux obstacles strictement
convexes, a ’extérieur desquels nous obtenons des estimations de Strichartz globales et
sans perte par rapport a l'espace libre :

Théoréme 1.4 ([Lafl17b, Lafl7a]). Soient ©1,02 C R? deux obstacles strictement convexes.
Alors, des estimations de Strichartz globales et sans pertes sont valables dans ) = R3\ (01 U O3)
pour les équations de Schrodinger et des ondes :

ull Lo, La)) S Nuoll s + llutll gs—1, (Ondes)

lull Lo(r, o)) S lluollz2, (Schrodinger)

le couple (p, q) vérifiant la condition d’admissibilité hors point limite pour [’équation asso-
ciée.
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1.6. Résultat : Estimations de Strichartz en dehors de deux obstacles strictement convexes

Nous montrons le résultat pour I’équation de Schrodinger dans [Lafl7b]. Ce résultat est
ici présenté dans la partie I1.1. Il est ensuite généralisé a 1’équation des ondes dans [Lafl7a),
généralisation ici présentée en partie I1.2. Nous suivons la méthode suivante, inspirée par
les éléments précédents de notre exposition :

1. Gréce a lestimation régularisante avec perte logarithmique due & [Bur04], aux tra-
vaux d’Ivanovici en dehors d’un convexe strict [Ival0], et & la remarque de Burg,
Guillarmou et Hassel [BGH10], on se réduit a des estimations de Strichartz en temps
logarithmique pres de la trajectoire captée,

2. on suit la construction d’'Tkawa [Ika82, [ka88], reprise par Burq [Bur93], pour construire
une solution approchée pres de la trajectoire captée,

3. un argument de phase stationnaire, combiné & un résultat d’Tkawa [Ika82, [ka88]
concernant la décroissance d’une telle solution, donne le résultat.

Résumons brievement notre argument, en premier lieu pour I’équation de Schrédinger :

1.6.1. Réduction du probléme

Supposons que des estimations de Strichartz pour Schrédinger soient vérifiées en temps
logarithmique pres de la trajectoire captée R, soit

||X€_itAD1/)(—h2A)UO||Lp(0,h|1ogh|)Lq(Q) < Clluol| 2,

ou x est supportée pres de la trajectoire captée, et montrons comment obtenir le résultat.

Soient Xobst, Xray € C§° tel que xobst = 1 dans un voisinnage de ©1UO2UR, et Xray € Cg°
tel quexray = 1 dans un voisinage de R, et soit 1; tel que 1; = 1 sur le support de 3. On
décompose :

w(—hQA)eitADuO = @(_h2A)(1 _ Xobst)w(_hQA)eitADuO
T zZ(_h2A)XObSt(1 - Xray)w(_h2A)€itADu0
+ qz(_hQA)XobstXray¢(—h2A)eitADuo’

qui correspondent respectivement aux parties loin des obstacles, pres des obstacles mais
loin de la trajectoire captée, et pres a la fois de 'obstacle et de la trajectoire captée. Ce
dernier terme est géré en suivant la remarque de Burq, Guillarmou et Hassel précédemment
présentée pour peu que 'on dispose d’une estimation sans perte en dehors de la trajectoire
captée, qui, dans cette géométrie particuliere, est par exemple conséquence d’estimations
de résolvante de [VZ00] en dehors d’un obstacle non captant, puisque 01 U ©2 coincide,
en dehors de la trajectoire captée, avec un tel obstacle.

Les deux premiers termes sont controlés en adaptant des arguments de [Ival0]. Le pre-
mier terme, w = (1 — Xopst )1 (—h2A)e?*2Pug, vérifie le probleme

i0w + Apwp, = —[Xobsts Ap|(—h2A)etAby
w(t = 0) = (]— - Xobst)w(_hQA)uo
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mais comme 1 — xopst = 1 preés de 012, il s’agit d’un probléme dans l’espace libre! La
formule de Duhamel combinée avec les estimations de Strichartz dans R” et un lemme de
Christ-Kiselev fournissent alors

lwllzrze S (L = Xobst)¥(—h>A)e™Pug|l p2(zn) + | [xobst, Aplio(—h*A)e*Pug | 12 g1z

mais [x, Ap] est supporté loin de R et 'estimation régularisante sans perte permet de
controler le membre de droite. Le second terme, xobst (1 —Xray)w(—hQA)eitADuo correspond
a un probleme prés de ’obstacle mais loin de la trajectoire captée, il peut donc étre controlé
en mettant bout a bout les estimations en temps h dans une variété compacte a bord
strictement concave obtenues par [Ival0], grace a ’estimation sans perte.

1.6.2. Construction d’une solution approchée

Un argument de translation inspiré de [Ival0O] montre alors que 'on peut de plus se
réduire a I'’étude de données microlocalement supportées prés de la trajectoire captée.
Plus précisément, nous définissons ’ensemble capté en temps 7' d’un voisinage D de R,
noté 77 (D) C T*Q comme I'ensemble des points de D x {|€] € [ao, Bo]}, qui restent dans
D en temps T', et on se réduit a I’étude de données uyg = Op(q)up, ou ¢ est supporté dans
un voisinage de %E‘logh‘(f)) et ¢ =1 sur %E‘logh‘(D), o D C D.

Notons que la nécessité notamment de devoir par la suite contréler les dérivées de ¢
nous motive a étudier la régularité du flot de billard, et I’on montre que

d(q)t(p)v (I)t(ﬁ)) < Ctd(pv ﬁ)ﬂ

sauf sur de petits intervalles de temps, la perte de régularité Holdérienne étant due aux
rayons qui frolent des trajectoires tangentes, et une telle régularité suffira pour choisir ¢ de
telle sorte que |8§‘7§q| < heele) ce qui n’induira aucune perte puisque ces dérivées seront
par la suite confrontées & des termes d’ordre au moins h.

Un argument de dualité montre qu’il suffit d’obtenir 'estimation de dispersion, pour
t < ¢|logh|

28] S (1), 018 = gy [ ey, )

et le flot étant linéaire, il suffit pour obtenir une solution approchée avec donnée ¢, d’en
construire une avec donnée e®~¥€q(z, ), y et & étant fixés. Nous suivons pour cela la
méthode d’Tkawa [[ka82, Tka88], reprise par Burq [Bur93] pour le contréle de 1'équation
des plaques.

On définit les histoires de réflexions Z comme ensemble des n-uplet J = (j1, -, jn) ,
n >0, ot ji+1 # ji, on note J' = (j1,- -+, jn—1) et une solution est cherchée sous la forme
d’une série de Neumann

eithAD,Qq(_’é') — Z(—l)JUJJ,

JET
1wy — hAwy =0, wy = wy sur R?’\@jn,
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1.6. Résultat : Estimations de Strichartz en dehors de deux obstacles strictement convexes

ol wy correspond a une onde libre et w; a une onde réfléchie selon I'histoire J puis ignorant
les obstacles. Les w; sont obtenus selon la méthodes BKW : on cherche w; sous la forme

wi(z,t) = 3 wi (@, t)hkeies@OlEl—E)/n
k>0

ou py(x, &) = (v —y) - £/|€|, les phase ¢, |J| > 1 vérifient 1’équation Eikonale
IVosl =1, o5 = ¢y sur R\Oy,
et w;g un transport selon la phase :

(0 + 21¢|Vips - V + €| Mg Jui = —idw]_y,
wil = w,‘c]/ sur R*\O;,,

ot on a utilisé la convention w?’ 1 = 0. Une solution aux équations Eikonales est construite
par la méthode de réflexion des phases d’'Tkawa : Vi (z, &) correspondant a la direction
d’un rayon arrivé en x apres étre parti suivant la direction % et avoir été réfléchi suivant
I’histoire J, en d’autres termes, le gradient de la phase suit les rayons.

On peut alors résoudre les équations de transport suivant les rayons. Pour cela, on

remarque que w(7) = v(x + 27|£|V, t + 7) résout 1’équation différentielle ordinaire
Orw = —|¢|AY(z + 27VY(2))w,

mais on peut intégrer ([Lun44]) :

Gy (z + 27[€| V() )”2
Go(z + 2n0[E[Ve () )

ol G désigne la courbure gaussienne de la surface de niveau de 1. On a donc, par exemple

J
pour wy

exp(—el | Ao+ 26 0(w)d) - (

Goule + 27|5|Vw<x>>>1/2 o

wOJ(x+2T|§|Vg0J(a:),t+T) = ( Gy (o) o (z,1)

. / TV .
pour x € 00, . Mais w()] = w(‘)] sur 00, et on peut réitérer le raisonnement en remontant

les rayons jusqu’a wg pour lequel résoudre les équations de transport est immédiat - la
localisation de ¢ nous assurant en particulier que I’on puisse en effet remonter les rayons.
On obtient

wi (z,t) = Apy (2, €)q(X (2, €]V i0y), €),
Gis(a) )))“2 . (Gw(x—'ﬂ—l(x, \s|vm>>” .

Aeale )= (GgoJ(X-l(x, €1Ves Go(X~H(, [€]Ves)

ol X; désigne la composante spatiale du flot X* les points du bord atteints apres i ré-
flexions, et des expressions similaires sont valables pour k£ > 1.
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

Notons que la racine carrée du produit des rapports des courbures Gaussiennes Ap;
est 'analogue de la racine carrée du produit des Jacobiennes apparaissant dans [BGH10].
C’est ce terme qui est responsable de la décroissance temporelle du flot : d’apres Ikawa
[Tka82, Tka88],

Ay S A

ou 0 < A < 1 est la racine carrée du produit des deux valeurs propres de module plus petit
que 1 de la différentielle de I'application de Poincaré associée a la trajectoire captive.

1.6.3. Les dérivées directionnelles de la phase

On a donc

. 1 . 2

WA s J k_—i O)|€1—t€2)/h

eMehy ~ 7(271%)3 E E /wk(x,t,ﬁ)h e~ e @It/ ge
JET k>0

ou les w,{ et ¢ ont été construits précédemment. Si un résultat d’Tkawa [[ka82, Tka88]
concernant le produit du rapport des courbures Gaussiennes nous assurera la décroissance
temporelle du flot, il est nécessaire pour conclure de gagner trois demies puissances de h.
Nous utilisons pour cela un argument de phase stationnaire. Il est donc nécessaire, d’une
part, de pouvoir contréler les dérivées directionnelles qui surgiront, ainsi que d’étudier
les points stationnaires des phases Sj(z,&,t) = @y(x,€)[€] — t€2 et de montrer que sa
Hessienne y est non dégénérée.

Pour ce faire, nous différencions I’équation Eikonale par rapport a & et nous résolvons sui-
vant les rayons ’équation de transport qui apparait. Par exemple, dérivant |V (p;|€])|? =
|€|? on obtient

€[V (9,0 [€]) - Vo = fﬂ

la quantité Og, ¢ s|¢| qui nous intéresse est donc transportée suivant Ve s, c’est a dire suivant
les rayons. En intégrant ’équation différentielle ordinaire que vérifie 7 — 9, (¢|§|)(x +
TV (z,£)), et en utilisant la condition au bord pour les phases ¢; = ¢y sur 99;,, on
obtient pour z € 00,

&

e, (wsle) (@ + TV s(2,8),8) = O, (0r|&]) (2, &) + Il

et on itere le raisonnement jusqu’a la premiere phase. On obtient
DeSy(x, &, t) = Xoa(w, ||V (2,8)) —y

et la phase stationne en le vecteur £ = s;(x,t) permettant d’atteindre x depuis y en temps
2t en commencant par une réflexion sur ©;,.

De la méme maniere, nous résolvons en remontant les rayons 1’équation de transport
vérifiée par la phase

\ (8521'5]‘ 1/1J> Vby =065 — 0, Vb - ij Vs
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1.6. Résultat : Estimations de Strichartz en dehors de deux obstacles strictement convexes

pour montrer sa non dégénérescence en les points stationnaires pour ¢t > tg > 0.

Finalement, pour controler les dérivées directionnelles qui apparaitront, il s’agit de
controler les dérivées spatio-directionelles des phases. Pour ce faire, nous suivons la méme
idée que précédemment : Dg‘cp J vérifie

V(D¢py)-Ves =Ry,

ou R ne contient que des dérivées d’ordre inférieur. On résoud cette équation de transport
en remontant les rayons, on prend les dérivées spatiales de la solution et on obtient par
induction

J
IDEDIV | < DL,

un résultat d’Tkawa nous assurant l'initialisation o = 0. Si un tel résultat semble brutal, il
est en fait suffisant pour obtenir le controle qui nous intéresse en des temps logarithmiques :
en effet, les dérivées directionnelles qui apparaitront sont contre des termes d’ordre au
moins h, or, pour w,‘g # 0, on a |J| =t < ¢|logh|, et la perte d’e puissance de h qui
apparait alors n’induit aucune perte.

1.6.4. Phase stationnaire et conclusion

Ainsi, apreés un argument de phase stationnaire, on obtient pour ¢ > tg

7 1 - ~ —157(x
ehm5y ~ (27r)3h 3/222wg(a:,t,§)hke (@t)/h
JET k>0

ol u?é] = w({ et, pour k > 1, u?g est une combinaison linéaires de dérivées directionnelles de

wa . D’apres le résultat d’Ikawa sur les phases précédemment cité et comme pour wg #0,
on a |J| =t < €|loghl,

Dolwi@ o< Y ALY A <ent (1.6.1)

JeT J | wl#0 >t

pour un certain g > 0 ne dépendant que de la géométrie des obstacles. De la méme
maniere, les termes ﬁ)g (z,t,€)h* admettent une borne similaire puisque comme évoqué
précédemment, prendre une dérivée directionnelle de wg induit au pire une perte de h=¢
pour des temps logarithmiques. Ainsi donc, pour t € (to, €| logh|) :

|€ithA5y| < h—3/2e—ut
et pour des temps petits, eithA(Fy est une onde libre (’argument de translation de [Ival0]

assurant que 'on puisse prendre une donnée supportée loin du bord) et on peut utiliser
I'estimation de dispersion ponctuelle de R?, ce qui clot la preuve.
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

1.6.5. L’équation des ondes

Dans le cas de I’équation des ondes, la réduction du probléme est exactement similaire,
en utilisant la décroissance locale de I’énergie plutdot que 'estimation régularisante, et le
résultat de Smith et Sogge [SS95] & lextérieur d’un convexe strict plutdt que le résultat
de [Ival0].

La construction de paramétrix, similaire, se fait maintenant pour 1’équation des ondes.
La différence fondamentale étant que les rayons sont maintenant suivis a vitesse 1, cela se
traduisant, au niveau de la phase, par le fait que cette derniére stationne maintenant sur
des directions pleines, et on utilise alors un argument de phase stationnaire sur chaque
spheére S471(0, s). On ne gagne plus maintenant que % puissances de h (ce qui traduit le
caractére moins dispersif de I’équation des ondes), et on obtient de la méme maniére que
pour Schrédinger 'estimation dispersive prés de la trajectoire captée.

1.7. Résultat : L’extérieur de N > 3 obstacles strictement
convexes vérifiant la condition d’lkawa

Nous généralisons le résultat précédent a l'extérieur de N > 3 obstacles vérifiant la
condition d’Ikawa :

Théoréme 1.5 ([Laf18b]). Soit (©;)1<i<n une famille de convezes stricts de R?, vérifiant
les conditions d’Ikawa (1.4.1) et (1.4.2), et Q = R3\ 1<LJ<N ©;. Alors, sous la condition
7

d’admissibilité hors point limite, des estimations de Strichartz globales et sans pertes sont
valables dans Q) pour les équations de Schrodinger et des ondes :

lull Lo, r@)) S luoll grs + luall a1, (Ondes)
lullLam,zr )y S luollp2- (Schrodinger)

Ce résultat est montré dans [Laf18b], il est ici présenté en partie I1.3. Donnons un apergu
de la preuve dans le cas de ’équation de Schrédinger.

Estimation régularisante sans perte dans la zone non-captée

Le plan de la preuve est le méme que pour le cas le plus simple de deux obstacles. Pourvu
que ’on dispose d’une estimation régularisante sans perte a ’extérieur de ’ensemble capté,
I’argument précédent reste valide pour montrer que ’on peut se réduire & montrer des
estimations prés de I'’ensemble capté en temps logarithmique. Cependant, on ne dispose
plus d’une géométrie particuliere nous permettant d’utiliser une estimation de résolvante
en dehors d’'un obstacle non-captant, et il nous faut donc donner une preuve générale.
Notons, de plus, que nous montrons ici une estimation a l’extérieur de ’ensemble capté
dans ’espace des phases et non plus simplement de sa projection spatiale, c’est a dire que
la fonction de coupure en espace est remplacée par un opérateur dont le micro-support est
disjoint de I’ensemble capté vu comme sous-ensemble de I'espace des phases.
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1.7. Résultat : L’extérieur de N > 3 obstacles strictement convexes vérifiant la condition d’Ikawa

Nous utilisons pour cela un argument de commutateur, similaire a celui apparaissant
dans [BGH10], dans I'esprit de Morawetz, Raltson et Strauss [MRS77]: pour toute solution
u de I’équation de Schrodinger et tout opérateur A on a :

(Au, u) (T) — (Au, u)(0) :/OT/Q<[Z'A,A}u,u>+/OT /89<Au,8nu>.

Si 'on choisit A d’ordre zéro ayant un symbole positif, et elliptique sur I’ensemble qui
nous intéresse, et tel que le terme de bord apparaissant a le bon signe a des termes d’ordre
inférieur pres, on obtient donc 'estimation voulue. La méthode de [MRS77] s’adapte a
I’équation de Schrédinger pour calculer le symbole de A au bord, et nous reprenons leur
construction d’une fonction d’échappement — valable pour un obstacle non-captant géné-
rique — a l'extérieur de I’ensemble capté pour construire le symbole de A. Notons que 1'on
ne dispose d’une expression du symbole au bord que dans une zone {7 — n? > 0}, et pour
cette raison, cette méthode ne permet pas de montrer que le terme de bord est positif
a des termes d’ordre inférieur pres, mais seulement qu’il est presque positif a des termes
d’ordre inférieur pres, et nous obtenons une estimation de la forme

10K (@) ull L2172 < Cllluoll 2 + 8l1OPL(S)ull p2gy1/2) + C5O(R™),

olt ¢ = 1 sur le support de ¢. On itére ce raisonnement aprés avoir choisit § > 0 suffisam-
ment petit afin d’obtenir le résultat. Les termes d’ordre inférieur apparaissant sont gérés
en utilisant ’estimation avec perte.

Notons que, dans lesprit de [DV12], on peut itérer la preuve et contrdler a chaque
étape les termes d’ordre inférieur par 'hypothese de récurrence, pour montrer que 'effet
régularisant sans perte dans la zone non captée est en fait valable dés que l'on dispose
d’un effet régularisant avec perte polynomiale, assurant I'initialisation du raisonnement.

Réduction au voisinage des trajectoires périodiques

En utilisant ’estimation régularisante dans la zone non captée, on se réduit donc comme
précédemment a montrer des estimations de Strichartz sans perte en temps logarithmique,
micro-localement pres de I’ensemble capté :

HOph(¢)€_itAD¢(—h2A)U0HLP(O,h\1ogh\)Lq(Q) < Clluollg2,

olt ¢ € C°(R? x R?) est supportée prés de I'ensemble capté K C T*Q U T8, et, via des
arguments de dualité, il suffit donc de montrer ’estimation de dispersion

10D (@)™ 29 (=h*A)Opy (¢) |1 10 S (W)™, VO <t < e|loghl.

Pour nous réduire a la construction d’une paramétrix pres d’une trajectoire captée, nous
écrivons, inspirés par [BGHI10]:

e ThA Z eitsoAHkL eiThAHkL,l I, €A 1 Ry () + Rao(t),
k:(kl )t 7kL)
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1. Estimations de Strichartz a I'extérieur de plusieurs obstacles convexes

ou les opérateurs 11 sont des opérateur de coupure microlocaux localisés pres des différents
segments composant ’ensemble capté. On choisit 7 assez petit, et les termes de cette
somme correspondent aux parties du flot qui restent pres d’une trajectoire périodique. La
partie R; correspond au flot qui est loin des obstacles et y reste et la partie Ry correspond
a une partie du flot qui est loin des obstacles et y reste, une fois écoulé un temps Ty > 0
ne dépendant que des II;. Donc, en temps t > Ty, il suffit de s’intéresser aux parties du
flot qui restent prés d’une trajectoire périodique.

Pour gérer les temps 0 < t < Ty, on choisit ¢ supportée assez preés de K pour qu’en
temps 0 < t < Tp, les rayons issus des points du support de ¢ ne sont jamais tangents
au bord du domaine. Alors la construction de paramétrix d’Ikawa précedemment évoquée
permet d’obtenir une estimation dispersive en temps 0 < t < T : le flot s’écrira en effet
comme une somme (dépendant de Tj) d’ondes réfléchies, chacune d’entre elle vérifiant
I’estimation dispersive.

Conclusion

Une fois localisés pres d’une trajectoire périodique, la construction précédemment évo-
quée dans le cas de deux obstacles strictement convexes, ainsi que les arguments de phase
stationnaire, s’appliquent de la méme maniere que pour deux obstacles. Cependant, pour
terminer la preuve, il s’agit de controler les sommes analogues a (1.6.1), soit

> il

Jel

ou ’ensemble Z des histoires de réflexion possibles est maintenant beaucoup plus grand,
et sa taille entre en compétition avec la décroissance temporelle de chacune des ondes
w” : en d’autres termes, il y a une compétition entre le nombre de parties de Uonde qui
restent piégées entre les obstacles et la décroissance de chacune de ces parties. L'hypothese
d’Tkawa d’hyperbolicité forte (1.4.1) nous assure que cette compétition a lieu dans un sens

favorable, et ’on peut clore la preuve.

Remarque. Silhypothese d’hyperbolicité forte (1.4.1) apparait de maniére naturelle, nous
ignorons si elle est optimale : essayer d’obtenir un contre exemple dans un cas ot elle n’est
pas vérifiée serait digne d’interét.
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Asymptotique en temps long d’équations Z
d’ondes non linéaires

2.1. L’équation des ondes non linéaire dans des domaines
extérieurs

Considérons ’équation des ondes non linéaire avec conditions au bord de Dirichlet

(02 — A)u+ eululP~' =0, u =0 sur 99, (NLW)
(u(0), 9pu(0)) = (uo,u1) € H' x L2,

ou € € {1,—1}, qui admet la quantité conservée :

B(u(t)) = ;/Vu|2+;/|8tu]2+e L l/yuwl. (2.1.1)

p+
Nous nous intéresserons en particulier a ’équation tridimensionelle critique : d = 3, p = 6,
pour laquelle I'invariance d’échelle dans le cas de P'espace libre Q = R¢

w — A 2u(n, N

laisse invariante ’énergie.

Lorsque cette équation admet des solutions pour tout temps, il est naturel de se deman-
der comment les décrire en temps grand (¢ — +00). Si elles se comportent comme des
solutions de I’équation linéaire, on dit qu’il y a diffusion (ou scattering dans la littérature
anglophone) :

Définition 2.1. Soit u une solution globale de (NLW). On dit que u diffuse s’il existe des
données v+ telles que

[u(t) = SOl g + 110 (u(t) = S(t)vs)[L2 — 0

lorsque t — 400, ou S(t)vy désigne la solution de ’équation des ondes linéaire avec
donnée v.

Lorsque € = 1, ’équation est dite défocalisante : la non linéarité va dans le méme sens
que la décroissance induite par le groupe linéaire, et on s’attend alors a des effets du
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2. Asymptotique en temps long d’équations d’ondes non linéaires

type diffusion pourvu que le domaine €2 n’induise pas trop d’effets de concentration de
I’énergie. C’est en particulier le cas losqu’il s’agit de 'extérieur d’un obstacle non-captant,
ou faiblement captant, et I'intuition est qu’il devrait alors y avoir diffusion. L’objet de ce
chapitre est ’étude de telles situations. Plus précisément, nous montrons que

1. les solutions diffusent lorsque €2 est I'extérieur d’un obstacle illuminé par un ellip-
soide, notion généralisant la notion d’étoilé,

2. al’extérieur de deux obstacles strictement convexes, la seule obstruction a la diffusion
est la concentration de I’énergie autour de la trajectoire captive, en particulier, les
solutions a flot compact ne diffusent pas,

le résultat (2) fournissant un théoréme de rigidité dans le cadre d’un argument de concentration-
compacité et rigidité qui viendrait compléter la preuve. Ces résultats peuvent étre trouvés
dans [Lafl7a], ils sont ici présentés au chapitre I11.2.

2.1.1. Existence globale et critére de diffusion

L’existence globale pour des données réguliéres et radiales dans R? est obtenue par
Struwe [Str88], puis par Grillakis [Gri90] pour des données réguliéres non radiales. Shatah
et Struwe [SS94] montrent ensuite I’existence globale pour des données H' en combinant
les estimations de Strichartz avec un argument de non-concentration en téte de cone :

lim u®(x,t)dx = 0, (2.1.2)

t—ty ' Jae|lz—mo|<to—t

obtenu en intégrant une identité de divergence remarquée par Morawetz [Mor61] dans le
cas de I’équation linéaire :

1
01Q — divP + §\u|6 =0, (2.1.3)
2 2 6
Q= W+‘“6'+atu<f-wu (2.1.4)
oz (|0w)? — [Vul* | |ul® x u

et qui peut étre vue comme associée a I'invariance conforme de ’équation des ondes, sur
le cone
Kg={S<t<0, [a|<t}, §— 0.

Bahouri et Shatah [BS98] poursuivent le calcul et intégrent maintenant (2.1.3) sur le grand
cone KOT , T' — +00 pour montrer la décroissance de la partie non-linéaire de ’énergie,
soit
/ lu(t)|® — 0 lorsque t — oo,
RS

qui, associée aux estimations de Strichartz, donne immédiatement la diffusion.
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2.1. L’équation des ondes non linéaire dans des domaines extérieurs

L’existence globale de solutions dans un domaine est obtenue par Burq, Lebeau et
Planchon [BLPO08]. Ils remarquent que les estimations de projecteurs spectraux obtenus
par [BSS09a] fournissent des estimations de Strichartz suffisantes pour avoir une théorie
de Cauchy locale, et généralisent le calcul de Shatah et Struwe & un domaine pour obtenir
la non-concentration en téte de cone renversée (2.1.2) et donc obtenir existence globale de
solutions. Pour ce faire, ils controlent le terme de bord surgissant maintenant apres avoir
intégré (2.1.3) : il s’agit pour généraliser le calcul d’obtenir la décroissance

1/ (n(x) - )| Onul2do(z)dt —s 0
15| J((s,0)x00)nK?

lorsque S — 07, or un calcul de commutateur montre que

to
/ / |Opul|?dodt < E,
0 onN

et comme de plus n(x) - z = O(|z|?), les auteurs obtiennent l'existence globale.

Si I'on essaie maintenant d’intégrer '’équation de divergence sur le grand cone K,
T — oo afin de généraliser 'argument de Bahouri et Shatah et obtenir la décroissance
des normes LY des solutions et donc la diffusion, le controle précédent ne suffit plus car il
s’agit maintenant d’obtenir la décroissance en moyenne du terme de bord :

1 [T
(/ / tP - n|0nu|2dadt> — 0 lorsque T — oo
T 0 0N +

ou on a pris la partie positive et tP = x - n si 'on prend le méme multiplicateur que dans
R?. Dans le cas d’un obstacle étoilé, ce terme a le bon signe et la preuve se généralise im-
médiatement. Pour obtenir la diffusion dans des géométries plus générales, deux stratégies
se dégagent alors : adapter le multiplicateur afin que ce terme de bord ait le bon signe, ou
essayer de le controler et montrer que

1 T
= |Opul?dodt — 0, (2.1.6)
T Jo Joe

c’est a dire qu’en moyenne en temps grand, il n’y a plus d’énergie prés de obstacle. C’est
cette seconde stratégie qui est ici poursuivie.

2.1.2. Résultat : Diffusion a I’extérieur d’un obstacle illuminé par un ellipsoide

La preuve de Bahouri et Shatah se généralisant immédiatement a ’extérieur d’un obs-
tacle étoilé, il est naturel d’étudier des généralisations de cette notion. Nous nous intéres-
serons ici a des obstcales illuminés :

Définition 2.2. Un sous-ensemble © de R"” est dit illuminé par le convexe C C R" si

minVp-v >0
00
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2. Asymptotique en temps long d’équations d’ondes non linéaires

ol
p(x) =1inf{\ >0, t.q. z € A\C}

est la jauge de C et v la dérivée normale sortante a 00.

Un obstacle étoilé est ainsi un obstacle illuminé par une petite boule. Nous montrons la
diffusion a I'extérieur d’obstacles illuminés par des ellipsoides :

Théoréme 2.3 ([Lafl7a)). Soit C C R3 lellipsoide d’équation
4y +e2?=1,0<e<1 (2.1.7)

respectivement

1+3
4

et © un compact de R? d frontiére réguliére illuminé par C. Alors, toute solution de (NLW)

dans © = R3\O diffuse dans H'(Q).

22 ey Fez? =1,

<e<l1 (2.1.8)

En particulier, nous obtenons la diffusion pour des os de chien avec un col arbitrairement
petit. En adaptant le multiplicateur aboutissant a (2.1.3), Farah Abou Shakra obtient dans
[AS14] la diffusion a Pextérieur des obstacles illuminés vérifiant I'hypothese

%1(1911(3 + p1 — 2(pams — p1)) >0,

ou les p1 < pso sont les rayons de courbures principaux de C, pops le maximum de ps et s
la distance a C. Cependant la quantité non locale psps empéche en particulier de traiter
le cas d’os avec un col arbitrairement petit, qui était ici notre motivation afin de nous
rapprocher de I'extérieur de deux convexes stricts.

Notre principal outil pour obtenir la décroissance (2.1.6) et donc la diffusion est une
identité de moment pouvant étre vue comme une autre version de 'identité de divergence
(2.1.3) :

1 1
O /—atuVuVX—Axuf)tu :/(szvu, Vu) —/u2A2X
Q 2 Q 4 Jo
+3/ |uy6AX—1/ 10pu)?0nx, (2.1.9)
2 Jo 2 Jaq

ot u est une solution de (NLW) et x une fonction réguliere. L’idée est de trouver un poids
x adapté a la géométrie de I'obstacle permettant d’exploiter cette identité pour contréler
I’énergie au bord. En particulier, si Vx est borné, le terme de gauche est controlé par
I’énergie apres intégration en temps, et si de plus y est convexe, —9,x > ¢ > 0 et A%y <0,
le terme de droite majore le terme de bord qui nous intéresse et on obtient le contrdle

1 [T E
/ / |Opul?dodt < =, (2.1.10)
T Jo Joo T
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2.1. L’équation des ondes non linéaire dans des domaines extérieurs

d’ou la diffusion. Le choix naturel pour le poids x est donc la jauge du convexe par lequel
I’obstacle que ’on considere est illuminé. Cependant, si un tel poids vérifie toute les autres
hypotheses, ’hypothése de bilaplacien négatif est évidemment tres rigide et restrictive,
et nous ne lui trouvons pas de signification géométrique. En particulier, les jauges des
ellipsoides qui nous intéressent, soit

X:em2+y2—|—22, ek 1,

n’ont pas un bilaplacien négatif. En revanche, on remarque que c’est le cas si ’on rajoute
une dimension, soit pour les ellipsoides de dimension quatre ex? + y? + 22 + w?. D’ou
I’idée d’étendre u comme une solution @ d’une équation quadridimensionelle. Le terme de
bord associé a @ vérifie (2.1.10), et la marge dont on dispose entre cette décroissance tres
forte et (2.1.6) nous permet de revenir a la solution de ’équation qui nous intéresse. Plus
précisément on obtient

T
/ / 02O vdodt < B(i)
0 00
ou x est le multiplicateur tridimensionel. Mais

E(i) $ TE(u)

T T
/ / yanm?an;zdadtzlnT/ / |Opul>dodt
0 00 0 00
1/T/ Opu2dodt < —— E(u) —> 0
T 0 50 " 7 ~InT

.....

alors que

il y a donc diffusion.

Motivés par le résultat précédent, nous nous intéressons au probleme de la diffusion a
I’extérieur de deux convexes stricts - probleme pour lequel nous disposons des estimations
de Strichartz globales et sans pertes. Cependant, il n’y a pas d’espoir pour qu’'un calcul de
multiplicateur seul permette d’obtenir le résultat : en effet Morawetz, Raltson et Strauss
montrent en particulier dans [MRS77] que 'hypothese de non-captivité équivaut a 1’exis-
tence d’une fonction d’échappement a € C*(R3 x R3), c’est a dire une fonction de 1’espace
des phases vérifiant

&-Vea(z, &) > 0 sur £,
a(z,§) — a(z, 5)
€— &) n) > ¢ > 0 sur 09,

ou & est la direction réfléchie associée & & par les lois de 1'optique géométrique. Or, & un
muliplicateur x convenable au sens de la section précédente, on peut associer une fonction
d’échappement

a(x,§) = Vx(z) - €.
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2. Asymptotique en temps long d’équations d’ondes non linéaires

Cependant, nous pouvons construire un multiplicateur qui a le bon comportement partout
sauf au voisinnage du Tayon capté pour montrer que :

Théoréme 2.4 ([Lafl7a]). Soient ©1 et Oy deux convexes stricts de R3. Alors, il existe
une famille (S(T'))r>1 de voisinages ouverts du rayon capté R vérifiant

S(T) — R lorsque T — 400

telle que toute solution globale de (NLW) dans ) := R3\ (01 U O2) vérifie, lorsque T va

vers linfini
T
1/ / V(e )] + |u(z, 1) dzdt —s 0.
T Jo J@nBo,aNsT)

Ou le critere
1 (T
/ / |Vu(z, t)* + Ju(z, )| dedt — 0
T Jo J@nBo,A)

équivaut a (2.1.6) — par exemple par application de l'identité de Morawetz (2.1.9). En
particulier, les solutions dont le flot {u(t), ¢ > 0} est d’adhérence compacte dans H! dif-
fusent donc, car elles ne peuvent concentrer leur énergie au voisinage du rayon capté. En
conséquence de quoi

Corollaire 2.5. Il n’existe pas de solution a flot compact de (NLW) a Uextérieur de deux
convezes stricts qui ne diffuse pas.

Il s’agit d’un théoreme de rigidité pouvant étre exploité dans le cadre d’'un argument
de concentration-compacité/rigidité introduit par Kenig et Merle : supposant qu’il existe
une énergie critique finie au dessus de laquelle existent des solutions qui ne diffusent pas,
on construit une solution dite critique, qui est de flot compact et non diffusive, et sera par
la suite éliminée — c’est 1a un travail en cours, en collaboration avec C. Laurent [LL].

Dans le cas le plus simple de deux boules centrées en 1 et —1, on choisit le poids
(figure 2.1.1)

x(2) = |z =1+ [z + 1],
qui vérifie
Vx-n>0, Ax > 1sur B(0,4), A%y =0.

L’identité de moment permet donc d’obtenir

T T
/ / (D*xVu, V) + / / ul® < .
0o Ja o Jons(o,4)

mais la hessienne D?y de x s’annule sur le rayon capté. L’étude de ses valeurs propres
fournit le domaine S(7T') :

D?x > a & Pextérieur d’un voisinnage S(a) du rayon capté

et on choisit a(7") tendant vers zéro assez lentement pour obtenir la décroissance qui nous
intéresse.
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A lextérieur de deux convexes stricts quelconques, ce poids n’est évidemment plus

adapté et on utilise une famille de poids
le produit scalaire avec la dérivée normale sortante aux obstacles est positif (et s’annule

sur le rayon capté), et on ajuste les vitesses de convergence ¢(T) — 400 et a(T) — 0
marge dont on dispose entre la décroissance suffisante (2.1.6) et la forte décroissance en

afin d’obtenir une décroissance suffisante. Notons que, la encore, nous avons exploité la
1/T donnée par le membre de gauche dans (2.1.9).

qui, pour ¢ — 0o a un gradient de comportement similaire a
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2. Asymptotique en temps long d’équations d’ondes non linéaires

2.2. L’équation de Schrodinger non linéaire avec un potentiel

On s’intéresse maintenant & I’équation de Schrédinger non linéaire avec un potentiel,
dans Pespace libre R?

10 — Au+ Vu = eu|u|®, u(0) =up € H', (NLSy)
qui conserve en particulier la norme L?, ou masse, et 1’énergie

1
a—+2

B(u(t) = 5 [ IVa(OF + [ VIt + e [ 1O+ = B@(),

Dans le cas libre V' = 0, les estimations de Strichartz fournissent, a ’aide d’un argument
de point fixe, 'existence locale de solutions pour les équations critiques et sous critique en
énergie a < dfl. En énergie sous-critique, la durée de vie de la solution dépend de la seule
norme de la donnée initiale et la conservation de I’énergie donne 'existence globale pour
I’équation défocalisante ¢ = 1 a laquelle nous nous intéressons ici. De la méme maniere

que ’équation des ondes non linéaire, on définit la notion de diffusion (ou scattering)

Définition 2.6. Soit u une solution globale de (NLS). On dit que u diffuse s’il existe des
données v telles que

|lu(t) — e_itAUiHHl —0

lorsque t — +oc.

Une de nos motivations pour nous intéresser a (NLSy) dans le cadre de I'étude de
problemes extérieurs est la similarité entre le potentiel et un obstacle. L’absence de bord
et donc de réflexion rend cependant certains arguments plus faciles a mener & terme et
I'étude de (NLSy ), en plus de son interét intrinseéque, peut donc étre une source d’idées
pour I’étude de probléemes avec obstacles.

Nous montrons la diffusion dans les deux situations suivantes :

1. pour un potentiel répulsif (x - VV < 0),

2. pour une somme de deux potentiels répulsifs dont les surfaces de niveau sont convexes.
Notons que la situation (1) est analogue a l'extérieur d’un obstacle étoilé, et la situation
(2), dans laquelle il existe des trajectoires captées, a l'extérieur de deux convexes stricts.
Ce dernier résultat fournit en particulier un résultat de diffusion dans une géométrie

captante. Le premier résulat peut étre trouvé dans [Lafl6], le second dans [Lafl8a]. Ils
sont ici respectivement présentés aux chapitres 111.2 et II1.3.
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2.2. L’équation de Schrédinger non linéaire avec un potentiel

2.2.1. Concentration-compacité/rigidité

Nakanishi [Nak99] montre le scattering dans I'espace d’énergie H! des solutions de
I’équation défocalisante homogene (V' = 0), en utilisant des inégalité du type Morawetz.
De telles inégalités, étendues a des versions bilinéaires, continuent par la suite a étre
exploitées pour obtenir des résultats du type scattering pour I’équation défocalisante :
citons notamment les travaux de [PV09], [CGT09], et [Vis09].

Une méthode tres robuste pour traiter entre autres les probléemes du type scattering,
dite de concentration-compacité/rigidité est introduite par Kenig et Merle [KMO06]. Elle

est motivée notamment par 1’étude de I’équation focalisante (e = —1), pour laquelle existe
un seuil d’énergie en deca duquel les solutions diffusent, donné par le soliton u = e*Q, ot
AQ-Q+Q =0,

solution stationnaire de 1’équation et 'objet pour lequel la décroissance induite par le
groupe linéaire et l'effet focalisant de la non-linéarité se compensent exactement. Cette
méthode, étendue pour Schrodinger au cas intercritique dans [HRO8], et a toutes les di-
mensions d’espace dans [FXC11] a engendré un nombre impressionnant de travaux. Nous
I'utilisons ici dans le cas d’un potentiel V' # 0. Avant de discuter de la généralisation au
cas inhomogéne, présentons la brievement dans le cas défocalisant homogene V = 0.

On définit énergie critique

E.=sup{E>0|Vp e H', E(p)<E = S(t)p € L’L"},
ot S(t)p désigne la solution de (NLS) avec donnée ¢, et on suppose par I'absurde que
E. < 0.

11 existe alors une suite de données (¢, )n>1 minimisante pour E. engendrant des solutions
non diffusives :
E(pn) > Ee, E(pn) — Ec, S(t)p ¢ LPL".

L’idée est alors d’extraire de (¢p,)n>1, qui est bornée dans H 1 une valeur d’adhérence ¢,
qui engendrera une solution a flot compact qui ne diffuse pas. Une premiere description des
suites bornées dans H'! est donnée par les lemmes de concentration-compacité a la Lions,
mais 'avancée majeure qui permet de clore 'argument est la description de telles suites
en terme de somme de profils d un reste diffusif prés, chaque profil étant une solution
en un temps donné de I’équation linéaire associée au probleme. Une telle décomposition
en profils apparait pour la premiére fois dans [BG99]. Pour I’équation de Schrodinger elle
peut par exemple s’écrire

J
on=> e (- —af)+ R} VJEN,
j=1

itn A . )
les profils "7 "7 _;4; étant orthogonaux au sens ou
n

|t — bl + |2} —af| — 00, VjF# K,
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2. Asymptotique en temps long d’équations d’ondes non linéaires

et

[ anj 3 + 1RG0 + on(1), VJ €N,

llunlZn lee_”nA% (=2l + IR, +on(1), VJ €N,

et le reste diffusif au sens ou engendrant un flot linéaire petit dans les normes Strichartz

Ve >0, 3J € N, limsup ||e*itARiHLer <ee.
n—o0

On associe alors a chaque profil un profil non linéaire % tel que

IS(=t); = il — 0

lorsque t — t;, et 'orthogonalité des profils permet alors d’approximer

J

St)pn = > S(t—t7);(- — a}) (2.2.1)

j=1

avec un reste petit au sens des normes Strichartz. Mais, s’il existe plus d’un profil non
trivial, chacun d’entre eux emporte une partie non triviale de I’énergie, et pour n assez
grand ils sont tous sous I’énergie critique E. et engendrent donc des solutions qui diffusent !
D’apres (2.2.1) ¢, engendre alors une solution qui diffuse, ce qui n’est pas possible. Il n’y
a donc qu’un profil non trivial .. On prend alors

Ue = S<t)9007

c’est notre solution critique. Appliquer une seconde fois le raisonnement au flot {u.(t), t € R}
permet de montrer que ce dernier est d’adhérence compacte dans H'.

Mais un calcul classique de viriel, qui est un analogue pour Schrédinger de l'identité de
Morawetz (2.1.9) :

2
53/><IUI2 24/(D2><Vu, Vu) + a+2/AX|“|a+2 —/A2x|u2. (2.2.2)

permet de montrer qu’une telle solution ne peut exister. On prend classiquement un poids

quadratique

2?2 pour |z| <1

= R2¢(—) ot =
Xr = R¢(5) ott ¢(z) {0 pour [z| > 2

alors

0, / xrlul?| < C(E)R,
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2.2. L’équation de Schrédinger non linéaire avec un potentiel

tandis que
8?/><R|u|2 >3 >0,

pour R assez grand par 'identité (2.2.2), car u étant a flot compact

Sup/ (V) + [u(®)]? + [u(t)]2) dz — 0
teR J|z|>R

lorsque R — oo.

Dans le cas de I’équation avec un potentiel, V' # 0, il s’agit de généraliser ces deux
points. Or un point clé pour approximer (2.2.1) dans I'argument précédent est l'invariance
par translation du flot

St =i —ah) = (St = )8 (- - i)

qui n’est plus vraie en particulier dans le cas V # 0 : il s’agit 1a de la principale difficulté
a surmonter dans ’argument de concentration-compacité. Le calcul de viriel permettant
de montrer la rigidité fait quand a lui apparaitre un terme supplémentaire du au potentiel

- / VV - V. (2.2.3)

11 s’agit 1a de analogue du terme de bord apparaissant pour les ondes dans (2.1.9). Dans
le cas d’un potentiel répulsif, ce terme a le bon signe pour le choix de potentiel quadratique
et 'argument s’adapte alors immédiatement. Ce n’est plus le cas si le potentiel n’est pas
répulsif.

2.2.2. Résultat : Diffusion pour NLS avec un potentiel

Dans [BV16], Banica et Visciglia s’attaquent au probléme en s’intéressant a 1’équation
avec un potentiel de Dirac

i0pu — Au + Sou = ulu|®, u(0) =ug € H,

qui est singulier mais pour lequel des formules explicites sont disponibles. Motivés par ce
résultat, nous montrons la diffusion pour NLS avec un potentiel positif répulsif arbitraire
mais moins singulier en dimension un :

Théoréme 2.7 ([Lafl6]). Soit a > 4 et V € L}(R) tel que V' € L1(R). On suppose de
plus que V est positif et répulsif : V> 0 et 2V’ < 0. Alors, toute solution u € C(R, H'(R))
de (NLSy ) avec potentiel V diffuse dans H'(R).

Les problemes du type scattering sont classiquement plus difficiles en petites dimensions,
car des dimensions supplémentaires rajoutent des directions de dispersion. C’est pourquoi
nous choisissons, pour présenter la preuve de maniere plus simple, de nous limiter au
cas unidimensionel. Notons que ce résultat est généralisé a toute dimension d # 2 dans
[Laf18a] présenté au paragraphe suivant.
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2. Asymptotique en temps long d’équations d’ondes non linéaires

Goldberg et Schlag montrent dans [GS04] estimation dispersive

it(—A+V) H

1
lle L—r= S 35 (2.2.4)

pour un potentiel dans Li(R) n’ayant pas de résonance en énergie nulle. Un argument
simple montre qu’un potentiel positif vérifie automatiquement cette derniere hypothese et
I’on dispose par un argument 7T7T* standard des estimations de Strichartz utiles & ’étude
du probleme. En particulier, elles permettent d’obtenir I’existence locale de solutions, et
donc globales via la conservation de 1’énergie.

L’idée clé permettant de surmonter I'absence d’invariance par translation de ’équation
et d’obtenir le résultat est qu'un profil qui part a linfini ne voit plus le potentiel, c’est a
dire que pour z,, — 00

o™ A ra 1 = e Ay sy — 0, (2.25)

ou 7 désigne l'opérateur de translation : 7,1 = ¥ (-—), de la méme maniére pour le terme
de Duhamel

t t
| / e A (UL UL (s)ds — / e =AYV (UL UL (8)ds||porr — 0, (2.2.6)
0 0

ou Up(z,t) = U(x — xp,t), U étant une solution de I’équation non linéaire libre (V' = 0),
et enfin, ¢ étant fixé ' 4
6 3 — V), i 0, (227

Donnons par exemple une idée de la preuve de (2.2.5) - (2.2.6) et (2.2.7) se montrant
de maniére similaire. L’estimation de dispersion (2.2.4) permet de montrer que

sup ||eit(—A+V)

Txn¢||LP(T,oo)Lr — 0,
neN

lorsque T' va vers l'infini, et on est donc réduits & montrer que, a T fixé
le™ 7y, — e_it(A_V)Txn¢||Lp(o,T)Lr — 0,
lorsque n — oo. Or la différence
= e gAY,
vérifie ’équation de Schrodinger linéaire avec donnée nulle
0w — Au+ Vu = Ve_itATmnw,
et peut donc étre estimée grace aux estimations de Strichartz :

. 1 .
||U7LHLP(O,T)LT = ||V€_ZtATxn¢Hm/(0,T)L1 <T+[|Ve ZtAT:vn¢||L°°(O,T)L1

¥ —i
=T ||(1—z,V)e tA@Z’HLOO(o,T)Ll, (2.2.8)
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2.2. L’équation de Schrédinger non linéaire avec un potentiel

qui tend donc vers 0 lorsque =, — oo car V est dans L'.

L’estimation (2.2.7) et des arguments d’analyse fonctionnelle permettent de voir que
lopérateur —A + V' vérifie les hypotheses du théoreme de décomposition en profils abs-
trait obtenu par [BV16], et I'on dispose d’une d’une décomposition en profils associée a
lopérateur qui nous intéresse. Par la suite, les estimations (2.2.5) et (2.2.6) permettent de
maniére analogue & [BV16], de remplacer e (=A+V) par e~ A pour des profils qui partent a
I'infini. Ce propagateur commute avec les translations, on obtient 'approximation (2.2.1)
et une solution critique est construite. Elle est enfin éliminée par le méme calcul de viriel
que pour le cas homogene V' = 0, car comme remarqué au paragraphe précédent, le terme
supplémentaire (2.2.3) qui surgit dans le calcul a dans le cas d’un potentiel répulsif le bon
signe.

2.2.3. Résultat : Diffusion pour NLS avec une somme de deux potentiels
répulsifs

Dans le cas d’un potentiel non répulsif, la construction d’un élément critique reste valide,
mais ce dernier ne peut étre éliminé par les techniques précédentes. Or, de la méme maniere
que pour I’équation des ondes non linéaires a ’extérieur d’obstacles, on a I'intuition qu’il
devrait y avoir diffusion pour un potentiel qui ne piege pas I’énergie, ou la piege peu.
Une stratégie pour montrer la diffusion dans de telles situations serait alors d’adapter
la partie rigidité du raisonnement précédent a de tels potentiels. Or, on a vu que nous
sommes capable d’obtenir un théoreme de rigidité pour ’équation des ondes non linéaire
a lextérieur de deux obstacles strictement convexes [Lafl7a]. Motivés par 'analogie entre
le calcul de viriel (2.2.2) et Iidentité de Morawetz (2.1.9) pour les ondes grace a laquelle
nous avons pu obtenir un tel résultat, nous montrons la rigidité pour une somme de deux
potentiels répulsifs dont les surfaces de niveau sont convexes et obtenons

Théoréme 2.8 ([Lafl8a)). Soit d > 3. Soient Vi et Vo deux potentiels répulsifs et positifs
dont les surfaces de niveau sont convexes. On suppose de plus que V = Vi + Vo vérifie

2
V,VV € Lt (R, (1 + |2|%)da), B> 3 (2.2.9)

et l'estimation dispersive
} 1
—A

Alors, dans le régime intercritique

é< <i (2.2.11)
d [0 d—l’ /N

toute solution de (NLSy ) en dimension d avec potentiel V = Vi + Va diffuse dans H'(R?).

L’hypothese de décroissance (2.2.9) est I'analogue de ’hypothese V € LI(R), V' € L1(R)
apparaissant dans [Laf16]. Nous prenons comme boite noire la validité de I’estimation de
dispersion ponctuelle (2.2.10), qui permet d’obtenir les estimations de Strichartz adaptées
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2. Asymptotique en temps long d’équations d’ondes non linéaires

a I’étude du probléme et une théorie de Cauchy locale. Notons cependant qu’en dimension
d = 3, cette estimation est automatiquement vérifiée par de tels potentiels via les travaux
de Goldberg et Schlag [GS04] dés lors que § > 1.

La premiére étape est de généraliser la construction d’une solution critique, et donc les
estimations (2.2.5), (2.2.6) et (2.2.7) vues au paragraphe précédent & toutes les dimensions
d’espace. Il est nécessaire pour cela disposer des bonnes estimations de Strichartz permet-
tant d’estimer de maniére analogue (2.2.8). Il s’agit 1a des estimations endpoint, qui sont
fausses en dimension 2, pour laquelle nous n’obtenons donc pas le résultat. Notons que
cette premiere partie, dans laquelle n’est pas utilisée I’hypothése de convexité, généralise
en particulier le theorem 2.7 vu au paragraphe précédent aux dimensions d’espace d > 3.

L’élimination des solutions a flot compact se fait par un calcul de viriel analogue a ce
qui est fait pour montrer le théoréme 2.4. Une nouvelle fois, nous utilisons le poids

X@)=|z+c|+|z—cl, c>1
ou la droite (—c, ¢) relie les centre de V; et V5. Alors,
()] S C(E, M),

tandis que, pour une solution a flot compact
7 1 2
2'(t) > —p— | Vx-VV]|ul%,
c1

ou p > 0. Le terme associé au potentiel qui apparait n’a plus le bon signe. Cependant,
pour ¢ > 1, Vx est presque transverse sortant aux surfaces de niveau des potentiels 17 et
V4 et nous montrons alors que pour ¢; fixé assez grand, et pourvu que le potentiel décroisse
suffissamment (d’ou 'hypothese (2.2.9)), on a

ue; >L
() 2

d’ou la contradiction.
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Perspectives

Nous avons contribué dans cette these a I’étude des équations de Schrodinger et des
ondes, a la fois linéaires et non linéaires, dans des géométries captantes instables. C’est un
travail de longue haleine qu’il faudra bien entendu poursuivre. Il s’inscrit dans 1’objectif
a tres long terme de comprendre finement le lien entre le comportement d’une onde et la
géométrie du domaine ou variété dans lequel elle vit.

Un prolongement naturel a notre travail sur les estimations de Strichartz a 'extérieur
de plusieurs convexes stricts serait de généraliser les travaux de Ivanovici et Lebeau [IL17]
a l'extérieur de plusieurs obstacles convexes. Plusieurs questions naturelles se posent :
I’estimation sans perte est-elle toujours valable en dimension d = 37 En dimension d > 4,
I’ajout d’obstacles supplémentaires fait-il apparaitre de nouveaux phénomenes de refoca-
lisation, ou les seuls contre exemples a I’estimation dispersive sont-ils encore les points de
Poisson-Arago ? L’estimation dispersive est-elle valable sans perte & I’extérieur de plusieurs
convexes génériques 7

Compléter notre résultat de rigidité pour ’équation des ondes non linéaire a ’extérieur
de deux obstacles strictement convexes par une description des profils afin de mener a bout
la preuve de la diffusion pour les ondes critiques dans une telle géométrie est bien entendu
une continuation de notre travail qu’il faudra mener a terme. Par ailleurs, nos travaux
sont tres dépendants de l'utilisation d’identités du type Morawetz, qui ont une grande
rigidité. Nous avons bon espoir que compléter leur utilisation par des raisonnements du
type concentration-compacité/rigidité comme nous I’avons ébauché permette de montrer
des résultats dans des géométries plus générales. S’intéresser a des questions similaires, et
adapter ces raisonnements a des variétés non euclidiennes sans bord nous semble également
intéressant. Il sera cependant a terme nécessaire de développer de nouvelles méthodes et
outils plus souples : dans la situation ou il y a plus de deux obstacles convexes, les calculs
de multiplicateur ne semblent par exemple permettre d’obtenir aucune information.

Enfin, trés peu est connu sur le probléme de la diffusion pour des conditions au bord de
Neumann. II serait digne d’interét de s’attaquer au probleme, en considérant par exemple
pour commencer le cas le plus simple de 'extérieur d’une boule. Mentionnons, pour finir,
que ’analogie entre obstacle et potentiel nous semble pertinente et que c’est un point de
vue qu’il faudra continuer a développer.
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Strichartz estimates outside many convex

obstacles
Let Q C R? . We are interested in the Schrédinger
10yu — Au =0, u =0 on 012, (LS)
u(0) = uy,
and wave equations with Dirichlet boundary conditions:
O?u — Au =0, u =0 on 99, (W)
(u, 0pu)(0) = (uo, ).

In order to understand the perturbative theory and the non-linear equations associated
with these equations, it is crucial to understand how the linear flows decay. In particular,
the measure of LVYL{ Lebesgue space-time norms of solutions, known as Strichartz esti-
mates, turn out to be particularly useful. The purpose of the first part of this thesis is to
obtain such estimates, without loss with respect to the free space, in an unstable trapped
framework: the exterior of many strictly convex obstacles.

4.1. Strichartz estimates in the free space

In free space Q = R? for the Schrodinger equation, taking the spatial Fourier transform
in (LS) and integrating in time leads to the explicit representation formula

1 le—y|?
u(z,t) = ——— e’ 1t ug(y)d
(@) = s [, @
and thus to the pointwise dispersive estimate:
1

it A
||€Zt lor—pee S tdW’

which is a first way of measuring the decay of the linear flow. It permits in particular,
together with duality arguments, to obtain the so-called Strichartz estimates:

itA
le* ol Lae, L@y < lluoll L2,
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4. Strichartz estimates outside many convex obstacles

where (g, r) has to respect an admissibility condition given by the scaling of the equation,
namely

. (q,r,d) # (2,00,2).

2 d d

=5
Locally in time, such an estimate reflects a gain of integrability: if the data is L2, the
solution is L", r > 2, for almost every time. Globally, it describes a decay effect: the L"
norm of the solution has to go to zero, at least in a L? way.

For the wave equation in R?, the Strichartz estimates are written as

[ull Lo rrway) S luoll s + lwall s

where 2 < g < 0o and 2 < r < oo follow the scaling invariance

1+d d
2L 2%
qg r 2 ’

and the wave’s admissibility condition

They can be obtained from frequency-localized estimates after Littlewood-Paley summa-
tion, which in turn are for example a consequence of the pointwise dispersive estimate for
waves, namely

1

d—1
t 2

le= =AY (/= A)uo || oo < h™ 5 —— [T (hv/—A)uo| 11,

where W(hy/—A) localizes at frequencies ~ h~1.

For both Schrodinger and wave equations, such estimates reflect the dispersive nature
of the equation: each frequency propagates along different directions, and are worse for
the wave equation, which enjoys less dispersion, because each frequency propagates at
the same speed. In addition to their intrinsic interest, they turn out to be a very useful
and robust tool for the study of the corresponding non-linear equations: they permit, for
example, to obtain local existence results via fixed point methods, and provide a framework
for the study of the long-time behavior of such equations.

Their long history goes back to the work of Strichartz [Str77] for the p = ¢ case in
R?, extended to all exponents ¢ # 2 for the Schrodinger equation by Ginibre and Velo
[GV85D], and by the same authors [GV85a, GV87, GV95] and Lindblad and Sogge [LS95]
to all exponents r # oo for the waves. The end-point estimates, ¢ = 2 for Schrédinger,
respectively = oo for the waves, is more delicate. There were obtained in great generality
by Keel and Tao [KT98], and are known to fail for the two-dimensional Schrédinger
equation (p,q,r) = (2,00,2) — see for example [MS98], and the three-dimensional wave
equation [KM93].
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4.2. Strichartz estimates and geometry

4.2. Strichartz estimates and geometry

We give, in this non exhaustive-section, a brief overview of some of the main results
obtained in non euclidian geometries, which seem to us enlightening for the sequel of the
exposition.

4.2.1. The wave equation

For the wave equation in a manifold without boundary, singularities propagates along
geodesics at constant speed, and the finite speed of propagation shows that it suffises to
work in local coordinates to obtain local estimates. It was the path followed for exam-
ple by [Kap89], [MSS93], [Smi98], and [Tat02]. The case of a domain with boundaries,
where propagation of singularities at the boundary have to be dealt with, is more deli-
cate. The propagation of singularities in such a framework was studied by Melrose and
Sjostrand [MS78, MS82], who define the notion of generalized bicharacteristic broken ray,
generalizing the notion of geometrical optics ray, along which the propagation occurs.

In the exterior of one strictly convex obstacle, the parametrix construction of Melrose
and Taylor [MT87] gives an explicit description of the solution near diffractive points. It
is in particular used by Smith and Sogge [SS95] to show that outside one strictly convex
obstacle, Strichartz estimates hold with no loss with respect to the flat case.

Such a parametrix is not useful anymore in a general geometry, because of the presence
of rays which are reflected multiple times and their limits, the so-called gliding rays. In
the interior of a strictly convex domain, we used to believe for a long time that Strichartz
estimates should have been true with no loss with respect to the flat case, because gallery
modes, which accumulate the energy near the boundary, are responsible for no loss. How-
ever, Ivanovici [[val2] gives a counter example coming from the caustics that may appear
near the boundary in small times.

The first local estimates for the wave equations were shown by Burq, Lebeau and Plan-
chon, [BLP08]. They are obtained as a consequence of spectral projector estimates of
Smith and Sogge [SS07a], and are then generalized by Blair, Smith and Sogge [BSS09a].
They hold with no derivative loss — the loss coming from tangent directions are compen-
sated by the fact that such directions live in a small frequency cone — but for restricted
indices.

Recently, Ivanovici, Lebeau and Planchon [ILP14a] in a model case, and Ivanovici,
Lascar, Lebeau and Planchon [ILLP] improve all known results in dimensions d > 3
inside a strictly convex domain. They show a pointwise dispersive estimate with a loss
of 1/4 derivative and prove that, because of caustic phenomena, this loss is unavoidable.
Moreover, showing that such caustics appear sufficiently rarely so that a mean in time
is able to reduce the loss they induce, they obtain in [ILP14b] Strichartz estimates with
no loss of derivatives, for a reduced range of indices corresponding to a loss of 1/6 in the
pointwise dispersive estimate.
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4. Strichartz estimates outside many convex obstacles

4.2.2. The Schrodinger equation

Finite speed of propagation for the semi-classical equation

In the case of the Schrédinger equation, things turn out to be much more delicate because
of the infinite speed of propagation. However, the semi-classical change of variable permits
thanks to the method of Lebeau [Leb92] to go back to a finite — but non constant — speed
of propagation. We consider a frequency-localized data, of frequencies of order h~!, and
perform the time change of variable ¢ — ht. We will consider the so called semi-classical
equation

{i@tu — hAu =0, u=0 on 99, (LS.e)

u(0) = U(—h2A)ug.

Now, let (es)n>0 be an L?(Q2)-orthonormal family of eigenfunctions of —Ap on Q, with
corresponding eigenvalues (Ap)n>0. We identify the data

ug,o € Vect {en, 2k <AV < 2]"’6}

with, for hy = 27%, the solutions of the system

1Opug, — hpAug = 0 =0 on 9N

10tU kRAUE y Uk on ) (LSse)
ug(0) = ug,0-

We will say that po = (yo,m0) € T*(2 x R) UT*(92 x R) is not in the wave-front set
up to the boundary WE,(U) of U = (ug)k>0, if there exists an hy-pseudodifferential
operator, tangential at the boundary, with compactly supported symbol p, elliptic in pg,
and 1 € C2° equal to 1 near yp such that

Vo, YN, |0y, (0)Yuk]| e(zxe) < Cnohy -
Then, according to [Leb92],
WFy(ux) C 5 N {7 € [, 8], [§] < D},

where X; denotes the characteristic set ¥, = {7' — €2 = 0}. Moreover, if we define
OU)(x,t,8) = 3 e~ Suy(,t, 5), O(U) verify

07,O(U) —AU) =0, u=0in 9Q x R x R,
for which Melrose et Sjostrand’s theorem is at hand. From [Leb92], we have
Lemma 4.1. For all sg € R, for all po € T*(Q2 x R) UT*(2 x R),

po € WE,(U) <= 6(po,s0) € WE,(O(U))
where 6(p, s) == (p; s,1).

The wave-front set of the sequence U is therefore invariant by the generalized bicharac-
teristic flow on T*(Q2 x R) U T* (092 x R).
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4.2. Strichartz estimates and geometry

Strichartz estimates

Hence, working on the semi-classical equation with frequency-localized data, we can take
advantage of the finite speed of propagation, and, in the case of a manifold without
boundary, work in local coordinates. It is for example the strategy followed by Burq,
Gérard and Tzetkov [BGT04b]. They work on the semi-classical equation with frequency-
localized data of order ~ h~! in a manifold without boundary, for which they construct a
parametrix in times h, which gives in turn Strichartz estimate with a loss of 1/p-derivatives
with respect to the flat case:

HeitAuoHLP([O,T},L‘J(M)) < C(T)HuoHHl/p(M).

Notice that such a loss can be seen as natural: indeed, as the energy propagates at speed
h~!, we expect to be able to show estimates without loss in times h, which give, after
Littlewood-Paley summation, a loss of order 1/p.

The case of a manifold with boundary, for which reflexions have to be be dealt with,
is once again more intricate. A first strategy, introduced by Anton [Ant08] and Blair,
Smith and Sogge [BSS08| consists in straightening out the boundary and symmetrizing
with respect to it in order to reduce to the case of a manifold without boundary with
Lipshitz coefficients. They obtain in this way estimates with a loss of order 4/3p, that is

HeitAUO”LP([O,T],LQ(M)) < C(T)HUOHH‘I/C"P(M).

However, such a method does not involve the particular geometry of the domain, and
there is no hope to use it to show improved results in particular geometries where better
estimates are expected. In a compact manifold with strictly concave boundaries — such as
the Sinai billiard — Ivanovici makes use in [Ival0] of the finite speed of propagation for the
semi-classical equation together with the parametrix of Melrose and Taylor, in order to
show estimates in times h for spectrally-localized data. Once again, such estimates give
local estimates with a loss of 1/p derivates after Littlewood-Paley summation. Taking
advantage of an argument we will discuss in the next section, they deduce global estimates
with no loss with respect to the free space for the Schrédinger equation outside one strictly
convex obstacle. Moreover, she shows in [Ival2] that inside a strictly convex domain, a
loss of 1/6 derivatives in unavoidable. Her counter-example is given by gallery modes —
let us recall that these modes induce no loss for the wave equation.

Finally, let us notice that generalizing the work of [ILP14a] and [ILLP] to the Schrédinger
equation in order to obtain sharp estimates inside a strictly convex domain seems for now
out of reach: the non-constant speed of propagation makes multiple reflexions near the
boundary extremely difficult to handle.

Remark. Strichartz estimates with no loss does not imply necessarily a pointwise dispersive
estimate as good as in the flat case. A remarkable example of this fact is given by Ivanovici
and Lebeau, which show in particular in [[L.17] that the pointwise dispersive estimate fails
in the exterior of balls in dimensions d > 4. As there is no explicit concentration of
energy in such a framework, this result is rather surprising. However, by the Huygens
principle, every point of the boundary reached by the wave acts as a new source of light:
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4. Strichartz estimates outside many convex obstacles

the wave can therefore refocalise in the experimentally observed, so-called Poisson-Arago
spot, which is at the origin of the counter-example given by the authors.

4.3. Smoothing effect, Strichartz estimates and non-captivity

An heuristic obstruction to the establishment of global Strichartz estimates without loss
is the presence of trapped rays: they should, at least in some sense, induce concentration
of energy effects. Therefore, it is natural to work under the non-trapping assumption:

Definition. An obstacle © C R? is said to be non-trapping if all the rays of geometrical
optics of ]Rd\@ escape all compact in finite time. In the same way, a manifold without
boundary (M, g) is said to be non-trapping if all the geodesics escape all compact in finite
time.

Many authors work under this assumption: let us mention the results of Smith and
Sogge [SS00], Staffilani and Tataru [ST02], Burq [Bur03], Metcalfe [Met04], Hassell, Tao
and Wunsch [HTWO06], Bouclet and Tzetkov [BT07], and Bouclet [Boull].

In particular, Smith and Sogge show in [SS00] for the wave equation in the odd-
dimensional case, that under the non-trapping assumption, local in time Strichartz es-
timates imply global ones. This result is extended to all space dimensions independently
by Burq [Bur03] and Metcalfe [Met04]. A remarkable fact appearing in [Bur03] is that
local-energy decay estimates for the wave equation, namely

1O, XOru) || o i 2y S luoll o + lluallzz, Vx € CZF,

that hold in particular in the free space, permit to stack local in time Strichartz estimates
in order to obtain global ones. In the same way, the Schrodinger counterpart of the local
energy decay, the so-called local smoothing estimate

Ixull 2w mir2y S lluollze, Vx € C2F,

that reflects a gain of one-half derivative, permits to stack semi-classical Strichartz esti-
mates in time ~ h. Heuristically, the above estimate means that a frequency-localized
Schrodinger wave remains for a time of order ~ h near the obstacle: therefore, it suffices
to show Strichartz estimates in time ~ h. This is for example the strategy followed by
[Ival0] in order to deduce global Strichartz estimates without loss outside one strictly
convex obstacle from semi-classical ones in time h on the Sinai billiard.

Notice that a remarkable precursor to local energy estimates in the exterior of non-
trapping obstacles for the wave equation are the works of Morawetz [Mor61], Morawetz,
Raltson and Strauss [MRS77]. Their results rely on the construction of a so-called escape
function, that is, a phase-space function which is non-decreasing along rays and respects
the laws of reflection on the boundary. Such a function was constructed by [MRS77] in
the exterior of a non-trapping obstacle. Constructing it in manifold without boundaries
lies at the heart of more recent works: let us mention, for example, the result of Datchev
and Vasy [DV12].

60



4.4. Smoothing effect and trapped trajectories

Burq, Gérard and Tzetkov [BGT04a] show that the same smoothing effect as in the
free space holds in the exterior of any non-trapping obstacle. Their result is shown as a
consequence of the resolvent estimate

IX(—Ap — (A £1ie)*) " Xl r2)—r200) S AT
Al >1, 0<ex 1,

for which the non-trapping assumption plays a crucial role, was shown in great generality
by Lax and Philips [LP89], Melrose and Sjostrand [MS78, MS82], Vainberg [Vn88], Vasy
and Zworski [VZ00]. It allows, with a similar method, to deduce local energy decay for
waves as well. On the other hand, Burq shows in particular in [Bur04] in a very general
setting, that the smoothing effect without loss, even local in time, fails as soon as a trapped
trajectory exists. More precisely, in the framework we are interested in, for any ¢y > 0,
the map

uy € C° C L? — xePug € LQ([O,tO],H%)

is never bounded if x is not vanishing on the trapped set.

4.4. Smoothing effect and trapped trajectories

A natural question raised by the previously mentioned result of [Bur04], is if a smoothing
effect with a loss could be true in some trapped geometries. We can essentially distinguish
three kind of trapped trajectories: elliptic, parabolic, and hyperbolic ones. A point p € T*Q)
of a captive trajectory been given, let us consider the Poincaré map of first return P in
a phase-space neighborhood of p. We say that the trajectory is elliptic (stable) if all the
eigenvalues of the differential of P in p have modulus lesser than one, parabolic (neutral)
if they are all of modulus one, and hyperbolic (unstable), if a least one of them has a
modulus greater than one.

If an elliptic trajectory exists, it is possible to construct compactly-supported quasi-
modes (ey)n>1 associated to A, — 00

—Aep, = Apen + Tn, HrnHHS = O()‘;LOO%

and then, for any to > 0 and s > 0

. to )
||€ZtA€n||L1([0,t0[,H5) > || / eltAenHHsdt = tOH)\nen + 'f’nHHs
0

and therefore, no kind of smoothing estimate can be true.
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4. Strichartz estimates outside many convex obstacles

Smoothing effect in the exterior of many strictly convex obstacles

We are now interested in the canonical example of the hyperbolic case, namely, the exterior
of two strictly convex obstacles, and its generalization to the exterior of many (N > 3)
strictly convex obstacles. Such a framework was first studied by M. Ikawa [Ika82, Tka88|
and C. Gérard [G88] in the eighties. Tkawa shows in particular in [Ika82] in the exterior
of two strictly convex obstacles, and in [Ika88] in the exterior of many of them, that the
resolvent x(—Ap —72)~ 1y, holomorphic on {Im7>0} , admits a holomorphic continuation
in the strip {|7| > 1,Im7 < a} of the upper half-plane an satisfies there

IX(=A = ) Xl 2@ = r2(0) < ClrlY,

for some N > 1. It implies, in particular, local energy decay and smoothing estimates with
a loss of a finite number of derivatives. In the exterior of many (N > 3) obstacles, there
is infinitely many trapped trajectories. The hyperbolicity of trajectories taken separately
does not suffice, and we have to consider their interactions. Ikawa makes in [[ka88] a
strong-hyperbolicity assumption:

Definition 4.2 (Ikawa condition 1: strongly hyperbolic setting). There exists a > 0 such
that

D Ayt < oo, (4.4.1)
yEP

where P is the set of all periodic trajectories, d is the length of v € P and A\, = , /u#,u%,

where ,u#’2 are the two eigenvalues of modulus lesser than one of the Poincaré map asso-
ciated with ~.

This assumption is now known as Ikawa’s condition. His work rely on a parametrix
construction for the wave equation, which will be pursued by [Bur93] and ourselves and
will be described in the sequel of this exposition. This construction is made at the cost of
the technical assumption

Definition 4.3 (Ikawa condition, 2 : no obstacle in shadow). For all i, j, k pairwise
distinct,
Conv(0; UB;) N O = 0. (4.4.2)

Burq notices in [Bur04] that the result of Ikawa, combined with a standard estimate
for auto-adjoint operators and a semi-classical maximum principle inspired by Tang and
Zworski [TZ00], implies in fact the sharper estimate

o log(2 + VA
IX(—=Ap — (A £i€) Xl 2 @) r2@) S 1(+\ﬂ)

AeR, 0<ex 1,
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4.5. Compensate the loss induced by an hyperbolic trapped trajectory

and therefore a smoothing estimate with an arbitrary small loss of € > 0 derivatives. More
precisely, the above resolvent estimate implies for frequency-localized data an estimate
with a logarithmic loss with respect to the frequency, that is

. 1 00
IXE 2 (W2 AV o g gy S Vog Il (—h>A)ug | 2, Vx € C°,

where ¢(—h%A) localizes at frequencies ~ h~1.

Remark. The intermediate case between the total loss induced by an elliptic trajectory
and the trivial one of an hyperbolic trajectory is studied by Christianson and Wunsch
[CW13], who show a smoothing estimate with an optimal polynomial loss in a manifold
with a single weakly-hyperbolic trapped trajectory.

4.5. Compensate the loss induced by an hyperbolic trapped
trajectory

If the precise link between smoothing effect without loss and trapped trajectories is now
well understood, thanks in particular to the result of [Bur04], it is not the case for
Strichartz estimates yet. In particular, Burq, Guillarmou and Hassell establish in [BGH10]
Strichartz estimates without loss in a manifold without boundary which is conic at infinity,
has negative curvature and a small enough hyperbolic trapped set: therefore, the presence
of trapped trajectories, provided they are sufficiently unstable, does not induce necessarily
a loss in Strichartz estimates. More precisely, the authors consider a conic at infinity man-
ifold, with strictly negative curvature in a compact convex set containing the trapped set,
the later been supposed small enough in the sense that his topological pressure in s = 5 is
strictly negative:
1
P(i) <0.

One can find a precise definition of the topological pressure P(s) in [NZ06] and [BGH10].
It measures the competition between the density of the trapped set and the instability
of the flow. The assumption P(1/2) < 0 means that the instability wins. It is, in fact,
the Ikawa’s condition (4.4.1) written in the present setting: this problem is therefore
the counterpart without boundary of the problem at exterior of many convex obstacles
verifying Ikawa’s condition.

According to [Bur04], the smoothing effect without loss fails in such a geometry. It
can therefore not be used to stack semi-classical Strichartz in time h anymore. Nonnen-
macher and Zworski [NZ06], Datchev [Dat09] show that in the same way as for the Ikawa’s
framework, a smoothing effect with logarithmic loss holds in such a manifold:

. 1 o]
Ixe™ A (=h* A)uol| p2@ gr/zy S Nog hl2 [ (=h*A)uol| 2, Vx € C2°.

The fundamental remark of [BGH10] is that this logarithmic loss can be compensated if
one shows Strichartz estimates up to times h|logh|, namely

124 (=h® A)uol| oo 1o i La(ar) S Il (=h*A)uo]| 2.
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4. Strichartz estimates outside many convex obstacles

Heuristically, the logarithmic loss means that the wave, because of trapping phenomena,
spents now a time of order h|log h| near the obstacle: one has therefore to show estimates
up to logarithmic times. In such times, the authors adapt the parametrix construction
of Anantharaman [Ana08] in order to obtain a pointwise dispersive estimate near the
trapped set. Notice that, for the wave equation in a similar geometry, such a parametrix
was constructed by Bérard [B77].

4.6. Result: Strichartz estimates in the exterior of two strictly
convex obstacles

Motivated by the works of Burq, Guillarmou and Hassel [BGH10] and Ikawa [Ika82, Ika88],
we are interested in Strichartz estimates for Schréodinger and wave equations in the exterior
of many strictly convex obstacles verifying Tkawa’s condition. We deal first with the
exterior of two strictly convex obstacles, for which we obtain global Strichartz estimates
without loss with respect to the free space:

Theorem 4.4 ([Lafl7b, Laf17a]). Let ©1,09 C R3 be two strictly convex obstacles. Then,
global Strichartz estimates without loss hold for both Schridinger and wave equations in

Q= R?’\ (@1 U @2)

llull o, o)) S llwoll s + lluallgs—r, (Waves)

lullLrr,za()) S luollz2, (Schrodinger)

where the pair (p,q) verifies the non-endpoint admissibility condition for the associated
equation.

We show this result for the Schrédinger equation in [Lafl7b]. It is here presented in
part II1.1. This result is then generalized to the wave equation in [Lafl7a], and we present
this generalization in part II1.2. Guided by the previous elements of our exposition, we
follow the following roadmap:

1. Thanks to the smoothing effect with logarithmic loss due to [Bur04], to the result
of Ivanovici outside one strictly convex obstacle[Ival(], and to the remark of Burq,
Guillarmou and Hassel [BGH10], we reduce ourselves to Strichartz estimates in log-
arithmic times near the trapped trajectory,

2. we follow the parametrix construction of [[ka82, Tka88] and Burq [Bur93], in order
to obtain an approximate solution near the trapped tarjectory,

3. a stationary phase argument, together with a result of Ikawa [[ka82, Tka88] concern-
ing the time decay of such a solution, gives the result.

Let us briefly summarize our argument, in the case of the Schréodinger equation.
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4.6. Result: Strichartz estimates in the exterior of two strictly convex obstacles

4.6.1. Reduction of the problem

Let us assume that Strichartz estimates in logarithmic times near the trapped ray R hold
true, that is

lIxe 2P (—h? A)uo | oo p1og mypa(e) < Clluol| 2,

where x is supported near R, and let us show the result.

Let Xobst, Xray € CF° be such that xobst = 1 in a neighborhood of ©1 U ©2 UR, and
Xray € C§° such that x;ay = 1 in a neighborhood of R, and let ¥ be such that ¢ = 1 on
the support of ¥. We decompose:

¢(_h2A)6itADuo = 1/;(—h2A)(1 _ Xobst)w(_hZA)eitADUQ
+ i(_h2A)Xobst(1 - Xray)¢(—h2A)@itADuO
+ 1/;(_h2A)XobstXrayw(—hZA)eitADuo7

which correspond respectively to the parts away from the obstacles, near the obstacles
but away the trapped trajectory, and near both the obstacles and the trapped ray. This
last term is handled following the remark of Burq, Guillarmou and Hassel previously
mentioned, provided a smoothing estimate without loss outside the trapped ray is at
hand, but such an estimate, is, in this particular geometry, for example a consequence of
resolvent estimates of [VZ00] outside a non-trapping obstacle because ©1 U Oy coincides,
outside the trapped trajectory, with such an obstacle.

The first two terms are dealt with adapting arguments from [Ival(O]. The first one,
w=(1- Xobst)w(—hQA)e“ADug, verifies the non-homogeneous Schrodinger equation

10w + Apwp, = —[Xobsts Ap|(—h2A)eitADayy,
w(t =0)= (1 = Xobst ) (—h*A)ug,

but, as 1 — xobst = 1 near 02, it is a problem in the free space. The Duhamel formula
together with standard Strichartz estimates on R™ and a lemma due to Christ and Kiselev
gives

lwllzeze S II(1 = Xobst) ¥ (=R A)e™Pug|| L2 (gny + [l [Xobst, ApJto(—h*A)e*  Pug|| 2 gg-1/2,

but [x,Ap] is supported away from R and the smoothing estimate without loss in the
non-trapped region permits to control the right hand side. The second term, namely
Xobst (1 — Xray)q/)(—hQA)e“AD ug corresponds to a problem near the obstacle but away from
the periodic trajectory, thus, it can be dealt with stacking the estimates in time A in
a compact manifold with strictly concave boundaries obtained by [Ival0], thanks to the
smoothing estimate without loss in the non-trapped region.
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4. Strichartz estimates outside many convex obstacles

4.6.2. Construction of an approximate solution

A translation argument inspired by [Ival0] then shows that we can moreover reduce our-
selves to data micro-locally supported near the trapped trajectory. More precisely, we
define the trapped set in time 7" of a neighborhood D of R, denoted 7}(D) C T, as the
set of points of D x {|{] € [ao, fo]} that remain in D in time T', and we reduce ourselves
to data ug = Op(q)ug, where ¢ is supported in a neighborhood of 75€|10gh|(13) and ¢ =1
on 7'26|10gh|(D), where D C D.

Notice that the need to be able to control in the sequel the derivatives of ¢ motivates
us to study the regularity of the billiard flow, and we show that

d(@4(p), :(5)) < Ctd(p, )"

except in small time intervals. The Hoélder loss of regularity is coming from the rays that
are close to tangent trajectories. Such a regularity will suffice to choose ¢ in a such a way
that |07 cq| < h=clele) which will induce no loss because these derivatives will be against
terms of order at least h.

A duality argument then shows that it suffices to show the dispersive estimate, for
t < e|llogh|

28] S ()72, ot 5, = (27;)3 / ey (x, €) de,

and, by linearity of the flow, it suffices to construct an approximate solution with data
ei(x_y)'gq(:v, €), y and £ been fixed, in order to obtain an approximate solution with data
dy. In order to do so, we follow the method of Ikawa [Ika82, Ika88] and [Bur93].

We define the set of all possible stories of reflexions Z as the set of all n-uplets J =
(J1,* " yjn) , n > 0, where j;+1 # ji, we denote J' = (j1, -+, jn—1) and we look for an
approximate solution as the Neumann sum

A0g( &) = 30 (<1) .

JeT
10wy — hAwy; =0, wy = wy on R?’\@jn,

where wy corresponds to a free wave and w; to a wave reflected following the story J and
then ignoring the obstacles. The w;’s are obtained by the BKW method: we look for it

as
k>0
where pgy(x,&) = (z —y) - £/|€], the phases ¢, |J| > 1 verifies the Eikonal equation
IVosl=1, 5 =¢p onR)\O,,,
and w;g a transport equation along the phase
(00 + 20&[Vips - V + €] Ap)wil = —iAuwy_y,

!
wf = wf on B\6;,,
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4.6. Result: Strichartz estimates in the exterior of two strictly convex obstacles

where we used the convention w?’ 1 = 0. A solution to the Eikonal equations is constructed

using the method of reflected waves of Tkawa: Vo ;(z, &) corresponds to the direction of a
ray that starts in direction % and arrives in x after been reflected according to the story
J, in other words, the gradient of the phase follows the rays.

We can then solve the transport equations along the rays. In order to do so, we remark
that w(7) = v(z + 27|¢| Ve, t + 7) solves the ordinary differential equation

Orw = —|¢|AY(z + 27VY(z))w,

but we can integrate ([Lun44]):

. _ (Gv(e+ 2rf V(@) 2
exp(—[¢| /TO AY(x + 25Vip(x))ds) = <G?,Z)($+2TO§|V¢($))> ’

where G)(x) is the Gaussian curvature of the level surface of ¢ in x. Therefore we have,

J
for example for wy

Gw(m+2¢|§|wj<m>>>”2 ;

wf)](ﬂz+27'|§|V<,0J(x),t—|—7') = ( Gy (o) wp (z,t)

for x € 09;,. But wy = wy " on 00j,, and we can iterate the argument following the rays
back to wg , for which solving the transport equations is immediate — the localization of ¢
ensuring in particular that we can indeed follow the rays back. We obtain

UJ(‘)](IE,t) = A@J(l’,f)(](X,Qt(l‘, ’§|V¢J)a£)a

1/2
Gy (x) )1/2 SN K<C S CA S\ R)
G (X~1(z,[€]Ver)) Go(X=V(z,[€[Ver)) ’

Apy(z,§) = (

where X; design the spatial component of the flow, X? the points of the boundary attained
after i reflexions, and similar expression are at hand for k£ > 1.

Notice that the square root of the product of Gaussian curvatures quotients Ay is the
analog of the square root of the product of Jacobians arising in [BGH10]. This term is
responsible of the time decay of the flow: according to Ikawa [[ka82, Ika88],

Ay S A
where 0 < A < 1 is the square root of the product of the two eigenvalues of modulus lesser
than one of the differential of the Poincaré map associated with the captive trajectory.
4.6.3. Directional derivatives of the phase

Hence we have

. 1 ;
Mgy =~ ) / wi (@, t, §)hFe 1 ORI hge,

(2mh)3
JET k>0
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4. Strichartz estimates outside many convex obstacles

where the w;c] 's and ¢;’s have been previously constructed. If a result of Ikawa [Tka82,
[ka88] concerning the product of the Gaussian curvature quotients will provide the time
decay of the flow, it is necessary in order to conclude to gain three-half powers of h. In
order to do so, we will perform a stationary phase argument. It will be therefore necessary,
on the one hand, to be able to control the arising directional derivatives, and, on the other
hand, to study the stationary points of the phases Sj(z,&,t) = @ (x, £)|€] — &2 and show
that their Hessian are non-degenerated in such points.

To this purpose, we differentiate the Eikonal equation with respect to £ and we solve the
arising transport equation along the rays. For example, differentiating |V (¢ |¢])? = [£|?,
we obtain

€1V (06, 011E]) - Vo = fg,

and the quantity Ogps|¢| we are interested in is hence transported along V¢, that
is, along the rays. We integrate the ordinary differential equation verified by 7 —
O, (ps)&) (@ +7Ves(x,£)), use the boundary condition for the phases ;5 = ¢ on 00,
and we obtain, for x € 00;,

&i
Oe (@D + 7V (2,€),8) = O, (o€ () + 7
and we iterate the argument up to the first phase. In this way, we get

DgSJ(l’,fﬂf) = X—Qt(ajv |£|VSOJ($7§)) -y

and the phase is stationary in the direction §& = s;(x,t) which permits to reach = from y
in time 2¢, beginning with a reflexion on 0.

In the same way, we solve following back the rays the transport equation verified by the
second directional derivatives of the phase, namely

v (6€2i§j ¢J> -Vpy = 6;5 — 0,V - (‘95], V)

in order to show its non-degeneracy in stationary points for times ¢ > ¢y > 0.

Finally, in order to control the directional derivatives who will arise, we need to control
the spatio-directional derivatives of the phases. To this purpose, we follow the same idea
as previously: Dg‘go J verifies

V(Dgpy) Ve =Ry,

where R contains only inferior order derivatives. We solve this transport equation fol-
lowing back the rays, take the spatial derivatives of the solution and get by induction

J
DDV, < DL,

a result of Ikawa giving the initialization o = 0. Such an estimate seems very rough, but it
is in fact enough in order to obtain the control we are interested in for logarithmic times:
indeed, the arising directional derivatives will be against terms of order at least h, but,
for wg # 0, we have |J| = t < ¢|logh|, and the loss of € powers of h which will appear will
induce no loss.
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4.7. Result: The exterior of N > 3 strictly convex obstacles verifying Ikawa’s condition

4.6.4. Stationary phase and conclusion

Thus, after a stationary phase argument, we obtain, for ¢t > #g

] 1 - ~ —isy(x
ezhtA5y ~ (27r)3h 3/22210%(%’,75,5)}1'%6 J( ,t)/h’

JET k>0

where @§ = wy and, for k > 1, @ is a linear combination of directional derivatives of

w,‘g . According to the previously mentioned result of Ikawa, and since for w,{ =% 0, we have
|J| =t < ¢|loghl,

Dolwi@ o< Y ALY A <ent (4.6.1)

JeT J | wl#0 >t

for some p > 0 depending only of the geometry of the obstacles. In the same way, the
terms ’ng (x,t, §)hk, k > 1, admit similar bounds because as we discussed above, taking a
directional derivative of wi induces a loss of order a most h~¢ in logarithmic times. Thus,
for t € (to, €| log h|):
yeithA5y| g h73/267,ut’

and in small times, e™"2§, is a free wave (the translation argument of [Ival(] ensuring
that we can take a data supported away of the boundary) for which we can use the usual
pointwise dispersive estimate of R3: the theorem is therefore demonstrated.

4.6.5. The wave equation

For the wave equation, the reduction of the problem is exactly the same, using the local
energy decay rather than the smoothing estimate, and the result of Smith and Sogge [SS95]
in the exterior of one strictly convex obstacle instead of the result of [Ival0].

The similar construction of a parametrix is now done for the wave equation, the funda-
mental difference with the Schrédinger equation been that rays are now followed at speed
one. This appears, at the level of the phase, by the fact that it is now stationary in plain
lines, and we use a stationary phase argument on each sphere S4~1(0, s). We gain there-
fore only % powers of h — it reflects the lesser dispersive nature of the wave equation —
and we obtain in the same way as for Schréodinger a sufficient dispersive estimate near the
trapped trajectory.

4.7. Result: The exterior of N > 3 strictly convex obstacles
verifying lkawa’s condition

We generalize the previous result to the exterior of N > 3 obstacles verifying Ikawa’s
condition:

Theorem 4.5 ([Laf18b]). Let (0;)1<i<n be a family of strictly convex obstacles of R3,
verifying Ikawa’s conditions (4.4.1) and (4.4.2), and = R3\ 1<LJ<N ©;. Then, under the
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4. Strichartz estimates outside many convex obstacles

non-endpoint admissibility condition, global Strichartz estimates with no loss with respect
to the free space hold true in Q for both wave and Schrédinger equations:

ull Lo, )y S llwoll s + lluall o1, (Waves)

lull Lar,zr)) S lluollp2- (Schrédinger)

This result is shown in [Lafl8b], and is here presented in part III.3. Let us summarize
our argument in the case of the Schrodinger equation.

Smoothing effect without loss in the non-trapped region

The outline of the proof is the same as for the simpler case of two obstacles. Provided a
smoothing estimate without loss in the exterior of the trapped set is at hand, the previous
argument applies in the exact same way to show that we can reduce ourselves to Strichartz
estimates near the trapped set in logarithmic times. However, we can not rely on the
particular two-obstacles geometry anymore in order to use a resolvent estimate outside
a non-trapping obstacle, and we have to give a general proof. Let us notice, moreover,
that we show here an estimate outside the trapped set in the phase-space and not only
his spatial projection: that is, the spatial cut-off function is replaced by an operator with
micro-support disjoint from the trapped set as a subset of the phase-space.

In order to do so, we use a commutator argument, similar to the one appearing in
[BGH10] and in the spirit of Morawetz, Raltson and Strauss [MRS77]: for any Schrédinger
wave u and any operator A we have:

(Au, u) (T) — (Au, u)(0) —/OT/Q<[2'A,A}u,u>+/OT /BQ<AU,8nu>.

Therefore, if we choose A of order zero, with a non-negative symbol, elliptic in the subset
we are interested in, and such that the arising boundary term has the right sign up to
lower order terms, we shall obtain the desired estimate. The method of [MRS77] adapts
to the Schrodinger flow in order to derive the symbol of A at the boundary, and we use
their construction of an escape function — valid in the exterior of a generic non-trapping
obstacle — in the exterior of the trapped set to construct the symbol of A. Notice that an
explicit expression of the symbol at the border is only available in a zone {7 —n? > 0}, and,
for this reason, this method does not permit to show that the border term is non-negative
up to lower order terms, but only that it is almost non-negative up to lower order terms,
and we obtain an estimate of the form

104 () ull 2172 < Cllluoll 2 + 8l1OPL()ull p2gy1/2) + C5O(R™),

where ¢ = 1 on the support of ¢. We fix § > 0 small enough and iterate the argument
in order to obtain the result. Lower order terms are dealt with using the estimate with
logarithmic loss.

Notice that we can iterate such a proof in the spirit of [DV12], and control at each step
the lower order terms by the induction hypothesis, in order to show that a smoothing
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4.7. Result: The exterior of N > 3 strictly convex obstacles verifying Ikawa’s condition

estimate without loss in the non-trapped region holds true as soon as a smoothing effect
with polynomial loss is at hand.

Reduction to the neighborhood of periodic trajectories

Using the smoothing effect in the non-trapped region, we reduce as previously ourselves
to show Strichartz estimates in logarithmic times, in a micro-local neighborhood of the
trapped set, that is:

10Dy (@) AP (—h2 A)uo|| Lo(o,n 108 za(9) < Clluollze,

where ¢ € C®°(R3 x R?) is supported in a small enough neighborhood of the trapped set
K CT*QUT*0R, and via duality arguments, it suffices to show the following pointwise
dispersive estimate:

10D, (0)e 2 h(—h2A)Opy, (8)* || 11y e S (ht)73/2, W0 < t < €| log hl.

In order to reduce ourselves to construct a parametrix near a trapped trajectory, we write,
inspired by [BGH10]:

eiThA ~ Z eitsoAHkL eiThAHkL_l .. 'Hkl eiThA + Ry (t) i Rg(t),
k:(k1,'~~ ,kL)

where II; are micro-local cut-off operators localized near the segments that compose the
trapped set. We choose 7 small enough, and the terms of this sum correspond to the parts
of the flow that remain near a periodic trajectory.

The R; term corresponds of the part of the flow which is away from the obstacles and
remains away, and the Ry term to a part of the flow which is away from the obstacles and
remains away, once spent a time Ty > 0 depending only of the II;’s. Thus, in times t > Tp,
it suffices to deal with the parts of the flow which remain near a periodic trajectory.

In order to handle 0 < t < Tp times, we choose ¢ supported near enough K so that
in times 0 < t < Tp, the rays starting from the support of ¢ are never tangent to the
boundary. Then, the previously mentioned parametrix construction of Ikawa permits to
obtain the dispersive estimate in times 0 < ¢ < Tj: indeed, the flow will write as a finite
(depending of Tj) sum of reflected waves, each of them verifying the dispersive estimate.

Conclusion

Once localized near a periodic trajectory, the previously mentioned parametrix construc-
tion, as well as the stationary phase arguments, apply in the exact same way as for two
obstacles. However, in order to close the proof, we have to control the sums analog to

(4.6.1), namely
> wil,
JeT

where the set Z of all possible stories of reflexions is now far bigger. Its size compete with
the time decay of each of the w’ waves: in other words, there is a competition between
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4. Strichartz estimates outside many convex obstacles

the number of the parts of the flow which remain trapped between the obstacles and the
decay of each such part. Tkawa’s assumption (4.4.1) of strong hyperbolicity ensures that
this competition occurs in a favorable way, and the can conclude the proof.

Remark. If the strong hyperbolicity assumption (4.4.1) appears in a natural way, we do
not know if it is optimal. Hence, it would be worth try to obtain a counter-example in a
framework which is not verifying the assumption.
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Long time asymptotics of non-linear wave
equations

5.1. The non-linear wave equation in exterior domains

Let us consider the following non-linear wave equation with Dirichlet boundary conditions

(07 — A)u+ eululP™' =0, u =0 on 99, (NLW)
(u(0), 9pu(0)) = (uo,u1) € H' x L2,

where € € {1, —1}, which admits the conserved quantity
E(u(t)) = 1/Vu|2 + 1/|8tu]2 +e ! /]u\pﬂ. (5.1.1)
2 2 p+1

We are in particular interested with the three-dimensional energy-critical equation: d = 3,
p = 6, for which the scaling invariance in the free space Q = R¢

u — A 2u(n, A

let invariant the energy.

When such an equation admits global-in-time solutions, it is natural to wonder how to
describe them in large times (¢t — 400). If they behave linearly in such times, we say
that they scatter. More precisely,

Definition 5.1. Let u be a global solution of (NLW). We say that u scatters if there
exists data vy such that

[u(t) = Sl g + 110 (u(t) = S(t)vs) L2 — 0

as t — +00, where S(t)vx is the solution of the linear wave equation with data v.
When € = 1, the equation is said to be defocusing: the non-linearity goes in the same
way as the decay induced by the linear group, and we then expect scattering-type effects,
provided the domain €2 does not induce to much concentration effects. It is in particular
the case in the exterior of a non-trapping, or a weakly-trapping obstacle, and we expect
scattering in such frameworks.
The object of this chapter is to study such situations. More precisely, we show that
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5. Long time asymptotics of non-linear wave equations

1. solutions scatter when 2 is the exterior of an obstacle illuminated by an ellipsoid,
notion generalizing star-shaped bodies,

2. in the exterior of two strictly convex obstacles, the only obstruction to scattering is
the concentration of energy around the trapped trajectory, in particular, compact-
flow solutions does not scatter.

The result (2) can be seen as a rigidity argument in a concentration-compactness/rigidity
approach which would complete the proof. These results can be found in [Lafl7a], they
are here presented in part IV.2.

5.1.1. Global existence and scattering criterion

The global existence for smooth radial data in R? is obtained by Struwe [Str88], then by
Grillakis [Gri90] in the smooth, non-radial case. Shatah and Struwe [SS94| then show
global existence for H! data, combining Strichartz estimates with a non-concentration
effect in the edge of the reversed cone:

lim u®(x,t)dx = 0. (5.1.2)

t—ty ' Jae|lz—mo|<to—t

This non-concentration effect is obtained as a consequence of a divergence identity due to
Morawetz [Mor61] for the linear wave equation, namely

8Q — divP + %\ul6 =0, (5.1.3)
2 2 6
Q= W + |1g| + 875”(% - V)u, (5.1.4)
_ oz (ol = [Vu? | Jul® z u
pP= ; < 5 + G + Vu, (atu(t V)u+ t) ; (5.1.5)

that can be traced back to the conformal invariance of the wave equation, and is integrated
over the small cone
Ky={S<t<T, |z|<t}, S— 0.

Bahouri and Shatah [BS98] pursue the computation and integrate now (5.1.3) over the
big cone Kg , I' — 400, in order to show that the non-linear part of the energy decays
to zero, that is

/ lu(t)|® — 0 as t — oo,
R3

and this decay, together with Strichartz estimates, gives immediately the scattering.
Global existence in a general domain is obtained by Burq, Lebeau and Planchon [BLP0S].
They remark that the spectral projector estimates due to [BSS09a] give strong enough
Strichartz estimates to have a local Cauchy theory, and generalize the argument of Shatah
and Struwe to a domain with boundaries in order to obtain the non-concentration effect
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(5.1.2) and therefore global existence of solutions. In order to do so, they have to show
that the arising boundary term decays to zero, that is

1 / (n(z) - 2)|OuPdo (z)dt —> 0
5] J((s.0)x00)n K2

as S — 07. But, a commutator argument shows that

to
/ / |0pul|?dodt < E,
0 o0N

and, as moreover n(z) -z = O(|z|?), the above decay holds and the authors obtain global
existence.

If one tries now to integrate the divergence identity (5.1.3) over the big cone Kg ,
T — oo in order to generalize the argument of Bahouri and Shatah and obtain the LS-
decay of solutions and therefore scattering, the above control does not suffices because we
have now to obtain the decay in-mean of the boundary term for large times, that is

1 T
(/ / tP - n\@nul2dadt> — 0as T — oo,
T Jo Joa N

where we took the positive part and tP = x - n if we take the same multiplier as in R%.
In the exterior of a star-shaped obstacle, this boundary term has the right sign, and the
proof generalizes immediately. To obtain scattering in more general geometries, one can
try to follow two kind of strategies: adapt the multiplier in such a way that this boundary
term has the right sign, or try to control it and show that

1 T
T/o /89 |Opul>dodt — 0, (5.1.6)

that is, that in mean in large times, there is no energy left near the obstacle. We follow
here this second strategy.

5.1.2. Result: Scattering in the exterior of an obstacle illuminated by an
ellipsoid

Because the proof of Bahouri and Shatah generalizes immediately to the exterior of a
star-shaped obstacle, it seems natural to study generalizations of such obstacles. We are
here interested in illuminated obstacles:

Definition 5.2. A subset O of R" is said to be illuminated by a convex C C R™ if
minVp-v >0
00

where

p(x) =inf{\ >0, s.t. x € A\C}

is the gauge function of C and v the outward-pointing normal derivative to 00.
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5. Long time asymptotics of non-linear wave equations

A star-shaped obstacle corresponds therefore to a body illuminated by a small ball. We
show the scattering for critical non-linear waves in the exterior of obstacles illuminated by
a class of ellipsoids:

Theorem 5.3 ([Laf17a]). Let C C R3 be the ellipsoid of equation
24yt +e?=1,0<e<1 (5.1.7)

resp.

1++3
4

and © be a compact subset of R? illuminated by C. Then, any solution of (NLW) in
Q = R3\O scatters in H'(Q).

22 —I—ey2 +ez? = 1,

<e<1 (5.1.8)

In particular, we obtain scattering for dog-bones with arbitrary thin necks. Remark
that Farah Abou Shakra adapts in [AS14] the multiplier that permits to obtain (5.1.3)
and shows the scattering in the exterior of the obstacles verifying the assumption

%%n(s + p1 — 2(pams — p1)) >0,

where p; < po are the principal rays of curvature of C, pops the maximum of py and s
the distance to C. However, the non-local quantity psps avoids in particular to handle
dog bones with arbitrary thin necks, which was our motivation in order to deal with a
situation close to the two-convex framework.

Our principal tool to obtain the decay (5.1.6) and therefore the scattering is a momentum
identity that can be seen as another version of the divergence identity (5.1.3):

1 1
O /8tuVuVXAxu8tu :/(szvu, Vu)/uzAZX
Q 2 Q 4 Ja
1
—1-3/ |u]6Ax—/ |Opul?0nx, (5.1.9)
2 Ja 2 Joo

where u solves (NLW) and x is a smooth function. The idea is to find a weight function
x adapted to the geometry of the obstacle, that permits to take advantage of the above
identity to show the decay of the energy at the border. In particular, if Vx is bounded,
the left-hand side is bounded by the energy after time-integration, and if moreover y is
convex, —Op,x > ¢ > 0 and A%y < 0, the right-hand side bounds below the term we are
interested in and we obtain the decay

1 [T E
/ / |Opul?dodt < =, (5.1.10)
T Jo Joo T

and therefore scattering. The natural choice for the weight function x is therefore the
gauge of the illuminating convex. However, if such a weight verifies all other constraints,
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5.1. The non-linear wave equation in exterior domains

the non-negative bilaplacian assumption is very rigid, and seems to have no geometrical
interpretation. In particular, the gauges of the ellipsoids we are interested in, namely

x=ex® +yt 4+ 2% e <,

do mot have a non-negative bilaplacian. However, it is the case if we add one dimension,
that is, for four-dimensional ellipsoids of gauges ex? 4+ y? + 22 + w?. To take advantage of
this remark, we extend u as a solution @ of a four-dimensional equation. The border-term
associated with u verifies (5.1.10), and the room we have between this strong decay and
(5.1.6) permits to go back to the original, three-dimensional equation. More precisely, we
have

T
/ / Oii|20, xdodt < B(@)
0 00

where x is the four-dimensional weight. But

E(@) S TE(u),

T T
/ / 10,120, Xdodt > In'T / / |Opu|?dodt,
0 00 0 00

1/T/ Opul2dodt < —— E(u) —s 0
T 0 o0 nt 7 NlIlT v ’

and the solutions scatter.

and

therefore

5.1.3. Result: A rigidity theorem in the exterior of two strictly convex
obstacles

Motivated by the previously exposed result, we are interested in the scattering problem
in the exterior of two strictly convex obstacles — let us recall that we showed global
Strichartz estimates without loss in this framework. However, there is no hope a multiplier
argument used alone could give the result: indeed, Morawetz, Raltson and Strauss proved
in particular in [MRS77] that the non-captivity assumption is equivalent to the existence
of an escape function a € C°(R? x R3), that is, a phase-space function verifying

§-Vza(z,&) >c>01in Q,
CL(J,‘, 6) — CL(J,‘, 5,)
(€—¢) n(z)
where £’ is the reflected direction associated with £ by the laws of geometrical optics. But,

if a suitable — in the sense of the previous section — weight function y is at hand, we can
construct an escape function

> c¢> 0 on 09,

a(x,§) = Vx(z) - €.

However, we can construct a multiplier that behave in the right way everywhere except in
a neighborhood of the trapped ray in order to show:
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5. Long time asymptotics of non-linear wave equations

Theorem 5.4 ([Laf17a]). Let ©1 and O3 be two strictly convex subsets of R3. Then, there
exists a family (S(T))r>1 of open neighborhoods of the trapped ray R verifying

S(T) — R as T — 40

such that any global solution of (NLW) in 0 := R3\ (01 U O2) verifies, as T goes to infinity

1 (T
/ / \Vau(z, t)|> + u(z, )| dedt — 0.
T Jo JanBo,a)nsm)

Where the criterion
1 (T
/ / |Vu(z, t)> + Ju(z, )| dedt — 0
T Jo J@nBo,A)

is equivalent to (5.1.6) — this is for example a consequence of the Morawetz momentum
identity (5.1.9). In particular, solutions with pre-compact flow {u(t), t > 0} in H' scat-
ter, because they can’t concentrate their energy in the neighborhood of the trapped ray.
Therefore,

Corollary 5.5. There is no compact-flow solution of (NLW) in the exterior of two strictly
convex obstacles which does not scatter.

It is a rigidity theorem that can be taked advantage of in a concentration-compactness/rigidity
approach, introduced by Kenig and Merle: we suppose there is a finite energy level above
which non-scattering solutions exist, and construct a so-called critical solution, who has a
compact flow and does not scatter, and will be eliminated — this is the subject of a work
in progress, in collaboration with C. Laurent [LL].

In the simplest case of two balls, with centers 1 and —1, we choose the weight (fig-
ure 5.1.1)

Xx(x) =z -1+ |z +1]|.

It verifies
Vx-n>0, Ax > 1in B(0,A), A?x =0.

The momentum identity permits to show

T T
/ /(DQXvu,Vu) +/ / \u!ﬁ < FE,
0o Ja o Jons(o,4)

but the Hessian matrix D?y of y vanishes on the trapped ray. The study of its eigenvalues
gives S(T):

D?x > « in the exterior of a neighborhood S(«) of the trapped ray

and we choose a(T') going to zero slowly enough to obtain we decay we need.
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5.1. The non-linear wave equation in exterior domains

Figure 5.1.1.: Vx and S(«) for two balls

In the exterior of two strictly convex obstacles, this weight is not adapted anymore and

we use a family of weights

Xe(z) =z —c|+ |z +c|], c — 0.

For ¢ — oo, it has a gradient behaving similarly to

the scalar product with the outward-pointing derivative to the obstacles is non-negative

(and vanishes on the trapped ray), and we choose the speeds of decay ¢(T') — +o00 and
a(T') — 0 in such a way we obtain the decay we are interested in. Let us remark that

once again, we took advantage of the room at our disposal between the strong 1/7-decay

given by the left-hand side of (5.1.9), and the weaker decay (5.1.6) we need.
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5. Long time asymptotics of non-linear wave equations

5.2. The non-linear Schrodinger equation with a potential

We are now interested in the following non-linear Schrédinger equation with a potential,
in the free space RY

10 — Au + Vu = eu|u|®, u(0) =up € H, (NLSy)

that preserves in particular the L?-norm of solutions — or mass, and the energy

1
a+2

B(u(t) =5 [ IVu(OF + [VIu@)P + e [u®+? = B@(),

In the homogeneous case V' = 0, Strichartz estimates together with a fixed point argument
gives local existence of solutions in energy-critical and subcritical regimes o < d‘%l. In
the energy sub-critical one, the lifetime of a solution depends only of its norm, and the
energy conservation law gives global existence for the defocusing equation ¢ = 1. In the
same way as for the non-linear wave equation, we define the scattering as

Definition 5.6. Let u be a global solution of (NLS). We say that u scatters if there exists
v4 such that ‘
u(t) — e Pvif g — 0

as t — to0.

One of our motivations in the study of (NLSy) is the similarity between a potential and
an obstacle. The absence of boundary makes several arguments easier to pursue, and the
study of (NLSy ), in addition to its intrinsic interest, can therefore be a source of ideas in
order to study problems with obstacles.

We show the scattering in the following two situations:

1. for a repulsive potential (z - VV < 0),
2. for a sum of two repulsive potentials with convex level surfaces.

Notice that situation (1) is analogous to the exterior of a star-shaped obstacle, and situa-
tion (2), who enjoys trapped trajectories, to the exterior of two strictly convex obstacles.
This last result gives in particular a scattering result in a trapped setting. The first one
can be found in [Laf16], the second one in [Lafl8a]. There are here respectively presented
in parts IV.2 and IV.3.

5.2.1. Concentration-compactness/rigidity

Nakanishi [Nak99] shows the scattering in the energy space H! for the defocusing homo-
geneous equation (V' = 0), using Morawetz-type inequalities. Such inequalities, extended
to bilinear versions, continue then to be used in order to show scattering-type results for
the defocusing equation: let us mention the works of [PV09], [CGT09], and [Vis09].

A very robust method that permits to deal in particular with scattering-type problems,
known as concentration-compactness/rigidity, is introduced by Kenig and Merle [KMO06].
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5.2. The non-linear Schrédinger equation with a potential

It is motivated in particular by the study of the focusing equation (e = —1), for which exists
an energy-threshold below which solutions scatter, given by the ground state v = e*Q of
the equation, where

AQ-Q+Q“ =0,
for which the decay induced by the linear group and the focusing effect of the non-linearity
compensate exactly. This method, extended for Schrédinger to the intercritical regime
in [HRO8], and to all spatial dimensions by [FXC11], generated an impressive number of
works. We use it here in the case of a potential V' # 0. Before we discuss the general-
ization to the inhomogeneous case, let us briefly summarize the method in the defocusing
homogeneous case V = 0.
We define the critical energy

E.=sup{E>0|Vpe H', E(p)<E= S(t)pe LPL"},
where S(t)¢ is the solution of (NLS) with data ¢, and assume by contradiction that
FE. < .

Then, there exists a minimizing sequence for E. of data (¢y)n>1, that generate non-
scattering solutions:

E(‘Pn) > Ee, E(Son) — B, S(t)(p §é LPL".

The idea is to extract from the H'-bounded sequence (p,),>1 a converging subsequence.
Its limit ¢, will produce a non-scattering compact flow solution who will be eliminated. A
first description of H'-bounded sequences is given by concentration-compactness lemmas
in the spirit of Lions, but the major breakthrough which permits to conclude here is the
description of such sequences as a sum of profiles up to a dispersive remainder, each profile
being a solution in a given time of the linear equation associated to the problem. Such a
profile decomposition appears for the first time in [BG99], for the wave equation. For the
Schrédinger equation it can for example be written as

J
on = Ze_it?ij(~ —x}) + R} vJeN,
j=1
the profiles ' AT% 1; verifying the orthogonality condition
5 —tp] + |2f —af| — 00, Vj#K,

and
J

lunllFre =D 105 = @) + 1B |G + 0n(1), VJ €N,
j=1

J
—3tP A
lunlDs = e 530 (- = 2B, + |RJI, + on(1), VJ €N,
j=1
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5. Long time asymptotics of non-linear wave equations

and the remainder being small in Strichartz norms:

Ve >0, 3J € N, limsup ||e*itARiHLer <.

n—oo

We associate to each profile a nonlinear profile zﬁj such that

IS(=t); = ¥l —> 0
as t — t;, and the orthogonality of profiles permits then to approximate

J

St)pn = > S(t—t7);(- — a}) (5.2.1)

j=1

with a small remainder in Strichartz norms. But, if there is more than one non-trivial
profile, each of them takes a non-trivial part of the energy, and for n large enough they
are all below the critical energy E. and therefore produce solutions that scatter! Because
of (5.2.1) ¢, hence generates a scattering solution, this is not possible. Therefore, there
is only one non-trivial profile, ¢.. We take

ue = S(t)pe,

it is our critical solution. Apply a second time the argument, now to the flow {u.(¢), t € R},
permits to show that it is of compact closure in H'.

But a classical virial computation, which is a Schréodinger-counterpart of the Morawetz
identity (5.1.9):

2
8t2/X|u’2 :4/(D2XVU, Vu) + M/AX‘U|Q+2 —/A2x|u2. (5.2.2)

permits to show that such a solution cannot exist. To this purpose, one takes a quadratic
weight

2 for|z| <1

0 for|z| >2

YR = R%(E) ol ¢(z) = {
then
0, / rluP’| < C(B)R,
but by (5.2.2),
8,52/XR\u|2 >6>0,

for R big enough, because as u has a pre-compact flow it holds that

sup/ (V) + [u()? + [u(t)]*+?) dz —s 0
teR J|z|>R

as R — .
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5.2. The non-linear Schrédinger equation with a potential

In the case of the equation with a potential V' # 0, we have to generalize both parts
of the argument. But a crucial point in order to approximate (5.2.1) in the previous
argument is the translation invariance of the equation:

S(t =ty —2) = (SE = )) (- — 2,

which fails for V' # 0: it is the main difficulty to overcome in the concentration-compactness
part. The classical virial computation used in the rigidity part makes appear an additional
term

- /VV -Vx. (5.2.3)

It is the counterpart of the boundary term arising in (5.1.9) for the wave equation. For a
repulsive potential, this term has the right sign and the rigidity argument adapts imme-
diately. It is not the case anymore if the potential is non repulsive.

5.2.2. Result: Scattering for NLS with a potential

In [BV16], Banica and Visciglia attack the problem, considering the equation with a Dirac
potential
10y — Au + Sou = ulu|®, u(0) =ug € H,

which is more singular but for which explicit formulas are at hand. Motivated by their
result, we show the scattering for NLS with an arbitrary, but less singular potential, in
one space-dimension:

Theorem 5.7 ([Lafl6)]). Let a > 4 and V € L}(R) be such that V' € Li(R). We suppose
moreover that V' is non-negative and repulsive: V> 0 and £V’ < 0. Then, any solution
u € C(R, H'(R)) of (NLSy ) with potential V scatters in H'(R).

Scattering-type problems are classically more difficult in small dimensions, because ad-
ditional dimensions add dispersion directions. Hence we chose to restrict ourselves to the
one-dimensional case in order to present the proof in the simplest possible way. Notice
that our result is generalized in any spatial dimension d # 2 in [Lafl8a], presented in the
next section.

Goldberg and Schlag show in [GS04] the dispersive estimate

1

e AT e S RYe) (5.2.4)

for an L1(R) potential with no resonance at zero energy. A simple argument shows that
a non-negative potential automatically verifies this last assumption, and via a standard
TT* argument, we get the Strichartz estimates adapted to the study of the problem. They
permit, in particular, to obtain local existence of solutions, and hence global existence via
the energy conservation law.

The key idea that permits to overcome the lack of translation-invariance of the equation,
is that a profile escaping to infinity does not see the potential, that is, for z,, — oo

le™ #3790 — e Ay Pl o — 0, (5.2.5)
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5. Long time asymptotics of non-linear wave equations

where 7 is the translation-operator: 7, 1 =1 (-—), and in the same way for the Duhamel
term

t ) t )
I / e =AU, UL (s)ds — / e "= A=V) (UL UL (s)ds|| porr — 0, (5.2.6)
0 0

where Uy (z,t) = U(xz — xy,,t) for U a solution of the homogeneous (V' = 0) nonlinear
equation, and finally, ¢ been fixed

ey, 0 — €AV r, bl — 0. (5.2.7)
Let us give for example an idea of the proof of (5.2.5) — (5.2.6) and (5.2.7) can be
obtained in a similar way. The pointwise dispersive estimate (5.2.4) permits to obtain

sup Heit(—A-ﬁ-V)

TIEn¢||LP(T,oo)LT — 0,
neN

as T goes to infinity, and we are hence reduced to show that for T fixed
le™ A7y, b — €7it(A7V)Txn1/JHLP(0,T)LT — 0,
as n — oo. But, the difference
Uy 1= e_itATxnv,Z) — e_it(A_V)TxanJ
verifies the linear Schrédinger equation with null data
10— Au+Vu= Veiimrajnw,
and can therefore be estimated via Strichartz estimates:

. 1 »
H'UnHLP(O,T)LT N ||V€_ZtA7—xn¢HLv/(o,T)Ll <T+||Ve ZtATwnw”LOO(O,T)Ll

¥ >
=T ||(1-z,V)e tA¢||L°<>(0,T)L1, (5.2.8)

which goes to 0 as x,, — 0o because V is in L.

The estimate (5.2.7), together with functional analysis arguments, permits to show that
the operator —A + V' verifies the assumptions of the abstract profile decomposition of
[BV16], and we get a profile decomposition associated with the operator we are interested
in. Then, the estimates (5.2.5) and (5.2.6) permit in the same way as in [BV16], to
replace e“(=2+V) by ¢~ #A for profiles going to infinity. This propagator commutes with
translations, we thus can approximate (5.2.1) and construct a critical solution. It is
eliminated thanks to the same virial computation as in the homogeneous case V' = 0,
because, as we emphasized in the previous section, the additional term (5.2.3) arising in
the computation has the right sign for a repulsive potential.
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5.2. The non-linear Schrédinger equation with a potential

5.2.3. Result: Scattering for NLS with a sum of two repulsive potentials

If the potential is non repulsive, the construction of a critical element remains valid, but
it cannot be eliminated by the above rigidity argument. But, in the same way as for
non-linear waves outside obstacles, we have the intuition that for potential which does
not trap the energy, or not too much, there should be scattering. A strategy in order to
show the scattering in such situations would be to adapt the rigidity part of the previous
argument to such potentials. But, we saw that we can obtain such a rigidity theorem
for the non-linear wave equation outside two strictly convex obstacles. Motivated by the
analogy between the virial computation (5.2.2) and the Morawetz identity (5.1.9) thanks
to which we were able to obtain such a result, we show the rigidity part for a sum of two
potentials with convex level surfaces and obtain

Theorem 5.8 ([Lafl8al). Let d > 3 and Vi, Va be two repulsive potentials with convex
level surfaces. We suppose moreover that V= Vi + Vo wverifies the decay assumption

2
V,VV € Lt (R, (1 + |2|%)dz), B> 3 (5.2.9)
and the pointwise dispersive estimate

o 1
e A e S a2 (5.2.10)

Then, in the intercritical regime
A <a< 4 (5.2.11)
—<a< —— 2.
d d—1’

any solution of (NLSy ) in dimension d with potential V = Vi + Va scatters in H'(R?).

The decay assumption (5.2.9) is the analog of the assumption V € L}(R), V' € L}(R)
arising in [Laf16]. We assume the validity of the pointwise dispersive estimate (5.2.10),
which permits to obtain the good set of Strichartz estimates, as a black box. Notice
however that in spatial dimension d = 3, as soon as 8 > 1, this estimate is automatically
verified by such potentials by the work of Goldberg and Schlag [GS04].

The first step is to generalize the construction of a critical solution, and thus the es-
timates (5.2.5), (5.2.6) and (5.2.7) of the previous paragraph, to all spatial dimensions.
In order to do so in the same way as in [Lafl6], we need endpoint Strichartz estimates,
which fails in dimension two: this is why we don’t obtain the result in the two-dimensional
case. Notice that this first part, where the convexity assumption is not used, generalizes
in particular theorem 5.7 to all spatial dimension d > 3.

We eliminate compact flow solutions with a virial computation analog to the one we did
in order to obtain theorem 5.4. Once again, we use the weight

X() =z +c[+|r—cl, c>1
where (—c, ¢) joins the centers of repulsivity of V5 and V5. Then,

2 (8)] £ C(B. M),
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5. Long time asymptotics of non-linear wave equations

and, for a compact flow solution
" 1 2
2(t) > —p— [ Vx-VV]ul5,
1

with g > 0. The arising term associated to the potential does not have the right sign.
However, for ¢ > 1, Vx is almost outward-transverse to the level surfaces of V; and Vs,
and we show that for ¢; fixed big enough, and as soon as the potential enjoys a sufficient
decay (it is the assumption (5.2.9)), we have

(¢ >L
L)

and we get a contradiction.
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Outlooks

We contributed in this dissertation to the study of Schrédinger and wave equations, both
linear and non-linear, in unstable trapping geometries. This is a work that we will have
to pursue: it is part of the very long-term goal of understanding finely the link between
the behavior of a wave and the geometry of the domain or manifold it lives in.

A natural sequel of our work about Strichartz estimates in the exterior of many strictly
convex obstacles would be to generalize the results of Ivanovici and Lebeau [IL17] to the
exterior of many strictly convex obstacles. Many natural questions arise: is the pointwise
dispersive estimate without loss in dimension d = 3 still valid? In dimensions d > 4, is
there new phenomena due to the addition of other convex obstacles, or are Poisson-Arago
spots still the only counter-examples to the dispersive estimate? Is the estimate valid in
the exterior of many generic convex?

Complete our rigidity result for the critical non-linear wave equation in the exterior of
two strictly convex obstacles by a profiles description in order to show the scattering for
critical waves in such a geometry is of course a continuation of our work we will have to
carry through. Moreover, our work relies heavily on very rigid Morawetz-type identities.
We have a good hope that using it in concentration-compactness/rigidity framework as
we began to do it would lead to prove results in more general geometries. Adapting
these arguments to non-euclidian manifolds without boundary would also be interesting.
However, it will be sooner or later necessary to develop more robust tools and methods:
in the situation with more than two strictly convex obstacles, multiplier arguments seem
for example give no information.

Finally, very little is known about the scattering-problem for Neumann boundary con-
ditions. It would be worth trying to attack the problem: one could for example begin with
the simplest situation of radial solutions in the exterior of a ball. Let us lastly mention
that the analogy between obstacles and potentials seems pertinent and is a point of view
we will have to continue to develop.
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Part III.

Dispersive estimates
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Strichartz estimates without loss outside two
strictly convex obstacles

7.1. Introduction

The Strichartz estimates are a family of dispersive estimates for the Schrodinger flow on
a Riemannian Manifold M:

lle™**2uo|l v 0,1y La(ary < Crlluol| 2,
where the exponents (p, ) have to follow the admissibility condition given by the scaling
of the equation:

P, q>2, ;Jr g = g (p,q,n) # (2,00,2),
and n is the dimension of M. If M is a manifold with boundaries, we understand A to be
the Dirichlet Laplacian.

Locally in time, these estimates describe a regularizing effect, reflected by a gain of
integrability. Globally, they describe a decay effect: the L{ norm has to decay, at least in
a LY sense.

We say that a loss occurs in the Strichartz estimates, if the estimates do not hold but
we are able to show that

||€7itAu0||LP(O,T)L‘I(M) < Crlluo| e,

with s > 0.

The story of Strichartz estimates in the case of the flat Laplacian on M = R"™ begins with
the work of [Str77] for p = ¢, for the wave equation, then generalized for any admissible
couple and the Schrodinger equation by [GV85b], and by [KT98] for the endpoint (p = 2)
case. In the variable coeficients case, the situation is more difficult. Strichartz estimates
without loss for the Schréodinger equation were obtained in several geometrical situations
where all the geodesics go to infinity - we say that the manifold is nontrapping - : [BT07],
[Boull], [HTWO06], [ST02], in the case of manifold without boundary; and in the case
of a manifold with boundary, by [Ival0] who obtained the estimates outside one convex
obstacle.
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7. Strichartz estimates without loss outside two strictly convex obstacles

Another tool for analyzing the behavior of the Schrédinger flow is the local smoothing

effect

Ixe™ ™ 2P uo|| L2 g gr1/2(ary) < Clluollz2
where x is a smooth compactly supported function. The influence of the geometry on
the local smoothing effect is now fully understood: [Bur04] showed that a necessary and
sufficient condition for this estimate to hold is the non-trapping condition. When trapped
geodesics exist, a loss in the smoothing effect has to occur.

But in the case of the Strichartz estimates, the situation is not fully understood yet:
[BGH10] showed Strichartz estimates without loss for asymptotically euclidian manifolds
without boundary for which the trapped set is small enough and exhibit an hyperbolic
dynamics.

We go in the same direction and show global Strichartz estimates without loss outside
two convex obstacles, providing a first example of Strichartz estimates without loss in a
trapped setting for the problem with boundaries:

Theorem 7.1. Let ©1 and Oy be two smooth, compact, strictly convex subsets of R®, and
Q =R3\(01UBOy). If (p,q) verifies

2 3 3
p>27q227 7+7:77
p oq 2
then, the following estimate holds:
le™ 2P ug|| 1o, ra)) < Clluollze- (7.1.1)

Strictly convex is here understood in the sense of [Ival0], that is with a second fonda-
mental form bounded below.

The behavior of the waves equation outside several convex obstacles was first investi-
gated by [Ika88, Ika82], who showed local energy decay. Burq used in [Bur93] some of
his results to show a control property on an equation closely related to the Schrédinger
equation outside several convex bodies.

For data of frequencies ~ h™!, if we are able to prove Strichartz estimates in times h

lle™ 2P ug|| Lo (o,nyrage) < Clluollzz,

then the smoothing estimate provides the Strichartz estimates. But in our framework, a
logarithmic loss occur in the estimate, due to the presence of a trapped ray:

|| xe ”ADuoHLz(R,Hm(M)) < ClInh|2||uo||2-

However, [BGH10] remarked that this logarithmic loss can be compensated if we show
Strichartz estimates up to times h|logh|. Following their idea and arguments of [Ival0],
we first show that we can restrict ourselves to prove the estimate on a neighborhood of the
periodic ray and in times hlogh, for datas of frequencies ~ h~!. Then, we reduce again
the problem, to data which micro-locally contain only points of the tangent space which
do not escape a given neighborhood of the periodic ray after logarithmic times. Finally,
following ideas of [Tka88, Tka82], [Bur93], we construct an approximate solution for such
data, and we show that this approximation gives the desired estimate.
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7.2. Reduction to logarithmic times near the periodic ray

Remark 7.2. We restrict here ourselves to the three dimensional case because we use results
of [Ika88, Ika82] and [Bur93] who are stated in dimension three. The other parts of the
proof hold in any dimension without modification. Because the above mentioned results
should be extended without difficulty to the arbitrary dimensional case, our proof should
work in any dimension.

Remark 7.3. We do not obtain the endpoint case (p,q) = (2,6) because we make use of
the Christ-Kiselev lemma. However, this restriction should be avoided with a more careful
analysis.

7.1.1. Notations
We will use the following notations and conventions:

01,0, will be two smooth, compact, strictly convex subsets of R?, called the obstacles,

Xi(x,p)  the i’th point of intersection of the reflected ray starting at = in the direction
p with the obstacles,

Zi(z, p) the direction of the reflected ray starting at x in the direction p after 7 reflec-
tions,

(X¢(x,p), Z¢(xz,p)) the point and the direction attained by following the reflected ray
starting at x in the direction p during a time ¢ at speed |p|,

(Pt(a:,p) the billiard ﬂOW7 @t(x,p) = (Xt(xvp)7 Et($7p>)

Moreover, we refer to the periodic ray, denoted R, as the segment joining ©1 and ©5 that
is the unique periodic trajectory of R3\ (61 U ©5).

Let h > 0 be a fixed small parameter. We fix ap, o > 0 and a smooth funtion ¢ € C§°
supported in [ag,Bg]. For h > 0 and u € L?, (—h?A)u is the localisation of u in
frequencies of sizes [agh ™!, Boh~1]. We refer to [[val0)] for the definition of ¢(—h2A).

Finally, for a € C*°(R™ x R"), we will design by Op(a) the microlocal operator with
symbol a operating at scale h, defined for v € L?(R") by

(Op(an)(a) = s [ [ € ate. uty)dsay

We refer to [Zwol2] for classical properties of these operators.

7.2. Reduction to logarithmic times near the periodic ray

The aim of this section is to show that the following proposition implies theorem 7.1:

Proposition 7.4 (Semiclassical Strichartz estimates on a logarithmic interval near the
periodic ray). There exists € > 0 such that for any x € C§° vanishing outside a small
enough neighborhood of the trapped ray, we have

Ixe™ AP p(—h> A)uo|| Lo(0,eh| 1og hyLa(e) < Clluol|z2- (7.2.1)
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C 28 (=, %)

(X, 2 (= §)

(5>

Figure 7.1.1.: Notations

In the rest of this section, we will assume that 7.4 holds with ¢ = 1 and prove theorem 7.1.
The proof for other values of € > 0 is the same.

Let Xobst, Xray € Cg° be such that xonst = 1 in a neighborhood of ©1 U ©2 U R, and
Xray € Cg° such that x;ay = 1 in a neighborhood of R, and let 1; such that z; =1 on the
support of 1. We decompose ¢(—h2A)e**Pyy in a sum of three terms

w(_hQA)eitADuO = QL(—h2A)(1 - XObSt>¢(_h2A)€itADUO
+ P(—h2A) Xobst(1 — Xeay) ¥ (—h2A)e Py
+ D(—h*A) Xobst Xray ¥ (—h*A) e Pug.  (7.2.2)

We can deal with the first two terms like in [Ival0] if we show a smoothing effect without
loss for x equal to 0 near the trapped ray. The third term can be handled with the method
of [BGH10]: the smoothing effect with logarithmic loss obtained in [Bur04] combined with
Proposition 7.4 and the smoothing effect in the non trapping region is sufficient to show
Strichartz estimates without loss.

Let us first show

Proposition 7.5 (Local smoothing without loss in the non trapping region). For any
x € C§° vanishing in a neighborhood of the periodic ray, we have

N
Ixe™ 2P uoll 2 mr/2(q)) S lluollze- (7.2.3)

Proof. Let K be a smooth, connected, non trapping obstacle, coinciding with ©1 U O4
outside a neighborhood of the periodic ray on which y is vanishing (figure 7.2.1). Note
that, in particular, K coincides with ©1 U ©5 on the support of y. We set Q= R™\K. In
particular, A D& and Ap o coincides on the support of x. As K is non trapping, we have
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7.2. Reduction to logarithmic times near the periodic ray

Figure 7.2.1.:

by the work of [VZ00] and [MS78, MS82] for the high frequencies part, [Bur98] for the low
frequencies

IX(=8p 6 = A+ )*) "Xl 2@y 2@ < CIAT

Now, if u € L*(Q), we have

IX(=Ap,0 = (A £ 6)*) " 'xull o) = IX(=Ap 6 — A £ 6)) xull 2
< Oflull oy A" < Cllull 2oyl
So, the following resolvent estimate holds
Ix(—Apga — (A €)*) Xl 2 2@ < CIATL

And we can deduce the smoothing estimate (7.2.3) exactly like in [BGT04a]. O

7.2.1. The first two terms: away from the periodic ray

In this section, we deal with the first two terms of (7.2.2), following [Ival0].

7.2.1.1. The first term
We set wy, (2,1) = (1 — Xobst )% (—h?A)e*APyg, who satisfies

iOwp, + Apwp = —[Xobsts Ap](—h2A)e Ay
wp(t =0) = (1 = Xobst)¥(—h*A)ug

By the arguments of [Ival0], as x = 1 near 9€2, wy, solve a problem in the full space, and

the Duhamel formula combined with the Strichartz estimates for the usual Laplacian on

R™ and the Christ-Kiselev lemma gives the estimate

Jwnllzeze S 111 = Xobst )0 (—h2A)e ™ Pug|| p2gny + || [Xobsts A (—h*A)e™  Pug|| 12172
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7. Strichartz estimates without loss outside two strictly convex obstacles

Note that [x, Ap] is supported in a compact set and outside some neighborhood of ©; U
©2 UR. So, there exists x € C3° such that ¥ = 1 on the support of [xobst; Ap] and
vanishing in a neighborhood of R. Then, by the smoothing estimate without loss in the
non trapping region (7.2.3), we get

[ [Xobsts Ap](—h2A)e ™ Pug || 212 = ||[Xobsts Ap]XY(—h2A)e™ Pug|| 12172
< R (=R A)e" AP ugl| 2 412
Sl (=R*A)ug|| 2.

Finally, the estimate
[ (=R A)w||Lr < [lwn]| e

of [IP] permits as in [Ival0] to conclude that

[ (=h*A)(L — Xobst ) (=h*A)e™Pug|| Lors < [(—h*A)e™Pug|| 2.

7.2.1.2. The second term

Following again [Ival0], we localise in space in the following way: let ¢ € C§°(—1,2) equal
to one on [0, 1], and for [ € Z

Uh,l = ‘P(t/h - Z)Xobst(l - Xray)w(*hQA)eitADuo

"(t/h —1 ,
Vh,l = <Q0(t/h — Z)A —+ igp(t/h)XObst(l _ Xray)) w(_hQA)eltADUO

where

A= AXobst(1 - Xray) - XobstAXray - eray “VXobst + (1 - Xray)vXobst V- Xobsthray V.

These quantities verify
{iatvh,l +Apvpg = Vi

Unihl2h>t>hi—h = 0

Note that the support of A is included in that of Xopst(1 — Xray). Let @ C R3 be a cube
sufficiently large to contain ©1 U ©2. We denote by S the punctured torus obtained by
removing ©1UO3 of Q. Now, let x € C§° be equal to one on the support of Xobst (1 — Xray),
supported outside a neighborhood of R and in a neighborhood of 02 such that Ap and
Ag coincides on its support (figure 7.2.2). Writing vp; = Xvp; and Vi = xViy, the
rest of the proof follow as in [Ival0] considering the problem in S, using our smoothing
estimate without loss outside the trapping region (7.2.3) instead of the smoothing estimate
of [Bur04], and we obtain

19 (=R A)Xobst (1 = Xray) ¥ (—h*A)e™Pug| pora < [[(=h*A)e* Pug]| 2.
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7.2. Reduction to logarithmic times near the periodic ray

Figure 7.2.2.:

7.2.2. The third term: near the periodic ray

We recall the smoothing effect with logarithmic loss obtained in [Bur04] in the case of the
exterior of many convex obstacles verifying the Ikawa’s condition - which is always verified
in the present framework of the exterior of two balls:

Proposition 7.6. For any x € C§°(RY) and any ug € L*(Q) such that ug = (—h?A)ug
, we have

; 1
IXe*2P ol 2m,2) S (] log Al)? uoll 2 (7.2.4)

Let us denote, in this subsection, X = XosbtXray and u = w(—h2A)eimD ug. We will here
assume moreover that Proposition 7.4 holds and follow the method of [BGH10] to control
the third term of (7.2.2).

In the spirit of [BGH10], we will localize in time intervals of length h|logh|, on which
we can apply the semi-classical Strichartz estimates of Proposition 7.4. Consider ¢ €
C5°((—1,1)) satistying ¢ > 0, ¢(0) =1 and } ;. ¢(s — j) = 1. We decompose

t .
Xu = ng(ih‘ g — J)xu =: Zuj.
JEZ JEZ

The u; satisfy the equation
(i0y — AD)uj =F; + Gj
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7. Strichartz estimates without loss outside two strictly convex obstacles

with
t
h|log h|

—7)(Vx-Vu—Apxu).

= (h|logh|)~'¢/(

t
G =20 o

Let us denote

t
/ ! IRDF(s)ds,
(

j—1)h|log h|

/ =980 G (s)ds.
—1) h|logh\

Clearly, u; = v; +w,. If we define

) (j+1)h|logh| )
bi(t) = e"Ar / e 1SAD Fy(s)ds,
(=1)h|logh|

] (j+1)h|logh| )
w;(t) = e“AD/ e AP G (s)ds,
(j—1)h|logh|

the Christ-Kiselev lemma allows us to estimate the LPL? norms of v; and w; instead of v;
and wj.

We can use the semi-classical Strichartz estimate on logarithmic interval of Proposition
7.4 to estimate ||0;||rpra:

(j+1)h|logh| A
10jllzrre S| TP Fy(s)ds|| 2
(j—1)h|logh]|

We take x € C§° equal to one on the support of x and use the dual version of (7.2.4) to
get

(j+1)h|logh|

10jllzrLs <] €20 Fy(s)ds|| 2
(- 1)hlloghl
(j+1)h|logh| A , ¢
r / 55D 3 — Jxudsl|ye
h\ logh\ (G—1) h|10gh| h[log |
t
< h|logh —j
So we get
1 .
— J)xul 22

0; < !
Let us now estimate ||@;| rrre. Again, because of Proposition 7.4, we have
(+1)h|logh|

@il zera < |l 20 G;(s)ds| 2.
(3—1)h|logh|
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7.2. Reduction to logarithmic times near the periodic ray

But Gj is localized away from the periodic ray. We take xy € C§° equal to one on the
support of Vx and vanishing near the periodic ray. Then G; = xGj. Hence we can
use the dual estimate of the smoothing effect without loss in the non trapping region of
Proposition 7.5 to get

(G+Dhlloghl (G+Dhlloghl
ljlleere S| TP Gy(s)ds| L2 = | e*TPXGy(s)ds| 2
(j=1)hlog (7=1)h|log h|

t

S NGl pzg-1r2
N H@(m—j)vxunym/z-

We use the Christ-Kiselev lemma twice, take the square and sum to obtain

1 t t
§ 112 < E : / o 2 s 2
JEZ JEZ
1 2 2
S il + 19X

the first term is controlled using the smoothing estimate with logarithmic loss (7.2.4), and
the second the smoothing estimate on the non-trapping region (7.2.3). Hence we get

D Musliiere S 1(=h*A)ug| .

JEZ
But, because of the continuous embedding 1?(Z) < IP(Z) for p > 2 we know that

1/p 1/2

Il oza ~ (D llugllF 0 S lugllioss
JEZ JEZ

and we thus can conclude:

[ (—h2A) Xray Xobst ¥ (—h2A)e ™ Pug|| o < b (—h2A)ug|| 3.

7.2.3. Conclusion

We conclude from the two previous subsections that Proposition 7.4 implies the estimate
lle™ 2P (—h* A)ug|| 1o r, Lo < [W(—h*A)ugl| 2.
Like in [Ival0], we can remove the frequency cut-off to get
lle™ 2P uo| Lo (r, o)) < lluolL2-

Hence Proposition 7.4 implies theorem 7.1. Thus, the rest of the paper will be devoted to
prove Proposition 7.4.
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7. Strichartz estimates without loss outside two strictly convex obstacles

\Q%m

Figure 7.3.1.: The trapped set

7.3. Reduction to the trapped rays

Let D be a neighborhood of the trapped ray. For technical reasons, we suppose that D is
an open cylinder with the trapped ray for axis. For T' > 0, we define the trapped set of D
in time T

Definition 7.7. We say that (x,&) € T*Q N (Q x {|¢| € [ao, fo]}) belongs to the trapped
set of D in time T, denoted 77 (D) if and only if there exists a broken bicharacteristic
~ starting from D and t < —7T such that (t) = (,£). Moreover, we define T (D) :=
Tr(D)N{D x R"}.

In other words, T7(D) is composed of the points of Q x {|{| € [ap, Bo]} that lie in D
after some time bigger than T', and T7(D) is composed of the points of D x {|£| € [ap, Bo]}
that still lie in D after a time T" (figure 7.3.1).

We will say that u € L? is micro-locally supported in U C T*Q if Op(a)u = u for all
a € C(T*Q2) such that a =1 in U. The aim of this section is to show that it is sufficent
to prove (7.2.1) for data micro-locally supported in 722@ log h| (D)-

7.3.1. Some properties of the billiard flow

We first need some properties of the billiard flow associated with R™\ (©1 U ©3). More
precisely, we are interested in the regularity in (z,¢) of the flow ®;(x, ). We first show:

Lemma 7.8. Let © be a smooth, strictly convex compact subset of R"™, with no infinite
order contact point, and

W(©) :={(z,£),r e R"\O,£ e R", s.t. It >0,z +t € O}.
We denote by t the application
t:(x,&) € W(O) —> the smallest t' such that z + t'¢ € 99,
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7.3. Reduction to the trapped rays

and by
Wian(©) = {(x,§) € W s.t. £ -n(x+t(z,£)E) = 0},

the tangent rays. Then:
1. on W(©)\Win(0), t is C,
2. tis locally Holder on W(O©).

Proof. Let g € C*°(R"™,R) be such that 0O is given by the implicit relation g(z) = 0. We
denote, for z,£ € R", t € R

h(z,&,t) = g(x + t€).

Away from the tangent rays: we pick (z1,&1) € W\Wian. Let t1 = t(z1,&1). Then,
Oth(z1,&1,t1) = &1 - Vg(z1 +t1&1) # 0 by definition of W\W,,y,. Therefore, by the implicit
functions theorem, ¢ is a C*° function of (z,§) for (z,&) in a neighborhood of (z1,&;).

General case: Let (x1,&1) € W and t; = (21,&1). Then h(x1,£1,t1) = 0. Let k > 1 be

the smallest integer such that

h((thl)vtl) = Ovath((thl)?tl) =0,.. '78tkh(($17§1)7t1) 7é 0.

Note that k exists because © has no infinite order contact point. By the C*° prepara-
tion theorem due to Malgrange [Mal64], there exists ai,...,ax—1 € C°(R"™ x R™), and
¢ € C®(RxR™ x R™) not vanishing on ((z1,&1),t1), such that, on a neighborhood of
((x1,&1),t1), h writes

h(l’,g,t) = C(l‘agat)(tk + ak—l(‘r?é)tk_l +F aO(:E?é))'
Then, for (z,£,t) in a neighborhood of (x1,&1,t1),
t=t(z,8) = t*" +ap_1(z, "+ +ag(x, ) =0.

But, by [Bril0], the roots of a monic polynomial are Holder with respect to the coefficients
- of power one over the muliplicity of the root. Because the a;, 0 < i < k —1 are C'°°° with
respect to (z,&), we conclude that ¢ is Holder in a neighborhood of (z1,&1). O

Remark 7.9. The worst power in the Holder inequality in a neighborhood of a tangent ray
is %, where k is the order of contact of the tangent ray. Note that in our framework of
strictly geodesically convex obstacles, k = 2.

Let n > 0. We adopt the following notations for the tangents sets to ©1 U ©2 and their
n-neighborhood:

Wtan - (Wtan(@l) U Wtan(@2)) N {‘€| € [0505 BO]}

Wianin = {(#,£) € W(05), [€] € [aw, Bo] s.t. [§ - n(z + t(z,£)E)| < n},
Wtan,n = Wtan,l,r] U Wtan,Q,n-

We show that a ray cannot pass a small enough-neighborhood of the tangent set more
than twice, that is
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7. Strichartz estimates without loss outside two strictly convex obstacles

Lemma 7.10. There exists n > 0 such that any ray cannot cross Wia,,, more than twice.

Proof. If it is not the case, for all n > 0, there exists (x,,&,) € K x 82, where K is a
compact set strictly containing the obstacles, such that ®.(zy,&,) cross Wtan’ 1 at least
three times. Extracting from (z,,&,) a converging subsequence, by continuity of the flow,
letting n going to infinity we obtain a ray that is tangent to ©; U Oy in at least three
points. Therefore, it suffises to show that such a ray cannot exists.

Remark that, because there is only two obstacles, if (x,£) € Wian, if we consider the
ray starting from (z, &) and the ray starting from (z, —¢), one of the two do not cross any
obstacle in positive times. But, if there is a ray tangent to the obstacles in at least three
points, if we consider the second tangent point (xg,&p), both rays starting from (xg,&p)
and (xg, —&p) have to cross an obstacle, therefore, this is not possible. O

Now, we can control how much two rays starting from different points and directions
can diverge:

Lemma 7.11. Let V' be a bounded open set containing the convex hull of ©1U©3. Then,
there exists a > 0, C' > 0 and 7 > 0 such that, for all x,z € V, all £,& such that
€1, 1€'] € [, Bol, for all t > 0 there exists t' verifying |t' —t| < T such that

d(@t'(jvg%@t’(xvg))) < Ct/d(([tag)v (xjg))a. (731)

Proof. Preliminary notations and remarks. For i = 1,2, let ¢; be the application
associated to W(©;) by lemma 7.8. According to lemma 7.10, we choose 1 > 0 small
enough so that any ray cannot cross Wian, more than twice. Note that, by lemma 7.8,
because W; is compact, t; is globally Hélder on W;. We denote by p > 0 the smallest
of the two Hélder powers. Moreover, t; is C* on W\Wian i 2, thus in particular globally
Lipschitz on W\Wian,in-

Case A: (Z,£), (z,£) are far. We pick ey > 0 to be choosen later. Note that we always
have

d(P1(7,£), Pi(,€)) < d(w,7) + 260t + 2P0,
therefore, if d((z,£), (x,£)) > eo,

.z . .z 2
and the estimate holds. 3

Case B: (1,¢), (z,€£) are close. Now, we suppose that d((Z,¢), (z,&)) < €. Let to,
resp. t1, be the first time where {®;(x,&),t > 0}, resp. {@t(i‘, é), t> O}, cross an obstacle,

with the convention that {5 = +o00, resp. t;1 = +oo if this does not happen. We denote
by Xo and X; the eventual points of intersection with the obstacles. We suppose that
to < t1. Note that, for 0 <t < ty, ®i(z,&) = (T + t&, &), Pu(x,&) = (v + &, &) and thus

d(D4(7,8), Di(x,€)) < (L +)d((2,€), (x,€)), for 0 < t < to. (7.3.3)

Now, we would like to understand what happens for ¢t > tg.
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(%,%)

Figure 7.3.2.: Case B.1

Case B.1: tg,t1 < 0o and Xy and X1 belongs to the same obstacle ©;.
We have, because ¢ is u-Holder on W

[to — t1] < Cd((7,€), (2,€)" < Ce (7.3.4)

Where C' depends only of the geometry of the obstacles. We choose ¢y small enough so

that

1d
Ceh < - — 7.3.5
0 = 4ﬁ0 < )

where d is the distance between the obstacles. Then, at the time %1, {<I>1t(~ t
not crossen another obstacle yet. Thus, ®; (z,&) = (2/,¢') and @4, (2,§) = (¥,¢) are
given by, after reflection

{(x’f) = (x +to€ + (t1 — to)¢, € —2(n-£)¢)

8

(#,8) = (5+0é &-26-E))

with
n= n(x+1tp)
= n@+ud)’
Note that, because X € 00; — n(X) is C*,

In — 2| < |n(z +to€) — n(Z + to€)| + |n(Z + to€) — n(F + 1))
< Clz +to€ — & — to€| + Clty — to||¢]
< Cla = &| + [to]|€ — €| + Cltr — tol[€],
moreover, note that
diam(V)
Qo

It;] < ; (7.3.6)
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7. Strichartz estimates without loss outside two strictly convex obstacles

thus, because of lemma 7.8, we get

In—a| < |z — |+ [toll€ — & + CIE|d((7,€), (z, &))"
< Cd((%,), (z, ). (7.3.7)
where

Ho = if (jaé) € Wtan,n or (xaé) S Wtan,m
o =1 else.

Now, to control d((z', &), (#,€')) we only have to write

{é’—f’ =E—£—-2(0- )€~ +2h—n) & +n- (€€
! —x+ (tL —t0)§ — to(§ — &) — (t1 — t0)€’

¥ -2 =z
and because of (7.3.7), (7.3.6), and lemma 7.8 we obtain

d(®y, (7,€), ®1y, (7,€)) < Cd((w,), (7,6))" (7.3.8)
with, because of (7.3.4) and (7.3.5)

lto — t1] < Ld
0~ < >
4 Bo

Case B.2: ty < oo and t; = +oo; or tg,t1 < 0o and Xg and X1 belongs to different
obstacles. Suppose for example that Xy € ©1. For the sake of simplicity, we do the proof
in dimension 2 and then explain how to adapt it in dimension 3.

Suppose that the ray starting from (z, &) do not cross ©1. We can always take & to be
such that (z,&1) € Wian,1 with [&] = [¢], and

E—a|<[E-¢), 1E-al<[E-¢], (7.3.9)

that is, we choose & such that the ray starting from (z, &) is tangent to ©1 and between
the ray starting from (z,¢) and the ray starting from (z, §~) for t <ty (figure 7.3.3).
Remark that, as a consequence of (7.3.9) because (z,&1) € Wian and |€ — €| < €, taking
€n < %77 assure that, necessarily, (z,§) € Whan,n-
Let t{, be the time for which the ray starting from (z,&;) is tangent to ©;. Note that,
because the application t is Holder, in the same way that (7.3.4), and because of (7.3.9),

taking again €y small enough so that (7.3.5) is verified, we have

1d

to—th| < =—.
to—th] < 75

Obviously

d((pto’ (1’, f), (I)tol ($7 g)) < d((I)t{) (.Z', g)? q)tE) (xa él)) + d(@ta (x7 61)7 @té) (1', é)) (7310)

But, using the case B.1
d(q)t6 (ZL‘, 5)? <I>t6 (CB, gl)) S Cd(($, 5)7 (l’, gl))u (7311)
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Figure 7.3.3.: Case B.2.a - the ray from (z, &) do not cross ©

and moreover, in the same way than (7.3.3), because of (7.3.6),

Ay (2,8), By (1,61)) < Cd((2,8), (1,61)). (7:3.12)
Combining (7.3.9), (7.3.10), (7.3.11) and (7.3.12) we obtain

But, in the same way than (7.3.3) again, because none of the rays starting from (Z, £) or
(x,&) cross obstacles,

d(q)té(j’£)7 q)t6($a§)) < Cd((l‘,g), (x’gl))

and we conclude that

d(q)t6 (i‘7 g)’ (I)t6 (:Ev 5)) < Cd((ja g)? (%g))u

Now, suppose that the ray starting from (z,€) do cross ©1. Then, there exists z; € [z, %]
such that the ray starting from (1, 5) is tangent to ©; (figure 7.3.4). We do the exact same
study as in the previous case, now taking the ray starting from (z1, 5) as intermediary to
obtain again

s o~ 1d
(4 (£, £), Dy (2,€)) < Cd((2,), (z, )", [to —to| < 150 (7.3.13)
Remark that, taking again ¢y < %77, we know in the same way that necessarily,(z,§) €

Wtan,'r]-

In dimension 3, we do the same proof with another intermediate point, in order to treat
only coplanar rays three by three.

Conclusion: To conclude, we iterate this argument up to time ¢: As soon as d(®7, (z, £), B, (&, €)) >
€0, we use (7.3.2) for times larger than 7. Between reflections, we use (7.3.3) together
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= §)
(x, & o ¥
) (%)
Figure 7.3.4.: Case B.2.b - the ray from (z,£) cross O,

with (7.3.6). At reflections, we use (7.3.8) (case B.1) or (7.3.13) (case B.2). Note that
because the rays cannot cross Wi, more than twice, we are in the case where po = p at
most four times. So we get, with N(¢) the number of reflections we have encountered in
time ¢:

d(®4(, ), ®4(,€)) < CVNO 1+ t)d((x, ), (7,E)", (7.3.14)

for all ¢ > 0 except thoses in the intervals [to, 1] when the case B.1. is encountered and
thoses in the intervals [to, t;,] when the case B.2 is encountered. Note that we always have

1d
to — t1], [to — to] < ——,
4 By

and the time separing the ¢1’s (resp to’s) from another such forbiden interval - that is,

from another reflection of one of the two rays - is at least [% — |to — t1] > B% - %ﬁ% >0

(resp 5% — |to — t|); therefore (7.3.14) holds for all ¢ except in disjoints intervals of lenght
at most § = ﬁ. To conclude, it suffise to note that N(t) < 2%)15. O

Remark 7.12. Because the directional component of the flow is not continuous with respect
to time, we can not have (7.3.1) for all time. However, we can take 7 > 0 as small as
we want at the cost to take a bigger constant C' in (7.3.1) - that corresponds to take €
smaller.

Remark 7.13. In our framework of strictly geodesically convex obstacles, according to
Remark 7.9 and of (7.3.14), we have a = 2* = 16.
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7.3. Reduction to the trapped rays

7.3.2. Properties of the trapped set

We now investigate some properties of the trapped set we have defined in the begining of
the section.

Lemma 7.14. For all bicharacteristic v starting from D with speed in [, Bo], we have
d((t), Tr(D)) > 0Vt € [T — 1, ~1T]

Proof. Notice that, because of the continuity of the flow, 77(D) is open. Now, let v be a
bicharacteristic starting from D with speed in [, Sp]. The set {~(t), t € [-T —1,-T|} is
compact and T7(D)€ is closed, so the distance between them is attained. But by definition
of 77 (D), these two sets never cross. Therefore, the proposition holds. O

The following crucial lemma is a consequence of lemma 7.11
Lemma 7.15. For all D, D, there exists T* > 0, ¢ > 0 such that for all T > 0:
A(Tr_r+ (D), Tr(D)) > &7, (7.3.15)
and, if D C D
d(T(D)°, To(D)) > ie‘CTd(DC,D). (7.3.16)

Proof. Let us show (7.3.15). Let T* > 0. We argue by contradiction. Suppose that
the property is false. Then, for all n > 1 there exists T, > 0, (z,&n) € Tr,(D) and
(Zn,&n) € Tr,—7+ (D) such that

A((Zn, &n), (0, &) < €70 (7.3.17)
By lemma 7.11, there exists T, € [T,, — 7, T, + 7] such that
APy (Fn&n), @1y (€0, €0))) < d((En, €n), (2, €0))*C ™7,
then, because of (7.3.17),
A P11 (Fns &), P17 (T, &n))) < e InCT T — 0 (7.3.18)

as n goes to infinity. 3
We would like to know how far ®7v (Z,,§,) can be from D. Let

(Yn,n) = (I)T,’I—T*—i-r(jm gn)

By definition of the trapped set, ®;(Zy, én) ¢ D for all t > T,, — T*. In particular, this is
true for all ¢ > T, — T* + 7. Thus, the ray starting from (yy, 7,) never cross D. Therefore,
because we have chosen D to be a cylinder with the periodic trajectory for axis, (yn, ) is
in the case where ®7v (Zy, €n) = ®rv_+(yn,np) is the closest to D, such that (figure 7.3.5):

e 1), is parallel to the periodic trajectory,
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7. Strichartz estimates without loss outside two strictly convex obstacles

Figure 7.3.5.: (Yn,nn) in the worst case scenario

. |77n’ = |€n’ = @,
* Yp € 00;

in this worst case scenario, after time 7% — 7, &7, (Zp, én) = ®r«_+(Yn,Mn) is at a distance
at least ¢(T*) > 0 of D, with ¢(T*) depending only of D, the minimal curvature of
the obstacles, agp, [y, and such that ¢(T*) — oo as T* — oco. On the other hand,
D1, (Tn,&n) € D, so, because [T, — T,| < 7, @71 (2,,6,) is at distance at most So7 of D.
We can thus choose T* > 0 large enough so that for all n > 0

d(@Tg (i'nagn%@T/L (wmgn)) > 1. (7.3.19)

which contradicts (7.3.18) and (7.3.15) holds. ) i
Let us now show (7.3.16). If (z,&) € Tr(D)¢ and (,&) € Tr(D) we have &7 (z,€) ¢ D

and ®p(Z,&) € D, therefore
d(®r(z,€), ®r(2,£)) > d(D°, D). (7.3.20)
On the other hand, by lemma 7.14, there exist 7" such that |T"— 7’| < 7 verifying
d(®pi(2,€), ®r(,€)) < CT d((x,€), (#,€)). (7.3.21)

According to Remark 7.12, we can suppose, up to enlarge the constant C, that 7 is small
enough so that Sy < %d(DC,D). Then (7.3.20) implies

.z I~
d(®r(2,8), 27:(2,8)) = 5d(D", D). (7.3.22)
Therefore, by (7.3.21) and (7.3.22), if d((z,£), (z,€)) < %C_Td(f)c,D), we cannot have

)
(z,€) € Tp(D)¢ and (%,€) € Tr(D). Thus (7.3.16) is verified. O
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7.3. Reduction to the trapped rays

7.3.3. Reduction of the problem

We are now in position to show that we can reduce ourselves to prove the following
proposition:

Proposition 7.16. There exists € > 0, a small open neighborhood D of the trapped ray,
such that, Yug € L? microlocally supported in 7'2€|10gh|(D), and away from a small enough
neighborhood of 0 (©1 U ©3), we have for all x € C§° supported in D

lIxe™ " 24p(=h* Ayuoll Lo (o,en1og hyra < Cll(=h*A)ug|| 2. (7.3.23)

Proof of Proposition 7.16 implies theorem 7.1. We suppose that Proposition 7.16 holds
and show our main result. By the work of the previous section and the semi-classical
change of variable, it suffises to show that there exists ¢ > 0 such that

Ixe M2 (—h? A)ug|| o (0. og mypa(e) < ChHP||uol| 2, (7.3.24)

for x supported in a neighborhood of the trapped ray.

We are here inspired by [Ival0], Section 2, p.265-266. As [Ival0] recalls, by the semiclas-
sical finite speed of propagation due to [Leb92], we can restrict ourselves to bicharacteristic
travelled at speed in [ag, Bo]. We refer to [Leb92], [?] Appendix B, and [Ival0] Appendix
A for the propagation properties of the Schrodinger flow in the semi-classical regime for
the problem with boundaries.

Let Dy, D2, D3 be open neighborhoods of the trapped ray such that

D3y C Dy C Dy CD.
Let T' = 2¢|log h|. We will show that, for x supported in D3 and for some €3 < €2 < €1 < €:

1. if (7.3.24) holds for all data microlocally supported in Dy N Try1(D1) with € = €
then it holds for all data supported in Do with € = e,

2. there exists a small neighborhood of the boundary V such that, if (7.3.24) holds for
all data microlocally supported in D N Tr(D) N V¢ with € = e then it holds for all
data supported in D1 N Try1(Dy) with € = €1,

3. if (7.3.24) holds for all data supported in Dy with € = € then it holds for all data
with € = €3,

and the proposition will follow.

(1) Reduction to the trapped sets. Let 1)(—h?A)ug be supported in Dy. By the
semiclassical finite speed of propagation, there exists 7 > 0 small enough such that, modulo
O(h>) non contributing terms, e~ "2 (—h?A)ug is supported in D; for all ¢t € [—,0].

Let T* be given by lemma 7.15. Let a € C*°(R" xR") be such that a = 1in Try147+(D1)
and a = 0 outside Tr41(D1). For the convenience of the reader, let us denote

T:=T+1+T"
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7. Strichartz estimates without loss outside two strictly convex obstacles

1 — a is supported in 7;(D1)¢ , so, every bicharacteristic y starting from D at time ¢ = 0
with speed in [ag, Bo] verifies by lemma 7.14

A~

d(~(t),Supp(1 —a)) > 0Vt € [T — 7, —1. (7.3.25)

Let W € C*°(R) such that W(t) =0 for t < —7, U(t) =1 for t > 0, and ¥’ > 0, and set
Up(t) =V (t+T1). We define

w(t, z) = Up(t)e DAY R2A )y,
Then w satisfies

10w — hAw = i\I/'T(t)e_i(HT)hAlb(—hQA)uo

Woa = 0’ w|t§7’f77 =0

by the Duhamel formula, as w(t) = e*iThAu(t) = e*i(HTA)hAw(—th)uo for t > —T and
as U/, is supported in [T — 7, =T, we have, for t > —T'

eiiThAu(t,x) _ / ) efi(tfs)hAZ-\I}/T(S>efi(s+j’)hAw(_hZA)uOdS.
—T—r

Denote, for @ € {Op(a),Op(1 —a)}

_7 .
ug(t,xz) = /T e =Gl (5)Q (e_i(s+T)hA1/1(fh2A)uo> ds.

which is solution of

idpug — hAug = iV (1)Q <e—i<t+T>hA¢(—h2A)uo) :

We will see that the term xu;_ 4 does not contribute. To this purpose, we use the b-wave
front set of w4, WFy(ui—4). We refer to [Ival0] for the definition of this notion. By
proposition A.8 of [Ival0], if pg € W Fy(u1—4), then the broken characteristic starting from
po € WFy(uj—4) must intersect the wave front set

~ A~

WE,(Op(1 — a)e Ty n {t € [-T — r, —T1}. (7.3.26)

We are interested in estimating u only on D3 so it is enough to consider py € W Fy(xui—4).
In particular, if v is a broken characteristic starting from py € W F,(xu1—4), there exists

t € [-T —7,—T] such that () intersect (7.3.26). Because of (7.3.25), this is not possible,
and

- all sy = () b (—H2A)ul| 2 (7:3.27)

for all ¢ > 0, and this term does not contribute.
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7.3. Reduction to the trapped rays

On the other hand, remark that

[P HLP(_T,—T—T—i-Tl)L‘I

Gl R
< [ e AW )A (TSGR0 g,y

T R
= /T e 4w (s) A (671(8+T)hA¢(—h2A)UO) ||Lp(—T—s,—T—T+T1—s)quS

_p )
< [ e R ) (TR0 o e

Thus, if Strichartz estimates (7.3.23) in time 77 = €1]logh| hold true for any data mi-
crolocally supported where a # 0 and spatially supported in Dy, that is in T7r41(D1)N Dy,

~

we have, because U7.(s)A (e‘i(”T)hAd)(—hQA)uo) is, for s € [-T — 7,—1] and modulo

non contributing terms, such a data

P )
Ixuallpo 3 -7 riryra S hl/p/T W/ (s)A (e*z(s+T)hAw(_h2A)uO> | 2ds
_7 )
Sh_l/’)/f V()] Op(a)| 2 p2 |~ CFDMAY (2 A)uo| 2ds

_7
R / V0D a2l Aol

= h™P|Op(a)| L2 12 | (—h2 A)ug | 12

Where we used that f:ng U’ (s)ds = 1. And therefore, because of (7.3.27)

Ixe™ ™2 ull o piryype S BTPIOP(@) | 2 g2 (=R AJuol| 2.

It remains to estimate ||Op(a)||z2_ 2. We have, according to [Zwo12]:
1/2 la 1/2 |a
L?— ~ > .
[0p(@) sz < suplal + B2 3 suplallal < 14 B2 Y suplalla
|| <2n+1 |a|<2n+1
By lemma 7.15, a can be chosen in such a way that

so, for T' = 2¢|log hl:
|8|a|a’ < h72c|a|e

we take € > 0 small enough so that 2¢(2n + 1)e < 1 and we get

—iThA

S hYP | (=h® A)uo|l 2,

l[xe uHLP(—T,—T—T-i-TﬂLq ~
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7. Strichartz estimates without loss outside two strictly convex obstacles

that is

Ixe™ ™A p(=h2A)uol| 1o (0.7, —rypa S BP0 (=R A)ug)| 2,

and thus ‘
e R (—h? A)uol| Lo (0,0 tog hypa S BP0 (—h2A)ug|| 2

for eo < €1 small enough.

(2) Restriction to data supported away from the boundary. Let n > 0. We
remark that there exists ¢1(n) > 0, t2(n) > 0 such that t12(n) — 0 as n — 0 and, if we
denote

Ey(n) ={d(z,0(61U©2) <n}, Ea(n) ={d(z,0(601 UO2) >n},

then all bicharacteristic starting from E; N D with speed in [, fo] verifies
d(v(t),YN D) >0Vt e [-2t1,—t4],
and all bicharacteristic starting from Fy N D with speed in [ag, By] verifies
d(y(t),Y N D) >0Vt e [—ty,0],

with V(n) a small neighborhood of the boundary.

Let 1 (—h2A)ug microlocally supported in 7741 (D1)N{D1 x R"}. Let 79(n) = max(2t,ts).
We take n > 0 sufficently small depending only of D and D; so that 79 < 1/2 and modulo
non contributing terms, e~y (—h?A)ug is microlocally supported in Tr+1-2+(D1) N
{D x R"} for all t € [—79,0], and thus in T7(D) N {D x R"} for all t € [—79,0].

We define x;, € Cg° such that x(x) = 1 if z € E1(n/2) and xp(z) = 0if = ¢ Ei(n).
We estimate xxpu on the one hand with the previous strategy and the translation on
[—2t1, —t1], and x(1 — xp)u on the other hand with the translation [—t9, 0].

(3) Reduction to data supported in D. We remark that for all bicharacteristic
starting from D3 C Dy with speed in [ay, 5o], we have for ¢y > 0 small enough

d(~(t), D3) >0, vVt € [0, to],

and we follow the previous strategies. O

7.4. Approximation of the solution near the trapped set

7.4.1. Phase functions

Following the works of Iwaka [Ika88, Tka82] and Burq [Bur93], we define the phase func-
tions and their reflected phases in the following way.

We call ¢ : i/ — R a phase function on the open set & C R3 if  is C* on U and verifies
V| = 1. We say that ¢ verifies (P) on 00, if

1. The principal curvatures of the level surfaces of ¢ with respect to —V¢ are non-
negative in every point of U,
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7.4. Approximation of the solution near the trapped set

2. We have, for j # p

©; C{y+7Vy(z)st. 7>0,y cUNIO,, Vp(y) -n(y) > 0},

3. For all A € R, the set {y < A} is empty or convex.

Let 61 > 0 and ¢ be a phase function. We set

I'p(p) ={x €00, st. —n(x) Vo(z) > 01},

Up(p) = U {X(z,V(z)) + 7E(z, Vo(x)), T > 0}.
X1(2,Ve(2))€lp(0)

Then, there exists d; > 0 such that, if ¢ is a phase function verifying (P) on 00,, we can
define the reflected phase ¢; on the obstacle ©; on the open set U;(y), verifying (P) on
90, by the following relation, for X!(x, Vo(z)) € Tp(e):

(X (2, Vo) + 1E (2, Vi) = o(X ' (2, V) + 7.

Note in particular the following simple but fondamental fact, simply differentiating this
relation with respect to 7, for all x such that X*(z, Vip(z)) € Tp():

V(X (2, Vo) + 12Nz, Vi) = EX(z, Vo).

We call a finite sequence J = (1, -+, jn), ji € {1,2} with j; # ji+1 a story of reflections,
and will denote Z the set of all the stories of reflection. By induction, we can define the
phases o for any J € Z, on the sets Uy (p).

For f € C>*(U) and m € N, let

m(U) = max sup|(a;-V)---(am-V)f]
)= max sup(ar- V) (0 V)]

We recall the following estimate due to [[ka88, Tka82, Bur93]:

Proposition 7.17. For every m > 0 we have

|V()0J’m < Cm|v<)0‘m
Moreover, according to [Bur93]:

Proposition 7.18. There exists M > 0 such that, for each (i,7) € {1,2}2, there exists
open sets containing the trapped ray U; j such that, if J = {i,--- ,j} verifies |J| > M, and
@ wverifies (P), ¢y can be defined in U; ;.

We set

U = U1 NU12 N U1 N Ua2,

and Use C Uso to be an open cylinder having for axis the periodic trajectory and contained
in Uso. It will be shrinked in the sequel if necessary.
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7. Strichartz estimates without loss outside two strictly convex obstacles

7.4.2. The microlocal cut-off

According to Section 3, we are reduced to show Proposition 7.16.

By lemma 7.15, we can construct a small shrinking of U, Z;{oo C Ux , and Gep €
C*(T*Q) such that ¢, = 1 in an open neighborhood of 756‘]0gh‘(doo)7 de,n = 0 outside
7'26| log h| (Uso) in such a way that, for all multi-index «,

|Oadie,n] S b2, (7.4.1)

It suffices to show Strichartz estimates (7.3.23) in time eh|log h| for L? functions microlo-
cally supported in 7'26‘ log h| (Z:loo) and spatially supported away from a small neighborhood
V of 0(01 UB3). Let xo € C* such that xo = 0 near 0 (01 UO2) and xo = 1 outside V.
For functions microlocally supported in ,7\-26| logh|(z;{oo) and spatially supported away from
V, x00p(ge,n)u = u, thus it suffices to show

[xe™ Zml/’( )XOOP(th)UHLq(o eh|logh|)L™ S l(=h )UHLQ- (7.4.2)

for all x € C™ supported in Us,. We will show the stronger estimate:

lle™"*2(=h* A)x00D(Gen)ull Lao,eniognpyrr S I1W(=h*A)ul| 2. (7.4.3)

By the TT* method - see for example [KT98] - it suffise to show the dispersive estimate,
for 0 <t < e|loghl:

1
(ht)3/2

1QE e lthAQe,hHLl—woo S (7.4.4)

where
Qe = P(=h*A)x00DP(Gep)-
The symbol associated to Op(ge.n)xo?(—h?A) admits by [Zwo12] the development
o~ (ih)
k! <D£7 Dy>k (qe,h(x7 f)XO(y)Tb(W))m:g,y:x + O(hN+1) (745)

k=0

Let us define g, v € C°(T*2) by

N
Ge,n,N (7, §) = Z

k=0

Dy)* (Gen (@, ) x0 W)V (M) g yma (7.4.6)

Then, to show (7.4.4), it suffises to show

||Op(q€7h7N)*€_ithAOp(Qe,h,N)HLlﬁL‘X’ S (ht)3/2 (7.4.7)
for N large enough.
Note that, in particular,
SUppge v C Taeftoghl(Use) N {I€] € [0, Bo]} (7.4.8)
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and g p, v is spatially supported outside a small neighborhood of 9 (01 U ©2) not depend-
ing of €, h, N.
Finally, set

1

0 n(@) = (27Th)3/e_i(m_y){/th,T,N(wag)dga

in order to have, for u € L?
(Ob(acn)u) (@) = [ 62, p(@)uly)dy.
Notice that

OP(qen.n) e 20D (gepn, v )u(x) = /Op(qe,h,N)*e_ithAfSZT,N(x)u(y)dy,

thus, to show (7.4.7), it suffises to study 6, . and to show that, for N large enough

*e—ithA6y

e,h,N| 5

|ODP(ge,h,N) for 0 <t < e|lloghl|.

3

(ht)3

Let V1 be a small neighborhood of 9(©1U®©3) on wich ¢ j n is vanishing and x4+ € C5°(R")
be such that x4+ = 1 on UscNV§. We choose x4 to be supported on Conv(0;UB2)\(0©1UO2)
and away from a small enough neighborhood of 9(0; U ©3), Conv denoting the convex
hull. Note that in particular, Op(gen n)* = Op(gen,n)*X+. The symbol of Op(ge,r.n)*

enjoys the development

ih(Dy,De)

Ge N (2,8) =€ Qe h,N-

Thus, by (7.4.1), taking e > 0 small enough, we have |q:(Ta)N| Slforall o] <n+1=4.

Moreover, q:(jof)N is compactly supported in frequencies. Therefore, by [ANV04], Section

4, Op(ge,7,n) is bounded on L* — L* independently of h. Therefore, we only have to
show, for all 0 < T < ¢|logh|

—ithA 51}

e,h,N‘ S

|x+€ for 0 <t < ¢|logh]| (7.4.9)

3

~—
M

for N large enough.

In order to do so, we will construct a parametrix - that is, an approximate solution -
in time 0 < t < ¢|log h| for the semi-classical Schrédinger equation with data 53 pn- The
first step will be to construct an approximate solution of the semi-classical Schrédinger
equation with data

e~ i@=v)&hg b n(z, €)

where { € R",§ € Suppge s v is fixed and considered as a parameter. This is the aim of
this section.
From now on, we will denote ¢ for gcp n.
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7. Strichartz estimates without loss outside two strictly convex obstacles

7.4.3. Approximate solution
We look for the solution in positives times of the equation
(10w — hAw) =0in Q

wt=0)(z) = @ hg(z,g)
WiHQ =0

as the Neumann series

w = Z(—l)"]'w‘]

Jel

where
(i0w® — hAw?) =0 in R”
wiE=0)(z) =gy g)

and7 fOTJ#@,J:(jl,"',jn),J/:(jl,"',jnfl)

(i0pw! — hAw?) =0in R"\O,,

w(t =0) =0 (7.4.10)

J B

Yooy, ~ Yoe, "
We will look for the w”’s as power series in h. In the sake of conciseness, these series will
be considered at a formal level in this section, and we will introduce their expression as a
finite sum plus a remainder later, in the last section.

7.4.3.1. Free space solution

We look for u? as

W = Z hryle— (=) ¢—t6%)/h
k>0

solving the transport equations gives immediately
wh = qla — 21€,€)

t
wh = —73/ Awg_1(z —2(s —t)§,s)ds k=1
0

7.4.3.2. Reflected solutions

We would like to reflect w? on the obstacle. To this purpose, starting from the phase

o(z) = (x‘fg)'g, we would like to define the reflected phases as explained in subsection 4.1.
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7.4. Approximation of the solution near the trapped set

We decompose the set of the stories of reflections as
IT=T1U1

where Z; are all stories begining with a reflection on 01, that is of the form (1,---), and
7, begining with a reflection on ©9, that is of the form (2,---).

Let e be a unit vector with the same direction as R. We take e oriented from 01 to ©s.
Notice that, for é—| in a small enough neighborhood V of {e, —e}

e if £-e>0, then <““g|>f verifies (P) on Oy,

o if £-e <0, then ("B‘fg"’)'g verifies (P) on O.
We remark that the support of w? never cross ©; in any time in the first case, and never
cross O3 in any time in the second case. Let (ig,i1) = (1,2) if we are in the first situation,
and (2,1) if we are in the second one. We set

w! =0, VJ €T,

Then, (7.4.10) is satisfied for all .J € Z;,: indeed, because the support of w? never cross

0 _ ,,{io}
90,, = Yoo, and so on. Thus, we are reduced construct

0;,, we have for all time 0 = w
the w’'’s for J € 7,
Denoting by 7 the projection on the directions space, we take a spatial neighborhood

U of R sufficently small so that if £ € W(’f}€|1nh|(0{)), then % € V, and if necessary, we

reduce Uy, so that it is contained in I/. For £ € mSuppg C 7r(7°26‘ inh|(Uso)), starting with

o) = (w‘_g)'&, who verifies (P) on ©;,, we construct the reflected phases ¢, J € Z;,

defined in Uj(p) as we explained in the begining of the section. Reducing again Us, if
necessary, for all £ € mSuppg C W(’fédln n(Ux)), a ray starting in U, with direction §
verifies —n(X"(x,§)) - E'(z,§) > 26; for all i« < M. Thus, for |J| < M, U; D U, and
therefore U; D Uy, for all J.

We look for w’ as

wJ = Z hkw;{eil(w‘](x7§)|£‘7t£2)/h,
k>0

J
wj,[¢<o = 0,
J T
Wilpe,. = Wkpe,, -
In In
For z € U;(p), we have

(O + 2¢|Vpy - V + [€|Ap))wf =
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7. Strichartz estimates without loss outside two strictly convex obstacles

and
(0 +2[¢|Vos -V + [E|Apnw] = —iAw]_,
J B
Wkl = Wke;,
wi|i<o =0.

We can solve the transport equation along the rays:

Lemma 7.19. Let ¢p € C*°(D) be such that |Vi| = 1. Then, when {x + 7|§|V(z); T €
[0,70]} C D, the solution of the equation

(O +2[¢[Vep - V + [f]AY)v = h

is represented as

T+ 27 2))\ /2
w(@ + 27|V (), b+ 7) = (GW +G2¢(|§)W( ))) v(z, 1)

T (G + 27| V() |
+/0 (Gw(x+23|§]vzp(x))> h(z + 25|V (x),t + s)ds.

where Gy denote the gaussian curvature of the level surfaces of 1.

Proof. 1f we take w(7) = v(z + 27[£|V1), t + 7), w solves the following ordinary differential
equation

Orw = —|¢|AY(x + 27V Y(z))w.

But - see for example [Lun44]:

Gy (z + 27[€| V() )1/2
Go(z + 2n0[E[Ve(z)) )

so the formula holds. O

cxp(—l | Ao+ 26 0(o)) - (

J J — o :
Now, we can find wy. Indeed, as Wive,, = Wolpe,, because of the previous formula we
have

Gw(ﬁ%&\vmx)))”z J/

wb](a:+27]£\V<pJ(x),t+T) = ( Gy (1) wy (z,t)

for all z € I'j,. So, for all z € U;(p) we get

Goy(x) )”2
Gos(X~(z, [€[Ves))

< (Xl(ac, Vo)t —

(o) = (

ps(x) — @ (X N, ’§|V@J))>
2(¢] '

Iterating the process and doing the same for £ > 1 we get the following expressions of
wi for z € Uy(p)
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7.4. Approximation of the solution near the trapped set

Proposition 7.20. We denote by X—Qt(x, |€|Vpy) the backward spatial component of
the flow starting from (z,|£|Vey), defined in the same way as X_oi(z,|{|Vey), at the
difference that we ignore the first obstacle encountered if it’s not ©;,, and we ignore the
obstacles after |J| reflections. Moreover, for J = (j1 =i1,...,jn) € L;,, denote by

(G, gk) if szt(% |€|V @) has been reflected n — k times,

J(‘Ta ta 5) = P v .
0 if X_ot(x, |€|Vs) has been reflected n times.

Then, the wi ’s are given by, for t > 0 and = € Uy(p)

wi (z,t) = Ay (2, €)q(X_2u(z, €]V 0y), €)

where

G () )1/2 . (Geo(X—'J'*(x, \avm))” ’
) |

A@J(wag) = <G(pJ(X_1(x, IE‘V(PJ G(P(X_‘Jl(x7 ’f‘V(pJ))

and, for k> 1, and x € Uy(p)

t
wl () = —i / G (2,8 — 5,) Ml TS (R oy (@, 1€V o), 5)ds

where

CUterel 1/2
G@J(x) 1/2 GQDJ(JC’t’g) (X |/(.t,€)l 1(75’ €EIVes))
)) LoeX .

x, €, 1) = =
N (oo = Corone (Xl EV02)

The following lemma permits to study the support of the w,‘g ’s:

Lemma 7.21. For x € Uy(p)
wi(z,t) #0 = (X_a(z,16|Ves),€) € Suppg. (7.4.11)

And moreover
Suppwil < {J(z,&,t) =0} . (7.4.12)

Proof. We prove both properties by induction. The first, (7.4.11), is obviously true for
k = 0. Now, suppose that it is true at the rank k — 1. If w{(x,t) # 0, there exists s € [0, ]
such that wgixl’f’t_s) (X,Q(t,s) (z,€|Vy),s) # 0. By the induction hypothesis, we deduce

that
(X -20(K a0y (@, |61V 00, |61V 0 3. .1-)). € ) € Suppa

But X oo(X_o(—s)(@, [€1V.1), 161V 00 0-5) = X—2t(, |€|Vip), thus (7.4.11) is shown
for all kK > 0.
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7. Strichartz estimates without loss outside two strictly convex obstacles

Let us now prove (7.4.12) . For J € Z;,, wj = 0 thus it suffises to consider J € Z;,. We
prove again the formula by induction on k.
We have , with X /I := X=V(z, Vo, (z)|€]):

wg = A (@, )q (X = (t = (ps(e) — ps(x ) £.€) .

If J(z,&,t) # 0, then t — (ps(z) — @7 (X 1) < 0. Because X~/ € 90;,, ¢ points toward
0;,, and ¢ is spatially supported in a neighborhood of R and away of the boundary, we
deduce that X~1/I — (t = (ps(z) — LpJ(X*|J|)) ¢ does not belong to the spatial support of
q, thus wy (z,t) = 0 and the formula holds for k = 0.

Now, let £ > 1 and suppose that (7.4.12) is true for all J € Z for wi_1. Suppose that
wi(z,&,t) # 0. Then, there exists s € [0,¢] such that

wl BTN R (@, €[V o), s) # 0.

We denote J = (J1,---,Jn) and J(z,&t — s) = (j1,...,Jk). By the induction hy-
pothesis, J(X_o;_g)(2,[§|Ves),§,t —s) = 0. That means that for t —s < ' < ¢,
X _g(z, €|Vg,) is reflected k times. But note that by definition of J(x,&,t — s), for
0 <t <t—sX_gu(x,|6|Vey) is reflected n — k times; so, for 0 < ' < t, X_op (2, |¢|Vey)
is reflected n times, therefore J(z,&,t) = () and (7.4.12) holds. O

We deduce from the previous lemma that we can extend the explicit expressions of
Proposition 7.20 by zero outside U;(¢) in logarithmic times:

Proposition 7.22. For x ¢ U;s(p) and 0 < t < ¢|logh| we have w{(z,t) = 0.

Proof. 1t suffices to show that w{(z,t) = 0 for x € U;(¢) near the border of U; (). By

(7.4.11), it thus suffices to prove that for z close to the border of Uy (), (X _a(x, Vo s (z)|£]),

Suppg, or equivalently, that (X—Zt(l', Voi(x)£]),€) € Suppg implies that x is away from
the border of U;(p). To this purpose, let us pick = such that (X_o(z, Vs ()[€]),€) €
Suppg. o

In time s < t < ¢|logh|, we follow Xos(X_oi(x, Vis(x)[£]),£). Let so be such that
Xoso (X _o4(, , Vo (z)[€]), ) belongs to 9(©1UBO2) and has been reflected exactly |J| times.
For s > sg, X will ignore the obstacles. Because (X_o (2, Vios()[€]), €) € 7'26|10gh|(uoo)
and so < €|logh|, we know that

X?SO (X—Qt(x7 V(,DJ(JJ)‘&D, E) €U

But U, N 00O; is strictly included in I'; by our construction. Moreover, by the convexity
of the obstacles |Eas, (X _ot(x, Vo s ()|€]),€) - e| < [Vs(y) - e| for all y € T;\(Uso N IO;).
Therefore, for all s > so, Xos(X_o(z, Vo s(2)|€]),€) is away from the border of Us(y),
and in particular 2 = Xoy(X_o(z, Vs ()[€]), &), so the proposition hold. O

Thus, Propositions 7.20 and 7.22 together gives the explicit expression for wg in the full
space in logarithmic times. Now, the following two lemmas investigate respectively the
temporal and spatial support of X+w;€7 :
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7.4. Approximation of the solution near the trapped set

Lemma 7.23. There exists c1,co > 0 such that for every J € I, the support of w;gl 18
included in {c1|J| <t} and which of x+wj is included in {c1|J| <t < ca(|J|+ 1)}

Proof. Recall that ¢ is supported away from 0 (01 U O2). Let
dp = d(Suppgq, 0 (01 UB3)) >0

In order to be reflected |J| times and then be in the support of ¢, a ray with speed in
[, Bo] needs a time a least 2% (IJ] = 1)+ B Moreover, a ray starting in the support

of x+ needs a time a most 2 S (|J]+1) to be reflected |J| times, where D is the maximal
distance between the obstacles and then it leaves the support of ¢ in a time at most 20‘13
Therefore, by lemma 7.21, the temporal support of X+w;€] is included in

d o d
—(|J] -1 +—<t<2— J|+1)+2—,
5 (7= 1+ 5 (141 + 2

and which of wa in

d 0o
%(|J\—1)+ﬁ<t

and the lemma holds with (say) ¢; = 5 B and cp =4 D O

Lemma 7.24. In times 0 < t < ¢|logh|, x1w; is supported in Us

Proof. Let x € Suppx4+ and suppose that x ¢ Us.

By (7.4.12), we only have to consider X _o(z, Vos(z)|€|) after |J| reflections. Re-
call that x € Conv(0; U ©2)\(©1 U ©3). Therefore, before X_o; has done a |J| 4+ 1’th
reflection, X_o(z, Vs (2)|€]) coincide with X _o(z, Vo s(z)|€]). Moreover, after |J| re-
flections, E_o(z, Vs (2)[§]) = & But, by definition of the trapped set, as z ¢ U,
(X _a1(, Vips (@)|€]). ) ¢ TarUno). For t < elloghl, TarlUoo) D Taqiogr Uoe) > Suppg
and therefore

(Xa(z, Voo (@)[€]), €) = (X—au(w, Vo (2) €]), €) ¢ Suppg.

Moreover, after X_oi(z, Vs (z)|£]) has done a |J[ 4 1'th reflection and stop to coincide
with X _o(z, Vo (2)[€]), X_oi(z, Vo s(x)|€]) ignore the obstacles and leaves the support
of ¢: in both cases we have (X_o(z, Vo s(2)|€]), €) ¢ Suppg. By (7.4.11), this implies that
wi (z,t) = 0. x4+w{ is thus supported in Uso in times 0 < ¢ < €| loghl. O

7.4.4. The ¢ derivatives

Let us now investigate the derivatives of the phases with respect to £&. We show the
following non-degeneracy property in order to be able to perform a stationary phase on
the solutions we are building:

121



7. Strichartz estimates without loss outside two strictly convex obstacles

Lemma 7.25. Let J € T and Sy(z,t,€) = @ (x,€)|€] — t&2. For all t > 0 and there
exists at most one sj(x,t) such that DeSy(x,t,s5(x,t)) = 0. Moreover, for all to > 0,
there exists c(to) > 0 such that, for allt >ty and all J € T

w? (z,t,6) #0 = |det DgSJ(x,t,fﬂ > c(tg) > 0. (7.4.13)
Proof. For J = (), an explicit computation gives, for ¢t > 0, sy(x,t) = (x;ty) and (7.4.13)
with ¢(tg) = 2tp. Thus we are reduced to the case |J| > 1. Let J = (j1,- -+ , jn)-

Non degeneracy of D?S;. We first show (7.4.13). Let v;(z, &) = o s(z, £)[¢|. Because
|V |? = €)%, 8£2i§7_1/1 s verifies the transport equation with source term

\ (agifjw‘]> Vb =05 — 0, Vs - 0, Vb

For x € I'; ,, we have Vi j(x + 7V (x,§)) = Vi (z, &) and therefore, g(s) = 8§i€jwj(x+
sV y(x,€),§) verifies

g'(5) = 0ij — 0, VY (z + sV (2,8),€) - 0, Vb (x 4 sV (,€), €)
and thus
8621-5]- Yi(x+7VYy) = 8621-5]- () + 7645
— / 852.V1/1J(I + vaj(x, f), f) . 35].V¢J(33 + SVI/)J(x,f), f)ds.
0
Noting that 5‘521,57_1# 7= 8§i€j¢ go on I'; and iterating this argument up to 8521_5]_1&@ =0 on
T, we get, for all © € Uy (i)

l
ﬁégj%(w,ﬁ) = Efsij
T

-, 06,V 1) (X —s(, ||V 1 (,6)), &) - O, Vb 300 (X s(2, [§|Vpu (2, €)), €)ds

where we denoted J(®) = J(z, €, s/2) with the notations of Proposition 7.20 and [ = [;(x, &)
given by

lJ(x7€) = d('I?X_l(:Ea v@J(%f))) + d(X_1($a VQpJ(SL',g)),X_Z(I', V@J(ma@))
+o A d(X T @, Vs (2, 6)), X TV (@, Vi (,€))).
Thus we have

DES(@.6.0) = (17 = 20)1d

3 €1
B z:/oI§ Dfaxquz)J(S) (st(xv |§|VSDJ(:L‘3 5))7 5) (Dfaxk¢J(S) (st(x’ |§‘V§0J($, 6))a 5))t .
k=1
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7.4. Approximation of the solution near the trapped set

where by 4 xe denoted the transposed of y. Now, remartk that w’ (x,t) # 0 implies by
lemma 7.21

(X2, 161V ps(2,€)),€) € Suppg

from the other hand

X_%(% €IV (2,8)) € 9(O1 U 6y)

therefore, because ¢ is supported at distance at least 49 > 0 of 9(01 U ©2),
l S do

2t_‘?|_m.

(7.4.14)

Finally, remark that the matrices

De0uth5(X-s(x, Vo (2,€)), €) (DeOa 105 (X—s(2, Vo1 (,€)), €)'

are positives, and we conclude that, for |J| > 1

w’(z,t) #0 = det D{S;(x,&,t) < —go <0.
0

Critical points. We now show the first part of the statement. Differentiating |V ;| =
€]? we get in the same way than before, for x € T';,

B, (0 €)@ + TV (2, ), €) = e, (0.0 [€]) (@, €) + fﬂ

and, iterating this argument up to D¢ (¢y|é|)(z,&) = = — y:

De(psl€))(,€) = X V2, Vi (,€)) -y + l"(x’f)é‘

Therefore

lJ(xvg)
i

DeS(w,6,t) = X V(a, Vi (x,€)) - (2t - )€ =y,
that is, if wy(x,t) # 0, by lemma 7.21
DeSy(w,&,t) = Xoan(w, [€]Vips(2,€) — y.
Therefore, if D¢Sy(x,€,t) = 0 then
Xoi(y, &) = .

and thus £ = sj(z,t) is the vector allowing reaching = from the vector y in time 2¢
beginning with a reflection on ©,. O

Moreover, we will need to control the directional derivatives of w,g . To this purpose we
show
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7. Strichartz estimates without loss outside two strictly convex obstacles

Proposition 7.26. For all multi-indices «, 3 there exists a constant D, g > 0 such that
the following estimate holds on U :

J
D¢ DIV, < DL

Proof. Remark that |D£ | < C for all multi-indices 3. Thus, we will show the estimate
by induction on the size of a. Let a be a multi-indice. We assume that |D{ D3| < C Il

for |y| < |a| — 1 and all multi-indices 1. Differentiating |V s|? = 1 with respect to D¢ ,
we get an equation of the form

V(Dgpy) Ve =R,

where /
Ry= > ayyD{Ve; DIV,
' |<lal-1

with a,, € Z. Let x € T'j,. We denote g(s) = D%y(x + sV (x,£),&). Because
Ves(z+sVes(x,€),8) = Ves(x,§), g verifies ¢'(s) = R(x + sVe). Therefore we have

-
DEso+ 1950(0,6).6) = Dos(a,&) + | Rola + 59s(2.€),6)ds.
0
But Dg‘apJ = D?(pJ/ on I'; , so iterating this process we get, for all x € U

Dgpy(x,€6) = DEp(X V(x, Vo, (z,€)),€,€)

dy d2
- /0 Ry(X_u(a, Vips (2, €)), €)ds — / Ry (X_o(, Vi (2, €)), €)ds

dy

dig
_,.._/ "Ry (X (e, Vs (2, 6)), €)ds.

d -1
with
di = d($7 X_l('ra VQOJ(-ﬁ, E))a d; = d(X_Z(x7 V(,DJ(%', g)a X_i_l(x7 VQOJ(Z', g))
Now, we differentiate this identity with respect to Df, [ been arbitrary. Remark that

e The derivatives of V; with respect to x are bounded uniformly with respect to J
by Proposition 7.17,

o forx € Uy and & € mSuppyq, (z, V) is in a compact set away from Wiy, introduced
in lemma 7.8. Therefore, by lemma 7.8, X! is C* on this compact set so his
derivatives will be bounded by a constant C, and theses of X" = X 1o...0 X!
by C*, and all of them by Cl/I,

o d(x, X Y2,V (z,£)) is nothing but t(z, Vi, (z,€)) where t is the function intro-
duced lemma 7.8, which is C*° away from Wiy,
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7.4. Approximation of the solution near the trapped set

e X_, consists to follow the straight line between X ¢ and X ~*~! for d; < s < d;j_4
(with the convention dy = 0)

e (z,y) €O1UOy = d(x,y) is C*,

e By the induction hypothesis the derivatives with respect to x of Dngo(jh... Jjx) for
|v| < |a| — 1 are bounded by C!”1.

So, the left hand side will be bounded by
IDEDJpy] < C+1J|CV < DI
with (say) D = C7, and the lemma holds. O

Thus we have

Corollary 7.27. We following bounds hold on Us
‘ngwa’ 5 CLJ‘h_(QkHaDCE.
Proof. We have

Goy(v) _ 1
G@J(X71($,V@J($,f)) 1+ZH($7£)+12G($7£)

where | = d(z, X (z, Vo (x,£)), H is the trace and G the determinant of the second
fundamental form of the level surface of ¢y, that is

D2p (X Nz, Vs (,8)).

Therefore, differentiating the explicit expressions of Proposition 7.20, together with the
estimates of Proposition 7.26, Proposition 7.17, and (7.4.1), gives the result. O

7.4.5. Decay of the reflected solutions

The principal result which permits to estimate the decay of the reflected solutions is the
convergence of the product of the Gaussian curvatures Ay obtained by [Ika88, Ika82] and
[Bur93]. In the present framework of two obstacles, it can be expressed as:

Proposition 7.28. Let 0 < A < 1 be the product of the two eigenvalues lesser than one
of the Poincaré map associated with the periodic trajectory. Then, there exists 0 < o < 1,
and for I = (1,2) and I = (2,1), for every | € {{1},{2},0}, there exists a C* function
ary defined in Us,, such that, for all J = (I,...,1,1), we have

~———

r times

sup|Apy — N'aglm < CuA"al’l.

[e']

We deduce the following bounds:

125



7. Strichartz estimates without loss outside two strictly convex obstacles

Proposition 7.29. We following bounds hold on Us
’wk]‘m < Ck)\|J|h—(2k+m)ce
Moreover, on the whole space, |w{ |, < Cyh~(2ktm)ce

Proof. Making use of the explicit expressions for the wg given by Proposition 7.20, we get
by Proposition 7.28, using the remarks made in the proof of Corollary 7.27

A1

and (7.4.1) permits to control |ge s log+m by A~(2FF™). The estimate in the whole space

is obtained in the same way without using Proposition 7.28. O

7.5. Proof of theorem 1

Let K > 0. By the previous section, the function

(2,1) %h L Z/th (2,1, £)e (0o @OIEI1)/h e

JeT

satisfies the approximate equation

Oyu — ithAu = —ihK

g Z/AU)K (2,8, €)eHea@OIEl- #%)/h ¢

JET

with data 67, ,. Using the fact that e it=9)hA s an H™-isometry and the Duhamel
formula, the difference from the actual solution e~*"*§¥ is bounded in H™ norm by

Cx [t x W3 sup Y | Awge_y (-, 8, €)e s LRI A
JET

So,
e MAGY () = Sk (x,t) + Ry (1) (7.5.1)

with
_i 2)
Sk (x,t) = 27rh — E /E hEw] (z,t,&)e (pa (@0l =16*)/hgg

JeT

and, for 0 <t < ¢|logh|

IRk (-, t) | am < [log AN sup >~ |Aw)_ (-1, &)e s COEI=E /Dy (7.5.9)
tE ez
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The remainder
We first deal with the remainder term Ry . Let us denote
Wia(e,1) = Ay (1, e (OO

Notice that, by construction of the wy’s, wg is supported in a set of diameter (C +

Bot). Therefore, using Proposition 7.29 to control the derivatives coming from wg_1 and
Proposition 7.17 to control the derivatives coming from the phase we get:

10" Wi _illz2 S Cre(1+ Bot) 2 [0™ Wiy [l S Crc(1+ £)2h x = (KHm2)ee
and thus, by (7.5.2) and the Sobolev embedding H? « L> , for 0 < t < ¢|logh|
IRkl < |logh|2h(-209=5-4cc| {7 € T st wi_; #0} . (7.5.3)

Note that wf,_;(t) # 0 implies by lemma 7.23 that |J| < c1t, and | {J € Z, s.t wi,_; # 0} |
is bounded by the number of elements in

that is 1 + 2[eit], so
[{J €T, stwj_; #0}| S (1+1) (7.5.4)

and therefore, according to (7.5.3), for 0 < ¢ < ¢|log h|

5
HRKHLOO S CK| logh|§hK(17206)7574ce
5 CKhK(lfQCe)fﬁféLce.

We take ¢ > 0 small enough so that 2ce < % and we get
IRk~ < Crch= 7.

Let us fix K = 15. Then, ||Rxk| e < Cih2. Therefore, as t < €|log h| implies h < e e,
we get
IRk < Cxh 3¢ ¢ (7.5.5)

for 0 <t < e|loghl|.

Timest >ty >0

Let us now deal with the approximate solution Sk, K been fixed and x in Suppyy. Let
to > 0 to be chosen later. For t > tg, by lemma 7.25 we can perform a stationary phase
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7. Strichartz estimates without loss outside two strictly convex obstacles

on each term of the J sum, up to order h. We obtain, for ¢ > tg

1
SK(JI,t) = W Z —i(p (@55 (t,x))|ss(t,x)|—ts s (t,z)?)/h (wo (t T, SJ(t x)) 4 hw1 (t x))
Jel
—i 2
hg/QZRstph 0+ G h3z / th (2,1, €)e=i(es @O /g (75.6)
JeT JeT

where s;(t,z) is a possible unique critical point of the phase (if it does not exist, the
corresponding term is O(h>) and by (7.5.4) it does not contribute). The term w{ is a

linear combination of
Dgw(}](t, z,s5(t,x)),wi(t,z,s;(t x)),

and Réft.ph. is the remainder involved in the stationary phase, who verifies (see for example
to [Zwol12], Theorem 3.15)

RS on.(2,0)] < B Y sup | Dgw](x, -, 1)]. (7.5.7)
lal<7

We recall that by lemma 7.24, for 0 < ¢t < ¢|loghl, X+wg is supported in Uy,. Therefore,
for 0 <t < e€|llogh| and all 0 < k < K — 1, we have, if x € Suppy, using the estimate
of Proposition 7.29, because wy (z,¢,-) is supported in {c1]J] < ¢t < eo(|J| + 1)} by
lemma 7.23,

Z |wg| < Ckh72kce Z A‘J‘ < Ckh72k‘ce Z )\7’71 rg Ckh72k06)\£

JeT J | w{#0 r>

so, for 0 <t < ¢|loghl,

Z |w1{’ < Ckh72k:ceeﬁut
JeT

for a certain g > 0. We take € > 0 small enough so that 2K ce < % We get

S lwl] < CphTre M, 1<k <K -1, (7.5.8)
JET
> lwg| et (7.5.9)
JET

Moreover, using (7.5.7) together with (7.5.4), lemma 7.23 and Corollary 7.27 we obtain,
fot t < e|loghl

J J
D IR pn (@, )] <h?Y Y sup |Dgw (@, -, 1)]
JeT JET |a|<T7

< B2 CEe (T e T st wh_, #£0}|C7 S h2_(2K+7)“(1 + t)ci
< h2 ce| logh|h ne
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where 7 > 0 depends only of «ag, By, and the geometry of the obstacles. Therefore, choosing
€ > 0 small enough
> RS (z ) Sh<ele (7.5.10)
JeT
for t < e|logh|. In the same way we get, taking ¢ > 0 small enough

> IDFwi| S ( (14 0)C7 < |logh|h~" < B~V
JeT

and therefore
S D2 < hozente (7.5.11)
JeT

So, combining (7.5.8), (7.5.9), (7.5.10) and (7.5.11) with (7.5.6), we obtain, for some v > 0

—I/t
IX+SK (2,t)| S W for tg <t < e|loghl|. (7.5.12)
Small times

It remains now to deal with the case 0 < ¢ < t5. We take tg = %cl, where c; is given by
lemma 7.23. Then, for 0 <t < to, wj = 0 for all J such that |J| > 1 and all k € N, that is

k —i((z—y)-€~t€%)/h <t<
Sk (z,t) = 27rh /Zh p(x,t, e dg, for 0 <t <ty

which is simply the approximate expression of the solution of the Schrédinger equation
with data 0¥, in the free space:

Sk(z,t) = (e*ithA°69> (z) + RY(x,1) for 0 <t < tg

where Ay denote the Laplacian in the free space and HR?(HHW < hE=3)|Aw?||gm. The
usual L' — L™ estimate for the Schrodinger equation in the free space gives

, 1 1
—ithAo SY| < Y <
‘e 5 ’ ~ (ht)3/2 H5 HLI ~ (ht)3/27

and, dealing with R?{ as we did for Rx we get

for 0 < t < to. (7.5.13)

Conclusion

Collecting (7.5.5), (7.5.12) and (7.5.13) we obtain
i 1
|X+€ ZthAth,N /S W, for 0 S t S 6‘ logh‘

that is (7.4.9). This estimate suffises to obtain theorem 7.1 by the work of reduction done
in Sections 2 and 3, as explained in subsection 4.2. The theorem 7.1 is thus demonstrated.
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The case of the wave equation

8.1. Introduction

Let (M, g) be a Riemaniann manifold of dimension d. We are interested in the linear wave
equation on M

{8?U—Agu:0 (8.1.1)

(u(0), 0;u(0)) = (f, 9)-

where A, design the Laplace-Beltrami operator. In order to study the perturbative theory
and the nonlinear problems associated with this equation, it is crucial to estimate the size
and the decay of the solutions. Such estimates are the so called Strichartz estimates

lull oo ryna) < Cr (luoll gy + lurll 1) (8.1.2)

where (p, ¢) has to follow the admissibility condition given by the scaling of the equation

1 d d
L 8.1.3
ot g =2 (8.1.3)
and 1 d—1/1 1
S (22 1.4
p- 2 (2 p) (8.14)

We say that the estimates hold with a loss of order A\ > 0 if they hold for (p, q) satisfying
the scaling condition (8.1.3), and

= () 65)

Strichartz estimates were first introduced and established in [Str77] for the p = ¢ case in
R™, then extended to all exponents in [GV85b], [LS95], and [KT98]. As usual, the variable
coefficient case is more difficult. In the case of a manifold without boundary, the finite
speed of propagation shows that it suffices to obtain the estimates in local coordinates
to obtain local Strichartz estimates. Such estimates were obtained by [Kap89], [MSS93],
[Smi98], and [Tat02]. The estimates outside one convex obstacle were obtained by [SS95],
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8. The case of the wave equation

following the parametrix construction of Melrose and Taylor. Local estimates on a general
domain were first proved by [BLPO08] for certain ranges of (p, ¢), using spectral estimates of
[SSO07b]. The range of indices was then extended by [BSS09a]. This range cannot recover
all indices satisfying (8.1.4) : [Ival2] showed indeed that a loss have to occur if some
concavity is met. Recently, [ILP14a] proved in a model case local Strichartz estimates
inside a convex domain with a loss close to the sharpest one. Their result is extended in
[ILLP] to the wave equation.

Phenomenons such as closed geodesics can be obstacles to the establishment of global
estimates. Under a non trapping assumption, [SS00] proved in the odd dimensional case
that local estimates can be extended to global ones. This result was extended to the even
dimensions independently by [Bur03] and [Met04].

However, [BGH10] showed that Strichartz estimates without loss for the Schrédinger
equation hold for an asymptotically euclidian manifold without boundary for which the
trapped set is sufficiently small and exhibit an hyperbolic dynamic.

Going in the same direction for the problem with boundaries, we recently showed in
[Laf17b] global Strichartz estimates without loss for the Schrédinger equation outside two
convex obstacles. The aim of this paper is to extend this result to the wave equation.
More precisely, we prove

Theorem 8.1. Let ©1 and ©5 be two compact, strictly convex subsets of R™, u be a
solution of (8.1.1) in Q@ = R™\ (01 U ©O2) and (p,q,~) verifying (8.1.3) and (8.1.4). Then

lullzo@,zay < C (1l + gl 1) - (8.1.5)

The crucial remark of [SS00] is that local Strichartz estimates combined with the expo-
nential decay of the energy permits to obtain global Strichartz estimates. For the exterior
of one convex obstacle in odd dimension, this decay holds and global Strichartz estimates
without loss are obtained. In even dimension, such an exponential decay do not hold
anymore. However, [Bur03] remarked that it can be replaced by weaker estimates of
L?—integrability of the local energy

1O xOrw)l| L2 (r 2 x -1y S Mol gy + luall g1 (8.1.6)

where x is any compactly supported function, and such an estimate for the complementary
of a convex obstacle is a direct consequence of well-known resolvent estimates.

But in the case of the exterior of two convex obstacles, (8.1.6) do not hold anymore: a
logarithmic loss occurs due to the trapped geodesic and we only have

1O, X0 L2r L2 x -1y S [log bl (luoll gy + lluall grv—1) - (8.1.7)

for data supported in frequencies ~ h~'. The L% integrability of the local energy is the
waves-analog of the smoothing effect for the Schrédinger equation, for which a loss occurs
in the same way. [BGHI10| remarked that such a loss can be compensated if we show
Strichartz estimates in logarithmic times and we followed this idea in [Lafl7b]. We follow
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8.2. Reduction of the problem

here the same roadmap and show that this logarithmic loss can be compensated if we show
Strichartz estimates in logarithmic times in the neighborhood of the trapped ray

HXUHLP(O,\logh\)Lq S llwollpz + llutll g1

Then, we reduce again the problem, to data which micro-locally contains only points of
the tangent space which do not escape a given neighborhood of the periodic ray after
logarithmic times. Finally, we construct an approximate solution for such data, inspired
by [Tka88, Tka82], [Bur93], and we show that this approximation gives the desired estimate.

Note that a large part of the construction we are doing here is similar to which we
did in [Lafl7b], and we will extensively use results of this previous paper. On the one
hand, the wave equation enjoys an exact speed of propagation, and all the results who
related on the semiclassical finite speed of propagation of the Schrédinger flow hold with
simplificated proofs. On the other hand, the phases of the approximate solution we are
building stationate now in whole lines, instead of points, and it is a little more subtle to
close the final argument.

8.2. Reduction of the problem

8.2.1. Estimates of L>-integrability of the local energy

We first show the following two estimates of the L?—integrability of the local energy, that
we will need in the sequel. Their are the analogs of the smoothing estimates for the
Schrodinger flow, and were introduced by [Bur03] in the non-trapping case. The first one
is an estimate without loss away of the trapped ray. The second one holds in the whole
exterior domain, but with a logarithmic loss.

Proposition 8.2 (Global L2-integrability with no loss away from the trapped ray). Let
X € C§° be supported outside a small enough neighborhood of the trapped ray. Then, if u
is the solution of (8.1.1) with data (f,g):

1O XOew)l| o g i1y S I g + 11 L (8.2.1)

Proof. As [Bur03] show it in section 2, it suffices to obtain such an estimate to show the
resolvent estimate

1
1+

In the spirit of [Laf17b], let K be a non-trapping obstacle such that K and ©,U®©3 coincide
in the support of x. In particular, Ag = Agn\ g on the support of x. As, moreover, the
resolvent estimate is well-known in the non-trapping case (see [VZ00] and [MS78, MS82]
for the high frequencies part, [Bur98| for the low frequencies), we have

IX(=Ap — (A £ie) " xllzz e S

N R 1
(=0 = 3£i6) e = B = (i)l £ 1

and the Proposition is shown. O
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8. The case of the wave equation

Proposition 8.3 (Global L%integrability with logarithmic loss). Let x € C$°. Then, if
f,g verifies Y(—h2A)f = f, (—h?A)g = g and u is the solution of (8.1.1) with data

(f,9):
1O, XOu) || 2 v -1y S 1108 WY (£l g + gl 1) (8.2.2)

Proof. Denote

D((=Ap)*?log(2] — A)~V/?),
HY™ = D((I — Ap)*?log(2] — A)~1/?),

by H=7" and H=7% their dual, and
H’Y’_ — H’%_ X H’V—l)_’ H_’Y)J’_ — H_'71+ X H‘_(7_1)7+'

Finally, let us denote

We will show the estimate

1Ot X0 2 g g -ty S 1l + gl s (8.2.3)

By a classical TT* argument (see for example [Bur03] and [Bur04]), (8.2.3) is a direct
consequence of the following proposition

Proposition 8.4. The resolvent x(A — (z —i€)~1)x is uniformly bounded in
Ht > 1T

fore e Rand 0 <e<1.

Which, in turn, we will obtain as a consequence of the following resolvent estimate
obtained by [Bur04]:

< 2log(2+ |A])

Yo+

1 —2(A+ 2271 (A4 22
(A=2)"" = (’LA(A—I—Z2)1 —z(A+z2)1>’

IX(=Ap — (A £ ie) " xllL2 12 (8.2.4)

we have to show that the following norms are uniformly bounded, for all s € R

(X + 12D (A + 22 X st o pro—
HX(A + 22)7196H[{*S,Jﬁ_>[{s+1,f7
IXA(A + 22) 7 x| =t s a1
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8.2. Reduction of the problem

With the same arguments as [Bur(03], theses bounds are all consequences of the first one
for s = 0, that is of
(14 12D(A + 22) " xlpg0.+ 340, - (8.2.5)

To show (8.2.5), we follow [Bur04], Section 4. Let
w= (14 [2)(A+ 22y,

For U € C§°(—1/2,2) equal to one close to 1, we decompose

w= (=St (1 - qz(_A)> u.

22 22

On the one hand,

A A
(1950wl 1 (1= 95 ) e
On the other hand, as
A _ A
‘I’(—?)u = (1+ 2D (A +2%) 1‘1’(—?)ij

we have from (8.2.4)
A A

(5 ule S log(2 -+ 22) [ (~ )x e
and thus

2\—1/2 A < 2\1/2 A

log(2 -+ 22) M2 (= 5l e < lo(2 + )2 (= S)x e

Finally, like in [Bur(04], the localization in frequencies allows us to replace the weights in
z by the H%* norms, and we get (8.2.5). O

8.2.2. Reduction to logarithmic times near the trapped ray
The aim of this section is to show that the following proposition implies theorem 8.1

Proposition 8.5. There exists € > 0 and a small neighborhood D of the trapped ray, such
that, for all x € C§° supported in D, if f, g are such that Y(—h?A)f = f, »(=h?A)g =g
and wu s the solution of (8.1.1) with data (f,g):

Ixull 0,10 hpyre S Il + gl a1

Thus, we will assume the previous Proposition and show theorem 8.1. As the value of
€ > 0 does not play any role, we assume here that ¢ = 1.

In the spirit of [Lafl7b], let Xobst, Xray € C5° be such that xopst = 1 in a neighborhood
of ©1UBO2UR, and Xray € Cg° such that x,ay = 1 in a neighborhood of R. We decompose
u as the sum

U = (1 - Xobst)u + Xobst(l - Xray)u + Xobst XrayU (826)
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8. The case of the wave equation

8.2.2.1. The first term: away from the trapped ray and the obstacles

Let v = (1 — Xobst)u- Then v verifies

(8t2 - AD) v = _[AD7XObSt}ua
(U(0>7 atU(O)) = ((1 - Xobst)fa (1 - Xobst)g)'

As v is supported away from the obstacle, it solves a problem in the full space and we can
replace the Laplacian in (8]52 - A D) by Agn. Therefore, by the Duhamel formula

v(t) = cos(ty/—Agrn ) (1 = Xobst) [ + W(l — Xobst )9

B / sin((t — s)v/—Agn)
0 vV —ARn

The first two terms are handled thanks to the Strichartz estimates for the waves in R":

[Ap, x]u(s)ds. (8.2.7)

| cos(tv/—Arn)(1 — Xobst) [ + W(l — Xobst )9 Lr (R, La)

S g + lgll g (8.2.8)

And by Christ-Kiselev lemma, cuting the sine in half wave operators and the Strichartz
estimates in the full space again

" sin((t — s)v/—Agrn
I[N (A u(s)dsl o
in((z — —Apgn
S [ S A u(s) o
et / iV |
\/ _AR'"/ R

5 || Ap, Xobst]u(s)dSHLPLq

S VTS AD xomlu(s)dsl v (5:29)

Now, thanks to the dual version of the L? estimate (8.2.1) in R” (Proposition 8.3 replacing
Q by R™, which enjoys no trapped geodesic) we get

H / VBT (A, Xonstlu(5)ds]| o1
- H/ Arn g [AD’XObSt] ( )dSHHW—l 5 ”[ADvXObSt]u(S)dSHLQny—la (8'2-10)

where ¥ = 1 on the support of Vxonst - But, using the L? estimate away from the trapped
ray (8.2.1), because Vxobst is supported away from the trapped ray:

IAD, XobstJu(s)ds| L2 gy S f L gv—1 + 19l v + IV Fll g1 + 1Vl -2
S g + gl g (8.2.11)
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8.2. Reduction of the problem

Collecting (8.2.7), (8.2.8), (8.2.9), (8.2.10) and (8.2.11) we conclude that

11 = Xobst)ullLoza S ([f 11 g + llgll g1 (8.2.12)

8.2.2.2. The second term: away from the trapped ray and near the obstacles

Let us now deal with
w = Xobst(1 - Xray)u-

We denote here x := Xobst(1 — Xray) and consider ¢ € C§°((—1,1)) satisfying ¢ > 0,
¢(0) =1and } ;7 ¢(s —j) = 1. We decompose

xu= Y ot—jxu=:> uj
jez jez

Because Y is supported away from the trapped ray, using the L? estimate away from the
trapped ray (8.2.1) combined with the local Strichartz estimates in time 1 for each w;
allows us to recover the estimate in the full space, with the exact same proof as [Bur03],
the only difference been using (8.2.1) instead of his the L? estimate for non trapping
geometries and we get:

[Xobst (1 = Xray)tll Lo,y < [f 1l gy + gl g1 (8.2.13)

8.2.2.3. The third term: near the trapped ray

We will denote here x = XobstXray.- We will cut u in time intervals of length |logh|.
Consider ¢ € C§°((—1,1)) satisfying ¢ > 0, p(0) = 1 and > ;5 (s —j) = 1. We

decompose
t .
Xu = Z(’D(“Og}” —ihxu =) uj.
JEZ JEZ

The u; satisfy the equation
(82 — A)uj = F; + G,

where
t
F, =11 =2, 2/ 1 Ly — 2.14
j = |loghl w(‘ 2T — J)xu +2|logh|” ﬁbgM J)xOku, (8.2.14)
t
DA Y. 2.1
G W(lloghl DA, x]u (8.2.15)
We denote
t J—
/ sin(t — s)v— AFj(s)ds,
(j—1)| log h| V-=A
_ / sin(t — S)V_AG]‘(S)CZS,
~1)[log | V-A
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8. The case of the wave equation

in such a way that u; = v; +w;. By the L?-global integrability estimate near the trapped
ray (8.2.2) and (8.2.14) we get

> M08 Bl F g i1 S 1o bl (Il + lunl, )
JEZ

and therefore

ST UE I sy < Nom Al (ol + - ) (8.2.16)
JEZ
On the other hand, by the Strichartz estimate on logarithmic interval

[vjllzeLe S I Ejll prprv—r- (8.2.17)

But, as Fj is support on a time interval of size proportional to |logh|, by the Cauchy-
Schwarz inequality we get

1F3l s s S Vog Y2 Byl o s (8.2.18)

Therefore, by (8.2.16), (8.2.17) and (8.2.18)

S lliloze S (ol + lunl, -1 ) - (8.2.19)
JEZ

Now, let us deal with w;. Let us define

) (j+1)|logh| ,isv/—A
wj-i = VA eiGj(s)ds.

(j—Dllogh| V—A

Decomposing the sine operator in half wave operators and make use of the Christ-Kiselev
lemma allows us to estimate the norm of @f instead of these of w;. By the Strichartz
estimates on logarithmic interval we get

G+Dloghl
1@ | pora < | eV RG(5)ds |l g
(-1l 1oghl

Now, remark that [A, x] is supported away from the periodic way. Let x be equal to 1 in
the support of Vx and vanishing on the trapped ray. By the dual version of the L?-global
integrability estimate outside the trapped ray (8.2.1) we get

(G+1)|logh|
@5 | oz < | "V TRG(s)ds| gy
(7—1)|loghl

(j+1)|logh|
| / VLG (5)ds ] s S 1G] g
(j—1)|log h|
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8.2. Reduction of the problem

And now, by the L?-global integrability estimate outside the trapped ray (8.2.1) itself:

S G gy S (ol + )

JEZ

Therefore we get:

> lwilEore S (ol + el ) - (8.2.20)

JEZ
Thus, combining (8.2.19) and (8.2.20) we conclude thanks to the embedding (?(Z) —
IP(Z) (we recall that p > 2) :

hSA
Nl

Ixulloze ~ [ D uilFoLe S D0 ullze e S lluollgy + llull -
JEZ. JEZ

Combining this last estimate with equation (8.2.12) and equation (8.2.13) we conclude
that

ullzrre S Nluoll gy + [l l] g1

Finally, standard methods permit to remove the frequencies cut-off. Therefore Proposition
8.5 implies our main theorem.
8.2.3. Reduction to the trapped set

Let D be an open-neighborhood of the trapped ray, chosen to be a cylinder with the
trapped ray for axis. We define the trapped set of D in time T’

Definition 8.6. (z,&) € T*Q belongs to the trapped set of D in time T', denoted T7(D),
if and only if one of the the ray starting from (z, é—l) and (z, \EI) belongs to D after time
T.

Note that the only differences with the definition of [Lafl7b] are that the rays are all
followed at speed one instead of |£| € [ao, fo]. Therefore, with the same proofs, we get

Lemma 8.7. For all bicharacteristic v starting from D with speed one, we have
Ay (1), Tr(D)) > 0 vt € [T — 1,1
and

Lemma 8.8. For all D, D, there exists T* > 0, ¢ > 0 such that for all T > 0:

d(Tr—1+(D)¢, Tr(D)) > e~T, (8.2.21)
and, if D C D
d(T7(D)¢, Tr(D)) > ie*CTd(f)c,D). (8.2.22)
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8. The case of the wave equation

We say that f € L? is microlocally supported in U C T*Q, if for all a € C*°(T*Q) such
that a = 1 in U we have Op(a)f = f. Using the same time translations as in [Lafl7b]
combined with the finite speed of propagation, the following Proposition implies our main
theorem:

Proposition 8.9. There exists ¢ > 0 and a small neighborhood D of the trapped ray, such
that, for all x € C§° supported in D, if f, g are such that (—h?A)f = f, »(—h?A)g = g,
are microlocally supported in Tjion (D) and spatially in D and away from (01 U ©O3),
and w is the solution of (8.1.1) with data (f,qg), we have:

HXu”Lp(o,euoghDLq S Hme + HgHmfl-

The rest of the paper is thus devoted to prove Proposition 8.9.

8.3. Construction of an approximate solution

8.3.1. The phase functions

We recall here the definition of the phase functions we used in [Laf17b] following the works
of Iwaka [Ika88, Ika82] and Burq [Bur93]. We call ¢ : f — R a phase function on the
open set U C R3 if ¢ is C™ on U and verifies |[Vp| = 1. We say that ¢ verifies (P) on
00, if

1. The principal curvatures of the level surfaces of ¢ with respect to —V are non-
negative in every point of U,

2. We have, for j # p

©; C{y+7Ve(z)st. 7>0,y cUNIO,, Vo(y) -n(y) > 0},

3. For all A € R, the set {¢ < A} is empty or convex.

Let 6; > 0 and ¢ be a phase function. We set

Ip(p) ={z €00, s.t. —n(x)-Ve(z) >},

Up(ip) = U {X!(z, V() + E(x, Vip(x)), T > 0}.
Xz, Vp(z))€lp ()

Then, there exists ; > 0 such that, if ¢ is a phase function verifying (P) on 00,, we can
define the phase ¢; reflected on the obstacle ©; on the open set U;(y), verifying (P) on
00;, by the following relation, for X*(z, Vip(z)) € I'p(p):

(X (2, Vo) + 1E (2, V) = p(X ' (2, V) + .
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We call a finite sequence J = (j1, -+, jn), ji € {1,2} with j; # ji+1 a story of reflections,
and will denote Z the set of all the stories of reflection. By induction, we can define the
phases ¢ for any J € Z, on the sets Uj(p).

For f € C>*(U) and m € N, let

mU) = max supl(a;-V) - (am - V)f]|.
)= max sup(ar- V) (0 V)]

The following estimate is due to [Ika88, Tka82, Bur93]:

Proposition 8.10. For every m > 0 we have

|V()0J’m < Cm|v90|m

Moreover, according to [Bur93]:

Proposition 8.11. There exists M > 0 such that, for each (i,7) € {1,2}2, there exists
open sets containing the trapped ray U; ; such that, if J = {i,--- ,j} verifies |J| > M, and
@ wverifies (P), ¢ can be defined in U; ;.

We set

Uso = Uy NU12 N Uy Naa,

and Use C Us to be an open cylinder having for axis the periodic trajectory and contained
in U. It will be shrinked in the sequel if necessary. Finally, we recall the following
estimate concerning the derivatives with respect to £ of the phases builded beginning with
p=(x—-vy)- % we obtained in [Lafl17b]:

Proposition 8.12. Let p(z) = (z — y) - % We denote pj(x,&) the reflected phase we
build beginning with ¢. Then, for all multi-indices o, B there exists a constant Dy g > 0
such that the following estimate holds on Ux:

J
DDV, | < DL,

8.3.2. The microlocal cut-off

According to Section 2, we are reduced to show Proposition 8.9. By lemma 8.8, we can
construct a small shrinking of Uso, Use C Uso , and Ge,n € C°(T*Q) such that ¢, =1 in
an open neighborhood of ’7'26|10gh|(l;{oo), Ge,n = 0 outside Toe|1ogh|(Uso) in such a way that,
for all multi-indice «,

|Oade | < h2elee, (8.3.1)

It suffices to show Strichartz estimates in time ¢|log h| for data microlocally supported
in ’7;|10gh|(b{oo) and spatially supported in U,, and away from a small neighborhood V of
0(©1UBO3). Let xg € C* such that yo = 0 near 9 (01 UO3) and x¢ = 1 outside V. For

such functions, xoOp(gex)f = f, thus it suffices to show

eriit 7AXOOp((je,h)fHLP(O,E\logh\)Lq 5 HfHHw (832)
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8. The case of the wave equation

for all x € C*° supported in Uso. We will show the strongest estimate:

le™™Y=2x00D(G@en) fll 2o (0. og nyre S I F Nl o (8.3.3)

by the TT™* method - see for example [KT98] - it suffices to show the dispersive estimate,
for 0 <t < e|loghl:
itV A 1
Q% ne WEAQenll s S —ai1 a1 (8.3.4)
h™ =2 t 2
where

Qe,h = w(_th)XOOp(de,h)-
Then, to show (8.3.4), it suffices to show

* =it/ — 1
10D (ge,n,n)"e ‘ AOP(Qe,h,N)”L1—>L°° S hdjj (8.3.5)

for N large enough. Note that, in particular,

Supp(JE,h,N C ’T26|logh|(uoo) NUs X {’6‘ € [O‘07BO]} (836)
and g », v is spatially supported outside a small neighborhood of 9 (01 U ©2) not depend-

ing of €, h, N.
It suffices to obtain

|OP(ge,n,n)* cos(tV—=A)Op(qen N 110 S~ a1
1OP(ge,n,n)* sin(tvV —=A)Op(genN) 11 S P
2 2

We will deal for example with the cosine part, the sine is handled in the same way. We
set

1 —i(z—y)-
0 n(@) = (27Th)d/e (@=v)&/hg, 7 N (x,€)dE,

in order to have, for u € L?

(Op(gen,N)u /6ehN

Notice that
OD(Gen ) c08(tV/=B)Op(gen v )u / OB (e N )* cos(tV/=B)8Y 1, ()u(y)dy,

thus, to show (8.3.5), it suffices to study 5 pn and to show that, for N large enough

1
|OP(gen.N)* cos(tvV—A)d hN\ < 7}5 Sy for 0 <t < e|llogh|.
2
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Let Vi be a small neighborhood of 9(©1U©3) on which g, 5 v is vanishing and xo € C5°(R")
be such that yo = 1 on U,NV{. We choose x+ to be supported on Conv(©;UB2)\(0;UO3)
and away from a small enough neighborhood of 9(0; U ©3), Conv denoting the convex
hull. Note that in particular, Op(gen n)* = Op(gen,n)*X+. The symbol of Op(ge,7.n)*

enjoys the development

h(Dz,D¢)

Qe N (2,€) =€ Qe,h,N-

Thus, by (8.3.1), taking € > 0 small enough, we have \q:(;)N| Slforall o <n+1=4.

Moreover, q:(Ta)N is compactly supported in frequencies. Therefore, by [ANV04], Section

4, Op(ge,r,N) is bounded on L*>® — L* independently of h. Therefore, we only have to
show, for all 0 < T < ¢|log h|

1
[x0 cos(tvV—A)6Y, | S —5—, for 0 < ¢ < e|loghl (8.3.7)
o h =2tz

for N large enough.

In order to do so, we will construct a parametrix in time 0 < ¢ < ¢|logh| for the wave
equation with data ((53’,% ~»0). The first step will be to construct an approximate solution
of wave equation with data

(e—i(x—y)‘g/hqejh’]v(l', 5)5 0)

where § € R",§ € Suppge n,n is fixed and considered as a parameter.

8.3.3. Approximation of the solution
8.3.3.1. The Neumann sum

We look for the solution w of

02w — Aw =01in Q
wt=0)(z) =e TV g(z,¢)
Jw(t=0)(z) =0

(ps =0

as the Neumann serie

w = Z(—l)"]'w‘]

Jel

where
HRuw? — Aw?  =0inR”
w(t=0)(z) =e @V y(g,¢) (8.3.8)
Jw(t=0)(z) =0
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8. The case of the wave equation

and, for J 7& @7 J = (.j17' T 7jn)7 ']/ = (.j17' T 7jn—1)

Zw! — Aw’ =0in R™\O;,
w(t=0),0w(t=0) =0 (8.3.9)
w[é@jn - w[]aejn ’

Let us denote
Soj(l'a 5) = SOJ(ZL', f) and @3(11, 5) = SDJ(x, _5)7
that is, ¢ is the reflected phase constructed with p(z,&) = (z —y) - é—| and @7 is the

reflected phase constructed with ¢(x,—§) = —(z —y) - é—| We look for w” as the sum of
the two series

w! = w‘]’+ + w’™

= 3wl (o, ) el teb/m 2- +Zwk (, £)ci (e 1El=HED/
k>0 k>0

h

k
e

If wg’i solves the transport equations

(20, + Vot -V + Ap)wg™ =0,

and for k > 1
(28t+chJ V + Apj)w, St l;]ilv
with, for J =0
_ 1
w%’%,O) =0, Yk > 1,
atw2’+(q:, 0) + 8tw2’_(a:, 0) =0, Yk >0,
and, for |J| > 1
whE =
k|a@ k|6®

atwgi(x,O) = wk *(z, 0) 0,

then w” solves (8.3.8), (8.3.9).
Solving the transport equations for J = ) gives immediately

1
w87+ = iq(x - té’g)a
_ 1
wo” = 54 (x+té| £),
wg’i = —/Ot Owi (zF (s — t)é’,s)ds k>1.
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8.3. Construction of an approximate solution

8.3.3.2. Reflections on the obstacles

Now, we would like to reflect w?* on the obstacle. To this purpose, starting from the
phases ¢(z,£) = (x‘_gf)f and p(z,—§) = —(ITTZTM we would like to define the reflected

phases as explained in the first subsection.
We decompose the set of the stories of reflections as

T=T1U1s

where 7 are all stories beginning with a reflection on 01, that is of the form (1,---), and
7, beginning with a reflection on ©,, that is of the form (2,---). Let e be a unit vector
with the same direction as R. We take e oriented from ©7 to ©5. For % in a small enough
neighborhood V' of {e, —e} we have

1. if £-e > 0, then (x‘?f)f verifies (P) on ©7 and —(ngﬁ)'g verifies (P) on ©9

2. if &-e <0, then (x‘_g)f verifies (P) on O and —% verifies (P) on O

Remark that

o In situation (1), the support of w?* never cross ©; and the support of w?~ never
cross O, in any time,

e in situation (2), the support of w®T never cross Oy and the support of w%~ never
cross O in any time.

We set
o In situation (1): (Z4,7-) := (22, Th),
e in situation (2): (Z4,Z-) := (Z1,Zs).

Then, (8.3.9) is satisfied for w* for all J € I-: indeed, because the support of wh*

@,i {7’¥}

never cross ©;_, we have for all time 0 = Wie, = Wab, and so on. Thus, we are
Z:F 7/:F
J,

’L$’
reduced to construct the w’*’s for J € Z,. In the same way as in [Laf17b], shrinking U
if necessary, all the phases we we will be dealing with are well defined according to the
previous remarks.

Then, in the exact same way as [Lafl7b], we solve the transport equations along the

rays:

Proposition 8.13. We denote by X,t(:v,Vgof) the backward spatial component of the
flow starting from (m,Vgpﬁ), defined in the same way as X_t(l',vg():}:), at the difference
that we ignore the first obstacle encountered if it’s not ©;,, and we ignore the obstacles
after |J| reflections. Moreover, for J = (j1 =i1,...,Jn) € L+, denote by

(J1, - 5 Jk) if X_t(x, Vgo?) has been reflected n — k times,
0 if X_y(x, Vgof,c) has been reflected n times.

J(x,t,&) = {

145



8. The case of the wave equation

Then, the wi’s are given by, fort > 0 and = € Uy(p)

wiE (z, 1) = Mgk (2, €)g(X_i(x, Vh), €)

where
Gy (x) Gt (X2, V7))
T — T X o0 X — T ,
Go7 (X1 (z, V7)) Gt (X—Vl(z, V7))

and, for k> 1, and x € Us(p)

t
w?i(:ﬁ’ t) = /0 [y (.%', (t - 3)7 £)Dw25$17§7i(t_8)) (X—(t—s) (iL‘, VSO:}:)» S)dS

where

+ —|J(=,t,€)|-1 +
95, (@, &) = — Gy5(2) X GJwng (X (A =D (2, V7))
(¥ GSOJ(X—l(lv VSOJ)) G¢§(x,t,§)(X—t($,V@§))

With the exact same proofs as in [Lafl7b], subsection 4.3.2, following the rays at speed
one instead of speed |¢| € [ag, Bo], w’T verify the following properties:

Proposition 8.14. We have
1o wi(z,t) #0 = (X_(2, Vi), €) € Suppg.
2. Forx ¢ Uj(p) and 0 <t < ¢|loghl|, wg’i(x,t) =0,

3. there exists c1,co > 0 such that for every J € I, the support of w,‘g’i is included in
{c1|J| < t} and which of Xowk‘]’jE is included in {c1]J| <t < co(]J| + 1)},

4. in times 0 < t < ¢|loghl, Xow,‘c”i is supported in Uss.

Moreover, Proposition 8.10 combined with Proposition 8.13 and (8.3.1) gives immedi-
ately:

Proposition 8.15. The following bound hold on Us

’D?w;{{’i| 5 CLJ|h—(2k‘+\a|)CE‘

8.3.4. Decay estimates

We recall the principal result who permits to estimate the decay of the reflected solutions,
namely the convergence of the product of the Gaussian curvatures Ap s obtained by [[ka88,
Ika82] and [Bur93]. In the present framework of two obstacles, it writes:
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8.3. Construction of an approximate solution

Proposition 8.16. Let 0 < A < 1 be the product of the two eigenvalues lesser than one
of the Poincaré map associated with the periodic trajectory. Then, there exists 0 < a < 1,
and for I = (1,2) and I = (2,1), for every l € {{1},{2},0}, there exists a C™ function
ar, defined in U, such that, for all J = (I,...,1,1), we have

——

r times

sup|Aps — Nari|m < C N ol

oo

Combined with the explicit expressions of Proposition 8.13 and (8.3.1), this result gives
as in [Lafl7b] the following decay:

Proposition 8.17. We following bounds hold on Usy:
|wg’i|m < CkA‘JIh_(Qker)CE.

Moreover, on the whole space, |w{l |, < Ch~(ktmce,

8.3.5. Critical points of the phase

We need to study the critical points of the phase in order to be able to perform a stationary
phase argument on the solution we are building. At the difference of [Laf17b], the phases
here stationate in whole directions. Therefore, we will perform a stationary phase on each
sphere S"~1(0, s). To this purpose, we need

Proposition 8.18. Let us denote
Sy (@,&,1) = 95 (@, Olg] — tle].
Then, there exists n > 0 such that for all |J| > 1,

d(X (@, Vo7 (@,),y) <n and w*(x,t,6) £ 0
= D¢ST(x,&,t) #0. (8.3.10)

Moreover, as soon as d(X~1\(x, Vo (z,€)),y)>n, for all s > 0 and x there exists a unique
sj(z,s) € S"71(0,s) such that, for all t >0

w* (x, -, sf,c(ac, s)) #0 and DSnfl(()’S)St:]t(x, sf(:v, s),t) =0. (8.3.11)
Furthermore, if d(X~1(x, Vo (x,€)),y) > n,
det D%n,1(07S)SiJ(:p, 55 (x,8),t) > c. (8.3.12)

Proof. For the sake of readability, we denote S; = S}r, pgi= cpj, w’ = w’* and we make

the proof for the positive part of the wave, w’*: for w’~, the proof is the same.
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8. The case of the wave equation

In the same way as in [Laf17b], we obtain, differentiating |V (z,€)|¢||?> = [£]? with
respect to £ and integrating the transport equation obtained along the rays up to the first
phase:

DeST(w,&,t) = X (2, Vi (2,8) —y — (t = Uy(a, g))é'. (8.3.13)

Note that, by Proposition (8.14), (1), w’*(x, £,t) # 0 implies that, because q is supported
away of the boundary, for |J| > 1

t—lJ(x,ﬁ)Z(50>O

and thus, we get (8.3.10). Moreover, we deduce that

Dgn-1(0,6)S.(x,§)

=X M, Vet @) -y - (XY o) - 0) - )

Thus, if £ is such that DSn—l(O,s)SJ(IIT,g) =0,

_ §
X ‘J‘(ZL’,VQOJ(ZU,E))_Z///E,
hence é—| is a direction allowing reaching the point x from the point y following the story

of reflection J. Note that there is a priori two such vectors on S"~1(0,s): one and its
opposite, but because w’* = 0 for J € Z_, we have w”’(x,t,&) = 0 for one of them.
We thus get (8.3.11). Note that the critical point ¢ such that w”(x,t,£) # 0 is the one
verifying

(X"J‘(x, Ves(z,€)) — y) : |§| > 0. (8.3.14)

The Hessian in R” of S; is derivated like in [Laf17b], differentiating |V s (=, €)[€]|> = |¢|?
with respect to € and integrating the transport equation obtained along the rays once again:

l Id t
DEST (2,&,t) = mId — (m — f;'g)t

3 €1
_ Z/0£I Dgazkw(](s)(X—S(x’VSOJ(x’g)%g) (D§8$k1/1J(s)(X_s($,V@J(x7§))7§>)t.
k=1

We would like to deduce an expression of D‘an—l(o S)Sj(m,f,t) for & = sy(z,t). To this
purpose, we recall that

Lemma 8.19. Let g : R® — R™ be a submersion in 0 and M := g~1(0). Moreover, let
f:R" — R and F be its restriction to M. We suppose that F' has a critical point in
a € M. Then, the Hessian of F' in a is the restriction of

dzfa — Ao d2ga
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8.4. Proof of the main result

to Ty M, where A is the Lagrange multiplier of f with respect to g in a, that is the unique
linear form X\ € L(R™,R) such that df, = X o dg,.

Here, we can take g(¢) := [£|?> — s2. Then Dg(¢) = 2¢. The Lagrange multiplier of
Sy(z,-) with respect to g in £ := sj(x, s) is the unique A € R such that

DeSy(x,t,8) = 2X8.
Therefore, according to (8.3.13)
1

(t - lj($,£)) ’5‘

2) = (X_‘J‘(w, Vo (,8)) - y) : é’ -
On the other hand, by lemma 8.19

D‘2gn—1(07s)SJ(x7§7t) = (DES](Z',f,t) - 2)\Id)|T§S”—1(0,s)

Thus, D%n,l(O’S)SJ(JT, ¢,t) is the restriction to 78" 1(0, s) of

t
(X, Vi (2,€)) — 1) égd + fgﬁ?,

3 .1
_Z/Om D0y 00 (X —s (2, Vo1 (2, €)), €) (Deny 00 5o (X s (2, Vip i (0, €)), €))" .
k=1

But, the quadratic form ££' vanishes in TgS”_l. Therefore, Dgn_l(o S)SJ(x,f,t) is the
restriction to T¢gS"1(0, s) of

(X Ve, V(. 6) — ) - égd

3L
_Z/Om DeB, 1 50 (X (2, Vip 1 (2, €)), &) (DeBay 1) 500 (X (, Vip s (2, €)), €)Y .
k=1

And as the matrices

Dgasckwj(s) (X_S(.%', V@J(x7 5))7 5) (DﬁakaJ(S) (X_S($, VLPJ<$7 f))7€)>t

are positives, and according to (8.3.14), we get the last part of the statement. O

8.4. Proof of the main result

Let K > 0. By the previous section, the function

_1 - J,x FileT @IEl—teN /b k
@)= gm ey [ > ul w6 (Fin/ €] e

+ Jez
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8. The case of the wave equation

satisfies the approximate equation
02u — Au = (Th)K %h L ZZ / OwlE (x, ,€)eF@T @OIE-1E)/R|e| K ge
JeT

with data
(u(0), Byu(0)) = (37, x» 0).

By the Duhamel formula, the difference from the actual solution, that is from cos(tv/—A)dY
is bounded in H™ norm by

CxhF=txlt] sup SN OwpE (s, )T GOSN
s€[0,t].€€[a0,60] "X je7

So, for 0 <t < ¢|loghl

(cos(t\/I)(sy) (z) = Sk (z,t) + Ry (w, 1) (8.4.1)
with
Sk (@) 27rh (2nh)l ZJZI/ (2,1, €)e T @O/ (in /¢ Fde  (8.4.2)
and

IRkl < |log X~ sup > " DwlE (-, 5, €)eFileT COIHEN/AY o (8.4.3)
8+ Jez

The remainder
We first deal with the remainder term Ry . Let us denote
WiE (2,5,€) = Owipet (-, 5, €) (65 (O -eD/n

Notice that, by construction of the wyg’s, w;cl is supported in a set of diameter (C + t).
Therefore, using Proposition 8.17, Proposition 8.10 and the derivative of a product we get:

SN WEE e £ O+ )2 3 0™ WiE e < Cr(L+8)2h™ " p- @K tmee
JeT JeET JeT

and thus, by the Sobolev embedding H? < L> and (8.4.3)
IRk 1= S Ci|log h|RK =241 + 1) 2h=CK+D| { ] € T, st wie_y # 0} .
By Proposition 8.14 we get in the same way as in [Lafl7b]

[{J €T, stwj_ #0}| S (1+1), (8.4.4)
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8.4. Proof of the main result

and therefore .,
||RK||L°° < CK| log h|hK(1—2ce)—d(2+ce)(1 + t)g—i-l (8.4.5)

Thus, for 0 <t < ¢|logh|
IRk e < Okl logh’%+1hK(172ce)fd(2+ce) < O (1=200)=d(14c)~1
We take ¢ > 0 small enough so that 2ce < % and we get
| Ricllz < Creh 2241

Let us now fix K large enough so that

K d+1
S o3d-1>-""— 41,
2 2

Then, as 0 <t < €|log h| is equivalent to h < e~ ¢, we obtain

IRkllL= < Cxh™"F e e, (8.4.6)
for 0 <t < e|logh].
The free wave J = ()
Let us denote
K .
Sk(@:t) = G 2 / > (Fih/1E]) wp (w, 8, €)e T (EEFHED hge
+ k=0

the free part of the wave, and
Sk = m i 2 2 / Zw"i (,£,€)e¥i(5 EOIIED/A (i /e,
+ |J>1
the reflected waves, in such a way that
Sk = 8% 4+ St

Note that S?( is simply the approximate expression of the solution of the wave equation
with data (0Y,0), in the free space:

SY (2, 1) = (cos(t —Ao)ay) (z) + R (z, 1)
where A( denote the Laplacian in the free space and by the Duhamel formula, for 0 < ¢ <

€|log h|
IR |[m < B5?|log b Sup 10w’ (-, 5, )| sm
87
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8. The case of the wave equation

The usual dispersive estimate for the waves in the free space gives, by the frequencies

localization of &Y )
| cos(t/—20)0Y| S~
Ttz

and thus dealing with RQIJ( as we did for Rx we get

1
Ky < ——F——, for0 <t <e¢|loghl. 8.4.7
K d+1 d—1

h=2 t 2

The reflected waves |J| > 1
According to Proposition 8.18, the parts
d(X (2, VeT),y) <n

enjoys a rapid decay and we thus have

Sk = 27Th To-1\d guz / (x,t f)eq:l(ﬂoj(w E)IEl- t|§\)/h1 a(x *|J|(x,chfJ':),y)zn(:Fih/’E‘)kdé
J|>1
+ > 0h™).
|J|>1

Note that, by (8.4.4), the O(h*) part does not contribute. We write the remaining part
of S} as, illegitimately omiting 1d(X,|J‘($ V) m)=n for the seek of lisibility:

Sicla,t) = deZ / Zw (1,1, £)eTHeT CEEI=HED/n i ) g

+ JeT
Qﬂ-h (27h)4 ZZ/ /§ (z,t,&)eT (07 (@ &)IEl— HeD/h( ik /)R deds.
+ JeT S=ao _Sk 0

According to Proposition 8.18, we can perform a stationary phase on each sphere {|{| = s},
for each term of the sum ) ZMN, up to order h¥o. We obtain, as the sphere is of
dimension d — 1, for t > 0

S}"{(x,t) Z Z/ e:Fz goJ (z,s5(t,x))s— ts)/h(:F’Lh/8>k J:I:(t Hf)d
+,J€T k=
1 d—1 J+
+Wh 2 Z / Ry on (2,1, s)ds

+,JeT

+ (27Th d Z / Z wk Z, t f)e:ﬁ @J 75)'6‘ t‘5| /h(:Flh/’ﬂ)kdg (848)

+,JeTY k=ko+1
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where for 0 < k < kg, the term ﬁ)g’i is a linear combination of

D?kwbj’i(t, x,s5(t,x,s)), Dz(kfl)w‘l]’i(t, x,s5(t,x,8)),..., wk‘]’i(t, x,s5(t,x,s)),
where s;(t,z,s) is the stationary point of the phase on the hypersphere {|{| = s} and
R;]t’f)h. is the remainder involved in the stationary phase. Then the proof proceed as in
[Laf17b], Section 5, and we obtain in the exact same way, combining the decays estimates of
Proposition 8.17 with the informations on the temporal support of w” given by Proposition
8.14, for e > 0 small enough depending only of «g, By and of the geometry of the obstacles,
for 0 <t < e|logh| and x € Suppyp :

Z ’wii’ < Ckh_%e_“t, 1<k<K-1,

JET
J+ _
Z |w0 ‘ S € Ntv
JeT
1
> IDFw | < Cphmze Y 1<k < K,
JET

Jt _
YRGS et
JeT

for some p = p(e) . Therefore we obtain, taking ko = [%], for some v > 0 depending
only of «ag, By and of the geometry of the obstacles

oS (z,t)| Sh~F e for 0 <t < e|loghl. (8.4.9)

Conclusion

Thus, collecting (8.4.1), (8.4.6), (8.4.7) and (8.4.9) we get
1
’XOCOS(t\/ —A)(Sgh N| S TAFl d—1 for 0 S t S €| 10gh|
" h=tz

That is (8.3.7). Thus, theorem 8.1 is proved by the work of reduction of the previous
sections.
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The exterior of many convex obstacles

0.1. Introduction

Let (M, g) be a Riemaniann manifold of dimension d. We are interested in the Schrédinger

i0u — Agu =0 (9.1.1)
u(0) = ug
and wave equations on M
2 — =
Oiu—Agu=0 (9.12)
(u(0), 9ru(0)) = (f,9),

where A, denotes the Laplace-Beltrami operator. A key to study the perturbative theory
and the nonlinear problems associated with these equations is to understand the size and
the decay of the linear flows. One tool to quantify these decays is the so-called Strichartz
estimates

lull oo myer oy < Cr (lluoll s + luall goei) » (Waves)

lull Lao,ryrr(ary < Ot lluol| 2, (Schrédinger)

where (p, q) have to follow an admissibility condition given by the scaling of the equation,
respectively

1,d_d_ 1 d-1_d-1
qg r 2 s’q 2r — 47
2 d d

-4+ —-—== d 2 2
q+r 27 (Q7r7 )#( , 00, )7

for the Schrédinger and wave equations.

These estimates have a long story, beginning with the work of [Str77] for the p = ¢ case
in R”, extended to all exponents by [GV85b], [LS95], and [KT98]. For the wave equation
in a manifold without boundary, the finite speed of propagation shows that it suffices to
work in local coordinates to obtain local Strichartz estimates. This path was followed by
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9. The exterior of many convex obstacles

[Kap89], [MSS93], [Smi98], and [Tat02]. The case of a manifold with boundary, where
reflexions have to be dealt with, is more difficult. Estimates outside one convex obstacle
for the wave equation were obtained by [SS95], following the parametrix construction of
Melrose and Taylor, which give an explicit representation of the solution near diffractive
points, and for the Schréodinger equation later by [Ival0)].

The first local estimates for the wave equation on a general domain where shown by
[BLPO8] for certain ranges of indices, then extended by [BSS09a]. These estimates cannot
be as good as in the flat case : [Ival2] showed indeed that a loss have to occur if some
concavity is met, because of the formation of caustics. Recently, [ILP14a] and [ILLP]
obtained almost sharp local Strichartz estimates inside a convex domain.

One obstruction to the establishment of global estimates without loss are trapped
geodesics. Under a non trapping assumption, such estimates were established for the
wave equation by the works of [SS00], [Bur03] and [Met04]. For the Schrodinger flow
in the boundary less case, [BT07], [Boull], [HTWO06], [ST02] obtained the estimates in
several non-trapping geometries.

When trapped geodesics are met, [Bur04] showed that a loss with respect to the flat
case have to occur for the wave equation in the global L? integrability of the flow, and his
counterpart, the smoothing estimate, for the Schrodinger equation:

1O XOew)l| Lo s xgra—1y S Mol grs + luall gro—n (Waves),

Il 2 g2y S luollz (Schradinger).

Despite this loss in the smoothing estimate, [BGH10] showed Strichartz estimates with-
out loss for the Schrodinger equation in an asymptotically euclidian manifold without
boundary for which the trapped set is sufficiently small and exhibit an hyperbolic dy-
namic.

Following this breakthrough, we recently proved in [Lafl7b, Lafl7a] global Strichartz
estimates without loss for Schrodinger and wave equations outside two strictly convex
obstacles, exhibiting in the boundary case the first trapped situation where no loss occurs.
The goal of this paper is to extend this result to the case of the exterior of N > 3 convex
obstacles, which is in many aspects a counterpart with boundaries of the framework studied
in [BGH10] .

In this N-convex obstacles setting, there is infinitely many trapped rays. Therefore,
there is a competition between the large number of parts of the flow that remain trapped
between the obstacles and the decay of each such part. For a sufficient decay to hold, this
competition has to occur in a favorable way. This is the so called Ikawa condition:

Definition 9.1 (Ikawa condition, 1: strongly hyperbolic setting). There exists & > 0 such
that the following condition hold

D Aydyet® < o (9.1.3)
yEP

Here P design the set of all primitive closed trajectories, d., the length of the trajectory
v and Ay = \/pypl, where g1, and ,u’7 are the two eigenvalues modulus smaller than one of
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the Poincaré map associated with . This condition was first introduced by [Ika82] when
investigating the decay of the local energy of the wave equation. Notice that it is the
analog of the topologic pressure condition arising in [BGH10]. It is, for example, always
verified for two obstacles, or for N obstacles if their are suffisently far away from each
other.

We will moreover suppose the second part of the Ikawa condition to be verified, namely,
denoting by ©; the obstacles:

Definition 9.2 (Tkawa condition, 2: no obstacle in shadow). For all 7, j, k pairwise distinct,
COHV(@i U @]) N, =0. (9.1.4)

At the difference of the first one, and excepting the degenerated situation where a
periodic trajectory is tangent to an obstacle, this condition may be purely technical (it
permits to construct solutions without been preoccupied by the shadows induced by the
obstacle) and should be avoided with a more careful analysis.

We are now in position to state our result.

Theorem 9.3. Let (0;)1<i<n be a finite family of strictly convex subsets of R®, such that
Tkawa’s conditions (9.1.3) and (9.1.4) hold, and 2 = R3\ 1<U<N ©; . Then, under the

non-endpoint admissibility conditions:

1 3 3 1 1 1
§+;:§—8,6+;§§7Q#007 (Waves)
2 3 3 oo
i 3 (q,7) # (2,6), (Schrodinger)
q T

global Strichartz estimates without loss hold for both Schridinger and wave equations in £

lull Lar,zr)) S lluoll s + llutll s, (Waves)

lullLar,zr ) S luollp2- (Schrodinger)

Overview of the proof

We generalize the approach introduced in [Lafl7a, Lafl17b].

As we dealt with the Schrodinger equation outside two convex obstacles in [Lafl7b]
and showed in [Lafl7a] how to adapt the work to the wave equation, the main novelty of
this note is how to handle the N-convex framework, and therefore we present a detailed
proof of our main result in the more intricate case of the Schréodinger equation, and briefly
explain how to adapt it to the wave equation with the material of [Lafl7a] in the last
section.

In the flat case, the smoothing estimate permits to stack Strichartz estimates in time
~ h for data of frequency ~ h~! to show global estimates. As remarked in [BGH10],
the logarithmic loss can be compensated if we show Strichartz estimates in time h|log h|
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9. The exterior of many convex obstacles

instead of h near the trapped set, provided a smoothing estimate without loss in the
non trapping region is at hand. Therefore, our first section is devoted to prove such an
estimate, using a commutator argument together with the escape function construction of
Morawetz, Raltson and Strauss [MRS77]. We then show that we can reduce ourselves to
data micro-locally supported near trapped trajectories, and that remain in a neighborhood
of it in logarithmic times. We extend to the N-convex framework the construction of an
approximate solution for such data done in [Lafl7a, Laf17b] following ideas of [[ka88, Tka82]
and [?], and finally, we show that under the strong hyperbolic setting assumption (9.1.3),
this construction gives a sufficient decay.

Notations

e We denote by K € T*Q U T*0Q the trapped set, which is is composed of infinitely
many periodic trajectories,

e and by P the set of all primitive periodic trajectories, that is, followed only once,

o the operator ¢)(—h?A) localizes at frequencies |¢| € [agh™!, Boh 1], we refer to [[val0)
for the definition of this operator,

o the set Z is the set of all stories of reflexions, that is all finites sequences (ji,- - , jk)
with values in [1,---, N] such that j; # jit+1,

» moreover, we will adopt all the notations introduced in [Lafl17b]. Let us in particular
recall that

O, T*QUTHIN — TFQU TN

denotes the billiard flow on Q: ®(z, ) is the point attained after a time ¢ from the

point x in the direction é—| at the speed [¢|, following the laws of geometrical optics,

« finally, let us recall that the spatial and directional components of ®; are respectively
denoted X; and =;.

9.2. Smoothing effect without loss outside the trapped set

Let us recall the smoothing effect with logarithmic loss obtained in [Bur04] in our frame-
work of a family of strictly convex obstacle verifying Ikawa’s condition:

Proposition 9.4. For any x € C°(R?) and any ug € L*(Q) such that ug = ¥(—h?>A)ug,
we have
. 1
X2 uo]| (g g2y S (log hl)E o | 2. (9.2.1)

The aim of this first section is to prove a smoothing effect without loss outside the
trapped set:
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9.2. Smoothing effect without loss outside the trapped set

Proposition 9.5 (Local smoothing without loss in the non trapping region). Let ¢ €
C(R3 x R3) be supported in the complementary of the trapped set, K¢. Then we have,
for ug = Y(=h*A)ug

10pw()e ™ ug| o 2@y < Iluoll 2. (9.2.2)

Proof. We will use the same strategy as in [BGH10] lemma 2.2, adapting the proof in the
case of a domain with boundary. Notice that, for any operator A,

(Au, u) (T) — (Au, u)(0) = /0 ' /Q A, Alu, ) + /O ! /d (A, 0,0). (9.2.3)

Thus, if we find an operator A of order 0 such that [iA, A] is elliptic and positive on the
support of ¢ and such that the border term

T
B:/ / (Au, Opu)dodt
0o Joo

is essentially positive, we shall obtain the desired estimate.

Notations

If b € C®°(R? x R3) is a real symbol such that b > 0, and b > « on U, we use Garding
inequality on symbols of the form
b—a— >y,
(sup |al)

where a € C2°(R3xR3) is supported in U. Notice that we have Opy,(aa) = Opy,(a)Opy,(a)*+
O(h).

Moreover, we will denote, in this section and this section only, ® for the operator
associated to ¢.

The symbol of A at the border as an operator acting on Schrodinger waves

We perform the semi-classical time change of variable to write:

hT
B=h! / /6 (A 0), 0, (o)
0

We use the strategy of [MRS77] to derive the symbol of A at the border as an operator
acting on Schrodinger waves. Let us consider A as an operator acting on 92 x R. Notice
that, because 02 x R is nowhere characteristic for the semi-classical Schrédinger flow,
there exists an operator @ of order zero such that for any semi-classical Schrodinger wave
v

AU|6Q><]R = Q(@n ) (924)
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9. The exterior of many convex obstacles

Let ¢ be the symbol of this operator. Let (zo,t0) € 02 x R and (1, 7) € T(4,+,) (902 x R).
We denote by 1+ the two distinct solutions of the Eikonal equations
V(@) = -,
Y+(x) = 2 -1 on 0,

that are well defined in a neighborhood of xy as soon as 7 — n? > 0: indeed, extending n
in a small neighborhood of the border, one can always take

Yy =x-n+\T—1n?n.
For A > 0, consider, extending 0,1+ in a neighborhood of zy in Q
AW +ET) iAW +t7)
(i)‘)(anw—l- - 8n¢—) ’
which is solution of an approximate semi-classical Schrodinger equation
i0vy — A Avy = O\,
vy = 0 on 00.

U\ =

verifying, in a neighborhood of zg in 0O

Opvy = AN EIHT)

But, the principal symbol of @) can be computed as

— i —iX(zo-n+to-T) iX(xn+iT) ¢
Jim_e Qe ) (2o, to)

q(xo, to,n, T)

= lim e~ H0NQ(5,03) (0, to)-
A—ro0

By the Duhamel formula, the difference between vy and the solution of the actual equation
w) is bounded in a neighborhood of (xg,ty) by

lwx —val SATH

therefore, we can replace vy by wy, which is an exact Schrodinger wave, in the limit and
make use of (9.2.4) to get:

q(xo, to,n,7) = lim e~ AE MO0, ) (20, o)
A—00
= lim e AT Ay ) (o, tg) = lim emAETHOT) A(0y) (9, 1)
— 00

A—00
_ <a<x,dw+> — a(z, dy_)
2(3n1/)+ - ani/),)

) (o, o).

And we conclude that, this computation being valid for 7 —n? > 0

~ (alx0,&4) — a(wo,&-)
oo = (EEGIES).

€ =1+ /T —12n(z). (9.2.6)

Notice that &4 is a pair of reflected rays.

(9.2.5)
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9.2. Smoothing effect without loss outside the trapped set

The escape function

Let (y,n) ¢ K. The generalized broken ray starting from (y,7) is composed of a finite
number of segments, thus, the construction of [MRS77], Section 5, holds to construct a
ray function starting from (y,n), that is, a function py satisfying

po(z,&) — po(z,&)
E—€&) n@) =

é' va(maé) > 07

and .
po(y,n) — po(y,n’)

(n—=n')-n(y)
Therefore, by compactness, we can construct a function a such that

a(m,f) — a’(x’gl)

> 0.

n-Vpo(y,n) >0,

¢-Va(z, &) >0, €— &) nx) >0 (9.2.7)
-Va(z a(@,€) —a(x,€) on su
¢-Va(z,§&) >0, €—€) n) >0, on V DD supp ¢. (9.2.8)

Finally, notice that, because the construction of [MRS77] follows the rays and because the
trapped set is invariant by the flow, we can construct a in such a way that

a = 0 near K. (9.2.9)

Remark that, as in [MRS77], such an a can be approximated by a polynomial in order to
justify the above integration by parts.

A first estimate

Let 6 > 0. Because of (9.2.7), (9.2.5), ¢ is real-valued and positive on {r — n? > 0},
therefore, there exists ¢ > 0 small enough so that, on {7 — n? > —e} we have, with the
notations of (9.2.5)
%ea(@“o,@r) — a(zo, &)
(&+ — &) - n(wo)

> —§/2. (9.2.10)
and, for |a| <2(d+1)=38

|Sm 82 a(wo,§+) — a(wo,§-)

PEET (6 — €2) - n(z0)

Now, let x be positive and supported in {7 — 7% > —2¢} and such that y = 1 in {7 —n? >
—e}. We decompose a as the sum

| <6/2 (9.2.11)

a=xa+ (1-x)a.

Note that (1 — x)a is supported away from the characteristic set { = 7%} of the semi-
classical Schrodinger flow. Therefore,

0P, ((1 = x)a)ull o mxa) = O(h™)||uol| L2,

161



9. The exterior of many convex obstacles

and using a trace theorem

T
B— / / (RO (€ u0)), B (e ug)ydordt + O(h)|uo|| o,
0 o0

where R = Op(xa). Notice that a pair of reflected rays share the same norm, therefore,
by (9.2.5), the symbol of R is

a(x0, &+ (0, 7)) = a(x0,€ (1, 7))
T(l’o,to,?’],T) = X(777T) ( )
(5-‘!—(777 7—) - 5— (777 T)) : n(x(])
Ex =n+ 17— n?n(xo).
Therefore, by (9.2.10), (9.2.8) and (9.2.9), we can use the Garding inequality for the real
part, the Calderon-Vaillancourt theorem for the imaginary part in order to write

T
B>-§ /0 /8 Budodt = ccuallxoull e + Ol (9212

where ¢ € C2°(R3xR3) is supported in K¢ and ¢ = 1 on the support of ¢, and y, € C(R3)
is such that x; = 1 on 0f).

Moreover, by the same procedure as in [MRS77], we may suppose that for |x| > R > 1,
a is given by a(z,§) = hx-§. Let xgr € C2° be such that xg = 1 on {|z| < 2R} and xg =0
on {|z| > 3R}. We decompose

[ i A = [ (i A )

Q

+ /Q (i, Alxru, (1 — xg)u) + /Q (A, A(1 — xr)u, xru)

+ /Q([iA,A](l = xn)u, (1 = XR)u).

Because the commutator is truly non-negative for functions supported in {|z| > 2R}, the
last term is non-negative. Moreover, the integrand of both intermediate terms are sup-
ported in {2R < |z| < 3R}. Therefore, taking R large enough, the long-range smoothing
estimate, which is for example a consequence of the long-range resolvent estimate of Car-
doso and Vodev [CV02] by the procedure of [BGT04a], allows us to control them:

| /R /Q (i, Al (1 — xa)u) + {62, AL — xr)u, xru)|

S Ixullpzge S lluoll L2,
where x € C2° is equal to one in {2R < |z| < 3R} and supported in {|x| > R}. Finally,
by the Garding inequality again, using (9.2.8):

T
/ / (A, Alxru, xaw) > Cllul| 2/ — caaallxrill 20, (9.2.13)
0 Q

Thus, combining (9.2.3), (9.2.12), and (9.2.13), using the trace theorem and controlling
the lower order terms with the estimate with logarithmic loss we get

[@ull ogg1/2 < Cluoll 2 + 6l1Bull 2 gra2) + COR™). (0.2.14)
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9.2. Smoothing effect without loss outside the trapped set

Iteration and conclusion

To conclude, we would like to take 6 > 0 small enough and iterate (9.2.14). In order to
~ = ~(k)
do so, we have to take care of the potential dependency in ¢, ¢,¢,..., ¢ ,--- and § of
~(k)
the constants appearing in this estimate. Let us first remark that we take all the ¢ in
a given small neighborhood of the support of ¢ - this neighborhood is a subset of V' of

(9.2.8). Thus, there exists A > 1 such that, for o + 3| < N

~(k)
1028 & [l < AF.

Therefore, the Garding constants cgarq in (9.2.12), (9.2.13) at the k-th iteration can be
taken as A*. Moreover, by (9.2.8), & - Va is bounded below by a constant C' uniformly
~(k)
on the support of all the ¢ , so we can choose the same constant C' in (9.2.13) at all
iteration. Finally, the O(h®°) term depends only of 4.
Therefore, we can precise the constants in (9.2.14) at the k-th iteration:
~(k) A ~(k+1)
| @ ullp2pr/e < (C+ A%)|ugl|p2 + C8l| @ ullp2p1/2 + C50(R™),

where C and A have no dependencies in k and 6 and Cy depends only of §. Thus we get

1 — (C&)FL  (CSA) — (CSA)RFT
[oull e < |02 00 + A= s
~(k+1) 1 — (C§)+1
+(CH¥| @ ullpapre + C’(g#O(hoo)
1-C6§
1— (CoOFL  (CSA) — (CHA)kF!
<
= {C -5 1-coA luoll.2
1— (C5FHL -
(OO xoularmne + OO 0()
where o is compactly supported. We fix § small enough so that C§A < 1 and let k go to
infinity to obtain the result. O

Remark 9.6. Notice that the exact same proof holds for any arbitrary domain for which
a smoothing estimate with logarithmic loss holds. Moreover, as remarked by [DV13],
we can iterate such a proof and therefore it suffices to assume a smoothing estimate with
polynomial loss. More precisely, we initiate the argument controlling the lower order terms
by the smoothing estimate with polynomial loss, and then iterate the proof and control
the lower order terms by the previous estimate at each step, until we reach h°. Thus we
obtain the more general:

Proposition 9.7. Let Q be such that the following smoothing estimate with polynomial
loss holds: there exists k > 0 such that for all x € C2(RY) and all ug € L* such that
ug = Y(—h2A)ug, we have:

HXe_itADUO||L2(]R,H1/2(Q)) S h7 ol 2.
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9. The exterior of many convex obstacles

Then, a smoothing estimate without loss holds outside the trapped set IC: that is, for all
¢ € C°(R3 x R3) supported in K¢, we have

10, (D)™ 2Puol| Lo pri/2(y) S lluoll L2

9.3. Reduction to the logarithmic trapped set

Because of Proposition 9.4 and Proposition 9.5, the exact same proof as in [Lafl7b],
section 2, show that the following proposition implies our main result for the Schrédinger
equation:

Proposition 9.8 (Strichartz estimates on a logarithmic interval near the trapped set).
There exists € > 0 such that for all ¢ € CP(R3 x R?) supported in a small enough
neighborhood of I, we have

| Opy (8)e 2P 1p(—h? A)ug|| 1o (0 el 10g )y za(2) < Clluollze- (9.3.1)

Notice that, by a classical TT* argument, Proposition 9.8 is a consequence of the fol-
lowing pointwise dispersive estimate:

| A A (—h2A)A*|| 100 < (hE) 732, VO < t < €| log bl (9.3.2)

~

where we denoted, here and in the sequel of this section

A := Opp(¢)

in the sake of readability.

Thus, the rest of the paper will be devoted to prove such an estimate. The aim of this
section is to show that we can reduce ourselves to data micro-locally supported to the
points that remain near the trapped trajectories in logarithmic times. In order to do so,
we first need to generalizes some properties of the billiard flow shown in [Lafl7b]:

9.3.1. Regularity of the billiard flow

We first need the following lemma, where we denoted by Wian,, an n-neighborhood of the
tangent rays:

Lemma 9.9. There exists n > 0 such that any ray cannot cross Wigy, , more than twice.

Proof. If it is not the case, for all n > 0, there exists (x,,&,) € K x 82, where K is a
compact set strictly containing the obstacles, such that ®.(zy,&,) cross Wtan’ 1 at least
three times. Extracting from (x,,§,) a converging subsequence, by continuinty of the
flow, letting n going to infinity we obtain a ray that is tangent to U®, in at least points.
Therefore, it suffices to show that such a ray cannot exist.

Remark that, because of the non-shadows condition (9.1.4), if (z,&) € Wian, if we
consider the ray starting from (z, &) and the ray starting from (x, —¢), one of the two do
not cross any obstacle in positive times. But, if there is a ray tangent to the obstacles in
at least three points, if we consider the second tangent point (zg,&p), both rays starting
from (xg,&p) and (9, —&o) have to cross an obstacle, therefore, this is not possible. O
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9.3. Reduction to the logarithmic trapped set

Together with lemma 3.2 of [Laf17b], which gives the (Ho6lder) regularity of the billiard
flow near tangent points for a domain with no infinite order of contact points, we obtain,
with the exact same proof as in this previous paper - the only assumption made been
which given by lemma 9.9:

Lemma 9.10. Let V be a bounded open set containing the conver hull of US;. Then,
there exists p > 0, C > 0 and 7 > 0 such that, for all x,2 € V, all £,& such that
€1, 1€'] € [, Bol, for all t > O there exists t' verifying |t' —t| < T such that

d(@t’(fﬁ g)? ét’(x7 5))) < Ctld((iv ‘5)7 (ZC, f))u (9-3-3>

Remark 9.11. It is crucial, in the proof of this previous lemma, that a ray cannot cross
Whan,, infinitely many times: indeed, regularity is lost at each tangent point. Therefore,
in the case which does not enters the framework of Ikawa condition, 2: no obstacle in
shadow of a trapped ray which is tangent to an obstacle, this proof does not hold, and
we do not know if such a regularity of the flow is true. As this regularity is crucial in the
sequel, we think that this “non shadow” condition may not be only technical, at least in
the degenerated situation previously mentioned.

Finally, let us remark that

Lemma 9.12. Let § > 0 and Ds be a §-neighborhood of P. Then, for all compact K,
®i(p) — o0 as t — Loo uniformly with respect to p € K N DS.

Proof. 1t suffices to prove that the length of all trajectories in K N D§ are uniformly
bounded. If it is not the case, there exists p, € D§ N K such that

lenght {®¢(pp) }y>9 N K —> +00

as n goes to infinity. Up to extract a subsequence, p, — p* € D§. Necessarily,
lenght {®¢(p*)};50 N K = oo, thus p* € P, this is not possible. O

Lemma 9.13. K is closed.

Proof. Let p, € K, pp, —> p. There exists A > 0 such that for any ¢, d(7,P¢(py), Ops) < A.
7, P¢(-) been continuous for any fixed ¢, it suffices to pass to the limit n — oo in the
previous inequality to obtain p € K. O

9.3.2. Reduction of the problem

We now show that we can reduce ourselves to points that remain near trapped trajectories
in logarithmic times Ty < t < €|log h| in order to prove the pointwise dispersive estimate
(9.3.2) in times [T, €| log h|]. In contrast to [Lafl7b], where we used a translation argument
in the spirit of [Ival(], we are here inspired by [BGH10].

Let § > 0. By lemma 9.13, the projection on R3 x §? of the trapped set is compact, thus
there exists a finite number of phase-space segments (Sg)i1<r<n, , Sk = s x RE, C T*Q,
s; been a segment of R3, such that C is contained in a d-neighborhood of US). The small
quantity 0 > 0 may be reduced a finite number of time in the sequel.
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9. The exterior of many convex obstacles

We will now define a microlocal partition of unity (Il). Let py € C5°(T*Q2), 0 <pp <1
be a family of functions such that py is supported in a neighborhood Wy of Si and

Z pr = 1 in a neighborhood of K.
1<k<Ns

Let us define
Iy = Opy(pr), Y1 < k < Ns.

Now, let xo € C*®(R3) , 0 < xo < 1 such that g is supported sufficiently far from ConU©;,
and equal one far from the origin. Notice that any broken bicharacteristic entering the
support of xq from its complement remains in it for all times. We take
o = xo0
and let
M =0p, [1-x0— > &
1<k<Nj

I1_; is defined in such a way that his symbol verifies
d(Suppp-_1,K) > di >0,
therefore, by lemma 9.12, there exists Ty > 0 such that
7@ (Suppp—1) C Suppxo, V[t > To.

Now, let 7 > 0. It will be fixed in the sequel. In the spirit of [BGH10], we decompose
T = (L —1)T + s, where L € N and s¢ € [0,7). We have

. . . L—1 . .
ezThA _ eztSOA (6zThA> ’ em—hA — em—hA Z Hk
~1<k<Nj

and thus
e'LThA — § : eltSQAHkL 6”hAHkL71 . Hkl 627'hA7

k=(k1, kL)

where the sum is taken over all multi-indice k € [—1, N5]*. Let us remark that, because
the wavefront set of the semi-classical Schrodinger flow is invariant by the generalized
bicharacteristic flow, denoting

oK = AeitsoAHkLei‘rhAHkL_l . Hk1 €iThA'¢(—h2A)A*,

it holds that
Tzp € Suppo,
p € Why(ox) = { ®j-(p) € Suppq; V1<j<IL, (9.34)

7 P7(p) € Suppe.

Thus we have
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9.3. Reduction to the logarithmic trapped set

Lemma 9.14. Let k € [—1, N5|L. If there exists 1 < j < L such that k; =0 or k;j = —1,
then ok = O(h*°) as an L' — L™ operator.

Proof. As remarked in [BGH10], by virtue of Sobolev embeddings it suffices to show that
ok = O(h*™) as an L? — L? operator, thus has null operator wavefront set. Let us
suppose first that there exists j such that k; = 0. We choose j to be the the first such
indice. Suppose that p € WF}, (o). There exists tg € [(j — 1)7,j7] such that the spatial
projection of ®;-(p) enters the support of x¢ from its complementary, thus it does not
leave it. Therefore 7, ®7(p) € Suppyy, this is not possible. Thus W F},(oy) = 0.

Now, suppose that there exists j € [1,L — %] such that k; = —1. Let p € WFj(ok).
®;-(p) € Suppll_q, hence

7o ®jr41(p) € Suppxo, Vt > To,

and we are reduced thus to the previous case. In the same way, we exclude j € [, L]
using the property for all t < —Tj. O

+|logh|

But, as the k-sum contains at most (N5 + 2) — that is, a negative power of h —

terms, we have

> 0(h*) = O(h™),
k
and therefore we deduce from the previous lemma that, as an L' — L> operator

AeThBp(=R2A)A* = > o+ O(h™).
k,k;j>1

Now, we will choose 7 > 0 small enough given by the following lemma:

Lemma 9.15. For all § > 0, there exists T > 0 small enough so that, for every trajectory
v € P, we have

d(p,v) <6, d(®(p),7) <6 = Vt €[0,7],d(P(p),7) < 30.
Proof. Let p realizing the distance from p to v. We denote
to=inf{t >0, s.t. m.P:(p) € O}, to = inf{t >0, s.t. 7, P:(p) € O}.

We assume that, for example, £y > ty. Notice that, by the proof of lemma 9.10 from
[Laf17b], we have
vt € [0, 7]\ (to,t0), d(P:(p),Pi(p)) < C70.

Moreover, for ¢ € [tg, to],

d(®:(p), Be(p)) < d(Pi(p), Pey(p)) + d(Pry(p), iy (p)) + d(Piy (p), Pe(p)),
but, as {(q)t(p)}te[to,fo] and {(Cbt(ﬁ)}te[tofo] are straight lines

d(®:(p), Pty (p)) < [t — tollmepl < 700,

167



9. The exterior of many convex obstacles

and similarly for p. Therefore

d(®(p), ®¢(p)) < 2760 + C70.
We take 7 > 0 small enough so that 275y < ¢ and C7 < 2 and we get the result. 0

The segment Sy, joins the obstacles ©,; and ©j;. Choosing § > 0 small enough, by
(9.3.4), ok is not O(h) only if, for all j

(a; = ajq1 and bj = bjq1) or (ai+1 = bj).

that is, only if v« = Sk, 0 Sk, 0 --- 0 S, is a trajectory. Let, if it is the case, Ji be
the corresponding story of reflexions. We extract from Jy the primitive story Iy, that is,
Jx = Iy + r, Ix been primitive.

We now introduce the trapped set of an open subset in time 7"

Definition 9.16. Let D be an open subset of (T*QUT*0Q) N{[¢| € [ao, Bo]} and T > 0.
We define the trapped set of D in time 7', denoted 77 (D), in the following way

p€Tr(D) < Vte[0,T], ®r(p) € D.

Let us denote by Dy, s a d-neighborhood of v N {|¢| € [ao, fo]}. For I a primitive story
of reflexions, let g; 7 € C§° be such that

qLT = 0 outside 7}(D[745), qI,T =1in 7-T(D[735), (9.3.5)

and denote

Qf := Opy(arr)-
We have, by (9.3.4) and the choice of 7 > 0 permitted by lemma 9.15

oKk = O'kQ}; + O(hoo).
Now, remark that for I a primitive story of reflexions
AT Y (PN ATQT = )y oxQT +O(h™),
Kk, =1
and therefore we recover
> ATAY(=PA)ATQT = AT P(—RPA) AT + O(h™).
I primitive
Let us finally remark that for 7' < €|logh|, we have h < e_%, thus the O(h™) term

verifies the dispersive estimate. Therefore, we have proven that:

Lemma 9.17. If the following dispersive estimate holds true

I ST AT p(—n2A)A*QY || e S (WT) 73, YTy < T < e|loghl,

I primitive

then the dispersive estimate (9.3.2) is true in times [Ty, €| log hl].
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9.4. Construction of an approximate solution

9.3.3. Times 0 <t < 7T}, and conclusion of the section

Finally, notice that the construction of Q? does not depend of ¢. We choose ¢ supported
in a small enough neighborhood of K so that, in times 0 < ¢ < Ty and for [£| € [0, Bo),
the bicharacteristic flow ®;(p) starting from p has only hyperbolic points of intersection
with the boundary. But, for such points, we can use the parametrix construction of Ikawa
[Tka82, Tka88], adapted to this problem in [Lafl7b] and explained in the next section in the
N-convex framework to show that the dispersive estimate holds true in times 0 <t < Ty,
with a constant depending on Tp: indeed, the flow can be written as a finite (depending
on Tjp) sum of reflected waves, each of them verifying the dispersive estimate.

Thus, by lemma 9.17, we are reduced to show the following dispersive estimate in order
to obtain our main result, namely, we have

Lemma 9.18. If the following dispersive estimate holds true
IS ATy (—h2A) A QT 11—y p S (WT)72, VI < T < €|loghl,  (9.3.6)
I primitive
then Strichartz estimates of Theorem 9.8 hold true for the Schrédinger equation.

where the symbols of Q? were defined by (9.3.5). The sequel of the paper is devoted to
doing so.

Let us remark that, with the same proof as in [Lafl7b], we have, as a consequence of
lemma 9.10,

. 1 . .
d(Tr(D)¢, Tr(D)) > Ze—ch(DC,D), vDC D
and therefore q}r can, and will be constructed in such a way that, for 0 < T < €|log h|

|Oagf | S B2 (9.3.7)

9.4. Construction of an approximate solution

9.4.1. The microlocal cut off

We will use the reflected-phase construction of [Ika88, Ika82] and [Bur93]. It is summed
up in [Lafl7b], let us recall that ¢ is the reflected phase obtained from ¢ after the story
of reflexions J.

According to [Bur93] (remark 3.17’) there exists M > 0 such that if J € Z, J =rl +1
verifies |J| > M, and ¢ verifies (P), ¢ can be defined in U;7S. We choose § > 0 small
enough so that, according to the construction of the previous section

Disc |J upy,
[t<|I]—-1

moreover, we will take Ty > 289M.
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9. The exterior of many convex obstacles

Let us recall that we are reduced to show the following dispersive estimate:
I ST ATy (—h2A) A QT |1y S (WT) 72, ¥To < T < [ log .
I primitive
For all primitive story I, let us define
1 .
Y — —i(z—y)-€/h
o (x) = (277h)3/6 ety p(x, €)dE,

where p; 7 is the symbol associated with PIT = w(—hQA)A*Q%’. Then we have, for ug € L?

Y(—h2A)A*QF ug(z) = / 87 (z)uo(y)dy.
Then, by linearity of the flow
A (1) A QF g = [ A5 uo(y)dy,

and it therefore suffices to show that
> AT ()] < (W) T2, VI < T < €| loghhl.
I primitive

Finally, notice that as the operator A is bounded in L*° — L in the same way as in
[Laf17b], it suffices only to show that

> xR (@) < (BT) T2, VT < T < el loghl, (9.4.1)

I primitive

where y € C2°(R?) is supported in a neighborhood of the spatial projection of the support
of ¢ and equal to one on it.

In order to do so, we will construct a parametrix, that is, an approximate solution,
in time 0 < ¢ < ¢e|logh| for the semi-classical Schrédinger equation with data 6%. The
first step will be to construct an approximate solution of the semi-classical Schrédinger
equation with data

e_i(“’_y)'g/hpLT(:c, £)

where £ € R" is fixed and considered as a parameter. Now that we are localized around
a trajectory, the construction is exactly the same as in [Laf17b]. Let us sum it up briefly.
In the sequel of this section, pr 7 will be denoted p in the seek of conciseness.
9.4.2. Approximate solution
We look for the solution in positives times of the equation

(i0yw — hAw) =01in

w(t = 0) ([E) = e_l(x_y)f/hp(x’ é')

(G =0
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9.4. Construction of an approximate solution

as the Neumann serie

w = Z(—l)"]lw‘]

JET
where
wW(t=0)(x)  =e W hp(z,g)
and7 for J 7& 07 J = (jla e 3jn)7 J/ = (jlv e 7jn71)

(i&twj — hAwJ) =0in Rn\@Jn
w’(t =0) =0 (9.4.2)

{(i@tww — hAw?) =0in R"

J g
Wige;, = Woe;, -

We will look for the w”’s as power series in h. In the sake of conciseness, these series will
be considered at a formal level in this section, and we will introduce their expression as a
finite sum plus a remainder later, in the last section.

We look for w? as

W = Z hrle=i(@=y) E-tE)/h
k>0
wd(t = 0) = g(x,£), wd(t=0)=0.

Solving the transport equations gives immediately
wh = plx —24£,€),
t
wg = —i/ Awg_l(az —2(s—t)&,s)ds k>1.
0

Now, starting from the phase p(x) = (x‘_gf)f, we define the reflected phases as before

J

and we look for w” as:

w’ = Z hkwge—i(w(:v,f)lf\—t£2)/h,
k>0
J _ J — o
wj;[t<0 =0, Wil00,, = Wkloo,, "

For x € U;(p), we have

(O + 2¢|Vpy - V + |€|Ap))wf =

J I i
wOl@jn o w0|®jn
w |e<o =
and

(O + 2|V - V + €| Appw] = —idw]_,
J _ !

wk‘@jn o wk‘ejn

w]}]‘tSO =0.
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9. The exterior of many convex obstacles

Solving the transport equations along the rays by the procedure explained in [Laf17b],
we get the exact same following expressions of wg for z € Us(p):

Proposition 9.19. We denote by X_zt(:E, €|V @) the backward spatial component of
the flow starting from (xz,|£|Vy), defined in the same way as X _oi(x, |€|Vpy), at the
difference that we ignore the first obstacle encountered if it’s not ©;,, and we ignore the
obstacles after |J| reflections. Moreover, for J = (ji,...,7Jn) € I, we denote by

(i, o dr) if Xoo(x, |€|Vpy) has been reflected n — k times,

J(z,t,8) = . ,
0 if X_ot(z, |€|Vpy) has been reflected n times.

Then, the w{’s are given by, for t >0 and x € Us(p)

wy (z,t) = Mg (2, E)p(X_ai(, [€]Vps), €)

where

Apy(z,§) = (

1/2
Gy.(x) )1/2 o [Ge XTI @ 1€V e))
Gy (X—(x,[€|Ver)) Go(X—V(z,[6[Ver)) ’

and, for k> 1, and x € Us(p)

t
wg(l” t) = _Z./() 9o s (l’, t—s, E)Awgﬁxl@t_S) (X—Q(t—s) (:L‘a ’£|V§0J)a S)dS

where

1 J(zt.E)|— 1/2
Gy(x) 1/2 . Gﬁp](%t’f)(X |J(..€)l l(xv 1€IVes))
) '

g xafut - ( _ S
e @80 =\ GO X (e, |6V, Cosmner X [E1V )

And, by the same proof again as in [Lafl7b] it implies in particular the following three
results. The first of them is about the support of the solutions:
Lemma 9.20. For x € Uj(p)
wi(z,1) 0 = (X-ai(, [€|Veps), €) € Suppp, (9.4.3)

And moreover
Suppwil < {J(z,&,t) =0} . (9.4.4)

It implies that we can extend it by zero outside the domains of definition of the phases:
Proposition 9.21. For z ¢ U;(p) and 0 <t < T we have wj (z,t) = 0.

And that the have |J| = t:
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9.4. Construction of an approximate solution

Lemma 9.22. There exists c1,co > 0 such that for every J € I, the support of w;gl 18
included in {c1|J| <t} and which of xwi is included in {c1|J| <t < co(|J| + 1)}

Now, let us recall that ¢ = g7 where I is a given primitive trajectory. We have:
Lemma 9.23. If J is not of the form rI +1, then wi =0 for 0 <t < ¢|logh|.

Proof. If w;g (z,€) # 0, it follows from lemma 9.20 that there exists a broken ray joining
(x,]1¢|Vps) and a point of the support of p; 7 in time t following the complete story of
reflexions J. By definition of the trapped set and because Suppp C Tr(Dy 45), this broken
ray remains in a neighborhood of the trajectory « corresponding to I, thus J can only be
of the form rI 4+ [. O

Finally, let us notice that
Lemma 9.24. In times 0 <t < T, for J =71l +1, Xw;c] is supported in U}’j.

Proof. From (9.4.3), the support of w;g consists of the support of ¢(., £), transported along
the billiard flow with initial direction & along the story of reflexion J and then ignoring the
obstacles. Because of the non-shadow condition (9.1.4), the part ignoring the obstacles is
cut off by x, thus we obtain the result. O

9.4.3. The ¢ derivatives

The following results about the directional derivatives of the phase and the solution has
been proven in [Lafl7b], where the proof does not involve the particular two obstacles
geometry. The first one involves the critical points of the phase and its non-degeneracy:

Lemma 9.25. Let J € T and Sy(x,t,£) = @(x,&)[E] — t€2. For all t > 0 and there
exists at most one sj(x,t) such that DeSy(x,t,s5(x,t)) = 0. Moreover, for all to > 0,
there exists c(to) > 0 such that, for allt >ty and all J € T

w? (z,t,6) #0 = |det Dg-SJ(x,t,fH > c(tg) > 0. (9.4.5)

The last two permits to control the directional derivatives of the solutions:

Proposition 9.26. For all multi-indices o, B there exists a constant D, g > 0 such that
the following estimate holds on L{fj :

|DED;V | < D(Ing
Corollary 9.27. We following bounds hold on Uury

|Dtgwa| 5 C|OCJ\h—(2k+|oz|)ce‘
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9. The exterior of many convex obstacles

9.4.4. Decay of the reflected solutions

The principal result which permits us to estimate the decay of the reflected solutions is
the convergence of the product of the Gaussian curvatures Ap; obtained by [[ka88, Tka82]
and [Bur93]. It writes, in this setting

Proposition 9.28. Let 0 < A\; < 1 be the square-root of the product of the two eigenvalues
lesser than one of the Poincaré map associated with the periodic trajectory I. Then, there
exists 0 < a < 1 and a C* function ar; defined in U7], such that, for all J =rI+1, we
have 7

sup|Apy — Ajari|m < CuNjall.

1,1
In the same way as in [Lafl7b], it implies in particular:

Proposition 9.29. If J = rI + 1, where I is a primitive trajectory and | < |I|, then the
following bounds hold on U5 :

|wg‘m < Ck)\|IJ|h_(2k+m)C€

Moreover, on the whole space, ]wg\m < Ckh—(2k+m)ce

9.5. Proof of the main result

Let K > 0. By the previous section, the function

Z /th (2,t,&)e fZ(W(:ré)IE\ te?) )/hqge

J rI+l

(x,t) —

satisfies the approximate equation

O — ihAu = —ihK —— / Awl (2.1, €)e—(es@OI—€)/h g

( J rI+l

i(t—s)hA

with data ¢Y .. Because e is an H™-isometry and by the Duhamel formula, the

difference from the actual solution e~ *"2§¥ is bounded in H™ norm by
C ot x W™ xcsup 37 [|Awge (-8, §)e P OO A
t
S J=rl+l

Therefore,
> e A6Y(x) = Sk (x,t) + R (x,1) (9.5.1)

I primitive

with
T —i(ps(z 2 /
SK( ,75 2 h?’z/zhk z té 7(z,8)|€|—t€*)/h 3

JeT

174



9.5. Proof of the main result

and, for 0 <t < ¢|logh|

— —3 . —t£2
IRk (-, 8| rm < |log h|hE 3stupZHAw‘[7{_1(-,t,§)e (s CORISEN ) - (9.5.2)
S JeT

where w,;] is understood to be constructed from pr 7 when J =rI + 1.

The remainder
We first deal with the remainder term Ry . Let us denote
Wik _a(@,1) = Awj_y (1, ) (P ORI/

Notice that, by construction of the wyg’s, w;g’ is supported in a set of diameter (C + [yt).

Therefore, using Proposition 9.29 to control the derivatives coming from wg_1 and the
estimate

IVoilm < CnlVelm

from [Ika88] to control the derivatives coming from the phase we get:
|07 Wit il S Cre(1+ Bot)2 |07 Wity [l S Cre(1+ 1) 30 x b= CGHFme2)e
and thus, by (9.5.2) and the Sobolev embedding H? — L, for 0 < t < ¢|logh|
1Rkl < |logh|2h(-209=5-4cc| {7 e T st wf_; #0}]. (9.5.3)

Note that wf,_;(t) # 0 implies by lemma 9.22 that |J| < ¢1t, and | {J € Z, s.t wi,_; # 0} |
is bounded by the number of elements in

Aert]

where
ag = {sequences s in [1, N] of length <k s.t s;11 # s;}

But
Lemma 9.30. The number of elements in oy, admits the bound
|| < CyNE.
Proof. Let us denote
Br = {sequences s in [1, N] of lenght k s.t sj+1 # s} -

We have
81l = N

and
1Brt1l = (N = 1)| Bl
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9. The exterior of many convex obstacles

Therefore
N — 1)k -1
= N(N — 1 i+ 1 =N—"—— +1,
| Bl (N o = Zﬁ + N_3 T
and the bound holds. O
Thus
{J €T, stwf_; #0}| SN (9.5.4)

and therefore, according to (9.5.3), for 0 < ¢ < ¢|logh|

HRK”LOO S CK’ 1Ogh’%hK(l_zce)_5_4C€h_dOgN

< CKhK(172C€)7674C€76 log N
We take ¢ > 0 small enough so that 2ce < % and elog N <1 in order to get
|Rcll= < Cxch>

Let us fix K = 15. Then, ||Rxk| 1~ < Cich™2. Therefore, as t < €| log h| implies h < e,
we get
3 t
[Rr|lLee < Cxh™2e” (9.5.5)

for 0 <t < e|loghl|.

Times t > t; >0

Let us now deal with the approximate solution Sk, K been fixed and = in Suppy. Let
to > 0 to be chosen later. For t > ¢y, by lemma 9.25 we can perform a stationary phase
on each term of the J sum, up to order h. We obtain, for ¢ > tg

Sk (x,t) = (27rh1)3/2 Z o~ i (z,s5(t,2))|s s (ta)|~tss (t.2)?)/h (w(‘)](t, x,5,(t,2)) + hi (¢, x))
h3/2 > RY (2,1 %h — Z/th (z,t,€)e s @ORI=E) /hge (9 5.6)

JeT JeT

where s;(t,x) is an eventual unique critical point of the phase (if it does not exist, the

corresponding term is O(h>) and by (9.5.4) it does not contribute). The term w{ is a

linear combination of
Diwi(t,x,5;(t,2)), wi (t,,5;(t, x)),

and R;It.ph. is the remainder involved in the stationary phase, who verifies (see for example
o [Zwo12], Theorem 3.15)

|R% pn.(2,0)] < B Y sup |[Dgw](x, -, 1)]. (9.5.7)
lal<7
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9.5. Proof of the main result

We recall that by lemma 9.24, for 0 < t < ¢|loghl, Xw,{ is supported in Up7;. Therefore,
for 0 <t < ellogh| and all 0 < k < K — 1, we have, if x € Suppy, using the estimate
of Proposition 9.29, because wy (z,¢,-) is supported in {c1]J] < t < eo(|J| + 1)} by

lemma 9.22,
> |w]| < G2k > A7l

JeT J=rI+s | wl#0
I primitive, |s|<|I|—1

Thus
_ (1
§ :’wa’ < Cyph 2kce § : 2 Al;k( )+ s’
JeT I primitive r>0
0<s<|I|—1

where we denoted
pr(I) = inf{r > 1s.t. 3s, w,@”s =+ O},

and we get
1
> wil| < CrphHee N ﬁxﬁk”)m. (9.5.8)
JeT I primitive I
pi(I)7#00
Moreover, as
t
D) S 1 (9.5.9)

and, because as remarked in [Bur93], if 7 is the trajectory associated to I

d, d,
< = < — ..
Tl = cardy = |I| < i (9.5.10)

where C is the convex hull of UB;. Therefore, combining (9.5.8) with (9.5.9) and (9.5.10)
J —2k Dk
S w S Cph7Hee N dya, (9.5.11)
JeT ~ primitive

But, by Ikawa condition (9.1.3), there exists a > 0 such that

Z dw)wead" < 00.

7 primitive

Let us denote
C, = )\,yeo‘dW .

Notice that, because d, is bounded from below by dy,j, uniformly with respect to v, we

have a fortiori
Z Cy < oo.

Therefore, all Cy but a finite number are lesser than one. Reducing « if necessary and
taking it small enough, we can thus assume that

0<C, <1, V.
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9. The exterior of many convex obstacles

Hence, for t > dl“)—lik“ we have

thus, by (9.5.12), for ¢ > dﬁ%

D, L
Z |wg‘ S Ckh—Qk;cs Z d7 (nye—ac@) ka,

JeT ~ primitive

D-t
g Ckthkce Z d’yC'y dy efaDkt < CkthkceefaDkt Z dyC'v,

7 primitive

and hence, because of (9.1.3),

JET

for some py > 0. Now, remark that for ¢ < d"’T‘“, by (9.5.11) we have

S lwl S Ceh7e Y dyA,
Jel 7 primitive
but because d, are bounded below, (9.1.3) implies a fortiori
> dy\ <o

7 primitive

and thus

d .
Z lwil| < Cph™2k for tg <t < g‘“.
JeT k

Combining (9.5.12) and (9.5.13) we get

Z lwi| < CLh=2kece 1kt for tg < t < €| log A
JeT

do
Z lwil| < Ch2kece=rt for # <t <elloghl|.
k

7 primitive

(9.5.12)

(9.5.13)

Let us take € > 0 small enough so that 2K ce < % We get, for tg <t < ¢|logh|

Sl < Cphze M 1<k <K -1,

Jel
D lwg| S et
JeT
with
= min > 0.
H ogkgKfl'uk
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9.6. The wave equation

Moreover, using (9.5.7) together with (9.5.4), lemma 9.22 and Corollary 9.27 we obtain,
for t < e|logh|

Z |Ré]t.ph.(x>t)| < hQZ Z SUP|DgWg(fU>'7t)|

JET JET |a|<T

< h2—(2K+7)cs, {J €7, st w}](—l # 0} ‘Cé S h2—(2K+7)csNtC£

< h27(2K+7)ceh7776

where 1 > 0 depends only of «g, 8y, and the geometry of the obstacles. Therefore, choosing
€ > 0 small enough
Yo IRGpn (@) Sh<ete (9.5.16)
JeT

for t < €|loghl|. In the same way we get, taking € > 0 small enough and ¢ < €| log h|

S |DRw]| S NtCE S
JET
and therefore .
> |DEwi| < hmze e (9.5.17)
JET

So, combining (9.5.14), (9.5.15), (9.5.16) and (9.5.17) with (9.5.6), we obtain, for some
v>0

—vt
ISk (@, t)] < ZW for tg <t < T. (9.5.18)
Conclusion

Combining the above estimate (9.5.18) with the control of the remainder term (9.5.5) and
taking ¢ = T gives (9.4.1) and therefore the dispersive estimate (9.3.6). By the work of
reduction of the third section and summed up in lemma 9.18, Theorem 9.3 is therefore
demonstrated for the Schrédinger equation.

9.6. The wave equation

In the case of the wave equation, the counterpart of the smoothing estimate without loss
outside the trapped set, namely the following L2- decay of the local energy

| (A, A0) | o v ety Nl + [l (9.6.1)

where A has micro-support disjoint from K, is obtained using the same commutator ar-
gument, writing in the case of the wave equation as

o://RXQ@, [D,P]u>—|—//Rxm<Pu,8nu>,
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9. The exterior of many convex obstacles

where P is any pseudo-differential operator. Notice that the symbol of P at the border,
as an operator acting on waves, has been computed in {72 — 7% > 0} by [MRS77]. Our
method apply in the exact same way as for the Schrédinger equation.

Once (9.6.1) is obtained, it follows as in [Lafl7a] that we can reduce ourselves to prove
the Strichartz estimates near the trapped set in logarithmic times, namely

||Oph(¢)u||Lq(e|1ogh|,Lr(Q)) = ||U0|’Hs + ||U1|\Hs—1

where ug1 = w(—th)uo,l and ¢ is supported in a small neighborhood of K. In order
to reduce ourselves at points of the phase-space that remain near a periodic trajectory
in logarithmic times, the exact same decomposition as in the third section holds, at the
difference that the flow is followed at constant speed one.

Then, the construction of an approximate solution is the same as in [Lafl7a], with the
adaptations of the N-convex framework presented in the fourth section. In particular,
the results of non-degeneracy of the phase and stationary points of [Lafl7a] hold, as
their proof does not rely on the particular two-convex geometry. Thus, we can perform
the same stationary phase argument as in [Lafl7a], the difference with the Schrodinger
equation been that the phase is now stationary on plain lines due to the constant speed
of propagation, and we obtain the good scale in h. Now, the only difference with the
conclusion section of [Lafl7a] is that we cannot deal with

2
JET

as in the two convex case. But we can do it in the exact same way as presented in the
fifth section, using the strong hyperbolic setting assumption (9.1.3), in order to deduce the
sufficient time decay. Thus the appropriate dispersive estimate for the waves is obtained
and the theorem follows.
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Part V.

Scattering for nonlinear equations
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Scattering for NLS with a potential on the] O
line

10.1. Introduction

We consider the following one dimensional defocusing, non linear Schrodinger equation
with a potential

i0pu 4+ Au — Vu = ulu|®, u(0) = p € H'(R). (10.1.1)

If Ve L', ~A +V is essentially self-adjoint, so by Stone’s theorem the linear equation
in globally well posed in L?(R) and e(~2+V) is an L2-isometry. Goldberg and Schlag
obtained in [GS04] the dispersive estimate

le™ A+ oo $ —¢ WHLl

under the assumption that V belongs to Li(R), ie f_oo |V (2)|(1 + |x])dz < oo, and that
—A+V has no resonance at zero energy. This estimate gives us usual Strichartz estimates
described below in the paper, which are sufficient to show that the equation (10.1.1)
is locally well posed in L?(R) by an usual fixed point method. Because of the energy

conservation law
_ 1 2 a+2
5 [ IVuoF + [VisP+ 5 [+ = Bu)

this result extends to the global well-posedness of the problem (10.1.1) in H*(R): for every
© € HY(R), there exists a unique global solution u € C(R, H(R)) of (10.1.1). Finally, let
us recall that the mass M (u = [ |u(t)|* is conserved too.

For the mass—supercrltlcal (a > 4) homogenous equation

i0u + Au = ulu|®, u(0) = ¢ € H'(R) (10.1.2)

it is well known since Nakanishi’s paper [Nak99] that the solutions scatter in H'(R), that
is, for every solution u € C(R,H'(R)) of (10.1.2), there exists a unique couple of data
Y+ € H'(R) such that

—itA
|u(t) — Vil R 10
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10. Scattering for NLS with a potential on the line

Alternative proofs of this result can be found in [PV09], [CGT09], [FXC11] and [Vis09].
We prove the scattering of solutions of (10.1.1) in dimension one for sufficiently regular,
repulsive potential V.

Theorem 10.1. Let o > 4 and V € Li(R) be such that V' € Li(R). We suppose
moreover that V is positive and repulsive: V> 0 and xV' < 0. Then, every solution
u € C(R, H'(R)) of (10.1.1) with potential V scatters in H'(R).

We use the strategy of concentration-compactness/rigidity first introduced by Kenig
and Merle in [KMO06], and extended to the intercritical case by Holmer and Roudenko
in [HRO8], Duyckaerts, Holmer and Roudenko in [DHRO08]. In the case of a potential,
the main difficulty is the lack of translation invariance of the equation. Notice that Hong
obtained in [Hon14] the same result in the three dimensional case for the focusing equation.
However, his approach cannot be extended to lower dimensions, as it requires endpoint
Strichartz estimates which are not available. Banica and Visciglia treated in [BV16] the
case of the non linear Schrédinger equation with a Dirac potential on the line, and we
follow their approach. The Dirac potential is more singular, but it allows the use of
explicit formulas that are not available in the present more general framework.

Remark 10.2. In dimension one or two, assume that V' is smooth and compactly supported,
and such that [V < 0. Then the operator —A + V has a negative eigenvalue: as a
consequence, the hypothesis of positivity of V' cannot be relaxed as in dimension three,
where [Hon14] only supposes that the potential has a small negative part, and, in the same
way, the hypothesis of repulsivity, which is needed for the rigidity, cannot be relaxed to
2V’ having a small positive part.

Remark 10.3. The hypothesis V,V’ € L' are needed to show that the operator A =
—A + V verifies the hypothesis of the abstract profile decomposition of [BV16], whereas
the hypothesis 2V’ € L! and 2V’ < 0 are needed in the rigidity part.

Remark 10.4. The same proof holds in dimension two up to the numerology and some
changes in the Holder inequalities used in Propositions 10.11, 10.12, and 10.13 to deal
with the fact that H'(R?) is not embedded in L>(R?).

Remark 10.5. In the focusing, mass-supercritical case

i0pu + Au — Vu +ulu|* =0

the same arguments could be used to prove the scattering up to the natural threshold
given by the ground state associated to the equation, in the spirit of [FXC11].

Notations.

We will denote by V' a potential on the line satisfying the hypothesis of theorem 10.1, «
will be a real number such that a > 4. We set

H'= HYR), C(H") = C(R, H'(R)), LPL" = L(R, L"(R)), LP(I)L" = LP(I, L"(R))
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for any interval I of R. We will denote by 7, the translation operator defined by 7,u =
u(- — y). Finally, we will use A < B for inequalities of the type A < C'B where C' is a
universal constant.

10.2. Preliminaries
From now on, we will fix the four following Strichartz exponents

20(a+2)  2a(a+2) 2«

a2—a—4’p a+4 » a—2

r=a-+2, q=

10.2.1. Strichartz estimates

Recall that we assume all along the paper that V is in L1(R) and non negative. Goldberg
and Schlag obtained in particular in [GS04] the dispersive estimate for the Schrodinger
operator —A + V under these assumptions.

Indeed, they require the hypothesis of absence of resonances at zero energy. We claim
that for V' > 0 this hypothesis is satisfied: by the definition of [GS04], if there is a resonance

at zero, the solutions uy of
u" =Vu (10.2.1)

such that uy(x) — 1 as © — £o0o have a null Wronskian. Therefore u are proportional,
so they are both non trivial bounded solutions of (10.2.1). But such solutions cannot exist:
indeed, if u is such a solution, integrating (10.2.1) one deduces that u' has limits at +oo.
These limits are both zero otherwise u is not bounded. Now, multiplying (10.2.1) by w,
integrating it on [—R, R], and letting R going to infinity, we obtain [, [u'|? 4+ V]ul? = 0.
Therefore u = 0, a contradiction.

Proposition 10.6 (Dispersive estimate, [GS04]). Let V € L}(R) be such that V > 0.
Then, for all ¢ € L*(R), we have

1

le™ A e S —
2>

[Pl (10.2.2)

Note that, interpolating the previous dispersive estimate (10.2.2) with the mass conser-
vation law, we obtain immediately for all a € [2, 00]

1

Heit(_A_‘—V)wHLarg 1,1 1
t]2(@—a)

[l - (10.2.3)

Because of (10.2.2), we obtain by the classical 77" method (see for example [KT98])
the Strichartz estimates

t
e A g o g + | / e AN P(s)ds|l e S llellze + | P (10.2.4)
0

! !
LI3L"3

185



10. Scattering for NLS with a potential on the line

for all pairs (g;,r;) satisfying the admissibility condition in dimension one, that is

2 n 1

G i 2
We will need moreover the following Strichartz estimates associated to non admissible
pairs:

Proposition 10.7 (Strichartz estimates). For all o € H', all F € LYL", all G € LY L"
and all H € LY L}

e Aol oz S el (10.2.5)
e " A g| paree < [l (10.2.6)
t
I /0 e~ =AY B(5)ds|| papee S Lo o (10.2.7)
t .
|| e IS s s £ Gl (10.28)
0
t .
|| /0 A () dsl| e < | H]| 1. (10.2.9)

Proof. The estimates (10.2.5) — (10.2.8) are exactly the same as (3.1) — (3.4) of [Vis09],
with the operator —A + V instead of H,. As the proof of [Vis09] relies only on the
admissible Strichartz estimates (10.2.4) that are given by Proposition 1, the same proof
holds here. Finally, (10.2.9) enters on the frame of the non-admissible inhomogeneous
Strichartz estimates of Theorem 1.4 of Foschi’s paper [Fos05]. O]

10.2.2. Perturbative results

We will need the three following classical perturbative results, which follow immediately
from the previous Strichartz inequalities:

Proposition 10.8. Let u € C(H') be a solution of (10.1.1). If u € LPL", then u scatters
in H.

Proposition 10.9. There exists ¢g > 0, such that, for every data ¢ € H' such that

loll g < €0, the corresponding maximal solutions of (10.1.1) and (10.1.2) both scatter in
H.

Proof of Propositions 10.8 and 10.9. The proof is the same as for Propositions 3.1 and 3.2

of [BV16], using the Strichartz estimates of our Proposition 10.7 instead of their estimates
(3.1), (3.2), (3.3), (3.4). O
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10.3. Profile decomposition

Proposition 10.10. For every M > 0 there exists € > 0 and C' > 0 such that the following
occurs. Let v € C(HY) N LPL" be a solution of the following integral equation with source
term e(t, x)

t
o(t) = e AV - z/ e =S AV) (4 () u(s)|*)ds + e(t)
0

with ||v||pprr < M and |e||pprr < €. Assume moreover that ¢o € H' is such that
e A=Vl orr < € . Then, the solution u € C(H') to (10.1.1) with initial condition
© + o satisfies

we LPL", ||u—v||Ler < C.

Proof. 1t is the same as for Proposition 4.7 in [FXC11], using Strichartz estimates (10.2.8)
instead of Strichartz-type inequality (4.3) of their paper. O
10.3. Profile decomposition

The aim of this section is to show that we can use the abstract profile decomposition
obtained by [BV16], and inspired by [F'V13]:

Theorem (Abstract profile decomposition, [BV16]). Let A : L? D D(A) — L? be a self
adjoint operator such that:

e for some positive constants c¢,C and for all uw € D(A),

lullZ < (Auyu) + JulZe < Cllul?, (10.3.1)

e let B: D(A) x D(A) 3 (u,v) = (Au,v) + (u,v)r2 — (u,v) g1 € C. Then, as n goes

to infinity

B(Te,t, Teuhn) =0 Vi € H' (10.3.2)
as soon as

Ty, — £00, sup ||hn||g < o0
or

r, > €R, h,—0,
H1

o let (tn)n>1, (Tn)n>1 be sequences of real numbers, and t,z € R. Then

|tn| = 00 = |lem A, Y|lr = 0, V2 <p<oo, Ve H (10.3.3)

— . 1
tn = T, p — oo = Veop € H', Jp € H', 7_, e'nl7, o LR © (10.3.4)

_ . 1 T
th — &, n — T = Vo) € H', elt"ATxnlf) a, et A, (10.3.5)
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10. Scattering for NLS with a potential on the line

And let (up)n>1 be a bounded sequence in H'. Then, up to a subsequence, the following
decomposition holds
J

Uy, = Zeit?ATw% Y+ R VJeEN
j=1
where
1
tieR, 27 €R, ;€ H

are such that

e for any fixed j,

n—o0

th=0Vn, or "= +oo (10.3.6)
i =0Vn, or ) " too, (10.3.7)
e orthogonality of the parameters:
7 —tp| + |27 — af| " 00, Vi #K, (10.3.8)
e decay of the remainder:
Ve > 0,3J €N, limsup|le R/ poor <, (10.3.9)
n—oo
o orthogonality of the Hilbert norm.:
J
lunlZ> = Y 517 + 1RA )72 + on(1), ¥ €N (10.3.10)
j=1
J
lunllFr =D Iy willFr + IRy IH + 0a(1), VJ €N (10.3.11)
j=1

where (u,v)g = (Au,v), and

J
lunlle = 1™ A7 sl + | Ri 7o +0n(1), V2 <p<oo, VJeN. (10.3.12)
j=1

We will see that the self-adjoint operator A := —A + V verifies the hypothesis of the
previous theorem.

Proposition 10.11. Let A := —A + V. Then A satisfies the assumptions (10.5.1),
(10.5.2),(10.8.5),(10.5.4),(10.5.5).
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10.3. Profile decomposition

Proof. Assumption (10.3.1). Because V is positive and by the Sobolev embedding
H'(R) — L*,

lullZn < (Auyu) + [Jull 2 = / Yl + / Vil + / al? < (14 [V llulZ

and (10.3.1) holds.
Assumption (10.3.2). We have

B(1y, 0, Ts, hn) = /VTxnlpTInhn.

If z,, -z € R, hy, - 0, then 7,9 — 73 strongly in L? and V1g, hn — 0 weakly in L?
H

(indeed, note that V € WLH(R) — L?), so B(74,%, Tz, hn) — 0. Now, let us assume that
T, — oo and sup ||yl g1 < oo. For example assume that x, — +oo. ¥ € HY(R) and
therefore decays at infinity: € > 0 been fixed, we can choose A > 0 large enough so that

sup |¢(z)| <e.
[z]>A

Because V € L', A can also be chosen large enough so that

/ V) <e.
2

Then, by the Cauchy-Schwarz inequality, and because of the Sobolev embedding H*(R) <
LOO

1B (a0, T )| < o / Ve, 0]

< sup [l ( /A V(- — )| + /.x_xn|<A V(- - xnﬂ) -

Now, let ng be large enough so that for all n > ng, x,, > 2A. Then, for all n > ng
|z —x,| < A=|z| > A

and, for all n > ng

| B(Ten s T in )| < M (€| V]| L1 + €[] o)

so (10.3.2) holds.
Assumption (10.3.3). It is an immediate consequence of the dispersive estimate and

the translation invariance of the LP norms. Indeed, because H}(R) = H(R), if € > 0,
there exists a C'°°, compactly supported function v such that

1 — ¢l <e (10.3.13)

189



10. Scattering for NLS with a potential on the line

But ¢ € L, so by the dispersive estimate (10.2.3)

1

”eitnATmn&HLp S 1,11
267

~

-1 HTZEanLP’ = Hw”[,p’ —0
p

a7
as n — oo. Therefore, for n big enough

e A7y, bl < e. (10.3.14)
To achieve the proof, note that e**4 f verifies

€™ Fllan S 1 Nl (10.3.15)

Indeed, as V is positive and in L', by the Sobolev embedding H!(R) — L> we get
1
IV < N-2 + V)i f3e = [19ul? + [ VIP S 1Al
So, as €4 commute with (—A + V)% and is an isometry on L2,
. o l .
"2 17 < Nl FlITz + (A + V) 2e™ f|[72
= A f e + e (A + V)2 £
1
= [flI72 + 1A+ V)2 flI7: S I f I

Now, because of the Sobolev embedding H! < LP we obtain using (10.3.13), (10.3.14)
and (10.3.15), for n big enough

< et Ar,, (b — )| e + || ATy, | 1o
< et A, (0 — ) + e A, Dl e
S N =Pl + e A, Pl e < 26

e Az, |

which achieves the proof of (10.3.3).
Assumption (10.3.4). We will show that

tn =T, T = £00 = ||7_g, e CATVIn e 1 — 0

and hence (10.3.4) will hold with ¢ = ey, As T, is an H' isometry and commute
with e~ ®2 it is sufficient to show that, if ¢,, — ¢ and x,, — 400, we have

||eit"(_A+V)7'Zn¢ — e_ifATxanm — 0.

For example, if x, — +0c0. Let us first remark that, as 7,, commutes with e A and

e~ is an H' isometry, and because e "#2q) € C(H')

le™ A7y, 10 — e A7, g = (e — e By — 0.
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10.3. Profile decomposition

Hence, decomposing
eitn(—A+V)7_xn¢ _ e—iEAT$n¢ _ (eitn(—A-f—V)Txnw . e—itnATxnw)
+ (e—itnATwnw . e—ifAT$nw>
we see that it is sufficient to show that

etV g — B, | 0. (10.3.16)

Note that e #27, ¢ — e =A+V)r 4 is a solution of the following linear Schrédinger
equation with zero initial data

10— Au+Vu= Ve*itATg;nw.

Therefore, by the inhomogeneous Strichartz estimates, as (4, 00) is admissible in dimension
one, and because the translation operator commutes with e ~*4
so that ¢, € (0,t + 1)

, we have for n large enough

= [[(m=e,V)e 0]l 4

LS (0,4+1)L

_ 3 N
L3(0+1)L! = < (E+1D)[[(r, Ve * wHLOO(O,t_—H)Ll

Hence, estimating in the same manner the gradient of these quantities, it is sufficient to
obtain (10.3.16) to show that, as n goes to infinity

(72, V)™ 2| oo 0,05 1ywrr — 0. (10.3.17)

Let us fix € > 0. e 2 € C([0,£+1], H') and the functions of H'(R) vanish at infinity,
so, using the compactness in time, there exists A > 0 such that

le™ 2| oo (0,54 1) Lo (2] 3.4) < €.

On the other hand, as V € L', A can also be taken large enough so that

/ |V (z)|dz < e.
224

Let ng be large enough so that for all n > ng, x,, > 2A. Then, for n > ng
|z + x| <A=|z| > A

and for all ¢ € (0,7 + 1) and all n > ng we obtain

(e Ve 55 /; Pﬂvc+mwiﬂw+/’ V(4 2a)e 2y

|ztan|<A
elle™ 2| oo o 11y + €V |1

Ct, v, Ve

IN A
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10. Scattering for NLS with a potential on the line

thus || (17—, V)eiitAwHLAoo(Oi_i_l)Ll — 0. With the same argument, because V' € L!, we can
show that ”(T_an)/e_ltA’l)Z)HLoo(07t’+1)Ll — 0. To obtain (10.3.17), it only remain to show
that

HT—znV(eﬂmiﬁ)/\|L°o(07£+1)L1 — 0.

To this purpose, let ¥ be a C°, compactly supported function such that (recall that we
are in dimension one)

I = Pl < e
We have, by the Cauchy-Schwarz inequality

72, V29 11 + 170, V(e (00 = 5)) 12
7 V(e 29) 1 + [V 2l (e (@ = ) |1
7 V(25 g2 + llV 2

7, V(€™ 29) || 11

IAN A IA

where V' € L? because of the Sobolev embedding W11 (R) < L?(R). Then, as (e "*2¢)) €
HY, |70, V(e 724 || Lo oz+1)L1 can be estimated as |[(7—a, V)e 8 4|| oo (0741)215 50
(10.3.17) holds and the proof of (10.3.4) is completed.

Assumption (10.3.5). We decompose

eitnATznw _ €itATj'¢ — (eitnATznw _ eitnATjw) + (eitnATjw o e’itAT:zw)'
From one side, using the estimate (10.3.15)
e A7, — e Arspl i S 7wt — Tl —— 0
n—oo
by the Lebesgue’s dominated convergence theorem. From the other side,
||eit”ATi¢ — ei{ATj¢||Hl —0
n—oo

because e*A7;1p € C(H'), and the last assumption is verified. O

10.4. Non linear profiles

In this section, we will see that for data which escape to infinity, the solutions of (10.1.1)
and (10.1.2) are the same, in the sense given by the three following Propositions.

Propositions 10.12, 10.13 and 10.14 are the analogous of Propositions 3.4 and 3.6 of
[BV16]. The non linear Schrodinger equation with a Dirac potential is more singular, but
it allows the use of explicit formulas that are not available in the present more general
framework.

Proposition 10.12. Let ¢ € H', (z,)n>1 € RY be such that |x,| — oo. Then, up to a
subsequence ‘ ‘
le™ A7y, b — e AV il popr — 0 (10.4.1)

as n — oQ.
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10.4. Non linear profiles

Proof. Up to a subsequence, we can assume that x, — 400 or x, — —oo. Let us assume
for example x,, — 4o00.
As a first step, we will show that

sub A [l o0y — O (10.4.2)
ne

as T'— oo. Pick € > 0. There exists a C'°°, compactly supported function 1/; such that

[ — Pl < e

By Strichartz estimates

1A (10,00 — T, W) lrrr S ITen® — Tan ¥l = 19 — Yl < e.

From the other side, as 7, ¢ € L" the dispersive estimate (10.2.3) gives us

(A ~
HeZt( +V)Tﬂ3anLT ~ |t|§ i/ l H $anLT = | | 1 Q)Hw”LT

but%(l—z):a( )>1andt—>

= pwy € L9(1,00). So, there exists 1" > 0 such that

Hz(l 2)

sup ¢4+

Twn¢||Lp(\t|2T)Lr <e
neN

Taking 7o, ¥ = 74,1 + (74, 1) — T, ), we then obtain for T' > 0 large enough

sup Heit(—A-ﬁ-V) SJ €

Ten ¥l e (e >1) L
neN

and (10.4.2) holds.
To obtain (10.4.1), we are now reduced to show that for 7" > 0 fixed

[ eif(*AJrV)TmnWLP(O,T)U —0

asn — oco. Let e > 0. e_itATxnw — eit(_A+V)Txn1/} is a solution of the following linear
Schrédinger equation with zero initial data

u — Au+Vu = Ve_itATmnw.
So, by the inhomogeneous Strichartz estimate (10.2.9)
—itA it(—A+V —itA
He ! Txnw - 62( * )TxanLf(O,T)LT SJ Hve ‘ Txn(l/}HLgl(O’T)Ll
L1 —itA
S T ||Ve Tan P Lo (0,T)L*
_ TL/ 4 —itA
=T (-2, V)e" "2 Lo 0,7y 10
because the translation operator 7,, commutes with the propagator e~*2. But

| (T—rnv)e_imlﬁ HLO@(O,T)L1 njo 0

as seen in the proof of Proposition 10.11, point (10.3.4). O
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10. Scattering for NLS with a potential on the line

Proposition 10.13. Let) € HY, (z,)n>1 € RY be such that |z,| — oo, U € C(HY)NLPL"
be the unique solution to (10.1.2) with initial data 1, and Uy(t,x) == U(t,x — x,). Then,
up to a subsequence

H / =) (17, |U|) (3)dds — / BV (U [0, (s)ds | porr — 0 (10.4.3)
asm — 0o.

Proof. We follow the same spirit of proof as for Proposition 10.12. We begin to show that

t .
sggn i e AV, |UL|™) (8)ds | 1o (pr,00)) 27 — O (10.4.4)

as T goes to infinity.
We decompose

t .
| [ e @0 alanrocsr <1 [ e @0 (sl
1 [ e W0 sl s
where, by the inhomogeneous Strichartz estimates
¢
||/T e AT (U |Un|®) (8)dsl| Lo (1,000 2y < NUIUnl |l 2ot 00y 20y = 1101 | e (002
and, by the Holder inequality

U012 roeyirry < NUNEK oy zry 752 O

independently of n. From the other side, by the dispersive estimate (10.2.3)

T
| [ e I W) (5)dsl ey
‘ T
<[ e S (U0 %) (5) sl oy
T 1 2
S [ (6= 9 KDY WU (g dslzn oy
T 1 2
=1 [ ¢ =9 DI ()l dslzn oy

1.2 o
< II/RHS\ 2D (UIU1*) () g ds | oo (i0)) — O
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10.4. Non linear profiles

as T goes to infinity. Indeed, note that by the Hardy-Littlewood-Sobolev inequality
12
II/Rt—S\ 2D U ()l g dsllioe S MU g < UG < 00

so (10.4.4) holds. The same estimate is obviously valid for the propagator e A,

It remains to show that for 7" > 0 fixed,

t t
| [ e A Wty ds = [ e ISV O, 0,1 dslloryer 0
0 0
as n — o0o. The difference

t t
/ e—i(t—s)A (Un|Un|cx) ds — / e—i(t—s)(A—V) (Un|Un|a) ds
0 0

is the solution of the following linear Schrédinger equation, with zero initial data
t .
10 — Au+Vu = V/ e E=)A (U, |UL|*) ds.
0

As a consequence, by the Strichartz estimate (10.2.9)

t t
H / e~ (17, U, ds — /0 e~V (U | U |®) ds ooz
t
<|v /0 e~ (U |U[) dsl . 1
L ¢ —i(t—s o
ST (s, V) /O e~ (UU719) ds | o 0.1 11

But fot e~ E=)AU|U|*)ds € C([0,T], H') and the functions of H'(R) vanish at infinity,
so there exists A > 0 such that

t .
||/0 e R (UIU|™) ds|| oo (0,11 (jaf24) < €

S0
t
(e V) [ €92 I dsliomyns 2,0
0 ’ n— 00
in the same way as in the proof of Proposition 10.11, point (10.3.4) . O

Proposition 10.14. Let 1) € H', (z,)n>1, (tn)n>1 € RY be such that |z,| — oo and
t, — £o0, U be a solution to (10.1.2) such that

IU(t) = e ™ — 0

t—+too
and Up(t,x) :=U(t — tp,x — x,). Then, up to a subsequence

e~ tmA Ly emilt) A=V (10.4.5)
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10. Scattering for NLS with a potential on the line

and

t t
[ / e A (U, |UA|*) ds — / e =)A=V (UL |UL®) ds|| o — O (10.4.6)
0 0

as n — o0.

Proof. The proof is the same as for Proposition 10.12 and Proposition 10.13, decomposing
the time interval in {|t —t,| > T'} and his complementary. O

Finally, we will need the following Proposition of non linear scattering:

Proposition 10.15. Let ¢ € H'. Then there exists Wi € C(H') N L%iLT’, solution of
(10.1.1) such that

N _ —it(A=V)
[Wi(t,-) —e llar ,— 0 (10.4.7)
moreover, if t, — Foo and
on = e BVIn W (t) = Wa(t —ty,) (10.4.8)

then

Wi n(t) =e AV, 4 / e =BV (W AW, |*)(s)ds + fen(t)  (10.4.9)
0

where
lfenllze, 2o —= 0 (10.4.10)

Proof. The same proof as [BV16], Proposition 3.5, holds, as it involves only the analogous
Strichartz estimates. O

10.5. Construction of a critical element

We have now all the tools to extract a critical element following the approach of [FXC11].
Let

E.=sup{E>0|Vpe H', E(p) < E = the solution of (1.1) with data ¢ is in LPL"}

we will suppose that the critical energy F. is finite, and deduce the existence of a solution
of (10.1.1) with a relatively compact flow in H?.

Proposition 10.16. If E. < oo, then there exists . € H', p. # 0, such that the
corresponding solution u. of (10.1.1) verifies that {u.(t), t > 0} is relatively compact in
H'.
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Proof. Because of Proposition 10.9, E. > 0. Therefore, if F. < 0o, there exists a sequence
©n, of non-zero elements of H!, such that, if we denote by u,, € C(H") the corresponding
solution of (10.1.1), we have

E(p,) — E.

n—oo
and
u, ¢ LIL".
Thanks to the Proposition 10.11, we can apply the abstract profile decomposition of [BV16]

to the H'-bounded sequence ¢, and the operator A = —A + V. Up to a subsequence, ¢,
writes, for all J € N:

J
on= 3 WA Ly R
j=1

where t;?,ac;‘,wj,R,{ verifies (10.3.6)—(10.3.12). From (10.3.11) and (10.3.12), we have

n—oo

J
E. > limsup Z E(e_ity(_A—i_v)Tx;P ¥j).
=1

We show that there is exactly one non trivial profile, that is J = 1. By contradiction,
assume that J > 1. To each profile 1); we associate family of non linear profiles (Uj 5 )n>0-
Let j € {1---J}. We are in exactly one of the following situations:

1. If (t7,27) = (0,0). By the orthogonality condition, notice that this can happen only
for one profile. Because J > 1, we have E(v¢;) < E., so the solution of (10.1.1)
with data 1; scatters. If this case happens, let N € C(H') N LPL" be this solution,
otherwise, we set N = 0.

2. If t7 = 0 and [z}| — co. Let U; € C(H') N LPL" be the unique solution to (10.1.2)
with initial data ;. We set Uy j(2,t) == U(z — 27, 1).

3. If 27 = 0 and ¢} — Fo0. By Proposition 10.15, there exists U; € Cr. (H') N L, L”
a solution to (10.1.1) such that

) (A=Y
10;(6) e AVl — 0

and verifying (10.4.7), (10.4.8), (10.4.9), (10.4.10). We have

E(U;) = lim E(e" AV rng)) < B

n—oo
so Uj € LIL". We set U, (t,x) :=U;(t —t],x).

4. If |2}| — oo and t} — +oo. Let U; € C(H') N LPL" be a solution to (10.1.2) such
that

4y =it
10(8) — 4 — 0

We set U, (t, ) = Uj(t — ], x — 7).
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10. Scattering for NLS with a potential on the line

Now, let
Zng=N+Y Un;
J
By the results of the non linear profiles section - Propositions 10.12 and 10.13 in situation
(2), Proposition 10.14 in situation (3) and Proposition 10.15 in situation (4) -, we have

t
Zny=e M3V (o) R, )+ / e~ (A=V) (NN ) (s)ds

0
t
£ [,
- J0
J

Ujnl®)(s)ds +ry,; (10.5.1)

with
l7n,llLerr — 0

as n — 00. The decomposition (10.5.1) is the same as obtained in the proof of Proposition
4.1 of [BV16], and we therefore obtain the critical element following their proof, using our
perturbative result of Proposition 10.10 instead of their Proposition 3.3, and the Strichartz
inequalities of our Proposition 10.7 instead of estimates (3.1), (3.2), (3.3), (3.4) of their
paper. ]

10.6. Rigidity

In this section, we will show that the critical solution constructed in the previous one
assuming the fact that F. < oo cannot exist.
We will need the following classical result concerning the compact families of H'!

Proposition 10.17. Suppose that {u(t), t > 0} is relatively compact in H'. Then, for
any € > 0, there exists R > 0 such that

Sup/ (IVu(t,z)|* + |ut, z)|* + |u(t,z)|*T?) dz < €
20 Jjo|>R

Proof. Classic, see e.g. [FXCI1]. O
Now, we can show the rigidity Proposition needed to end the proof:

Proposition 10.18. Suppose thatu € C(H?') is a solution of (10.1.1) such that {u(t), t > 0}
is relatively compact in H'. Then u = 0.

Proof. By a classical elementary computation, we get the following virial identities:

Lemma 10.19. Let u € C(H') be a solution to (10.1.1) and x be a compactly supported,
regular function. Then

8t/x\u]2 = QIm/Xlu'ﬁ (10.6.1)

2c o
83/x|u|2 :4/X”|u'|2+a+2/x“yu| +2 —2/X/V’|u\2—/x(4)|u\2. (10.6.2)
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10.6. Rigidity

Now, we assume by contradiction that u # 0. Let y € C° be such that x(z) = 2 for
lz| <1 and x(x) =0 for |z > 2, set xp := R*x(%) and

calt) = [ xalu(®)?
we have, by (10.6.1), the Cauchy-Schwarz inequality and the conservation of energy
()] <2 [ allllal < CE@) MR (10.6.3)
Moreover, by (10.6.2)
) = 4 [ a2 [l =2 [V - [l

a+ 2
4
> 8/ |ul|2+a/ ‘u|a+2_c (’u‘2+‘u|a+2—|—]u'|2)
lw|<R a+2 Ju<r j2[>R
—Q/X’RV'\ulz —/X(4)\ul2 (10.6.4)

but, because of conservation of the mass
@12l < 70 0 10.6.5

and, because V is repulsive (ie 2V’ < 0), using the Cauchy-Schwarz inequality, the Sobolev
injection H' <+ L* and the conservation laws

—2/X’RV’]u\2 = —2/ xV’\u|2+2/ XrV'ul?
|z|<R |z|>R
> -C 2V [u]* > =CllaV' || 11 (> ) l[ul| 1o
|z|>R
> OV ool = —CC(O) 2Vl sy (1066

Let Ry be large enough so that

1
lu|*T2 > — [ |u|*T? =, (10.6.7)
j|<Ro 2

We have § > 0 because we suppose that u is non zero. For R > Ry, we obtain combining
(10.6.4) with (10.6.5), (10.6.6), and (10.6.7)

o 1
1) > C (6 - /| o (P 1l 4 ) = @)l uxwumwm) - (106.8)
x|>

Because 2V’ € L' and using the compactness hypothesis combined with Proposition 10.17,
there exists R > Ry large enough so that

NGRS

1
L 2 ) 5 @) eV s o <
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10. Scattering for NLS with a potential on the line

then, (10.6.8) gives

25(t) > % > 0.

Integrating this last inequality contradicts (10.6.3) as t — oo. O
We are now in position to end the proof of theorem 10.1 :

Proof of Theorem 10.1. If E. < oo, then the Proposition 10.16 allows us to extract a
critical element o, € H!, ¢. # 0, such that the corresponding solution u. of (10.1.1)
verifies that {u.(t), t > 0} is relatively compact in H'. By Proposition 10.18, such a
critical solution cannot exist, so F. = oo and by Proposition 10.8, all the solutions of
(10.1.1) scatter in H*. O

200



Scattering for the nonlinear wave equation] 1
outside obstacles

11.1. Introduction

We consider a critical defocusing non linear wave equation in R\ (61 U )

{8752U_ADU+U5=0 (11.1.1)

(u(0), 9u(0)) = (f, 9)-

Note that the global existence for such an equation in a domain was obtained in [BLP0S].
By the finite speed of propagation, their result apply in particular to the exterior of
obstacles. Therefore, it is legitimate to wonder what solutions look like in large time, and
in particular if the nonlinearity still plays a role. If it is not the case, we say that the
solution scatters. More precisely, we say that a solution scatters if there exists a solution
of the linear equation v such that

[u(t) — ”(t)”Hl(Q) — 0,

as t goes to infinity. The scattering in R?® was shown by Bahouri and Shatah [BS9S].
Provided a good set of Strichartz estimates exists for the linear equation, their proof adapts
to the case of a finite-border domain if one is able to deal with the arising boundary term.
This term can be controlled in particular if one obtain the decay of the local energy near
the obstacle (see Section 8.2):

1 [T
/ / \Vu(z, t) | + u(z, )| dedt — 0 (11.1.2)
T Jo Jans(o,4)

as T goes to infinity. In the case of the exterior of two strictly convex obstacles, where
[Lafl7a] gives us the good set of Strichartz estimates, we show that we can obtain this
control everywhere except in the neighborhood of the trapped ray: more precisely

Theorem 11.1. Let ©1 and ©y be two convex subsets of R3. Then, there exists a family
(S(T))r>1 of open neighborhoods of the trapped ray R verifying

S(T)— R as T — 40
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11. Scattering for the nonlinear wave equation outside obstacles

such that any global solution of (11.1.1) in © = R3\ (01 U O3) verifies, as T goes to

nfinity LT
/ / \Vau(z, t) | + Ju(z, )| dedt — 0.
T Jo J@nB0,A)\S(T)

This is a first step to show the scattering for any data in this exterior problem. Indeed,
it can be seen as a rigidity argument in a concentration-compactness/rigidity approach:

Corollary 11.2. There is no compact flow solution of (11.1.1) which does not scatter.

We are precisely following this path in the work in progress [LL].

We now deal with a geometrical situation which is close to the exterior of two convex
obstacles, but does not have a trapped ray: the exterior of dog bones. We are actually
able to show the scattering outside a class of non star-shaped obstacles containing dog
bones with arbitrary thin necks. In order to state this result, let us recall the definition
of an illuminated subset - which is a generalization of star-shaped ones - first introduced
by [BK74]:

Definition 11.3. A subset K of R" is said to be illuminated by a convex subset C C R"
if

minVp-v >0
oK
where p is the gauge of C and v the outward-pointing normal derivative to OK.

We are now able to state our result:

Theorem 11.4. Let C C R? be the ellipsoid of equation
P ryPtet=10<e<1 (11.1.3)

resp.

1+V3

4
and K be a compact subset of R® illuminated by C. Then, any solution of (11.1.1) in
Q = R3\K scatters in H'(Q).

Notice that Abou-Shakra obtained in [AS13] the scattering for obstacles illuminated by
a deformation of a sphere using a slightly different method, but her result does not permit
to handle dog bones with arbitrary thin necks. Our key tool to obtain theorem 11.1 and
theorem 11.4 is an identity due to Morawetz [Mor61] in the case of the linear equation,
and used here in the spirit of [GV85¢]. Such an identity rely on the choice of a good weight
function y which has to be adapted to the geometry and verify a very rigid and poorly
understood constraint: A%y < 0. In the case of theorem 11.4, the natural weight is given
by the gauge of the ellipsoid we are dealing with, and does not verify this constraint for
arbitrary thin ellipsoids. In order to deal with it, we present a method which permits to
bypass this obstruction: noticing that corresponding four dimensional ellipsoids verify the
constraint, we extend the solution as the solution of a four dimensional non linear wave
equation, show the estimate for such a solution, and then go back to the original, three
dimensional solution. We believe that such an argument may be useful in other situations.

e+t =1,

<e<l1 (11.1.4)
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11.2. A scattering criterion

11.2. A scattering criterion

Let us consider the following defocusing non linear wave equation in R3\X

(u(0), 9u(0)) = (f, 9)-

IC will be the reunion of two strictly convex obstacles, or an illuminated obstacle as defined
in the introduction, and we are concerned by the scattering problem in both situations.
Our main tool will be the following momentum identity, which was first introduced by
Morawetz [Mor61] in a similar form to show some decay properties of the linear wave
equation:

{Q?U—Apu—i—u‘:’ =0

Lemma 11.5. Let u be a solution of (NLW) in Q and x € C*°(Q,R). Then we have

1 1
O (/ —0wuNVuVy — Axuatu) = /(DQXvu, Vu) — / u?A?y
Q 2 Q 4 Jo
+3/ \uyGAX—l/ |Opul?0px. (11.2.1)
2 Jo 2 Jao

Proof. The identity can be shown by standard integrations by parts justified by a limiting
argument. O

The scattering in R® was shown by Bahouri and Shatah [BS98]. Their proof still hold
in the case of a domain with boundaries if we are able to control the boundary term
appearing in their computations, that is

Lemma 11.6. Let u be a solution of (NLW) in a finite-border domain Q of R® such that
Strichartz estimates (8.1.5) holds. If

1 T
/ / |0pul?dodt — 0,
T Jo Joq

as T goes to infinity, then u scatter in H*.

Note that the trace of the normal derivative is not an easy object to deal with, because
this trace is a priori not defined in L?(9Q) for elements of H'(€2). Moreover, even if we
can define it for almost every u(t) when w is a solution of (NLW) because of the particular
structure of the equation, the application

w e H' N {value in time ¢ of solutions of NLW} — d,u € L*(0Q)

is in our knowledge not known to be continuous.

For this reason, we prefer to deal with the following criterion, which involve only the local
energy of the equation, and that we deduce from the previous one using the momentum
identity (11.2.1):
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11. Scattering for the nonlinear wave equation outside obstacles

Lemma 11.7. Let u be a solution of (NLW) in a finite-border domain Q of R® such that
Strichartz estimates (8.1.5) holds. There exists A > 0, B(0,A) D 09, such that, if

1 T
T/ /Q o \Vu(x,t)|? + |u(z,t)|® dedt — 0, (11.2.2)
N

as T goes to infinity, then u scatters in H.

Proof. Let x € C$°(R3,R) be such that Vy = —n on 95, supported in B(0, A). Suppose
that

1 T
/ / \Vu(z, t) > + Ju(z, t)|® dedt — 0
T QNB(0,A

as T' goes to infinity. We use lemma 11.5 with the weight x to get:

1 1
O /—&guVqu— —Axudsu :/(D2Xvu, Vu) — / u?A?y
Q 2 Q 4 Jo

2 1
+ / lulSAx + / |Opu|?do.
3 Ja 2 Joo
Integrating in time we get

T T
/ / Opul2dodt 5/ latuVu|+|u8tu]—|—/ / l® + uf? + [Vul?,
o Joa QNB(0,A) 0 JonB(,4)

and using Minkowsky inequality,

T 3 3 ) 2 8
/ / |8nu|2dadt§</ |8tu|2) (/ |Vu|2> 4 Ab (/ |8tu|2> </ |u\6>

0 o0 Q Q Q Q
T 3
o Gty eat [T )

QNB(0,A) QNB(0,A

<4 C(E / [l vuf?) 7 (/ / \uP’)

QNB(0,A) QNB(0,A)

Thus

//]8u|ddt< // (Jul® 4 |Vul?)
00 QNB(0,A)
I g
4 // W) — 0
T Jo Jons(o,4)

as T'— oo and by lemma 11.6 we conclude that u scatter in H'. ]

=

Notice that the Morawetz identity (11.2.1) permits to obtain this criterion as soon as
one has a weight function y such that Vy -n > 0 on 09, D?y is positive definite, and
A%y < 0. Constructing such weights will therefore be of key interest in the sequel.
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11.3. A partial result in the exterior of two strictly convex obstacles

11.3. A partial result in the exterior of two strictly convex
obstacles

In the exterior of two strictly convex obstacles, lemma 11.5 seems not to be sufficient
to show the scattering criterion (11.2.2) because we are not able to find an appropriate
weight function. However, we can choose a weight function which has the right behavior
everywhere except in a neighborhood of the trapped ray, and therefore obtain Theorem
11.1.

11.3.1. The particular case of two balls

Proof of Theorem 11.1 in the particular case where ©12 are two balls. Without loss of gen-
erality, we suppose that ©1 is centered in 0. We denote by ¢ the center of ©5. We choose
the weight

x(x) := |z| + [z — ¢

and use lemma 11.5 with weight x
_ _ 1 _ 2 IR
O OuVuVy Axudwu | = [ (D*xVu, Vu) u“ A%y
Q 2 Q 4 Jo

2 1
+/ u|6Ax—/ |0pu|*Vx -1 do.
3Jo 2 Joq

Remark that —Vy -n > 0 on 001 U 003: indeed, on ©1, —n = é—| and thus

Tr —cC xT r —cC T

-Vx-n=1+

9

[z —cf x| = e —cf][lz]

and the same hold on ©3. Moreover, A2y = 0. Thus we obtain
T 1 2 6 5
O | — ouVu - Vx + iAxuﬁtu > 3 lul°’Ax + | (D*xVu,Vu) (11.3.1)
0 Q Q

Integrating this inequality and controlling the left-hand side using the Hardy inequality

P

oz~

/ |Vf|? for f € HY(Q)
Q

we get,

T
/ / lulSAx + (D*xVu, Vu) dzdt < E. (11.3.2)
0 Q

From the one hand, Ay = % on B(0, A), thus

[ wPsaf o ufavsaf ula
QNB(0,A) QNB(0,A) Q
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11. Scattering for the nonlinear wave equation outside obstacles

and therefore, by (11.3.2)

/ / |ul® da:dt< : (11.3.3)
QNB(0,A)

Now, we would like to estimate the localized kinetic energy using (11.3.2) again. We

have . .
pry=L (a4 L (g @9 -y,
|z |z[2 |z — | [z —c|?

The operators corresponding to the matrices

t t
T xr—c)(x—c
Id — —5, resp. Id — M
|| |z —cf?
are the orthogonal projections on the plane normal to | > Tesp. to | | Thus,

(Dx-6:6) = <|1| 7= |>'5'2 |:c|< |i|)2:cic| (5'&:2\)2' (113.4)

We choose coordinates (depending of x and ¢) such that

X

|z

then we have, if £ = (él & ég) in this set of coordinates

1 x 2 1 Tr—c 2 . + cos? sin 6 cos 6 él
1 5.) N (5. ) _ @ e [T 4 g ()
|ZU| ( |,I| ’CB — C| |£C — C‘ ( ) Slr‘tf_cglse T;n_C@l 52
The largest eigenvalue of this positive quadratic form in (51 52) writes
1 1 1 1 1)’ sin?
Y I N (2
2 \ |z —cf |z lz—¢ |z |||z — ¢

therefore, there exists ag > 0 small enough and ¢ > 0 such that, if a < «ag, we have, for
x€QNB(0,A)

= (1,0,0), = (cos#,sinb,0),

|z —¢|

1
sin? > a = A\ < T + — — ca. (11.3.5)
r —cC

On the other hand

1 €T 2 1 xr—c 2 222 2
(a) - (5~ - ) < Dol(én, &) < hale P
e—d \* Te=d

[ \7 || z

thus we get, combining this last inequality with (11.3.4) and (11.3.5), for x € QN B(0, A)

sin?0 > o = (D*x-&,€) > al¢f. (11.3.6)
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11.3. A partial result in the exterior of two strictly convex obstacles

Figure 11.3.1.: Vy and V («)

Remark that, because 6 is the angle between % and 2=%

|| [z—c|
r r—c
f = arccos — - ——,
[z |z — ¢

and let us denote, for a < «g

Vi) =QnB(0,4)N {sin2 (arccos$ S > > Oé}-

|z — ¢l

Note that V(a) — QN B(0,A) as a goes to zero in the sense that, denoting p the
Lebesgue’s measure on R3

1 (20 B0, A)\V(a)) — 0 (11.3.7)

as « goes to zero: V() is a subset of QN B(0, A) excluding a small neighborhood of the
line (0,c). We have, on S(«), because of (11.3.6)

(D?x-€,€) Z al¢l.
Thus we get
/(DQXvu, Vu) > / (D?*xVu,Vu) > a/
Q V(a)

V(a
1 /T/ ) 1E
= Vul|* dedt < —=.
T 0 Vi(a) | | aT

We take a = T—1/2 in order to have

1 /T / ) E
= Vul® dedt S —. 11.3.8
T Jo V(a(T))| | VT ( )

Choosing S(T') := B(0, A)\V («(T)), (11.3.3) together with (11.3.8) gives the result. [J

Vul?
)

and by (11.3.2) we obtain
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11. Scattering for the nonlinear wave equation outside obstacles

11.3.2. The general framework

In the general case of two convex obstacles, we will use a family of weights given by the
following lemma:

Lemma 11.8. Let ¢ = (¢1,0,0). Then, for xz € (01 UBO3),

1
4
51

).

(:B—c Tr+c

lz — | * |z + C|> - (—n)(z) = (something > 0) + O(

Proof. We recall that we have chosen coordinates such that the trapped ray R is a segment
of the line {x9 = z3 = 0}.
Remark that

1 1
|z +c|=c1+21+ 2701|(0,332,$3)\2 + O(C?)

and therefore

r—c x4+ c 1

10,22, 23) 0(2)) . (11.3.9)
1

(201(0,:62,:63) +x
C1 C

v —c| |z +¢| - |z — c||z + |
Moreover, on 00;, —n writes

1
|71

where R; > 0 is the ray of curvature of ©; in ©; N R. Hence

1

- (0,22,23) + O(|(0, 2. )

—n=( ,0,0) +

0,29, 3)|? 2 :
(26100, 20) 4 O - ) — (4 22 0,0, 0) 2 4 01022

2¢ C
> <R1 - > (0, 22, 23)[* + O(| (0, w2, w3]?)
i &1

Thus, there exists § > 0 and D1 > 0 such that, for every ¢; > D; we have

2
[(0,29,23)| <6 = (201(0,x2,x3) + xW) - (=n) > 0. (11.3.10)
1

On the other hand, there exists ¢y > 0 such that, for all z € (0 U O2)
‘(0,.%'2,21?3)’ > = (O,wg,iﬂg) : (—n) > €.
Hence, if (0, z2,x3)| > 0

(0, 2, 1‘3)|2>

C1

(=n) > 2160 - 2

<201 (0,9, x3) +
c1

and therefore, there exists Dy > 0 such that, if ¢y > Do

0 2
(0, 22, 23)| > 0 = (201(0,x2,x3) + xM) - (=n) > 0. (11.3.11)
1
Combining (11.3.9), (11.3.10) and (11.3.11) gives the result. O
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11.3. A partial result in the exterior of two strictly convex obstacles

We are now in position to prove Theorem 11.1:

Proof of Theorem 11.1. Let u be a solution of (NLW) in = R3\ (01 U O3) with a rel-
atively compact flow {u(t), t >0} in H'. We will show that u scatter in H'. We set
¢ =(c1,0,0), ¢; > 0, choose the weight

x(x) = |z + el + |z — ¢

and get:

Oy /—ékuVuVX—leuﬁtu :/(szw, Vu) — 1/u2A2X
Q 2 Q 4 Ja
+2/ |u|6Ax—1/ |0pu|*Vx -0 do. (11.3.12)
3 Ja 2 Joa

Note that (11.3.12) holds in the sense of distributions. In D', Vy, D?y and Ay coincides
with the classical derivatives and

A%y = —47(6_c 4 0¢),

therefore (11.3.12) reads in the classical sense

1
O </ —0uVuVy — 2Axu8tu> = /(D2Xvu, V) 4 7lu(t, —c)|* + wlu(t, c)|?
Q Q

2 1
+/ \u|GAX—/ |0pul®Vx - n do. (11.3.13)
3 Ja 2 Joa

According to lemma 11.8, we have

1
Vx - (—=n) = (something > 0) + O(—). (11.3.14)
‘1

Thus, combining (11.3.13) and (11.3.14) with the a-priori estimate

T
/ / |Opul’dodt < ET
0o Joo

we obtain the inequality:

r 1 2
O <—/ 8tuVu-Vx+Axu8tu) > / |u\6Ax—|—/(D2Xvu,VU) C’ 1 ET
0 2 3 Jo Q cf
(11.3.15)

Integrating this estimate and controlling the left-hand side using the Hardy inequality

2
‘f"g N/\VfP for f € HA(Q)

209



11. Scattering for the nonlinear wave equation outside obstacles

we get
/ / lulbAx + (D*xVu, Vu) dedt < E+ - ET. (11.3.16)
From the one hand,
2 2 1
Ax = 2 —
lt—c|  |z+c ™ a

on B(0,A), thus

/ l® < er / P Ax < e / Ay,
QNB(0,A) QNB(0,A) Q

and therefore, by (11.3.16)

1 /7 E E
/ / ul® dzdt S e1= + . (11.3.17)
T Jo JonB(o,A) T o

Now, we would like to estimate the localized kinetic energy using (11.3.16) again. We

" o <Id_(m+c)(l‘+6)t>+ 1 (Id_@—@@—@t)

- |z + | |z + c|? |z — | |z — c|?

The operators corresponding to the matrices

. (w+c)(x+c)t’ resp. Td (x —c)(z — )t
|z 4 c|? |z — c|?
are the orthogonal projections on the plane normal to Iiii\’ resp. to \i:gl' Thus,
1 1 T 2 1 z—c\?
D2 - &, = + 2 . — . .
D60 = (g + ) 1 - e (6 ) e (s

(11.3.18)
We choose coordinates (depending of x and ¢) such that

xr+c
|z + ¢

= (1,0,0), = (cos#,sinb,0),

\93 — ¢
then we have, if £ = (él & 53) in this set of coordinates

1 ¢ r+c 2+ 1 £ T 2_(A ) m—FT;)SC‘ Sinfg‘sg &
’x_{_c‘ |x—|—c\ |CC—C’ |$—C’ - 61 52 sin 0 cos 6 sin? @ 52 :

|z—c| |z—c|

The largest eigenvalue of this positive quadratic form in (él 52) writes

1 1 1 1 1\’ sin? 0
Xy =5 + + + . -
2\ jx—¢ |z+¢ lz—¢c| |+ |z + c||x — |

210



11.3. A partial result in the exterior of two strictly convex obstacles

therefore, there exists ¢ > 0 such that, we have, for x € QN B(0,4) and a > 0 small

enough

1 1
sin202a:>)\2§’7 @
i

— —Cc—. 11.3.19
—c |z c1 ( )

On the other hand
1 x 2 1 T —cC 2 S22 2
£ + ¢- < Aof(€1,82)]° < Naf€)7,

|z + ¢] |z + ¢] |z — | |z — ¢

thus we get, combining this last inequality with (11.3.18) and (11.3.19), for x € QN B(0, A)

~

sin20 > o = (D’ -€,6) 2 — ¢ (11.3.20)
1
Remark that, because 6 is the angle between * To—c] Tte q and ‘i §|

T+ c xr—c

f = arccos —
|z +¢| |x—¢|

and let us denote, for a < ag

S(a,c):QﬂB(O,A)ﬂ{sin2 <arccos rhe. $_C> Za}.

|z +c| |z—C

We have, on S(«), because of (11.3.20)
a
(D*x-€,€) 2 [
C1

Thus we get

[ @ vuvoz [ ohvuvz S [ vap
Q S(a) €1 JS(a)

and by (11.3.16) we obtain
E 1E
/ / IVul? dodt < & o (11.3.21)

We would like to estimate |(©2 N B(0, 4))\S(a,c)|. The angle 0(xg) between x + ¢ and
x — ¢ is maximal when z belongs to the mediator plane of [—c¢, ¢]. Let x¢ be such a point,
such that
sin? 0(zo) = a,

and dyp = |zg|. Then (2N B(0,A4))\S(«,c) is included in a parallelepiped with edges of
sizes C, 2dy, 2dy, therefore

From the other hand,

. C1
sin(0(zg)/2) = ———, 0 = —
O = T
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11. Scattering for the nonlinear wave equation outside obstacles
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3-
1

LB

aTl «c

E

T

2c1dg
3 +d3’

Then all the right hand terms go to zero as T'

sinf(zg) =

T-1/2,

(1—viza)= %cl (Va+0(*?))

Figure 11.3.2.: Vx and S(«)
(2N B(0, A)\S(a, c)| < Ga.
(2N B(0,A)\S(a, )] — 0

N
Cc1
dop = —
0 NG
TY5 and o

T
// Ve, O + |u(z, ) dedt < e
0 JonB(0,4)nS((T))

1

T

Collecting (11.3.17), (11.3.21), and (11.3.22) we get
In order to deduce Corollary 11.2, we will need

11.3.3. Proof of Corollary 11.2

and thus

which leads to

and finally

We take (say) ¢1
goes to infinity, and
by (11.3.22).

212



11.4. Obstacles illuminated by an ellipsoid

Lemma 11.9. Let {u(t), t > 0} be a relatively compact family of H', and Sy, be a family
of subsets of Q such that the Lebesque measure of Sy goes to zero as k goes to infinity.
Then we have

sup [ |Vu(t,2)|* + |u(t,z)|®dz — 0
>0 J 5,

as k goes to infinity.
Proof. If it is not the case, there exists a subsequence S,,, a sequence of times t; and
€ > 0 such that

vk, / Vu(t)|? + Julty)fde > e.

k

Because {u(t) t > 0} is relatively compact in H', we can suppose, up to extract a subse-
quence, that, as k goes to infinity

u(ty) — u* € H' in H'.
We have

/ |Vu(tk)]2+\u(tk)|6da:§/ |Vu*\2+|u*\6dx+/9|V(u*—u(tk))|2+/9|(u*—u(tk))|6dg;.

ni S’nk

By the Sobolev embedding H' < L%, both terms are going to zero as k goes to infinity
and we obtain a contradiction. O

We can now prove the rigidity corollary:
Proof of Corollary 11.2. Let u be a solution of (NLW) with a relatively compact flow
{u(t), t > 0} in H'. By lemma 11.9

Vul?(t,x)de = e(|S(T)]),

sup /
£>0 J(QNB(0,4))\S(T)

where €(h) — 0 when h — 0, and in particular

1 (T
/ / |Vu|?(t, x)dz = €(]S(T))). (11.3.23)
T Jo JanBo,a)\sm)

Thus, by theorem 11.1, u verifies the criterion (11.2.2) and thus scatters in H. ]

11.4. Obstacles illuminated by an ellipsoid

Motivated by the above result, we are interested by the scattering problem in non trapping
geometries close to the exterior of two convex obstacles, such as dog bones with arbitrary
thin neck. Theorem 11.4, which we will prove now, gives in particular the scattering
in such settings. More precisely, it permits to handle obstacles illuminated by arbitrary
cigar-shaped ellipsoids and a certain class of flat-shaped ones.
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11. Scattering for the nonlinear wave equation outside obstacles

In order to show such a result using the Morawetz identity (11.2.1) to obtain the criterion
of lemma 11.7, it is natural to choose the gauge of the ellipsoid we are dealing with as the
weight function. The next lemma gives us the range of ellipsoids for which such a weight
verify the bilaplacian constraint:

Lemma 11.10. Let n > 2 and

p(m)z\/x%+--~+xz+e(x§+1+~~-+x%).

Then,
A?p <0, Ve € [ep, 1]
with
0 if k>3,
€ = :n227; 2=z,
nil if k=1

Proof. An elementary computation gives

A(e) | Ble)(ajyy +- - +a7) N Cle)(ad y + - +a2)?
p? p° o7

where

Ale) = —(n — k4 2)(n — k)e —2(n — k)(k — 3)e — (k — 1)(k — 3),
B(e) = 6¢((n — k4 2)e* + [(2k — n) — 5le — k + 3),
C(e) = —156%(e — 1)

In all cases, C'(¢) < 0.

If k£ > 3, it is clear that A(e) < 0. Let us denote B( ) (E) =(n—-Fk+ 2)6 + [(2k —
n) —5le —k+3 . Then B(0) = —(k—3) <0, B(1) =0, B( ) <0 for e € [0,1] and
therefore A%p < 0 for € € [0, 1].

If k = 2, the roots of A(€) = —n(n—2)e? +2(n—2)e+1are €0 = = & 7”2(:(_2)(7;_1)

the roots of B(e) = ne? — (n+1)e+1 are Land 1,s0 A%p < 0Oforee[2+ 2(:(n2)§n D) 1]
Ifk=1, A(e) = —(n+ 1)(n — 1)e? + 4(n —1)e is non—p0s1t1ve if and only if € >
= (’]’L

~ +1)
and the roots of B(e) +1)e? — (n + 3)e + 2 are T+1 and 1, so A?p < 0 for all € in
[55 1]- O

Notice that in dimension three, this weight cannot be explicitly used as its bilaplacian is
not non positive — g > 0 in the previous lemma. Hence, to derive the control (11.2.2), we
will extend v as a solution of a four dimensional non linear wave equation, get the control
for this extended solution, and manage to go back to .

To this purpose, we need the following existence result for the four dimensional problem:
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11.4. Obstacles illuminated by an ellipsoid

Lemma 11.11. Let Q be a smooth domain of R* with compact boundary, and (ug,u1) €
H%(Q) X H%(Q) Then, there exists a unique global solution of

2 _ 5.0 4
{(at Au+u’ =0 inRxQ (11.4.1)

Ujp=0 = U0, Orup=0 = U1, URrxsn =0
satisfying . \
ue C(R,H(Q)NL(Q)NCYHR, H1(Q)) N L¥(R, L5(Q)).

Proof. Let 0 < T < 1. By the work of [BSS09b], Theorem 1.1, applied to the admissible
triple (p = 48, = 6,y = %) in dimension 4, if u is solution of

{@2 —Au=F in(0,T)x 9 (11.4.2)

U= = f, Ouj—0 =9, Urxon =0

then the following Strichartz estimate holds

1wl Las (o,1),L6(0)) < C (HfHHg(Q) + HgHHg(Q) + HFHLl((o,T),m(Q))) -

Using this estimate, we obtain the local existence following a classical fixed point
method, in the space

Xr = CO(R, H1(Q) N L5(Q)) N CH(R, H1(Q)) N LS(R, LY(Q))

for T sufficiently small depending of HuOHH fq and ||uy HH 3. Lhe global existence result

) ()

follows using the energy conservation law. O

We are now in position to show:

Proposition 11.12. LetC C R3 be the ellipsoid of equation (11.1.3), resp. (11.1.4), K be a
compact subset of R illuminated by C and Q) := R3\K. Letu € C(R, H(Q))NC(R, L*(Q))
be the global solution of (11.1.1) in Q. Then

1 /T / 5 6 1
= \Vu(z,t)|* + |u(z,t)]” dedt < —=C(E(u)).
T Jo Jonp.4) InT
Proof. Let § > 0. There exists ug, u, smooth functions vanishing on 9§ such that
luto = w71 gy + llur = 2 < 6.

We denote by ud € CO(R, H'(Q)) N C*(R, L2(R2)) the solution of (11.1.1) in © with data
(g, uf)-

Let T'> 0 and ¢ € C°(R) be such that 0 < ¢ <1, ¢ =1 on [—1,1] and ¢ = 0 on
[—2,2]¢. We take x7 = ¢(57) and, for (z,2) € @ xR
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11. Scattering for the nonlinear wave equation outside obstacles

Let us denote by p the gauge of ellipsoid we are dealing with, consider
K = K x [-4T,4T), Q =R"\K

P, 2) = v/p(@) + 2,

and v* € C(R, H%(Q)) NCHR, H%(Q)) the solution of the four dimensional equation

(0 = AN+ (1°)° =0 inRxQ
{Uﬁt:o = v, Gtv“izo =9, vﬁRXaQ =0 (11.4:3)
given by lemma 11.11.
Notice that, by the finite speed of propagation,
VO (z, 2,t) = u®(x, 1), (11.4.4)

Vo € QN B(0,2T —t), Vt € [0,2T, Vz € [-2T +t,2T — 1.

We denote by n the outward pointing normal vector to 0K and n = (n,0) the outward
pointing normal vector to K. The momentum derivation (11.2.1) applied to v° gives

4 —/at&wé.w—l/mvﬁatm —/(DQﬁVv‘S,Vv‘s)Jr1Aﬁ]v5|6—A2ﬁ|v5|2
dt ) 2 Jg ) 4
1
+/ 1070°205p.  (11.4.5)
2 Jov

By lemma 11.10, A%5 < 0. Moreover, as j is convex, (D?pVv?, Vo®) > 0 and Ap > 0.
Therefore, integrating (11.4.5) we obtain

1T 1 4
/ / 0700205 p dodt < [—/ o IRAVZILIN v / Aﬁvaatvd} . (11.4.6)
2Jo Jok Q 2 Ja 0

Let us take 7" > 0 large enough so that 0V C QN B(0,T"). Then, for t € [0,7],

T
/ |8ﬁv5\28ﬁﬁd5:// ]8@U5\28ﬁﬁdad22/ / |870° 205 p dodz.
oK R JOK -T JOK

But, by finite speed of propagation (11.4.4),

T T
/ / \8ﬁvé\zaﬁﬁdadz:/ / |8nu5\28m5dadz,
-1 Jok -1 Jok

so we obtain, as d,p > C by the definition of an illuminated subset

T
/~|aﬁv5|28ﬁﬁd52/ / 07u° 205 p dodz
0K -T JOK
|

T
= O’ QLanp dodz 2, / Opu’ 2/ ———— dzdo,
/T/BK| | V2422 6K‘ | T V1422
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11.4. Obstacles illuminated by an ellipsoid

and the integration of the right hand side gives

1
/8 O u’ 2 daNl T |8nv 1205p dé. (11.4.7)

Moreover, as Vp is bounded and 0 < Ap < \(a: Ik by the Cauchy-Schwarz inequality and
the Hardy inequality

|f|2 2 f _H
we obtain
[ /8tv5VU Vp— / Apr°op® } < E(v0), (11.4.8)
and this last inequality combined to (11.4.6) and (11.4.7) gives
1 5
Opu®)? dodt 5 —FE(v%). (11.4.9)

It remains to estimate the energy of v°. We have

[ Vil = / Vil (@) xr(2)xr () + u@)xr(2)xr(al) - = deds
Q |fU|

/ (@) P (=) ()2 iz
< /Q 194 () P (2)Per([2])? ddz + /Q ()P (22X (])? dcdiz
/ () P ()2 (2] dadz,

so, by the Holder inequality

2

Liviae s [ @ [ ( [ ru8<x>\6dx)é ([ xetabpae)” [ nateria:
w([dora) ([ atenta)” [ ez
[roe [ o+ ([ i)’ ( Lo (21Tu¢’\m)3>3 [ o

<
3 4T 1
6 3
(/ |uo\) (/MT)WHLw) i
< T/Q\Vuér%cr(/ﬂrugﬁ)g+T(/Qru3|6)3
< TO(BEW)
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11. Scattering for the nonlinear wave equation outside obstacles

Moreover,

Jrdl = [ [ @ el dnz < a7 [ o
and

Ll = [ ] @ P e e < a7 [ i
therefore

E(v’) STC(E(u")),
and by (11.4.8) we obtain

T

T

/l/|mwﬁwﬁgowmm. (11.4.10)
0 Jox InT

Notice that we can not pass to the limit directly in this expression because as mentioned
before, the application

w e H' N {value in time ¢ of solutions of NLW} — d,u € L*(9Q)

is not known to be continuous. But, notice that using lemma 11.6 with the weight y = |z|?
gives in particular

T T
/./ W@uﬁﬁﬂﬁwﬁﬁwﬁ§/§/|%ﬁﬁww
o JanB(o,4) 0o Jok

Therefore, combining the last inequality with (11.4.10) we get

1/T/ 5 2 1,0 6 L 5
= Vul(x,t)]* + |u’(x,t)|° dedt S —=C(E(u’)),
F L g O + ) L O(B)

and we can let § go to zero in this expression: as ug 6—> up in H' and u‘lS 5—> u in L2, we
—0 —0

obtain using the energy conservation law that C(F(u’)) P C(E(u)), and, because the
—
problem (11.1.1) is well posed, the left hand side goes as ¢ goes to zero to

1 T
[ VP e dod,
T Jo JonB(o,4)

and the proposition holds. O
Finally, we can conclude:

Proof of Theorem 11.4. The above proposition combined with the scattering criterion of
lemma 11.7 gives immediately the result. O
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Scattering for NLS with a sum of tW01 2
repulsive potentials

12.1. Introduction

We are concerned by the following defocusing non-linear Schrédinger equation with a
potential

i0pu + Au — Vu = ulu|®, u(0) = p € H. (12.1.1)

in arbitrary spatial dimension d > 1. Once good dispersive properties of the linear flow,
such as Strichartz estimates described below in the paper, are established, the local well-
posedness of (12.1.1) follows by usual fixed point arguments. Because of the energy con-

servation law,
1 (0%
=5 [P+ [viwE s [l = o)

this result extends to global well-posedness. Thus, it is natural to investigate the asymp-
totic behavior of solutions of (12.1.1).

It is well-known since Nakanishi’s paper [Nak99] that for V' = 0, in the intercritical
regime

4 4
g <a<o— (12.1.2)

the solutions scatter in H'(RY), that is, for every solution u € C(R,H*(R%)) of (12.1.1),
there exists a unique couple of data ¢+ € H'(R?) such that

—itA
lut) — " s i gy 0.
The inhomogeneous setting V' # 0 was investigated more recently, for example in [BV16],

[Lafl6], [Honl4], [FV18]. However, all these scattering results rely on a non-trapping
assumption, namely, that the potential is repulsive:

z-VV <0,

219



12. Scattering for NLS with a sum of two repulsive potentials

or, as in [Carl6], that his non-repulsive part is sufficiently small. The aim of this paper
is to establish a first - as far as we know - scattering result in a trapping situation. More
precisely, we are interested in one of the simplest of such frameworks, that is, in the case
where V is the sum of two positive, repulsive potentials with convex level sets, which is
the potential-analog of the homogeneous problem outside two strictly convex obstacles.

Let Vi and V5 be two positive and strictly repulsive potentials, that is, there exists a;
and ay in R? such that

(a; — a172) . VVLQ < 0.

Moreover, we suppose that the level surfaces of V; and V5 are strictly convex. Let
V=W + V.

We will suppose that V follows the following decay assumption

2
uvv6H®%u+m%m%5>§ (12.1.3)
where
1 ifd=1
5=4, " ’

This assumption is the (improved) multi-dimensional analog of the decay assumption
arising in [Lafl16]. Finally, we will assume that the dispersive pointwise estimate

< 1

Ay e < P (12.1.4)

e’

holds. Note that, as remarked in [Lafl6], this last assumption is automatically verified
using Goldberg and Schlag’s result [GS04] under the non-negativity and decay assumptions
with § > 1 in dimension d = 1, 8 > 2 in dimension d = 3. Our main result reads

Theorem 12.1. Assume that d > 3. Let Vi and Vo be two non-negative, strictly repulsive
potentials with strictly convex level surfaces. Assume moreover that V. = Vi + Vs verify the
decay assumption (12.1.3), and the dispersive estimate (12.1.4). Then, in the intercritical
regime (12.1.2), every solution of (12.1.1) with potential V = Vi + Vi scatters in H'(R?).

As in the afforementioned papers, we use the strategy of concentration-compactness and
rigidity first introduced by Kenig and Merle in [KMO06]: assuming that there exists a finite
energy above which solutions does not scatter, one constructs a compact-flow solution and
eliminates it. Notice that in the case of a repulsive potential, this last rigidity part is
immediate by classical Morawetz estimates. It will be here the main difficulty to overcome
and the novelty of this note. After some preliminaries, we construct a critical solution
in the second section, following [Lafl6] and generalizing it to any spatial dimension. In
the last section, we eliminate it using a Morawetz multiplier that almost vanish on the
trapped trajectory [ajas].
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12.2. Preliminaries

Remark 12.2. We assume that d # 2 because our proof rely on endpoint Strichartz esti-
mates that are not true in dimension two, and the convexity assumption we make on the
potentials have no sense in the one dimensional case.

Remark 12.3. The first two sections of this paper generalize in particular the one-dimensional
result of [Lafl6], to any spatial dimension d > 3.

Remark 12.4. This framework is the potential-analog of the homogeneous problem outside
two strictly convex obstacles. This is the subject of a work in progress [LL]. A rigidity
argument in the particular case of two balls can be found in [Lafl7a].

Remark 12.5. 1t is straightforward from the last section that the result is still valid for an
arbitrary finite sum of convex repulsive potentials V' =V} + - - - 4+ Vv for which the centers
ay, are aligned. However, we present the proof for two potentials in the seek of simplicity.

12.2. Preliminaries

12.2.1. Useful exponents
From now on, we will fix the three following Strichartz exponents

2a(a + 2) _ 2(a+2)
da? —(d—-2a—-4 Y7 1-d—2a

r=a+2, q=

Moreover, let 1 be the conjugate of the critical exponent 2*:

Lol (12.2.1)
y =L 2.

Notice, for the sequel, the following two identities

1 1 1

-+ —== 12.2.2

st = (12.2.2)
and

1—I—2—1 (12.2.3)

st =L 2.

Finally, let v be such that (v,7n’) follows the admissibility condition of Theorem 1.4 of
Foshi’s inhomogeneous Strichartz estimates [Fos05]. Note that, in the intercritical regime
(12.1.2), all these exponents are well defined and larger than one.

12.2.2. Strichartz estimates

Let us recall that e *(=2+V) verifies the pointwise dispersive estimates (12.1.4), by [GS04]
in dimensions d = 1,3 for § > 1 (resp > 2), or by assumption in other cases. Interpo-
lating it with the mass conservation law, we obtain immediately for all a € [2, 0]

G 1
||€Zt( A+V)¢||La 5 ’t’g(Té)H’(Z}HLa/. (1224)
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12. Scattering for NLS with a sum of two repulsive potentials

Moreover, it leads by the classical TT* method (see for example [KT98]) to the Strichartz
estimates

t
He_’t(_AJFV)goHquLn + H/ e_l(t_s)(_A—H/)F(S)dSHngLW S el + 1F) (12.2.5)
0

LI3Ls
for all pairs (g;, ;) satisfying the admissibility condition

2 d d
- — =3 (RN} 27 72'
g 5 (U7 d) # (2,00,2)

We will use moreover the following Strichartz estimates associated to non admissible pairs:

Proposition 12.6 (Strichartz estimates). For all o € H, all F € LYL", all G € LY L"
and all H € L' L"

e A0 o < Il (12.2.6)
t .
I /0 e~ DAV B (8)ds|| papoo S| F | por o (12.2.7)
t .
|| /0 A G5 sl porr S NG o o (12.2.8)
¢ ] A+V
H/o e~ DAY [ (8)ds|| porr SN H| o po- (12.2.9)

Proof. The estimate (12.2.6) follows from admissible Strichartz estimate

e Ao s < o]l
LrLdp=1

together with a Sobolev embedding. The estimate (12.2.8) is contained in Lemma 2.1 of
[CW92]. Finally, (12.2.7) and (12.2.9) enters on the frame of the non-admissible inhomo-
geneous Strichartz estimates of Theorem 1.4 of Foschi’s paper [Fos05]. O

12.2.3. Perturbative results

The three following classical perturbative results, follow immediately from the previous
Strichartz inequalities with exact same proof as in [Lafl6].

Proposition 12.7. Let u € C(H") be a solution of (12.1.1). If u € LPL", then u scatters
in H'.

Proposition 12.8. There exists ¢g > 0, such that, for every data ¢ € H' such that

lloll gt < €0, the corresponding mazimal solutions of (12.1.1) and (10.1.2) both scatter in
H'.
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12.3. Construction of a critical solution

Proposition 12.9. For every M > 0 there exists € > 0 and C > 0 such that the following
occurs. Let v € C(HY) N LPL" be a solution of the following integral equation with source
term e(t, x)

t
o(t) = e AV / e =S AV) (4 () u(s)|*)ds + e(t)
0

with ||v||perr < M and ||e||prrr < €. Assume moreover that pg € H' is such that
e~ A=Vl orr < € . Then, the solution u € C(H') to (12.1.1) with initial condition
@ + o satisfies

we LPL",  ||lu—v|rr < C.

12.3. Construction of a critical solution

The aim of this section is to extend the construction of a critical element of [Lafl6] to
any dimension d # 2 — no repulsivity assumption is used in this first part of this work.
This previous paper itself follows [BV16] which deals with a Dirac potential, which is more
singular but for which explicit formulas are at hand. More precisely, let

E.=sup{E>0|Vpe H', E(p) < E = the sol. of (1.1) with data ¢ is in LPL"} .
We will prove

Theorem 12.10. If E. < oo, then there exists ¢. € H', o. # 0, such that the corre-
sponding solution u. of (12.1.1) has a relatively compact flow {u.(t), t >0} in H'.

As this theorem was obtained in [Lafl6] in the one dimensional case, we assume all
along this section that d > 3.

12.3.1. Profile decomposition

We first show, with the same method as in [Lafl6], extended to any dimension, that we
can use the abstract profile decomposition obtained by [BV16]:

Theorem (Attract profile decomposition, [BV16]). Let A : L? D D(A) — L? be a self
adjoint operator such that:

e for some positive constants ¢,C' and for all u € D(A),

cllullf < (Au,u) + ullz2 < Cllulfp, (12.3.1)

e let B: D(A) x D(A) 3 (u,v) = (Au,v) + (u,v)r2 — (u,v) 1 € C. Then, as n goes

to infinity

B(Ta, ¥, Ty hn) = 0 Vi € H' (12.3.2)
as soon as

Ty — 00, sup||hy||m < o
or

r, > €R, h,—0,
H1
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12. Scattering for NLS with a sum of two repulsive potentials

o let (tn)n>1, (Tn)n>1 be sequences of real numbers, and t,z € R. Then

ltn] = 00 = |le¥ A7, Y|lr — 0, V2 <p< oo, Vip € H (12.3.3)

— . 1
th =T, Tp — too =V € H', Jpe H', 1, e, v (12.3.4)
th =L, ap— 7=V eH, etAr ph - (12.3.5)

And let (up)n>1 be a bounded sequence in H'. Then, up to a subsequence, the following
decomposition holds

un_ze” ATWﬁR,{ VJ eN

where
n n . 1
7 €ER, 2y €R, ;€ H

are such that

e for any fized j,

A)OO

ti=0Vn, or t) +o0 (12.3.6)
x;L =0Vn, or xﬁl "2 too, (12.3.7)
e orthogonality of the parameters:
7 —tp| + |27 — af| " 00, Vi #£K, (12.3.8)
e decay of the remainder:
Ve >0,3J €N, limsup|le ™R/ |ocr <, (12.3.9)
n—oo
e orthogonality of the Hilbert norm:
J
lunlfz =D llsl7e + IRz +oa(1), VJ €N (12.3.10)
j=1
J
lunlldr = D NIy wsllF + IR +oa(1), VJ €N (12.3.11)
j=1

where (u,v)g = (Au,v), and

tn B, Zuelt”f Ul + IR, +on(1), V2<p<2t, VJEN. (12.3.12)
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12.3. Construction of a critical solution

Let us show that the self-adjoint operator A := —A + V verifies the hypothesis of the
previous theorem.

Proposition 12.11. Let A := —A + V. Then A satisfies the assumptions (12.5.1),
(12.3.2),(12.3.3),(12.3.4),(12.3.5).

Proof. Assumption (12.3.1). Because V is non-negative, by the Holder inequality - let
us recall that & verifies (12.2.3) - and the Sobolev embedding H' < L?",

lulZn < (Au,u) + Jull 2 = / IVl + / Vil + / ul? < fulZpe + V]l 2
S (1 + CSoboleVHVHL‘;)Hquz’{l'

and (12.3.1) holds.
Assumption (12.3.2). We have

B(1y, 0, s, hn) = /VTxni/)Txnhn.

Assume that z,, -z € R and h, - 0. Notice that B can also be written
H

B(7a,th, 7o, hn) = / (0 V0T,

By Sobolev embedding, h,, — 0 weakly in L?". Moreover, 7_, V — 7_zV strongly in
L°. Therefore, because ¢ € L?" by Sobolev embedding again, it follows from (12.2.3) that
B(13,%, T2, hn) — 0.

Now, let us assume that

Ty, — +00, sup ||hy|| g < oo.

We fix € > 0. By the Sobolev embedding H' < L?", we can choose A > 0 large enough
so that

191l 2* (ja=n) < € (12.3.13)

Because V € L%, A can also be chosen large enough so that
IV Lo (aj=a) < € (12.3.14)

Then, by the Holder inequality - recall that 7 is defined in (12.2.1) as the conjugate of 2*
-, by Sobolev embedding and the Minkowski inequality

| B(Ten s T in)| < || L2 |V 7 ||
S 5w 1yl V(= 2n)ll(a—zaiza) + 1VEC = 20)lLr(0—2ai<a)) -
jz

Thus, by the Holder inequality again, using this time (12.2.2), we have

1B(Tan s Tan ha) | S VI Lo l[¥02 o> all 22x + 1V Loz, <allzs 1]l Lox- (12.3.15)
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12. Scattering for NLS with a sum of two repulsive potentials

Now, let ng be large enough so that for all n > ng, x,, > 2A. Then, for all n > ng
|z —xp| < A=|z| > A
and, for all n > ng we get by (12.3.13), (12.3.14), (12.3.15)

| B(Ta ), Tap hn)| S (el VIl + €l 2+)

so (12.3.2) holds.

Assumption (12.3.3). The same proof as in [Lafl6] holds: it is an immediate conse-
quence of the pointwise dispersive estimate (12.2.4) and the translation invariance of the
LP norms. Notice that the estimate

e fller S NNl (12.3.16)

which is useful to close the density argument of this previous paper, generalizes to dimen-
sions d > 2 because, as V is positive and in L%, by the Holder inequality together with
the Sobolev embedding H' < L?" we get

1
IV < D=2+ VIEAR = [190P + [ VI <17Bn + Vsl S 1615

from which (12.3.16) follows because €4 commute with (—A + V)% and is an isometry
on L2,
Assumption (12.3.4). We will show that

t, —t, T, — +o0 = HT,xneit"(_AJrv)Tznw — e_ifA¢||H1 —0

and (12.3.4) will hold with ¢ = e~ #2¢). As remarked in [Laf16], it is sufficient to show
that ‘ '
et ATz 4 — e A, )l — 0. (12.3.17)

Notice e A7, 1) — e =A+V)r ) is a solution of the following linear Schrédinger equa-
tion with zero initial data

O — Au+ Vu = Ve 7, 4.

Therefore, by the inhomogeneous Strichartz estimates, as (2, 2*) is admissible in dimension

d > 3 with dual exponent (2,7), and because the translation operator commutes with

e~"A we have for n large enough so that t,, € (0, + 1)

< ||€it(_A+V)Ta:n¢ - B_itATxn%Z)HLoo(o,{H)L? < HVe_itATan/J”LQ(o,EH)Ln

= [[(r=e,V)e 0l 200 741y 2n < (E+ DY I(7—0, Ve 29 oo 7 1) 10

Hence, estimating in the same manner the gradient of these quantities, it is sufficient to
obtain (12.3.17) to show that, as n goes to infinity

(72, V)™ 2| oo 0,05 1yw1n — 0. (12.3.18)
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12.3. Construction of a critical solution

Let us fix € > 0. By Sobolev embedding in L?", because e #*¢ € C([0,7 + 1], H') and
using the compactness in time, there exists A > 0 such that

‘|€_itA¢||Loo(o,£+1)L2*(|;,;\2A) <e (12.3.19)
On the other hand, as V € L%, A can also be taken large enough so that
IV L5 (aj=n) < € (12.3.20)

Let ng be large enough so that for all n > ng, z,, > 2A. Then, for n > ng
e+ a2, < A= x| > A

and for all ¢ € (0, + 1) and all n > ny we obtain, by Minkowski inequality, Holder
inequality together with (12.3.19) and (12.3.20), and Sobolev embedding

(e, V)e ™ 200 IV + zn)e ™ Y tn(osanza) + IV +2n)e 2Pl (ot a,<a)
—itA _HA
<celle " T/’”Loo(o,t’ﬂ)/:?* +ellVilLs Sellle " ¢HL°°(0,E+1)Hl +[VlIzs)-
thus '
H(T—acnv)eﬂmwHLOO(O,EH)L" — 0.
With the same argument, because VV € L%, we have
IV (=2, Ve 4| oo 0,01y 20 — 0.
Hence, to obtain (12.3.18), it only remains to show that
172, V'V (e~ 29| Lo 0,641y 11 — O (12.3.21)
To this purpose, let Q; be a C'*°, compactly supported function such that

[ — Pl < e

Notice that, by (12.2.1) we have

1
d7

n
hence, by Minkowski and Hélder inequality,
172, VV (e 2 |11 < 170, VV (e 29) |11 + 170,V V (€2 (¢ = 9)) [ 10

< e, VV (e 29) [pn + VIl al V(e (4 — ) 2
<72, VY (e 29) Lo + €| V]|, (12.3.22)
where V' € L% because of the (critical) Sobolev embedding W9(R3) — L4(R3) - recall
that 6 =d/2 ford > 2.
Then, because V(e %) € H',
HT—anV(e_imlL)HLO@(O,EH)Ln

can be estimated as H(T_a;nV)e*“AwHLoo(OfH)Ln, hence (12.3.21) follows from (12.3.22)
and the assumption is verified.

Assumption (12.3.5). It is a consequence of (12.3.16), the Lebesgue’s dominated
convergence theorem and the continuity of t € R — e®A7z¢) € H' with the exact same
proof as in [Lafl6]. O

N
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12. Scattering for NLS with a sum of two repulsive potentials

12.3.2. Non linear profiles

Similarly to [Laf16], we will now see that for a data which escapes to infinity, the solutions
of (12.1.1) are the same as those of the homogeneous equation (V' = 0), in the sense given
by the three next Propositions:

Proposition 12.12. Let ¢ € H', (zp)n>1 € RY be such that |x,| — oo. Then, up to a
subsequence ‘ '
le A7, p — e A V)r |l popr — 0 (12.3.23)

as n — 00.

Proof. We assume for example x,, — +00.
By the dispersive estimate and a density argument, the same proof as in [Lafl6] gives
sup ||eit(—A+V)
neN

as T — oco. We are therefore reduced to show that for T > 0 fixed

Tan ¥l Lo (T 00)Lr — 0 (12.3.24)

He_itATmn,¢ _ eit(—AJFV)Tmn?/JHLP(O,T)U —+0

as n — co. Let us pick € > 0. The difference e=#27, 1) — e (=2+V)7 1) is a solution of
the following linear Schréodinger equation with zero initial data

10w — Au+ Vu = Ve_itATwni/J.
So, by the inhomogeneous Strichartz estimate (12.2.9)
—itA it(—A+V —itA
He ’ Tmnw - el ( * )T-Tn,l/}HLf(O,T)LT S ”V€ ’ Tl’n'l/}HL;YI(O’T)Ln
5y —itA
S T Ve " S re, ¥l oo o,y
=5 —itA
=T [(7=2,V)e "2 Lo (0,7) L7
because the translation operator 7,, commutes with the propagator e~#*~. But
_itA
1(T—a, V)e™ 2|l oo 0, ry0n — O
n—oo
as seen in the proof of Proposition 12.11, point (12.3.4). O

Proposition 12.13. Lety € HY, (z,)n>1 € RY be such that |z,| — oo, U € C(HY)NLPL"
be the unique solution to the homogeneous equation

i0pu + Au = uju|®

with initial data ¥, and U, (t,z) := U(t,x — x,). Then, up to a subsequence

t o
|| / e=i=92 (11U, 1%) (5)ds — / e=i=)A=V) ({7 11,19 (s)dsl| por — 0 (12.3.25)
0 0

as n — oQ.
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12.3. Construction of a critical solution

Proof. In the exact same way as in [Lafl6], inhomogeneous Strichartz estimates, and the
pointwise dispersive estimate together with Hardy-Littlewood-Sobolev inequality leads

t .
sggn i e =AYV (UL UL|%) (8)ds || 1o 100y £r — O (12.3.26)

as T goes to infinity. Thus; it remains to show that for T" > 0 fixed,

t ) t )
|| / ¢ (U, [U,[*) ds — / &= AV) (1, [U,1%) s ogo.zy e — 0
0 0
as n — o0o. The difference

t t
/ efi(tfs)A (Un|Un|a) ds — / efi(tfs)(AfV) (Un|Un|a) ds
0 0

is the solution of the following linear Schrédinger equation, with zero initial data
t .
O = But Va =V [ 93 0,10, ds,
0

Hence, by the Strichartz estimate (12.2.9)

H /0 e (U, [U,[*) ds — /0 &= AV) (U |Unl®) dsl oo,z 10
t
< v /0 e~ (U |Ua[) dsll v 0110
L t —i(t—s «
< T || (70 V) /0 =D (UU1) ds | o 01700

But fg e =AU |*)ds € C([0,T], H"), so by Sobolev embedding in L?" and compact-
ness in time there exists A > 0 such that

t
H/o e UTIRUIUI) dsll oo 0.7 22* (o] 2.) < €

therefore .
(e [ €92 I dslloeioran 2, 0
0 n—o0
in the same way as in the proof of Proposition 12.11, point (12.3.4) . O

Proposition 12.14. Let ¢ € H, (zn)n>1, (tn)n>1 € RN be such that |x,| — oo and
t, — oo, U be a solution to the homogeneous equation such that

|U(t) — e ™A gn — 0

t—+oo
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12. Scattering for NLS with a sum of two repulsive potentials

and Uy (t,x) :=U(t — tp,x — ). Then, up to a subsequence
e~ tmA Ly emilt) AV (12.3.27)
and
t . t .
|| /0 =i=92 (11U, 1) ds — /O e AV) ([ T @) ds e — 0 (12.3.28)
as n — oo.

Proof. The proof is the same as for Proposition 12.12 and Proposition 12.13, decomposing
the time interval in {|t — ¢,| > T'} and his complementary. O

Finally, we will need the following Proposition of non linear scattering:

Proposition 12.15. Let ¢ € H'. Then there exists Wy € C(H') N Ly L", solution of
(12.1.1) such that

N —it(A=V)
[Wi(t,-) —e elar =2 0 (12.3.29)
moreover, if t, — Foo and
on = e B Vn W, (t) = Wa(t —ty) (12.3.30)

then

Wi n(t) =e AV, + / e =BV (W Wi |*)(s)ds + fen(t)  (12.3.31)
0
where
Hf:l:,n”LﬁiLT ﬁog . (12.3.32)

Proof. The same proof as [BV16], Proposition 3.5, holds, as it involves only the analogous
Strichartz estimates. ]

12.3.3. Conclusion

The theorem 12.10 is now a consequence of the linear profile decomposition together with
the nonlinear profiles results of Propositions 12.12, 12.13, 12.14, 12.15, perturbative result
of Proposition 12.9 and Strichartz inequalities of Proposition 12.6, in the exact same way
as in [Lafl6], Section 5.
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12.4. Extinction of the critical solution

The aim of this section is to prove the following rigidity theorem
Theorem 12.16. There is no non trivial compact-flow solution of (12.1.1).
Our key tool will be the following virial computation:

Lemma 12.17. Let u € C(H"Y) be a solution of (12.1.1) and x be a regular function.
Then

8t/xlu\2 = 2Im/Vx-Vuﬁ (12.4.1)
2
(")f/x]u|2 = 4/(D2XVU, Vu) + +2/AX|U]C“+2 — Q/VX S VVu? - /A2X|“’2’
e
(12.4.2)
In the case of a repulsive potential, taking the weight y = |z|? gives the result by a

classical argument, as all the terms, and in particular
/vxvvu|2 (12.4.3)

have the right sign. However, with a non-repulsive potential, this straightforward choose
of weight does not permits to conclude because (12.4.3) is no more signed.

In our framework of the sum of two convex repulsive potentials, we are able to construct
a family of weights that has the right behavior and for which the non-negative part of
(12.4.3) can be made small enough. The idea is to construct a weight such that Vy is
almost orthogonal to the line (ajaz).

It is given by the following lemma. The convexs C; and C; will be level surfaces of V;
and V5.

Lemma 12.18. Let R > 0 and Cy, Ca be two strictly convex of R? contained in B(0, R),
such that the trapped ray R between C1 and Co is a segment of the line {xg = -+ = xqg = 0}.
Let ¢ = (c1,0,...,0). We assume moreover that R is a continuous function of ¢1 such that
R(c1)/c1 — 0 as ¢; — +oo. Then, for x € 9(Cy UCy),

r—C z+c R?
(=g 5tg) > O

Proof. For x € R, let us denote z = (x1,%) with & € R?"!. Remark that

a4 =1 +a1+ 32+ 0%
T Cl =2¢C T — | —
! ! 201 C%

and therefore

r—c T+ c 1

(zcl(o,fc) B +0(R22)>. (12.4.4)

lz—c| |z+ec |xr—c|lz+ 1 s
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12. Scattering for NLS with a sum of two repulsive potentials

Moreover, on 9C;, —n is near R of the form

= u:%,o,--- J0) 4 (0, A, -+, Agzrq) + O(|[?)
1
with A\; > 0. And thus
~ 12
(201(0,5:) + xm) “(=n) > <2cl min A\, — C) 172 + O(|]?)
c1 1
Hence, there exists p > 0 and D; > 0 such that, for every ¢; > D; we have
. . |z[?
|z <p = |2¢1(0,%) + x? -(—=n) > 0. (12.4.5)

On the other hand, there exists ey > 0 such that, for all x € 9(Cy U Cs)
|Z| > p = (0,%) - (—n) > eo.

Hence, if |z| > §

~ 2 C
(201(0, z)+ xm) - (=n) > 2c160 — —,
c1 C1
and therefore, there exists Dy > 0 such that, if ¢y > Do
. . |z
|z >p = |2c1(0,Z) + 22— ) - (—n) > 0. (12.4.6)
C1

Combining (12.4.4), (12.4.5) and (12.4.6), and noticing that
2 — ||z +c| >
by the hypothesis R/c; — 0, gives the result. O

We are now in position to prove the rigidity theorem:

Proof of theorem 12.16. By contradiction, let u # 0 be a solution of (12.1.1) with a rela-
tively compact flow {u(t), tcR} in H' .

We choose a system of coordinates such that (ajag) = {ze =--- =x4=0}. Let ¢; >0
and ¢ = (¢1,0,...,0). We take

x(x) = |z —c| + |z + ¢,

() = [ xu®

By (12.4.1), the Cauchy-Schwarz inequality and the conservation of mass and energy

and denote

12/(8)| < /OE(u)M(u). (12.4.7)
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12.4. Extinction of the critical solution

Moreover, by (12.4.2)

2 (t) = 4/(D2Xvu, Vu) + ?M/Ax\u|a+2 — 2/VX VYV u* - /A2x\u|2
(6
1

> — |u|°‘+2 — /VX . VV|u|2.
€1 JB(0,A)

Because u # 0 and {u(t), t€R} is by assumption relatively compact in H', there exists

1> 0and A > 0 such that
sup [ fuf*t 2
teR J B(0,A)

Therefore we have )
2'(t) 2 —p— /vx VYV ul?. (12.4.8)
C1

Let R > 0. Note that, by Holder inequality and because V is bounded and |z|?VV € L°

‘ =2 R VX'VVW‘Q‘ < ||VV||L5(\x|2R)||u”i2*(\x|23)

1

< 5 (12.4.9)

2PVl s [ull 2 1oy Ry

but note that, because {u(t), t€ R} is relatively compact in H' and by Sobolev embedding
in L?",
sup [ull L2 (2> r) = €(R), (12.4.10)

where €(R) — 0 when R — oo and thus, using (12.4.8), (12.4.9) and (12.4.10)

1
Z'(t) 2 pler — / Vx - VV]ul* + —7€(R). (12.4.11)
B(O,R) R

Now, there exists a,b € R such that

B(0,R) c | {Vi=s}C B(0,2R),
s€la,b]

and
B(0,R)c |J {va=s}CB(0,2R).
s€la,b]
Thus, if z € B(0, R), there exists s12 € [a,b] such that z € {V; = 51} and z € {V5 = s2}.
Let us denote C1 2 = {Vi2 = s12}. Then, by lemma 12.18 applied to C; and Cq, we get

VVia R?
-V - “—(x) > O(—).
e = )
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12. Scattering for NLS with a sum of two repulsive potentials

Thus, by Hélder inequality, Sobolev embedding and conservation of energy

RQ
| vy VP < / YV [uf?
|z|<R,—Vx-VV(z)<0 Cy

R? , _ R , R
< S IVl < SNVl S 5 B, (12.4.12)
1 1 1
Hence, (12.4.11) together with (12.4.12) gives
R? 1
") 2B+ 0(Z5) + —ae(R).
20 2 f 4 O + ge()
Let us take R = ¢f. Then we get
1 —Bv
(1) 2 (O ™) + e el().
1

Thus, taking

1

P

s

and assuming
2
20—3<0 <= (> 3
we get, if we fix ¢; large enough
"y > e
()= 2

and (12.4.7) is contradicted. O

And our main result follows:

Proof of theorem 12.1. If E. < oo, then theorem 12.10 allows us to extract a critical
element ¢. € H', p. # 0, such that the corresponding solution u. of (12.1.1) verifies that
{uc(t), t > 0} is relatively compact in H'. By theorem 12.16, such a solution cannot exist,
so E, = co and by Proposition 12.7, all the solutions of (12.1.1) scatter in H'. O
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