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Abstract

We study automorphisms of irreducible holomorphic symplectic (IHS) mani-
folds of K3[™-type, i.e. manifolds which are deformation equivalent to the Hilbert
scheme of n points on a K3 surface, for some n > 2. In recent years many clas-
sical theorems, concerning the classification of non-symplectic automorphisms of
K3 surfaces, have been extended to IHS fourfolds of K3Z-type. Our aim is to
investigate whether it is possible to further generalize these results to the case of
manifolds of K3[-type for any n > 3.

In the first part of the thesis we describe the automorphism group of the Hilbert
scheme of n points on a generic projective K3 surface, i.e. a K3 surface whose
Picard lattice is generated by a single ample line bundle. We show that, if it is not
trivial, the automorphism group is generated by a non-symplectic involution, whose
existence depends on some arithmetic conditions involving the number of points
n and the polarization of the surface. Alongside this numerical characterization,
we also determine necessary and sufficient conditions on the Picard lattice of the
Hilbert scheme for the existence of the involution.

In the second part of the thesis we study non-symplectic automorphisms of
prime order on IHS manifolds of K3["-type. We investigate the properties of the
invariant lattice and its orthogonal complement inside the second cohomology lat-
tice of the manifold, providing a classification of their isometry classes. We then
approach the problem of constructing examples (or at least proving the existence)
of manifolds of K3["-type with a non-symplectic automorphism inducing on coho-
mology each specific action in our classification. In the case of involutions, and of
automorphisms of odd prime order for n = 3,4, we are able to realize all possible
cases. In order to do so, we present a new non-symplectic automorphism of order
three on a ten-dimensional family of Lehn-Lehn—Sorger—van Straten eightfolds of
K 3[4]—type. Finally, for 2 < n < 5 we describe deformation families of large dimen-
sions of manifolds of K3!"-type equipped with a non-symplectic involution and the
moduli spaces which parametrize them.
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Introduction

The study of automorphisms of K3 surfaces has been a very active research
field for decades. By means of the global Torelli theorem proved by Pjateckii-Sapiro
and Safarevic [89], it is possible to reconstruct automorphisms of a K3 surface ¥
from Hodge isometries of H?(X,Z) which preserve the Kéhler cone. This link,
together with seminal works by Nikulin [81], [80] and Mukai [79], provided the
instruments to investigate finite groups of automorphisms on K3’s, by adopting
a lattice-theoretical approach. In recent years, the interest in automorphisms has
extended from K3 surfaces to manifolds which generalize them in higher dimen-
sion, namely irreducible holomorphic symplectic (IHS) varieties. These manifolds
still have a lattice strucutre on their second cohomology group with integer coeffi-
cients (provided by the Beauville-Bogomolov—Fujiki quadratic form); however, in
contrast with K3 surfaces, the isomorphism class of higher-dimensional IHS man-
ifolds cannot be recovered from the integral Hodge decomposition of this lattice
(the first counter-example was exhibited by Debarre [37]). Nevertheless, results
by Huybrechts, Markman and Verbitsky (see [52], [71], [L00]) provide a (weaker)
analogous of the global Torelli theorem for irreducible holomorphic symplectic man-
ifolds: this allows us to investigate automorphisms of THS manifolds with methods
similar to the ones which proved to be effective in the case of K3 surfaces, studying
their action on the second cohomology lattice.

A great number of results are now known for automorphisms of prime order
on ITHS fourfolds which are deformations of Hilbert schemes of two points on a
K3 surface (so-called manifolds of K3[-type). The symplectic case (i.e. automor-
phisms which preserve the symplectic form of the manifold) is covered by Camere
[27] for involutions and by Mongardi [73] for automorphisms of odd prime orders;
moreover, a classification of finite groups of symplectic automorphisms on fourfolds
of K3Pl-type is provided by Hohn and Mason [48]. The fixed locus of these auto-
morphisms is also well-understood: it consists of isolated points, K3 surfaces and
abelian surfaces. In turn, a systematic study of non-symplectic automorphisms was
started by Beauville [12], with the case of involutions, and has later seen many
relevant contributions, such as the work of Boissiere, Nieper-Wisskirchen and Sarti
[21], which was instrumental to obtain a complete classification of the action of
these automorphisms on cohomology (see [17], [16], [96]). Explicit constructions
of automorphisms of prime order realizing all possible actions in this classification
have been exhibited throughout the years, with the exception of the (unique) au-
tomorphism of order 23 whose existence is proved in [16]. In particular, it is worth
mentioning the work by Boissiere [15] on natural automorphisms, the geometric
constructions on Fano varieties of lines on cubic fourfolds by Boissiere, Camere and
Sarti [17] and the study of induced automorphisms on moduli spaces of stable ob-
jects on K3 surfaces by Mongardi and Wandel [78], and by Camere, G. Kapustka,
M. Kapustka and Mongardi [31] in the twisted case, as well as the involution of
double EPW sextics constructed by O’Grady [87], [86].

Far less is known about automorphisms of manifolds of K3["-type when n > 3.
Several classification results on symplectic automorphisms are contained in [73],

vii



viii INTRODUCTION

[76] and, in a recent paper, Kamenova, Mongardi and Oblomkov [61] studied the
fixed locus of symplectic involutions. Moreover, in his PhD thesis Rapagnetta [90]
exhibited an interesting (birational) symplectic automorphism of order two of a
manifold of K313-type, which plays a role in describing O’Grady’s 6-dimensional
THS example (see [77]).

In the thesis we focus on non-symplectic automorphisms of manifolds of K3"-
type. The core of the manuscript can be divided into three parts (corresponding to
Chapters 3, 4 and 5), dealing with distinct — yet closely related — problems.

In Chapter 1 and Chapter 2 we provide the reader with an overview of the
fundamental results in the theory of lattices and of IHS manifolds respectively,
which are instrumental for the study of automorphisms.

The aim of Chapter 3 is to describe the group Aut(X™) of biholomorphic
automorphisms of the Hilbert scheme of n points on a generic projective K3 surface
¥, i.e. a K3 surface such that Pic(X) = ZH, for an ample line bundle H. It is
known that, if H? = 2t for an integer ¢ > 1, then the K3 surface ¥ has no non-
trivial automorphisms if ¢ > 2; instead, if ¢ = 1, ¥ is isomorphic to a double cover
of P? ramified along a smooth sextic curve, therefore it is endowed with a covering
involution (which is the only automorphism of X, besides the identity). In the case
n = 2, the group Aut(X[?) has been computed in [20] by Boissiere, An. Cattaneo,
Nieper-Wisskirchen and Sarti, who show that it is either trivial or generated by a
non-symplectic involution. We prove that these are still the only two possibilities
when n > 3. In particular, if ¢ = 1 the group Aut(X™) is generated by the natural
involution induced by the covering automorphism of 3. For ¢t > 2, there are no
natural involutions on X[ and we provide necessary and sufficient conditions to
distinguish between the two possible cases Aut(X™) = {id} and Aut(XI") = 7 /27.
We first give a divisorial characterization, in Proposition 3.4.1 and Proposition
3.4.3, obtained by using the global Torelli theorem for IHS manifolds of K 3[-type:
there is a (non-natural, non-symplectic) involution on X if and only if there
exists a primitive ample class v € NS(XM) with v? = 2, or with v? = 2(n — 1)
and divisibility n — 1 in H2(E[", Z) (i.e. the ideal {(v,1) |1 € H*(Z,Z)} C Z is
generated by n— 1). In addition to this, in Theorem 3.5.4 we also determine purely
numerical necessary and sufficient conditions for the existence of an involution on
¥, This can be achieved by using the descriptions of Bayer and Macri [7] for the
movable and nef cones of X", and by studying how an automorphism of the Hilbert
scheme acts on these cones. As an application of the numerical characterization,
for any n > 2 we show how to construct an infinite sequence of values ¢,, , > 2n —2
such that, if ¥ is a K3 surface with Pic(X) = ZH, H? = 2t,,, then [ admits
an involution, whose action on H?(X™,Z) is the opposite of the reflection with
respect to a class v € NS(X[") of square two (see Proposition 3.5.7). The results
of this chapter have been the object of the paper [33].

In the last two chapters of the thesis we shift from Hilbert schemes of K3
surfaces to the more general setting of manifolds of K3"-type, with the aim of
classifying non-symplectic automorphisms of prime order. If X is deformation
equivalent to the Hilbert scheme of n points on a K3 surface, an automorphism
o € Aut(X) is uniquely determined by its pull-back o* € O(H?*(X,Z)). In turn,
it is possible to describe o* by means of the invariant lattice T = H?(X,Z)" =
{ve H*(X,Z): o*(v) = v} and its orthogonal complement S =T+ C H*(X,Z).
In the case of non-symplectic automorphisms of prime order on fourfolds of K 3!2-
type, Boissiere, Camere and Sarti determine in [17] all possible isometry classes
for the lattices T and S. In particular, they notice that the classification is funda-
mentally richer for p = 2, rather than for p odd. For n > 3, many additional cases
appear whenever p divides 2(n — 1): this suggests that involutions deserve to be
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discussed separately, since 2 divides 2(n —1) for all n > 2. Thus, in the second part
of the thesis we focus on non-symplectic automorphisms of manifolds of K3"-type,
distinguishing between involutions and automorphisms of prime order p > 3.

In Chapter 4 we study non-symplectic automorphisms of odd prime order. We
first investigate the properties of the pairs of lattices (T, S). The isometry classes
of the two lattices depend on three numerical invariants of the automorphism: its

H2(x2) o (2\®
T®sS — \pZ :

We say that a triple (p, m, a), with p prime, is admissible for a certain n > 2 if there
exists two primitive orthogonal sublattices T, S of the abstract lattice H?(X,Z), for
any manifold X of K3["-type, with the above properties and satisfying some ad-
ditional necessary conditions to be the invariant and the co-invariant lattices of an
automorphism of order p on a manifold of K3["-type. Using classical results in lat-
tice theory, mainly by Nikulin [81], we can determine a list of all admissible triples
(p, m, a) for each value of n. Our first main result, which is purely lattice-theoretic,
concerns the classification of pairs (T,.5) corresponding to a given admissible triple
(Theorem 4.1.12). Moreover, for n = 3 and n = 4 (which are the cases of most
immediate interest) we provide in Section 4.1.4 and Appendix A the complete list
of admissible triples (p, m,a) and of the corresponding (unique) pairs of lattices

order p and two integers m, a such that rk(S) = (p — 1)m and

(T, 5).
We then construct examples of non-symplectic automorphisms of odd prime
order. For manifolds of K3[-type, in [17] the authors prove that natural automor-

phisms of Hilbert schemes of points realize all but a few admissible pairs (T, .5);
the residual cases (except for the aforementioned automorphism of order 23) are
constructed as automorphisms of Fano varieties of lines on cubic fourfolds. For
n > 3, it is necessary to expand our pool of tools. Induced automorphisms on mod-
uli spaces of (possibly twisted) sheaves on K3 surfaces, studied in [78] and [31],
directly generalize natural automorphisms and allow us to realize many new pairs
(T, S). In Section 4.3 we show, specifically, how to apply these constructions when
n = 3,4: we find that all admissible pairs of lattices (7',.5) with rk(T) > 2 can be
realized by natural or (possibly twisted) induced automorphisms. Admissible pairs
(T, S) where T has rank one require special attention. There are only four distinct
triples (p, m,a) which determine pairs of lattices (7,S) with rk(T) = 1: two for
p = 3 and two for p = 23. However, for a fixed n at most two of them are admissible
(no more than one for each value of p € {3,23}). We study these four cases in detail
in Proposition 4.1.15, providing the corresponding isometry classes of the lattices
T,S: even though they never correspond to natural or induced non-symplectic au-
tomorphisms, the global Torelli theorem for THS manifolds guarantees that there
exist automorphisms which realize each of them (see Proposition 4.2.4). In specific
cases, it is possible to provide a geometric construction of the automorphism. In
Section 4.4 we focus on one of these pairs of lattices (7',.5) with T = (2), for n = 4,
and we show that it is realized by a non-symplectic automorphism of order three
on a ten-dimensional family of Lehn—Lehn—Sorger—van Straten eightfolds, obtained
from an automorphism of the underlying family of cyclic cubic fourfolds. This is
the first known geometric construction of a non-induced, non-symplectic automor-
phism of odd order on a manifold of K3[4-type. Moreover, thanks to it we are able
to complete the list of examples of automorphisms of odd prime order p # 23 which
realize all admissible pairs (7, .5) for n = 3,4. This part of the thesis has been the
product of a collaboration with Chiara Camere ([29]).

Finally, Chapter 5 is devoted to non-symplectic involutions. In [60], Joumaah
studied moduli spaces of manifolds X of K 3[")-type with non-symplectic involutions
i: X — X, providing also a classification for the invariant lattice T = H*(X,Z)" .
This classification, however, is not entirely correct: we begin by rectifying the
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mistakes, providing a description of the possible signatures and discriminant forms
for T and S in Section 5.1. As a lattice, H?(X,Z) is isometric to L, := U @
E$? @ (—2(n—1)), therefore we can fix an isometry 7 : H*(X,Z) — L and consider
T and S as sublattices of L,. In Proposition 5.2.1 we show that, for any choice of
a pair of primitive orthogonal sublattices T', S C L,, satisfying our classification, it
is possible to extend idy ®(—idg) to a well-defined isometry of L,,, which in turn
can be lifted, by the global Torelli theorem, to a non-symplectic involution ¢ of a
suitable manifold X of K3[-type, such that H?(X,Z)" =T, (H*(X, Z)i*)L =5
(Proposition 5.2.3). We then use Joumaah’s results on moduli spaces to study
deformation families of large dimensions of manifolds of K3["-type equipped with
a non-symplectic involution. The period domain, for manifolds X of this type, is
contained in P(S ® C) C P(L,, ® C), where S is the co-invariant lattice of ¢ (whose
isometry class, as for T, is a deformation invariant). Therefore, the moduli spaces
of maximal dimension correspond to minimal invariant lattices (i.e. lattices which
do not primitively contain any other lattice T in our classification). For this reason,
in Section 5.3.1 we determine explicitly all possible isometry classes of pairs (T, S)
with rk(T) = 1,2, in order to identify, at least for n < 5, the maximal deformation
families of dimension d > 19 (Theorem 5.3.10). The results contained in this last
chapter are part of a joint work with Chiara Camere and Andrea Cattaneo ([30]).



CHAPTER 1

Lattice theory

In this chapter we present a (selective) overview of the theory of lattices and
of finite quadratic forms, recalling the fundamental definitions and results which
we will use throughout the thesis. Our main reference for these topics will be the
seminal paper [81] by Nikulin, but we will also draw from several other classical
sources, such as [36], [102], [62] and [26].

1.1. Definitions and examples

DEFINITION 1.1.1. A lattice L is a free abelian group endowed with a symmet-
ric, non-degenerate bilinear form (-,-) : L X L — Z.

The rank of the lattice L is rk(L) = r € N if L = Z%" as groups. The
bilinear form (-, -) on L can be represented, after choosing a Z-basis {e1,...,e,} for
the lattice, by its Gram matrizx G = (g;,;) € Mat,(Z), where g; ; := (e;, €;); in
particular, G, is symmetric.

The signature of the lattice L is the signature of the bilinear form on R" rep-
resented by the matrix G, i.e. the signature of the R-linear extension of (-,-) to
L ®z R. Assuming sign(L) = (I(4),l—y), we have [(4) + [~y = rk(L), since the
bilinear form is non-degenerate. The lattice L is said to be positive definite (re-
spectively, negative definite) if [(_y = 0 (respectively, /4y = 0); it is said to be
indefinite if [(1),l—y # 0. Finally, L is hyperbolic if [y = 1.

The divisibility div(l) of an element | € L is the positive generator of the ideal

{(Im)| me L} CZ.

The lattice L is even if the associated quadratic form is even on all elements of L,
ie. (I,1) € 2Z for all [ € L. If ¢ is a non-zero integer, L(t) denotes the lattice of
rank r = rk(L) and whose bilinear form is the one of L multiplied by ¢. If L, L’
are two lattices, their orthogonal direct sum is denoted by L @ L’: it is the lattice
of rank rk(L) + rk(L’) on the free abelian group L & L’ such that, if I1,l2 € L and
e L/ then (Ih + 15,1+ 1) == (I, 1) + (11, 15).

If L is a lattice, a sublattice T of L is a subgroup T' C L with the property that
the restriction of the bilinear form of L to T is still non-degenerate. For T' C L a
sublattice, we define

T+ ={leL|(,t)=0 VtcT}.
It is easy to check that T is a sublattice of L, called the orthogonal sublattice of T.
In particular, the sublattice 7' @® T+ C L has maximal rank, i.e. rk(T) + rk(T+) =
rk(L).

A sublattice T C L is called primitive if the quotient L/T is a free abelian
group. The orthogonal complement Th of any sublattice T C L is primitive;
moreover, (Tl)l D T is the primitive sublattice of L generated by T (also called
the saturation of T in L).

If L, L' are two lattices, a morphism of lattices ¢ : L — L' is a morphism of
abelian groups such that (I1,12) = (p(l1), ¢(l2)) for all l1,12 € L. Since the bilinear
form of any lattice is assumed to be non-degenerate, all morphisms of lattices are

1



2 1. LATTICE THEORY

injective. An isometry is a bijective morphism of lattices; we denote by O(L) the
group of isometries of a lattice L to itself. If two lattices L, L’ are isometric, we
write L & L’. We will often use the term embedding to refer to a morphism of
lattices which is not necessarily surjective. An embedding i : L < L’ is primitive
if the image (L) C L’ is a primitive sublattice.

The dual lattice of L is LV := Homg(L,Z), which admits the following equiva-
lent description:

(1) LY={ueLl®Q:(uv)€Z Yve L}.

Clearly, L is a subgroup of LY. Notice that, with respect to a basis {e;}, of L
and the dual basis {e] := (e;,)}, of LY, the matrix which represents the inclusion
L — LY is simply the Gram matrix of L with respect to {e;},. Since L C LV
is a subgroup of maximal rank, the quotient Ay, := LY /L is a finite group, called
the discriminant group of L. We denote by discr(L) the order of the discriminant
group Ar, i.e. the index of L C LY, which coincides with |det(G )| for any Gram
matrix G, representing the bilinear form of L with respect to a basis of the lattice.
Moreover, the length 1(Ap) is defined as the minimal number of generators of Ay,.

k
If A;, = {0}, the lattice L is said to be unimodular. If instead Aj = (p%)@ for
a prime number p and a non-negative integer k, then the lattice L is said to be
p-elementary; in this case, [(Ar) = k.

Notice that the dual lattice LY is not actually a lattice (it is not endowed with
an integer-valued bilinear form), however — using the representation (1) — we can
extend the bilinear form of L by Q-linearity to (-,-) : LY x LY — Q. In particular,
if we consider elements x1,22 € LY and lq,ls € L, we have:

(2) (z1+ 1,22 +12) = (21, 22) + (21, 12) + (1, 22) + (I, 12) = (z1,22)  (mod Z).
We recall the following definition.

DEFINITION 1.1.2. A finite bilinear form is a symmetric bilinear form b : A x
A — Q/Z, where A is a finite abelian group. A finite quadratic form is a map
q: A — Q/2Z such that:
(i) q(ka) = k?q(a) for all k € Z and a € A;
(i1) gqla+a') —q(a) — q(a’) = 2b(a,a’) in Q/2Z, where b: Ax A — Q/Z is a
finite bilinear form (called the bilinear form associated to q).
A finite quadratic form ¢ : A — Q/2Z is said to be non-degenerate if the associated
finite bilinear form b is non-degenerate, and by using b we define the orthogonal
complement H+ C A for any subgroup H C A. The isometry group O(A) is the
group of isomorphisms of A which preserve the finite quadratic form gq.

Looking at the expression (2), if L is a lattice the bilinear form (with rational
values) on LY descends to a well-defined finite bilinear form (-,-) : Ap x A — Q/Z.
In the case where the lattice L is even, we can associate to this bilinear form on
Ap a finite quadratic form ¢y, defined as

qr. : A, — Q/27Z, qr.(x 4+ L) := (z,z) (mod 27).

If Ay is a finite direct sum of cyclic subgroups A;, we write ¢, = €, Ai(ay) if
the discriminant form g, takes value «o; € Q/2Z on a generator of the summand
A;. Notice that, for any two lattices L, L/, there exists a canonical isomorphism
Argr = Ap @ A/, which is an isometry with respect to the finite quadratic forms
qrer and qr ® qr.

We recall the following result concerning finite quadratic forms.

PROPOSITION 1.1.3. Let q be a finite quadratic form on an abelian group A and
H C A a subgroup.
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(i) ¢ = ®pqp, where, for a prime integer p, qp, is the restriction of q to the
Sylow p-subgroup A, C A.

(ii) If q is non-degenerate, then |A| = |H||H*|. Moreover, if the restriction
qlg is non-degenerate, then A= H ® H* and ¢ = q|g © q|p- .

PROOF. See [81, Proposition 1.2.1] and [81, Proposition 1.2.2]. O

We now provide a list of examples of lattices which we will use throughout the
thesis, with the associated discriminant groups.

ExXAMPLE 1.1.4.

e If k is a non-zero integer, we denote by (k) the rank one lattice L = Ze,
with quadratic form (e,e) = k. It is positive definite if & > 0, negative
definite if k& < 0. The equivalence class of £ € L ® Q modulo L is a
generator of Aj = ‘k%, with qr, (% + L) = %

e The lattice U is the unimodular, hyperbolic lattice of rank two defined by

0 1

1 0/

e To each of the simply laced Dynkin diagrams Ay, D;, Ey, with h > 1,7 > 4
and k € {6,7,8}, we can associate a negative definite lattice of the same
name. The generators of the lattice correspond bijectively to the vertices
in the diagram: they are all set to have square —2. The product of two
generators is 1 if the corresponding vertices in the diagram are connected
by an edge, 0 otherwise. For example, we have:

the matrix

-2 1
1 -2 1
1 -2 1 1
-2 1 1 -2 0
A2"<1 —2)’ s = 1 0 -2 1
1 -2 1
1 -2 1
1 -2

e For p prime, p =1 (mod 4), let

b e <<p Rk 12) |

It is a hyperbolic p-elementary lattice with Ag, = L.

pZL
e For p prime, p =3 (mod 4), let
_(-+1/2 1
Kym (0502 1),
It is a negative definite p-elementary lattice with Ay, = p%. In particular,

K3 = AQ.

REMARK 1.1.5. For any prime number p, we can define p-adic lattices and finite
quadratic forms by replacing Z with the ring of p-adic integers Z,, (and Q with the
field of p-adic numbers Q) in the definitions that we have already given. Notice, in
particular, that finite p-adic quadratic forms can be identified with finite quadratic
forms A — Q/2Z, where the group A is a finite abelian p-group (see [81, Section
1.7)).

1.2. Classification of discriminant forms

Let L, L' be two even lattices. We say that they have isomorphic discriminant
forms (and we write g, = gr+) if there exists a group isomorphism p : Ay, — Ap/
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such that gr(z) = qr/ (p(x)) € Q/2Z for all x € Ar. By [81, Theorem 1.3.1], L, L'
have isomorphic discriminant forms if and only if there exist unimodular lattices V,
V' such that L@V =2 L' @ V'. Moreover, by [81, Theorem 1.1.1(a)] the signature
(v(4+),v(=y) of an unimodular lattice V' satisfies v(1) — v~y = 0 (mod 8). Hence,
the following definition is well-posed.

DEFINITION 1.2.1. The signature modulo 8 of a finite quadratic form g is
sign(q) :=l(4) — =y (mod 8)

where (I(4),l(—)) is the signature of an even lattice L such that ¢z = ¢.

We adopt the notation of [26]. Let p be an odd prime; we define two finite
quadratic forms on %Z (a > 1): they are denoted by wy ,, with e € {—1,+1}.
The quadratic form w;, has generator value ¢(1) = & (mod 2Z), where a is the

emallebt positive even number which is a quadratic residue modulo p. Instead, for
_a

w; 5, we have ¢(1) = o with a the smallest positive even number that is not a
quadratic residue modulo p.

For p = 2, we also define finite quadratic forms w3 , on W
we consider € € {1, +5}. In particular, the quadratic form w§ , has ¢(1) = 5.
We introduce two additional finite quadratic forms ue, v4, which are both defined
on the group 2a 507 @ (a > 1). Their associated finite bilinear forms are given by

the matrices

(a > 1), where now

20‘Z

0 L 1 1
2« 2a-1 2
Uq = ; Vo =
1 9 1 1

The collection of finite quadratic forms {w Ug, va}, for p prime and a > 1,

is fundamental in the following sense.

p,a?

THEOREM 1.2.2.

(i) The semigroup of non-degenerate, p-adic finite quadratic forms is gener-
ated by {wpa a1 if p is odd, and by {w2 a,ii)gti,’uo‘,voé}a>1 if p=2.
(i1) Any non-degenerate finite quadratic form q is isomorphic to an orthogonal

direct sum of the forms wy, ., Ua, Vo -

PROOF. See [81, Theorem 1.8.1]. O

We point out that the representation of a finite quadratic form ¢ as direct sum
of the forms wy, ,, Uq, Vo may not be unique: there are several isomorphism relations
between these forms (see [ , Proposition 1.8.2]). For instance if p is odd we have
wit ®wil 2w, L @w,l, while ws , & wzla = wie, ®wiS, for all e, ¢’ € {£1}.

As a consequence of Theorem 1.2.2; if p is an odd prlrne any non-degenerate

@
quadratic form on (2) k > 1, is isomorphic to a direct sum of forms of type

pZ
wiﬂ and w,, 1, with w @wp 1 = w, 16]910;&. This means that, if S is a p-elementary
lattice with dlscriminant group of length k, the form gs on Ag can only be of two

types, up to isometries:

REMARK 1.2.3. The signatures (mod 8) of the discriminant forms wy, , are
listed in [81, Proposition 1.11.2]. For p odd we have 51gn( ) =1-p (mod 8)
and sign(w;j) = 5 — p (mod 8). Therefore, if S is p—elementary and 81gn(S) =
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ok
(8(4+),5(~)), the quadratic form on the discriminant group Ag = (p%) is
+1) &k if — .
3) 45 = {(wp’l>@k 1 if 54y —s—) = k(1 —p) (mod 8);
(wil) Qw,y ifsg)—sc)=k(l—p)+4 (modS8).

This means that the quadratic form of a p-elementary lattice (p # 2) is uniquely
determined by its signature and its length (see [92, §1] for additional details).

EXAMPLE 1.2.4. The discriminant group of the lattice Ay is Z/3Z and its
signature is (0,2), therefore its discriminant form is w§ % The lattice Ejg is also
negative definite and 3-elementary, with I(Fs) = 1, but its signature modulo 8 is
now +2, therefore its discriminant form is ws 1. The lattice U(3) realizes instead
the form w;f% &) w;&, being 3-elementary of length 2 and signature (1, 1).

If S is a 2-elementary lattice, with Ag =2 (%)@k, then gg can be represented as
a direct sum of quadratic forms ini, u1,v1. The fundamental isomorphism relations
between these four finite quadratfc forms are the following:

up b uyp = v O s

~

u @ U’;,l = w§’1 D w§’1 D w{i,
v Bwy Fwy | B wy ] Bwsy .
Notice that wg ; (respectively, wy, 1) is the discriminant form of the even lattice
(2) (respectively, (—2)); uq is the discriminant form of U(2), while vy is realized

by the lattice D4. This allows us to easily compute the signatures modulo 8 of the
four quadratic forms, which are:

q ‘ sign(q) (mod 8)

1
wl% 1
(O -1
U 0
U1 4

We see that, in contrast to the case p odd, the quadratic form of a 2-elementary
lattice is not determined by its signature and length: for instance, the quadratic
forms u; and w; lo Wy, 1 both have signature zero and length two, but they are not
isomorphic.

1.3. Existence and uniqueness

A fundamental invariant, in the theory of lattices, is given by the genus.

DEFINITION 1.3.1. Two lattices L, L’ belong to the same genus if sign(L) =
sign(L’) and their p-adic completions LR Z,,, L' ® Z,, are isomorphic (as Z,-lattices)
for all prime integers p.

Two lattices L, L' belong to the same genus if and only if L& U = L' @ U, or
equivalently if and only if they have the same signature and discriminant quadratic
form:

THEOREM 1.3.2. The genus of an even lattice L is determined by the triple
(li+ys L=y, qr), where (Iyy,1—y) is the signature of the lattice and qr, is its discrim-
inant quadratic form.

PROOF. See [81, Corollary 1.9.4]. O
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Each genus contains only finitely-many isomorphism classes of lattices. It is an
interesting problem to determine whether there exists an even lattice with given
signature and quadratic form, and, if so, whether it is unique, up to isometries.
The main results which we will need, regarding uniqueness of an indefinite lattice
in its genus, are the following.

THEOREM 1.3.3. Let L be an even lattice with discriminant quadratic form qr,
and signature (I(4),1(—)), with [y > 1 and l(_y > 1. Up to isometries, L is the
unique lattice with invariants (l(+), Iy, qr) in all of the following cases:

(@) L +loy = U(AL) +2;

(id) (4 + (=) >3 and discr(L) < 127;

(ii1) I3y + 1=y > 3 and L is p-elementary, with p odd;

(iv) L is 2-elementary.

PROOF. The statement combines [81, Corollary 1.13.3], [36, Chapter 15, Corol-
lary 22], [17, Theorem 2.2] and [39, Theorem 1.5.2]. O

THEOREM 1.3.4. If the genus of an indefinite lattice L, with tk(L) = n and

n

discr(L) = d, contains more than one isometry class, then 4l51q is divisible by k(2)
for a non-square natural number k = 0,1 (mod 4).

PRrROOF. See [36, Chapter 15, Theorem 21]. O

In [81, Corollary 1.13.4]) it is shown that, if L is an even lattice of invariants
(I(+y, 1=y, qr), then the genus defined by the triple (I(1)+1,l)+1, qr) only contains
(up to isometries) the lattice L @& U, while instead L @ Ejg is the unique lattice with
invariants (I(4), () +8,qr). These properties are used in the proof of the following
splitting theorem, which we will frequently apply.

THEOREM 1.3.5. Let L be an even lattice with sign(L) = (I(4),1-))-
(@) Iflqy > 1, Iy > 1 and Iy +1—y > 3+1(AL), then L = L'®U for some
even lattice L' such that sign(L') = (l(4) — 1,{—y — 1) and qr» = qr.
(id) Ifl4y > 1, l—y > 8 and Iy + 1~y > 9+ 1(AL), then L = L' ® Eg for
some even lattice L' such that sign(L’) = (I4),1(~) —8) and qr = qr.

PROOF. See [81, Corollary 1.13.5]. O

We now turn our attention to criteria for the existence of a lattice in a genus.
We first need to recall the following result on the existence (and uniqueness) of
p-adic lattices of maximal length.

THEOREM 1.3.6. Let p be a prime and q, a quadratic form on a finite, abelian
p-group Ap,. Then there exists a p-adic lattice K (qp) of rank [(A,) and discriminant
form isomorphic to q,. The p-adic lattice K (qp) is unique (up to isometries) unless
p = 2 and there exists a finite quadratic form qb such that qo = wéti @ qb.

PROOF. See [81, Theorem 1.9.1]. O

The following theorem, due to Nikulin, provides necessary and sufficient con-
ditions for the existence of an even lattice with given signature and discriminant
form.

THEOREM 1.3.7. Let q be a quadratic form on a finite abelian group A. There
exists an even lattice with invariants (I(4y,l—y,q) if and only if the following con-
ditions are satisfied:

(Z) l(+) >0, l(,) >0 and l(+) + l(,) > l(A);

(ii) (1) — () = sign(g) (mod 8);
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(#id) (—1)') |A] = diser(K(gp)) (mod (Z;)z) for all odd prime integers p such
that l(+) + l(_) = Z(Ap);

(iv) |A| = +discr(K(q2)) (mod (Z3)?) if l4) + 1=y = I(A2) and g2 is not of
the form wzi% @ qb for any finite quadratic form ¢l.

PROOF. See [81, Theorem 1.10.1]. O

We point out that it is not necessary to check the two local conditions (#ii) and
(iv) if we are interested in proving the existence of a lattice L with rk(L) > I[(AL):
in this case, Theorem 1.3.7 can be formulated as follows.

THEOREM 1.3.8. Let q be a quadratic form on a finite abelian group A. There
exists an even lattice with invariants (I(1),l(—),q) assuming that the following con-
ditions are satisfied:

(7) iy 20,1y >0 and Iy +1—y > I(A);
(i1) l4y — I~y =sign(q) (mod 8).
PROOF. See [81, Corollary 1.10.2]. O

In the case of p-elementary lattices, with p odd, we already saw in Section 1.2
that the discriminant form of the lattice is uniquely determined (up to isometries)
by its signature and length. This means that the genus of a p-elementary lattice L,
with p # 2, depends only on the invariants (I(4),1—),{(AL)).

THEOREM 1.3.9. Let p be an odd prime. There exists an even hyperbolic lattice

L withtk(L) =7 > 1 and l(AL) = a > 0 if and only if the following conditions are
satisfied:

a<r;

r =0 (mod 2);

if a =0 (mod 2), then r =2 (mod 4);

ifa=1 (mod 2), then p=(—1)2~! (mod 4);

if r £ 2 (mod 8), then r > a > 0.

PROOF. See [92, §1]. O

For 2-elementary lattices, as we remarked in Section 1.2, signature and length
are not enough to determine the discriminant form. We need to introduce an
additional invariant.

DEFINITION 1.3.10. Let g be a quadratic form on a finite abelian group A. We
define:

0 ifg(z) € Z/2Z for all x € A;
(q) = .
1 otherwise.

If L is an even lattice, we set 6(L) := 0(qz.)-

With respect to the four fundamental finite quadratic forms wzii, u1,v1 defined
in Section 1.2, which constitute the building blocks for any 2-elementary discrimi-
nant form, we have:

THEOREM 1.3.11. An even indefinite 2-elementary lattice L with signature
(li4y, l=y) is uniquely determined by the invariants (I(4),l-y,1(AL),d6(L)), up to
isometries. There exists an even 2-elementary lattice L with sign(L) = (I(4),1(-)),
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I(AL) = a >0 and 6(L) = 6 € {0,1} if and only if [y > 0, [~y > 0 and the
following conditions are satisfied:

a <l +i);

li4y + 1=y = a (mod 2);

if 6 =0, then l(+) — l(,) =0 (mod 4);

if a =0, then § =0 and |1y — I~y =0 (mod 8);

ifa=1, then ly —l—y =1 (mod 8);

ifa=2and 1) — Iy =4 (mod 8), then 6 = 0;

if 6 =0 and Iy + 1y = a, then l4) — I~y =0 (mod 8).

PROOF. See [39, Theorem 1.5.2]. O

1.4. Orthogonal sublattices and primitive embeddings

If T C L is a sublattice of maximal rank, we have the following sequence of

inclusions:
T L LY —TY

such that the composition is just the canonical inclusion of T in its dual TV. Fix
a basis {t;}, of T and a basis {e;}, of L, and denote by Gt (respectively, G) the
Gram matrix of the lattice T' (respectively, L) with respect to the chosen basis. If
W is the matrix which represents the inclusion T' < L, then the transposed matrix
W represents LY — TV, therefore we conclude G = W!GW. The determinant
of W coincides with the index [L : T, while the determinants of Gr and G|, are
the discriminants of T" and L respectively, therefore
_diser(T)  |Ag|
~diser(L)  |AL|

In a more general setting, if T C L is a primitive sublattice of any rank, then
T @ T+ C L has maximal rank, which implies

} Ly diser(TeTh)  |Ap[|Ag.|
) LTt ) =—5am ™ ~ 1A

Notice that, by the sequence of inclusions

ToT' <L < (ToTh) =10 (T’

[L:T)?

the quotient L/(T @ T+) is isomorphic to a subgroup M C A @ Ap. which is
isotropic (i.e. (qgr @ gpo)|ar = 0), thus M € M+ and M+ /M = Ay. In particular,
the equality (4) implies that |A7||Ap.| = |AL||M|?. The projections

pr: Ar @ ApL. — Ar, pri AT ®ArLs — Apo

are such that M = My := pp(M) and M = My := ppi (M) as groups. Moreover,
the composition

(5) v :=pre o (pr) Hag : My — Mypo

is an anti-isometry, i.e. an isomorphism of groups such that gr(z) = —gp1 (y(x))
for all x € M.

LEMMA 1.4.1. Let L be an unimodular lattice and T C L a primitive sublattice.

Then, as groups:
L

= 7T@TL.
PROOF. Since |[A| = 1, we have |[M|* = |Ap||Ap.| by (4), hence My = Ap

and Mp. = Api. The projections prly : M — Ap and ppi|y : M — Apy are
therefore isomorphisms of groups. O

Ar = A
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A lattice isometry ¢ : L — L’ induces in a natural way a group isomorphism
©: Ap — Ap such that qr(x + L) = q(@(x + L)) for all x € LY. This isom-
etry of finite quadratic forms is defined as p(z + L) := (go*l)v (x) + L', where

(cpfl)v LY — (L’)v is the transposed morphism of ¢~!. In particular, for any

lattice L we obtain a canonical homomorphism O(L) — O(AL), ¢ — @.

PROPOSITION 1.4.2. Let L be an indefinite lattice, with tk(L) > I(Ar) + 2.
Then the homomorphism O(L) — O(AL), ¢ — @ is surjective.

PROOF. See [39, Proposition 1.4.7]. O

When studying primitive embeddings L < L', we can usually consider as
equivalent two embeddings whose images correspond to each other via an isometry
of L.

DEFINITION 1.4.3. Two primitive embeddings ¢ : L — L', j : L — L" define
isomorphic primitive sublattices if there exists an isometry ¢ : L' — L” such that

e(i(L)) = j(L).
The following fundamental result, proved by Nikulin in [81, Proposition 1.15.1],
provides a practical description of primitive embeddings.

THEOREM 1.4.4. Let S be an even lattice of signature (s(yy,sy) and discrimi-
nant form qs. For an even lattice L of invariants (I4y,1(—),qr) unique in its genus
(up to isometries), primitive embeddings i : S — L are determined by quintuples
©,:=(Hs,Hp,v,T,vr) such that:

o Hg is a subgroup of Ag, Hy, is a subgroup of Ap and v : Hg — Hyp is an
isomorphism qs|ms = qrlm, ;

o T is a lattice of signature (l1y — 8¢, l(—y — 8(—y) and discriminant form
qr = ((—qs) ® qv)|r+ v, where T C Ag ® Ay is the graph of v and T+ is
its orthogonal complement in Ag @& A with respect to the finite bilinear
form associated to (—qs) ® qr;

o vr € O(Ar).

The lattice T is isomorphic to the orthogonal complement of i(S) in L. More-
over, two quintuples © and ©' define isomorphic primitive sublattices if and only if
(Hg) = HY for some pn € O(S) and there exist ¢ € O(Ayp), v: T — T’ isometries
such that ¥ ofi = ¢ o~y and Vo~yp =, oT.

Notice in particular that Theorem 1.4.4 allows us to determine the discriminant
forms of all possible orthogonal complements 7' C L of the image of a primitive
embedding S < L. We will use this result throughout the thesis. In the case where
L is unimodular, Theorem 1.4.4 admits a simpler formulation.

COROLLARY 1.4.5. Let S be an even lattice of signature (s(y),s)) and dis-
criminant form qs, and L an even unimodular lattice of signature (I(4),l—y) unique
in its genus (up to isometries). There exists a primitive embedding i : S — L if
and only if there exists an even lattice T' of signature (I(4y — s(4),l(=) — 8(-)) and
discriminant form qr = —qs. For a given lattice T with these properties, each
primitive embedding i : S — L with i(S)* =2 T is determined by an isomorphism
v:Ag — Ar such that qr oy = —qgs.

PROOF. See [81, Proposition 1.6.1]. O

EXAMPLE 1.4.6. In order to exemplify how Theorem 1.4.4 is applied, we classify
primitive embeddings of S = U(2) inside the lattice L := U®3 @ E$? @ (—2(n —1)),
which is unique in its genus (up to isometries) by Theorem 1.3.3. As we saw in

z
2(n—1)Z

2
Section 1.2, Ag = (%)GB with discriminant form ¢g = wuy, while Ay, =
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and qr, takes value —m on the generator e of the discriminant group. As a
consequence, Hy C Ay can only be 0 or the subgroup of order two generated by
(n—1e.

o If Hy, = 0, then Hg = 0 and T' = {(0,0)} C As ® Ar. In this case,
the orthogonal complement S inside L is a lattice of signature (2,19)
and discriminant form —gg @ qr. By Theorem 1.3.3, there is only one
isometry class of lattices T with these properties, and a representative is
T=UqU(_2)®E$?* @ (-2(n —1)). Notice that a primitive embedding
S — L with such an orthogonal complement can be realized as follows.
Let {e1,ea}, {f1, f2} be the bases of two distinct summands U of L: we
then map the first generator of S = U(2) to e; + f1, and the second
generator to es + fo.

o If H;, = ((n— 1)e), then Hg = (s), where s € Ag is an element of order
two such that gs(s) = qr((n — 1)e) = =251 (mod 2): in particular, such
an element exists if and only if n is odd. Let €1, e be the generators of
Ag; then, if n =1 (mod 4) we can either choose s = €1 or s = €3, while
we need to take s = €1 + €9 if n = 3 (mod 4). Here I' = ((s, (n — 1)e))
and we compute that the quadratic form on I't/T" is isomorphic to gr.
As a consequence, the orthogonal complement of S in L is isometric to
T =U% ¢ EJ? ® (—2(n — 1)) (see Theorem 1.3.3). We can realize this
embedding in the following way. Let {e1, ea} be a basis for a summand U
of L and g the generator of the summand (—2(n — 1)). Let t = 251 € N;
we then map the first generator of S = U(2) to 2e; + tes + g, and the
second generator to es.

As a consequence of Theorem 1.4.4 we also get a characterization for the ex-
istence of an isometry ® € O(L) which extends an isometry ¢ € O(T), where
T C L is a primitive sublattice. Recall from (5) the definition of the anti-isometry
v =prs o (pr) sy - My — My

PROPOSITION 1.4.7. Let L be an even lattice, T C L a primitive sublattice and
¢ € O(T). There exists an isometry ® € O(L) such that ®|r = ¢ if and only if

there exists 1 € O(T+) such that oy =y o ¢.
PROOF. See [81, Corollary 1.5.2]. O

In particular, for any isometry v € O(T+) as in the statement there exists
® € O(L) which extends ¢ @ € O(T © T+).



CHAPTER 2

Irreducible holomorphic symplectic manifolds

2.1. General facts and examples

DEFINITION 2.1.1. An #rreducible holomorphic symplectic (IHS) manifold is a
compact Kéhler manifold X which is simply connected and such that H°(X, Q%) =
Cwx, where wy is an everywhere non-degenerate holomorphic two-form.

The holomorphic form wyx is referred to as the symplectic form of X. We recall,
in the following remark, the main properties of irreducible holomorphic symplectic
manifolds (for more details, see for instance [49]).

REMARK 2.1.2.

(i) Since wy induces a symplectic form on the tangent space T, X, for all
points x € X, the complex dimension of X is even.
(#) If dim X = 2n, then x(X,0x) = n + 1, because for k € {0,...,2n} we
have "
HO(X, 0k ) = {(wa/ ?kaO (mod 2);
0 ifk=1 (mod 2).

(ii1) Since w'% generates H(X, Q%) = HY(X, Kx) and it is nowhere vanishing,
it provides a trivialization of the canonical bundle, therefore Kx = Ox.

(iv) The two-form wy defines an alternating homomorphism TX — QL , which
is bijective since wx is everywhere non-degenerate. As a consequence,
TX =2 QL and thus HY(TX) = HMY(X).

(v) Since X is simply connected, we have Hq(X,Z) = 0 and therefore (by the

universal coefficient theorem) the second cohomology group with integer
coefficients H?(X,Z) has no torsion.

From the triviality of the canonical bundle, IHS manifolds have vanishing first
Chern class: they actually constitute one of the three building blocks of compact
Kéhler manifolds Z such that ¢;(Z)g = 0, as explained by the following theorem.

THEOREM 2.1.3. (Beauville-Bogomolov decomposition) Let Z be a compact
Kahler manifold with ¢1(Z)g = 0. Then there exists a finite étale covering Z'

of Z with
Z'=T x| |Vix| |X;
i J

where T' is a complex torus, V; are Calabi- Yau manifolds and X; are IHS manifolds.

PROOF. See [10, Théoreme 2]. O

Let X be an irreducible holomorphic symplectic manifold: since Kx = Oy, the
deformations of X are unobstructed by the Bogomolov—Tian—Todorov theorem (see
[97]). This implies that there exists a universal deformation X — Def(X) of the
manifold X, with Def(X) smooth of dimension h*(X,TX) = h11(X) = by(X) — 2.

THEOREM 2.1.4. Let X — I be a smooth and proper morphism of complex
manifolds and assume that the fiber Xy over a point 0 € I is irreducible holomorphic
symplectic. Then, if a fiber Xy is Kdhler, it is an IHS manifold.

11



12 2. IRREDUCIBLE HOLOMORPHIC SYMPLECTIC MANIFOLDS

PROOF. See [10, Proposition 9]. O

In particular, small deformations of irreducible holomorphic symplectic mani-
folds are again THS, by combining Theorem 2.1.4 with [65, Theorem 15].

We now present some examples of IHS manifolds. First, we recall the definition
of a K3 surface.

DEFINITION 2.1.5. A K3 surface is a compact complex smooth surface ¥ such
that KE = Og and Hl(E,Og) =0.

We point out that any K3 surface is Kéhler, even if this property is not explic-
itly requested in the definition (see [95]). All irreducible holomorphic symplectic
manifolds of dimension two are K3 surfaces, and we can therefore state that THS
manifolds provide a generalization of K3 surfaces in higher dimensions. Notice that
abelian surfaces (i.e. algebraic complex two-dimensional tori) are endowed with a
non-degenerate holomorphic 2-form and therefore they are holomorphic symplectic
surfaces, however they are not IHS because they are not simply connected.

EXAMPLE 2.1.6. Hilbert schemes of points on a K3 surface.

Let ¥ be a K3 surface and n > 1 an integer. We will denote by X[ the Hilbert
scheme of n points on X, that is the Douady space parametrizing zero-dimensional
subschemes (Z,Oz) of the surface ¥ of length n (i.e. dim¢ Oz = n). Notice that
Y[ is, in general, just a complex space, but it is a scheme (even projective) if the
K3 surface ¥ is projective (see [10, §6]). The Hilbert scheme " also arises as
a minimal resolution of singularities of the n-th symmetric product £ via the
Hilbert—Chow morphism

PRI 30
(2,02)] = > U(Oz,)p

peEX

where 1(Og,) is the length of Oy ,, which is zero outside the (finite) set of points
p in the support of Z. It was proved by Fogarty that p is a resolution of the
singularities of ¥(™ and that X" is smooth; it is also Kéhler because ¥ is Kéhler
(see [99]). In [10], Beauville showed that X[ is an irreducible symplectic manifold
of dimension 2n, whose symplectic form is derived from the one of the underlying
K3 surface. This result had already been obtained by Fujiki in the case n = 2,
where the geometric description of the Hilbert scheme is particularly simple. Any
irreducible holomorphic symplectic manifold which is deformation equivalent to
¥ for some K3 surface ¥, is called a manifold of K 3" -type.

EXAMPLE 2.1.7. Generalized Kummer manifolds.
Let A be a complex two-dimensional torus and n > 1 an integer. The Hilbert
scheme A"t is holomorphic symplectic, but it is not IHS since it is not simply
connected. We consider the summation morphism

s A 5 4

[(Z,02)] = > UOz,)p
peEA

and we define K,,(A) := s71(0), where 0 € A is the zero-point of the torus. The fiber
K, (A) is now an ITHS manifold of dimension 2n, as proved by Beauville in [10],
and we refer to these varieties as generalized Kummer manifolds. In particular,
K (A) is the Kummer K3 surface of the torus A, which is isomorphic to the blow-
up of the quotient A/ {£id}. Irreducible holomorphic symplectic manifolds which
are deformations of a generalized Kummer manifold are called IHS manifolds of
Kummer-type.
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Hilbert schemes of points on a K3 surface and generalized Kummer manifolds
provide two distinct ways to construct irreducible holomorphic symplectic mani-
folds in all even complex dimensions. Up to deformation, these are actually the
only known examples of IHS manifolds, except in dimension six and in dimension
ten, where we have two constructions (due to O’Grady) of irreducible holomor-
phic symplectic manifolds which are neither of K3!"-type, nor of Kummer-type.
For more details on the two families of O’Grady manifolds, which are obtained as
desingularizations of some moduli spaces of sheaves on K3 surfaces and on abelian
surfaces, we refer the reader to [84] and [85].

To conclude this section, we recall a geometrical construction of a manifold of
K3Z-type, which we will need in Chapter 4.

EXAMPLE 2.1.8. The Fano variety of lines on a cubic fourfold.

Let Y C P5 be a smooth cubic fourfold. The Fano variety of lines F(Y) is the
variety parametrizing lines contained in Y: it is again a smooth, projective manifold
of dimension four (see [6, Theorem 8]). Beauville and Donagi proved in [13] that, if
Y is a Pfaffian cubic fourfold, then F(Y) is isomorphic to the Hilbert scheme %[,
for ¥ C P® a K3 surface of degree 14. As a consequence, for any cubic hypersurface
Y C P5 the Fano variety of lines F(Y) is an irreducible holomorphic symplectic
manifold of K3Z-type.

2.2. Cohomology of THS manifolds

One of the main properties of IHS manifolds is that their second cohomology
group with integer coefficients (which, as we have already seen, is torsion-free) can
be equipped with a non-degenerate symmetric bilinear form, which generalizes the
intersection product on H?(X,Z) for a K3 surface X.

Let X be an irreducible holomorphic symplectic manifold of dimension 2n and
let w be a symplectic form on X satisfying [ v (wAw)" = 1. We define the following
quadratic form on the elements o € H?(X,C):

7(e) ::%/X(w/\w)"‘lAaZJr(l—n) </Xw”_1/\w"/\a) (/Xw”/\w”_l/\a>.

With respect to the Hodge decomposition
H?*(X,C) = H*(X)® H"'(X) @ H*?(X)
for any o € H*(X,C) we can write a = aw + & + bw, with £ € HY!(X). Then, we
have

q(a) = ab+ g/X(w A@)TEAER

In particular, H''!(X) is orthogonal to H?°(X)® H%2(X), with respect to the
bilinear form associated to g.

THEOREM 2.2.1. Let X be an IHS manifold of dimension 2n. There exists a
positive constant cx € R such that, for all « € H*(X,C):

/ o®" = exqla)™.
b's

Furthermore, the quadratic form q can be renormalized to a quadratic form q which
is non-degenerate, primitive and integral on H?*(X,Z).

PROOF. See [42, Theorem 4.7]. O

The (unique) renormalized quadratic form ¢ mentioned in the theorem is such
that, for any o € H?(X,Z):
a®" = cq(a)
b's

n



14 2. IRREDUCIBLE HOLOMORPHIC SYMPLECTIC MANIFOLDS

where ¢ € Q7 is called the Fujiki constant of the manifold X.

EXAMPLE 2.2.2. For manifolds of K3[-type, the Fujiki constant is ¢ = &2
(computed by Beauville in [10]).

The integral quadratic form ¢ on H2(X,Z) is called the Beauville-Bogomolov—
Fujiki quadratic form of the irreducible holomorphic symplectic manifold X. The
cohomology group H?(X,Z) is therefore endowed with a lattice structure, whose
signature is (3,b2(X) — 3) by [10, Théoréeme 5]. Moreover, from the definition of ¢
we deduce

q(w) =0, d(w+w) > 0.

REMARK 2.2.3. When using the Beauville-Bogomolov—Fujiki quadratic form
q on H*(X,Z), for an THS manifold X, we will often write 2 in place of ¢(z), to
denote the value of ¢ on an element z € H?(X,Z). We will instead use the brackets
(+,-) to refer to the bilinear form associated to g.

We emphasize that the Fujiki constant and the Beauville-Bogomolov—Fujiki
quadratic form are birational invariants and deformation invariants. As a conse-
quence, for any THS manifold X’ which is deformation equivalent to X we have a
lattice isometry H?(X',Z) = H?(X,Z). Also notice that the Néron—Severi group
NS(X) := H*(X,Z)n HY'(X) is a sublattice of H?(X,Z), which can be identified
with:

NS(X) = H*(X,Z) Nw*
because H1(X) is orthogonal to H?°(X) @& H%?(X) inside H%(X, C).

EXaMPLE 2.2.4. Let ¥ be a K3 surface. Then, the pairing associated to
the Beauville-Bogomolov-Fujiki quadratic form is just the intersection form on
H?(X,Z). As a lattice, H*(X,Z) is unimodular and we have an isometry:

(H*(S,Z),q) = Lgs == U & B
For any n > 2, there exists a natural inclusion (see [10, Proposition 6])
i: H3(2,Z) — H*(=M, 7)
such that
HY(xM 7) =i (H*(2,2)) © Z6
where 24 is the class of the exceptional divisor E of the Hilbert—Chow morphism
p: 2l 5 ») (in particular, E is the locus in ¥ which parametrizes non-reduced

zero-dimensional subschemes of length n). By restricting to algebraic classes, we
also have

NS(z") = i (NS(D)) @ Z3.

The class § is such that ¢(§) = —2(n — 1), thus, for any manifold X of K3[™-type,
we have

(Hz(X’ Z)v Q) = Ln = UEBS o E?Q 57 <72(n — 1)>
In particular, bo(X) = rk(L,) = 23 and sign(L,) = (3,20).
Using the Beauville-Bogomolov—Fujiki quadratic form, one can obtain the Eu-
ler characteristic of any divisor D € H%(X,Z) (see [50, Example 23.19]):

(X.D) = (q(D)/2n+ n+ 1>.

ExAMPLE 2.2.5. For the sake of completeness, we recall the isometry classes
and Fujiki constants of the Beauville-Bogomolov—Fujiki lattices for the other known
deformation types of IHS manifolds (see [91]).
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e Let X be an IHS manifold deformation equivalent to a 2n-dimensional
generalized Kummer variety K, (A). Then

(H*(X,Z),q) 2 U & (-2(n+1))

and the Fujiki constant is ¢ = f,g?; (n+1). In particular, bo(X) = 7.

e Let X be an IHS manifold deformation equivalent to a O’Grady sixfold.
Then

(H*(X,2),q) 2 U & (-2)%
and the Fujiki constant is ¢ = 60. In particular, by (X) = 8.
e Let X be an THS manifold deformation equivalent to a O’Grady tenfold.
Then
(H*(X,Z),q) 2 U & E§* @ A,
and the Fujiki constant is ¢ = 945. In particular, by(X) = 24.

Notice that it is possible to distinguish between the different deformation types just
by looking at the rank of H?(X,Z) (i.e. the second Betti number).

As in the case of K3 surfaces, there exists a projectivity criterion for all IHS
manifolds, which employs the Beauville-Bogomolov—Fujiki quadratic form.

THEOREM 2.2.6. Let X be an irreducible holomorphic symplectic manifold.
Then X is projective if and only if there exists | € HYY(X) N H*(X,Z) such that
q(l) > 0.

PROOF. See [50, Proposition 26.13]. O

Equivalently, the projectivity criterion states that an THS manifold X is pro-
jective if and only if the Néron—Severi sublattice NS(X) C H?(X,Z) is hyperbolic.
Having introduced the Beauville-Bogomolov—Fujiki lattice, we can present an
additional construction of irreducible holomorphic symplectic manifolds of K3["-

type.

EXAMPLE 2.2.7. Moduli spaces of sheaves on K3 surfaces.

Let (3, @) be a twisted K3 surface, where a € Br(X) := H? (%, 0%),,, is a Brauer
class. By [98, §2], if a has order k then it can be identified with a surjective
homomorphism o : Tr(X) — Z/kZ, where Tr(X) := NS(X)+ C H?(X,7Z) is the
transcendental lattice of the surface. A B-field lift of « is a class B € H*(Z, Q)
(which can be determined via the exponential sequence) such that kB € H?(%,Z)
and a(v) = (kB,v) for all v € Tr(X) (see [54, §3]). Notice that B is defined only
up to an element in H2(X,Z) + + NS(X).

The full cohomology H*(X,Z) = HY(%,Z) ® H*(%,Z) ® H*(X,Z) admits a
lattice structure, with pairing (r,H,s) - (r',H',s') = H-H' —rs' —1's. As a
lattice, H*(X,Z) is isometric to the Mukai lattice Aoy = U®* @ EF?. A Mukai
vector v = (r,H,s) is positive if H € Pic(X) and either » > 0, or r = 0 and
H # 0 effective, or r = H = 0 and s > 0. Starting from a positive vector
v=(r,H,s) € H*(X,Z) and a B-field lift B of o we can define the twisted Mukai
vector vg := (r,H +rB,s+ B-H + r%z). Then, if vg is primitive, for a suitable
choice of a polarization D of ¥ the coarse moduli space M,, (2, a) of a-twisted
Gieseker D-stable sheaves with Mukai vector vp is a projective irreducible holo-
morphic symplectic manifold of K3[M-type, with n = % + 1. Moreover, we have a
canonical isomorphism of lattices 0 : vy — H?(M,, (%, ), Z) (see [8], [103]). For
the sake of readability, we do not specify the ample divisor D in the notation for
M, (2, ), even though the construction depends on it: we will always assume
that a choice of a polarization (generic with respect to the Mukai vector v, in the
sense of [103, Definition 3.5]) has been made.
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In the case o = 0, the setting gets simplified. Let v € H*(X,Z) be a primitive,
positive Mukai vector; then M, (X, 0) is isomorphic to the moduli space M, (v) of
T-stable objects of Mukai vector v, for 7 € Stab(X) a v-generic Bridgeland stability
condition on the derived category D®(X) (see [25] for details). In particular, the
Hilbert scheme X[ can be seen as a moduli space of stable rank one sheaves on
¥, i.e. XM = M, (v,) for v, := (1,0,1 —n) € Ayy and 7 v,-generic inside a specific
euclidean open subset of Stab(X).

2.3. Moduli spaces and Torelli theorems

Let X be an irreducible holomorphic symplectic manifold whose second coho-
mology lattice H?(X,Z) is isometric to a lattice L.

DEFINITION 2.3.1. A marking of X is a choice of an isometry n : H?(X,Z) — L.
The pair (X, n) is called a marked irreducible holomorphic symplectic manifold. We
say that two marked THS manifolds (X, n) and (X’,n’) are isomorphic if there exists
a biregular (i.e. biholomorphic) isomorphism f : X — X’ such that ' =no f*.

We can quotient the set of marked THS manifolds (X, n) of a given deformation
type, with H2(X,Z) = L, by the isomorphism relation, thus obtaining

My ={(X,n)|n: H*(X,Z) = L marking} / & .

The set My, can actually be endowed with a structure of compact complex
space: in order to show this, we need to introduce a period map.

DEFINITION 2.3.2. Let X be an irreducible holomorphic symplectic manifold
and n: H*>(X,Z) — L a marking. The period domain Qp, is the complex space

Qp:={keP(LRC)| (k,k)=0,(k,&) >0}.

As we have already remarked, the symplectic form w € H?*9(X) satisfies, by
definition of the Beauville-Bogomolov—Fujiki quadratic form, the two properties
(w,w) = 0 and (w,w) > 0. This implies that the choice of a marking 7 of X
determines a point P(X,n) := n(H?*°(X)) = n(Cw) in the period domain ;..

Let p : X — I be a flat deformation of the IHS manifold X = p~!(0). By
Ehresmann’s theorem (see [64, Theorem 2.4]), if n : H?(X,Z) — L is a marking of
X, then there exists an open neighbourhood J C I of the point 0 and a family of
markings Fy : H%(X;,Z) — L over J such that Fy = 7. Then, we define the map
P:J—Qp as

P(t) = Fy(H*"(X,)).
When considering the universal deformation X — Def(X), the map P : Def(X) —
Oy, is called the (local) period map.

THEOREM 2.3.3 (Local Torelli theorem). Let (X,n) be a marked irreducible
holomorphic symplectic manifold. The period map

P Def(X) — QL
is a local isomorphism.

PROOF. See [10, Théoreme 5]. O

By means of this local isomorphism, the universal deformations can be used as
local charts for M, which therefore is a compact non-Hausdorff complex space of
dimension h!(X) = by(X) — 2. More specifically, by [52, Proposition 4.3], for any
marked pair (X,n) there exists a holomorphic embedding Def(X) < M, identi-
fying Def(X) with an open neighbourhood of the point (X,n) € M. The maps
P : Def(X) — Qf, can then be glued together, yielding a period map P : My — Qp,
which is a local isomorphism by the local Torelli theorem.
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THEOREM 2.3.4. Let /\/l% be a connected component of the moduli space M.
Then the restriction of the period map Py : MY — Qy is surjective.

PROOF. See [49, Theorem 8.1]. O

In dimension two, the classical Torelli theorem states that two K3 surfaces X, ¥/
are isomorphic if and only if there exists an effective Hodge isometry H?(%,7Z) —
H?(X',7Z). In the case of IHS manifolds, the same statement does not hold (see
[37] for a counterexample); however, a weaker version of the global Torelli has been
proved, as a result of work by Huybrechts, Markman and Verbitsky.

THEOREM 2.3.5 (Global Torelli theorem). Let MY be a connected component
of the moduli space My. For each w € Qy,, the fiber Po_l(w) consists of pairwise
inseparable points. If (X,n) and (X',n') are inseparable points of MY, then X, X'
are bimeromorphic.

PROOF. See [71, Theorem 2.2]. O

The global Torelli theorem also admits a lattice-theoretic formulation: in order
to present it, we first need to introduce the concept of monodromy operator.

DEFINITION 2.3.6. Let X,Y be holomorphic symplectic manifolds. A lattice
isometry f : H?(X,Z) — H?(Y,Z) is a parallel transport operator if there exists
a smooth and proper family 7 : X — B and a continuous path v : [0,1] — B
such that X = X, o), Y = &, (1) and f is induced by parallel transport in the local
system R?m,7Z along .

A parallel transport operator f : H?(X,Z) — H?(X,Z) is called a monodromy
operator of X.

We denote by Mon?(X) € O(H?(X,Z)) the subgroup of monodromy operators,
which is of finite index (see [71, Lemma 7.5]). In particular, two marked pairs
(X,n), (X',n") belong to the same connected component of My if and only if
n’on~1! is a parallel transport operator. As a consequence, the number of connected
components of M, is mo(Mp) = [O(H*(X,Z)) : Mon*(X)].

If X is an IHS manifold and 1 : H*(X,Z) — L is a marking, we can define

Mon?*(L) := {noton~' |4 € Mon®(X)} C O(L).

The group Mon*(L) € O(L), whose elements are still called monodromy op-
erators, is the same for any choice of a marked pair (X,n) in a connected com-
ponent MY C My, but could a priori depend on MY. However, if the subgroup
Mon?(X) € O(H?*(X,Z)) is normal, then Mon?(L) is independent on the choice of
the connected component (see [71, Remark 7.6]).

EXAMPLE 2.3.7. Let X be a K3 surface. We denote by OT(H?(X,Z)) the sub-
group of O(H?(X,Z)) of orientation preserving isometries: it is a normal subgroup
of index two. Then, Mon?*(X) = Ot (H?(%,7Z)) (see [23, Theorem Al), therefore
the moduli space My, ., of marked K3 surfaces has two connected components,
which correspond to each other via the map (X,7) — (X, —n).

Let X be an IHS manifold of K3M-type. In [70], Markman proved that
Mon*(X) € O(H?*(X,Z)) is a normal subgroup and provided several equivalent
characterizations of monodromy operators on X, which we now recall.

PRrROPOSITION 2.3.8. Let X be an irreducible holomorphic symplectic manifold
of K3 type. An isometry € O(H?*(X,Z)) is a monodromoy operator if and only
if 1 is orientation preserving and it induces the action ¢ = +id € O(Ag2(x,z))-
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In particular, the index of Mon?(X) as a subgroup of O (H?(X,Z)) is 2",
where r = p(n — 1) is the number of distinct prime divisors of n — 1. As a conse-
quence, if n = 2 or n—1 is a prime power, then Mon?(X) = O (H?(X,Z)), exactly
as for K3 surfaces.

Let u € H?(X,Z) be an element with (u,u) # 0; we denote by R, the reflection
of H%(X,Q) with respect to u, i.e.

(u, w)

(u, u)

R, (w) :=w—2
REMARK 2.3.9. For an even lattice L we define the real spinor norm

sug : O(L@R) = R*/(R")’ = {£1}, sng(y) = (_uj) (_uj>

where v = Ry, 0...0R,,_ as a product of reflections with respect to vectors u; € L&R
(in particular, by Cartan-Dieudonné theorem, r < rk(L)). Then, an isometry
1 € O(L) is orientation preserving if and only if its real spinor norm is +1.

Notice that, if (u,u) = %2, the reflection R, restricts to an integral isometry
R, € O(H?*(X,Z)) . We define

Ry if (u,u) < 0;
Pur=) Ry if (wu) > 0.

PROPOSITION 2.3.10. Let X be a manifold of K3 -type. Then the group
Mon?(X) is generated by the isometries py, for all u € H*(X,Z) with (u,u) = +2.

We can now state the Hodge-theoretic form of the global Torelli theorem.

THEOREM 2.3.11. Let X, Y be irreducible holomorphic symplectic manifolds. If
there exists a parallel transport operator ¢ : H*(X,7) — H?(Y,Z) which is also a
Hodge isometry, then X and Y are bimeromorphic. If, moreover, 1 maps a Kdihler
class to a Kdhler class, then there exists a bireqular isomorphism f :Y — X such

that f* = 1.
PROOF. See [71, Theorem 1.3]. O

In the following, we will denote by Mon%{dg(X ) € Mon?(X) the subgroup of
monodromy operators which preserve the Hodge decomposition.

2.4. Kahler cone and cones of divisors

For an THS manifold X, the Beauville-Bogomolov—Fujiki quadratic form allows
us to define several cones of interest, contained in H1!(X,R), or in its intersection
with H2(X,Z). In this section we investigate their structure.

DEFINITION 2.4.1. Let X be an irreducible holomorphic symplectic manifold.
The positive cone Cx is the connected component of {z € H''(X,R) | (z,z) > 0}
which contains the cone of Kéhler classes Kx.

Recall that, in the case of K3 surfaces, the Kéhler cone coincides with the set
of real (1, 1)-classes which have positive intersection with all rational curves on the
surface. Boucksom, answering a question by Huybrechts, generalized this result for
any THS manifold X (see [24, Théoréme 1.2]), where we have:

Kx = {a €Cx | / «a > 0 for all rational curves C' C X} .
c
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DEFINITION 2.4.2. Let X be an irreducible holomorphic symplectic manifold.
A prime divisor is an irreducible reduced effective divisor. A prime divisor £ C X
is exceptional if (F, E) < 0. The fundamental exceptional chamber of X is the cone:

FEx ={x €Cx | (z,E) > 0 for all prime exceptional divisors £ C X}.

By [71, Proposition 5.6], FEx is also the cone of classes © € Cx such that
(z, D) > 0 for any non-zero uniruled divisor D C X.

Of course, for a K3 surface ¥ prime exceptional divisors are just rational curves
C C ¥, and FEy = Ky. For IHS manifolds X of higher dimensions, the K&hler
cone is, in general, strictly contained in F& x: it is actually a chamber, with respect
to a suitable decomposition of F& x, which we now present.

DEFINITION 2.4.3. Let X be an irreducible holomorphic symplectic manifold.
The birational Kdhler cone BKx of X is the union of the cones f*Kx-, for all
birational models f: X --» X'.

As a consequence of the following proposition, we have By C FE€x.

PROPOSITION 2.4.4. Let X,Y be irreducible holomorphic symplectic manifolds
and g : H*(X,7) — H?(Y,7) a parallel transport operator, which is also a Hodge
isometry. There exists a birational map f :Y --+ X such that g = f* if and only
if g(FEx) C FEy.

PROOF. See [71, Corollary 5.7]. O

By [71, Proposition 5.6], we also have the inclusion F€x C BKx; as a conse-
quence, FE€x = BK .

The positive cone Cx is invariant under the action of Mon%{dg (X), and we can
consider the following chambers in it.

DEFINITION 2.4.5. Let X be an irreducible holomorphic symplectic manifold.

(1) An exceptional chamber of Cx is a subset of the form g(FEx), for an
isometry g € Mon%ldg(X).

(i1) A Kdhler-type chamber of Cx is a subset of the form g(f*(Ky)), for an
isometry g € Monfldg(X) and a birational map f: X --» Y.

We now assume that X is projective. The group of Hodge monodromies
Mon%ldg(X ) acts transitively on the set of exceptional chambers, as proven in [71,
Theorem 6.18]. Moreover, each exceptional chamber (and, in particular, FE€x) is
the interior of a fundamental domain for the action of the normal subgroup

Wgxe = (Rg | E C X prime exceptional divisor) C Mon%ldg(X )

where, as in the previous section, Rr denotes the reflection of H?(X, Z) with respect
to the class E (if E is a prime exceptional divisor, Rp € Mon%ldg(X ) by [71,
Proposition 6.2]). Let Mong, (X) C MonQHdg(X) be the subset of monodromy
operators f* for all birational maps f : X --+ X. Then, by Proposition 2.4.4,
Mon; (X) C Mon%{dg (X) is the stabilizer of the fundamental exceptional chamber.
Moreover, the following equality holds (see [71, Theorem 6.18]):

Monig, (X) = Wixe x Mong;, (X).

We now focus on Kéhler-type chambers, which are the Mon%{dg(X )-translates
of the Kéhler cone Kx. As a consequence of Theorem 2.3.11, distinct Kéhler-type
chambers are disjoint, while the closures of two adjacent chambers intersect along
a wall (since BKx = FEx).
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DEFINITION 2.4.6. An element s € HV1 (X, Q) with (s,s) < 0 is a monodromy
birationally minimal (MBM) class if there exists a birational map f : X --» Y and
a Hodge monodromy operator g € Mon%{dg(X) such that g(s)* supports a face of
f*Ky.

Monodromy birationally minimal classes were introduced and studied by Amerik
and Verbitsky ([2], [3]), who showed that they behave well under deformation: if
s € HYY(X) N H%(X,Z) is an integral MBM class and (X', s') is a deformation of
(X, s) such that s is still of type (1,1), then s’ is MBM (see [3, Theorem 2.16]).
Moreover, MBM classes determine the walls which separate the Kahler-type cham-
bers in the positive cone of an IHS manifold.

THEOREM 2.4.7. Let X be an irreducible holomorphic symplectic manifold. The
connected components of
Cx \ U SL

s MBM
are the Kahler-type chambers of X.

PROOF. See [2, Theorem 6.2]. O

All the cones we have introduced so far live inside H'''(X,R); we now want
to study their intersections with the integral cohomology H?(X,Z). Recall that
the Néron-Severi lattice is defined as NS(X) = HV1(X) N H?(X,Z) and, since
H'(X,0x) = 0, the first Chern class ¢; : Pic(X) — H?(X,Z) provides an isomor-
phism Pic(X) = NS(X).

DEFINITION 2.4.8. A line bundle L € Pic(X) is called movable if the codimen-
sion of the base locus of the linear system |L| is at least two. The mouvable cone
Mov(X) C NS(X)g := NS(X) ® R is the cone generated by the classes of movable
line bundles.

PROPOSITION 2.4.9. Let X be a projective irreducible holomorphic symplectic
manifold. The interior of the movable cone coincides with FEx N NS(X)r. The
group Wexe acts faithfully on Cx NNS(X)g and there is a bijective correspondence
between the set of exceptional chambers of X and the set of chambers of Cx NNS(X )r
with respect to the action of Wgxe. In particular, Mov(X) C Cx is a fundamental
domain for the action of Wgxe. on Cx NNS(X)g.

PROOF. See [71, Lemma 6.22]. O

If X is projective, the ample cone Ax (i.e. the cone in NS(X)r generated by
ample classes) is contained inside Mov(X); more specifically, Ax = Kx NNS(X)g.
The nef cone Nef(X) C NS(X)g is the closure of the ample cone. Proposition 2.4.4,
together with the global Torelli theorem (Theorem 2.3.11), provides the following
statement.

ProprosITION 2.4.10. Let X,Y be irreducible holomorphic symplectic mani-
folds. A birational map f : X --» Y induces a Hodge isometry f* : H*(Y,Z) —
H?(X,Z) such that f*(Mov(Y)) = Mov(X). Moreover, if X,Y are projective and
f*(Nef(Y)) intersects Ax, then f is a biregular isomorphism and f*(Nef(Y)) =
Nef(X).

The decomposition of the positive cone Cx C H'1(X,R) into exceptional and
Kahler-type chambers can be adapted to the integral cohomology. In order to do
so, we need to define wall-divisors.

DEFINITION 2.4.11. A wall-divisor is a primitive class D € NS(X) with D? < 0
and such that g(D+)NBKx =0 for all g € Mon%ldg(X).
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Notice that, for any MBM class s € HY1(X,Q), a suitable rational multiple
of s is a wall-divisor. Thus, the movable cone Mov(X) is one of the connected
components of

(CX ﬂNS U El

EcPex

where Pgy is the set of prime exceptional divisors, while the ample cone Ay is one
of the connected components of

CxNNS(X)p)\ |J 6"
SEA(X)

where A(X) is the set of wall-divisors.
As we already stated, wall-divisors are preserved under smooth deformations if
their Hodge type does not change; in particular, we have the following result.

THEOREM 2.4.12. Let (X,n), (Y,u) be marked irreducible holomorphic sym-
plectic manifolds in the same connected component MY of the moduli space M.
If D € NS(X) is a wall-divisor of X and (u=! on)(D) € NS(Y), then (u~=ton)(D)
is a wall-divisor of Y.

PROOF. See [75, Theorem 1.3]. O

In [7], Bayer and Macrl gave a numerical characterization of wall-divisors for
moduli spaces of sheaves on a projective K3 surface. By applying Theorem 2.4.12,
their numerical description can be extended to all manifolds of K3!"-type: this
was done explicitly by Mongardi for n = 2,3, 4 (see [75]). We now explain in more
detail the results of Bayer and Macri, focusing on the case of Hilbert schemes of
points on a K3 surface, since we will need them in the next chapter.

For a K3 surface ¥, the Mukai lattice H*(X,Z) = U®* @ E$? carries a
weight-two Hodge structure, whose (1, 1)-part is Hy,(3,Z) := H°(X,Z)®NS(2) @
H*(%,Z). For any n > 2, the vector v, = (1,0,1 — n) belongs to H, (3, Z).
The isomorphism = : H*(XM,Z) — v} ¢ H*(Z,7Z), which was introduced
in Example 2.2.7, can be realized by mapping H?(XM",7Z) = H?*(%,Z) ® Z6 to

= H%*(X,7Z) ® Z(—1,0,1 — n) inside the Mukai lattice. In particular, it satisfies
o 1 Ha, (5. 2)) — NS(E).

THEOREM 2.4.13. Let ¥ be a K3 surface and X = X" forn > 2. The movable
cone Mov(X) is one of the open chambers of the decomposztwn of Cx NNS(X)r
whose walls are the linear subspaces 0(vy- Nat) for a € H*, (3,7) such that

(i) a®> = =2, (vp,a) =0, or
(i1) a®> =0, (vh,a) =1, or
(iii) a®> =0, (vy,a) = 2.

alg

PROOF. See [7, Theorem 12.3]. O

THEOREM 2.4.14. Let ¥ be a K3 surface and X = X, forn > 2. The ample
cone Ax is one of the open chambers of the decomposition of Cx N NS(X)r whose
walls are the linear subspaces O(v:: Nat) for a € HY, (%,Z) with a®> > —2 and
0 < (vp,a) <n—1.

alg

PROOF. See [7, Theorem 12.1]. O

In particular, by studying the walls of Theorem 2.4.14 contained in Mov(X[™)
one can, in principle, determine all wall-divisors of il
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REMARK 2.4.15. The additional walls that need to be considered in the decom-
position of Theorem 2.4.14, with respect to the ones already appearing in Theorem
2.4.13, are the walls which separate the Kéhler-type chambers in FEx ) NNS(ZM)g.
They are of the form 6(v;- N at), where we can restrict to consider a € Hy,(X,Z)
such that:

(i) a®> = -2, 1 < (vp,a) <n—1, or
(ii) a®> =0,3 < (vy,a) <n—1,or

(iii) 2<a® < "Tfl and 2a® +1 < (vp,a) <n— 1.

These bounds for a? and (v,,a) are a consequence of the fact that the rank two
sublattice (a,v,) C H*(XI" Z) needs to be hyperbolic, in order to define a wall
0(v;- Nat) which intersects the positive cone (see [7, Theorem 5.7]).

2.5. Automorphisms

Let X be an irreducible holomorphic symplectic manifold. We denote by
Aut(X) the group of biholomorphic automorphisms of X and by Bir(X) the group
of birational automorphisms. Clearly, Aut(X) C Bir(X), and in the case of K3
surfaces the two groups coincide (K3 surfaces have trivial canonical divisor, hence
they are minimal surfaces by [11, Proposition II.3]).

THEOREM 2.5.1. Let X be an irreducible holomorphic symplectic manifold

which, together with a marking n : H*(X,Z) — L, defines a general point in a
connected component of My. Then, Aut(X) = Bir(X).

PROOF. See [49, Proposition 9.2]. O

For all compact complex manifolds we have
dim(Aut(X)) = h%(TX)

and therefore, if X is THS, dim(Aut(X)) = hY(X) = 0, meaning that Aut(X) is a
discrete group. We also know, by [22, Theorem 2], that the group Bir(X) is finitely
generated, if X is projective. We define the following homomorphism:
A Bir(X) = O(H?*(X, 7))
[ fr
where f* : H?*(X,Z) — H?(X,Z) is the pull-back of f, which preserves the
Beauville-Bogomolov—Fujiki quadratic form. The morphism A satisfies the follow-
ing properties (see [49, Proposition 9.1]):
() A(Bir(X)) = Mong;, (X) C Mongg,(X);

(i4) A(Aut(X)) = {g € Mon%,(X) | g(Kx) N Kx #0};

(ii1) A" (A(Aut(X))) = Aut(X);

(iv) ker(\) C Aut(X) is finite.

Notice that properties (i) and (i) summarize the Hodge-theoretic global
Torelli theorem (Theorem 2.3.11).

By results of Hassett and Tschinkel, the kernel of the homomorphism A is

invariant under smooth deformations of the manifold X (see [46, Theorem 2.1]),
and it has been computed for all known deformation types of IHS manifolds.

THEOREM 2.5.2. Let X be a manifold of K3!"-type. Then, ker()\) = {idx}.
PROOF. See [9, Proposition 10] and [74, Lemma 1.2]. O

The theorem implies that, for manifolds of K3["-type, any automorphism is
completely determined by its action on the second cohomology lattice.

In addition to the action on H?(X,Z), another important property of an au-
tomorphism f € Aut(X) is its action on H°(X,0%), i.e. on the symplectic form
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w of the THS manifold X. Since f* is a Hodge isometry, we have f*(w) = &w, for
& € C*; moreover, if f is of finite order m, then £™ = 1.

DEFINITION 2.5.3. An automorphism f € Aut(X) is symplectic if f*(w) = w;
otherwise, f is called non-symplectic.

By [9, Proposition 6], if there exists a non-symplectic f € Aut(X), then the IHS
manifold X is projective. Moreover, if f*(w) = £w, with £ a root of unity of order
m, then p(m) < by(X) — rk(NS(X)) (where ¢ denotes Euler’s totient function).

DEFINITION 2.5.4. Let f € Aut(X) be an automorphism of finite order of an
THS manifold X. The invariant lattice of f is

Ty = H*(X,2)" = {ue H*(X,Z) | f*(u) = u}

and the co-invariant lattice of f is
AL
Sp = <H2(X,Z)f ) C H(X,Z).

Both Ty and Sy are primitive sublattices of H?(X,Z), since they can be ex-
pressed as kernels of group homomorphisms: in particular, if m € N is the order of
f, we have

(6) Ty = ker(f* —1id), Sy =ker(id+f*+...+ (f)™ ).
We recall that the transcendental lattice of an irreducible holomorphic sym-
plectic manifold X is the primitive sublattice Tr(X) = NS(X)+ C H?(X,Z). The

following proposition explains the relative positions of the lattices Ty, Sy with re-
spect to NS(X), Tr(X).

PROPOSITION 2.5.5. Let X be an irreducible holomorphic symplectic manifold
and f € Aut(X).
(¢) If f is symplectic, then Tr(X) C Ty, Sy C NS(X) and Sy is negative
definite.
(¢) If f is non-symplectic, then Ty C NS(X), Tr(X) C Sy and Ty is hyper-
bolic.

PrOOF. We discuss the two cases separately.
(i) If = € Sy, by the description (6) we have 27" (f*)!(z) = 0, assuming
that m is the order of the automorphism f. If H?(X) is generated by
the symplectic form w, we have:

m—1 m—1

0= (Z(f*)l(fr)M) =Y () (@),w) = m(z,w)

i=0 i=0
where we used the fact that f* is an isometry of H?(X,Z) and f*w = w.
Therefore, (z,w) = 0, hence Sy C NS(X) = H?(X,Z) Nw'; by passing
to the orthogonal complements, we also deduce Tr(X) C Ty. Notice that
Ty @ C C H*(X,C) contains the three-dimensional space Cw & Cw & C8,
where 3 := SN (f*)i(a) # 0 for a Kihler class o € Kx: this implies
that the signature of Ty is (3,rk(Tf) — 3), because H?(X,Z) has signature
(3,b2(X) — 3). Hence, Sy is negative definite.

(it) If f is non-symplectic, for any = € T; we have (z,w) = (z,{w), where
& € C* is the root of unity such that f*w = {w. Therefore, (z,w) = 0,
which gives the inclusions Ty C NS(X), Tr(X) C Sy. As we already
remarked, the existence of a non-symplectic automorphism implies that
X is projective, hence NS(X) is hyperbolic by Theorem 2.2.6. Since the
positive class 3, defined in the symplectic case, is still contained in Ty @ C,
we conclude that Ty C NS(X) is also hyperbolic. U
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In our work, we will be mainly interested in non-symplectic automorphisms.
For results on symplectic automorphisms of IHS manifolds, with special regard to
manifolds of K3["-type, we refer the reader to [27] and [76].

EXAMPLE 2.5.6. Natural automorphisms.
Let ¥ be a (smooth) K3 surface. An automorphism f € Aut(X) induces an au-
tomorphism fI™ on the Hilbert scheme X, by setting fI"(Z) = f(Z) for any
zero-dimensional subscheme Z C ¥ of length n. Such an automorphism f[™ is
said to be natural. In Example 2.2.4, we recalled the existence of an embed-
ding i : H*(2,Z) — H*Z!",Z) such that H*(S",Z) = i (H*(Z,Z)) & Zd,
where 24 is the class of the exceptional divisor E of the Hilbert—Chow morphism
p: XM — %) Ag observed in [22, §3], the natural automorphism f™ acts as f*
on the summand i(H?(X[" | Z)), while (f["])* (6) = 6, because fI" leaves the ex-
ceptional divisor E globally invariant (if Z C ¥ is a non-reduced subscheme, f(Z)
is still non-reduced). This property actually characterizes natural automorphisms.

THEOREM 2.5.7. Let ¥ be a K3 surface and n > 2. An automorphism g €
Aut(E[”]) is natural if and only if it leaves globally invariant the exceptional divisor
E c x.

PROOF. See [22, Theorem 1]. O

Since (f")* = (f*,id) on H2(Z,Z) =i (H*(%,Z)) ® Z6, if Ty, Sy C H*(X,Z)
are the invariant and co-invariant lattices of f € Aut(X), the following equalities
hold:

(7) Tf[n] = i(Tf) ®L =T @ (—2(n —1)); Sf["] = Z(Sf) =5y,

By [10, Proposition 6], the embedding i : H*(%,Z) — H?*(X[,Z) is the
restriction of an injective morphism ¢ : H?(X, C) < H?(X[M, C) which is compatible
with the Hodge decomposition and such that H?(X[",C) = ((H?*(%,C)) @ C[E].
As a consequence, if f € Aut(X) is a symplectic automorphism, then £ also
acts symplectically on B[". In fact, if w € H?>(X) then «(w) € H>°(X[) and
(f["])* (t(w)) = ¢(f*(w)). Analogously, if f is non-symplectic then f["} is non-
symplectic too.

EXAMPLE 2.5.8. Beauwille’s non-natural involutions.
By Riemann-Roch, a projective K3 surface ¥ of degree 2n > 4 admits an em-
bedding in the projective space P**1. A general point Z € X[ corresponds to n
distinct points on ¥; the linear subspace (Z) C P**! intersects the surface ¥ along
n more points, which determine another element Z’ € ™. Therefore, we obtain
the following birational involution of the Hilbert scheme X"

FAED S I 5|0
A=A

In the case n = 2, we are considering a quartic surface ¥ C P3: a generic pair of
points p,q € X defines a line pg which cuts out two additional points on ¥, thus
providing the birational involution jo € Bir(X[?). As proved by Beauville in [9,
§6], jo is actually biregular if ¥ does not contain any lines; on the other hand, for
n > 3 the involution j, never belongs to Aut(X).

Notice that the automorphism jo € Aut(E[z]) does not leave the exceptional
divisor E ¢ X invariant, since we can find distinct points p,q on the quartic
surface ¥ such that (pgNX) \ {p,q} is supported on one point, hence jo is not
natural.



CHAPTER 3

Automorphisms of Hilbert schemes of points on a
generic projective K3 surface

In this chapter, which collects the results of the paper [33], we study the group
Aut (M) for a generic projective K3 surface ¥ and any n > 2. Our aim is to
generalize the following result, due to Boissiere, An. Cattaneo, Nieper-Wisskirchen
and Sarti (see [20, Theorem 1.1]), which completely solves the case n = 2.

THEOREM 3.0.1. Let ¥ be an algebraic K3 surface such that Pic(X) = ZH,
with H? = 2t, t > 1. Then %2 admits a non-trivial automorphism if and only if
one of the following equivalent conditions is satisfied:

(i) t is not a square, the equation X2 —4tY? =5 has no integer solutions and
the equation X2 —tY? = —1 has integer solutions;
(i1) there exists an ample class D € NS(Z2) such that D? = 2.

If so, the class D is unique and Aut(Em) s generated by a non-symplectic involu-
tion, whose action on HQ(Z[Q],Z) is the reflection in the span of D.

3.1. Preliminaries

3.1.1. Pell’s equations. A quick overview of the basic theory of Pell’s equa-
tions can be found in [20, §2.1]. In this section we fix the notation and recall the
properties that we will need for our purposes.

DEFINITION 3.1.1. A (generalized) Pell’s equation is a diophantine equation in
two unknowns X,Y of the form

X2—rY?2=m

for r € N and m € Z.
A solution (X,Y) € Z? of the equation is called positive if X > 0,Y > 0. If integer
solutions exist, the minimal solution is the positive solution with minimal X.

REMARK 3.1.2. If m > 0 (respectively, m < 0), the minimal solution of Pell’s
equation X2 — rY? = m is also the solution which minimizes (respectively, maxi-

m
rX2"

mizes) the slope ¥ = /1 —

Clearly, for any r € N there exist solutions for Pell’s equation X2 — rY? = 1;
in particular, if r is a square the only solutions are (£1,0). In the case where r is
the product of two non trivial integers and m = 1, we have the following result.

LEMMA 3.1.3. Let s, q € N, with g # 1. If the equation sX? —qY? = —1 admits
integer solutions, let (a,b) be the positive one with minimal X. Then the minimal
solution of Pell’s equation X? — sqY? =1 is (2sa® + 1,2ab).

PROOF. A more general statement can be found in [38, Lemma A.2]. For the
case s = 1 see also [20, Lemma 2.1]. O

25
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The solutions of X2 — rY2? = m can be divided into equivalence classes. Two
solutions (x,y) and (z’,y’) are equivalent if there exists a solution (z,w) of Pell’s
equation X2 — rY2? =1 such that

' = zx + rwy
(8) { f
Y = wr + 2y

(for more details, see [34, Chapter XXXIII, §18]). We define the fundamental
solution in an equivalence class to be the solution with smallest non-negative Y,
if it is unique. If instead there are two solutions with this property in the same
equivalence class, they are of the form (X,Y), (—=X,Y), with X > 0: in this case
we consider (X,Y) to be the fundamental solution. By applying (8) recursively, all
solutions in an equivalence class can be reconstructed from the fundamental one,
after computing the minimal solution of X2 — rY? = 1.

REMARK 3.1.4. If m > 0, let (X,Y) be a fundamental solution of X2—rY?2 =m
and (z,w) the minimal solution of X2 — Y2 = 1. Then, either (X,Y) or (—X,Y)
belongs to the closed interval on the hyperbola X2 — rY2? = m delimited by the
points (y/m,0) and (y/m(z+1)/2,y/m(z —1)/(2r)). Notice, moreover, that all

solutions (x,y) contained in this interval are such that 0 < £ < 2.

3.1.2. Movable and nef cones of X", We consider an algebraic K3 surface
¥ with Pic(X) = ZH, where we assume that H is an ample class with H? = 2t,
t > 1. Let X" be the Hilbert scheme of n points on X. The ample class H on
¥ induces a line bundle H on X", whose first Chern class we denote by h. Then
we can take {h, —d} as a basis for the Néron-Severi lattice NS(2) ¢ H?(2, 7),
where 20 is the class of the exceptional divisor of the Hilbert—Chow morphism
il — %) (see Example 2.2.4).

Recall from Example 2.2.7 and Section 2.4 that " is isomorphic to the moduli
space M. (v,,), where v, = (1,0,1—n) € H*(X,Z) and 7 is a v,-generic Bridgeland
stability condition. In particular, we have an isomorphism

01 H2(2M, Z) — oF ¢ HY(2,72)

such that 6(v,; N H,

NS(2[M) is realized as

(%,2)) = NS(xIM). If Pic(X) = ZH, the basis {h, —6} of

h=0(0,—H,0), —&=06(1,0,n—1)

where (with an abuse of notation) we still denote by H the first Chern class of the
generator of Pic(X).

We saw in Section 2.4 that the walls between Ké&hler-type chambers in the
positive cone Cxny N NS(X[M)g are linear subspaces of the form 6(v- N at), where
a € H}),(2,Z) are elements with prescribed values for a® and (v,,a) (see Theorem
2.4.13 and Theorem 2.4.14). The following lemma provides a description of alge-

braic classes a € H}), (3, Z) with given square and pairing with v, = (1,0,1 —n).

LEMMA 3.1.5. Let X be an algebraic K3 surface with Pic(X) = ZH, H? = 2t,
t > 1. An element a € H;lg(E,Z) has a* = 2p and (v, a) = a, with p,a € Z, if
and only if it is of the form

X X - X - X
= i7_YH77a or  a—— 7a’_YH7ﬁ
2(n — 1) 2 20n —1) 2

where (X,Y) is a solution of Pell’s equation X? —4t(n — 1)Y? = o2 — 4p(n — 1)
such that X >0 and 2(n — 1) | (X + ) or2(n—1) | (X — «) respectively.
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PROOF. Let a = (r,cH,s) € H},(£,Z) = H'(S,Z) ® NS(E) ® H(S, Z), with
r,¢,s € Z. Since a? = 2(tc* —rs) and (v,,a) = r(n—1) —s, we want to characterize

the triples (r, ¢, s) € Z3 such that

) {tCQ—rs:p

rln—1)—s=a.
Let (r,c,s) € Z? be a solution of (9). If 2r(n — 1) > «, then
X=2r(n—1)—a>0, Y =—c
satisfy X2 —4t(n — 1)Y2 = a? — 4p(n — 1) and 2(n — 1) divides X + «. If instead
2r(n — 1) < a, then
X=-2r(n—-1)+a>0, Y=c
satisfy X2 —4t(n — 1)Y? = a? —4p(n — 1) and 2(n — 1) divides X — a.
Conversely, let (X,Y) be a solution of Pell’s equation X? — 4t(n — 1)Y? =

a? —4p(n — 1), with X > 0 and such that 2(n — 1) divides either X + « or X — a.
In the first case, we define
X +a X -«

rzm, c=-Y, s=rn—1)—a= 5

while in the second case we set

X — X
g e=Y s=rlieboa=-2E0

2

Then, one can easily check that (r, ¢, s) € Z3 is a solution of (9). O

In the case of Hilbert schemes X" with rk(NS(X[)) = 2, both the ample cone
and the movable cone inside NS(X[)g are delimited by two extremal rays.

THEOREM 3.1.6. Let X be an algebraic K3 surface with Pic(X) = ZH, H? = 2t
and n > 2.

(i) Ift(n — 1) = %, for c € N, then Mov(X[) = (h, (n — 1)h — ¢6).

(ii) If t(n — 1) is not a square and the equation (n — 1)X? —tY? = 1 has
integer solutions, let (z,w) be the positive solution with minimal z. Then
Mov(X) = (h, (n — 1)zh — tw§).

(i) Ift(n—1) is not a square and (n—1)X?—tY?2 = 1 has no integer solutions,
then Mov(X[) = (h, zh — twd) where (z,w) is the minimal solution of
Pell’s equation X2 —t(n —1)Y?2 =1 such that z = +1 (mod n — 1).

PROOF. See [7, Proposition 13.1]. O

In all three cases of the theorem, the extremal ray of Mov(X["l) generated
by h is also one of the two walls delimiting Nef(X[). If Nef(2) #£ Mov(Zlnl),
the second wall of the nef cone coincides with the wall with minimal slope, inside
Mov(2"), among those listed in Remark 2.4.15 (in [7], these are referred to as
flopping walls).

3.2. Ample classes and isometries of NS(X[")

In this section we investigate the group of isometries O(NS(X[™)). We adopt a
similar approach to the one used by the authors of [20] for the case n = 2, in order
to extend their results.
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DEFINITION 3.2.1. Let ¥ be a smooth complex surface and k£ a non-negative
integer. A line bundle L € Pic(X) is k-very ample if the restriction H°(X, L) —
H°(X, L ® Oy) is surjective for any zero-dimensional subscheme (Z, Oy) of length
h(O0z) <k +1.

We recall the following geometric interpretation of k-very ampleness. For any
subscheme (Z,Oz) we have the inclusion H°(%, L ® Iz) < H°(X, L), which al-
lows us to define a rational map ~ : X ——s Grass(k, H°(X,L)). Then, v is an
embedding if and only if L is k-very ample ([32, Main Theorem)).

PROPOSITION 3.2.2. Let ¥ be a K3 surface, L a big and nef line bundle on X
and k > 0 an integer. Then L is k-very ample if and only if L? > 4k and there
exist no effective divisors D such that:

(4) (1)
(a) 2D? < L-D<D*+k+1 < 2k+2;
(b) (i) is an equality if and only if L ~ 2D and L? < 4k + 4;
(c) (ii) is an equality if and only if L ~ 2D and L? = 4k + 4.

PROOF. See [63, Theorem 1.1]. O

PROPOSITION 3.2.3. Let ¥ be an algebraic K3 surface with Pic(X) = ZH,
H? =2t,t>1. The class ah — 6 € NS(E[”]) is ample if a > n+ 2. In particular,
inside NS(E[”])R, the ample cone Asm is contained in {xh —yd | x > 0,y > 0}.

PrOOF. If L = aH € Pic(X) is n-very ample, then the element ah — 6 €
NS(x[) is ample, because it is the first Chern class of the line bundle v*(Og(1)),
where we consider the embedding v : X[ — G := Grass(n, H(X, L)) obtained
from L (see [14, Construction 2]). We now use Knutsen’s characterization of n-very
ample line bundles (Proposition 3.2.2). We have L? > 4n if and only if ta® > 2n. If
D = dH is effective (d > 0), we can reformulate condition (a) of Proposition 3.2.2
as

5 (1 ° (44)
4td® < 2tad < 2td“+n+1 < 2n+ 2.
It is easy to see that, if a > n + 2, there are no values d satisfying all these
inequalities, while instead the condition L2 > 4n holds.
Thus, for all @ > n + 2 the line bundle L = aH is n-very ample and ah — § €

Asi. Moreover, the two classes h, —6 € NS(X[) are not ample, therefore we
conclude Ay C {xh —yd | © > 0,y > 0}, because Ay is a convex cone. O

We are now interested in describing the isometries of the Néron-Severi lattice
of XM, With respect to the basis {h, =6}, the bilinear form on NS(X[) satisfies
(h,h) = 2t,(—=6,—9) = —2(n — 1), (h,—d) = 0. Thus, in coordinates, an isometry
¢ € O(NS(Z)) is represented by a matrix of the form

A B
u-(e )
with A, B, C, D integers such that:
(i) det M = +£1, i.e. AD — BC = +£1;
(ii) (Ah—C8, Ah — C68) =2t ,ie. (n—1)C? =t(4% - 1);
(iii) (Bh — DS, Bh — D§) = —2(n — 1), i.e. (n —1)(D? — 1) =tB?%
(i) (Ah— Cd,Bh — D3) =0, ie. (n—1)CD =tAB.
From this list of conditions, we find two alternative forms for M:

(2 8) o (o 20). wmntnmve = tmama e =
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Matrices of the first form have determinant +1, while those of the second form
_AC _BA> we have M? = I, (from
the relations between A, B,C), meaning that the isometry described by M is an
involution.

Notice that we can write O(NS(X[™)) = N x (s), where N is the normal
subgroup of isometries of the first form:

have determinant —1. Moreover, for M = (

N;:{@ i) A,B,CeZ,(n—l)C:tB,(n—l)A2—tB2:n—l}

1 0
0 -1

An automorphism f € Aut(X[) induces, by pull-back, an isometry f* of the
lattice H2(XI",Z), such that flnssimny € O(NS(ZIM)). As proved for the case
n = 2 in [20, Proposition 4.3], there is a link between such isometries and the
ample cone of B[,

while s is the order two matrix s := <

> € O(NS(zI)).

PROPOSITION 3.2.4. Let ¥ be an algebraic K3 surface with Pic(¥) = ZH,
H? =2t, t > 1. The isometry of NS(Z[) induced by f € Aut(X) is either the
identity or the involution given, with respect to the basis {h,—d}, by the matriz

<_Ag _BA>’ with (n —1)C =tB, (n—1)A* ~tB*=n—1, A>0, B<0

and with A, B defining the ample cone of X" :
Asimg ={zh—yd |y >0,(n —1)Ay < —tBz}.

PROOF. The isometry ¢ induced by f on the Néron-Severi group of X[ can
only be of the two forms described previously in this section. We look at them
separately.

A B . 2 2
° = . A)Wlth(n—l)C—tBand(n—l)A —tB*=n-1.
Assume ¢ # +id, i.e. B # 0. Notice that ¢, which is the restriction
to NS(Z[) of f* Mon%dg(E[”]), maps ample classes to ample classes
(see Proposition 2.4.10). Then, as a consequence of Proposition 3.2.3,
¢(a,1) = (aA + B,aC + A) € Aspm for any a > n + 2. Moreover, we
have Asm C {zh —yd | z > 0,y > 0}, again by Proposition 3.2.3, so we
deduce A > 0, C > 0 (therefore also B > 0). Instead, since h is not an
ample class, ¢(1,0) = (A4,C) ¢ Asim, which means that (in the plane

NS(Zrhg):
tB
n— ll‘ .

Now, the class ¢(n+2,1) = ((n +2)A+ B, (n+2)C + A) needs to be in
the ample cone, but it does not satisfy the inequality Ay < %‘E (because

Asiin) C {xh—yé |y >0,Ay <

of the property (n — 1)A4% —tB%? =n — 1 > 0), so we get a contradiction:
¢ cannot be of this form, unless ¢ = id (we have to exclude ¢ = —id,
because it does not preserve the ample cone).

e p= <_AC _BA> with (n —1)C =tB and (n — 1)A? —tB?>=n — 1.
We proceed as in the previous case: the classes ¢(a, 1) = (aA+B, —aC—A)
are ample for any a > n+2,s0 A > 0 and C < 0 (thus also B < 0; notice
that we cannot have C' = 0, otherwise ¢(a, 1) would not be in the ample
cone, for any positive a). In particular, all the rays through the classes
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¢(a, 1), for a > n + 2, are contained in the ample cone Asx;.. Passing to
the limit @ — +o00, the ray through (A, —C) must be in the closure of the
cone, o

tB
Asim) O F = {xh—yé |y >0,Ay < _n—lx}'
To conclude, we observe that ¢(1,0) = (A, —C) ¢ As;n, because h is not
ample, so we also have Asm C F. O

3.3. The automorphism group of -

The aim of this section is to classify the group structure of Aut(Z[”]) and to
determine some preliminary numerical conditions for the existence of a non-trivial
automorphism.

We recall that, if ¥ is a projective K3 surface with Pic(X) = ZH, H? = 2t,
the automorphism group Aut(X) is trivial if ¢ > 2. Instead, if t = 1 there exists a
double covering ¥ — P?, which is ramified over a smooth curve of degree six, and
Aut(X) = {id, ¢}, where ¢ is the (non-symplectic) covering involution (see [93, §5]
and [53, Corollary 15.2.12]). Proposition 3.2.4 allows us to provide a result on the
order of the automorphism group Aut(X).

PROPOSITION 3.3.1. Let ¥ be an algebraic K3 surface with Pic(X) = ZH,
H? = 2t. Ift > 2, the automorphism group Aut(Z[”]) is either trivial or isomorphic
to Z/2Z, generated by a non-natural, non-symplectic involution.

PROOF. The map A : Aut(X") — O(H?(2[", Z)), sending an automorphism
of X" to its action on the second cohomology lattice, is injective by Theorem 2.5.2.
Instead, if we only consider ¥ : Aut(2") — O(NS(ZIM)), f I Ins(sinnys its
kernel is the set of natural automorphisms (generalization of [20, Lemma 2.4], using
Theorem 2.5.7). Under the hypothesis ¢t > 2, the identity is the only automorphism
of 32, therefore Aut(X[™) is in one-to-one correspondence with the image of ¥, which
is either trivial or generated by an isometry of order two, by Proposition 3.2.4.
If Aut(X["]) contains an involution f, then it is non-natural and non-symplectic:

in fact, if it were symplectic the co-invariant lattice Sy = (1172(53[”],Z)f*)L C
H?(xI"Z) would be contained in NS(X[) and it would be of rank eight (see
Proposition 2.5.5 and [76, Corollary 5.1]), while here rk(NS(X[)) = 2. O

REMARK 3.3.2. If ¢t = 1, the map V is no longer injective: ker(¥) = {id, ("},
where ([ is the natural (non-symplectic) automorphism of order two induced
by the covering involution ¢ € Aut(X). Nevertheless, any automorphism f €
Aut (M) \ ker(¥) is a non-natural, non-symplectic involution and the quotient
Aut(X)/ ker(¥) is either trivial or isomorphic to Z/2Z, following the proof of
Proposition 3.3.1.

Let now f € Aut(Z[) be a non-natural automorphism (that is, if t > 2,
any non-trivial automorphism). As we showed in Proposition 3.2.4, f induces an
isometry of NS(X[) of the form

(10) ¢:<AC BA>, (n—1)C =B, (n— 1A — (B> = n—1
with coefficients A > 0, B < 0,C < 0 uniquely determined by the ample cone Asn;.

One can check that this isometry is the reflection of the Néron-Severi lattice in
the line spanned by the class of coordinates (—B, A —1). As it was done in [20] for
the case n = 2, we denote by (b, a) the primitive generator of this line: in particular,



3.3. THE AUTOMORPHISM GROUP OF x!™ 31

(b,a) := %(—B, A-1), with d = ged(— B, A—1). By computing explicitly the matrix
of the reflection whose fixed line is {(b,a)), we find the relations

tb? —1)a? 2ab(n — 1
(11) p-rm=ba oy 20bn=1)

th? — (n — 1)a? th? — (n — 1)a?
Since f is a non-symplectic involution, the invariant lattice Ty = H 2(2["] VAU ’
is contained in NS(Z[™) by Proposition 2.5.5. Thus, T} is the lattice of rank one
generated by (b,a). Moreover, the transcendental lattice Tr(X[") is contained in
Sy = TfL7 hence f*|r(sim) = —id, because the non-natural involution f* acts as

—id on S§ = ker(id+f*) (see Section 2.5).

LEMMA 3.3.3. Let ¢ be the isometry of NS(X™) of the form (10) induced by a
non-natural automorphism f € Aut(X™) and let bh — ad be the primitive generator
of the invariant lattice Ty C NS(XM). Then:

(i) tb? — (n — 1)a? divides b;
(ii) there exists an even negative integer 8 such that B = (n — 1).

PrROOF. The isometry f* € O(H?(3"), Z)) has restrictions [ Ins(zimy = ¢ and
ey = —idpy(sm). As we saw in Example 2.2.4, the following isometry of
lattices holds:

H2(EM 2) >~ L, =UP 0 EP? @ (—2(n - 1)).

We embed NS(X[") = Zh@®Z(—0) inside L,, by mapping h to e; +tes (where {e1, es}
is a basis for the first summand U) and —¢ to the generator g of the component
(—2(n—1)). We take {e; + tes, €2, g} as a basis for the lattice U®{—2(n—1)), which
contains NS(X[") as a sublattice of rank two. Notice that w := e; — tey belongs to
the transcendental lattice, therefore f*(w) = —w. By writing w = (e1 + tez) — 2tes
we compute:
2tf*(e2) = (A+1)(e1 +tex) — 2teg — Cyg
which can also be written, using relations (11), as

L(e +t6)fe +a—b
th?2 —a2(n—1)" 2 T2 —a2(n—1)

Since the coefficients of this expression need to be integers, th?—(n—1)a? divides
ged(b?,ab) = b. Also notice that, due to the condition (n — 1)4% —tB? = n — 1,
we have: d(tb? —a?(n — 1)) = 2a(n — 1). Therefore, since W is integer, by

fr(e2) = g.

multiplying both numerator and denominator by d we deduce that 2(n — 1) divides
B =—-db<0. O

Using Lemma 3.3.3, we can determine the group Aut(X[") in some cases where
we have a simple description of the nef cone of %",

PROPOSITION 3.3.4. Let ¥ be an algebraic K3 surface with Pic(¥) = ZH,

H?>=2t,t>1. Ifn> %, all automorphisms of 21" are natural.

Proor. Let f € Aut(X) be a non-natural automorphism. Its action on
NS(2[M) is non-trivial, therefore it is an isometry of the form (10), by Proposition
3.2.4. In particular, Nef(2[")) is generated over R* by h and (n — 1)Ah + tBS.
However, if n > % we also have the description of the nef cone given in [8,
Proposition 10.3]: it is generated by h and h — ti—tné. Thus, we need the two classes
(n—1)Ah +tBd and h — %5 to be proportional, i.e.

(n—1)A tB

t+n 2t
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By using relations (11), this becomes tb? + (n — 1)a® = (¢ + n)ab, therefore
th? — (n — 1)a® = (t + n)ab — 2(n — 1)a® = a((t +n)b — 2(n — 1)a).

As we proved in Lemma 3.3.3, tb> — (n — 1)a® divides b. However, from the
last expression for th? — (n — 1)a?, this implies a | b, so necessarily a = 1, since
ged(a,b) =1 by definition (also, a and b are both positive).

Therefore, b is an integer solution of the equation:

th? — (t+n)b+n—1=0.

Assuming n > 2, a simple computation shows that this equation admits an
integer solution only if n is odd and n 4+ 1 = 2¢: in this case, b = 2. However, if
that is the case we have tb?> — (n — 1)a® = 2t + 2, which does not divide b = 2 for
any t > 1, thus we get a contradiction. U

Notice that the condition n > % is satisfied by all values n > 2 when ¢t = 1,
therefore the case ¢t = 1 is now completely resolved. If instead ¢ > 2, we already

know from Proposition 3.3.1 that there are no non-trivial natural automorphisms
on X",

COROLLARY 3.3.5. Let ¥ be an algebraic K3 surface with Pic(¥) = ZH,
H? =2t and let n > 2.
o Ift =1, then Aut(Xl") = {id,e["]}, where ™ is the natural involution
induced by the covering involution ¢ € Aut(X).
o If2<t<2n—3, then Aut(Xl") = {id}.

From now on, we will assume ¢ > 2. In Proposition 3.3.1 and Lemma 3.3.3 we
proved that the isometry ¢ € O(NS(X[™)) induced by a non-trivial automorphism
of X[ is of the form (10) with B = (n—1)8 and 8 < 0 even. We therefore rewrite
the matrix of ¢ and the conditions on its coefficients in the following way:

(12) ¢= (_‘;16 (n_i)ﬁ) . with A% — t(n — 1)52 =1, A>0, 8<0even

and with Ay = {zh —yd | y > 0, Ay < —tBx}. We will return to numerical con-
ditions for the existence of an automorphism on X in Section 3.5.

3.4. Invariant polarizations

In this section we study the properties of the generator of the invariant lattice
of a non-natural involution on X and, vice versa, we show that the existence
of an ample divisor in NS(XI") with such properties guarantees that Aut(x[M) is
non-trivial.

Recall that the divisibility of an element [ in a lattice L is the positive generator
of the ideal (I, L) C Z. For the remaining of the chapter, the notation div(z) will
always refer to the divisibility in the lattice H?(X[,Z) = L,,, even if the element
x is stated to belong to a proper sublattice of H?(XM Z), such as NS(M).

PROPOSITION 3.4.1. Let ¥ be an algebraic K3 surface with Pic(X) = ZH,
H? =2t,t> 2 and f € Aut(Z")) an involution. Let v be the primitive generator
of the rank one invariant lattice Ty C HQ(Z["},Z). Then one of the following holds:

o f* acts as —id on the discriminant group of H*(XM,Z) and (v,v) = 2;
e —1 is a quadratic residue modulo n—1, f* acts as id on the discriminant
group of H*(XIM,Z), (v,v) = 2(n — 1) and div(v) = n — 1.

PRrROOF. The generator v of Ty coincides with the ample class bh—ad € NS(M)
defined in Section 3.3. We recall that f*|yg(xin) is the reflection fixing the line (v),
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while f* acts as —id on Tr(Z["]), therefore f* can also be regarded as the opposite
of the reflection of H?(X",7Z) defined by v, i.e.

(m, v)
(v,v)

Moreover, f* is a monodromy operator, therefore by Proposition 2.3.8 we have

fre 0t (Ly) = {¢ € OF(Ln) | = £id}

(13) f*=-R,: H*(x".72) - H*(x".7Z), m 2

where Ot (L,,) C O(L,,) is the subgroup of orientation-preserving isometries and
denotes the isometry of the discriminant group Ay induced by ¢ (see Section 1.4).

The elements | € L, such that R; = id or (—R;) = id were studied in [44,
Proposition 3.1], [44, Proposition 3.2] respectively. By applying these results, and
observing that v has square (v,v) = 2(tb*> — (n — 1)a®) > 0, we can conclude the
following:

(i) if f* = —id, then (v,v) = 2;

(i) if f* =1id, then (v,v) = 2(n — 1) and div(v) = n — 1 or div(v) = 2(n — 1).

We deduce that the square of the generator of the invariant lattice Ty can only
be 2 or 2(n — 1). The existence of a primitive element | € L,, with given square
and divisibility depends on whether some arithmetic conditions are satisfied: this
is proved in [45, Proposition 3.6], where an explicit description of the lattice I+ is
also provided. Using this result we find out that case (i¢) is admissible only if —1 is
a quadratic residue modulo n — 1 and the divisibility of v is n — 1. This concludes
the proof. O

REMARK 3.4.2. By Proposition 3.4.1, the square of v = bh — ad can be deter-
mined by looking at the action of f* on Ar, . A generator for Ay, = A_s(,—1))
is given by the equivalence class, in the quotient L) /L,, of —ﬁ € L, ®Q,
because —¢ is the generator of the summand (—2(n — 1)) in L,,, via the embedding
NS(zI™) < L,, presented in the proof of Lemma 3.3.3. Thus, since [ nstny = ¢
has the form (12), we obtain:

f (_2(n _ 1)) - 2(n—1) ((n—=1)Bh — A(=9)) _m(—(s) (mod L)

where we used the fact that § is even, by Lemma 3.3.3. On the other hand, we
know that f* acts as £id on Ay, , being a monodromy operator, hence either A+ 1
or A — 1 is divisible by 2(n — 1). In particular, if 2(n — 1) divides A — 1, then
f* = —id and v has square 2; instead, if 2(n — 1) divides A+ 1 then f* = +id and
v has square 2(n — 1). Notice that 2(n — 1) can divide both A — 1 and A + 1 only
for n = 2: in this case, —id = +id on Ay, = Z/2Z and v has square 2 = 2(n — 1),
as already stated in Theorem 3.0.1.

By Proposition 3.4.1, if t > 2 and Aut(Z[) # {id} there exists a primitive
ample class v € NS(XI") with (v,v) =2 or (v,v) = 2(n — 1), div(r) =n — 1. We
now show that the converse holds for any manifold of K3["-type.

PROPOSITION 3.4.3. Let X be an irreducible holomorphic symplectic manifold
deformation equivalent to the Hilbert scheme of n points on a K3 surface, n > 2.

Then X admits a non-symplectic involution if there exists a primitive ample class
v € NS(X) with either

e (v,v)=2, or

o (v,v)=2(n—1) and div(v) =n — 1.

PROOF. Let vy := —R, € O(H?*(X,Q)) be the opposite of the reflection defined
by v, as in (13). If v is an element as in the statement, v defines an integral isometry
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v € O(H?*(X,Z)). Moreover, v induces + id on the discriminant group of H?(X,Z)
by [44, Proposition 3.1, Proposition 3.2] and it belongs to OF(H?(X,Z)) because
v = —R, with (v,v) > 0 (see [71, §9]). This implies that v is a monodromy
operator by Proposition 2.3.8. Let wx be the everywhere non-degenerate closed
two-form on X which generates H>?(X). After extending v to H?(X,C) by C-
linearity, v(wx) = —wx, since wx belongs to NS(X)*, thus v is an isomorphism
of integral Hodge structures. Moreover, y preserves the Kéahler cone of X, because
it fixes the ample class v: by Theorem 2.3.11 we can conclude that there exists an
automorphism f € Aut(X) whose action on H?(X,Z) is 7. In particular, f is a
non-symplectic involution, since the map A : Aut(X) — O(H?(X,Z)) is injective
and y(wx) = —wx. O

REMARK 3.4.4. If ¥ is a K3 surface with Picard number one and X = X[,
the non-symplectic involution f € Aut(X) constructed in the proof of Proposition
3.4.3 is non-natural, since its action on NS(X[™) is non-trivial. As a consequence,
using also Proposition 3.4.1, the existence of a primitive ample class with square
2, or with square 2(n — 1) and divisibility n — 1, is equivalent to the existence of a
non-symplectic, non-natural involution.

3.5. Numerical conditions

In this last section of the chapter we apply the divisorial results of Section 3.4
to provide a completely numerical characterization for the existence of a non-trivial
automorphism on X",

PROPOSITION 3.5.1. Let ¥ be an algebraic K3 surface with Pic(¥) = ZH,
H? =2t, t > 2. If Aut(3") # {id}, then t(n — 1) is not a square and, if n # 2,
the equation (n — 1)X? —tY2 = 1 has no integer solutions. The minimal solution
(z,w) of Pell’s equation X? —t(n —1)Y? = 1 with z = +1 (mod n — 1) satisfies
w=0 (mod 2) and z = £1 (mod 2(n — 1)). Moreover,

Nef(2)) = Mov(Z) = (h, zh — twé).

The automorphism group of LU is generated by a non-natural, non-symplectic
involution whose action on NS(XI™) = Zh @ Z(—6) is given by the matrix

(&)

PRrROOF. If the automorphism group is non-trivial, by Proposition 3.3.1 it is
generated by a non-natural, non-symplectic involution whose action on NS(Z["])
is of the form (12). In particular, the pair (A, () is a solution of Pell’s equation
X? —t(n —1)Y? = 1 with 8 # 0: as a consequence, t(n — 1) cannot be a square
(as we remarked in Section 3.1.1). Moreover, since the action of the involution on
NS(Z™) is non-trivial, it needs to exchange the two extremal rays of Mov(X[")),
which therefore need to be of the same type with respect to the classification of
walls of Theorem 2.4.13. The extremal ray generated by h corresponds to a wall
O(viNnat) with a € H ., (2, Z) isotropic such that (v, a) = 1: in [7, Theorem 5.7]
it is referred to as a wall of Hilbert—Chow type, since the corresponding divisorial
contraction is the Hilbert-Chow morphism X" — X" Thus, the second wall of
Mov(Z[) needs to be of this type too. This happens if and only if Mov(Z) is as
in case (#44) of Theorem 3.1.6, where in particular (by Lemma 3.1.5) we need to ask
that the minimal solution (z,w) of X2 —t(n —1)Y? = 1 with 2 = 1 (mod n — 1)
is such that w is even and z = +1 (mod 2(n — 1)). If so, Mov(X[™) is the interior
of the cone spanned by h and zh — twd (Theorem 3.1.6).

We know that Agm = {zh—yd |y > 0, Ay < —tBz}, with S < 0 even and
A > 0, therefore the two extremal rays of the nef cone are generated by h and
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Ah — t(—f)d. Moreover, either A+ 1 or A — 1 is divisible by 2(n — 1) by Remark
3.4.2, meaning A = +1 (mod (n—1)). Since Nef(X[") ¢ Mov(Z[]), the minimality
of the slope % implies 4 = z, 3 = —w, thus Nef(X[) = Mov(S["). O

REMARK 3.5.2. If n = 2, the equality Nef(2") = Mov(Z[) when the auto-
morphism group is non-trivial can be easily deduced from Theorem 3.0.1 and [7,
Lemma 13.3]. In general, for any n, the equality also follows from the fact that the
non-trivial action on NS(X[™) of a biregular involution needs to exchange the two
extremal rays of both Mov(X[™) and Nef(X[") (see Proposition 2.4.10). Since the
two cones share one of the extremal rays (the wall spanned by h), they share the
other one too.

In order to convert the divisorial results of Section 3.4 into purely numerical
conditions, we will need the following lemma.

LEMMA 3.5.3. Let ¥ be an algebraic K3 surface with Pic(X) = ZH, H? = 2t,
t > 1. A primitive element v € NS(X) has (v,v) = 2(n — 1) and div(v) =n — 1
if and only if it is of the form v = (n — 1)Yh — X4, for a solution (X,Y") of Pell’s
equation X2 —t(n —1)Y? = —1.

PROOF. Assume that there exists v = yh — 25 € NS(X[") as in the statement:
since (v,v) = —2((n — 1)z — ty?) = 2(n — 1), we deduce that (z,y) is an integer
solution of (n — 1)X2? —tY? = —(n — 1). The canonical embedding of NS(X[")
inside H?(XIM,Z) 2 U9 @ E$? @ (—2(n— 1)) (see the proof of Lemma 3.3.3) maps
v to y(e1 + tes) + xg, where {e1,ea} is a basis for one of the summands U and g
generates (—2(n—1)). Notice that, with respect to the bilinear form on H?(X", Z),
we have (v, es) = y, therefore y is a multiple of div(v) = n — 1. We conclude that
(z, 7£5) is an integer solution of X? —t(n —1)Y? = —1.

Conversely, assume that X? —t(n—1)Y? = —1 admits integer solutions and let
(X,Y) be one of them. We set v := (n — 1)Yh — X € NS(Z["): it is a primitive
class of square 2(n — 1). Via the usual embedding NS(X) < H?(x["Z), which
maps v to (n — 1)Y (e; 4+ tes) + X g, we can easily compute the ideal

{m) |m e HAS,2)} = {(n—1)(Yp—2Xq) |[p.a €2} C Z.

From this description it is clear that (n—1) | div(v). Moreover, since div(v) | (v, v),
we conclude that div(v) =n — 1 if YV is odd, while div(v) = 2(n — 1) if Y is even.
However, there are no solutions (X,Y) of X? —#(n—1)Y? = —1 with Y even, since
—1 is not a quadratic residue modulo 4, thus div(v) =n — 1. O

We can now state and prove our main result.

THEOREM 3.5.4. Let ¥ be an algebraic K3 surface with Pic(X) = ZH, H? =
2t, t > 2 and n > 2. Let (z,w) be the minimal solution of Pell’s equation
X2 —t(n—1)Y? =1 with z = +1 (mod n — 1). The Hilbert scheme 21" admits a
(non-symplectic, non-natural) involution if and only if

(i) t(n —1) is not a square;
(i) if n # 2, the equation (n — 1)X2 —tY2 =1 has no integer solutions;
(iii) for all integers p, v as follows:
(a) p=—-landl<a<n-—1, or
(b) p=0and3<a<n-1, or

c) 1<p< 2 gndmax<{4dp+1, |2 n—1 <a<n-1
(c) p <" P P
if Pell’s equation

X2 —4t(n —1)Y? =a® —4p(n — 1)
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is solvable, the minimal solution (X,Y) with X = ta (mod 2(n — 1))
satisfies % > 2%;

(iv) there exist integer solutions either for the equation (n—1)X? —tY? = —1
or for the equation X2 —t(n —1)Y?% = —1.

PROOF. By Proposition 3.5.1, if there exists a non-trivial automorphism on X"
then t(n— 1) is not a square and, if n > 3, the equation (n—1)X2? —tY? =1 has no
integer solutions. Moreover, Nef(2") = Mov(2[nl) = (h, zh — twd). The equality
Nef (2[) = Mov(Xl) implies that there are no flopping walls inside Mov(X!™). In
Section 3.1.2 we recalled the description of the elements a € H}),(3,Z) such that
O(vi- Nat) is a flopping wall. By Lemma 3.1.5, the existence of a similar algebraic
Mukai vector a corresponds to the existence of an integer solution (X,Y) with
X = +a (mod 2(n—1)) to one of Pell’s equations X2 —4t(n—1)Y? = a?—4p(n—1),
where the possible values of a? = 2p and (v,,,a) = « are listed in Remark 2.4.15. In
particular, a solution (X,Y") for one of these equations yields the wall generated by
Xh —2tYd: this wall lies in the movable cone if and only if X, Y > 0 and % < 52
By Remark 3.1.2; we can restrict to consider the equations where the RHS term
a? — 4p(n — 1) is positive. In fact, since w is even by Proposition 3.5.1, the pair
(z,%) is the minimal solution of X2 — 4t(n — 1)Y? = 1, therefore

wo 1 1
2z \[4t(n—1) 4t(n—1)22

is strictly inferior to % = \/425(111—1) - 4t(n:”1)X2 for all solutions (X,Y) of Pell’s

equation X2 —4t(n —1)Y2 = m, if m < 0. We also notice that, for each equation
with a? — 4p(n — 1) > 0, it is sufficient to check whether the wall defined by the
minimal solution (with X = f+a modulo 2(n — 1)) lies inside the movable cone,
since the other walls corresponding to positive solutions of the same equation will
all have greater slopes (Remark 3.1.2).

Finally, if ¥[" admits an involution then, by Proposition 3.4.1, there exists
a primitive element v € NS(X[") with either (v,v) = 2 or (v,v) = 2(n — 1) and
div(v) = n — 1. If we write v = bh — ad, we have (v,v) = —2((n — 1)a® — tb?).

e If (v,v) = 2, then (a,b) is an integer solution of (n — 1)X? —tY? = —1.
e If (v,v) = 2(n— 1) and div(v) = n — 1, then by Lemma 3.5.3 (a, %) is
an integer solution of X% —t(n —1)Y? = —1.

We now want to show that the numerical conditions in the statement are suf-
ficient to prove the existence of a non-trivial automorphism on X", By Theorem
3.1.6, from hypotheses (i) and (i7) we deduce that the closure of the movable cone
of XM is Mov(2[nl) = (h, zh — tws), with (z,w) as in the statement. Moreover,
as we explained in the first part of the proof, hypothesis (iii) guarantees that all
classes in the movable cone are ample, i.e.

(%) Asim) = MOV(E[n]) ={zh—yd|y>0,zy < twx}.

o If (n—1)X2—tY? = —1 admits integer solutions, let (a,b) be the positive
solution with minimal X. By Lemma 3.1.3 the minimal solution of Pell’s
equation X2—t(n—1)Y? = 1is (Z,W) = (2(n — 1)a® + 1,2ab). Notice, in
particular, that Z =1 (mod n — 1), therefore (z,w) = (Z, W). Moreover,
w = 2ab is even and z = 1 (mod 2(n — 1)): this implies, as explained in
the proof of Proposition 3.5.1, that both the extremal rays of the movable
cone correspond to divisorial contractions of Hilbert—Chow type. We now
set v := bh — ad € NS(X[), which is a primitive class of square 2. In
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particular v is ample, using (x), because a > 0 and
za — twb = a(2(n — 1)a* + 1 — 2tb*) = —a < 0.

e If instead there are integer solutions for X? —t(n — 1)Y? = —1, let (a,b)
be again the minimal one. By Lemma 3.1.3 the minimal solution of Pell’s
equation X? —t(n —1)Y2 = 11is (Z,W) = (2a* + 1,2ab). Here Z = —1
(mod n — 1), since a? = t(n — 1)b% — 1, therefore (z,w) = (Z, W) with w
even and z = —1 (mod 2(n — 1)). Let v := (n — 1)bh — ad € NS(Z[?):
by Lemma 3.5.3 it is a primitive class of square 2(n — 1) and divisibility
n — 1. Moreover v is ample, using the description (%), because a > 0 and

za —tw(n — )b = a(2a® +1 — 2t(n — 1)b*) = —a < 0.

Therefore, if one of the two equations in hypothesis (iv) admits integer so-
lutions, we can construct a primitive ample class v with either (v,v) = 2 or
(v,v) = 2(n — 1) and div(r) = n — 1. We conclude, by Proposition 3.4.3 and
Remark 3.4.4, that the Hilbert scheme X[ admits a non-symplectic, non-natural
involution, which acts on H?(X[" Z) as —R,. O

REMARK 3.5.5. In the proof of Theorem 3.5.4 we showed that, if condition (iv)
holds, then the solution (z,w) of X2 —t(n — 1)Y2 = 1 appearing in the statement
is the minimal solution of the equation and z = +1 (mod 2(n — 1)). Using formula
(8) we deduce that all solutions of Pell’s equation X? — 4t(n — 1)Y? = 1 have
X = +1 (mod 2(n — 1)), since (z, %) is the minimal solution. As a consequence,
applying again (8), the congruence class modulo 2(n — 1) of X is constant (up to
sign) for all solutions (X,Y) of X2 — 4t(n — 1)Y? = a? — 4p(n — 1) in the same
equivalence class (see Section 3.1.1). Therefore, if there exist solutions (X,Y") of
X2 —4t(n —1)Y?2 = a? —4p(n — 1) with X = +a (mod 2(n — 1)), there is also a
fundamental solution with this property. Moreover, by Remark 3.1.4, the minimal
solution (X,Y") of this type has slope % strictly inferior to 57. In order to verify
if hypothesis (iii) of Theorem 3.5.4 holds, it is therefore sufficient to check that

4t(n—1)Y2+a%—4p(n—1) is not the square of an integer X = +a (mod 2(n — 1))

for all integers Y such that 1 <Y < \/ % and p, « as in the statement

of the theorem.

REMARK 3.5.6. For n = 2, Theorem 3.5.4 coincides with part (¢) of Theorem
3.0.1. In fact, the only equation that needs to be considered in condition (7i¢) of
Theorem 3.5.4 is X2 — 4tY? = 5, corresponding to p = —1, a = 1. If there ex-
ist integer solutions (X,Y’) for this equation, they all have X odd, i.e. X = ta«
(mod 2(n — 1)), and the minimal solution satisfies ¥ < £ (Remark 3.1.4). Con-
dition (iii) of Theorem 3.5.4 is therefore equivalent to asking that Pell’s equation
X2 — 4tY? = 5 has no solutions, as requested in Theorem 3.0.1.

As an application of Theorem 3.5.4, we prove that for any n > 2 there exist
infinitely many values of ¢ such that ") admits a non-symplectic involution f with
Ty = (2). In order to do so, we consider a specific sequence of integers {t, 1}, .y
and we show that all these ¢, ;’s are admissible if k is sufficiently large.

PROPOSITION 3.5.7. Let ¥ be an algebraic K3 surface with Pic(X) = ZH,
H? =2t and assume t = (n—1)k? +1 for k,n positive integers, n > 2. If k > "73,

there exists a non-symplectic involution f € Aut(XM) with Ty = (2).
PrOOF. We need to verify that the four conditions of Theorem 3.5.4 are satis-

fied. If t = (n —1)k? + 1, for k € N, it is easy to check that ¢(n — 1) is not a square
and that (X,Y) = (k,1) is a solution of Pell’s equation (n —1)X? —tY? = —1.
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Moreover, if n > 3 the equation (n—1)X?2—Y?2 = 1 has no integer solutions. In
fact, if the equation was solvable we would be able to find solutions of Pell’s equation
X? —t(n—1)Y? =n—1 with X =0 (mod n — 1). Since t(n — 1) > (n — 1)?, the
primitive solutions of this new equation are among the convergents of the continued
fraction expansion of \/t(n — 1) (see for instance [34, Chapter XXXIII, §16]), which
is

Hn—1) = [mn_ 1>;Wn_1>]

The evaluation of X2 — t(n — 1)Y? on the convergents (X,Y) of \/t(n —1)
is periodic with the same period of the continued fraction, i.e. two, and it has
alternately values —n + 1 and 1. As a consequence, X? —t(n — 1)Y? = n — 1 has
solutions only if n — 1 = h?, with h € N, and in this case the only fundamental
solution is (h,0). Knowing the convergents of \/t(n — 1) we can determine the
minimal solution of X? —¢(n — 1)Y? = 1, which is (z,w) = (2k*(n — 1) + 1, 2k).
Since z =1 (mod n — 1), we conclude (using formula (8)) that all solutions (X,Y)
of X?2—t(n—1)Y?2 =n—1have X = h (mod n—1): in particular, this congruence
class is never zero, because h? =n — 1 with n > 3.

It remains to check whether condition (#i¢) of Theorem 3.5.4 holds. Assuming
k> 243 we have 4t(n—1) > (a? —4p(n—1))? for all a, p as in the statement of the
theorem (notice that a® —4p(n — 1) can be at most (n — 1)24+4(n —1)). As before,
from this condition we deduce that the solutions of X?—4t(n—1)Y? = a?—4p(n—1)
are encoded in the convergents of the continued fraction of

M —1) = [Qk(n 1)k dk(n — 1)) .

The quadratic form X2 —4t(n—1)Y? takes values —4(n—1) and 1, respectively,
on the first two convergents. As a consequence, if Pell’s equation X2 —4t(n—1)Y?2 =
a? —4p(n—1) is solvable, then a? —4p(n —1) = h? for some h € N and the minimal
solution is (X,Y) = (hz,h%g), with (z, ) the minimal solution of Pell’s equation
X? —4t(n —1)Y? = 1. Since ¥ = £ if the solution (X,Y) defines a wall in the
positive cone of X" this wall does not intersect the interior of the movable cone.

Hence, condition (ii4) is satisfied. O

To conclude, we provide a list of the first values of ¢ such that there exists a
non-natural automorphism f € Aut(X"), for 2 < n < 12 (more details on the case
n = 2 can be found in [20]). By Corollary 3.3.5 we have ¢t > 2n — 2. In particular,
if —1 is a quadratic residue modulo n — 1 we know, by Proposition 3.4.1, that the
generator of the invariant lattice Ty can either have square 2 or 2(n — 1): for these
values of n we determine the smallest ¢ in each of the two cases.

first ¢ s.t. first ¢ s.t.
Ty = (2) Ty = (2(n—1))
2
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For n = 3, in [47, Example 14] Hassett and Tschinkel proved the existence of
a non-natural automorphism f € Aut(XPl) with 7y = (2) when ¥ is a K3 surface
with Pic(¥) = ZH, H? = 114 (i.e. t = 57). However, as shown in the table above,
this is not the smallest ¢ for which a similar automorphism exists on (3.

We notice an interesting pattern in the second column of the table: except
for n = 2 and n = 4, the first value of ¢ such that there exists an automorphism
f € Aut(S) with invariant lattice Ty = (2) is always of the form ¢ = 9n — 8. In
particular, this is one of the values of ¢ considered in Proposition 3.5.7, correspond-
ing to k = 3. We conjecture that this value of ¢ is admissible for all n > 3. If so, the
lower bound on k provided in Proposition 3.5.7 for the existence of the non-natural
involution might be significantly improved. By Theorem 3.5.4, this is equivalent to
proving the following number theoretical conjecture.

CONJECTURE 3.5.8. For all integers n > 3:
e the equation (n — 1)X? — (9n — 8)Y? = 1 has no integer solutions;
e Pell’s equation X2 —4(9n —8)(n—1)Y? = a? — 4p(n — 1) has no positive
solutions with X = +a (mod 2(n — 1)) and ¥ < 152, for all integers
p, a as follows:
(1) p=—land1<a<n-1,or
(2) p=0and3<a<n-—1,or
(

3) 1§p<”21aundmaux{élp—l—l7 ’72 p(n—l)-‘}gagn—l.






CHAPTER 4

Non-symplectic automorphisms of odd prime
order on manifolds of K3"-type

The aim of this chapter is to classify non-symplectic automorphisms of odd
prime order on irreducible holomorphic symplectic manifolds which are deforma-
tions of Hilbert schemes of any number n of points on K3 surfaces, extending results
already known for n = 2 (see [17]). In order to do so, we study the properties of the
invariant lattice of the automorphism (and its orthogonal complement) inside the
second cohomology lattice of the manifold. We also explain how to construct auto-
morphisms with specific actions on cohomology and, for n = 4, we present a geomet-
ric construction of non-symplectic automorphisms on the Lehn-Lehn-Sorger—van
Straten eightfold, which come from automorphisms of the underlying cubic fourfold.
These results, which appear in the paper [29], are the product of a collaboration
with Chiara Camere.

4.1. Monodromies induced by automorphisms of odd prime order

In this section we explain how to classify, for any n, the isometry classes of the
invariant and co-invariant lattices by use of numerical parameters related to their
signatures and lengths. This classification is explicitly discussed for n = 3,4 in
Section 4.1.4. Moreover, in Section 4.1.3 we study in greater depth the cases where
the invariant lattice has rank one.

4.1.1. Discriminant groups of invariant and co-invariant sublattices.
Let X be a manifold of K3[™-type with an action of a finite group G = (o), where
o is a non-symplectic automorphism of prime order p > 3. In particular, p can
be at most 23, since this is the rank of the lattice H?(X,Z) (see Example 2.2.4).
Following the notation of Section 2.5, we will denote by T'= T, = H*(X,Z)° the
invariant sublattice of H2(X,Z) and by S = S, = T+ C H?(X,Z) the co-invariant
lattice.

REMARK 4.1.1. After choosing a marking
n:H*(X,Z) = L, =U® o E§* © (—2(n — 1))

the invariant and co-invariant lattices of an automorphism of X can also be regarded
as primitive sublattices T, S C L,. We point out that a different marking 7’ will
produce a pair of sublattices (7”,5’) of L, which is isomorphic to (7,S) in the
sense of Definition 1.4.3. For this reason, we are interested in classifying the pairs
(T, S) only up to isomorphisms of primitive sublattices in L.

We collect in the next proposition several results proved by Boissiere-Nieper-
WiBkirchen—Sarti [21] and Tari [96] (recall also Proposition 2.5.5).

PROPOSITION 4.1.2. Let X be a manifold of K3"-type and G = (o) a group
of prime order p acting non-symplectically on X. Then:

e there exists a positive integer m := mg(X) such that tk(S) = (p — 1)m;
e S has signature (2,(p — 1)m —2) and T has signature (1,22 — (p — 1)m);

41



42 4. NON-SYMPLECTIC AUTOMORPHISMS OF K3!"l-TYPE MANIFOLDS

Da
H*(X,Z) . . . H*X7Z) ~ (2
Tog - 18 a p-torsion group, i.e. 5=z oF for some non-
negative integer a := ag(X);
e a<m.

As we explained in Section 1.4, if we consider T and S as primitive sublattices
of L,, there exists an isotropic subgroup M C Ar ® Ag such that ML/M =Ar,.
Denoting by pr and pg the two projections from Ar®Ag to Ar and Ag respectively,
their restrictions to M are injective: the isomorphic images are My := pp(M) C Ar
and Mg := ps(M) C Ag. Since the discriminant groups are finite, we conclude
p® | discr(T), p* | discr(S). Moreover, qr|y, = —gs|as, because of the anti-
isometry v = ps o (pr) " |ary : Mz — Ms.

LEMMA 4.1.3. Let o be a non-symplectic automorphism of prime order p > 3
of a manifold of K3 -type and let 1) = o* € Mon? (Lyp). Then:
(i) the action of v on M+ C Ar @ Ag is trivial;
(i7) the co-invariant lattice S = ((Ln)w)L is p-elementary.

PROOF.

(i) The isometry v acts trivially on Ay, = M~/M, from Proposition 2.3.8
and because Y = id with p odd (therefore ¥ cannot induce —id on
Ar,). This implies that, for any element (z,y) € M+ C Ar @ Ag, we
have 9 (z,y) — (z,y) € M, where 1 € O(ArL,) is the isometry induced
by %. Moreover, ¢ acts trivially on the discriminant group Ar (because
Y| = idyp), thus ¥(z,y) — (z,9) = (0,4 (y) —y) (the natural inclusions of
Ar and Ag in Args & Ar @ Ag are y-equivariant). Since M is the graph
in A7 @ Ag of the anti-isometry v : M7 — Mg, we deduce that ¥(y) = y
for any y € ps(M*). This means that the action of 1 is trivial on M*,
not only on the quotient M~ /M.

(#i) For any n > 2, the lattice L, admits a natural primitive embedding
inside the Mukai lattice Agy = U®* @ E$? (see [71, Corollary 9.5]). As
we remarked in the previous point of the proof, the action of @ on the
discriminant group Ay, is trivial: this allows us to extend ¢ to an isometry
p € O(Ayy) such that p|;, 1 = id, by Proposition 1.4.7. The lattice Aoy
is unimodular, therefore both the invariant lattice T, = (Ag4)” C A24 and
the co-invariant S, = (T,)1 C Ay are p-elementary (see for instance [96,
Lemme 2.10]). Since L,-cT », Passing to the orthogonal complements
we have S, C L, and therefore § = §,, is p-elementary. ]

For fixed values of n > 2 and p > 3 prime, we write 2(n — 1) = p®g with «, 8
integers, & > 0 and (p,8) = 1. Then Ay, = ﬁ = po% @ % is an orthogonal
splitting (see Proposition 1.1.3): in particular, we now show that there exists a

subgroup of A7 isomorphic to the summand /327'

LEMMA 4.14. Let (Ar), and (Ag), be the Sylow p-subgroups of Ap and Ag
respectively. Then

7
Ar = (A1), © A As = (As)p-

Moreover, |Ap| = p*Bt and |As| = p®s for some positive integers t,s such that
(07

ts = p“.

PROOF. Since Ap, = M+ /M and |M| = p®, we deduce |M*| = p*T*3. More-
over, (p,3) = 1, thus there exists a unique subgroup N C M+ of order 3, such
that the restriction to N of the projection M+ — M= /M is injective. Using the
fact that there is also a unique subgroup of order [ inside A, _, we conclude that

n?
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N is isomorphic to the component ﬁiZZ of Az, . By Lemma 4.1.3, the action of the

automorphism o on N C M+ is trivial and any element of pg(IN) is of p-torsion:
we are lead to conclude pg(NN) = 0, because (p,8) = 1. Thus, N is contained in
Ar.

Since My C (Ar)p, Ms C (Ag), we can write |Arp| = p®St and |Ag| = p®s,
with ¢, s positive integers. From

|Ar||As|
L,: (Tos)? ="t
(see Section 1.4) we get ts = p®. The two integers ¢, s are therefore powers of p
with non-negative exponents. O

We are now ready to describe the structures of the two discriminant groups Ap
and Ag.

PROPOSITION 4.1.5. Let X be a manifold of K3 -type and G = (o) a group
of odd prime order p acting non-symplectically on X. Then one of the following
cases holds:

ba Da
(’L) ASZMSE(%> ,AT%MT@ALngC%) @1%69627’

(i1) azl,a:O,As%p%7ATg

Da+1 ®a—1

z .
Bz’

PRrROOF. If a = 0, the group M is trivial and Ay, = Ar® Ag. By Lemma 4.1.4
we deduce that there are only two possibilities: Ag =0, Ap = Ay, or Ag = p%z’
Ap & B%' The second case, though, is admissible only for e = 1, because we know
that S is p-elementary by Lemma 4.1.3.

From now on we will assume a > 1. Let us first consider the case o« = 0: this
implies 8 = 2(n—1),t = s = 1. Then, by using Lemma 4.1.4 we conclude Ag = Mg
and AT :MT@BZj gMT@ALn-

If a =1 we have 2(n — 1) = pf and ts = p. There are two possibilities:

Da
e t=p,s=1. In this case, Ag = Mg = (p%) , therefore gs|ys = gs
is non-degenerate and the same holds for qr|as,., since ¢r | = —qs|ars-

Then, by Proposition 1.1.3 we can write Ay = My @ MTL, which implies

Da+1
(Ap), = (p%) and therefore Ar = My @ Ay, .
et =1s5=p Now Ar = Mr & [_}Z—Z, since (Ar), = Mp. Hence qr|m,

is non-degenerate, which again implies that also gg|ass is non-degenerate,

Pa+1
ie Ag = MSQBMé-. We are lead to conclude Ag = MSEB%Z ~ (%Z)

Therefore, if « =1 (and a > 1) both cases (i), (i74) appearing in the statement are
admissible.

Now assume o > 2. Set H := (Ar), ® As C Ar & Ag and let H[p] C H be
the p-torsion subgroup. Since M+ /M = Ay = paiz & ﬁiZZ, there exists an element
x € H of order at least p®: the quotient (x)/({x) N H[p]) has then order at least
p®~ 1, which shows that [H : H[p]] > p®*~!. On the other hand, [H : H[p]] < p:
in fact, |H[p]| > p*¢, because My & Mg C Hlp], and |H| = p®t - p®s = p**+® (by
Lemma 4.1.4). We conclude that the index [H : H[p]] is either p* or p*~1.

If [H : H[p]] = p*, then H[p] = My & Mg. By construction H = H,, therefore:

2a+«a Z dm; 2a+a Z Pm;
W =@ (GE) o e ()

i=1
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for suitable integers m; > 0 such that ZZ im; = 2a+ o and ZZ m; = 2a. Thus, the
coefficients m; must satisfy a = )", (i — 1)m;. Furthermore, since we know that H
contains an element of order at least p®, there exists j > o such that m; > 1. This
leaves us with two possibilities for the choice of the coefficients m;.

7 ©2a—1 z ) 2 ®a—1 2

o HX (ﬁ) ® vz Then, we have either Ag = (;TZ) ® =¥z
®a-—1

(Ar), = Mr or As = Mg, (Ar), = (p%) & pa%z. Both cases are

not admissible: by Proposition 1.1.3 (as we remarked discussing o = 1)

we would need to be able to write, respectively, As = Mg @ MSL and

A7 = Mr & M35, but now this is not possible.
2a—2
o H= p%)ea ‘ <) ]% ® paiz. Disregarding the cases where Ag = Mg or
(Ar), = Mr (which can be excluded as in the previous point) we are left
with two alternatives:
~ (2z\% Lz ~ 2\ g
-4, = (%) e As=(%) efn
Pa—1 Pa—1
- (), = (%) e As= () e
In both cases, though, the lattice S is not p-elementary, contradicting
Lemma 4.1.3.

We conclude that [H : H[p]] = p®~!. We can again write H and H|[p] as in
(14), where now ), im; = 2a+a, >, m; = 2a+ 1 and as before there exists j > «
D2a
such that m; > 1. We then deduce H = (%) &) palz» which gives rise to four
possible conclusions:
~ (2\% . 2z ~ (2)\% . ~
e (Ar), = (p7 ® paz: As = (FZ) , meaning Ar = My ® A, and
As = Ms;

o (A7), = (1%)@@—1 - po%, Ag = (p%)eaaﬂ;
)

7
z Ha—1 ® 7
pL pL”

The last two cases are excluded because S is p-elementary by Lemma 4.1.3. [

REMARK 4.1.6. We can make some additional remarks on the structures of the
discriminant groups Ar, Ag after recalling the following result.

THEOREM 4.1.7. Let M be a lattice and yv € O(M) of prime order p # 2. Then
rk(Sy)
p—1 -

p™discr(Sy) is a square in Z, where m =

PROOF. See [96, Théoreme 2.23]. O

Let X be a manifold of K3["-type and ¢ € Mon?(L,,) the isometry induced
on L, by an automorphism o € Aut(X) of prime order p > 3. From Proposition
4.1.5 we know that discr(S) = |Ag| is either p® or p**1. In particular:

e if pt2(n—1) (i.e. & =0), the groups Ar, Ag are as in Proposition 4.1.5,
case (i), therefore a and m must be of same parity by Theorem 4.1.7.

e If p|2(n—1) (i.e. « > 1), a and m are not required to have same parity:
the structures of A and Ag are the ones given in Proposition 4.1.5 case
(i) if @ and m have same parity, the ones of cases (i7) or (¢i7) if a and m
have different parity.
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4.1.2. Admissible triples. We are now interested in studying primitive em-
beddings of lattices T, S — L,, satisfying Proposition 4.1.2 and Proposition 4.1.5,
assuming p > 3. For the purposes of this work, we restrict to o < 1: notice that,
since 2(n — 1) = p*g, the first instance with @ > 2 occurs for n = 10, i.e. on
manifolds of complex dimension 20.

Our main result is Theorem 4.1.12, in which we show that, under suitable
hypotheses, given the values (p,m,a) defined in Proposition 4.1.2 the isometry
classes of T and S are uniquely determined. To do so we first need to provide a
characterization of primitive embeddings S < L,, for lattices S as above (Lemma
4.1.8 and Proposition 4.1.9). Finally, in Proposition 4.1.14 we describe all possible
structures, up to isometries, for the discriminant quadratic forms ¢g and qr.

We recall that, by Proposition 4.1.2, the lattice S has signature (2, (p — 1)m — 2)

ok
and it is p-elementary by Lemma 4.1.3, with discriminant group Ag = (%Z) ,
where k is the length of Ag. Then (see Remark 1.2.3) there are only two non-
isometric possible forms gg, the ones in (3).
Since L,, = U®3 ®E®2 ®(—2(n—1)), the quadratic form ¢, on Ay, = ﬁ
is such that ¢qr,, (1) = Z(n 0y € Q/2Z. 1f we write 2(n—1) = p®3, with (p, 8) = 1,
then a trivial computation shows

I = 2(n%1)Z <_2(n1— 1)) B 1% (_1;8> N 5ZZ (_p;> '

In Section 1.2 we defined the two non—isomorphic finite quadratic forms w

+1
P«

on —=—. Denoting by g, s the quadratic form ﬁ7 (—%), we conclude:
wil ®qap if *75 =+1

(15) qr, = 1 . —B
W, o D ap i =-1

where the parentheses denote the Legendre symbol.

®k
LEMMA 4.1.8. Let S be an even lattice with discriminant group Ag = (p%)

of genus (2, (p —1)m —2,qs). Let L, = U3 © E$? @ (—2(n — 1)> and let e € Ap,,

Z ~ _Z © .
be the generator of the component 57 of Ar, = 537 (_7) @ ﬂZ (—%). Then:

(1) If « = 0, primitive embeddings of S in L, compatible with Proposi-
tion 4.1.5 are determined by pairs (T,~vr), with T a lattice of signature
(1,22 —(p—1)m), qr = (—qs)®qr, andyr € O(Ar). Two pairs (T, ~yr)
and (T",~4) determine isomorphic sublattices in Ly, if and only if there
exists an isometry v : T — T' such that U o yp = v, o D.

(i4) If « = 1, primitive embeddings S < L,, compatible with Proposition 4.1.5
are determined by triples (x, T, yr), with T of signature (1,22 — (p — 1)m),
yr € O(Ar) and either:

(a) =0, gr = (—qs) D qr,,, or
(b) x € Ag[p] with qs(z) = —g (mod 27Z) and T+ /T = (%) 69 52,

where T C Ag @ Ayp, is the subgroup generated by (z,e) and Tt
is its orthogonal complement with respect to the form (—qs) ® qr, ;
moreover, qr = ((—4s) ® d1,.)|r-r-
Two triples (x,T,yr) and (z',T",~v%/) determine isomorphic sublattices in
L, if and only if there exists p € O(S) and an isometry v : T — T', such
that fi(x) = 2’ and Vo ~yp =+, oD.
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PROOF. Each primitive embedding ¢ : S < L,, is determined by a quintuple
©; = (Hs,Hr,,v,T,vr) as in Theorem 1.4.4, since L,, is unique in its genus (up
to isometries) by Theorem 1.3.3. Recalling that T is the orthogonal complement
of i(S) in Ly, we ask sign(T) = (1,22 — (p — 1)m). We will discuss separately the
cases a =0 and o = 1.

(i) a = 0. Since p and f are coprime, the only possibility is: Hg = {0},
Hy, = {0} and v = id. The embedding S < L,, is therefore determined
by the pair (T,vr). In particular, we have I' = {(0,0)}, I+ = As @ A,
thus Ar = As ® Ar, and qr = (—qs) @ qr,,. This is coherent with case
(7) of Proposition 4.1.5.

(#4) @ = 1. We have again the case Hg = {0},H, = {0}, v = id (which
means that S and T are as in case (i) of Proposition 4.1.5, hence I(Ar) =
k+1). This case corresponds to the triples where x = 0 and it is described
as for a = 0. Alternatively, provided that there exists an element x € Ag
of order p such that gs(x) = g, (e), with e as in the statement, we can also
take Hg = (x), Hr,, = (e), 7 : © — e. Notice that such an element x does
not exist only if k = 0 or if ¢ = wf,,l, qr, = w;EGBqlﬁ, with £ € {£1}: in
all other cases, using the isomorphism w; lg w; o w, lo ij, we can

write the form ¢g as in (3), where at least one of the direct summands
is of the same type of the wy , appearing in qr,, (the component corre-
sponding to the subgroup Hy, ). In this setting, the graph I' of v is the

subgroup of Ag @ Ay, generated by (x,e). In particular, since I" & 1%,

the quotient ' /T cannot be isomorphic to Ag @ Az, , which implies that
we are not in case (i) of Proposition 4.1.5. Nevertheless, if a = 1 and
k > 1 the structures of the discriminant groups can also be as in cases
(it) or (iii), where I(Ar) = max{l,k — 1}: the embedding is admissi-
ble if T /T = (%)Gak ' @ % and, if so, the quadratic form on Ar is
qr = ((—g¢s) ® qr,,)|r+ /r-

Finally, for both values of « the stated results about isomorphic sublattices

follow directly from Theorem 1.4.4. O

Lemma 4.1.8 allows us to list all possible primitive embeddings ¢ : S — L,
satisfying Proposition 4.1.5 for a given lattice S. We now prove that, adding some
extra hypotheses, the number of distinct isometry classes for i(S)* is actually very
limited.

ProrosiTiON 4.1.9. Let S and L,, be as in Lemma 4.1.8, with o < 1 and
E<2l—a-—(p—1)m.

(@) fa=0o0k=0,orifa=1and qgs = wgl,an = wzﬁ @ q1,3 for
& € {£1}, all primitive embeddings of S in L, compatible with Propo-
sition 4.1.5 define isomorphic sublattices. In particular, the orthogonal
complement T is uniquely determined by the genus of S.

(1) Otherwise, provided that the natural homomorphism O(S) — O(Ag) is
surjective, there are at most two distinct isomorphism classes for the or-
thogonal complement T of the image of a compatible embedding S < L,
one with l(Ar) = k+ 1 and one with [(Ar) = max{1,k — 1}.

PrROOF. f @« = 0or k = 0, or if @« = 1 and g5 = wf,ﬁl,QLn = w;E @ q1,8
for £ € {£1}, by Lemma 4.1.8 a (compatible) primitive embedding of S in L, is
characterized by a pair (T,vr), with T a lattice of signature (1,22 — (p — 1)m),
qr = (—qs) ® qr,, and yp € O(Ar). In this case, then, [(Ar) = max{l,k + a},
because (p, ) = 1. If such an indefinite lattice T exists and if I(Ar) < rk(T) — 2
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(ice. if <21 —a — (p— 1)m), then T is uniquely determined, up to isometries,
by Theorem 1.3.3. This assumption also guarantees that the natural morphism
O(T) — O(Ar) is surjective (Proposition 1.4.2), therefore different choices of vyp
give isomorphic primitive sublattices S in L,,.

Assume now that we are not in one of the cases of point (i) (in particular,
let @« = 1 and k > 1); moreover, suppose that O(S) — O(Ag) is surjective and
k <20 — (p—1)m. A compatible embedding i : S < L,, is determined by a triple
(z,T,vr) as in Lemma 4.1.8. We make a distinction:

e Triples (0,7, vr) correspond to embeddings where qr = (—qs) @ qr, , so
I(Ar) = k+1. Then, as before, from the assumption £ < 20— (p—1)m it
follows that all these embeddings define isomorphic sublattices in L,, and
that T' is uniquely determined.

o If x # 0, the triple (z,T,~vr) was obtained, in the proof of Lemma
4.1.8, from a quintuple ©; = (Hg, Hr,,v,T,yr), with Hg = (z) C Ag,
Hyp, = (e) C Ar,. If we now consider a different quintuple ©,,, with
Hi = (2') and 2’ # 0, the embeddings 7, ¢’ will define isomorphic sublat-
tices of L,,. This follows from Lemma 4.1.8 and Theorem 1.4.4, because,
under our assumptions, two different subgroups Hg, Hg C Ag as above are
conjugated by an automorphism of S. In fact, the restrictions gg|mgg and

qs| my, are non-degenerate and isomorphic, since they both are p% ,% ,

hence, by Proposition 1.1.3 and the classification of p-elementary forms,
also the forms on Hg and (Hj)* will coincide. This implies that there
exists an automorphism of Ag which exchanges Hg and Hg: by the sur-
jectivity of O(S) — O(Ag), this automorphism is induced by an auto-
morphism of S. We conclude that the isometry class of S as a primitive
sublattice of L,, does not depend on the choice of z # 0, nor of T', 7, since
k <20—(p—1)m and here [(Ar) = max{1l, k—1},so I(Ar) <rk(T)—2. O

Adopting the terminology used in [17], we provide the following definition.

DEFINITION 4.1.10. Let (p,m,a) be a triple of integers, with 3 < p < 23 prime,
m>1 (p—1)m <22and 0 < a < min{m,23 — (p — 1)m}. The triple is said to
be admissible, for a given integer n > 2, if there exist two orthogonal sublattices
T,S C L, = U®¥ @ EP? ® (—2(n — 1)) such that: sign(T) = (1,22 — (p — 1)m),

Da
sign(S) = (2,(p — 1)m — 2), T%;‘S & (z%) and the discriminant groups Ar and
Ag are as in Proposition 4.1.5.

Da
REMARK 4.1.11. The condition TLegs = (1%) implies that all admissible

triples of the form (p,m,0) will define orthogonal sublattices T, S C L, such that
L,=T®S.

We can now rephrase Proposition 4.1.9 in the following way, taking into account
the uniqueness of S too.

THEOREM 4.1.12. Let 2(n — 1) = p®f, with (p,B) =1 and o < 1. If (p,m,a)
is an admissible triple, there exists a unique even p-elementary lattice S as in
Definition 4.1.10, up to isometries. Its primitive embedding in L,, and its orthogonal
complement T' C L,, are uniquely determined (up to isometries of Ly ) by (p, m,a),
if l(Ar) < 21 — (p— ym.

ProOOF. By Proposition 4.1.5 and Remark 4.1.6 the discriminant group Ag is

®a ®a+1
(p%) if m and a have same parity, otherwise Ag = (plz . Moreover, since

the triple (p,m, a) fixes the signature of S, it also fixes the quadratic form on Ag,
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as we explained in Remark 1.2.3. Thus, if rk(S) > 3 the lattice S is unique, up to
isometries of S, by Theorem 1.3.3. The same is shown to hold also for the remaining
cases, i.e. the triples (3,1,0) and (3,1,1), where S is positive definite of rank two:
by [36, Table 15.1], we have S = Ay(—1).

For any co-invariant lattice S corresponding to an admissible triple (p,m,a),
we now show that the homomorphism O(S) — O(Ag) is surjective. By Definition
4.1.10 we have sign(S) = (2,(p — 1)m — 2), hence the two triples (3,1,0) and
(3,1,1) are the only ones where S is not indefinite: for them, the surjectivity of
O(S) — O(Ag) follows from [81, Remark 1.14.6], because S = Ap(—1). For all
other admissible triples, S is indefinite and by Proposition 1.4.2 we only need to
show that rk(S) > I(Ag) + 2. As recalled in the first part of the proof, the length
of Ag is either a or a + 1, thus we want to prove that rk(S) > a + 3. We have

tk(S)=@p—-1)m>2m>2a

because p > 3 and a < m. Hence, if a > 3 the condition rk(S) > a + 3 is satisfied
for any m. If instead a < 2 (i.e. a + 3 < 5) the inequality holds for all m > 3. The
only triples left are the ones with m € {1,2} and a € {0,1,2}. For all these triples,
(p — 1)m > a + 3 whenever p > 5, therefore we only need to check the triples with
p = 3. We already discussed the two admissible triples with p = 3, m = 1, where
S = Ay(—1). Instead, if m = 2 then rk(S) = (p—1)m =4 > a+ 3 for a = 0, 1.
Finally, the triple (3,2,2) defines a 3-elementary lattice S with sign(S) = (2,2) and
I(Ag) = 2, since m and a have same parity, hence rk(S) > l[(Ag) + 2.

The statement now follows from Remark 4.1.6 and Proposition 4.1.9, under the
assumption [(Ar) <21 — (p— 1)m. O

REMARK 4.1.13. If both triples (p,m,a), (p,m,a + 1) are admissible, with m
and a of different parity, then they determine the same lattice S, up to isometries.
As a matter of fact, in both cases the signature of S is (2,(p — 1)m — 2) and,

7 ) Pa+1

by Remark 4.1.6, its discriminant group is (;T . Notice, however, that the

Z
invariant lattices T' corresponding to the two triples are non-isometric.

To conclude this subsection, we use our results to list all possible quadratic
forms ¢g, qr, up to isometries, on the discriminant groups Ag, Ar: by Lemma 4.1.8,
we will need to discuss separately the cases @« = 0 and o = 1 and to distinguish on
whether —f is a quadratic residue modulo p. This classification of quadratic forms
is needed for listing admissible pairs of lattices (T, S) for specific values of n and p.

PROPOSITION 4.1.14. Let 2(n — 1) = p*fB, with (p,f) = 1 and o < 1. Let
(p,m,a) be an admissible triple and T, S lattices corresponding to it. Then one of
the following holds:

. . Da Pa—1
(i) qr = (—qs) ® qr,,, with g5 = (w}]) " or qs = (w;})
(1) a =1, =B is a quadratic residue modulo p and

_1‘

b Wp,15

(8) g5 = (wi )™ sar = (—uwf)) " @ qus, or
() a> 1,95 = (D™ @wtgr = (0D @ (—wrh) ® i p.

(#it) a =1, —p is not a quadratic residue modulo p and

Da+1 Pa—1 _
() a>1lgs=(w)"" Lar=(—wi})"" @®(-w,}) @& qp, or

() gs = (wi) " @wylar = (~w )™ @ qup.

PROOF. As explained in the proof of Lemma 4.1.8, case (i) corresponds to
embeddings S < L,, determined by quintuples (Hg, Hy, ,7,T,vr) with Hg = 0,
Hp, = 0. Moreover, the quadratic form ¢g is as in (3), with k¥ = I(As) = a
by Proposition 4.1.5. This is the only possibility when « = 0. If instead o = 1,
there may also be compatible embeddings S < L,, corresponding to quintuples with



4.1. MONODROMIES INDUCED BY AUTOMORPHISMS OF ODD PRIME ORDER 49

Hgs # 0 (see again Lemma 4.1.8): in this case, by the surjectivity of O(S) — O(Ag)
(see Theorem 4.1.12), as we showed in the proof of Proposition 4.1.9 the subgroup
Hg can be regarded, up to changing the generators of Ag, as one of the direct
summands in the representation (3) of the quadratic form gg. On the discriminant
group of the orthogonal complement T C L, the quadratic form is then ¢r =
((—gs)®qr,)rs v, with gz, asin (15) and gs as in (3), where now k = l(Ag) = a+1
by Proposition 4.1.5.

Let’s assume that —f is a quadratic residue modulo p, so that gy, = w;; 1 Dq1,s,

1 . . . .
and suppose gg = (wz',F %)GWF . Adopting the same notation used in the previous

proofs, let x € Ag be the generator of the subgroup corresponding to one of the
summands wlﬂ in gs and e be the generator of Z/pZ C Ar,. Then Hg = (x),
Hyp, = (e), v : © — e and the graph of v is I' = ((z,e)) C As ® Ar,. A
direct computation shows that, with respect to the quadratic form (—gs) ® g, on
Ags @ Ay, , the orthogonal of I is

I' = (Hg ® H,) +T.

This implies that the quadratic form gr = ((—gs) @ qr,,)|r+r is isometric to

the restriction of (—qg) ® qr, to Hg & HLLH, therefore g = (—w;i)ﬂaa & q1 -

If instead qg = (w;})@a @ w;}, we need to ask a > 1, otherwise it is not

possible to find subgroups Hs C As and Hy, C Ag, such that ¢s|ns = qr, |H,, -
As in the previous case, we can assume Hg = (z), Hy = (e), 7 : * — e with

x € Ag generator of one of the components w; i in gs and e € A, generator

of the summand w;)rj of qr,. Since I', Tt are the same as above, the form g¢r

still arises as the restriction of (—qg) @ qr, to Hg & Hi-n, and therefore ¢r =
o 41\Pa-l -1
( w ) @( wp,l)@ql,ﬁ'

p,1
The two cases where qr, = w;& @ q1,8 (i.e. —f is not a quadratic residue
modulo p) can be discussed in an analogous way. O

4.1.3. A special case: rk(T) = 1. In this subsection we focus on the cases
where the invariant lattice T' has rank one, which correspond to maximal dimen-
sional families of manifolds of K3["-type equipped with a non-symplectic automor-
phism. Since T has rank one, rk(S) = (p — 1)m = 22: for p odd, this can only
happen if p = 3, = 11 or p = 23,m = 1. As before, we write 2(n — 1) = p*g,
with (p,8) = 1.

If @« = 0, then a must be odd, because it needs to be of the same parity as

Pa
m (Remark 4.1.6); in particular, a > 1. Moreover Ap = (p%) @ 1% ® ﬁ%, by

Proposition 4.1.5: since rk(T") = 1, then necessarily a = 0, a = 1. We conclude
T > (2p(n — 1)) (a =0 means that p and 8 = 2(n — 1) are coprime).
If instead « > 1, there are a priori two possibilities:
a
e ¢ odd. Then Ar & (%Z)@ @I%Z@%Withaz land a > 1. As a
consequence (A7) > 2, so T cannot have rank one.
e @ even. By the classification provided in Proposition 4.1.5, T' cannot be

of rank one if a > 0. Hence a =1,a=0,T = (f) = <M>

P
Moreover, we need to impose conditions on the orthogonal lattice S, using
again Proposition 4.1.5. Since rk(T") = 1, we can also use [45, Proposition 3.6] to

determine the existence and the structure of such primitive sublattices T,S C L,,.
We do it separately for the two possible cases we found.

e a=0,a=1,T = (h), with h € L,, primitive of square h? = 2p(n — 1).

By [45, Proposition 3.6], the orthogonal lattice S has discriminant 4”(7}7;1)2,
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where f is the divisibility of h in L,,. By Proposition 4.1.5 we know that
Ag & p%, therefore discr(S) = p and we need f = 2(n — 1). By applying
again [45, Proposition 3.6], we can conclude that such a T exists if and
only if —p is a quadratic residue modulo 4(n — 1).

e a=1,a=0,T = (h), with h € L,, primitive of square h? = @,
We have Ag = p%, by Proposition 4.1.5, and p = discr(S) = 4(’;;21)2, SO
f= 72(7;1). Here p? t 4(n — 1), so p is invertible modulo 4("71)7 hence
by [45, Proposition 3.6] such a T exists if and only if —p is a quadratic

residue modulo @.

We summarize these results as follows.

PROPOSITION 4.1.15. Let p > 3 be a prime and 2(n—1) = p*S with (p,8) = 1.
A triple (p,m,a), with (p — 1)m = 22, is admissible if and only if o € {0,1},
a=1—a and —p is a quadratic residue modulo %.

If this happens, then one of the following holds:

(i) a=0,p=3m=11,a=1,T = (6(n—1)),S XU @ EF*> ® Ay;

(i) a=1,p=3m=11,a=0,T = () = (22 § =y g EF? @ Ay;
(iii) a=0,p=23,m=1,a=1,T = (46(n —1)),S = U @ E$* ® Ko3;

(i) a=1,p=23m=1,a=0,T= () = (201 § = U2 g EF* © K.

PROOF. The explicit description of the lattice S in the four cases is obtained
by combining [45, Proposition 3.6] (where S is represented as U®? @ E$* @ B for
a negative definite even lattice B of rank 2 depending on p,n, f) with the results
on lattice isomorphisms of Theorem 1.3.5 and Theorem 1.3.9, which guarantee the
uniqueness, up to isometries, of p-elementary lattices of signature (2, 20) and length
one, when p = 3 or p = 23. The lattice Ko3 was defined in Example 1.1.4. O

From Proposition 4.1.15 it follows, for instance, that the triple (3,11,1) is
admissible for n = 2, as already observed in [17], because —3 is a quadratic residue
modulo 4: in this case we have T' = (6). Similarly, (3,11,0) is admissible when
n =4 (here & = 1 and, again, —3 is a quadratic residue modulo 4), with T = (2).
Instead, (3,11,1) is not admissible when n = 3, because —3 is not a quadratic
residue modulo 8.

The triple (23,1, 1) was already found to be admissible for n = 2 in [16] (where
the authors also gave the isomorphism classes of T',S). By our proposition, this
triple is admissible for n = 3,4 too, since —23 = 1 both modulo 8 and modulo 12.
Finally, the smallest value of n such that (23,1,0) is admissible is n = 24, since
2(n —1) =46 =23 -2 and —23 is a quadratic residue modulo 4.

4.1.4. Admissible triples for n = 3,4. In this section we provide a complete
classification of admissible triples (p, m,a) for n = 3,4. In both cases, for any odd
prime number p we have o < 1, therefore Theorem 4.1.12 allows us to exhibit the
lattices T, S (up to isometries) for each triple. This classification of the two lattices
is achieved by direct computation for all possible triples (p, m, a), checking for each
of them if lattices T, S as in Definition 4.1.10 exist or not. To do so, we apply
Theorem 1.3.7, which provides necessary and sufficient conditions for the existence
of an even lattice with given signature and discriminant form.

Manifolds of K3Pl-type.

e For p = 23 there is only one admissible triple, namely (23,1,1), as we
already observed in Section 4.1.3: the isometry classes of S and T are
given in Proposition 4.1.15, case ().
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e For all primes 5 < p < 19, the admissible triples and the lattices S are the
ones listed for n = 2 in the tables of [17, Appendix A], while the lattices
T can be obtained from the corresponding ones in the tables by switching
(—2) with (—4) in their description, since Ly = U3 @ E$? @ (—4). Notice
that, with respect to [17, Table 5], by Remark 4.1.6 we can now say that
the triple (13,1,0) is not admissible, neither for n = 2 nor for n = 3: in
fact, for these values of n we have o = 0 for all possible primes p, hence
m and a need to have the same parity.

Example: (p,m,a) = (5,5,3). This triple is not admissible for n = 2
and it is checked to be still not admissible for n = 3. In fact, for these
values of p,m,a the lattice S would be isomorphic to U(5) @ ES* @ Hs
(by Proposition 4.1.5 and Theorem 1.3.3), whose discriminant group is

As = Ayiy © Apg, = %Z (%)693 (recall the definition of the lattice Hy

from Example 1.1.4). As we pointed out at the beginning of Section 4.1.2,

Ar, = é (—%), therefore if S admitted an embedding in L3 the qua-

dratic form on T would be ¢r = 5% (%)@3 @ 4% (*i) by Lemma 4.1.8
and sign(T') = (1,2). By Theorem 1.3.7, a lattice T' with these in-
variants exists only if its 5-adic completion T5 := T ® Zs is such that
|Az| = discr(K) mod (Z£)?, where K is the unique 5-adic lattice of rank

I(Ar;) and discriminant form g7, (see Theorem 1.3.6). In our case, since
Ap, = (Ap); =2 & (%)693, using Theorem 1.2.2 we compute K = (5- )3,
where § € Zi. As a consequence, |Ar| = 4 - 5% and discr(K) = (%)3:
these two values do not satisfy the relation |Ap| = discr(K) mod (Z2)?,
because 21 ¢ (Z£)®. We conclude that a lattice T with such signature
and quadratic form does not exist.

e For p = 3, Table 1 in Appendix A lists all admissible triples, with the
corresponding isomorphism classes for T, S: as for larger primes, we can
find many similarities with the analogous table for n = 2 ([17, Table 1]).
However, there are also some significant differences.

— As we observed in Section 4.1.3, there are no admissible triples with
m = 11.

— The triple (3,9,5) is now admissible: here S = U(3)%? & Eg @ Es,
while sign(7T") = (1,4) and g7 = —qs®qr, = & (%)@5@é (—1). The
existence of a lattice T" with these invariants is proved by applying
Theorem 1.3.7 and there is a unique isometry class in the genus of T’
by Theorem 1.3.4. In particular, we can take T = U(3) & 2, where
Q is the even lattice of rank three whose bilinear form is defined by
the matrix

-6 0 -3
Q=10 -6 9
-3 9 -18

We have sign(€2) = (0,3) and qo = & (%)®2 oZ (3o % (-1),
therefore gy (3y00 = —¢s © qr, (using [81, Proposition 1.8.2]).

— An additional new admissible triple is (p,m,a) = (3,8,6): here we
compute S = U(3)%2 @ E$?, therefore sign(T) = (t4), t(—y) = (1,6)

and ¢r = % (%)@6 &) é (—i). In this case, the strict inequality

t(4+) +t(—y > l(Ar) holds: since moreover t(y)—t_) = sign(qr) (mod
8), such a lattice T exists by Theorem 1.3.8 and again it is unique
(up to isometries) by Theorem 1.3.4. A representative of this genus
isT=U(3)® Az @



52 4. NON-SYMPLECTIC AUTOMORPHISMS OF K3!"l-TYPE MANIFOLDS

Manifolds of K3*-type.

e For p = 23 we have that (23,1, 1) is the only admissible triple (see Section
4.1.3): the isomorphism classes of T', S were obtained in Proposition 4.1.15.

e For primes 5 < p < 19, again the lattices T',.S and all admissible triples
are the ones listed in the tables of [17, Appendix A] (apart from (13,1,0),
which is not admissible), up to replacing the (—2) summand with a (—6)
summand in 7.

e The last prime we need to consider is p = 3. This is the first case we en-
counter where an odd p divides 2(n—1): in particular, 2(n — 1) = 6 = 3*§
with « =1 and 8 = 2. Since we have o = 1, by Lemma 4.1.8 and Propo-
sition 4.1.9 we know that we can expect to have many more admissible
triples than the ones we found for p = 3 and n = 2,3: in fact, the
same lattice S might be embedded in L4 in two non-isomorphic ways.
Table 2 (Appendix A) contains the list of all admissible triples and of
the corresponding isomorphism classes for the lattices T',.S. In particular,
the triple (3,11,0) is admissible thanks to Proposition 4.1.15; some other
triples, such as (3, 8,6) and (3,8, 7), are excluded again by use of Theorem
1.3.7.

4.2. Existence of automorphisms

The classification of admissible lattices T, .S presented in Section 4.1 does not
tell us which cases can be realized by actual automorphisms. In this section we
provide several tools to construct non-symplectic automorphisms of odd prime order
on manifolds of K3[™-type, which are valid for any n > 2. In particular, we are
interested in two types of manifolds: Hilbert schemes of points on K3 surfaces and
moduli spaces of (possibly twisted) sheaves on K3’s. Moreover, in Section 4.2.3
we show that the existence of automorphisms which realize admissible pairs (T, S)
where T has rank one can always be proved using the global Torelli theorem for
THS manifolds.

4.2.1. Natural automorphisms. Let ¥ be a K3 surface. As we saw in
Section 2.5.6, an automorphism ¢ € Aut(X) induces a natural automorphism @
on the Hilbert scheme X" which maps a zero-dimensional subscheme £ C % of
length n to its schematic image ¢(€). In particular, if T,,, S, C H*(X,Z) = Lks
are the invariant and co-invariant lattices of ¢, we have

Tom =T, ® (—=2(n - 1)), Slp[n] =S,.

We conclude that all admissible triples (p, m,a) where T = T3 & (—2(n — 1))
and S & Sk3, with T3, Sk3 the invariant lattice and its orthogonal complement
for the action of a non-symplectic automorphism on a K3 surface, are realized
by natural automorphisms. All isomorphism classes of the pairs (Tk3, Sk3) can
be found in [4] (order p = 3) and [5] (prime order 5 < p < 19), therefore it is
immediate to check, for any n, which admissible cases have a natural realization.

In the tables of Appendix A we mark with the symbol & the triples realized by
natural automorphisms. For n = 4 (Table 2), it may not always be immediate to
recognize the lattices T3 of [4, Table 2] as direct summands in the lattices T we
provide, since we often choose different representatives in the same isomorphism
classes. In particular, we recall the following isometries: U @ Eg @ Ay =2 U(3) @ Ej;
U AY? 2 U(3) @ Es;U(3) @ AS® = U @ EY(3) (they can all be proved using
Theorem 1.3.3). The reason why we adopt different genus representatives for these
lattices will become clear in Section 4.3.1 (Lemma 4.3.1).
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4.2.2. Induced automorphisms. A direct generalization of the notion of
natural automorphisms is given by induced automorphisms, which were first intro-
duced and studied in [88], [78] and later extended to the case of twisted K3 surfaces
in [31]. Recall the theory of moduli spaces of twisted sheaves on K3 surfaces, which
we presented in Example 2.2.7. Let (X, ) be a twisted K3 surface and ¢ be an
automorphism of ¥: the Brauer class « is invariant with respect to ¢ if and only if
a0 <p*|Tr(2) = Q.

PROPOSITION 4.2.1. Let (3, &) be a twisted K3 surface, ¢ an automorphism of
3, v a positive Mukai vector and B a B-field lift of a such that vg is primitive. If vp
and « are @-invariant, then ¢ induces (via pullback of sheaves) an automorphism

¢ of My, (%, ).
PROOF. See [78, Proposition 1.32] and [31, §3]. O

The automorphisms @ arising in this way are called twisted induced (or just
induced in the non-twisted case, i.e. if @« = 0). As an application of the twisted
version of the global Torelli theorem for K3 surfaces (see [51, Corollary 5.4]), it
is possible to characterize twisted induced automorphisms by studying their action
on the Mukai lattice.

PROPOSITION 4.2.2. Let o be an automorphism of finite order on a manifold
X of K3"_type acting trivially on Ay, . Then o admits a realization as a twisted
induced automorphism on a suitable moduli space M, (X, ) if and only if the
inwvariant lattice of the extension of o to the Mukai lattice contains primitively a
copy of U(d), for some multiple d of the order of the Brauer class «.

PROOF. See [31, Theorem 3.4]. O

Let v = (r,H,s) be a positive Mukai vector. If B € H*(Z,Q) is a B-field
lift of a such that vg is primitive, then the transcendental lattice of the moduli
space M, (2, «) is isomorphic to ker(a)) C Tr(X), which (if « # 0) is a sublattice of
index equal to the order of a. By [103, §3], Pic(M, (2, a)) =& vy N Pic(X, «) inside
H*(X,Z), where Pic(3, a) = Pic(2) @ U if a = 0, otherwise Pic(3, o) is generated
by Pic(X) and the vectors (0,0,1), (k,kB,0) by [69, Lemma 3.1], assuming the
order of « is k.

If « = 0, then M, (X, 0) is isomorphic to the moduli space M. (v) of 7-stable ob-
jects of Mukai vector v, for some primitive positive Mukai vector v and 7 € Stab(X)
a v-generic Bridgeland stability condition. By our previous discussion, the tran-
scendental lattice of M (v) coincides with Tr(X), while its Picard lattice is isomor-
phic to v+ N (Pic(¥) @ U). In particular, the summand U in Pic(X) @ U is just
H°(X,7Z) ® H*(X,Z), which is the orthogonal complement of H*(3,Z) & L3 in-
side H*(X,Z) = Ag4. Since Lis is unimodular, the action of ¢ € Aut(X) on Lks
extends to an action on Agy which is trivial on (Lg3)t (by Proposition 1.4.7). Let
Tks,Sk3 C Lis and ZA“, S c Aoy be the invariant and co-invariant lattices of these
two actions: by what we stated, T = Tks @& U and S = Sk3. The induced auto-
morphism @ acts on H?(M, (v),Z) = L,, = U3 @ E$? ® (—=2(n — 1)): its invariant
lattice is T = (UJ‘)SD =T Nvt (see [78, Lemma 1.34]). We rephrase the results of
[78, §2,3] as follows.

PROPOSITION 4.2.3. Let (p,m,a) be an admissible triple for a certain n > 2,
with (T, S) the corresponding pair of lattices; consider the canonical primitive em-
beddings S — L, < Aoy and define T:=8% ¢ Aoy. Then the triple (p,m,a) is
realized by an induced automorphism sz > UdTks, S = Sks, with (Tks, Sks) the
invariant lattice and its orthogonal complement for the action of a non-symplectic
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automorphism on a K3 surface, and there exists a primitive vector v € T of square
2(n —1) such that T Zv+-NT.

In particular, all natural automorphisms can be considered as induced, since
(—2(n — 1)) is the orthogonal in U of an element of square 2(n — 1).

In Section 4.3 we will apply the theory of induced (and twisted induced) au-
tomorphisms to construct geometric realizations of several admissible triples for
manifolds of type K3 and K31,

4.2.3. Existence for rk(7T) = 1. The global Torelli theorem (Theorem 2.3.11)
can be applied to prove the existence of automorphisms of manifolds of K3["-type
realizing the pairs of lattices (T, S) classified in Proposition 4.1.15, i.e. for rk(T") = 1.

PROPOSITION 4.2.4. Let (p,m,a) be an admissible triple as in Proposition
4.1.15, for a certain n > 2, and let T, S be the lattices associated to it. There
exists a manifold X of K3 -type and a non-symplectic automorphism f € Aut(X)
of order p such that Ty =T and Sy = S.

PROOF. We discuss separately the four possible cases classified in Proposition
4.1.15, keeping the same numbering.

Case (i1): (3,11,0). Here we have 2(n —1) = 33, with (3, 8) = 1; the invariant
and co-invariant lattices are T = (3) and S = U®2@ E$*® Ay, which by Proposition
4.1.15 can be seen as orthogonal sublattices of L, = U3 @ E$? @ (—2(n —1)). We
first construct a monodromy of the lattice L, having invariant lattice 7" and co-
invariant lattice S. The triple has a = 0, therefore L,, = T® S (see Remark 4.1.11):
an isometry ¢ € O(L,,) can then be represented as ¢ = v & 1, with v € O(T) and
¥ € O(S). Moreover, since we want ¢ to be of order 3 with invariant lattice T', we
will need v = idy and 1 of order 3 with no non-zero fixed points.

By [4, Theorem 3.3], there exist a K3 surface ¥ and a non-symplectic auto-
morphism ¢ € Aut(X) of order 3 with invariant lattice T3 = U and co-invariant
Sks = U2 @ E§e2_ Thus, the natural automorphism @["] on the Hilbert scheme
Y7 will have invariant lattice 7/ = U @ (—2(n — 1)) and co-invariant lattice
S = Skgs = U @ E§e2. Notice that T’ @ S’ = L,,, meaning that the triple
(3,10,0) is realized by a natural automorphism for all n > 2. Moreover, since @
has odd order, it induces a monodromy of L,, which acts as +id on the discrimi-
nant Ay, = Ap & Ag: (Proposition 2.3.8). The restriction of this monodromy to
S’ is therefore an isometry p € O(S’) of order 3, with no non-zero fixed vectors,
such that 77 = id_, and sng (1) = 1 (recall the definition of real spinor norm from
Remark 2.3.9). On our original lattice S = S’ & A; we now consider the isometry
1 = p @ po, where pg acts on Ay = (Zel @ Zes, (]2 _12)) as

pole1) = ez, po(e2) = —e1 —ea.

It is easy to check that pg is an isometry of order 3 without non-zero fixed points,
inducing the identity on the discriminant group Aa, (this isometry was also used
in [40, §6.6]). Notice that, since A, is negative definite, sng?(pg) = 1. We can then
conclude that ¥ = u®pg is an isometry of S of order 3 with no non-zero fixed points,
which induces the identity on the discriminant group. Moreover, since v is defined
as an orthogonal sum, sng (y) = sng (1) -sna2(po) = 1 (the reflections appearing in
the factorisation of 1g are the extensions to S ® R of the ones which factorise ug
and (po)g as transformations of the orthogonal subspaces S’ ® R, A, @ R C S ®R).
By the same reasoning, snfR"(qb) = anLg" (idr @) = sng(¢) = 1. Thus, ¢ is a
monodromy operator, thanks to Proposition 2.3.8, with invariant lattice T and
co-invariant S. By generalizing [17, Proposition 5.3], there exists a manifold X
of K3"-type and a marking 7 : H*(X,Z) — L, such that n(NS(X)) = T. The
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monodromy ¢ is a Hodge isometry, since it preserves H>?(X) = Cwx (because
NS(X) = wx N H?(X,Z)). Moreover, since tk(T) = 1, ¢ fixes a Kéhler class (the
generator of n(NS(X)) = T'). The Hodge-theoretic global Torelli theorem (Theorem
2.3.11) allows us to conclude that there exists an automorphism f € Aut(X) such
that no f*on™! = ¢.

Case (i): (3,11,1). In this case, T = (6(n—1)) and S = UP? @ E$? @ A;. Now
T ® S is a proper sublattice of L,,, because a = 1; however, we can still consider
the isometry ¢ = idr @y € O(T @ S) defined above. Since ¥ = ida,, the isometry
¢ can be extended to ® € O(L,,) by Proposition 1.4.7. As recalled in Section 4.1.1,
Ap, = M+ /M, with M, M~ subgroups of A& Ag, meaning that ® =id,, , since
¢ = id € O(Aras). Moreover, we also have sng™(®) = snl®9(¢) = sng(¢) = 1
(see for instance the proof of [28, Proposition 3.5]). Thus, ® € Mon*(L,), and it
still has invariant lattice T" and co-invariant lattice S. We can now apply Theorem
2.3.11 in the same way as before to conclude that, also in this case, there exists an
automorphism of a suitable manifold of K3[-type inducing ®.

Cases (i11), (iv): (23,1,0) and (23,1,1). These two cases can be realized by
generalizing [16], where the authors proved the existence of an automorphism of
order 23 on a manifold of K3[-type, having invariant lattice T = (46) and co-
invariant lattice S = U®2 @ E?Z @ Kos3. In Proposition 4.1.15 we showed that, if
a triple (p, m,a) with p = 23 is admissible, then m = 1 and a € {0, 1}; moreover,
in this case the two orthogonal sublattices of L, are S = U92 @ E?Q ¢ Koz and
either T' = (46(n — 1)) if a = 1 (as we have for n = 2), or T' = (2(';7;1)> if a =0.
We notice in particular that S does not depend on n and in [16, Proposition 5.3] it
was proved that such lattice admits an isometry 1 of order 23 inducing the identity
on Ag. Thus, idr @y € O(T @ S) can be extended to an isometry ¢ € O(L,,) such
that ¢ = id € O(AyL,) (if a = 0 we have L, = T @ S, so idr @ is already an
isometry of L,, with this property; otherwise, if a = 1, we apply again Proposition
1.4.7). Following the same proof of [16, Theorem 6.1], there exists an automorphism
realizing the triple. We point out that, while for n = 2 the monodromies of L,, are
just the isometries preserving the positive cone, for higher values of n the isometry
also needs to induce +id on Ay (see Proposition 2.3.8). This, however, is not a
problem since we know that ¢ =id € O(AL,). O

We remarked in Section 4.1.3 that the triple (3,11,0) is admissible for n = 4,
therefore we can now conclude that it is realized by an automorphism: we mark
this case with the symbol % in the corresponding table of Appendix A. We will see
an explicit geometric realization of it in Section 4.4.1.

4.3. Induced automorphisms for n =3,4, p =3

The new admissible triples (3,m,a) that appear passing from n =2 to n = 3
and, more significantly, to n = 4 (see Section 4.1.4 and Appendix A) cannot be
realized by natural automorphisms. However, in this section we will show that all of
them but one admit a realization using (possibly twisted) induced automorphisms,
which were discussed in Section 4.2.2.

4.3.1. Induced automorphisms for n = 4. Let T, S be the lattices associ-
ated to an admissible triple (3, m, a) for n = 4 such that S = Sk3, where Sk3 is the
co-invariant lattice of a non-symplectic automorphism ¢ of order 3 on a K3 surface
% (see [4] for a complete classification of these lattices). Let 7' be the orthogonal
complement of S in the Mukai lattice Aoy: since S = Sk3, we have T = Tz ® U,
with T3 the invariant lattice of ¢. Then the following result holds.



56 4. NON-SYMPLECTIC AUTOMORPHISMS OF K3!"l-TYPE MANIFOLDS

LEMMA 4.3.1. If Txs =2 U(3) @ W, for some even lattice W, and T = U @
W @ (—6), then the triple (3, m,a) is realized by an automorphism induced by ¢ on
a suitable moduli space M, (v) of dimension eight.

PROOF. If T3 = U(3) & W, then T = U & U(3) ® W is the invariant lattice of
the extended action of ¢ to Agy. Let v be a primitive Mukai vector of square six in
the component U(3) of T: then v- NT = U & W @ (—6). Proposition 4.2.3 allows
us to conclude. O

REMARK 4.3.2. Lemma 4.3.1 holds not only for n = 4, but for any n such
that n =1 (mod 3), since this is the condition which guarantees the existence of a
primitive element of square 2(n — 1) in the lattice U(3).

THEOREM 4.3.3. Forn =4, all admissible triples (3,m,a) # (3,11,0), (3,10, 3),
(3,9,4),(3,8,5) admit a geometric realization via non-twisted induced automor-
phisms.

PrOOF. Except for the four cases excluded in the statement, the only admissi-
ble triples in Table 2 of Appendix A which cannot be realized by a natural automor-
phism and do not satisfy the hypotheses of Lemma 4.3.1 are (3,8, 1), (3,7,0), (3,4,1)
and (3,3,0).

Consider the triple (3,8,1). Here we have S = UP20E$? and T = (2) ®© Fg. By
[4, Theorem 3.3] there exists a K3 surface ¥ and a non-symplectic automorphism
of order three ¢ € Aut(X) with Sx3 = S and Tks = U@A;‘BQ: in order to show that
the triple (3,8,1) is realized by an automorphism induced by ¢ we need to prove
the existence of a primitive Mukai vector v € T = U®2 @ A$? of square six and
orthogonal complement v+ N T isometric to T (see Proposition 4.2.3). We describe
primitive embeddings (6) — T using Theorem 1.4.4, since T is unique in its genus
(up to isometries) by Theorem 1.3.3. The discriminant groups of the two lattices
(6) and T are:

7Z (1 7 (4 7 (4
A<6>:<S>ZGZ<6>’ Af=<t1,t2>=32(3>@3z(3>-

We consider the isometric subgroups H := (2s) C Ay and H' := (t; +t2) C Az.
Let v : H — H' be the isomorphism sending the generator of H to the generator
of H' (both these elements have order three and quadratic form 2 mod 2Z). The
graph of v is the subgroup I' = (25 +t1 +t2) C Ay (—1) ® A4 and its orthogonal
complement is T+ = (s +t;, s +t5). Passing to the quotient 't /T, the class of the
element s + t2 becomes the opposite of the class of s 4 ¢1, meaning that

=2 (7).

This quotient coincides with the discriminant group of T'= (2) @ Eg: by The-
orem 1.4.4, this implies that there exists a primitive embedding (6) < T with
orthogonal complement 7', thus the triple (3,8,1) has an induced realization by
Proposition 4.2.3. Moreover, this computation guarantees that the triple (3,4,1) is
also realized by an induced automorphism, since in this case both T' = (2) ® E¢ ® Es
and T3 = U @ AY? @ Eg differ from the ones of (3,8,1) only for an additional copy
of the unimodular lattice Eg.

With a similar approach it is possible to show that the admissible triples
(3,7,0) and (3, 3,0) are realized by induced automorphisms too: here T' = (2) ® Eg,
Tks=U@®Esgand T = (2) ® E’§927 Txs = U & Eg @ Eg respectively. O

All the cases which can be realized by non-natural, non-twisted induced auto-
morphisms are marked with the symbol fj in Table 2 of Appendix A.
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4.3.2. Twisted induced automorphisms for n = 3,4. Both for n = 3
and n = 4, in Section 4.1.4 we have found admissible triples for p = 3 where the
lattice S is different from all possible co-invariant lattices Sk3 of non-symplectic
automorphisms of order three on K3 surfaces, classified in [4]. Thus, we cannot
realize these cases in a natural way, nor using induced automorphisms on moduli
spaces of ordinary sheaves on K3’s (Proposition 4.2.3). However, we prove that
(excluding (3,11,0) for n = 4, which will be discussed in Section 4.4.1) they all
admit a geometric realization using twisted induced automorphisms.

We are interested in the following triples (p,m,a): (3,9,5) and (3,8,6) for
n =3; (3,10,3),(3,9,4),(3,8,5) for n = 4. For each of these cases, let T, S be the
corresponding lattices in Table 1 (n = 3) or Table 2 (n = 4) of Appendix A. Notice
that S is always of the form S = U(3)®2 @ W, where W is one of the lattices E$?,
E¢ ® Eg, EP2.

Let X be a K3 surface with transcendental lattice Tr(X) = Sk X UGU (3)dW,
where Sk3 is the co-invariant lattice of a non-symplectic automorphism ¢ € Aut(X)
of order three: the existence of (X, ¢) is guaranteed, in all cases, by [4, Theorem
3.3] and [4, Table 2]. This K3 surface has Pic(X) = Tk 2 U(3) & M, for an even
lattice M which is either 0, A, Agez.

PROPOSITION 4.3.4. Let S and (X, ) be as above. Then there exists a -
invariant Brauer class a € Br(X)[3] whose kernel in Tr(X) is isomorphic to S.

PROOF. As we recalled in Section 4.2.2, a Brauer class a € Br(X) of order three
corresponds to a surjective homomorphism o : Tr(X) — Z/3Z, which is p-invariant
if and only if a 0 ¢*|1y(x) = .

We consider « := (e1,—) : Tr(X) — Z/3Z, where {e1,e2} is a basis for the
summand U in Tr(X) = U & U(3) @ W. The kernel of this homomorphism is
ker(a) = Ko U3)® W, with K = {ve U] (e1,v) =0 (mod 3Z)}. In particular
K = (e1,3e2) = U(3), thus ker(a) = S.

We now want to check that a o ¢*|pyx) = . By [4, Examples 1.1], recalling
that W is a direct sum of copies of Fg and FEjg, the action of the automorphism ¢
on Tr(X) = U @ U(3) @ W can be expressed as

ey =D p
where p is a suitable isometry of order three of W with no non-zero fixed points
and 7 is the isometry of U ¢ U(3) which, with respect to a basis {ej, ea, f1, f2}, is
given by:
e1 = e1 — f1, ey — —2e3 — fo,
i =2f1 + 3eq, J2 = f2+ 3ea.

We have (e1,7(e;)) = (e1, ;) (mod 3Z) and (e1, 7w(f;)) = (e1, f;) = 0 (mod 37Z), for
i = 1,2, therefore the Brauer class « is invariant with respect to . O

THEOREM 4.3.5. The admissible triples (p,m,a) = (3,9,5),(3,8,6) forn =3
and (p,m,a) = (3,10,3),(3,9,4),(3,8,5) for n = 4 admit a geometric realization
using twisted induced automorphisms.

PROOF. Fix a triple (p,m,a) as in the statement, let 7,5 be the invariant
and co-invariant lattices associated to it and X, ¢, « as in Proposition 4.3.4. We
want to construct a moduli space M, (X, @) having T as Picard lattice and S as
transcendental lattice, and on which ¢ induces an automorphism.

We are considering a of the form (e;,—) : Tr(X) — Z/3Z, where e; is a
generator of U inside Tr(X) 2 U @ U(3) @ W. As a consequence, recalling Section
4.2.2, the element B = ¢ € Tr(X) ® :Z C H*(X, Q) is a B-field lift of «, with the
properties B2 =0 and B - L = 0 for any L € Pic(2).
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Assume first that (p,m,a) is one of the three admissible triples for n = 4. We
already remarked that Pic(X) = Tks = U(3) @ M: this means that we can find
a primitive divisor H in the summand U(3) of Pic(X) with H? = 6. Moreover,
up to taking its opposite we can assume that H is effective (by Riemann—Roch).
Let v = (0,H,0) € H*(X,Z) be the primitive positive Mukai vector defined by
H, and B = % the selected B-field lift of a: by the properties of B, the twisted
Mukai vector vp (defined in Example 2.2.7) coincides with v, and therefore it has
square six and it is invariant with respect to ¢. By the previous discussion, ¢ in-
duces a non-symplectic automorphism of order three on the moduli space of twisted
sheaves M, (X, a), which is a manifold of K3*-type. The transcendental lattice of
M, (3, a) is ker(a) 2 S (Proposition 4.3.4), while its Picard group is isomorphic
to the intersection v N (Pic(X), (0,0,1),(3,3B,0)). Since 3B = e; € Tr(X), the
lattice generated by (0,0,1) and (3,3B,0) is orthogonal to Pic(X); moreover, it is
isomorphic to U(3), by the fact that B2 = 0. Thus

Pic (M,(2, ) =2 (H- NPic(T)) @ U(3) 2 (—6) & M & U(3)

which is exactly the lattice T' corresponding to (p,m,a) (see Table 2 of Appendix
A).

Consider now the case where (p, m,a) is one of the admissible triples (3,9, 5),
(3,8,6) for n = 3. In this case Pic(X) 2 U(3) @ Ay @ M’, therefore, if {ej,eq} is
a basis for U(3) and {d1,0d2} a basis for Az, we can take the primitive element of
square four H = e1 +ex+ 91 € Pic(¥). Let H be the effective divisor between
H and —H. As before, v = v = (0, H,0) is a primitive positive Mukai vector
invariant with respect to ¢. Then ¢ induces an automorphism on M, (3, &), which
is a manifold of K3B-type with transcendental lattice ker(a) 2 S and

Pic(M, (%, a)) = v N (Pic(X), (0,0,1), (3,3B,0)) = (H+ NPic(X)) @ U(3).

It can be shown that the orthogonal complement of e; + e2 + d1 in U(3) @ Az is
isomorphic to the lattice  defined in Section 4.1.4, thus Pic(M,(Z,a)) = Q @
M’ @ U(3), which is the lattice T' corresponding to the triple (p, m,a) in Table 1 of
Appendix A.

To conclude the proof, we need to show that the automorphism induced by ¢ on
M, (%, a) leaves the whole Picard lattice invariant. Both for n = 3 and n = 4, the
direct summand U(3) in Pic (M, (X, «)) is the lattice ((0,0,1),(3,3B,0)). Notice
that ¢ acts as the identity on H*(3, Z), therefore (0, 0, 1) is fixed. Moreover, it maps
(3,3B,0) to (3,3¢*(B),0), but these two classes coincide in H2(M, (3, a),Z) since
they correspond to each other via the Hodge isometry (equivariant with respect to
the action of ¢)

exp(¢*(B) — B) : H(S, B,Z) — H(S,¢*(B), Z)

between the two Hodge structures of ¥ defined by the B-field lifts B, ¢p*(B) of «
(see [54, §2] and [31, Remark 2.4]; here we use B? = ¢*(B)? = 0). Since ¢* also
fixes Pic(X), we get the result. O

In Table 1 and Table 2 of Appendix A we use the symbol { to mark the five
admissible triples which can be realized only via twisted induced automorphisms.

4.4. Automorphisms of the LLSvS eightfold

Let Y C P® be a smooth cubic fourfold which does not contain a plane and
Ms(Y) = Hilb?“(Y) the irreducible component of Hilb*" ™! (Y") containing twisted
cubic curves on Y. The manifold M;3(Y') is smooth, projective of dimension ten
and it is called the Hilbert scheme of generalized twisted cubics on Y. In [67],
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Lehn, Lehn, Sorger and van Straten proved that there exist an irreducible holo-
morphic symplectic manifold Zy of dimension eight, a closed Lagrangian embed-
ding j:Y < Zy and a morphism w : M5(Y) — Zy which factorizes as @ o a,
where a : M3(Y) — Zi is a P2-bundle to an eight-dimensional manifold Z;. and
® : Zy, — Zy is the contraction of an extremal divisor D C Zi, to the image
j(Y) C Zy. Moreover, by work of Addington and Lehn ([1]) Zy is a manifold of
K3M-type.

We recall some details about the construction. For all curves C' € M3(Y') the
linear span (C) C P is a P3. In particular, C lies on the cubic surface S¢ = Y N(C),
which is integral since Y does not contain any plane. A point p € D C Zj is defined
by the datum (y,P(W)), with y € Y and P(W) C P® a three-dimensional linear
subspace through y contained in the tangent space T,Y (here and in the following
W € Grass(C® 4)). The curves of M3(Y) parametrized by this datum are non-
Cohen—Macaulay: an element C' in the fiber a=!(p) is a singular cubic curve C°
cut out on Y by a plane through y contained in P(W) C T,Y, together with an
embedded point in y. The contraction ®|p : D — j(Y) sends p = (y,P(W)) to
i)

Instead, a point p € Z3, \ D corresponds to the choice of the following data:

e a three-dimensional linear subspace P(W) C P5;

e alinear determinantal representation for the surface S = P(W)NY, i.e. the
orbit [A] of a 3 x 3-matrix A with coefficients in W* such that det(A4) =0
is an equation for S in P(W), where the orbit is taken with respect to the
action of (GL3 x GL3) /A, A :={(tIs,tl3) | t € C\ {0}} (see [67, §3]).

Then, any curve C in the fiber a=*(p) lies on S and is arithmetically-Cohen—
Macaulay. The generators of the homogeneous ideal I, g are the three minors
of a 3 x 2-matrix Ay, whose columns are independent linear combinations of the
columns of A. The morphism ® maps Z;, \ D isomorphically to Zy \ j(Y).

As showed in [41, §3] (see also [17, §6.2]), one can construct non-symplectic
automorphisms of the Fano variety of lines F(Y) (which is a manifold of K3[2-
type, see Example 2.1.8) starting from automorphisms of the cubic fourfold Y.
It is therefore natural to ask whether a similar approach can be used to produce
automorphisms on Zy: the answer is positive, we will show how to do so and how
to choose Y in order to construct a non-symplectic automorphism on Zy realizing
the admissible triple (3,11,0) for n = 4.

By [72], automorphisms of a cubic hypersurface Y C P5 are restrictions of linear
automorphisms of P?. The list of all automorphisms of prime order on smooth cubic
fourfolds was provided in [43, Theorem 3.8].

LEMMA 4.4.1. Let Y C P® be a smooth cubic fourfold not containing a plane
and o € PGL(6) be an automorphism such that o(Y) =Y. Then, o induces an
automorphism & of M3(Y) such that a(5(C)) = a(5(C")) if a(C) = a(C").

PRrROOF. We begin by looking at curves in the fibers of a over D C Zi,. Let
p € D be a point corresponding to (y,P(W)), and C1,Cs € a~(p): as explained
above, each C; consists of a plane cubic curve C?, singular in y, together with an
embedded point at y. In particular, C? = m; NY, with 7y, ms two-dimensional
subspaces inside P(W) tangent to Y in y. Then, o(C?) are again plane cubic
curves, cut out on Y by two planes through o(y) inside o (P(W)) C T,,)Y. Let
5(C;) be o(C?), with the unique non-reduced structure at o(y): then &(Cy), 5(Cs)
are elements of M3(Y') in the fiber a=!(p’), with p’ defined by (o (y), o (B(W))).

Consider now a point p € Z%, \ D, corresponding to P(W) C P5 and the orbit
of a 3 x 3-matrix A = (w; ;), with w; ; € W*. Denote P(W’) := o (P(W)) and let
S be the integral cubic surface P(WW) NY", which is the vanishing locus in P(W) of
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g := det(A4) € S3W*. Then, the surface o(S) C P(W’) is the vanishing locus of
goo ™!, which is the determinant of the matrix o* A := (w; ; o 0~ !) with coefficients
n (W*.

Two elements C1,Co € a~!(p) are aCM cubic curves on S. The generators of
Ic, /s are given by the three minors of a 3 x 2-matrix A; whose two columns are
in the span of the columns of A. Then, o(C}),0(Cs) are aCM curves on o(S): by
pullback, the generators of I,(¢c,)/o(s) are the minors of o*A;, whose columns are
again linear combinations of the columuns of 0*A. Thus, 5(C;) := o(C;) € M5(Y),
for i = 1,2, belongs to the fiber of a over the point defined by P(W') and [¢*4]. O

As a consequence of Lemma 4.4.1, there exists an automorphism o’ of the
manifold Z{ such that ¢’ oa = a0 5. Moreover, from the previous proof, o’ leaves
the divisor D invariant. Since ® : Z{, — Zy is a contraction of D, ¢’ descends to
an automorphism ¢ € Aut(Zy) (see for instance [68, Lemma 3.2]).

By | , Proposition 4.8], there exists a dominant rational map of degree six

Y :FY)x F(Y)--+ Zy
such that

(16) Y (wzy ) = pri (wF(Y)) - PTS(WF(Y))

where wpyy and wz, are the symplectic forms on F(Y) and Zy respectively.
The rational map 1 is defined as follows. Let (I,I') € F(Y) x F(Y) be a generic
element, so that the span ([,I’) is a P3, and let  be a point on [. The plane
(x,l") intersects the cubic fourfold Y along the union of the line I’ and a conic @
passing through z. Then C :=1[U, @ is a rational cubic curve contained in Y. We
set ¥(1,1") := u(C) € Zy, which is well-defined since all reducible cubic curves C
arising from different choices of the point x € [ belong to the same fiber of u.

LEMMA 4.4.2. Let Y C P® be a smooth cubic fourfold not containing a plane,
o € PGL(6) such that o(Y) =Y and 6 € Aut(Zy) the automorphism induced by o

on Zy. Then ¢ (a(l),a(l")) = (¢(,1')).

PROOF. As we recalled, ¢(1,l') = u(C) with C =1U, Q, x € l and Y N{x,l’) =

" U Q; moreover, o (¢(1, )) = (6(C)) by Lemma 4.4.1. In turn, ¥ (o(1),c(l")) =
u(C"), where C' = 0(l) Uy(z) Q" and Y N (o(x),0(l')) = o(l') U Q'. However,
the intersection Y N {o(z),o(l')) coincides with o (Y N (x,I’)). As a consequence,
Q' =0(Q) and so C' =5(C). O

Thanks to this equivariance of the map v and the relation (16) we deduce that,
if ¢ # id and o acts non-symplectically on F(Y'), then & is also non-symplectic and
of the same order of o.

PROPOSITION 4.4.3. Let Y C P5 be a smooth cubic fourfold not containing a
plane. The transcendental lattices of F(Y') and Zy have the same rank.

PrOOF. Let I'y, C F(Y) x F(Y) X Zy be the closure of the graph of the map
Y F(Y)x F(Y) --» Zy and let V be a desingularization of I'y,. We consider
the projections 7p : V. — F(Y) x F(Y), nz : V — Zy which arise from the
inclusion Ty, € F(Y) x F(Y) x Zy. Let Tre(F(Y)) € H2(F(Y),C) and Trc(Zy) C
H?(Zy,C) be the complexifications of the transcendental lattices of F(Y) and Zy
respectively. If we define T := (7p). (73 (Trc(Zy))), using the relation (16) we
deduce:

T C Tre(F(Y)) @ Tre(F(Y)) € HX(F(Y) x F(Y),C).

In particular, by the fact that ¢*(wz, ) € T and the transcendental is the minimal
Hodge substructure (in the second cohomology) containing holomorphic two-forms,
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(pr;)«(T) = Tre(F(Y)) for ¢ = 1 or ¢ = 2. This implies that the ranks of Tr(Zy)
and Tr(F(Y")) coincide. O

4.4.1. The case of cyclic cubic fourfolds. Let 0 € PGL(6) be the following
automorphism of order three:
(17) o(xo:...ix5) = (To:...: x4 :&x5)

27mi

with £ = e™s". We consider the ten-dimensional family C of smooth hypersurfaces
Y C P® of equations

YZ.’E%+F3(1‘0,...,$4) =0
with F3 an homogeneous polynomial of degree three. Cubic fourfolds Y € C are
called cyclic: they arise as triple coverings of P* ramified along the smooth cubic
threefold of equation F3 = 0. Any Y € C is invariant with respect to o, thus
oly € Aut(Y).

REMARK 4.4.4. In [17, Example 6.4] it was proved that o induces a non-
symplectic automorphism of order three on the Fano variety of lines F(Y'), whose
invariant lattice is 7" 2 (6). This allows us to deduce that a very general Y in the
family C does not contain any plane. In fact, if there existed a plane 7 C Y, it
would define an algebraic class in H?2(Y). In particular, the second Néron—Severi
group NSy(Y) = H*(Y,Z) N H*%(Y) would contain (H?,7), where H is an ample
line bundle on Y, thus rk(NS3(Y')) > 2 (references in [69]). By applying the Abel-
Jacobi map H?2(Y) — HVI(F(Y)) (see [13]), the Picard group of F(Y) would
also have at least rank two, while we know that Pic(F(Y)) = T”, for a very general
choice of Y.

We can then construct the manifold Zy, for Y very general in the family C,
and consider & € Aut(Zy): by our remarks at the end of the previous subsection,
it is a non-symplectic automorphism of order three. We obtain the following result
as a corollary of Proposition 4.4.3.

COROLLARY 4.4.5. Let Y be a cubic fourfold in the family C not containing a
plane and o € Aut(Zy) the automorphism induced by o € Aut(Y) of the form (17).
Then, the invariant lattice of o is T = (2).

PROOF. As explained in Remark 4.4.4, the very general cubic fourfold Y € C
is such that F(Y) has transcendental lattice of rank 22. This, together with Propo-
sition 4.4.3, allows us to conclude that the invariant lattice of & has the same rank
of the invariant lattice of the automorphism induced by ¢ on F(Y'), namely one.
Therefore, by Proposition 4.1.15, T' 2 (2). O

At the end of this section we will present a more geometric proof of Corollary
4.4.5, using Theorem 4.4.8. In order to do so, we first need to study the fixed locus
of the automorphism o.

Let H C Fix(co) be the hyperplane {5 =0} C P®. The intersection Yy :=
Y N H is the smooth cubic threefold defined by Fs(zg,...,z4) = 0 inside H. We
denote by Zp the image via the map u : M5(Y) — Zy of the set of twisted cubics
contained in Yz: in [94, Proposition 2.9] the authors prove that Zy is a Lagrangian
subvariety of Z.

LEMMA 4.4.6. LetY be a cubic fourfold in the family C not containing a plane.
Then Zy is contained in the fized locus of & and any fixed point in j(Y') belongs to
Zy.

PRrOOF. Let j(y) be a point in the image of the embedding j : Y — Zy such
that (j(y)) = j(y). In the proof of Lemma 4.4.1 we showed that & € Aut(M3(Y))
maps the fiber of u : M3(Y) — Zy over the point j(y) to the fiber over j(o(y)).
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Therefore, since o u = u o, we need o(y) = y, i.e. y € Yg. We conclude
Fix(a)Nj(Y) = j(Yg). Clearly, since H C Fix(c), we have Zp C Fix(c). Moreover,
VA% ﬁ](Y)gYH (see [ R §3]),thus Zy ﬂ](Y):j(YH) [l

PRrROPOSITION 4.4.7. For Y in the family C not containing a plane, the fized
locus of the automorphism ¢ is Zy.

PROOF. By Lemma 4.4.6, we need to prove that there are no fixed points
outside Zy, i.e. points p € Zy \ j(Y) fixed by & such that the curves in the
fiber u=1(p) are not contained in H. Notice that a point p of this type corre-
sponds to (P(W), [A]), with o(P(W)) = P(W) but o|pw) # id. A vector space
W € Grass(CS,4) is o-invariant if and only if it can be written as W = Wy @& W,
where we set Wi :={w e W | o(w) =tw}. The condition o|pyy) # id implies
We # 0, therefore W is the whole one-dimensional eigenspace of C® with respect
to the eigenvalue ¢ of o, while W is a three-dimensional subspace of the eigenspace
of C% where o acts as the identity. Let yo,y1,%2 € W* be the dual elements of a
basis of Wj. Then, we can take yo, 41, Y2, 5 as coordinates on P(W), so that the
action of o on it is o(yo : y1 : y2 : T5) = (yo : y1 : Y2 : €x5).

We showed in the proof of Lemma 4.4.1 that, for a point p as above, we have
a(p) = (P(W),[0*A]). Therefore, p is fixed if and only if the matrices A and o*A
define the same P2 of generalized aCM twisted cubics on the surface S = P(W)NY,
whose equation in P(W) is of the form g := 23 + f(yo,y1,y2) = 0, where f is the
restriction of F3 to P(W7). Fix a curve C in the fiber u=*(p): its equations in P(W)
are given by the three minors of a 3 x 2-matrix Ag with linear entries in W*. The
matrix Ag, up to a change of basis, can only be of eight different types, listed in
[67, §1]. Since the curve C lies on S, the polynomial g defining the surface belongs
to Icyg, i.e. it is a combination of the minors of Ay (see [67, §3.1]). We recall that
A is a linear determinantal representation of the surface S therefore, without loss
of generality, it is of the form

*
2 )
*

where the last column is uniquely determined by g (up to a combination of the
columns of Ag). By [67, §3.1], the matrices A, 0* A define the same P? of cubics on
S if and only if the columns of 0* Ay belong to the span of the columns of A.

woy W1 W2 k
w1 W2 ’UJ3>
of [67, §1], where wy, ..., ws are suitable coordinates for P(W): in this case C is a
smooth twisted cubic curve.

Let M := (a;; | bi)i=0,1,2,3 € GL4(C) be the matrix defining the change of
j=0,1,2
coordinates from {wi}?zo to {yo, Y1, Y2, z5}. Then

Az(Ao

Assume Ajg is of the most general form, i.e. the form A1) = (

2 2 2

2 j—0 Q0¥ +boxs D i_garzy; +bixs | D250,y + doxs
2 2 2

A= Yigagy; +bhiws i gas;y; +boas | Yoo ey + dis
2 2 2

D j=0@2,Y; +baxs DTi_gas y; +bsxs | D05 C2,5y; + daws

where the parameters c; ; and d; are determined by g. Once we apply the auto-
morphism we get:

>0 0,3y + E2bows g ary; + Ebhias | S coys + E2dows
oA = Z?:o ai;y; + E2b15 Z?:o as,jy; + E2boxs Zizo 1,95 + E2dy
Z?:o ag,jyj + Ebaws Z?:o az jy; + &2b3ws Z?:o c2,5Yj + &2 dazs



4.4. AUTOMORPHISMS OF THE LLSVS EIGHTFOLD 63

where the first two columns form the matrix ¢* Ay, whose minors define the curve
o(C) C S.

The first column of o* A is a C-linear combination of the columns of A if and
only if the following linear system of 12 equations admits a solution (h, k,t) € C3:

ag,; = hag j + kay ; +tco for j =0,1,2
a1,; = hay j + kag j +tcy j for j=0,1,2
az,; = hag j + kas ; + tca ; for j =0,1,2
&2by = hbo + kby + tdy
&2by = hby + kbs + tdy
£2by = hby + kbs + tds

Notice that the system made of the last three equations always admits a unique
solution, namely (h,k,t) = (£2,0,0). In fact, the determinant of its matrix of
coefficients is different from zero, because it coincides with the coefficient of z3 in
the expression of the determinant of A (and o*A), which needs to be a (non-zero)
scalar multiple of g. Now, the triple (h, k,t) = (£2,0,0) is a solution for the whole
system (18) only if ap; = a1,; = a2; = 0Vj = 0,1,2, which is not possible since
the matrix M needs to be invertible. We conclude that the columns of o* Ay can
never be combinations of the columns of A if A is of the form A®). The remaining
cases, i.e. Ay of the forms A ... A®) of [67, §1], can be discussed in an entirely
similar way. O

Let us fix a cubic fourfold Y € C not containing a plane and choose a marking
no: H*(Zy,Z) — Ly = U © E$* @ (—6). We define p := 1,0 (3)" ong* € O(Ly).
Following [19] and [18], a (p, (2))-polarization of an THS manifold X of K3M*-type is
given by a marking n : H?(X,Z) — L, and an automorphism g € Aut(X) of order
three such that g|g2.0(x) = {id and nog* = pon (in particular, the invariant lattice
of g is isometric to (2), by Corollary 4.4.5). We consider the following equivalence
relation: two (p, (2))-polarized eightfolds (X, n, g), (X', 7, g’) are equivalent if there
exists an isomorphism f : X — X’ such that ’ =no f* and ¢’ = fogo f~!. Let
M?zg be the set of equivalence classes of (p, (2))-polarized manifolds of K3[-type

and U C ./\/l’<’2§ the subset which parametrizes manifolds (Zy,n, o), with Y cyclic
cubic fourfold not containing a plane and o as in (17).

For any smooth cubic threefold J C P*, we denote by Y (J) the cubic fourfold
which arises as triple covering of P ramified along 7. Using Proposition 4.4.7 we
can prove the following result.

THEOREM 4.4.8. Let J,J' be smooth cubic threefolds such that Y (J),Y (J')
do not contain a plane. If (Zy(zy,n,7), (Zy(g),n',0") are equivalent as (p,(2))-

polarized manifolds, then J = J'. In particular, U C M€2§ has dimension ten.

Proor. Cousider (Zy,n,0) € U and let Zy C Zy be the fixed locus of o:
by [94, Theorem 3.3] and [55, §6.3], Zy also arises as resolution of the unique
singular point of the theta divisor in the intermediate Jacobian J(Yz) of the cubic
threefold Yg. This implies that Zg is a variety of maximal Albanese dimension
and Alb(Zy) = J(Yy) (see for instance [59, §1] and references therein). By the
Torelli theorem for cubic threefolds ([35, Theorem 13.11]), we conclude that the
eightfold Zy and the action of the automorphism ¢ uniquely determine the threefold
J = Yu up to isomorphisms. The moduli space C5" of smooth cubic threefolds
is ten-dimensional and, for J € C§™ very general, the cubic fourfold Y (J) does
not contain a plane (see Remark 4.4.4). Since M?ﬁ is ten-dimensional too by [19,

Corollary 6.5], ten is also the dimension of the subset U C M?ﬁ O
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Theorem 4.4.8 allows us to provide the following alternative proof of Corollary
4.4.5. The automorphism & corresponds to an admissible triple (3,m,a), where
m — 1 coincides with the dimension of the moduli space U by [17, §4]. Since the
dimension of U is ten, we can use Proposition 4.1.15 to deduce m = 11,a = 0.
Hence the invariant lattice of o is T' & (2).



CHAPTER 5

Non-symplectic involutions on manifolds of
K3l"_type

This chapter presents the classification of non-symplectic involutions of mani-
folds of K3[-type, thus generalizing to all even dimensions the classification which
is already known for n = 1 by foundational work of Nikulin [82] on K3 surfaces
and for n = 2 by work of Beauville [12] and of Boissiere, Camere and Sarti [17].
The core of the classification result contained in this chapter comes from Joumaah’s
PhD thesis [60]; on the other hand, the main result in loc. cit. is not entirely cor-
rect, so one of our goals is to prove a revised version of it, in order to obtain the
correct classification of non symplectic involutions in Proposition 5.1.5.

The prime p = 2 is somewhat different with respect to odd primes, that were
considered in the previous chapter, because for n > 2 it always divides 2(n — 1),
which is the discriminant of the Beauville-Bogomolov—Fujiki lattice L, = U®3 @
E$? @ (—2(n — 1)). This divisibility, as already observed in Section 4.1 for odd
primes, allows for a richer classification.

The results of this chapter have been obtained in collaboration with Chiara
Camere and Andrea Cattaneo and appear in the paper [30].

5.1. Involutions of the lattice L,

5.1.1. Invariant and co-invariant lattices. Let (X,4) be a pair consisting
of an THS manifold X of K3!"-type and a non-symplectic involution i € Aut(X ).

By [71, Corollary 9.5], we have a primitive embedding H*(X,Z) = L,, < A,
where A := Aoy = U* @ E§92 is the Mukai lattice. We now fix n > 2 and we write
L := L, for the sake of simplicity. We denote by L+ the orthogonal complement
of L inside A. As a consequence of Corollary 1.4.5 we have

(19) Aps = 2(n % 1)Z (z(nl— 1)) '

Since L+ C A has rank one, we deduce that L+ = (2(n — 1)).

After choosing a marking n : H?(X,Z) — L, we can consider the action
i* € O(L). By Proposition 2.3.8, i* satisfies the following properties: it has spin
norm equal to 1 (equivalently, it is orientation preserving) and it induces +id on
the discriminant group Az. This means that +i* € O(L), where for any lattice
N we define the stable orthogonal group O(N) = {g € O(N) |g=id € O(Ax)}
(as in the previous chapters, g denotes the isometry of Ay induced by g). Let
¢ = +i* be such that ¢ € O(L). We now show that one between the invari-
ant and the co-invariant lattice of ¢* is 2-elementary. Recall from Section 2.5 (see
in particular (6)) that the co-invariant lattice of the involution i* coincides with
ker(id +i*) C H?(X,Z) and therefore it is equal to the invariant lattice of —i*,
which we denote by H?(X,Z)~"".

PROPOSITION 5.1.1. Let X be a manifold of K3!"-type and i € Aut(X) be a
non-symplectic involution. Then one of the following holds:

65
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(i) i* acts as id on the discriminant group of H*(X,Z) and H*(X,Z)™"
2-elementary;

(ii) i* acts as —id on the discriminant group of H*(X,Z) and H*(X,Z)" is
2-elementary.

ProOOF. Consider ¢ € 6(L) as above: in both cases we want to show that the
invariant lattice of — is 2-elementary. By Proposition 1.4.7, we can extend % to
an isometry 7 € 5(/\) such that 7|+ = idy. and with the following properties:

o LV C AT,
o L7V CAT,
o L+t CA.

As a consequence, LY @ L+ C A" is a finite index sublattice and moreover,

inside A:

AT =AY c oLt =LY nLcL.
Hence L™% = A~7. The invariant and co-invariant lattices of an involution of an
even unimodular lattice are 2-elementary by [44, Lemma 3.5]: this concludes the
proof. O

With the same notation used above, we remark the following facts.

LEMMA 5.1.2.
(i) The lattice LY is primitively embedded in AT.
(ii) The lattice L+ is primitively embedded in AT.
(iii) The lattices LY and L* are the orthogonal complement of each other in
AT,
Proor.
(i) As L¥ C L and L C A are primitive, we deduce that LY C A is primitive.
The claim follows then from the inclusion LY C A”.
(i) This follows from the fact that L+ C A is primitive and L+ C AT C A.
(iii) Since (LY, L') = 0, we deduce that L~ C (L¥)*A". Moreover, both L+
and (LY)+A7 are primitive sublattices of A™: since they have the same
rank, they must coincide. O

LEMMA 5.1.3. Let X be a manifold of K3 -type and i € Aut(X) be a non-
symplectic involution. If (X,i) is deformation equivalent to (XM, ™), for a K3
surface ¥ and ¢ € Aut(X), then i* € O(H?*(X,Z)).

PROOF. As shown in [17, §4], the isomorphism classes of the invariant and co-
invariant lattices of a non-symplectic automorphism are deformation invariant. For
the pair (3", p["]), the action of the natural involution on the exceptional divisor

of the Hilbert-Chow morphism is trivial by Theorem 2.5.7. Let § € H?(X™,7Z) be
the class whose double is the exceptlonal divisor. From *(20) = 20 we get that the
image of L+ 5 € Apis L+5 ] 0, hence the action of i* on Ay, is trivial. O

COROLLARY 5.1.4. Let X be a manifold of K3!"-type and i € Aut(X) be a
non-symplectic involution. If (X,i) is deformation equivalent to (XM, o), for
a K3 surface ¥ and ¢ € Aut(X), then the co-invariant lattice H*(X,7Z)~" is 2-
elementary.

5.1.2. Discriminant groups. We explain in this section the inaccuracies in
the proof of [60, Proposition 5.1.1] and provide the necessary corrections. Adopting
our notation, which differs from the one used by Joumaah, let X be a manifold of
K3[M-type with a non-symplectic involution i € Aut(X). Let T = L*", § = L~%
be, respectively, the invariant and co-invariant lattices of the involution. The aim of
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[60, Proposition 5.1.1] is to classify the discriminant groups Ar, Ag. In order to do
so, Joumaah considers the isotropic subgroup M C Ar @ Ag, which is isomorphic
to 7eg = (£)" for some a > 0, and its projections My := pr(M) C Ap, Ms :=
ps(M) C Ag. In particular, M = My = Mg as groups, % >~ A;, and we have an
anti-isometry 7 := ps o pp' : My — Mg (see Section 1.4; we defined v in (5)).

The following proposition provides the complete classification for the discrimi-
nant groups Ar, Ag.

PROPOSITION 5.1.5. Let X be a manifold of K3 -type, for n > 2, and let
a > 1 and B odd such that 2(n — 1) = 2°8. Let G C Aut(X) be a group of order
2 acting non-symplectically on X. Denote by T,S C L := L,, respectively, the
invariant and co-invariant sublattices for the action of G, with —2& = (%)a for

TGS —
some a > 0. Then one of the following cases holds:
(i) Ap = (%)@a e ﬁ, Ag = (%)@a or vice versa;

.. -1 1 .
(i) a>1, Ap = (%)@a S3) ﬁ, Ag = (%)@lJr or vice versa;

_ _ ~ Z ~ 7 .
(#i1) a=1,a=0, Ap & B Ag = 5% or vice versa.

PROOF. Let i be the non-symplectic involution generating the group G and, as
before, let 1) = +i* be the isometry such that ) € O(L), i.e. ¥ = id € O(AL). Let
T, S be the invariant and co-invariant lattices of i*, as in the statement. If ¢ = i*,
then T = LY, S = L™Y; if instead ¢» = —i*, then T = L™%, S = L¥. As we showed
in Proposition 5.1.1, the lattice L™ is 2-elementary, therefore A; -, coincides with
its Sylow 2-subgroup (it actually coincides with its 2-torsion part). Moreover, by
using the same arguments of Lemma 4.1.4, we have Apv = (Apv), ® %‘ It is

now easy to check that the discriminant groups of the lattices LY, L~ satisfy the
same classification presented in Proposition 4.1.5 for automorphisms of odd prime
order. (]

REMARK 5.1.6. Assume that i* € 5(L)7 so that ¢ = i*. As in the proof of
Proposition 4.1.5, let H := (A7) & As C Ar @ Ag and denote by H[2] C H the
subgroup of elements of order 2 in H. If a > 1, Joumaah correctly highlighted in

his proof that the index [H : H[2]] needs to be 29~ and therefore H = (%)% &
%. However, contrary to what he stated, this does not necessarily imply that
H=Mr o Mg P %, from which he inferred Ar & Mr @ Ap, As = Mg as the
only possibility for the discriminant groups. Indeed, we exhibit two lattices T, .5
which are the invariant and co-invariant lattices of a non-symplectic involution of
a manifold of K3Bl-type and whose discriminant groups are in contrast with (60,
Proposition 5.1.1].

For n = 3 we have 2(n — 1) = 4, meaning « = 2, 8 = 1. In [56] the authors
described a 20-dimensional family of manifolds of K3B-type, called double EPW
cubes, with polarization of degree four and divisibility two (see [56, Proposition
5.3]), whose members are always endowed with a non-symplectic involution i. As
a consequence, the invariant lattice of ¢ is T' = (4) and the co-invariant lattice is
S = U g EY? @ (—2)®2. In particular, the discriminant groups are

w-a (). w-manE(De2()

In this case H = A1 @ Ag, since 3 = 1. Moreover
16=|Ar @ Ag| = [L: T & S |AL| =22 -4

therefore a = 1. Looking at the discriminant quadratic forms on A7 and Ag, the
only possible choice for the subgroups of order two My C Ap and Mg C Ag, with
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Mp = Mg(—1), is the following:
Mrp = <2t> CAT, Mg = <81—|—82> C Ag

which implies M = (2t + s; + s3) C Ar @ Ag. One can check, by computing
ML C Ap @ Ag, that M- =~ Ay = Z (-1),

This is therefore a case where a =2 > 1 and [H : H[2]] = 2 = 2°~L1. However,
it is not possible to write H = A7 ® Ag as H = My & Mg & % and it is not true

that Ap & My & Ap, Ag = Msg.

REMARK 5.1.7. In the case of manifolds of K3[2-type, it was proved in (17,

Lemma 8.1] (extending results from [21, §6]) that the discriminant groups can
only be Ag =2 (%)@a, Ap (%)@Mr1 or vice versa. This is coherent with the

classification of Proposition 5.1.5 (if n = 2 we have 2(n —1) = 2, hence o = § = 1).

5.2. Existence of involutions

In this section we show that the lattice-theoretic conditions of Proposition 5.1.1
are actually sufficient to give rise to a geometric realization. First, we prove that
every 2-elementary sublattice of L = L,, is the invariant (or co-invariant) lattice of
some involution of I, and finally that we can generically lift this abstract involution
to an involution of a manifold of K3[M-type.

PROPOSITION 5.2.1. Let S be an even 2-elementary lattice, primitively em-
bedded into an even lattice N. Then idg. ®(—idg) (respectively, (—idge) @ idg)
extends to an isometry p € O(N) (respectively, —p € O(N)).

Proor. By [81, Theorem 1.1.2], we can primitively embed N into an even
unimodular lattice V' of high enough rank. We fix such a primitive embedding and
consider the orthogonal complements NV and S+v of N and S inside V. Obvi-
ously, V is an overlattice of S @ S+V. We want to show that a := idgi, ®(—idg)
extends to V. A completely analogous proof will show that also (—idg.y ) @ idg
extends, as in the statement. Let My = V/(S @ S+v) be the isotropy subgroup of
As ® Agry and let ps, pgiy be the two projections to Ag and Agiy :

My =V/(S®5+v) CAs® Agiy
lpsi-v\
MSJ-V C ASJ-V MS - AS'

Since V' is unimodular, we have Mg, = Agi,, and Mg = Ag by Lemma 1.4.1.
As before, let v : Agi,, — Ag be the anti-isometry given by pg o (pgi, )~1. By
Proposition 1.4.7, the existence of an extension of « to V is equivalent to the
commutativity of the diagram

-
Agry — Ag

lidSlV ‘Lids
0

ASJ‘V —_—> AS.

This diagram is commutative because —y = =, since S is 2-elementary, hence we
get the extension a € O(V) of a to V.

As St~ @ N1v ¢ §1v | we deduce that N1V is invariant for the action of a.
Let p be the restriction &|y. Since p @ idyi, extends to @ € O(V), we have a
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commutative diagram

AN $‘ ANLV

pl \LidNLV

AN $ANLV
where 7 := pyry o (py) L. Hence p=iday, ie. p € O(N). O

REMARK 5.2.2. This is in some sense a converse of [44, Lemma 3.5]. See also
[39, Proposition 1.5.1].

We now come to the second part of the section. First, we recall some results
on lattice-polarized manifolds of K3[M-type.

Let T be a hyperbolic lattice which admits a primitive embedding j : T — L,
with rk(7T") < 20. We identify 7" with the sublattice j(T') C L and we denote by S
its orthogonal complement in L. Following [60, §4.1], we say that T is admissible
if it is the invariant lattice of a monodromy operator p € Mon?(L) of order two.
In particular, T and S are as in Proposition 5.1.5, therefore one of them is 2-
elementary. This implies, by Proposition 5.2.1, that p is the unique extension of
idy ®(—idg) to L.

Let X be a manifold of K3!"-type and i € Aut(X) be a non symplectic invo-
lution acting on it. Joumaah says that the pair (X,7) is of type T if it admits a
(p, T)-polarization, i.e. a marking n : H*(X,Z) — L such that noi* = pon (see
Section 4.4.1). If (X,4) and (X',i’) are two pairs of type T, they are said to be
isomorphic if there exists an isomorphism f : X — X’ such that i’ = foio f=1.
The monodromy operators f* € Mon?(L) induced by these isomorphisms of pairs
are the isometries contained in

Mon®(L,T) := {g € Mon*(L) | gop=pog} = {g € Mon*(L) | g(T) =T} .

In particular, for any g € Mon?(L, T') we have that g|7 € O(T) and g|s € O(S).
We can then define the following subgroups:

I'r:={glr | g € Mon*(L,T)} C O(T), I's == {g|s | g € Mon*(L,T)} C O(S).

Notice that local deformations of a pair (X,i) of type T are parametrized by
HY'(X)" (more details on this are provided in [12, Theorem 2] and [17, §4]).

Inside the moduli space M, defined in Section 2.3, let M7 , be the subspace of
(p, T)-polarized marked manifolds (X,7) € My, (notice that Mz , = M% ™", using
the notation of Section 4.4.1). Since the symplectic form wx generating H?°(X) is
orthogonal to the Néron-Severi group (which contains T'), for any (X,n) € My,
the period point n(H?°(X)) belongs to

Qs :={rkeP(S®C) | (k,k)=0,(kFR) >0} =Q,NPS®C).

Moreover, by [60, Proposition 4.6.7], the period map (see Section 2.3) restricts
to a holomorphic surjective morphism

P:Mr, — Q:=0s\ [J (0" nQg),
SEA(S)

where A(S) is the set of wall divisors (i.e. primitive integral MBM classes) contained
in S. This restriction is equivariant with respect to the action of Mon?(L, T'), hence
we also obtain a surjection

P : Mr,/Mon®*(L, T) — Q%/Ts.
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PROPOSITION 5.2.3. Let p € O(L) be an involution whose invariant lattice T
is hyperbolic with tk(T) < 20. Assume also that £p € O(L). Then there exists a
marked manifold (X,n) of K3"-type with an involution i such that noi* = pon.

PRrROOF. Let S C L be the co-invariant lattice of p, i.e. the orthogonal comple-
ment of 7. By [17, Proposition 5.3], the very general point w € Qg is the image
under the period map of a T-polarized marked manifolds of K3!"-type (X,n) with
NS(X) = n~}(T). We can then consider o :=n~topon e O(H?*(X,Z)), which is
an involution, and we observe that:

(i) « induces a Hodge isometry on H?(X,C), since the point n(H?°(X)) is
invariant for the action of p on {2g;

(ii) « is effective, because the equality NS(X) = n~1(T) = n~1(LP) implies
that there is an o-fixed Kéhler (even ample) class on X;

(iii) +£p € O(L).

Hence, « is a monodromy operator by Proposition 2.3.10 and, by Theorem 2.3.11,
there exists i € Aut(X) such that i* = «. Since the map Aut(X) — O(H*(X,Z))
is injective for manifolds of K3[™-type (see Theorem 2.5.2), this automorphism i
is both unique and an involution. It is then straightforward to check that noi* =
pon. t

5.3. Geography in small dimensions

The aim of this section is to make some remarks on which families of large
dimensions one can expect from the results of the previous section. We first classify
the admissible invariant lattices of rank one and two, and then we describe the
geography of the cases for manifolds of K3[™-type, n < 5. We conclude by recalling
known examples of non-symplectic involutions and by presenting some new ones.

5.3.1. Invariant sublattices of rank one and two. Let T,S be the in-
variant and co-invariant lattices of a non-symplectic involution of a manifold of
K3l"_type. As we saw in Proposition 5.1.1, either S or T is 2-elementary, depend-
ing on the action of the involution on the discriminant group of L (which is id or
—id respectively). Assume that S is 2-elementary and consider it embedded in
the Mukai lattice A (the case where T is 2-elementary is similar). Starting from
the signature of S, we can use Theorem 1.3.11 to deduce the possible isometry
classes for S+, As observed in Lemma 5.1.2, we have that 7' is the orthogonal
complement in S4 of LL: since we know this last explicitly (see (19)), we can use
Theorem 1.4.4 to classify all primitive embeddings L+ <+ S+ and to compute, in
each case, the discriminant group of the orthogonal complement, i.e. Ap.

5.3.1.1. Invariant sublattice of rank one. In this subsection we prove the follow-
ing proposition, which describes the pairs T and S that can occur when rk(7) = 1.

PROPOSITION 5.3.1. Let X be a manifold of K3!" -type for somen > 2, and let
i be a non-symplectic involution. Assume that the invariant lattice T C H*(X,7Z)
has rank one, then one of the following holds:
(i) if i* acts asid on Ag2(xz), then —1 is a quadratic residue modulo n — 1
and

T=(2n-1), S2UPOEPc(-2)a(-2);
1) if i* acts as —id on Ag2(x 7y, then T = (2) and
(i2) if (X,2)
(a) either S = U @ ES* @ (—2(n — 1)) @ (—2);
(b) orn=0 (mod 4) and

~ ®2 B2 —% n—l
S U g By @(n_l —2(n—1)>'



5.3. GEOGRAPHY IN SMALL DIMENSIONS 71

PrOOF. This result generalizes Proposition 3.4.1, which holds for non-natural
involutions of Hilbert schemes of points on a generic projective K3 surface.

We deal first with the case where T, S are the invariant and co-invariant lattices
of an involution whose action on the discriminant Ay, is the identity. This means
that S is 2-elementary and that T@ L+ c S+4. Since both T"and L' have signature
(1,0), we deduce that S+» has signature (2,0). By [36, Table 15.1], there is only
one possible choice for S+4, which embeds in A in a unique way by [81, Theorem
1.1.2]: this is enough to claim that there is only one possible choice for S, up to
isometries, which explicitly is

S=U@E* e (-2)@(-2), S =(2)a2).

We have then to look at how L+ = (2(n — 1)) embeds primitively in S+4. A pair
(7, y) gives the coordinates of a primitive vector in S+4 = (2)@(2) of square 2(n—1)
if and only if ged(x,y) = 1 and 22 + 32 = n — 1. Moreover, the isometry group of
S+a acts on these coordinates either by permutation or by exchanging sign. The
orthogonal complement of L+ in §+A, which is T, is then a lattice isometric to
(2(n — 1)), generated by (—y,z). Notice that there exist two coprime integers z,y
such that 22 +y? = n — 1 if and only if —1 is a quadratic residue modulo n — 1 (to
see this, combine [58, Proposition 5.1.1] and [83, Theorem 3.20]).

We now consider the case where the action of * on A; is —id. We have that
T is 2-elementary of signature (1,0), hence T = (2). It follows that T" embeds in a
unique way in the Mukai lattice, with orthogonal complement

T =2 U g ES? @ (-2).

We now want to describe the different embeddings of L+ = (2(n — 1)) in T4,
Since T+ is unique in its genus up to isometries (see Theorem 1.3.3), by Theorem
1.4.4 we have only two possibilities: they correspond to the two possible choices
of a subgroup of A1, = Z/27Z. Choosing the trivial subgroup, we see that the
orthogonal complement of L+ in T4, i.e. S, has discriminant group

As = Q(n%l)Z (2(n1— 1)> © % <;> ’

and signature (2,20). By Theorem 1.3.3, there exists only one lattice with these
invariants, up to isometries, which is

S=U®2@EP @ (—2(n-1))® (-2).

The last possibility corresponds to the choice of the whole A1, , but in this
case we must have n =0 (mod 4). This leads us to

A= (‘2<nn 1))’

where S has again signature (2,20). By the same argument as above, there exists
only one isometry class of lattices in this genus. A representative, which can be
computed by applying [45, Proposition 3.6], is

_ %2 o P2 ] n—1
S=U" @ Eg EB(n—l —2(n—1)>' O
REMARK 5.3.2. The three cases of Proposition 5.3.1 can be distinguished also
by looking at the generator t € H?(X,Z) of the invariant lattice 7. In fact, by [45,
Proposition 3.6], we have that:
e in case (1), t has square 2(n — 1) and divisibility n — 1;
e in case (2a), ¢ has square 2 and divisibility 1;
e in case (2b), ¢ has square 2 and divisibility 2.
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Recall from Proposition 3.4.3 that, by the global Torelli theorem for THS manifolds,
the existence of a primitive ample class ¢ € NS(X) with one of these three combina-
tions of square and divisibility is sufficient to prove the existence of a non-symplectic
involution on X, whose invariant lattice is T = ().

5.3.1.2. Invariant sublattice of rank two. The aim of this subsection is to pro-
vide some results for rk(7") = 2. In particular, we describe the discriminant groups
of the invariant and co-invariant lattices in complete generality, but we address the
problem of their realization and uniqueness only for n < 5.

Assume that rk(T') = 2, so that the signature of T" is (1,1). We first consider
the case where the induced action on Ay, is the identity, hence S is a 2-elementary
lattice of signature (2,19) and St4 is 2-elementary of signature (2,1). It follows
from [81, Theorem 1.1.2] that S** has a unique embedding in the Mukai lattice,
up to isometries. By Theorem 1.3.11 we have then two possibilities:

St =U@ (2 o S =U@2) a2

which are both unique in their genera (up to isometries) by Theorem 1.3.3. We
start with S14 = U @ (2), and look for a primitive embedding of L+ = (2(n—1)) in
S+a. By Theorem 1.4.4 we need to consider pairs of isomorphic subgroups in A .
and Agi, = % (%) In particular, for the choice of the trivial subgroup we have

Ar = 2(n%1)z (_Q(nl— 1)) © % (é) '

A possible realization for this lattice T' is given by T' = (—=2(n — 1)) & (2); if n < 5,
this is the only isometry class in the genus by Theorem 1.3.3.

The other possibility is to consider the subgroup of Ay . generated by the class
of n —1: in order for it to have the same discriminant form of Ag.1, we need n =2
(mod 4), and in this case we have

A= (231_210 |

A lattice T with this discriminant form and signature (1, 1) is the following:

—2h k
= (3" )

where we write n — 1 = k% + 4h, with k, h non-negative integers and k maximal.
This is the only isometry class in the genus of T" if n < 17, by Theorem 1.3.3. For
n = 2, this lattice is isometric to U.

If instead we consider S14 = U(2)®(2), then we have more possibilities because
there are more subgroups inside its discriminant group, which is

zZ\%
Agr, = <2Z> , with quadratic form gg1, =

o= O
O ONl=
D= O O

It is easy to see that we can discard the choice corresponding to the trivial subgroup,

as it gives rise to a lattice 1" of length 4, hence the only relevant subgroups of Ag.,

are those of order two. Up to isomorphism, we have the two following possibilities.

(i) The subgroup is ((0,0,1)) C Agr, with ¢((0,0,1)) = 1/2. This case can
occur only if n =2 (mod 4), and gives

Z

Z
Ar=—"_a—
T=om—nz Yoz

n—2 1
with quadratic form gr = <2("11) 2> .
2
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For n = 2, the lattice U(2) realizes this genus; for n = 6, we can consider

2 4

4 -2

(#) The subgroup is (v) = Z/2Z C Agui,, for an element v # (0,0,1) such
that g(v) = (n — 1)/2. This case gives

Ar = 2(n%1)Z (Q(nl— 1)> © % (é) '

A possible realization for this lattice is given by T' = (—2(n — 1)) & (2); if
n < 5, this is the only isometry class in the genus by Theorem 1.3.3.

the lattice whose bilinear form is given by the matrix

For n < 5, we summarize these results as follows.

PROPOSITION 5.3.3. Let X be a manifold of K3"-type for 2 <n <5, and let
i be a non-symplectic involution. Assume that the invariant lattice T C H?*(X,Z)
has rank two and that i* acts as id on Ag2(x 7z), then one of the following holds:

(i) T=(2)®(-2(n—1)) and S = U®? @ E$? @ (—2);
(1) T=(2) @ (~2(n—1)) and S = U U(2) ® B @ (-2);
(i43) n =2, T=U and S 2 U®? ¢ EY* @ (-2);

(iv) n=2,T=U(Q2) and S=U S U(2) ® ES* @ (—2).

We assume now that the action on the discriminant group is —id. In this case,
T is 2-elementary of signature (1,1), so T4 is also 2-elementary and its signature
s (3,19). This implies that S (which is a sublattice of 7+4) has signature (2, 19).
By Theorem 1.3.11, there exist only three 2-elementary lattices of signature (1, 1),
namely U, U(2) and (2) @ (—2). Every such lattice, by Theorem 1.4.4, embeds in
the Mukai lattice in a unique way, hence the orthogonal complement is uniquely
determined too. We analyse the three cases separately: in each of them, there is
only one isometry class in the genus of S by Theorem 1.3.3.

Assume first that 7 = U. This implies that T2 = U® @ E$?, which is
unimodular. So Lt 2 (2(n — 1)) embeds in an essentially unique way in T4 and
its orthogonal complement, i.e. S, is

S=UP g EP o (-2(n-1)).
Assume now that 7'= U(2). Then T2 = U(2) © U®? @ E$? has discriminant

group
Z Z
ATJ-A = ﬁ @ ﬁ,

As before, we look at the cyclic subgroups of Ay, : a direct computation gives rise
to two different cases (see also Example 1.4.6).

1
with quadratic form gp., = ((1) 8) :
2

(7) If we choose the trivial subgroup we have Ag = with

quadratic form

_Z L gL
-1z @ 22 P 22>

1

T 2(n—1) 0 0
qs = 0 0 3
0 3 0

We conclude
S=UaUQ2)®EP® (-2(n-1)).

(#3) If n=1,3 (mod 4), we can choose a subgroup of order two and we have

As = Z(n%l)Z (_Q(nl— 1)) ’

which corresponds to
S=UgEP o (-2(n—-1)).
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Assume finally that 7 = (2) @ (—2). Then T = U®?2 @ E$? @ (2) @ (—2),
whose discriminant group is

A =L (g2 (L
T = oz \2) Yo\ 2/

The same kind of computations yield three cases:
(¢) The discriminant group is

Ao = Z — 1 fas) é } fas) E ,1
STom-1zZ\ 2m-1)) T2z\2) T2z \ 2)°
which corresponds to

S=U®EP®(2)d(-2)®(-2(n-1)).
(#i) If n=10,2 (mod 4) we can have

As = Q(n%l)Z (2(711— 1)> ’

which is realized by
S=U%g E§92 @ (—2(n—1)).

(#9i) If n =1 (mod 4) we can have

As = 2(n % 1)Z (2(7:1_—21)> '

For n = 5, a representative of the unique isometry class in this genus is

-2 1 0
S=UeFEo|[1 -21
0 1 2

The next proposition summarizes all possible pairs of lattices T',.S correspond-
ing to involutions whose action on the discriminant group Ay, is —id, for n < 5.

PROPOSITION 5.3.4. Let X be a manifold of K3" -type for 2 <n <5, and let
i be a non-symplectic involution. Assume that the invariant lattice T C H?*(X,7Z)
has rank two and that i* acts as —id on Apz2(x z), then one of the following holds:

(4) T > U and S = U2 E$?* @ (—2(n — 1));

(ii) T=U(2) and S=U @ U( )@ ES? @ (—2(n—1));
(i13) T < Y®(—2) and S = U & E§92 ®2)d(-2)® (—2(n—-1));
(iv) n € {3,5}, T=U(2) and S = U®? @ E$? @ (—2(n — 1));
(v) n€{2,4}, T=(2)®(-2) and S = U®2 @ ES* @ (—2(n — 1));

-2 1 0
(i) n=5,T=2)d(-2) and SZUBEZ | 1 -2 1
0 1 2

REMARK 5.3.5. For n = 2, the isometries id and —id of Ay = Z/2Z coincide,
hence Proposition 5.3.3 and Proposition 5.3.4 give the same classification (to check
this, recall that U(2) & (—2) = (2) @ (—2) & (—2) by Theorem 1.3.11).

5.3.2. Deformation types for families of large dimensions. The lattice
computations of Section 5.3.1.1 and Section 5.3.1.2 allow us to determine all moduli
spaces Mt ,, for T" an admissible invariant sublattice of rank one or two inside
L (recall the definitions from Section 5.2). By construction, the moduli spaces
M, arise as subspaces of the complex space My, which parametrizes marked
IHS manifolds of K3[-type (see Section 2.3). The following fact was remarked in
[5, Theorem 9.5] for K3 surfaces, and it can be easily generalized to manifolds of
K3"-type.
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LEMMA 5.3.6. Let T',T" C L be the invariant lattices of two monodromy op-
erators p',p” € Mon?(L), respectively, and let ' = (T")*, 8" = (T")* be their
orthogonal complements in L. The moduli space Mt , is in the closure of M

if and only if 8" C S” and (p")|s = ()]s’

REMARK 5.3.7. In our setting we can slightly improve the result of Lemma
5.3.6. In fact, as observed in Section 5.2, the orthogonal sublattices 7,5 C L
determine the involution p € Mon?(L) as the unique extension of idy @&(—idg) to
L. So, if we assume that S’ C S”, then

(Psr = (=idgn)|sr = —idg: = (p')] -

In the case of involutions we can then say that M7 , is in the closure of M
if and only if S’ C S”.

In this sense, the moduli spaces Mr , of maximal dimension (where maximal-
ity is with respect to this notion) correspond to minimal (with respect to inclusion)
admissible sublattices T" C L. This is the reason why, in the previous section, we
investigated in detail admissible invariant lattices of low rank. Any of these ad-
missible lattices T' will give rise to at least one (but there could be more a priori,
depending on the number of connected components of the moduli space) projective
family of dimension 21 — rk(7T"), whose generic member has a non-symplectic invo-
lution with invariant lattice 7. We are now interested in computing the number of
irreducible components for some of these moduli spaces.

We adopt the notation of [60, Chapter 4]. Let 7' C L be an admissible sublat-
tice, i.e. the (hyperbolic) invariant lattice of an involution p € Mon*(L), and let Cp
be one of the two connected components of the cone {x € T @R | (z,z) > 0}. The
definition of Kahler-type chamber that was given in Section 2.4 can be adapted as
follows. The Kdhler-type chambers of T are the connected components of

cr\ | ot

SEA(T)

where A(T) is the set of wall divisors in T. As before, let 't be the image of the
restriction map Mon?(L,T) — O(T): the subgroup I'y € O(T) has finite index
and it conjugates invariant wall-divisors, therefore it also acts on the set KT(T')
of Kéhler-type chambers of T (see [60, §4.7]). In [60, Theorem 4.8.11], Joumaah
proved that the quotient KT(T')/T'r is in one-to-one correspondence with the set
of distinct deformation types of marked manifolds (X,n) € Mr ,.

PROPOSITION 5.3.8. Let T = U(2) be a primitive sublattice of L = U®3 &
E$? @ (—2(n —1)) with orthogonal complement S = U @ U(2) ® E$? ® (—2(n—1)).
Let p1 € Mon?(L) be the involution which extends idr ®(—ids). Then, for any
n > 2 there is a single deformation type of marked manifolds of K 3" -type (X,n) €
Mr,,.

PROOF. As we recalled above, the number of deformation types of (p1,T)-
polarized marked manifolds of K3[™-type is equal to the number of orbits of Kéhler-
type chambers of T, with respect to the action of the subgroup I'r C O(T'). For
T 22 U(2) as in the statement, an element 6§ € T of coordinates (a,b) with respect
to a basis has square 4ab and divisibility in L equal to ged(a, b) (see Example 1.4.6).
In particular, the divisibility can only be one if § is primitive. However, a direct
computation using Theorem 2.4.14 shows that, if 0 is a wall-divisor with div(d) = 1,
then 62 = —2 (see [75, Remark 2.5]). We conclude that there are no wall-divisors
d € T, since T = U(2) contains no elements of square —2. O
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As we showed in Example 1.4.6 and in Subsection 5.3.1.2, when n is odd there
is a second way to embed the lattice U(2) in L, which is not isometric to the one
studied in Proposition 5.3.8.

PROPOSITION 5.3.9. Forn odd, let T = U(2) be a primitive sublattice of L =
U EP? @ (—2(n—1)) with orthogonal complement S = U2 EP? @ (—2(n—1)).
Let py € Mon®(L) be the involution which extends idy ®(—idg). Then, if n = 5
there are three distinct deformation types of marked manifolds (X,n) € M ,,.

PRrROOF. As in the proof of Proposition 5.3.8, we need to study the Kéahler-
type chambers of T and therefore determine whether the lattice contains any wall-
divisors. Up to isometries, the embedding U(2) < L in the statement can be
realized as explained in Example 1.4.6. Let ¢ = 25! € N and consider the map

j:UQ2) = L=UPaEP o (—2(n—1)), (a,b)+r 2ae; + (at + b)es + ag

where {e1,e2} is a basis for one of the summands U of L and g is a generator of
(=2(n — 1)). We then have j(U(2))* = U%? @ E$* @ (—2(n — 1)), as requested.
In particular, if n = 5 (i.e. ¢ = 2) one can show that the divisibility in L of
(a,b) € T =j(U(2)) is ged(2a, b), hence, if the element is primitive, it can only be
one or two. We compute explicitly all possible pairs (62, div(d)) for wall-divisors
0 € Ls= U@3@E§92 @ (—8). This is an application of Theorem 2.4.14 and Theorem
2.4.12; which gives the following results:

[ 07 [div(9)
-2
-8
-8
-8
—16
—40
—72

—136
—200

Q0| CO| CO| = | D[ CO| | DNO| —

Since for any § € T we have 62 € 4Z, the only possible pairs (62,div(d)) for
wall-divisors § € T are (62, div(d)) = (—8,2),(—16,2). Each of the two admissible
pairs (62, div(d)) yields a single wall-divisor § € T', whose orthogonal complement
51 intersects the positive cone of T in its interior. We therefore have two (distinct)
walls, which cut out three Kéahler-type chambers in Cp. These three chambers
correspond to three distinct orbits, with respect to the action of the group I'r on
KT(T'). This is due to the fact that an isometry v € I'r permutes the walls of the
chambers, which in our case are generated by primitive vectors having all different
squares. O

By Proposition 5.3.1, there are two distinct (p, T')-polarizations with T' 2 (2).
In the following, we will denote them by (pq, (2)) and (pp, (2)), where the orthogonal
complement S of the admissible sublattice T C L is as in case (ita) and (ib),
respectively, of the proposition. In particular, for all n > 2 the moduli space
M9y p. is non-empty, while M9 ,, = 0 if n # 0 (mod 4). Instead, again by
Proposition 5.3.1, there is only one (p,T)-polarization with 7" = (2(n — 1)): we
denote by M a(,—1),, the corresponding moduli space, which is non-empty if and
only if —1 is a quadratic residue modulo n — 1. Finally, for T2 U(2), we have the
two polarizations (p1,U(2)), (p2,U(2)) which we studied in Proposition 5.3.8 and
Proposition 5.3.9, respectively.



5.3. GEOGRAPHY IN SMALL DIMENSIONS 7

THEOREM 5.3.10. Let (X,7) be a marked manifold of K3 -type for 2 <n <5,
and let i € Aut(X) be a non-symplectic involution such that the pair (X,4) deforms
in a family of dimension > 19. Then (X,n) belongs to the closure of one of the
following moduli spaces.

n =2 M<2>1pa or MU(Q)’pl ;

n=3 M) p,, My, or Mu),p.
n=4: M<2>,Pa7 M(Q%pb or MU(Z),p1 ;
n =5 M), Mu),p or Mu(2),p,-

All these moduli spaces are irreducible with the exception of My 2y, ,, forn =5,
which has three distinct irreducible components.

PROOF. Since (X, i) deforms in a family of dimension at least 19, it is a pair
of type T, for some admissible lattice T' with rk(T) < 2. At the level of period
domains, the list in the statement is an easy consequence of Lemma 5.3.6 and of
Propositions 5.3.1, 5.3.3 and 5.3.4. Moreover, the period map is generically injective
when restricted to manifolds polarized with a lattice of rank one, and the same is
true in the case of U(2) by Proposition 5.3.8 and by [60, Corollary 4.9.6], with the

exception of n =5 and My (2),,, as explained in Proposition 5.3.9. O

5.3.3. Examples. Even when we limit ourselves to dimensions smaller than
ten, we observe that we lack the description of most of the projective families listed
in Theorem 5.3.10. Indeed, while for n = 2 both families have been described,
respectively in [87] and [57], for n > 3 the family of ((2), p,)-polarized manifolds of
K3"_type is still unknown. In fact, when n > 3 the only explicit examples which
have been found are for n = 3, T = (4) (see [56] and Section 5.1.2) and n = 4,
T =~ (2) with polarization p;, (involution of the Lehn-Lehn—Sorger—van Straten
eightfold; see for instance [66]), in addition to the involutions of Hilbert schemes
of points on generic K3 surfaces which we constructed in Chapter 3.

We conclude by observing that all families of dimension 19 can in fact be
realized as families of moduli spaces of stable twisted sheaves on a K3 surface (see
Example 2.2.7).

PROPOSITION 5.3.11. For n > 2, let (X,n) be a very general element in the
moduli space My (2),, of Proposition 5.3.8, such that n(NS(X)) = U(2). Then, the
manifold X is isomorphic to a moduli space of twisted sheaves on a very general
projective (2(n — 1))-polarized K3 surface.

PROOF. Let ¥ be a generic projective K3 surface of degree 2(n — 1), ie.
Pic(X) = ZL with L = Og(H) for an effective, ample divisor H with H? = 2(n—1).
Let {e1, ez} generate one of the summands U in Tr(X) = U2 ¢ EP? @ (—2(n — 1)),
and consider the Brauer class of order two:

a:Tr(X) = Z/27Z, v = (e1,v).

Clearly, B = 4 € H?(X,Q) is a B-field lift of « such that B2 =0 and B - H = 0,
since 2B € Tr(X). Consider the primitive positive Mukai vector v = (0, H,0): then

vg=(0,H,B-H)=v
and the moduli space M, (2, @) is a manifold of K3!"-type with
Tr(M,, (3, @) Zker(a) 2 U @ U(2) ® ES? @ (—2(n — 1)).
Moreover, Pic(X, ) = ((0, H,0),(0,0,1),(2,2B,0)) = (2) & U(2), thus
Pic(M,, (Z, @) = v NPic(X, o) 2 ((0,0,1), (2,e1,0)) = U(2).

Hence, the moduli space Y = M, (2, «) constructed above has Pic(Y) = T,
Tr(Y) = S for the lattices T, S of Proposition 5.3.8. By the same proposition we
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know that the moduli space My (a),,, is irreducible. For (X,n) € My sy ,, very
general we also have Pic(X) = T and Tr(X) = S (via the marking 7). Hence, the
statement follows from the generic injectivity of the period map for U(2)-polarized
manifolds of K3["-type (see [60, Corollary 4.9.6]). O

REMARK 5.3.12. For (X,7n) € My (2),,, let i € Aut(X) be the non-symplectic
involution such that n oi* = p; on. Even though, for (X,n) very general, the
manifold X is isomorphic to Y = M,,(3,a) as in the previous proposition, if
n > 3 we cannot realize the automorphism ¢ as a twisted induced involution on Y
(in the sense of Section 4.2.2), since the group of automorphisms of the K3 surface
¥ is trivial (see [93, §5]).

PROPOSITION 5.3.13. For n =5, let My (2),,, be the moduli space of Proposi-
tion 5.3.9. There exists an irreducible component M° C Mu(2),p, such that, for
the very general element (X,n) € M° with n(NS(X)) = U(2), the manifold X
is isomorphic to a moduli space Y of twisted sheaves on a very general projective
(2)-polarized K3 surface. Moreover, the non-symplectic involution i € Aut(X) such
that n o i* = pg o n is realized by a twisted induced automorphism on Y .

PROOF. Let X be the double cover of P2 branched along a smooth sextic curve.
In particular, Pic(X) = (2) and Tr(X) = U®? @ EF? @ (—2). If we denote by g the
generator of the summand (—2) inside Tr(X), then the (non-primitive) index two
sublattice UP2E$? @ (2g) C Tr(¥) is isometric to S = U®? @ Ef @ (—8). Let a be
the following Brauer class of order two:

a:Tr(X) = Z/27Z, A+mg—m

where A\ € U%? @ E$? and m € Z. Clearly, ker(a) = UP?EJ? @ (29) = S.
Let {e1, e} generate a summand U inside H?(X,Z) = U®? ¢ E$?. We can as-
sume that e; + es is the generator of Pic(X¥) and therefore g = e; — ea. No-
tice that the rational class B = 2 € H?(3,Q) is a B-field lift for «, since
alx) = (ez,x) € Z/27Z for all € Tr(X). Consider the (non-primitive) positive
Mukai vector v = (0,2(e; + €2),0) € H*(X,Z). When twisting v with respect to
the B-field lift B, we obtain vg = (0,2(e; + e3),1), which is now primitive of
square 8. Hence, the moduli space M, (2, «) is a manifold of K3Pl-type with
transcendental lattice isomorphic to S. Moreover

Pic(X, @) = ((0,e1 + €2,0),(0,0,1),(2, e2,0))

thus
Pic(M,, (%, @)) = vg N Pic(X, @) = ((0,0,1), (2, e2,0)) = U(2).

Since ¥ is a double cover of the plane, it is equipped with a non-symplectic invo-
lution ¢, which acts as id on H°(X,Z) @ Pic(X) ® H*(X,Z) and as —id on Tr(%).
This implies that both the Brauer class « : Tr(X) — Z/2Z and the twisted Mukai
vector vg = (0,2(e; + e2),1) are t-invariant. Then, as we recalled in Section 4.2.2,
the moduli space Y = M, (¥, &) comes with a (non-symplectic) induced involution
7. In particular, the invariant lattice of 7 is the whole Pic(M,, (X, @), since ¢ acts
trivially on ((0,0,1),(2,e2,0)) by [31, Remark 2.4] (the two classes (2, e3,0) and
(2,1*(e2),0) = (2,e1,0) coincide in H*(M,, (2, a),Z)). As in Proposition 5.3.11,
the statement follows from the generic injectivity of the period map, after recalling
that My (2),, has three irreducible components by Proposition 5.3.9. O



APPENDIX A

Invariant and co-invariant lattices for n = 3,4, p =3

The two tables in the following pages list all admissible triples (p,m,a) (see
Definition 4.1.10) and the corresponding isometry classes for the invariant and co-
invariant lattices T',.S C L,, & H?(X,Z) of non-symplectic automorphisms of order
p = 3 on manifolds X of K3!"-type, for n = 3,4. This classification is discussed in
Section 4.1.4.

The symbol & denotes the cases which can be realized by natural automor-
phisms (see Section 4.2.1). The cases marked by f (respectively, <) correspond to
admissible triples that admit a realization via induced automorphisms on moduli
spaces of ordinary (respectively, twisted) sheaves on K3 surfaces (see Section 4.3).
Finally, the admissible triple (3,11,0) for n = 4 is realized by the automorphism
constructed in Section 4.4.1 on a ten-dimensional family of Lehn—-Lehn—Sorger—van
Straten eightfolds (see also Section 4.2.3).
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A. INVARIANT AND CO-INVARIANT LATTICES FOR n=3,4, p=3

p |mla S T
&3[10]0 U®? ¢ EP? U (—4)
&3(10|2| UaUB) e ES? U(3) @ (—4)

&3 91 U®? @ Es @ Ex U Ay, @ (—4)
®3|9 (3| UaU@B)dEsd Es U(3) ® Ay @ (—4)
$319 |5 UB)P2a Esd Es U)o N

&3 82 U®? g EY? Uo AY? @ (—4)
&3 |8 |4 UaUB) e ES? U(3) @ AS? @ (—4)
38 |6 UB3)*? @ E° U(3)® Az & Q
&3 71 US?2 @ A, @ Eg U Es®(—4)
&3 |7 |3|UDUB)® Ay @ Eg Uo AP @ (—4)
&3 715 U2 g A$° U(3) @ AT @ (—4)
*3| 7|7 UaUB) e AP U3) @ EY (3) @ (—4)
&3/6 0 U®? ¢ By U Es® (—4)
&3] 6|2 UaU3)® FEs U@ Es® Ay @ (—4)
&3] 6 |4 U g AP U AY* @ (—4)
&®3[6 6| UaU®B) @AM U(3) ® A* @ (—4)
&35 |1 U%? o Fg UDEs® Ay @ (—4)
&35 |3 UaU(3)® Es U AS? @ Es @ (—4)
&35 |5 UaU@B) oA U AP @ (—4)
&3 4]2 U2 @ AS? U EP? @ (—4)
&34 4| UaUQB) @AY U FEs® AP @ (—4)
&3 31 UP? @ Ay U Es®Es®(—4)
&3|3 13 UaU®B)D Ay U EP? D Ay @ (—4)
&3[ 210 U®? U EY? o (—4)
&3 2|2 UaU(3) U®FEs®Es® Ay ® (—4)
&3 11 Ay(—1) USEY? @Ay @ (—4)

TABLE 1. n = 3. See Section 4.1.4 for the definition of the lattice 2.




A. INVARIANT AND CO-INVARIANT LATTICES FOR n =3,4, p=3

p |mla S T
*3[11]0| U EPa A, (2)
&3[10]0 U®2 ¢ EF? U® (—6)

13 (101 UaUB)eEY? U (—6)

&3 |10|2| UaUB) o ES”? U(3) & (—6)
$31103 U(3)%2 @ E? U(3) @ (—6)
&390 1| U®qpE;oFEs U® A; @ (—6)

83 (9 (2| UaUB)®Es® Es U® Ay & (—6)
&3|9 [3|UaUQ3)®E:;® Es U(3)® Ay ® (—6)
$319 |4 U(3)@22@ E6£ Fyg U(3)® Ay @ (—6)
B3 | 8 |1 U3 FE 2) @ E
3|82 Ue? g ng U @<A>§2 ea6<—6>
13 | 8 (3| UaUB3) e ES” Uo AY? @ (—6)
3|8 4| UaUB) @ES U(3) @ AS? @ (—6)
$3| 8|5 Uﬂg;’))@Q ® ES? U(3) ® AY? @ (—6)
B3 | 710 U@ Ay & Fy (2) @ Es
&3 7|1 U2 Ay @ By U® Es @ (—6)
13 | 7T (2|UU®B)® A @ Es U® Es @ (—6)
3|7 |3|UaU®B)® A Es U(3) & Ee ® (—6)

31714 U2 g AP U A3 ¢ (-6
i 31715 U®? g A§95 U@3) @ 51;'93 eé <—>6>

13 | 76| UaUB) @AY UdEY(3)® (—6)
&3 | 7|7 U@%gz’)) @ AP® U(3) @ EY(3) @ (—6)
3|6 |0 U®* & Fs U® Es® (—6)
B3 16 |1 UaU(3)® Es U® Es® (—6)
&3] 6 |2 UaU(3)® Es U(3) ® Es & (—6)
13|16 |3 U®? g A$* U Es® Ay @ (—6)
&3|6 |4 U2 g AY* U(3)® Es ® Ay & (—6)
1316 |5 UaU®B) ®AP! U AY* @ (—6)
®3|6 |6 UaUB) oA U(3) @ AS* @ (—6)
&35 |1 U2 @ Eg U@ Eg® Ay © (—6)
B3 | 5|2 UaU(3)® FEg U Es @ Ay & (—6)
&35 |3 UaU3)® Es U(3)® Es® Ay ® (—6)
13 |5 4] UaU®B) @AY U Es® AY? @ (—6)
&3 |5 |5 Ua U2(3) @@/2193 U(3) @ Es © AY? © (—6)

31411 U2 q A 2D Es® E
i 314 |2 U2 g A%Q U @<A>§2 @6’E8 @8<—6)

13 | 4 (3| UaU®B) o AY? U E$? o (—6)
&3 |44 Us %23) @ AP? U(3) @ E? §?2<_6>
131310 U2 g A, 2) © E
&3 3|1 U@Q@AQ U@EGEBES@<—6>
B3 | 3|2 UaU(3)® A U®Es® Es @ (—6)
&3]3 3 UaU(3)® A U(3)® Es & Es & (—6)
&3[270 U®? U EY? @ (—6)
13 2|1 UaU®3) U ES? @ (—6)
&322 UaU(3) U(3) ® ES* @ (—6)
&3 1101 Ay(—1) UdEY? @ Ay @ (—6)

TABLE 2. n=4.
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