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Resumé

Dans cette these, nous étudions les propriétés quantitative de récurrence de cer-
tains systemes dynamique préservant une mesure infinie. Nous nous intéressons au
premier temps de retour des orbites d'un systeme dynamique dans un petit voisi-
nage de leur points de départ. Tout d’abord, nous commencgons par considérer
un modele jouet probabilistique pour éclairer la stratégie de nos preuves. On
s’intéresse particulierement au cas ou la mesure est infinie, plus précisément, nous
considérons les Z-extensions des sous-shift de type fini. Nous étudions le com-
portement asymptotique du premier temps de retour au voisinage de 1'origine, et
nous établissons des résultats de type de convergence presque partout, et aussi de
convergence en loi par rapport a toute mesure de probabilité absolument continue
par rapport a la mesure infinie. Dans ce travail, nous nous également intéressons a
d’autres systeme dynamiques. Nous considérons un flot Axiome A {g;}4cr sur une
variété riemannienne M munie d’'une mesure o—finie p. Nous supposerons que
la mesure p est une mesure d’équilibre pour {g; };er. Afin d’établir nos résultats,
nous introduisons des notions de dynamique hyperbolique. En particulier, nous
considérons la section de Markov qui a été introduite par Bowen et Ratner.

Mots-clés: Temps de retour, Récurrence quantitatives, Théoreme de Limite
Locale, Flot Axiome A, Systmes dynamiques, Sous-shift de type fini.

Abstract

In this thesis, we study the quantitative recurrence properties of some dynamical
systems preserving an infinite measure. We are interested in the first return time of
the orbits of a dynamical system into a small neighborhood of their starting points.
First, we start by considering a toy probabilistic model to clarify the strategy of
our proofs. Our interest is when the measure is indeed infinite, more precisely we
consider the Z—extensions of subshifts of finite type. We study the asymptotic
behavior of the first return time near the origin, and we establish results of an
almost everywhere convergence kind, and a convergence in distribution with re-
spect to any probability measure absolutely continuous with respect to the infinite
measure. In this work, we are also interested in another dynamical systems. We
consider an Axiom A flow {¢;}; on a Riemannian manifold M endowed with a o—
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finite measure p. We will assume that the measure p is an equilibrium measure
for {g; }+er. In order to establish our results, we introduce notions from hyperbolic
dynamics. In particular, we consider the Markov section which was constructed
by Bowen and Ratner.

Key words: Return time, Quantitative recurrence, Local Limit Theorem,
Axiom A flow, Dynamical systems, Subshift of finite type.



Introduction

Les propriétés de récurrence quantitative des systemes dynamiques préservant une
mesure de probabilité ont été étudiées par de nombreux auteurs depuis les travaux
de Hirata [28], Boshernitzan [14]. Nous mentionnons le travail de Callot et Glavez,
qui sont a l'origine de ces idées de récurrence dans [20]. Certaines propriétés sont
définies en estimant le premier temps de retour d’un systeme dynamique dans un
petit voisinage de son point de départ. Des résultats dans ce contexte ont été
décrits dans [46], citons les travaux dans cette situation [2, 48]. Et des transfor-
mations préservant de la mesure similaires aux décalages de Markov dans [50].
Cette question a été moins étudiée dans le contexte des systémes dynamiques
préservant une mesure infinie. Dans [15], Bressaud et Zweimiiller ont établi les
premiers résultats de la récurrence quantitative pour les applications affines par
morceaux de I'intervalle avec une mesure infinie. Le cas de Z2-extension de sous-
shift mélangeant de type fini ont été étudiés dans [38]. Des résultats ont également
été établis pour des marches aléatoires sur la ligne [39], pour des billards dans le
plan [37] et pour des applications de Markov récurrentes nulles dans [40].

Nous considérons des systemes dynamiques conservatifs, c¢’est-a-dire les systemes
dynamiques pour lesquels la conclusion du théoreme de Poincaré est satisfaite.
Nous savons donc que le systeme va revenir proche de sa position initiale. Il est
naturel d’étudier les instants de visite successives a un ensemble fixe, en parti-
culier pour un point fixe z et € > 0, nous nous intéresserons a la premiere fois
que l'orbite reviendra dans le e-voisinage de x. C’est ce qu’on appelle le premier
temps de retour, et le sujet principal de cette these est d’étudier les comportement
de ces temps de retour quand € — 0. De nombreux travaux ont étudié le com-
portement des temps de retour, nous mentionnons par exemple [3], [8], [16], [18],
[19], [18], [24],[29], [31], [35], [45], [47], [30]. Les résultats souhaités sont de nature
stochastique (convergence presque partout, convergence en loi par rapport a toute
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INTRODUCTION

mesure de probabilité absolument continue par rapport a la mesure invariante
infinie, etc.). Des résultats de ce type ont été obtenus dans quelques cas par X.
Bressaud, S. Galatolo, D.-H. Kim, K. Park, F. Pene, B. Saussol and R. Zweimtiller.

Un systeme dynamique préservant la mesure est donné par (X, B, u, T), ou:

e (X, B) est un ensemble mesurable,
e /i est une mesure positive finie ou o-finie ,

e T : X — X est une transformation mesurable préservant la mesure p (i.e.

w(T71A) = p(A), pour tout A € B).

Nous nous intéressons au cas ou u est o-finie. Nous supposons que X est muni
de certaine métrique dx et que B contient les boules ouvertes B(x,r) de X. Nous
nous intéressons a la premiere fois que 1'orbite revient proche de sa position initiale.
Pour tout y € X, nous définissons le premier temps de retour 7. de 'orbite de y
dans la boule B(y,¢),

T(y) :=inf{n > 1:T"(y) € B(y,¢)} € NU {+00}.

L’objectif de cette these est d’étudier la récurrence quantitative des systemes
dynamiques preservant une mesure infinie. Les résultats principaux de cette these
ont été établis en considérant d’abord un modele jouet probabiliste. Nous avons
également prouvé ces résultats dans le cas de Z—extension du sous-shift de type
fini. De plus, nous établissons des résultats dans le cas de Z— extension d'un flot
Axiom A.

Quelques résultats antérieurs sur la récurrence

quantitative

Comme nous l'avons vu, notre intérét est d’étudier les propriétés quantitatives
de récurrence des systemes dynamiques. Selon le Théoreme de Recurrence de
Poincaré, presque chaque orbite d'un systeme dynamique revient pres de son point
de départ. Une question naturelle est la suivante: Quel est le temps nécessaire pour
qu'une orbite d'un systeme dynamique revient au voisinage de son point de départ?

De nombreux résultats ont été établis concernant le cas ou la mesure est finie.
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INTRODUCTION

Des résultats existants pour les propriétés de récurrence quantitative en mesure
infinie sont peu nombreux et récents. Ils sont basés sur des arguments spécifiques
qui nécessitent beaucoup de choses a faire. Péne et Saussol [38] ont abordé cette
question dans un processus étendu deux-dimensionnel, ou ils ont étudié le com-
portement quantitatif des temps de retour et le lient & la dimension du processus.
IIs sont établi leur résultat principal dans le cas de Z*-extension du sous-shift
de type fini. Si 7. définit ce premier temps de retour, d étant la dimension de
Hausdorff de la mesure v, ils ont prouvé que

De plus, ils ont prouvé que la suit de variables aléatoires v(B.(.)) log 7.(.) con-
verge en loi, quand ¢ — 0 a une variable aléatoire avec fonction de distribution de

la densité t — %1(07+00) (t).

Il y a un travail récent pour Rechberger et Zweimiiller [43] ou ils ont étudié la
convergence des distributions de retour et de temps de frappe des petits ensembles
lorsque la mesure de ces ensembles tends vers a 0 dans des systemes dynamiques

ergodiques récurrents préservant une mesure infinie.

En ce qui concerne le cas en temps continu, des études ont été établies pour
la récurrence des flots hyperboliques, nous mentionnons certains des travaux ef-
fectués: [10], [5], [6], [7] Pesin et Sadovskaya [41] ont développé I'analyse multi-
fractale des flots Axiom A conformes. L’outil principal est le formalisme thermo-
dynamique des flots hyperboliques par Bowen et Ruelle [13]. Des exemples dans
ce contexte comprennent flots d’Anosov et en particulier les flots géodésiques sur
des surfaces lisses compactes de courbure négative. Barreira et Saussol [9] ont
établi 'analyse multifractale des flots hyperboliques et des flots suspendus sur des
sous-shift de type fini. Ils ont prouvé que pour une mesure v dans I’état d’équilibre
d’un potentiel Holder, le temps de retour pour v-presque tout point y dans B(y, r)

—4+1 ot d est la dimension de Hausdorff de la mesure v.

se comporte comme r
Rousseau a étudié la récurrence de Poincaré pour les flots et I’'observation des flots
[44], ot le résultat établi a été appliqué a le flot géodésique sur une variété lisse de

courbure strictement négative. En définissant le temps de retour du flot
T.=inf{t > 1: g,(y) € B(y,€)},

11



INTRODUCTION

Soit g; un flot d’Anosov. Si v est un état d’équilibre d’un potentiel H 6lder, alors

pour v—presque tous les points y € M,

log 7 (y)

=d-—1.
—loge

Présentation du travail effectué

Dans ce travail, nous avons utilisé les propriétés de la théorie ergodique, de la
probabilité et de la géométrie. Les modeles pris en compte seront récurrents er-
godiques, ce qui garantit que les trajectoires visitent infiniment souvent n’importe
quel voisinage de n’importe quel point. Dans les trois premiers chapitres, nous
parlons du premier résultat obtenu, a savoir un article publié sous le titre ’ textit
Quantitative recurrence of some dynamical systems preserving an infinite measure
in dimension one’. Ensuite, dans les chapitres 5 et 6, nous parlons des résultats
de Z—extensions de flot Axiome A, qui sont les premiers résultats de ce type,
oll nous rencontrons un nouveau niveau de difficultés lorsqu’il s’agit des flots. Le
théoreme limite local avec la vitesse prouvée au chapitre 2 est suffisant pour traiter
les Z-extensions des flots Axiome A, du fait qu’elles sont visualisées comme des
Z—extensions des flots suspendus, mais la difficulté principale est de voir comment
réduire ’analyse du flot vers 'application de Poincaré.

Dans chapitre un, nous commencons par considérer le modele probabiliste jouet
concu pour donner une idée des résultats dans le cas général et pour mettre en
évidence la stratégie de nos preuves. Ce modele est donné par (Y, S,), ou S,
est la marche aléatoire simple symétrique sur Z et Y,, est une suite de variables
aléatoires indépendantes, avec une distribution uniforme sur (0,1)¢ et ou Y, et
S, sont indépendants. Le processus concerné dans ce modele traite du fait qu’il
existe une grande échelle ou nous définissons un temps de retour R, et une petite
échelle, ou nous définissons un temps de retour 7,. Nous étudions le comportement
asymptotique de R, et T,, a partir duquel nous prouvons la convergence ponctuelle
du taux de récurrence et le relions a la dimension du processus. Et apres nous

montrons la convergence en loi du temps de retour redimensionné.

Dans le deuxieme chapitre, nous avons montré un résultat concernant le théoreme

limite local avec la vitesse pour le sous-shift de type fini, ot nous donnons un terme
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INTRODUCTION

d’erreur plus précis pour tenir compte du cas unidimensionnel (Z-extension du
sous-shift de type fini). Tout d’abord, c’est local dans le sens ol nous examinons
la probabilité que S, = 0. Nous avions besoin de prouver un tel LTT, ot nous
examinions la probabilité conditionnée par le fait que nous partions d’un ensemble
A pour atterrir sur un ensemble B. Dans ce chapitre, nous avons commencé par
donner un bref apercu des outils théoriques spectraux dont nous aurons besoin.
Plus précisément, nous donnons une analyse spectrale de 1'opérateur de Perron-
Frobenius, qui sert a pr’eciser la vitesse de convergence du th’eoreme de la limite
locale.

Dans le troisieme chapitre, nous présentons un exemple classique de systemes
dynamiques préservant une mesure infinie qui est donnée par le Z—extension d'un
systeme dynamique préservant de probabilité. Etant donné un systeme dynamique
préservant de probabilité (X, B,v, T) et une fonction mesurable ¢ : X — Z, nous
construisons the Z-extension (X, B, u,T) de (X,B,v,T) en posant X := X X Z,
B:=BQPZ), p =v®Y 50 ct T(x,l) = (T'(z),l + ¢(x)). On muni X avec
la métrique de produit donée par dx((z,1),(z',1)) := max{dg(z,z),| | =1 |}.
Par conséquent T"(z,l) = (T"z,l + S,p(x)), ot S,p est la somme ergodique
Spp = Zz;é ¢ o T*. Donc, pour € assez petit,

T"(z,1) € B((x,1),¢) <= T"(x) € Bg(z,¢) and S,o(z) = 0.

Nos résultats principaux concernent le cas o1 (X, B, v, T) est un sous-shift mélangeant
de type fini (voir section 3 pour une définition précise), qui sont des systémes
dynamiques classiques utilisés pour modéliser une large classe de systemes dy-
namiques tels comme les flots géodésiques en courbure négative, etc.

Considérons (X, B, v, T) un sous-shift mélangeant de type fini et v une mesure de
Gibbs associée a un potentiel Holder continu. En plus, nous avons une fonction

holderienne continue v-centrée ¢. Ensuite, nous obtenons le résultat suivant:

Theorem 3.1.1

. logT.
lim
«—0 log €

— —2d, (0.0.1)

u-presque partout, ou d est la dimension de Hausdorff de v.

De plus, la convergence suivante tient en loi par rapport a toute mesure de
probabilité absolument continue par rapport a pu:

13
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Theorem 3.1.2 <
MBIV = 0.0.2)

e—0

ot & and N sont deux variables aléatoires indépendantes avec une distribution ez-
ponentielle de la moyenne 1 et de la distribution normale standard respectivement.
En gros, la stratégie de notre preuve est qu’il y a une grande échelle (correspon-
dant & S, ¢(z)) et une petite échelle (correspondant a T"(z) ), qui se comportent
indépendamment asymptotiquement. L’idée sera d’utiliser la méthode de pertur-
bation d’opérateur pour établir un théoreme de limite local précis afin d’établir les

résultats mentionnés ci-dessus.

Dans le quatrieme chapitre, nous introduisons toutes les notions nécessaires

et les résultats de la dynamique hyperbolique. Nous considérons une variété Rie-
mannienne M. Nous donnons la définition d’'un flot Axiom A et d’un ensemble
hyperbolique pour un flot. En particulier, nous considérons la section de Markov
construite par Bowen [11] et Ratner [42] pour un ensemble hyperbolique locale-
ment maximal.
Nous définissons donc la section Poincaré pour le flot g; noté par X, et la fonction
de hauteur R : X — (0,00) telle que R(z) = min{s > 0 : gz € X}. On donne
alors une notion de flot suspendu ¢ = {14 };cg sur une transformation 7' : X — X,
avec la fonction de hauteur R. Nous considérons 'espace

Xr={(z,s) e X xR:0<s<R(x)},

ou les points (z, R(x)) et (T'(z),0) sont identifiés pour chaque = € X.

Un autre point est de décrire comment une section de Markov pour un ensem-
ble hyperbolique donne lieu a une dynamique symbolique. Nous considérons un
ensemble Y4 avec l'application de décalage o (voir au section 4.4). Et ensuite
nous donnons une définition de la fonction de codage y : ¥4 — X. Et ainsi
de la méme maniere, nous définissons le flot suspendu symbolique & = {S;}ier
over ojy,. Nous introduisons une section définissant une mesure d’équilibre d’un
flot. En particulier, nous expliquons l'existence d’'une mesure d’équilibre unique
pour une fonction holderienne H pour le flot suspendu symbolique & = {S;}ier.
Dans la derniere section de ce chapitre, nous travaillons sur 1’établissement de
certaines propriétés sur les boules et le codage. Dans certaines conditions prises
sur les longueurs de courbes stables et instables, une boule donnée contient et est
contenue dans un cylindre. Cela sert a étudier le comportement asymptotique de

14
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notre temps de retour au cylindre et a le déduire ensuite du temps de retour a une
boule. Et pourtant, prouver la convergence presque stre au chapitre 5 (5.1.1) et

la convergence de la distribution au chapitre 6 (6.0.5).

Dans le chapitre 5, nous montrons la convergence ponctuelle du taux de récurrence
vers la dimension dans le cas d'un temps continu. Comme précédemment, nos
travaux concernent le cas ol la mesure est infinie. Plus précisément, nous con-
sidérons une variété Riemannienne M de dimension 3, muni d’une mesure o—finie
i, et (g¢)ier un flot sur M préservant la mesure ji. Nous définissons I' comme un
groupe infini d’isométries de M. Alors on suppose que M = M /T est une variété
compacte, et apres on définit un flot (g;)er sur M , (voir la section 5.1 pour une
description plus précise de cette Z—extension). Soit p la mesure définie sur M a
partir de la mesure i en passant par le quotient. Nous supposons que p est une
mesure d’équilibre pour g; et que (M, (g;);) est un flot Axiom A.

Nous nous intéressons au premier temps de retour du flot §; dans un e—voisinage
de son point de départ. Ainsi, pour tout € M, nous définissons le temps de

retour du flot g, par:
Te(z) :==1inf {t > 1: §:(x) € B(z,€)},

ou B(x, €) est la boule de centre = et rayon e. Comme dans les chapitres précédents,
nous souhaitons étudier le comportement asymptotique de 7. quand € — 0. Ainsi,
nous prouvons le résultat suivant:

Theorem 5.1.1 Soit (M,{§},, i) un flot satisfaisant d toutes les hypothéses ci-

dessus, pour [i- presque tous les points x € M,

10g\/?€_ h h

li = — 4+ —.
el—%—loge L“+Ls

Enfin, au chapitre 6, nous montrons la convergence en loi de Z-extension du

flot Axiom A. Soit § € M. Nous décrivons Pexistence d’une mesure 7, sur un
disque centré sur g, qui est transversal au flot et orthogonal a §. Nous I'appelons

mesure transversale au flot a . Nous prouvons le résultat suivant:

Theorem 6.0.5 La suite des variables aléatoires vy(B(., €))*7c(.) converge en
loi, par rapport a toute mesure de probabilité absolument continue par rapport a
i, quand e = 0 a U?low%, ou & et N sont des variables aléatoires indépendantes,
& ayant une distribution exponentielle de moyenne 1 et N ayant une distribution
Gaussienne standard.
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Introduction

The quantitative recurrence properties of dynamical systems preserving a proba-
bility measure have been studied by many authors since the work of Hirata [28],
Boshernitzan [14]. We mention the work of Callot and Glavez who were from
the originators of these recurrence ideas in [20]. Some properties are defined by
estimating the first return time of a dynamical system into a small neighbourhood
of its starting point. Results in this concern have been described in [46], let us
mention works in this situation [2, 48]. This question has been less investigated in
the context of dynamical systems preserving an infinite measure. In [15], Bressaud
and Zweimiiller have established first results of quantitative recurrence for piece-
wise affine maps of the interval with infinite measure. The case of Z2-extension of
mixing subshifts of finite type has been investigated in [38]. Results have been also
established for random walks on the line [39], for billiards in the plane [37] and for
null-recurrent Markov maps in [40], in addition to measure preserving transforma-

tions similar to Markov shifts in [50].

We consider conservative dynamical systems, that is dynamical systems for
which the conclusion of the Poincaré theorem is satisfied. Thus we know that
the system will return back close to its initial position. It’s natural to study the
successive visit times to a fixed set, in particular for a fixed point x and € > 0, we
will be interested in the first time the orbit comes back to the e-neighbourhood of
x. That’s what we call the first return time, and the main subject of this thesis
is to study the behavior of these return times as ¢ — 0. There have been a lot
of works which studied the behavior of return times, we mention for example [3],
8], [16], [18], [19], [18], [24],[29], [31], [35], [45], [47], [30]. The desired results are
of stochastic nature (almost everywhere convergence, convergence in distribution
with respect to any probability measure absolutely continuous with respect to the
infinite invariant measure, etc.). Results of this kind have been obtained in few
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cases by X. Bressaud, S. Galatolo, D.-H. Kim, K. Park, F. Pene, B. Saussol and

R. Zweimiiller.

A measure-preserving dynamical system is given by (X, B, i, T'), where:
e (X, B) is a measurable set,
e 4 is a finite or o-finite positive measure,

e T : X — X is a measurable transformation preserving the measure u (i.e.
w(T7A) = p(A), for every A € B).

We are interested in the case where p is o-finite. We assume that X is endowed
with some metric dx and that B contains the open balls B(z,7) of X. Our interest
is in the first time the orbit comes back close to its initial position. For every y € X,
we define the first return time 7. of the orbit of y in the ball B(y, ¢) as:

Te(y) :=inf{n > 1:T"(y) € B(y,e)} € NU {+o0}.

The goal of this thesis is to study the quantitative recurrence of dynamical systems
preserving an infinite measure. The main results of this thesis were established
by first considering a probabilistic toy model. We also proved these results in the
case of Z—extension of subshift of finite type. Moreover, we establish results in
the case of Z—extension of an Axiom A flow.

Some previous results on quantitative recurrence

As we have seen, our interest is to study the quantitative recurrence properties of
dynamical systems. The Poincaré Recurrence Theorem states that almost every
orbit in a dynamical system returns close to its starting point. A natural question
is: What is the time needed for an orbit of a dynamical system to return back to
the neighborhood of its starting point? There are many results which have been
established concerning the case where the measure is finite.

Existing results in quantitative recurrence properties in infinite measure are
few and recent. They are based on specific arguments which require a lot of things
to be carried out. Péne et Saussol [38] have addressed this question in some two-
dimensional extended process, where they have studied the quantitative behavior
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of return times and relate it to the dimension of the process. They established
their main result in the case of Z?—extension of subshift of finite type. If 7. defines
this first return time, d being the Hausdorff dimension of the measure v, they have
proved that

Moreover, they proved that the sequence of random variables v(B,(.)) log 7.(.) con-
verges in distribution as € — 0 to a random variable with distribution function of
density t — %I(O,Jroo) (1).

There is a recent work for Rechberger and Zweimiiller [43] where they studied
the convergence of return and hitting-time distributions of small sets when the
measure of these sets goes to 0 in recurrent ergodic dynamical systems preserving
an infinite measure.

Concerning the case in continuous time, studies have been established for the
recurrence of hyperbolic flows, we mention some of the works done: [10], [5], [6],
[7]. Pesin and Sadovskaya [41] developed the multifractal analysis of conformal
Axiom A flows, The main tool is the thermodynamic formalism for hyperbolic
flows by Bowen and Ruelle [13]. Examples in this concern include Anosov flows
and in particular geodesic flows on compact smooth surfaces of negative curvature.
Barreira and Saussol [9] have established the multifractal analysis of hyperbolic
flows and of suspension flows over subshifts of finite type. They have proved that
for a measure v in the equilibrium state of a Holder potential, the return time
for v-almost very point y in B(y,r) behaves like 7~ where d is the Hausdorff
dimension of the measure v.

Rousseau has studied Poincaré recurrence for flows and observation of flows [44],
where the result established have been applied to the geodesic flow on smooth
manifold of strictly negative curvature. Defining the return time of the flow

T.=inf{t > 1: g,(y) € B(y,¢€)},

Let g; be an Anosov flow. If v is an equilibrium state of an Holder potential. Then
for v— almost every point y € M,

log 7e(y)

=d—1.
—loge
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Presentation of the work done

In this work, we used properties of the ergodic theory, of probability and of geom-
etry. The models taken in consideration will be recurrent ergodic, which ensures
that trajectories visit infinitely often any neighbourhood of any point. In the first
three chapters, we talk about the first result obtained which is a paper published
under the title "Quantitative recurrence of some dynamical systems preserving an
infinite measure in dimension one’. Then, in chapters 5 and 6, we talk about
the results on Z—extensions of Axiom A flow, which are the first results of this
type, where we encounter a new level of difficulties when dealing with the flows.
The local limit theorem with speed proved in chapter 2 is enough to deal with
Z-extensions of Axiom A flows as well due to viewing them as Z—extensions of
suspension flows, but the main difficulty is to see how to reduce the analysis of the

flow to the Poincaré map.

In chapter one, we start by considering the toy probabilistic model designed
to give the hint of the results in the general case and to clarify the strategy of
our proofs. This model is given by (Y,,S,), where S, is the simple symmetric
walk on Z and Y, is a sequence of independent random variables, with uniform
distribution on (0,1)? and where Y,, and S,, are independent. The process involved
in this model deals with the fact that there is a large scale where we define a re-
turn time R, and a small scale, where we define a return time 7.. We study the
asymptotic behavior of R, and T, from which we prove the pointwise convergence
of the recurrence rate and relate it to the dimension of the process. We prove then
the convergence in distribution of the rescaled return time.

In the second chapter, we showed a result concerning the local limit theorem
with speed for subshift of finite type, where we give a more precise error term
to accommodate the one-dimensional case (Z-extension of subshift of finite type).
First it is local in the sense we are looking at the probability that S, = 0. We
needed to prove such an LLT, where we were looking at the probability condi-
tioned to the fact that we are starting from a set A and landing on a set B. In this
chapter, we started by giving a brief overview of the spectral theory tools we will
need. More precisely, we give a spectral analysis of the Perron-Frobenius operator,

which serves in precising the speed of convergence in the local limit theorem.
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In the third chapter, we present a classical example of dynamical systems pre-
serving an infinite measure which is given by the Z—extension of a probability-
preserving dynamical systems. Given a probability-preserving dynamical system
(X,B,v,T) and a measurable function ¢ : X — Z, we construct the Z-extension
(X, B, 1, T) of (X,B,v,T) by setting X := X XZ, B:= BP(Z), p:=v®Y ., 0
and T(z,1) = (T(x),l + ¢(x)). We endow X with the product metric given by
dx((z,0), (2, 1) :== max{dg(z,2'),| | = ' |}. Hence T"(x,1) = (T"x,1 + S,p(z)),

n—

where S, is the ergodic sum S,p = Zk:(l) @ o T*. Therefore, for ¢ small enough,
T"(z,1) € B((x,1),¢) <= T"(x) € Bg(z,¢) and S,o(z) = 0.

Our main results concern the case when (X, B, v, T) is a mixing subshift of finite
type (see Section 3 for precise definition), which are classical dynamical systems
used to model a wide class of dynamical systems such as geodesic flows in negative
curvature, etc.

Consider (X, B,v,T) a mixing subshift of finite type and v a Gibbs measure as-
sociated to a Holder continuous potential. Moreover we have a v-centered Holder

continuous function ¢. Then we get the following result:

Theorem 3.1.1
log 7.

lim

= —-2d 0.
—0 loge ’ (0.0.3)

p-almost everywhere, where d is the Hausdorff dimension of v.

Moreover the following convergence holds in distribution with respect to any
probability measure absolutely continuous with respect to pu:

Theorem 3.1.2 c
w(B(.,€)v/T(.) 3 m, (0.0.4)

where € and N are two independent random variables with respective exponential
distribution of mean 1 and standard normal distribution.

Roughly speaking the strategy of our proof is that there is a large scale (corre-
sponding to S,¢(z)) and a small scale (corresponding to T"(x)), which behave
independently asymptotically. The idea will be to use the operator perturbation
method to establish a precised local limit theorem in order to establish the above

mentioned results.
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In the fourth chapter, we introduce all the necessary notions and results from

hyperbolic dynamics. We consider a Riemannian manifold M. We give the def-
inition of an Axiom A flow and of a hyperbolic set for a flow. In particular, we
consider the Markov section constructed by Bowen [11] and Ratner [42] for a lo-
cally maximal hyperbolic set.
Thus we define the Poincaré section for the flow g; denoted by X, and the height
function R : X — (0, 00) such that R(x) = min{s > 0: g;x € X}. Then we give a
notion of a suspension flow ¢ = {1 };cr over a transformation map 7' : X — X,
with height function R. We consider the space

Xp={(z,5) € X xR:0<s< R(x)},

where the points (z, R(z)) and (T'(x),0) are identified for each x € X.

Another point is to describe how a Markov section for a hyperbolic set gives rise
to a symbolic dynamics. We consider a set ¥4 together with the shift map o
(see Section 4.4). And then we give a definition of the coding map y : ¥4 — X.
And thus in the same way we define the symbolic suspension flow S = {S;}ier
over ojx,. We introduce a section defining an equilibrium measure of a flow. In
particular, we explain the existence of a unique equilibrium measure for an Holder
function H for the symbolic suspension flow S = {S;}icr. In the last section of
this chapter, we work on establishing some properties on balls and coding. Under
some conditions taken on the lengths of stable and unstable curves, a given ball
contains and is contained in a cylinder. This serves in studying the asymptotic
behavior of our return time to a cylinder and then deducing it for the return time
to a ball. And yet proving the almost sure convergence result in Chapter 5 (5.1.1),

and the convergence in distribution in chapter 6 (6.0.5).

In chapter 5, we prove the pointwise convergence of the recurrence rate to
the dimension in the case of a continuous time. As previously, our work concern
the case where the measure is infinite. More precisely, we consider a Riemannian
manifold M of dimension 3, endowed with a o—finite measure ji, and (g, )icr a flow
on M preserving the measure i. We set I' to be an infinite group of isometries
of M. Then we suppose that M = M /T is a compact manifold, and later we
define a flow (g;)ier on M, (see section 5.1 for more precise description of this
Z—extension). Let pu be the measure defined on M from the measure fi by passing
through the quotient. We assume that g is an equilibrium measure for ¢, and
that (M, (g¢)¢) is an Axiom A flow.
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We are interested in the first return time the flow g; returns to an e—neighborhood
of its starting point. Thus for any z € M, we define the return time of the flow
gta by

Te(x) :=1inf {t > 1: §i(x) € B(x,€)},

where B(z, €) is the ball of center 2 and radius €. As in the preceding chapters, we
want to study the asymptotic behavior of 7. as ¢ — 0. Thus we prove the following
result:

Theorem 5.1.1 Let (M, {§}:, i) be a flow satisfying all the hypotheses above,
for fi-almost every point x € M,

. log /T h h
1 = — 4+ —.
20 —loge Lv T Ls

Finally, in Chapter 6, we prove the convergence in distribution for Z—extension
of Axiom A flow. Let § € M. We describe the existence of a measure 7, on a disk
centered at g, which is transversal to the flow, and orthogonal to it at y. We call
it measure transversal to the flow at y. We prove the following result:

Theorem 6.0.1 The sequence of random variables vy(B(.,€))*7c(.) converges
i distribution, with respect to any probability measure absolutely continuous with
respect to 1, as € = 0 to a]%lowﬁ%, where £ and N are independent random vari-
ables, € having an exponential distribution of mean 1 and N having a standard
Gaussian distribution.
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Chapter 1

Recurrence in a Probabilistic Toy
Model

In this chapter, we consider a toy probabilistic model to clarify the strategy of our
proofs. The process involved in this model deals with the fact that there’s a large
scale where we define a return time R,,, and a small scale where we define a return
time T,. We study the asymptotic behavior of R, and 7., from which we prove
the pointwise convergence of the recurrence rate and relate it to the dimension of
the process. In the third section we prove the convergence in distribution of the

rescaled return time.

Let d € N. Given a real random process (M,,),>o with values in Rx]0, 1[4~
we define for every € > 0, the return time 7. in the open ball B(Mj, €) of radius €
centered at M (for some metric associated to a norm | - | on R?) as follows:

Te = inf{n > 1: |M, — M| < €}

Observe that 7, corresponds to the first return time of (M,,),, in the e-neighborhood
B(Moy, €) of the initial value M.

1.1 Description of the model and statements of

the results.

Here the random process (M,,),>0 is given by M,, = (S,,0)+Y,, where (S, ),>0 and
(Y)n>o are independent. (Y},),>0 is a sequence of independent random variables
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1.1. DESCRIPTION OF THE MODEL AND STATEMENTS OF THE
RESULTS.

uniformly distributed on (0,1)? and (S,,),>0 is the simple symmetric random walk
on Z.

The simple random walk (S,,),>0 is given by Sy =0, S, = > _,_, X and (Xg); is
a sequence of independent random variables such that:

P(X; = 1) = P(X; = —1) = 1/2.

See the following figure representing the random process, considering the case
where d = 2 for example.

0—cell

% : Random process (M )n>0

@ : B(Mpy,€)

We want to study the asymptotic behavior, as € goes to 0, of the return time
of (M,)n>0 in the e-neighborhood B(Mjy, €) of the initial value M,. We will prove
the following results:

log 7¢
—loge

Theorem 1.1.1. Almost surely, converges to 2d as € goes to 0.

Observe that there exists ¢ > 0 such that for every z € (0,1)%, Leb(B(z,€)) <
ce? and Leb(B(z,€)) = ce for € small enough, where c is the Lebesgue measure of
the unit ball of R%. For this constant ¢ > 0, we have the following result:

Theorem 1.1.2. The sequence of random variables ((ce?)\/T,)c converges in dis-
tribution to ‘EW', where £ and N are two independent random variables , £ having
an exponential distribution of mean 1 and N having a standard Gaussian distri-
bution.
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

1.2 Proof of the pointwise convergence of the re-

currence rate to the dimension.
We suppose that the initial point My is in (0,1)¢. Let € > 0 so small that B(Mj, €)
is contained in (0,1)%, then Leb(B(x,¢)) = ce?.

Definition. Setting Ry = 0, let us first define By = min{m > 1: 5, = 0}. We
then define by induction, for any p > 0 the p' return time R, of (M,,),>0 in (0, 1)%,
by

Ry1:==inf{m >R, : S, =0}.

Definition. We define the return time 7, of the sequence of random variables
(YR, )n>0 in the e—neighborhood B(Yjy, €), by:

T, :=min{l > 1:Yg, € B(Yy,¢€)}.
Thus, we have the following relation
7. = Ry, (1.2.1)

We will study the asymptotic behavior of the random variables R,, and 7. and use
the relation (1.2.1) to prove Theorem 1.1.1.

1.2.1 Behavior of the random variable R,,.

Lemma 1.2.1. )7 P(Sy, = 0)s*" = \/11_? and P(Sg, = 0) ~ \/%

Proof. Recall that (X;); is a sequence of independent random variables such that
P(X; =1) =P(X; = —1) = 1/2. Note that @ is equal to 1 if X; = 1, and is
equal to 0 if X; = —1. Hence % is a random variable of Bernoulli distribution
of parameter 3.

And, the random variable B,,, which is given by:

anz(Xi—f—l) Sn+n.

2 2

i=1
1
2

P(Sop = 0) = P(Byy = n)

- (s) (2)
(2n)!

nln!

has a binomial distribution B(n, 3). Hence,

_ 2—2n
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

Using the Stirling formula, we have n! ~ v/2rnn"e™", thus we get

2n 1

(\/%n"e*”)2 o

P(Sgn = 0) ~ 272"/ 4n2"e 2"
And in turn, Vs € [0, 1], we get

27271 2 | 2n 1
> P(S5, =0)s7" = @r)ls™ _

n>0 n>0

[]

For all k > 0, we observe that the sequence (Sogim — Sok)m>1 has the same

distribution as (S;,)m>1. We have the following proposition:

PrOpOSition 1.2.2. N Th€7€ €xi8t8 C > 0 SUCh that
S) ~ as s o . 2
! \/_8’
Proof.

1 = ZP(Sk = 0,541 # 0,542 #0,...,5, #0)
k=0
= ZP(Sk = 0)P(Sks1 — Sk # 0,842 — Sk #0,...,8, — S #0)
k=0
= D P(Si=0)P(Si #0,.... Sy #0)
k=0

= Xn:IP(Sk = 0)P(R, > n — k).

Then, for all 0 < s < 1, we have

] i .= ZS” = <Z P(Sy = 0)sk> (Z P(R; > m)sm>

n>0 k>0 m>0

therefore, due to Lemma 1.2.1

1 1+ s V2
P(Ry > m)s™ = V1—s2= — )
mz;o (Fx ) 1—s 1—5s51- /1 —3s
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

Hence, using the Tauberian Theorem [23], and since m +— P(R; > m) is decreasing,

V2 o1

—= asn — Q.

D(1/2) v

we get

]P)(Rl > n) ~

]

We observe that R, is the p—th return time of the random walk 5, to the
origin, thus we have the following proposition

Proposition 1.2.3. The delays between successive return times R, — R,_1, are
independent and identically distributed. For all s > 0, we have

P(R,— Ry_1 >s)=P(R, >s), Vs>0.

Proof. 1t’s enough to prove that for every n > 1, Viy,ls,...,1, > 0, the following
property holds:

P(Ry=1li,....Ry — Roy =1,) = [[P(R1 = 1)

=1

We will prove this property by induction. Thus we start by considering the case
n = 1 which is trivial, because Vi; > 0, we have:

1

P(Ry = 1) = [[P(R: = 1).

=1

Let n > 1, assume that the property is true for n, and let us prove that it is true
for n 41,

]P(Rl = ll, R2 - R1 = lg, cey Rn+1 — Rn = ln—f—l) is equal to (123)

IED( Sl #07"'7‘9[171 #07311 :01
Sl1+1 7£ 07 i} Sl1+l2—1 7£ 07 Sll-i-lg = 0) e
Sl1+...+ln71+1 % 07 L) Sll+~~+ln71 7& 07 Sll+~~.ln—1+ln = 07
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

Now using the independence of (S1, ..., Si, 4. 41,,) and (St 41,41 St 4l s St tlnsr —
Sii+..+1, ), the later formula (1.2.4) is equal to

]P( Sl %0,...,5{1_1 #O,Sll :O7
Sl1+1 7& 07 sy Sll—‘rlg—l 7é 07 Sl1+l2 = 07 e
Sll+...+ln,1+1 7£ 07 sy Sl1+...+ln—1 7’é 0; Sll+...ln,1+ln = 0)

XP( Stitotlnt1 = Sttt 7 05 ey Sttty — Sttty = 0)- (1.2.5)

Using the recurrence hypothesis, the first probability in (1.2.5) is equal to [ [}, P(R;, =
l;). And since (S, 4. 11,41 — Shtotins - Stitotings — St4...41,) has the same
distribution as (Si, ..., Sy, +1), the the second probability in (1.2.5) is equal to
P(Ry = l,+1). Hence we obtain that the probability in (1.2.3) is equal to

n+1
[[P@®: =1).
i=1
It follows that Ry, Ry — Ry, .... , R, — R,_1 are independent and identically

distributed. And consequently, we get, Vs > 0

P(R, — Ry_1 > s) =P(R; > s), Vp > 0.

Remark 1.2.4. Let a; > 0, and p < 1, we have:

S < (iag)?

i=1 i=1
Considering the process in the large scale, we start by studying the asymptotic

behavior of the random variable R,,, which is illustrated in the following lemma:

log v Rn,

: converges to 1 as n goes to oo.
ogn

Lemma 1.2.5. Almost surely,

Proof. Tt suffices to prove that for any 0 < o < 1, provided n is sufficiently large,
the following inequalities hold almost surely:

n'~* < VR, <n'te (1.2.6)
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

Let « € (0,1), observe that whenever /R,, < n'~* wehaveVp <n, /R, — R,_1 <

n'~. Then by independence and using proposition 1.2.3, we have
P(VR, <n'™) < P(Vp<n, VER,— Ry < n'~®)
< P(vRy <n'm)m

According to the asymptotic formula given in Proposition 1.2.2 there exists C' > 0
such that, for every n large enough

P(VR <n'™)" < (1 - 25&) < exp (—O%a).
Thus the first inequality of (1.2.6) follows from the Borel Cantelli lemma, since
anlﬂ”(\/R_n <n'7) <37 . exp (—C%) < +o0.
Using again Proposition 1.2.2, there exists C' > 0 such that we have P (Rf}“ > s) <

¢ ¢

\/s2+e 81+% :
/

_1 o0 1 o
E(Rf“’"):/ P(Rf+2a>s)ds§1+/ - <0
0 1 S +Oé
Note that the random variables R,, can be written as follows

R, = Ri+Ry—Ri+....+R,— R
= U1+U2++Un

i=1

where U; = R; — R;_; and due to Proposition 1.2.3, (U;); are i.id. Now using the
Remark 1.2.4, applied with p =

And hence we get

1
3420 We get

R, = ZUi

1 1
but £ 3"  U*** converges almost surely to E Rf““), which is finite, from

which we get that R, = O(n?t?*) almost surely. From this we get the second
inequality of (1.2.6). O
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1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

1.2.2 Behavior of the random variable 7.

In this section, we consider the process in the small scale. Thus we study the
asymptotic behavior of T,, and we prove the following lemma

log T

- —d, as e — 0
oge

Lemma 1.2.6. Almost surely,

Proof. Given Y, the random variable 7, has a geometric distribution with param-
eter A\ := A(B(Yp, €)).

For any a € (0, 1), a simple decomposition gives:

log T, log T, log T,
p(|282 sa) = P[22 _g<-aor 2 _dsa
—loge — log(e) log e

—d

P(
= P (logT < log (€) or log T, > log (e~ *"*))
P(T. > (e ) +B(T. < ().

The first term is handled by the Markov inequality :

E(T. | Yo)
Ted—a

(/\E)—l Ed

(e

6 —
e—d—a /\e’

P(T. > (%) | Yo)

IN

IN

knowing that for e small enough, )\, = ce? as soon as d(Yp, (]0, 1[¢)) > €

P(T. > (¢77)|Y0)

IN -+
E = &

[P(T. > (€7°) | Yo)lps, —eety]
P(T. > (e77%) | Yo)1{a secty]

(T.
604
— X1 B [1X Law ag0.11)<a)]

+P(d(Y5,0(10,1[%)) <€)

IN

IN
|
+
o
o

= O(e") ( since a < 1).

log T, < (d—a)log (e7!) or logT. > (d + a)log (e~

1))



1.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION.

While the second term is handled using the geometric distribution:

ech»a

P(T, <e™) = Y P(T.=i)

1—(1—=X)"

1—(1—\)

1—(1=Xx) ™

1—(1—cet)s ™™

1 — exple " log(1 — ce?)]
e og(1 — ce?)

O(e%).

Ac

IN AN IA

log Te . d

Moreover, we get that P ( —Toge

> a) =0(e"), as € = 0.

—2 . . .
Let us set €, :=n= . Since T, is monotone in €, we get

S (|2

n>1

log T,
—loge,

d‘ >a) < +00.

log T,

; — d as
—logen

Then, using the Borel Cantelli Lemma, we have almost surely
n — +00.

We have lim ¢, =0 and lim - =1, thus (¢,),>1 is a decreasing sequence of
n—-+o0o n*)+oo€n+l =

real numbers. Now, given € > 0, note that if n is such that €,,1 < e <¢,, we get

log T, < log T, < logT,, .
—loge,1 = —loge = —loge,

(1.2.7)

Moreover,

108 €n41 _ log <en+1> + log e, o
log e, log €n '

The right hand side of (1.2.7) is equal to PeTenir o logenss el goes to d x 1

—logent1 log en,

as n goes to oo.
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And the left hand side of (1.2.7) is equal to IOfTE" X llog < which goes to d x 1 as
0g €n, 0og €n

n goes to 00.

]

Proof of Theorem 1.1.1. The proof of the theorem directly follows using the two

previous lemmas 1.2.5 and 1.2.6, since:

log /7. log+/Rr. logT.
o8 VTe 08 T. 08 —1xd=d as.
—loge log7T, —loge

Hence, we get:

log 7.
OB T —2dase— 0 a.s.

—loge
m

1.3 Proof of the convergence in distribution of

the rescaled return time.

Lemma 1.3.1. The moment generating function of IN|72 is E [e—tWI*Q] = e V2

vVt > 0, where N is standard Gaussian random variable.

Proof. Let t >0, we set G(t) = H(t?), where H(t) is defined as follows

22

H(D) :]E[e*tW"Q] :/e—.fze  dz
R

Then G(t) and G’ (t) have the following formulas:

2

too o 5 9 [t 2 o
G(t) = 2/ LI MINR'C I Y N
0 2m T Jo

and

—2\/_ too ¢ +2 _~2

G’ (t) —e_*2 dz.

Making a change of variable y = % in G'(t), we get

—2¢/2 Foo y2 22 [ —\/2
G'(t) = — ez e v d
) m ( /0 2" " v )"
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from which we get that G(t) = ae~V?, where a is a constant, but G(0) = 1 so
a = 1. Therefore, we end up by

G(t) =e vV and H(t) = G(Vt) = e V%
0

Proposition 1.3.2. The sequence of random variables (%)n converges in distri-
bution to [N'|72 where N is a standard Gaussian random variable.

The proof of Proposition is below. We have the following lemma:
Lemma 1.3.3. For all s > 0, we have E [s™] =1 — /1 — 52,

Proof. Let n > 1
If we have Ss, = 0, we consider the last visit time 2k to position zero before 2n.

n—1

{Son =0} = | [{Sox = 0,¥m =1, ...2n — 2k = 1, Sy # 0, Sop = 0},
k=0
thus calculating the probabilities of these quantities, we get

n—1
P(S9, =0) = ]P’(S%:o,vme {1,....2n — 2k — 1},
k=0
Sokym — Sok 7 0, Sopg(2n—2k) — Sor = 0)
n—1
= > P(Sy = 0)P(¥m € {1,....2n — 2k — 1}, S, # 0, Sp_ot = 0)
k=0

n—1
= ) P(Sar = 0)P(R, = 2n — 2k),
k=0

where we use the independence of Sy, and of (Sagy1 — Sok, ..., Son — Sa) and the
fact that (Soxi+1 — Sk, ..., Son — S2x) has the same distribution as (51, ..., San—2k)-
Let us set ag, = P(Ss, = 0) and by, = P(R; = 2n). Observing that by = P(R; =
0) = 0, we have the following

<ZO a2n82n> (;meSmﬂ) = (; a2n32n> <Z>O b2m82m>
= Z ZP(S% = 0)P(Ry = 2(n — k))s™

n>0 k=0
= g P(S,, = 0)s*" = E Aon 8"
n>1 n>1
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Hence, for all s > 0 we deduce

E(s™) = Zbgns%

_ ns0 P(S2n = 0)57" — 1
n>0 P(Sgn = 0)3271
L1
= Y= 1 VI- s
1—s2

Proof of Proposition 1.3. Knowing that Ry, (Ry — Ry), ..., (R, — R,_1) are ii.d.,
and using Lemma 1.3.3, we have

E[e_n%R"] B E[e—;—2(R1+(R2—R1)+...+(Rn—Rn—1))]

= (E[e =)
— <1— 1—6—%%), V¢ > 0.

Hence Vt > 0, and due to Lemma 1.3.1, we have lim,,_,. & [e_n%R"] = lim,, o[l —

V2in — o=V2 — R[N which proves that (£2),, converges in distribution to

N2, O

Lemma 1.3.4. (A\T.). converges in distribution to an exponential random variable
E of mean 1, (that is P(E <t)=1—e" for every t > 0).

Proof. Given Yy, T, has a geometric distribution of parameter A\. = A(B(Yp,€)),
thus

Ve>1, P(T.=k)=A\(1—-X)"
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Let t > 0, we have

L]

POAT. <t|Yy) = > P(T.=n|Yp)
)

= Ac(1 =2 )"

but i — oo as € — 0. Thus,

n

—

=}

Q

@
—
A

2

|H—

» and log(l — A) ~ A, we get
hn% { J log(1 — A\;) = t almost surely. Hence, for £ a random variable which
follows exp(1), we get

vVt > 0, 11_{% POAT. <t|Yy)=1—-e"=PE<LHt), as,

which holds also for t = 0. Therefore, using the Lebesgue Dominated Convergence
Theorem:

Vi20, PO <t)=EP\T <t]Yy)] —PE<1).
O

Proof of Theorem 1.1.2. Due to Proposition 1.3 and Lemma 1.3.4, we have that
(R") and (A\.T.). converge in distribution to |[N'|72? and £ respectively.

€ T
€ — 0, to (&, |N|72), where £ and N are assumed to be as above and independent.
Let s > 0 and t € R, we have

Let us prove that the family of couples ()\ T, ) converges in distribution, as
e>0

Rr.
P (AETE > .0

€

Z IP’( —n, R_ > t) P(T, = n)P(N|2 > #)
= ZIP(TE =n) <IP> (% > t) ~P(N| % > t))

= E Z Ae(1 =)™t (IP (% > t) —P(N| 7 > t))
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Hence, [P(A\T, > 5,2 > t) — (AT, > s)P(N|2 > )] < sup [P(& > t) —

Te
n>c%d
P(JN]72 > t)] which goes to 0 as € — 0, due to Proposition 1.3. Moreover, we
have P(AT, > s) — P(€ > s) as € — 0, hence we get

Ry
lim P (/\ETE > 5, —e > t) —P(E > s, N2 >t)=0.
e—0 ’_TE

RTEQ
2
) T

Now, if s <0, we have P(A.T. > 0
following series of equalities:

>t) —P(€ > 0,|JN|72 > t) is equal to the

P (@ > t) ~P(N|2>t) = E _Z (1= A)" P (% > t) —P(IN |72 > t)]

T2
€ Ln>1

= E Z (1= X))t (]P’ <% > t) — PN |72 > t))] .

Ln>1

Let a > 0 and ng € N be such that Vn > ng, we have |P (£ > t) — P(IN|72 >

t)‘ < a. Then, we get

T2

€

R "0
‘IP’ (AJ; >0, 2= > t) —P(E>0,|N|?> t)' < E{era — )"
n=1

+ 3 A1 - Ae)”_l(a)}

n>ng

< E[Ang + a] < ceng + a.

Hence, for all o > 0

lim su
e—0 P T2

€

R
IP(/\ET€>0, L. >t) —P(E > 0,|N|? >t)’ < a.

Thus, we conclude that:

T?

€

R
lin% P (/\eTE >0, = > t) —P(E>0,N2>1t)=0.
€E—>

And by this, we proved that:

€ €

R 1st. _
(u; i) Bt 2 IAY) (1.3.1)
T e>0 —0
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Now, using the relation 7. = Ry, we get

d\ 2 d\ 2
d\2 ce 2 ce 22 B,
ce )T, = NRp = NTA—=
tpn = (50) e = (5 ) 12
and since (r,y) — 2y is continuous and using the convergence in distribution in
(1.3.1), we get

R iSt.
/\foT—Y; UL eIN2, ase— 0.

2
d .
Moreover, we have (<— converges almost surely to 1, hence usin ShltZky’S
) e )

Lemma, we deduce that

(ce)?r. ™ EIN| 2, ase— 0.
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Chapter 2

Local Limit Theorem with speed
for subshift of finite type

Let us fix a finite set A (#A > 2) called the alphabet. Let us consider a matrix
M indexed by A x A with 0-1 entries. We suppose that there exists a positive
integer ng such that each entry of M™ is non zero. We define the set of the allowed

sequences X as follows
Y= {w = (Wp)nez € A :¥n € Z, M (W, wyy1) = 1}
We endow X with the metric d given by
dw,w') == e™,
where m is the greatest integer such that w; = w; whenever |i| < m.
We define the shift 6 : ¥ — ¥ by 0((wp)nez) = (Wnt1)nez.

Definition. Let ¢, ¢ be two positive integers, and a_g, ...Qg, ...aq be a finite symbol
sequence. We define a (¢, ¢ )-cylinder by

Ca,q,aq, ={(Wn)nez EX 1 w_g =a_g, ..., wy =ay}.
We will denote a (g, ¢ )—cylinder containing a point = € ¥ by C,q (7).

Proposition 2.0.5. Let v be a Gibbs measure associated to a Hélder continuous
potential h. There exists K¢ > 1 such that for every C, (q,q')—cylmder, for

we have
1 W)
K — exp ( Zl:_q o T’%m))

every x € C, ,

< Kg. (2.0.1)
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2.1. SPECTRAL ANALYSIS OF THE PERRON-FROBENIUS OPERATOR.

In all what follows in this chapter and the chapter that follows, v will be a

Gibbs measure associated to a Holder potential h.

Definition. For any Holder function f : ¥ — R, such that [ fdv = 0, we define
its ergodic sum by

n—1
Suf =D _fod
1=0
Definition. Let us denote by O'ch the asymptotic variance of a function f:

1
02 = lim —E[(S, )]

n—oon,

Note that this limit is well defined when f is Holder and it’s given by aj% Y ez E(f.fo
0%). Moreover, let 0']2c the asymptotic variance of f under the measure v. Recall
that a]% vanishes if and only if f is cohomologous to a constant. This is true for
every Holder function f, and in this case v is the unique measure of maximal
entropy.

Let us consider a Holder continuous function ¢ : ¥ — Z, such that [ odv = 0. We
can easily prove that there exists a positive integer mg such that the function ¢ is
constant on each mg-cylinders.

Definition. We say that ¢ is non-arithmetic if for any u € [—m; 7] the only
solutions (), g), with A € C and g : ¥ — C measurable with |g| = 1, of the

functional equation
goog = Ae™? (2.0.2)

is the trivial one A =1, v = 0 and g = const.

From now on, we assume that ¢ is non-arithmetic. In particular, ‘7920 # 0. This
will be discussed in Chapter 3, where we study the case of Z—extension of subshift
of finite type.

2.1 Spectral Analysis of the Perron-Frobenius

operator.
We define the one-sided shift
3= {w := (Wn)nen € AV : ¥n € N, M (w,, wpyy) = 1}.
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2.1. SPECTRAL ANALYSIS OF THE PERRON-FROBENIUS OPERATOR.

As we did for ¥, we endow ¥ with the metric d defined by

!/

with #((Wn a0, (W, )ns0) = inf{m > 0 : w,, # w, }. Moreover, the shift 0 is the
restriction on 3 of the one-sided shift defined by

é((wn)nzo) = (Wnt1)n>0-

Remark 2.1.1. For any Holder function f defined on 3, f : & — R, such that
f fdl? = 0, we denote its ergodic sum by

—_

gnf: foél

l

Il
=)

Let us define the canonical projection II : ¥ — 3 defined by I((wp)pez) =
(wWn)nso- Let © be the image probability measure (on %) of v by II. Let w € X.
Since ¢ is constant on the my-cylinder, ¢ o §™°w depends only on Ilw, then there
exists a function v : ) — Z such that Yoll =pofh™.

Let us denote by P : L?() — L*() the Perron-Frobenius operator such that:

Vf.9 € L0), [ Pralga)dr(e) = [ fla)goi(a)dila)

Let  €]0; 1[. Let us denote by B the set of bounded n-Hélder continuous function
g: 3 — C endowed with the usual Holder norm :

x
lolle = gl + supt =22
oty d(z,y)"
We denote by B* the topological dual of B. For all u € R, we consider the operator
P, defined on (B, ||.||5) by :

Pu(f) = P(e™f).

Note that the hypothesis of non-arithmeticity of ¢ is equivalent to the following
one on ¢: for any u € [—m; w|\{0}, the operator P, has no eigenvalue on the unit
circle.

We will use the method introduced by Nagaev in [33][34], adapted by Guivarc’h
and Hardy [25] and extended by Hennion and Hervé in [27]. It is based on the
family of operators (P,), and their spectral properties expressed in the two next
propositions.
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2.1. SPECTRAL ANALYSIS OF THE PERRON-FROBENIUS OPERATOR.

Proposition 2.1.2. (Uniform Contraction). For all 5 > 0, there exist o € (0;1)
and C > 0 such that, for all u € [—m;w|\[—B; ] and all integers n > 0, for all
f € B, we have:

12 (Plls < Ca”[|flls- (2.1.1)

This proposition follows from the fact the the spectral radius is smaller than
1 for u # 0, thanks to Lemma 4.3 in [1]. In addition, since P is a quasicompact

operator on B and since u — P, is a regular perturbation of Py = P, we have:

Proposition 2.1.3. (Perturbation Result). There exist « > 0,5 > 0,C > 0,¢; >
0,0 €]0;1[ such that: there exists u — M\, belonging to C*([—3; 8] — C), there
exists u — v, belonging to C3([—B; 8] — B), there exists u — ¢, belonging to
C3([-B; B8] — B*) such that, for all u € [—3; 8], for all f € B and for all n > 0,
we have the decomposition:

Py(f) = Audu(f)vu + Ny (f),

and the following properties

1IN (H)ls < Can|[f]ls,
2. |\ < e~ and cu? < J?OU2,

2

3. with initial values : vg = 1,9y = 1, )\;:0 =0 and )\;/L:o = —o,,.

Lemma 2.1.4. There exists C,, > 0 such that, for every non-negative integers
q,q , such that ¢ > my and ¢ < k, and for every (q+ ¢ )-cylinder A of S, we have:

Vu € [—m, 7], [|[PYPU1;00m)||5 < Cair(A) (2.1.2)
Proof.
PIPI(1;00™)(y) = PIPI™(14)(y)
= PU(MHIPI(1) ()
= Y SO (prma( ) (2)

z:éq/ 2=y
- Z 65"*7”0h(w)1A(w)eSq/ hot97m0 (w) ius s pobt™™0 (w)

~ ’
w:09TT —Moyw=y

- Yo e ()l Sy vor o)

~ !
w:09T4 —Moyw=y
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Thus,

PY PI(1406™)(y) = Lga-mo 4 ()€ atd’ —mo () sy volTmO ()

where w, is the element of A such that é‘”q/_mowy =y.
We first compute the following norm ||.||s using Proposition 2.0.5, with the nota-

tion K¢ introduced therein, we have:

1PT P15 00™)l < 1P (150 0™)|loe = [IP™ "™ (14|00

< sup Satd —mo" W)
zes
s ,h(wz)fzqﬂ,*l hob* (ws)
= supe M k=q+q’ —mq
zes
< sup e ard "We) gmollhlloc
ey

< emloH‘”KGD(A).
Setting cq := e™ M= K we conclude that
P2 PY(14 06™)||o < cai(A) (2.1.3)

Now we compute the Holder norm. Let z, y € &, 2 # y. Then d(z,y) = e ™™ for

some n > 0, we have the following two cases:
e 1% case: if n > myg, we have
PRY ax Ly P = ga+d —mo 4
— either x ¢ é‘”ql_mofl, then y ¢ é""*q/_m(’fl, and hence
PSP (14(y)) = PE P (14(2))] = 0.
— orz,y € é‘”q/*mofl, d(wx,wy) =q+q —my+n,

|P5Pq_m°(14(y)) . Pgl Pq_mo(lA(ZL‘)” _ |eSq+qz_m0h(wy)+iuSq/woaquo(wy)

L4 Hg—m.
_eSquq/—mOh(wI)erSq' 1ol O(wz)l
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h(.)fiué'q/ of1~

Let us denote for simplicity Fj, ., = ¢ atd —mo 0 We have

q+q/—mo—1
‘Squq'fmoh(wy) - Sq+q'fmoh(wx)‘ - Z ho6'(wy) —hot(w,)
i=0
q+ql—mo 1
< Z |h|ae a(g+q —mo+n—i)
i=0
q+q,fm071 ,
< Z e—a(q—i—q —mo—1) €_an|h’a
i=0
< (Z ) g—"
j=>1
< clhlad®(z,), (2.1.4)

where ¢ is a constant such that Zj>1 e < ¢ < 0.

’
qg —1

Sy (60 (w,)) — Sqfwéq*m(wx))\ = Z YT (wy)) — Y (BT (ws))

q—1

< Z|¢| —a(q+q —mo+n—q+mo—1)
< ‘w|a€ anzefaj
j>1
< cglad(z,y). (2.1.5)
Thus, using the equations (2.1.3),(2.1.4) and (2.1.5), we get:

|PY P90 (14(y)) — BY PY0(1(x))|

| efhaw(Wy) _ oFhy(we) |

IN

max (0) | Fy(w,) = Fi () |
eollhlatVl)d* @) (| B|, + [1b]a)

& (2, )| P77 (15.06™)] |
ec(lh\a+|w|a)c(|h|a + []a) X c?‘”(x, y)CGﬁ(A)

IN

IN X

e 27 case: Whenever n < my, if © € 6777 ™A then y ¢ 777 "™ A, thus
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using (2.1.3)

[PY PIm0 (1) (y) — PY PP(1)(x)]

IN

sup| P? P10 (11)(.)]
5

128 P (1 4) oo

Cgﬁ(A) S Cgﬁ(A) e an
caD(A)e"md (w, y)

IN AN IA

Thus, we get, Vn > 0:
[PY P01 )] < g max (2™, e“Wtlat il c(| b, + [4]a)) 2(A)
Combining this with (2.1.3), we obtain
1P P10 6™)]|5 < Cat(A)

Where Oa — KG(l + max (eamo’ eC(|h|a+|w‘a)c(|h|a + ’¢|a))) D

2.2 Proof of the Local Limit Theorem

Next proposition is very essential in this work. It may be viewed as a doubly
local version of the central limit theorem: first, it is local in the sense that we are
looking at the probability that S, = 0 while the classical central limit theorem
is only concerned with the probability that |S,¢| < e/n; second, it is local in the
sense that we are looking at this probability conditioned to the fact that we are
starting from a set A and landing on a set B.

Proposition 2.2.1. There exist real numbers C; > 0 and v > 0 such that, for all
integers n,q,q , k such that n — 2k > mqy and mg < q < k, for all (q,q)-cylinders
A of ¥ and all measurable subset B of f], we have:

W AB) | _ o, UBIkV(A)

B V2rvn —koy,| n — 2k

Proof. We want to estimate the measure of the set Q@ = AN {S,p = 0} N
0~"(0*II-'(B)). Since A is a (¢, ¢ )-cylinder, #~9A = IT"* A for the ¢ + ¢'-cylinder
set A = TI079A.

v (AN{S,p =0} N6 (0" (1171(B))))
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Next, since ¢ o §™° = 1) o II and using the semi-conjugacy foll =1Ilo f, we have
the identity:
{Spp 0 8™ =0} = {Syh oIl =0}

Thus, now we have

07I70Q = 07 (AN{S,p =0} NI T (B)))
= I (07 AN (S 007 = 0} NG (B) )

Since 1 is integer-valued, the relation 1—op = 5= f[_ﬂ . e*du , for any k € 7 ,

gives
10_q_m0Q - <1A © émolB © éq+n7(kim0)1{gnwoéq:0}> ° H

= <1A 0f™ 1p0 éq+"_(k_m°).2i /ei“'s"méqdu) oIl.
T

By integrating both sides with respect to v and by using the #-invariance of v, we
get :

v(Q) = v(077™Q)
= E, {(14 o émo.lB o éq+"_(k_m°).2i / ei“‘g"’/”éqdu) o H]
T

= [, [1,4 o) émo.lB o éQ-%n—(k—mo).Qi / eiu.Sn¢oéqdu:|
T

1 R . L
= 2— Eﬁ (1/1 ¢} Hmo‘lB o QQ-i-n—(k—mo)ezu.Snwoe ) du.
T [771’771-]

We then estimate the expectation a(u) = E;(...). Using the fact that the Perron-
Frobenius P is the dual of é, we have

o Pigx fof?)=Pig) x f

o [Pifdi= [ fdi, foralla€Z
o PI(f) = Pr(e™5f)

o Pr <f ><goén) — P(f) x g.
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Hence we get

a(u) = 5115 O‘gmo 1300‘”'" (k—mo) zuSn'z/)qu)

o (P9(1;060™) exp(iu.Sp)lp o 9”_(k_m°)>

(Pq (10 Hmo) B O é”f(k7m°)>>

v

Es (14
s (P
= E,; (P (Pq (1; oémo)eXp(zu S,ﬂ/})lBOH” (k= m°)>)
o (P
E

o (PEm (1P P10 670)) )

Let us denote for simplicity | = n— (k—mg) —q. We first show that for large u, the
quantity a(u) is negligible. Using the contraction inequality given in Proposition
2.1.2 applied to P.(1), the fact that ||[P? P9(1; 0 0™)||g < Cav(A) from Lemma

2.1.4, and the fact that ‘E (PE=mo(1pg)) ’ < »(B)llglls we get whenever u ¢
[_576]7

la(uw)] =

E, (PEmo(1p Py tm=d By Pa(14 o0 4m)) ) ‘

IA

o(B)||PLPE P1(1506™)|s
P(B)Ca!||PY P1(1500m)]ls
(B)

I IA A
QO
= W
%chi
—~
Z %
=

We then estimate the main term, coming from small values of u. The decomposi-
tion given in Proposition 2.1.3 gives for any u € [, ]:

a(w) = By (Pmo(1sPLPY PI(15.00m)))
= B (P (1), (P Py o 07, + NP (L0 07))
= N (PTPI(1400™)E, (PP (150,)) + By <Pf_m°<lBNi(P3IPQ<1Aoémo»)
= ay(u) + as(u).

Notice that the second term is, by inequality (1) in Proposition 2.1.3, of order
az(u) = O(0(B)alv(A)). (2.2.1)
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because,

jas(u)| =

By (P (NP P10 0™))

< B (IR (NS P10 6m0)
< ,,(Pk mo (|15 NL(PY P(14 oémo))D)
< y(lBNl PY PI(1, 09"“’))|>

< ( JINL(PEPI(1L406m)]|s

< Calp(B)||PY P(1406m™)|5

< Ca'd(B)Car(A)

= O(¥(B)a'v(A)).

Moreover, u + v, and u — @, are C'-regular with vy = 1 and o = 0, then:
Uy =0+ 0(u)=14+0(u) €B.

and
Yu = o+ O(u) =0+ O(u) € B".

hence, the first term has the estimate :

ar(u) = Nu(PYPI(1;00m)E, (P (150,))
= Np(P! Pi(1;00™))E; (P (150,))
0,0 (ull P P10 0m)][s) By (PE™(150,))
= Np(P!Pi(1500™))E; (PE(15))
FALD(PY P(1400™)E; (P (150(u))
0,0 (ull P P10 07)]]8) By (S (15))
+L0 (ull PEP(1506™)|5) By (P (150(w)))
= a;(u) + ai(u) + ai(u) + aj(u).

We remind that aj(u) will be the principal term. Thus considering the other terms,

we have
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2.2. PROOF OF THE LOCAL LIMIT THEOREM

ILo(PY PU(14 0 60™))E, (P50 (150(u))) |
ALI[PY P14 0 6m0)|| 5B, (|e™S=m0%150(u)])

AL (A))(B)O(Jul)
O(P(ALA)D(B)ul).

=Y

=N

—~
<

=
|

IA A

LO(u)||PE PI(100™)||5Es (Py (1))
= NO(uDI(P? PU(1400™))|[5[Es (i (15)) |

Mu(A)O(|ul)v(B)
O (N (A)|uli(B)).

S
=W
—~

<
=

I

IA

EX
—
—~
£
I VAN |
O 22 21 <
>~ O O ©
R
£ & & =
T —
—~ >
=
=
=~
~—
~—

Now if we reintroduce the unperturbed Perron-Frobenius operator P in P,, we get

By (P (1) = 9159 =

Ef/ (Pk:—mo (eiu.gk_mowlB)> o ﬁ(Pk_mO 1B)‘

— ’ED (Pk—mo (eiu.gk—mow — 1)1B> |

He’iu.sk—mow — 1HOOH]‘BHL1(,))

|- Sk—mo ¥ |o?(B)
|ul.(k = mo)[¢|[o?(B).

INIA TN

This gives us an estimation of the principal term a}(u). Therefore we can estimate
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2.2. PROOF OF THE LOCAL LIMIT THEOREM

the first term a;(u):

a(u) = Mo(PTPU(1;00™)E, (PF™(15)) + O\ Juli(B)i(A))
= L [(A) + O(min(1, lulg)o(A))] [#(B) + O (min(1, |u](k — mo))(B))]

+O(N, [ulp(B)v(A))
= Ap(A)p(B) (1 + O(Iu\q')) (14 0(| u | (k —mq)) + O(X,[ulo(B)v(A))
= XN 2(A)P(B) + ON, |ulo(B)2(A)k) + O(X, |ul2(B)v(A))
= Ao(A)D(B) + O\ |u|p(B)kv(A)).

In addition, the intermediate value theorem yields, using C® smoothness of \, and
Proposition 2.1.3 (the bounds 1 and initial value 3)

2 2

N, — 7275 < Imax(| A, e727F) TN, — e 25
S l(e—cl|u|2)l—1|)\u . e—%ai'zﬂ’
2 2 1 1
= e~ allleelel®(1 40— 503712 +0®?)) — (1 — éafﬂf + O(uh))]
_ le—cll|u|2601\u|20(|u|3>
2 _—cillul? c1|ul?
< Co<l|u] e >€1 |ul
< G (25%””'2) ety
= O(e=!"F|y|),  for the constant ¢y = ¢; /2.
Thus, we get
ar(u) = e 2 p(A)(B) + O((A)p(B)e " |u]) + O(N, |ulki(A))
= e 2 Y (A)p(B) + O(i(B)i(A)e=1Fu])
+O(e= " (B)|ulki(A))
= e 2% H(A))(B) + O(D(B)e " |u)
+0(e= """ i(B)|ulkv(A))
= ¢ 27 Y(A)p(B) + O(e " |u|p(B)kv(A)).

and so
ay(u) = e 27 y(A)p(B) + O(e™ 1 |u|p(B)kv(A)).

By the classical change of variable v = u+/l and the Gaussian integral, one can
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2.2. PROOF OF THE LOCAL LIMIT THEOREM

easily see that:

1 _2

/ e 2% qy = L/ e~ 27" dy
5. Vi Jpvisv

1 / 12,2 -1
= — [ e 27" dv+O(l
Vi Jr )

- g+o(%)

Proceeding similarly with the error term one gets as well:

1
/ lule ! dy = - / vlee2l dy
5,6 U Ji—svipvi

o)

Combining these two computations gives, by integration of the approximation of
a1(u) obtained above, that:

/ ar(u)du = v(A)v(B)+ O
(-8.8]

Y2 () +0 (—Q(B)k”(A)) .

l

From this main estimate and (2.2.1) and (2.2), and since | = n—k+mo—q > n—2k
(as ¢ < k and mg > 0) it follows immediately that:

v(Q) = Py . }a(u)du
1 1
= — alu)du + — a(u)du
21 Ji-p.8 e o [—m,]l[=B.8) )
Ve o1 v(B)kv(A) N !
L o (B
= \/%\/@(A) (B)+O< l )
1 1 v(B)kv(A)
— mmavy(A)u(B)—i-O( p—? )
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Chapter 3

Recurrence for Z-extension of
subshift of finite type.

In this chapter, we adapt the same notations and definitions introduced in Chapter
2. We recall that (X,0,v) is a subshift of finite type, @ is the shift map, and v is
a Gibbs measure.

3.1 Description of the Z-extension of a mixing

subshift and statement of the results

Recall that for any function f : ¥ — R, we denote by S, f = 7:_01 fod its
ergodic sum. Let us consider a Holder continuous function ¢ : ¥ — Z, such that
[ ¢dv = 0. We define the Z-extension F' of the shift by
F:YXXx7Z — YXXZ
(x,m) — (0z,m+ ¢(z)).
We want to know the time needed for a typical orbit starting at (x,m) € ¥ x Z to
return e-close to the initial point after iterations of the map F. By the translation
invariance we can assume that the orbit starts in the cell m = 0. More precisely,

let
Te(z) =inf{n > 1: F"(z,0) € B(x,¢) x {0}}.

Observe that F"(z,m) = (0"x,m + S,p(x)), thus
T(x) =inf{n > 1: S,p(x) =0 and d(6"z, ) < €}.
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3.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION

We are interested in dynamical systems preserving an infinite measure which are
conservative and ergodic. Since our study corresponds to the Z-extension of a
subshift of finite type, we assume that ¢ is not cohomologous to a constant.

We reinforce this by the non-arithmeticity hypothesis on ¢ (see Definition 2). The
fact that there is no non constant g satisfying (2.0.2) for A = 1 ensures that ¢ is
not a coboundary and so that UZ # 0. The fact that there exists (), g) satisfying
(2.0.2) with A # 1 should mean that the range of S, is essentially contained
in a sub-lattice of Z; in this case we could just work on a sub-lattice and apply
our result to the new Z-extension. We emphasize that this non-arithmeticity
condition is equivalent to the fact that all the circle extensions T, defined by
Tu(z,t) = (0(x),t + u.p(x)) are weakly mixing for u € [—m; 7]\{0}.

In this context we establish results of almost sure convergence and convergence in
distribution for 7., which are more difficult versions of Theorem 1.1.1 and Theorem
1.1.2, where we consider the e-return time to a cylinder and apply the local limit
theorem proved in chapter 2. We prove the following:

Theorem 3.1.1. The sequence of random variables %TE converges almost surely

as € = 0 to the Hausdorff dimension d of the measure v.

Theorem 3.1.2. The sequence of random variables v((B(.))\/T(.) converges in
distribution as € — 0 to UWISWI’ where £ and N are independent random variables,
& having an exponential distribution of mean 1 and N having a standard Gaussian

distribution.

Corollary 3.1.3. If the measure v is not the measure of mazximal entropy, then

. log \/Te+dloge . . . .
the sequence of random variables T logc . converges in distribution as € — 0 to

a centered Gaussian random variable of variance 207.

3.2 Proof of the pointwise convergence of the re-

currence rate to the dimension

In this section we prove Theorem 3.1.1.

Let us denote by G,,(€) the set of points for which n is an e-return :
Gnle) :={x € X: Spp(x) =0 and d(0"(x),x) < €}.
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3.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION

Let us consider the first return time in an e-neighborhood of a starting point x € X:

Te(z) = inf{m >1:S5,0(x) =0 and d(0™(z),z) < €}
= inf{m>1:2 € G,(e)}.

Proof of Theorem 3.1.1. Let us denote by Cj the set of k-cylinders of ¥. For
any § > 0 denote by C} C Cj, the set of cylinders C' € C,, such that v(C) €
(e~ (d+0)k e=(d=0k) For any x € 3, let Cy(x) € C; be the k-cylinder which contains
x. Since d is twice the entropy of the ergodic measure v, by the Shannon-McMillan-
Breiman theorem, the set K3 = {x € ¥ : Vk > N,Ci(x) € C}} has a measure
v(K$) > 1— 0§ provided N is sufficiently large.

e First, let us prove that, almost surely :

1 e
lim inf 08 \/Te >d.

—0 —loge

@

let o > % and 0 < 0 < d— é Let us take ¢, :=n~z and k, := [—loge,]| so
that e ~ ¢,. Since §~#(C) = II71(C), where C is a 2k,- cylinder of 3,
according to Proposition 2.2.1, whenever k, > N, we have :

V(KJ‘SV NGue,)) = v ({a: € Kj‘v : Spp(z) =0 and 0" (z) € Ckn(x)})
= > v(CN{Swp=0}n6"(C))

cecy
= > v (Cn{Sup=0}n0o"0" (07" (C)))
cecy
v(Cv(C) v(C)k,v(C)
D Dy oy ] G
cecs. 2ro,v/n — ky n n
v(C)?
) Z
cecy vn
The last equality is because: €, = n~2 which implies that n = <. But

P
€r

k, ~ —loge,, and so k,, < n. This ensures that

o) =0 (R)
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3.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION

Moreover, by definition of C’,‘zn, for every C' € C ,‘zn

V(C) < e W0hn n (00 — p=2a(d=0)
from which it follows that
v(C)?
WK} NGalen)) = O D
cecy Vi

cecy

1
= 0 (n(1+a(d—5))/z) ’

but a(d — ) > 1 and so W > 1, then Y. (K3 N Gp(en)) < oo.

Hence, by the Borel-Cantelli lemma, for a.e. x € K%, there exists N, such
that, for every n > N,, F™(z,0) & B(z,¢)x{0}. Consider such a point z. ob-
serve that 1?5\% (d(z,0"x) 4+ |S,z|) > 0, otherwise  would be a periodic point
of F' which would contradict the previous fact. Therefore, for n large enough

(n > N, and n such that €, < 1 and ¢, < min (d(z,0™x) + [Spp(x)])), we
have 7.,(z) > n. But this implies that -

log\/a> logn 1

—loge, —2loge, «

Therefore we get
log /7. 1
lim inf 8 Ve > — a.e.,
n—soo  —loge, T «

which proves the the lower bound on the lim inf, since (¢,,), decreases to zero

and liminf -t = 1.
n—oo “ntl

Second, let us prove that almost surely :

log \/Te
lim sup 8 Ve <d.
e—0 —loge

Let 0 < a < Cll and 6 > 0 such that 1 — ad — ad > 0. Let us take ¢, :==n"2
and k, := [—loge]. Observe that e™*» ~ ¢,. For all [ = 1, ...,n, we define:

Ale) = Gile) N Hre>n—1}
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3.2. PROOF OF THE POINTWISE CONVERGENCE OF THE
RECURRENCE RATE TO THE DIMENSION

Let us take L, := [n2], with a > 0. The sets A;(¢) are pairewise disjoint
thus:

n

1> v(Aen)) ZZ (C'N Aien))

=0 =L, C€C5

According to Proposition (2.2.1), we have :

v(CNAe,)) = v(CN{Se=0}no"Cn{r, >n—1}))
= v(CN{Sp=0}no7"0" O (Cn{r, >n—1})))
v(Cyw(Cn{r, >n—1}) v(CNnA{r, >n—1})k,v(C)

= +0
Varo,\/1l =k, ( [ — 2k, )

<§3@+0(%>) liknu(Cﬂ{Ten ~n— 1))

ced+6;y(0 N{7, >n—1}).

>

- " Vl=k,
For every | = L,,...,n and for any C € an provided k, > N; indeed the
error is negligible since k,, < v/L,, — k,,. This chain of inequalities gives

v(KyN{r, >n}) < Z v(CnA{r, >n})

cecy

but, for every C € an

n

ZZZancmAl(en» > z cetra/(C ff%_fn})

_ d+6 (Cﬂ {7_€n

= 1
>n} lzL:\/T—kn
> el (O N {r, > n}) (Vi — k= VI~ k)

for every n large enough, so we get:

1> Z ZyCﬂAl €n)) Z cety(Cn{r., > n}) (vn— —\/L, —k)

CeC5nl Ly Cecén
hence
1
> eetu(Cnfr, >n}) < (ceat)!
CGCin \/n_kn_\/Ln_kn

1
= O(m)
n 2
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

Now let us take n, := plfaifaé. We have:

S (S 0, =) =30 % 20(2)<+oo.

p=1 p>1 Np p=1

Hence, by the Borel Cantelli lemma, almost surely + € K%, we have, for

log [Ten
every p large enough, 7., < n, and so —%— < . This implies that

log . /Te 1
lim suph < —,

n—+oo 10g €n o

. . . . . €
which gives the estimate lim sup since (¢, ), decreases to 0 and since lim —2- =
p—>—+00 Enpt1
1.

]

3.3 Fluctuations of the rescaled return time.

Here, we prove Theorem 3.1.2 and its Corollary 3.1.3.

Throughout this subsection, we adapt the general strategy of [39, 40]. Recall that
Cr(x) ={y € X :d(z,y) < e *}. Let R(y) = min{n > 1:0"(y) € Ci(y)} denotes
the first return time of a point y into its k-cylinder Cy(y), or equivalently the first
repetition time of the first k£ symbols of . There have been a lot of studies on this
quantity, among all the results we will use the following.

Proposition 3.3.1. (Hirata[28]) For v-almost every point x € 3, the return times
into the cylinders Ci(z) are asymptotically exponentially distributed in the sense
that, for a.e. x

t
Cr())

Note that this convergence is uniform in ¢.

im oy () >

k—4o00

) =e', Vt>0.

Lemma 3.3.2. The family of distributions of the random variables (v(C,(2))/To—r |C’k(3:))k>0
18 tight. -

Hence it will be enough to prove that the advertised limit law is the only
possible accumulation point of our destination. We hence abbreviate

Xk = I/(Ck(l’))\/Te_—k
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

. t _ ot
Lemma 3.3.3. Let x be such that kgriloouck(x) (Rk() > V(Ck(m))> = e ", for all
t > 0. Then, for all t > 0, we have :

e (> ()

1
V2o, :

with =

Proof. Let k > mg and n be some integers. We make a partition of a cylinder
Ck(z) according to the value | < n of the last passage in the time interval 0, ...,n
of the orbit of (z,0) by the map F into Ci(z) x {0}. This gives the following
equality

n

UCh(e)) = > v (Cule) N {8 = 0} N0 (Chl@) N {rese >n—1})) . (3.3.1)

=0

2
Let ng = (W) . First we claim that :

1
li —k > C <
im sup v({Ter >} | Cu(w)) < 5 e

According to the decomposition (3.3.1) and to Proposition 2.2.1, there exists ¢; > 0

such that we have :

Z Br(Cy(x Cr(x) N {Ter > ny — 1})

v(Cr(z)) > v(Cp(z) N {Te—r >ni}) +

1=2k+1 Vi—k
2 kv(Cr(z))v(Cr(z) N {Ter > g — 1})
e _Z I — 2k
1=2k+1
> Z/(Ck(l') N {Tefk > nk}) (1 + ﬁV Ck )
l %1 Vi—
(Gl Cle)) Y o

it follows that,

V(Cr(x) N {Te-x > ny}) < 1+ crkv(Cr(w)) Yook 44 ﬁ
v(Ci(2)) T 1+ Br(Cr(e) STk 7
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

but,
l=ny,
1+6V(Ck(l’)) Z ll—k ~ 1+BV Ck \/nk— \/Lk;—k‘)
~ 14 Br(Cy(@) (vr)
— 14 Bu(Ch(x)) <—1/(C’:(ac)))
= 1+t
and

Hence, we get :

li -k > C <
moup V({7 > e} | ) < g

0
Lemma 3.3.4. Suppose that the conditional distributions of the subsequence Xy, |Cy, (x)

converge to the law of some random variable X . Then it satisfies the integral equa-

1=P(X>t)+5t/lp<x>%1_u)du

Proof. e (i)Let t > 0, we write f(t) := P(X > t), and first prove that

VE>0 1> f(t)+ ﬂt/l w2 f(t(1 — u)?)du.
0

tion:

Vvt > 0.

Recall that ny = ( (Ck o) > According to the decomposition (3.3.1) and to

Proposition 2.2.1, there exists ¢ > 0 such that we have:

(Ck( ) Te—k > Nj — l)
-k

V(Cl@) = v(Cila).Ton > m) + Z
kv (Cr(2))v(Ci(x))
-2 | — 2k ’

1=2k+1
which is equivalent to

U2 | Gola)) 4 ouCute) Y ATt e L)

Nk

kVCk
- l—2k;

1=2k+1
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

Next, by monotonicity,

i V(Tefk > Nk —1 | Ck(l'))

B, =
1=2k+1 VIi—k
N| k|
V(Te—k > ny — [ | Ck(i))
>
> lLZJ N
N—1 3]

Z U(Tg-te >np — 1 — (r|ng/NJ) | Ck(x))
5 0+ r|ng/N|

r=1 1

We notice that the term:

U(Te-k > my — (rng /N ) | Ci(z))
U(Ter > (1 —1r/N)ng + 1| Cp(z)).

U(Te-k > nyp — 1 — (r|ng/N]) | Cr(z))

ALY,

Now, we evaluate this sum:

%J 1 N /(r+1)mk/m+1d—$
= VItrlw/N] T gy v

. B B T
> 2\/Ln’“J(\/r+1+%—\/F)

,/7’—|—1—|—nk

where we used the fact that v/r +5 — v/r = =2— > ;=2=. Combining
these formulas, we get

g { kJ 14 N/ny, U(rpor > (1 —1/N)ng +1 | Ci()).

\/T+1—|—N/7’Lk

The second term is equal to

V(Ter > (1 —=7r/N)ng +r | Cr(x)) = v (Te—k > (1—7/N)(t/v(Cr(x)))? | Cr(z) —I—r)
= P (X7 > ((1—7r/N)t* + r(v(Ci(x))* | Cr(z)).
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

But, since (Xj, |Cy, (x)) converges in distribution to X, (X7 —r(v(Ch, (2))?|Ch, )
converges in distribution to X2 and so

IJ(X,fp > ((1=r/N)t+r(v(Cr(z))*|Cy, (x)) — P(X?>t*(1—-r/N)) = f(t\/1—r/N).

kp—ro0

As a consequence, we see that

lim inf B

ng
p—>00 4

N-1

lim infy (Cy,, (2)) /i, Y V(X2 > (1= r/N)E + r(v(Cr(x))?|Ch, () /1/N/1/r

p—o0
r=1

t 1 S= v(XE > ((1=r/N)t? 4+ 1r(v(Cr(x))?|Cr, (z))
IRy Y
N-1P <X > ty/1- r/N)
N & (r+1)/N

t/l —f (t\/lu_—@ du

v

v

v

>
Note that through the proof of Lemma 3.3.3, it has been proved that:

55 )

Combining all these asymptotic estimates and taking the limit when &, — oo,
we end up with the desired inequality:

e (ii)The converse inequality is proved analogously. Starting from the formula
(3.3.1), we have

mg

> {8, =0} N O~ Cr(x) N {7oi > my — 11)|Ci())

— (U{sl = 0} NO~H(Ch(@) N {1 > 0y — l})|Ck(x)>
< v({Ter < my}|Ci(x)),
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

then using Proposition 2.2.1, there exists ¢ > 0, such that

1 < v(7e-r <mg|Cr(z)) + v(Te-r > ny | Ci(z))

+0v(Cr(x)) Z /(Tes >5%| Crl)) +c Z kyl(?kg(lf))

l=my, l=my,

where my, = o (W) Using Proposition 3.3.1,
I/(Tefk S mk|C’k(a:)) S V(Rk S mk]C’k(x))

But (v(Cy(x))Rg|Ck(x))r converges in distribution, so that (Rg/mg|Ck(z))k
converges in distribution and in probability to +o00, which ensures that

k—o0

U(Te-r < my|Ci(z)) — 0.

But,
L”kz”:” YT > — 1| Culz) _ “gf” 1
= N S A Ik
/) iy

< -
N my—1 \/E
< 2( L%J —k—\/mk—k—l)
S 9 N < 2t

N = y(Cr(@)) VN
Therefore, we get

T

1 < v(Te-r >ng | Crp(z)) + Br(Cr(x)) Z

V(Tp—x > ng — 1| Ci(z))

~ VIi—k

=%

'~ kr(Ci(2)) 2t

+ c ZZ TI_r + o(v(Ck(2))) + B\/_N
-
Note that whenever [ > 3,
1 1
(N)
m \/Z( Ek )
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3.3. FLUCTUATIONS OF THE RESCALED

RETURN TIME.

moreover, we have

ng

Nk

Z U(Tp-r > ng — 1| Ci(x)) Z 1
(=N Vi T l
=N|ny/N] [=N|n/N]
1
S O
N N|ng/N]
1
< N——.
- \/nk—N
Hence, we get the following
= > —1|C M s 1| C 1
Z V (Tt nlk k| k(@) < (14¢) Z V(Te-r nli/ | k(x))JrN ~
=[5 ] N I= /N l VIt T

Now, similarly as we did in the first inequality

N{ng/N]

B;lk = Z

I=|ng/N|

V(T >mny — 1| C(x))
Vi

V(Tefk >ng — 1 | C’k(q:))

r=l =R V!
_ N s = (DN | Cule)
[ WJ

But, we have

rlng/N]|-1 VT
S

]2

/(7"+1) [ng/N|—1 dr

Z 1
=0 \/l—i‘TLnk/NJ

oL
[/ N]

from which it follows that

ss S5

(Te-x > (1= (r+1)/N)ny, | Ci(z)).
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

Now, applying lim sup when p — oo, then

N|ng,/N]

lim sup v(Cy, (z)) Z

preo I=|nk, /N)

I/(T kp>nk —Z|Ok

Vi

<@t

/ ftﬂ)

Taking the limit when k, — oo, and combining all these estimates, we get
the second inequality:

1< f(t)+pt

/ ftﬂ)

]

Corollary 3.3.5. The conditional distributions of the Xy, converge to a random
variable X iff the conditional distributions of the X,fp converge to X2. The later
then satisfies

>t —v)

o

Lemma 3.3.6. Let W be a random walk variable with values in [0, 00| satisfying

t]P)X2
1:IP’(X2>t)+B/ ( dv, vt > 0.
0

PP(W >t —
P(Wgt)zﬂ/ POV>1=v 0w
0 Vv
then .
E[eW] = ————, Vs > 0.
[ } 14 \/2_80'(’,,
2
In particular, the distribution of W coincides with that of o where the in-

?] /\/'|2’
dependent variables £ and N are the exponential distribution of mean 1 and the
standard Gaussian distribution respectively.

Proof. Let s > 0. We have

Ele="] = /000 P(e™" > u)du

- [Tr(we o)y,

= / P(W < wv)se *“dv,
0
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3.3. FLUCTUATIONS OF THE RESCALED RETURN TIME.

where we used the change of variable v = % and that W is with values in

[0, 00[. Hence, using Fubini’s theorem, for any s > 0, we find

sy = [ [P0,

Vo
_ /OOO % {5 /woo P(W > v — w)se_svdv} duw

= /OOO e\;;’ {B /000 P(W > z)se_szdz} dw

_ 5/000 e\;; {1 - /Ooo POV < z)se‘szdz] dw
— 5/000 i/;dw. [1-E[e*"]],

and our claim about the Laplace transform of W follows since

1,2
ooe—sw oo 6751) 2,U
dw = / —dv
/0 Vw 0o v/vV2s2s
= / *7”2\/——dv
0 Vs

- ér (m/m >
ﬁ

N

Since [ = \/%7, hence, we end up with

1
1+ 0,25

On the other hand, since £ and N are independent, using Lemma 1.3.1

E [6730382/./\/'2] - E _E [6730382/./\/'2‘5}_

= E :exp (—« /230352-)]

= E :exp (—\/%0@5>:
1

1+ \/2_30@’

E[e "] =

2
since E[e™%¢] = 1%8 Therefore TV has the same Laplace transform of 02—. [

PN
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Proof of Theorem 3.1.1. According to Lemma 3.3.3, the family of distributions of

£
X is tight. By Lemmas 3.3.4, 3.3.5 and 3.3.6, the law of U¢W is the only possible
accumulation point of (v(Cy(x)), /Te—k)k>0 : O

Proof of Corollary 3.1.3. Let us set:

v o Jog /AT () = hd
: 7 .

We have the case that v is a Gibbs measure with a non degenerate Holder potential

h. There is a constant ¢, > 0 such that logv(Ck(z)) = Zfsz h o oi(z). This

Birkhoff sum follows a central limit theorem (e.g. [12]), which implies that:

log (Cy()) + kd ais
og v f/%» B N0, 202).

Observe that Y} has the following decomposition:

v _ log <I/(Ck(.)> Tefk(.)> B log v(Cy(.)) + kd
k= 7r N3 '

Hence, by Slutsky’s lemma, it will be enough to prove that the first term of Y}
converges in distribution to 0, which is true due to Theorem 3.1.2. [
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Chapter 4

Properties of Axiom A flows

In this chapter we recall the necessary notions and definitions of an Axiom A flow.
We start by defining a hyperbolic set for a flow. We introduce the definition of a
Markov section which is a classical method of studying the symbolic representation
of a dynamical system. These were developed by Bowen [11] and Ratner [42].
Then we represent the special flow over a subshift, where we define the Poincaré
section and the coding map. We refer to Barreira [4] for a general reference of the
definitions and properties. Proceeding in this chapter, we work on establishing
some properties concerning balls and coding. For an x € X, and r» > 0, under
some conditions taken on the dilatation and the contraction in the unstable and
stable direction of the flow respectively, we showed that the ball B(z,r) contains
and is contained in a cylinder. Proving this property, serves in the sense that the
asymptotic behavior of the return time to a ball will be studied through considering
the return time to a cylinder. And that was the strategy followed in proving the
almost sure convergence result in Chapter 5, and for the convergence in distribution

result in chapter 6.

4.1 Definition of Axiom A Flows

Let M be a Riemannian manifold of dimension 3. First we give in general, the

formal definition of a flow:
Definition. A C* flow (g;);cr on a smooth manifold M is a map
RxM — M
(t,z) = gi(z)
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4.1. DEFINITION OF AXIOM A FLOWS

such that, for all x € X and real numbers s and ¢,
e go(z) =z,
® g:09s(x) = gys(2),
e and that the map (¢,x) — g;() is of class C"*.

We introduce the notion of a hyperbolic set. Thus, first we need to define a

non-wandering point:

Definition. A point x € M is said to be non-wandering if for every open neigh-
borhood U of z, there exists ¢ > 0 such that g,(U) N U # 0. Set Q(g;) the set of
non-wandering points of g;.

Definition. A compact g,-invariant set A C M is said to be a hyperbolic set for
g; if there exists a continuous splitting of the tangent space

T\M = E*® E*® E°,

and constants ¢ > 0 and A € (0,1) such that for each x € A and t € R:

1. the vector dgzl—l(f) li—o generates E°(x), which is the flow direction;

2. dugi B (x) = E*(ge(2)) and dpg, B (x) = E*(g:());

3. for all t > 0,
lldageoll < eXlJo| for v € E*(x),
|deg_ev|| < cN||v]| for v € E¥(x).

The subspaces E*(x) and E"(z) are called the stable and unstable subspaces at
x. A consequence of the definition is that they depend continuously on the point
and are invariant.

Proposition 4.1.1. Let A be a hyperbolic set for (g;)ier. For each x € A, there
ezist stable and unstable local manifolds at the point x, W (x) and W} (z). They

have the following properties:

1.z e Wi (z) and x € W} (x);
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4.1. DEFINITION OF AXIOM A FLOWS

2. TJUVVléoc(x) = Eé(x> and TﬂﬂVVlléc<x) = Eu(x)7
3. for cach t >0, (Wi, (1)) € Wi (9u(2)). - (Wik(x)) € Wiko(g-o(2));

4. there exists k > 0 and p > 0 such that for each t > 0 we have

d(ge(z), g:(y)) < ke ™ d(z,y) fory € Wi (x), (4.1.1)

and
d(g-i(x), 9-1(y)) < ke ™ d(x,y) fory € Wi (z),

where d here is the distance induced in M by the Riemannian metric.

Definition. A hyperbolic set A is said to be locally maximal (with respect to a
flow ¢;) if there exists an open neighborhood U of A such that

A=(a(U
teR

Let A be a locally maximal hyperbolic set. For every ¢ > 0 there is § > 0 such
that for any z,y in A with d(z,y) < ¢ there exists a unique t = t(z,y) € [—¢, €,
for which the following intersection:

[z, y] == Wi (g:(x)) N Wie.(y)

consists of a single point in A; moreover, the map (x,y) — t(x,y) is continuous.
We define the global stable and unstable manifolds at a point x € A by:

W(S) Ug t(Wloc (ge( ))) W(u) Ugt (Wz(oc) - )))

t>0 t>0
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4.2. MARKOV SECTIONS

They can be characterized as follows:
Wé(x) ={y € A:d(g:(x),9:(y)) = 0 as t — oo},
Wz)={y e AN:d(g_+(z),g9-+(y)) = 0 as t — oo}.

Definition. A flow g; is said to be an Axiom A flow if the set of its non-wandering
points is hyperbolic.

We suppose from now on that the flow (g;)icr is Axiom A and topologically

mixing.

4.2 Markov Sections

We introduce the notion of a Markov system which was developed by Bowen [11]
and Ratner [42]. Let A be a maximal hyperbolic set with respect to the flow g;.
A decomposition of this set provides an analysis of its dynamics, which is the
construction of the Markov collection.

Given a point x € A, consider a small compact disk D C M containing = of co-
dimension one which is transversal to the flow g,. This disk is a local section of the
flow, i.e., there exists 7 > 0 such that the map (z,t) — ¢,(z) is a diffeomorphism
of the direct product D x [—7, 7] onto a neighborhood U, (D):

vp:Dx[0,7] = oD x[-7,7])C M
(7,t) = y=g(2)

The function ¢p is Lipschitz. We set k,,, = mgx(Lip ©p, Lip o3').

Definition. The projection Pp : U.(D) — D is a differentiable map, defined such
that Pp(z) := g_s(z), where s > 0 is the minimum value such that g.(z) € D.
The projection of the ball B(yg, ), where yo € M, on D is

Pp(B(yo,r)) :={x € D: s < R(x) : gs(x) € B(yo, )}

Definition. Consider now a closed set II € A N D which doesn’t intersect the
boundary dD. For any two points y, z € II, we set

{y, 2} := Pp([y, 2])- (4.2.1)

74



4.3. REPRESENTATION BY A SPECIAL FLOW OVER A SUBSHIFT

Definition. The set II is said to be a rectangle if II = intIl (where the interior is
considered with respect to the induced topology of AN D ) and {y, 2z} € II for any
Y,z € 1L

Proposition 4.2.1. ([4, 26]) Let 11 be a rectangle. Suppose that the flow g; is
conformal on A. The maps x — E*(z) & E°(z) and x — E“(z) & E°(z) are
Lipschitz. This implies that there exists ¢y, > 0 such that

IxII>(z,y)—az,yell
1s a Lipschitz map of Lipschitz constant c¢;, > 0 and with Lipschitz inverse.

Let IT be a rectangle, then for every x € II, we set:

Wise(2, 1) = {{z,y} -y € I} = 11N Pp (U-(D) N Wi, (2)),

Wige(w, 1) = {{z, y} : y € I} = 1IN Pp (U-(D) N Wi (x)) -

4.3 Representation by a special flow over a sub-
shift

Now we consider a collection of rectangles I1y, ..., IT,, (each contained in some open
disk transversal to the flow) such that

Set X = [J;—, IT;. We assume that there exists 5y > 0 such that:

Lo A = Uiepp) 9:(X):;

2. for each i # j, for every t € [0, 5], at least:

g:(I;) N 11 = 0 or g,(TL;) N 1IT; = )

Definition. The set X is a Poincaré section for the flow ¢;. For every x € X,
one can find the smallest positive number R(z) such that gp,)(z) € X. We define
thus
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4.4. SUSPENSION FLOW

e the height function R : X — (0,00) by

R(x) := min{s > 0: gsx € X}, (4.3.1)

e the Poincaré map T': A — X by
T(z) = gr@) (). (4.3.2)
Furthermore, the map R is Holder continuous on each domain of continuity, and
0 <inf{R(z):z € X} <sup{R(x):z € A} < . (4.3.3)

Definition. A Markov collection is a finite collection of rectangles Iy, ..., II,, sat-
isfying, for every € int(II;) N int7*(II;):

T (int(Wig, () N 11;)) C int (Wi (T'(x)) N 11;)
and for every z € int(Il;) Nint7'(I1;):
T (it (W () (L)) C it (Wit (T (2)) ML)

It follows from the work of Bowen and Ratner [11] and [42] that any locally maximal
hyperbolic set A has a Markov collection of arbitrary small diameter. Given a
rectangle II;, we call the set

R=) U a@ca (4.3.4)
)

z€ll; 0<t<R(z

a Markov set. Note that R; = intR; and intR; NintR; = ) for i # j.

4.4 Suspension Flow

We introduce the notion of suspension flow. Let T": X — X be the transformation
map defined as in (4.3.2) restricted on X, and let R be the height function in
(4.3.1). Consider the space

Xr={(z,s) e X xR :0<s<R(x)},
where the points (z, R(z)) and (T'(z),0) are identified for each = € X.
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4.4. SUSPENSION FLOW

Definition. The suspension flow over T', with height function R is the flow ¢ =
{¥t}ier in Xg, given by

U (x,s) = (T"x, s+t — S, R(x)),

where n is the unique non negative integer such that 0 < s+t— S5, R(z) < R(T"z),
le. S,R(x) < s+t < Spp1R(x).

\
(X’R(x))/_-

/

(x,t)=g:(x,0) ¢

(x0) (T(x),0) X

Using a Markov collection of a hyperbolic set A, we can obtain a symbolic repre-
sentation of the flow g;. Let A be a locally maximal hyperbolic set for the flow g,
and given Ily, .., 11, the associated Markov collection. Consider the n X n matrix
A with entries

o 1if 1ntT(Hl) N intl_[j 7é (Z),
Y] 0 otherwise,
where 7' is the Poincaré map. We also consider the set ¥4 given by:

Yig = {u.) = (wn)nez :Vn € Z,awnwn+1 = 1}7
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4.4. SUSPENSION FLOW

together with the shift map o : ¥4 — 34 defined by o((wn)nez) = (Wnt1)nez-
Since the flow is topologically mixing, the matrix A is primitive aperiodic, i.e.
there exists ng € N such that A™ > 0.

Let ¢,¢ be two positive integers, and a_g, .., ap, .., a, be a finite symbol sequence,
we recall the definition of a (g, ¢')-cylinder

Cq,q/ = {(w)TLEZ c EA fW_og = G_g, ”'7wa — aq/}.

We denote by C, /(w) a (g, ¢ )-cylinder containing a point w € ¥ 4.

Definition. We define a coding map x : ¥4 — X by:

Xw) =[] T*(intIL,)

n |k|<n
One can easily verify that the following diagram

EA%ZA

is commutative i.e.

xoo="Toyx. (4.4.1)

As at the beginning of this section, we define in the same way the suspension
flow S = {S;}+er over o|x, with the Hélder height function » = Ro x. We extend
X to finite-to-one onto map x : A — A by x(w,s) = (gs o x)(w), for (w,s) € A.
where A = {(w,s) € ¥4 xR : 0<s <r(w)}. Dueto (4.4.1), for every ¢t € R the

following diagram

A5y A

oo b
A2 A

commutes i.e. Y o S; = g; 0 X, expressing that the flows ¢, and S; are conjugated.
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4.5 Equilibrium Measures

4.5.1 Equilibrium measures for the flows

Let ¢ be a continuous function on M. For every e > 0 and s > 0 aset £ C M is
called (e,t) -separated if z,y € F, x # y implies that d(g.(z), g-(y)) > € for some
T € [0,s]. Set

Zs({gt}+: p, €) = sup {ZeXp/O sO(fT(w))dT} (4.5.1)

zeE

where the supremum is taken over all (¢, s)-separated sets F C X. Define

, 1
Pr({gt}e, ¢, €) = lim sup— log Zs({g}e, 0, €),

§—00

Pry({ge}e, ) = P_{%PM({gt}u @, €). (4.5.2)

Definition. We call Py ({g:}+, ¢) the topological pressure of the function ¢ on
M (with respect to the flow {g:}:). One can show that

Pr({g:}e,0) = Pul(gr, ¢1)

where ¢; is a time-one map and ¢, = f01 ©(g¢(x))dt. Moreover, one can express
the variational principal for the topological pressure in the case of flows as follows

Py({gi}e, ) = sup <hu(g1)+/Msoldu>,

HEM(gt)

where M(g;) is the set of all g;—invariant Borel probability measures on M. Note
that for any such measure p [ o1du = [ pdu.

Definition. A measure u € M(g;) is called an equilibrium measure for the func-
tion ¢ if

PM<{gt}t,<,0)=hu(91)+/M¢1du=hu(g1)+/Mstu
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4.5.2 Equilibrium measures for symbolic suspension flows

There is a canonical identification between the space of invariant measures of the
symbolic suspension flows and of the subshift of finite type. Namely, for any
invariant measure v on Y4, the measure

(v x Leb)|A

Ay = f rdv

(4.5.3)
is a probability measure on A, which is invariant by {S;}, where Leb is the Lebesgue
measure on R.
Let H : A — R be a continuous function. Set
r(w)
ho(w) = H (g:(x(w))) dt, h(w)=ho(w) — cr(w), (4.5.4)
0

where ¢ := Pa(S, H) is the topological pressure of the function H on A with
respect to the symbolic suspension flow §. Py, (0,h) = 0, since Pa(S, H) is the
unique real number such that Py, (o, hy — cr(w)) = 0 (see [36]).

The following statement describes equilibrium measures for symbolic suspen-

sion flows.

Proposition 4.5.1. Assume that the function h is Holder continuous on %4 with
respect to the dg metric for some 3 > 1. Then

1. there exists a unique equilibrium measure pg for the function H for the
symbolic suspension flow S = {S;}; the measure uy is ergodic and positive

on open sets,

2. pg = Ay, where vy, is the unique equilibrium for the function h and the
measure Xy, 1s defined by (4.5.3).

Proposition 4.5.2. Let A be a locally mazimal hyperbolic set for the flow g; and
H : A — R a Holder continuous function. Then there exists a unique equilibrium
measure g corresponding to H. Moreover, the measure py is ergodic and positive
on open sets.

From now on, we fix an equilibrium measure p associated to a fixed Holder
continuous potential H. Let us also fix a measure v associated to an Holder
continuous potential h.
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4.6 Balls and Coding

We denote by X7 the set of (one-sided) sequences (wy,)n>0 such that:
(Wn)n>0 = (Wn)n>o for some (wn)nez € Xa,

and by X7, the set of (one-sided) sequences (wy,)n<o such that:
(Wn)n<o = (Wy)n<o for some (wy,)nez € Xa.

We also consider the shift maps ot : 3§ — X% and 0~ : 3, — ¥, defined by

0" ((Wn)n0) = (Wnt1)nz0 and o~ ((Wn)n<o) = (Wn-1)n<o

Now we describe how we use symbolic dynamics to characterize distinct points in
a stable or unstable manifold. Given z € A, take w € ¥4 such that x(w) = z. Let
II(z) be a rectangle of the Markov collection containing z. Let x™ : ¥4 — X7} and
X~ : X4 — X, be the projection maps, defined by:

X+((wn>n€Z> = (Wn)nz() and X_((wn>n€Z> = (Wn)ng()‘

For each w' € ¥4, we have

!/

X(@') € Wigo(x) N R(z) whenever x~(w) = x~ (w),

and
X(w/) € Wi .(x) N R(x) whenever X*(w/) = xt(w).

Therefore, writing w = (wy,)nez, the set W .(x) N R(x) can be identified with the
cylinder set:
Cdy = {(an)nz0 € ¥} 1 aop = wo} C X} (4.6.1)

and the set W} _(x) N R(x) can be identified with the cylinder set:

Coo = {(an)n<o € ¥4 1 ap = wo} C X4. (4.6.2)
Definition. We define the measure v* on X% such that for any cylinder C;, ;. , we
have
V' (X" (Cig,in)) = V(Cigin)-
Similarly, we define the measure v* on ¥ such that for any cylinder C;_, ;,, we

have
V(X (Ci_pio)) = V(Ci_, o)
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Definition. Given z € A, we define functions o™ (x) and a®)(z) by

log ||dg:| pu(»
a(“)(x):lim OgH gtlE()H7
t—0 t

(4.6.3)

log ||dgs| g (x
a(s)(x) — lim Og” gtl B3 ( )H

t—0 t

Since the subspaces E*(z) and E°(z) depend Hoélder continuously on z the
functions ¢ (x) and a®)(z) are also Holder continuous. Note that there exist
constants ¢ and ¢ such that o™ (z) > ¢ > 0 and a®)(z) < ¢ < 0 for every = € A.
For any x € A and t € R, we have:

t
lda@)l| = [Pllexp [ a® (g (@)dr foranyve B'a), (164)
0
and
t
l|dg:(w)|| = HwHexp/ a®(g-(z))dr  for any w € F*(z). (4.6.5)
0

Let @™ and a® be the pull back of the functions a® and a'® by the coding
map Yy, defined by

A" (w,t) == a™(g,(x(w))) and @ (w, 1) := a® (g, (x(w))). (4.6.6)

Let also a® and a'® be the Holder continuous function on ¥4 defined by

a® (w) = exp/

0

r(w) r(w)

i (w )dt,  a®(w) = exp / A9 (w, ). (46.7)
0

These are respectively the dilatation in the unstable direction and the contraction

in the stable direction of the flow (g;);cr between two consecutive passages in the

Poincaré section (these two passages are coded by w and o(w) respectively): This

what the following lemma says

Lemma 4.6.1. For any w € ¥4 such that x = x(w), we have

a"(w) = |D,Tigs| and o' (w) = | D, T g

This comes directly from (4.6.4) and (4.6.5) applied to z € X and t = R(x)
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Proof. Using the definition of a*(x) in (4.6.3), then for a small ¢ we have |D,g;| E"| ~

ta*(z

et (@) and since a(.) is continuous, we get:

r(w)
aw) = exp [ ag(o)ds
0

sitt; m
= Ifew / o g.(a))ds = [ [ewp (" (0 (5)

= |Dgsi(m)gti|Eu| = |Dﬂc9t|EU| = |D$T\E“|
=1

As we will work with the Poincaré section, these quantities will naturally appear

in our calculations.

Proposition 4.6.2. There exist ¢ > 0 and a; > 0, such that for any positive
integer k and any 2-sided k-cylinder C,,

k>Wk
diam x (Cy_p ) < ce™F

The following lemma is a result of regularity of a® and of a® which will be
very useful later.

Lemma 4.6.3. There exist « > 0, o > 0, ce >0 and ¢, > 0 such that, for any
w, w such that d(w,w') < e ",

/ ’

a™(w) < a(w )ecze’”,’c (4.6.8)

Jeie™k  a®(w) < al(w

Proof. we have

!

(u) r(w) r(w) )
2 (w,) — exp / a™ (w, t)dt — / a"(w' t)dt | .
al® (w ) 0 0

The function @™ (., ) is Holder, indeed, due to Proposition 4.6.2, then d(x(w), x(w')) <
ce=®* and since a(® is Holder then there exist ¢, > 0 and as > 0 such that we
have:

’

@ (w) —at (W)

/7

la™ (x(w)) — a™(x(w))]
cad(x(w), x(w))*

—a1ank

VAN VANI

CaCl
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Moreover, the height function r is also Hoélder, then there is ¢, > 0 and a3 > 0
such that

(u) r(w) r(w) /
2 (w/) = exp / a™ (w, t)dt — / a™ (W', t)dt
a(® (w ) 0 0

r(w) , r(w) ,
+ / a"“(w', t)dt — / a™ (w ,t)dt)
0 0

< exp (r(w)cace_a1a2k + sup |a*(w', )] e, d(w, w/)a3>

S Caeiak

Y

where ¢, = max(ryaxccq,sup |a*(.,t)|c,) and o = min(ajas, az). We prove the
second inequality of (4.6.8) analogously. O

Definition. Let x € A such that © = x(w), where w = (W )nez € Xa. Set ¥ (w)
which represent the minimal unstable length between z and the extremities of
T="(Wg (T"(x))) and I;,(w) representing the minimal stable length between x
and T™(Wy_ (T7™(x))). We write
Wi, (T () = Wil (T" () W Wy (T (),

where Wi (T"(z)) and Wy (T"(x)) are two curves starting at 7"(x) and ending
at one of the extremities of Wy (1™ (z)). We have

ln(w) = min{l;" (w), [} (w)},
where [T (w) and %~ (w) are the lengths of T~ (W (T"(x))) and T-"(Wy (T"(x)))
respectively. We also define [? (w), by

o (w) = min{l77(w), 17 (w)},
where [5F (w) and I3, (w) are the lengths of T (WiH (T~ (x))) and T™(Wi (T~ (x)))
respectively.

Proposition 4.6.4. There exists C' > 0 such that for all x € X, © = x(w), where
W := (Wn)nez € Xa, for alln >0 and all m > 0, we have the following property

n—1 n—1
% [T a(c"w) " <12 () + 1 (@) < ¢ ][ a*(c"w) !
k=0 k=0

and
1

&I et <iie i@ =0 I a6

k=—m k=—m

84



4.6. BALLS AND CODING

Proof. Consider W*(T"x) the unstable manifold at 7"z. We consider the local un-
stable manifold Wi (T"x). Denote by W := Wi (T"x) and vy :=T7" (Wﬁwn (T”x))
v is a curve on M, 7 : [a,b] — M, such that |§(s)| = 1, therefore ¢(v) = b — a.

w) = [l o).

Let w, € ¥4 such that v(s) = x(w,), then we have T%((s)) = x(c'w,), according
0 (4.4.1). Then using the chain rule and Lemma 4.6.1

First let us compute

b
/|DT”—17(S)T(Tn_1(PY(S)))HDT”—QV(S)T(TH_Q(’V(S)))‘"'|D’Y(5)T(7(S))"H(S)|ds

!/

= / a® (0" (w,).a" (0" (w,))..a" (0 (w,)).a" (w,)ds

/Ha(“)(aiw;).
@ j—p

For all s € [a,b], we have w, € C,,,,, and Y(s) € X(Ciyw,) then oc'w, € 0 (Cpyy ),
and hence we get:
d(o'w, o'w,) < e~ ("9, (4.6.9)

Then using Lemma 4.6.3, it follows that for all s,r € (a,b)

n—1 n—1
[Ta*0'@)) < TTa"0' @) expeae 0
=0 i=0
n—1 n—1
< H at(o'(w,)) expca y e )
i=0 =0
but > 7 01 e~ < {—=a7, then setting the constant C':= exp ( ) we get

ﬂwwwmscﬁwwwm (4.6.10)

Applying (4.6.10), with w, = w, we get an upper bound of the product depending
on s by something which doesn’t depend on s, we obtain

/ W))ds < cﬂaU(ai(w))/ ds = CU(V) ﬂa“(w),
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4.6. BALLS AND CODING

now applying (4.6.10), with w; = w, we get this time a lower bound

pn—1

(v 1:[ a’(o'(w)) < / H a’(o’(w.))dr = L(W).

There exists C° > 1 such that the length of W is uniformly bounded from
below by é and from above by C’

%:ﬁ (a“(ai(w)))_l <Il'w)<CC

i=0
The proof for #,(w) follows exactly the same scheme up to replacing T by T~!. [
Lemma 4.6.5. Let x1,20 € X, r1,79 > 0, ¢, > 0 be the Lipschitz constant in

Proposition 4.2.1. For all m,n > 0, w = (w;)icz € X4. Consider the stable and
unstable balls such that:

B*(z1,71) C X(Cupuwn) and B*(z2,72) C Xx(Cou_,, wo)-

There exists x € X such that we have

B (:B, w) C B*(x,r1) X B*(z,12) C X(Cy_,, w)
I

cr
2* € W5(z) and 2* € W¥(z). Due to Proposition 4.2.1, there exists ¢; > 0 such
that

Proof. Set © = {x1,z5} and let z € B x,w> Set z = 2% 2% we have

d*(z1,2%) < CLM <ry and d“(zy,2") <1,
CL

and hence we get
z € B*(x,r1) X B*(z,13) C X(Cly_,, wo)-
[

Lemma 4.6.6. Let x € X, r > 0 and ¢ > 0 be the Lipschitz constant in Proposi-
tion 4.2.1. Consider the (¢,q )-cylinder C,,(x) where q and q are minimal such

that cl3(z) < 5 and cLl;‘/(x) < 5, then we have

x(C, ) C B(z,7).
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4.6. BALLS AND CODING

Proof. Let w = (wy,)nez such that z = x(w). Suppose that = € intll,,, where we
consider 11, I, ..., II,, the Markov collection for g, on A. Each rectangle II,, is
contained in a smooth disk D; and has the product structure {.,.} as in (4.2.1).
Let z and 2 two points in II,,, such that

z = {mx1,x9} and 2 = {xll,:c;},

then due to Proposition 4.2.1 we get

diam(x(C_, /) = max d(z,2)

q/ .
z,z’eﬂi:_q T—i(Ily,)

max d ({331, T2}, {15,17 55,2})

o
Z1,22,T1,T5€1l;

crd ((1’17 ), (), 33/2))
cr (d(xl,xll) + d(l’g,l‘;))

cr (l;(w) + 1y (w)) <r

INIA

IN

which proves the lemma due to the conditions considered on ¢ and ¢ . O

Lemma 4.6.7. For almost everywhere x € X, any r > 0 small enough, and for
all m and n mazimal such that ¢y, v < min(ly  (2),15 (7)), the (m,n)-cylinder
Crnn() is such that

B(z,r) C X(Crn())

Proof. Let § > 0. Given z € X, we set W§(1T"z) the local unstable manifold at
T"x of length §. Let p > 0, set §,, = [n"P| > 0, we claim that

ZX*V(ZE cd(T"x 2 0'11,,) < 0p) < 00,

nez
Due to the Borel Cantelli Lemma, for x,v-a.e. x € X, there exists n(z) such that
Vin| > n(z), we have d(T"z,0"1l,,,) > 6,. Then ANWy (T"x) C 1I,,,, and hence
we get
B*(z, lf;mn(:(;)) cCT (W (T"x)). (4.6.11)
Due to the Markov property, the inclusion A NT~*(W¢ (T"z)) C I1,,, , holds for
every k= 0,..,n, and hence ANT~"(Wg (T"x)) C x(Cuyw,). Then with (4.6.11),

we get
AN B (z,l5, () C X(Cupwn) (4.6.12)
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Similarly with respect to the stable direction, Ym > n(z), we have ANW; (T7"x) C
I1,_, and we also get that

AN B (z,15, (7)) CX(Cu_,p o) (4.6.13)

Let y € A be very close to z (y € B(x,r)), then y € II,,. Set z = {y,z} €
We(y) N 1L,.

Using Proposition 4.2.1, we have z € B"(z, cpr). Moreover due to [4] then z € A.
Using (4.6.12) and since c, v <[, (), this gives that 2z € x(Cuyw,)-

We have that z € W*(y), y and z are in the same rectangle II,,,. Then due to the
Markov property, as z € x(Cly,.w,) then also is y, giving

B(z,7) C X(Cpywn)-

In the same way, considering the stable direction, using (4.6.13) and since ¢, r <
lS

O,

(x), we get
B(z, 1) C X(Cor_ o)

finishing the proof.
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Chapter 5

Pointwise convergence of the
recurrence rate to the dimension

5.1 Description of the Z-extension

Consider a Riemannian manifold M endowed with a o—finite measure . Let
G : M — M be a flow on M preserving the measure fi.

Let I : M O be an isometry of M such that: I' = {I",n € Z} is an infinite
group of isometries (i.e.I” = I™ = n = m) and such that I preserves fi. We
suppose that:

e M =M/T ={I.&,i € M} is a compact manifold.
o Gi(1.3) = L.g(%)
This ensures that we can define a flow (¢g;); on M by:
gt(l"fﬁ) = th(i).

Moreover, we assume that (M, (g;);) is an Axiom A flow and that the measure p
defined on M from the measure i by passing through the quotient, is an equi-
librium measure for (g;);. By construction of u, for every A € B(M) such that
ANUpeg(IFA) = 0, we have

p{lz,z € A}) = [i(A)

Our interest is to study the time needed for the flow ¢; to return back to an
e-neighborhood of its starting point.
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Definition. For any « € M, we define the return time of the flow §,:
T(z) :=inf{t > 1: g(x) € B(x,¢)},
where B(x,€) is the ball of center z and radius e.

We will prove the following result:

Theorem 5.1.1. Let (M, {g}, i) be a flow satisfying all the hypothesis above.
Then for fi-almost every point x € M,

logﬁ_h+h

li = — 4+ —.
- loge L* L#

Let My C M be a fundamental domain which is closed and connected, such
that

My = intMy and fi(0M,) = 0.

Furthermore, we assume that My is such that #{k € Z : dist(My, I*"My) < Finj} <
oo, where we set 7;,; to be the radius of injectivity of M. We define the constant
My, > 0 by:

My, := sup{|k| : dist(My, I"My) < Fin;} < 0. (5.1.1)

We take the notations and notions from chapter 4 for (M, (g:):, ). For every
¢ € 7, we call (-cell the set I*M,.

Definition. Let y € M and ¢t > 0.

We define ¢;(y) as the index of the cell containing §;(go) where gy is the represen-
tant of y in Mo, that is ¢,(y) is the unique integer such that §,(go) is in 1™ M.
We define n¢(y) as the number of times the (gs(y))sejo,q traverses X.

Definition. We define ¢ : X — Z to be the unique integer such that g (Zo) is
in I°@ M.

Proposition 5.1.2. The function ¢ is Holder.

Proof. We have that M, defined in (5.1.1) is finite. Thisimplies that inf d(z, ["z) >

zeM neZ
€y > 0.
Let us take a Poincaré section introduced in chapter 4 such that ¢y < ¢, and
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5.1. DESCRIPTION OF THE Z-EXTENSION

strictly less than 7;,;. Adapting M, we can suppose that the set of disks D of the

Poincaré section are the projections of disks contained in My, by replacing M, by
My U U Dléol \ U U [n<[)[50})
DeD:DNdMy DeD:DNoM, 770
with €, satisfying:
+4(0(5)) -0
e the projections 'y : y € DI%l are pairwise disjoint.
Therefore, with this modification ¢ is constant on each D; N T~'D; for i # j. [

Definition. We define ¢ : Xz — R, by:
o(z,u) = &Z’) r € X,u € [0,R(x)].

Lemma 5.1.3. fot @ o Ysds satisfies the Central Limit Theorem with the variance
0'2 . . . .

0'3) = fX—Edu’ where {1 }ser s the suspension flow defined in 4.4. That is, \/% fot oo

Ysds converges in distribution with respect to the measure p as t — +oo to a

centered Gaussian random variable with variance 03).

Proof. We have ¢ and R satisfies the CLT using [17] and fOR(x) o(z,u)du = 1‘22";)) R(x) =

(), then we deduce using Theorem 1.1 in [32] that ¢ satisfies the CLT with vari-
0.2
ance fx—;%d’/ ]

Lemma 5.1.4. For every (z,u) € Xg, there exists a real number N; > 0, such
that for allt > 0 and ¢ € Z, we have

| / Do, u))ds + Pryu(®)] < 2loloo + Nz (5.1.2)

Proof. Let x € X and 0 < u < R(x), we have, for all t > 0:

3 R(z)—u ne(gu(z))—1 g, 1R(z)—u
_ p(x) *
[ otwtenas = [ Eas s > /SkR(x)u (s () ds

+ /St d(s(x, u))ds. (5.1.3)

i (gu(2)) B(T)—u
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Note that whenever Sy R(z) — u < s < Sgr1R(z) — u, we have

gb(ﬂ)s(l‘, u)) = gb(d’s-ﬁ-U(Ia 0)) = ¢(Tkx>t1)7 where t; € [07 R(Tk(x))]
from which we get whenever Sy R(z) < s+ u < Spi1R(x), that

nt(gu(@))=1 .5, | R(z)

Z /S ))ds = fl((gkg R(T*z) = o(T*x).

Thus the following term in equality (5.1.3) is equal to:

ne(gu(@))=1 .5, | R(z)—u nt(gu(z))—1

> / Senrads = Y plT*0) = Suuenelo).

k=1

Substituting the previous term in (5.1.3), and using the definition of the function
¢, we get

: ) ) (T2 ()
| dte s = Sugnetor- [ Foast [ S

ds,

Sy (gu (@)

Note that whenever ¢t < Sy, (4,(2))+182(z) — u, the following term in the previous
equation is bounded as follows:

' n1(gu())
(T z)) Il o)
/~%<gu<z>>R<x>—u R(T o) () = R(Tlox() ()

Let us set the constant Ny = sup sup [@iu(2) — Sp,(gu(2))¥@(®)|. Combining all
zEMt<R(z)

the previous assumptions together, we get

t
/0 B(the(2, 1)ds + Pry(2)] < 2@lloo + Ni

]

We aim to deduce the statistical properties of ¢, from the corresponding statis-
tical properties of ¢ on the base dynamics. Thus we have the following proposition

Prop051t10n 5.1.5. ¢, satzsﬁes the Central Limit Theorem with the variance
O 1o = T<hav Rd . That 1s, \/got converges in distribution with respect to the measure

pas t — 400 to a centered Gaussian random variable with variance 03,
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Proof. We set ¢, := 2llelloo
t >0, we get

. Now using (5.1.2) and dividing by v/, for all

th—i-u( ) fo ws Z, U’
Vi Vi =«

When t goes to infinity, the term e; goes to zero. Then using Lemma 5.1.3, we
deduce the CLT for ¢;. O

5.2 Proof of the almost sure convergence Theo-

rem

We want to know the time needed for the flow g; starting from a point y €
M to return back into an e-neighborhood of this point, say B(y,€). Setting
y = gs(x), the point y corresponds to the coordinates (z,s,ng), where = is a
point on the Poincaré section X in an initial cell ng. Projecting on D, let

k = sup{constant Lipschitz of Pp}, we can observe that:
D

Bp(z, 2) C Pp(Bul(y,€)) C Bp(x, ek) (5.2.1)

Definition. Let z € X, such that y = gs(x), We define the first return time of
the transformation 7" into Pp(B(gs(z),€)) in the cell ng by:

w(z) = min{k > 1: T*(z) € Pp(B(gs(z),¢)) and ng o TV(z) = 0}

Lemma 5.2.1. Lety € M and x € X, such that y = (z,s), where s < R(x). The
return time of the flow g; and that of the transformation T are related in a manner

such that, for almost every y = (x,s)

Te(y) ~ we(x) /X Rdv. (5.2.2)

Proof. Recall that 7.(y) = inf{t > 0: §:(y) € B(y,€)}, we have

-1 we(x)

Z RoT*(z) < 7.(y) +s< ZRoTk(x),

k=0
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5.2. PROOF OF THE ALMOST SURE CONVERGENCE THEOREM

from which we deduce that
we(z)—1
() +s= Y RoTF(z)+s, (5.2.3)
k=0
where 0 < 5" = 5. () < Ro T%® < ||R|w.

The space (X,T,v) is a probability space and 7" : X — X is an ergodic
measure-preserving transformation, then using the Birkhoft’s Ergodic Theorem,
for v—a.e. x € X, we have:

n—1

lim % > R(T*(x)) = / Rdv. (5.2.4)

The height function R is bounded from below and above by R, and R... In
addition, we have |7.(y) — ?;(0"”)71 RoT* =|s— 5| < Ruax, hence using (5.2.4)

we(x)—1 we(x)—1
wo) [ Bl S BT R S7(0) S Y RoT R wile) [ R
k=0 k=0

because w, — +o00 v-a.s., where y € M is associated to the coordinates (z,s),
then as ¢ — 0, we have

) ~ wi(o) [ Rav (5.25)

X
[l

Due to the latter relation (5.2.5), it will be enough to study the behavior of
we(z) and conclude the results for 7.(y).

Remark 5.2.2. Hence, proving our results for 7.(.) will be by studying the asymp-
totic behavior of w,(.). But due to (5.2.1) and to the Lemmas 4.6.6 and 4.6.7, we
will start by studying the asymptotic behavior of the first return time into a cylin-

der, from which we can conclude the behavior of w,(.).
Thus we consider the following definition

Definition. The first return time in a (g, ¢ )-cylinder of a starting point w € ¥4
is defined by:

Toq (W) i=min{m > 1: S, ¢(w) =0 and 0™ (w) € C, s (w)}
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Let us denote by G,(q,q’) the set of points for which n is a return time to the
cylinder C, /(w) :

Gol(q,q) ={w e X4 : Spp(w) =0 and 0" (w) € C,q (W)}

Thus, we have:
7 (@) = min{m > 1:w € Gulg,q)}

Lemma 5.2.3. Let a,b > 0 such that (a + b)h > 1. Set ¢, := [alogn], g, :=

[blogn], then almost surely, we have:
log . /7. 1
lim inf—o dnfin > (5.2.6)
n—oo  @p +q, 2(a +b)

Proof. Let us denote by C,, the set of (g, ¢ )-cylinders of ¥. Let § > 0 such that
5+ (a+D)h > 146(a+b), denote by C? ., C Cqy the set of cylinders C' € Cyq such
that v(C) € (e~ h+la+d) =(h=0)a+d)) For any x € ¥, recall that C, , () € Cyq is
the (g, ¢')-cylinder which contains x. By the Shannon-McMillan-Breiman theorem,
the set K = {x € ¥ :Vq,¢' > N,Cyqy(x) € C,} has a measure v(Ky) > 1 —6
provided N is sufficiently large. According to Proposition 2.2.1, whenever n > N,

we have :
V(K% N Galan,a,) = v ({o € K& @ Sup(@) =0 and 0"(x) € €, (2)})
= ) v(Cn{Sup=0}N07"(C))

Cecj J
= Y v(Cn{S.e=0}No7"0" (67" (C)))

cec’
an,qn

_ ) (€)au(C)
- 2 m%m*@( )

CEC;Sn .
5 #eo(2)

an,dn

Hence it follows that:

V(K3 NGulgn,q,)) = O Y



5.2. PROOF OF THE ALMOST SURE CONVERGENCE THEOREM

but 2 + (a +b)(h — &) > 1 then Y., V(K N Gu(gn,q,)) < oo. Hence by the
Borel Cantelli argument, for a.e. x € K%, if n is large enough, we get Tamd. > T
proceeding similarly as at the end of the second item of section 3.2.

Moreover, we have the following implications

1 /
Ty, > 1 = (a+Db)log, /7~ "> logn §(qn+qn)
o8 VTowan 1
ttd, — 2a+b)

This implies that:
log . /. 1
lim inf GRvALH >

n—oo  ( + q; - 2(a + b)

a.e.,

[
Lemma 5.2.4. let a,b > 0 such that 2(a +b) < 3, then taking g, := [alogn],

= [blogn], we have almost surely:

log . /7. 1
lim sup & dnfin <
n—00 an + q, 2((1 + b)
Proof. We keep the same notations of the proof of the previous lemma with § > 0
such that $ + (a +b)h <1+ 6d(a+0b). Foralll =1,...,n, we define:

All@n 4r) = Gilgny @) N0 {7, 0 > =1}

Let us take L, := [n“/}, with @' > 2(a 4 b)(d + 6 — 7). The sets A;(qn,q,) are
pairwise disjoint thus:

1= i Al Qnaqn Z Z C N Al Qnaqn))
=0

I=Ln cec®

qdn,4n,

Note that C'N {7, > n —I}} is a union of Cy, ,—1+¢,-cylinders, then using

Proposition 2.2.1, we get
v(C N Algn,q,) = v(CN{Sp=0no" (Cn{r, , >n—1})
= v(CN{Sp=0}nN G_ZQq"(H_q”(C’ N { A 1))
v(Cw(C N, o >n—1}) o (Z/(C N T, >0 — l})an/(C)>

”27TO—SOVZ_QTL l_Qn
v(C) ( g (C) )) 1
(\/27m@ VI—2q, m”( {Tguq, > = 1})
= C”_(“%)(d*‘”\%V(C M{Tgg, >0 = 1),
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for any C € an provided ¢, > N and [ > L,,. We have

y(KfVﬂ{Tqmq;>n})§ Z V(Cﬁ{ qr>n}>

cect

but,

> ACN A 2t IAC (7, o) Y

=hn I=L,

DGy 2 (v VE)

so we get:
= Z (CNAqnrq,) > Y o @Iy Cnfr, > n}) (\/_—w/Ln>

cecd = cecd

an qn n+(1n

hence,

1
Z v(CN{r, o >n})= (m)

cecy
Now let us take n, := p71*2<a+4b><d+5). We have:
5 0% i, > 109 = 30 (ot ) =0 () <0
p>1 p>1 p>1

Hence, by the Borel Cantelli lemma, for v-almost everywhere z € K3, for every p

large enough, 7, < mn,. Moreover we have the following implications:
TLp7 TLp
<n log v/ Tany, qnp 1
T, ,
qnp:qnp - p an7 qnp o 2(a + b)

which implies that

log . /7 1
lim sup I < .
n—+o00 qn, 4y, 2(& + b)

O

Proof of Theorem 5.1.1. Fix an € > 0. We consider a point x in M which is coded
by an w € ¥4 such that 2 = x(w). We control the ball B(z,€) using the Lemmas
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4.6.6 and 4.6.7 as follows:

Then as x(C,,,q (7)) C B(z,¢) C X(C,_ (7)), we get:

Tpewr = Te < Tgeql:

(5.2.7)

Now ¢, q., pe and p, are well defined using [* and [*. Back to the definitions
of [5 and [, using Proposition 4.6.4 and the formulas (4.6.6) and (4.6.7), the two
are written as an exponential of an ergodic sum:

n—1
) ~ [[a"(0"w)
k=0

n—1 -1

r(w)
= ex a™(o*w, t)dt)
(e
n-1 ()
= exp | — a™ (gq( (akw)))dt>
;Ho p( /0 g(x

n=l ()
= exp <—kz /O a(“)(gt(x(ff’“W)))dt)

and

B ~ [ et

r(w)

= [ ew ( /O a‘s)(gt(x(a’“W)))dt>
m-1 ()

= exp (Z /0 a(S)(gt(X<Ok+lw)))dt)'

Then % and % converge almost everywhere on 4. We set L, and L, to be
their limits respectively.

Let n € (0,1). There exists ng > 0 such that for all n > ng

log 12 I
%8 ’n < Ls+mnand L, —n <log = < L, +n.
n n

Ls—n<
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On the other hand, ¢, q;, Des p; verify the following:

logly <log(e/2cr) <logl; ;, log l;‘é < log (¢/2¢p) < log lggq

and
logly <log(e/2cy) <logly ,, log ZZ/ < log (€/2¢r) < log l;fbp

from which we get

Lsge ~logl; ~ loge, Luq; ~ log l;ﬁ ~ loge

and
Lgpe ~logl; ~ loge, Lupl6 ~ log l;f, ~ loge

Then we have

log € dd v log €
€) € ~ a‘n € € ~ )
de; P L. de; D, L.
Let n € (0,1). For € > 0, large enough, we have
1 1 —n)(loged=—m""
Lo lome _ (1-mllogel )
(Ls(1—n)) Ly
and .
> log € (1 —n)(log =77
4. =
(Lu(1 —n)) L,

We set a,, = (125"), b, = @ and N, . == (6(1_’7)72] We have a, +b, < LL+L%L,

u s

"
then using Lemma 5.2.4 (applied to a,, b,, N, ), we have almost surely
log . /7.7 1
lim sup dede < ,
€—0 qe + g, 2((1,] + bn)

but, ¢ + q, < l(ioij)‘ <LL + L_1u> and a, + b, = (1 —n) (LL + L%), then we obtain

almost surely

lim S.up(1 — 108 VT, < lim smplog VAR !

Hence we have almost surely

1—n)log /77 1
- Sup< n)log /7,7 - |
0 | log €| 2(1=mn)
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On the other hand, for all € > 0 large enough, we have

o dome (1 a)loge )
“T (Lo(1+m) Ly 7
and
) loge (14 n)(log et 7).
7 (Lu(l4m)) Ly
We set a, = %, b, = (1%7) and N, . = (G(H’?)_Q}, We have a, +b, > LLS+LLU,

"
then using Lemma 5.2.4 (applied to a,, b,, N, ), we have almost surely

lim inflog V pere > 1
=0 pe+p. — 2(a,+by)’

but, p. —I—p/6 > I(ioi;)\ <L% + L—Z) and a, + b, = (1+n) (LLS + L%), then we obtain

almost surely

1+n)log. /7 log . /7 1
lim iglf( ) PePe > lim iglf Pobe > ,
e— |10g€| <LLS+L_1U> e— De + D 2(1—|—n) <LLS_|_L_1u>

Hence we have almost surely

1+n)log. /7. 1
lim inf (1L +m)log Pebe > ;
0 | log €| 2(1+m)

Therefore for all n € (0,1), using (5.2.7), we have the following two formulas,
for almost surely

(1 —mn)log /7 (L—=mn)log /Ty o 1

lim su < limsu ,
ol oged  — et Tlege  2(T-)
1 1 2 1+4+n)log . /7 1
lim inf( 1) log /7 > lim inf( M log PePe > ,
e—0 | log €| e—0 | log €] 2(1+n)

from which we get that

log/7c 1
RVAL. —,  almost surely.
—0 |logel 2
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Chapter 6

Convergence in distribution for
Z~extension of Axiom A flow

In this chapter we consider the same hypothesis and notations introduced in Chap-
ters 4 and 5.

Let § € M, and Dy = Dy(7) a disk centered on § and which is transversal to the
flow, and orthogonal to it at 3.

We will show a result of convergence in distribution for 7.. In the normalization
appears a transversal measure 7y on Dy defined by:

. N SR ~
—e<s<e
The existence of this measure is proved later in Lemma 6.2.12. We call it measure

transversal to the flow at .

Theorem 6.0.5. The sequence of random variables Uy(B(.,€))*7.(.) converges in
distribution, with respect to any probability measure absolutely continuous with re-
spect to i, as e — 0 to Ufclow/‘\%, where £ and N are independent random variables,
E having an exponential distribution of mean 1 and N having a standard Gaussian

distribution.

6.1 Construction of the partition

Given € > 0, we fix 0, = “O—Egd. We want to construct a partition D, of ¥4 of

diameter < 6. Let ¢, > 0 the Lipschitz constant of (z,s) — gs(z) on X x [0, Byl
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6.1. CONSTRUCTION OF THE PARTITION

cr, > 0 the Lipschitz constant of the map in Proposition 4.2.1, and the constant
C' > 0 in Proposition 1.1.6. Let w = (wy)nez € 24, we set the following:

& / 0.
ni(w) =ny(w,€) :=min{n > 1s.t.  sup Ha(“)(akw )< 50
/ CqCy

2

and
no(w) = no(w, €) := min{n > 1 s.t. 21;) H a®) (o7Fw) < 2006961}'
w 1;1 k=—n
W_ =W ],ewW_ =wop

We set M, := 2 max n;(w) + 1.

wEX A

Definition. Let ¢ > 0. We set Q. := sup,cyx, n2(w) and define M, := 2Q. + 1.

Lemma 6.1.1. For allw € ¥4, the numbers ni(w) and ny(w) are well defined and
finite.

Proof. First, the function a™ is positive and Holder on A which is a compact set,
thus 4 m, > 0 such that:

a"(z) >m,, Vr€A.

We know that the height function r is bounded from above and below such that
0 < Ppin < 7(W') < Tmae < 00, Yw' € ¥4, then using the definition of a®), we get:

a® (w/) > exp(MyTmin), V' € 4.

Now going back to the definition of ny(w), Vn > 1, there exists p, < 1 such that

n—1
sup H a®™ (o*w) ™ < (exp(myrmin)) ™" = Pl
W eESH k=0
10g(2096ﬁ)

from which we conclude that, ni(w) < =
g Pu

—‘ = pue. Indeed every n > p, .

satisfies r?*ug [T, a®™(c*w) ™t < %gq} This gives that n,(w) is finite.
w el

/
WHTW0 - Wn=Wn

Similarly for ny(w), the function a(®) is negative and Holder on the compact set A,
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6.1. CONSTRUCTION OF THE PARTITION

then there exists m, < 0 such that Vz € A, a®(x) < m,. Using definition of a®,
VW' € o4, a%(W') < exp(myTmae), getting that Vn > 1, 3 p, < 1 such that

n—1
sup H a*(0"w') < (expmyTmaz)™ = pT,
UJ’GZA k=0
we have ps; < 1 since my < 0. Consequently there exists ps. > 0, such that
log ps

log (52—
na(w) < [M—‘ = ps.c, showing that ns(w) is also finite. O

Proposition 6.1.2. For all w € X4, the family of cylinders De(w) = C_p,(w)n ()
forms a finite partition D. = {D.;,i =1, ..., N.} of 4.

"

Proof. Let w” € ¥4 such that w” € D, (w), then we have w_y, ) = W (o) - WO =
Wy s - W () = w;'l (@) from which we have

n n

sup H a®(ohw) ™t = sup H a(okw)t
’ uj/GZ,;; " k=0 ’ w/EEA k=0

and

—1 -1

sup H (a)* (07w = sup H a® (07w
w'esy k=—n w' €Ty k=—n
wilzwzl,..,wln:wzn WL1:W—11<-vWLn:W7n

hence n1(w”) = n1(w) and ny(w) = ny(w”) and therefore D (w) = D(w"). O

Definition. For D, ; an element of the partition D, x the coding map and (g:)ier
the flow, we define the family of sets (P.; ;) , such that:

. o (1416

L Pe,i,j = {gs(X($))> (33', S) € De,i X []6%7 ﬂ[}

Cg

ii. Let yc;; € Pe;j, there exists we; € D,; the smallest element in the lexico-
graphic order such that y.;; = x(we;, 76.)-

Lemma 6.1.3. Ve >0, i=1,...,N. and j > 0, the family (Pe;;)ci; satisfies
diam(Pe,i,j) < ..
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6.1. CONSTRUCTION OF THE PARTITION

Proof. Letw,w’ € S4, we have d(gs(x(w), g (x(«)))) < ¢gmax(|s—s'], d(x(w), x(«)))
but due to (1.1.25), there exists ¢, > 0 such that

) s u 0., 0. 0.
diam(x(De;)) < cp(l, (Wei) + 1y, (Wei)) < CL(chcL + QCch) < .
hence we get d(gs(x(w), g4 (x()))) < Cg(ggjg, fjg) <0.. O

Lemma 6.1.4. There exists K > 0 such that for all € > 0 and everyt =1, ..., N,
there exists w; := w; ¢ € X4 such that

B (. ) < 100,

Proof. For all w € ¥y, set ¢ = ny(w), and ¢ = ny(w). Using the definition of
n1(w), then there exists w’ such that

ni(w)

a"(0* () < s

<
2Ccqcr, —

k=

a¥(ok (w))?

2Ccqycy, > O’

from which we get, using the definition of [j that there exists ¢; =
such that

(W) > cif,,

hence there exists w* € Wy (w') such that

w u606 wr !
B (w, 13 )CWq(w).

Similarly, using the definition of ny(w) and that of l;,, there exists w? € Y4, ¢ > 0
such that 2, (w?) > cpf, from which in turn, we have that there exists w® € W (w?)

such that ;
s s C2oUe s
B ((JJ y 3 ) C qu (UJ)

Let k > —3<L then using Lemma 4.6.5, there exists w; € 34 such that y(w;) =

min(cy,c2)’?
{w?®, w"} and

fc
B (X(wz), E) - C—q,q/'
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6.1. CONSTRUCTION OF THE PARTITION

Definition. Set P, = {P.;;:i=1,...N;j >0,D.; x [j0., (5 +1)0[]C A}. We
will consider the elements of P, which intersect the boundary of A, thus we define
the set P.:

756 - {Pe,i,j : Z = 17 7N6)j 2 O,Dé,i X [jgﬁ’ (] + 1>9€[m8A ?é (D}

We will show that the measure of the set P, can be neglected in our study.
This is verified in the following lemma

Lemma 6.1.5. The v-measure of the set P, is O(f.).

Proof. Consider the figure , and let D.; be a cylinder in P, i.e. which intersects
the boundary of A. Consider the lengths L, and [, as indicated in the figure. To
estimate the measure of P., we need to estimate L,. Knowing that diam(D, ;) < 0.,
then L, < 0.+ [,. Let by,by € ¥4, such that (by,r(b1)) and (by,7(be)) are as
located in the figure, where r is the height function, and ¢, its corresponding
Holder coefficient. There exists ¢ > 0 such that

L. < cd(r(by),r(be)) < cc.d(by,bs) < cc,.0,

Thus we get L, < (1 + cc,)0.. O

(by,r(b1))

(ba,r(b2))

We denote by Ac_g (Y ;) and Acig, (Yeij) the projections of the balls B(y.; ., e—0.)
and B(yej, €+ 0.) on X4 respectively, we set A- = Uger Dy and AY = Ui Dy,
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

where I = {k: D¢y C Acp (Yes;)} and J ={l: Dy N Acyo. (Yei;) # 0} Then we

have the following inclusions:

A7 (Yeij) C Acmo.(Yeij) C Ac(Weij) C Acvo. Yeij) C AL (Ve )- (6.1.1)

Let y € M, if € > 0 is small enough, y € UPGR P, there exists 7,5 such that
y € P.; ;. Consider the ball B(y, €), and let y.;; € P.;;, we have:

B(Yej,€ —0c) C B(y,€) C B(Ye,j,€+0c). (6.1.2)

This comes from the fact that the diameter of P, ; ; is bounded by 6.. Furthermore,
after projecting on X4, let z.; € X such that z.; = x(w.;), we note that there
exists aq, as > 0, such that:

v(X T (B(xei, 0n6))) < V(Ac(Yeig) < vXT (B(@eg; a26)))- (6.1.3)

In what follows, we consider the notations A_(y) = AZ(ve.;), Af(y) =

AT (Yeij) and D (z) := D.;, where z is the point of X such that y = g4(z)
for some s € [0, R(x)].

Proposition 6.1.6. Recall that a measure v on a metric space is called Federer
if there exists a constant Krp > 0 such that for any point x and any r > 0,

v(B(x,2r)) < Kpv(B(z,r)).

Remark 6.1.7. Due to Theorem 5.1 in [41], the measure v is Federer. We note

that there exists a constant ¢y > 0 such that for all m > 0,

v(B(z,2™r)) < cpv(B(z,71)). (6.1.4)

6.2 Proof of the convergence in distribution

Lemma 6.2.1. Let v € (0A(y))Y), then there exists = € 0A(y), there exists ¢
such that d(x,z) < &) and z € W*(x) or W*(x).

Proof. Let x € (0A.(y))P. The stable and unstable manifolds are transversal, let
a > 0 be the angle between W#(x) and W*(x). Let n > 0 be the angle of variation
of the stable manifold and that of the unstable manifold at the point x.
Consider @ > 0 such that 7 = a + @, there exists «ag, such that & > «g. We have
a = a1 + as — 21 as in the figure. And therefore we have
T—« a1+ g — 2
5 0 > > Ui
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

W (x)

A (y)

We know that the distance from z to 0A.(y) is less than or equal §. Now we want
to know the minimum distance from z to 0Ac(y) along either W*(z) or W*(z),
thus we have

: J J J )
min , < — = - ,
COS (v COS (g min(cos ayg, cos ap)  cos(min(ag, az))
on the other hand we notice that

a1+a2<7r—(a0—277)
2 - 2 ‘

min(ay, ag) <

which in turn gives that

-2
cos(min(ay, ay)) > cos (al —5 042) = sin (ao 5 77) :

Setting ¢! = sin (22521) > 0, we get

: ) ) )
min , < — oo
COS (¥] COS (o sin (—)

2
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

Thus there exists z € W*(z) or z € W¥(z), there exists ¢ > 0 such that d(z, z) <
co. O

Lemma 6.2.2. For all € > 0, the v-measures of the sets AT (y) and AZ(y) are

equivalent.

Proof. We know that the cylinders of D, are of diameter less than 6., and the
projection map on Y4 is Lipschitz with constant k. Set 6 = (k + 1)0, and let kq
be the smallest positive number satisfying kre + § + € < kge. By the coding map

X, we have on the Poincaré section X that:

XALED\WAD ) = ((Ay) D% 0 (x(Ac(y) ) et
= (Ox(Ady))™,

thus we need to prove that the measure of the d-neighborhood of A.(y) is negligible
with respect to the measure of A.(y). Indeed, let mpg > 0 be such that ky < 2™Fay,
then using the Federer property (Remark 6.1.7), and the inclusion in (6.1.3), there
exists ¢y > 0 such that:

v(x N (B(z, koe))) < cpfv(xH(B(x, are))) < cpfv(Ad(z)), (6.2.1)

hence it’s sufficient to prove that v ((8Ae(y))[5]> is negligible with respect to

v (X~ (B(x, koe)))-

Now, due to Lemma 6.2.1, we will work on two parts of 0A.(y)
Let x¢ be a point in D. Let z € W*(xy), we set [*(z) := W ()N (0A.(y)?, such
that V¢, € I*(z), there exists z € 0A, as in Lemma 6.2.1 and where z € W*(¢,).
On the other hand, we set I°(z) := W} _(z) N (OA ()" such that Ve € I*(x),
there exists 2 € DA, as in Lemma 6.2.1 and where 2 € W*(£)).

Hence, we have 0A(y)¥) = 7% U Z°, where

= |J IMw)andZ:= |J I(x)

xeWs(x0) WS (x0)

(9]

our aim is to estimate the measure of 7% with respect to that of B(z, koe). We
will start working on v*(7(x~*(I*))) and then after integrating over ¥ x X7,
we conclude the estimation of v(x~1(Z%)).

Let ¢; be the greatest integer such that ) > 3cd, then we have:

2

I'(2) € [JX(Cosos(@i)) C Bla, koe),

=1
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

and so v* (7t (x 7 (1)) < 327, v4(Co g, (7t (wi))). Knowing that W*(z) = x (C_seo(w)) =
N2y x (C—ip(w)), let p; be the smallest integer such that I% (w;) < ¢, then using
Lemma 4.6.6, we have

X (Cocop; (W) € WH(x) N B(x, koe), (6.2.2)

but v*(Cop, (7H(w;))) < vt (x 1 (B(x, koe) N W*(z)))), thus using Proposition
2.0.1 and that max p < —v, we get:

vt (N (1Y) = v (Co g, (1 (wi)))
it (1 (B, koe) A Wo(@)) D5 v (Cop, (m+ (1))

=1

IN

2
Zk ex <Z poao wz>
i=1 k=p;+1

2

< k2 exp(y(q; — pi))
=1

< e,

where 77(e) — 0 as € goes to 0. Set I* = {(w™,w?) : Jw = (Wn)nez € T s.t.x(w) €
I* w™ = (Wn)n<o and w = (wy)n>0}, and in same way we define the set B(z, koe).
We have the following:

e = [ ; ( / X 1fu(w_,w+)du“<w+>> v (")

= / v ({wh: (wm,wh) € I dvi (W)

< (e / v {wt (W, w') € B(x, ko) })dv* (w™)
< (" @ v (x T (B(z, koe)))

On the other hand, the measure v is absolutely continuous with respect to the
product measure v* ® v® with density function h. Then using the previous in-
equality and Proposition 2.0.1, we conclude that:

v(x 1) = /z L1 zmyh(w)d(v" @ v*)(w)
roV" @ v (X (T))

k()" @ v* (X (B(w, koe)))
(e)v(B(x, koe)).

IN N TN
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

where 7j(€) = £2n(e).

Proceeding with the same strategy above, there exists 7j(€) such that v(x =1 (Z%)) <
n(e)v(B(x, koe)) and this finishes the proof since 7(¢) and 7(e) goes to 0 as € —
0. [

Recall 6.2.3. We recall the first return time of the flow g, to B(y,€) fory € M:

Te(y) = inf{t > 1,G:(y) € B(y,e)}. (6.2.3)

Definition. Let us consider the function ¢ : X — Z introduced at the beginning
of Chapter 5. Let us denote by afp the asymptotic variance of . We consider the
Z—extension T of T by ¢

T:Xx7 — XXZ7Z
(x,m) — (Tz,m+ p(x)).

Definition. We define the first return time to A.(y) in X4, by

Wa, ) (x) = inf{n>1,T"(x,0) € A(y) x {0}}
= inf{n >1,5,p(z) =0 and 0"z € A (y)}.

Remark 6.2.4. We will start by studying the asymptotic behavior of wa ()
to deduce that of 7.(y). we will need the following definition:

Definition. We denote by R+, (z) = min{n > 1: o"(z) € Af(y)} the first
return time of a point = into A (y).

Proposition 6.2.5. For every y € M, every € > 0, consider n. = n.(t,y) := and
M, and Q. as defined in Section 6.1. Let D be a set satisfying either (D € D, and
D C Af(y)) or D = A (y), we have:

o~ AL (y) N {war) > ne—1})
\/%aq, r;/le m - 0(1).

a. 1 Z V(wAj(y) > neyD) +

Z"E V(AL (y) N{waz(y) > ne—r})
b. 1< V(’LUAJr(y) >n |D)+ L <Y +7/(R +
- € ¢ V2o [ — 4 — AL (y)
’ r=M, r q l

<

M,|D) + o(1).
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

Proof. We use the same method by Dvoretzky and Erdés in [21], We make a par-
tition of the cylinder D according to the last passage r < n in the time interval
0,...,n of the orbit of (z,0) by the map T into A} (y) x {0}. This can be seen as
follows.

For simplicity, we will denote by AF and A_ instead of AF(y) and A_ (y) respec-
tively.

v(D) = ZV (z € D; Spp(x) =0, 0" (z) € ATV =1, ....n, Sip(x) # 0 or o' (z) ¢ AT),

= (6.2.4)

Knowing that S,¢p(x) = 0, then
Vi =r,.,n,Sp(x) — S.p(x) #0oro(x) ¢ AT}
is equal to
{Vk =1,.,n =7 Serp(r) = Sep(x) # 0 or o7 (2) ¢ AT},

but Spy,r0(x) — Spp(x) = St @ 0 a7 (x) = Spp(o"x), it follows that v(D) is
equal to

ZV (z € D;Sp(z) =0,0"(z) € Al;07{z €Ta:Vk =1,.,n—71,Skp(2) #0,0%(z) ¢ AT}),

r=0
from which we get

n

v(D) = Y v(DN{S, =0}N07" (A7 N{w,+(z) >n—r}))
> v(DNAf N {wys(z) > n})

+ > v(DN{S, =0}n07 (A) N{w,+(z) > n—r1})).

r=2q+1

We have D a (q,q)—cylinder with ¢ < Q., and A is a union of (Q., ¢")—cylinders
for some ¢~ > 0. Let E = Af(y) N {w,+ > n} which is the set of points of A (y)
which doesn’t return to A before n, that is E = ATN,_; ({Ssp #0} U 5(X4 \ AF)).
we know that ¢ is constant on mg-cylinders, then {S;p # 0} is a union of
(mo,mo — s + 1)-cylinders, and 07%(X4 \ A7) = X4 \ 07°(A) is a union of

(¢ + s,¢ + s )-cylinders. Then we get that F is a union of Q.,q -cylinders, for
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

some ¢ > 0. Hence E can be written as ¢?(IT"' B), where B is a subset of ¥7.
Now, let n = n,, with all these conditions, we apply the Local Limit Theorem in
Proposition 2.2.1, thus there is C'; > 0 such that:

v(D) > v (DN {wg(x)>nl)+ Z \/le_ﬁﬂr{fis ir>ne—r})

— V(AL N{wys (2) > ne = r})qr(D)
- O Z 30, d :

r=Me

There is C3 > 0 such that the error term is controlled by

i ”(f:_)—ggm < Caqlog nov(D)v(AF) (6.2.5)
r=M. €

And hence we get

A W A+ Ne — T
v(D) > v (D N{wy+ () > ne} Z 32{_71%0 }

—o(v(D)),

Dividing by v(D) yields (a) for D € D, such that D C Af(y).

2
We prove inequality (b) following the same strategy. We set n. = (V( Aﬁ) (y)> ,

using the same decomposition as in (6.2.4), we have

Ne

v(D) = Z v <D N{S,=0}no™" (A;L(y) N{w+ ) (T) > ne — T})) = iGm("v)

r=0

For r = 0, the first term is equal to v (D N {w () > n6}> We then compute
the sum of terms between 1 and M,

M.

> v (DN{Si=00n07 (A7) N {war > ne—1}))

r=1

— <U DN{S;=0}no™" (A?(y) N{waz gy > ne = T}>>
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

Then using the local limit theorem in Proposition 2.2.1, there exists C; > 0 such
that we have the following:
- 1 “ v(D)w(AF n{wys >ne—r

Z Gr,e(l') < Z ( ) ( { AF })

r=M. v 27?0-‘19 r=M, vI—4q-— !
v(AFn {wy+ > ne —r})qr(D)

r—2Q. '
Similarly as in (6.2.5), the error term is controlled by o(v(D)). Combining these

4

assumption together, we obtain

v(D) < o(v(D))+v(DN{wys >nc}) +v(Ry < M| D)v(D)

1 1
+ v(D)w(AS N{w,+ > n. 6.2.6
oy PIAL O g })(253 r__q) (6:26)
Dividing by v(D) yields the desired inequality. O

Corollary 6.2.6. Under the hypothesis of Proposition 6.2.5, where n., M, and D
are considered similarly, we have:

2L V(AT (y) N{war ) > ne —1})
a. 14+ 0(1) = v(w,+,, > nD) + = < < W +
( ) ( As (y) | ) \/27’(’0’@; T:Z]:wé /fr' R q

o) <V(RA€+(y) < M€|D))

> V(AL (y) NH{wgr ) > ne —1})
b 1+0(1) = v(war) > nd AXW))+ 50 Y \/TT(ZZ +

M.
O <V(RAj<y) = MeM?(ll))) :

Lemma 6.2.7. From the previous Corollary, we have

V(Wargy > ndD) = vlw,sg) > nd AL W) + O (v(Rapg,) < ML ()
40 (V(RAj(y) < ME|D)> +o(1).
Thus we will study the convergence in distribution of w 4+, with respect to v(.| AL (y))

and the we will deduce that with respect to v(.|D). So, first we have the following
proposition:

Proposition 6.2.8. The family of distributions of (IJ(AQL (y))QwA+(y)> is tight
€ e>0
with respect to the family of probability measures (v(.|Af(Y))).~o-
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6.2. PROOF OF THE CONVERGENCE IN DISTRIBUTION

2
Proof. Let t > 0, using inequality (a) of Proposition 6.2.5 with n, = (V(Ai(y))> ,

we have

1 i V(AL () DH{war) > ne —1})

1 > v(wyz,y >nl Al (y)) +

o V2rno, 72 VI —4d
1 1
> v(w > n|Af(y)) + v(AH(y) N {w > n, —o(1),
(i > AT + AT 0 iy > 1) D gy = o)
from which it follows that
t 2 1+ 0(1)
‘ 1 + \ﬁ (Aj(y))]\%:\/,fq
(6.2.7)
t
but Z\/i 2(y/ne —V2¢—1) > /ne > m, then we get
1
I ( At (y))? > 12| A ) < 6.2.8
imsup » V(AT (Y)) w4+, | Al (y)) < s (6.2.8)
which proves the tightness. O]

Theorem 6.2.9 ([44]). Define 7. = inf{t > 1 : g,(y) € B(y,€)}. For p-almost

everyy € M
loo 7
iy 108 7e(y)
—0 —loge

=d—1.
Consider the following Lemma, where we will define a family of sets D., and

which we will apply later in our proofs with D, = A.(y) and D, € D..

Lemma 6.2.10. For v-almost every x € Y4, for all kg > 0,mp > 0,cp > 0, Let
(D¢)e be a family of sets containing x such that D. C B(z, koe) and v(B(z, diam(D,))) <
cpfv(D,). For M, defined as in Section 6.1, we have

. < _
11_13(1) V(RB(x,koe) >~ Me‘De)

Proof. Let a« > 0,ky > 0,mpr > 0,cp > 0. Choose some a € (0,«) and set for
some ¢y > 0,
F,={x € X, : Ve <e, Me_lRB(xjgkog) (x) > a}

We will show that v(F,) — 1 as ¢g — 0. First, let us prove that v—a.e. € ¥4,

lim M Rp (2 o100 (T) = +00. (6.2.9)
€E—
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An intermediate step to do that is to prove that

log Rp(z.2k0e
lim 8 LUB(z,2koe)

=d—1, v—ae. (6.2.10)
e—0 —loge

Let 7 > 0 and rya > 0 the lower and upper bounds of the height function r.
Using (5.2.5), for i—almost every y = (z,s) € A, we have

Te(y)—— < BBk (7) < 7e(y)—, (6.2.11)

which gives

log rusx | log7e(y) _ 108 Bpworg(7) _ 10grmin | log7e(y) |
log € —loge —loge log € —loge

log Rp(z 2kge)

. = d—1, v— almost everywhere.
—loge

using Theorem 6.2.9, it follows that lir%
€E—

Now we go back to show (6.2.9). Let 0 < §y < d — 1, we have the following:
10g(M,! Rp(a,ah0e) () = log(M; "¢ ~*) 4 10g (€™ Rp(s,2p00) () (6.2.12)

Note that the first term of (6.2.12) goes to +oo, as € goes to 0. This is true
because using Lemma 6.1.1 and the definition of M., there exists py > 0 such that

[log pu|
Now, considering the second term, we observe that

+1 < po|log e, which is negligible with respect to e~%.

log(e% Rp(z.2k00) () s log Rp(z,2k0e) (%)
—loge 0 —loge

from which we get log(e® Rp(y 21,6 (2)) e (—=0p + d — 1)(+00). And therefore
(6.2.9) is proved.

Taking ¢ — 0, by Egoroft’s Theorem, Me_lRB(LQkOE) converges uniformly to 400
on F,, and v(F¢) — 0.

Let € < €. if 2 € B(x, koe) and RB(MOE)(x') < M., we have RB(L%OG)(JCI) < M,

as well, hence 2" € FC. Therefore
D.N{z" € X4, Rppo(r) < M.} C DN FC

Then for any density point = of the set F, relative to the Lebesgue basis given by

(B(.,6))s. This means that % — 1, as 0 — 0, and this true for almost
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every point x. Therefore, we get

V(RB(x,koe) S M€|D€) S V(FaC|D€)

_ v(FEnD,)
B v(De)
v(FC N B(x, diam(D,)))
B v(De)
B(x,di D
< W(EC|B(a, diam(D.))) B (Zg”;( ),
V\Ue
which converges to 0 as e — 0, since lin% v(FC|B(z, diam(D,))) = 0 and IC(IZTM;(D))
€— €

is bounded by " O

Proposition 6.2.11. For almost every y € M,

£2
lim v ((V(Aj(y)fwAj(y) > t|Aj(y)) P (U“"J\W > t) vt > 0,

e—0

and

g2
. _ 2 _
lg% v ((1/(14e () wy- () > A (y)> P (acpm > t) vt > 0,
where £ and N are independent random variables, £ follows the exponential dis-
tribution of mean 1 and N having the standard normal distribution.

Proof. After proving the tightness in Proposition 6.2.8, then it will be enough
to prove that the advertised limit is the only possible accumulation point of the

distribution. Let (e,),>1 be a positive sequence with lim €, = 0 and such that,
p—00

for all ¢ > 0 the conditional distributions of the (v(A7), /w AL |AZ )p>0 converges
to the law of some random variable X. Then using Lemma 3 3. 4 in Chapter 3,

and due to Lemma 6.2.10, X satisfies the integral equation:

1 /1 P(X > ty/1— u)du
V2o, Jo Vu

Then the conclusion follows as in Theorem 3.1.2, the distribution of X coincides
2

&
: 2
with that of o3, —,

distribution of mean 1 and the standard Gaussian distribution respectively. O

1=P(X >t)+t Vvt > 0. (6.2.13)

where the independent variables £ and N are the exponential
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Let i = v ® Leb® ), 6, be the measure on M. Set i := v ® Leb the
measure restricted on the 0O-cell and let p be a probability measure absolutely
continuous with respect to 1 with a density function h. Set H(.) := )", ., h(., k),
by Z—periodicity, the distribution of 7. under p is the same as under the probability
measure absolutely continuous with respect to p with density H. We have y =
(z,5) € Upep, P, and Ji, j such that y € Pe; ;. Let ye;; € Pesj, then:

H(Qe,i,j) - U)(H, 06) S H(y) S H<ye,i,j) + W<H7 06)a Yy e Pe,i,j

then we have,

H71)in H(y) > H(yei;) —w(H,0.), (6.2.14)
YE€Pe,i,5
and
H713ax H(y) < H(f%,i,j) - W(Ha 66)7 (6‘2‘15)
YE€Pe,i,j

Now we are ready to proof the main result of the chapter. For simplicity we will

denote by A, . := Al (Yeiii)-

6727-]

Proof of Theorem 6.0.5. For all e > 0, Vt > 0 we set

Ep = (Hp)(y=(2,50): v(Ady))*re(y) > 1)
= Z/ 1{y:y(AE,i7j)27—E(y)>t}H(fE,S)dV(x)dx (6.2.16)
ij Y Peii

First, due to the inclusions in (6.1.1), then
V(Ag ) war () Sv(Agig)wa,, (@) S V(AL ) wy- (@), (6.2.17)
we also have from (5.2.5) that there exists ((¢) > 0 such that

(1—¢(e)7e <wa,,, /X Rdy < (14 (€))7 (6.2.18)
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For these reasons, and using the inequality (6.2.15), we get:

EE’t S Z/El] {z(Acij)wa 61]() %#}yg?aj(y}]( )dl/<x>d8

< Z/ {CEVA+ 2w, _ (x)> t(l C())}H(y€’bj dV d3+Z/ dVdS

€1J A
€,2,7

< Z H(yei;)0v ({x €D V(A::i,j)QwA— () >
1,7

€. f Rdu
+> w(H, 0y (D)0
ij

< ; H(yeij)v(De;i)0cv <1/(A:i7j)2w14;i’j (x) > f Rdl/ >

For all y € P, ;, we have A7 (y) = A, ;, Af(y) = AL, and D.; = D.(z). Then
Vi >0

Fu € S [, o (A )P4 ) > e D)) dint) + w210

< /M Hy)w (v(AJ(y))?wAé<y>>%#|D< ) day) + 2(H.6.16:219)

Now we have v(A_ (y)) and v(Af(y)) are equivalent (Lemma 6.2.2), then there
exists a(e) > 0 such that a(e) — 0 as € — 0 and

V(A ()1 = ale)) < w(AZ(y)) < v(AZ () (1 + ale)), (6.2.20)

then using (6.2.20) and due to Lemma 6.2.7, we get

(A0 > T IDA@) ) < v (1 0P )Py > e D))

< v+ a@PuA )P > T ac )

+ V(Ry- ) < M|AZ (y) — v(Ry- () < Me|De(z))
+o(1).

Set Q. = (1;02((‘?))2, we have lin(l) Q. = 1, then using Proposition 6.2.11 and due to
e—

Slutsky’s Lemma, we get the following convergence in distribution:

ii_rgy ((1 + Oé(e))21/<A;<y))2wA€—(y) > %#|A ( )) P ( Sﬁ% > If) Vit >0
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Moreover, due to Lemma 6.2.10, as A- (y) and D,(x) are contained in B(x, koe), we

have lir% V(R < MJAZ (y)) =0, and lir% V(R - < M[De(z)) = 0. Moreover
€— € €— €

H is uniformly continuous then lim w(H,v.) = 0. Thus using the Lebesgue’s

e—0
dominated convergence theorem in 6.2.19, we end up having

2

: £
lim B, <P <(ai/Rdu)m > t) , YVt >0. (6.2.21)

We do analogously the second inequality, thus using (6.2.14) and the left hand side
inequality in (6.2.17), and again due to (6.2.18) there exists ((€) > 0 such that

EE,t(y) > %:/7) 1{x:u(Ae,i,j)2wAs,i,j($)>t(l_C(€))}ygl)leg,jH(y)dV(x)dS

» T Riv
> ZH(y€7i7j)V(De7i)05V (V(A;i,j)2wA+ () > wﬂ)e,i) +w(H,0,)

€0, f Rdv

Similarly, due to Lemma 6.2.7, and using (6.2.20), there exists a(e) > 0 such that
- t(1 —¢(e)) V(AL (y))® t(1—¢(e))
A 2 ——>|D > — > |AF
v (V( € (y)) wAj > fRdV | 6(1:) Z v (1 ‘I—O[(E))QwAj > fRdI/ | € (y)
+ V(RAj(y) < M AL (y)) - V(RAj(y) < M|D(z))
+o(1).

Hence setting QF = m, whose limit is 1 as € — 0, then using Proposi-

tion 6.2.11 and due to Slutsky’s Lemma, we get:

v +\2 . € 0252
lg%u(%w&(y)>%mj(y)):19( = >t)7 vVt >0

For the same reasons we used to prove (6.2.21), we will obtain:

2

E
: 2
lli% Ee,t ZP((U@/RdV)m >t) , Vit >0,

from which we conclude the convergence in law of v(A.)?7,

lim p(v(A()?*r() >t) =P ((Ui/RdV)'f—/i > t) , Vt>0.

e—0

The conclusion follows from Lemma 6.2.12 below. OJ
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Lemma 6.2.12. For i almost every ij € M, if Dy is small enough, the measure
vy given by (6.0.1) is well defined and

v(Ac(y))

T Rd is equivalent to Uy(B(7,€)),
« Rdv

with y :=T'(g) € M.

Proof. Let § € M. Note that since we are interested in the asymptotic behavior of

7o(B(7,€)) when e tends to 0, we can replace Dy() by a smaller disk if we want.

If the disk Dy() and if € are small enough, the image measure ji( U §s(Do(7)N-)
—e<s<e

by the projection of M to M is equal to the measure i g< 9s(Do(y) N +) where

Dy = Dy(y) is the disk around y obtained by the projection of the disk Dy = Dy().
So now we have to show that, for v-almost every y in M the measure v defined
on Dy(y) by

(A) = limlu ( U gs(Do N A)) , VA C D,.

6%026
—€e<s<e

is well defined and that vo(B(y, €)) is equivalent, when € tends to 0, to v(Ac(y))/ [ Rdv.
We assume y € M\ X and we assume that y is represented by a couple (z,s) € Xg
with x ¢ 0X. Let us call D the connected component of X containing the
point . For € small enough, Dy(y) small enough, |J ¢s(Dy-) is contained in

—e<s<e
{(«',¢') € Xr : x € D}.

In Xg, the set Dy is represented by a curve {(z/,h(x)) : 2’ € TIx(Dy)} with
h of class C' of uniformly bounded derivative, and such that Dh(z) = 0 (the

tangent plane is horizontal above the point x) and we have, for every measurable
set A C Dy(y):

2ev(x ' (ITx (Do(y) N A)))
Jx R dv

u( | gs(Doly) N A) =

—e<s<e

This assures the existence of 1y and the fact that:

(x"'(Ix (- N Dy)))
fX Rdv '

w(.) = 2
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We have to prove that v(A.(.)) is equivalent to v(x ' (Ilx(B(.,€) N Dy))). We
observe that Dy N B(y,€) C B(y,€). Therefore, we have

v(Ady)) = v(x ' (Ix(B(y,¢)))) > v(x " (I(Do N B(y, ))))-

We need to prove that v(A.(y) \ (x '(Ilx(Dy N B(y,€)))) is negligible with
respect to v(A(y)).
We recall that (z,s) — gs(z) is a C'-diffeomorphism of X on its image which
contains the ball B(y,€), assuming e is sufficiently small.

Let 2 € A(y) \ x '(Ilx(Dy N B(y,¢€))). Let us consider the point 2’ =
gnz)(x(2)) € Do\ B(y,€). The diameter of A.(y) is bounded by Cye and g; is
C'. Then d(2,y) < Cje.

Since z € A(y), there exists s € (—h(z), R(z) — h(z)) such that 2" = g,(%') €
B(y,€). Since we have to compose by the exponential map, we are placed in a
local chart containing y and in this chart, the picture is the following:
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The angle a(z) between the direction of the flow at y and the vectors of ex-
tremities 2’ and z” is bounded by ¢,Cje. So the distance between 2 and the
orthogonal projection 2”7 of 2”7 on the plane containing Dy is less than or equal
etan(cyCye) < 2¢,C) €. Then d(x(z),I1x(2"0)) < Ke* (for some K > 0). But 2"
is in DoN B(y, €). We have thus shown that A, \TIx(x ' (DoN B(y, €)) is contained
in y! <(HX(D0 N B(y, e)))[Kﬂ). Now the v-measure of this set is negligible with
respect to v(A,), (see the proof of Lemma 6.2.2).

[
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Résumeé : Dans cette thése, nous étudions les
propriétés quantitative de récurrence de certains
systémes dynamique préservant une mesure infinie.
Nous nous intéressons au premier temps de retour
des orbites d'un systéme dynamique dans un petit
voisinage de leur points de départ. Tout d'abord,
nous commengons par considérer un modele jouet
probabilistique pour éclairer la stratégie de nos
preuves. On s'intéresse particulierement au cas ou
la mesure est infinie, plus précisément,

nous considérons les Z -extensions des sous-shift
de type fini. Nous étudions le comportement
asymptotique du premier temps de retour au
voisinage de l'origine, et nous établissons des

résultats de type de convergence presque

partout, et aussi de convergence en loi par rapport a
toute mesure de probabilité absolument continue par
rapport a la mesure infinie. Dans ce travail, nous
nous eégalement intéressons a d'autres systéeme
dynamiques. Nous considérons un flot Axiome A
(gy)t sur une variété riemannienne M munie d'une
mesure o -finie y. Nous supposerons que la mesure
b est une mesure d'équilibre pour (gy);. Afin d'établir
nos résultats, nous introduisons des notions de
dynamique hyperbolique. En particulier, nous
considérons la section de Markov qui a été
introduite par Bowen et Ratner.
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Abstract : In this thesis, we study the quantitative
recurrence properties of some dynamical systems
preserving an infinite measure. We are interested in
the first return time of the orbits of a dynamical
system into a small neighborhood of their starting
points. First, we start by considering a toy probabilistic
model to clarify the strategy of our proofs. Our interest
is when the measure is indeed infinite, more precisely
we consider the Z-extensions of subshifts of finite
type. We study the asymptotic behavior of the first
return time near the origin, and we establish results of
an almost everywhere convergence kind, and a

convergence in distribution with respect to any
probability measure absolutely continuous with
respect to the infinite measure. In this work, we are
also interested in another dynamical systems. We
consider an Axiom A flow (gy); on a Riemannian
manifold M endowed with a o-finite measure y. We
will assume that the measure p is an equilibrium
measure for (gy):. In order to establish our results, we
introduce notions from hyperbolic dynamics. In
particular, we consider the Markov section which
was constructed by Bowen and Ratner.
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