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Chapter 0

Introduction

Equations d’évolution stochastiques locales et non locales
dans des problemes de transition de phase

0.1 Introduction en Francais

Le but de cette theése est de développer des méthodes de démonstration d’existence et d’unicité
de solutions d’équations et de systemes d’équations paraboliques stochastiques non linéaires
modélisant des phénomenes physiques ou biologiques; dans tout systeme naturel il se rajoute
des incertitudes que nous modélisons ici par des bruits. Ceci explique notre intérét pour les
équations aux dérivées partielles stochastiques. Quand on ajoute un terme stochastique, les
méthodes usuelles utilisées pour démontrer I'existence et I'unicité doivent étre profondément
modifiées; c’est ce qui nous incite a mettre en place de nouvelles méthodes de démonstration
qui étendent au cas stochastique les méthodes déterministes habituelles.

0.2 L’équation d’Allen-Cahn

Considérons tout d’abord I’équation d’Allen-Cahn qui est a la base d’une grande classe de
problémes de transition de phase. Cette équation est de la forme:

%’Z — Au+t f(u). (0.2.1)

Le premier terme du membre de droite de (0.2.1) représente la diffusion tandis que le deuxiéme
terme est un terme de réaction; on suppose ici que f est la dérivée d’un potentiel a double puits,
c’est-a-dire une fonction bistable, comme par exemple f(u) = u —u?, qui admet les trois racines
—1,0,+1, et satisfait f/(£1) <0 et f/(0) > 0.

0.2.1 Le cas déterministe

Pour le cas déterministe, Martine Marion [18] prouve l'existence, 'unicité et la régularité de
la solution d’'un probleme de réaction-diffusion avec un terme de réaction polynomial assez
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général et des conditions aux limites de Dirichlet ou de Neumann homogenes sur un domaine
ouvert et borné de R?. Elle démontre également ’existence d’un attracteur global.

On se référe également aux ouvrages de Temam [27] et Robinson [25] pour des études détaillées
de propriétés de type systemes dynamiques de cette équation.

0.2.2 Le cas stochastique

Pour le cas stochastique, nous citerons tout d’abord plusieurs travaux sur ’existence et 'unicité
de la solution d’une équation de réaction-diffusion stochastique avec un terme de réaction qui
généralise le terme cubique de 1’équation d’Allen-Cahn; Peszat [22] applique le théoreme de
point fixe de Banach avec une notion de solution "mild” d’une équation de réaction-diffusion qui
contient un bruit multiplicatif faisant intervenir un processus de Wiener cylindrique, Flandoli
[11] démontre 'existence et I'unicité globale de la solution d’une équation de réaction-diffusion
stochastique avec un terme de réaction polynomial non linéaire dans un domaine borné et un
bruit blanc multiplicatif. Nous mentionnerons également 1’article de Cerrai [8] ot elle démontre
I’existence et 'unicité d’une solution "mild” dans des espaces de fonctions continues pour une
classe de problemes de réaction-diffusion; elle démontre également l’existence d’une mesure
invariante. Pour démontrer ces résultats, elle s’appuie sur la théorie des semi-groupes avec
des arguments de contraction et de factorisation, en supposant que le terme de réaction est
une fonction a croissance polynomiale, localement Lipschizienne et monotone. Le bruit mul-
tiplicatif est blanc en espace et en temps si d = 1 et coloré en espace si d > 1 et le terme
multiplicatif est supposé Lipschitzien. Finalement, nous mentionnerons l'article de Guess [13],
ou il démontre 'existence et I'unicité de solutions fortes, c’est-a-dire de solutions de régularité
spatiale de type H?, pour une classe d’équations aux dérivées partielles stochastiques faisant
intervenir le sous-différentiel d’une fonction quasi-convexe et un bruit multiplicatif général.
Son résultat s’applique a des équations stochastiques de type milieux poreux et p-Laplacien
avec également des termes de réaction.

0.2.3 Méthodes de monotonie et compacité pour des approximations de Galerkin

Le point de départ des démonstrations des trois chapitres de la theése est ’application de
la méthode de Galerkin. Il s’agit d’une méthode déja ancienne utilisée pour les problémes
déterministes et bien adaptée aux problemes stochastiques. Cette méthode permet de trans-
former un probléme continu (par exemple une équation aux dérivées partielles) en un probléeme
discret. Au lieu de traiter I’équation aux dérivées partielles directement, on ’approche par un
systeme d’équations différentielles ordinaires.

Comme nous faisons I’étude de problémes & valeur initiale avec des conditions de Neumann
homogenes, nous décomposons la solution approchée sur une base de fonctions propres de
Iopérateur —A avec une condition aux limites de Neumann homogene, qui sont tres régulieres
car nous supposons que la frontiere du domaine est tres réguliere. On coupe ensuite la série pour
approcher les équations aux dérivées partielles par un systéme fini d’équations différentielles
ordinaires. Les résultats d’existence et d’unicité pour les systéemes d’équations différentielles
ordinaires impliquent 'existence d’une solution unique de I’approximation de Galerkin sur un
petit intervalle de temps [0, T;,]. Pour étendre cet intervalle de temps & un intervalle [0, T, avec
T arbitraire, nous établissons des estimations a priori pour la solution du systeme d’équations
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différentielles ordinaires.

Ces estimations a priori sont généralement obtenues a l'aide de la formule d’It6; on remarque
que cette formule se réduit a une dérivation en chaine dans le cas déterministe. Nous nous
appuyons maintenant sur trois séries de variables: une variable d’espace, une variable de temps
et la variable de probabilité; c¢’est pourquoi nous utilisons ’espérance des fonctions considérées
qui représente l'intégrale sur ’espace de probabilité (). Cette espérance est nécessaire pour
I’annulation de termes stochastiques, ce qui permet d’obtenir des estimations a priori pour la
solution approchée dans des espaces de Sobolev. Nous déduisons ainsi la convergence faible
d’une sous-suite de solutions approchées.

Finalement, nous identifions la limite des termes non linéaires. Dans ce but, nous disposons
de deux méthodes: la méthode de monotonie et la méthode de compacité, qui ont été utilisées
par J.L. Lions [17] et son école pour la résolution de problémes aux limites non linéaires
déterministes. Notre but est d’étendre ces méthodes au cas stochastique pour pouvoir démontrer
I’existence de solutions des problemes stochastiques qui nous intéressent.

(i) La méthode de monotonie

La méthode de monotonie stochastique nécessite des estimations a priori "moins fortes” que la
méthode de compacité et s’applique a des probléemes en dimension d’espace quelconque. Nous
nous basons sur les travaux de Pardoux [19],[20], [21], Prévot et Rockner [24] et Darticle de
Krylov et Rozovskii [16]. Ces auteurs étudient des équations aux dérivées partielles stochas-
tiques paraboliques monotones et recherchent des solutions satisfaisant une équation intégrale

correspondante de la forme

v(t) = vo+ /OtA(v(s), s)ds + /Ot B(v(s),s)dW (s)

dans des espaces de Banach. Les coefficients A(v, s), B(v, s) sont généralement des opérateurs
non bornés et non linéaires. W est un processus de Wiener a valeur dans un espace de Hilbert.
Une condition de monotonie partielle est imposée sur A et B.

Dans cette these, nous étudions ’équation d’Allen-Cahn avec un terme non local qui ne vérifie
pas la condition de monotonie. Toutefois, la conservation de l'intégrale de la solution nous
permet de travailler dans un espace de fonctions d’intégrale nulle et d’éliminer le terme non
local dans la plupart des calculs.

(ii) La méthode de compacité

Dans le cas d’un bruit multiplicatif, I’intégrale de la solution n’est pas conservée si bien qu’il
n’est pas possible d’appliquer la méthode de monotonie. C’est ce qui nous amene a appliquer
la méthode de compacité stochastique. Soulignons que les théorémes habituels de compacité
utilisés pour les problémes déterministes afin d’obtenir la convergence forte de la solution ne
peuvent pas s’appliquer pour les problemes stochastiques a cause de la présence de la variable
de probabilité.

De nombreux auteurs ont adopté la méthode de compacité stochastique comme par exemple
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Glatt-Holtz, Temam et Wang [14], Debussche, Glatt-Holtz et Temam [9], Breit, Feireisl, Hof-
manova [5] et Hofmanova [13].

Cette méthode nécessite des estimations a priori additionnelles notamment pour borner le
terme stochastique et la partie déterministe de I’équation dans des espaces de Sobolev fraction-
naires. Ces estimations permettent de montrer la "tightness ” des mesures de probabilités corre-
spondant aux solutions approchées. C’est ainsi que nous appliquons le théoréme de Prokhorov
qui assure la convergence faible d’une sous-suite de ces mesures vers une limite. Ensuite nous
nous appuyons sur le théoreme de Skorokhod pour déduire la convergence presque siire d’une
sous-suite de solutions approchées qui implique par le théoréme de Vitali la convergence forte
d’une sous-suite de solutions approchées dans une nouvelle base stochastique. Finalement, on
démontre 'unicité trajectorielle des solutions martingales qui implique par I'application du
théoréme de Gyongy-Krylov 'existence et 'unicité de la solution trajectorielle.

0.3 Plan de la thése

Cette these porte sur 'étude de trois équations :
Une équation de réaction-diffusion non linéaire stochastique non locale avec un bruit additif

ou 1 W)
g = WATW) + f () = ) + =5

, (0.3.1)

qui est étudiée au Chapitre 1, un probleme de champ de phase stochastique avec des bruits
multiplicatifs dans chacune des équations

ou _ an (t)
8t—Au—kf(u)-|—h-1—CI>1(u,h) T
Olu+ hl OWs(t)

Ot ot ’

qui fait I'objet du Chapitre 2 et une équation de réaction-diffusion stochastique non locale avec
un bruit multiplicatif

= Ah+ ®y(u, )

ou 1 W (t)

E:Au—kf(u)—ﬁ (u) + ®(u) ot

(0.3.2)

qui est étudiée au Chapitre 3.

Dans ce qui suit nous discutons a la fois la littérature déterministe et stochastique de chaque
équation et faisons un résumé détaillé de tous les résultats. Chaque chapitre a été écrit
indépendamment et la méme notation peut correspondre a une quantité différente selon le
chapitre.

0.3.1 Chapitre 1: Une équation de réaction-diffusion stochastique non locale avec
un terme de diffusion non linéaire

Dans ce chapitre, nous démontrons ’existence et I'unicité de la solution d’une équation de
réaction-diffusion stochastique non locale avec conservation de l'intégrale de la solution. Ru-
binstein et Sternberg [26] ont introduit I’équation d’Allen-Cahn non locale avec des conditions
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de Neumann homogenes a la frontiére du domaine pour modéliser la séparation en phases dans
des alliages binaires. La solution représente le parametre d’ordre.

L’existence et 'unicité de la solution de ’équation d’Allen-Cahn non locale déterministe avec
conservation de I'intégrale ont été démontrées par Boussaid, Hilhorst et Nguyen [4]. Ils étudient
également la stabilisation de la solution en temps long. Ils supposent que la solution initiale
est bornée et prouvent l’existence de la solution dans un ensemble invariant en s’appuyant sur
la méthode de Galerkin et en passant a la limite a ’aide de la méthode de compacité.
L’équation d’Allen-Cahn non locale a été étudiée par Funaki et Yokoyama [12] dans le cas d’'un
bruit blanc additif régularisé unidimensionnel en temps. Ils démontrent la convergence vers
un probléme a frontiére libre quand le coefficient du terme de réaction et du terme non local
tend vers l'infini.

Dans leur article, Antonopoulo, Bates, Blomker et Karali [1] étudient I’équation d’Allen-Cahn
stochastique non locale avec un bruit additif dans le but de modéliser le mouvement d’une
goutte presque semi-circulaire attachée a la frontiére du domaine, qui se déplace vers un point
de la frontiére de courbure localement maximale. Ils s’intéressent au comportement asymp-
totique de la solution quand un petit parametre tend vers zéro. Cependant, ils ne donnent
aucune preuve d’existence et d’unicité de la solution; c’est ce qui nous amene a étudier ces
questions et a présenter des démonstrations rigoureuses de I’existence et de 'unicité.

Dans ce chapitre nous démontrons 'existence et I'unicité de la solution du probléme

dy . 1 ow

_— = —_ - >

57 = Aiv(A(Ve) + 1(0) — [ fleddet T weD, 120
(P)  { A(Ve)w =0, z€dD,t >0,

o(2,0) = go(x), veD,

ou D est un domaine ouvert borné de R™ de frontiere 9D suffisamment réguliere, v est le

vecteur normal extérieur & dD et la fonction initiale g est telle que ¢y € L?(D). La
2p—1

fonction f est donnée par f(s) = ZbrsT ot byp—1 < 0,p > 2. De plus, on suppose que
r=0

A=V,¥(v):R* - R", ou la fonction ¥ € C! est strictement convexe et que A vérifie des

conditions de continuité et de monotonie. Finalement, on suppose que la fonction W = W (z, t)

est un processus Q-Wiener.

L’idée principale de la démonstration est d’introduire un probleme auxiliaire, plus précisément
I’équation de chaleur non linéaire stochastique avec des conditions aux limites de Neumann :

OW 4 . ow
— - >
5 div(A(VWy)) + 5 x €D, t>0,
(P1)  § A(VW4)w =0, z€dD,t>0,
WA(.%',O) - O, T &€ D



0.

INTRODUCTION

On démontre Pexistence et 'unicité d’une solution forte au sens de Gess [13], c’est-a-dire une
solution de ’équation intégrée en temps qui est de plus satisfaite pour presque tout x € D. On
définit ensuite la nouvelle fonction inconnue

u(t) := o(t) = Wal(t),

dans le but d’éliminer le terme de bruit dans le Probléme (P). On déduit que la fonction u
satisfait le probleme

% — div(A(V (u+Wa)) = A(VIVA)) + f(u+Wa)
1
(P) —’D‘/Df(u—i-WA)d:U, reD, t>0,
AV(u+Wa))v =0, x € 0D, t>0,
U(.CL',O) :(pO('r)v z € D.

que l'on écrit sous forme intégrale afin d’en définir une solution faible.

On est ainsi amené a étudier un probleme approché sans terme de bruit explicite, ce qui simplifie
considérablement les estimations a priori pour la solution approchée déduite de la méthode de
Galerkin. On montre qu’une sous-suite de la solution approchée converge faiblement vers une
limite. On applique ensuite la méthode de monotonie pour obtenir des expressions explicites
de la limite du terme de diffusion non linéaire et de celle du terme de réaction. On démontre
finalement 1'unicité de la solution du Probléme (P), ce qui implique que c’est toute la suite
des solutions approchées par la méthode de Galerkin qui converge vers la solution faible unique
du Probléme (P2).

0.3.2 Chapitre 2: Existence et unicité de la solution d’un probleme de champ de
phase avec des bruits multiplicatifs

Dans ce chapitre nous démontrons l'existence et 'unicité de la solution d’'un probleme de
champ de phase avec des bruits multiplicatifs. Les modeles de champ de phase sont utilisés
pour décrire des modeles ot deux phases distinctes interviennent comme par exemple ’eau et
la glace.

Plus précisément nous étudions un modele de champ de phase initialement proposé par Cagi-
nalp [7] auquel sont rajoutées des perturbations stochastiques.

de = (Ap+ f(p) + h)dt + D1 (p, h)dW1(t), dans D x (0,7),
(P d[h+ @] = Ah dt + Da(p, h)dWa(t), dans D x (0,7),
Ps )

9 _0h _

o 81/_0’ sur 9D x (0,7),

o(z,0) = wo(z), h(z,0) = ho(x), x € D.

Dans ce modele h est la température et ¢ est la fonction de phase. L’existence et 'unicité
de la solution du probléme déterministe ont été prouvées par Brochet, Chen et Hilhorst [6]
qui démontrent également I'existence d’un attracteur global et d’un ensemble inertiel. Bertini,
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Brassesco, Butta et Presutti [3] ont considéré le cas de la dimension 1 d’espace et ont démontré
I’existence globale et 'unicité de la solution du probléme de champ de phase perturbé par un
bruit blanc espace-temps additif. Barbu et Da Prato [2] ont prouvé l'existence et I'unicité de
la solution en dimension quelconque, dans le cas ou les bruits additifs présents dans les deux
equations sont induits par des processus de Wiener cylindrique.

Nous démontrons l'existence et 1'unicité de la solution d’une formulation intégrale correspon-
dant au Probléme (Ps3), ot Wi et Wy sont des processus Q-Wiener. Dans ce but, nous
appliquons la méthode de Galerkin et démontrons des estimations a priori qui bornent uni-
formément le couple de solutions approchées. Apres le passage a la limite, nous identifions
la limite du terme de réaction a l'aide de la méthode de monotonie stochastique (voir par
exemple [16], [21] et [24]). Finalement, nous démontrons l'unicité du couple de solutions en
nous appuyant sur la formule d’It6.

0.3.3 Chapitre 3: L’équation d’Allen-Cahn non locale stochastique avec un bruit
multiplicatif

Dans ce chapitre, nous démontrons 'existence et I'unicité d’une solution trajectorielle forte de
I’équation d’Allen-Cahn stochastique en dimensions d’espace d = 1, .., 6 avec un bruit multipli-
catif faisant intervenir un processus Q-Wiener.

Une solution est dite forte au sens des équations aux dérivées partielles si la solution possede
une régularité spatiale de type H? si bien que I’équation intégrale associée & I’équation aux
dérivées partielles est satisfaite presque partout dans D. La solution est dite martingale c’est-
a~dire faible au sens des probabilités, quand la base stochastique n’est pas fixée au départ; elle
fait alors partie des inconnues du probleme. Tandis que la solution est dite trajectorielle ou
forte au sens des probabilités quand la base stochastique et le bruit sont fixés au départ.

Nous partons d’un espace de probabilité (Q), F,IP) et tout comme aux deux chapitres précédents
notre point de départ est ’application de la méthode de Galerkin. On prouve des estimations a
priori qui bornent uniformément la solution approchée dans les espaces L>(0,T; L2(Q; HY(D)))
NL2(Qx (0,T); H3(D))N L*(Q x (0,T) x D). Nous nous appuyons sur des résultats de com-
pacité dans des espaces de Sobolev fractionnaires. Ensuite en utilisant ces estimations a priori,
nous établissons la "tightness” de collections de mesures de probabilité associées a la solution
approchée et nous appliquons le Théoréeme de Prokhorov pour obtenir la compacité faible.
Nous passons ensuite a l'aide du Théoreme de Skorohod a une nouvelle base stochastique
((), F, IP) pour obtenir la convergence presque siirement de la solution approchée. Nous pou-
vons ensuite démontrer la convergence forte d’une sous-suite de solutions approchées dans cet
espace de probabilité et passer a la limite dans le probléeme approché. Finalement on démontre
I’unicité trajectorielle de la solution martingale qui implique par le Théoreme de Gyongy-Krylov
I’existence de solutions sur chaque espace de probabilité donné. On déduit ainsi ’existence et
I'unicité de la solution trajectorielle sur 'espace de probabilité (Q, F,P).

Plusieurs auteurs ont appliqué la méthode de compacité stochastique pour prouver 'existence
et 'unicité de la solution de problémes aux limites pour des équations aux dérivées partielles
stochastiques. Hofmanovéa [13] a utilisé cette méthode pour prouver que le probléeme de Cauchy
associé a une équation aux dérivées partielles parabolique scalaire semi-linéaire dégénérée avec
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un bruit induit par un processus de Wiener cylindrique est bien posé, ensuite Debussche,
Hofmanova et Vovelle [10] ont étendu ce travail au cas d’une équation aux dérivées partielles
parabolique quasilinéaire dégénérée stochastique avec un processus de Wiener cylindrique.
De plus, Glatt-Holtz, Temam, Wang [14] prouvent par cette méthode l’existence globale de
solutions martingales en dimensions 2 et 3 d’espace et l’existence trajectorielle de solutions
ainsi que 1'unicité trajectorielle globale en dimension 2 pour 1’équation de Zakharov-Kuznetsov
avec un bruit multiplicatif de type Wiener cylindrique. Debussche, Glatt-Holtz, Temam [9]
démontrent ’existence et I'unicité de solutions martingales et trajectorielles locales pour un
systeme d’équations non linéaires primitives stochastiques. Finalement, nous citerons ’article
de Pham et Nguyen [23] ou ils démontrent 1’existence et 'unicité d’une solution trajectorielle
localement en temps pour des systemes d’équations de réaction-diffusion stochastiques.
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Local and nonlocal stochastic evolution equations
in phase transition problems

0.4 Introduction in English

The aim of this thesis is to develop methods for proving the existence and uniqueness of
the solutions of stochastic parabolic nonlinear equations and systems of equations modelling
phenomena arising in physics and biology; in every natural system there exist uncertainties
which we model by noise. This explains our interest for stochastic partial differential equations.

When we add a stochastic term, the usual methods used to prove the existence and uniqueness
should be modified; this is what leads us to study new methods of demonstration that extend
to the stochastic case the usual deterministic methods.

0.5 The Allen-Cahn equation

First, we consider the Allen-Cahn equation which is a basic equation in the study of phase
transition problems. It is given by:

ou
Fri Au+ f(u). (0.5.1)

The first term on the right-hand-side of (0.5.1) represents the diffusion while the second term
is a reaction term; we suppose that f is the derivative of a double-well potential, and that is
a bistable function, for example f(u) = u — u3, which has three zeros —1,0, +1, and satisfies
f(£1) <0 and f/(0) > 0.

0.5.1 The deterministic case

For the deterministic case, Martine Marion [18] proved the existence, uniqueness and the
regularity of the solution of a reaction-diffusion problem with a general polynomial reaction
term and Dirichlet or Neumann boundary conditions in a open bounded domain of R?. In
addition, she proved the existence of a global attractor.

We also refer to the books of Temam [27] and Robinson [25] for a detailed study of the dynamic
system properties for this equation.

0.5.2 The stochastic case

Next we mention several papers on the existence and uniqueness of the solution of a stochastic
reaction-diffusion equation with a reaction term which generalizes the cubic term in the Allen-
Cahn equation; Peszat [22] applies the Banach fixed point theorem to prove the existence and
uniqueness of the mild solution in the case of a reaction-diffusion equation with a multiplica-
tive noise involving a cylindrical Wiener process; Flandoli [11] proves the global existence and
uniqueness of the solution of a stochastic reaction-diffusion equation with a polynomial nonlin-
ear reaction term in a bounded domain and a multiplicative white noise. We also mention the

11
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article of Cerrai [8] where she proves the existence and uniqueness of a mild solution in the
space of continuous functions for a class of reaction-diffusion problems; she also showed the
existence of an invariant mesure. To prove those results, she used the theory of semi-groups
with contraction and factorization arguments, assuming that the reaction term is a function
with polynomial growth, locally Lipschitz-continuous and monotone. The multiplicative noise
is white in space and in time if d = 1 and colored in space if d > 1; the multiplicative term
is assumed to be Lipschitz-continuous. Finally, let us mention the article of Guess [13], where
he proves the existence and uniqueness of strong solutions, namely solutions with space reg-
ularity H?, for a class of stochastic partial differential equations involving the subdifferential
of a quasi-convex function and a general multiplicative noise. His result applies to stochastic
porous medium equations and stochastic p-Laplace equations with reaction terms.

0.5.3 Monotonicity and compactness methods for Galerkin approximations

In the three chapters of this thesis, we apply the Galerkin method. This method has been
used for many years for deterministic problems and is well adapted for stochastic problems. It
transforms a continuous problem (for example a partial differential equation) into a discrete
problem, so that instead of working with the partial differential equation directly, we approxi-
mate it by a system of ordinary differential equations.

Since we study initial value problems with homogeneous Neumann conditions, we decompose
the approximate solution on a basis of eigenfunctions of the operator —A with homogeneous
Neumann boundary conditions, which are smooth since we assume that the boundary of the
domain is smooth. We then cut the series to approximate the partial differential equations
by a finite system of ordinary differential equations. The starting point for the proofs is the
existence of a unique solution for the Galerkin approximate problem on a small time interval
[0,T,]. In order to extend this interval to an interval [0, 7], with T" arbitrary, we establish a
priori estimates for the solution of the system of ordinary differential equations.

These a priori estimates are in general obtained using the Itd’s formula; we remark that this
formula reduces to a chain rule in the deterministic case. We now work with three variables:
the space variable, the time variable and the probability variable; this is why we use the expec-
tation of the functions, or in other words their integration on the probability space (). This
expectation is necessary to cancel stochastic terms and therefore to obtain a priori estimates
for the approximate solution. We then deduce the weak convergence of a subsequence of ap-
proximate solutions.

Finally, we identify the limit of the nonlinear terms. In order to do so, we can apply two main
methods: the monotonicity and the compactness methods, which were used by Lions [17] and
his school for the study of deterministic nonlinear boundary value problems. Our goal is to
extend these methods to the stochastic case.

(i) The monotonicity method
The stochastic monotonicity method uses weaker a priori estimates then the compactness
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method and can be applied to problems in arbitrary space dimension. Our work is based
on the work of Pardoux [19], [20], [21], Prévot and Rockner [24] and the article of Krylov
and Rozovskii [16]. These authors study stochastic parabolic monotone partial differential
equations and search for a solution satisfying a corresponding integral equation of the form:

o(t) :vo+/OtA(v(s),s)ds+/OtB(v(s),s)dW(s)

in Banach spaces. The coefficients A(v, s) and B(v, s) are in general unbounded and nonlinear
operators. W is a Wiener process in some Hilbert space. We impose a partial monotonicity
condition on A and B.

In this thesis, we study the Allen-Cahn equation with a nonlocal term which does not satisfy
the monotonicity condition. However, the space integral of the solution is conserved in time
so that we work in spaces of functions with zero integral. This helps us to cancel the nonlocal
term in the computations.

(ii) The compactness method

In the case of a multiplicative noise, the integral of the solution is not conserved so that the
monotonicity method cannot be applied. This is why we apply the stochastic compactness
method.

Let us mention that the usual compactness theorems used in the deterministic analysis to de-
duce the strong convergence of the solutions cannot be applied for stochastic problems because
of the additional probability variable. For instance, even if a space X is compact in another
space Y, L2(Q); X) is not compact in L?(Q;Y).

Many authors use the compactness method; we can mention for instance the articles of Glatt-
Holtz, Temam and Wang [14], Debussche, Glatt-Holtz and Temam [9], Breit, Feireisl, Hof-
manova [5] and Hofmanova [13].

In order to apply this method we have to derive additional a priori estimates to bound the
stochastic term and the deterministic part of the equation in fractional Sobolev spaces. These
a priori estimates are used to prove the tightness of the probability measures corresponding to
the approximate solution. Therefore we apply the Prokhorov Theorem to obtain the weak con-
vergence of a subsequence of these measures. Then we apply the Skorokhod Theorem to obtain
the almost sure convergence of a subsequence of approximate solutions, which in turn implies
by the Vitali Theorem the strong convergence of a subsequence of approximate solutions in a
new probability basis. Finally we prove the pathwise uniqueness of the solution which implies
by the Gyongy-Krylov Theorem the existence of the pathwise solution.

0.6 Organization of the thesis

This thesis deals with three main equations:
A stochastic nonlinear nonlocal reaction-diffusion equation with an additive noise

ou . 1 oW (t)
5 div(A(Vu)) + f(u) — D| (u) + ot

(0.6.1)
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which is studied in Chapter 1, a stochastic phase field problem with multiplicative noise in
each equation of the system

ou . 8W1(t)
5 =Au+ f(u) +h+ P1(u, h) T
Olu+h] OWs(t)
R K e T

which is the subject of Chapter 2 and a stochastic nonlocal reaction-diffusion equation with
multiplicative noise

ou 1 oW (t)
— =Au+ f(u) — Dl (u) + P(u) 5 (0.6.2)

ot

which is studied in Chapter 3.

In what follows we discuss the deterministic and stochastic literature for each type of equations
and we summarize the result which we obtain. Each chapter was written independently and
the same notation could correspond to different quantities depending on the chapter.

0.6.1 Chapitre 1: A stochastic mass conserved reaction-diffusion equation with
nonlinear diffusion

In this chapter, we prove the existence and uniqueness of the solution of a stochastic nonlo-
cal reaction-diffusion equation such that the integral of the solution is conserved. Rubinstein
and Sternberg [26] introduced the nonlocal Allen-Cahn equation with homogeneous Neumann
boundary conditions to model phase separation in a binary mixture. The solution represents
the order parameter.

The existence and uniqueness of the solution of the deterministic mass conserved nonlocal
Allen-Cahn equation was proved by Boussaid, Hilhorst and Nguyen [4]. They studied the sta-
bilization of the solution in large time. They supposed that the initial condition is bounded
and proved the existence of the solution in an invariant set using the Galerkin method and
passing to the limit by means of compactness arguments.

The nonlocal Allen-Cahn equation was studied by Funaki and Yokoyama [12] in the case of a
regularized one-dimensional additive white noise in time. They proved the convergence to a
free boundary problem when the coefficient of the reaction term and the nonlocal term tends
to infinity.

In their article, Antonopoulo, Bates, Blomker and Karali [1] study the stochastic nonlocal
Allen-Cahn equation with an additive noise in order to model the motion of a small almost
semicircular droplet attached to domain’s boundary and moving towards a point of locally
maximum curvature. They are interested in the asymptotic behavior of the solution when a
small parameter tends to zero. However, they do not give any proof of existence and uniqueness
of the solution; this is our motivation to study these questions and to present rigorous proofs
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of existence and uniqueness.
In this chapter we prove the existence and uniqueness of the solution of the problem

Oy . 1 oW

_ = - - >

5 — W (A(Ve)) + f(p) Dl /o fl)de+ 5=, weD, =0,
(P) A(Vg).w =0, x € dD,t <0,

o(z,0) = @o(z), x €D,

where D is an open bounded domain of R with sufficiently smooth boundary 9D, v is unit

outward normal vector to D and the initial function g is such that ¢y € L?*(D). The
2p—1

function f is given by f(s) = Z bys” where by,—1 < 0,p > 2. In addition, we suppose that
r=0

A=V,¥(v): R* = R", where the function ¥ € C'!! is strictly convex and A satisfies suitable

smoothness and monotonicity conditions. Finally, we suppose that the function W = W (z,t)

is a Q-Wiener process.

The main idea of the proof is to introduce an auxiliary problem, more precisely the stochastic
nonlinear heat equation with homogeneous Neumann boundary conditions:

oW ow

— = —div(A —_— D, t>
g iv(A(VWy)) + 5 zeD, t>0,
(P1)  § A(VW4)w =0, z€dD,t>0,
WA(ZE,O) :Oa I'ED

We prove the existence and uniqueness of a strong solution in the sense of Gess [13], by which
we mean a solution of the equation integrated in time which is satisfied for almost every = € D.
Next, we define the change of functions

u(t) = o(t) = Wa(t),

in order to remove the noise term from Problem (P). We deduce that the function u satisfies
the problem

gj — div(A(V (14 Wa)) — AYWA)) + Flu+Wa)
1
(P) —‘D|/Df(u+WA)dac, xeD, t>0,
A(V(u+Wy)).v =0, x € 0D,t >0,
u(x,0) = po(x), reD,

for which we write a weak form and define a weak solution.

This way, we are led to study the approximate problem without any explicit noise term, which
simplifies the application of the Galerkin method. We prove that a subsequence of the ap-
proximate solutions converges weakly to a limit. Then, we apply the monotonicity method to

15
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obtain explicit expressions of the limit of the nonlinear diffusion term and of the reaction term.
Finally, we prove the uniqueness of the solution of Problem (P;), which implies that the whole
sequence of approximate solutions converges to the unique weak solution of Problem (F%).

0.6.2 Chapitre 2: Well-posedness of a stochastic phase field problem with multi-
plicative noises

In this chapter we prove the existence and uniqueness of the solution of a phase field problem
with multiplicative noises. Phase field models are used for instance to describe melting and
solidification processes.

More precisely, we study a phase field model proposed by Caginalp [7] to which we add stochas-
tic perturbations

de = (Ap + f(p) + h)dt + D1 (p, h)dW1 (1), in D x(0,T),
() d[h+ ] = Ah dt + Da(p, h)dWa(t), in Dx(0,7T),
P3 9

Op _ Oh _

L= =0, on 8D x (0,T),

o(z,0) = @o(z), h(z,0) = ho(z), r €D,

In this model h represents the temperature and ¢ is the phase function. The existence and
uniqueness of the solution of the deterministic problem was proved by Brochet, Chen et Hilhorst
[6]; they also proved the existence of a global attractor and an inertial set. Bertini, Brassesco,
Butta and Presutti [3] proved the global existence and uniqueness of the solution of the phase
field problem perturbed by an additive space-time white noise in one space dimension. Barbu
and Da Prato [2] proved the existence and uniqueness of the solution in arbitrary dimension,
in the case that an additive noise induced by a cylindrical Wiener process is added to each
equation.

We prove the existence and uniqueness of the solution of an integral form corresponding to
Problem (Ps), where Wy and W5 are Q-Wiener processes.

In order to obtain this result, we apply the Galerkin method and prove a priori estimates
which uniformly bound the approximate solution pair. After passing to the limit, we identify
the limit of the reaction term by means of the stochastic monotonicity method (see for example
[16], [21] and [24]). Finally, we prove the uniqueness of the solution pair by applying the Itd’s
formula.

0.6.3 Chapitre 3: On a stochastic nonlocal Allen-Cahn equation with multiplica-
tive noise

In this chapter, we prove the existence and uniqueness of a strong pathwise solution of the
stochastic Allen-Cahn equation in space dimensions d < 6 with a multiplicative noise induced
by a Q-Wiener process.

A solution is called strong in the sense of partial differential equations if the corresponding
integral equation is satisfied almost everywhere. The solution is called martingale or weak
in the probability sense when the stochastic basis is not fixed in advance and is part of the
unknowns of the problem, while the solution is called pathwise or strong in the probability
sense when the stochastic basis as well as the driving Wiener process are given in advance.
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We start with a probability space (Q, F,IP) and as in the previous chapters we apply the
Galerkin method. We derive some a priori estimates which bound uniformly the approximate
solution in the spaces L°°(0,7T; L*(Q; H(D))) N L*(Q x (0,T); H*(D)) N L*(Q x (0,T) x
D). We use compactness results in fractional Sobolev spaces. We then deduce from the
a priori estimates the tightness of the collection of probability measures associated to the
approximate solution and apply the Prokhorov Theorem to prove its weak compactness. Then,
by the Skorohod Theorem we pass to a new probability space ((), F, IP) to obtain the almost
sure convergence of the approximate solutions. We then prove the strong convergence of a
subsequence of approximate solutions in this probability space and pass to the limit in the
approximate problem. Finally we prove the pathwise uniqueness of martingale solutions and
deduce from the Gyongy-Krylov Theorem the existence of solutions on every given probability
space, that is the existence of a pathwise solution.

Many authors applied the stochastic compactness argument to prove the existence and unique-
ness of the solution for initial value problems for partial differential equations. Hofmanova [13]
applied this method to prove the well-posedness of the Cauchy problem for a scalar semilin-
ear degenerate parabolic partial differential equation with a multiplicative noise induced by a
cylindrical Wiener process, then Debussche, Hofmanova and Vovelle [10] extended this work
to the case of a parabolic quasilinear degenerate stochastic partial differential equation with a
cylindrical Wiener process.

Glatt-Holtz, Temam, Wang [14] applied this method to the Zakharov-Kuznetsov equation with
similar hypotheses on the noise; they proved the global existence of martingale solutions in
space dimensions 2 and 3, and the pathwise existence and uniqueness of the solution. De-
bussche, Glatt-Holtz, Temam [9] proved the existence and uniqueness of local martingale and
pathwise solutions for a nonlinear primitive stochastic system of equations. Finally, we men-
tion the work of Pham and Nguyen [23] where they proved the existence and uniqueness of the
pathwise solution locally in time for a system of stochastic reaction-diffusion equations.
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Chapter 1

A stochastic mass conserved reaction-diffusion
equation with nonlinear diffusion

Résumé. Dans ce chapitre, on démontre que le probléme a valeur initiale pour une équation
de réaction-diffusion stochastique non locale avec un terme de diffusion non linéaire et des
conditions de flux nulles aux bords dans un domaine borné ouvert de R™ avec un bord régulier
est bien posé. On suppose que le bruit additif est induit par un Q-mouvement Brownien. Ce
chapitre a fait I’objet d’une publication dans le journal "Discrete and Continuous Dynamical
Systems”.

Abstract. In this chapter, we prove a well-posedness result for an initial boundary value
problem for a stochastic nonlocal reaction-diffusion equation with nonlinear diffusion together
with a nul-flux boundary condition in an open bounded domain of IR™ with a smooth boundary.
We suppose that the additive noise is induced by a Q-Brownian motion. This chapter is
published in the journal of ”"Discrete and Continuous Dynamical Systems”.

1.1 Introduction

We study the problem

dy . 1 ow

- = - — —_— >

5 = (AR + 1(0) =5 [ flehdet T, weD, 120
(P) § A(Ve).w =0, on @D x RT,

QD(I‘,O) :900(1‘)7 ZL'GD,

where:
e D is an open bounded set of R™ with a smooth boundary 0D;
e v is the outer normal vector to 0D;
e The initial function ¢ is such that g € L?(D);

e We suppose that the nonlinear function f is a smooth function which satisfies the follow-
ing properties:
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(Fy) There exist positive constants C; and Cy and a function fy such that

fla+b)a < —Cra® + fo(b), |fa(b)| < C2(b?P + 1), for all a,b € R.

(Fy) There exist positive constants C3 and C3(M) such that

|f(s)] < Csls — M|*~" 4 C5(M).

(F3) There exists a positive constant Cy such that

f'(s) < Cy.
2p—1
We will check in the Appendix that the function f(s) = Z bys” with b1 < 0,p > 2
r=0

satisfies the properties (Fy) — (F3).

We assume that A = V,¥(v) : R® — R" for some strictly convex function ¥ € C! (i.e.
¥ (v) € CY(R") and V¥ (v) is Lipschitz-continuous) satisfying

A(0) = V¥(0) = 0,%(0) = 0
, (1.1.1)
||D ‘{[HLOO(]RTL,]R'”’X") S Cl,
for some constant ¢; > 0. We remark that (1.1.1) implies that
|A(a) — A(b)] < Cla—1b|, (1.1.2)

for all a,b € R™, where C'is a positive constant, and that the strict convexity of ¥ implies
that A is strictly monotone, namely there exists a positive constant Cjy such that

(A(a) — A(b))(a —b) > Cola — b|?, (1.1.3)

for all a,b € R™.

We remark that if A is the identity matrix, the nonlinear diffusion operator — div(A(Vu))
reduces to the linear operator —Au.

The function W = W (z,t) is a Q-Brownian motion. More precisely, let @ be a nonneg-
ative definite symmetric operator on L?(D), {e;};>1 be an orthonormal basis in L?(D)
diagonalizing @, and {\;};>1 be the corresponding eigenvalues, so that

Qe = \e

for all [ > 1. Since @ is of trace-class, it follows that

Q= Z<Qel7el>L2(D) = Z)\l < Ay, (1.1.4)
=1

=1
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for some positive constant Ag. We suppose furthermore that e; € H*(D) N L>(D) for
[ =1,2... and that there exist positive constants A1 and Ao such that

Yo Allellioepy < Ads (1.1.5)
=1

and .
Z)‘leelH%z(D) < Aa. (1.1.6)
=1

Let (Q), F,P) be a probability space equipped with a filtration (F;) and {f5;(¢)};>1 be
a sequence of independent (F;)-Brownian motions defined on (Q), F,P); the Q-Wiener
process W is defined by

Wet) =S a0Qbal) = S Vaat)al), (L.1.7)
=1 =1

in L2(D). We recall that a Brownian motion 3(t) is called an (F;) Brownian motion if it
is (F;)-adapted and the increment 3(¢) — 3(s) is independent of F for every 0 < s < t.

We define :
H:{veL2(D),/ v:O}, V=HYD)NH and Z=VnNL*(D)
D

where | - || is the norm corresponding to the space H. We also define (-, )z~ 7 as the duality
2
product between Z and its dual space Z* = V* + LT (D) ([3], p-175).

The corresponding deterministic equation in the case of linear diffusion, when A is the identity
matrix, has been introduced by Rubinstein and Sternberg [17] as a model for phase separation
in a binary mixture. The well-posedness and the stabilization of the solution for large times
for the corresponding Neumann problem were proved by Boussaid, Hilhorst and Nguyen [4].
They assumed that the initial function was bounded in L>°(D) and proved the existence of
the solution in an invariant set using a Galerkin approximation together with a compactness
method.

The interfacial evolution process corresponding to a second order mass conserved Allen-Cahn
equation shares many properties with the fourth order Cahn-Hilliard equation as discussed in
[17]. Da Prato and Debussche proved the existence and the uniqueness of the solution of a
stochastic Cahn-Hilliard equation in [6] with an additive space-time white noise.

In our work, inspired by this paper, we introduce a nonlinear stochastic heat equation, perform
a change of functions in order to maintain a “deterministic style” mass conserved equation by
hiding the noise term and prove the existence of the solution in suitable Sobolev spaces similar
to those in [6].

Funaki and Yokoyama [8] derive a sharp interface limit for a stochastically pertubed mass
conserved Allen-Cahn equation with a sufficiently mild additive noise. This is different from
the stochastic term in this chapter which is not smooth.

A singular limit of a rescaled version of Problem (P) with linear diffusion has been studied
by Antonopoulou, Bates, Blomker and Karali [1] to model the motion of a droplet. However,
they left open the problem of proving the existence and uniqueness of the solution, which we
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address here. The problem that we study is more general then the one in [1] since it has a non-
linear diffusion term. The proof is based on a Galerkin method together with a monotonicity
argument similar to that used in [14] for a deterministic reaction-diffusion equation, and that
in [12] for a stochastic problem.

Our chapter is organised as follows.

In section 1.2 an auxiliary problem is introduced, more precisely the nonlinear stochastic heat
equation and a change of function is defined to obtain an equation without the noise term; this
simplifies the use of the Galerkin method in section 1.3, which yields uniform bounds for the ap-
proximate solution in L>°(0,T; L*(Q x D)), L>(Q x (0,T); H (D)) and in L (Q x (0,T) x D).
We deduce that the approximate weak solution weakly converges along a subsequence to a limit.
The main problem is then to identify the limit of the elliptic term and the reaction term, which
we do by means of the so-called monotonicity method.

We prove in section 1.4 the uniqueness of the weak solution which in turn implies the conver-
gence of the whole sequence.

Finally, in section 1.5 we return to the study of the nonlinear stochastic heat equation and
prove the existence and uniqueness of the solution.

1.2 A preliminary change of functions

We consider the Neumann boundary value problem for the stochastic nonlinear heat equation

OW 4 . ow
— ar >
i = div(A(YWa) + o, zeD, t>0,
(P1) § A(VW4)w =0, z€dD,t>0,

Krylov and Rozovskii [12] proved the well-posedness result for classes of problems similar to
Problem (P;) using a definition of solution in the distribution sense, while Gess [10] defines a
solution in the sense of L?(D), namely almost everywhere in D. More precisely, he defines a
strong solution as follows (cf. [10], Definition 1.3).

Definition 1.2.1 (Strong solution) We say that Wy is a strong solution of Problem (Py) if
(i) Wa € L=(0,T; L*(Q x D)) N L2(Q x (0,T); H'(D));
(i) Wa € L*(Q; C([0,T]; L*(D)));
(iii) div(A(VWa)) € L2(Q x (0,T); L*(D));
(iv) Wa satisfies a.s. for allt € (0,T) the problem
Wa(t) = /Ot div(A(YWa(s)))ds + W (t), in L2(D),

(1.2.1)
A(VWa(t)).r =0, in a suitable sense of trace on OD.

We will show in Section 1.5 the existence and uniqueness of the strong solution W4 of Problem
(Py). Moreover we will prove that

Wy € L>*(0,T; LY(Qy x D)) forall g€ [2,00). (1.2.2)



1.3. Existence of a solution of Problem (P)

We perform the change of functions

u(t) := p(t) = Wal(t);

then ¢ is a solution of (P) if and only if u satisfies:

% — div(A(Y (u+ Wa)) — AYWA)) + fu+ Wa)
1
(P) —‘D|/Df(u+WA)dx, xeD, t>0,
A(V(u+Wy)).v =0, x € 0D,t >0,
u(x,0) = @o(z), z€D.

We remark that (P,) has the form of a deterministic problem; however it is stochastic since
the random function W4 appears in the parabolic equation for u.

Definition 1.2.2 We say that u is a solution of Problem (Ps) if :

(i) ue L0, T; L>(Q x D)) N L2(Q x (0,T); H(D)) N L*(Q x (0,T) x D);
div[AV (u+ Wa)] € L2(Q x (0,T); (HY(D))");

(ii) w satisfies almost surely the problem, for all t € [0,T]

u(t) = <p0+/otdiv[A(V(u+WA))—A(VWA)]ds+/Otf(u+WA)

t Wa)dzds e sense of distr 1.2.3
/ |D|/ fu ) , in the sense of distributions, (1.2.3)
0 D
A(V(u+Wa))v =0, in the sense of distributions on 0D x R™.

In order to check the conservation of mass property, namely that
/ u(z,t)dr = / vo(z)dr, as. fora.e t € RT,
D D

2
we recall that Z* = V* + L1 (D) and take the duality product of (1.2.3) with 1 for a.e. ¢
and w.

1.3 Existence of a solution of Problem (P)

The main result is the following
Theorem 1.3.1 There exists a unique solution of Problem (Ps).

Proof In this subsection we apply the Galerkin method to prove the existence of a solution
of Problem (P).

Denote by 0 < 11 < 72 < ... <z < ... the eigenvalues of the operator —A with homogeneous
Neumann boundary conditions, and by wg, k = 0, ... the corresponding unit eigenfunctions in
L?(D). Note that they are smooth functions.
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Lemma 1.3.2 The functions {w;} are an orthonormal basis of L*>(D) and satisfy :

1
w;wodr = 0 orall ] 20 and wy = ——.
/D W0 f JF 0 |D[
Proof We check below that / wj(z)dx = 0 for all j # 0. Indeed,
D
1
/wjdx = ——/ Awjdx
D v; Jp
1 ow;
= —— ﬂdaU
Yj JoD ov
= 0, (1.3.1)

which implies that / wjwodx = 0 for all j # 0. Moreover, it is standard that the eigenfunc-

tions corresponding to different eigenvalues are orthogonal. O

We look for an approximate solution of the form

m

Um (z,t) — M = Zuim(t)wi = Z(um(t),wi>wi,
=1

=1

1
where M = Dl / @o(z)dz such that the function w,, — M satisfies the equations
D

/D aat(um@, t) — M)wjdz

—_ /D[A(V(um C M+ Wa)) — AV (Wa))]Vu;da

+/Df(um+WA)wj—ul)|/D (/[)f(um+WA)dx>wjdx, (1.3.2)

m
for all w;, j = 1,...,m. We remark that u,,(z,0) = M + Z((po,wi)wi converges strongly to
i=1
¢o in L*(D) as m — oc.
Problem (1.3.2) is an initial value problem for a system of m ordinary differential equations
with the unknown functions w;,(t), ¢ = 1,..,m so that it has a unique solution u,, on some
interval (0,7},), T > 0; in fact the following a priori estimates show that this solution is
global in time.

First we remark that the contribution of the nonlocal term vanishes. Indeed for all j = 1,...,m

_|é|/D</Df(um+WA(t))dx>wjd$:_;J(/Df(um_FWA(t))dx)X/ijdx

=0.
Therefore (1.3.2) reduces to the equation:
0
/ E(um(:v,t) — M)wjdz = —/ [A(V (um — M +Wy)) — A(V(W4))]Vw;da
D D
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+/ [ (um +Wa)w;de. (1.3.3)
D

We multiply (1.3.3) by wjm = ujm(t) and sum on j =1,...,m:

/ o — M) (tm — M)dar
/ U — M +Wa)) = AV(Wa))]V (tty, — M)da
+ /D F(ttm + Wa) (e — M)de. (1.3.4)

Next we apply the monotonicity property of A (1.1.3) to bound the generalized Laplacian term,
which yields

1d
§£/D(um—M)2m < C’o/|V M)|?dx

+/ I (um + Wa) (tp, — M)dz. (1.3.5)
D

Using the property (F;) we deduce that

S

| F (£ Wa(t)) (v — M)z

Df m— M+ M+ Wi (t))(um — M)dz
< [ [=C1um =20 + € (M + Wa) (1) + 1)) o
/01 %m+@/nw (8)[2Pda + Co(M) D),

which we substitute in (1.3.5) to obtain :

1d/ (Um—M)2d$+Co/ \V(um—M)\zd:chCl/ (U, — M)?Pda
2dt Jp D D
< o [ [Wa@)PPdz + Co(a)| D] (136)
D
1.3.1 A priori estimates

In what follows, we derive a priori estimates for the function w,.

Lemma 1.3.3 There exists a positive constant C such that

sup E [ (up— M)%dz < C, (1.3.7)
t€[0,T7 D
T
]E/ /]V(um—M)]2dxdt < C, (1.3.8)
0 D
T
]E/ /(um—M)Zpdxdt < ¢, (1.3.9)
0 D
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T P
1E/ /(f(um+WA))2p2_ldl‘dt < C, (1.3.10)
0 D
T
1E/0 | div AV (wm + Wa)) |21 pyydt. < C. (1.3.11)

Proof Integrating (1.3.6) from 0 to ¢ and taking the expectation we deduce that for all ¢ €
[0,7]

f]E / tm — M)2(t)dz + CoE / / IV (e — M) Pdads

+C1E / / M)?Pdzds

;/D(um(o)—M)Qd:zc—kCglE/Ot/D|WA(t)|2pdxds+C’2(M)|D|T

IN

< 72\ uo,wj>| dx + Co(M)|D|T + coT
i=1

< *||U0—MHL2 —|—Cz( )| D|T + 2T

SK

where we have used (1.2.2).

We deduce that :

IE/(um—M)2(t)d:c < 2K, forall te[0,T],
K
E V(u dedt < —
//| | v - 007
K
E M)?Pdedt < —.
// v -

Therefore {u,,} is bounded independently of m in L= (0, T, L2(Q x D))NL?(Q x (0,T); H*(D))N
L?(Q x (0,T) x D)).

Using the property (F>) we deduce that

2p

T 2p
lEIIf(uerWA)HQng = IE/ /\f(uerWA)yﬁdxdt
1((0,T)xD) 0 JD

IN

T _2p
]E/ / [Clutm + Wi — M1 4 C5(M)| ™ dudt
0 D
2p

T
]E/ /[Cg(yum—My+|WA|)2P—1dx+03(M)}2P*1 dudt
0 D

IN

IN

_2p__4q T Ip—1 22%1

2%p-1 ]E/ /Dc5 [(Jem = M|+ [Wal)#~1| 7 dadt
0

+Cs|D|T

T 2p—1\ 52—
c;;]E/O /D(|um—M|p )2r-Tdxdt

IN

28



1.3. Existence of a solution of Problem (P)

T
+c31E/ /(IWA|2p_1)23%1d:rdt+C‘5|D]T
0 D

T
< C31E/ /\um—MPdedt
0 D
T ~
+031E/ /|WA|2pd:ndt+C5|D]T
0 D
< Ki,

by (1.3.9) and (1.2.2), where c3 is a positive constant.
Finally we show that the elliptic term is bounded in (H'(D))’.We have that

T
]E/O | div A(Y (tm + Wa)) 21y

_ ]E/OT( sup [{div(A(Y (um + Wa))), 0)] )2
veEH!

Aol g1 <1
T
= E[ (s |- [ AV +Wa)Ve])?
0 weH,|jv|[;1<1 D
T
< E[{ s ([ AT+ WP [VoP)Ey
0 weH|jv||1<1 /D D
T
< E sup /|A(V(um+WA)|2/ Vo?
0 veH! ||jv]| ;1 <1/ D D
T
< ]E/ /yA(V(um+WA)|2. (1.3.12)
0 D

Next we use (1.1.2) and (1.1.1) to estimate the term on the right-hand-side of (1.3.12)

IN

T
C’IE/ /|V(um+WA)|2
0 D

T T

20(113/ /|Vum\2+1E/ /\VWA\Q)
0 D 0 D

K.

The last line follows from the a priori estimates and the regularity of the solution of Problem
(Py). O

113/0T/D|A(v(um+WA)y2

IN

<

Hence there exist a subsequence which we denote again by {u,, — M} and a function u — M €
L2(Qx (0,T);V)NL*»(Qx (0,T) x D)N L*(0,T; L?(Q x D)) such that

U — M — u—M weaklyin L*(Qx (0,T);V) (1.3.13)
and L*(Qx (0,T) x D)
Up —M — u—M weakly star in L°(0,T; L*(Q x D))  (1.3.14)
Flum+Wa) — x weakly in  L%-T(Q x (0,T) x D)
(1.3.15)

29



1.

A STOCHASTIC MASS CONSERVED REACTION-DIFFUSION EQUATION WITH NONLINEAR DIFFUSION

30

div(A(V(upm +Wy))) — @ weakly in  L?(Q x (0,T); (H')")
(1.3.16)

as m —» oo.
Next, we pass to the limit as m — oo.

To that purpose we integrate in time the equation (1.3.3) to obtain
[ Gt = 30w, = [ (w0 (0) = M)y
D D
t
+ [ @i = M 4+ W) = AT (W) wy)

¢
+/ / f(tm +Wa)w;, forallj =1,..,m. (1.3.17)
0o Jp

Let y = y(w) be an arbitrary bounded random variable, and let ¢ be an arbitrary bounded
function on (0,T). We multiply the equation (1.3.17) by the product yv, integrate between 0
and T' and take the expectation to deduce

E /0 ! /D y(t) (um () — M )w;dzdt
—E /0 ! /D (1) (um (0) — M)w;dzdt
T t
HE [y [ (VAT (= M+ W) ) e
B [ o) [ @A) u

T t
-HE/O yw(t){/o /Df(um + Wa)w;dzds}dt.
(1.3.18)

for all j=1,..,m.

Next we pass to the limit in (1.3.18); we only give the proof of convergence for the last term
using the a priori estimates and Hoélder inequality. We have that

’¢(t)]E /Ot /D f (U + Wa)yw;drds

IN

t 2 2p-1 t L
ol el OIE [ 1+ W) 2T dads) 5 ([ [y dwas) =

< ||?JHLO<>(Q)||7/}||L°°(0,T)C-

t

This shows that | (¢)E / / [ (wm + Wa)ywjdzds| is uniformly bounded by a function belong-
0o /D

ing to  LY0,7). In  addition  using  (1.3.15) we  have  that

¢ ¢
w(t)lE/ / [t + Wa)ywjdrds — w(t)]E/ / xywjdzds for a.e. t € (0,7). Applying
0o /D 0o /D
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Lebesgue-dominated convergence theorem we deduce that :

lim Tw(t)dtlE /t/ [ (U + Wa)ywjdads
0o Jp

m— 00 0

T t
:/ lim w(t)]E/ / J(tm + Wa)ywjdrdsdt
0 ™M—00 0 D

= /OTw(t)dt]E/Ot/nywjdxds
= IE/OT yw(t)dt{/ot/wajCMds}.

Performing a similar proof for each term in (1.3.18), we pass to the limit by using Lebesgue-
dominated convergence theorem. This yields

E /O ' /D y(8) (u(t) — M)w;dudt
_E /0 ! /D (1) (0o — M)w;dzdt
+E [y [ (@ - aiv AT W) )

T t
-HE/ yd)(t){/ / xwjdxds}dt, forall j =1,..,m.
0 0 JD
(1.3.19)

We remark that the linear combinations of w; are dense in V N L* (D), so that
E /0 ' /D (1) (u(t) — M)ddzdt
= B[ [ ylo) oo Mywdat
+E /OT yw(t){/ot@) — divA(V(Wa)), @)ds}dt

T t
-HE/ yd}(t){/ / xwdxds}dt.
0 0o /D
for all @ € VN L% (D), y € L>®(Q) and v € L°(0,T). This implies that for a.e. (t,w) €
(0,7) x Q)
t
(u(t) — M, ) = (go — M, @) + / (@ 4y — div(A(YWA)), @)ds (1.3.20)
0
for all @ € V N L? (D).

Lemma 1.3.4 The function u is such that u € C([0,T]; L*(D)) a.s.

Proof
ZCHCUZ*

d 2
Since u — M € L?(0,T;Z) a.s. and dit‘ € L(0,T;V*) + L*(0,T; L% 1 (D)) = L2(0,T; Z*)
a.s., it follows by applying Lemma 1.2 p.260 in [18] that w — M € C(0,T; H) a.s. O
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It remains to prove that :
(@ + x, @) = (div(A(V(u+Wa))) + fu+Wa(t),d) foral @ecVNL*(D).

We do so by means of the monotonicity method.

1.3.2 Monotonicity argument
Let w be such that w — M € L2(Q x (0,7); V)N L*(Q x D x (0,7)).

Let ¢ be a positive constant which will be fixed later. We define

Om = IE[/OTe—CS{2<div (A(V (i — M +Wa)) = A(VWa))

—div (A(V(w = M+ Wa)) = A(VWa)), 1t — M — (w— M)) z-
+2(f (um +Wa) = f(w+Wa),tum =M — (w—M))z+ z
~cllum — M~ (= M)|*}]ds
= Ji+Jo+ J3,

and prove below the following result

Lemma 1.3.5
O, <0.

Proof First we estimate J; and apply (1.1.3)

J, = F /OT e {2(div (A(V (um — M +Wa)))
—div (A(V(w = M +Wa))),thy = M = (w = M)}z 7}
_ 9 /OT oo /D[A(V(um — M4 Wa)) = A(V(w— M+ Wa))]
[V (tpy — M +W4) = V(w—M+Wy)]

T

—200113/ 5|V (e — )2
0

0.

IN

IN

(F3) and the mean value theorem yield:
T
Jy = IE/ e C2(f(um +Wa) — f(w+Wa), upm —w) z+ zds
0
T
< IE/ e ™20y ||thy, — w]|?ds.
0

Choosing ¢ > 2C4, we conclude the result. ]

32



1.3. Existence of a solution of Problem (P)

We write O, in the form O,, = O} + 02, where

ol = ]E[/OTe—CS{2<div (A(V (t — M +Wa)) = A(VWa)),ty — M)z 7

2(f (i + Wa), tm — M) 74,7 — c||um — M|[*}]ds
(1.3.21)

We integrate the equation (1.3.3) between 0 and T to obtain
[ wne 1) =30, = [ (wn(0) = M)y
D D
T
[ i (= M 4+ Wa)) = AV, w5) 2 2

T
+/ / f(um +Wa)wj, forall j=1,..,m. (1.3.22)
0 D

Next we recall a chain rule formula, which can be viewed as a simplified It6’s formula.

Proposition 1.3.6 Let X be a real valued function such that
¢
X(t) = X(0) +/ h(s)ds, 0<s<t,
0

and suppose that h is measurable in time such that h € L'(0,T). Suppose that the function

F:[0,7] x R — R and its partial derivatives i and ax e continuous on [0, T] x R. Then
for allt € [0,T]

Pt X (1)) = )+ /t OF o X(s))ds+ /t OF (o X(s)h(s)ds.  (1.3.23)
Applying (1.3.23) to the m equations in (1.3.22) with
X; / M)w;, j=1,..m, F(s,q)=e ¢
and h(s) = (Aiv[A(V (um — M + Wa)) — A(VWA)] + f(tm + Wa),w;) 2+ 7, we deduce that
([ (e, T) = My,
= ([ (un(0) = My / "o My
/ e (1= M) (AVIA(Y (= M+ Wa)) = A(VWa)] )

+2/ _CS{/ M)w;}(f (um +Wa),wj), forall j=1,..,m. (1.3.24)

In what follows, we will use the identity
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m

Lemma 1.3.7 Let F € Z* and B = » (B, wj)w.
j=1
Then
m
(F,w;j)(Bm,w;) = (F, Bn). (1.3.25)
7j=1
Proof

S UF w)) (Buwy) = SF, By

j=1 i—1

.

Summing (1.3.24) on j = 1,..,m and applying the identity (1.3.25) yields
e~ lum (T) — M||?

T
= () = MIF = c [ e up — M| %ds
0
T
+2/ 5 (Qiv[A(Y (g — M +W4)) — AYWA)], e — M) 7+

+2/ F (i + Wa), ttm — M) 7. (1.3.26)
Taking the expectation of the equation (1.3.26) yields

E[e™ ||um (T) — M|?]

= Bl (0) = MIP] — B[ ¢ un(s) M

+21E[/0T e div[A(V (tn — M+ Wa)) = ACVWA)], tts — M) 5+ 7

+2]E[/OT e f(um + Wa), tm — M)z« z]. (1.3.27)
It follows from (1.3.21) and (1.3.27) that

Oy = Ele™ um (T) — M||*] — E[||um(0) — M]J?].
From this we obtain
lim_sup Oy, = E[e™||u(T) — M||?] — E[|Ju(0) — M|[*] + de~, (1.3.28)

where
0= lim _sup E[[jun (T) — M|*) —~ E[[|u(T) — M[*] 2 0
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On the other hand, the equation (1.3.20) implies that
t t
u(t)— M =po— M +/ P — div(A(VIW4)) —I—/ X, Vte|0,T] (1.3.29)
0 0

_2p
a.s. in Z* =V* 4 L%-1(D).

Next we recall a second variant of the chain rule formula, which can be viewed as a simplified
It6’s formula as in [15] [p.75 Theorem 4.2.5], and involves different function spaces. Consider
the Gelfand triple

Z CHCZ,

where Z =V N L* (D) and Z* are defined in the introduction.

Proposition 1.3.8 Let X € L2(0,T; V)N L¥(0,T; L**(D)) and Y € L*(0,T:V*) + L=-1 (0, T; L% (D))
be such that

t
:X0+/ Y(s)ds, te[0,T].
0

F F
Suppose that the function F : [0,T] x Z — R and its partial derivatives %t and SX are
continuous on [0,T] x Z. Then for all t € [0,T)]
t BF OF
F(t,X(t)) = +/ (s, X(s ds+/ OX(S X (8)))z* zds.
(1.3.30)

Applying Proposition 1.3.8 to the equation (1.3.29), we set X(t) = wu(t) — M, F(s,q)
= e~ %||q||?,and Y (s5) = ® — div(A(VWa)) + X, in (1.3.30) to deduce that

T
Ele™Tlu(T) = M[?] = E[lpo - M|?*] - dE[/O e”llu(s) — M||*ds]
T
2 / ¢~ (@D — div(A(YWa)),u — M) g 5
0
T
+2E( [ e (v u= M)z 2],
which we combine with (1.3.28) to deduce that
T
lim supO), = 2E] / =D — div(A(YWa)),u — M) -]
+2E / Xa U — >Z*,Z
—cIE[/ ~65||u(s) — M| ds] + 6e—T. (1.3.31)
0
It remains to compute the limit of O2,:
0% =0,, -0}
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=E /OT e “{=2(div[A(V(w— M +Wa)) — A(VWa)], U — M) z+ 7
— 2(div[A(V (U, — M +Wa)) — A(VIWy)]
—div[A(V(w—M +Wa)) — A(VWa)|,w — M)z« z
- 2<f(w + WA)7um - M>Z*,Z - 2<f(um + WA) - f(w + WA)vw - M>Z*,Z
—c|jw — M|)* + 2¢(ty, — M, w — M)}ds.
In view of (1.3.13), (1.3.15) and (1.3.16), we deduce that

lim (92

- IE/O e~ {2(div[A(V (w — M + Wa)) — A(YWA)],u— M)z,

—2(P — div(A(VW4)) —div[A(V(w — M +Wa)) — A(VWa)],w — M)z« z
_2<f(w + WA)?“ - M)Z*,Z - 2<X - f(w + WA),U) - M)Z*7Z

—c|lw— M||* 4+ 2¢{u — M,w — M)}ds. (1.3.32)

Combining (1.3.31) and (1.3.32), and remembering that O,, < 0, yields

]E/OTe_CS{2<d>diV[A(V(wM—i—WA))],uM (w—M))z+z

+2(x = f(w+Wa),u =M — (w—M))z« 7
—c|lu—M — (w—M)|*} + e <0.

Let v € L2(Q x (0,T); V)N L?(Q x (0,T) x D) be arbitrary and set

w—M=u—M— v, with A € R;.
We obtain the inequality :

T
E [ e {20 — div[A(V (u—Xo— M+ Wa))], \e)ze 2
0
+2(x — f(u—Av+ Wa), \)z+« z — c||v||*}dt < 0.

Dividing by A and letting A — 0, we find that :

IE/ (D 4 x — div[A(V(u— M +Wa))] — f(ut+ Wa),v) 7 zdt < 0.

Since v is arbitrary, it follows that

B[ @txu)zs = B [ @AV M+ Wa)]+ ot Wa) ez,
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for all v € L2(Q x (0,7); V)N L*(Q x (0,T) x D), or else
P+ x =div[A(V(u— M+ Wa))] + flu+Wa) +60(t,w), (1.3.33)

a.s. a.e. in D x (0,T). Taking the duality product of (1.3.33) with @ € V' N L? (D) we obtain
that

(@+x,W)zez = (div[A(V(u—M+Wa))]+ fu+Wa) +0(w,t), D)z« 2
= (div[A(V(u—M+Wa))|+ flu+Wa), )z 7. (1.3.34)

Substituting (1.3.34) in (1.3.20) we deduce that for a.e. (t,w) € (0,7) x Q

(u(t) — M,w) = <g00—M,lTJ}—i—/ot(div[A(V(u—M—i—WA))]

+f(u+Wa)—div(A(VIWa4)),0) 2+ 7.
(1.3.35)

for all w € V N L? (D).
This completes the identification of the limit terms by the monotonicity method.

Next, we prove that u satisfies the equation (1.2.3) in Definition 1.2.2. We define
V= HY(D)nL*?(D).
The equation (1.3.35) implies that a.s. in V* = (HY(D))' + L%(D)
t t
w(t) = o+ /0 div[A(Y (u— M+ Wa))] — div(A(VWa4)) + /0 Flut Wa)ds
+ /Ot A(s)ds, (1.3.36)

for all ¢t € [0,T7.

In order to identify the last term of (1.3.36), we take its duality product (.,.)y~y with 1.

Remembering that the equation is mass conserved, we obtain

// (u+ Wy dsdx+/ s)ds|D| = /u(t)da?—/ podz = 0. (1.3.37)
D D
t
A(s ds———// f(u+ Wa)dsdz,
oA D] R

A(t) = —’é' [ Fue,t) + Wate, )z,

Thus,

so that also
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1.4  Uniqueness of the solution of Problem (P,)

Let w be given such that two pathwise solutions of Problem (P), u1 = u1(w,z,t) and ug =
uz(w, x,t) satisfy

ui(+, -, w) € L®(0,T; L*(D)) N L*(0,T; HY (D)) N L**((0,T) x D),

Flus + Wa) € LE1((0,T) x D),
div(A(V (u; + W) € L2((0,T); (H'(D))')

for i = 1,2, and uy(+,0) = u2(-,0) = ¢g. Then

up(z,t) = uy(x,0) + /Ot div(A(V(up + Wy))) — div(A(VWa4)) + /Ot flur +Wa)

—|11)|/0t/Df(U1+WA)d1:,

ug(z,t) = ug(x,0) + /Ot div(A(V(ug + Wy))) — div(A(VW4)) + /Ot flug +Wa)

_;J/ot/Df(uz_‘_WA)dx’

so that the difference u; — uo satisfies the equation
¢
ur(t) —ug(t) = /0 div(A(V(ur + Wa) — A(V(ug + Wa))
t
[ 1+ Wa) = Sz + W)
1t
M/O [/D Flu + W) — /D Flus + Wa)dal,

in L2((0,T); V*) + L%1((0,T) x D).

2
We take the duality product of this equation with uy —ug € L?((0,T); V*) N L1 ((0,T) x D),
to deduce that

o el =2 [ (ANCACT (s + W) = AT (a2 + W), s~ )z 2
—|—2/Ot<f(u1 CWA) = flus+ Wa))sur — us)ge s
-2 [ [+ W) = Flaa 4 W) s — )2
=2 [ [ (AT W) = AT+ W) Vs — )
+2/0t/D(f(u1 FWa) = Fus + W) (w1 — u)da
op

251/ [/D(f(u1+wA)_f(u2+wA))dx/D(u1_uQ)dx]
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_ —2/0t/D(A(V(u1+WA))—A(V(U2+WA)))V(u1—uz)

+2/0t/D(f(u1+WA)—f(uQ—l—WA))(ul—uQ)dx, (1.4.1)

where we remark that since /

ui(z,t)dx :/ ug(x,t)dx :/ @o(x)dz, the nonlocal term
D D

. D
vanishes.

In view of (1.1.3), (1.4.1) becomes
lur = uaZ2(p)

< [ W) = W) s~ )
—Co/o /DV(ul—UQ)Qd.CEdt, (1.4.2)

for all ¢t € (0,7). In addition, the property (F3) implies that

(f(u1 + WA) — f(UQ + WA))(u1 — UQ) S 04/ (u1 — UQ)Q. (1.4.3)
b O

Substituting (1.4.3) in (1.4.2) yields

¢
/ (uy — ug)?(x,t)dx < C4/ / (ug —ug)*(z,t)dz  for all t e (0,T),
D 0 JD

which in turn implies by Gronwall’s Lemma that

up =ug a.e. in D x (0,T).

1.5 Existence and uniqueness of the solution of Problem (P)

In this section we return to the study of the solution Wy of Problem (P;), and derive a priori
estimates for a Galerkin approximation in L>(0,T;L*(Q x D)) N L*(Q x (0,T); HX(D)) N
L*(Q x (0,T); H*(D)) following an idea due to Gess [10]. We are then in a position to show
that Wy is also bounded in L>(0,T; L9(Q) x D)) for all ¢ > 2, which is necessary for the proof
of Lemma 1.3.3.

We show below a priori estimates, which imply that the elliptic term div(A
(VW4)) is bounded in L?(D) having in mind that Problem (Py) is a special case of Prob-
lem (4.33) in [10] ( see also equation (2.8) in [10]). Whereas Gess concentrates on the special
case of the p-Laplacian, we are interested in the uniformly parabolic case, which corresponds
to m = 2 in [10] p.280-281. We also remark that there are no reaction terms i.e. f; = 0 for
all 4 from 1 to n and that the noise is additive. However, Gess assumes that the nonlinear
function ¥ is twice continuously differentiable while we only suppose that ¥ € C11(IR™).

We prove the following result.
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Theorem 1.5.1 There exists a unique solution of Problem (Py).

Proof To begin with, we approximate the function ¥ by a sufficiently smooth function ¥"
such that
¥Y" - ¥ in CYR"). (1.5.1)

and
H.D2TTLHLOO(RTL,RTLX’VL) S c1, VTn(O) - 0,

and derive a priori estimates for a Galerkin approximation as in [10] (p. 2363 (2.13)). It turns
out that the upper bounds which we find do not depend on n.

We define W,"" by

t m
WP (0) = [ Palan(VE W)+ Pu(VR)A(D)  (152)
=1
a.s., where for v € L?(D) Pyv = i(/ vw;j)wj and Py, : HY(D) — H,, = span{wy, ... wm},
j=1

m € IN is the continuous operator defined by

la — Pmal3n ) = inf la = |3y, a € H'(D) (cf[10] p. 2363).

Note that (cf. [5] p.193)

|Pmall oy < llall g1 (py- (1.5.3)

and that (cf. [10] Remark 2.3)
Ppa — a, in H(D) as m — oo. (1.5.4)

This implies in particular that
Ppa — a, in L?(D) as m — oco. (1.5.5)

In addition, we have that (cf. [12] p. 49)
/D o P [div (V" (V)] = — /D Vi VE (VW) (1.5.6)
Indeed,
/Dumj;(/deiv(vw(vwg"’”))wj)wj
= ; /D U Wj /D div(V¥" (VW ™) )w,

= /le (VY™ ( VWX”L i(/ umw]>

Jj=1

_ / div(VE" (VW) )t
D

_ / Vi VI (V).
D
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Lemma 1.5.2 There exists a positive constant K such that

IE/OT/D(Wf")det < K, (1.5.7)
]E/OT/D]V(WZL’”)Fda:dt < K, (1.5.8)
IE/OT||Pmdiv(V‘I’”(V(W;,”’”))H%g(D)dt < K, (1.5.9)
sup E [ (Wy"™)2%dz < K. (1.5.10)

te(0,T) D

Proof We first recall 1t&’s formula as in [16] p.16-17 which is based on [11] [p.153, Theorem
3.6], and is applicable to systems of stochastic ordinary differential equations .

Lemma 1.5.3 For a smooth vector function h and an adapted process (g(t),t > 0) with
fOT lg(t)|dt < oo almost surely, for all T > 0 set

X(t) = /Otg(s)ds-l—/otde(s), 0<t<T,

where h is a wvector of components h;, | = 1,..,m and dVW is a vector of components dfy,
I = 1,..,m with 5; a one-dimensional Brownian motion. Then, for F twice continuously
differentiable in X and continuously differentiable in t, one has

F(X(t),t) = F(X(O),O)+/tFt(X(s),s)ds+/tFm(X(s))g(s)ds
+/ ))hdW(s) + = Z/ Fou (X (5))hids. (1.5.11)

Next we apply Lemma 1.5.3 to (1.5.2) with hdW = ZPm\/)Tleldﬁl(s) and h; = PV Ney,
=1
supposing that F' does not depend on time and setting
X(t) =Wy (1),
F(X(t) = (X(1))%
Fo(X (1)) = 2X (1),
For (X (1) =2,
g(s) = P div(VE" (VW " (s))).

We remark that in this case F' does not depend on t. After integrating on D, we obtain almost
surely, for all ¢ € [0, 77,

t
/W,T’”(x,t)zdm - 2/ / W Py div(VE" (VW " (s)))dxds
D 0 JD
mooag
123 / / W R PV NerdzdB (s)
=1 0 JD
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t m
+/ > NPy NGz pydads. (1.5.12)
0 =1
Substituting (1.5.6) into (1.5.12) we obtain,

t
W ()22 ) + 2 /0 /D VWY (VW () ) dads

= 2y /O /D WA PV Nerdwdfy(s) + /0 S PV Nl ) dds.
=1 =

(1.5.13)
Taking the expectation, we obtain
t
EW5" ()22 (p) + 2E / /D YWY (VW (5))dads
0
t m
= IE/ Y 1PV Ne|7 2y dads, (1.5.14)
0 =1

moot
where we have used the fact that 2]E[Z/ / Wi NeidzdBy(s)] = 0 ([13] Theorem 2.3.4 -
—Jo Jp

p.11).
We deduce from (1.5.3) that

Yo IPuVaeli iy < D (IVNelap + IV (VAe)72p)
=1 =1
< (AO —|—A2). (1.5.15)

Taking the supremum of equation (1.5.14) and substituting (1.5.15) into (1.5.14) we obtain

sup E[W" (8)[172(p) < T(Ao+ Az) < K.
te(0,T)

This completes the proof of (1.5.10).

In order to obtain an H?-type estimate for Wi, we take the gradient of the equation (1.5.2).
For all x € D, we have that

VWP = [ VB (T + > VPl A} (1)
=1

— /OtV{Pm[div(V‘P”(VWA”’"))]}ds—I—i/otV{Pm[\mel]}dBl(s).
=1
(1.5.16)

We fix x € D and apply below for a second time It6’s formula Lemma 1.5.3 to the integral

equation (1.5.16) where in this case hdW = ZV{Pm\//\»lel}dﬁl(s) and h; = V{PnvNe}
=1
with:

X(t) = VWi (z,t),
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F(X(t) =¥" (VW (2,1)),

Fp(X(t)) = VI"(VW " (x,1)),

Fp(X(t) = D*Y"(VW " (2,t)), and

g(s) = V{P,div(VY" (VW " (z,s)))}.
After integrating over D, we obtain almost surely, for all ¢ € [0, 7],

/D VW (2, 1)) da

_ /O t /D VY (VW (2, 8))V{ Puddiv(VE (VW™ (5))) Ydads
+;/Ot/DV‘F”(VWZW(x, $)) VAP (VNe) YdzdBi(s)
+;g:l/ot/DDZ‘P”(VWX”’"(a:,s))|V77m(\/)\»lel)\2dxds.

In view of (1.1.1) and (1.5.6) we have that

/D (VW (1)) d

<- /0 t /D [P div(VE (VW (5))))2dads

+§; /0 t /D VY (VW (2, 8))V{ P (V) }dd i ()
IR iy 3 [ [ 19Pw R Pl

< = [P A (TE W () [

+g:l/Ot/DV‘If”(vwg%”(x,s))V{Pm(ﬁlel)}dxdﬁl(s)

moot
+%12/0 IV Py A 72 pyds. (1.5.17)
k=1

Thus  taking the expectation of  (1.5.17) and wusing the fact that
mo o

]E[Z/ / VY (VW (2, 8))V{Pm(VNe)) YdazdfBi(s)] = 0, we obtain
=1 0 JD

t
E /D YUYW (t))de + E / | By div (V™ (VI ()22 ds
0

€1 t
< %Z]E/O IV P/ Ne]|72(pyds: (1.5.18)
=1
Adding (1.5.14) and (1.5.18), using (1.5.3), (3.1.4) and (1.1.6) we obtain

E [ ¥ (TWEN(0)de + EIWE " )
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t
FE [ 1B i (V¥ (T ()
19F / / VWLV (VW " (s))dads

coIE/O Z (IPavNetl3a ) + IVPmv el 3y
=1

IN

IN

t m
@ [ 3 (IV Nz ) + 19 VA2 )
=1
t [/ m m
CoJE/0 (Z Mllell7z(py +Z)‘l||vel||2L2(D)> ds
=1 =1

CoT(AO =+ AQ),

IN

IN

where ¢y = max(1, %1) In view of (1.1.3) we obtain,

E [ ¥ (VW (0)de + EIWE (Ol )
t
B [ IPuldiv(T¥ (VIWF (5))] (s
t
F2C0E [ [VWE" (5) ) ds
S C()T(A() + AQ) S IC,
which completes the proof of (1.5.7), (1.5.8) and (1.5.9). O
Hence there exist a subsequence which we denote again by W"" and a function Wy € L*(Q x
(0,T); HY) N L>(0,T; L*(Q) x D)) such that

W = Wa weakly in L*(Q x (0,T); H'(D)), (1.5.19)
W™ — W, weakly star in L>(0,T; L*(Q x D)), (1.5.20)
P div(VEH (VW™ (5))) = @ weakly in  L2(Q x (0,T); L2(D)), (1.5.21)

as m,n — oQ.

In addition, one can show the following result.

Lemma 1.5.4

Z m (Ve Bi(t Z\Felﬁl , in L®((0,T); L*(Q; L*(D))). (1.5.22)

=1

Proof For all ¢t € [0,T],

3 Ve (t) — ipm(\/ylel)ﬁl (t)

=1 =1




1.5. Existence and uniqueness of the solution of Problem (P;)

m 2
=Y Vesi(t)
=1

S P (Ve A(h)
=1

2

I=m+1

[Pm(\/xzel) — Vel Bi(t)

= W1+W2.

By [9] p. 20 we deduce that W7 — 0 in C(][0,T]) as m — oo. For Wa, by the properties of the

Brownian motion, we have that
> [P(VNer) — Vel Bit)

2/]E
D

_ 2/D]E(§: (Ver) = el 2B (1)

l

1
423" [Py M) — y/Anen )0 [P (ysets) — Poaers ), )

l1#l2

= 2/ Z (Ve — Ve ’E

= 22 1P (v Ner) = Vel 2yt
=1
< 2T Y [[Pu(VAier) = Vel 2oy (1.5.23)
=1

In order to prove that the right-hand side of (1.5.23) tends to zero as m — oo, we use (1.5.3)
and (1.5.5) to deduce that

P_ﬂg

P (VNier) = Vel 72 )

N
Il
—

P (VNier) = Vellizpy + D0 IPm(VAe) = vVell2a py

I=K+1

[
P_ﬂx

N
I
i

IA
™=

1P (V' Aier) = Ve 72y +2 Z IV Nell iy

=1 I=K+1
K

< S oIPm(VNe) — v €lHL2 y+4 Z )\z+>\l\|V€l||Lz )
=1 I=K+1
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< P+ B (1.5.24)

Let € > 0 be arbitrary. We choose K such that P» < % For a fixed K, we choose m sufficiently
large such that P; < g Therefore,

Yo IPw(VNer) = Vel py < e (1.5.25)
=1
so that Wa — 0 in C([0,7]) as m — oo . O

Let y be an arbitrary bounded random variable, and let ¥ be an arbitrary bounded function
n (0,T). Next we multiply the equation (1.5.2) by the product yw, integrate on D between 0
and T and take the expectation to obtain

E / ! / ()W, dadt
= IE/ y(t {/ o (div[VE(VIV (™)), w;)dstdt
VE [y [ 3PV R i(tpusda)at

=1

Passing to the limit when m,n — oo, using (1.5.19)-(1.5.21) and (1.5.22), and remembering
that the linear combinations of w; are dense in H'(D), yields

]E/()T/Dyv,/}(t)WAwdxdt = IE/ y(t {/ w)ds}dt
+E / )] S (v/ver) (1)t
=1

for all @ € H'(D). Therefore, we deduce that

t oo
WA(t):/ D(s)ds+ Y VNeBi(t) on Qx (0,T)x D. (1.5.26)
0 =1
We will prove below, using again the monotonicity method, that o = div(VY

(VW4)).

1.5.1 Monotonicity argument
Let w be such that w € L?(Q x (0,T); H*(D)) and let ¢ be a positive constant.
We define
T
O =E| / =2 P [div (VI (VWT™))] — Py [div(VE (V)] W™ — w)
0

— Wi —w|*}]ds
:Jl —|— JQ.

We will check as before the following result
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Lemma 1.5.5

Proof Using (1.5.6) and (1.1.3) we have that

Ji = (Ppldiv(V¥"(VIWL""))] = Pp[div(VE" (Vw))], Wi — w)
= - [ [FYEWET) - V¥ (T V(WS — w)
< —GolVWE" —w)Fe(py <0, (1.5.27)
which completes the proof. Il

We write O, in the form O,,, = OL . + 02, where

T
Ohn = E[ [ e (2P, [div(T¥" (VWL )L W) — W32} ds
(1.5.28)

We apply It formula Lemma 1.5.3 on (1.5.2) with F(X,t) = e~“(X)? and F; = —ce~(X)2.

After integrating on D and taking the expectation, we obtain almost surely, for all ¢ € [0, 7],

Ele™ Wi (2, T)|%2(p)
T
= —cB[ | W5 (@.9)]F2(py ]
T
2| / e / WP [div (VE (VW ()| dads
0 D

mo T
+21E[Z/0 €_CS/DWZL’WPm\F/\l€le'd,Bl(S)]
=1

T m
+/ e > [PV e 72 pydads. (1.5.29)
0 =1

It follows from (1.5.28),(1.5.29) and the fact that

- T m,n
IE[; /0 ees /D WP NededBy(s)] =

that

Ol = Ele T [W™(T) 22 / —“Zupmf el (1.5.30)

In view of [5] p.193 we have that

| / | vavmf etlliaio) = 2 IV Nl s

m
< / —CS
— Jo

ZHP Vel = IV Al | ds
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Z H\/)TZGZH%Z(D) - Z H\/)TZGIH%Q(D) ds
= =1

T m
_|_ / e*CS
0 =1

T m
[eox ||Pmmelu%2<m ~ Vel s

IN

F [ S IVAalia

= m+1

< TZ‘ ”,Pm\/xlel”%%D)—H\/)T[QH%Q(D)‘—FT Z \
=1

l=m+1

o
< TY IVNe—PovNelzpy +T Z Al
=1

l=m+1
< g

which, in view of (1.5.25) and (3.1.3), tends to zero as m — oco. Thus,

m—r0o0

T m T 0
lim /0 ey H%W@zlliz(p)ds = /0 e H\/)TlelH%?(D)dS
1=1 =1

Letting m and n tend to infinity in (1.5.30), we deduce that

lim sup Oy, = Ele™" [Wa(T) |7 / CSZ)\ldS—i—ée , (1.5.31)

m,n— 00

where

0= Tim supE[|Wi"(T)|*] - E[|Wa(T)["] = 0
On the other hand, the equation (1.5.26) implies that a.s. in L?(D)
¢ t
wmﬂ:/¢@@+/qu vt € [0,7). (1.5.32)
0 0

Next we recall a simplified form of the It6’s formula given by [7] ( Theorem 4.32 p.106), which
will suffice for our purpose. We do so since the [t6’s formula given in Lemma 1.5.3 only applies
to finite dimensional problems.

Lemma 1.5.6 Let h be an L?(D)-valued progressively measurable Bochner integrable process.
Consider the following well defined process :

X@:A%@%+W@,m@jy

Assume that a function F : [0,T] x L*(D) — R and its partial derivatives Fy, F,, Fy, are
uniformly continuous on bounded subsets of [0,T| x L*(D), and that F(X(0),0) = 0.
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Then, a.s., for allt € [0,T],

F(X(1),6) = / ds+/ ), h(5)) 12(p) s
+/ $),dW () 2y + = /Tr Fou(X(5), $)Qlds
where -
TrFu(X(s)Q] = Z<FM(X(S),S)Q61,65>L2(D)
=1
and

(w,0)pa(p) = [ ula)o(e)de,

D

o0
where we note that TrA = Z(Ael, el>L2(D) is bounded linear operator on L*(D).
=1

Applying Lemma 1.5.6 to (1.5.32) with

X =Wy,

F(X,t) = e | X132 p)
Fy(X,t) = —ce™ || X[|72(p)
Fo(X,t) =2 X,

h =,

Fop(X,t) =2 1.

After taking the expectation, we deduce that
T T -
E[e=T|Wal?] = —c]E[/ e~ ||Wa2ds] + 21E/ = (B, W)
0 0

oo LT T 0o
+21E[Z/0 e_CS/DWA\f)\lelda:dﬁl(s)] —|—/0 e_csZ)\lds,
=1 =1

which we combine with (1.5.31) to deduce that

T T
lim _sup ol = QIE[/ e (D, Wa)] — c]E[/ e~ || Wal|2ds] + de~T.
m,n—0o0 0 0
(1.5.33)

It remains to compute the limit of O2,,,:
Orn
= Omn = Opy
=E /OT e =2(Py,[div(VE™ (Vw))], W3y — 2( Py, (div(VY" (VIW,"")), w)
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+2(P,, [div(VE™ (Vw))], w) — c||w]|® + 2¢(W ", w) }ds.
In view of (1.5.19), (1.5.21), using (1.5.1) and (1.5.6) we deduce that

lim O, = ]E/OT e {—2(div(VY(Vw)), Wa) — 2(® — div(V¥(Vw)), w)

m,n— 00

—c|lw||* 4 2¢(W 4, w) }ds. (1.5.34)
Combining (1.5.33) and (1.5.34), and remembering that O,,, < 0, yields

T
IE/ e H{2A® — div(VY (Vw)), Wa — w) = ¢|Wa — w|*}ds +de™" < 0.
0

Let # € L2(Q x (0,7); H'(D)) be arbitrary and set

w= W4y — Ao, with A € R.
Dividing by A and letting A — 0, we find that :

T
]E/ e~ (B — div(V¥(VIV4)), 8)dt < 0.
0

Since ¥ is arbitrary, it follows that

T T
]E/O (®,5) — ]E/O (div(VE(VW4)), ),

for all © € L2(Q x (0,T); HY(D)), that is
® = div(VY(VIW4)), (1.5.35)

a.s. a.e. in D x (0,T).
One finally concludes that W4 satisfies Definition 1.2.1.

Next, we prove below the boundedness of W4 in L*°(0,7; L1(Q) x D)), for all ¢ > 2. The
proof of this result is based on an article by Bauzet, Vallet, Wittbold [2] where a similar result
was proved for a convection-diffusion equation with a multiplicative noise on R" involving a

standard adapted one-dimensional Brownian motion. More precisely, we follow the proof of
Proposition A.5 of [2].

Theorem 1.5.7 Let Wy be a solution of Problem (Py); then W4 € L*°(0,T; L1(Q) x D)), for
all g > 2.

Proof For each positive constant k, denote by @ : R — R the function

o €9, if [£] <k,
M= ) g —glg -2+ (LoD -DR i k<
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@y, is a convex C? function and @}, is a Lipschitz-continuous function with ®}(0)=0. The
function @, satisfies the inequalities 0 < @) () < ¢(k)§ and 0 < Py(&) = O'ECIDQC(C)CZC <

%’%2 for all £ € R*. This yields in view of Definition 1.2.1 (i) that, IE/Dde(WA(:U,t))d:U <
c(k) 2 -
5 E [ Wi(z,t)de <¢(k) for a.e. t € [0,T].
D
Lemma 1.5.8 (i) One has 0 < @) (&) < ¢ for all £ € R where ¢, is a positive constant

depending on k.
(i) One has 0 < @) (&) < q(qg—1)(1+ Dy(§)), for all £ € R.

Proof (i)

(&) =

q(g—1)l¢j7 if 0<[¢] <k,
q(q—1)k92, if k<[

Thus ,
PY(E) < qlg—1)kT% =1 ¢4

(i) If [¢] < &, ®F(E) = q(q—1)[g]"2,

o if 1 <[] <k, |€]972 < |€]7 which gives the result.

o if0<|¢ <1, [€]9<|€]972 < 1 then |€]972 < 1+ [¢]9. O
If |¢] > k, ®7(&) = q(q — 1)k972 the problem then reduces to prove that

H(E) = 1+ S(a— Dk 262 — qlg =2k ¢ + (5 — 1) (g = Dk = k2 2 0

Let us consider the function H(¢) = F() + G where F(§) =

50— DA€ — g = 2k He and G = (5~ 1)(g— DR — k7 + 1.

o if &>k H' () =F'(¢§) >0and H(k) >0 for all k> 0, thus H(§) > H(k) > 0 for all
£>k.

e if { < —Fk then H(—&) = F(—¢) + G > 0. Therefore

H(§) > H(=£) = 0.

Next we apply Lemma 1.5.6 to (1.2.1), supposing that F' does not depend on time and setting
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L / /D D) (Wa(s))dW (s)

1t " 2
_|_2l§_:1/0 /Dq)k(WA))‘l(el) dxds
_ /Ot /D D (Wa(s))VIWa(s) A(VWA(s))ds
+/Ot/Dq>;(WA(s))dW(s)
+;I§;Azneln%m [ [ @vadeds

IN

(1.5.36)

Taking the expectation of (1.5.36), and using the fact that @] > 0, we deduce from the fact

t
that ]E/O /D(D;c(WA)dW(S) = 0 ([13] Theorem 2.3.4 - p.11), from the coercivity property
(1.1.3) and from (1.1.5) that

]E/ Op(Wa(t))dz < —C’OIE/ / DY (W4)|[ VW 4|2

—|-7A11E/ / D) (Wy)dzds.
2 0o /D

1
Then using Lemma 1.5.8 (ii) and Gronwall Lemma we obtain, defining C(q) = §q(q -1),

E/Dcpk(WA(t))d:g < ;q(q—1)A11E/0t/D(1—|—CI>k(WA))dxds

IA

t
C(q)At|D| + C(q) A E / /D Dy (Wa)dads
0
< C(q)Art|D|eCl@Mt,
Thus, [E / ®y.(W4)dzx is bounded independently of k.
D

Finally, since @ (W (x,t)) converges to |Wa(x,t)|? for a.e. x and ¢ when k goes to infinity, if
follows from Fatou’s Lemma that

IE/ ]WA(x,t)\qu:IE/ lim @ (Wa(z,1))de = E [ lim inf @4(Wa(e,1))dz
D D k—o0

D k—oo

A

hm inf [E q)k(WA(iL' t))dx

— 00

< C(q )Alt\D]e 9t

for all ¢ > 0.

Therefore, Wy € L>(0,T; LY(Q x D)) for all ¢ > 2. O
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1.5.2 Uniqueness of the solution 174

Let w be given such that two pathwise solutions of Problem (P), Wi = Wi(w,z,t) and
W32 = W3 (w,z,t) satisfy

Wi, w) € L>(0,T; L*(D)) N L*(0,T; H' (D)),
div(A(VW})) € L*((0,7); L*(D)),

for ¢ = 1,2. The difference of the two solutions satisfies the equation
¢
Whi—-w3= / div{A(VW}i(s)) — A(VW3(s))}ds (1.5.37)
0

in L2((0,T) x D).

We take the duality product of this equation with W} — W3 € L?((0,T); H'(D)). In view of
(1.1.3) we obtain

t
WA= WilEmy = — [ (AW = ATWRV(Wh = W3)
t
<~ / IV (W = W) 20 (1.5.38)
0 O
which in turn implies that
W) =W3 ae. inDx(0,T).
1.A Appendix
In this appendix we prove the properties (F}),(F,) and (F3) for the nonlinear function f.
(F1) There exist positive constants C; and C3 such that
fla+bla < —Cra® + fo(b), |f2(b)] < C2(b?P +1), for all a,b € R.
Proof For simplicity we suppose that b; =1 for all 7 = 0,...,2p — 2 and that bg,_1 = —1.
2p—1 ‘
fla+b) = > bjla+b)
j=0
= —(a+0)P 1+ (a+b0)P 24 . +(a+b)?+ (a+D)
fla+ba = —(a+b)*la+ (a+b)*2a+..+ (a+b)?a+ (a+ba
= L2p_1 + L2p_2 +...Lq. (1.A.1)

We first estimate the term Loj,_1.

Loy = —(a+b)*P g

_ . 2p 1 2p—1p 2 2p—232 _ 2p—3 332p—3
= a Cgp_la b CQP_la b Cgp_la b
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_0227 2 a2bh2P—2 _ qp2r1
n!
k'(n — k)
Next, we consider the second term on the right-hand-side of (1.A.2).
elaf! U
t

where C

1 1

Using Young’s inequality ab < with n + — =1, we obtain
S

!blz”

2
021 a2P1p < 021 e(2p —1)lal®P e

1
p—1 = p—1 2p CQp 16,
For the last term on the right-hand-side of (1.A.2), we obtain

_elaf | (o= Db
2p 2pe ’

ab2p 1

Thus,

Lgp_l = —(a + b)2p71a

2= Dlaf? | o\ b
B R

IN

+

2 1
—a p + C?p—l 2 . 2p

(2p—1)[b]*”
2pe

1 1
< (=14eC'(p))]al? + gCg(p)lblzp +-Ca(p).

_|_

Similarly, we find that.

Lemma 1.A.1

Ly < zCi(p)a + S

P+ 2Ca(p),
forall g€ {1,...,2p—2}.

Proof By induction, we first prove that (1.A.4) is true for ¢ = 1.
Using Young’s inequality, we deduce that

-1
Ly = (a+b)a=a*+ab Sila\Qp—FL + i]a]2p+
ep 2p

2p—1
2pe

1, 2p-1 1 —
o+ 2= ( b + ~——=

pa 2pe
2p—2
pe

<3 lapr 4 Lo
_2p]a\ +2p5” +

elal

(1.A.2)

(1.A.3)

(1.A.4)

We suppose that (1.A.4) is true for ¢ = 2p — 3 and prove that it remains true for ¢ = 2p — 2:

Using Young’s inequality, we obtain

Lop—o = (a+b)"2a ="+ C3, ,a* b+ ...+ CP_3a’b 3 + ab? 2
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e(2p—1), 1 € 19  2p—1 (r-—22%
<———a|P+ —+ ...+ —|a|P+ ———|b| 21
- 2p lal™ + 2pe Tt 2p’a‘ * 2pe b
1
<eCi(p)al* + ng%(p)!b!Zp + Ca(p). (1.A.5)
O
1
Combining (1.A.1),(1.A.3) and Lemma 1.A.1 and choosing ¢ < )+ Cap)) yields
flatd)a < (=1+e(C(p) + Cr(p)))lal*
1
+EC3(P)V)\QP + Cu(p)
1
< -5+ G0+ 1),
. 1
with Cy = max(gCg(p), Cy(p))- O
(F») There exists a positive constant C5 such that
£ (s)] < Csls = MPP~! + C3(M).
Proof Again, we suppose that b; = 1 for all j =0,...,2p — 2 and that by, = —1.
f(s) = —sP 146772 4 452+ (1.A.6)
We estimate the leading term of (1.A.6)
[
=|s— M+ M*!
=|s— M[* '+ C3, 4|s — M[*72M + ...+ C32_3|s — MIM*~2 4 ML,
By Young’s inequality, there holds
2p—2 M2l
s — M|?P~2M < MB Ml
2p—1 e(2p—1)
‘S_M‘MprQ < 5’57M’2p_1 |M|2p—1<2p72)7
- (@1 e(2p-1)
so that
1.
[/~ < (1+eC(p))ls = M+ (14 —C(p)) M~ (LA.7)

Next, we estimate the last term on the right-hand-side of (1.A.6).
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It follows from Young’s inequality that

€
2p—1

2p—2
P2 M. (1.A.8)

_M2p71
s = MP+ 5

|s| <[s = M[+[M] <

Computing all the other terms of (1.A.6) similarly and substituting them in (1.A.6) we obtain

£ (s)] < Cals — M|>P~1 4 C3(M).

(F3) There exists a positive constant Cy such that

f'(s) < Cu.
Proof
fl(s)=—(2p—1)s2 4+ (2p—2)s?P 3+ ...+ 25+ 1. (1.A.9)
By Young’s inequality
2p—3 e(2p—3) 2p—2 1
S < s + 1.A.10
sy e —
_ 2p—3
< — 5Py — 1.A11

We compute all the other terms similarly, and substitute them in (1.A.9) to obtain

fl(s) < (=(2p—1) + €C(p))|s|2p_2 + C’ip) +1.

Choosing € < 2P we conclude that

2C(p)
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Chapter 2

Well-posedness of a stochastic phase field
problem with multiplicative noises

Résumé. Dans ce chapitre, on démontre I’existence et 'unicité de la solution pour un probleme
de champ de phase stochastique avec un bruit multiplicatif. Le modéle de champ de phase

qu’on considére modélise par exemple ’évolution en temps d’une interface entre eau et glace.

On considere le cas d’un bruit multiplicatif induit par un Q-mouvement Brownien.

Abstract. In this chapter, we prove the existence and uniqueness of the solution of a stochastic
phase field problem with multiplicative noise. The phase field problem that we consider is used
to describe melting and solidification processes. We consider here the case of a multiplicative
noise induced by a Q-Brownian motion.

2.1 Introduction

We consider the problem

de = (Ap+ f(p) + h)dt + D1 (p, h)dW1 (1), in D x(0,7T),
( ) d[h—{— Lp] = Ah dt—l—qu(gp, h)dWQ(t), in D x (O,T),
P
dp Oh
5_5_07 on 0D x (0,T),
gp(SU,O) = QDO(x)v h(:UvO) = h0($)7 reD,

where
e D is an open domain of R% with smooth boundary;

e v is the unit outward normal to dD;

e The nonlinear function f is given by f(s) = —s3 4+ s. We will use below that
4
s 1
< -4 = 2.1.1
fo)s < ~S g 2.11)
f'(s) < Co=1; (2.1.2)
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e For i = 1,2, the function W; = W;(z,t) is a Q-Brownian motion ([8] Definition 2.6
p.20). More precisely, let @; be a nonnegative definite symmetric operator on L?(D)
with Tr@Q; < +oo, {€;};>1 be an orthonormal basis in LQ(D) diagonalizing );, and
{Ai}i>1 be the corresponding eigenvalues, so that

Qiel = )\%6“

for all [ > 1. Since Q); is of trace-class,

o0

TrQi = > (Qier,e1)r2(p Z)\l < Ao, (2.1.3)

=1

for some positive constant Ag. Let (Q), F,P) be a probability space equipped with
a filtration (F;) and {8{(t)};>1 be a sequence of independent (F;)-Brownian motions
defined on (Q), F,P); the Q;-Wiener process W; in L?(D) is defined by

Zﬁz QQel Zﬁl \/;61 (2.1.4)

We recall that a Brownian motion 3%(t) is called an (F;) Brownian motion if it is (JF)-
adapted and the increment 3°(t) — 8*(s) is independent of F; for every 0 < s < t.

e Let X be a separable real Hilbert space. We denote the family of all linear operators
®; : H — X such that ®;1/Q; are Hilbert-Schmidt operators by Lo o(H,X) (cf.[7]). If,
®; € L2o(H,X), the L9 of ®; is given by

oo
1Dill5.0 =D I1PivQierk < 0. (2.1.5)
=1
Given an X valued predictable process ®; € L2(Q; L?((0,T), L2.o(H, X))) and setting

Oy, u, @) = By(u, @) VQier(x) = Bi(u, @)\ Ney(x), (2.1.6)

one may define the stochastic integral as:

/@ YdW; (s Z/ O;dp;. (2.1.7)

We suppose that there exist positive constants C7, Co and C3 such that

S [ @a(e,u @) 2 < CLL+ [lul? + @7, (2.1.8)
=1
S [ @ale,u @)} < Co(t+ [ulfy +llal?),  (21.9)
=1

Do lPia(z,ur, ) — Daa(, uz, @2) [P < Ca([lur —w2l|* + [Jar — @2l*),  (2.1.10)

for all u,@ € H'(D), all uy,ug, iy, s € L*>(D) and for i = 1,2.



2.1. Introduction

We will work with the following unknown functions:
(0, 0) := (&, h +¢),

so that we are led to the problem,

dp = (Ap+ f(p) — ¢ +v)dt + P1(p,v — @)dWi(t), in QxD xR,

dv = (Av — Ap)dt + Po(p, v — @)dWs(t), in QxDxRT,
(1)

6—@:@:0, on QO x 9D xRT,

ov  Ov

o(,0) = @o(x),v(z,0) = vo(x), x €D,

where vg = hg + @o.

We define
H=IL*D), V=HYD),V*=(HYD)) and Z=VnLYD),

where || - ||, || - || are the norms corresponding to the space H and V respectively, and (-, )y« v/
is the duality product between V and its dual space V*. We also define (-, -) z« z as the duality

product between Z and its dual space Z* = V* + L3 (D) ([4], p-175).

Phase field models are used to describe for example the phase transition of melting and solid-
ification processes. In this model h is the temperature while ¢ is the phase function. The ex-
istence and uniqueness of the solution of the corresponding deterministic problem was proved
by Brochet, Chen and Hilhorst [3]. Bertini, Brassesco, Butta and Presutti [2], proved the
global existence and uniqueness of the solution of a phase-field problem perturbed by an ad-
ditive one-dimensional space-time white noise. Barbu and Da Prato [1] proved the existence
and uniqueness of the solution, where the additive noise in each equation of the system is
induced by a cylindrical Wiener process. We are going to prove the existence and uniqueness
of the solution of essentially the same stochastic phase-field system, adding to each equation
a multiplicative noise induced by a Q—Wiener process. In order to reach our goal, we apply
the Galerkin method and derive a priori estimates for the corresponding solutions. Finally, to
identify the limit we apply the stochastic monotonicity method as in [11].

The paper is organised as follows. In section 2.2, we apply the usual Galerkin method by
decomposing the approximate solution on a basis of eigenfunctions of the operator —A with
homogeneous Neumann boundary conditions.

In section 2.3, we derive a priori estimates for the approximate solution in

L0, T; L?(O; H x H)) N L2(Q x (0,T);V x V) and pass to the limit. The final step is to
identify the limit of the reaction and the multiplicative terms which we do by the stochastic
monotonicity method in section 2.4. In section 2.5, we prove some extra regularity properties
of the solution pair in the case of smoother initial data. Finally, in section 2.6 we prove the
uniqueness of the solution pair.
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Definition 2.1.1 Let (¢o,v0) € H x H be arbitrary. A function pair (¢, v) is a weak solution
of Problem (P) with initial data (@o,vo) if

and

(p,v) € L0, T; L*(Q; H x H))NL*(Q x (0,T); V x V),

p € LY(Qx (0,T); LY(D)),

o) —p0 = [ Bo(s)as+ [ (o) = [ ols)as+ [ uls)as

0
t
+ [ Di(p(s),v(s) —p(s))dWi(s), in the sense of distributions,
0
¢ ¢
v(t) —vo = [ Av(s)ds— [ Ap(s)ds
0 0

+ [ Da(p(s),v(s) —p(s))dWa(s), in the sense of distributions,
0

= =0, in the sense of distributions on 0D,

almost surely for all t > 0.

Definition 2.1.2 Let (pg,v9) € V XV be arbitrary. A function pair (p,v) is a strong solution
of Problem (P) with initial data (@o,vo) if

and

(0,0) € L*(Q % (0,T); H*(D) x H*(D)),

(V, Vo) € L®(0,T; L*(Q x D) x L*(Q x D)).
p e LY(Qx (0,T); LY(D)),

o) 0= [ dols)ds+ [ (s = [ pls)ds+ [ uls)is

+/0 @1 (p(s), v(s) — o(s)) AW (s), in Qx D x (0,T),
v(t) — vy = Ot Av(s)ds — tAcp(s)ds
+ Ot Do(p(s),v(s) —p(s))dWa(s), in Qx D x (0,T),
Op(x,t)  Ov(w,t)
S = oy =0, on Qx 9D x (0,T),

almost surely for all t > 0.

2.2 Galerkin method and main result

Theorem 2.2.1 (i) Let (po,v9) € H x H be arbitrary. Then Problem (P) possesses a
unique weak solution (p,v).



2.2. Galerkin method and main result

(ii) Let (po,v0) € V x V be arbitrary. Then the solution (p,v) of Problem (P) is a strong
solution.

Proof The proof relies on the Galerkin method. We denote by 0 < 71 < 72 < ... <73 <
the eigenvalues of the operator —A with homogeneous Neumann boundary conditions, and by
Wy, k =1, ... the corresponding unit eigenfunctions. Note that they are smooth functions.

For each integer m we look for an approximate solution (¢, vy,) of the form:

om(t) = i Ckm (Dwg, v (t) = i Vern () Wi, (2.2.1)
k=0

k=0

satisfying

/Dgom(t)wj _/l)¢m(0)wj+/0t/l)v<pmej
/Ot/Df(@m)wj_/Ot/Dcpmwj+/Ot/Dvmwj+/Ot/DCI>1(<pm,ym_4pm)wjdwlm(s)7

(2.2.2)

/vm(t)wj—/ Um (0 w]—i—/ / Vo, Vw;

_/ / VSOmva—’_/ / Do (0, Uvm — om)w;dW3" (s), (2.2.3)

for j =0,...,m, where

W = B, W; = iﬁ;‘(t)\/;}el (), (2.2.4)

=1

for i = 1,2, where P,, is the projection from H — H,,=span{ey,...e;;,} such that P,a =

Z (/ aekdac> er, a € H and

k=1
©m(0) = pom — @o in L*(D) as m — oo, (2.2.5)
U (0) = vom — vo in L2(D) as m — oo. (2.2.6)
O

Problem (2.2.2) - (2.2.6) is an initial value problem for a system of 2m stochastic differential
equations, so that it has a unique solution (@gm (t), vim (t),k = 0,..,m) on some time interval
(0, 1), Try > 0 (cf. [15], p.44, Theorem 3.1.1). This solution is such that @gm,, vkm €
C([0,T7]),k = 0,...,m; in fact the following a priori estimates show that the solution pair is
global in time.
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2.3 A priori estimates and passage to the limit

In what follows, we derive a priori estimates for the functions ¢, and v,.

Lemma 2.3.1 There exist positive constants K and K1 such that

IE/ 2. (t) < K forall t€[0,T),
D

]E/ v2 (t) < K forall t€]0,T],
D

t
IE/ / Vo |2dzds < K,
0 JD

t
IE//gafnd:pdng,
0o Jp
t
]E//|va|2dacd5§K,
0 JD

4
3
L3(Dx(0,T))

t ~
IE/O ”qu)l(‘Pmavm - me)PmH%,Q < K,

t
IE/O HquDQ(@m,Um - SOW)Pm”%,Q < K.

Proof We multiply equations (2.2.2), (2.2.3) by w; and sum from j = 0,

t t
om(t) = Qom+ / Bpu(s)ds+ | Puf(on)ds

t t
—/ cpmds+/ U ds
0 0

t ~
+/ qu)l(()@my Um — @m)Pde1(3)7
0

t t
um(t) = v0m+/0 Avmds—/o Appds

t ~
+/ qu)Q((PmaUm_Spm)PdeQ(S)dmv
0

where P, is the projection from H — H,,=span{wi,...wy,} such that

m
Pha= Z (/ awjdm> wj,a € H,
j=1 P

and where we have used the following result

Lemma 2.3.2 P, A¢,, = App,.

(2.3.1)

(2.3.2)
(2.3.3)
(2.3.4)

(2.3.5)

(2.3.6)
(2.3.7)

(2.3.8)

..., m we obtain that

(2.3.9)

(2.3.10)

(2.3.11)
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Proof

m

PmAsOmZZ(/ Appwj)wj = Z(/ Pmbw;)w;
D = /o

j=0
m
= _Z(/D‘Pm%wj)wj

= - Z(/ ‘mej)%wj
j=0 7P
= A( (/ gomwj)wj)
j=0 ’P
= App |
In addition note that (cf. [5] p.193),
1Prallx < lla|lx,a € X, (2.3.12)
and
Pha—a in X as m — oc. (2.3.13)

Next we recall an It6’s formula based on [6].

Lemma 2.3.3 Let X be an E-valued function such that

/ ds+/ W(s), 0<s<t,

and suppose that h is a E-valued predictable process Bochner integrable on [0,T], a.s., G is an
E-valued process stochastically integrable. Suppose that the function F :[0,T] x E — R and

F OF 0°*F
itss partial derivatives 88t’ SX’ (‘(;X are continuous on [0,T] x E. Then for all t € [0,T],
t 8F
F(6,X(1) = +/ S (s X (s ds+/ 1), h(s)) ds

+ / t<§§(s X(5)), Gs)aW ()

2/ [ gif; (s, X (s ))(G(S)Qé)(G(S)Qé)*] ds, (2.3.14)

0*F
" [ S (5. X ()

= S E (X (0)(C)Qke). (G)Qben)
k=1

where [cf. [9]]
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Applying (2.3.14) to (2.3.9) with £ = R, = € D fixed and with

X(t) = Som("l:?t),

F(X)=X?
OF

an(X) =2X,
0*’F

axz X =2

h(S) = A(pm + me((;om) — ©m + Um,
G(s) = qu)l(somavm - ‘Pm)Pm-

We remark that here ' does not depend on t. We obtain almost surely, for all ¢ € [0,7] and
after integrating on D

t t t
lon@I? = Neonl?=2 [ [ 19enP+2 [ [ flon)ondeds—2 [ [ o dods
0 JD 0 JD 0 JD

t
+2/ / UmPmdrds
oJp
t
+2/ / SOumch(SDmyvm_Som)Pmdwl(S)d:L‘
0o Jp
t .
+/ S 1P @1 (goms tm — o) P/ A2, (2.3.15)
0=

We bound the last term of (2.3.15) using (2.1.8) and (2.3.12)

t 0 5 $+ 00
/0 ZHqu)l(QOmaUm_SOm)Pm\/ /\llelH2d5 = / ZHqu)l(SOmyUm_(Pm)\/ AllelHQdS
=1

0 =1

t OO
| X 104 v = )N
=1
t 00
= [ 10 ), (@) = (@) s
=1

IN

IN

t
| 0+ leml + vm = ol )ds
t
< /0 C1(1+ 3 gml? + 2l|vm|?)ds.
Thus,
2 2 t 2 t 4
lem®I2 < llpom]® -2 /0 Vo 2ds — 2 /0 /D o dds

t t
+2/ / Um@mdrds + 2/ / ©mPm®1(Pm; Vm — ©m) PrndWy
o Jp 0o JD

t t
+301/0 HsOmH2+201/O [vm||® + C1 T (2.3.16)
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Lemma 2.3.4 1
ab| < ea® + VP + C.. 2.3.17
2
Proof We know that
1
lab| < ea® 4+ b
€
< e+ L4,
Ep
choosing n = %? we find that
2 1 2p
lab] < ea®+ ib +C-.. U

In view of the inequality (2.3.17), the equation (2.3.16) becomes:
t t
lom®IF < ool =2 [ IVpnlds—2 [ [ ohduds
0 0o Jp
t t
+25/ / v2, +/ / o drds
0o Jp 0 JD
t ~
+C€T‘D’ + 2/ /D (Pmpmq)l ((Pma Um — me)PdeI
0

t t
+30, /0 lom|2 + 201 /0 loml® + C1T

t t
||<,00m\|2—2/ / |V<pm|2d$ds—/ / o} dxds
0 JD 0 JD
t t t
22 [ [ w2 +301 [ llgml®+2C1 [ oul?
0 JD 0 0

t
+2/ / OmPm®1(Pms Vm — @m) PndWy + C.. (2.3.18)
0 JD

IN

Applying 1t6’s formula Lemma 2.3.3 for the equation (2.3.10)

X(s) = vm(s),
F(X)= X2
OF

87(X) =2X,
0*F

W(X) =2,

h(s) = Avy, — A,
G(5) = Pu®2(om, vim — om) P

We obtain, after integration on D

t
lom@I2 = [vom]l? +2 /0 /D O (Dvm — Do) dads
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t
+2/ / Vi P ®2 (0, Vi — o) PrndWa (s)dx
0 JD

t 00
+ Z/D(qu)Q(ﬁpm,vm—gom)Pm\//\TQelyda:ds. (2.3.19)

0 k=1
Using (2.1.8) and the same computations for the last term in (2.3.19) we obtain that
2 2 ! 2 ! 2 ! 2
[on(®FF < Toonl? =2 [ 1Vl + [ 1901+ [ 1900l
t
+2/0 /D Vi P ®2(@m, Vm — @m) PndWa + C1 T

t 4
+201/0 |yvmlliz(D)+301/0 ||<,0m||2L2(D). (2.3.20)

Taking the expectation of (2.3.18), (2.3.20) and summing both equations we obtain

t
Ellen ()l + Elon®I® < llvonl® +lvonl®~E | [ Vgl duds

t
—]E/ / o} dads
0 JD

t t
~E / / |V |?drds + 2¢E / / v2 dxds
0 JD 0 JD

t
0 JD
t
+21E/ / Uumq)Z(SDm, Um — QOm)PdeQdI‘
0 JD

t t
HOCIE [ llpm|*ds +ACIE [ on*ds
0 0
1L (2.3.21)

Using the facts that (cf. [13] Theorem 2.3.4 - p.11).

t
IE/ / OmPm®1(0m, Vm — ©m) PrndW1(s)dz = 0, (2.3.22)
0 JD

and
t
]E/ / Vi P @2 (0, Vi — @m ) PrndWa(s)dx = 0, (2.3.23)
o Jp

so that

t t
]E\|<Pm(t)H2+1E||vm(t)||2+]E/ / |Vg0m|2dxds+lE/ / o duds
0 JD 0 JD

t
+1E/ / |Vo|?dzds
0 JD
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t
< Neonl + lom| +6CIE [ llgnl?ds

¢ .
+2(5+2C’1)]E/ |vm||?ds + C-. (2.3.24)
0

Applying Gronwall Lemma yields

IE/ P2 (1) < K forall tel0,T], (2.3.25)
D

]E/ v2,(t) < K forall tc[0,T). (2.3.26)
D

Substituting (2.3.25) and (2.3.26) into (2.3.24), we obtain

t
Ellen ()12 +Elvn (@) +E [ [ Vol duds

t t
—HE/ / cpﬁld:cds—i—IE/ / |VUm|?
0 JD 0 JD

< [leoll* + [lvol* + C,

where C depends on T', therefore we deduce that

t
E / / IV om|2dwds < K, (2.3.27)
0 JD
t
]E/ / om < K, (2.3.28)
0 JD
t
]E/ / |Von|? < K. (2.3.29)
0 JD

Next we prove (2.3.6) using the inequality |a + b|P < C(p)(|al? + |b?), for p > 1 as well as

Young inequality

4
BN om0y =

IN

IN

<

where we have used (2.3.4) in Lemma 2.3.1.

T 4
E [ [ 1f(om)lFdudt
0 D
T 3 4
IE/ / |om — |3 dwdt
0 D

T
Cé]E/ /<|<Pm\% + |om|")dudt
3 0 D

T ~
IE/ / "Pm’4+5é
0 D 3

Ca
3
K, (2.3.30)

In addition, also using (2.1.8), we deduce that

t
E /0 | Pon® (P 0 — o) Py =

t N )
]E/O E :”qu)l(@mavm_SOm)Pm\/)T}ElH ds
=1
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<E[ ZHP 1 (om0 — o) Nl s
< B [ 3 191(om v om)y Nl s
=1
t
< GE [ (14 3lpml® +2um|*)ds
< K. (2.3.31)

Similarly, one can show that
t D, 2
E /0 | Pon®( P, 0 — ) PonllZ
t
< 0115/ (14 2l[vm]® + 3llom||?)ds < K, (2.3.32)
0

where we have used (2.3.1) and (2.3.2) in Lemma 2.3.1. O]

Hence, ¢,, and v, belongs to a bounded set of
L>=(0,T; L*(Q x D)) N L?(Q), L?(0,T; HY(D))). Thus there exist subsequences, which we de-
noted again by ¢, and v,,, and functions ¢, v, x, Z1 and Z5 such that :

©m — ¢ weakly in L?(Q, L*(0,T; H'(D))), (2.3.33)
©m — @ weak-star in L>(0,T; L*(Q x D)), (2.3.34)
vy — v weakly in L?(Q, L?(0,T; H'(D))), (2.3.35)
Um — v weak-star in L°°(0 T;L?(Q x D)), (2.3.36)
f(pm) = x weakly in L3(Q x (0,T) x D), (2.3.37)
Pn®1 (i m — @m) By, — Z1 weakly in L?(Q x (0,T); Lo.g(H; H)), (2.3.38)

Py ®2(my U — @m) By — Zo weakly in L?(Q x (0,T); Lo.o(H; H)), (2.3.39)

as m — o0.

Next, we pass to the limit as m — oo.

To that purpose, let y = y(w) be an arbitrary bounded random variable, and let ¢ be an
arbitrary bounded function on (0,T). We multiply the equation (2.3.9) and (2.3.10) by the
product w;y, integrate on D between 0 and T', and take the expectation to deduce that

B [ o) [ en(tyusdod

= IE/OT y(t) /Dgomowjdxdt
+E /OT yi/)(t){/ot/D Appwjdrds}dt
+E /OT yw(t){/ot/Dme(gom)wjd:L‘ds}dt
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-E /OT y?j)(t){/ot /D omw;drds}dt +1E /OT yw(t){/ot /D vmwjdxds}dt

T
+1E/0 yw(t){/D /Ot P ®1(@m, vm — ©m) Prw;dWi (s)dx}dt, (2.3.40)

for all j=0,..,m.

T
]E/O yi/)(t)/Dvmwjdxdt
T
:IE/O yw(t)/Dv()mwjdacdt
T t
—I—]E/O y@[)(t){/o /DAvmwjd:cds}dt
T ¢
—]E/O yw(t){/o /DAcpmwjdxds}dt
T t 3
E [y [ Pualm v — o) PuwydWo(s)daydt.  (23.41)

Next we pass to the limit in (2.3.40) and (2.3.41); we give the proof of convergence for the
reaction term in (2.3.40) using the a priori estimates and Holder inequality. We remark that

/ P f(om)wj(z) = / f(@m)wj(z)dx for all j = 1,...m. We have that
D D

‘1/1(15)15 /Ot/Df(SOm)ywjdl'dS
ol W OIE [ [ 17om)lidrds)iE [ [ fusltazds)?

IN

IN

9l oo ) 19l oo (0,7 C

This shows that |¢(t)E / t / f(¢m)ywjdzrds| is uniformly bounded by a function belonging
to L1(0,7T). In addition lfsing (2.3.37) we have that
W (t)E /t/ f(om)ywidrds — (t)E /t/ xywjdzds for a.e. t € (0,T). Applying Lebesgue-
domina‘ged Ic)onvergence theorem we dec?ucéj that :

T

t
lim w(t)dtlE/o /Df(gom)ywjdxds

m— 00 0

= /OT lim ¥ (t)E /Ot/Df((Pm)ywjd.Idet

m—o0

= /OTw(t)dtlE /Ot/nywjdxds
=E _/OT yd)(t)dt{/D /Ot xwjdxds}.

We perform a similar proof for each term in (2.3.40) and (2.3.41).
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It remains to pass to the limit in the stochastic term we know that a bounded linear operator

is weakly continuous. [cf. [17] p. 117]

Next we show that the operator 7 from U = L*(Q x (0,7T); La.o(H, H)) into U = L*(Q x
t

(0,T7); L3(D)) defined by : A — / AdW is bounded.

0
Indeed, we first recall Burkholder-Davis-Gundy inequality
Lemma 2.3.5 (Burkholder-Davis-Gundy inequality)(cf. [1/] p.10 and [6])

Given G with the same assumption as in (2.1.5) and (3.1.7). The Burkholder-Davis-Gundy
inequality can be written as

t T 3
IE( sup H/ G(s)dW(s)Hg() < CE (/ HG”;th) . (2.3.42)
te(0,7) JO 0
Applying the Biirkholder inequality with r = 2,G = A, X = L?(D) we obtain
t ~ T
E sup | [ AdW(s)|? < CoE / A2 odt | - (2.3.43)
te(o,T) J0 0 ’

It then follows from (2.3.38) and (2.3.39) that

t t
/ P ®1(0ms Vi — ©m) PrndWh 4/ ZydWy weakly in L2(Q x (0,7); L*(D)), (2.3.44)
0 0

t t
/ qu)2<g0m,vm—<pm)]5de2—\/ ZodWy weakly in L?(Q x (0,T); L*(D)). (2.3.45)
0 0
Passing to the limit in all the terms in (2.3.40) and in (2.3.41) yields for all j =0, ...,m
T T
]E/ / Yy (t)p(t)widedt = IE/ / Y (t)pow;dadt
0 D 0 D
T t
+E /0 yi () /0 (B, wj) 7+ zdsdt
T t
—HE/ yw(t){/ / xwjdrds}dt
0 0 JD
T t T t
f]E/ y¢(t){/ / gowjdsvds}dt—i—IE/ yw(t){/ / vwj;dzds}dt
0 0o JD 0 0o JD
T t
+E / i (1){ / / Z1dW (s)w;da }dt. (2.3.46)
0 D JO
And,
T T
IE/ yw(t)/ vwidrdt = IE/ y¢(t)/ vow;dxdt
0 D 0 D
T t
FE [ yi(t) [ (o) vdsdt
0 0
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—]E/ y(t /Acp,wj>v*vdsdt
+E /O yi ()1 /D /0 ZodWo(s)w;da}dt  (2.3.47)

for all y € L>°(Q) and ¢ € L*>(0,T).

We remark that the linear combinations of w; are dense in V N L*(D), so that

]E/ /yl/J tywdzxdt = IE/OT/Dy¢(t)gpou~)dxdt

+E [ yp) [ o+, 2 st

-E /OT yw(t){/ot/Dgpwdxds}dt
+E /OT yw(t){/ot/Dvwdxds}dt

+E /OT yw(t){/D /Ot ZydW1(s)wdz }dt.
And,
IE/OTyw(t)/Dvﬁ)dxdt = IE/OTyi/J(t)/Dvou:;da:dt
T ¢
+1E/ yﬂ)(ﬂ/( D)y ydsdt
—IE/ y(t / (Ap, D)y~ ydsdt
+E /O yi(1){ /D /0 ZodWo(s)bda}dt  (2.3.48)

for all w € VN LA(D),all d € V, y € L>®(Q) and ¢ € L>(0,T).
This implies that for a.e. (t,w) € (0,T) x Q

¢ t
/@(t)wdx:/ goowdx—i—/ <A¢+X,w>z*7zds+/ /(—<p+v)wdxd5
D D 0 0 JD
¢
+ / / Z1dWh (2.3.49)
D JO

t t
/U(t)ﬁ}dm:/ votﬁdm—f—/ /(Av—Agp,ﬁ»V*yds—l—/ / ZodWoloda (2.3.50)
D D o Jp D Jo

for all w € VNLY(D) and all % € V.
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2.4 Monotonicity argument

In order to prove that the pair (¢, v) is a solution of Problem (P), we still have to identify
the functions x, Z; and Z,. To that purpose, we apply the stochastic monotonicity method.
Let w et 1 be such that v € L2(Q x (0,7); V)NL*(Q x D x (0,T)) andw € L*(Q x (0,T); V).

Let ¢ be a positive constant which will be fixed later. We define

T
O, = ]E[/ e~ (2D — Db, P — 1) 7o 7 + 2DV — A, 0y — Whye v
0
+2(f(pm) = (), om — ) 2+ 2
_2<‘Pm — U, om — ¢>Z*,Z =+ 2<Um —W,Pm — T;ZJ)Z*,Z - 2<A<Pm — M, vy, — w>V*,V
—c[|lom — w”Q + [Jvm — wHZ] + | P (@1 (P Vi — om) — P1 (0, w — @Z’))PmH%,Q
| P (@2 (pms vm — om) = P2 (W, w — 1) P 3 o} | ds
= ht+J+ I3+ s+ 5+ Jg+ Jr+ s,

and prove below the following result

Lemma 2.4.1
O, <0.

Proof First we estimate J;

T
J = ]E/O 6_68{2<A90m - AI/J, Pm — ¢>Z*,Z + 2<Avm - Aw» Um — w>V*,V}

IN

T T
—2]E/ eS|V (@m — ) ||*ds — QIE/ e ||V (v — w) ||*ds.
0 0
Next, (2.1.2) and the mean value theorem yield:

T
J, = E /0 e 2(f (pm) — F(1), Pm — 1) 2+ zds
<IE/T6_032H¢ _ s
-~ 0 m °

We remark that J3 < 0 and estimate J4 and J5 in the following way

T
Jy = 21E/0 eics<vm_w’¢m_w>Z*:Z

IN

T T
E [ lom = wlfapyds + B [ e lon =632y

T
J5 = —2IE/ 6708<A¢m - A¢7 Um — 'UJ>V*7V
0

IN

T T
B [V (om —0)lapyds +E [ eIV (om — )l ds.
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Also Jg < 0.
Using (2.1.10) and (2.3.12) we obtain

T ~
J7 = IE/O C_CS”Pm(q>1(S0myvm_90m)_cbl(w’w_¢))Pm’

27Q

T o ~
< B[S IPa(®1(fms v — om) = @1(0yw0 =) Py Mer)
k=1
T m
< ]E/O e Z HPm(q)l((Pm/Um - (Pm) - q’1(¢7w - 1?))\/;/1;%”2
k=1
T o
< E[ e Y Pa(®@ulem vm — o) — Pultiw - )
0 k=1
<

T o
]E/ e—csz Hq)ll((Pm,Um—SOm) _q)ll(w’w_w))”Q
0 k=1

T T
< 303115/ e_cs|\gpm—w|]2+2CglE/ = [vm — w]|?.
0 0

We deduce in a similar way that

T ~
Js = 1E/0 €| P (@2 (0rms U — o) — @, 0 — 1)) P l2.0

IN

T T
3031E/0 e_cs||<pm—¢||2+2031|5/0 = [y — wl|2.

Combining all the computations and choosing ¢ large enough in Jg we conclude the result. [J

We write O, in the form O,, = O} + 02, where

T
oL = ]E[/O e “{2(A0m, om) 7+, 7z + 2(DUm, Um) v+ v

+2<f(90m)> @m)Z*,Z - 2(‘)07717 (Pm>Z*,Z + 2<Uma (Pm>Z*,Z - 2<A§0mavm>\/*,v
—clleml® = ¢lloml* + 1P @1 (Poms Vm — om) P g,Q
"’Hqu)Z(‘Pmavm_SOm)Pm”%,Q}]dsv (2.4.1)

Applying It6’s formula (2.3.14) to (2.3.9) with £ = R, = € D fixed and

X(t) = om(2,1),
F(t,X) =e X2

%};(t,X) = —ce X2
gﬁ;(t,X) =2e X,
0’F .
827(8) = 2e t,

h(s) = Apm + me(@m) — Pm + Um,
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G(3) = Prn®1(0m;Vm — ©m) P

We obtain almost surely, for all ¢ € [0, 7] and after integrating on D
T 2 2 4 2
Tl = ool =c [ lpnlds
T T
72/ 6_CSHVgpmH2d5—|—2/ e_cs/ I (om)pmds
0 0 D
T T
—2/ e_cchpmszva2/ e_cs/ OmUmds
0 0 D
T
+2/0 e_cs/DgaumCDl(cpm,vm—gom)PdeVl(s)dx
T (9)
—I—/O e | P @1 (@m, Um — @m) P/ Atei]*ds. (2.4.2)
=1
Similarly, we apply itd’s formula Lemma 2.3.3 to (2.3.10). Therefore we obtain,
T t
e Top(D? = |lvoml? —c/ e*CSvaHQdS—%—Z/ e*“/ Vi (Avpg, — Aoy, )dxds
0 0 D
T
+ 2/ e_cs/ Vi P ®@2(0my vm — ©m) PmdWa(s)dx
0 D

T o0 _
+ /0 e | Po®2(0m, vm — om) P/ Alei|*ds. (2.4.3)
=1

We take the expectation of each equation (2.4.2), (2.4.3) and we sum up

e Elom(T)|? + e E|om(T) |
= Elgom|* + Elvom|*

T T
_C]E/ e_CSHSOmHQdS_C]E/ €_CS”Um”ZdS
0 0
T T
2 [ e VinlPds — 2E [ e[V |ds
0 0
T ) T 4 T 2
2 [ e omlPds — 2 [ ¢ omlbupyds —2E [ e lpnllds
0 0 0
T T
+2E / e / ©mUmds + 2 / e / Vo Vopdrds
0 D 0 D
T
+/0 €| Pn®1(om, vim — om) Pnll3 ods

T ~
-l-/o e || Prn®@2(om, Um — gom)PmH%st, (2.4.4)

where we have used the fact that :

T T
]E/ e P ®1(©m, Vm — ©m)PmndWi = 0 and IE/ e~ Ppn®2(om, vm — ©m) PmndWs = 0.
0 0
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It follows from (2.4.1) and (2.4.4) that
O = Ele™ [lom(D)I°] + Ele™ lvm(T) 1] — Ellleom 1] — Elllvom|]-
From this we obtain

li_I>noosup oL
= Ele™o(T)|1°] = Ellle(0)[I*] + E[e™" [o(T) )] = E[llo(0)|[*] + de™ + e~

(2.4.5)
where
5 = Tim_sup Elllpn(T) %] — E[lo(T)] > 0
0 = lim_sup E[||vn,(T)[*] = E[|o(T)]*] > 0
On the other hand, the equation (2.3.49) and (2.3.50) implie that
t t t t t
t)ZSOO‘f‘/AgO-f—/X—/gO-I—/U-f-/ ZydWy, Vte[0,T) (2.4.6)
0 0 0 0 0
t t t
u(t) = v0+/ Av—/ Ag0+/ ZydWo, Vit e [0,T] (2.4.7)
0 0 0

as. in L2(D) + L3 (D).

Next we recall an 1t6’s formula as in [15] [p.75 Theorem 4.2.5], which involves different function
spaces. Consider the Gelfand triple
Z CHCZ,

where Z =V N L*(D) and Z* are defined in the introduction.

Proposition 2.4.2 Let X € L*(Qx (0,T7); V)NLY(Qx (0,7); L*(D)), Y € L2(Qx (0,T); V*) +
L3(Qx (0,T); L3(D)) and G € L2(Q x (0,T); Lo.o(H, H)) be such that

X0+/ ds+/ , telo,T).
OF O2F

OF
Suppose that the function F : [0,T] x Z — R and its partial derivatives 5 ax “ and ——= X
are continuous on [0,T] x Z. Then for all t € [0,T]

F(t,X(t)) = +/ (s, X (s ds+/ ,gi(s X(5))) 7 ds
- /0 (OF (5, X (3)). aW () 22
o [ G E ceh@el s o1s)
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Applying Proposition 2.4.2 to the equation (2.4.6), we set X (t) = p(t), F(s,X) = e || X|?, Y(s) =
Ap+x—p+vand G = Z; in (2.4.8) to deduce that

T
El™Tlle(D)I?] = Elle(O)]?] - cE[| e lp(s)]%ds]
T
+2]E/ “{Dp, o Z*,erzlE[/0 e (X, )22
T
—21'5[/0 e (e, >Z*,Z+21E[/O e (v, )7+ 7
T T
+2IE[/0 e g, Z1dW1) 7+ z] + IE[/O el Z1113,0);

Similarly, applying Lemma 2.3.3 for (2.4.7) with E = H we obtain

T
Ele™o(T)|”] = E[[v(0 )||]—C]E[/O e lu(s)|[*ds]
+2IE OT e_CS<AU,U>V*,V

T
—QIE[/O e (Ap,v)y+ v

T T
+21E[/0 e~ (v, ZodWa) v« v] + ]E[/O e~ Z213,0),

Summing up both equations and using the facts that IE[/ (o, Z1dW1)z+ z] = 0 and
T
]E[/ e (v, ZodWs) v+ v]| = 0, we deduce that
0
Ele™[lo(T) 2] +Ele™T[o(D)*] = E[lle(0)[1*] +E[[l(0)]*]
T T
~cB[ | e lp(s)Pds] = cBL | e [u(s) ]
+2]E/ (A, ) 7+ Z+QIE/ (Av,v)y= v
T
B[ ez 2Bl ooz
T

T
+2]E[/0 e (v, Q) g 7 — 215[/0 e (A, v)y v

T T
B[ 2B +El[ e Zlgl,

which we combine with (2.4.5) to deduce that

m—00

lim sup O}, = B[ [ e~ lo(s) Pds] — B[ [ e [u(s)]ds]

+2]E/ AQD, Z* Z —|—2]E/ AU U>V* Vv



2.4.  Monotonicity argument

T T
+21E[/0 6_05<X790>Z*,Z—21E[/0 e, 0) 2,z

T

T
+2E[A C*CS<,U7 90>Z*,Z - 2IE[/0 6768<A§07 v)V*,V

T T
+E[[ 2B gl + Bl | eI Zul ] + 8¢ + 06T (2.4.9)
0 0

It remains to compute the limit of O2,:
0z  =0,-0,
T
= ]E/o e =2(AY, om — ) 20,z — 2(Bw, v, — W)V v

—2(Apm, ) 25 7 — 2D, W)y v

—2(f(¥), om =) 2=z + 2(f(Ym), —¥) 2=,z

=2(=som — ) 2%,z + 2 Pmy V) 24,2 + 2(—W, om — V) 2+ 2
—2(Um, V) 2+ 7 — 2(=DY, vy, — W) v+ v — 2{AQp, —w) vy
—c|ll? 4 2¢{om, ¥) 2=,z — c|wl|* + 2c(vm, w)y= v

+| P @1 (¢, w — 1) Pra|3

_gi/D (pmqn(@m,um_gpm)Pm(\/gek)) (qu>1(¢,w—¢)ﬁm(@ek)> dz

)| P @2 (10, w — ) P13
-2 /D (Pmcbz(cpm, U, — SDm)Pm(\/gek)) (Pmcbg(w, w — 1) ~m(\//\>%ek)) dz}ds.
k=1

Next, we show that

lim (| @1 (¢, w —9) = Pu®@1 (¢, w0 — V) Prll3.0 = 0. (2.4.10)
Indeed,
Hq>1 (lﬁ, w — 1/]) — Pn®y (¢7 w — w)PmHg,Q
= Hq)l(?l),w - w) - qu)l(@bﬂvu - 77ZJ)]5m - (D1(¢7w - w)Pm + ‘P1(¢7 w— w)pmH%,Q
< 2P, w =) P — @1(v,w — )3

+2|| Pn®@1 (¥, 0 — ) Py — @1 (¢, w — ¥) P[5 g
= FEi+ Es. (2.4.11)

As for the first term Ej, using (2.3.13) and the fact that @1 (¢, w — ) is bounded is L?(D),
we have that

lim ([ @1 (v, w — 1) Py — P10, w0 — )|Z 47,11 = 0-

where ||A|| z(g.m) = sup .
(H.H) a#0 HaH

Using a similar argument as in the proof of Theorem 1.3 in [12] we deduce that
Tim [P (,w — ) Py = @1 (0w =) 3o = 0.
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As for the second term Fs, we remark that
1P @1 (2, w — 1) Py — @1 (0, w — 90) a3

= 3 [Pn®@1 (v, w0 — ) By Noer — @1 (v, w — ) By [ Nl
k=1

= D |[Pnu®i(,w — )/ Arer — D1 (v, w — ¥)y /Al
k=1

< S IPn®1 (%, w — )ALk — P (1, w — ) Aex?
k=1

< [Pn®1 (0, w — 9) — @1 (b, w — ) |30

Using the same arguments as for F, we have that
dim ([P ®1 (v, w — ) = @1 (h,w =) 3o =0
Thus,
dim ([P @1 (4, w0 — ) Py — @1(y, w — ) Pa3 g = 0.

In addition, we will show that

|<qu)1(§0m7 Um — ‘Pm)pma P @y (1#, w — ¢)pm>2,Q —(Z1, P, (w, w — ¢)>2,Q| =0,

lim
m—r0o0
(2.4.12)
where <A, B>27Q = Z<A\/ )\kek, B/ )\kek).
k=1
Indeed,

|(Pm®1(®m, vm — @m)Pm’ P @1 (1, w — 7vb)]57n>2,Q —(Z1, Py (¢7 w = ¢)>2,Q’
= (P ®1(Pm» Vi — ©m) Py P @1 (10, w0 — ¢)Pm>2,Q
_<Pmcp1(§0mv Um — ‘Pm)va D, (1% w — 1/’)>27Q
(P @1 (Prms Vm — @) Py @1, 0 — 9))2.0
—(Z1, @1(Y,w = ))2q
< (P @1 (Pms Vi — om) Py Prn®@1 (1, w — ) By — @1(%,w — 4))2,0
+{Prn @1 (P, vm — ‘Pm)Pm, Dy (Y,w—1))2q
—(Z1, P1(, w —¥))2q|
= I+

Using Cauchy-Schwarz inequality and (2.4.10)

‘(qu)l (Soma Um — Spm)jjm, P, ®q (¢) w — Q/))pm - Py W’ w — ¢)>2,Q|
< ||qu)1(90m7 Um — Som)pmHQ,QHPm(Dl ("/]7 w — T/J)pm - P (wv w — ¢)|

By (2.4.10), lim [[Pp®1(),w — V)P, — @1 (¢, w — 1Y) |20 = 0, thus Jim Py =0.
By (2.3.38), lim Fy = 0.

2’Q
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Therefore, (2.4.12) is proved.

In view of (2.3.33)-(2.3.39), (2.4.10) and (2.4.12) we deduce that

lim 02, =E /OT {2 (A, o — ) 7oz — 2w, v — whyey
—2(A@, V) 7+ 7z = 2(Av, w)y+ v

—2(f (), o —¥)z+ 2+ 2(x, —¥) 2+ 2

—2(=h, 0 =) 22z + 2(p, ) 2+ 7 + 2(~w, 0 — V) 2+ z

=2(v,¥) 2%,z — 2(=D,v —w)vr v — 2(Ap, —w)y+ v

—cl|t|? + 2¢(p, ¥) 2+ z — cllw* + 2c(v, w)y+ v

1w =)o =23 [ Zuy/Nei(w—v)Mewds
k=1

Do w— )i -2 3 /D Zo\[N2ex®s (v, w — )/ Needa}ds.
k=1

(2.4.13)
Combining (2.4.9) and (2.4.13), and remembering that O,, < 0, yields
T
E [ e 280 - Mg — ¥z + 2080 — dwv —wiyy
0
F2(x = f(¥), o =) zez = 2{p =P, 0 — V) 2+ 2
+2(v —w, 0 =)z z — 2(Ap — A, v —w)y+ v
—cllo = ¥[* = cllv —w]?
HIP1 (Y w=9) = Zill5.q + [ @2 w =) = Zall5
+6e™ T + ge=T < 0. (2.4.14)
Choosing ¢ = @, w = v we obtain that
71 =®1(p,v—), Zo =Dao(p,v—¢), and § = 6 = 0. (2.4.15)

a.s. a.e. in D x (0,7).
Let a € L2(Q x (0,T); V)N LA(Q x (0,T) x D), b € L*>(Q x (0,T); V) and be arbitrary and
set

v =¢—Xa, w=v—MNb, with A\ € Ry.

Substituting them in (2.4.14) we obtain the following inequality

T
]E/ e “{2(Ap — A(p — Aa), Aa) z« 7z + 2({Av — A(v — Ab), Ab)y = v
0

+2(x — f(p—Aa), a)z+ 7z — 2(Aa, Na) z+ z
+2<)‘b> )‘a>Z*,Z - 2<A90 - A(SO - )‘a)> Ab)V*,V
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—clAal]2 = el Ab]12 < 0.
Dividing by A and letting A — 0, we find that :
T
1E/O e (x — f(p),a)z= zdt <O0.

Since a is arbitrary, it follows that

x = f(¥), (2.4.16)

a.s. a.e. in D x (0,7"). Substituting (2.4.15) and (2.4.16) in (2.4.6) and (2.4.7) we deduce that
for a.e. (t,w) € (0,T) x Q)

¢ ¢ ¢ ¢ ¢
o(t) = g00+/ Agods+/ f(go)ds—/ <pd5+/ vds+/ D1 (o, v —@)dWi(s),
0 0 0 0 0
t t t
o(t) = v0+/ Avds—/ Acpds+/ Dy (p, v — p)dWa(s),
0 0 0

as. in L2(D) + L3 (D).
This completes the identification of the limits.

2.5 Extra regularity of the solution pair
Next we prove some extra regularity properties for the solution pair (¢, v).

Lemma 2.5.1 Let (o,v9) € V XV be arbitrary. The solution (p,v) is a strong solution of
Problem (Py) (cf. Definition 2.1.2).

Proof In order to prove the Lemma, we multiply (2.2.2) and (2.2.3) by ,/7;.
t t
Lenvie = [ en@ v - [ [ Genvum+ [ [ ey,

[ i | fmie
+;/Ot/Dq>1(somvvm_@m)\/;llel\/’Tjwjdﬁll(S) (2.5.1)

/[)vm(t)ﬁwj = /[)vm(O)\/'Tjwj—/Ot/Dvaij\/ij—l—/Ot/DV@mijm
+§:/Ot/D<I>2(som,vm—wm)\/;?ez\/%wjd,é’?(s) (2.5.2)
=1

Next we recall a variant of It6’s formula which is applied to a system of ordinary differential
equations
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Lemma 2.5.2 [cf.[16]] For a smooth vector function h and an adapted process (g(t),t > 0)
with fOT lg(t)|dt < oo almost surely, for allT > 0 set

X(t +/ d8+/de s), 0<t<T,
where h is a vector of components h;, | = 1,..,m and dWW is a vector of components dpy,
I = 1,..,m with 5; a one-dimensional Brownian motion. Then, for F twice continuously

differentiable in X and continuously differentiable in t, one has

F(X(1),t) = F(X(O),O)—l—/tFt(X(s),s)—|—/tFI(X(s))g(s)ds

+/ Fu(X(s))hdW(s) + = Z/ Foo(X(s))h2ds. (2.5.3)

Next we apply Lemma 2.5.2 to (2.5.1) with hdWW = Z /D D1 (Y, Vm — om )\ A ery/TjwidrdB)
=1

and h; = / Dy (O, U — cpm)\//\l1 e1/Yjw;jdz, supposing that F' does not depend on time and
D
setting

X;(t) :/L)@mﬁwjdx,
F

(X (1) = X(1)%,
OF

E (X)) =2x(1),
oL (X)) =2,

s) = /D Vi (Do + f(om) = @m + vm)w;

We obtain that almost surely, for all ¢ € [0,7] and all j =0, ..,m

(/Dsom(t)ﬁwj>2
= (f i) 2 (o) ] i)
+2/t </ gOm\/’Tjwj) (/Df(wm)\/%%)

2, (fyomes) (f g
o (f o) (] o)
235 [ [ oninse) ([ @xomn = i) a0
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mo o
—1—2/0 (/D q)l(tpm,vm—<pm)\/)\llel\/'y>jwj)2dt.
=1
Next we sum (2.5.4) from j = 0,...,m and evaluate all the terms
m 2 m
([ entvmu) = X ([ envius) ([ envim)
o \D o \JD D
= Z/ @m\/’?j (/ (pm\/’Tjw]’) wjd:c
/D D
= Z/ ©Om </ gpmwj> yjw;d
=/p D
= _Z/ Om (/ (pmwj> Awjdz
/D D
= _Z/ Pmh (/ ‘mej> wjdzx
/D D

_ /D PmA (i ( /D @mw]) wjdm)

J=0

= _/ PmAPm
D
= Ve @)

m 2

Similarly, one can show that Z </ DOmA /'ijj) = ”V‘POmHQ'
, D
Jj=0

Next, we consider the elliptic term

o [ ([ wirs) (f )
= 22/0t/legom (/D gom\/’Tij) V9jw,de
= —§Q/Ot/DAgom (/Dgomwj> Awjdx
=2 [ faona (5 )

0
t 2
-2 [ 8gml?.
0

Next, we compute the nonlinear term

o [ ([ o) ([ o)

(2.5.4)

(2.5.5)

(2.5.6)



2.5.  Extra regularity of the solution pair

:iz/ot/Df((Pm) </D<pm\/~7jwj> JAw;da

= _9 /Ot/Df(apm)A (é (/D mewj) wj) dx

=-2 /Ot/Df(SDm)ASOmdx?

and remark that by (2.5.5) the fourth and fifth terms on the right-hand-side of (2.5.4) are
t t

given by —2/ ||Vgom(s)||2ds+2/ / VmVoydsd.
0 0 JD

Next we consider the stochastic term

Qiﬁ/ot (/D SOm\/ijwjalgp> (/D <I>1(<pm,vm—g0m)\/gez\/’7jwjdx> B (s)

j=01=1
m m t

= 2 Z/ / @1(<pm,vm - Som)\/;llel (/ cpmwjda?) ’ijjdxdﬁll (3)
j=01=1"0 /D D

= —22/0?5/Dq)1(g0m,vm - cpm)\/;llezA (i </D gomwjdx> wj) dzdpy (s)

mo ot
= 23 [ [ ®1(omvm = gm)y/Neibondzdsi (s)
=1
(2.5.7)

We deduce that

t t
IVen®leo) = [Veomliam =2 [ 18l =2 [ [ f(on)tpn

t t
=2 [ [ 19enlP+2 [ [ YonTem
0 JD 0 JD

mo et

2;/0 /DAQqu%(SOm,Um—‘Pm)\/;lleldﬁll(s)
m m g

23 [ (] @1l v = om)yNeryTw)

j=01=1

IN

t t
IV60ml? =2 [ 18¢ultam) +2 [ (o) IVonlia)

t t
= [ 19¢nl? + [ 190l
0 0
m t
—22/0 /DAcmeI)l(cpm,vm—gom)\/)\lleldmd,ﬁ'll(s)
j=0

+]§_%/0 g/p D1 (s v — )\ Ny dt. (25.8)

85



WELL-POSEDNESS OF A STOCHASTIC PHASE FIELD PROBLEM WITH MULTIPLICATIVE NOISES

86

Next we compute the Ito correction term on the right hand side of (2.5.8) using the fact that
{wy} are an orthonormal basis of L?(D) which implies that {Vwy} is an orthogonal basis on
L?(D).

m 4 00
S [ 3] @1lemsvm— o) Ny i
j=070 ;= /D
m 4 00
- Z/o Z/J)d)l(gpm,vm—cpm)\/;llel </D (1>1(g0m,vmg0m)\/)\llele> yjwjdrds
000 2
= (D m,'Um m )\ (& wz wi
/0 / (/ N em)y e )
(/ q)l SOma'Um @m)\/;llele) ’ij]’]dl‘ds
7=0
» (/D D1 (Pm, Vm — Pm)y/ )‘llelw]) wj

/t > /
0 lel D24
(/ D1 (Prm, Vi — gom)\/)\ elw]> ’y]wj]dxds

- _/Oti/jj[é (/D(I)l(gpm7’um—(pm)\/)\>llele)w
A (] > (/ Dy (O, U — gom)\/;ele> wj)]dxds

2
dxds

( b D, (mev Um — ‘Pm) \/ A elw]dﬁz’) ij
P

= /0 Zi </D 1(©ms Um, —gpm)\/)\illeledx>2/D(ij)2dxds

l*lj*O
t co m 2 ,
= D1 (©my Vm — Om )\ewdac /w- dxds
ZZ%(/ 1(e Pm )\ AT erw; ) | (w5)
2
(/ D1 (P Vm — Em )\ AL elw]da:> ds

/ ZHV‘DU s o = om)|*

CD1 (©ms Um — Pm) A elw]d:r> /ijwjdxds

IN
T
E“

IN

< 02/0 (14 3[|omll¥ + 2llom |} ), (2.5.9)



2.5.  Extra regularity of the solution pair

where we have used (2.1.9) and [10] p.235.
Substituting into (2.5.8) and using (2.1.2) we obtain
2 2 ¢ 2 ¢ 2 t 2
IVen®I® < IVeonl? =2 [ 180ul2ds+ [ 190l + [ 170n]
m t
_22/0 /DAnpm(Dl(gpm,vm—gom)\/)\lleldﬁll(s)
=1
t
+Co [ (14 3lemlly +2lval) (25.10)

Thus, taking the expectation yields

t t t
E([Vin(t)|? + 2E /0 |Apml?ds < [[Vgom|* + E /0 IVom? + E /0 V0

mo
—2F (1_21/0 /DAgomCM(gom,vm—@m)\/)\»}eldﬁll(s)>

t
+02]E/0 (14 3l @mllZ + 2lvm]?)- (2.5.11)

We repeat the same procedure for the equation for v, by applying It6’s formula to obtain
2 2 ¢ 2 ¢
IVem@IF = Vool =2 [ [ JavnlP+2 [ [ Avnden
0 JD 0 JD
mo et
—22/0 /DAvaDQ((pm,vm — )/ AedBi (s)
=1
m m t
+ Z Z/O (/D D2 (0 Vm — Pm) V )‘ZQel\/'Tjwjydt

7=01=1
t
Vel =2 [ 180
! 2 ¢ 2
+ [ 1ol + [ 180l
0 0
m t
—22/0 /DAvaDQ(me,vm—cpm)\/)\%eld:cdﬁlz(s)
=1

+§/o E(/D%(cpm,vm—wm)ﬁelmwj)2dt. (2.5.12)

IN

Finally we ramark that a similar computation as in (2.5.9) yields

g;)/oti(/p qD?(SOmvvm - @m)\/;lzez\/%wj)th
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t
< 02/0 (14 2wl + 3l pmll?)- (2.5.13)

Substituting (2.5.13) into (2.5.12) we obtain

t
IVom(®)3ap) < IVl = [ 180l

t
+ [ 18gnl?
0
m t
_22/0 /DAvmq)Q(SDmavm - (Pm)\/;%eldﬂf(s)
=1
t
+Co [ 1+ 2lvallf + 3l (2.5.14)

Taking the expectation we obtain
¢
V(1) ) +E 10

t
< [ Voom|? +E /0 1Agm]?

mo o
—2E <lzzl/0 /DAvaDQ(cpm,vm—gm@ﬁeﬂﬂ?(s))

t
+Cz]E/O (14 2[vm 3 + 3llemlli)- (2.5.15)

moo
Using the facts that E (Z/ / A ®@1(Pm, vm — @m)y/ >\11€ld$d511(5)> = 0, and that
=170 /D

moot
E <Z/o /DAvaDz(@m,Um - @m)ﬁeldxdﬁf(s)> = 0, and summing (2.5.11) and (2.5.15)
=1

we deduce that
t t
EIVin(®)IF + EIVon() | +E | |apul?+E [ [8v.ds
2 2 ¢ 2 t 2
< omliy +loolly +E [ 1V +E [ 70|
t
+2C’2]E/ (14 3l @ml? + 2lvml?). (2.5.16)
0

Lemma 2.5.3 From (2.3.12) we have that ||@om||®> < |l¢oll?, using the fact that {wy} is an
orthogonal basis in V' and [10] p.235 yields

IVeoml® = /D[i (/Dgoowjdx> Vw,

Jj=0

= i(/D@owjde/D(ij)Q

Jj=0

2




2.6. Uniqueness

oo 2
< d / Vw,)?
> jg()(/DSOOwJ .iL') D( w])
< [[Veol®.

Thus, ”‘POmH%/ < ||g00\|%/. Similarly we have that HUOmH%/ < H’U()H%/.

Using Lemma 2.5.3, (2.3.27), (2.3.29), (2.3.25) and (2.3.26) in (2.5.16) yields

E||Vonm(t)? < K, forall t € [0,T], (2.5.17)

E|| Vv, (t)|* < Ky, forallte [0,T], (2.5.18)
T

IE/ 1A (s)|2ds < K1, (2.5.19)
0
T

IE/ | Av, (s)|%ds < Kj. (2.5.20)
0 O

2.6 Uniqueness

We now prove the uniqueness of the weak solution pair (¢, v).

Suppose that (¢,v) and (@,0) are two solution pairs of problem (P;) such that ¢(.,0) =
@(.,0) = ¢o and v(.,0) = 9(.,0) = vp.

We take the difference between the equation for ¢ and the equation for @.

(2.6.1)

Next, we apply Ito’s formula as in Proposition 2.4.2 with

F(X) = [IX]?
oF
an(X)—ZX,
O*F
W(X)—ﬂ,

h(s) = Ale = @)+ (f(p) = f(®) = (¢ = @) + (v =),

This yields

- = -2 [ 19(e-¢)IPds
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2 [ [ (0= @)5(0) - (@)
—2/ e — @ ds+2/ / @) (v — 0)dxds
+2// = @) (Pi(p,v—p) = Pi(B, T — §))dW1(s)dx

+Z/O [(@1(p,0— ) = D1, 5 — §))y/ M er]*ds. (2.6.2)
=1

Similarly , applying Lemma 2.3.3 with £ = H for v — ¥ :
t
-0 = 2 [ IVe-0)F+2 [ [ V(o= @)V a)drds
+2/ / v — 5) (Do, v — @) — Do, 5 — 3))dWa(s)
+3 [ 1@a(erv—9) ~ @afp - @) HealPds. (263
=1
Adding up (2.6.2) and (2.6.3) yields

(o=@ OIF + (0= D)0
<=2 [ IV(e-@)Pds=2 [ IV (w-)|ds

+ [ 19— o+ [ 19w =) lds
+ [ o= olPas+ [(o—olfas

-2 ['llo-al?

2 /Ot /D<so—¢>(f(so> ~ [ (#))dads

oo t
> 1®Pulp,v =) — Pu(3,5— @)|[*ds
=170

+2/ / v—10)(P2(p,v— ) — 2B, 0 — @))dWa(s)d. (2.6.4)
Neglecting the negative terms using (2.1.2) and (2.1.10)
1o = @) O + [l (v = 2) ()1
t t
< (1+3Cy) [ g = @lPds+ (1 +20y) [ [lo—5]%ds
0 0



2.6. Uniqueness

+2/0t/D(<,0_95>(<I>1(s0,v—<p)_q>1(¢’~_¢)>dwl(s)d$

t
+2/0 /D(v — 17)((132(90, v — 4,0) — q)g((’ﬁ’ b — @))dWQ(S)dx.
Taking the expectation of (2.6.5) we obtain

» t
E(lo- 8l +llo- %) < G ([ -l +llo-olds)

wheretwe have used the facts that
¥ (/0 /D(“” — @) (Pi(p,0— ) — P1(3, T — §))dWrdz
t

r </0 /D(“” — @) (@2 v ) — P2($, T~ @))d%m) o
We deduce from Gronwall’s inequality that

=0 and

p=@¢andv=7 in Qx(0,T)x D.
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Chapter 3

On a stochastic nonlocal Allen-Cahn equation
with a multiplicative noise

Résumé. Dans ce chapitre, on démontre 'existence et 'unicité d’une solution trajectorielle
forte pour ’équation d’Allen-Cahn stochastique avec un bruit multiplicatif induit par un pro-
cessus Q-Wiener en dimensions d’espace d € [1,6]. Pour prouver ce résultat, nous appliquons
la méthode de compacité stochastique.

Abstract. In this chapter we prove the existence and uniqueness of a strong pathwise solution
for a stochastic nonlocal Allen-Cahn equation with a multiplicative noise induced by a Q-
Wiener process in space dimension d € [1,6]. In order to prove this result, we apply the
stochastic compactness method.

3.1 Introduction

We prove the existence and uniqueness of solution of the following initial value Problem for
the stochastic nonlocal Allen-Cahn equation with multiplicative noise

0 0

5= tet10) = | 1)+ @@ T, i Dx (0.1,
(P) % =0, on 9D x (0,7),

ol2,0) = po(a), veD,

where
e D is an open domain of R% with smooth boundary such that 1 < d < 6;

e o € HY(D) is a given function;

e The nonlinear function f is given by f(s) = —s3 4+ s. We will use below that
4
s 1
< —— 4= 3.1.1
f(s)s 7 T35 ( )

fi(s) < Co=1 (3.1.2)
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We use the notations :
H=L*D),V =H'(D), and V = (H'(D)Y,

with .||, ||.||v the corresponding norms. And we remark that those spaces correspond
to a Gelfand triples
VcHcCV

where the embeddings from V into H and from H into V' are compact;

The function W = W (z,t) is a Q-Brownian motion. More precisely, let @) be a nonnega-
tive definite symmetric operator on L?(D) with Tr Q < 400, {e;};>1 be an orthonormal
basis in L?(D) diagonalizing @Q;, and {A1}1>1 be the corresponding eigenvalues, so that

Qer = Ney

for all [ > 1. Since @ is of trace-class,

TrQ = z Qer,e)2(p Z)\l < Ay. (3.1.3)

for some positive constant Ag. We suppose furthermore that e; € L>°(D) for [ = 1,2...
and that there exists a positive constant A; such that

Zkzllezllm < A, (3.1.4)

Let (Q,F,P) be a probability space equipped with a filtration (F;) and {8;(¢) };>1 be
a sequence of independent (F3)-Brownian motions defined on (Q), F,P); the Q-Wiener
process W in L?(D) is defined by

Zﬁz )Q7ey(x Z\fﬁl (3.1.5)

We recall that a Brownian motion 3(¢) is called an (F;) Brownian motion if it is (F;)-
adapted and the increment 3(¢) — 3(s) is independent of F for every 0 < s < ¢;

Let X be a separable real Hilbert space. We denote the family of all linear operators
® : H — X such that ®/Q are Hilbert-Schmidt operators by Lo o(H,X) (cf.[10]). If
P e Log(H,X), the L2 norm of P is given by

@30 =D IPVQerlk < oo. (3.1.6)
=1

Given an X valued predictable process ® € L2(Q; L2((0,T), L2.(H, X))) and setting

®y(z,¢) 1= P(p)VQer(x) = P(p)VNer(), (3.1.7)



3.1. Introduction

One may define the stochastic integral as:

/OCID(s)dW(s):;/O @15, (3.1.8)

We suppose that there exist positive constants C; and C5 such that

DMy, )| < C, (3.1.9)
=1
Sz, u)|} < O, (3.1.10)

=1

for all w € H*(D) N L*(D). Moreover, we also assume the hypotheses

S @i, w) [} < Ca(1+ ullf), (3.1.11)
=1
Do lPi(,ur) — Dy(,u2) [ < Caflur —uaf- (3.1.12)
=1
Z Hq)l(a:,ul) - @l(x,uQ)||2 S C5HU1 — UQHQ. (3.1.13)
=1

In this chapter, we prove the existence of a strong pathwise solution in dimensions up to 6 of
an initial value problem for the stochastic nonlocal Allen-Cahn equation with a multiplicative
noise, which involves a ()-Wiener process.

We first introduce a Galerkin approximation and establish a priori estimates for the solution.
In the stochastic analysis, the classical compactness results of the deterministic theory cannot
be applied because we have an additional random variable and even if a space X is com-
pactly embedded in another space Y, it is not the case that LQ(Q; X) is compactly embedded
in L?(Q;Y); this is why we will use a stochastic compactness method based on fractional
Sobolev spaces.

This leads us to establish the tightness of the collection of probability measures associated
to the approximate solution and apply the Prokhorov Theorem to deduce their weak com-
pactness. Then we pass to the limit in the Galerkin approximation by using the Skorohod
Theorem, which provides almost sure convergence and then strong convergence relative to a
new stochastic basis. In this context, the stochastic basis is not specified in the beginning and
is viewed as part of the unknowns.

The last step of the proof is to deduce the existence of a pathwise solution, that is solution
of the initial problem defined in the initially given stochastic basis. For this purpose, we first
show the pathwise uniqueness of martingale solutions and by an application of Gyéngy-Krylov
theorem which is an extension to the infinite dimension of the Yamada-Watanabe theorem
from finite dimensional stochastic analysis, we obtain the existence of pathwise solutions.
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Many authors applied the stochastic compactness argument to prove the existence and unique-
ness of the solution for initial value problem for partial differential equations. Hofmanové [13]
applied this method to prove the well-posedness of the Cauchy problem for a scalar semilin-
ear degenerate parabolic partial differential equation with a multiplicative noise induced by a
cylindrical Wiener process. Glatt-holtz, Temam, Wang [11] proved by this method the global
existence of martingale solutions in space dimensions 2 and 3, and the pathwise existence and
uniqueness of the solution of the Zakharov-Kuznetsov equation with similar hypotheses on the
noise. Debussche, Glatt-Holtz, Temam|[4] proved the existence and uniqueness of local martin-
gale and pathwise solutions for a nonlinear primitive stochastic system of equations. Finally,
we mention the work of Pham and Nguyen [16] where they proved the existence and uniqueness
of the pathwise solution locally in time for a system of stochastic reaction-diffusion equations.

The chapter is organised as follows: In section 3.2, we give the main result and start the proof
of the existence of a strong martingale solution by applying the Galerkin method. In section 3.3,
we derive a priori estimates for the approximate solution in the spaces L> (0, T; L2(Q); H*(D))) N
L2(Qx (0,T); H*(D)) N L*(Q x (0,T) x D). In section 3.4 we prove the tightness of the mea-
sures so that we can apply the Prokhorov Theorem and then the Skhorohod Theorem to obtain
the strong convergence of a subsequence of approximate solutions to a solution of Problem (P)
in a new stochastic basis (section 3.5). Finally, in section 3.6 we prove the pathwise uniqueness
of the solution to deduce the existence of the pathwise solution in section 3.7.

3.2 Galerkin approximation and main result
We define the notion of a strong martingale solution.

Definition 3.2.1 A triple ((Q), F, (F:),P), o, W) is called a strong Martingale solution of
Problem (P) with the inital condition g if

(i) (O, F,(F:);P) is a stochastic basis;
(ii) W is a Q-Wiener process;

(iii) ¢ : [0,T] x Q — L%(D) is a progressively measurable process such that almost surely
0 e C([0,T];V"), ¢ € L2(Q x (0,T); H*(D)) N L*(Q x (0,T) x D)

and/ ©)dW € L*(Q; L>=(0,T; L*(D));

(iv) and ¢ satisfies almost surely

o(t) — o = /Ot Ap(s)ds + Otf(@(S)) - ‘m/ /

(P2) + [ D(p(s))dW (s), in Qx D x (0,T),

— =0, on Q3 x 0D x (0,T).

We define the notion of a strong pathwise solution.



3.2. Galerkin approximation and main result

Definition 3.2.2 Let W be a Q-Wiener process on (Q, F, (F),P). A solution ¢ is called a
strong pathwise solution of Problem (P) with the initial condition ¢q if

(i) ¢ : [0,T] x QO — L?(D) is a progressively measurable process such that almost surely
0 e C([0,T];V"), p € L2(Q x (0,T); H*(D)) N L*(Q x (0,T) x D)

and/ ©)dW € L*(Q; L>=(0,T; L*(D));

(i) and ¢ satisfies almost surely

o= [ setsias+ [ 5(oe) - 5 [ ] 1ot

(P3) +/tCI>(<p(s))dW(s), in Qx D x (0,T),
o _o,
an ’

on QA x 9D x (0,T).

Our main result is the following

Theorem 3.2.3 Let oo € V' be arbitrary. Then Problem (P) possesses a unique strong mar-
tingale solution.

Theorem 3.2.4 Let o9 € V be arbitrary. Let (Q,F, (F),P,W) be a fized stochastic basis.
Then Problem (P) possesses a unique strong pathwise solution.

Proof The proof relies on the Galerkin method. We denote by 0 < 71 < 72 < ... <9 < ...
the eigenvalues of the operator —A with homogeneous Neumann boundary conditions, and by
wg, k = 1, ... the corresponding unit eigenfunctions. Note that they are smooth functions.

Lemma 3.2.5 The functions {w;} are an orthonormal basis of L*>(D) and satisfy :
wjwoder =0 forallj #0 and wy = ——.
/D W0 f J# 0 D]

Proof see paper [5]. U

For each integer m we look for an approximate solution ¢y, of the form :

m(z,t) = Z%’m(t)wi = Mp(t)+ thz’m(t)wi
1=0 =1
= M (6) + 3 (oo (0), i) oy (3:2.1)
=1

which satisfies the following equation

[ entrws = [ on@u+ [ [ Fouvu,
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= [ = [ 5 [ sempuds s [ [ @touants)

(3.2.2)
for all wj, j =0,...,m.
Note that setting j = 0 in (3.2.2) yields
1
M) = pom(tun = §om(e,t)de = — [ on(a,t)do
D[ Jp
S L en@+ o [ @(emaw(s)
= — m — m s).
D1 D Jo
(3.2.3)
We remark that ¢, (2,0) = M(0) + > (g, w;i) 2(pyw; converges strongly to ¢g in L?(D) as
i=1
m — oo.

And we remark that the contribution of the nonlocal term vanishes for j = 1,..,m. Indeed for
allj=1,....m

1, () fewzyusae =~ [ p(ewdn) x [ wsda
= 0. (3.2.4)

Problem (3.2.2) is an initial value problem for a system of m stochastic differential equations,
so that it has a unique solution ¢,, on some time interval (0,T},), T, > 0 (cf.[17]); in fact the
following a priori estimates show that the solution pair is global in time. (]

3.3 A priori estimates

In what follows, we derive a priori estimates for the functions ¢,,.

Lemma 3.3.1 There exist positive constants K and K1 such that

T
]E/ / \Vor|?deds < K, (3.3.1)
0 D
T
IE/ / o} deds < K, (3.3.2)
0 D
E sup [om(t)]? < K, (3.3.3)
te(0,T)
T
IE/ / |Apm|?dzds < Ky, (3.3.4)
0 D
E||Vonl? < K1, forallt € [0,T). (3.3.5)
1
E[lf(em)ll® 4 < K1, (3.3.6)

L3((0,T)xD)



3.3. A priori estimates

4
IEH/ (¢m H34 < K. (3.3.7)

Proof Equation (3.2.2) can be re-written as

/D@m(t)’wjdm = /(Pm(o)wjd$+/t/ Aapmwjdxds+/t/ f(om)wjdzds

|D[/ / (om w]dxds+2/ / (om) Ve (@) widrdBy(s).
(3.3.8)
forall j =0,..,m
Lemma 3.3.2 [cf. [3]] Let X be an E-valued function such that

/ ds+/ W(s), 0<s<t,

/ ds+Z/ Gi(s)dBi(s), se€]0,t].

where G; = G/ ey, and suppose that h is a E-valued predictable process Bochner integrable on
[0,T], a.s., G is an E-valued process stochastically integrable and X (0) is an Fo- measurable
E-valued function. Suppose that the function F : [0,T] x E — R and its partial derivatives
OF OF 0*F

99X X
F(t,X (1) — +/ (s, X (s ds+/ £ (5, X(5)), h(s)) s
+ / t<§§ (5, X(5)), Gs)dIW ()

2/ Tr [ aXQ X())(G(s)Q7)(G(5)Q

which can be re-written as

are continuous on [0, T] x E. Then for all t € [0,T], a.s

[N

)*] ds,
_ / (5, X (s ds+/t OF (o X (5)), h(s)) pds

n Z/ <87(s, X(s)),Gi(s)dBi(s))E

where [cf. [14]]
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Next we apply Lemma 3.3.2 to (3.3.8) with GdW = Z/ (om) felw]dxdﬁl

and G :/ (pm)VNewjdr, setting
D

0= [ en(tyuda

F(t,X)= X2

OF

o (%) =2X,

h= [ Bpm+ Flm) - |})| [, Fem)ujda,
82

axz(hX) =

We obtain almost surely, for all ¢t € [0,7] and all j = 0,..,m

(/D gom(t)wjdm>2
(s
w2 [ ([ omusar) ([ (B¢ + £(om) = o557 [, Fom)wye) s

—|—2i/t </ gamwjdx> </D @(g@m(s))\/xeled$dﬁl(s)>
Z (/ (s))\/)Tleled$>2 ds

011

()
+2/Ot (/D (mejdx) (/D(Asoerf(cpm) - |;w/Df(som))uh‘dﬂ«’> ds
+2 /t (/ cpmwjdx) (/ @(wm(s))dW(s)wjdx)

+/Z</ (s) felw]da:) ds
Summing from j = 0 to j = m, we obtain :
i (/ 2 i 2
@mwjdll?) = (/ @Omwj)
i=0 P j=0 P
moot
—I-QZ/ </ gpmwjdx) (/ (Ag@m)wjda:> ds
iZ0/o \Jp D
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3.3.

A priori estimates

t
+2

S~

< Sﬁmwodﬂﬁ) (/D f(gam)wodx> ds

[ () )

(/) emvae) ([ (i35 [ $Com)unde) as
(e (i )
/Ot ( / Somwjdx> ( /D q)(cpm)dW(s)wjdx>

t OO

+jzo 0 ; (/DCD(SDm)\/)TlBlw]’)QdS.

In view of (3.2.4), (3.3.9) becomes

é </D (pmwjd:):)2

0

+2

Ms

<.
Il
-

MSc\“

1

<.
Il

+2

3 HMS

+3 [SS( @em)riem,)as

j=070 1=

In what follows, we apply the following result which we have proved in [5].

m m
Lemma 3.3.3 Let A,, = Z(Am,wj)wj and B,, = Z(Bm,wj)wj. Then
j=0 §=0

m t t
Z/ (/ Amwjda:> (/ Bmwjdx) ds:/ / Ay Bpds.
=070 D D 0 JD

(3.3.9)

(3.3.10)

(3.3.11)

We now return to the proof of Lemma 3.3.1, first we consider the third term of the right-hand-

side of (3.3.10) which is slightly different from (3.3.11). We have that

22/; </D somwdeC) (/D f(cpm)wjdf'f) ds
_ 2/; (/D Flom) f: (/D g&mwjd$) wjdx) ds

J=1
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

=2 [ ([ rtom) (o = M) ) ds

where we have also used (3.2.1).

In view of Lemma 3.3.3 and (3.3.12), (3.3.10) becomes

lem@)? =

IN

IN

t t
leonl?+2 [ [ omdon+2 [ [ (¢
0 JD 0 JD

+2 /0 t /D oD (o) dd TV

(3.3.12)

(om — My (t))dds

t t t t
H«pom|!2+2//wmAwm+2//w%—2/ /DsOfnJr/o/D@?n

) o [ e [

+2 /0 /D Om® (o )dzdW

t t
lioml?~2 | ||wm||2+3 / |om?

-5 // rD\/ (M| +

+2/0 /[)¢m¢(¢m)dxdW
_1_2/;2 (A)é(@m)@eledx)st.

Next we estimate the last term of (3.3.13) using (3.1.9)

ji:(:)/otg; (/D CD(me)\/A»leledx>2ds = /0

Thus,

t t
O < loonl? =2 [ IVeml?+3 [ lom?
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IN

IN

IN

ID\T

(3.3.13)

(/ ((pm)\/xlele>2ds

A Zr@(som)\/fzeluizw)ds
/ ZH@ e

HL2 p)ds



3.3. A priori estimates

-5 [ [ et e+ ID [ M
42 / / om® (o) dad IV (s)
0 JD
1
+51DIT + 1T, (3.3.14)

for all t € (0,7).

Taking the expectation of (3.3.14) and using the fact that

E L;/O /]Jcp(@m)(pm\/xﬁe,dxdﬁ,] =0, (3.3.15)

t t
Ellen(®)I? < llpon|® - 2E | meu2+31E / Jiom?
2—7113// |D\IE/|M 4
+§\D|T+ClT. (3.3.16)

In order to bound the left hand side of (3.3.16) term we have to derive bounds on M,,, the
latter function satisfies

]{gom(x, s)dr = f(pm(:n, 0)dx + g/ot f(@(wm(x, s))vVNe(x))dzdBy(s)  (3.3.17)

where : %ada: = 1/ adzx.
D] Jp
Applying It6’s formula Lemma 3.3.2, x € D fixed and with F = R,

X(t) = %(pm(a:,s)dx,
F(t,X) = X4,

2
SXZ (t, X) = 12X2,

h =0,

G = $(@(pm(w.)vVNer(a) ) do

we obtain

| M ( = ’%medex“l—}—él/ f(pm:psdx f( om(z,8)) \/>el ))dxdf(s)
+6/ fgomxsdx ]{( (om(z,8))vVNey(z))dx)?ds. (3.3.18)
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

We bound the last term of (3.3.18), also using (3.1.9)

9> 2 >~ (f )2 f @ ,9)) A ()
= [ (fonte o) fl (F (@l 9)V Nier(a))do)ds
_ U;P/Q}{@m(x 5)dz)? [/ O (o m} s
|D|2/ %“‘)m z,5)dz)” (/ )/D(d>(som)¢¥el)2ds
\D|/0 (f som@as)dw)QZ / (©(om)VNier) dards
= \D|/ 7{% z,5)dx) ZII<I> o)V Nerl 2 ds

IN

IN

< |D|/ Mo stgc]/ | M (£)|Ads. (3.3.19)
0
Taking the expectation of (3.3.18)
1 L ¢
(O < o ([ on(0)) +601E [ pn(o)f'ds
D> \/p 0
1 N t
< 1pylen(OI* +6C:E / | M, (1) [Ads. (3.3.20)
0

By Gronwall’s Lemma we deduce that
E|M,,(t)|* <C, forall te[0,T)]. (3.3.21)

Substituting (3.3.21) in (3.3.16) we obtain that

t
Ellon (I + 28 [ 19pnl?+ - 5IE [ [ o,
t
< Neonl®+3E | llonl?

.1
+C'+ 5| DIT + i T. (3.3.22)

Applying Gronwall Lemma yields

]E/ 2. (t) < K forall te[0,T). (3.3.23)
D

1
Substituting (3.3.23) into (3.3.22) and choosing ¢ = 3 we obtain,

t 3 t
lE||gom(t)||2+2lE/ / ]Vgom|2d:vds+f]E/ / oL deds
0 JD 2 Jo Jp
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3.3. A priori estimates

< lleoll* +C,

where C depends on 7', from which we deduce that
t
E / / IVom|2duds < K, (3.3.24)
o Jp

t
]E/ / pom < K. (3.3.25)
0 JD

Neglecting the negative terms, taking the supremum and then the expectation of(3.3.14) and
using (3.3.23) and (3.3.21) we are led to

E sup [om()]> < [leoll*+2E sup

Z/ / Spm SOm feldﬁl
te(0,T) te(0,7)

+C. (3.3.26)

Lemma 3.3.4 (Burkholder-Davis-Gundy inequality)(cf. [16] p.10 and [3])

Let us introduce another separable real space (X,(.,.)x). We denote the family of all linear
operator G : H — X such that G\/Q are Hilbert Schmidt operators by Loo(H,X). Namely,
G satisfies that

G134 == >_IIGVQel% < oo
)

Given an X valued predictable process G € L*(Q; L*((0,T),L2.o(H,X))) and setting G; :=
G/ Qe;, one may define the stochastic integral as:

/OtG(s)dW(s) — g/ot GidB,.

The Burkholder-Davis-Gundy inequality is given by

NI

15( sup | OtG<s>dW<s>u§() < CE ( /OTuGu%th) , (3327

te(0,T)

or else

(V1]

<sup HZ / szﬁlux) <01E< I ZHGlHth) . (3.3.28)
te(0,T

for all r > 1, where C, is a constant only depending on .

Next we apply the Biirkholder inequality with:
r=1X =R G = [ on®(en)vNerds
D

1
Also using that, 2ab < ca? + ng (¢ >0) and a? + b < (a +b)%(a,b > 0) we can bound the
last term in (3.3.26)
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

[sup |Z//<pm Pm f@zdﬁlll

te(0,T
<2 ( (t)@(som@))@ezdxl?dt)
<2 E( Z\Icpm )PP (0 (8)) v/ Nren] dt)
(Sup lpm (£)11? / ZHCD om(t \fezllzdt>
3 c 2 1 2 %
<20iE |3 (t:(lé%)\\wm(t)@ +oz (/ ZHCPZ DI dt) ]

< V2CIVEE sup lom (8] +C(e),

te(0,T)

where we have used (3.1.9) and (3.1.7).

Substituting (3.3.29) in (3.3.26) yields

tel0,T

Thus,

(3.3.29)
(1—V2C1z2)E sup]Hsom(t)HZ < ol + C(e). (3.3.30)
E sup |jom(t)]?* < K. (3.3.31)

te(0,T)

Next we prove (3.3.6); using the inequality |a + b|P < C(p)(|al? + |b|P), for p > 1 as well as

Young inequality, we obtain

E|lf(om)]

4
3
L3(Dx(0,T))

where we have used (3.3.2) in Lemma 3.3.1.

and (3.5.15)

E m %
H/ 90 ”L% x(0,T7))
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T 4

= E[ [ |f(on)lFdodt
0 D
T g 4

= IE/ /\som—somIdedt
0 D

T 4
< gE [ [ (1oml +lom|)dudt
< %IE/ /‘@m’4+04
< (3.3.32)

In order to prove (3.3.7) we use Holder inequality

= B[ [ 1] rtonltazi



3.3. A priori estimates

4 1 %
< IE/ / [/ 5) i
< |D|§]E||f(80m)”z%(Dx(0T))
< K. (3.3.33)
O

Lemma 3.3.5 Let p > 2. There exists a positive constant K = K(p) such that

IE( sup ]Mm(t)\2p> <K. (3.3.34)
te(0,T)

Proof we re-write (3.2.3) as
?{gpm(x, s)dx = j{gom(ac,())dx + ;/0 j{(CD(gom(x, $)) vV Ne(x))dzdBy(s).

Applying [t6’s formula Lemma 3.3.2, x € D fixed with £ = R and

Gr = (@ (a,5) Vhver(@))da

Integrating on D, we obtain in view of (3.1.9)

[ fonte)asl? = | on(0)

+2/t7{¢m(g;’s)dm?{ (om(z,s) \/>61 )dzdp(s)
/ 7{ (om(z, )V er(x))dz|?

IA
*e\
AS)
3
"
o

IN
Ke\
©
3
&
@)
)
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

+2/Ot%<,0m(93v5)dl‘f (pm(z,s) )\/7€z (z)]dzdp(s)

+CT. (3.3.35)

Next we raise both sides of equation (3.3.35) to the power p, take the supremum on [0, 7] and
then the expectation.

E sup | §on(.9)® < C)E|§onla,0
+2PE sup

te[0,7T)
t€[0,1] /Ot?{¢m($7S)dg:]{(q)(som(x’s))\/ylel(x))dlf
+HET)] (3.3.36)

Applying the Burkhélder inequality (3.3.28) with:
r=p X =R, G = %(pm(:n,s)dx}{(q)(wm(:):,s)\/xlel(x))dx and using the same computa-

/fgomxsd:c]{ (om(z,8))vV e )dq:dﬁlp>

g
)

tion as before, we can bound the last terms of the right hand side in (3.3.36)

2PE < sup
te(0,T)
< 2PCLE (/ >
0 =1
2

( fgom(x,s)d:z

om(z, s)dx | D (x, om) ||>
( 7{ \D!Z

[NJ4S]

pun(a,5)do (@ (o (. 5)VAven(2) o

[MS]

(@(om(z, s))v New(x))dz

SQC' C5E (/ %goma;sd:r>
P
~ P 1T\
<2 002]E< / Pm(z,s)dz +2>
= p 2 2
< GyE ( ]{gomacs)dzz: +T2>
T)IE/ | M, ()P + Cp(T). (3.3.37)
0
Substituting in (3.3.36) we obtain
B sup [Ma(? < Co(D)Blom(O)I + CICHTIE [ 1M +Cy(D)]

te(0,T)
(3.3.38)
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3.3. A priori estimates

By Gronwall Lemma we prove that

1E< sup |Mm(t)|2p> <K. (3.3.39)
te(0,T)

Lemma 3.3.6 There exists a positive constant K such that
E| sup [lem(®)|P ) <K (3.3.40)
te(0,T)
for allp > 2.

Proof Next we neglect the negative terms in (3.3.14), raise both sides to the power g, take the

supremum on (0,7") and then the expectation. We use two inequalities, namely there exists a
N

p
positive constant C(p) such that <Z |ai\> <C(p Z |a;|P and
i=1

1 1
s q 1 1
/|ab|dx < (/ |a\8> </ \a|q) " with = + = = 1. We deduce that there exists a positive con-
s g
stant C'(p) such that

T
—2
E swp on(®F < CO) lvonl? +3ETFE [ onlds
te(0,T)
11 o
AT (5 DR [ 10 (0)

+2gIE sup / / OmP Som feldﬁl

te(0,T)
+(CT)%). (3.3.41)

Applying the Burkholder inequality (3.3.28) with:
r= g, X=R,G = / gmeD(gom)\/)Tleldx and using the same computation as before, we can
D

bound the last terms of the right hand side in (3.3.41)
/dwamwl
te(0,T)

2 pp)
al[ Slfmonfs)

4
(/ ZHsﬁmH%z(D)||<Pl(<Pm)H%2(D)dt>
1

//sam ©m) \fezdﬁl

27 E sup
te(0,T)

=25 ( sup

3 /D em®i(pm)

M\'ﬁ
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112

P

<20, [ lonll 3 191 ot
=1
P
P ~ P T 2 !
< 25C,(Cy) E /0 lomllZ2py
Tl T %
4
E </0 §H<Pm\|L2(D) + 2)
= D p—4 T
< C,E <T4 + T / ||90m|!p>
0

< C,)(T)E /0 lomll? + Co(T). (3.3.42)

[NIS]
IS

<2 ép(cl)

Substituting (3.3.42) in (3.3.41) and using (3.3.39) we obtain

T _
E S[lépﬂllcpm(t)\l” < C(p)lls%m\lf"+/C+021E/0 [pml[Pds + Cp(T).
te|0,

Applying Gronwall Lemma we deduce that

E sup [lom ()P < K. O
t€[0,T]

In order to prove the estimates (3.3.4) and (3.3.5), we multiply (3.3.8) by ,/7;.

/Dcpm(t)\/“Tjwj = /DSOm(O)\/ijj—/Ot/DV%ij\/”TjﬂL/Ot/Df(wm)\/Tjwj

i o U femymusdaas

+ZZ;/O /l)q)(SOm)\/xlel\/’Tjodﬁl(s).

oo
Next we apply Ito’s formula Lemma 3.3.2 with GdW = Z/D @(@m)melﬁwjdmdﬁl(s) =
=1

ZGldﬁl(s) and G| = / q)(gom)\/)Tlel\/’Tjwjdx, setting
1=1 D

X;(t) :/Dgpm\/’y»jwjdm,

F(X)=X?
OF

87(X) = 2X,
OF

ax2(8) =2



3.3. A priori estimates

n(s) = [ v (8em+ Few) = o7 [ 1))y
We obtain almost surely, for all ¢ € [0, 7] and all j =0, .., m,
([, emtiymusac)
(o) o2 ([ ) omi)
s ([ miin) (] )

—;/Ot (/Dtpm\/%wj) (/D{/Df(wm)}ﬁwy'dfcds)

+2§/0t </D ¢m\/’7jwjdx> (/D CD(gpm)\/)Tlel\/’Tjwjdx> dgi(s)
+i/0t(/D D(pm) V Nery/T5w;s) dt. (3.3.43)

=1

Next we sum (3.3.43) from j =0, ..., m.

> ([ entevimas)

- JX:( / wommwjdx>2
w23 [ (f envies) (/] somvim)
5 owi) ([o)

—,éé [ ([ omvmis) (4[] femtymusdods)
—i—Qii/ot </D me\/’Tjwjdx> (/D CID(cpm)\//\ﬁel\/’Tjwjdm> dpi(s)

j=01=1

+§:§:/Ot(/[) D(pm) vV Niery/Fw;) dt. (3.3.44)

j=01=1

In what follows we evaluate the terms in (3.3.44)

8 (o) - () (i)
— g%/[)@mﬁ (/D Sﬂm\/’Tjwj> w;dx
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

= Z/DQOm </D (mej) ’Yjwjdx
j=0
= —Z/Dgom (/D npmwj> Awjdx
j=0
= 7Z/DgpmA (/Dcpmwj> wjdx
=0

- = e (S (f o) ]

J=1

= — [ ention = I9on(®)I.

m 2
Similarly, one can show that Z (/ ©Om /"ijj) = || Voml?.
i=0 MP

Next, we compute the elliptic term

éz/ot (/p (pmﬁwj) (/D ASDmV’Tjwj)
:]ég/ot/DAsﬁm </Ds0m\/'y7wj> Vjwide

= —i)Q/Ot/DAgom </D<pmwj> Aw;dx
= -2 /Ot/DA@mA (jf% (/D cpmwj> wj> dz

t
_ —2/ 1Al [2. (3.3.45)
0

Next, we compute the contribution of the nonlinear term

jf:l2/0t (/[)somﬁwj> </Df(90m)\/7jw3'>
=§2At/]3f(wm) (/D s%ﬁ%) Vyjwide

m

=9 ; Df(gpm)A (Z (/D (pmwj> wj> dx
=2 [ [ Fom) Bl — M (t))d
D
=2 A f(om)Apmde. (3.3.46)
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3.3. A priori estimates

Also we remark that the fourth term on the right-hand-side of (3.3.44) is equal to zero.

Next we consider the stochastic term,

2;%/{: (/D @m\/ijwjdm) (/D CD(cpm)\//\iel\/’TjwjdaJ dpy(s)
- 2f: [ ([ omvmusds) ([ @tom)ymiwdeans))
= 2i/ot/l)cl>(gpm) (/D gomwjdzx> yiwjdzdW (s)

., /Ot /D _— (i < /D @mwjd;E) wj) dzdWV (s)

= —Z/Ot/DQD(gom)Acpmdade(s)

0t
= 23 [ | VenV{@en)vVRetdedsi(s). (3.3.47)
=1
Substituting the formulas above into (3.3.44) yields
2 2 ! 2 !
IVen®IF = 1960ty =2 [ 180ul=2 [ [ rom)acn
t
=2 [ [ Apn®ln)d (s)
0o /D
mo oot
"‘QZZ/O(A)q’(SDm)\/)Tlez\/’Tjwj)zdt
j=01=1

IA

t t
I960nl? =2 [ 18eultam) +2 [ (o) IVonlian)
t
_2/ / A@mq)((/)m)dxdw(s)
0 JD

+ZZ/Ot(/l)®(¢m)m€lﬁwj)2ds.

We compute the Ito correction term on the right-hand-side of (3.3.48) using the fact that {wy}
are an orthonormal basis of L?(D) and H*(D).

Jj=0 =1
m t o0

N Z/ Z/CD(gom) ey (/ q)((pM)\/xlele)')’jwjdl'dS
j=070 =1 /D D
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m

;) (/D q’(@m)\/xlele) yiw;ldrds
- /Otziil/l)[g) (/D q’(som)\/yl@le) w;
jio (/D cp(@m)@@ﬂ)j) yjw;ldxzds

= —/Oti/l)[i (/Dq>(90m)\//\7€le'> w;

A (i </D @(@m)\/xlele) wj)]dznds

= /otl _V{ji% (/D @(me)\//\ieledx) wj}] 2 dxds

2
dxds

f: </D q’(som)\/xlezwjdx) Vw;

j=0

= /ol 1 0_(/DCI)(gpm)\/)Tleledx)2/D(ij)2dxds
= i(/DQD (om feledx) /w]ijdxds

- ZZ%( Dq)(SOm)\/)\»l@ledw)Q/D(wj)Qda:ds
ZZVJ < DqD(SOm)\/xleledx)st

lle

< /0 ; IV (2, o)

< T, (3.3.48)

IN

where we have used (3.1.10) and [15] p.235.

Substituting (3.3.48) into (3.3.48) and using (3.1.2) we obtain

IVen(®IF < I9eoml =2 [ 18on(s)IPds +2 [ 19pn(s)]ds
9 /0 t /D Ao (8)0(om())dW () + CoT. (3.3.49)
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A priori estimates

Thus, taking the expectation yields

t t
EIVen ()| +2E [ [AenlPds < [Vion|® +2E [ [Vin(s)|Pds
+CoT.

t
where we used the fact that E (/ / A(pmq)(gom)\/yleldxdW(s)> =
0oJp

Therefore, it follows from Lemma 3.3.1, inequality (3.3.1) that

t
E (Vo (t)[2 + 2E /0 1Agm[Pds < [Veom| + K
+CoT.

Lemma 3.3.7 We have that ||[Vooml|? < [|[Veol?.

Proof Using the fact that {wy} is an orthogonal basis in V' and [10] p.235 yields

IVeoml® = | [ ([ evwsis) vuy
_ /Ljﬁ;(/ goow]da?)z(Vw])
- £

< (/ cpow]dx> /(ij)2

< HVWHQ,

2

.

which yields the result of Lemma 3.3.7.

It follows from (3.3.51) and Lemma 3.3.7 that
E||Vom(t)|? < K, forall t € [0,T],

t
E [ 180m(s)|ds < Ky,

Lemma 3.3.8 There exists a positive constant C such that

E( sup |lem(®)|}) <C, forall p>2.
te(0,T)

Next we add (3.3.14) and (3.3.49) to obtain

t 1 1 t
lomllt < ool +5 [ loml? + G5z +5)ID] [ 1M
0 € 0

(3.3.50)

(3.3.51)

(3.3.52)
(3.3.53)

(3.3.54)

(3.3.55)
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

+2 | t [ enlem)am(s) 2 [ t [ Aen®(on)ai(s) +CT.

We raise both sides to the power of g and we take the supremum then the expectation.

T
—2
E s lon(ly < CONlwolly + 775 [ lonllt
te(0,

+E sup \22//<pm om)VNewds|?

te(0,7)

+E sup)\—?E_:l/O /[)A(qu)<<pm)\/)\>leld/8l(3)|§

te(0,T 1
—2 1 1 P V4 T
T (— 4+ -)% D’IE/ M, |??
+ 2(2€+2)2! |2 ; | M|
+(CT)2). (3.3.56)

The third term on the right-hand-side of (3.3.56) can be computed as follows also using
Biirkholder inequality (3.3.28) with r = g,X =R,G; = / Vo V{®(om) Ve
D

)
)

/ t /D VemV{®(om) v/ Ner}df,

oo
25 sup Z
t€(0,T) 0

=25F ( sup

/ ([ VenVi (o)}

te(0,T)

(/ {/D wqun(som)}?dt)i

<28GE ( / Zuwmu IV @i(om) dt)

\
?
©
=

T
<
%
‘6
2
w,:

\/

LIS

<okc / IV omllP + Co(T). (3.3.57)
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Substituting (3.3.34), (3.3.42) and (3.3.57) in (3.3.56) we obtain

= T ~
E swp len(®lf < COlvolly +22GE [ lonll +Cp(D).
te(0,T) 0

By Gronwall Lemma we deduce that
Ellom@)7 < C.
This completes the proof of Lemma 3.3.8.

Before proving further estimates, we write below a projected form of Galerkin approximation
and recall a standard identity.
To that purpose, we multiply (3.3.8) by w; and sum from j =0, ...,m.

m

> (femtonmstr) s = 3 ([ onOusir)u+ 3 / (] Aewnyis )

+Z/O (/D f(sﬁm)wjdx) wjds
D] Z/ / (/ (om dx) wjdzw;ds

+ Z Z/ (/ ((Pm)\/)‘»lel(x>wjd$) w;idBi(s). (3.3.58)

7=01=1

We are led to the following equations

t) :@Om"i‘/OtASDm‘i‘/othf(‘»OM)|;|/Ot/Df(90m>
+ i /Ot Po®i(em)dpi(s) (3.3.59)
=1

where P, is the projection from H — H,,, and where we have used the following result
Lemma 3.3.9 P,,Ap,, = Ay,
Proof

PmAs0m=Z(/DAsomwj)wj = Z(/Dgomij)wj
=0
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

In what follows we derive further estimates in fractional Sobolev spaces.

Lemma 3.3.10 (Estimates in fractional Sobolev spaces) For each o € [0, 2) p > 2, there
exists a positive constant K such that

p
<K,
Weor (0,T5L2(D))

(i) lE(Hgom—/Ot Prn®@ (o) dW

(i) ]E(H/Ot P (o) dW

IN

K,

2
Ht (O,T;LQ(D))>

where WP (0, T; L?(D)) is defined as in Definition 3.A.1 and K depends on the initial data
and on p.

Proof Using variants of the Burkholder inequalities (3.3.27) and (3.3.28), for p > 2, a € [0, 1)
and for all X-value predictable G € L?(Q; LP((0,T); L2.o(L*(D), X))) we have [cf. [8] Lemma

2.1 and [16]]
t
E(|f )
( 0 Weer(0,T;.X)

T 00
( )gcpIE (/ ZnGlH&dt)
Wap(0,T;X) 0 =1

(i) Applying (3.3.60) with G = P, (®(om)vNe)) = Pn®;, X = L*(D), using (3.1.11) and
Lemma 3.3.8 we obtain

<¢, E (/ I, . HX)dt>, (3.3.60)

or else

Gldﬁz

(‘/ Fn®(om) Wap(oTL2(D))> = </ 15 q)((pm)H£2Q HLQ(D))dt>
< ( I ZHP () /N €z||pdt>
<

( [ el dt)

< opCiE (/0 (1+Hsom\|’&)dt>
< K.

where we have used the fact that ||Pyal < ||la||, a € L*(D).
(ii) Using the definition of the W®P norm (3.A.1) and (3.3.59) we obtain

t 2
E (HM— | Pulen()aw () )
0 H(0,T;L2(D))
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IN

IN

IA

IN

IN

= Ellpon + [ Aem(s)ds+ [ Pufon(s))ds

1 t
151, [, Fen()dadslin o rzamy)

B[ lloom+ [ Ben(s)ds + [ Puflon(s))ds

—ul)‘ [ [ stomts)dadsa

[ 1 oom+ [ Aom(s)ds+ [ Paf(om(s))ds

i o #tenodsas) P
E([ oo+ [ Aem(s)ds + [ Puflon(s))ds

1 gt
_|D\// (0m(s))dzds||*dt

et + Pastont) ~ 3 [ Stom®raa]

CE / omlat + e [t [ 1gm(s) + Puf(on(s)
_W/D ©om(t))dz|*dsdt
T
A [ 18¢0(0) + P (on(t) = 57 [ o (0))dolat
T T
E [ lgomlyat +cT*E [ 1gn(t) + Puflon(®)

1
m/ fpm(t)) d$||2dt

T

E (cTIIsOOIIQJr(lJrcT2 / |A@m + P f (m) _W/ f(om t))diszdt>

A1) B( ool + [ Wagmlat+ [ 1Pale )+ [ llom?
+ /0 17 I)
T T T
oT) EC ol + [ IagmlPar+ [ IghlPae+ [ lion?
T T
2 [ ehiRat+2 [ onl?)
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3. ON A STOCHASTIC NONLOCAL ALLEN-CAHN EQUATION WITH A MULTIPLICATIVE NOISE

T T T
< 6<T>1E<\soou2+ | 180nlPdt+3 [ llomlopydt+3 | ||som12dt>sx,

where we have used the a priori estimates (3.3.3), (3.3.4) in Lemma 3.3.1 and the fact
that H?(D) is embedded in L5(D) for d < 6. O

3.4 Compactness Arguments

We consider the spaces:

Xs = L*(0,T;V)nc([0,T; V'), &w = C([0,T); H), and

We then define the probability measures

Lo (1) =P(om € ), (3.4.2)
pw () = pw () = P(W € ), (3.4.3)

namely p,,, (A) = P(pn, € A), for all A C Xg, and pw(B) = P(W € B), for all B C Xy
This defines a sequence of probability measures

1" = g, X W, (3.4.4)
on the phase space X. We are going to show the tightness of 4™ on X.
Lemma 3.4.1 The sequence p™ is tight over X and hence weakly compact in X.
Proof We start by stating compactness results.
Lemma 3.4.2 (i) For R > 1, we define the set

BL := {u e L2(0,T; H*(D)) "\W52(0,T; L*(D)) :

HUH%Q(O,T;HQ(D)) + HUH?/V%’Q(OT'LQ(D)) R2}7

where W52 is defined as in Definition 3.A.1.
The ball B}, is compact in L*(0,T; H'(D)).

(it) Let Bé’l and Bff be the balls of radius R > 1 in H'(0,T; L?(D))
and WP (0,T; L3(D)) with p > 2 and ap > 1, respectively. Then

B2 := B3' + B%* s compact in C([0,T]; (H'(D))").
(iii) Bk N B3y is compact in L*(0,T; HY(D))NC([0,T]; (H'(D))").

Proof (i) By applying Lemma 3.A.2 in the appendix with choosing & = H?(D), £ =
HY(D) and & = L*(D), we find that the embedding from
L2(0,T; H2(D)) N W52(0,T; L2(D)) into L2(0, T; HY(D)) is compact.
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3.4. Compactness Arguments

(ii) We first remark that the embedding
HY0,T;H) c ¢([0,T]; V") (3.4.5)
is compact. Indeed, since
HY0,T;H) = {ue L*(0,T; H);u; € L*(0,T; H)},
we have that also
HY0,T;H) = {u e L®(0,T; H);u; € L*(0,T; H)}.

We then apply the Aubin-Lions-Simon Theorem 11.5.16 as stated by Boyer and Fabrie [2]
p.102 with p = +00 and r = 2 and By = L?(D), and By = By = (H'(D))’, and remark
that H1(0,T; H) C Ewo2 where E o corresponds to the space Ej, from [[2], Theorem
I1.5.16 p.102]. This theorem then implies (3.4.5).

Moreover, for p > 2 we choose « such that ap > 1. We deduce from Lemma 3.A.3 that
the embeddings
WeP(0,T; H) C C([0,T]; V'), (3.4.6)

is compact.

Next, we prove that the sum of the two compact balls BIQDL’1 and Bféz is compact in
C([0,T];V'). Indeed, let {a,} = {b, + ¢}, with b, € Bé’l and ¢, € B}%f, be ar-
bitrary and suppose that there exists a positive constant C such that ||ay,|| Bz, < C,
where the norm in B3y is defined as follows: if A = B+ C, ||A||B§R = |1Bllgr0,1;m) +
ICllweno,1;m)-

Next we show that there exists a subsequence of {a,} and a function a € C([0,T]; V')
such that a, — a € C([0,T];V’) as n — oo. Indeed, since {b,} is bounded in
H'(0,T; H), there exists a subsequence {b,, } and a function b such that b,, — b €
C([0,T]; V') as ny,, — oo. Similarly, there exists a subsequence of {¢y,,, } which we de-
note again by {c,,, } and a function ¢ such that c¢,,, — ¢ € C([0,T]; V') as n, — .
Thus,

anyy = b, +cn,, > a=b+c € C([0,T];V') as n, — oo.

m

(iii) The result follows from (i) and (7). O

Next we prove Lemma 3.4.1, the proof is done into 4 steps computing the measures of the
complements of B}%, B%R and B]lg N B%R.

Step 1: We apply Lemma 3.4.2 (i), Lemma 3.3.1, Lemma 3.3.10, (3.A.2) and the Chebychev
inequality (Lemma 3.A.4) to deduce that

pen (BR)?) = P(om € (Bg)°)

2 2
= P (lonlaommo +lenll, .

> R2>
(07T1§H)
2

2 R 2 R
P { lemlzzommzoy > 5 | TP (el 2000 > 3

IA
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2 2 2
< B (Ienlormeon) + E (10l 400 10 )
2 4 2
< " E (Ionlaomon) + 7B (lon— [ Pu®lon)dWiZ,, o)
+oE <||/ Pa(om)dW[2 4, )
2 4C’ t
4 t 2
B (1 [ a2y, )
k
< b (3.4.7)

Step 2: Observe that in view of Lemma 3.4.2 (ii) Lemma 3.3.10 (i) and (iii), we have that for
all R > max(1, K)

t t
~ | Pus(on)aw € By 0L [ Pulpn)dW € B’} € {{on} € Bin).

By De Morgan’s law (AN B)¢ = A°U B¢, the Tchebychev inequality Lemma 3.A.4 and Lemma
3.3.10, we infer that

tom((B3R)S) = P(pm € (Big)°)
t
P (”9"7” _/0 qu)(@m)dWH%{l(o,T;H) > R2)

¢

AP (I [ Pu®lom)dW oy > )
1 t

s (lom = [ PuCom)d 3011
B (I [ Pa®lom) W o1
k
ﬁa
where k is a positive constant which does not depend on m.

IN

IN

< (3.4.8)

Step 3: Using Lemma 3.4.2 (iii),(3.4.7) and (3.4.8)

tom ((BRNB3R)Y) = hg, ((BR)°U (B3g)°)

P(pm € (Br)) +P(pm € (B3g)°)
2k

ﬁ.

In order to establish the tightness of u™ over X, we suppose that ¢ € (0,1) is arbitrary and
define

IN

IN

(3.4.9)

|=

[ 2k 2
S \1-1—¢) "’
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3.5. The limit as my tends to infinity

with k = max(k, 3), so that R® > 1.

Substituting R = R in (3.4.9) and performing straightforward calculations in the resulting
inequality, we deduce that

Paom (ZE) =t ((BRe N Bige)©)
p
< 2231—\/1—5.
1—+v1—c¢

where Z. = Bh. N B3p.. Thus,

o (2) = 1 =Pl € Z5) = 1=y, (28) = VI—c. (3.4.10)

Next we remark that the sequence {pufj; } is reduced to one element and is thus weakly compact
in Ay . Hence, as a consequence of Proposition 3.A.6, {uj},} must be tight. Thus there exists
a compact set V. C Ay such that

(Vo) =puw(Ve) >1-(1—-vV1—¢)>V1—e (3.4.11)

Finally, setting K. = Z. x V., which is uniformly compact in X due to Tychonoft’s Theorem
(Theorem 3.A.7), we deduce from (3.4.10) and (3.4.11) that

W K®) = pg, (Ze).pw (Vz) > 1—¢, for all m. (3.4.12)

Since ¢ is arbitrary the inequality (3.4.12) proves that the sequence p™ is tight on X by
Definition 3.A.5. U

3.5 The limit as m;, tends to infinity

From the tightness property and Prokhorov’s Theorem (Proposition 3.A.6), there exists a
subsequence p™* such that pu™+ — p weakly where p is a probability measure on X. We
associate the corresponding distribution to the approximate solution of the Galerkin scheme
by stating the following proposition:

Proposition 3.5.1 Given a stochastic basis (Q, F,P); let o, be the sequence defined above
or a similar sequence. Then there exists a probability space (Q), .7:",113), a subsequence my — o0
and a sequence of X-valued random variables (P, W™*) such that :

(i) The probability law of (Gum,,, W™k ) is ™.
(ii) The probability law of ($, W) is p.
(i35) (Brm,,, W™ ) converges almost surely in the topology of X to an element ($, W) i.e.

Gm, — @ i L2(0,T;V)NC([0,T); V') as., (3.5.1)
W™ W in C([0,T);H) a.s. (3.5.2)
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(iv) Let F™* := a(W™(8), Pm,,s < t) which is the union of o-algebras generated by a ran-
dom variable (@m, ka), then each W™ is a QQ-Brownian motion process with respect
to the filtration F"*.

(v) Each ($m,,, W™) satisfies P- a.s.

I S LA WAL W R
_!;J/ot/p{/Df(‘ﬁmk)}wﬂ'+/Ot/Dq>(s5mk)wdemk, (3.5.3)

Let F; := o(W(s),@,s < t), then (O, F, (Fi)i>0,P), $, W) is a strong martingale solution of

(P).

Proof We have proved in Lemma 3.4.1 that the sequence of measures (u),,>1 associated
with the approximation scheme (¢;,, W) is weakly compact in X'. Thus, by a direct applica-
tion of the Skorohod Theorem Proposition 3.A.8, (i), (ii) and (iii) are proved.

For the proof of (v) we define the following processes
t
Mu(®) = [ enOyw; = [ on(Ow;+ [ [ VenVu,
D D 0o JD

/Ot/Df<90m)wj+|11)|/0t/D{/Df(<Pm)}wjdx.

e R R AR o R
o b LU 1@y

Lemma 3.5.2
N - -t 2 - N t
W 0, 96,0 =Y [ ([ @) ds, K 05i(0) = [ Quuyas
=1
are (F;)-martingales.

We first show the following result. For a Banach space X we define the restriction operator
pe: C([0,T]; X) — C([0,t; X), pef = fliog-
In order to prove this result, let us fix times, s,t, € [0,7] such that s < ¢t and let

h: Xslj,q) X Awlo,s) = [0, 1]



3.5. The limit as my tends to infinity

be a continuous function.
Since

— lﬁ; / t [ @lemusds

it follows that the processes

M (1), M2(t) —g/ot (/D @lw]) ds, Mp(t / Dw;ds

are (F;)-martingales ([14] p.26) and hence, for all ¢ > s, there holds
]E[h(ps(Pm7psW)(Mm(t) — Mo (s))] =0, (3.5.4)

E[h(psom, psW Z/S /Cbz om(s))w;)?
M@+ 3 [ et =0, 659

Bl (pum, W) (Man(0)1(0) — [ [ @1liom(s))u
M)+ [ [ @lome)ul =0 (356)
Using the equality of laws which means that we have that
(10, 057 (Vi (1) — W (5))] =0, (35.7)

E[h sPmys ST ./\;l?nk —OO ' D) (P, (s wjz
(o paTV) (i (0= 32 [ @1 (51

s [ D) (P, (5))w;)?)] =0, 3.5.8
)+ 3 [ (], @i (i) (353)
Blh(puPme 0 W) o (05 = [ [ @1 ()

M, ( 5l+/ / Dy (P, (s))w;)] = 0. (3.5.9)

This completes the proof of Lemma 3.5.2.
Thus,
¢
£) = / / D (B, )y dW.
0o JD

Next we show that ((Q), F, (F;)i>0,P), $, W) is indeed a strong martingale solution. We will
use that all uniform estimates for ¢,, are valid for @,,,. Hence, @,,, belongs to a bounded
set of L2(Q), L>°(0,T;V)) N L?(Q), L2(0,T; H?>(D))). Thus there exists a subsequence which
we denote again by my and a function ¢ € L2(Q), L2(0,T; H?(D))) N L?(Q), L>=(0,T; H*(D)))
such that :

@m, — @ weakly in L*(Q, L*(0,T; H*(D))), (3.5.10)
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Gm, — ¢ weak-star in L*(Q), L>°(0,T; H'(D))). (3.5.11)

Since from (3.5.1), @, — @ in L?(0,T;V) a.s., from (3.3.40) we deduce that

([ 1800

By Lemma 3.A.15 which is deduce from the Vitali theorem ( Lemma 3.A.14) we conclude that

E <T’E sup | @m,lly < K.

te(0,T)

Bmy, — @ strongly in L*(Q; L*((0,T); V). (3.5.12)

Finally we conclude that there exists a subsequence of {@,,, } which we denote again by {@p,, }
such that

|Bm, — B> =0 forae. (w,t) e Qx[0,T]. (3.5.13)
Let y be an arbitrary bounded random variable, and let i) be an arbitrary bounded function on
(0,T). Next we multiply the equation (3.5.3) by the product yi) and we integrate from 0 to T,

we take the expectation and remark that the linear combinations of w; are dense in V' N L*(D),
to obtain

IE/OTW(t)/D%k(t)w—lE/OTyw(t)/Dwo,mkw
:E/Tyw(t)/t/ A@mkaE/TW(t)/t/ F(@m)w
0 [ 1 o [ a0 [ i

(3.5.14)
for all w € VN LY(D).

3.5.1 Convergence of the elliptic term

Applying the Holder inequality, we obtain

[ o) [0 apul < B [ w) [ [ Vuv(en, -9)

< Ilim@IYOlmonTE [ [ |70V (@m, -~ 5)
e o) (e[ fon o)
<

cT(//Vgomk— )),

which in view of (3.5.12), tends to zero as my, tends to infinity.
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3.5.2 Convergence of the reaction term and the nonlocal term

Since by (3.5.12) @m, — ¢ dans L2(Q; L2((0,7);V)), it follows that there exists a subse-
quence of {@,, } which we denote again by {@,,, } such that

Bm, — ¢ ae. in Qx (0,T) x D.
Moreover it follows from the continuity of f that,

f(@m,.) — f(@) ae. in Qx(0,T)x D.
In adddition, using (3.5.10) and the Sobolev embedding of H?(D) C L5(D) for d = 6,
~ 2 T ~ 2
ENf (@) aoniomy = E [ [ 17(5w,) Pdudt
T
= E[ [ |pm, — @ [t
o Jp
T
GE [ [ (Gl +18m[*)dadt
0o Jp

r 2 r 6
GE [ 18m ]+ E [ Gm o)
K. (3.5.15)

IN

IN

IA

Thus {f(Pm, ) }myen is bounded in L2(Q x (0,T) x D). Applying Lemma 3.A.15 we deduce
that

f(@m,,) = f(@) in L"(Qx (0,T) x D), forall 1<r<2.

In particular we deduce that

F(@m) — (@) in L3(Qx (0,T) x D). (3.5.16)

By Hélder inequality and (3.5.16)

|1E [ o) [ [ 1m0 - s(@w)

100 16(0) oo T (uz [ [ o —f(sf)))§>4 (E [ w4dxds>4

o) (B[ [ (066 - 1002 (3.5.17

IN

IN

which tends to zero as my — oo.
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Next we estimate the nonlocal term; to that purpose we apply Holder inequality and use

(3.5.16)
| /wa /// /f( ))wdzdsdt

9l ()]l o000 T ‘ / [ [ 7m) = 1(@)wdsds
0 (8[| ¢>|f>4<f/f/gw4>i
D (L f)
B0 L)

T
< &7) IE/ 1 (@mi) = F(B)° 4 )> — 0, asmy — oo, (3.5.18)

IN

IN

»M»—t

IN

« (B[ [ |f<¢mk>—f<sa>|%>%</D

e

NS

(VAN
PN
=
A?A
U
o h
—
=
AS)]
3
ko
|
=
@
S
i/

which tends to zero as my — oc.

3.5.3 Noise term

Before proving the convergence of the noise term, we recall some basic notions as well as a
result due to [4] Lemma 2.1 p. 5.

Definition 3.5.3 Let X be a Banach space and let {Z,} C X. We say that a {Z,,n € N}
converges in probability to Z if

Ve > O,ngrfoo]l’(HZn —Z|lx >¢)=0.

Lemma 3.5.4 Let (O, F,IP) be a fized probability space, X a separable Hilbert space. Con-
sider a sequence of stochastic bases S, = (Q, F,{F}' }+>0, P, W"), where W™ is a Q-Brownian
motion over H with respect to {F}'} . Assume that {G"}n>0 are a collection of X -valued
{FP} predictable processes such that G™ € L*(0,T;Lao(H,X)) a.s. Finally conisder S =
(Q, F {Fi}t>0,P,W) and G € L*([0,T), L2.o(H, X)) a.s., which is F; predictable. If

G™ — G in probability in  L*(0,T; Lao(H, X)), (3.5.19)
W™ — W in probability in C([0,T]; H), (3.5.20)
then
t t
/ G dW™ — / GdW  in probability in L*(0,T; X). (3.5.21)
0 0

From (3.1.12) and (3.5.13) we have that

10(Bm,) — DB 2, a1y < Callun, = Ellv =0 for aue. (w,t) € A x (0,7,
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(3.5.22)

On the other hand,

IN

_ [T
CoE [ (14 18m I)
< 5T (3.5.23)

_ [T
E [ 190k, gt

where we have used (3.1.11) and Lemma 3.3.8.

Thus, || D(Bmi )l 2, o (#,v) 18 bounded in L4(Qx (0,T)). Using Lemma 3.A.15 which is deduced
from the Vitali convergence theorem we deduce that,

D (G, ) — P(@) in L*(C; L*(0,T; Lag(H,V)). (3.5.24)

This implies that the folllowing convergence holds in probability by Proposition 3.A.11 (i),
®(Gm, ) — ®(@) in probability in L*(0,T; La.q(H,V)). (3.5.25)

In addition, by (3.5.2) and the fact that the a.s. convergence implies the convergence in
probability we have that

W™ — W in probability in C([0,T]; H). (3.5.26)
Combining (3.5.25),(3.5.26) and applying Lemma 3.5.4 yields :
t t
/ D(@Gp,, )AW ™ — / ®(@)dW, in probability in L?(0,T;V). (3.5.27)
0 0
This implies by Proposition 3.A.11 (iii) that up to subsequence
t B t B
/ D(Bpy, )AW ™ — / ®(@)dW, as.in L*(0,T;V). (3.5.28)
0 0

In addition we have that by the Biirkholder inequality (3.3.27) and (3.1.10),

t
P ( sup. | <I><¢mk>dwmku4v>
0<t<T 0

2
< G4E </0 ’@(@mk)H%QQ(H,\/)dt) < Cu.

is bounded in L*(€)). From Lemma 3.A.15 we infer a strong
L2(0,T;V)

¢
Thus, / D(Byy, )AW ™
0

convergence result

/th>(¢mk)dka —>/0tcp(¢)dW, in L2(Cy; L*(0,T;V)). (3.5.29)
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Combining (3.5.12),(3.5.17), (3.5.18) and (3.5.29), we pass to the limit in (3.5.14) to deduce
that @ satisfies the equation

E/yw/ le/yw ) [ o
ZE/yMQ//A@%E/yMU//fWW
]E/ vt //{/ }w—HE/ ot // B)wdW, (3.5.30)

for all w € Hl(D) N L*(D). This implies for a.e. (w,t) € Q x (0,T) that
S etuw= [ eow
[ [ se [ [ @ g [ r@
e

(3.5.31)

that is

— o = /Ag0d5+/ s—m/{/ @}4—/

(3.5.32)
in Q) x (0,T) x D.

This concludes the proof of the main Theorem 3.2.3.

3.6 Pathwise uniqueness

Definition 3.6.1 [1/] We say that pathwise uniqueness holds for Problem (P) if the following
holds. Let X1 and Xa be two strong martingale solutions of Problem (P) defined on the same
stochastic basis with the same Wiener process and assume that X1(0) = X2(0) almost surely.
Then the processes X1 and Xo are indistinguishable, namely

P(X(t) = Xa(t),Vt > 0) =

Definition 3.6.2 We say that uniqueness in law holds true for Problem (P) provided: Let
(Q, F,(F),P), X, W) and (Q, F, (F),P), X, W) be two solutions of Problem (P) with the

same initial law. Then the two processes X and X have the same law.

Proposition 3.6.3 (Pathwise uniqueness) Suppose ¢ and 1 are martingale solutions of Prob-
lem (P) relative to the same stochastic basis (Q, F, (F:), P, W). We also suppose that oo = 1.
Then ¢ and 1) are respectively indistinguishable in the sense that

P(p(t) = (t),¥t > 0) =



3.6. Pathwise uniqueness

Proof We take the difference of those two solutions

Pt = b(t) = / Ao - wds+/ - F())ds

|D| ds/ dx(f /

We apply [t6’s formula as in Lemma 3.3.2, with

F(s, X) = ¢ Jo B0 x 2,

aF - N T)aTt

S (5. X) = =B(s)e” o PO x|,
(s, x) =20 PO,

O*F

(6, X) = 2¢” e PO,

h(s) =AM —v) + (fle) = f(¥)) -
G(s) = D(p(s)) — P(¥(s)),

and where the function B still has to be chosen. Next we take the expectation

B (R 5o —0?) = —E( [ Bl BT os) ~ p(s)]?)
2 ([ I 7 (o —p)?)

1
o1 (e = 1w))

=y t e—fosB<T>dT< £0) = 10).0 - )

B ([ ek (10 - 100 -0)

2 ([ B o (@() — D)) (5)))

([ IO o) - oW ).

For the reaction term we have that :

2 ([ B (o) — f()p— ) ) <28 ([ B PO ).

For the nonlocal term we have that :

—|12)|1E (/tefosB(r)dr/ (e )—f(w))7¢—1/1>>
- ([ el E O [ (o) - (w- 40— 0)
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:_EE (/ B (/ (¢—w)>2>
2 ([ b / F =0 [ 0-9))
:_EE (/ B (/ (90—1/1)>2>
5B ([ B[ o)+ ow o] [ (0= 0)
_ _|;|1E (/Ot o Ji B(r)dr (/[)(90—1/1))2)
+|2;|1E (/Ot e~ Jo B(r)dr (/D(SD - 1/1))2)
+T§TE ( / " e Ji B J o=0)(* + o +w2>12>
< _2|l)+2€]E (/Ote—ij(T)dT (/D(g:—w)Y)
e e s
- _2|;251E (/Ot o Jo B(r)dr (/D@—w))?)
0 ([ R PO [ (o -l

¢ s
Moreover it follows in a standard way that 2IE (/ e~ Ja B(T)dT<CI>(<p) — D), p— @b)dW(s)) = 0.

0
In view of (3.1.13) the last term can be computed as follows:

b </Ot R B(r)dT"¢(¢) _ CDW))H%Q) < CsE (/Ot e fOSB(T)dTH(p B ¢||2)

Combining all the terms in (3.6.1) and choosing ¢ small enough, we have that
t t s
Ee b PO o) 0@ < ~E( [ BRI o) (o))
0
t s
H2+ CE ([ e PO o))
0

+C ([ PO [ (o —ul?)
(3.6.2)

Choosing B(s) = C’E/ (¢ 4+ ") (2, s)dx in (3.6.2), we deduce that
D

+ t s
Ee Jo PO% o(t) —u(t)|> < (24 C5)E (/0 efoB“’dTuso—qu)-
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Applying Gronwall Lemma yields

EeJo BOE | o(5) —y(s)|2 =0, forall ¢ e (0,T),

so that for all t € (0,T) ¢(t) = 9(t) a.e. in D almost surely, which gives the pathwise
uniqueness. 0

3.7 Existence of a pathwise solution

After proving the existence and pathwise uniqueness of the martingale solution, we will apply
the Gyongy-Krylov Theorem in order to deduce the existence and uniqueness of the pathwise
solution ¢ of Problem (P).

For that purpose, we return to the sequence {p,,} of Galerkin approximate solutions relative
to the given stochastic basis (Q), F, (F;),P). We argue in a similar manner as for the compact-
ness argument for the existence of martingale solutions by considering the collections of joint
distributions g, . = fep,, X fe, -

We recall the phase space X = Xg x Xy defined by (3.4.1) and the laws p,, , pw, ™ defined
by (3.4.2)-(3.4.4). Next we define

X7 = XgxXgx Xw. (3.7.1)

We set

m

VT = U X g, X W (3.7.2)
Lemma 3.7.1 The collection {v"™"} is tight and hence weakly compact on X7.

Proof We follow the same ideas of proof as for Lemma 3.4.1. Let € € (0,1) be arbitrary. We
take B}%7 B%R as in that proof and we can therefore choose Z. = B]l{s N B%Ra, V. compact in

. 1
Xs and Ay respectively and R® = <2k1> ’ so that
1—(1-¢)s
Hon(Z2) > (1 =€), pw(Ve) > (1-e)5. (3.7.3)
We then take A° = Z. x Z. x V. which is compact in X”7. By (3.7.3), we see that
VI AT) > 1 —e.
We deduce from Definition 3.A.5 that the collection {v""} is tight so that by Prokhorov’s

Theorem it is also weakly compact in X7. O

3.7.1 Proof of Theorem 3.2.4

By Lemma 3.7.1, we may extract a subsequence {k'} such that {v* ™'} converges to an

element v/ weakly in X7. Then applying the Skorohod Theorem, we infer the existence of a
new stochastic basis S := (Q), F, (%;),[P) on which there exists two subsequences of random
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functions {@m,,} and {¢n,,} such that (@mk,,cﬁnk,,Wk/) converges a.s. in X7 to a triple
(4,8, W) where @y, satisfies

/D(ﬁmk'(t)wj_/D(po’m’“’(x)wj+/0t/Dv¢mkfij:/Ot/[)f(cﬁmk,)wj
_|11)|/Ot/D{/Df(@mk,)}wj+/Ot/qu>(@mk,)wjdwk"

and ¢, satisfies

/D(Z)”k’(t)“”_/D‘po’”k'(x)wj+/0t/DV¢nk,ij :/Ot/Df(@nk,)wj
b [ b+ [ @i

In addition, we define the following probability measures

() = P((mygs By WF) €) and V() = B((5,8,W) €.). (37.4)
Note that in particular, Heom,, n,, CONVErges weakly to the measure p, defined by:

po() =P((2,¢) € ).

Let 2y = (Pmy, W), 2 = (¢n,,, WF) and 2 = (¢, W), ¥ = (¢, W). We remark that both
¢ and ¢ are two martingale solutions of (P) over the same stochastic basis (Q), F, (F;), P).
Recalling that $(0) = ¢(0) = g, we deduce from the pathwise uniqueness result (Proposition
3.6.3) that ¢ = ¢ in X a.s. In other words,

po({(z,y) € Xs x Xs 1z =y}) =P(p =9 in Xs) =1.

Reasoning as Gyongy-Krylov [12](proof of Lemma 1.1), we conclude that the sequence of
solutions of the Galerkin approximate problem {@,,} is a Cauchy sequence which converges to
P = @ = ¢ alsmost surely in X's as m — oo.

In view of Gyongy-Krylov [12](Lemma 1.1 p.144, cf. Proposition 3.A.9), the original sequence
{¢m} defined on the initial probability space (Q,F, (F;),IP) converges to ¢ := ¢ = ¢ in X,
ie.

Om — @ as. in L2(0,T;V)nc([0,T]; V).

Finally, by Proposition 3.5.1 we conclude that ¢ is the unique pathwise solution of Problem

(P).



3.A. Appendix

3.A Appendix

Definition 3.A.1 Suppose that X is a separable Hilbert space. Given p > 2, € (0,1), we
define the fractional derivative space WP(0,T; X ) as the Sobolev space of all u € LP(0,T; X)

such that
T ’U Xd d
/ / ]t—s|1+0‘1’ tds < oo,
endowed with the norm

T u(?) X
HuHWap(OTX / ‘p dt"’/ / ‘t—5|1+O‘p dtds.

We also use the space

d
Wl2(0,T; X) = HY(0,T; X) = {u e L*(0,T; X) : = € L*(0,T; X)},

dt
with its usual norm
el oy = [ (o) s + [ |5 (3:1)
Note that for o € (0, %),
HY(0,T; X) € W*2(0,T; X)
lullwo 2075 < Cllulla 0.1 (3-4.2)

Lemma 3.A.2 (c¢f.[7] Theorem 4.6 p.91) Let &y C € C & be Banach spaces with the injections
being continuous and &y, &1 reflexive such that the embedding from &y into £ is compact. Let
p € (1,00) and a € (0,1) be given. Let Y be the space

Y= Lp(()? T 50) N Woz,p(o, T 51)7
endowed with the natural norm. Then the embedding of Y in LP(0,T;E) is compact.

Lemma 3.A.3 (¢f.[7] Lemma 4.3 p.91) If € C € are two Banach spaces with & compactly
embedded in € and p € (1,0), a € (0,1] are such that ap > 1, then the space W*P(0,T;E) is
compactly embedded into C([0,T];E).

Lemma 3.A.4 (Chebyshev’s inequality) If X is a random variable and 1 < 6 < oo, then
(cf.[6] p-14) 1
P(|X| > \) < FJE(|XW) for all X > 0.

Definition 3.A.5 Suppose (X,d) is a complete separable metric space with B(X) its associ-
ated Borel o- algebra. Let Cy(X) be the set of all real-valued continuous bounded functions on
X, and let Pr(X) be the set of all probability measures on (X,B(X)). A collection A C Pr(X)

is tight if for every € > 0 there exists a compact set K. C X such that

p(K:) >1—¢e, forallpe A.
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In particular, a sequence {jm}m>0 C Pr(X) is tight if for every e > 0 there exist mg > 0 and
a compact set K. C X such that

pm(K:) >1—¢, for all m > my.

A sequence {pim tm>0 C Pr(X) converges weakly to a probability measure pu if
/ fdu, —>/ fdp,  for all f € Cyp(X).
X X

The tightness property is a criterion for the compactness of probability measures. More pre-
cisely, one has the following result.

Proposition 3.A.6 (Prokhorov’s Theorem) A collection A C Pr(X) is weakly compact if and
only if it is tight.

Theorem 3.A.7 (Tychonoff’s theorem)
The product of any collection of compact topological spaces is compact with respect to the product
topology.

Proposition 3.A.8 (Skorokhod’s Theorem - cf.[1]) For an arbitrary sequence of probability
measures by, on X a separable Banach space, equipped with its Borel o algebra, weakly conver-
gent to a probability measure u, there exists a probability space (Q, F, If)) and random variables
Yy, Y with values in X, such that

(i) The probability law of Yy, is fim.
(ii) The probability law of Y is p.
(iii) lim Y,, =Y, P-a.s.
m—0o0
Proposition 3.A.9 (Gyongy-Krylov Theorem) A sequence of X- valued random variables
{Yo}n>0 converges in probability if and only if for every sequence of joint probability laws,

{ttmy, ny. Y o0 there exists a further subsequence which converges weakly to a probability measure
w such that

p{(z,y) e X x X rw=y}) =1

Proposition 3.A.10 (Yamada-Watanabe [18]) Pathwise uniqueness implies uniqueness in the
sense of probability law.

Proposition 3.A.11 The following implications hold

(i) Let p > 0 be arbitrary. Z, converges to Z in LP(Q x (0,T); X) implies that Z,, converges
to Z in probability in LP(0,T; X).
(i) Zy, converges to Z a.s. in LP(0,T;X) implies that Z, converges to Z in probability in
LP(0,T; X).
(iii) Z, converges to Z in probability in LP(0,T;X) implies that, up to a subsequence, Z,
converges to Z a.s. in LP(0,T; X).
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Uniform integrability, Vitali theorem

This part is taken from [14], we refer also to [16] and [9].

Definition 3.A.12 (Uniform integrability) Let (A, F,u) be a finite mesure space. A sequence
of functions {u,} C L*(u) is called uniformly integrable if for each € > 0 there exists § > 0
such that

<e€

[ wn(@)dnta)
E
for alln € N and E € F such that u(E) < 4.

We can write the following result [14].

Lemma 3.A.13 Let (A, F,pu) be a finite mesure space. Let a sequence {u,} C L'(u) be
bounded in LP(p) for some p > 1. Then it is uniformly integrable.

In real analysis and measure theory, the Vitali convergence theorem is a generalization of the
better-known dominated convergence theorem. It is a strong condition that depends on the
uniform integrability. It is useful when a dominating function cannot be found for the sequence
of functions in question; when such a function can be found, Lebesgue’s dominated convergence
theorem follows as a special case of Vitali’s theorem.

Lemma 3.A.14 (Vitali) Let (A, F,pn) be a finite mesure space. Suppose that {u,} are LP
integrable on a finite measure space, where 1 < p < co. Suppose that

(i) {un} converges to u a.e. in A,
(ii) the sequence {|un|P} is uniformly integrable.

Then u, — u in LP(u), i.e.

lim . [un () —u(z)Pdu(z) =0

n—oo

A typical application of Vitali’s lemma is provided by the next result.

Lemma 3.A.15 We suppose that
(i) up — u a.e. in A;
(i) wy is uniformly bounded in LP(p), forp >1 .

Then
up, = u in L'(p) forallr € [1,p).
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