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Résumé

Dans cette these nous nous intéressons aux flots de Monge-Ampere complexes, a leurs
généralisations et a leurs applications géométriques sur les variétés hermitiennes compactes.

Dans les deux premiers chapitres, nous prouvons qu’un flot de Monge-Ampeére complexe
sur une variété hermitienne compacte peut étre exécuté a partir d’'une condition initiale
arbitraire avec un nombre Lelong nul en tous points. En utilisant cette propriété, nous con-
firmons une conjecture de Tosatti-Weinkove: le flot de Chern-Ricci effectue une contraction
chirurgicale canonique. Enfin, nous étudions une généralisation du flot de Chern-Ricci sur
des variétés hermitiennes compactes, le flot de Chern-Ricci tordu. Cette partie a donné
lieu & deux publications indépendantes.

Dans le troisieme chapitre, une notion de C-sous-solution parabolique est introduite
pour les équations paraboliques, étendant la théorie des C-sous-solutions développée récem-
ment par B. Guan et plus spécifiquement G. Székelyhidi pour les équations elliptiques. La
théorie parabolique qui en résulte fournit une approche unifiée et pratique pour 1’étude
de nombreux flots géométriques. Il s’agit ici d’une collaboration avec Duong H. Phong
(Université Columbia )

Dans le quatriéme chapitre, une approche de viscosité est introduite pour le probléme
de Dirichlet associé aux équations complexes de type hessienne sur les domaines de C™. Les
arguments sont modélisés sur la théorie des solutions de viscosité pour les équations réelles
de type hessienne développées par Trudinger. En conséquence, nous résolvons le probleme
de Dirichlet pour les équations de quotient de hessiennes et lagrangiennes spéciales. Nous
établissons également des résultats de régularité de base pour les solutions. Il s’agit ici d’une
collaboration avec Stawomir Dinew (Université Jagellonne) et Hoang-Son Do (Institut de
Mathématiques de Hanoi)

Mots clés

Equations de Monge-Ampére complexes, flot de Kihler-Ricci, flot de Chern-Ricci, variétés
hermitiennes.
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Abstract

In this thesis we study the complex Monge-Ampere flows, and their generalizations and
geometric applications on compact Hermitian manifods.

In the first two chapters, we prove that a general complex Monge-Ampeére flow on
a compact Hermitian manifold can be run from an arbitrary initial condition with zero
Lelong number at all points. Using this property, we confirm a conjecture of Tosatti-
Weinkove: the Chern-Ricci flow performs a canonical surgical contraction. Finally, we
study a generalization of the Chern-Ricci flow on compact Hermitian manifolds, namely
the twisted Chern-Ricci flow. This part gave rise to two independent publications.

In the third chapter, a notion of parabolic C-subsolution is introduced for parabolic
non-linear equations, extending the theory of C-subsolutions recently developed by B. Guan
and more specifically G. Székelyhidi for elliptic equations. The resulting parabolic theory
provides a convenient unified approach for the study of many geometric flows. This part
is a joint work with Duong H. Phong (Columbia University)

In the fourth chapter, a viscosity approach is introduced for the Dirichlet problem
associated to complex Hessian type equations on domains in C". The arguments are
modelled on the theory of viscosity solutions for real Hessian type equations developed by
Trudinger. As consequence we solve the Dirichlet problem for the Hessian quotient and
special Lagrangian equations. We also establish basic regularity results for the solutions.
This part is a joint work with Stawomir Dinew (Jagiellonian University) and Hoang-Son
Do (Hanoi Institute of Mathematics).

Keywords

Complex Monge-Ampere equations, Kéhler-Ricci flow, Chern-Ricci flow, Hermitian mani-
folds.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Kahler-Einstein metrics and complex Monge-Ampeére equations

The study of special Kéhler metrics on compact Kéhler manifolds, pioneered by Calabi
in the 1950’s, has been a guiding question in the field ever since. This led to an impres-
sive number of remarkable developments, among which the solution by Yau of the Calabi
conjecture in the late 1970’s [Yau78] was one of the consummate achievements.

Let us start with a compact complex manifold X equipped with a Hermitian metric
9,i- The associated (1,1)-form is defined in local coordinates by

w = igj,;dzj AdzF.

We say that the metric g is Kéhler if dw = 0. We define an equivalent relation on closed
real 2-forms on X: 7’ is cohomologous to 7 if n — 7' is exact, then we denote by {n} the
equivalence class of 7. It follows from the dd-lemma that any other Kéhler form @ € {w}
can be written as -
@0 =w +100¢p.
The Ricci curvature of w is locally defined by
Ric(w) = —id0log det(g;z)-

If @ is another Kéhler form on X, then

n

Ric(w) — Ric(@) = —idd log % (1.1.1)

thus Ric(w) and Ric(@) are cohomologous. The cohomology class of Ric(w) defines ¢;(X),
the first Chern class of X, which does not depend on w but only on the complex structure
of X.
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One of the questions initiated by Calabi was that any representative of ¢;(X) is the
Ricci form of a (unique) Kéhler metric in any given Kéhler class. Precisely, let (X,w) be
a Kihler manifold, and R be a (1,1)-form on X which is cohomologous to Ric(w), can
we find another Kihler form & € {w} such that Ric(@) = R? This Calabi conjecture was
proved by Yau in 1976 [Yau78] by solving the complex Monge-Ampére equation

(w+i100p)" = ef'w",
where F is the unique smooth function satisfying R = Ric(w)+i09F and [y ef'w™ = [y W™
In particular when ¢;(X) = 0, this shows the existence of Calabi-Yau metrics with vanishing
Ricci curvature.

Candidates for special metrics on Kéhler manifolds are Kéhler—FEinstein metrics that
were actually introduced in [K&h33|: a Kéhler metric w is called Kahler-Einstein metric if

Ric(w) = Aw, (1.1.2)

with A € R. A more sophisticated guess for canonical Kéhler metrics (in a given Kahler
class) is Calabi’s theory of extremal metrics which contains the Kéhler-Einstein case.

Consider the Kéhler-Einstein equation (1.1.2). The case A = 0 is the Calabi-Yau case
above, and if A # 0, after scaling, we may assume A = 4+1. In the case A = +1, we infer that
the equation (1.1.2) can be rewritten as the following complex Monge-Ampére equation

(wo + 100p)" = e T, (1.1.3)

where F satisfies Ric(wp) = Awo +i00F, for some fixed Kihler metric wo € Aep (X). It was
solved by by Aubin and Yau when A = —1 using the continuity method. The harder case
is when A\ = 1, i.e when X is Fano. The obstruction in this case is the absence of the C°
estimate along the continuity method due to the unfavorable sign in (1.1.3).

A major question is to find a necessary and sufficient condition for the existence of the
solution in this case. The precise formulation is in terms of an algebro-geometric notion of
K-stability which is well-known as the Yau-Tian-Donaldson conjecture:

Yau-Tian-Donaldson conjecture ([CDS15a, CDS15b, CDS15¢, Tial5, DS16, CSW15,
BBJ15]) A Fano manifold admits a Kdhler-FEinstein metric if and only if it is K-stable.

1.1.2 The Kahler-Ricci flow and complex Monge-Ampere flows

In Riemannian geometry, the Ricci flow, first introduced by Hamilton [Ham82], is the
evolution equation

0
2 gy = 2R, (1.1.4)
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The Ricci flow has become a key tool in differential geometry. On Kéahler manifolds, it can
be written as

S
ot

Its normalized form is the following

(t) = —Ric(w(t)), wli—o = wo. (1.1.5)

0
aw(t) = —Ric(w(t)) + Aw(t), wl|i=0 = wo, (1.1.6)
for A = 0,+1, which is the parabolic version of the Kahler-Einstein equation (1.1.2).

Bando observed that the Kéahler condition is preserved under the Ricci flow, so it is
customary to call the Ricci flow on Kéahler manifolds the Kahler-Ricci flow. He used an
important property of the K&hler-Ricci flow, namely that we can reduce it to a scalar
parabolic complex Monge-Ampére equation. Indeed, let w = w(t) be a solution of the
Kaéhler-Ricci flow (1.1.5). Along the flow, the cohomology class {w} evolves by

Gy = —a(X), {w(0)} = fwo}. (1.1.7)

This ODE has a unique solution {w(¢)} = {wo} — tc1(X). Let 6 be a smooth (1,1) form
representing —c1(X) and €2 be a volume form such that locally we have

Q=ua(z',...,2Yidz" NdzU AL Nid2™ A dz?

and ) )
100 1log 2 :=i0dloga = 0.

Writing w(t) = wo + t0 + i0dyp, the Kihler-Ricci flow becomes
AA 200 2 n
100 log Q + z@@a =300 logw(t)",

hence

N Yo%) (wo + t0 +i00p)™ \
100 (875 log O =0.

Since X is compact, the maximum principle implies that

(wo + t0 + 100p)"
Q

9¢ _
ot

log
is a constant. Therefore we are reduced to study the complex Monge-Ampére flow

Oy ~log (wo + t0 + i00p) '

ot Q
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Similarly, we can also obtain a complex Monge-Ampere flow corresponding to the nor-
malized Kéhler-Ricci flow. In particular, if the normalized K&ahler-Ricci flow starts from
wo € Acq(X), its scalar equation can be written as

Oy (wo + i00p)™
T log SO
at Og Q + )\SO?
where (2 is a smooth volume form satisfying wop = —Aid0log Q and [y Q = [y w{.

On a compact Kéhler manifold with nonpositive first Chern class, Cao [Cao85] proved
that the (normalized) Kéhler-Ricci flow converges to a metric which satisfies the Kéhler-
Einstein equation (1.1.2). The convergence of the Kéhler-Ricci flow on Fano manifolds has
been studied by many author (see for example [PS06, PSSW08, PSSW09, PSSW11, Tos10,
CS12, Szel0, CSW15] and references therein). Through the work of many authors, the
Kahler-Ricci flow became a major tool in Kéhler geometry (we refer to [SW13b, Tos18]
and references therein).

1.1.3 Analytic Minimal Model Program

In algebraic geometry, the minimal model program (MMP) is part of the birational clas-
sification of algebraic varieties. Its goal is to construct a “good” birational model of any
complex projective variety. A “good” model is a variety X satisfying either:

(1) Kx is nef, i.e Kx.C > for all curve C. In this case the variety is called a minimal
model

(2) There exists a holomorphic map 7 : X — Y to a variety Y of lower dimension such
that the generic fiber X, = 7—!(y) is a Fano manifold (i.e ¢;(X,) > 0). In this case
the variety X is called a Mori (or Fano) fiber space.

The core of the MMP consists in finding a sequence of birational maps f1,..., fr and
varieties X1, ..., X} with

x=x5x, Bxo B x, (1.1.8)

such that X}, is either a minimal model or Mori fiber space.

Recently, Song and Tian [ST17] have developed a program and studied whether the
Kahler—Ricci flow can give a geometric classification of algebraic varieties. They viewed
the Kéahler-Ricci flow as a metric version of the Minimal Model Progam (MMP), each step
of the MMP corresponding to a surgery that is used to repair a finite time singularity of
the flow and start it over again (we refer to [ST17, SW13a, SW13b, EGZ16, EGZ18| and
references therein). We follow [SW13b, ST17] to give a sketchy picture of this program:
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Step 1. Starting with a metric wp in the class of a divisor D on a variety X, we consider
the solution w(t) of the Kéhler-Ricci flow on X starting from wp. The flow exists on [0,7")
with T' = sup{t > 0|D + tKx is ample }.

Step 2. If T' = oo, then Kx is nef, hence X is a minimal model, and the Kéhler-Ricci
flow has long time existence. The normalization of the flow should converge to a canonical
generalized Kéahler-Einstein metric (cf. [ST17, EGZ18]) on X as t — oo .

Step 3. If T' < oo the Kéhler-Ricci flow deforms (X, w(t)) to (Y, wy) with possibly singular
metric wy ast — T.

(a) If dim X = dimY and Y may be singular. We consider a weak Kéhler-Ricci flow on
Y starting from wy. This flow should resolve the singularities of Y and replace Y
with another variety X ™. Then we return to Step 1 with X .

(b) If 0 < dimY < dim X, then we return to Step 1 with (Y,wy).

(¢) If dimY = 0, X should have ¢;(X) > 0. Moreover, after normalization, the solution
(X,w(t)) of the Kéahler-Ricci flow should deform to (X’,w’) where X’ is possibly
different manifold and «’ is either a Kahler-Einstein metric or a Kéhler-Ricci soliton
(i.e. Ric(w') = w' + Ly (w') for a holomorphic vector field V).

Therefore, the Kéhler-Ricci flow should construct a sequence of manifolds Xi,..., X of
the MMP, where X, is either minimal (as in Step 2) or a Mori fiber space (as in Step 3 (c)
or (d)). At the very last step, we expect that the Kéahler-Ricci flow converges to a canonical
metric. Moreover, one would like to show that the process above is continuous in Gromov—
Hausdorff topology: the KRF performs geometric surgeries in Gromov—Hausdorff topology
at each singular time and replaces the previous projective variety by a “better” model.

As in the Step 3, this program requires to restart the flow from either a singular variety
or a initial data which may not be smooth. Therefore we have to consider an appropriate
notion of weak Kéhler-Ricci flow on a singular variety. The study of degenerate complex
Monge-Ampere flows is therefore indispensable. In [ST17], [SzTol1] the authors succeeded
in running a certain complex Monge-Ampere flow from continuous initial data, while [GZ17]
is running a simplified flow starting from an initial current with zero Lelong numbers. In
[DNL17], the authors also extended the work of [GZ17] for the same flow starting from an
initial current with positive Lelong numbers. In this thesis we extend these latter works to
deal with general complex Mong-Ampere flows and initial data with zero Lelong numbers.

1.1.4 Chern-Ricci flow and geometric applications

The Chern-Ricci flow on a compact Hermitian manifold (X, wp) can be written as

0
ik —Ric(w), wle=0 = wo, (1.1.9)
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where Ric(w) is the Chern-Ricci form of w (locally we can define Ric(w) = —iddlogw™).
This is a generalization of the K&hler-Ricci flow on Hermitian manifolds. This flow was
introduced by Gill [Gilll] and has been further developed by Tosatti and Weinkove in
[TW13, TW15]. In particular, the flow can be reduced to a certain complex Monge-Ampere
flow just like the Kéhler-Ricci flow.

In [TW13, TW15] the authors gave a conjectural picture to see that whether the Chern-
Ricci flow will give us a geometric classification of compact Hermitian manifolds. On
compact complex surfaces, they proved that the Chern-Ricci flow with non-collapsing finite
time singularity can blow down finitely many (—1) curves and continue in a unique way on
a new complex surface. They conjectured that the Chern-Ricci flow performs a canonical
surgical contraction in any dimension: the Chern-Ricci flow with non-collapsing finite time
singularity can blow down finitely many exceptional divisor and continue on a new manifold
in Gromov-Hausdorff sense. In this thesis, we confirm this conjecture.

1.1.5 Other geometric flows

Besides complex Monge-Ampere flows, a number of geometric flows have been introduced
to study the structure of compact complex manifolds. The first example is the J-flow
on Kéhler manifolds which was introduced by Donaldson in the setting of moments maps
and by Chen as the gradient flow of the J-functional appearing in the Mabuchi energy.
This flow can be seen as an inverse Monge-Ampere flow. Others flows which preserves the
Hermitian property have been proposed by Streets-Tian [StT10, StT11, StT13], Liu-Yang
[LY12] and also the Anomaly flow due to Phong-Picard-Zhang [PPZ16b, PPZ16¢c, PPZ17a]
which moreover preserves the conformally balanced condition of Hermitian metrics. In
particular, the Anomaly flow appears to be a higher order version of the Kéhler-Ricci flow.

It is important to develop some new techniques to study these geometric flows and
clarify their structure from the PDE point of view. In a joint work with Duong H.
Phong [PT17], we studied fully non-linear parabolic flows which generalize complex Monge-
Ampere flows, the J-flow etc. We introduced a notion of parabolic C-subsolutions for
parabolic equations, extending the theory of C-subsolutions recently developed by B. Guan
and more specifically G. Székelyhidi for elliptic equations. The resulting parabolic theory
provides a convenient unified approach for the study of many geometric flows.

Since we eventually want to be able to deal with geometric flows on singular spaces, it
is important to study the their degenerate versions and to find some appropriate notion
of weak flows. In the case of the complex Monge-Ampére equation, one such approach,
known as the viscosity method was invented long ago in the real setting [CIL92], but
was only recently introduced for elliptic complex Monge-Ampeére equations by Eyssidieux-
Guedj-Zeriahi [EGZ11], Wang [Wan12] and Harvey-Lawson [HL09] and for complex Monge-
Ampere flows by Eyssidieux-Guedj-Zeriahi [EGZ15b, EGZ16, EGZ18]. In a joint work with
Slawomir Dinew and Hoang-Son Do, we introduce a viscosity approach for fully non-linear
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elliptic equations on domains in C™. The arguments are modelled on the theory of viscosity
solutions for real Hessian type equations developed by Trudinger [Tru90]. As consequence
we solve the Dirichlet problem for the Hessian quotient and special Lagrangian equations.

1.2 Selected results

1.2.1 Regularizing properties of Complex-Monge Ampere flows.

As mentioned in Section 1.1.3, Song and Tian [ST17] have developed a program viewing
the Kéhler-Ricci flow as a metric version of the Minimal Model Program (MMP), each
step of the MMP corresponding to a surgery that is used to repair a finite time singularity
of the flow and start it over again. This requires that the Kéahler-Ricci flow can be run
from a rough initial data. This reduces to study the smoothing property of certain Monge-
Ampere flows. In Section 2 (see also [T617]) we extended the results in [ST17, SzToll,
GZ17, DNL17] to deal with the following general Monge-Ampeére flow on a Kéhler manifold
(X,w) with arbitrary initial data:

5 = lo8 q — F(t,z,0). (1.2.1)

where (t, z, s) + F(t, 2, 5) is a smooth function on [0, T] x X x R and (0;);c[o,7] is a smooth
family of Kéhler metrics.

Theorem A. Let pg be a Og-psh function with zero Lelong number at all points. Let
(t,z,8) — F(t,z,8) be a smooth function on [0,T] x X x R such that OF/0s and OF /0t
are bounded from below.

Then, there exists a family of smooth strictly 6, — psh functions (¢¢) satisfying (1.2.1)
in (0,T] x X, with oy — o in L'(X), as t \, 0T and p; converges to g in C%(X) if ¢o
is continuous. This family is moreover unique if OF /0t is bounded and OF/ds > 0.

Moreover, we also prove the following stability result:

Theorem B. Let (t,z,s8) — F(t,z,5) be a smooth function on [0,T] x X x R such that
O0F/0s > 0 and OF /0t are bounded. Let g, @o ; be w-psh functions with zero Lelong number
at all points, such that poj; — @o in LY(X). Denote by @1, and @ the corresponding
solutions of (1.2.1) with initial condition o ; and o respectively. Then for each e € (0,T)

orj = pr in C(e, T x X) as j— +oo.

Moreover, if g and g are two continuous initial condition and ¢ and ¥ are two corre-
sponding solutions of the flow (5.2.2), then for any k > 0, for any 0 < € < T, there exists
a positive constant C(k,e) depending only on k and e such that

o = Yller e rxx) < Ok, €)llpo — Yoll Lo (xw)-
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The same results are also proved for complex Monge-Ampeére flows on Hermitian man-
ifolds in [T618] (see Section 3). Our techniques are based on pluripotential theory and a
priori estimates for Monge-Ampeére equations.

1.2.2 Geometric contraction of Chern-Ricci flow on Hermitian manifolds

As explained above, a generalization of the Kéahler-Ricci flow on compact Hermitian man-
ifolds is the Chern-Ricci flow

gtw = —Ric(w), wle=0 = wo. (1.2.2)

It has been shown in [TW15] that the maximum existence time of smooth solutions is

T := sup{t > 0|3 € C®(X) with &x + 0 > 0},

where Wy = wo + tx, with x a smooth (1,1)-form representing —cP¢(X), the first Bott-

Chern class of X.

In [TW15, TW13], assuming the existence of a holomophic map 7 : X — Y contracting
a divisor E to yp € Y, Tosatti and Weinkove proved that the solution w; of (3.5.1) converges,
ast — T, in C;2(X \ E) to a smooth Hermitian metric wr on X \ E. Moreover, there
exists a distance function dp on Y such that (Y, dr) is a compact metric space and (X, g(t))
converges in the Gromov-Hausdorff sense (Y,dr) as ¢ — T—. They conjectured that the
Chern-Ricci flow can be started on the new manifold Y with the rough initial data m.wp,
and we have backward smooth and Gromov-Hausdorff convergence (cf. [TW13, Page
2120]). In [T618] (see Section 3) we confirmed this conjecture using the smoothing property
of Monge-Ampere flows on Hermitian manifolds proved in the first part of [T618]. Precisely,
we have

Theorem C. (1) There exists a smooth mazimal solution w; of the Chern-Ricci flow on
Y forte (T,Ty) with T < Ty < 400 such that wy converges to mywr, ast — TT, in
CX.(Y \ {yo}). Furthermore, w; is uniquely determined by wy.

(2) The metric space (Y,w;) converges to (Y,dr) ast — T in the Gromov-Hausdorff
sense.

In a different direction, we introduced a generalization of the Chern-Ricci flow, namely

the twisted Chern-Ricci flow

Owy .

— = —Ric(wi) + 1, w|i=0 =wo

ot
where wy is a Hermitian metric on X and 7 is a smooth (1,1)-form. In particular, if the
manifold has negative twisted first Chern class, the twisted Chern-Ricci flow exists for all
times and converges to a twisted Einstein metric.
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Theorem D. Suppose cP¢(X) — {n} < 0. The normalized twisted Chern-Ricci flow
smoothly converges to a Hermitian metric woo = 1 — Ric(Q) + 100~ which satisfies

Ric(wso) =1 — Woo-

This also give a proof of the existence of a twisted Einstein metric in the twisted Bott-
Chern class ¢P¢(X) — {n}.

1.2.3 Fully non-linear parabolic equations on compact Hermitian mani-
folds.

Let (X, ) be a compact Hermitian manifold of dimension n, and x(z) be a real (1,1)-
form. If u € C?(X), let Afu] be the matrix with entries A[u]*; = o*™(x.m; + 9;0mu). We
consider the fully nonlinear parabolic equation,

Byu = F(A[u]) — (2), (1.2.3)

where F'(A) is a smooth symmetric function F(A) = f(A[u]) of the eigenvalues \;[u],
1 < j < n of Alu], defined on a open symmetric, convex cone I' C R™ with vertex at
the origin and containing the positive orthant I';;. We shall assume that f satisfies the
following conditions:

(1) f; > 0 for all 4, and f is concave.
(2) f(A) > —c0as A — 9T
(3) For any o < supr f and A € ', we have lim;_,o f(t\) > 0.

Fix T' € (0,00]. The following notion of subsolution is an adaptation to the parabolic
case of Székelyhidi’s [Szel5] notion in the elliptic case:

Definition 1. An admissible function u € C?**(X x [0,T)) is said to be a (parabolic) C-
subsolution of (4.1.1), if there exist constants 6, K > 0, so that for any (z,t) € X x [0,T),
the condition

FA\u(z, )] +p) —dw+7=19(z2), p+délel,, 7>-0 (1.2.4)

implies that |u|+|7| < K. Here I denotes the vector (1,--- ,1) of eigenvalues of the identity
matric.

To discuss our results, we need a finer classification of non-linear partial differential
operators due to Trudinger [Tru95]. Let I's, be the projection of T',, onto R" !,

Foo ={N =1, An-1); A= (A1, -+, A\n) €T for some A, } (1.2.5)
and define the function fo, on 'y by

foo(N) =Timy, oo f(N', An). (1.2.6)
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It is shown in [Tru95] that, as a consequence of the concavity of f, the limit is either
finite for all M € I's, or infinite for all N € I's;. We shall refer to the first case as the
bounded case, and to the second case as the unbounded case. For example, Monge-Ampére
flows belong to the unbounded case, while the J-flow and Hessian quotient flows belong to
the bounded case. In the unbounded case, any admissible function, and in particular O if
Ax] € T, is a C-subsolution in both the elliptic and parabolic cases. We have then:

Theorem E. Consider the flow (1.2.3), and assume that f is in the unbounded case. Then
for any admissible initial data ug, the flow admits a smooth solution u(z,t) on [0,00), and
its normalization 4 defined by

ti=u——= [ ua”, V=1 a" (1.2.7)

F(Alts)) = ¢¥(2) +c. (1.2.8)
The situation is more complicated when f belongs to the bounded case:

Theorem F. Consider the flow (1.2.3), and assume that it admits a subsolution w on
X x[0,00), but that f is in the bounded case. Then for any admissible data ug, the equation
admits a smooth solution u(z,t) on (0,00). Let @ be the normalization of the solution u,
defined as before by (4.1.5). Assume that either one of the following two conditions holds.

(a) The initial data and the subsolution satisfy
Du > supx (P(Afug]) — ); (1.29)
(b) or there exists a function h(t) with h'(t) <0 so that
supy (u(t) — h(t) —u(t)) >0 (1.2.10)
and the Harnack inequality
supy (u(t) — h(t)) < —Ciinfx (u(t) — h(t)) + Co (1.2.11)

holds for some constants C1,Co > 0 independent of time.

Then @ converges in C° to a function s satisfying
F(Aliso]) = ¢(2) +c. (1.2.12)

for some constant c.
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The resulting parabolic theory provides a unified approach for the study of many ge-
ometric flows, for examples the Kéahler-Ricci flow, the J-flow, complex Hessian quotient
flows, etc. As an application, we answer a question raised for general 1 < ¢ < k < n by
Fang-Lai-Ma [FLM11], and extend the solution obtained for k& = n by Collins-Székelyhidi
[CS17]:

Theorem G. Assume that (X, a) is a compact Kihler n-manifold, and fir 1 < { < k < n.
Fiz a closed (1,1)-form x which is k-positive and non-negative constants c;, and assume
that there exists a form X' = x + 100w which is a closed k-positive form and satisfies

L
k() a3 ey (WP At >0, (1213)
7j=1

in the sense of positivity of (n — 1,n — 1)-forms. Here the constant c is given by

Then the flow

admits a solution for all time which converges smoothly to a function us ast — oo. The
form w = x + i00us is k-positive and satisfies the equation

¢
cwf Aok = ch wl A,
j=1
1.2.4 A viscosity approach to the Hessian type equations

With Stawomir Dinew and Hoang Son Do [DDT17], we have developed a viscosity theory
for general complex Hessian type equations on complex domains, inspired by the theory of
viscosity solutions in the real case developed by Trudinger [Tru90].

Let © be a bounded domain in C". For any function v € C?(Q) and z € €, denote by
Hu(z) the Hessian matrix of u at z. We consider the Hessian type equation of the form

Flu] = ¢(z,u), (1.2.14)
where ¢ € C°(Q x R,R*") and F[u] = f(A\(Hu)) such that s — (., s) is increasing,

Theorem H (Comparison principle). Let ' be the ellipticity cone associated to the equation
(1.2.14). Assume that the operator Flu] = f(A(Huw)) in (1.2.14) satisfies

fec®T),f>0onT,f=0ondr,
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and

JA+ ) = fA), VAeT, peln.

Assume moreover that either
>
Py

for some positive increasing function v, or

i = Zfi/\i >v(f)inT, and ;ggw(z, ) >0
i=1

f is concave and homogeneous.
Then any bounded subsolution u and supersolution v in § to the equation (5.1.3) satisfy

sgp(u —v) < I%%X{(U —v)*,0}.

One of our main results is the solvability and sharp regularity for viscosity solutions to
the Dirichlet problem for a very general class of operators including Hessian quotient type
equations.

Theorem I. The Dirichlet problem

Flw] = f(AHw)) = (2, w(2))
u=¢ on 02

admits a continuous solution for any bounded I'-pseudoconvexr domain 2. Under natu-
ral growth assumptions on 1 the solution is Holder continuous for any Hélder continous
boundary data .

A large part of the work is devoted to complex Hessian quotient equations in domains
in C™. One of our goals in this case was to initiate the construction of the undeveloped
pluripotential theory associated to such equations. We rely on connections with the cor-
responding viscosity theory. Our findings yield in particular that the natural domain of
definition of these operators is strictly smaller than what standard pluripotential theory
would predict. We prove the following theorem:

Theorem J. Assume that 0 < 1 € C°() and uw € PSH() N L2(Q) is a viscosity

loc
ddu)" .
@ldc(u)n—k/\wk =(z) in Q. Then

subsolution of
(dd°u)™ > 9 (ddu)"F A Wk
and

1
(dd°u)* > (Z) bk

in the pluripotential sense.
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We wish to point out that nonlinear PDEs appear also in geometric problems which
are defined over domains in C" see for example [CPW17], where a Dirichlet problem for
the special Lagrangian type equation is studied. We show in Section 5.6 that our method
can be applied to solve the Dirichlet problem

Flu] .= arctan \; = h(z), on 2
] lzzl (=) (1.2.15)

u =@ on L.

where A1,..., A, is the eigenvalues of the complex Hessian Hu. We can also write F' [u] =
f(A(Hu)). We assume that ¢ € C°(0Q) and h: Q — [(n — 2)5 + 6,n%) is continuous, for
some ¢ > 0.

Theorem K. Let Q is a bounded C? domain. Let u is an bounded upper semi-continuous
function on Q satisfying Flu] > h(z) in Q in the viscosity sense and u = ¢ on 0S2. Then
the Dirichlet problem (1.2.15) admits a unique viscosity solution u € CO(£2).

1.3 Warning to the reader

The author has profited from preparing this manuscript to correct some mistakes in [T617,
To18]:

(1) In [T617, Theorem A] we need to add a condition on F' that %—? is bounded below.
This condition is only used in [T617, Proposition 2.4].

In the proof of Theorem A in [T617], we reduced %—5 > —Cy to %—I; > 0 by change
of variables. However, this reduction does not preserve the condition that %—lj is bounded
below. Therefore we need to replace [T617, Proposition 2.4] by a similar proposition with
the hypothesis %—f > —C(Cp. In this thesis, these modifications above are given in Theorem
A, section 2.1, Chapter 2 and Proposition 2.3.4.

(2) At the beginning of the proof of [T617, Proposition 2.4], we need to add a sentence
that ”Since we consider the interval time [, T], we can assume the flow starting from .,
i.e p(0,2) = ¢.”. Then we need to change:

(a) in line 1 of the proof, [¢,T] x X to [0,T —¢] x X
(b) in line 10 of the proof, t = ¢ to t =0
(c) in line 11 of the proof, tyg > ¢ to ty > 0.

In this thesis, this modification is given in the proof of Theorem 2.3.4.

(3) At the beginning of the proof of [T617, Proposition 2.7], we add a sentence that ”Since
we deal with the interval time [e, T and the bound on Oscx (p.) only depends on supy ¢
and e, we can consider the flow starting from ¢, i.e ¢(0,x) = ¢.” Then we need to change:
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(a) in line 4 of the proof, t = tot =0
(b) in line 5 of the proof, t € [¢,T] to t € [0,T — ¢].
(c) in line 7 of the proof, [e,T] x X with ¢ty > € to [0,T — ¢] with ¢ty > 0.

In this thesis, the modification above is given in the proof of Theorem 2.3.7.

(4) In the proof of [T618, Proposition], Claim 1, the term with the constant Cy should be

2 2
%fy’ opy, % instead of Cy }_, %. In this thesis, this modification is given in Claim

1, the proof of Proposition 3.3.10.

We would like to thank Nguyen Van Hoang for pointing out the errors (2) and (3) and
Tao Zheng for pointing out the error (4) in the original proofs and interesting exchanges.



Chapter 2

Regularizing properties of
Complex Monge-Ampere flows

We study the regularizing properties of complex Monge—-Ampere flows on a Kdhler manifold
when the initial data are w-psh functions with zero Lelong number at all points. We prove
that the general Monge—Ampere flow has a solution which is immediately smooth. We also
prove the uniqueness and stability of solution.

The results of this chapter can be found in [T617].

2.1 Introduction

Let (X,w) be a compact Kihler manifold of complex dimension n and o € H"'(X,R) a
Kéhler class with w € a. Let © be a smooth volume form on X. Denote by (;)cjo,7) 2
family of Kéhler forms on X, and assume that 8y = w. The goal of this note is to prove the
regularizing and stability properties of solutions to the following complex Monge-Ampere
flow ( )
Dipt 0y + ddp)"
L PV S A Bhtde o 72
ot~ %0
where F is a smooth function and (0, z) = ¢o(z) is a w-plurisubharmonic (w-psh) function
with zero Lelong numbers at all points.

(CMAF) — F(t, 2z, ¢1)

One motivation for studying this Monge-Ampere flow is that the Kaler-Ricci flow can
be reduced to a particular case of (CMAF). When F = F(z) and 6; = w + ty, where
X =1 — Ric(w), then (CMAF) is the local potential equation of the twisted Kahler-Ricci
flow

0 .
% = _ch(wt) + m,

which was studied recently by several authors.

19
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Running the Kéhler-Ricci flow from a rough initial data has been the purpose of several
recent works [CDO7], [ST17], [SzTol1], [GZ17], [BG13], [DNL17]. In [ST17], [SzTol1] the
authors succeeded to run (CM AF') from continuous initial data, while [DNL17] and [GZ17]
are running a simplified flow starting from an initial current with zero Lelong numbers. In
this note we extend these latter works to deal with general (CM AF) and arbitrary initial
data.

A strong motivation for studying (C'M AF’) with degenerate initial data comes from the
Analytic Minimal Model Program introduced by J. Song and G. Tian [ST17], [ST12]. It
requires to study the behavior of the Kéhler-Ricci flow on mildly singular varieties, and one
is naturally lead to study weak solutions of degenerate complex Monge-Ampeére flows (when
the function F'in (CM AF) is not smooth but continuous). Eyssidieux-Guedj-Zeriahi have
developed in [EGZ16] a viscosity theory for degenerate complex Monge-Ampere flows which
allows in particular to define and study the Kéhler-Ricci flow on varieties with canonical
singularities.

Our main result is the following:

Theorem A. Let pg be a w-psh function with zero Lelong numbers at all points. Let
(t,z,8) — F(t, z,8) be a smooth function on [0,T] x X xR such that %—I: and %—I; are bounded
from below.

Then there exists a family of smooth strictly 0; — psh functions (¢;) satisfying (CMAF) in
(0,T] x X, with ¢ — @o in LY(X), as t \,0F. This family is moreover unique if %—f >0
and ]%—ﬂ < C" for some C' > 0.

We further show that

« 4 converges to @ in C°(X) if o is continuous.

o (p; converges to g in capacity if g is merely bounded.

. 4 converges to g in energy if ¢ € £(X,w) has finite energy.

Moreover, we also prove the following stability result:

Theorem B. Let ¢, po,; be w-psh functions with zero Lelong number at all points, such
that o ; — @o in LY(X). Denote by ¢r; and ¢; the corresponding solutions of (CMAF)
with initial condition ¢o ; and g respectively. Then for each ¢ € (0,T)

or; — ot i CF([e,T] x X) as j— +oo.

Moreover, if pg and g are continuous, then for any k > 0, for any 0 < € < T, there
exists a positive constant C(k,e) depending only on k and € such that

1o = Yllererxx) < Ok, €)llpo — Yoll Lo (xw)-
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We also prove in Section 2.6 that one can run the Monge-Ampere flow from a positive
current representing a nef class, generalizing results from [GZ17], [DNL17].

The chapter is organized as follows. In Section 2.2 we recall some analytic tools, and
give the strategy of proof of Theorem A. In Section 2.3 we prove various a priori estimates
for the regular case. In Section 2.4 we prove Theorem A using the a priori estimates from
Section 2.3. In Section 2.5 we prove the uniqueness in Theorem A and Theorem B. In
Section 2.6 we show that the Monge-Ampeére flow can run from a nef class.

2.2 Preliminaries and Strategy

In this section we recall some analytic tools which will be used in the sequel.

2.2.1 Plurisubharmonic functions and Lelong number

Let (X,w) be a compact Kédhler manifold. We define the following operators:

d:=0+0, d°:= i((9—5)

A%

Definition 2.2.1. We let PSH(X,w) denote the set of all w-plurisubharmonic functions
(w-psh for short), i.e the set of functions ¢ € L'(X,RU{—occ}) which can be locally written
as the sum of a smooth and a plurisubharmonic function, and such that

w+ddp >0
in the weak sense of positive currents.

Definition 2.2.2. Let ¢ be a w-psh function and x € X. The Lelong number of ¢ at x is

e 9(2)
V(QO,CU) = llgll_}:};lfm

We say ¢ has a logarithmic pole of coefficient v at x if v(p, x) = 7.

2.2.2 A Laplacian inequality

Let a and w be (1,1)-forms on a complex manifold X with w > 0. Then the trace of «
with respect w is defined as

aAwn !
tr, (o) = n—
We can diagonalize o with respect to w at each point of X, with real eigenvalues A\; ..., \,

then tr, (o) = >_j Aj- The Laplace of a function ¢ with respect to w is given by
Ay = try,(ddy).

We have the following eigenvalue estimate:
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Lemma 2.2.3. If w and W' are two positive (1,1)-forms on a complex manifold X of

dimension n, then
1

()" = 2o < (55) (ot

n w

The next result is a basic tool for establishing second order a priori estimates for
complex Monge-Ampére equations.

Proposition 2.2.4 ([Siug87]). Let w,w’ be two Kdler forms on a compact complex manifold.
If the holomorphic bisectional curvature of w is bounded below by a constant B € R on X,

then we have _
try, Ric(w’)

A logtry,(w') > tro (@)

+ Btr,(w).

2.2.3 Maximum principle and comparison theorem
We establish here a slight generalization of the comparison theorem that we will need.

Proposition 2.2.5. Let p,1p € C*°([0,T] x X) be 0;-psh functions such that

0y (0 + ddcp)"

< -~z 27

at f— 10g Q F(t? Z?@)?
oY (0 + ddy)"

- > - - 7 _

8t — log Q F(t,Z7 w)7

where F(t,z,s) is a smooth function with %—f > —\. Then

sup (¢ — 1) < e max {sup(cpo — 4o); 0}- (2.2.1)
[0,T]xX X

In particular, if oo < 1o, then o < ;.

Proof. We define u(z,t) = e M(pp — ) () — et € C=([0,T] x X) where ¢ > 0 is fixed.
Suppose u is maximal at (tg, o) € [0,7] x X. If ¢ty = 0 then we have directly the estimate
(2.2.1). Assume now ty > 0, using the maximum principle, we get @ > 0 and ddSu < 0 at
(to, o), hence

—Xe M — ) + €M (G — 1) > £ > 0 and ddSiy < ddSuy.
Observing that at (to,xo)
90_¢ S F(t,ﬂﬂ}d]) - F(tvl‘a@)v

we infer that
0< F(t,l‘ﬂl}) +)\U}— [F(tal‘a(p) +)‘§0]a



2.2. PRELIMINARIES AND STRATEGY 23

at (to,z0). Since %—5 > —\, F(t,z,s) + As is an increasing function in s, hence ¢, (z¢) <
Y1, (z0). Thus u(z,t) < u(wo,to) < 0. Letting € — 0, this yields

sup (¢ — ) < M max {sup(wo — 1o); 0}-
0,T]x X X

O

The following proposition has been given for the twisted Kéhler-Ricci flow by Di Nezza
and Lu [DNL17]:

Proposition 2.2.6. Assume vy a smooth solution of (CMAF) with a smooth initial data
Yo and @y is a subsolution of (CM AF') with initial data pg which is a w-psh function with
zero Lelong number at all point: i.e o, € C*°((0,T] x X) satisfies

aQDt < l (Ht + ddcgﬁt)n
ot Q

and @; — @ in LY'(X). Suppose that pg < 1, then p; < .

- F(t7 Z, ()Ot)7

Proof. Fix € > 0 and note that ¢ — 1) is a smooth function on [¢,7] x X. It follows from
Proposition 2.2.5 that

po—1 < e max {Sl)l(p( — Ve); }

By hypothesis ¢y € C°([0,T]x)X, hence for any ¢ > 0 there exists ¢y > 0 such that
Ye(x) > o(x) — 0 for all x € X and € < ¢y. This yields

lim sup(pe — 1) < hm SUP( — o) +

e—0 x

Since ¢; converges to g in L'(X) as t — 0, it follows from Hartogs’ Lemma (see for
instance [Hor94, Theorem 3.2.13])

lim Sup(sof o) < S&p(wo =) <0

e—0

Therefore for any § > 0, we have

lim sup(pe — ) < 0,

e—0 x
hence
lim SUp(ipe = ve) <
This implies that ¢; <y forall 0 <t < T. ]

Remark 2.2.7. Note that if g has some positive Lelong numbers, we cannot expect the
existence of a smooth solution ¢; in (0,7] x X (see [DNL17, Theorem Al).
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2.2.4 Evans-Krylov and Schauder estimates for Monge-Ampeére flow

The Evans-Krylov and Schauder theorems for nonlinear elliptic equations
F(D%*u) = f

with F' concave, are used to show that bounds on u, D?u imply C% on u for some o > 0 and
higher order bounds on u. There are also Evans-Krylov estimates for parabolic equations
(see [Lie96]), but the precise version we need is as follows

Theorem 2.2.8. Let U € C" be an open subset and T € (0,+00). Suppose that u €
C*([0,T] x U) and (t,x,s) — f(t,x,s) is a function in C([0,T] x U x R), satisfy
2

0
log det <8 au, ) + f(t, z,u). (2.2.2)

250z

ou_

ot

In addition, assume that there is a constant C' > 0 such that
ou
sup (|u| + " + |Vu| + |Au|) <C.
(0,T)xU ot

Then for any compact K € U, for each ¢ >0 and p € N,

[uller(e,mx k) < Co-
where Co only depends on C and || f||ca(o,r)xi7x[~c )y for some ¢ = p — 2.

The proof of this theorem follows the arguments of Boucksom-Guedj [BG13, Theorem
4.1.4] where the function f is independent of w.

First of all, we recall the parabolic a-Hélder norm of a function f on the cylinder
Q=Ux(0,T):
fllca) = lIfllcoq) + [flaq

JX) - f(Y

fagie sy VXS0
xyeQx2y pHX,Y)

is the a-Hélder seminorm with respect to the parabolic distance

where

p((x,t), ((L‘l,t/» = ‘{/C - ‘T/| + |t - t/’1/2'
For each k € N, the C*®-norm is defined as
W llerag) = HD?D{Zcha(Q)‘
|m[+25<k

If (wi)ie(o,r) is a path of differential forms on U, we can similarly define [wi]q,q and
||wt|[ch.e(q), With respect to the flat metric wy on U.

The first ingredient in the proof of Theorem 2.2.8 is the Schauder estimates for linear
parabolic equations.
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Lemma 2.2.9. ([Kry96, Theorem 8.11.1],[Lie96, Theorem 4.9]) Let (wt)ie(o,1) be a smooth
path of Kahler metrics on U and wy be the flat metric on U. Define Q@ = U x (0,T), and
assume that u, g € C*°(Q) satisfy

<§t — A — c(t,x)) u(t, ) = g(t, ),

where A; is the Laplacian with respect to wy. Suppose also that there exist C > 0 and
0 < a <1 such that on Q we have

C twy < w < Cuy, lellcag) < C and [wia,g < C.

Then for each Q' =U' x (¢,T) with U" € U, we can find a constant A only depending on
U', € and C such that

[ullcz.e gy < Alllullcogy) + [l9llca(g))-

The second ingredient in the proof Theorem 2.2.8 is the following Evans-Krylov type
estimate for complex Monge-Ampere flows.

Lemma 2.2.10. (/Gill1, Theorem 4.1]) Suppose u,g € C*(Q) satisfy

2

0%u
log det t
Og € az‘?agk + g( 7‘7;)7

ou _

ot

and assume also that there exists a constant C > 0 such that

0%u 0g
-1 < < " gl < C.
C <3Zj32k>c and 9t + |dd°g| < C

Then for each Q' = U’ x (e,T) with U' € U an open subset and ¢ € (0,T), we can find
A>0and0< a <1 only depending on U', e and C such that

[ddCU]le < A.
Proof of Theorem 2.2.8. In the sequel of the proof, we say that a constant is under control
if it is bounded by the terms of C,e and || f|[ca (o, r1x 0 x[—-c,c1)-

Consider the path w; := ddu; of Kéhler forms on U. Denote by wy the flat metric on
U. It follows from (2.2.2) that

ou

wl =e — — wiy.
t Xp(@t f) U
ou

Since g7 — f is bounded by a constant under control by the assumption, there exists a
constant C'; under control such that C| 1wﬁ <wit < Crwpy. It follows from the assumption
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that tr,,, w; is bounded. Two latter inequalities imply that Cy Lor < wy < Cowy for some
Cy > 0 under control by considering inequalities of eigenvalues. Set g(t,z) := f(t,x,u).
Since C;le < w < Cowy and
ou
sup (lul+ |57 |+ Vul + 18] < .

(0,T)xU ot
we get ‘%‘ +|dd¢g| < C5 with C5 under control. Apply Lemma 2.2.10 to (2.2.2), we obtain
[dd“u]q g is under control for some 0 < a < 1.

Let D be any first order differential operator with constant coefficients. Differentiating
(2.2.2), we get

d of
(at — A - 83) Du = Df, (2.2.3)

with |u| + |Vu| + + |Au| and [dd°u],,q are under control, so C° norm of Du is under
control. Applying the parabolic Schauder estimates (Lemma 2.2.9) to (2.2.3) with c(t,x) =

%(t, x,u), the C** norm of Du is thus under control. Apply D to (2.2.3) we get

ou
ot

9 of 2 2 o(Df) %y 02Du
S A=) p2 = D2+ 2D Dul
<8t t as> " URBRR “+Zk:( i) 520
0’ 2 of

where the parabolic C“ norm of the right-hand side is under control. Thanks to the
parabolic Schauder estimates Lemma 2.2.9, the C>® norm of D?u is under control. Iter-
ating this procedure we complete the proof of Theorem 2.2.8. ]

2.2.5 Monge-Ampeére capacity
Definition 2.2.11. Let K be a Borel subset of X. We set

Cap,(K) :sup{/ MA(¢); g € PSH(X,w),0 < p < 1},
K

Then we call Cap,, is the Monge-Ampeére capacity with respect to w.

Definition 2.2.12. Let (¢;) € PSH(X,w). We say that (¢;) converges to ¢ as j — +00
in capacity if for each € > 0

lim Capy(lp; —¢| <e)=0.

j—+o0
The following Proposition [GZ05, Proposition 3.7] states that decreasing sequences of
w-psh functions converge in capacity.

Theorem 2.2.13. Let ¢,p; € PSH(X,w) N L>®(X) such that (¢;) decreases to ¢, then
for each e >0
Cap,({g; >¢+e}) =0 asj— +oo.
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2.2.6 Monge-Ampere energy

The energy of a w-psh function has been introduced in [GZ07] and further studied in
[BBGZ13]. For ¢ € PSH(X,w) N L>*(X), the Aubin-Yau energy functional is

1 n oo i
B(¢) :—szo/)(¢<w+dd oY AW,

V::/ w™.
X

E(¢) == inf {E(¥); ¥ € PSH(X,w) N L®(X), ¢ <}

where

For any ¢ € PSH(X,w), we set

Definition 2.2.14. We say that ¢ € PSH(X,w) has a finite energy if E(¢) > —oo and
denote by £'(X,w) the set of all finite energy w-psh functions.

Let (01)¢cfo,r) be a family of Kéhler metrics on X and € be a smooth volume form. We
consider the following complex Monge-Ampeére flow

= - F
at Q (t,Z,(’D),

(CMAF)
©(0,.) = ¢o.
We set w; = 0, + dd°y;.
Definition 2.2.15. Suppose ¢; is a solution of (CMAF’). The energy for ¢, is

1

E(pr) == Ep,(pr) = CESNG Z/X i (00 + ddpy)) N O}
7=0

In particular, when 6; = w for all t € [0, 7] we get the Aubin-Yau energy functional.

2.2.7 Reduction to %—f >0

We now consider the complex Monge-Ampere flow

890t (Qt + ddc(pt)n
- =] AR . A
ar 08 Q

where F'(t,z,s) € C*°([0,T] x X x R,R) with

(CMAF) - F(t, 2, ¢),

oF
- > -
0s — C
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for some C' > 0.

First of all, we observe that it is sufficient to prove Theorem A with F satisfying
F(t,z,s) € C*([0,T] x X x R,R) and s — F(t,z,s) is non-decreasing. Indeed, assume
that ¢y is a solution of (CMAF') with 0F/0s > —C. By changing variables

o(t,2) = "'p(BH1 — e ), 2),

we get _
% o (0 + ddp)™
ot~ T 0

1—e—Bt and
B

- F(ta Z, ¢t)7

where 0, = Bt

F(t7 & S> - 7BS + Bnt + F(B_l(l - e_Bt)a Z> e_BtS) .

We thus have ~

OF OF _p —Bt

—=-B+4+— >-B-C .

0s * Bs © - ¢
Choosing B < 0 such that —B — Ce B > 0 or —BeP! > C for all t € [0,T], we get
the desired equation. Note that we can not always choose B for any T' > 0 because the

maximal value of —BeBT is 1/eT at B = —1/T, but in our case we can assume 7' is small
enough such that C' < 1/eT. Finally we obtain the equation

Oy (0: + ddp)" -

— =log—FF1——— — F(t

at Og Q ( ? Z? ¢t)’

where $(0, 2) = g and F/ds > 0.

2.2.8 Strategy of the proof

We fix w a reference Kéahler form. Since we are interested in the behavior near 0 of the
flow, we can assume that for 0 <¢ < T

% < 0, < 2w, (2.2.4)
and there exists ¢ > 0 such that
ST <o <60, V€ [0,T).
We consider the complex Monge-Ampere flow

0oy (0 + dd o)™
L —og~t——— Y P(t

at Og Q ( ’Z) SO)’

where F(t,z,s) € C=([0,T] x X x R,R) is such that either 2 > 0 or —C < 2€ < 0,

for some C' > 0 and %—f is bounded from below. Our first goal is to show the following
generalization of [GZ17, DNL17]:

(CMAF)
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Theorem 2.2.16. Let pg be a w-psh function with zero Lelong numbers. There exists a
family of smooth strictly 6, — psh function (@) such that

8% (9t + ddc(pt)n
T og O Pt
8t Og Q ( 7’27 @t)
in (0,T) x X, with ¢ — @o in LY(X), as t \, 0. This family is unique if C = 0 and

|%| < ' for some C' > 0. Moreover, ¢; — ¢ in energy if ¢ € EY(X,w) and ¢; is
uniformly bounded and converges to g in capacity if oo € L>=(X).

The strategy of the proof is a follows:

o We first reduce to the case when %—f > 0 following Section 2.2.7.

+ Approximate oo by a decreasing sequence (g ;) of smooth and strictly w-psh func-
tions by using the regularization result of Demailly [Dem92, BKO07]. There exists
unique solutions ¢; ; € PSH(X,w)NC>(X) to the flow above with initial data g ;.

o We then establish various priori estimates which will allow us to pass to the limit as
j — 0o0. We prove for each 0 < e < T"

(1) (t,2,75) = ¢1,j(2) is uniformly bounded on on [e,T] x X x N,
(2) (t,2,4) = ¢¢;(2) is uniformly bounded on [e,T] x X x N,
(3) (t,2,4) = Aupr j(2) is uniformly bounded on [, 7] x X x N.
o Finally, we apply the Evans-Krylov theory and Schauder estimates to show that

r; — @p in C°((0,T] x X), as j — 400 such that ¢, satisfies (CMAF). We then
check that ¢; — ¢ as t — 07, and also study finer convergence properties:

(1) For ¢g € L*(X), we show that ¢, — g in L}(X) as t — 0.
(2) When ¢ is bounded, we show that ¢; — ¢ in capacity.

(3) When ¢q € £1(X,w), we show that ¢, converges to g in energy as t — 0.

2.3 A priori estimates

In this section we prove various a priori estimates for ¢, which satisfies

0 + ddp)™
%_log(ﬁ' ©t)

ot - 0 —F(t,Z,QO)
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with a smooth strictly w-psh initial data g, where (¢, z,s) — F(t,z,5) € C°([0,T] x X X
R,R) with %—I; > 0. Since we are interested in the behavior near 0 of (CMAF), we can
further assume that

0, —t0; >0 for 0 <t <T. (2.3.1)

This assumption will be used to bound the ¢; from above.

2.3.1 Bounding ¢,

Lemma 2.3.1. We have
Pt g Ct + max{sup ©o, O}a

where C = —inf ¢ x 0.7 F(t,7,0) + nlogd.
Proof. Consider ¢, = Ct, where C' = —inf,cx sc(0.1) F(t,2,0) + nlogd. Thus we have

(0 + dd )"

1
og q

971
= logﬁt < nlogé.
Now F(t,z,¢:) > F(t,2,0) > inf.cx e F(t,2,0), since we assume s — F(.,.,s) is
increasing. Therefore

W5 G AU iy, 00,

Applying Proposition 2.2.5 for ¢; and v, we get ¢y < Ct + max{sup o, 0}. O

We now find a lower bound of ¢; which does not depend on infx ¢g. First, we assume
that 6; > w + tx, Vt € [0,T7], for some smooth (1,1)-form x. Fix 0 < f < 400 and 0 < «
such that

X+ (26 —a)w > 0.

It follows from Skoda’s integrability theorem [Sko72] that e~2%%0w™ is absolutely continuous
with density in LP for some p > 1. Therefore Kotodziej’s uniform estimate [Kot98] implies
that there exists a continuous w-psh solution u of the equation

o (w+ ddu)" = eo‘”_%%w",

which satisfies
|ul| L (x) < C,

where C depends only on ||6_25900||LP(X), for some p > 1.

Remark 2.3.2. Since ¢q in this section plays the role of smooth approximation g ; (in
Section 1.8) for initial data with zero Lelong numbers, the uniform version of Skoda’s
integrability theorem [Sko72] yields the uniform bound to ||e~28%0.j |r(x) and [|u]| g (x)-
This is where we use the crucial assumption in Theorem 2.2.16 that the initial condition
has zero Lelong numbers at all points.
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Assume that ¢; is solution of the following equation

oJon (w+tx + dd°¢)"
a, log )
ot W™

$(0,.) = o.
By Lemma 2.9 in [GZ17] we have
oe(z) > (1 = 2Bt)po(z) + atu(z) + n(tlogt —t). (2.3.2)
Using this we have the following lemma:
Lemma 2.3.3. For all z € X and t € (0,T], we have
wi(z) > de(z) + At > (1 —28t)po(2) + atu(z) + n(tlogt —t) + At, (2.3.3)
where A depends on supy @o and u € C%(X) as defined above satisfies
lullrx) < Ol [le0 Lo (x))-
In particular, there exists c¢(t) > 0 such that
pi(2) = po(z) — c(t),
with c¢(t) 0 as t N\, 0.

Proof. There is o > 0 such that o~ 'w” < Q < ow™, so we may assume that

000 o (bt dd°6)"
ot Q

Thanks to Lemma 2.3.1, ¢; < Cp with Cy > 0 depends on supy g and T'. As we assume

s — F(..,8) is increasing, F(t,z,¢) < F(t,z,Cy). Replacing ¢; by ¢ — At and F by

F — A, where

A:= sup F(t,z2,Cp),
[0,TTxX

we can assume that

sup F(t,z, sup ¢) <0.
[0,T]x X 0,T]x X

Hence we have

0 O + dd°pi)"™
% = log (b + dd°pr)" O o)" F(t,z,¢1)
> Jog WX Fdd¢r)

Q )
here we use the assumption 6; > w + tx, V¢t € [0,7]. Applying the comparison theorem
(Proposition 2.2.5) for ¢; and ¢¢ we have ¢; > ¢;. In general, we get

oi(z) > ¢ + At > (1 = 2Bt)po(2) + atu(z) + n(tlogt —t) + At

as required. ]
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2.3.2 Upper bound for ¢;
We now prove a crucial estimate which allows us to use the uniform version of Kolodziej’s
estimates in order to get a bound of the oscillation of ¢; on X.

Proposition 2.3.4. Suppose OF/0s > —Cy, for some Cy > 0. Fixe € (0,T). There exists
0 < C =C(supy po,&,T,Cp) such that for alle <t <T and z € X,

o < R TC Koo} +C

where ¢; and A are as in Lemma 2.5.8 and K =1+ CyT.

— A,

Proof. Since we deal with the interval time [¢,T], we can assume the flow starting from
©e, i.e p(0,2) = .. Consider G(t,z) = ty; — Koy — nKt + Bt?/2, with B < min F’ and
K =14 CyT. We obtain

oG . oF
o =tp — (K —1)¢r — Kn+ Bt = tA,,p+ttr, Gt—ta—g‘:—tF’—(K—l)gbt—nK+Bt,
S
and
Ay, G =tAy,p — KAy, = tAy, — K(n — try, 0;),
hence

0 OF oF .
(at - Awt) G=—¢ {tas + (K - 1)] +t (B - at) o, (KO, — t0,).

Since we assume that 6; — tét > 0, we get

0 oF oF
R < —( I — — .
((% Awt>G_ go[tas + (K 1)}+t<B (%)

If G attains its maximum at ¢ = 0, we have the result. Otherwise, assume that G attains
its maximum at (tg, 29) with tg > 0, then using B < min F’ we have at (t¢, o)
0 OF
0<|=-A, |G<—p|t—+ (K —-1)|.
= <at ““) ‘p[ gs )}

Since %—F > —Cp and K =1+ CyT, the term in the square bracket is positive, we obtain

s =
o(to, 20) < 0 and
tpy — Ky —nt + Bt?/2 < — Ky, (20) — nto + Bt3 /2.

Using Lemma 2.3.3 we get ¢, > ¢. — C(e), hence

tor < Koy — Ko + Ch.
It follows from Lemma 2.3.1 that ¢; < Cy(sup ¢g,T'), so

t )

where C' depends on sup g, e, 7. Since ¢, > ¢. + At (Lemma 2.3.3), we obtain the desired
inequality. O

G(x) <
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2.3.3 Bounding the oscillation of ¢,

Once we get an upper bound for ¢; as in Proposition 2.3.4, we can bound the oscillation of
¢ by using the uniform version of Kolodziej’s estimates. Indeed, observe that ¢, satisfies

(0 + dd°p)" = HSQ,
then by Proposition 2.3.4, for any ¢ € (0,7,

~K¢.+C

H; = exp(pr + F) < exp( + ")

are uniformly in L?(f2) for all ¢ € [, T] since ¢. is smooth. Thanks to the uniform version
of Kolodziej’s estimates [Kol98, EGZ08], we infer that the oscillation of ¢; is uniformly
bounded:

Theorem 2.3.5. Fiz 0 <t <T. There exist C(t) > 0 independent of infx po such that

Oscx (o) < C(t).

2.3.4 Lower bound for ¢,
The next result is similar to [ST17, Lemma 3.2] and [GZ17, Proposition 3.3].

Proposition 2.3.6. There exist constants A > 0 and C = C(A,Oscxyo) > 0 such that
for all (z,t) € X x (0,7,
@ >nlogt — AOscxpg — C,

Proof. We consider H(t,z) = ¢ + Apy — a(t), where a € C®°(R*,R) will be chosen
hereafter. We have

oH
OH s A — &
ot Pt + Dt (67
; oF
= Ay, + try, O — F' — %@.t + Apr — &,
and
Ath = Awt ot + AAwt ©t-
Therefore, we have
0 5 : . OF .
(at - Awt) H = Ay + tra, O — Aty (wr = 0r) = F' = 6= 5=y
5 ] / . oF .
= A(pt +trwt(A0t + et) — An — F — 0 — g(pt

OF
= (A - 5

S

)gﬁ't + trwt(AGt + Gt) - F/ — & — An.
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Now Af; + 0 > w with A sufficiently large, hence
tI‘wt (A@t + 07&) > tl‘wt w.

Using the inequality

n\ —1/n _ —1/n
) 20 (S5) T = new (T + 1) ()
w n w

> Ufl/nhtfl/n exp(— sup F(t, Z, CO)/n)v
[0,T]xX

where h; = €% and Cj depends on sup y (g, we have

) hfl/n
try, (AHt + Gt) > tC

In addition, we apply the inequality ox > logx — C, for all z > 0 with x = h; Un and

o << 1 to obtain O'ht_l/n
and o > 0 such that

=ge ¥ > —¢ /n—C,. Finally, we can choose A sufficient large

OF h

— =) + try, (AB; + 6;) >
as)gp+rt( t+ t)_ )

(A - .

Since |F’| is bounded by some constant C(Oscxgp) > 0, we obtain

—1/n

0 h
— — Ay, | H>"— —d/(t) — Cy,
<5t wt) 1 o(t) 2
where Cs depends on Oscx .
We chose a such that a(0) = —oo. This insures that H attains its minimum at (to, 20)

with ¢o > 0. At (to,20) we have
CLICs + o (to)] = by ™ (z0),

hence
H (to, 20) > Awpiy(20) — {nlog[Ca + o' (to)] + a(to)}.

From Lemma 2.3.1 we have ¢y, < supy o + C’, hence
¢ > a(t) — AOscxpg — C3 — {nlog[Cs + o/ (tg)] + a(to)}-
Choosing «(t) = nlogt we get
nlog[Cy + o'] + a < Cy,

so obtain the inequality. O
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2.3.5 Bounding the gradient of ¢

In this section we bound the gradient of ¢ using the same technique as in [SzTol1l, Lemma
4] (which is a parabolic version of Blocki’s estimate [Blo09]). In these articles 0; = w is
independent of ¢. We note that if one is interested in the special case of (twisted) Kéhler-
Ricci flow, then the gradient estimate is not needed: one can directly obtain in this case
a control of the Laplacian by a parabolic version of Yau’s celebrated C?-estimate (see for
instance [GZ17]).

Proposition 2.3.7. Fiz e € [0,T]. There exists C > 0 depending on supy ¢o and € such
that for alle <t <T

IV(2)|2 < e/t

Proof. Since we deal with the interval time [e,T] and the bound on Oscx (¢:) only depends
on supy o and e, we can consider the flow starting from ., i.e p(0,2) = p.. Define

K =tlog|Vep|2 —vop=tlogB—7og,

where 3 = |Vy|? and v € C*°(R,R) will be chosen hereafter.

If K attains its maximum for ¢ = 0, /5 is bounded in terms of supy ¢o and ¢, since ||
is bounded by a constant depending on supy ¢ and € for all t € [0,7 — €] (Lemma 2.3.1
and Lemma 2.3.3).

We now assume that K attains its maximum at (tg, 29) in [0,7 — €] x X with ¢y > 0.
Near zg we have w = dd“g for some smooth strongly plurisubharmonic ¢ and 6; = dd®h;
for some smooth function h:, hence u := hy + ¢ is plurisubharmonic near (%o, zp). We take
normal coordinates for w at zg such that

9;i(20) = djk (2.3.4)
9;7(20) =0 (2.3.5)
Upg(to, 20) is diagonal, (2.3.6)

_ . _&a — Oda . Oa
here we denote o, = 92,050 0 "= 05, and ap 1= 5%,
We now compute Ky, K5 at (to, z0) in order to use the maximum principle. At (to, o)
we have K, = 0 hence

tBp = B 0 vy (2.3.7)

or

1
G2 = 500 0Pl
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Therefore,

BB — 1Bpl?
B2

— )2+ lenl? = ¥ epps

Ky =t

_ P
_tﬁ

where we write 4/,~” instead of 7/ o ¢ and 7" o .

— 7" o plop|* =7 © ppps

Now we compute [, Bpp at (to, z0) with § = gj’}gpjcp,; where (¢7%) = [(gj/})t]_l. We have
By = 535 0ivr + 9 0iner + 97 0iner,
At (to, 20), use (2.3.4), (2.3.5)

k i, sk
9 = 9" 99" =0,

hence
Bp =D iP5 + D Ppiis (2:3.8)
J J
and
Brp = gpp‘PJSOk +2Re Z PppjP; t Z |‘P]p| + Z |901p‘2
J J J
Note that

t
Riikl‘ = =Yk T g° 955kt

hence, at (o, 20) gff; = —Yjipp = Rjipp and
Bpp = Rjjps0iei + 2362 PppjP; + Z |5, + Z |0sal-
J j j
Now at (to, 20)

hence

+ 2
_tz zjkpp(p](pk + 2tRe Z(ppp390] Z ’¢JP| |90]p|
Bupp Bupgp

wto

N O R

Upp Upp
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Since upp = @pp + hpp near (to, 29), then at (to, 2o)

/ /
Y Ppp Y hop
PPy — PP
P Upp P Upp

37

Moreover, assume that the holomorphic bisectional curvature of w is bounded by a constant

B € R on X, then at (o, 29)

tz Jkpp%spk > —Btzi,

s Pl U
therefore
, Pppj¥Pj
A K >(y - tB)Z — + 2tRe Z

P Bupp

2

th
Z ‘%p’ + "Pjp| e Z opl” ny + A/ Z p’P.
Bupp Upp

By the maximum principle, at (to, zo)

0< (8—Awt)K

ot
hence,
. oy PppjPj
0<logB—~¢— (Y —tB)Y — +t— —2tRey —7
Zp:upp B ]Zp: Bupp
lipl® + espl” Iw |
Z ip ip [t Z P

Bupp

We will simplify (2.3.9) to get a bound for § at (o, z0). We now estimate

t——2tR Z‘ppﬁjwi Z|‘PJp| el Z|¢p| .

Bupp Upp

For the first one, we note that near (%o, zo)

log det(upg) = ¢ + F(t, z,¢) + 1log 2,

hence using

d d
— det A = A Az A
Is det ( Is U) det

(2.3.9)
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we have at (to, z0)
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PPy = Sebi =(¢p+ F(t, z,¢) +1logQ);.
(%

Therefore
ey $Y
gp PUpp

In addition, at (g, 29)

we infer that

B/

Jp

Uppj P
t— — 2tRe
ﬁ Z /Bup;ﬁ

Pp

Uppj — ppj ) Y3
2tRe Z B

—ReZ((p—FF(t z,¢) +10g Q)3 — 2tRe Z homy £
B ; Bupp

2t , 2t OF
ERGZ(%%) + g Re ((F(t, z,¢) +logQ); + ag%’) ;
j

[—_—
~2tRe Y

3P Pupp

t% 3 Zgﬂk (P05 + ©i9%)
o
= ERG(()bj(pj)v

We may assume that log 5 > 1 so that

|51

B<C

By the hypothesis that %—Z > 0 there exists C depends on sup |pg| and Co depends on h

and ¢ such that

tg —2tRe ;”7% < Cit+ Cgtz — (2.3.10)

We now estimate

u u
ip PP PP

_ Z "Pjp| 4+t 1 Z‘SDPP

5 ip B Upp Upp
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It follows from (2.3.7) and (3.3.10) that
Bp =D @5 + D PpiPis
J J

tﬁp = 57/90;0
then,
Z‘Pjp%oﬁ = ('8 - ©pp) Pp-
J

Hence at (to, 20)

Z !<ng| Z |Z‘pﬂ"p] _ Z 718 + 1 — upp|?[opl
- 52 E
D Upp

Upp Upp

>t (Y)Y lenl® Csy, (2.3.11)
p Upp
here C3 depends on hy for ¢ € [¢,T] and we assume ' > 0.

We now choose ]
v(s) = As — 252
with A so large that 7/ = A — %25 > 0 and 7" = —2/A < 0 for all s < SUp[,7)x x Pt- From
Lemma 2.3.6 we have ¢ > Cy + nlogt, where Cy depends on Ocsx¢g. Combining this

with (2.3.9), (2.3.10), (2.3.11) we obtain

1
Zm" (Y = Bt = Cat) Y — +log B+ Cuy' + Cit,

Upp p Upp
where Cy,Cs, Cy depend on supy |pol, ht and e. If A is chosen sufficiently large, we have
a constant Cs > 0 such that
1 2
— [erl” — o 1og 5. (2.3.12)
» Upp Upp
so we get (up];)*1 < Cslog 8 for 1 < p < n. From Lemma 2.3.1 and Lemma 2.3.4 we have
at (to, Zo)
[T ws = e ?HFEm20 < G,
2
where Cg depends on supy |¢o|,e. Then we get

up; < Co(Cslog B)™ 1,

so from (2.3.12) we have

B=>lepl* < Cs(Cslog B)",
p

hence log 8 < C7 at (o, z9). This shows that § = |Ve(2)|2 < e/t for some C' depending
on sup || and €. O
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2.3.6 Bounding Ay,

We now use previous a priori estimates above to get a estimate of Ay. The estimate on
|V|? is needed here, in contrast with [GZ17, DNL17].

Lemma 2.3.8. For all z € X and s,t > 0 such that s+t < T,
0 < tlogtry (wits) < AOscx(ps) + C + [C' —nlogs 4+ AOscx ()]t

for some uniform constants C; A > 0.

Proof. We define
P =tlogtr, (wt+s> - A‘Pt-‘r&
and
U = try,(wets)

with A > 0 to be chosen latter. We set Ay := A Now,

Wits*

9 .
S P =logu+tt- — Appys,
ot u

Atp = tAt log u — AAt(pt—i-s

hence

<§t - At> P=logu-+ t% — Apprs —tAlogu + AA s s. (2.3.13)

First, we have

ANyprys = An — Atry,, (0145) < An — 4 tro,., (W),

2
and by Proposition 2.2.4
try, (Ric(wits))
—tA; 1 < Bt t—————————.
logu < Btru,,, (W) + try (Wit s)

Moreover,

tu t n n n A

o Ay (logwiy/w™ —log Q/w™ — F(t, 2, pr+s)) + tre O |,

t

u

— try, (Ric wits) + try(6; + Ric w) — A, (F(t, 2,¢) + log Q/w")} ,

with u = try,(wits), and
trwt+s (w) try, (thrS) >mn,

we get,
Ay[F(t 2, ¢) +log Q/w"]
try, (wt—I—s) .

v
— tAilogu + = <(B+Ch)ttry,,,(w) —t (2.3.14)
u
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Now
oF oF O*F

AuF(t, 2, 1es) = AF(z, .>+2Re[gﬂ"5 () sok] O Dup+ S oIVl
85 ] 8

So there are constants Cs, Cs, Cy such that
|AL(F(t, 2, r+s) +1og Q/w™)| < Oy + C3|Vp|2 + Cytry, wips.

Then we infer
AG[F(t, z, ) + log Q/w"] 1 9
_ < Ztr, . ,
trw(thrs) . r H_S(W)(CQ + 03|Vg0‘w) + Cy

so from Lemma 2.3.7 and (2.3.14) we have

.
— A logu + Eu < (B + Cs)ttry,, . (w) + Co. (2.3.15)

From Lemma 2.2.3 and the inequality (n — 1)logz < x + C,,

n
logu = log trw(thrs) < log (n (W;:s) tr(/.)t+s (w)n—l)

=logn + ¢ips + F(t,2,0) + (n — 1) logtr,,, (W)
< Qs + try, (W) + Cr.

It follows from (2.3.13), (2.3.14) and (2.3.15) that

0
<8t - At) P<Cs— (A 1)pst [(B+Cs)t+1— A/ tra,., w

We choose A sufficiently large such that (B+C5)t+1—A/2 < 0. Applying Proposition
2.3.6,

(gt - At) P < s — (A= 1)(nlogs — AOscxps — C).

Now suppose P attains its maximum at (o, z0). If to = 0, we get the desired inequality.
Otherwise, at (to, 20)

0< (; - At> P <Cs—(A—-1)(nlogs — AOscxps — C).

Hence we get

tlogtry, (wits) < AOscx(ps) +C + [C —nlogs + AOscx (¢s)]t.

Corollary 2.3.9. For all (t,z) € (0,T] x X
0 < tlogtr, (wits) < 240scx (pr2) +C'.
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2.3.7 Higher order estimates
For the higher order estimates, we can follow Székelyhidi-Tosatti [SzTol1] by bounding

S = 929% g 0 pper and |Ric(wy)|w,,

then using the parabolic Schauder estimates in order to obtain bounds on all higher order
derivatives for . Besides we can also combine previous estimates with Evans-Krylov and
Schauder estimates (Theorem 2.2.8) to get the C* estimates for all k > 0.

Theorem 2.3.10. For each € > 0 and k € N, there exists C(e) such that

llller e, mxx) < Cr(e)-

2.4 Proof of Theorem A

2.4.1 Convergence in L!

We approximate oo by a decreasing sequence ¢y ; of smooth w-psh fuctions (using [Dem92]
or [BKOT7]). Denote by ¢ ; the smooth family of 6;-psh functions satisfying on [0,77] x X

ot 0 _F(t,ZaSD)

with initial data g ;.

It follows from the comparison principle (Proposition 2.2.5) that j — ¢;; is non-
increasing. Therefore we can set

pil2) = Tim (o)
Thanks to Lemma 2.3.3 the function ¢ +— supy ¢;; is uniformly bounded, hence ; is

a well-defined 0;-psh function. Moreover, it follows from Theorem 2.3.10 that ¢ is also
smooth in (0,7] x X and satisfies

89&% (075 + ddc(pt)n
—— =log—F+F——— — F(t .
5 o8 q (t,z,¢)

Observe that (¢;) is relatively compact in L'(X) as t — 07, we now show that ¢; — ¢
in LY(X) as t \, 0.

First, let ¢, is a subsequence of (¢;) such that ¢y, converges to some function ¢ in
L'(X) as t;, — 07. By the properties of plurisubharmonic functions, for all z € X

limsup ¢y, (2) < ¥(2),

tr—0
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with equality almost everywhere. We infer that for almost every z € X

(2) = limsup ¢y, (2) < limsup ¢y, j(2) = @o,5(2),

tr—0 te—0
by continuity of ¢ ; at t = 0. Thus ¥ < ¢ almost everywhere.

Moreover, it follows from Lemma 3.3.3 that
wi(z) > (1 —2Bt)po(z) + atu(z) + n(tlogt — t) + At,

with u continuous, so

< liminf .
$o = L@y

Since 1) < g almost everywhere, we get 1) = g almost everywhere, so ¢; — g in L.

We next consider some cases in which the initial condition is slightly more regular.

2.4.2 Uniform convergence

If the initial condition ¢ is continuous then by Proposition 2.2.5 we get ¢; € C°([0, T]x X),
hence ; uniformly converges to g as t — 0T.

2.4.3 Convergence in capacity

When ¢y is only bounded, we prove this convergence moreover holds in capacity (Definition
2.2.12). It is the strongest convergence we can expect in the bounded case (cf. [GZ05]).
First, observe that it is sufficient to prove that u; := ¢y + ¢(t) converges to ¢g as t — 0 in
capacity, where c(t) satisfies ¢; + ¢(t) > ¢g as in Proposition 2.3.3. Since ¢; converges to
o, so does uy, and we get

lim sup us < o5,
t—0

for all j > 0, where (go,;) is a family of smooth w-psh functions decreasing to ¢g as in
Section 2.4.1. It follows from Hartogs’ Lemma that for each j > 0 and € > 0, there exists
t; > 0 such that

ug < o+, VO <t <ty

Therefore
Cap,({ur > ¢o + 2e}) < Cap,({@o,; > wo+¢€}),

for all t < t;. Since g ; converges to ¢g in capacity (Proposition 2.2.13), the conclusion
follows.
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2.4.4 Convergence in energy

Using the same notations as in Section 2.2.6 we get the following monotonicity property of
the energy.

Proposition 2.4.1. Suppose ¢; is a solution of (CMAF) with initial data oo € E1(X,w).
Then there exists a constant C > 0 such that t — E(gp¢) + Ct is increasing on [0,T].

Proof. By computation we get

dE(¢y) 1 ) 1 - — . S
iV S G 2 f s AU e e A

For the first term, we use the concavity of the logarithm to get

wn wTL f eF(tVZ:SOt)Q
fowi =[x (o) 5 2 Og( v ) = T loslCod)

where F(t, z, ¢;) < log Cp and

Vt::/w;::/e,?za—lv.
X X

For the second one, there is a constant A > 0 such that ét < Af; forall0 <t <T. We
note that

/ 0i(0; + ddpy ) A O < / o1(0, + dd°py )Y~ A ORI
X b's

hence
dE (o)
dt

for some C1,C5 > 0. By Lemma 2.3.3 we have

> —C1 + C2E(py),

E(pt) > C3E(po) + C3 > Cy
Thus t — E(¢¢) + Ct is increasing on [0, 7] for some C' > 0. O

Proposition 2.4.2. If pg € E1(X,w), then p; converges to g in energy ast — 0.

Proof. 1t follows from Proposition 2.4.1 that ¢; stays in a compact subset of the class
EY(X,w). Let ¥ = limy, 0 ¢1, be a cluster point of (;) as t — 0. Reasoning as earlier,
we have ¢ < . Since the energy E(.) is upper semi-continuous for the weak L'-topology
(cf. [GZ07]), Proposition 2.4.1 and the monotonicity of Aubin-Yau energy functional yield

B(po) < Jim Blr,) < B(Y) < Elo),

Therefore E(¢) = E(¢g), so ¥ = ¢p and we have p; — g in energy. O
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2.5 Uniqueness and stability of solution

We now prove the uniqueness and stability for the complex Monge-Ampeére flow

690,5 _ (Ht + ddcht)n
ot - o8 Q

where F(t,z,s) € C*([0,T] x X x R,R) with

(CMAF) —F(t,Z,gD),

oF oF ,
- > — <
0 and ‘ t‘ C’,

S

for some constant C’ > 0.

2.5.1 Uniqueness

For the uniqueness and stability of solution we follow the approach of Di Nezza-Lu [DNL17].
The author thanks Eleonora Di Nezza and Hoang Chinh Lu for valuable discussion on the
argument in [DNL17, Theorem 5.4].

Suppose ¢y is a solution of

Do, (0+ddp)"

8t - Og Q _F(tVZ?sO)?

(2.5.1)
(70(07 ) = ©0-
Consider
Blt,2) = et (1 - )[4, 2),
S0 ¢o = ¢g. Then i
o 0 dded)™
001 _1og Gt ddON e H(t 5 0), (2.5.2)
ot 0
where )
et - 614759176—Awf 5
A
and
H(t,z,¢) = Ant + F(A7 (1 — e ), z,e7Yg).
Since
a6, _
aTt - AeAtel,iAz + alfeA,At,

we can choose A so large that 6; is increasing in t. Observe that the equation (2.5.1) has
a unique solution if and only if the equation (2.5.2) has a unique solution. It follows from
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Lemma 2.3.3 that

Y 2> po— C(t)a
where c(t) \, 0 as t \, 0, so for ¢(t):

¢ > o — Oé(t),
with a(t) N\, 0 as t N\, 0.

Theorem 2.5.1. Suppose 1) and ¢ are two solutions of (2.5.1) with vo < 1o, then o, < ;.
In particular, the equation (2.5.1) has a unique solution.

Proof. Thanks to the previous remark, it is sufficient to prove u < v, where u(t,z) =
ety ((1 —e 4 /A, z) , and v(t, z) = ety ((1 —e 4 /A, z) .
Fix € € (0,T), define
O(t, 2) = vipe + afe)eM + ne(e — 1).

then 9y > vg = Yo and ¥ > v41.. Since we choose A so large that ét is increasing,

ov Orpe + ddviy)”
a = log ( tte %) t+€) + AUt — H(t, Z, Ut+s)
0y + ddv,)"
> log (t—i‘QUt) + Aty — H(t, 2, v45)

Where
H(t,z,v44c) = 2Ant — An(t +¢) + F(A_l(l — e Al 2, e_A(t+€)vt+€).
It follows from the monotonicity of F' in the third variable that
F<A1(1 Aty eA(t+s)vt+€) < F(Al(l Ay eAt6t>_
By the assumption |%—f| < (', we choose A > C’ and get
s— —A(t+s) + F<A_1(1 — e~ Al 5, e_Atf}t>
is decreasing. Thus
H(t,z,v4c) < Ant + F(Al(l —e Y 2, eAtﬁt)),

and ~
o (0 + dd“vy)™
— > log —-——%
o= % Q
Therefore v is the supersolution of (2.5.2). It follows from Proposition 2.2.6 that u; < o,
Vt € [0,T]. Letting ¢ — 0, we get uy < v, s0 ¢ < Py. O

+ A'I~)t - H(t, Z, ’l~)t)
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Remark 2.5.2. For 0;(z) = w(z),Q = w", F(t,2,5) = —2|s|'/? and @y = 0, we obtain two
distinct solutions to (CMAF), ¢(z) = 0 and ¢4(2) = t>. Here %—f is negative and F' is not
smooth along (s = 0).

We now prove the following qualitative stability result:

Theorem 2.5.3. Fiz e > 0. Let po; be a sequence of w-psh functions with zero Lelong
number at all points, such that poj — o in L*(X). Denote by @i ; and ¢; the solutions
of (2.5.1) with the initial condition @ j and o respectively. Then

orj —pr in C([e,T] x X) as j — +oo.

Proof. Observe that we can use previous techniques in Section 2.3 to obtain estimates of
@1 in CF([e,T] x X) for all k > 0. In particular, for the C” estimate, we need to have the
uniform bound for H; ; = exp(¢¢; + F) in order to use the uniform version of Kolodziej’s
estimates [Kol98, EGZ08|. By Lemma 2.3.4 we have

; —¢. +C
H;j =exp(¢rj + F) < exp (Cbst + C/>,

where C,C” depend on ¢,supy ¢p ;. Since g ; decreases to ¢, we have the supy ¢ ; is
uniformly bounded in term of supy ¢g for all j, so we can choose C,C’ to be independent
of j. Hence there is a constant A(t,e) depending on ¢ and e such that |[Hyj|[r2(x) is
uniformly bounded by A(t,¢) for all ¢ € [, T].

By the Arzela-Ascoli theorem we can extract a subsequence ¢;, that converges to ¢,
in C*°([e,T] x X). Note that

Oy lo (0 + dd°py)"
o0 %0

We now prove ¢; = ;. From Lemma 2.3.3 we get
Pt = (1- Bt)gpovjk —C(1),
where C(t) \(0 as t — 0. Let ji — +oo we get ¢ > (1 — ft)po — C(t), hence

— F(t, zZ, ¢t)

lim inf ¢y > .
t—0

It follows from Theorem 2.5.1 that ¢; > ;. For proving ¢; < ¢, we consider g ) =
(suijk gpoJ)*, hence o \( ¢o by Hartogs theorem. Denote by ;) the solution of
(2.5.1) with initial condition )y ;. It follows from Theorem 2.5.1 that

VYrj = Pt j-

Moreover, thanks to the same arguments for proving the existence of a solution in Sections
2 and 3 by using a decreasing approximation of ¢, we have that v ; decreases to ;. Thus
we infer that ¢, < ¢ and the proof is complete. O
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2.5.2 Quantitative stability estimate

In this section, we prove the following stability result when the initial condition is contin-
uous.

Theorem 2.5.4. If p,¢ € C*((0,T] x X) are solutions of (CMAF) with continuous
initial data pg and g, then

o = Yllerer1xx) < Ck,€)llpo — Yol (x)- (2.5.3)

Proof. Step 1. It follows from Demailly’s approximation result (cf. [Dem92]) that there
exist two sequences {¢o j}, {¢o;} C PSH(X,w)N C*®(X) such that

jliglo |lo,; — SOOHL‘”(X) =0 and jli}%lo l|%0,5 — onLoo(X) =0.

Denote by ¢ ;, 1 ; solution of (CM AF) corresponding to initial data ¢g j, % ;. Moreover,
thanks to Theorem 2.5.3 we obtain

]lig.lo HSOJ'JG - %HC’“([&,T]XX) =0 and jli{go Hlbj,k — wHCk([e,T]XX) =0.

Thus it is sufficient to prove (2.5.3) with smooth functions g, ¥y.
Step 2. We now assume that g and vy are smooth. For each A\ € [0, 1], there is a unique
solution ¢ € C*((0,7] x X) for the complex Monge-Ampere flow
oo™ O, + ddep)"
997 _1og Wt A" py L N,
ot Q
(2.5.4)

©*(0,.) = (1 = A)o + Mo.

By the local existence theorem, ¢ depends smoothly on the parameter \. We denote by
Ag\ the Laplacian with respect to the Kahler form

A= 0, 4 dd°p™.
Observe that

t

() 5 -5
0

0N 0s OX
SO 5
(5 - &%) @+ (e, 20 =0, (2.5.5)
where u} = 6—90; and gx(t,z) = %—f(t,z,go’\) >0 . Moreover

1
P — pp = / UAd)\a
0
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thus it is sufficient to show that

|k (e.myxx) < C ks e)lup]|poo(x) = C(k,€)l|vbo — ol |-
Step 3. It follows from Theorem 2.3.10 that for each k > 0,

lgallor ey < Ci(kye) and  |lwlor(erxx) < Calk,e),
for all A € [0,1]. Using the parabolic Schauder estimates [Kry96, Theorem 8.12.1] for the
equation (2.5.5) we get
| or e rpxxy < C ks €[] poo ()

Step 4. Proving
A
Jug |l zoe(x) < [lugllLe(x)-
Indeed, suppose that u* attains its maximum at (g, zo). If to = 0, we obtain the desired
inequality. Otherwise, by the maximum principle, at (¢, 20)

0

0< ([% - A?) u;\ = —g,\(to,zo)ui‘o.

Since gy > 0, we get

ug\ < max {0, max u’\}.
X

Similarly, we obtain

hence
Hui\HLw(X) < Hu())\HLOO(X)‘
Finally,
1
e = Pllererxx) < /0 [ on (e x) A < C(k,€)] |00 = Yol oo (x)-
The proof of Theorem B is therefore complete. ]

2.6 Starting from a nef class

Let (X,w) be a compact Kéhler manifold. In [GZ17], the authors proved that the twisted
Kahler-Ricci flow can smooth out a positive current T with zero Lelong numbers belonging
to a nef class ap. At the level of potentials it satisfies the Monge-Ampere flow

; (2.6.1)

Opy ~ log (6o + tw + ddpy)
ot wn
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where 6y is a smooth differential closed (1,1)-form representing a nef class o and ¢ €
PSH(X,6p) is a Og-psh potential for Ty, i.e. Ty = 0y + ddpg. We prove here this is still
true for more general flows we have considered:

Theorem 2.6.1. Let 6y be a smooth closed (1,1)-form representiong a nef class ag and ¢
be a Oy-psh fucntion with zero Lelong number at all points. Set 0 := 0y + tw. Then there
exists a unique family (pt)ie(o,r) of smooth (8¢)-psh functions satisfying

% _ log (Ht + dd SOt)

5 q — F(t, 2z, 1), (2.6.2)

such that @y converges to @q in L.

Proof. First, observe that for ¢ > 0, 6y +cw is a Kéhler form. Thanks to Theorem A, there
exists a family ¢, of (6; + ew)-psh functions satisfying

0y (0 + ew + ddCpp o)™
3 — 1 )
or 8 )

with initial data o which is a (6 + ew)-psh function with zero Lelong numbers.
First, we prove that ¢ is decreasing in e. Indeed, for any ¢’ > ¢

- F(t7 Z, Sot,E)

0Pt el 0 ! dd¢py o)™
P 1o (U Pz
0 dd®ps )"
Z log ( t + [0 + @t,& ) _ F<t7 Z, (pt’el)

Q

hence ¢ s > ¢4 by the comparison principle (Proposition 2.2.5). Then we consider

= i .
vt 5—1>%1+ \ Phe

We now show that ¢; is bounded below (so it is not —oo). Thanks to [GZ17, Theorem
7.1], there exist a family (¢¢) of (6p + tw)-psh functions such that

ol (0o + tw + ddpy)™
— =log
ot wm

There is o > 0 such that o~ lw” < Q < ow™, so we may assume that

8 C n
ol < log (0o + tw + dd°¢y) .
ot Q
Moreover, ¢; . < C, where C only depends on supy o, hence assume that F(¢,z,¢;.) < A

for all € small. Changing variables, we can assume that F'(t, z, ¢t ) < 0, hence

L%’E > log

(B + tw + ddpy )"
ot ’

Q
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Using the comparison principle (Theorem 2.2.5) again, we get ;. > ¢ for all € > 0 small,
S0t > Pt

For the essential uniform bound of ¢;, we use the method of Guedj-Zeriahi. For § > 0,
we fix wg a Kéhler form such that 6y + dw = ws + dd®hs for some smooth function hs. Our
equation can be rewritten, for ¢ > §

(ws + (t — 0)w + dd(pt + hs))" = Hi (2.6.3)

where
H, = Pt HE(tz.p0)

are uniformly in L?, since

— C
so'tg%%w,

for t > 0 as in Lemma 2.3.3. Kolodziej’s estimates now yields that ¢; + hs is uniformly
bounded for ¢ > §, so is ;.

Now apply the arguments in Section 2.3 to the equation (2.6.3) we obtain the bounds for
the time derivative, gradient, Laplacian and higher order derivatives of ¢;+hs in [0, T] x X.
We thus obtain a priori estimates for ¢; which allow us get the existence of solution of
(2.6.2) and the convergence to the initial convergence in L(X). O
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Chapter 3

Regularizing properties of
Complex Monge-Ampere flows on
Hermitian manifolds

We prove that a general complex Monge-Ampeére flow on a Hermitian manifold can be
run from an arbitrary initial condition with zero Lelong number at all points. Using this
property, we confirm a conjecture of Tosatti-Weinkove: the Chern-Ricci flow performs a
canonical surgical contraction. Finally, we study a generalization of the Chern-Ricci flow
on compact Hermitian manifolds, namely the twisted Chern-Ricci flow.

The results of this chapter can be found in [T618].

3.1 Introduction

Let (X, g,J) be a compact Hermitian manifold of complex dimension n, that is a compact
complex manifold such that J is compatible with the Riemannian metric g. Recently
a number of geometric flows have been introduced to study the structure of Hermitian
manifolds. Some flows which do preserve the Hermitian property have been proposed
by Streets-Tian [StT10, StT11, StT13], Liu-Yang [LY12] and also anomaly flows due to
Phong-Picard-Zhang [PPZ16b, PPZ16¢c, PPZ17a] which moreover preserve the conformally
balanced condition of Hermitian metrics. Another such flow, namely the Chern-Ricci flow,
was introduced by Gill [Gilll] and has been further developed by Tosatti-Weinkove in
[TW15]. The Chern-Ricci flow is written as

0 .
5= —Ric(w), wl|i=0 = wo, (3.1.1)

53
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where Ric(w) is the Chern-Ricci form which is defined locally by

e

™

Ric(w) := —ddlogw™ := 90 logw™.

This flow specializes the Kéahler-Ricci flow when the initial metric is Kéahler. In [TW15,
TW13] Tosatti and Weinkove have investigated the flow on arbitrary Hermitian manifolds,
notably in complex dimention 2 (see also [TWY15, FTWT16, GS15, Gill3, LV15, Zhel7,
Yan16] for more recent works on the Chern-Ricci flow).

For the Kéhler case, running the Kéhler-Ricci flow (or complex Monge-Ampeére flows)
from a rough initial data has been studied by several recent works [CD07], [ST17], [SzTol1],
[GZ17], [BG13], [DNL17]. In [ST17], [SzTo11] the authors succeeded to run certain complex
Monge-Ampere flows from continuous initial data, while [DNL17] and [GZ17] are running
a simplified flow starting from an initial current with zero Lelong numbers. Recently,
we extended these latter works to deal with general complex Monge-Ampere flows and
arbitrary initial condition (cf. [T617]). One of the motivations for this problem comes from
the Analytic Minimal Model Program proposed by Song-Tian [ST17]. For the Chern-Ricci
flow, the same question was asked recently by Tosatti-Weinkove [TW13, TW15] related to
the classification of non-Kéhler complex surfaces.

Assume that there exists a holomorphic map between compact Hermitian manifolds
m: X — Y blowing down an exceptional divisor ¥ on X to one point yg € Y. In addition,
assume that there exists a smooth function p on X such that

wo — T'Ric(wp) + ddp = mwy, (3.1.2)

with T' < +o00. Tosatti and Weinkove proved:

Theorem.([TW15, TW13]) The solution w; to the Chern-Ricci flow (3.1.1) converges in
CX(X \ E) to a smooth Hermitian metric wr on X \ E.

Moreover, there exists a distance function dr on'Y such that (Y, dr) is a compact metric
space and (X, g(t)) converges in the Gromov-Hausdorff sense to (Y,dr) ast — T .

Observe that wp induces a singular metric w’ on Y which is smooth in Y\ {yo}. Tosatti
and Weinkove conjectured that one can continue the Chern-Ricci flow on Y with initial
data w’. This is an open question in [TW13, Page 2120] in which they conjectured that
the Chern-Ricci flow performs a canonical surgical contraction:

Conjecture. (Tosatti-Weinkove [TW13, Page 2120])
(1) There exists a smooth mazimal solution wy of the Chern-Ricci on'Y fort € (T,Ty)

with T < Ty < +o00 such that wy converges to W', as t — TT, in C2(Y \ {yo}).
Furthermore, w; is uniquely determined by wy.
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(2) The metric space (Y, g(t)) converges to (Y,dr) as t — T in the Gromov-Hausdorff
sense.

In this note, we confirm this conjecture* . An essential ingredient of its proof is to
prove that the Monge-Ampére flow corresponding to the Chern-Ricci flow can be run from
a rough data. By generalizing a result of Székelyhidi-Tosatti [SzToll], Nie [Niel4] has
proved this property for compact Hermitian manifolds of vanishing first Bott-Chern class
and continous initial data. In this chapter, we generalize the previous results of Nie [Niel4]
and the author [T617] (see Chapter 2) by considering the following complex Monge-Ampére
flow: . n
Oy — log (0r + dd°py)

ot Q
where (0;);c[0,7] is a family of Hermitian forms with 6y = w and F is a smooth function on
R x X xR.

(CMAF) — F(t,x, o),

Theorem A. Let pg be a w-psh function with zero Lelong number at all points. Let
(t,z,8) = F(t,z,s) be a smooth function on [0,T] x X x R such that OF/9s > 0 and
OF /0t is bounded from below.

Then there exists a family of smooth strictly 0y — psh functions (@) satisfying (CMAF)
in (0,T] x X, with ¢y — o in LY(X), as t \, 0T and p; converges to oo in C°(X) if ¢o
is continuous. This family is moreover unique if OF /0t is bounded and OF/ds > 0.

The following stability result is a straighforward extension of [T617, Theorem 4.3, 4.4]
(see Theorem 2.5.3 and Theorem 2.5.4).

Theorem B. Let g, o, be w-psh functions with zero Lelong number at all points, such
that o — @o in LY(X). Denote by ¢ ; and p¢ the corresponding solutions of (CMAF)
with initial condition @ ; and g respectively. Then for each ¢ € (0,T)

orj— e in C(e,T] x X) as j— +oo.

Moreover, if ¢g and 1y are continuous, then for any k > 0, for any 0 < e < T, there
exists a positive constant C(k,e) depending only on k and € such that

o = Pllererxx) < Ck,e)llpo — Yol Lo (xw)-
As a consequence of Theorem A and Theorem B, the Chern-Ricci flow on any Hermitian

manifold can be run from rough data. Using this result and a method due to Song-Tosatti-
Weinkove [SW13a, TW13] we prove the conjecture. The proof is given in Section 3.5.

* After this paper was completed, the author learned that Xiaolan Nie proved the first statement of the
conjecture for complex surfaces (cf. [Niel7]). She also proved that the Chern-Ricci flow can be run from a
bounded data. The author would like to thank Xiaolan Nie for sending her preprint.
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The second purpose of this paper is to study a generalization of the Chern-Ricci flow,
namely the twisted Chern-Ricci flow:

0

% = —Ric(wy) + 1, wlt=0 = wo
where Ric(wy) is the Chern-Ricci form of wy, wp is a Hermitian metric on X and 7 is a
smooth (1,1)-form. In general, we do not assume 7 is closed. This flow also generalizes
the twisted Kéhler-Ricci flow which has been studied recently by several authors (see for
instance [CS12, GZ17]).

We show that the twisted Chern-Ricci flow starting from a Hermitian metric wq is
equivalent to the following complex Monge-Ampere flow

Oy (O + ddCp)™
— =log—mF —— 3.1.3

at Og wg ? ( )
where &y = wo+t(n— Ric(wp)). We first prove the following, generalizing [TW15, Theorem

1.2]:

Theorem C. There exists a unique solution to the twisted Chern-Ricci flow on [0,T),
where
T :=sup{t > 0|3y € C(X) with @& + dd“¢p > 0}.

When the twisted Chern-Ricci flow has a long time solution, it is natural to study its
behavior at infinity. When the Bott-Chern class vanishes and 1 = 0, Gill has proved that
the flow converges to a Chern-Ricci flat Hermitian metric (cf. [Gilll]).

Denote by
{n} ={aisareal (1,1)-form |3f € C(X) with a =n+ dd°f},

the equivalence class of 7. Suppose that ¢P¢(X)—{n} is negative. Consider the normalized
twisted Chern-Ricci flow

(95;,5 = —Ric(wt) — wi + 1. (3.1.4)

Then we have the following result for the long time behavior of the flow generalizing [TW15,
Theorem 1.7]:

Theorem D. Suppose cP¢(X) — {n} < 0. The normalized twisted Chern-Ricci flow
smoothly converges to a Hermitian metric woo = 1 — Ric(Q) + dd oo which satisfies

Ric(weo) =1 — Woo-
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Observe that wy, satisfies the twisted Einstein equation:
Ric(w) =n —w. (3.1.5)

We can prove the existence of a unique solution of (3.1.5) using a result of Monge-Ampere
equation due to Cherrier [Che87] (see Theorem 3.6.2). Theorem D moreover gives an
alternative proof of the existence of the twisted Einstein metric wyo in —c¢PY(X) 4 1. This
is therefore a generalization of Cao’s approach [Cao85] by using Kéhler-Ricci flow to prove
the existence of Kéhler-Einstein metric on Kéhler manifold of negative first Chern class.
In particular, when n = 0, we have ¢?¢(X) < 0 hence we have ¢;(X) < 0 and X is a
Kéhler manifold, this is [TW15, Theorem 1.7].

Note that in general, one cannot assume 7 to be closed, in contrast with the twisted
Kahler-Ricci flow. Let us stress also that the limit of the normalized twisted Chern-Ricci
flow exists without assuming that the manifold is Kéhler (a necessary assumption when
studying the long term behavior of the Chern-Ricci flow). Therefore the twisted Chern-
Ricci flow is somehow more natural in this context.

As an application of Theorem D, we give an alternative proof of the existence of a
unique smooth solution for the following Monge-Ampeére equation

(w+ddp)" = e¥Q.

We show that the solution is the limit of the potentials of a suitable twisted normalized
Chern-Ricci flow. Cherrier [Che87] proved this result by generalizing the elliptic approach
of Aubin [Aub78] and [YauT78|.

The paper is organized as follows. In Section 3.2, we recall some notations in Hermitian
manifolds. In Section 3.3 we prove various a priori estimates following our previous work
[T617]. The main difference is that we will use the recent result of Koloziedj’s uniform type
estimates for Monge-Ampére on Hermitian manifolds (cf. [DK12, Blol1, Ngul6]) instead
of the one on Kéahler manifolds to bound the oscillation of the solution. The second arises
when estimating the gradient and the Laplacian: we use a special local coordinate system
due to Guan-Li [GL10, Lemma 2.1] instead of the usual normal coordinates in Ké&hler
geometry. In Section 3.4 we prove Theorem B and Theorem C. In Section 3.5, we prove the
conjecture. In Section 3.6 we define the twisted Chern-Ricci flow and prove the existence
of a unique maximal solution using the estimates in Section 3.3. The approach is different
from the one for the Chern-Ricci flow due to Tosatti-Weinkove [TW15]. We also show that
the twisted Chern-Ricci flow on negative twisted Bott-Chern class smoothly converges to
the unique twisted Einstein metric.
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3.2 Preliminaries

3.2.1 Chern-Ricci curvature on Hermitian manifold

Let (X, g) be a compact Hermitian manifold of complex dimension n. In local coordinates, g
is determined by the nxn Hermitian matrix (g,;) = g(9;, 0;). We write w = /—1g;zdz; Adz;
for its associated (1, 1)-form.

We define the Chern connection V associated to g as follows. If X = X79; is a vector
field and a = a;dz; is a (1,0)-form then theirs covariant derivatives have components

VZ‘X’c = ;X7 + Fijj, Via; = 0;a; — Ffjak,
where the Christoffel symbols Ffj are given by
Ffj = gikaigjf.
We define the torsion tensors T' and T' of w as follows
T=+vV—-10w = %Tij,;dzi Ndz; N\ dzy
T=v-10w= %dezi Adz; A dzy.

where

Tiji = 0igjz — 9395, and Tigy = 05957 — 0ig35-
Then the torsion tensor of w has component
k k k Ik
Tij = Fij - sz‘ =g Tijf‘
Definition 3.2.1. The Chern-Ricci curvature of g is the tensor
Ryi(9) = Ryj(w) = gjika = —007logdet g,

and the Chern-Ricci form is

e

Ric(g) := Ric(w) := TRkCZde Ndz = —ddlogdet g,

where
1 _

d:=0+0, d°:= (0—0).

T 2
It is a closed real (1,1)-form and its cohomology class in the Bott-Chern cohomology

group
11 {closed real (1,1)-forms}
HgA (X, R) :=

V100w, € O=(X,R)}
is the first Bott-Chern class of X, denoted by ¢f“(X), which is independent of the choice
of Hermitian metric g. We also write R = gkle[ for the Chern scalar curvature.
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3.2.2 Plurisubharmonic functions and Lelong number

Let (X,w) be a compact Hermitian manifold.

Definition 3.2.2. We let PSH(X,w) denote the set of all w-plurisubharmonic functions
(w-psh for short), i.e the set of functions ¢ € L'(X,RU{—oc}) which can be locally written
as the sum of a smooth and a plurisubharmonic function, and such that

w+ddp >0
in the weak sense of positive currents.

Definition 3.2.3. Let ¢ be a w-psh function and x € X. The Lelong number of ¢ at x is

i i P2
v(p,x) = IIIZILIC?f e p—

We say ¢ has a logarithmic pole of coefficient v at x if v(p, x) = 7.

3.3 A priori estimates for complex Monge-Ampeére flows

In this section we prove various a priori estimates for (; which satisfies

0 + ddCp)™
%:bg( ¢ + dd°pt)

with a smooth strictly w-psh initial data g, where € is a smooth volume form, (et)te[O,T]
is a family of Hermitian forms on X and (t,z,s) — F(t,z,s) is a smooth function on
[0,T] x X x R with

oF

OF
> - 3.
5, 2 0and = > B, (3.3.1)

for some B € R.

Since we are interested in the behavior near 0 of (CM AF'), we can further assume that

<6, <2w and 671Q <O <6Q,Vt €[0,T] for some 6 > 0, (3.3.2)

| €

0, —t0; >0 for 0 <t <T. (3.3.3)

The assumption (3.3.3) will be used to bound ¢; from above.
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3.3.1 Bounds on ¢; and ¢,

As in the Kahler case, the upper bound of ¢ is a simple consequence of the maximum
principle (see [T617, Lemma 2.1] or Lemma 2.3.1).

For a lower bound of ¢, we have

Lemma 3.3.1. There is a constant C > 0 depending only on inf x pg such that,
o > igl(f wo— Ct, Y(t,z) €]0,T] x X.

Proof. Set
Y= igl{f wo — Ct,

where C' will be chosen hereafter. Since we assume that 26, > w,
1
0y + ddy > S

Combine with w™ > 2707 > Q/(2"9), we have

(6o +dde) 1w 1L
Q 2 QT 4n6
We now choose C' > 0 satisfying
—C + sup F(t,z,inf¢g) < —.
0,7]x X ( X ) 4n
hence 5 B 1 ddEY
9y < M — F(t,z,1),

ot — Q
It follows from the maximum principle [T617, Proposition 1.5] (see Proposition 2.2.5) that

Ot > P,

as required. ]

For another lower bound, we follow the argument in [GZ17], replacing the uniform
a priori bound of Kotodziej [Kol98] by its Hermitian version (see for instance [Ngul6,
Theorem 2.1]). First, we assume that 6; > w + tx, Vt € [0, T, for some smooth (1, 1)-form
X. Let 0 < 8 < 400 be such that

X+ (26 —1w >0.
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It follows from Kotodziej’s uniform type estimate for Monge-Ampeére equation on Hermitian
manifolds (cf. [Ngul6, Theorem 2.1]) that the exists a continuous w-psh solution u of the
equation

(w 4 ddu)™ = e~ 2%oym,

which satisfies
ull oo (x) < C,

where C only depends on ||e‘25“"0||Lp(X), for some p > 1.

Remark 3.3.2. Latter on we will replace ¢ by smooth approximants ¢ ; of initial data.
Since the latter one has zero Lelong numbers, Skoda’s integrability theorem [Sko72] will
provide a uniform bound for |le™2#%°|| 1, x) and [Ju|| s (x)-

Lemma 3.3.3. For all z € X and 0 < t < min(T, (28)71), we have
or(z) > (1 —2Bt)po(z) + tu(z) + n(tlogt —t) — At, (3.3.4)
where A depends on supx o. In particular, there exists c(t) > 0 such that
ei(2) = po(2) — c(t),
with ¢(t) 0 as t N\, 0.

Proof. Set

o := (1 —2Bt)po + tu + n(tlogt —t) — At,
where A := supp )« x F(t,2,Co) with (1 — 28t)po + tu + n(tlogt —t) < Cp for all ¢ €
0, min(T, (28)~1)]

By our choice of 5 and the assumption 6; > w + tx, Vt € [0,T], we have

O +dd°¢y > w+tx+dd e,
(1 —20t)(w + ddpo) + t(w + ddu) + t]x + (28 — 1)w]
> t(w+ddu) > 0.

Moreover
(0 + dd°h)" > t"(w + dd°u)™ = NP FA > DA FFLz0n)

hence ¢; is a subsolution to (CMAF'). Since ¢y = o the conclusion follows from the

maximum principle [T617, Proposition 1.5] (see Proposition 2.2.5). O

The lower bound for ¢ comes from the same argument in [T617, Proposition 2.6] (see
Proposition 2.3.6):
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Proposition 3.3.4. Assume g is bounded. There exist constants A > 0 and C =
C(A,Oscxpo) > 0 such that for all (z,t) € X x (0,77,

$ >nlogt — AOscxpo — C.

We now prove a crucial estimate for ¢; which allows us to use the uniform version of
Kolodziej’s uniform type estimates in order to get the bound of Oscx ;. The proof is the
same in [GZ17, T617], but we include a proof for the reader’s convenience.

Proposition 3.3.5. There exists 0 < C = C(supy o, 1) such that for all0 <t <T and
ze X,

, —po(2) +C
pi(z) <

Proof. We consider G(t,z) = t¢; — ¢ — nt + Bt?/2, with B is the constant in (3.3.1). We
obtain

9 OF OF :
(w—AM>G_—waS+dé—é%>—mﬂm—w0

Since we assume that 6; — t@; > 0 (see (3.3.3)), we get

0 .OF oF

If G attains its maximum at ¢ = 0, we have the result. Otherwise, assume that G attains
its maximum at (g, z9) with ¢y > 0, then at (¢g, z9) we have

0 oF
0< = —A, |G < —tg—¢.
—<at ”) 057
Since %—I; > 0 by the hypothesis, we obtain ¢(tg, z0) < 0 and
tps — @r — nt + Bt? )2 < —py, (20) — nto + Bt2/2.

Using Lemma 3.3.3 we get ¢y, > ¢ — C1, where C} only depends on sup y ¢ and T, hence
there is a constant C'y depending on supy ¢ and T such that

tor < o — o + Co.
Since ¢ < C3(sup ¢, 1), so
. —po+C
Spt(flf) S %7

where C' only depends on supy ¢o and 7' O
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3.3.2 Bounding the oscillation of ¢,

Once we get an upper bound for ¢; as in Proposition 3.3.5, we can bound the oscillation of
¢ by using the following uniform version of Kolodziej’s estimates due to Dinew- Kotodziej
[DK12, Theorem 5.2].

Theorem 3.3.6. Let (X,w) be a compact Hermitian manifold. Assume o € C?*(X) is
such that w + ddp > 0 and

(w4 dd°p)" = fw".

Then for p > 1,
OSCXQO < C7

where C only depends on w,p, || f|[Lr(x)-
Indeed, observe that ; satisfies
(0 + dd°py)" = HS,
then by Proposition 3.3.5, for any € € (0,7,

—po+C

H; =exp(pr + F) < exp( + )

for all t € [¢,T]. Fix p > 1 and F a compact family of w-psh functions with zero Lelong
numbers, and assume that g € F. It follows from the uniform version of Skoda’s inte-
grability theorem (cf. [Sko72, Proposition 7.1] and [ZerO1, Theorem 3.1]) that there exists
C. > 0 such that

e/ | ooy < C,

for all ¢ € F,t € [¢,T]. We thus write for short ||H¢||r»q) < C(t) for some C(t) > 0.

Remark 3.3.7. Later on we will replace ¢ by smooth approximants ¢g ; of initial data.
We can thus apply the previous estimate with F = {¢o} U {¢0,;,j € N}, where ¢q is now
the initial data. This yields

[[Hyjll 1) < C(2).

Now, thanks to Theorem 3.3.6, we infer that the oscillation of ; is uniformly bounded:
Theorem 3.3.8. Fiz 0 <t <T. There exist C(t) > 0 independent of infx po such that

Oscx (o) < C(t).
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3.3.3 Bounding the gradient of ¢

In this section we bound the gradient of ¢ using the same technique as in [T617] (see also
[SzTol1]) which is a parabolic version of Blocki’s estimate [Blo09] for Ké&hler manifolds.
In these articles we used the usual normal coordinates in Kédhler geometry. For Hermitian
manifolds, we need to use the following local coordinate system due to Guan-Li [GL10,
Lemma 2.1] (see also [StT11] for a similar argument), which is also essential for our second
order estimate. We also refer the reader to [Ha96, Lemma 6] for a gradient estimate for
the elliptic Complex Mong-Ampere equation in the Hermitian case without using the local
coordinate system. We thank Valentino Tosatti for indicating the reference [Ha96]. We
remark that similar arguments of the proof below can be found in [Niel4, Lemma 3.3].

Lemma 3.3.9. At any point x € X there exists a local holomorphic coordinate system
centered at x such that for all i,j

aﬁ
9:5(0) = 81, éi(mzo. (3.3.5)
J

We now prove

Proposition 3.3.10. Fize € [0,T]. There exists C > 0 depending on supx ¢o and € such

that for alle <t <T
Ve(2)[2 < /072,

Proof. Since the bound on Oscxp. only depends on supy ¢p and ¢ (see Theorem 3.3.8),
we can consider the flow starting from ., i.e ¢(0,2) = ¢.. Then we need to show that
there exists a constant C' depending on Oscx g and € such that
Ve(2)[2 < e,

for all t € [0,T — €.

Define

K(t,z) =tlog|Vy|2 —yogp =tlog — o,

for (t,x) € [0,T — €] x X where, 8 = |V¢|? and v € C*°(R,R) will be chosen hereafter.

If K(t, z) attains its maximum for ¢ = 0, 8 is bounded in terms of sup y ¢o and ¢, since

|o¢| is bounded by a constant depending on supy ¢o and € for all t € [0,T —¢] (see Section
3.3.1).

We now assume that K(¢,z) attains its maximum at (to,2o) in [0,7 — €] x X with
to > 0. Near zy we have w = \/—lgﬁdzi A dz; for some and 6; = v—lhz-;dzi Ndzj. We take
the local coordinates (3.3.5) for w at zy such that

9ik(20) = Gj (3.3.6)
9giin(20) = 0 (3.3.7)
Upg(to, 20) = hpg + ¢pq is diagonal, (3.3.8)
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; ; : . Ou . 0% o
here for convenience we denote in local coordinate, u, := 9z Uik ' Bz,05 and 9i5k =
Bgij
oz *

We now compute K, K5 at (to, 20) in order to use the maximum principle. At (o, 2o)
we have K, = 0 hence

tﬁp — /B'y/ o QDCPp (339)
or 2
3 1
(%) =0 o oPleal

Therefore,

Bl — 18pl*

Kpp = tppg2|p| =" 0 lepl* =" 0 0y
Bop
=t~ — [t71(Y 0 0)* + " 0 ¢llwp* — 7 0 Py

B

Now we compute [, Bpp at (to, z0) with g = gj’;cpjcp,; where (¢/%) = [(gjfg)t]_l. We have

Bp = giF0i0p + 9 0ier + 9 0i08,
Since _ _ _
9 =—9"9.,9°",
Bp = =g g.,9% 050 + 7  opier + 97 0505,
and
T i 2 i sk
Bop = —95 95,9 ik — 9 Gsipp9” P3Pk — 9 9p95 PiP
T - .7 T ]; -7,
—0' 9.0,9% Ciper — 97 9.9 0505 + Th Civek + ' CippeR
+9" 0ip i + T iy + 9 CineRp + 970 Ciipp

Therefore, at (tg, zo),

7
9" = —Gkjps
Bo = —g g, 9" 0i0k + D 0ipei + D ©5pP55 (3.3.10)
j j

and

Bop = —Gkjpp?i ¥ T 2Re(0ppe7) + 10ip — Y Girpekl” + 10ip — D 9550kl
k k
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Now at (t(), Z())

A K — Z": Kpp _ t B [T1(0 00l +7 00l 7 o opm
0 p=1 Upp B upp Upp Upp

Since upp = @pp + hpp near (to, 20), then at (to, zo)

/
5 h
Y OoPPpp n’}/OQO ZVOSO PP
) Upp » Upp

< nyop— )\nyuow
Pp

with A < hpp, on [0,7] x X forallp=1,...,n

Moreover, assume that the holomorphic bisectional curvature of w is bounded from
below by a constant —B € R on X, then at (to, zo)

—GikppPi Pk ikppPi Pk
t ] pp — t j pp > Bt _
Jzk:p Bupp j;p Bupp Z “pp

therefore

Pppj Pj
Ay, K > (M op—tB)), uT,p +2tRe uppﬂ
p Jp

o - 2 o - 2
+£Z [ip — 2k gkjp@k’ + lop — 2ok ijp90k|

Bupp

@
—[t7H (Y 0 p)? 70¢Z|p| —ny ogp.

By the maximum principle, at (g, o)

0
< [ = —
0 (t Act)K

hence,

1 ' Pppj ¥
0 < logB—+opp— (AN op—tB)Y — +t— —2tRe I
zp: upp B % Bupp

t i — >k 91{‘*901@‘2 + %5 — 2k i ¢k|2
—BZ o P (3.3.11)

Bupp

2
+t (Y o)+ 0] Y |ip| +nv o p.
p PP
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We will simplify (3.3.11) to get a bound for g at (o, 20)-

Claim 1. There exist C1 > 0 depending on sup |¢o| and Ca,Cy only depending on h and
Cs depending on sup |y o | such that

2 otRe Z p”% <Clt+Cth—

p Upp Upp

and

t Pip — 2k GkjpPk 2
_721 jp k 9kjp ‘ e 1(7080 Z‘SDp’ <C’3fyocp—|— ZWP‘
: Bpp Upp Upp

Proof of Claim 1. For the first one, we note that near (¢, 2o)
log det(upg) = ¢ + F(t, z,¢) + log 2,

hence using

d - d
— =A"(—A;|detA
7 det A=A (ds ”) e
we have at (to, o)

UPPuyp; = uppj = (o4 F(t, z,¢) +1ogQ);.
b

Therefore

PopiP; Uppj — ppJ)SO
2tRe By = 2tRe Z B

= EReZ(erF(tZSD)JrlOgQ)J% 2tRey loni;

u
J Jp PP

ot , 2t OF
= ERGZ(%%) + ERe ((F(t, z, ) +log Q); + ag%’) ©3
j

hpp; ‘P5

J»p

In addition, at (g, 20)
gt Tl .
t— == ¢ (¢ipn + vivr)
B B
2t .
= gRe(Wg),
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we infer that

t——2tR Z Uppi%j —ﬁReZ( i(t, 2, 0) + (log Q) > Z |<PJ

Bupp F
hpsi03
+otRe S SPHEL
gp PUep
We may assume that log 5 > 1 so that
il
<C
B
Since %—I; > 0, there exist C; > 0 depending on sup |gg| and Cy depending on h such that
L oime STIEL <yt + Cztz — (3.3.12)
B ip Bupp Upp

We now estimate

t Pip — 2k IkjpPk 2
_72‘ Jjp kik_]p ’ L 1(,y o p) Z|‘Pp| .
- Pupp Upp

It follows from (3.3.9) and (3.3.10) that

Bp = —Gijp0iPk + & 0ipei + 97 0505,
tBp = BY © ppp

then,
D (ip = D iper)e; =t 0 0By — > @ipe; =t 0 0By — uppps + Y hjpe;
j k j j

Hence at (to, 29), using log 8 > 1, we have

’ 2

t Z Pip — 2k 9kjp90k| Z | Z (jp — 2k gkjp@k)‘;@j
Bupp B 52 Upp

‘ 2

_t Z |t 0 By — wpps + ;5 hipe;
B2 Upp

|op|? hipp;50p At
>t1(7o<p Z Irl l@*yo(pQR ZTJ_—QV’O _ﬁ’
Upp ip pp

—1/. 2 |30p‘2 / |90p|2
>t (Y op) Y T = Cyyfop - osoz
p

7 “pp
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where Cy depending on h and C3 depending on the sup |y’ o ¢| such that

At
7z (—C3+2)7 0p, Yt €[0,T —¢].
This completes Claim 1. O

‘We now choose .
v(s) = As — (A + C4> s?

with A so large that v/ = A — 2 (% +C'4> s > 0 and v = —2/A — 2Cy < 0 for all
8 < Sup[o 7]x x Pt- Since
04 2 04 1
U Aoy = 2 o0+ 2 A—2< ) )
’yoso+570s0 1 C4+ﬁ( A+C4 ®
2 Cy
< _Z_ s
< 1 2C + 3 Cs,

where C5 > 0 depending only on A, supy |po|, we can suppose 3 > C5 (otherwise, we have

a bound for ), so

C 2
’y”ongrfv’ogpg - (3.3.13)

From Lemma 3.3.4 we have ¢ > Cy+nlogt, where Cy depends on Ocsxpg. Combining
this with (3.3.11), (3.3.13) and Claim 1, we obtain

2 |‘Pp|2 1
0< _ZZ@ — (M op—Bt— czt)zu—pﬁ +logB+C'Y op+Cit,  (3.3.14)
2 2
where Cy,Cy, C’ depend on supy |po| and h. If A is chosen sufficiently large, we have a
constant C5 > 0 such that
_ —— < s og 3, (3315)

p Upp T Upp

since otherwise (3.3.14) implies that 3 is bounded. So we get (uy;)~t < Cslogf for
1 <p < n. It follows from Lemma 3.3.5 we have at (to, 29)

[Ty = e 90 0me0 < G,
p

where Cg depends on supy |¢ol,e. Then we get

up; < Co(Cslog B)™ 1,
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so from (3.3.15) we have

B=>lepl* < Cs(Cslog B)",
p

hence log 8 < C7 at (g, z9). This shows that § = |Ve(2)|2 < e/t for some C depending
on sup || and €. O

3.3.4 Bounding Ay,

We now estimate Ag. The estimate on |Vil|2 is needed here. The argument follows from
[GZ17, T617] but there are difficulties in using this approach because of torsion terms that
need to be controlled (see also [TW10a] for similar computation for the elliptic Monge-
Ampere equation).

Lemma 3.3.11. Fix ¢ > 0. There exist constants A and C only depending on £ and
supx o such that for all 0 <t <T —¢,

0 < tlogtry(wite) < AOscx(pe) + C + [C —nloge + AOscx (e )]t.

Proof. We first denote by C' a uniform constant only depending on € and sup y ¢o.

Define
P = tlogtry(wite) — Apise,

and
u = try,(Wiie),

with A > 0 to be chosen latter. Set A; := A then

wt+g,

5 .
TP —logu+tl — Appie,
ot U

AtP = tAt log u — AAtSDt—i—E

hence

(gt B At) P =logu+1- — Ajrye — tA logu+ Adprse. (3.3.16)
u

First, we have
A
ANyppe = An — Atry,, (O14c) < An — 5 tre,, . (W). (3.3.17)

Suppose P attains its maximum at (¢g, zo). If to = 0, we get the desired inequality. We
now assume that P(t,z) attains its maximum at (to, o) with tg > 0.

It follows from Proposition 3.3.4, Proposition 3.3.5 and Theorem 3.3.8 that ¢; . de-

pends on € and supyx ©o, hence
wi'

log—| < C.
w
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Combine with the inequality

1
syt
(w) < —tr,@ (see Lemma 2.2.3),

3

we infer that
try, Wepe > C_l, tre,,, w > C_l,

try Wige < Ctry Wige oy, w,  try,, w < Ctry wige try,, . w. (3.3.18)
Denoting §(t,z) = gt+-(z) and using the local coordinate system (3.3.5) at (to, zo), we
have
Avtrywiye = §570,05(9"gy)

= D 70w — 2Re(D_ Giwadnii) + D 9" 957i9k5i0nk
i7j7k

+> 7" %5970k — 2 3" IriiIni

2 Z g“f]kzl_cﬁ - 2R€(Z gugjl_dgka) — Ctry Wepe tru, v,
ik igk

where the last inequality comes from (3.3.18). Since

A = tr, (Ric(Q) — Ric(wisz)) + AuF (L, 2, pr1e) (3.3.19)
and - =
tr,, Ric(wt+5) = Z gu(_gﬁ]d} + g”ﬁiikﬁﬂfc%
ik
we have
N 7 G = Y "7 Girdsin — tre Were (3.3.20)
ik 1,5,k
Therefore

Avtrywie > Y 377 358, — trw Ric(wire)
i7j7k

_QRG(Z gugﬂagkﬁ) — Cytry, Wt+te trwz+s w
i7j7k
Now we have
\2R6(Z%§”9jzsz§kﬁ)! < X %(ﬁ“é“ Gindsin + 9" 9,59,8915%)
%7, (2

DX G505 + C tro wipe tro,, w.
i j#k

IN
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It follows that

A try, Wepe > Z g“g”gl-jjgjij try Ric(wiye) — Ctry Wige tre,, . w.

(3.3.21)

(3.3.22)

7-]
We now claim that
’8 trw (wt+€ ’Wt+ “/
< 5 ]J 2 2
(tre wrse)? Z 9" 9i539515 + A Vel
C'tr,,
< t (trw Wt+5)2 o
By computation,
|0 trey (wite) |Z,t+€ _ Z g”g ;
(try weie)? trw Wite)? by jji9kki
- G (5 — iy + Big) s — o + Ge)
trw Wite) 2 ; Jﬂ %3] 155/ \""kki kik kik
- G (Ty55 + 3) T + Gyt
trw wt+5 2 %: 7']] i3] ikk kik
- (tr w ( Z g’ gzjjgkzk + Z g ijj T,.r +2Re Z g Jjgk‘lk>
w t-l—e igk ik T
where ng ; h]ﬁ hm

It follows from the Cauchy-Schwarz inequality that

— > FGdan < S 5555055
trw Wite Z i35 kik ; iji95ij:

For the second term, we have

Z gzzj—;jjz_;kk < Ctrwt+
i,5,k

Now at the maximum point (g, 2z9),to > 0, we have VP = 0, hence
. u; t
Ap; = = ;gkl_ﬁ'

Since g5z = pii — Lipi» We have

(3.3.23)
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3 Rte Z guT 79Kk 5| Re Z guT 59Kk T Re Z g”Tz]szkk

(trw Wite)? by (tl"w Weye)? ik oy
2 A
= try, wiqe Re Z gu 1770 T O truy, w

7.]

1 Ctr
g(ﬁwmi ‘“&)+cmws
13 (t TwWw t+6)

Combining all of these inequalities we obtain (3.3.22).
It now follows from (3.3.21) and (3.3.22) that

try, Ric(wite) 1 5 9 ( 1) Ctry,, . w
Atlogt > YT A%V —(1+-)—=— - Ct
tlogtry, Wiye =2 T Wrre / Vel + t ) (tre wise)? Twppe W
Moreover,
tu t n n n .
= Ay (logwiy./w" —log Q/w™ — F(t, 2, prie)) + tre O |,

t .
= { — tr,(Ric wite) + try,(0: + Ric w) — Ay, (F(t, 2, ) + log Q/w")} ,

It follows from Proposition 2.3.7, try,, wtry, wiye > n and try, wipe > C~! that

Ay [F(t, z,¢) + log Q/w"]
try, (wt-‘ra)

b
— tA;logu + <ot tre, (W) —t +C. (3.3.24)
u

Now

OF OF 0*F
Btz pee) = BuF (e, +2Relg® (50) i + Somse+ SVl
J

Therefore
|AL(F(t, 2, pree) + log Q/w™)| < C + CIV|2 + Ctry, wiye.

Then we infer

Aw[F(taza QD) + IOg Q/wn] 1 2
_ < —tr, C+C|\V C
o < b, (@)(C + CIVpl2) +

so from Proposition 2.3.7 and (3.3.24) we have

.
— tAilogu + e tro,, . (w) + C. (3.3.25)
u
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Moreover, the inequalities (n — 1) logz < x 4+ C,, and

~n

~ w _
tryw < (w”) (trp w)™ L,

for any two positive (1, 1)-froms w and @, imply that

n
log u = log tr,,(w1<) < log (n (“’;:5) . (w)"‘l)

=logn + @i + F(t,2,0) + (n—1)log Ty, . (w)
< Grpe + tru, (@) + C. (3.3.26)

It follows from (3.3.16), (3.3.17), (3.3.25) and (3.3.26) that

(;—At>P§C— (A—1)<,bt+a+[Ct+1—A/2]trwt+Ew.

We choose A sufficiently large such that Ct+1— A/2 < 0. Applying Proposition 3.3.4,

ot

Now suppose P attains its maximum at (o, z0). If to = 0, we get the desired inequality.
Otherwise, at (to, 20)

(8 — At) P<C—-(A—-1)(nloge — AOscxp. — C).

0< (gt - At) P <C—(A=1)(nloge — AOscxp. = C).

Hence we get
tlogtr, (wite) < AOscx(p:) + C + [C —nloge + AOscx (¢:)]t,

as required. O

3.3.5 Higher order estimates

For the higher order estimates, one can follow [SzToll] (see [Niel4] for its version on
Hermitian manifolds) by bounding

S = gPgY gk o1pper and |Ric(wr)lw,,

then using the parabolic Schauder estimates to obtain higher order estimates for ¢. Addi-
tionally, we can also combine previous estimates with Evans-Krylov and Schauder estimates
[T617, Theorem 1.7] (see Theorem 2.2.8) to get the C* estimates for all k > 0.

Theorem 3.3.12. For each € >0 and k € N, there exists Cy(g) such that

lleller e, mxx) < Cr(e)-
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3.4 Proof of Theorem A and B
We now consider the complex Monge-Ampere flow

0y + ddpy)"™
%_log(ﬁ' 1)

(CMAF) 5 = Q — F(t, z,¢),

starting from a w-psh function ¢y with zero Lelong numbers at all points, where F'(t, z, s) €
C>*([0,T] x X x R,R) with %—f >0 and %—Zj is bounded from below.

3.4.1 Convergence in L!

We fisrt approximate g by a decreasing sequence (g ; of smooth w-psh fuctions (see
[BK07]). Denote by ¢; ; the smooth family of §;-psh functions satisfying on [0,7] x X

Do (0; + dd°p;)™
— =log———FF——— — F(t
at Og Q ( ) Z? ()0)
with initial data g ;.

It follows from the maximum principle [T617, Proposition 1.5] that j — ¢, is non-
increasing. Therefore we can set

wi(z) == lim ¢y (2).

Jj—+oo

Thanks to Lemma 3.3.3 the function ¢ +— supy ¢;; is uniformly bounded, hence ; is
a well-defined 0;-psh function. Moreover, it follows from Theorem 3.3.12 that ¢ is also
smooth in (0,7 x X and satisfies

% _ 10g (et +dd QDt)

8t - Q —F(t,Z,(,O).

Observe that (¢;) is relatively compact in L!(X) as t — 07, we now show that ¢; — ¢
in L1(X) as t \ 0.

First, let ¢, is a subsequence of (¢;) such that ¢y, converges to some function v in
L'(X) as t;, — 07. By the properties of plurisubharmonic functions, for all z € X

lim sup ¢y, (2) < 9(2),

tr—0

with equality almost everywhere. We infer that for almost every z € X

Y(z) = limsup ¢y, (2) < limsup ¢y, j(2) = @o,;(2),

tr—0 tr—0

by continuity of ¢; ; at t = 0. Thus ¥ < ¢ almost everywhere.
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Moreover, it follows from Lemma 3.3.3 that
wi(z) > (1 —2B8t)po(z) + tu(z) + n(tlogt — t) + At,

with u continuous, so
o < lim inf ¢.
t—0

Since 1) < g almost everywhere, we get 1) = g almost everywhere, so ¢; — g in L1.

3.4.2 Uniform convergence

If the initial condition g is continuous then by [T617, Proposition 1.5] (see Proposition
2.2.5) we infer that ¢, € CY([0,T] x X), hence ¢; uniformly converges to @g as t — 0.

3.4.3 Uniqueness and stability of solution

We now study the uniqueness and stability for the complex Monge-Ampere flow

890t <0t + ddc(pt)n
— =log———FF—F—F"— — F 4.1
at Og Q (t? Z? 80)7 (3 )
where F(t, z,s) € C([0,T] x X x R,R) satisfies
OF oF
—_— > — <
ag_Oand‘at‘_C,

for some constant C’ > 0.

The uniqueness of solution follows directly from the same result in the Kéhler setting
[T617] (see Chapter 2)

Theorem 3.4.1. Suppose 1p and ¢ are two solutions of (3.4.1) with vy < 1y, then @y < ;.
In particular, the equation (3.4.1) has a unique solution.

The stability result also comes from the same argument as in [T617] (see Chapter 2).
The difference is that we use Theorem 3.3.6 instead of the one for Kéahler manifolds.

Theorem 3.4.2. Fiz e > 0. Let po; be a sequence of w-psh functions with zero Lelong
number at all points, such that po; — po in LY(X). Denote by ¢t,j and p; the solutions
of (3.4.1) with the initial condition g ; and @o respectively. Then

Prj = pr in COO([E,T] x X) as j— +oo.

Moreover, if ¢, € C*((0,T] x X) are solutions of (CMAF) with continuous initial
data o and g, then

o = Vlleke1xx) < Clk,€)llpo — Yol Lo (x)- (3.4.2)
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Proof. We use the techniques in Section 3.3 to obtain estimates of ¢ ; in C*([e,T] x X)
for all k& > 0. In particular, for the C° estimate, we need to have uniform bound for
H; ; = exp(¢,; + F) in order to use Theorem 3.3.6. By Lemma 3.3.5 we have

—o; +C

/
O o),

Hyj =exp(¢j+ F) <exp (
where C, C’ depend on ¢, supy o ;. Since ¢y ;j converges to ¢g in L', we have the sup y ©0,j
is uniformly bounded in term of supy o for all j by the Hartogs lemma, so we can choose
C, C" independently of j. It follows from [DKO1, Theorem 0.2 (2)] that there is a constant
A(t,e) depending on ¢ and ¢ such that ||Hyj|[12(x) is uniformly bounded by A(t, ¢) for all
t € [e,T]. The rest of the proof is now siminar to [T617, Theorem 4.3]. O

3.5 Chern-Ricci flow and canonical surgical contraction

In this section, we give a proof of the conjecture of Tosatti and Weinkove. Let (X, wq) be
a Hermitian manifold. Consider the Chern-Ricci flow on X,
0

awt = —Ric(w), wli=0 = wo. (3.5.1)

Denote
T :=sup{t > 0|3y € C°(X) with wx + dd°y > 0},

where &x = wo + tx, with y is a smooth (1, 1)-form representing —cP¢ (X).

Assume that there exists a holomorphic map between compact Hermitian manifolds
m: X — Y blowing down an exceptional divisor ¥ on X to one point yg € Y. In addition,
assume that there exists a smooth function p on X such that

wo — T'Ric(wy) + ddp = m*wy, (3.5.2)

with T" < +o0, where wy is a Hermitian metric on Y. In [TW15, TW13|, Tosatti and
Weinkove proved that the solution w; to the Chern-Ricci flow (3.5.1) converges in C7C.(X \
E) to a smooth Hermitian metric wr on X \ E. Moreover, there exists a distance function
dp on'Y such that (Y, dr) is a compact metric space and (X, g(¢)) converges in the Gromov-
Hausdorff sense (Y,dr) as t — T~. Denote by w’ the push-down of the current wp to Y.
They conjectured that:

Conjecture 3.5.1. [TW13, Page 2120]

(1) There exists a smooth maximal solution w; of the Chern-Ricci flow on'Y for t €
(T, Ty) with T < Ty < 400 such that w; converges tow’, ast — T, in C2. (Y \{yo}).
Furthermore, wy is uniquely determined by wy.
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(2) The metric space (Y,w;) converges to (Y,dr) ast — T in the Gromov-Hausdorff
sense.

We now prove this conjecture using Theorem A, Theorem B and some arguments in

[SW13a, TW13].

3.5.1 Continuing the Chern-Ricci flow

We prove the first claim in the conjecture showing how to continue the Chern-Ricci flow.

Write @ = 7*wy = wy — TRic(wg) + dd°p. Then there is a positive (1, 1)-current
wpr = & + ddrp for some bounded function ¢p. By the same argument in [SW13a,
Lemma 5.1] we have

or|E = constant.

Hence there exists a bounded function ¢p on Y that is smooth on Y\ {yo} with o = 7*¢r.

We now define a positive current «’ on Y by
w = wy + ddcqu >0,

which is the push-down of the current wr to Y and is smooth on Y \ {yo}. By the
same argument in [SW13a, Lemma 5.2] we have w'™/w{ € LP(Y). It follows from [DK12,
Theorem 5.2] that ¢r is continuous.

We fix a smooth (1,1) form y € —cP%(Y) and a smooth volume form Qy such that
x = dd¢log 2y. Denote
Ty :=sup{t > T|wy + (t — T)x > 0}.
Fix T" € (T, Ty ), we have:

Theorem 3.5.2. There is a unique smooth family of Hermitian metrics (w¢)r<i<r on'Y
satisfying the Chern-Ricci flow

Ouwy
ot
with wy = wy + (t — T)x + dd°¢s. Moreover, ¢y uniformly converges to ¢ ast — TT.

= —Ric(w), Wilt=r = ', (3.5.3)

Proof. We can rewrite the flow as the following complex Monge-Ampere flow

00 _ | (Gy +dd°e)"
ot & Q ’

where Oy := wy + (t — T')x and ¢r is continuous.

Pli=r = ¢r, (3.5.4)

It follows from Theorem A and Theorem B that there is a unique solution ¢ of (3.5.4)
in C®°((T,T'] x Y) such that ¢; uniformly converges to ¢ ast — Tt. O
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3.5.2 Backward convergences

Once the Chern-Ricci flow can be run from w’ on Y, we can prove the rest of Conjecture
3.5.1 following the idea in [SW13a, Section 6].

We keep the notation as in [TW15]. Let h be a Hermitian metric on the fibers of the
line bundle [E] associated to the divisor E, such that for g9 > 0 sufficiently small, we have

T wy — egRp > 0, where Ry, := —ddlog h. (3.5.5)

Take s a holomorphic section of [E] vanishing along E to order 1. We fix a a coordinate
chart U centered at yg, which identities with the unit ball B C C™ via coordinates 21, ..., z,.
Then the function |s|? on X is given on 7~ (B(0,1/2)) by

Is|3(x) = [21> 4+ ...+ |z0)? =72, for w(z) = (21,..., 2n).

Hence, the curvature R(h) of h is given by

R(h) := —dd°log(|z1]* + ... + |za]?).

The crucial ingredient of the proof of the conjecture is the following proposition:

Proposition 3.5.3. The solution w; of (3.5.3) is in C°([T,T'] x Y \{vo}) and there exists
n > 0 and a uniform constant C > 0 such that for t € [T,T"]

(1) we <O,
m|s[3

In order to prove this propositon, we use the method in [SW13a] to construct a smooth
approximant of the solution ¢; of (3.5.4). Denote by f. a family of positive smooth functions
fe on Y such that it has the form

fe(z) = (e + )",

on B, hence f.(z) — f(z) = r21) as ¢ — 0. Moreover, there is a smooth volume form
Qx on X with 7*Qy = (ﬂ*f)QX

Observe that Oy (t) — Zwy is Hermitian on Y for t € [T, T'] if € is sufficiently small.
Therefore

0% .= 7" (Qy — %wy) + %WO

is Hermitian for € > 0 sufficiently small.
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We denote by 97 the unique smooth solution of the following Monge-Ampere flow on
X:

O _ |, (O Fddye)”
ot 8 )0y
Ve le=r = p(T —€), (3.5.6)

Define Kéhler metrics w® on [T,T’] x X by

W = 0F + ddy*, (3.5.7)
then e
a“; = —Ric(w®) — 1, (3.5.8)

where n = —dd®log((7* fz)Qx) + 7*x = —dd®log(7* f-)Qx) + ddlog((m* f)Qx).

We claim that m,¢)§ converges to the solution ¢ of the equation (3.5.4) in C*°([T,T"] x
Y \ {yo}), then m.w® smoothly converges to w; on [T,7"] x Y \ {yo}.

Lemma 3.5.4. There exists C > 0 such that for all € € (0,e0) such that on [T,T'] x X
we have

(1) n < CWO:

(ii) Osexy® < C;

(i) L <c

Proof. By straightforward calculation, in 7~1(B(0,1/2)), we have

n = —dd®log((7*f:)Qx) + dd°log((7* f)Q2x)
< (n—1)7* (dd°logr?)
\/?1 % 1 ZL'Z' _
= (n— 1)T7r = 12]: (517 — r—;dzi A dzj)
< CWO,

for some constant C' > 0. This proves (i). Using the same argument in Section 3.3 (see
Theorem 3.3.8) we get (ii). Finally, the estimate (iii) follows from the same proof for the
Kahler-Ricci flow (cf. [SW13a, Lemma 6.2]) O

Two following lemmas are essential to prove Proposition 3.5.3.
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Lemma 3.5.5. There exists n > 0 and a uniform constant C > 0 such that

. (3.5.9)
s[5
Proof. We first denote by C > 0 a uniform constant which is independent of . Set
& = m*wy and fix § > 0 a small constant. Following the same method in [TW13, Lemma
3.4] (see [PS10] for the original idea), we consider

Hs = logtrg wy + log ]s\i(pﬂ;) — Ay + e
0

where ¢ := ¢F — 1%ﬁlog 5|2 and Cp > 0 satisfies U+ Co > 1.
It follows from [TW13, (3.17)] and [SW13a, Lemma 2.4] that

C
wo £ —5 T wy, (3.5.10)
sy

hence |s|? try w® < C'tr,, w®. Therefore Hs goes to negative infinity as z tends to E.
Suppose that Hs attains its maximum at (tp,x0) € [T,7'] x X \ E. Without loss of
generality, we assume that trgw® > 1 at (tg, zo).

The condition (3.5.2) implies that m*wy —wyp is a d-closed form, so that dwy = 7*(dwy ).
Therefore we have

(T0)%(90) i = (2V/=10w0) jyf, = (2v =17 0wy ) jy = (7" Ty )y (7" wy) .- (3.5.11)
The condition (3.5.2) moreover implies that
w®(t) = wo + B(t), (3.5.12)

where (t) = (1 —¢/T)(=TRic(wo) + dd°) + (t — T)7*x is a closed (1, 1)-form.

Combining (3.5.12), (3.5.11) and the calculation of [TW15, Proposition 3.1], at (¢o, zo)
we get

2
(try we)?

t ~
%l (3.5.13)

tre we’

0 Y
<8t - A€> log trg, w® < Re (gqu,éi(‘?q try wa) + Ctrye @ +

where T := Ty .

It follows from Lemma 3.5.4 and (3.5.10) that

trg
o” 2C '
tro w® T |s]f trg we
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Moereover, we may assume without loss of generality that

c /
8|2 trows =

for some uniform constant C’, since otherwise Hy is already uniformly bounded. Therefore,
we get

g“wz <. (3.5.14)
Since at (tg, z0) we have VHs(to, zo) = 0,
1 € 7E TE __
hence
LR@ (gkqf’if)—tp we) < 2 Re ((A + = ! ) gkﬁf'.(a¢€)>’

(trg we)? S T trpwf e+ Co S

|8'(;€|3)s 2 od 3 ter (:}
— Y+ CA*(Y* + Cy)° ——.

= (5 + Cp)3 + (¥° + Co) (tro we )2

We also have

0 ~ 1 < ~ 1Z€ Aal/;‘f
I A (—adF + — — AU+ AAE — ~ .
(8t > ( v +¢6+CO> v+ ALY (= + Co)? " (ve + Co)?

Combining all inequalities above and Lemma 3.5.4 (iii), at (to, o), we obtain

) 09° |2 . 1 ,
0<|=—-A.)Hs < —— Y 4+ Ctrpe0—[A+——"—"7— €
—(at ) ’ (e + Copp T T AT e )Y

1 1
+C' + <A + ) trye (W — 0° + iéRh)

(¢= 4 Co)? A
. Qx
< Ctrye @+ (A+1)log— + (A+1)n
wE
144
~Atry <9€ - +Rh) el
A
Since m*wy — eg Ry, > 0, we have
1+9
0° — %Rh > cowo

for A sufficiently large. Combining with tr,e @ < Ctrye wg, we can choose A sufficiently
large so that at (g, zo)
Qx

0 < —tryewp + Clog )

+C.
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Therefore, at (tg, xo)

1 o (wg)n Wt QX n—1
tr s < Sinean) 2 <00 (o )

3

Since w®/Qx < C (Lemma 3.5.4 (iii)) and & — xlog|z|"~! is bounded from above for
x close to zero, we get
try,, w® < C,

This implies that Hy is uniformly bounded from above at its maximum. Hence we obtain
the estimate (3.5.9). O

Lemma 3.5.6. There exists a uniform A > 0 and C > 0 such that
C

g
< ———wp.
Y= pan e

Proof. Following the method in [TW13, Lemma 3.5] (see also [PS10]), we consider for each
0 >0,

1 1
Hs = logtr,, w® — AQ® + — + — —,
o OB M YT Er e ({0
where ¢° := — log(trg w®|s[>(179)) 4+ Ay® and C' is chosen so that 3 +C > 1 and ¢*+C > 1.

The constant A > 0 will be chosen hereafter. Lemma 3.5.5 and Lemma 3.5.4 (ii) imply
that Hs goes to negative infinity as z tends to E. Hence we can assume that Hs attains
its maximum at (tg,xg) € [T,T'] x X \ E. Without loss of generality, let’s assume further
that tr,, w® > 1 at (o, xo)-

As in Lemma 3.5.5 we have

0 € 2 ki e A t1on
(at — Ag) 10g tr@ w < WRQ (g Tklaq trg w ) -+ Ctrws w + trg o .
and
0 2 K i i trwo M
(815 — A6> log try, w® < WR@ (g 4(T)}i05 tru, wﬁ) + Ctrye wo + =

It follows from Lemma 3.5.4 and (3.5.10) that

try C
trywe ~ s trg we’
and
trug M < C C
T W ~ tre, w® T 8|2 trg we

Therefore
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2 o ) )
mRe (qu (T0)1i0q trwe w) + Co(A+1)trye &
wo

(3 — AE) Hs < Cytry,w® +

1 1 e pe (1+0)Ry
+ <A <A+ (¢5+C~')2> + (¢E+C«)2>tr‘“s (w 0 +7A )

2 2 ~ CA
_7~a~2_ﬁa 52_‘_7‘
o T @
For the last term, we may assume without of generality that
CA
< t 3 I/A
|s[? trg we (o &),
since otherwise Hj is already uniformly bounded. Using
g\n
try,, w” < n ((wn) ) (trpe wo)™ 1,
Wo
and tr,, w® > 1 at (to,zo), we get
CA
— < Ot c 3.5.16
St wr = O (3510)
for A>n—1.
It follows from (3.5.5) that
1 g
5149 — (1 +0)Rp > cowo,

for all A sufficiently large. Therefore we can choose A sufficiently large such that

A%0° — A(1 + )Ry, %A%E + A A0 — (1 + 5)Rh)

Co(A + 1)@ + (Co + Cy + 1)wy. (3.5.17)

AV
N |
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Compute at (o, zg), using (3.5.16), (3.5.17), ¥ +C > 1 and 3¢ + C > 1,
p— € — I3
0 < tr, w° + CIE ( (T0) 407 tre, w)
{ay 1 2 Re (gk@Ti.a-tr w)
(& +C)2) (trow)? e
. 2 2
—Bif — ————|0p)? — 788 +

for B is a constant in [42, A2 + A + 1].
By the same argument in [TW13, Lemma 3.5], we get, at (tg, zo),

(we)"
Qx

1
0< ~1 tr,e wo — Blog +C'. (3.5.18)

As in the proof of Lemma 3.5.5, we infer that tr,, w® is bounded from above at (tg,zg).

Therefore, it follows from Lemma 3.5.4 and Lemma 3.5.5 that Hs is bounded from above
uniformly in §. Let § — 0, we get

log try, w® + Alog(|s|? try w®) < C.
Since try,, w® < C'try w®, we have
log(tr,, w®)AH|s[24 < C,
and the desired inequality follows with A =1/(A+ 1) > 0. O
Proof of Proposition 3.5.3. On Y, the function ¢° := w7 satisfies

0¢°
ot

((f)y + %(wy — TF*w()) + ddc(be)n
Qy ’

=log V= = (T — €). (3.5.19)
Since of = @y + % (wy —mwwp) is uniformly equivalent to &y for all € € [0,e0] and t € [T, T7],
we can follow the same argument as in Section 3.3 to obtain the C*-estimates for ¢$ which
are independent of ¢, for all t € (T,7’]. By Arzela-Ascoli theorem, after extracting a
subsequence, we can assume that ¢¢ converges to ¢, as £ — O+, in C([6,T'] x Y) for all
§ € (T, T"). Moreover &; uniformly converges to ¢, hence ¢ satisfies (3.5.4). Thanks to
Theorem 3.4.2, ¢ is equal to the solution ¢ of (3.5.4). Using Lemma 3.5.6 and the standard
local parabolic theory, we obtain the C'° estimates w® on compact sets away from E. Hence
¢ is the smooth solution of 3.5.1 on [T, 7] X Y \ {yo}. Finally, Proposition 3.5.3 follows
directly from Lemma 3.5.5 and Lemma 3.5.6. O

Finally, we get the following:
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Theorem 3.5.7. The solution w; of (8.5.8) smoothly converges to ', ast — TV, in
Co (Y \ {yo}) and (Y,w:) converges in the Gromov-Hausdorff sense to (Y,dr) ast — TT.

Proof. Tt follows from the proof of Proposition 3.5.3 that ¢ € C°([T,T'] x Y \ {yo}), hence
wy smoothly converges to wli=r = w’ in CL2.(Y \ {yo}).

Denote by d,,, the metric induced from w; and S, the 2n — 1 sphere of radius r in B
centered at the origin. Then it follows from Lemma 3.5.5 and the argument of [SW13a,
Lemma 2.7(i)] that:

(a) There exists a uniform constant C' such that
diamg,, (S,) <C, Vte (T,T']. (3.5.20)

Following the same argument of [SW13a, Lemma 2.7 (ii)], we have

(b) For any z € B(0,3) \ {0}, the length of a radial path y(s) = sz for s € (0, 1] with
respect to w; is uniformly bounded from above by C|z|}, where C is a uniformly constant
and X as in Lemma 3.5.6.

Given (a) and (b), the Gromov-Hausdorff convergence follows exactly as in [SW13a,
Section 3|. This completes the proof of Theorem 3.5.7 and Conjecture 3.5.1. O

3.6 Twisted Chern-Ricci flow

3.6.1 Maximal existence time for the twisted Chern-Ricci flow

Let (X, g) be a compact Hermitian manifold of complex dimension n. We define here the
twisted Chern-Ricci flow on X as

0 .
% = —Ric(wy) + 1, wli=o = wo (3.6.1)

where 7 is a smooth (1, 1)-form. Set &; = wp + tn — tRic(wp). We now define

T = sup{t> 0|3 € C°°(X) such that &; + dd°¢ > 0}
= sup{T' >0Vt € [0,T"], 3¢ € C*°(X) such that &; + dd“y > 0}.

We now prove the following theorem generalizing the same result due to Tosatti-
Weinkove [TW15, Theorem 1.2]. We remark that our ingredients for the proof come from
a priori estimates proved in Section 3.3 which are different from the approach of Tosatti
and Weinkove.

Theorem 3.6.1. There exists a unique mazimal solution to the twisted Chern-Ricci flow
on [0,T).
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Proof. Fix T" < T. We show that there exists a solution of (3.6.1) on [0,7”]. First we
prove that the twisted Chern-Ricci flow is equivalent to a Monge-Ampere flow. Indeed,
consider the following Monge-Ampeére flow

Do (A7t dd° 7)n
. og 8 (3 6 )

If ¢ solves (3.6.2) on [0.7”] then taking w; := & + ddp, we get

n
0 wy

a((&)t — (J/:}t) = ddc 10g wig’

hence 9
P —Ric(we) + 1.

Conversely, if w; solves (3.6.1) on [0,7"], then we get

9 N . . oy Wi
a(wt — @) = —Ric(wy) + Ric(wy) = dd€log —w%
Therefore if ¢ satisfies

%(wt — @y —ddp) =0,
S0 wy = W + dd°p and ¢ satisfies (3.6.2).

By the standard parabolic theory [Lie96], there exists a maximal solution of (3.6.2) on
some time interval [0, Tipax) With 0 < Tipax < co. We may assume without loss of generality
that Tiax < T'. We now show that a solution of (3.6.2) exists beyond Tyax. Indeed, the
a priori estimates for more general Monge-Ampeére flows in Section 3.3 gives us uniform
estimates for ¢ in [0, Tinax) (see Theorem 3.3.12), so we get a solution on [0, Tryax]. By the
short time existence theory the flow (3.6.2) can go beyond Tiax, this gives a contradiction.
So the twisted Chern-Ricci flow has a solution in [0,7"). Finally, the uniqueness of solution
follows from Theorem 3.4.1. O

3.6.2 Twisted Einstein metric on Hermitian manifolds

We fix a smooth (1, 1)-form 7. A solution of the equation
Ric(w) = pw + 1 (3.6.3)
with © =1 or —1, is called a twisted Einstein metric. We recall
{1} = {af3f € C=(X) with @ = n+ dd°f}

the equivalence class of 7.
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In the sequel we study the convergence of the normalized twisted Chern-Ricci flow to
a twisted Einstein metric w = x + dd®p € —(cP¢ — {n}) assuming that ¢P¢ — {n} < 0 and
p = —1. Note that if ¢P¢(X) < 0 (resp. ¢PY(X) > 0) implies that X is a Kéhler manifold
which admits a Kéhler metric in —c;1(X) (resp. in ¢1(X)). Therefore the positivity of the
twisted Bott-Chern class is somehow more natural in our context.

Assume the twisted first Bott-Chern class o := c¢?¢(X) — {n} is negative. We now use
a result in elliptic Monge-Ampere equation due to Cherrier [Che87] to prove the existence
of twisted Einstein metric. An alternative proof using the convergence of the twisted
Chern-Ricci flow will be given in Theorem 3.6.3.

Theorem 3.6.2. There exists a unique twisted Finstein metric in —« satisfying (3.6.3):
Ric(w) = —w +n. (3.6.4)

Proof. Let x = n — Ric(Q)) be a Hermitian metric in «, then any Hermitian metric in «
can be written as w = x + dd®p where ¢ is smooth strictly and x-psh. Since

w—n=x+dd°¢—n=—Ric(Q) — dd°,

we get
n

dd®log % = —Ric(w) + Ric(Q) = dd°.
Therefore the equation (3.6.4) can be written as the following Monge-Ampeére equation
(x + dd°p)" = e¥Q (3.6.5)

It follows from [Che87] that (3.6.5) admits an unique smooth y-psh solution, therefore
there exists an unique twisted Einstein metric in —(cP¢(X) — {n}). O

3.6.3 Convergence of the flow when ¢?¢(X) — {n} <0
We defined the normalized twisted Chern-Ricci flow as follows

gtwt = —Ric(wy) — wy + 1, (3.6.6)

We have (3.6.6) is equivalent to the following Monge-Ampere flow
dp (@p + ddcp)™
T og it TR

where &y = et + (1 — e ) (n — Ric(Q2)) and Q is a fixed smooth volume form on X. Since
we assume c¢P¢(X) —{n} is negative, the flow (3.6.6) has a longtime solution. The longtime
behavior of (3.6.6) is as follows
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Theorem 3.6.3. Suppose c¢1(X)—{n} < 0. Then the normalized twisted Chern-Ricci flow
starting from any initial Hermitian metric wg smoothly converges, ast — +oo, to a twisted
FEinstein Hermitian metric we = 1 — Ric(Q) 4+ dd oo which satisfies

Ric(wso) =1 — Woo-

Proof. We now derive the uniform estimates for the solution ¢ of the following Monge-
Ampere

3(,0 ((:Jt + ddcsp)n

- = 1 - N =

8t 0og Q @, ‘P‘tfo 07
where @ := e 'wp + (1 — e )y, and x = — Ric(Q) > 0.

The CC-estimates for ¢ and ¢ follow from the same arguments as in [Cao85, TZ06,
Tsu88] for Kéhler-Ricci flow (see [TW15] for the same estimates for the Chern-Ricci flow).
Moreover, since

0 ;
(8t - Awt> (QO + 2 + nt) = trwt X

and

(gt _ Am) (e'p) = — try, (wWo — X)

therefore

The maximum principle follows that (e — 1) — ¢ — nt < C, hence
¢ < Cte™". (3.6.7)

For the second order estimate, we follow the method of Tosatti and Weinkove [TW15,
Lemma 4.1 (iii)] in which they have used a technical trick due to Phong and Sturn [PS10].

Lemma 3.6.4. There exists uniform constant C > 1 such that
log trg (wy) < C.

Proof. Since ¢ is uniformly bounded, we can choose Cj such that ¢ + Cy > 1. Set

P =logtryw — Ap + ———,
&Mt 4 v+ Co

where A > 0 will be chosen hereafter. The idea of adding the third term in P is due to
Phong-Sturn [PS10] and was used in the context of Chern-Ricci flow (cf. [TW15], [TW13],
[TWY15]).
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Assume without loss of generality that trgw; > 1 at a maximum point (g, zp) with
to > 0 of P. It follows from the same calculation in Lemma 3.5.5 that at (o, zp), we have

8 : ) ~ treyn
<(9t B Awt> logtrywe < WRG(QZ g quiiaq trg Wt) + Ctrwt o+ tr:Wt
2 ~il kGt R
: WRe(gZ 9T, ;705 try wy) + Ctry, @ + Cf,

where C7 > 0 satisfies n < C1®.

Now at a maximum point (tg, ) with ty > 0 we have VP = 0, hence

Y3
o AT g
Therefore
2 T ke
‘WRe(g lgqukil’aq tr@ wt)
_ ‘ 2 Re<(A+ 1 Vol gk -<p>
(tro we)? (¢ + Co)? it
CA? il mi 0%,
< C 3 kqulT oM - g
—= (tr@ wt>2(@+ 0) 979 19 gim + 7(@4—00)3
CAtr,, & |0¢l3
N M;Z (¢ + Co)® + PERNE 6%)3.
Moreover, we have
0 1 %
— = Ay, | (—Ap + = —Ap+ AN, o — ————
(f% t)( 4 90+Co) v P o+ Co)?
Awt‘p 2’890’3

(p+Co)?  (¢p+Cp)?

(¢ + Co)? (¢ + Co)?
1 .
+<A + W) (n — trwt W).

Combining these inequalities, at (tg, z9) we have

0 CA2try,, & 1
<(ZL_A, )P < 22wt = (A —— )¢
O-(at *) T (trpw)? Ot & +(<p+Co)2)<p+C1

1 |02
At —— V(n—tr, &) — ——9
HA+ Grap) e d -
CA%tr,, &

(tr 1) (¢ + Cp)® = Oy + (C — A) tr, &.



3.6. TWISTED CHERN-RICCI FLOW 91

We can choose A sufficiently large such that at the maximum of P either trg w; < A%(p +
Cp)3, then we are done, or tryw; > A%(¢ + Cp)3, and A > 2C. For the second case, we
obtain at the maximum of P, there exists a uniform constant C3 > 0 so that

trwt w S C37
Hence combining with the following inequality (see Lemma 2.2.3)

1 n
. < ~yn—1%t
try wy < n(try, @) pyod

we have

A — wn
try we < n(try, @)" 1%; < Oy
w

This implies that P is bounded from above at its maximum, so we complete the proof of
the lemma. O

It follows from Lemma 3.6.4 that w; is uniformly equivalent to & independent of t,
hence

0 ,
(61& N Awt) (et¢) = —try, (wo) + try, X = —-C,

hence ¢ > —C(1+t)e~? by the maximum principle. Combining with (3.6.7), we infer that

o converges uniformly exponentially fast to a continuous function ... Moreover, by the

same argument in Section 3.3, Evans-Krylov and Schauder estimates give us the uniform

higher order estimates for . Therefore ¢, is smooth and ¢; converges to @s in C°.

Finally, we get the limiting metric wo, = n— Ric(Q2)+ ddpo which satisfies the twisted
Einstein equation
Ric(woo) = —Woo + 1.
This proves the existence of a twisted Einstein metric in —cP¢(X) + {n}. O

As an application, we prove the existence of a unique solution of the Monge-Ampere
equation on Hermitian manifolds. This result was first proved by Cherrier [Che87, Théoréeme
1, p. 373].

Theorem 3.6.5. Let (X,w) be a Hermitian manifold, Q@ be a smooth volume form on X.
Then there exists a unique smooth w-psh fucntion ¢ satisfying

(w4 ddp)" = e

Proof. Set n = w+ Ric(Q), then we have ¢P¢(X) — {n} < 0. It follows from Theorem 3.6.3
that the twisted normalized Chern-Ricci flow
0

awt = —Ric(wy) —we +1
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admits unique solution which smoothly converges to a twisted Einstein Hermitian metric
Woo =N — Ric(Q) + ddpoo = w + dd ¢ which satisfies Ric(woo) = —woo + 1 = Ric(Q)) —
dd®ps. Therefore po, is a solution of the Monge-Ampeére equation

w + dd°p)" = e?(.
2

The uniqueness of solution follows from the comparison principle. O



Chapter 4

Fully non-linear parabolic
equations on compact Hermitian
manifolds

A notion of parabolic C-subsolutions is introduced for parabolic equations, extending the
theory of C-subsolutions recently developed by B. Guan and more specifically G. Széke-
lyhidi for elliptic equations. The resulting parabolic theory provides a convenient unified
approach for the study of many geometric flows.

The results of this chapter are joint work with Duong H. Phong [PT17].

4.1 Introduction

Subsolutions play an important role in the theory of partial differential equations. Their
existence can be viewed as an indication of the absence of any global obstruction. Perhaps
more importantly, it can imply crucial a priori estimates, as for example in the Dirichlet
problem for the complex Monge-Ampére equation [Spr05, Gua94]. However, for compact
manifolds without boundary, it is necessary to extend the notion of subsolution, since
the standard notion may be excluded by either the maximum principle or cohomological
constraints. Very recently, more flexible and compelling notions of subsolutions have been
proposed by Guan [Gual4] and Székelyhidi [Szel5]. In particular, they show that their
notions, called C-subsolution in [Szel5], do imply the existence of solutions and estimates
for a wide variety of fully non-linear elliptic equations on Hermitian manifolds. It is natural
to consider also the parabolic case. This was done by Guan, Shi, and Sui in [GSS15] for
the usual notion of subsolution and for the Dirichlet problem. We now carry this out for
the more general notion of C-subsolution on compact Hermitian manifolds, adapting the
methods of [Gual4] and especially [Szel5]. As we shall see, the resulting parabolic theory

93
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provides a convenient unified approach to the many parabolic equations which have been
studied in the literature.

Let (X, ) be a compact Hermitian manifold of dimension n, o = ia,;jdzj AdzZF >0,
and x(z) be a real (1,1)- form,

X = iX];j(z)dzj A dzZ”,

If u € C?(X), let Afu] be the matrix with entries A[u]*; = o™ (x5 +0;0mu). We consider
the fully nonlinear parabolic equation,

Ou = F(A[u]) —¥(2), (4.1.1)

where F(A) is a smooth symmetric function F(A) = f(A[u]) of the eigenvalues A;[u],
1 < j < n of Aful, defined on a open symmetric, convex cone I' C R™ with vertex at the
origin and containing the positive orthant I';,. We shall assume throughout the paper that
f satisfies the following conditions:

(1) f; > 0 for all 4, and f is concave.
(2) f(A) » —c0as A — 9T
(3) For any o < supp f and A € I', we have lim;_,o f(tA) > 0.

We shall say that a C? function « on X is admissible if the vector of eigenvalues of
the corresponding matrix A is in I" for any z € X. Fix T' € (0,00]. To alleviate the
terminology, we shall also designate by the same adjective functions in C%*(X x [0,T))
which are admissible for each fixed ¢t € [0,7"). The following notion of subsolution is an
adaptation to the parabolic case of Székelyhidi’s [Szel5] notion in the elliptic case:

Definition 4.1.1. An admissible function u € C*!(X x [0,T)) is said to be a (parabolic)
C-subsolution of (4.1.1), if there exist constants §, K > 0, so that for any (z,t) € X x[0,T),
the condition

FOu(z, )] + ) — u+71=1b(2), p+6l€ln, 7>-0 (4.1.2)

implies that |u|+|7| < K. Here I denotes the vector (1,--- , 1) of eigenvalues of the identity
matrix.

We shall see below (§4.1) that this notion is more general than the classical notion
defined by f(A([u])) — Owu(z,t) > 1(z,t) and studied by Guan-Shi-Sui [GSS15]. A C-
subsolution in the sense of Székelyhidi of the equation F(A[u]) — 1 = 0 can be viewed as
a parabolic C-subsolution of the equation (4.1.1) which is time-independent. But more
generally, to solve the equation F(A[u]) — ¢ = 0 by say the method of continuity, we
must choose a time-dependent deformation of this equation, and we would need then a
C-subsolution for each time. The heat equation (4.1.1) and the above notion of parabolic
subsolution can be viewed as a canonical choice of deformation.
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To discuss our results, we need a finer classification of non-linear partial differential
operators due to Trudinger [Tru95]. Let I's, be the projection of ', onto R"*™1,

Foo ={N =1, -1); A=(A1,--+,\n) €T for some A, } (4.1.3)
and define the function f,, on I'y, by

foo(N) = Timy, oo f(N, An). (4.1.4)

It is shown in [Tru95] that, as a consequence of the concavity of f, the limit is either
finite for all N € T'y, or infinite for all M € I'ss. We shall refer to the first case as the
bounded case, and to the second case as the unbounded case. For example, Monge-Ampere
flows belong to the unbounded case, while the J-flow and Hessian quotient flows belong to
the bounded case. In the unbounded case, any admissible function, and in particular 0 if
A[x] € T, is a C-subsolution in both the elliptic and parabolic cases. We have then:

Theorem 4.1.2. Consider the flow (4.1.1), and assume that f is in the unbounded case.
Then for any admissible initial data ug, the flow admits a smooth solution u(z,t) on [0, c0),
and its normalization @ defined by

1
U=u—— [ ua", V:/ a”, (4.1.5)
V J/x X
converges in C'° to a function i satisfying the following equation for some constant c,
F(Aliso]) = ¢(2) +c. (4.1.6)

The situation is more complicated when f belongs to the bounded case:

Theorem 4.1.3. Consider the flow (4.1.1), and assume that it admits a subsolution u on
X x[0,00), but that f is in the bounded case. Then for any admissible data ug, the equation
admits a smooth solution u(z,t) on (0,00). Let @ be the normalization of the solution u,
defined as before by (4.1.5). Assume that either one of the following two conditions holds.

(a) The initial data and the subsolution satisfy
Oyu = supx (F(Afuo]) — 9); (4.1.7)
(b) or there exists a function h(t) with h'(t) <0 so that
supy (u(t) — h(t) —u(t)) >0 (4.1.8)
and the Harnack inequality
supx (u(t) — h(t)) < —Chinfx (u(t) — h(t)) + Ca (4.1.9)

holds for some constants C1,Co > 0 independent of time.

Then @ converges in C* to a function t, satisfying (4.1.6) for some constant c.
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The essence of the above theorems resides in the a priori estimates which are established
in §2. The C! and C? estimates can be adapted from the corresponding estimates for C-
subsolutions in the elliptic case, but the C¥ estimate turns out to be more subtle. Following
Blocki [Blo05b] and Székelyhidi [Szel5], we obtain C° estimates from the Alexandrov-
Bakelman-Pucci (ABP) inequality, using this time a parabolic version of ABP due to K.
Tso [Tso85]. However, it turns out that the existence of a C-subsolution gives only partial
information on the oscillation of u, and what can actually be estimated has to be formulated
with some care, leading to the distinction between the cases of f bounded and unbounded,
as well as Theorem 4.1.3.

The conditions (a) and especially (b) in Theorem 2 may seem impractical at first
sight since they involve the initial data as well as the long-time behavior of the solution.
Nevertheless, as we shall discuss in greater detail in section §4, Theorems 1 and 2 can be
successfully applied to a wide range of parabolic flows on Hermitian manifolds previously
studied in the literature, including the Kéhler-Ricci flow, the Chern-Ricci flow, the J-flow,
the Hessian flows, the quotient Hessian flows, and mixed Hessian flows. We illustrate this
by deriving in §4 as a corollary of Theorem 2 a convergence theorem for a mixed Hessian
flow, which seems new to the best of our knowledge. It answers a question raised for general
1 < ¢ < k <n by Fang-Lai-Ma [FLM11] (see also Sun [Sunlba, Sun17a, Sunl5b, Sunl5c]),
and extends the solution obtained for k = n by Collins-Székelyhidi [CS17] and subsequently
also by Sun [Sunl5c, Sunl7c]:

Theorem 4.1.4. Assume that (X, «) is a compact Kdhler n-manifold, and fix 1 < { < k <
n. Fiz a closed (1,1)-form x which is k-positive and non-negative constants c;j, and assume
that there exists a form X' = x + 100w which is a closed k-positive form and satisfies

L
ke(xX')" "t A e = e (XY T At > 0, (4.1.10)
j=1

in the sense of positivity of (n — 1,n — 1)-forms. Here the constant c is given by

cMa" 7 =) el ][e" ). (4.1.11)
j=1

Then the flow

351 €0 (AM(Afu)))
O = — =2 +ec, u(-,0) =0, (4.1.12)
or(A(Alu]))
admits a solution for all time which converges smoothly to a function us ast — oo. The
form w = x +i00us is k-positive and satisfies the equation

4
cwfF AR = Z cjw! Ao, (4.1.13)
j=1
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Regarding the condition (a) in Theorem 2, we note that natural geometric flows whose
long-time behavior may be very sensitive to the initial data are appearing increasingly
frequently in non-Kéhler geometry. A prime example is the Anomaly flow, studied in
[PPZ17a, PPZ16b, PPZ16¢c, PPZ17b, FHP17]. Finally, Theorem 4.1.3 will also be seen to
imply as a corollary a theorem of Székelyhidi ([Szel5], Proposition 26), and the condition
for solvability there will be seen to correspond to condition (a) in Theorem 4.1.3. This
suggests in particular that some additional conditions for the convergence of the flow
cannot be dispensed with altogether.

4.2 A Priori Estimates

4.2.1 (Y Estimates

We begin with the C° estimates implied by the existence of a C-subsolution for the
parabolic flow (4.1.1). One of the key results of [Szel5] was that the existence of a subsolu-
tion in the elliptic case implies a uniform bound for the oscillation of the unknown function
u. In the parabolic case, we have only the following weaker estimate:

Lemma 4.2.1. Assume that the equation (4.1.1) admits a parabolic C-solution on X x[0,T)
in the sense of Definition 4.1.1, and that there exists a C function h(t) with h'(t) < 0 and

supy (u(-,t) — u(-,t) — h(t)) > 0. (4.2.1)
Then there exists a constant C depending only on x, a, 8, ||uo||co, and ||iddu||r~ so that

u(-,t) —u(-,t) — h(t) > —=C for all (z,t) € X x [0,T). (4.2.2)

Proof. First, note that by Lemma 4.3.1 proven later in Section 4.3, the function Jyu is
uniformly bounded for all time by a constant depending only on ¢ and the initial data wuy.
Integrating this estimate on [0, §] gives a bound for |u| on X x [0, d] depending only on ¥,
ug and d. Thus we need only consider the range t > §. Next, the fact that u is a parabolic
subsolution and the condition that A'(t) < 0 imply that u+ h(t) is a parabolic subsolution
as well. So it suffices to prove the desired inequality with h(t) = 0, as long as the constants
involved do not depend on d;u. Fix now any 7" < T, and set for each ¢, v = u — u, and

L = minx o7v = v(20, to) (4.2.3)

for some (zp,tp) € X x [0,7"]. We shall show that L can be bounded from below by a
constant depending only on the initial data ug and independent of 7”. We can assume that
to > 0, otherwise we are already done. Let (z1,---,z2,) be local holomorphic coordinates
for X centered at zg, U = {z;]z] < 1}, and define the following function on the set
U=U x {t;—5 < 2(t —ty) < 8},
5 2
w:v+z|z| + |t — tol”, (4.2.4)
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where § > 0 is the constant appearing in the definition of subsolutions. Clearly w attains its
minimum on U at (zo,tp), and w > minyw + %52 on the parabolic boundary of /. We can
thus apply the following parabolic version of the Alexandrov-Bakelman-Pucci inequality,
due to K. Tso ([Tso85], Proposition 2.1, with the function u there set to u = —w+mingw +
%)

Let U be the subset of R?"*! defined above, and let w : i/ — R be a smooth function
which attains its minimum at (0,tp), and w > mingw + i52 on the parabolic boundary of
U. Define the set

s e o e b it 429
Then there is a constant C' = C(n) > 0 so that
C5int? < /S(—wt) det(w;j)dzdt.
Returning to the proof of Lemma 4.2.1, we claim that, on the set .S, we have
|we| + det (DJQ-kw) <C (4.2.6)
for some constant depending only on d, and |i00u| . Indeed, let
= Au] — A[u], T = —0wu + Oyu. (4.2.7)

Along S, we have D,?jw > 0 and dyw < 0. In terms of i and 7, this means that u+ 61 € T,
and 0 < —0yw =7 —2(t —tp) < 7+ . The fact that u is a solution of the equation (4.1.1)
can be expressed as

Fu] + 1) = O+ 7 = ¥(2). (4.2.8)

Thus the condition that u is a parabolic subsolution implies that || and |7| are bounded
uniformly in (z,t¢). Since along S, we have det(D?jw) < 2”(det(D’%jw))2, it follows that
both |w;| and det(D;w) are bounded uniformly, as was to be shown.

Next, by the definition of the points (z,t) on S, we have w(x,t) < L + %. Since we

can assume that |L| > 62, it follows that w < 0 and |w| > Lg‘ on S. Thus we can write, in
view of (4.2.6), for any p > 0,

C,, 5% +2 <C’/d:z:dt< (|L|) /Iw z,t)[Pdedt < <|L’) / lw(z,t)[Pdzdt. (4.2.9)

Next write

2
lw| = —w=-v-— Z\z|2 —(t—1t9)?> < —v

< —v+supxv (4.2.10)
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since supyxv > 0 by the assumption (4.2.1). Since A[u] € I" and the cone I' is convex, it
follows that Au > —C and hence

A(v—supyv) =Au—Au > —A (4.2.11)

for some constant A depending only on ¥, «, and [[i00u||z~. The Harnack inequality
applied to the function v — supyv, in the version provided by Proposition 10, [Szel5],
implies that

[v —supxv|rpx) < C (4.2.12)

for C' depending only on (X, «), A, and p. Substituting these bounds into (4.2.9) gives

Catnt? < ('”)p/ Isupxv — o|[2,, o \dt < C'5 ('”)p (4.2.13)
T\ 2 f<ts X Lrx)™ = 2 o
from which the desired bound for L follows. Q.E.D.

4.2.2 (C? Estimates

In this section we prove an estimate for the complex Hessian of uw in terms of the gradi-
ent. The original strategy goes back to the work of Chou-Wang [CWO01], with adaptation
to complex Hessian equations by Hou-Ma-Wu [HMW10], and to fully non-linear elliptic
equations admitting a C-subsolution by Guan [Guald] and Székelyhidi [Szel5]. Other
adaptations to C? estimates can be found in [STW15], [PPZ15], [PPZ16a], [Zhel6]. We
follow closely [Szel5|.

Lemma 4.2.2. Assume that the flow (4.1.1) admits a C-subsolution on X x [0,T). Then
we have the following estimate

i00u| < C(1+ sup |Vul?) (4.2.14)
X x[0,T)

where C' depends only on |z, [¥lloz, XNz, 1@ = @llze, IVl oo, 100wl 2, [|Oeul o,
|0¢(w — w)|| oo, and the dimension n.

Proof. Let £L = —0; + Fk’_“VkV,;,. Denote g = x + id0u, then Alu)*; = a*gz;. We would
like to apply the maximum principle to the function

G =log A1 + ¢(|Vul?) + ¢ () (4.2.15)

where v = u — u, ¥ is the normalization of v, A; : X — R is the largest eigenvalue of the
matrix A[u] at each point, and the functions ¢ and ¢ will be specified below. Since the
eigenvalues of A[u] may not be distinct, we perturb Afu] following the technique of [Szel5],
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Proposition 13. Thus assume that G attains its maximum on X x [0,7"] at some (zo, o),
with tg > 0. We choose local complex coordinates, so that zy corresponds to 0, and A[u]
is diagonal at 0 with eigenvalues A\; > --- > \,. Let B = (B" ;) be a diagonal matrix with
0= B!, < B2y < --- < B",, and small constant entries, and set A = A — B. Then at the
origin A has eigenvalues A\ = A1, :\i =\ — B < A\ for all i > 1.

Since all the eigenvalues of A are distinct, we can define near 0 the following smooth
function G,

G =log A1 + ¢(|Vul?) + ¢(?) (4.2.16)
where
1 t )
o(t) = ~5 log(1 — ﬁ), P = supy o, (| Vul” + 1) (4.2.17)
and, following [STW15]
p(t) = Dye” P (4.2.18)

for some large constants D1, Dy to be chosen later. Note that

i<¢’gi

" o__ \2
P < 55 =208 >0 (4.2.19)

The norm |Vul|? is taken with respect to the fixed Hermitian metric o on X, and we
shall compute using covariant derivatives V with respect to a. Since the matrix B7,, is
constant in a neighborhood of 0 and since we are using the Chern unitary connection, we
have V,;Bjm = 0. Our conventions for the curvature and torsion tensors of a Hermitian
metric « are as follows,

[V, ValVY = Rag "6V +T°,5VsV7. (4.2.20)
We also set
F= Y ) (1221)
An important observation is that there exists a constant C1, depending only on ||| e (x)
and [|O¢ul| oo (x x[0,7)) SO that
F > Ch. (4.2.22)

Indeed it follows from the properties of the cone I' that Y, fi(\) > C(o) for each fixed o
and A € T'9. When A = Alu|, o must lie in the range of d;u + 1, which is a compact set
bounded by [|0¢ul| peo (xx[0,1)) + 9]l (x), hence our claim.
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Estimate of L(log 5\1)
Clearly

1 kk 3 k]:;|5\1,];3|2
—(FM X gy — Oih1) — FFR (4.2.23)

Llog \
OBAL= A bY

We work out the term F kk}\u-gk — 9:\1 using the flow. The usual differentiation rules
([Spr05]) readily give

)\17,; = V911 (4.2.24)
and
Mk = ViVign + 3 Vigp|® + LV;;gip‘Q S VB, Vigm + ~VkBP1VEgip.(4.2.25)
7 p>1 AL —Ap p>1 AL —Ap
while it follows from the flow that
Oh = Opug, = FFV 190, Viges + F¥V1 Vige, — p,. (4.2.26)

Fkk}‘u?;k — o\ = FM(VpVign — ViVigy) + F**"Vigy Vigrs — 1
2
RS Vgl + [Vigipl*  ViB'pVigp + Vi B 1nglp}

o1 Al — )\ AL — )\
A simple computation gives
ViVigii — ViVigey, = —2R(IFVign) +T*xVx+ RxVVu+T T xVVu
> =2R(T}, Vigm) — Co(M1 + 1), (4.2.27)

where C depending only on ||a|c2 and ||x||c2. We also have

Ingpll + Inglpl2 Vi B! ngpl + VB Vg, 1998
p>1
|Vk9p1| +|Vk91 |2 1
> P — O3> ————= " |[Vignl* + [Vigpl* — Cs,
2 Z A — )\ 2(77)\1 +1)]§ kJIDP kJ1p

p>1
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where C'3 only depends on the dimension n, and the second inequality is due to the fact

that (A1 — A\p)™!t > (nA\; + 1)1, which follows itself from the fact that >, A\; > 0 and B
was chosen to be small. Thus

\Y + |V 2 V B! % + Vi BP1V
Vkvggil—vlvig;;k+2{| kgp1| | k‘glp| Kk k9p1 kD71 kglp}

= AL — A AL — A
1
> 2R(TP. Vigp) + ——— > |Vignl? + [Vigi, | — Co(M + 1) — C:
= (Trr k9p1)+2(n)\1+1);| w91l + Vi1l (A1 +1) 3
> —C4’V]‘€gh’ —Cs\1 — Cs (4.2.29)

where we have used the positive terms to absorb all the terms T}, Vi gp1, except for 7] kllV,; 911
and Cy, C5, Cg only depend on ||| c2, || x|lc2, n. Altogether,

FEX, e — 0 > —CuF™ |V gn, | + F" V190 Vigrs — v1) — CsFA1 — CoF (4.2.30)

and we find

. Al
Llogh, > —FM ;5 AlF”c V195 Vigrs — Cay- Fkk\ngH\ — C7F(4.2.31)
where we have bounded 7; by a constant that can be absorbed in CsF /A1 < CgF, since
A1 > 1 by assumption, and F is bounded below by a constant depending on ||1||f and
||O¢uu|| oo . The constant C7 thus only depends on |||z, ||x]|c2, 2, [|O:ul||L and ||¢]|c2. In
view of (4.2.24), this can also be rewritten as

1 Ik, s7 1 k| X
)\2 — A—lF ’ Vig;}lvlgfs — C4>\71F |A1’];,’ — C7./_" (4232)

Elog5\1 >

Estimate for L£é(|Vul|?)
Next, a direct calculation gives
Lo(|Vu?) = ¢(FIV,Vg—0)|Vul* + ¢" FIIV|Vul* Vg Vul?
= F{VIU(FIV Vg — 0)Vju+ VIu(FUIV, YV, — 0,)Vju}
+¢' FI9(|V,Vul? + |V, Vu|?) + ¢" FI9V | Vu[*V4|Vul>.  (4.2.33)
In view of the flow, we have
V0= F*Vgr, — 1, Vidu=F*Vsgr — s (4.2.34)
It follows that
(F*, Vi — 0)Vsu = F™(VVius — Vigp,) + 95
= F*(—Vixg + T V;Viu + Ry ™ Vimu) + 15 (4.2.35)
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and hence, for small ¢, there is a constant Cs > 0 depending only on ¢, ||x/||c2, ||af/c2 and
[|t||c2 such that

§VIu(FUIN Vg — 0)Viu > —CsF — %qu’(qum? + |V, Vul?) (4.2.36)

since we can assume that Ay >> P = supx (o7 (|JVu|?+1) (otherwise the desired estimate
A1 < CP already holds), and (4P)~! < ¢/ < (2P)~!. Similarly we obtain the same estimate
for ¢'VIu(F99V V5 — 0;)Vju. Thus by choosing € = 1/24, we have

1 _ _ _
Lo(|Vul?) > —CsF + 87Dqu(yvqw\? + |V Vul?) + ¢" FI9V | Vul? V4| Vul?. (4.2.37)

Estimate for £G

The evaluation of the remaining term L¢(?) is straightforward,
Lo(B) = ¢ (0)(FHFVL VL0 — 040) + ¢ (8) FFFV 5V 0. (4.2.38)

Altogether, we have established the following lower bound for £G,

- I R 1 .
LG > —F’f’“;—é — )\fFlk’srvig,;lvlgfs — 04/\*Fkk|)\1,1;| — CyF
1 1 1
1 _ _
+5p PV VUl + [V Vul?) + ¢ F1V, | Vul* Vsl Vul*
o (D) (FF N, V15 — 0,0) + ¢ (5) FF* VoV 6, (4.2.39)

where Cy and Cy only depend on ||x||c2, [|a|lc2, || c2, ||O¢u]| L and the dimension n.

For a small # > 0 to be chosen hereafter, we deal with two following cases.

Case 1: 0\ < -\,

In this case, we have #2A2 < A\2. Thus we can write

R = Frn Frn FN2  CpF
F1 2 2 > nn 7= )\n — Xnn 2> = —
0> .,
> — 2.
> 1o pT M~ CF, (4.2.40)

where C1o only depends on || x|/c2. Next, it is convenient to combine the first and third
terms in the expression for LG,
e
|)‘1712;|
2
Al

A2 1 s 3 Kk
il Lpigs s el g, 7 (4.2:41)
A7 A 2
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where C1; only depends on Cjy.

At a maximum point for G, we have 0 > £G. Combining the lower bound (4.2.39) for
LG with the preceding inequalities and dropping the second and last terms, which are
non-negative, we obtain

62 2
FA2 — Cm}“—kak‘ il + ¢ FUV | Vul?2 + ¢ () (F**V Vi — 0,0),

0= 10nP 2 A2

(4.2.42)

where C12 = Cy + C1o + C11, depending on x|l 2, |ef|c2, [ llc2, [|Orul| L and n. Since we
are at a critical point of G, we also have VG = 0, and hence

+¢' v =0 (4.2.43)
A
which implies
3 A & 3 _iE . 2 2 -
5Flck|)\#;|2 _ 5F’“’“\¢’V,;|Vu]2+cp’8,;v|2 §2Fkk(¢')2]VE\Vu|2\2+4Fkk(<p’)2]v,;v|2
< FHRGVLVuP)? + CisF P, (4.2.44)

where C13 depending on 9| and [|Vu|[ge. Since ¢'(9) is bounded in terms of |||z
and ||Vul[z~, and |FkakV,;17 — 00| < C14F A1 + Ci3, where C14 depending on ||0pv|| e
and ||00u|| L, we arrive at

62

0_10P

— C15PF, (4.2.45)

where C15 depends on |[x|c2, |al|c2,n, [¢]l o2, [00ul| o<, | Vull oo, 0]z, [|0¢v]| Lo and [|Opul| o<
This implies the desired estimate A\ < C' P.
The key estimate provided by subsolutions

In the second case when A1 > —\,,, we need to use the following key property of subsolu-
tions.

Lemma 4.2.3. Let u be a subsolution of the equation (4.1.1) in the sense of Definition
4.1.1 with the pair (3, K). Then there exists a constant C = C(0, K), so that, if |A\u] —
AMul]| > K with K in Definition 4.1.1, then either

FPI(A[u])(APy[u] — AP4[u]) — (Ow — Opu) > C F (4.2.46)
or we have for any 1 < i < n,

FU(Afu])) > C F. (4.2.47)
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Proof. The proof is an adaptation of the one for the elliptic version [Szel5, Proposition
6](see also [Gual4] for a similar argument). However, because of the time parameter ¢
which may tend to oo, we need to produce explicit bounds which are independent of t. As
in [Szel5], it suffices to prove that

> fi(A[u]) (Nslu] — Nilu]) — (Opu — D) > CF. (4.2.48)
i=1

For any (zo,tp) € X x [0,T"], since u is a C-subsolution as in Definition 4.1.1, the set

) _
Azoto = {(w, s)|w+ 51 € L'nys 2 =0, f(Mu(zo.t0)] +w) — dpul20, to) + 5 < ¥(20)}
is compact, and A, ;, C Bp11(0, K). For any (w, s) € A, 4, then the set
Cus={veR"3Fr >0, wt+rv e —=61+T,, f(ANu(zo,t0)]+w+rv)—0mu(zo,to)+s =1 (20)}

is a cone with vertex at the origin.

We claim that C, s is stricly larger than I',,. Indeed, for any v € I',,, we can choose
r > 0 large enough so that |w+rv| > K, then by the definition of C-subsolution, at (zo, to)

FA\[u] +w+ rv) — e+ s > ¥(2).

Therefore there exist 7 > 0 such that f(A[u]) +w+7"v) —du+s = 1(29), hence v € Cyy 5.
This implies that I';, C Cy . Now, for any pair (¢,7) with ¢ # j and 4,5 = 1,...,n, we
choose v(") := (vy,...,v,) with v; = K 4+ § and vj = —0/3 and vy, = 0 for k # 4,7, then
we have w +v(") € —§1 +T,,. By the definition of C-subsolution, we also have, at (z0,t0)

FA) +w + 009) = du + 5 > 9 (20),

hence v(#9) ¢ Cy,s for any pair (i, 7).
Denote by (7, ; the dual cone of C s,

Cus = {2 €R": (2,y) >0, Vy € Cu s}

We now prove that that there is an ¢ > 0 such that if z = (z1,...,2,) € O}, 5 is a unit
vector, then x; > ¢, Vi = 1,...n. First we remark that z; > 0,Vi = 1,n since I', C C 5
Suppose that x; is the smallest element between z;, then <x,v(1’j)> > 0, implies that
(K + )z > %a:j, hence (K + 6)%z? > (52/9)$§,Vj =2,...,n, so n(K + 8)%x? > §2/9.
Therefore we can choose € = m.

Fix (21,t1) € X x [0,7'] such that at this point [A[u] — A[u]| > K. Let T be the tangent
plane to {(\,7)| f(A\) + 7 =0} at (A[u(z1,t1)], —0wu(z1,t1)). There are two cases:
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1) There is some point (w, s) € A, ¢+, such that at (z1,t1)
()‘[Q] +w, _815@ + S) € Ta
ie
Vi(Au]).(ANu] + w — Au]) + (0w + s + du) = 0. (4.2.49)

Now for any v € C s, there exist 7 > 0 such that f(Au] +w + rv) — dyu + s = 9(2), this
implies that
ViAu]).(Au] +w +rv — Au]) + (=0 + s + du) > 0,

so combing with (4.2.50) we get

V(Au]).w > 0.
It follows that at (21,t1) we have Vf(A[u])(2,t) € Cf g, so fi(A[u]) > eV f(Au]),Vi =
1,...,n, hence

£ .

Ji(Alu]) > Jn ;fp(A[u]),Vz =1...,n,
where
52

T (K o)
2) Otherwise, we observe that if A ; # 0, then (wo, so) = (—9/2,...,—6/2,-9) € A, 4,
and at (z1,t1), (Alu] — wo, —uy + sp) must lie above T in the sense that

(Vf(Au)), 1).(Au] + wo — Au], =0 + so + dyu) > 0, at (z1,11). (4.2.50)

Indeed, if it is not the case, using the monotonicity of f we can find v € I, such that
(Au]+wo+v, —0wu+sg) € T, so the concavity of (A, 7) — f(\)+7 implies that (wg+wv, sg)
isin A;, ¢+, and then satisfies the first case, this gives a contradiction. Now it follows from
(4.2.50) that at (z1,%1)

(Vf(Au]),1).(AJu] — Au], =0 + 0pu) > =V f(A[u]).wo — so
(0/2)F +0 > (6/2)F,
where F = 3", fi(Alu]) > 0. This means

> fiAlu)) (Al = Alu]) = (Bew — we) > (8/2)F (4.2.51)
i=1

as required.
Now if A, ;, =0, then at (z1,¢;)
F(Au] + wo) — Owu + so > P(z1),

hence we also have that (Alu] +wo, —0wu + so) lies above T using the concavity of (A, 7) —
f(A) + 7. By the same argument above, we also obtain the inequality (4.2.51).

So we get the desired inequalities. Q.E.D.
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Case 2: O\ > =)\,
Set
I={i; F'' > ¢~ 'F'1}. (4.2.52)

At the maximum point 8-@ =0, and we can write

A 2 ,
ZFkk' Uf’ = =) F*¢'Vi|Vul]® + ¢'0,0)
kel kel
> —2(¢)2 Y] PRIV Va2 - 2(4)2 S FH|vgaf?
k¢l k¢l
> —¢" > PV Vul)? - 2(¢))20 T F1 P — Cie F, (4.2.53)
kel

where C1¢ depends on ||Vul||z~ and ||| . On the other hand,

kk‘ 1k‘ kk 2,2 ki
—QHkZF 32 > —20¢" > FM™|Vi|Vul?|? = 40(¢')? ) F¥|V0 (4.2.54)
el kel kel

Choose 0 < § << 1 such that 46(¢)?> < 1¢”. Then (4.2.39) implies that

2
k‘ lk‘

1 .
0 > ——F"™"VigyVigrs — (1-20)> FF e

A1 kel

1 55 1 . _
—C—F|X 1l + o FU(V,Val? + [V, Vul?)
)\1 ? 8P

1 - . _
+§<p”Fkk]V,;z7|2 + ¢ (FMV. V0 — 0i0) — 2(¢) 207 ' F1 P — C17.F, (4.2.55)

where C17 depend on || x||c2, |allcz2, m, |90l c2, ||Oku]| oo, ||0]| L and ||V u||zee. The concavity
of F' implies that

osr Fli _ Fkl_c )
F ’Srvigmvlgfs < Z DV V191l (4.2.56)
kel — Nk

kk .
since £ ;1 f < 0. Moreover, for k € I, we have F 11 < gF kk, and the assumption

0N > — )\, ylelds

1-6 1—-26
> .

4.2.
M= N (4.2.57)
It follows that
Fll Fk‘k’ 1 _ 9 Fk,];
Z )\ |V191k!2 < - Z (>\_)>\I€|V1glk|2 < (4258)

kel kel kel
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Combining with the previous inequalities, we obtain

Fk,;’)‘l,lé‘Q - |V191k|2

0 > —(1-20)) 32 - CinF
kel 1
Cy T~ 1 _ _
_Tlek|/\1,l_c| + S?qu(‘quuP + [V Vul?)
1 - . ,
+ ="MV L02 4+ @ (FMV V0 — 040) — 2(¢)207 FII P (4.2.59)

2

Since Vg7, = 5\1,)\ + O()\1), we have

_ 5\ 12 | Vqg-, ]2
1 —20)2Fkk| L Al 191k > —CigF (4.2.60)
kel 1

where C1g depends on || x||c2 and ||ar||c2. Next, using again the equations for critical points,
we can write

C T~ C 7
kale,;;! = fF’“klaﬁ’V,;\WI?w’V,;ﬁl (4.2.61)
1 = _
< o S FRR (Vi Vpul + [V Viul) + Cel@!|F¥¥ V02 + o9/ | F + CaoF,
2

where C1g and Coy depend on Cy. Accordingly, the previous inequality implies
1 . = 1 k k
0 2 PV, Vul? + |V, Vu) + S IV + o (FV,955 - 010)
—2(¢)°07 F' P — C||FM |V — 0l |F — O, (4.2.62)

where Cy; depending only on || x|z, [laflc2, 7, [¢llc2, 10wl co, [0]| e, [[Orull Lo and [[Vul| oo
Finally we get

_ )\2 1 ~
> Pl 2L 90,297 p Lo "N FRE - 5|2
—eChol@'|F + ¢/ (FM*V, V6 — 019) — Cor F. (4.2.63)

We now apply Lemma 4.2.3. Fix 6 and K as in Definition 4.1.1, if A; > K, then there are
two possibilities:

e Either Fk’_“(g,-ck — ug) + (0w — Opu) > KF, for some k depending only on ¢ and K,
equivalently,

F* Vb — 0,0 — / dwa™ < —kF + OnF, (4.2.64)
X
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where Ch depends on ||0pv|| . Since ¢’ < 0, we find

— )\2 1 _
> Fll 1 -9 N2 —1P PPN/ / Fkk: _~12
0 > (5op — 207 P) + (59" = Celo ) F™| V50l
—Co3F — eCrol¢'|F — ¢'vF (4.2.65)

with C depending only on m, [[x|[cz. [z, [4]lc2. [9rv| . 8] . |l = and [V .
We first choose € small enough so that eCi9g < k/2, then Dy large enough so that
¢" > 2C.|¢'|. We obtain

M

> P2l
0 (2OP

1
2(¢")2071P) — O3 F — ng/n]-". (4.2.66)

We now choose D; large enough (depending on [|9]|z) so that —Cas — 3¢’k > 0. Then

2

A1 nN2p—1
— < 2.
sop S 2£)°07'P (4.2.67)

and the desired upper bound for A;/P follows.
e Or F' > kF. With Dy, D», and 6 as above, the inequality (4.2.63) implies

)\2 _

0> /ﬁ}'(zo—}) —2(¢)2071P) — O F — ' F* g, (4.2.68)
with Cyy depending only on [[xlca, llollca, 7, [¥llce, [9eol o, [l [Beull e, [Vaulzoe,
and ||i00ul| . Since F**gp, < FAq, we can divide by FP to get

A2 1\

0>k—s5—Cy(l+—=+— 4.2.69
> gz — Cos(1+ 5+ 5) ( )
with a constant Cos depending only on [[x||c2, [[allc2, 7, [l c2, |8]| Lo, |00 || Loe s |Orul| oo,
|[Vu|| L, and ||i00ul| s=. Thus we obtain the desired bound for A\;/P.

It was pointed out in [Szel5] that, under an extra concavity condition on f, C? esti-
mates can be derived directly from C° estimates in the elliptic case, using a test function
introduced in [PS09]. The same holds in the parabolic case, but we omit a fuller discussion.

4.2.3 (' Estimates

The C! estimates are also adapted from [Szel5], which reduce the estimates by a blow-up
argument to a key Liouville theorem for Hessian equations due to Székelyhidi [Szel5] and
Dinew and Kolodziej [DK17].

Lemma 4.2.4. There exist a constant C' > 0, depending on w, ||0yul| roo (x x[0,7)) |8l £oo (x x[0,7))
lelloz, X, ¥ and the constant C' in Lemma 4.2.2 such that

sup |Vul?2 < C. (4.2.70)
X x[0,T)
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Proof. Assume by contradiction that (4.2.70) does not hold. Then there exists a sequence
(zg,tx) € X x [0,T) with t;, — T such that

lim |Vu(ty, zx)|o = +o00.

k—o00
We can assume further that

Ry = |Vu(zg,ti)|a = sup |Vu(z,t)|a, as k— +oo,
X x[0,tx]

and limg_, o xp = .

Using localization, we choose a coordinate chart {U, (z1, ..., 2,)} centered at z, identifying
with the ball By(0) C C™ of radius 2 centered at the origin such that «(0) = 3, where
B=2>; idz? A dz’. We also assume that k is sufficiently large so that 2, := z(z) € B1(0).

Define the following maps

Py : C"— (Cn, @k(z) = R,;lz + zk,
U BRk(O) — R, ﬁk(z) = ﬂ(@k(z),tk) = fL(Rlzlz + Zk,tk),

where @ = u — [y ua™. Then the equation
up = F(A) = ¢(2),
implies that
I (BINBP Ok + ap)]) = W(Ry 2 + 21) + wn( @4 (2), 1), (4.2.71)

where By := Ri®}a, xi := ®fx. Since B — B, and xx(z,t) — 0, in CF2, as k — oo, we get

ALBY (X ps + G zi)] = My, 55) + O (Z%) : (4.2.72)
By the construction, we have
sup i < C, sup |V <C (4.2.73)
Br,,(0) Br,,(0)
where C' depending on |||z, and
(Vi (0) = By Vuga(zk) = 1.
Thanks to Lemma 4.2.2, we also have that
sup |09iy|s < OR; 2 sup |00u(., tg)]a < C'. (4.2.74)
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As the argument in [Szel5, TW17], it follows from (4.2.73), (4.2.74), the elliptic estimates
for A and the Sobolev embedding that for each given K C C" compact, 0 < v < 1 and
p > 1, there is a constant C' such that

k]l + lanllwer ) < C.

Therefore there is a subsequence of @y converges strongly in Cllo’;y((C”), and weakly in
Wi’f(@") to a function v with supca (|v|+ [Vv|) < C and Vu(0) # 0, in particular v is not
constant.

The proof can now be completed exactly as in [Szel5]. The function v is shown to be
a I'-solution in the sense of Székelyhidi [Szel5, Definition 15], and the fact that v is not
constant contradicts Szekelyhidi’s Liouville theorem for I'-solutions [Szel5, Theorem 20],

which is itself based on the Liouville theorem of Dinew and Kolodziej [DK17]. Q.E.D.

4.2.4 Higher Order Estimates

Under the conditions on f()), the uniform parabolicity of the equation (4.1.1) will follow
once we have established an a priori estimate on ||i0du||z~ and hence an upper bound
for the eigenvalues A[u]. However, we shall often not have uniform control of ||u(-,#)| .
Thus we shall require the following version of the Evans-Krylov theorem for uniformly
parabolic and concave equations, with the precise dependence of constants spelled out,
and which can be proved using the arguments of Trudinger [Tru83], and more particularly
Tosatti-Weinkove [TW10a] and Gill [Gilll].

Lemma 4.2.5. Assume that u is a solution of the equation (4.1.1) on X x [0,T) and that
there exists a constant Cy with ||i00u| e < Cy. Then there exist positive constants C' and
v € (0,1) depending only on «, x, Co and ||| g2 such that

Hiaéu”C’Y(Xx[O,T)) <C. (4.2.75)

Once the C7 estimate for i90u has been established, it is well known that a priori
estimates of arbitrary order follow by bootstrap, as shown in detail for the Monge-Ampére
equation in Yau [Yau78]. We omit reproducing the proofs.

4.3 Proof of Theorems 1 and 2

We begin with the following simple lemma, which follows immediately by differentiating
the equation (4.1.1) with respect to ¢, and applying the maximum principle, which shows
that the solution of a linear heat equation at any time can be controlled by its initial value:

Lemma 4.3.1. Let u(z,t) be a smooth solution of the flow (4.1.1) on any time interval
[0,T). Then Owu satisfies the following linear heat equation

9 (0yu) = FI1a* 9,0, (0pu) (4.3.1)
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and we have the following estimate for any t € [0,T),

miny (F(Afug]) — ¢) < Opu(t, ) < maxx F(Afug] — ) (4.3.2)

We can now prove a lemma which provides general sufficient conditions for the convergence
of the flow:

Lemma 4.3.2. Consider the flow (4.1.1). Assume that the equation admits a parabolic
C-subsolution u € C*(X x [0,00)), and that there exists a constant C independent of time
so that

oscxu(t,-) < C. (4.3.3)

Then a smooth solution u(z,t) exists for all time, and its normalization @ converges in C*°
to a solution u~ of the equation (4.1.6) for some constant c.

In particular, if we assume further that |[ul|pe(xx[0,00)) < C and for each t > 0, there
exists y = y(t) € X such that du(y,t) = 0, then u converges in C to a solution us, of
the equation (4.1.6) for the constant ¢ = 0.

Proof of Lemma 4.3.2. We begin by establishing the existence of the solution for all time.
For any fixed T" > 0, Lemma 4.3.1 shows that |0pu| is uniformly bounded by a constant C.
Integrating between 0 and T', we deduce that |u| is uniformly bounded by C'T. We can
now apply Lemma 4.2.4, 4.2.2, 4.2.5, to conclude that the function u is uniformly bounded
in C* norm (by constants depending on k and T') for arbitrary k. This implies that the
solution can be extended beyond T, and since T is arbitrary, that it exists for all time.

Next, we establish the convergence. For this, we adapt the arguments of Cao [Cao85]
and especially Gill [Gilll] based on the Harnack inequality.

Since oscxu(t,-) is uniformly bounded by assumption, and since dyu is uniformly
bounded in view of Lemma 4.3.1, we can apply Lemma 4.2.2 and deduce that the eigen-
values of the matrix [y + i00u] are uniformly bounded over the time interval [0,00). The
uniform ellipticity of the equation (4.3.5) follows in turn from the properties (1) and (2) of
the function f(\). Next set

v=0mu+ A (4.3.4)
for some large constant A so that v > 0. The function v satisfies the same heat equation
O = FY09,05v. (4.3.5)

Since the equation (4.3.5) is uniformly elliptic, by the differential Harnack inequality proved
originally in the Riemannian case by Li and Yau in [LY86], and extended to the Hermitian
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case by Gill [Gilll], section 6, it follows that there exist positive constants C7,Cy, Cs,
depending only on ellipticity bounds, so that for all 0 < t; < ta, we have

: tg\ Cs
supxv (-, t1) < infxo(-, ta) 4 exp P— +Ci(ta—1t1) ) - (4.3.6)

The same argument as in Cao [Cao85], section 2, and Gill [Gilll], section 7, shows that
this estimate implies the existence of constants Cy and n > 0 so that

oscxv(-,t) < Cge ™ (4.3.7)
If we set
. 1 n 1 n _
0(z,t) = v(z,t) — —/ va" = dwu(z,t) — —/ Ju o™ = oy, (4.3.8)
V /x Vx
it follows that
15(2,t)| < Cye™™ (4.3.9)
for all z € X. In particular,
N & ~ —nt
O+ —e M) =0—Cae™ " <0, (4.3.10)

Ui

and the function @(z,t)+ %e‘”t is decreasing in ¢. By the assumption (4.3.3), this function
is uniformly bounded. Thus it converges to a function us(z). By the higher order estimates
in section §2, the derivatives to any order of @ are uniformly bounded, so the convergence
of i+ CLe™ is actually in C* The function a(z, t) will also converge in C*°, to the same
limit uso(2). Now the function 4(z,t) satisfies the following flow,

Oyt = F(A[]) — (z) — l/ ™. (4.3.11)
VJx
Taking limits, we obtain
0 = F(Aliin]) — ¥(2) — limysoe / Dyua” (4.3.12)
X

where the existence of the limit of the integral on the right hand side follows from the
equation. Define the constant ¢ as the value of this limit. This implies the first statement
in Lemma 4.3.2.

Now we assume that [|ul[ oo (xx[0,00)) < C and for each ¢ > 0, there exists y = y(t) € X
such that dyu(y,t) = 0. By the same argument above, we have

oscxOpu(-,t) < Che™ ", (4.3.13)
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for some Cy,n > 0. Since for each ¢ > 0, there exists y = y(t) € X such that dyu(y,t) =0,
we imply that for any z € X,

|0pu(z, )| = |Opu(z,t) — Opu(y, t)| < oscxOu(-,t) < Cye™ ™. (4.3.14)

Therefore by the same argument above, the function u(z,t) + %efnt converges in C* and
Oyu converges to 0 as t — +00. We thus infer that u converges in C*°, to uy, satisfying
the equation

F(Altoo]) = 9¥(2). (4.3.15)
Lemma 4.3.2 is proved.

Proof of Theorem 4.1.2. Since f is unbounded, the function u = ug is a C-subsolution of
the flow. In view of Lemma 4.3.2, it suffices to establish a uniform bound for oscxu(t,-).
But the flow can be re-expressed as the elliptic equation

F(A) = + dyu (4.3.16)

where the right hand side ¢ + O;u is bounded uniformly in ¢, since we have seen that dyu
is uniformly bounded in ¢. Furthermore, because f is unbounded, the function u = ug is a
C-subsolution of (4.3.16). By the C estimate of [Szel5], the oscillation oscxyu(t,-) can be
bounded for each ¢ by the CY norm of the right hand side, and is hence uniformly bounded.
Q.E.D.

Proof of Theorem 4.1.3. Again, it suffices to establish a uniform bound in ¢ for oscxu(t,-).
Consider first the case (a). In view of Lemma 4.3.1 and the hypothesis, we have

on all of X x [0,00). But if we rewrite the flow (4.1.1) as
F(A) =9+ 0w (4.3.18)

we see that the condition that u be a parabolic C-subsolution for the equation (4.1.1)
together with (4.3.17) implies that u is a C-subsolution for the equation (4.3.18) in the
elliptic sense. We can then apply Székelyhidi’'s C¥ estimate for the elliptic equation to
obtain a uniform bound for oscxu(t,-).

Next, we consider the case (b). In this case, the existence of a function h(t) with
the indicated properties allows us to apply Lemma 4.2.1, and obtain immediately a lower
bound,

u—u—h(t)>-C (4.3.19)

for some constant C' independent of time. The inequality (4.1.9) implies then a uniform
bound for oscxu.
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4.4 Applications to Geometric Flows

Theorems 4.1.2 and 4.1.3 can be applied to many geometric flows. We should stress that
they don’t provide a completely independent approach, as they themselves are built on
many techniques that had been developed to study these flows. Nevertheless, they may
provide an attractive uniform approach.

4.4.1 A criterion for subsolutions

In practice, it is easier to verify that a given function u on X X [0,00) is a C-subsolution
of the equation (4.1.1) using the following lemma rather than the original Definition 4.1.1:

Lemma 4.4.1. Let u be a C*' admissible function on X x [0,00), with ||ullc2.1(x x[0,00)) <
00. Then u is a parabolic C-subsolution in the sense of Definition 4.1.1 if and only if there
exists a constant d > 0 independent from (z,t) so that

limy, o0 f(Nu(z, )] + pe;) — du(z,t) > § +9(2) (4.4.1)

for each 1 < i < n. In particular, if u is independent of t, then w is a parabolic C-
subsolution if and only if

limy, oo f(Alu(z, t)] + pne;) > (). (4.4.2)

Note that there is a similar lemma in the case of subsolutions for elliptic equations
(see [Szel5], Remark 8). Here the argument has to be more careful, not just because of
the additional time parameter ¢, but also because the time interval [0, c0) is not bounded,
invalidating certain compactness arguments.

Proof of Lemma 4.4.1. We show first that the condition (4.4.1) implies that u is a C-
subsolution.

We begin by showing that the condition (4.4.1) implies that there exists ¢y > 0 and
M > 0, so that for all € < €p, all v > M, all (z,t), and all 1 <i < n, we have

F(A\u(z,t)] — el +ve;) — Owul(z,t) > g + Y(2). (4.4.3)

This is because the condition (4.4.1) is equivalent to
FooN[u(z,1)]) — u(z,t) > 6 4 1(2). (4.4.4)

Now the concavity of f(\) implies the concavity of its limit f (\') and hence the continuity
of foo(N). Furthermore, the set

A = {\u(z,t)],¥(z,t) € X x [0,00)}, (4.4.5)
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as well as any of its translates by —el for a fixed e small enough, is compact in I'. So are
their projections on R"~!. By the uniform continuity of continuous functions on compact
sets, it follows that there exists ¢y > 0 so that

fooNu(z,t)] — €l) — Qpu(z,t) > g +Y(2) (4.4.6)

for all (z,t) and all € < ¢y. But fo is the continuous limit of a sequence of monotone
increasing continuous functions

FooN —€I) = limy, 00 f(X — €I + ve;). (4.4.7)

By Dini’s theorem, the convergence is uniform over any compact subset. Thus there exists
M > 0 large enough so that v > M implies that

FA\[u(z,t)] — el +ve;) > fooN[u(z,t)] —€l) — % (4.4.8)

for all (z,t) and all € < ¢y. The desired inequality (4.4.3) follows from (4.4.6) and (4.4.8).

Assume now that u is not a C-subsolution. Then there exists €,,, Vm, Tm, with €,, — 0,
U € —€mI + T,y Ty > —€pm, and || + [V | — 00, so that

FAw(zm, tm)] + Vm) — Oct(Zm, tm) + T, = UV (Zm, tm)- (4.4.9)
Set v, = —€m, + tm, With p,, € I';,. Then we can write
Tm = _f()\[ﬂ(zm, tm)] —emd + Nm) + atﬂ(zma tm) + ¢(zm’ tm)
< —f(ANuw(zm, tm)] — €mI) + Oru(2m, tm) + Y (2m, tm) (4.4.10)

which is bounded by a constant. Thus we must have |v,,| tending to +o0, or equivalently,
|ttm | tending to +oo.

By going to a subsequence, we may assume that there is an index ¢ for which the i-th
components ¢, of the vector y,, tend to co as m — oo. By the monotonicity of f in each
component, we have

FA\uzm, tm)] — €mI + Ninei) = 0u(Zm, tm) < f(Aulzm, tm)] — €md + pm) — Ouu(2m, tm)
f()‘[ﬂ(zma tm)] + Vm) - 815@(2771; tm)-
In view of (4.4.3), the left hand side is > g—kw(zm, tm) for pi large and e, small enough. On

the other hand, the equation (4.4.9) implies that the right hand side is equal to 1 (zm, tm) —
Tm- Thus we obtain

+ UV (zmytm) < UV(zmytm) — Tm < V(2Zm, tm) + €m. (4.4.11)

| S
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Hence % < €m, which is a contradiction, since €, — 0.

Finally, we show that if u is a subsolution, it must satisfy the condition (4.4.1). Assume
otherwise. Then there exists an index ¢ and a sequence d,, — 0 and points (2, t,) so that

lmy oo f(A[w(Zm, tm)] + v€i) — Optu(2m, tm) < I + Y (2m). (4.4.12)
Since f is increasing in v, this implies that for any v € R, we have
T\ zm, tm)] + vei) — Opu(zms tn) < dm + P(2m).- (4.4.13)
For each v € R, define 7,,, by the equation
FA[u(zm, tm)] + ve;) — Ol zm, tm) + Tm = Um. (4.4.14)

The previous inequality means that 7,,, > —d,,, and thus the pair (7,,, 4 = ve;) satisfies
the equation (4.1.2). Since we can take v — 400, this contradicts the defining property of
C-subsolutions. The proof of Lemma 4.4.1 is complete.

4.4.2 Székelyhidi’s theorem

Theorem 4.1.3 can be applied to provide a proof by parabolic methods of the following
theorem originally proved by Székelyhidi [Szel5]:

Corollary 4.4.2. Let (X,«) be a compact Hermitian manifold, and f(\) be a function
satisfying the conditions (1-3) spelled out in §1 and in the bounded case. Let 1 be a smooth
function on X. If there exists an admissible function uy with F(Alug]) < v, and if the
equation F(Alu]) = ¢ admits a C-subsolution in the sense of [Szel5], then the equation
F(Alu]) = ¢ + ¢ admits a smooth solution for some constant c.

Proof of Corollary 4.4.2. 1t follows from Lemma 4.4.1 that a C-subsolution in the sense of
[Szel5] of the elliptic equation F'(A[u]) = v can be viewed as a time-independent parabolic
C-subsolution u of the equation (4.1.1). Consider this flow with initial value ug. Then

dyu = 0> F(Alug)) — . (4.4.15)

Thus condition (a) of Theorem 4.1.3 is satisfied, and the corollary follows.

4.4.3 The Kahler-Ricci flow and the Chern-Ricci flow
On Kéhler manifolds (X, &) with ¢1(X) = 0, the Kahler-Ricci flow is the flow gz, = —Ry;.

For initial data in the Ké&hler class [a], the evolving metric can be expressed as Ik =
o, + 005, and the flow is equivalent to the following Monge-Ampere flow,

Oy = log (O‘*ﬁaw —(2) (4.4.16)
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for a suitable function 1(z) satisfying the compatibility condition [y e¥a™ = [y ™. The
convergence of this flow was proved by Cao [Cao85], thus giving a parabolic proof of Yau’s
solution of the Calabi conjecture [Yau78]. We can readily derive Cao’s result from Theorem
4.1.2:

Corollary 4.4.3. For any initial data, the normalization ¢ of the flow (4.4.16) converges
in C™ to a solution of the equation (a4 i00p)" = e¥a™.

Proof of Corollary 4.4.3. The Monge-Ampere flow (4.4.16) corresponds to the equation
(4.1.1) with x = @, f(\) = log[[j—; Aj, and I being the full octant I'y,. It is straightforward
that f satisfies the condition (1-3) in §1. In particular f is in the unbounded case, and
Theorem 4.1.2 applies, giving the convergence of the normalizations 4(-,t) to a smooth
solution of the equation (o +i99¢)" = e¥*¢a™ for some constant c. Integrating both sides
of this equation and using the compatibility condition on 1, we find that ¢ = 0. The
corollary is proved.

The generalization of the flow (4.4.16) to the more general set-up of a compact Hermi-
tian manifold (X, ) was introduced by Gill [Gilll]. It is known as the Chern-Ricci flow,
with the Chern-Ricci tensor Ric®(w) = —id0logw™ playing the role of the Ricci tensor in
the Kéhler-Ricci flow (we refer to [TW13, TW15, TWY15, T618] and references therein).
Gill proved the convergence of this flow, thus providing an alternative proof of the general-
ization of Yau’s theorem proved earlier by Tosatti and Weinkove [TW10b]. Generalizations
of Yau’s theorem had attracted a lot of attention, and many partial results had been ob-
tained before, including those of Cherrier [Che87|, Guan-Li [GL10], and others. Theorem
4.1.2 gives immediately another proof of Gill’s theorem:

Corollary 4.4.4. For any initial data, the normalizations ¢ of the Chern-Ricci flow con-
verge in C™ to a solution of the equation (o + i00¢)" = e¥+ca™, for some constant c.

We note that there is a rich literature on Monge-Ampeére equations, including consider-
able progress using pluripotential theory. We refer to [Kol98, EGZ09, DP10, GZ17, GZ17b,
PSS12, T617, T618, Niel4, Niel7] and references therein.

4.4.4 Hessian flows

Hessian equations, where the Laplacian or the Monge-Ampeére determinant of the unknown
function u are replaced by the k-th symmetric polynomial of the eigenvalues of the Hessian
of u, were introduced by Caffarelli, Nirenberg, and Spruck [CNS85]. More general right
hand sides and Kéhler versions were considered respectively by Chou and Wang [CWO01]
and Hou-Ma-Wu [HMW10], who introduced in the process some of the key techniques for
C? estimates that we discussed in §2. A general existence result on compact Hermitian
manifolds was recently obtained by Dinew and Kolodziej [DK17], Sun [Sunl17b], and Széke-
lyhidi [Szel5]. See also Zhang [Zhal7]. Again, we can derive this theorem as a corollary of
Theorem 4.1.2:
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Corollary 4.4.5. Let (X,a) be a compact Hermitian n-dimensional manifold, and let x
be a positive real (1,1)-form which is k-positive for a given k, 1 < k < n. Consider the
following parabolic flow for the unknown function u,

(x +i00u)k A o™k
an

Oru = log —(z). (4.4.17)

Then for any admissible initial data ug, the flow admits a solution u(z,t) for all time, and
its normalization u(z,t) converge in C* to a function us, € C°(X) so that w = x+i00uco
satisfies the following k-Hessian equation,

WP Ao TF = e¥tean, (4.4.18)

Proof of Corollary 4.4.5. This is an equation of the form (4.1.1), with F' = f(\) =
log o1 (A), defined on the cone

Tp={X\o;(\)>0, j=1,---,k}, (4.4.19)

where (Z)ak is the k-th symmetric polynomial in the components A\;, 1 < 7 < n. In our
setting,

(x + i00u)F A "k
an '

ox(Au]) =

(4.4.20)

It follows from [Spr05, Corollary 2.4] that g = a,i/ " is concave and gi = g—/\gi > 0 on I'g,
hence f = log g satisfies the conditions (1-3) mentioned in §1.

The function u = 0 is a subsolution of (4.4.17) and f is in the unbounded case since
for any u = (1, , n) € 'y, and any 1 < i < n,

limg o0 log og(per, -+ s i + 8-+ 5 i) = 00. (4.4.21)

The desired statement follows then from Theorem 4.1.2.

4.4.5 The J flow and quotient Hessian flows

The J-flow on Kéhler manifolds was introduced independently by Donaldson [Don99] and
Chen [Chen00]. The case n = 2 was solved by Weinkove [Wei04, Wei06], and the case of
general dimension by Song and Weinkove [SWO08], who identified a necessary and sufficient
condition for the long-time existence and convergence of the flow as the existence of a
Kahler form y satisfying

n—1

nex" ' —(n—1)x" 2 Aw>0 (4.4.22)

in the sense of positivity of (n — 1,n — 1)-forms. The constant ¢ is actually determined
by cohomology. Their work was subsequently extended to inverse Hessian flows on Kéhler
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manifolds by Fang, Lai, and Ma [FLM11], and to inverse Hessian flows on Hermitian
manifolds by Sun [Sunlba]. These flows are all special cases of quotient Hessian flows
on Hermitian manifolds. Their stationary points are given by the corresponding quotient
Hessian equations. Our results can be applied to prove the following generalization to
quotient Hessian flows of the results of [Wei04, Wei06, FLM11], as well as an alternative
proof of a result of Székelyhidi [Szel5, Proposition 22] on the Hessian quotient equations.
The flow (4.4.24) below has also been studied recently by Sun [Sun15b] where he obtained
a uniform C° estimate using Moser iteration. Our proof should be viewed as different
from all of these, since its C” estimate uses neither Moser iteration nor strict C? estimates
TraXu < Ceu—infxu'

Corollary 4.4.6. Assume that (X, ) is a compact Kdhler n-manifold, and fir1 < € < k <
n. Fiz a closed (1,1)-form x which is k-positive, and assume that there exists a function
u so that the form x' = x + i00u is closed k-positive and satisfies

ke (X/)k—l A an—k . E(X,)E_l A an—f >0 (4423)

[x‘Jula™ ]

IO Then for any

in the sense of the positivity of (n — 1,n — 1)-forms. Here ¢ =
admissible initial data ug € C*°(X), the flow

Xy Aot

W (4.4-24)

ou=c—

admits a solution w for all time, and it converges to a smooth function us. The form
w = X + 100uq is k-positive and satisfies the equation

4

W' A"t = cwf AR, (4.4.25)

Proof of Corollary 4.4.6. The flow (4.4.24) is of the form (4.1.1), with

oM
f( ) - O-k()\)7
defined on the cone
I'y={Xo;(N)>0,j=1,--- k}. (4.4.26)

By the Maclaurin’s inequality (cf. [Spr05]), we have a,i/k < U;/g on I', hence f(\) = —o0

as A\ — OI'y. Tt follows from [Spr05, Theorem 2.16] that the function g = (O'k/dg)ﬁ
satisfies g; = 88—/\91, > 0,V:i =1,...,n and g is concave on I'y. Therefore f = —g_(k’_g)
satisfies the conditions (1), (2) and (3) spelled out in Section 4.1. Moreover, f is in the
bounded case with

gO’gfl ()\/)

o Y where XN €Ty =T}_1.
k—1

fOOO‘,) =
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We can assume that ug = 0 by replacing x (resp. u and u) by x + i0dug (resp. u — ug
and u — ug). The inequality (4.4.23) infers that u is a subsolution of the equation (4.4.24).
Indeed, for any (z,t) € X x [0,00), set p = A\(B), B'; = ajk()(,;j + up;)(2,t). Since u is
independent of ¢, it follows from Lemma 4.4.1 and the symmetry of f that we just need to
show that for any z € X if p/ = (u1,- -+, tn—1) then

limg oo f (1, pn + 8) > —c. (4.4.27)
This means
o1 (1)
()= ——"—"T—"L > —¢. 4.4.28
frolil) = —pt (1429)

As in [Szelb], we restrict to the tangent space of X spanned by by the eigenvalues corre-
sponding to x’. Then on this subspace

Xj_l A oI

oi(u) = — (4.4.29)
e
for all j. Thus the preceding inequality is equivalent to
ke(x)F Aa"F —0(x) A > 0. (4.4.30)

By a priori estimates in Section 2, the solution exists for all times. We now use the second
statement in Lemma 4.3.2 to prove the convergence. It suffices to check that u is uniformly
bounded in X X [0, +00) and for all t > 0, there exists y such that d,u(y,t) = 0. The second
condition is straightforward since

/ yux® Aok = 0.
X
For the uniform bound we make use of the following lemma

Lemma 4.4.7. Let ¢ € C*(X) function and {ps}scp,1) be a path with ¢(0) = 0 and
©(1) = ¢. Then we have

/ / g X N s = m Z/ oxh AXETI A (4.4.31)

so the left hand side is independent of ¢. Therefore we can define the following functional

/ / ch A" Fds. (4.4.32)
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We remark that when & = n and x is Kahler, this functional is well-known (see for
instance [Wei06]). We discuss here the general case.

Proof of Lemma 4.4.7. Observe that

k
/1 / %k nartds =3 (¥ / ' / 9% (1080 AT Ao Rds.  (4.4.33)
0 X as ® ]:1 j 0 X 85

For any j =0,...,k we have

1
// (100p) AXFTT Ao Rds = /—
o ds

We also have

1 9 _ .
. j k—j n—=k
/0 /ch—as ((z@@gp) AX"T A« )ds

d </ ©(i00p) A XTI A a"k> ds
1 Xa _ .
_/0 /X Y5s ((ia&p)] AXFTIA a"*k) ds
/X P(i100¢)7 A X Ak (4.4.34)

1 b _ )
_ ; J k—j n—k
I [ 5 (@09 Axs n o) as

1 _ . )
/ / jo (7388&0) A (i00¢) L AXFTT A o Rds
0o Jx ds

1 _ .
/ / ja—(p(z‘aﬁgoy AXEI A o R ds, (4.4.35)
o Jx~ Os

here we used in the second identity the integration by parts and the fact that y and « are
closed. Combining (4.4.34) and (4.4.35) yields

// (100p)? A XFTI Ao de—i/gbz@@qb)j/\xk]/\oz

Therefore (4.4.33) implies that

L 590k n—k _kk’
/O/X%Xw/\a ds—;j,

(4.4.36)

/ Zj: (‘7> (=17 Py A X P A e 4.4.37)

p) /)(¢Xg /\kap A anfk
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By changing m = j — p, we get

ko (k 1 J i k k—p (—1)™ k—p
jzp<j>j+1<p>(_l)ﬂ — (p) mzomﬂﬂ( - ) (4.4.38)

The right hand side can be computed by

NS (o™ (k-p) _ (k) [ .
<p>2_m+p+1<m> _ @/0“‘@’“ i

m=0
k 1 1 1
= ! 1—a)fde = ——,
(p)p/o G—prD . k0 Y kot 1
where we used the integration by parts p times in the second identity. Combining this with
(4.4.37) and (4.4.38) we get the desired identity (4.4.31). Q.E.D.
We now have for any t* > 0, along the flow

t* au t* XE /\ a’I’L—E
I (u(t* :/ — k/\oz"_k:/ P R RN | )
k( ( )) 0 Ot Xu 0 qui A qn—F Xu

As in Weinkove [Wei04, Wei06], there exist Cy,Cy > 0 such that for all ¢ € [0, c0),
0 <supu(.,t) <-C; igl(fu(.,t) + Cs. (4.4.39)
X

Indeed, in view of (4.4.31), I(u) = 0 along the flow implies that
k
3 / uxd AXET A ok =, (4.4.40)
i=0"X

hence supy u > 0 and infx u < 0. For the right inequality in (4.4.39), we remark that
there exists a positive constant B such that
o < ByF Aok,

Therefore combining with (4.4.40) gives

/ua” = /(u—infu)a”+/ infua™
X X X x X
< B/ (u—infu)xk/\anfk—l-infu/ a”
X X X Jx

k
= _B /u J A k_j/\a"_k—i—infu(/ a"—B/ k/\an_k)
jZ::l i A X nful [ [ X
k .
= _B /(u—infu) J A k_]/\oz"_k—i—infu(/ a”—Bk—i—l/ k/\a"_k)
jZ::l i nfu ) xf, A x nful [ (k+1) [ x

. n_ k’ n—k — 1
1£1(fu(/Xa B(k—i—l)/XX Na > Cllgl(fu.

IN
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Since Aqu > —try x > —A, using the fact that the Green’s function G(.,.) of a is bounded
from below we infer that

u@wzzémwi@%mmmwwww
< -4 1%fu + Ch.

Hence we obtain the Harnack inequality, supy v < —C7infx u + Co.

Since we can normalize u by supy u = 0, the left inequality in (4.4.40) implies

sup(u(-, 1) — u(-, 1)) > 0.
X

It follows from Lemma 4.2.1 that
u>u—Cs
for some constant Cs. This give a lower bound for u since u is bounded. The Harnack

inequality in (4.4.39) implies then a uniform bound for u. Now the second statement in
Lemma 4.3.2 implies the convergence of u. Q.E.D.

A natural generalization of the Hessian quotient flows on Hermitian manifolds is the
following flow

Xy Aot

Bpu = log Xe "%
U ngg/\an_é

W (4.4.41)
where 9 € C°°(X), the admissible cone is Ty, 1 < £ < k < n, and x, = x + idJu. This
flow was introduced by Sun [Sunlba] when k = n. We can apply Theorem 4.1.3 to obtain
the following result, which is analogous to one of the main results in Sun [Sunlbal, and
analogous to the results of Song-Weinkove [SW08] and Fang-Lai-Ma [FLM11] for k = n:

Corollary 4.4.8. Let (X, ) be a compact Hermitian manifold and x be a (1,1)-form
which is k-positive. Assume that there exists a form X' = x + 100w which is k-positive, and
satisfies

k (X/)k—l Aok — ¥ f(X,)Z_l Aot >0 (4.4.42)

in the sense of the positivity of (n — 1,n — 1)-forms. Assume further that there exists an
admissible ug € C°(X) satisfying

k —k
s Xagg N "

Y= (4.4.43)
0

Then the flow (4.4.41) admits a smooth solution for all time with initial data ug. Further-
more, there exists a unique constant ¢ so that the normalization

1
U=u—t—= / ua™ (4.4.44)
X

[a”]
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converges in C™ to a function tee With wee = X + 100us satisfying
Wk Ao R = et At (4.4.45)
Proof of Corollary 4.4.8. This equation is of the form (4.1.1), with

or(N)
ar(\)’

F(A) = f(\) =log with A = A(A), (4.4.46)
defined on I'x. As in the proof of Corollary 4.4.6 we also have that f satisfies the conditions
(1-3) mentioned in §1. Moreover, f is in the bounded case with

kO’kfl ()\/)

-_— h NeElyw=T)%1.
50471()\') where S k—1

foo(X) =log
It suffices to verify that u = 0 is a subsolution of the equation (4.4.41). For any (z,t) €
X x [0,00), set u = A\(B), B'; = ajkx,;j(z,t). Since u is independent of ¢, Lemma 4.4.1
implies that we just need to show that for any z € X if p/ = (u1,- -+, ftn—1),

limg oo f (14, 8) > (2). (4.4.47)
This means
no__ ko'kfl(/i/)

where we restrict to the tangent space of X spanned by by the eigenvalues corresponding
to p’/. As the argument in the proof of Corollary 4.4.6, this inequality is equivalent to

EXE A QR — ey A o > 0. (4.4.49)
Moreover, the condition (4.4.43) is equivalent to
0=u> F(A[u)) — . (4.4.50)

We can now apply Theorem 4.1.3 to complete the proof. Q.E.D

In the case of (X, a) compact Kéhler, the condition on ¥ can be simplified, and we
obtain an alternative proof to the main result of Sun in [Sunl7a]. We recently learnt that
Sun [Sunl7c] also provided independently another proof of [Sunl7a] using the same flow
as below:

Corollary 4.4.9. Let (X,a) be Kdhler and x be a k-positive closed (1,1)-form. Assume
that there exists a closed form x' = x + i00u which is k-positive, and satisfies

EOOE T Aa™  — el o) At >0 (4.4.51)
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in the sense of the positivity of (n — 1,n — 1)-forms. Assume further that

eV > cpy = (4.4.52)

Then for any admissible initial data ug € C*°(X), the flow (4.4.41) admits a smooth solu-
tion for all time. Furthermore, there exists a unique constant ¢ so that the normalization

1

U=u— o /X ua™ (4.4.53)

converges in C™ to a function e With wee = X + 100U~ satisfying

Wk Ao TR = ettt At (4.4.54)

[e.e]

Proof of Corollary 4.4.8. By the same argument above, the admissible function u € C*°(X)
with supy u = 0 satisfying (4.4.51) is a C-subsolution. As explained in the proof of
Corollary 4.4.6, we can assume that uy = 0.

We first observe that along the flow, the functional I; defined in Lemma 4.4.7 is de-
creasing. Indeed, using Jensen’s inequality and then (4.4.52) we have

d a"” i y4 n—~
%IZ() - / atXu/\a / < g/\ang T;Z)>Xu/\a

log Ckl/ xi A an Tt — / Yxh Aat <. (4.4.55)
X X

IN

Set

Iy(u)

X

(4.4.56)

For any t* € [0,00) we have

v 1 d 0 b _
//(‘%X“/\a //<8t fXXManédtI()>X“AO‘ =0

By the same argument in Corollary 4.4.6, we deduce that there exist C'y, Co > 0 such that

2>

0 <supif(.,t) < -C; igl(fﬁ(.,t) + Cy, (4.4.57)
X

for all ¢ € [0,00). By our choice, supy u = 0, and (4.4.57) implies that

sup(u — h(t) —u) = sup(d — u) >0, Vt > 0.
b's b's
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Since Iy(u) is decreasing along the flow, we also have h'(t) < 0. Theorem 4.1.3 now gives
us the required result. Q.E.D.

Similarly, we can consider the flow (4.1.1) with

1
E /\ ’VL—Z k—2¢
Bru = — (W F(2), u(z0) =0, (4.4.58)

where 1 < ¢ < k <n. When (X, «) is Kéhler, 1 is constant and k£ = n, this is the inverse
Hessian flow studied by Fang-Lai-Ma [FLM11]. We can apply Theorem 4.1.3 to obtain
another corollary which is analogous to the main result of Fang-Lai-Ma [FLM11].

Corollary 4.4.10. Let (X,a), and x as in Corollary 4.4.8. Assume further that ¢ €
C>®(X,R") and there exists a smooth function u with X' = x + i00u a k-positive (1,1)-
form which satisfies

e Y L V) Lot Y L ) (4.4.59)
in the sense of positivity of (n — 1,n — 1) forms, and

k—¢
< =,
w — Xk A Oénfk

(4.4.60)

Then the flow (4.4.58) exists for all time, and there is a unique constant ¢ so that the
normalized function @ converges to a function us with w = x + 100us a k-positive form
satisfying the equation

WA Q" = (P 4 )R AR (4.4.61)

In particular, if (X,«) is Kdhler, we assume further that x is closed, then the condition
(4.4.60) can be simplified as

Y4 an—é
P < o = W (4.4.62)

Proof of Corollary 4.4.10. This equation is of the form (4.1.1), with

ae(N)
or(A)

defined on I'y. As in Corollary 4.4.6, it follows from the Maclaurin’s inequality, the mono-

F(A) = F(\) = — ( )M  with A = A(A), (4.4.63)

tonicity and concavity of g = (oy/ ag)ﬁ (cf. [Spr05]) that f satisfies the conditions (1-3)
spelled out in §1. Moreover, f is in the bounded case with

log_1(N)\**
foo(N) = — (W) where N €Ty = .
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In addition, as the same argument in previous corollaries, the condition (4.4.59) is equiva-
lent to that u = 0 is a C-subsolution for (4.4.58). Moreover, the condition (4.4.60) implies
that

0=u> F(A[0]) + ¢. (4.4.64)
We can now apply Theorem 4.1.3 to get the first result.

Next, assume that (X, a) is Kédhler and x is closed. As in Corollary 4.4.9 and [FLM11],
the functional I, (see Lemma 4.4.7) is decreasing along the flow. Indeed, using (4.4.62),

%Ie( ) = /X?:Xﬁ/\anﬁz/X (— (Zi((i\\i)w—kw) Xt A ant

1
_ O'g()\) ) k=t l n—~_ ﬁ / ¢ n—t
[;L%@) Xu o eyt [ XA et (4.4.65)

Using the Holder inequality, we get

4 n——{ __
/XXU/\O‘ - /XUZO‘ ( 1/(k— z+1>
r k f+l
oy
/X 1/(k £+1

k Z+1

IN

1
k—0+1
O'k a")

k Z+1

- LG (/ e t) =

1 k z+1

1
_ Uf()\)> L N o (/ ¢ nZ)W
= /X<Uk()\) X N\ & Cok XXuAa .

This implies that

1
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hence dly(u)/dt < 0.

For the rest of the proof, we follow the argument in Corollary 4.4.9, starting from the
fact that I;(4) = 0 where

PO 71 C)
Tx XEnan=t
Then we obtain the Harnack inequality
0 <supif(.,t) < -C; igl(fa(.,t) + Cy, (4.4.66)
X

for some constants C7,Cy > 0. Finally, Theorem 4.1.3 gives us the last claim. Q.E.D.
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4.4.6 Flows with mixed Hessians o},

Our method can be applied to solve other equations containing many terms of o;. We
illustrate this with the equation

¢
Z cixdh A" = e A TH (4.4.67)
j=1

on a Kéhler manifold (X, o), where 1 < ¢ < k < n, ¢; > 0 are given non-negative constants,
and ¢ > 0 is determined by c¢; by integrating the equation over X.

When k = n, It was conjectured by Fang-Lai-Ma [FLM11] that this equation is solvable
assuming that
n—1
ncxlnfl _ Z kckxlkfl A anfk > 0,
k=1

for some closed k-positive form y’ = x + i99v. This conjecture was solved recently by
Collins-Székelyhidi [CS17] using the continuity method. An alternative proof by flow meth-
ods is in Sun [Sunl5c]. Theorem 4.1.4 stated earlier in Section 4.1 is an existence result for
more general equations (4.4.67) using the flow (4.1.12) In particular, it gives a parabolic
proof of a generalization of the conjecture due to Fang-Lai-Ma [FLM11, Conjecture 5.1].
We also remark that the flow (4.1.12) was mentioned in Sun [Sunl5a], but no result given
there, to the best of our understanding.

Proof of Theorem 4.1.4. This equation is of the form (4.1.1), with

ey,
Pl = o) = - =0

defined on the cone I'y. As in the proof of Corollary 4.4.6, for any j = 1,..., £, the function
—oj/ok on I'y, satisfies the conditions (1-3) in §1, so does f. We also have that f is in the
bounded case with

Yo deioj-1(N)
k?O'kfl ()\)

where N €T =T}

fOO()‘/) = -

Suppose x' = x + i00u with sup y u = 0 satisfies

1
ke(xYe L Aok — chj(xl)jfl Ao > 0.
j=1
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By the same argument in Corollary 4.4.6, this is equivalent to that u is a C-subsolution of
(4.1.12). Observe that for all t* > 0,

t* u t* g
Ik(U(t*)) _ /0 /Xaatxﬁ/\an—k :/O /X (C— Z]—;kc(])\;( )) Xﬁ/\an—k‘

t* ‘ . .
= / c/ X8 A QR — Z cj/ X, A"l =0. (4.4.68)
0 X g Ux

Therefore Lemma 4.4.7 implies that

k
> [ wd axtT nant <o,
j=0"%X

Therefore we can obtain the Harnack inequality as in Corollary 4.4.6:

0 <supu(.,t) < —-Cyinfu(.,t) 4+ Cs, (4.4.69)
X

and infx u < 0, for some positive constants C7,Cy. Lemma 4.2.1 then gives a uniform
bound for u. Since

/ dyux® Aok =0,
b's

for any ¢t > 0, there exists y = y(t) such that dyu(y,t) = 0. The rest of the proof is the
same to the proof of Corollary 4.4.6 where we used Lemma 4.3.2 to imply the convergence
of the flow. Q.E.D.

We observe that equations mixing several Hessians seem to appear increasingly fre-
quently in complex geometry. A recent example of particular interest is the Fu-Yau equa-
tion [FY08, FY07, PPZ15, PPZ17c| and its corresponding geometric flows [PPZ16b].

4.4.7 Concluding Remarks

We conclude with a few open questions.

It has been conjectured by Lejmi and Székelyhidi [LS15] that conditions of the form
(4.4.22) and their generalizations can be interpreted as geometric stability conditions. This
conjecture has been proved in the case of the J-flow on toric varieties by Collins and
Székelyhidi [CS17]. Presumably there should be similar interpretations in terms of stability
of the conditions formulated in the previous section. A discussion of stability conditions
for constant scalar curvature Kahler metrics can be found in [PS09].

It would also be very helpful to have a suitable geometric interpretation of conditions
such as the one on the initial data ug. Geometric flows whose behavior may behave very
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differently depending on the initial data include the anomaly flows studied in [PPZ17a],
[PPZ17b], [FHP17].

For many geometric applications, it would be desirable to extend the theory of subso-
lutions to allow the forms x and v to depend on time as well as on v and Vu.
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Chapter 5

A viscosity approach to the
Dirichlet problem for degenerate
complex Hessian type equations

In this chapter, a viscosity approach is introduced for the Dirichlet problem associated
to complex Hessian type equations on domains in C"®. The arguments are modelled on
the theory of viscosity solutions for real Hessian type equations developed by Trudinger
[Tru90]. As consequence we solve the Dirichlet problem for the Hessian quotient and special
Lagrangian equations. We also establish basic regularity results for the solutions.

The results of this chapter are joint work with Stawomir Dinew and Hoang-Son Do
[DDT17].

5.1 Introduction

Partial differential equations play pivotal role in modern complex geometric analysis. Their
applications typically involve a geometric problem which can be reduced to the solvability
of an associated equation. This solvability can be deducted by various methods yet most
of the basic approaches exploit a priori estimates for suitably defined weak solutions. Thus
although geometers work in the smooth category, the associated weak theory plays an
important role.

One of the most successful such theories is the pluripotential theory associated to the
complex Monge-Ampeére eqution developed by Bedford and Taylor [BT76, BT82], Kolodziej
[Kol98], Guedj and Zeriahi [GZ05] and many others. Roughly speaking pluripotential
theory allows to define (i00u)* as a measure valued positive closed differential form (i.e. a
closed positive current) for any locally bounded plurisubharmonic function which in turn
allows to deal with non smooth weak solutions of Monge-Ampeére equations. Unfortunately
the pluripotential approach is applicable only for a limited class of nonlinear operators, such

133
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as the m-Hessian equations- see [DK17, Lul3].

Some of the most important examples on nonlinear operators for which pluripotential
tools do not seem to apply directly are the complex Hessian quotient operators. These are
not only interesting for themselves but also appear in interesting geometrical problems.
One such example is the Donaldson equation that we describe below.

Given a compact Kéhler manifold (X,w) equipped with another Kéahler form x one
seeks a Kéhler form y cohomologous to x such that

WA X = ex" (5.1.1)

with the constant ¢ dependent only on the cohomology classes of x and w.

In [Don99] Donaldson introduced this equation in order to study the properness of the
Mabuchi functional. Its parabolic version known as the J-flow was introduced indepen-
dently by Donaldson [Don99] and Chen [Chen00] and investigated afterwards by Song and
Weinkove [Wei04, Wei06],[SWO08]. It is known that the equation (5.1.1) is not always solv-
able. It was shown in [SWO08] that a necessary and sufficient condition for the solvability
of (5.1.1) is that there exists a metric x’ in [x], the Kéhler class of x, satisfying

(nex' — (n—Dw) AX™ 2 >0, (5.1.2)
in the sense of (n — 1,n — 1) forms. A conjecture of Lejmi and Székelyhidi [LS15] predicts
that the solvability is linked to positivity of certain integrals which can be viewed as geo-
metric stability conditions. It was also proved that, in general, these positivity conditions
are equivalent to the existence of C-subsolutions introduced by Székelyhidi [Szel5]. They
are also equivalent to the existence of parabolic C-subsolutions for the corresponding flows
(cf. [PT17]). It would be helpful to study the boundary case when we only have nonneg-
ativity conditions (see [FLSW14] for Donaldson equation on surfaces). It is expected that
in this boundary case the equation admits suitably defined singular solutions which are
smooth except on some analytic set. This has been confirmed in complex dimension two in
[FLSW14] but the proof cannot be generalized to higher dimensions. In fact a major part
of the problem is to develop the associated theory of weak solutions for the given Hessian
quotient equation. An essential problem in applying some version of pluripotential theory
for this equation is that one has to define the quotient of two measure valued operators.

In order to circumvent this difficulty one can look for possibly different theory of weak
solutions. One such approach, known as the viscosity method was invented long ago in the
real setting [CIL92], but was only recently introduced for complex Monge-Ampere equations
by Eyssidieux-Guedj-Zeriahi [EGZ11], Wang [Wan12| and Harvey-Lawson [HL09].

In the current note we initiate the viscosity theory for general complex nonlinear elliptic
PDEs. As the manifold case is much harder we focus only on the local theory i.e. we deal
with functions defined over domains in C". Precisely, let Q2 C C" be a bounded domain,
we consider the equation

Flu] := f(MHu)) = ¥ (z,u), (5.1.3)
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where A(Hu) denotes the vector of the eigenvalues of the complex Hessian Hu of the real
valued function v and ¢ : @ x R — Ry is a given nonnegative function which is weakly
increasing in the second variable. We wish to point out that nonlinear PDEs appear also
in geometric problems which are defined over domains in C"- see for example [CPW17],
where a Dirichlet problem for the special Lagrangian type equation is studied. These are
the equations defined for a given function h by

n
Flu] := ) arctan \; = h(z),

i=1
with A; denoting the eigenvalues of the Hessian of v at z. In the real case the special
Lagrangian equations were introduced by Harvey and Lawson [HL82] in the study of cal-
ibrated geometies. More precisely the graphs of gradients of the solutions correspond to
calibrated minimal submanifolds. We show in Section 5.6 that our method can be applied
to solve the Dirichlet problem for the special degenerate Lagrangian type equation.

In our investigations we heavily rely on the corresponding real theory developed by
Trudinger in [Tru90]. Some of our results can be seen as complex analogues of the real
results that can be found there. In particular we have focused on various comparison
principles in Section 5.3. Our first major result can be summarized as follows (we refer to
the next section for the definitions of the objects involved):

Theorem 5.1.1 (Comparison principle). Let T' be the ellipticity cone associated to the
equation (5.1.3). Assume that the operator Flu] = f(NHu)) in (5.1.3) satisfies

fec®T),f>0onT,f=0ondr,

and
fA+p) = f(A), VAeT,uely.

Assume moreover that either

2 aa)'];)\z = Z;fz)\z >v(f)inT, and ;ggqp(z, )>0

for some positive increasing function v, or
f is concave and homogeneous.
Then any bounded subsolution u and supersolution v in ) to the equation (5.1.3) satisfy
sup(u — v) < max {(u —v)*,0}.
Q o0
We use later on this seemingly technical result to study existence, uniqueness and
regularity of the associated Dirichlet problems. One of our main result is the solvability

and sharp regularity for viscosity solutions to the Dirichlet problem for a very general class
of operators including Hessian quotient type equations.



136 CHAPTER 5. VISCOSITY APPROACH FOR HESSIAN TYPE EQUATIONS

Theorem 5.1.2. The Dirichlet problem

Flw] = f(MHw)) = ¢(z,w(2))
u=¢ on 0f)

admits a continuous solution for any bounded I'-pseudoconvex domain €. Under natu-
ral growth assumptions on ¥ the solution is Hoélder continuous for any Hélder continous
boundary data .

Another interesting topic is the comparison between viscosity and pluripotential theory
whenever the latter can be reasonably defined. A guiding principle for us is the basic ob-
servation made by Eyssidieux, Guedj and Zeriahi [EGZ11] that plurisubharmonic functions
correspond to viscosity subsolutions to the complex Monge-Ampére equation. We prove
several analogous results for general complex nonlinear operators. It has to be stressed
that the notion of a supersolution, which does not appear in pluripotential theory, is a
very subtle one for nonlinear elliptic PDEs and several alternative definitions are possible.
We in particular compare these and introduce a notion of supersolution that unifies the
previously known approaches.

A large part of the note is devoted to complex Hessian quotient equations in domains
in C™. One of our goals in this case was to initiate the construction of the undeveloped
pluripotential theory associated to such equations. We rely on connections with the cor-
responding viscosity theory. Our findings yield in particular that the natural domain of
definition of these operators is strictly smaller than what standard pluripotential theory
would predict. We prove the following theorem:

Theorem 5.1.3. Assume that 0 < 1 € C°(Q) and u € PSH(Q) N LC.(Q) is a viscosity

(dd°u)" P(z) in Q. Then

subsolution of (ddeu)F p ok

(dd°u)"™ > 9 (ddu)"F A Wk
and
o\ L
(dd°u)* > <k> Yot
in the pluripotential sense.

We guess that this observation, rather obvious in the case of smooth functions, will
play an important role in the resolution of the issue caused by the division of measures.

The chapter is organized as follows: in the next section we collect the basic notions
from linear algebra, viscosity and pluripotential theory. Then we investigate the various
notions of supersolutions in [EGZ11] and [Lul3] and compare them with the complex
analogue of Trudinger’s supersolutions. Section 3 is devoted to the proof of a very general
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comparison principle. Then in Section 4 we restrict our attention to operators depending
on the eigenvalues of the complex Hessian matrix of the unknown function. We show
existence and uniqueness of viscosity solutions under fairly mild conditions. One subsection
is devoted to the regularity of these weak solutions. Using classical methods due to Walsh
[Wal68] (see also [BT76]) we show the optimal Holder regularity for sufficiently regular
data. Secton 5 is devoted to comparisons between viscosity and pluripotential subsolutions
and supersolutions. Finally in Section 5.6 we solve the Dirichlet problem for the Lagrangian
phase operator.

5.2 Preliminaries

In this section we collect the notation and the basic results and definitions that will be
used throughout the note.
5.2.1 Linear algebra toolkit

We begin by introducing the notion of an admissible cone that will be used throughout the
note:

Definition 5.2.1. A cone I in R™ with vertex at the origin is called admissible if:
(1) T is open and convex, I" # R";

(2) T' is symmetric i.e. if x = (x1,---,2,) € ' then for any permutation of indices
i = (i1, ,ipn) the vector (z;,,---,z;,) also belongs to IT';

(3) 'y cT', where I'), :={z € R"| 2; >0, i € 1,--- ,n}.

From the very definition it follows that I',, is an admissible cone. Other examples
involve the I'y, cones that we describe below:
Consider the m-th elementary symmetric polynomial defined by

om(z) = Z Ljy Ly T, -
1<ji<.<gm<n

We shall use also the normalized version

A\
Sm(z) == (m) Om.-

Definition 5.2.2. For any m = 1,...n, the positive cone I, of vectors z = (x1,--- ,x,) €
R™ is defined by
Iy ={zeR" o1(x) >0, -+, op(zr) >0}. (5.2.1)
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It is obvious that these cones are open and symmetric with respect to a permutation
of the x;’s. It is a nontrivial but classical fact that I',, is also convex.

Exploiting the symmetry of I' it is possible to discuss I' positivity for Hermitian matri-
ces:

Definition 5.2.3. A Hermitian n x n matrix A is called I" positive (respectively I'-semi
positive) if the vector of eigenvalues A(A) := (A1(4),- -+, A\n(A)) belongs to I' (resp. to the
Euclidean closure I" of I'). The definition is independent of the ordering of the eigenvalues.

Finally one can define, following [Li04], the notion of I'-admissible and I'-subharmonic
functions through the following definitions:

Definition 5.2.4. A C? function u defined on a domain  C C is called T-admissible if

for any z € 2 the complex Hessian Hu(z) := [#;Zk]?kzl is I'-positive.
J bl

In particular, if I' is an admissible cone, then I' C I'; (see [CNS85]), hence we have the
following corollary:

Corollary 5.2.5. Any I'-admissible function is subharmonic.

Definition 5.2.6. An upper semicontinuous function v defined on a domain 2 C C" is
called I'-subharmonic if near any z € € it can be written as a decreasing limit of local
I'-admissible functions.

We refer to [HL09] for a detailed discussion and potential theoretic properties of general
I’-subharmonic functions.
5.2.2 Viscosity sub(super)-solutions
Let 2 be a bounded domain in C". Consider the following equation:
Flu] :== F(z,u, Du, Hu) =0, on £, (5.2.2)

where Du = (9,4, ..., 0;,u), Hu = (u;;) is the Hessian matrix of u and F is continuous
on Q x R x C" x H"™. The operator F is called degenerate elliptic at a point (z, s, p, M) if

F(z,s,p,M + N) > F(z,s,p, M) forall N >0,N¢&H", (5.2.3)

where H"™ is the set of Hermitian matrices of size n x n. We remark that in our case
F(z,s,p, M) is not necessarily degenerate elliptic everywhere on QxR xC™xH". Motivated
by the paper of Trudinger [Tru90] we pose the following definition:

Definition 5.2.7. A function v € L*°(2) is a viscosity subsolution of (5.2.2) if it is upper
semi-continuous in 2 and for any zy € €2, and any C? smooth function ¢ defined in some
neighbourhood of zy and satisfying u < ¢, u(zp) = q(z0), the inequality

Flq](z0) >0 (5.2.4)
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holds. We also say that Flu] > 0 in the viscosity sense and ¢ is an upper (differential) test
for u at zp.

A function v € L*() is a viscosity supersolution of equation (5.2.2) if it is lower
semi-continuous and there are no points zy € € and functions C? smooth functions defined
locally around zp, such that v > ¢ in Q, v(29) = ¢(20) and

JivgfoF(Zo,Q(Zo),DQ(ZO),N + Hip(z)) > 0. (5.2.5)

We also say that Fu] < 0 in the viscosity sense and ¢ is a lower (differential) test for u at
20-

For fixed (z,s,p) € @ x R x C™ the set of all Hermitian matrices M, such that F is
degenerate elliptic at (z, s, p, M) is called the ellipticity set A(z, s,p) for the data (z, s, p).
Note that the ellipticity set has the property that

A(Zu S7p) + Fn - A(Z) Svp)7

but it may not be a cone. Throughout the note we shall however focus on the situation
when the ellipticity set is a cone which is moreover constant for all the possible data sets.
We then define the ellipticity cone associated to the operator F' which is modelled on the
notion of a subequation coined by Harvey and Lawson in [HL09] :

Definition 5.2.8. An operator F'(z,s,p, M) has an ellipticity cone I' if for any M in
the ellipticity set the vector A(M) of the eigenvalues of M belongs to the closure I" of T
Furthermore IT' is the minimal cone with such properties.

Throughout the note we consider only the situation when I'" is an admissible cone in the
sense of Definition 5.2.1. We shall make also the following additional assumption (compare
with Condition (2) in Subsection 5.4.1):

YA€ dl', V(z, s, p) € QxR xC" F(z,s,p,\) <0. (5.2.6)
This condition arises naturally whenever one seeks solutions to
F(zu(2), Du(z), Hu(2)) = 0

with pointwise Hessian eigenvalues in I' (recall that F' increases in the T',, directions).

It is evident that in Definition 5.2.7 the notion of a supersolution is different and
substantially more difficult that the notion of a subsolution. The reason for this is that
there is no analog for the role of the positive cone I'), from the case of subsolutions in the
supersolutions’ case. As an illustration we recall that while any plurisubharmonic function
is a subsolution for F(u) := det(H (u)) = 0 (see [EGZ11]) it is far from being true that all
supersolutions can be written as the negative of a plurisubharmonic function.

Below we also give another notion of a supersolution that was coined in [EGZ11] for
the Monge-Ampeére equation (see also [Lul3] for the case of m-Hessian operator). It can
be generalized for all operators admitting an elliptic admissible cone:
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Definition 2. A lower semicontinuous function u is said to be a supersolution for the
operator F'(z,s,p, M) with the associated ellipticity cone I' iff for any 29 € 2 and every
lower differential test g at zo for which A\(H¢q(z0)) € I" one has

F(z,q(20), Dgq(20), Hq(20)) < 0.

Note that in the definition we limit the differential tests only to those for which
AMHq(z0)) €T .

The next proposition shows that under the assumption (5.2.6) the definition above
coincides with the one from Definition 5.2.7.

Proposition 5.2.9. Suppose that the operator F(z,s,p, M) satisfies (5.2.6). Then a lower
semicontinous function u defined on a domain  is a supersolution for F(zs,p,M)= 0 in
the sense of Definition 2 if and only if it is a supersolution in the sense of Definition 5.2.7.

Proof. Suppose first that u is a supersolution in the sense of Definition 2. Fix any zp in €2
and ¢ a lower differential test for u at zp. If A(Hq(z0)) € I then

F(Z,Q(ZO),DQ(Z()),H(](Z())) < 07

hence taking N = 0 in Definition 5.2.7 we see that the condition is fulfilled. If A(Hq(20))
fails to be in I' then there is a positive definite matrix NV and a positive number ¢ such that
A Hq(z0) + tN) € OT'. But this implies that F'(z,q(20), Dq(z0), Hq(z0) + tN) < 0 which
fulfills the condition in Definition 5.2.7 again.

Suppose now that u is a supersolution in the sense of Definition 5.2.7. Again choose zg
in  and q a lower differential test for u at z9. We can assume that A(Hq(z)) is in T, for
otherwise such a differential test cannot be applied in Definition 2. But then by ellipticity

F(Z, Q(ZO), DQ(ZO)a HQ(Z())) < F(Z, Q(ZO), DQ(ZO)a Hq(Z()) + N)a VN > 07 N eH".
The infimum over N for the right hand side is non positive by definition which implies

F(Z7q(20)7 DQ(ZO)a HQ(ZO)) <0

which was to be proved. O

5.2.3 Aleksandrov-Bakelman-Pucci maximum principle

In this section, we recall a variant of Aleksandrov-Bakelman-Pucci (ABP) maximum prin-
ciple following [Jen88]. We first recall the following definition (cf. [Jen88)):

Definition 5.2.10. Let €2 be a bounded domain in R™ centered at the origion, and u €

C(£2). We define

Es = {z € Q] for some p € B(0,0),u(z) < u(z)+p.(z — x),Vz € Q}.
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Then we have the following lemma due to Jensen [Jen88] which will be used in the proof
of Lemma 5.3.1. Recall that a function u is said to be semi-convex if u + k|z|? is convex
for a sufficiently large constant k.

Lemma 5.2.11. Let u € C(Q2) be semi-convex for some constant k > 0. If u has an
interior maximum and supg u — supgg u = dod > 0, where d = diam(2). Then there is a
constant C' = C(n, k) > 0 such that

|Es| > Co", for all § € (0,00). (5.2.7)

Proof. As in Jensen [Jen88], by regularization, we can reduce to the case when u € C?(Q).
Now, suppose that u has an interior maximum at xy and

5 SUpq U — Supgn U _ u(Zo) — Supsq u
0 —

d d ’
where d = diam(Q).
We now prove that for § < dp we have B(0,0) C Du(Ejs). Indeed, for any p € B(0, ),
consider the hyperplane £,(z) = h + (p, z) where h = sup,cq(u(y) — (p,y)). Then we have

u(z) < €y(z) on Q and u(x1) = £,(z1) for some x1 € Q. If we can prove that 1 € , then
Du(zq) = p, so B(0,9) C Du(Ejs). Suppose by contradiction that x; € 92, then

supu = u(xp)
Q

IN

lp(x1) + (p, T0 — 71)
= wu(z1) + (p,xo — x1) < supu+ dd < supu + dpd = sup u,
o0 oN Q

hence we get a contradiction.

Next, as we have proved that B(0,0) C Du(Es), then by comparing volumes, we infer
that

c(n)d™ < /Eé | det(D?u)|. (5.2.8)

Since u is semi-convex with the constant k > 0 and D?u < 0 in Es, we have | det(D?u)| <
k™. It follows that |Es| > c(n)k~™". O

5.2.4 ['-subharmonic functions

We have defined I' subharmonic functions as limits of admissible ones. Below we present
the alternative viscosity and pluripotential points of view:

Let O C C™ be a bounded domain. Denote w = dd°|z|?, where d := i(0 + 0) and
d’ = ﬁ(é — 0) so that dd° = %85. Let I' C R™ be an admissible cone as in Definition
5.2.1. We first recall the definition of k-subharmonic function:
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Definition 3. We call a function u € C?(2) is k-subharmonic if for any z € €2, the Hessian
matrix (uzi) has eigenvalues forming a vector in the closure of the cone I'.

Following the ideas of Bedford-Taylor [BT82], Blocki [Blo0O5a] introduced the pluripo-
tential definition of the k-sh function.

Definition 5.2.12. Let u be subharmonic function on a domain 2 C C". Then u is
called k-subharmonic (k-sh for short) if for any collection of C2-smooth k-sh functions
v1,...,Vg_1, the inequality

dd®u A ddvi A ... A ddvg—1 AW >0
holds in the weak sense of currents.
For a general cone I', we have the following definition in the spirit of viscosity theory:

Definition 5.2.13. An upper semicontinuous function u is called I'-subharmonic (resp.
strictly I'-subharmonic) if for any z € €, and any upper test function ¢ of u at z, we have

MHq(2)) €T (resp.\(Hq(z)) € T).

By definition, if u is a I'-subharmonic function, it is a I'-subsolution in the sense of
Székelyhidi [Szel5]. In particular, when I' = T’y for k = 1,...n, u is a viscosity subsolution
of the equation

Sk(A(Hu)) =0,
where ( o N
ddu)® A w"™
Sk(A(Hu)) = —
Then it follows from [EGZ11, Lul3] that u is a k-subharmonic function on €2, hence u is a
subharmonic function if £k = 1 and a plurisubharmonic function if £ = n.

We also have the following definition generalizing the pseudoconvex domains (see also
[Li04] for similar definition for smooth domains):

Definition 5.2.14. Let € be a bounded domain in C™, we say that €2 is a I-pseudoconvex
domain if there is a constant Cq > 0 depending only on €2 so that —d(z) + Cqd?(z) is
I'-subharmonic on 992, where d(z) := dist(z, 0%2).

We recall the following lemma which was proved in [Li04, Theorem 3.1].

Lemma 5.2.15. Let Q be bounded domain in C" with C? smooth boundary. Let p € C%()
be a defining function of Q) so that A Hp) €T on 09Q. Then there exists a defining function
p € C?*(Q) for Q such that \(Hp) € T on Q.

Finally we wish to recall the survey article [Zer13] where the Reader may find a thorough
discussion of the viscosity theory associated to complex Monge-Ampere type equations.
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5.3 Comparison principles

Comparison principles are basic tools in pluripotential theory- we refer to [Kol98, GZ17b]
for a thorough discussion of these inequalities. In viscosity theory one compares sub-
and supersolutions to the same equation. It is a crucial observation (cf. [EGZ11]) that
even though supersolutions may fail to have nice pluripotential properties a version of the
comparison principle holds for the complex Monge-Ampeére equation. In this section we
discuss under what assumptions such comparison principles hold for general operators.

5.3.1 A preliminary comparison principle

Let 2 be a bounded domain in C™. In this subsection we prove a comparison principle for
viscosity solutions of the following equation:

Flu] :== F(z,u, Du, Hu) = 0. (5.3.1)

It is well known that mere ellipticity is insuffiecient to guarantee comparison type result.
Hence we add some natural structural conditions for the equation (5.3.1).
First of all we assume that F' is decreasing in the s variable, namely

Vr >0 F(z,s,p, M) — F(z,s+r,p, M) > 0. (5.3.2)

This is a natural assumption in the theory (see [Zerl3]) as it yields an inequality in the
"right" direction for the maximum principle.
Next we assume certain continuity property with respect to the z and p variables:

|F(Zla SvplyM) - F(ZZa Svp?vM)’ S QZ(‘Zl - 22|) + ap(|p1 *p2|)a (533)

for all z1, 20 € Q, 0 € R, p1, p2 € C*", M € H". Here o, and «, are certain moduli of
continuity i.e. increasing functions defined for nonnegative reals which tend to zero as the
parameter decreases to zero.

We can now state the following general comparison principle for the equation (5.3.1).

Lemma 5.3.1. Suppose u € L>=(Q) (resp. v € L>°(Q)) satisfies Flu] > & (resp. F[v] <0)
in ) in the viscosity sense for some § > 0. Then

sgp(u —v) < max {(u—v)*,0}, (5.3.4)

with * denoting the standard upper semicontinuous reqularization.

Proof. The idea comes from [Tru90]. We use Jensen’s approximation (cf. [Jen88]) for u,v
which is defined by

C
u(z) = sup {u(z/) - z|2} ,
5

Z'eq

. G
() = Zl/rég{v(z’)—i—;]z'—z]Q}, (5.3.5)
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where ¢ > 0 and Cy = max{oscqu,oscqu} with osc(u) = supuq — infgu. Then the
supermum and infimum in (5.3.5) are achieved at points z*, z, € Q with |z —z*|, |z — 2| < ¢
provided that z € Q. = {z € Q| dist(z,00) > e}. It follows from [CCI5] (see also [Wanl2]
for an adaption in the complex case) that u® (resp. v.) is Lipschitz and semi-convex (resp.
semi-concave) in ()., with

2C)

)
9

e
| Dufl, | Dve| < Huf, ~Hve > ~—3'1d, (5.3.6)

whenever these derivatives are well defined.
Exploiting the definition of viscosity subsolution one can show that u® satisfies

F(z*,u(2), Du(z), Hu®(z)) > ¢ (5.3.7)

in the viscosity sense for all z € ).. Indeed, let ¢ be an upper test of u® at zg, then the
function

~ * 1 *
Q) = a(z + 20 = %) + _|z0 — %/

is an upper test for u at zj. Therefore we get (5.3.7) as u is a viscosity subsolution. This
also implies that
F(z*,u(z), Du(z), N + Hu"(z)) > 0, (5.3.8)

in the viscosity sense for any fixed matrix N > 0. Since any locally semi-convex (semi-
concave) function is twice differentiable almost everywhere by Aleksandroff’s theorem, we
infer that for almost all z € €., F is degenerate elliptic at (z*,u®(z), Du®(z), Hu®(z)) and

F(z*,u®(2z), Du®(z), N + Hu®(z)) > 0, (5.3.9)
for all N € H" such that N > 0.

We assume by contradiction that supq(u—v) = u(z9) —v(20) = a > 0 for some zy € Q.
For any ¢ sufficiently small the function w. := u® — v, has a positive maximum on 2. at
some point z. € ). such that z. — 29 as € — 0. So we can choose €y > 0 such that that
for any € < €9, we := u® — v, has a positive maximum on ). at some point z. €  with
d(z,08) > €p. Applying the ABP maximum principle (Lemma 5.2.11), for the function
we on {2, and for any A\ > 0 sufficiently small, there exist a set £\ C ()., containing z.
with |Ey| > cA”, where c is ¢(n)e?", such that |Dw.| < A and Hw, < 0 almost everywhere
in Ey. Since we(z:) > 0, we can choose A small enough such that w, > 0 in E). The
condition (5.3.2) and the fact that F' is degenerate elliptic at (z*,u®(2), Du®(2), Hu®(z))
for almost all z € F)y, imply that

F(z*,u®(z), Du®(2), N + Hu®(z)) < F(z",v:(2), Du®(z), N + Hv(2)). (5.3.10)
Using (5.3.3) and the fact that |D(u® — v:)| < A, we get

F(z",v:(2), Du®(z), N + Hv*(2)) < F(2",v:(2), Dv*(2), N + Hv®(z)) 4+ ap(N).
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Combining with (5.3.3), (5.3.9), (5.3.10) and |z* — 2| < ¢ that for almost all z € Ej,
F(z,v2(2), Dve(2), N + Hv(2)) > 0 — az(€) — ap(N). (5.3.11)

By taking A, and then ¢ sufficiently small and using the fact that v, is twice differentiable
almost everywhere on €2, we can find at a fixed point z; € E) a lower test ¢ of v at z; such
that

F (z0,q(20), D(20), N + Hq(29)) > =9, (5.3.12)

N | =

for all N > 0. This contradicts the definition of viscosity supersolution. Therefore we get
(5.3.4). O

Remark. By assuming more properties of F', it is possible to obtain 6 = 0 in the previous
result. This is the case for the Monge-Ampeére equation. Otherwise we need to adjust
function u to achieve a strict inequality in order to use Lemma 5.3.1.
5.3.2 Comparison principle for Hessian type equations
We now consider the Hessian type equation of the form

Flu] = ¢(z,u), (5.3.13)
where ¢ € C°(Q x R) and F[u] = f(A(Hu)) such that

s+ (-, s) is weakly increasing, (5.3.14)
fec®T),f>0onT,f=0ondr, (5.3.15)

and
FOAN+u) > f(N), YAeT, pel,. (5.3.16)

First, in order to use Lemma 5.5.1, we extend f continuously on R™ by taking f(\) =0
for all € R®\T'. For a ¢ independent comparison principle we need more assumptions

on F. Similarly to [Tru90], we can assume that the operator Flu] = f(A(Hu)) satisfies
>
i=1 OA;

for some positive increasing function v.

This condition is satisfied for example in the case of the complex Hessian equations
Flu] :== o, (A(Hu)), k € {1,---, n}.

We also study a new condition namely

Ai = gfm 2 v(f)in T, inf (z,-) >0 (5.3.17)

f is concave and homogeneous, (5.3.18)

ie f(t\) = tf(\),Vt € R
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Theorem 5.3.2. Let u,v € L>(Q) be viscosity subsolution and supersolution of equation
(5.3.13) in Q. Assume that either f satisfies either (5.3.17) or (5.5.18). Then

s?zp(u —v) < max {(u—v)*,0}. (5.3.19)

Proof. Assume first that f satisfies (5.3.17). Then following [Tru90], we set for any ¢ €
(1,2),
ug(z) = tu(z) — C(t — 1),

where C' = supg u. Therefore we have u:(z) < u(z) on Q for all £ € (1,2). Then for any
20 €  and an upper test function g (z) of u; at zy we have q(z) := t g (z) — C(t71 — 1)
is also an upper test for u at zg. Set A = A[g](20), then Ag](z0) = tA and q(z0) > q:(20).
We also recall that the function s — f(s)\) is increasing on RT (by (5.3.17)) and f(\) >
¥(z,u(zp)) since ¢ is an upper test for u at zy. It follows that at z,

Flgl = F(Ma]) = f(tA)
> f)+ (=1 D Nfi(t*N)
> P(z0,q(20)) + (= 1) Y Nifi(t"A)
> (e, @(z0)) + oy wlin ol infu)

for 1 < t* < ¢, sufficiently close to 1. Therefore we have for some § > 0
F[ut] > w(zaut) + 57

in the viscosity sense in . Thus the inequality (5.3.19) follows from Lemma 5.3.1.

Next, consider the second case when f is concave and homogeneous. Suppose, without
loss of generality, that 0 € Q2. We set

ur(2) = u(z) +7(|2* — R),

where R = diam(f2). Then for any q, € C%(Q2) such that ¢. > u, near 2o and ¢ (z0) =
ur(20), we have ¢ = ¢ — 7(|2|> = R) > ¢-, and ¢ is also an upper test for u at zg. Therefore,
we have at zg,

Flg;] = 2¢f (W) (5.3.20)

f(A(Hg)) + f(71)

>
> 1/}(207 QT) +4.

Therefore F[u;] > 1+ 0 in the viscosity sense. Applying Lemma 5.3.1 we get (5.3.19). O
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By definition, we have the following properties of sub(super)-solutions. Their proofs
follow in a straightforward way from [CIL92, Proposition 4.3].

Lemma 5.3.3. (a) Let {u;} be viscosity subsolutions of (5.3.13) in 2, which are uniformly
bounded from above. Then (limsupg u;)* is also a viscosity subsolution of (5.5.13) in Q.
(b) Let {v;} be viscosity supersolutions of (5.3.13) in Q, which are uniformly bounded from
below. Then (liminfqv;), is also a viscosity supersolution of (5.3.13) in §.

Now using Perron’s method (see for instance [CIL92]), we obtain the next result:

Lemma 5.3.4. Let u,uw € L>(Q2) are a subsolution and a supersolution of (5.3.13) on Q.
Suppose that u,(z) =u*(z) on the boundary of Q. Then the function

u:=sup{v € L®(Q)NUSC(Q) : v is a subsolution of (5.3.13),u < v < u}

satisfies u € C°(Q) and

is the viscosity sense.

Proof. Tt is straightforward that u* is a viscosity subsolution of (5.3.13). We next prove that
u, is a supersolution of (5.3.13). Assume by contradiction that w. is not a supersolution
of (5.3.13), then there exists a point zp €  and a lower differential test ¢ for u, at zy such
that

F(q)(20) > (20, q(20))- (5.3.21)

Set §(z) = q(2) + b — alz — 2|?, where b = (ar?)/6 with a,r > 0 small enough so that
F[q] > ¥(x,q) for all |z — zg| < r. Since uy, > q for |z — 2o < r, we get u* > u, > § for
r/2 < |z — 29| < r. Then the function

w(z) = {max{u*(z),q(z)} if |2 — 2| <

u*(z) otherwise

is a viscosity subsolution of (5.3.13). By choosing a sequence z, — 2o so that u(z,) —
ux(20), we have §(zn) — u«(20) + b. Therefore, for n sufficiently large, we have w(z,) >
u(z,) and this contradicts the definition of u. Thus we have u, is also a supersolution.
Then it follows from Theorem 5.3.2 and u, (z) = @*(2) for z € 9Q that u* < u, on 2, hence
U = U, = u*. ]
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5.4 Dirichlet problems

5.4.1 Viscosity solutions in I'-pseudoconvex domains

Let © C C" be a C? bounded domain. In this section, we study the following Dirichlet
problem

{F[u} = f(\(Hu)) = ¢(z,u) on Q (5.4.1)

u = ¢ on 0f),
where ¢ € C%(9Q) and ¢ € C°(Q x R) such that ¢ > 0 and

s+ (., s) is weakly increasing.
Let I' C R™ be an admissible cone. We assume further that f € C%(T) satisfies:
(1) fis concave and f(A+p) > f(A), VA eI, pely,.
(2) supgr f =0,and f >0in I
(3) f is homogeneous on T

We remark that, the condition ((2)) and ((3)) imply that for any A € T’ we have
lim f(t\) = +o0. (5.4.2)

t—00
We now can solve the equation (5.4.1) in the viscosity sense:

Theorem 5.4.1. Let Q be a C? bounded T-pseudoconvex domain in C*. The the Dirichlet
problem
F(A[u]) = Y(z,u) in Q, u=¢ on .

admits a unique admissible solution u € C°(Q).

In particular, we have a L* bound for u which only depends on ||p||p~ and || (x,C)|| L
and 2, where C is a constant depending on €.

Proof. By Lemma 5.2.15, there is a defining function p € C%(Q) for Q such that \(Hp) € T'
on Q. The C?-smoothness of the boundary implies the existence of a harmonic function h
on () for arbitrary given continuous boundary data . Set

u= (Aip+h)+ Asp,

where Ay > 0 is chosen so that Ayp + h is admissible and A, will be chosen later.

By the concavity of f and (5.4.2), for As sufficiently large we get

FA\[u])

Y

ST A Ap + h]) + 3 F(2A2[5)
mﬁaxw(x,h) > (x,u).

v
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Therefore u is a subsolution of (5.4.1).

Since h is harmonic, for each z € () there is a Hermitian matrix N > 0 so that
AN + H(h)(z)) € oI'. But then then f(ANN + H(h)(z))) = 0. Therefore, v := h is a
supersolution of (5.4.1).

Finally, the existence of solution follows from Perron’s method. We set
u := sup{w is subsolution of (5.4.1) on Q,u < w < T}.

As in the argument from Lemma 5.3.4 we have u* (resp. w,) is a subsolution (resp.
supersolution) of (5.4.1). It follows from the comparison principle (Theorem 5.3.2) that

u*(2) — ux(2) < limsup(u® — u,) T (w).

w—0

Since u and T are continuous and u = T = ¢ on 0f2 we infer that u* < u, on Q and u* = u,
on 09. Therefore u = u* = u, is a viscosity solution of (5.4.1). The uniqueness follows
from the comparison principle (Theorem 5.3.2). O

As a corollary of Theorem 5.4.1, we solve the following Dirichlet problem for Hessian
quotient equations

{Sk,e(A(HU)) = 2 (M(Hu)) = ¢(w,u) on Q 7 (5.4.3)

u=¢ on O
where 2 C C" be a smooth bounded I'g-pseudoconvex domain, 1 < ¢ < k < n and

ddcu)k n—k
S\ Hu)) = %
w
Note that the operator S,i/g(kfl) is concave and homogeneous (see [Spr05]).

Corollary 5.4.2. The Dirichlet problem (5.4.83) admits a unique viscosity solution u €
C°(Q) for any continuous data .

We also remark that a viscosity subsolution is always a I'-subharmonic function.

Lemma 5.4.3. Any viscosity subsolution of the equation f(ANHu)) = ¢(z,u) is a T'-
subharmonic function. In particular, if u is a viscosity subsolution of the equation

Ske(AMHu)) = ¥ (z,u), (5.4.4)

then u s k-subharmonic.
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Proof. Let 29 € Q and ¢ € C?({20}), such that u — ¢ attains its maximum at zy and
u(z0) = q(z0). By definition we have

f(A(Hq)(z0)) > 0.

Observe that for any semi-positive Hermitian matrix N, the function
gn(2) == q(2) + (N(z — 20), 2 — 20)

is also an upper test function for w at zyp. By the definition of viscosity subsolutions we
have

F(A(HG)(20)) > 0. (5.4.5)

Suppose that A(Hgq)(z) ¢ T. Then we can find N > 0 so that \(H§)(z) € I, so
F(A(HG)(20)) = 0 by the condition (3) above, this contradicts to (5.4.5). Hence we always
have A[g](z0) > 0, and so u is I'-subharmonic. O

5.4.2 Holder continuity of Hessian type equations

In this subsection, we study the Holder continuity of the viscosity solution obtained in
Section 5.4.1 to the Dirichlet problem

{F[u} = f(A(Hu)) = ¢(z,u) on Q

(5.4.6)
u = @ on OS2,

where f,p and 9 satisfy the conditions spelled out in the previous subsection. We prove
the following result:

Theorem 5.4.4. Let ) be a strictly I' pseudoconvex domain. Let u be the viscosity solution
of (5.4.6). Suppose that ¢ € C?**(9R) for some a € (0,1). If additionally 1(z,s) satisfies

(1) |¥(z,8)] < Mi(s) for some L52, function M;;
(2) |¥(z,8) — Y(w,s)| < Ma(s)|z —w|® for some LSS, function Ms;

loc

Then u € C*(2).

Remark. Classical examples (see [BT76]) show that the claimed regularity cannot be
improved. Conditions 1 and 2 can be regarded as a weak growth conditions and seem to
be optimal. If ¢ does not depend on the second variable then these conditions mean that
1 is globally bounded and contained in C'.

Proof. The proof relies on the classical idea of Walsh-[Wal68]. Similar agrument was used
by Bedford and Taylor- [BT76] who dealt with the complex Monge-Ampére operator. We
shall apply a small adjustment in the construction of the local barriers which is due to
Charabati [Chal6].
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Suppose for definiteness that 0 € ). Assume without loss of generality that the I'-
subharmonic function p = —dist(z, 9Q) + Cqdist(z, 0Q)? satisfies F(p) > 2 (multiply p by
a constant if necessary and exploit the homogeneity of F'). Recall p vanishes on 0. As
09 € C? we know that p € C? near the boundary. Then it is easy to find a continuation of
p in the interior of Q (still denoted by p), so that p is -subharmonic and satisfies F'(p) > 1.

Fix £ € 09. There is a uniform C >> 1 (dependent on 2, but independent on §) such
that the function

9¢(2) = Cplz) — |z — €]
is I'-sh. In particular g < 0 in Q.
By definition there is a constant C, such that for any z € 0f2

p(2) > p(§) = Clz — €.
Consider the function he(2) := —C(—ge(2))®. Then

H(he(2)) 2 Ca(l — a)(—ge(2))* H(ge(2)), (5.4.7)

where A\(H (g¢(2))) € T, thus hg is I'-subharmonic.
Observe that
he(z) < —Clz — €7 < (2) — 9(6)-
Thus he(2) + ¢(§) are local boundary barriers constructed following the method of Chara-
bati from [Chal6] (in the paper [BT76], where the Monge-Ampere case was considered, hg
was simply chosen as —(z,,)® in a suitable coordinate system, but this is not possible in
the general case).

At this stage we recall that « is bounded a priori by Theorem 5.4.1. Hence we know
that for some uniform constant A one has F[u] < A in the viscosity sense.

From the gathered information one can produce a global barrier for u in a standard
way (see [BT76]). Indeed, consider the function h(z) := supe{ahe(2) + p(€)} for a large
but uniform constant a. Using the balayage procedure it is easy to show that F(h(z)) > A
in the viscosity sense once a is taken large enough. Thus i majorizes u by the comparison
principle and so is a global barrier for u matching the boundary data given by ¢. By
construction  is globally a-Hélder continuous.

Note on the other hand that u is subharmonic as I' C I';, thus the harmonic extenstion
uy, of ¢ in €2 majorizes u from above. Recall that w, is a-Hélder continuous by classical
elliptic regularity.

Coupling the information for both the lower and the upper barrier one obtains

Vz e Q, VE€ N |u(z) —u(§)] < K|z —¢&|* (5.4.8)

Denote by K7 the quantity Kediam?(Q)maz{1, f(1)} + K, where 1 = (1,...,1) € R"
is the vector of the eigenvalues of the identity matrix, while Ko := Cf(1)~! and finally C
is the a-Lipschitz constant of . Consider for a small vector 7 € C” the function
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v(z):=u(z+71)+ K2|T|°‘|z|2 — Kq|7]¢

defined over Q; := {z € Q|z + 7 € Q}.
It is easy to see by using the barriers that if z + 7 € 9Q or z € 92 then

v(z) < u(z) + K|7|* + Kodiam?Q|r|* — Kq|7|* < u(z).

We now claim that v(z) < u(z) in .. By the previous inequality this holds on 9(€2;).
Suppose the claim is false and consider the open subdomain Uof €2, defined by U, = {z €
Q| v(z) > u(z)}.

We will now prove that v is a subsolution to Flu] = f(A(Hu)) = ¢¥(z,u(z)) in U. To
this end pick a point zg and an upper differential test ¢ for v at zy. Observe then that
4(z) = q(2) — Ka|7|%|2|*> — K1|7|® is then an upper differential test for u(7+.) at the point
zo. Hence

Flg(z0)] FA(H{(20)) + Ka|7]*1)
> fA(H{(20)) + Ka|7|* f(1)
>

Y(z0 + 7, u(20 + 7)) + Ka2|7|* (1),

where we have used the concavity and homogeneity of f in the first inequality and the fact
that ¢ is an upper differential test for u(7 + .) for the second one.
Next

W(zo + Tyu(z0 + 7)) + Ka|7|“f(1)
> (20 + Ty u(z0 + 7) + Kof7|*|20]* = Ki|7]*) + K| 7| £(1)
= (20 + 7,v(20)) + Ka|7|* f(1)
> ¥(z0 + 7, u(20)) + Ko|7|* f(1),
where we have exploited twice the monotonicity of ¢ with respect to the second variable

(and the fact that zg € U;).
Exploiting now the Hélder continuity of ¢ with respect to the first variable we obtain

V(20 + 1, u(z0 + 7)) + Ko|7|* f(1) > (20 + 7,u(20)) + K2|7|* f(1) > ¥ (20, u(20))-

This proves that F[q(z9)] > ¥(z0,u(20)) and hence Flv(z)] > ¥(z,v(z)) in the viscosity
sense.

Thus over U, v is subsolution and w is a solution, which implies by comparison principle
that v < u there, a contradiction unless the set U, is empty.

We have thus proven that

Vz € Qr u(z+ 1)+ Ko|7|¥2)? — Ki|7|* < u(2),

which implies the claimed o- Holder continuity. O
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5.5 Viscosity vs. pluripotential solutions

Let Q be a bounded smooth strictly pseudoconvex domain in C™. Let 0 < 1 € C(9 x R)
be a continuous function non-decreasing in the last variable. In this section, we study the
relations between viscosity concepts with respect to the inverse o equations

(ddeu)”

Adeay— pgk ~ V&) i 2 (5.5.1)

and pluripotential concepts with respect to the equation
(dd°u)™ = ¥(z,u)(ddu)" * Aw® in Q. (5.5.2)

For the regular case, the following result was shown in [GS15]:

Theorem 5.5.1 (Guan-Sun). Let 0 < h € C*(Q) and ¢ € C*(0R2). Then, there exists a
smooth strictly plurisubharmonic function u in  such that

(dd“u)™

deaytpot = B i 0 u=gin 09, (5.5.3)

Note that the function u in Theorem 5.5.1 is a viscosity solution of (5.5.1) in the case
when ¥ (z,u) = h(z). Using Theorem 5.5.1, we obtain

Proposition 5.5.2. If u € C(Q2) N PSH(QY) is a viscosity solution of (5.5.1) then there
exists a sequence of smooth plurisubharmonic functions w; in € such that u; is decreasing
(dd°u;)"
(ddcu;)n=k A Wk
particular, u is a solution of (5.5.2) in the pluripotential sense.

to u and the function converges uniformly to ¥(z,u) as j — oo. In

Proof. Let p; € C*(092) and 0 < 9; € C*°(Q2) be sequences of smooth functions such that
©j \p and ¥; S p(z,u) as j — oco. Then, by Theorem 5.5.1, for any j = 1,2,..., there
exists a smooth strictly plurisubharmonic function u; in €2 such that

(ddu;)"
(ddeuj)n=k A wk

=¢i(z) in Q  uj=¢; in N (5.5.4)

By the comparison principle, we have

U1ZUQZ...ZUj>...>u.

gl/k

nn_js We have

Let C' > sup |z|?. By the homogeneity and the concavity of
Q

(da(u; + cl21))" (),
(dde(u; + €|z]?))"F Awk = (ddéu;)"* A wh '
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Then, by the comparison principle, for any € > 0, there exists N > 0 such that
uj +€(|2]* = C) <,
for any j > N. Hence, u; is decreasing to u as j — oo. O
Observe that a continuous solution of (5.5.2) in the pluripotential sense may not be
a viscosity solution of (5.5.1). For example, if a continuous plurisubharmonic function
u : © — R depends only on n — k — 1 variables then w is a solution of (5.5.2) in the
pluripotential sense but w is not a viscosity solution of (5.5.1). Moreover, by Theorem

5.5.6, we know that a viscosity solution of (5.5.1) has to sastisfy (dd°u)¥ > aw® for some
a > 0. The following question is natural:

Question 5.5.3. If u € PSH(Q) N C(Q) satisfies (5.5.2) in the pluripotential sense and
(dd°u)* > aw® (5.5.5)
for some a > 0, does u satisfy (5.5.1) in the viscosity sense?

At the end of this section, we will give the answer to a special case of this question.
Now, we consider the relation between viscosity subsolutions of (5.5.1) and pluripotential
subsolutions of (5.5.2). Recall that according to the definition in subsection 2.1 for any
n X n complex matrix A and k € {1,...,n}, Sk(A) denotes the coefficient with respect to
"~k of the polynomial (Z)_l det(A + tId,).

Next we prove the following technical result:

Lemma 5.5.4. Assume that A, B are n X n complex matrices and k € {1,...,n}. Then
Si(AA*)Sp(BB*) > |Sk(AB*)|2.
Proof. Denote by a1, ..., a, and by, ..., by, respectively, the row vectors of A and B. Then
Sp(AA") = ()~ WE:k det ({ap, ag))p ge s »
Sk(BB*) = ((3))™ ﬂJZ:?k det ((bps b)) ges »
and

SHAB?) = () 52 det ({ay, b))y e
§I=k

We will show that, for any J = {p1,...,px} with 1 <p; < ... <pp <n,

det ((ap, aq>)p,qu -det ((bp, bq))nqe] > | det ({ap, bq>)p,qej 2. (5.5.6)

Indeed, if either {ayp,,...,ap, } or {bp,,...,b, } are linearly dependent then both sides of
(5.5.6) are equal to 0. Otherwise, exploiting the Gram-Schmidt process, we can assume
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that {ap,,...,ap, } and {bp,, ..., b,, } are orthogonal systems (observe that the quantities in
question do not change during the orthogonalization process). Next normalizing the vectors
ap; and by, j = 1,--- ,n to unit length both sides change by the same factor. Hence it
suffices to prove the statement for two collections of orthonormal bases.

Under this assumption we have

((ap, aq>>p,qej = ({bp, bq>)p,qu = Idy. (5.5.7)

Let M = ({ap, b)), 4e s~ Then MM™ is semi-positive Hermitian matrix, and

M?v

TI‘(MM*) = ZKbpj?aPzHQ

=1 j=1
k k

- Z PJ’Z Pa’apl apl
7=1 =1
k

< D lby, P =k
=1

Therefore, |det(M)| = /det(MM*) < 1, hence we obtain (5.5.6). Finally, using (5.5.6)

and the Cauchy-Schwarz inequality, we infer that
Si(AA*)Sk(BB*) > |Sk(AB*)[?,
as required. ]

For any n x n Hermitian matrix A = (a;;), we denote

n
wa = >, aje dz]Ang,
j=1

and

n—=k
wB/\wA

B(Ak) = {BeNr|“BRYA  _q)

where kK =1,2...,n

Theorem 5.5.5. Let u € PSH() N LS. () and 0 < g € C(2). Then the following are
equivalent:

(ddeu)"

— 7 > g5(2) in the viscosity sense.
(ddeu)r=F AWk — e Y

()

(ii) For all B € B(Id,n — k),
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(dd°u)® A wggk > gF(2)w™,

in viscosity sense.

(iii) For any open set U € (Q, there are smooth plurisubharmonic functions ue and func-
tions 0 < g¢ € C°(U) such that ue are decreasing to u and g converge uniformly to

g as e\ 0, and
(ddue) Nwa, Ao Awa, | A w%}k > gfw", (5.5.8)

pointwise in U for any B € B(Id,n — k) and A1, ..., Ax_1 € B(B% k).
(iv) For any open set U € ), there are smooth strictly plurisubharmonic functions u.

and functions 0 < g € C°(U) such that the sequence u, is decreasing to u and the
sequence g¢ converges uniformly to g as € (0, and

(ddcue)n e\k

pointwise in U for any B € B(Id,n — k).

Proof. (iv = 1) is obvious. It remains to show (i = i1 = i = iv).

(i = ii) Assume that ¢ € C? is an upper test for u from at zg € Q. Then ¢ is strictly
plurisubharmonic in a neighborhood of zy and

at 2.
By using Lemma 5.5.4 for /Hq and (v/Hq) !B, we have

(ddcq)n wh wh (ddcq)n

(dd°q)"F N (ddeg)* Awis®  (ddg)" TR AWt (ddoq)t Awi® (w,g—’f A wh ) ’
W™ ’

(dd°q)* A wh;

k
for any B € H', (observe that S,_x(CC*) = (ddq)" and S,,_,(vVHqC*) =

n—k k
L‘)Bw# for C = (vVHq) 'B.)
Then, for any B € B(Id,n — k) we have
(dd°q)* Awhs* > gFwm,
at zp. Hence

(dd°u)* A wggk > grFwm,
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in the viscosity sense.

(ii = iii) Assume that ¢ € C? touches u from above at zy € Q. Then, for any B €
B(Id,n — k),

(ddq)F A wis* > gkwm,
at zp. By the same arguments as in [Lul3], we have
(dd°q) Nwa, N ...Nwa, _, A wggk > gw™,
for any B € B(Id,n — k), Ay, ..., Aj_1 € B(B?k). Hence
(ddu) Nwa, Ao Awa,_, A wggk > gw", (5.5.10)

in the viscosity sense for any B € B(Id,n — k), Ay, ..., Ap_1 € B(B% k).
Let g; be a sequence of smooth functions in €2 such that g; /g as j — co. Then

(dd°u) Nwa, A ... Awa, , A w%;k > gjw", (5.5.11)

in the viscosity sense for any j € N, B € B(Id,n — k) and Ay, ..., A,_1 € B(B? k). By
the same arguments as in [EGZ11] (the proof of Proposition 1.5), u satisfies (5.5.11) in the
sense of positive Radon measures. Using convolution to regularize v and setting u. = u*p,,
we see that u, is smooth strictly plurisubharmonic and

(ddue) Away A .. Awa, | Awlia™ > (g7)ew™,
pointwise in {e. Choosing g := (g[1/¢)e, We obtain (5.5.8).
(731 = iv) At zp € Q, choosing

Hu(z0)

P B Hu () TP

and

ddeu,(z0))F A wiz®) T
( ¢ (ZO)) WBZ ) HU6(20)7

wTL

Al—Ag—...—Ak1—<

we get,

(ddeu(20))* A whi* ) 1k

wn

_ ((dd%z:gzo))” sn_w}ue(zo)))l/k
(
(

(dd°uc(20))" W )1/ ‘
wn (ddCuc)"=F A wh
(dd°u)" )1/ "
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pointwise in .. Then
(ddCue)™
(ddeue)=F A wk

> (9.
The proof is completed. O

As a consequence, our result implies that a viscosity subsolution is a pluripotential
subsolution.

Theorem 5.5.6. Assume that (z,s) = 1(2) with v € C°() and u € PSH(2) N L. (Q)
is a viscosity subsolution of (5.5.1). Then

(dd°u)™ > (ddu)" % A wF, (5.5.12)
and

-1
(dd°u)* > (Z) Ywk, (5.5.13)

in the pluripotential sense. If u is continuous then the conclusion still holds in the case
where 1 depends on both variables.

Proof. By Theorem 5.5.5, for any open set U &€ (), there are strictly plurisubharmonic
functions ue € C*°(U) and functions 0 < h¢ € C*°(U) such that u. is decreasing to u and
h¢ converges uniformly to 1 as € \ 0, and

(ddeu,)
> he 5.5.14
(ddeue)"F ANwk = 7 ( )

pointwise in U. Choosing B = Id,, and letting ¢ — 0, we obtain (5.5.12).

It also follows from Theorem 5.5.5 that we can choose u. and h¢ so that
(ddue)® A wggk > hw", (5.5.15)

pointwise in U for any B € B(Id,n—k). Fix zy € U and 0 < ¢ < 1. We can choose complex
coordinates so that Hu.(zp) = diag(A1,...,A,), where 0 < A} < ... < \,. Choosing

B = ()" P diag(0, ... L 01 1),

we get

Then
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pointwise in U. Letting ¢ — 0, we obtain (5.5.13). O

Remark Note that for strictly positive ¢ (5.5.13) implies that the natural space of
functions to consider for the Hessian quotient problem (5.5.1) is not the space of bounded
plurisubharmonic functions but a considerably smaller one.

By assuming an additional conditions, we can also prove that a pluripotential subsolu-
tion is a visocsity one.

Proposition 5.5.7. Assume that ¥(z,s) = ¥(z) > 0 with ¢ € C°(Q) and u is a local
bounded plurisubharmonic function in € satisfying

(dd°u)* > Yok,
in the pluripotential sense. Then
(ddu)™ >
(ddeu)n=—k AWk = 77
in the viscosity sense.

Proof. By the assumption, for any A € H",
(ddu)® A Wk > pok AWl F (5.5.16)

in the pluripotential sense. By [Lul3], (5.5.16) also holds in the viscosity sense. If A = B?
for some B € B(Id,n — k) then, by using Lemma 5.5.4, we have

n—=k k 2
_ w AN
wk /\w%Ql’C > (B ) W = wn.
wn

Then
(dd°u)* A wggk > Yw',
in the viscosity sense, for any B € B(Id,n — k). Applying Theorem 5.5.5, we obtain
(dd“u)™
= >
(ddeu)=k AWk = ¥,

in the viscosity sense. O

We now discuss the notion of a supersolution. By the same argument as in [GLZ17],
(relying on the Berman’s idea from [Berl3]) we obtain the following relation between
viscosity supersolutions of (5.5.1) and pluripotential supersolutions of (5.5.2):

Proposition 5.5.8. Let u € PSH(Q)NC(Q) be a viscosity supersolution of (5.5.1). Then

there exists an increasing sequence of strictly psh functions uj € C*() such that u;
converges in capacity to u as j — 0o, and
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(ddCu;)™
(ddeuj)n=k A wk

<P(z,u),

pointwise in 2. In particular,
(dd°u)™ < (2, u)(ddu)"* A Wk,

in the pluripotential sense.
If there exists a > 0 such that (dd°u)* > aw® then uj can be chosen such that

(ddCu;)™
>b
(ddeuj)r=F Awk =7

pointwise in ) for some b > 0.
For the definition of convergence in capacity, we refer to [GZ17b] and references therein.

Proof. Denote ¢ = u|pq and g(z) = 1(z,u(z)). Then, for any j > 1, there exists a unique
viscosity solution v; of

(ddcvj)n j(v;—u :
(ddcvj)n—k’ A wk = 6]( J )g(Z> m Q'}

v;=¢ in O

(5.5.17)

Applying the comparison principle to the equation
(ddv)™
(ddev)nr—Fk A wk

we get v > v; and vj41 > v; for any j > 1.
Note that, by Proposition 5.5.2,

(dd°v;)" = eIWi=% g(2)(ddv;)"* A wF,
in the pluripotential sense. For any h € PSH () such that —1 < h < 0, we have,

= /g (2),

e / (dd°h)" < / (dd°(u + eh))"
{vj<u—2¢} {vj<u+eh—e}

IN

(ddcvj)n
{vj<u+eh—e}
< / ej(”j_“)g(z)(ddcvj)"_k AWk
{vj<u—e}
e e / g(2)(dd®v;)" " A WP
{vi<u—e}
< Ce e,

IN
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where C' > 0 is independent of j. The last inequality holds by the Chern-Levine-Nirenberg
inequalities (cf. [GZ17b]). This implies that v; converges to u in capacity.

If there exists a > 0 such that (ddu)* > aw® then, by Proposition 5.5.7,

(ddu)™ <
(ddeu)r=F Nwhk — @

in the viscosity sense. Choosing M > 1 such that e sup g < a, we get
Q

(ddcvj)n i(v;—
< qedWi—w+M
(ddevj)r=F AWk — e

Applying the comparison principle to the equation

(ddcv)n j(v—u
oy or =

M
we get v; + — > u for any j > 1. Then
J

ddv;)" (0s—u _
(ddc(vj)n—]k)/\wk =i g(z) > e Mg(2),

for any j > 1. Hence, by Theorem 5.5.6,
(ddovy)* > (3)"eMg(2) = (1) e M ming,

for any j > 1.
Now, by Proposition 5.5.2, for any j we can choose a strictly plurisubharmonic function

uj € C*(R), such that

1
Ui T 55 SU SV T T
and
1 (ddu;)™ ,
=< J —eli—tg(z) <0.
27 = (ddeu;)"F A wh 9(2) <
It is easy to see that w; satisfies the required properties. ]

The next result gives the answer to a special case of Question 5.5.3:
Theorem 5.5.9. Let u € PSH(Q)NC(Q) such that

(ddeu)"

(ddeu)—F A wk < ¥(z,u), (5:5.18)
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in the viscosity sense and
(dd°u)™ > (2, u)(ddu)" % A w", (5.5.19)

in the pluripotential sense. If there exists a > 0 such that (ddu)* > aw® then u is a
viscosity solution of the equation

(ddeu)™

(ddeu)y»* Nwk ¥z u). (5.5.20)

Proof. It remains to show that u is a viscosity subsolution of (5.5.20) in any smooth strictly
pseudoconvex domain U & 2.

Let V be a smooth strictly pseudoconvex domain such that U € V' € . By Propo-
sition 5.5.8, there exists an increasing sequence of strictly plurisubharmonic functions

uj € C*°(V), such that u; converges in capacity to u as j — oo, and

(ddCUj)n
<
b= (ddeuj)n=k A wk

< Y(z,u),

pointwise in V, where b > 0. By Theorem 5.5.6, we have (ddu;)* > (Z)_lbwk. Then, there
exists C' > 0 such that

(ddCuj)" % A wh > (dduj)™ > Cw™.

1
(2, u)
Denote

N (dduj;)"
fi(2) = (ddeuj)=Fk A wk’
Then f;(2) < ¥(z,u) for any z € V, and (¢ — f;)(ddu;)" " AwF > C(¥ — f;)w™ converges
weakly to 0. Hence f; converges in Lebesgue measure to ¢ in V' as j — oo.
Now, by Theorem 5.5.5, we have

(dduj) ANwa, A ... Nwa,_, A w%}k > ()Y kwm,

pointwise in V for any B € B(Id,n — k) and Ay, ..., Aj_1 € B(B? k). Letting j — oo, we
get

(dd°u) ANwa, A ... ANwa, , A w%}k > pl/kyn,
in the sense of Radon measures. It follows from [Lul3] that
(dd“u)* A wiz® > !/,

in the viscosity sense. Using Theorem 5.5.5, we get that u is a viscosity subsolution of
(5.5.20) in U. The proof is completed. O
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5.6 Dirichlet problem for the Lagrangian phase operator

In this section, we prove the existence of unique viscosity solution to the Dirichlet problem
for the Lagrangian phase operator. The existence and uniqueness of the smooth version
was obtained recently by Collins-Picard-Wu [CPW17]. Let Q C C™ be a bounded domain.
Consider the Dirichlet problem

Flu] := arctan \; = h(z), on €
L ; =) (5.6.1)

u = ¢ on 0.

where A, ..., A, is the eigenvalues of the complex Hessian Hu. We can also write F' [u] =
f(A(Hu)). We assume that ¢ € C°(0Q) and h: Q — [(n — 2)% + 6,n%) is continuous, for
some & > 0.

The Lagrangian phase operator F' in (5.6.1) arises in geometry and mathematical
physics. We refer to [CPW17, HL.82, JY17, CJY15, Yua06, WY13, WY 14| and references
therein for the details.

Since h > (n — 2)7, this case is called the supercritical phase following [Yua06, JY17,
CJY15, CPW17]. Recall first the following properties (cf. [Yua06, WY14, CPW17));

Lemma 5.6.1. Suppose A\; > Ay > ... > A, satisfying ) ;arctan \; > (n —2)5 + 0 for
some d > 0. Then we have

(1) M > A > ... > M1 >0 and ‘)\n’ < A_1,
(2) >, A >0, and A\, > —C(0),
(8) S A7 < —tan(8) when A, < 0.

(4) for any o € ((n—2)5,n%), the set I'? := {\ € R™"| Y, arctan \; > o} is a convex set
and OI'? is a smooth convex hypersurface.

It follows form Lemma 5.6.1 that the function f can be defined on a cone I' satisfying
I, c T cT'y. We also remark that if h > (n— 1)%, then F' is concave while F' have concave
level sets if (n —2)Th < (n — 1)F, but in general F may not be concave (cf. [CPW1T]).
Therefore we can not apply Theorem 5.3.2 directly. Fortunately, we still have a comparison
principle for the Lagrangian operator using Lemma 5.3.1.

Lemma 5.6.2. Let u,v € L*(§) be viscosity subsolution and supersolution of equation
Flu] = f(M(Hu)) =h on Q. Then

sgp(u —v) < max {(u —v)*,0}. (5.6.2)
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Proof. We first define € > 0 by maxgh = ng —e. Now for any 0 < 7 < €/2, set u, =
u 4+ 7|2|2. Let ¢. be any upper test for u, at any point zy € €, then ¢ = ¢, — 7|z|? is also
an upper test for u at zg. By the definition we have

Flq](z0) = iarctan Ai(z0) > h(zo0),
i=1

where A\(zp) = AM(H¢q(z0)). We also have
Flq:](20) = Z arctan(A;(z9) + 7). (5.6.3)
i=1
Next, if Flqg](z0) > n§ — §, then Flq](20) > h(20) + § hence

Fla:)(z0) > h(z0) + g (5.6.4)

Conversely, if F[q](z0) < n% — §, this implies that arctan(\,(z0)) < § — 5. Combining

with Lemma 5.6.1 (2), we get —C(0) < A,(20) < C(€). Using the Mean value theorem,
there exists Ay, € (An(20), An(20) + 7) such that

1
arctan(A,(z0) + 7) — arctan A, (z0) = e 7> C(d,¢,7) > 0.

n

It follows that
Flq:](z0) > Flq]|(z0) + C(d,¢,7) > h(z0) + C(d, €, 7). (5.6.5)

Combing with (5.6.4) yields
F[QT] (ZO) > h(ZO) +C,

where C' > 0 depending only on d,¢,7. We thus infer that u, satisfies Fu,] > h(z) + C
in the viscosity sense. Therefore applying Lemma 5.3.1 to u, and v, then let 7 — 0, we
obtain the desired inequality. O

Theorem 5.6.3. Let Q is a bounded C? domain. Let u is an bounded upper semi-
continuous function on Q) satisfying Fu] > h(z) in Q in the viscosity sense and u = ¢ on
0. Then the Dirichlet problem 5.6.1 admits a unique viscosity solution u € C°(9).

Proof. It suffices to find a viscosity supersolution u for the equation F[u] = h(z), satisfying
@ = ¢ on 0f). The C?-boundary implies the existence of a harmonic function ¢ on Q for
arbitrary given continuous boundary data ¢. Since Y ; A\i(H¢) = 0, it follows from Lemma
5.6.1 that we have F[¢] < (n —2)5 4 < h, hence ¢ is a supersolution for 5.6.1. The rest
of the proof is similar to the one of Theorem 5.4.1, by using Lemma 5.6.2. O



Chapter 6

Projects

One of my future projects is to study the geometric convergence (in the Gromov-
Hausdorff sense) of the Kéhler-Ricci flow on normal Kéhler spaces. Most of the convergence
results obtained so far stay away from the singularities themselves, proving C'*° conver-
gence on compact sets away from the singularities. Understanding the global behavior of
the flow in the Gromov-Hausdorff topology is a fundamental and very challenging problem.

Another project is to study other geometric flows on compact Hermitian manifolds such
as the Chern-Ricci flow, the Anomaly flow. It is also important to study their degenerate
versions and their geometric convergence in the Gromov-Hausdorff sense.

I explain below in some detail two related and more specialized projects.

6.1 Convergence of the Kahler-Ricci flow on manifolds of
general type

We wish to study the normalized Kéhler-Ricci flow on a projective variety of general type
X, whose canonical bundle Kx is big but not nef:

9t _ _Pic(r) —
{ o = —Ric(w) —w, (6.1.1)

w|t:0 = Wwo,

Let T < 400 be the maximal existence time of the flow, then the limiting class of the flow
is

{or} = lim{w(®)} = e {wo} — (1 - e )er(X).

Now at the maximal existence time T, the class ar is big and nef. However, for ¢t > T, a;
is not nef but big, thus we can not continue the flow in the classical sense. In the Analytic
Minimal Model Program by Song-Tian [ST17, ST12], they have tried to repair a finite time
singularity of the flow and start it over again. But in a different point of view, it was asked

165
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by Feldman-Ilmanen-Knopf [FIK03, Question 8, Section 10] whether one can define and
construct weak solutions of Kéahler-Ricci flow after the maximal existence time for smooth
solutions. In this project we are trying to answer the question and also study the weak
convergence of the flow.

The key ingredient is the construction of weak solution for degenerate complex Monge-
Ampeére flows. Degenerate complex elliptic Monge-Ampeére equation on compact Kéhler
manifold have recently been studied intensively using tools from pluripotential theory fol-
lowing the pioneering work of Bedford and Taylor in the local case [BT76, BT82, Kol98,
GZ05, GZ07, BEGZ10]. A complementary viscosity approach has been developed only
recently in [EGZ11, EGZ15a, HL09, Wan12]. The similar theory for the parabolic case
however has been developed in [EGZ15b, EGZ16].

In the first part of the project, we are developing a viscosity theory for degenerate
complex Monge-Ampere flows in big cohomology classes adapting the one in [EGZ15b,
EGZ16]. Let (6¢)cjo,r] be a family of smooth closed (1,1)-forms such that {6} is big and
Amp(6;) contains Q := Amp(«) for all ¢ € [0, T], where « is a fixed big class and T € (0, 00)
is fixed. We first study the degenerate complex Monge-Ampére flow

(0; + ddCp,)" = Dot FEzed on Xp:=[0,T) x X, (6.1.2)

starting from ¢(0,t) = g a fp-psh function with minimal singularities which is continuous
in Amp(«a), where

o F(t,x,r) is a continuous in [0,7") x X and non decreasing in r.

+ () > 0is a bounded continuous volume form on X,

We have proved a viscosity comparison principle for this problem:

Theorem A.([T6]) Let ¢ (resp. ) be a viscosity subsolution (resp. a supersolution) to
(6.1.2) with the initial condition g is a 0y-psh function with minimal singularities which
is continuous in Amp(a). Assume that Opp is locally bounded in Amp(«). Then

o(t,x) <(t,z) in[0,T) x Amp(a).

By adding some condition of (0).c[o,7], We can remove the condition on 9p:

Theorem B. ([T6]) Suppose that there exists a smooth positive function f : [0,T] — R
such that x¢ := f(t)0; is monotone. Then the comparison principle in Theorem A is also
true without assuming the condition on O:p.

We can see that the monotone condition in Theorem B is natural in studying the
normalized Ké&hler-Ricci flow on Kéhler manifolds of general type. Indeed, in this case the
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evolving class along the flow is 6; = e 'wy+ (1 —e )@, where 0 is a (1,1) form representing
—C1 (X)

As a first application of the comparison principle, we study the Cauchy problem

(0 4 ddCpy)™ = eOvrtery,

(CF) {so<o,x> ~ 0.

where g is an 6-psh function with minimal singularities which is continuous in Amp(«).

We prove the existence of viscosity subsolution and supersolution to (C'P;) and con-
struct barriers at each point {0} x Amp(a)). We then use the Perron’s method to show the
existence of a unique viscosity solution to the corresponding Cauchy problem.

Corollary C. ([T¢]) The exists a unique viscosity solution to (CPy) in [0,T) x Amp(«).
Moreover, the flow asymptotically recovers the solution of the corresponding elliptic Monge-
Ampére equation.

The second part of the project is to study the normalized Ké&hler-Ricci flow on a pro-
jective variety of general type X. We first use the viscosity theory above to construct
the weak flow through the singularities. This gives an answer to the previous question by
Feldman-Tlmanen-Knopf. In addition, it follows from [BEGZ10, EGZ09] that there exists a
unique singular non-negatively curved metric on Kx satisfying the Kéahler-Einstein equa-
tion. The following question is motivated by the smooth convergence of the Kéhler-Ricci
flow on Kéhler manifolds with Kx is ample (cf. [Cao85]):

Question D. Can we run the (normalized) Kihler-Ricci flow through the mazimal existence
time for smooth solutions in a weak sense with long time existence and does this weak flow
converge to the singular Kdhler-Einstein metric constructed in [BEGZ10]?

In particular, Corollary C gives an affirmative answer when the normalized Ké&hler-
Ricci flow starting from an initial data with minimal singularities in ¢;(X). In general,
by the viscosity method above, we can prove the long time existence of viscosity solution
to the flow by constructing sub/super solutions and barriers. The difficulty now comes
form the convergence of the flow. Using the singular Ké&hler-Einstein metric constructed
in [BEGZ10], we are trying to construct compatible sub/super solutions in order to show
the convergence to this metric in Amp(Kx).

6.2 Viscosity theory for the Hessian type equations on com-
pact complex manifolds

A viscosity theory has been developed in [DDT17] for Hessian type equations on com-
plex domains (see Section 5). With S. Dinew and H-S. Do, we are trying to adapt this
construction to compact complex manifolds.
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Let (X,w) be a compact Hermitian manifold of dimension n, and x(z) be a real (1, 1)-
form. If u € C?(X), let Afu] be the matrix with entries A[u]*; = W™ (xm; + 9;0mu). We
consider the fully nonlinear parabolic equation,

F(A[u]) = ¢(z,u), (6.2.1)

where F'(A) is a smooth symmetric function F(A) = f(A[u]) of the eigenvalues \;[u],
1 < j < n of Au], defined on a open symmetric, convex cone I' C R™ with vertex at
the origin and containing the positive orthant I';;. We are adapting the local comparison
principle to prove the following comparison principle on this case:

(Comparison principle) Let T' be the ellipticity cone associated to the equation (6.2.1).
Assume that the operator F(Alu]) = f(A[u]) in (6.2.1) satisfies

fec®T),f>0onT,f=0ondr,

and
fA+p) = f(A), VAeT, pely.

Assume moreover that either
zn: o
= O\

for some positive increasing function v, or

)\7; = zn:fz)\z Z V(f) I
i=1

f is concave and homogeneous.
Then any bounded subsolution u and supersolution v to the equation (6.2.1) satisfy

u<vonX.

Once we obtain the comparison theorem for the sub/super-solutions, we can solve some
degenerate geometric equations such as the Donaldson equation, special Lagrangian type
equation, and also answer several open questions on the degenerate J flow in the boundary
case (cf. [SW13a, FLSW14]) on compact Kéhler manifolds.
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