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Abstract 

 

It is now commonly understood that in the design of civil engineering structures, size effect must 

be taken into consideration. For concrete, this problem is complex because it does not exhibit plastic 

softening. The failure of concrete is generally preceded by propagation of cracks, characterized by a 

large microcracking zone (fracture process zone or FPZ) which is proportional to the maximum 

aggregate size (
maxd ). This fracture process is accompanied by strain-softening in the form of 

microcracking and fractional slip. 
 

Experimentally, size effect in concrete is commonly studied by using geometrically similar 

notched beams where the nominal strength (
N ) obtained from the bending failure load is related to 

the characteristic dimension (D). This leads to a decrease in the ratio of 
maxd D  with an increase in 

the size of the structure. One of the objective of this thesis is to study experimentally the effect of 

heterogeneity (
maxd D ) size. This ratio is recognized as a fundamental factor causing the size effect. 

Three aggregate grading segments were tested on three different sizes of beams and the cracking 

process was investigated by acoustic emission and the image correlation technique. These methods 

make it possible to trace the crack openings and identify distinctively the FPZ. 
 

The results demonstrate a significant influence of the aggregate size on the fracture behaviour 

of concrete. There is a direct relationship between the size effect parameters obtained by Bazant's law 

and maximum aggregate size (
maxd ). The results obtained from the specimen having the same size 

but made of concretes with different aggregate sizes produced the same classical size effect with 

identical transitional between LEFM and strength based laws. 
 

The mechanical behaviour is modelled by the Discrete Element Method (DEM). However, the 

linear contact model inserted in DEM is not suitable to satisfy the materials like mortar and concrete 

with high unconfined compressive strength to tensile strength ratio. As a result, the model is modified 

to take into account the contribution of interparticle moments. The micromechanical parameters are 

determined by conventional tests with inverse analysis using the Levenberg-Marquardt algorithm. 

The results showed that this approach is able to reproduce the local cracking behaviour of concrete 

as well as classical size effect and aggregate size effect. Then, a softening model is developed to 

better reproduce the post-peak response and the cracking process. 

 

Keywords : concrete, size effect, aggregate size, cracking, acoustic emission, digital image 

correlation, discrete elements, contact model. 

  



 

 

  



 

 

 

Résumé 

Il est de plus en plus admis que l’effet d’échelle doit être pris en compte dans la conception des 

structures de Génie Civil. Pour le béton, ce problème est complexe car celui-ci ne possède pas 

d’adoucissement plastique, et sa rupture est due à la fissuration caractérisée par une grande zone de 

microfissuration (fracture process zone) qui dépend de la taille du granulat 
maxd . Cette fissuration 

passe par un adoucissement sous la forme de microfissures et de glissement interparticules.  
 

Expérimentalement, l’effet d’échelle sur le béton est très souvent étudié à l’aide des corps 

d’épreuves homothétiques entaillés où l’on cherche à relier la résistance nominale (
N ) estimée à 

partir de la charge de rupture en flexion à une dimension caractéristique D . Ceci conduit à une 

diminution du ratio 
maxd D  avec l’augmentation de la taille de la structure. Parmi les objectifs de 

cette thèse est d’étudier expérimentalement l’impact de l’hétérogénéité (
maxd D ) supposé comme 

facteur fondamental de l’effet d’échelle. Trois coupures granulaires ont été testées sur trois tailles de 

poutres différentes en suivant le processus de fissuration par émission acoustique et la technique de 

corrélation d’images. Celles-ci permettent de suivre l’ouverture des fissures et identifient assez 

clairement la FPZ. 
 

Les résultats mettent en évidence une grande influence de la taille du granulat sur le 

comportement à la rupture du béton. Il existe une relation directe entre les paramètres de l’effet 

d’échelle obtenus par la loi de Bazant et la taille du granulat (
maxd ). Le traitement des résultats d’une 

même taille avec différents granulométries dans le même diagramme conduit à la même loi d’effet 

d’échelle structurelle classique avec une valeur de transition identique. 
 

La modélisation du comportement mécanique est effectuée par la méthode d’éléments discrets 

(DEM). Le modèle de contact linéaire ne s’avère pas adéquat pour le mortier et le béton où le rapport 

compression / traction est très élevé. De ce fait, Il a été modifié pour prendre en compte la contribution 

des moments inter-granulaires. Les paramètres micromécaniques sont déterminés par des essais 

classiques avec une analyse inverse en utilisant l’algorithme de Levenberg-Marquardt. Les résultats 

montrent que cette approche est capable de reproduire le comportement à la fissuration locale du 

béton et de reproduire l’effet d’échelle et celui des granulats. Ensuite, un modèle d'adoucissement est 

développé afin de mieux reproduire la réponse post pic et le processus de fissuration. 

 

Mots-clés : béton, effet d’échelle, taille de granulat, fissuration, émission acoustique, corrélation 

d'images, éléments discrets, modèle de contact. 

  





Table of Contents 

I 

Table of Contents 

General Introduction ....................................................................................................................................................................... 1 

The scope of the thesis ............................................................................................................................................................ 2 

Outline of the thesis ................................................................................................................................................................. 3 

Chapter 1. Literature Review of Theoretical Models and Numerical Modelling of Concrete ................................ 5 

1.1 Introduction to the fracture process in concrete ......................................................................................................... 6 

1.1.1 Fracture process zone: observation and characterization ............................................................................ 7 

1.1.2 Impact of ITZ on fracture behaviour ................................................................................................................ 9 

1.2 Theoretical models for quasi-brittle fracture in concrete ...................................................................................... 10 

1.2.1 Cohesive Zone Model ........................................................................................................................................ 10 

1.2.2 Crack Band Model .............................................................................................................................................. 11 

1.2.3 Equivalent Elastic Crack Model ...................................................................................................................... 13 

1.2.4 Damage Models ................................................................................................................................................... 14 

1.3 Numerical modelling methods for concrete ............................................................................................................... 14 

1.3.1 Continuum Approach ......................................................................................................................................... 15 

1.3.2 Discontinuum Approach .................................................................................................................................... 16 

1.4 Numerical method used in the thesis ........................................................................................................................... 17 

1.5 Summary ............................................................................................................................................................................ 18 

Chapter 2. A Comprehensive Approach for Numerical Modelling of Concrete by Discrete Element Method

 .............................................................................................................................................................................................................. 19 

2.1 Brief history of the development of Discrete Element Method .............................................................................. 20 

2.2 State of the art on Discrete Element Method............................................................................................................. 20 

2.3 Theory of Discrete Element Method ............................................................................................................................ 24 

2.4 Contact model in the Discrete Element Method ....................................................................................................... 28 

2.4.1 Stiffness Model .................................................................................................................................................... 28 

2.4.2 Slip Model ............................................................................................................................................................ 29 

2.4.3 Bond Model .......................................................................................................................................................... 30 

2.5 Stress measurement ......................................................................................................................................................... 32 

2.6 Strain rate measurement ................................................................................................................................................ 33 

2.7 Parallel bond model for the behaviour of the cementitious material .................................................................. 34 

2.8 Modified Parallel Bond Model ..................................................................................................................................... 38 

2.8.1 Description of contact model ........................................................................................................................... 38 

2.8.2 Validation of new contact model ..................................................................................................................... 39 

2.8.3 Application to concrete: microstructure description and mechanical behaviour .................................. 40 

2.9 Summary ............................................................................................................................................................................ 45 

Chapter 3. Experimental Investigation and Discrete Element Modelling of Concrete Fracture through Size 

Effect ................................................................................................................................................................................................... 47 

3.1 Size effect in concrete ..................................................................................................................................................... 48 

3.1.1 Review of size effect theories .......................................................................................................................... 48 

3.1.2 Literature review of size effect in concrete ................................................................................................... 49 

3.2 Experimental approach to characterize size effect .................................................................................................. 52 



Table of Contents 

II 

3.2.1 Material ................................................................................................................................................................. 52 

3.2.2 Specimen preparation and testing procedure ................................................................................................ 53 

3.3 Methods to analyse the fracture of concrete .............................................................................................................. 55 

3.3.1 Acoustic emission ............................................................................................................................................... 55 

3.3.2 Digital image correlation ................................................................................................................................... 62 

3.3.3 AE and DIC investigation ................................................................................................................................. 65 

3.4 Discussion and experimental exhibition of size effect ............................................................................................. 70 

3.5 Numerical modelling for size effect using Discrete Element Method .................................................................. 75 

3.5.1 Calibration of microparamters for mortar phase .......................................................................................... 75 

3.5.2 Effect of 2D and 3D ........................................................................................................................................... 77 

3.5.3 Microparameters for concrete: ITZ and aggregate phases ........................................................................ 79 

3.5.4 Numerical modelling of size effect ................................................................................................................. 83 

3.6 Summary ............................................................................................................................................................................ 85 

Chapter 4. A New Approach to Size Effect by Scaling Microstructure ........................................................................ 87 

4.1 Introduction ....................................................................................................................................................................... 88 

4.2 Review of the aggregate size effect on the hardened concrete properties .......................................................... 88 

4.2.1 Effect on tensile strength ................................................................................................................................... 88 

4.2.2 Effect on flexural strength................................................................................................................................. 90 

4.2.3 Effect on fracture characteristics ..................................................................................................................... 91 

4.2.4 The role of aggregate size in classical size effect analysis ........................................................................ 93 

4.3 A new approach to study aggregate size effect on the mechanical behaviour of concrete: An experimental 

study ........................................................................................................................................................................................... 94 

4.3.1 Effect of aggregate scaling on Brazilian strength ........................................................................................ 95 

4.3.2 Aggregate size effect on flexural behaviour: transition from strength-based laws to LEFM ............ 96 

4.3.3 The relationship between aggregate size effect and classical size effect ............................................... 98 

4.3.4 AE and DIC investigation .............................................................................................................................. 100 

4.4 Modelling for aggregate effect .................................................................................................................................. 102 

4.5 Local behaviours of concrete ..................................................................................................................................... 103 

4.6 Summary ......................................................................................................................................................................... 106 

Chapter 5. A Displacement Softening Model for DEM and its Application ............................................................ 109 

5.1 Development of local softening bond model .......................................................................................................... 110 

5.1.1 Yield surface ...................................................................................................................................................... 110 

5.1.2 Model formulation ........................................................................................................................................... 113 

5.1.3 Model behaviour .............................................................................................................................................. 115 

5.2 Parametric study ........................................................................................................................................................... 117 

5.2.1 Effect of friction coefficient .......................................................................................................................... 118 

5.2.2 Effect of normal and shear strength ............................................................................................................. 119 

5.2.3 Effect of normal and shear stiffness ............................................................................................................ 119 

5.2.4 Effect of softening parameters ...................................................................................................................... 120 

5.3 Model validation at local and macroscopic scale ................................................................................................. 121 

5.4 Application to concrete: study of aggregate grain size effect ............................................................................ 124 

5.5 Summary ......................................................................................................................................................................... 127 

Conclusions and Perspectives ................................................................................................................................................. 129 

Conclusions ........................................................................................................................................................................... 129 

Perspectives .......................................................................................................................................................................... 131 



Table of Contents 

III 

Appendixes .................................................................................................................................................................................... 133 

A. The grading curves for sand and aggregates ............................................................................................................ 133 

B. The regression curves .................................................................................................................................................... 135 

Bibliographic References .......................................................................................................................................................... 137 

 

 

  



Table of Contents 

IV 

  



General Introduction 

1 

General Introduction  

Due to the wide range of sources of concrete materials, low prices, a simple construction process, 

pourability and adaptability to various environments, the concrete structure has occupied an 

increasingly important position in civil engineering and hydraulic structural engineering. With the 

development of materials science, the increase in structural span and height, and the diversification 

of structural forms, the size of concrete structures is increasing (such as large-span bridges, super 

high-rise buildings, water conservancy dams, seaport projects, etc.). Additional requirements have 

been put forward in the design and construction of today's projects. 

Strength as an important performance indicator of concrete, it is very important to reflect the 

actual strength of concrete. However, due to the heterogeneous and quasi-brittleness of concrete, its 

strength is not constant, but it will change regularly with the change of size. This represents an 

intrinsic property of quasi-brittle materials and this phenomenon is called size effect. Size effect can 

be traced to the 15th century. Researchers in diverse fields have done a lot of research on it. Since the 

mechanical properties of concrete are linked to the size of the specimen, the difference in the 

mechanical properties of different concrete specimens cannot be accurately described without 

studying the size effect phenomenon. In the civil engineering, hydraulic engineering, and other 

subjects, the actual structural size is relatively large, it is difficult to carry out systematic experiments 

on the actual structure, only small-scale specimen simulation can be carried out in the laboratory. 

Therefore, whether the experimental results obtained from the laboratory have to guide significance 

and practicality of the actual structure has become one of the problems faced by researchers. The 

research on size effect is mainly to study the scale effect phenomenon of concrete mechanical 

parameters and the relationship between various parameters. This study is helpful to establish the 

relationship between concrete mechanical behaviour and concrete mechanical properties and explain 

the intrinsic link between concrete composition and structural properties. In addition, the study of the 

size effect of concrete contributes to the development of the discipline of concrete fracture mechanics. 

However, concrete is a composite of aggregate, mortar matrix and the interface between 

aggregate and mortar, and its fracture problem is much more complicated than ideal brittle materials. 

Before loading, micro-cavities and micro-cracks existed inside the concrete material. During the 

loading process, the micro-cracks are continuously generated, expanded and penetrated, and 

developed into macro-micro-cracks, which eventually resulted in the fracture of the concrete 

members. In addition, the development of cracks in concrete is not the development of a single crack, 

it has many cracks developing at the same time, and the crack propagation path is extremely tortuous 

and the crack surface is also rough. The fracture of the concrete structure may be the fracture of the 

mortar matrix or the fracture of the aggregate, or the failure of the bond interface between the mortar 

and the aggregate, and possibly the overall fracture caused by the combination of these fractures. 

According to the microstructure analysis of concrete, the failure of concrete is actually a complex 

structural change process. Therefore, the research on the performance of concrete structure should 

start from its mesostructure, focus on the characteristics of the non-uniformity of concrete materials, 

and explore deeply the failure mechanism of concrete damage and fracture according to its 

mesostructure and meso-mechanical properties. 
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The scope of the thesis 

Size effect has been rigorously analysed by previous researchers. When a concrete structure is 

loaded, the strain energy is absorbed in the FPZ due to toughening mechanisms. As the structure size 

increases, FPZ becomes negligible, whereas, for small size structures, the FPZ can be of the same 

magnitude as the structure size. Thus, the presence of FPZ is considered the main cause of the size 

effect. Bažant [1] considered the size of FPZ as a material property and multiple of maximum 

aggregate size (
maxd ). Generally, as an inert filler, aggregate accounts for 60 % - 80 % of the volume 

and 70 % - 85 % of the weight of concrete [1], of which, coarse aggregate occupies about 45 % of 

the volume of concrete [2]. Thus, the properties of coarse aggregate seem to have a significant effect 

on the performance of concrete. Coarse aggregate properties, such as grading, surface area, particle 

size and shape, angularity, surface texture, mineralogy, water absorption, and strength have been 

investigated [3-7].  

Thus, it can be deduced that ratio between the structure size and the aggregate size is a 

fundamental factor which is causing the size effect. When the structure size increases, 
maxD d , the 

ratio between the characteristic structural dimension D   and the maximum aggregate size 
maxd  

increases and approaches D , the material behaviour approaches linear elastic fracture mechanics 

(LEFM). However, when the structure size is small i.e. at laboratory scale where D  and maxd are of 

the same magnitude, LEFM is no more applicable. In this case mesoscopic and lattice element type 

finite element modelling is more predictive where aggregate size and distribution are explicitly taken 

into account. 

The objective of this thesis is to investigate experimentally and numerically the role of the ratio 

maxD d  as the cause of the size effect. This can be done by two methods: Method 1 by scaling D , 

or Method 2 by scaling maxd . In the thesis, the two methods are investigated by using three types of 

concrete mix ( 05C  , 10C  , and 20C  ) which are designed with the same aggregate to mortar 

volumetric ratio and the same mortar properties. Only the aggregate sizes are changed. Aggregate 

sizes are up-scaled in 05C , 10C , and 20C  concretes such that the volumetric fraction of each 

aggregate (i.e. ( ) maxad i d ) in each concrete remains same. 

− In the first series 1S  , notched beam specimens are prepared using 10C   (medium size 

aggregate) and 20C  (large size aggregate) concrete on geometrically increasing sized 

specimens ( 1D  , 2D  , 3D  ). Besides, 05C  (small size aggregate) concrete on 

geometrically increasing sized specimens ( 1D , 2D ) also investigated in the experiments. 

In this way, the ratio maxD d  is up-scaled (Method 1).  

− In the second series 2S  , three notched beams are prepared with the same dimensions 

(specimen height, 1D   and 2D  ), each with different concretes 05C  , 10C  , and 20C  

respectively. In this way, the ratio maxD d  is up-scaled in each beam (Method 2). 

The beams are tested in three-point bending. Fracture process is monitored with the help of 

digital image correlation (DIC) and acoustic emission (AE), crack lengths and crack openings are 

measured and the role of maxD d  as the cause of the size effect is analysed. 

The numerical investigation has been carried out by Discrete Element Method (DEM). DEM 

simulation has advanced advantages in simulating cemented material behaviours and exploring the 

microscopic mechanisms which attract increasingly researchers using it. Here the mechanical 

behaviour of the assemblage is dominated by the micro properties of particles and bonds between 

them. In this study, a three-phase model is adopted in modelling concrete. Aggregates are modelled 

by clumping smaller particles together as clusters. Micro parameters of matrix, aggregate and 

interface transitional zone are determined through inverse calibration using Levenberg-Marquardt 
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(LM) algorithm on compression and direct tension test for mortar and concrete. The crack propagation 

obtained by using DEM and the role of aggregate in concrete fracture processes are analysed. 

Outline of the thesis 

The problems lie in the fracture of concrete are illustrated above, so the thesis deals with these 

problems using the following five chapters.  

 

The first chapter presents a review of main theoretical models used for fracture analysis and 

numerical modelling of concrete. Then the most widely used numerical methods for concrete are 

introduced. Among all those methods, the discrete element method is used to model the fracture 

behaviours of concrete. 

 

The second chapter illustrates a comprehensive approach used in this study for modelling 

mechanical and fracture behaviour of concrete using the discrete element method (DEM). Concrete 

is modelled at mesoscale as a three-phase material composed of aggregates, mortar, and interface. 

The complete coarse aggregate grading curve is considered in the mesostructure. A systematic 

approach has been used in this study to determine local micro parameters for each phase of concrete 

using inverse calibration. An improved contact model that can satisfy the quasi-brittle behaviour and 

low tensile to compressive strength ratio (as in case of concrete) is used. 

The third chapter investigates the size effect of concrete by experiment and numerical modelling. 

In the experimental part, acoustic emission (AE) and digital image correlation (DIC) are used in order 

to further study the fracture behaviours of concrete. Bažant’s size effect law is used to analyse the 

size effect of concrete and the fracture parameters of concrete are also calculated. In the modelling 

part, discrete element method is used and the modified contact model developed in Chapter 2 is 

implemented to model the size effect of concrete. 

 

The fourth chapter analysed the effect of aggregate size. In this chapter, aggregate size (
ad ) is 

scaled, three types of concrete mix are designed ( 05C , 10C , and 20C ) with the same aggregate to 

mortar volumetric ratio and same mortar properties, only the aggregate sizes are changed. Aggregate 

sizes are up-scaled in 05C  , 10C  , and 20C   concrete such that the volumetric fraction for each 

class of the aggregate with respect to maximum aggregate size in each concrete remains same. The 

experimental and numerical investigation is done to study the role of the ratio of the characteristic 

structural dimension ( D ) and the maximum aggregate size (
maxd ) in size effect. Also, the relationship 

between aggregate size effect and generally size effect has been studied. 

 

The last chapter developed a displacement softening model in the framework of discrete element 

method in order to solve the post-peak fracture behaviour of concrete that remains a problem in the 

foregoing chapters. The influence of the microparameters is investigated through parametric studies. 

Then the proposed softening model is validated by the three-point bending test of mortar and the 

fracture behaviours are compared with the AE method. Finally, the model has been applied to model 

the aggregate effect which is the principal objective of this thesis. 
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                                    Chapter 1 

 

 

 

Literature Review of Theoretical Models and 

Numerical Modelling of Concrete 

 

 

 

The mechanical behaviour of quasi-brittle composites such as concrete, coarse grained 

ceramics, and fibre-reinforced composites, is manifested by mechanisms like strain localization 

and progressive fracture in the material. This is an intrinsic property of quasi-brittle materials due 

to the sizeable heterogeneity of the material microstructure. The modelling of the fracture 

behaviour of concrete is one of the main issues in durability and structural engineering problems. 

This chapter presents a review of the main theoretical models used for fracture analysis and 

numerical modelling of concrete.  
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1.1 Introduction to the fracture process in concrete 

For concrete, the fracture is a fundamental phenomenon [8, 9]. There are a variety of reasons 

that cause the materials and structures made of concrete prone to cracking. In addition, for the fact 

that concrete is generally full of cracks, so the fracture of concrete is very complex. It consists of the 

main cracks with branches, secondary cracks, and microcracks. The coalescence of microcracks 

forms main cracks which propagate and finally lead to the rupture of concrete [9]. This is an intrinsic 

property for concrete and the fracture process zone (FPZ) is generally considered as a characteristic 

parameter which is used to analyse the failure process. However, the linear elastic fracture mechanics 

(LEFM) laws cannot be applied directly to the concrete due to the presence of the sizable FPZ [10].  

Concrete although is a highly complex and heterogeneous composite material, it can be 

considered as a three-phase composite consisting of matrix, interface transition zone (ITZ), and 

aggregate. The individual properties of each phase and the interaction between phases affect the 

overall fracture process of concrete. Higher tangential, radial and/or shear stresses at ITZ, which are 

induced by the large difference between the elastic moduli of the matrix and the aggregate, have an 

influence on the crack initiation and propagation [11]. The thickness of ITZ in concrete has been 

measured by different researchers [12-14]. In general, its thickness varies in the range of 10 - 50 μm. 

When concrete is under compression or tension, the fracture of concrete can be roughly divided into 

three stages: (1) up to 30 - 40 % of peak compressive stress (or up to 60 % of peak tensile stress) [15], 

concrete is under quasi-elastic stage where the initial microcracks remain stable and some newly 

distributed microcracks are formed; (2) with the applied load increases (around 50 % of peak 

compressive stress) [16], new microcracks are formed in the high stressed zone and weak interfaces. 

Relative sliding of mortar and aggregates also occurs when ITZ is weaker (low and normal class 

concrete). Then it turns into the second stage, which is called a stable crack propagation stage. In this 

stage, numerous microcracks within the fracture process zone join together to form macrocrack which 

branches (due to the presence of aggregate in the crack path) and stably propagates; (3) the last stage 

occurs when the macrocrack propagates in an unstable way. At this stage, the concrete loses its 

strength and ruptures finally. The processes are illustrated in Figure 1. 1. 

 

 

a) b) 

Figure 1. 1 Macroscopic failure modes under a) uniaxial compression; b) uniaxial tension [17] 
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1.1.1 Fracture process zone: observation and characterization 

In recent decades, although researchers have proposed many concrete fracture models, the real 

physical state of the concrete fracture process zone is still unknown. For example, in the fictitious 

crack model [18], parameters such as the fracture energy dissipation in the fracture process zone and 

the critical opening displacement of the crack are the key parameters to almost all model calculations, 

but the values selected for those parameters are usually obtained from empirical methods or 

assumptions. In various theoretical and computational fracture models, several fracture criteria are 

adopted by assuming different fracture parameters. The calculation results also vary and the 

propagation of the fracture process zone is not the same. Therefore, researchers hope to observe the 

mechanical properties and propagation of the fracture process zone directly in the experiment and 

understand its real physical state. With further investigation of the fracture process zone, a large 

number of observational techniques have been developed. According to different methods of 

observation, the techniques are roughly divided into the direct observation method and indirect 

observation method.  

Currently, the commonly used direct observation methods are highspeed photography [19], 

scanning electron microscope [20-23], and X-ray technique [24, 25]. Chabaat et al. [26] investigated 

the fracture process of a three-point bending beam specimen with pre-cracked concrete by scanning 

electron microscopy. In order to analyse the mechanical properties of the micro-cracks around the 

macro-cracks, the test specimens were cut along the crack propagation direction and the vertical crack 

propagation direction. The experimental observations showed that the failure mechanism of the 

concrete specimen is closely related to the development of the fracture process zone, and it is observed 

that the fracture process zone is actually formed by micro-cracks. In 1989, Otsuka [27, 28] measured 

the cracks inside the concrete by introducing contrast media based on the X-ray method. Based on 

this method, the research work on the concrete crack propagation process was carried out, the whole 

process of the concrete fracture process zone was measured [29]. The effect of aggregate size and 

specimen size on the core region of the fracture process zone was also studied [30]. The observation 

results showed that for the specimens with the same size and different aggregate particle size, the 

width of the core region of the fracture process zone increases with the increase of the aggregate size; 

for the specimens with the same aggregate size and different specimen sizes, the length and width of 

the core region of the fracture process zone increases with the increase of the specimen size, and the 

trend of increasing the length is more obvious than the width [30]. 

The indirect observation method refers to observing other physical parameters related to the 

process of fracture expansion, and indirectly obtaining the observation of the fracture process zone 

by relational calculation. At present, the indirect observation methods used by researchers are: dye 

penetration [31, 32], embedded graphite rods [33], laser speckle interferometer [34], ultrasonic 

measurement [35], infrared vibro-thermography [36], acoustic emission method [37-40] and digital 

image correlation method [41-43]. Among those methods, the acoustic emission method and digital 

image correlation method are the most common method that used for determining the fracture process 

zone. With the aid of three-dimensional acoustic emission technology, Otsuka and Date [30] measured 

the distribution range of the fracture process zone of concrete specimens. By analysing the 

experimental results, Otsuka defined the fracture process zone as containing the approximate area of 

the acoustic emission event greater than 95 % of the total energy. It can also be said that the 

distribution of acoustic emission events is very dense within this range. The test results showed that: 
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1) With the increase of load, the measurement results of acoustic emission indicated that micro-cracks 

are formed in the front part of the pre-formed crack; 2) If the initial ligament length is short, the core 

area of the fracture process zone will not be fully expanded. Muralidhara et al. [44] also used acoustic 

emission techniques to measure the size and fracture energy of the concrete fracture process zone. In 

this paper, the distribution area of the fracture process zone is also determined according to the 

position distribution of the acoustic emission events and the change of the energy release rate ratio 

corresponding to different load stages. Mihashi et al. [45] used three-dimensional acoustic emission 

technology in the double cantilever beam test to observe that the fracture process zone is actually a 

three-dimensional structure. The propagation of micro-cracks is not limited to the surface of the 

specimen but is randomly distributed around the main crack. Wu et al. [41] measured the size of FPZ 

and the corresponding crack opening displacement during the test loading process of concrete three-

point bending beam specimens with different sizes and initial seam height ratios by digital image 

correlation method. The results showed that the FPZ length at the peak load and the maximum FPZ 

length increase with an increase in specimen height, but decrease by increasing the notch depth to 

specimen height ratio.  

With the help of all the methods mentioned above, the mechanisms that are responsible for the 

fracture process in concrete have been reported. The toughening mechanisms [46] like micro-crack 

shielding, aggregate bridging, crack deflection, crack tip blunting, crack surface roughness induced 

closure and crack branching as shown in Figure 1. 2. 

 

 
 

a) b) 

 
 

c) d) 

  

e) f) 

Figure 1. 2 Some toughening mechanisms in fracture process zone: a) crack shielding; b) crack deflection; c) 

aggregate bridging; d) crack surface roughness-induced closure; e) crack tip blunted by void; f) crack 

branching [8] 

 

Usually, the influence of all these mechanisms mentioned above is lumped together and taken 

into account by a conceptual fracture process zone. So when one applies fracture mechanics to 
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concrete, the fracture process zone needs to be understood and determined. There are no standard 

methods to determine the width of FPZ experimentally, some researchers used the equation below to 

calculate the approximate width of the fracture process zone [47]. The value that calculated from the 

equation is just an effective width corresponding to linear stress-strain curve and uniform strain 

distribution within the fracture process zone is assumed. 
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Where E  is the modulus of elasticity; 
tE  is the strain-softening modulus; 

tf  is the tensile 

strength of material; fG  is fracture energy. 

Based on a banding microcrack model (BMM), Yao Wu and Li [48] proposed another equation 

to calculate the length and width of FPZ as presented below. 
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Where k  is softening degree; cw  is critical crack open displacement; tf  is tensile strength; 

IcK  is fracture toughness. 

Other researchers state that the width of FPZ is proportional to the maximum aggregate size. 

Bažant et al. [47] reported that the width of FPZ is about three times of the maximum aggregate size, 

while Chhuy et al. [49] assumed it is as wide as the maximum aggregate size and verified this with 

the help of ultrasonic detective test. Moreover, the length of FPZ is about 0.368 - 0.684 of specimen 

ligament as reported by Alexander [50, 51]. Shah [52] has studied the impact of specimen depth on 

the measured value of FPZ and reported that with the increase of specimen ligament, the length of 

FPZ increases and gradually approaches to a constant value. In the fictitious crack model [18], a 

parameter known as characteristic length ( chl  ), is imported to combine tensile strength ( tf  ) and 

fracture energy ( fG ) and can be expressed as: 

 
2

f
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f
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It is assumed that characteristic length (
chl ) is a purely material property and is proportional to 

the length of the fracture process zone. The characteristic length value for concrete approximately 

ranges from 100 mm to 400 mm [53]. However, the length of the FPZ at a complete separation of the 

initial crack tip in concrete is in the range of 0.3 chl  and 0.5 chl  [8]. 

1.1.2 Impact of ITZ on fracture behaviour 

It is now known that the properties of ITZ impact the mechanical properties of concrete. 

According to previous studies, the thickness of ITZ is controlled by the wall effect [54, 55]. There are 

also other factors that influence the thickness of ITZ like water-cement ratio, aggregate size, aggregate 

type, aggregate shape, aggregate surface conditions, cement, and admixtures [56-59]. Generally, 
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researchers consider that the lower the water-cement ratio, the thinner the ITZ [60]. Simenow et al. 

[57] found that the type of aggregate has a greater influence on the overall properties of ITZ. Moreover, 

for concrete with larger aggregate size, the thickness of ITZ becomes larger [60]. Elsharief et al. [61] 

concluded that when the aggregate size decreases, a lower porosity and higher unhydrated cement 

grains occurred in the ITZ. The researchers [56, 58, 59] also found that the interfacial bond is the 

deciding factor for tensile strength while has little influence on the compressive strength. Grondin 

and Matallah [62] numerically studied the effect of ITZs on the mechanical behaviour of concrete at 

the mesoscopic scale and found that the maximum strength of the concrete depends on the local 

tensile strength of the ITZs. Skarżyński et al. [14] investigated the cracking process in normal 

concrete through experiments and the results showed that the crack mainly propagates through ITZs 

and rarely propagate through a single weak aggregate. Nitka et al. [63] studied the effect of strength 

and number of ITZs by numerical modelling of the three-point bending test. They concluded that the 

strength and stiffness of the beam increase with the increase of ITZs strengths and with the decrease 

of the number of ITZs; however, the beam brittleness decreases with increasing number of ITZs and 

reducing the strengths of ITZs.  

1.2 Theoretical models for quasi-brittle fracture in concrete 

In order to investigate the issue of concrete fracture, researchers have mainly adopted three 

methods: 1) when fracture process zone size is relatively small when compared with the structure size, 

fracture toughness or energy release rate criterion based on linear elastic fracture mechanics can be 

used to analyse the fracture of concrete structure; 2) when the effect of fracture process zone needs 

to be considered, in order to simplify the calculation procedures, a nonlinear model based on linear 

elastic fracture mechanics can be used to describe the fracture process of concrete; 3) directly 

introducing non-linearity and/or considering FPZ when analysing fracture problems of concrete 

structures. 

The main theoretical fracture or damage models able to describe the fracture characteristics of 

quasi-brittle materials such as concrete are successively presented in the following.  

1.2.1 Cohesive Zone Model 

The initial cohesive model was proposed by Dugdale [64] and Barenblatt et al.[65]. In the model, 

the propagation of a cohesive crack is considered as a fictitious crack which was able to transfer the 

stress from one face to the other. In 1976, based on the previous concepts, Hillerborg et al. [18] 

developed the fictitious crack model (FCM) to illustrate the nonlinear behaviour of the concrete 

material. The model assumed that: 1) there exists a fracture process zone ahead of a developed crack 

which is defined as a fictitious crack; 2) the stresses transfer through the fracture process zone depend 

on the opening width of the fictitious crack ( w ) following a characteristic strain softening behaviour 

of the material; 3) the fracture process zone begins when the maximum stress at the fictitious crack 

tip reaches the tensile strength of the material and after this stage the stress decreases according to 

the strain softening behaviour, as shown in Figure 1. 3, until the crack opening width becomes 0w ; 4) 

outside the fracture process zone, the material is elastically deformed. 

 



1.2 Theoretical models for quasi-brittle fracture in concrete 

11 

 

Figure 1. 3 Stress distribution and cohesive crack growth for fictitious crack model  

 

As mentioned above, the stress transferred through the cohesive crack (𝜎) was assumed as a 

function of the crack opening displacement (w) expressed as: 

 ( )f w =   (1.5) 

Where f  is a function characteristic of the material that must be determined from experiments. 

According to Figure 1. 3, it should be noted that two properties are very important in the cohesive 

crack model: the tensile strength ( tf ) and the cohesive fracture energy ( fG ). The tensile strength is 

the stress at which the cohesive crack is created (formation of FPZ) and starts to open. The external 

energy required to create and fully break a unit surface area of cohesive crack is equal to the cohesive 

fracture energy. It can be given as the area under the softening curve by the following expression.  

 ( )
0

0

w

fG f w dw=    (1.6) 

The fictitious crack model considers that the softening curve is the fundamental parameter to 

represent the local microstructure based properties of the material and is independent of the geometry 

and size of the structure. When the tensile strength, fracture energy, and the shape of the softening 

curve are known, the softening behaviour of a material can be determined. Based on the experimental 

studies, softening curves with varies shape have developed, such as linear softening curve [18, 66], 

bilinear softening curve [53, 67-71], trilinear softening curve [72], exponential softening curve [73, 

74] and power function softening curve [75]. 

1.2.2 Crack Band Model 

Cracks in the concrete generally propagate tortuously and randomly around its aggregates 

instead of a straight line. Also at the crack tip, there exists an area named the fracture process zone, 
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which consists of distributed microcracks. Take into account these assumptions, Bažant and Oh [47] 

proposed a model called blunt crack band model (CBM) to simulate the fracture behaviour of concrete. 

The model considers the fracture process zone as a band of uniformly and continuously distribution 

microcracks with a fixed width 
ch , as shown in Figure 1. 4. In this model, material fracture properties 

are characterized by three parameters: the fracture energy ( fG  ), the maximum uniaxial tensile 

strength (
tf ) and the width of the crack band (

ch ) which defines the fracture process zone ahead of 

a crack tip, and is represented in the model by the characteristic length (
chl ) of the material. 

 

 
Figure 1. 4 Microcrack band fraction [47] 

 

A simple stress-strain relationship is adopted to simulate the stable crack propagation as 

presented in Figure 1. 5.  

 

 

Figure 1. 5 Stress-strain curve for the micro crack band [47] 

 

Then the energy consumed due to the crack advance per unit area of the crack band can be 

calculated from the area under the stress-strain curve and the width of the crack band. 
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Where E  is the modulus of elasticity; tE  is the strain-softening modulus; tf  is the tensile 

strength of material; ch  is the width of the crack band. 
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1.2.3 Equivalent Elastic Crack Model 

In the study of concrete fracture properties, in order to facilitate analytical analysis, many 

researchers have proposed various fracture models based on linear elastic fracture mechanics (LEFM), 

considering fracture toughness as parameters, such as two-parameter fracture model [76], equivalent 

fracture model [77], size effect model [78], etc.. Most of these models use the critical stress intensity 

factor s

IcK   to determine the critical state of concrete cracks. However, s

IcK   can only reflect the 

critical state of concrete crack instability. Another approach is to use the resistance-curve (R-curve) 

[79]. Based on the framework of equivalent LEFM, Morel et al. [80-82] assumed that the increase of 

the structure compliance due to the development of FPZ is attributed to the propagation of an 

elastically equivalent crack and the resistance to crack growth balances the elastic energy release rate. 

Thus, an R-curve behaviour can be obtained for quasi-brittle fracture corresponding to the 

dependence of the critical energy release rate required for fracture growth on the elastically equivalent 

crack length. Typically, the R-curve is described in terms of fracture energy, or stress intensity, and 

the stable and unstable crack growth can be distinguished by using this R-curve.  

Two-parameter fracture model (TPFM) was developed by Shah and Jenq [76]. The model is 

based on the fracture mechanics and puts forward some nonlinear concrete mechanics assumptions. 

The fracture process of concrete is determined by two parameters: the critical stress intensity factor 

( s

IcK  ) and the elastic critical fracture tip opening displacement (
cCTOD  ). In 1990 RILEM [83] 

adopted this model as the standard experimental method to determine the fracture parameters. 

However, this model does not consider the influence of plastic deformation on the crack propagation 

when measuring the parameters. 

Effective crack model (ECM) was proposed by Karihaloo and Nallathambi [77]. The model is 

based on the effective-elastic crack approach and the fracture toughness of concrete is determined by 

the three-point bending test. The basic concept of this model is similar to the two-parameter fracture 

model. The two fracture control parameters of the model are: the critical equivalent crack length (
ea ) 

and the equivalent crack tip critical stress intensity factor ( e

IcK ). In this model, secant compliance at 

the maximum load is used to determine the effective-elastic crack length, while in the two-parameter 

fracture model using the elastic part of the unloading compliance. Due to the fact that the secant 

compliance at the maximum load includes effects of both elastic and inelastic deformation, so the 

value that calculated is greater than that obtained by the two-parameter fracture model. 

Bazant and Kazemi [84] used a series of geometrically similar structures to investigate the 

fracture of quasi-brittle materials. The fracture behaviours of the materials are simulated by 

introducing an effective-elastic crack. The equations for the critical energy release rate and the critical 

crack extension for an infinitely large structure are given as below. 
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Where 0a  is the initial crack length; B  and 0D  are constant; E  is the modulus of elasticity; 

tf  is the size-independent tensile strength of a material; nc  is a coefficient representing different 

types of structures, 1nc =  for a tensile plate and 1.5nc S D=  for a beam ( S  is the span and D  

the depth); ( )0g a D  and ( )0'g a D  are the functions. 
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1.2.4 Damage Models   

    Damage mechanics mainly deal with the macroscopic mechanical effects caused by the 

generation and development of microscopic defects in the material and the processes and laws that 

lead to material damage. The goal of damage mechanics is to predict the material response when 

damage initiates at a certain stress-strain state and propagates as the applied loads increase the stresses 

in the material. All materials show some level of damage at a very small scale. Damage is controlled 

by a state variable ( D ) which has a value between 0 (virgin material) to 1 (completely damaged 

material). Loss of stiffness as damage evolves is incorporated into the stiffness matrix (Equation 1. 

4) and it is also a direct representation of the stress state of the material (Equation 1. 5). 

 ( )1dam undC D C= −   (1.10) 

 ( ): 1 :dam undC D C  = = −   (1.11) 

    Where 
damC   is damaged stiffness matrix; 

undC   is undamaged stiffness matrix;    is stress 

tensor;   is strain tensor. 

The damage models can be roughly divided into two parts: 1) isotropic damage model [85-88]; 

2) anisotropic damage model [89-95]. Løland [85], Krajcinovic [87, 88] and Mazars [86] considered 

damage as a scalar and established an isotropic damage model of concrete using the concept of 

effective stress. When dealing with the unilateral stress performance of concrete, Mazars [96] used 

two different damage variables to reflect tensile damage and compression damage. Ladevèze et al. 

[97] decomposed the Cauchy stress tensor into ‘positive’ and ‘negative’ parts, and the damage is still 

considered as a scalar, but a crack closure factor is introduced to account for the different effects of 

damage on stretching and compression. In the theory of anisotropic damage, Ortiz [95] first realized 

that although the average damage direction is perpendicular to the direction of compressive stress 

when concrete is subjected to uniaxial compression, the micro-cracks expand and merge along the 

coarse aggregate interface and the expansion direction is curved; so the damage has a lateral effect. 

According to this consideration, Suaris et al. [98] and Voyiadjis et al. [99] proposed the concept of 

effective compliance tensor, and established an anisotropic damage model of concrete. The evolution 

of damage is determined by the theory of the bounding surface. 

1.3 Numerical modelling methods for concrete 

In previous studies, the fracture behaviour of concrete has been studied using different numerical 

methods such as the finite element method (FEM) [18, 100, 101], the boundary element method 

(BEM) [102-104], the discrete element method (DEM) [105-107], the numerical manifold method 

[108-110], the discontinuous deformation analysis (DDA) method [111] and the mesh free method 

[112, 113]. All these methods mentioned can be roughly categorized as a continuum approach and 

discrete approach. 
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1.3.1 Continuum Approach 

1.3.1.1 Finite Element Method 

In the continuum approach, FEM is one of the most widely used modelling methods and can 

date back to the early 1960s [114, 115]. Firstly, Clough [115] used FEM to solve the problems of 

plane stress, now it has become the mainstream numerical tool in engineering sciences [18, 116]. The 

FEM is a numerical modelling method that tries to find approximate solutions to the boundary value 

problems of differential equations. The general principle of FEM is to divide the domain of the 

problem into smaller sub-domains called finite elements. Then it does the local approximation inside 

each finite element, performs the finite element assembly and finds the solution of the global matrix 

equation. FEM has great robustness and flexibility to deal with problems like material heterogeneity, 

non-linear deformability, complex boundary conditions, in situ stresses and gravity. These advantages 

make the FEM becoming the most successful numerical method used in engineering and science 

research [18, 116]. However, there are still some shortcomings for FEM, e.g., the continuum 

assumption in FEM makes it unsuitable to deal with complete detachment and large-scale fracture 

opening problems, which are the most concerning issues in the concrete fracture. Beside these 

demerits, the most difficult thing faced by FEM is the simulation of the fracturing process. Two 

available methods can be used for modelling of fracturing progress based on FEM: the element 

degradation approach and the element boundary-breaking approach. 

1.3.1.1.1 Element Degradation Approach 

The element degradation approach considers the fracturing process as a sequence of element 

degradation. In the software like ABAQUS [117] provides a deletion technique which removes the 

elements where the failure criterion is locally reached. Elements deleted can be visualized to mimic 

the crack progress. The continuum damage mechanics (CDM) is one of the most typical methods 

based on FEM and is widely applied to brittle fracturing analysis [118]. Based on the equivalent 

continuum concept, another degradation technique is developed. It considers cracks as elastic 

degradation and/or softening plasticity [119]. Smeared crack model is one representative of this 

method, which is first introduced by Rashid [120].  

No requirement of re-meshing and not adding new degrees of freedom in the calculation process 

is the principle merits of element degradation method. However, this method cannot give an explicit 

description of the fracture surface and has the demerits of mesh size and orientation dependency. 

1.3.1.1.2 Element Boundary Breaking Approach 

The element boundary-breaking approach represents the fracturing process by the separation of 

inter-element boundaries. Interface elements are inserted along the inter-element boundaries in this 

method. Failure of an inter-element boundary can be based on the fracture mechanics or failure 

criteria of the corresponding interface element. Cohesive Zone Model (CZM) [18] is the most 

successful development of the element boundary-breaking approach. Normally, in order to eliminate 

the element dependence and the problem of stress singularity which exists in the crack tip, the element 
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boundary-breaking approach should be combined with re-meshing techniques. However, for re-

meshing techniques, a rather complex software package is needed to be developed and the use of re-

meshing techniques also accumulates the calculation errors through the mapping of variables. The 

worst problem is that adaptive re-meshing can hardly be used to simulate complex crack development, 

such as crack coalescence and crack bifurcation. 

1.3.1.2 Boundary Element Method 

The boundary element method is a numerical method developed since the late 1970s [121], and 

an early application of the BEM to a crack problem was done by Cruse [122]. In BEM, the value of 

the field function at the boundary and at each point in the domain can be obtained by transforming 

the basic governing equations of the known boundary domain into boundary integral equations and 

then solving the corresponding algebraic equations by discretizing the boundary. The boundary 

element method only needs to be discretized on the boundary of the domain. Therefore, it is only 

necessary to arrange nodes on the boundary and crack surface when simulating cracks. It is not 

necessary to re-mesh when simulating crack propagation. BEM is more suitable for solving problems 

of homogeneous and linearly elastic bodies; however, it poses many problems in solving some 

problems like material heterogeneity, nonlinear material behaviour, and damage evolution process. 

1.3.2 Discontinuum Approach 

1.3.2.1 Discrete Element Method 

The discrete element method (DEM) is the representative discontinuum method which was 

initially developed for solving rock mechanics problems by Cundall [123]. The key concept of DEM 

is to divide the domain of interest into an assemblage of rigid or deformable blocks/particles/bodies 

[124, 125]. DEM methods can be divided into two categories: explicit ones and implicit ones. There 

exist two kinds of approaches for the explicit DEM methods, namely the dynamic relaxation method 

and the static relaxation method. The static relaxation method uses equations of equilibrium to obtain 

the displacement of particles at the next time step. However, for dynamic problems, the static 

relaxation method cannot be used. Dynamic relaxation based DEM use Newton’s second law to get 

the displacement of particles at the next time step, and it is generally called the distinct element 

method. The details of dynamic relaxation based DEM will be introduced in Chapter 2. The distinct 

element method can simulate the complex mechanical interactions of a discontinuous system. Now 

there are many researchers [126-130] who have successfully used DEM to model the fracture 

behaviours of concrete. 

1.3.2.2 Lattice Method 

The Lattice model is a simulation model of the grid system consisting of discrete continuum 

bodies separated into rods and beams. The Lattice model was first proposed by Hrennikoff [131] in 

1941 and was called the framework method at that time. The method divides the continuum body into 

a truss, which is mainly used to solve classical elastic mechanics problems. The Lattice model has a 
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clear idea and a simple unit model. It is more suitable for the study of the failure mechanism of non-

uniform materials such as rock [132] and concrete [133] under simple loading conditions.  

One of the most widely used lattice models is the Beam Lattice model proposed by Schlangen 

et al. [134] as shown in Figure 1. 6. The Beam Lattice model assumes that the concrete is composed 

of meso-level beam elements, and the mechanical parameters of the beam elements are determined 

by the properties of the mesostructure components such as aggregates and cement mortar. The beam 

element can transmit axial force, shear force and bending moment. When the stress state of the beam 

satisfies the given strength criterion, the beam element is removed from the grid and the crack is 

generated and developed. 

 

  

 

a) b) c) 

Figure 1. 6 Beam Lattice model diagram: a) Regular triangular lattice of beams; b) External forces and 

deformations on a single beam element; c) stress-strain relation for an element [134] 

1.3.2.3 Extended Finite Element Method 

Extended finite element method (X-FEM) is proposed by the research group of Belytschko [135, 

136] in 1999, which is based on the unit decomposition theory to enhance the displacement function 

of the traditional finite element. Usually, Heaviside function and asymptotic functions are used to 

deal with the discontinuity and singularity. The level set method (LSM) [137], which is developed by 

Osher and Sethian [138], is introduced to describe the motion of interface, and the crack propagation 

is tracked in real time. So the X-FEM algorithm allows the crack passing arbitrarily through elements 

by incorporating enrichment functions to handle the field discontinuities. Particularly, elements 

containing a crack do not need to conform to crack edges and mesh generation are much simpler than 

in classical FEM [135]. Moreover, the X-FEM solves the problem that the finite element needs to 

continuously re-mesh the mesh when simulating crack propagation, and it is not necessary to 

separately divide the crack tip portion into a high-density mesh. 

1.4 Numerical method used in the thesis 

For those methods mentioned, some of them [139, 140] modelled concrete as a bi-phase material. 

It is not appropriate as aforementioned that the behaviour of ITZ is very important in the fracture of 

concrete. Hence, researchers now supposed concrete to be composed of three phases in their 

modelling. Trawiński [141] has successfully modelled the fracture of concrete by considering 

concrete as a three-phase material using 3D mesoscale finite element method (FEM). The parametric 

analysis of their studies has shown that the properties of matrix and ITZ have influences on the peak 
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strength and brittleness of concrete beam under three-point bending test. Lilliu [142] used a lattice 

model to model the behaviour of concrete as three-phase and the results also revealed that the strength 

of ITZ affects the fracture process. Skarżyński [143] used DEM to simulate concrete as a three-phase 

composite and found that the mechanical properties of ITZs had a pronounced influence on the 

material strength and macro-cracking. 

For the methods mentioned above, FEM is based on either continuum damage mechanics or 

fracture mechanics, and is being used for the description of deformable continuous bodies. On the 

contrary, DEM describes particulate materials, usually modelled by perfectly rigid particles and their 

interactions determined from fictitious overlaps of these rigid particles. The propagation of cracks 

in concrete is a discrete problem and should look into the local behaviours. Compared with FEM, 

DEM looks into micromechanics of problem and allows a grain level control and can solve the 

discontinuous problem. So it is suitable for modelling the fracture of concrete. In this thesis, DEM 

is adopted to model the size effect and the aggregate effect of concrete. 

1.5 Summary 

In this chapter, different fracture models of concrete behaviour are investigated. Fracture process 

zone is a key parameter that influences the fracture behaviours of concrete. Although different 

methods are proposed by researchers, it is still a problem that needs to be solved. Besides, the 

properties of ITZ seem to have a great impact on the mechanical properties of concrete. So the 

influence of ITZ needs to be studied later. Then the theoretical models and the numerical modelling 

methods used for concrete are presented. Based on fracture mechanics or damage mechanics, 

different theoretical models for concrete are proposed. Next, the most widely used numerical 

methods for concrete are introduced and those methods can be roughly divided into two categories: 

continuum models and continuum models. Compared with the continuum-based models, 

discontinuum based models seem more appropriate to model the fracture behaviours of concrete. So 

in the next chapter, the discrete element method is employed to model the fracture behaviours of 

concrete.
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A Comprehensive Approach for Numerical 

Modelling of Concrete by Discrete Element 

Method 

 

 

 

This chapter describes a comprehensive approach for modelling mechanical and fracture 

behaviour of concrete using discrete element method (DEM). Concrete is modelled at mesoscale as 

a three-phase material composed of aggregates, mortar, and interface. The complete coarse 

aggregate grading curve is considered in the mesostructure. A systematic approach has been used 

in this study to determine local micro parameters for each phase of concrete using inverse 

calibration. An improved contact model that can satisfy the quasi-brittle behaviour and low tensile 

to compressive strength ratio (as in case of concrete) is used. 
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2.1 Brief history of the development of Discrete Element Method 

The discrete element method (DEM) is a method firstly proposed by Cundall [123] in the early 

1970’s to model the progressive failure of a discrete block system. The interaction between blocks 

was governed by friction and normal stiffness. However, whenever blocks were touching or separated, 

there was no limitation to the amount of displacement or rotation of each block in the model. It was 

designed for rigid body motion problems which were impossible to be solved by finite element 

methods (FEM) at that moment. The basic theory of DEM was also given Cundall, i.e. force-

displacement law, the law of motion and computation cycles with time steps.   

Cundall and Strack [124] then applied the DEM method to model the granular assemblies to 

study the particle contact force distributions in the assemblies. This granular medium was composed 

of distinct particles which displaced independently from one another and interacted with others at 

discrete contact points. Further development of DEM was made by Cundall, Drescher, and Strack 

[144] in the early 1980’s who introduced the methodologies of measuring and observing granular 

assemblies using Ball simulation. In the late 1980’s, Cundall extended 2D particle simulation to a 3D 

version which was known as TRUBAL [145]. The numerical modelling results were in accordance 

with the experimental results of Ishibashi et al. [146], except for the volumetric strain measured from 

tri-axial tests. Almost at the same period, Thorton et al. [147] developed a modified version called 

GRANULE. In their model, they attributed a surface energy to the balls in the agglomerates so that 

tensile forces between balls were defined as auto-adhesive. The program was able to model the 

fracture of an agglomerate of spherical balls bonded together. After that, the DEM has been developed 

rapidly, with applications in different domains like rock/soil mechanics [128], chemical engineering 

[148] and pharmacy [127]. 

2.2 State of the art on Discrete Element Method 

The initial application of DEM to study the fracture of brittle materials such as concrete is dated 

back to the 1980s. Meguro and Hakuno [149, 150] developed a modified distinct element method 

(MDEM), based on the basis of Iwashita’s model, to study the dynamic fracture of a masonry concrete 

wall. The results were in accordance with the actual seismic damage observed after past earthquake. 

Then Takada and Hassani [151] used MDEM to investigate compression failure of reinforced 

concrete in the 2D aspect, the quantitative results were in reasonable agreement with the experimental 

ones. After that, interest in using DEM to model the behaviours of concrete increased rapidly. DEM 

was mainly applied to investigate the fracture of concrete at a high strain rate [152]. Monteiro et al. 

[153] combined FEM and DEM to model the development of cracks when concrete was under the 

effect of the moment. Pan et al. [154] modelled the deterioration of concrete at meso-scale caused by 

the alkali-aggregate reaction. Although DEM is now widely used to model the behaviours of concrete, 

there still remain some problems.  

Aforementioned, concrete is three-phase composite and coarse aggregate occupies about 45 % 

of the volume of concrete. How to model the coarse aggregate properly? Generally there exist three 

methods to generate aggregates: 1) each aggregate is represented as a single big ball; 2) each 

aggregate is represented as a clump of several small balls joined together with no breakage of inter-
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particle bonds within aggregate; 3) each aggregate is represented as a cluster of several small balls 

joined together, breakage of inter-particle bonds within aggregate is allowed. The first approach is 

not suitable for the materials like concrete with relatively high compressive strength but low tensile 

strength. Nitka and Tejchman [155] modelled the behaviour of concrete in uniaxial compression and 

tension. In their modelling, single big balls used as the coarse aggregates. Although they obtained a 

satisfactory agreement between experiments and calculations, the micro parameters (cohesive stress 

and tensile normal stress) used for compression and tension are not the same. The micro-parameters 

used could not satisfy both compressive strength and tensile strength simultaneously. By using the 

same approach, the results of Diederichs [156] showed that when the model is calibrated to match the 

experimental unconfined compressive strength (UCS) of rock, the tensile strength of rock was 

significantly overestimated. Before Diederichs, Potyondy [157] and Schopfer [158] also got similar 

results when simulating brittle rock. As pointed out by Katsaga [152], the inserted contact models for 

concrete modelling were only calibrated to match the uniaxial compression test, the use of these 

models to perform tensile fracture propagation was only qualitative. The reason is that the tensile 

strength and compressive strength are increased at the same time with the increase of bond tensile 

strength (the main micro parameter). While for the brittle materials like rock and concrete, the 

compressive strength is about one order of magnitude larger than tensile strength. As a result, the 

micro parameter (normal tensile strength) for compressive strength is also about one order of 

magnitude larger than tensile strength. So “cluster logic” and “clump logic” were proposed (Figure 

2. 1). The investigation of Cho [159] and Cundall [160] found that if combining the small balls 

together either as clump or cluster can effectively increase the particle interlocking and thus increase 

the compressive to tensile stress ratio in 2D simulations. However, there exist two main differences 

between clump and cluster. First, the most important difference is the particle rotation mechanism. 

Intra-cluster particles of a material have rotational velocities, while rotational velocities of particles 

in the clumped assembly are fixed as shown in Figure 2. 1. Only the clumped body itself can have 

rotational velocities. The second difference is that clump cannot break while cluster can break during 

the loading processes. For the experiments that performed in laboratories, aggregate breakage can be 

seen during the test. So from this point of view, compared with a clump, the cluster is more suitable 

to model aggregate behaviour in concrete 

 

 
 

Figure 2. 1 Particle rotation mechanisms in clustered and clumped particles [159] 

 

Another practice to simulate quasi-brittle response is by using appropriate contact models with 
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cementitious behaviour. In the existing literature by using modelling code PFC 2D, parallel bond 

model [152, 161, 162] or contact bond model [163, 164] are the most used contact models. The detail 

of these models will be presented in the later part (Section 2.4.3). These investigations are often 

focused on a specific mechanical behaviour of concrete and mainly paid more attention to the 

mechanical response only up to the peak load.  

Nguyen et al. [165] used DEM method to model the three-point bending test of notched beam 

for soft rock and pointed out that although the parallel bond model could match the load - CMOD 

curve, it could not capture the softening behaviour as the contact cohesion was totally lost at the 

moment the contact strength was reached as showed in Figure 2. 2. 

 

 
Figure 2. 2 Experimental and numerical load-CMOD results of three-point bending test [165] 

 

Therefore, they proposed a damage-plasticity cohesive model for DEM as presented in Figure 

2. 3. The modelling result was in accordance with the experiment when using the contact model 

proposed by Nguyen et al. [165].  

 

 

Figure 2. 3 The constitutive relationships in normal and shear directions of the model [165] 

 

Kim et al. [130, 166-168] also employed an intrinsic linear softening model in DEM (Figure 2. 

4) to study the fracture behaviour of asphalt concrete under compact tension test but no fracture 
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properties related to quasi-brittle materials were studied. 

 

 
Figure 2. 4 Constitutive laws of cohesive zone model. (a) Normal. (b) Tangential [130, 166-168] 

 

Similar with the model of Kim et al. [130, 166-168], Ma and Huang [169] modified the parallel 

bond model in the normal direction to obtain a displacement-softening contact model (Figure 2. 5) 

which was used to simulate the failure behaviours of quasi-brittle materials. The study illustrated the 

softening coefficient that defined in the model could satisfy the material compressive over tensile 

strength ratio. 

 

 

Figure 2. 5 Normal force-displacement contact law for the modified parallel bond [169] 

 

Recently, Sinaie et al. [129] developed a cohesive bond model (Figure 2. 6) for concrete under 

cyclic loading. The model is more complex compared with others. In their study, the model performed 

well under cyclic loading, even though the material parameters were only calibrated against a 

monotonic stress-strain response. 
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Figure 2. 6 Micro-mechanical damage models under (a) tension, (b) compression and (c) shear using the 

constant-stiffness formulation. 

 

In DEM, most works in the literature are carried out to study the behaviours of rock and sand. 

Only a few literary works have been carried out so far for the modelling of brittle materials like 

concrete; a systematic study on how the contact models presented in the introduction section could 

improve the modelling for concrete, especially for its mechanical and fracture behaviour, is still 

lacking.  

2.3 Theory of Discrete Element Method 

The mechanical loop of DEM calculation processes is illustrated in Figure 2. 7. At every 

numerical iteration time step, the properties of a stressed assembly of rigid spherical particles are 

updated in DEM simulations. The contact forces between particles are calculated according to the 

force-displacement contact law models well-defined in DEM. Then the translational and rotational 

displacements of each particle are obtained by explicitly integrating the governing differential 

equations based on Newton’s second law of motion. As all forces 
iF  acting on the particle i  either 

from other particles, from boundaries or from external forces, are known, the equations can be 

expressed as Equation 2.1.  

 

2

2i i i i

i i i

d
m x F m g

dt

d
I M

dt


= +

=

  (2.1) 

With the mass 
im  of particle i , its position 

ix , the total force c

i ic
F f=  acting on it due 

to contacts with other particles or with the walls, the acceleration due to volume forces like gravity 

g  ; the spherical particles moment of inertia iI  , its angular velocity 
i   and the total torque 

( )c c c

i i i ic
M l f q=  + , where c

iq  are torques/couples at contacts other than due to a tangential force, 

e.g., due to rolling and torsion. 
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Figure 2. 7 The mechanical loop of DEM calculation processes [170] 

 

So the interactions between particles are monitored at all contacts and the movement of each 

individual particle is traced. Among those codes that are used to apply DEM, the Particle Flow Code 

2D (PFC 2D) which was developed by ITASCA is one of the widely used DEM code. In PFC 2D, 

two types of objects may be simulated in PFC 2D, “balls” and “walls”. Balls may either be spheres 

whose centroids lie in a plane or disks of a specified thickness. Walls are straight and rigid and interact 

only with balls, but not with each other.  

Except for the aforementioned theory of DEM, some important assumptions are made in order 

to solve those equations: 1) Particles may be represented as rigid disks or balls; 2) Contacts (ball-ball 

and ball-wall) occur at a point; and 3) Particle overlap is allowed at contacts (soft-contact approach) 

but these overlaps are small relative to particle size. 

Given these assumptions, the calculation cycle begins with determining the unit normal vector 

of the contacts in the assembly (the following derivation is after Itasca, 2014, but is included here for 

completeness): 
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Where in  is the normal vector, 
 A

ix  and 
 B

ix  are the locations of particle centres for particles 

A   and B  , respectively; fx   is the point on the wall facet that is closest to 
 A

ix  , and d   is the 

distance between particle centres or the distance between the centre of particle and the wall as can be 

expressed as Equation 2. 3. 
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The overlap at contacts, nU , may then be calculated as: 

Updating velocities 

and Displacements
Force-Displacement Relationship
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Where  iR   is the radius of the ball i  . The location of the contact point,
 C

ix  , may then be 

calculated and used to determine the relative distance between particles or distance between particle 

and wall facet: 

       1

2

C A A n

i i ix x R U n
 

= + − 
 

   (2.5) 

Now that the contact location is known, it is straightforward to calculate velocities and invoke 

the constitutive relation for contact theory (linear or Hertz-Mindlin) to calculate normal and shear 

forces on each particle. First, particle forces are resolved into normal and shear components: 

 n s

i i iF F F= +   (2.6) 

Where 
iF   is the total contact force vector and n

iF   and s

iF   are the normal and shear 

components, respectively.  

Force in the normal direction is then calculated as: 

 n n

nF K U=    (2.7) 

Where 
nK  is contact normal stiffness (secant modulus). 

For the linear contact model, the two types of contact stiffness are assumed to act in series. 

The contact normal stiffness is given by: 
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k k
K
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=

+
  (2.8) 

Where the superscripts A , B  denote two entities in contact. 

To calculate shear forces, first the shear contact velocity, sV , must be determined: 

    
2 1 2 2 1 1

C Cs
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d d
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  (2.9) 

Where 
i  is rotational velocity and k    is used to denote either a wall or ball at the given 

contact as follows: 

 ( )
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,

,
,

A B ball ball

b w ball wall

−
  = 

−
  (2.10) 

The incremental shear force ( sF ) over a time increment ( t ) is calculated as: 

 s s

sF K V t = −    (2.11) 

Where sK  is the tangent shear stiffness for the contact and is given by: 
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Forces and moments for the particles are then updated as follows: 
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Where   is the friction coefficient at the contact; 
iM  is moment, and ijke  is the permutation 

operator.  

Note that there is only one rotational degree of freedom in two dimensions. The new particle 

forces and moments are used to calculate the new acceleration and angular momentum using the 

following relationships: 
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Where m  is particle mass, g  is acceleration due to gravity, and   is 0.4 for spheres and 

0.5 for disks. The equations of motion (Equation 2. 14) are discretized and solved using central finite 

differences: 
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  (2.15) 

Where all terms are as previously defined. 

The critical value of the time step ( t ) for a stable solution to a DEM problem depends on the 

minimum eigen period of the entire system. Calculating this value is computationally expensive, so 

PFC 2D uses a simplified spring and mass logic to calculate the time step and then applies a safety 

factor. A complete discussion of critical time step calculations is provided in Itasca [170]. 
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2.4 Contact model in the Discrete Element Method 

The constitutive model acting at a particular contact consists of three parts: a stiffness model, a 

slip model and a bonding model as shown in Figure 2. 8. The stiffness model provides an elastic 

relation between the contact force and relative displacement. The slip model enforces a relation 

between shear and normal contact forces such that the two contacting balls may slip relative to one 

another. The bonding model serves to limit the total normal and shear forces that the contact can carry 

by enforcing bond-strength limits. Normally there are two typical bond model given in PFC 2D called 

as built-in contact bond model, namely contact bond model and parallel bond model. However, when 

the bond models provided cannot meet material behaviours, users can define their own model in C++ 

language and insert into PFC 2D. All these models defined by users are called user-defined contact 

bond models. In the PFC 5.0, the stiffness model, slip model and bond model have been combined 

together. Here, the three models will be introduced separately. 

 

 
Figure 2. 8 Contact Constitutive Model 

 

2.4.1 Stiffness Model 

There are two types of basic models in PFC: the linear model and the nonlinear model. Linear 

models can be just simplified as a spring, while non-linear normal model usually refers to hertz model, 

which is more complicated. 

For the linear contact model, each entity is given a constant normal and shear stiffness so that 

there is a linear relationship between the force and displacement. The total stiffness at contact then is 

Stiffness Model

Bonding Model

Contact Constitutive Model Slip Model

Linear contact Model

User Defined Contact Model

Hertz-Mindlin contact Model

Contact-Bond Model

Other Bond Model

Parallel-Bond Model
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calculated by assuming the individual stiffness’s work in series. The equations for normal tangent 

stiffness and shear tangent stiffness are given as Equation 2. 8 and Equation 2. 12. 

For both these equations A  and B  denote the two entities in contact. For the linear model, 

the normal secant stiffness, 
nk , is equal to the normal tangent stiffness, since 

 
( )nn

n

n nn n

d K UdF
k K
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= = =   (2.16) 

The Hertz-Mindlin contact model is one of the built-in options and is based on the model by 

Mindlin and Deresiewicz [171]. It is strictly applicable only to the case of spheres in contact. The 

only two input parameters are the shear modulus G  and the Poisson’s ratio   of the particles in 

contact. The normal and shear stiffness are calculated as: 
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Here nF  and nU  are the normal force and particle overlap as defined before, respectively; 

h   is a non-dimensional exponent and default value is 1.5; G  ,    and R   are the effect shear 

modulus, Poisson’s ratio, and contact radius, respectively.  

For the Hertz model, the normal-secant stiffness, nk , is related to the normal-tangent stiffness 

by the relation: 
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2.4.2 Slip Model 

This model allows slip, due to friction. The maximum allowable shear contact force is calculated: 

 
max

s n

iF F=   (2.19) 

If 
max

s s

iF F  then slip is allowed to occur (during the next calculation cycle) by setting the 

magnitude of s

iF  equal to max

sF  via: 

 ( )max

s s s s

i i iF F F F   (2.20) 

The slip friction model is an intrinsic property of the two entities in contact (ball-ball or ball-

wall) that governs frictional sliding of unbonded or debonded particles. The slip and bond model 

describe the constitutive behaviour governing the response of particle contact points. The slip model 

is defined by the friction coefficient at the contact. For bonded assemblies, if the applied force 

becomes larger than the maximum allowable shear contact force, then slip is allowed to occur. 



Chapter 2. A Comprehensive Approach for Numerical Modelling of Concrete by Discrete Element Method 

30 
 

2.4.3 Bond Model 

PFC 2D allows particles to be bonded together at contacts. The two basic bonding models 

supported in PFC 2D are contact-bond model and parallel-bond model. Bonds can only be formed 

between particles and not between particles and walls. Once a bond is formed at a contact between 

two particles, the contact will remain intact until the bond is broken. The bond will be broken when 

the normal or shear force in the bond exceed the maximum allowable force. According to O’Sullivan 

[172], Scanning electron microscope (SEM) images show that the microstructure of cemented sands 

has a finite contact area in the contact surface. The contact force within this area would result in a 

resistance against moment acting on the particles. Therefore, parallel bond contact is thus introduced 

in DEM to overcome the lack of resistance at the moment at the contact. In the parallel bond model, 

not only the contact normal force and shear force could be transmitted, which is the same as the above 

contact bond model, but also the moments between particles can be transmitted. In this aspect, the 

parallel bond model seems suitable for cementitious materials. 

In previous studies, Zhou et al. [162] used parallel bond model successfully to model the 

breakage mechanism of microcapsules in concrete. Murali et al. [173] also investigated the strength 

and size effect in concrete under tension by parallel bond model. Thus parallel bond model seems to 

be a suitable contact model for modelling the behaviours of concrete. The parallel-bond model 

describes the constitutive behaviour of a finite-sized piece of cementitious material deposited between 

two balls as shown in Figure 2. 9.  

 

 

Figure 2. 9 Parallel bond illustration 

 

 To define parallel bond, five parameters are required: normal and shear stiffness per unit area 

nk  and sk ; tensile and shear strength t  and s ; and bond-radius multiplier,  , which defines 

the bond radius ( )min ,A BR R R= , with AR  and BR  being the radii of the bonded particles. The 

force and moment increments occurring over a time step of t  in 2D are calculated by: 
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and 
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Where nF , sF and nM , sM  are the contact forces and moments at the centre of the contact 

zone respectively in the normal ( n  ) and shear ( s  ) directions; 
nU  , 

sU   and 
s   are the relative 

displacements and rotations between the two bonded particles respectively in the normal ( n ) and 

shear ( s ) directions; A  and I  are the area and moment of inertia, determined by: 
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The normal bond stiffness nk  is in relation with bond modulus cE  as follows: 
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The maximum tensile and shear stresses, max  and max , acting on the parallel bond periphery 

are calculated using the beam theory as follows: 
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As aforesaid, a parallel bond model approximates the physical behaviour of a cement-like 

material combining the two adjacent particles. The bond acts like a beam that resists the moment 

induced by particle rotation or shearing within the bonded area. If max t   or max s  , the bond 

breaks by tension or shear and the bond along with its forces, moments and stiffness is then removed 

from the model and the model is updated at each calculation as shown in Figure 2. 10. 
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Figure 2. 10 Illustration of the parallel bond model breakage [174] 

2.5 Stress measurement 

In a DEM model, the term “stress” refers to the average stress in a specific volume since it is, in 

fact, a quantity in the continuum theory and does not exist at each point in an assembly of discrete 

particles. Newton Second’s Law and Force-Displacement Law act only between particles at the 

microscale. Thus, it is necessary to covert the particle behaviour at the micro level to a continuum 

term using an average process. Measurement circles are used to define local volumes so that a number 

of quantities such as the porosity, coordination number and stress can be calculated within the volume. 

The stress distribution in an assembly can be obtained by defining a number of measurement circles 

at different locations in the assembly and calculating the average stress in each measurement circle. 

The average stress tensor in a volume V  is defined by: 
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Where ij  is average stress tensor; ij  is stress tensor acting throughout the volume V .  

For a particulate material, stresses exist only in particles, thus above formulation can be replaced 

by: 
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Where 
p

ij  is the average stress tensor in particle p ; Np  is the number of particles; pV  is 

the volume of particle p .  

Assuming the stress in each particle is continuous and in equilibrium, the average stress tensor 

in a particle can be written as: 
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Nc Nc

x F x x n F
V V

 = − = − −    (2.29) 

Where c

ix  , 
c

jF   and p

ix   are the location, force at contact c   and location of particle p  

respectively; ,c p

in  is the unit-normal vector directed from the particle centroid to the contact location, 

and is a function of both the contact and particle.  

A correction factor C   is needed to compute the average stress when applying the above 

formulations because only the particles with centroids contained within the measurement circle are 

considered in the above computation process. 
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Where n  is porosity of the assembly; Np  is number of particles; pV  is volume of particle 

p ; mV  is volume of the measure circle.  

Applying Equation 2. 29 and 2. 30 to Equation 2. 28, the expression of the average stress can be 

obtained: 

 ,c p c p c
ij i i i j

Np Nc

C x x n F = − −   (2.31) 

Where c

ix  , 
c

jF   and p

ix   is location, force at contact c   and location of particle p

respectively; ,c p

in  is unit-normal vector directed from the particle centroid to the contact location; 

C  is correction factor; Np  is number of particles; Nc  is number of contacts. 

2.6 Strain rate measurement 

Because the velocity field in voids of an assembly is non-zero, the strain rate cannot be expressed 

as an average strain rate directly in terms of the velocity field. Instead, a strain-rate tensor based on a 

best-fit procedure is determined, which can minimize the error between the predicted and measured 

velocity of all balls within the measurement circle. A velocity-gradient tensor ij  is referred to the 

strain-rate tensor for a given measurement circle: 
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Where ij   is strain rate tensor; ije   is rate-of-deformation tensor; ij   is spin tensor; ,i jv   is 

velocity gradient. 

The predicted relative velocity can be written as 
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Where 
 p

ix  is the central location of the particle p ; ix  is mean position of the Np  particles 

in the measurement circle, 

 p

i

Np
i

x

x
Np

=


. 

The error for the predicted value is given by: 
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Where SS  is the sum of the square of the deviation between predicted and measured velocities. 
 p

iv  is predicted the relative velocity of particle p ; 
 p

iV  is measured relative velocity of particle 

p ; Np  is number of particles within the measurement sphere. 

The condition for minimum SS is that: 
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  (2.35) 

Substituting Equation 2. 34 into Equation 2. 35 and differentiating, the following set of four 

equations is obtained. 
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  (2.36) 

These four equations are solved by performing a single LU-decomposition upon the 2×2 

coefficient matrix and performing two back-substitutions for the two different right-hand sides 

obtained by setting i  = 1 and then 2. In this way, all four components of the strain-rate tensor are 

obtained. 

2.7 Parallel bond model for the behaviour of the cementitious material 

Generally, concrete can be considered as a three-phase composite, namely matrix (or mortar), 

interface and aggregate. The cementitious phase is the mortar which bonds the aggregate particles 

together. Generally, the fracture in concrete is also initiated in the mortar. Therefore, in order to check 

whether the parallel bond model is suitable for modelling the behaviours of concrete, the behaviours 

of mortar need to be determined first. Hence, the results of the compression test and the direct tension 

test for mortar are taken [175]. Numerical simulations are performed in 2D. Based on a previous study 

[176], the behaviours of the specimen are greatly affected by particle size, when it is relatively large 

(L/R < 80). The particle size cannot be chosen too small, because of the computational limitations. 

Thus, the particle radius used in the modelling of mortar was ranging from 0.5 mm to 0.75 mm. The 

density of particles was given as 2100 kg/m3 as the same density of mortar measured from the 

experiment. A local damping coefficient of 0.7 was used, which is commonly used for mortar and 

concrete. The high damping coefficient was used to ensure a quasi-static loading condition [177]. The 

applied loading rate in the test should be given sufficiently low to ensure the specimen remains in 

quasi-static equilibrium throughout the test. As aforesaid, PFC 2D is based on Newton’s second law. 

To ensure the computed solution produced by the model remains stable, the time step (Δt) in each 
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calculation cycle should not exceed a critical time step that is related to the minimum eigen period of 

the total particle assembly. Hence the critical time step is controlled by the stiffnesses, densities, and 

geometry of the particles. The critical time step is computed first and a reasonable time step is 

assigned before each cycle. Taking the time step equal to 1e-8 s/step for example. 0.2 m/s can be 

translated to 2e-6 mm/step, implying that it requires 500,000 steps to move the loading plate for 1 mm. 

This loading velocity is in the range of 0.016 - 0.2 m/s used by different researchers and selecting a 

lower loading velocity will result in essentially no difference for the simulation results [178]. 

Considering the calculation time and based on the previous studies [155, 177, 179, 180], a loading 

rate of 0.01 m/s was adopted for compression test and direct tension test in this study. Micro 

parameters ( cE  ( cE  ), n sk k  ( n sk k  ), t  , C  , and   ) for mortar obtained through the calibration 

process are listed in Table 2. 1. Note that the calibrated values obtained bear no resemblance to mortar 

macro properties. Finally, the samples with 1137 particles for 40×40 mm2 (compression) specimen; 

and with 35029 particles for 110×450 mm2 (direct tension) specimen are generated respectively as 

shown in Figure 2. 11. For the direct tension test, some particles at the top and bottom of mortar 

specimen are clumped together to simulate the steel plates in the loading machine.  

 

Table 2. 1 Micro parameter obtained through the calibration process 

Micro Parameters Value Micro Parameters Value 

Minimum particle diameter mind  (mm) 0.5 Radius multiplier   1.0 

Ratio of maximum to minimum particle 

diameter 
max mind d  

1.5 
Ratio of normal to shear bond stiffness 

n sk k  
3.0 

Effective modulus cE  (GPa) 31.4 Effective bond modulus cE  (GPa) 31.4 

Ratio of normal to shear stiffness n sk k  3.0 Moment contribution factor 
1   1.0 

Friction angle   (°) 0 Tensile strength t  (MPa) 32.7 

Maximum shear strength multiplier    1.0 Residual friction angle r  (°) 26.6 

Cohesion strength C  (MPa) 32.7   

 

The computational models either discrete or continuum approach experience difficulties to 

describe mechanical and fracture phenomena occurring in mortar and concrete. The complexity is 

often in determining the link between laboratory test data at structural scale and computational 

parameters of the constitutive behaviour at the material local level. Several investigations have been 

carried out with respect to the problem of extracting intrinsic material properties (model parameters), 

however, the main issues remain the assessment of the uniqueness of the estimated parameter set, the 

experimental data needed for the well-posedness of the inverse problem (global and/or local data) 

and the predictive capabilities of the calibrated model. Another issue of objectivity of micro 

parameters arises in DEM due to arbitrarily size particles used for modelling, which makes the 

determination of micro parameters very challenging. In most cases, a try-and-error method is used 

for the calibration procedures for a given loading condition, but the method is time-consuming and 

gives a non-unique estimation. In this study, based on simple experimental tests on mortar and 

concrete, model parameters are identified for each phase of concrete taking use of the inverse problem 

given below. 

Firstly, the micro parameters need to be calibrated are assembled in a vector x  and given the 

initial values inix , then the corresponding counterpart ( )comp iniy x  can be computed by DEM and the 
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error ( )inie x   between numerical vector ( )comp iniy x   and experimental vector expy   can be 

calculated by the minimization of the objective function; 

 ( ) ( )( )( ) ( )( )exp , ,ini comp ini ini ini inif x y y x x e x x= − =   (2.37) 

Next, a new vector newx  can be obtained and put this new vector to the numerical model to the 

next cycle is started. When the function ( )f x  is minimized, the suitable microparameters used for 

DEM are obtained. The minimization of the function ( )f x  is performed by using the Levenberg-

Marquardt (LM) algorithm [181, 182], which is also known as the damped least-squares method. The 

LM algorithm is a modification of the Gauss-Newton method, which is based on a local linearization 

of the residuals. 

 ( ) ( )m m mr x x r x J x
 +  +   (2.38) 

Where J   is the Jacobian matrix; x   is the vector of unknown parameters; r   is an M-

dimensional nonlinear vector function of N  parameters, x , where M N . The Gauss-Newton 

method then iterates according to  

 ( ) ( )
1 1

T T Tx J J C J J J r
− −

= −  = −   (2.39) 

The Gauss-Newton method will usually converge quickly if it begins sufficiently near a 

minimum of C . While in order to solve the problem that TJ J  is often ill-conditioned, Levenberg 

and Marquardt suggested damping the TJ J  matrix by a diagonal cut-off. Therefore, LM algorithm 

steps according to  

 ( )
1

T Tx J J D D C 
−

= − +    (2.40) 

Where TD D   is a positive-definite, diagonal matrix representing the relative scaling of the 

parameters and   is a damping parameter adjusted by the algorithm. Where small values of the 

algorithmic parameter result in a Gauss-Newton update and large values of   the result in a gradient 

descent update. The parameter   is initialized to be large so that first updates are small steps in the 

steepest descent direction. 

For DEM modelling, many micro parameters need to be determined, while these parameters are 

difficult to obtain. Consequently, in order to reduce the time for parameters determination processes, 

the initial normal stiffness nk   and shear stiffness sk   for calibration process can be roughly 

calculated from Young’s modulus and Poisson’s ratio by Equations 2. 41 and 2. 42 [168]. 

 
( )3 1

n

E
k


=

−
  (2.41) 

 
( )

( )2

1 3

3 1
s

E
k





−
=

−
  (2.42) 

Where E  is Young’s modulus and   is Poisson’s ratio of mortar respectively. 
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a) Compression test b) Direct tension test 

Figure 2. 11 Specimens for calibration procedures 

 

Table 2. 2 Comparison between laboratory tests and modelling results using parallel bond model 

Mechanical Properties 
Mortar 

Laboratory tests Modelling Results 

Compressive strength (σc) (MPa)  50.0±0.88 49.8 

Young’s modulus (E) (GPa) 24.0±1.30 24.0 

Poisson's ratio (ν) 0.3±0.64 0.28 

Direct tensile strength (σt) (MPa)  2.0±0.1 9.59 

 

As shown in Table 2. 2, the micro-parameters of the parallel bond model could not satisfy both 

compressive strength and tensile strength simultaneously. The tensile strength is extremely higher 

when compared with the experimental results. The results of Diederichs [156] showed that when the 

model is calibrated to match the UCS experiment of rock, the tensile strength of rock is significantly 

overestimated. Before Diederichs, Potyondy [157] and Schopfer [158] also got similar results when 

simulating brittle rock. As pointed out in [152], the inserted contact models for concrete modelling 

only calibrated to match the uniaxial compression test, the use of these models to perform tensile 

fracture propagation was only qualitative. The reason is that the tensile strength and compressive 

strength are increased at the same time with the increase of bond tensile strength ( t ). While for the 

brittle materials like rock and concrete, the compressive strength is about one order of magnitude 

larger than tensile strength. As a result, the micro parameter t  for compressive strength is also 

about one order of magnitude larger than tensile strength. Therefore, the classical parallel bond model 

becomes no longer suitable for the simulation of brittle material with low tensile to compressive 

strength ( t c  ) material, like rock and concrete. 
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2.8 Modified Parallel Bond Model  

2.8.1 Description of contact model 

Aforementioned, the parallel bond contact model cannot meet overall mechanical behaviours of 

material like mortar and concrete with high compressive to tensile strength ratio. So, the parallel bond 

model cannot apply to the cementitious material directly. It is due to the reason that in the generic 

formulation of the parallel bond (Equation 2. 26) the full contribution of moments to maximum 

contact stresses is considered and constant normal and shear strengths are used without considering 

their inter-dependence. This limitation can be overcome by introducing a new parameter 
1   to 

control the contribution of moments to the maximum normal and shear contact stresses [183], as 

expressed below: 

 

max 1
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n s
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F M R

A I

F

A

 




= +



 =


  (2.43) 

Where max , max , nF , sF , nM  and sM  are as defined earlier; and 1  is ranging from 0 to 

1. When 1  equals to 1 i.e. full contribution, Equation 2. 43 reduces to Equation 2. 26 of the default 

contact model. 

It is also assumed that the shear strength follows the Coulomb criterion which is according to 

[183] as shown in Figure 2. 12. The shear strength is determined by: 
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  (2.44) 

Where n  is the normal contact stress; C  is the cohesion strength;   is the friction angle 

and   is the parameter that determines the ratio of the maximum shear strength over the cohesion 

strength.  

After shear failure, the cohesion is set to zero and the frictional angle can decrease to residual 

angle r  and the shear strength is determined by: 

 tans n r  =   (2.45) 
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Figure 2. 12 Shear strength criterion 

 

Thus, the new contact model contains the following microscopic parameters: 

 , cE , n sk k , C , t , 1 , , , r  

The effects of each parameter on the ratio of UCS/T can be seen in the paper [183]. 

2.8.2 Validation of new contact model 

The calibration procedures for mortar are now by using the new modified contact model. The 

micro parameters obtained through the inverse calibration scheme (already presented) are given in 

Table 2. 3. 

 
Table 2. 3 Micro parameters obtained through the calibration process 

Micro Parameters Value Micro Parameters Value 

Minimum particle diameter mind  (mm) 0.5 Radius multiplier   1.0 

Ratio of maximum to minimum particle diameter 

max mind d   
1.5 

Ratio of normal to shear bond stiffness 

n sk k  
1.77 

Effective modulus cE  (GPa) 22.1 Effective bond modulus cE  (GPa) 22.1 

Ratio of normal to shear stiffness n sk k  1.77 Moment contribution factor 1  0.1 

Friction angle   (°) 0 Tensile strength t  (MPa) 5.0 

Maximum shear strength multiplier    1.0 Residual friction angle r  (°) 26.6 

Cohesion strength C  (MPa) 38.1   

 

The comparison between the experimental results and modelling results obtained from calibrated 

parameters are listed in Table 2. 4. 
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Table 2. 4 Comparison of laboratory tests and modelling results 

Mechanical Properties 
Mortar 

Laboratory tests Modelling Results 

Compressive strength (σc) (MPa)  50.0±0.88 49.9 

Young’s modulus (E) (GPa) 24.0±1.30 24.0 

Poisson's ratio (ν) 0.3±0.64 0.33 

Tensile strength (σt) (MPa) 2.0±0.1 2.06 

Tensile maximum displacement (μm) 29.0±2.8 28.3 

 

Table 2. 4 demonstrates that the new approach can satisfy compressive, tensile/bending 

behaviour of mortar using the same microscopic parameters. Therefore, this approach can be easily 

used to model the complex behaviour of mortar under multi-axial loadings. The failure patterns of 

the sample are given in Figure 2. 13. The failure patterns show a correct description of the fracture 

process in each test when compared with the experiments.  

 

 

 

  
a) Compression test b) Direct tension test 

Figure 2. 13 Failure patterns for each calibration mortar sample 

 

2.8.3 Application to concrete: microstructure description and mechanical behaviour  

Concrete is a highly complex and heterogeneous composite material. The comprehensive and 

correct description of concrete behaviour through a macroscopic constitutive law is a difficult task 

Breakage  
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due to the heterogeneous microstructure. Mesoscopic modelling is an efficient way to describe the 

heterogeneous microstructure where concrete is considered as a three-phase material: Mortar, 

Aggregate and Interfacial Transition Zone (ITZ). Thus, it triples the microscopic parameters need to 

be determined for concrete. However, some estimation of the elastic properties can be made from the 

literature review. According to the results of Mondal [184], Young’s modulus of ITZ is about 70 % - 

85 % of that of bulk paste, thus parameters of ITZ can be obtained from that of mortar. In this section, 

normal concrete studied by Saliba [37] is considered; the mix design is presented in Table 2. 5.  

 

Table 2. 5 Mortar mix design details (kg/m3) 

w/c Cement Sand Water Sp 

0.56 350 780 219.5 1.9 

 

The microparameters like Young’s modulus, stiffness ratio, normal strength and cohesive 

strength of ITZ are taken as 50 % of mortar. The elastic properties of aggregates can also be known 

based on the mineral composition e.g. Young’s modulus of limestone is in the range of 22 - 55 GPa 

[52]. Therefore, the parameters for mortar need to be determined first using the approach already 

presented in the previous section. Experiments on equivalent mortar with same properties to that 

mortar in concrete [37] are used to determine micro parameters of mortar. Thus the only remaining 

micro parameters ( cE  ( cE  ), n sk k  ( n sk k  ), t  , C  and   ) need to be determined were of coarse 

aggregates. The compressive strength, Young’s modulus and Brazilian strength on cylindrical 

specimen ϕ110×220 mm2 are used as target values in the calibration. The calibrated micro parameters 

for aggregate are given in Table 2. 6. 

 

Table 2. 6 Parameters determined for ITZ and aggregates 

Micro Parameters ITZ Coarse aggregate 

Effective modulus cE  (GPa) / 44.2 

Normal to shear stiffness ratio n sk k  / 1.4 

Radius multiplier   1.0 1.0 

Friction angle   (°) 18.0 18.0 

Effective bond modulus cE  (GPa) 11.1 44.2 

Ratio of bond normal to shear stiffness n sk k  1.0 1.4 

Moment contribution factor 1  0.1 0.1 

Tensile strength t  (MPa) 2.3 15.5 

Cohesion strength C  (MPa) 21.5 118.5 

Maximum shear strength multiplier   1.0 1.0 

Residual friction angle r  (°) 26.6 26.6 

2.8.3.1 Generation of mesostructure: behaviour, form, and classes of aggregates 

The key point for mesoscopic modelling of concrete is to consider the behaviour of aggregates 

in the local and overall response. In discrete element modelling, there are many ways to model the 

coarse aggregates, like using single particle [161] acting as aggregate or using a clump of unbreakable 
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bonded rigid particles [185] or cluster [152] particles. Single circular particles are unrealistically easy 

to rotate after the bonds with the matrix are broken and this behaviour affects the overall response of 

the specimen. Clump act similar to single particles and also it does not allow aggregate rupture when 

the local stresses are too high. In this study, cluster particles were adopted to model coarse aggregates. 

A cluster is defined as a set of particles that are bonded to one another (Figure 2. 1) and intra-cluster 

particles have rotational velocities. Using clusters to form irregular grain shapes in DEM specimens 

can also overcome the problem of easy particle rotation.  

The shape of the aggregates is simply modelled as a circle. In order to simplify the generation 

process, a procedure to classify the coarse aggregate and the bulk matrix were developed. Namely, 

the coarse aggregates are firstly generated randomly using a Matlab program so that the information 

of coarse aggregates can be recorded. The main function of Matlab was to classify the bulk matrix 

particles and coarse aggregate particles. After achieving these steps, the information was imported 

into DEM software to classify the coarse aggregate particles. Finally, the coarse aggregate particles 

were bonded together. The procedures are illustrated in Figure 2. 14. 

 

 

Figure 2. 14 Combination of Matlab and DEM to generate coarse aggregates in a specimen 
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In order to generate the mesostructure, the spatial distribution of aggregate cluster particles is 

carried out randomly in the matrix on the basis of a stochastic-heuristic algorithm. Overlapping was 

not allowed and the aggregates are placed one by one from the largest to the smallest. The size 

distribution of the aggregates follows the aggregate grading curve of the concrete studied. 

Comparison of experimental [175] and numerical aggregate distribution is provided in Figure 2. 15 

and Table 2. 7. Five classes of aggregates are generated accounting for about 37 % of the total volume 

of concrete.  

 

Figure 2. 15 Grading curve of coarse aggregate 

 

Table 2. 7 The coarse aggregate size distribution of concrete 

Φ(mm) 5-6.3 6.3-8 8-10 10-12.5 12.5-16.0 

Vf(%) Experiment 3.0 7.0 11.0 14.0 2.0 

Vf(%) Modelling 2.9 7.1 11.0 14.1 1.9 

2.8.3.2 Generation of the specimen 

For compression test, 17118 particles are directly generated inside the rectangular specimen area. 

However, in order to generate a Brazilian test specimen in 2D, common practice is to first generate a 

square sample, particles are then inserted and finally trimming is performed to form a circle. In this 

way, the circumference of the specimen does not remain smooth, which means when loaded, the 

loading platens apply strip loading rather than point loading and cause a discrepancy in the results as 

shown by Nakashima et al. [186]. The effect can also be seen in Figure 2. 16 where two peaks appear 

for trimmed specimen irrespective of the loading platen type. In order to avoid these problems, the 

sample is generated directly in a circular area and the specimen contains 6828 particles. It can be seen 

in Figure 2. 16 that by using circular specimen the post behaviour does not show the second peak 

irrespective of the type of loading platen and unlike the results obtained in [186] no extra local peak 
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occurs before the peak stress. The influence of the platen length can also be seen in [187]. Finally, the 

specimens used for modelling are presented in Figure 2. 17. 

 

 
Figure 2. 16 a) Tensile stress-displacement curves of typical Brazilian experiments and b) Brazilian simulation 

tests, modified after Nakashima et al. [187] 

 

 

 

a) Compression test b) Brazilian test 

Figure 2. 17 Numerical specimens of concrete using cluster particles 

2.8.3.3 Identification of macroscopic mechanical properties 

Table 2. 8 showed the comparison of experimental and numerical results. Here unconfined 

compressive strength and Brazilian tensile strength are used for the calibration of aggregate 

parameters. Modelling results illustrate that behaviour of concrete both in compression and tension 

can be satisfied by using the same parameters. The numerical UCS/T ratio ( 10.8DEM = ) is in good 

agreement with the experimental UCS/T ratio ( 11.2 1.8lab =  ). The failure patterns are shown in 

Figure 2. 18, it showed a correct description of the fracture process in each test when compared with 

the experiments. So, the modified contact model can be used to model the behaviours of concrete. 
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Table 2. 8 Results of using clusters and laboratory tests 

Property 
Concrete 

Laboratory tests Modelling Results 

Unconfined compressive strength(σc) (MPa) 42.6±0.64 42.8 

Young’s Modulus(E) (GPa) 35.0±2.0 28.8 

Brazilian tensile strength(σb) (MPa) 3.8±0.36 3.97 

 

 

 

  

a) Compression test b) Brazilian test 

Figure 2. 18 Numerical and experimental failure patterns of concrete 

2.9 Summary 

In this chapter, the concepts and theories of the DEM method were presented. A state of the art 

on the development of DEM models for quasi-brittle cementitious materials is also presented. With 

the advantages of that DEM looked into micromechanics of problem and allowed a grain level control 

and could solve the discontinuous problem, it seems suitable to analyse the local behaviours of 

concrete. Main contact models are explained, however, the parallel bond is further considered to 

perform numerical simulations in this chapter. It is shown that using parallel bond contact model, the 

behaviour of concrete with high UCS/T ratio cannot be modelled with the same set of 

microparameters. It is due to the reason that in the generic formulation of the parallel bond, full 

Breakage  
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contribution of moments to maximum contact stresses was considered and constant normal and shear 

strengths were used without considering their inter-dependence. A modified contact model was 

applied where the contribution of the moment is considered and a new model parameter is defined. 

Besides, for concrete modelling, three types of contacts are determined for three phases (matrix, 

interface, and aggregate) and aggregates are modelled using cluster particles and bonded together by 

connecting with Matlab. For micro parameters determination, Levenberg-Marquardt (LM) algorithm 

is used. The application of this modified parallel bond model on mortar and concrete showed that 

numerical results of mechanical behaviour show good reproduction of experimental results. Fracture 

patterns are also correctly described. A more detailed analysis of the fracture process will be described 

in Chapter 4. 
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                                    Chapter 3 

 

 

 

Experimental Investigation and Discrete Element 

Modelling of Concrete Fracture through Size 

Effect 

 

 

 

This chapter investigates the size effect of concrete by experiment and numerical modelling. 

In the experimental part, acoustic emission combined and digital image correlation was used in 

order to further study the fracture behaviours of concrete. Bažant’s size effect law was used to 

analyse the size effect of concrete and the fracture parameters of concrete were also calculated. In 

the modelling part, discrete element method was used and the modified contact model was applied 

to model the size effect of concrete. 
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3.1 Size effect in concrete 

Size effect refers that the mechanical properties of the material are no longer constant but change 

with the geometrical dimensions of the material. Based on the previous studies, the size of the 

specimen has an influence on the nominal strength and fracture toughness of concrete. So, the strength 

determined by experiment is not just a property of the material, but the parameter that based on the 

dimensions of the structure. However, the structures used in the laboratory are adjusted according to 

the real structures. Whether the experimental results of these small-scale structures have the extensive 

applicability and practical significance to the actual structures have become one of the challenges 

faced by the majority of researchers, namely the problem of size effect. 

3.1.1 Review of size effect theories  

The study of size effect was originated in the 15th century, first proposed by Leonardo de Vinci 

[188], who pointed out that “Among cords of equal thickness, the longest is the least strong.”. 

Experiments involving size effect had been carried out on many materials [68, 189-191] and was first 

applied to the study of concrete materials by Gonnerman [192]. At present, the research on the size 

effect of concrete strength mainly uses the theory of size effect caused by energy release, namely 

energetic-statistical theory [9, 68, 193]. In addition, the Weibull statistical theory [194-197] and the 

Carpinteri multifractal size effect theory [198-200] have also been proposed. Each of these three 

theories has its own advantages and disadvantages, and it is still being continuously improved. 

3.1.1.1Theory of size effect caused by energy release 

This theory is mainly represented by Bažant's size effect law [193]. The basic assumptions are 

[193]: i) The extension of a fracture or crack zone requires that the energy provided per unit area of 

the fracture plane be approximately constant; ii) The energy released by the fracture or crack zone 

expansion of the structure can be described by fracture length and the size of fracture process zone; 

iii) Different sizes of geometrically similar structures are geometrically similar to the failure mode; 

iiii) The structure does not fail at the crack initiation. Although these assumptions have never been 

fully satisfied experimentally, Bažant’s size effect law is the most commonly used size effect model 

for quasi-brittle materials. 

Bažant [9] pointed out that most quasi-brittle materials do not break immediately when they start 

cracking. After extensive investigation on concrete, rock, sea ice, composites, toughened ceramics, 

bones, grouting soils, coal, and other quasi-brittle materials, Bažant believes that the size effect of 

such quasi-brittle materials is achieved at the maximum load. The gravitational redistribution and 

stored energy release caused by the development of cracks or microcracking zones, i.e., the size effect 

is caused by the dispersion of strain energy when the macroscopic microcracks propagate. 
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3.1.1.2 Statistical size effect 

In 1926, Peirce [201] proposed the weakest link model and introduced extreme value theory 

proposed by Tippet [202] in 1925. Subsequently, Weibull [194-197] reached a crucial conclusion in 

1939: the Weibull distribution of minimum intensity with a very small probability cannot be described 

using any existing distribution; it is recommended that the distribution of extremal intensity should 

describe by a power function with a threshold value. Freudenthal et al. [203] theoretically confirmed 

Weibull distribution through the probability model of microcracking distribution in the material. With 

the efforts of Weibull and other researchers, the basic framework of the statistical theory of size effect 

is established. The statistical theory of material strength is based on the following four assumptions: 

i) As long as a small unit in the material reaches the strength limit, the structure will fail; ii) The 

failure of each unit is independent; iii) The materials are isotropic and statistically uniform; iiii) The 

entire chain consists of N units, all of which have the same probability of failure. 

3.1.2.3Multi-fractal scaling law 

The theory is represented by the Carpinteri [198-200] multifractal size effect theory. Due to the 

disorder of the mesostructure of concrete materials and the existence of various micro-defects (micro-

cracks, micro-holes) interactions, macro-fracturing mechanics theory is no longer applicable to 

describe its fracture behaviour. In quasi-brittle materials, the random and discontinuous distribution 

of defects and the anisotropy of their internal structure can result in the non-uniform distribution of 

strengths inside the material. Under the same external force field, the stress intensity factors at 

different points are different, and the points with weaker strength will produce cracks first. Therefore, 

the cracks caused by external force sites are discontinuous and random. Before the material fractures, 

the internal microcrack evolution process has fractal characteristics. Fractal theory is particularly 

suitable for describing irregular and disordered materials, such as pore structures, cement hydration 

particles, or micro-cracks in amorphous materials. Carpinteri [204] believed that the difference in the 

fractal characteristics of microcracks is the source of the size effect of the material at different 

observation scales. 

Although each theory is applicable to investigate size effect, there are much evidence to show 

that the main reason that results in size effect is the release of strain energy due to the fracture growth 

[205]. 

3.1.2 Literature review of size effect in concrete 

The main investigations on the size effect can be divided into three categories, namely the size 

effect on compressive strength, size effect on tensile strength and size effect on flexural strength. 

3.1.3.1 Size effect on compressive strength 

Neville [206] tested about 300 cubic concrete specimens with the compressive strength in the 

range of 13 - 48 MPa. The results showed that the strength of a small specimen is higher. Lessard 
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[207] analysed the compressive strength results of high strength concrete and found that there 

obviously existed size effect. J.R. del Viso et al. [208] studied size effects on the compressive strength 

of high-strength concrete using different shape specimens. The results illustrated that large specimens 

resist less stress than the small ones and the size effect in the cubes is quite stronger than in cylinders. 

Bažant et al. [209] reported the results of the geometrically similar pin-ended tied reinforced concrete 

columns under eccentric axial load. The results were in good agreement with the size effect law 

proposed by Bažant [193]. 

Based on the microplane model, Brocca and Bažant [210] used the finite element method to 

study the size effect of the compressive failure of geometrically similar concrete columns with 

different sizes. The results showed that the numerical modelling is captured with good approximation 

the size effect observed experimentally. Cusatis and Bažant [211] investigated the size effect on 

compression fracture of concrete with or without V-notches. Confinement-shear lattice model (CSL 

model) is adopted in the numerical modelling. The results illustrated that the size effect on 

compressive strength is significant in notched structures but almost negligible for unnotched 

structures and a strong size effect is observed on the post-peak behaviour for both notched and 

unnotched structures.  

Except for the experimental and numerical studies on the size effect phenomena in compressive 

strength, many attempts had been made to propose the fracture-mechanics-based model of 

compression failure. Based on the size effect law given by Bažant [193], Kim and Eo [212] added 

independent strength to Bažant’s size effect law (SEL) and proposed a modified size effect law 

(MSEL). The similar equation was also proposed by Bažant and Xiang [213]. The analytical 

expression of the refined MSEL model is given as Equation 3. 1. 

 ( )
'

'

0

1

c
c c

Bf
f D Cf

D

D

= +

+

  (3.1) 

Where ( )cf D   is the nominal compressive strength of specimen; B  , 0D   and are C  

empirical coefficients obtained from fitting experimental data of geometrically similar specimens of 

various sizes; '

cf   is the compressive strength of standard cylinder; D   is the characteristic 

dimension of the specimen. 
Based on the crack band theory and more influencing parameters were considered, Sim et al. 

[214] proposed a generalized model to predict the fracture behaviour of concrete specimen. The 

analytical expression of Sim et al. [214] model was expressed as follows. 
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Where ( )cf D  is the nominal compressive strength of specimen; A , B , C , 2X  and 4X  

are empirical coefficients obtained from fitting experimental data of geometrically similar specimens 

of various sizes; '

cf   is the compressive strength of standard cylinder; 1n   is the aspect ratio of 

specimens; c  is the unit weight of concrete; 0  is the reference value for concrete unite weight 

and equals to 
32300 kg m ; D  is the characteristic dimension of specimen. 
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Kim et al. [215] proposed an equation (Equation 3.3) to predict the compressive strength of plain 

and spirally reinforced concrete cylinders with different aspect ratios. They reported that the effect of 

maximum aggregate size on size effect is negligible. 

 

( ) ( )
( )

'
'

'

5.40.4
0.8 1

8000 1
1 1

50

sp yc
oc c c

csp cc

c c

A ff
f f s d

d sA s dh d

d sf

= + + −
− −

+ − 
 

  (3.3) 

Where spA  is the cross section area of the spiral reinforcement; yf  is the yield strength of the 

spiral reinforcement; '

cf  is the compressive strength of standard cylinder; cd  is the outer diameter 

of the spiral reinforcement; s  is the spacing of the spiral reinforcement; '

cf  and yf  are in MPa 

and cd , h  and s  are in mm. 

3.1.3.2 Size effect on tensile strength 

It is very difficult to determine the tensile strength of concrete using the direct tension test. 

Generally, researchers [216-218] used the splitting test to obtain the indirect tensile strength of 

concrete. Changing the diameter of the concrete specimen is the main approach to study size effect 

on Brazilian splitting strength. Although most results [212, 219] have proved that Brazilian tensile 

strength decreases with the specimen size increasing, there exist some different conclusions. The 

results of Bažant et al. [220] illustrated that when the specimen size increased, Brazilian tensile 

strength decreased at first and then increasing. The same results were also obtained by Hasegawa et 

al. [221]. Chen et al. [222] pointed out that splitting tensile strength showed a slight increase when 

specimen size increasing. Rocco et al. [223] tested cylindrical and prismatic specimens with the sizes 

in the range of 17 mm and 300 mm, the results showed that splitting tensile strength decreased 

monotonously as the size of the specimen increased and tended to be constant at large sizes. Zhou et 

al. [224] tested the splitting tensile strength of high strength concrete with normal aggregate (crushed 

limestone) and lightweight aggregate (sintered fly ash) using prismatic specimens, the results 

obtained the conclusion that tensile strength decreased with increasing size. 

The influence of bearing strips also has been studied by previous researchers. Rocoo et al. [225] 

found that with the decreasing of the width of the bearing strip, the size effect was not obvious. If the 

width of bearing strips smaller than 4 % of the specimen diameter, the size effect was negligible. 

Based on the cohesive crack model, Rocco et al. [225] also theoretically analysed the size effect in 

the Brazilian test and proposed the size effect equation for Brazilian splitting strength as follows. 
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Where tf  is the tensile strength which obtained from an ideal uniaxial tensile test; chl  is the 

characteristic length. D   is the specimen size; 1c   , 2c   and 3c   depend on the geometry and the 

relative width of the bearing strips ( b D ) ; b  is the width of the bearing strip. 
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3.1.3.3 Size effect on fracture characteristics 

Three-point bending test is the main method to perform the size effect behaviour of concrete. 

Generally, geometrically similar beams, with or without the notch are used. Many results showed that 

there exist size effect in flexural strength, but the main investigation focused on the influence on 

fracture energy and fracture toughness. Mindess [226] studied the effect of specimen size on the 

fracture energy of notched beams. The results showed that the value of fracture energy and fracture 

toughness for the small two size beams seemed to be independent of specimen size but increased 

considerably for the largest size beams. Alexander and Blight [227] found that the fracture toughness 

and microcrack zone increase as the depth of the beams increases. Brameshuber and Hilsdorf [228] 

concluded that when the depth of the beam increased from 100 mm to 800 mm, the fracture energy 

experienced about 20 % increasing. However, Linsbauer and Sajna [229] found that the fracture 

energy showed a slight increase with increasing specimen size, but the fracture toughness showed an 

increase when specimen size increasing. On the contrary, Jueshi and Hui [230] noticed that the 

fracture energy decreased by about 19 % when the specimen size increases. 

Mazars et al. [231] pointed out that the fracture properties of the material depend on the ratio of 

the crack size versus the structure size based on their numerical and experimental results. Skarżyński 

and Tejchman [232] used FEM to perform the size effect. In their numerical modelling, concrete was 

treated as a one-phase material with a heterogeneous three-phase section at the central part of the 

beams. The results illustrated that there was no effect of beam height on characteristic length, but the 

beam strength increased with decreasing beam height.  

Although the size effect has been studied by many researchers, many results have given the 

opposite conclusions. There are still many problems still need to be explained and understood through 

those phenomena occur in the experiments. 

3.2 Experimental approach to characterize size effect 

3.2.1 Material 

Ordinary Portland cement (CEM I 52.5 N) was used as a binder. Natural aggregate and sand 

with maximum size 2 mm were used. Water-cement ratio (w/c) was 0.40 for concrete. The influence 

of size effect was investigated by using three different sizes of specimens. Besides, in order to 

calibrate the microparameters for DEM, compression test and Brazilian test were also tested. The 

maximum sizes of aggregate were 5.25 mm, 10.5 mm and 21.0 mm, respectively. Bažant [193] 

considered the size of FPZ as a material property and multiple of maximum aggregate size ( maxd ). 

Aggregate plays a key role in the microstructure and regards as the skeleton of concrete. Thus, it can 

be inferred that the ratio between the structure size and the aggregate size is a fundamental factor 

causing the size effect. The objective of the experiments performed in the thesis considered the ratio 

of the characteristic structural dimension and the maximum aggregate size ( maxD d ) as a key factor 

in investigating the size effect. The aggregate effect is investigated by taking the ratio of the 

characteristic structural dimension ( D ) and the maximum aggregate size ( maxd ) as a key parameter. 

In previous studies [233-236], only the maximum aggregate size ( maxd ) is scaled. Here, the aggregate 

size ( ad ) of the complete grading curve is scaled with the same factor. The percentage retained for 



3.2 Experimental approach to characterize size effect 

53 

 

each aggregate is presented in Figure 3. 1. The grading curves for sand and all aggregates can be seen 

in the appendixes. 

 

 

Figure 3. 1 Aggregate gradation 

 

Table 3. 1 shows mixture proportions of concrete. For the small aggregate size concrete, more 

superplasticizer (SP) was needed. This is due to the reason that for concrete with smaller aggregate, 

aggregate specific surface area increases. It means that water needed to wet the surfaces of aggregates 

augments. Since the water content is maintained constant, slightly more SP was added to keep the 

same workability of concrete with larger aggregate size. By dividing the portion of aggregate into 

cement, water, sand, and SP, i.e. using the same cement, water, sand and SP ratio in concrete, the mix 

design of mortar can be obtained. 

 

Table 3. 1 Mix proportions of concrete 

 Unit content (kg/m3) 

Series Water Cement Sand 
Gravel 

SP 
2-5.25mm 4-10.5mm 8-21.0mm 

M02 258 645 1134    7.45 

C05 176 439 772 926   8.02 

C10 176 439 772  926  5.07 

C20 176 439 772   926 5.07 

3.2.2 Specimen preparation and testing procedure 

The dimensions of specimens for compression tests and Brazilian tests were ϕ110×220 mm2 

cylinders. The cylinders for uniaxial compression tests (UCS) were ground at both ends before testing 

in order to remove any surface irregularity and also ensure the ends to be perpendicular to the sides 
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of the specimens. Elastic modulus and compressive strength of the cylinders were measured using of 

a Universal Testing Machine (UTM) with a capacity of 3000 kN according to ASTM C469 [237] and 

ASTM C39 [238], respectively. Three sets of linear voltage differential transducers (LVDTs) were 

attached to two fixed rings were used to measure deformation as shown in Figure 3. 2. The apparatus 

consisted of two aluminum rings with screws for attachment to the specimens. The spacing between 

screws on the top and bottom rings was 80 mm for ϕ110×220 mm2 cylinders, which served as a gauge 

length for calculating axial strain from the measured deformations as shown in Figure 3. 2. The static 

elastic modulus of concrete is defined as a chord modulus from the stress-strain curve with a first 

point at a strain level of 0.00005 ( 1 ) and the second point at 40 % of the maximum stress as follows: 
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Figure 3. 2 Instrumentations for measuring the properties of concrete 

 

The three-point bending test was performed on beams with a constant width ( t ), however, length 

and height of beams varied such that the ratio of length to depth ( L D ) and span to depth ( S D ) 

were maintained constant. According to RILEM-TC 89 recommendation [239], the ratio of vertical 

notch depth to the depth of each beam in all cases was 0.2 ( 0 0.2a D= ). The geometrical properties 

of the specimens were given in Table 3. 2. All the three-point bending tests were performed with the 

same controlled crack mouth opening displacement ( CMOD ) rate of 0.2 secm . 

 

Table 3. 2 Dimensions of beam specimens 

Series D (mm) t (mm) a0/D S/D L/D 

M02 100 100 0.2 3.0 4.0 

C05 
100 

100 0.2 3.0 4.0 
200 

C10 

100 

100 0.2 3.0 4.0 200 

400 

C20 

100 

100 0.2 3.0 4.0 200 

400 
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Series 10C  and 20C  with the depth of 100 mm, 200 mm and 400 mm were used to perform 

the general size effect. Series 05C  with a depth of 100 mm, 200 mm was also used to perform size 

effect. Series 02M   specimen with the depth of 100 mm was used to calibrate the DEM 

microparameters DEM. 

According to RILEM-TC 89 [239] in SEM, the weight of each bending specimen should be 

added to the peak load recorded by testing equipment. Thus, peak loads recorded for each bending 

beam is corrected according to RILEM-TC 89 [239] recommendation as: 

 0
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Where maxP  the corrected peak load,  0

maxP  is the peak load recorded by the testing equipment, 

m  is the mass of each specimen, S  is the specimen span, L  is the specimen length, gg  is the 

gravity acceleration. 

Then the nominal strength is calculated based on the corrected ultimate load for each specimen 

using Equation 3. 7. 
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3.3 Methods to analyse the fracture of concrete 

3.3.1 Acoustic emission 

Acoustic emission technique (AET) is a non-destructive testing (NDT) method to evaluate the 

damage in the materials. The oldest report on a scientifically planned AE experiment was known as 

the experiments did by F. Kishinouye [240] in Japan. The first investigation into acoustic emission 

was carried out by J. Kaiser [241] to do the research work for metal in 1950. While the term ‘acoustic 

emission (AE)’ was initiated by B. H. Schofield [242] in 1954. The next major effort in AE research 

was made by A. Tatro [243] who foresaw the unique potential of AE as a nondestructive testing 

procedure. After that, with the reforming of computerized test instrumentations and evolving, AET 

was complemented during the next several decades. To date, AE technique is being applied into 

detecting structures flaws, inspecting weld quality, detecting loose particles, aerospace and aircraft 

industry, detecting and locating leakage, manufacturing fibre reinforced plastic (FRP) tanks, and 

pressure vessels, bridges, etc. However, with regard to AE research in concrete, the early scientific 

papers were published in the 1960s. In these papers, the relation between the fracture process and 

volumetric change in the concrete under uniaxial compression was mainly studied by Rosch [244], 

Lhermitte [245] and Robinson [246]. In the late 1970s, the most important applications of AET to 

structural concrete elements had drawn much attention of the researchers [247, 248]. The original 

technology developed for metals was modified to suit heterogeneous materials like concrete. At 

present, the AE methodology can also be used to study micro and crack propagation in concrete. 

Because AET is based on the generation of transient elastic waves produced by a sudden redistribution 

of stress in a material when undergoes cracking, so the crack sources can be located using the time 

differences between detection of the event at different sensors. The fracture process zone (FPZ) in the 
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concrete can also be visualized by analysing the localization of acoustic events during crack 

propagation [30, 44, 249-252]. Li and Shah [253] applied the AE source location to identify the FPZ 

for cementitious materials, mainly subject to strain-softening loads. Ohtsu [254] carried out further 

studies concerned on the AE source location in bending tests of reinforced concrete beams. Two 

failure modes, namely bending failure and diagonal shear failure, are clearly identified from 3-D maps 

of source location. Later, the AET is also used to categorize concrete cracks into two modes, namely 

tensile mode and shear mode [255-257]. 

Compared to other NDT methods, AET can monitor changes in material behaviours over a long 

time without moving one of its components (i.e. sensors) and the energy that is detected is released 

from within the test object rather than being supplied by the test method, as in radiographic or 

ultrasonic testing. The acoustic emission measurement system (Figure 3. 3) generally consists of 

sensors, preamplifier, filter, and amplifier, along with measurement, display, and storage equipment. 

The AE transducers are generally very sensitive piezoelectric sensors. As the traditional AE technique 

only uses AE features, the actual waveforms are not critical to this method. Resonance sensors are 

often used as AE sensors (transducers) used and are only very sensitive to a certain frequency. Since 

the AE signals are very weak, so after the AE transducer, a pre-amplifier is connected in order to 

minimize the noise interference and prevent the signal loss. Sometimes, the transducer and the 

preamplifier are built as a unit. Then, the noises in the signals are removed when passing through the 

filter. After that, the signals are amplified by the amplifier before being sent to the signal conditioner. 

The gain of the amplifier ( dB ) is expressed as: 

 0
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Where 0V  is input voltage; iV  is output voltage. As a reference, the signals in concrete and 

rocks are usually magnified 60 dB to 100 dB. The filter of variable bandwidth ranging from 1 kHz to 

2 kHz is recommended [258]. 

Finally, the AE features are subtracted and stored in a computer for further analysis. During 

investigations, other parameters, such as load, deformation, pressure, and temperature, can also be 

recorded as parametric inputs. 

 

 

Figure 3. 3 Schematic of AE instrumentation [259] 
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In the experiment, when a crack develops in a material like concrete, energy is released and a 

portion of this energy is dissipated as an acoustic wave possessing different frequencies. Once the 

wave arrives the surface of the specimen, it can be noted by means of an acoustic emission sensor. In 

this way, the position of the crack can be determined in the case of homogeneous isotropic materials 

and appropriate sensor positioning. In order to evaluate measurements, several parameters of AE 

waveform (e.g., amplitude, rise time, duration, velocity, frequency, signal strength, and corresponding 

AE energy) need to be analysed. The AE waveform parameters are illustrated in Figure 3. 4. 

Amplitude determines the detectability of the signal and is defined as the greatest measured voltage 

in a waveform. Minimum threshold will not be recorded if signals with amplitudes below the 

operator-defined. Duration is the delay between the first and last threshold crossings and the energy 

is directly proportional to the area under the AE waveform [260]: 
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Where i  is the recorded voltage ( )V t  transient of a channel; 0t  is the starting time of the 

voltage transient record; 1t  is the ending time of the voltage transient record. 

 

 

Figure 3. 4 Parameters reflected in an AE waveform [258] 

 

Using the AE energy obtained, researchers defined a parameter called relaxation ratio (ratio of 

average energy during the unloading phase to the average energy during loading phase) to assess the 

damage state of concrete structures.  
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Before starting the AE testing, a test called pencil-lead breakage (PLB) is conducted first to test 

the performance of the AE system and determine the attenuation of AE signals when transmitting 

through concrete materials [261, 262]. This method is a long established standard as a reproducible 

artificial AE source known as the Hsu-Nielsen source or HSN-source [263]. Using a mechanical 

pencil, the lead of the pencil is pressed firmly against the structure surface under investigation until 

the lead breaks as shown in Figure 3. 5. During pressure application with the lead, deformed is 

occurred at the surface of the structure. When lead breaks, the accumulated stress is suddenly released; 

the surface of the structure will produce a microscopic displacement and causes propagation of an 

acoustic wave into the structure. Since this type of source is easy to handle both in laboratory 

environments and field testing, so it became the most common type of test source in AE testing. 

 

 
Figure 3. 5 Pencil-lead break test 

 

Aforementioned, the traditional methods of AE source location are based on the time difference, 

wave velocity and distances between sensors. They can be divided into three categories: linear 

location, planar location, and 3D location.  

The linear location is a time difference method and suitable locate AE source on linear structures 

whose lengths are much larger than their widths, such as pipes. The testing setup can be shown in 

Figure 3. 6. It is based on the arrival time difference between two sensors for the known velocity. If 

the time for sensor 1 and sensor 2 receiving the signal is 1t  and 2t , then the difference of arrival 

times ( t ) can be defined as  

 2 1t t t = −   (3.10) 

As the wave velocity (V ) is known, so the distance between the AE source and AE sensor 1 

( d ), which is closer to the AE source can be calculated as 

 ( )
1

2
d D tV= −   (3.11) 

Where D  is the distance between sensor 1 and sensor 2 and V is the wave velocity.  

Then, the location of the AE source can be determined as the distance between the AE sensors 

is known. 
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Figure 3. 6 The schematic of the 1D linear location [258] 

 

The planar location is applied to 2D structures, where the thickness is small compared to the 

extent of the object, and the source coordinates are only required in two directions. The principle of 

2D planar location is shown in Figure 3. 7. For a 2D localization, at least 3 sensors are needed and 

the AE source can be calculated by the hyperbola method [264, 265]. It supposed that in a uniform 

medium, there is an AE source S ( Sx , Sy ) and the AE sensors are placed nearby. The coordinates of 

an arbitrary sensor i  is ( ix , iy ). Assume the AE signal is produced at the initial time of 0t , and 

spread to any -sensor i  at the time it , then the distance between the AE source S and sensor i  can 

be obtained as follows: 
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Then the relationship between initial time 0t  and arrival time it  for each sensor can be 

expressed by: 
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As the initial time 0t  is difficult to measure accurately, so it needs to eliminate 0t  in the 

equation: 
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Using the Equation 3. 12 – Equation 3. 14, two analytic solutions can be got with the help of at 

least 3 sensors that are not placed in a straight line. Consequently, the coordinates of the source can 

be determined by the obtained solutions refer to its real situation or determined precisely by placing 

more sensors. At present, for 2D system, the numerical solution is usually obtained by using the 

iterative algorithm. 
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Figure 3. 7 Schematic of the 2D planar location [258]  

 

For the source located in the 3D location, its principle similar to 2D planar location method as 

shown in Figure 3. 8. The standard technique for 3D localization is to linearize the problem [258]. 

The equations used to calculate a 3D location of an AE source are based on the assumptions that the 

material is homogeneous and isotropic and that the AE source resembles a point source. If this is not 

the case, the following approach has to be modified. The AE sensors are located around the AE source 

S ( Sx , Sy , Sz ), and the coordinates of an arbitrary sensor i  are ( ix , iy , iz ). The distance between 

the AE source S  and sensor i  can be written as: 

 ( ) ( ) ( )
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Then the relationship between initial time 0t  and arrival time it  for each sensor can be 

expressed by: 
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The time difference of arrival of any two sensors i  and j  can be described as follows: 
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According to the Equation 3. 15 – Equation 3. 17, two analytic solutions can be obtained when 

there are at least 4 sensors that are not placed in the same plane. Consequently, the coordinates of the 

source can be determined by the obtained solutions refer to its real situation or determined precisely 

by placing more sensors. 
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Figure 3. 8 The schematic of the 3D location of an AE source [258] 

 

The AE system used in this study comprised of a general-purpose interface bus (2 × PCI-DISP4 

having 4 channels each). A 3D analysis is performed for the localization of AE events, for which 8 

piezoelectric transducers of type R15a were used; all having a same frequency range of 50 - 200 kHz 

and the same resonance frequency of 150 kHz. The transducers were placed around the expected 

location of the fracture process zone (FPZ) to minimize errors in the AE event localization. Both sides 

of the specimen were pasted with transducers using silicon grease as the coupling agent. Thus, the 

sensors form a parallelogram grid location on one side of (60×150 mm2) for D1 beam, (131×150 mm2) 

for D2 beams and (300×150 mm2) for D3 beams as shown in Figure 3. 9. 

 

Figure 3. 9 Specimen geometry and AE transducers positions for D1, D2 and D3 beams 
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3.3.2 Digital image correlation 

In the early 80’s, the digital image correlation (DIC) was the first system developed at the 

University of South Carolina [266-269] and later has been subsequently improved by researchers 

[270-272]. The purpose of using this technique was to measure full-field in-plane displacements and 

displacement gradients of a strained body at the macro scale. In brief, DIC is computer-based process 

to obtain full field information in 2D aspect by recording deformation and motion of speckle patterns 

on a rectangular area of specimen surface, known as the so-called regions of interest (ROI), before 

and after an increment of deformation of the body. It determines displacements and cracks 

propagation in concrete structures as the fact that applied stresses change both the thickness and 

optical properties of materials. In this respect, the digital camera is one important tool. Camera with 

charge-coupled device (CCD) array has small photosensitive cells and high pixel count, records the 

intensity of light falling on a pixel. In high-resolution camera, the array is rectangular with thousand 

or more pixels per line and a thousand or more lines per image. The signal from CCD array is digitized 

and gives a reading of the light intensity for each pixel. Intensity readings are shown as 0 from dark 

pixels and 100 for the light pixel. Storage of image into pixel and combination of the pixel is called 

convolution. The sensor is an array of light-sensitive semi-conductors called pixels. Each pixel emits 

electrons when hit by photons. A number of electrons are proportional to the number of photons.  

Aforesaid, DIC is a full-field image analysis method. It based on grey value digital images that 

can determine the contour and the displacements of an object under load in three dimensions. Due to 

rapid new developments in high-resolution digital cameras for static as well as dynamic applications, 

and computer technology, the applications for this measurement method has broadened and DIC 

techniques have proven to be a flexible and useful tool for deformation analysis. 

In the routine implementation of the 2D DIC method, the ROI in the reference image should be 

specified or defined firstly. Later ROI is divided into evenly spaced virtual grids. The displacements 

are computed at each point of the virtual grids to obtain the full-field deformation. The schematic of 

the DIC testing setup can be seen in Figure 3. 10. 

 

 
Figure 3. 10 A schematic plot of DIC testing setup 

 

CCD Digital Camera
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The basic principle of 2D DIC is the tracking (or matching) of the same points (or pixels) 

between the two images recorded before and after deformation as schematically illustrated in Figure 

3. 11.  

 

 

Figure 3. 11 Schematic representation of a reference subset and a deformed subset 

 

Even though the images are captured at a very small-time interval, as the change of luminous 

intensity or the noise of electronic signals, there still remain differences. In order to evaluate the 

similarity between the reference and the deformed subsets with a similarity, an undeformed subset of 

pixel intensities (
if  ) and a deformed subset of pixel intensities (

ig  ) are given respectively. In 

displacement measurement, various correlation criteria have been proposed and used, like the Cross-

Correlation (CC), the Sum of Absolute Difference (SAD), the Sum of Squared Difference (SSD), the 

Parametric Sum of Squared Difference (PSSD), the Sum of Hamming distances (SHD) and the least-

squares correlation criteria [273-276]. In order to decrease the error caused by the caused by the 

change of intensity, the criteria aforementioned are modified to Zero-Normalized Cross-Correlation 

(ZNCC) criterion, the Zero-Normalized Squared Sum of Differences (ZNSSD) criterion and the 

Parametric Sum of Squared Differences (PSSDab) criterion with two additional parameters. Among 

those criteria, CC criterion and SSD criterion with their normalized and zero-normalized criteria are 

commonly used as can be seen in Table 3. 3 and Table 3. 4. 

 

Table 3. 3 Commonly used CC criterion 

CC criterion Definition 

Cross-Correlation (CC) 
CC i i

C f g=   

Normalized Cross-Correlation (NCC) 

2 2

i i

NCC

i i

f g
C

f g
=


 

  

Zero-Normalized Cross-Correlation (ZNCC) 

2 2

ii

ZNCC

i i

f g
C

f g

=


 
  

 

 

 

 

 

 

P(x0 , y0)

Q(xi , yj)
Reference subset

Reference image

O x

y
Pʹ(x0ʹ, y0ʹ)

Qʹ(xiʹ, yjʹ)

Target subset

Deformed image

O x

y
Displacement vector
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Table 3. 4 Commonly used SSD criterion 

SSD criterion Definition 

Sum of Squared Differences (SSD) ( )
2

SSD i iC f g= −   

Normalized Sum of Squared Differences (NCC) 2

2 2

i i
NSSD

i i

f g
C

f g

 
= −  

 


 
  

Zero- Normalized Sum of Squared Differences (ZNSSD) 2

2 2

i i
ZNSSD

i i

f g
C

f g

 
 = −
 
 


 

  

 

Where in Table 3. 3 and Table 3. 4, iif f f= −   and iig g g= −  ; 
1

1 n

ii
f f

n =
=    and 

1

1 n

ii
g g

n =
=  . 

In order to compute the displacements of a point P   from the reference image, a square 

reference subset of ( ) ( )2 1 2 1M M+  +   pixels centered at the interrogated point ( )0 0,P x y   is 

chosen and used to track its corresponding location in the deformed image. To track the position of 

the reference subset in the deformed image accurately, a criterion must be established to evaluate the 

similarity or difference between the selected reference subset and the target subset. It can be done by 

sliding the reference subset in the searching area of the deformed image and computing the correlation 

coefficient at each location. 

The reason why a square subset, rather than an individual pixel, is selected for matching is that 

the subset comprising a wider variation in gray levels will distinguish itself from other subsets, and 

can, therefore, be more uniquely identified in the deformed image [277]. 

Hence the target subset deformation induced by a shape function or displacement mapping 

function can be defined as: 

 
( )

( )
( )

'

'

,
, :

,

i i i j

j j i j

x x x y
i j M M

y y x y





= +
= −

= +
  (3.18) 

If only rigid body translation exists in the reference subset and deformed subset, in other words, 

the displacements of each point in the subset are the same, and then a zero-order shape function can 

be used: 

 
( )

( )
0

0

,

,

i j

i j

x y u

x y v





=

=
  (3.19) 

Obviously, the zero-order shape function is not sufficient to depict the shape change of the 

deformed subset. Thus, the first-order shape function that allows translation, rotation, shear, normal 

strains and their combinations of the subset is most commonly used: 

 
( )

( )
1

1

,

,

i j x y

i j x y

x y u u x u y

x y v v x v y





= +  + 

= +  + 
  (3.20) 

Besides, the polynomial second-order shape functions, proposed by Lu et al. [75] can be used 

to depict more complicated deformation states of the deformed subset:  
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  (3.21) 

Where 0ix x x = − , 0jy y y = − , u , v  are the x- and y-directional displacement components 

of the reference subset center, ( )0 0,P x y  , xu  , yu  , xv  , yv   are the first-order displacement 

gradients of the reference subset and 
xxu  , xyu  , yyu  , 

xxv  , xyv  , yyv   are the second-order 

displacement gradients of the reference subset. 

The DIC method in this study was applied and images were continuously obtained during the 

whole loading branch. Displacement fields were calculated and crack opening were derived. Camera 

with 50 mm macro lens was mounted in order to image a complete ligament area above the notch of 

the beam. The digital camera has a resolution of 2452×2056 pixels and gives 256 levels of grey output. 

A speckle pattern of black and white paint was sprayed onto the surface of the specimen to improve 

the displacement resolution. The commercial package Vic2D by Correlated Solution is used to 

perform digital image correlation analysis and NCC correlation criterion is adopted. Gaussian weight 

functions that provide the best combination for spatial and displacement resolutions are used [278]. 

3.3.3 AE and DIC investigation 

In quasi-brittle material, the main reason for the size effect is the existence of a non-linear zone 

of micro-cracking ahead of the crack tip called the fracture process zone (FPZ) as showed in Figure 

3. 12. A relatively large FPZ length occurs in concrete compared to other quasi-brittle materials. So 

due to the existence of the large size of the FPZ in concrete structures, a strong size-effect is produced 

[279]. Generally, in small specimens (with a FPZ larger than the cross-sectional dimensions), the FPZ 

cannot develop to its full length, the energy consumed by fracture is less than in a large specimen 

[280]. It is necessary to analyse the FPZ in order to have a better understanding of the size effect. The 

size of the fracture process zone has been studied by many researchers using different methods [30] 

such as X-rays, Acoustic emission (AE) and Digital image correlation (DIC). Here for comparison, 

AE and DIC are adopted. 

 

 

Figure 3. 12 Fracture Process Zone in concrete 

 

The zone of FPZ corresponds to the area with the high number of AE events. So the length and 

width of fracture process zone are evaluated according to the method used by Alam et al. [43] and 



Chapter 3. Experimental Investigation and Discrete Element Modelling of Concrete Fracture through Size Effect 

66 
 

Saliba et al. [37]. The boundary of the FPZ is assumed where number AE events are reduced to 20 % 

of the peak of the cumulative AE events (
maxN ). Thus, the average width of the FPZ at a certain 

loading instant can be defined as the width where cumulative AE events at each x  location are more 

than or equal to 20 % of 
maxN . Similarly, the average length of the FPZ at a certain loading instant 

can be defined as the length where cumulative AE events at each y location are more than or equal to 

20 % of 
maxN . Figure 3. 13 shows an example of the cumulative number of events in the post-peak 

loading step. It can be seen that the number of events is more important in the zone above the notch 

( 125notchx mm= ) and decreases gradually on both sides. 

 

 

Figure 3. 13 Example of cumulative AE events at each x  location and calculation of WFPZ 

 

The width of FPZ and the relative fracture length ( crack ligmentL L ) at different loading intervals 

obtained with the AE technique are plotted in Figure 3. 14 and Figure 3. 15, respectively. 

 

  

a) Width of FPZ for series C05 b) Width of FPZ for series C10 
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c) Width of FPZ for series C20 

Figure 3. 14 Evolution of width of FPZ with loading steps for each concrete series 

 

  

a) Relative crack length for series C05 b) Relative crack length for series C10 

 

c)  Relative crack length for series C20 

Figure 3. 15 Evolution of relative crack length with loading steps for each concrete series 

 

It can be seen that the width of FPZ increases with the loading steps before the peak force and 

then it starts becoming stable in the post-peak regime. The same trend is observed for all beam sizes. 

However, the width of FPZ is greater for the larger beam size in the post-peak loadings. The relative 

crack length also increases with the loading steps but decreases with the size of the specimen. This 
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can be explained by the decrease of the stress gradient with increasing specimen size [281] and with 

the specimen size increasing, the mechanical behaviour becomes more brittle. In larger specimen, 

more strain energy is available to make the failure zone propagates Besides, the fracture growth can 

be divided into three stages. The first stage is range from the crack initiation to 80 % of peak load. In 

this period, the growth of crack is smooth. Then in the second stage, which is in the range of 80 % of 

pre-peak load and 80 % post-peak load, the growth of crack experiences a steep increase. In the last 

stage, when the crack approaches the backface of the specimen, the crack propagation is becoming 

relatively slow. These stages of crack propagation have been studied by Alam et al. [43]. They found 

out that in the first phase, the energy dissipation process is active. In the second phase, continuum-

discontinuum transition occurs. However, in the third phase, crack opening phase becomes active and 

energy dissipation rate decreases. For each concrete type, the trend of FPZ width and length growth 

is similar when the size of the specimen is varied. 

For comparison, the analysis of FPZ using DIC technique is also presented. When a macrocrack 

is formed, there is a sudden jump in the axial displacement field across the crack. The crack opening 

refers to the displacement jump between two points located at each side of the crack can be termed 

as local crack opening displacement. The displacement jump increases with the loading steps as 

shown in Figure 3. 16.  

 

 

Figure 3. 16 Measurement of COD from the DIC method: (a) displacement field and definition of line i–j; (b) 

displacement profile plotted along the line i–j. [42] 

 

As the crack path obtained by experiments is very tortuous, so the crack opening displacement 

at different crack length is calculated from the displacement vectors located at 5 mm of the crack path, 

as shown in Figure 3. 17.  
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Figure 3. 17 Determination of the crack profile from a displacement field [282] 

 

The digital camera captures the surface of the specimen above the notch, thus the complete 

opening profiles can be obtained from the axial displacement field data using VIC-2D. The crack 

opening profiles at peak load for each concrete series are presented in Figure 3. 18.  

 

  

a) Crack opening profiles for C05 b) Crack opening profiles for C10 

 

c)  Crack opening profiles for C20 

Figure 3. 18 Crack opening displacement profiles at peak load for each series 
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The crack opening displacement throughout the crack length is greater with the specimen size 

increases. It should be noticed in Figure 3. 18 c), crack opening profile of D1 beam deflects which is 

caused by the formation of aggregate interlock at the peak loading stage. This is due to the fact that 

an aggregate comes into the path and causes the deflection of crack [282]. The fracture tip can be 

assumed where the COD profile approaches to zero crack opening displacement. From Figure 3. 18, 

it can be seen that the fracture length at peak load increases with the increase of the specimen height. 

The same results are obtained by the experimental results of Wu et al. [283] and modelling and 

analytical investigation of Aissaoui and Matallah [284]. 

3.4 Discussion and experimental exhibition of size effect 

Size effect is the most important fracture phenomena of quasi-brittle material like concrete. 

Using geometrically similar concrete specimens will exhibit a pronounced size effect on their failure 

loads. Therefore, it is worthwhile to relate the size effect behaviour to their fracture properties. Bažant 

and Oh [193] proposed size effect method (SEM) based on the ductile-brittle transition of the failure 

mode of geometrically similar fracture specimens. According to linear elastic fracture mechanics 

(LEFM), the normal stress (
N  ) decreases in proportion to the square root of the depth of the 

specimen (
1 2D−

). Hence the plot of ( )log N  versus ( )log D  is an inclined line with a slope of 

1 2−  . However, in concrete structures, size effect is transitional between the strength criterion 

representing the horizontal line and size effect of LEFM represented by the inclined line. According 

to Bažant [193], the equation of nominal strength can be written as follows: 

 

0

1

t
N

Bf

D

D

 =

+

  (3.22) 

Where: 
tf  is the size-independent tensile strength of concrete; 

       B  and 
0D  are the parameters depending on structural geometry; 

       D  is the characteristic structural dimension; 

Therefore, the size effect can be analysed by using a linear regression of the stresses of 

geometrically similar specimens of varying sizes, and according to Equation 3. 22, the coefficients 

tBf  and 
0D  can be determined as: 

 Y AX C= +   (3.23) 

 ( )
2

0, 1 , , 1N tX D Y D C A Bf C= = = =   (3.24) 

Based on the concept of LEFM, Bažant and Kazemi [285] concluded that in the failure of 

structures of infinite size, the two major fracture parameters, fracture energy ( fG ) and the effective 

length of process zone ( fc ) can be determined through: 
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Where 
cE  is the modulus of elasticity of concrete; A  is the angular coefficient of regression 

line; C  is the y-intercept of the regression line, ( )g   is the non-dimensional energy release rate 

and ( )'g   is the derivative of ( )g   with respect to the relative crack length ( a D = ). These 

functions ( ( )g   and ( )'g  ) are geometry dependent and obtained according to RILEM-TC 89 

recommendation [239].  

Except the fracture parameters mentioned above, there are some other parameters can also 

indicate the fracture behaviours of concrete. For example, the brittleness of concrete can be 

represented by the parameter known as characteristic length (
chl ) [193]. The critical stress intensity 

factor (
ICK ) has been used to represent the fracture toughness in previous investigations [52]. 

ICK  

and 
chl  can be calculated using the equations below.  

 
IC c fK E G=   (3.27) 
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f
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Figure 3. 19 shows the mechanical response between the average force and the mouth opening 

displacement for each specimen size. 

  
a) Average Force-CMOD curves for C05 b) Average Force-CMOD curves for C10 

 
c) Average Force-CMOD curves for C20 

Figure 3. 19 Average Force-CMOD curves for each mix design 
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It can be observed in Figure 3. 19, the relationship between the force and the notch mouth 

opening displacement is different to each specimen size. In the pre-peak regime, the slope is 

indifferent to specimen size. After the peak stage, the applied load dropped sharply, showing a larger 

rate of decrease with increasing D . 

Based on the aforesaid method, the size effect plots for each concrete are presented in Figure 3. 

20. All the size effect law curves obtained are the same. Therefore, all the results data can be plotted 

in Figure 3. 21.  

 

  

a) b) 

 

c) 

Figure 3. 20 Size effect law for each concrete series: (a) C05; (b) C10; (c) C20 
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Figure 3. 21 Size effect for different maximum aggregate size 

 

Table 3. 5 Fracture parameters for each concrete mix according to RILEM size effect method 

         Series 

Properties 
C05 C10 C20 

maxd  ( mm ) 5.25 10.5 21.0 

tBf   4.21 4.08 3.69 

0D   166.26 333.56 666.18 

ICK  ( MPa m ) 1.11 1.50 1.92 

fc  ( mm ) 29.9 60.1 119.9 

chl  ( mm ) 134.1 225.6 305.3 

fG  ( N m ) 42.9 74.5 114.0 

 

As can be seen in Figure 3. 21, with the increase of 
maxd  , the behaviour of specimens 

approached the hypotheses of strength criterion, which means that the specimens are more ductile 

when compared with specimens with smaller 
maxd . Besides, the size effect on the nominal strength 

is not very pronounced between 1D   and 2D  , but more prominent between 2D   and 3D  . A 

smooth transition from 1D  to 3D  can be shown when using Bažant size effect law. The size effect 

curve passes well through the 3D   specimens (near to LEFM line for 3 10D C−  ), but a slight 

discrepancy for 1D  and 2D  specimens. The undesirable results for 3D  beams may be due to the 

limitation of the experimental conditions, the 3D  beams, the loading roller and supports used for 

the experiment are rotated in order to perform the test using MTS, thus may leading to the unexpected 

mix mode loading condition during the test. Besides, the number of testing specimens maybe not 

enough as there exist the scatter of the experimental results. The results of 3D  the beams need to be 

further repeated again.  

Besides, it can be noticed that the results of 2 20D C−   and 1 10D C−  ; 2 10D C−   and 
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1 05D C−  ; 3 10D C−   and 2 05D C−   have the similar results. So apart from using the 

geometrically similar specimens, changing the depth of the specimen and the maximum size of 

aggregate at the same time can also obtain the similar trend. The relation between the aggregate effect 

and size effect will be discussed detailed in Chapter 4. 

It can be seen that from Table 3. 5, effective fracture process zone length ( fc ) is increased by 

increasing the maximum aggregate size. It means that concrete with small coarse aggregate is more 

brittle than that with bigger coarse aggregate [286]. This may be also attributed to the changes in 

fractal dimensions and longer cracking path. Yan et al. [234] showed that in concrete, ductility index 

is related to fractal dimensions, while coarse aggregate is debonded and fractal dimensions are 

increased when the maximum aggregate size is increased. Besides, concrete with larger aggregate 

contains more weakened ITZ. It also exhibits a larger process zone and relatively more deviation in 

cracking path. In other words, when the maximum aggregate size becomes smaller, the effect of 

bridging and aggregate interlocking in the crack path is attenuated. The fracture toughness (
ICK ) and 

fracture energy ( fG ) also increase with an increase of maximum aggregate size 
maxd . This may be 

due to reason that during the process of crack propagation, microcracking and matrix-aggregate 

debonding consumes considerable energy, therefore, the increase of aggregate size causing a larger 

crack area, thus increasing the energy demand required for crack growth. The reason explained for 

the variation of fracture energy is also responsible for the variation of fracture toughness. The same 

tendency for fracture toughness mentioned above also has observed in previous researches [287-289]. 

Jeng et al. [290] reported that when 
maxd  increases from 4.75 to 19 mm, fG  increases from 21.1 

N/m to 35.4 N/m for normal concrete (NC). Rao et al. [289] found that for high-strength concrete 

(HSC), when  
maxd  increases from 4.75 to 20 mm, fG  increases from 76.6 to 142 N/m. Karamloo 

et al. [235] also obtained the similar results for self-compacting lightweight concrete (SCLC) with 

w/c of 0.35 and 0.4; it showed that when 
maxd  increases from 9.5 to 19 mm, fG  increases from 

25.5 N/m to 36.26 N/m and 16.9 N/m to 31.5 N/m. Except fc  and fG  increased by increasing the 

maximum aggregate size, the characteristic length (
chl ) also showed the same trend. Petersson [291] 

studied the normal vibrated concrete (NVC) with w/c ratio of 0.5 and reported that with increasing 

aggregate size from 8 mm to 16 mm, 
chl  increases from 233.5 mm to 332.2 mm. Beygi et al. [292] 

studied self-compacting concrete (SCC) with two different strength levels, medium strength (M-

series) and high strength (H-series). They found that an increase of aggregate size from 9.5 mm to 19 

mm causes 
chl  to augment from 263.9 mm to 466.4 mm and from 209.2 mm to 394.7 mm for M-

series and H-series concrete respectively. The 0D  obtained for 05C , 10C  and 20C  are 166.26, 

333.56 and 666.18. It is almost 2 times when the maximum aggregate size used for concrete is doubled. 

So, with the increase of maxd , leading to a higher value for 0D , which is corresponding to lower 

brittleness of concrete. The study of Moseley et al. [293] also concluded that with an increase of maxd , 

concrete ductility increases. The parameter fc  and 
chl , are related to concrete brittleness and with 

an increase of fc , concrete brittleness is decreased.  

In order to investigate the failure mode of the structure,   known as brittleness number, is 

introduced in SEM. The expression to calculate the brittle number is given below [294]. 
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Figure 3. 22 shows the variation of   with the variation of the depth of the beam specimens. 

As it can be seen, all data lie in the range of nonlinear fracture mechanics ( 0.1 10  ). The failure 



3.5 Numerical modelling for size effect using Discrete Element Method 

75 

 

should be analysed according to LEFM when 10   and the method of the analysis approaches 

strength criterion when 0.1   as reported by Bažant and Kazemi [84].  

 

 

Figure 3. 22 Variation of brittleness number with depth 

3.5 Numerical modelling for size effect using Discrete Element Method 

Due to the fact that DEM has advanced advantages in stimulating cemented material behaviour, 

grain level control and exploring the microscopic mechanisms, in this section, the general size effect 

is modelled by a discrete element. The disadvantage of DEM is time-consuming, so here only series 

10C   concrete is performed and the positions of the aggregates are fixed during the calibration 

processes. The influence of aggregates positions will be studied in the near future. The modified 

parallel bond model that developed in Chapter 2 is applied in this modelling. The microparameters 

for mortar are firstly determined by LM method. Then the microparameters for ITZ and aggregate 

are determined. Finally, the general size effect is performed by using all the microparameters obtained. 

The detailed procedures have been introduced in Chapter 2.  

3.5.1 Calibration of microparamters for mortar phase 

The generation procedures and calibration were the same as illustrated in the first chapter. The 

calibration of mortar parameters is performed on the standard tests: compression test on 40×40×40 

mm3 specimen and, bending strength on 40×40×160 mm3 specimen and Young’s modulus was 

determined by ϕ110×220 mm2 cylindrical specimen in compression. The particle radius used in the 

modelling of mortar was ranging from 0.25 mm to 0.5 mm. The density of particles was given as 

2100 kg/m3 as the same density measured from the experiment. A local damping coefficient of 0.7 

was used, which is commonly used for mortar and concrete. This high damping coefficient was used 

to ensure a quasi-static loading condition [177]. The applied loading rate in the test should be 
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sufficiently low to ensure that the specimen remains in quasi-static equilibrium throughout the test. 

Considering the calculation time and based on the previous studies [155, 177, 179, 180], a loading 

rate of 0.01 m/s was adopted for compression test and the constant vertical velocity 0.002 m/s [143] 

was given for three-point bending test. Micro parameters ( cE ( cE ), n sk k ( n sk k ), t , C , and  ) for 

mortar obtained through the calibration process are listed in Table 3. 7. Note that the calibrated values 

obtained bear no resemblance to mortar macro properties. Finally, the samples with 4877 particles for 

40×40 mm2 (compression) specimen; with 49627 particles 110×220 mm2 (compression) specimen; 

and with 13134 particles for 40×160 mm2 (bending) specimen are generated respectively. Then the 

compressive strength, Young’s modulus, and three-point bending force are used in the procedures for 

finding the microparameters using the Levenberg Marquardt (LM) algorithm. 

The comparison between the experimental results and modelling results obtained from calibrated 

parameters are listed in Table 3. 6. 

 

Table 3. 6 Comparison of laboratory tests and modelling results 

Mechanical Properties 
Mortar 

Laboratory tests Modelling Results 

Compressive strength (σc) (MPa) 40×40×40 mm3 64.9±1.34 66.3 

Compressive strength (σc) (MPa) ϕ110×220 mm2 55.4±4.20 60.1 

Young’s modulus (E) (GPa) 25.1±0.31 25.1 

Three-point bending force (F) (kN) 2.40±0.05 2.37 

 

 

 

  
a) Compression test 40×40 mm2 b) Compression test 110×220 mm2 

 

c) Three-point bending 40×160 mm2 

Figure 3. 23 Failure patterns for each calibration mortar sample 
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Table 3. 6 demonstrates that the modified parallel bond model can satisfy compressive, 

tensile/bending, stiffness properties and behaviour of mortar using the same microscopic parameters. 

Therefore, this approach can be easily used to model the complex behaviour of mortar under multi-

axial loadings. The failure patterns of the sample are given in Figure 3. 23. The failure patterns show 

a correct description of the fracture process in each test. The comparison between experiment and 

numerical compressive stress-strain curves is shown in Figure 3. 24. The numerical curve is almost 

the same trend with the experimental curve. 

 

 

Figure 3. 24 Comparison experimental and numerical stress-strain curves for mortar 

 

Table 3. 7 Micro parameters obtained through the calibration process 

Micro Parameters Value Micro Parameters Value 

Minimum particle diameter mind  (mm) 0.5 Radius multiplier   1.0 

Ratio of maximum to minimum particle diameter 

max mind d   
2.0 

Ratio of normal to shear bond stiffness 

n sk k  
1.77 

Effective modulus cE  (GPa) 18.3 Effective bond modulus cE  (GPa) 18.3 

Ratio of normal to shear stiffness n sk k  1.77 Moment contribution factor 1  0.1 

Friction angle   (°) 18.0 Tensile strength t  (MPa) 8.0 

Maximum shear strength multiplier    1.0 Residual friction angle r  (°) 26.6 

Cohesion strength C  (MPa) 51.3   

3.5.2 Effect of 2D and 3D 

In comparison with 2D simulation, the 3D simulation is generally more accurate because the 3D 
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microstructure and boundary conditions are closer to the realistic microstructure and state of the 

material. However, the 2D simulation results may perform good and close to the actual results under 

the assumption that material is isotropic in the third dimension. At present few studies have been 

carried out to compare the 2D and 3D simulations with the same model parameters. In order to 

confirm the conclusions made from 2D simulations, 3D simulations are performed in this study. 

Compression test on 40×40×40 mm3 specimen is chosen to study the effect of 2D and 3D. Finally, 

4877 particles are generated for the 2D specimen and 244120 particles are generated for the 3D 

specimen as shown in Figure 3. 25. The computer used in the simulation is Intel(R) Core(TM) i5-

4590 CPU @ 3.30GHz. 

 

  

(a) 2D specimen (b) 3D specimen 

Figure 3. 25 Failure patterns for 2D and 3D specimen 

 

The stress-strain curve for 2D and 3D are presented in Figure 3. 26. Notably, the stress-strain 

curve for 2D specimen fluctuates more than that of 3D specimen, nevertheless, the overall response 

for 2D and 3D is almost the same.  

 

Figure 3. 26 Stress-strain curves for 2D and 3D modelling 
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Due to the fact that the growing number of particles, it is difficult to simulate real-time large-

scale granular flow scene on CPU. So, when the particle size is very small or the system is very large, 

excessive memory requirements and simulation time are needed for the calculation of DEM. 

Therefore, the modelling procedures of this study are based on 2D simulation. However, in order to 

obtain more realistic behaviour, concrete microstructure should be considered in 3D using real 

aggregate shape. 

3.5.3 Microparameters for concrete: ITZ and aggregate phases 

Here, the numerical modelling of size effect is only presented for the series 10C . Mesoscopic 

modelling is an efficient way to describe the heterogeneous microstructure where concrete is 

considered as a three-phase material: Mortar, Aggregate and Interfacial Transition Zone (ITZ) [281, 

295]. It makes the microscopic parameters for concrete also three times. However, some estimation 

of the elastic properties can be made from the literature review. According to the results of Mondal 

[55], Young’s modulus of ITZ is about 70 % - 85 % of that of bulk paste, thus parameters of ITZ can 

be obtained from that of mortar. Here Young’s modulus of ITZ can be taken equal to 80 % of mortar. 

The local mechanical properties of ITZ are determined using micro-indentation and micro-hardness 

testing [56-58]. The study of Asbridge et al. [56] found that the micro-hardness of ITZ was about 14 % 

- 22 % lower than the bulk matrix at w/c of 0.4 and 0.5. The hardness test on cement paste found that 

there exists a linear relationship between hardness and strength [59, 60]. Therefore, due to the limited 

experimental results support, it is assumed that a linear relationship between indentation hardness and 

strength existed for ITZ. In order to reduce the parameters for calibration, tensile strength and 

cohesive strength of ITZ were also adopted as 80 % of mortar and other parameters kept the same to 

the mortar. Thus the only micro parameters ( cE  ( cE  ), n sk k  ( n sk k  ), t  , C  and   ) need to be 

determined were of coarse aggregates. The compressive strength, Young’s modulus, and Brazilian 

strength are used as target values in the LM approach. Concrete compression test and Brazilian tests 

on cylindrical specimen ϕ110×220 mm2 are adopted for the calibration process. For compression test, 

46428 particles are directly generated inside the rectangular specimen area for all concrete series. For 

the Brazilian test, 19639 particles are directly generated in the circular area for all concrete series. 

The specimen used for calibration procedures are presented in Figure 3. 27. The calibrated micro 

parameters for aggregate are given in Table 3. 8. 

 

 

 

a) Compression test b) Brazilian test 

Figure 3. 27 Specimens for calibration procedures for each concrete 

 



Chapter 3. Experimental Investigation and Discrete Element Modelling of Concrete Fracture through Size Effect 

80 
 

Table 3. 8 Parameters determined for ITZ and aggregates 

Micro Parameters ITZ Coarse aggregate 

Effective modulus cE  (GPa) / 30.1 

Normal to shear stiffness ratio n sk k  / 1.6 

Radius multiplier   1.0 1.0 

Friction angle   (°) 18.0 18.0 

Effective bond modulus cE  (GPa) 14.6 30.1 

Ratio of bond normal to shear stiffness n sk k  1.4 1.6 

Moment contribution factor 1  0.1 0.1 

Tensile strength t  (MPa) 6.4 45.0 

Cohesion strength C  (MPa) 41.0 288.6 

Maximum shear strength multiplier   1.0 1.0 

Residual friction angle r  (°) 26.6 26.6 

 

The comparison between the experimental results and modelling results obtained from calibrated 

parameters are listed in Table 3. 9. 

 

Table 3. 9 Comparison numerical results with experimental results 

Mechanical Properties Experimental Results Numerical Results 

Compressive strength (σc) (MPa)  69.1±1.49 67.5 

Young’s modulus (E) (GPa) 30.3±1.14 28.8 

Brazilian strength (σb) (MPa) 3.81±0.32 3.56 

 

The comparison between experimental and numerical stress-strain curves is shown in Figure 3. 

28. The numerical curve is almost the same trend with the experimental curve. 

 
Figure 3. 28 Comparison between experimental and numerical stress-strain curves of C10 concrete 
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In the Brazilian test, the stress distribution is shown schematically in Figure 3. 29. Hertz [296] 

based on two assumptions: the behaviour of the material is elastic-brittle and it obeys Griffith failure 

criterion, proposed an analytical solution to calculate the stress distribution for Brazilian test as 

following. 
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and 
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 ( )
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Where F   is the force; R   is the radius of the Brazilian disc; l   is the thickness of the 

Brazilian disc.  

While Hondros [297] considered the distribution of the loads uniformly over strips of finite 

width and derived a complete stress solution along the loading diameter as follows. 
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Where F  is the force; R  is the radius of Brazilian disc; l  is the thickness of Brazilian disc; 

2  is the angular distance over which is assumed to be distributed radially (usually 15 ) and r  

is the distance from the centre of the Brazilian disc. Tensile stress is taken positively. 
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Figure 3. 29 Stress distribution in Brazilian test 

 

In the DEM modelling, the stresses are calculated in measurement circles distributed uniformly 

over the horizontal and vertical axes as shown in Figure 3. 30.  

 

 

Figure 3. 30 Positions of the measurement circles in the numerical sample 

 

The numerical modelling results are compared with the theoretical results as shown in Figure 3. 

31. The principle stress is normalized by ( )F Rl . Because the micro parameters for different group 

particles in the numerical specimen are different, so the numerical stress distribution across the 

loading diameter is not uniform and fluctuates around the theoretical curves. The compressive stress 

𝜎𝑦𝑦 shows good agreement with Hondros’ solution; however, the tensile stress xx  is systematically 

less than the theoretical solution over mid-height. Variation in the results is understandable, due to 

heterogeneity of concrete as the analytical solution proposed by Hondros is based on the assumption 

that the material is an equivalent isotropic continuum medium. 
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Figure 3. 31 Comparison of normalized stresses between numerical modelling and Hondros’ solutions in 

Brazilian test 

3.5.4 Numerical modelling of size effect 

Once the model parameters for each phase of concrete are determined, the model capability to 

simulate size effect is analysed in this section. The coarse aggregate used in the concrete mixture had 

a maximum size equals to 10.5 mm. The generation procedure is almost the same with the mortar 

specimens, except deleting particles to form the notch after the generation of the specimen. All the 

loading velocities are kept the same with those used for mortar in the previous section (Section 3.5.1). 

Three-point bending specimens are generated are shown in Figure 3. 32. 

 

 

Figure 3. 32 Specimens used for the size effect 

 

From the peak load obtained from the modelling results, as given in Table 3. 10. 
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Table 3. 10 Comparison between laboratory tests and modelling results 

Force / kN 

Series 
Experimental Results Numerical Results 

D1 7.55±0.76 7.28 

D2 13.43±0.14 12.72 

D3 26.95±0.12 24.17 

 

The corresponding peak nominal stress can be calculated using Equation 3. 6 and Equation 3. 7. 

Then the results are summarized in a N   versus D   size effect plot (Figure 3.14 b)) based on 

Bažant’s size effect law. The DEM results predict well the peak load for each specimen size and obey 

the size effect law as shown in Figure 3. 33. The numerical result of D3 specimen also lies precisely 

on the size effect curve. This shows that the presented discrete element approach and the modified 

parallel bond model can correctly predict the size effect on concrete. 

 

 

Figure 3. 33 Size effect plot and fitted curves for notched beams 

 

 The corresponding normal stress distributions at the midsection of the beams above the crack 

tips at peak loads are summarized by generating the measure circles at the middle of the beams. At 

each point, a circle as shown in Figure 3. 34 a) presents a measure circle and it is small enough to 

make sure that x  at the tip of fracture process zone is very close to the tensile strength. 
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a) Location of measure circles b) Normal Stress distribution at peak load 

Figure 3. 34 Stress measurement and stress distribution at mid-span 

 

The stress distributions clearly show the normalized fracture zone (FZ) lengths change with the 

size of concrete specimens. The normalize FZ lengths at the peak load experience a decrease when 

the size of concrete specimen increase. Because of the crack length can be obtained from the results, 

thus the fracture process zone length can be determined. The comparison of numerical FPZ length 

and experimental length are given in Table 3. 11. The experimental results are much larger when 

compared with the numerical results at the peak load especially for the larger beams. The reason can 

be explained by the fact that the modified parallel bond model is a linear elastic model, the force 

decreases to zero when reaching the peak force. However, for concrete, there exists a softening 

behaviour. Thus, the differences between experimental results and numerical results occur. So, a 

softening model needs to be established in order to study the size effect further. In the modelling, the 

positions of the aggregates are randomly generated first and kept the same position in the modelling. 

Thus, for the small beams, the positions of the aggregates may play important role that leading some 

deviations in the modelling.  

 

Table 3. 11 The comparison of FPZ length 

lFPZ / mm 

Series 
Experimental Results Numerical Results 

D1 31±0.39 7 

D2 52±0.33 16 

D3 88±0.30 21.5 

3.6 Summary 

 An experimental approach is presented to study the size effect for various concretes with 

increasing maximum aggregate size. The characteristic structural dimension and the maximum 

aggregate size ( maxD d ) is considered as a key factor in investigating size effect. In this chapter, the 

ratio maxD d was up-scaled by using upscaling the structural dimension and keeping maxd constant. 

Geometrically increasing sized specimens ( 1D  , 2D  , 3D  ) in accordance with RILEM 

recommendations. Fracture and Size effect parameters are obtained from size effect analysis. It is 

Contact

Measure Circle
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found that as the maximum aggregate size is increased from 5.25 to 21.0 mm, the fracture energy, 

fracture process zone length, and fracture toughness increases. The results of 2 20D C−   and 

1 10D C−  ; 2 10D C−   and 1 05D C−  ; 3 10D C−   and 2 05D C−   have the similar results. So 

apart from using the geometrically similar specimens, having the depth of specimen and the maximum 

size of aggregate at the same time can also obtain the similar trend.  

Analysing the results by AE and DIC, it found that the width of FPZ is greater for the larger 

beam size in the post-peak loadings. The relative crack length also increases with the loading steps 

but decreases with the size of the specimen. It is due to the fact that the decrease if the stress gradient 

with increasing specimen size and with the specimen size increasing, the mechanical behaviour 

becomes more brittle. 

Then DEM was used to model the size effect behaviours. The modified parallel bond model 

developed in Chapter 2 was adopted here. Firstly, compressive and tensile tests were used at the same 

time in the calibration algorithm. Matrix parameters were determined on mortar specimens. 

Aggregate particles are considered breakable and parameters are obtained by calibration on concrete 

specimens. This objective approach gives a good prediction of experimental results under different 

loading conditions. Then the size effect was modelled by using concrete with a maximum aggregate 

size 10.5 mm. The numerical results were in compliance with experimental results. 
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                                    Chapter 4 

 

 

 

A New Approach to Size Effect by Scaling 

Microstructure 

 

 

 

In this chapter, size effect is analysed by scaling of aggregate size (da). Three types of concrete 

mix are designed (C05, C10, and C20) with the same aggregate to mortar volumetric ratio and 

same mortar properties, where only the aggregate sizes are changed. Aggregate sizes were up-

scaled in C05, C10 and C20 concrete such that the volumetric fraction for each class of aggregate 

with respect to maximum aggregate size in each concrete remains same. The experimental and 

numerical investigation is done in order to study the role of the ratio of the characteristic structural 

dimension (D) and the maximum aggregate size (dmax ) in size effect. 
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4.1 Introduction 

It is known that the mechanical behaviour of quasi-brittle composites such as concrete, coarse-

grained ceramics, and fibre-reinforced composites, is manifested by mechanisms like strain 

localization and progressive fracture in the material. This is an intrinsic property of quasi-brittle 

materials due to the sizeable heterogeneity of the material microstructure. The heterogeneity in the 

concrete material is generally manifested by the presence of coarse aggregate. Generally, as an inert 

filler, aggregate accounts for 60 % - 80 % of the volume and 70 % - 85 % of the weight of concrete 

[1], of which, coarse aggregate occupies about 45 % of the volume of concrete [2]. Thus, the 

properties of coarse aggregate seem to have a significant effect on the performance of concrete. 

Coarse aggregate properties, such as grading, surface area, particle size and shape, angularity, surface 

texture, mineralogy, water absorption, and strength have been investigated [3-7]. The results showed 

that maximum aggregate size (
maxd ) can affect properties of fresh and hardened concrete. The effect 

on the mechanical properties of hardened concrete, however, is a complex problem which is the main 

subject of this chapter. In concrete materials, coarse aggregates act as the rigid skeleton, since the 

compressive strength of coarse aggregates is higher than that of mortar and can reach up to about 100 

MPa [298]. Also, the elastic modulus of coarse aggregate can reach up to about 100 GPa [299], while 

the elastic modulus of mortar is in the range of 10 - 30 GPa [300]. When concrete is bearing the load, 

the stresses are transmitted through coarse aggregates, which improves the strength of concrete and 

increase the strain capacity. Previous researchers have done many investigations on the role of 

aggregate size on hardened concrete properties and a state of the art is presented in the following 

section.  

4.2 Review of the aggregate size effect on the hardened concrete properties 

In hardened state, concrete generally cracks when stresses exceed the tensile strength of the 

material. It is generally considered that the coarse aggregate plays an important role in increasing the 

tensile strength by preventing the crack propagation. When the maximum aggregate size is increased 

up to a certain extent, the fracture toughness will be enhanced, leading to the improvement of concrete 

strength [287]. Nevertheless, once maximum aggregate size is out of this range, with its increasing, 

the possibility of failure of the surface between coarse aggregate and matrix is increased [301, 302]. 

This surface is known as the interface transition zone (ITZ), which is generally the weakest zone in 

concrete. With the appearance of the cracks in ITZ, the bond strength of coarse aggregate is decreased, 

resulting in a marked decrease of concrete strength.  

4.2.1 Effect on tensile strength 

The bond strength between aggregate and cement matrix seems to control the tensile strength of 

the concrete [303]. Although the tensile strength obtained from the direct tension test is more reliable, 

the method requires more care compared to the indirect tensile test. So one of the most common 

indirect tests for measuring the tensile strength of concrete is the split cylinder test [304]. It was 

developed firstly in Brazil by Carneiro and Barcellos [305], and developed independently by 

Akazawa [306] in Japan. In direct contradiction to concrete failures under direct tensile load, the 
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fracture plane often passes through the coarse aggregate particles instead of following the ITZ in the 

splitting test. This may be due to the fact that the tensile stress reaches its maximum value only within 

a narrow strip along the central vertical plane, essentially forcing failure to occur along this route. 

The results of some researchers [3, 307] demonstrated that splitting tensile strength of concrete is 

influenced by the splitting tensile strength of aggregates to a small extent. On the other side, Hannant 

et al. [308] studied the effect of aggregate size on the tensile strength of the concrete and found that 

an increase in maximum aggregate size causes a greater increase in the splitting strength than in the 

direct tensile strength. This trend was also obtained by Rao [289] and Chen [286] for high strength 

concrete. 

In the study of Osidez [309], the effect of aggregate size on the tensile strength was investigated. 

The results showed an opposite trend for splitting strength when maximum aggregate size. An 

empirical equation for splitting strength considering aggregate size is proposed as Equation 4. 1. 

 maxD

bt t t stf k f=   (4.1) 

Where 
btf   is the splitting tensile strength of concrete; 

t   is conversion factor for the 

tensioning of a standard specimen; 
tk   is a constant that takes into account the effects of the 

maximum size of coarse aggregate on the tensile strength of concrete; stf   is the mean splitting 

tensile strength of a nonstandard specimen. 

Kadlecek et al. [310] also obtained the relationship considering the effect of aggregate on 

Brazilian strength of concrete as shown in Equation 4. 2 - Equation 4. 4. 

For coarse aggregate concrete (max. aggregate size 32 mm), 

 
0.160

, 239bt stR A−=   (4.2) 

For medium aggregate concrete (max. aggregate size 16 mm), 

 
0.116

, 188bt stR A−=   (4.3) 

For fine aggregate concrete (max. aggregate size 4 mm). 

 
0.083

, 157bt stR A−=   (4.4) 

Where ,bt stR   is the ratio of tensile strength between the standard cubic specimen and 

nonstandard specimen (%); A is the fracture size (cm2).  

Ibragimov [311] investigated the compressive and splitting strength of concrete with maximum 

aggregate size in the range of 40 - 80 mm and the water-cement ratio is from 0.4 - 0.68. The results 

showed up to 9 % increase of compressive strength and up to 10 % decrease of splitting strength. 

Uddin et al. [312] studied compressive and splitting strength for concrete using brick aggregate. 

They concluded that with lower cement content (375 kg/m3) and the water-cement ratio of 0.45 and 

0.50, the compressive strength increases with the increase of maximum aggregate up to 37.5 mm and 

then decrease. While at higher cement content (400 kg/m3), the compressive strength reduces with 

the increase of maximum aggregate size regardless of water-cement ratio and sand to total aggregate 

volume ratio (s/a). The trend of the results related to splitting strength is different from the results of 

compressive strength. With an increase of maximum aggregate size, the splitting strength decreases 

irrespective of variation of cement content and s/a ratio. 

Benkemoun et al. [313] numerical modelled the fracture energy for concrete with different 

maximum aggregate size (4 - 16 mm) using the Brazilian test. The aggregate and the results showed 
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that the splitting stress is increased with the increase of maximum aggregate size and the width of 

fracture process zone is in relation to aggregate size as shown in Figure 4. 1. 

 

 
Figure 4. 1 2D fracture energy [J m-2] for D=4,8,10,14 and 16mm in cylinder slices located at Z=25mm at the 

end of the computation [313] 

 

4.2.2 Effect on flexural strength 

Walker and Bloem [314] studied the effect of coarse aggregate size on the properties of normal-

strength concrete under flexure. The results demonstrate that at a fixed water-cement ratio, an increase 

in aggregate size from 9.5 - 63.5 mm (⅜ - 2½ in.) seems to have negligible effects on flexural strength. 

Sim et al. [315] investigated lightweight concrete by varying the size of the specimen and maximum 

aggregate size. The results illustrated that when maximum aggregate size is larger than 8 mm, there 

is an insignificant effect of maximum aggregate on the peak force and fracture parameters. 
Later Strange and Bryant [288] investigated the interaction of matrix cracks and aggregate 

particles in concrete with compressive strengths greater than 70 MPa. The results showed an increase 

in fracture toughness with an increase in aggregate size. This belongs to that as a crack meets an 

aggregate particle, it passes along the matrix-aggregate interface and then re-enters the matrix. Larger 

aggregate particles result in a greater increase in crack surface than smaller particles and, thus, require 

more energy for crack propagation. Although an increase in fracture toughness with an increase in 

aggregate size was found, the investigation shows a decrease in flexural strength with an increase in 

aggregate size. The investigation of Kellerman [316] on how altering the size of the aggregate can 

influence the value of the flexural strength of concrete also concluded that when the water-cement 

ratio is constant, the flexural strength was higher for the concrete with smaller aggregate. Besides, 

with the smaller aggregate size, the variability of the flexural strength results decreased. For high 

strength concrete, Yan et al. [234] got similar results. Alam [282] reported that the peak load increases 

with the decrease of the aggregate size and the post-peak characteristics are more brittle for concrete 
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with smaller aggregate size. However, Beygi et al. [236] and Karamloo et al. [235] studied self-

compacting concrete (SCC) and found that with an increase of the size of coarse aggregate, the peak 

force, the fracture toughness and energy increased. 

4.2.3 Effect on fracture characteristics 

Hillerborg [317] showed that the maximum aggregate size has effects on fracture energy ( fG ). 

The same results have been noticed by Walsh [318], Bažant and Oh [47], Nallathambi et al. [319].  

Bažant and Oh [47] developed a formula as follows.  

 ( )' '2 max2.72 0.0214f t t

d
G f f

E
= +   (4.5) 

Where '

tf   is the tensile strength; 
maxd   is the maximum aggregate size; E   is Young’s 

modulus. 

Nallathambi et al. [319] also proposed a non-linear relationship for energy release rate (
cG ). 
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Where the non-dimensional energy release rate cG  is given by  

 ( )2

c c cG G b E =   (4.7) 

Here, 
c   and E   are the compressive strength and Young’s modulus; d  , b   and L   are 

depth, width, and span of the specimen respectively;
i  ( 1, 4i = ) are constants;

maxd  is the maximum 

size of the aggregate and a  is the notch depth. 

Later, in the late 1980s, Comité Euro-International du Béton [320] proposed an equation in the 

CEB-FIP Model Code to estimate total fracture energy ( FG ). In Equation 4. 8, FG  is in relation to 

the maximum size of aggregate (
maxd ) and cylindrical compressive strength ( '

cf ). 
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While the results were not recognized by Petersson [291] and Kleinschrodt and Winkler [321], 

as the results of them showed that the fracture energy was not affected by maximum aggregate size. 

Therefore, more investigations have been done to study the role of maximum aggregate size by 

researchers, but some of them reported the opposite tendency. Wolinski et al. [322] reported that the 

crack surface of smaller aggregate (2 - 4 mm) is smoother than larger aggregate (8 - 32 mm) and there 

is no monotonic influence of aggregate size on fracture mechanics parameters. The similar results are 

also reported by Barr et al. [323] for aggregate size from 5 to 20 mm. Regnault et al. [324] investigated 

the fracture process zone of mortar (
max 3d mm= ) and concrete (

max 8d mm= ) and obtained that the 

size of aggregate affects both strain distribution and formation of microcracks; fracture process zone 

is more pronounced in concrete than mortar. Mihashi et al. [45] showed that the fracture energy is 

significantly increased with the increase of the aggregate size and larger aggregates create a wider 

fracture process zone (FPZ). Besides, Mihashi [325] also reported that the length of the fracture 

process zone seems to be independent of the maximum aggregate size but the width is influenced by 

the maximum aggregate size. However, Tasdemir et al. [326] found that fracture energy and 

characteristic length ( chl ) increases when the aggregate size is increased. While Otsuka and Date [30] 
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showed that the width of fracture core zone (FCZ) and fracture process zone (FPZ) increases with the 

increase of the maximum aggregate size and the length of them shows an opposite trend. 

Bažant and Becq-Giraudon [327] developed empirical relations for initial fracture energy, the 

effective length of the fracture process zone and total fracture energy based on 238 tests data. The 

proposed formulae as follows: 
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Where '

cf   is a cylindrical compressive strength; 0 0 1 = =  for rounded aggregates, while 

0 1.44 =   and 
0 1.12 =   for crushed or angular aggregates; 

fG  , 
fc   and 

fG   are the 

coefficients of variation of the ratios 
test

f fG G  , 
test

f fc c  and test

F FG G . 

Skarżyński and Tejchman [232] numerical modelled three-point bending test using single 

notched beams with two aggregate sizes and reported that the width of fracture process zone is not 

affected by aggregate size, but the shape of fracture process zone is affected by aggregate size as 

shown in Figure 4. 2. 

 

 
Figure 4. 2 Calculated distribution of non-local strain measure for different aggregate density (small-size beam 

80×320mm2): a) ρ=30%, b) ρ=45%, c) ρ=60%, A) sand concrete (d50=0.5mm,dmax=3mm), B) gravel concrete 

(d50=2mm, dmax=8mm) 

 

Issa et al. [328, 329] reported that the fracture energy and fracture toughness increase with the 

increase of aggregate size and the fracture surface changes from smooth to rough and complex when 
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aggregate size increasing. The same trends were also obtained by Chen et al. [330] and Zhou et al. 

[331] for high strength concrete. Wu et al. [233] and Chen et al. [332] used acoustic emission (AE) 

technique to investigate the effect of maximum aggregate size. Except obtaining the similar features 

for fracture surfaces, the results also found that the fracture energy and the total number of hits 

increased with the increase of aggregate size  

Issa et al. [333] then used fractal dimension method to investigate the fracture parameters of 

concrete and defined the area under 
c tP −  envelopes truncated at 

cP  and 
t  corresponding to 

0.65a W =  as modified fracture energy FG  . The results showed that the fractal dimension and 

modified fracture energy increases with an increase in maximum aggregate size, the equation can be 

written as follows. 

 ( )2

1 2 maxlnD d = +   (4.12) 

 ( )
2

3 4 maxlnFG d = +   (4.13) 

Where D   is fractal dimension; maxd   is maximum aggregate size; i   ( 1,4i =  ) are 

experimental constants. 

4.2.4 The role of aggregate size in classical size effect analysis 

Size effect has been rigorously analysed by comparison of nominal strength (
N  ) of 

geometrically similar structures of different sizes. Considering the conditions of the laboratory, the 

tests, however, become difficult when the specimen becomes sufficiently large. Due to distinctive 

fracture process in quasi-brittle materials, size effect is transitional between plasticity (strength-

based theories) and LEFM. The transitional behaviour is caused by the fact that the fracture process 

zone (FPZ) size, equal to several heterogeneity sizes (or maximum aggregate size) is not negligible 

compared to the cross sectional dimension of the member. It is well described by Bažant size effect 

law [193] and can be written as follows in the generalized: 

 

0

1

t
N

Bf

D

D

 =

+

  (4.14) 

Where tBf  and 0D  are the empirical constants of the model obtained by the fitting plot; 

       D  is the characteristic structural dimension.  

0D  is also considered as the transitional structural dimension between the plasticity and LEFM 

[193]. In Bažant size effect law [193], 0D   is related to the maximum aggregate size ( maxd  ) and 

relative crack length ( a D ) at the peak load. It is expressed as follows: 

 max
0

2
a

f

n d D D
D c

a a
=  =   (4.15) 

Where maxan d  is the width of fracture band front which represents the width of FPZ.  

Equation 4. 14 was derived by simple energy release analysis. SEL law has also been derived 

by asymptotic matching [9] based on the simple asymptotic power scaling laws for very large and 

very small D , where Equation 4. 14 will take the following form: 
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=

+
  (4.16) 

Where a D =  is the relative crack length; ( )g   is the dimensionless energy release rate 

function of LEFM; ( ) ( ) ( )'g dg d  =  ; fG   is the fracture energy; ( )21cE E = −   is the 

Young’s modulus for plane strain (  is Poisson’s ratio) and fc  is the effective length of fracture 

process zone. By setting Equation 4.16 into the form of classical Equation 4.14, one would get: 
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=   (4.17) 

and 

 
( )'

c f

t

f

E G
Bf

c g 
=   (4.18) 

Similar to Equation 4. 15, Equation 4. 18 reveals that transitional size 
0D   is directly 

proportional to the effective length of FPZ which is proportional to the heterogeneity size (or 

maximum aggregate size). From Equation 4. 18, the parameter B  can also be written as a function 

of heterogeneity size or characteristic length (
2

ch c f tl E G f= ) as follows: 

 
( )'

1 ch

f

l
B

cg 
=   (4.19) 

Equation 4. 19 shows that B  is also a function of material heterogeneity size (or maximum 

aggregate size). Aggregate size thus plays an important role in the size effect on mechanical and 

fracture behaviour of quasi-brittle materials like concrete. Thus, it can be inferred that ratio between 

the structure size and the aggregate size maybe the fundamental factor which is causing the size effect. 

When the structure size increases, maxD d , the ratio between the characteristic structural dimension 

D   and the maximum aggregate size maxd   increases and approaches D  , the material behaviour 

approaches linear elastic fracture mechanics (LEFM). However, when the structure size is small i.e. 

at laboratory scale where D  and maxd  are of the same magnitude, LEFM is no more applicable. 

So, in this chapter, the ratio of the characteristic structural dimension and the maximum aggregate 

size ( maxD d ) is regarded as a key factor in investigating the size effect. Three notched beams of the 

same dimensions were prepared, each with different concretes 20C , 10C , and 05C  respectively. 

As explained in Chapter 3, aggregate size is scaled down in these concretes and the ratio 
maxD d was 

up-scaled in each beam. The detailed procedures will be introduced in the next section. 

4.3 A new approach to study aggregate size effect on the mechanical behaviour of 

concrete: An experimental study 

In this Section, an experimental study is presented where the aggregate size ( ad ) is considered 

as scaling factor. The size effect is investigated by taking the ratio of the characteristic structural 

dimension ( D ) and the maximum aggregate size ( maxd ) as a key parameter. In previous studies as 
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shown in literature review (section 4.2), only the maximum aggregate size (
maxd ) is scaled. However, 

in this study all the aggregate sizes (
ad ) of the grading curve are scaled with the same factor. In order 

to perform the scaling of 
ad , three types of concrete mix are designed ( 05C , 10C , and 20C ) with 

the same aggregate to mortar volumetric ratio and same mortar properties, only the aggregate sizes 

are changed. Aggregate sizes were up-scaled in 05C  , 10C   and 20C   concretes such that the 

volumetric fraction for each class of aggregate with respect to maximum aggregate size (i.e. 

( ) maxad i d ) in each concrete remains same as shown in Figure 4. 3. The experimental materials and 

test procedures have been introduced in the past chapter.  

 

 
Figure 4. 3 Reference volume fraction curve for concrete series C05, C10 and C20 

4.3.1 Effect of aggregate scaling on Brazilian strength 

Table 4. 1 shows the results of the Brazilian test for concrete with different aggregate sizes. In 

the table, the mean value of the splitting tensile strength 
btf  , the standard deviation s   and the 

coefficient of variation v btC s f=  are given. 

 

Table 4. 1 Results for Brazilian test 

Series fbt (MPa) s(1) (MPa) Cv
(2) (%) 

C05 3.65 0.17 5 

C10 3.81 0.32 8 

C20 4.19 0.49 12 

Note: (1) standard deviation and (2) coefficient of variation v btC s f=  

It can be seen in Table 4. 1, the splitting tensile strength slightly increases with the increase of 
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maximum aggregate size. This trend was also obtained by Rao [289] and Chen [286] for high strength 

concrete. The reason is that, the splitting failure is mainly as a result of the opening of a single crack 

and development of fracture process zone in the surrounding. The up-scaling of aggregate size 

increases the size of the fracture process zone and energy dissipation which slows down the crack 

opening, crack propagation and increase the strength.  

Benkemoun [313] used the split cylinder strength to study the effect of aggregate size by using 

the size effect parameter 0

max

d

d
 =  (

0d  is the empirical parameter). By using numerical analysis 

they found that increasing aggregate size has similar but opposite effect to the structural size effect. 

Using Bažant size effect equation rewritten in the form of Equation 4. 15 transitional size effect can 

be obtained. 

 
1

t
N

Bf



=

+
  (4.20) 

 Experimental results are plotted on the size effect plot as shown in Figure 4. 4. The results 

show a good correspondence with Bažant size effect law. 

 

 

Figure 4. 4 Bažant size effect law with modified 0

max

d

d
 =  versus experimental results 

4.3.2 Aggregate size effect on flexural behaviour: transition from strength-based laws to LEFM 

In this section, 1D   (100×100×400 mm3) beams and 2D   (100×200×800 mm3) beams each 

made with three concretes having maximum aggregate size ( max 5.25,10.5, 21.0d mm= ) are analysed. 

For 1D   beam, mortar specimen ( 02M  ) was also prepared and analysed. 02M   for mortar was 

taken equal to 2 mm. 

Flexural behaviour is generally considered as the most representative of the real structural 
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loadings. Aforesaid in Section 4.2.4, maximum aggregate size considerably affects the crack 

propagation, size of the fracture process zone and flexural strength. Nominal stress is calculated using 

Equation 3. 6 and Equation 3. 7. Figure 4. 5 presents the experimental Stress-CMOD curves obtained 

from each beam. It can be observed that the slope of the ascending branch of curves is independent 

of 
maxd , while the maximum peak force is dependent on 

maxd . When a visible crack occurred at the 

tip of the notch, CMOD is sharply increased; this shows that the rate of increase is affected by 
maxd  

owing to the aggregate interlock along the crack. After reaching peak load, the crack opening 

gradually grows, and the applied load drop sharply, showing a larger rate of stress decrease with 

decreasing 
maxd . Besides, as can be seen in Figure 4. 5 a), for 1D  beams the softening part for 

20C  concrete is almost the same with 20C  concrete. In previous investigations [334, 335], the 

thickness of fracture mechanics specimens were chosen larger than four times the maximum 

aggregate size to minimize the thickness effect. However, whether four times maximum aggregate 

size can rule out any thickness effect or not is very difficult to justify. The boundary limit study of 

Duan et al. [336] indicates that one cannot rule out the impact of thickness even if the specimen 

thickness is four times the maximum aggregate size. So for 20C  concrete with a thickness of 100 

mm, the ratio of specimen thickness and the maximum aggregate size is about 4.76, the effect of 

thickness may be more notable when compared with 02M  , 05C   and 10C  . Another possible 

reason may be due to the wall effect. The thickness of the boundary layer increases due to the increase 

of maxd , thus affecting the softening part, especially for small specimens. 

 

  

a) Average Stress-CMOD curves for D1 b) Average Stress-CMOD curves for D2 

Figure 4. 5 Average Stress-CMOD curves of each beam 

 

According to the Size Effect Law (SEL) proposed by Bažant, 0D  is a transitional size between 

two principal theories of solid mechanics: strength laws and LEFM. In classical form of SEL, 0D  is 

in a relationship with the maximum aggregate size maxd  as expressed by Equation 4. 15. If the same 

specimen is used to study the aggregate size effect, D  remains constant. So, the Bažant’s size effect 

equation (Equation 4. 14) can be reduced to the following form: 

 

max

2
1

t
N

Bf

a

n d

 =

+ 

  (4.21) 

It can be observed that the above equation is independent of the size of the structure. The nominal 

strength is intrinsically dependent on the heterogeneity size ( maxd ) and the crack length at the failure 

point (assumed as notch length). The above equation can not only be applied for aggregate size effect 
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analysis (varying 
maxd  and keeping D  and a  constant) but also for classical size effect analysis 

(varying D  in proportion to a  and keeping 
maxd  constant) or boundary effect analysis (varying 

a  and keeping D  and 
maxd  constant). 

Equation 4. 22 can be represented in a linear regression form as shown in Equation 4. 23 and 

Equation 4. 24 where n  and 
tBf  are the regression constants.  

 Y AX C= +   (4.22) 

 ( )
2

max , 1 , 2 , 1N tX a d Y n C A Bf C= = = =   (4.23) 

  

a)  Aggregate effect for D1 beams b) Aggregate effect for D2 beams 

Figure 4. 6 Aggregate size effect for different size of beams 

 

After determining the constants of the linear regression, the experimental results of the bending 

tests can be plotted in classical size effect plot as shown in Figure 4. 6. It can be observed that with 

the decrease of maximum aggregate size, the behaviour transits from horizontal asymptote of 

strength-based laws to LEFM or brittle failure. Both 1D  and 2D  specimens show the same trend, 

however, 2D   specimens show a closer match with size effect curve. The main reason for the 

increase of ductility with increase of aggregate size is the considerable contribution of aggregate 

interlocking, frictional forces and effects of aggregate bridging in FPZ [236]. The deviation in the 

results of 1D  beams with 20C  concrete seems more obvious which may be due to the reason that 

in the sufficiently small specimens with the same volume fraction of aggregate, the number of 

aggregates in concrete decreases with the increase of maximum aggregate size. Thus, the positions of 

the particles play important role when the specimen is small while the maximum aggregate size is 

large. The limited results obtained for 1D  beams perhaps not enough to obtain a clear trend.  

4.3.3 The relationship between aggregate size effect and classical size effect 

In the previous section, it is observed that by scaling the aggregate size (or simply the 

heterogeneity size of concrete), not only the local properties of concrete changes but the impact is 

significant on the macroscopic behaviour of concrete. When the size of the heterogeneity increases 

with respect to the size of the structure, the overall mechanical behaviour approaches strength 

criterion, however, when size of heterogeneity is sufficiently small with respect to the size of the 

structure, the mechanical behaviour approaches Linear Elastic Fracture Mechanics (LEFM). By 
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keeping the heterogeneity size (or maximum aggregate size aggd ) constant and varying size of the 

structure ( D ), one arrives at the well-known size effect problem (Figure 3. 14 and Figure 3. 15). 

Here, the strength of the structure decreases by increasing D . However, by scaling the heterogeneity 

size (or maximum aggregate size aggd ) and keeping D  constant, one can observe the aggregate size 

effect (Figure 4. 6). In this study, while scaling the maximum aggregate size ( aggd ) complete grading 

curve is scaled with the same factor. Here the results of bending experiments show an increase of 

strength by increasing aggregate size.  

In order to build the relationship between classical size effect and aggregate size effect, 
0D  in 

the Bažant’s size effect law can be expressed in relationship with the maximum aggregate size 
maxd

(Equation 4. 15). As shown in Table 3. 5 from classical size effect analysis, one can obtain 
0D  

(hereafter called 
0 sizeD −

) equals to 166.26, 333.56 and 666.18, respectively for concrete series 05C , 

10C , and 20C . Similarly, from aggregate size effect analysis, the value of 
0D  can now be obtained 

(hereafter called 0 aggD − ) by using Equation 4. 15 equals to 191.63, 383.25 and 766.5 for 1D  beams 

with different aggregate size; 386.93, 773.85 and 1547.7 for 2D  beams with different aggregate 

size. By using regression analysis (shown in appendixes), an empirical relationship can now be 

developed for 
0 sizeD −

 and 0 aggD −  as given below with an accuracy of 0.99. The calculated values 

and the experimental values for are given in Table 4. 2 and Table 4. 3. 

 ( )0 0size aggD D D− −=    (4.24) 

Where D  is the height of beam (mm) used to perform aggregate size effect analysis; ( )D  

is a parameter of D . 

 

Table 4. 2 Experimental values and calculated values for 
0 sizeD −

  

   Series 

Size 

C05  C10  C20 

Exp. Cal.  Exp. Cal.  Exp. Cal. 

D1 166.26 165.19  333.56 330.39  666.18 660.78 

D2 166.26 165.19  333.56 330.39  666.18 660.78 

 

Table 4. 3 Experimental values and calculated values for 0 aggD −  

      Size 

Series 

D1  D2 

Exp. Cal.  Exp. Cal. 

C05 191.63 192.18  386.93 384.37 

C10 383.25 385.57  773.85 771.14 

C20 766.50 770.05  1547.7 1540.11 

 

 

A similar relationship between tBf  obtained from classical size effect analysis and aggregate 

size effect can also be concluded. The calculated values using the empirical relationship and the 

obtained experimental results are compared in Table 4. 4.  

 ( ) ( )maxt size t aggBf D Ad C Bf− −=  +     (4.25) 

Where ( )D  is the parameter in a relationship with the height of beam ( D ) used to perform 

aggregate size effect analysis; maxd  is the maximum aggregate size of concrete on which classical 



Chapter 4. A New Approach to Size Effect by Scaling Microstructure 

100 
 

size effect is performed; parameters A  and C  are the regression parameters. 

 

Table 4. 4 Experimental values and calculated values for 
t sizeBf −

  

   Series 

Size 

C05  C10  C20 

Exp. Cal.  Exp. Cal.  Exp. Cal. 

D1 4.21 4.22  4.08 4.05  3.69 3.70 

D2 4.21 4.23  4.08 4.05  3.69 3.70 

 

From the above analysis the Bažant’s size effect law can be rewritten as the equation below. 
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 +
= =

+ +


  (4.26) 

The empirical equation proposed here (Equation 4. 28) is based on the preliminary result 

obtained by current experimental study. The parameters in the equation, i.e.   , A  , C  , and   

need more experimental data in order to get stable values. More experimental studies are required for 

deeper understanding of the relationship between the classical size effect and the aggregate size effect.  

4.3.4 AE and DIC investigation 

In order to gain an insight into the fracture process zone, AE and DIC methods are adopted. The 

way for determining the length and the width of fracture process zone using AE method is the same 

as introduced in Chapter 3. The results are illustrated in Figure 4. 7 and Figure 4. 8. 

  

a) D1 beams b) D2 beams 

Figure 4. 7 Evolution of width of FPZ with loading steps for each aggregate size 

 

As presented in Figure 4. 7, the width of FPZ is increasing with the increase of maximum 

aggregate size and the result is supported by Otsuka and Date [30]. The possible reason for the 

influence of aggregate on the width of FPZ is the non-uniform distribution of local fracture [337]. 

The presence of larger aggregate prevents the crack from opening and results in bridging of cracks 

and a wider FPZ. 
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a) D1 beams b) D2 beams 

Figure 4. 8 Evolution of length of FPZ with loading steps for each size of the concrete 

 

Unlike the previous results [30, 45], the length of FPZ experiences an increase with the increase 

of maximum aggregate size. It may be due to the reason that in previous studies only the maximum 

aggregate size is scaled and the volumetric proportion for each class of aggregate size in an aggregate 

mix was not kept constant while scaling the aggregate size. This result is supported by the study of 

Rao et al. [338]. They used three cement content, i.e. 400, 450 and 500 kg/m3, and three maximum 

aggregate sizes, namely 10, 16 and 20 mm to investigate the size of FPZ. The results indicated that 

the size of FPZ was in the order of magnitude of the size of coarse aggregate. The fracture process 

monitoring is further extended by applying simultaneously DIC technique. Crack openings are 

extracted at each location of the crack profile as explained in Chapter 3. The crack opening profiles 

for each concrete are compared at peak loadings as shown in Figure 4. 9.  

  

a) D1 beams b) D2 beams 

Figure 4. 9 Crack opening displacement profiles at peak load for each series 

 

It can be observed in Figure 4. 10 that crack opening displacement at each location of the crack 

is higher for larger aggregate size. The higher crack opening of the macrocrack can be due to higher 

microcracking in the vicinity and efficient crack bridging when the aggregate size is larger. One can 

also estimate the crack tip by location when crack opening profile shows an insignificant change in 

the crack opening. Analysing the results, it can be seen that the crack length at peak load increases 

with the increase of aggregate size which is in consistency with the AE results.  
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a) C05 series b) C10 series c) C20 series 

Figure 4. 10 Experimental principle strain maps in D1 beams showing strain localized damaged zone at 

different loading steps at peak load for different concrete series 

 

According to the previous study [328], the aggregate size also impacts the tortuosity of crack. 

Strain maps shown in Figure 4. 10 confirm that compared with the concrete with smaller aggregate, 

the crack trajectory for concrete with larger aggregate deviates from the rectilinear path.  

4.4 Modelling for aggregate effect 

The objective of this section is to model behaviour and failure process of plain concrete with 

different aggregate size at mesoscale using DEM. The modified parallel bond model established in 

Chapter 2 is used for modelling in this chapter the aggregate size effect. The microparameters for 

matrix and aggregate have already been determined using mortar and 10C  concrete in Chapter 3. 

Here only the microparameters that need to be determined are ITZs for 05C  and 20C  concrete. 

By applying inverse calibration using LM method (introduced in Chapter 2) on Brazilian tests, the 

microparameters (Young’s modulus, stiffness ratio, tensile stress, and cohesive stress) of ITZ are 

obtained for 05C , 10C  and 20C , respectively. Here, only the modelling results of 1D  beams are 

presented. The beam 02M   which represents mortar beam is also modelled. The generation 

procedures of matrix and aggregate particles are the same as presented in Chapter 3. The specimens 

used for modelling the aggregate effect are presented in Figure 4. 11. 
 

  

a) M02 series b) C05 series 

  

c) C10 series d) C20 series 

Figure 4. 11 Specimens for each concrete series 
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The comparison between the numerical and experimental peak force is given in Table 4. 5. For 

20C  concrete, one result is deleted as it is obtained by the beam that may have initial microcracks. 

 

Table 4. 5 Comparison of laboratory tests and modelling results 

Force / kN 

Series 
Experimental Results Numerical Results 

M02 5.58±0.22 5.40 

C05 7.42±0.34 7.04 

C10 7.55±0.76 7.28 

C20 7.61 7.59 

 

The results in Table 4. 5 show that the numerical results are in agreement with the experimental 

results. Using Equation 4. 22, the numerical results are plotted on the aggregate size effect plot along 

with the experimental results as illustrated in Figure 4. 12. The numerical results obtained are well 

described by the aggregate size effect curve. 

 

 

Figure 4. 12 Numerical aggregate size effect on D1 beams. 

 

4.5 Local behaviours of concrete 

The ability to model local behaviour of a material at microstructures levels is one of the 

outstanding features of DEM. So, in this section, the local behaviours of concrete are investigated. 

Since cracking is concrete mainly occurs due to local failure in tension, the fracture zone can be 

obtained by mapping the tensile force distribution as illustrated in Figure 4. 13. maxF  in the figure 
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means the maximum tensile contact force. The thicknesses of the lines represent the value of the force. 

At the peak loading, significant tensile stress is dominant around the top area of the crack. The tensile 

stress level is noticeably higher than that in the surrounding areas.  

 

 

 

a） b)  

 

 

c) d)  

Figure 4. 13 Numerical tensile force distribution at peak stress for each concrete series: a) M02; b)C05; 

c)C10;d)C20 

 

The crack path for each series is extracted and plotted together in Figure 4. 14. The deviation of 

the crack path for 02M  , 05C   and 10C   is less when compared with 20C   series. It can be 

noticed that there exists a large aggregate directly at the notch tip which prevents the straight crack 

propagation. 

 

Force × 103 N
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Figure 4. 14 Crack path for each concrete series at peak loading 

 

Measure circles are placed at the middle of the beams to measure the stress distribution (See 

Section 2. 5), so the stress distribution at the peak force for each concrete series is given in Figure 4. 

15. 

 

 

Figure 4. 15 Stress distribution at peak load at the mid-span 

 

The stress distributions show the normalized complete fracture zone length (crack length + FPZ 

length) change with the aggregate size. Specifically, the normalized complete fracture lengths at the 
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peak load experience a little increase with the increase of maximum aggregate size. The trend is the 

same with the result observed using AE and DIC, but the change is not clear. The reason is that the 

weak ITZ between aggregate and matrix is the place where the crack is always initiated. The crack is 

propagated by connecting the notch and the broken contacts (in the ITZs) and formed the macrocracks. 

However, sometimes an aggregate is located just in front of the notch (See Figure 4. 13 d)) and it 

plays a role of an obstacle that prevents the rupture of contacts in the vicinity of the notch. Therefore, 

it disconnects the macrocracks from the notch. In this case, by mainly connecting the broken ITZ 

contacts, the macrocrack is finally formed. Therefore, the position of the aggregate particles actually 

has an important role on the FPZ size in conjunction with the size of the aggregate particles. 

Nevertheless, when the volume fraction of aggregate is kept constant, the spacing between the 

aggregates is constant regardless of the size of aggregate, and thus the position of aggregates seems 

to be more important than the size of aggregates in the producing the size of FPZ. Therefore, the 

impact of aggregate positions needs to be studied in the later investigations. Another reason can be 

explained by the fact that contact bond model between the two adjacent particles is a linear elastic 

model, the force decreases to zero when reaching the peak force. It means that the FPZ size developed 

in this type of model (brittle elastic) may not always be related to the aggregate size itself. So, in order 

to further investigate the influence of the maximum aggregate on the FPZ length, a softening model 

needs to be developed. In the next chapter, an exponential softening contact model will be introduced 

in detail and used to model the aggregate size effect. 

4.6 Summary 

In this chapter, the effect of the aggregate size is investigated on the size effect. In previous 

studies, when investigated the size effect, the characteristic size of the structure ( D ) is a variable 

parameter without considering the role of ratio between D  and maximum aggregate size (
maxd ). 

The effect of aggregate size was thus ignored. So, this study size effect is analysed based on the 

scaling of the ratio of the characteristic structural dimension and the maximum aggregate size 

( maxD d ). Based on this approach, Brazilian test, and three-point bending test are used to investigate 

the mechanical behaviours of concrete with different maximum aggregate size and keeping D  

constant. The Brazilian strength showed an increase when maximum aggregate size increased and 

obeyed the modified Bažant’s size effect law. It is due to the fact that the splitting failure is mainly 

as a result of the opening of a single crack and development of fracture process zone in the 

surrounding. The upscaling of aggregate size increases the size of the fracture process zone and 

energy dissipation which slows down the crack opening, crack propagation and increase the strength. 

Three-point bending results are performed on notched specimens of constant D  by varying 
maxd . 

A modified size effect law is proposed and the results are plotted on the classical size effect plot. It 

is observed that the concrete behaviour transitions from LEFM to strength criterion when the 

maximum size of coarse aggregates increases (or by decreasing 
maxD d ). This is the same effect 

when D  is scaled with constant maxd   (classical size effect). Based on regression analysis and 

empirical relationship between aggregate size effect and classical size effect is proposed. With the 

help of AE and DIC methods, the size of FPZ and the crack trajectory were investigated. It found 

that the width and the length of FPZ are increasing with the increase of maximum aggregate size. 

The non-uniform distribution of local fracture and increased crack bridging may be the possible 

reason for these phenomena. The crack trajectory for concrete with larger aggregate deviates from 

the rectilinear path compared with the concrete with smaller aggregate.  
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A modified linear elastic parallel bond model is used to model the concrete mechanical 

behaviour and fracture process of three-point bending beams with concretes of different aggregate 

sizes. Numerical bending strength is in accordance with the experimental results. Also, the numerical 

fracture pattern matches with the fracture obtained by experiments. However, the differences of the 

crack lengths of different concrete series are not obvious when using linear elastic contact model, so 

in order to investigate the influence of maximum aggregate on the FPZ length, a softening model 

needs to be developed (see Chapter 5). 
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                                    Chapter 5 

 

 

 

A Displacement Softening Model for DEM and its 

Application 

 

 

 

In this chapter, a local crack opening displacement softening model is developed in the 

framework of discrete element method in order to improve the post-peak fracture behaviour of 

concrete that remains a problem in linear elastic parallel bond model. The influence of the 

microparameters is investigated through a parametric study. The proposed softening model is 

validated by three-point bending test of mortar and the fracture behaviour is compared with the AE 

method. Finally, the model is applied to study the concrete fracture behaviour and more specially 

the aggregate size effect which is the main objective of this thesis. 
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5.1 Development of local softening bond model 

In this chapter, a softening contact bond model based on the work of Liu et al. [339] is introduced 

to model the post-peak behaviours of concrete. Previous researchers [106, 170, 340] have proposed 

some implementations of softening bonds to model the quasi-brittle materials, but most of them are 

linear softening models. Here, an exponential softening model is developed which better represents 

the cementitious material behaviour [341]. In continuum modelling, the relationship between 

tractions and relative displacements of two virtual surfaces in the fracture process zone is determined 

by the softening laws [64, 65]. The concept is applied to DEM modelling by defining the fracture 

process zone as an area containing inter-particle bonds undergoing failure. A relationship between 

stress   (
n  , 

s  ) in each bonding contact and the relative displacement u  (
nu  , 

su  ) of the 

corresponding interaction pairs are established.  

5.1.1 Yield surface 

A correspondence between bond stresses in DEM and stress field of a continuum near a crack 

tip by LEFM theory is established by Potyondy and Cundall [157]. Here, this concept is also adopted 

to build the yield surface.  

 Griffith [342] was the pioneer who analysed the propagation of pre-existing cracks based on 

energy considerations for the fracture of brittle materials. He assumed that the stresses and strains at 

the crack tip tend to infinity and the energy is only dissipated at the crack tip. In 1957, Irwin [343] 

introduced the concept of the stress intensity factor or so-called “Irwin Criterion for fracture of brittle 

materials”. Three fundamental modes have been defined for the crack opening as shown in Figure 5. 

1. Mode I and Mode II are known as planar modes. Mode I fracture is caused by normal stresses 

perpendicular to the crack face and Mode II fracture is due to shear stresses parallel to the crack face. 

Mode III is an anti-plane mode caused by tearing load. A stress intensity factor for each mode will be 

required for the full description of generalized fracture. For Mode I, II and III, respectively, the stress 

intensity factors are termed IK , IIK and IIIK . 

 

 

Figure 5. 1 The three opening modes for cracks [74] 

 

Based on the work of Griffith, Irwin [343] studied the so-called Mode I fracture. For mode I 

stress field for a sample with a crack length in a two-dimensional infinite linear elastic isotropic solid, 

subjected to uniform normal stress at infinity in all directions as shown in Figure 5. 2.  

I II III



5.1 Development of local softening bond model 

111 

 

 

Figure 5. 2 Centre cracked infinite panel subjected to remote equiaxial tension 

 

By introducing a polar coordinate system with the origin at the crack tip, the leading terms of 

the Williams [344] expansion, for the stresses and displacements as a function of the distance r  and 

the angle   for Mode I, are expressed as: 
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Where u   and v   are the horizontal and vertical components of the displacement field. The 

parameter k  is equal to ( )3 4−  for plane strain and to ( ) ( )3 1 − +  for plane stress. 

 Irwin’s fracture criterion introduces a new material parameter known as the critical stress 

intensity factor ICK . When I ICK K , the crack propagates and leading to the appearance of brittle 

crack, otherwise the crack will not propagate. Griffith [342] has given the solution to this problem. 

The asymptotic near-tip ( 0r a → ) stress is expressed as a function of the distance to the right crack 

tip, the expression for y   is given below. It should be noted that LEFM is valid only in the 

singularity-dominated zone ( r a ). 

a a
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=   (5.3) 

Where r  is the distance from the crack tip; 
IK  is the stress intensity factor. 

As shown in Figure 5. 3, in a square area with a uniform particle of radius R , the normal stress 

exerted on the particle can be calculated by integration over the tributary area as follows. 

 

 

Figure 5. 3 Stress distribution ahead of the crack tip: Continuum v.s. DEM[339] 
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Where 2Rt  is the tributary area for each bond; t  is the particle thickness and 1t =  for 2D 

DEM modelling; eqr  is the equivalent distance of the particle i  to crack tip given by the following 

equation. 

 
( )2 1

eq

R
r

i i
=

− −
  (5.5) 

According to Equation 5. 4, the stress intensity factor can be expressed by using the normal force 

at the first particle. For the first particle, 2eqr R= . 

 
1
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t R


=   (5.6) 

Where 1

nF  is the normal force at first particle; R  is the radius of the particle. 

The crack will propagate when the stress factor reaches a certain critical value ICK , so this 

critical value is expressed in terms of the tensile strength nS . 

 
2

n
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=   (5.7) 

This equation is derived by assuming all particles have the same size and are assembled in 

squared packing. Potyondy and Cundall [157] introduced two correction factors to correct the 
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influence of microstructure and bond type. 

 
2

n
IC

S
K

t R


 =   (5.8) 

Where    is a non-dimensional factor that increases with packing irregularity, strength 

heterogeneity and bond ductility;   is a non-dimensional factor that accounts for the weakening 

effect of the bending moment. 

The equation illustrates that for a given strength, in order to keep the same fracture toughness, 

particle size has to remain the same for brittle bonds. For softening model, there is no such constraint 

as confirmed by Liu et al. [339]. 

From the equations above (Equation 5. 6 and Equation 5. 7), the following equation can be 

obtained. The similar equation can also be established for mode II. 

 
1

nI

IC n

FK

K S
=   (5.9) 

 
1

sII

IIC s

FK

K S
=   (5.10) 

Where 1

sF  is the shear force at first particle; 
sS  is the shear strength. 

When the stress intensity factors increase under mixed mode loading, the fracture is assumed to 

occur when a certain combination of the two stress intensity factors (
IK  and IIK ) reaches a critical 

value. Many fracture envelopes have been proposed for in-plane loadings, like linear form [345], 

elliptic form [346] and general quadratic form [347]. In practice, the energy consumption for creating 

fracture surfaces under mode I is different from that under mode II, namely 
IC IICK K  . So, an 

elliptical failure envelope is adopted here to satisfy the condition 
IC IICK K . In 2D modelling, the 

ellipsoidal failure envelope in LEFM can be expressed as follows. 
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Combined the Equations 5. 9 - 5. 11 and dropping the reference to the first particle, the yielding 

surface used for DEM is derived.  
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5.1.2 Model formulation 

When the yield surface is reached, the bond strength follows the softening path rather than 

decrease to zero directly. It decreases according to a damage law which is proposed by Jirásek and 

Bauer [348]. The damage parameter in normal and shear directions have the same value. It means 

that there is only one damage parameter ( fD ), which is widely accepted in quasi-brittle materials 

modelling [96, 349, 350]. 
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Where ,n su   is the relative normal or shear displacement between two particles; ,n s

eu   is the 

displacement corresponding to elastic limit in normal or shear direction; 
,n s

fu  is the parameter which 

controls the slope of softening curve in normal or shear direction. 

The normal spring subjected to tensile force and the shear spring subject to shear force obey the 

exponential softening law. The elastic exponential softening model is presented in Figure 5. 4.  

 

 
 

(a) (b) 

Figure 5. 4 Constitutive behaviour of contact displacement-softening model: (a) normal behaviour; (b) shear 

behaviour 

 

The equation for calculating the bond force in normal or shear direction is given below. 
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Then, at a certain damage condition, the reduced normal strength and shear strength are 

calculated by the equations as follows. 
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Bond fails either in tension or shear, and when the particles are in compression, shear strength 

is augmented by the slip which is contributed by compression. 

 
'

, ,s sof n s sofS F S= − +   (5.16) 

Where   is Macaulay brackets; ,s sofS  is the softened shear strength. 

Thus, the softening model is established by the above equations. The bond behaviour of this 
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softening model is controlled by seven parameters:  ; 
nS  and

sS ; 
nk  and 

sk ; 
n

fu  and 
s

fu . 

5.1.3 Model behaviour 

The softening model established above is inserted into PFC as a user-defined model. To illustrate 

the constitutive response of the proposed model, two contacted particles under mode I/II and mixed-

mode loading conditions are performed. The simulation of two particles under different loading paths 

illustrate in Figure 5. 5. The diameter of two particles is 0.1 m and the other microparameters are 

listed in Table 5. 1. For mode I, mode II and tension-shear tests, a constant velocity is given to one 

particle until the contact is broken and the other particle is always fixed. For the compression-shear 

test, a constant velocity in shear direction is applied and a constant compressive force (0.2 kN) is 

maintained at the contact. Then the force-displacement curve for each test is recorded to verify the 

softening model. 

 

 

(a) (b) (c) (d) 

Figure 5. 5 Model behaviour tests: a) Mode-I test; b) Mode-II test; c) Tension-shear test; d) Compression-shear 

test 

 

Table 5. 1 Model parameters of the behaviour tests 

Model microparameters  

Friction coefficient,    0.5 

Normal stiffness, 
nk  (GPa/m) 2.0 

Shear stiffness, 
sk  (GPa/m) 1.0 

Tensile strength, 
nS  (kN) 1.0 

Shear strength, 
sS  (kN) 0.5 

Normal softening parameter, 
n

fu  (μm) 1.0 

Shear softening parameter, 
s

fu  (μm) 1.0 

 

5.1.3.1 Pure mode-I and mode-II loading tests 

Based on these equations, the explicit function relating to normal (shear) force and normal (shear) 

Fixed Fixed Fixed Fixed

v v

v v v
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displacement in yielding contact can be obtained base on Equation 5. 14. Mode-I and mode-II results 

of stress-displacement curves are illustrated in Figure 5. 6. The results give a complete agreement 

between the analytical solution and numerical solution, which verifies the stress update algorithm for 

mode-I and mode-II loading paths using the developed model. 

  

a) Mode-I test b) Mode-II test 

Figure 5. 6 The analytical and numerical results of force-displacement curves 

5.1.3.2 Mix-mode loading tests 

Tension-shear test results are presented in Figure 5. 7. The normal force and shear force 

experience an increase and then follow an exponential decrease when the normal and shear 

displacements further increase. Three loading stages corresponding to different damage states are 

recorded to draw the corresponding yield surfaces. The results show that all the points located exactly 

on their corresponding yield surfaces. It should be noticed that the yield surfaces at different damage 

states are parallel if satisfying the following condition, 

 

n s

n f s f

n s

k u k u

S S
=   (5.17) 

   

(a) (b) 

Figure 5. 7 Simulation results of the tension-shear test: (a) Normal and shear force-displacement relationship; 

(b) The evolution of force states with respect to the shrinking of the yield surface 
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The results of the compression-shear test are illustrated in Figure 5. 8. The compression induced 

frictional resistance. Due to frictional slip, complete damage does not occur at the contact. 

 

  

a) Normal force-displacement curve b) Shear force-displacement curve 

Figure 5. 8 Simulation results of the compression-shear test 

5.2 Parametric study 

As aforementioned, the bond behaviour of this model is controlled by seven parameters:  ; 

nS   and
sS  ; 

nk   and 
sk  ; 

n

fu   and 
s

fu  , so the influence of these microparameters needs to be 

investigated. In this section when studying the effect of one parameter, others are kept constant during 

the modelling. Three point bending test on a mortar beam is chosen to perform the parametric study. 

Beam dimension is 40×40×160 mm3 with as central notch as shown in Figure 5. 9. The small size of 

the beam is selected to reduce the computational cost. 

 

 

Figure 5. 9 Specimen geometry and boundary condition for the small beam 

 

After the calibration procedures mentioned in Chapter 2, the micro parameters obtained for the 

mortar beam is given in Table 5. 2. 
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Table 5. 2 Micro parameters obtained for small mortar beam 

Micro Parameters Value Micro Parameters Value 

Minimum particle diameter 
mind  (mm) 0.5 Normal stiffness 

nk  (GPa) 6.2 

Ratio of maximum to minimum particle diameter 

max mind d   
1.5 

Ratio of normal to shear bond stiffness 

n sk k   
1.77 

Normal strength 
nS  (kN) 1.0 Shear strength 

sS  (kN) 1.0 

Normal softening parameter 
n

fu (μm) 20 Shear softening parameter 
s

fu (μm) 20 

Friction coefficient    0.5   

 

5.2.1 Effect of friction coefficient 

The effect of friction coefficient on the numerical behaviour is investigated. Three values of the 

friction coefficient are chosen (0.3, 0.5 and 0.7) and the results are illustrated in Figure 5. 10. 

 

 

Figure 5. 10 Effect of different friction coefficient in DEM on Force-CMOD curve 

 

The coefficient of friction has no effect on the initial slop of the Force-CMOD curve. As 

explained before, the friction coefficient is an effective parameter on the shear force. When the shear 

force exceeds the maximum shear force limit, shear strength (
'

,s sofS ) is augmented by the slip. Before 

reaching the peak force, few cracks occur in the specimen, so this coefficient has no obvious effect 

on the system slope. The peak force is slightly affected by the friction coefficient. With the increase 

of the friction coefficient, the peak force increases, however the increase is very small when friction 

coefficient varies from 0.5 to 0.7. The post-peak behaviour is significantly influenced by the friction 

coefficient. When friction coefficient varies from 0.3 to 0.5, the post peak response is almost the same; 
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however, when friction coefficient varies from 0.5 to 0.7, the post peak behaviour becomes more 

brittle. The reason can be concluded that the friction coefficient between particles influences the 

initial generation of the specimen, leading to the different compactness of the assembly. When the 

interparticle friction coefficient is set to very small values, the interparticle sliding is permitted 

resulting in a dense packing of the particles [351]. Due to the fact that the test specimen used is small, 

the arrangement of particles changes the numbers of the contact, which impact the redistribution of 

the stress when the crack propagates leading to the difference in the post-peak part.  

5.2.2 Effect of normal and shear strength 

The effect of normal and shear strength on the numerical behaviour is investigated. Three values 

of strengths are chosen ( ,0.5 n sS , ,1.0 n sS  and ,2.0 n sS ) and the results are illustrated in Figure 5. 11. 

 

  

a) b) 

Figure 5. 11 Effect of different strengths in DEM on Force-CMOD curve: a) normal strength; b) shear strength 

 

With the increase of normal strength, the peak force is increasing. However, the increase of shear 

strength seems to have no obvious impact on the Force-CMOD curve. The reason is that during the 

fracture in three-point bending test, the tensile behaviour dominates. Therefore, when the normal 

strength increases, the peak force also increases. 

5.2.3 Effect of normal and shear stiffness 

The influence of normal and shear stiffness on Force-CMOD curve is given in Figure 5. 12. 
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a) b) 

Figure 5. 12 Effect of different stiffnesses in DEM on Force-CMOD curve: a) normal stiffness; b) shear 

stiffness 

 

The normal stiffness has a significant impact not only on the initial slope of the curve but also 

the peak force. As can be seen in Equation, 5. 14, the force is in a relationship with the stiffness, so 

if the stiffness increases, the force that can bear also increases. By increasing the shear stiffness, the 

effect is same as that of normal stiffness, but the increase in peak force and initial slope is relatively 

very small.  

5.2.4 Effect of softening parameters 

In the softening model described in the previous section, the normal and shear softening 

parameters control the slope of the softening part. So, the influence of normal and shear softening 

parameters on Force-CMOD curve is investigated. The results are presented in Figure 5. 13. 

 

  

a)  b) 

Figure 5. 13 Influence of different softening parameters in DEM on Force-CMOD curve: a) normal softening 

parameter; b) shear softening parameter 

 

The results show that the peak force and the slope of softening part increase with the increase of 

the normal softening parameter. The reason is that when the normal softening parameter is increasing, 
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the bearing force at the contact is increasing according to Equation 5. 14. So it impacts the bearing 

force of the beam at the macro level, leading to a smoother descent of the Force-CMOD curve. 

However, the influence of shear softening parameter is not obvious on the three-point bending test. 

Since the failure belongs to the Mode I type, the softening behaviour of shear part has limited 

influence.  

5.3 Model validation at local and macroscopic scale 

Firstly, the microparameters are determined using inverse calibration scheme presented in 

Chapter 2 using standard mortar tests: compressive strength of 40×40×40 mm3 specimen and bending 

strength of 40×40×160 mm3 specimen. The calibrated parameters are given in Table 5. 3. The mortar 

used in study is the same which is used in Chapter 3 (section 3.2.1). 

 

Table 5. 3 Micro parameters obtained through the calibration process 

Micro Parameters Value Micro Parameters Value 

Minimum particle diameter 
mind  (mm) 0.5 Normal stiffness 

nk  (GPa) 24.5 

Ratio of maximum to minimum particle diameter 

max mind d   
1.5 

Ratio of normal to shear bond stiffness 

n sk k   
1.77 

Normal strength 
nS  (kN) 1.8 Shear strength 

sS  (kN) 2.0 

Normal softening parameter 
n

fu (μm) 30 Shear softening parameter 
s

fu (μm) 40 

Friction coefficient    0.5   

 

Once the parameters are obtained, the model is applied to predict the behaviour of notched three-

point bending beam of size and geometrical properties similar to series 1D  (100×100×400 mm3) 

presented in Section 3.5.4. The numerical beam is created by generating 80821 particles inside the 

rectangular specimen area for the SENB test as shown in Figure 5. 14. The constant vertical velocity 

of the wall is the same as the one used in Chapter 2, namely 0.002 m/s. The result of Force-CMOD 

curve obtained from modelling is compared with the experimental results as illustrated in Figure 5. 

15. 

 

 

Figure 5. 14 Specimen geometry and boundary condition of the mortar 

 

The Force-CMOD curve obtained by the softening model matches well with the experimental 

results. Then cumulative events of local fracture recorded by acoustic emission during the experiment 

are compared with the modelling results as presented in Figure 5. 15. Four stages of fracture process, 

namely 100%, post-80%, post-60% and post-36% of peak force are chosen.  
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a) Point A : peak force 

  

b) Point B : post-80% of peak force 

  
c) Point C : post-60% of peak force 
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d) Point D : post-36% of peak force 

Figure 5. 15 Central part of SENB specimen displaying four selected stages of the fracture process in 

comparison to the damage zone estimated experimentally by means of AE 

 

The previous researchers [40, 43] have shown that the scattering zone of AE signal can provide 

valuable information on the fracture process zone of concrete. Thus, the 2D localization maps of AE 

events are classified in terms of levels of energy. Four energy levels are defined. High energy levels 

of AE events are located in the core of the FPZ region outlining the crack path. As defined by Bažant 

[9], the distribution of tensile stress within the FPZ gradually increases from the initial crack tip and 

reaches the tensile strength at the end of FPZ. In the DEM modelling, two groups of fractures are 

defined. Group 1 - Softening: where the contact between two adjacent particles shifts the softening 

part; Group 2 - Fracture: where the contact has been totally broken. When AE events locations are 

compared with the numerical local fracture zone, it can be clearly shown that the DEM modelling 

using softening model can clearly illustrate the fracture process zone and is consistent with the results 

of AE.  

The length of the FPZ can be defined as the length of the softening zone ahead of the crack tip 

as shown in Figure 5. 16. Based on this definition of FPZ, the FPZ length at selected stages of loading 

(pre-40%, pre-60%, pre-80%, 100%, post-80%, post-60% and post-40% of peak load) is measured. 

The obtained lengths of FPZ are shown in Figure 5. 17. 

 

 

 

■ Crack 

■ Softening 

Figure 5. 16 The definition of fracture process zone in DEM modelling 
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Figure 5. 17 Length of FPZ vs. Loading stage for mortar 

 

When the load is applied to the specimen, the length of the fracture process zone initially 

increases from the initial notch. Then when the applied load reaches the maximum, the process zone 

size reaches its maximum length. Afterwards, the length of the fracture process zone decreases when 

the loading increases. Ha et al. [352] also computationally obtained the similar results by utilizing a 

cohesive zone modelling approach. 

5.4 Application to concrete: study of aggregate grain size effect 

The remaining problem in the foregoing chapters is that the model used for concrete is a linear 

elastic model. Although it can be adapted to investigate the peak loading behaviours and the fracture 

patterns, the fracture process zone size and the post-peak behaviours of concrete cannot be modelled 

properly. The size of the fracture process zone length may be largely dependent upon the size of the 

aggregates [353]. Thus, a softening model has been developed in this chapter. The impact of aggregate 

size on the fracture process zone is examined. So, the softening model that has established above is 

employed in this section. The microparameters of mortar matrix have been determined in section 5.3. 

The next step is to identify the microparameters of aggregate and ITZs based on the same process 

mentioned in Chapter 3. Firstly, the compressive test and Brazilian test are used for 10C  concrete 

on the purpose of obtaining the microparameters of aggregate. It should be noted that for 10C  

concrete, Young’s modulus, bond strengths and softening parameters of ITZ are taken equal to 80 % 

of the mortar. Then the microparameters of aggregate can be obtained from the calibration procedures 

on 10C   concrete. Once the microparameters of aggregate and mortar matrix have obtained, the 

microparameters (Young’s modulus, stiffness ratio, softening parameters and bond strengths) of ITZ 

for 05C  concrete and 20C  concrete can be determined by inverse calibration procedure using LM 

method on Brazilian test. The specimens used for the modelling can be found in Figure 5. 18. 
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a) C05 b) C10 

 

c) C20 

Figure 5. 18 Specimens for each concrete series 

 

The Force-CMOD curves for each concrete series are illustrated in Figure 5. 19. The calculated 

maximum vertical forces for each concrete series are given in Table 5. 4. 

 

  

a) b) 

 

c) 

Figure 5. 19 Comparison between experimental and numerical Force-CMOD curves for different concrete 

series: a) C05; b) C10; c) C20 
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Table 5. 4 Comparison of laboratory tests and modelling results 

Force / kN 

Series 
Experimental Results Numerical Results 

C05 7.42±0.34 6.94 

C10 7.55±0.76 7.23 

C20 7.61 7.56 

 

The Force-CMOD curves in the simulation using the proposed softening model match well with 

the experimental curves. There is a little deviation at the end of the curves which can be explained 

due to the boundary effect. In the softening model used in this section, the fracture energy is constant 

along the ligament length. However, the studies of Duan and Hu [354-357] showed that the specific 

fracture energy ( fG ) is dependent on ratio between ligament length and initial crack length. The local 

fracture energy ( fg ) at the crack-tip decreases when approaching the boundary at the later stage of 

fracture. From the Figure 5. 19, it can also be observed that with the load increases, all the specimens 

experience three stages, namely linear elastic at the beginning, hardening until reaching the peak force 

and softening until the totally failure. So, the softening model developed above is capable to model 

the fracture behaviour of concrete. Then the fracture path for each DEM concrete series was studied. 

Figure 5. 20 presents fracture paths for each DEM concrete series at 60% of the maximum force. 

 

   

 

■ Crack 

■ Softening 

a) C05 b) C10 c) C20  

Figure 5. 20 Crack path for each DEM concrete series at 60% of the maximum force 

 

The roughness of the fracture path increases as the aggregate size increases (Figure 5. 20) which 

is also supported by Issa et al. [328]. Overall, the fractures tend to follow the weakest part of concrete, 

namely interface transition zone (ITZ). More aggregates are placed at the crack path for concrete with 

smaller aggregate. It means that there exists more ITZs compared with concrete with larger concrete 

and it is easier to form the crack path. The lower mechanical strengths of ITZs decrease the loading 

capacity of concrete beam. So, the loading capacity of 05C  is smaller than 20C .  

Based on the method aforesaid (Figure 5. 16), the FPZ length at selected stages of loading (pre-

40%, pre-60%, pre-80%, 100%, post-80%, post-60% and post-40% of maximum force) is measured 

for each concrete series. 
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Figure 5. 21 Length of FPZ vs. Loading stage for each concrete series 

 

The length of FPZ experiences an increase with the increase of maximum aggregate size as 

illustrated in Figure 5. 21. The phenomenon is in accordance with the results of AE that showed in 

Figure 4. 8. The possible reason is that the crack path contains more aggregates placed for concrete 

with smaller aggregate size. It means that there exists more ITZ and the weaker strength of ITZ is 

easier to form the macrocrack. So, the length of FPZ increases with the increase of aggregate. 

5.5 Summary 

In Chapter 4, it has been mentioned that with a linear elastic model, the influence of the 

maximum aggregate on the FPZ length and the post-peak behaviours of concrete cannot be 

investigated. However, the size of the fracture process zone length may be large depending upon the 

size of the aggregates. So, in this section, to solve the remained problem, a crack opening 

displacement softening model is developed. In this softening model, the shear and normal strength 

are combined with an elliptic form fracture envelope. Thus, the softening model can handle both pure 

modes and mixed mode fracture behaviours of the materials. Before modelling, the impact of 

microparameters on the numerical modelling results is also investigated in order to see how each 

parameter affects the behaviours first, thus can decrease the workload of microparameters calibration 

procedures. Through a comparison between numerical and experimental results, it can be shown that 

the proposed model can be used for numerical analysis of quasi-brittle materials like mortar and 

concrete. It is demonstrated that the fracture process zone experiences an increase until the peak load 

and then decreases with increasing loading stages. Finally, the aggregate effects are analysed using 

the proposed softening model, the crack path and the length of FPZ for each concrete series are 

investigated. It can be concluded that the length of FPZ and the roughness of the fracture path increase 

with the increase of maximum aggregate size. The reason is that more aggregates placed at the crack 

path for concrete with smaller aggregate, leading to the weaker ITZ areas. The weaker strength of 



Chapter 5. A Displacement Softening Model for DEM and its Application 

128 
 

ITZ is easier to form the macrocrack, thus the roughness of the fracture path and the length of FPZ 

increases as the aggregate size increases.  
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Conclusions 

In order to understand the effect of aggregate size on the size effect phenomenon, experimental 

and numerical studies have been carried out in this work. 

The modelling of the fracture behaviour of concrete properly is still a problem, although there 

exist many approaches to model the fracture behaviours of concrete. Different fracture models for 

concrete behaviour are presented in the Chapter 1. It clearly shows that the fracture process zone is 

an important property that influences the fracture behaviours of concrete. These models are generally 

based on the principles of fracture mechanics or damage mechanics, the numerical methods can be 

roughly classified into two categories: continuum approach and discontinuum approach. Discrete 

Element Method (DEM) is one of discontinuum approach that looks into micromechanics of the 

problem, allows a grain level control and could solve the discontinuous problem. So DEM is suitable 

to analyse the local behaviours of concrete. Thus, compared with the continuum-based models, 

discontinuum based models seem more appropriate to model the fracture behaviours of concrete.  

Parallel bond model inserted in the DEM code provides the mechanical behaviour of a finite-

sized piece of cement-like material deposited between the two contacting particles, thus the parallel 

bond is considered as a suitable model to perform numerical simulation at first when compared to all 

the main contact models. However, the modelling results show that the behaviour of concrete with 

high compressive strength/tensile strength ratio cannot be modelled with the same set of 

microparameters. The reason is that in the generic formulation of the parallel bond, full contribution 

of moments is considered and constant normal and shear strengths are used without considering their 

inter-dependence. Thus, the parallel bond model cannot be used for concrete directly. Therefore, a 

modified parallel bond model is developed. In the model, the contribution of the moment is 

considered and a new model parameter is defined in order to control problems in parallel bond model. 

Concrete is seen as a three-phase composite, hence three types of contacts are determined for three 

phases (matrix, interface, and aggregate) and aggregates are modelled using cluster particles and 

bonded together by connecting DEM with Matlab. Levenberg-Marquardt (LM) algorithm is adopted 

to deal with the time-consuming method (try and error method) used for micro parameters 

determination. When applied to this modified parallel bond model on mortar and concrete, the 

numerical results of mechanical behaviour can well reproduce experimental mechanical results and 

fracture patterns are also correctly described. The modified parallel bond model is then applied in the 

following chapters to illustrate the local fracture behaviours of concrete related to dimensional size 

effect and aggregate size effect. 

In Chapter 2, an experimental approach is presented to study the general size effect for various 

concretes with increasing maximum aggregate size. The characteristic structural dimension and the 

maximum aggregate size ( maxD d ) is regarded as a key factor while investigating the size effect. The 

classical approach is first applied by up-scaling the ratio maxD d  through upscaling the structural 

dimension and keeping maxd constant. Geometrically increasing sized specimens ( 1D , 2D , 3D ) in 

accordance with RILEM recommendations. The experimental results points are located on the 

Bažant’s size effect curve, thus obeying the size effect behaviour. The size effect curves for all 

concrete series are found to the same. So, when putting all the points together, it can be concluded 

that with the increase of 
maxd , the behaviour of specimens transitions from LEFM to the hypotheses 

of strength criterion. It means that the specimens with larger 
maxd  are more ductile when compared 
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with specimens with smaller 
maxd . Fracture parameters are also obtained from the size effect analysis. 

The results illustrated that when the maximum aggregate size increased from 5.25 to 21.0 mm, the 

fracture energy, fracture process zone length, and fracture toughness increases. It means that concrete 

with small coarse aggregate is more brittle than that with bigger coarse aggregate. It should be pointed 

out that same results (non-dimensional nominal strength) are obtained from specimens with the same 

maxD d   ratio: 2 20D C−   and 1 10D C−  ( max =9.5D d  ); 2 10D C−   and 1 05D C−   ( max =19D d  ); 

3 10D C−   and 2 05D C−   ( max =38D d  ). It means that increasing the depth of the specimen or 

decreasing the maximum size of aggregate obtains the same effect. Further investigation of this 

phenomenon as the most important goal of the thesis was then studied in the Chapter 4. 

Through the results obtained by AE and DIC, it is found that the width of FPZ is greater for the 

larger beam size in the post-peak loadings. The relative crack length also increases with the loading 

steps but decreases with the size of the specimen. It is due to the decrease of the stress gradient with 

increasing specimen size. Besides, with the specimen size increasing, the mechanical behaviour 

becomes more brittle. 

Size effect behaviours are modelled by the modified parallel bond model developed in Chapter 

2. Only 10C  concrete with maximum aggregate size of 10.5 mm is selected for the modelling. In 

the calibration procedures, conventional compressive and tensile tests on mortar are used to determine 

the microparameters of the matrix. Owing to the lack of experimental results supports, it assumed a 

linear relationship between hardness and strength. Thus, Young’s modulus, tensile strength and 

cohesive strength of ITZ are simply adopted as 80 % of mortar properties. The other parameters of 

ITZ are kept the same to the mortar. Then the microparameters of aggregate particles are obtained by 

calibration on conventional compressive and tensile tests using LM method. After determining all 

microparameters for concrete, the size effect analysis on bending tests is performed. The numerical 

results are in compliance with experimental results.  

Chapter 4 presents a new way to analyse size effect by another approach to up-scale the ratio 

maxD d . In this approach, the structural dimension is kept constant while up-scaling maxd . Based 

on this approach, Brazilian test, and three-point bending test are used to investigate the mechanical 

behaviours of concrete with different maximum aggregate size. The indirect tensile strength showed 

an increase when maximum aggregate size increased and obeyed the modified Bažant’s size effect 

law. It is explained by the fact that the splitting failure is mainly as a result of the opening of a single 

crack and development of fracture process zone in the surrounding. The increase of aggregate size 

increases the size of the fracture process zone and energy dissipation which slow down the crack 

opening, crack propagation and increases the strength. An aggregate size effect law is developed by 

rearranging Bažant size effect law. The three-point bending results followed well with the aggregate 

size effect law. The behaviour is plotted on the typical size effect curves; it can be stated that the 

concrete behaviour transitions from LEFM to strength criterion when the maximum size of coarse 

aggregates increases. A relationship between general size effect and aggregate size effect has been 

proposed. On this point analysis of the relationship between the two size effects still needs to be 

further investigated as it is based only on the limited experimental support of this study.  

With the help of AE and DIC methods, the size of FPZ and the crack trajectory are investigated. 

It is found that the width and the length of FPZ increase with the increase of maximum aggregate 

size. The non-uniform distribution of local fracture and the new upscaling maximum aggregate size 

approach may be the possible reason for these phenomena. The crack trajectory for concrete with 

larger aggregate deviates from the rectilinear path compared with the concrete with smaller 

aggregate.  

Results of DEM modelling produced a similar fracture as obtained by experiments. The 

differences of the crack lengths for different concrete series are not obvious when using a linear elastic 

contact model. So, in order to investigate the influence of the maximum aggregate on the FPZ length, 

a more suitable model like softening model needs to be developed.  
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In Chapter 5 a displacement softening model is developed in the framework of discrete element 

method to solve the remained problem. In this model, the shear and normal strength are combined 

with an elliptic form fracture envelope. Thus, the model can handle both pure modes and mixed modes 

fracture behaviours of the materials. Then the impacts of microparameters on the numerical modelling 

results are also investigated in order to decrease the workload of microparameters calibration 

procedures. Through a comparison between numerical and experimental results, it can be 

demonstrated that the proposed model can be used for numerical analysis of quasi-brittle materials 

like concrete. Finally, the aggregate effects are analysed using the proposed model using 1D  beams, 

the crack path and the length of FPZ for each concrete series are investigated. Due to the reason that 

more aggregates are placed at the crack path for concrete with smaller aggregate size, leading to the 

weaker ITZ areas, the roughness of the fracture path and the length of FPZ increases as the aggregate 

size increases.  

Perspectives 

This study provides insight into the effects of aggregate size on the fracture behaviours of 

concrete. The current work should be extended in different directions. In the perspective of this work, 

further experimental research should be conducted to investigate the impact of ITZ on the aggregate 

size effect. The properties of ITZ can be analysed by scanning electron microscope (SEM) and 

backscattered electron images (BSE). Through these methods, changes in properties around the 

aggregate, changes in the spacing along the aggregate surface, and changes in the average chemical 

composition of the interface can be analysed. It is useful for the further investigation of the aggregate 

size effect under the level of microstructure. 

In this study, only the mode I (tensile) failure is considered to study the effect of aggregate size. 

Similar relationships can be obtained e.g. between maximum aggregate size and compressive strength. 

The failure of the compression test is a complex fracture process, so in this study, the effect of 

aggregate size on the compressive strength is not included. The relationship between compressive 

strength and the aggregate size effect has yet to be studied, where many parameters related to concrete 

mix design, rheological, physical and mechanical properties need to be considered. 

One of the most prominent outcomes of this experimental study is the relation of conventional 

size effect and aggregate size effect. Many conclusions have been drawn in this regard. Although an 

empirical equation has also been proposed, more investigation needs to be performed to obtain the 

fundamental law between these two size effects. 

In the DEM modelling, few problems have still to be reckoned. The first one is that concrete is 

modelled in a three-phase material without considering the existence of the random pores. So, in the 

subsequent analysis, the pores will be modelled either simply by random delete the balls in the 

specimens or by multi-scale modelling where mortar is modelled at the scale of representative 

elementary volume (REV) where porosity will be considered. Also, in the work, the generation of 

aggregates in concrete is based on the random generation of circular balls and clumped the small balls 

together. However, the real shape and the real position of the aggregates may have an influence on 

the fracture behaviours of concrete. Images obtained from the X-ray micro-computed tomography 

(μCT) can be used to produce the real shape and the actual position of the aggregates in concrete. 

 

 

 

 

 

 

 

 



Conclusions and Perspectives 

132 
 

 

 

 

 



Appendixes 

133 

Appendixes 

A. The grading curves for sand and aggregates 

As illustrated in Chapter 3 (Section 3.2.1), sand with maximum size 2 mm used in this thesis. 

The maximum sizes of aggregate were 5.25 mm, 10.5 mm and 21.0 mm, respectively. The grading 

curves for sand and aggregates are given in Figure A. 1. 

 

 

Figure A. 1 Grading curves for sand and aggregates 
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B. The regression curves  

The results of general size effect and aggregate size effect have been given in Chapter 3 and 

Chapter 4, respectively. As elaborated in Chapter 4 (Section 4.3.3), there may exist a relationship 

between the two size effects. The regression curves have been made for the parameters obtained for 

the purpose of finding the empirical relationship between aggregate size effect and general size effect. 

 

Figure B. 1 The relation between 0 aggD −  and 
0 sizeD −

  

 

Figure B. 2 The relationship between maxd  and t size t aggBf Bf− −  for D1 beams 
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Figure B. 3 The relationship between maxd  and t size t aggBf Bf− −  for D2 beams 

 

 

Figure B. 4 The relationship between t size t aggBf Bf− −  for D1 beams and t size t aggBf Bf− −  for D2 beams 

 

  



Bibliographic References 

137 

Bibliographic References 

[1] P. Shafigh, H. B. Mahmud, M. Z. Jumaat, and M. Zargar, "Agricultural wastes as aggregate in concrete mixtures–

A review," Construction and Building Materials, vol. 53, pp. 110-117, 2014. 

[2] M. S. Meddah, S. Zitouni, and S. Belâabes, "Effect of content and particle size distribution of coarse aggregate 

on the compressive strength of concrete," Construction and Building Materials, vol. 24, pp. 505-512, 2010. 

[3] K.-R. Wu, B. Chen, W. Yao, and D. Zhang, "Effect of coarse aggregate type on mechanical properties of high-

performance concrete," Cement and Concrete Research, vol. 31, pp. 1421-1425, 2001. 

[4] P.-C. Aïtcin and P. K. Mehta, "Effect of coarse aggregate characteristics on mechanical properties of high-

strength concrete," Materials Journal, vol. 87, pp. 103-107, 1990. 

[5] A. M. Neville and J. J. Brooks, Concrete technology. London: Pearson, 1987. 

[6] A. M. Neville, Properties of concrete vol. 4. London: Longman 1995. 

[7] C. F. Goble and M. D. Cohen, "Influence of aggregate surface area on mechanical properties of mortar," 

Materials Journal, vol. 96, pp. 657-662, 1999. 

[8] S. P. Shah, S. E. Swartz, and C. Ouyang, Fracture mechanics of concrete: applications of fracture mechanics to 

concrete, rock and other quasi-brittle materials. New York: John Wiley and Sons, 1995. 

[9] Z. P. Bažant and J. Planas, Fracture and size effect in concrete and other quasibrittle materials. Boca Raton: 

CRC press, 1998. 

[10] S. P. Shah and F. J. McGarry, "Griffith fracture criterion and concrete," Journal of the Engineering Mechanics 

Division, vol. 97, pp. 1663-1676, 1971. 

[11] W. Tasong, C. Lynsdale, and J. Cripps, "Aggregate-cement paste interface. II: Influence of aggregate physical 

properties," Cement and Concrete Research, vol. 28, pp. 1453-1465, 1998. 

[12] K. L. Scrivener, A. K. Crumbie, and P. Laugesen, "The interfacial transition zone (ITZ) between cement paste 

and aggregate in concrete," Interface Science, vol. 12, pp. 411-421, 2004. 

[13] J. Ollivier, J. Maso, and B. Bourdette, "Interfacial transition zone in concrete," Advanced cement based materials, 

vol. 2, pp. 30-38, 1995. 

[14] Ł. Skarżyński and J. Tejchman, "Experimental Investigations of Fracture Process in Concrete by Means of X-

ray Micro-computed Tomography," Strain, vol. 52, pp. 26-45, 2016. 

[15] T. T. Hsu, F. O. Slate, G. M. Sturman, and G. Winter, "Microcracking of plain concrete and the shape of the 

stress-strain curve," in ACI Material Journal, 1963. 

[16] S. P. Shah and S. Chandra, "Critical stress, volume change, and microcracking of concrete," in ACI material 

Journal, 1968. 

[17] J. G. van Mier, "Framework for a generalized four-stage fracture model of cement-based materials," Engineering 

fracture mechanics, vol. 75, pp. 5072-5086, 2008. 

[18] A. Hillerborg, M. Modéer, and P.-E. Petersson, "Analysis of crack formation and crack growth in concrete by 

means of fracture mechanics and finite elements," Cement and Concrete Research, vol. 6, pp. 773-781, 1976. 

[19] J. Bhargava and Å. Rehnström, "High-speed photography for fracture studies of concrete," Cement and Concrete 

Research, vol. 5, pp. 239-247, 1975. 

[20] X. Hu and F. H. Wittmann, "Experimental method to determine extension of fracture-process zone," Journal of 

Materials in Civil Engineering, vol. 2, pp. 15-23, 1990. 

[21] K. M. Nemati, "Fracture analysis of concrete using scanning electron microscopy," Scanning, vol. 19, pp. 426-

430, 1997. 



Bibliographic References 

138 
 

[22] S. Mindess and S. Diamond, "A device for direct observation of cracking of cement paste or mortar under 

compressive loading within a scanning electron microscope," Cement and Concrete Research, vol. 12, pp. 569-

576, 1982. 

[23] S. Mindess and S. Diamond, "A preliminary SEM study of crack propagation in mortar," Cement and Concrete 

Research, vol. 10, pp. 509-519, 1980. 

[24] F. O. Slate and S. Olsefski, "X-rays for study of internal structure and microcracking of concrete," in Journal 

Proceedings, 1963, pp. 575-588. 

[25] G. S. Robinson, "Methods of detecting the formation and propagation of microcracks in concrete," in 

international conference on the structure of concrete and its behavior under load, London, 1965, pp. 131-145. 

[26] M. Chabaat and J.-F. Thimus, "Use of scanning electron microscope and the non-local isotropic damage model 

to investigate fracture process zone in notched concrete beams," Experimental mechanics, vol. 47, pp. 473-484, 

2007. 

[27] K. Otsuka, "Detection of fine cracks in reinforced concrete through x-ray techniques using contrast media," 

Doboku Gakkai Ronbunshu, vol. 1992, pp. 169-178, 1992. 

[28] K. Otsuka, "X-ray technique with contrast medium to detect fine cracks in reinforced concrete," in Intemational 

Workshop on Fracture Toughness and Fracture Energy, Balkema, 1988. 

[29] K. Otsuka, H. Date, and T. Kurita, "Fracture process zone in concrete tension specimens by X-ray and AE 

techniques," in Fracture Mechanics of Concrete Structures-Proceedings FraMCoS-3, Freiburg, 1998, pp. 1169-

1182. 

[30] K. Otsuka and H. Date, "Fracture process zone in concrete tension specimen," Engineering fracture mechanics, 

vol. 65, pp. 111-131, 2000. 

[31] S. Swartz and T. Refai, "Influence of size effects on opening mode fracture parameters for precracked concrete 

beams in bending," in Fracture of concrete and rock, ed: Springer, 1989, pp. 242-254. 

[32] S. Swartz and C. Go, "Validity of compliance calibration to cracked concrete beams in bending," Experimental 

mechanics, vol. 24, pp. 129-134, 1984. 

[33] N. Lee, B. Mayfield, and C. Snell, "Detecting the progress of internal cracks in concrete by using embedded 

graphite rods," Magazine of Concrete Research, vol. 33, pp. 180-183, 1981. 

[34] F. Ansari, "Mechanism of microcrack formation in concrete," ACI Materials Journal, vol. 86, pp. 459-464, 1989. 

[35] Y. Sakata and M. Ohtsu, "Crack evaluation in concrete members based on ultrasonic spectroscopy," Materials 

Journal, vol. 92, pp. 686-698, 1995. 

[36] R. Dhir and R. Sangha, "Development and propagation of microcracks in plain concrete," Matériaux et 

Construction, vol. 7, pp. 17-23, 1974. 

[37] J. Saliba, M. Matallah, A. Loukili, J.-P. Regoin, D. Grégoire, L. Verdon, and G. Pijaudier-Cabot, "Experimental 

and numerical analysis of crack evolution in concrete through acoustic emission technique and mesoscale 

modelling," Engineering fracture mechanics, vol. 167, pp. 123-137, 2016. 

[38] A. Maji, C. Ouyang, and S. Shah, "Fracture mechanisms of quasi-brittle materials based on acoustic emission," 

Journal of Materials research, vol. 5, pp. 206-217, 1990. 

[39] A. Maji and S. Shah, "Process zone and acoustic-emission measurements in concrete," Experimental mechanics, 

vol. 28, pp. 27-33, 1988. 

[40] J. Saliba, A. Loukili, J.-P. Regoin, D. Grégoire, L. Verdon, and G. Pijaudier-Cabot, "Experimental analysis of 

crack evolution in concrete by the acoustic emission technique," Frattura ed Integritá Strutturale, 2015. 
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Titre : Effets d’échelle et de la taille des granulats sur la rupture du béton : Étude expérimentale et modélisation par 
éléments discrets 

Mots clés :  béton, effet d’échelle, taille de granulat, fissuration, émission acoustique, corrélation d'images, éléments discrets, 
modèle de contact. 

Résumé :  Il est de plus en plus admis que l’effet d’échelle doit 

être pris en compte dans la conception des structures de Génie 
Civil. Pour le béton, ce problème est complexe car celui-ci ne 
possède pas d’adoucissement plastique, et sa rupture est due à la 
fissuration caractérisée par une grande zone de microfissuration 

(fracture process zone) qui dépend de la taille du granulat 
maxd . 

Cette fissuration passe par un adoucissement sous la forme de 
microfissures et de glissement interparticules.  

Expérimentalement, l’effet d’échelle sur le béton est très 
souvent étudié à l’aide des corps d’épreuves homothétiques 

entaillés où l’on cherche à relier la résistance nominale (
N ) 

estimée à partir de la charge de rupture en flexion à une 

dimension caractéristique D . Ceci conduit à une diminution du 

ratio 
maxd D  avec l’augmentation de la taille de la structure. 

Parmi les objectifs de cette thèse est d’étudier 

expérimentalement l’impact de l’hétérogénéité (
maxd D ) 

supposé comme facteur fondamental de l’effet d’échelle. Trois 
coupures granulaires ont été testées sur trois tailles de poutres 
différentes en suivant le processus de fissuration par émission 
acoustique et la technique de corrélation d’images. Celles-ci  

permettent de suivre l’ouverture des fissures et identifient assez 
clairement la FPZ. 

Les résultats mettent en évidence une grande influence de la 
taille du granulat sur le comportement à la rupture du béton. Il 
existe une relation directe entre les paramètres de l’effet 
d’échelle obtenus par la loi de Bazant et la taille du granulat 

(
maxd ). Le traitement des résultats d’une même taille avec 

différents granulométries dans le même diagramme conduit à la 
même loi d’effet d’échelle structurelle classique avec une valeur 
de transition identique. 

La modélisation du comportement mécanique est effectuée 
par la méthode d’éléments discrets (DEM). Le modèle de contact 
linéaire ne s’avère pas adéquat pour le mortier et le béton où le 
rapport compression / traction est très élevé. De ce fait, Il a été 
modifié pour prendre en compte la contribution des moments 
inter-granulaires. Les paramètres micromécaniques sont 
déterminés par des essais classiques avec une analyse inverse en 
utilisant l’algorithme de Levenberg-Marquardt. Les résultats 
montrent que cette approche est capable de reproduire le 
comportement à la fissuration locale du béton et de reproduire 
l’effet d’échelle et celui des granulats. Ensuite, un modèle 
d'adoucissement est développé afin de mieux reproduire la 
réponse post pic et le processus de fissuration. 

 

Title :  Aggregate Size  and  Scale effects on  concrete fracture : experimental investigation and discrete element 
modelling 

Keywords :  concrete, size effect, aggregate size, cracking, acoustic emission, digital image correlation, discrete elements, 
contact model. 

Abstract : It is now commonly understood that in the design of 

civil engineering structures, size effect must be taken into 
consideration. For concrete, this problem is complex because it 
does not exhibit plastic softening. The failure of concrete is 
generally preceded by propagation of cracks, characterized by a 
large microcracking zone (fracture process zone or FPZ) which is 

proportional to the maximum aggregate size (
maxd ). This 

fracture process is accompanied by strain-softening in the form 
of microcracking and fractional slip. 

Experimentally, size effect in concrete is commonly studied 
by using geometrically similar notched beams where the 

nominal strength ( N ) obtained from the bending failure load 

is related to the characteristic dimension ( D ). This leads to a 

decrease in the ratio of maxd D  with an increase in the size of 

the structure. One of the objective of this thesis is to study 

experimentally the effect of heterogeneity ( maxd D ) size. This 

ratio is recognized as a fundamental factor causing the size 
effect. Three aggregate grading segments were tested on three 
different sizes of beams and the cracking process was 
investigated by acoustic emission and the image correlation  

 

technique. These methods make it possible to trace the 
crack.openings and identify distinctively the FPZ. 

  The results demonstrate a significant influence of the 
aggregate size on the fracture behaviour of concrete. There is a 
direct relationship between the size effect parameters obtained 

by Bazant's law and maximum aggregate size (
maxd ). The 

results obtained from the specimen having the same size but 
made of concretes with different aggregate sizes produced the 
same classical size effect with identical transitional between 
LEFM and strength based laws. 

The mechanical behaviour is modelled by the Discrete 
Element Method (DEM). However, the linear contact model 
inserted in DEM is not suitable to satisfy the materials like 
mortar and concrete with high unconfined compressive strength 
to tensile strength ratio. As a result, the model is modified to 
take into account the contribution of interparticle moments. The 
micromechanical parameters are determined by conventional 
tests with inverse analysis using the Levenberg-Marquardt 
algorithm. The results showed that this approach is able to 
reproduce the local cracking behaviour of concrete as well as 
classical size effect and aggregate size effect. Then, a softening 
model is developed to better reproduce the post-peak response 
and the cracking process. 
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