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Presentation

This manuscript has two parts, the first, we explain the mathematical models and result
obtaining for the different equations studied during my work of Thesis, the second part
show the papers publishing in the context of the development of this work.

Currently, a third article on the study of phenotypic evolution of a cell population is
being published soon and hopefully be presented in any international magazine.

Each chapter will find an introduction that presents the work, motivation and some of
the possible future work, after, are the mathematical results.
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Chapter 1

Modeling the phenotype evolution of a cell
population

1.1 Introduction

In this work, we study the evolution in time of some cell population characterized by a trait and
using the Transport Equation we model and predict the phenotype evolution for this resident. Math-
ematical equations that model phenotype structured populations are considered part of Theory of
Adaptive Dynamics.

The mathematical ecology was born from the need to prove different hypothesis proposed in
Biology over populations, which were confirmed using mathematical models, in particular differ-
ential equations. Differential equations, model a variety of ecological phenomena, for example
population growth, species interactions, among others. To readers more interested in this type of
models and their history, we invite them to see [5, 16, 18] and the reference therein.

Theory of Adaptive Dynamics appeared in the 70s and a first reference about mathematical
models in this subject has been supplied by Maynard and Price in [17], but the use of Adaptive
Dynamics as expression was introduced by Hofbauer-Sigmund in them book Evolutionary Games
and Population Dynamics. The paper [[17] is very important, as provides the basis to analyze of
mathematical models from Adaptive Dynamics point of view, because made the connection be-
tween biology and mathematical results. The formal definition of this theory is given in a large
number of papers and books, for example [6, 7, |17, 18] among others, but in my opinion the easier
to understand was exposed in [22] and it is defined as “a theoretical approach for studying some
of the phenotype changes that take place, over time, in evolving populations”, this describe which
is the main objective of this type of models. The emergence of this theory comes from the need
to model the evolution in time of species having distinct genetic traits that allow them to survive
and be maintained over time in certain environmental conditions. These ideas expand The Evo-
lution Theory, which was proposed by Charles Darwin in 1838. Saying that expands the ideas of
Darwin, in the sense that the integration of mathematical models provides a fresh look at Natural
Selection Principle, as mathematics can anticipate future populations behaviors under certain envi-
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ronmental conditions, without being upon seeing what happens, giving formal experiments to this
theory. To work in Adaptive Dynamics, we must direct our efforts in a main purpose to model the
evolution in time of some species where there exists best adapted individual in a specific environ-
mental conditions, after several reproduction cycles, total population should present the genetic or
physiological structure of the stronger individuals that are survivors. The adaptation of a specie
occurs when environmental conditions change radically and to survive, the individuals are forced
to modify their conduct, as a consequence of this natural process, take place variations in their
physiological and genetic structure. To model the effect of selection principle on a population,
we consider a mathematical ecological model to individuals reproduction and we introduce a new
variable x to represent the phenotype diversity present in this community. To read more about
Adaptive Dynamics we advise to interested readers to see (3, 4, 16, (7,19, 9, [14, [17, 18, 22] and the
reference therein.

We take into account the following basics biological hypothesis:
1. Heritability principle: Parents give their traits to new individuals.
2. Selection principle: Reproduction favors traits that are fittest to environmental conditions.

3. Mutations o Variation principle: New individuals can have different traits that their par-
ents.

The combination of this three theoretical hypothesis is studied through Theory of Adaptive Dy-
namics and we have applied different mathematical tools to model this effect on a population,
incorporating parameters to describe evolution in terms of phenotype. However, in this work only
we consider the first two: Heritability and Selection principle.

The motivation to do this work, comes from to model a cell population for which some drug
therapy was applied and exist a sub-population where the treatment did not have an effect. In
medicine, these phenomena is called resistance. To obtain a model in Theory of Adaptive Dy-
namics, we should explain these circumstances, assuming that there exist a sub-population, which
presents a phenotype best adapted to environmental conditions, in our case nutrients and drug
therapy. A biological hypothesis is that a resistant sub-population is selected when a drug targets
a specific gene (Darwinian process). There are different biological theories to explain this phe-
nomenon in a molecular level, to see more about this topic read [12, 14, [16] and the reference
therein. This condition is very common in different therapeutic process, for example in cancer,
antiviral, antimalarial, antibacterial, poison applications (rats), pesticide, among others. In partic-
ular, in Chile, there are studies about this phenomenon, it has been found in antibacterial, HIV
therapies, among others, the studies show different causes and to read more about this problem in
Chile see [[1] and the reference therein. Therefore, is very common meet people where a medical
treatment did not produce the expected effect, for this the resistance phenomenon has attracted
the attention of medical doctors and human biologists, which have gathered observations on the
mechanisms explaining it. Broadly speaking, we can explain this phenomenon considering that
cell reproduction is very fast and the common drugs applied can not select which type of individ-
uals will inhibit. Thus, based in The Evolution Theory, there is a high probability that survivors
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become immune to chemical after a several reproductions times, proliferating in mass, which pro-
duce a malignant and fatal cancer. When exists several types of cells differentiate by a phenotype,
there are more possibilities to find a sub-populations resistant to drugs and these stronger cells re-
produce uncontrollably occupying the space that others have vacated developing a tumor. In [12],
have been proposed two mechanisms at which the cells can become cancerous. The first involves
changes in your fitness function and lose your reproduction control, this is caused by the presence
of phenotype resistant to environmental conditions, as well as, the cells adapt and their prolifera-
tion is favored. The second case, is the existence of a favorable environmental conditions where
the cells proliferate and accumulate a sufficient number of individuals producing mutations. In this
case, we will admit only the first instance in our model.

To obtain the renewal equation for this cell population, we need to define a suitable Fitness
function, since being the main ingredient to describe the phenotype evolution for these individu-
als, to read more about this see [22]. The fitness function has different definitions in Population
dynamics, these depend on type of organism that we model, but in general by its uses, we can infer
that it gives a panoramic view of how the population breeds, feeds, dies and changes in several
aspects. It is why, the Fitness in our equation should consider different variables that influence on
cells evolution, thus we include in this function the trait variable = representing that proliferation
is favoring the best adapted trait and to model environmental influence we incorporate a new term
p. Considering that the total mass is one of the main factors that determine the environment in
which the cells live, p should depend on total individuals present in a period of time. Then, we
can anticipate that in an extended period of time, the population will be concentrated in the best
adapted gene, thus we must obtain a Dirac mass concentrated in a singular attribute as solution
representing the selection principle in this cell community.

To model the behavior of our cell population, we must consider the following biological hy-
pothesis:

1. Asexual reproduction process.
2. Offspring have the same trait that their parents.
3. Only one-dimension strategies are considered.

In resume, we consider that organism live in the same environmental conditions for some fixed
period of time where they compete for nutrients among themselves. In this first approximation, we
consider that offspring has the same trait as their parents, we also define a fitness function that is
trait and density dependent. In addition, we assumed there exist a unique trait best adapted at fixed
environmental conditions. This first approach will give us much information about the behavior of
the population and checking that the theory of evolution also applies on this scale.

We start studying in Section (1.2|a ODE to model evolution in time of a cell population charac-
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terized by a trait. Consider the follow equation

In(z,t)= [(14:;()3(32))“ —d—ocn (:13)] n(x,t),
(1.1)
n(0,z) =n"(x) >0,
wheret > 0,2 € [0,1], a,c,d > 0,ng € L' [0, 1] and define

1

p(t) :/n(ac,t) dx . (1.2)

0

The biological meaning of the variables are:

e n(x,t) cell density with trait z in t.

° r(z)

T fitness function dependent on total density.

e ( average mortality rate.
e cn(z) mortality caused by the medication to individuals with gene .

We will prove that there is a unique positive solution of (1.1)) using a fixed point method. We define
the solution as the pair (p, n), because there is an intrinsic relation between them.
In Section|[I.3] we continue adding another cell population and study the following system

d ri(x )

S (w,t) = [W —dp —enp, (:U)] np (z,t) ,

e (0,0) = [285e = de = en ()] e (21) (13)

np (0,2) =n) (x) > 0,n.(0,z) =n (x) >0, )

where t > 0,z € [0,1], a,¢,d > 0, nd,nd € L'[0,1], ny, represent the healthy cells, in short
h-cells, analogously, n. are cancer cells, abbreviate c-cells. The biological meaning are:

e ny,(x,t) h-cells density with trait x in ¢.

n.(z,t) c-cells density with trait  in .

ri(x)
® )"

% fitness function to c-cells density dependent.

fitness function to h-cells density dependent.

dj, average mortality rate to h-cells.

d. average mortality rate to c-cells.

15



e cn;, specific mortality for h-cells with gene z.
e 1), specific mortality for c-cells with gene z.

We define fori = 1, 2,

pi (t) = / [ () Wi (2, 8) 4+ ne (2, 8) Wie (2, 1)) d (1.4)
and ) .
My, (t) = /nh (x,t)dx, M. (t) = /nc (x,t)dx . (1.5)

Using the same arguments as in Section[I.2] we will prove there is a unique solution to (9).

In Section [I.4] we study the Transport equation
ni(x,t) = [g(@)n(z, t)]. = Rz, p(t))n(z, 1) ,
p(t) = [Fn(z, t)dx, (1.6)
n(0,z) = n%(z) >0,
where t > 0,z € [0,+00) ,n° € L'(R"), g(0) = 0. The biological meaning of the variable are:

e x cell trait representing drug resistance.

n(x,t) cell density in time ¢ > 0 with trait .
e p(t) total cell density in time ¢.
e ¢ genetic velocity of change.

We are interesting in solutions to (L.21]) such that

lim n(.,z) =0, (1.7)

T—00

integrating (1.38)), we obtain the follow ODE for p(t)

+oo
dp(t) = / n(x,t)R(x, p(t))dt . (1.8)
We study the equation (T.21)) to model the genetic movement when there is a velocity of vari-
ation for each trait. In Section we focus primarily in estimate the necessary conditions to
describe the asymptotic behavior for the solutions of (I.6). Based in the classical methods apply
in PDE models, we will include a small € parameter, which perturb our initial transport equation.
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This change of variables will be biologically justifies and gives important information about the
cell population modeled. The classical examples about study the asymptotic behavior are showed
in [[11, 18] and the reference therein. Following various works for example [3, 4} 6, [7, 9, [14} 15]],
among others, our purpose is to prove that

ne(x,t) = p(t)do(z — (1)) ,

ase — 0.

The method used consisted in applying the change of variables or WKB ansatz

ue(w.t)

n(x,t)=e <

assuming that solutions are similar to a Gaussian function and it is simpler describes the properties
of u.. We will prove that (u.). is a decreasing (in linear order), equilipschitz sequence, then by
Ascoli’ Theorem, under a subsequence its limit exits. In addition, the limit of (u.) is decreasing
(in linear order), concave and nonpositive function, which allow us to elucidate the limit of n., all
technical assumptions will be presented in Section [I.4.1]

In this theory, we find several different models, for example, with a diffusive and integral terms
[3, 4,16, 17,19, 14, 15] to model competition and populations mutations. In our cases, we start mod-
eling a simplest case and propose in future works incorporate more terms.

Among the future work that may arise in this model, we have the following:

1.

3.

What are the necessary conditions to describe the long-time behavior of asymptotic solutions

of (L.38)?

. Consider the equation (1.21T]) under the mutation hypothesis, incorporating a diffusion term

An(x,t) or the probability kernel K (z,y) in equation (I.21). The diffusion in = represents
the genetic orderly movement, however the kernel models the aleatory mutation of cells with
trait z to y.

We can consider the competition between two populations, as we make in Sections [I.2}
[I.3] but including a transport term. In this case we need change a fitness function to one
population, follow the paper [14].

. Another possibility, it is investigating about the Control problem. Considering the same

transport equation present in (1.21]) including in the fitness function two controls, that repre-
sent two different drugs. We expect to obtain a populations concentrate in two or more traits
best adapted to produce the branching in the evolution of this cell population.
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1.2 Cell growth model

Consider the differential equation

On(e,t) = [ —d = en(@)] n (21) .
n(0,x) =n’(z) >0,

wheret > 0,2 € [0,1],a,c,d > 0,ng € L'[0,1] and

1

p (%) :/n(x,t)dx.

Assume that,

0<p(0)<pum,
with pjs holds
r(z)
sup —d—cn(x } =0
2€[0,1] {(1 + par)® (=)

We also suppose,
r(z) >0, (x)<0,n(z)>0,n(x)<0.

The solution to (2.98)) is given by the representation formula

n (2,1) no(m)expo/t {%—d—cn(x)} ds |

for all (z,t) € R x [0, 1]. Therefore, for all (x,¢) € R* x [0, 1]
n(x,t) >0.
1.2.1 A priori estimates
Lemma 1 A solution to (2.98) satisfies,
0<p(t)<pu
forallt > 0.

Proof. Integrating (2.98) we obtain

Ofr(x)n(x,t)dx

(1+p()"

d

prid (t) =

—dp(t)—c/n(x)n(:r,t)dm,

18
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then

d r(z)
2ot < sup [— —d—on <x>} p(t).
dt zeo1) L(L+p (1))
Assume that there exists ¢, such that
p(to) > pum
and by condition (1.12)
r(x
sup | ————5 —d—cn(z)| <0,
o [ ”
thus
In others words, for all ¢ > 0 such that p(¢) > pys then
d
—p(t) <0,
ey

which is a contradiction. Therefore, for all £ > 0 we have that p(t) < py,.

On the other hand, by representation formula given in (I.14)) we have that p(¢) > 0. =

1.2.2 Existence and uniqueness of solution

Consider the Banach space
E=C[0,T]

and the closed set

1
B = uEE:u(O):/no(x)dx,Ogu(t)SMT ,

0

for some T fixed we consider

—d—cn(1)]t
M = par max [lr@)—d=en(]e)

Now, we define the operator ' : B — B

t

O/lno TP /(1+u)8 —d—cn()>ds dz .

Then we have the following result,
Lemma 2 Under the assumptions (1.10), I satisfies,
1. F(B)CB.
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2. The contraction principle.

Proof. First, by (I.11)) and (T.19) we have
1
F(U) (t) < /no ([E) 6[7"(0)—d en(1 tdﬂ? < P IAx {6 —d—ecn(1 } My .

t€[0,T]

0
On the other hand, we obtain

1
F(u)(t) > /no () e~ ld+enOlt gz > 0
0

Therefore, 1 makes true.
Next, we prove the contraction property. Given uy, uy € B then

[ (u1) (t) — F (uz) (1)
—[d+en(1)]t tis_ex tﬁs X
< /nd@e“i(” %9/u+ﬂﬂgyd p/ky+W@»“ld

0 0
[ @)
r{xT
< ex ———————ds —ex —————ds|dx .
- / p/ 1+U1 (s) p/(1+U2(S))
0 0
We know that exponential function is lipschitz in bounded domains, therefore
t

@) [ @) P @ (@)
[t = [ | < / T ol

0 0

The function e is lipschitz continuous too, thus

( Ne

t

/’(1 +u11 ()™ +u12 ()

0

ds <TA sup |u; — us| .
te[0,7

Hence, we compute

sup |F (u1) — F (u2)] <7 (0) e’ puTA sup |uy (t) — us (1)
te[0,T] t€[0,T

’

then we can choose 71" such that
r(0) el pyTA<1. (1.20)
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Theorem 3 There exist an unique solution n € C (R*, L'(0,1)), for which 2.98) and (1.12)
makes true.

Proof. Using Lemmal[2]and Banach-Picard fixed point theorem, there is a fixed point of F on [0, 7.
Additionally, we can iterate with the initial condition p (T°), since the choice of T is independent
of the initial condition, therefore we conclude there exist a unique fixed point such that

1 t
r(x)
pt:/n x) exp /(—a—d—cnx>d5 dx ,
0 0
which is the solution (2.98) forall¢ > 0. m

1.3 Cell growth model for two species

In this section, we consider the following system

%nh (x,t) = (IJ:ZI(()))Q dy, — cnp ()| ny (2,t)
p re(z) (1.21)
aine (T, 8) = | e,y — de — ene (2) | ne (1)
ny (0,2) = nf) (x) > 0,n.(0,2) =nl (z) >0, (1.22)
where ny, is h-cells density, n,. is c-cells density and n)) (z) , n? (z) € L' ([0, 1]).
We also define for i = 1, 2,
1
/ np (2, ) Wi (2, t) + ne (2, 1) Wi (2, )] do (1.23)
0
and
1 1
My, (t) = /nh (x,t)dx, M, (t) = /nc (x,t)dx . (1.24)
0 0
Furthermore, we assume that
Pi 4
0< M, (0)< 2L 0< M, (0)< 22, (1.25)
v, v,
where
rn(x) re(z)
sup ——dh—ﬁh(fﬁ} =0, sup {——dc—ﬁc(l’ =0, (1.26)
wefo] L(1+ php)® ) velo,y) L(1+p3)® )
we define for: = 1,2
0< VW, < Wy, Ve < Wy (1.27)
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We also suppose that

rn(x) >0,7 () <0,r.(z) > 0,7 (x) <0,r.(x) > r(z),

i (x) 2 0, (2) < 0,7 (2) 20,17 (2) <0, 7(0) > 7 (0) , 1e(1) < (1) -

The solutions to (1.21) are given by the representation formula

nn (z,t) = n®(z)exp / rh (2)

(14 p1(s

ne(z,t) = n®(z)exp / —“—@)—dc—cnc(x)} ds| |

L(1+p2(s))"

therefore for all (z,t) € RT x [0, 1]

np (z,t) >0, n.(x,t) >0.

1.3.1 A priori estimates
Lemma 4 The solution to (1.21) satisfies,

Phr Par
0< M, (#) <M o< (1) < B
< My (1) < 80 < 0 (1) < &

Proof. Supposing that there exists ¢, such that
My (to) > @
T
from (1.23) we have
p(to) > Py -
Integrating (I.21) at the point ¢y, we obtain

dt 1+ p1 (t))”
then J ()
Th T
— M (ty) < sup | ——A—5 —dp, —cnp (z) | My(t
i n(to) < IE[OI?” [(1 ¥ o1 (t0)) h M ( )] n(to)
and thus by (I1.26)) and (1.33), we can conclude
d
— My (t 0.
g Mnlto) <

22

o= (o) ds|

D gy te) = /01 {(T& —dy— emp (x)] nn (., 10) d

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)



1
M we conclude that

Consequently, if M;,(t) > §

d
—M
pn n(t) <0,

it is not possible. Hence we get

Using an analog argument, we have

On the other hand, by (1.30) and (1.31)

Ma(t) > 0, M,(t) > 0.

Lemma 5 We have that p; holds

el UV (1.34)
fori=1,2.
Proof. By (T.23) , (T:29)

U, [My (£) + M, (t)] < p; (£) < Upg [My (£) + M, (t)]

and applying Lemma 4] we obtain the result. m

1.3.2 Existence and uniqueness of solution

We define
E=C[0,1],

for some 7' fixed and

Bl = pEEp

| |
\

) U, (2) + ng (2) U, (7)) do .0 < p < Mrp o,

By = SpeE:p(0 ) Wy, () +ng (2) U3 (2)] dv, 0 < p < Mr o,

||
o\

where
Mr = KrWar [pyy + p3y]
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and

Kr = max { max [exp (ry (0) — dp, — enp (1)) t], max [exp (7. (0) — de — cn. (1)) t]}

te[0,7) te[0,T]
for ¢ = 1, 2. Furthermore, consider the operator

F: By xBy — B x By

, 1.35
(p1,p2) — F(p1,p2) = (F1(p1,p2), F2(p1, 02)) (1.35)

where
1

F; (p1,p2) (t) = / [y (2, 8) Wi (2, 1) + ne (2,8) Wy (2, 8)] d (1.36)

for ¢ = 1, 2. Then, we have the following Lemma,

Lemma 6 Under the assumptions (1.26)), (I.27), (I.28), F satisfies,
1. F(Bl XBQ)CBl XBQ.

2. The contraction principle.

Proof. First, we calculate

F; (,01702)
1

< / [nf) (2) U (z,t) exp [ry, (0) — di — enp (1)] £ + nd () Ve (z,7) exp [re (0) — de — ene (1) t] da

0
< Mryp.

On the other hand,

F; (01,P2)

> \Ifm/ {nj, (x) exp [(—dp — enn (0)) 1] 4+ n (z) exp [(—de — cne (0)) 8]} da

v

o { i 50 [(~ds o 0]+ ming exp (~d. — e (0]

> 0,

for 2 = 1, 2. As conclusion, 1) makes true.
Next, we show that F' holds the contraction property. For this purpose, consider the norm

1(p1, p2) = (P1s PO g, g, = SUP |p1 — py| + sup [pa — ph| .
te[0,7) t€[0,7]
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Given (p1, p2) , (P}, py) € By X By then

|F5 (p1, p2) — Fi (P, py)| <

1 t t
[ nf) () Uy, (z,t) |exp {f 1:2196) —dy, — ey (z )d} —ex p{fm—dh—cnh(x)dsl dx
0 0 0 1
1 t t
+ [0l (x) Ve (2, 1) [exp {f HT;;) —d. —cn. (x )ds] — exp [f%—dc—cnc(x)ds} dx .
0 0 0 2

Cosequently, we obtain

|F5 (p1, p2) — Fi (p), p3)]

< 1 (0) oy Uare" Alpy (s) = pi (s)] + 7 (0) pfy Tare" Alpa (s) = ) (s)]

simultaneously it satisfies,

SEI;] |5 (p1, p2) — Fi (pa, 05)] < Cr (o1, p2) — (1, 09) 1 5, w3, -
rel0,

where
Cr = max [ry, (0) oh el A re (0) P Ve A .

Hence, we choose 1" > 0 such that
Cr<1, (1.37)

obtaining the result. m

Theorem 7 There exist n., ny € C (R, L' [0, 1]), unique solutions, for which (1.21)) and (1.24)
makes true.

Proof. Using the Lemma [0 and Banach-Picard fixed point theorem there is a fixed point of F' on
[0, T'] with T" defined in (I.37). Additionally, one can iterate with the initial condition p (7°), since
the choice of T is not depending of the initial condition. Then we can conclude that there is a
unique fixed point such that

F(PhPZ) = (Fl (Pl,PQ)aF2 (,017P2)) = (,01702) ;

for ¢ > 0 and it is equivalent to

1

o (1) = / (i (2,8) Wap (2, ) + me (2, ) s (2,1)] o |

fori = 1,2 and it is the solution of (14). m
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1.4 Transport Equation to cell growth

In this section we study the Transport equation

Omn(w,t) = Oulg(x)n(z, t)] = Rz, p(t))n(z,1) ,

p(t) = [T n(x,t)dx, (1.38)

n(0,z) =n'(z) >0,

where (z,t) € RT x RT, n® € L'(R"), we do not need to impose a boundary condition at z = 0,
because we later assume that g(0) = 0.

1.4.1 Assumptions and Main results

The object in this section is to give several assumptions over coefficients and initial data, which
are necessaries to obtain the asymptotic behavior of (I.38]).

Fitness function

The Fitness function R(x, p(t)) model the influence of the total population on the rate of repro-
duction and death, which varies continuously in the variable x. Other name for R is the invasion
exponent, since model the ability of individuals with trait 7, best adapted to environmental condi-
tions p to invade all population. We assume that R € C? (R* x R™) and this is a decreasing (in
linear order) function (see figure[I.I). In addition, we suppose that there exists pp; > 0 such that

max R(z, pp) = 0 . (1.39)

x>0

We also require a positive constant /; for which R satisfies,

0
a—pR(x,p) < —-Kj. (1.40)

Genetic velocity of change

We define g € C?(R™) as increasing bounded function (see ﬁgure such that
9(0)=0, g<gu, 0<d(2) <1, |9"(@)| < 7o - (1.41)

where K is a positive constant. We consider the condition g(0) = 0, because in the cases of closed
systems one can not have entering of cells with trait z = 0. The shape of this functions is explained
having in mind that at higher resistance (z large) implies faster velocity of change.
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Figure 1.1: Graphic representation of fitness function I? for different values of p .

Figure 1.2: Graphic for g.
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WKB Ansatz

We consider a new variable of time
L=, (1.42)

then in this work we study the asymptotic behavior for Transport PDE in its conservative form

edne(z,t) — [eg(x)ne(z,t)], = Rz, pe(t))ne(z,t), (2,t) € RT x RT,

pe(t) = [ n(z,t)dz, t>0, (1.43)

ne(z,t =0) =nd(z), x>0,

where 0 < e < 1, then we arrive at singular perturb transport equation, following the language
using in [4.5, [1L1]].
We have in mind obtain a Gaussian type functions as solutions of (I.43)), taking a initial data
concentrated as a Gaussian function in some x°. We justify this change of variable having account
in that the scale on time is different at scale on x, because evolutionary time is slower than
reproduction time. Using this principle, we applied the change of variable (1.42)) balancing the
corresponding timescales. We also should multiplied by ¢ parameter g, since represent the genetic
velocity of change for individuals with trait = and it should decrease when time progresses faster.
Consider the WKB ansazt
ne(z,t) = e e ,

which is equivalent to

ue(x,t) = elog(ne(z,t)), (1.44)

where n, is a solution to (I.43). We replace (1.44) in (1.43), getting the Transport equation
Srtte = 9(2)Frue = R(w, pe(t)) + ceq/(2)

(1.45)
ug(x) = elog[n?(x)] .

To get the limit of n., we prove that u,. converges at some decreasing (in linear order), lipstchiz,
concave and non positive function, the fundamental tool used to obtain the results are The Max-
imum Principle Theorem, Section We do not come back on the question of existence of
solutions n(z,t), since we accept that there is a unique solution to (I.38) and for its re-scaled
version (1.43).

Initial data

We also take, along this work, an initial data n" concentrated in x°. This trait is the fittest in
environmental conditions p°, therefore holds

R(2°,p°) =0, (1.46)
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where R was defined before. In addition, we consider a sequence (n?, p°). which holds

s [ S om.
0

for some p,,, > 0. Simultaneously, this sequence satisfies,
| )R @) = 0.
0

n?(m) — podo(x — 950) ,

where
pe—p’.

(1.47)

(1.48)

(1.49)

(1.50)

We should assume some technical conditions over initial data, these are very important to obtain

the estimates for solutions of (I.43)). Here we enumerate all of them:

1. We define
u? = elog[n?] .

d +o00
GrOlo= [ @R = 0.
¢ 0
3. We choice a family (u?), of initial data:

e for which there exists A° , B® , C" positive constants such that
~C°(1+2) <ul(z) < B"— A%
e There exist D° > 0 such that
-D° < 9,u? < D°.

e There exist a unique z° > 0 such that

0

max u?(z) = u?(z?) .

zERT

Existence and Limit of p.

To p. solution of (1.8]), we have the follow result:
Theorem 8 Under assumptions pe(t) satisfies,
1. pm < pe(t) < pu, forall t > 0.

2. pc(t) is non decreasing.
3. (pe)e is a bounded sequence in BV (RT).

As consequence there exist a sub-sequence (p., ) such that
L. p, —pinL} (RT).

loc

2 %pek N %p as measure in My,. (R™).
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Asymptotic Behavior

Theorem 9 Under assumptions There exists a unique T(t) lipschitz continuous function
defined in [0, T] such that
limne(z,t) = p(t)d(x — (1)), (1.56)
€E—r

in the distribution sense and

R@@(t),5(t) = 0. (1.57)

14.2 BV, (R") estimates

The first step is to prove Theorem ?? then we can pass to the limit in (I.38)) as ¢ — 0. We assume
the existence of p. in view of the methods showed in Sections|1.2

Proof. Theorem ?? We don’t re-prove that p.(t) < ps, which follows using the same arguments
than in Section Next, we show that p(t) is non decreasing. We define

1 [t
It =1 / Rz, pelt))nelr, tyde (1.58)
€Jo
using equation (1.43), we compute
GJt) = LI [ GEnedr + L [T R(x, pe(t) { ER(x, pe))ne + clg(x)n. } da

= LJ@ 0+OO %—?nedx + fOJrOO {ZR(z, pe(t))?ne — ARy (, pe(t))g(x)ne } da

€

hence
d

1. [T0R
—J(t) > —J. — N - 1.59
G0 [ G (1.59)
Applying conditions (I.48)-(1.52)) in (1.39), we have that J.(t) > 0. As a consequence p.(t) > pp,

by (L47). =

1.4.3 Regularity properties for .

In this subsection, we study the regularity for u, solution of (1.43]), we prove that u. is bounded
by decreasing functions and estimate the bounds for 0,u.. Then (u.) is equilipschitz decreasing
sequence of functions in C? | (R™ x R™), thus by Ascoli’ Theorem, under a sub-sequence, its limit
exists.

By definition of R, we can assume there exist A', B!, C'!, D! positive constants such that for all

p € lpm: Pyl
—Ci(14+ ) < R(z,p) +ecd'(v) < By — Ay (1.60)

and
—Dy < 0,[R(z,p) + ecg'(x)] < Dr . (1.61)

Theorem 10 Considering assumptions Then u, solution of (1.43)) satisfies,
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1. wg is uniformly lipschitz, uniformly locally bound and it has linear decay at infinity.

2. Under a sub sequence, u. — win CP (RT x RT).

loc

3. u solve, ) )
o — 9(x) 5z = Rz, p(t))
(1.62)
u(x,t =0) =u’(z).
4. u(z,.) solution of (1.62) belongs C* (RT).
Some estimates using the Characteristic Method
Consider the change of variable
X(ty) = —9(X(t;y)) }
. ’ (1.63)
(t=09) =y,
replacing (1.63) in (1.45), we obtain
d
Spluc(t, X(ty))] = R(X(Ly), pt)) +eg' (X (1Y)
therefore obtain the representation formula for u,
t
ue(X(ty),t) = wl(y) + / R(X(s3y),p(s)) + eg'(X(s;y))ds . (1.64)
0

This representation formula is useful to observe that the comparison principle holds, for more
details see Appendix In a similar way, one can obtain the representation formula for u, con-
cluding that v € C!, proving the statement 4.

L and Lipstchitz estimates

Lemma 11 Under assumptions , there are positive constants My, Lo, Ko, g, By such that

—My(1 + x)eﬁot < Opue < (Lo — Kox)(1 + apt) , (1.65)
where u. is solution of (1.45]).

Proof.

First step: Subsolution. Defining

h(z,t) = —My(1 + z)e™? (1.66)
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and replacing in (1.43), we have
Oih = g () Oph — [R (2, pe () + €4’ (2)]

= —Boe® My(1 + z) + g(x) Moe®" — R (x, p. (t)) — €g’ ()

< —BoePt Mo(1 + x) + g(a) Mpe®t + Cy(1 + 2) ,
we should choose M , 5y such that

—BoMy+C; <0,
(1.67)
—BoePot My + ¢||g|ce Moe®T + C; <0,

Consequently, by (1.60) and we have that
— BoePt My(1 + ) + g() Moe™ — R (, . (1)) — e/ () <0,
it follows that h is a subsolution of (I.43]) and holds
O lh—u]—g(x)0s[h—ud <0.
Using (I.53), we can apply Lemma[T9] obtaining
h(z,t) < wue(x,t) .

Second step: Supersolution. In the same way, we define

h(z,t) = (Lo — Koz)(1 + apt) . (1.68)
Replacing in (T.43)
Och — g () O — [R (x, pe (1)) + €g' (x)]
= ap(Lo — Kozx) + g(x) Ko(1 + aot) — [R(x, pe) + ecg’ ()]

> ao(Lo — Kox) + g(x)Ko(1 + apt) — [By — Ajz],
we should choose o , Lo and K such that
agLlg > By, oKy < A; . (1.69)
Conditions (T.60)-(T.69) imply
ao(Ly — Koz) + g(x)Ko(1 4+ apt) — [By — Ayz] >0, (1.70)
resulting that A is a supersolution of (T.45) and holds
O [ue—m —g(x) 0, [ue—ﬁ] <0.
As consequence of (1.53)), we can apply Lemma|[I9|concluding
uc(z,t) < h(z,t).
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]
Lemma 12 Under initial assumptions[1.4.1], there are M, , oy such that
—Me®t < Qpuc(x,t) < Mye™?, (1.71)
where u, is solution of (1.45]).
Proof. Differentiating once in z (I.45)) and calling v. = J,u. , we have
Ove — g(x)0pve — ¢ (x)ve — O [R(x, pe(t)) + ecg’(z)] = 0. (1.72)
First step: Supersolution. We define
h(z,t) = Mie™?, (1.73)
replacing in (1.72)), we obtain the equality
Och — g(2)0:h — g'(x)h — O, [R(x, pe(t)) + ecg' (v)]

(1.74)
= ay Me* — ¢'(z)Mye™' — Dy .
Then, we must choose «v; > 1, M; such that
apMie®t — ¢'(x)Mye™t — Dy > My (ag — ¢'(x)) e — Dy >0. (1.75)

It suffices to conclude that % is a supersolution, by (T.54)), we can apply Lemma |20} resulting
that
Opue(x,t) < Mye™?' .

Second step: Subsolution. Defining
h(w,t) = —Me™", (1.76)
replacing in (1.72)), we have
Oih — g(2)0:h — ¢'(2)h — O, [R(z, pe(t)) + ecg'(z)]
(1.77)
= —ag Mie*' + ¢'(x)Mye™' + Dy,
thus result the same condition obtaining before

—OélMlealt + g'(x)Mleo‘lt + D1 < 0.

Therefore h is a subsolution, then the result follows.
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Concavity estimates for u

We can assume that there exist K5 , [ positive constants such that

Rau(,p) + cg'(@)0u < % |

(1.78)
ud < ﬁ :
Lemma 13 Under assumptions|I.4.1|and (I.78)), there is H positive constant such that
Oppuu(z, t) < ﬁ (1.79)
Proof. Differentiating once in (1.62) we have
O[0pu] — g(2)Dpeu — ¢'(2)0pu — O R(z, p(t)) = 0,
differentiating once again, we get
O[0zztt] — ¢"(2)0pu — ¢'(2) Dzt — ¢’ () Oprtt — g(2) Dy [Orptt] — Ryw(z, p(t)) =0
and naming 0,,u = w, we have
D — 29/ (2w — g(@)Dw — g (2)0ut — R, plt)) = 0. (1.80)
Let consider
w(z,t) = i (1.81)
(1+x)?

and replacing in (I.80) we have

—2¢' (x)w — g(x)0,w — ¢"(x)0pu — Ryx(x, p(t))

2g' (2)H 2g(x)H
WD B 1(0)0,0 — Ry(,p(1)

20/ (@) 29(@)H | Ko
= (14=z)2 (14=)3 (14=x)2

2g(x)H K
e (1+2)3 + (1+;)2

> 2g(x)H

K
e e e ol s A
Then, if we choose H > 0 such that

K,
< —
9(@) < 2H "’

w is a supersolution of (I.80) and we can apply Lemma[20]. m
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1.4.4 Asymptotic behavior
Existence of an optimal trait

Lemma 14 Under assumptions (1.4.1). Then u.(z,t) solution of (1.43) satisfies,

lim max u.(z,t) =0,
e—0 zeR+

forallt € [0, +00), thus max,cg+ u(z,t) = 0 and there is a unique T(t) such that

Proof. Let us fix ¢ > 0 and suppose

1%£r€1%}+< ue(z,t) = u(x(t),t) >0,

thus there exists A > 0 such that
u(z,t) >0,

(1.82)

(1.83)

forallz € A = [Z(t)—h,Z(t)+h]. We know that (u.). is equilipstichiz, then, under a subsequence,
converges uniformly upon A. Hence by uniform convergence definition, there exists ¢, such that

forall e < ¢,
Uy (T,8) > 0.

for all z € A. Resulting that,
/eedmﬁ |Ale™ % — +00.
A
It is a contradiction, since

/eu:depM.
A

lim max uc(z,t) <0,
e—0 zeR+

On the other hand, assume that

then there exists ¢, such that

max ue(z,t) <0,

for all € < €y. Taking L large enough and by

“+oo “+oo
ue(z,t) (Lo—Koz)(1+ag)t € (Lo—KoL)(1+ag)t
/ e”« dax < / e ¢ dr = — ¢ ¢ )
L L

(1 + Oéot)K()

Further, we have that

L ue(z,t) maxy >0 Ue(z,t)
e ¢ dx<Le c .
0
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Now, by ((1.85) - (1.86) it follows that

—+o00 ,
. ue(z,t) ) € (Lo—KoL)(1+aq)t max, ep+ Ue(@:t)
Pm < lim e ¢ de<lim|—e¢ c c =0.
=0 J, e—0 (1 + Oéot)K()

It is a contradiction, since by definition p,,, > 0. m

With Lemma|I4] we conclude that the statement (1.57)) in Theorem[9} which follows from standard
analysis of convergence to Dirac masses. Indeed n.(z,t) vanishes exponentially fast away from
Z(t) . As consequence, we have the following result,

Lemma 15 Under assumptions|l.4.1|. The function u(x,t) solution of (1.62) satisfies,
O,u (T(t),t) =0, O (T(t),t) =0 (1.87)

a.e. in time. Then
R(@(1),5(t)) = 0. (1.88)

a.e. in time.

Proof. We replace (1.87) in (1.62) obtaining (1.88). m

In this part, we obtain a representation formula for Z(¢), calling Canonical equation in Adaptive
Dynamics, with which we can determinate that Z(¢) is a Lipschitz bounded function, obtaining the
result presented below.

Lemma 16 (Canonical equation) Under assumptions|l.4.1|, Z(t) is a bounded Lipschitz function.

Proof. By property, we have that
d,u(Z(t),t) =0, (1.89)

differentiating in time (1.89) we have
%[&Eu(f(t), )] = [0, u(T(t),t)] + Onu(T(t),t)T(t) = 0.
Next, differentiate in x obtaining
Ol Ou(x, 1)) = g'(x)0zu(z, 1) — g(2)Oreu(x, t) = O R(w, p(t)) -
Evaluating in = = T(t) we have

Or[0pu(T(t),1)] — g(T(t))Onau(T(t), 1) = O R(Z(L), p(1)) -

Concluding that



|

By section[1.4.3| (u.)~o under a subsequence has a limit. Its limit u(x, ) is non positive concave
function decreasing, at least in linear order, which has a unique maximum point Z(¢) for all ¢ > 0.
Then, for € small enough . is a concave function and we can applied the classical arguments to

conclude that . -
oo Ue Ecc,t d
T O L

400 Ue (z,t)
e—0 0 e < dr

in other words, as we anticipated

limn.(x,t) = p(t)do(z — Z(t)) -

e—0

Stationary Solution

In this part, the objective is to show the necessaries conditions, for which there is a unique solution
for the stationary problem of (1.38). We consider the stationary equation of (1.38))

—0: [n(2) g (2)] = Rz, p)n () , } (1.90)

/;OO n(x)dr =p.

First, we define the weak solution of (1.90). Let ¢ € C* (R™) test function. Multiplying by ¢ and
integrating upon [0, +00), result that

where p holds

—/0 Ooax[n(x)g(x)]gb(x)dx—/o OOn(x)R(x,p)gb(x)dm. (1.91)

By initial assumptions (Section [1.4.1), we know that g(0) = 0. In addition, we search solutions
such that lim,_, , ., n(x) = 0, thus using by parts integration formula in (1.91]), we obtain

+00 +o00
/0 n(z)g(z)¢' (x)dx = /0 n(z)R(z, p)o(x)dx . (1.92)

The equality (1.92)) gives the definition to the weak solution of (1.90).

Lemma 17 Under hypothesis and assume that

max R(z, par) = R(0, ppr) = 0. (1.93)

TzeRT

Then, the function
n(z) = pmdo(x), (1.94)

is the unique solution of (1.90).
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Proof. Taking a test function ¢(z) € C* (R") we have

/0+0<> R(z, par)op(z)n(z)dx = paprR(0, par)(0) = 0. (1.95)

On the other hand, by hypothesis over g (Section[I.4.1)) we obtain

- / " lg(@)n(@)ab(x)dr = coarg(0)#(0) = 0. (1.96)

Therefore, the pair (par, pardo(x)) is a solution to (1.90) since holds (1.92).
Now, suppose there exists a solution for some p* < py;. Consider n(z) = p*do(x — x,+), Where
T+ satisfies

R(xp,p*)=0. (1.97)

By definition (1.92)), z,- must verify that
9(@p) =0.
But, by hypothesis over g (Section [1.4.1), g(0) = 0 if and only if 2 = 0. Therefore n(x) =

p*do(x — x,+) does not hold (1.92).
m

Remark 18 7o obtain the long-time behavior of asymptotic solutions of (1.38), we need to give
stronger estimates upon p(t) and T(t), because we should control in some sense the following
limits

limy 4 oo ﬁ(t) )

limy o0 Z(1) | (1.98)

lim o0 REE(1), P(1))
since we only have proved that: T(t) is a lipschitz, bounded function and p(t) is increasing,
bounded in BV, (R™).

1.5 Appendix

1.5.1 Maximum Principle

We need to apply the maximum principle in [T.4.3] to obtain some important estimations over w,
such as: regularity and convexity. Therefore in this section proceed to show this principle, which
are simple yet highly significant.

Theorem 19 Consider g € C'(R™) increasing bounded positive function. Let v that satisfies

Qv _ v _

Then, for all t € [0,T] we have that
v(z,t) <0.
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Proof. Follow the method of characteristic, we considered the change of variable

= —g(X(1) (1.100)

for some initial condition given. By Picard’s theorem there exits a unique solution in C'*(0, T") and
by Inverse function Theorem, this change of variable has a inverse, then we obtain

Fo(X(t), 1) = <<mw<o,}
V(X (1) <

Therefore,
v(X(t),t) <v(X () <0

and the results follows.
]

Theorem 20 Consider g € C'(R") increasing bounded positive function. Let v which satisfies

Ov ov /
= —glz)st —g'(x)v = f(z,t) <0,
ot —9(x) xipgs L().f( ) } (1.101)
Then, for all t € [0, T] we have that
v(x,t) <0.

Proof. Using the same change of variable defined by (1.100)

v (X(1),1) - (XUW(())Zf@ﬁ%ﬂ<0,}
V(X (1) <

Therefore, applying Gronwall’s inequality

V(X (1), 1) < 0°(x(0))eSo 9 X(Dds
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Chapter 2

Modeling two chemotactic species
interactions

2.1 Introduction

In this chapter, mainly studied the conditions for global existence and blow-up for solutions to
Keller- Segel type parabolic pde system in R?.

This chapter has been published in the following papers (see part II):

e E. ESPEJO, K. VILCHES, C. CONCA (2012), Sharp conditon for blow-up and global exis-
tence in a two species chemotactic Keller-Segel system in R? European J. Appl. Math

e C.CONCA,E. ESPEJO, K. VILCHES (2011), Remarks on the blow-up and global existence
for a two species chemotactic Keller-Segel system in R?. European J. Appl. Math, Available
on CJO 2011 doi:10.1017/S0956792511000258.

Motivation to study such models was born in 1960 where Evelyn Fox Keller joint with Lee
Segel, physicist and applied mathematician respectively, who studied the behavior of very par-
ticular amoeba, called Dictyostelium discoideum or Slime mold, which was discovered by K. B.
Raper in 1935. The Keller-Segel model was proposed to describe the behavior of this amoeba.
The slime mold is a unicellular organism that detects an extracellular signal and transforms it into
an intracellular. This signal activates oriented cell movement toward its gradient, which is known
as aggregation process. The signal is a chemical secreted by themselves called cyclic Adenosine
Mono phosphate (cAMP). Chemotaxis is the word used to describe this phenomenon and it makes
reference to the aggregation of organisms sensitive at gradient of a chemical substance.

We also found this kind of behavior: in mammals, fish, birds, bacteria, humans, etc., all species

tend to aggregate or repel depending on the environment where they are and their needs. For this
reason, with the help of the biologists, we could find new applications for the Keller-Segel model.
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Since its discovery, scientists have had an special interest in understand this type of organiza-
tion, because through comprehension of this amoebas could better perceive the emergence of life
millions of years ago. Adequately comprehension of these amoebae can help us to understand how
from simplest organisms higher intelligence and greater physiological complexity were formed.
The scientist believe that life as we know it arises from the existence of bacteria and by changes in
their environment, were forced to cluster forming more complex cells.

Biologists were believing that the organization of this amoeba existed leaders or pacemakers,
which decided when the movement would occur. They said that this particulars individuals should
define the direction followed by others. Although, experiments and observations showed the pro-
cess of chemotaxis was produced by changes in the environment, but the main cause apparently
was a very large number of individuals and this allowed to build a pseudoplasmoid, where each
individual is preserved and remain together to survive. E. Keller proposed a mathematical model to
prove that the movement was not directed by a particular amoeba, however, this is a great example
of an organization coordinate to survive. The fundamental condition that produces Chemotaxis in
this organization was discovered by mathematicians and there exists an important relation between
the quantity of chemical substances (cAMP) and initial total mass, which determines when aggre-
gation occurs or not, in mathematical language this mean Blow-up or Existence global in time of
solutions.

To describe this organization the classical mathematical model in chemotaxis was introduced
by E.F. Keller and L.A. Segel in [22]. This is the follow parabolic system:

USRI e

v=vAv—pv+au,r €N, t>0,
where the biological meaning of variables are:
e u(x,t) cell density

e v(x,t) concentration of the chemical at point x in time ¢

X chemotactic sensitivity

~ diffusion coefficient of the chemo-attractant

w diffusion coefficient of the cell density

S rate of consumption

e « rate of production

subject to homogeneous Neumann boundary conditions over 2 C R¥, which has smooth boundary
09, positive initial data u(x,0) = uy and v(x,0) = vy is considered, furthermore all parameters
are positive.
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It was conjectured by S. Childress & J.K. Percus in [6], that in a two-dimensional domain there
exists a critical number C' such that if [ug(x)dz < C then the solution exist globally in time
and if [ uo(z)dz > C blow-up happens. To different versions of the Keller-Segel model the con-
jecture has been essentially proved, finding the critical value C' = 87 /x. To interest readers that
want to make a complete review of this topic we refer the papers [20,21]] and the references therein.

In the case of several chemotactic species a new question arises:

Is there a critical curve in the plane of initial masses 6,0y delimiting on one side global existence
and blow-up on the other side?

This question was already formulated by G.Wolansky in [34] and from Theorem 5 we have the
following result:

Theorem 21 Consider the system

Ouy =  Auy —x1V - (3 Vo),
Oug = peAus — x2V - (uaVo),
0 = Av+u +uy — v,

along with Dirichlet boundary conditions for v and initial radial data: u,(0,-) = ¢, us(0,-) = 9,
v(0,-) = ¢, with p,1, ¢ > 0 on the two-dimensional disc of radius 1. Further, let 01, 05 be the
total preserved masses of the chemotactic species. Also assume that

Acpfy  Anly 1 8 8
T T2 (0,4 0:)2> 0,0, < 0y < (2.2)
X1 X2 2 X1 X2

Then for (u1(0,.), uz(0,.)) € Yy with

Yy = {ul,ung(O) —>R+:/ui:9i, u; log u; <oo} ,

B1(0)
there exist a global in time classical solution.
A lot of natural question arises from this last result, for example:
1. What happens if the inequalities (2.2]) does not hold? Is it still possible to have global solu-
tions?

2. If we work in the hole space R?, What happens with the condition (2.2))?

3. Is it necessary consider radial initial conditions?
To answer this questions, we consider the follow parabolic system
Oyuy = pAuy — x1V - (u1 Vo), )
yuz = Aug — x2V - (u2 V) ,

(2.3)
v(2,t) = —5= [gelog |z —y| (ur(y, t) + ua(y, t) dy,

ur(z,0) = ug > 0, ug(x,0) =ug >0,
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where ¢ > 0, u; and u, are the density for the two different chemotaxis species and v is the chemo-
attractant, y1 , Y2 , /¢ are positive constants and positive initial conditions w1 , ugy are given. In
[8]] it was proved that if 8, , 05 satisfies any of the inequalities,
47 47l 1 8T 8T

M1+ 2——(01+92)2<0,01>M—,92>—,

X1 X2 2 X1 X2
then the solutions of (2.3) have a finite time of existence, in other words the system (2.3]) blow-up.
For the global existence was proved also in [8] that the inequalities

8
0, +0, < —W,u<1,
X2

8
0, +0, < —ﬂ—,U/,/uL>1,
X2

guarantees global existence. This is a partial result, as we just handed the sharp condition for
blow-up, but not global existence in time. The tool used in the first article [8] was the Hardy-
Littlewood-Sobolev’ inequality for one equation, we used this inequality to bound entropy (2.3))
following the method applied in [3], but this does not provide the necessary condition.

To obtain the sharp condition and a threshold curve in [11], we used a Hardy-Litlewood-
Sobolev’ inequality for System proposed by Shafrir & Wolansky in [30], exposed after. We applied
this inequality and incorporate some parameters to conclude that condition give in [34] is sharp.

In the present chapter, our aim is to show a resume the most important step given in [8, [1 1] to
obtain the sharp condition for global existence and Blow-up for system (2.3), which is a general-
ization of the threshold number 87/ for the classical parabolic-elliptic Keller-segel system. The
curves that give The Sharp condition are

C1(01,6,) = 47;2—191 + 4;% — 5(01 +65)°,
(2.4)
CalBr) = 546, , Cy(6:) = 6, ,

X1

which are summaries in Figure 2.1],

One open question is to find out if the blow-up has to be simultaneous or not and also to describe
the asymptotic near the blow-up time. A first step in this direction was given in [[10], where it was
shown that the blow-up has to be simultaneous in the radial case. Should it be the same in the
general case?, or, Should it depend on more specific information on the initial data?

A second open question is: What happen when the parabola,

Ay 4wl 1
T L TR (0,402 =0, (2.5)
X1 X2 2
intersects any of the line lines,
8 8
0, = o or 6, = Sl ) (2.6)
X1 X2



Blow-up for general initial data

Blow-up
for radial initial daw

Global existence

3
Sy

Figure 2.1: Graphic of sharp condition to Global existence and blow-up.

It would be very interesting to study the behavior of the system (2.3) on this lines. One first
approximation of this response is given by the study of stationary model, but it has only been a
partial result. Another possible future work is the description of the asymptotic behavior in this
case seems to require rather different techniques to those used in the one specie case.

2.2 Some notable examples

2.2.1 Blow-up

There exist different definitions to Blow-up of solutions in differential equations. In our case, we
consider Blow-up when the existence time for solutions of a differential equation is finite. There
are different ways to prove this, here we will show some examples to ODE and PDE.

2.2.2 Blow-up in ODE

We consider the differential equation

u = f(u),
w(0) = g, } 2.7

where ¢t — u(t) is a function defined over [0, 7] , with values on R .

Theorem 22 Let [ a continuous, positive function in [ug , oo[ such that

. T ds

The maximum time of existence to the solutions of (2.7)) is t*.

47



Proof. We obtain from (2.7))

integrating (2.9)

We applied the change of variable, s = u(t) in (2.10) and conclude that

u(t) ds 400 ds
—dszt<t*:/ —ds.
/CO f(s) w  f(8)

Further, we have by (2.11))

Therefore, lim; 4 u(t) = oo, since € — fueo

Ur

i f(u)dT:t.

u(t)
lim / ﬁds =t*.
t=t* Jo,  f(5)

ds
I(s)

is a bijection. ®

Example 23 We consider the ODE

forp > 1, we can applied Theorem|22|and obtain t* =

U = uPl,
u(0) = wug,

1

Next, we consider the follow ODE

Corollary 24 Let f continuous, positive function defined in [uy, + 00) such that

The solution of (2.13)) has maximum existence time less than or equal to t*.

ds

+o00

Proof. Applied the same argument used in ]

2.2.3 Blow-up in PDE

We consider the PDE

u — Du = f(u), Qx(0,T),
u—=0,I'%(0,T),
u(.,0) =ug,up >0,up € L*(Q) .
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Theorem 25 Let 1y = ‘—1| Jo wo(z)dx and f positive, convex function over [ug, +00) such that

Q
+oo d
P = / B - i, (2.16)

Then (2.13)) does not have smooth solution after t*.

Proof. Suppose there exist a solution to (2.15)) over (2. Integrating it follows (2.15) over €2

1 1 1
8{—/udm}——/&udm=—/fudm, (2.17)
L o ) o al o'
applying Divergence Theorem in (2.17)) we obtain
8{1/(1} ! /f (2.18)
— [ udr| — — :
L9l e € 8937% — 9l
By Newmann condition give in (2.15]) we have
) {i/udasl = i/f(u)dac (2.19)
L9l € Jo ' '

Using Jensen’ inequality in (2.19)) result that

o iy [ = 1 (g [ vae): (220

Letv = ﬁ fQ udz and replacing in (2.20) we obtain

f(v),
Joul,0)dz > 0. } 21)

(o

v(0)

v

Thus, we can applied the Corollary 24]to (2.21)) concluding

1
t) = @/ﬂu(x,t)d:v , (2.22)

it is defined all most for t*. We can apply heat equation maximum principle, because

up >0, f(u) >0,

then

max % = maxu > U .
Ox[0,T] Ir

We know that u(x,t) > 0, then we have u(z,t) all mosttot = t*. m

49



Now, we consider another example. Let p > 1 and take the follow PDE

u — Au=uP, (x,t) € 2 x(0,T),
u(.,0) =wug,uy >0, (2:23)
where u(.,t) € H(Q) for all t € (0,T). Define ¢ such that,
—A¢p = N¢ponf), (2.24)

where ¢ > 0 in Hjj and \; = mino(—A), assume that [, ¢ = 1.

Theorem 26 (Caplan Method) If fQ uppdx is large enough. Then (2.23)) does not have a solution
defined for all t > 0.

Proof. Multiplying by ¢ and integrating upon €2 in (2.24)), we have

< /Q uqbdx) - /Q Augdz = /Q wPods . (2.25)

Applying integration by parts formula in (2.23)), we obtain

updr | — [ ub¢dr = | wodx . (2.26)
(o) - fjusia= [

By (2.24) and Jensen’s inequality result that

</Q ugzﬁd:r;) —i—)\l/Quqﬁdx > (/Q uqﬁdx)p . (2.27)

Defining the change of variable v = fQ u¢pdx and replacing in (2.27), we conclude
vy > vP — M. (2.28)

By hypothesis vy is large enough, then there exists ¢ > 1 such that

/l)p
— < - Nv>0,
c
thus we obtain
+00 c +oo 1
/ —ds > / ——ds. (2.29)
v 5P w P —Ais

Therefore
+oo 1
/ ——ds < +00,
w SP—Ais
finally we can applied Corollary 24| m
The following example show a similar method applied in [3, 18, 11], among others, to obtain Blow-
up in the Keller-Segel system.
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Theorem 27 (Energy Method) Let u, such that

1 1
E(u0> = 5 /Q IVUOPd(L’ — m /ngﬂdx <0.

Then equation (2.23)) does not have a smooth solution defined for all t > 0 .

Proof. Multiplying (2.23) by u; and integrating we get

/u?dmz/utAud:c—l—/utupd:c,
Q Q Q

then applying integration by parts in (2.3T)), we conclude

1 Up+1
—/ufdx: (—/ ]Vu]de—/ dx) .
Q 2 Ja ar+1 /,

We define the Energy Functional

1 up+1
E(u) :5/ |Vu|2dx—/ e
Q Qb

Using the estimate (2.32),

this last inequality implies
E(u) < BE(u°)

and therefore by (2.30) we have F(u) < 0. In the same way,

o ), =
— [ w'dx )] = — | wudz
(2|Q‘ Q t ’Q’ Q '

:ﬁ/u(Au%—up)dx
Q

:ﬁ/ (~|Vuf* + uP*t) da
Q

o)

Calling v = 5 [, u”dz we have

2|2
1 2
v > — (1 — —) /up“dx
2 p+1) Jg

1 2
= — (—2E——/up“dx—|—/up“dx) )
Q| p+1Jg Q

(2.30)

(2.31)

(2.32)

(2.33)



. s : : p+1
Using Jensen’ inequality taking =~ > 1 result that

p+1

2 1 z
>(1——— = [ vd
“t—( p+1><\m/9“ x)
:(1_L)ﬁ.

p+1

+1 . . . .
We know that f(s) = (1 — %) 5"z is a convex function, the result is obtained as consequence
of Theorem n

2.2.4 Blow-up in Chemotaxis Model

In this part, we remember a results obtain to Keller-Segel model, this show the method of moments.
We first recall the Keller-Segel model, which is the system of partial equations

{ % i V(uVu) — V.(})?(((Z,:})))Vv) + G(u,v), (2.34)
o V),
for z € Q, 00 € C'. The biological meaning of variables are:
e u(x,t) density at x in time ¢
e v(z,t) chemical substance
® /1,7, X, 3 positive constants
e G(u,v) fitness function
‘We assume that there are no deaths or births of individuals, i.e,
G(u,v) =0, (2.35)
after a change of variable, we obtain
o _
§ o e )
with the following initial conditions
u(.,0) =up >0,
2 0" 0. @3
55(,1) =0,z €09

Without loss of generality, we can make a rescaling in time and take ¢+ = 1. Further, we define

il
w=— [ wdz.
9] Jao
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Multiplying the second equation in (2.36) by ﬁ and integrating on () , we get

1
—8ﬁ = —U + 6_
r

Divergence Theorem together with condition (2.37] 1mply

Av =
5] /

now rearranging the terms, we conclude that

1
— (O —p)v = éﬂ. (2.38)
r r
In the same way, multiplying again the second equation of (2.36) by % , we get
1
— (O —p)v=»~u+ éu . (2.39)
r r
We remember that AT = 0 and integrating on 2 the first equation of (2.36) , we have
ou = ~ Xy (uVv) dx
€[ Jo
X
= - uVudz
9] Jaa
Therefore, by initial conditions
(9ﬂ = O

Thus, we obtain mass conservation,
u(t) =y .
. ~ — . B .
Next, denoting v = v — T, a = -, hence subtracting (2.38)) and (2.39) result

1 ~ -
— (O —p)v =20+ a(u—"1g) . (2.40)
,
Assuming r > 1, finally we conclude
A+ a(u—T19) =0. (2.41)

In conclusion, we can redefined (2.36))

o = Au—xV.(uVv) , }

0 = Av+a(u—T) . (2.42)

v *

Finally, doing the change of variable v* = —— , u* = —= | returining to « and v, whereby obtain
aug atug

Ou = Au — xV. (uVo) ,
—Av=a(u—-1),
u(.,t) =uy >0, (2.43)

v(,t) =19 >0,
ov ou =0

on — on
which is the simplified Keller-Segel system defined on Q C R?, 99 € C!, under mass conserva-
tion hypothesis.
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Theorem 28 Let consider

0 1
= (87 — M 2.44
7T(87r X@)+2WX (0) <0 (2.44)

where

G):/udx:/uoda:,M(t):/u(sc,t)]sc|2dx,
Q Q Q

forx € Q = B(0,L), uy € C*(Q) and radial symmetric function. Then the solutions to (2.43)
have finite existence time.

Remark29 /. If M(0) < 1, i.e, the first moment in O small, then condition 87” < O is neces-
sary and sufficient to obtain Blow-up. Biologically means close to zero if there is an initial
concentration of individuals, this condition persists at time.

2. Remember the following formulas:

kil

o Nw=12 (Ta—w)

o Vw = w,

r or or
o m(r) = [, udz =27 [y urdr
° %Lf = 2mru

Proof. We consider a radial symmetric initial condition, then we have radial symmetric solution to
(2.43)) obtaining

10
—=3 (rv,) =u—1, (2.45)
integrating
/16(— )d /( 1)d (2.46)
— | == (Fvr)dx = u— x, .
o T Or Q
using the radial formulas recalling in Remark 29, we have
T a . - T _
_ — (rv?) dr = r (u — 1) dr . (247)
o OF 0
it is equivalent to
r 2
4w:/mw_£, (2.48)
0 2
therefore 5 )
P == (m—m?) (2.49)

On the other hand, from (2.42)) we have

Ou = Au — xV (uVo) , (2.50)
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multiplying (2.50)) by |z|? and integrating
/8t|:c]2udx = / |z|? Audx — X/ 12|*V (uVv) dz . (2.51)
Q Q Q
Thus,
Oy M (t) :/ |z|* Audx — X/ |2|*V (uVv) dx
Q Q
2
:/A|x|2ud:c—|—/ ]m\zg—u% ds+x/ V|z|* (uVv) dx
Q 0 on on Q
=40 — 2/ urmds — x (/ V (|z[*uVv) dz — / Vv (|z]?) quda:)
) Q Q
=40 — 2/ ulz|ds — X/ lzPuVo. 7 dx + 2xf u(x.Vv)dz
B o0 0
L
<40 + 2x27r/ urvETdr ,
0
using (2.50) we conclude

L
O M(t) <40 — 2x/ u (m — 7)) Fdr
0

- L L
=40 — 2y / umrdr — 7T/ u7_“3df}
LJo 0

'm [T om 1
—40 -2y |— | Z=dr—-M
X_27T o Or "o ]
(1 1
=40 -2y |—0? - =M
© X_47r@ 2 }
hence o .
8tM(t)§—X(—7T—@)+XM. (2.52)
2 \ x

M is a decreasing function for all ¢, since by hypothesis

%(81_@)@,
2 \ X

Integrating in time (2.52), we obtain

M(t) < {% (8% _ ) + XM(O)] £+ M(0) | (2.53)

| 27
therefore there exists ¢, such that

M (to) =0and M(t) < Oforallt > t,,
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consequently,

/u(:c,t)\x|2dt =0,t>1. (2.54)
Q

Then (2.54) implies that u(x,t) = 0, a.e for all £ > ¢y, therefore © = 0 this is a contradiction with
the mass conservation. m

2.3 Hardy-Littlewood-Sobolev’ inequality for systems

The most fundamental tool used through this work to prove the sharp condition for existence and
Blow-up of solutions to Keller-Segel system (2.3)) is the logarithmic Hardy-Littlewood-Sobolev’
inequality for systems, which we proceed to recall now. First in [30], it is defined the space of
functions,

Por () =4 5= (Pl : 2 0. [ fillogilde < o0, [ 7= My, [ filog (14 Jaf?) < oo Vi 1
R2 R2

R2
where M = (M), is given. Next, we define the functional F : I'y; (R?) — R by
SO 1 - -
Fp) = Z/m log pidzr + > ai,j//ﬁi () log |« — y| p; (y) dwdy ,
€1 R2 7€l 2 R2

together with the polynomial condition

Ay (M) =8r> M;— > a;MM;,

ieJ ijed
forall J # @ and J C I . Then we have the following result,

Theorem 30 Hardy-Litlewood-Sobolev’s inequality for systems
Let A = (a;;) a symmetric matrix such that a;; > 0 for all i,j € I and M € R";. Then

Ar(M)=0, (2.55)
together with

Ay (M) > 0,forallJ C 1
if Aj(M) = 0, forsomeJ, then a; + Apy (M) >0, forallic J,

are necessary and sufficient conditions for the boundlessness from below of F on T'y; (R?) . In
particular, there exists a minimize p of F over T'y; (R?) if and only if

Ar(M)=0,and A; (M) >0, forall J CI.

Proof. See [30], Th. 4. m
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2.4 Blow-up and the threshold condition

2.4.1 Blow-up without radial initial condition

Lemma 31 Let uy , us and v smooth solutions of (2.3) . Let define the second moment m(t) for
the whole population by,

m(t) == 1/ ul\x|2dx+l/ uy x| de (2.56)
X1 JRr2 X2 JRr2
then we have p 4rd 48 )
%1 U2 2
—m(t) = — — (6, +05)". 2.57
a"" A 3 (b1 +62) (257)

Proof. Multiplying the first equation of (2.3 by |z|* and integrating yields,

8t/ Uy |x|2d:c:/ \:C|2Au1dx—xl/ 1z’ V - (u, Vo)dz
R? R? R2

then using Green’ first identity we obtain

&5/ u1|a7|2dx:4/ ulda:—l—ZXl/ uy(x - Vo)dz .
R2 R2 R2

From (2.3)), we have that

1 T—y

Vu = (ul (y7 t) + uZ(ya t)) dy .

2 e o - yf
Next, we compute using mass conservation,
x p—
8t/ uy || doe = 46, — as) (x : —yzul(x,t) (ur(y, t) + ua(y, t))) dydz . (2.58)
R2 T JR2xR?2 | —y|

Similarly,

Gt/ uy || de = 46, — x2 (:L‘ ulbg(l', t) (ur(y,t) + ug(y,t))) dydz . (2.59)
R? R2 xR2

m e =y

Adding (2.58) and (2.59), it follows

4 (1/ uy |z)? dx+1/u2|m|2dx>
dt X1 JRr2 X2 J2

470 476 €T —
L L / Y (g () + s, 1)) (g £) + ua(y, 1) dyda
X1 X2 R2 xR2 \ﬂU - ?J‘
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After, using the symmetry in the variables x and y in the last integral we get,

4 (1/ Uy |m|2da:—|—£/ Us |x|2dx)
dt X1 JRr2 X2 JRr2

476 470 1 T —
- —+—- —/ (= y) - 2 (ur(x,8) + ua(, 1)) (ua(y,1) + us(y, 1)) dyda
X1 X2 2 Jr2xre ] ]

_ 47'('01 1 471'62 1

X1 X2 2 /RQXRQ (ur(z,1) + ua(z, 1)) (wa(y, t) + uz(y, t)) dydz

4’/T(91 471'92 1
= + — =
X1 X2 2

(0, + 6)*.

[ ]
Therefore, if we have that the initial masses #; and 0, satisfy,

A, 4n6 1
T TR 0,4 0,)2 < 0 (2.60)
X1 X2 2

we arrive at the conclusion that m(¢) should become negative in finite time, which is impossible
since u; and wuy are nonnegative. Consequently, there is a finite blow-up time 7. In fact being
as oo u; |z dz < Xtm(t) both of the density variables u; and u, blows up. A straightforward
generalization of system (2.3)) for n species show that in the region

n n 2
4WZ%—% (Ze) <0,
=1 =1

therefore, there is Blow-up for the n density variables.

2.4.2 Blow-up in radial case

Consider ujg , ugo radial initial conditions. Let us define the accumulative mass variables for

system (2.3)),
M;(r,t) == / ui(z,t) = 27T/ wi(p,t)pdp ,
D(0,r) 0

forv = 1,2 . We are going to prove that if enough species are concentrate at the origin (i.e we have
a small initial moment) then any of the inequalities

8 8
01<—7r,u,92<—7r,
X X2

implies Blow-up. Multiplying the first equation of (2.3)) by |x|? and integrating on R?

4 uy|xPdr = u/ Auy|zPdr — Xl/ V- (u1Vo)de (2.61)
dt R2 R2 R2

58



then using the first Green’ identity in (2.61)) , we obtain
d
dt Jge
In cylindrical coordinates, the equation for chemical substance is
10 ( av)
——— | T +U1+U2:0,
or

multiplying by r and integrating upon (0, ) (2.63)) , we have

a,U T T
7“8— = —/ purdp —/ puzdp
r 0 0

1 1
- 5 Ul(‘T?t)__/ u2(x7t)
21 Jp(or) 27 Jp(or
_ M+ M
N 2m '
Therefore,
ov . _Ml + MQ
or 2r
Using (2.64) and the general identity for radial functions
99
-V =r—,
7 V(@) =

we obtain the following calculation

T v
uy (- Vo)dr =27 up—pdp
R2 0 dp

T My 4 M.
= —27r/ ul%pdp
0 ™

+o0
= —/ (51 (M1+M2)pdp
0
+oo
< —/ uy Myprdp
0

1
= ——90.
47 !

From this last estimation and (2.62)), we conclude
dm 1
— <4 dz + 2y, | ——067
ar = “/Rﬂl v Xl( Ir 1>

= 461# <1 - Xlgl) .
8T

— | w|z)?de = ,u/ Auy|xPdz — Xl/ V- (uVo)de .
R2 R?

(2.62)

(2.63)

(2.64)

(2.65)

Applying a similar argument, we prove the other inequality. Finally, we obtain the finite time of

existence using the same argument for Blow-up in non radial case.
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2.5 Global Existence

2.5.1 Energy and Entropy estimates

Let us proceed formally to find a free energy functional in our system. First, we rewrite the equation
for u; in (2.3)) making the following estimations,

Oyuy = pluy — x1V. (u1 Vo)
= V. [uVu; — x1(u1 V)]
= V. [ur (uV log(ur) — x1Vv)] ,

therefore
Ou; =V -1V (puloguy — x1v) . (2.66)
Next, we multiply both sides of by plog u; — x1v and integrate to obtain,
/ uy (ploguy — xqv) dr = / (nloguy — x1v) V - [V (logug — x1v)]dx . (2.67)
R2 R2

Then, using mass conservation and assuming the necessaries conditions to applied integration by
parts formula, we see that is equivalent to

d

— pug log updr — Xl/

uvdr = —/ uy |V (plogug — le)|2 dx . (2.68)
dt R2 R2 R2

Similarly, it holds that

d

7 g ug log usdr — XQ/

R

Ugpvdr = —/ ug |V (log ug — ng)|2 dx . (2.69)
2 R2

Now, multiplying by - (2.68) and by .- (2.69), adding these results we get that
d 1 1
— —uy log uydr + — U log usdx p — (w1 + ugy) vdx
dt R2 X1 X2 JRr2 R2
= —/ uy |V (ploguy — x1v)|* do — / uy |V (log uy — x2v)|* dz . (2.70)
R? R?

Notice that by initial assumptions,

1d

/ (U1 + ugg) vde = =— [ (uy + ug)vde . (2.71)
R2 2 dt R2

As conclusion, we deduce from (2.70) and (2.71)) that

d 1 1
— { ﬁul log uydx + — us log usdr — —/ (uy + uQ)vdx} <0. (2.72)
dt R2 X1 X2 JRr2 2 R2
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The equality (2.72)) motivate us to define the free energy functional for system (2.3) as
0 1 1 1
E(t) = — uy logude + — Uy log usdr — = wodr — = upvdz . (2.73)
X1 JRr2 X2 JRr2 2 R2 2 R2

In order to validate our estimations, we suppose that,
UL, Uy € C’O(R+, Ll(Rz)) N L2((0,T); Hl(]R2)) ,

uy (1 +|2%) , ua(1 4 |z]?) , ug loguy , usg log uy are bounded in L3S (R*, L1(R?)) ,
Additionally,
Vi, Vs € L, (RY, L'(R?))
and
Vv € L2 (RT x R?) .

loc
Then, we have that
d 1 9 1 9
—E(t)=—— u |[uV1oguy — Vx| de — — ug [Viogus — Vyov|"de < 0. (2.74)
dt X1 JRr2 X2 JRr2

As a consequence of and the Hardy-Littlewood-Sobolev’ inequality [3} 8] was obtained in
[8] a first non optimal result about entropy bound, which is summarized in the following theorem,

Theorem 32 If uy and us are positive solutions of (2.3) on the interval [0,T) and x1 < X3 then
we have the following Entropy estimates

o ifiu > 1then

M 1 1 .
( Xz) / / (—m x,t) + —uz(x,t)> log (—ul(x,t) + —Ug(l',t)) dxdt < Cr

where Cr is a constant depending onT’ and M = 6, + 0, .

o [fuu <1then

M 1 1 . B
( X2> / / (—m x,t) + —uo(z, t)) log (—ul(x,t) + —m(a:,t)) dxdt < Crp
s R2 X2 X1 X2

where C'p is a constant depending on T and M = 6, + 05 .

Proof. To more details about this preliminary result to see [[|8],Theorem 1] attached in the second
part of this thesis. ®

Theorem [32) gives bounds for the entropy which is the key tool for the proof of global existence
for system (2.3), but it is not sharp condition. In order to improve an optimal result, it would be
desirable to use the HLS inequality for systems developed by I. Shafrir & G. Wolansky in [30].
However, as we will show after, a direct application of this tool in our system do not give the
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expect optimal result that we are looking for. We will prove how an adequate introduction of some
auxiliary parameters in (2.74) allows us to improve the sharp result of global existence published
in [11], mainly, we will show that if 6, 6, satisfy,

by 470 L s p2 >0, 0, <42 0, < T
X1 X2 2 X1 X2
then exists global solution in time. No kind of radial symmetry initial condition is assumed.

The first result of this subsection gives us bounds for the entropy functional. We achieve our
aim through an appropriate use of the HLS inequality for systems, Th. [30] The main idea of the
proof read as follows: Given that a direct application of the HLS inequality would allows us to
get bounds only on a curve of the 6,6,—plane for the entropy [p, u;(x,t)logu;(x, t)dx, i = 1,2,
we introduce some parameters before apply the HLS inequality. Then we can 'move’, ’shrink’
and ’dilate’ this family of curves, in such a way, that the full region (2.79)) is swept and therefore,
obtaining an estimation for (2.80) in this region.

We suppose in this part that,

U 5 Uz € LY(RZ, (1 + |z*)dx) , }

U0 10g Uyg , Usg log usy € L (R?, dx) . (2.75)

Lemma 33 (Lower bound for the entropy functional) Consider a non-negative weak solution
of @A), such that u;(1 + |z|*), i = 1,2 are bounded in L;° (R*, L'(R?)). Then we have,

loc
/ui(x,t)logu,-(x,t) > MlogM — Mlog[r(1+t)]—-C,i=1,2.
RQ

Proof. In the following C' will denote a generic constant. We have from subsection (2.4)),

d 7 1 2 4(91 4(92 1
— t)+ — t der = — — —— (01 +62)" . 2.76
. ( wle )+ St ) o= D B Lo e
We define
W 1
n=—u; +—uz,
X1 X2
46 46 1
K:—1M+—2——(91+92)
X1 X2 27
Thus we obtain
/n(x,t) 2 do = Kt + /n(:c,O) 2P dr < C(1+1), 2.77)
R2 R2

where C' = max { K, [ n(z,0)|z|? d:z:}. From the inequality u; < Cn, where i = 1,2 and from
R2
(2.7°7) we deduce that

/ui(x,t)\xlzd:cgC(1+t),i:1,2.

R2
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Using the same idea presented in [3, Lemma 2.5] we observe that

[ wi (x,t)logu; (w,t) > 1+tful (2,t) |2|* = C + [ w; (x,t)logu, (v,t)

K fim ) (2.78)
= [ w; (z,t)log [7} -C.
R2 e I+
Let us now define the variable « as follow
1 ki
)= —— - .
a (@) m(l+1) eXp( 1+t>
We obtain then from (2.78]) that
7 7t
/ui (x,t)logu; (z,t) > /uZ (x,t)log [u ((:c t))] de — Mlog[m (1+t)] —C
x?
R2 R2 s
u; (z,t) u; (z,t)
= l t)dr — M1 1+ -C
[ ios ey o e e gl )
R2

where M = -6, + é@z. Therefore, by Jensen’s inequality we get from that

/ui (x,t)logu; (z,t) > MlogM — Mlog[r (1+1t)]—C.
RZ

Theorem 34 (Upper bound for the entropy functional) Consider a non-negative weak solution
of , such that u; (1 + |z|%) , uilogu;, i = 1,2 are bounded in LS,(R*, LY(R?)). If 61, 6,

loc

satisfy,
0 0
91<8—7Tu 92<8—7T 877( lu—l— 2)—(91+92)2>0. (2.79)
X1 X2 X1 X2
Then
/ ui(x,t) logu;(x, t)de < C, (2.80)
RQ

where it = 1,2 and C'is a constant depending only on the parameters 61 , 0, 1, x1, X2 and E(0).
Proof. By (2.73)) for all ¢ > 0, we have that
E(t) <E(0).

Consequently, we have the computation

uy (z,t) loguy (z, t)dx+—/uz x,t)logus (z,t) dx

Xl
< //u (2.8)ws (g, >log|x—y|dasdy——//u1 2, ) s (y, ) log |z — y| ddy
R2 R2 R2 R2
1 1
— / [ty tv.t)togle — sldady — - [ [ ua(ot)ua v.0)ogle — ol dudy.
R2 R2 R2 R2
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Considering the two positives parameters a and b such that
a > X1, b > X2 (281)

and including them in the last inequality we obtain

1
w (z,t)loguy (x,t)de + — [ ug (z,t)logus (z,t) dz

X1 X2
< " //““ “”1( D og | - y| dedy
47T
R2 R2
t)
— //Mu1 z,t) U2 ( >log|x—y|d$dy
JIZ%s
R2 R2
t)
//u2 v ) i (9, >log\x—y\dxdy
,u47r a
R2 R2
t)
//u2 7,t) s ( )log|x—y|dmdy (2.82)
R2 R2

By doing so, we can apply now the HLS inequality for systems (Th to the functions £+ and
%2 on identity (2.82)) getting that,

1
s (o) logus (2.8) + [ s (o) o s (a.)
X1 : X2 :

R R

C B0 [un o g (D) gy [0l (6(00Y

R2 R2

where the conditions for the existence of the constant C' given by Th[30]are

2
My n) = s - (%) 20,

a a
6 0, 2
Mgy (M) = 8772 — b’ (f) >0,
Moy (1) = sm (024 %) - @224 2% 42220 0,
Equivalently, . . 9 9

Notice that we have proved that conditions (2.83)) imply,

1 1 1 1
vioa 2 tyde+ | ——+ t)1 t)d
g (X1 a) /Rzul o tlog 0 et <><2 b) /R uz (2, 1) log uz (v,1) do

< E(0)— (J+9 log @bg%. (2.84)
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We have from Lemma |33|that the functional f u; log u;dx are bounded lowerly for ¢ = 1, 2. In the
same way, each coefficient of the entropy functional in (2.84) is positive as long as a > x; and
b > x2. Then, we take parameters a and b on the intervals (x;,00) and (x2, 00), respectively. We
conclude that the estimates (2.80) on region (2.79) are true. m

2.5.2 Weak Solution

In order, in this part we define the weak solution for (2.3)). We start multiplying the first equation
of (2.3) by a test function ¢ € C§°(R?) and integrating, we get

d
7 R2¢($)U1($,t)d$
= / AY(x)uy (z, t)dz
RQ
- Vi (a) - Ty (un(w t)u (. ) + i (2, Oua(y, 1)) dody
41 R2 xR2 ’x — y|
= / AY(x)uy (z, t)dz
]R2
X () - S (O (g, ) (s (y, 1) dady
41 R2xR2 ’,CL' — y’
Notice that,
r—y =y
[ v Sl tdedy = - [ Voly) . sl dady
R2xR2 |z — y R2 xR? |z —y

Therefore, it follows

/ Vo) (e Oty
1 T

=3 ﬁ (un (@, Ous(y, )V (x) = w (y, us (2, 1) Vi(y)) drdy
1 T —y

3 o [wr (y, Dusz(,t) (Vip(2) = Vi(y)) — wy, Dus (e, ) V() + ui(z, Dus(y, ) V()] dedy

-5/ o [ Dua(e. ) (Vo(a) = () — (s hua(e, 1) = (e, ua(y, 0} V(@) dady.
The expression

(Vip(z) — Vi(y)) - ——2

. 5
|z —yl
is bounded. If we assume, a priori that u; and wuy are Lipschitz, we observe

- y2 {ur(y, ua(, 1) — ur(, ua(y, 1)} Vip(x)

'x{ﬁw ) et

|z —y

ug(z,t) + uy(z,t)

Vi (x)
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is bounded too. Then, we define a weak solution for our system as a couple of functions (u1, us) €
L>(R*, Lip(R™)) which satisfies, for every test functions v , ¢ € C5°(IR?) the equality,

% g U(x)uy(z, t)dx

_ /R Av(@)u (e, )ds

g (Vb(x) = Vib(y)) - ——25 (ur(z, t)ur (y, 1) + i (y, t)us(x, 1)) drdy

8 R2 xR2 |1‘—y|2

v
+ XL LYy, tua(e, ) — ua(w, tus(y, )} Vib(z)dady ;
8T R2 xR2 |,LL’ — y|

follow the same argument, the equality for uy and ¢ is obtained.
Using this last definition, we can prove that weak solutions are mass conservative. To prove,
this we take a test function ¢ such that

v ={ o S

Thus, we define ¢g(z) = ¥ (|z| /R). Then, there exists some constants C; , Cy and Cj5 such that

Cy
< 2
S

/R2 AYp(z)uy(z, t)d

Cy

< =
_R2

2 (Tonle) = V(o)

8 y’2 (ur(z, t)ur(y, t) + ui(y, t)us(x, t)) dedy

-y
lz —y
&/ = (s, t) = ww, ua(y, 1)} VwR(x)dIdy‘ < %

8T R2 xR2 |5(; — y|

Finally, passing to the limit as R — oo, we arrive at

. uy(z, t)der =0.

A similar result follows for u, . The conservation of mass for weak solutions, allows us to conclude,
using the same techniques, the weak solutions of (2.3) hold identity (2.76)) .

2.5.3 Global Existence of Weak Solutions

Boundlessness of the entropy in the last Theorem, is the main tool that we will use to obtain the
following result of global existence.

Theorem 35 (Global Existence of Weak Solutions) Under assumption (2.75)) and

0 0
8 (—1,LL + —2) — (91 + 92)2 >0, (2.85)
X1 X2
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87"/}(2

Figure 2.2: Different configurations to parabola (2.87) .

8 8
0, < Zpp, 0y < 21 (2.86)
X1 X2

system (2.3) has a global weak non negative solution such that

(1+ |z|” + Jlog us|)u; € L>(0,T ; L*(R?))

and

1 2 1 2
- uy |[pV1oguy — Vx| de — — ug [V1ogus — Vyov| de < 0.
X1 [0,T]xR2 X2 [0,T]xR2

Before showing the proof, let us first give some explanations on this result. Inequality
corresponds to the interior of a rotated parabola in the plane #,6,. Choosing the parameters /. , X
and y» adequately condition (2.86) may be relevant or can be simply ignored. More precisely we
have the following two cases,

e If the parabola,
0 )
8 <—1u + —2) — (0, +6,)> =0 (2.87)
X1 X2

intersects any of the lines 6; = 8wy /x; or O3 = 87 /x> in the first quadrant of the 0,6, plane,
(which happens exactly when x; < pyx2/2 or x1 > 2ux2) and 6, 6 satisfies inequalities
(2.83)) and (2.86) then system (2.3)) has a global in time weak solution.

e However, if the parabola (2.87) do not intersect any of the lines 6; = 8w/ x; or 63 = 87/ x>
(when py2/2 < x1 < 2ux2) in the first quadrant of the 6,0, plane, and 6, 0, satisfies
inequality (2.83), then system (2.3)) has a global in time weak solution.

This different options are summarized in the Figure[2.2]

On the other hand, we point out that all of our results are formally so far. In order to give them
rigorousness, we should have a local existence result of smooth solutions. However, we will take
another strategy which will allow us to obtain directly global existence in time of weak solutions
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with the corresponding mathematical rigorousness. In order to prove Th[35|, first, we modify the
convolution kernel k°(z) = —5-log |z| in (2:3)), by truncating it around zero. This last will allows
us to get a regularized version of system (2.3), which is rather easier to work. After proving the
existence of global solutions of this last approximate problem, we look for uniform estimates of
the solutions and then pass to the limit will give us the result of global existence, we are looking
for. After getting this result we recover properties such as mass conservation or the second mo-
ment formula by “testing” properly our weak solution. A similar technique was made in the one
chemotaxis species case (see [2} 3]]), for this last, we only make an sketch to the proof.

Proof (Sketch). For the reader’s convenience, we divide the proof in four steps giving special
attention where technical difficulties arise in comparison to the single species case.

Step 1. Regularization of the system. We define K¢ by K*(z) := K' (%), where K' is a radial
monotone non-decreasing smooth function satisfying,

“Llogle| if |+ >4
1 i 27 —
K (Z)_{ 0 if |2 <L,

we also assume that

’VKI (2)| < L

~ 27z

)

1
K'(2) < —2—log\z| , —AK'(2) >0,
T
for all z € R? . Then, we obtain the following regularized version of system 2.3)),

O = Au§ — 1V - (u§Voe), t > 0,2 € R?,
Owus = Aug — x2V - (ug Vo), (2.88)
v¢ = K% (u§ +us) ,

which we interpret in the distribution sense. Since K°(z) = K'(2), we also have

1 1 1

1 _ 1 2.89
S e/ 2] (2.89)

el Lo 3] <

The proof of global solutions in L? (0, T; H*(R*) N C (0, T; L*(R?)) for system with initial
data in L*(R?) follows essentially the same lines as in [3, Prop. 2.8] and therefore we omit the
proof here.

Step 2. A prior estimates for the approximate solutions u§ , u5 and v° .

Consider a solution (u, u5) of the regularized system. If

8 8 0 0
th < —Wu,t% < —W,Sﬂ (—1u+—2) — (0, +6,)> >0,
X1 X2 X1 X2

then, uniformly as € — 0, with bounds depending only upon [ (1 + \x!z) ujodz and [ wo logupdz
R2 R2
with i = 1,2, we have,
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(i) The function (z,t) — ||* (u§ + ug) is bounded in L™ (R ; L' (R?)) .

loc?

(ii) The functions t — @éuj (z,t)logu$ (x,t) dz and t — sz u§ (z,t) v (x,t) dz are bounded
forj=1,2.

loc?

(ili) The function (z,t) — uS (x,t)log (u (x,t)) is bounded in L= (R ; L' (R?)) for j = 1,2

(iv) The function (z,t) — V4 /uS (x,t) is bounded in L* (R}, x R?) forj =1,2.
(v) The function (z,t) — uS (,t) is bounded in L? (R}, x R?) for j = 1,2.
(vi) The function (z,t) — u$ (z,t) Av® (z,) is bounded in L' (R}, x R?) for j = 1,2.

(vii) The function (x,t) —  /uS (x,t)Vo* (z,t) is bounded in L? (R;}, x R?) for j = 1,2.

The proof of estimates (i)-(vii) follows essentially the same steps as in the one species case,
therefore, we remit the reader to [3, Lema 2.11]. In addition, we note that from Gagliardo-
Nierenberg-Sobolev inequality, for all p € [2, 00)

2 2-3 5
191130 g2y < Cs V0l 2y gl o ey - for all g € H' (R?)

taking g = /u$ we obtain,

P
[ ae < (cs) o
RQ

Vi

(2.90)

p—2
)

L2(R2

for any p > 2. Estimation (iv) along with (2.90) implies that «¢ is uniformly bounded in
L1 (]RJr X RQ) for every ¢ € [1,00). Therefore, we have proved the following result

loc

(viii) The function (x,t) — u$ (x,t) is bounded in L” (R;}. x R?) forj = 1,2, p > 1.

Step 3. Construction of a strong convergence subsequence in LP: To achieve our aim in this
step we will apply the Aubin-Lions compactness Lemma.
First, we get a uniform bound on ||Vt || 12 (5.1« 5,)- We observe that,

%/|ui|2dzr = —2/|Vui|2da:+2x1/u§vug-vqfdg;
R? R2 R2
1/2 1/2
< —Q/IVuEIdeHxl /|Vu§-|2 /|ug|2|vvf|2dg;
R2 2 2
1/2 1/3 1/6
< —2/]Vuﬂ2dw+2xl /\Vuiz /\ui?’dx /\VUE\de
R2 \R2 2 2



where we have used Holder inequality in the last line. The classical Gagliardo-Nirenberg-Sobolev
inequality along with the Calderon-Zigmund inequality allow us to achieve that,

1/6 2/3

/|Vv€|6dx <C /\Avel?’/QdI : (2.91)
2 2
From ineq. (2.91) and (2.91)) we conclude that,
d €
%/|ul\2dx
R2
1/2 1/3
—2/|vu§|2d:c+2(7><1 (‘R/w;? (‘R/uﬂ?’d;r (‘R/Avﬁg/?dx
R2 2 2 2
—2/|vu§|2dx
R2

1/2 1/3 2/3
20, (m/vu;Q (m/u§3dx ([R/uﬂm dr| o+ (R/ug?’/? dr
2 2 2 2

Integrating respect to ¢ and reordering last inequality we obtain now,

T
2/ /\Vuﬂdedt
1) R
2/3

2/3
=201 4 sup ( |Ui|3d~”6) sup /!ull3/2dx + sup ( |u§\3/2dx>
R2 R2

te(s,T) te(s,T) te(s,T)

T 1/2
/ ( |Vuﬂ2) dt—i—/ \uﬂ2dx—/ s (z,0))* dz < 0.
5 R2 R? R?

We observe now that,

T T 1/2
/ \Vu[Pde | dt <TV? (/ |Vus|” da;dt) .
é ) d R2

Denoting by X = ||VuS|| 12 ((6.1)xr2) and taking into account viii), we conclude from last in-
equality that for positive constants a, b and ¢ we have that,

2/3

IA

IA

2/3

1/2

aX?—bX +¢<0,
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in consequence X := ||VuS|| L2 ((5T)xR2) is bounded, i.e there exist a constant C' such that,
HVUZE'HLZZOC((J,T)XR2) <C. (2.92)

Now, we obtain a bound for ||dus /dL| ;2o 7y.r-1(r2))- Let @ € H'(R?) then we have,

dus
)

[(Au; — V- (u;V©) , ¢)| (2.93)

< Vi, Vo)l + [(u; Vo', Vo)
< Vol IVull + IV [l Vo] - (2.94)
Thus,
dus <du§ >’
: = sup S 0| SNV | 2y + 145V L2 gey < C
' At {12y 8l gey=1 | \ At LAE L2 @)

From the last estimate it follows that,

\ A
L2((6,T);H~1 (R?)) J

Compactness: In order to apply the Aubin-Lions’ Lemma, we define the spaces

2
dug

dt

€
dus

dt

/2
) <C(T). (2.95)
~1(R?)

H

By=H'®)N{f| ||’ fe LR},

B = L*(R?)

and
Bl = 36 .

Let { f;} and arbitrary bounded sequence in B, then we have that it is L? equi-integrate at infinity
(cf.[1, Corollary 5.3.1]) as the following account shows:

1/2 1/2
1/2\ ;3/2 2 3
’d = i < d / d /
{lz|>R} {l=|>R} {l=|>R} {l=|>R}
1 1/2 1/2
— ]x|2fida: f3dx .
R R2 R2

lim fidr =0, (2.96)

R=400 J{|2|> R}

IN

IN

Thus,

uniformly with respect to f; . From, the Rellich-Kondrakov Theorem (cf.[1, Corollary 5.3.1]) we
obtain the compact inclusion,
By —>— B
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Given that ¢ satisfies (2.92) , (2.95) and (2.96) , we can invoke now the Aubin-Lions-Simon
theorem to conclude that u$ has a sub sequence which converge strongly in L?(0, T, B) . Therefore,
under a subsequence we have that,

u§ — u; ae. in R? x (§,T] . (2.97)

We also have proved uniformly boundlessness for [|u; | »g2)xjo7) » from this, estimation (2.97)
and Vitali’ theorem we obtain,

u§ — u; strongly in LP(R? x [0, T]) forp > 1. (2.98)

Step 4. Pass to the limit. We pass to the limit in the weak sense to obtain our result of global
existence. The most significant technical difficulty to show that u, uy solved (2.3) arise with the
nonlinear terms. In order to prove that

usVo© — u;Vo,in D'(RT x R?) . (2.99)

First, we notice that the expression u{ |Vv¢| is integrate as estimate (vii), along with the following
estimate show,

2 2
(/ us [ Vo da:dt) = ( Vus/us | Vo da:dt>
[0,T] xR [0,T] xR

< / uﬁdxdt/ ul | Vo | dedt < HiT/ ul |Voe|* dadt .
[0,T]xR? [0,T] xR2 [0,T]xR?

It follows that we can interpret u{ V¢ as an element of (C5° (R* x R?))" and therefore it has sense
its divergence.

In order to prove that ||Vve|| ey < C forr > 2, we recall the Hardy-Littelwood-Sobolev
inequality: For all f € LP(R™), g € LY(R"), 1 < p,q < oo such that I% + % +% = 2 and
0 < A < n, there exists a constant C' = C'(p, ¢, A) > 0 such that

< C 1l N9 g -

/R ! f(x)g(y)dzdy

A
nxke |1 — g

Taking the supreme over the ball ||g|| La(rny = 1, on both sides of the last inequality we obtain,

/ L 5 f(x)dx
B |2 — |

< O fll oy (2.100)

9 _
LT (Rn)

In particular,

1
< PAR)
| s < Ol

_9q
LTT (R2)
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where 1 < p,q < 0o, 1/p+1/q+ 1/2 = 2. Thus, we have that

HVUE“L’“(R") = VK" * (ui + UZ)HLT(W) (2.101)
1 / 1
— [ ——(u] + u3)dx (2.102)
' 21 |:15 - y|( ' 2) L7 (R2)
< O (Ilillogesy + N3l ey < € (2.103)

we have used step 2 (viii). From, 7 = ~%7 and 1/p + 1/q 4 1/2 = 2, we obtain that 1= %
In addition, p € (1,2) implies that € (2, 00). We conclude that (up to a subsequence) Vv —
where h is in L". In order to prove that actually ~ = VK x n we have to do some extra work yet.
With this end in mind, we now propose us to show that,

1
3¢
b

Vv© — Vv ae. (2.104)

We have that,

1 T —
Vv =V = —— y2 ((u] +ug) — (ug +ug)) (y,t) dy
27T R2 |3j‘ — y|

e[ (o () ) ) i a0

2 |z — y*

lz—y|<2e

From (2.98) and (2.100) , we deduce that (under a subsequence) the first integral in (2.105) con-
verges to zero a.e. On the other side, estimates (2.89) allows us to conclude that

1 T —y T —y . .
/ (—VKl ( > + | | 2) (uf +us) (y,t)dy
€ € 2 |z =y

r—y|<2e

< [ (o5 W,

lx—y|<2e

After change of variable to polar coordinates, we observe that last integral converges to 0 as e — 0.
Therefore, we conclude (2.104)) and obtain from [13} Prop. 2.46 (i)] that Vv, — VK * n weakly
in L” for r > 2 . Finally we choose conjugate exponents r = 4 and p = 4/3 to conclude the

convergence (2.98). m

2.6 Stationary Model

We start recalling the definition for Liouville type system. Let define the follow constants

—Au; = 1,V exp (Z az‘j“j) : (2.106)

=1
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fori = 1,..,n. To solve (2.106) we need obtain a pair (u;, u;) such that holds (2.106)) and simulta-

neously satisfy
M, = /R Viexp (Z aijuj> (2.107)

j=1
this is for all ¢ = 1,..,n and (M;)", are positives constants. In R? we define the polynomial
condition in R?
Ao(M) =87 M; =Y > ayM;M;, (2.108)
ieJ ied jeJ
where J C 1.

Theorem 36 Let A a no symmetric positive matrix and assume that

Vi=1 (2.109)
a.e. Then there exist a entire solution that holds if
Ar(M) =0 (2.110)
and
A;(M) >0 (2.111)

forall J C I with J # ®.

Proof. See[7] m

We have in mind to apply Th[36]in our stationary system problem, thus we get a condition over
intial mass. On this way, the first step is reduce the initial stationary system and obtain a Liouville
type system Consider the stationary problem to (2.3)

—Auy + x1V.(uu Vo) = 0,
—Aug + x2V.(ue Vo) = 0, (2.112)
—Av — (Ul + U2) = 0.

We applied the Schaaf’s [26]] method to system (2.112)), in which the equations are manipulated to
obtain a Liouville system, thus we have the follow estimations

V.(—Vm —+ xl(u1Vv)) =0 , (2113)
it is equivalent at
Viu(=Viegu, +x1Vv)| =0, (2.114)
multiplying (T.89) by — logu; + x1v and integrating over R? we have
/ uy | V(—logui) + 1V |* dz =0, (2.115)
R2
concluding that
| V(=loguy) +x1Vv |?=0. (2.116)
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A priori assume u; () > 0 then
V(—logu;)+x1Vu =0,

therefore
logu; — x1v = Ky,

as consequence we obtain that
u; = C1exp(x1v). (2.117)

Using the same estimations, we conclude
us = Coexp(xav). (2.118)

Hence we get,
wi(x,t) >0,i=1,2.

The system (2.112]) has been reduced to the equation
—Av = Cyexp(x1v) + Cyexp(xav). (2.119)

Next, if we consider the follow system

c

vy = ;1 explaxivr + Bxive) , (2.120)
C

—Avy = f explaxavr + Bxava) , (2.121)

if there exists vy, vo such that solve 2.120)-(2.121)), respectively, for all x € R? then
v = avy + fuy

solve (2.119). We can applied Th[36| to (2.120)-(2.121)) and obtain the condition for existence of
solutions. We have in (2.120)-(2.121)

_ [ Bxa
Q_<04X2 5)(2) ’

() should be symmetric matrix « and /3, then we have the follow condition

axs = Bx1 . (2.122)
‘We also obtain that
_ GG

and

C
M, = —1/ exp [ax1v1 + Bxi1ve]) dx
RQ

My = —/ exp [axav1 + Bxavs) da
RQ
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we need consider that

R2

01
 Jreexp[axivr + Bxavo]

therefore

Ch

in the same way we conclude
02

C - 5
© 7 e exp [axevr + Byovs]

thus 0 9
MIZ_I’MZZ_Qa
o] B

then there exist a solution to (2.120)), if and only if
0, A%
Apqy (M) =8m— — — ] >0,
iy (M) = 8m— om(a)

A (M)—87T@—B (@>2>0
{2} = 3 X2 3 s

0 0 X X X X
Aoy (M) =8n (El + é) — Elﬁf — 50182 — E26’192 — 5295 =0.

By hypothesis (2.122), we have that

8w (ﬁ + @) — &9% — &9192 — &&92 — &03
« « a g

B B
6, 0
=87 (El + é) - %91 (61 + 6) — %92 (61 + 0)
e (BB (X X2 (g, 4 0,)
o B o1t gt ) Ot
01 b 2
—sr (24 2) K .
8w(a+6> (61 + 6-)
Hence the condition to existence of solutions to (2.112) is
87T 61 (92 2
o (E ¥ 5) (648 =0 (2.123)

and by condition (2.122)
Ka=x1,KB=Xx2,

therefore we obtain the follow condition to the existence of a entire solution for (2.120)-(2.121)
0

)
87T(—+—2) —(91+92)2:0.
X1 X2
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For the Keller—Segel model, it was conjectured by Childress and Percus (1984, Chemotactic
collapse in two dimensions. In Lecture Notes in Biomath. Vol. 55, Springer, Berlin-Heidelberg-
New York, 1984, pp. 61-66) that in a two-dimensional domain there exists a critical number
C such that if the initial mass is strictly less than C, then the solution exists globally in time
and if it is strictly larger than C blowup happens. For different versions of the Keller—Segel
model, the conjecture has essentially been proved. The case of several chemotactic species
introduces an additional question: What is the analogue for the critical mass obtained for the
single species system? In this paper, we investigate for a two-species model for chemotaxis
in IR? the conditions on the initial data, which determine blowup or global existence in time.
Specifically, we find a curve in the plane of masses such that outside of it there is blowup
and inside of it global existence in time is proved when the initial masses satisfy a threshold
condition. Optimality of this condition is discussed through an analysis in the radial case.
Finally, we show in the case of blowup for general data how it is possible to obtain a balance
between entropies and prove what species should aggregates first.

Key words: Chemotaxis; Multi-component Keller—Segel model; Blowup of solutions.

1 Introduction

Chemotaxis is one of the simplest mechanisms for the aggregation of species. It makes
reference to the aggregation of organisms sensitive to a gradient of a chemical substance.
A classical model in chemotaxis was introduced by Keller and Segel [14]. With the cell
density u(x,t) and the concentration of the chemical v(x,t) at point x and time ¢, the
Keller-Segel model is

u, =V - (uVu — yuVo), xeQ, t>0,
v, = yAv — fv + o, xeQ, t>0,
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subject to homogeneous Neumann boundary conditions and positive initial data u(x,0) =
up and v(x,0) = vo. In this model, y is the chemotactic sensitivity,y is the diffusion
coefficient of the chemoattractant and u is the diffusion coefficient of the cell density, f is
the rate of consumption and « is the rate of production, all are positive parameters, and Q
< IRY has smooth boundary Q. It was conjectured by Childress and Percus [4] that in a
two-dimensional domain there exists a critical number C such that if [ ug(x)dx < C then
the solution exists globally in time, and if [ ug(x)dx > C blowup happens. For different
versions of the Keller—Segel model, the conjecture has been essentially proved, finding the
critical value C = 8n/y; for a complete review of this topic, we refer the reader to the
papers [12,13] and the references therein, particularly [1,2,9,17,20].

The case of several chemotactic species introduces an additional question: What is the
analogue for the critical mass obtained for the self-attracting single species system? This
question was already formulated by Wolansky in [21]. The aim of the present paper is
to investigate Wolansky’s question and to start looking for an answer to his question in
case of two species and one diffusive chemoattractant. Our starting point is the following
two-species model:

6;U1 = ‘UYAUl — XTV ' (U1VV),
0:Us = 15AU; — 15V - (U,VV),
0 V(x,t)=D"AV + o2j Uy + a5 Us.

Making a dimensional analysis like in Espejo et al. [6], Section 2 , it reduces to

Oiuy = pAuy — 1V - (u Vo),
Qs = Auy — 12V - (uaVv),
e0v(x, t) = Av + uy + us,

where ¢ = 4. On the other side, assuming that molecular diffusion is much faster than cell
diffusion (¢ < D), it is natural to approximate ¢ ~ 0 and obtain the following reduced
system:

Oiuy = pAuy — 1V - (u Vo),
Oty = Auy — 12V - (u2 Vo),
0=Av 4+ uy + u.

Another assumption we introduce is the fact that we will study this system in the whole of
IR? because an explicit elementary solution for the Laplace operator is available here; this
will allows us to treat general data without any symmetry assumptions. In consequence,
we will deal through out this paper with the following simplified two species Keller—Segel
model in IR?:

Oy = pAuy — 1V - (u Vo),

Oy =Auy — 2V - (u2Vo),

(1.2)
21

ur(x,0) =u0 =0, us(x,0) =uz >0,

1
o) =5 [ Joglx =yl (w(r0+ walr ) d:
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where t > 0, u; and u, are the density variables for the two different chemotaxis species
and v is the chemoattractant, yi, y», u are positive constants and positive initial conditions
uy0, Upo are given.
In the first part of this paper, we give a partial answer to Wolansky’s question finding
a region in the plane of masses in which there is blowup. More precisely, we prove that if
the following condition is satisfied:
4TE,U@1 4T592 1

+——= — (01 +0,)* <0, (1.3)
11 12 2

where 01,0, denote the total initial mass of u; and u,, respectively, then blowup happens.
As we will show, model (1.2) preserves both masses, so we have

04 :=/ ulo(x)dxz/ ui(x,t)ydx 6, :=/ uzo(x)dxz/ ur(x, t)d x.
R2 R2 R2 R2

The proof is based in a suitable adaptation of the moments technique for a multi-species
system like equation (1.2). As is proved is Section 2, the curve defined by the equal sign
instead of lower than in equation (1.3) determines two regions in the plane of masses
where the total moment of system (1.2), defined by

m(t) = 1/ wlxPdx+ 5 [ us |x?dx, (1.4)
A1 JR? 12 JRr?

is decreasing or increasing, respectively; it is strictly decreasing in the region defined by

equation (1.3) and monotonically increasing otherwise. In this latter case, one could expect

to have global existence. However, we show in Section 4 that one can find initial data

such that blowup happens and still the total moment is increasing.

At this point, a natural question arises, namely which is an optimal condition (or region)
where global existence is guaranteed? Inspired from Blanchet et al. [1], our strategy to
tackle this question consists in proposing a suitable free energy functional for system (1.2).
The diffusion coefficient u, as well as y», plays a key role in the energy functional because
both appear in a non-symmetric way in the first two equations in equation (1.2). Precisely,
assuming y; < y2, we prove that any of the following inequalities

8 .
/ Ujodx + / Urodx < _TIZ, if u= 1,
R2 R2 X2
8n .
ujodx + podx < —pu, ifu<l,
R? R? 12

yields global existence. The proof uses the energy functional that provides a priori bounds
for the entropy of system (1.2). In its turn, these bounds yield the appropriate estimates
on which existence is based.

In the second part of this paper, we discuss the optimality of our results concerning
global existence and blowup for system (1.2). With this end in mind, we analyse first the
radial case. This approach will allow us to show that system (1.2) can blowup even in the
region where the total moment m(t) is increasing. Since this seems not to agree completely
with the intuition, it suggests us that the moment of one species could probably increase
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meanwhile the other one is decreasing but in such a way that the total moment m(t)
increases. This last statement opens interesting questions, for which a numerical approach
would be a first appropriate strategy to consider.

We have also studied in the general case the following question: Which of the chemotactic
species will blowup first in time? Intuitively, one could at least think that blowup should
happen first for the species with the larger chemotactic y. However, a mathematical proof
of this fact can be difficult. We show how the techniques from Jager and Luckhaus [9]
along with the work by Blanchet et al. [1] can be used to obtain a balance between
entropies and prove what species should blowup first. Precisely, we prove that bounds
for the entropy corresponding to the species with the larger chemotactic coefficient yields
bounds for the entropy of the other one.

We feel now worth mentioning that Wolansky’s question has already been studied
by Horstmann [10] and Horstmann and Lucia [11]. These authors first considered the
stationary case in a smooth bounded domain with Neumann boundary conditions. Several
Lyapunov functionals for different multi-species chemotactic systems are introduced in
these papers. These functionals provide tools to study the stationary problem and gives an
interesting clue for a possible threshold curve in the case of multi-species. The existence
condition they obtained is similar to ours (see, e.g. Theorem 4.2 in [10]); the main difference
being the fact that our conditions are both independent of the smallest chemoatractant
coefficient. In addition, they consider the blow-up phenomenon in the case y; = y».
In this sense, our results can be seen as a generalisation that allows us to understand
the interplay between both chemotaxis coefficients whenever blowup happens. For other
general multi-component Keller—Segel models in stationary regime, we refer again the
interested reader to Wolansky [21].

The plan of this paper is the following: Section 2 deals with the blow-up existence for
system (1.2) for arbitrary positive parameters y; < y». Section 3 is devoted to prove global
existence in time results. The main novelty is an extension of the free energy functional
for the one species Keller—Segel system (cf. [1]) to the case of two species. In Section 4,
we improve our results of blowup by considering the radial case. Finally, Section 5 is
concerned with the question on which of the species should aggregates first.

2 Blowup for positive arbitrary parameters yi, x>

Our purpose in this section is to derive sufficient conditions for having blowup for
system (1.2). In order to do this, we define adequately the second moment for the
whole population, which will allows us to generalise the usual technique of the moments
(cf. [1,2,17]) for proving blowup for one chemotaxis species to our system of two species.

Theorem 1 Let uy, up, v € H*(IR?) be non-negative smooth solutions of eqaution (1.2) such
that ui(1 + |x|?), i = 1,2 are bounded in LIO‘O’C(R+,L1(R2)). Let the second moment m(t) for
the whole population defined by

m(t) == E/ ul(x,t)|x|2dx—l—£/ ur(x, 1) |x|* dx,
11 JRr? 12 JR?
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then we have

d 4rul 470 1

Em(e) = L L T2 20y 4 0,2 2.1)
dt 11 12 2

Proof Multiplying the first equation of equation (1.2) by |x|> and integrating yields

6,/ Uy |x|2dx = ,u/ |x|2Au1dx — Xl/ |x|2V (u;Vo)dx,
R R R2

then using Greens first identity we obtain

6[/ Uy |x|2dx = 4,u/ urdx + 2)(1/ uy(x - Vo)dx.
R? R? R?

From equation (1.2), we have that Vv = —21—“ Jr: ﬁ(ul(y, t) + ua(y,t))dy. Next, we
compute using mass conservation

at/ uy |x|2dx = 4ub, — ﬁ/ X T yzul(x, t) (ui(y, t) + uz(y,t)) | dydx. (2.2)
R? T JR2xR? |x — y

Similarly,

n Ix—y

at/ 1y |x|? dx = 46, — 22 <x- (0, 0) (w1 (v, 1) + s, t))> dydx. (2.3)
R2 R2xRR2 |
From equations (2.2) and (2.3), it follows that

i <£/ Uy |x|2dx+£/ u2|x|2dx>
dt \ 11 Jre 1 Jr2

4l 4l X —
St A / X (1) + ua(x, 1) (9, £) + ua(y, 1) | dydx.
11 12 R2xR2 |x — y|

After using the symmetry in the variables x and y in the last integral, we get

i (E/ uy |x|2dx+£/ u2|x2dx>
dt \ x1 Jr2 12 Jre

_ Ampby | dnhy % / Gx ) - y|2 (1 (x, £) + w2, 1) (w1 (9, 1) + ua(y, t))) dydx

11 12 —
R2xIR?
dnpd,  4no 1
=T / (1105, 1) + w25, 0) (1 (1) + wa(y. 1)) dydx
11 12 ROUR?
dnupb;  4nb, 1
= + SLC ~(01 + 02)%.
e n o2

In consequence, we have proved equation (2.1). O
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Therefore, if we have that the initial masses 0; and 0, satisfy

druly | 4mhr L e, <o, (2.4)
X1 x2 2

we arrive at the conclusion that m(t) should become negative in finite time that is

impossible since u; and u, are non-negative. As a consequence, there is a finite blow-up

time T". In fact, being as f]RZ ui|xPdx < “pm(t) both of the density variables u; and u,

blowup. As a consequence, we obtain the following blow-up result.

Theorem 2 Let uy, uy, v € H*(IR?) be non-negative smooth solutions of equation (1.2) such
that ui(1 + |x|?), i = 1,2 are bounded in L*(R*,L'(IR?)), and let [0, T*) be the maximal
interval of existence. If the inequality

4nub, 4nb, 1

4+ —= — =(04 +92)2 <0,
X1 12 2

is satisfied then T" < oo.

Remark Alternatively, one can rewrite the hypotheses on the last theorem following the
ideas of the paper from Kurokiba and Ogawa [15] to obtain the same conclusion, changing
the hypotheses on uy,u;,v by working on the space

LYR?) = {f € L},.(R?); (1+ |x)?f(x) € LA(R?)}, s> 1,

as the space of solutions for our system.

3 Global existence conditions

Our purpose at this section is to investigate if on the region where the second moment
m(t) is increasing
4l 4nb 1
UL 22 20,4 0,2 > 0, (3.1)
X1 B2

there exist global bounded solutions u; and u,. In the case of bounded domains and
Dirichlet boundary conditions on the chemical concentration, sufficient conditions on the
initial masses for having global existence were given by Wolansky [21]. In contrast, we
are going to consider R? as our domain and discuss throughout this paper the possibility
of an optimal region where blow-up phenomena happens. We assume without loss of
generality that y, > y;. In addition, we suppose that

21 < g2, w0, o € LY(R?, (14 x|2)dx),} (3.2)

ugo log ujo, ux loguyy € L'(IR?, dx).
Using the entropy method from [5], we will give a partial proof of this showing that in

the region

0, +0, < 5" (3.3)
X2
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there is global existence for system (1.2) when p > 1; however, we will show that when
1 < 1 then the region of existence also depends on u. Specifically, we will prove in the
last case that the condition for global existence is

8
0 + 0, < ", (3.4)
X2

Then, we will show that equation (3.1) is not enough to guarantee global existence by
working with initial radial conditions.

Throughout this paper, we adopt the convention that all of the calculations will
exclusively concern locally smooth solutions.

On the basis of [5,21], we define the free energy for our system (1.2) like

1 1 1
E(t) .= ﬂ/ Uy loguldx-i——/ uzlogugdx——/ ulvdx——/ urvdx. (3.5)
X1 JR2 X2 JR2 2 R2 2 R2

For one chemotactic species, the free energy functional is a well-known tool and has
been introduced for Keller—Segel models and gravitational models (see [2, 8, 18]. For a
discussion on the multi-species case (see [21]). In spite of the apparent similarity of
equation (3.5) with the energy in the case of one species used in [5], a generalisation for
this kind of functionals for n species is not a straightforward task. Specifically, the use of
the right coefficient in the entropy plays a fundamental roll in order to obtain the right
monotony in the time variable as the proof of the following lemma shows.

Lemma 3 Let uj,u, € C°(R*, L'(IR?)) solutions of equation (1.2) such that ui(1 + |x|?),
ur(1 + |x]%), uilogu; and uplogu, are bounded in L‘fgc(]RJr,Ll(]Rz)), V\/u_,V\/u_z €
L} .(RT,LY(IR?) and Vv € LE (R x IR?). Then,

d

1 1
—E(t)=——/ n |uVlogu1—Vxlv|2dx——/ up [V1ogu, — Vyoo* dx < 0. (3.6)
dt 1 Jre 12 Jr2

Proof Using the equations in equation (1.2) and the Green identities, one gets
— uy loguydx :/ (uyeloguy 4+ uy) dx = / (loguy 4+ 1) uydx
dt JRr: R2 R2

=/ (loguy + 1) (uAuy — %1V - (u1 Vo)) dx
R2

= [ (Vloguy)(—uVus + y1uiVv)dx
R2

=/ uy (Vloguy) (_uVul + X1VU) dx
R2

231

/ —uy (Vloguy) (uVloguy — y1Vv)dx, (3.7)
IR2
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equivalently
d
— <u <1 + Q) / uq loguldx> = / —uy (uVloguy) (V(uloguy — y1v)) dx
dt A1 RR2 R2
+22 | iV logun) (V (logus — y10)) d, (338)
R

in a similar way

d
— (<1 + ﬁ) / U loguzdx> :/ —uy (Vioguy) (V(loguy — yav))dx
dt x2 R2 R2

A (Viegu) (V (logus — 7av)) dx. (3.9)

X2 JR2

Now, we calculate the derivative for the potential energy terms in equation (3.5)

d X1
m <_E /]R2 ulvdx)

= _ﬁ / (UUU —+ ulvt) dx = —ﬁ (ultU + (—AU — Ltz) U[)dx
2 R2 2 R2

= —% /]R2 (u1,0 — (AV) v, — UV, ) dx = —% - (u1,0 — vAV; — upv,) dx

__a
2 Jre

d
(unv + v%(ul + uy) — uzv[> dx = —% (2u1,v0 + vy, — urvy) dx

R2

-4 / 20ty — 11V (Vo)) + vutzs — o) dx
IR2

- _% OVo(—pVuy + 71u1 Vo)) =+ vityy — usvedx
IRZ

- _% 2u;Vo(—uV log uy + 11 Vv)) + vuy, — upvidx
IRZ

u Vyo(uVloguy — x1 Vo)) — %vuzt + %uzvtdx

2

u Vyo(uVloguy — x1 Vo)) — %U(ALQ — 12V - (upVo)) + %uzvtdx

)

u Vyo(uVloguy — x1 Vo)) — %UV “(Vuy — poup Vo)) + %uzv,dx

|
— S ————

u Vyo(uVloguy — 1 Vo)) + %VU (Vuy — poua Vo)) + %uzv[dx

2

w1 Vyo(uVloguy — x1 Vo)) + %uZVU (Vloguy — y2Vv)) + %uzv,dx. (3.10)
2

Analogously, we have

i —Q/ urvdx
dt 2 Jre

= / u Vyou(Vloguy, — 2 Vo)) + %ule (uVloguy — x1Vv)) + %ulvtdx. (3.11)
]RZ
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Otherwise, we have the following expressions for the potential energy terms in equation
(3.5) too:

d X1
7 <—? /]R2 uzvdx>

= | (~Zuw, — 4 (P — P Ay — 10V -
_/]Rz( p 12t 2u2tv> dx /11{2( 5 U2l Z(Auz 0V (quv))v> dx

(B By -

B /]Rz ( 2 Usty + D) (Vuy X2u2VU)VU) dx

- / (— 5w+ SuaVe(Viogu — 12Vv)) dx. (3.12)
R2 2 2

and

d —@/ ujvdx =/ <—@uv—@u v)
at\" 2 Jpo ! e\ 2 Tt

dx = / (~Zuw + ZuVo@vlogus — 11v0)) dx. (3.13)
R\ 2 2

Adding equation (3.7) to equations (3.8)—(3.13), we get

i <,u <1 + @> / uy loguydx + (1 + ﬁ) / up log uydx
dt X1 R2 X2 R?

_nt ></ uludx—X1+X2/ uwdx)
2 - e

_ / —ur (1 logu — V) (V (elog ) — 10)) dx
R

+ / 3 (Voguy — Vy20) (V (log uz — 720)) dx
IRZ

+£ —uy (Vioguy — 2 Vo) (V (loguy — yov)) dx
X2 JR2
+72 |~ (Valoguy — 710) (¥ (log s — ) d
R

or

d
I (1 + 12) E(t)) = —/ uy [V loguy — Vyv|* dx — / uy [Vloguy — Vypol|* dx
t R2 R2

—Xl/ u2|V10gu2—Xng|zdx—E/ Uy |,uV10gu1—le|2dx.
X2 JR2 X1 JR2

In consequence, the energy function (3.5) satisfies equation (3.6). ]

Lemma 4 Let uy, uy positive solutions of equation (1.2) then for 0 <t < T and a,b positive
constants there exists a bound C,,(T) such that

/ (au; + buy) [log (auy + buy)| dx < Cyp(T). (3.14)
aui+bur<1
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Proof We observe first that the function x — x|log x| is increasing on the interval (0,e™!).
On the region

{x :au(x,t) + bus(x,t) < e '},

we have that
/ (auy 4 buy) |log (au; + buy)| dx
auy+buy<e!
= / (auy + buy) [log (auy + buy)| dx
au1+bu2<e*‘x‘2
—|—/ (auy + buy) [log (auy + buy)| dx
eIx2 <auj+bur<e!

2 2 2
</ e log e |dx+/ (auy + buy) |log e ™" |dx
auy+buy<e? e auy +buy<e!

2
= / . e X \x|2 dx + / , (auy + buy) |x\2 dx
auy+buy <e ¥l e~ <auy+buy<e!

= / e x| dx +/ (auy + buy) |x|* dx
R2 R2

=/ e |x|2dx—|—a/ U |x|2dx—|—b/ u | x| dx. (3.15)
R2 R2 R2

Now, from equation (2.1), we have that m(t) is bounded on [0, T] then using that
0< fle ui|x|?dx < yim(t) we get from equation (3.15) that

/ (auy + buy) [log (auy + buy)| dx < / e’ x| dx
auy+bur<e™! R2

+a sup / Uy |x|2dx—|—b sup/ u2|x|2dx,
R2 R2

0<t<T 0<t<T

on the other hand using that x — |log x| is decreasing on (0, 1) we get

/ (auy + buy) [log (auy + buy)| dx
e l<au;+buy<1

< / (auy + buy) ]log e’1| dx = / (auy + buy) dx
e~ <au+buy<1

e~l<au+buy<1

< / (au; + buy) dx = a6y + b0,.
R2
In consequence for the constant

Cup(T) : =/ e’ |x|2dx+a sup / uy \x|2 dx
R2 R2

0<t<T

+b sup / Uy |x|2 dx + a0y + b0,,
IRZ

0<t<T

we have equation (3.14). O
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Lemma 5 (Logarithmic Hardy—Littlewood—Sobolev inequality, cf. [3]) Let f be a non-
negative function in L'(R?) such that flogf and flog(1 + |x|?) belong to L'(IR?). If
Jre fdx = M., then

M. M;
/ flogfdx+// f(x)f(y)log|x — y|dxdy = C(M.) = (14+logn+log M.).
2 Jre R2xIR?

2

The following theorem gives bounds for the entropy and is the key of the proof of
global existence for system (1.2). As we will see that the size of the coefficient of diffusion
u plays a significant role in this result.

Theorem 6 If u; and u, are positive solutions of equation (1.2) on the interval of the time
[0, T] and y1 < y» then we have the following entropy estimates:

(1) If u> 1 then

M 1 1 1 1
<1 — —X2> / <—u1(x, )+ —up(x, t)) log <_”1(Xs t) + —uax, t)) dx < Cr,
81 Rr2 \ L1 12 11 12 .16

where Cr is a constant depending on T and M = 0, + 0,.
(2) If u <1 then

M 1 1 1 1 —
(1 — _X2> / <—u1(x, )+ —ur(x, t)> log (—ul(x, t) + —us(x, t)) dx < Cr,
R2 X2 X1 X2

8mu b4l
(3.17)
where Cr is a constant depending on T and M = 0; + 0,.

Proof Using (1 + x2)E(t) < (x1 + x2)E(0), we obtain

r <1+X—2) | mentogudx -+ (1+X—1) | e logustx. s
A1 R? X2 R2

<+ EO+ P72 [ e+ 2T [ e e i
R? R2

=0+ ) EO) -+ P72 [ )+ ot
R2
— 0+ ) EO = L2 [ ) st [ Tog byl (n(3.t) + sty ) dy
T R2 R2
= 0+ 1) EO) - 22 / / (1105, 1) + 2, 1)) (ur (3, ) + w2(y, 1) log [x — y| dyd,
T
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applying now the logarithmic Hardy—Littlewood—Sobolev inequality, we get

M <1 + Q) / ug loguydx + (1 + ﬁ) / uy logupdx
X1 R2 X2 R2

<+ B0+ 2 (S0 G-+ ) ogtun(.0) + . e — €O
T 2 R2

X]:XZC(M)

= (11+72) E@HMM / (w1 1) + 2, 1) log(un (x, ) + o (x. 1)) dx—

le-XzC(M)

< (x1 + x2) E(0) —

g, (ui(x, 1) + ux(x, 1)) log(ui(x, t) + us(x, t))dx
87'C up+ur <1

21+ 02

+

M (u1(x, 1) + uz(x, t)) log(ui(x, t) + ua(x, t))dx. (3.18)

+
81 up+uy>1

In order to estimate last integral in equation (3.18), we recall that y; < y,, so we can write
that

ur(x, t) + ua(x, t) < y2 (%ul(x, t)+ %uz(x, t)> (if u > 1), (3.19)

ur(x, 1) + ux(x, 1) < = (ﬂul(x, )+ iuz(x, t)) (if p<1). (3.20)
no\xn X2

Taking into account that f(x) = xlogx is increasing in x > 1, using x > 1 and equation
(3.19) yields

/ (ur(x, 1) + uz(x, t)) log(ui(x, t) + us(x, t))dx
uytu>1

1 1
< X2/ <ﬂu1(>€, 1) + —ua(x, f)) log x2 (ﬂul(X, 1) + —us(x, f)) dx
w+u>1 \ X1 X2 X1 X2

1
= Xz/ <ﬂu1(>€, 1) + —us(x, t)) log y2dx
w+u>1 \ X1 X2

1 1
+X2/ <ﬂu1(x, 1) + —ua(x, t)> log (-m(x t) + —ux(x, t)> dx
w+u>1 \ X1 A2 X1 22

w0 0,
<plogp | —+—
X1 X2

1 1
+Xz/ (ﬂul(xa t) + —ua(x, t)) log <—u1(x )+ —u(x, t)) dx. (3.21)
u+up>1 X1 X2 X1 X2
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On the other hand, using again that f(x) = xlogx is increasing in x > 1 and choosing
now p < 1 and equation (3.20), we get that

/ (u1(x,t) + us(x, t)) log(uy (x, t) + us(x, t))dx
uy+ur>1

1 ) 1
<X (—u1(x 1)+ —uz(x t)) log 2 (ﬂul(xa £) + —ua(x, t)> dx
W Ju4u>1 \ X1 12 X1 £

1
_ 2 (—ul(x t)+ —uz(x t)) log 22 dx
u+ury>1 2

u X1
1 1
_|_@ (ﬂul(x, t) + —u(x, t)) log (_ul(x 1)+ —uax, t)) dx
K Juiu>1 \ 1 12 £ %2

0 0
<Diog 22 (u n _z>
u 14 X1 X2

1 1
+@ (ﬁul(x, )+ —us(x, t)> log (—ul(x 1)+ —u(x, t)> dx. (3.22)

It follows then from equations (3.18) and (3.21) that

I <1 + @) / up loguydx + <1 + &> / uy log updx
1) JRr2 12

+ 0 0 +
< (1 + 1) E(0) — 14 10 Jieh 2> XlSnm

C(M)+ < +
X1 X2

ARy (ur(x, t) + uz(x, 1)) log(ui (x, t) + uz(x, t))dx

8n uFuy<1

; 1 1
IR =Yy <ﬂu1(x, t) + —us(x, t)) log (ﬁm(x, t) + —ua(x, U) dx
&n uHu>1 \ X1 X2 11 X2

Mlog 7>

_|._

After dividing by y; + x> and simplifying, we get

1
L ulloguldx—i——/ up log uydx
R2 X2 JR2

X1
1 0 0 1
SEO0)— —CM)+ 7 (E2+2) —Mlogy
4r 21 v2 ) 8m
1
+—-M (ur(x, 1) + uz(x, 1)) log(uy(x, t) + uz(x, t))dx
8m uur<1

1 1 1
-I-—ng/ (ﬁul(x, t) + —us(x, t)) log <—u1(x t)+ —us(x, t)) dx. (3.23)
875 ui+ury>1 Xl Xz Xl XZ
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Similarly, for 4 < 1, we have that

1
£ ulloguldx+—/ up log uydx
21 JR? X2 JR2

1 0 ) 1
<E@©) ~ - C(M) + 12 <X—1 + X—j) o Mlog

1
+—M (U1(X, t) + u2(x: t)) log(ul(x7 t) + uz(xa t))dx
8n i<l

1 1 1
+—M2 (Euy(x, 1) + —ua(x, ) log(Louy (x, 1) + —ur(x, ))dx. (3.24)
8T U Sy w1 X1 12 11 %2

Using the convexity of the function f(x) = xlog x, we observe that

1 u 1 1 u 1 1 u 1
— up + —uy | log |— U+ —u )| < | —ui loguy + —usloguy
xﬁl+x—2 11 12 L4+ 2\ 12 %+72 11 12

or
1 1 1 1
(ﬂm + —u2> log <£M1 + —uz) - (ﬁm + —u2> log <ﬂ + —>
11 12 11 12 z1 12 1 2

1
< ﬂul loguy + —uy logus. (3.25)
A1 X2

In case > 1 from equations (3.23) and (3.25), we get

1 1 1 1
/ (ﬂul + _“2) log <£M1 + —u2> dx —/ (ﬂm + —uz) log (ﬂ + —) dx
R2 \ X1 12 11 22 R2 \ X1 12 VAT #)
,u91 92) 1

1
<E(0)—4—C(M)+}(z<—+— — M log >
T 11 1) 8n
1

+—M (ul (X, t) + UQ(X, t)) log(ul (X, t) + uZ(xa t))dx
81 urtur <1

1 1 1 1 1
+—Mx2/ <—u1(x, t) + —ur(x, t)> log (—ul(x, 1)+ —u(x, t)) dx.
87'5 up+uy>1 Xl Xz Xl X2

After reorganising this inequality, we obtain

1 1 1
/ <ﬂu1 n —uz) log (ﬂul n —u2> dx < E(0) — —C(M)
R \ /1 12 11 12 4n

0 ) 1 1
1 (—1 + —2> L Miogz + =M (11 (%, £) + wa(x, 1) log((ur (x, 1) + a(x, 1)) dx

1 1 1
+_MX2/ (ﬂul(xa t) + _uz(xa t)) log (ﬁul(xa t) + _u2(x7 t)) dx
8m R2 \ X1 12 A1 12

1 1 1
——sz/ (ﬁul(x, )+ —u(x, t)> log (ﬂul(x, 1)+ —u(x, t)) dx.
81 u <1 \ X1 X2 X1 X2
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In case u < 1, we obtain in a like manner from equations (3.24) and (3.25) the estimative

1 1 1
/ (ﬁul + —u2> log (ﬁul T —u2> dx < E(0) — —C(M)
R2 \ X1 12 11 x2 4n

0 0 1 1
+12 ( S+ 2) —Mlogy+ —M (u1(x, 1) + 1a(x, £) Tog((ur (x, 1) + ua(x, 1)) dx
11 2% ) 8m 8n up+ur <1
1 1 !
s sz (ﬁul(x, t) + —us(x, t)) log (-m(x 1)+ —us(x, t)) dx
8T Rr2 \ X1 12 11 x2

1 1 1
——M@/ <ﬂu1(x, ) + —uy(x, t)) log (—m(x 1) + —ua(x, t)) dx
8T f Syt \ 21 1 12
In conclusion from the last inequality and taking into account Lemma 4 we find that
M 1 1
(1 _ i) / <ﬂu1 + —uz) log (ﬁul + —u2> dx<Cr if u>1, (3.20)
8t ) Jre \ 11 x2 X1 X2

M L 1 C
- 8mu X1 /C2 1 X2

where

1 0, 0\ 1
Cr=EQ0)— —CM)+ 7 (B2 +2) ~Miogy,
4m 11 12 ) 8m

1
+—M sup/ (ur(x,t) + uz(x, t)) log(uy(x, t) + uy(x, t))dx
8T o<i<T u <1

1 1 1 1 1
—o=Mjy, inf (—m(x, t) + —ua(x, t)) log <—u1(x, t) + —ua(x, E)) dx.
8m 0<I<T Sy 4up<1 \ X1 e b4 e

and

_ 1 0, 0\ 1
Cr :=E(0)——C(M) < Ly 2) —Mlog >
w\n )8

1
+- LM sup / (1105 ) + 2, ) log(us (x,2) + 2 (x, £))dx
ST[M 0<t<T Ju;+ur<l

1 1 1 1 1
——— My, inf —uy(x,t) + —ua(x, t > lo <—u X, 1)+ —uy(x,t ) dx
ST x2 inf e (%1 1(x, 1) Xz 2(x, 1) | log o 1(x,1) Xz 2(x, 1)

O

Using the techniques from [1], we obtain from Theorem 6 and the identity (2.1) the
following existence result for system (1.2).

Theorem 7 Under hypotheses (3.2), u > 1 and

M=0+0, < i—” (3.28)
2
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the system (1.2) has a global smooth non-negative solution such that

1 0
——/ / uy |uVloguy — Vyqv dx——/ / uy |Vlogu,; — ngv| dxdt < oo,
L1 Jo JR2 R?

(1 + IxI* + Nlogui D, (1 +[x* + llogus|uz € L*([0, T] ; L' (R?)).
On other hand if u < 1, under hypotheses (3.17) and

M=0+0,< 8—Tc,u, (329)
12

system (1.2) has a global smooth non-negative solution such that

1 o0
——/ / uy |[uVloguy — Vyqv dx——/ / uy |Vlogu, — szv| dxdt < oo,
X1 Jo R2 R2
(1+ x> + [logu|)us, (1+ |x|* + |logus|)us € L*([0, T] ; L'(R?)).

Proof From Theorem 6 and Lemma 4, we deduce that each of the entropies [ uy logudx
and [ u,logu, is upper bounded on M < . We prove the equi-integrability for (“ uy +

—uz)log( Tup + —ug) From Theorem 6, we have an upper bound for

1 1
/ (ﬂm + —M2> log <£u1 + —u2> .
R2 \ X1 X2 X1 X2

We can also see that f( up + —uz)log -up + —uz)dx is bounded from below. Let

n = ﬁul + —up.

4! 12
By identity (2.1), we have that

1—I—t/|x| n(x, t)dx vVt > 0.
From this, we can mimic the proof of the last part of [1], Lemma 2.5 getting that
1 1
/ < a ) log <ﬂu1 + —u2> dx
21 12 4! 12
0 0 0 0 1 0 0
(o) G i) - (ke )
X0 X0 1+t X0

Regularisation and proof of space time compactness are now essentially the same as in [1]
with small modifications. ]

4 Blowup under increasing total moment

Condition (3.29) for global existence seems to agree with the intuition in the sense that
it can be paraphrase as ‘the smaller the coefficient of diffusion the smaller the region
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of global existence’. However, in case u > 1, condition (3.29) does not depends on pu
making an interesting contrast. Our purpose in this section is to research the optimality
of condition (3.28) to guarantee global existence in time for system (1.2). With this end
in mind, we will consider from now on only initial radial conditions ujg, uy9, vo. Let us
define the cumulative mass variables for system (1.2) by

Mi(r1) i = / un(x, D)dx = 2 / ur(p, Dpdp,
R2 R2

Ma(r, 1) : = / us(x, D)dx = 2 / us(p, Dpdp (4.1)
R2 R2

We are going to prove that if enough species are concentrate at the origin (i.e. we have a
small initial moment) then any of the inequalities

0, > 22y (where > 1) (4.2)
A1

0, > 5" (4.3)
A2

implies blowup.

Theorem 8 Let uy, uy and v smooth solutions of equation (1.2). Let the second moment
m(t) defined by

my(t) :=/ U |x|2dx, (4.4)
R2
then we have
dm x101
— < 40 — 2. 4.5
dt ! ( 81t,u> (4-5)
In a like manner defining
m(t) = / uy |x|? dx, (4.6)
R2
then we have
dm 120>
— <4 1—==. 4.
i < (1-%7) )

Proof Multiplying the first equation of equation (1.2) by |x|> and integrating yield

i/ uy |x|2dx=/ ,u|x|2Au1dx—Xl/ |x|2V~(u1Vv)dx,
dt R2 R2 RR2

then using Greens first identity, we obtain

i/ u |x|2dx=4,u/ uldx+2;{1/ up(x - Vo)dx. (4.8)
dt Jr: R2 R2

In cylindrical coordinates, the equation for the concentration of the chemical is

0—lg r@_v +u;+u
Coror \ or P
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multiplying by r and integrating on (0,r), we find that

r r
rvr=—/ puldp—/ puadp
0 0

1 pu d 1 / pu d M, + M,
21 Jpo.r 21 Jpor 2n
Therefore,
ov M] + M2
— = 49
or 2nr (49)
Using now equation (4.9) and the general identity
0¢
X V(p = ra,
we obtain that
/ uy(x - Vo)dx
RZ
*© ov *© M, + M,
=2Tc/ u p—pd =—2Tc/ u <—> d
A 1p6pp P A 1 o pap
e0]
= —/ (M1 + M) uipdp
0
-
< —/ Myuypdp
0
[P
= ——02 4.10
4r ! ( )
From equations (4.8) and (4.10), we get
dm 1
— <4 dx + 2y | ——6?
it < [ w2 ()
— 40, (1 - X1—91> .
8mu
In a similar way, we can prove inequality (4.7). O

As a consequence, if we have that if the masses satisfy equation (4.2) or equation (4.3)
then some of the moment variables m or m will become identically zero in a finite time
T*. It follows that u will become zero too in a finite time contradicting the conservation
of the mass. In conclusion T,y < T*and there is blowup for system (1.2).

Figure 1 illustrates the regions of global existence and blowup giving by equations (2.4),
(3.28), (4.2) and (4.3).

5 What species blowup first?

We return to system (1.2) and formulate us now the following question: What of the
chemotactic species will blowup first? In the radial case, it happens to be simultaneously
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FiGure 1. Regions of global existence and blowup.

(cf. [6]). An answer for the general case is unknown. Intuitively, one could at least think
that blowup should happen first for the species with the bigger chemotactic coefficient y.
However, a mathematical proof of this fact can be difficult. Next lemma will allow us to
prove this assertion for masses 6; and 6, that are relatively ‘close’ to our threshold curve

drud,  4nb
M-l-ﬂ——(@l-i-@z)z—o
X1 X2

In order to simplify the exposition, we set u = 1. We point out that all the results below
are made before a possible time of blowup happens. Therefore, no problems with a
prolongation of the solution after a blowup need to be approached.

Lemma 9 If u; and u, are solutions of equation (1.2) then we have estimate

1 M 1 M M
— - — / uy loguydx+{— — — / up log uydx < E(O)—(—)—I— M (01 + 0,)log2.
1 8n)JRre 1 8n)/Rre 8n
(5.1)
Proof From equation (3.18) in the proof of Theorem 6, we know that
(1 + Q) / uy loguydx + <1 + ﬁ) / uy log uydx
L1/ JR? L2/ JRrR
+ +
BO)+ P [ () ) logtan (x.0) + (o — L2 v, (52)
R2

The convexity of the function f(x) = xlogx yields

(ur(x,t) + uz(x, t)) log(ui(x,t) + usz(x,t)) < uy log2uy + uy log us. (5.3)
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Also, from equations (5.2) and (5.3), it follows that

(1 T Q) / up loguydx + <1 + é) / uy log uadx
X1 R2 X2 R?

<EO) -2 e

M/ (ui(x,t)log2ui(x,t) + us(x, t) log 2us(x, 1)) dx
]R2

X1+ 12
4r

_I_
Hig M / (ur(x,1) (log 2 + log us (x, 1)) + ua(x, 1) (log 2 + log ux(x, 1)) dx
R2

yalunl #)
81

= E(0)—

+

C(M)

= EO) - 22 c(m)

M/ (ur(x,t)log2 + uq(x, t) loguy(x,t) + ux(x, t)log 2 + us(x, t) log ux(x, t)) dx
IRZ

2+ X2
4n

+Z%§¥2A4/ﬁ<uw&ty+uxxt»k@2—%u«xxnogumxr»+uxxﬂ>bguAXJﬁh
R2

21+
8

= E(0) —

_|_

C(M)

+
C(M) + 222 0 (9, + 0,) log 2
i 8
21+

8
= E(0) —

+

M/ (ur(x,t)loguy(x,t) + uz(x, t) log us(x, t)) dx
R2

1+ 0 n+ 1
4r &1

+‘X1§;;X‘2M/ (u1(x, 1) loguy (x, ) + ua(x, t) log ua(x, 1)) dx.
R2

C(M) +

M (01 + 02) log2

In consequence,

1 M 1 M E(0) 1
_— uyloguydx + [ — — — /ulo urdx < ——C(M
(Xl 875) /11{2 Lot <Xz 87T) R sl X+ 4n (M)

1
+—M (61 + 0,)log 2.
8n

Equivalently,

1 M 1 M C(M) 1

— — — / up loguydx+(— — — / uy log updx < E(O)—L—l——M(Hl + 0,)log 2.

v 8m) R v 8n) g2 4 8m

Ll
Theorem 10 For system (1.2) suppose that
4o 410 1 1 M 1 M
T2 0,40, <0, — — = >0, — — — <0.

11 12 2 x 8w T2 8w
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FIGURE 2. Region where u, blowup first than u;.

If uy blowup at t = Ty and uy blowup at t = T, then T, < Tj.

Proof Let T be a constant such that T < T,. Then, we have supyg,<r [u2] < oo, and
therefore,

’/ up log urdx
IR2

The first integral is bounded by Lemma 4. For the second one, we observe that

/ uy |log uy | dx =/ up log updx < log |u2|oo/ urdx
uy>1 upy>1 uy>1

<toglul,, [ usds =log Jus].. 01

</ u2|logu2|dx</ u2|logu2|dx+/ uy |loguy| dx.
R? uy<1

uy>1

In consequence, f1R2 up log uydx is finite for t € [0, T.
Let us now show that entropy of u; is bounded too. A lower estimate for [p, u; logujdx
of the form

C(l+1< / uy loguydx (5.4)

R
can be found using the same argument like in Theorem 6. From equations (5.1) and (5.4),

1 C(M 1 M
uploguidx < —; (E(O) — ‘(1 ) — (— — —> / U loguzdx) < 0.
2 - T 1w 8m) Jgre

X2 T 8
(5.5)
Using equation (5.5) and the technique from [9], we will show that the L? norms of u;
are bounded for every p > 1.
From equation (1.2), we have that

C(1+t)</

R

Ouy = Auy — 1V - (u1 Vo),. (5.6)
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Let k = 0. Multiplying equation (5.6) by (u; — k)’i_1 (p > 1) and integrating,

/ (g — k)‘i_1 0, (uy —k)dx = / (g — k)’_’,:1 Auidx — 1 / (ug — k)f'fl V - (u1Vv)dx.
R2 R2 R2

Applying integration by parts, we obtain
(uy — k)P oy = — / V(uy — k)P Vugdx — / (uy — k)2 V- (uy Vo)dx,
R? R> R?
or

1d

— | (g —k)dx = — / V (uy — k)P V(uy —k)dx — 1 / (g — k)2 V - (uy Vo)dx
pdt R2 R2 R2

equivalently

pdt/ (uy —k)lLdx = _/1122 V(u; —k)p_ “V(uy — k)dx —Xl/ (u —k)p_ V-((uy — k)Vv)dx

—k)(l/ (uy —k)'V - Vodx = 1) + I, + Is. (5.7)
IRZ
We can now follow some similar techniques like in [1,5] and [9] to obtain the following:

I =/ V(uy — k)P V(uy —k)dxz(p—l)/ (uy — k)22 V (uy — k), - V(ug — k)dx

_ _1)/ (U1 — k)= V (ur — k), - — ) V(g — K)dx

1 . .
_ 202D [ gy =)k Vi —k)hdx
p R2

2(p—1)

14 RR2

I, = /}R S~ kY'Y - ((uy — k)Vo)dx = / (uy — k)2 [V(uy — k) - Vo + (uy — k)Av)] dx

)
V(u —k)i| dx

b

= [ (u —k)"" V(u — k) - Vodx + / (uy — k)P (uy — k)Av)dx
]RZ

= l/ V(u; — k): - Vodx -|—/ (uy — k)t Avdx
D Jr? R2

= _%/ (uy — k) Avdx + /]R2 (uy — k)h. Avdx

(1——> [ =0+

- (1 - 5) /mz(’““ R [ — k) + (2 + R dx

1 1
—_ (1 _ E) /}RZ(u1 — k)Y dx — (1 — 13) /]Rz(u1 — kY (uy + k) dx,
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I3 =/ (g — k)‘f’,:1 V- Vuvdx = —/ (ug — k){fl Avdx = —/ (ug — k)ﬁ_1 (ug + un)dx
R R R?

— —/ (ug —k)Edx — / (ug — k)’j:l (ur + k) dx.
R2 R2

Therefore, equation (5.7) becomes

1d (ul_k)idx:_M/
p R?

—X1 <— (1 - %) /}Rz(ul — kY dx
— (1 — %) / (ur — k)% (ua —I-k)dx)
—ky1 <— /]RZ uy — pdx—/ (ug — k)" (un +k)dx>

1d 2p—1)
— kY dx=-—2£ 7
(u ) p /mz

1
+11 (1 — —) / (uy — k)& (un +k)dx—|—kx1/ (uy — k)dx
b/ Jr2 R2

- 1
—I—kX1/ (uy — k)t Yy + k) dx + 1 (1 — _> (uy —k)’fldx.
R2 0) I
(5.8)

b2
V(uy — k)| dx

b2
V(ug —k)3| dx

The term [, (u; — k){’[l(uz + k)dx is estimate as follows:

/(ul K (s + Ky dx < (ual,, +k/(u1 Ky dx

= (lual,, + k) (/ (y —k){’;ldx+/ (uy —k){’;ldx)
0<u;—k<1 u—k>1
= (|ual,, +k) (/ ldx —i—/ (uy —k)’i_l(ul — k)dx>
0<u;—k<1 ur—k>1
= (|u2|oo —|—k) (/ ldx —i—/ (uy —k)’i_l(ul — k)+dx>
0<u;—k<1 ur—k>1
[Z5] p
(/ ?dx —1—/ (uy —k)+dx>
0<u;—k<1 ur—k>1

0
L +/ (uy —k)idx).
k R2

In order to estimate the difference

0(15) fotn oo 250

b 12
V(up — k)| dx

; (3.9)
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we apply the Gagliardo—Nirenberg—Sobolev inequality
lull,» < C[|Duly,, I<p<n,

with p=1,n=2 (= p" = 2). We get then that

2
/uzdx <C (/ |Vu|dx>

2
dx)
2
dx)
(1+3) 2

v {n - k)+} dx>

1 P14 4
(1 i p) (=02 — ko
2

and obtain

/(u —kpHdx<C / Vi — k)
]R2

4

\% (u1 k)i

1+1)

=C

2

Il
o

T 5

2
dx)

C

(
(
(
(
(
(

2

—C 1+;> ( ‘(u1 k)2 V (uy —k)} )

1\ 2 2

=C 1+p) < ‘(”1 k)+V(u1 k)2 )

1\° p 2
<1+p) ( > </1Rz V(u —k)i dx). (5.10)
From equations (5.9) and (5.10),
1 2(p—1 P2
71 <1_E) /]RZ(M1 —k)’;“dx—%/mz V(uy —k)2| dx
IRAVAURAY _ _2Ap=1 il
< (C;ﬁ (1 p) <1+p> (/}RZ (uq k)+dx> p )/}RZ V(ug —k)i| dx.

Also, we get from equation (5.8) that

=i (ul—k)+dx<(y1 (1—%) (Il +k)+kxl) [ =1t

+k)(1(\|u2\| -I-k)/ (u; — k)pfldx

1 i 20=1)

{Xl (1 ) / (= dx P R2

<(xl (1—1> (Jua] +k)+kxl)/ (1 — K. dx
p * R2 *

P12

|
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0
g (luall, + k) (lall, (—1 + ey dx)

o (o2
x/]Rz ‘V(ul—kﬁ

— Cip. ey, 2l / (ur — k)L dx
]R2
+ Ca(p, k, 11, luzll )

1 1)\ 2 I
(en(1-2) (102)' (Lo - 250)

b 12
x/ ’V(ul — k)2 | dx
]R2
We observe here that

/ (ul—k)+dx=/ (ul—k)dx</ uydx
R2 u1—k>0 Ml—k>0

1 1
</ udx < — urlogupdx < — |uy log uy| dx.
u;>k uy >k ur>k

In consequence, we can make the integral f]Rz(ul — k)ydx as small as we want uniformly
in t, taking k big enough. Summarising for any p > 1, we can find k big enough such that

1d

——/ (u1—k)idX<C1(P,k,X1,||u2||w)/ (ur — k)Sdx + Ca(p. k, y1, uall,.). (5.11)
pdt R2 R2

Gronwall inequality shows that [p.(u; — k)’ dx is finite on [0, T].
Using the inequality

A\
x‘”<(i 1> (x—1)Y forany x=>41>1,

we can deduce that fu1>k uldx is finite (for details see [1], p. 20). Now, we use that

/ u‘l’dx=/ u’l’dx—i—/ ufldx
R2 Mlgk Ll1<k
<K”_1/ uldx—l—/ ufdx
u <k ur>k

<K”1M—|—/ ufdx,
u1<k

to conclude that u; € L? for every p > 1.
Using regularity results for PDE’s, we conclude that in fact u; is bounded in IR? x [0, T].

O
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6 Concluding remarks, open questions and comments on the steady state case

Some generalisations of the Keller—Segel model have been studied, in order to include
several chemotactic populations (cf. [7,15,16,21]). In case of blowup, the nature of the
domain can play an important role to describe the blow-up phenomena (cf. [8]).

We have proved that the total moment

m(t) = £/ uy \x|2 dx + 1/ Uy |x|2dx (6.1)
11 JRr2 12 JRr2

can be increasing and system (1.2) can still blowup. This situation is illustrated by region
number 3 in Figure 1. We are not in a position to describe the nature of the blowup in
this region. We do not know if one species can blowup and the other one could remain
bounded globally in time (non-simultaneous blowup). This feature of the blowup suggests
us that the moment of one species could probably increase meanwhile the other one
is decreasing, in such a way that the total moment m(t) increases. This opens several
interesting questions. In particular, to find sharp conditions for initial data in region 3 of
Figure 1 providing a full description of the behaviour of both species’ densities.

As we mentioned in the Introduction, Wolansky’s question was already studied by
Horstmann [10] and Horstmann and Lucia [11] in the stationary case and for a bounded
domain with Neumann boundary conditions. This approach is important because it allows
us to have a first idea about the optimal region of existence for system (1.2) in the plane
of masses. The main difference between their conclusions and ours is the dependence on
the chemoattractant coefficients; our conditions of global existence depend only on y».

Let us now briefly discuss the stationary model associate with system (1.2), which is

0=uAu; — V- (u;Vo) in IR?
0=Au, — V- (u,Vv) in IR? (6.2)
O=Av+u; +u, in R2

Through a variational formulation, Horstmann [11], Theorem 4.2, analyses a system
similar to equation (6.2), in a two-dimensional disk and Neumann boundary conditions.
As pointed out by this author, it would be interesting to know which are the optimal
conditions on the parameters 01,8, that allows us to conclude the existence of blowup or
global existence in time. When considered in IR?, these problems have interesting relations
to Moser—Trudinger-like type inequalities for systems (see, for example the paper from
Shafrir and Wolansky [19]. Another interesting question is: In case of blowup, should this
be simultaneous or not? In the radial symmetrical case, it was shown that it has to be
simultaneous (see Espejo et al. [6]), in the general, non-radial case the question remains
open up to our knowledge.

On the other side, Horstmann [10] studies some blow-up results for a system similar
to equation (1.2) on a bounded domain in case y; = y». The corresponding result of our
Theorems 2 and 7 in case y; = y» and u = 1 reads as follows: There exist positive initial
data ( uyg, ux0,v9) satisfying

X1 / (ul() + ugo)dx > 81
R2
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FIGURE 3. In the middle gray region, the time behaviour of the solutions should not only depend
on the coordinates (64, 6,) but on more specific information about u;y and uy.

such that
lim sup [luy(¢) + ua(t)[l gy = o0 as t = Thax,

where Ty denotes the maximal time of existence and (uy(t), ux(t),v(t)) is a solution of
equation (1.2). However, if

11 / (u10 + un)dx < 8m,
IRZ

then the corresponding solution ((ui(t),ux(t),v(t)) of equation (1.2) exists globally in time
and is uniformly bounded.

This is exactly the analogue to what is stated in Theorem 8.2 of [10]. In this sense, our
results can be regarded as generalising the case y; = y» when working in IR?. As observed
by Horstmann, this latter situation is very special, since the whole system can be reduced
to the classical one species system. However, if y; + y», there is no way to reduce the
multi-species chemotaxis model to a single species model.

Before concluding, let us mention that our results suggest a partial answer to Wolansky’s
question. Namely, the case of two chemotaxis species in IR? would have a threshold curve
that divide the plane of masses in two regions corresponding to different behaviours of
the solutions as illustrated in Figure 3.
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For the parabolic-elliptic Keller-Segel system in R? it has been proved that if the initial mass
is less than 8w/y, a global solution exists, and in case the initial mass is larger than 8w/,
blow-up happens. The case of several chemotactic species introduces an additional question:
What is the analog for the critical mass obtained for the single species system? We find a
threshold curve in the two species case that allows us to determine if the system is a blow-up
or a global in time solution. No radial symmetry is assumed.

Key words: chemotaxis, multicomponent Keller—Segel model, sharp conditions

1 Introduction

The Keller—Segel model describes the aggregation of living organisms like cells, bacteria
or amoebae. This is the simplest mechanism of aggregation. The most famous example in
nature for this type of cell motion is the Dictyostelium discoideum or Slime mould; this
amoeba was discovered in the first half of the 20th century. The slime mould is a unicellular
organism that detect an extracellular signal and transforms it into an intracellular signal.
These signal activates oriented cell movement towards a signal, this is an aggregation
process. The signal is a chemical secreted by themselves and is called cyclic Adenosine
Monophosphate (cAMP).

A classical mathematical model in chemotaxis was introduced by Keller and Segel in
1971 [12]. The Keller—Segel model is as follows:

u =V - (uVu—yyuVv) xe€Q, t>0, (1)

v; = yAv — fv + o xeQ, t>0,
where u(x,t) is the cell density and v(x, t) is the concentration of chemical at point x and
time ¢t subject to the homogeneous Neumann boundary conditions and positive initial
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data u(x,0) = up and v(x,0) = vo. In this model, y is the chemotactic sensitivity, y is the
diffusion coefficient of the chemo-attractant, u is the diffusion coefficient of cell density, f
is the rate of consumption and « is the rate of production, all are positive parameters, and
Q < RY has smooth boundary 0Q. It was conjectured by Childress and Percus [5] that
in a two-dimensional domain there exists a critical number C such that if [ ug(x)dx < C
then the solution exists globally in time, and if [ ug(x)dx > C, then blow-up happens. For
different versions of the Keller—Segel model, the conjecture has been essentially proved,
finding the critical value C = 8n/y; for a complete review of this topic, we refer readers
to [9,10] and the references therein, and [2,4,11,13,15].

In the case of several chemotactic species, a new question arises, namely: Is there a
critical curve in the plane of initial masses 010, delimiting on one side global existence and
blow-up on the other side? This question was previously formulated by Wolansky in [16],
and from Theorem 5 of this last paper we readily deduce the following result.

Theorem 1 Consider the system

Oy = uAuy — 1V - (u Vo)
Oy = Auy — 2V - (ua Vo)
0=Av+u; +u —v,
along with Dirichtlet boundary conditions for v and initial radial data: u;(0,-) = @, u»(0,-) =
p, v(0,7) = ¢, with @, yp,¢p = 0 on the two-dimensional disc of radius 1. Further, let 01, 0,
be the total preserved masses of the chemotactic species. Assume further that
4l 4mo
uvy + 4%
A1 12

1
— 5(91 +02)* >0, 0 <8nu/yi, 02<8m/ys. (2)

Then for (u1(0,),u>(0,")) € Yy with

Yy = {ul,uz :B(0) > R :/ul:el-, / u,-logui<oo},
B1(0)

there exists a global in time classical solution.

A natural question arises from this last result. What happens if inequalities (2) do not
hold? Is it still possible to have global solutions? With regard to this question it is worth
recalling here a result from Conca et al. [6], who considered the following system in the
whole space in two dimensions:

0;uy = pAuy — 1V - (u1 Vo), xeR?2 >0
01y = Auy — 1V - (U Vo), xeR? >0
0(x,0) = = fgelog[x — | (ui(y.0) + ua(v.0)dy, x €R% >0
ur(x,0) =ui0 =0, us(x,0) =up =0, xeR> >0

, (3)

where u; and u, are the density variables for two different chemotaxis species and v is the
chemoattractant, y1, y», it are positive constants and positive initial conditions uj, g are
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Blow-up for generd initial data

Blow-up
for radial initial data

8m/x2

Global existence

01
8mu/x1

FIGURE 1. Regions of global existence in time and blow-up.

given. In their last paper it was proved that if 6y, 0, satisfy any of the inequalities

dmnud,  4nb, 1 8 8
TR 04002 <0, 0> s, 0>
11 x2 2 X1 X2

then system (3) can blow up. It was also proved in [6] that the inequalities

8
91+92<—n, u=1
X2

8
91+92<—nﬂ, p<l
X2

guarantee global existence.

In the present paper we aim to give a step further improving the results of global
existence from [6] and to prove that even in the non-radial case, inequalities (2) guarantee
global existence for system (3). In consequence, we give a generalization of the threshold
number 8n/y for the classical parabolic—elliptic Keller-Segel system in IR? to a curve for
the two species system. The global existence in time results of the present paper along
with the blow-up results from [6] are summarised in Figure 1.

2 Preliminaries

Let us proceed formally to find a free energy functional for our system. First we write the
equation for u; in (3) in the form

Ouy =V -u V(uloguy — yv). (4)

Next, we multiply both sides of (4) by ulogu; — y1v and integrate to obtain

/ ure (ulog s — y10)dx = / (ulogus — 710)V - wV (ulogur — zo)dx.  (5)
R2 R?
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Then using mass conservation and integrating by parts, we see that (5) is equivalent to

d
d_/ uuy log uydx — yq / uvdx = —/ uy |V (uloguy — le)|2dx. (6)
t JRr2 R2 R2

Similarly,

d
7 uy logupydx — 2 /

uyvdx = —/ uy |V (logus — 7o0)|* dx. (7)
R2 R2 R2

Now we add /il (6) and /1—2 (7) to obtain
d U 1
— —uy loguidx + — uy log updx » — (u1y + upe) vdx
dt R2 X1 12 JR2 RR2
== [ mVGulogus — o) dx— [ sV logus — 70 . ®)
R? R2

We observe at this point that

1
[ wrugedy =3 | o+, [ loglx =yl (0 + unly.0) dds
R2 T JRr2 R2

1 d
=——— (u1(x, ) + uz(x, 1) (ui(y, t) + ua(y, t)) log |x — y| dydx
4TC dt R2xR2
LY TR, ©)
= 2 dt - [Z51 ur)vdx.

In conclusion, we deduce from (8) and (9) that

d 1 1
4 { Hotogudx + — | wloguydx — = / () + uz)vdx} <0. (10)
dt | Jr: 11 1 Jr 2 Jr2

Result (10) motivates us to define the free energy functional for system (3) as

1 1 1
E(t) .= ,u/ uy logujdx + — uzloguzdx——/ uwdx——/ urvdx. (11)
1 Jre 12 Jre 2 Jre 2 Jre

In order to give validity to our calculations, we suppose not only that wuj,u, €
CO(R*, L'(R?)) N L%((0, T): H'(IR?)) but also that uy(1 + |x|%), us(1 + |x|*), us logu; and
up log uy are bounded in L (R*, L'(R?)). In addition, ANIRNTIS Ll (R*,L(R?)) and
Vv € L (RT x R?).

Then we have that
d 1 5 1 )
—E(t)=—— uy |uVloguy — Vyv|"dx — — uy [Vloguy — Vyovl"dx < 0. (12)
dt 11 Jr2 12 Jre

As a consequence of (12) and the Hardy—Littlewood—Sobolev (HLS) inequality [5, 9], the
following entropy bound was obtained in [6].

Theorem 2 If uy and u, are positive solutions of (3) on the interval [0, T) and y1 < 2,
then we have the following entropy estimates:
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o If u>1, then

< M’Q) / / (—ul(x t) + iuz(x t)) log <;u1(x, 1)+ l“2(3% t)> dxdt < Cr,
R2 X2 X1 12

where Cr is a constant depending on T and M = 0 + 0,.
o If u<1, then

M | | 1 B
( Xz) / / (—u1(x )+ —us(x, t)) log (—ul(x, )+ —u(x, t)) dxdt < Cr,
i ’ X2 X1 X2

where Cr is a constant depending on T and M = 0; + 0,.

Theorem 2 gives bounds for the entropy which is a key tool for the proof of global
existence for system (3). In order to improve this last result, it would be desirable to use
the HLS inequality for systems developed by Shafrir and Wolansky in [14]. However, as
we will show in Section 2, a direct application of this tool to our system does not give
the optimal result that we are looking for. We will show how an adequate introduction
of some auxiliary parameters in (12) allows us to improve the result of global existence
obtained in [6], namely we will show that if 0y, 0, satisfy

A0, 4n 8
”“1+ﬂ——(91+02) 20, 0 <u™ g, <38
A1 X2 X1 X2

then global solutions in time exist. No kind of radial symmetry is assumed.

The most fundamental tool used through this paper is the logarithmic HLS’s inequality
for systems, which we proceed to recall now. Following the notation in [14] we define the
space

Iy (R?) = {ﬁ = (s :7 0. | fillog il dx <,

/ pi = M;, pilog (1—I-|x|2> <oo,‘v’iel},
R2 R?

where M = (M,),., is given. Next we define the functional F : I'y(IR?) — R by

F[p] = Z/ pilog pidx + Z“u/ / pi (x)log |x — y| pj (y) dxdy

i€l Jriel

and the polynomial

Ay (M) =8> M;—> ayMM;, VO +JcI

icJ ijel

Then we have the following.
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Theorem 3 Hardy—Litlewood—Sobolev’s inequality for systems
Let A = (a,j) a symmetric matrix such that a;; = 0 for all i,j € I and M € R'.. Then:
A (M) =0 and

Ay (M) =0, forallJ <1
if A;(M)=0 for some J, then a; + Ay (M) >0, VieJ

are necessary and sufficient conditions for the boundedness from below of F on I (IR?).
There exists a minimizer p of F over I'y(R?) if and only if

A (M)=0, and A;(M)>0, forallJ &I

Proof See [30, Theorem 4]. U

3 Global existence

The first result of this section gives us bounds for entropy functionals. We achieve our
aim through an appropriate use of the HLS inequality for systems, Theorem 3. The
main idea of the proof reads as follows: Given that a direct application of the HLS
inequality would allow us to get bounds only on a curve of the 0,0,-plane for the entropies
f]RZ ui(x, t)log ui(x, t)dx, i = 1,2, we introduce some parameters before applying the HLS
inequality. This step will allows us ‘to move’, ‘to shrink’ and ‘to dilate’ this curve in such
a way the the full region (18) is swept and therefore obtain estimate (19) in this region.
We suppose throughout this paper that

o, a0 € L' (R, (1 + [x[)dx), } (13)

Uuio log U0, U0 log Uy € Ll(IRz,dx)

Lemma 4 (Lower bound for the entropy functionals) Consider a non-negative weak solu-
tion of (3) such that ui(1+ |x|*), i = 1,2 are bounded in L .(RT, LY(R?)). Then we have

oc

/ u; (x,t)logu; (x,t) = MlogM — Mlog[n(1+1¢)]—-C, i=1,2.
R2

Proof In the following, C will denote a generic constant. We have from [6, Theorem 1]
that

d 1 40 40 1
o (ﬂul(x, 0+ Lunx, t>> sPax=20,0% Lo lep 4
dt R2 \ X1 x2 A1 12 21
We define
n = ﬂul + iuz;
X1 X2
and
40 40 1
K= —u4— (01 + 02)*.

Xllu X2 _%
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Thus, we obtain
/ n(x, 1) |x] dx = Kt +/ n(x,0) x> dx < C(1 + 1), (15)
R? R?

where C := max{K, [, n(x,0) |x|2dx}. From the inequality u; < Cn, where i = 1,2 and
(15) we deduce that

/ wilx,0) x> dx < C(1 +1), i=1,2.
]RZ

Using the same idea presented in [4, Lemma 2.5], we observe that

/ s (5. 1) log s (x,1) > 1 / s (1) X2 — C + / us (x, 1) log s (x, 1)
R2 R2 R2

i(X,t
- [ wixooe t (%, 1)
R? o

Let us now define the variable p as
[ Ix|?
td+o P71 )

(16)
—C.

p(x,t) =

We then obtain from (16) that

ui (x,1)

p(x,1)

:/}R2 1;,((;:,;)) log [L:((;C’;)] u(x,t)ydx — Mlog[r(1+1¢t)] —C, (17)

/ u; (x,t)logu; (x,1) 2/ u; (x,t)log [ } dx —Mlog[n(1+1)]—C
]R2 ]R2

where M = )%01 + Xiz(?g. Using Jensen’s inequality we get from (17) that

/ u; (x,t)logu; (x,t) = MlogM — M log[rn (1 +1t)] —C.
R2
Theorem 5 (Upper bound for entropy functionals) Consider a non-negative weak solution

of (3) such that u(1 + |x|*), u;logu;, i = 1,2 are bounded in L (RT, LY(IR?)). If (01,0,)
satisfies

8 8 0 0
0, < 0, <EL 8o (—1u+—2> — (01 + 0, >0, (18)
1 12 11 12
then we have
/ ui(x,t)logui(x,t)dx < C, (19)
R2

where i = 1,2 and C is a constant depending only on the parameters 0y and 0,, 1, y1, 12,
E(0).

Proof From (12) we have that

E (t) < E(0), vt > 0.
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In consequence, we have the following estimate:

el uy (x,t) logu; (x,t)dx—i—i/ uy (x,t)loguy (x,t)dx
X1 JR2 X2 JRr2
1
<EO - [ wxowmoologl - yldxdy
4r R2 JR2
1
3 [ [ 0w e tog - vl dxdy
T JRrR2 JR2

1 1
——/ /uz(x,oul(y,t)log|x—y|dxdy——/ / uz (x,0) 2 (v, ) log |x — y] dxdy.
TC RrR2 2 4TE 2 JIR2

We introduce positive parameters a and b in the last inequality in the following way

1
Ll uy (x,t) loguy (x,t)dx—l——/ uy (x,t)loguy (x,t)dx
21 JR2 X2 JR2

Mg (X, t) puy (y, t)

<E0)—

1 — y|dxd
241 oo Jeo og |x — y|dxdy

puy (x, ) up (y, )
#475/“{2/“{2 p log |x — y| dxdy

Uy (X t) uuy (J/, t)
1 _
- /R/ og|x — y| dxdy

__/ / Uz(_wwlogw_y‘dxdy, (20)
TC R2 JIR2 b b

By doing so, we can now apply the HLS inequality for systems (Theorem 3) to the
functions uu;/a and u,/b in identity (20) getting that

1
P o) logus (o 0) + — / uz (x,0) log uz (x, 1)
X1 JR2 X2 JR2

<E@-c+ [ 5 10 (MM> —— log<u2<x,t>> "
R?2 a a R2 b b

where the conditions for the existence of the constant C given by Theorem 3 are

2
Apy (M) = 8%#% —ad’ (&) >0;

a
Ay (M) = SH% —p? <6bz) >0:;
Ag) (M) =238n (u% + %) — < %& + 2a bﬂ% _|_b29bz sz) =0.
Equivalently,
0 <pd, 0,< } 21
81 (1% + &) — (01 +62)* =0
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In conclusion we have proved that condition (21) implies

w(=4) fomemotorn o+ (o= p) [ toiogn s
nooa) e no b)) e

011

Ot 0
a

5 log1

<E0)—C+ logg-l— - (22)
We have from Lemma 4 that the functionals f u;log u;dx are bounded below for i = 1,2.
On the other hand, each of the coefficients of the entropy functionals in (22) are positive
as long as a > y; and b > y,. Then we take parameters a and b on the intervals (y1,00)

and (y»,00) respectively We conclude that estimate (19) hold on region (18). O

Boundedness of entropies in the last theorem is the main tool that we will use to obtain
the following result of global existence.

Theorem 6 (Global existence of weak solutions) Under assumption (13) and

8n (ﬂu + @) — (01 4 0,)* > 0, (23)
A1 X2
0 < 8—nu; 0, < S—Tt, (24)
X1 X2

system (3) has a global weak non-negative solution such that

(1 + |x* + [logu;)u; € L*(0, T; L'(R?))

and
1 2 1 2
—— uy |uVlogu; — Vyv|”dx — — uy [Vlogu, — Vyov|” dx < co.
A1 [0,T]xIR2 X2 [0,T]xIR2

Before giving the proof, let us first give some explanation of this result. Inequality
(23) corresponds to the interior of a rotated parabola in the plane 0;6,. Choosing the
parameters p, y; and y, appropriately, condition (24) may be relevant or can be simply
ignored. Next, Figure 2 illustrates the two possible cases:

More precisely we have that,

e if the parabola
87 <ﬁ# + @> —(01+ 6, =0 (25)
b4 12
intersects either of the lines 6y = 8nu/y; or 6, = 8n/y, in the first quadrant of the
010, plane (which happens exactly when y; < uy»/2 or y1 > 2uy2), then system (3) has
global existence in time weak solutions as long as the initial masses satisfy inequalities
(23) together with (24).
e However, if the parabola (25) does not intersect either of the lines 0y = 8mu/y; or
0, = 8n/y> (wWhen uy,/2 < y1 < 2uy») in the first quadrant of the 6;60, plane, then
inequality (23) is enough to guarantee that system (3) has a global in time weak solution.
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8/ x2

FiGURE 2. Two basic configurations of parabola (25).

On the other hand, we should point out that all of our results are formal so far. In
order to make them rigorous, we should have a local existence result of smooth solutions.
However, we will take another strategy which will allow us to obtain directly global
existence in time of weak solutions with the corresponding mathematical rigour. In order
to prove Theorem 6, we first modify the convolution kernel k%(z) = —ﬁ log|z| in (3) by
truncating it around zero. This last will allow us to get a regularized version of system (3),
which is rather easier to work. After proving the existence of global solutions of this last
approximate problem, we look for uniform estimates of solutions and then pass to the
limit that will give us the result of global existence we are looking for. After getting this
result we recover properties such as mass conservation or the second moment formula by
testing properly our weak solution. A similar technique was made in the one chemotaxis
species case (see [4, 5]).

Proof (Sketch) For the reader’s convenience, we divide the proof into four steps giving
special attention where technical difficulties arise in comparison to the single species case.

Step 1. Regularization of the system. We define K€ by K¢(z) := K' (£), where K' is a
radial monotone non-decreasing smooth function satisfying

—Liog|z| if |z| > 4
1 — 2n =
K@) { 0 if|z <1

Assume also that
1

1
VK ()] < 5 H

1
K'(z) < —5-loglz|; —AK'(z) >0; VzeR?
T
for any z € IR%. Then we consider the following regularized version of system (3)
o] = Auf — 1V - (uiVoe), t>=0, xe¢€ R?

Oius = Au§ — V- (usVoe), t>0, xeR?, (26)
ve =K (u§ +uj), t>0, xe€RR?
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which we interpret in the sense of distributions. Since K*(z) = Kl(f), we also have

111
e2n|z/e]  2mlz|

VK® (2)] = % ‘VK (%)‘ < (27)

The proof of global solutions in L*(0, T; H'(R?) N C (0, T; L*(R?)) for system (26) with
initial data in L?>(R?) follows essentially the same lines as in [4, Proposition 2.8] and
therefore we omit the proof here.

Step 2. A priori estimates for the approximate solutions uj, u, and v°.

Consider a solution (uf,u5) of the regularized system. If

8 8 0 0
91<—nu; 0, <. sn (—1u+—2>—(91+92)2>0,
11 X 11 12

then, uniformly as e — 0, with bounds depending only upon [p.(1 + Ix[*)ujpdx and
f]RZ ujp log ujpdx with i = 1,2, we have the following estimates:
(i) The function (x,t) — |x|2 (ui + ug) is bounded in L* ( ;L (IRZ))

(i) The functions t — fleu X, t)logu (x,t)dx and t — f]R7 (x,t)v° (x,t)dx are
bounded for j = 1,2.

(iti) The function (x,t) — uS(x,t)log (u5 (x,t)) is bounded in L* (R}, ;
1,2.

(iv) The function (x,t) — V,/u(x,1) is bounded in L* (R}, x R?) for j =1,2.

loc?

LY(R?)) for j =

loc

— u (x, t) is bounded in L? (R}, x R?) for j =1,2.

loc

)

(v) The function (x,t)

(vi) The function (x, ) — uS (x,t) Av‘ (x,t) is bounded in L' (Rff, x R?) for j = 1,2.
) —

loc

(vii) The function (x,7) — /uf(x,1)Vv* (x,1) is bounded in L* (R}, x R?) for j = 1,2.

The proof of estimates (i)—(vii) follows essentially the same steps as in the one species
case and therefore we refer the reader to [4, Lema 2.11].

As a consequence of estimate (ii), the first two equations of system (3) have the
hyper-contractivity property [4, Theorem 3.5], ie. for any 1 < p < oo, there exists a
continuous function i/ : (0,T) — R such that H“§("I)HLP(R2) < hi(1), j = 1,2. Hence,
ui € L*((6,T), LP(R?)), p € (1,0) for any & € (0, T). Therefore, we have the following
result:

(viit) The function (x, ) — u5(x,?) is bounded in L™((d, T'), LP(IR?)) for j=1,2,p > 1.

Step 3. Construction of a strong convergence subsequence in LP. To achieve our aim in
this step we will apply the Aubin—-Lions compactness lemma.
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First we get a uniform bound on [Vufl| 2 (5 1)xr2)- We observe that

d
—/ |u§|2dx=—2/ |Vuf|2dx+2xl/ ufvu§~Vu€dx<—2/ IVus|? dx
dt Jr» RR2 R2 R2
1/2 1/2
+2X1</ Vu§|2> (/ |u§|2|wf|2dx) <=2 [ Vs dx
R2 R2 R2
1/2 1/3 1/6
+2xl< / Vuﬂz) < / |u§|3dx> < / |va|6dx> .8
R2 R2 R2

where we have used the Holder inequality in the last line. The classical Gagliardo—
Nirenberg—Sobolev inequality along with the Calderon—Zigmund inequality allow us to

conclude that
1/6 2/3
(/ |Vuf|6dx) <c</ |Auf|3/2dx> . (29)
R? R?

From inequalities (28) and (29) we deduce that

d
G | wirax
dt R2
1/2 1/3 2/3
<=2 |VuPPdx+2Cy (/ |Vu§|2> </ |u§|3dx> < |Auf|3/2dx>
R2 R2 R R
1/2 1/3
<—2/ \Vus | dx + 2Cy, (/ |Vuf|2> (/ |u§3dx>
R2 R R2
2/3 2/3
X (/ |u§3/2dx> +< |u§|3/2dx> .
R’ R?
Integrating with respect to ¢t and reordering last inequality, we now obtain
T 1/3 2/3
€2 €3 €13/2
2/ Vs | dxdt—2C11{ sup </ |us | dx> (sup </ luf| dx)
s JR? te[s,T] R? te[s,T] R?
2/3 T 1/2

+ sup (/ |u§|3/2dx) >}/ </ |Vu§|2) dt—l—/ qulzdx—/ S (x,0)* dx < 0.

te[s8,T1 \J R? ) R? R2 R2

We observe now that

T 1/2 T
/ (/ |Vu§|2dx> dt < (T —6)"/? </ Vu§|2dxdt>
o R? 0 R2

Denoting by X := ||Vu{|| L2 ((0.T)xR?) and taking into account (viii), we conclude from last
two estimates that for positive constants a, b and ¢ we have that

1/2

aX’> —bX +¢ <0,

in consequence X := [[Vui|l.> (51)xre) 18 bounded, ie there exists a constant C such
that

VUil (5.)xr2) < C- (30)
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Now we obtain a bound for Hduf-/dtHLz((é’T);H_l(]Rz)). First of all we notice that in the
middle of the proof of estimation (30) we have proved that

1/3 2/3 2/3
|4V | 22y < (/ |u§3dx> ((/ |u§|3/2dx) + (/ |u;|3/2dx> ) (31)
R? R? R?2

It follows from the last estimate and (viii) that for some constant C we have
H“ivv€”L2(]R2) <C. (32)
Let ¢ € H'(R?), then we have

[{du; /dt, ¢)1 = [(Au; — V - (u;Vv°) , §)| < [(Vui, V)| + [(ui Ve, V)|

< |W¢HL2(R2) ||V”iHL2(]R2) + ||V¢HL2(]R2) H“iVU€||L2(]R2)- (33)
Thus,
du /dt || -2y = P [(duf /dt, )] < Vil | ey + 14V o) -
HIR2)™

From the last estimate and taking into account (30) and (32), it follows that

T 1/2
Iduf/dtle((é,T);H1(]R2))=( /3 |duf/dt|f11(mz)dt) <cC. (34)

Compactness: In order to apply the Aubin-Lions Lemma, we define the spaces By =
HY(R2) N {f| |xI*f e L'(R?)}, B := L*(R?) and B; := B). Let {f;} be an arbitrary
bounded sequence in By, then we have L’equi-integrability at infinity (cf. [1, Corollary
5.3.1]) as the following account shows:

1 s "™ 1 1/2 1/2
[t Gyt (] ) (] 70
{IxI>R} R Jyx>ry R\ J{x>ry {|x|>R}

12 12
<%(/}Rz|x|2fidx) (/]Rzﬁdx) .

lim f?dx = 0 uniformly with respect to f;. (39)
R—+o0 {|X|>R}

From the Rellich-Kondrakov Theorem (cf. [1, Corollary 5.3.1] we obtain the compact
inclusion

Thus,

By —<— B.

Given that u{ satisfies (30), (34) and (35), we can now invoke the Aubin-Lions—Simon
theorem to conclude that u¢ has a subsequence that converge strongly in L*(5, T, B).
Therefore, up to a subsequence we have that

u$ — u; ae. in R? x [0, T1. (36)
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We have also proved uniformly boundedness for ||uf|\L,,(]R2)X[5,T], from this, estimation
(36) and the Vitali theorem, we obtain

u$ — u; strongly in LP(R? x [0, T]) for p > 1. (37)

Step 4. Pass to the limit. We pass now to the limit in the weak sense to obtain our result
of global existence. The most significant technical difficulty to show that u;, u, solved (3)
arise with the nonlinear terms. In order to prove that

uSVo© — u;Vo,in D'(R* x IR?), (38)

we first notice that the expression uj |[Vv¢| is integrable as estimate (vii) of part 2 along
with the following estimate shows

2 2
< / us |Vo<| dxdt> = < NIV dxdt>
[0,T]xIR2 [0,T]xIR2

< / udxdt / u |Vo© | dxdt < 0, T / ul |Vo©|* dxdt.
[0,T] xIR2 [0,T] xIR? [0,T]xIR2

It follows that we can interpret u{Ve® as an element of (C3° (R* x R?))" and therefore
its divergence is defined.

In order to prove that ||Vv?| rry S C for r > 2, we recall the HLS inequality: For all
felLl(R"),ge LYR"), 1 <p,q <oo,suchthat 1/p+1/q+4i/n=2and 0 < 1 < n, there
exists a constant C = C(p,q,4) > 0 such that

<C ||fHU(]Rn) ||gHLq(]Rn)-

1
/ f(x)g(y)dxdy
IRn X]R” ‘x —_— y ‘

Taking the supremum over the ball |/ g| Lorn = 1 on both sides of the last inequality, we

obtain
1
| s
R [x — |
< C|fllppwre) where 1 <p,qg<oo, and 1/p+1/q+1/2=2.
LT (R2)

q

< Cfllppwn) - (39)
LT (Rn)

In particular

H/ ! f(x)dx
n|x =yl

Thus, we have that

HVUEHU(]Rn) = |VK® * (uj + “g)”U(]Rn) (40)
1 1

- € 8\d
m / |x_y|(141 +M2) X

where we have used step 2 (viii). From r = qu1 and 1/p+1/q +1/2 = 2 we obtain that
1 _ 1 _ 1

;=53 In addition, p € (1,2) implies that r € (2,00). We conclude that (up to a

< ‘ < C (It lpme) + 18] ) <C - (41)

Lr(R")
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subsequence) Vv® — h, where h is in L". In order to prove that actually h = VK * n we
have to do some extra work yet. With this end in mind, we now propose to show that

Vv - Vv ae. (42)

We have that
1 xX—y

Vo —Vo=— [
2n Jre |x — yf?

1 X—y |x —y
+ -VK! + u$ +us) (y, t)dy. 43
Aﬂ@(e () + e ) G eow @

We deduce from (37) and (39) that (up to a subsequence) the first integral in (43) converges
to zero a.e. On the other hand, estimates (27) allows us to conclude that

1 X—y |x =yl
S VK + ui +u3) (y,t)d
/;C—ySZG (8 < e ) 2Tt|x—y|2 ( 1 2) (y, t)dy

1
S —— | (Ui +u3) (y,0)dy.
/xy|<2€ (Tflx—yI)(1 2) (v, 0)dy

Last integral converges to 0 as ¢ — 0, therefore we conclude (42).

We therefore obtain from [8, Prop. 2.46 (i)] that Vv, — VK * n weakly in L" for r > 2.
Finally, we choose conjugate exponents r = 4 and p = 4/3 to conclude the convergence
(38). O

((u§ 4+ us5) — (g +u2)) (v, t)dy

4 Conclusions and open questions

It has been proved in this paper that system (3) has a threshold curve that determines
global existence or blow-up. A more difficult task is to find out if the blow-up has to
be simultaneous or not and also to describe the asymptotics near the blow-up time. A
first step in this direction was given by Espejo et al. in [7], where it was shown that the
blow-up has to be simultaneous in the radial case. Should it be the same in the general
case? Or should it depend on more specific information on the initial data? With regard
to this point it is worth recalling that according to [6] it is possible to have blow-up even
in the case that the total moment

mm:l/mmmww+£/mmmWM (44)
X1 JR2 X2 JR2

is increasing, that is when we have

4l 410
,U1+th
X1 X2

—%wr+@f>0

This opens up a new possibility: The density of one chemotactic species could be increasing
meanwhile the other decreases. That is to say, the question of a simultaneous blow-up or
not as well as a possible collapse mass separation could eventually not only depend on
the radial symmetry of the initial data but also on the L' size of the initial data.
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On the other hand, if the parabola
4rud;  4nb, 1

+ ——=(01 + 02)2 =0 (45)
11 12 2
intersects any of the lines
8 8
0, = T or 6, = —T[, (46)
A1 X2

it would be very interesting to study the behaviour of system (3) on this lines. Here
it is worth recalling that the proof of convergence towards a delta function at T = o0
in the one species case, when total mass is exactly 8m/y, uses in a essential way that the
second moment is preserved (see, for instance, [3]). In contrast, for the two species case,
the rotated parabola (45) can intersect any of the lines (46) and then we obtain threshold
lines on which the second moment is not preserved. A description of the asymptotic
behaviour in this case seems to require rather different techniques to those used in the
one species case.
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