N

N

Mathematical analysis of the Kuznetsov equation:
Cauchy problem, approximation questions and problems
with fractals boundaries.

Adrien Dekkers

» To cite this version:

Adrien Dekkers. Mathematical analysis of the Kuznetsov equation: Cauchy problem, approximation
questions and problems with fractals boundaries.. Acoustics [physics.class-ph]. Université Paris Saclay
(COmUE), 2019. English. NNT: 2019SACLCO019 . tel-02110279

HAL Id: tel-02110279
https://theses.hal.science/tel-02110279
Submitted on 25 Apr 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02110279
https://hal.archives-ouvertes.fr

universite (q

PARIS-SACLAY
NNT : 2019SACLCO019 CentraleSupélec

THESE DE DOCTORAT
de
L’UNIVERSITE PARIS-SACLAY
Ecole doctorale de mathématiques Hadamard (EDMH, ED 574)

Etablissement d’inscription : Centrale-Supélec

Laboratoire d’accueil : Fédération de Mathématiques, FR 3487 CNRS

Spécialité de doctorat : Mathématiques appliquées

Adrien DEKKERS

Analyse mathématique de I'équation de Kuznetsov: probleme de
Cauchy, questions d’approximations et problemes aux bords
fractals

Date de soutenance : 22 Mars 2019

OLvIER GOUBET (LAMFA, Université Picardie Jules Verne)
CELINE GRANDMONT (INRIA, Centre de Reherche)

Apres avis des rapporteurs :

Jury de soutenance :

FrEDERIC ABERGEL
CrLaubE BARDOS
Frangois GOLSE CMLS, Ecole Polytechnique) Examinateur

(MICS, CentraleSupélec) Directeur de these

(

(
OrLiviEr GOUBET (LAMFA, Université Picardie Jules Verne) Rapporteur

(

(

(

LJLL, Université de Paris 6) Président du jury

CELINE GRANDMONT INRIA, Centre de Reherche) Rapporteuse
GRIGORY PANASENKO ICJ, Université de Saint-Etienne) Examinateur

ANNA ROZANOVA-PIERRAT (MICS, CentraleSupélec) Coencadrante de these

Fondation mathématique

FMJH

cques Hadamard

=5






Contents

[Remerciements ix

\General introduction xxi

1_ The Kuznetsov equation and other models of nonlinear acous-
tic 1

lL__Cauchy Problem for the Kuznetsov Equatiod 3

[L1_TIntroduction francaisd . . . . . . . .o 3
(L2 Introduction . . . . . . . oo 5

[1.3__ Preliminary remarks on L2-energies . . . . . . .o 8
[.4  Well-posedness for the inviscid casd . . . . . . .. .. ... 11
1.4.1  Proof of Point 3 of Theorem [C2Z0 . . . . . . . . .. .. .. ... ... 11

1.4.2  Proof of Point 5 of Theorem [[L2.Tl Optimal estimations of the exis-
tence time . . . . . . L L L e 18

1.4.3  Proof of Point 4 of Theorem [[2Z1l Stability and uniqueness resultl . . 21
[1.5_ Well-posedness for the viscous casd . . . . . . .. . . ... ... ... .. 22

1.5.1 Proof of Point 1 of Theorem @ .................... 22
1.5.2  Proof of Point 2 of Theorem [LZ2% Case n > I 27
1.6 Tllustration of the sharp behaviour of Point 1 in Theorem 3. ... ... 36

2 Models of nonlinear acoustics viewed as an approximation of the Navier-
Stokes and Euler compressible isentropic systems 39

2.1 Introduction francaisd . . . . . ... 39
R.2 Introduction . . . . . . . .. 42

2.3 _Isentropic Navier-Stokes svstem for a subsonic potential motion . . . . . .. 44
2.4 Approximation of the Navier-Stokes svsteml . . . . . . . o o oo 46
[2.4.1 Navier-Stokes system and the Kuznetsov equation . . . . . . . . . .. 46
2.4.2  Navier-Stokes svstem and the KZK equation . . . . . . . . . ... .. 56
[2.4.3 Navier-Stokes system and the NPE equatimi .............. 68
2.5 Approximation of the Euler systeml . . . . . . o oo 73
2.6 The Kuznetsov equation and the KZK equation . . . . . . . . . . . . . . .. 79
[2.6.1 _Derivation of the KZK equation from the Kuznetsov equa’rioﬂ .79

2.6.2 Well posedness of the modeld . . . . . ... ... ... ... ... .. 80

2.6.3 Approximation of the solutions of the Kuznetsov equation by the
solutions of the KZK equation . . . . . . ... ... ... ... .... 87



ii Table of content

2.7 Approximation of the solutions of the Kuznetsov equation with the solutions
of the NPE equation . . . . .. . .. .. ... ... .. .. ... ... . 93
2.8  The Kuznetsov equation and the Westervelt equation . . . . . . . . . . ... 95

2.8.2 Approximation of the solutions of the Kuznetsov equation by the
solutions of the Westervelt equation . . . . . . . . ... ... .. ... 95

II_Propagation of linear and nonlinear waves in domains with
fractal boundaries 101

3 Introduction to Part ﬁ 103

B_l_lnimdlmgn_fmmmsd .............................. 103

411  Admissible domaing . . . . . . . oo 107

boundary conditions . . . . . . . .. .. 117

421  Existence of weak solution . . . . . . . o oo 117

4.3 Well posedness of the damped linear wave equation with homogeneous Dirich-
let boundary conditions . . . . . .. ..o 123

M&mﬂm&kﬂﬁj@ﬂ ........................ 123

4.4 Well posedness of the damped linear wave equation with homogeneous Robin
boundary conditions . . . . ... ..o 131

5 Well-posedness and regularity of the non linear Westervelt equation on

domains with fractal boundaries 133

5.1 Well-posedness of the Westervelt equation with homogeneous Dirichlet bound-
ary conditions . . . . .. Lo Lo 133

5.2 Well posedness of the Westervelt equation with non homogeneous Dirichlet
boundary conditions . . . . ... ..o 137

5.3 Well posedness of the Westervelt equation with homogeneous Robin bound-
ary conditions . . . . .. Lo Lo 140

5.3.1 Well posedness of the Westervelt equation with homogeneous Robin
boundary condition on Lipschitz domains . . . . . . . .. ... .. .. 141

5.3.2  Well posedness of the Westervelt equation with homogeneous Robin
boundary conditions on admissible domains . . . . ... ... .. .. 144

5.4 Prefractal and fractal problem for the Westervelt equation on Koch Mixtures
with Robin boundary conditions . . . . . . . ... ... ... ... ...... 146
15.4.1 _Scale irregular Koch curves . . . . . . oo i 146

Mﬂmm_ﬂmrﬁmsl ...................... 148



Table of content iii
5.4.3  Asvmptoticanalvsid . . . ... 149
Fa4 Li ] Nouli b b mixed | ] Iitiod 157
IA_Expressions of the remainder terms 167
[B_Résumé frangais 169
[BiblLi . 179






List of Figures

1 Schéma de dérivation des modeles de 'acoustique non linéaire. Tous les
modeles,|les équations de Kuznetsov, KZK et NPE sont des approximations
jusqu’auk termes d’ordre € du systéme isentropique de Navier-Stokes ou
d’Euler. . . . .







List of Tables

2.1 Approximation results for models derived from Navier-Stokes and Euler sys-







Remerciements

Je tiens d’abord a remercier mon encadrante de these Anna Rozanova-Pierrat qui a, dans
les faits, été ma directrice de theése. Elle m’a amené a m’intéresser a des sujets de recherches
vastes et passionnants, notamment par le biais de conférences internationales. Son expertise,
sa disponibilité et sa gentillesse ont toujours été pour moi un soutien dans les moments
difficiles ce qui m’a permis d’effectuer cette these dans les meilleures conditions. Qu’elle
trouve ici l'expression de toute ma gratitude.

Merci aussi & mon directeur de these Frédéric Abergel pour ses apports et son soutien
discrets mais efficaces tout au long de cette these. J’espere avoir été digne de la confiance
que mes superviseurs m’ont accordée. J’ai donné le maximum pour que ce travail soit a la
hauteur de leurs attentes. Je n’oublierai rien de tout ce que j'ai appris grace a eux.

Je suis également particulierement reconnaissant envers les rapporteurs de ma these,
Olivier Goubet et Céline Grandmont, pour leur lecture et leur appréciation de mon tra-
vail. Merci aussi aux autres membres du jury Claude Bardos, Francois Golse et Grigory
Panasenko dont les remarques m’ont ouvert de nouvelles perspectives de recherche.

Je ne peux évidemment oublier de parler du laboratoire MICS et de toute son équipe si
accueillante et amicale. Merci a Sylvie et Dany qui étaient toujours la quand on avait un
probléeme qui n’était pas du ressort de la recherche scientifique. Merci aux chercheurs du
laboratoire aupres desquels on peut demander conseil dans son travail ou tout simplement
s’'instruire de leur parcours. Merci aussi a tous les doctorants, aujourd’hui docteurs pour
certains, dont je ne dresse pas une liste exhaustive de peur d’en oublier. Ils sont toujours
préts a apporter leur soutien ou tout simplement a relacher la pression avec une petite
discussion plus ou moins futile. Les amitiés que j’ai pu nouer au cours de ces années sont
réellement précieuses.

Et tant qu’a parler d’amitiés, je remercie aussi mes amis de plus longue date pour tous
ces bons week-end passés ensemble a Beauvais.

Merci & ma tante Marie-Antoinette Dekkers pour sa relecture de ma these afin de rendre
mes écrits encore plus dignes de la langue de Shakespeare.

Je voudrais conclure en remerciant tres naturellement ma famille : mon frére, tout
d’abord, et mes parents, enfin, pour leur soutien, leur patience et leur compréhension
durant I'intégralité de cette these. C’est aussi grace a eux que ce projet a pu aboutir.






Introduction générale

L’étude de la propagation d’ondes non-linéaires suscite un intérét, en particulier a cause
de récentes applications a I'imagerie ultrason (i.e. HIFU) ou des applications techniques et
médicales comme la lithotripsie ou la thermothérapie. Ces nouvelles techniques reposent
fortement sur la capacité a modéliser avec précision la propagation non-linéaire d’une pul-
sation sonore d’amplitude finie dans un milieu élastique thermo-visqueux. Les modeles les
plus connus d’acoustique non linéaire, que nous considérerons dans cette these sont

1. ’équation de Kuznetsov qui se lit pour a = 7;71, £ = 2 comme

Uy — AU — piaAut = acusuy + feVu Vuy,, x€R", (1)
0

ou ¢, po, 7, v sont la vitesse du son, la densité, le ratio des chaleurs spécifiques et
la viscosité du milieu respectivement. Le coefficient € représente un petit parametre
sans dimension apparaissant dans la dérivation de I’équation. Dans ce qui suit, nous
pouvons juste supposer que « et [ sont des constantes positives. C’est en fait une
équation d’onde quasi-linéaire (amortie), initialement introduite par Kuznetsov [60]
pour le potentiel de vitesse, voir aussi les Réfs. [37, 50} 55, [63] pour d’autres variations
de sa dérivation;

2. I’équation de Khokhlov-Zabolotskaya-Kuznetsov (KZK)
1
corp— Ot Vgpp Y gy —A I = 2)
4po 202Po

qui peut étre écrite pour les perturbations de la densité ou de la pression (voir les
études physiques systématiques dans le livre [13] par Bakhvalov, Zhileikin, et Zabolot-
skaya);

3. Equation d’onde Non-linéaire Progressive (NPE)

2 (v + Ve Vope A=
aﬂ'zg 4p0 az[(g) ] 2p0 azg + 2 yg 07 (3)

dérivée par McDonald et Kuperman dans la Réf. [70];

4. I'équation de Westervelt

1
0TI — AT = £, <1AH T o) ) , (4)
Po 2¢2

qui est similaire a I’équation de Kuznetsov avec seulement un de ses deux termes non-
linéaires, dérivée initialement par Westervelt [91] et plus tard par d’autres auteurs [1]
89].
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L’équation de Kuznetsov (Il) décrit I’évolution du potentiel de vitesse, c’est une équation
d’onde quasi linéaire amortie, qui décrit la propagation d'une onde de grande amplitude
dans un fluide. Elle est un des modeles dérivés du systeme de Navier-Stokes, et elle est
appropriée pour les ondes planes, cylindriques et sphériques dans un fluide (voir [37] de
Hamilton et Blackstock). La plupart des travaux sur I’équation de Kuznetsov ([II) sont
traités dans une dimension d’espace [50] ou dans un domaine borné de R™ [55] 52} 53] [71].
Pour le cas visqueux, Kaltenbacher et Lasiecka [53] ont considéré le probléme avec conditions
de Dirichlet au bord et prouvé, pour des données initiales suffisamment petites, le caractere
bien posé global pour n < 3. Meyer et Wilke [71] l'ont prouvé pour tout n. Dans [52],
Kaltenbacher et Lasiecka ont prouvé le caractere bien posé local du probleme avec conditions
au bord de Neumann pour n < 3. Le travail des Réf. [52] 53] utilise des estimations d’énergie
a priori, et la Réf. [T1] la notion de régularité maximale.

L’équation de Westervelt () est aussi une approximation de I’équation de Kuznetsov,
mais cette fois par une perturbation non-linéaire. De fait la seule différence entre ces deux
modeles est que I’équation de Westervelt ne conserve qu'un des deux termes non-linéaires
de I'équation de Kuznetsov, produisant des effets cumulatifs dans une propagation d’onde
progressive selon Aanonsen, Barkve, Tjgtta et Tjotta [1].

L’équation NPE (3)) est habituellement utilisée pour décrire les vibrations en temps court
et la propagation sur de longues distances, par exemple dans un guide d’onde océanique, ou
les phénomenes de réfractions sont importants, alors que I'équation de KZK (2 modélise
typiquement la propagation d’ultrasons avec de forts phénomenes de diffraction, combinée
avec des effets d’amplitude finie (voir Rozanova-Pierrat avec la Réf. [81] et les références
utilisées). Bien que le contexte et l'utilisation physique des équations de KZK et NPE
soient différents, il y a une bijection entre les variables de ces deux modeles et ils peuvent
étre représentés par le méme type d’opérateur différentiel avec des coefficients constants
positifs:

Lu=0, L=0} —c10.(0,")>—co0? £c3A,, pourteR" ze€R, yeR"L

Ainsi, les résultats de la Réf. [80] sur les solutions de 1’équation de KZK sont valides
pour 'équation NPE. Voir aussi la Réf. [42] par Ito pour la décroissance exponentielle des
solutions de ces modeles dans le cas visqueux.

Tous les modeles de Kuznetsov, KZK, NPE et Westervelt ont été dérivés jusqu’a de
petits termes négligeables a partir de systémes non-linéaires de Navier-Stokes (pour le
milieu visqueux) et d’Euler (pour le cas non visqueux) compressibles et isentropiques. Mais
toutes les dérivations physiques citées de ces modeles ne permettent pas de dire que leurs
solutions approchent la solution du systeme de Navier-Stokes ou d’Euler. Les résultats sur
le caractere bien posé des équations de KZK et NPE sont déja connus, le premier travail
I'expliquant pour 'équation de KZK est la Réf. [81] par Rozanova-Pierrat.

Nous nous sommes deés lors focalisés dans le Chapitre [Il sur le caractére bien posé du
probleme de Cauchy associé a 1’équation de Kuznetsov dans R" pour les cas visqueux et
non visqueux avec des données initiales suffisamment petites. Ces résultats correspondent
a notre article [26] proposé avec Rozanova-Pierrat.

Dans le Chapitre [2, nous commencgons a présenter le contexte initial du systeme de
Navier-Stokes isentropique

Op + div(pv) =0, (5)
plov + (v- V) v] = =Vp(p) + evAv, (6)
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(en fait, c’est aussi une approximation du systéme de Navier-Stokes compressible), qui décrit
le mouvement d’une onde acoustique dans un milieu thermo-élastique homogene [13], 37, [65].
Nous systématisons dans le Chapitre 2] la dérivation de tous ces modeles en utilisant les
idées de Rozanova-Pierrat dans la Réf. [81], consistant a utiliser des correcteurs dans les
expansions de type Hilbert des ansatzs physiques correspondants.

Plus précisément, nous montrons que tous ces modeles sont des approximations du
systeme de Navier-Stokes ou d’Euler jusqu’aux termes d’ordre trois en un petit parametre
sans dimension ¢ > (0 mesurant la taille des perturbations de la pression, de la densité et
de la vitesse par rapport a leur état constant (pg, po,0) (voir Fig. [I).

systemes de Navier-Stokes/Euler

P

P& Anpg P& Axzk

équation de Kuznetsov

ANPE‘ AKZK

B
NPE duuunnnnnssnnsnns) équatiOn de KZK

P: petites perturbations (Z.I4)-(Z.I5)
Ak 7k approximation paraxiale de KZK (Fig. 2.1]) B: bijection (2.95)

Anpp: approximation paraxiale de NPE (Fig. [23))

Figure 1 — Schéma de dérivation des modeéles de I'acoustique non linéaire. Tous les modéles, les
équations de Kuznetsov, KZK et NPE sont des approximations jusqu'aux termes d'ordre
€3 du systéme isentropique de Navier-Stokes ou d'Euler.

A Taide des résultats connus sur le caractere bien posé des modeles, nous validons ensuite
dans le Chapitre 2] ces approximations en obtenant des estimations en norme L? entre les
solutions des modeles exacts et approchés considérés en étudiant d’abord ’approximation
du systeme de Navier-Stokes puis I'approximation de I’équation de Kuznetsov. Il est a noter
que pour le modele exact nous pouvons considérer une solution faible peu réguliere qui sera
approchée par la solution réguliere du modele approché.

Ainsi nous avons été amenés dans la Partie [Tl a étudier les solutions faibles d’équations
d’ondes sur des domaines a bords fractals afin de considérer les domaines les plus généraux
possibles sur lesquels de telles solutions faibles existent.

Pour en revenir au Chapitre [l nous étudions le caractere bien posé du probleme de
Cauchy associé a I’équation (). Dans le cas non visqueux pour v = 0, le probleme de
Cauchy pour I’équation de Kuznetsov est un cas particulier du systeme général quasi linéaire
hyperbolique du second ordre considéré par Hughes, Kato et Marsden [40]. Le résultat de
caractere bien posé local, prouvé dans [40], n’utilise pas des techniques d’estimations a priori
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et est fondé sur la théorie des semi-groupes. Alors, grace a [40], nous avons le caractere
bien posé de () dans ’espace de Sobolev H* avec un réel s > £ + 1. De plus, pour étendre
le caractere bien posé local au cas global (pour n > 4) et pour estimer 'intervalle de temps
maximal sur lequel il existe une solution réguliere, John [44] a développé des estimations a
priori pour le probleme de Cauchy associé a une équation d’onde quasi linéaire générale a
I’aide d’une énergie de la forme

m+1 )
En[u)(t) = [Vu(®)l[Fm@a) + D [10pu(t)][Fpmer-igny.
i=1

Cette fois, a cause des non linéarités u;uy et Vu Vu, incluant les dérivées en temps,
pour avoir une estimation a priori pour I’équation de Kuznetsov nous avons besoin de
travailler avec les espaces de Sobolev H® caractérisés par un entier s. Si nous appliquons
directement les résultats généraux par John de la Réf. [44] & notre cas pour I'équation de
Kuznetsov, nous obtenons le caractere bien posé pour des données initiales tres régulieres.
Nous améliorons ce résultat et obtenons les résultats de John pour I’équation de Kuznetsov
avec une régularité minimale des données initiales correspondant a la régularité obtenue
par Hughes, Kato et Marsden [40]. Les estimations d’énergie nous permettent d’évaluer le
temps d’existence maximal. Dans R? et R? I'optimalité des estimations obtenues pour le
temps d’existence maximal est assurée par les résultats d’Alinhac [5]. Dans la Réf. [5] un
blow-up géométrique pour les données petites est prouvé pour d?u et Au en temps fini et
pour le méme ordre que prédit par les estimations a priori.

Pour n > 4 et v = 0, nous améliorons aussi les résultats de John [44]. La petitesse des
données initiales assure directement 1’hyperbolicité de ’équation de Kuznetsov pour tout
temps, i.e. elle assure que 1 — acu; est strictement positif et borné pour tout temps. La
preuve utilise les dérivées généralisées pour les équations d’ondes [44] et une estimation a
priori de Klainerman [58] [59].

En présence du terme Awu, pour le cas visqueux v > 0, la régularité des dérivées en temps
d’ordre supérieur de u est différente (en comparaison au cas non visqueux), et la maniere de
controler les non linéarités change. Comme il a été montré dans [83] par Shibata, ce terme
dissipatif change une vitesse finie de propagation pour I’équation d’onde en une vitesse
infinie. En effet, la partie linéaire de ’équation () peut étre vue comme deux compositions
de l'opérateur de la chaleur 9, — A de la maniere suivante:

Uy — AU — veAuy = 0,(0u — evAu) — *Au.

Pour le cas visqueux nous prouvons les résultats sur le caractere bien posé global dans
R™ pour les données initiales suffisamment petites, dont nous spécifions la taille. Pour
n > 3 nous établissons une estimation a priori qui nous donne aussi une condition suffisante
pour l'existence de solutions globales avec une énergie initiale suffisamment petite. En
considérant les espaces de Sobolev H® caractérisés par un entier s = m pair on controle
I’énergie

T+l
Ew[u)(t) = [|Vu(t)|fm@n + Zl 107w (t) 172061 ey
i—

Les mémes résultats sont vrais dans (R/LZ) x R"™! pour n > 2 avec la périodicité et la
valeur moyenne nulle selon une variable.

Intéressons nous des lors au Chapitre 2l Comme il est montré dans la Fig. [I], I’équation
de Kuznetsov vient du systeme de Navier-Stokes ou d’Euler seulement par de petites per-
turbations, mais pour obtenir les équations KZK et NPE nous avons besoin d’utiliser un
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changement de variables paraxial en plus des petites perturbations. En outre, les équations
de KZK et NPE peuvent aussi étre obtenues a partir de ’équation de Kuznetsov juste
en pratiquant le changement de variable paraxial correspondant. Nous pouvons noter que
I’équation de Kuznetsov est une équation d’onde non-linéaire contenant des termes d?ordres
différents en e. Mais les approximations paraxiales pour KZK et NPE permettent d’avoir
les équations approchées avec tous les termes de méme ordre, i.e. les équations de KZK et
NPE.

Portons notre attention sur le fait que l'ansatz, proposé initialement par Bakhvalov,
Zhileikin, et Zabolotskaya dans la Réf. [13] et utilisé par Rozanova-Pierrat dans la Réf. [81]
pour obtenir I’équation de KZK a partir des systemes de Navier-Stokes ou d’Euler, est
différent de ’ansatz que nous utilisons. De plus, cette nouvelle approximation des systemes
de Navier-Stokes et d’Euler est une amélioration en comparaison a la dérivation dévelop-
pée dans la Réf. [81], car dans cette référence le systeme de Navier-Stokes/Euler pouvait
seulement étre approchées jusqu’aux termes d’ordre 0(5%) (comparé a l'ordre O(e3) dans
notre cas).

Les hypotheses principales pour la dérivation de tous ces modeles sont les suivantes:

e le mouvement est potentiel;

e l’état constant du milieu donné par (pg, po, 0) (0 pour la vitesse) est perturbé propor-
tionnellement & un parameétre sans dimension € > 0 (par exemple, égal & 107° dans
I'eau avec une puissance initiale de ordre de 0.3 W/cm?);

e toutes les viscosités sont petites (d’ordre €).

Pour garder le sens physique des problemes d’approximation, nous considérerons partic-
ulierement les cas bidimensionnel et tridimensionnel, i.e. R” avec n = 2 ou 3, et dans la
suite nous utiliserons la notation = = (x1,2') € R™ avec un axe x; € R et la variable
transversale 2’ € R 1,

Nous validons ainsi les approximations du systeme de Navier-Stokes compressible par
les différents modeles : par I’équation de Kuznetsov, I’équation de KZK et ’équation NPE.

Puis nous faisons de méme pour le systéme d’Euler dans le cas non visqueux. Les dif-
férences principales entre les cas visqueux et non visqueux sont le temps d’existence et la
régularité des solutions. Typiquement dans le cas non visqueux, les solutions des modeles
et aussi du systéeme d’Euler lui-méme (solutions fortes) peuvent entrainer la formation de
fronts de choc en temps finis & cause de leurs non-linéarités [4, 26| R0, 84, [93]. Ainsi,
elles sont seulement localement bien posées, alors que dans le cas visqueux tous les mod-
eles d’approximations sont globalement bien posés pour des données initiales suffisamment
petites [26], 67, [80].

Nous notons par U. une solution du systeme de Navier-Stokes/Euler "exact" (voir

'Eq. (2.31))
8tU5 + Z&“GZ(UE) — &V [A% ‘| = 0,

i=1
et par U, une solution approchée, construite par 1'ansatz de dérivation a partir d'une
solution réguliere de I'un des modeles approchés (typiquement les équations de Kuznetsov,
KZK et NPE), i.e. une fonction qui résout le systéeme de Navier-Stokes/Euler jusqu’aux
termes d’ordre €2, désignés par € R (voir 'Eq. ([2.32)):

@ﬁe + Z 8:21(;2(?5) — &V

i=1

[AOV] = R.
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Pour avoir le terme de reste R € C([0,T], L*(2)) nous devons assurer que le terme de
gauche de cette équation est dans C([0, T, L*(2)), i.e. nous avons besoin d'une solution U,
suffisamment réguliere. La régularité minimale des données initiales pour avoir un tel U,
est donnée dans le Tableau 2] (voir aussi le Tableau pour 'approximation de 1’équation
de Kuznetsov).

En choisissant pour le systeme exact les méme données initiales et au bord trouvées par
I'ansatz pour U, (le cas régulier) ou les données initiales prises dans un petit voisinage L2,
1.€.

[U.(0) = U(0) 20y < 6 <
avec U.(0) non nécessairement régulier, mais assurant l’existence d'une solution faible ad-
missible d’énergie bornée, nous prouvons l7existence de constantes C' > 0 et K > 0 in-
dépendantes de ¢, § et du temps t telles que

pour tout 0 <t < g 1(U. = To) ()] 72) < K(€ + §3)ef et < 9¢?
avec ) un domaine ou les deux solutions U, et U, existent. Il devient ainsi possible
d’approcher une solution faible exacte peu réguliere par une solution approchée réguliere.

Comme les équations de KZK et NPE peuvent étre vues comme des approximations
de I’équation de Kuznetsov au vu de leur dérivation (voir la Figure [Il), nous validons aussi
I’approximation de I’équation de Kuznetsov par les équations de KZK et NPE, et aussi par
I'équation de Westervelt (voir le Tableau 2.2)).

Pour étre capable de considérer I'approximation de I’équation de Kuznetsov par I’équation
de KZK, nous établissons d’abord des résultats sur le caractere globalement bien posé de
I’équation de Kuznetsov dans le demi espace, similaires au cadre précédent pour I’équation
de KZK et le systeme de Navier-Stokes. Nous étudions deux cas : le probléme périodique en
temps purement aux bords dans les variables (z, 7, y) se déplagant avec ’onde et le probleme
avec conditions initiales et au bord pour I’équation de Kuznetsov dans les variables initiales
(t,x1,2") avec des données venant de la solution de I’équation de KZK. Nous validons ces
deux types d’approximations pour les cas visqueux et non visqueux.

Finalement nous validons ’approximation entre les équations de Kuznetsov et NPE et les
équations de Kuznetsov et Westervelt respectivement (voir le Tableau [Z2). Nous pouvons
les résumer de la maniere suivante: si u est une solution de I’équation de Kuznetsov et u est
une solution de I’équation de NPE ou de KZK (pour le probleme avec conditions initiales
et aux bords) ou de Westervelt trouvée pour des données initiales assez proches

[Vix(u(0) —=2(0))||L20) < 6 < ¢,

alors il existe K > 0, C; > 0, Cy > 0 et C' > 0 constantes indépendantes de €, § et du
temps, telles que pour tout t < % il est vérifié

||vt7x(u _E)HLQ(Q) S Cl(€2t+ 6)6025t S KG.

Comme les estimations de la stabilité obtenues sont valables entre une solution réguliere et
une solution faible de Kuznetsov nous pouvons de nouveau approcher une solution moins
réguliere d’un modele exact par la solution réguliere d’'un modele approché.

Dans la Partie [, nous nous intéressons a la question des solutions faibles d’équation
d’ondes. On se place dans le contexte des domaines bornés et on cherche la classe des bords
la plus large pour que le probléme soit bien posé faiblement. Ces équations incluent:
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e l'équation des ondes avec des conditions de Dirichlet homogene en utilisant Evans [30],

e 'équation des ondes fortement amortie avec des conditions de Dirichlet homogenes et
non homogenes ou des conditions de Robin homogenes,

e I’équation non-linéaire de Westervelt avec des conditions de Dirichlet homogenes et
non homogenes ou des conditions de Robin homogenes.

La régularité des solutions de ces équations sur des domaines réguliers, typiquement avec un
bord C? est bien connue, notamment le fait que, plus les données initiales sont réguliéres,
plus la solution est réguliére et ce jusqu’au bord. Nous pouvons citer Evans et la Réf. [30]
pour I'équation des ondes ou les Réfs. [51),152] 53| [54], [71] pour I’équation des ondes fortement
amortie ou I'’équation de Westervelt ainsi que leurs références utilisées. Nous pouvons
nous demander si, sur des domaines moins réguliers, on peut avoir une solution faible
continue ou C! jusqu’au bord. Les exemples de Arendt et Elst dans la Réf. [10] montrent
'apparition de problémes pour la définition de la trace dés que le bord n’est plus C!. De
plus si, pour un domaine au bord C* ou lipschitzien, on peut définir une normale intérieure
presque partout, la question des conditions de Neumann ou Robin sur un bord moins
régulier est plus délicate. Par ailleurs le fait de considérer un bord régulier C? comme dans
[511, 52) 53, 54, [71] est une conséquence de ce que les dérivées spatiales sont au plus d’ordre 2
et peuvent ainsi étre plus naturellement définies au bord. Dans le passé, les mathématiques
se sont largement focalisées sur des domaines réguliers. Des ensembles comme celui de Von
Koch ont principalement été considérés comme "pathologiques" et utilisés seulement pour
produire des contre-exemples. Néanmoins, il y a eu un changement d’attitude lorsque les
mathématiciens et les physiciens ont découvert que des structures semblable a celle de Von
Koch apparaissaient dans la nature, comme par exemple la micro-structure des électrodes
ou les cotes de 1’Angleterre.

Un point clé pour résoudre les équations que nous étudierons sur des domaines a bords
fractals est la compréhension du probleme de Poisson sur ces domaines avec des conditions
aux bords de Dirichlet

{ —Au = f sur €, (7)
ulq = g sur 0N

ou des conditions de Robin homogenes

—Au = f sur Q,
a%uqtau:() avec a > 0 sur Of).

(8)

Pour le systeme ([7]) une approche générale passe par la formulation faible du probleme de
Dirichlet. Si u et 02 sont suffisamment régulieres on peut multiplier I’équation de Poisson
dans le probleme (7)) par v € C§°(€2) et utiliser la formule de Green pour obtenir

{ /Qvuvv dx = /va dz for all v € C5°(€),
u|3§2 =9,

qui est appelée une formulation faible du probleme de Dirichlet. En introduisant les espaces
de Sobolev H'(Q) et H(Q2) et en supposant quil existe g* € H'(Q) tel que la trace de
g* sur 0F) est g (une attention particuliere doit étre portée a la définition de la trace), on
peut prouver, a I'aide du théoréme de représentation de Riesz, qu’étant donné f € L%(9),
g* € HY(), il existe un unique u € H*(Q) tel que —Au = f au sens des distributions et
u—g* € Hy(Q).

Ceci souleve plusieurs questions:
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Comment définir la trace, habituellement définie pour des fonctions continues?

Comment définir une extension g* vérifiant u = g au bord?

La réponse aux deux premieres questions est connue si 0€) est assez régulier, on
peut citer par exemple Raviart-Thomas [79], ou méme lipschitzien avec le travail de
Marschall [66].

e Peut-on utiliser la formule de Green? Dans le cas lipschitzien on a
/QvAu dz = (u, V) (g-1/2(00), H1/2(00)) — /QVUV’U dz.

e Est ce que u dépend uniquement ou contintiment de f et g7

Dans la Réf. [49] Jonsson et Wallin ont pu répondre & ces questions dans le cas ot €2 est
un (€, d)-domaine avec un bord 9 qui est un d—ensemble pour la mesure de Hausdorff
préservant I'inégalité de Markov. En se basant sur le travail de Lancia [62] on trouve un
équivalent de la formule de Green faisant intervenir les espaces de Besov pour le terme
de bord. Les résultats de Jonsson et Wallin sont a notre connaissance les premiers de ce
type établis sur des domaines fractals. Les résultats de Jones [46] sur les d—ensembles
et les domaines admettant des extensions Wlf permettent de dire qu’en dimension 2 les
(€, 9)-domaines sont les domaines les plus généraux sur lesquels on peut définir des traces
et des extensions des espaces de Sobolev et ainsi résoudre le probleme de Poisson. Dans
la Réf. [11], Arfi et Rozanova-Pierrat ont introduit un nouveau type de domaine a bords
fractals dits les domaines admissibles. Ces domaines contiennent les (¢, §)-domaines et sont
plus généraux, ils forment la classe la plus large des domaines sur lesquels on peut définir
des traces et des extensions aux espaces de Sobolev pour 2 C R" avec n > 2, et ainsi trouver
une solution faible au probleme de Poisson dépendant de maniere unique et continue des
données initiales.

En conséquence nous travaillerons principalement sur les domaines admissibles et ré-
sumons les résultats connus sur ces domaines. Il est a noter que le travail de la Réf. [30] par
Evans nous fournit les propriétés spectrales ainsi que la régularité intérieure de la solution
du probleme de Poisson (), i.e. le fait que pour un sous ensemble V' inclus de maniere
compacte dans 2, V CC Q, la solution sur €2 a sur V' la méme régularité que pour un do-
maine aux bords réguliers. La Réf. [I1] par Arfi et Rozanova-Pierrat permet de donner des
résultats similaires pour le probleme de Poisson (8) et la Réf. [30] par Evans nous fournit
encore les propriétés spectrales.

Une autre question importante est de savoir si les solutions des problémes de Poisson ()

et (8) appartiennent a C(£2) avec une estimation de la forme:

[ulle@) < Cllfllzee-

Pour le probléeme de Poisson ([7]) avec des conditions au bord de Dirichlet homogenes les
travaux des Réfs. [T7] par Nystrom et [92] par Xie permettent de donner une réponse positive
a cette questions en dimension n = 2 et 3 respectivement pour p = 2. Le travail de Daners
dans la Réf. [25] nous donne aussi une réponse positive pour le probléeme de Poisson ()
si p > n. Ces estimations sont essentielles pour montrer que les solutions de nos modeles

de type ondulatoires étudiés sont dans C(§2) mais aussi pour traiter la non-linéarité de
I’équation de Westervelt.
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En utilisant une méthode de Galerkin comme dans la Réf. [30] par Evans nous obtenons
la régularité de I’équation des ondes et de ’équation des ondes fortement amortie avec des
conditions de Dirichlet homogenes avec I'aide d’'une base de fonctions propres de —A. Avec
ces résultats de régularité nous traitons le caractere bien posé de 1’équation de Westervelt
avec des conditions de Dirichlet de la méme fagon que dans la preuve dans le Chapitre [II
du caractere bien posé global de I’équation de Kuznetsov sur R”. Les propriétés de la trace
et de 'extension pour les domaines admissibles rappelées nous ont permis de traiter le cas
des conditions de Dirichlet non homogenes. Ces résultats reposent sur des estimations dans
des espaces ol la solution et certaines de ses dérivées sont dans L2. Notons que nous avons
utilisé une méthode similaire pour les problemes avec conditions de Robin homogenes et
obtenu le caractére bien posé et des estimations L? pour 'équation des ondes fortement
amortie sur un domaine admissible, avec une méthode de Galerkin fondée sur une base
de fonctions propres de —A, ou pour ’équation de Westervelt sur un domaine lipschitzien
de la méme fagon que dans la preuve dans le Chapitre [Il du caractere bien posé global
de I'’équation de Kuznetsov sur R". Le cas de 1’équation de Westervelt sur un domaine
admissible avec des conditions de Robin homogenes a été traité a 1'aide d’estimations L”
avec p > n de la méme maniere.

En conclusion de cette Partie [[I, nous considérons un ensemble a bord fractal de type
mixture de Koch, construit par récurrence a l’aide de familles de similitudes contractantes
induisant ainsi une famille de domaines a bords pré-fractals et lipschitziens convergeant vers
le domaine & bords fractals. En utilisant différents travaux par Capitanelli [19], Capitanelli
et Vivaldi [20] ou Lancia [62] nous avons pu considérer la convergence asymptotique de type
Mosco des solutions de I’équation de Westervelt avec conditions de Robin sur les domaines
a bords pré-fractals qui approximent la solution sur le domaine a bords fractal de type
mixture de Koch, une démarche souvent utilisée dans le cadre de I'optimisation de forme.






General introduction

There is a renewed interest in the study of nonlinear wave propagation, in particular be-
cause of recent applications to ultrasound imaging (i.e. HIFU) or technical and medical
applications such as lithotripsy or thermotherapy. Such new techniques rely heavily on
the ability to model accurately the nonlinear propagation of a finite-amplitude sound pulse
in thermo-viscous elastic media. The most known nonlinear acoustic models, which we
consider in this thesis, are :

1. the Kuznetsov equation (see Eq. (). It is actually a quasi-linear (damped) wave
equation, initially introduced by Kuznetsov [60] for the velocity potential, see also
Refs. [37, B0, (5, [63] for other different variations of its derivation;

2. the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation (see Eq. (2)), which can be
written for the perturbations of the density or of the pressure (see the systematic
physical studies in the book[13] by Bakhvalov, Zhileikin, et Zabolotskaya);

3. the Nonlinear Progressive wave Equation (NPE) (see Eq. () derived by McDonald
and Kuperman in Ref. [70];

4. the Westervelt equation (see Eq. (), which is similar to the Kuznetsov equation with
only one of two nonlinear terms, derived initially by Westervelt[91] and later by other
authors[T], [89)].

The Kuznetsov equation [Il describes the evolution of the velocity potential, it is a weakly
quasi-linear damped wave equation, that describes a propagation of a high amplitude wave
in fluids. It is one of the models derived from the Navier-Stokes system, and it is well
suited for the plane, cylindrical and spherical waves in a fluid(see [37] from Hamilton and
Blackstock). Most of the works on the Kuznetsov equation (1) are treated in the one
dimensional space [50] or in a bounded spatial domain of R™ [52, 53], 55, [71]. For the
viscous case Kaltenbacher and Lasiecka [53] have considered the Dirichlet boundary valued
problem and proved for sufficiently small initial data the global well-posedness for n < 3.
Meyer and Wilke [71] have proved it for all n. In [52] Kaltenbacher and Lasiecka have
proved the local well-posedness of the Neumann boundary valued problem for n < 3. The
work in Refs [52] 53] use a priori energy estimates and in Ref [71] the notion of maximal
regularity.

The Westervelt equation () is also an approximation of the Kuznetsov equation, but this
time by a nonlinear perturbation. Actually the only difference between these two models is
that the Westervelt equation keeps only one of two non-linear terms of the Kuznetsov equa-
tion, producing cumulative effects in a progressive wave propagation according to Aanonsen,
Barkve, Tjotta et Tjgtta in [I].

The NPE equation is usually used to describe short-time pulses and a long-range propa-
gation, for instance, in an ocean wave-guide, where the refraction phenomena are important,
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while the KZK equation typically models the ultrasonic propagation with strong diffraction
phenomena, combining with finite amplitude effects (see Rozanova-Pierrat with Ref. [81]
and the references therein). Although the physical context and the physical use of the KZK
and the NPE equations are different, there is a bijection between the variables of these two
models and they can be presented by the same type of differential operator with constant
positive coefficients:

Lu=0, L=0} —c10,(0,")* — 0’ £c3,, forteRT z€R, yeR"L

Therefore, the results on the solutions of the KZK equation from Ref. [80] are valid for the
NPE equation. See also Ref. [42] by Ito for the exponential decay of the solutions of these
models in the viscous case.

All the models of Kuznetsov, KZK, NPE, and Westervelt were derived from a compress-
ible nonlinear isentropic Navier-Stokes (for viscous media) and Euler (for the inviscid case)
systems up to some small negligible terms. But all cited physical derivations of these mod-
els don’t allow to say that their solutions approximate the solution of the Navier-Stokes or
Euler system. The results on the well-posedness of the KZK and NPE equations are already
known, the first work explaining it for the KZK equation is Ref. [81] by Rozanova-Pierrat.

Therefore in Chapter [l we have studied the well-posedness of the Cauchy problem
associated to the Kuznetsov equation in R™ in the viscous and inviscid cases for small
enough initial data. This results correspond to our article [26] proposed with Rozanova-
Pierrat.

In Chapter 2, we start to present the initial context of the isentropic Navier-Stokes
system (B)—(@) (actually, it is also an approximation of the compressible Navier-Stokes
system), which describes the acoustic wave motion in an homogeneous thermo-elastic
medium[13, 37, 65]. We systematize in Chapter [2 the derivation of all these models us-
ing the ideas of Ref. [81], consisting to use correctors in the Hilbert type expansions of
corresponding physical ansatzs.

More precisely, we show that all these models are approximations of the isentropic
Navier-Stokes or Euler system up to third order terms of a small dimensionless parameter
€ > 0 measuring the size of the perturbations of the pressure, the density and the velocity
to compare to their constant state (po, po, 0) (see Fig [II).

With the known results on the well-posedness of these models, we validate in Chap-
ter @ these approximations obtaining L2-estimates between the solutions of the exact and
approximated models considered by studying first the approximation of the Navier-Stokes
system and then the approximation of the Kuznetsov equation. It is to be noted that
we can consider for the exact model a weak solution with less regularity which will be
approximated by the regular solution of the approximated model.

Therefore in Part [[Il we have studied the weak solutions of waves equations on domains
with fractal boundaries in order to consider the most general domains on which such weak
solutions exist.

To come back to Chapter [1l we study the well-posedness of the Cauchy problem asso-
ciated to Eq. (). In the inviscid case for v = 0, the Cauchy problem for the Kuznetsov
equation is a particular case of a general quasi-linear hyperbolic system of the second order
considered by Hughes, Kato and Marsden [40]. The local well-posedness result, proved
in [40], does not use a priori estimate techniques and is based on the semi-group theory.
Hence, thanks to [40], we have the well-posedness of () in the Sobolev spaces H® with a
real s > & + 1. Actually, to extend the local well-posedness to a global one (for n > 4) and
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to estimate the maximal time interval on which there exists a regular solution, John [44]
has developed a priori estimates for the Cauchy problem for a general quasi-linear wave
equation with an energy of the form

m—+1 )
En[u)(t) = [IVu(t)[Fm@ny + D2 100u(t) [Fmer-ian)-
i=1

This time, due to the non-linearities u;uy and Vu Vu, including the time derivatives, to
have an a priori estimate for the Kuznetsov equation we need to work with Sobolev spaces
H? for a natural s. If we directly apply general results of John in Ref. [44] to our case of the
Kuznetsov equation, we obtain a well-posedness result with a high regularity of the initial
data. We improve this result and show John’s results for the Kuznetsov equation with the
minimal regularity on the initial data corresponding to the regularity obtained by Hughes,
Kato and Marsden [40]. The energy estimates allow us to evaluate the maximal existence
time interval. In R? and R3 the optimality of the obtained estimations for the maximal
existence time is ensured by the results of Alinhac [5]. In Ref. [5] a geometric blow-up for
small data is proved for ?u and Au at a finite time of the same order as predicted by our
a priori estimates.

For n > 4 and v = 0, we also improve the results of John [44]. The smallness of
the initial data here directly ensures the hyperbolicity of the Kuznetsov equation for all
time, 7.e. it ensures that 1 — acu, is strictly positive and bounded for all time. The proof
uses the generalized derivatives for the wave type equations [44] and a priori estimate of
Klainerman [58|, [59].

In the presence of the term Awy for the viscous case v > 0, the regularity of the higher
order time derivatives of u is different (compared to the inviscid case), and the way to control
the non-linearities in the a priori estimates becomes different. As it was shown in [83] by
Shibata, this dissipative term changes a finite speed of propagation of the wave equation
to the infinite one. Indeed, the linear part of Eq. ({l) can be viewed as two compositions of
the heat operator d, — A in the following way:

Uy — AU — veAuy = 0,(0u — evAu) — *Au.

For the viscous case we prove the global in time well-posedness results in R™ for small enough
initial data, the size of which we specify. For n > 3 we establish an a priori estimate which
gives also a sufficient condition of the existence of a global solution for a sufficiently small
initial energy. Considering the Sobolev spaces H?® given with an integer s = m we control

the energy
T+l

Enlu)(t) = Vu()|[fm@n + z; 10, () [ pm2-1) (-
The same results hold in (R/LZ) x R"! for n > 2 with a periodicity and mean value zero
on one variable.

Therefore, let us pay attention to Chapter 2l As it is shown in Fig. [, the Kuznetsov
equation comes from the Navier-Stokes or Euler system only by small perturbations, but to
obtain the KZK and the NPE equations we also need to perform in addition to the small
perturbations a paraxial change of variables. Moreover, the KZK and the NPE equations
can be also obtained from the Kuznetsov equation just performing the corresponding parax-
ial change of variables. We can notice that the Kuznetsov equation is a non-linear wave
equation containing the terms of different order on e. But the KZK- and NPE-paraxial
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approximations allow to have the approximate equations with all terms of the same order,
i.e. the KZK and NPE equations.

Let us pay attention that the ansatz, proposed initially by Bakhvalov, Zhileikin, and
Zabolotskaya in Ref. [I3] and used in Ref. [81] by Rozanova-Pierrat to obtain the KZK
equation from the Navier-Stokes or Euler systems, is different from the ansatz that we
use. Moreover, this new approximation of the Navier-Stokes and the Euler systems is an
improvement compared to the derivation developed in Ref. [81], as in this reference the
Navier-Stokes/Euler system could be only approximated up to O(e3)-terms (instead of
O(€?) in our case).

The main hypothesis for the derivation of all these models are the following

e the motion is potential;

e the constant state of the medium given by (pg, po, 0) (0 for the velocity) is perturbed
proportionally to an dimensionless parameter ¢ > 0 (for instance, equal to 107° in
water with an initial power of the order of 0.3 W /cm?);

e all viscosities are small (of order ).

To keep a physical sense of the approximation problems, we consider especially the two or
three dimensional cases, i.e. R™ with n = 2 or 3, and in the following we use the notation
r = (x1,2") € R™ with one axis x; € R and the transversal variable 2/ € R"~!.

Hence, we validate the approximations of the compressible isentropic Navier-Stokes
system by the different models: by the Kuznetsov, the KZK and the NPE equations.

Then we do the same for the Euler system in the inviscid case. The main difference
between the viscous and the inviscid case is the time existence and regularity of the so-
lutions. Typically in the inviscid case, the solutions of the models and also of the Euler
system itself (actually strong solutions), due to their non-linearity, can provide shock front
formations at a finite time[4], 26, 80, 84, [93]. Thus, they are only locally well-posed, while in
the viscous media all approximative models are globally well-posed for small enough initial
data [26] 67, B0).

We note by U, a solution of the “exact” Navier-Stokes/Euler system (see Eq. (2.31l))

= 0
o,U, + ; 0,,G;(U,) —ev lAVE] =0,
and by U, an approximated solution, constructed by the derivation ansatz from a regular
solution of one of the approximate models (typically of the Kuznetsov, the KZK or the
NPE equations), i.e. a function which solves the Navier-Stokes/Euler system up to € terms,

denoted by € R (see Eq. (Z32)):

0T: + 30 Gi(T:) —ev [ onj _ R
To have the remainder term R € C([0, 7], L?*(§)) we ensure that the left hand side in this
equation is in C'([0, 7], L*(Q)), i.e. we need a sufficiently regular solution U,. The minimal
regularity of the initial data to have a such U, is given in Table 2.1] (see also Table for
the approximations of the Kuznetsov equation).

Choosing for the exact system the same initial-boundary data found by the ansatz for
U. (the regular case) or the initial data taken in their small L*-neighbourhood, i.e.

[U(0) — U (0) |20y <6 <,
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with U, (0) not necessarily smooth, but ensuring the existence of an admissible weak solution
of a bounded energy, we prove the existence of constants C' > 0 and K > 0 independent of
g, 0 and the time ¢ such that

forall 0 <t < g [(Ue = UL) (1) 1720y < K (€%t + 6%)e"= < 9e?
with  a domain where both solutions U, and U, exist. Thus it is possible to approximate
an exact weak solution with few regularities by a regular approximated solution.

As the KZK and NPE equations can be seen as approximations of the Kuznetsov equa-
tion due to their derivation (see Fig.[Il), we also validate the approximation of the Kuznetsov
equation by the KZK and NPE equations, and also by the Westervelt equation (see Ta-
ble 2.2)).

To be able to consider the approximation of the Kuznetsov equation by the KZK equa-
tion, we firstly establish global well-posedness results for the Kuznetsov equation in the
half space similar to the previous framework for the KZK and the Navier-Stokes system.
We study two cases: the purely time periodic boundary problem in the ansatz variables
(z,7,y) moving with the wave and the initial boundary-value problem for the Kuznetsov
equation in the initial variables (¢, x;,2’) with data coming from the solution of the KZK
equation. We validate these two types of approximations for the viscous and inviscid cases.

Finally we validate the approximation between the Kuznetsov and NPE equation and
the Kuznetsov and Westervelt equations respectively (see Table [Z2). We can summarize
them in the following way: if u is a solution of the Kuznetsov equation and @ is a solution
of the NPE or of the KZK (for the initial boundary value problem) or of the Westervelt
equations found for rather closed initial data

[Vix(u(0) —7(0)) |2 < 9 <,

then there exist constants K > 0, C; > 0, C5 > 0 and C' > 0 independent on €, § and on
time, such that for all £ < % it holds

||vt7x(u _E)HLQ(Q) S Cl(€2t+ 6)6025t S KG.

As the obtained stability estimates are true between a regular solution and a weak solution
of Kuznetsov we can again approximate a solution with few regularities of an exact model
by the regular solution of an approximated model.

In Part [ we study the question of weak solutions of wave equations. We put ourselves
in the context of bounded domains and look for the largest class of domain where the
problem is well-posed in a weak sense. These equations include:

e the wave equation with homogeneous Dirichlet boundary conditions using Evans [30],

e the strongly damped wave equation with Dirichlet boundary conditions or homoge-
neous Robin boundary conditions,

e the non-linear Westervelt equation with Dirichlet boundary conditions or homoge-
neous Robin boundary conditions.

The regularity of the solutions of these equations on regular domains, typically with a C?
boundary is well known, with the fact that more the initial data are regular, the more the
solution is regular up to the boundary. We can cite Evans in Ref. [30] for the wave equation
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and Refs. [51, B2, (3, B4, [71] and the references therein for the strongly damped wave
equation and the Westervelt equation. The question is whether on less regular domains we
can have a weak solution which is continuous or C! up to the boundary. The examples of
Arendt and Elst in Ref.[I0] show that problems appear for the definition of the trace as
soon as the boundary is not C'*. Moreover, if on a domain with a C! or Lipschitz boundary
we can define an incoming normal vector almost everywhere, the question of Neumann or
Robin boundary conditions is more complicated. We can add the fact that considering a
C? boundary as in Refs. [51], 52, (3] 54, [71] is a consequence that the spatial derivatives
are at most of order 2, in this case they can be defined naturally on the the boundary. In
the past, mathematics has been concerned largely with regular domains. Domains like for
example the Von Koch snowflake have mainly been considered as "pathological" and used
only to produce counterexamples. Nevertheless, there has been a change of attitude as
mathematicians and physicists have discovered that such Von Koch-like structures appear
in nature with for example the English coasts or the microstructure of electrodes.

A key point to solve the equations that we will study on domains with fractal boundary is
the understanding of the Poisson problem on domains with fractal boundary with Dirichlet
boundary conditions (7]) or homogeneous Robin boundary conditions (8). For system ([7)
a general approach is through the weak formulation of the Dirichlet problem. If u and 0f2
are sufficiently smooth one may multiply the Poisson equation in (7)) by v € C§°(§2) and
use Green formula to end up with

{ /QVqudx:/vadx for all v € C§°(£2)

uloo = g,

which is called a weak formulation of the Dirichlet problem. Introducing the Sobolev spaces
H'(Q) and H}(Q) and assuming that there exists g* € H'(Q) such that the trace of g* to
0} is g (attention must be paid to the definition of the trace), one may prove with the Riesz
representation theorem that given f € L*(Q), g* € H'(Q), there exits a unique u € H' ()
such that —Awu = f in the sense of distributions and v — ¢g* € H}(Q). This of course raises
several questions:

e How is the trace defined as it is usually defined for continuous functions?

e When does there exist such an extension g* satisfying u = g on the boundary?
The answer to these two questions is already known if 0€) is regular enough, see for

example Raviart-Thomas [79]) or even Lipschitz with the work of Marschall [66].

e Can we use the Green formula? In the Lipschitz case we have
/QvAu dz = (u, V) (g-1/200), H1/2(99)) — /QVUV’U dx.

e Does u depend uniquely and continuously on f and g7

In Ref. [49] Jonsson and Wallin were able to answer this questions in the case where
is an (€,0)-domain with a boundary 02 which is a so called d-set preserving Markov’s
inequality. With the work of Lancia [62] we find an equivalent of the Green formula using
the Besov spaces for the boundary terms. To our knowledge, the results of Jonsson and
Wallin are the first of this kind established on fractal domains. The results of Jones [46] on
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d—sets and domains admitting W*? extensions permit to say that, in dimension 2, (e, d)-
domains are the most general domains on which we can define traces and extensions of the
Sobolev spaces and then solve the Poisson problem. In Ref. [I1], Arfi and Rozanova-Pierrat
introduced a new type of domain with a fractal boundary called the admissible domains.
These domains contained the (¢, d)-domains and are more general, they are the largest class
of domains on which we can define traces and extensions to the Sobolev spaces for {2 C R”
with n > 2, and then find a weak solution to the Poisson problem depending uniquely and
continuously of the initial data.

As a consequence we will work mainly on admissible domains and resume the known
results for these domains. It is to be noted that the work in Ref. [30] by Evans gives us the
spectral properties as well as the interior regularity of the solution of the Poisson problem
([@),i.e., the fact that for a subset V' compactly included in Q, V' CC €, the solution on
) has on V the same regularity than for a domain with regular boundaries. The work
in Ref. [I1] by Arfi and Rozanova-Pierrat permits to give similar results for the Poisson
problem (§)) and Ref. [30] by Evans gives us spectral properties again.

An other important question is whether the solutions of the Poisson problem () and
[B) belong to C(Q) with an estimate of the form:

[ulle@) < Cllfllze-

For the Poisson problem ([7l) with homogeneous Dirichlet boundary condition the works in
Ref.[77] by Nystrom and [92] by Xie permit to give a positive answer in dimension n = 2
and 3 respectively for p = 2. The work of Daners in Ref. [25] gives us also a positive answer
for the Poisson problem (§]) if p > n. These estimates are a key point to show that the
solutions studied of our wave type models are in C(£2) but also to treat the nonlinear term
in the Westervelt equation.

Using a Galerkin method as in Ref.[30] by Evans we get the regularity of solutions of
the wave equation and the strongly damped wave equation with homogeneous Dirichlet
boundary conditions with the help of a basis of eigenfunctions of —A. With these results
on regularity we treat the well-posedness of the Westervelt equation with homogeneous
Dirichlet boundary conditions in the same way than in the proof in Chapter [l for the global
well posedness for the Kuznetsov equation on R™. The recalled properties of the trace and
extension in admissible domains permit us to treat the case of non homogeneous Dirichlet
boundary conditions. These results rely on estimations in spaces where the solution and
some of its derivatives are in L?. Note that we use a similar method for the problems
with homogeneous Robin boundary conditions and obtain L?-estimate for the strongly
damped wave equation on admissible domains, with again a Galerkin method with a basis
of eigenfunctions of —A, or the Westervelt equation on Lipschitz domain in the same way
than the proof in Chapter [Il for the global well posedness for the Kuznetsov equation on R™.
The case of the Westervelt equation on admissible domains with Robin boundary conditions
has been shown using LP estimates with p > n in the same way.

We will conclude this Part [I] considering a domain with a fractal boundary of Koch
mixture type constructed by induction with the help of families of contractive similitudes
inducing a family of domains with prefractal and Lipschitz boundaries approximating the
domain with fractal boundaries. Using different works by Capitanelli [19], Capitanelli and
Vivaldi [20] or Lancia [62] we consider the asymptotic convergence of Mosco type of the
solutions of the Westervelt equation with Robin boundary conditions on domains with a
prefractal boundary, which approach the solution on the domain with a fractal boundary
of Koch mixture type, an often used method in the case of shape optimization.
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The Kuznetsov equation and other
models of nonlinear acoustic






Chapter 1

Cauchy Problem for the Kuznetsov
Equation

1.1 Introduction francaise

L’équation de Kuznetsov [60] modélise la propagation d’ondes acoustiques non linéaires
dans des milieux élastiques thermo-visqueux. Le probleme de Cauchy pour I’équation de
Kuznetsov se lit pour o = Vc—gl, f=2etv= /f—o comme

uy — CAu — veAuy, = asuuy + BeVu Vu,, = € R™, (1.1
w(z,0) = up(x), u(x,0)=us(z), xe€R", (1.2)

ou ¢, po, Y, 0 sont la vitesse du son, la densité, le ratio des chaleurs spécifiques et la viscosité
du milieu respectivement. Nous pouvons nous référer a 'introduction générale.

Dans ce chapitre nous étudions le caractére bien posé du probléeme de Cauchy (LII)-
(C2). Dans le cas non visqueux pour v = 0, le probleme de Cauchy pour 1'équation de
Kuznetsov est un cas particulier du systeme général quasi linéaire hyperbolique du second
ordre considéré par Hughes, Kato et Marsden [40] (voir Théoreme [LZT] points 1 et 2 pour
I'application de leurs résultats a 1’équation de Kuznetsov). Le résultat de caracteére bien
posé local, prouvé dans [40], n’utilise pas des techniques d’estimations a priori et est basé sur
la théorie des semi-groupes. Alors, grace a [40], nous avons le caractére bien posé de (LI)—
(L2) dans I'espace de Sobolev H*® avec un réel s > ¢ 4-1. De plus, pour étendre le caractere
bien posé local au cas global (pour n > 4) et pour estimer lintervalle de temps maximal
sur lequel il existe une solution réguliere, John [44] a développé des estimations a priori
pour le probleme de Cauchy associé a une équation d’onde quasi linéaire générale. Cette
fois, a cause des non linéarités u,uy et Vu Vu, incluant les dérivées en temps, pour avoir
une estimation a priori pour I'équation de Kuznetsov, nous avons besoin de travailler avec
les espaces de Sobolev caractérisés par un entier s, des lors dénoté dans ce qui suit par m.
Si nous appliquons directement les résultats généraux de la référence [44] & notre cas pour
I’équation de Kuznetsov, nous obtenons le caractere bien posé pour une grande régularité
des données initiales. Nous améliorons ce résultat dans le Théoreme [[L4.1] et montrons les
résultats de John pour I'équation de Kuznetsov avec une régularité minimale des données
initiales correspondant a la régularité obtenue par Hughes, Kato et Marsden [40]. Par
exemple, nous prouvons une estimation d’énergie analogue dans H™ avec m > [§ + 2] au
liew de m > 2n 44 dans le cas de John (voir I'équation (L24) dans la Proposition [LZ.) et
pour la version légerement modifiée de I’estimation nous trouvons m > [§ + 3] au lieu de
m > 2n 4 7 (voir 'équation (L40) dans la Proposition [[4.2). Les estimations d’énergie
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nous permettent d’évaluer le temps d’existence maximal (voir le Théoréme [[L2.T] Point 5
et le Théoreme pour plus de détails). Dans R? et R? I'optimalité des estimations
obtenues pour le temps d’existence maximal est assurée par les résultats d’Alinhac [5].
Dans la référence [5] un blow-up géométrique pour les données petites est prouvé pour d?u
et Au en temps fini et pour le méme ordre que prédit par nos estimations a priori (voir
le Théoreme [[L2.1] Point 5, nos estimations du temps d’existence minimal correspondent
aux résultats d’Alinhac sur les temps d’existence maximaux). D’autre part, le blow-up de
D?u et Au est aussi confirmé par Pestimation de stabilité (LI2) dans le Théoreme [LZTE si
I'intervalle de temps d’existence maximal est fini et limité par 7%, 1’équation (LI2) nous
donne la divergence

*

/0 (sl ey + 1A 2w oy ) I = o, (1.3)

Pour n > 4 et v = 0, nous améliorons aussi les résultats de John [44] et montrons I'existence
globale pour des données suffisamment petites ug € H™(R") et u; € H™(R") pour
m > n -+ 2 au lieu de m > %n + 7 (voir la Proposition [L44] et le Théoreme [[L42). La
petitesse des données initiales assure directement I’hyperbolicité de I’équation de Kuznetsov
pour tout temps, i.e. elle assure que 1 — acu, est strictement positif et borné pour tout
temps. La preuve utilise les dérivées généralisées pour les équations d’ondes [44] et une
estimation a priori de Klainerman [58, 59] (voir Section [L4.2]).

Formulons a présent notre résultat principal sur le caractére bien posé dans le cas
non visqueux avec le Théoreme [L2.1l Le Théoreme [.2.1] se fonde principalement sur
les estimations a priori données dans les Sous-sections [LZ1] (pour le Point 3) et (pour
le Point 5) et sur le résultat d’existence locale tiré de la référence [40](Points 1 et 2). Le
Point 4, prouvé dans la Sous-section [L4.3], utilise les idées classiques de stabilité faible et
forte, prouvées par exemple en détails pour 1’équation de KZK dans [80] Théoréme 1.1
Point 4 p. 785.

En analysant la structure de I’équation de Kuznetsov et les difficultés entrainées par ses
termes non linéaires, nous commencgons dans la Section par des remarques préliminaires
sur les propriétés d’énergie L? de I'équation de Kuznetsov a comparer avec ses versions
simplifiées. Néanmoins en développant les estimations d’énergie dans les espaces de Sobolev,
nous reconnaissons la structure de I’énergie L? de I’équation d’onde qui demeure inchangée.

En présence du terme Awu, pour le cas visqueux v > 0, la régularité des dérivées en
temps d’ordre supérieur de wu est différente (en comparaison au cas non visqueux), et la
maniere de controler les non linéarités change.

Pour le cas visqueux, nous prouvons les résultats sur le caractere bien posé global dans
R™ (voir Section [[LH]) pour les données initiales suffisamment petites, dont nous spécifions
la taille (voir le Point 1 du Théoreme et la Sous-section [L5.]] pour la preuve). Dans
la Sous-section pour n > 3 (voir le Point 2 du Théoreme [[L22)) nous établissons
une estimation a priori qui nous donne aussi une condition suffisante pour 'existence de
solutions globales avec une énergie initiale suffisamment petite du méme ordre en e que
dans le Point 1 du Théoreme Les méme résultats sont vrais dans (R/LZ) x R*™!
pour n > 2 avec la périodicité et la valeur moyenne nulle selon une variable (voir le Point 3

du Théoremdl.2.2)).

Notons aussi que la condition d’hyperbolicité (I.9) est aussi satisfaite si nous requérons
les conditions (LI3) et (LIH). Pour v > 0, le Point 4 du Théoreme [ 2] est vérifié pour tout
n € N*. Le Point 1 du Théoréeme est prouvé dans la Sous-section [LL5.1] en utilisant un
théoréeme de 'analyse non linéaire [88] (voir le Théoreme [[5.2)) et des résultats de régularité
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pour 'équation d’onde fortement amortie suivant [32], qui peuvent aussi étre utilisés pour
Q = (R/LZ) x R"! dans le Point 3. Le Point 2 du Théoréme est prouvé dans la
Sous-section [[L5.2], en utilisant les estimations a priori données par la Proposition [L5.1],
voir aussi le Théoreme [L5.3l Le dernier point du Théoreme est un corollaire direct
de l'inégalité de Poincaré

|| L2 /Lz)xrn-1y < CllOpu|| 2R/ L2)xRA-1), (1.4)

vérifiée dans la classe des fonctions périodiques de moyenne nulle. L’estimation (L) permet
d’avoir les méme estimations que dans le Lemme [L5]] (voir Section [[H) pour n = 2, qui
ne peuvent étre vérifiées dans R2. Ainsi, cela nous donne aussi I’existence globale pour les
données initiales petites détaillée au Point 2.

1.2 Introduction

The Kuznetsov equation [60] models the propagation of non-linear acoustic waves in thermo-

viscous elastic media. The Cauchy problem for the Kuznetsov equation reads for a = Vc—gl

_ — 9
B—Zaundl/—p0 as

)

Uy — AU — veAuy = asuuy + BeVu Vug, € R, (1.5)
w(z,0) = ug(x), ux,0)=ui(z), xR, (1.6)

where ¢, pg, v, 0 are the velocity of the sound, the density, the ratio of the specific heats
and the viscosity of the medium respectively. We can refer to the general introduction.

In this chapter we study the well-posedness properties of the Cauchy problem ([LH])—
(LG). In the inviscid case for v = 0, the Cauchy problem for the Kuznetsov equation is a
particular case of a general quasi-linear hyperbolic system of the second order considered
by Hughes, Kato and Marsden [40] (see Theorem [LZT] Points 1 and 2 for the application
of their results to the Kuznetsov equation). The local well-posedness result, proved in [40],
does not use a priori estimate techniques and is based on the semi-group theory. Hence,
thanks to [40], we have the well-posedness of (LA)—(L6]) in the Sobolev spaces H® with a
real s > % + 1. Therefore, actually, to extend the local well-posedness to a global one (for
n > 4) and to estimate the maximal time interval on which there exists a regular solution,
John [44] has developed a priori estimates for the Cauchy problem for a general quasi-
linear wave equation. This time, due to the non-linearities u;u; and Vu Vu, including the
time derivatives, to have an a priori estimate for the Kuznetsov equation we need to work
with Sobolev spaces with a natural s, denoted in what follows by m. If we directly apply
the general results of Ref. [44] to our case of the Kuznetsov equation, we obtain a well-
posedness result with a high regularity of the initial data. We improve it in Theorem [[L4.T]
and show John’s results for the Kuznetsov equation with the minimal regularity on the
initial data corresponding to the regularity obtained by Hughes, Kato and Marsden [40].
For instance, we prove the analogous energy estimates in H™ with m > [§ + 2| instead of
John’s m > 3n+4 (see Eq. (L24) in Proposition [L41]) and its slight modified version in H™
with m > [2 + 3] instead of m > 3n + 7 (see Eq. (I40) in Proposition [L42). The energy
estimates allow us to evaluate the maximal existence time interval (see Theorem [2.1]
Point 5 and Theorem for more details). In R? and R?® the optimality of obtained
estimations for the maximal existence time is ensured by the results of Alinhac [5]. In
Ref. [5] a geometric blow-up for small data is proved for 9?u and Au at a finite time of
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the same order as predicted by our a priori estimates (see Theorem [[L2Z1] Point 5, our
estimates of the minimum existence time correspond to Alinhac’s maximum existence time
results). On the other hand, the blow-up of 97« and Au is also confirmed by the stability
estimate (LI2]) in Theorem .2} if the maximal existence time interval is finite and limited
by T*, by Eq. (L12), we have the divergence

T*
/0 (sl e oy + 1A gy dl = +o0. (1.7)

For n > 4 and v = 0, we also improve the results of John [44] and show the global existence
for sufficiently small initial data uy € H™(R") and u; € H™(R™) with m > n + 2 instead
of m > 2n+ 7 (see Proposition [L4.4 and Theorem [L42). The smallness of the initial data
here directly ensures the hyperbolicity of the Kuznetsov equation for all time, i.e. it ensures
that 1 — acuy is strictly positive and bounded for all time. The proof uses the generalized
derivatives for the wave type equations [44] and a priori estimate of Klainerman [58] [59]

(see Section [[L4.2).

Let us now formulate our main well-posedness result for the inviscid case:

Theorem 1.2.1. (Inviscid case) Let v = 0 n € N*ands > %+1. Forallu, € H**'(R")
and uy; € H*(R™) such that ||u]|Le@ny < 5oz, [[uollLoorn) < Ml, | V|| oo mny < Ma, with
M, and My in R the following results hold:

1. For all T > 0, there exists T" > 0, T" < T, such that there exists a unique solution u
of (L3A)-(14) with the following regularity

u € CT([0,T); HST"(R™) for 0<r<s, (1.8)
1

Vt € [0, T, [|ue(t)] ooy < Yae |u| oo@ny < My, ||[Vullpeo@ny < Ma.  (1.9)

2. The map (ug,u1) — (u(t,.),0u(t,.)) is continuous in the topology of H*™' x H®
uniformly in t € [0,T"].

3. Let T™ be the largest time on which such a solution is defined, and in addition s € N,
i.e. s =m >mg =[5+ 2]. With the notation

m—+1

Enlu)(t) = [IVu(O)lEim @) + Z 10w () [y 11 ny (1.10)

there exist constants C(n,c,a) > 0 and C(n, ¢, a 6) > 0 (see Theorem [I.4.1]) such
that if the initial data satisfies \/ Epy[u](0) < ey then

1
T > , such that it holds (I.7). (1.11)

eé’(n, ¢, @, )/ Emg [1](0)

4. For two solutions u and v of the Kuznetsov equation for v = 0 defined on [0, T*|
assume that u be reqular as in (L.8)-(L9), i.e. u € L=([0,T*[; H""(R")), u; €
Le([0,T*[; H™(R™)) (s =m as in Point 3), and

v e LX(0. T H'R™), v € L¥([0,T°[ L*(R")) with ||| ey < 5 —
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and with a bounded ||V vy|| oo @ny norm on [0, T*[. Then it holds the following stability
uniqueness result: there exist constants C; > 0 and Cy > 0, independent on time,
such that

t
(=)l + 1V (=) [32)(8) < Crexp (Cas [ sup(lall e e, 1Al e
s = vl + 1V o = w0) ). (112

5. If s = m > n+ 2, then for sufficiently small initial data (see Theorem [1.4.3 in

Section [1.4.3)
(a) liminf, o e*T* >0 forn =2,
(b) liminf. ,pelog(T*) >0 forn =3,
(¢c) T* = +o0 forn > 4.

Theorem [[.2.1] is principally based on the a priori estimates given in Sections [L41] (for
Point 3) and (for Point 5) and on the local existence result updated from Ref. [40]
(Points 1 and 2). Point 4, proved in Section [[LZ3], uses the classical ideas of the weak-strong
stability, for instance proved in details for the KZK equation in [80] Theorem 1.1 Point 4
p. 785.

Analysing the structure of the Kuznetsov equation and the difficulties involved by its
non-linear terms, we start in Section [[L.3 with preliminary remarks on the L2-energy proper-
ties for the Kuznetsov equation compared to its simplified versions. However when develop-
ing the energy estimates in the Sobolev spaces, we recognize the structure of the L?-energy
of the wave equation which remains unchanged.

In the presence of the term Aw; for the viscous case v > 0, the regularity of the higher
order time derivatives of u is different (compared to the inviscid case), and the way to
control the non-linearities in the a priori estimates becomes different.

For the viscous case we prove the global-in-time well-posedness results in R" (see Sec-
tion [[7]) for small enough initial data, the size of which we specify (see Point 1 of Theo-
rem and Subsection [L5T for its proof). In Subsection for n > 3 (see Point 2 of
Theorem [[.2.2]) we establish an a priori estimate which gives also a sufficient condition of
the existence of a global solution for a sufficiently small initial energy of the same order on
¢ as in Point 1 of Theorem [[Z2l The same results (see Point 3 of Theorem [[L2.2)) hold in
(R/LZ) x R"! for n > 2 (with a periodicity and mean value zero on one variable).

Theorem 1.2.2. (Viscous case) Let v > 0, n € N*, s > % and R* = [0, 4o00[. Con-
sidering the Cauchy problem for the Kuznetsov equation (I.1)-([14), the following results
hold:

1. Let
X = H*(RT; H*(R™)) N H'(RF; H*(R™)),
the initial data
ug € H2(R™) and wu, € HTH(R™),

r. = O(1) be the positive constant defined in Eq. (I59) and Cy; = O(1) be the minimal
constant such that the solution u* of the corresponding linear Cauchy problem (1.56])
satisfies

* 1
Ju*]|x < \/—V—€(||U0| Hs+2(Rn) T [ 21] Hs+1(Rn))-
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Then for all r € [0, r.[ and all initial data satisfying

< Ve (1.13)

Hs+1(Rn) = O Ty
1

Hu()] Hs+2(Rn) -+ HU1|
there exists the unique solution uw € X of the Cauchy problem for the Kuznetsov
equation and ||u||x < 2r.

2. Letn >3, s=m N be even and m > [§ + 3]. With the notation

g1
Ex[u](t) = Vu®)l[zm@ny + D2 106261 @, (1.14)
i=1

there exists a constant p = O(1) > 0 (see Theorem [L.5.3 Point 2), independent on
time, such that for all initial data ug € H™ ™ (R™) and u; € H™(R™) satisfying

Em[u](0) < pe, (1.15)

there exists a unique u € C°(R*; H™TH(R™))NCH(RY; H™2%(R")), fori=1,.., 2+1
with the bounded energy

Vi€ RY, Enlul(t) <O <1) E[u)(0) = O(1).

€

8. Forn e N* in Q = (R/LZ) x R"" with s = m € N even and m > [% + 3] there hold
Points 1 and 2 in the class of periodic in one direction functions with the mean value
zero

/ u(t,z,y) dz = 0. (1.16)
R/LZ

Let us notice that the hyperbolicity condition (I.9) is also satisfied if we require condi-
tions (LI3)) and (LIH). For v > 0 Point 4 of Theorem [L2.1] obviously holds for all n € N*.
Point 1 of Theorem is proved in Subsection [[L5. 1l using a theorem of a non-linear anal-
ysis [88] (see Theorem [[5.2]) and regularity results for the strongly damped wave equation
following [32], which can also be used for Q = (R/LZ) x R""! in point 3. Point 2 of Theo-
rem is proved in Subsection [[5.2] using a priori estimates given in Proposition [L5.T],
see also Theorem [[L5.3l The last point of Theorem is a direct corollary of the Poincaré
inequality

||u||L2((R/LZ)><R"*1) < CH@”HL%(R/LZ)anfl), (1-17)

which holds in the class of periodic functions with the mean value zero. Estimate (LIT)
allows to have the same estimate as in Lemma [[L51] (see Section [L3) for n = 2, which
fails in R?. Thus, it also gives the global existence for rather small initial data detailed in
Point 2.

1.3 Preliminary remarks on L’-energies

We can notice that Eq. (L) is a wave equation containing a dissipative term Awu; and two
non-linear terms: VuVu,; describing local non-linear effects and u,us describing global or
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cumulative effects. Actually, the linear wave equation appears from Eq. (L) if we consider
only the terms of the zero order on ¢:

Uy — 2 Au = 0. (1.18)

The semi-group theory permits in the usual way to show that for ug € H'(R") and u; €
L?*(R™) there exists a unique solution of the Cauchy problem (LIX)), (L8]

u € CORT; HY(R™)) N CHR™; L*(R™)).

So the energy of the wave equation (LIS))

E(t) = / [(u)? + (V)| (¢, )dz, (1.19)
]Rn
is well defined and conserved p
—FE(t)=0.

For v > 0 and without non-linear terms, the Kuznetsov equation (ILH) becomes the
well-known strongly damped wave equation:

Uy — Au — veAu, =0, (1.20)

which is well-posed [41]: for m € N, ug € H™"(R") and u; € H™(R™) there exists a unique
solution of the Cauchy problem (L20), (LG)

u € CO(RY; H™MH(R™)) N CHRY; H™(R™)),

Multiplying Eq. (L20) by u; in L*(R™), we obtain for the energy of the wave equa-

tion (LI9)
iE(t) = —21/5/ (Vuy)?(t, z)dz <0,
dt R™

which means that the energy FE(t) decreases in time, thanks to the viscosity term with
v > 0. The decrease rate is found for more regular energies in [83] in accordance to the
regularity of the initial conditions. Without the term VuVu; (local non-linear effects),
the Kuznetsov equation becomes similar to the Westervelt equation, initially derived by
Westervelt [91] before Kuznetsov. The Westervelt equation, historically derived [91] for the
acoustic pressure fluctuation, has the following form

+1
Pee — CQAP —velAp, = 702 EPtPits (1.21)

and can also be seen as an approximation of an isentropic Navier-Stokes system.
In the sequel we conveniently denote p by u. We multiply Eq. (LZI)) by w; and integrate
over R" to obtain

%% (/Rn[(ut)2 + A (Vu)?] dx) + ve /]Rn(Vut)2 dr = %7; 15% (/Rn(ut)?’ dx) .

Then we have

1 (- 32 e) ] ) e oo
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2+l we consider the energy

2
For oo = £33

Eroi(t) = / (1= agw) (w)? + (V)] da, (1.22)

which is monotonous decreasing for ¥ > 0 and is conserved for v = 0. Let us also notice
that, taking the same initial data for v = 0 and v > 0, we have:

forallv >0and t >0 E,ou(t,v =0) > Eou(t,v) >0,

in the assumption that 1 — aeuy; > 0 almost everywhere.
While 1 < 1—aeu; < 3, that is to say [Jus(t)| 1o ®n) remains small enough in time, then
we can compare F,,, to the energy of the wave equation
1 3
—E(t) < Eponu(t) < —E(t).
2 2
Then a sufficiently regular solution of the Cauchy problem for the Westervelt equation has
the energy E controlled by a decreasing in time function:

E(t) < 3E(0) — 4ve /Ot/n(vut(f, 2))2dz dl.

Now, let us consider the Kuznetsov equation (LH). We multiply it by u; and integrate
on R™ to obtain

1d
== Epom(t) + ve / (Vu)? de = 2¢ [ Vu Vg u, du,
2 dt R" Rn

where E,n,(t) is given by Eq. (L22)) with o = %7’21. As

C

2¢ | Vu Vu; uy doe = e%/ uy(Vu)? do — e/ uy(Vu)? dz,

R?’L n

we find

%% (/R {(1 - ?; 1%) (ue)” + (¢ = 2ew) (Vu)®

t
+ 26/ / uy|Vul? do dl) + 1/8/ (Vug)? do = 0. (1.23)
0 JR” R”

dx

Thus, for a = %7;1, the function

0 = [ (1 acu) (@) + (¢ = 2eu)(Vu)] de+2¢ [ t [ el Vul? e

is constant if ¥ = 0 and decreases if v > 0. Let us notice that while % <1—aeuy < %, the
coefficient ¢? — 2eu, is always positive (since c is the sound speed in the chosen medium,
¢? > 1), hence the first integral in F),(¢) is positive, but a priori we don’t know the sign of
the second integral, i.e. the sign of u,. However, for v = 0, F,—(t) is positive, as soon as
0<1-—cacur:

Fioo(t) = Fyo(0) = / (= aew) (wn)? + (¢ — 2eur)(Vug)?] d > 0,
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and, if we take the same initial data for the Cauchy problems with v = 0 and v > 0, for all
t > 0 (for all time where F,_, exists) it holds F,—o(t) = F,—o(0) > F,~o(t).

For n > 3, we can control the term 2¢ [z, VuVuu, do using the Holder inequality and
the Sobolev embeddings (which fails in R?):

/Rn Vu Vg ue do| <[Vl pn [Vl lJuell | 2o, < ClIVulln][Vue|[Z2.

n—2
Indeed, in R? we don’t have any estimates of the form
[ullLrrz) < VUl L2(re),

with p > 2. But such an estimate is essential to control the nonlinear term. Then, instead
of Eq. (L23)) for F,, we have the relation for E,.,;:

Ld )+ (ve — 220 Vullsn) [ (Vi) dz < 0.
2dt R™
So, if a solution of the Kuznetsov equation u is such that ||Vu(t)||z» and ||us(t)]| = stay
small enough for all time, then F,,,; decreases in time and, as previously for the Westervelt
equation, thanks to $E(t) < E,ou(t) < 3E(t), the energy E has a decreasing function for
upper bound.

This fact leads us to look for global well-posedness results for the Cauchy problem for
the Kuznetsov equation in the viscous case.

1.4 Well-posedness for the inviscid case

1.4.1 Proof of Point 3 of Theorem [I.2.1]

Let us give an estimation of the maximum existence time for a solution of problem (1]
(L) with v = 0. For this we follow the work of John [44] with the use of a priori estimates.
However we don’t directly apply the general results of John, but we improve them for our
specific problem as we can take less regular initial conditions in order to have suitable a
priori estimates.

Proposition 1.4.1. For a fited m € N with m > mg = {% + 2}, let u be a local solution

of problem (IL3)-(16) with v =0 on [0,T] satisfying (L.8) and (I.9) for s = m.
Fort € [0, T] we have for E,,[u|(t), defined in Eq. (1.10),

t
Eplu](t) < B En[u](0) + Cpymax(a, B)e [ Enful(r)? dr, (1.24)
0
with constants B = % > 0, depending only on ¢, and C,, > 0, depending only on m,

on the dimension n and on ¢ (only if min(1/2,c¢*) = ¢?).
Proof. Following [44], let us consider

Lo = vy — Av — asuvy — BeVu Vuy, (1.25)
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where u is a local solution on [0,7] of problem (LH)—(LH) with v = 0, satisfying (L8]
and (L9) for s = m. We multiply Eq. (I.25) by v; and integrate over R™

L,vvdx
R?’L

1d
——_ (/ v + CQ(VU)de) — ae/ U dr — Be/ VuVuude
2 dt \Jrn R~ R~

_1 d 2 2 9 ) « d (/ 9 > / )
S 2dt (/]R" ve + (Vo) de 2(E dt \Jr» ur vz R™ uy vyde

+ ée Au (vy)*d.
2 Jrn

Hence, denoting by

I[v] = v} + A(Vv)? — asuy; 7, (1.26)
Jv] = 2L,v vy — [asuy + BeAu] (vr)?, (1.27)
we have the following equation
d
LI 2)de = / T[o](t, 2)da. (1.28)
dt Jrn n

Let A = (Ap, Ai, ..., A,)) be amulti-index, and D4 = 8{408;‘11...8;4”". To prove estimate (L24)),
we study | fzn J[v](¢, ¥)dz| for v = DAy with |A| = Ag + ... + 4, < m.

Form > [% + 2} and a multi-index A with |A| < m we estimate, thanks to the definition
of Ey,[u] by Eq. (LIT),

[ Tue(D* )l de <l o] Dl
<Ol |15+ gy B[] < C Epa[u]?, (1.29)
with a constant C' > 0, depending only on n by the Sobolev embedding [2] Theorem 7.57 p. 228
HYR") < L®(R")  for s > g (1.30)
In the same way, using the Sobolev embedding (IL30), we obtain

18D < Al )| DAy < ClA] s gy Bl

(R™)

<C||Vul| g Bm[u] < C Ep[u]?. (1.31)

To calculate L, D4u we apply the chain rule of differentiation to DAL,u = 0. As L,u = 0
we suppose |A| > 1. By developing DA(VuVu,) = S0 DA(0,,udy,us) with DA(uy uy), we
have .

L,D%u =¢ Z (CjO[DAjl'U/t DAﬂut + Z EijﬁDAﬂ&,;iu DAﬂ&mu) , (1.32)
] i=1
where 3 is a finite sum, with C; and E;; depending only on [A| < m, and A’! and A7 are
multi-index such that
|ATY + |A?] = |A] + 1,
AN 21, 4221, (1.33)
AV AP = Ag+1, AV AP = A for1 <i<n.
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Let us show for m > [g + 2} the estimate

Nl

L.D"u D4, dx‘ < Cemax(q, B)Ey,[ulz. (1.34)

Rn
Without loss of generality, we consider two multi-indexes A' and A? satisfying (L33)) and
divide the proof of (IL34) in two parts: we estimate [gn DA u, DA u; DAuy|de first, and
o | DA 8,,u DA 8, u DAuy|dx secondly. As for each part the proof is very similar, we give
the details only for the first one.

To estimate [gn | D u; DA% u, DAuy|dz, we consider three cases:

Case 1 1 < |A'| <m and 1 < |A?% < m,
Case 2 |A'| <m and |A?| =1,
Case 3 |A?| <m and |Al| = 1.

Let us detail Case 1 (other cases can be treated in a similar way).
For 2 < |AY <m —1and 2 < |A?| <m — 1, it holds

1 2 1 2
/n |DA w; DAy DAut|d:E §||DA UtHLp(Rn)HDA UtHLq(Rn)||DAU/t||L2(Rn),

with %—l—% = % by the general Holder inequality [17]. Hence, using the Sobolev embedding [2]

o1 1 m n
HmﬂW%%LmW)wmh5:§—7fmﬂo<nh<§, (1.35)
we find

Al A2 A Al A2 A
/n ‘D U D U D U/t‘d.f < CHD utHHml(Rn)HD utHH%*ml(Rn)HD ut”LQ(R”)-
In what follows by C' > 0 is denoted as an arbitrary constant depending only on m and on
n.
We have
1D g e gy < 11600 o
t||H™1(R") > t t FmitlA \—AO(Rn)a

2 A2
HDA UtHH% ) <14, OUtHH%me\A%A? :

0(R™)
We need to find m for which there exists m; with 0 <m; < 3, such that

—m1 (Rn

{ my + A — Ay <m+1—(Aj+1), (1.36)

B—my+|A - A <m+1-(AF+1),

or equivalently, by (L33)) |A% = |A] +1 — |A',

my + |AY < m,
2—mi+|Al+1—]AY <m.

As m — |A| > 0 it is sufficient to find m,, such that
n 1
§+1§mrHA\§m

with 2 < [A'| <m —1 and 0 < my < %. In particular, the last three inequalities imply
that m > [2 + §]. For the existence of m,, we see that, for instance,
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if |A1| =2 we can take my; = 2 —

Y

AN,

if 2 < |A;| <% +1 we can take m; = § +1 — |4,
if 24+ 1 <|A;] <m—1 we can take my = 1.
Moreover,

1D uel| 2ny < 1107 0ue| -0 gy < 105t ]| prm-s0 gn)-

Then, thanks to relations (L36]), we conclude
Al A2 A Ap A3 A
/n D% we D™y D%y dz <CY|0; Out||Hm—A5(Rn)||8t OutHHm—Ag(Rn)Hat || gm0 (mny

<C Ep[u®.

Consequently, for m > [g + 2}, and A! and A?, satisfying properties (L33, it holds
/ |D*" wy, D*uy DAuy|dz < C Em[u]% (1.37)

By the same argument, for m > [% + 2} and A' and A?, satisfying properties ([L33)), we
control the terms of the form fg. |[DA'8,,u DA*0, u DAuy|da:

/ DA 8,0 DA, u D*ugldz < CEy[u]?. (1.38)

Thus, considering (L32), (L37) and (L38) for m > {g + 2} and for a multi-index A with
|A| < m, we have estimate ([.34]).
Thanks to estimates (L29), (L31) and (L34), we are able to control each term of J[D%u]

from Eq. (L27):

[ JDta, :c)dx‘ < C'max(a, B)e Enlu] (t)}. (1.39)

With the hypothesis that u is a local solution of the inviscid Kuznetsov equation, u satisfies
Eq. (T39), i.e. ||ui(t)||z~ < 5= on [0, T], which implies the equivalence of energies

20

1
/ a(DAut)2 + A(VDM)dx < [ I[DAu)dx < g(DAut)2 + (VD™ u)*dz.

We integrate relation (L28)) over [0, ¢] with ¢ < T to obtain
1D () | 22y HIV D (B | 22y
3+
~min(1/2, ¢?)

1 t
S — da dr.
* min(1/2,c2)/o /n‘](T’x) v

Then, using estimate (L39), we find
1D e ()11 y + 1V DA (t) 1722
G+
~min(1/2, c?)
1
* min(1/2, ¢?)

(1D (0) [ Z2qamy + 1V D (0| 2y,

(1D e (0) 1 Z2ggny + IV DAu(0) 7y

C'max(a, f)e /Ot E,, [u](T)% dr.
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As we have this for all multi-index A with |A| < m, by summing, we obtain

E[u(t) < % W [u](0) + %5 /Ot Enu)(r)? dr

with a constant C' > 0, depending only on n and m. This gives the estimate (L24]). O

Inequality (IL24]), proved in Proposition [[4.1] gives us an a priori estimate in order to
have, with the help of the Gronwall Lemma, an estimation of the maximum existence time
T*. However, when m increases, C,, increases, and the maximum existence time, given by
estimate ([L24]), decreases whereas the initial conditions become more regular. Therefore,
we prove the second a priori estimate (see Eq. (L40)), playing a key role in order to avoid
this problem:

Proposition 1.4.2. Let conditions of Proposition [I.4.1] be satisfied. Then for t € [0,T]
and m > [% + 3} we have

E,[ul(t) < B E,[u](0) + D,, max(a, B)e /Ot Em_l[u](T)%Em[u](T) dr, (1.40)

with a constant D,, > 0, depending only on m, on n and on ¢ and the same constant B as

in Proposition [1.4.1]

Proof. Using the proof of Proposition [LZ]] for A a multi-index with |A| < m and J[D4u]
from Eq. (L27), we just have to show that for m > [g + 3}

/n J[DAUKS,SL’)d.T‘ < Cey/ Ep_1[u] By [ul.

Indeed, for m > [g + 3} and a multi-indexes A with |A| < m we have

/Rn e (D ue)?|dz <fugel| o= | D |22 < Cllusel|m—2 Em[u] < OV Eger [u] Elul,
and

/Rn |[Au(DAup)?|dz <[|Aull | DAugl[72 < ClVullpms Enlu] < C/ By [u] B [u].

Now we consider two multi-indexes A! and A% with properties (L33). As previously, we
have to distinguish three cases:

Case 1: 1 < |A'| <m and 1 < A% < m,
Case 2: |A'| <m and |A? =1,
Case 3: |A?| <m and |A'| = 1.

First, if 1 < |[A'| <m and 1 < |A?| < m, in Case 1 we have
1 2 Al A2
/n |D* wy Dy D uylde <C||9; OutHHmlHAl\—Aé 10; OUtHH%—mmA?\—Ag D[ 2

Ay A
<10 ut”Hml‘HAl\*A(l)”at UtHH%fmmA%—Ag B [u].
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By symmetry of their roles we can take |A;| < {—H} < |A|. We look for m for which

2
there exists my, such that

my + A = Ay <m— (A +1),
B—my+|A% - A <m+1-(AF+1),

in order to have
Al A2
10, OUtHHm1+\A1\—A5 </ Em-1[u] and [|0; Out”H%fmmA?\—Ag </ Emlu].
As |Ay| = |A| +1 — |Al| and m > |A|, it is sufficient to find my, such that

SHLSmi+|A<m-1,

with 2 < |AY < m — 1, |A] < [mTH} and 0 < m; < 5. This directly implies that

m > [2 + 3]. In addition, this also implies, except if m < 3, that |A'| < m — 2. Thus the
existence of a required m; is justified in Case 1 of the proof of estimate (L24)). If m < 3, as
m > {% + 3}, we have only the case m = 3, n = 1 and |A'| = |A?| = 2, for which it holds

1 2 1 2
/n DA w, DAy DAwglda <[\ DA w2 || DA || o | D | 2

<O|D* wel| 2| D* el s | D | 2 < Cf B[] B[],

by the Sobolev embedding (T30).
For |A'| <m and |A?| = 1, in Case 2, we find

/n | DA wy DY uy DAuy|dz < || DA wy|| 2| DY || oo || DA 22,

where the two L?-norms are controlled by /E,,[u]:

Al
1D w2 < N0 tall -y < v/ Eunluls 1D el < 107wl gm0 < \/ Eva[ul].

As A2 <1, for the L*>®-norm, for m > [g + 3}, we have

A2
1D* wlle <CID* g < CIO il gz < Oy Bl

Case 3, i.e. for [A%| < m and |A'| = 1, can be treated in the same way.
So, if m > {% + 3], and A' and A? satisfy properties (L33), we obtain

/n | DA uy DY uy DAwy|de < Cy/ By [u) Ep[u).

Using similar arguments, we can show with the same restrictions on m, A! and A? that

/n |DA 0, u DY 0,.u Dz < C\/ By [u] Ep[u).

Consequently,
/ |L,D*u D*uy|dz < Cmax(a, B)y/ Ep_1[u] Ep[u],
R’ﬂ

from where follows the estimate (L40). O
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Now let us give a first estimation of the lifespan T™* of a local solution of problem ([LLH])—

(CE) with v = 0.
Theorem 1.4.1. Let m > my = [% +2} and let u be the unique solution on [0,T*| of
problem (I3)-(1.0) with v =0 for

1

Uy € Hm+1<Rn), Uy € Hm<Rn) and HulﬂLoo(Rn) < —

20
If \/ Emo [u](0) < m; then

1
rm>T = 141
" C’mO max(a, 6)8\/EEmO [U] (O) ( )
and
u e C"([0,Tp); H™T) for0 <r <m+1,
with

Vit € [0, To], Enlul(t) < C < +oo.

Here B and C.,, are the constants from estimate (I-24) and C is the embedding constant
from the embedding of the Sobolev space HIZ+HU(R™) in L>°(R™).

Proof. Thanks to Point 1 of Theorem [LZ1] for vy € H™(R"), u; € H™(R") and
Jur]| e @ny < o= there exists a unique solution u on a sufficiently small interval [0, 7]
of problem (LA)—-(L6) with v = 0, satisfying (L.8)) and (L9) for s = m. Moreover it implies
that E,,[u](0) is finite. Hence, we can add the hypothesis

1
\ B [u](0) < WBCas

without adding further conditions of regularity on ug and u; as it can be reduced on a
smallness condition on ||uo|| gm+1(mny + ||t || fm@ny-

Let us take Tp, as defined in Eq. (L41]), and show by induction on j € N with my < 7 <
m that

VjeN, withmo<j<m sup E;ul(t) < oc.
te[0,To)

For j = myg, up € H™™(R") C H™(R") and u; € H™(R™) C H™(R"), and consequently
Fyg 4] (0) < Bfu](0) < oo.

For ¢ > 0, while [Jus(t)||z®n) < 5=, it holds the estimate ([24) with m = my.

20’

According to the Gronwall Lemma, applied to (I.24]) with m = mg, we have
Eolu](t) < =(1),

where z(t) is the solution of the Cauchy problem for an ordinary differential equation

2(t) = 20 + Cpn, max(a, fB)e /Ot(z(T))g/le with zg = B Ep,,[u](0).

This problem can be solved explicitly:




18 Chapter 1. Cauchy Problem for the Kuznetsov Equation

We can see that, as long as 0 < t < Tp, the function z(¢) has the finite upper bound
2(t) < 4zp. It implies the upper boundness of E,, [u]:

By u)(£) < 4B Epy [u)(0). (1.42)
Moreover, thanks to our notations,

e () ]| oo (R
C—<> < Nue®)ll gz <y B [ul(1),

from where, using inequality (L42), we find

1

since \/ Ep, [u](0) < m. Thus Eq. (LY) holds on all interval [0, To] and supye(o 7] Emo [1] ()
is finite.

Let j € N, mg <j <m —1 be such that sup,c(o 7,y Ej[u](t) < oo.

Since Eq. (Y) holds on all interval [0, Tp], we can use the a priori estimate (L40) and
write that for all ¢ € [0, Ty

Eyalul(t) < B By [ul(0) + Dy max(a, 9)e [ VB ul(7) Bypalul(r) dr

By the induction hypothesis sup;c(o 7, £j[u](t) is bounded by a constant, denoted here by
E?, and hence on [0, Tp) it holds

Eyalul(®) < BE;[ul(0) + Dy max(a, §) Be [ Byalul(r)dt

Applying the Gronwall Lemma, we obtain for ¢ € [0, Tp]

Ejalul(t) € BE;a[u](0)ePst (e B2 < BE,  [u](0)ePrmesied) BTy

This means, as Fj1[u](0) < E,[u](0) < 400, that sup,cn) Ejri[u)(t) < oo and this
finishes the proof. O

Theorem [L4.T] estimates the lifespan T™ as at least of the order %, or more precisely,
implies that
liminf 7™ > 0.
e—0

This result is independent on the dimension n. However, much better estimations for the
lifespan can be obtained, if we use an inequality that takes into account the time decay of
the solutions for n > 1, what we do in the next section.

1.4.2 Proof of Point 5 of Theorem [I.2.1l Optimal estimations of
the existence time

In [44] John uses the group of linear transformations preserving the equation u; — Au = 0.
The generators of this group (the derivatives with respect to group parameters taken at
the identity), here called generalized derivatives, include in addition to the derivatives
Oy, Ogys - - -, Op, , first-order differential operators L, with a = 0,...,n and Q; with 1 <i <
k<n:
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Definition 1.4.1. (Generalized derivatives [{4]]) The following operators
Lo =t0; + sz&ci, L; =2,0, 4+ t0,, fori=1,..,n,
Qi = 20y, Z—xk&m forl1<i<k<n, and 0O, Oy, fori=1,...n
are called the generalized derivatives. The operators
Lo,y Loy 19, Q135+« o, Q105 Oty Oy« - 5 O

(taken in this order) are denoted respectively by L'y, ..., I, with p = %(712 +3n+2). Fora
multi-index A = (Ao, ..., A,) we write in the usual way

Al = Ao+ ...+ A, TA=(To)(T) ... (T,)*.

Therefore, in the framework of the general derivatives, we define for m € N

Ewml[u](t) = sup ‘z|u<pm {(TAatu(t, 7))? + (I*Vu(z, t))ﬂ , (1.43)
Evlul(t) = Y- (IT40ull7a@e + T Vull 7@ ) (2)- (1.44)
|A|<m

We give a remarkable estimate proved in Ref. [59] by Klainerman:

Proposition 1.4.3. (Klainerman 1987) For n* = [§ + 1], m € N, and t > 0, as soon
as u is such that Ey ,n+[u](t) is finite, it holds

Esom[u](t) < Co(1+ )2 \/Ey =[] (2). (1.45)

Thanks to Proposition [L43] we improve the results of John [44] for the case of the
Kuznetsov equation and state:

Proposition 1.4.4. Forn and m in N*, m > n—+2, let u be a local solution on an interval

[0, T] of problem (I3)-(1.8) with v = 0, satisfying (L.8) and (IL.9) with s = m. Then for
all t € [0, T}, it holds

Eym[u)(t) < B Bun[u](0) + Cmmax(a, e [ 112 By (7 e, (1.46)

with a positive constant B > 0, depending only on ¢, on a and on [, and with a positive
constant C,, > 0, depending only on m, on n and on c.

Proof. The proof follows identically the proof of Proposition [LZTup to Eq. (I.32) replacing
everywhere D# by I'4. This time Eq. (I32) becomes

# N ” n N 5
LI =¢Y" <acjr/“ w T+ > BETY 0pu TV @Ciu) : (1.47)
§=0 i=1

where 1 is defined in Definition [L4]], C; and E;; depend only on |A| < m, and A’! and
A7? are multi-indexes, such that

AT 4 |A) < m+ 1.
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It follows that |A7!| <[] or |A72] <[], Therefore, if we set m’ = {Tﬂ}, we obtain

|B|<m/

| J[DA)(r, )| <Che max(%ﬁ)g\/ sup ((FBﬁtu(T, 7))2 + (['BVu(r, x))2))

. sup ((I‘Batu(T, z))? + ([PVu(r, :L‘))Q))

|B|<m
<Cpmax(a, )/ B r[ul (1) 3 ((DP0u(r, 2))* + (PP Vu(r,2))?),
|B|<m
and thus
- J[T4) (7, z)dz| < Cy max(a, B)er/ Eoo e [u](T) By [u] (7).

By hypothesis on w,
1
”U;t(t)”Loo(Rn) S E on [07T]’

and then, by integrating of Eq. (L28)) on [0,t] with t € [0, T, we have

1 3
SO @72 + VT () 72 Sé”atFAu«))H%Q(R” + CQHVFAu(O)Hiz(Rn

+C,, max /\/ co,m/! Elm

By summing for |A| < m, we obtain

Bym[t)(t) £ B Ey[u)(0) + Conmass(at A)e [ \/Fooe (1) Byl

Now we use the Klainerman inequality (([C45]), noticing that, if we take m > n + 2, we have

1
o= 2] ] e

This finishes the proof. O

We use the a priori estimate (L46) to improve our estimation of the lifespan T™* as a
function of n.

Theorem 1.4.2. Let m > n+2. Foruy € H™(R") and u; € H™(R™) with (|1 oo (rry <
=L we consider the local solution u of problem (I1.3)-(18) with v =0 on an interval [0 [

2ae

T},
satzsfymg (L8) and (I3) for s = m as in Point 1 of Theorem [LZ1 If /Ey ,[u](0) <

4@000% then

El,m[u](t) <4B Elm[u](o)a
as long as .
(20 max(a, 8)er/B Bvmlu ](0)) forn =2,
1

Crmmax(a, f)ey/B Ey mlu ](0)> forn =3
<2C’ max(a, f)e\/B Ey pu ](0)>1 forn > 4.

t§26xp<
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Consequently,
liminf e?T* >0 forn =2,
e—0

lim iglfslog(T*) >0 forn=3,
e—
and, for a small enough ¢, T* = +o0o0 forn > 4, i.e. the solution u is global.

Proof. This is a direct consequence of the Gronwall lemma, used with the a priori esti-

mate (L46), as done by John in [44]. O

Remark 1.4.1. The estimations, given for T™ in the case n = 1,2,3, are optimal, as soon
as, thanks to Alinhac [J)], they give the existence time of a smooth solution of the same
order as Alinhac’s blow-up time, i.e. up to the time of a geometrical blow-up formation.

1.4.3 Proof of Point 4 of Theorem [L.2.1]. Stability and uniqueness
result

By definition of v and v we have
(u — )y — EA(u—v) = ag(uuy — vvy) + Be(VuVu, — VoVu). (1.48)

We multiply this equation by (v — v); and integrate on R". By integration by parts we
obtain

d
p (||(u —v)||22 +|V(u — v)||%2) = ae/ (uguy — vevg)(u — v); da
Rn

4 Be /R (VuVu, — VoY) (u—v), dr. (1.49)

N | —

For the first right hand side term in Eq. (L49) we find
/Rn (ugugy — vyog)(u — v); do = /Rn wy (v —v)7 dw + /Rn v (u — v)y(u —v) do

1d
= | uy(u—v)? d:p+/nvt§a {(u—v)ﬂ dx

Rn

= | uy(u—v)? d:c—l—%%[/ v(u —v)? do

Rn

= Rnu“( v)?2 d:p+;jt{/ v(u —v)? d:p]
+%/}Rn(utt—vtt)(u—v) d:p—%/ﬂ%nutt(u—v)f dx
ot Sl ot 2ok

d 1 1
2/ g (u d:c+a [/n(Gut—ir 3%)( v)? dw

1
— | vu(u—v)?dx
2 Jrn

On one hand,
‘/ uy(u — v)? do
R™

and on the other hand, we can put the term Oéé?dt [fRn(%ut + u)(u — v)7 dx] on the left
hand side of Eq. (I48) and combine it with 24 (|[(u — v)¢[|3,), so that we obtain the term

1d
2dt Jr

< lJueel ool (u = v)ellZ2,

1 2
Alu—v)?dr, with A=1-ac <§ut + gvt) .
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We notice that with condition (L9) on u; and v; (which keeps our model hyperbolic)
we have % < A(t) < % for ¢ <T™. Therefore, for the second term at the right hand side we
find

/ (VuVu; — VoV (u — v), de = A Vo (Vu — Vo)(u —v); do
+ [ Vu(Vu—Vu)(u—wv) dx
Rn
1 2
= [ Vu(Vu—Vo)(u—v)de— = / Au(u — v); dz.
R™ 2 n

We estimate the obtained two terms:

L, Vo(Vu = Vo) (u —v) dﬂ?‘ < OVl IV (u = 0)lIZ2 + [[(w = v)elZ2,
| /Rn Au(u—v)} do| < || Aul|pe [[(w — )|

Thus, we find the following estimate
1d

5@(/}@ Au—v)f + [V (u = v)[l7> dx) < Cesup(|fugl|ze, || Aul|z, [|[Vve]| =)

(1w = v)ellZz + 11V (w = )IZ2).

% for t < T™, from the last estimate we have

Applying the Gronwall Lemma, as % <At <

t
(I = v)ellZ2 + IV (u = v)l|72)(t) < Cy eXP(C2€/O sup([|uee|es, [|Aul| L=, [[Vor]| < ) ds)-
([lur = vullZ2 + IV (w0 — o)l[72)-

With the hypothesis that ||Vu||L~ is bounded on [0, T*[, we obtain the result of Point 4 in
Theorem [L.2.1] for all ¢t < T™.

Remark 1.4.2. [t is easy to verify that the same stability estimate also holds for v > 0: by
the adding of the term —vA(u —v); to the equation, it gives a positive therm +v [3 |V (u —
v)¢|*dx in the right hand side of the estimate and can be simply omitted.

1.5 Well-posedness for the viscous case

1.5.1 Proof of Point 1 of Theorem [1.2.2

Let us show the global well-posedness, of the solution of the Cauchy problem (L3)-(L6l).
We start with the study of the linear problem, associated to the Kuznetsov equation.

Theorem 1.5.1. Let s > 0 and X be the space defined in Point 1 of Theorem[I.2.2. Then
the system

{utt — 2Au — veAu, = f, (1.50)

u(0) = ug, u(0) =uy

has a unique solution u € X, if and only if f € L*(RT; H*(R")), uop € H*T(R") and
uy € H¥TYR™). Moreover it holds the following a priori estimate

||’LL||X < C (||f||L2(R+;Hs(Rn)) + ||u0| Hs+2(Rn) + ||’LL1| Hs+1(]Rn)) (151)

with HUHX = |’u”H2(R+;HS) + HuHLQ(R"';HS‘FQ) —+ Hut|’L2(R+;Hs+2).
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Proof. First we take f € L*(R™; H*(R™)), up € H*"™(R") and u; € H*T(R"). We use the
ideas of [32] (see Eq. (4.26)). For the sake of clarity, let us take s = 0. We take the inner
product in L*(R") of the equation with —Aw,; and integrate by parts:

1d

oW (IVtelF2any + AU F2an) ) + vel AuglFo@ny = — /R FAuydz.

Using Young’s inequality and integrating over [0, ¢], we find

1 2 2 2 ve [t 9
= (190l ey + AU a) + 5 [ 10y
1 9 1 ) 1 t )
< éy\vulup(w) + 5HAuOHLQ(Rn) + 2—%/0 /R |f]?dzdl.  (1.52)

Since f € L*(R* x R") and (up, u;) € H*(R™) x H*(R"), the last estimate implies that
+o0
/ / | Au, |2dzd] < +oc.
o Jre

Since the domain of —A is H2, we obtain that
u, uy € L*(RT; H*(R™)), and wuy € L*(RT x R™),

and hence, u € X for s = 0. For s > 0, as the equation is linear, we perform the same
1
proof, using the fact that, the operator A = (1 — A)z, defined by its Fourier transform by

—

the formula (Au)(¢) = (1 + [¢[2)2a(C), relies the norm of H* with the L2-norm:

S

AN =(0-4)2 |ul

The uniqueness of u follows from the linearity of the operator and the uniqueness of the
solution of system (L50) in the case f = 0 [41].
Conversely, if u € X is a solution of system (L50), this implies that

u € CO(RY; H***(R")) and wu, € H'(RT; H¥(R")) N L*(RT; H¥T(R™)).

Thanks to Theorem I11.4.10.2 in [6], it follows that u; € C(RT; H*™(R")). Then we have
u(0) € H™2(R") and u;(0) € H*™'(R"™). Moreover, it reads directly from the definition of
X, that f € L*(R"; H*(R™)) for u € X.

The a priori estimate follows from the closed graph theorem. O

Let us notice that Theorem [L5.1 states that problem (L50) has L?-maximal regularity
(see [22] Definition 2.1) on R™.

To be able to give a sharp estimate of the smallness of the initial data and in the
same time to estimate the bound of the corresponding solution of the Kuznetsov equation
(see Point 1 of Theorem [[L22]), we use the following theorem from [88], which allows us
to establish our main result of the global well-posedness of the Cauchy problem for the
Kuznetsov equation:

Theorem 1.5.2. (Sukhinin) Let X be a Banach space, let Y be a separable topological
vector space, let L : X — Y be a linear continuous operator, let U be the open unit ball in
X, let Pry : LX — [0, 00[ be the Minkowski functional of the set LU, and let ® : X — LX
be a mapping satisfying the condition

Pro(®(x) = @(2)) <O@) o — 2| for Je—wol <r, [&—all <7
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for some xy € X, where © : [0,00[— [0,00[ is a monotone non-decreasing function. Set
b(r) = max(l - @(r),O) forr > 0.

Suppose that
b(r)dr €]0,00]|, r.=sup{r >0|b(r) > 0},

w =

- / b(t)dt (r>0) and f(z)=Lz+d(z) for z € X.

Then for any r € (0,7 and y € f(xo) + w(r)LU, there exists an x € xo + rU such that
flx) =y.
Remark 1.5.1. If either L is injective or Ker(L) has a topological complement E in X

such that L(ENU) = LU, then the assertion of Theorem[L.2.2 follows from the contraction
mapping principle [88]. In particular, if L is injective, then the solution is unique.

Now, we have all elements to prove Point 1 of Theorem [L2.2F for all » € [0, 7*[ with
r* = O(e%) = O(1) (to be defined), as soon as the initial data are small as

uoll s+2@ny + [t || rs+1ny < CVer  with C' = O(1), (1.54)
then the unique solution u € X satisfies |ju||x < 2r (r = O(1)).

Remark 1.5.2. [t is very important to notice that here all physical coefficients of the
Cauchy problem for the Kuznetsov equation are expressed in function of the powers of € (e
is the dimensionless parameter characterising the medium perturbation as explained in [81)]
and [82]). In particular, if we take into account in Point 3 of Theorem[LZ1 that ¢* = O(%),
we obtain the same types of smallness of the initial energy for the inviscid case as in Point 2
of Theorem[L.Z2: \/ Ep,[u](0) < O(y/€). But, if we want to understand the smallness of the
initial data by thezr norms wzthout the calculus of the initial energy, the results of Point 1
of Theorem [1.2.2 can be useful. The sharp character of Point 1 of Theorem [L.2.2 can be
illustrated by the following direct energy estimation approach, presented in Section [1.0.
Let suppose that Point 2 of Theorem[L.Z22 holds (see also Eq. (1.13)). Thus, for n > 3,

m > [2+3] if

i

Exlu)(0) = [ [IVu0)[[Fm @) + Z 10 (0) 1 i1 ny < O(VE),

then it follows in a sufficient way (see Section[I.8 for more details) that for ug € H™(R™)
and for uy € H™(R™) it holds

Vol grm ey + |uallrmny < O(Vemth), (1.55)
which implies the existence of a unique global solution v € C°(R*; H™(R™))NCH(R*T; H™(R™))
of problem (I3)-(18) such that for all t € RT

1
Enlu](t) <O (E) Ea[u](0) = O(1).

Thus we see that by this approach the sufficient condition to have for allt > 0, En [u] (%)
bounded by a constant of order zero on € is given by Eq. (1.51) and depends on the smooth
properties of the initial data (the more they are reqular, the smaller they should be). Hence,
it is much more restrictive to compare to ({1.53).
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Proof. For ug € H*"*(R") and u; € H*"(R") let us denote by u* € X the unique solution
of the linear problem

{u;} — AAu* —veAu; = 0, (1.56)

u*(0) = ug € H*P2(R™), u}(0) =u; € H*T(R"™).
In addition, according to Theorem [L5.T], we take
X = H*(RT; H*(R™) N H'(RF; H*(R™)),

this time for s > % (we need it to control the non-linear terms), and introduce the Banach

T Xo = {u € X| u(0) = u,(0) = 0} (1.57)

and Y = L*(RT; H*(R")). Then by Theorem [L5.1] the linear operator
L:Xo—Y, uc X Lu):=uy — Au—veAu, €Y,
is a bi-continuous isomorphism.

Let us now notice that if v is the unique solution of the non-linear Cauchy problem

{vtt — A2Av — velAv; — ag(v +u) (v +u*)y — BeV (v +u*).V(v+ u*); = 0, (158)

v(0) =0, ©v(0) =0,

then v = v + u* is the unique solution of the Cauchy problem for the Kuznetsov equa-
tion (LH)—(L6). Let us prove the existence of such a v, using Theorem [[L5.2)
We suppose that ||u*||x < r and define for v € X

O(v) = ac(v+u)(v+u*)y + BeV(v+u*). V(v + u');.

For w and z in Xj such that |w|x <r and ||z]|x <, we estimate

[®(w) — D(2)|ly = [Jae(u;(w — 2)i + (w — 2)uy; + Wewy — 224)
+ pe(Vu'V(w — 2); + V(w — 2)Vu; + VuVw, — V2Vz) |y
= [Jag(uf(w — 2)u + (W — 2)suy; + wi(w — 2) + (W — 2)124)

+ Be(Vu'V(w — 2); + V(w — 2)Vu; + VoV (w — 2); + V(w — 2)Vz)|ly
by applying the triangular inequality
[@(w) = @(2)]ly < Oéé?(l!@(w = 2ully + I(w = 2)uglly
+ [Jwe(w = 2)ully + [|(w — Z)tzttHY)
+ B2 (VY w = 2lly + [V (w = 2) e [y
V0V = 2y + [V(w = 2Pz ).
Now, for all @ and b in X with s > so > 4 it holds

||atbtt||Y §||at||L°°(R+an)||btt||Y
SCOut(rt;H%0)— Loo R+ xR || @ || 51 (e 175 (R || 0] x

SO (r+;H50)— Lo (R+ xrm) || @] x ]| 0] x,
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where Cyi(rt;ms0)— oo (R+xrn) is the embedding constant of HY(R™; H*) into the space
L>*(R* xR"), independent on s, but depending only on the dimension n. In the same way,
for all @ and b in X it holds

[VaVblly < Crige+imso)sros e+ xrmyllall x[[b] x-

Taking a and b equal to u*, w, z or w — z, as ||[u*||x < r, [|[w]|x < rand ||z||x < r, we
obtain

[@(w) — ®(2)|ly < 4a+ B)Cri@+;non)—ro@sxrmer|w — z|x.

By the fact that L is a bi-continuous isomorphism, there exists a minimal constant C, =
@) (ELV) > 0 (coming from the inequality Coev||ul% < ||f]ly|lullx for u, a solution of the lin-
ear problem (L50) with homogeneous initial data [for a constant Cy = O(1) > 0 maximal])
such that

Yu € X(] HUHX < C’€HLtu

Hence, for all f €Y
PLUXO(f) < CePUY(f) = CerHY

Then we find for w and z in Xy, such that ||w|x <7, ||z]|x <r, and also with [|u*||x <7,
that
Pruy, (P(w) = (2)) < O(r)|w — z|x,

where O(r) := 4C (o + B)Ch1(r+;150)— Lo (R+ xrm)ET. Thus we apply Theorem [L.5.2 for
f(z) = L(:c) ®(z) and 29 = 0. Therefore, knowing that C. = <2, we have that for all

rel0,rw
v
Ty = =0(1), 1.59
400(04+5)CH1(R+;HSO)—>LOO(R+an) M) ( )

for all y € ®(0) + w(r)LUx, C Y with

Co

w(T) =7r— 27CH1(R+;HSO)—>L°°(R+><R")(a + B)TQ’

there exists a unique v € 041Uy, such that L(v) —®(v) = y. But, if we want that v be the
solution of the non-linear Cauchy problem (I:I:)EI) then we need to impose y = 0, and thus
to ensure that 0 € ®(0) + w(r)LUx,. Since — e )<I>(0) is an element of Y and LX, =Y,
there exists a unique z € X, such that

Lz = ——(0). (1.60)

w(r)

Let us show that ||z]|x < 1, what will implies that 0 € ®(0) 4+ w(r)LUx,. Noticing that by
definition of @

12(0)]ly < aclluguylly + aellujuilly

< Troellutlx
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and using (L60), we find

[2(0)]]y
w(r)
CECHI(R-k;HSO)*)Loo(R-Fan)(O{ + B)E’I“
- (1 — QCECHI(R+;HSO)—>L°°(R+><R")(a + 5)67“)

I2llx < CellLz]ly = C-

<1
27

as soon as r < 1.

Consequently, z € Uy, and ®(0) +w(r)Lz = 0.

Then we conclude that for all r € [0, r,[, if [[u*||x < r, there exists a unique v € rUx,
such that L(v)—®(v) = 0, i.e. the solution of the non-linear Cauchy problem (L58]). Thanks
to the maximal regularity and the a priori estimate following from inequality (L52) with
f =0, there exists a constant C; = O(€®) > 0, such that

Gy
[u"[[x < —=([|uol

NeT:
Nz

Thus, for all r € [0,r.] and |luggs+2gny + lurlzrsrrzny < 551, the function u =
u* + v € X is the unique solution of the Cauchy problem for the Kuznetsov equation and
|ul|lx < 2r. O

Hs+2(Rn) 1 ||’LL1| Hs+1(Rn)).

1.5.2 Proof of Point 2 of Theorem 1.2.2; Case n > 3
Knowing the existence of a solution u of the Kuznetsov equation in
X = H*RY HY(RY) N H (R H(RY),
we notice that this directly implies that
u€ C(RT; H*P*(R™) and wu, € H'Y(RY; H5(R™)) N L*(R*; H¥2(R™)).
By Theorem II1.4.10.2 in [6], it implies that u; € C'(R™; H*}(R™)), which gives that
u € CHRY; H*YHR™)) N C(RT; HM(R™))

and, this time with the help of the Kuznetsov equation, uy € C(RT; H*7'(R")). Conse-
quently, in the viscous case, the regularity of the time derivatives of the order greater than
two of the solutions differs from the regularity, obtained in Section [[.4] for the inviscid case.
Thus we have to consider estimates with different energies: the energy Em[u](t), defined in

Eq. (ILI4), and the energy

241

Salul(t) = > IVOu(t)[fm-20-v @), (1.61)
i=1

defined, as Ewm [u](t), for m € N and m even, which respect to the obtained regularity of u
and its derivatives.

Lemma 1.5.1. Let n € N*, n > 3, m € N, and u be the solution of problem (I.3)-
(Ld). Then for m > {%4—3}, m even, and all multi-indexr A = (Ao, A1, ..., An) with
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|A| — Ag < m — 2A¢ it holds

%(/}Rn((l — acuy)(DMwy)? + A(VD)?)) (1, 2) dx)

+ 2ve /Rn(VDAut)Q(T, x) dx (1.62)
< Cpmax(a, B)e\/Em[u](1)Sm [u] (1)
with a constant C,, > 0, depending only on m and on the dimension n.
Proof. Following notations of the proof of Proposition [L4.1] we redefine
Lyv = vy — 2Av — veAv, — asuy vy — BeVu Vi,

where u is the solution of problem (LLH]). For this new L,v with the additional term veAuw,
we have a modified version of relation (L.28)

% - Iv)(t, z)dz + 2ve /}Rn(vvtydx :/ Jv](t, z)dz, (1.63)

n

where I[v] and J[v] are defined in Eqs. (L26)—(LZT7). We still take v = D4u with A =
(Ao, Ay, ..., Ay,), but this time |A| — Ag < m — 24, and m is even. Then we just need to
show

/n J[DAu](t,:c)dx‘ < eCpymax(a, B)y/Ew[u](t)Sm [u](t). (1.64)

2 2

Forn >3, m > {% + 3} and m even, we have, thanks to the Holder inequality,

[ (D )2l < e o | D

Noticing, that, thanks to Ref. [2] Theorem 7.57 p. 228, for s > % there hold the continuous
embeddings HS(R”) C O%R") C L3(R") (where C’% is the Banach space of bounded

continuous functions equal to zero at the infinity), we can write for m > {% + 3}

ueell ;2 gy < Clluwll giz+n gy < Clluallmm-2@ny < C\/Enul. (1.65)
(Rm™) (R™)

In addition, with the help of the Gagliardo-Nirenberg-Sobolev inequality

ol 22y g <

we also have

< C||VDAUt||L2(Rn) S C||VDZ40+1U||H\A\—AO(R”)-

A
1D oy g <
With the hypothesis that |A| — Ag < m — 2Ay, there hold 24y < m and

||VD240+1U/||H\A\—AO(Rn) S ||VD240+1U||Hm—2AO(Rn).

Therefore, all norms ||V Dy

|32 (&) for the chosen n, m and Ay, are present in Se.
Hence, we find

/Rn |Utt(DAut)2|de' S CHUttHHm—?(Rn)||VDAUt||%2(Rn) S C E% [U]S% [U], (167)
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and in the same way,

[, 18u(D )l < Aull | DMl s, < CllAu] VDMl

L%(R")| H[%+1](Rn)|

To calculate L,D%u we use expression ([L32) with multi-indexes A/! and A2 satisfy-

ing (L33). As in the proof of Proposition [[4T], without loss of generality, we consider two
multi-indexes A! and A% with the same properties (IL33)). We perform two steps:

Step 1 we prove
/ DA, DAy DAuy|dz < C\ /B [u] S [u], (1.68)
]Rn

Step 2 we prove
/ |DA'8,,u D**8,,u DAuy|dz < C B [u]Sm[u]. (1.69)

Step 1. Thanks to properties (L33]) of A; and Ay and to the symmetry of the general case
[ DA (D D00, (DAw)

we divide our proof on three typical cases:

Case 1 |[A'| — A} >0, A} >0, |A%| — A > 0 and A2 > 0, i.e. a non trivial presence of

A2 A2 A2) ..
D;* and Dg(3 ) g imposed,

Case 2 |A'| — A} =0, A} >0, |A?| — A2 > 0 and A3 = 0, i.e. we consider the integrals of
1 2 2
the form fe, |(D;u,) (D7) (DAwy)|dz,
Case 3 |A'| — A} =0, A} >0, |A%| — A3 = 0 and A2 > 0, i.e. we consider only non-trivial
1 2
time derivatives [z |(Dfout)(DfOut)(DAut)\dx.

Step 1, Case 1. By the generalized Holder inequality with % + é = 22 we have

2n ?
1 2 1 2
/n |DA Ut DA Ut DA'UJt|dl’ SHDA U/tHLp(Rn)HDA UtHLq(Rn)||DAUt||L%(Rn).

By the Sobolev embeddings (L33]) of ™ C L? and H™? C L? with m; +my = 5§ — 1 and
0<m1<%—1,weﬁnd

/n |DA1U/t DAQU/t DAU/t|dJ? SCHDAlutHHml (R™) ||DA2Ut||Hm2 (R™) ||VDAUt||L2(Rn),
where we have also applied the Gagliardo-Nirenberg-Sobolev inequality (L66). Hence,

/ |DA1ut DAQUt DAut|d;1:

Al A2 1
SCH@ Out”HmH\Al\fA})(Rn)Hvat OUtHHmQHA?\ngﬂ(Rn)S% [u]2 (1-7(])
Now we are looking for 0 < m; < § — 1, such that
Al — A} <m —2A4]
my + | | oM 0> (171)
my + |A% — A2 — 1 <m — 242,
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in order to have

Al A2
”atoutHHWnHAl\*Al <y/Ezlu] and Hvatout”HmzﬂA%Agﬂ

. Sulu]. (1.72)

<
®R™) —

Since my = 2 — 1 —my, and by (L33), |A%| = |A] +1 — |A'| and A2 = Ay + 1 — A},

2
system (L71)) is equivalent to

my + |AY + A) < m,
2—1-—m+ A +1—- A+ A +1-AJ—-1<m.

The last system, thanks to |A| + Ag < m, corresponding to the assumptions of the Propo-
sition, is satisfied if
g§m1+|A1|+Aé <m.
Using (L33), we find that
|AY + Ay = |A] + Ag +2 — (|A?] + AD).

Therefore, since for Case 1 |A%| > 2 and A2 > 1, recalling that (again by (L33)) |A| + Ap <
m, we obtain
1< A+ A <m—1.

Thus, we distinguish three sub-cases:
For n >3, 2 <|A'|+ A} <m —1 taking m; = 1, we obtain (L72).
For n>5,2 < |A'|+Aj <% asm > {% + 3], it is sufficient to take m; = 2 — (JA'|+ AJ).

For n > 3, |A'| + A} =1 instead of finding m;, we notice, that we have only two possi-
bility: either DA = 9, and A2 = A, which gives estimate (LB7), or D' = 9, with
A% = Ap+ 1 and |A% — A2 = |A| — Ag — 1 > 0. For the last case, by the generalized
Holder inequality, we have

(1.73)

2 2
/Rn |a$zut DA Ut DAUt|de' S ||8z1ut||Ln(]Rn)||DA ut||L2(Rn)||DAUt||L%(Rn).

For m > [g + 3} the first norm in Eq. (L73) can be estimated using the continuous
embedding H*(R") C L™(R") holding for s > %:

H&BiutHLn(Rn) S C’H&xiutHH[%H](Rn) S CHutHHm—l(Rn) S C E% [u]

With the help of the Gagliardo-Nirenberg-Sobolev inequality (LGG]), we also estimate
the second norm in (L73)

HDAU/tHL%(Rn) S CHVDAU,tHLQ(Rn) S C S% [U], (174)
and for the last one we directly have

HDAQU,tHLQ(Rn) S |’vaf0+2u"H\A\—Ao—2(Rn) S HV@?OJF2UHHm—2AO—2(Rn) S S% [U]

Thus we obtain as previously estimate (LG8]) of Step 1.
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This permits to conclude Case 1 of Step 1.

Step 1, Case 2. We have |A'| — A} =0, A} > 0, |A?| — A2 > 0 and A2 = 0. Therefore,
by (L33), A} = 1+ Ay, and, updating (L.70), we directly have

N|—=

Al
/Rn | Doy D400, DAyl dar <CJ|0 | g o | Vate | gy 14211 Sz [u]

(R™)

with my; +my =% —1,0 <my < § — 1. Now we need to find m,, belonging to |0, % — 1],
such that

(1.75)

mlgm—Q(Ao*Fl),
m2+\A2\—1§m,

in order to have

logo+!

Ul gmieny </ Exlu]  and [Vl g siazio1 gy < 1/ Sz[ul.
From 1+ |A| = |A'] + | A?], by (L33)), with the relation |A'] = A} =1+ Ay it follows that

A%] = |A] - Ao, (1.76)

n __

5 —my — 1, system (IL73)) is equivalent to

Therefore, as mqy =

m1—|—2A0§m—2,

By the assumption of the proposition
hence the last system is satisfied if we have m; such that

g—2§m1—|—2A0§m—2.
Knowing that |A%| > 0 (by the assumption of Case 2), Eq. (I76) implies that |A| — A > 0.
Thus, relation (L77) gives 249 < m — 1, or more precisely
2140 S m — 2,

since m is even. So, a m; with 0 <m; < § —1 exists if m —24, > 2. Indeed, if 24y < § —2
we can take m; = § — 2 — 24, andifm—?)ZZAOZ%—2wecantakem1:%

Let us now consider the limit case 24 = m—2. Then we have |A'| = A} = Z. Moreover,
from (LCT7) viewed, thanks to Eq. (L76), as |A?| + 24 < m, follows that 1 < |A?] < 2. We
apply the generalized Holder inequality and estimate (LG6) to obtain

|3

10 we DY D <107 e | D | DAl

2

SCH@? U/t ||L2(Rn) ||D§;A17M7A%)U/t ||Ln(Rn) S% [u]

Moreover,
”at?U/tHlﬂ(Rn) S E% [u]
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Using the continuity of the embedding H*(R") C L"(R") for s > %, we also find for
m > {% + 3]
2 2
D%ty <CID el g gy < CNV el g

(R™)

Hence, estimate (LG8 of Step 1 is also proved for Case 2.

Step 1, Case 3. Let us notice that thanks to relations (L33), from |A'| = A} and
|A%| = AZ it follows |A| = Ap. We start as usual with the generalized Holder inequality

Al A? Al A?
/Rn | Dy ue Dy Py Dfwlde <[ Dyl e | Dy Pl oy | Dl 2y

with i+% = 22 Then we apply the Gagliardo-Nirenberg-Sobolev inequality (I60) and its

more general version, which can be Vlewed as the embedding of the Sobolev space qu (R™)
in the Lebesgue space LI(R") with 1 = q—* — 5 and 1 < ¢* < n:

Al A2 Al A2
[ 1D, D, Dfowlde <Ol ey IV D o]V D5 el e

with ;_1)""(%* = 24 We notice that if we want to use the Sobolev embeddings (L35) to L? and
to L7, it is only possible if % and q% are smaller then %, or equivalently, if 1—1) + q% = "+4 < 1.
Knowingthaut”2—+n4 < 1 for n > 5, "Q—J;f >1f0rn:3and"2—tl4 =1 for n = 4, Wetreat

separately two cases: n > 5 and n = 3 or 4.
n 2n

For n = 3 or 4, we choose p = & and ¢ = =%, implying ¢* = 2. Thus, for n = 3 we

n—27
use the continuous embedding H2(R3) C L2(R3) [2] (since 2 > 2) and for n = 4 we use
H?(R*) C L?(R*) to obtain

1D D, Doz <Dl 1V D; g |V D] 2
<O|| D}yl 2y Sz [
If m — 2A} > 2, then we directly have
IDouy | 2y < [|1D%0uy| o 2ad gy S B[]
Recalling that m is even, and, by our assumption |Al| + A} < m, 2A} < m, there is only
one additional possibility: m — 2A} =0, i.e. Ay =2

For Aj = 2, thanks to (L33) and the assumption 24, < m, we necessary have |Aj| = 1,
and consequently, by (L74),

Jo 105 e 0F waldr < Ol 107wl < /B Tu]Sy

Thus for n = 3 and n = 4 we find estimate (LGS).
Now, for n > 5, when % + q% = ”+4 < 1, we have

Al A2 Al A2
[ 108, Dby Doz <Ol oy |9 D7l o oy |9 D

A A3
<C|| D¢ wel rrms re) IV Dy “tig || 5rmz (rey ) S [
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with m; +my = § —2 and 0 < m; < § — 2 by the Sobolev embeddings (L35) which give
us H™ C LP and H™ C L?. We look for m; such that

my <m— 245, mg < m— 2A; (1.78)

in order to have

1 2
1D < [Bgla] and VDS < /Sylul.

Asmy =2 —2—my and Af = Ay + 1 — Aj, system (LT8) is equivalent to

m1—|—2Aé§m,

As m —2Ay > 0, it is sufficient to have m; such that
n
5 <mg+ 2145 <m

with 0 <my < 2 —2and 1 < Aj < 2. If 2 < Aj < 2 we can take my = £ — 24§, And if
%gAég%—lwecantakemlzi.

If A} = 1, then necessary A2 = Ay, and using estimates (LGH) and (L74) we directly
find

[ e (Dol e <Cllull i gy 19750l < C/ B u]Sg )

L% (Rm) | )

If Aj =2 we are in a symmetric case as A§ = 1. This conclude the proof of Case 3 and
of Step 1, i.e. of estimate (L.6Y).

Step 2. Let us show estimate (L6Y). Thanks to properties (L33) of A; and A, and to the
symmetry of the general case

[ D8 DA, ) (D D80, ) (D) e,
we divide our proof on two typical cases:

Case 1 \A1| — A1 >0, Ay > 0, |[A%| — A2 > 0 and A2 > 0, i.e. a non trivial presence of
Dt and Dt is imposed,

Case 2 |Al] — A} >0, AL =0, |A%| — A2 >0 and A2 > 0, i.e. we consider the mtegrals of

the form [z, |(Dz A et A Uz, ) (Dy “Df Tt A g, )(D%uy)|dr with a non-trivial Dt :

Case 1. Using estimate || D% w2 < /Em[u], we have

[ 1D D8, ) (DE DY, ) (D upld

<C||Vat UH pmatlal-ad Rn)Hvat UH Hm2HA21=43 gy E%[U]

with m; +me = 5 and 0 <my < 3.
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Let us find m; with 0 <m; < 5 such that

{myHAH—Aégm—2M6—D, (179

m2+|A2| —Ag §N—2(A3—1)
in order to have

A A2
HvatouHHmwAl\—Al < y/Sz[u] and HvatOUHHmQHA?\—Ag

) = Sm [u].

<
R™) —

Asmy =2 —my, |A' + |A?| = |A|+ 1, and Aj+ A§ = Ay + 1, system (L79) is equivalent
to
my + [At + A5 <m + 2,
24H]Al+Ag+2<m+2+m + A+ A

By our assumption |A| + Ay < m, and hence the last system is satisfied if m, verifies

<my + A + Ay < m+ 2.

o3

In our case A} > 0, thus 2 < |A'| + A} < m, which implies the existence of such a m; with

0 <my < 3. Indeed, if m > |AY + AL > 5 we can take m; = 1, else if 2 < |AY + A < 5

it is possible to take m; = % — (|A'| + Aj). This concludes Case 1 of Step 2.

Case 2. Thanks to (L33), the conditions |A'| > 0 with A} = 0 imply that |A| — Ay > 0.

Consequently, with m; +my = % and 0 <m; < % as in the previous case, we obtain

/ | DA 0y, u DY 0y u DAuy|da
]Rn
<C||Vu| e VOS] s (VO ia o
>~ Hm1+1AY (Rn) t metlA \—AO(Rn) t til H1Al=A0—1(Rn)

A2
§C||VU||Hm1+\A1\(Rn)||Vat OUHHmQHA?\—Ag Sep[u].

(R™)

In the aim to have

A2
||VU||Hm1+\A1\(Rn) <y/Ezlu] and [[V0, OuHngHAQ\—Ag(Rn) </ Szld],

we need to find m; with 0 <m; < g, such that

my + |A] < m,
my + |A% — A2 <m —2(A% - 1).

Asmy =2 —my, |A?] = |A|+ 1 —|A'| and A} = Ay + 1 it is equivalent to solve

my + |AY < m,
5—mi+ A+ 1-[A+ A +1-2<m.
As m — |A| — Ap > 0, the last system is satisfied if m; verifies

g§m1+|A1|§m-
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By assumptions of this case it told 1 < |A'| < m, what guarantees the existence of such
my with 0 < m; < 2. Indeed, if 1 < |A'| < %, then we can take m; = % — |A'], and
if 2 < |A'| < m —1, then we can take m; = % In the case |A'| = m, corresponding to

D#* = 9,, we directly obtain

1 1
Rn|D;4 87;1'& axzut DAUt|de' S C(HD;;4 amzu||L2(Rn)||a$zut||Ln(Rn)||DAut||

Ln2f2 (R™)
< OVl g ||Vt grm ey | VD || ey < Cyf B [u] Sz [u].

This completes the proof of Step 2 and hence the proof of estimate (L.6J).
Thus, estimates (L68) and (L69) imply

L,D*uD*u,dr| < Cmax(a, B)e B [u] Sm[u],

Rn
from where follows (L64]). O
Thanks to Lemma [L5.1] we have the following energy decay result:

Theorem 1.5.3. Let n > 3, m € N be even and m > [g + 3}. For ug € H™(R"™) and

u; € H™(R™), satisfying the smallness condition according to Point 1 of Theorem [.Z.2,
there exists a unique global solution

u € CHRY; H™ H(R™)) N C(RT; H™(R™))
of problem (L3)-(L.8) and the energy Em[u](0) < oo is well-defined. Then

1. it holds the a priori estimate

%E(t) + V328 [u](1) (V3 = Cmax(a, /)W) <0, (1.80)

where, denoting by V the set of all multi-indexes A = (Ao, A1, ..., A,) with |A| — Ag <
m — 2A0,

OEDY|

A (1 — acuy)(DMuy)? + (VD)) (t, z) da.
Aev R?

2. if in addition \/Ex=[u](0) < \/§+CQC\'/§I:nax(a 5= O(\/¢), then
vt € R*, Emlu](t) < (3+ 2c¢*)Em[u](0) = O(1). (1.81)

Proof. We sum (L62]) on all A € V to obtain

%E(t) + 2veSm[u] < Oy, max(a, B)ey/Em[u]Sm[u].

While [|uy ()| oo mny < 5= it holds

ag

Sl < BO) < (5 + Bz (),
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and consequently,

d —EB(t) + 2veSm[ul(t) < V20, max(a, f)e E(t)Sm [u](t).

dt
Thus, if for all time /F(t) < max&{%, and in particular,
3 v 2
E(0) < <§ np > Eu [u](0) < 2 <m> , (1.82)

then we have the decreasing of E in time:

d
ZE(t) <0 and E(t) < E(0).

Moreover, for all time ¢ > 0

[ (£)]] oo () <Coor) B[] () < CooV2y/ E(t) < Coov'24/ E(0)
v 1

2 .
= COOCm max(«, 3) = 20e

To be able to write ZCooch(aﬁ) < ﬁ
coefficients, € < 1, ¢ = O(%), a = 3;71 < =2, and consequently, as v = O(1), the last

inequality becomes

, we recall that, using the physical values of

Coo 1

C, v 200€’
which is obviously true in the case of € < 1 (and, for instance, taking C,, = 2C,). Hence,
if Eq. (L82) holds, then for all time |Ju;(¢)||~ < 5= and the well-posedness of the Cauchy
problem is ensured with the following energy estimate

Eu[u](t) < 2E(0) < (34 2¢%)Ex[u](0).
O

1.6 lllustration of the sharp behaviour of Point 1 in The-
orem (1.2.2

Theorem 1.6.1. Let n > 3, m € N be even, m > [% + 3]. For uy € H™(R") and
Uy € Hm(Rn) Zf

Vo || m @y +|[u || m @)

1 212
< . _o(e ), (183)
J [} BET (11 )02, max(a?, )
then \/Em[u \/3 CQC max(aﬁ = O(V/€), so that by Theorem[L 5.3 Point 2 there exists

a unique global solution v € CO(R*; H™(R™)) N CY(RT; H™(R™)) of the Cauchy problem
associated to the Kuznetsov equation such that for all t € R

Bl < Jé +) (14 B L) Pulamen + foslimae). (180
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Proof. We want to show (L83). To do it, we perform the induction on i € {0;1;...; %
proving that the time derivatives of the solution of the Cauchy problem (LH)-(L6) u at
t = 0 satisfy for all i € {0;1;...; 3} and for k € N, 0 < %k < i the following estimate

105 (0) || grm—2t gy < an([| Vs zrmrny + | || zrm reny ), (1.85)

with ag = 1, a; = 2¢®> + 2 and

k
ak+1:ak+202ak_1+22ai+1 fOI‘lSkJS%—l
1=0

For ¢ = 0 the proof is direct. For ¢ = 1 from the Kuznetsov equation we have

1

= ——(*Aug + veAu; + BeVuVuy).
1 — acuy

u(0)

1
1—acuq

As for a small enough € it holds ||
equality we obtain

oo < 2, taking the ||.||gm-2@®n)—norm of the last

||utt(0) ||Hm*2(]R") S 2(CQ||AUO||Hm72(Rn) + V€||AU1 ||Hm72(]Rn)
"—68”VUOVU1”Hm—2(Rn)). (186)

Thanks to [2] we have for all | € N and for all k € N, 0 <1l <mand 0 < k < m — [ the
continuous embedding of the product

H™HR") x H*(R™) — H*(R™). (1.87)
Thus we can write for (.80

Hutt(O) HHm—Q(R”) S 2(C2HVUOHH7"(R") —+ 1/8Hu1 HHm(Rn)
+ BeK || Vuo || rm—1@ny [Vt || rm-1 ey ),

and by Young’s inequality we find
1t (0) | =2y < 2 [€2 1|Vt | ey + v | || prm

(1.88)

1
58K (I VtollFm gy + [y ) |

Choosing € small enough such that

1
6€K||VU/O||HWL(R") S ]_, 65K||u1||Hm(]R") S 1, ve S 5,
from (L8Y) it follows
1 1 1
0 (0) | 1y <2 [(8 + 5) Vo gy + <§ n 5) [ —

<(2¢ 4 2)([[Vuol | gm@ny + luall gm @n))-

Let define now the induction hypothesis: for i € {0;1;...;% — 1} for k € N, 0 < k < i it
holds estimate (L8H). Now we want to show it for ¢ + 1, by the induction hypothesis we

just need to show

”aZJrlut((DHHM*QUH)(R") < a1 ([ Vuoll gm@ny + [[ur |l zrmgny)-
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Deriving i-times on time the Kuznetsov equation, for ¢ > 1 we obtain

1

— QU

i1
Oy (0) =1 (CQAﬁfu(O) + veAdjuy(0) + ae Y CFO; Fuy(0)9F uy (0)
k=0

+ Be Z Cfvag—’“u(owafut(o))

k=0

We take the ||.|| gm-2¢+1—norm of this equation and in the same way as for i = 1 we show
that

H 8f+1ut(0) ”Hm72(i+l) (R™)

< <2C2CL@'1 + a; + 2 Z ap + 1) (HVUOHHm(]Rn) —+ HulHHm(Rn))
k=0
<ai1([[Vuol rm gy + [lual[rm ).

This concludes the induction.
With the induction result we have for k € N, 0 < k < %

1071t (0) || g2 ey < ar([| Vo] m ey + [ || g reny),

where
ap < (202 —+ Q)k
Therefore we can write

m
2

=0
202 + 2)m+2 _ 1
(22 +2)2 — 1

En[u](0) < (1 + a?) (V2o ey + [l [l v ey )?

) (It ey -+ [0y

Hence, taking the initial data satisfying estimate (L.83]) we have the following estimate for
the initial energy

202
P2l < 532102 max(a2, 57

Consequently, by Theorem [[.5.3] Point 2 for all ¢ € R™ we obtain estimate (L.84]). O




Chapter 2

Models of nonlinear acoustics viewed
as an approximation of the
Navier-Stokes and Euler compressible
isentropic systems

2.1 Introduction francaise

L’étude de la propagation d’ondes non-linéaires suscite un renouveau d’intérét, en partic-
ulier & cause de récentes applications a l'imagerie ultrason (par exemple HIFU) ou des appli-
cations techniques et médicales comme la lithotripsie ou la thermothérapie. Ces techniques
nouvelles reposent fortement sur la capacité a modéliser précisément la propagation non-
linéaire d’une pulsation sonore d’amplitude finie dans un milieu élastique thermo-visqueux.
Les modeles les plus connus d’acoustique non linéaire, que nous considérons dans ce chapitre,
sont

—_

. I'équation de Kuznetsov (voir Eq. (Z13) et Eq. (Z23)));

[\S)

. Péquation de Khokhlov-Zabolotskaya-Kuznetsov (KZK) (voir Eq. (2.63));

w

. I'Equation d’onde Non-linéaire Progressive (NPE);

W

. I'équation de Westervelt (voir Eq. (Z144])).

Nous pouvons nous référer a I'introduction générale pour 'analyse physique de ces modeles.
Ils ont tous été dérivés jusqu’a de petits termes négligeables a partir de systemes non-
linéaires de Naviers-Stokes (pour le milieu visqueux) et d’Euler (pour le cas non visqueux)
compressibles et isentropiques. Mais toutes les dérivations physiques de ces modeles citées
ne permettent pas de dire que leurs solutions approchent la solution du systeme de Navier-
Stokes ou d’Euler. Nous commengons dans la Section a présenter le contexte initial du
systeme de Navier-Stokes isentropique (en fait, c’est aussi une approximation du systéme
de Navier-Stokes compressible (Z3)—(28])), qui décrit le mouvement d’une onde acoustique
dans un milieu thermo-élastique homogene[I3] [37, [65]. Nous systématisons dans ce chapitre
la dérivation de tous ces modeles en utilisant les idées de la Réf. [81], consistant & utiliser
des correcteurs des ansatzs physiques correspondants dans les expansions de type Hilbert.

Plus précisément, nous montrons que tous ces modeles sont des approximations du
systeme de Navier-Stokes ou d’Euler jusqu’aux termes d’ordre trois en un petit parametre
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sans dimension € > 0 mesurant la taille des perturbations de la pression, la densité et la
vitesse par rapport a leur état constant (pg, po,0) (voir Fig. [I).

Dans la Section 2.4, nous validons les approximations du systeme de Navier-Stokes com-
pressible par les différents modeles: 1'équation de Kuznetsov (Sous-section [Z.4.T]), I’équation
de KZK (Sous-section 24 2))et I’équation NPE (Sous-section [Z.4.3]).

Dans la Section 2.8l nous faisons de méme pour le systéme d’Euler dans le cas non
visqueux. Les différences principales entre les cas visqueux et non visqueux sont le temps
d’existence et la régularité des solutions. Typiquement, dans le cas non visqueux, les solu-
tions des modeles et aussi du systéme d’Euler lui-méme ( solutions fortes) peuvent entrainer
la formation de fronts de choc en temps finis a cause de leurs non-linéarités[4], 26, (80} 84, 93],
ou comme dans le Théoreme [L 21l du Chapitre [ pour le cas de Kuznetsov non visqueux.
Ainsi, elles sont seulement localement bien posées, alors que dans le cas visqueux tous les
modeles d’approximations sont globalement bien posés pour des données initiales suffisam-
ment petites[26], [80], ou encore comme dans les Théoremes [L2.1] et du Chapitre [II
Ces propriétés d’existence des solutions pour les cas visqueux et non visqueux peuvent
aussi impliquer des différences dans la définition du domaine sur lequel les approximations
ont lieu: par exemple[81], pour 'approximation entre ’équation de KZK et le systeme de
Navier-Stokes le domaine d’approximation est le demi-espace, mais pour le cas non visqueux
analogue de ’équation de KZK et du systéme d’Euler ¢’est un cone (voir aussi en conclusion
le Tableau 2.1]).

Dans les Sections [2.4] et nous notons par U, une solution du systéeme de Navier-
Stokes/Euler "exact" (voir I'Eq. (Z31)):

- 0
3tU€ —+ Zalez(Ue) — &V [AV€‘| = 0,

i=1

et par U, une solution approchée, construite par 1'ansatz de dérivation a partir d'une
solution réguliere de I'un des modeles approchés (typiquement les équations de Kuznetsov,
KZK et NPE), i.e. une fonction qui résout le systéme de Navier-Stokes/Euler jusqu’aux
termes d’ordre €2, dénotés par 3R (voir 'Eq. (2.32):

8,5U€ + Z 8:21(;2(?5) — &V

i=1

0 3
[ AVJ =e’R.
Pour avoir le terme de reste R € C([0,T], L*(2)) nous devons assurer que le terme de
gauche de cette équation est dans C([0, 7], L*(€2)), i.e. nous avons besoin d'une solution U,
suffisamment réguliere. La régularité minimale des données initiales pour avoir un tel U,
est donnée dans le Tableau [Z] (voir aussi le Tableau pour 'approximation de 1’équation
de Kuznetsov).

En choisissant pour le systeme exact les mémes données initiales et au bord trouvées
par I'ansatz pour U, (le cas régulier) ou les données initiales prises dans un petit voisinage
L2, i.e.

[U(0) = U (0)[|2(0) <6 <, (2.1)
avec U.(0) non nécessairement régulier, mais assurant l’existence d’une solution faible ad-

missible d’énergie bornée (voir la Définition ZZ4.T]), nous prouvons 17existence de constantes
C >0 et K > 0 indépendantes de €, § et du temps ¢ telles que

pour tout 0 <t < ¢ (U, — Ug)(t)H%z(Q) < K(t + §%)eRe < 9¢? (2.2)
5
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avec 2 un domaine oti les deux solutions U, et U, existent (voir les Théorémes 2Z.4.3)
et [Z4.10).

Dans le cas visqueux tous les modeles d’approximation vérifient l'existence globale
de solutions classiques pour les données initiales suffisamment petites sur leur domaine
d’approximation €2, qui varie selon les différents modeles (voir Tableau 2.1): il correspond
AR", T, xR et R, x R"! pour I’équation de Kuznetsov, I’équation NPE et 1’équation
de KZK respectivement. Si nous prenons des données initiales régulieres U.(0) = U.(0),
la méme chose est vraie pour le systeme de Navier-Stokes avec la méme régularité pour
les solutions [67], & I'exception du cas du demi espace pour l'approximation entre le sys-
teme de Navier-Stokes et I’équation de KZK, d’abord considérée dans la Réf. [81], ou,
di aux conditions de bords périodiques, venant des conditions initiales pour 1’équation
de KZK, nous prouvons seulement l'existence locale. Pour l'obtenir, nous utilisons la
Réf. [81] Théoreme 5.5. Nous I'adaptons au cadre du nouvel ansatz (2.64)—(ZG3)et cor-
rigeons plusieurs ambiguités dans sa preuve (voir la Sous-Section Théoreme 2Z.4.7)),
qui nous permet dans le Théoreme de la Sous-Section d’établir le résultat
d’approximation entre ’équation de KZK et le systeme de Navier-Stokes en suivant la
Réf. [81] Théoreme 5.7 en adaptant juste les estimations de stabilité de I'approximation.

Pour obtenir I'estimation (2.2)) nous n’avons pas besoin de la régularité d’une solution
classique du systeme de Navier-Stokes (ou d’Euler), ce peut étre une solution faible (au
sens de Hoff [38] pour le systeme de Navier-Stokes ou une des solutions au sens de Luo et
al. [64] pour le systeme d’Euler) satisfaisant les conditions d’admissibilité données dans la
Définition [ZZ4.T] (voir aussi la Réf. [23] p.52 et la Réf. [81] Définition 5.9).

Pour le cas non visqueux, donné en Section [2.5, nous vérifions que le temps d’existence
des solutions (fortes) pour tous les modeles n’est pas plus petit que O(1) et que I'estimation (Z.2)
est toujours vérifiée.

Comme les équations de KZK et NPE peuvent étre vues comme des approximations
de I'équation de Kuznetsov au vu de leur dérivation (voir la Figure [I]), nous validons aussi
I’approximation de I’équation de Kuznetsov par les équations de KZK et NPE, et aussi par
I’équation de Westervelt, dans les Sections [2.6], 2.7 et (voir le Tableau [2.2)).

Pour pouvoir considérer I'approximation de I’équation de Kuznetsov par 1’équation de
KZK (voir la Section 2.6)), nous établissons d’abord des résultats sur le caractere globalement
bien posé de I'équation de Kuznetsov dans le demi espace, similaires au cadre précédent
pour I'équation de KZK et le systéeme de Navier-Stokes dans la Sous-Section Nous
étudions deux cas : le probleme périodique en temps purement aux bords dans les variables
(z,7,y) se déplagant avec I'onde et le probleme avec conditions initiales et au bord pour
I'équation de Kuznetsov dans les variables initiales (¢, 21, 2’) avec des données venant de
la solution de I’équation de KZK. Nous validons ces deux types d’approximations en Sous-
Section 2.6.3] pour les cas visqueux et non visqueux.

Finalement dans les Section [2.7] et 2.8 nous validons I'approximation entre les équations
de Kuznetsov et NPE et les équations de Kuznetsov et Westervelt respectivement (voir le
Tableau 2.2]). Nous pouvons les résumer de la maniere suivante: si u est une solution de
I'équation de Kuznetsov et @ est une solution de 1’équation de NPE ou de KZK (pour le
probléme avec conditions initiales et aux bords) ou de Westervelt trouvée pour des données
initiales assez proches

[Vix(u(0) —7(0)) ||l r2@) < 9 <,

alors il existe des constantes K > 0, C; > 0, Cy > 0 et C' > 0 indépendantes de €, ¢ et du
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temps, telles que pour tout ¢t < % il est vérifié

Hvt,x(u — H)HLQ(Q) S Cl<€2t + (S)€CQEt S Ke.

2.2 Introduction

There is a renewed interest in the study of nonlinear wave propagation, in particular be-
cause of recent applications to ultrasound imaging (e.g. HIFU) or technical and medical
applications such as lithotripsy or thermotherapy. Such new techniques rely heavily on
the ability to model accurately the nonlinear propagation of a finite-amplitude sound pulse
in thermo-viscous elastic media. The most known nonlinear acoustic models, which we
consider in this chapter, are

1. the Kuznetsov equation (see Eq. (2I3]) and Eq. (Z23));

2. the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation (see Eq. (Z.63));

3. the Nonlinear Progressive wave Equation (NPE) (see Eq. (293)) and Eq. (2294)));
4. the Westervelt equation (see Eq. (Z140)).

We can refer to the general introduction for the physical analysis of these models. All these
models were derived from a compressible nonlinear isentropic Navier-Stokes (for viscous
media) and Euler (for the inviscid case) systems up to some small negligible terms. But all
cited physical derivations of these models don’t allow to say that their solutions approximate
the solution of the Navier-Stokes or Euler system. The first work explaining it for the KZK
equation is Ref. [81]. We start in Section to present the initial context of the isentropic
Navier-Stokes system (actually, it is also an approximation of the compressible Navier-
Stokes system (2.5)—(2.8])), which describes the acoustic wave motion in an homogeneous
thermo-elastic medium[I3], 37, [65]. In this chapter, we systematize the derivation of all
these models using the ideas of Ref. [81], consisting to use correctors in the Hilbert type
expansions of corresponding physical ansatzs.

More precisely, we show that all these models are approximations of the isentropic
Navier-Stokes or Euler system up to third order terms of a small dimensionless parameter
€ > 0 measuring the size of the perturbations of the pressure, the density and the velocity
to compare to their constant state (po, po,0) (see Fig. [I).

In Section 2.4l we validate the approximations of the compressible isentropic Navier-
Stokes system by the different models: by the Kuznetsov (Subsection 2.4.T]), the KZK
(Subsection 2.4.2)) and the NPE equations (Subsection 2.4.3)).

In Section we do the same for the Euler system in the inviscid case. The main
difference between the viscous and the inviscid case is the time existence and regularity
of the solutions. Typically in the inviscid case, the solutions of the models and also of
the Euler system itself (actually strong solutions), due to their non-linearity, can provide
shock front formations at a finite time [4, 26, 80, [84], 93], or see Theorem [L2.1lin Chapter [l
for the inviscid Kuznetsov equation. Thus, they are only locally well-posed, while in the
viscous media all approximative models are globally well-posed for small enough initial
data [26, 80], for the Kuznetsov equation we have the results of Theorems [[L2.T]and [L2.2in
Chapter[Il These existence properties of solutions for the viscous and the inviscid cases may
also imply the differences in the definition of the domain where the approximations hold:
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for example[81], for the approximation between the KZK equation and the Navier-Stokes
system the approximation domain is a half-space, but for the analogous inviscid case of the
KZK and the Euler system it is a cone (see also the concluding Table 2T]).

In Sections 2.4 and 2.5 we denote by U, a solution of the “exact” Navier-Stokes/Euler

system (see Eq. (Z31)))

- 0
@Ue —+ Z@lez(Ue) — &V [AV€‘| = 0,

=1

and by U, an approximate solution, constructed by the derivation ansatz from a regular
solution of one of the approximate models (typically of the Kuznetsov, the KZK or the
NPE equations), i.e. a function which solves the Navier-Stokes/Euler system up to € terms,
denoted by € R (see Eq. ([Z32)):

_ n _ 0
6U5+ 8x1Gz(Ue) — &V [ —
¢ ; AV,

] =R

To have the remainder term R € C([0,T], L*(Q2)) we ensure that the left hand side term
in this is in C([0,T], L*(Q2)), i.e. we need a regular enough solution U,. The minimal
regularity of the initial data to have such a U, is given in Table 2] (see also Table for
the approximations of the Kuznetsov equation).

Choosing for the exact system the same initial-boundary data found by the ansatz for
U. (the regular case) or the initial data taken in their small L?>-neighbourhood, i.e.

[U(0) = U(0)[|120) < 0 < ¢, (2.3)

with U, (0) not necessarily smooth, but ensuring the existence of an admissible weak solution
of a bounded energy (see Definition 2.4.1]), we prove the existence of constants C' > 0 and
K > 0 independent of €,  and the time ¢ such that

forall 0 <t < g (U = UL) (1) 1720y < K (¥t + 6%)e"= < 9e? (2.4)

with 2 a domain where both the solutions U, and U, exist (see Theorems ZZ3]
and [ZZ.10).

In the viscous case, all approximative models have a global existence of classical solutions
for small enough initial data in its approximative domain €2, which is various for different
models (see Table 21)): it is equal to R™, T,, x R"™! and R, x R*! for the Kuznetsov
equation, the NPE equation and the KZK equation respectively. If we take regular initial
data U.(0) = U.(0), the same thing is true for the Navier-Stokes system with the same
regularity for the solutions [67], except for the case of the half-space for the approximation
between the Navier-Stokes system and the KZK equation, firstly considered in Ref. [81],
when, due to the time periodic boundary conditions, coming from the initial conditions
for the KZK equation, we only prove a local existence. To obtain it we use Ref. [§]]
Theorem 5.5. We updated it in the framework of the new ansatz (Z64)—(2Z65) and corrected
several misleading in its proof (see Subsection Theorem [ZZ.7]), what allows us in
Theorem of Subsection to establish the approximation result between the KZK
equation and the Navier-Stokes system following Ref. [81] Theorem 5.7 just updating the
stability approximation estimate.
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To obtain estimate (Z4]) we don’t need the regularity of the classical solution of the
Navier-Stokes (or Euler) system, it can be a weak solution (in the sense of Hoff [38] for
the Navier-Stokes system or one of solutions in the sense of Luo and al. [64] for the Euler
system) satisfying the admissible conditions given in Definition 2-4.1] (see also Ref. [23] p.52
and Ref. [81] Definition 5.9).

For the inviscid case, given in Section 2.0 we verify that the existence time of (strong)
solutions of all models is not less than O(2) and estimate (Z4)) still holds.

As the KZK and NPE equations can be seen as approximations of the Kuznetsov equa-
tion due to their derivation (see Figure [I), we also validate the approximation of the
Kuznetsov equation by the KZK and NPE equations, and also by the Westervelt equa-
tion, in Section 2.6] 27 and 2.8 (see Table 2.2)).

To be able to consider the approximation of the Kuznetsov equation by the KZK equa-
tion (see Section [2.6]), we firstly establish global well-posedness results for the Kuznetsov
equation in the half space similar to the previous framework for the KZK and the Navier-
Stokes system in Subsection We study two cases: the purely time periodic boundary
problem in the ansatz variables (z, T,y) moving with the wave and the initial boundary-
value problem for the Kuznetsov equation in the initial variables (¢, 1, z’) with data coming
from the solution of the KZK equation. We validate these two types approximations in Sub-
section for the viscous and inviscid cases.

Finally in Sections 2.7 and 2.8 we validate the approximation between the Kuznetsov
and NPE equation and the Kuznetsov and Westervelt equations respectively (see Table 2.2]).
We can summarize them in the following way: if u is a solution of the Kuznetsov equation
and @ is a solution of the NPE or of the the KZK (for the initial boundary value problem)
or of the Westervelt equations found for rather closed initial data

[Vix(u(0) —7(0)) |2 < 9 <,

then there exist K > 0, C; > 0, Cy, > 0 and C' > 0 independent on ¢, § and on time, such
that for all ¢t < % it holds

||vt7x(u _E)HLQ(Q) S Cl(€2t+5)6025t S KG.

2.3 Isentropic Navier-Stokes system for a subsonic po-
tential motion

To describe the acoustic wave motion in an homogeneous thermo-elastic medium, we start
from the Navier-Stokes system in R”

B,p + div(pv) = 0, (2.5)
P[0 + (V.V)V] = —Vp + nAv + (g + g) V. div(v), (2.6)
pT[0:S + (v.V)S] = kAT + ((divv)?

+ g (@Ckvi + Oy — %@kaﬁvi)z, (2.7)
p=p(p,S), (2.8)

where the pressure p is given by the state law p = p(p, S). The density p, the velocity v,
the temperature 7" and the entropy S are unknown functions in system (2.5)—(28). The
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coefficients 3, x and n are constant viscosity coefficients. The wave motion is supposed to be
potential and the viscosity coefficients are supposed to be small in terms of a dimensionless
small parameter € > 0:

nAv + <C + g) V.div(v) = (C + %77) Av:= BAv, with g =ef.

Any constant state (po, vo, So, Tp) is a stationary solution of system (ZH)—(28]). Further
we always take vo = 0 using a Galilean transformation. Perturbation near this constant
state (po, 0, Sp, Tp) introduces small increments in terms of the same dimensionless small
parameter € > 0:

T(x,t) =Ty +eT(x,t) and S(x,t) =Sy + &>S(z,1),

pe(x,t) = po + epe(x,t) and ve(z,t) =ev (1),
where the perturbation of the entropy is of order O(€?), since it is the smallest size on € of
right hand terms in Eq (271), due to the smallness of the viscosities (see Eq. ([2.9])).

Actually, € is the Mach number, which is supposed to be small [I3] (¢ = 107° for the
propagation in water with an initial power of the order of 0.3 W/cm?):

p—po T-To |v|

—NE’

Po Ty Co

where cg = 1/p'(po) is the speed of sound in the unperturbed media.
Using the transport heat equation (Z7) up to the terms of the order of &?

e2poTo0:S = 2R AT + O(£%), (2.9)
the approximate state equation
| . =
p=po+ ep. + é(aip)sg,og + (0sp) %S + O(?)

(where the notation (.)s means that the expression in brackets is constant in ), can be
replaced [13], 65, 37] by

—1)c? 1 1
p=npo+’ep. + ugﬁa — ek (— — —) V.v. +0(%),

2p0 CV Cp
using 1" = p"—;% from the theory of ideal gaze and taking
S =S

plp,8) = Rp’e Cv

Here v = C,/Cy denotes the ratio of the heat capacities at constant pressure and at
constant volume respectively.
Hence, system (Z3)—(2Z8) becomes an isentropic Navier-Stokes system

Oype + div(pve) =0, (2.10)
pe[Ove + (Ve - V) ve] = =Vp(p:) + evAv,, (2.11)
with the approximate state equation p(p, S) = p(pe) + O(€3):
(v = De?

p(pe) = po + (pe — po) + (p= — po)*, (2.12)

2po

and with a small enough and positive viscosity coefficient:

v=P3+kK 1
eV = o o)
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2.4 Approximation of the Navier-Stokes system

2.4.1 Navier-Stokes system and the Kuznetsov equation

We consider system (ZI0)-(2I2) as the exact model. The state law (ZI2) is a Taylor
expansion of the pressure up to the terms of the third order on e. Therefore an approxi-
mation of system (2I0)-(2I2) for v. and p. up to terms O(e*) would be optimal. In the
framework of the nonlinear acoustic between the known approximative models derived from
system (ZI0)—(2I2) are the Kuznetsov, the KZK and the NPE equations. In this section
we focus on the first of these models, 7.e. on the Kuznetsov equation.

Initially the Kuznetsov equation was derived by Kuznetsov [60] from the isentropic
Navier-Stokes system (ZI0)—(2I2]) for the small velocity potential v.(x,t) = —Vu(x, 1),
xR te R

OX — AN = 0, ((va)2 + 72;21 (011)* + %Aa) : (2.13)
0

The derivation was latter discussed by a lot of authors [37, [50] 63].
Unlike in these physical derivations we introduce a Hilbert expansion type construction
with a corrector €2py(x, t) for the density perturbation, considering the following ansatz

pS(Xa t) = po tEp1 (X’ t) + €2p2(X, t)? (2'14)
ve(x,t) = —eVu(x,1). (2.15)

The use of the second order corrector in (Z.14]) allows to ensure the approximation of (ZI1])
up to terms of order €3 (see Subsection 2.4.T]) and to open the question about the approxi-
mation between the exact solution of the isentropic Navier-Stokes system (Z.10)—(2.12) and
its approximation given by the solution of the Kuznetsov equation, as it was done for the
KZK equation[&]].

Derivation of the Kuznetsov equation from an isentropic Navier-Stokes system

Putting expressions for the density and velocity (2.I4)—(2ZI5) into the isentropic Navier-
Stokes system (2.I0)—(2I2]), we obtain for the momentum conservation (2.1T])

p[Ove + (Vo - V) ve] + Vp(pe) — evAv. = eV (—podiu + 2 p1)

(v = 1)¢?

+ 2 —p1V(8tu)+%V((Vu)2)+62Vp2+ n
0

V(p}) +vVAu| +O(%). (2.16)

In order to have an approximation up to the terms O(e?) we put the terms of order one
and two in ¢ equal to 0, what allows us to find the expressions for the density correctors:

pr(x,1) :%&tu(x, ), (2.17)
po(y —2) Po v
p2(x,t) = — T(ﬁtu)Q - 2—62(Vu)2 - gAu. (2.18)

Indeed, we start by making eV (—podiu + ¢?p;) = 0 and find the first order perturbation
of the density p; given by Eq. (ZI1). Consequently, if p; satisfies (ZIT), then Eq. (2.16])
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becomes

Pe [&tve + (Vz-: ) v) Vz-:] + Vp(pe) — evAv, = €V(—Poatu + C2p1)

-1
2V —”—C°<atu)2 + %(W)? + Py + %@W +vAu| + 0. (2.19)

Thus, taking the corrector ps by formula (2I8]), we ensure that
P[0V + (Vo - V) Vo] + Vp(p:) — evAv. = O(£%). (2.20)

Now we put these expressions of p; from (2ZI7) and ps from (2.I8]) with ansatz (214215
in Eq. (ZI0) of the mass conservation to obtain

Orpe + div(peve) = 5% [@2u — A Au—

ey ((Vu)2 + 72;22 (Ou)* + 5Au> - 5utAu] +0(?). (2.21)
0

Then we notice that the right hand term of the order € in Eq. (Z2I)) is actually the linear
wave equation up to smaller on € therms:

0P — AAu = O(e).

Hence, we express

L o)) + 0,

1
A == £— 2 =
EUAU = £ sty + O(e%) €52

and putting it in Eq. (221]), we finally have

Ope + div(peve) = 5% [Q?u — A Au—

£d; ((W)2 + ”2;21 (Oyu)? + %Auﬂ +0(e%). (2.22)

The right hand side of Eq. (2:22]) gives us the Kuznetsov equation

-1 v
O*u — A Au = €0, | (Vu)* + 7 (Ou)* + —Au |, (2.23)

2c? Po
which is the first order approximation of the isentropic Navier-Stokes system up to the
terms O(g3). Moreover, if u is a solution of the Kuznetsov equation, then with the relations

for the density perturbations (Z.I7) and (ZI8) and with ansatz (214)-(2I5) we have

Ope + div(p.ve) = O(€%) (2.24)
plOrve + (ve - V) v + Vp(p.) — evAv. = O(€). (2.25)

Hence, it is clear that the standard physical perturbative approach without the corrector
p2 (it is sufficient to take ps = 0 in our calculus) can’t ensure (2.24)—(2.25).

Let us also notice, as it was originally mentioned by Kuznetsov, that the Kuznetsov
equation (223 contains terms of different orders, and hence, it is a wave equation with
small size non-linear perturbations 9;(Vu)?, 9;(9;u)? and the viscosity term 9;Au.
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Approximation of the solutions of the isentropic Navier-Stokes system by the
solutions of the Kuznetsov equation

Let us calculate the remainder terms in (2.24)-(2.25), which are denoted respectively by
3pPNS—Kuz 3P NS—Kuz,
e’ Ry and £°R,; :

1 -2
3RNS-Kuz _ 3 lgatu (wdt)at[@tu)?] + %&[(Vu)z] + %@Au)

2c
1
_%&m Au — Vpy.Vu — pQAu} + 54§8tu (Vpa.Vu + psAu) , (2.26)
SRYSH — 8 [ ((Vu)) — a0 + 2 [(Vay?]. (227)

If u is a sufficiently regular solution of the Cauchy problem for the Kuznetsov equation in
Rn
2, .2 _ 2, =1 2, v
{ Oiu — ¢ Au = €0y ((Vu) + Tz (Opu)® + pOAu) , (2.98)
u(0) = ug, ut(0) = uy,
then, taking p; and py according to formulas (ZI7)-(2.18), we define p. and ¥, by formu-
las (2.14))-(2.15) and obtain a solution of the following approximate system

0. + div(p.v.) = 2RV Kuz, (2.29)
p.[0%. + (V. V)¥.] + Vp(p.) — evAV, = PRYSFKvs (2.30)

with p(p.) from the state law (ZIZ). With notations U, = (p., p.v.)! and U, = (p., p.V.)’,
the exact (ZI0)—-(2I1]) and the approximated (Z29)-(2Z30) Navier-Stokes systems can be

respectively rewritten in the following forms[23] R1]:

" 0
U+ 0,,Gi(U,) — ev lAvJ =0, (2.31)

=1
815U€ + Z 8331Gl(ﬁ5) — &V lAOV 1 = 63RN57KHZ (232)
=1 €

R{VS*Kuz

with RVS—Kuz — [RNS_K“Z] from (2.26])-(2.27) and
2

(UL — pevi (U = DG,
G,(U.) = [pewvs +p<p€>ei] . 0,,Gi(U.) = DG;(U.)d,, U.. (2.33)

The well-posedness results for the Cauchy problems (2.10)-(2I2)[67] and ([228)[26] or
see Theorem [.2.2] from Chapter [Il allow us to establish the global existence and the unicity
of the classical solutions U, and Uy, considered in the Kuznetsov approximation framework:

Theorem 2.4.1. There exists a constant k > 0 such that if the initial data ug € H®(R?) and
uy € HY(R3) for the Cauchy problem for the Kuznetsov equation (228) are small enough

|uol| s w3y + [|ur || garsy <,

then there exist global in time solutions U, = (p., p.V.)! of the approrimate Navier-Stokes
system (2.38) and U, = (pe, p:ve)' of the exact Navier-Stokes system (231) respectively,
with the same reqularity corresponding to

P — po, pe — po € C([0, +oo[; H*(R?)) N C*([0, +o0[; H*(R?)) (2.34)
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and
Ve, Ve € C([0,+oof; HA(R?) N CH([0, +oo; H1(RY)), (2.35)
both considered with the state law (Z13) and with the same initial data
(ﬁe - pe)‘tZO = 07 (\_’e - Ve)‘t:O = 07 (236)

where peli—o and V |—o are constructed as the functions of the initial data for the Kuznetsov

equation ug and uy according to formulas (2-13)-(213) and (217)-(218):

S Po 2 [P(Y—2) 5 po s,V
Pelt=0 = po + et =€ |[Tog—ui+ 2—C2(Vu0) + gAuo , (2.37)
‘75|t:0 = —EVUQ. (238)

Proof. On one hand, Theorem 1.2 in Ref. [26] or Theorem in Chapter [1 applied for
n = 3 with m = 4 ensures that for ug € H*(R?) and u; € H*(R?) there exists a constant
ks > 0 such that if

HUOHH5(R3) + ”U1HH4(R3) < ko, (2.39)
then the Cauchy problem for the Kuznetsov equation (228]) has a unique global in time
solution

u € C([0, +oo[, H*(R*)) N C*([0, +oo[, HY(R?)) N C*([0, +-00[, H*(R?)). (2.40)

On the other hand, the Cauchy problem for the Navier-Stokes system is also globally
well-posed in R? for sufficiently small initial data (see Ref. [67] Theorem 7.1, p. 100): there
exists a constant k; > 0 such that if the initial data

p-(0) — po € H3(R?), v.(0) € H*R?) (2.41)

satisfy

10:(0) = poll 2 @sy + [[ve(0)[| mara) < k1,
then the Cauchy problem (ZI0)-(212) with the initial data (Z41]) has a unique solution
(pe, ve) globally in time satisfying (2Z34) and (Z:35).

Thus, for the initial solutions of the Kuznetsov equation we need to impose uq € H?(R?)
to have Aug € H3(R®) to be able to ensure that p. — poli=o € H?(R3). The regularity
u; € H*(R?) comes from the well-posedness of the Kuznetsov problem and obviously ensures
Veli—o € H3(R?), what is necessary [67] to have a global solution of the exact Navier-Stokes
system (Z.3T]).

As p. and V. are defined by ansatz (2.14])-(2ZI5]) with p; and ps given in (2.I7)) and (2.1I8)
respectively, the regularity of w ensures for p. — py and v, at least the same regularity as

given in (234) and (235). To find it we use the following Sobolev embedding for the
multiplication (see for example Ref. [15] or [57]):

H*(R") x H*(R") — H*(R") for s > g (2.42)
(u,v) — uv.

Moreover, considering formulas (220)—-(227) with u as defined in (Z40), all terms in
RYS~Ku= and R)® 5" are in H?(R3). Therefore, as 2 > 2, we use embedding (242)
to find that

RNS=Kuz ¢ 0([0, +o00[, H}(R?)) and RYS% ¢ C([0, +oof, H*(R?)).
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Hence, the L?(R?) and L>(R?) norms of the remainder terms RY°~5%#(¢) and RY"5"*(¢)
are bounded for ¢ € [0, 4o0].
Finally, it is important to notice that, as U.(0) = U.(0),

10(0) = pollmams) + [|v=(0) |2y =I1P=(0) — pollmsrs) + [[Ve(0)[| 3 re)
<C([Juollzrs sy + luall s )-

Thus, there exists k > 0 (necessarily k < ky) such that ||ug||zs + ||u1||z+ < k implies the
global existences of U, and U,. [

The stability estimate which we obtain between the exact solution of the Navier-Stokes
system U, and the solution of the Kuznetsov equation presented by U, does not require
for U, to have the regularity of a classical solution and allows to approximate less regular
solutions of the Navier-Stokes system with initial data in a small L? neighbourhood of
U.(0). To define the minimal regularity property of U, for which stability estimate (2.4))
holds, we introduce admissible weak solutions of a bounded energy using the entropy of the
Euler system (system (Z31]) with v = 0)

v? 1 m?
1(Ue) = pehlpe) + pomy = H(pe) + PER (2.43)

which is convex [23] with #/(p.) = 222 v, = o+ Thus, the first and second derivatives of

pZ
n are [81]
! 1 m2 t Vg t
m v,
Pe
H" i m?> m " v:io v
pg Pe Pe Pe

knowing that 7”(U,) is strictly positive defined.

Definition 2.4.1. The function U, = (pe, pcve) is called an admissible weak solution of
a bounded energy of the Cauchy problem for the Navier-Stokes system (210)-(213) if it

satisfies the following properties:

1. The pair (pe,ve) is a weak solution of the Cauchy problem for the Navier-Stokes

system (210)-(212) (in the distributional sense).

2. The function U, satisfies in the sense of distributions (see Ref. [23, p.52])
on(Ue) +V.q(Ue) — evveAve <0, where g(Uc) = v (n(Uc) +p(pe)),  (2.46)

or equivalently, for any positive test function 1 in D(R™ x [0, 00[) the function U,
satisfies

/OT /Rn (&WO(UE) + V.q(U,) + ev|V.v > + euve.[V.vevw]) dxdt
+

¥(x,0)n(Uc(0))dz = 0.

Rn
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3. The function U, satisfies the equality (with the notation ve = (vy,...,v,))

U2(¢ ¢ n
- [ P [ (Z Gi(U.)0, U, - evw,ogvi).wi) dads

U (0)

o 9 dr = 0.

_|_

Let us notice that any classical solution of (Z31]), for instance the solution defined in
Theorem 2.4.7], satisfies the entropy condition (246) by the equality and obviously it is
regular enough to perform the integration by parts resulting in the relation of point 3.
For existence results of global weak solutions of the Cauchy problem for the Navier-Stokes
system (Z31]) with sufficiently small initial data around the constant state (pg,0) (actually,
po — p(0) is small in L*°, v(0) is small in L? and bounded in L?") and with the pressure
p(p) = Kp? with v > 1, we refer to results of D. Hoff [38, 39]. For fixing the idea of
the regularity of a global weak solution we summarize the results of Hoff in the following
theorem:

Theorem 2.4.2. [38] Let forn = 3 8 = 0 and for n = 2 (3 be arbitrary small, N be a
giwven arbitrary large constant. There exists a constant Cy > 0 such that if the initial data
of (Z231) with p(p) = KpY (v > 1) satisfy the following smallness condition

o0 = p(O) ey + [ [(o0 = p(0)) + [VO)] (1 + [2f*) e < Co,
[v(0)[[ z2n (mny < NV,
then there ezists a global weak solution (p,v) (in the distributional sense) such that
1. p—po € L=(R™ x [0, 00]),
2. v.€ HY(R") for allt > 0,
3. forallt>71>0v(,t) € L*R"),

4. forallT >0 v e C¥%=3 (R x [, 00]) for all a €]0,1] whenn =2 and v € C'75 (R™ x
[T, 00[) when n =3,

5. evdivv + p(p) — p(po) € H'(R™) N C*(R") for almost all t > 0 with « = L for n =2

anda:% when n = 3.

In addition, (p,v) — (po,0) as t — 400 in the sense that for all g €]2,+00]
lim (H/J = poll Lo @n (oo + V(- T)HLq(R")) =0.

T—o00

Therefore, from Theorem it follows that a weak solution of the isentropic compress-
ible Navier-Stokes system (ZI0)-(2ZI2) is also an admissible weak solution of a bounded
energy in the sense of Definition 2.4.1l But in the following we only consider the question of
the validity of the stability estimate (2.4]) for initial data closed to U.(0) in L? norm (thus
for initial data not necessarily satisfying Theorem [24.2]) and we don’t consider the existence
question of an admissible weak solution of a bounded energy of the Cauchy problem for the
Navier-Stokes system. Thanks to Theorem 2.4.7] for classical solutions of two models and
to Definition [2.4.1] containing the minimal conditions on U, necessary for saying that it is
in a small L?-neighbourhood of the regular solution of the Kuznetsov equation, we validate
the approximation of U, by U, following the ideas of Ref. [81].
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Theorem 2.4.3. Let v > 0 and € > 0 be fized and all assumptions of Theorem [2.4.1] hold.
Then there exist constants C > 0 and K > 0, independent on € and the time t, such that

1. forallt < %
[(Ue = U) (1) [|72gsy < Kelte < de?;

2. for all b €]0, 1] during all time t < <1n(L) it holds
(0. = T)(0) |l regeey < 2¢”.
Moreover, if the initial conditions for the Kuznetsov equation are such that
ug € HP(R™), w, € H*PH(R") for s > g, n>2

and sufficiently small (in the sense of Ref. [26] Theorem 1.2 or Theorem[LZZin Chapteitd]),
then there exists the unique global in time solution of the Cauchy problem for the Kuznetsov
equation

p= — po € C([0,+oo; H*(R™)) N C*([0, +ool; H*H(R")), (2.47)
. € O([0, +ool; H*THR™)) N CH([0, +-00[; H*(R™)) (2.48)

and the remainder terms (RyY°5" RYSKv) defined in Eqs. (228)(2.27), belong to
C([0, +oof, HS7L(R™)).

If in addition there exists an admissible weak solution of a bounded energy of the Cauchy
problem for the Navier-Stokes system (2.31) (for instance if U.(0) satisfies conditions of
Theorem[Z.7.9 there is a global such weak solution) on a time interval [0, Tyg]| for the initial
data

1U(0) = U (0)[| 2y < 6 <,

then it holds for all t < min{<, Tys} the stability estimate (24):
(U — Uo) (D)1 72@ny < K (% +0%)e" < 9e.

Proof. In terms of entropy, system (2.32]), having by the assumption the unique classical
solution U,, can be rewritten as follows

_ _ T.) +p(7
om(U.) +V.q(U,) — evv. AV, = ¢* <w}%{vs‘mz + VE.Révs‘K“Z> . (2.49)

with RVS-Kuz — (RNS—Kuz RINS=Kuz) defined in Eq. (Z20)-(Z27). To abbreviate the

notations, we denote the remainder term of the entropy equation in system (2.49) by

ENSfKuz _ <7]<Ue)_+ p(pe) R{\fstuz + VE.Ré\/'SKuz> )
Pe
In the same time, it is assumed that for U, it holds (2:46]) in the sense of distributions.

Let us estimate in the sense of distributions

A CCARPIARRT AT ) (2.50)
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First we find from systems (2.40) and (2.49) that in the sense of distributions

0

2 0(02) = 9(02)) < = V.(a(U2) - a(02) + v(ve Av. - v.Av) — BV

=—V.(q(U.) —q(U.)) + ev Y _ 0y, (ve0y, Ve — V.0, V)

i=1

— v (05,ve0y, Ve — 05, :0,,V.) — £°R

i=1

NS—Kuz

Then we notice that

_%@/(UE)(Us - U€>> 8tUt ”<U€)(Ue - Ue) - n/(Ue)(atUe - 815Ue)7

where in the sense of distributions

—9,0"(U.)(U. - U.) = — [— i DGi(Ue)amiUE] 7"(0.)(U. - U,)

and

=1 (U:)(0,U: = 0,U;) = n'(Ue)(—iaxi(Gi(Ue) - Gi(U.)))

) (T)ew [ Av. o MJ + ey () RVS K,
Thanks to the convex property of the entropy we have
1"(U)DG;(U) = (DG,(U))"n"(U),
and consequently

(DGi(U.)2,,U:)'n"(U.)(U: — U Zamﬁi(DG (T:)'"(Ue)(U: - U

t
- [ 0_ ] n"(U.) (U, - U,) = —evAV.(v. — V.) — 51/Av5p6__ Pe (v. —V.)

Pe

=—ev Y 05,(0,,Ve(ve = Vo)) +ev Y 0y, V.0u, (Ve — V) — 8VAV€ — — P (Ve = Ve),

i=1 i=1 Pe
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/ 0 _ _ _
—n'(U,)ev [A% - Avj = — avv..(Av. — AV,)

=—ev Y 05, (Ve0y (ve = Vo)) +ev Y 05, V04, (Ve — V2).
=1

i=1

We integrate expression (Z50) over R™ and notice that the integrals of the terms in di-
vergence form in the development of (2Z50) are equal to zero. For the regular case in the
framework of Theorem [ZZ4.1] it is due to the regularity given by (Z34)) and (Z35) and the
following Sobolev embedding|2]

H*R") — Co(R™) :={f € C(R")| |f(x)] — 0 as ||z]| = +oo} for s > g, (2.51)
which allows us to use the fact that
Y e Co(R™), / V.f(x) de = 0.
Rn

In the case of a weak admissible solution U, it follows from its bounded energy property
(see Definition 2Z241] point 3) which implies that p. — py and v, tend to 0 for |z| — 400
and also implies the existence of the integrals over R"™. Therefore, we obtain the following
estimate in which each term is well-defined in the sense of distributions on [0, +00[N[0, T s]

d

7t Jao 1(Ue) = n(U0.) — 7/ (U.)(U, — U.)dz <

=3 [, 0.0 (0)(Gi(U.) = Gi(U) = DGy(T)(U. — T.))d

3
- 6V/ Z(axiveaxiva - amiveamive)dx (2.52)
R

3 _ =
+ 261//3 Z 00, Ve0y, (Ve — V. )dx + 51//3 AV, Pe - Pe (ve — v.)dx
R =1 R Pe

_ 53 /3(§NS—KUZ N n/(UE)RNS—Kuz)dx o 53 /3[]_:{INS—KUJZ]t?,,//(UE)(-[J8 . Ua)dl‘
R R
Now we study lower bounds of the left hand side and upper bounds of the right hand side

of (Z352)) in order to obtain a suitable estimate. For the right hand side of Eq. (Z52) we
notice that

3 3
v / S (0Ve00¥e — 0,5.0,72)dx + 260 / > 00900, (v — Ve)da
R* =1 R% =1
3
_ 5,,/3 S (0, (ve — ¥.))2dz < 0,
R =1

hence this term can be passed in the left hand side of Eq.(2.52]) and omitted in the estima-
tion. As the entropy is convex it holds

EI50 >0: U(Uz-:) - n(Ue) - 77/<U€>(U€ - U&) Z 5O‘U€ - U€|2'
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Then using also its continuity, we find

oo [ 10— TP < [ ([ 00 = 9(0) = /(T (U. — o) ds

ds
+Cy / U~ TP (0)da
R
On the right hand side of (2.52]), by the Taylor expansion we also have
G;(U,) - G;(U.) — DG4(U,)(U. - U,) < C|U, - U. ]~

With the boundness on [0; +oc[ of R;(t) and Ry(t) in the L? and L* norms, and thanks

to the regularity of U, defined in (Z47) and ([248) (see also (234) and (235) for the
case U.(0) = U.(0)) and the energy boundedness of U,, we estimate the other terms in

Eq. (Z52) in the following way
Ps — Pe

Pe
_53/3(FNS*KU'Z _ n/(Ua)RNS_KUZ)dZL' < K€3’
R

eV RSA% (v. —v.)dz < Ke||U, — UEH%Q(RC«X),

_53 /RS [RNS_KuZ]tT]”(UE)(Ug o Ua)dl’

< 0" (UL)|| ooy RN 5| 23y | U — Ul L2
S K€3HU€ — UEHLQ(R?’)-

Now, by integrating on [0,t], we obtain from (Z52) the following inequality
— t — —
[0~ OP0de < [ [(CIVOlo~ + K2)[U. = T e
+ K€3 + K€3||U5 - USHLQ(RS)] ds -+ Cl /3 |U5 - U5|2(0)dl‘
R

Here K, C and C) are generic constants of order O(e”) which do not depend on time.
Using once more the regularity properties ([2.34) and (2.35]), we have the boundness
of ||VU,|r~. But knowing that p. and V. are defined by ansatz (2I4)-(ZI5), we de-
duce that ||[VU,| = < Ce. Therefore,

V.~ Tl < [ K (o0, = Tl + & + U, = Uellage ) s
e /]R U, — U.2(0)da.
Then applying the Gronwall Lemma we have directly
1(Ue = To) )72y < K(7t +6%)e",

since Ket is a non-decreasing in time function and 3\/v < Kev for all v € R*. In addition,
to find the estimate of Point 2 for the regular case U.(0) = U.(0), we notice that

U, — U, r2@s) < v,
where v is the solution of the following Cauchy problem

{ (v?) = K(&® + &%v + ev?),
v(0) = 0.
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The study of this problem gives us

Kie In (1 +o(t) + 81—21;(75)2)
1

2 ¢ 2 )+ i ° I
— ——— |arctan | ————= |v —| | —arctan | — || = t.
K /4 —¢? 4e2 — ¢4 2 4 —g?
The boundness of the function arctan x implies

2e

1
1+o(t)+ —22}(75)2 <evi-Ze
£

5 2
arctan [m (v(t)-l— %)} —arctan ( \/45_?) eKet

2e
™
Se‘/4_52 €§€K€t S Cg €K€t

2 &
with ¢ = eVae? which for instance is less than 3.5 . Therefore, the estimate
HUE — UE”LQ(R?’) < C0€€K€t

gives the result as soon as coeet™t < 2¢b, with b < 1, d.e. for t < g when b =1, and for
t < SIn(l) in the case b < 1.

We finish the proof with the remark on the minimal regularity of the initial data for
the Kuznetsov equation such that the approximation is possible, i.e. the remainder terms
RNS=Kuz and RS54 keep bounded for a finite time interval. Indeed, if uy € H**?(R")
and u; € H*"'(R") with s > 2 then u € C([0, 4-o0[; H*"*(R")) and

up € C([0, +oo[; H*(R™)),  uy € C([0, +o0; H*7H(R™)).

Since p, is defined by (2I4]) with (2.I7) and (2.I8) and v. by (ZI5]) respectively, we exactly
find the regularity (Z47) and (Z48). Thus by the regularity of the left-hand side part for

the approximated Navier-Stokes system (2:29)-(2Z30) we obtain the desired regularity for
the right-hand side. O

2.4.2 Navier-Stokes system and the KZK equation
Derivation of the KZK equation from an isentropic Navier-Stokes system

In the present section we focus on the derivation from the isentropic Navier-Stokes system
of the Khokhlov-Zabolotskaya-Kuznetsov equation (KZK) in non-linear media using the
following acoustical properties of beam’s propagation

1. The beams are concentrated near the zi-axis ;
2. The beams propagate along the x;-direction;

3. The beams are generated either by an initial condition or by a forcing term on the
boundary x; = 0.

The different type of derivations of the KZK equation are discussed in Ref. [81].
This time we perform it in two steps:
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1. We introduce small perturbations around a constant state of the compressible isen-
tropic Navier-Stokes system according to the Kuznetsov ansatz (2Z14)—-(2T15):

Oipe + V. (pove) =¢[0ip1 — poAu]
+ 2[0ip2 — Vp1Vu — prAu] + O(e?), (2.53)

and we have again (2.I6]) for the conservation of momentum.

2. We perform the paraxial change of variable[81] (see Fig. 2.1]):

T=t- " z=exy, y=E2 (2.54)
C

Navier-Stokes/
Euler (z1,x/,t)

t

T Z = €x

Figure 2.1 — Paraxial change of variables for the profiles U(t — 21 /¢, ex1, /ex').

Since the gradient V in the coordinates (7, z,y) becomes depending on e

~ 1 ¢
V= <5az - _87'7 \/gvy) )
c
if we denote
u(x,t) = Ot — 21 /c, exy,Vex') = BT, 2, y), (2.55)
we need to take attention to have the paraxial correctors of the order O(1):
p1(x,t) = I(7,2,y), pax,t) = H(T,2,y) = J(1,2,y) + O(e),

where actually H(7, z,y) is the profile function obtained from p, (see Appendix[AlEq. (A1)
containing not only the terms of the order O(1) but also terms up to €. Hence, we denote
by J all terms of H of order 0 on € which are significant in order to have an approximation
up to the terms O(g%).

In new variables (7, z,y) Eq. (2I6) becomes

p[0ve + (Ve V)V + Vp(pe) — evAv, = eV [—pod, ® + 21 (2.56)
+e2 |—1IV(0,D) + %? (6—12(67@2)

+AVJ + 72; 102@(12) + vV (é@f@)] + O(e%).
0
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Consequently, we find the correctors of the density as functions of ®:

I(7,2,y) =50:0(7, ), (2.57)
-1 v
(1, 2,y) =— %(&@)2 - g&f@. (2.58)

Indeed, we start by making eV[—pgd,® + c2I] = 0 and find the first order perturbation of
the density I given by Eq. (2.51). Moreover, if p; satisfies (Z57), then Eq. (2.56) becomes

POV + (Vo - V) v 4 Vplp:) — evAv, = eV[—ppd:® + 1]

25 | Po 2, Po 2, 2 (v = Dpo 2, Vo 3
eV 5.2 (0-P)" + 5.2 (0:P)° +c*J + o2 (0-P)" + 028T<I> +0(e%). (2.59)

Thus, taking the corrector J in the expansion of p.
pe(x,1) = po + el (7, 2,y) + (1, 2,y), (2.60)
by formula (258]), we ensure that
p[Ove + (Vo - V) ve] + Vp(p.) — evAv. = O(&%). (2.61)

Now we put these expressions of I from (Z57) and J from (Z58) with the paraxial approx-
imation in Eq. (Z53]) of the mass conservation to obtain

Oup- + V-(pove) = | (20020 — 20,®) — 25(7 + 1)0,[(0,0)7] — 020

+0(e?). (2.62)

All terms of the second order on € in relation ([Z.62) give us the equation on ®, which is the
KZK equation. If we use relation (2.57]), we obtain the usual form of the KZK equation
often written[12], 81] for the first perturbation I of the density p.:

1
Cazz[ _ waz[? —

4po

Vg CA =0 (2.63)
2c2py " 27V '
We notice that, as the Kuznetsov equation, this model still contains terms describing the
wave propagation 02_1, the non-linearity 9*I% and the viscosity effects 931 of the medium
but also adds a diffraction effects by the transversal Laplacian A,I. This corresponds
to the description of the quasi-one-dimensional propagation of a signal in a homogeneous
nonlinear isentropic medium. By our derivation (see also (Z.80)—(2.81])) we obtain that the
KZK equation is the second order approximation of the isentropic Navier-Stokes system
up to term of O(g®). In this sense, since the entropy and the pressure in Section
are approximated up to terms of the order of €3, the ansatz (Z60)-(Z6]) (for the KZK
equations) is optimal, as the equations of the Navier-Stokes system are approximated up
to O(e?)-terms.
Let us compare our ansatz

u(ry, X' t) = ®(t — 21 /c, exy, Vex'), (2.64)
pe(x1, X' 1) = po +el(t — x1/c, exy,Vex') + 2 J(t — x1/c, exy, \/ex') (2.65)
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to the ansatz introduced in Ref. [81] by defining a corrector e¢?vy for the velocity perturba-
tion along the propagation axis in the initial ansatz, proposed by Khokhlov and Zabolot-
skaya [12]:

pe(xy, X', t) = po + el (t — ﬂ, ery,Vex'), (2.66)
c
Ve(r, X', t) = €(v1 + evg; Vew)(t — ﬂ, ery, vex'). (2.67)
c

This time, the assumption to work directly with the velocity potential (2.64]) immedi-
ately implies the following velocity expansion

ve(x,t) =—¢ (—1&@ + €0, 9P; \/Evy@) (1,2,¥), (2.68)
c

where we recognize the velocity ansatz of Ref. [81] with

1 2
V=00 =1, w=V,b="0-V,I,
c Po Po

but for the corrector v, this time
2
vy = —0,® = ——0-'0,1
Po
instead of (see Ref. [81] and formula (Z71]) for definition of the operator 9-1)

2
Rozanova c

—1
v =—— 818[+( )12+—a[
Po 20 cpy

If we add the second order correctors vy for the velocity to J for the density, we obtain
exactly all terms of the corrector vi°zaneva  But the ansatz (Z66)—(267) is not optimal
since the equation of momentum in transverse direction keeps the non-zero terms [81] of
the order of €.

Well posedness of the KZK equation
We use Ref. [80] to give results on the well posedness of the Cauchy problem:
{ 02,1 — U022 — 03T — S A, T =0on T, x Ry x R,

2.69
I(7,0, y) = Iy(r,y) on T, x R"! (2.69)

in the class of L—periodic functions with respect to the variable 7 and with mean value
Zero

/OL (¢, 2, y)dl = 0. (2.70)

The introduction of the operator 9-1, defined by formula
O I(T,2,y) == / I(l, z,y d€+/ I(¢, z,y)de, (2.71)
allows us to consider instead of Eq. (2Z.63) the following equivalent equation

1
(v+1) o.1°
4p0 2C2

for which it holds the following theorem[42), [80]:

co, I — 821——6 "A,JJ=00onT, x R, x R"!,
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Theorem 2.4.4. [80] Consider the Cauchy problem for the KZK equation:

2c2po

D1 -9 12— 921 — 9 'A T =0 onT, x Ry x R",
£0
I(1,0,y) = Iy(1,y) on T, x R* 1,

(2.72)

with the operator 0= defined by formula (2Z71), v > 0, and fOL Iy(¢,y)dl = 0, the following
results hold true

1. (Local existence) For s > [g} + 1 there exists a constant C(s, L) such that for any
initial data Iy € H*(T, x R"™Y) on an interval [0, T[ with

1
T

>
— C(s, Lol

He (T, xRn=1)
problem (Z773) has a unique solution I such that

I€C(o,T], H (T, x R* M) nC([0,T[, H* (T, x R*™ 1)),
which satisfies the zero mean value condition (2.70).

2. (Shock formation) Let T* be the largest time on which such a solution is defined, then
we have

-
| sw(0 I tp)] + 1V, (. y)]) dt = +oc.
Y

3. (Global existence) If v > 0 we have the global existence for small enough data: there
exists a constant C7 > 0 such that

”IOHHS(TTXR”_l) S Cl = T* = 400.

4. (Exponential decay) [42] If v >0, s € N and s > {"TH}, then there exists a constant
Co > 0 such that || Io|| gs(r, xzn—1y < Cy implies for all z > 0

()]

where C' > 0 and ¢ €]0, 1] are constants.

z
Hs(T,xRn-1)€

ms(rxrr-1) < C| Lo

Remark 2.4.1. [80] We note that when v = 0, all the corresponding statements of Theo-
rem remain valid for 0 >t > —C" with a suitable C'.

Remark 2.4.2. In the study of the well-posedness of the KZK equation we reverse the
usual role of the time with the main space variable along the propagation axis z: for v >0
the solution I(7,z,y) = I(t — %L, exy,/ex') is defined for x; > 0, as it is global on z € R™.
Hence if we want to compare the KZK equation to other models such as the Kuznetsov
equation or the Navier-Stokes system we need the well posedness results for these models
on the half space

{v1 >0, t>0, 2R} (2.73)

taking into account the fact that the boundary conditions for the exact system come from
the initial condition 1y of the Cauchy problem (272) associated to the KZK equation.
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Entropy estimate for the isentropic Navier-Stokes equation on the half space and
the associated existence result

We follow now Section 5.2 in Ref. [81] updating it for the new ansatz and correct the proof
of Theorem 5.5. See Ref. [81] for more details.
We consider the Cauchy problem for the KZK equation (272)) for an initial data

I(t,0,y) = Io(t,y) (7=t for x; =0)

L-periodic in t with mean value zero. Theorem [2.4.4] ensures that for any initial data Iy,
defined in T, x R"~! with small enough H* (s > [2] 4+ 1) norm (with respect to v), there
exists a unique solution of the KZK equation (2Z.63]) /, which as a function of (7, z,y) is
global on z € R™, periodic in 7 of period L and mean value zero, and decays for z — oo [80].

Therefore, see Remark [2.4.2] we consider our approximation problem between the isen-
tropic Navier-Stokes system (2.I0)—(211) and the KZK equation in the half space (Z.73)).

By Iy we find I and thus also ® and J, using Eq. (257)—(258]). This allows us to con-
struct the density and velocities p, and V. in accordance with the ansatz (2.60) and (2.68]).
Thus, by I we construct the function U, = (p., p.V.)".

In particular, for t = 0 we have functions defined for x; > 0 because I is well-defined
for any z > 0

p5<07x17x/> = fPo + 61—(_%7 €71, \/E.T/) =+ 82‘](_%7 €Ty, \/Exl)7

_ _ X
Ve<07x17xl) = (Ul7vé><_?17€x17 \/E.T/),

where
c 5 C2 L c? )
U =e—1+e—0,0.'1, V.=+e—V,0;']
Po Po Po
and for z; = 0 we have L-periodic functions with mean value zero
p.(t,0,2") = py + el (t,0,\/ex') + 2 J(t,0, Vex'), (2.74)
V. (t,0,2") = (01, V))(t,0, Vex"). (2.75)

It is important to notice that the solution ¥, in system (ZI0)—(2I1) is small on the
boundary: V¢|;,—0 = €V¢|s,—0. Therefore, we have |[v.|,,—o| < ¢, which corresponds to the
“subsonic” boundary case. More precisely, when the first velocity component is positive
U1|z,=0 > 0, we have a subsonic inflow boundary condition, and when it is negative Ty |, —¢ <
0, we have a subsonic outflow boundary condition, see Fig. 2.2l We also notice that, due to
Eq. (Z68), the first component of the velocity ¥; on the boundary has the following form

Tiaym0 = <ep—col + &:(1)) (t,0, Ver') = <ep—col + &:(1))

2=0
c
= 6_[0<t7 y) + EQG([0)<t7 y)7
Po
where ) ) ( )
c _ c v+1 v c.._
G(I)=—0.0.'T=—0"" ( 0.1 + O+ -0 'A 1) : 2.76
1) Po Po 4epo 2¢3pg 2 Y (2.76)

Therefore, the boundary conditions for ¥, are defined by the initial conditions for KZK
equation and are L-periodic in ¢ and have mean value zero. In addition, the sign of ¥;|,,—o
is the same as the sign of [ (because the term G(1p) is of a higher order of smallness on ¢).
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th.
Ullxl—O <0 J—
"""""""""""""" =) =0
1larca > 0 (V= 9lmo
e T (=Pl =0
Vilay=0 <0 — (Vv=V)|sn=0=0
U1|m170 >0 +
. - =
1 >0

Figure 2.2 — Periodic subsonic inflow-outflow boundary conditions for the Navier-Stokes system.

Remark 2.4.3. As the viscosity term evv., where € is a fived small enough parameter, v
is a constant, and in our case v, is of the order of €, the boundary layer phenomenon can
be excluded.

Theorem 2.4.5. Let n < 3. Suppose that the initial data of the KZK Cauchy problem
Iy(t,y) = Io(t, /ex') is such that

1. Iy is L-periodic in t and with mean value zero,

2. for fized t, Iy has the same sign for all y € R"™', and for t €]0, L[ the sign changes,
i.e. Ip=0, only for a finite number of times,

3. Iy(t,y) € H*(T; x R*1) for s > 10,
4. Iy is sufficiently small in the sense of Theorem[2.4.4) such that[80, p.20]

v Cl (L)
2¢2pg Co(s)’

[Hollzzs <

Consequently, there exists a unique global solution in time I(t,z,y) of (Z773) for = =
exy > 0, moreover, the functions p., v. = (U1,v.), defined by the ansatz (2.60)-(2.68)
and Bq. (Z27)-(228) in the half space (Z73) are smooth with Q =T, x Rp~*:

pe € C ([0,00, H*~*(2)) N C" ([0, 00[; H*~°(2)) , (2.77)

v € C([0,00; H*4(Q)) N C* ([0, 00[; H*° (). (2.78)

The Navier-Stokes system (210)-(211) in the half space with initial data (2:38) and fol-
lowing boundary conditions

(i)e — Ve)|11=0 = 07

with positive first component of the velocity vi|z,—o > 0 (i.e. at points where the fluid enters
the domain) has the additional boundary condition

(Pe = pe)|zi=0 = 0.

When vy |y,—0 < 0 there is no any boundary condition for p..
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Then, for all finite times T > 0 there exists a unique solution U. = (pe, pue) of the
Navier-Stokes system (210)—-(2Z11) with the following smoothness on [0, T

pe € C([0,7), H? ({21 > 0} x R*1)) n " ([0, 7], H? ({z1 > 0} x R""1))
and
uc € C([0,7), H* ({21 > 0} x R" 1)) nC* ([0, 7], H' ({21 > 0} x R")).

Remark 2.4.4. [81] The restriction to have the same sign for Iy for all fixed time avoids
a change in the type of the boundary condition applied to the tangential variables for the
Navier-Stokes system. Moreover, Zabolotskaya [12] takes as the initial conditions for the
KZK equation (which correspond to the boundary condition for vi) the expression

I(1,0,y) = —F(y)sint
with an amplitude distribution F(y) > 0. Especially, for a Gaussian beam [12]
Fly)=e,

while for a beam with a polynomial amplitude [12]

1_22’ SL
F(y):{é yy>)1 ’

Proof. As previously, we use the fact that the entropy for the isentropic Euler system n(U,),
defined by Eq. (Z243)) is a convex function[23].
Let us multiply the Navier-Stokes system (2.31]), from the left, by 2UT7"(U,)

T 1 T // T, I 0 _
2UT"(U,)8,U. +;2U (U.)DG4(U.)d,,U. — er2UTy"(U.) [ Av. ] = 0.

We notice that

T I 0 -
Uen (UE) l AVe ‘| _07

and, therefore, we have
20" (U8, U, = 9,[Ul'y"(U)U] — UL o (U,)U..
Moreover, by virtue of 7" (U)DG;(U) = (DG;(U))Tn"(U) we find
2U{1)"(U)DGi(U.)0,, U, = 0,,[U 1" (Ue) DGy(U) U] = U[ 9y, [0 (Ue) DGy(U) | U

Integrating over [0, ] x {z; > 0} (' € R"!), we obtain

/ / 0,[UT" (U)U Jdwds + / / Zax U7 (U,) DG (U U Jdwds
x1>0 :131>0

t t n
- / / UT9,"(U)U. dxds — / / S U7, [ (U,) DG;(U,)|U.dads = 0.
0 Jx1>0 0 Jz1>0 i=1
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Integrating by parts we result in

U7y (U,)U. da;—/ Uy (U)U.|ioda

z1>0

t
—/ u’ l@tn" )+ Z@xz "(U)DG;(U,)]| Udxds
x1>0

/ / U7y (U,) DG, (U) Uy, —oda’ds = 0.

Rn—1

We recall that n”(U,) is positive definite, consequently for some C' > 0 and dy > 0
C|UJ? > ULy (U )U, > 6|UJ>

Therefore, we obtain for the initial data

_ po + el +2J T /
Yo = l € (po+ el + %) (£ + €G(I), \/ew) (_? €, \@T) (2.79)

and the relation

t
S Ulde—C[ Ulde / UL (U) DG (U)U., |y, —oda’ds
x1>0 0 JRn—1

z1>0
t
SC’l// Uzdx ds.
0 Jx1>0

As in Ref. [35], C} is an upper bound for the eigenvalues of the symmetric matrix

n

9" (Ue) + Z 9, [n"(U) DGi(U)].

=1

Let us now consider the integral on the boundary. With notation v. = (v, v.)" for the
velocity and H”(p) = 22 we see with DG, (U.) coming from (Z33) that

p
Uy (U,)DG,(U,)U,
V2
H"(pe) + 32 —3¢ 0 1 0
= (pea peV€>T _U% +p/(/)e) 2U1 0 ( pp‘ef )
s pildn —v1 V. vl wvld, €ve
V_g _ M ;7)2 p/(PS) _ V_/E
! (%E | Pe ) pal T U1, Pe
= (ppevrpevi)” | Sy L o 0 pevr
—uy 0 Uld, g ) \ PV

= pep'(pe)v

Let us consider the initial condition Iy(¢,y) for the KZK equation of the type described
in Remark 2.4.41 We suppose (without loss of generality) that Iy = 0 for ¢ €]0, L[ only
once. More precisely, we suppose that the sign of v; is changing in the following way:

e v <0forte[0+ (k—1)L, 2+ (k—1)L] (k=1,2,3,..),
e vy >0fortell+ (k—1)L kL[ (k=1,2,3,..).
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If t € [0,%4] (for k = 1), the first component of the velocity v;|,,—o < 0 is negative, and
thus we have

p=p'(pe)v1 < 0.

If t E]%, L], the first component of velocity is positive v1];,—0 > 0, then we also impose
Pelzi=0 = po + €lo(t,y) + €2J, where Iy(t,y) is the initial condition for the KZK equation
and J coming from Eq. (2Z58). For the term

psp,<pe)vl > O
we see that on the boundary it has the form
ot == (1o 007 1)+ laton) + -+ laon) + 220
0
SCOEIO

for some constant Cjy > 0 independent on . Consequently, for £ > 1

kL
/ / =P’ (p=)v1z,=0da’ ds <Z/ / p=p' (p2)v1|z,=0da’ ds
Li(G-1)L4L] JRA-1

Hs,

< Z/ Cocly < Kke |||

Li(G-1)L4L] JRr1

where K = O(1) is a positive constant independent of k.
However for ¢ > 0 we have k > 1 such that ¢ € [(k — 1)L, kL[ and it implies on one hand if

te[(k—1)L, (k- 1)L+ L]
t , , (k—1)L , ,
/ / PP (pe)V1]zy—oda’ ds < / / PP (Pe)V1 |z —oda” ds
0 Jrn-1 0 Rn—1

and on the other hand if t € {(l{: —1)L+Z% kL[

t kL
/ / PP’ (pe)V1]ay=0da’ ds < / / PP’ (p2)V1 ]2y =0dz’” ds.
0 JRn1 0 Rn—1

As a consequence, we obtain for all £ > 0

/ / PP (p) V1] 2y —oda’ ds < K<[ ]+1) || lol|
Rn—1 L

Therefore we deduce the estimate, as oy > 0

K ([t :
[ k< 9/ Ulda + ¢ (H + 1) ol + g/ [ Udwas
z1>0 50 x1>0 50 L 50 0 Jz1>0

By the Gronwall lemma we find

C K /1t
U0 < = (IValls + ey (| 7] +1) Mollae ) e

remaining bounded for all finite times.
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Thus, for all T' < 400 we obtain that
U € 22 ([0,7), L* ({1 > 0} x R"1)).

If Iy = 0 for ¢ €]0, L[ a finite number of times m, we obtain the same result for U..

Hence, by Ref. [35] we have proved that the chosen boundary conditions ensure the
local well-posedness for the Navier-Stokes system in the half space, which can be viewed as
a symmetrizable incompletely parabolic system. We apply now the theory of incompletely
parabolic problems [35] p. 352] with the result of global well-posedness of the Navier-Stokes
system in the half space with the Dirichlet boundary conditions [68] for the velocity and
with the initial data p.(0) — pg € H*({z; > 0} x R" 1)) and v.(0) € H3({z; > 0} x R*™1)
small enough. Hence, for sufficient regular initial data Uy € H*({z; > 0} x R"™1) (n < 3)
for all finite time 7' < oo, we obtain by the energy method that U, € L>([0,T|, H*({x, >
0} x R™71)).

To ensure that Uy defined in Eq. (Z79) belongs H?({x; > 0} x R"1) we need to take
Iy € H*(T; x R"!) such that

p. € C([0, +oof; H ({1 > 0} x R"), ¥ € C([0, +o0f; H({zy > 0} x R™1).
By Theorem 244, I, € H*(T, x R"™!) implies while s — 2k > 0 that
I(7,2,y) € C*({zy > 0}; H* (T, x R"1)),
but we can also say[42], thanks to Point 4 of Theorem [Z4.4], that
OI(r,z,y) € L* ({1 > 0}; H (T, x R"1)).

Considering the expressions of p. and v,

2 _ 1 2
.= pot+el — = (7—12 - %&I) .= <51 —29719,1; 638;1%1) ,
£o 2 c Po \C

the least regular term is 9-'9,I. Thus we need to ensure
0.1 € C([0, +oo[; H*({z; > 0} x R*™ 1),
which leads us to take s > 10 in order to have
OI(r,2,y) € L*({x1 > 0}; H* (T, x R"™1))

for k < 4 with s — 2k > 2 as we want to have the continuity on time. This choice of the
regularity for Iy allows us to control the boundary terms appearing from the integration by
parts in the energy method. Indeed, we can perform analogous computations as in Ref. [23]
p-103 to control the spatial derivative of U, of the order less or equal to 3 and directly
verify that all boundary terms are controlled by ¢||Iy|| 7+, what is actually is a consequence
of the well-posedness[68] in H3.

Thus, we obtain the existence of the unique local solution of the Navier-Stokes system
with

pe € C([0,7), H ({z1 > 0} x R* 1)) n C* ([0, 77, H? ({1 > 0} x R 1))
and

ue € C([0,7, H? ({21 > 0} x R") ) n C* ([0, 7], H' ({21 > 0} x R* 1))
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Approximation of the solutions of the isentropic Navier-Stokes system with the
solutions of the KZK equation

Knowing from Subsection [2.4.2]that the KZK equation can be derived from the compressible

isentropic Navier-Stokes system (2I0)—(2I1) using the ansatz (264)-(263) with [ and J
given by (257) and (2Z358) respectively, we obtain the following expansion of the Navier-

Stokes equations

Oup- + V-(pove) =[5 (2002, — 20, ®) — 257+ 1)0,[(0,2)?] — 50:9)]

2c4 AT
+ P RYSTRIK (2.80)
and
pe[0ve + (Ve V)Ve] + Vp(pe) — evAv. = eV[—pgd.® + A1
~ —1
42V 2T+ %(&@)2 + 2P| + SRYSHIK (2.81)
c c
where RNS—KZK and RYS—KZK gre the remainder terms given in Appendix [Al So, as it

was previously explained for the approximation of the Navier-Stokes by the Kuznetsov
equation in Subsection 2.4l if we consider a solution of the KZK equation I and define by
it the functions ® and J, then we define according to ansatz ([2.64)—(2.65) p. and V. (see
Eq. (Z68)), which solve the approximate system (2.29)—(2.30) with the remainder terms

RNS=KZEK and RYSKZK and, as previously, with p(p,) from the state law (Z12) :
Op. + div(p.v.) = 2 RYSHKIK (2.82)
p.[07. + (V. V)V.] + Vp(p.) — evAV, = SRYTHZK, (2.83)

As usual, we denote by U, = (p. , p-v.)" the solution of the exact Navier-Stokes system
and by U, = (p. , p.V.)! the solution of [Z82)—(Z33).

We work on R, x R"! (n = 2 or 3) due to the domain of the well-posedness for
the KZK equation. In this case the Navier-Stokes system is locally well-posed with non
homogeneous boundary conditions of U, as they are directly determined by the initial
condition [y of the KZK equation (2.72)) according to Theorem 225 Knowing the existence
results for two problems, we validate the approximation of U, by U, following Ref. [81]
and Subsection 2. 4.k

Theorem 2.4.6. [§1] Let n = 2 or 3, s > 10 and Theorem [Z-4.] hold. Then there exist
constants C' > 0 and K > 0 such that we have the following stability estimate

C —
0<t<—, 1U: — U lli2@, xpn1y(t) < Keltes <9e,

Remark 2.4.5. The regularity of Iy € H*(Ty; x R"™1) with s > 8 (see Table[Z1) is minimal
to ensure that RYS~KZK qnd RYS™ZK  see Appendiz[Al belongs to C(]0,4+oo[; LA(R, x
Rn—l))_

Indeed, if Iy € H*(T, x R"") with s > max{8, 2}, then for 0 < k <4

I(7,2,y) € C*({z > 0}; H*72*(T, x R"™™)).
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Let us denote Q =T, x R"™'. Given the equations for p. by (Z.60) with (Z37) and (2Z.58)
and for v. by (Z:08) respectively, we have for 0 < k <2

0207, 2,y) € C({z > 0} H7172(Q)), 0X%.(T, 2,) € C({z > 0}; H**7%(Q)),
but we can also say[42] thanks to Point 4 of Theorem [2.-7.7) that
0271, 2,y) € L*({z > 0} H' ' 724(Q)), 95%.(7, 2,y) € L*({2 > 0} H 72 7*H(Q)).
This implies for 0 < k <2 (as s > 8) that s —2 — 2k > 2 and
0:p.(7, 2,y) €C(T7; L({z > 0} H7 7 (R™Y)),
v (1, 2,y) €C(T,; L*({z > 0}; H* 2 2F(R"1))).
Hence we find
p.(t,x1,2), B.(t, 21,2") €C([0, +oo[; H*({zy > 0} x R" ).
As in addition for 0 < k <1, considering p. and V. as functions of (1, z,y),
oo p. € C({z > 0}; H27#(Q)), 0°0,%. € C({z > 0}; H*372%(Q)),
we deduce in the same way that
op.(t,zy,2), Opv.(t,x1,2") €C([0, +ool; H' ({1 > 0} x R™™ 1)),

These regularities of p. and V. viewed as functions of (t,x1,2") allow to have all left-hand
terms in the approxvimated Navier-Stokes system (2.89)-(2.83) of the regularity C([0, T]; L?({x >
0} x R"™YY)) and the remainder terms in the right-hand side inherit it.

2.4.3 Navier-Stokes system and the NPE equation
Derivation of the NPE equation

The NPE equation (Nonlinear Progressive wave Equation), initially derived by McDonald
and Kuperman [70], is an example of a paraxial approximation aiming to describe short-
time pulses and a long-range propagation, for instance, in an ocean wave-guide, where the
refraction phenomena are important. To compare to the KZK equation we use the following
paraxial change of variables

u(t,ry, ") = V(et, z; — ct,\/ex') = V(1 2,y), (2.84)

with
T=¢t, z=x1 —ct, y=+/ex'. (2.85)

For the velocity we have
ve(t,x1,2') = —eVu(t,x1,2") = —(0,Y, VeV, ¥)(1, 2,y). (2.86)

If we compare the NPE equation to the isentropic Navier-Stokes system this method of
approximation does not allow to keep the Kuznetsov ansatz of perturbations (2.14])—(2.1I5)
imposing (Z.I7)-(2.I8) just by introducing the new paraxial profiles ¥ for u, & for p; and
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Navier-Stokes/ NPE (7,2,y)
Euler (z1,x/,t)
t
=
X/
T z=x1—ct

Figure 2.3 — Paraxial change of variables for the profiles U(et, z1 — ct,\/ex').

x for p, and taking the term of order 0 in e as it was done in the case of the KZK-
approximation. This time the paraxial change of variables (285]) for p; and py defined in

(ZI7)-(ZI]) gives
P1=— @az\lj + gp_ga’rqja
C C

po(y — 2)@\1,)2

2¢2

— D 0.wp - Zorw

P2 = —
’ 2c Po

v

+e l%@ Vo,V — 002 (V, 1) — ZA, ¥

+ e <—M> (9,7)2,

2ct

Thus one of the terms in the p;-extension takes part of the second order corrector of p.:

pe(t, 1, 2") = po + €&(7, 2,y) + £°x(7, 2, 9), (2.87)
with
§<7-7 Zvy> == p_coaz\p’ (288>
X(T,2,y) = poa v %(a v)2 - 202w, (2.89)
¢ c
The obtained ansatz (Z80)-(2Z87) applied to the Navier-Stokes system gives
2 1
yp- + div(p.v.) =e2(— f‘)) <a? WI ) o.(0.0)? —ﬁa?wm ‘A \1/>
0

4 83R{V57NPE

)

pe[Ove + (ve. V)V + Vp(pe) — evAv,. = eV (f + %@\If)

4 CQEQV{X _ —8 N (’2VC; 1>(6ZIII)2 i C_Vzag\l/] t SRYS-NPE,
The remainder term in the conservation of mass is given by
e RYSNIE =30, — V6 V,U — € AU — 0.x 0.9 — x 020)
+eH(=Vyx V, ¥ — x A, 0), (2.90)
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while in the conservation of momentum along the x; axis it is given by

SRYS-NPE 9 _ 3 { SRR R %@(%W + 00,0 + gmw
C

+ cx@f\ll} + ¢t <§

zé)z(vy\p)2 — xO2, U + %az(azxp)?) + a%az(quf)?, (2.91)

and along all transversal direction z; to the propagation x;-axis

83RéVSfNPE.€>j — 3 [ _ %@\y agyj\p + %@U(Vy‘l’f +v0,, A,V + gayj(&z\lly

+exd?, \I/] +e? (gayj(vy\l/f — X2,V + %ayj(azq/f) + e%gayj(vy\p)? (2.92)

As all previous models, for this ansatz, the NPE equation

(v+1)
4

920 — 0,(0, D)2 — ¥ + SA, T =0 (2.93)
2p0 2
appears as the second order approximation of the isentropic Navier-Stokes system up to
the terms of the order of O(g?). In the sequel we work with the NPE equation satisfied by
¢ (see Eq. (Z88) for the definition)
THDC oo Vg €
D26+ (7@ ——0+-AL=0. 2.94
e+ TR — oot + 508 (2.99)
Looking at Figs 2T and [Z3 together with (ZG63) and (Z93) we see that we have a bijection
between the variables of the KZK and NPE equations defined by the relations

ZKZK

ZNPE = —CTKZK and TNPE — €Tk zZK + - y (295)
which implies for the derivatives
1
87'NPE = CaZKZK and aZNPE = _EaTKZK'

Thus, as it was mentioned in Introduction, the known mathematical results for the KZK
equation can be directly applied for the NPE equation.

Well posedness of the NPE equation

We consider the Cauchy problem:

4po z

£(0,z,y) =&(z,y) on T, x R*1,

in the class of L—periodic functions with respect to the variable z and with mean value
zero along z. The introduction of the operator 9! defined similarly to 97! in Eq. (Z71])
allows us to consider instead of Eq. (Z94)) the following equivalent equation

2 (y+1)c o2 21 v 93 c _ n—1
{ 8TZ£ + 9 [(f) ] zpoazg + QAyg =0 on R+ X Tz x R ) (2.96)

(v+1)c 2 Va2 ¢ ~1 ~1
0§ + ———0. ——0 A0, ¢=0onR; xT, x R"".
As a consequence we can use the results of Subsection [2.4.2] if we replace 7 by 2. In the
same time for the viscous case it holds the following theorem:
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Theorem 2.4.7. Letn > 2, v > 0, s > max (4, [g} + 1) and & € H*(T, x R*1) with
zero mean value along z. Then there exists a constant ko > 0 such that if

€0l

Hs(T. xR2) < Ko, (2.97)

then the Cauchy problem for the NPE equation (2.90) has a unique global in time solution

£e (2] C'([0, +oo[, H*#(T, x R?)) (2.98)

1=0

satisfying the zero mean value condition along z. Moreover for ¥ according with Eq. (2.88)
we have

2
V= —pﬁa;& € (N C7([0, +oo[, H**(T. x R?))
0 i=0

and it also satisfies the zero mean value condition along z, i.e. fOL U(r,l,y)dl = 0.

Proof. For &y € H*(T, x R"1) small enough, the existence of a global in time solution
1 . .
¢ e () CH([0,+oof, H*(T, x R" 1))
i=0

of the Cauchy problem for the NPE equation (296 comes from Theorem 244 We also
have the desired regularity by a simple bootstrap argument. Moreover the formula for
07! (see the equivalent definition of 97! in Eq. (ZT71)) implies for s > 1 by the Poincaré
inequality

102 €Nl s xrn-1y < Cll0:20; €l gra(r. xra-1) < CllEl mrs(r. xrn-1y,

which gives us the same regularity for W. O

Approximation of the solutions of the isentropic Navier-Stokes system by the
solutions of the NPE equation

By Subsection 2.4.2], this time the approximation domain is T,, x R*™1. Let £ be a suffi-
ciently regular solution of the Cauchy problem (Z396) for the NPE equation in T, x R™"!.
Then, taking & and x according to formulas (2.88))-([2.89), with ¥ defined using the opera-
tor ;! equivalent to 0-! (see Eq. (21T))), we define p. and V. by formulas (2.36)(2.87).
For 5. and ¥. we obtain a solution of the approximate system (229)-(230) defined on
R, x T,, x R"! with p(p.) from the state law (ZI2)), but with the remainder terms
RY Z “NPE and RYS™NFE defined respectively in Egs. (Z90)(2.92) instead of RY*~ 5% and
Ré\f —Kuz.

In what follows we consider the three dimensional case, knowing, thanks to the energy
method used in Ref. [67] on R?, that the Cauchy problem for the Navier-Stokes system is
globally well-posed in T,, x R? for sufficiency small initial data (see Ref. [67] Theorem 7.1,
p. 100 or Ref. [18]):

Theorem 2.4.8. There exists a constant ky > 0 such that if the initial data

p=(0) — po € H*(T,, x R?), v.(0) € H*(T,, x R?) (2.99)
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satisfy
||p6(0) - pOHHS(’]I‘I1 xR2) + ||V5(0)||H3(Tzl xR2) < ]{;1’

and p:(0) — po and v-(0) have a zero mean value among xy then the Cauchy problem (2.10)-
(Z13) on T,, x R? with the initial data (Z.99) has a unique global in time solution (p., v.)
such that

pe = po € C([0, +o0f; H*(T,, x R?)) N CY([0, +oof; H*(T,, x R?)), (2.100)
which implies
pe — po € CO([0, +o00[; H¥(T,, x R?)) N C*([0, +o00[; H(T,, x R?)) (2.101)

and
v. € O([0, +oc[; H*(T,, x R*)) N C*([0, +oo[; H'(T,, x R?)). (2.102)
Moreover for all time for p. — po and v. have a zero mean value along x;.
The existence results for the Cauchy problems of the Navier-Stokes system (ZI0)-(2.12)

and the NPE equation (Z38]) allow us to establish the global existence of U, and U,,
considered in the NPE approximation framework:

Theorem 2.4.9. Let n = 3. There exists a constant k > 0 such that if the initial datum
& € H?(T, x R?) for the Cauchy problem for the NPE equation (2.98) (necessarily k < ks,
see Theorem[Z.4.7) is sufficiently small

1€oll 5 (T, xmn-1) < K,

and has a zero mean value then there exist global in time solutions U, = (p., p.V.)! of the
approzimate Navier-Stokes system (2.33) and U, = (p., p-ve:)" of the exact Navier-Stokes

system (Z.31)) respectively, with the same reqularity corresponding to (Z101) and (2103)

and a zero mean value in the xzy-direction, both considered with the state law (Z12) and
with the same initial data

(ﬁe - p5)|t:0 =0, (‘76 - V5)|t:0 =0, (2103)

where peli—o and V.|;—o are constructed as the functions of the initial datum for NPE equa-

tion & according to formulas (2.86)-(2.89).

Proof. The proof is essentially the same as for Theorem 2.4.1] According to Theorem [2.4.7]
with s = 5, the datum & is regular enough so that

pe — poli=o € H* (T4, x R?) and v.|— € [H*(T,, x R?)]?

constructed with the help of formulas (2.86)—(2.89) in order to apply Theorem 2.4.8 These
formulas together with Theorem [Z4.7 imply that p. and V. have the desired regularity. [

Thanks to Theorem 249 we validate the approximation of U, by U. following Ref. [81]:

Theorem 2.4.10. Letv > 0 and € > 0 be fized and all assumptions of Theorem[2.4.9 hold.
Then estimates of Theorem[2.7.3 hold in L*(T,, x R?).
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The proof being the same as in Theorem is omitted. In fact it is due to the same
Egs. (231) and (232) with just different remainders terms of the same order on ¢.

It is also easy to see using the previous arguments that the minimum regularity of the
initial data (see Table 2.1]) to have the remainder terms

RYS™NPE and RYS™NF € C([0, 4-00[; L*(Ts, x R?))
corresponds to & € H*(T,, x R?) with s > 4 since then for 0 < k < 2
(1, 2,y) € CF([0, +oo[}; H* (T, x R?)),
which finally implies with formulas (2.80)—(289) that

p:(t,21,2") € O([0, +oof; H*(T,, x R?)) N C([0, +o00[; L*(T,, x R?)),
V.(t, 21, 2") € C([0, +00[; H3(T,, x R?)) N C([0, +o0[; HY(T,, x R?)).

2.5 Approximation of the Euler system
Let us consider the following isentropic Euler system:

Oype + div(peve) =0, (2.104)
pe0yve + (ve.V)v] + Vp(p) =0 (2.105)

with p(p.) given in Eq. (Z12). We use all notations of Section [Z4] just taking v = 0.

Let us consider two and three dimensional cases. The entropy 7 of the isentropic Euler
system, defined in Eq. (243)), is of class C* and in addition n”(U.) is positive definite for
pe > 0. Moreover, from (Z31]) we see that G; € C*° with respect to U, for p. > 0. Then we
can apply Theorem 5.1.1 p. 98 in Ref. [23] which gives us the local well-posedness of the
Euler system:

Theorem 2.5.1. [25] In R" for n =2 or 3, suppose the initial data U.(0) be continuously
differentiable on R", take value in some compact set with p.(0) > 0, and

fori=1,..,n, 9,,U0.(0) € [H*R™)]"™ with s > n/2.

Then there exists 0 < T, < 400, and a unique continuously differentiable function U, on
R3 x [0, Ts[ taking value with p. > 0, which is a classical solution of the Cauchy problem
associated to (2.31) with v = 0. Furthermore fori=1,...,n

0, UL (1) € () CH([0, Tuol; [H*H(®M)™),

k=0

The interval [0, T[ is mazimal in that if T, < 400 then

Too
/0 iup |0, Ue || (100 (Rryjns1dt = +00,

-----

and/or the range of U.(t) escapes from every compact subsets of R% x R™ ast — Ti.

Remark 2.5.1. A sufficient condition for the initial data to apply Theorem[2.51] is to have
pe(0) — po € H3(R™) and v.(0) € (H3(R™))" with p.(0) > 0.
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To approximate the solutions of the Euler system and the Kuznetsov, the NPE or the
KZK equations, we need to know for which time (how long) they exist. In the difference
to the viscous case, the inviscid models can provide blow-up phenomena as indicated in
Theorem [2.5.1] for the Euler system, in Theorem for the Kuznetsov equation and for
the KZK and the NPE equations see Theorem 1.3 in Ref. [80]. Let us start by summarizing
what is known on the blow-up time for the Euler system [4] [84] 85| 86, 87, [93].

Due to our framework of the non-linear acoustic, it is important for us to have a po-
tential motion (the irrotational case) and to consider the compressible isentropic Euler
system (2ZI04)—(2.108) with initial data defining a perturbation of order € around the con-
stant state (pg,0):

Theorem 2.5.2. (Ezistence time for the FEuler system)

1. In R™ forn =2 or 3, suppose the initial data

UE(O) = (pa,Oa pa,Ova,O)t

be a perturbation of order € around the constant state (po,0) (see Eq. (Z100)) and
take value such that for i = 1,..,n, 8,,U.(0) € [H*(R™)]""! with s > n/2. Then
according to Theorem [2.5.1 there exists a unique classical solution of the Cauchy
problem associated to (2Z.31) with v = 0 with a reqularity given in Theorem [Z.5]].
Moreover considering a generic constant C' > 0 independent on ¢, the existence time
T. is estimated by T, > g

2. [8) 185, 186, 87 If V X veo = 0 and if

=1

2
(%) —1 and . belong to the energy space X™
0

a dense subspaces of H™(R™) with m > 4 (for instance they can belong to D(R™), see
p.7-8 in Ref. [86] for the exact definition of X™) then

C
1. > = forn =2, andTEZeXp<€)—1forn:3.
€ €

The regularity is given by energy estimates on X™ which implies at least the same
reqularity as in Theorem 251 if fori=1,...,n, 8,,U.(0) € [H™ 1 (R")]"!.

Proof. The first point is a direct consequence of the proof of Theorem 5.1.1 p. 98 in Ref. [23].
For the second point we refer to Refs. [84] [85] [86], 87] in order to have estimations of T
with the help of energy estimates in the considered energy spaces which are dense subspaces
of the usual Sobolev spaces. O

Let us pay attention to the optimality of the lifespan in the previous results for two [4]
and three dimensional cases [93]. The following theorem tells us that the lower bound for
the lifespan of the compressible Euler system in the irrotational case found in Theorem [2.5.2
is optimal:
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Theorem 2.5.3. (Blow-up for the Euler system)
1. [{] In R?, we consider the initial data given by
pe(0) = po +€pz0 and v-(0) = eve, (2.106)
with peo and v o of reqularity C*° with a compact support. Moreover

Veo(x) = vr|x\2?r + v9|x\2?9,

with peo, vy, vg € D(R?) depending only on r = |z|y = \/a3 + a3 for x = (z1, x2)".

Then the Euler system (2.104)(2105) with initial data (Z106) admits a C* solution
fort € [0, T.[ with

lime*T. = C' > 0.

e—0

2. [93] In R®, we consider the initial data given by (2Z100) with peo and v, of regularity
C> with a compact support. Moreover

V570(l‘) = ,UT‘|':L‘|3E>T‘5
with peo and v, € D(R?) depending only on r = |x|3 = /27 + 23 + 23

for © = (x1,x9,x3)". Then the Euler system (2.104))—(2_L03) with initial data (Z106)
admits a C* solution fort € [0, T.[ with

limeln(7;) = C > 0.

e—0

Now let us consider the derivation of the Kuznetsov equation of Subsection Z.4.T]in the
assumption v = 0. Taking ansatz (ZI14)-(2.I5) for p. and v. and imposing (2.17)-(2.18)
for p; and pe with v = 0, we derive as in Subsection 2.4.1] the inviscid Kuznetsov equation

with the notation o = !

{ Ou — 2Au = <0, (Vu)® + §(0u)?) (2.107)

uw(0) = up, u(0) = uy.

Thanks to Theorem 1.1 in Ref. [26], or Theorem [[.2.1] in Chapter [Il we have a local well
posedness result for the inviscid Kuznetsov equation. Ref. [26] or Theorem [[2.1] in Chap-
ter [ allow us to give a result on the lower bound of the lifespan T, of the Kuznetsov
equation. The method is similar to the case of the Euler system (ZI04)—2I03). It is
based on the use of a group of linear transformations preserving the equation uy — Au = 0,
initially proposed by John [44]. We formulate the lifespan and blow-up time results for the
inviscid Kuznetsov equation in Theorem in Chapter [I]

Remark 2.5.2. In R? and R® we see that the lifespan of the inviscid Kuznetsov equation
corresponds to the blow-up time estimation for the compressible isentropic Euler system in
Theorems [2.5.2 and [Z.5.3, a result in accordance with the fact that the inviscid Kuznetsov
equation is an approzimation of the Euler system.We also notice that in the two cases (for
the Euler system and the Kuznetsov equation) having a longer ezistence time requires more
reqularity on the initial data.
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Theorem 2.5.4. Let n =2 or 3. If the initial data ug € H*(R™) and u; € H3(R™) for the
Cauchy problem for the inviscid Kuznetsov equation (Z107) satisfy

|wol| ey + lJua ||l m3@ny <1

with | small enough, there exists T} > 0 and C > 0, independent on €, satisfying

C
> =

such that there exist local in time solutions
ﬁﬁ = (pzs? psvey and Ue = (pe, pgvg)t on [O,T;[

of the approximate Euler system given by (2.32) and of the exact FEuler system given
by (231) with v = 0, both considered with the state law (2Z13) and with the same ini-
tial data (2.36). In addition, the solutions have the same reqularity corresponding to

U. — (po,0)" € ﬂ CH([0, T2 [; [H3F(R™)]™). (2.108)

Here peli—g and v |—¢ are constructed as the functions of the initial data for the Kuznetsov

equation uy and uy by formulas (2.37)-(2:38) according to (2-14)-(213) and (217)-(218)

taken with v = 0.

Proof. Taking uy € H*(R") and u; € H*(R™) with ||uo|| ga@n) + ||u1]| 3y < 1 and  small
enough, the Cauchy problem for the inviscid Kuznetsov equation (ZI07) is locally well-
posed according to Theorem [LZ2l Moreover the solution u belongs to Nj_, C*([0, T.1[; H**(R™))
with 7, ; > % and C7 > 0 independent of ¢.

As up € HY(R™) and u; € H3(R"), it ensures that

— poli=o € H*(R™) and v |,—o € [H*(R™)]*.

Therefore pc|i—o > 0 if ug and u; small enough.

By Theorem [2.5.2]it is sufficient to have a local solution U, on [0, T} o[ of the exact Euler
system (see (Z31) with v = 0) verifying (ZI08) with T corresponding to 1., Tt» > £
with (5 > 0 independent on ¢.

Now we consider 7. = min(7} 1, 7. 2), and we have T > g with C' > 0 independent on
e. As p. and ¥, are defined by ansatz (ZI4)-(2ZI5) with p; and py given in Eqs. (217)—
(ZIX), the regularity of u implies for U, at least the same regularity as given in (Z.I08)).
To find it we use the Sobolev embedding (2.42) for the multiplication. O

Knowing the existence results for the two problems, we validate the approximation of
U. by the solution of the Kuznetsov equation, i.e. by Uy, following Ref. [81].

Theorem 2.5.5. (Approximation of the Euler system by the Kuznetsov equa-
tion) Let n =2 or 3 and ug € H*(R™), uy; € H3(R™) be the initial data for the Kuznetsov
equation and U.(0) = U.(0) for the Euler energy respectively. For

|woll gy + Jua |l gsmny <1

with | small enough, there is the local existence of U, and U, fort € [0, T with T* given
by Theorem [2.54] and the same reqularity (Z108). Moreover there exist constants C' > 0
and K > 0 independent on € and on the time t, such that

C —
vt < — 1(Ue = Uo) (D)1 72gs) < Ktee < 4e?, (2.109)
£
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Proof. The local existence of U, and U, comes from Theorem [2.5.4l

We make use of the convex entropy as in Ref. [23] for the isentropic Euler equation and
the rest follows exactly as in the proof of Theorem except that v = 0.

We finish the proof with the remark on the minimal regularity of the initial data for
the Kuznetsov equation such that the approximation is possible, i.e. the remainder terms
RYS7Kuz and R)°~5*# keep bounded for a finite time interval. Indeed, if uy € H**?(R")
and u; € HM(R") with s > % then u € C([0, T/[; H*(R")) and

up € C([0, T2 HH(R™)),  uy € C([0, T7[; H*(R™)).

Since 7. is defined by (ZI4) with (ZI7)—(2I8) and v, by (ZI9), with v = 0, respectively,
we exactly find the regularity

P € C((0,T2[ H"(R™)) N CY([0, TZ[; H*(R™)),
v € C([0, TZ[; H*H(R™) n CH([0, TZ[; H(R™)).

Thus by the regularity of the left-hand side part for the approximated Navier-Stokes sys-
tem (2.29)—(230) we obtain the desired regularity for the right-hand side. O

Theorem 2.5.6. (Approrimation of the Euler system by the NPE equation) Let
n =2 or 3. There exists a constant k > 0 such that if the initial datum & € H°(T, x R?)
for the Cauchy problem for the NPE equation (2Z.908) with v = 0 is sufficiently small

1€oll 5 (T, xrn—1) < ke,

and has a zero mean value then there exist local in time solutions U, of the approximate
Euler system (2.32) and U, of the exact Euler system (2.31) with v = 0 respectively, with
the same regularity corresponding to (Z101) and (2102) on [0, TS| instead of [0, +oo[ and
a zero mean value in the xq-direction, both considered with the state law (212) and with
the same initial data (2ZI03) where peli—o and V.|;—o are constructed as the functions of
the initial datum for NPE equation & according to formulas (2.86)-(2.89) with v = 0.
Moreover there exists C' > 0 independent of € such that T} > % and for t < % we have

inequality (2109) on T, x R* 1.

Proof. The work of Dafermos in Ref. [23] can always be applied on T,, x R*™! for n = 2
or 3 instead of R™ so we have an equivalent of Theorem [2.5.1] and we also have the same
equivalent of Theorem[2.5.2] This is due to the fact that the energy estimate in the articles of
Sideris [84, [85], [86], 87] are always true on T,, xR and T,, x R%. In all this cases we must also
suppose that we have a mean value equal to zero in the direction z;. As by Theorem 2.4.4]
the NPE equation is locally well posed on [0, 7. with T, > < if ||&||as(r, xrn-1) < ke,
we have an equivalent of Theorems [2.5.4] and for the exact compressible isentropic
Euler system and its approximation by the NPE equation on T,, x R*~! for n = 2 or 3 as
& € HP(T, x R™!) also implies p|—o and v |;— in H3(T,, x R*71).

It is also easy to see using the previous arguments that the minimum regularity of the
initial data (see Table [ZT]) to have the remainder terms

RNSNPE and RYS™NFPE ¢ ([0, T*[; L*(T,, x R™™))
corresponds to & € H*(T,, x R"™1) with s > 4 since then for 0 < k < 2

&(r,z,y) € CF([0, T7[}; H (T, x 1)),
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which finally implies with formulas (Z.87)), (Z.86]), (2Z.88) and (289) with v = 0 that
Pt ey ) € 0T HY(T,, < BY)) 0 O (0, T2 (T, x RY),
V.t 21, 2) € C(O T2 HY(Ty x RY1) 0 CH(0, T2 HY(T,, x RY).

O

Remark 2.5.3. If we allow the Euler system to have not the classical, but an admissible
weak solution with the bounded energy (see Definition[2.41] and take v = 0) taking the initial
data in a small on € L?-neighbourhood of U.(0), then we also formally have estimate (2.7).
But, thanks to Ref. [6])] it is known that the Euler system can provide infinitely many
admissible weak solutions, and thus there are no sense to approximate them.

For the approximation by the KZK equation the inviscid case has already been studied
in Ref. [R1]. The key point is that we must restrict our spatial domain to a cone in order
to take into account the fact that the KZK equation is only locally well posed.

Theorem 2.5.7. [81] Suppose that there exists the solution I of the KZK Cauchy prob-
lem (273) with Iy € H*(T, x R"™Y) for s > max{10, {%} +1}, and v = 0 such that I(7, z,y)
is L—periodic with respect to T and defined for |z] < R andy € RZ*I. Also we assume

2 I(r,2,9) € C(| = B, Rl HY(T, x Ry™)) N CH(] = R, B[ H*(T- x Ry™))

(the uniqueness and the existence of such a solution is proved by Theorem[2.77)).

Let U, = (p., p.v.)! be the approzimate solution of the isentropic Euler system (2.82)-
(2.83) with v = 0 deduced from a solution of the KZK equation. Then the function
U.(t,z1,2') is defined in

R
Ty x (0 = {z1]71 < = —ct} x R%
£

and is smooth enough according to the reqularity of I.
Let us now consider the solution U, of the Euler System (2.31) with v =0 in a cone

Clt) = {0 <5<t} xO.(s) = {2 = (x1,2") : |z1] < g _ Ms, M > ¢,z € R"1}

with the initial data
(Pe = P)li=0 = 0, (Ve = V)|i=0 = 0.
- : N T
Consequently, (see Ref. [23] p. 62) there exists Ty such that for the time interval 0 <t < 22

there exists the classical solution U, = (p., peve) of the Euler system (Z.31) with v = 0 in
a cone

C(T) = {0 <t <T|T < %} X Q. (1)

with

n
HVUeHLw([O% ) < eC for s > [5 +1.

[H*~H(Qe)

Moreover, there exists K > 0 such that for any € small enough, the solutions U. and
U. which where determined as above in cone C(T) with the same initial data, satisfy the
estimate for 0 < t < %

”(UE - Uz—:)(t)”%Q(QE(t)) S Cg€3t€2K€t S 482

with ¢3 > 0.
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Remark 2.5.4. The regularity of Iy € H*(Ty; x R" 1) with s > 8 (see Table[Z1) is minimal
to ensure that RYS~K2K gnd RYS™5ZK  see Appendiz[Al, are in C([0, Ll 12(Q.)).

I(7,2,y) € C*( — R, R[; H*2*(T, x R"™1)).

Let us denote Q = T, x R"™L. Given the equations for p. by (Z.60) with (Z357) and (2.58)
and for v. by (268) with v = 0 respectively, we have for 0 < k < 2

0ip:(7, 2,y) € O = R, R[; H**(Q)), 9L0.(7,2,y) € C(] — R, R[; H*7*7(Q)),
but we can also say that
9%p.(1,2,y) € L*(] = R, R[; H***(Q)), 0¥v.(7, 2,y) € L*(] = R, R[; H*~*"*(2)).

This implies for 0 < k <2 (as s > 8) that s — 2 — 2k > 2 and

R
95p.(1,2,y) €C(Ty; L*({an |z < - ct}; H7HR™Y),
85715(7',2,31) eC(T,; LQ({J:1|:C1 < g —ct}; Hs’2’2k(R"’1))).

Hence we find

p.(t,xy, 2", v(t, 2, 2") €C(]0, %[; H*(Q.)).

As in addition for 0 < k <1, considering p. and V. as functions of (1, z,y),
o0,p. € C(] — R, R[; H*172%(Q0)), 0%0,%. € C(] — R, R[; H*372*(Q0)),

we deduce in the same way that

, T
atpe(ta X1, 'r/)u 8257)5(15, X1, ) EC([Ou ?0[7 Hl(Q€>>

These regularities of p. and V. viewed as functions of (t,x1,2") allow to have all left-
hand terms in the approximated Euler system (2.82)-(2.83) with v = 0 of the regularity
C([0,[; L*(Q¢)) and the remainder terms in the right-hand side inherit it.

2.6 The Kuznetsov equation and the KZK equation

2.6.1 Derivation of the KZK equation from the Kuznetsov equation

If the velocity potential is given [60] by Eq. (253]), we directly obtain from the Kuznetsov
equation (Z23)) with the paraxial change of variable (Z54]) that

v—1 v
8t2u — c2Au — &ﬁt ((VU)2 + 2—62(&5U)2 + %Au>

—¢ [wﬁzcb _T 1&(@@)2 — PP C2qu>] + g2 RRuamK2K (2.110)

2c? poc® T
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with

g2 vz RIK 2 (—c28§<1> + %aT(amzcb) —0,(V,®)* + C%’aiazcb - piaTAy@>
0 0

+ & <—8T(8Z<I>)2 - pia@cb) : (2.111)
0

Therefore, we find that the right-hand side e-order term in Eq. (ZII0) is exactly the
KZK equation (2.63). Due to its well posedness domain, to validate the approximation
between the solutions of the KZK and the Kuznetsov equations, we need to study the well
posedness of the Kuznetsov equation on the half space with boundary conditions coming
from the initial condition for the KZK equation.

2.6.2 Well posedness of the models

Well posedness of the Kuznetsov equation in the half space with periodic boundary
conditions

Let us consider the following periodic in time problem for the Kuznetsov equation in the
half space R x R""! with periodic in time Dirichlet boundary conditions:

{ = PAu — vl = acuy ug + feVu Vay o Ty xRy xR0,

_ n—1
U|z—0 =9 on T, x R*"1

where g is a L-periodic in time and of mean value zero function. For this we use Ref. [21]
and thus we directly obtain the following result of maximal regularity:

Theorem 2.6.1. [21] Let n = 3, Q = R, x R"™! and p €]1,+00[. Then there exits a
unique solution u € W2 (Ty; LP(Q)) N W (Ty; W2()) with the mean value zero

Vo € Q) u(s,x) ds =0 (2.113)

Ty

of the following system

2 A _
Lo e 21
if and only if the functions
f € L(Ty: LP(Q)) with g € Wy (T, LP(09) N WAy Wy 7 (09)) (2.115)
and they are of mean value zero:
Vo e ) f(l,z) dl =0 and Va' € 99 g(l,2") dl = 0. (2.116)

Tt Tt

Moreover, we have the following stability estimate

[ullwzersze@pwy riwz@) < C (||f||Lp(Tt;LP(Q))

+ ||g|| 2—% 91 .
Wy P (Te;LP(0Q))NWE (T W, P (89))
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Proof. On one hand, if f and ¢ satisfy (ZII5)—(2IT6), the necessity of the conditions is
shown in Ref. [2I]. On the other hand, the conditions (ZII0)-(ZI16) are sufficient by a
direct application of the trace theorems recalled in Ref. [21] and proved in Ref. [27] for
example. O

The results of Ref. [21] allow to see that Theorem 2.6.1] does not depend on n, moreover
if we look at the case p = 2 the linearity of the operator 07 — A — vAd; from (ZI14)
implies that we can work with H*(Q) instead of L*(Q) :

Lemma 2.6.1. Let n € N*, Q =R, x R*1, s > 0 then there exists a unique solution

weX = {u € H2(T,; HY(Q)) N H Ty B (Q)Vr € Q [ uls, z) ds — 0} (2.117)

T

with the mean value zero (see Eq. (Z113)) of system (2.113) if and only if
f € L*(Ty; H¥(Q)) and g € Fr = Hi(T,; H*(0Q)) N H'(T,; H*2(09)) (2.118)

both satisfying (Z110).

Moreover we have the following stability estimate

lullx < CU[fllz2rems @ + [l9lles)-

Here H*(Ty; H*(Q)) N HY(Ty; H¥2(Q)) is endowed with its usual norm denoted here and in
the sequel by ||.|| x.

Now we can use the maximal regularity result for system (2.114]) with Theorem in
Chapter [[land the same method as for the Cauchy problem associated with the Kuznetsov
equation used in our previous work [26] or in Subsection.L5.1] of Chapter [[. We will just
have to use the boundary conditions of problem (ZII2) as the initial condition of the
corresponding Cauchy problem in R™.

Theorem 2.6.2. Let v >0, n e N*, Q =R, xR*"! s> 2. Let X be defined by (2I17)
and the boundary condition g € Fy be defined by (Z118) and in addition, let g be of the

mean value zero (see Fq. (2114)).
Then there exist r* = O(1) and Cy = O(1) such that for all r € [0,r*[, if

N

”ngFT < Tlrv

there exists a unique solution u € X of the periodic problem (2Z112) satisfying (Z113) and
such that ||u||x < 2r.

Proof. For g € Fr defined in (2I18) and satisfying (2.116]), let us denote by u* € X the
unique solution of the linear problem (ZI14) with f = 0 and g € Fr.
In addition, according to Theorem [ZG.1] we take X defined in (ZI17), this time for

s > % (we need it to control the non-linear terms), and introduce the Banach spaces
Xo:={ue X| ulspo=0o0n T; x 00} (2.119)

and

y = {f € I2(T,; H*(Q))| ¥ € © /T f(s,2) ds = 0}.
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Then by Lemma [Z.6.1] the linear operator
L:Xo—Y, ucXo— Lu):=uy — Au—veAu, €Y,

is a bi-continuous isomorphism.
Let us now notice that if v is the unique solution of the non-linear Dirichlet problem

vy — AV — veAv; = as(v 4+ u*) (v + ut)y on T, x Q,
+5eV(v+ u*).V(v+u*), (2.120)
v=20onT,; x 09,

then u = v 4+ u* is the unique solution of the periodic problem (2IT2]). Let us prove the
existence of a such v, using Theorem [[L5.2] in Chapter [l
We suppose that ||u*||x < r and define for v € X

O(v) = ae(v+u)(v+u*)y + BeV(v+u*). V(v + u’);.

For w and z in Xy such that |[w|x < r and ||z||x < 7, we estimate ||®(w) — D(2)]]y.
By applying the triangular inequality we have

| (w) = )y < az (16w = ally + |0 = 2)eay
# llwew = 2Jally + 1w = 2ezlly )
+ 82190 = 2l + [V (w = 2) 9 |y
V0V (= 2l + |V (w = 2) V2] ).
Now, for all @ and b in X with s > sq > & it holds

b lly <|la||zoo(r, ) [|belly
SCHI(Tt;HSO(Q))—)LOO(TtXQ) HatHHl(Tt;HSO(Q)) Hb”X

<Ch(ry %0 @) — Lo (Tox0) @l x| 0] x,

where Cri(r,;ms0(Q))— Lo (T, x0) is the embedding constant of HY(Ty; H*0(Q)) in L>®(T; x ),
independent on s, but depending only on the dimension n. In the same way, for all a and

b in X it holds
||V(1Vbt||y < CHI('Et;HSO(Q))aLOO(TtXQ)||a“||X||b||X'

Taking a and b equal to u*, w, z or w — z, as ||[u*||x < r, |w||x < rand |z||x < r, we
obtain

[D(w) = @(2)lly < 4+ B)Cur(remoo@)—Loe(rexerw — 2] x.

By the fact that L is a bi-continuous isomorphism, there exists a minimal constant C, =
O (i) > (), coming from the inequality Coev||u||% < || f]ly||u||x for u, a solution of the linear
problem (2.I1T4]) with homogeneous boundary data (for a maximal constant Cy = O(1) > 0)
such that

Yu € X(] HUHX < C’€HLtu
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Hence, for all f € Y
PLUXO(f) < CePUY(f) = CerHY

Then we find for w and z in Xy, such that ||w|x <7, ||2z]|x <r, and also with [|u*||x <7,
that with ©(r) := 4C(a + B)Cr (1,150 () Lo (T, x) €T it holds

Pruy, (®(w) - 0(2)) < O(r) | — 2]..

Thus we apply Theorem [[L5.2]in Chapter [l with f(z) = L(z) —®(x) and zg = 0. Therefore,
knowing that C, = %, we have, that for all r € [0, r,[ with

v

r. =0(1), (2.121)

- 400(04 + 6)CH1(’]1};H50(Q))HLW(TMQ)
for all y € (0) + w(r)LUx, C Y with

C
U}(T) =7r — 2700H1(Tt;H50(Q))—)LOO(']I}XQ)(a —+ B)’I"Q,

there exists a unique v € 0 4+ rUy, such that L(v) — ®(v) = y. But, if we want that v be
the solution of the non-linear problem (ZI20)), then we need to impose y = 0 and thus, to
ensure that 0 € ®(0) 4+ w(r)LUx,. Since —ﬁ@(()) is an element of Y and LX, =Y, there
exists a unique z € X, such that

®(0). (2.122)

Let us show that ||z||x < 1, what will implies that 0 € ®(0) + w(r)LUx,. Noticing that

[2(0)[ly < acel|vivy|ly + Bel[VoVuyly
< (Oz + 6)€CH1(T“HSO(Q))%L‘X’(Ttxg)||v||§(
< (a4 B)eC(mym0(Q))— Lo (T x Q)T

and using (Z.122]), we find

[2(0)[ly

w(r)
< OCOmmunn@yor=mxeatPler 1
(1 = 2CCi (1m0 @)L xay(a + Bler) 2

Iz]lx < Cel|Lzlly = Ce

as soon as r < r*.

Consequently, z € Ux, and ®(0) +w(r)Lz = 0. Then we conclude that for all r € [0, r,],
if [[u*||x < r, there exists a unique v € rUx, such that L(v) — ®(v) = 0, i.e. the solution
of the non-linear problem (2I20). Thanks to the maximal regularity and a priori estimate
following from Theorem 6.1 with f = 0, there exists a constant C; = O(¢°) > 0, such
that

*

|h§7§Mm-

Thus, for all » € [0,7.[ and ||g||r. < \é—l’?r, the function v = u* +v € X is the unique

solution of the time periodic problem for the Kuznetsov equation and ||ul|x < 2r.
0
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Well posedness of the initial boundary value problem in the half space for the
Kuznetsov equation

We work on = R, xR"~! and we are going to study the initial boundary value problem for
the Kuznetsov equation on this space, i.e. the perturbation of an imposed initial condition
by a source on the boundary, which will later be determined by the solution of the KZK
equation.

Lemma 2.6.2. Let s > 0, n € N. There exists a unique solution
u€ R := H* Ry H*(Q))N H' (R ; H2(Q)) (2.123)
of the linear problem

wy — Au—velAu, = f in Ry xQ,
u=g on Ry x 090, (2.124)
w(0) =ug, w(0)=wuy in

if and only if the data satisfy the following conditions
hd f € LQ(R-H HS(Q))a
e for the boundary condition

g €Fr, = H/* R ; HY(0Q)) N HY (R, ; H/2(09)); (2.125)

o uy € H*2(Q) and uy € HT(Q);
e g(0) =ug and g4(0) = uy on 0S) in the trace sense.

In addition, the solution satisfies the stability estimate

lulle < CUIf 2@y @) + I9llee, + lluollme+> + [[uall ).

In order to prove this result we will use the subsequent lemma to remove the inhomo-
geneity g.

Lemma 2.6.3. Let s > 0, n € N. There exists a unique solution w € E defined by (2123)
of the following linear problem

wy —rveAw, =0 in Ry x
w=g on Ry x0Q, (2.126)
w(0) =0, w(0)=0 in Q

if and only if the data satisfy the following conditions

o g € Fr, defined in (2123),
o for the compatibility: for all x € 982, g(0) =0 and g,(0) = 0.

Moreover, the solution w satisfies the stability estimate

lwlle < Cligllge, -
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Proof. First we prove the sufficiency. By assumption (2125]), we have
Oyg € H3*(Ry; H3(0Q)) N LA(Ry; H¥/2(0Q)).
Thanks to § 3 p. 288 in Ref. [61], we obtain a unique solution
v € H'(Ry; H(Q)) N L*(Ry; H())
of the parabolic problem
v —veAv=0 in Ry xQ, v=20¢9 on Ry x9Q, v(0) =0 in .

Next we define for t € R, and x € 2 the function

t

w(t, ) ::/0 v(l, z)dl.

We have w(0) = 0 and w;(0) = 0. Moreover, it satisfies

t
wy —veluwy =0, w(t)lon = [ (D) dl = g(2),

as g(0) = 0. Therefore, w is a solution of problem (ZI20).The necessity follows from the
spatial trace theorem ensuring that the trace operator Trsq : u — u|sq, considering as a
map

H' (R HY(Q)) 0 LRy HY(Q)) — HY(Ro; HH(09)) 0 LRy H2(09)), (2.127)

is bounded and surjective by Lemma 3.5 in Ref. [27]. For the compatibility condition,
thanks to Lemma 11 in Ref. [29], we also know that the temporal trace Tri—o : g — ¢|i=o,
considered as a map

HY4 R H3(0Q)) N LA (R, HH/2(0Q)) — H*/2(09) (2.128)
is well defined and bounded. Moreover, the spatial trace
HV2(Q) — H*(09) (2.129)

is bounded by Theorem 1.5.1.1 from Ref. [34].

To obtain uniqueness, let w be a solution to (ZI26) with g = 0. Since w; solve a heat
problem with homogeneous data, we obtain w; = 0 and therefore also w = 0 by the initial
condition w(0) = 0. The stability estimate follows from the closed graph theorem. O

Let us prove Lemma 2.6.2;

Proof. We obtain the uniqueness for (Z124) from the fact that in the case ¢ = 0 we
can consider —A as a self-adjoint and non negative operator with homogeneous Dirichlet
boundary conditions and we can use Ref. [32]. To verify the necessity of the conditions on

the data, we suppose that u € E defined in (ZI23) is a solution of (ZI124]). Then
u, uy € H'(Ry; H5(Q)) N L*(Ry; H12(Q)) and thus f € L*(R,; H*(Q)).
Taking as in the previous proof the spatial trace Traq as in (ZI27)) we have

g, g € HYY(R; H*(0Q)) N L*(Ry; H/2(9Q)), which implies g € Fg, .
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By the Sobolev embedding H'(Ry; H*™(Q)) — C(Ry; H*™(2)), it follows that uy €
H*2(Q) and we also have the temporal trace

w sl s HY Ry H3(Q)) N L2(Ry; H*(Q)) — HY(Q)

by Lemma 3.7 in Ref. [27]. For the compatibility condition we use (ZI28) and ([2129) as
in the proof of Lemma [2.6.3]

It remains to prove the sufficiency of the conditions. We extend wug, u; and f in odd
functions among x; on R™ so that we have 4, € H**?(R"), @, € H*T(R") and f €
L*(R,; H*(R™)). We consider the problem

ﬂtt — C2A'Il — l/gAth = f in R+ X Rn,
?1(0) = 7:L0, ﬁt(O) = ’110 in R™.

By Theorem 4.1 in Ref.[26] or Theorem [[5.1] in Chapter [l we obtain the existence of its
unique solution

@ € H2(Ry; H*(R") N H'(R.; H**(R™).
Let w € E, defined in (2123)), denote the restriction of @ to 2 and let § := g — u|sq. By
the spatial trace theorem @|pn € Fr, , and hence § € Fg,. Then the solution u of the non
homogeneous linear problem (ZI124]) is given by u = v + U, where v solves problem (Z124))

with f =4y =wu; =0 and g =g. From Lemma we have a unique solution v € E, of
the problem (Z126) with ¢ = g. Then the function w := v — T solves the following system

wy — Aw — veAw, = 2Av  in Ry x Q,
w=0 on R, x0dQ,
w(0) =0, w(0)=0 1in £,

which thanks to Theorem 2.6 in Ref. [32] has a unique solution w € E defined in (2.123).
The function u := w + T + @ is the desired solution of (ZI24]) and the stability estimate
follows from the closed graph theorem. This concludes the proof of Lemma O

The next theorem follows from the maximal regularity result and Theorem [[.5.2] in
Chapter [Il. Its proof is similar to the proof of Theorem 2.6.2] and hence is omitted.

Theorem 2.6.3. Let v > 0, n € N*, Q =Ry x R" and s > 2. Considering the initial
boundary value problem for the Kuznetsov equation in the half space with the Dirichlet
boundary condition

Uy — AU — veAu; = asuuy + feVuVuy  in [0, +oo[x€,
u=g on [0,00[x05, (2.130)
w(0) =ug, w(0)=wuy in §Q,

the following results hold: there exists constants r* = O(1) and C; = O(1), such that for
all initial data satisfying

o 4 € e = HTA([0, oof; H(00)) 1 H'([0, of; H™/2(062),
o uy € H°2(Q), uy € HT(Q),

o g(0) = uploa and g:(0) = u1sq,
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and such that for r € [0, 7%
ve
HuOHHerz(Q) + ”U1”H5+1(Q) + ”gHF[o,T] < ar’

there exists a unique solution of problem (2130)
u € H*([0, 00[; H*(€2)) N H ([0, 00; H**(Q)),

such that

||u||H2([0,oo[;HS(Q))ﬁH1 ([0,00[; H=+2(22)) < 2r.

2.6.3 Approximation of the solutions of the Kuznetsov equation by
the solutions of the KZK equation

Given Theorem for the viscous case, we consider the Cauchy problem associated to the
KZK equation (Z72) for small enough initial data in order to have a time periodic solution
I defined on Ry x R*™1. If v > 0, to compare the solutions of the Kuznetsov and the KZK
equations we consider two cases. The first case is considered in Sub-subsection 2.6.3] when
the Kuznetsov equation can be considered as a time periodic boundary problem coming
just from the initial condition I of problem (2.72]). In Sub-subsection we study the
second case, when the solution of the KZK equation taken for 7 = 0 gives (0, z, y) defined
on Ry x R™! from which we deduce according to the derivation ansatz both an initial
condition for the Kuznetsov equation at ¢ = 0 and a corresponding boundary condition. In
this second situation, it also makes sense to consider the inviscid case, briefly commented
in the end of Sub-subsection [Z.6.3

Approximation problem for the Kuznetsov equation with periodic boundary con-
ditions

Let Q; =T, x R*! and s > {%} + 1. Suppose that a function Iy(t,y) = Iy(t, /x') is such
that Iy € H*(€);) small enough and [ Iy(s,y)ds = 0. Then by Theorem 244 there is a
unique solution I(7, z,y) of the Cauchy problem for the KZK equation (272) such that

2z I(1,2,y) € C(]0, 00, H*(§21)) (2.131)

with [ I(l,z,y)dl = 0. We use the operator d;' defined in (Z7I). Formula (Z7I)), which

implies that -1 is L-periodic in 7 and of mean value zero, gives us the estimate
107 I | o0y < C0:07 T | o021y = Cll || (500)-
So 97 |,—o € H*(Q), and hence by (ZI31)
2o 07 (7, 2,y) € C(0, 00l, HY(O1),

with [ 9-'1(s, z,y)ds = 0.
We define on T; x R, x R*!

2 2
u(t, xy,x') = 0—8;1[(7',,2,1;) = C—@;ll (t - ﬂ,e:cl, \/Ex') (2.132)
Po Po c
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with the paraxial change of variable (2.54]) associated to the KZK equation. Thus @ is L-
periodic in time and of mean value zero. Now we consider the Kuznetsov problem (ZI12])
associated to the following boundary condition, imposed by the initial condition for the
KZK equation:

2
gt,a") =1(t,0,2) = %8;%@, ). (2.133)

Taking [ := 20, ® (see Eq. (Z57)), let I be the solution of the Kuznetsov equation written
in the following form with the remainder RE“*~KZK defined in Eq. (ZIII):

~ (v+1) ~, v =4 2 17 uUz— —
{ 0T = G0 1P = 0] — SA,0 M + ey RE AN = 0, (2.134)

f|z:0 - [07

where we can recognize the system associated to the KZK equation (2.72)).
Now we can formulate the following approximation result

Theorem 2.6.4. Let v > 0. Fors > 2+ 2 and Iy € Hs+5 T. x R*1) small enough in
2

Hs+3 (T, xR"™1), there exists a unique global solution I of the Cauchy problem for the KZK
equation (272) such that

2 I(1, 2,y) € C(0,00[, H**3 (T, x R"™)).

In addition, there exists a unique global solution I of the Kuznetsov problem (213}), in the
sense I := 230.®, with (1, z,y) := u(t,r1,2") with the parazial change of variable (2.54)
and

u€ H*(Ty; HS(RT x R™ 1) N HY(Ty; HP(RT x R™1)),

is the global solution of the periodic problem (Z112) for the Kuznetsov equation with g
defined by Iy as in Eq. (2133). Moreover there exist C; > 0 and Cy > 0 such that

1d ~ - -
ST = TR, oy < COlT = T, oy + Co T = Tl e,

which implies

~ C C
HI B IHL?(T anfl)(Z’) < —2626%2 < _25(6%z _ 1)
T 2 Cl

and ||I — [NHLQ(TTan_l)(z) < Ke while z < C with K > 0, and C' > 0 independent of ¢.

Proof. For s > % + 2, the global well-posedness of I comes from Theorem R2.4.4]if Iy €
H*+2 (T, x R"™1) is small enough. Moreover, since g is given by Eq. (ZI33), thanks to the
definition of 9! in (271I)) and the fact that I, € H**3(T, x R"1), we have

g€ H™ (T, x R" 1) and 8,9 € H*"2(T, x R").

And thus . )
g€ Hi(Ty; H¥(R" 1)) n H (Ty; H*7 2 (R 1)).

Therefore we can use Theorem [2.6.2] which implies the global existence of the periodic in
time solution

u€ H*(Ty; H*(RT x R™™ )N HY(Ty; HP(RT x R™1)),
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of the Kuznetsov periodic boundary value problem (ZI12) as I, is small enough in H**2 (T, x
R"1). Therefore, it also implies the global existence of I defined in (Z57) which is the
solution of the exact Kuznetsov system (2.134)).

Now we subtract the equations in systems (Z.72) and (2.134):

- fy+1~ ~ v 9 -
I—-1)0.1— 10, (I —1)— o-(I -1

62

-1 7 PO pKuz—KZK

co.(1 — 1y — 21

Denoting ; = T, x R, we multiply this equation by (I — I), integrate over T, x R*!
and perform a standard integration by parts which gives

cd =9 v+1 ~
5%”]_‘[”112(91) - = 0, 6T](I—]) de’y

1 . . .
_at [ H1 = D)o,(1 — Tyardy
2p0 J
v = £o Kuz—KZK 7
I —D)%drdy = e=— I — Ddrdy.
%, Q1(87( ) drdy €503 an ( )dTdy

Let us notice that
/ I(I — Do (I — Ddrdy = / (F— 1)+ D)20.(1 — I)2drdy
Q1 Ql 2
1

== I(I —I)%drd
2 9187—( ) Ty7

and as for s > % + 2 and u € H*(Ty; H5(Q)) N HY(Ty; H¥72(Q2)) we also have
REw==KIZE ¢ O(R; LA(T, x R"™1)). (2.135)
This comes from the fact that in system (2I34]) the worst term outside the remainder is

af_f with I given by Eq. Z57). As dPu € L*(Ty; H%(Q)), we need to take s > 5 +2to
have 021 in L>®°(R,; L*(T, x R*"!)). Therefore

/Q REwKZE(T — Ndrdy| < ||[RF“* 52| 2o 1T = 1| 2200y < CI = || 2200
1

with a constant C' > 0 independent on z thanks to (ZI30]). It leads to the estimate

1d ~ ~ -
5%”1 - IH%?(Ql) < KSSPWTI(T, zy)| 1 - I”%?(Ql) + CellI - I||L2(Ql)7
1

in which, due to the regularity of I for s and I (see also Point 1 and 3 of Theorem 2.4.4))
the term supq, |0-1(7, z,y)| is bounded by a constant C' > 0 independent on z. With this
we have the desired estimate and the other results follow from Gronwall’s Lemma. O

Remark 2.6.1. Here the reqularity Iy € H“"*%(TT x R"1) for s > % 4 2 is the minimal
reqularity to ensure (2133).
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Approximation problem for the Kuznetsov equation with initial-boundary condi-
tions

Let as previously Q; = T, x R* ! but s > [”T“} Suppose that a function Iy(t,y) =
Io(t,\/e2") is such that Iy € H*($y) and [ Io(s,y)ds = 0. Then by Theorem [Z4.4] there is
a unique solution I(7, z,y) of the Cauchy problem (2.72)) for the KZK equation such that

2z I(7,2,y) € C(]0, 00, H*(21)).

We define 7 and g as in Eqs. (2.132) and ([2.133) respectively. Thus, for RE“*=EZK defined
in Eq. (ZI11]), @ is the solution of the following system

2 2 AT _ 2 L a=li92 | v A7) — 2 pKus—KZK

071 — *Au — €0, ((Vu) + Tz (0u)” + pOAu) =¢e’R in T; x Q, (2.136)
u=g¢g on T;x 0.

We study for 7" > 0 the solution u of the Dirichlet boundary-value problem (ZI30)
for the Kuznetsov equation on [0, 7] x R, x R""! taking ug := u(0) and u; := u(0) and
considering the time periodic function g defined by Eq. (2.133) as a function on [0,7]. Now
we have the following stability result.

Theorem 2.6.5. Let T > 0, v >0, n > 2, Q = R* x R*! and Iy € H¥(T, x R* 1),
s € RT. Let I be the solution of the KZK equation. By I the solution W of the approximated

Kuznetsov problem (Z130) is constructed using (Z132) and with g defined in (Z133).
Then there hold

2 s < k
implies the global well-posedness of the Cauchy problem for the KZK equation. Its
solution is denoted for 0 < k < [g] by

1. If s > 6 forn = 2,3, or else §} > 5 + 1, there exists k > 0 such that || Iy

I€C*{z>0}; H (T, x R"™1)),
thus
€ OF({z >0} H2K(T, x R™™)), 91 € C*({z > 0}; H* (T, x R™™)),

or again

a € H2(T,, H57Y(Q)) n HY(T,, HE (). (2.137)

The regularity of Iy € H*(T; x R*™1) (see Table [Z2) is minimal to ensure that
REw==KZIK " gee Bq. (2111), is in C([0, +oo[; LA(R, x R™™1)).

2. If {%} > 5 + 2, taking the same initial data for the exact boundary-value problem for
the Kuznetsov equation (Z130) as fora, i.e.

u(0) = 7(0) = ;—28;1](—:6—01,@1, Ver') e HEl (@),
w(0) = 7, (0) = C—OaJ(—

p xlv&”ﬁ, Ver') e H[g]_l(Q%

C
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there exists k > 0 such that ||Io||gs < k implies the well-posedness of the exact
Kuznetsov equation (Z130) considered with Dirichlet boundary condition

g= ;—ZaTllo € H*(T, x ™) ¢ HY/([0, T); HIZ-2(00))
n H'([0, T]; HE1-2132(50)))
and the regularity
we H*(0,T), HEI- (@) n B ([0, 7], B (). (2.138)

Moreover, there exists constants K > 0, and C > 0 independent of € such that for all
tg% we have Cp > 0 and Cy > 0 with

=D + 1V — (0 < Créte™ < Ke, (2.139)

3. In addition, let u be a solution of the Dirichlet boundary-value problem (Z130) for the
Kuznetsov equation, with g defined by Eq. (Z133) and ug € H™(Q), uy € H™(Q)
with m > 4 and

1w = @)e(0)l[720) + IV (u = @)(0) |72 < 0% <€ (2.140)

There exists K > 0 and C' > 0 independent of € such that for all t < g we have
C1 > 0 and Cy > 0 with

=gy + IV~ D)) < Cr(Et+ 62 < Ko (2.141)

Proof. Let @ and g be defined by ([2I32) and (2.I33)) by the solution I of the Cauchy
problem ([2.72) for the KZK equation with I|,—g = Iy € H*(T;xR" ') and s > 6 forn = 2, 3,

or else [%} > 2 + 1. In this case, U is the global solution of the approximated Kuznetsov

system (ZI36), what is a direct consequence of Theorem A4l If Iy € H*(T; x R"1) with
the chosen s, then for 0 < k < [%}

I(7,2,y) € C*({z > 0}; H*72*(T, x R"™)).

Let us denote Q; = T, x R""L. Given the equation for u by (ZI32), we have
(T, 2,y) and 0,7(T, 2,y) €C*({z > 0}; H*2#())), if 0 < k < E] :

02(r, 2, ) €CF({z > 0} H*12(0y)), it 0 < k < E} 1,

but we can also say [42] thanks to Point 4 of Theorem 2.4.4] that

u(t, 2,y) and 0,7(T, z,y) €H*({z > 0}; H¥2*()),
O*u(r, z,y) €H ({z > 0}; H172%(Q))).

This implies as for the chosen s that
U(t,xy,2') and dyu(t, 1, 2") € L*(Ty; mlsl (Q) N H*(Ty; H[g]_l(Q),
0%u(t, x1,a') € L*(Ty; HE-Y(Q) n BT, HEI2(0).

N
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This implies

a(t, z1,2') €C([0, +oof; HEITH (),
02u(t, x1,2") €C([0, +o0[; HEI ().

With the chosen s, these regularities of u(t, z1,2") give us the regularity (ZI37) and allow
to have all left-hand terms in the approximated Kuznetsov system (2.I36]) of the desired
regularity, i.e in C'([0, +-o00[; L*(2)). In addition for {%} > 4 +2 with the chosen g, uyg = w(0)
and u; = w(0) in the conditions of the theorem we have

uo € HE(Q), uy € HEIT(Q)

with
g€ H¥ (T, x R" ') and 0,9 € H*(T; x R"™1),

which implies
g€ B (o, T HIE2(00) n B (0,7 HE1>72(o0)

with [%} — 2 > 7 as required by Theorem to have the local well-posedness of u, the
solution of the Kuznetsov equation associated to system (2.I30). This completes the local
well-posedness results and we deduce that u has the desired regularity (ZI38]) announced
in the Theorem. Moreover, we have RE“==KZK in C([0, +-00[, L*(2)).

To validate the approximation we will only demonstrate the estimate in point (3) as
it directly implies the estimate in point (2). We take again I, € H*(T; x R"!) with
[%} > 4 + 2 to define u and g and consider u to be a solution of the Dirichlet boundary-
value problem (ZI30) for the Kuznetsov equation under the conditions ug € H™ (),
u; € H™(Q) with m > 2 satisfying ([2I40). Now we subtract the Kuznetsov equation
from the approximated Kuznetsov equation (see system (Z130)), multiply by (u — @), and

integrate over {2 to obtain as in Ref. [26] the following stability estimation:

L[ Ata) (w— WAV -

< Cesup([Jun| oo () [|Aull oo @); IV oo ()
(I =aelFa0) + 1V (=) 720y )
+{_:2/ REw—KZK (y _7),dx
0
where % < A(t,x) < % for 0 < ¢t < T and z € Q. By regularity of the solutions
sup (|| || Lo )5 | Au|| Lo () [| V|| o)) is bounded in time on [0,7]. Moreover, we have

| RE ==K 2K (1)]| 2() bounded for ¢ € [0, T] by the regularity of @ where R*"*~*#K ig defined
in (ZI11]). Then after integration on [0,t], we can write

1w = @) (|22 0) IV (w = D) (O |20
<3(I(u =@ (0) |20y + IV (w = @)(0) [ 120y

t
016/0 (= @)e(5) 1220y + IV (w = W) ($) | L2 s

t
+ 0o [ /1= D) B + V(= 0)(3)] e ds.
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As |[(u=1):(0)]172(q) + IV (u =) (0) |72y < 0 < €%, we finally find by the Gronwall Lemma

VI =232y + V(@ =) (1) 32y < Ci(’t +6%)e™ < Ke

for ¢ < What allows us to conclude. O

For the inviscid media we use (24 on the cone C(t) defined in Theorem 2.5.7 instead
of R™ when we compare the Euler system and the inviscid Kuznetsov equation. Therefore
the triangular inequality permits us to validate the approximation between the Kuznetsov
and KZK equations in the inviscid case as their respective approximations with the Euler
system are validated by (2.4]) in the cone.

2.7 Approximation of the solutions of the Kuznetsov
equation with the solutions of the NPE equation
Now let us go back to the NPE equation introduced in Section and consider its

ansatz (2.86)—-(2.89). As previously we start with the viscous case v > 0. Then we can
rewrite the Kuznetsov equation

v—1 v
O*u — *Au — €0, <(Vu)2 + 5o (Opu)? + %Au>

1
=c (—20832,\1/ — csz\I/ + 1082’\11 + gl C@(@‘I’f) 4 2 RKus—NPE
Po
with
E2RIUNPE 2 (20 — D020, + LA, 0.0 — (v~ 1)0, ¥ 90 (2.142)
Po Po

=2y = 1)0.V 0LV — 20.W 02,V + 2cV, ¥ V,0.V)
—1 —1
+ 53( ~YA0. T+ 27767111 02V + 7782111 o>

Po
— 2V, ¥ V,0,¥) + (- ).

We obtain the NPE equation satisfied by 9,¥ modulo a multiplicative constant:

fhuts

02U — 0,(0,9)? — L P 1 < A U = 0.

2p0 ©

In the sequel we will work with & defined by (2.88]) which satisfies the Cauchy problem (2.96))
for the NPE equation. This time in relation with the KZK equation we used the bijec-
tion (2.95]). We also update our notation for ; = T, x ]RZ‘l and s > ¢ + 1. Suppose
that § € H**(T, x Rp~") and [;_&o(z,y) dz = 0. Then there is a constant 7 > 0
such that if [|&] e xry-ty < 7, then, by Theorem 2.44] there is a unique solution
£ € C([0,00[; H*F*(T, x Rp71)) of the NPE Cauchy problem (Z.96)) satisfying

/ £(1,2,9)dz=0 forany 7>0, yc R
T

z
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We define 0,,u(t, x1,2") := —=&(7, 2, y) with the change of variable (Z:85]) and

£o

u(t,zy,2') = —é@zlf(ﬂz,y) = <_,0_Co> (/Ozf(r, s,y)ds + /OL %f(T, s,y)ds) )

We notice ui(z1,2') := 0u(0, 21, 2') and ug(z1,2") :== —= ~1¢0(z,y) and consequently we

have ug € H*"?(T,, x R%™1), u; € H*(T,, x R ). Thus for these initial data there exists
7 € C([0,00[; H*(T,, x RZ) N CY([0, 0of; H*(T,, x RY))
the unique solution on T,, x R” ! of the approximated Kuznetsov system

{ Ty — AT — ve ATy, — aeWlly — BeVuVT, = e2REw-NPE

u(0) = ug € H2(T,, x R% 1Y), 1,(0) = uy € HY(T,, x R (2.143)

with REw=NPE defined in (2I42). If we consider the Cauchy problem (Z28) for the

Kuznetsov equation on T,, x R7, U with uo and uy derived from &, we have

[[uo Hs+2(Tg) xR7) + [Jua H(Tzy xR?) < C|&] HsT2(T, xRy~ ")

Hence, if ||&|

pre+2(1, xpo-1) is small enough [26], we have a unique solution
u € C([0, 00f; HH(Q)) N ([0, 00[; H*(92))
bounded in time of the Kuznetsov equation.

Theorem 2.7.1. For the defined above solutions u of the exact Cauchy problem (Z28) andu
of the approximated Cauchy problem (2.143) for the Kuznetsov equation on 2 = T, X R? L
Then there exist constants K > 0, C' > 0, C; > 0 and Cy > 0 such that for all t < % we
have estimate (2139) and in addition Point 3 of Theorem [2.6.7.

Proof. The global existence of u and u has already been shown. The proof of the approxi-
mation estimate follows exactly as in Theorem [2.6.5] and is thus omitted. O

Remark 2.7.1. The case v = 0 implies the same approximation result except that u and u
are only locally well posed on an interval [0,T].

Remark 2.7.2. We can see forn = 2 or 3, using the previous arguments that the minimum
reqularity of the initial data (see Table[Z2) to have the remainder terms

RFWNPE € ([0, +-00; LA(T,, x R™1))
corresponds to & € H*(T,, x R"™1) with s > 4 since then for 0 < k < 2
&(r, 2, y) € CH([0, +oo[}; H72F(T, x R"?)),
which finally implies with formula T = —p—‘;@;lg that with Q = T,, x R*~1
u(t,x1,7") € C([0, +oof; HY(Q)), ou(t, z1,2") € C([0, +ool; H*()),
gt 0,a') € C([0, +o0l; L(Q).
In the same way for n > 4 we can take § € H*(Q2) with s > §+2 for the minimal reqularity
as it implies
a(t,1,2%) € C([0, +ool; H(Q)), dya(t, 21, 2') € C([0, +ool; H*2(Q),
gPat, o1, 2') € C([0, +oof; H ().
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2.8 The Kuznetsov equation and the Westervelt equa-
tion

2.8.1 Derivation of the Westervelt equation from the Kuznetsov
equation

We consider the Kuznetsov equation (2.23)). Similarly as in Ref. [I] we set
1
and obtain

211 —czAn_eat(mH”“

By Definition (2.144) of II we have

(Opu)? + u(@f — CQA’LL)> .

’y-i—

OPIL — ATl = £0) ( (9,11) ) + e2RK s Wes,

where

uz— es 1 7 + 1
g2 REuz=Wes _225 [—Q—CQA(uatu) — 2—64515“83 (u?)

1 1
+§u8t ((Vu)2 + =5 () + iAuﬂ

Po
+eto, [ 1L Loz 2] (2.145)
We recognize the Westervelt equation
P11 — PAIT = &0), (AH + 1 Lo ) . (2.146)

2.8.2 Approximation of the solutions of the Kuznetsov equation by
the solutions of the Westervelt equation
For the well-posedness of the Westervelt equation we refer to our work [26] on the Kuznetsov

equation where our results can be directly applied. For w solution of the Cauchy prob-
lem (2.28) for the Kuznetsov equation we set

— 1
11 _U—Fﬁ&'at[ ],

and we have II solution of the Cauchy problem

27T — 2 _ 1+l 9772 2 pKuz—Wes
{ OFTT — AATL = 20, (ATL+ 33 (911)?) + &R , (2.147)
I1(0) = My, 9,11(0) = 1T,
with RE“=Wes defined by (Z145) and in accordance with the definition of TT
1
Iy =ug + — EUoly, (2.148)
1 1
I =u;y + 5u1 + —euod; u(0) (2.149)
c

1 1 1 , "
=u + 5u + —ecug———— | cAug + —Auy + 2eVugVu
1 L ST %61&1 ( 0 P 1 0 1)



Chapter 2. Models of nonlinear acoustics viewed as an approrimation of the
96 Navier-Stokes and FEuler compressible isentropic systems

with up and w; initial data of the the Cauchy problem (228)) for the Kuznetsov equation.
For s > 2, if we take up € H***(R") and u; € H*P*(R?), we have I, € H*"*(R") C
H**?(R") and IT; € H*"(R") with
HHOHHS‘FQ(R”) —+ HHlHHs-Q—I(Rn) < C(”uOHHs-M(Rn) + Hu1HH5+3(Rn)),

so similarly to our previous work [26] we obtain

Theorem 2.8.1. Letn > 1, s > 2, uy € H**(R") and uy € H*"3(R™). Then there exists
a constant ke > 0 such that if

luo|| rrs+amny + [Jua ]| prers@ny < ks, (2.150)

then the Cauchy problem for the Westervelt equation

{ OFT1 — PATL = 0, (AL + 37 (9,11)?) (2.151)

11(0) = My, 9,11(0) = I,
with Iy and 11, defined by Eqs. (2.148) and (2.149), has a unique global in time solution
II € H*([0, +o0[, H*(R™)) N H*([0, +oo[, H¥"*(R™)) (2.152)

and if s > 1
IT € C([0, +oo[, H*2(R™)) N C*([0, +o0[, H*THR™)) N C*([0, +o0[, H*HR™)) (2.153)

Moreover we have I1 global in time solution of the approzimated Cauchy problem (2.177)
with the same reqularity.

For II solution of the Cauchy problem (ZI5I)) we set @ such that II = u + Sud,u and
we obtain

X — P Au — e—A@tu _ et 8tu8 u — 2eVu. Vo

Po
( oo — Oy uAu + u83 HA@tﬂ) = g2 RWes—Kuz
with
piVes-Kus _ [poCQ (20,TAIT + 2(VOT)? + RTAT +TAF, + 2V V)
+7 1 ((0m)* + ud*w)ofu + —— 7 + ———(30,u0T + ud; u)@tu}
+57; ! ((0m)* + wd?w) (30,ud’u + ﬂ@fﬂ).
And as

M — AU = O(e)
if we inject this in the term (c%ﬁtﬂﬁfﬂ — OUAT + 5o} — éﬂA&tﬂ) we have

02T — AT — e~ AT — 57
Lo

atuﬁzu —2eVa. Vo = 2RV es vz, (2.154)

Now we can write the following approximation result for the Westervelt equation
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Theorem 2.8.2. Let v >0, n>2, s > L with s > 1, up € H**(R") and u, € H**(R"),
there exists k > 0 such that |[Tol| grs+amny + ||| gors@ny < k implies the global existence of I1
with the reqularities (2.152) and (2153) which is the solution of the Cauchy problem (2.151)
with Ty and 11y defined by Eqs. (2.148) and (2.149). Moreover for ug € H*T2(R") and
up € HTY(R") we have u ezact solution of the Cauchy problem (Z28) for the Kuznetsov
equation. Let uw such that

O=1u+ %ﬂam,
C

as a consequence U is a solution of the approximated Kuznetsov equation (2.154) and if u
and T satisfy (2-140) with w(0) = ug, Ou(0) = uy, w(0) = Uy, Ow(0) = uy, there exists
constants K > 0 and C' > 0 independent of € such that for all t < g we have Cy; > 0 and
Cy > 0 with estimate (2.141)).

Proof. The existence of u and w has already been shown. The proof of the approximation
estimate follows exactly the proof of Theorem 2.6.5] and hence it is omitted. O

Remark 2.8.1. For the minimal reqularity (see Table [Z2) of uy and uy to ensure that
REvw==Wes “see Eq. (2.143), is in C([0, +oo[; L*(Ry x R™ 1)), if ug € H**2(R3) and u, €
H**(R®) for s > 3 then

u €C([0, +oo[; H*(R?)), dyu € C([0, +00[; H(R?)),
02u €C([0, +ool; H*(R?)), d}u € C([0, +oc[; L*(R?)).

Taking 11 as in (2-174) we obtain
I € O([0, +-o0[; H*(R?)), 0,11 € C([0, +oo[; H*(R?)), 07T € C([0, +-oc[; L*(R?)).

Injecting this result in the approzimated Westervelt equation in system (2.147) we obtain
REw==Wes < ([0, +oo[; LA(R3)). In the same way if n > 4 we take ug € H**2(R") and
uy; € H¥TH(R™) with s > % + 1.

2.9 Summary

We summarize all obtained approximation results in two comparative tables: Table [2.1] for
the approximations of the Navier-Stokes and Euler systems and Table for the approxi-
mations of the Kuznetsov equation.
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Table 2.1 — Approximation results for models derived from Navier-Stokes and Euler systems

Kuznetsov KZK NPE
Navier-Stokes Euler Navier-Stokes Euler Navier-Stokes Euler
Theorem Theorem 243 | Theorem [Z.5.5] Theorem [2.4.0] Theorem 257 || Theorem 22410 | Theorem [Z5.5]
paraxial approximation paraxial approximation
pe = po+ep1 +€2p2, u=®(t - ey, /eX) u=V(et,x1 — ct,/ex')
ve = —Vu, pe = po+ el +€J, pe = po + &+ €%,
p1 = 50, v, from ([263), I = %0.9, v, from ([286), { = —20.7,
Ansatz p2 from (2I8]) J from (Z58) x from (2:89)
DPu — *Au =
71 c
<0, ((Vu)* + 5 (O? o1 = Gl 0.6 + BLEOE)
Models +2Au) — OB = SN, =0 — =P+ EAL =0
Approxi-
mation
Order O(e?)
the cone
the half space {las] < & —ct}
Domain {2 R? {z; > 0,2/ e R""!} xR T,, x R?
Approxi- .
mation U = U2 <efort <L
fnitial w € H(Q) | ug € HYQ)
regularity Uy € H4(Q) Uy € H3(Q) IO S HIO(Q) IO S HIO(Q) fo S HS(Q) fo S H5(Q)
Data s s
regularity Uy € H +2(Q) Ug € H +2(Q)
for remainder | w1 € H**(Q) | wp € H**(Q)
boundness s> 7% s> 1% Iy € H3(Q) Iy € H3(Q) & € HY() & € HY(Q)




Table 2.2 — Approximation results for models derived from the Kuznetsov equation

KZK NPE Westervelt
periodic initial
boundary condition boundary value
problem problem
Theorem Theorem [2.6.4] Theorem Theorem 2.7.1] Theorem 2.8.7]
paraxial approximation paraxial approximation
Derivation u=®(t — = exy, \/eX') u = V(et,xy — ct,/ex') IT = u+ Seudwu
Approxi-
rggtion the half space
domain {2, > 0,2/ € R"1} T,, x R? R3
Approxi-
mation
order O(e) O(e) O(g?)
[[(u =) (t)| 2 [[(u =) (2] 2 [[(u =) (2] 2
IV (u—m) ()] IV (u—w) ()] 2 +HIV(u—m)()]| 22
||I - Iaproa:HLz(']l‘tXR"*l) <e < Ke. < Ke < Ke
Estimation z< K t < % t < % t < %
Initial ~1 up € H(R™)
data Lye H3(Ty xRy | Do € HA(Tex Ry™) ¢ e gov2(T,, x R uy € HoH3(R3)
regularity for s > 3 +2 for [%} > 5+ 2 for s > 5 +1 for s > ¢
Uy € Hs+2(Rn)
) - uy € Hs+1(Rn)
b Ip € HY(T; x Ry ) &0 € HHT,, x R for s >3, n = 2,3.
ata for n = 2,3, for n = 2,3. ug € HST2(R™)
regularity 3 L I e H5(T, x R 1
for remainder | fo € H*2(T, x Ry ™) 0 € H*(Ty x R, o € H (T, x RYT) u € HH(R")
boundness for s > 3 +2 for[§}>%—|—1,n24 fors >4 +2,n>4 fors >4 +1,n>4.

fiuvwwng *6°g
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Propagation of linear and nonlinear
waves in domains with fractal
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Chapter 3

Introduction to Part 11

3.1 Introduction francaise

Cette partie porte principalement sur l'’étude des propriétés de régularité des solutions
faibles d’équations sur €2 un domaine ouvert borné de R™, n > 2 avec un bord fractal. Nous
pouvons nous référer a 'introduction générale. Nous commengons dans la Section [A.1] par
donner les propriétés connues des domaines admissibles (voir la Définition [L.1.5]) qui sont
la classe la plus générale des lors que 'on veut définir une trace ou une extension sur le
domaine € (voir Théoreme [.1.T]) ainsi qu'une injection de Sobolev (voir Théoreme ET.2]).
Nous poursuivons dans les sous Sections et en donnant les propriétés connues
du probleme de Poisson avec des conditions de Dirichlet

—Au = f sur Q,
(3.1)
u|q = g sur 0L,
ou de Robin homogeéne
—Au = f sur Q,
(3.2)
%quau:O avec a > 0 sur 0€,
notamment concernant les estimations de la forme
[ull ) < CllAul| Ly @) (3.3)

Les Sections et A.3]sont dédiées respectivement a I’équation des ondes et a I’équation des
ondes fortement amorties et a la régularité des solutions au sens faible de ces équations pour
des conditions de Dirichlet homogenes en se basant sur une méthode de Galerkin comme
chez Evans [30]. Il est a noter que pour de telles conditions aux bords le domaine considéré
a juste besoin d’étre un ouvert borné quelconque, le point clé étant 1'inégalité de Poincaré.
La Section [£.4] est dédiée au caractere bien posé de I’équation des ondes fortement amortie
avec des conditions de Robin homogenes.

Avec les résultats de la Section sur ’équation des ondes fortement amorties nous
avons traité le caractere bien posé au sens faible de 1’équation de Westervelt avec des
conditions de Dirichlet homogene dans la Section [5.1] de la méme fagon que dans la preuve
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du Point 1 du Théoreme dans le Chapitre [II Section [L5.1] pour le caractere bien
posé global de I'équation de Kuznetsov sur R™ en utilisant le Théoreme [L52l Si nous
pouvons encore considérer un domaine borné quelconque en dimension n = 3, la nécessité
d’un controle de la norme L* de la solution de I’équation de Poisson avec une estimation
du type (B3] nous a amenés a nous restreindre a des domaines dits admissibles (voir la
Définition LT.H) en dimension n = 2 par Nystrom [77]. En Section 5214 l'aide des résultats
sur les traces et les extensions de la Section [.Ilen nous plagant sur les domaines admissibles,
nous avons pu traiter le cas de ’équation de Westervelt avec des conditions de Dirichlet
non homogenes.

La Section [£.3] est dédiée a I’étude de I’équation de Westervelt avec des conditions
de Robin homogenes. Les résultats de régularité concernant I'inégalité ([B.3]) connus par la
Section [4.l pour ’équation de Poisson avec conditions de Robin homogenes nous ont amené
a nous placer dans les espaces H® sur un domaine a bords lipschitziens et sur les espaces
W#P avec p > mn sur un domaine admissible pour traiter du caractére bien posé au sens
faible de I’équation de Westervelt.

Dans la Section [5.4], nous finissons cette Partie en considérant un ensemble a bord fractal
de type mixture de Koch construit par récurrence a l'aide de familles de similitudes con-
tractantes induisant ainsi une famille de domaines a bords préfractals et lipschitziens con-
vergeant vers le domaine a bords fractals. En utilisant différents travaux de Capitanelli [19],
Capitanelli et Vivaldi [20] ou Lancia [62], nous avons pu considérer la convergence asympto-
tique de type Mosco des solutions de 1’équation de Westervelt avec conditions de Robin sur
les domaines a bords préfractals qui approximent la solution sur le domaine a bords fractal
de type mixture de Koch, une démarche souvent utilisée dans le cadre de 'optimisation de
forme. De fait dans la Sous-section (4.3 nous montrons la convergence asymptotique de
type Mosco des formes variationnelles associées a 1’équation de Westervelt en considérant
un bord purement fractal et des conditions de Robin aux bords partout. Néanmoins la
nécessité d’'un controle uniforme des normes des solutions sur le préfractal, indépendant
de la génération du préfractal, nous a amené a imposer une condition de Dirichlet ho-
mogene sur une partie du bord du domaine pour pouvoir utiliser I'inégalité de Poincaré.
L’utilisation de I'inégalité de Poincaré est essentielle pour faire apparaitre dans les estima-
tions des constantes ne dépendant que des aires des domaines qui, dans notre cas, sont
bornées uniformément.

3.2 Introduction

The main topic of this Part is the study of the regularity properties of the weak solutions
of equations on ) of a bounded open set of R”, n > 2 with a fractal boundary. We can
refer to the general introduction.

We begin in Section [Tl by giving the known properties of admissible domains (see
Definition [Z.T.5]) which are the most general class as soon as we want to define a trace or an
extension on the domain §2 (see Theorem E.T.1]) or Sobolev embeddings (see Theorem .1.2]).
In the sequel with Subsections [.1.2] and [£.1.3 we give the known properties of the Poisson
problem with the Dirichlet boundary conditions (B1]) or the homogeneous Robin boundary
conditions (B.2), also giving estimates of form (3.3). Sections and are dedicated
respectively to the wave equation and the strongly damped wave equation and to the
well-posedness of these equations in a weak sense for the homogeneous Dirichlet boundary
conditions basing ourselves on a Galerkin method as in Evans [30]. Let us note that for such
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boundary conditions the considered domain only needs to be any bounded open domain,
the key point being the Poincaré inequality.

With the results in Section on the strongly damped wave equation we have treated
in Section [B.I the well-posedness in a weak sense of the Westervelt equation with the
homogeneous Dirichlet boundary conditions in the same way that in the proof of Point 1
of Theorem in Chapter [ Section [L5.T] for the global well-posedness of the Westervelt
equation on R" using Theorem If we can again considerer any bounded open domain
in dimension n = 3, the necessity to controm the L*°-norm of the solution with an estimate
of the form (B3) leads us to restrict ourselves on the admissible domains in dimension
n = 2 by [(7]. In Section (.2 with the help of results on traces and extensions in Section A.1]
using the admissible domains we can treat the case of the Westervelt equation with non
homogeneous boundary conditions. Section [£.4] is used to show the well-posedness of the
strongly damped wave equation with the homogeneous Robin boundary conditions.

Section[B.3]is dedicated to the study of the Westervelt equation with homogeneous Robin
boundary conditions. The regularity results concerning estimate (8.3]) known by Section A.1]
for the Poisson equation lead us to work with spaces of type H® on bounded Lipschitz do-
mains and on spaces W*? with p > n on an admissible domain to treat the well-posedness
in a weak sense of the Westervelt equation. In Section [B.4l we will conclude this Part con-
sidering a domain with a fractal boundary of Koch mixture type constructed by induction
with the help of families of contractive similitudes inducing a family of domains with pre-
fractal and Lipshitz boundaries approximating the domain with fractal boundaries. Using
different works by Capitanelli [19], Capitanelli and Vivaldi [20] or Lancia [62], we consider
the asymptotic convergence of Mosco type of the solutions of the Westervelt equation with
the Robin boundary conditions on domains with a prefractal boundary which approach the
solution on the domain with a fractal boundary of Koch mixture type, a method often used
in the case of the shape optimisation. In fact in Subsection [5.4.3] we show the convergence
of Mosco type of the variational form associated to the Westervelt equation considering
a fractal boundary everywhere with the Robin boundary condition. Nevertheless the ne-
cessity of a uniform control of the norms of the solutions on the prefractal , independent
of the generation of the prefractal, leads us to impose an homogeneous Dirichlet bound-
ary condition on a part of the domain’s boundary in order to use the Poincaré inequality.
In the estimates, the use of the Poincaré inequality is essential to make appear constants
depending only of the areas of our domains which in our case are uniformly bounded.
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Chapter 4

Regularity of linear models on
domains with fractal boundaries

In this Chapter, we study linear equations such as the Poisson equation, the wave equations
and the strongly damped wave equation.

4.1 First results and notations

4.1.1 Admissible domains

Thanks to article [I1] and the references therein we introduce the following definitions :

Definition 4.1.1. (d-set) Let F be a Borel subset of R™ and my be the d—dimensional
Hausdorff measure, 0 < d < n. The set F' is called a d—set, if there exists positive constants
c1, co >0,

crr® <mg(F N Bu(x)) < cor?, for Ve e F,0<r <1

where B.(x) C R" denotes the Euclidean ball of radius v and centered at x.

e In R"  Lipschitz domains and regular domains are n—sets whith (n — 1)—sets as
boundaries.

e [48] In R", the (£,0) domains are n—sets with a possibly fractal d—set boundary.

Definition 4.1.2. (Markov’s local inequality) A closed subset V' in R™ preserves Markov’s
local inequality if for every fized k € N*, there exists a constant ¢ = ¢(V,n, k) > 0, such
that

max |VP|§E max_|P|
VB, (z) T VOB (x)

for all polynomials P € Py and all closed balls B.(x), z € V and 0 <1 < 1.

The Markov’s inequality means geometrically that the sets considered are not too 'flat"
everywhere [47] for example it is not contained in a plane of R*.

Definition 4.1.3. (Space C}(Q)) For a set Q C R™ of positive Lebesque measure,

1

05(@) = {1 € L@ | fhale) =supr gt L [ Playe 1,00

with the norm || flleg = || fllze + | fallr-
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This spaces have been introduced in [36] in order to treat the extendability of Sobolev
functions on optimal spaces.

Definition 4.1.4. (Trace) For an arbitrary open set Q2 of R™ the trace operator Tr is defined
foru e L. (Q) by

loc

1
lim / A,
0 Br@) Jans, ) MY

where X is the Lebesque measure. The trace operator Tr is considered for all x € Q for
which the limit exists.

Tru(x) =

Introduced for example in [48], this local definition of the trace permits to extend the
notion of trace employed for continuous functions.

Definition 4.1.5. (Admissible domain) A domain Q C R™ is called admissible if it is an
n—set such that for 1 < p < oo and k € N* Wk?(Q) = C¥(Q2) as set with equivalent norms,
with a closed d—set boundary 0S), 0 < d < n, preserving local Markov’s inequality.

Now, we can give the trace theorem as in [11].

Theorem 4.1.1. Let 1 < p < +oo, k € N* be fized. Let 2 be an admissible domain in R™.

Then for f =k — "p%d > 0, the following trace operators

1. Tr: WHP(R™) — BE"(09),
2. Trq: WEP(R™) — WHFP(Q),
3. Traq : Wk’p<Q) — Bg’p<aQ)

are linear continuous and surjective with linear bounded right inverse, i.e. extension, oper-
ators I/ : BEP(0Q) — WEP(R™), Eq : WEP(Q) — WEP(R™), Ejq : BEP(08) — Wkr(Q).

The definition of the Besov space Bj”(92) on a close d-set €2 can be found, for instance,
in [48] p.135. The next proposition was shown in [I1] with the help of [62].

Proposition 4.1.1. (Green formula) Let Q2 be an admissible domain in R™ (n > 2) with a
d—set boundary OQ such that n —2 < d < n. Then for all u, v € H'(Q) with Au € Ly(2)
it holds the Green formula

ou
/QvAu dx = <%7TTU>((BE’Q(BQ))’,BZ’Q(BQ)) - /Q VuVu dz,
where f =1—"5%4 >0 and the Besov space BE’Q(aQ) and dual Besov space (Bé’Q(ﬁQ))’ =
B*5(09).

Article [I1] also tells us that the Sobolev’s embeddings stay true for a bounded admissible
domain.

Theorem 4.1.2. (Sobolev’s embeddings) Let Q@ C R™ be a bounded n—set with W} (Q) =
C’;f(Q), 1 <p<+o0, k, l € N*. Then there hold the following compact embeddings

1. WkH2(Q) cc Whe(Q),
2. Wkr(Q) cc L),
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with ¢ € [1,+o0[ if kp = n, q¢ € [1,400] if kp > n, and with q € [ani—r;ﬁp{ if kp < n.
Moreover if kp < n we have the continuous embedding
WhP(Q) — L ().
In addition, the Poincaré inequality stays true on bounded admissible domains:

Theorem 4.1.3. (the Poincaré inequality) Let 2 C R™ with n > 2 be a bounded connected
admissible domain. For all u € Wy P(Q) with 1 < p < +oo, there exists C > 0 depending
only on €, p and n such that

[ullzr@) < ClIVullr ()

erejore e semi-norm ||. 1,p , aejine Y (|u 1,p = Ul Lr(Q), 1S a norm whic
Th the semi Wiy defined by |[ullyisg) = [IVullzs), i hich

. . Lp
is equivalent to ||.|lwir@) on WyP(€2).
Moreover for all u € WYP(Q) there exists C > 0 depending only on 0, p and n such

that
1
— [ wax
H“ 5

Proof. The result for u € WyP(Q) comes from the boundness of Q. The result for u €
WhP(Q) comes from the compactness of the embedding W'P(Q) cC LP(Q) from Theo-
rem LT.2] and following for instance the proof in [30] (see section 5.8.1 Theorem 1). U

S CHVUHLP(Q).
Lpr(Q)

We also have by [11] the following theorem for the Dirichlet-to-Neumann operator.

Theorem 4.1.4. Let Q) be a bounded admissible domain in R™ (n > 2) with a d—set
boundary 0Q such that n —2 < d < n. Then for B = 1 — 2% > (0 the Poincaré-Steklov

2
operator
A BY*(09) — B*3(09)

mapping u|aq to O,ulaq is a linear bounded self adjoint operator with ker A # 0.

4.1.2 The Poisson equation with Dirichlet boundary conditions

In a way, the theorems coming from [I1] show that the function spaces on admissible domain
share a lot of properties with the same function spaces considered on regular domains or
domains with Lipschitz boundary. Nevertheless differences in the regularity of solutions
occur (see Theorems LT.8 and E.T.9) when we consider partial differential equations even
as simple as the Poisson equation on admissible domains. Using the results from [49] and
[T1] we have the following well-posedness result for the Laplace equation.

Theorem 4.1.5. Let 2 be a bounded admissible domain in R™ (n > 2) with a d—set
boundary 02 such that n —2 < d < n. For f = 1— "% >0, given f € L*(Q) and
g e 32’2(89) the Poisson problem (31) has a unique weak solution u € H(Y) in the sense
that

Yo € HA(SQ), / VuVo = / fo,
Q Q
and
TTaQu =4d.

Furthermore, the mapping {f,g} — u is a bounded linear operator from L*(§) x Bé’Q(ﬁﬂ)
to H*(Q).
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Proof. First we use the operator Eyq defined in Theorem to obtain g € H() such
that Trpag = g and ||g|| g1(q) < CHgHBZ’Q(aQ) with C' > 0. Then the researched solution u of

the Poisson problem (B.)) is defined as u = w + g where w € Hj () is given as a function
such that

Yo € HA(9Q) /QVwVv:/va—/QVEVv.

Applying the Lax-Milgram theorem with the Poincaré inequality such a function w exists
and is unique and we can easily deduce the boundness of the mapping {f,g} — w as the
Lax-Milgram theorem and the Poincaré inequality give us the estimate

[wllz@) < CillVwllze) < Coll fllz2) + [Vl L2 @)
with C; > 0 and Cy > 0. ]
The following theorem can be shown using [30] section 6.3.1 page 309.

Theorem 4.1.6. [30)] Let Q be an arbitrary bounded domain in R™ (n > 2). Assume
f € L*(Q). Suppose furthermore that u € HJ(Q) is the weak solution of the Poisson
problem (31]) with g = 0. Then

1. w e HE () and for each open subset V CC Q we have the estimate

lull g2y < C| fll2)s

where the constant C' > 0 depends only on the open subset V' and on the domain €)
itself.

2. Assume f € H™(Q). Then
u € HMH ()

loc

and for each open subset V- CC 2 we have the estimate

|ullgmeavy < Cllf[lam@),
with a constant C' > 0 depending only on V' and 2.
3. Assume f € C®(Q2). Then u € C*(Q).

Remark 4.1.1. We see that for u solution of the Poisson problem (31]) with homogeneous
Dirichlet boundary conditions the interior reqularity on V- CC Q does not depend on the
geometry of Q). Nevertheless if we take non homogeneous Dirichlet boundary conditions the
solution can only be defined if we have appropriate trace and extensions theorems according
to the proof of Theorem [{.1.5, which implies that we need to consider at least a bounded
admissible domain.

Let us also notice that as —A with homogeneous Dirichlet data is a symmetric elliptic
operator we have by [30] (Section 6.5.1 p. 334):

Theorem 4.1.7. [30] Let Q2 be a bounded arbitrary connected domain in R™ (n >2). We
consider the symmetric elliptic operator —A with homogeneous Dirichlet data on ). Then

1. The eigenvalues of —A are at most countable, of finite multiplicity and real.
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2. If we repeat each eigenvalue according to its multiplicity, we have

{)\k}zo:p

where
O< A <A< A3 <

and
A — +o0o for k — +o00.

3. There exists an orthonormal basis {wy}2, of L*(Q), where wy € Hy(Q) N C>=(Q) is
an eigenfunction corresponding to \i.: for k=1,2,... in a weak sense

—Awk = )\kwk m Q,

wi = 0 on 0N2.

Remark 4.1.2. The key point to work on arbitrary domain is the compactness of the
embedding of HJ(Q) into L*(Q) which is necessary with respect to the proof presented in
Ref. [30]. By the weak formulation, {wy}?2, is an orthogonal basis of H} ().

The results in Theorems L TTHLATT permit to see that the regularity of the datum f
in the Poisson problem (B]) with the homogeneous Dirichlet boundary conditions ensures
the regularity of the solution in the interior of the domain even if €2 has a fractal boundary.
As we only have local regularity results we have to consider in which case we can expand
these results. For this we recall the result from [30] for regular domains.

Theorem 4.1.8. [30] Let Q2 be a bounded open set. Assume f € H™(Q) for m € N and
u € H}(Q) is the weak solution of the Poisson problem (31) with g = 0. Assume finally

00 is of class C™ 12,

Then
u € H™?(Q)

and we have the estimate
[ul[ mr2@) < CllfllEm(@),
with a constant C' > 0 depending only on m, Q.

Remark 4.1.3. The work of Grisvard [3])] tells us that in dimension n = 2 this result is
also true for convex polygonal domains.

As a consequence, in a bounded domain  with a smooth boundary if f € L?(2) and
u € H(Q) is a weak solution of the Poisson problem (BI)) with g = 0 then u € H*(Q).
This is no longer true for domains with a fractal boundary even if the source term f is very
regular. For example we have:

Theorem 4.1.9. [76] Let Q C R? be von Koch’s snowflake. Let f € D(Q) be non negative
and non identically zero. Let u € HY(SY) be the weak solution of the Poisson problem (3.1)
with g = 0. Then u ¢ H?().
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This theorem implies that for von Koch’s snowflake as v ¢ H?(S2), we have not proved
that the solution u € C(f), a fact observed in reality for example in the case of a drum
membrane. In dimension n = 3 we can use the next theorem:

Theorem 4.1.10. [92] Let Q be an arbitrary open set in R, Ifu € Hg () and Au € L*(Q2),

then
1/2 1/2
\/—HVUHL2(Q [ Au[ 2 Q)"

The constant \/%7 is the best possible for all §2.

|ul| L) <

Using Theorems B.1.5] B.1.6l and {.I.10l we can deduce the result:

Corollary 4.1.1. Let Q be a bounded arbitrary domain in R®. Assume f € L*(2). Suppose
furthermore that w € H}(SY) is the weak solution of the Poisson problem (3.1]) with g = 0.
Then

u e C(Q)

and we have the estimate
[ull L) < Cll fllz2@)
with a constant C' > 0 depending only on €.

Proof. On €1 a bounded arbitrary domain we have, by the Lax-Milgram theorem for v €
Hi(2) the weak solution of the Poisson problem (B.1]) with g = 0, the estimate with C' > 0

[Vullz2) < Cfllez) = CllAul|z2q)-

Then we use the estimate of Theorem [.1.10] to conclude.
]

For a similar result in dimension n = 2 we use again [76]. The domain used are the
Non Tangentially Accessible (NTA) domains introduced in [43] with the help of the notion
of Harnack chain :

Definition 4.1.6. [/3/(Harnack chain) An M non-tangential ball in a domain ) is a ball
B(A,r) in Q whose distance from 0S) is comparable to its radius:

Mr > d(B(A,r),00) > M~ 'r.

For Py, Py in ), a Harnack chain from Py to Py in ) is a sequence of M non-tangential
balls such that the first ball contains Py, the last contains Py, and such that consecutive
balls have non empty intersections.

Definition 4.1.7. [/3] (NTA domain) A bounded domain Q@ C R™ is called NTA when
there exist constants M and rq such that:

1. Corkscrew condition: For any Q € 02, r < r¢, there exists A = A,.(Q) € Q such that
M™r <|A—-Q|<r and d(A,0Q) > M~ 'r.

2. R™\ Q satisfies the Corkscrew condition.

3. Harnack chain condition: If € > 0 and P, and P, belong to ), d(P;;08) > € and
| P, — Py| < Ce, then there exists a Harnack chain from Py to Py whose length depends
on C and not on €.
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Let us describe the geometry of NTA domains in the plane. There is a close connection
between NTA domains and the theory of quasi-conformal mappings. By a quasicircle is
meant the image of a circle by a quasi conformal mapping. A domain bounded by a
quasicircle is called a quasidisc. For the theory on quasi-conformal mappings we can refer
to [31] and [90] for example.

Definition 4.1.8. A simple closed curve in the plane is said to satisfy Ahlfors’ three point
condition if for any points z1, z of the curve and any z3 on the arc between z; and zs of
smaller diameter the distance between z; and z3 is bounded by a constant times the distance
between z, and zs.

With this comes the next theorem:

Theorem 4.1.11. [3, [{5] Let Q be a bounded simply connected subset of the plane. Then
the following statements are equivalent:

1. Q is a quasidisc.
2. 00 satisfies the Ahlfors’ three point condition.

3. Qis an NTA domain.
Proof. (1) < (2) is due to [3] and (1) < (3) is due to [45]. O
With the work of [46] on quasiconformal mappings Theorem LTIl implies:

Corollary 4.1.2. Let Q C R? be a bounded simply connected set. Then § is an admissible
domain if and only if it is an NTA domain.

For f € L*(Q) we note Gf € H}(9) the Green potential solution of the Poisson problem
B with g = 0. The work in [77] gives us the following theorem

Theorem 4.1.12. Let Q C R"™ with n > 2 be a bounded simply connected NTA-domain.
Let g =1+ % > 2, where S(M) > 0 is a constant describing the behavior of the Green
function near the boundary (see Lemmal[4.1.1] below) and M is a constant which appears in

the Definition[{.1.7 of 2. Then there exists constants € = €(2) and C' = C(,q) such that

if 2= <q<qo+e, = =1=—1L then the following inequality is valid for all f € LP(9),

7 q pon
IVGfllzae) < Cllfllr@) = ClIAG S ||y
Remark 4.1.4. The same results hold true for Lipschitz’s domain but the work of Dahlberg

[24] permits to ensure qo > 4 in dimension n = 2 and qo > 3 in dimension n > 3.

The f = B(M) > 0 in the statement of Theorem ELIT.12 is the /S described in the
following lemma.

Lemma 4.1.1. Let Qo € 992, A(Qo,r) := B(Qo,r) N OQ for all v > 0, w(z, A(Qo, 1), )
denotes the harmonic measure on 2 and d(y, 0S2) denotes the Euclidean distance from y to

of.
Then there ezists a constant C = C(n) such that if

Cr <rygandx € Q\ B(Qo, Cr),
then the following estimate is valid with = (M) > 0 for all y € B(Qo,7) N,

d(y, 08)8
M O (e, A0, ),

where G is the Green potential associated to Q for the Poisson problem (31) with g = 0.

G(z,y) < C(M,n)
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The work in [51] and [54] on the well-posedness of the Westervelt equation need estimates
that are true for bounded domains with a regular C?-boundary. We present their analogous
versions, which are necessary to obtain the similar results of well-posedness for admissible
domains.

Proposition 4.1.2. Let €2 be a bounded connected admissible domain in R™ forn = 2 or
3 with a d—set boundary 0S) such thatn —2 < d <n. Let

n—d cmng:Z—n_d

Br=1-

For w € HY(Q) with Aw € L*(Q) and Traqw € B3 (0Q) we have

HY(Q) € LA(Q) with 0] 20 < Coll Vel + | Troowl 2z eg). (A1)
IVl ) < Co([|Aw]| r2@) + I Troowll 522 a0 ). (4.2)

HY(Q) € L) with ||w]|s@) < Ci(|Vwllz@ + | Troow] g2oeg).  (43)
[wllz) < ColllAwlz@ + [ Troowll g2 o)), (4.4)

L3(Q) € HN(Q), with [|w]|u-+@) < Callw] g, - (4.5)

Moreover for n = 2 we fix py > 2 and py > 2 such that 2 < p; < qo+€ (see Theorem[{.1.13)
and pil + ]% = % and note Cp, > 0, Cy > 0 such that
1

IVwlize@) < Cp (1AWl 22@@) + ITraowll p22 o)), (4.

1wl 1ot ) < Oy (IVWllz2@) + [ Tronwll 22 (a0))- (4.

Proof. The estimates (A1) and (3] are a direct consequence of Proposition 3 in Ref. [11]
as the norm \/||V.||%2(Q) +IT790.1172(90) is equivalent to the H'-norm and by Ref. [11] for

instance Béf(@ﬂ) CC L*(09).
Estimate (43]) comes from Theorem and duality. In dimension n = 2 we have by
Theorem [A.1.1]

E@Q(TT@Q’UJ) S HQ(Q) with ||EaQ(TTBQw)||H2(Q) < CHT’I“@QU)HBZ{;(@Q)

and TT@Q[U} - E@Q(TT@Q’UJ)] =0.
Then it implies w — Eypq(Traqw) € HL(Q) and Alw — Esq(Troqw)] € L*(Q). So by
Theorem we take p; > 2 such that 2 < p; < o + € to obtain

IV[w = Eoa(Tragw)]llze @) < Clpr, | Alw — Eaa(Troaw)ll 2n o’

2p1
But 1 < % < 2 and Q bounded so L*(Q) < L1 (£2) so we can obtain estimate (46) by
the fact that

Vw1 ) < VIw — Esa(Traoaw)]|| e ) + |V Esa(Traaw)| e @)
<COA[w = Ego(Troow)]l| 20+ CllEaa(Traow)| m2()
L2+p1 (Q)
<Cl|Awl|r2(q) + C|AEse(Troow) | 12(0) + Cl Eoa(Troqw) || m2(0)
<C||Aw|[r2@) + C[|Esa(Troaw)| m2@)
<CllAwl[z20) + Cl[Tronwl| 22 (a0)-
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We can deduce estimate (#2) in the same way but also estimate (4] as Wy () C L=(Q)
by Theorem T2l In dimension n = 3 we use again Fyq(Traqw) with Corollary 1.1 and
Theorem 1.1l to obtain estimate (4.4]).

The proof of estimate (A7) is not different from the proof of estimate (£3) as pj > 2
and we are in dimension n = 2. O

Remark 4.1.5. Estimates (4.1)-(4-9) are very similar to those used in [51] and [54)] for a
regular domain, with the Besov spaces replacing H*?(0Q) and H/*(1)

w2y <ColIVwllz@) + I Traowllmzgen)),
IVwllz20) <ColllAw| r2) + [ Traawllar2a)),

lwll sy <CLIVwll2@) + I Tragwllmzgen)),
IVwl| ooy <CLllAw| L) + ITraawll /20y,
[wl| ooy <Cal|Aw]| () + 1 Tra0wl| garz(a0);
1w a-1(0) §03||w||Lg(Q)-

Nevertheless the Theorem [4.1.19 tells us that, in a general NTA-domain or Lipschitz do-
main, we do not have the estimate

IVwlizsw) < CllAW] L) + [ITraawl 22 o0));

which implies to make a sly modification in the proof of [54]. In dimension n = 2 this
estimate stays true for convex polygonal domains by the work of [34)], which allows to extend
the results of well-posedness in [51, [52, [53, [54)] found initially for a regular C* boundary.

4.1.3 The Poisson equation with homogeneous Robin boundary
conditions

Definition 4.1.9. For a > 0, we define the norm ||.|| g1y in H'(Q) by
lwll 71.q) :/ \Vul*dz + a/ | Traqu|*dmy. (4.8)
Q o0
For f € L*(Q), we say that

u€ HY(Q)
is a weak solution of the Poisson problem ([32) provided for all v € H*(£2)

(4, 0) 1) = /QVuVU dz + a/{m Troqulrsqu dmg = /va dr = (f,v)r20)-

Proposition 3 in [I1] tells us that ||.|| 71 is equivalent to the usual norm on H'(§) if
() is a bounded admissible domain so the Lax-Milgram Theorem gives us:

Theorem 4.1.13. Let Q be a bounded admissible domain in R"™. For all f € L*(Q) and
a > 0 there exists a unique weak solution u € H'(QY) of the Poisson problem (3.3) and we
have the estimate

[ull g1y < CllS 2@

Now we give a result on eigenvalues that will be very useful:



116 Chapter 4. Regularity of linear models on domains with fractal boundaries

Theorem 4.1.14. Let Q be a bounded connected admissible domain in R™ (n > 2) with
a d—set boundary 02 such thatn —2 < d < n. Set A € C an eigenvalue of the Poisson
problem (32) such that there ezists u weak solution of

—Au = Mu in €,
a%u+au:0 on O0f).

We have the following assertions:
1. Each eigenvalue is real.

2. If we repeat each eigenvalue according to its finite multiplicity the set of all eigenvalues
{\i} is countable and we can write

O<A <A<

with
A — +0o0 when k — +oo0.

3. There exists an orthonormal basis {wy }125 of L?(Q), where w, € HY(Y) is an eigen-
function corresponding to \j.

Proof. If we consider the unique solution u of the Poisson Problem (3.2) then the operator
S:f—u

is a bounded, linear operator mapping f € L*(Q) into H'(2) by Theorem EL.T.13]

But Theorem implies the compactness of the embedding A : H'(Q) — L*(Q), so
S = Ao S is a bounded, linear, compact operator mapping L*(9) into itself.

We also have that S is symmetric positive in L?(Q). The theory of compact, symmetric

operators that we can find in [17,[30] for example permits to obtain the theorem as Sw = %w
if and only if —Aw = Aw and moreover by definition of S and S we have w = ASw €
HY(Q). O

Remark 4.1.6. As the solutions space is H'(Q) we need to use admissible domains in order
to have the compactness of the embedding of H(Q) into L*(Q) which is different to the case
of homogeneous Dirichlet boundary conditions where we could use arbitrary domains.

Definition 4.1.10. For Q an admissible bounded domain in R"™ (n =2 or 3),
fe L)

with p > 2 and a > 0, we take the norm ||.|| g1 q) on H'(Q) defined in ({-8) and we define
u€ H' ()

as a weak solution of the Poisson problem (32) such that

Yu e H'(9), (%U)Hl(g) = (f,v)12(0)-
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Given this definition we have the equivalent of Theorem for f € LP(Q) as for Q
a bounded domain we have LP(Q) — L*(Q) if p > 2.

Definition 4.1.11. For Q a bounded admissible domain and p > 2, we will denote by
D(—A) C HYQ) the domain in LP(QY) of operator —A on Q in a weak sense with the
homogeneous Robin boundary conditions in accordance with Theorem[4.1.13:

~A:D(-A) C HY(Q) — LP(Q)
u— —Au.

For the continuity of the solution of the Poisson problem (B3.2]) we have the following
result coming directly from [25] with just a generalization to the class of admissible domains
coming from the trace, extension and embedding results of Theorems [Z.T.1] and [Z.T.2]

Theorem 4.1.15. Forp > n and 2 an admissible domain in R™ (n =2 or 3) with a d—set
boundary 02 such that n —2 < d < n. Let u be the unique solution of the Poisson problem

(32) for f € LP(Q2) then

1
Jull=qoy < Cmax (1) 1 v

4.2 Well posedness of the linear wave equation with
homogeneous Dirichlet boundary conditions

4.2.1 Existence of weak solution

In this subsection we recall the results of Evans [30] for the weak well-posedness of the
linear wave equation holding on all arbitrary bounded domains in R™ (n > 2).

Definition 4.2.1. [30] For f € L*((0,T); L*(Q)), up € H}(2), and uy € L*(), we say a
function u € L*([0,T]; H3(Q)) with O,u € L*([0,T); L*(Q)) and d}u € L*([0,T]; H*(Q)) is

a weak solution of the hyperbolic initial/boundary value problem
uy — AAu=f on 10,T] x Q,

ulogn =0 on [0;T] x 09, (4.9)

u(0) = ug, ut(0) = uy,

provided
(se, 0) (10,130 + (YU, V) 20y = (f,0) 120,

for each v € HY(Q) and a.e. time 0 <t < T, with
u(0) = up, ut(0) = uy.

Here (., .)(Hfl(ﬂ)vHé(Q)) means the duality product in Hj () and (.,.)r2(q) is the inner prod-
uct.
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To construct our weak solution of problem (Z9) for an arbitrary domain 2, we use
Galerkin’s method. We select smooth functions wy = wy(x), (k > 1) such that

{wy,}?2, is an orthogonal basis of Hj(f2) (4.10)

and
{wy,}32, is an orthonormal basis of L*(2). (4.11)

We use the normalized eigenfunctions of the operator —A on 2 with homogeneous Dirichlet
boundary conditions, defined in Theorem [A.1.7] that is to say

— Aw;, = M\pw;, in the weak sense, i.e. Vv € H&(Q) (Vwy, V) 1200y = (Wi, v) 12(0).-
(4.12)
We fix a positive integer m and write

U () := idfn(t)wk, (4.13)

=1

where we intend to select the coefficients d* (t) (0 <t < T, k = 1,...,m) to satisfy using
the initial conditions

d¥,(0) = (ug, wi)r2() (k= 1,...,m) (4.14)
8tdfn(0) = (ul,wk)Lz(Q) (/{3 = 1, ,m) (415)

and
(07t wi) r2() + E(Vim, V) 2) = (fywi) 2@ (0<t<T, k=1,..,m). (4.16)

Theorem 4.2.1. ([30] p. 380) For each integer m = 1,2, ..., there exists a unique function

. of form (T3) satisfying ({TA)-EI0)
Our plan is hereafter to make m — oo, and so we need some estimates uniform on m.

Theorem 4.2.2. ([30] p. 381) There exists a constant C' > 0, depending only on the
domain  and the final time T, such that

Orgtag(T(”Um(t)H?{g(Q) + Hatum(t)"%%ﬂ)) + Hafum”%Q((O;T);H—l(Q))
< C(”fH%Q((O,T);LQ(Q)) + HUOH%(Q) + HU1H%2(Q)) (4.17)
form=1,2, ..
Now we pass to limits in our Galerkin approximations.

Theorem 4.2.3. ([30] p. 384) For Q an arbitrary bounded domain, there exists a weak
solution of the wave equation problem (4.9) in the sense of Definition [{.2-1].

Theorem 4.2.4. ([30] p. 385) For Q2 an arbitrary bounded domain, a weak solution of the
wave equation problem ({{.9) is unique.
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4.2.2 Regularity results

Theorems [A.1.6land [£.1.9]tell us that when we take higher regularity for the data of the wave
equation problem (9] on an arbitrary bounded domain €2 in R™ (n > 2) we can not have
the same regularity results presented in [30] for regular domains. For example we can not
have in general u € L>([0,T]; H*(Q2)) for a weak solution u of problem (£9). Nevertheless
we have the following result which improves [30] concerning the interior regularity:

Theorem 4.2.5. Let § be an arbitrary bounded domain in R™ (n > 2):
(i) Assume
ug € Hy(Q), wi € LX), f € L*([0,T]; L*()),

and suppose also u € L*([0,T); H} () with dyu € L([0,T]; L*()) and
O?u € L*([0,T); HY(2) is the weak solution of the wave equation problem (£.9). Then in
fact

ue L®([0,T]; Hy(Q)), dw e L>([0,T]; L*(Q)),

and we have the estimate

ess sup(|u(t) [y + [9ru(®)llz2@) + 192ull 2017110
0<t<T

< C([[f 1 e2qo,msz20)) + ||Uo||H3(Q) + |lurl| z2(@))-
(ii) If, in addition
ug € H*(Q), wp € Hy(), 0,f € L*([0,T]; L*()),
then

u € L([0, T]; Hipo(2)) N L=([0, T); Hy()), Gew € L([0,T]; Hy (),
Ofu € L=([0,T]; L*(%)), Oju € L*([0,T]; H™ (%)),

with the following estimate for each open subset V CC 2

ess sup(||u(t) vy + ey o) + 10 gy + 10 0@ @) + 197 ull 2oy

0<t<

<C([f 1l qoryzz@) + lluollzz@) + llualla @) (4.18)
with a constant C' > 0 depending of V', Q and T.

Proof. In the previous section we have proved for u,, of form (£I3)) satisfying (ZI14])—(Z.16)
the energy estimate ({LIT). The unique weak solution u of the wave equation problem (4.9])
is constructed in [30] (see p. 384) as the weak limit of a subsequence {um, }7°; C {um}oo_,
with

U, — u weakly in L*([0,T]; H3(2)),

Oty — Opu weakly in L2([0,T]; L*(Q)), (4.19)

P, — 02u weakly in L2([0,T]; H'(Q)).

Passing to limits in estimate (£I7)) for m = m; — oo, we deduce (7).
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Assume now the hypothesis of assertion (i7). We consider again u,, of form (ZI3)
satisfying (AI4)-(ZTI0). We also suppose m = my;, where m, is defined for the convergence
result (£19). Fix a positive integer m and next differentiate identity (£.I6]) with respect to
t. Writing ., := dyu,, we obtain

(Oytim, wi) 12(0) + (Vin, V) r2(0) = (Ouf, wi)r2) (0<t< T, k=1,...,m).

We have 1, (0) = Oy (0) = 202, (w1, w;) 2w and Oyl (0) = X1, 02d* (0)wy, then we
use identities (A.10)

m

az?dfn(o) :(f(O), wk)LQ(Q) - Z 02(Vwk, le)p(g)dlm(())

=1
=(f(0), wi) r20) — | Vwrll72(q) (w0, wi) 2(0)
=(f(0), wr) r2(0) — Mo, wi)r2(0)
=(£(0) + *Aug, wy,)
with (£I12). We have 0,f € L*([0,T]; L*(Q)), u; € H}(Q) and f(0) + c*Auy € L*(2) as
up € H*(Q) and f € HY([0,T]; L*(Q)) C C([0,T]; L*()). It implies by [30] (see Section

7.2.2 p. 980) with the results of the last section that a subsequence of u,, weakly converges
to 4 unique weak solution of the wave equation problem

ﬁ/tt — CzAfL = 8tf on ]O,T] X Q,

Ulogn =0 on [0;T] x 09,

w(0) = ug, u(0) = f(0) — Auy.
As 1, = Oyu,, and Oyu,, weakly converge to dyu by (AI9) the unicity of the limit implies
U= @u.

Then we have u the weak solution of the Dirichlet initial-valued problem for the linear
wave equation (4.9) with

u € L*([0,T); Hy(Q), Ou € L=([0,T]; Hy(Q

)
0*u € L™([0,T); L*(Q)), O}u € L*([0,T]; H*(Q

)
and, by point (¢) of this theorem applied to u and u,, we deduce
sup ([[u(t) a0y + 10 @ + 107ut) 1 Z2) + 107wl 22 o 1151 )
0<t<T 0 0

C(Hf”%fl([o,T};B(Q)) + HUOH%{(%(Q) + ”Uler{g(Q) + Hf(O)H%%Q) + ”AU0|’%2(Q)) (4.20)
<C(||f||§-11([0,T};L2(Q)) + ||U0||?{5(Q) + ||U1||?{5(Q) + HAUOH%Q(Q))'

Set an open subset V' CC €2 by Theorem [£.1.6] we have

by <ClAUIRxg < € (Sl — flise)
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as u solution of the linear problem (£3) and by the Poincaré inequality, so

||U||%{2(V) SC(”uttH%?(Q) + ||f||%2(n))
C(”utt”%?(ﬂ) + Hfm-ll([o,T};L?(Q)))
C(Hf”%{l([O,T];L?(Q)) + ||U0||?{5(Q) + ||U1||?{5(Q) + HAUOH%Q(Q))a

by (£20), and this allows to conclude point (77) using estimate (Z20). O

Remark 4.2.1. The analysis of the proof shows that the condition uy € H?*(2) N Hy(Q)
can be taken instead as ug € Hg () and Aug € L*(Q2) which is less regular.

Theorem 4.2.6. Let Q2 be an arbitrary bounded domain in R™ (n > 2). Set m € N*.
Assume

dk
ug € H™(Q), uy € H™(Q), and il € L*([0,T); H™*(Q)) (k =0,...,m).
Suppose also the following m'-order compatibility conditions holds

go = Ug € H&(Q), hl =up € H&(Q), fOT l e N*,

Gol = (d;lz sz) (0) + FAguy— € Hy(Q) if 20 <m, (4.21)

hary = (e f) (0) + PAgyy € HY(Q) if 20+ 1 < m.

Then the weak solution u of problem (4.9) satisfies

k
T € L2((0,T]; Hig M (@) n L((0, T]; Hy () k = 0,...,m,
dm+1 [e’s) 2
Tt € L(0,T); L*(9)),

and we have the following estimate for V-CC ()

€SS Su
vi<t (k 0 (Hdtk
<C
k=0

Remark 4.2.2. This result of reqularity on arbitrary bounded domains is new compared
to [30] where reqular domains were considered.

)+l
Uu
Hm+1-— k dtk Hl(Q dtm+1 LQ(Q)

dk
+ [Juollgm+1 ) + lutl|zm@) | -

dtk

L2([0,T];H™=*(9))

Proof. We prove it by an induction, the case m = 1 following from Theorem above.
Next assume the theorem is valid for some positive integer m and suppose ug € H™2(),
w € H™(Q), and £L € L2([0,T); H™'*(Q)) (k = 0,...,m + 1). Suppose also the

dtk



122 Chapter 4. Regularity of linear models on domains with fractal boundaries

(m + 1)*-order compatibility conditions obtained. Now set @ := dyu. Differentiating the
wave equation with respect to ¢, we check that @ is the unique, weak solution of

ﬁ/tt — CQA’IE = @f mn [O,T] X Q,

u=0 ondU x [0,T],

w(0) = uq, 4,(0) = f(0) + Aug.

In particular, for m = 1, we rely upon Theorem [£.2.5] to obtain the regularity of @. Since
ug, uy and f satisfy the (m + 1)"-order compatibility conditions, u;, f(0) 4+ Aug and 0, f
satisfy the m!*-order compatibility conditions. Thus applying the induction assumption,
we see

k
Tt € L2((0,T]; Hig M (@) N L((0, T]; Hy () k =0,...,m,
dm+1 ~ - )
S € L([0, T): LX),

and we have the following estimate for V' CC 2

i ‘ dk ‘ dk dm+1
€ess sup —U + ||==u + H — U
o<1 \ = \Ild1* Hm+1-k(V) dtt HL(Q) dm+t L2(Q)
m k
<C|> ﬁft + ||wr]| g1y + 1| £(0) + Augl| gmey | -
k=0 L2([0,T; H™=+(9))

Since @ = Jyu, we can rewrite

ess su
ogthp ( ( dtk
m—+1
<C Z
m—+1
<C>
k=0
using the inequality

1 flleqoryam@y < CUflL2qorymm@) + 10 f |2 o.ry:mm )

Moreover, Theorem [L.2.5] ensures u € L>®([0,T]; H}(Q)) with an estimate that we can add
to ([£22)). We can also write for V-.CC W CC Q that

—*Au = f — 0?u.

dm+2
1 + Hdthu (4.22)
Hg () L2(Q)

+ il sy + [Lf(O)[[rrme) + ||AU0||HM(Q>)

Hm+2=k(V) ||
dlc

dtk ar!

L2([0,T; H™H1=F(Q))

dk
ﬁf

+ |lur]| 1)y + lwoll gmz@) |
L2([0,T);H™+1-k(Q))

So, by Theorem [Z.1.6] we have

1
[wll m+2qv) SC(ng — OFull )
SOl zmwry + 1107 ul| zm )
<C(Ifl 2oy + 10 f | L2orpmm ) + 107 ullmmowy + [Vl gy ))-

Taking the essential supremum with respect to ¢, adding this inequality to (£22) and
making estimates as in Theorem [4.2.5] the theorem follows. O
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4.3 Well posedness of the damped linear wave equation
with homogeneous Dirichlet boundary conditions

4.3.1 Existence of weak solution

In this subsection for 0 < T" < 400, we consider {2 an arbitrary bounded domain in R"™.

Definition 4.3.1. For f € L*([0,T); L*(2)), ug € HY(Q), and vy € L*(Q), we say a
function

u € L*([0,T); Hy(S2)) with Opu € L*([0,T); Hy(Q)) and 97u € L*([0,T); H1(Q))
is a weak solution of the hyperbolic initial/boundary value problem
uy — AAu—vAuy = f on ]0,T] x Q,
ulogn =0 on [0;T] x 09, (4.23)

u(0) = up, ut(0) = uy,

provided
(s, 0) (-1, @) + € (Vu, Vo) p20) + v(Vag, Vo) 20y = (f,0) 120, (4.24)
for each v € HY(Q) and a.e. time 0 <t < T, with

w(0) = up, ut(0) = uy.

Galerkin approximations

As for the linear wave equation we employ Galerkin’s method by selecting smooth functions
wy, k > 1, satisfying (EI0)—(Z12)) as the normalized eigenfunctions of the operator —A on
) with homogeneous Dirichlet boundary conditions.

We fix a positive integer m and define u,, as in (£I3) such that the coefficients d” (t) defined

in (AI3) satisfy (£I14)), (@I0) and for (0<t<T, k=1,...,m)
(d?um, wk)p(g) + CQ(Vum, Vwk)L2 + u(V@tum, Vwk)L2(Q (f wk)L2(Q) (4.25)

Theorem 4.3.1. For each integer m = 1,2, ..., there exists a unique function u,, of the

form ({{-13) satisfying (4.14), (4-13) and ({{-29).

Proof. Let w,, be given by (AI3]) the finite decomposition over the eigenfunctions of the
Dirichlet-laplacian. Furthermore, we have e := (Vwy, Vwg)r2@). We also write f* =
(f, wr)r2(0). Consequently system (£25) becomes the linear system of ordinary differential
equations

Rk (1) + 3 P (1) + S vehadl (1) = fH() (0<t<T, k=1,..m), (420)
=1 =1

subject to the initial conditions (L.I4]) and (£I3). According to Cauchy-Lipschitz theory
for ordinary differential equations, there exists a unique function d,,(t) = (d}, (t), .., d™(t)),

)0y Y m

satisfying (A.14]), (AI3) and solving ([A26]) for 0 < ¢ < T. O
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Energy estimates

Our plan is hereafter to pass to the limit for m — oo, and so we need some uniform
estimates in m.

Theorem 4.3.2. For T = 400, let u,, be of form (4.13) the finite decomposition over the

eigenfunctions of the Dirichlet-laplacian satisfying ({-13), (4.19) and ({4.25). Then there
exists a constant C' > 0, depending only on €2, such that for m = 1,2, ..

max ([t (6) 1713 () + 190t (D 22(9) + IV OettmlIZ2(00,+ 0022060

+ HVUmHL2([0,+oo[;L2(Q)) + |07 um”LQ((O;—i—oo[;H*l(Q))
< CUIAIZ20. 1 0opz2() + 1ol Ty + lluallZ2y)- (4.27)

Proof. Multiply equality (&25) by 9,d* (t), sum k = 1,..,m, and recall (E£I3)) to obtain
(a U, atum)LQ(Q +c (Vuma vatum)L2 () + V(Vatuma Vatum)L2 Q) — (.f atum)L2 Q)

for a.e. t > 0. Using successively Cauchy-Schwarz’s, Poincaré’s and Young’s inequalities
we observe

(f, Ovum) 22y < f 200 | Ottt 20
§K||f||L2(Q)||V8tum||L2(Q)

K? v
S—VHJC”%Q(Q) + EHV&umH%z(m.

Thus we obtain that for ¢ > 0 after integration in time

t
105t ()][72(2) + CzHUm(t)H?{g(Q)JrV/O IV Osttn(5) 120 s
< C(Hf”%,Q([O,—f—oo[;LQ(Q)) + CQHUOH?‘{&(Q) + ||U1||%2(Q))

with C' > 0 independent on ¢. Since ¢t > 0 was arbitrary, we deduce from this estimate that

—+00
(1041t (1) 3y Hlwm (o) + [ 11V 0rtem(5) B2y s
< O Iz o002z + Mol @) + luallZ2))- (4.28)

We multiply equations (Z25) by d* (t) and sum over k = 1,...,m. By definition ([@I3) of

U, we have for a.e. t >0
(07t wm) £2(0) + E(Vtln, V) r2(0) + V(VOtm, Vum) 120y = (f, tm) r20)-

We can write using successively Cauchy-Schwarz’s, Poincaré’s and Young’s inequalities

(fsum) 2 <[ fll2@llumll L2
<K|!fHL2 VUl L2

2
C
<oz HfHLm S IV 0|72
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with a constant K > 0 independent on time. Then we have

d c?
(I un ey ) + SN0y ds < oy — [ Ot

Integrating over [0, t] we obtain

1%
It (1) 2+ /HAWIHH

<Y Il + gl ooty — [ bt i .
We have

—/Ot/gﬁfumum dx :/Ot l—% </Q Oy Uy, dx) + /Q(&mum)2 dx] ds
_— /Q Byttt A + /Q Byt (0)um (0) dit
+ |0t 20 11520
so by Young’s inequality

t 1 1
—/O /Qafumum dx §§”atum”%w([o,t];LQ(Q)) + §”um”%°°([0,t};L2(Q))

1
+ 2100 (0) 120 + 5 llm (O] 220

+ 10t || 22(p0.1:22())

then by the Poincaré inequality and using the initial conditions involved in (414])—(ATI5)

t 1 K2
2 2 2
—/0 /Qat U Upy, AT §§||atuan°°([0,+oo[;L2(Q)) + 7||um||L°°([0,+oo[;Hé(Q))
2
+ §HU1H%2(Q) + THVUOH%P(Q)
+ K|y, ||%2([o,+oo[;Hg(Q))

with a constant K > 0 depending only on €2 and by estimate ({.28) we obtain

[ ] SRt dr <CUI ooz + Vel iy + s [
with C' > 0 independent on t. We can deduce the existence of C' > 0 such that
/O+OO IV (8) 122y ds < CUIF 2o, 400p 220 T+ VU0l 72() + [ ll72()) (4.29)
Fix any v € Hy(Q), [[v]lgz @) < 1, we consider the decomposition v = v' 4-v?, where
vt € spanfw bty and (v*,wi)r2) = 0 (k= 1,..,m).
Note [[v!]] i@ < L. Then the decomposition (LI3) and identities (E.20) imply

<atzumav>(H*1(Q),H(}(Q)) = (atzum,v)p(ﬂ) = (atzumavl)LQ(Q)
= (f, UI)L2(Q) — c2(Vum, VUI)L2(Q) — V(Vatum, Vvl)Lz(Q).
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Thus by the Cauchy-Schwartz inequality and the Poincare inequality

Oty )11y <ol + € [ [Vun Vol do+v [ [V0u,Vor| do

SCHf”LQ(Q)”UlHHg(Q) + HUmHHg(Q)HUIHHg(Q) + ”atum”Hg(Q)HleHg(Q)a

(0710, V) (=1 (), 13y | SCUNFlle2(@) + Mm@y + 100iml 1)),

since [|[v'|| () < 1. Consequently, by the estimates ([£28) and (£.29),

LT R oo 2 2
| 18R @t <C [ 1 iy + lm ) + 190umliyie)
SO ootz + ol e + lur )

and combining with the estimates (Z28) and (£29) we obtain estimate (E2T). O

Existence and uniqueness

Now we pass to limits in our Galerkin approximations.

Theorem 4.3.3. There exists a weak solution of the damped wave equation problem (4.23)
in the sense of Definition[{.3.]]

Proof. According to the energy estimates (£27]), we see that

e the sequence {u,,}°_, is bounded in L*([0,T]; Hi(Q)),

o {Oyu;,}eo_, is bounded in L2([0,T]; H}(2)),

o {0%u,,}>°_; is bounded in L*([0,T]; H1()).
Then there exits a subsequence {u,, }2; C {u,}>_, and u € L2([0,T]; H(Q)), with
O € LA([0,T]; HY (), 02u € L*([0,T); HY(Q)) such that

U, — u  weakly in L*([0,T]; H}(9)),

O, — Opu weakly in L2([0,T7]; H}(Q)), (4.30)

D2, — 0?u weakly in L*([0,T]; H1(Q)).
In the same way that for the wave equation problem (see [30] p. 384) we show that u is a
weak solution of the damped wave equation problem (£23]). O

Theorem 4.3.4. A weak solution of the damped wave equation problem ({.23) is unique.

Proof. 1t suffices to show that the only weak solution of (£23]) with f =0 and ug = u; =0
is
u = 0.
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For this we take dyu € L*([0,T]; H}(2)) and so by definition of u as a weak solution of the
damped wave equation problem (£.23))

T
/0 (Ofu, 8tu) (Hfl(Q%Hé(Q)) + cz(Vu, V@tu)La(Q) + I/(Vatu, V@tu)La(Q) dt = 0.

Then
1 ) c? N T

which implies Vu; = 0 and so Vu = 0 as Vug = 0 and so u = 0 as u € H} () as a weak
solution. 0

4.3.2 Regularity results

Theorem 4.3.5. Let §2 be an arbitrary bounded domain in R"™ (n > 2).
Then,
(i) Assume
up € Hy(Q), w € L*(Q), fe L*([0,T]; L*(Q))
and suppose alsou € L*([0,T); H} () with dyu € L*([0,T]; HY(Q)) and 0?u € L*([0,T]; H'(Q))
is a weak solution of the damped wave equation problem (4.23) in the sense of (4.24]). Then
we also have

u e L>([0,T); Hy(Q)), € L>([0,T]; L*(Q))
and we have the estimate

T
esssup(|[u(t)[|my () + [10u ()| 2 () +/0 IV Owu(s)l2(@) ds + (107 ull 2o,z ()

0<t<T
< C([flz2qomiz2@)) + llwollmp o) + lludllz2@))-

Moreover we can take T = 400
(i) If, in addition

Aug € L*(Q), uy € Hy(Q), f € L*([0,4+oc[; L*()),
then we have

u € L=([0, +oo[; Hy(2)) N L*(
dyu € L®([0,+00]; Hy () N L
dFu € L*([0, +o0[; L*(2)),

Au € L*([0, +oo[; L*(€2)) N L*([0, +oo; L*(2)),
Adyu € L*([0, +o0[; L*(Q))

[0, +o0[; Hy(Q2)) N L*([0, +o0[; Hp, . (€2)),
2([0,4o00[; Hy(Q2)) N L2([0, 4+o00[; Hp,, (),

with the estimates
esssup(| (1) 2y + V() ) + [ 1800(5) 2o s
CUIF N2 o roopr2(y) T AUl 720y + [[Vur]72(g)) (4.31)

and

+oo
/0 HAU<5)”%Q(Q) ds < C(”fH%Q([OnLoo[;LQ(Q)) + ”AuOH%Q(Q) + HVWH%?(Q))- (4.32)
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Proof. In the previous section we have proved, for

m

U (t) = db (t)wy,

=1

of the form (LI3)) satisfying (AI4)-(LI10), estimate (£27) and also the convergence re-
sult (30) with u unique weak solution of problem (£23)). Passing to limits in (£27) as

m = my; — oo, we deduce (7).
Assume now the hypothesis of assertion (i7). We consider again u,, of the form (I3

satisfying (£14), (LI5) and [@25). We multiply by —\;0:d% (t) and sum over k = 1,...,m.
By definition (@I3) of w,, and (£I2]) of A\; we have

/Q — U Ay, — VUV ADythyy, — vV Oyt VA Uy, dr = —(f, A0yt ) r2(Q)-

But by Definition (£I3) of w,, as a linear combination of Laplacian’s eigenfunctions wy,
which satisfy (EI0)-(EI2), we have du,, € H(Q) and Adyu,, € H} () so by the Green

formula we have

/ VPt VOt + Ay Ayt + Ayt Ayt d = —(f, Adytiyn) 12(51-
Q
We can write by Young’s inequality

2 v
|(f, Alyum) 2| < ;”f”%m) + §|’A8tum”%2(n)-

Then we have

d /1 9 ? vt 20 0
= (SIV 0Oy + SN 20y + 5 [ 1D () 2y ds) < =1 30

Integrating over [0,t] we obtain

1 c? v [t
SI9 0t (020 + 5 1 (B 120) + 5 [ 180010 (5) 1200 d (433)

2 [t 1 1

2 1 1
S;Hf”%Q([O,Jroo[;LQ(Q)) + §”VU1H%Q(Q) + §HAU0HL2(9),

so we have (L37]) taking the weak limit of a subsequence. Then

By € L®([0, +oo]; HE (),
Au € L=([0, +o0[; L*(Q2)),
Adyu € L2([0, +oo[; L*(Q)).

The linearity of the equation implies for all 7" > 0
Oju € L*([0,T1]; L*(2)),

as Au € L*([0, +o0[; L*(R2)) € L*([0,T]; L*(Q)) for all T > 0.
Moreover as O, € H}(2) and Adyu,, € L*(2) by Proposition we have

[V Otim |2 < C||Adstm || 20,
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which implies by estimate (Z.33)

HVatumHL2([0,+oo[;L2(Q)) SCHA@UmHLQ([0,+<>0[;L2(Q))
SC(”fH%Q([O,—i—oo[;L?(Q)) + HAUOH%%Q) + HVWH%%Q))’

and taking the weak limit of a subsequence
10wl 2o, oo 2 @) < CULF 20 400p22()) + 1 AU 20 + VU [|72())- (4.34)
By Proposition we also have
[Vumllz2@) < CllAun || L2,
which implies in the same way as estimate (Z34])
el oo 0,400 HZ () C(Hf”%?([o,-i-oo[;L?(Q)) + ||AU0||%2(Q) + ||VU1||%2(Q))- (4.35)

We multiply equations (Z25) by —A.d” (t) and sum over k = 1,...,m. By definition (ZI3)
of u,, and (L£I2)) of \; we have

[ =02 Aty = AtV At — v Oyt ¥ At dit = = (f, At 120
Q

But by definition (£I3) of u,, as the wy satisfy ({I0)-(EI2), we have d?u,, € H} () and
Adyu,, € HL(Q) so by the Green formula we have

/ V02U Vi + AU Aty + VA U, Ay, dr = —(f, At ) 12(0)-
Q

We can write by Young’s inequality

2 c?
|(f, Alstum) 20 _2||f||L2(Q §||Aatum||%2(ﬂ)

Then we have
2
2

2t
_<_||Aum( W +5 [ 18un() 20y d5> <

& 132y = | VOFun Vit da

Integrating over [0,t] we obtain

14
Dot [ B(s) e
t
<E 8wy + I e iz — [ [ VO um Vi i ds.

We have

. [ d ( > )
/0 /Q V2t Vit dz = /O l = /Q VO Vi, da ) + /Q (Vohun)? de| ds
S /Q YOyt Vit di + /Q Yyt (0) Vi (0) dae

+ 1020, 113 2
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so by Young’s inequality

¢ 1 1
—/O /Qvatzumvum dx §§”atumHioo([O,t];H(}(Q)) + iHum”%w([O,t];Hé(Q))
1 1
+ 5190 (0) 2y + 3V 0) 120
+ ||8tum||%2([0,t};Hé(Q))
<1t 2o ety ) + 5o
<3 Lo (0, +o0fs 3 (2)) F 511 UmllLoe (o0, voof 118 (2))
1 1
+ 5Vl + 5 Vuol e

+ ||8tum||%2([07+00[§H5(Q))

and by estimates (A33), (£.34) and (£33]) we obtain

t
— | [ V0PV da SO oczzion) + 180l Faey + [Vt )

with C' > 0 independent on t. We can deduce

+oo
/0 | At (3) 1220y ds < CULFIIZ20,00rz20)) + 1AU0[I72() + VUil Z2))

and taking a convergent subsequence

+oo
/0 ”AU<S>H%Q(Q) ds < C(Hf”%2([0,+oo[;L2(Q)) + HAUOH%Q(Q) + HVWH%?(Q))-
The linearity of the equation gives us 92u € L*([0, +oc[; L*(Q)) as
107l 20, 00220y < CULF Il 22040052200 + 1Al 220400 22(2)) + 120U 22 (10,100 £2(0)))-
By Theorem we can also deduce
Opu € L2([0, +oo; Hp, (),
with the estimate for V' CC
10wl 22(0; 400 2v)) < Cl AUl 2205400 22(00):

which implies

||atu||%2((0;+oo);H2(V)) < C(Hf”%,?([o,-i-oo[;L?(Q)) + ||AU0||%2(Q) + ||VU1||%2(Q))-
The same type of arguments permits to deduce

u € L>([0, +oo[; H}

loc

(92)) N L2([0, +o0[; Hipo(2)),

as Au € L*([0, +oo[; L*(2)) N L*([0, +oo[; L*(R)). O
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4.4 Well posedness of the damped linear wave equation
with homogeneous Robin boundary conditions

In this section € is an admissible domain in R” (n = 2 or 3) with a d—set boundary 02
such that n — 2 < d < n. We denote by my the d—dimensional Hausdorff measure.

Definition 4.4.1. For a > 0 we take H'(Q) endowed with the norm ||| z1q) defined
in (£.8). For f € L*([0,T]; L*(Q)), up € H*(Q), and uy € L*(Q), we say a function
w € L2([0,T); HX()) with Oyu € L*([0,T]; HY(Q)) and 0?u € L*([0,T]; HY()) is a weak
solution of the hyperbolic initial/boundary value problem

Uy — AU —vAu, = f on ]0,T] x Q,

LZutau=0 on [0,T]x 09, (4.36)

u(0) = ug, ut(0) = uy,

provided
(utt, U>(H—1(Q)7H1(Q)) + CQ(U, 'U)I:Il(ﬂ) + I/(ut, U)gl(ﬂ) = (f, U)L2(Q), (437)
for each v € HY(Q) and a.e. time 0 <t < T, with

ginquau:O on [0;T] x 09

and
w(0) = ug, u(0) = uy.

Now we can give the following theorem on the existence of weak solution.

Theorem 4.4.1. Set a > 0. For every f € L*([0,T]; L*(Q)), uo € H(Q), and u; € L*(Q)

there exists a unique weak solution of the hyperbolic initial/boundary value problem ({{.36])
in the sense of formulation (4.37).

Proof. The proof is essentially the same as for homogeneous boundary conditions in Sub-
section L3 Tl using the Galerkin method replacing H}(Q) by H'(Q) with the scalar products
associated to [|.||z1(g). The basis of L*(€) chosen for the Galerkin approximation is the
basis of eigenvalues for the Poisson equation with homogeneous Robin boundary conditions
defined in Theorem EELT4l By construction it is also an orthogonal basis of H'(Q) with
the scalar product associated to [|.[| 1) as for v and v in HY(Q) with —Au € L*(Q) and

a%u + au = 0 in the weak sense of Definition 4.1.9]

(=Au,v)2(0) = (U, V) fr1(q)-

Then we have the higher regularity result.
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Theorem 4.4.2. Let Q be an admissible domain in R" (n > 2) with a d—set boundary 05}
such thatn —2 < d < n. Then,
(i) Assume

up € H'(Q), uy € L*(Q), fe L*([0,T]; L*(Q)),

and suppose alsou € L*([0,T); H'(R)) with dyu € L*([0,T]; HY(Q)) and d?u € L*([0,T]; H'(Q))
is a weak solution of the damped wave equation problem (f-36]) in the sense of formula-
tion (4.37). Then we also have

ue L¥([0,T]; H'(Q)), dw e L>([0,T]; L*(Q)),

and we have the estimate

esssup([u(0)ley + 10 za) + [ 100(5) g ds -+ 10l o
< C(If llz2qoryze) + lluoll gy + llwallz2@)-
(ii) If in addition
Aug € L*(Q), wi € HY(Q), f € L*([0,+0of; L*()),
where in the sense of Definition[{.1.9
Yo e HY(Q)  (ug,v V) ) = (9,0) ) for an arbitrary g € L*(Q2),

then we have

w e L([0, +oof; H'(Q)) N 2([0 +ool; H'(Q)),
dyu € L*([0, +ool; HH(Q)) N L*([0, +oo[; HY()),
O?u € L*([0, +o0[; L*(2)),

Au € L*([0, +ool; L*(2)) N L*([0, +-00[; L*()),
Adyu € L*([0, +oo[; L*(2))

with the estimates
esssup(| (1) [ + 198) sey) + [~ 185 e ds
C(Hf”%?([0,+oo[;L2(Q)) + ”AuOH%Q(Q) + HulH%rl(Q)) (4.38)
and
[ 180 Baay ds < CUI Bagosoctiziay + 10u0lBay + il (439)

Proof. The proof is similar to Theorem .3.5 and thus is omitted. O



Chapter 5

Well-posedness and regularity of the
non linear Westervelt equation on
domains with fractal boundaries

Now we will treat the well-posedness of the non linear Westervelt equation.

5.1 Well-posedness of the Westervelt equation with ho-
mogeneous Dirichlet boundary conditions

In this section Q is an arbitrary bounded domain in R? or a bounded admissible domain in
R? and A designates the operator —A on € in a weak sense with homogeneous Dirichlet
boundary conditions

A:D(A) C L*(Q) — L*(Q)
u— —Au.

Here D(A) is the domain of A, u € D(A) if and only if u € H}(Q) and —Au € L?(Q2). The
operator A is linear self-adjoint and coercive in the sense where for u € D(A)

(Au, U)L2(Q) = (VU, VU)LQ(Q)
and we will note for u € D(A)

[ullpeay = 1AullL20)-
Theorem 5.1.1. For
X == H"([0, +oo[; D(A)) N H*([0, +oo[; L*(2)) (5.1)
there exists a unique weak solution, in the sense of formulation ({{.23),
ue X

of the boundary-valued problem
OPu+ AAu+ved Au= f on [0, +o00[xS,

u=0 on [0,+00[x09, (5.2)

u(0) = ug, Qu(0) = uy,
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if and only if f € L*([0, +o0[; L*(R)), ug € D(A) and vy € H} ().

Moreover we have the estimate
[ullx < CU fllo,+oofz2()) + AUl L2(0) + U]l 51 (0))-

Proof. Theorem 3l gives us directly one side of the equivalence. If f € L?([0, +-o00[; L*(Q2)),
ug € D(A) and u; € Hj () there exists a unique weak solution u of problem (5.2) in the
sense of ([{24)) with 0?u, Au and Adyu in L*([0, +ool; L*(2)). Estimates (31)) and (E32)
imply v € X with the desired estimate.

Now let us consider a weak solution

u € H'([0,+o0c[; D(A)) N H*([0, +00[; L*(Q))

of the Cauchy problem (B.2) for the strongly damped wave equation. By linearity u is
unique and by definition of u we have

f € L*([0, +o00[; L*(2))

and

Ug € D(A)

Now if we look at u; and consider the semi group generated by —A as u; satisfies a parabolic
type problem
O (Oyu) + A(Ou) = f — Au,

we can write .
dyu(t) = exp A uy + / exp A — Au)ds,
0

with f — Au € L?([0,4o00[; L*(Q)). Then the theory of LP maximal regularity in [8] for
parabolic problems tells us for all 7" > 0

=y "exp=tDA(f — Au)ds € L2([0, T]: D(A)) A L2([0, T]: L2(Q)).
By definition for all 7" > 0
up € L*([0,T]; D(A)) N L*([0, T]; L*(2)),
so for all "> 0
t = exp Auy € L2([0,T); D(A)) N L2([0, T]; L*(2)).
As we can write for A with v € D(A) and w € H}(Q)
|(Av, w)r2(0)| = [(Vv, Vw) )| < (o]l gy llwl g1«

and
(AU,U)LQ(Q) = (VU, VU>L2(Q) = ”UH?{(}(Q)’

the analysis in [7] tells us u; € D(A2) = HL(Q).
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We will use Theorem to prove the following global well-posedness result on the
nonlinear Westervelt equation whose form slightly differs from the Westevelt equation stud-
ied in Chapter [21 due to the fact that it has been derivated in time. We found again this
form in the study of the Westervelt equation on regular domains [54].

Theorem 5.1.2. Let Q be an arbitrary bounded domain in R® or a bounded admissible
domain in R%. In addition let v > 0, R* = [0, +oo[ and X be the Hilbert space defined

in (51). Taking
ug € D(A), wuy € Hy(Q) and f € L*(RY; L*(Q)),

there exists C; = O(1) the minimal constant such that the weak solution, in the sense
of (4-24), u* € X of the corresponding non homogeneous linear boundary-valued problem

(2.2) satisfies
] &
el < — = (22 + luolloeay + unllm @)

Then there ezists r, > 0 with r, = O(1) such that for all r € [0,7.] and all data satisfying

ve
||f||L2(R+;L2(Q)) + ||Uo||D(A) + ||U1||H3(Q) < aﬁ

there exists the unique weak solution uw € X of the boundary valued problem for the West-
ervelt equation

OFu+ A Au+ veAdu = acud?u + as(Ou)? + f on [0, 400[xQ,
u=0 on [0,400[x00, (5.3)

u(0) = ug, Gu(0) = uy.

It is a weak solution in the sense where w = u*+v where u* is defined as a weak solution in
the sense of (4-24)) and v € X is the solution of an homogeneous non linear initial-boundary
valued problem depending on u* and determined with Theorem [L.5.2.

That is to say Yw € L*([0, +oo[, Hy(2))

+oo
/0 (82521}, 'LU)LQ(Q) + C2(VU, Vw)Lz(Q) —+ I/&‘(vaﬂ}, VU})LQ(Q)dt =

= /O+OO(045(U + u)0F (v + u*) + ag[O (v + u)]*, w) 2@ dt,
with  (v(0),0v(0)) = (0,0).

Moreover
l|lu|lx < 2r.

Proof. For ug € D(A) and u; € H}(Q) and f € L*(R*; L*(Q2)) let us denote, by Theo-
rem BT v* € X is the unique weak solution of the linear problem

ul, + AAu +veAuf = f on [0, 4+o00[x(,
u=0 on [0,+o0[x0f2,
u*(0) = ug € D(A), u;(0) =u; € HY(Q),
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in the sense of the variational formulation (£24]). In addition, according to Theorem G.T.T]
we take X defined in (5.]]) and introduce the Banach spaces

Xo :={u € X| u(0) =u(0) =0}
and Y = L*(R™; L*(Q2)). Then by Theorem B.I.T] the linear operator
L:Xo—=Y, ucXo— Lu) :=uy + cAu+veAu, €Y,

is a bi-continuous isomorphism.
Let us now notice that if v is the unique weak solution of the non-linear boundary valued
problem

vy + CAv + veAv, — ag(v 4+ u*) (v + u)y — agl(v+u*) > =0 on [0,+00[xQ,
v=0 on [0,4+00[x0,
v(0) =0, v(0)=0,

(5.4)
then v = v + u* is the unique weak solution of the boundary valued problem for the
Westervelt equation (5.3). Let us prove the existence of a such v, using Theorem [[L5.2]

We suppose that ||u*||x < r and define for v € X

®(v) == ae(v+u”)(v +u)y + acl(v + u”) ]
For w and z in Xy such that ||w|x < and ||z||x <7, we estimate
[®(w) = @ (2)]ly,

by applying the triangular inequality. The key point is that it appears terms of the form
|aby ||y and ||a;b;||y with a and b in X and we have the estimate

labully <[lall oo+ xallbully
By Corollary ET.Tin R? and Proposition for admissible domains in R? we have
labully <Cllal| oo @+peayplbllx

and the Sobolev embedding implies

|abu|ly <Clla|| g @w+payllbll x
<Bi|lal| x| x,

with a constant B; > 0 depending only on 2. Moreover we have

+oo
ol <4/ [ oo Wl

Therefore, by Corollary B 1.1l in R? and Proposition EL1.2 for admissible domains in R? we
have

+o0
|acbel|y SC\//O laellpeayllbell 2 () ds

<Clael| L2+ D) |6t ]| Lo ®+:£2(02))
<Cl|allx [|be]] 1 @+ L2(2))



5.2. Well posedness of the Westervelt equation with non homogeneous Dirichlet boundary
conditions 137

also using Sobolev’s embeddings. As a result we find
lacbelly < Ballall x|t x,

with a constant By > 0 depending only on 2. Taking a and b equal to u*, w, z or w — z,
as |[|[u*]|x <7, |w||x <rand|z||x <r, we obtain

[@(w) = @(2)[ly < aBer|w - z[|x,

with a constant B > 0 depending only on ). The final result follows as in the proof of
Point 1 of Theorem in Chapter [Il Subsection [[L5.1] for the global well posedness for
the Kuznetsov equation on R™ using Theorem at the difference that here we add a
non homogeneous term, which implies

. &
lellxe < = (Al + luolloes + lluallmge)-

Whereas when f = 0 we have

/

. C
lu*|lx < ﬁ(l!ml!m) + [l )-

O

5.2 Well posedness of the Westervelt equation with non
homogeneous Dirichlet boundary conditions

In this section € is an admissible domain in R” (n = 2 or 3) with a d—set boundary 02
such that n — 2 < d < n and A designates again the Laplace operator —A on €2 in a weak
sense with homogeneous Dirichlet boundary conditions.

The fact to have non homogeneous Dirichlet boundary conditions implies the use of
traces and extensions operators which leads us to leave the field of arbitrary domains.

Theorem 5.2.1. Let 5, =2 — %l and

F = HY([0, +oo; B2(69)) N HE([0, +o0[; L2(AS)). (5.5)

For ug € H*(Q), vy € HY(Q), g € F and f € L*([0,+oo[; L*(Q)) with the compatibility
conditions
9(0) = Traquo, 9,9(0) = Traqus

there exists a unique weak solution u of the problem

021 — AU — veAdyt = f in [0, +o0[x 1,

=g on 0S), (5.6)

fL(O) = U, 8tfb(0) = Uq.
It is a weak solution in the way where . = u* 4+ g with

G € X1 := H*([0, +oo[; L*(Q)) N H(]0, +o0[; H*(Q)), (5.7)
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such that
Troag =g

and for X defined in (5.1)
ut e X

is the unique weak solution of the system

Pu+ AAu+ ved, Au = f — 079 + AAG + veAd,g in [0, +o00[x 1,

u =0 on 02, (5.8)

u(0) = ug — g(0), du(0) = us — 9,g(0)
in the sense of formulation (4.24). Moreover we have the estimate
[w" [l < CULf o, +00p222)) + Nuoll2(e) + luallar @) + llglle)-
Proof. As g € F defined in (B.3]) the existence of
g € X, defined in (5.7),

with Tryaw = g comes from the extension operator Fyq introduced in Theorem [ I1.T]along
with the fact that by Lemma 3.5 in [2§]

H([0, +ool; LA(R™ x R*)) N H'([0, +00[; HAR™ x R*))
s H([0, +o00[; LA(®"™)) 1 H([0, +oc; B (R"1))

with a bounded right inverse. Moreover the boundness of Eyq implies

[9llx < Cllgllx- (5.9)

Let us define u* as a solution of system (B.8]).
The regularity of g implies

—0/g + ¢*Ag+veAd;g € L*([0, T]; L*(Q2)),
up —g(0) € H*(Q), w — d;g(0) € H'().
The compatibility conditions also allow to have

Troa(uo —g(0)) = Traa(ue) — g(0)
Traa(ur — 0,g(0)) = Traa(ur) — 0:g(0) =

0,
Then we can apply Theorem (.11l to obtain the existence of a unique weak solution u* of

system (5.8]) with the desired regularity. The regularity of ug, u; and g with the estimate
in Theorem [B.1.1] allows to give the desired estimate. O
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If we consider the problem for the Westervelt equation with non homogeneous Dirichlet
boundary data:

OPu — *Au — veAdywu = acudu + ac(Ou)? + f in [0, +00[xQ,

u = g on 0, (5.10)

(u(0), 8ru(0)) = (uo, ur) on €,

we are looking for solution of the form u = v + 4, where @ solves the strongly damped
system (0.0]) in a weak sense in the conditions of Theorem [5.2.1] It lead us to v solution of
the following system

O2v + P Av + ve Adyw = ae(v + @)0F (v + @) + ae[dy(v + @)]? in [0, +oo[X €,

v =0 on 0f2, (5.11)

(v(0), (0)) = (0,0) on

the well posedness of which is determined in the following theorem using Theorem [L.5.2]

Theorem 5.2.2. Let X and X, be defined by (2.1]) and (27) respectively. For u* € X and
g € Xy, there exists v* > 0 with r* = O(1) such that for r € [0,r*[ and all data satisfying

r

,
< = d|lg < —
o)) < & and g, < 2

there exists the unique weak solution v € X of problem (5.11) witht = u*+7q and ||v||x < 7.
Proof. As in the proof of Theorem we introduce the Banach spaces
Xo :={u € X| u(0) = u,(0) = 0}
and Y = L*(RT; L?(€2)). Then by Theorem [E.1.T] the linear operator
L:Xo—=Y, uecXy— Lu):=uy +cAu+vedu, €Y

is a bi-continuous isomorphism.
Now set v* € X and g € X with ||u*||x < § and ||g]|x, < 5 and consider

2
d(v) = ac(v +u* +9)07 (v +u* +7) + ag[o, (v +u* + 7))
The properties of X and X; allow to show for w and z in X with ||w|x < r and ||z||x <7

[B(w) = @(2)[ly < aBer|w—2x

with a constant B > 0 depending only on ). The final result follows as in the proof of
global well posedness for the Kuznetsov equation on R™ and the use of Theorem [L5.2. [

Now we can give the result on the weak well-posedness of the Westervelt system (5.10):
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Theorem 5.2.3. Let ug € H*(Q), uy € HY(Q), g € F defined in ([53) and take
f € L([0, +o0[; L*(Q)) with the compatibility conditions

9(0) = Troquo,  0;9(0) = Tragus.
There ezxist v* > 0 and C' > 0 such that for r € [0,7*]

ol z2() + [[urll a1 ) + lgllF + [1f 1| 20,400 222y < CT

implies that there exists a unique weak solution u of the Westervelt system ([Z10) with non
homogeneous Dirichlet boundary conditions in the way where w = v + u* +g. We have
u* € X, g€ X defined in (21) and (57) such that 4 = u* + g unique weak solution of the
strongly damped problem [5.0) and v € X unique solution of the system (2.11]) in the sense
where Yw € L?([0, +oo[; H}(Q))

+oo
/0 (82521), ’w)L2(Q) + CQ(VU, VU})L2(Q) + ue(V@tv, Vw)L2(Q)dt =

_ /0 " lac(o + D)3 (0 + @) + acldy(v + D), w) ey dt,
with  (v(0),0w(0)) = (0,0).
Moreover, we have the estimates
lwllx <7, lglle <50 Jollx <35
2 2
Proof. According to Theorem we have v € X with |lv]|x < r solution of system

(5I0) as soon as |[u*||x < % and ||g]|x, < § for 7 € [0,7*[ with r* > 0. But according to

Theorem B.2.7], if @ = u*+7 is a unique weak solution of the strongly damped problem (5.6l),
then we have the estimates

[ llx < CC1f o +oor22@)) + lwolla2@) + lluallmr) + N9l r)

and
19l < Cliglle-

So there exists a constant C' > 0 such that

Nl 220, 40022)) + w0l 20y + Jutll @) + llgllr < Cr

implies
P . T B T
Jullx < 3, and g, <2,

which permits to conclude. 0

\)

5.3 Well posedness of the Westervelt equation with ho-
mogeneous Robin boundary conditions

In this section  is an admissible domain in R" (n = 2 or 3) with a d—set boundary 052
such that n — 2 < d < n. We note my the d—dimensional Hausdorfl measure.
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5.3.1 Well posedness of the Westervelt equation with homoge-
neous Robin boundary condition on Lipschitz domains

In this subsection only €2 is a Lipschitz domain in R" (n = 2 or 3) with a (n — 1)—set
boundary 9Q. We denote by D(—A) C H'(Q2) the domain in L*() of the operator —A
on () in a weak sense with homogeneous Robin boundary conditions in accordance with

Definition E.1.9 and Theorem . T.13k

~A:D(-A) C HY(Q) — L*(Q)
u— —Au.

We say that u € D(—A) if and only if u € H'(Q), u satisfies homogeneous Robin boundary
condition and —Au € L?(Q). The operator —A is linear self-adjoint and coercive in the
sense where for all u € D(—A)

(—Au, U)L2(Q) = (u, u)g1(m
and we will use the notation
lullp—a) = [[Aul[ 22 ().

To show the well-posedness of the Westervelt equation on Lipschitz domain we will use the
following result coming from Theorem 3.14 in [75].

Theorem 5.3.1. For Q a bounded Lipschitz domain in R", and f € L3(Q) with p > n
let w € HY(Q) be the unique weak solution of the Poisson problem (3.2) in the sense of

Definition [[.1.9, then u € C(£2) and we have the following estimate

[ull L) < CHf”L%(Q)'

Remark 5.3.1. In dimension n =2 or 3, we can take f € L*(Q) as 4 > n and 5 = 2.

Theorem 5.3.2. Let Q) be an arbitrary bounded Lipschitz domain in R™, n =2 or 3. Let
v >0, RT =[0,400] and X be the Hilbert space defined in [51) by X defined by

X == H' ([0, +o0[; D(—A)) N H*([0, +o0[; L*(Q)). (5.12)
For
ug € D(=A), w € H(Q) and f<c L*R";L*Q))

there exists C; = O(1) the minimal constant such that the weak solution u* € X of the
corresponding boundary Cauchy problem (4.36), in the sense of formulation ([4.57), satisfies

. &
lu*llx < = fll2@z2@) + lluolloe-a) + lluall a1 @)-

Then there exists r, > 0 with r, = O(1) such that for allr € [0, r.[ and all data satisfying

14s
| fll 2@+ ;2 () + lwollp-ay + lwll gy < o
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there exists the unique weak solution uw € X of the boundary valued problem for the West-
ervelt equation

O?u+ A Au + ve Adu = acud?u + ae(dwu)* + f on [0, +o00[xQ,

L2u+au=0 on [0,+oo[x09, (5.13)

u(0) = ug, Ou(0) = uy.

It is a weak solution in the sense where uw = u* + v with u* is defined as a weak solution
in the sense of ([4.37) and v is the solution of an homogeneous non linear initial-boundary
valued problem depending on u* and determined with Theorem [L.5.2.

That is to say Yw € L*([0, +oc[; H'(R))

400
/0 (OFv,w) 20 + (v, W) fr1(q) + VE(Ov, w) grgydt =

= /(]+Oo(a5(v +u)0 (v + ) + aedy(v + u)]?, w) 2oy dt,
with  (0(0), &0(0)) = (0,0).

Moreover ||u||x < 2r.

Proof. For ug € D(—A), vy € H(Q) and f € L*(RT;L*(Q)) let us denote, by Theo-
rem 42 v* € X, where X defined in (B.I12]), the unique weak solution, in the sense of
formulation (£37) of the linear problem

uf, — AU — veAu} = f,
%u* + au* =0,
u*(0) = ug € D(=A), u;(0)=u; € HY(Q).
By Theorem O?u*, Au* and Adw* are in L*(RT; L*(Q)) so u* € X and the es-

timates (A38) and (£39) give us the estimate on ||u*||x. In addition we introduce the
Banach spaces

Xo:={u € X|u(0) =u(0) =0} and Y = L*R";L*(Q)).
Then by Theorem [£.4.2] the linear operator
L:Xo—Y, ueXyr— Lu):=0fu—cAu—ved,AucyY

is a bi-continuous isomorphism.
Let us now notice that if v € Xj is the unique solution of the non-linear Cauchy problem

vy — AV — veAvy — ag(v +u*) (v + u*)y — ag[(v+ u*))? =0,
5%2}+(w=0, (5.14)
v(0) =0, v(0)=0,

then v = v + u* is the unique solution of the Cauchy problem for the Westervelt equa-
tion (B.3]). Let us prove the existence of a such v, using Theorem [[.5.2]
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We suppose that ||u*||x < r and define for v € X
P(v) == ae(v+u*) (v +u*)y + ael(v + u*))?
For w and z in X, such that |w|x <r and ||z]|x <7, we estimate
[®(w) = @ (2)]ly,

by applying the triangular inequality. The key point is that it appears terms of the form
|aby ||y and ||a;bs||y with a and b in X. We have the estimate

labully <[l Lo @+ e l|0s]y -
By Theorem B£.3.1] we have
labe|ly <Cllal| Lo @+ ip-an 0] x,

and the Sobolev’s embedding implies

labu[ly <Cllall g @+ p-ay llblx
<Bilallx ||l x

with a constant B; > 0 depending only on 2. Moreover we have

+oo
oy <4/ [ Ve Wy,

and hence, by Theorem [(.3.1] we find

+o00
| acbe ||y SC\//O laellBe—ayl0el|720ds

<C|lag]| 2@+ D= ay 10| Lo e+ 2 (02)) -

The Sobolev’s embedding implies

lacbelly <Cllacllx[bel| 2 +:20),
which gives us
lacbelly < Ballallx|b]lx
with a constant By > 0 depending only on (2. Taking a and b equal to u*, w, z or w — z, as
[wllx <7 flwlx <7 and flz]lx <7,
we obtain
[@(w) — B(=)ly < aBerljw - 2|x

with a constant B > 0 depending only on ). The final result follows as in the proof of
Point 1 of Theorem in Chapter [ Subsection [L5.1] for the global well posedness for
the Kuznetsov equation on R" using Theorem at the difference that here we add a
non homogeneous term f, which implies

a

[l x <
ve

Ay + lluolloea) + lluallg10))-

Whereas for f = 0 we have
/

lwllx < —==(lluollp-a) + lluall 1 ))-

Nz




Chapter 5. Well-posedness and regularity of the non linear Westervelt equation on
144 domains with fractal boundaries

5.3.2 Well posedness of the Westervelt equation with homoge-
neous Robin boundary conditions on admissible domains

Here Q is an admissible bounded domain in R™ (n = 2 or 3) with a d—set boundary 0f2
such that n — 2 < d < n. For p > 2, we denote by D(—A) C H'(Q2) the domain in LP()
of the operator —A on {2 in a weak sense with homogeneous Robin boundary conditions in
accordance with Theorem and Definition L. T.T0

~A:D(—A) C H(Q) — LP(Q)

u— —Au.
For p > 2 we have LP(Q2) C L*(Q)) and by Theorem LT the spectrum of —A in LP(Q)
is contained in R* as it is contained in the spectrum of —A in L?(€2). We need a result
on maximal L? regularity which is a direct application of Theorem 4.1 in [22] to the lin-

ear system for the strongly damped wave equation with Robin boundary conditions and
homogenaous initial data:

OPu — AAu — vAdu = f on [0,T] x 0,

Zu+au=0on[0,T]x 9, (5.15)

u(0) = dyu(0) =0 in .

Theorem 5.3.3. [22] Forp > 2, let —A be defined on LP(SY) in accordance with Defini-
tion[{.1.9, which defines the weak solution of the Poisson problem with homogeneous Robin
boundary conditions . If —A is a sectorial operator on LP(Q2) which admits a bounded RH>
functional calculus of angle f with 0 < 3 < § then system (213) has LP-mazximal reqularity.

Remark 5.3.2. It is an application of a general theorem using UMD spaces. UMD spaces
have been introduced in Ref.[16]. By Ref. [26], if A is a sectorial operator on an UMD
spaces X with property () and admits a bounded H* calculus of angle 3, then A already
admits a RH* calculus of angle 3. For the definition of Banach spaces having property (o)
see Ref. [18]. Forp > 1, L*(Q) is an UMD space having property («) according to Ref.[22]
before Theorem 4.1.

As a consequence we have:
Theorem 5.3.4. Forp > 2 and T > 0, there exits a unique weak solution u € XP with
XP = WH([0, T); D(=A)) N W*P([0, T; LP(52)) (5.16)

of the homogeneous boundary-valued problem (2.17)
if and only if f € LP([0,T]; LP(R2)). Moreover we have the estimate

lullxe < Cl flLeo.15;2002))-

It is a weak solution in the sense that the operator —A is defined in accordance with Defini-
tion[{.1.9, which defines the weak solution of the Poisson problem with homogeneous Robin
boundary conditions.
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Proof. The equivalence is a direct consequence of Theorem £33l If we want to prove
Theorem (.34, by Remark [5.3.2] we only need to ensure that —A is a sectorial operator on

LP(Q) which admits a bounded H> calculus of angle 5 with § < 7. With the work in [9],
particularly Theorem 5.6, this is true. The key point according to Theorem . T.14], which
is true on admissible domain, is that we have for z € C such that |arg(z)| < 5

||ezA| —A1]z|

|22 <e

with A\; > 0. The estimate in Theorem (.34 is a consequence of the closed graph theorem.
O

Now we consider the non-homogeneous damped wave problem (Z.30)):

Theorem 5.3.5. Forp > 2 and T > 0, we define X? as in Definition (5.10) and moreover
we define

(LP(Q),D(—A)), = {(ug,u1) € LP(Q) x LP(Q)] Fu € XP with u(0) = ug, u;(0) = uy}.
(5.17)
There exits a unique weak solution u € XP of the damped wave equation problem (4.36]) if
and only if f € LP([0,T]; LP(2)) and (up,u1) € (LP(R2), D(—A)),. Moreover we have the
estimate
[ull x> < CULf 1 zrqoryize@y) + | (o, us) llizr@)p-a)),)-

Proof. For (ug,uy) € (LP(2),D(—A)),, we have by definition w € X? such that
w(0) =up and w(0) = uy.

In particular,

O*w — A Aw — vAGw € LP([0,T); LF(Q)).

So in the sense of Theorem [(.3.4] if we take w the unique weak solution in X? of

02 — AW — vAGw = f — (Olw — A Aw — vAJyw) on [0,T] x Q,

2%+ aw =0 on [0,T] x 9,

@(0) = 9,w(0) = 0 in €,

we have by the linearity © = w -+ @ which is the weak solution of the damped wave equation
problem (£36]). The unicity comes from the unicity of the solution when uy = u; = 0 by
Theorem [5.3.41 The other side of the equivalence comes directly from the definition of X7
and (LP(S2), D(—A)),.

The estimate is a consequence of the close graph theorem. O

Remark 5.3.3. Since
D(-A) x D(=A) = (LP(Q), D(=A)),

we have a similar estimate in Theorem for the solutions of the damped wave equa-
tion problem ([{-36), when (ug,u1) € D(—A) x D(=A) replacing ||(uo, u1)||(zr@),p(-a)),) by
[uollp(-a) + [lur]lD(-a)-
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Therefore we can treat the Westervelt equation with the homogeneous Robin boundary
conditions on admissible domains.

Theorem 5.3.6. Let Q) be an admissible domain in R™ (n = 2 or 3) with a d—set boundary
0 such that n —2 < d < n. We define X? as in (510). Let v > 0, p > n and T > 0.
We consider the problem for the Westervelt equation with the homogeneous Robin boundary
conditions (B.13). Let the initial data

ug € D(—A) and wu; € D(—A)

with the non homogeneous datum f € LP([0,T]; LP(Q)), C1 > 0 be the minimal constant
such that the solution u* € XP of the corresponding non homogeneous linear Cauchy problem

(4-30) satisfies
|u*||xr < Cr(llf e qo.rriz2@)) + [wollp—a) + [[uallp-a))-

Then there exists r > 0 such that for all r € [0,r,[ and all data satisfying

1
Il fll 20,2 0)) + [wollp—ay + Jutllp-a) < ol (5.18)

there exists a unique weak solution u € X? of problem (513) for the Westervelt equation
and ||ul|x» < 2r.

Proof. The proof is essentially the same as in Theorem and thus is omitted. We just
replace L%([0, +oo[; L*(2)) by LP([0,T]; LP(2)) and the space X defined in (5.12) by the
space X? defined in (5.I]). We also use the Theorems and to have the required
estimates. 0

5.4 Prefractal and fractal problem for the Westervelt
equation on Koch Mixtures with Robin boundary con-
ditions

Now let us fix a type of fractal boundaries of our domain, choosing Koch mixtures, as
defined in [19]. The advantage of a fixed fractal geometry is to be able to consider the

approximations questions of how the solutions on the prefractal domain converge to the
solution on a fractal one. This kind of convergence is named Mosco-convergence.

5.4.1 Scale irregular Koch curves

We recall briefly some notations introduced in Section 2 page 1223 of [19] for scale irregular
Koch curves built on two families of contractive similitudes. Let B = {1,2}: for a € B let
2 <l, <4, and for each a € B let

WO = (0 i)

be the family of contractive similitudes wi(a) :C—C,1=1,...,4, with contraction factor
[, defined in [20].
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Let = = BY; we call £ € = an environment. We define the usual left shift S on Z=. For
O C R?, we set
)= Uu©
=1
and

@gﬁ)((')) =) o...00Em ().

Let K be the line segment of unit length with A = (0,0) and B = (1,0) as endpoints. We
set, for each m in N,
KE&m — @(E)(K)_

m

K®©™ is the so-called m-th prefractal curve. The fractal K€ associated with the environ-
ment sequence ¢ is defined by

K(§ U (I)(£
where I' = {A, B}. For £ € Z, we set i/m = (i1,...,4y) and ¥y, = wl(fl @Z)(g’”
define the volume measure x(¢) as the unique Radon measure on K© such that
1
© (i (K™
(Wm( )) 4n

(see Section 2 in [14]) as for each a € B, the family (I> ) has 4 contractive similitudes.

The fractal set K© and the volume measure ;&) depend on the oscillations in the
environment sequence &. We denote by h{€)(m) the frequency of the occurrence of a in the
finite sequence &|m, m > 1:

1 m
hg)(m) = E Z 1{&:@}, a = 1, 2.
i=1

Let p, be a probability distribution on B, and suppose that & satisfies

L) (m) — Da,

a m——+0oo
(where 0 < p, <1, p1 +p2 =1) and

C
B m) = pol < 25 a =12, (n21),
m

with some constant Cy > 1, that is, we consider the case of the fastest convergence of the
occurrence factors.

Under these conditions, the measure ;&) has the property that there exist two positive
constants C7, Cy, such that (see [73] and [74]),

C’lrd(g) < ,u(g)(K(g) N B,(x)) < C'z?“d(g) forallz e K© 0<r <1,

where B, (z) C R? denotes the Euclidean ball of radius r and centered at x with

In4

d®) — )
p11np; + polnps

According to Definition ELII we can say that K© is a d© set with respect to the d(©-
dimensional Hausdorff measure m e . Thus, the measure ,u(g) is also d'®) — dimensional and
equivalent to m e .
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5.4.2 Trace and extension theorems

As in [20], we collect some preliminary results: in particular, we state trace theorems for
the specific geometry of the prefractal and fractal problem. We will use Definition [4.1.4] to
define the trace operator.

Let Qg be the square {(z,y) : 0 < z < 1,—-1 < y < 0} with vertices A = (0,0),
B =(1,0),C=(1,—-1),and D = (0,—1). On each of the 4 sides we construct either a scale
irregular Koch curve or the corresponding approximating prefractal curve. More precisely,
we consider the set 2 bounded by four scale irregular Koch curves K ](5)7 7 =1,2,3,4 with
endpoints A and B, B and C', C' and D, D and A respectively. Moreover, we consider the
set Q€™ bounded by 4 approximating prefractal curves K j(f),m’ J =1,2,3,4 starting from
the segments K; with endpoints A and B, B and C, C and D, D and A respectively.

While the fractal boundary 99 is irregular, the prefractal boundary 9Q©)™ is polyg-
onal, so we can easily give well posedness results for partial differential equations with
domains having such boundary and use the classic Lebesgue measure on such a boundary.
In this way we are going to give well-posedness results on the solution u of the Westervelt
equation on a domain Q& by a convergence argument on the functions u,, solutions of the
Westervelt equation on a domain Q&)™

The following theorem characterizes the trace to the set 99
H°(R?). Tt is proved in [48]. Set

™ of Sobolev spaces

1©(m) = ﬁ le.. (5.19)

Theorem 5.4.1. Let u € H?(R?) and I')(m) as in (519). Then, for 3 <o <1

m

4
||TTBQ(&),mUH%Q(BQ(E),M) < COW ||u||%{°'(]R2)v (5.20)

where Cy, is independent of m.

The following theorem characterizes the trace to the set Q) of Sobolev spaces H(R?)
(for the proof, see [48]).

Theorem 5.4.2. Let u € H7(R?). Then, for 3 <o <1
|’T"’a§z<5>u|’%2(ag<s)) < CoHuH?{U(RQ)' (5.21)

The following Theorem extends functions of H'(Q®)™) to the space H'(R2?) by an
operator whose norm is independent of the (increasing) number of sides. It is a particular

case of the extension theorem due to Jones (Theorem 1 in [46]) as the domains Q)™ are
(¢,00)—domains with ¢ independent of m (for the proof, see [19]).
Theorem 5.4.3. For any m € N, there exists a bounded linear extension operator
Eo©.m : HY(Q©O™) — HY(R?), whose norm is independent of m, that is
| Eq@mv||m@ey < Crllvl g ae.m) (5.22)

with Cy independent of m.

We also use another extension result (for the proof, see [19]).
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Theorem 5.4.4. There exists a bounded linear extension operator Ege : H7(Q®) —
H°(R?), 3 <o <1, such that

| Eqe vl ge®z) < Collv|| o) (5.23)

We conclude this section with the following approximation results for the measure pué
proved in [20] and [19].

Theorem 5.4.5. [20] Let

1)
O = 4Enm) (5.24)

with 19 (m) as in (319). For any function g € H'(Q®)
m Traqemgd / T G | .2
o /ag(é)ﬂn To0(&)mgas — J Toqe) g alh form — +o00 (5 5)
Theorem 5.4.6. [19] Let 0,,, defined by equation (5-24). For any function g € C(m)
m Tragemgd / T G | .2
o /mmm To0&)mgas — o© Toqe) g alh form — +o0 (5 6)

Remark 5.4.1. 0y = ey — 0 while Vol(02™) — Ho0.

1
™) 1 heo m—+o00

5.4.3 Asymptotic analysis

From now on, when it does not give rise to misunderstanding, in the notation we suppress
the super index (§) by writing simply Q, Q™ I(m) and similar expressions. We consider
the problem with Robin boundary conditions on an open set €2 associated to the Westervelt
equation

O2u — *Au — veAdywu = aedi[udwu] on]0,T] x Q,
Opu+au=1>b on 0,T] x 09, (5.27)

u(0) = up, u(0) =u; on 2

with the compatibility condition
b= (8nUQ + au0)|ag 0= (0nu1 —+ aul)‘ag.
Let Q* be a bounded possibly regular open set such that Q" ¢ Q* for all n and Q C Q.

Definition 5.4.1. For an open set U and T > 0 we define the Hilbert space

H(U) = {u e H'([0,T]; H\(U))| 8,u(0) and dyu(T) € L2(U)}. (5.28)
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For ¢ € C*([0,T] x D(Q*)) and u € H(Q2*) we define

F™u, @] := /OT /Qm —0ub, + AVuV ¢ — veVuVo,o + ae(udyu)dyp d dit
+ /T/ & a Trogmu Trogmd — ve am Troamu Tragm0y¢ — by Traame ds dt
o Joaam
+ [ ouT)e(r) dA— | 0u(0)(0) ax
e / Vu(T)V(T) dA — ve /Q Vu(0)Ve(0) dA (5.29)
~ae / (ubyu)(T)(T) dA + ac /ﬂ (udyu) (0)6(0) dA
+ve /(mm a Trogmu(T) Tragmé(T) ds — ve /mm A Troomu(0) Trogmd(0) ds

with a,, > 0 and b,, € R, and fora > 0 and b € R

T
Flu, @] ::/ /Q —0ubp + AVuV o — veVuVop + ae(udyu)dyp dX dt
0
T
+ / / & a Trogu Troad — ve a Trogu Troadip — ¢ b Traad du dt
0o Joa
+ [ 0a(T)o(T) dx — | Du(0)(0) dx
+ove /ﬂ Vu(T)VH(T) dX — ve /ﬂ Vu(0)Vé(0) dA (5.30)
~ae /Q (ud)(T)H(T) dX + ae /Q (ud)(0)(0) dX
+ ve /BQ aTrequ(T) Troad(T) du — ve /BQ aTraqu(0) Traoad(0) du
where Tryom and Tryg denotes the trace of u on the boundaries of 2™ and ) respectively.

Definition 5.4.2. We shall say that u is a weak solution of the Westervelt problem (5.27)
on [0,T] x Q if

o u € H(Q) defined in (228).
e For every ¢ € C1([0,T] x D(Q))
Flu,¢] = 0,
where F' defined in (2.30).
o u(0) =wug and us(0) = uy on .
The expression Fu,¢] = 0 can be obtained multiplying the Westervelt equation from
system (5.27) by ¢ € C1([0,T] x D(Q)) integrating on [0,T] x € and doing integration by

parts. In the same way for F™[u, ¢|, defined in equation (5.29]),

Vo € CH([0,T] x D(Q)) F™[u,¢] =0,
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is the weak solution of the following problem

02u — A Au — veAdyu = aedy[udu] on ]0,T] x Q™,

Ot + amu = by, on |0, T] x 0Q™, (5.31)

u(0) = uglam, u(0) = uy|gm on Q™
with the compatibility condition

b = (Onuo + amuo)|ogm 0= (Opur + amu)|agm.

In order to state our main result, we also need to recall the notion of M — convergence
of functionals introduced in [72].

Definition 5.4.3. A sequence of functionals G™ : H — (—00, +00] is said to M-converge
to a functional G : H — (—o00,+00| in a Hilbert space H, if

1. (lim sup condition) For every u € H there exists u,, converging strongly in H such
that o
ImG™ [uy,] < Glul, asm — +oo. (5.32)

2. (lim inf condition) For every v,, converging weakly to u in H

UImG™[v,] > Glu], asm — +o0. (5.33)

Our main result is the following theorem.

Theorem 5.4.7. For ¢ € CY([0,T];D(Q")), am = a0, by = bo,, with o, defined by
equation (5.24), the sequence of functionals uw — F™[u, ¢| defined in [229), M-converges
in H(QY*) defined in (2.28) to the following functional w — Flu, ] defined in (230) as

m — +o00. More precisely in our case if v, converges weakly to u in H(*)
Vo € CH[0,T];D(Q) F™[vm, ¢] — Flu,¢] asm — +oo.

Proof. We consider ¢ € CY([0,T];D(*)), @ = aom, by = bo,,, with o, defined by
equation (B.24)).

Proof of "lim sup" condition.
We take a given function v € H(Q2*) defined by (5.28) so that F[u, ¢] is well defined and
we are going to consider F[u, ¢]. As Q™ — Q in the sense that

AQ\Q"UQ™ Q) — 0

and u € H(Q") defined in equation (5.28)) the dominated convergence theorem gives directly
for m — +o0

T
/ /Q _Oudy + AUV G — veVuV o + ae(udu)dud dA di
0 m

T
> [ [ ~0dho + *VuVo - veVuv oo + as(udu)dr d dt, (5.34)
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/m [Ou(T))(T') — 0pu(0)p(0) + ve(Vu(T)VH(T) — Vu(0)Ve(0))] dA
~ /Q Bru(T)S(T) — 0u(0)$(0) + ve(Vu(T)VH(T) — Vu(0)VH(0))] dA (5.35)
and
[ = acl(wda)(T)o(T) — (udyu)(0)6(0)]aA
= /Q — ae[(udu)(T)(T) — (udyu)(0)d(0)]dA. (5.36)
Moreover by Theorem 53, as ¢ € C([0, T]; D)), for m — +00
/a = Trogne ds — /a =100 dp.

But
< Cl|9]lme

/ —2b, Traam ds
aOm

uniformly in n on [0, 7] by Theorems (.41 and B.44. So by the dominated convergence
theorem, as the time interval [0, 7] is compact, for m — +oo

T T
/ / b, Troomd ds dt — / / — AT raad dy di. (5.37)
0 onm 0 oN

As u belongs to H(2*), there exists a sequence u,, € C([0,T] x 2*) N H(Q*) such that
U, — w in H(2*). Then in the same way as in the proof of Theorem (see [20])

'Um / TroomuTrgomd ds— / Traoulrong d,u'
onm o0

< ‘O’m /agm T'f’agmuT’f’agm¢ ds — Om /agm TTanumT’f’agm(b ds

+ ‘am/ TrogmumTroom¢ ds — / TroqumTrand du’
onm [2/9]
-+ ‘/ TT@Q'LLmT’I“ag¢ d,u - / TTBQUTT@Q¢ d,u‘ . (538)
o [2}9]

The first term on the right-hand side in (5.38]) can be estimated by using Theorems [5.4.7]
and B.4.4]

‘crm /aszm TroomuTrgomd ds — o, /aszm Troamt, Trogm@ ds

< Clu = wmll @) |1 e

(5.39)
with C* > 0 independent of n, which implies by definition of w,,, for all § > 0 if m big
enough for all n € N as || — up, || g+ — 0 when m — 400

T
)
The third term on the right-hand side in (5.38]) can be estimated by using Theorems
and .44

dt < g (5.40)

Om /aszm TroomuTrgomd ds — o, /aszm Troamty, Trogm@ ds

‘/m TroaumTread du — /an Trooulrend d,u' < C |l — w9 || @] oo - (5.41)
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with a constant C** > 0 independent of m. This implies by definition of u,, that, for all
0 > 0 if m big enough,

T
J

Finally, for the second term on the right-hand side in (5.38)) we use Theorem B.Z.6t so
we obtain for m — +o00

g. (5.42)

/ TroumTrand dp — / Traqulraoqd d,u' dt <
20 20

am/ Traogmuy,Trogmd ds — / TroqumTraad du. (5.43)
aam PY)

Then, by using (B.38), (5:39), (5-41]) and (5:43]), we have
/89 omTroamu(T) Trogmd(T) — omTreamu(0) Tragm¢(0) ds
= /6  Troou(T) Troa@(T) — Troqu(0) Traad(0) ds. (5.44)

Moreover, in the same way as for (5.39) and (5.41]) we have by Theorems [5.4.7] and
b.4.4

‘O'm /(mm TragmumTroome ds — /BQ TraqumTrond dﬂ‘ < Cllwm |l o)

independently of n, and with (5.43]) we obtain by the dominated convergence theorem for
m — +oo that

r

So, by the convergence results (0.38)), (B.40), (5-42), (5-45) for m — +o0

am/ Troomim,Troomnd ds — / TroouumTroad d,u‘ dt — 0. (5.45)
onm oN

T T
/ am/ Troomulreomnd dsdt — / / TroquTraag du dt. (5.46)
0 aam o Joa

In the same way we have for m — +o00

T T
/ crm/ Tragmulroomoio dsdt — / / TroquTran0io du dt. (5.47)
0 aam 0o Joa

By making together (5.34)), (5:33)), (5:30) (.37), (544), (546) and (5.47), we conclude that
for m — +o0 for all ¢ € C*([0,T]; D(Q2))

F™"u, ¢] = Flu, ¢].

This proves the "lim sup" condition.
Proof of the "lim inf" condition. Now, let v,, be a sequence such that

Uy — u in H ("),
with H(2*) defined by (5.28). Then we have
Oy — O in L*([0,T]; L*(Y)), (5.48)

and
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Uy — U, Vv, — Vu in L*([0,T]; L*(Q%)). (5.49)
Moreover, as L*([0, T); H'(2*)) cc L*([0, T]; L*(Q*)),

Uy — U, Opvp, — Oyu in L*([0, T); LA(YY)). (5.50)
We also have as H'([0,T]; H'(Q*)) cc C([0,T]; H(Q*)) that
U (0) = u(0), v(T) — u(T) in H'(Q¥) (5.51)

and

Oy (0) = 9pu(0), Oy (T) — Qu(T) in L*(Q*). (5.52)
Let ¢ € C1([0,T]; D(Q*)), we will show that our goal is to prove that

F™opm, ¢] — Flu, ).

m—-+00

First we study the convergence of the terms with fOT Jom

’/OT/QM Oyvmdyd A ds—/OT/Qatua@ ) ds| <

T
/ / By TmByp X ds
0 Q*
T
— / / Byom 1o d ds
0 Q*
T
+‘ / / By Ladyd d ds
0 Q*

_ /OT /Q Buladd dX ds

By 1g is denoted the caracteristic function of the set €.
The second term on the right hand side tends to zero as m — +oo by (0.48) as

1000 € L*([0,T]; L*(2%)) = L*([0, T]; L*(Q2"))'.

For the first term

T
/0 /Q O (Lam — 1q)0¢ dX ds| < ||(Lom — 1a) @ L2(j0,11x0) || Oevm | L2 (0,71 x 27 »

but {|0svm|| L2, x0+) is bounded by (5:48) and by the dominated convergence theorem
H(I[Qm — ILQ)(b”LQ([O’T]XQ*) — 0.

m——+00

Then when m — 400

T T

/ / By 0mh AN ds — / / Byudy d) ds.

o Jam 0 Ja

Using (5.49) we can deduce in the same way
T
/ /Q OO + V0, Vb — vV, VO d dt
0 m

T
2
o /0 /Q —Opudyp + *VuVe — veVuV o dX di. (5.53)
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For the quadratic term we have

/OT /Qm (VmO¢ v ) Oppddt

/OT /Qm (U Oy, ) O pdAdt — /OT/Q(uatu)atgbdAdt| <
- /OT /Qm (Uatu)atgbd)\dt‘

+ /O ' /Q  (ubyu)dypdAdt

_ /0 ' /Q (u@tu)8t¢d)\dt|.

As by the prefractal construction of the sequence (Q™)en< Llaom — 1o and (udu)oip €
LY([0,T] x Q*), the dominated convergence theorem implies that the second term in the
right hand side tends to 0 when m — +o00. For the first term on the right hand side we
use the fact that

(VmOyvm) — (uOu) = Uy (Oyvry, — Oyut) + (v, — w)Opu,

so we obtain by the Cauchy-Schwartz inequality as ;¢ is bounded on [0, 7] x Q*

T T
/0 /Q N(vmOvm) — (uatu)]atqbd)\dt‘ < /0 /Q N (Ovm — Ou)OygldAdt

T
n /0 /Q (v — u)Oyudyd|drde

<C|0pvm — Opul| 20,11 %02+

Um HL2([0,T} x Q%)

+ CHUm — UHL2([O,T}><Q*) u||L2([07T}XQ*).

But by (5.50) the right hand side term tens to zero when n goes to infinity. Then we deduce
T T
/ / (U OpU ) 05 AN dt —p s 400 / /Qas(uatu)atgb d\ dt. (5.54)
0o Jom 0

Now we consider the boundary terms in F™[v,,, @], we see that we always have (5.37)).
Moreover for n and m € N

T T
/ / OmTroamU,Troam@ ds dt — / / Troqulragd du dt‘
0o Joam 0o Joo

T T
S / / O'mTTanUmTTagm(b ds dt — / / amTranuTran¢ ds dt‘
0 Joam 0 Joom

T T
+ / / omTroomuTroamd ds dt — / / TroquTrsad du dt| ) (5.55)
o Jaam 0o Joa

The second term on the right hand side in (5.55]) tends to zero as m — 400 by (5.46]). For
the first term on the right hand side in (5.53]) we have

T T
/ / o Troamv,Trogm@ ds dt — / / omTroamuTragomd ds dt|
0 Joam 0 Joom

S O'mHTTanUm — TT@Qm'LL”LQ([QT};LQ(an)) "Traﬂm¢"LQ([O,T};LQ(an))- (556)
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From Theorems [5.4.1] and 544 for 3 < p < 1 denoting by Eq- the extension of HP({2*) on
H?(R?) we have

Ol Troamvm — TTanU”%2([0,T];L2(aﬂm)) <C||Eq+(vm — )| 12(0,);10(R2))
SC” (Um — u) ”LQ([QT};HP(Q*)), (557)

and in the same way
Um|’T'f’aﬂm¢|’%2([0,T];L2(aﬂm)) < ClIoll 2oy @) (5.58)
with C' > 0 independent of n. As
Uy — w in L*([0, T); H* (%))

and 1
HY(Q*) cc HY(Y) for 5 <4< 1,

we have
Uy — u strongly in L*([0, T]; H(QY)). (5.59)

By (B.56), (5.57), (.58), (G.59)

T T
/ / O'mTTagmUmTTan(b ds dt — / / amT'ranuT'r’anqﬁ ds dt] — 0.
0 JoqQm 0 Joam

m—-+00

Then the analysis of (.53]) gives us when m — +o00

T T
/ / OmTro0m U Trogm@ ds dt — / / TroquTraag du dt. (5.60)
o Joam 0o Joa

In the same way that for (B.60) we have when m — +o00

T T
/ / Om T o0m Uy Troqm s ds dt — / / TraquTren0s¢ du dt. (5.61)
o Joam 0o Joo
The same type of arguments with (.51]) permits to say when m — 400
y&?/ A TT90m Uy (T) Tragmd(T) ds — V&T/ A Tro0m 0, (0) Trogmd(0) ds
— 1/&/ aTrequ(T) Traad(T) dp — 1/8/ aTraou(0) Troap(0) du.  (5.62)
o9 o9

The key point is that as H'(Q2*) cC HY(2*) for 1 < ¢ < 1 the weak convergence in H*(2*)
implies the strong convergence in H?()*).
For the time boundary terms we have

/Q  Dun(T)(T) dA /Q Ou(T)6(T) dA' 0

m——+00

as when m — +00 0,0, (T) — u(T) in L*(*) and 1gnd(T) — 1q¢p(T) in L*(Q*). In the
same way when m — 400 we have

/ﬂ B (T)H(T) — 0,0, (0)$(0) d + eV 0, (T)VH(T) dA — veV0,,(0)VH(0) dA

= | 0(T)$(T) — 0u(0)¢(0) + veVu(T)Vo(T) — veVu(0)V(0) dA.  (5.63)
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For [ € {0,T} we use the fact that when m — 400 Q,,(I) — du(l) in L*(2*) and
Lomvn(D)é(l) — Tau(l)¢(l) in L?(Q*) by (B.51) and by (5.52) to obtain when m — +oo

/m — eV 0v ) (T)D(T) + e (V0 ) (0)p(0) dA

— /Q —ae(udu)(T)p(T) + ae(udu)(0)p(0) dA. (5.64)

So by (£.53), (.54), (B.60), (B.61), (5.62), (5.63), (5.64) and (5.37) we have
Vo € CH[0,T]; D(X))  F™[vm, ¢] = Flu,¢],

as m — 400 and this concludes the proof. O

5.4.4 Linear and Nonlinear problems with mixed boundary condition

Let Qg be as previously in Subsection the square {(z,y) : 0 <z < 1,—-1 <y < 0}
with vertices A = (0,0), B = (1,0), C = (1,—1), and D = (0, —1). On the side between A
and B we construct either a scale irregular Koch curve or the corresponding approximating
prefractal curve. This time only others points are related by straight lines. More precisely,
we consider the set Q) bounded by a scale irregular Koch curves K€, with endpoints A
and B, and segments I'y = [B,C], Ty = [C, D] and T's = [D, A]. Moreover, we consider
the set Q&)™ bounded by an approximating prefractal curves K€ ™ starting from the
segments with endpoints A and B, and segments I'; = [B,C], 'y = [C, D] and I's = [D, A].
From now on, when it does not give rise to misunderstanding, in the notation we suppress
the super index (£) by writing simply €, Q™.

We start by considering the Poisson mixed boundary problem with the Robin boundary
conditions on a fractal boundary K

—Au=f in €,

u=20 on [y,
%u =0 on Iy, (5.65)

d _
u+au=0 onkK,

=y =10 on I,

and the analogous prefractal problem

—Au=f in Q™
u=0 on [y,
%u =0 on I'y, (5.66)

a%quamu:O on K™,

=u =0 on ['s.
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According to [19], the interest in mixed Dirichlet-Robin problems for the operator —A arises,
for example, from the study of current flowing through an electrochemical cell, where the
working electrode K presents an irregular geometry or in the study of reactive molecules
toward catalytic surfaces.

We have again the equivalent of Theorems [B5.4.1] 5.4.2], 5.4.3 5.4.4] and replacing
o0E™ by K™ and 00 by K. As we are in a particular case of Theorem 4.1 in [I9] we
can write

Theorem 5.4.8. [19] For all f € L*(Q™), for every a,, > 0 there exists one and only one
solution u,, of the following problem

Find u,, € V(Q™) = {u,, € H{(Q™) : u,, =0 on Ty} such that (5.67)
5.67

Yo € V(Qm), /Q Vu, Vv dx + ap, /K Trgmiuy Trrmv ds = /Q fvdx.

For any f € L*(QQ™), for every n € N, the weak solution u,, of the prefractal problem (5.67)
solves the following problem

—Au=f in L*(Q™),
u=20 in C(Ty),
Lu=0 in L*(T), (5.68)

Lu+amu=0 inL*(K™),

a%u =0 in L*(T3).
Moreover,
il 2122y < C (11 fllz2@m)) » (5.69)

where C' > 0 is a constant independent of m.

Remark 5.4.2. The key points of the proof are the Laz-Milgram theorem and the Poincaré
inequality that we can apply on V(™) as we have an homogeneous Dirichlet boundary
condition on one side of Q™. As the constant in the Poincaré inequality depends only of
A(Q™) which is bounded, we have the independence on n in the estimate.

Using these results we can treat the case of the strongly damped wave equation on Q™
with the same boundary conditions. This time an acoustic wave propagates in a thermo-
elastic medium, bounded by boundaries of different physical natures (in a part reflexive
(Robin boundary condition), isolated (the Neumann boundary condition) and fixed (Dirich-
let boundary condition)).

Definition 5.4.4. On Q™, for a,, > 0 we take V(Q™) defined in {567). For
f e L*([0,T); L2(Q™), wug € V(Q™) and wuy € L*(),
we say that a function with the reqularities

U € L2([0,T); V(Q™)), O € L*([0,T]; V(Q™)) and 02u,, € L*([0,T]; H*(Q))



5.4. Prefractal and fractal problem for the Westervelt equation on Koch Mixtures with
Robin boundary conditions 159

is a weak solution of the hyperbolic initial /boundary value problem with v > 0
Py, — AUy, — VAU, = [ on ]0,T] x Q™
2u+anu=0 on [0,T] x K™,

u=0 on [0,T] x Ty,

(5.70)
Zu=0 on [0,T]x Ty,
2u=0 on [0,T]x I},
u(0) = up, ut(0) = uy,
if it satisfies for allv € V(™) and a.e. time 0 <t <T
(g, 'l})(Hfl(Qm)’V(Qm))“FCQ </Qm Vu,,Vv dr + a,, /Km Trgmiy, Trgmv ds> (5.71)

+ v (/Q Vowu,, Vv dx + am/ TrgmOsty, T gmv ds) = (f, v)Lg(Qm)
m Km

with u,, satisfying the desired initial boundary conditions.

In the same way as in Theorem [.3.5] we have the following theorem. The main tool is
a Galerkin method that we can apply on Q™ as we have an equivalent of Theorem E.T.14]
hence its proof is omitted.

Theorem 5.4.9. Let us consider Q™, for a,, > 0 we take V(X™) defined in (2.07), then
assume
ug € V(Q™), up € V(Q™), f € L*([0,4oc[; L2(Q™))
with
Aug € Lz(Qm)

in the weak sense (2.67) of the Poisson problem (5.60), then we have a unique weak solution
U, of the linear problem (5.70) in the sense of the formulation (2.771)

U, € L([0, +00[; V(™)) N LA([0, +o0[; V(Q™)),
Oty € L([0, +00[; V(Q™)) N L*([0, +-00[; V(Q™)),
O € L2([0, +00[; LA(Q™)),

Au,, € L]0, +oo[; L*(Q™)) N L*([0, +-o0[; L*(Q™)),
Adyu,, € L*([0, 4+o00[; L*(Q2™))

with the estimates
esggllp(HAU(t)Hiz(gm) + [[VOu(t) |720m)) +/0 A u(s)[172(my ds
<O 1720 +o0fz20my) T AU T2(0my + [[Vta[|Z2(my) (5.72)
and
—+o0
/0 [Au(s)|72(my ds < CUIfIIZ2 0, toopr2cmy + 18U Z2@my + VurllZ2gmy),  (5.73)

where in the estimates (2.72) and (573) C > 0 is a constant independent of m.
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Now we give a result on the well-posedness in C'(2™) of the Poisson problem (5.68) in
a prefractal domain.

Theorem 5.4.10. For all f € L*(Q™), for everyn € N and 0 < a,, < C with C fized, the
weak solution uy, of the prefractal problem (5.67) solves the Poisson problem (5.68) in the
prefractal domain Q™ with u,, € C(2™) and we have the estimate

[l Loo@m)y < C f]|2(0m), (5.74)
where C' > 0 is a constant independent of m.

Proof. The proof is essentially based on the method used in [75] on Lipschitz domains with
only Neumann or Robin boundary conditions. First we consider the case a,, = 0. For
n € N, Q™ is a Lipschitz domain in R2. By definition for every z € 92™ we can choose an
orthogonal matrix O, a radius r > 0, a Lipschitz continuous function ¢ : R — R, and

G=A{(y,v(y)+s): y€]—nrr[,s€]—rrl}

such that
OQ™ —2)N{(y,v(y) +s): y €l —rrls€0r}

For local consideration we assume O = Id and z = 0. We define T'(y, s) := (y,¥(y) + )
and the reflection S : G — G at the boundary 02 by S(T(y,s)) = T(y, —s).

We write U = GNQ™ and V = S(U) = G\ Q. For a function w on U, we define @
(almost everywhere) on G by

w(z), xeU,
w(S(z)), zeV.

Considering u,,|y we show as in [75] that @, solves a strictly elliptic type problem on G.
Using the properties of interior regularity as in [33] with Theorem 8.24 we have for Go CC G
an estimate of the kind

||ﬂm||L°°(Go) < C||f||L2(Qm)
with C' > 0 depending only on A(G). Thus u,, is in C(2™ N Gy) and satisfies an estimate

[tm|| Lo (@mncoy < Cll fllz2m)

with C' > 0 depending only on A(G).

Since 0f) is compact, we can cover 02 by finitely many such sets. Thus u is continuous
in an interior neighborhood of 0 and its L> norm can be controlled as in (5.74]). Finally,
we use the result about interior regularity once again to control u,, in the interior of Q™.
As a result we have u,, € C(Qm) with an estimate similar to (5.74)), where the constant
C' > 0 depends only on A(£2™) and as it is bounded it can be chosen independent on n.

The key point in the fact that the constants in the estimates depend only on the surface is
the Poincaré inequality that we can apply on 2™ considered with an homogeneous Dirichlet
boundary condition on one side of 2. We have considered the case a,, = 0, but the case
K > a, > 0 independently of n can be treated in the same way using [75] what implies
the desired result. O
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Let us come back to the well posedness of the non linear Westervelt equation on 2.

Theorem 5.4.11. We take Q™ our prefractal domain for alln € N with a,, > 0 bounded.
Let v > 0 and Rt = [0,4o00[. Considering the problem for the Westervelt equation

OPu — AAu — veAduu = asudPu + as(Ou)? + f in [0,T] x Q™,

Zu+anu=0 on [0,T] x K™,
u=0 on [0,T] x Ty,
(5.75)

Zu=0 on [0,T]x IV,

Lu=0 on [0,T)xTs,

u(0) = ug, u(0) = uy,

where the Laplacian is considered in the weak sense of the Poisson problem (2.68), the
following result holds: let the initial data

uy € V(Q™) and wy € V(Q™)

be such that
Aug € L2(Qm),

with the non homogeneous datum f € L*(RT; L*(Q™)), let C, = O(1) be the minimal con-
stant such that the weak solution wu}, of the corresponding non homogeneous linear Cauchy

problem (3.70) satisfies

107w || 2 @@t 22(0my) | AOis, || 2 w+s1200my) + 1AW || L2+ r20m))
PG

S (I fllz2mesz2myy + || Auol| 2@my + [Jui]lvamy).

Then there exists r. > 0 independent of m with r. = O(1) such that for all r € [0,7.]
and all data satisfying

Ve
[ £l ze@+sz2@myy + [[Auo |l L2(my + |lus]lv@m) < o

there exists the unique weak solution u,, of problem (L73) for the Westervelt equation and

”atQUmHL2(R+;L2(Qm)) + |]A8tum|]L2(R+;L2(Qm)) + HAum”LQ(R+;L2(Qm)) < 2r.

Proof. The proof is essentially the same as for Theorem [B.1.2] and is thus omitted. The
independence on m of 7* comes from the independence on m in the estimates (0.72), (B.73)

and (B.74). O

Now, we return to the problem with a fractal boundary on §2 and recall a direct conse-
quence of Theorem 4.2 in [19]:
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Theorem 5.4.12. [19] For any f € L*(Q), for every a > 0 there exists one and only one
solution u of the following problem

FindueV(Q):={ue H(Q): u=0 on Ty} such that (5.76)
5.76

Yo € V(Q), /QVUVU dx + a/KTTKu Trgvds = /va dx.

For any f € L*(Q), for every n € N, the weak solution u of the fractal problem [5.76) solves
the Poisson problem (5.07). Moreover,

lellney < C (1fll2@) - (5.77)

As a consequence we have an equivalent of Theorem [£.4.9 replacing Q™ by Q and a,,
by a. Then let us treat the convergence of the solution w,, of the Poisson problem (G.68])
on prefractal domain 2 to the solution u of the Poisson problem (5.68)) on the fractal €2.

Theorem 5.4.13. Let f € L*(Q) and a > 0 with for n € N a,, = ao,,, where o, defined
in ([5-24)) associated to Q™. For u,, the solution of the Poisson problem ([5.68) on prefractal
domain Q™ and u the solution of the Poisson problem (563) on the fractal domain 2 we
have (see Theorem 5.3 in [19])

(Egetim)lq — u, in  H'(Q)
and u € C () with the following estimate

ullee) < C| fll2()- (5.78)

Proof. The convergence comes from Theorem 5.3 in [19] and the L*>-estimate is a conse-
quence of the convergence and of estimate (B.74)) on u,, which is independent on m. O

As a result we have an equivalent of Theorem B.4Z.TT]replacing Q™ by €2 and a,, by a as
we have an equivalent of Theorem .49 on ) and the estimate (B.78). Hence its proof is
omitted.

Theorem 5.4.14. Let us take take ), domain with the fractal boundary K and a > 0. Let
v >0, and R* = [0, +oo[. Considering the problem for the Westervelt equation

O*u — A Au — veAdyu = asudiu + as(Ou)* + f in [0,T] x Q,
L2u+au=0 on [0,T] x K,

u=0 on [0,T] x Ty, (579
5.79

Zu=0 on [0,T] x T,

Lu=0 on [0,T] x T3,

u(0) = ug, Opu(0) =uy
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with the Laplacian considered in the weak sense of the Poisson problem (2.63) the following
result holds: let the initial data

u € V(Q) and wuy; € V(Q),

such that
AUQ S LQ(Q)

with the source term f € L*(R*; L?(Q)), C; = O(1) be the minimal constant such that the
weak solution u* of the corresponding non homogeneous linear Cauchy problem satisfies

||8tzu*||L2(R+;L2(Q))+||A8tu*||L2(R+;Lz(9)) + ||AU*||L2(]R+;L2(Q))

4
< V—E(Hf|!L2(R+;L2(Q)) + [[Augl| 2() + [lurllv(e))-

Then there exists r, > 0 with r, = O(1) such that for allr € [0, r.[ and all data satisfying

Ve
—_T

| fll2@+;z2@)) + | Auol| L2 + [[ur]lvi) < ok

there exists the unique weak solution u of problem (2.73) for the Westervelt equation and
107wl 2220y + | AGkull a2 + |AU L2120y < 2r
We consider the problem (5.79) on 2 associated to the Westervelt equation with the

compatibility condition

(z—uo +awg)|xk =0, (z—u1 +auy)|x =0,

on on
0 0

(%UO)|F1UF3 =0, (a_nu1)|F1UF3 =0,
(uo)[re =0, (u1)|r, = 0.
Let Q* be a bounded possibly regular open set such that Q" c Q* for all n and Q C Q*.

Definition 5.4.5. For an open set U and T > 0 we define the Hilbert space
HU) ={ue H([0,T];V(U))| 8u(0) and du(T) € L2(U)}. (5.80)

For ¢ € C'([0,T] x D(*)) and u € H(Q*) we define F™[u, ¢] as F™[u,¢] in (5.29)
replacing Q™ by K™ with a,, > 0 and b, = 0. In the same way, for a > 0 and b = 0 we
define Fu, ¢] as Flu, ¢] in (5.30) replacing 02 by K.

Definition 5.4.6. We shall say that u is a weak solution of problem (2.79) for the West-
ervelt equation on [0,T] x Q if

o uc H(Q) defined in (Z30) with u|p, = 0.
o for every ¢ € C([0,T) x D(Q)) with ¢|r, =0

Flu,¢] = 0.
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o u(0) =ug and u(0) = uy on .

The expression F [u, 9] = 0 can be obtained multiplying the Westervelt equation from
system (5.79) by ¢ € CL([0,T] x D(Q)) with ¢|r, = 0 integrating on [0,7] x € and do-
ing integration by parts. In the same way with F "[u, @] we can define the weak solu-
tion of the Westervelt problem (5.75). We have an equivalent of Theorem (5.4.7) for the
M —convergence of Mosco type concerning F[u, ¢ = 0 and F"[u, ¢] = 0. Now we can give
an approximation result of the solution of the Westervelt equation on €2 by the solutions of
the Westervelt equation on ™.

Theorem 5.4.15. Let a,, = ao,, with a > 0, ug € V(Q), u; € V(Q) and Aug € L*().
For the weak solution u,, of the problem (3.73) on Q™ in the sense of Theorem[5.4.11 and
the weak solution u of problem (52.779) on S in the sense of Theorem [5.4.14), we have that u

and u,, are also weak solutions in the sense of Definition [5.4.6 Moreover

1. Yo € CY([0,T] x D(Q)) with ¢|r, = 0 we have F™[(Egot)|a, ] —  Flu, @],

m—r—+0o0
2. (Epotp)|o — u in H(Q),

where H(Q) is defined in (5.80).

Proof. By the definition of u,, and u in Theorems (B.4.17] and (.4.14] respectively we have
as a direct consequence u,, and u weak solutions in the sense of Definition 5.4.6l Therefore
for all ¢ € C1([0,T] x D(R2)) with ¢|r, =0

F™tp, ¢] =0 and Elu,d] = 0.
By Theorem we have

[ (Erzum)lollz@) < Cllumllz@m)

with a constant C' > 0 independent of m. But we also have by the independence on m of
r* in Theorem B.4.17]
”Um”ﬁ(nm) <K

with a constant K > 0 independent on m.
Therefore, there exists a subsequence still denoted (Eg2u,,)|q that weakly converges to
u* in H(Q). And in the same way that in Theorem[5.4.7lwe have for all ¢ € C*([0, T]xD(Q))
with (b‘[‘o =0
0 = F"[(Eretum)|a, ¢] — Fu*, ¢].
So Flu*,¢] = EFlu,¢] = 0 for all ¢ € C*([0,T] x D(Q)) with ¢|p, = 0. Thus we deduce

u* = u which allows to conclude. O

Remark 5.4.3. The results presented in this Subsection can be generalized to a domain
with boundaries of Koch mixtures type everywhere on the condition that we impose an ho-
mogeneous Dirichlet boundary condition on a part of the boundary.

We will conclude with a few remarks on the case of Robin boundary conditions every-
where.
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Remark 5.4.4. In Subsection[5.4.3 we show a Mosco type convergence result. To go further
on a domain with homogeneous Robin boundary conditions everywhere we need to know if
the solutions u,, on the prefractals domains have a weak limit and for this they need to be
bounded in a certain norm independently of m so that we can say that a subsequence has a
weak limat.

Remark 5.4.5. By Theorem we know that we have a certain r* which bounds the
norm of u,,, the question is whether it is independent of m and does not tend to 0. For this,
we need to know the dependence on m of the constant in the LP-estimate in Theorem[5.3.)
and in the L>-estimate [3.3 according to Theorem [{.1.15

Remark 5.4.6. If we consider Theorem [4.1.15 on Q™ we have the constant in the L*>-

estimates which depends of the Robin coefficient i =-L — too.

a0m m—o0
Moreover the existence of the constant in the LP estimate in Theorem[5.5.4] comes from
the closed graph theorem and then it is difficult to determine its dependence on m for p > 2.
In the case p = 2 the dependence on m of this constant can be determined. It relies on

the dependence on m the constant C in the estimate

||w||H1(Qm) S CHAU}HLQ(Qm),

where A is the Laplacian operator with homogeneous Robin boundary conditions. The work
of [69] Theorem 3.6.3 leads us to a constant which if it should be optimal would also depend

on -+ =1 — too. The fact is that compared to the case with the mized boundary con-

am ao0m m—o0
ditions we do not have the Poincaré inequality as we do not have an homogeneous Dirichlet
boundary condition on one side and have to take into account the boundary terms in the

expression of the variational form

(4, 0) 1) = /QVUVU dz + a/an Troqulrsqu dmg = /va dr = (f,v)r20)-

Applying the Lax-Milgram theorem, constants depending of the Robin constant a could ap-
pear in the proof of continuity or coerciveness.

Therefore, we can not prove that in Theorem[5.3.8, r* does not tend to 0 when m — +oo
if we consider the solution u,, on Q™.
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Appendix A

Expressions of the remainder terms

The expression of H, the profile of ps, in the paraxial variables of the KZK ansatz is:

poly —1 4

H(T,Z,y) = %(87(1))2 - ga?-q)
P 2 2 VA g 2

+e |5 [(V,®) Cazcb 0, D] N (A, Caw@]

e v
+ 52[—2—;@@)2 - gagcp], (A.1)

If we consider (Z80)-(Z81) the expressions of RIS X%K and RY5~5#K are written with
the terms I and J defined by (2.57) and (2.58)) respectively.

53R{V57KZK —
1 1
e [—poaf@ +-0.00.0 + ~0,10.0 — V, 1.V,
2 1 1
V2T — IA,D — —0.J0,D — —Jaicb}
c c? c?
1 1
et [—@I@Z@ — 1020 + —0.J0.] + - 0,J0.®

2
VIV, + IO JAyCD}
+&°[~0.J0.® — JO*®].
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Among the z; axis

83RéVSfKZK.?>1
3|_Po 2 21_ Y 200
09 1-20,80,d )2 -~ Lo [~ 2020+ A,D
[~ 00[-0.00,0 + (7,0 - Zo,[- 2.0+ A,0)
1

1 2 J 2
0[5 (0,077 + 200

2 2
et [D0.[-20.00.0 + (V,0)°) + v0.[ 0% + A,

L2 24 Lo g ey g2
5 O [-20.20,@ + (V,@)7] + S0.[5(0:9)°) - JO2®

C

J 1 Po v
v . P A P 27 7 2(1)
o 5(0:0)] - Lor[(0.9)) - Lo,0°

I 1 2
51 _ 2 - _Z 2
te [ 5.0 1(0.9) + S0.[-20.90,@ + (V, )

! (0,®)%] — 2167[—%8;1)87@ +(V,®)?]

c? c

J
+ 20l
Po 2 3
+20.[(0.0)) + vibol

e [Loroe] - Lole.07)+ S [-20.00.8 + (7,0

+eT [%82[(8/2(1))2]}

and in the hyperplane orthogonal to the x; axis

SRYSKZK )P, =
=2
7z 1Po 2 2 2 2
|09, [-20.00.0 + (V,0)7] + vV, [~ 2058 + 4,0
1

I
+5 V5 (0-0)] - va[a,cp]}
o [[ 2 J 1
et |3V, [-20.00.0 + (V,0)7] + 5V, [ (0.2

+29, (0.0 + vv, (020

¥ [évy[(ach)?] + gvy[_%@m@ + (V@)
+et [2v,l0.077)



Appendix B

Résumé francais

L’étude de la propagation d’ondes non-linéaires suscite un intérét, en particulier a cause
de récentes applications a I'imagerie ultrason (i.e. HIFU) ou des applications techniques et
médicales comme la lithotripsie ou la thermothérapie. Ces nouvelles techniques reposent
fortement sur la capacité a modéliser avec précision la propagation non-linéaire d'une pul-
sation sonore d’amplitude finie dans un milieu élastique thermo-visqueux. Les modeles les
plus connus d’acoustique non linéaire, que nous considérerons dans cette these sont

1. ’équation de Kuznetsov qui se lit pour a = 'Yc—}l, £ = 2 comme

Uy — AU — plaAut = acusuy + feVu Vuy,, x €R", (B.1)
0

ou ¢, po, 7, v sont la vitesse du son, la densité, le ratio des chaleurs spécifiques et
la viscosité du milieu respectivement. Le coefficient € représente un petit parametre
sans dimension apparaissant dans la dérivation de I’équation. Dans ce qui suit, nous
pouvons juste supposer que « et [ sont des constantes positives. C’est en fait une
équation d’onde quasi-linéaire (amortie), initialement introduite par Kuznetsov [60]
pour le potentiel de vitesse, voir aussi les Réfs. [37, [50} 55, [63] pour d’autres variations
de sa dérivation;

2. I’équation de Khokhlov-Zabolotskaya-Kuznetsov (KZK)

OFDgepe yl-—AI (B.2)

62 J — (
s 4po 202Po

qui peut étre écrite pour les perturbations de la densité ou de la pression (voir les
études physiques systématiques dans le livre [13] par Bakhvalov, Zhileikin, et Zabolot-
skaya);

3. 'Equation d’onde Non-linéaire Progressive (NPE)

(v +1)e

02.¢ +
4po

14 C
TS - 5t 4 AL =0, (B.3)

dérivée par McDonald et Kuperman dans la Réf. [70];

4. I'équation de Westervelt

&H-&Anzg@< AII + ﬁ;lwt)>, (B.4)
0 c2

P
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qui est similaire a I’équation de Kuznetsov avec seulement un de ses deux termes non-
linéaires, dérivée initialement par Westervelt [91] et plus tard par d’autres auteurs [T
89).

L’équation de Kuznetsov (B.I]) décrit I’évolution du potentiel de vitesse, ¢’est une équation
d’onde quasi linéaire amortie, qui décrit la propagation d'une onde de grande amplitude
dans un fluide. Elle est un des modeles dérivés du systeme de Navier-Stokes, et elle est
appropriée pour les ondes planes, cylindriques et sphériques dans un fluide (voir [37] de
Hamilton et Blackstock). La plupart des travaux sur 'équation de Kuznetsov (B.I]) sont
traités dans une dimension d’espace [50] ou dans un domaine borné de R™ [55] [52} 53] [71].
Pour le cas visqueux, Kaltenbacher et Lasiecka [53] ont considéré le probléme avec conditions
de Dirichlet au bord et prouvé, pour des données initiales suffisamment petites, le caractere
bien posé global pour n < 3. Meyer et Wilke [71] ont prouvé pour tout n. Dans [52],
Kaltenbacher et Lasiecka ont prouvé le caractere bien posé local du probléme avec conditions
au bord de Neumann pour n < 3. Le travail des Réf. [52] 53] utilise des estimations d’énergie
a priori, et la Réf. [71] la notion de régularité maximale.

L’équation de Westervelt (B.4]) est aussi une approximation de I’équation de Kuznetsov,
mais cette fois par une perturbation non-linéaire. De fait la seule différence entre ces deux
modeles est que I'équation de Westervelt ne conserve qu'un des deux termes non-linéaires
de I'équation de Kuznetsov, produisant des effets cumulatifs dans une propagation d’onde
progressive selon Aanonsen, Barkve, Tjgtta et Tjotta [1].

L’équation NPE (B.3) est habituellement utilisée pour décrire les vibrations en temps
court et la propagation sur de longues distances, par exemple dans un guide d’onde océanique,
ou les phénomeénes de réfractions sont importants, alors que I’équation de KZK (B.2l)
modélise typiquement la propagation d’ultrasons avec de forts phénomenes de diffraction,
combinée avec des effets d’amplitude finie (voir Rozanova-Pierrat avec la Réf. [81] et les
références utilisées). Bien que le contexte et 'utilisation physique des équations de KZK
et NPE soient différents, il y a une bijection entre les variables de ces deux modeles et
ils peuvent étre représentés par le méme type d’opérateur différentiel avec des coefficients
constants positifs:

Lu=0, L=0} —c10.(0,")> — o0 £c3,, pourteR" zeR, ye R

Ainsi, les résultats de la Réf. [80] sur les solutions de 1’équation de KZK sont valides
pour 'équation NPE. Voir aussi la Réf. [42] par Ito pour la décroissance exponentielle des
solutions de ces modeles dans le cas visqueux.

Tous les modeles de Kuznetsov, KZK, NPE et Westervelt ont été dérivés jusqu’a de
petits termes négligeables a partir de systémes non-linéaires de Navier-Stokes (pour le
milieu visqueux) et d’Euler (pour le cas non visqueux) compressibles et isentropiques. Mais
toutes les dérivations physiques citées de ces modeles ne permettent pas de dire que leurs
solutions approchent la solution du systeme de Navier-Stokes ou d’Euler. Les résultats sur
le caractere bien posé des équations de KZK et NPE sont déja connus, le premier travail
I'expliquant pour 'équation de KZK est la Réf. [81] par Rozanova-Pierrat.

Nous nous sommes dés lors focalisés dans le Chapitre [Il sur le caractere bien posé du
probleme de Cauchy associé a 1’équation de Kuznetsov dans R™ pour les cas visqueux et
non visqueux avec des données initiales suffisamment petites. Ces résultats correspondent
a notre article [26] proposé avec Rozanova-Pierrat.

Dans le Chapitre 2, nous commencgons a présenter le contexte initial du systeme de
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Navier-Stokes isentropique

O + div(pv) =0, (B.5)
plOv + (v- V) v] = =Vp(p) + evAv, (B.6)

(en fait, c’est aussi une approximation du systéme de Navier-Stokes compressible), qui décrit
le mouvement d’une onde acoustique dans un milieu thermo-élastique homogene [13], 37, [65].
Nous systématisons dans le Chapitre 2l la dérivation de tous ces modeles en utilisant les
idées de Rozanova-Pierrat dans la Réf. [81], consistant & utiliser des correcteurs dans les
expansions de type Hilbert des ansatzs physiques correspondants.

Plus précisément, nous montrons que tous ces modeles sont des approximations du
systeme de Navier-Stokes ou d’Euler jusqu’aux termes d’ordre trois en un petit parametre
sans dimension € > (0 mesurant la taille des perturbations de la pression, de la densité et
de la vitesse par rapport a leur état constant (pg, po,0) (voir Fig. [I).

A Taide des résultats connus sur le caractere bien posé des modeles, nous validons ensuite
dans le Chapitre [ ces approximations en obtenant des estimations en norme L? entre les
solutions des modeles exacts et approchés considérés en étudiant d’abord ’approximation
du systéme de Navier-Stokes puis I’approximation de I’équation de Kuznetsov. Il est a noter
que pour le modele exact nous pouvons considérer une solution faible peu réguliére qui sera
approchée par la solution réguliere du modele approché.

Ainsi nous avons été amenés dans la Partie [T & étudier les solutions faibles d’équations
d’ondes sur des domaines a bords fractals afin de considérer les domaines les plus généraux
possibles sur lesquels de telles solutions faibles existent.

Pour en revenir au Chapitre [I] nous étudions le caractere bien posé du probleme de
Cauchy associé a 1’équation (B.I). Dans le cas non visqueux pour v = 0, le probléme de
Cauchy pour I’équation de Kuznetsov est un cas particulier du systeme général quasi linéaire
hyperbolique du second ordre considéré par Hughes, Kato et Marsden [40]. Le résultat de
caracteére bien posé local, prouvé dans [40], n’utilise pas des techniques d’estimations a priori
et est fondé sur la théorie des semi-groupes. Alors, grace a [40], nous avons le caractére bien
posé de (B.I) dans I'espace de Sobolev H*® avec un réel s > % + 1. De plus, pour étendre le
caractere bien posé local au cas global (pour n > 4) et pour estimer U'intervalle de temps
maximal sur lequel il existe une solution réguliere, John [44] a développé des estimations a
priori pour le probleme de Cauchy associé a une équation d’onde quasi linéaire générale a
I’aide d’une énergie de la forme

m+1
En[u)(t) = [Vu()l[Fm@a) + D [10pu(t)|[Fpme1-igny.
i=1

Cette fois, a cause des non linéarités wu;uy; et Vu Vu, incluant les dérivées en temps,
pour avoir une estimation a priori pour I’équation de Kuznetsov nous avons besoin de
travailler avec les espaces de Sobolev H® caractérisés par un entier s. Si nous appliquons
directement les résultats généraux par John de la Réf. [44] & notre cas pour I'équation de
Kuznetsov, nous obtenons le caractere bien posé pour des données initiales tres régulieres.
Nous améliorons ce résultat et obtenons les résultats de John pour I’équation de Kuznetsov
avec une régularité minimale des données initiales correspondant a la régularité obtenue
par Hughes, Kato et Marsden [40]. Les estimations d’énergie nous permettent d’évaluer le
temps d’existence maximal. Dans R? et R® I'optimalité des estimations obtenues pour le
temps d’existence maximal est assurée par les résultats d’Alinhac [5]. Dans la Réf. [5] un
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blow-up géométrique pour les données petites est prouvé pour d?u et Au en temps fini et
pour le méme ordre que prédit par les estimations a priori.

Pour n > 4 et v = 0, nous améliorons aussi les résultats de John [44]. La petitesse des
données initiales assure directement 1’hyperbolicité de I’équation de Kuznetsov pour tout
temps, i.e. elle assure que 1 — acu; est strictement positif et borné pour tout temps. La
preuve utilise les dérivées généralisées pour les équations d’ondes [44] et une estimation a
priori de Klainerman [58] [59].

En présence du terme Au; pour le cas visqueux v > 0, la régularité des dérivées en temps
d’ordre supérieur de u est différente (en comparaison au cas non visqueux), et la maniere
de contrdler les non linéarités change. Comme il a été montré dans [83] par Shibata, ce
terme dissipatif change une vitesse finie de propagation pour I'équation d’onde en une
vitesse infinie. En effet, la partie linéaire de 1’équation (B.I) peut étre vue comme deux
compositions de 'opérateur de la chaleur 9, — A de la maniere suivante:

uy — AU — veAuy, = 0,(0u — evAu) — *Au.

Pour le cas visqueux nous prouvons les résultats sur le caractere bien posé global dans
R™ pour les données initiales suffisamment petites, dont nous spécifions la taille. Pour
n > 3 nous établissons une estimation a priori qui nous donne aussi une condition suffisante
pour l'existence de solutions globales avec une énergie initiale suffisamment petite. En
considérant les espaces de Sobolev H?® caractérisés par un entier s = m pair on controle
I’énergie

5+l
_ 2 i 2
B [u](t) = [Vu(®)llzm@n + D2 10wt Gm-20-1(gn)-
i=1

Les mémes résultats sont vrais dans (R/LZ) x R"™! pour n > 2 avec la périodicité et la
valeur moyenne nulle selon une variable.

Intéressons nous des lors au Chapitre 2l Comme il est montré dans la Fig. [I], I’équation
de Kuznetsov vient du systeme de Navier-Stokes ou d’Euler seulement par de petites per-
turbations, mais pour obtenir les équations KZK et NPE nous avons besoin d’utiliser un
changement de variables paraxial en plus des petites perturbations. En outre, les équations
de KZK et NPE peuvent aussi étre obtenues a partir de 1’équation de Kuznetsov juste
en pratiquant le changement de variable paraxial correspondant. Nous pouvons noter que
I’équation de Kuznetsov est une équation d’onde non-linéaire contenant des termes d?ordres
différents en €. Mais les approximations paraxiales pour KZK et NPE permettent d’avoir
les équations approchées avec tous les termes de méme ordre, i.e. les équations de KZK et
NPE.

Portons notre attention sur le fait que 'ansatz, proposé initialement par Bakhvalov,
Zhileikin, et Zabolotskaya dans la Réf. [13] et utilisé par Rozanova-Pierrat dans la Réf. [81]
pour obtenir I’équation de KZK a partir des systéemes de Navier-Stokes ou d’Euler, est
différent de I’ansatz que nous utilisons. De plus, cette nouvelle approximation des systemes
de Navier-Stokes et d’Euler est une amélioration en comparaison a la dérivation dévelop-
pée dans la Réf. [81], car dans cette référence le systeme de Navier-Stokes/Euler pouvait
seulement étre approchées jusqu’aux termes d’ordre 0(53) (comparé a l'ordre O(e*) dans
notre cas).

Les hypotheses principales pour la dérivation de tous ces modeles sont les suivantes:

e le mouvement est potentiel;
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e l’état constant du milieu donné par (pyg, po, 0) (0 pour la vitesse) est perturbé propor-
tionnellement & un parameétre sans dimension € > 0 (par exemple, égal & 107° dans
I'eau avec une puissance initiale de 'ordre de 0.3 W/cm?);

e toutes les viscosités sont petites (d’ordre €).

Pour garder le sens physique des problemes d’approximation, nous considérerons partic-
ulierement les cas bidimensionnel et tridimensionnel, i.e. R” avec n = 2 ou 3, et dans la
suite nous utiliserons la notation z = (x1,2') € R™ avec un axe z; € R et la variable
transversale 2’ € R"71,

Nous validons ainsi les approximations du systeme de Navier-Stokes compressible par
les différents modeles : par I’équation de Kuznetsov, I’équation de KZK et ’équation NPE.

Puis nous faisons de méme pour le systéme d’Euler dans le cas non visqueux. Les dif-
férences principales entre les cas visqueux et non visqueux sont le temps d’existence et la
régularité des solutions. Typiquement dans le cas non visqueux, les solutions des modeles
et aussi du systéeme d’Euler lui-méme (solutions fortes) peuvent entrainer la formation de
fronts de choc en temps finis a cause de leurs non-linéarités [4, 26, [80, 84, ©3]. Ainsi,
elles sont seulement localement bien posées, alors que dans le cas visqueux tous les mod-
eles d’approximations sont globalement bien posés pour des données initiales suffisamment
petites [26], 67, [80].

Nous notons par U. une solution du systeme de Navier-Stokes/Euler "exact" (voir

VEq. (231))

n 0
8tU5 + Z a%GZ(Ug) — &V = 0,

ot
! Av,

et par U, une solution approchée, construite par I’ansatz de dérivation & partir dune
solution réguliere de I'un des modeles approchés (typiquement les équations de Kuznetsov,
KZK et NPE), i.e. une fonction qui résout le systéme de Navier-Stokes/Euler jusqu’aux
termes d’ordre €2, désignés par € R (voir 'Eq. ([2:32)):

n 0
8tU5 + Z a%GZ(Ug) — &V = €3R.

! AV.

Pour avoir le terme de reste R € C([0,7T], L*(2)) nous devons assurer que le terme de
gauche de cette équation est dans C([0, 7], L*(€2)), i.e. nous avons besoin d'une solution U,
suffisamment réguliere. La régularité minimale des données initiales pour avoir un tel U,
est donnée dans le Tableau [Z] (voir aussi le Tableau pour 'approximation de 1’équation
de Kuznetsov).

En choisissant pour le systeme exact les méme données initiales et au bord trouvées par
I'ansatz pour U, (le cas régulier) ou les données initiales prises dans un petit voisinage L?,
i.e.

[U(0) = U (0)|lp2) <6 <¢,
avec U.(0) non nécessairement régulier, mais assurant l’existence d’une solution faible ad-
missible d’énergie bornée, nous prouvons l7existence de constantes C' > 0 et K > 0 in-
dépendantes de ¢, § et du temps t telles que

C —
pour tout 0 <t < — (U, — Ue)(t)H%z(Q) < K(e3t + 52)61(515 < 9¢2
€
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avec 0 un domaine ou les deux solutions U, et U, existent. Il devient ainsi possible
d’approcher une solution faible exacte peu réguliere par une solution approchée réguliere.

Comme les équations de KZK et NPE peuvent étre vues comme des approximations
de I'équation de Kuznetsov au vu de leur dérivation (voir la Figure [I]), nous validons aussi
I’approximation de I’équation de Kuznetsov par les équations de KZK et NPE, et aussi par
I'équation de Westervelt (voir le Tableau 2.2)).

Pour étre capable de considérer I'approximation de I’équation de Kuznetsov par I’équation
de KZK, nous établissons d’abord des résultats sur le caractere globalement bien posé de
I’équation de Kuznetsov dans le demi espace, similaires au cadre précédent pour I’équation
de KZK et le systeme de Navier-Stokes. Nous étudions deux cas : le probleme périodique en
temps purement aux bords dans les variables (z, 7, y) se déplagant avec ’onde et le probleme
avec conditions initiales et au bord pour I’équation de Kuznetsov dans les variables initiales
(t,x1,2") avec des données venant de la solution de I’équation de KZK. Nous validons ces
deux types d’approximations pour les cas visqueux et non visqueux.

Finalement nous validons ’approximation entre les équations de Kuznetsov et NPE et les
équations de Kuznetsov et Westervelt respectivement (voir le Tableau [Z2)). Nous pouvons
les résumer de la maniere suivante: si u est une solution de I’équation de Kuznetsov et @ est
une solution de I’équation de NPE ou de KZK (pour le probleme avec conditions initiales
et aux bords) ou de Westervelt trouvée pour des données initiales assez proches

[Vix(u(0) = 2(0))|| L2 < 6 < ¢,

alors il existe K > 0, C; > 0, Cy > 0 et C' > 0 constantes indépendantes de €, § et du
temps, telles que pour tout t < % il est vérifié

||vt7x(u _E)||L2(Q) S Cl(€2t+ 6)6025t S KG.

Comme les estimations de la stabilité obtenues sont valables entre une solution réguliere et
une solution faible de Kuznetsov nous pouvons de nouveau approcher une solution moins
réguliere d’un modele exact par la solution réguliere d’'un modele approché.

Dans la Partie [, nous nous intéressons a la question des solutions faibles d’équation
d’ondes. On se place dans le contexte des domaines bornés et on cherche la classe des bords
la plus large pour que le probléme soit bien posé faiblement. Ces équations incluent:

e l'équation des ondes avec des conditions de Dirichlet homogene en utilisant Evans [30],

e I’'équation des ondes fortement amortie avec des conditions de Dirichlet homogenes et
non homogenes ou des conditions de Robin homogenes,

e I’équation non-linéaire de Westervelt avec des conditions de Dirichlet homogenes et
non homogenes ou des conditions de Robin homogenes.

La régularité des solutions de ces équations sur des domaines réguliers, typiquement avec un
bord C? est bien connue, notamment le fait que, plus les données initiales sont réguliéres,
plus la solution est réguliére et ce jusqu’au bord. Nous pouvons citer Evans et la Réf. [30]
pour 'équation des ondes ou les Réfs. [51), 52, 53| [54], [71] pour I’équation des ondes fortement
amortie ou ’équation de Westervelt ainsi que leurs références utilisées. Nous pouvons
nous demander si, sur des domaines moins réguliers, on peut avoir une solution faible
continue ou C' jusqu’au bord. Les exemples de Arendt et Elst dans la Réf. [10] montrent
'apparition de problémes pour la définition de la trace dés que le bord n’est plus C!. De
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plus si, pour un domaine au bord C* ou lipschitzien, on peut définir une normale intérieure
presque partout, la question des conditions de Neumann ou Robin sur un bord moins
régulier est plus délicate. Par ailleurs le fait de considérer un bord régulier C* comme dans
[511, 52] 53, (541, [71] est une conséquence de ce que les dérivées spatiales sont au plus d’ordre 2
et peuvent ainsi étre plus naturellement définies au bord. Dans le passé, les mathématiques
se sont largement focalisées sur des domaines réguliers. Des ensembles comme celui de Von
Koch ont principalement été considérés comme "pathologiques' et utilisés seulement pour
produire des contre-exemples. Néanmoins, il y a eu un changement d’attitude lorsque les
mathématiciens et les physiciens ont découvert que des structures semblable a celle de Von
Koch apparaissaient dans la nature, comme par exemple la micro-structure des électrodes
ou les cotes de I’Angleterre.

Un point clé pour résoudre les équations que nous étudierons sur des domaines a bords
fractals est la compréhension du probléeme de Poisson sur ces domaines avec des conditions
aux bords de Dirichlet

—Au = f sur ,
(B.7)
ulq = g sur 09
ou des conditions de Robin homogenes
—Au = f sur ,
(B.8)
%quau:O avec a > 0 sur 0.

Pour le systeme (B.7)) une approche générale passe par la formulation faible du probleme de
Dirichlet. Si u et 02 sont suffisamment régulieres on peut multiplier I’équation de Poisson
dans le probléme (B.7) par v € C3°(Q2) et utiliser la formule de Green pour obtenir

/Vqu dr = / fv dx for all v € C5°(Q),
) Q
ulpa = g,

qui est appelée une formulation faible du probleme de Dirichlet. En introduisant les espaces
de Sobolev H'(Q) et H}(Q) et en supposant qu'il existe g* € H'(Q) tel que la trace de
g* sur 0F) est g (une attention particuliere doit étre portée a la définition de la trace), on
peut prouver, a l'aide du théoréme de représentation de Riesz, qu’étant donné f € L*(1),
g* € HY(Q), il existe un unique v € H'(Q2) tel que —Au = f au sens des distributions et
u—g* € Hi(Q).

Ceci souleve plusieurs questions:

e Comment définir la trace, habituellement définie pour des fonctions continues?

e Comment définir une extension g* vérifiant v = g au bord?

La réponse aux deux premieres questions est connue si 02 est assez régulier, on
peut citer par exemple Raviart-Thomas [79], ou méme lipschitzien avec le travail de
Marschall [66].
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e Peut-on utiliser la formule de Green? Dans le cas lipschitzien on a
/QvAu dx = (U, V) (-1/200),11/2(00)) — /Q VuVv dz.

e Est ce que u dépend uniquement ou contintiment de f et g7

Dans la Réf. [49] Jonsson et Wallin ont pu répondre a ces questions dans le cas ou 2 est
un (€, d)-domaine avec un bord 9 qui est un d—ensemble pour la mesure de Hausdorff
préservant U'inégalité de Markov. En se basant sur le travail de Lancia [62] on trouve un
équivalent de la formule de Green faisant intervenir les espaces de Besov pour le terme
de bord. Les résultats de Jonsson et Wallin sont a notre connaissance les premiers de ce
type établis sur des domaines fractals. Les résultats de Jones [46] sur les d—ensembles
et les domaines admettant des extensions Wlf permettent de dire qu’en dimension 2 les
(€, 0)-domaines sont les domaines les plus généraux sur lesquels on peut définir des traces
et des extensions des espaces de Sobolev et ainsi résoudre le probleme de Poisson. Dans
la Réf. [11], Arfi et Rozanova-Pierrat ont introduit un nouveau type de domaine a bords
fractals dits les domaines admissibles. Ces domaines contiennent les (¢, §)-domaines et sont
plus généraux, ils forment la classe la plus large des domaines sur lesquels on peut définir
des traces et des extensions aux espaces de Sobolev pour {2 C R" avec n > 2, et ainsi trouver
une solution faible au probleme de Poisson dépendant de maniere unique et continue des
données initiales.

En conséquence nous travaillerons principalement sur les domaines admissibles et ré-
sumons les résultats connus sur ces domaines. Il est a noter que le travail de la Réf. [30] par
Evans nous fournit les propriétés spectrales ainsi que la régularité intérieure de la solution
du probléme de Poisson (B.7), i.e. le fait que pour un sous ensemble V inclus de maniere
compacte dans €2, V CC (), la solution sur €2 a sur V la méme régularité que pour un
domaine aux bords réguliers. La Réf. [I1] par Arfi et Rozanova-Pierrat permet de donner
des résultats similaires pour le probleme de Poisson (B.8) et la Réf. [30] par Evans nous
fournit encore les propriétés spectrales.

Une autre question importante est de savoir si les solutions des problemes de Pois-

son (B.7) et (B.8)) appartiennent & C(£2) avec une estimation de la forme:
[ull @) < CllfllLr@)-

Pour le probleme de Poisson (B.7) avec des conditions au bord de Dirichlet homogenes
les travaux des Réfs. [77] par Nystrom et [92] par Xie permettent de donner une réponse
positive a cette questions en dimension n = 2 et 3 respectivement pour p = 2. Le travail
de Daners dans la Réf. [25] nous donne aussi une réponse positive pour le probleme de
Poisson (B.8) si p > n. Ces estimations sont essentielles pour montrer que les solutions
de nos modeles de type ondulatoires étudiés sont dans C()) mais aussi pour traiter la
non-linéarité de 1’équation de Westervelt.

En utilisant une méthode de Galerkin comme dans la Réf. [30] par Evans nous obtenons
la régularité de 1’équation des ondes et de I’équation des ondes fortement amortie avec des
conditions de Dirichlet homogéenes avec I'aide d'une base de fonctions propres de —A. Avec
ces résultats de régularité nous traitons le caractere bien posé de ’équation de Westervelt
avec des conditions de Dirichlet de la méme fagon que dans la preuve dans le Chapitre [II
du caractere bien posé global de I’équation de Kuznetsov sur R”. Les propriétés de la trace
et de I'extension pour les domaines admissibles rappelées nous ont permis de traiter le cas
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des conditions de Dirichlet non homogenes. Ces résultats reposent sur des estimations dans
des espaces ol la solution et certaines de ses dérivées sont dans L?. Notons que nous avons
utilisé une méthode similaire pour les problemes avec conditions de Robin homogenes et
obtenu le caractére bien posé et des estimations L? pour 'équation des ondes fortement
amortie sur un domaine admissible, avec une méthode de Galerkin fondée sur une base
de fonctions propres de —A, ou pour I'équation de Westervelt sur un domaine lipschitzien
de la méme facon que dans la preuve dans le Chapitre Il du caractere bien posé global
de I'équation de Kuznetsov sur R™. Le cas de 1’équation de Westervelt sur un domaine
admissible avec des conditions de Robin homogenes a été traité a 1'aide d’estimations L”
avec p > n de la méme maniere.

En conclusion de cette Partie [l nous considérons un ensemble & bord fractal de type
mixture de Koch, construit par récurrence a l’aide de familles de similitudes contractantes
induisant ainsi une famille de domaines & bords pré-fractals et lipschitziens convergeant vers
le domaine a bords fractals. En utilisant différents travaux par Capitanelli [19], Capitanelli
et Vivaldi [20] ou Lancia [62] nous avons pu considérer la convergence asymptotique de type
Mosco des solutions de I’équation de Westervelt avec conditions de Robin sur les domaines
a bords pré-fractals qui approximent la solution sur le domaine a bords fractal de type
mixture de Koch, une démarche souvent utilisée dans le cadre de I'optimisation de forme.
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Titre : Analyse mathématique de I’équation de Kuznetsov: probleme de Cauchy, ques-
tions d’approximations et probléemes aux bords fractals.

Mots Clefs : acoustique non linéaire, systeme de Navier-Stokes, équation de Kuznetsov,
approximation, bords fractals

Résumé : Dans le contexte de ’acoustique on a systématisé la dérivation de modeles non-
linéaires (1’équation de Kuznetsov, I’équation KZK et la NPE). On a estimé le temps pour
lequel des solutions régulieres de ces modeles restent proches des solutions des systemes de
Navier-Stokes/Euler compressibles isentropiques (en précisant leur plus faible régularité) et
établi les résultats analogues entre les solutions des équations de KZK, NPE et Westervelt
par rapport a la solution de I’équation de Kuznetsov. Pour ce faire, on a étudié I’équation
de Kuznetsov en commengant par le probleme de Cauchy dans les cas visqueux (stabilité,
unicité et existence globale des solutions réguliéres) et non-visqueux (caractére bien posé
avec les estimations optimales du temps d’existence maximale des solutions réguliéres) et
également dans un demi espace avec des conditions au limites périodiques en temps ou
dans un espace périodique dans une direction. On a aussi obtenu 'existence et 'unicité des
solutions faibles pour 1’équation des ondes fortement amortie et I’équation de Westervelt sur
la plus large classe de domaines aux bords irréguliers, ainsi que la convergence asymptotique
des solutions de I’équation de Westervelt avec conditions de Robin sur les bords préfractals
approximant un bord fractal de type mixture de Koch.

Title : Mathematical analysis of the Kuznetsov equation: Cauchy problem, approximation
questions and problems with fractal boundaries.

Keys words : Nonlinear acoustic, Navier-Stokes system, Kuznetsov equation, approxi-
mation, fractals boundaries

Abstract : In the framework of acoustic we systematize the derivation of nonlinear models
(the Kuznetsov equation, the KZK equation and the NPE). We estimate the time for which
the regular solutions of these models stay close of the solutions of the compressible isentropic
Navier-Stokes/Euler systems (pointing out their weakest regularity) and establish similar
results between the solutions of the KZK, NPE and Westervelt equations with respect
to the solutions of the Kuznetsov equation. To do so, we study the Kuznetsov equation
beginning by the Cauchy problem in the viscous case (stability, gobal well posedness of
regular solutions) and inviscid case (well posedness with optimal estimations of the maximal
existence time for regular solutions) and also in the half space with time periodic boundary
conditions or in a periodic in one direction space. We also obtain the existence and unicity
of weak solutions for the strongly damped wave equation and the Westervelt equation in the
largest class of domains with irregular boundaries, along with the asymptotic convergence
of the solutions of the Westervelt equation with Robin boundary conditions on prefractal
boundaries approximating a Koch mixture as fractal boundary.
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