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Résumé

Dans cette these, nous étudions les théories étroitement liées du controle, de la stabili-
sation et de la propagation des singularités, pour des équations aux dérivées partielles
dispersives linéaires et non-linéaires. Les résultats principaux proviennent des travaux de
lauteur :
[1] Zhu, H., 2016. Stabilization of damped waves on spheres and Zoll surfaces of revolu-
tion. ESAIM : Control, Optimisation and Calculus of Variations (ESAIM : COCV),
a apparaite.
[2] Zhu, H., 2017. Control of three dimensional water waves.
arXiv preprint arXiv :1712.06130.
[3] Zhu, H., 2018. Propagation of singularities for gravity-capillary water waves.
arXiv preprint arXiv :1810.09339.

Dans [1], nous avons étudié la stabilisation des ondes amorties sur les surfaces de
révolution de Zoll. Nous avons donné un exemple ou la région d’amortissement est a la
limite de la condition du controle géométrique, alors que les ondes amorties présentent
une décroissance exponentielle uniforme de 1’énergie. Cet exemple généralise un résultat
de Lebeau.

Dans [2], nous avons étudié la controlabilité du systeme des ondes de surface avec ten-
sion superficielle. Nous avons démontré, en dimension arbitraire, la controlabilité exacte
pour des petites données spatialement périodiques en faisant I’hypothese de controle
géométrique. Ce résultat généralise le travail de Alazard, Baldi et Han-Kwan en dimen-
sion deux.

Dans [3], nous avons étudié la propagation des singularités pour des ondes de surface
avec tension superficielle. Nous avons défini le front d’onde quasi-homogene, généralisant
le front d’onde de Hérmander et le front d’onde homogene de Nakamura et démontré
des résultats de propagation des fronts d’onde quasi-homogenes par le systeme des ondes
de surface avec tension superficielle. Comme corollaires, nous avons obtenu des effets
régularisants locaux et micro-locaux pour les données initiales présentant une décroissance
spatiale suffisante.
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Chapitre 1

Introduction

Une équation aux dérivées partielles s’appelle une équation dispersive si ses solutions
ondes planes avec des fréquences différentes se propagent a des vitesses différentes. Soit
v : RY — R? une injection et définissons w(&) = (v(€),€), ot (-,-) dénote le produit
scalaire dans R?, on obtient une équation dispersive

(1.0.1) i0u — w(—iV)u = 0,
qui admet pour toute fréquence & € R? une solution onde plane de vélocité v(&),

u(t,z) = eiao)—itw (o) — i(z—tv(€o).Lo)

On appelle w la relation de dispersion, et v la vitesse de phase. En variant w, on obtient
— au moins les linéarisations de — diverses équations dispersives, e.g.,

Equation w Remarques
(Demi-)onde €] v(€) = é—| est injectif lorsqu’elle
est limitée & S4!
Klein—-Gordon V1+[€?
Schrodinger 13k
Korteweg—de Vries £ d=1
Benjamin—Ono sgn(€)&? d=1
Ondes de surface sans tension gl¢| g est la gravité de la Terre

Ondes de surface avec tension V9l + kIE]P k > 0 est le coefficient de la
tension superficielle

Ces équations proviennent de diverses branches de la physique théorique, y compris
la mécanique classique, la mécanique quantique, la mécanique des fluides et la relativité
générale. Leurs natures et comportements physiques se distinguent selon leurs relations de
dispersion et /ou leurs non-linéarités différentes, et selon les cadres géométriques différents
dans lesquels elles sont posées. Pourtant, la nature ondulatoire des équations dispersives
assure une certaine uniformité dans les méthodes qu’on emploie pour les étudier.

Dans cette these, nous nous intéressons aux théories étroitement liées du controle, de
la stabilisation et de la propagation des singularités pour les équations dispersives. Les
résultats principaux proviennent des travaux de auteur [203, 204, 205].

[1] Zhu, H., 2016. Stabilization of damped waves on spheres and Zoll surfaces of revolu-



CHAPITRE 1. INTRODUCTION

tion. ESAIM : Control, Optimisation and Calculus of Variations (ESAIM : COCV),
a apparaite.

[2] Zhu, H., 2017. Control of three dimensional water waves.
arXiv preprint arXiv :1712.06130.

[3] Zhu, H., 2018. Propagation of singularities for gravity-capillary water waves.
arXiv preprint arXiv :1810.09339.

1.1 Controle et stabilisation

Soit 2 € R? un sous-ensemble ouvert, T > 0 et xq la fonction caractéristique de €.
Considérons 1’équation non homogene

(1.1.1) 10 — w(—iV)u = xoF.

Définition 1.1.1. On dit que (1.1.1) est exactement contréolable de [0, T x 2 si V(ug, ui) €
L*x L* 3F € L*([0,T], L?) telle que 3lu € C([0,T], L?) qui résout (1.1.1) avec u(0) = uy,
u(T) = uy. On dit que (1.1.1) est contrélable a zéro de [0,7] x Q si I’énoncé est vrai
Yuy € L? et uy = 0.

Remarque 1.1.2. La controlabilité exacte et la controlabilité a zéro pour (1.1.1) sont
souvent essentiellement équivalentes comme cette équation est réversible en temps. En
effet, si on peut montrer que — ce qui est souvent le cas — les équations

i0u Fw(—iV)u = xoF

sont tous les deux controlables a zéro de [0, T x 2, alors (1.1.1) est exactement controlable
de [0,27] x Q. On utilisera le mot controlabilité quand il n’y a pas d’ambiguité.

Le probleme de la stabilisation concerne 1’équation amortie,
(1.1.2) 10 — w(—iV)u = —ixgu.

Les normes-L? de ses solutions décroissent de facon monotone, car
d 2 2

(1.1.3) —|ul|72 = =2 [ |u|*dz <0.
dt Q

Définition 1.1.3. On dit que xq stabilise (faiblement) (1.1.2) si Vu € C(Rsg, L?) qui
résout (1.1.2),

lim [u(t)]z2 = 0.

t—+00

On dit que xq stabilise uniformément (ou fortement) (1.1.2) si 3f : Rsy — Rso,
lim; oo f(t) =0, telle que Yu € C'(Rsg, L?) qui résout (1.1.2) et V¢t > 0,

[u(@)]|z2 < f(@)]lu(0)]] 2.

Des problemes se posent naturellement, e.g. :



1.1. CONTROLE ET STABILISATION

Controlabilité

(C.1) Condition du contrdle. Quelles conditions pour (£2,7") sont nécessaires et/ou suffi-
santes pour la controlabilité ?

(C.2) Controle optimal. Quel est 'infimum pour le cout du controle? C’est-a-dire, quel
est 'infimum de || F'[|.2(j0,77,z2) parmi tous les F' possibles 7 Cet infimum peut-il étre
atteint ?

(C.3) Controle contraint. Que faire si F' est a valeur réelle/positive ? etc.

Stabilisation

(S.1) Condition de la stabilisation. Quelles conditions pour €2 sont nécessaires et/ou suf-
fisantes pour la stabilisation faible/stabilisation uniforme ?

(S.2) Tauz de la stabilisation. A quel taux de décroissance (uniforme) peut-on s’attendre ?

1.1.1 Méthode d’unicité de Hilbert

Nos intéréts principaux portent sur les problemes (C.1) et (S.1). La réponse affirma-
tive a la controlabilité a zéro ou a la stabilisation uniforme est, selon Lions [137, 136],
équivalente a [’inégalité de l’observabilité.

Définition 1.1.4. On dit que (1.0.1) est observable de [0,T] x ©, si IC' > 0, tel que
Yu € C([0,T],L?) qui résout (1.0.1),

(1.1.4) [u(0)]|z2 < Cllullz2o,11x0)-

Théoréme 1.1.5 (Lions). Les énoncés suivants sont vrais.
(1) (1.1.1) est contrélable a zéro de [0,T] x Q si et seulement si (1.0.1) est observable
de [0,T] x €.
(2) xq stabilise uniformément (1.1.2) si et seulement si (1.0.1) est observable de [0, T] x
Q pour un certain T > 0.

Pour le premier énoncé, 1'idée de Lions s’appelle la méthode d’unicité de Hilbert
(HUM), qui établit la dualité entre la controlabilité a zéro et l'observabilité, et par
conséquent montre leur équivalence. V) Plus précisément : notons que la contrdlabilité
a zéro est la surjectivité de ["opérateur d’image,

R:L*[0,T),L%) > F + u(0) € L?

ot u résout (1.1.1) avec u(T") = 0; alors que 'observabilité est la coercivité de l'opérateur
de solution,
S L? 3 u(0) — xqu € L*([0,T], L?),

oit u résout (1.0.1) 1. Le Théoréme 1.1.5 suit de la dualité R* = —S qui est facile &
vérifier, et le corollaire suivant du théoreme de ’application ouverte : Soit A une applica-
tion linéaire et bornée entre deux espaces hilbertiens, alors A est surjective si et seulement
si A* est coercitive.

(i). Dans la théorie du contrdle en dimension finie, cette dualité était connue depuis longtemps par
Kalman [112, 113].

(ii). En effet, u devrait résoudre ’équation duale de (1.0.1), qui est ici identique & (1.0.1) car w(—iV)
et i0; sont symétriques par rapport au produit scalaire C-bilinear de L?2.
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Remarque 1.1.6. La coercivité de S implique son injectivité, c’est-a-dire, un résultat de
la continuation unique de (1.0.1) : si u résout (1.0.1) et s’annule dans [0, 7] x €, alors
u = 0. Bien qu’en dimension finie, l'injectivité de S est équivalente a la surjectivité
de S*, cela n’est plus vraie en dimension infinie. Voir, e.g., le Chapitre 1 de [136] pour
des contre-exemples.

Quant au deuxieme énoncé, on peut facilement le montrer en utilisant (1.1.3) et un
argument itératif. Voir, e.g., [44].

1.1.2 Condition du controle géométrique

On sait qu’'un paquet d’onde — une enveloppe d’ondes qui transporte de 1’énergie et
des informations — se propage a la vitesse de groupe, voir, e.g., [78],

Vg = Oew.

Par conséquent, si on souhaite observer de [0, 7] x 2 un paquet d’onde de la fréquence &,
il semble raisonnable d’exiger que Vo € R, 3t € [0, 7], tel que

(1.1.5) © + tuy(€) € Q.

On n’a besoin que de (1.1.5) pour & grand, c’est-a-dire, pour le régime des hautes
fréquences, car les paquets d’onde de basse fréquence s’étendent largement et sont plus
faciles a observer. Les intuitions physiques nous obligent a suivre la variable de position x
et la variable de moment (c’est-a-dire, la fréquence) £ en méme temps dans l'espace de
phase R** = RY x R{, voir, e.g., §1.2.1.1. Définissons le flot dans I'espace de phase,

O(t,2,8) = (z + tvy(§), £),

alors (1.1.5) est équivalente & une condition pour le flot : ®(¢,z,&) € Q x {£}.

Considérons un cadre géométrique plus général ou les ondes se propagent sur une
variété riemannienne (M, g) sans bord. Maintenant I’espace de phase correspond au fibré
cotangent T* M, la relation de dispersion w est une fonction sur T*M, le flot ® devient
le flot hamiltonien de w,

0P = X(P), Plimo = Idg-pr,

ou X, = (Ogw, —0,w) est le champ de vecteur hamiltonien de w. L’équation (1.0.1) s’écrit
maintenant comme :
0w+ w(x,Dy)u=0, D,=—iV,

en utilisant des opérateurs pseudo-différentiels, voir, e.g., §1.2.1.1.

La condition suivante généralise (1.1.5). Nous verrons que c’est une condition natu-
relle — et dans plusieurs cas presque équivalente — pour observer le régime des hautes
fréquences des ondes dispersives.

Définition 1.1.7. Soit (M, g) une variété riemannienne sans bord, w € C*(T*M), et
® le flot hamiltonien de w. Soit €2 C M un sous-ensemble ouvert et 7' > 0. On dit
que (2, T) satistait la condition du contrile géométrique (CCG) si V(x,€&) € T*M avec
g, (&, &) suffisamment grand, 3t € [0, T tel que ®(¢,z,£) € T*.

4
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1.1.3 Propriété de la continuation unique

Comme nous l’avons vu, la propriété de la continuation unique n’implique pas la
controlabilité en dimension infinie. Ce n’est plus un probleme dans le régime des basses
fréquences. En effet, sur une variété riemannienne compacte, les valeurs propres du lapla-
cien étant discretes, le régime des basses fréquences est engendré par un nombre fini de
fonctions propres du laplacien. Par le théoreme de Rellich—-Kondrachov, on obtient une
compacité supplémentaire. C’est essentiellement 'idée de 'argument wunicité-compacité
de Bardos-Lebeau-Rauch [24]. Cet argument ramene ’observabilité du régime des basses
fréquences a la propriété de la continuation unique des fonctions propres de w(zx, D, ).
C’est-a-dire, si u satisfait 1’équation,

(1.1.6) w(z, Dy)u =M, XeC,

et siulg=0,at-onu=07

Lorsque M est analytique et que w(x, D,) est un opérateur différentiel a coefficients
analytiques, Cauchy [53] et Kovalevskaya [188] ont montré 1'unicité de solution parmi les
fonctions analytiques, Holmgren [95] a ensuite montré 'unicité parmi les distributions.
Le premier effort pour supprimer I'analyticité est dit a Carleman [52] qui a montré 1'uni-
cité en supposant que les caractéristiques de I’équation sont simples. La technique qu’il
a utilisée, maintenant appelée linégalité de Carleman, est devenue par la suite un ou-
til efficace pour monter I'unicité lorsque () satisfait certaines conditions de la convexité
— la pseudo-convexité, grace aux contributions de nombreuses mathématiciens, y com-
pris, Miiller [152], de Giorgi [63], Hartman—Whitner [89], Heinz [92], Aronszajn [21],
Mizohata [151], Pederson [161], Calderén [49], Hormander [96, 97], Nirenberg [158], Alin-
hac [14], Lerner [133], Lerner—-Robbiano [134], Zuily [207], Tataru [185], etc.

Pour les applications dans §2 et §3, rappelons deux résultats classiques. Le premier
résultat, di a Aronszajn [21], indique que les équations elliptiques du second ordre ont
la propriété de la continuation unique sans aucune condition supplémentaire de €.

Théoréme 1.1.8 (Aronszajn). Soit A € Lip,,.(R%, Myyxq) qui est partout strictement
définie positive, et b € L2 (R?). Supposons que u € H (R?) résout ’équation
(V- AV + b)u =0,

et s’annule dans un domaine non-vide, alors u = 0.

Une conséquence du Théoreme 1.1.8 est une estimation tres grossiere de ensembles
nodauz ") des fonctions propres du laplacien : ils n’ont pas de points intérieurs. Des
estimations beaucoup plus fines sont connues, voir, e.g., [202] et les références y compris.

Le deuxiéme résultat concerne le cas ot M = T? et w(z, &) = w(€) est elliptique
de degré positif. L'ellipticité de w implique que toute solution de (1.1.6) n’admet qu'un
nombre fini de modes de Fourier et ne peut donc s’annuler dans aucun ouvert non vide.
Ce résultat apparemment trivial peut étre utile pour traiter des équations avec des re-
lations de dispersion non polynomiales telles que |£|* avec o« > 0, qui incluent, e.g.,
I’équation de Schrodinger fractionnaire, le systeme des ondes de surface avec ou sans
tension superficielle.

(iii). Un ensemble nodal d’une fonction propre du laplacien est ’ensemble des points ou elle s’annule.
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1.1.4 Stabilisation de ’équation des ondes

Sur une variété riemannienne compacte M sans bord, soit 0 < ¢ € L>®(M) et
considérons la stabilisation de [’équation des ondes amorties

(1.1.7) O2u — Au + pdu = 0,

qui est bien posé dans C'(R, L?) N C°(R, H'). Définissons pour ses solutions I’énergie
1 2 1 2
E(u,t) = 5 IVu®)z2n + 51022

Il est classique (voir, e.g., [44]) que les conditions suivantes sont équivalentes :
(i) La stabilisation uniforme. 11 existe f: R>g — Rxq avec lim;, f(t) = 0, telle que
Vu € CYR, L*) N C°(R, H') qui résout (1.1.7) et VT > 0,

E(u,T) < f(T)E(u,0).

(ii) L’observabilité. 1l existe C' > 0 et T > 0 tels que Yu € CY(R, L*) N C*(R, H') qui
résout ’équation des ondes non-amorties, i.e., (1.1.7) sans le terme ¢0;u,

T
(1.1.8) E(u,0) < C/ / ©|Opul* da dt.
o Jum

De plus, si les conditions ci-dessus sont vérifiées, on peut choisir f(t) = Ce™* pour
certains C' > 0 et a > 0, c’est-a-dire qu’on a une décroissance exponentielle uniforme de
[’énergie.

1.1.4.1 Amortissement continu

La situation est plus simple lorsque ¢ est continue : Rauch—Taylor [164] et Bardos—
Lebeau-Rauch [24] ont montré que la CCG de {¢ > 0} est équivalente a la stabilisation
uniforme. Plus précisément, comme pour 1’équation de la demi-onde, le flot hamiltonien

de sa relation de dispersion
w(z, &) = Vg, (& €),

est le flot co-géodésique. Dire que {p > 0} satisfait la CCG revient a dire que toutes les
géodésiques rencontrent {p > 0}.

Théoreme 1.1.9 (Rauch-Taylor, Bardos-Lebeau-Rauch). La stabilisation uniforme de (1.1.7)
est équivalente a la CCG de {p > 0}.

Chaque fois que {¢ > 0} satisfait la CCG, la compacité de M implique I'existence
d’un certain 7' > 0, tel que toutes les géodésiques de longueur > 7" rencontrent {¢ > 0}.
L’observabilité (1.1.8) est vraie avec ce T

1.1.4.2 Amortissement non-continu

Pour le cas général ou ¢ € L*°, la situation est plus compliquée, méme dans le cas
apparemment plus facile ol ¢ = x(, est la fonction caractéristique d’un certain ensemble
ouvert €2, car les paquets d’onde peuvent se concentrer le long de 02 quand il contient
une géodésique. La preuve du Théoreme 1.1.9 implique que :
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CCG de Q = stabilisation uniforme = CCG d’un voisinage de €,

et pourtant I’écart entre la premiere condition et la derniere condition reste un-connu.
Seuls quelques exemples intéressants existent.

Théoréme 1.1.10 (Lebeau, voir [203] pour une démonstration). Soit M = S? et Q) =
St = {x1 > 0}, alors xq, stabilise uniformément (1.1.7).

Dans cet exemple, les géodésiques n’entrant pas Si sont contenues dans le plan
équatorial {xr; = 0}. Lebeau a montré la stabilisation uniforme en exprimant les so-
lutions sous la forme d’une superposition des harmoniques sphériques multipliées par des
phases temporelles. Ses observations clés sont premierement la localisation tres précise
du spectre du laplacien sphériques, qui implique 'orthogonalité des phases temporelles
sur [0, 27] ; et deuxiémement la symétrie des harmoniques sphériques par rapport au plan
équatorial, qui implique que leurs masses sont également distribuées de chaque coté de
celui-ci.

N7

'S
FIGURE 1.1.1 — §2 et une surface de révolution de Zoll

Dans [203], nous généralisons cet exemple a certaines surfaces ressemblant a S? : les
surfaces de révolution de Zoll. Par définition, une variété riemannienne s’appelle une
variété de Zoll si elle admet un flot géodésique périodique, les spheres étant les exemples
les plus simples. Une surface de révolution de Zoll est une variété de Zoll avec deux
dimensions qui est en méme temps une surface de révolution. La géométrie d’une surface
de révolution de Zoll ressemble beaucoup & celle de S?, car on peut définir les poles nord
et sud, les méridiens (les lignes de longitude), les paralleles (les cercles de latitude), et
en particulier les hémi-surfaces nord et sud, et I’équateur. Voir la Figure 1.1.1 pour une
comparaison entre S? et une surface de révolution de Zoll. Voir le livre [29] de Besse
pour plus d’informations sur les variétés de Zoll et autres variétés avec des géodésiques
fermées, et une caractérisation des surfaces de révolution de Zoll. Plus précisément, le
Corollaire 4.16 du [29] a donné une correspondance entre les surfaces de révolution de
Zoll et les fonctions impaires ¢ : [—1,1] — [—1, 1] avec p(1) = ¢(—1) = 0, qui implique
qu’il y a un nombre indénombrable de surfaces de révolution de Zoll.

Théoréme 1.1.11 (Zhu). Soit ¥ une surface de révolution de Zoll, et ¥, [’hémi-surface
nord, alors X, stabilise uniformément (1.1.7).

La démonstration simple de Lebeau ne marche plus sur les surfaces de révolution de
Zoll car aucune correspondance d’harmoniques sphériques n’est encore connue sur les

7
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variétés de Zoll. La preuve dans [203] examine de plus pres les fonctions propres d'un
opérateur laplacien modifié qui se concentrent le long de I’équateur 9%, et montre que
les masses de ces fonctions propres sont réparties de maniere comparable de chaque coté
de I’équateur. Voir Burq-Gérard [45] pour la stabilisation de I’équation des ondes avec un
amortissement non-continu sur les tores, et pour la comparaison entre différents cadres
géométriques.

1.1.5 Controle de I’équation de Schrodinger

Le probleme du controle de I’équation de Schrodinger
, 1

est plus compliqué que I’équation des ondes, en raison de sa vitesse infinie de propagation,

. f ()] = oo.
Sur les variétés avec une géométrie non-captante — toutes les géodésiques s’échappent
vers 'infini, typiquement les espaces euclidiens (voir, e.g., la Définition 1.2.6) — le régime
des hautes fréquences sera instantanément propagé hors de toute région bornée, ce qui
implique un effet régularisant local, comme nous le verrons dans §1.2.2.1. Cela signifie
que les géométries globales seront tres importantes pour le probleme du controle sur les
variétés avec des géométries captantes, typiquement les variétés compactes.

Par Haraux [88], Jaffard [109] et Komornik [120], on sait que la CCG n’est pas
nécessaire pour la controlabilité de (1.1.9) sur les tores. Leurs démonstrations sont basées
sur la méthode de séries de Fourier, en particulier la théorie des séries lacunaires par Ka-
hane [111]. Pour I’équation de Schrédinger avec potentiel, la controlabilité sans CCG a été
obtenue par Burq—Zworski [48], Bourgain-Burq-Zworski [36], Anantharaman-Marcid [18],
Bourgain [35], etc., a l'aide des techniques micro-locales. Récemment, en utilisant les
résultats et les techniques de Dyatlov—Jin [74], Jin [110] a montré la controlabilité de (1.1.9)
sur des surfaces hyperboliques sans CCG. Les tores et les surfaces hyperboliques sont
les seuls exemples connus ou la CCG n’est pas nécessaire. Sur les variétés générales, la
controlabilité nécessite la CCG. En effet, la CCG est nécessaire sur S% ou plus généralement
les variétés de Zoll, voir, e.g., Macia [140] et Macia—Riviere [141]; la CCG est suffisante
sur les variétés générales, par Lebeau [131] via une approche semi-classique.

1.1.5.1 Controle de I’équation de Schrodinger fractionnaire

Qu’en est-il des équations de Schrodinger fractionnaires ?
(1.1.10) 0+ | Dyl®u = xoF, 1<a<?2.

Lorsque o = 1, on a I’équation de la demi-onde, pour laquelle la CCG est nécessaire.
Quand o = 2, on a I’équation de Schrodinger. Au moins sur les tores, la CCG n’est pas
nécessaire. Quand 1 < o < 2, méme si on a toujours la vitesse infinie de la propagation,
on a encore besoin de la CCG, au moins sur T?, d’aprés notre démonstration dans [204].

Théoréme 1.1.12 (Zhu). La controlabilité de (1.1.10) sur T? implique la CCG.
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1.2 Propagation des singularités

Le mot singularité a été largement utilisé pour décrire des états physiques au-dela de
la description des lois physiques. En dehors des singularités, le monde semble évoluer de
maniere réguliere, décrite par des équations aux dérivées partielles.

Afin de comprendre compléetement le monde, il faut répondre a des questions sur
les singularités. Que sont les singularités 7 Comment décrire les singularités 7 Comment
évoluent les singularités ? etc. Des mathématiciens de différentes branches ont essayé de
répondre a ces questions depuis des décennies, dans différents contextes et avec différents
outils mathématiques.

Dans 'analyse mathématique et la physique, les singularités apparaissent jadis sous
formes différentes, e.g., les points discontinus des fonctions, la masse de Dirac (voir Di-
rac [70]), etc. Ce n’est qu’a partir du développement de la théorie des distributions par
Sobolev [177] et Schwartz [173] que la définition des singularités — au moins du point de
vue de l'analyse — est claire.

Définition 1.2.1. Soit u une distribution sur une variété M, x € M s’appelle une
singularité de u si u n’est pas une fonction C'*° lorsqu’elle est limitée a un voisinage
quelconque de z. L’ensemble de toutes les singularités de u s’appelle le support singulier
de u, noté par sing supp u.

1.2.1 Singularité micro-locale et propagation des ondes

Les solutions d’équations différentielles peuvent contenir des singularités. L’étude de
la propagation des singularités par des équations différentielles a une longue histoire. Le
modele le plus simple est peut-étre I’équation des ondes en dimension un,

8t2u - Czaiu - 07 (U, a15u>|t:0 - <f7 g>7
dont la solution est donnée par la formule de d’Alembert [62],

flx+ct)+ flx —ct) 1 [oF
2 +2_c/

u(t,z) = g(s)ds.

r—ct

Quand g = 0, on voit donc que les singularités de f se propagent le long du cone de
lumiere {z = =+ct}, a la vitesse ¢ de lumiére. Dans cette direction, pour les équations
hyperboliques plus générales, on a les travaux de Lax [129] et de Courant—Lax [56], etc.
Cependant, on ne peut toujours pas dire dans quelle direction du cone de lumiere —
{z = ct} ou {z = —ct} — se propagent les singularités, basées uniquement sur les infor-
mations données par sing supp u. La situation devient considérablement plus compliquée
en dimension supérieure car on aura une infinité de directions possibles pour la propaga-
tion des singularités.

1.2.1.1 Meécanique quantique et analyse micro-locale

Les intuitions physiques peuvent étre utiles pour résoudre ce probleme. Selon la
mécanique classique, le mouvement d'une particule suit la loi du mouvement de New-
ton [156]. Sa trajectoire est déterminée une fois que sa position initiale et son moment
initial sont donnés. Parallelement, le principe de Huygens—Fresnel, [104, 80] nous explique

9
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comment le front d’onde d’une onde plane se propage en fonction de son oscillation.
Avec le développement de la mécanique quantique, la dualité entre les deux descriptions
ci-dessus devient plus claire. Pour décrire completement le comportement d’une entité
quantique, on doit la considérer simultanément comme une particule et comme une onde.

1l semble que nous devions utiliser parfois une théorie et parfois l’autre, alors
qu’on peut parfois utiliser 'une ou l'autre . . . Nous avons deux images contra-
dictoires de la réalité ; séparément, ni l'un ni 'autre n’expliquent complétement
les phénomeénes de lumiere, mais ensemble, elles le font.

— Albert Einstein

Une théorie réussie qui illustre bien cette dualité onde-particule est 1’équation de
Schrodinger [170, 171],

d h?
o= - Eo
7 dtw QMV + VI
ol ¢ est la fonction d’onde de la particule, p est la masse de la particule et
h = 6.626070150(81) x 107%4J - s

est la constante de Planck [163]. Les grandeurs physiques classiques telles que la position
et le moment doivent maintenant étre exprimées en forme d’observables quantiques T = x

et p = —1hd,. Lorsque on les mesure, les valeurs moyennes des résultats sont données par
les espérances quantiques,
(1.2.1) (@) = (0, 2Y)r2,  (p) = (¥, p) 2

D’apres le principe d’incertitude de Heisenberg [93], les écarts-types de & et p ne peuvent
pas étre arbitrairement petits en méme temps — leur produit admet une borne inférieure
strictement positive,

h
Og0p > —.

2

Par conséquent, on ne peut pas mesurer avec précision la position et le moment d’une
particule quantique en méme temps. Ceci est différent de ce qui se passe pour les par-
ticules classique. Mathématiquement, comme p est le multiplicateur de Fourier A&, ce
principe d’incertitude énonce simplement le fait que v et sa transformation de Fourier ?ﬁ
ne peuvent pas étre simultanément suffisamment localisées. En effet, comme on le sait,
si ¢ est a support compact, alors 1ﬁ est une fonction analytique, qui ne peut jamais s’an-
nuler dans n’importe quel ouvert non-vide. Dans cet état d’esprit, on trouve naturel de
considérer simultanément v et sa transformation de Fourier, c’est-a-dire, qu’il faut com-
prendre comment ) se comporte dans ’espace de phase R¢ x Rg. Cela s’appelle ["analyse
maicro-locale.

Les techniques principales de 'analyse micro-locale consistent en diverses méthodes
de la micro-localisation — la localisation dans ’espace de phase. Le plus courant est peut-
étre le calcul pseudo-différentiel : pour des fonctions appropriées a sur ’espace de phase,
qui s’appellent les symboles, définissons des opérateurs Op(a), tels que premierement,
Op(x) = x et Op(§) = —i0, ; deuxiemement, Op(a)u révele le comportement de u dans
le support de a; troisitmement, la correspondance a — Op(a), qui s’appelle une quanti-
fication, établit une correspondance algébrique ou géométrique entre I'espace de symbole
et 'espace d’opérateur. La premiere de cette quantification a été donnée par Weyl [191],

Op™ (a)u(x) = // 9 a(L (1 y), Euly) dy dé,
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et la deuxieme par Kohn—Nirenberg [121],

0N (a)u(e) = [[ ¢l 9a(a,uty) dy de.

Ces deux méthodes sont essentiellement les mémes si on ne considere que les termes prin-
cipaux. Cependant, la correspondance de Weyl envoie des symboles réels a des opérateurs
symétriques, alors que la correspondance de Koren—Nirenberg envoie des polynomes
> aq(2)E™ aux opérateurs différentiels Y a,(x) D2, qui la rend souvent plus facile & uti-
liser dans ’analyse des EDP. Nous n’utiliserons que la correspondance Kohn—Nirenberg
dans cette these, et notons a(x, D,) = Op*N(a).

1.2.1.2 Front d’onde

Revenons a la discussion sur les singularités. Comme on le sait, le régime des basses
fréquences a tendance a étre régulier. Les singularités dépendent entierement du régime
des hautes fréquences. Cela coincide avec l'intuition physique que les particules classiques
ont tendance a avoir des fréquences plus hautes et des longueurs d’onde plus courtes. Par
conséquent, on peut espérer que les singularités se comportent comme des particules
classiques et que leurs directions de propagation soit déterminées par leurs oscillations
dans le régime des hautes fréquences.

Dans son célebre article [98] ou la théorie des opérateurs intégraux de Fourier a été
introduite, Hormander a donné une définition plus fine des singularités. Il a introduit
le front d’onde ce qui est un relevement du support singulier dans l’espace de phase,
permettant ainsi de voir comment les singularités oscillent et se propagent.

Définition 1.2.2 (Hérmander). Soit u une distribution, le front d’onde WF(u) est un
sous-ensemble de RY x (R¢\0), défini comme suit. On dit que (zo,&) & WF(u), si 3p €
C=(RY), o(zg) # 0, telle que la transformation de Fourier pu décroit rapidement dans
un voisinage conique de &j.

Si (z9,&) € WF(u), on appelle une singularité micro-locale de u. On voit que zy €
sing supp u si et seulement si pour un certain & € R0, (9, &) € WF(u). Ce & décrit
l'oscillation de la singularité micro-locale et sa direction de propagation.

Théoréme 1.2.3 (Hérmander). Soit P un opérateur pseudo-différentiel d’ordre un, ad-
mettant un symbole principal réel w = o(P). Soit ® le flot hamiltonien de w. Soit u une
solution de l’équation

10+ Pu =0,

alors WF (u) est propagé par ®, c’est-a-dire que Vt € R,
(x0,&) € WE(u(0)) si et seulement si ®(t, xq,&) € WF(u(t)).

En particulier pour I’équation de la demi-onde, c’est-a-dire, lorsque P = \/—A, les sin-
gularités se propagent le long des géodésiques a vitesse 1.

Pour la propagation des singularités pour ’équation des ondes non-linéaire, voir, e.g.,
Bony [34] et Lebeau [130]. Pour les progres récents de la propagation des singularités
pour I'équation des ondes, voir, e.g., Vasy [187] et Melrose—Vasy—Wunsch [145].

En utilisant le calcul pseudo-différentiel, il y une définition équivalente du front
d’onde, essentiellement du a Guillemin—Sternberg [87]. Voir aussi Gérard [82], Sjostrand—
Zworski [176], Alexandrova [13], etc.
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Théoréme 1.2.4. (20,&) & WF(u) si et seulement si 3a € CX®(RE x R{), tel que
a(xg, &) # 0 et a(z,hD,)u = O(h™) 2 lorsque h — 0.

Ce petit parametre h, appelé le parametre semi-classique, joue le role de la constante
de Planck. Lorsque h — 0, on récupere non seulement le comportement du régime des
hautes fréquences, mais également la correspondance entre la mécanique quantique et la
mécanique classique.

1.2.1.3 Mesures de défaut

Le Théoreme 1.2.3 est une justification de la CCG. Une autre maniere d’étudier la
propagation des singularités et de justifier la CCG utilise les mesures de défaut. Inspiré
par (1.2.1), on souhaite comprendre comment la quantité (¢, a(x, hD,)y) 2 se comporte
lorsque h — 0.

Définition 1.2.5. Soit M une variété riemannienne et {uy }o<p<1 bornée dans L2 (M),
alors il existe une suite h, — 0 et une mesure de Radon positive sur définie sur T*M,

telle que Va € C(T*M),

7}1—{20 (uhn,a(x, han)uhn)LQ(M) = (1, a)+pr-

Ce p s’appelle une mesure de défaut semi-classique de {up}ocp<i-

Pour les mesures de défaut semi-classiques, voir Gérard [84], Gérard—Leichtnam [86],
Lions—Paul [138]. Voir Tartar [184] et Gérard [85] pour les mesures de défaut microlocales.
Voir aussi [40].

La mesure de défaut semi-classique néglige la masse de taille o(1), ce qui la rend moins
précise que le front d’onde qui néglige la masse de taille O(h*). Cependant, elle et la
mesure micro-locale sont déja utiles dans la théorie du controle et de la stabilisation, voir,
e.g., Lebeau [132], Burq—Gérard [43], Burq—Zworski [48], voir aussi [204].

1.2.2 Effet régularisant et formation des singularités

Le Théoreme 1.2.3 n’est plus vrai lorsque P est d’ordre deux ou supérieur. Considérons
I'équation de Schrodinger sur une variété riemannienne (M, g),

1
(1.2.2) i0pu + EAu =0, u(0)=wu.

Lorsque (M, g) = (R%, (-,-)), la solution fondamentale de (1.2.2) est

e*ﬂ"id/4 T2 /2t

1.2.3 u(t,r) = ———ze" /"

(123) (1:5) = G

qui est réguliere lorsque t # 0, bien que WF(dg) = {0} x (R\0). Cela implique notamment
que les solutions avec des données initiales a supports compacts sont régulieres des que
t # 0, ce phénomene s’appelle un effet régularisant. A U'inverse, les solutions avec des
données initiales régulieres peuvent former des singularités, et on 'appelle la formation
des singularités. La cause de ces deux phénomenes est la vitesse infinie de propagation,
qui permet aux oscillations de hautes fréquences de se propager a 'infini ou de revenir
de l'infini instantanément.
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1.2.2.1 Effet régularisant

L’étude du lien entre les propriétés de localisation des données initiales et la régularité
des solutions remonte a Kato [116], qui a montré que pour une équation de KdV généralisée,
les données initiales avec une décroissance exponentielle ont des solutions instantanément
régulieres. Ce travail a été suivi par de nombreux mathématiciens dans des divers contextes
dispersifs linéaires ou non-linéaires. Voir, e.g., les références dans [57].

Nous nous concentrons sur I’équation de Schrodinger, lorsque (M, g) est asymptoti-
quement euclidienne, plus précisément lorsque M = R? et

(1.2.4) (92)ij — 0y = O(|z[717), e>0.

Kapitanski-Safarov [115] a d’abord montré U'effet régularisant avec des géométries non-
captantes. Leur résultat a été généralisé micro-localement par Craig-Kappeler—Strauss [57].

Définition 1.2.6. On dit que (xg, &) € T*M est non-capté dans le futur (resp. dans le
passé) si la co-géodésique { (4, &) her qui le traverse s’échappe de tout ensemble compact
de T*M lorsque t — oo (resp. t — —00).

Théoréme 1.2.7 (Craig—Kappeler—Strauss). Supposons que g satisfait (1.2.4), et que
(x0,&0) est non-capté dans le futur (resp. dans le passé), alors pour toute donnée initiale ug
satisfaisant |z|*ug € L?, Vk € N, on a ¥Vt <0 (resp. Vt >0),

(z0,&0) & WF (u(t)).

L’idée du Théoreme 1.2.7 est simple : les singularités se disperseront le long de
géodésiques non-captées, a condition qu’il n’y ait pas de masse a 'infini pour compen-
ser cette dispersion. L’hypothese que la géométrie soit non-captante est nécessaire, voir,
e.g., Doi [71, 72]. Pour d’autres résultats dans cette direction, voir Robbiano—Zuily [165]
pour leffet régularisant analytique micro-local avec des géométries non-captantes; voir
Burq [42] pour 'effet régularisant pour les problémes de Dirichlet a 'extérieur ; voir Szef-
tel [181, 182] pour des effets régularisants microlocaux pour des équations de Schrodinger
semi-linéaires, et les réflexions des singularités ; etc.

1.2.2.2 Ou vont les singularités ?

L’équation de Schrodinger est réversible en temps, ainsi les singularités peuvent dis-
paraitre et émerger, comme nous l’avons vu. On est donc amenés a croire que les singula-
rités sont plutot transformées en quelque chose de plus tragable plutot que de simplement
disparaitre dans le vide. Des travaux antérieurs, notamment Lascar [125, 126] et Boutet-
de-Monvel [37] ont montré que les singularités se propagent & une vitesse infinie le long des
géodésiques, mais n’ont pas décrit en fonction du temps la maniere dont les singularités
se propagent.

Deux décennies plus tard, en observant que la masse de Dirac est transformée par
le flot de Schrodinger, lorsque ¢ # 0, en une oscillation quadratique elle?/2t 3 Vinfini,
comme indiqué par (1.2.3), Wunsch [195] a défini le front d’onde de scattering quadratique
WF s (u) dans un cadre géométrique plus général : les variétés riemanniennes équipées
d’une métrique de scattering, qui lui permettaient de relier les singularités et les os-
cillations quadratiques. Indépendamment, Nakamura [153] a introduit le front d’onde
homogene et a montré des résultats similaires avec des géométries asymptotiques eucli-
diennes.
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Définition 1.2.8. Soit u une distribution tempérée, le front d’onde homogene HWF (u)
est un sous-ensemble de R} x R¢ défini comme suit. On dit que (9, &) ¢ HWF(u) si
Jp € C(RY x RY) telle que p(z0, &) # 0 et p(ha, hDy)u = O(h™) 2 lorsque h — 0.

Théoréme 1.2.9 (Nakamura). Supposons que g satisfait (1.2.4), et soit u une solution
de (1.2.2).
(1) Soit (z9,&) € HWF (ug), to > 0 (resp. to < 0). Supposons que Vt € [0,to] (resp.
Vt € [to,0]), xo + & # 0. Alors (zo + toéo, &) € HWF (u(ty)).
(2) Soit (z9,&) € WF(ug) non-capté dans le futur (resp. dans le passé), et &, (resp.
&) la direction asymptotique, lorsque t — 400 (resp. t — —o0), de la co-géodésique
{(x4,&) }ier émise a partir de (xo,&), ¢’est-a-dire, limy_,, o & = &4 (resp. limy, o & =
§_). Alors, Yty > 0 (resp. to < 0), (to€s, &) € HWF (u(ty)) (resp. (toé—,&-) €
HWE (u(to)) )

En comparant avec le Théoreme 1.2.4, la définition de HWF(u) est analogue a celle
de WF(u). La seule différence est la quantification Op(a) — a(hx, hD,), qui vise a ex-
traire des informations de w a l'infini lorsque xg # 0 et A — 0. L’intuition d’une telle
quantification est double. Premierement, on observe que pour I’équation de Schrodinger,
la vitesse de groupe est v, = £. Ainsi, un paquet d’onde de fréquence |¢| ~ h™! se propage
a la vitesse de groupe |v,| ~ h™!. Cette quantification homogene nous permet de suivre
la propagation des paquets d’onde par le flot de Schrodinger. Deuxiemement, a(hx, hD,)
peut également étre vu comme une micro-localisation dans la région d’espace de phase
olt [z] ~ h7t et €] ~ h7L, c’est-a-dire, ol la taille de x et la violence de l'oscillation sont
comparables, ou en d’autres termes, la région d’oscillation quadratique. Ainsi, on peut
s’attendre — au moins dans les espaces euclidiens — a ce que WF (. (u) et HWF (u) soient
essentiellement équivalents. Cela a été montré par Ito [108].

Le premier énoncé du Théoreme 1.2.9 étudie la propagation a 'infini. La quantification
homogene nous permet de suivre la vitesse infinie de propagation et d’obtenir un résultat
de propagation analogue au résultat classique, i.e., le Théoreme 1.2.3. Le deuxieme énoncé
est plus fin que le Théoreme 1.2.7, car il exige seulement qu’il n’y ait pas de masse dans
un voisinage conique de la co-géodésique.

Il convient également de noter qu'une autre contrepartie essentiellement équivalente
au front d’onde de scattering quadratique et au front d’onde homogene a été définie
par Hérmander [102], ou une définition similaire a celle de Nakamura a été donnée. 1l a
également donné, en suivant Sjostrand [175], une caractérisation utilisant la transforma-
tion de Fourier—Bros—Ilagolnitzer (FBI) qui lui a permis d’étudier les singularités analy-
tiques. Dans cette direction, les travaux de Hormander ont été complétés et commentés
par Rodino-Wahlberg [166] et Schulz—Wahlberg [172], ot une preuve de l'équivalence
au front d’onde homogene a été fournie. Ils ont également donné le nom le front d’onde
de Gabor a la définition de Hormander, ce qui implique le lien étroite entre différents
sujets : la transformation de Gabor, la transformation de Segal-Bargmann, la transfor-
mation en paquets d’onde, la transformation de FBI, les opérateurs intégraux de Fourier,
etc. Voir Gabor [81], Bargmann [25], Segal [174], Hormander [98], Bros—lagolnitzer [39],
Sato—Kawai-Kashiwara [169], Cérdoba—Fefferman [55], voir aussi Folland [79].

1.2.2.3 Front d’onde quasi-homogene

Peut-on suivre I’échappement des singularités pour d’autres équations dispersives avec
une vitesse infinie de propagation ? Dans [205], nous avons introduit le front d’onde quasi-
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homogéne qui généralise le front d’onde de Hormander et le front d’onde homogenes de
Nakamura, et étend les résultats de propagation de Wunsch [195] et de Nakamura [153]
— au moins dans le cas de coefficients constants — a certaines équations du type de
Schrodinger,

(1.2.5) i0u+ |Dy|"u=0, ~>1,

qui incluent notamment 1’équation de la demi-onde, les équations de Schrodinger et
Schrodinger fractionnaires, (approximativement dans le régime des hautes fréquences)
la linéarisation du systeme des ondes de surface avec tension superficielle.

Définition 1.2.10. Soit u une distribution tempérée, 6 > 0, p > 0 avec d + p > 0 et
1 € RU{oc}. Le front d’onde quasi-homogene WE} ,(u) est un sous-ensemble de RZ x ]Rg
défini comme suit. On dit que (o, &) & WF5 ,(u) si 3a € CZ(RE xR) avec a(xo, &) # 0,
telle que a(hz, h?D,)u = O(h*) 2 lorsque h — 0.

Théoréme 1.2.11 (Zhu). Soit u une solution de (1.2.5) avec la donnée initiale uy.
(1) Si py =0+ p, alors Vi, € R,

(20, &0) € WF (1) \{€ = 0} <= (w0 + to[&]" %60, &0) € WFF ,(u(to))\{§ = 0}.
(2) Siy>1, py>d+p, to#0, (z0,6) € WF5 (uo)\{§ = 0}, alors

(010260, &0) € WF" | (u(to)\{€ = 0}.

Les deux énoncés ci-dessus étendent respectivement les deux énoncés du Théoreme 1.2.9,
comme

WEG (u) N{€ # 0} = WF(u), WF(u) = HWF (u).

De plus, on vérifie que WEF{(u) est essentiellement le front d’onde de scattering WF.(u)
de Melrose [143]. En effet, dans R, (z,£) € WFy(u) si et seulement si (z, —£) € WFT(u).

On doit distinguer le front d’onde quasi-homogene et le front d’onde introduit par Las-
car [125], appelé aussi parfois le front d’onde quasi-homogene. La quasi-homogénéité de
la Définition 1.2.10 concerne a la fois les variables x et &, tandis que la quasi-homogénéité
de Lascar ne concerne que la variable £. Nous avons décidé de garder le nom “front d’onde
quasi-homogene”, car il ne crée aucune ambiguité et correspond bien aux définitions de
Hormander et de Nakamura.

1.2.2.4 Formation des singularités

Comment la masse a 'infini forme-t-elle des singularités ? Pour 1’équation de Schrodin-
ger, par le Théoreme 1.2.9, on peut au moins dire que : étant donné (xg, §y) € HWF (u(—ty)),
elle peut éventuellement former des singularités micro-locales en temps ¢ = 0 seulement
si g + to&p = 0. Toutes les singularités micro-locales formées de cette maniere doivent
osciller dans la direction &.

Cependant, ni le front d’onde de scattering quadratique ni le front d’onde homogene
ne sont en mesure de déterminer les positions de ces singularités, car des singularités
différentes ayant la méme direction d’oscillation forment la méme oscillation quadra-
tique. Les informations sur les positions peuvent se trouver dans le front d’onde de scat-
tering apres avoir annulé des oscillations quadratiques, comme 1’a montré par Hassell-
Wunsch [91], voir aussi [90]. Leur résultat a été énoncé sur les variétés riemanniennes

15



CHAPITRE 1. INTRODUCTION

équipées d’une métrique de scattering. Nous ne l’énoncerons que pour l’équation de
Schrodinger pour des particules libres dans les espaces euclidiens.

Théoreme 1.2.12 (Hassell-Wunsch). Si u résout (1.2.2) ou g est la métrique eucli-
dienne, alors V't # 0,

(0, &0) € WF(ug) si et seulement si (£, z0/t) € WF(u(t)e 1#1°/2t).

Il existe d’autres caractérisations quand on a des géométries asymptotiquement eucli-
diennes, qui utilisent des outils de la théorie du scattering, voir, e.g., Nakamura [154], ou
la transformation en paquets d’onde, voir, e.g., Kato-Kobayashi-Ito [117, 118]. Ces der-
niers utilisent la caractérisation du front d’onde par la transformation en paquets d’onde,
due & Folland [79] et Okaji [159], voir aussi Gérard [83].

Un autre exemple important est I'oscillateur harmonique quantique, c¢’est I’équation de
Schrodinger avec un potentiel quadratique. Dans ce cas, les singularités réapparaissent
de fagon périodique, d’apres Zelditch [201]. Voir aussi Weinstein [190], Wunsch [196],
Mao—Nakamura [142], etc.

1.3 Ondes de surface

Nous n’avons jusqu’a présent envisagé que des équations dispersives linéaires. Il est
intéressant de se demander comment étudier les théories du controle, de la stabilisation et
de la propagation des singularités pour des équations non-linéaires. Des travaux ont été
effectués pour des équations semi-linéaires, pour n’en nommer que quelques-uns : pour
des équations d’onde semi-linéaires, voir Bony [34], Lebeau [130] et Dehman—Lebeau—
Zuazua [65]; pour des équations de Schrdinger semi-linéaires, voir Dehman—Gérard—
Lebeau [66] et Szeftel [181] ; pour I'équation de Benjamin-Ono, voir Linares-Rosier [135]
et Laurent—Linares—Rosier [128]; pour I’équation de KdV, voir Rosier [167] et Laurent—
Rosier-Zhang [127] ; etc.

Cependant, pour les équations dispersives quasi-linéaires, les résultats restent peu
nombreux. Nous nous concentrerons sur le systeme des ondes de surface avec tension
superficielle et les travaux de Alazard-Baldi-Han-Kwan [5] et Zhu [204, 205].

Le systeme des ondes de surface avec tension superficielle décrit 1’évolution du fluide
non visqueux, incompressible et irrotationnel avec une surface libre, en présence d’un
champ gravitationnel et de tension superficielle. En réalité, il modélise, e.g., un réservoir
d’eau sur la Terre. En raison de son importance évidente, I’étude des ondes de surface
a une histoire extrémement longue, qui remonte a Newton, Euler, Laplace, Lagrange,
Bernoulli et d’autres grands mathématiciens. On peut se référer a la revue historique [61]
due a Craik pour les progres de la théorie des ondes de surface avant le milieu du XIXe
siecle. Voir le livre [122] de Lamb pour une introduction a I’hydrodynamique classique,
et le livre [124] de Lannes pour les progres modernes de la théorie des ondes de surface.

1.3.1 Formulations de systéeme des ondes de surface

Il existe différentes formulations mathématiques du systeme des ondes de surface, voir,
e.g., [124], mais nous nous concentrerons sur la formulation eulérienne, voir, e.g., [122],
et la formulation de Zakharov [199] / Craig—Sulem [60].
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1.3.1.1 Formulation eulérienne

Soit €2 le domaine occupé par le fluide, ¥ la surface libre et T' le fond. Voir la Fi-
gure 1.3.1. A cause du mouvement du fluide, Q2 et ¥ dépendent du temps. La formulation
eulérienne décrit le mouvement du fluide par ’équation d’Euler incompressible dans {2
avec des conditions aux bords X et I'.

i > = la surface libre

Q = le domaine du fluide

I' = le fond

FiGURE 1.3.1 — Ondes de surface

Plus précisément, mettons le domaine du fluide dans R*! = R4 x R,, ou z est la
coordonnée horizontale et y est la coordonnée verticale. Supposons que la surface libre
soit le graphe d’une fonction dépendante du temps n : R — R, alors, ¥ = {y = (¢, z)};
tandis que le fond est plat et de profondeur b < oo, c’est-a-dire, I' = {y = —b}. De plus,
nous nous limiterons a la région profonde du fluide, c¢’est-a-dire, ou il’'y existe une distance
positive entre la surface libre et le fond,

dist(X,T") > 0.

Par conséquent, le domaine du fluide est simplement Q = {—b <y < n(t,z)}.

Le mouvement du fluide peut étre décrit par I’évolution de ¥ et I'hydrodynamique
dans Q, c’est-a-dire, I’évolution du champ de vecteur eulérien v : 8 — R?. L’interaction
entre 7 et v nécessite la pression P : 0 — R. Soit g € R la gravité de la Terre, e, =
(0,...,0,1) la direction (inverse) de la gravité, n : 9Q — S le champ de vecteur normal
vers lextérieur de 9€2, k > 0 le coefficient de la tension superficielle et

Vi
i = (T
V1+ [Vl
le courbure moyenne de X, le systeme des ondes de surface avec tension superficielle peut
se formuler comme suit.

(@v +v-Vgyv+ VP =—ge, [’équation d’Euler
Vg -v=0 ["incompressibilité
(1.3.1) Vay Xv =0 Uirrotationalité
om = WU\Z ‘n la condition cinétique
—Pl|s = kH(n) la condition dynamique
(v[r-n=0 la condition au fond

La condition cinétique implique que les particules du fluide se trouvant initialement sur X
resteront sur X ; la condition dynamique indique 1’équilibre entre la pression et la tension
superficielle kH(n) ; la condition du fond implique que le fond est impénétrable.
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Remarque 1.3.1. Quand g = 0 et k > 0, (1.3.1) modélise les ondes de capillarité, qui
sont les ondes de petite longueur d’onde dont la dynamique est dominée par la tension
superficielle. Lorsque k = 0 et g > 0, (1.3.1) modélise les ondes de grande longueur
d’onde, y compris les tsunamis et les marées océaniques, dont la dynamique est dominée
par la gravité de la Terre. Voir la Figure 1.3.1 qui provient du livre Hamonshu (le livre des
formes des ondes), contenant des illustrations artistiques japonaises des ondes de surface
— de petite longueur d’onde et de grande longueur d’onde. Quand £ = 0, on a besoin que

FIGURE 1.3.2 — Mori Yuzan, 1903, Hamonshu, Yamada Geisodo, Kyoto-shi

g > 0 pour maintenir ensemble le fluide. En effet, dans ce cas, Wu [192, 193] a montré la
condition de signe de Taylor,
- ilzlf OnP >0,

qui est ce dont on a besoin pour que le systeme des ondes de surface soit bien posé.
Cependant, en présence de la tension superficielle, la condition de signe de Taylor est
sans importance, car la tension superficielle elle-méme est capable de maintenir ensemble
le fluide, ce qui coincide avec notre intuition physique. Naturellement, comme ’ont montré
Ambrose-Masmoudi [16, 17], le systeme des ondes de surface sans tension superficielle est
la limite, en tant que x — 0, du systéeme des ondes de surface avec tension superficielle.

1.3.1.2 Formulation de Zakharov / Craig—Sulem

L’une des difficultés principales dans ’étude de (1.3.1) est la dépendance temporelle du
domaine Q. D’apres Zakharov et Craig—Sulem, on peut reformuler (1.3.1) en un systeme
sur R?. Le prix & payer, cependant, est que le systéme qu’on obtient sera un systeme
pseudo-différentiel, comme nous le verrons dans §1.3.3.

Par I'incompressibilité et l'irrationalité de v et par I’annulation de la vitesse verticale
au fond, on peut trouver un potentiel ¢ : 2 — R de v, c’est-a-dire, V,,¢ = v, qui satisfait

Ay =0, 0yolr =0.
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Soit ¢ (t,x) = ¢(t, z,n(t,x)), et définissons

Gy =1+ |Vnuls -n= /14 |Vn]20,9|s.

Cet opérateur G(n) s’appelle Uopérateur de Dirichlet—-Neumann car il envoie la condition
de Dirichlet de ¢ sur la condition de Neumann de ¢, a un facteur multiplicatif pres.
Enfin, en laissant £ = 1, on peut reformuler (1.3.1) en termes de (1,v), qui s’appelle la
formulation de Zakharov / Craig—Sulem.

o — Gn)y =0,

1.3.2
(1.3.2) 8t¢+gn—H(n>+%|W)|2—

1 (V- Vi + Gn)y)?

= 0.
2 1+|Vn|?

1.3.2 Théorie de Cauchy

La littérature sur la théorie de Cauchy du systeme (1.3.1) est énorme. Pour en nommer
quelques-uns, Nalimov [155], Kano—Nishida [114] et Yosihara [197, 198] ont initié 'étude
de la théorie de Cauchy. Dans le cadre des espaces de Sobolev, sans hypothese de petitesse
des données initiales, Wu [192, 193] a montré que le systeme sans tension superficielle
est bien posé ; Beyer—Giinther [30] a montré que le systéme avec tension superficielle est
également bien posé. Lannes [123] a étudié le systeme en utilisant la formulation d’Euler.
Alazard-Métivier [12] ont introduit des techniques para-différentielles dans 1’étude, suivi
par Alazard-Burq—Zuily [6, 8, 9] qui ont pu établir que le systéeme — avec ou sans tension
superficielle — est bien posé, avec des régularités de Sobolev faibles. Voir aussi Rousset—
Tzvetkov [168] et Ming—Rousset—Tzvetkov [150] pour les ondes de surface solitaires.

Pour les progres sur les solutions globales et les solutions aux régularités faibles, voir,
e.g., Alazard-Delort [10], Berti-Delort [28], Ifrim—Tataru [105], Ionescu—Pusateri [107],
Wang [189], de Poyferré-Nguyen [64], Deng—Tonescu—Pausader—Pusateri [68], Wu [194],
etc. Alazard-Burq—Zuily [9] ont montré que le systéme sans tension superficielle est bien
posée dans les espaces de Sobolev uniformément locaux, suivis par Nguyen [157], qui a
obtenu des estimations dans des espaces de Sobolev pondérés uniformément locaux. Nous
avons montré dans [205] I'existence de solutions dans des espaces de Sobolev pondérés,
pour le systeme avec tension superficielle.

Définition 1.3.2. Soit (u,m) € R x N, on dit que u € H* si Vj € [0,m] NN,
(@) (DY e L2, () =1+

Théoreme 1.3.3 (Zhu). Soit pn > 3+d/2, m < 2u—6—d, (1, 10) € HiaT* x 1P, alors

m’

T > 0, (n,v) € C([-T,T), I % HE) qui résout (1.3.2) avec les données initiales
(10, o) -

Lorsque m > 0, on obtient des ondes de surface asymptotiquement plates, pour les-
quelles les géométries des surfaces libres sont asymptotiquement euclidiennes.

1.3.3 Analyse micro-locales des ondes de surface

D’apres Calderén [50, 51], au moins quand n € C*°, G(n) est un opérateur pseudo-
différentiel d’ordre un, c’est-a-dire, G(n)y) = Op(A)e. Le symbole A admet le développement
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asymptotique
(1.3.3) A~ XD 2O LAY
ou le symbole principal est donné par

A (z,€) = V(1 + [Vn(@)P)[EP — (Vn(x) - €)%,

Les termes de reste peuvent se calculer par récurrence, voir, e.g., [19]. Lorsque 7 a une
régularité limitée, il existe différentes méthodes pour obtenir des estimations et la struc-
ture de G(n), et par conséquent la structure du systéme des ondes de surface, voir, e.g.,
[59, 75, 123, 58, 30, 192, 193, 6, 8|, parmi lesquels I"approche para-différentielle est efficace
et robuste.

1.3.3.1 Calcul para-différentiel

L’approche para-différentielle est basée sur le calcul para-différentiel introduit par
Bony [33], voir aussi Meyer [148] et Métivier [146]. Le but initial du calcul para-différentiel
était d’étudier la propagation des singularités pour les équations non-linéaires, voir, e.g.,
(33, 34]. Une des limitations du calcul pseudo-différentiel était la régularité des sym-
boles, ce qui a, pour I'’étude des EDP non-linéaires, motivé l'introduction du calcul
para-différentiel. En effet, étant donné une fonction a, pour que I'application u — au
soit bornée dans H™, on a besoin que a € W™, Cependant, la composition de deux
opérateurs différentiels, ou I’adjoint d’un opérateur différentiel a généralement des coef-
ficients moins réguliers.

Pour résoudre ce probleme, Bony a défini le para-produit T,u, en ne gardant que
Iinteraction de “basse fréquence-haute fréquence” entre a et u. Plus précisément, par la
décomposition de Littlewood-Paley Id = > _,A,, T,u peut étre définie essentiellement
comme

p=>0

T,u= Z Z AyaAqu,

p>0 g>p+N

pour un certain N € N suffisamment grand. De cette facon, l'oscillation de Aja est
comparativement insignifiante par rapport a celle de Aju, ce qui rend la norme-L* de a
suffisante dans 'estimation de T,u : si a € L™, alors Vs € R,

1 Tall s e S llal| oo

Par symétrie, le produit au admet la décomposition au = T,u+T,a+ R(a,u). Sia € H®,
u € HP, avec a, 8 > d/2, alors

1R (@, w)|| grass-arz S Nlal e [ul| -

La définition du para-produit s’étend naturellement aux opérateurs para-différentiels pour
les symboles a(z, ) avec des régularités limitées. Ces opérateurs bénéficient d’un calcul
symbolique suffisamment bon.

La para-linéarisation est un autre outil puissant pour traiter les non-linéarités.

Théoréme 1.3.4 (Bony). Soit f € C*(R), f(0) =0 etuw e H*, s> d/2, alors

f(u) — Tyryu € H?=4/2,
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Le terme T'p(,yu peut étre vu comme une linéarisation tangentielle de f(u), ce qui
réduit les estimations de f(u) a 'estimation-L> de f’(u). Pour une généralisation d’ordre
supérieur du Théoreme 1.3.4, voir Bailleul-Bernicot [23].

Outre son objectif initial pour la propagation des singularités, le calcul para-différentiel
s’avere également extrémement utile pour la théorie de Cauchy des équations non-linéaires
voir, e.g., Métivier [146], Delort [67], Bienaimé [31], Bienaimé-Boulkhemair [32], Feola-
Tandoli [77], Stingo [180].

De plus, avec des modifications légeres, le calcul para-différentiel peut étre étendu aux
espaces de Sobolev pondérés, voir Zhu [205]. Pour le calcul para-différentiel semi-classique,
voir Métivier—Zumbrun [147] et [205].

’

1.3.3.2 Para-linéarisation du systeme des ondes de surface

Dans I’étude des ondes de surface, le calcul para-différentiel a été utilisé pour la
premiere fois par Alazard-Métivier [12], et encore accompli par Alazard-Burq—Zuily [6, 8.
Notons en particulier le résultat suivant d’une para-linéarisation de l'opérateur Dirichlet—
Neumann.

Proposition 1.3.5 (Alazard-Métivier). Soit (n,v) € H*Y2 x H* avec > 3 +d/2.
Soit A = AV £ XO oo Ns=27472] qéfing par (1.3.3), alors

Gy =Ta(v —Tpn) =V - Tyn + R(n, ),

_ V- Vo + Gy

L+ [Vnl>
sont respectivement la trace de la vitesse verticale 0,¢ et la trace de la vitesse horizontale
V¢ a la surface libre &, et R(n,v) € [2u—3-d/2

B

V = Vi — BVn,

La para-linéarisation du systeme entier et une symétrisation révelent la structure du
systeme des ondes de surface. Soit (1,) € H*7'/2 x H* une solution de (1.3.2), alors on
peut définir une nouvelle variable

u=Tyn —iTy( — Tpn)

avec des opérateurs para-différentiels 7}, et T, bien choisis, respectivement des ordres 1/2
et 0, tels que u satisfait ’équation para-différentielle

(1.3.4) Owu~+ 1 Tu + Ty - Vu + termes de reste = 0,

ou T, est d’ordre 3/2, avec le symbole principal

(Vila) £ yoit

(3/2) — _
8 o2 (Jf7§) - (|§’2 1+ |V7](ZL‘)|2

Observant que v3/2) = [(g5)71 (&, €)]?/%, ol gy, est la métrique riemannienne de 'hypersur-
face ¥ héritée de R, le systeme des ondes de surface avec tension superficielle peut donc
étre considéré comme une équation de Schrodinger fractionnaire sur Y. Cette équation
est quasi-linéaire, car la géométrie de X dépend de 7.
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1.3.4 Controle et stabilisation

Le controle et la stabilisation des ondes de surface ont un intérét a la fois dans la
théorie et dans I'application (voir, e.g., Alazard [2]). Nous nous intéressons principalement
au controle des ondes des surface avec tension superficielle par une pression extérieure
Py appliquée a la surface libre (voir la Figure 1.3.3). Plus précisément, nous souhaitons
générer des surfaces libres et des champs de vitesse arbitraires en soufflant de I’air au-
dessus de la surface libre. Nous souhaitons également savoir si cette pression extérieure
peut se limiter a un domaine w qui est petit. Des questions similaires peuvent absolument
se poser pour le probleme de la stabilisation, pour lequel on peut se référer a Alazard [3, 4].
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FIGURE 1.3.3 — Ondes de surface sous la pression extérieure

Nous nous limiterons aux ondes de surface spatialement périodiques, qui peut étre
générés, par exemple, en périodisant un réservoir rectangulaire du fluide. De maniere équi-
valente, cela signifie étudier I’équation des ondes de surface sur T¢, c’est-a-dire, (x,y) €
T¢ x R. L’existence de P.. change la condition dynamique en

—Pls = kH(n) + Pex.
Linéarisant (1.3.4) en (n,v) = (0,0), on arrive au probleme du controle linéaire
8tu + Z|Dw|3/2u = Pext-

Sous la CCG, la controlabilité de cette équation peut étre prouvée de la méme maniere
que I’équation de Schrodinger, en utilisant approche de Lebeau [131], en faisant attention
a ce que P, soit a valeur réelle!

Traitant I’équation quasi-linéaire originale, Alazard-Baldi-Han-Kwan [5] ont utilisé
un schéma itératif qui réduit le probleme du controle non-linéaire a une série de problemes
du controle linéaires. Comme ils étudient le systeme en dimension deux, c’est-a-dire,
d = 1, ils appliquent la méthode des séries de Fourier et concluent par I'inégalité d’Ingham
(voir Ingham [106]) que ces équations linéaires, et par conséquent le systeme des ondes
de surface, sont controlables. En dimensions supérieures, nous avons montré dans [204] la
controlabilité avec la CCG — qui est toujours satisfaite quand d = 1 — en implémentant
une approche semi-classique dans le régime des hautes fréquences et en prouvant une
propriété de la continuation unique dans le régime des basses fréquences.

Théoréme 1.3.6 (Alazard-Baldi-Han-Kwan (d = 1), Zhu (d > 1)). Soitd > 1, T' > 0,
s suffisamment grand, w satisfait la CCG, alors g > 0, Y(ni, ;) € H/2 x H® avec
H(VT}Z',VQZJi)HHs—lmst—l < €p (Z =0, 1), et fT]de = fﬁldl’ =0, dP.y € C([O,T],HS),
telle que
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(1) Py est a valeur réelle et supp Poy(t, ) C w, Vt € [0,T];
(2) il existe une solution unique de (1.3.2), (n,v) € C([0,T], H**'/2 x H®), telle que

(17, 9)i=0 = (M0, %0) et (n,¥)]i=r = (M, 1).

1.3.5 Propagation des singularités

Des phénomenes tels que 'effet régularisant et la formation des singularités peuvent
éventuellement étre attendus pour des ondes de surface avec tension superficielle. Mathé-
matiquement, cela est di a la vitesse infinie de propagation de I’équation de Schrodinger
fractionnaire (quasi-linéaire) (1.3.4) ; physiquement, c’est parce-que la tension superficielle
a tendance a lisser instantanément la surface libre.

Des effets régularisants locaux pour les ondes de surface avec tension superficielle
ont été prouvés quand d = 1, voir Christianson-Hur—Staffilani [54] et Alazard-Burq—
Zuily [6]. Voir aussi Alazard-Ifrim—Tataru [11] pour une inégalité de Morawetz pour
les ondes de surface sans tension superficielle, en dimension deux. Cependant, aucun
résultat concernant les effets régularisants locaux en dimensions supérieures, ou les effets
régularisants microlocaux n’était connu auparavant.

Dans [205], nous avons obtenu deux résultats de propagation, correspondant respec-
tivement aux deux énoncés de Théoreme 1.2.9. Selon le Théoreme 1.2.11 et la nature
Schrodinger-fractionnaire du systeme des ondes de surface avec tension superficielle, ces
résultats devraient impliquer 1'utilisation des fronts d’onde quasi-homogenes avec les pa-
rametres (d,p) = (1/2,1). De plus, ces résultats sont obtenus pour les ondes de sur-
face avec une décroissance spatiale suffisante, dont les existences sont promises par le
Théoreme 1.3.3. Plus précisément, la géométrie de la surface libre sera une perturbation
a courte portée de la géométrie euclidienne. Par conséquent, la dépendance temporelle
de la géométrie n’affecte pas le comportement du régime des hautes fréquences, grace a
la vitesse infinie de propagation.

Soit (n, ) € C(|=T,T), H4™* x H™ ) 1a solution de (1.3.2) avec les données initiales
(M0, %0), ol et m sont a déterminer ci-dessous. Notre premier résultat est la propagation
a I'infini.

Théoréme 1.3.7 (Zhu). Supposons que >3+ d/2, 3 <m < 2u—6—d. Soit
(w0, &) € WFY L7 () UWFL Y (), € #0,

ou0 <o <m/2—-3/2. Soitty € [0,T] (resp. to € [-T,0]) tel que

3
o + §t]§0\’1/2£0 #0, Vte|0,ty] (resp. Vte [ty,0]).

Alors
3 _ o o
(170 + Stoléol /260, &) € WEL L2 (n(to)) U WELT, (4(t0)):

Notre deuxieme résultat concerne l'effet régularisant microlocal. Soit G le flot co-
géodésique sur la surface libre initiale ¥y = {y = no(z)}, qui peut étre identifié en tant
que le flot hamiltonien sur R x R¢ du symbole

(Vip(z) - §)?

_ 2 >
G0 =1~ T e
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Théoréme 1.3.8 (Zhu). Soit d > 1, p>3+d/2,3<m < 3(p—3—d/2),

(20, &) € WELT27 (o) UWFLT (1), & # 0,

010 < o <min{u/2—-3d/4,3m/2}. Supposons que la co-géodésique { (x4, &) = Gi(xo,&o) brer
soit non-captée dans le futur (resp. dans le passé). Alors, 3¢, € R\{0} (resp. I €
RA{0}) tel que,

lim & =&y, resp. lim &, =&,

t—00 t—o0

et pour tout 0 < to < T (resp. =T <ty <0),

3 _ o o
<§t0|§+| 1/2f+af+> € WFI;;L;{H (n(to)) U WY, (¥(to)),

3 _ o o
resp. (Stolé- |76 ) € WEHLLH (ko) U WY, (ko).

Observons que &, et £ sont déterminés par la géométrie initiale donnée par 7y, en
raison de la vitesse infinie de propagation. Au moins dans deux cas, la géométrie de
Yo est (partout) non-captante : soit d = 1, soit ||(z)V?no||z est suffisamment petit.
Dans ces deux cas, nous avons obtenu des effets régularisant locaux lorsque les données
initiales présentent une décroissance spatiale suffisante, en particulier lorsqu’elles sont
aux supports compacts.

Corollaire 1.3.9 (Zhu). Supposons que les deuz conditions suivantes soit satisfaites :
(1) soit d =1, soit |[{x)V?no||r~ est suffisamment petit ;
(2) WF%{{“"@O) UWFY () € {z =0}y u{& =0}

Alors Vg € [T, TIN{0} et Ve > 0, (n(to), (to)) € HIT/2T77¢ 5 Firo—e,

loc loc
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Chapitre 2

Stabilization of damped waves on Sd
and Zoll surfaces of revolution

2.1 Introduction

2.1.1 Problem of stabilization and main result

Consider the Cauchy problem of the damped wave equation on a compact Riemannian
manifold (M, g) without boundary.

211) {(af—A+aat)u:o in D'(R x M),

(u, Opu)i—o = (ug,u1) € H (M) x L*(M).
Here A = A, is the Laplace-Beltrami operator with respect to the metric g. The func-
tion a € L*>°(M) is non-negative, and ad,u is called the damping term, as it causes decay

in energy (defined below). There is a unique solution v € C*(R, L*(M)) N C(R, H'(M))
to (2.1.1) by the theorem of Hille-Yosida. The energy defined by

1 1
(2.1.2) E(u,T) = SIIVu(D) 2 r) + 10T 2200

decays monotonically as T' increases, due to the non-negativity of a and the identity

(2.1.3) E(u, E(u,0) / / 7)|0pu(t, v)|* dz dt.
A natural question to ask is whether, as a consequence of the damping effect,

lim E(u,T)=0
T—4o00
for every solution u to (2.1.1). If this is true, we say that a weakly stabilizes (2.1.1). When
such a stabilization is uniform for all solutions, or more precisely, if for some function
[ i Rsg — Ry with limp o f(T) = 0 and every solution u to (2.1.1), we have for all
T >0,
E(u,T) < B(u,0) x f(T),

then we say that a strongly stabilizes (2.1.1). It is well known that whenever the strong
stabilization holds, the function f could be chosen of the form

f(T)=Ce™PT C>0, 8>0,
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so that we have in fact a uniform exponential decay of energy (see for example [44] for
an elementary proof).

When a € C(M), Rauch-Taylor gave in [164] a sufficient condition (a geometric
control condition, to be stated as condition (2) in the following Theorem 2.1.1) for strong
stabilization, followed by Bardos-Lebeau-Rauch [24], who showed that this is in fact
an equivalent condition (even for the similar problem of stabilization on manifolds with
boundaries, which will not be elaborated here).

Theorem 2.1.1 (Bardos—Lebeau-Rauch). Let (M, g) be a compact Riemannian manifold
without boundary, and 0 < a € C(M), then the following two statements are equivalent.
(1) a strongly stabilizes (2.1.1) ;
(2) All geodesics of M enter the open set {a > 0}. That is, for v € M, let v be a
geodesic starting from x (i.e. v(0) = x), then for some t >0, v(t) € {a > 0}.

The proof of Theorem 2.1.1 in [24] used the propagation theorem developed by
Melrose—Sjostrand [144]. Lebeau [132] managed to use microlocal defect measures (which
is due to Gérard [85] and Tartar [184], see also [40]) and an argument by contradiction
to give a new and much simpler proof. However, when a € L*(M), it remains an open
problem to give an equivalent condition for strong stabilization, even though the following
necessary condition and sufficient condition are known to be classical, which follow by
analyzing the proof of Theorem 2.1.1.

Proposition 2.1.2. Let (M, g) be a compact Riemannian manifold without boundary,
and let 0 < a € L®(M),
(1) if a strongly stabilizes (2.1.1), then all geodesics of M intersect with supp a ;
(2) if all geodesics of M enter the open set U(a) = Joont{z : a(z) > €}, then a
strongly stabilizes (2.1.1).

When a € C(M), condition (2) is also necessary because in this case U(a) = {a > 0},
and we conclude by Theorem 2.1.1. However, for general a € L (M), these two conditions
are not sharp. Typical examples are as follows. Let M = §? = {2? + ¢y* + 22 = 1},
define the equator I' = S? N {z = 0} and the hemispheres S2 = S* N {+2 > 0}. Let
0 < a € C(S?) be zero exactly on the equator, while a > 0 elsewhere. Theorem 2.1.1 says
that a does not strongly stabilize (2.1.1), for the equator I', as a geodesic, does not enter
{a > 0} = S% US?2, even though all geodesics enter suppa = S?. On the other hand,
let a = 181 be the indicator function of the upper hemisphere, then the equator does
not enter U(a) = Int S7. However, the following unpublished result due to Gilles Lebeau
shows that a indeed strongly stabilizes (2.1.1).

Theorem 2.1.3 (Lebeau, unpublished). For d > 1, let
St ={z = (z1,...,2441) ERT™ 1 2] ... 23, =1}

be the d-dimensional unit sphere, which inherits the Riemannian metric from R, Let
St = S*N{z441 > 0} denote the upper hemisphere, then a(z) = lga (x) strongly stabi-
lizes (2.1.1).

We will first give a simple proof of this theorem (see §2.1.2) using the spectral distri-
bution of the spherical Laplacian, and the symmetries of spherical harmonics. Then we
extend this result, on dimension 2, to Zoll surfaces of revolution.
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Definition 2.1.4. A Zoll manifold is a Riemannian manifold whose geodesic flow is
periodic. A Zoll surface of revolution is a 2 dimensional Zoll manifold, on which the
group S! acts smoothly, faithfully, and isometrically.

We refer to Besse [29] for an introduction of Zoll manifold. Some fundamental geome-
tric properties and examples are stated below. In particular S? (d > 1) are Zoll manifolds,
and S? is a Zoll surface of revolution. The geometry of a Zoll surface of revolution re-
sembles much that of S?, which makes it natural for the generalization of Theorem 2.1.3.
(However, on general Zoll manifolds, such resemblance is not yet clear to the author.)
Indeed, we will use the following two aspects of resemblance for our generalization.

— Local Geometry : On Zoll surfaces of revolution, the geometric objects such as the
equator, and the upper and lower hemi-surfaces are well defined. Moreover, the local
geometry near the equator is similar to that near a great circle of S%.

On a general Zoll manifold, such resemblance is not clear to the knowledge of the
author. That is why we will restrict ourselves to Zoll surfaces of revolution.

— Global geometry : Spectral distribution of the Laplacian—Beltrami operator. See
Proposition 2.1.5. This works for Zoll manifolds of arbitrary dimension, and states
that the Laplacian spectrum on Zoll manifolds of dimension d is similar to that of
the spherical Laplacian on S%.

It is worth comparing to the work of Burq-Gérard [45] of a similar stabilization problem
on tori, where only the local geometry is consulted.

Proposition 2.1.5 (Duistermaat—Guillemin [73]). Let A be the Laplacian-Beltrami ope-
rator on a Zoll manifold of dimension d, then

Spec(—A) C |_| I,

n>0
where {1, }n>0 are mutually disjointed intervals, such that for some § >0, A > 0,
(2.1.4) I, Cl(n+B/4)% — A, (n+ /4> + Al.

Remark 2.1.6. When d = 2, we have = 2. See Proposition 4.35 of [29].

Example 2.1.7. In particular, let Ay denote the spherical Laplacian on S%, then (see
Lemma 2.1.13)

Spec(—Aq) = {(n+ G4)* — @ :n € N}.
We simply let /4 = (d — 1)/2, and let A be strictly larger than (d — 1)%/4.
Let ¥ denote a Zoll surface of revolution, we state some local geometries of 3. More
details could be found in [29]. For an intuitive understanding, see Figure 2.1.1. It is known
that ¥ is automatically diffeomorphic to S?, and there exists exactly two distinct points,

respectively called the north pole and the south pole, denoted by N and S, which are
invariant under the actions of S'. We then parametrize the surfaces by coordinates

(¢, ¢) € [0,dist(N, 9)] x S,

where £ is the arc-length parameter of one (and consequently every) geodesic from N to S,
and ¢ is the rotational angle corresponding to the actions of S!, so that the Riemannian
metric on ¥ is of the form

g =de® +r(0)*de?,
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FIGURE 2.1.1 — Zoll surface of revolution

where 7(¢) is the distance from the point (¢, ) to the axis of rotation. By Lemma 4.9
of [29], there exists a unique ¢y such that r(¢) attains its maximum at ¢ = £y. There is no
loss of generality by assuming that r(¢y) = 1. Moreover we have r/({y) = 0, 7"(¢y) < 0.
The curve I' = {({y, ») : p € S'} defines a closed geodesic of period 27 (because r(fy) = 1)
called the equator, while the regions X7 = {({,p) : £ > {p} and X7 = {(¢, @) : £ < ly} are
called the upper and lower hemi-surfaces respectively. Similarly to S?, all geodesics on ¥
enter X7 except for the equator T.

Remark 2.1.8. If we denote ¢ = —1"({y)/2 > 0, then
r(0) =1 —c(l —£)* +O(( — £)?).

This local geometry will be essential in performing a microlocal analysis near ' that proves
our main theorem (Theorem 2.1.10). In particular, if ¥ = S?, then we take r(¢) = cos/,
such that (¢, ) € [-7/2,7/2] x S! parametrizes S?. In this case ¢y, = 0, and

1
r(f) =cosl =1-— 562 +O(6%).

Remark 2.1.9. Using the change of variable r(¢) = sinf, to describe a Zoll surface of
revolution, it is equivalent to give a Riemannian metric to S?. By an abuse of notation,
we still use g to denote the metric on S% obtained by this isometry. If we parametrize S?
by (0, ¢), where 0 is the latitude while ¢ is the longitude of S?, then by Corollary 4.16
of [29], (S?, g) is a Zoll surface of revolution if and only if

g = (14 h(cos 0))*d6? + sin® fde?,
for some smooth odd function A from [—1,1] to (—1,1) with A(1) = h(—1) = 0.
Now we state the main result of this paper.

Theorem 2.1.10. Let ¥ be a Zoll surface of revolution, then a = 1s+ strongly stabi-
lizes (2.1.1).

Remark 2.1.11. As a direct consequence of our proof, in order for a to strongly sta-
bilize (2.1.1), it suffices for a to be bounded from below by a positive constant in a
half-neighborhood of the equator. To be precise, this means that there exists some ¢ > 0,
0 > 0, such that

a(l, @) >0 - 1gycpcpgre(l, ).

However, we will only prove the case when a = 15+ for simplicity.

28



2.1. INTRODUCTION

2.1.2 Stabilization of damped waves on S?

In this section we prove Theorem 2.1.3. First we recall the following classical result,
due to J.-L. Lions [137].

Proposition 2.1.12. Let (M, g) be a compact Riemannian manifold without boundary,
and let 0 < a € L>®(M), then the following two statements are equivalent.
(1) a strongly stabilizes (2.1.1).
(2) For some T > 0, C > 0, and for every solution u to the Cauchy problem of the
undamped wave equation

(215) {(az — A)u =0, in D'(R x M);

(u, Out)i—o = (uop,u1), € HY(M) x L*(M),

the following observability inequality holds,

T
(2.1.6) E(u,0) < C/ / alOyu|*dx dt.
o Jum

Therefore it remains to establish this observability inequality. Coming back to S¢, we
recall some basic properties of the spherical Laplacian and spherical harmonics (see for
example Chapter IV, Section 2 of [179]).

Lemma 2.1.13. Let A, denote the spherical Laplacian on S?, then
2
(1) Spec(—Ag) = {2 =n(n+d—1)= (n+ 51?2 - 0 p e N}
(2) The eigenspace E,, to —Ag of eigenvalue N2 consists of spherical harmonics of de-
gree m, which are restrictions to S of harmonic polynomials of d + 1 variables,

homogeneous of degree n. In particular, if u € E,, then u(—x) = (—1)"u(z).

As a consequence, each u € H*(S?) with s € R admits a unique decomposition in
distributional sense of the following form,

U= Zun, with u,, € F,.

n>0

This allows us to specify the H*(S?) norm in terms of this decomposition by setting

e = 1+ APl = (M) |unllfz,  with (A) = /1T+ A2,

n>0

ul

We then introduce a new differential operator as a perturbation of —A,,
_ (d-1)°
(2.1.7) L=—-Ag+ 5.

The advantage of £ to —A, is that the spectrum of £ consists of exact squares of arith-
metic sequence, Spec(L) = {(n+ %1)? : n € N}, so that

(2.1.8) Spec(VL) = {n+ %L :n e N}

Solving the following Cauchy problem

219) {(af +L)u=0, in D'(R x S%);

(u, Bu)ieo = (ug,ur), € HY(S?) x L2(SY),
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by using Fourier series,

u(t) = cos(tvV'L)ug + N/ sin(tvV/L)uy
(2.1.10) Yoo (1Tt et S ) d > 2,
ol 4 udt + Dosr (€t + ey, d =1,

where we write ug = Y o up, U1 = Y ,~q Uy, With u}, € E,, and by an explicit calcula-
tion, Wehaveforn>()whend>2andn>1whend—1

i(n+ %)(zﬁ —u,) = u,ll

+ - _ ,,0
un+un_u n

n’

If we assume (ugp,u1) € H* x H*! for some s € R, then this expression gives an a priori
bound for ||ul[zee grs. Indeed, for d > 2 (d = 1 is similar), by the characterization of the H*
norm, and the triangular inequality,

a7 = D> [0t 4 e | 7,

n>0
= Z |COS n—l—d;Ql))ug—l—(n—l—%)_l sin (t(n+%))u}l||%z
n>0
S SO 2+ 37+ 551 2
n>0 n>0
(2.1.11) S Nuollre + |l
When d > 2, we obtain ||u||pecps S ||lwollgs + ||ui||gs—1, while for d = 1, the same

estimate holds after replacing ||| fops with |
of the term ujt.

ul[ oo g5, due to the linear growth in time

Observe that in the expression of the solution, the factors {e* (nt5%) )} en are ortho-

gonal in L?([0,27]). This fact makes the observability of (2.1.5) easier to prove, due to
the following two reduction lemmas.

Definition 2.1.14. We say that a observes (2.1.9) if for some constants 7' > 0, C' > 0
and every solution u to (2.1.5), the observability inequality (2.1.6) holds. We say that
a observes the spherical harmonics, if for some C' > 0, and every spherical harmonic
NS U’ILENE’VL7

(2112) H(Il/Q’UHL2(Sd) Z CHUHL2(S‘1)

Lemma 2.1.15. For M = S, let 0 < a € L>®(S%), if a observes (2.1.9), then a ob-
serves (2.1.5).

Démonstration. Let u solve (2.1.5). We decompose u = v + w such that

(02 4+ Lyv = (v, 0pv)i=0 = (uo, ur);
(y+c)::dﬂ2,(m@w%$:mm)

4

Now that a observes (2.1.9), for some 7" > 0,

T
E(u,O)zE(v,0)§/ /a|8tv|2dxdt
0 Sd
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T T
,S/ / a\@tu|2dxdt+/ / alGyw|*dx dt.
0 Jsd 0 Jsd

By Duhamel’s formula, dyw(t) = (d]‘l)Q fot cos ((t — s)V/L)u(s) ds. Then we use the boun-

dedness || cos(tv/L)|| 122> < 1, and the a priori estimate (2.1.11), to obtain

T
10a0()]]72 5/ lu(s)lIZ2ds < 1l (uo, un) [T
0

Combine the inequalities above, we obtain a weak observability,

T
E(u,0) 5/ / alOyu|*dz dt + || (ug, u1)|[32, g1
0o Jsd

Then it is a classical argument of uniqueness-compactness due to Bardos-Lebeau—-Rauch [24]
which allows us to remove the compact remainder term ||(ug, u1)||32,, ;-1 and obtain the
(strong) observability. This amounts to prove by contradiction and extract a subsequence
of solutions of (2.1.5) which violates the observability, but converges strongly in the
energy norm due to the compactness given by the weak observability. This gives us a so-
lution to (2.1.5) with non vanishing energy (the energy is now conserved in time because
there is no damping term in (2.1.5)), say v, such that ad,v = 0. Then we conclude by
showing that, for a # 0, such solution does not exist (the only solution to (2.1.5) with
a0y = 0 must be constant, and hence with zero energy). For more details, see the proof
of Lemma 2.2.10. O

Lemma 2.1.16. If a observes the spherical harmonics, then a observes (2.1.9).

Démonstration. We only prove the lemma for d > 2, the proof for d = 1 is almost the
same.
We set T' = 2m, and use Fubini’s theorem, (2.1.10), the orthogonality of the family

{eF1 950, in L2([0, 27]), the observability (2.1.12), and the characterization of So-
bolev norms by spherical harmonics,

2
/ / alOyu|*dx dt
0o Jsd

27
= / a(m)/ Z (n + %) (eit("’Ld%l)u;“(x) - e_it("J“%)u; (x))
sd 0

n>0

= [, 0@ X 0 ) (i + o ) s
Ih> 0+ 52+ o))

2/ dg(m%fﬂuz(w Fu @ + o (2) = 0 @)) da
2 [ s kit [ S wwpas

> E(u,0).

2
dt dx
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CHAPITRE 2. WAVE STABILIZATION ON ZOLL SURFACES OF REVOLUTION

Then we finish the proof of Theorem 2.1.3 by showing that a(x) = lga (x) observes
the spherical harmonics.

Proposition 2.1.17. On $¢, a(x) = lga (x) observes the spherical harmonics.

Démonstration. This comes easily from the symmetry properties of spherical harmo-
nics stated in Lemma 2.1.13. Indeed, if v € E,, then v(—z) = (—1)"v(x) implies that
[0l 22s2y = [[v]lz2(s2), Whence the observability

1/2

la"vll2@ny = vl z2se) = Z5lvllzasay.

2.1.3 Strategy of proof
2.1.3.1 Proof of Theorem 2.1.3

We first analyse the proof of Theorem 2.1.3 presented above, which consists of the
following 4 steps.

Step 1. Reduce the strong stabilization of the damped wave equation (2.1.1) to the
observability (2.1.6) of the undamped wave equation (2.1.5). This is a classical argument.

Step 2. Reduce the observability of the undamped wave equation (2.1.5) to the
observability of the perturbed wave equation (2.1.9). This perturbation uses essentially
the fact that the spectrum of the spherical Laplacian is distributed near squares of an

arithmetic sequence {(n + %)Q}neN. In fact, the spectrum is exactly of distance (d—1)"

away from this sequence. Therefore, by adding to —Ay the constant (dll)Q, we obtain
an operator L, the spectrum of whose square root is exactly the arithmetic sequence
{n + d%l}nEN-

Step 3. Reduce the observability of the perturbed wave equation (2.1.9) to the obser-
vability of spherical harmonics, that is (2.1.12). To do so, we solve (2.1.9) explicitly with
Fourier series (that is, decomposition in spherical harmonics), and use the orthogonality

of the time factors

= pFit(n+a5t

it
{e* }Aespec(ﬁ) = )}neN

in L*([0,27]) to decouple the space and time variables. In this way, the time variable can
be omitted, and we are left only to consider the spherical harmonics.

Step 4. Prove the observability of spherical harmonics. We use the symmetry of sphe-
rical harmonics to show that the L2 norm of a spherical harmonic is equally distributed
on upper and lower hemispheres.

2.1.3.2 Proof of Theorem 2.1.10

We will follow this strategy to prove Theorem 2.1.10, but with the following modifi-
cations.

Step 1. Same as above.

Step 2. The only (slight) difference is the definition of the perturbed wave equation,
because the perturbation £ of the Laplacian—Beltrami operator —A on a Zoll surface of
revolution ¥ can not be so simply defined as (2.1.7). To define £ in this situation, we
recall Proposition 2.1.5 and Remark 2.1.6. For A > 0 such that A\* € Spec(—A), we let E)
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denote the (minus) Laplacian eigenspace of eigenvalue A2, and set for n > 0 the linear

space
E, = EB E\.

\el,

Then £ is defined by prescribing its action on each E,,,
Llg =+ 1/2)? Idg .
Therefore E,, are eigenspaces of £, whose elements will be called L-eigenfunctions, and
Spec(VL) € {n+1/2:n € N}.

Moreover, by (2.1.4), if we set K = A+ L, then |K||z 5 < A, where E, is equipped
with the L?(X) norm. Consequently, by the orthogonal direct sum decomposition L*(X) =
@p>0Fn, we show that K is a bounded operator on L?*(%),

(2.1.13) 1K 20y~ 22 < A,

which plays the same role as the constant @ in the spherical case. Then the same
argument shows that the observability for (2.1.5) can be deduced from the observability
of the following perturbed wave equation,

2114) {(af +L)u =0, in D'(R x ¥);

(u, Opu)—0 = (uo,u1), € HY(Z) x L*(2).

Step 3. Reduce the observability of (2.1.14) to the observability of L-eigenfunctions,
that is to say, for some C' > 0, and every u € U,>oE,,

(2115) ||a1/2u||L2(g) Z C||u||L2(E)

Recall that in our case, a(x) = 1x+(z). To do this, we use the orthogonality of the time
factors {eF*(+1/21 v in L2([0,27]), which comes with luck from the fact that 3 = 2
on dimension 2 (recall Remark 2.1.6), so that n + $/4 = n + 1/2. However, this fact
is not necessary, for we can always use Ingham’s inequality (see the original work of
Ingham [106], see also [206] for its application in the theory of control).

Step 4. Prove the observability of L-eigenfunctions (2.1.15). Unfortunately, the simple
proof for the observability of spherical harmonics does not apply, because neither the
L-eigenfunctions nor the Laplacian eigenfunctions on ¥ share such strong symmetries
as the spherical harmonics. However, we observe that, by the definition of L, the L-
eigenfunctions are quasi-modes. Indeed, let u € E,, normalized in L? norm, that is,
|ul|2(sy = 1; introduce the semiclassical parameter h = (n + 1/2)7!, then by (2.1.13)

(—=h*A +1)u = —h*Ku = O(h?) 2.

This suggests a proof by contradiction and analyzing the semiclassical defect measures
(see Gérard [84], Gérard—Leichtnam [86], Lions—Paul [138], see also [40]) of a sequence
of L-eigenfunctions, which violates the observability, that is, ||1s+ul/z2s) = o(1). Such
argument is originally due to G. Lebeau, dating back to his work [132] which uses the
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CHAPITRE 2. WAVE STABILIZATION ON ZOLL SURFACES OF REVOLUTION

propagation of (classical) defect measures ; see for example [41, 208] for the semiclassical
setting.

A classical argument shows that such semiclassical defect measure, say p, is supported
on the unit cotangent bundle S*¥; vanishes on T7*X1, and is invariant by the (co-)geodesic
flow. Therefore i carries no mass on the union of geodesics which enter X*. Recall that
on ¥, every geodesic enter ¥ within the period of the geodesic flow (which is, in our
case, 2, by the normalization r(fy) = 1), except for a rogue one, the equator I". We are
thus unable to close the routine argument as the £-eigenfunctions may concentrate on I'
(a simple example is ¥ = S?, where the spherical harmonics u,(z,y, z) = (z + iy)" will
concentrate on the equator z = 0 as n — 00) ; but to conclude that

supp pu C S*SN{l = by, & = 0} = { (4o, ¢,0,%1) : ¢ € S'}.

To deal with this problem, we take a closer look at the concentration behavior near
the equator. It suffices to show that the speed of concentration from each side of the
equator is comparable, so that the L? norm of this sequence of L-eigenfunctions must
be comparably distributed on each side as well, which contradicts to our hypothesis that
the observability from the upper hemi-surface is violated by this sequence. Such idea is
achieved by some proper scalings of the latitude coordinate ¢, and is closely related to the
second microlocalization along the equator, as illustrated by [45]. It is explicitly carried
out as follows :

(1) First, to simplify some calculations, we will work on an isothermal coordinate on .

There exists a strictly increasing f € C°(R) such that

Then under the change of variable ¢ = f(x), the north pole N, the south pole S and
the equator I' now respectively corresponds to x = —o0o, © = oo and = = 0. Denoting
for simplicity p = f’, the metric g now writes under the coordinates (z, ¢) as

g = pla)(da® +d¢?) = (1 - ca® + O(a?)) (da? + dp?),

where the positive constant c¢ is the same as in Remark 2.1.8; and the Laplacian-
Beltrami operator writes

(2.1.16) A =p(x) (82 402) = (1+ca® +0(2%)) (07 + 92).
We also remark that under these coordinates,
L*(M) ~ L*(p*dz,R) ® L*(dg,S").

(2) On a general compact surface of revolution, —A is invariant under rotation, and
commutes with the infinitesimal generator of rotation, that is, D, = %850. We expect
cach Laplacian eigenspace to be a direct sum of D, -eigenspaces. Indeed, on X, for
A? € Spec(—A), the following decomposition holds,

E)\ = @ €kaAA7k,

keZ
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where A, consists of smooth functions of variable x, such that, whenever w €
Ayg, we have w € L?*(p?’dz,R); and u(p,z) = e*fw(x) € L*(M) is a common
eigenfunction of —A and D,

—Au = N, D,u = ku.
By (2.1.16), we have a second order differential equation for w,
(2.1.17) —0%w + E*w = Np*w = \*(1 — cz® + O(2*))w.

It is known that the Laplacian eigenfunctions are smooth, in particular at the poles N
and S. This gives a boundary condition for w,

lim Ofw(x) =0, when k#0,neN.

|z| =00

Consequently, up to a multiplicative constant, there exists at most one solution
to (2.1.17), which means

The case k = 0 poses no problem because as we have seen, supppu C {# = 1},
therefore the terms with 1 —h%k?* — 0 (therefore k ~ h™! — o00) contribute to almost
all of the total mass. Now we set

Ay = @ Axks

A\2el,

and obtain the decomposition for L-eigenspaces,

En = @ €ik@/’in7k.

kEZ

Due to the orthogonality of the family {e*?}rcz in L2(dep,S!), we are left to prove
the following observability, that for any sequence {w,; € Amk}neN’keZ, where the
indexes appearing in the sequence satisfy 1 — h%k? = o(1) as n — oo (recall that
h = (n+1/2)7'; such a sequence will be called admissible, see Definition 2.2.15),
there exits some C > 0, such that for any w, € fln’k in the sequence, we have

(2.1.18) I Leso@n il 22p2dz) = Cll @kl L2(p2de) -

The weight p? is of no importance as Wy, concentrates on z = 0 (For a rigorous
argument, we will use an Lithner-Agmon type estimate). In order to prove (2.1.18),
we observe that 0, satisfies a 1-dimensional stationary semiclassical Schrodinger
equation,

(=h?0% 4+ V)iipp, = By + O(R?) 12y 20 i,

where V =1 — p? = cz® + O(23) near x = 0, and £ = 1 — h?k?. Then we argue by
contradiction and extract a sequence k = k(n) and set w,, = W, which violates the

observability, and treat separately two cases, E = O(h) and F > h (we can show
that £ > —h?).
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(a) If E = O(h), then we use the scaling z = c/*h™1/2z to obtain a classical
Schrédinger equation,

(=02 + 22 + O(WM*)), = (F + o(1)),,

for some 0 < F € R, and show that w, is close to an eigenfunction of the
harmonic oscillator —9?+-2?%, which is either an even functions or an odd function,
whose mass are thus equally distributed on each side of the origin z = 0.

(b) If E > h, then we use another scaling z = ¢'/2E~1/2, h = ¢!/2E~'h, and obtain
a semiclassical Schrodinger equation, with a semiclassical parameter h= o(1),

(—=hd? + 2% 4 0(1)) iy, = Wy + 0o(h) 12, 1210y,
The (h-)semiclassical measure of @, will be supported on the circle
{(2,{) e T*R, : 2* + (* = 1},

and is invariant by rotation (which is induced by the Hamiltonian flow generated
by the principal symbol z2+(?). So the mass of 10, are also asymptotically equally
distributed on each side of the origin z = 0.

2.2 Proof of Theorem 2.1.10

2.2.1 Geometry of Zoll surfaces of revolution

Let ¥ be a Zoll surface of revolution, we recall some of its basic geometric properties,
referring to the monograph [29] of Besse.

2.2.1.1 Coordinates and geodesics

¥ is diffeomorphic to S?, and admits a parametrization by local coordinates described
as follows. Recall that S acts smoothly, faithfully, and isometrically on ¥, leaving exactly
two points fixed, which are called the north pole and the south pole, denoted respectively
by N and S. Fix a geodesic 7, from N to S, parametrized by arc length. We assume that
the total length of 7y is equal to 7, after a proper normalization. Then as ¢ varies in S!,
Ve = 7o varies among all geodesics joining N and S, which are called the meridians.
The coordinates on U = X\{N, S} is given by

U3 v,(0) — (¢,p) €]0,7] x S".

The coordinate patches near N and S are respectively Uy = {N}U{({,p) : 0 < ¢ < 7},
and Ug = {STU{({,¢) : 0 < £ < 7}. They are diffeomorphic to the 2-dimensional open
ball B(0,7) via the usual polar coordinates. The Riemannian metric on U has the form

g=de* + r(€)2d302,

where (/) is the distance from the axis of rotation (recall Figure 2.1.1). Then X being a
Zoll surface of revolution means that the criteria stated in Remark 2.1.9 is satisfied. There
is a well defined differential operator D, on Y. It is the differential operator with respect
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to the the vector fields X on ¥ defined as follows : To each point m = (¢, ) € L\{N, S},
we associate the unit tangent vector Y (m) € T,,%, tangent to the parallel S'm (that
is, the orbit of the point m generated by the actions of S!), with direction given by the
positive orientation of S'. Letting X(m) = r({)Y (m), X(N) = 0, X(S) = 0, then X
defines a smooth tangent vector field on . For v € C*°(X), we define

1
Dapu = Z(du,X)

On U, we simply have D, = %{%, with d, being the differentiation with respect to .
Therefore D, is symmetric and commutes with A, at least in a formal way,

A, D,| = 0.
Then we state a proposition concerning the geodesics of X.

Proposition 2.2.1. Let ¥ be a Zoll surface of revolution, and r be as above.

(1) Then r : [0,7] — [0,1] is smooth, with r(0) = r(x) = 0, r'(0) = 1, +'(7) =
=1, 7"(0) = r"(w) = 0. There exists a unique y € |0, x| such that r({y) = 1.
Furthermore, v'(€y) = 0, "(£y) < 0. The curve T' = {(lo, @) : p € S'} is a geodesic
called the equator.

(2) Apart from the equator, every geodesic is contained between a pair of parallels {¢ =
01} and {0 = Uy} for some l1 < €y < Uy, and contacts each of the parallel exactly
once.

Corollary 2.2.2. From this proposition, every geodesic of ¥ except for the equator I’
enters the upper hemi-surface X+ = {€ > {y}.

To simplify later calculations, we will work on an isothermal coordinate defined on U
as follows. Let f € C*°(R) be the solution to the following first order ordinary differential
equation,

fl(@) =r(f(x), [f(0)=1lo
It is not difficult to see that (we refer to [20])

0< f<m, J31_i>r_noof(ac):O, lim f(x) = .

T—r 00

Therefore f defines a diffecomorphism R ~ 0, 7[, with the equator now being I' = {z = 0}.
Set x = f~1(¢), then the coordinates (x,¢) are isothermal, indeed,

9= f'(2)*da® +r(f(2))*de® = p(x)*(da” + dy?),

where p(z) :==r(f(x)) = f'(x). We have p € ]0, 1], and p(x) < 1 except for z = 0, where
) < 0. We also have, under these coordinates,

(2.2.1) L*(X) = L*(R x S, p*dz @ dy),
and the Laplacian-Beltrami operator takes a simple form,

1
p(r)?

(2.2.2) A= (02 +02).
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2.2.1.2 Laplacian spectrum and eigenfunctions

Recall that for some A > 0,

Spec(=A) C | | L, with I, CJ(n+1/2)* — A, (n+1/2)* + A[.

n>0

For A > 0 such that A € Spec(—A), we let E\ denote the (minus) Laplacian eigenspace
of the eigenvalue A2, and set for n > 0 the linear space

E,= & Ex
el
We define a linear (unbounded) operator £ by a compact perturbation of —A such that
Spec(£) C {(n+1/2)*:n € N}.

Indeed, let T1,, : L*(X) — E, denote the orthogonal projection, then we formally define

(2.2.3) L= (n+1/2),.

n>0

Next we study the structure of . Since —A commutes with D, it is natural to
expect an orthogonal decomposition of £ into D, eigenspaces. The following proposition
is inspired by Beekmann [26].

Proposition 2.2.3. On each E), we have a direct sum decomposition,

E)\ g @ ezk@A)Hk,

kEZ
where Ay C C®(R) is the solution space to
(2.2.4) —0%w + k*w = N p*w,
with boundary conditions lim|—,o Oyw(x) = 0 for n € N and k # 0. In particular,
dimA,, <1, if k#DO0.
If u(x, @) = e*ew(x) € e*¥ Ay ., then
—Au = N, Dgju = ku.
That is, €*¢ Ay 1. are eigenspaces of D, and the decomposition is thus orthogonal.

Démonstration. The group action of S! on ¥ induces naturally a group action on function
spaces by of = f o ¢~!. Now that S' commutes with —A, F) is stable under S!. It is
known that the irreducible complex representations of S' are all one-dimensional of the

form A
7 St = U) o= e* ke

Therefore E) can be decomposed into 7-invariant subspaces, consisting of functions
u(z, ) satisfying A
u(z, ) = ¢ tu(z,0) = e *u(x, 0),
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which also shows that D,u = ku.

To obtain the equation satisfied by w € Ay, it suffices to plug u(z, p) = e*?w(x)
into the equation —Awu = A?u. The boundary condition for k& # 0 comes evidently from
the continuity of Dgu = k™u at N and S. To show that dim Ay, < 1, let w; and wy be
two solutions to (2.2.4), then their Wronskian W (wy, ws), which is a constant by a direct
calculation, vanishes at infinity by the boundary conditions. So these two solutions are
linearly dependent. O

Corollary 2.2.4. If 0 # |k| > A, then A, = {0}.
Démonstration. Suppose w € Ay with 0 # |k| > A, then for n € N,

—0%w + K*w = Np*w, lim 0"w(x) = 0.

|z]—o00

We will show that w € H'(R) € C(R) (see Corollary 2.2.25), so it is legitimate to
take L?(IR) inner product between w and the equation to get

0 < [[0wl|72r) = (—07w, )2y = /R(AQPQ(I) — k*)w(z)*dz.

However, 0 < p < 1, and that p(z) < 1 except for x = 0, we see that \?p(z)? — k* < 0
except for x = 0. Therefore w(x) = 0 since it is continuous. O]

Corollary 2.2.5. For k € Z, and A\ # )\,
Ay kL Ay, with respect to L?(p*dz, R).
Démonstration. For w; € Ay, with i = 1,2, set w;(x, p) = e*?w;(z), then by (2.2.1),

ik ik
0= (Uh U2)L2(2) = (6 Ywy, e S0102)L2(p2.;1x,1R)®L2(cup,sl) = 27T(w17w2)L2(p2dx,R)-

Remark 2.2.6. For n € N, we set

An,k = @ Ay ks

\el,

then it is an orthogonal direct sum with respect to L?(p?dz, R). And we have

En == @ eik‘pﬁmk.

kEZ

2.2.2 Reduction to observability of L-eigenfunctions

Since ¥ has no boundary, the energy of a solution u to (2.1.1) does not control its zero
frequency. In order to deal with this problem, we introduce the quotient Sobolev spaces

H(E) = H(X)/C={[u] =u+C:ue H ()},
equipped with the quotient norms. We set in particular,
I[ulllz ) = [IVullr2s),
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so that, for uw € C(R, H'(X)) N CY(R, L*(X)),

1
E(u,t) = l1(u(t), ru(®) 3¢ 2-
By the theorem of Hille-Yosida, we have

Proposition 2.2.7. Define the quotient Laplacian by [A][u] = [Au] for [u] € D([A]) =
{[u] € H'(Z) : Au € L*(2)}. Set

- (oy o)

with D([A]) = D([A]) x HY(Z) where [Id] : HY(X) — HY(X) is the canonical projection,
while 7 : H°(X) — L*(X) associates each [w] € H°(X) a representative w such that
Jswdx = 0. Then for all ([ug],u1) € H'(X) x L*(X), there exists a unique solution
([u],v) € C(R,HY(X)) x CH(R, L*(X)) of the equation

(") + [A](M) =0,
(2.2.5) {([U],U>t=0 = ([Uo], Ul).

Moreover, if u is the solution of (2.1.1) with initial data (ug,u1), then ([u], ) is the
solution to (2.2.5).

Proposition 2.2.8. If0 < a € L*(X) and a # 0, then a weakly stabilizes (2.1.1).

By a density argument, it suffices
D([A]). Let u denote the corres-
], Dyu)||3, is non-increasing, and

Démonstration. The idea of the proof comes from [44].
to suppose that (ug,u1) € D(A), so that ([uo],u1) €
ponding solution to (2.1.1). Observe that E(u,t) = 1||([u
that [A] commutes with the evolution of (2.2.5),

220 [E I (G EIH] N
<[+ 1), <

We claim that (D([A]), || - ||ja) < H is compact. Indeed, if ([Z]n") is bounded in D([A]),
then u,, Au,, v,, Vv, are bounded in LQ(E). Up to a subsequence, u,, — fM Uy, — Ug
in HY(X), so [u,] — [up] in HY(Z), and v, — vy in L*(X). By (2.2.6), there exists
a sequence t, — +oo such that ([u(ty)], du(ty)) — ([vo],v1) weakly in D([A]); and
strongly in H'(X) by compactness. Let v be the solution to (2.1.1) with initial data
(vo, v1), where vy is the representative of [vy] such that fz vodx = 0, then

20 = (S )=l GO, = e e (W]
—HmneHmW(o)H:H(%N‘:Emm.
k—o0 U1 H (1 H

So v satisfies the undamped wave equation (2.1.5) as well.
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2.2. PROOF OF THEOREM 2.1.10

We decompose the initial data as vy = >, 0} vy = >, v}, where A varies in
Spec(v/—A) and v € Ey. Then v = 0, and

v(t) = cos(tvV —A)vg + V A sin(tv/—A)v; = vyt + Z (e" vy + e "y,
A#0

where for \ # 0,

F o — a0 Nt ) — oyl
vy oy =y, GA(vy —oy) =y

Now fix X' # 0, and set wy (T, x) = % fo Ow(t, x)e~"dt. The fact that adv = 0 implies
awy = 0. An explicit calculation shows

wy(T) = iNvh + Z )\ )\’ zT(A—)\/)_l)U;\'
,\;é,\/

_ iA —ITOFN) 1) ,—
g%TQ+X%e bx

This implies that, as T — oo, wy(T) — iNv}, in L*(X). Since awy = 0 and X # 0,
we must have avy, = 0. Therefore vy, = 0 because as a classical result, the nodal set
{v), = 0} is of zero measure. The same argument shows that vy, = 0 for X' # 0. And
similarly, since = fOT Op(t, r)dt = v}, we have T — oo, 0 = avy, whence v} = 0. Therefore
v =0, and E(u,tx) — E(v,0) = 0. O

Let £ be defined by (2.2.3). Recall the undamped wave equation (2.1.5)

(2.1.5) {(33 — Au =0, in D'(R x X);
(u7atu)t:[) = (uo,ul), c Hl(z) > LQ(Z),

and the perturbed wave equation (2.1.14),

2114) {(a,? + L)u =0, in D'(R x ¥);
(u, Q)0 = (uo,u1), € HY(Z) x LA(D).

Definition 2.2.9. Let 0 < a € L>®(X), we say that a observes (2.1.5) (resp. (2.1.14)),
if for some constant C' > 0, T' > 0, and every solution u to (2.1.5) (resp. (2.1.14)), the
observability (2.1.6) holds. We say that a observes L-eigenfunctions, if for some constant
C > 0 and every L-eigenfunction u € U, E,,, the observability (2.1.15) holds.

We will reduce the observability of (2.1.5) to the observability of (2.1.14), and then to
the observability of L-eigenfunctions. We first state some preliminaries as those used in
proving Theorem 2.1.3. For v € H*(X) with s € R, there exists a unique decomposition
into sums of L-eigenfunctions,

u = Zun, with u,, € En.

n>0

Then we specify the H*(X) norm of u by setting

fromy) = (04 1/2)%|un | 7.

n>0

[l
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If we decompose the initial data u; = Y7, - uj,, (i = 0,1), with u;, € E,, then the solution
0 (2.1.14) is

u(t) = Cos(t\/Z)uO + \/Zi1 sin(t\/Z)ul = Z (eit(n-&-l/?)u: + e—it(n+l/2)u;)’
n>0

where for n > 0
wh g =y, i+ 1/2)(ur =) = uy,

and satisfies the a priori estimate ||ul|pecpssy S [|(to, 1) || 5s(2)xms-1(3)-
Lemma 2.2.10. Let 0 < a € L®(X), if a observes (2.1.14), then a observes (2.1.5).

Démonstration. The proof is a mimic of that of Lemma 2.1.15. Write K = A+ L, then by
the definition of £, K is bounded on L*(X), with ||K||z2— 2 < A. Let u be the solution
0 (2.1.5), with initial data (ug,u1). There is no harm in assuming that [ uodz = 0.
Decompose © = w + v with

(02 + L)v =0, (v, 0p0) =0 = (ug, u1);
(02 + L)Yw = Ku, (w,dw)i— = (0,0).

Now that a observes (2.1.14),

E(u,0) = E(v,0) / /a|8tv|2dxdt</ /a|8tu] dxdt—i—/ /a|8tw| dz dt.

By Duhamel’s formula,
t
Oyw(t) = / cos((t — s)VL)Ku(s) ds;
0
and we have

T
10aw0()]| 72 5/ lu()1Z2ds < Ml (uo, u) 12— S I(wol wn)l3oprr-
0

where the last inequality is because uy has no zero frequency. Combine the estimates
above, we obtain a weak observability, with a compact remainder term on the right hand
side

1 T
el ) ooz = P 0) S [ [ aloaat + ol o)

To remove the remainder term and prove the (strong) observability, we appeal to the
uniqueness-compactness argument originally due to Bardos-Lebeau-Rauch [24]. It is an
argument by contradiction that carries out as follows. Suppose that the observability
of (2.1.5) does not hold, then there exists a sequence of initial data (uj,u}) € H'(3) x
L*(¥) such that, [, ufdz =0, and as n — oo

n 1 n n " n
B 0) = 30 ) e = 1. [ [ aloarFazar = o)

where u" are the corresponding solutions (2.1.5). By Rellich’s compact injection theorem,
up to a subsequence, we assume that, for some ([ug),u;) € H' x L?

42



2.2. PROOF OF THEOREM 2.1.10

(1) ([ug] ut) = ([uo], u1) weakly in H!(X) x L*(X);
(2) ([ug], ui) = ([uo], ur) strongly in H(X) x H~'(X).
Passing n — oo in the weak observability,

1= E(u",0) < o(1) + | ([up], ul) 3 = I ([wol, u) [0, zr1-

Therefore, we will get a contradiction by showing that the right hand side vanishes.
To show this, we observe that

n n 1 ny ,n
E(u",t) = E(u",0) = SlI([ug], v)) |30 <2

is uniformly bounded in ¢ and n. Therefore [ "] is bounded in L*®(R,H' (X)) and d,u™
is bounded in L>*(R, L*(X)). Moreover fz (t,x)dz is bounded in L{2.(R;) (and is of
order O(t)). Consequently u" is bounded in L (R, H*(X)). The theorem of Ascoli and
the compact injection theorem of Rellich show that, up to a subsequence, there exists a
(u,v) € C(R, L*(X)) x L=(R, L*(X)), such that

(1) u™ — u strongly in L (R, L*(X));

(2) u™ — u respect to the weak-x topology of L. (R, H(X));

(3) Ou™ — v with respect to the weak-* topology of L>°(R, L?(X)).
Passing to the limit in the sense of distribution, we see that u satisfies (2.1.5), with in
particular v = dyu. Therefore 9;(9;u™) = Au" is bounded in L>*(R, H'(X)), so that dyu €
CR,H (X)), and u € C(R, L*(X))NC (R, H~*(X)). However, since (ug, u1) € H*(X) x
L?(Y), there exists a solution in the C(R, H*(X))NC*(R, L?(X)). By the uniqueness of the
solution in C(R, L?(M))NC* (R, H~(M)), these two solutions must coincide. Therefore,
it is legitimate to talk about the energy of w, which is conserved E(u,t) = E(u,0).
On the other hand, since adu = 0 in D'(X), u should also satisfy the damped wave
equation (2.1.1). Then Proposition 2.2.8 shows that the energy F(u,t) must decay to

zero as t — +o00. Hence F(u,0) = 0, i.e. ([ug],u1) = (0,0). O
Lemma 2.2.11. Let0 < a € L>®(X), if a observes L-eigenfunctions, then a observes (2.1.14).

Démonstration. Recall that a solution to (2.1.14) is of the form

u(t) = Z (eit(n+1/2)u: 4 e—it(n+1/2)u;)’

n>0
where ut € E,. Now that a observes L-eigenfunctions, which implies
1/2, + +
la / up |2y 2 llug ez

we have, by the orthogonality of {e**"*1/2%} _y in L2([0,2n]), and a similar argument
to that of Lemma 2.1.16,

2
/ / aldyu|*dx dt
o Jw

2m
:/a(m)/ (n+1/2)(eit(n+l/2)u: oitn+1/2),, -
> 0 "n>0

—27r/ )3 [+ 1720 + (0 + 1/2)u; [Pz

n>0

dt dx
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—or S (n+ 1/2)2/ a(@)(|at 2 + Jug ) de

n>0 x

2 S+ 1/2 [ (il o+ )

n>0 x
2 E(u,0).

2.2.3 Observability of L-eigenfunctions

This sections aims to prove the observability of L-eigenfunctions, which concludes
Theorem 2.1.10. In order to avoid ambiguity, we denote by X = (z,¢) the coordinate
on .

Proposition 2.2.12. Let ¥ be a Zoll surface of revolution, then a(X) = 1+ (X) observes
L-eigenfunctions.

We prove this proposition with an argument by contradiction. If the observability of £-
eigenfunctions does not hold, then there exists a sequence of L-eigenfunctions u,,,, € E,,,
such that, as m — oo,

tn,, |22y = 1, It tn, |[22() = o(1).

If {nm}m>o is bounded, then E = @mzoEnm is a finite dimensional vector subspace
of L?(¥), consisting only of low frequencies, on which the estimate holds, for any N > 0,

||U||L2(E) N HUHH*N(E)-

Therefore, (E, ||-|| z2(x)) is relatively compact, and the bounded sequence {t,,,, },n>0 admits
a limit point u € E, that is, u,, — w in L*(X), and hence 1y+u,, — lg+u in L*(32).
Consequently,

However this is impossible, for u is a finite sum of Laplacian eigenfunctions, which does
not vanish only on a set of zero measure.

We are left to consider the case where {n,, } >0 is unbounded. Up to a subsequence, we
may assume that n,, increases to co. For simplicity of notation, we drop the m subindex,
and write n = n,,, and introduce the semiclassical parameter

h=(n+1/2)""
We then write u(h) = u,,, which satisfies Lu(h) = h~2u(h), and consequently
(2.2.7) (=h*A = 1Du(h) = —=h*Ku(h) = O(h?) [2(x).
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2.2.3.1 Concentration of L-eigenfunctions

We study the semiclassical measures of the sequence u(h) and show that it concen-
trates on the equator. This argument is rather standard, we refer to, for example [41],
see also [208]. We recall the definition of the semiclassical measure and some of its basic
properties in Appendix 2.3.

We extract a subsequence if necessary, and assume in addition that u(h) is pure (see
Remark 2.3.3 for the definition).

Proposition 2.2.13. Let u be the h-semiclassical measure of u(h), then
(2.2.8) suppp C S*SN{z =0, =0} = {(0,¢,0,£1) : p € S'}.
Recall that the coordinate on 3 is X = (z, ), with the dual coordinate being = = (&,0).
Démonstration. Recall that u(h) satisfies the equation
(=h*A = D)u(h) = O(h?)12(x).
The principal symbol of —h2A — 1 (in the semiclassical sense) is

p(X, E) = g;(l(E’E) - 17

1

where g~ is the inverse matrix of g. By Theorem 2.3.5,

suppu C T"M N{p(X,Z) =0} = S*M, H,u=0.

Now that H, generates the (co)-geodesic flow on S*M, we see that p is invariant by the
geodesic flow. Moreover, our hypothesis ||1x+u(h)|| = o(1).2(xy) implies that

supp p NT*ET = .
Recall that all geodesics enter X7, except for the equator,

supp u C S*M\ U eyt = §*Y N {r=0,¢ =0}
teR

We conclude by a direct calculation, using g|r = dz? + dp?. m

Corollary 2.2.14. Let € > 0, and x. € CF(R) be such that 1_¢q < Xe < 1j—2¢,2- Then
u(h) = x(1 — h2Di)u(h) +0(1)2(x),

where x(1 — hQD?D) is defined by functional calculus, and is thus of (semiclassical) prin-
cipal symbol x.(1 — 0?) (see for example [69]).

Démonstration. Let v(h) = u(h)—xc(1=h*D2)u(h), which is pure. Now that D, commute
with —A, by (2.2.7) we see that v(h) satisfies (—h2A—1)v(h) = O(h?) 2. Therefore v(h) is
h-oscillating by Example 2.3.9. And by Proposition 2.3.8, to conclude, it suffices to show
that the semiclassical measure v of v(h) vanishes. Indeed, v = (1 — x.(1 — 82))2,u =0,
since p is supported in 1 — 6% = 0. O
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As a consequence, in particular, for any ¢ > 0, when h is sufficiently small,
|u(h) — x(1 — hQD?p)u(h)HLz(g) <e.
Fixing a sequence of € — 0, we can find a sequence of h = h. — 0, so that

(2.2.9) u(h) = Y e®i i+ O(€) pas),
k€Zn(e)

where Z,(¢€) = {k € Z : |1 — h?k?| < ¢}, and b, € A, .
For later convenience, we introduce the notion of admissible sequences.

Definition 2.2.15. A 4-tuple (e, h, k,w) is called admissible if
(1) €>0, h=(n+1/2)"" for some n € N;
(2) ke Z,(e), w € Ay

A sequence of 4-tuple (e, h, k,w) (where by an abuse of notation, we omit the index of

the sequence for simplicity) is called admissible if
(1) each term of the sequence is an admissible 4-tuple;
(2) e -0, h — 0.

2.2.3.2 Reduction to observability of 1D Schrodinger equation

Proposition 2.2.16. There exists ¢ > 0, hg > 0 and C' > 0, such that for 0 < e < €,
0 < h < hg, if a 4-tuple (€, h, k, ) is admissible, then we have the following observability,

|| 1x>0wHL2(p2dx) > CHwHLQ(dex)-

If this proposition is proven, then we can finish the proof of Proposition 2.2.12, and
thus prove Theorem 2.1.10. Indeed, we use the decomposition (2.2.9), (2.2.1), and the
orthogonality of {e*¢},cz in L?(dp,S'), when € and h = h, are sufficiently small,

HlEJrU(h/)H%z( > H12+ Z eik“"uﬁnkH; —62
k€Zn(e)

/ z>0/ | Z e*P W 1 | dy p*dx — €

keZy(e)

/ x>0 Z |wnk|2 le’—G

k€Zy (€)

: [ 3 Iaifs -
R

keZn (e

//’ Z e“”wnk‘ dy p*de — €

k€Zn(

ko
Z € wnaka(z)

k€Zn(e)
2 ||U(h)|’%2(z) —é
z 1- 627
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which contradicts to our hypothesis that ||1s+u(h)| 2y = o(1) as h — 0.
Before proving Proposition 2.2.16, we observe that if w € A, ;, then @ satisfies a one
dimensional semiclassical stationary Schrodinger equation,

(2.2.10) (=h20% 4+ V)i = Ew + O(h?) 2, 210,
where the potential V =1 — p? satisfies 0 <V < 1 = limy|o V (), and
(2.2.11) V =cx® +O(2*) mear v =0,
recalling that ¢ = —r"({y)/2 > 0; while the energy

E =1-—h%?,
satisfies by Corollary 2.2.4 and Proposition 2.1.5 the estimate

E=1-X2k*—R*(\ — h )\ 2k* > —h%

To obtain (2.2.10), we write @ = ) o, wx With wy ), € Ay, then by Proposition 2.2.3,
w)  satisfies
(2.2.12) (—h20? + V)wy, = Ewy, + RA(\? — h_z)p2w,\JC = Ewy, + O(hQ)pQw,\jk.

It remains to sum up wy, and use the orthogonality by Corollary 2.2.5 to obtain the
estimate for the remainder term (be careful that the constant O(h?) varies for different
wy k., and cannot be moved to the front of the summation)

|3 00wl < lollzell 32 O wnall2sqp

\2el, A\2el,

S D o) wrillzzgean

\2el,

5 h4 Z ”wA,kH%?(dez)

A\2el,

2 ~
S waillragean S BN
\2¢el,

Proof of Proposition 2.2.16. A first consequence of (2.2.10) is that, by an Lithner-Agmon
type estimate, w decays exponentially at infinity, so that the weight p? can be dropped
(which will be done by Corollary 2.2.26), and we are left to prove the observability,

Masowl[r2 Z [|w] 2.

Then we proceed with an argument by contradiction. Suppose that this observability
is not true, then we can find an admissible sequence of (e, h, k, @) which violates the
observability in the sense that

Masowllz2/ @]z = o(1).
Now that w satisfies (2.2.10), and as we have seen, since k € Z,(¢), the energy E satisfies
—h* < E<e=o0(1),

we may assume that, up to a subsequence, either E = O(h), or E > h. We will show
that, by Proposition 2.2.27 and Proposition 2.2.28, neither of these two cases is possible.
This contradiction then finishes the proof. O
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2.2.3.3 Some Lithner—Agmon type estimates

In this section we prove some estimates of Lither—Agmon Type, originally due to
Lither [139] and Agmon [1]. The argument we used here comes from [69, 94]. Let

P(1) = —h(1)?0* + V(2;7)

be a Schrodinger operator on R, where the parameter h(7) and the potential V(-;7) €
C(R) N L*>*(R) both depend on 7 — 0. We will consider the following two cases :

(1) h(7) =1 does not depend on 7, then we get a classical Schrédinger operator;

(2) h(1) =71 — 0, and we get a semiclassical Schrodinger operator.
We will estimate the solution u to the equation

(2.2.13) P(r)u = E(r)u+ f(7),

where E(7) € R, f € C(R) N L*(R). To do this, we define the Lithner-Agmon distance,
for z1, x5 € R,

dara) =| [ (Vwir) - B e,
z1
Fore >0, R > 0, let
W (a:7) = (1 = (. 057), Dyl 7) = xn(® (7))

where xg(t) = Li<r(t)t + Lisr(t)R.
We make the following assumption.

Assumption For all ¢ > 0, there exist 7. > 0, . > 0, R. > 0, C. > 0, such that for
0 <7<, if x| > R, then V(x;7) > E(1)+6.; if |2| < R, then |V (z;7) — E(7)| < C.,
and ®°(z;7) < e.

This assumption implies that ®°(x;7) — oo as |z| — oo, uniformly for 7 sufficiently
small. Therefore ®% is constant, equaling to R, for |z| sufficiently large.

We will drop the parameter 7 for simplicity. The following proposition comes from [69].

Proposition 2.2.17. Let u € C*(R) and let ® € Lip,,.(R) be real valued, then the
following identity holds.

(2.2.14) h2/ |(e‘b/hu)'|2dx+/(V— |0')2)e2®/ M |u|?dz = Re/e%/hPuﬂdx.
R R R

Suppose now that the phase ® is constant for |z| large, and suppose u € C?(R)ND(P)
with D(P) = {w € L*[R) : Vw € L*(R),w” € L*([R)}. Set up(z) = x(z/R)u(z), with
X € C°(R). Therefore ug € C*(R), and the previous proposition applies.

h2/ |(e®/huR)’|2dm+/(V— \®’|2)62¢’/h\ulg|2dx:Re/e%/hPuRﬁdx.
R R R

By the Lebesgue dominated convergence theorem, urp — u and Vugr — Vu both strongly
in L?*(R) as R — oo. Now that u € D(P), Pugr — Pu in L*(R). Now that ® being
constant for large |z|, we can pass to the limit on each side of the identity above, and
prove the following corollary.
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Corollary 2.2.18. If u € C*(R) N D(P), and ® is constant for large |x|, then the
identity (2.2.14) holds.

Now let u € C(R) N L?(R) be a solution to (2.2.13), then u € C*(R) N D(P), and the
corollary applies,

(2.2.15) h2/ |(eq’%/hu)’|2dx+/(V—E— [(®%)2)e?* /M u|?dx
R R
= Re/ PR fudr < Al ||e®r/Mu)|2, + CLl[e®/ f||2,.
R

where A. = (1 — (1 —£)?)é.. For 0 < 7 < 7. and |z| > R., by the definition of ®%,
V(z) = E—[(@5) "= (1 - (1-e)*)(V(z) - E) = (1 - (1 —¢)")d. = A..

Spitting the second integral in (2.2.15) into two parts, [ = fx|>R€ flz\<Rs’ we get

h2/|(@%/hu)'|2dx+f4€/ /M uPda — Cc|e®®/" f[7
R |z|>Re

< (V@) = B+ @) lmucny +A) [ oo

lz|<Re

< Cg/ PR/ ) d.
|z|<Re
Adding A, f 2|<R. e?®r/Mu|?dx to each side of the inequality, we get
N R
R R

< C: / PR/ )2 dx
|z|<Re

< Ce sup (27 ||ul|Z2 < Coe®"||ul 7.
|z|<Re

This proves the following proposition.

Proposition 2.2.19 (Inhomogeneous Lithner-Agmon Estimate). Under the assumptions
above, for each € > 0, there exists 7. > 0 and C. > 0, such that for 0 < 7 < 7., and
R > 0, the following estimate holds

1(e®n ) |32 + €7 Mul|Ze < Ce(e®/MullZe + ™™™ f]172).
The following two corollaries are important.

Corollary 2.2.20 (Homogeneous Lithner-Agmon Estimate). If f = 0, then we obtain
the usual (homogeneous) Lithner—Agmon estimate,

1R (e®n M) |72 + €7 ul| 7o < Cee®"ful| 7.

Observe that, the right hand side of this estimate does not depend on R, we are thus
allowed to let R — oo, and get a finer estimate,

(e ™) |[Z2 + lle® M ull72 < Cee/ullZ.
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Corollary 2.2.21. Let x € L®(R) be supported in the interior of {x € R : ®%(z) = R},
such that 0 < x <1, then

(2.2.16) Ixhu' |72 + lIxulfe < Ce(e” M ulZ + 1 £1172)-

Remark 2.2.22. For any § > 0, we could modify the phase function ®% to some Pp, so
that ®r = R for |z| > R. + §, while & = O3, for |z| < R..

Remark 2.2.23. This is a classical estimate by reversing the operator —h%92 + V(z) in
the classical forbidden region, when V' is independent of 7 = h. For our application in
§2.2.3.5, where the potential is Vg, it is believed that such a semiclassical analysis suffices.
However, we decide to use the approach above for simplicity to avoid technique problems
caused by the behavior of Vg at faraway from the origin.

Démonstration. Simply notice that
X(efb%/hu)/ _ €R/hXU/, Xe@%/hu _ eR/hxu, ”e<1>§%/thL2 < eR/th”LQ'
The rest of the proof is a straightforward application of the previous proposition. n

We want to apply the discussion above to an admissible 4-tuple (¢, h, k,w) for suffi-
ciently small € and h. So that 7 = h, P = —h%?9?+V and E = o(1), and f = O(h?) 2_,20.
We are left to verify that @ € D(P). This requires the following proposition from [160].

Proposition 2.2.24. Let [ = (a_,ay) C R be a finite or infinite interval, f € C*(I) be
real valued and positive, and g € C(I) be a continuous and complex valued. Let

Fla)= [ {F Y = gf Py da
be a primitive function of the integrand. Then in I the differential equation
u" = (f + g)u
has twice continuously differentiable solutions of the form
us(a) = [ @) exp | + / )} (1 ex(a)
with estimates
max { |ea (2)], 3 72(@) |4 (0)] } < exp {gVaualF)} —1

provided the total variation V., .(F) of F' on the interval (ay,x) being finite. If g is real,
then the solutions are real.

Corollary 2.2.25. Let w € Ay, with A > 0, k # 0, then on the interval (Ry, 00), w is,
up to a multiplicative constant, of the form

w(a) = [V(e) ~ B exp{ —nt / V(1) ~ B2t (1 +<(2))
0
with estimates |e(y)| + |€'(y)| = O(h). We can do the same on (—oo, —Ry), and conse-

quently w € H'(R). Since V € L®(R), we deduce that w € D(P). Now that w is a finite
sum of such wy y, we deduce that w € H'(R).
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Démonstration. By definition, 1 — h?k* = E < 1 = lim, 4., V(z) as V(x) = 1 — p?(z).
Therefore, for Ry sufficiently large, V' — E has a strictly positive lower bound § > 0 on
(Rg, o). Apply the previous proposition with f = h=2 (V — E), g = O(1)p*. Then

F(z)=h / V(t)— E"* 02 [v(t) — B dt,
from which, for x > Ry,

Yy oo (F) s<?h6-&“<uwuiw-+|vﬂuLw>j£pZu>dt=:cxh>

since V(z) =1—p?(x) =1 —7r2(f(x)), f'(z) =7 (f(z)), and that
/ :—/%dgp/ :—VOI(M)<oo.

Corollary 2.2.26. There exists ¢¢ > 0, hg > 0, C > 0, such that for 0 < e < ¢,
0 < h < hg, if (¢, h, k,w) is an admissible 4-tuple, then

O

CHlze <[] r2p2any < Clld] 2;

Suppose there exists g > 0, hg > 0, C' > 0, such that for 0 < € < €y, 0 < h < hyg, if
(€, h, k, ) is an admissible 4-tuple, then

Masow||z2 = O] L2,

then there ezists e, > 0, hy > 0, C" > 0, such that for 0 < € < €, 0 < h < h{, if
(€, h,k,w) is an admissible 4-tuple, then

1 1es0@|| £2(p2d2) = C"|| 0| £2(p2de)-

Démonstration. There is no harm in assuming |[@||z2 = 1, and apply Corollary 2.2.21
with
f = O(hQ)L2_>L2”LZJ = O(hQ)

To do this, we fix 0 < & < 1 (please do not get confused with €), and fix R > 2¢, then for
some Ry > 0, x = lig/>r, is supported in {®% = R}. Then Corollary 2.2.21 implies that,
for some constant C. > 0,

Hl‘1”|>ROU~)HLQ(dex) < H1|x\>RoU~)HL2 < C.h*
Let 0 = inf|gj<p, p(z) > 0, then
1= (@ 2 > 10| z2(p2a2) > | 1< o @l 22(p2dz) > 611 1ja)< mo@]| 22

> 01~ paoyillzz) > 6(1 = Cul?) > 26

when h is sufficiently small. This proves the first statement. To prove the second state-
ment,

1 1as0@|| L2 (p2dz) /10| £2(p2d2) = |1 Ro>>0W || L2(p2d0) /|| W] 22
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> 0|[1Ry>z>0@| 12/ ||@0] 22
> 0 ([ Lasollz2 — 1o re @l 22) /]|l 2
> 5(0 - C€h2>
1
> —6C
- 2 Y
when h is sufficiently small. O]

2.2.3.4 Case F =0(h)

Proposition 2.2.27. Let (¢, h, k,w) be an admissible sequence such that E = O(h), then
for some C' > 0 and €, h sufficiently small,

Masowllz2 > Cllwl| 2.

Démonstration. We first study Laplacian eigenfunctions, rather than L-eigenfunctions
for simplicity, for the latter are finite sums of the former. To do this, we let A\ € I,,,
ke Z,(e), and w € Ay . Recall that w satisfies

(—h20? + V)w = Bw + O(h?) pew.

Up to a subsequence, we may assume that ¢=*/2h™'E = F 4 o(1) (recalling the definition
of ¢ by (2.2.11)) for some F' > 0, and use the following scaling,

2=V Vi(2) = V2RV (),

and work under the coordinate z, and with the measure dz. We normalize w so that
|w||z2 = 1, and observe that it satisfies the equation

(—0? + Vi)w = Fw + o(1) peow.
Notice that Vj,(z) = 22 + h'/20(2%) for |z| < h™'/2, we apply Corollary 2.2.20 with

T(h) =1, P(r)=-82+Vi(z), ®(2)=(1- 5)] /0 (Vi) — F = o(1)=)%at

Y

and get
< e
(e w) |22 + [le® w22 < Ccllw|2e,

which implies
€ €
le® wl g2 + [[P2e® W' || 2 < Ccljw]] 2.

Indeed,
Hh1/2€q>fw/HL2 < Hh1/2(6<1>5w)/HL2 + th/Z(q)s)/ecbawHLQ
< WG wllze + (1 = ) (IVIlze + O(1) 2]l w] 2
< Ccljw]| 2.
Since ®°(2) > «(|z| — M) for some o > 0, M > 0 and is uniform for all small €, h, we

then have
wl 2z15R) + 1R 200 25158) = O(e™*F) |w]| 2.
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Fix some 0 < § < 1/6, and let w, = x(h°2)w(z) where xy € C§° is a cut-off function
equaling to 1 near the origin. Therefore

w = wy + O(h_l/ze_“hfé)Hl = w, + O(h™) 1.
Observing that on the support of w,, Vi (2) = 2% + O(hY/?73), we have,
(=02 + 2% — F)w, = o(1) peew — [0%, x(R°2)|w
o(1)peew — 20°X' (B2 2)w’ — X" (R 2)w
0(1)L2.

Let {v;},cy be the complete set of normalized eigenfunctions of the classical harmonic
oscillator, —9% + 22, that is, ||v]|z2 = 1, and

(2.2.17)

(=02 + 2H)v; = (20 + 1w,

We know that v;(z) = ciHi(z)e_“"Q/ 2 where ¢; is a constant of normalization, and H; is
the i*" Hermite polynomial. We will only use the fact that H; is either an odd function
(when 7 is odd), or an even function (when i is even).

We write wy, = ) a;v;, and have

(22.18) > Jail® = flwy 2 = ]2 +o(1) = 1+ o(1).
1>0
By (2.2.17),
o(1)e = (=02 + 2° — Flw, = 2(22 +1— F)oyv;,
>0
which gives
(2.2.19) D (@2i+1—F)lai]” = o(1).

1>0

Let iy € N be such that |2ig + 1 — F'| attains the minimum among all |2 + 1 — F'|. Then
for any integer i # ig, |20 + 1 — F| > |i — ip|, and hence,

1> a7 =D laal* = o(1).

iio iio

Combining with (2.2.18), we have a;, = 1 + o(1). And by consequence,

w = wy + 0(1)r2 = ay,vi, + Z a;v; + o(1) 2 = a; vy + o(1) 2 = v;y + o(1) 2.
iio

Moreover, we have by (2.2.19), that (2ig + 1 — F) |ay,|* = o(1), which implies
F=2+1.

In particular ¢y depends only on F, not on A. As a consequence, we claim that, for this
admissible subsequence, which satisfies £ = O(h), when ¢ and h are sufficiently small,
there can be at most one A\* € I, such that Ay, # {0}. Therefore, A, = Ax. So if
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w e fln,k, then @ = v;, + o(1)z2. This concludes the proof, since vy, is either an odd
function, or an even function, whose L? norm is thus equally distributed on each side of
the origin.

To prove the claim, we argue by contradiction and use the orthogonality given by
Corollary 2.2.5. Indeed, suppose we can find for arbitrary small ¢ and h two distinct Ay,
A2 such that A2 € I,,, (i = 1,2), and that Ay, # {0}, then we can choose w; € Ay, y,
such that ||w;||zz = 1. By the analysis above, we see that w; = v;, + o(1)2. Using the
orthogonality of w; and wy with respect to L*(p?dz),

0 = (w1, w2) r2(p2a2) = (Vigs Vig ) 12(p2d2) + 0(1) = (Vig, Vig) £2(p2a2) 7 0,

we obtain a contradiction. O

2.2.3.5 Case E>h

Proposition 2.2.28. Let (¢, h, k,w) be an admissible sequence such that E > h, then
for some C' > 0, and €, h sufficiently small,

Masow||z2 = O] .
Démonstration. We use the scaling
2=cEY 2, h=cETh, Vg(z) = BTV (x),

and work under the z coordinate and the measure dz. We normalize @ by ||@|2 = 1,
and observe that it satisfies the equation

(2.2.20) (—=h20% + V)i = w + O(h?/E)p*i = w + o(h) 2

Let x € C°(R) be equal to 1 in a neighbourhood of |z| < 1, and 0 < x < 1, then we
apply Corollary 2.2.21 and the remark after it,

11 = X)hd |72 + 111 = X) @172 = O(h™)||@[|72 + o(h®) = o(h?),
which implies
(2.2.21) x|z = 1+ o(h).
In order to conclude, it suffices to prove that, for some § > 0, and h sufficiently small,
(2.2.22) ILsox@lze > 6
Let x € C(R) be such that yx = x, then xw satisfies the equation
(22.23) (=h?0% + XVi) (xi@) = x70 + o(h) 2 = [A*0%, X A
= XW + o(h) 2 — 2h*\'@" — h*X" 0 = x + o(h) >

The bottom line comes from Corollary 2.2.21 and the fact that supp x" C {|z| > 1}. This
equation first implies that yw is h- oscillating (see Example 2.3.9), whose h-semiclassical
measure g will thus not vanish, for we have (2.2.21). Now that xw is supported in supp ¥,
we have evidently,

supp i C supp x X R¢.
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By the fact that x(2)Vg(z) — x(2)2? in C2°(R), and Corollary 2.3.4, we see that

supp 0 C {(2,¢) : * + X(2)2> = 1}.

Combing the results above,

supp pu C supp x X Re N {(2,¢) : ¢ + X(2)2” = 1} C {(2,¢) : * + 2 = 1},

because y = 1 on supp x. Moreover p is invariant by the Hamiltonian flow generated by
the Hamiltonian vector field

Heeiqn22 = (—2¢,2X(2)2 + X/ (2)2°),

which, when restricted to supp u, is (—2¢,2z), and generates the rotation of the circle
¢? + 2% = 1. Therefore (2.2.22) must be satisfied, because otherwise y|.~q = 0, and by
the invariance under flow, ;¢ = 0, which is a contradiction. O

2.3 Appendix : semiclassical measure

In this section we recall some basic properties of semiclassical measures. For details we
refer to [84, 86, 138, 40, 208]. In what follows (M, g) will either be the flat Euclidean space
R? or a compact Riemannian manifold without boundary. The theory of semiclassical
measure works for general Riemannian manifolds, we restrict ourselves to these simple
cases so that we can give some simple proofs for some of the following results, which
already satisfies our needs.

Theorem 2.3.1. Let u(h) (0 < h < hy) be bounded in L*(M). Then there exists a
sequence h, — 0 and a positive Radon measure p on T*M (which is called an h-
semiclassical measure of u(h)) such that for all a € CX(T*M),

limn (an (2, e DY), () 1201y = / | ae€) dula )

n—oo

Remark 2.3.2. We call p an h-semiclassical measure to emphasize the importance of the
parameter h, for different parameter can be used. When there is no ambiguity, we simply
call © a semiclassical measure.

Remark 2.3.3. When there is no need to extract a subsequence, we say u(h) is pure, and p
is “the” semiclassical measure of u(h).

We also need the following corollary.
Corollary 2.3.4. Let u(h) (0 < h < hg) be pure, with semiclassical measure . Sup-
pose {an}n and a are functions in C°(T*M) such that a,, — a in C°(T*M), then

lim (a(z, hpD)u(hy), u(hy)) L2y = /*M a(x, &) du.

n—o0

This corollary is a simple consequence of Theorem 2.3.1 and the following L*-estimate
(we refer to [208], Theorem 5.1) that, for some N > 0, and all a € C°(T*M),

la(z,hD)||r2osp2 < C sup hV?[02 cal| .
la|<Nd
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Theorem 2.3.5. Let u(h) (0 < h < ho) be pure, with semiclassical measure p. Let
p € S™T*M) (where S™(T*M) is the Hormander class, see [100]).

p(z, hD)u(h)
p(z, hD)u(h)

o(1);2 = suppu C {p =0}
O(h)LQ = Hpu =0,

— (_9H O 0OH O
where Hy, = ( D% 50 0 85).

Remark 2.3.6. By consequence of Corollary 2.3.4, Theorem 2.3.5 could be improved a
little bit. Instead of a single symbol p, we can consider a sequence of symbols {p, }n>0 C
S™(T*M), such that p, — p in C2.(M). Then
Pu(@, haD)u(hn) = o(1)r2 = supppu C {p =0}
pn(x, hnD)u(hy,) = o(hy)2 =  Hyp=0.

For a pure sequence u(h), even if its semiclassical measure p = 0, we do not generally
have u(h) — 0 strongly in L*(M). However, this is the case if u(h) is in addition h-
oscillating.

Definition 2.3.7. A sequence u(h) is called h-oscillating if for some y € C*°(R) such
that 0 < y < 1, x = 0 in a neighborhood of the origin, and y = 1 outside a neighborhood
of the origin, then

lim limsup || x(—h?*A/R)u(h)||z2 = 0.

R—=+400  p0

Proposition 2.3.8. Let u(h) be a pure and h-oscillating sequence with vanishing semi-
classical measure. Suppose that there exists a compact set K such that for h sufficiently
small, suppu(h) C K, then u(h) — 0 strongly in L*(M).

Démonstration. Let o € C%°(R?) such that pu(h) = u(h) when h is sufficiently small. Let
X be chose as in the definition above. Write x () = x(-/R) for simplicity, and decompose

lu(h)Il7> = (p(1 = xR(=h*A))pu(h), u(h)) > + (XR(=h*A)u(h), u(h)) .

Observe that ¢(1 — x%(—h*A))p is a semiclassical pseudodifferential operator with prin-
cipal symbol (1 — x%(g; (&, €)))p(z) € C(T*M), therefore, since p = 0,

iny (1= X (A2 AU, ) o = [ (1= Xl 66Dt ) =0

h—0 L?
While for the second term, by our hypothesis of h-oscillation,

. . 2/ 12 R E : 1,2 2 _
gl lim sup (XR(=h*A)u(h), u(h)),, Rgrfoohriljélp\\xlz( h*A)u(h)||z2 = 0.

Combine these two limit behaviors,

limsup [|Ju(h)|]3. = Rlim limsup [|Ju(h)||32 = 0.
h—0 =10 A0
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Ezxample 2.3.9. Suppose that u(h) is a pure sequence satisfying
(—h*A +V)u(h) = o(1) 2,

where V' € C(M) then u(h) is h-oscillating. Indeed, by adding to V' some constant,
we may assume that V' > 1. So that —h?A + V is a self-adjoint operator with uniformly
(in k) bounded resolvent ||(—h?A+V)7||z2_,2 < 1. After this modification u(h) satisfies
an equation of the form

(=h2A +V)u(h) = Bu(h) + o(1) 2,

for some constant E € R. Denote ¢(z) = 27 x(z) € C*(R), and ¥r(z) = ¥(z/R), then
apply each side of the equation above by R™'gr(—h?*A + V), we obtain

Xr(—h*A +V)u(h) = ER™Wr(—h*A + V)u(h) + o(1) 2.

Now that M is either compact or Euclidean, we have a uniform elliptic estimate g1 (&, &) 2
|€|%, whence for R sufficiently large and for (x,&) € T*M,

Xry2(9: (& E))XR(92"(6,€) + V(2)) = Xpj(g: ' (£,6)):

Therefore, apply the equation above by x /2(—h2A), and by a symbolic calculus, we have
Xry2(—h?A)u(h) = ER7'O(1) 2 + o(1) 2,
which implies that, for R sufficiently large,

i sup [ (~H2A)u(h) |2 = O(R™).

We also remark that this argument works when V' depends on h, but remains bounded

in C°(M).
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Chapitre 3

Control of three dimensional
gravity-capillary water waves

3.1 Introduction

We consider the Zakharov [199] / Craig—Sulem [60] formulation of the gravity water
wave system with surface tension. It is defined as follows on the torus T¢ = R4 /2774,

{81&77 -Gy =0

’ z!]"Vx G 2
O+ g — H(n) + 3| Vot | — 3Tl = P,

(3.1.1)

Here g is the gravitational acceleration, H(n) = V, - (\/%WT?) is the mean curvature
]

of the surface
S ={(z,y) e T" x R:y =n(t,x)},

and G(n) is the Dirichlet—Neumann operator, defined below by (3.1.4), of the domain
Q= {(z,y) eTxR: —b<y<n(tz)},

with depth b € ]0, +oo[. Our main theorem states that, any sufficiently small data can
be generated by a suitable localized exterior pressure P.y.

Definition 3.1.1. We say that an open set w C T satisfies the geometric control condi-
tion if every geodesic of T¢ (which are straight lines, for we endow T? with the standard
metric) eventually enters w. More precisely, this means that for every (z,&) € T¢ x S,
there exists some t € ]0, oo[, such that z + t§ € w.

Theorem 3.1.2. Suppose that d > 1, T > 0, s is sufficiently large, and w C T? satis-
fies the geometric control condition, then for some 9 > 0 sufficiently small and for all
(i, ¢) € H*H2(T) x H(T?) satisfying

and [ranoda = [ramdz =0, there exists Poy, € C([0,T), H*(T%)), such that
(1) Pey is real valued, and for all t € [0,T], supp Pexi(t, ) Cw;
(2) there exists a unique solution to (3.1.1), (n,%)) € C([0,T], H*T/2(T?) x H*(T)),
such that (n,9)|i=0 = (M0, %0), and (,V)|=r = (m1,%1).

Hs—1/2yx Hgs—1 < 607 (7; - 0, 1)
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Remark 3.1.3. Theorem 3.1.2 remains valid for infinite depth, that is b = 400, with
exactly the same proof. However, we restrict ourselves to finite depth for simplicity.

Remark 3.1.4. The same result for 2-D water waves, that is d = 1, was previously obtained
by Alazard, Baldi, and Han-Kwan [5], where the geometric control condition is implicit,
as it is always satisfied on T'. We show in Appendix 3.8 that on T2, for the exact
controllability of the linearized equation around the flat surface (that is n = 0) of (3.1.1)
with infinite depth, the geometric control condition is necessary, and consequently it is
natural for the non-linear equation.

Remark 3.1.5. The condition for the mean values of 1y and 7, is necessary since the zero
frequency of n is conserved in time.

Remark 3.1.6. We shall only prove the existence of the solution (n,1), by an iterative
construction performed in Section 3.6, because the uniqueness is a consequence of [6].

This is a natural control result for a quasi-linear physical equation. Although many
works have been done in the control theory of nonlinear equations, including equations
describing water waves in some asymptotic regions, like the Benjamin—Ono equation, the
Korteweg—de Vries equation, the nonlinear Schrodinger equation, etc., the only work so
far for the full water wave model is done by Alazard, Baldi and Han-Kwan [5], who proves
the exact controllability for the system (3.1.1) on T'. Our Theorem 3.1.2 extends their
result to higher dimensions.

A main ingredient in [5] is Ingham’s inequality, which is a tool specific to d = 1. To
tackle the lack of such estimate in higher dimensions, we have to distinguish the high fre-
quency regime and the low frequency regime. The high frequency regime requires to imple-
ment in this quasi-linear framework the semi-classical approach (see Lebeau [131], Burq—
Zworski [48]), while the low frequency regime is studied by the uniqueness-compactness
argument (see Bardos—Lebeau-Rauch [24]). It has to be noticed that the usual Carleman
estimates do not seem to apply to the paradifferential context we are working with, and
this uniqueness result has to be proven by a different method.

3.1.1 From Euler to Zakharov / Craig—Sulem

We present here briefly the Eulerian formulation of the water wave system with surface
tension to give some physical intuitions. Then we define the Dirichlet—-Neumann operator,
and derive the Zakharov / Craig-Sulem formulation (3.1.1).

Let 3, and €2; be defined as above, and let I' = T? x {—b} be the flat bottom. Denote
by v : ; — R? the Eulerian vector field, by P : €, — R the internal pressure of the fluid,
and by n : 9Q; — S? the exterior unit normal vector to the boundary 9§, = 3, UT". Then
the Eulerian formulation of the water wave system is the following system of (7, v),

(ﬁtv +v-Vgy, v+ VP =—ge, in ),

Vey-v=0 in €,

(3.1.2) Om = /1+ Va2 vls, - n, on X,
v-n=>0 on I,

| —Pls, = cH() + Pext on X,

where e, = (0, 1) is the unit vector in the y-direction, and ~ > 0 is the surface tension
coefficient. The physical interpretation of (3.1.2) is that
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(1) v satisfies the incompressible Euler equation in the domain €2,

(2) fluid particles which are initially on the surface will stay on the surface,

(3) the bottom is impenetrable by fluid particles,

(4) the internal pressure, the exterior pressure, and the surface tension balance out on

the surface.

We suppose furthermore that the vector field v admits a scalar potential ¢ : , — R,
that is v = V¢, which implies furthermore that v is irrotational. Denote by 1 the trace
of ¢ to the free surface, in the sense that,

?/1(?37 l‘) = (b(tu z, n(ta I)),

then ¢ satisfies the Laplace equation, with a mixed boundary condition,

(3.1.3) ANpydp =0, s, =1, 0Ondlr=0.

Define the Dirichlet-Neumann operator G(n) by

(3'1'4) G(U)w(t’ x) = \/1 + |Vx77<t7x)‘2 an(b‘y:U(t@)
= (0y0)(t, z,n(x)) — Van(t, z) - (Va@)(t, z,1(2)).

Combining (3.1.2), (3.1.3) and (3.1.4), and assume x = 1, we obtain the Zakharov /
Craig—Sulem formulation (3.1.1) in variables (1, ).

The study of the Cauchy problem of (3.1.1), initiated by Kano-Nishida [114] and
Yosihara [197, 198], has greatly progressed over decades. To name a few, the local well-
posedness in the framework of Sobolev spaces, without smallness assumptions of initial
data, has been established by Beyer—Giinther [30] in the case with surface tension, and
by Wu [192, 193] in the case without surface tension. For recent progresses, we refer to
Ifrim—Tataru [105], Ionescu—Pusateri [107], Wang [189], de Poyferré—Nguyen [64] and the
references therein. Here we are influenced by the paradifferential approach developed by
Alazard-Métivier [12], Alazard—Burq—Zuily [6, 8, 9], which allows them to prove the local
well-posedness in low Sobolev regularity, without regularity assumptions for the bottom.

3.1.2 Outline of paper

In Section 3.2, we outline the method of our proof. In Section 3.3, we reformulate the
problem by the paradifferential calculus. In Section 3.4, we prove the null controllability
in L? for linearized control problems of (3.1.1). In Section 3.5, we prove that for H®
initial data, the control obtained by Section 3.4 is also of regularity H*. In Section 3.6,
we prove with an iterative construction the null controllability in H?® of the quasilinear
paradifferential equation obtained in Section 3.3. Finally in Section 3.7, we prove the
exact controllability of (3.1.1) and conclude the proof of Theorem 3.1.2.

In Appendix 3.8, we show that on T?, when b = oo, the geometric control condition
is necessary for the controllability of the linearized equation of (3.1.1) around the flat
surface. In Appendix 3.9, we recall the basics of the paradifferential calculus. In Appen-
dix 3.10, we prove the well-posedness of some linear evolution equations, which are used
in the study of the linearized equations of (3.1.1).
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3.2 Strategy of proof and some notations

The general strategy of our proof of Theorem 3.1.2 is to combine the iterative scheme
of [5] with Lebeau’s method for the linear control problems, where we adapt the semi-
classical approach in the high frequency regime, and use a perturbative argument to
prove the unique continuation property for the low frequency regime. We explain in the
following some more details.

3.2.1 Paralinearization and reduction to null controllability

By the time reversibility of (3.1.1), the procedure of paralinearization and symme-
trization systematically developed in [12, 6, 8, 9] by Alazard, Burq, Métivier and Zuily,
we can reduce the exact controllability of (3.1.1) to the null controllability of a parali-
nearized equation. By the null controllability, we mean the exact controllability with null
final data. For the paradifferential calculus, we refer to Bony [33], Métivier [146], and
Hormander [103], see also Appendix 3.9 where some basic results are presented.

Recall that the zero frequency of 7 is preserved in time, and observe that the zero
frequency of v is of no physical importance. Therefore we define the Sobolev spaces of
functions with null zero frequencies,

(3.2.1) HO (T := {f € H(TY) : 7(D,)f = f}, o €R,

where m(D,) is a Fourier multiplier that projects to Fourier modes of nonzero frequencies
(see Appendix 3.9 for details). We equip H?(T%) with the usual Sobolev norm inherited
from H*(T%). Observe that for ¢ > 0, f € H’(T%) means that Jpa fdz = 0. We also use
the notation L?(T4) = HO(T?).

Following [6, 5], we paralinearize (3.1.1) to obtain a paradifferential equation for the
complex variable u = u(1, n),

(3.2.2) u=Tyw —1iTyn.

Here w = 1)—Tpn is called the good unknown of AlinhacW, where B is the trace to the free
surface X of the vertical velocity 0,¢ (see (3.3.1) and (3.3.2)) ; while 7, and T, are para-
differential operators depending solely on 7, of orders 0 and 1/2 respectively, so that u €
H#(T%) whenever (n,1) € H**1/2(T?) x H5(T?). We show that this transform (1, ) — u
is invertible except for the zero frequencies. So we first establish the null controllability
for u, and then recover the zero frequencies to obtain the exact controllability for (n, ).
To do this, we seek a null control for u of the following form

(3.2.3) Pexi(t, ) = X (t)pu(z)Re F(t, 7),

where
(1) F e C([0,T], H*(T%)) is complex valued ;
(2) xr() =x,(-/T) € C®°(R) where x,(t) =1 for t <1/2 and x,(¢t) =0 for t > 3/4;
(3) 0 < ¢, € C®(T?) satisfies 1,, < ¢, < 1, where w’ satisfies the geometric control
condition, and «w’ C w. Such ' exists because T? is compact.

(i). We use the same notation w for the good unknown of Alinhac and the domain of control for it
causes no ambiguity, and it is a standard notation in both cases in the literature.
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We fix x; and ¢, and seek F', so that with P.y of the form (3.2.3), u satisfies the following
nonlinear paradifferential equation,

(3.2.4) (O + P(u) + R(u))u = (B(u) + B(u))F.
Here P(u) is a paradifferential operator of order 3/2,
P(u) = iT,w) + V- Ty + lower order terms,

with (u) being a symbol of degree 3/2 that depends on V.7 (hence depends on u), V(u)
being the trace to the free surface ¥ of the horizontal velocity V¢ (see (3.3.1)); while

B(u)F = x;Typ.ReF.
Under the smallness condition u = O(gg) s, we have
Ty — |D:c|3/2 = 0(50)5(H57HS*3/2)7 V(u) = O(co) grs—1;

while remainders R(u) and §(u) satisfy for some ¢ > 0,

0}

(3.2.5) IR 2o oy S Nullprss 1B gegrs govrey S llul

HS.

Therefore perturbation arguments can be used to simplify the situation.

Remark 3.2.1. The reason to redo the paralinearization of (3.1.1) rather than borrowing
directly the results from [6] is due to two considerations. Firstly [6] studies the Cauchy
problem, to which only the regularity of the remainder R(u)u is important, while in this
paper, the smallness is also required to treated it as a perturbation. Secondly, due to the
existence of the exterior pressure Py (in [6] P = 0), the same estimates for 9;1) no
longer apply, as they now for 9;1) — P.y, resulting in the appearance of the term [S(u)F.

We will first prove the null controllability of (3.2.4) (that is, Theorem 3.2.2 below),
then prove that it implies the exact controllability of (3.1.1) (that is, Theorem 3.1.2) in
Section 3.7.

Theorem 3.2.2. Suppose that d > 1, w C T? satisfies the geometric control condition,
T > 0, and s sufficiently large, then for some ey > 0 sufficiently small and for all initial
data ug € H*(TY) with ||uo||gs < €0, there exists an F € C([0,T], H*(T?)), such that the
unique solution v € C([0,T), H*(T%)) to (3.2.4) with initial data u(0) = ug vanishes at
time T, that is w(T) = 0. Moreover F' can be so chosen that

(326) HuHC([O,T],H‘s)ﬂwl"x’([O,T],H573/2) SJ €0, ||FHC([0,T},H5) 5 €0-

Remark 3.2.3. In the statement of Theorem 3.2.2, and throughout this article, the relation
X <Y is used to simplify the relation X < C(d,w,T,b)Y for some constant C' which,
whenever ¢y (and h in the semiclassical setting) is sufficiently small, depends only on d,
w, T', b, and can be treated as a universal constant.
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3.2.2 Iterative scheme.

To prove Theorem 3.2.2, we adapt the iterative scheme of [5] which reduces the study
to the control problem of linear equations. To simplify the notation, we first introduce
the following spaces.

Definition 3.2.4. Let 0 € R, gq > 0,7 > 0, wesay u € €"7(T, &), resp. F € €*?(T, &),
if

lulleqo.ry,mey + [10sull Lo o7y, ma-3/2) < €0, Tesp. || Flcor,me) < €o-

For s sufficiently large and gy > 0, we fix u € €"*(T,&) and consider the null
controllability of the linear equation

(3.2.7) (0 + P(u) + R(u))u = (B(u) + f(w)) F.
We show that for ¢ sufficiently small, there exists a linear operator
(3.2.8) ®(u) : H*(T?) — C([0, T], H*(T%)),
which null-controls (3.2.7), that is, for any u, € H*(T%),

F = ®(u)uy € C((0,T], H*(T?))

sends the initial data u(0) = ug at time ¢ = 0 to final data u(7) = 0 at time ¢t = T
by (3.2.7). Then the iterative scheme proceeds as follows. Let ug € H*(T¢) such that
o] s < 0. We set u® = 0, FO = 0, and for n > 0 set (u"t!, F"1) € C([0,T], H*(T%)) x
C([0,T), H*(T%)) by letting

F'H = & (u™)uo,
and letting u"*! be the solution to the equation
(0 + P(u™) + R(u™)u"™ = Bu™)F™*,  u"(0) = up, v"™(T) = 0.

Be careful that for F™*! to be well defined, we must check that for some constant C' > 0,
independent of n and small gy, u™ € €4*(T,Cey). To prove the convergence of this
scheme, we need the following contraction estimate for the control operator,

||<D(un+1) - (I)(un>HL(HS,C([O,T},HS*?’/?)) N ||UnJrl - un||C([O,T],HS—3/2)a
which shows that {(u", F")},>¢ is a Cauchy sequence in
C((0, T, H*3/2(T4) A W=([0, T, F1*3(T) x C((0,T], 7*-92(T4)),

and converges to some (u, F') that satisfies (3.2.4) in the distributional sense. To recover
the H*-regularity of u, we study (3.2.4) by treating it as the linear equation (3.2.10) with
u = u. The H*regularity of F' comes from (3.2.8) after proving that u € €"*(T, Cey),
and that F' = & (u)uo.

The construction of ®(u) is the main effort of this paper. Treating R(u) and S(u) as
perturbations, it suffices to study the following unperturbed equation,

(3.2.9) (O + P(u))u = B(u)F.
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Indeed, we show that there exists a linear control operator,
O(u) : L*(T?) — C([0,T], L*(T%))
which null-controls (3.2.9) for L? initial data, and moreover satisfies
O(w)| . + H*(T?) — C([0,T], H*(T?)),
Then for some E(u) = O(§) gy 7+ With ¥ > 0,
®(u) = O(u)(1 + E(u) ™
We first apply the Hilbert uniqueness method to construct ©(u), and use a commutator

estimate to prove its H*-regularity, with details explained below.

3.2.3 Hilbert uniqueness method

The Hilbert uniqueness method is a purely functional analysis argument, due to
Lions [137] which, when applied to our situation, establishes the equivalence between
the L?-null controllability of (3.2.9) and the L?-observability (see below) of its dual equa-
tion,

(3.2.10) (0 — P(w)*)u =0,

where P(u)* is the formal adjoint operator of P(u) with respect to the scalar product
Re(, )1z, such that for all f, g € C°°(T?),

Re(P(w)f, )12 = Re(f, P(w)"g) 2.

The reason to use Re(:, )2 instead of (-,+)r2, and thus consider the real Hilbert space
(L?(T9),Re(-,-)2) is that P(u) is not C-linear, but only R-linear (see the exact expression
of P(u) in Proposition 3.3.14), due to our pursuit of a real valued control, which results
in the appearance of the R-linear operator Re in (3.2.3).

The (strong) L*-observability of (3.2.10) is the following inequality, that for all its
solution u € C([0, 7], L*(T%)),

(3.2.11) HMW@SAH&@MW@&

where B(u)* is the adjoint of B(u) with respect to Re(:,-)r2. To prove it, we consi-
der (3.2.10) as a perturbation of a pseudodifferential equation,

(3.2.12) (D + Q(u))u = 0,
where D; = %&, and Q(u) is the pseudodifferential operator with the same symbol as

iP(u)*, so that it is of principal symbol ~ [£]3/2. Then we derive (3.2.11) from the following
L*-observability of (3.2.12) by Duhamel’s formula,

T
(32.13) o) S [ lleuReulfs dr
0
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To deal with this problem caused by the lack of C-linearity of the equation, which oc-
curs especially in the proof of the unique continuation property that deals with the low
frequency regime, we consider simultaneously u and its complex conjugate @. The pair
w = (Z) then satisfies the C-linear system of pseudodifferential equation,

(3.2.14) Dy + A(u)@ = 0,

€20
0 [
the following L?-observability of (3.2.14),

where A is of principal symbol ~ ( > Then (3.2.13) is a consequence of

T
(3.2.15) 1|2 < / lou?- |2 dt,
0

where € = G), so that for w = (Zf), c-w=wt+w".

Remark 3.2.5. Here we write ||w/(0)||z2 = ||W(0)||z2xz2 for simplicity. This will be our
convention for the Sobolev norms of the pair «. In this spirit, we will also write H® =
H?® x H® when there is no ambiguity.

3.2.4 Semiclassical observability

We adapt Lebeau’s approach [131] to prove (3.2.15). This approach performs a dyadic
decomposition in frequencies of ), then proves a semiclassical observability (see below)
for each dyadic part by studying the propagation of mass (L?-norm), and finally recovers
the observability of w using Littlewood-Paley’s theory. The idea behind this approach
is that, the mass of solutions of a dispersive equation, is not well propagated unless for
those localized in frequencies, because group velocities for different frequencies vary, and
we are not expected to have a uniform propagation for all frequencies. To be more precise,
for h = 277, with j € N, we define

@y, = My A,

where A, is a semiclassical pseudodifferential operator, and II, is defined by a semi-
classical functional calculus (see Section 3.4.3 for the exact expression; to set j, in this
way is purely out of a technical concern), so that the frequency of j, is localized in
A < |¢] < Bh! for some 0 < A < B. The semiclassical observability states that, for
h > 0 sufficiently small,

~

hY/2T
(3.2.16) | (0)||22 < h™Y/2 / |¢w€ - Wh||72 dt + remainder terms.
0

The reason why (3.2.16) holds on a semiclassical time interval of length ~ h'/? can be
intuitively explained as follows. The dual equation (3.4.2) with u =0, g =0 and b = c©
(recall that b is the depth of the water) is

(3.2.17) (Dy + |Do)**)u =0,

with its dispersion relation and group velocity being

ow 3 k
— |k|3/2 - =z
(3.2.18) w(k) = |k, vy(k) ok 2 |k
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Due to the variation of frequencies on the interval [Ah~!, Bh™1] of size ~ h™1, the variation
of group velocity is then ~ h~/2 hence the mass is only “well propagated” on a semi-
classical time interval of size ~ h'/2. That is why Lebeau introduced in [131] a semi-
classical time variable s by a scaling s = h™'/?t (see also Staffilani-Tataru [178] and Burq—
Gérard—Tzvetkov [46] where this same scaling is used to prove the Strichartz estimates of
Schrodinger equations with variable coefficients), so that the semiclassical time interval
is of size ~ 1 in s variable.

As for a technical explanation, equation (3.2.17) writes in variables (s,z) as a zero
order semiclassical differential equation,

(3.2.19) (hDy + |hD,[>*)u = 0.

The vague word “well propagated” above can be quantitatively characterized by the
semiclassical defect measures of solutions to (3.2.19). For semiclassical defect measures,
we refer to Gérard [84], Gérard-Leichtnam [86], Lions—Paul [138], see also the survey by
Burq [40]. Then the proof of (3.2.16) argues by contradiction and studies the propagation
of the semiclassical defect measures, where the geometric control condition is required.
This argument dates back to Lebeau [132].

3.2.5 Weak L’-observability

By an energy estimate, we can show that (3.2.16) remains valid after replacing the
interval of integration [0, h'/2T) by I, = [hY/2kT, h*/?(k + 1)T] for k = 0,1,...,h7 Y2 — 1
(we may of course assume that h = 2%), with a slight change of the remainder term.
Once it is proven, we patch {I; }g<p<p-1/2 up and use Littlewood—Paley’s theory to obtain
a weak observability, that for any N > 0,

T
(3.2.20) Ol 5/ ™ 10|72 At + [|5(0) |3
0
The remainder term [[w(0)]|3,_y comes from the fact that (3.2.16) holds only for small A,
that is, for high frequencies.

3.2.6 Unique continuation and strong L?-observability

We use the uniqueness-compactness argument of Bardos-Lebeau-Rauch [24] to elimi-
nate the remainder term and obtain the strong L?-observability. This argument derives
the strong observability from the weak observability and the unique continuation property
of the linear equation, which is, in our case equation (3.2.14). However, this equation has
a fractional (hence non-analytical with respect to &) symbol, so Carleman’s estimate does
not seem to apply directly. We then use a perturbative argument (by contradiction), and
reduce the problem to proving only the unique continuation property of the equation
linearized around the equilibrium state, that is = 0, which is a constant coefficient
equation,

(3.2.21) Dy + A(0)d = 0.

To be more precise, suppose that the strong observability does not hold for arbitrarily
small €, then we can find a sequence of solutions w, to (3.2.14) with u = u,, € €*(T, e,),
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e, — 0 as n — oo, such that

T
@0 =1, [ lloue @l de = o(1)
0
The solutions wj,, converge in distributional sense to a solution @ to (3.2.21), such that
(3222) @wg U_j|0§t§T =0.

Moreover, by the weak observability (3.2.20) and Rellich-Kondrachov’s compact injection
theorem, ||w(0)||z-~ > 0, hence @ # 0. We will obtain a contradiction by the unique
continuation property of (3.2.21), that is, such a non-zero solution to (3.2.21) never exists.
To prove this, we consider the C-linear vector space .4~ of initial data w, € LQ(Td) whose
corresponding solution satisfies (3.2.22). Then the weak observability (3.2.20) implies
that .4 is a compact metric space with respect to the L?-norm, and hence of finite
dimension. It is not difficult to see that A(0) defines a C-linear operator on .4, and thus

admits an eigenfunction wy = (w‘i) € L*(T9) such that
Wo
(3223) A(O)’Lﬁo - )\Uj{), A S C,

and that
(war + wy )|w = €+ Wol, = 0.

We obtain from (3.2.23) an elliptic equation for wg + wy , and show that wy + w, has
only a finite Fourier modes. Therefore it can never vanish on a non-empty open set unless
wy + wy, = 0. Again easily from (3.2.23) we also obtain wy — w, = 0. This contradicts
the fact that w is an eigenfunction and can not be identically zero.

3.2.7 H°-controllability

Now we prove the H°-regularity of © = ©(u), that is, whenever the initial data
ug € H*(T?), the control F' = Ouy € C([0,T], H*(T¢)). The Hilbert uniqueness method
implies that, at the L? level,

0 =-BSK, K=-RBBS,

where the definitions of the solution operator S and the range operator R will be made
clear in Section 3.4.1. The main motivation to proving the strong L2—ob§ervability is that,
it is a rephrasing of the coercivity of the following R-bilinear form on L2(T¢),

w(f,g) =Re(Kf,g)Lz.

Therefore the strong L2-observability implies, by Lax-Milgram’s theorem, the invertibility
of IC, and consequently the well-definedness of ©.

Coming back to the H? level, observing that, by the definition of IC, it is easily verified
that K sends H*(T%) to itself. Therefore, to prove the H*-regularity of ©, we only need to
show that K| ;. : H*(T%) — H*(T%) defines an isomorphism. We use again Lax-Milgram’s
theorem, and consider the following R-bilinear form on the semiclassical Sobolev space
H; (T = H*(T%) N H(T?) which inherits the semiclassical Sobolev norm from Hj(T¢),

@ (f,9) = Re(A} =0 f, A} |t=09) 2
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where A7 =1+ hST(,Y(s/Q))zs/:s. In order to conclude, the key point is the following com-
mutator estimate, that for 5 and A sufficiently small,

(3224) [IC, AZ’tZO} Ags|t:0 = 0(50 + h)ﬁ(L2,L2)'
Indeed, if this is proven, we obtain the coercivity of w; on H 5(TY),
@i (f, ) = @(Ajlimo f, Ajli=o ) + Oeo + M)A} =0 flI 72 Z /]

The trick of introducing the semiclassical parameter h has already been used in [5], but
our proof of the H*-regularity is different.

2

3.3 Reformulation of problem

This section performs the paralinearization of (3.1.1) as developed in [12, 6, 8], but
with two differences : first a more careful treatment to the remainder terms, so that they
are not only of sufficient regularity, but also “super-linear” (see Remark 2.6 of [5]); and
second, a modification concerning the existence of the exterior pressure P.y.

The estimates below are carried out for each fixed time ¢, so the time variable will be
temporarily omitted for simplicity.

3.3.1 Paralinearization of Dirichlet—Neumann operator

Recall the following notations which are standard in literatures. Let

B(x) = (9,0)(x,n(x)), V(x) = (Vag)(x,n(x))

be the traces of the vertical and horizontal components of the Eulerian vector field to
the free surface, respectively. They admit the following expressions which could be seen
as linear operators depending on 7, applying on .

Vgﬂ? : Vz¢ + G(UW
14+ Va2 7

(3.3.1) B =Bn)y = V =V =V — BV,

as well as the good unknown of Alinhac,

(3.3.2) w=w(n)p = —Tpn.

Remark 3.3.1. When there is no ambiguity, we simply write B, V and w for short. The
notation B(n) will be used later in Lemma 3.3.11 to denote the operator

1+ |Vl

Lemma 3.3.2. Suppose s > 1/2+d/2 and 1 +d/2 <o < s+ 1/2, then
1B, V)llgo-1xme— < CUInllmresar2) [Vath |l o1
Démonstration. By Theorem 3.12 of [8],

1G]l o < CUInllgss172) [ Vatd|[ o1
We conclude by ||uv||go-1 < ||| go-1]|v||zo-1 and (3.9.7). O

B(n) =
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The following proposition follows by a careful study of Proposition 3.14 of [6].

Proposition 3.3.3 (Alazard-Burq-Zuily). Let s > 3+d/2, (n,v) € H*T/2(T%) x H*(T9).
Let the symbol
A= A0

be defined by

AD(z,€) = /(1 + [Van) € — (Van - €)%,

1 Rk

where oM (x, &) = %. Then

G(TI)w =Tw—-V,- TV” + f(777 ¢)a

where for any 1/2 < 6 < 1,

(3.3.3) 1, ) rress < CUInllpresar2) [ Vo]

Démonstration. Now that we have a larger regularity, s > 3 + d/2, than that that in [6],
which is s > 24d/2, we have no need to deal with the paraproduct 7, for some a € H%?~¢,
which is of positive order. The proof in [6] then implies that

Hs—1.

G =Thw =Ty - Von —Ty,.vn+ f(n,v),

where for any 1/2 < § < 1, ||f(n,¢)||gs+s < C(Inllgrs+1/2) |V ||grs—1. Instead of consi-
dering —Tv,.vn + f(n,v) together as the remainder term of regularity H*+'/? (which
already suffices in [6] for the Cauchy problem), we observe here that

Ty - Ven+Tv,vn = Va - Ty,
and conclude. N

Remark 3.3.4. By the definition of A\, V' and w, the remainder f(n, ) is of the form,

f(n,¥) = Ra(n)v + My,

where Rg(n) is a linear operator depending on 7, and following (3.3.3),

(3.3.4) [ Ra(n)] n1/2) [ Vatd || ot

while M, = G(0) — |D,| = mp(D,) is a smoothing Fourier multiplier, with symbol

mp(§) = [€](tanh(b[¢]) —1).
Indeed, G(0) = |D,|tanh(bD,) is a Fourier multiplier which could be calculated directly.

w5 < C(|In]

We aim to prove the following estimate.

Proposition 3.3.5. For s > 3+ d/2 and some ¥ > 0,

||RG(77)¢| 1;15+1/2||V:c1/)|

w2 < O[]l gevsz) [0l

Hs—1.
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Démonstration. This follows by interpolating between (3.3.4), and the following Lem-
ma 3.3.6. O

Lemma 3.3.6. For s >3 +d/2, ||[Ra(n)| 12|Vt

-2 < C([|n]

Hs+1/2)||7]| Hs—1.

Démonstration. Write

Ran)y = (Gn)¢ — G(0)¢) — (Thw — [Da|v) + Vo - Ty,
and estimate the three terms separately. By Lemma 3.3.2 and Theorem 3.9.3,
w172 [ Vat)|
For the middle term, write Thw — |Dg|t) = Th_j¢tp — T\Tsn, and by Theorem 3.9.3,

1Tl S Mo ajoia (A = DIVt e < CUmllzssrs)mll o2 | Vel o1,
15T ol rs-172 S Mo gy ia MIBllzo [nllsrsv1/2 < Cllmllirssrr) 1l sz |Vt

IVs - Ty

a7z < C([In]

a2 S Ve n| Ho L

ms1/2) |7

Hs—1.
The first term is estimated by the following lemma. m

me+12]| Ve

Démonstration. Recall the shape derivation formula of the Dirichlet—-Neumann operator,
see [123], see also [6].

Proposition 3.3.8. Let s > 2 +d/2, and n € H*TV(T9), ¢ € H°(T?) for 1 < o < s.
Then there exists a neighborhood of n in H*+*Y/2(T%), in which the mapping 7 — G (7)1
is differentiable. Moreover, for h € H**V/2(T%),

Lemma 3.3.7. ||G(n)yY — G(0)y]

ns-2 < C(|n]

mrs1/2) |7 HoL

(335) G- h:=lim {G(y +eh)y — Gn)} = =G(n)(Bh) = V. - (V).
Then by Newton-Leibniz formula,
1 1
G -G = [ dG -ndt = — G B V.- (Vin))dt,
(1) = GO = [ aG(emyw- e = = [ (Glon) (B + V.- (vim)) at
where By = B(tn)y, Vi = V(tn)y. Therefore,

1
wa < [ (Clltn
0

< C([In]

IG () — G(0)|

ne1/2)|| Bl

ms1 + |Vl

Hs—1 dt

e )l

w21l e [ Vat) || s

3.3.2 Paralinearization of surface tension

Proposition 3.3.9. Let n € H*"'/2(T9) with s > 3/2 4 d/2, then

(3.3.6) H(n) = =T+ Ru(n)n,

where the symbol
0=¢@ 4 ¢®
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15 explicitly defined by

)2
2 — ;(’,ﬂ? — M) ¢ — %35 - D0,

vV 1 "’ |vx77’2 1 _'_ ‘V:ﬂ7|2

and Ry (n) is a linear operator satisfying the estimate,

HRH(”)H[Z(HSH/?,HZS*?*W?) < CUnll s+l gresare-
Démonstration. Letting L(v) = m for v € R? then L(0) — 1 =0, and by (3.9.6),
1
AV =1+ (L(Vay) — 1
s~ A(T) = 1+ (V) )
=1+ Twiyw.n - Vo + Br-1(Ven),
where (VL)(V,n) = ———=2_ and the remainder satisfies the estimate

Vel
[RL—1(Van)|| gze-1-02 < C([|n]
Therefore, using the fact that Ty, ,1 = 0, we have
Va1

V14 [Van|?

Hs+l/2.

w+1/2)[[7]

= V.n L(V.n)

= 19,0 L(Van) + Tr(v,m Ve + R(Van, L(Van));
=19, Tvr) vy - Vo) + Tov.gVan
+ R(Von, L(Van)) + To,nRr-1(Van)

= TV + R(n)n,

with the matrix valued symbol
1 I Va.n ® Van '
VIFVaP T ir e
As for the remainder, R(n) is a linear operator depending on 7 defined by
R(n)v = R(Vo, L(Van) + To o R-1(Van)
+ (T9,TvL)an) - Ve = T9,mevL)(Von Va) U,

M = L(Van) 4+ Van @ (VL)(Ven) =

satisfying by (3.9.4) the estimate
1R (n)vl| g2s-1-ar2 < C(|l1]

Indeed, the only problem is for the first term, for which we write

R(vxva L(Vw)) = R(v:cva 1) + R(Vzv7 L<vx77) - 1)a

H5+1/2)”7]’ Hs+1/2 ”U’ Hs+1/2-

where
R(V,v,1) =V, —Ty,,1 —T1V,o=V,v—0—-V,v=0.
Consequently,
Van )
———— ) =T pecriv,. +R ,
TR Meg+ive-mel) + Ru(n)n

with (@) = M¢- (W =1V, - M¢, and Ry(n) defined by Ry(n)v =V, - (R(n)v) which
satisfies the desired estimate. O

H() = V.- (
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3.3. REFORMULATION OF PROBLEM

3.3.3 Equation for the good unknown
Proposition 3.3.10. Let n € H*Y2(T?) and ¢ € H*(T%) with s > 1+ d/2, then

(3.3.7) 5 1 vaE alveY

= TBGO?)w + TBTV : vxn - TV ' vxdj + RS(”: Q/))’QZ),
where Rg(n,1) is a linear operator satisfying the estimate
1B (0, V)| cears rze-2-ar2y < CUInll rorrs2) [Vath |l -1
Démonstration. By the definition of B, V' and G(n), we easily verify the identity.
G(n)Y =B —=Vun-V.
Plug this into the left hand side of (3.3.7),

2 1+ |V,n|?

1 1

1 2

= BG()w + 5 (BGO)Y = Vb -V)
=BGy + 5(B(B~V - Vun) — (V + BY1) - V)
= BG()y — 3B~ V[

Then by (3.9.4),
1

1
BG()y—5 B — S|V

=TsG(MY + TauywB —TpB =Ty -V + Ri(n, ¥)¢
=TpG(MY + Tamyp-pB —Tv - (Votp — BVyn) + Ri(n, )¢

= TG — Tyv,yB — Ty - Vob + Ty - (BV.n) + Ra(n, )¢
=TGN + TpTy - Ve — Ty - Votb + Ri(n, ) + Ra(n, ¥),

with the two operators defined by

1 1
R(n. v’ = B(B.G(n)e') — L R(B. Bn") ~ SR(V, V()
Ry(n,9)v* =Ty - R(B(n)v*, V.n) + (Tv - Ty, — Tv.v,q) B)v* + [Ty, Tape2]) Van.
Hence, by (3.9.4), (3.9.5) and Lemma 3.3.2, Rg(n,v) = Ri(n,v¥) + Ra(n, ) satisfies the

desired estimate. O]
Lemma 3.3.11. With P of the form (3.2.3), the good unknown w satisfies the equation,
0w + V- Tyw + Tin + gn + By, (b, )y + B (Y, m)n = X (puReF — T ourer)).

where R'(Y,n) (i = 1,2) are linear operators such that, for s > 2+ d/2,

1R (0, ) e ey < CUI, Vatd) | gosrsoss- IVl -1,
IR (0, )| qaresnegrssirzy < CU Vo)l gosrrzsgps ) (Vo o=t + [0l]gros1/2)-
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Démonstration. Combining the paralinearization results above, w satisfies the equation,
dw + Vg - Tyw + Tim + gn + R = xppuReF,
with the remainder R being,
R =Ty,pn+ (VoTyTs — TsTv - Vo) + Ru(n)n + Rs(n, )¢ + (Ty - Vo = Vo - TV ),

where R, (n,1) is defined in Proposition 3.3.10. The term Tj,pn should be treated with
attention, where 0,1 is involved.

0B = 0,(B(n)y) = B(n)ow + [0:, B(n)|[Y
= xrB(n)(¢uReF) + B(n) (01 — xpp.ReF) + (04, B(n)]t,

where, using the equation,

x! " T G 2
00t = xrp ReF = —gn-+ Hon)+ 5 T CE g
1
[0, B(n)|y = at(m) (Van - Vb + G(n)v)
1
+ w (anﬂ] -V + (@G(n))w).

Therefore,

10490 — xpuReF| o 4 |7l gerise)-

And by (3.3.5),

w2 < C([|n, Vay)|

Hs+1/2st—1)(”VI¢’

(G = —=G(n)(Bom) — V- (VOn),
from which, replacing 9;n with G(n)1y by the equation,

1[0, B4l grs=sr2 < C([|(n, Vo)

As for an exact formula, it suffices to set

Hs+1/2).

mr/2ps=1) ([ Vatd [ + 0]

R}J(”?? w)vl = RS(Th w)vl + (TV ' vm - vx : jﬂ’V)U1
Ri (777 ¢)U2 = TA(r],tZJ)UQ + (VCCTVTB - TBTV : vx)vz + RH(U)U2>

where Ry (n) is defined in Proposition 3.3.9, and by expanding 0,B — xB(n)(¢,ReF)
thoroughly using the identities above,

1(V,n-V, G 2
A(n, ) = —gn + H(n) + 5( U : +z|ﬂv+n|2(77)w)

2V,n - V,.G(n)y

1
T (VG Vot = G (BEmY) = V. - (VG()e).

1 2
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3.3. REFORMULATION OF PROBLEM

3.3.4 Symmetrization

Now by Proposition 3.3.3 and Lemma 3.3.11, for s > 3 + d/2, the system of water
waves can be reformulated as

o —Thw+ V, - Tyn — My — Ra(n)y =0,
Ow +Tyn + V- Tyw + gn + RL(, n)Y + RE(Y,m)n
= Xz (vuReF — Thiypurer)n)-

Following [6], let symbols which depend solely on 7,

(0)’ 1/2) p(—1/2)’ v = 7(3/2) + 7(1/2)7

q4=4q p=pr

be defined by

¢ = (14 |[Van|)"%,
~B2) = @)\,

[ (@) ReX©® 1
(/2 — 2 A Zg @)D
v T3 50 - Do VAN,

PP = (14 Vo) VAT,

_ 1 .
P o (¢ — HUDp1/2) 4 437D g 1/

Then T,n and T,w satisfies the equation

(3.3.8) o(Tyn) — T, Tyw + Vo - Ty Tyn — Ty My + Ri(n)y + Ra(n)n = 0,
o at<qu) + Tvan + V- TVTqW + gan + R3(777 @D)@ZJ + R4(777 ¢)77

= Xr (qupreF - TqTB(n)@wRan)’
where the remainders are defined by

77)/01 = _(TPTA - T,qu)w(T])vl - TPRG(T’)Ul - [Vm : TV(r])vlva]n7
Ro(n)v? = —Tp,v%,
R3 7¢)U3 = _Tatqw(n)vs - [Vm : TV7 Tq]w(n)vg + TqRi;(na ¢)U37
)

(n
Ry(n, )v* = —(T,T, — T,Ty)v* + T, R (n, )v*.

By our choice of symbols, the principal and sub-principal symbols in the symbolic calculus
of T, T\ — T, T, vanishes. We also have Proposition 3.3.5, deducing that

9
HS+1/27 19 > 0

1By | 2o ey < CCUnl gresas2) 1]

By the definition of p, we plug 0,7 = G(n)v into J;p to deduce that

[Ba () cerresrrz, sy < C([In]

Then we use the definition of the good unknown w, Lemma 3.3.2 and Lemma 3.3.11 to
deduce that

[1Rs(n, )l ees, i) < C ([, V)]

Hs+1/2>H77| Hs+1/2.

wer/2xare=1) ([ Vatd e + (10l ravie).
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Finally, by the vanishing of the principal and sub-principal symbols of T, T,, — T, T, and
Lemma 3.3.11,

| Ra(n, )| svrre,mey < CUN Vatd) | gerrexgs—1) Ve llms + [0l grov1r2).
We introduce the new variable
(3.3.9) u=Tyw —iTyn.
Then u € H*(T%), and
[ull e < CUnllaerr2) Vet [mo-r + I0ll grosare).

Proposition 3.3.12. For s > 3 + d/2 and ¢q sufficiently small, if u € H*(T%) such
that ||ul|zrs < eo, then there ewists a unique (1,m) € H*(T?) x H*TV2(T) satisfying
simultaneously the estimate

moxms+1/2 < 2||ul

1, m)l

and the identity (3.3.9). Moreover, if u € €V*(T, o), then n € €**TV2(T, 2¢,), with

Hs,

”athL""([O,TLHS‘l) < 2||atu”L°°([0,T],HS*3/2)-

Démonstration. Observe that ¢ is a real symbol and an even function in £, and the real
part of p is even in &, while its imaginary part is odd in &, so by Lemma 3.9.7, T, and T,
preserves the real part of a function. Therefore, by the definition of w,

(3.3.10) Toyn = —Imu,
where we write p = p(n) to emphasize the fact that p depends on 7. Equivalently,
n="¥n),
where W : {#+H1/2(T?) — H#+/2(TY) for any s — 3/2 < pu < s, is defined by
U(n) = —|Dy| "V Imu + |Dx|’1/2T|§‘1/27p(n)n.

A direct application of the Banach fixed point theorem is not possible because ¥ is a
contraction only when ||n]/y2. is sufficiently small. We need to apply the same iterative
scheme while proving that each element of the sequence of iteration is sufficiently small.
Let 19 = 0 and 1,11 = ¥(n,) for n € N. Denote p,, = p(n,) for simplicity. We claim that
for all n € N,

Ml s 172 < 2] Im | gs.

We prove this by induction. Clearly it is true for n = 0. Suppose that it is proven for n,
then

nstll g2 = 1€ @)l gesrre < Nmallzs + CMg /gy (€172 = pa)llmnllzssse

< [Tl g + C ([l
< 2|[Tm u|

wrsev/2) [l ey | Tme | s

Hs»

76



3.3. REFORMULATION OF PROBLEM

whenever ¢ is sufficiently small. In particular ||n,|| gs+1/2 < 20 for n € N, and

1M1 = Ml gurrre < (1 Tigprz_p, (M0 = Ma-t) lme + (| Tpn—pn 11l e
< Cnnll gre+ar2) 1]
+ CU[ =1 )| o172 12100 = Mt | a2 =1 || s 2

< O‘C’:OH% - 77n71HH#+1/2'

TR SVEL | [/ /Y PPV

Hence when gy is so small that Ceg < 1, {9}, is a Cauchy sequence in H*T/2(T?), and
converges to some 1 € H**'/2(T) such that

Hs+1/2 S QHIHI U|

n=yY(n), In Hs-

The uniqueness of such n € H#**1/2(T4) for any s — 3/2 < u < s comes from the same
contraction estimate. Therefore 7 is independent of the choice of the space H#/?(T9)
whenever s —3/2 < < s.

Write T, = n(D,) + Ty—1, T, = (7(D,) + Tp/|§‘1/2_1)|Dx|1/2, where

1Tyl g sy < Clla = U < CUmllsenlinlgensz < Ceo.

||Tp/|£|1/271”£(H5,H5) < CMg,d/2+1(p/|£’1/2 - 1) < C(H77|

Hs+1/2)||77’ Hs+1/2 < Cé?o.

Observe that 7(D,) = Idy. : H_" — H7 for o € R (see Proposition 3.9.4), hence by
means of Neumann series, T, : H**/2(T?) — H*(T¢) and T, : H*(T?) — H*(T¢) are
invertible with their inverses being

Tl =(d+T,0)™", T, =Dy V2(1d + T ppeprey)
and satisfying the estimates,
1Ty W egs sy < 1+ Ceor Ny pigs oy < 1+ Cep.

Therefore there is a unique ¢ € H*(T?) such that (3.3.9) is satisfied, which is given by
the formula
¢ = (T, 'Re — TT, 'Im)u,

from which the estimate

[¢llas < (1+ Ceo)lul

Hs,

for sufficiently small ¢.
As for the estimate of time derivative, observe that the symbol p is a function of V7,
V2 and €. More precisely, one may write

pt,z, &) = f(Van(t, x), Van(t, z),€)
with some f = f(v, M,£) € C®(R? x R4 x R?). Denote V = V,, s, then
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CHAPITRE 3. CONTROL OF WATER WAVES

Therefore a formal differentiation of the formula (3.3.10) gives,
(3.3.11) Tp0in + 115 1(9.0,920.)(Voin, V207 = —Im dyu,
which leads to the consideration of the map W, : H5~1(T%) — H*~'(T%),
Uy (Q) = |Da ™ Ty = [Dal 72T 59 un2ne)(vuc w2y — [ Dol 7/ Im Bpu,
defined for almost every time ¢ € [0, 7], such that, whenever 0;n is defined,
D = Wy(Dem).

We show that U, is a contraction for &g sufficiently small, indeed,

W4 (C1) — We(Go)|

et S [ Tiepre (G — Go) | s-sr2
1T £V, ¥20.6), (Vo (C1—C2), V2 (L)) ]
< ClInll gs+ar2) 1] sz |1G = G
< Ceol|¢ — G| gs-—1-

Hs—3/2

Hs—1
Therefore, by Banach fixed point theorem, for almost every t € [0,T], there exists a
unique ¢(t) € H*1(T?) such that

W (C(1) = Ct),  [I<(t)]
We claim that 9;n = (. Indeed, define

Hs—1.

oot < 2| Im Ayu(t)|

0 =n(0)+ | ((s)ds,

Then 77(0) = (0), 9 = ¢, 7 € W>=((0, T], H*~}(T%)), and
17llcqory, 1) < (1+T)Ceo.
To show that 7 = 7, consider the function g € W>([0, T], H*~3/(T%)) defined by

g(t) = Tp(ﬁ(t))ﬁ<t) + Im u(t)

Then g(0) = 0 by the definition of 7(0). By the definition of ((¢) which is a solution
of (3.3.11), we immediately verify that 0,9 = 0. Therefore ¢ = 0. That implies, by
the uniqueness of the 7 in H*3/2(T%), for £, sufficiently small, and for each time t €
0,7, n(t) = 7(t). Consequently, n = 7 € WH>°([0,T], H*~(T%)). The continuity 7 €
C([0,T], H*+1/2(T?)), is a direct consequence of Lemma 3.5.11 to be proven later. O

Remark 3.3.13. All the symbols that depends on 7, say a = a(n) € le, that appear in
this article are functions of V,n and V2p, that is, following the proof of the previous
lemma,

a(t,z,§) = f(Van(t, ), Vin(t,z), €),
for some f = f(v, M, &) € C®(R? x R4 x RY).
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3.3. REFORMULATION OF PROBLEM

As a consequence of this lemma, when u € €"*(T, &) is defined by (3.2.2) with &
being sufficiently small, we can express n = n(u) € H**'/2(T¢), and thus consider a = a(u)
as a symbol depending on wu,

a(u) = f(Van(u), Vin(u),§).

When considering time derivatives of a, we use the formula,

Oa(u) = (Voarf)(Van(u), Van(w),§), (Vo0 (u), Viom(u)))-

~ Consequently, we write p = p(u), ¢ = q(u). Expressing also ) = w(u) € H*(T%) where
= 7(D,), so that B = B(u), because B does not depend on the zero frequency of .
Then we have explicitly the following formula,

7(Dy)n = =T Imu, w(D)) = (T \Re — T T,y Im)u,

p(u) p(u)

which will be used in Proposition 3.3.14 to derive an equation for w.

For R-linear operators of the form R;(n,), (i = 1,2) that depend on nonzero fre-
quencies of (n,1), such that Ry : H*(T?) — H*(TY), R, : H*"V/*(T4) — H*(T?),
and R; = R;w(D,), we can correspond to them R-linear operators of the form ]?Z(u) :
H*(T4) — H*(T?), such that

Ry(n, ) = R1(U)U, Ra(n,¥)n = Ray(u)u.

Indeed, we simply let

Ru(u) = Ru(n(u), ¥ (w)(T;Re = Tow) Ty Im),
Ro(u) = —Ra(n(u), QL(U))Tp(i)Im-
For simplicity, we write henceforth by an abuse of notation R;(u) = R;(u), for this

correspondence.

Proposition 3.3.14. Let s > 3+ d/2, and u € €%%(T,&q) for T > 0 and ey sufficiently
small, then u satisfies the equation

(3.3.12) O+ P(u)u + R(u)u = B(u)F + 5(u)F,
with P(u) being a paradifferential operator defined by,
(3.3.13) P(u) = iT.y(u) + V- TV(u) - gTT(u)AIm + iTr(u)MbRe,

where the symbol r(u) = p"/? (u)/q(u) is homogeneous in & of order 1/2. The operators
R(u), B(u) and f(u) depend on u, the latter two being explicitly defined as follows,

B(uw)F = x;TywewReF,  BW)F = xTyw Tow)eorer) L

() Imu.

Furthermore,

B(u) € C([0,T],L(H?,H?)), Yo >0,
(3.3.14) Bu) € L=([0,T), L(H:, HV2) N C([0,T), L(H®, H*™Y)),
R(u) € L=([0,T), L(H*, H*)) N C([0,T], L(H?, H3/?)),
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and they satisfy the following estimates
1Bw)lcor,ccme ey S 1y
(3.3.15) 1B oo 0,177,025, F154172)) S €05
||R(u)||Loo([o,T],c(Hs,Hs)) N 53;
for some ¥ > 0.

Démonstration. By (3.3.8) and the definition of u,
A+ P(u)u+ R(u)u = B(u)F + B(u)F,
with R(u) = —iR;(u) — iRy (u) + Rs(u) + Ry(u) and
P(u) =iT, + V, - Ty — gT,T,1Tm + iT,My(T, 1Re — TpT,1Tm).
Therefore it suffices to put
R(u) = R(u) + ¢(T,-1 — T,T, ") Im + i(T, M T, " — T,-1 My)Re — i1, M, TT,, 'Im.

Now the estimate for R(u) comes from that of R(u) and a symbolic calculus. The estimate
for B(u) comes directly from Theorem 3.9.3. The estimate of f(u) uses Lemma 3.3.2,

1Bl o1z S B (w) Flles [ullrs < Cllullzs)[|F]

By Lemma 3.5.12, Lemma 3.5.22 and Lemma 3.5.19 that is to be proven later, we obtain
he continuity of the these three operators. O

Hs) Hs U|Hs.

3.4 [L? linear control

Let s be sufficiently large, T' > 0, g9 > 0, fix u € €"*(T, &), and denote for simplicity
P=Pu), B=DBu).

The purpose of this section is to prove the L2-null controllability, when &, is sufficiently
small, of the following equation without the perturbation terms,

(3.4.1) (0y + P)u = BF.

Proposition 3.4.1. Suppose that w satisfies the geometric control condition, s is suf-
ficiently large, T > 0, g9 > 0, u € €4(T, &), then when gy is sufficiently small, the
L2-null controllability of (3.4.1) holds. More precisely, there exists a linear operator

(
© = O(u) : L*(T7) — C([0,T], LX(T7)),

satisfying the estimate
191l 2ii2,cq0m,i2) S 15
such that, for ug € L*(T%) and
F = Ou, € O([0,T), LA(T?)),

the unique solution u € C([0,T], L*(T%)) of (3.4.1) with initial data u(0) = uo, vanishes
at time T, that is u(T) = 0.

We use the Hilbert Uniqueness Method, or HUM for short, to prove this proposition.
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3.4.1 Hilbert uniqueness method

The HUM establishes by a duality argument on a well-chosen Hilbert space, the equi-
valence between the null controllability of the original equation (that is in our case (3.4.1))
and an observability inequality to its dual equation (see (3.4.2)), with respect to the Hil-
bertian structure. Because P and B are not C-linear but only R-linear, we then choose
the real Hilbert space L*(T? C) equipped with the scalar product Re(-,-)z2. Therefore
our dual equation is

(3.4.2) Owu — P*u =0,

where P* is the formal adjoint of P, with respect to (L?(T%),Re(-,-);2), in the sense that,
for all f,g € C*>(T?),

Re(Pf,g)r2 = Re(f, P*g) 2.

Proposition 3.4.2. P* = =15 — 1Ty -V, — ¢iT" \Re + MT7Tm, where for a para-
differential operator T,, T denotes its formal adjoint with respect to (-,-)rz2.

Démonstration. For a paradifferential operator 7y, its formal adjoint 7 with respect to
the scalar product (-,-)r2 is evidently at the same time its formal adjoint with respect to
the scalar product Re(:,-)r2. Moreover, by a direct verification, Im* = iRe. Therefore,

P =T =Ty, -V, — gIm™ Ty + (iRe)* M1
= —il7 =Ty -V, — giReTs + ITm M T

It remains to show that for a = r*! or my, [T}, Re] = [T}, Im] = 0. Equivalently [T, Re] =
0. This is a consequence of Lemma 3.9.7, as in either case a is real valued, and is an even
function of &. O

Now HUM proceeds as follows. Define the range operator R = R(u) by
R : L*([0,T], L*(T%)) — L*(TY), G — u(0),
where u € C([0, T], L*(T%)) is the unique solution to the Cauchy problem
(O +Plu=G, u(T)=0.
Also define the solution operator & = S(u) by
S L¥(T% — C([0,T], L*(T%)) c L*([0,T], LA(T%), vy — v,

where v € C([0, T], L?(T%)) is the unique solution to the dual equation (3.4.2) with initial
data v(0) = wvy.

Remark 3.4.3. For the well-posedness of these equations, we refer to Appendix 3.10.
Moreover, for all i > 0, we have

Rlaoiw : L0, T), HH(T?)) — H*(T?), S|z : H*(T?) — C([0,T], H*(T*)).

Remark 3.4.4. In classical literatures, the operator RB is called the range operator, while
B*S is called the solution operator. We isolate the operator B for later simplicity.
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Proposition 3.4.5. Let F € L*([0,T], L*(T%)), and vy € L*(T%), then the duality holds
(343) —RG(RBF, /UO)LQ = RG(F, B*S’UO)LQ([O,T},LQ);
or formally, with respect to Re(+,-)rz, RB = —(B*S)*.

Démonstration. By a density argument, it suffice to prove the identity for ' € C([0,T7, H>(T4)),
and vy € H*(T?). Then v = Svy € C'([0,T], H*(T%)). And the solution u to (3.4.1)
with w(T) = 0 belongs to C'([0,T], H*(T%)). By the Newton-Leibniz formula,

RQ(F, B*U)LQ([O’T]’LQ) = Re(BF, U)L2([O,T],L2) = Re((@t + P)U, U)LE([O,T},L2)
= Re(u(t), U(t))Lz ’g + Re(u, (—8t + P*)U>L2([O,T},L2)
= Re(u(T),v(T))r2 — Re(u(0),v(0))e.

Now that u(7T") = 0, the duality relation (3.4.3) follows. O

Proposition 3.4.6. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, T > 0, g9 > 0, and u € €2*(T, o). Then for g sufficiently small, the L2-
observability of (3.4.2) holds. That is, for all its solution u, with initial data in L*(T?),

T
(3.4.4) |w(0)])2 5/0 |1B*u(t)]|3 dt.

Here B* = xp¢,T;Re is the dual operator of B with respect to Re(-, ") 2.

Remark 3.4.7. Now that x,(t) = 1 for t < T'/2, and that Proposition 3.4.6 is stated for
all "> 0, replacing 7" with 27" in (3.4.4), then for (3.4.4) to be satisfied, we only need to
prove the following observability for all 7" > 0,

T
|Mwmséu%ﬁmww;@

Therefore, we may simply omit the factor x, in (3.4.4).

The effort of the rest of the section will be devoted to proving this observability, which
states the coercivity of the operator B*S because (3.4.4) writes in a compact form as

HUOHL2 S HB*SU0HL2([0,T],L2)-
Once this is proven, define the R-linear operator
(3.4.5) K :=—RBB*S : L*(T%) — L*(T%), VYu>0.

Remark 3.4.8. By Proposition 3.4.5, K = (B*S)*B*S. By an energy estimate, we have
for all > 0, K|z, : H*(T?) — H*(T?).

Consider the continuous R-bilinear form on LQ(’]I‘d),
W(f(), U()) = RG(ICf(), UO)LQ .
It is coercive by (3.4.4),

W(UO,U()) = Re((B*S)*B*SU(),UQ)L2 = RG(B*SU(),B*Svo)L2([O7T]7L2) 2 ||U0||%2.
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By Lax-Milgram’s theorem, for ug € L?(T?), there exists a unique f, € L?*(R%), such that
W(fo, ’UQ) = RG(UO, Uo)LQ, V’Uo S L2<Td),
and consequently, we have the invertibility of IC,

(3.4.6) Kfo=uo, [lfollz < lluollr2-

Therefore, we have proven the following proposition, as a consequence of the L?-observability.

Proposition 3.4.9. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, T > 0, g9 > 0, and u € €*(T, o). Then for ey sufficiently small, IC defines
an isomorphism on L*(T%) with

KN 2ez2,22) + ”’Cfluc(m,L?) S L
To construct © and thus prove Proposition 3.4.1, we set
F=-B'Sfy=-B*SK 'u, € C([0,T], L*(T?)),
then by (3.4.6) and the definition of I, RBF = ug. Therefore,
(3.4.7) 0 := —B*SK~!: L*(T%) — C([0,T], L*(RY))
defines a desired control operator.

It remains to prove Proposition 3.4.6.

3.4.2 Reduction to pseudodifferential equation

This sections shows that, the observability of the paradifferential equation (3.4.2) can
be reduced to that of a pseudodifferential equation. To do this, write

—P*=iQ + Rg,
where the pseudodifferential operator @ = Q(u) is
(3.4.8) Q = m(D,)Op(y7) + 7(D,)(V - Dy + gOp(r~'m)Re + Op(r - my,) ilm).

Lemma 3.4.10. Suppose that s is sufficiently large, T > 0, g9 > 0, and u € €**(T, ).
Then for ey sufficiently small,

Ro € L=([0,T], L(L?, L*)) nC([0,T), L(L* H3/?)),

with the estimate

||RQ||L°°([O,T],£(L2,L2)) < <o
Démonstration. Lemma 3.5.13 later shows that P* € C([0,T), L(L?, H3/?)). To prove
that Q € C([0,T], £(L?, H*3/.2)), the main estimate is a similar contraction estimate for
the principal term. Let u, € H*(T¢) (i = 0,1) be such that |lu;| zs < &0, then

1OP(v(uy)*P7) — Op(y (o) ®27) | 2 ig-sr2y S Mg — w1

83



CHAPITRE 3. CONTROL OF WATER WAVES

To estimate the L*-norm, write —Rg = P*+1iQ = (P*+ P) + (P —iQ). For P*+ P,
we estimate 77 — T’,. By the definition of v = 73D 4 4 1/2)

1
(3.4.9) i Imy (Y2 = 50 D32
Therefore, a symbolic calculus shows,
T,: = Tfy + O<50)£(L2,L2)~
Remark 3.4.11. The remainder is of size 0(50)5(L27L2)- To prove this, we write
T; = T::<3/2>,|£‘3/2 + E|3/2 + T,;ku/z),
and proceeds with the symbolic calculus, using the estimates that

3/2 3/2 3/2 1/2 1/2
M3/2,d/2+1(’y( /) — ‘5| / ) < <o, M1/2,d/2+1(7( / )) S €o-

The idea is that the symbols do not differ much from some Fourier multipliers, in the sense
that their differences are of size ¢¢. This idea will be frequently used in later estimates of
remainders, and will not again be explained in detail.

To estimate P — i(), write

P —iQ = in(D,)(T, — Op(y7)) + im(Dy)(Ty.e — Op(V - €))
+ igm(D,) (T,-1 — Op(r~'m))Re — 7(Dy) (L5, — Op(r - my))Im.

We conclude with Proposition 3.9.6 that P —iQ = O(eo)z(j2,12)- O
Consider the following pseudodifferential equation,

(3.4.10) Dy + Qu = 0.

Proposition 3.4.12. Suppose that w satisfies the geometric control condition, s is suf-

ficiently large, T > 0, gg > 0, and u € €"*(T,&0). Then for e sufficiently small, the
L?-observability of (3.4.10) holds. That is, for all its solution with initial data in L?(T?),

T
(3.4.11) [u(0)]2, < /O louReu(t)]. dt.

By Duhamel’s formula and Lemma 3.4.10, we can deduce Proposition 3.4.6 from
Proposition 3.4.12. Indeed, for every solution u € C([0,T], L*(T%)) of equation (3.4.2),
write u = v +w with v, w € C([0,T], L*(T?)) such that

(O +iQ)v =0, v(0) =u(0); (0 +1iQ + Rg)w = —Rgv, w(0) = 0.
Then by Proposition 3.10.1,

vlleqor,z2y S lu(0)]| L2,

lwlleqom,2y S 1RqulLr o2y S €ollvllor o2y S €ollw(0)]| 2.
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By Proposition 3.9.4,
1(B" — guRe)ul[L2 = [lp.Re(Ty — m)ullL> S oflul| 2.
Therefore by Proposition 3.4.12,

T
a0} S [ luRev(o)]e d
OT T
< / 1B u(t) 2. dt + / 1(B" — guRe)ult)|2: dt
T
" / lpuRew(®)|2s dt

T
< / 187 u(t) |2 dt + eollu(0) |22

The observability for u then follows for ¢y sufficiently small.

To deal with the problem caused by the R-linearity of the equation, we are going to
consider u and u simultaneously, and study the equation satisfied by the pair (g) First
we derive the equation for u with the help of the following observation. For a pseudo-
differential operator with symbol a, we have

Op(a)u = Op(a)u,  a(z,§) = a(z, =¢).

If a is a real even function or pure imaginary odd function of &, then a = a. In particular
4 = =, because 732 and Re~(%/?) are real and even functions of &, while i Im~+(*/? is a
pure imaginary odd function of . Taking the complex conjugation of (3.4.10), we have

(Dt - Q)ﬂ = 07
with (using the identity 72|74 = m|z4)
Q = n(D,)Op(yr) + 7(Dy)( =V - Dy 4 gOp(r~'m)Re + Op(r - my)ilm).

This suggest the consideration of the following system of equations,

(3.4.12) Dy + A = 0,

where @ = (*) € L*(T%) x L*(T%), and A = n(D,)Op(Ar) with the symbol
_ 1 0 g 1 1 T My 1 -1

(3.4.13) A—’}/(O _1) Vf—f—g (_1 _1) +T (_1 1) .

Indeed, (%) satisfies (3.4.12) whenever u satisfies (3.4.10). Then the L2-observability
of (3.4.10) is a simple consequence of that of (3.4.12).

Proposition 3.4.13. Suppose that w satisfies the geometric control condition, s is suf-
ficiently large, T > 0, ¢g > 0, and u € €2(T,gy). Then for ey sufficiently small,
the L2—ob§ervability of (3.4.12) holds, that is, for all solution W with initial data in
L2(T4) x L3(T9),

T
(3.414) IO S [ lleut s at,
where € = (}) defines a linear map € : L2(T9) x L2(T%) — L*(T%) @ — wt + w.

The rest of the section is devoted to proving this proposition.
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3.4.3 Reduction to semiclassical equation

This section derives the equation satisfied by frequency localized quasi-modes of (3.4.12).
By the hypothesis that w satisfies the geometric control condition, for fixed T > 0, there
exists some v € |0, 0o[ such that

(3.4.15) gulﬂ T >min{L > 0:V(x,&) € T x S [z, 2 + L& Nw # 0},

where [z,z 4+ L] = {x +t£ : t € [0, L]}. Indeed the right hand side is finite by the
geometric control condition and the compactness of T¢. The expression of the left hand
side is in accordance with the group velocity (3.2.18), so that wave packets of the linearized
equation around frequencies with modulus > v will travel into w within time 7. We define
a class of cutoff functions

- _ 0o . 0< X < 1, X|2§\z|/v3/2§4 =1
E(v) = {X € CX(R\{0}) : suppy C {1 < |Z|/U3/2 <5} [

Fix xy € Z(v). Let ¢ € C*°(R) be such that 0 < ¢ < 1, ¢(2) = 1 for z > v*?/2, and
#(z) = 0 for z < 032 /4. In particular, ¢y = x. Then set p(£) = ¢(|¢[*/?).
Now for s sufficiently large, T > 0, 9 > 0, u € €1%(T, &), set
h =27
as a semiclassical parameter, and define the operator,
2, = Op(9)Ops (), =7 +hy ),

so that vy, (x, hE) = k32 (z,€) = h32y(x,€). For ¢, sufficiently small, Zj, is elliptic of
order 3/2, and the symmetric operator

ReZ), = %(zh + Z;), D(Re2,) =C>(T%
has a Friedrichs extension. We still denote by ReZ}, this extension, and define
Ap = Op, (x(v#?)), T, = x(ReZy)
where the latter is defined by the functional calculus of ReZ},.Finally set
(3.4.16) wy, = I Apw.
We will derive the equation satisfied by ), under the coordinates (s, x), where
(3.4.17) s=h"1%,
so that D, = h'/2D,. The equation (3.4.12) is equivalent to
(3.4.18) hD i + h3/? Aw = 0.

The equation for @), will be obtained by commutating successively A, and 1T, with (3.4.18).
A careful study of the operator II;, is needed.
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3.4.3.1 Semiclassical functional calculus for II,

We use the notations [a,b]; and [a,b]; to denote the time intervals {s : a < s < b}
and {t : a <t < b} to avoid ambiguity.

Lemma 3.4.14. Suppose that s is sufficiently large, T > 0, g9 > 0, and u € €**(T, ).
Then for eq sufficiently small, Ay, € C([0,T];, L(L?, L?)) and
1T — Anllzeoo1),2(22,22)) S D
Moreover, if u € €V%(T, gy), then for ey sufficiently small,
I DI04 Lo (o,10,22,L2)) S (€0 + h)RY?,
and in particular 11, € W1>°([0, T, L(L?, L?)).

Démonstration. We omit the time variable t for simplicity. The idea of the proof is to use
Helffer-Sjostrand’s formula (see for example [69, 46, 208)),

(3.4.19) I, = —l/(C@)Z(z)(z —ReZ;,) 'dz,

™

where x is an almost analytic extension of y, such that for some n € N to be fixed later,

" V) (Re 2
X(2) = oimz) Y- X i 2y

k=0

with o € C°(R) such that p = 1 near zero. Notice that
(3.4.20) 10X (2)] < [Im z|**.

In order to perform a semiclassical parametrix construction for z — ReZ},, we first deter-
mine the symbol for ReZ;,. By a semiclassical symbolic calculus,

(3.4.21) 2, = Op,(v*?¢?) + hOp,, ("?¢?)
+ hOpy, (9Dep - DoA®?) + O(h) p12 1)
(3.4.22) 2, = Opy,(7me)"Opy ()
= (Op4(v*? ) + hOp,, (YD) + hOp,, (3¢ - Du(v*?)))) Opy ()
+ O(h*)12,12)
= 0p,(Y*? %) + hOp,, (/2 ?) + hOp,, (9dep - Doy™?)
+ hOp, (9 - Doy B/ %) + O(h?) £(12.12).

Consequently,
ReZ;, = Op,,(v*?¢?) + hOp,, (2 0) + O(h?) (12,12,

where )
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Now let qo(2,2,&) = (2 — y®/?¢?)~! for z € C\R, then for some N > 0,
Opy(q0(2)) © (2 = ReZy) = 1+ O(h[Im 2| ™) £2 12).
Apply both sides to (z — ReZ;)!, and use the resolvent estimate
I(z = ReZ) Ml eqzaze) < [fmz| ™,

we have,
(z — ReZ,) ! = Opy(qo(2)) + O(h|Imz| ") £ (12 12y,
Plug this into (3.4.19) with n > N. Use Cauchy’s integral formula and (3.4.20),

1 - —
I = —— / 9X(2)(Opy (g0(2)) + O(h[Imz| (NH))E(LQ,LZ)) dz
— Opy (= / (= Y8/ %) dz)

——/8)( O(h|Imz|~ (N“))ﬁ(ngLg)dz

= Oph( ( (3/2) )) + O(h)E(L2,L2)
= Ap +O(h)£(12,12),

where the last equality uses x (72 ¢?) = x(v5/?), for small .
As for D,II,, we apply the identity

Di(z— A= (z— A" YDA (z - A)!
0 (3.4.19) and deduce

1/2
D Hh — —h— / 0)( Z — ReZh) (DtReZh)(z - Rezh) dZ7

where
D,ReZ;, = Re(D2;,) = Op,(Dy*??) + hOp,, (D2 ) + O(h?) g1, 12).

Therefore, use again Cauchy’s integral formula,

h1/2 B
D,II, —Oph / OX(2) Dy PP 2 (2 — A2 g?) 2) dz + O(h*?) (12,12

= —h1/20ph (0:Xx(Y¥P*) DA D) + O(W*2) 12 12
(3.4.23) = O((g0 + M) £ 12

]

Corollary 3.4.15. Suppose that s is sufficiently large, T > 0, g9 > 0, andu € €*(T, o).
Let x" € Z(v) be such that xX'x = x, then, for ey sufficiently small,

(3.4.24) Wy, = Ny, + R piy,
where A}, = Op,, (x'(v*?)), and

| Raplleqor e,z S b
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Démonstration. Let IT, = x'(ReZ},), then Lemma 3.4.14 shows that

IT, = A, + O(h) (o1, 2(L2,L2)) -
We conclude with the functional calculus II} @), = I} 11, Ap = I, Apid = 0. O

Corollary 3.4.16. Suppose that s is sufficiently large, T > 0, g9 > 0, andu € €*(T, o).
Then for eq sufficiently small, for allt € [0,T], ®, = I, Ap or Ay, where we omit
the time variable t in Dy, = Dy(t), for u € L*(T?),

> I19nulze S llullfe-
h=2"J
Jj=0
Moreover, for jo > 0 sufficiently large, and all N > 0,
> 1®nullie 2 llullzz — llull-».
h=277
JZjo

Démonstration. We only prove the estimates for ®, = II,A,. The rest is similar. By
Lemma 3.4.14,

AL = (An + O(h) £z2.02) An = Op, (x(Y¥?)2) + O(h) £ (22 12
Let ¥/, x"” € Z(v) be such that xx' = x’, x"x = x, then

AL = AL (|AD,2?) + T AL(L — X" (|hD4|*?))
= O(1) 212X (|PD[*?) + O(h) £(r2 12
X (IhDo ) = X' (|hDe|** )T Ay + X (IRDx[*)(1 — TA)
= O(1) gz2, 0L AR + O(h) g2, 12).-

Therefore, by Littlewood-Paley’s theory,

Y IMAwulze S Y IX(RD P ulfe + 1P lullfe S JullZ..

h=2"7 h=2"7
Jj=0 Jj=0
D ImAwulfe + B2ullze 2 D IX (AD?)ullze Z ullfe = llullf-~-
h=2"1 h=277
J=jo J=jo
We conclude for j, sufficiently large. O

3.4.3.2 Equation for A,w

Proposition 3.4.17. Suppose that s is sufficiently large, T > 0, &g > 0, u € €1*(T, o).
Then for eq sufficiently small, Ap0 satisfies the equation

(3.4.25) (hDy 4+ Ap) A + Ryt = 0,
where Ay, = h3/20p,,(¢)AOp,(¢), and

(3.4.26) | Rl oo (0.170.022.22)) S (€0 + BY)R3/2,
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Z, 0

Remark 3.4.18. A, is of the form A;, = ( 0 =z
—Zy

) + small lower order terms.

Démonstration. The remainder Ry, is explicitly written as follows,

Ry = [An, hDy) 4+ B*2[A, Al
+ h32A(1 = Opy () A + B*2(1 — Op, () AOD, () Ay,
= (I) + (IT) + (IIT) + (IV).

Estimate the four terms respectively.
Estimate of (I). Use Dy = h'/?D,, and bound D;y®3/?) by &,

(I) = =h*20p, (0:x (1) - DY) = O(eoh®?) z2,12).

Estimate of (II). The estimate of the commutator [r(D,)Op(y®/?7), A;] is the main
difficulty. By a symbolic calculus, and Remark 3.4.11,
7(D,)Op(v®? 1) = Op(y*¥/@7) + Op(70em - D.v®?) + O(20) £12,12)
= Op(7*?m) + O(e0) (z2,12),

where we use 70w = 0 on Z%, whence Op(wdem - D,v3/?) = 0. Therefore,

[Ap, 7(D;)Op(v®/P7)] = [An, Op(v**7)] + O(e0) £(22,12)
= ;OP({X(hg/QV(Bm),7(3/2)7T}) + 0(50)£(L2,L2)~

Observe that the Poisson bracket vanishes,
DUB291972), 53/} = (o (192/92),75/ 4 {x (912512, )81 = 0

Indeed, the first term vanishes because y(h*/27(3/?)) is a function of v/2). The singularity
at 0 is not a problem when ¢ is sufficiently small. The second term vanishes because the
supports of x(h3?y3/2)) and 7 are disjointed, for h and ¢, sufficiently small. Combining
the estimates of commutators of lower orders, (II) = O((gg + hY2)h%?) (12 12).

FEstimate of (IIT). Write

(IT1) = A(D,)2h*2(D,)*2(1 — Op, (7)) An.

Recall that ¢y = ¥, so for gy sufficiently small, (1 — Op,(p))A, = O(hz)E(szHg). And
W32(D,)3% . HY — H}? — L2, A(D,)™%? : L* — L2 Therefore, (II1) = O(h%) (1212

FEstimate of (IV). Observe tha(tt/ f;3/ 2AO0p,, () is a semiclassical pseudodifferential ope-
3/2
rator with principle symbol (7 0 _7(()3 /2)) @. It suffices therefore to estimate (1 —

Opy,(¢))O0p, (732 ) Ay. By the symbolic calculus, this is of order O(h2)£(L27H§). There-
fore, (IV) = O(hQ)L(L27L2). ]
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3.4.3.3 Equation for w, = II,Apw

Proposition 3.4.19. Suppose that s is sufficiently large, T > 0, gg > 0, u € €1*(T, o).
Then for ey sufficiently small, W, satisfies the equation

(3.4.27) (hDsu_fh + Ah)lﬁh + Rpw = 0,
Let T, = X' (ReZy,) with X' € 2(n) and x'x = X, then for some operators Ri (i =1,2,3)
satisfying the estimates
(3.4.28) ”RZ||L°°([O,T]t,£(L2,L2)) ,S (60 + hl/Q)h?)/Q,
the following decomposition holds,
(3.4.29) Ry, =1L R), + RyIT, + REA,.
Démonstration. Commuting (3.4.25) with IIj, using the functional calculus 11, = I1,IT},,
the remainder R, writes explicitly

Ry, = Ry, + [Ty, hDy] + [T, An) Ay,

= Iy(Ry — hD,IL}) + (—hD,IL)IT, + [IT,, Ap]A

Therefore R} = Rj, — kDI, R? = —hD,II;,, R} = [II;, As]. The estimates of R} and

R? follow from Lemma 3.4.14 and (3.4.26). In view of Remark 3.4.18, the main estimate
of R} is that of the commutator [ITj,, Z;]. To do this, write

1
Zh = ReZh -+ §<Zh — ZZ),
where by a functional calculus [II, ReZ;] = 0, while by (3.4.21) and (3.4.9),
(3.4.30) 25, — Z; = hOp((2Imy? — 9 - DA %) + O(h?) £12,12) = O(h®) 12,12,

Therefore [, Z,] = O(h?)(12,12). To estimate the commutator with the lower order
terms, we use Lemma 3.4.14, and the fact that the first order term in A, has a coefficient
O(h) and is scalar. Therefore, the commutator with 2, should be of size O(h?). The
other lower order terms are no longer scalar, but their coefficients are at most of size
O(h*?). So their commutators with Z;, are of size O(goh/?). We conclude that, (R}) =
O((€0 + h1/2)h3/2)£(L2,L2)' ]

Corollary 3.4.20. Suppose that s is sufficiently large, T > 0, g9 > 0, u € €Y%(T, o).
Then for eq sufficiently small, for almost every t € [0,T] and for all jo, € N,

> I Rl S (8 +27) ule.

h=2-7
Jj=jo

Démonstration. We omit the time variable ¢ for simplicity. By Corollary 3.4.16 and the
estimates that h*?’/ZRZ = O(go + hl/Q)E(LzyLz),

Y IR ullzar Y IR R, Ayl

h=2"1J h=271
i>jo jzjo
SE+2)( X Ml + 3 IAawl) < 6 +27) ful.
h=2"1J h=2—J
Jj>jo J=jo
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The main difficulty is to estimate the square sum for IT, R}. Recall that
R = Ry, — hD,IT},.
By Lemma 3.4.14, in particular (3.4.23), and apply the same proof as Corollary 3.4.16,
>IN P IAD M ulE S 37 10D ulEs S (65 +27) ul

h=2"7 h=2"7
Jj=jo J=Jjo

Indeed, we use the identity
h™2 DI, = —O0p,, (0:X' (VP ¢*) Dy P 0?) + O(h) £(12 12,

and apply Littlewood-Paley’s theory.

It remains to estimate II,R,. Use the decomposition for R, (Proposition (3.4.17)),
the terms (I), (III) and (IV) pose no problem because they each ends with Ay, or hD Ay,
A similar argument as above works. However (II) should be treated with care. Write

(I1) = ()X (IhD:*?) + ()1 = X' (IhD.*'?)).
By I, (I1) = O((go + h*/?)h3/2) £(12 12), the estimate of II,(IT)x'(|hD,|*/?) is exactly the

same as before,

> IR PN (AD,*P)ullfe S (5 +277) full.

h=2"7
Jj=Jjo

As for the second term, separate it into two halves by expanding the commutator,
(D)1 = X' (|hDL ")) = B*2ARA(L = X' (|hD.[*?)) = h*2 AN (1 = X' (|D,[*?)),

and estimate them separately by semiclassical symbolic calculus. It suffices to show that
each half is of order O(h?)z(z2,12). For the second half,

Ah(l - X/(lhDac|3/2>) = O(h2)L(L2,H%) - O(h2)L(L2,H2/2) = O(h1/2>£(L2,H3/2)-

Therefore h32AN,(1 — X' (|hD,|*?)) = O(h*)(12,12). As for the first half, we only do
the estimate for the principal term. However, the basic semiclassical symbolic calculus
cannot be directly applied here, for

R*20p(ym) (1 = X' (|hD|*)) = Opy, (v (1 = X' (1)),

with 7,(§) = 7(§/h), whose {-derivative is unbounded as h to 0. However, we have the fol-
lowing Lemma 3.4.21, which shows that no problems can be caused by the low frequency,
where the estimate of the &-derivatives of the symbols are not required. Therefore the
first term is also of order O(h?) £(r2,12), as long as s is sufficiently large. O

Lemma 3.4.21. Let ¢ € C(R?) N L®(R?) and let {ap}ns0 C I'" (see Definition 3.9.1)
be a family of symbols depending on h. Suppose that there exists 0 < C7 < Cy, such that
for h sufficiently small,

suppp C {£: €| > Cs}, suppay, C T x {€:1¢] < C1h 1)
Then if p=2N, with N> N > d,
10D, (9)Op(an) | czz,rey S W72 M7 (ap) ||ul| e
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Démonstration. Set Ay, = Op,(¢)Op(as), A* = (D, )* for p € R. Let a;, denote the
Fourier transform of a;, with respect to the z. Then for £ € Z¢ N supp p(h-),

Anu(€) = p(h€)Op(an)u(€) = (2m) "> p(he)a (€ — n,m)aln)

nezd
R Wwwm@ — n,m)n).
[n|<Ci1h—1

Observe that by our hypothesis, | —n| = h™! whenever £ € sup p(h-) C {£:|¢] > Coh™'}
and |n| < C1h™!, and use the fact that the Fourier transform defines a bounded operator
from L>°(T¢) C L'(T9) to £>°(Z?), we have

— 1 _—
Au©I SEY Y ——le(h)ANay (€ — 0. n)i(n)|
Wy (€& —n)
N an(- m on ﬂ i
S Wl nee |n|<%:h1 [an(-;m)/{m)™ lwan.oo = n>N| (n)]
N—m m ’ﬁ(n)‘
Sh MQN,O(ah) 77§Z:d (€ — n>N'

Consequently, for p/2 = N > d,

1A p2ray S Nl Aullzgaay S B My(an)l| ()~ * [allleza)
S WM (@)1 @ lalle @ S Y My (an) [l 2 ).

3.4.4 Semiclassical observability

In this section, unless otherwise specified, the time variable will be s, and thus we write
[0,T] = [0,T]s for simplicity. The purpose is to prove the following Proposition 3.4.23,
by carefully adapting [84] to our case.

Remark 3.4.22. We will deal with both the symbols defined on T*T? and T*(R x T¢). To

void ambiguity, the semiclassical quantification operator Op, will be applied to symbols
defined on T*(R x T?) ~ R, x T x R, x R{, that is, for a = a(s, z,0,¢)

Opy,(a) := a(s,x,hD,, hD,);

while Op,, will only be applied to symbols defined on T*T¢ ~ T4 x R{, that is, for

@ = ala,), )
Opy(a) = a(z, hD,).

Proposition 3.4.23. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, T' > 0, then for some g > 0 and hy > 0 sufficiently small, for all0 < h < hg
and for u € €% (h'/*T,co) (we only put hY/*T here because we are dealing with the time

wF

variable s = h™'/%t), the solution ), = () € C([0,T], L*(T?)) to the equation
Wy,

(3.4.31) (D, + Ap(w))dn = fi,
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where f, € L*(0,T), L2(T%)), satisfies a semiclassical observability

T
(34.32) GOl 5 [ oo e ds + A0 oy,
provided that

(3.4.33) Wy, = I, (w) W + o(1)c(o,1),2(22,02)) Wh,

where 11}, (u) is defined as in Corollary 3.4.15.

We prove this proposition by contradiction. If (3.4.32) is not true, then we can find
sequences of g, > 0, h, > 0, u, € €%*(T,¢,), and

(s f2) € C([0, T, L*(T?)) x L*([0, T}, L*(T*)),
such that 1, satisfies the condition (3.4.33) and
(haDs + An) i@y = fr,
where we denote A,, = A, (u,). And as n — oo, €, = 0(1), h, = o(1),
@ (0)lz2 = 1, 0wl Gall 2oy = 0(1), |l fullzqor.) = o(hn)-

We perform an energy estimate to show that {u,}, is bounded in L2([0, T, L?(T%))
so that its space-time semiclassical defect measure is well defined. Indeed, recall that
Zp, (u,) — Zn, (w,)* = O(h2) (o1),c(12,12)) (see (3.4.30)), combining with the estimates
of the lower order terms,

(3.4.34) A = A, = O((en + W/ )13?) 1w o.11.2022.22)-
Using only a weaker estimate A, — Ay = O(hy)z(12,12),

hn85||wn||%2 = (Z (An - A:)u_jna wn)Lz + 2Re(ﬁb7 wn)ﬂ

(3.4.35) < o 10 o
Nhn||wn||L2+hn ||fn||L2

By Gronwall’s inequality, and the hypothesis that || f, | r2([o,1,2) = 0(hn),

(3.4.36) @2 0.1,22) S N0 (O)1Z2 + b2l fullZ2o71.02) S 1

proving that {u,}, is bounded in C([0,T], L?(T?)). Therefore, up to a subsequence, we
may suppose that {wy|j rxrd}n is pure, and let

p=p(s,x,0,§) € Moy (M(T*(J0,T[ x T%),C))

be its space-time semiclassical defect measure, such that

(3.4.37) lim (Opy,, (X)(Wn), Vi) 1210 712 = / tr(X dpu),
Y T*(]0,T[xT4)

n—oo
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for all ¢ € C°(]0, T[,R) and X € Mayo(C(T*(]0, T[xT?))), such that X = X. It is
classical that y is hermitian in the sense that, for all ¢ € C?, c'uc is a non-negative Radon
measure. [t admits the following form,

_ [ M+ Hx
M <m ,LL-)’

where ji4+ = pu[wr] > 0 are respectively semiclassical defect measures of the pure sequences
{w]j0.7xra }n- And moreover,

(3.4.38) [y K /Pl

Lemma 3.4.24. The following properties hold.

(1) supp pu C {[¢] = v},
(2) supp p C 3* = {o £ [¢[*/* = 0},
(3) w. =0, therefore p is diagonal.

Démonstration. The first statement comes from (3.4.33). Indeed, let ¢ € C(]0,T[,R)
and X € Moy o(C2(T*(]0, T[xT?))) be such that ¢ X = X. Denote II), = II}, (u,), and
Al = A}, (u,), then by Lemma 3.4.14

I, = AL+ 0(1) ooy (02, 12)) = Opy,, (X (11%721)) 4 (1) oo (o,77.(22.2))-

The second equality comes from the fact that x'(7*/?) — x/(|¢>/?) is bounded by &o.
Consequently, by our hypothesis

0 = hm (O_phn (X)(]_ — H%)@Dw’n, ¢wn)L2(]O,T[,L2)

n—oo

= [ (X X )
T*(]0,T[xT4)

implying that supp u C supp x'(|€[**) < {l¢] = v}.
To prove the second statement, let a € C°(T*(]0, T[xT%)) be such that a = a, and

set Xt = <8 8), and X~ = <8 2) Then write

(hDs £ A;)Opy,, (XF) = (hDs % Ay, (0))Opy, (X¥) £ (A}, — A, (0))Opy, (XF).

For the first term,
A, (0) = h3/?0py,, (9).A(0)Opy,, (),

where A(0) = A(u = 0) whose exact expression will be explicitly written in (3.4.54), such

3/2
that the principal symbol of Ay, (0) is ¢(&)? (‘5’0 _|£O‘3/2), and, considering 1) as a
multiplication operator,
_ _ o+ 2|32 0
(hDg £ Ahn(o))OPhn(Xi)w = Ophn( ( 900|§| o — (’02|§|3/2 X (G

+ O(hn) £(L2(0,1],22),L2(j0,7],L2)) -
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While for the second term, by (3.4.34),
(A, = A, (0)(hnD2) ™2 = (A, (w,)" = An, (w,)) {hn D)=
+ (An, (w,) = An,,(0))(h D) =%/
= O(en + h )L°° ([0,7],£(L2,L2)-

and
(hD.)**Opy, (XF) : L*([0,T], L*(T)) — L*([0, T}, L*(T%)).

Therefore L
(A, — A, (0))Opy,, (XF) = O(en) cz2(0,1),L2),L2(0,71,L2)) -
Consequently, since ¢ = 1 on {|¢| > v} D supp y,

lim ((hDs =+ A%)Op,, (XF)(Wid,), v, )

b0 12([0,7],L2)

3.4.39
( ) = / (0 £ [E[*)als, x,0,€) duz,
(0.7(xT4)

On the other hand,

((hD, % A;)Op,, (X*) (i >¢wwL%mﬂL%

(3.4.40) = (Opy, (XF) (W), (hDs £ An)(@80)) 12077 129
— (OPn, (X5) (W), (D4, Wi + 653 0311
where, since the support ¢ of [hDs, Y|ith, = (hDsy))w, and Op, (X*), are disjointed, and

by the hypothesis that f, = o(hn) L2 (j0,17,22)5

(O_phn (Xi)(¢wn) [hDsa ¢] )L2([0 T),L?) 07
(O_phn (Xi)(wu_;n)> wfn) L2([0,T],L2) = O(hn)

Combining (3.4.39), (3.4.40) and (3.4.41),

(3.4.41)

/ (0 % [€2)a(s, 2, 0, €) dps = 0,
T*(]0,T[xT4)

which implies that supp s C {o £ |£|*/? = 0}, and by the first statement,
supp pe C X5 N {[¢] > v}
In particular supp p4 Nsupp p— = 0, so

(3.4.42) py Lo,

whence by (3.4.38), . < \/urpu— =0. O

The following corollary states that the formula (3.4.37) of the semiclassical defect
measure for the sequence {w, },, remains valid for some symbols which are not of compact
support in the o variable. The main idea is that on the supports of u-, which are contained
in the hypersurfaces X%, ¢ is automatically bounded whenever ¢ is bounded.
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Corollary 3.4.25. Define the projection
Kk T*(]0, T[xT?) — 0, T[xT*T? (s,0,z,€) > (s,2,§),
and its corresponding pullback
K*: C(]0, T[XT*T) — C>=(T*(J0, T[xT%), a+ k*a=ao k.
Let a € C(]0, T[xT*T?), and u € L*([0,T], L*(T?)), then
(3.4.43) Op(a)u = Op(k*a)u.

Moreover, if a € C(]0, T[xT*T?), and ¢» € C°(]0,T|), such that a = a, then

(3.4.44) i (Opy, (@00 ), 003 ooy oy = | s

Démonstration. The identity (3.4.43) follows by a direct verification of the definitions.
To prove (3.4.44), observe that w satisfies the equation

(3.4.45) (haDs £ Z, + hY?0p,, (Vi - €M)t = o(hy) r20.17.02)-
Apply both sides by 1, then ¢wF satisfies
(Opy, (0 £ 7B/ %) 4 O(hM?) x lower order terms) (Ywk) = o(1) r2rx1d).-

Let ¢ € C2°(R) be such that ((z) = 1 in a neighborhood of 0, and apply both sides by

On. (1818722
Ophn ( O':l:’}/(3/2)g02

), we see that

(3.4.46) (1— O_phn(bi))(gbwf) = 0(1) L2 mxt4).-

where b* = ((0 £~9¥/2¢?)). Now let § € C°(R, x T4 x Rf) be such that # = 1 on the
support of a, then by a symbolic calculus and (3.4.46),

Opy, (a)(Yw, ) = Op,,, (k*a)(¢w,) = Opy, (b k*a)(Yw,) + Opy, ((1 — b))k a)(Yw,)
= O_phn (Ob*k*a)(Ywy) + 0(1) L2(mx14)-

Notice that here the symbol 6b*k*a is of compact support in 7%(]0, T[xT?), and that
Ob*k*a|y+ = k*alg+. Therefore

nh_{EO (Ophn ((l) (1/1102:), ¢w;|;) L2(J0,T[,L?) = T}Lnolo (O_phn (Qbi/{*a) (wwr:i:)v 7pwr:i:)LQ(}O,T[,LQ)

:/ 0b*k*a dp,i:/ K a dp.
»+ »+

]

Now that by (3.4.36), {w,}, is bounded in C ([0, T], L*(T%)), for all s € [0,T], up to a
subsequence, {w,(s)}, is pure, and admits a semiclassical measure. The next proposition
proves that this subsequence can be so chosen that {u,(s)}, is pure for all s € [0, T].
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Proposition 3.4.26. Up to a subsequence, for all s € [0,T], the sequence {wW,(s)}n is
pure in L*(T%), and thus admits a semiclassical measure

Vs = vs(2,§) € Moya(M (T*']I'd,(C)),

which 1s positive definite and has the following form

Vs 4+ Vsx
ve= [>T :
Usx Us—
where v 4 are semiclassical measures of the sequences {wx(s)},, we denote this by vy + =

v[wE(s)]. Moreover, the distribution valued function v : s — v, is continuous in time,

that is, it belongs to C([0,T], Myyo(D'(T*T?))).

Démonstration. By a diagonal argument, we assume that {i,(s)}, is pure for each s in a

countable and dense subset of [0, T, for example QN |[0, T']. In order to conclude, it suffices

to show that for each X € C°(T*T?), the following family of functions is equicontinuous,
g +[0,T] 3 s = (Opy, (X)ihn(s), W (s)) 2

We prove this by showing that {9,g },, is bounded in L'([0, T}).

hngsgr)f(s> - (Z(AZOphn (X) - Ophn (X)An)wn(s)v _)n(s))[g
+ 2Re (i(Opy,, (X) + Opy, (X)) fu(s), Wa(s)) 12
S bl ()72 + by [ Fu(8) 172,

where we use the estimate

A:Op;, (X) — Opy,, (X)A, = [As, Opy,, (X)] + (A — A,)Op;, (X)
= O(hn) Lo (j0.1],£(L2,12))-

Therefore, take the integration over [0, 77,

||8395HL1([0,T]) § Hwn||2L2([O,T],L2) + h;ZanH%?([O,T],LQ) SJ L.

Now consider the following distribution valued continuous functions,
vy [0,T] = D(T*TY), s+ vys.

Then v define two distributions on |0, T[xT*T? such that, for ¢ € C°(]0, T[xT*T?),

T
(Ve, B) o .90, 1xT=14) = / P(s,2,§) dvg +(x,§) ds.
0 Jrere

Proposition 3.4.27. The following properties of vy holds.
(1) suppry C {|{] > v}.
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(2) Consider the two sections of k,
¢*:10,T[ x T*T* — £* c T*(J0, T[xT?), (s,2,€) — (s,z, F|¢|7/2,€).
Then for ¢ = ¢1 @ ¢y with ¢1 € C=(]0,T[,) and ¢ € C*(R,) ® C=(T*T?),
(3.4.47) (Bts D) Qo)) = (Vs (CF)* D) o g0 T{xT*0)

where (CE)*¢ = ¢(CF) ; or equivalently,

T
/ o(s,,0,€) dus (5,2, 0, €) = / o5, 2, FIE, €) dvaa (, €) ds
>+ 0 T*Td

(3) v+ is propagated via the following transportation equation,
3
(3.4.48) (9 £ 5|g|—1/2g - Va)va = 0.

Démonstration. The first statement is by the same reason as that for u (see Proposi-
tion 3.4.27). To prove the second, use the uniform convergence following from the equi-
continuity of g2 (here X = ¢, o (*¥) proved in Proposition 3.4.26, and Corollary 3.4.25.
Let ¢ € C2°(]0,T]) be such that ¥¢ = 1, then

T
/ | (¢ odvads = lm [(Op,, (¢4 o), vur)ial.ds
T*Td

0

/Ei w(CE) szsdui—/ b,

where the last equality is due to x*(¢F)*¢|s+ = ¢|s=.
To prove the propagation property, we use the equation (3.4.45) satisfied by w>, and
omit the factor ¢ above for simplicity,

T
(Osvs, Q) 1,0 = —(Vs, 0sO) 1,9 = —/ lim (Op,, (0s0)w,, wy) ., ds
0 n—oo

T
= —/ lim (8S(Ophn(¢)w?f) — Opy,, (¢)dsw,, wvjf)L? ds
0

n—oo

T
_/0 lim (Oph (p)wE, Oyw ) (Ophn(qﬁ)aswivwvf)/:? ds

n—oo

n—oo

T
= [ B 0w @k i)+ (O, (02t ) s

T .
:/0 4+ lim h—((Z*Ophn(¢) — Ophn(@ )wi,wf)m ds.

n—oo n

To continue, we use the explicit calculus of Zj, and Z; (see (3.4.21))

Z,0py, (¢) — Opy,, (0) 2, = [ZmOph (@) + (2, — Z.)O0py, (9)

= —OP LB 0} + O(R2) 1o (o1, £(22,12))-
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Plug this into the limit above, and use the fact that ¢ = 1 on a neighborhood of supp v,
whence {|¢[*?¢?, ¢} = {[¢]/%, ¢} on supp va,

(Osvs, Q). = £(va, {1€1322, ¢} 9.2
= +{ve, {672, 0 or.0 = FUIEP 2 va}, ) .0

Therefore, O,v1 4 {|£]3/2,v4} = 0 in the sense of distribution, which is the desired trans-
portation equation for . O

We continue with the proof of the semiclassical observability.

Proof of Proposition 3.4.23. By the hypothesis that ||¢,,€" 1w, 12(j0,71,02) = (1), the semi-
classical measure for the sequence -, = w; +w, (which we denote by u[e"w,]) vanishes
on T*(]0, T[xw). Combining this with the orthogonality (3.4.42),

—

0= ple- wn]lT*(}O,T[xw) = M+|T*(10,T[xw) + //J—|T*(]O,T[><w)a

which implies 4

T+(0,7[xw) = 0 because py > 0. Then by the identity (3.4.47),

Vi o rx 1w = 0.

By the geometric control condition, the propagation law (3.4.48), and the condition for
propagation speed (3.4.15),
I/:t(O) =lV+ = 0.

We then conclude by contradiction. Since by (3.4.33), {,(0)}, is h,-oscillating, and by
hypothesis ||, (0)|| 2 = 1, whence by Lemma 3.4.14,

/ X/<’)/(3/2)§02) |s:0 tr dVO = lim (H;u?’m u_jn)L2 ‘s:O = lim ('ll_jn, u7n)L2 |s:0 = 1,
T*Td n—00 n—00

and vy 4 + 1y = tryy # 0. O

Corollary 3.4.28. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, T > 0, g9 > 0, and u € €V*(T,ey). Let W satisfy (3.4.12), and let W), be
defined by (3.4.16). Then for gy and hy > 0 sufficiently small, and all 0 < h = 277 < hy
with j € 2N, the following observability holds for all k = 0,1,... h~ "% — 1,

B449) W= KHOT)E S [ Bt bR
h

where IF := [kh'/?T, (k + 1)h"/?T);.

Démonstration. The condition (3.4.33) of Proposition 3.4.23 is verified by (3.4.24), there-
fore, by Proposition 3.4.23, for some gy > 0 and hy > 0, uniformly for k = 0,1,...,h~ 12—
L,
(k+1)T
(s = kT)|72 < / lpw win () |72 ds + h™2|| Ryt
KT

%%([kT,(k—&-l)T],L?)'

2
L2([h1/2a,hl/2b]t,L2)’

time variable, s = h~1/2¢. O

We conclude by || - ||%2([a7b}37L2) =h7V2|| | following from the change of
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3.4.5 Weak observability

Proposition 3.4.29. Suppose that w satisfies the geometric control condition, s is suf-
ficiently large, T > 0, g9 > 0, and u € €4*(T,ey). Then for ey > 0 sufficiently small,
and for any N > 0, the following weak observability of (3.4.12) holds, that for all its
solution w0 with L? nitial data,

T
(3.4.50) 1w(0) 172 5/ lw'- W17z dt + [ (0) |7
0

Démonstration. The idea is to first sum up (3.4.49) to obtain an observability for @, on
the whole interval [0,7], and then use Littlewood-Paley’s theory to conclude. However,
the left hand side of (3.4.49) is ||wy(t = kh'/?T)||2,, an energy estimate of the equa-
tion (3.4.27) should be performed to bound it from below by [[@,(0)||7.. As in (3.4.35),
but we use the estimate Aj, — A} = O(h*?) (12 12) (the size h3/? is crucial here to obtain
a uniform energy estimate, independent of h, on the interval [0, T], = [0, h~'/2T],),

RO, || |32 = (i(Ap — A5Gy, W) 2 + 2Re( Ry, W) 2
S P72 + B Ry 7.
Therefore, for some constant C' > 0,
05l 72 — ChY2 @72 S W™ Ry 2,
and consequently,
—Chl/2s)| = —Chl/2s - - —Ch/2s; — S
Os(e” M @ull72) = e @@l 7e — CRMP@u72) S e T | Ry 7.

Now that h'/2s is bounded for s € [0, h~'/2T], by Newton-Leibniz’s rule,

1@ O0)172 S ldn ()72 + h™> 2| Rudi |10 /207, 12)-
Or equivalently, for t € [0, 7],

W2 1@ (0)][72 S B2 [n()][72 + h 2| R 22 0.1y, 29

Set t = kh'/?T for h = 277 with j € 2N sufficiently large, and k = 0,1,...,h"/2—1, and

use (3.4.49) by absorbing h~ 2||Rhw||L2 14,12y nto h—5/2||Rhw|y§?(m]m), we have
2@ (0)]12: S / lpwe - @n(t)[I22 dt + B2 Ryd|| 220,11, 12)-

Sum up for k=0,1,...,h~2 -1,

(3.4.51) 1@ ()12 < /T € Dn(t)IZ2 dt + ™| Ruwl 720 19,22)-

For the integrand, write
(pwg' wy, = HhAthwg' w + O(h)ﬁ(L27L2)’ll_j.

Then sum up for h = 277 < hy = 279 sufficiently small, using Littlewood-Paley’s theory
for II,Ay and Ry, i.e., by Corollary 3.4.16 and Corollary 3.4.20, we obtain

T
1(0) 122 5/0 lpue - W72 dt + (&5 + 2770|720 1y, 12) + 10(0) |7

It suffices to bound ||@|| z2(07),r2) S ||@W(0)[]32 and then absorb (ef 4+ 27%°)||@(0)||7, into
the left hand side. O
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3.4.6 Unique continuation and strong observability

We remove the remainder in (3.4.50) by the uniqueness-compactness argument to
finish the proof of Proposition 3.4.13.

Proof of Proposition 3.4.13. We proceed by contradiction. Suppose that the strong ob-
servability does not hold, then _there exists a sequence {e,,u,, W, }n, with £, > 0, u, €
€23 (T, e,), and W, € C([0,T], L*(T?)) satisfying the equation

(3.4.52) (Dr + A(w,,))ihn, = 0,

such that, as n — oo,

T
en=o0(1), |[[wn(0)]|z2 =1, / € - 72 dt = o(1).
0

By an energy estimate, {w,}, is bounded in C([0,T), L*(T%), {040, }, is bounded in
L>([0,T], H=3/2(T%)). Therefore, by Arzela-Ascoli’s theorem, we may assume that, up to
a subsequence,

4, — W strongly in C([0, T], H=%/*(T?)),
— W, — @ weakly in L*([0,T], L*(T?)),
— 0, (0) — w(0) weakly in L?(T?).

Now that u, — 0 in C([0, T], H*(T)), we also have A(u, )W, — A(0)@ strongly in
C([0,T], H*(T?)). Therefore, passing to the limit n — oo of (3.4.52) in the sense of
distribution, we see that @ € C([0,T], L*(T?)) as it satisfies the following equation,
(3.4.53) Dy + A(0)w = 0,

where A(0) = Op(A(0)7) with

10 I 1 -1
(3.4.54) A(0) = ¢ (0 _1)+#<_1 _1)+| |2mb (_1 1).

By the weak convergence, o€ W, — ¢,€- @ in L*([0,T], L>(T)), we have

T T
/|y%5.wuigdt3nminf/ o |22 dt = 0,

implying that € - wljorjx» = 0 in the sense of distribution. Then by the weak observabi-
lity (3.4.50) and Rellich-Kondrachov’s compact injection theorem,

T
IO~ = Jim 3, O 2 timsup (|7 (0)[F ~ [ o @l dt) =1
0

n—oo

whence @W(0) # 0. To conclude, it suffices to prove the unique continuation property
of (3.4.53) and obtain a contradiction. This is done in the following lemma. O

Lemma 3.4.30. Under the hypothesis of Proposition 3.4.13, let @ € C([0,T],L?) sa-
tisfy (3.4.53) and that €-W|rx, = 0 for some interval I C [0,T] with non-empty interior,
then @ = 0.
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Démonstration. There is no harm in assuming that I = [0, T]. For any 0 < ¢ < T, define
the following C-linear subspace space of L?(T?)

Ny = {y € L*(TY) : & exp{—it.A(0) }o|jo.1r—s)xw = 0},

where e~ #4005 € C([0, T], L*(T%)) denotes the solution to equation (3.4.53) with initial
data . It suffices to show that for some 0 < §y < T', A5, = {0}.

Applying the weak observability (3.4.50) with eg = 0, u = 0, N > 0, for time T'—¢ > 0,
and for Wy € A5,

(3.4.55) [Wollr2 < C(T" = 6)||woll -

where the constant C'(T" — 0) is uniformly bounded as long as 7" — § stays away from 0.
This implies that, by the compact injection theorem, the closed unit ball of (A5, || - ||z2)
is compact, and thus

dim A5 < o0, V§e€0,7T).
Moreover, by definition

§ <0 = M5 C N,

which implies that the family {.45}o<s<r is totally ordered by the inclusion relation C.
If dim .45 = 0, then the proof is closed. Otherwise, there exists a dy > 0, such that for all
0 < d <y,

dim A5 = dim A5, > dim A5 > 0,
or equivalently,

N = N = Ny D Ny # {0}

We will show that .#" = {0} to obtain a contradiction. Let wy € .4 and set w(t) =

e A0z, Then for 0 < € < &, by the identity wW(t) = e *=94Oy(e), we see that

w(e) € A . And since .4 is a linear vector space, = (uw(e) — w(0)) € 4. Moreover, apply

the compactness (3.4.55) with N = 3/2,

1 - L, S -
|56 = T2 S 1556 = T s S S0 NPT -

S sup AQO)@(@) -5z S sup [[d()]|z2 S [[ol| 2.
0<t<e 0<t<e

So the family {+ (w(€)—w(0)) }o<e<s is bounded in (A, ||-||12), and consequently relatively
compact. Therefore, up to a subsequence ¢, — 0,

(@) = 6(0)) = Dit(0) = ~A(0)y
strongly in (A7, ] - ||z2), and we have a well defined C-linear map on A4,
wo — A(0),
which admits an eigenfunction, say A4 3 W, = (Zzi) # 0, with A(0)@d = M0 for some
A € C. By the definition of A(0),

g _ IR | _
DL+ S + i) + 1D Mg — wy) = M,
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1
D,y = S1Du "2 (wif + wi) = 5IDa| Myl — i) = Xy,
Taking respectively the sum and the difference of the above two equations,

D, |3/2( —wy ) = A(wo +wy ),
(1Do " + g Do ™2 (wi + wy) + [ Do > My(wi — wy) = Awg — wy).

Apply |D,|>/? to the second equation, and use the first one to eliminate wg — wy ,
(I1Dsf? + g1Do| + AlLDa| 2 M) (wg +wg) = N*(wg +w;).

Now that M, is of order —oo, it is an elliptic equation, implying that wd +w; has only a
finite number of Fourier modes. So it is analytic and can never vanish on a nonempty open
set unless it is identically zero. Hence by the definition of A4, (wy +wgy )|, = € Wyl = 0,
we have wg +wy, = 0. Then by the first equation, |D, |5/2(w0 —wy ) = Mwg +wy) =0,
we have wy — w, = 0, for Wy has no zero frequency. Therefore @, = 0, which is a
contradiction. 0

3.5 H? linear control

3.5.1 Sobolev regularity of HUM control operator

Proposition 3.5.1. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, 1 > 0, T > 0, g9 > 0, and u € €"*(T,&0). Then for ¢ sufficiently small,
Oy = O(w)| . defines a bounded R-linear operator from H*(T?) to C([0,T], H*(T%)),
such that

H@|Hu||L(HH,C([0,T],H;L)) 5 L.

To prove this, recall that © = —B*SK~!, with K = —RBB*S, where by the Hilbert
uniqueness method (Proposition 3.4.9), K defines an isomorphism on L?(T%); by Theo-
rem 3.9.3 and Corollary 3.10.5, K|, sends H*(T?) to itself. Therefore, to prove Proposi-
tion 3.5.1, it remains to show that K|z, defines an isomorphism on H*(T%). Our idea is to
use the Lax-Milgram’s theorem as in the Hilbert uniqueness method. However, for techni-
cal reasons, we will work in the semiclassical Sobolev spaces H/(T%) = (H “(Td) | 1)
equipped with a real scalar product,

Re(u, v)gr = Re((hDy) u, (hDy)"v) 2

For each fixed h, H/*(T%) and H*(T?) are isomorphic as Banach spaces with equivalent
norms, even though not uniformly in A. Therefore, Proposition 3.5.1 is a consequence of
the following Proposition 3.5.2.

Proposition 3.5.2. Under the hypothesis of Proposition 5.5.1, for h and eq sufficiently
small, K|gp : H}'(T?) — H(T?) defines an isomorphism.

Some preliminary results will be proven before the proof of this proposition.
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Lemma 3.5.3. Under the hypothesis of Proposition 3.5.1, define the symbol ?(“) =
(YB3 for 1 > 0, and the paradifferential operator

(3.5.1) A =14+ R Ty .

Then for ey sufficiently small, A}, Hﬁ(Td) — L(T%) is invertible (whose inverse will be
denoted by A" == (AY)™!). Moreover, we have the following estimate, uniformly in h,

(3.5.2) Ay = (hDg)" = O(€0) Lo (jo,11,c.(211, £2))

which in particular implies the norm equivalence, uniformly for ty € [0,T],
(3.5.3) 1 g ~ N[ AG =t - Il 12

Démonstration. We omit the time variable in the proof, and write

(3.5.4) AL = (1+ Bu)(1+ h*T)

with By, = h“T@W_mu(l + h“Tmu)*l when h is sufficiently small. Then by Theorem 3.9.3,
By, = O(SO)E(LQI/Q), uniformly in h. For ¢ sufficiently small, Id + Bj, : L2(Td) — L2(Td) is
invertible. The norm equivalence follows as (14+h*Tj¢ju)(hD,) " and (14+h*Ti¢u) " (hDy)*
are both bounded on L? as they both have Fourier multipliers which are bounded inde-
pendently of h. O

The key point to the proof of Proposition 3.5.2 is the following commutator estimate.

Lemma 3.5.4. Under the hypothesis of Proposition 3.5.1, for u > 1, and h and g
sufficiently small, the following commutator estimate holds,

(3.5.5) (K, Abli=o] A li=o = O(e0 + h) g2 2
Démonstration. By the definition of IC, write

— K, A i=o] Ay li=0 = (RT500 — Ty, R)BB*S(h* A [1=o)
+ hR(BB*T;Y(u) — T@(M)BB*)S(h“_IA;th:o)
+ RBB* (ST — Ty S) (WAL o).

)|t=0

By Lemma 3.5.3, for 0 < o < p,
A li=o = OM)ieiapy = O) piizmey = O™7) iz o),

from which
|’hﬂAi:“|t=0’|c(L2,Hu) S, ||hu_1AI;H|t=0“L(LQ,Hu*l) S L

Then (3.5.5) results from the following estimates,
| BB T ) — Tw)BB*||C([0,T],£(HM*17L'2)) S L
IRTy00 = Ty, Rll cqzaomy e, 2y S €05

||ST~7<“>|t:o - Tﬁ/(”)SHE(H“,C([O,T],L%) < <o,

which will be treated separately in the following lemmas. O]
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Lemma 3.5.5. ||RT¢Y(M — T’Ay(“)|t:oR||C(L2([O,T],H“),L2) 5 0.

Démonstration. Let G € L2([0,T], H*(T%)), and let u € C([0, T], H*(T?)), v € C([0, T], L*(T%))
solve respectively the following equations

(0, + P)u=G, u(T)=0; (0r + P)v = Ty G, v(T) = 0.
Then w := v — Tswu € C([0,T7, L2(T9)) satisfies
(&g -+ P)w = [T:y(,u), 3,5 + P]'LL, U)(T) =0.

Observe that
[Tsa, 0 + Pl = —Ty,500 + [Ty, P

5

where Tp 500 = O(€0)z(in iz by Theorem 3.9.3. The main estimate for [Tiu), P] is
[T, T 3/»]. By Remark 3.4.11,

vy
[T, Toarm ] = Tizu 2037 + O(€0) piau 2y = O(€0) £ gm 2y
because {4, y3/2} = 0 for £ # 0. Combining the lower order terms, we then have
[Ty00, 0 + Pl = O(0) £ (gm i)
Finally by an energy estimate,

[(RT500 — Ty, yR)Gl 2 = [w(0)[| 2 S [ T50m, O + PlullLr(o,1),22)

5 50||U||L1([0,T],HH) 5 50||G||L2([0,T},HH)-

< €o-

~Y

Lemma 3.5.6. |ST50,_, — Ty S|l ziu oo iz

Démonstration. Let ug € H*(T%), and let u € C([0,T], H*(T%)), v € C([0,T], L*(T%))
solve respectively the following equations,

(0 — P*)u =0, u(0) = uo, (0 — P*)v =0, v(0) = Ts)),_,vo-
Then w = v — Tyuu € C([0,T], L?(T%)) satisfies
(0 — PHw = [Tﬁ(,ﬁ),ﬁt — P*u, w(0)=0.
Recall that, for 0 > 0, P — P* = O(&0) z(s7+ f-), We then have
[Ty, 0 — P*| = =Ty,500 — [Ty, Pl + [T, P — P*] = O(e0) £(22,12)-

Again by an energy estimate,

1(ST0,_y — TsuS)uollL2(o,11,22) = lwllz2o.1y,2) S [ T500, 0 — P*lullL1o.m,22)

N 50||U||L1([0,T],Hu) < eolluo| e
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Lemma 3.5.7. ||BB*T:Y(H) - T’?(”)BB*|’C([0,T],£(H“71,L2)) 5 ].

Démonstration. By symbolic calculus [Ty, Ty ] and [T, T ] are of order p—1, it suffices
to show that [p,,, T;] is also of order yu — 1. Indeed, write ¢, = T, + (v, — T}, ), then
[T,,,, Tyu] is of order p — 1, while ¢, — T,,, is of order —oo since ¢,, is smooth. O

Proof of Proposition 3.5.2. Consider the R-bilinear form on H!(T%),

wZ(foa %) = Re(AZ’tzo’Cfo, AZ|t:090)L2‘

Then by Lemma 3.5.4, and the L?-coercivity of K, for h and &, sufficiently small,

wﬁ(f()u fo) = Re(’CAmt:OvaAZ’t:OfO)LQ + Re([/\’;ﬂt:m ’C]Agu\tzo/\’;ﬂtzofmAmtzofo)
2 1A li=ofoll 22 — AL li=0, KA li=oll (2, 12y | A% =0 foll 72
2 W follzze = (g0 + 1) fol 7

> [ follZe

Therefore, w! is coercive on H/'(T%), and we conclude by Lax-Milgram’s theorem. — [J

3.5.2 H*-controllability

The HUM control operator © solves the linear control problem (3.4.1) without the
perturbation terms Ru and SF'. This section constructs a control operator ® for the linear
control problem

(3.5.6) (0 + P+ R)u= (B+ 5)F,
where P = P(u), R = R(u), B= B(u), 8 = (u) with u € €"*(T, ).

Proposition 3.5.8. Suppose that w satisfies the geometric control condition, s is suffi-
ciently large, T > 0, g9 > 0, and u € €V*(T, gq). Then for ey > 0 sufficiently small, there
erists an operator

® = ®(u) : H(T%) — O([0, T], H*(T%))
satisfying

1Pl 2oz oo,y S 15

such that, for ug € H*(T?), setting F = ®ug, the solution u to (3.5.6) with initial data
u(0) = ug vanishes at time T, that is, u(T) = 0.

Démonstration. First we define a new solution operator Sg = Se(u).

Lemma 3.5.9. For vy € L*(T?), set F = Ou, € C([0,T), L*(T%). Let v € C([0,T], L?)
be the solution to

(0 + P)v =BF, v(0) =1y, v(T)=0.

We set Sovg = v, then for any p > 0, Selj. s a bounded R-linear operator from HH(T?)
to C((0,7], F1#(T%)).
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Démonstration. For vy; € L*(T?) and \; € R (i = 1,2), set v; = Sevg,; and vy, =
A1v1 + Aovg. Then they satisfy the equations

(81/ + P)vl = B@/U[)’i, Uz<0) = UO,@') UZ(T) = 0.
(Or + P)uy = B(MOwp1 + A2Oug2), uA(0) = Awvoa + Aavp 2, uA(T) = 0.

By the R-linearity of ©, A\1Ovp1 + A\aOvg2 = O(A1vp1 + Aavp2), whence
vy = Se(A1vo1 + Aavo2),
that is, the R-linearity of Sg. By Proposition 3.5.1 and Proposition 3.10.4, we have

(3.5.7) Sevollcorymmy S 1BO|| L o,r),m0) S [|voll are-

Then we define a new range operator R = 7@(@)

Lemma 3.5.10. For G € L*([0,T], H*(T%)), let w € C([0,T], H*(T%)) be the solution to
the equation
(O +P+Rw=G, w(T)=0.

We set RG = w(0), then R defines a bounded R-linear operator from L*([0,T], H*(T%))
to H*(T?).

Démonstration. This is a consequence of Proposition 3.10.4 for the backwards equation.
m

Now we start constructing ® by perturbing ©. For vy € HS(TI‘d), set v = Sguy,
F = Ovy, and let w be the solution to the equation

(O + P+ R)w=—Rv+ pF, w(T)=0,
then u = v + w satisfies the equation
G+ P+ Ru=(B+p)F,  u(0)=uvy+wo, w(T)=0,

where

wy = w(0) = R(—Rv + BF) = R(—RSe + O)vg.

Define the perturbation operator,

£ = R(—RSe + 0| 5.) : H*(T?) — H*(T),

then uy = (1 4+ &)vg. By (3.3.15), (3.5.7), Proposition 3.4.1 and Corollary 3.10.5, &£ is
small in the sense that,
I1EN £ero oy S0, 9> 0.

Therefore, for &y sufficiently small, 1 + & : H5(T?%) — H*(T¢) is invertible, and
(3.5.8) P :=0|5(1+8E)7"

is the desired control operator. O
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3.5.3 Contraction estimate of control operator

In the next section, we use an iterative scheme to solve the nonlinear control pro-
blem (3.3.12). Contraction estimates of some operators, especially of the control operator,
will be of great importance.

To do this, let u; € €“(T, ), (i = 1,2). And let 1; = ¥(u,;) € H*(TY) and n; =
n(u,;) € HSH/Z(']I‘d) be determined by Proposition 3.3.12. For any symbol depending on
n, a = a(n), set a; = a(n;). For any operator £ = L(u), set L; = L(w;).

Lemma 3.5.11. Suppose that s > 3/2 + d/2, then for ¢ sufficiently small,

||7h'||Hs+1/2 < <o, ||771 - 772||Hs+1/2 S ||ﬂ1 —22| Hs-

Démonstration. By Proposition 3.3.12, ||n;]| gst1/2 < 2€0. Then write
=" = _szllm (u) —u,) + Tp_gl(Tpl - sz)Tp_IIQO

from which

||771 - 772||Hs+1/2 < H% - 22| He + 80H771 - 772||Hs+1/2-

We conclude for ¢y sufficiently small. m
Lemma 3.5.12. Suppose that s > 3/2+ d/2, o € R, then for ey sufficiently small,
1Bf = Bz ey = || Br = Bl e ey S g — wollae-

Démonstration. By the definition of B, Theorem 3.9.3 and Lemma 3.5.11, this comes
from the estimate

||Tq1 - Tq2||£(H0,H0) N ||771 - T]2||Hs+1/2 S H% - Mz|

Hs.
Il
Lemma 3.5.13. Suppose that s > 3/2+ d/2, o € R, then for ey sufficiently small,
|P1 = Pall pogrossre oy + 1P7 = Bl pegrossre oy S g — sl ms-
( ) ( )
Démonstration. The main estimate is, by Theorem 3.9.3 and Lemma 3.5.11,
T e = Tl pigrosorm froy S llm = mellgserre S Nl = sl s
Il

Lemma 3.5.14. Suppose that s > 3/2 + d/2, o > 0, then for gy sufficiently small,
|81 — 52Hz:(Ho+3/2,0([o,T],Ha)) S Mluy = wsll Lo jo,17,19)-

Démonstration. For vy € HoT3/2(T), set v = S;uy € C([0,T], H7+3/2(T%)) for i = 1,2.
Then w = v! — v? satisfies the equation

(0 = PPw = (P = P3)v*,  w(0) =0,
whence the energy estimate

wlleqor ey S II(PF = Po)v?| mqor,ae) S lwy — sl zoeqo,m,85)|[vo]| gots/e-
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Lemma 3.5.15. Suppose that s > 3/2+d/2, o > 0, then for ey sufficiently small,
IR — RZHL:(L2([0,T},HU+3/2),HU) S g = wsll Lo (o, m9)-

Démonstration. Let G € L*([0,T], Ht3%(T%)), and let v* € C([0,T], H7+32(T4)) for
1 = 1,2 be solutions to the equations

0+ P)v' =G, (T)=0.
Then w = v! — v? satisfies
(0 + P)w = (P, — P)v?, w(T) =0,
whence the estimate

[(R1 = R2)G| e = [|[w(0)|| e S |[(Po — P1)v?|| aqo.ry, o)

S lwy =yl oo o,1),29)

v? ||L1([0,T],Hv+3/2)

S llwy — usl| o o.00,5) |Gl L2 (0,77, 10+3/2)

O
Lemma 3.5.16. Suppose that s > 3/2+d/2, ¢ > 0, then for gy sufficiently small,
1K = Kl o oy S Nty — gl imo e
Démonstration. By the definition (3.4.5) of I, we have the identity
Ko — K1 = (R1 — R2)B1B{S1 + Ro(By — B2)BiS,
+ RoBy (B — B3)S1 + RoBBoB5(S1 — Sa).
And we conclude by Lemma 3.5.15, Lemma 3.5.12 and Lemma 3.5.14. [

Lemma 3.5.17. Suppose that s is sufficiently large, o > 0, then for ey sufficiently small,

101 — @2||£(HU+3/2,C([07T]7H0)) Sy = woll oo, 19

Démonstration. By the invertibility of IC (Proposition 3.5.2) and the definition (3.4.7)
of ©, we have the following identity

O1— Oy = (Bs — B))S:Ky !t + Bi(Sy — S+ BiS1K, (K — Ko) K
And we conclude by Lemma 3.5.12, Lemma 3.5.14 and Lemma 3.5.16. O
Lemma 3.5.18. Suppose that s is sufficiently large, o > 0, then for ey sufficiently small,
1(So)1 = (So)all pqszesare cqoursimy S Nt = ooz

Démonstration. For vy € HO3/2(T%), let v = (Se)ivo € C([0,T], H7H3/2(T%), (i = 1,2),
then w = v! — v? satisfies the equation

(@ + Pl)w = (81@1 — 82@2)1}0 + (Pg — P1>U2, w(O) =0.
Therefore, by an energy estimate,

Hvl — U2HL2([0,TLHU) < H(Bl®1 - 52@2)UOHL1([0,T},HU) + ||(P2 - PI)U2HL1([0,T],H”)

S lwy = wsll Lo o, 9) || Vo || ro+sr2

where we have used Lemma 3.5.13, Lemma 3.5.12 and Lemma 3.5.17. O
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Lemma 3.5.19. Suppose s > 2+ d/2, then for ¢ sufficiently small,
1Ry = Rollgrs pre-sr2y S lwa — s prosr2.

Démonstration. The main difficulty is to estimate the Rg(n1) — Rg(n2), as by the defini-
tion of R, the other terms in R can easily be estimated by the estimates of paradifferential
calculus. By Lemma 6.8 of [6],

Iy (R (m)¢0) - om]
for (,n) € H*(T?) x H**Y/2(T?%) and dn € H*+/2(T?), from which

[ Ra(m)y — Ra(n2)y| s ||Vt

o S 0]l

w32 || V|

S H771 - 772\ 1 S H% —%’ Hs—1.

]

Lemma 3.5.20. Suppose that s > 2+ d/2, then for eq sufficiently small,

Ry — RQ||£(L2([07T],HS),H5*3/2) S llug — QQHL"O([O,T],HS*?’/?)'

Démonstration. Let G € L*([0,T], H*(T%)), and let v* € C([0,T], H*(T?)) for i = 1,2 be
solutions to the equations

O+ P+ R)w' =G, v(T)=0.
Then w = v! — v? satisfies
(O, + P+ R)w = (P, — P)v* + (Ry — Ry)v?, w(T) =0,
whence the estimate, by Lemma 3.5.13, Lemma 3.5.19 and Proposition 3.10.4,

1Ry — R2)G]

o-3r2 = [[w(0) || grs-s/2
S (P2 = POV g oy, me—sr2y + [[(Ra = RO || 11 o, o372
Sl — QQHL"O([O,T],HS*S/?)“Uz“Ll([O,T],HS)

Sy — sl oo o1, 15-3/2) | Gl 22 (10,71, 229) -

Lemma 3.5.21. Suppose s > 2+ d/2, then for ey sufficiently small,

1B () — B(772)Hc(Hs,Loo) S g = woll goao.

Démonstration. This is merely a consequence of the contraction property for the Dirichlet—
Neumann operator, see Theorem 5.2 of [8],

||(G(771) - G(UQ))@H

Hs—1.

H5*1||V:L’77/}|

a2 S lm — 772|

Lemma 3.5.22. Suppose s > 2+ d/2, then for ey sufficiently small,

161 — 52||L(HS,H571) Sl — sl ra-s/2-
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Démonstration. It suffices to write
Sl =B = TQl—Q2TB(771)FTp_111mQ1 + quT(B(m)fB(nz))FTp_lllmﬂl
+ TQ2TB(7I2)F<Tp_11 - Tp_21>1mgl + TQQTB(UQ)FTp_;Im(Ql - QQ)?
and conclude by Theorem 3.9.3, Lemma 3.5.11 and Lemma 3.5.21. O]

Lemma 3.5.23. Suppose that s is sufficiently large, then for ey sufficiently small,

”51 - 52“5(1’{2}'18*3/2) 5 Hﬂl - QQHL‘”([O,T],HS*WZ)'
Démonstration. We use the identity,
E1— &y = (7—\3,1 — ﬁg)(—Rl(S@)l + 16, Hs)
+ 7€2(R2 — R1)(Se)1 + 7€2R2((5@)2 - (89)1)
+ 732(/31 — [2)O1| s + 71252(@1 s — ©2

And conclude by Lemma 3.5.20, Lemma 3.5.19, Lemma 3.5.18, Lemma 3.5.22 and Lemma 3.5.17.
]

i7s)-

Proposition 3.5.24. Suppose that s is sufficiently large, then for ey sufficiently small,

@) — (I)Q||£(H5,C([O,T],HS—3/2)) S luy — H2HL°°([O,T],HS—3/2)‘

Démonstration. We use the identity,

d, — Py = (6, ) Id+E)7 g (Id + &) E - E)Id + &)

i — ©2

And conclude by Lemma 3.5.17 and Lemma 3.5.23. O

3.6 Iterative scheme

We adapt the iterative scheme of [5] to construct a solution for the nonlinear control
problem (3.3.12) and thus close the proof of Theorem 3.2.2. We have to be careful about
the constants and will no longer use the notation < in this section.

Suppose that s is sufficiently large, fix 0 < g9 < 1 sufficiently small, such that the
results of previous sections apply. Let C' > 10 be a constant such that the following
conditions are satisfied.

— For all u € €1%(T, &), and all ¢ € R with s > o > 0,

H‘I’(ﬂ)“c(Hs,C([o,T],Hs)) + ”P(M)HLoo([o,T],z:(Ha,Hv—if/z))

Bl o o,17,2(10,110y) + 1B | poo 0,17, 2.7r5, fr51/2)) < C-
— For s > >s—3/2, G € L>®([0,T), H*(T%)), if u satisfies the equation
(0 + P(u) + R(w)u =G, u(0)=0oru(T)=0,
then we have the energy estimate (by Proposition 3.10.4),

(3.6.1) lwllegom,mmy + [105ul| Lo jo.19, 1ru-3/2) < ClG || Los (0,17, 10 -
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3.6. ITERATIVE SCHEME

— In all the lemmas and propositions of Section 3.5.3, the statements remain valid
after replacing the relations 1.h.s < r.h.s with L.h.s < C' x r.h.s.

Now fix K > C'° and let uy € H*(T?) be such that

|IUO| s < EO/K.

We will define a sequence of functions {u", F"},>0 by inductively solving a sequence a
linear control problems. Once u™ is defined, for any operator £(u") that depends on u",
we denote for simplicity £, = L£(u"). The induction proceeds as follows. Let u® = F° = 0,
and for n > 0, let

Pt = (DH(UJO) S C([OaT]7HS<Td))a

and let u™t! € C([0, T], H*(T%)) be the solution to the equation
(3.6.2) (0 + Py + Ro)u™" = (B, + o) ™, u"1(0) = wp, u""(T) =0.

In order for F™* to be well defined, we have to verify that u™ € €15(T,¢gq), this is
justified by the following lemma.

Lemma 3.6.1. The sequence of functions {u™, F"},>o, formally defined as above, is well
defined, and satisfies furthermore the following estimates, for all n > 0,

= cgl,s(T, 50)7 un—i—l —u" € %1,8—3/2 (T, €g+1)a
= %0,5(7"7 60), Fn+1 _F" e (5078—3/2 (T, ES—H).

Démonstration. In the following estimates, we keep in mind that C'°K~! < 1. For n = 0,
the estimate for u® and F° are clearly satisfied. As for the differences, we use F' = ©¢(uy),
Proposition 3.5.8, and the energy estimate (3.6.1)

Hs S CK_1€O

lu' =Nl o3y = 1u loo.asmy < CIF leqomyme—srz) < CPK e,

||F1 - FO||C([07T],HS*3/2) = ”Fl”C([O,T],HS*?’/?) < C||U0|

Then by the equation and (3.6.1),
||8t(u1 - UO)HLOO([O’T]7H573) = ||8tul||Loo([0’T]’H573) S C2||F1||C([0,T],HS—3/2) S CSK_lfo.
Suppose by now the estimates are proven for n. By Proposition 3.5.8,

s < CK e,

IF™ oo < Clluo|
and then by (3.6.1),
(36.3) " Hleqoryms + 100" g oz a2y < CHIF" Hleqo e < C°K e,
For the difference, we use Proposition 3.5.24,

Hs S OK_158+1.

IF™ — F™ | oo ms-s/2y < Cllu™ — u" M| ooy, mrs-s/2) ol
Observe that (du), = v — u" satisfies the equation

(O, + P, + R,)(6u), = —(P, — Pyq)u” — (R, — Rp_1)u"
+ (B.npm_‘—1 - Bn—an) + (ﬁnFnJrl - ﬁn—an)a
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CHAPITRE 3. CONTROL OF WATER WAVES

with (6u),(0) = (6u),(T) = 0. By (3.6.1),

n+1 n+1

[w™ = ™| oo, e-3r2y + 10w — u™)|| Lo o,1,15-3)
< C(Pn = Poo1)u" || poo o1y, s-3r2) + Cll (R — Ry 1)u™ || o 0,77, 15-3/2)

+ OB F"™ = By s F|| oo o1y, me-372) + CllBnF" ™ = Bt F™ || oo o1, 1o-3/2),
where, by Lemma 3.5.13, and (3.6.3),
(P = Pac )" || pooqo.y,aro-3/2) < Cllu™ — ™| oo oy, mrs—72) 0™ | oo (fo,17,12)
<Oxel x CPK ey < CHKteptth,
The same estimate, using Lemma 3.5.19, gives

[(Rn — Rn—1>unHL°°([O,T],HS—3/2 < Cflu™ — Un_lHLoo ([0,T],Hs—3/2) [|u" | Los ([0,T),Hs)
<O xepl x CPK ey < C*Ktepth.

Similarly, by Lemma 3.5.12 and Lemma 3.5.22; and the triangular inequality, we show
that

|Bo ™Y — Bt F™"|| oo o.m075-3/2) + 180 F™ ™ = Bt ™ || oo (o7, 515-372) < CPK et

In summary, we have

n+1

[ = w | eory,re-sr2) + 10w = ™) [ Lo o,17,m5-3) < COK e ™,

which closes the proof. O
Corollary 3.6.2. {u", [""},>¢ is a Cauchy sequence in

C([0,T], H*=*/(T%) nWhe([0, T), H*~*(T)) x C([0, T), H*~**(T*)),
whose limit will be denoted by

(u, F) = lim (u", F™) € € 3/%(T, o) x €% **(T, ep).

n—oo

Corollary 3.6.3. The following convergence holds,
(1) P(u™)u™t! —> P( Yu, strongly in C([0,T], H*3) ;

(2) R(u™)u™t R(u)u, strongly in C([0,T], H*=3), weakly in L*([0,T], H®) ;
(3) B(u )F”Jrl — B(u)F, strongly in C([0,T), H=3/?), weakly in L*([0,T], H*) ;
(4) B F"+Y — B(u)F, strongly in C([0,T], H*3/?), weakly in L*([0,T)], H).

In particular, (u, F') satisfies the equation

(3.6.4) (O + P(u) + R(u))u = (B(u) + B(w)F, u(0)=ug, u(T)=0,
in sense of distribution. Moreover,
[B(w)ull 20,105 + 1B(w) F| L2o,1,1%) + 18(w) Fll 2 o,1),10) S €0

Démonstration. The convergences follow from our construction, Corollary 3.6.2, the tri-
angular inequality, and Lemma 3.5.13, Lemma 3.5.19, Lemma 3.5.12, Lemma 3.5.22
and (3.3.15). Therefore we pass to the limit n — oo in (3.6.2), and obtain (3.6.4). The
last estimate comes from the weak convergence. O]
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Now we rewrite (3.6.4) as
(3.6.5) (O + P(w)u =G, u(0) = ug, w(T) =0,

where u = u, and

G = —R(u)u+ B(u)F + B(u)F
with [|G||z2(jo,r1,m5) S €0- By Proposition 3.10.4, the equation (3.6.5) admits a unique
solution in C([0,T], H*(T%)). Therefore, u € C([0,T], H*(T%)) with the energy estimate

Nulle o),z S lwollas + |Gl 2o, ey S €o-

That is, u € %O’f(T, ('gp) for some C” > 0. Therefore, for g sufficiently small, by (3.3.15),
G e LOO([O, T], HS_?’/Q(Td)), with HGHL‘”([O,T],HS*W?) 5 £o- This 1mphes that

HatUHLoo([o,T],HH/% S ol zs + HGHLOO([O,T],HH/Q) < o

Consequently u € €1*(T,C"ey) for some C” > 0. When ¢ is sufficiently small, ®(u) is
well defined, and as n — oo,

[®(u) — q’(un)Hz:(HS,C([o,T],HHm)) S llu— UHHC([O,T],Hs%m) — 0.
Therefore in the sense of distribution,

F = lim F" = lim ®(u")uy = ®(u)uy € C([0,T], H*(T?)).

n—0o0 n—oo

This finishes the proof of Theorem 3.2.2.

3.7 Theorem 3.2.2 implies Theorem 3.1.2

Now we deduce Theorem 3.1.2 from Theorem 3.2.2. Observe that the null controlla-
bility holds for the time reversed equation (that is, the equation obtained by the change
of variable t — —t) of (3.2.4) as well, with the same proof. Let (n;,;) (i = 0, 1) satisfy
the hypotheses of Theorem 3.1.2, and let u; = u(1;, ;) € H*(T%) be defined by (3.2.2).
Then |jugl|gs < €0, and for gy sufficiently small, there exist F¥ € C([0,T/2], H*(T%))
by Theorem 3.2.2, such that F° sends initial data ug at time ¢ = 0 to final data 0 at
time ¢ = T/2 by (3.2.4), while I sends initial data u; at time t = 0 to final data 0 at
time ¢t = T'/2 by the time reversed equation of (3.2.4). Moreover, the estimates (3.2.6)
are verified by F and the corresponding solutions u* € C([0,7/2], H*(T%)). Now define
u e C([0,T], H¥(T%) and F € C([0,T], H*(T%)) by

ult) = {“"“% e T/ g {xTn(t)FO(t)f relo1)2),
WNT = 1), te(T/2,T). Xyl T = DENT 1), 1€ (T/2,T),

Indeed F' is continue in time, for the truncation functions vanish near ¢t = 7'/2. Then u

satisfies (3.2.4) (with F replaced by F), and u(0) = ug, u(T) = u,. By Proposition 3.3.12,
we can find

i =1n(u) € C([0,T], H*T2(T) nWh=([0,T], H*~*(T?),
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) =1p(u) € C([0,T], H*(T) n Wh=([0,T], H*=*2(T7)),
such that u = Tq(ﬁ) (Qﬁ - TB(ﬁ)ll}ﬁ) - iTp(ﬁ)ﬁ by (339), and

7(0) =no,  ¥(0) = 7(Dy)o, 0(T) =m, U(T)=mn(Dy)r.

Next we look for (1,1, F') by adding zero frequencies to (7, 0, F') in such way that (1, 1))
satisfies (3.1.1), as well as the initial and final conditions, with the exterior pressure being

Pt (t,x) = pu(x)Re F(t, ).

More precisely, we look for (n,, F') of the following form,

(3.7.1) n(t,x) =n(t,x), ©(t,x)=1(tz)+ (QW)doz(t), F(t,x) = F(t,x) + co,

where ¢y € R is a constant, and « is a C! function of t. By reversing the paralinearization
process, 0y = G(n)1, hence 9yn = G(n). In order for ¢ to meet the initial and final
data, a should satisfy the boundary conditions,

a(0) = y Yo(z)dx, oT) = y () d.

Plugging (3.7.1) into (3.1.1), and integrating it over T?, we obtain an ordinary differential
equation for «,

&a(t) + /Td (§|Vx1p|2 -5 R > dz = /Td o Re(F(t,z) 4+ ¢o) dz

Solving this equation by integrating it over [0,¢] and using the initial condition for «/(0),

t
alt) = [ Yodx +/ / @oRe(F + c) dz dt
T4 0 Jra

t (Vo) - Vb + G))?2 1, o
+/o /]rd <§ 1+ V.12 —§|Vx¢| )dxdt.

(3.7.2)

Observe that ¢y — «(T) is an affine function of ¢, with the coefficient of ¢y being
T X [1apu(x)dz # 0, so there exists a unique ¢o € R such that o(T) = [, ¥1(2) d.

Remark 3.7.1. In the solution (3.7.2) of « the integrals for gn and H(n) do not appear
because they have no zero frequencies. The former is due to our assumption, while the
latter is by the divergence theorem. If we have infinite depth, that is, b = oo, then

L(Vai)- Vot + G2 1 N
/Td (5 14 |V,n? —§‘Vm¢| )d:l:—().

This can be proven by a direct computation using Green’s identity, and is related to a
conserved quantity of (3.1.1) by its Hamiltonian structure. For more on this subject, see
Benjamin—Olver [27].
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3.8 Appendix : necessity of GCC

We prove that the geometric control condition is necessary for the controllability of the
three dimensional water wave equation (that is d = 2) with infinite depth (that is b = o0)
linearized around the flat surface (that is n = 0). We believe that similar arguments are
suffice to prove the same results in arbitrary dimensions and for finite depth, however,
we do not attempt to generalize the result in this direction for the sake of simplicity.

Now this linearized equation is a fractional Schrodinger equation

Oyu + i| D> *u = T\Rey,, F.
We will consider more generally the following control problem in L?*(T?),
(3.8.1) O +i|D*u = BoF, 1<a<2.

Here ¢ € C*(T?) and B is a bounded operator on L?*(T?). If « = 1, we have the (half)
wave equation. When B = Id, it is exactly controllable, if and only if the geometric control
condition is satisfied, see [24, 43]. If @ = 2, we have the Schrédinger equation. When
B = 1d, it is always exactly controllable (on tori) whether or not under the geometric
control condition, see [88, 109, 18, 48, 36]. We are now in the middle of the two typical
cases 1 < a < 2 where we show that the geometric control condition is necessary to
exactly control (3.8.1) on T

Definition 3.8.1. We say that (3.8.1) is exactly controllable, if there exists 7' > 0,
such that for all wg,u; € L*(T?), there exists F € C([0,T], L*(T?)), and a solution
u e C([0,T], L*(T?)) to (3.8.1), satisfying u(0) = ug, u(T) = u.

Proposition 3.8.2. Suppose that 1 < a < 2, and (3.8.1) is ezxactly controllable, then

wi={z = (z,y) € T?: p(z) # 0}
satisfies the geometric control condition.

Démonstration. The idea is to prove by contradiction by using the following lemma due
to Burq-Zworski [47], and Miller [149].

Lemma 3.8.3. The equation (3.8.1) is exactly controllable, if and only if, for some C' > 0,
for all A\ € R, and for all u € C>(T?),

(3.8.2) Cllull> < [[(1D=|" = Mull2 + | Bou] 2.

We may assume that ¢ # 0, so that w # (), for the case will be trivial otherwise.
Suppose that w does not satisfy the geometric control condition, we will show that (3.8.2)
does not hold for any fixed C' > 0. By hypothesis, modulo some necessary translation,
there exists some v € R*\{0} such that the geodesic I', = {+¢ : t € R} does not enter w.
Now that w # 0, I, cannot be dense. So we may further more assume that v € Z?*.

Consider I', as a Lie group acting on T ', 3 vt : z — z+~t, which defines a quotient
manifold  : T? — T?/I",, z — z + I',. Choose ¢ > 0 sufficiently small such that

C B
[l oo () < 5( + 1Bl (r2,r2) "
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where N; = {z € T? : dist(z,T,) < d}. Observe that x(Njs) is open (with respect to the
canonical quotient topology) for k™! (k(Ns)) = Nj is open. Fix

0# ¢ € CZ(k(N5)) C C=(T?/T,),
and set for n € N,
X =vor € CFX(N;) C O®(T?), u"(z)=e""x(z2).

Expending x in Fourier series, we write x(z) = >, 7. cxe™, and claim that ¢, = 0
unless k € v = {{ € Z% : (- v = 0}. Indeed, if k ¢ y*, then there exists w =yt € T,
such that, k- w # 0 modulo 27. Observe that

X(z +w) = ¥(k(z + w)) = (k(z)) = x(2),
we have

1 ) ) 1 ) )
cp = ] 5 x(z+ w)eﬂk'z dz = elk'w@ N X(z)e’”” dz = ey,

which implies that ¢, = 0. Therefore, u"(2) = ;1 e’ ™M)= and

|Dz|a n_ Z Ck|n7+k|aez‘(nw+k)-z _ Z Ck(n2|’}/|2+ |k,|2)a/2€i(n'y+k)-z.

key+ ket
Let A, = n®|v|%, then

K|

z (ny+k)-z
Iﬂ)

Y

(ID:]* = A)u" = > exlk|*f(

0#£keyt

where 2o/
14+t5)% -1
piy = L

By an integration by part, for any N > 1, |k|*|cx| < |k|™V. Observe that f is continuous
on )0, +oo[, with lim; s, o, f(¢) = 1, and f(¢) = O(t*~*) as t — 0. We have therefore the
estimate,

f(ﬂ) < Jaman, 0<[kl <Vn
n|y| 1, k| > /7.
To conclude, we show that the sequence (u", \,,) violates (3.8.2). Indeed, ||u"|| 2 = ||x||z,
and

n C
1Beu"llzz < |Bllecz iz lllzewimlixlze < S lixllez,

and for any N > 2,

« n 1
1(D:1" = M)u"llze S~ D 7 ’N+ > ‘N:() , as n— 00
[k[<v/n |k|>f
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3.9 Appendix : paradifferential calculus

For results of this section, we refer to [146, 9].

3.9.1 Paradifferential operators

For oo > p > 0, denote by W*>°(T?) the space of Holderian functions of regularity p
on T¢.

Definition 3.9.1. For m € R, p > 0, let fz@(']l‘d) denote the space of locally bounded
functions a(z,§) on TS x (RE\0), which are C* with respect to { € R?\0, such that for
all @ € N” and & # 0, the function = — d¢a(x, ) belongs to W»>(T%), and that for some
constant C,,

650, E)lwe < Cale)™ ", Vel > 2
where (&) = (1 + |¢]?)Y/2.

Define on f;”(Td) the semi-norms,

My (a) = sup sup [[(€)17"0¢al-, &) [lwo.
jol<n [€]>1/2

Definition 3.9.2. y = x(#,7n) is called an admissible cutoff function, if
(1) x € C=(Rg x RY) is an even function, that is, x(—0, —1) = x(6,7) ;
(2) it satisfies the following spectral condition : for some 0 < €1 < €5 < 1/2,

= <
(3.9.1) x(@Om) =1, |0 <em),
x(0,m) =0, 6] > ex(n);
(3) for all (a, B) € N? x N9, and some C,5 > 0,
10507 x(8,1)] < Cagln) 11171,

Let y be an admissible cutoff function, and let 7 € C*°(R?) be an even function such
that 0 <7 <1, n(§) = 0 for [¢] < 1/4, and 7(£) = 1 for |§] > 3/4. Now given a symbol
ael ;”(']Td), the paradifferential operator T, is formally defined by

(3.9.2) Tou(€) = 2m) ™ > x(& = n.m)a(€ — n,n)w(n)i(n),
nezd
where a(0,1) = (Fompa)(0,1) = [ra e Pa(z,n) dz. Alternatively, set
a’X('7 5) = X(D:L‘7 5)0,(', 5)7
then by definition, T,u = aX(z, D, )7 (D, )u.

Theorem 3.9.3. Let a € I"g”‘, then T, is of order m such that for all s € R, T, defines a
bounded operator from H*t™(T?) to H*(T?), such that

(3.9.3) ||Ta||£(Hs+mVHs) S Miyo1(a).

In particular, T, = T,7(D,) = w(D,)T,.
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Démonstration. For the estimate we refer to [146]. It remains to show that for u €
H+™(T?), T,u has no zero frequency, or equivalently, T,u(0) = 0. Indeed, by definition
Tou(0) = (2m)~* > x(—n,m)a(—n,n)i(n) =0,

0#nezd
since x(—n,n) = 0 for all n # 0 by (3.9.1). O
Proposition 3.9.4. For all s € R, T} = n(D,) = Id..

Démonstration. Observe that a(6,7n) = 1p—¢(6,n) if a = 1, therefore by definition,

Tiu(€) = > x(€ = m.m)Lemym(n)i(n) = x(0,)m(&)a(€) = m()i(€),

nezd
since x(0,&) =1 for all £ € Z4. O

Lemma 3.9.5. Leta € I'""(T%), and o € N, with |a| < p, then 9% (a—aX) € [etlel(rd)
with estimates that for alln € N, MgfL;H'a‘(@j(a —aX)) < M7 (a).

Démonstration. See [146]. O
Proposition 3.9.6. Let a € I""(T%) with m >0 and p > m + 1+ d/2, then
10p(am) = Tallc(z2,02) S Mpiapai1(a).
Démonstration. By the theorem Calderéon—Vaillancourt, it suffices to show that
M3/2+1,d/2+1(a —a¥) 5 M,Td/2+1(a)-
Indeed, for |a| < d/2 + 1, by the previous lemma,

M 4011 (05 (0 — ) S My 61,7 (05 (a = @) S Myl 4 (a).

]

Lemma 3.9.7. Let a € S™(T%) be in the Hormander class. If it is either a real valued
even function of &, or a pure imaginary valued odd function of €, then for u € C*°(T%, C),

Op(a)Reu = Re Op(a)u, T.Reu = ReT,u.

Démonstration. We first prove the case of pseudodifferential operators Op(a). Let a(x, §) =
a(x, —=£), then by our hypothesis a = a. Therefore, for any real valued function u,

Op(a)u = Op(a)u = Op(a)u,

which implies that Op(a)u is real valued. Then for a complex function wu,

Op(a)u = Op(a)(Reu + ilmu) = Op(a)Re u 4+ :Op(a)lm u.

We conclude that Re Op(a)u = Op(a)Reu, Im Op(a)u = Op(a)Im u.

As for the paradifferential case, T, = Op(aXw) with (aX7)(z,£) = x(Dy, €)a(-, €). Now
that y is even, by the pseudodifferential case, x(D,,&) commute with Re. This implies
that aXm remains to be a real symbol, and an even function of £, or a pure imaginary
symbol and an odd function of £. So the case of paradifferential operators follows. [
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3.9.2 Symbolic calculus

Theorem 3.9.8. Let a € I'""(T9), b € I'"(T9), with m,m’ € R, 0 < p < co. Set

1 (63 o
agh = Z aag aD37b.

lal<p
Then T, Ty, — Tas is of order m+m’ — p, and
||TaTb - Taﬁb||z:(Hs+m+m’fp,Hs) 5 (Td/Q—i—l—l—p(a) ;:Ld/2+1(b) + (Td/2+1+p(b) Zfd/m(a)-

Theorem 3.9.9. Let a € F;”(']I‘d), withm € R and 0 < p < 0o. Set

at =) ﬁagpga.

lf<p

Denote by T the formal adjoint of T,,, then T — T+ is of order m — p, and

HT; — Tt ”L(HermfP,Hs) 5 M;tld/2+1+p(a)-

3.9.3 Paraproducts and paralinearization

Theorem 3.9.10. Let a € H(TY) and b € H?(T?) with o > d/2 , 8 > d/2. Then
(1) T, T, — Ty is of order —p with p = min{a, B} — d/2, that is, for s € R,

(39.4 Ty — Tool sy S Nl Bl
(2) T —T; is of order —p with p = « — d/2, that is, for s € R,
115 — Tallcas—re oy S Nlall e
(3) Define the bilinear form,
(3.9.5) R(a,b) = ab — T,b — Tha,
then R(a,b) € HoHA=4/2(Td),
| R(a, b)|| grats-are S [lall e ||bl| s
(4) Let F' € C* with F(0) =0, then F(a) = Tpya + Rp(a) with
(3.9.6) [Rp(a)]| gr2a-ar2 S Cllallae)llall e
In particular,
(3.9.7) 1F(a)lze < Cllallze)llal me-
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3.10 Appendix : some linear equations

Proposition 3.10.1. Let u € €%(T, ) for s sufficiently large, T > 0, and &y sufficiently
small. Let Q@ = Q(u) be defined by (3.4.8), and suppose

R e L>®([0,T), £L(L* L*) N C([0,T), L(L*, HH))

for some >0, f € LY([0,T], L*(T%). Then the Cauchy problem
(3.10.1) (0 +iQ+ R)u=f, u(0)=u, € L*(TY),
admits a unique solution u € C([0,T], L*(T?)), which moreover satisfies the estimate

[ulleqory.ms) S lluollz + 1 F o2y
Démonstration. Let

je = exp(—£9¥) 4 L3¢ - Dy exp(~<701?),

and set J. = m(D,)Op(jem). Consider the regularized Cauchy problem

(O +1QJ. + RJ)u" = f,  u*(0) = uy,

which admits a unique solution u® € C([0,7%], L*(T?)) for some T. > 0, by Cauchy-
Lipschitz theorem, as Q.J., RJ. € C([0,T], £L(L?, L?)). Following a routine method, see
for example [146], to prove the existence of a solution, on the whole interval [0, 7], it
suffice to prove a uniform a priori bound for u® and its time derivative in the energy
space over the time interval [0, T7].

By the choice of the symbol j., we have

Q. el izizy ST Q= Q% pizizy S 1, e = Lol iz S 1

from which the a priori estimate, that for almost every t € [0, 7],

d 15 3 3
(3.10.2) T Oz S e Oz + (@), f() 2.
Moreover, by Gronwall’s inequality, we have

(3.10.3) oz S lluollzz + || fllzrqory,e2)-
Plugging it into (3.10.2), we obtain

d
(3.10.9) | @2 oy S NoliZe + 15 sz

The energy estimate (3.10.3), the hypothesis on R, and Arzela-Ascoli’s theorem imply
the existence of a weak solution

w € L*([0,T], L2(T*)) N C([0, T], H*(T))

to (3.10.1). Then (3.10.4) and Arzela-Ascoli’s theorem again implies that ¢ — ||ul|7, is
continuous in time. Therefore u € C([0,T7], L?>(T¢)). The energy estimate for u follows by

Gronwall’s inequality as in (3.10.3), and the uniqueness follows from the energy estimate.
O
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Using the same method, we have the following corollary.

Corollary 3.10.2. For wy € LQ(Td), there exists a unique solution to the Cauchy pro-
blem (3.4.12), @ € C([0,T], L*(T%)) with w(0) = .

Corollary 3.10.3. For @, € L*(T9), f € Ll([O,T]S,‘LQ(Td)), there exists a unique
solution to the Cauchy problem (3.4.31), @), € C([0,T]s, L*(T)) with @, (0) = .

Similar results hold for the paradifferential equations.

Proposition 3.10.4. Suppose s > ' >0, u>3+d/2, T >0, u € €"(T,&) for some
g0 > 0 sufficiently small. Let P = P(u) be defined by (3.3.13),

R e L>®([0,T), L(H?*, H?)) N C([0,T], L(H*, H)),
and let F € L'([0,T], H*(T%). Then for ug € H*(T%), the following Cauchy problem
(3.10.5) (O +P+Ru=F, u(0)=mu,
admits a unique solution u € C([0,T], H5(T%)), which moreover satisfies the estimate

(3.10.6) |l cor,me) S |luol

Hs —|— ||F”L1([O,T],Hs)'

Démonstration. The proof is almost the same as above, but here we choose J. = T}, with
Je defined as above, and use the following estimates

1P Tl ey S 1 NP = Pillgegs sy 1, e = Ll gos ey S 1
O

Corollary 3.10.5. Let the Range operator R and the solution operator S be formally
defined in Section 3.4.1, then for all > 0,

R : L*([0,T], H*(T?) — HMTY),  S: H*(T?) — C([0,T], H*(T%)),
and satisfies the estimates

HRHE(LQ([O,T],HH),HN) <L HSH[,(HH,C([O,T],HH)) S L
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Chapitre 4

Propagation of singularities for
gravity-capillary water waves

4.1 Introduction

We are interested in the propagation of singularities for the gravity-capillary water
wave equation, which is a quasilinear dispersive equation to be defined later. We shall first
revisit some classical results about propagation of singularities for simpler linear dispersive
equations, and see how they lead to a more generalized definition of singularities that is
adaptive for gravity-capillary water waves.

4.1.1 Half wave equation

By the classical definition, 2y € R? is called a singularity of u € 2'(R?), if u is not
C® in any neighborhood of xg; the singular support of u, denoted by sing supp u, is the
set of all singularities of u. To study the propagation of sing supp v when u solves some
PDESs, the information given by sing supp v alone is usually insufficient, as the direction of
propagation for a singularity is not determined by its position, but rather by its “direction
of oscillation”.

More precisely, in [98], Hormander introduced the wavefront set WF (), lifting sing supp u
to the phase space R? x (R?\0). By definition, (zq,&) & WF(u) if for some ¢ € C>*(RY)
with ¢(xg) # 0, pu decays rapidly within some conical neighborhood of &. If (xg, &) €
WF(u), then it is called a microlocal singularity of u; we have zy € singsuppu and & is
called the frequency of this microlocal singularity. By Guillemin—Sternberg [87], (zo, &) &
WF (u) if and only if for some a € C>(R??) with a(zg, &) # 0, a(x, hD,)u = O(h™) 2,
0 < h < 1. Therefore, WF(u) describes the mass accumulation of w in the phase space.

A classical result says that for solutions to the half wave equation

ou+1ivV—Au =0,
singularities travel at finite speeds along geodesics.

Theorem 4.1.1 (Lax [129], Courant-Lax [56], Hormander [98, 99], etc). Let u solve the
half wave equation with initial data ug € 2'(R?), and ty € R, then (xq,&) € WF(ug) if
and only if (xo+to&o/| 0|, &) € WF (u(ty)), i-e., WF(u) is propagated by the Hamiltonian
flow of I¢|.
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More generally, if u solves Oyu + iPu = 0 where P is a first order pseudodifferential
operator admitting a real principal symbol p, then WF(u) is propagated by the Hamiltonian

flow of p.

As for semilinear wave equations, we refer to Bony [34], Lebeau [130], and the refe-
rences therein, for classical results of propagation of singularities.

4.1.2 Schrodinger equation

For dispersive equations with an infinite speed of propagation, singularities can di-
sappear and emerge. For example, if u solves the linear Schrodinger equation,

o — 1Au =0,

with u(0) € &'(R?) (the space of compactly supported distributions), then u(t) € C*°(R?)
for t # 0. Conversely, if u(0,z) = e~ with a quadratic oscillation at infinity, then u
develops a delta-function singularity when ¢ = 1.

Early works, including Lascar [125] and Boutet-de-Monvel [37], proved that singu-
larities travel at an infinite speed along geodesics, but did not give time-dependent in-
formation in terms of initial data. Wunsch [195] however, revealed the time-dependent
propagation of singularities by tracking the transformation between singularities and qua-
dratic oscillations, using the quadratic-scattering wavefront set, WF . (u). Similar results
were later obtained, independently, by Nakamura [153], using the homogeneous wavefront
set, HWF (u). These two wavefront sets, WFs.(u) and HWF (u), were proven to be es-
sentially equivalent by Ito [108]. We shall recall the definition of HWF(u), because the
similarity it shares with WF(u) inspires us to define the quasi-homogeneous wavefront
set that is adaptive to the gravity-capillary water wave equation.

By definition, (zg,&) ¢ HWF(u) if for some a € C®(R*) with a(xo,&) # 0,
a(hz,hD,)u = O(h™)2, 0 < h < 1. Please allow us to call (xg, &) a homogeneous singu-
larity of u if it belongs to HWF (u). Therefore, HWF (u) describes the phase space distri-
bution of u at the spatial infinity. Observe that the dispersion relation of the Schrodinger
equation is w = ||, so a wave packet near the frequency & ~ h™! travels at the group
velocity v = ‘31—2’ = 26 ~ h7l. That explains Nakamura’s choice of the homogeneously
scaled quantization a — a(hz, hD,).

Theorem 4.1.2 (Nakamura [153]). Let u solve the Schridinger equation with initial data
ug € L2(RY), and let ty € R, then

(S.1) (z0,&) € HWF (ug) if and only if (xo + 2teéo, &) € HWEF (u(ty)), i.e., HWF (u) is
propagated by the Hamiltonian flow of |£|*.

(SQ) ’Lf (iUo, 60) < HWF(U()) with 60 7& O, and t[) 7é 0, then (2?5050,50) < HWF(u(to))

In [153], Nakamura gave the credit of (S.1) to S. Doi, and extended Theorem 4.1.2 to
asymptotically Euclidean manifolds. Theorem 4.1.2 states that, homogeneous singularities
of u travel at a finite speed along geodesics. (¢, &) € HWF(up) may develop singulari-
ties, but only when z + 2t§, = 0. By [153], if (0,&,) € HWF(u), then (z¢,&) & WF(u),
Yz, € R? Therefore, although we do no know where the newly developed singularities
are, their frequencies must be &. Moreover, (zo,&) € WF(ug) of ug instantaneously
creates (2to&o, &) € HWF (u(ty)) whenever tg # 0, due to the infinite speed of propaga-
tion. Conversely, if (2to&o, &) € HWF (u(ty)), then WF (ug) N {¢ = &} = 0. Particularly,
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if HWF (u(t)) = 0, then WF(ug) = 0. These microlocal smoothing effects, when exten-
ded to asymptotic Euclidean manifolds, generalize the pioneer work of Craig-Kappeler—
Strauss [57]. We also refer to Robbiano—Zuily [165] for a microlocal analytic smoothing
effect of linear Schrodinger equations, and Szeftel [181] for microlocal smoothing effects
of semilinear Schrodinger equations.

4.1.3 Gravity-capillary water wave equation

The gravity-capillary water wave equation describes the evolution of inviscid, incom-
pressible, and irrotational fluid with a free surface, in the presence of a gravitational field
and the surface tension.
4.1.3.1 Eulerian formulation

Let n =n(t,z), (t,2) € R x RY, be real valued, and let 0 < b < oo. Define

Q={-b<y<n(t)}
which is a time-dependent domain in R¥! = R¢ x R,. Then 02 consists of a free surface
L={y=n(t )}

and a flat bottom

I'={y=—-b}.
Let v : Q — R? be the Eulerian vector field, P : Q — R be the internal pressure, g € R
be the gravitational acceleration, and e, = (0,...,0,1). Then
(4.1.1) Vay-v=0, Vg xv=0,

where V., = (V,0,), V = (04, ...,0.,); (v, P) satisfies the Euler equation,
(4.1.2) O +v- Vv + VP = —ge,.

Let n : 9Q — S? be the exterior unit normal vector field of 952, then

(4.1.3) dm = /1+[Vn]? vls - n,

implying that fluid particles that were initially on 3 will stay on X ; and
(4.1.4) vlp-n =0,

meaning that I is impenetrable. Finally, let £ > 0 be the constant of surface tension, and
let

\Y
(4.1.5) fumzzv-( 1 )

V1+[Vnl?

be the mean curvature of the free surface, then kH(n) is the surface tension on X, which
should be balanced out by P|s, i.e.,

(4.1.6) —Pls, = rH(n).

The equations (4.1.1), (4.1.2), (4.1.3), (4.1.4), (4.1.5) and (4.1.6) give the Eulerian for-
mulation of the system of gravity-capillary water waves.
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4.1.3.2 Zakharov [199] / Craig—Sulem [60] formulation
By (4.1.1) and (4.1.4), there exists a real valued ¢ : 2 — R such that
Va:y¢ =V, Azy¢ =0, 8y¢’F =0.

Denote 9 (t, z) = ¢(t, z,n(t,z)), then

V14|Vl vlg-n =G0,

where G(n), called the Dirichlet—-Neumann operator, is defined by

G(n)¢(t7 ZL’) - ay¢(t7 x, 77(?57 ZE)) - Vn(t7 l’) : V¢<t, xz, n(tv I))

Letting x = 1, the gravity-capillary water wave equation can be formulated in terms of
(n,%), which is called the Zakharov / Craig—Sulem formulation,

om — Gn)y =0,

4.1.7
(4.1.7) 3t¢+gn—H(n)+%|W)|2—

1 (V- Vi + Gn)y)?
2 1+ |Vnl?

=0.

The purpose of this paper is to present the propagation of singularities for solutions
to (4.1.7), including a microlocal smoothing effect. To the best of our knowledge, these
results are the first of this type for quasilinear dispersive equations.

4.1.3.3 Quasi-homogeneous wavefront set and model equation

Recall that the linearization of (4.1.7) at the stationary state (n,v) = (0,0) is

(4.1.8)
O+ gn — An = 0.

{atn — | D, | tanh(b| D)y = 0,
Let us oversimplify (4.1.8) by setting g = 0, b = oo, then u := ¢ — i\/|D,|n satisfies the
fractional Schrodinger equation

Opu ~+ 1| Dy |3 ?u = 0,

for which neither WF (u) nor HWF (1) seems to suitably define singularities. Let us consi-
der the more general model equation

(4.1.9) Owu+i|Dy["u=0, ~v>1,

which includes the half wave equation (y = 1), the fractional Schrédinger equations
(1 < v < 2), the Schrodinger equation (v = 2), the fourth order Schrédinger equation
(v = 4), etc., as special cases. A wave packet of (4.1.9) near the frequency & ~ h™! travels
at the group velocity v = %ih = y|&| 7% ~ h~=Y so the quasi-homogeneously scaled
quantization a — a(h? 'z, hD,) seems to be one of the rightful choice. By a more general
scaling, we define the quasi-homogeneous wavefront set.
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Definition 4.1.3. Let u € ./, > 0, p > 0 with 6+p > 0, and p € RU{oo}. The quasi-
homogeneous wavefront set WF“ 5.p(w) is a subset of R** such that (zo,&) ¢ WFj ,(u) if and
only if for some a € C>°(R*) with a(zg,&) # 0, a(h®x, h* D,)u = O(h*) e, 0 < h<1.
Here,

a(hz, h"Dy)u(z) = (21)" // @) Eq (B, ho)u(y) dy dE.

If (79,&) € WF} ,(u), we shall call it a quasi-homogeneous singularity of u, or more
precisely, a (d, p)-singularity of u (of order ).

Clearly the quasi-homogeneous wavefront set generalizes WF (u) and HWF(u). It al-
lows us to extend Theorem 4.1.1 and Theorem 4.1.2 to the model equation (4.1.9).

Theorem 4.1.4. Let u solve (4.1.9) with initial data ug € H~°(RY), p € RU {oo} and
to € R.
(M.1) If py =0+ p, (z0,&0) € WF§ ,(uo)\{{ = 0}, then

(o + toyI€o|" 20, &0) € WEFS (u(to))\{& = 0}.
(M.2) If v >1, py > 6+ p, to # 0, (z0,6) € WF5 (uo)\{ = 0}, then

(tov1€0" %0, &) € WE ) (ulto))\{¢ = 0}.

Indeed, letting (9, p,v, ) = (0,1,1,00) or (1,1,2,00) in (M.1), we recover respectively
Theorem 4.1.1 and (S.1) of Theorem 4.1.2; letting (d, p,v, 1) = (0,1,2,00) in (M.2), we
recover (S.2) of Theorem 4.1.2.

4.1.3.4 Existence in weighted Sobolev spaces

Instead of the linearization at (n, ) = (0, 0), if we paralinearize and symmetrize (4.1.7)
as Alazard-Burq—Zuily [6], we obtain a fractional Schrodinger equation (with lower order
terms) on X. The geometry of ¥ is time dependent and is given by the solution itself,
as (4.1.7) is quasilinear. We need this geometry to be asymptotically Euclidean to avoid
the mess caused by the infinite speed of propagation, but the existence of such geome-
try is not cheap. We shall prove it by establishing the existence of asymptotically “fat”
gravity-capillary water waves.

Definition 4.1.5. For (v, k) € R? H}' consists of those u € .’ with

HUHH,g = [[{@)*(Dy)"ul| 2 < o0.
Here and throughout this paper, (-} = /1 4+ | - |2. Moreover, given (i, m) € R x N, denote

M = ﬁ HEI2,

Jj=0

Theorem 4.1.6. Letd > 1, p>3+d/2, m <2u—6—d, and (1o, 1) € HETH2 HHE
then for some T > 0, there exists a unique solution

(n,y) € C([=T, T, HEF2 x HE)

to the Cauchy problem of (4.1.7) with initial data (g, ).
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For the Cauchy problem of water waves, we refer to the initial works of Kano—
Nishida [114] and Yosihara [197, 198], the breakthroughs of Wu [192, 193] and Beyer—
Giinther [30] for the local well-posedness in Sobolev spaces with general initial data.
Using the paradifferential calculus, Alazard-Burq—Zuily [6, 8, 9] proved the local well-
posedness with low Sobolev regularity. We shall prove Theorem 4.1.6 by combining the
analysis of [6] and a spatial dyadic decomposition. More precisely, we define the dyadic
paradifferential operators

Pa=) ¥Tpal;
jEN

where (i) ¢, € C>®(R%) are supported in the dyadic annulus C~127 < |z| < C2,
(ii) @Z)]@j = 4;, (ili) {1;}jen is a partition of unity of R?, and (iv) Ty, is the usual
paradifferential operator of Bony [33], which we shall review in §4.4.1. We show that the
dyadic paradifferential calculus naturally extends Bony’s paralinearization to weighted
Sobolev spaces.

We do not attempt to lower p to > 2 + d/2, as it was the case in [6]. The range
of m is so chosen that g —m/2 > 3 + d/2, enabling us to paralinearize (4.1.7) in H,.
We should mention that the well-posedness of gravity water waves, i.e., without surface
tension, in uniformly local weighted Sobolev spaces was obtain by Nguyen [157] using a
periodic spatial decomposition from [9)].

4.1.3.5 Propagation at spatial infinity

Our first main result concerns about the propagation of (1/2,1)-singularities at the
spatial infinity, corresponding to (M.1) of Theorem 4.1.4.

Theorem 4.1.7. Let d > 1, p >3+ d/2, 3 < m < 2u — 6 — d. Suppose that for some
T >0, (n,0) € C(|=T,T), Hi™? x 1) solves (4.1.7) with initial data (o, ). Let

(w0, &) € WFT/J;{HU(??O) UWF Y (o), & #0,
where 0 < o <m/2—3/2. Let ty € [-T,T) such that
310 1-1/2
$0+§t|§0| & #0

for all t € [0,to] if to > 0, or respectively for all t € [ty,0] if to < 0. Then

3 _ o o

(10 + Stoléol /260, &) € WY (n(to)) U WEY 5, (ko).
We will see that, by Lemma 4.2.16, as (n, ) € HE2 HE
1/2

WL () UWEY,, (1) € {z = 0} U {§ =0},
By Alazard-Métivier [12], we expect o to be at most yu — a — d/2 for some o > 0,
corresponding to the extra gain of regularity by the remainder of the paralinearization
procedure. Although Theorem 4.1.7 does not give the optimal upper bound for o, as it

is not our priority, but when m = 2y — 6 — d, o can still be as big as p — 9/2 — d/2.
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4.1.3.6 Microlocal smoothing effect

Our second main result shows that a (0, 1)-singularity creates instantaneously a (1/2, 1)-
singularity at the spatial infinity. Corresponding to (M.2) of Theorem 4.1.4. To state the
result, observe that, given ny € C3(R?), the initial free surface ¥y = X|;—¢ is isometric to
(R?, 0y), with

- Id + tVUOVnO tVﬁo
w0 Vi 1 '

We identify the co-geodesic flow G; on T*Y, with the Hamiltonian flow on R?? of the

symbol 2
That is,

atgt = XG(gt)7 go = IdR2d7
where X¢ = (0:G, —0,G).

Theorem 4.1.8. Letd > 1, 1> 3+d/2, 3 <m < 2(u—3—d/2). Suppose that for some
T>0, (ny)eC(-T, T],?—[%H/2 X HE) solves (4.1.7) with initial data (no, o). Let

(0, o) € WEATY2 (o) UWFAT (10), & # 0,

where 0 < o < min{p/2 — 3 — d/4,3m/2}, and suppose that the co-geodesic {(x, &) =
Gi(xo,&0) her is forwardly resp. backwardly non-trapping, i.e., for any compact set K C
R?, x, & K, resp. x_; & K whenever t > 0 is sufficiently large. Then there exists &, o €
RA{0}, resp. £_oo € RA\{0} such that,

lim & =&, rTesp. lim €& ;=& o,
t—o0 t—o0

and for all 0 <ty < T, resp. =T <ty <0,

3 _ o o
<§t0|§+oo| 1/2§+oo;§+oo> € WFT;_Qll/2+ (n(to)) UWFT/JFQ,l(@/)(tO)%

3 _ o o
resp. (Stolé-ool /% ses - ) € WELLLH ((t0)) U WE S, (1(10).

We remark that the asymptotic directions, 1., are determined solely by the initial
geometry given by 7y, due to the infinite speed of propagation.

One may wonder whether the non-trapping assumption in Theorem 4.1.8 is necessary.
We are tempted to believe that the co-geodesic flow on X is everywhere non-trapping,
both forwardly and backwardly, because Y, is the graph of a function from R? to R.
However, there are only two cases that are known to us be true : either when d = 1,
or when Vg € L™ and ||(z) V||~ is sufficiently small, see §4.6.4. In both cases we
obtain the following local smoothing effect.

Corollary 4.1.9. Let d > 1, p > 3+ d/2, 3 < m < 2(u— 3 — d/2). Suppose that for

some T > 0, (n,9) € C([=T,T), Ha™"? x HE) solves (4.1.7) with initial data (no, ).
Suppose that the following two conditions are satisfied,
(1) either d =1 or ||{(x)V?nol| 1~ is sufficiently small ;
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(2) WEYLH (1) UWEYE (1) € {or = 0} U {€ =0},
then Yty € [T, T|\{0} and Ve > 0,
(77(750), @Z)(to)) e H:‘H‘l/?-‘ra—e « Jrto—c

loc loc

We remark that the second condition is satisfied if (1o, v0) € Hiy Yok o Hg,;f”_k/
for some (k, k') € R?, which is particularly the case if (1o, 1) € & x &".

We refer to Christianson-Hur-Staffilani [54] and Alazard-Burq-Zuily [6] for local
smoothing effects of 2D capillary-gravity water waves, and Alazard-Ifrim-Tataru [11] for
a Morawetz inequality of 2D gravity water waves.

4.1.4 Outline of paper

In §4.2, we present basic properties of weighted Sobolev spaces and the quasi-homogeneous

wavefront set. In §4.3, we prove Theorem 4.1.4 by extending the idea of Nakamura [153].
In §4.4, we review the paradifferential calculus of Bony, and extend it to weighted Sobolev
spaces by a spatial dyadic decomposition. We also develop a quasi-homogeneous semi-
classical paradifferential calculus, and study its relations with the quasi-homogeneous
wavefront set. In §4.5, we study the Dirichlet—Neumann operator in weighted Sobolev
spaces and prove the existence of asymptotically flat gravity-capillary water waves, i.e.,
Theorem 4.1.6. In §4.6, we prove our main results, Theorem 4.1.7, Theorem 4.1.8 and
Corollary 4.1.9, by extending the proof of Theorem 4.1.4 to the quasilinear equation using
the paradifferential calculus.

4.2 Quasi-homogeneous microlocal analysis

4.2.1 Quasi-homogeneous semiclassical calculus
Definition 4.2.1. For (u, k) € R?, set mj(z,&) = (x)*(§)*. Let ap € C(RY x RE), we
say that a, € S}, if Yo, f € N, 3C,p > 0, such that V(z,§) € RY x R,

sup |0200ay(2,€)| < Capmi (2, €).
0<h<1

We say that ap, € S} is (p, k)-elliptic if 3R > 0,C > 0 such that for |z| + || > R,

inf |ap(x,§)| > Cmi(x,§).

0<h<1

Denote
se= U s 5= ) 9

(1k)ER? (1,k) ER?

We say that a, € SZ% is elliptic at (zg, &) if for some neighborhood €2 of (¢, &),

inf  inf > 0.
0che1 (x%eﬂ jan(z, €)|

Definition 4.2.2. Given 6 > 0, p > 0, for h > 0, define

0, REx RE - REX R (2,€) > (hox, h#€),
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which induces a pullback 627 on S, 0" a;, = ay, o 63°. Then set

,k

Opy*(an) = Op(62ay),
where

Op(a)u(x) = (2r)~ // 0, Eyuly) dy dé.

By the formula (93)'Op2*(a)¥ = Op2**?(a), where Wu(x) = h*¥?u(h’z) is an
isometry of L?(R%), we induce the following results from the usual semiclassical calculus
for which we refer to the book [208] of Zworski.

Proposition 4.2.3. There exists K > 0 such that, if a € C*(R% x Rg) with

M= 3 [98dlali~ < o,
o] +[8|<d
then [|Opy”(a)[| 22 < KM.
Proposition 4.2.4 (Sharp Garding Inequality). If 6 + p > 0 and a, € SJ such that
Reay, > 0, then for some C >0, all u € L*(R?), and 0 < h < 1,
Re(OpX* (ap)u, u) 2 > —ChO||ul|2..
Proposition 4.2.5. There exists a bilinear operator
V8% X 8% — S,
such that
0Py (an)Opy” (b)) = Opy” (anty”br).-

If ap, € S, by, € S}, then ahﬁi’pbh € SiT). We denote through this article that D, = V.
For v >0, define
. plelGre
ahﬂh’ﬁbh = Z ol (95 ath, by,

oo <y
then ahﬂi’pbh—@hﬂi”;bh = O(h”“ﬂ’))sﬂzw. If 6+p > 0 and either ap, € S orb, € S°L,
) -

then ahtii’pbh _ ahﬁf{f;bh - o(hv(ﬂp))s:w.

Proposition 4.2.6. Then there exists a linear operator
G s - S
such that
) * 0, d,
Opy,”(an)” = Op," (G an).
If ap, € S, then C,f’pah € Si. For~ >0, define
plal(d+p)
0,p _ —
Chﬁah == Z Tanga}“
lor| <y
then Ci’pah - ng’;ah = O(h7(5+p))55:3. If 6+ p >0 and a, € SZL, then Cg’pah - C,f’f;ah =
O(RY0+P)) ¢ oc.
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4.2.2 Weighted Sobolev spaces

Let us recall that .#(R?) is the Schwartz space, and .’ (R?) is the space of tempered
distributions.

Definition 4.2.7. We say that a linear operator A : .¥ — %' is of order (v,/) € R?
and denote A € OY if V(u, k) € R?, there exists C' > 0 such that Yu € ., ”A“”H;;j; <

Cllul| gz Therefore, A extends to a bounded linear operator from H} to H;~,". We denote
Ae 0= it Ae 0y, V() € R% Let A, : ¥ — & and C, > 0 be indexed by
a € of. We say that A, = O(Cy)er, if Y(u, k) € R*, 3K > 0, such that Va € «,
Mall gz o < KCa.

By Proposition 4.2.3 and Proposition 4.2.5, we obtain
Proposition 4.2.8. If a, € S} with (v,{) € R?, then Op(ay) € 0.

Proposition 4.2.9. u € H}' if and only if for some ap, € Si which is (u, k)-elliptic,
Op(ap)u € L.

Proposition 4.2.10. . = N, per2H},, " = U ner2Hj; .

Démonstration. Clearly .7 C N, kyer2H},. The converse follows by Sobolev injection. As
for the second statement, clearly U, xyer2 H), C -7’. Conversely, let v € ., then 3N > 0,
such that Vyp € .7,

(w,0)ss S > 27000~ < 0Op(mh])ellL:
|l +]8|<N

with M sufficiently large, implying that u € H:]J\‘/[J . O]

Lemma 4.2.11. Let u € ., then u = h*MOpi’p(m:%)(’)(l)Lz for some M > 0. There-
fore, if 6+ p >0, and a, € O(h™) g, then Op2? (ap)up, = O(h™) 5.

Démonstration. By the proof of Proposition 4.2.10, M, N > 0, such that V¢ € .7,

(W) S Y N0l S HMIOD, (i) ¢l 2.
laf+|BI<N

Next, we characterize weighted Sobolev spaces by a dyadic decomposition.

Definition 4.2.12. Let ¢ : N — C%°(R?), j — t;, we denote ¢ € & if
(i) suppe; C {C7127 < |z| < C27} for some C' > 1 and all j > 1;
(ii) ¢; > 0 for all j € Nand C~' < 37 b < C for some C' > 1;
(iil) [|0%1;]|r < Cu2710 for all a € N, j € N, and some C,, > 0 depending solely on a.
Given ¢ € &, we denote ¢ € &, if
(i) ZjeN v =1;
(ii) supp; Nsupp ¢ = 0 whenever |j — k| > 2.
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Proposition 4.2.13. Let (u, k) € R?, ¢ € &, and u € &, then u € H if and only if
> e 27H[W5ull3. < oo. Moreover, 3C > 1, such that Vu € HY,

Ml < 32l % < Cllully
jEN
Démonstration. We may assume that ¢ € Z,, because Vo', ¢? € 2,
> 2 grullie = > 27¢ | @Ful G,
jeN jEN

Define 12 € & by setting 123- = Z|k—j|§2 U, then Qijﬁj =, Vj. For u € HY,

2 gullfn S (Do) i) oullfe + 11— &) Da i) bull s,
Apply Proposition 4.2.5 with (6, p) = (1,0), we have

(1 = (D), (D)™ = O27N) 2,12, VN > 0.

Therefore,

SN = B s ()l S S 27PN fuldy S llulf

JEN JEN
Forr=20,1,...,9, set )
D )" ((x) ) € St

JE10N+r

Observe that for 0 £ j — j € 10N, supp 1/~Jj N supp @Ej/ = (), therefore,

Z”¢J o) (e Yeul|7. = Z Z ’WJ ) () “ull72

jeN r=0 j€10N+r
9
=" Op(ar)ullZs < llull.
r=0

And we proved that
> 2 ullin < lule-

jeN

Conversely, observe that a := Y°_ a, is (u, k)-elliptic. So for some r € S=

ool

lullZ; < 1Op(a)ullZz + Op(r)ullf..

Similarly as above, we have

1Op(a)ullz> < Z 1Op(ar)ullz> < Z > i (Do) () ulls

r=0 j€10N+r

S D 29D e

jEN
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while for the second term, we denote § = Jj(l)’o for simplicity and write

1Op(r)ull72 = (u, Op(r*4ryu)r> =Y (u, Op(rtr)iu) 2.

jEN
For each term in the summation, we have for all N > 0 and € > 0,

(u, Op(r*gr)ipju) e = (Op(mi)u, Op(m_jir grim ) (Do) () ™" ehju) 12
S Null g (Do) ) = sl 2
< 27l p 27 (D) by 2
< 2777 (ellullfy + €72 (Do) yyul 7).

Summing up in j,

IOp(r)ullze < ellullfy +7 Y 2 ullf.
JeEN

We conclude by choosing ¢ sufficiently small. O]

4.2.3 Quasi-homogeneous wavefront sets

The following characterization is easy to prove by a routine construction of parametrix.

Proposition 4.2.14. Let uw € &', then (z9,&) ¢ WFf{p(u) if and only if for some
ap € SZ which is elliptic at (x9,&), Opi’p(ah)u = O(h*) 2.

Lemma 4.2.15. Let u € . and a, € SZ3 such that
suppa, C K C R% x Rg\Wng(u)
for some compact set K and all 0 < h < 1, then
(u, Opy(an)u).pr,r = O(W*).
Consequently, Opi’p(ah)u = O(hH) 2.

Démonstration. Let {;};c; be an open cover of K. Let b}, € SZ be elliptic everywhere
in €, such that Op’*(bi)u = O(h*)>. By a partition of unity, we may assume that
K c Q:= Q,, for some iy € I, and set b, = ;. By the ellipticity of b;,, we can find
cn € SZ% and 1, = O(h™) g such that a, = (¢ bu)iy ety by, + i, Therefore, by
Lemma 4.2.11,

(u, 0Py (an)u) 77, = (O} (bw)u, ODy? (e)Op}” (bn)uu) 12
+ (. Op(ra)u) s, = O(W")? + O(h™) = O(h*).

Lemma 4.2.16. Let u € .7, then
(1) WF} (u) is a closed (9, p)-cone, i.c., Gi’pWFf{p(u) = WFj (u), VA >0,
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(2) WES () = W} , (u), V7 > 0.
(3) (x0,%) € WE} 8“3 & (0, —x0) € WF) 5(1) ;
(4) (x0,%0) € WFM (1) & (29, —&o) € WF, (@) ;
(5) Denote WY ( ) = WF§ (u)\As,, where
{sz}ng, 0>0,p=0;
(4.2.1) Nsp =< RE x {¢€ =0}, d=0,p>0;
{r =0} xREURS x {£ =0}, 6>0,p>0.

If u € H with (u, k) € R?, and ay, € S such that

</V5,p N U supp ap = (2)7

0<h<1
then Opi’p(ah)u = O(h®#+PE) 1o In particular, WF5“+pk(u)° — (.

Démonstration. ((1)) and (2) are easy. To prove (3), we use FOp2°(a;)F = Opo* (C*by)
where F is the Fourier transform and by, (z, §) = a (€, —x). To prove (4), we use Op(ap)up, =
Op(by)un, where by(z,&) = ap(z, —€). To prove the case where 6 > 0, p > 0 of (5), we
simply observe that,

(QZ’,ZGh)<5>_“ﬂ(1)’O<$>_k = O(h* %) g0.

0

The other two cases are similar. O

4.3 Model equation

We prove Theorem 4.1.4 by combining the ideas of Nakamura [153] and simple me-
thods of scaling. There is no harm in assuming that ug € L*(R?).

4.3.1 Proof of (M.1)
For a € W ™(R, x R% x R¢) and A € WL (R, L* — L?) (which means that

loc loc

t— HA( )”L2—>L2 € Lloc’ t— H(?t ( )HL2—>L2 € Lloc) deﬁne
Za:ata+{|§|7aa}7 EtA:atA+l[|D$|’Y7A]
Here {-,-} is the Poisson bracket, i.e. {f,g} = Vef - Vo9 — V. f - Veg.

Lemma 4.3.1. For a;, € WY (R, S=F) with

J swppan[){¢=0} =1,

0<h<1

there exists b, € LS (R, SZ3Y) with supp b, C supp ap, such that
Ctop%p((lh) = Opi’p(éftah) + h5+”0p2’p(bh) + O(hOO)Lﬁ?C(R’LQ_}L%.
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Démonstration. YT > 0, de > 0 such that

U U swpan(t.)[{lel < et =0.

te[-T,T] 0<h<1

Let 7 € C°(R?) such that 0 < 7 < 1, n(£) = 0 for |¢] < ¢/3, w(§) = 1 for |¢| > 2¢/3.
Then

i[| D], Opy* (a)] = ik~ [|h* Dy Ym(h? D), Opi* (ap)] + O(h™) oo (11,02 12)-

Now that [{|"7(§) € S], we conclude by Proposition 4.2.5 and the hypothesis py =
d+ p. m

Assume that p = oo, as the proof is similar for u < oo. Let (20, %) & WF§ (ug) with
& # 0. We aim to find ay, € V[/l1 (R, SZ) of the asymptotic expansion

aj, ~ E :hj(5+p)aJ
jEN

where a] € W2™(R, S%), such that Vt € R, ay(t,-) is elliptic at (zo + t|&| 20, &),
and

ﬁtopi’p(ah) = O(h )L°° (R,L2—L2)-
If such ay, is found, we set A;, = Opi’p(ah), then

d
EHAhU/H%Q = 2Re(£tAhu, Ahu)L2 + 2Re(i|D$|7Ahu, Ahu)LQ < O(hoo)||Ahu||L2 + 0.

We deduce by Gronwall’s inequality that A,u = O(h>) L= (r,r2) and conclude.
To construct ay, first by Lemma 4.2.15, 3p € C*(R$ x (RE\0)) with ¢ (o, &) # 0,

such that Op2”(¢)u = O(h™) 2. Then we can construct a, with a,|—o = ¢ with ol €
W 2(R, SZY) solving iteratively the transportation equations

loc
{Gs,@ag — 0, {,sftai; +b =0,

a(})L|t=0 = ©; ai’t:o = 07 .] 2 17

where b] € Wo®(R, SZ) satisfies, by Lemma 4.3.1,

loc

£tOph (a ) Op (Zah) +h6+pop5p(bj)+O(h°o)Ll°§C(R,L2—>L2)-

4.3.2 Proof of (M.2)

Let B3 = py — (8 + p) > 0, introduce the semiclassical time variable s = h=%¢, and
rewrite (4.1.9) as

(4.3.1) Osu + ih”| D, "u = 0.
For a € Wi >°(R, x RE x RY) and A € Wi (Ry, L2 — L?), define

loc loc

,,Z.;a:asa+{|€|7,a}7 »C];A:asA+ihﬂ[|D$|’y7A]'
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Lemma 4.3.2. Let ¢ € C°(R?) such that ¢ >0, $(0) > 0, and z- V(z) <0, Vo € R™
Let € >0, (x9,&) € RE x (RE\0). For s >0 and (z,&) € RE x R, set

x(s,2,€) = 6 S”'f'ljg - xo)d»(f _650).

Then x € W>®(Rxg, Sy ), ZLsx € W*®(Rx¢,5-1°), and
(4.3.2) Ly > 0.

Let to > 0, and set (Tu)(s,x,§) = u(s,%x,&) then Tx € W (Rxo,S°%). Let € be
sufficiently small, then (Tx)(s,-) is elliptic at (toy|&o|7™2&0, &0) for s sufficiently large.

Démonstration. Each time we differentiate xy with respect to x, we get a multiplicative
factor (1 + s)~!, which is of size (z)™! on suppx, as suppx C {C~'s < |z| < Cs} for
some C' > 0 when |s| is sufficiently large. Therefore x € W>(Rxq, Sy ™). It is easy to
see that Tx(s,-) is bounded in C>°(R?*?). We write

B x—toyléo 260 VIET2E — €)% To §—%&o
(433) (m)(s.2.6) = o Wl+s)/s  (+s)/s o))

where |£]7726 — [&]77%& = o(1) as € — 0, whence Tx(s, -) elliptic at (tgy|&o|"2&0, &) for
sufficiently large s. To estimate %y, we perform an explicit computation,

o= (v (S o (0)

14+s €
(o= 516772 — 0) + (1 + 9)fe]~%
(1+s)? ’
_ Y=2¢ _ — 1
(6P =aleP e (7o) (F— LS () x

Therefore,

7 — 7)€% — 2,

x — sy[€]"72E — xg
Similarly as above, we prove that Z,x € W >(Rx, S°{°). ]

We assume ¢ty > 0 and g = oo as the other cases are similar. Let € > 0 be sufficiently
small and let {\;}jen C [1, 1+ €[ be strictly increasing. Let ¢ be as in Lemma 4.3.2, and

set Vj € N,
(= syl — a0 (€ —&o
X](S’x’é-)_d)( )\J(1+S) >¢< )\jﬁ )7

Then supp x; C {x;+1 > 0}. We aim to construct a, € W (R, S, *), such that

(i) suppan C Ujensupp x; ;

(i) an(0,-) = (G Xx0) 8" x0(0, -) = O(h™) g—=c;

(ili) Tap € Wo®(Rs,5-%)

(iv) Tan(s, ) is elliptic at (toy|&o|7 20, &) for sufficiently large s;
V) EhOp ( h) Z O(hoo)Loo(Rz()’LQ_)Iﬂ).
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If such ay, is found, and assume that
(t07|€0|’y_2€07 50) g WFg('yfl),p(u(t = t()))

By (i) and (4.3.3), if we replace ¢ with ¢(\-) for some A > 1 sufficiently large, then for
some compact set K, and sufficiently small h > 0,

supp@l/h n|s—n-py, C K CRE x RY \WEFT _p (u(t =to)).

By (iv), h, *ah|s h-pr, € S_ is elliptic at (toy|€o|"?&o, &). Therefore, by Lemma 4.2.15,

(u, Opi’p(ah)u)mhzhfﬂto = (U7OPZ( wf/h* n)u )L2|s:h*/3to = O(h™).
By (4.3.1),
d
& (ua Opf{p(ah)u) L2 (ua ‘CZOp%p(ah)u) 2’

which implies by (v) that

h75t0
(u Oph (an) ) ‘ (u Oph ap) )LQ‘S:h,BtO —/0 (u,ﬁg‘Opi’p(ah)u)L2 ds
< O(h™) + O(h™" x ™) = O(h™).

Therefore, by (ii),

10D,” (xo)uls=ollF2 = (u, Opy” (an)u) o,y + O(h™) = O(h™).

And we conclude that (zg,&) & WE§ (uo).
We shall construct a;, in the following form of asymptotic expansion

S T 5 Zh] (5+p) (871'75)7

JjEN

where a{b € Wo*(Rsq, S, ), with supp afl C supp x;, and ¢’ € P;, with

(4.3.4) P = {f(ln(l +5): F(X) = e X o > O,Vk:}.

k=0

All functions belonging to P; are smooth and non-negative for s > 0. Moreover, if ¢ € P;,
then

((1+)85) "(s) = /05(1+0)_1¢(0) do € Pjy1.

Indeed,
(1 +8)0) "(In(1+ )" = (n+1)"'(In(1 + )", VYneN.

The above asymptotic expansion is in the weak sense that, for some ¢ > 0, and all N € N,

(s g N(6+p—¢
an — Y WP GIal € OBV~ on-orys)-
<N

140



4.4. PARADIFFERENTIAL CALCULUS

We begin by setting ¢ = 1 and choosing a satisfying

ay, — ( Xo)ﬁh Xo = O(hoo)Woovoo(Rzo,sgm)a
an(0,-) — ( h7 Xo)ﬁh Xo(0,-) = O(hoo)s:gj-
By the definition of § and Proposition 4.2.5, Proposition 4.2.6,
LLOpy(af) = 20p;" (xo-Zaxo) + 7 POPy (1) + O(h™) e s 125 12)

where ) € L*®(Rxq, S~1°), with supp i C supp xo. So (s)r}) € L®(Rx, Sy ). Similarly,

(s)X0Zsxo € L¥(Rxg,5;,). By Lemma 4.3.2, x0-Zsxo > 0. So by the sharp Garding
inequality, 30 € L>°(Rxo, S5 ™), with supp ) C {x1 > 0}, such that

LrOpy? () > —(s) T hO PO (00) + O(h™) oo ey 12 12)-

Suppose that we have found ¢’/ € P}, a{l for j =0,...,0 —1and ¥ ' € Py, bfL_l €
L=(Rsg, Sy ™), with supp b}, C {x, > 0}, such that

(4.3.5)

/—1
£20p} (3o WTOGIal ) > () T RIIOPE (B + O e 11,
7=0

Then we set
¢ = ((1+9)0) """, ap(s,x,€) = Boxu(s, z,€),

for some constant B, > 0 sufficiently large, such that
Z¢ay) = Bo(145) "0 e + Bep' Lixe > Bo(1+ )"0 xe > (s) 711057
Observe that
L) = O(s) (W' + ) gme ()W = O((s) ) s

By the sharp Garding inequality, 30 € L>(Rxg, Sy ), with supp % C {x¢11 > 0}, such
that

(4.3.6) L10p;"(play) — ()7 710D (B7) = —(s) 'O RTTPODR(B)) + O(h™) 2o,

with ¢ = ¢~ 1+’ € P,. Summing up (4.3.5) and h*+?) x (4.3.6), we close the induction
procedure.
We prove the asymptotic expansion by observing that, for all € > 0,

||90 ||L°°(0h ATY) (Hogh| )= (h_ele)'

4.4 Paradifferential calculus

We develop a paradifferential calculus on weighted Sobolev spaces, and a semiclassical
paradifferential calculus.
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4.4.1 Classical paradifferential calculus

We recall some classical results of the paradifferential calculus. We refer to the origi-
nal work of Bony [33], and the books [103, 146, 22]. The proofs below are mainly based
on [146], so we shall only sketch them. In the meanwhile, we shall also make some refi-
nements regarding the estimates of the remainder terms, for the sake of the semiclassical
paradifferential calculus that will be developed later.

Definition 4.4.1. For m € R, r > 0, I'™" is the space of locally bounded functions
a(z,€) on RY x (RF\0) which are C* with respect to &, and Yo € N%, 3C, > 0 such that

108a(-, )llwree < Cal&)™ 1, VIE| > 1/2.

Moreover we denote

M™ (a) = sup  sup (&)0¢a(-, &) ||wres.
|| <2(d+2)+r |€]>1/2

Definition 4.4.2. (y,7) € C*(R§ x RI\{(0,0)}) x C>*(RY) is called admissible if

(1) m(n) =1 for [n| > 1, 7(n) = 0 for |n < 1/2;
(2) x is an even function, homogeneous of degree 0, and for some 0 < €; < €5 < 1,

0.n) =1, |0 <
(4.4.1) x(0.m) =1, 6] < elnl,
x(0,m) =0, 0] > eln|.

Definition 4.4.3. For a € I'"°, m € R, the paradifferential operator T, is defined by

—

(142 Toal) = (20 [ x(€ = mn)m(u)ats = n. )it an

where (x,7) is admissible and

06.6) = [ ¢ ae,)d.
In other words, T, = Op(o,) with

O—CL(" g) = W(g)X(DJH 5)0,(', 5)
Proposition 4.4.4. Let a € ™", m € R, then T, = O(M™°(a)) g

Lemma 4.4.5. Let a € I'™" with m € R and r > 0, then M™" (o,) S M™"(a). If r € N,
then V3 € N® with |3] <,

(4.4.3) M™HB0(98 (4 — am)) < M™O(V7a).

Démonstration. The first statement is proven in [146]. We only prove the second state-
ment. There is no harm in assuming that 8 = 0. By [146], for £ # 0,

(00 — am)(z,€) = () / oz, y,€)0(y, €) dy,
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where

o) = 3 [ - 500 - )

!
Iyl=r
satisfies for |{| > 1/2 and |a| < 2(d + 2) + r the estimates
108 p( 9. )= S 1yl 108V al-, €)= < [yl |€]™ 1 M™0 (V7 a),
and ®(-, &) = Fx(-,€). We conclude with simple integral inequalities as in [146]. [

Corollary 4.4.6. Let a € T'("" with m € R and r € N. Let (x,m) and (x',7’) be
admissible. Denote by T, and T, the paradifferential operators respectively defined by
these two admissible pairs. Then

T, ~ T, = O™ (V70)) s + O(M™ (@) .

Démonstration. Let T be the paradifferential operator defined with respect to (x/,7),
then by Lemma 4.4.5, T, —T) = O(vao(vra))ﬁgl—r, while we easily verify that 7)) —T, =
O(Mm”’(a))ﬁaoo. m

Corollary 4.4.7. Let p € W>(R%), then Ty — ) € 05 .
Proposition 4.4.8. Let a € )", b € an/’r withr € N, m € R, m’ € R, then
T, Ty — Tuyp = O(M™ (a) M™ (VD) + Mm’O(V’"a)Mm"”(b))ﬁgw,n/,T
+O(M™ (@)M"™ (b)) ;-
where afb = Z'C?EEZ —502aD2b.

Remark 4.4.9. If ar = a and br = b, then by the proof below,
T.Ty — Tuyp = O(M™" (a) M™ (V") + Mm’o(vra)Mm’ﬂ“(b))ﬁwm,,r.
Démonstration. By Corollary 4.4.6, we may fix x such that e; < 1/4. We decompose
T, T, — Tog = (1) + (1I),

where
(I) = Op(aa)Op(ab) - Op(Uaﬁo—b)a (II) = Op(UaﬁO—b) - Op<o_aﬁb)-
Let 6 be admissible such that #y = x. Then by [146], Op(c,)Op(os) = Op(o),

o) = # // e g, (2, & +n)0(n, oy (y, €) dy dn
= Jaﬁgb(l‘7£) + Z th(xa 5)

laf=r

where

dal,€) = / R,z — ,€)(D20y) (4.€) dy,
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with R, satisfying
10 R, €)1 S M™ (a) (€)™ le1-14,

Use DZoy, = opay, we easily verify that
0240~ )|~ < M™(a) M™ (V") (€)'l

and consequently, as in [146],

(D]

o o 47 5 Z Mm+m’—|oé\,0(qa) S Mm’r(a)Mm/’O(Vrb).

jal=r
To Estimate (II), for each |a| < r, we decompose
00 D30y — ogapgs = (i) + (1i) + (iii) + (iv),
where
(i) = ¢ (0a — am) Dy oy, (ii) = 9¢' (am) Dy (0, — br),
(iif) = 0¢ (am) D3 (b7) — 03¢ (am) D (br): (iv) = 0o (am) D2 (bm) — To2aDgb-

By Lemma 4.4.5,

M) S M0, — am)M™ O (Dgoy) S M™O(VTa)M™ T (b),

MmO () S M (9ga) M (D2 (6, — b)) S MO (a) MO (VTD),
By Lemma 4.4.5, Leibniz’s rule and interpolation,

M) < A el (77l (92 a DED))
S MmOV a) MO (b) + M09 a) MO (V)
5 Mm,O(vra)Mm/,r(b) + Mm,O(a)Mm/,O(vrb>’

And we easily verify that,
M=NO(3v) < M™"(a)M™ " (b), YN > 0.
These estimates implies that,
(1) = O(M™" (a)M™ (VD) + Mmo(vra)Mm’v’”(b))ﬁgnm_r
+O(M™ (a)M™7 (b)) gos.
Proposition 4.4.10. Let a € I'" with r € N and m € R, then

Ty — Tor = O(M™(V"a)) gm-r,

a

where a* = Z'a‘q L9¢Dya.

a€eNd ol
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Démonstration. Let (6, 7) be admissible such that 8y = x, then T = Op(o7) with

oi(x,€) = (QW)‘d/e‘”'"cf_a(x +y, &) dpdy = a(2,6) + ) ra(,8),

laf=r

where by [146],
2 .
To(z,§) = —T /// r(1— t)r_le_ly'"Dgﬁg‘a_a(:r, &+ tn)f(n, &) dt dndy,
a: JJJr2dx[0,1]

Similarly, observing the term Dg‘@?(j—a(x, £+tn) in the integral, the analysis in [146] implies
that

M0 = 00) £ 30 M 0(rg) + M0 — 00e) S MTO(V7a).

|laf=r

Proposition 4.4.11. Let a € H* and b € H? with o > d/2, and 3 > d/2, then
lab = Tob = Tyal | prass-arz S llall o (|0l -

Proposition 4.4.12. Let F' € C*(R) such that F(0) =0, then Y > d/2, there ezists a
monotonically increasing function C : Rsg — Rsq, such that Vu € H*,

£ ()]

Hs + ||F(u) — TF’(u)UHH?S*d/? S C(||U| Hs) U| Hs-

4.4.2 Dyadic paradifferential calculus

We develop the theory of paradifferential calculus on weighted Sobolev spaces.
Definition 4.4.13. Let r € N, Kk € R, and 0 < § < 1. Given u € ., we say that
w e Wy if for all a € N with |a| <7, ()¥g2u € L*(R?).

Definition 4.4.14. Let m € R, k € R, r € N, 0 < § < 1, Iy’ is the space of locally
bounded functions a(z, &) on RE x (RE\0) which are C respect to £, and Va € N,
dC, > 0, such that

102al, )l < Cale)™ o, vie| > 172
Moreover, we denote

M (@)= sup  sup ()" 9gal-€)llwres
|| <2(d4-2)+r [€]>1/2 ;

Let
—0Qo,Tr _ m,r m,r _ m,r
Lo = Thys 7= Tes

meR keR
Then for (m, k) € (RU{—oc})? and h > 0, define
WSy = Y W
0<j<r
Let f(h) > 0 be a positive function of 0 < h < 1, we denote a; € f(h)Eng if aj, =

O(1),yzpy for 0 <h < 1.
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Remark 4.4.15. Observe that Wig® = W, T'j" = I'"™". We shall denote for simplicity
e S L S (3

Lemma 4.4.16. Let A: . — ', ¢ € P, (m, k) € R%. IfV(u, ) € R?, 3C > 0, such
that Yu € ., || Aul| gu-m < C29%||d;ul|gu, then A € OF". Particularly, let {A;};en €
(>>(0F), then
A= ZZijl/JjAj¢j S ﬁ;?
jeN
Definition 4.4.17. Fix ¢ € &,, and define ) € & by setting %j = D |j—kl<10 ¥r- Let
a € FZ?{, the dyadic paradifferential operator P, is defined by

Pa=) ¥ Tyt

jEN
Proposition 4.4.18. Let a € Iy, then P, = O(M,%O(a))ﬁzn.
Démonstration. Observe that || Ty, ol v pv-—m < M™0(¢pja) < 275 M) (a). O

Proposition 4.4.19. Let a € I'§, b € F’,;'f:gr, reN, (mk),(m, K)eR,0<6<1,
then
Papb - Paﬁb - O(M]:fgr(CL)M]Z‘iér(b))ﬁmhkwﬂfr —

oo -
k+k/—6r +ﬁk+k’

< /
where afb = ZE“G‘NZ H0gaDIb € BT

Démonstration. Let @Z;j N — O, Q;j = Z|j—j/\§5o Yy, SO ﬂjﬂ;j = yj, if |7 — 4’| < 20.
Then write,

lj—3'l<20 j—i'1<20 S
PPy= Y OTpab 0 Ty, = D OTualymidy + OiR;50,
(4.5")EN? (4.3")EN?

the remainder being

Ry = ngwja%j%j’szj’bﬁj’ — Tyjaly
= O "M (a) My 5 (0)) s + O EIME (a) M7 5 (b)) o
by Proposition 4.4.4, Proposition 4.4.8 and Corollary 4.4.7. More precisely, when compo-
sing Ty, and Ty , we use %’Ej = 1); and have
qujang == T'lj)]-a + O(Mm’T(wja)MO’O(vry‘j))ﬁgl_r
£ O™ (V" (4,0) MO (1))
+ O(M™ (;0) M7 () yoe,

m—r
ﬁO

where M%O(V™ ) = O(2797), M™" (y;a) = O(27%), and we use 0 < § < 1 to induce that

—J

M™ (V" (¢;a)) = O( max {277 HE=LYY = O(20(k=0r)),

0<n<r
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Similar arguments work for the composition Ty T4
—J
Next observe that

> (Wa)ityb = (da)h.

3":13=3'1<20

Hence
Z T%aij’b - ij%'(aﬂb)gj + Rj’

J':13—3'1<20

where the remainder can be estimated similarly as above,

R; = O@ "M (@) My (8) s —sr + Q@M (a) My (8)) e
We conclude by Lemma 4.4.16. O
Proposition 4.4.20. Let a € I‘Zf{ with (m, k) € R?, andr € N, 0 < § < 1, then

(4.4.4) Py — Par = O(M§' () gm- T

k—dor

where a* = S11<" S0¢Dya € X7

a€Nd

Démonstration. Observe that for any real valued ¢ € C%°(RY),

(4.4.5) (Ya)* = a*t.

More precisely, this means that,

() =) v.avm ya) = Z > = B'Dwamﬂ

ly|<r |7|<7" a-i—ﬁ v

= > o '&BDB D=3 Y = ( 9 Dla )Dgw
i< @ P e ol <rmlal

-y (—aﬁDﬂ )W — .
IBl<r

Then write

PP = U+ B

jeN

where by (4.4.5),
1 * 2
Rj=Ty0 = Twos B =Tw0r — Tyjar = Targy,—yjar-
For le- we use Proposition 4.4.10,

R = O(M™(V(1,0))) s = O M (@) .

J

By Lemma 4.4.16,

jeN
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Using >y ¥ = 1, we induce that

(4.4.6) Zf)ﬁ@/)j = 0,Va € N\0; Za*ﬁ@bj —¢a* = 0.
jEN jEN

Then we write

* * - _ﬁv _B
@'t — it = Y DSy wap,  Wag € Thom M

a#0
lal+[B8]<r

where the symbols w,s are independent of j. Set
Rop = ZijD%%”waﬁﬂj’
jeN

then

Zijjzyj - zg: Raﬁ'

jeN

By (4.4.6), we prove similarly as in Proposition 4.4.19 that

ijaB = wj Z %j/TD%d’j/'waB%j’

li—3"1<20
j(—|al+k—|B|6—(r— m—|a|—|l,r—|8
= O/ laltk1810=(=18D8) p - Il 1017 \(waﬁ))ﬁy,r,,a‘
j(—lal+k—1818) p ym—lal—[Blr—|8
+ Otk 130) gl 1Bl 4y ) e

= O M () gr-r + O MY (@) oe-

Setting % = Z|j’—j|§100 1. We again conclude by Lemma 4.4.16, and the identity

Rag = Y ¥ Raptl},
jEN

that R.p = O(MIZST(G))@Z'SHWW )

Proposition 4.4.21. Let a € H, b € Hf, with « > d/2, > d/2, k € R, { € R, then
Ve > 0,
b~ Pub — Pl oo« % g 1]

Démonstration. Decompose the product ab as follows,

ab=Y ;¢ a)(¥,b) = Pub+ Poa + R} + R},

jEN
where

B =0y (0 oo (0,) = Ty ).
R]2 = %j(ijﬂja - Tiﬁja)gjb + yj (,l/}jTyjb o ija>gja.
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By Proposition 4.4.11,
VR gess-ars S 1 all il bllas S 2790 lall g 1] -
By Proposition 4.4.8 and Corollary 4.4.7 and Sobolev injection,
@/JjTyjagj — ija = Q_jkO(HCLHH?)ﬁg—d/z—e,
Ly b — Lyp = ~ 1B ) pp—d/2—c, € .
Ui T b, — Tpp = 277 O([[Bll 10) Ve >0
We conclude by Proposition 4.2.13. [

Proposition 4.4.22. Suppose F' € C*(R) with F(0) = 0, then for > d/2, there ezists
some monotonically increasing function C' : Ry — Ry, such that for w € Hy,, with k > 0,

1)+ 1 () = Proyull gzn-are < C({lull ) ] -

Démonstration. Decompose

Flu) = 3" 0, F (0 u).

Jj=0
By Proposition 4.4.12,

1@, w)lan < CUIY ull ) 19wl e < Ol ) 19 ull -

Then write
biF (W u) = Ty pwdu+ ¢ Ry,
with
R; = qu(F(zpju) — sz@ju)%u) + %(%Tp@ju) - Tw]—F’@ju))ﬁju.

By Proposition 4.4.12, Proposition 4.4.11 and Corollary 4.4.7,
1Rl zn—are < C([lull ) 19 ull mn-

We conclude with Proposition 4.2.13. O

4.4.3 Semiclassical paradifferential calculus

We develop a semiclassical dyadic paradifferential calculus, and a quasi-homogeneous
semiclassical paradifferential calculus, using scaling arguments inspired by Métivier—
Zumbrun [147].

Definition 4.4.23. Define the scaling operator 73, : u(-) — h%u(h-). For b € ™" h > 0,
we define the semiclassical paradifferential operator

ho_ 1
Ty =, Te};ﬂbTh'

For a € I'}{’, h > 0, we define the semiclassical dyadic paradifferential operator

P‘}; - Z ij%Zjayj‘
JEN

For € > 0, we define the quasi-homogeneous semiclassical paradifferential operator

Ph,e — Ph

€,0 -
6’h’*a

149



CHAPITRE 4. PROPAGATION OF SINGULARITIES FOR WATER WAVES

Proposition 4.4.24. If m <0, and k <0, then supy.p,.; [|PP||p212 < co.
Démonstration. Observe that Giff’oa = O(1)poo. We conclude with Lemma 4.4.16. O

Definition 4.4.25. For € > 0, a; € Z'(R} x R{), we say aj, € o if

U suppan () Hor = 0.

0<h<1
recalling the definition (4.2.1) of .45 ,.

Proposition 4.4.26. Let (m,k), (m/, k') € (RU{—00})?, r € N, with r > m + m/,
or > k+k'. Let a), € FZ:”(’;T Noy, by, € FZ}:{ N oy, such that for some Ry, > 0 depending
on h,

(4.4.7) supp ay, msupp b, C {|z| > Ry} x R,
then for h > 0 sufficiently small,

Pl Py — Pl = O(R"(1 + Rp)F+F =07 1o 10,

apfnbn

where aptpby = 3% h"‘“aaahmbh € wXpiis o

a€ENd  q!

Démonstration. By (4.4.7), v;ap # 0 and v;b, # 0 implies that j 2 log,(1 + Ry). We
claim that

,lezlplil = Z nggjahw 1/} i1, /bhw

jRlogg (14+Rp,)
|3/ —31<20

- Z ij(Z’jah)ﬁh(d’j/bh)ﬁj’ +O(h(1+ Rh)k+k _5T)L2—>L2'

iZloga (1+Ry,)
5 —31<20
And then we can conclude by the identity
Z (Vjan)in(ybn) = ¥ (andnbn).

J3":13"=41<20

Indeed, we use (4.4.1) to induce that F (T, 10 (b U u) vanishes in a neighborhood of £ = 0.

By (4.4.3), for some 7' € C°°(R?) which vanishes near ¢ = 0 and equals to 1 outside a
neighborhood of £ =0, and for all m+m' < N € N,

ThTw ah¢ ¢ /bh = T91° Vian) h*w w ' (D)1, 0, (1;1bn)
= T e To0 w0 e 1030 0n)
+ O(M™(ja1)) o O(27VRY) o n O(M™ O (1h501))
Then we use Proposition 4.4.8, Remark 4.4.9, and the fact that ay, b, € oy to deduce

T910 TlO Tl

L (Wian) 0,0 (W @m0, (y0br)

0, (jan)i0, S (W %, © )86, (v;1bn)
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+ O(M™ (V70,7 (whjan)) MO (8,5 (w5030 ) ) M™ 7 (832 (1jebn))) e
+ O(M™ (02 (wjan)) MO (V" 037 () M™ " (0} (150bn))) gt -
+ O(M™ (02 (wjan)) MO (07 (5005 ) )M™ (V70,5 (150bn))) gt

r k+k'—or
o Tig((%“h)ﬁh( ¥;bp)) + O(h (1 + Rh) + )L2—>L2~

To estimate the remainders, we see that for each o € N¢ with |a| = r,

a;“el S0;00260,an

020, (ian) = >

= Z ! O(h\oc1|2 Jleal o h\az\Qj(k 6|a2|)) O(hrzj(kz—dr))Loc
+ao= 041'052‘ ’
a1 T o

where we use 0 < § < 1. Therefore, the first term in the remainder is
O(h 2 E+F = o 1o = O(W (14 Rp) =) 12, 0.
Similar methods apply to the other two terms. O

Combining the analysis of Proposition 4.4.26, Proposition 4.4.20, using Proposition 4.4.8,
we obtain a similar result for the adjoint, whose proof we shall omit, as it is similar as
above.

Proposition 4.4.27. Let (m,k) € (RU{—00})?, r € N, with r > m, or > k. Let
ap € T'}5 N oy, such that for some Ry > 0 depending on h,

suppay, C {|z| > Rp} x RY,
then for h > 0 sufficiently small,
(Pa,)" = Paz = O(h"(1+ Rp)" ")y e,

* le|<r plol 50 Mo m,r
where ay, = N 08 Dyan € 155

Corollary 4.4.28. Let ¢ >0, (m, k), (m/, k’) (RU{—o0})?, r € N with r > max{m +
m' k'}, k<0. Let ay, € lelr Noe, by € Fk, Noy. Then

Ph Gth P (65 Oah)ﬁhbh - O(h (Lte)r =tk )>L2HL27
Poy Py = P: 8 (05 %an) = ORI ) e,

Démonstration. It suffices to observe that, if € > 0 then supp 9;’2% C {lz| Z =},
Qfﬁah = O(h~*)pmr. We conclude by Proposition 4.4.26. O

Corollary 4.4.29. Let ¢ > 0, (m, k), (m/, k’) € (RU{—0})?, r €N, withr > m+m/,
k<0, k <0. Let ay, € F "Noe, b, €} Noe. Then for h > 0 sufficiently small,

PPy — P :(’)(h(”“‘)’”’e(’”k'))m_)m

apff,bn

lal<r p+e)lal m+m/’,r
where apfiibn = ) o Tar— 08 an Dby, € s XN
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Démonstration. It suffices to use the identity (QZ’gah)ﬁh(QZﬂbh) = 02’73(ahjj2bh). O

The results above only concerned about the high frequency regime. The next lemma
studies the interaction of high frequencies and low frequencies.

Lemma 4.4.30. Let m € R, a;, € T%°, b, € T%°, such that for some R > 0,
suppay € {[¢| > R}, suppby € {|¢] < W' R/4}.
Then ’Pgh’th = O(hoo)[g_)Lz.

Démonstration. By definition

Tontl€) = (20 [ (& = n. ()50 € — mn)(n)
The admissibility of x implies that
suppm c {l¢| < h'R/3}.
Therefore, for any |5/ — j| < 20,

ﬂijjah%jyj/ij/bh%j/
=¥ Ty,a,7(hDs/R)Y ¥, (1 — 7(2h Dy R)) Ty 10,0,
= ijUloo)p%Lzyj/.
We conclude by Lemma 4.4.16. O]

Corollary 4.4.31. Let a € '™ which is homogeneous of degree m with respect to &,
then
WPy = P!+ Ry,

where for b € T%° Ny and h > 0 sufficiently small, PyRy, = O(h™®) 2,12,

Démonstration. By a direct verification using (4.4.2), the homogeneity of a and the ad-
missible function y, we see that h™P, — P! = P! where a, € I satisfies

supp d, C RY x supp (1 — w(h-)) C RE x {|¢] < 2n7'}.
We conclude by Lemma 4.4.30. O]
Lemma 4.4.32. Let ap, € I'™" N oy with r > m, then for h > 0 sufficiently small,
TP — Opy(an) = O(W) 2.
Démonstration. By Calderén—Vaillancourt theorem, we have
Ty — Opy(an) = Til(Te;gah — Op(0,2an)) 7

- (9( > 1007 (o410, — Onan) ||L°°>

max{|al,[8}<1+d/2

L2—1?
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By hypothesis 1 4+ d/2 > m —r + ||, so we use (4.4.3) to deduce that

10602 (g0, — K2 = = O (U220 0, — 03 ))

(
(A4nz7“H5‘O 8ﬂ(ob1pah'— 9agah)))
(
(h

MmOV 9,112(1;1)))

Mm O(Gh))LQQLQ

L2—L2

(@)
(@)
O
(@)

]

Lemma 4.4.33. Let ap, € T™> N oy with m € RU{—oc}, then for h > 0 sufficiently
small,

Pgh — Opylan) = O(h™) g2, 2.

Démonstration. By Lemma 4.4.32 and Lemma 4.4.16,

- Z%Oph(%ah)% = O(h™) 122

jEN
By the usual semiclassical symbolic calculus,
Ut (Wian)ing ;= vian + 1 O™ )p-sesx,

which is uniform with respect to 7 € N. Therefore,

> tnian g, = an+ O(h)r-oo.

jEN
O

Lemma 4.4.34 (Paradifferential Garding Inequality). Let aj, € M, (T%") N og with
n >0 andr >1+d/2. Suppose that Reay, > 0, then 3C > 0 such that Yu € L?,

(4.4.8) Re(T) u,u)z2 > —Chllul|7..
Consequently, for some C' > 0,
Re(Pfhu,u)Lz > —C'hlul|3,.

Démonstration. (4.4.8) results from Lemma 4.4.32 and Proposition 4.2.4. Therefore,

(Phu uLzzzﬁeiﬂThahwu u)rz = ZRQ Tha}wu ¢ )2

JEN JEN

> —Chy_[|g,ullle > —C'hljul:.

jeN
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4.4.4 Relation with quasi-homogeneous wavefront sets

Lemma 4.4.35. Let a, € 357" Nay, 7 > 1+d/2, be elliptic at (x9,&) € R x (RE\0),
in the sense that, for some neighborhood Q2 of (z9,&),

inf inf > 0.
0che1 (x%esz lan(, &)

Let u € L?, and suppose that T} uw = O(h%) 2 with 0 < o <, then (xo,&) & WE{ | (u).

Démonstration. Assume that Q C R x (R{\0). Let by, € S with suppb, C Q. Then
for some ¢, € , X7, Tb}z =ThTh + O(h")2_12. Therefore, Tbiu = O(h?)z, and by

Ch ™ Qh

Lemma 4.4.32, Op,,(by)u = O(h7) 2. O

Lemma 4.4.36. Let € > 0, e € I\’ (if € = 0) resp. Tg'" (if € > 0), and suppose that e
is homogeneous of degree m with respect to . Then for f € H® and 0 < o < (1 + €)r,

WE 7™ (Pef)° € WE7(f)°.

If in addition e is elliptic, i.e., for some C' > 0 and |£| sufficiently large, |e(z,&)| > C|¢|™,
then

WEST (P, f)° = WE1(f)°.
Recall the definition of WF} (u)° in §4.2.
Démonstration. For i € R, denote Z" = Pieju. Then Z7#ZF —1d € 0. Therefore,
[—Z7°2°f € HY, Pef — Pepe—=Z°f € HF™™,

where § = 0 if e = 0, while 6 = 1 if € > 0. By Lemma 4.2.16 and the fact that Z** are
pseudodifferential operators with elliptic symbols in S7*, we readily have

WES7(f)° = WE?(Z°f)°,  WEST™(P,f)° = WEL "7 (P 25 )°.
So we may assume that s = 0. Let a,b € S_5. N o, such that
suppb C {a # 0} C suppa C RE x RAWEF?(f),

then by Lemma 4.2.15, Op}'(a)f = O(h?) 2. By Corollary 4.4.31, Lemma 4.4.33, Pro-
position 4.4.26, and Corollary 4.4.28,

h"Op;! (b)Pef = Opy (b)PLf + O(h™)
= Op;' (b)P2Op;" (a) f + Opy (H)PrOp; (1 — a) f + O(h™) 2
= O(1) 2,12 0p3" (a) f + O(A"F9) 2
= O(h)2,

proving the first statement. The second statement follows by a construction of parametrix.
O
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4.5 Asymptotically flat water waves

In this section we prove Theorem 4.1.6. The idea is to combine the analysis in [6]
with the dyadic paradifferential calculus on weighted Sobolev spaces. We shall use the
following notations for simplicity. Let w € L>(R?) which is nowhere vanishing, then
for A: .7 — % and f € ., we denote A™) = wAw™", f™) = wf. Particularly,
(Af)®) = A®) f@) For k € R, we also denote, by an abuse of notation, A® = A"
fk) = f (@)k), when there is no ambiguity. Observe that L2 = H? is an Hilbert space with
the inner product

(f7 g)Li = (f(k)vg(k))LQ

4.5.1 Dirichlet—Neumann operator
We study the Dirichlet—Neumann operator on weighted Sobolev spaces and its para-
linearization. The time variable will be temporarily omitted for simplicity.

4.5.1.1 Boundary flattening
Let n € Wh=(R?), such that

(4.5.1) d :==0b+ inf n(x) >0,

z€R4

and define the Lipschitizian diffeomorphism
T REXR, 5 REXR,, (7,2) = (2,2 +n(x)).
Set Q =771(Q), X =74%), [ = 7 4I), then
Q={-b—nx)<z<0}, Y={2=0}, T={z=—-b—nx)}

Let 7, be the pullback induced by 7, then

d
m.(dz? + dy?) = (dx dz)g(di)

with
(Id+'VnVn 'V o ( Id —'Vnp
e= \Ye 1) 2 T\-wyp 1 )

Let V.. = (V,d,), then the divergence, gradient and Laplacian operators with respect
to the metric p are
div,u = Vg, - u,
Vou= (Vu—Vndu,—Vn-Vu+ (1+|Vn)d.u),
Ayu = 0%u+ (V — Vno.) u.
And the exterior unit normal to Q = X UT is

LV lHVPR) s
n, = (D7)~ |rpq.m) = 1 , (Ovll;w -
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Let ¢ € H'/?, and suppose that ¢ satisfies the equation
Amy¢ =0, ¢|Z =17, an¢|r =0
then v = (7]g).¢ satisfies
(4.5.2) A =0, v|g=1, O0Ov|p=0.

And

~1
V1I+HIVn?2 G = 0n,vls =1, Viv].—0.

4.5.1.2 Elliptic estimate

Let xo € C*(R,) with xo(z) = 0 for z < —0/2 and xo(z) = 1 for z > 0. Decompose
v =170+1, where

(. 2) = xo(2)e* P (x).

Lemma 4.5.1. Letn>0, meR, pe€ R, keR, a € ST, then
||agop(a)%”Lg(RgmH:_"—m"‘l/Q) 5 ||¢||H,‘:

Démonstration. We only prove the case with n = 0. The general case follows with similar
arguments and the identity

O (x, 2) = Z (j) X0 () (Da) e P(a).

Let b(x,&) = a(z,§)(€)* ™ € S, Mz,€) = xo(z)e? H(EV/2 ¢ LZ<OSI/2, then VN > 0,
OB (@ e, S IOPNOBO) (e )+ 6]
Observe that,

Op()® — (0pN)®)" € L26, 2, (0p()®)? = Op(A)®) € L, 6L,

and
o(6) = / DN = (g / T dz € S,
therefore,
10PN OP(B)Y 12 m_y.2) = (OP(A?) Op )0, Op(O)Y) 12 _, 12y + OUIIIZ)
= (Op(e)Op(B). Op(B)Y) 1, + O(l]2)
= O(”¢HH“)

Lemma 4.5.2. Vk € R, [[0]|5; < C([nllwroe) [19[] 12
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Démonstration. Let H,° be the completion of the space

{f € C®(Q) : f vanishes in a neighborhood of ¥}
with respect to the norm
lull gy = 1V gulliz = (Vou, V)5
where (X, Y)Lg = [q0(X,Y)dzdz. As b < oo, by Poincaré inequality,
lullzz < C(llnll=)l10-ullz2 < Clnllwr)[ull gro,  Vu € HyP.

Let 0 < ¢ € C*(R) be such that ((z) = 1 for |z|] < 1, and {(z) = =z for |z| > 2. For
some R > 0 sufficiently large to be determined later, set w(z) = R x (({(z)*/R). Then
(z)* < w(x) < Rk, supp Vw € {{z) > RV}, and |Vw(z)| < RE-D/,

Because v satisfies the equation A,0 = —A,, we consider (™) as the variational
solution to the equation N

B(o"),) = —L("),

where for u,p € H}?,
w 1/w w w 1/w
B(u, ) = (V{u, VY/9) e Llp) = (V3I0, VT 0) i)
Observe that V(gwil) =V, F by, where b, = (w'Vw,—Vn - w 'Vw) € L™ satisfies

1ol < Cllnllwre)B7HE.

We easily verify that L and B are continuous linear and bilinear forms on H}°. Moreo-
ver B is coercive when R is sufficiently large, indeed,

B(p.¢) = IVeplis — Ibupllzz = (1= Cllnllwr<)R>*) [V 0 7-

Therefore, by Lax-Milgram’s Theorem and Lemma 4.5.1,

9y < 15 azo < 120 gmpo < Nellin S 16l e

Theorem 4.5.3. Suppose that (n,v) € W x H;/Q with k € R, then
G0l e < Cllmlhwsce) ] o
Démonstration. By Lemma 4.5.1 and Lemma 4.5.2,
v € L(]—-6,0[, H;) N H.(]—d,0[, L}).

By a classical interpolation result (see, e.g., Lemma 2.19 of [8]) and using the equation
satisfied by v, we induce that

v e C%[-4,0], H'*) N CL([~4,0], H,, /).
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4.5.1.3 Higher regularity

Proposition 4.5.4. Suppose that (n,v) € H** V2 x H with u > 1/2+d/2,1/2< 0 < p
and k € R, then
IG)Y | o1 < ClInllgurrr2) €[] g -

Consequently, if (n,v) € H**Y2 x HT with o —m/2 > 1/2, then
G llggr < CUnll i) 1915, -

Démonstration. Let A = (D,)° /2 and let x,x € C>(]-0,6[), where & is defined
by (4.5.1), such that x(0) # 0 and x(z) = 1 for z € supp x. Then we have the follo-
wing equation for A7,

_AQ(XAﬁ) + K(YAv) = AQ<XAQ) — K(xAvy).

where K = [A,, YAJA~!. Observe that A, = P - P with P = (V — Vnd,,d.), and
K:PQ+QP_QQa Q:[P7XA]A_1a Q:[P7)ZA]A_1

We also denote P*, Q* and Q* the L2-formal adjoints of P, ) and Q respectively. Then

we expand @) (similarly for Q)
Q = (IV = Vno., XAl [0., xA)) A~
= —(Vn[d, x] + [V, AJAT'X0:, 0., X]).

By the Kato—Ponce commutator estimate (see [119]), we verify that

1Q© i p2msrare + Q) P llriraspre < Clllnlgussro)-
Then expand
(K/, g)LQLi = (Q(k)f(k)a (P*)(_k)g(k))L%?
+ (PO, Q) Pg™) o
_ (Q(k)f(k)J (Q*)(’k)g(’“))Lsz,

and observe that P = P%) 4o - V,, = (P*)"% + 3. V,. with o, 3 € L™, we obtain the
estimate
(K f, 9)rerz| S IVaefllze2llgllmzz + 1 L2 (| Vazgllcore-
Suppose that we have already proven that
o€ L*(]=0,0[ Hy %) n H'(]=6,0[, H] "),

with the norm denoted by N,. Then,

[(KC(XAD), XAD) 22| S IIXAD| v a XA 1 2 A IXAD | g2 [IXAD | 1.y

S Nol[XAD -
| (K (XAY), XAD) oo | S XA g XAz + XA [ a1 22 [IXAD | 1.y
k

S9N s lIXAD 1
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(= Ao (XAY), XAD) 12y S IPOAD) |z [POAD) 222z + XA 2223 AT 1222,
S 1l gy o2 IXAD | 2y
(_ A@(XA@)aXAU)];Lz = ||P(XAU)||L2L2 ||XA@||%2Li 2 HXAT)H?JIH; - Néza

Combing the estimates above, by Lemma 4.5.1, we have Ve > 0
1A gy S XDy + 7 N2+ bl
By choosing ¢ sufficiently small, this a prior: estimate implies that
5 e L*(]=6,0[, HT ™y HY(]—6,0[, HT /).

Therefore
v="0+1 € L3(-0,0[ B ™) A H' (10,0, HY V).

By interpolation as in Theorem 4.5.3,

v E Cg([_(S? 0]7HI?) N Czl([_& O]a ng_l)'

4.5.2 Paralinearization

Now we paralinearize the system of water waves. The following results can be pro-
ven directly by combining the analysis in [6] and our dyadic paradifferential calculus,
mainly Proposition 4.4.19, Proposition 4.4.21, and Proposition 4.4.22. We shall work in
the Sobolev spaces H* . recalling Definition 4.1.5.

Proposition 4.5.5. Let (1, ) € H4™? x HE with p > 34+ d/2, m < 2u—6—d. Set
A=D1 AO where

AO(z,6) = V(L +[VnP)le)2 — (Vi - €)%,

A<o><g;,£)_1;|_v”|{v (V) + 0D . Vall},

with oM (z, &) = % Then

G(n)Y = Pr(v — Ppn) — Pv - Vi + R(n, ),

where
V-V + Gn)y

B = )
14 |Vnl?

V =V¢ — BVn.

and R(n,¢) € HT2.

We shall denote w = 9 — Pgn, which is called the good unknown of Alinhac.
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Démonstration. We only sketch the proof, for the key ingredients are already given in [6].
Let v be defined as in §4.5.1, and set u = v—"Py,,n. By (4.5.2), Proposition 4.4.21, and [6],

Paﬁgu + Au+Ps - Vo,u — P,0u € Hhy,

where a = 1+ |Vn|?, 8 = —2Vn, v = An. Then we find symbols a. = as_&) + agg), whose
explicit expressions are given later in Proposition 4.6.2, such that

(02 = Pa_)(0: — Pay,)u € Hiy,.
The exact same proof as Proposition 3.19 in [6] implies that
(0t — Payut)]2=0 € ?—l‘,jfl/?
We conclude by setting A = (1 + |Vn|*)ay —iVn - £. O

The proofs of following results are in the same spirit and simpler, and we shall omit
them.

Proposition 4.5.6. Let Hia"/* with pn > 3 + d/2 and m < 2u—6 —d/2, then
H(n) = =Pm + f(n),
where £ = (2 + (W) 45 defined by

PO G [Val*)IE)? — (V- §)?
(1+[Vn[?)3/2

O %35 D,

and f(n) € Hat—2"2,
Lemma 4.5.7. Let (n,v) € L2 s gy

1(Vn -V + G(n)y)?
2 14 |Vnl?

with p > 3+d/2 and m < 2u—6—d/2, then

%|v¢| _ =Py -V — PPy - Vp — PgG(n) + f(n, ),

where f(n, ) € Hit ™22,

Proposition 4.5.8. Let (,v) € Ha ™% x M with > 3+d/2 and m < 2u— 6 — d/2,

then (n,%) solves the water wave equation if and only if

(at+7>v-v+c)<z

_ -1 (0 =P : [ d 0
L=e (Pz 0 )Q’ with @ = (—PB Id)’
and f(n,v) = Q_l(g) e M % HE is defined by

fi =Gy —{Pr(v — Pgn) — Py - Vn},
1 1 (V- Vi + Gn)y)?

fom U T

+ Py - Vo — PPy - Vn — PeG(n)Y + Pm — gn.

)Zf(nﬂﬁ)

where

+ H(n)
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4.5.3 Symmetrization

Definition 4.5.9. For T' > 0, v € R and two operators A, B € L>([0,T], 0;), we say
that A ~, B, or simply A ~ B when there is no ambiguity of the choice of v, if

A—Be L>(0,T],6)*).
According to [6], there exists symbols which depend solely on 7,

(3/2) 7(1/2)’ (1/2) p(*1/2)’ q= q(0)7

=7
whose principal symbols being explicitly
A2 = EEIRD,  p) = (14 [Vl AVAD, g = (14 V),

such that

p=p

PpyPr~s PyPgy PyPur~a PyPp, Py~ (P,)".

Define the symmetrizer
_(P» O
(7 p)e
then

0 -P,
(4.5.3) SL ~ (737 0 )s,

where the equivalence relation is applied separately to each component of the matrices.

njw

4.5.4 Approximate system

Set the mollifier J. = P;. where j. = jéo) + ja(_l),

. (— 1 .
IO = exp(=ey™?), GV = S0 - Dl

Then we have, uniformly for ¢ > 0,
J-P, ~3 Pyde,  JI ~o Je.
Let p = p=1/2 4+ p(=3/2) with

(- ~(— ~(— - 1,
P2 = 1/p(1/2), p32) = —(p( 1/2)(=1/2) 4 Zadg( 1/2) . 33,310(1/2))/10(1/2)7

then
PpPs ~o Id,  PyP1/q ~o 1d.

Finally we define

(PP, 0
Le=LQ < 0 PyIP,) Y

and the approximate system

(4.5.4) (O +Py-VJ.+ L.) (Z) = f(Jen, J).
A key identity of the operator L. is that

0o —-P,
(4.5.5) SL. ~ (737 0 ) J:.S.
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4.5.5 A priori estimate

Proposition 4.5.10. Let (n,1) € C'([0,T), Ha™? x HI) with p > 3+ d/2 and m <
2 — 6 — d/2 solve the approximate system (4.5.4). Define

Mr = sup [0 llyrre iy Mo = 101 0Ol esrso,

0<t<T

Then
My < C(My) +TC(Mr)

for some non-decaying function C' : R>g — Rs.

Démonstration. For 0 < k < m, set

Mﬂk“ = DiltlgT || (777 ¢) <t> ||H’5+1/2—k/2><H]/:—k/2a M(I)c = || (7% 1/})(0) ||H’/:+1/2_k/2><H:_k/2‘

By [6],
M3 < C(MY) + TC(M3).

It remains to prove that for 1 < k < m,
Mz < C(Mg) + TC(Mr).

To do this, let A)' =P k2, and set & = A’,;LS(ZZ) Then
k

(@+ﬂkaw+(£ _?>¢¢:a
Y

where F. = F! + F2 + I, with
Fel = AZSf(ana Ja¢)7
F2 =10, + Py - VJ., ALS] <Z>,

(0 P n 0
= (7% 0 ) JaAgS(w) ~ABLe (w)

By Proposition 4.5.8, Proposition 4.5.5, Proposition 4.5.6, and Lemma 4.5.7,

1 e, Ty < C (1Tt T iy ) < C U0 psro )

therefore,
1F | oo o.11,2) < C(Mr).

As Py - VJ. is a scalar operator, a symbolic calculus using Proposition 4.4.19 gives the
following estimate

[0 + Pv - VI, ALS] C(Mr),

HLoo([o,T},Hg“/Q*’“/QxH,’j*’“/Q—w?xL?) B

which implies
12| 2o o.11,02) < C(Mr).
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By (4.5.5), (72 _837) J.S — SL. send H*1/2 x H* to H* x H*. This is due to our
y

specific choice of the symbols p, q,~, jc that makes both the principal symbol and sub-
principal symbol in the symbolic calculus cancel out. Unfortunately, the operator

Ri= ( 0 _7)7) JALS — APSL.

P, 0
— 0 _P'V 1 “w 0 _P'Y _ "
- (P7 0 ) Je[Ag, ST+ [9L, Ay] + ( <7>7 o) S = SL A

=: (I) + (II) + (III)

does not send H:H/Q_kﬂ X H,’;_k/g to L? x L? because the sub-principal symbol will not
be canceled out in the symbolic calculus, due to the existence of A}. Particularly, we need

to use Proposition 4.4.19 to estimate the commutators [Af, S] and [SL., A}], and obtain

I (7)]

More precisely, the first term on the right hand side comes from (I) and (II) while the
second term comes from (IIT). When k > 1,

s SO O gpess=nrz e gpesssomsr 100, )| rpesromnrz s

H;jjll—k/z % H,i‘fll/z‘k/z _ H}/:jll/2—(k—1)/2 % H];ijl(k—l)/z S ”H%“/Z < HE
so we still have
||F53||L°°([0,T},L2) < C(Mry).

Finally by an exact same energy estimate as in [6], we deduce that

M} S|z ory.22) < C(M) + TC(My).

4.5.6 Existence

Lemma 4.5.11. For all (ny, ) € HEH2 % HE and all € > 0, the Cauchy problem of
the approzimate system (4.5.4) has a unique mazximal solution

(e, ¥) € C(0, T Hp, 2 x ML),

Moreover, 3Ty > 0 such that

inf 7-'E Z To.
€€]0,1]

Démonstration. Following [6], the existence follows from the existence theory of ODEs
by writing (4.5.4) in the compact form

0, X = F.(X),

where F, is a Lipschitz map on HE2 % HHE . Indeed, J. € 05 is a smoothing operator.
We do not need J, € 0~ because the operators such as Py - V, L, etc., are all of non-
positive orders with respect to the spatial decay. The estimates to proving the Lipschitiz
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regularity can be carried out similarly as in the proof of Proposition 4.5.10. The only
nontrivial term that remains is the Dirichlet—Neumann operator, whose regularity follows
by combining Proposition 4.5.4 and the shape derivative formula (which goes back to
Zakharov [200]),

o1
(AG()¢, ) := lim = (G(n+ he) = G(n)Y = =G(n)(Bp) = V. - (Vo).
A standard abstract argument then shows that 7. has a strictly positive lower bound, we

refer to [6] for more details. O

Proof of Theorem 4.1.6. By Lemma 4.5.11, we obtain a sequence {(7e,¢:)}o<c<1 which
satisfies (4.5.4) and is uniformly bounded in L*([0,T), Hi'/? x H~) for some T > 0.
By (4.5.4), {(8ine, Ob<) boce< is uniformly bounded in L= ([0, T], HA~1 x His*/%)). By [6],
there exists

(4.5.6) (n,1) € C([0,T], H*/2 x H")

which solves (4.1.7), such that as & — 0, (., %.) — (1, %) weakly in L2([0, T], Hi/? x
#), and strongly in C([0, T], H- x H% ). We then prove that for 1 < k < m,

¥

lies in C'([0,T], L?), where AY is defined in Proposition 4.5.10, and S = S(n, ) is the
symmetrizer. Up to an extraction of a subsequence, we may assume by weak convergence
that

o = a(.0) = 300 )

0.6) € L=(10.T], 5 ),
(O, Opb) € L=([0,T), H: T x Hﬁ;:a/z)’

with
H (777 w) HL°°([0,T],H%+l/2Xan)ﬂWLOO([O,T],an_lXHiL{?’/?) < C(H (7707 wO) |’Hfr‘n+l/2><7-t¢‘n>'

This already implies that (7, ) is weakly continuous in HETL2 H! . By the analysis in
the previous section,

0 -P\ .
(at+7DV-V)cI>+(737 O)cb_F,

with
1| oo jo,71,22) < C1(10, Y0)llggut172 gm )-

Let J;, = Op,, (e 1#7~E*). Now that e "*l**~"*I¢* ¢ S0 we have the commutator estimate

[Jh, Py - V] = O(1) 0

,17

[Jh, 7)7] - O(]—)ﬁi/f

Because k > 1, by the same spirit of estimating R in Proposition 4.5.10, we obtain the
following energy estimate

d
2 17R@Olz2 < Ol (0, o)L/, 30 )-
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Therefore, ¢ ~ ||J,®(¢)||2. are uniformly Lipschitizian. Consequently, by Arzela-Ascoli
theorem, ¢ +— ||®(¢)||7. is continuous, because J,® — ® as h — 0. Combining the
weak continuity, we induce by functional analysis that ® € C([0,T], L?). By (4.5.6), the
paradifferential calculus, and the definition of ®, we easily induce that

(n,9) € C(0, T], 1% x H ).
Thus we finish the proof of Theorem 4.1.6. O]

4.6 Propagation of singularities for water waves

4.6.1 Finer paralinearization and symmetrization

To study the propagation of singularities, we need much finer results of paralinea-
rization and symmetrization than Proposition 4.5.5 and Proposition 4.5.8 so as to gain
regularities in the remainder terms.

Proposition 4.6.1. Let (n,v) € H**'/2 x H* with u > 3+ d/2. Then I\ € L#=1-4/2)
such that

Gy = Pr(¢ —Prn) — Pv - Vn+ R(n, 1)),
where R(n, ) € H*#374/2,
Démonstration. This theorem follows by replacing the usual paradifferential calculus with

the dyadic paradifferential calculus in the analysis of [12]. In [12], the explicit expression
for A is given. We write it down for the sake of later applications.

A= (1+|Vn|*ay —iVn-&,
()

where ay = Z]‘g ai’ is defined as follows. Setting c = m, then
. 1 .
=iV £ = Vel§P — (V-7 al) =icVn- &+ VP — (V- )2,
RON i@ga(,l) -835(1(3 — cAna NONS i(?ga(,l) -8$a(+1) - cAna(j)
- HONENC) ’ o HONENC)
+ - - +

Suppose that ag) are defined for m < 7 <1, then we define

et Y S o
m<k<1m<é<1 lo|=k+t—m
al" ) = —a‘jn‘1>.

The principal and sub-principal symbols of A\ clearly coincide with the ones given by
Proposition 4.5.5. []

Proposition 4.6.2. Set w = A“US(Z)7 where A* = P s/2y2u/5 and
—7 1
()
Then, for some @ € MQXQ(ZO:#*E’/Q)’ ¢ € §1/2n=5/2

won v emann (b )us B (1 ) e
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Remark 4.6.3. Because x in the definition of paradifferential operators is an even function,
we easily verify that A*, P,, P,, Pp all map real-valued functions to real-valued functions.
Therefore, w = (:_:) with

(4.6.2) u = A*(—1, 1)S<Z> = A'P,n — iNPyw,

recalling that w = 1 — Ppn is the good unknown of Alinhac.

Démonstration. Combining Proposition 4.6.1 and Proposition 4.5.8, moving the term gn
to the left hand side,

(3t+Pv-V+£)<Z> +g<2) = f(n,v),

where f(n,v) = Q™! (g) € H2#=T/2=d/2  [2n—4=d/2 i5 defined by

fi =Gy —{Px(v = Ppn) — Py - Vn},

1o L(Vn- VY A+ G))?
f2——§|vw +§ 1+ [Vig? +H(n)
+ Py - Vo — PPy -V — PeG(n)Y + Pm.

Given two time-dependent operators A, B : . — ./, we say that A ~ B if
A—Be L>([0,T], 0"+,

By the ellipticity of v/2), p1/2) and ¢(©), we can find paradifferential operators A" and S
by a routine construction of parametrix such that

AAY ~Td,  SS ~ Id.

Observe that S is a lower triangular matrix, we can also choose S to be lower triangular.
Therefore, we can find ¢ € £~Y/2#75/2 by the symbolic calculus, such that

0 0\ po  auc(0 O
(2 ws-ws(0 D)o

Moreover, the principal symbols of S is

SOV
Bp/2 4O )
We verify that the principal symbol of ( is

C(—l/Q) — q(o)/p(l/Q).

Then by (4.5.3) and the fact that the Poisson bracket between the symbol of A* and ~
vanishes, we find by the symbolic calculus two symbols A, B € My, o(X%#~%/2) such that

A= [0+ Py - V,A"S] ~ [0 + Py - V, A*SISAA*S ~ P4ALS,
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._O_Pv BQ _ ARQL O_Pv_u~~uuN 7
B._<P7 O)AS A*SL ((Pv 0 AFSLSAF |ARS ~ PgAHS.

Therefore, let ® = A*S (Z), and write

(O + Py V)P + (72 _§7>@+ (g%c 8)<I>ZPA<I>+PB<I>+F,
Y

where

= (A+ B) (Z) — Parp® + (9;)% 8) ® — gAHS (2) + A"Sf(n,v) € Fr—4-d/2.

Finally, observe that

(e, )= (5 ) (7% )7 a R
We conclude by setting Q = —3U(A+ B)U™! O
Remark 4.6.4. If n € HE? with m < 20— 6 —d/2, then for 0 < j < pu+1/2 —d/2,
Vin e HiH P W,

where
p; = min{2(u +1/2 — j — d/2),m}.

By the construction of A in the proof of Proposition 4.6.1, we can prove by induction that

Nt = [Vt o), VI(t,2),€),

where f;(uo, ..., u;, &) is smooth with respect to uy, . .., u; and homogeneous of degree 1—
7 with respect to &, and moreover

‘fj(um B ?ujaf)’ < C(‘“ﬂ? e 7uj|)’uj’|§|l_j'

Indeed, this is clearly true when j = 0, and when j > 1, f; is linear with respect to u;.
Therefore, .
AV —greryyy, A er 00 vi> 1

pj+1707
Similarly, we have
v (3/2) _ 15‘3/2 c F3/20’0 A\B/2-0) ¢ Fi/z—%,o Vi>1
m,0 > i+1,0 < 1.
C(fl/z €| 12 ¢ F—1/20 C(q/zﬂ) F;]foj 07 V> 1.
QU er, ™, Vj > 0.
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Lemma 4.6.5. Let u be defined as (4.6.2). If (n,v) € H*+Y/2 x H*, then for0 <o <r
where r is the largest integer such that r < p—1—d/2,

WEG, (u)° = WEL 25 () UWFS T (1)°.

If (n, ) € MY 1 with m < %(u —1—d/2), then for0 <o < %m7

m’

WEY 5, (u)° = WEL L2 () UWF LY (1)°

1/2,1 1/2,1
Démonstration. 1fn € H*+Y2 then (yB3/2)21/3 ¢ Twr pl/2) ¢ TV2r 0 ¢ TOr B € 1O,
Itne H“mH/Q, then for 0 < 7 < m,
Vi € HEFV2T c g e,

Therefore, (y®/2)24/3 ¢ T4, p1/2 e T/, ¢© e 97, B € Ty By Lemma 4.4.36
and (4.6.2), for either e = 0 or e = 1/2,
WEZ (u)® = WEFZ, (APpn)* U WEZ (AP (¢ — Ppn))°
= WELT27 () UWFLL (¢ — Pin)°
C WEL27 ()° U (WEFLL (0)° U WELL (Pon)°)
C WELTY#7()° U (WFLL (9)° U WFET? (n)°)
= WEL27 ()° U WEL (4)°.

‘U (W
‘U (W

Conversely, as WF/1?(Pgn)° C WF. T2 (0)° we have

WEETY25 ()° U WFET (1)°
= WY ()2 U (WEET (1) \WEE 247 (1))
= WF! T2 ()0 U (WFET (1 — Ppn) \WFE T2 (1)°)
= WEETY27 ()° UWFHT? (4 — Pn)®

= WF‘;I(U)O.

4.6.2 Proof of Theorem 4.1.7

By Lemma 4.6.5, it is equivalent to prove the following theorem.

Theorem 4.6.6. Under the hypothesis of Theorem 4.1.7, let u be defined by (4.6.2), and
let

(0, &0) € WFT/Q,l(UO)O
with 0 < o < max{m/2 —3/2,0}. Let ty € [0,T], and suppose that

3
Zo + §t|£0’_1/2§0 7£ 07 Vi € [07 t0]7

then 3
(0 + Stoléol /20,6 ) € WFT, (ulto))"
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Démonstration. For v € R, denote

xr=3" H M2

kEZ

By Lemma 4.2.16, if f € X, then WF{ ,,(f)° = (). By Remark 4.6.4,

Py -Vwe H' ¢ X™/* 1

PQ(—J')w S ngﬂ C Xmin{jJr7n/2+t—i’>/2—d/2}7 ji>0,

3/2)W — ,P|§‘3/22U S H;l3/2 C Xm/2_3/2,

Pap-nw € Hg;?;ﬂ C XminEm 2SR 2d 2 >

77<<71/2>w — /Pmﬂ/z’w € Hilﬂ C Xm/2+1/2,

Pc(—l/Q—j)w c H;J/fj—j C )(Inin{j-i-’m/?-l—l/?,p,—d/Q}7 ] Z 1.

P

~

By the hypothesis on m, we thus obtain

(4.6.3) O’ +i| Do [*? <(1) _01) wit %Dx\’w G j) w' € X232

where w' = 7(D,)w, and 7 € C*(R?) which vanishes near the origin, and equals to 1

out side a neighborhood of the origin. Moreover, we require that suppm C {# = 1} such
that 1 — 7 € C>®(RY) and 7(&) = 0 if [£]? < |g|. Observe that the matrix

1 0 g, . 1 -1
_1¢£13/2 J 1/2

is symmetrizable when restricted to supp 7. Indeed, let

0= /7(6) - (glel+1)

P=3(cath —ave)

then P € &), and for £ € supp,

and set

Parr =) ().
Let w = P(D,)w’, then
~ 3/2 1 0 ~ m/2—3/2
o+ D 20(Dy) () @ € X9,

Let v = w(D,)u, then

- u"\ [ Reu +i0(D,)Imv/
&= P(Dy) (U) B (—Re u + iQ(Dx)Imu’)'

Let v = Reu' +i0(D,)Imu’, then WFY 5 1 (u)° = WF{ 5, (v)°, and

dyv + | D, [*20(Dy)v € X™/23/2,
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We are left to prove that if (z,&) € WFY 5 ;(v(0))°, then

(70 + toleol 260, &) € WFS 2, (v(to)).

Because 6(§) ~ 1 in the high frequency regime, similar proof as (M.1) of Theorem 4.1.4
yields the conclusion. O]

4.6.3 Proof of Theorem 4.1.8
4.6.3.1 Hamiltonian flow
Let ® = @, : R x (RE\0) = R} x (RF\0) be the Hamiltonian flow of

(Vo - €)? )3/4'

— ~(3/2) — _
H(z,€&) =~+%2(0,2,¢) = <|§|2 11 [Vil?

That is
(95<I>S(x,§) = XH@s(%f))a ¢|8:0 = Ingx(Rg\O)a

where Xy = (0:H,—0,H). We use s to denote the time variable in accordance to the
semiclassical time variable in the following section. Observe that

Lemma 4.6.7. For (z,&) € RE x (R{\0), we have

CDs(xa 5) = gtps(x,f) (IL’, 5)7
where G is the geodesic flow defined in §4.1.5.6, and

ps(z,8) = Z /0 S G(Py(z,6)) V* do.

Démonstration. We have G z.6)(2,§) = Go(z,€) = (2,&) = Po(x,§). Then observe that

H(z,8) = Gz, )" = o"(£,6)°".
Therefore,
LG o) (,8) = L0s(2,)(£G) @) (2. €)
= 3G(Gpu (w0 (4, )V X(Gpr(wi) (,€)) = Xt (G (7, 6)).

We conclude by the uniqueness of solutions to Hamiltonian ODEs. O]

Lemma 4.6.8. Suppose that for some e > 0, Vny € Wlo/’;ie, Vin, € Wloff. Let (xg, &) €

R¢ x (RE\0) such that the co-geodesic {(xs, &) = Ps(x0,&0) }ser is forwardly non-trapping.
Set

3 S
2 = Ty — To — —/ |§U|_1/2§U do,
2 Jo
then 3(2400, E4o00) € RE X (RE\0) such that
lHm (25,&s) = (21005 E00)-

s—+00

Consequently, by Lemma 4.6.7, let (2%, &) = Gs(xo, &), then limg ;o0 & = &1 0.
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Démonstration. Because {(xg, ;) }ser is forwardly non-trapping, and we only consider the
limiting behavior when s — +o00, we may assume that gy := ||(z) V?1p ||~ is sufficiently
small. As Vg € L™=, we have H(-,£) ~ |£]3/2. Then

d
&(xs : gs) = aEH(mmgs) : gs — Ts - aa:H(w&fs)a
where
3 3

8§H($57§s) : é.s - éH(Isafs) = §H<l’0,§0) = |§0|3/2a
and

3 _

aacH(:L‘sa 55) - ZH(I& fs) 1/38$G(x8’ gs)
3 _ 2V - &s 2(Vio - €)?
= —H s, Gs 1/3 2 s v2 v

1 (I’ f) <1+ |v770|2 7705 (1+ |V770|2)2 Mo 770) —

Therefore

s+ 0. H(x,,&) = O(e|&?) = O(el&ol),

and consequently,

d
(4.6.4) E(ﬂl?s &) 2 16l

So for any bounded set B € R,

sup{|a - ¢« (x,§) € B xR, H(x,§) = H(wo, )}
[ol*/2

(4.6.5) AMs>0:2,€B) S

< sup |a|(&) 72,
zeB

where ) is the Lebesgue measure on R. Let E(z,&) = H(x, &) — |€>2, then by the

hypothesis of the decay of g, F € F:ffe”lo. By the definition of z,, we have

%%gs) = (0B, ~0,E)(x4,6,) = O({z,) ™).

By (4.6.5),
00 oo 1
/ (zs) 7 ds = (1 + e)/ tANs>0: (z,) P >t)dt < / tVt=2 — 1dt < 0.
0 0 0

Therefore, for any 0 < s~ < s™ with s7 — oo,
st
|(Zs+a gs*) - (28*755*” 5 / <x0>—1—e do — 0,

s—

implying that (x4, &) is a Cauchy sequence as s — oc. [
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4.6.3.2 Construction of symbol
For h > 0, and h'/?s < T, set

Hy(s,2,6) = 4*/2 (s, 2,¢),

so in particular H(x, &) = Hy(s, x,€). For h > 0, the semiclassical time variable s = h~'/%¢
was inspired by Lebeau [131], see also Zhu [204] for an application in theory of control
for water waves.

For a € C>([0, h"'/2T[xR$ x RY), set

f,fsa = 0sa £ {Hy,a}.

Lemma 4.6.9. Suppose that for some ¢ > 0, Vg € W1/2+6, Vi, € Wloﬁo, Viny €

W:S/;ie Let (0, &) € R x (RE\0) such that the co-geodesic {(x,,&) = (w0, &0) }scr is

forwardly non-trapping, then for some so > 0, there exists
(4.6.6) T € Whe(Ryg, T70H 73742y A b (RS, , Sg>)

such that
1. xH(0,2,€) € S=L is elliptic at (xq, £&) ;

2. Yty > 0, x*(s, wx,§) € SIX s elliptic at (Bto]&oo| 7o, £oo) for sufficiently
large s.

Moreover, if (n,1) € HT? % HE with > 3+ d/2 and m > 2, then
X € L=([0, b T TIE),
and

(4.6.7) Lt xT > O(h'?)

Loo([O’h—l/QT]’F:T6H74—d/2) .

Démonstration. Let ¢ € C>°(R?) such that
(i) >0, ¢p(z) =1for |z] < 1/2, ¢(x) =0 for |z| > 1, supp ¢ = {|z| < 1};
(i) z-Ve(x) <0 for all z € RY;

(iii) y - Ve (x) =0 for all 2,y € R? with x -y = 0.

Such ¢ can be constructed by setting ¢(z) = ¢(|z|) where ¢ : R — R satisfies 0 < ¢ < 1,
o(lz) =11if 2 < 1/2, p(2) =0if 2z > 1. For 6 > 0, A > 0, v > 0 and sufficiently large

s> 0, set
g =o( 5o (5 5)

We verify that oiﬂ()j;)zi(s, -) > 0 for s > 0 sufficient large. Indeed,

Lo X (5,3, €)
= (1 AT Tl v o ()
0. H(xy, FE&) — 0, H (x, s s
+ (i g :lézé—)s” s _V((S —i’:F"é s”+1> <x ) ( —:Fj”)'
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By (i),
supp (=) € {r € RS :
supp o - ]ng * ) c{eeRre:
$MN4M1+)c@em;
SuppV(b( ]Fés ) c{¢emre:

By Lemma 4.6.8,

|z — x| < Ads},

|§ :FSS| S o — S_V}a

1
5/\53 < |z — x| < Nos},

L

=5 SlEFEI<- 57

3 [° _ 3 _
Ts = 2o+ 5 / ‘€o| 1/250 do + 2, = §S|£OO‘ 1/2500 + 0(5>~
0

There, by writing

Za,6) = o

we see that Y= (s,

2 — Stoléscl P +0(1)Y | (€ F oo +0(1)
} Aot )¢< >

d—sv

o, &) is elliptic at (3to)€oo| ~*Eos, £€oo) for sufficiently large s. Moreo-

ver, if \J is sufficiently small and s is sufficiently large, then

("

)C{xeRd |z| = s}.

Therefore, by the hypothesis on 7, we have for (x,€) € supp x* (s, ),

’H +VeH

o) O,

o(1)

and consequently, by the finite increment formula,

0cH (2, FE,) — O H(2,6)| S 579>z
|8IH(:ES):F§5) - azH(xa§)| f§ S 2 6|
By (i),
(0eH (2,€) — OeH (25, F¢,)) - Vo

= (85H<JI, 5) - afH

=032 X s (@ —xy) - ngS(

—xg| +HEFE&| S sT127e)\5 4+ J;
— x|+ s T SN+

5532,

)

(xs; :ng)) )

e ) o)

|_s

)

(axH(xa :F§s) - 833H(x, 5)) ’ v¢<5€:FS§;gu>

= (8$H(wsa ngs)

= O(\s T 4+ s (EFE) - w(

—0,H(x,9)) -

EFEs §EF&
e édgf FE)-Vo(>)

fﬂFsés )
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Finally, we fix 0 < v < €, 6 > 0. Then, when X is sufficiently large, and s > so — 1 > 0
with s being sufficiently large, by (ii),

L 1+O(5*1/275+)\71> T — Tg 5:‘:55
(4.68) Lyt = - 5o (=) V(550 (52)
V(5 . S*l/) _ O()\)SV*E r — T §:F§
a (§ — s7v)2gv+1 (€F&) (b( A0S >v¢<5—3 V) =0

We verify as in Lemma 4.3.2 that
(€ W (Bany, 55), L € WSS (R T 1),

Next, we set for s > s,
X (s, 2,8) = X (5, 2,€).

To define y* for s < sy, we choose p € C*(R) such that 0 < p < 1, p(s) = 1 for s > s,
and p(s) = 0 for s < sy — « for some small a > 0 to be specified later, and solve the
transport equation on [0, so],

Z)SX (Sax7€) :p(s)%ﬁ,ii(s,x,f), Xi(807x 6) :t(SOax 6)
Clearly x* satisfies (4.6.6), and
(4.6.9) LT > 0.

Moreover, because

E(60,6) = o0, Patag(0:6) = [ p() LT 0, Bigom (0, €)) dor

if we choose o > 0 sufficiently small, then

S0

(0 X, ZI:&D) (307 -Tsoa igso) - / ( )a% sX (O, Lo :l:ga) dO’

>1— |4 OsX (Uu Lo, iéa)”Lé([SO*%SO]) > 0.

Therefore, x*(0, ) is elliptic at (zq, £&).
To estimate f,fsxi, we use

Hy(s,x,8) — Ho(s, , &) = Hu(s,z,§) — Hy(0, 2,§)
= /0 S(GSHhxa,:v,&) do = n'/? /0 S(a B2 (W0, 3, €) do
and write
L X (5,0) = LooxT(s,0) = £{Hn — Ho, X} (s, )
+h!/2 /O S{aﬂ@/?)(hl/?a, Y, x5 (s, )} do

Observe that

G2 _ 3 (gp - (V-8 \ V4 Vi€ o (Vn-g? .
Oy B 2<|£| 1+]V77|2> <1+]V77PVG(77)¢€ (1+’vm2)QVG(77W V”)-
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By hypothesis and Proposition 4.5.4, VG ()¢ € H: 2 € HY ™ as m > 2. Therefore,
aw(?,/Q)(hl/z7 ) e Loo([o7 h_l/QT], F3_/227,(;L—7/2—d/2)'
Using |z| ~ s on supp x*(s, -), we have, uniformly for all s € [0, h~'/2T],
({0~ (W20, ), xF(s,-)} € L2([0, h~Y2T), T35 3).

Therefore,

gth (s,°) — %SX (5,) = ih1/2<3>_1/0 O(1>L<><>([0h /2] P54 a/2y do
= :I:hl/2< ) O( ) poge—t-d/2
- O(hl/Q)F—oo,u—4—d/2,

—1,0

which, together with (4.6.9), proves (4.6.7). O

4.6.3.3 Propagation

Now we prove Theorem 4.1.8. By Lemma 4.6.5 and Lemma 4.6.7, it suffices to prove
the following theorem.

Theorem 4.6.10. Under the hypothesis of Theorem 4.1.8, let u be defined as (4.6.2). Let
(o, &) € WG (u0)°,

with 0 < o < min{p/2—3—d/4,3m/2}, such that the co-geodesic {(xs,&s) = Ps(xo, &) }ser
is forwardly non-trapping. Set

oo = lim &,

s——+00

then Yty € 10,71,
(Stolel 26 60) € WEF g ().

Under the semiclassical time variable s = h='/?t, (4.6.1) becomes

h'/%g _
(05 + h2Py - V + WM*Po)w + ih'/? (7;7 _(7)) ) +° 5 = Ip, (1 _D w
ol

- Fh - O(hl/ )H;,L747d/2.

We define £ which applies to time dependent operators A : .7 — .,

. 1 0 19 1 -1
h g — 1/2 . i
,CS.A— Os A+ h [Fv V + FQ —|—27:,y (0 _1> + 9 PC (1 _1> ,A}

+
We also define £ which applies to symbols of the diagonal form A = <A 0 ),

0 A
Lt AT 0
h g __ h,s
O%s A= ( 0 "gﬂh,sA_) .

175



CHAPITRE 4. PROPAGATION OF SINGULARITIES FOR WATER WAVES

Proof of Theorem 4.6.10. We shall from now on denote p = [u—4—d/2], I, = [0, h~1/%T]
and
VP = L (In, Maxa(n X))

for simplicity. Choose a strictly increasing sequence {\;};>0 C [1,1+ €[ with € > 0 being
sufficiently small. Define x; as in Lemma 4.6.9 where we replace ¢ with ¢(-/);). Then

supp X7 C {x5,, >0}, VjeN.

_(x; o0

We shall construct an operator A;, € L*°(I},, L* — L?) satisfying the following properties :
(i) Ay is a paradifferential operator, more precisely, there exists

AF € WES(Rsg, TP A WWE2(Rsy,, Sy ™)

And we set

for some sy > 0, such that

AF 0
Ay =Pl = O(h) e 1y 2201, Ah:<0h Ah).

Moreover,
supp Af C U supp Xf
j=0
(i) AF(0,,&) is elliptic at (zq, £&) ;
(i) A (s, o ,€) € SZZ s elliptic at (3to|€o|™/?n0, Eo) for s > 0 sufficiently large ;
(lV) E?Ah Z O(hp)Loo([h7L2—>L2)-
We shall construct A, of the form

2p
A= WA

Jj=0

where ¢ € Pj, recalling the definition (4.3.4), and A} € L®(I},, L?> — L?). We begin by
setting

= (Ph ) P)I(lo’ 900 =
Therefore, by the symbolic calculus, Lemma 4.6.9 and Corollary 4.4.31 (observe that the
symbol of A? belongs to oy, and that 7 is a sum of homogeneous symbols),

1

for some b) € L>(I,, ,X_7"), with supp b)) C supp xo. Therefore (s)b) € Y)’. Similarly,
h1/2[73\/ V AO} — h1/27)h + O( )Loo Ih L2—>L2)

-1
are not diagonal matrices, their commutators with A9 do not gain an extra h, for the
principal symbols do not cancel each other. So,

W2 [Pg, A)] = hl/QPh + O(h*) Lo (1,12 12),

where (s)b; € Y/, with supp b} C supp xo. Be careful that, because Q and P G _1>
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1 -1
h1/2 [PC <1 _1> ,A?L] = hPs + O( )L°° Ih L2~>L2)

where (s)b2, (s)b3 € Y, with supp b? U supp b} C supp xo. By Lemma 4.6.9,
h h € ¥y h h
X0-LMxo > b2y,

where (s)b} € L*°(I,,[~°>*) C Y,’, with supp b} C supp xo. Therefore, by the paradiffe-
rential Garding inequality, i.e., Lemma 4.4.34,

Pxofhxo — h1/27> > hP}: L+ O(h”) 212,
for some b; € Y)” with suppb? C {x1 > 0}. Set
oy = (s)(by + b +2by) € YL, B) = (s)(b) + b +2b)) € Y.

Then
LLA > h1/2<3>_17322+h1/252 + O(h?) Lo (1, 12 12)-

Suppose that we have found A} € L®(I),, L?> — L?), ¢ € P; for j = 0,...,£ — 1, and
Yl e Py, ab 7t Bt € Y with supp ot Usupp Bt € {x¢ > 0}, such that

-1 .
(4610) EQ(Z}L]/Q@JA.;L> Z h€/2<s>—1we_1pgz 1 hl/gﬁé 1 + O(h )Loo (In, L2—>L2)

=0

Then as in the proof of (M.2) of Theorem 4.1.4, we set

cpe(s) = /0 (1 +U)7ll/}£71(0') do, Al = 0490577;&,

where the constant C is sufficiently large, such that by Lemma 4.6.9, in the sense of
positivity of matrices,

CoZE(0'xe) = Co(1+ 8) P xe + Cop' Lixe > (s) 7 Lo + o A2 (s) 151

for some Bf; € Y/. By the paradifferential Garding inequality, and a routine construction
of parametrix, we find a, € Y/, with suppaj, C {x,+1 > 0}, such that

Pg‘zf,f(sofxz) < > 1PZ@ lab™ 1+h1/2<p255 = ( > 7)¢z 1406 fl‘i_o(hp)Lm(Ih,L?aL?)-

Similarly as in the estimate of A9, by a symbolic calculus, we find af, ﬁfl € Y/, with
supp o U supp ﬁfl C supp Xy, such that

;CZA% = Pgeff;f(cpem) + h1/2<5>7190gpgé+h1/2éi + O(hp)Loo(I}“LQA)LQ).
Summing up the two inequalities above,

4.6.11 LhAf — (s fldjfflphg_l > h1/2 17)h
sYh ol

ah+6£)+h1/2(wz Lrpfa h+h1/2‘ﬂo£éi
-+ O(h )Loo (In,L2—L2)-
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Therefore, combining (4.6.10) and (4.6.11),

¢
LS WPGIAL) = W) TPl s+ O e 11,
5=0
with
¢g,1 B ¢£ N
o f; 1+w(@i+6ﬁ); Bh =
And we close the induction procedure.
To finish the proof, suppose that

( t0|§oo| 1/2&)07500) gWF1/2 1( (to))7

¢£ 1+S0 ~
Wt gl

=149+ a 65

then by Lemma 4.2.16,

(Stoleeel ™26, ~E) & WES (Tt

By (i) and (iii), if we replace ¢ with ¢(A-) for some sufficiently large A > 0, then for
sufficiently small A > 0,

1/2,0
Supp 91% «Xj |s h=1/2¢5 C R x R¢ \WF1/2 1(u(to)),

1/2,0 —
SUPD 0, lomp1/20, C RE X RAWFY 5, (u(to).
So by Proposition 4.4.33 and Lemma 4.2.15,
(Ahw, w)L2|8:h71/2t0 = O(hza).
Because by our construction, ¢*(0) = 0, V¢ > 1,
Ah’s:O = Ag‘szo = (P;LO)*,P;ZO s=0-

Because F), = O(h'/?)y,, we have, by Lemma 4.2.16,

AnF, = O(hPT/2) 5

Therefore,

h 1/2t0
||7D>}<low|5:0“%2 =Re(Apw, w)L2|s:h*1/2t0 - / Re(ﬁ?.Ahw, w)r2 ds
0

h_1/2t0

—/ Re(ApFp, w)r2 ds
0
<O(h*) 4+ O(h*~1?) = O(h*).

Observe that xo|s=o is of compact support with respect to x, we have

Pl = Th + O(F) oo
where
B =" wiXols=ofnthj € nE 7
Jj=0
is a finite summation. We conclude by Lemma 4.4.35 that (29, &) ¢ WFG ; (uo). O
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4.6.4 Proof of Corollary 4.1.9

The case when d = 1 is trivial. For the second case, we shall prove that on any
co-geodesic {(z, &) Hrer,

t——4o00

so no geodesics can be trapped. The proof of (4.6.12) is almost finished by the proof of
Lemma 4.6.8. Indeed, similar calculations imply that

d

2
@(% &) 2 16ol”
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Dans [1], nous avons étudié la stabilisation des ondes amorties sur les surfaces de
révolution de Zoll. Nous avons donné un exemple ou la région d’amortissement est a
la limite de la condition du controle géométrique, alors que les ondes amorties présentent
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de Lebeau.
Dans [2], nous avons étudié la controlabilité du systeme des ondes de surface avec ten-
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In this thesis, we study the closely related theories of control, stabilization and propaga-
tion of singularities for some linear and nonlinear dispersive partial differential equations.
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In [1] we studied the stabilization of the damped wave equation on Zoll surfaces of re-
volution. We gave an example where the region of damping is at the borderline of the
geometric control condition, yet the damped waves exhibit a uniform exponential decay
of energy, generalizing an example of Lebeau.
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gation results for quasi-homogeneous wavefront sets by the gravity-capillary water wave
equation. As corollaries, we obtained local and microlocal smoothing effects for gravity-
capillary water waves with sufficient spatial decay.
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