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Résumé

Dans cette theése, on considere une équation différentielle stochastique gouvernée par un proces-
sus de Lévy de saut pur dont I'indice d’activité des sauts a € (0,2) et on observe des données haute
fréquence de ce processus sur un intervalle de temps fixé. Cette these est consacrée tout d’abord
al’étude du comportement de la densité du processus en temps petit. Ces résultats permettent
ensuite de montrer la propriété LAMN (Local Asymptotic Mixed Normality) pour les parameétres
de dérive et d’échelle. Enfin, on étudie des estimateurs de I'indice a du processus.

La premiére partie traite du comportement asymptotique de la densité en temps petit du
processus. Le processus est supposé dépendre d’'un parametre f = (6,0)T et on étudie, dans
cette partie, la sensibilité de la densité par rapport a ce parametre. Cela étend les résultats de
[17] qui étaient restreints a 'indice a € (1,2) et ne considéraient que la sensibilité par rapport
au parametre de dérive. En utilisant le calcul de Malliavin, on obtient la représentation de la
densité, de sa dérivée et de sa dérivée logarithmique comme une espérance et une espérance
conditionnelle. Ces formules de représentation font apparaitre des poids de Malliavin dont les
expressions sont données explicitement, ce qui permet d’analyser le comportement asymptotique
de la densité en temps petit, en utilisant la propriété d’autosimilarité du processus stable.

La deuxiéme partie de cette thése concerne la propriété LAMN (Local Asymptotic Mixed
Normality) pour les parametres. Le coefficient de dérive et le coefficient d’échelle dépendent tous
les deux de parameétres inconnus et on étend les résultats de [17]. On identifie I'information de
Fisher asymptotique ainsi que les vitesses optimales de convergence. Ces quantités dépendent de
I'indice a.

La troisiéme partie propose des estimateurs pour l'indice d’activité des sauts a € (0,2) basés
sur des méthodes de moments qui généralisent les résultats de Masuda [53]. On montre la
consistence et la normalité asymptotique des estimateurs et on illustre les résultats par des

simulations numériques.






Résumé substantiel

Modele

Dans cette these, nous considérons un processus X = (X;)s>¢ solution d’'une équation différentielle

stochastique de la forme
t
(0.0.1) X;=x9 +f b(Xs,0)ds+oL; tel0,1]
0

ou (L¢)tero,1] est un processus de Lévy de saut pur dont I'indice d’activité des sauts a € (0,2),
=, o)l eRx (0,00) est un parametre inconnu et b est une fonction a valeur réelle.
Plus précisément, nous supposons que les hypothéses suivantes sont remplies pour le proces-

sus a-stable tronqué (L;)se[0,1]-

(i) Le processus de Lévy (L;)se[0,1] est donné par

t t
L= f f 2Aids, dz) - i(ds,dz2)) + f f 2fi(ds, dz),
0 Ji-1,11 0 JI-1,1f

ou fi est une mesure aléatoire de Poisson, de compensateur v(d¢,dz) = dt x F(z)dz ou F(z)
est donnée sur R par F(z) = lzl%lkﬁor(z), a €(0,2) . Nous supposons que 7 est une fonction

lisse non négative, égale a 1 sur [-1,1], s’annulant sur [-2,2]° telle que 0 <7 < 1.

(i1) nous supposons que Vp =1,

! 14

(0.0.2) fR i((;‘)) T(w)du < 0o,
1A p

(0.0.3) fR TT ((5)) T(w)du < co.

Nous observons ce processus a des temps discrets, équidistants, sur I'intervalle fini fixé [0,1], ce

qui signifie que X est observé aux instants ¢7 = % :=iA,,i=0,1,...n, dans l'intervalle [0,1]. Nous
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nous intéressons aux propriétés asymptotiques lorsque A, = %, tend vers 0. En pratique, cela
signifie que nous sommes dans le contexte des données a haute fréquence. On sait que, dans le
cas de la diffusion, on ne peut pas estimer le parameétre de dérive avec un temps d’observation
fixé. Au contraire, pour un processus de saut pur, on peut estimer le parameétre de dérive dans les
deux cas: une période d’observation fixée ou un temps d’observation tendant vers l'infini. Sans

perte de généralité, nous supposerons ici que I'intervalle d’observation est [0, 1].

En raison du réle essentiel de la propriété LAN (LAMN) dans les problemes d’estimation
paramétrique et des applications importantes des processus de saut pur, 'un des buts de cette
these est d’étudier la propriété LAMN pour I'équation différentielle stochastique donnée par

(0.0.1).

Le calcul de Malliavin est le principal outil pour prouver la propriété LAMN et il explique
partiellement les hypothéses spécifiques dans (), (i7). Premiérement, puisque notre méthode est
basée sur le calcul de Malliavin, les hypothéses d’intégrabilité pour les queues du processus de
Lévy sont cruciales pour s’assurer que le processus (0.0.1) appartient a 'espace de Malliavin.
Deuxiémement, le comportement stable de la mesure Lévy autour de zéro est également néces-
saire pour que le processus mis & I'échelle (nV/*L,/,) soit proche du processus a-stable (LY). Alors
la fonction de troncation 7 assure a la fois I'intégrabilité de |L;|?,Vp = 1, et le comportement
a-stable exact autour de zéro (t = 1). De plus, pour obtenir le développement asymptotique de la
log-vraisemblance dans I’étude de la propriété LAMN, il nous faut connaitre le comportement
asymptotique de la densité du processus et de sa dérivée par rapport aux parametres. En utilisant
le calcul de Malliavin, nous obtenons des formules de représentation pour la densité et sa dérivée.
Ces formules de représentation dépendent de poids de Malliavin dont les expressions sont don-
nées explicitement. Ensuite, nous observons que l'introduction de la fonction de troncation

permet d’assurer que le processus (nV*L,,,) n’a pas de saut de taille supérieure & 2nY®

et par
conséquent il facilite le contrdle du comportement asymptotique des poids de Malliavin afin
d’établir la convergence en temps petit de la densité. Plus précisément, les hypotheses (0.0.2) et

(0.0.3) sont des outils techniques pour prouver les convergences de la densité et de sa dérivée,

respectivement.
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CONTEXTE

Contexte

Il existe une littérature importante concernant la propriété LAN(LAMN) pour les processus de
saut pur basée sur des observations a haute fréquence, par exemple, les travaux de Ait-Sahalia et
Jacod [2] [3] , Kawai et Masuda [44], Masuda [53] [64], Ivanenko, Kulik et Masuda [35], Clément
et Gloter [17].

En particulier, Masuda [53] propose un estimateur des parameétres du processus de Lévy

stable
(0.0.4) X;=0t+oLY}

basé sur des observations en temps discret (X;/,);=1,...». Il prouve la propriété LAN avec la vitesse

Up = diag(n,léﬂ,‘z , #, \/Flig(n)) pour l'estimation de = (68,0, a) avec une matrice d'information
de Fisher singuliére. Par conséquent, les théorémes de convolution et de minimax ne peuvent pas
étre appliqués et une borne inférieure pour la variance asymptotique des estimateurs ne peut
pas étre déduite dans cette expérience statistique. Concernant les estimateurs du parametre «
du processus, 'auteur a construit deux estimateurs djog , (basé sur les moments logarithmiques)
et @, , (basé sur les moments) pour a avec la vitesse de convergence V.

Récemment, pour résoudre le probleme avec la matrice d’information de Fisher singuliere et
connaitre la vitesse optimale d’estimation pour les parameétres dans (0.0.4), Brouste et Masuda
[13] établissent la propriété LAN avec une vitesse non-diagonale, par exemple

pl-Va 0
Un = Vo 0 1 —a“20log(n)
0 0 1
et une matrice d’information de Fisher non-dégénérée. Les théorémes de convolution et du
minimax peuvent étre appliqués dans ce cas. La vitesse optimale de convergence de ’estimateur
pour l'indice a lorsque le parametre d’échelle o est connu est /n'log(n) et est /n' lorsque le
parameétre d’échelle o est inconnu.
Dans Ait-Sahalia et Jacod [3] et [2], les auteurs établissent le comportement de I'information

de Fisher d'un processus X décomposé comme la somme de deux processus de Lévy indépendants
X:=0L{ +0U;
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ou L est un processus stable symétrique standard avec l'indice a € (0,2], (U;) est un autre
processus de Lévy, indépendant de (L{) et dominé par (L{). Alors ils déduisent qu’avec le
parametre d’échelle o connu et la vraie valeur a < 2, la vitesse de convergence pour ’estimation
de a est \/n'log(n). La propriété LAN est également prouvée avec la vitesse n: pour le parameétre
.

Plus récemment, Ivanenko, Kulik et Masuda [35] considérent le modele
X :9t+O'L(tx+Zt

ou L est un processus non-symétrique localement a-stable et Z est un processus indépendant

et moins actif. Lorsque X est observé a haute fréquence, ils prouvent la propriété LAN pour

nl—l/a et
le parametre = (0,0) € R? avec la vitesse u, = # ou ¢, = %fn’l/"‘<|u|<1 up(du)
0 1

est identiquement nul si la mesure Lévy u est symétrique. Dans les travaux susmentionés, a
partir de la linéarité des modeles, les accroissements (X i -X i1 )i<i<n sont indépendants et ont la
méme loi que Xq/,. La densité de transition du processus en temps discret (X i )1<i<n est presque
explicite donc on peut étudier la théorie statistique en utilisant I'expression explicite de la densité
de X;.

En revenant au modele (0.0.1), la difficulté dans I’étude statistique du modeéle (0.0.1) est que
la densité de transition de la chaine de Markov (X i )1<i<n €est inconnue et le lien entre la densité
de L; et la densité de X; n’est pas clair. Dans cette configuration, nous pouvons citer les articles
récents de Clément et Gloter [18], Masuda [54] ou certains estimateurs des parameétres de dérive

et d’échelle sont proposés pour 'équation générale
t ¢
X =x9 +[ b(X;,0)ds +f c(Xs-,0)dLg
0 0

ou L est un processus de saut pur localement stable. Cependant, dans ce cas, I'efficacité asymp-
totique des estimateurs n’est pas encore établie. Le seul résultat sur la propriété LAMN, a
notre connaissance, est donné dans Clément et Gloter [17] ou la propriété LAMN est prouvée
pour l’'estimation du parametre de dérive 6 pour la solution de (0.0.1) (avec 0 =1 et a € (1,2]).

Dans [17], ils montrent que la propriété LAMN est satisfaite avec la vitesse r, = n/27 V% gt
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CONTEXTE

/ 2
I'information %y = fol 0gb(X f ,0)2ds f[m (f;“a((l;)) du, ol @, est la densité de la distribution a-stable de

h z_* . —_ a
fonction caractéristique u — e Claul®

Le premier but de cette theése est d’étendre les résultats de Clément et de Gloter [17] ou
I'indice a € (1,2) et le parameétre n’apparait que dans le coefficient de dérive. C’est-a-dire nous
étendons dans cette thése ces résultats pour le cas a €(0,2) et prouvons que la propriété LAMN
est satisfaite pour les deux parametres (6,0) lorsque le parameétre d’indice a est connu.

La preuve est principalement basée sur le théoreme 1 de [567] et ensuite utilise le comporte-
ment asymptotique de la densité de (X;) et de sa dérivée par rapport aux parametres. Pour cette
raison, nous discutons, au chapitre 2, 'asymptotique en temps petit pour la densité de (X;).

Un autre but de cette these est d’estimer le parametre d’indice de la solution de (0.0.1), en
supposant que le parameétre 6 est connu.

Dans la derniére partie de cette theése, nous construisons deux estimateurs avec la vitesse de
convergence /n pour 'indice de Blumenthal-Getoor a € (0,2) lorsque le paramétre d’échelle o
est inconnu, basés sur les méthodes de moments introduites dans Masuda [53]. Nous prouvons
la consistence et la normalité asymptotique des estimateurs et les résultats d’estimation sont
illustrés par des simulations numériques. Si le parameétre d’échelle est connu, nous construisons
des estimateurs du parameétre d’indice avec la vitesse /7 log(n), également basés sur les moments
et moments logarithmiques.

En plus des références ci-dessus, nous listons ici d’autres travaux concernant I'estimation de
Iindice d’activité des sauts a partir d’observations a haute fréquence. Dans Ait-Sahalia et Jacod

[4] et Jing, Kong et Mykland [42], les auteurs considérent le processus

t t t t
Xt=x0+[ bsds+f O'sWs+f [ x(,u—v)(ds,dx)+f f xu(ds,dx)
0 0 0 Jlxl<1 0 Jx|=1

ou W; est un mouvement brownien standard, b et o sont des processus d’It6 et u est une mesure
aléatoire avec compensateur v. Basés sur la p-variation, ils proposent des estimateurs pour le
parametre d’indice a a haute fréquence.

Todorov et Tauchen [63] proposent une estimation de I'indice d’activité des sauts dans un
contexte de semi-martingales de saut pur pour laquelle la vitesse de convergence est v/n pour

V2 < a <2 (le cas a < V2 nécessite une hypothése de dérive nulle).
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Récemment, Todorov [62] considére ’estimation de I'indice d’activité de sauts a € (1,2] du
processus

dXt = btdt+(7t_st +dYt

ou L est un processus de Lévy de saut pur localement stable dont 1a mesure de Lévy autour de
zéro se comporte comme un processus stable et Y est un processus de saut pur qui est dominé
aux hautes fréquences par L. Il obtient la vitesse de convergence /n si a €(1,2) et /7' u;2 pour
une suite u, qui tend vers zéro si a = 2, en utilisant la fonction caractéristique empirique des

accroissements normalisés.

Résumé des principaux résultats

Cette these est divisée en quatre chapitres.

Chapitre 2: Nous nous concentrons sur le comportement asymptotique, en temps petit, de la
densité de (X f ) avec l'indice « € (0,2) pour la solution de (0.0.1), ainsi que sa dérivée par rapport
au parameétre = (0,0)”. Ce probléme joue un role important dans les statistiques asymptotiques
basées sur des observations a haute fréquence. En effet, en considérant I'estimation de § a partir
des observations en temps discret (X Sn)OSign, et en notant par pf /n(x, y) la densité de transition
du processus en temps discret, la vitesse d’estimation du parameétre f repose fortement sur le
comportement asymptotique de la dérivée Vg pf 1 (%,¥), quand n tend vers l'infini.

En utilisant le calcul de Malliavin, nous obtenons des formules de représentation pour
la densité, sa dérivée et sa dérivée logarithmique, comme une espérance et une espérance
conditionnelle. Ces formules de représentation font apparaitre des poids de Malliavin dont les
expressions sont données explicitement, ce qui permet d’analyser le comportement asymptotique
de la densité en temps petit, en utilisant la propriété d’autosimilarité du processus stable. Nos
résultats sont établis grace a une étude attentive de chaque terme apparaissant dans les poids
de Malliavin, ce qui est compliqué par la non-intégrabilité du processus a-stable quand a < 1. De
plus, lorsque nous étudions le comportement asymptotique, pour traiter toute valeur de I'indice

a €(0,2), nous introduisons la solution de I'’équation différentielle ordinaire
n,0x _ 1t n,0,x
(0.0.5) G, =x+—| blgs",0ds te(0,1], xeR
nJo
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RESUME DES PRINCIPAUX RESULTATS

et alors nous obtenons que n'/® {X b (x) - c;’ll 05

} est proche d’un processus de Lévy stable.
On note ¢, la densité de Lcl” ou (L‘t") est un processus a-stable de mesure de Lévy v(dz) =
lzl%l#odz. Nous avons les résultats suivants pour le comportement asymptotique de la densité

et de sa dérivée:

Theorem 0.0.1 (Clément, Gloter and Nguyen [19]). Soit (c?’g’x") la solution de ’équation dif-
férentielle ordinaire (0.0.5) et soit (Bp)n=1 = ((0y,0)T) 51 une suite telle que Bn, miN B. Pour tout

(x0,u) € R?,

uo n,0,,
nl/ap 1n(x0a nl/;; +¢,"

) 225 pa(u),

"(xo, Lo 1 Onoy B2, _ 5 b(x0,0) x ¢l (1),

uo n,0,,x9y ™00
nl/aaap 1n(x0an1/2+€'1 ) —

— —pa(w) —uyp,(v),

Le chapitre 2 est publié dans l’article suivant:

* Emmanuelle Clément, Arnaud Gloter, and Huong Nguyen. Asymptotics in small time for the
density of a stochastic differential equation driven driven by a stable Lévy process. ESAIM: P /S,
2018.

Chapitre 3: Nous discutons de la propriété Local Asymptotic Mixed Normality pour les
parametres de dérive et d’échelle a partir des observations a haute fréquence d’une solution de
I’équation différentielle stochastique gouvernée par un processus a-stable tronqué avec I'indice
a € (0,2) donnée par I'équation (0.0.1). Ceci étend les résultats de [17] ou I'indice a € (1,2) et
seulement la propriété Local Asymptotic Mixed Normality pour le coefficient de dérive est
considérée. A partir de ’expression des dérivés logarithmiques de la densité par rapport a g
comme une espérance conditionnelle, des poids de Malliavin et des résultats sur le comportement
asymptotique de la densité établis au chapitre 2, nous déduisons le comportement asymptotique
de la matrice d’'information de Fisher en temps petit pour une observation du processus. En
outre, nous établissons un développement asymptotique de la log-vraisemblance (en utilisant le

calcul de Malliavin pour les processus de saut) et prouvons que la propriété LAMN est vérifiée
nice 0

pour les parametres de dérive et de volatilité avec la vitesse u, = et la matrice

0 n-

(I
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211 0
d’information I = ol

0 Hoo

! 2
S11= %fol 00b(XE,0)%ds [ Zaa(&)) du

_ 1 (@) tug, W)’
f22 = 0—2 f[R —(Pa(u) du

La preuve de la propriété LAMN est basée sur le théoréme 1 dans [40]. Cette partie contient
également un résultat indépendant et intéressant qui établit la continuité par rapport au
conditionnement dans une espérance conditionnelle.

Le chapitre 3 est publié dans I’article suivant:

* Emmanuelle Clément, Arnaud Gloter, and Huong Nguyen. LAMN property for the drift and

volatility parameters of a SDE driven by a stable Lévy process. ESAIM: P /S, 2018.

Chapitre 4: Le but de ce chapitre est d’estimer le paramétre a d'une équation différentielle
stochastique gouvernée par un processus a-stable tronqué avec l'indice a € (0,2) donnée par
I’équation (0.0.1) et avec le parametre 0 connu a partir d’observations a haute fréquence sur un
intervalle de temps donné. Masuda [53] a construit des estimateurs basés sur des méthodes de
moments pour l'indice a avec la vitesse de convergence /n, quand le paramétre d’échelle o est
inconnu. Basé sur les idées du Masuda [53], dans ce chapitre, nous adaptons la procédure de
Iestimation a I’équation (0.0.1) et fournissons les distributions asymptotiques.

Les principaux outils pour établir les résultats statistiques sont la loi des grands nombres et
le théoreme de la limite centrale pour les sommes

nl/a

%JZif( —{xe e}

avec f fonction appropriée et ¢1/, solution de
¢
cix)=x +f b(cs(x)ds te€(0,1/n], xeR.
0

Lintroduction de cette équation différentielle ordinaire est nécessaire pour traiter n’importe
quelle valeur de a, cependant, cela conduit a une limitation dans la pratique puisque la fonction

de dérive b doit étre connue. Si nous connaissons la vraie valeur du parametre d’échelle, alors



RESUME DES PRINCIPAUX RESULTATS

nous construisons des estimateurs du parametre d’indice avec la vitesse /n log(n). De plus, dans

ce chapitre, nous illustrons les résultats par des simulations numériques.
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Abstract

In this thesis, we consider a stochastic differential equation driven by a truncated pure jump Lévy
process with index a € (0,2) and observe high frequency data of the process on a fixed observation
time. We first study the behavior of the density of the process in small time. Next, we prove the
Local Asymptotic Mixed Normality (LAMN) property for the drift and scaling parameters from
high frequency observations. Finally, we propose some estimators of the index parameter of the
process.

The first part deals with the asymptotic behavior of the density in small time of the process.
The process is assumed to depend on a parameter f = (6,0)T and we study, in this part, the
sensitivity of the density with respect to this parameter. This extends the results of [17] which
were restricted to the index a € (1,2) and considered only the sensitivity with respect to the
drift coefficient. By using Malliavin calculus, we obtain the representation of the density, its
derivative and its logarithm derivative as an expectation and a conditional expectation. These
representation formulas involve some Malliavin weights whose expressions are given explicitly
and this permits to analyze the asymptotic behavior in small time of the density, using the
self-similarity property of the stable process.

The second part of this thesis concerns the Local Asymptotic Mixed Normality property for the
parameters. Both the drift coefficient and scale coefficient depend on the unknown parameters.
Extending the results of [17], we compute the asymptotic Fisher information and find that the
rate in the Local Asymptotic Mixed Normality property depends on the index a.

The third part proposes some estimators of the jump activity index «a € (0,2) based on the
method of moments as in Masuda [53]. We prove the consistency and asymptotic normality of the

estimators and give some simulations to illustrate the finite-sample behaviors of the estimators.
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CHAPTER 1

INTRODUCTION

The goal of this chapter is to provide a brief review of definitions and properties on asymptotic
statistical inference and on Lévy processes, that are used in the sequel. We give the motivations
and overviews of the main results achieved in this thesis as well. None of the statements and
theorems, that we recall, will be proved here since most of them are well-known from the

asymptotic statistics and probability theories.

1.1 Asymptotic statistics and Local Asymptotic (Mixed) Normality property

The concept of statistical experiment, also called a statistical model, is introduced by Blackwell
[10] as a triplet

&=(Q,7,P%.0c0))

where (2, %) is a measurable space, O is a set called the parameter space and PY:0e0®)isa
family of probability measures on (Q,.%) depending on an unknown parameter 6 € ® cR? d > 1.
It is used for the mathematical description of observed data. If the size or dimension of the data

is n, with n increasing, then a sequence of statistical experiments is defined as
&"=(Q", 7", PY:0c0cR),n=1.

In the second half of the 20th century, Lucien Le Cam introduced the so-called Local Asymptotic

Normality (LAN) property of a sequence of statistical models.

Definition 1.1.1 (A.W. van der Vaart [64] ). The sequence of statistical experiments (Q"*, % ”,Pg :

0eO®cRY), n =1, is locally asymptotically normal (LAN) at 0 if there exist d x d matrices u,

1
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(|luy|l tends to zero as n goes to infinity) and a non random information matrix 1(6) and random
vectors (A, g) such that (A, g) converges in law under Pg to N (0,1g) and for every h € RY

sz+unh

lo
& dP?

1
=hTA,0— 5hTI(e)h +opo(1).

In other words, an experiment is called locally asymptotically normal when its likelihood
converges to the likelihood of the Gaussian shift experiment.

The LAN property is an important concept in asymptotically optimal statistical analysis. This
property allows the sequence of statistical models to be asymptotically approximated by a normal
location model, after a rescalling of the parameter.

We give now a number of simplest examples, where the LAN property holds true.

Example 1 ([58]). Let Pg be the law of (X1,Xo,...,X,) where (X,,),>1 is a sequence of independent
and identically distributed (i.i.d.) random variables from A" (ﬂ,Oz). Here 6 = (p,a)T € R x (0,+00)

is an unknown parameter to be estimated. Then the LAN property holds at 8 with the rate

n—1/2 0 %
U, = , and the information matrix I(9) = | ¢
0 n-12 0 L

20

Example 2 ([1]). We consider the Ornstein-Uhlenbeck process given by
dXt:—HXtdt+th,9>0, X0=x0

where 0 is an unknown parameter and satisfies 6 > 0, (W;);>0 is a standard Wiener process.
We consider here, the mathematically simplest case where the whole path is observed over an
interval [0, T']. If 8 > 0 then the process is ergodic and, in this case, the LAN property holds true
with rate 7712 at each point 6 > 0 and with asymptotic Fisher information I(0) = 1/26.

In general case (see Kutoyants [48]), we consider the diffusion process
dthb(H,Xt)dt+0(Xt)th, Xo=x0,0=t=<T,

where b(.,.) is some known function, xg is a starting point and 6 € ® c R? is a finite-dimensional
parameter. Under appropriate assumptions on the coefficients, we have the LAN property with

rate 1/vV'T and with information matrix

0pb(6,0)09b(0, 9T
o(9)?

I(0) =Ey
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Here 9 is the random variable with stationary density function f(8,x) given by

f0,2)=G©O) 'o(x) *exp (2fx b(e,v)dv)
0

o(v)?

where G(0) = [*X o(y)2exp (2 I a(e’v)dv) dy.

a%(v)

However, it was observed that there exists a number of processes, where LAN condition is not
satisfied. Coming back to Example 2, if 8 < 0 then the process is non-ergodic, the LAN property
does not hold true at 0 (see [1]). The explosive auto-regressive process of first order and the
Super-critical Galton-Watson branching process with geometric off-spring distribution are also
situations where the Fisher information matrix must be replaced by a random matrix (see Le
Cam and Yang [51]). As a consequence, the concept of Local Asymptotic Mixed Normality (LAMN)
property has been introduced by Jeganathan [[39], [40]] to extend to random Fisher information

the LAN property.

Definition 1.1.2 (Jeganathan [39]). For each n > 1, let (Q",F",P% :0 € © cR?) be a statistical
experiment. The sequence of families {Pg 10 € ©},n = 1 satisfies the LAMN property at 6 (an interior
point of ©), at rate u, (a d x d positive definite matrix such that ||u,|| tends to zero as n goes to

infinity) with the random information matrix 1(0) > 0 if for every h € R%

dP6+u"h

(1.1.1) lo
& dpP?

1
=hTI,(0)"*N, - 5thn(e)h +0po()

where (N, 1,(0)) converges in law (under Pg) to (N,I1(0)), where N is a standard d-variate normal

distribution independent of 1(0).

We can remark that when the information matrix 1(0) is deterministic, the LAN property
holds. The matrix u, is often called the rate matrix.

We present sufficient conditions stated by Jeganathan [39] to establish the LAMN property
that are used in the sequel.

Let (X;);=1 be a sequence of real random variables defined on a probability space (Q,%#,P? :0 €
0O c R?) and define %, = 0(X1,Xs,...,X,) the o-field induced by the random vector (X1,Xo,...,X,).
We assume that, for j = 2, there exists a o-finite measure p; such that a version of the regular

conditional probability measure of the distribution of X; given (X1,X5,...,X;_1), is absolutely

3
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continuous with respect to the measure p; with a corresponding density
9X;1X1,...Xj-1):=p%j=2 and pl(X;) =pf
pj( jl 1seees J—1)~—pj’.]— an Pl( 1)—p1-

We now introduce the following assumptions
Al. L?-regularity
We assume that there exist a sequence of d-dimensional random vectors (y ;(0));>1 and a sequence

of d x d positive definite matrices u,,n =1 with ||u,|| — 0 such that for every A € RY

2
1 1
Y| [ A0t = o] - i uni@)} iy
Jj=1

E[¢;(0)F;-1] =0

27®00.

A2, For every j=1

_ % if p% #0,
where ¢;(6) = (£(0))i-1,....¢ with {;(0) = P

0 otherwise.

A3. There exists a measurable function 7(6) > 0 mapping Q to the set of d x d symmetric matrices

n—oo

un Y E [5 j(e)ff(e)@j_l] u? 10) (>0 ae), in probability.
=1

A4.Ve>0,

n—oo

n
;[E [|un5j(9)|2 Liuné @)1ze | — 0.

J
A5,

supi[E[

nzl j=1

unéj(0) j(H)TuZ ] =C, for a strictly positive constant C.

Let us remark that as soon as 8 — p? is a smooth function then we can set y j in Al such

agipg_ . 0
i . i \/pT’-J lfpj 70 i .
that x;(0) = ()(j(H))i:I 4 with )(j(B) =4 J and we get ¢;(0) = (g‘j(H))izl 4 with

..........

0 otherwise

aﬁpg
iy ) PY
fj(e) = 7

0 otherwise.

if pf #0,

If X is a homogeneous Markov process then the assumption A2 is natural. Indeed, for every

jzl,ifp?¢Owehave
dop?
E[¢;O1Fj1] =E p_gj (Xj1Xj-1)1F 1
j

000"
—5 (X)1Xj-1) 1Xj-1 |
Pj

=E
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But we can write

aepe» agpe
E —HJ(XJ'|XJ'_1) |Xj_1=x =E —91(X1|x) :fdgpg(ylx)dy.
. pl
J

Moreover, suppose that we can exchange the order of differentiation and integration then we

obtain

f 360" (y1)dy = 09 f p(1)dy = 0.

Theorem 1.1.1 (Jeganathan [39]). Assume that the assumptions AI1-A5 are satisfied. Then the

sequence of families (P?l :0 €O cR?,n=1,d =1 satisfies the LAMN property at 0, at rate u, with

L©)=un ). E|&;0T OF) 1 |ul
j=1

and

Ny =1,0)"u, Y £(0).
j=1

Moreover, under Pg, (Np,1,(0)) converges in law to a limit (N,1(0)), with N = I1(0)Y2W where W

is independent of 1(0) and distributed according to A& (0,14) where 14 is the d x d identity matrix.

The LAMN (LAN) property has been playing an important role in parametric estimation
problems because if it holds true and if the information matrix is non degenerate, the Minimax
H3ajek-Le Cam Theorem and the Convolution Theorem can be applied and then a lower bound
for the asymptotic variance of estimators can be obtained via minimax theorems. Hence, once
LAMN (LAN) is proved, the asymptotic optimality of estimation for the parameters is known.
Remark that the nondegeneracy of the rate u, and the information matrix 1(0) is essential in the
minimax theorem due to Hajek [30] and Le Cam [49].

We are now in a position to state the convolution theorem. The general references on the
convolution theorem are Jeganathan [39] for the LAMN case and Hajek [30], Ibragimov and
Has’'minskii [32] for the LAN case.

We begin with the definitions of a regular parameter estimator and a stochastic kernel.

Definition 1.1.3 (Regular Estimator).
(a) (Hdjek [29]) Let a family (Pg) satisfy the LAN property with the normalizing matrix u, at

point 0. An estimator T, (possibly a randomized one) of parameter 0 is called regular at the point

5
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0 if for some random variable H the convergence in law is valid
(w; (Tp—(0 +unh) >H under P "

as n — oo for any h € R%. The distribution of H does not depend on the value of the local parameter
heRr?,

(b) (Jeganathan [39]) If LAMN property holds at point 0, (T),), an estimator of 6 is termed
regular at the point 0 if there is some random variable H on R*% x R? such that for every h € R?

the convergence in law
(I.0),u;* (Ty =0 +unh)=>H under P5T*"
as n — oo and the limiting law H does not depend on h € R%.

Definition 1.1.4 (Stochastic kernel). Let (Q,%) and (Q*,%*) be two measurable spaces. A
stochastic (Markouv) kernel from (Q, %) to (Q*,F*) is a function K = K(w,A*) : Q x F* —[0,1]

such that
(1) K(.,A*)is &-measurable function for each A* € F*
(2) K(w,.)is a probability measure on (Q*,F*) for each w € Q.
In the LAMN (LAN) case, the following theorem is known as the convolution theorem.

Theorem 1.1.2. (Convolution Theorem) Suppose that the sequence of families {Pg :0e®l,n=1
satisfies the LAMN or LAN property at 0.
(a) (Hdjek [29]) When LAN holds at 0, (T),),>1 is a sequence of regular estimators of 0 then any

limit distribution of H arising in Definition 1.1.3(a) can be written as a convolution representation
LH) =N (0,1(0)"1) * v(6)

for some distribution v(6) on R®.
(b) (Jeganathan [39]) When LAMN holds at 0, (T,),=1 is a sequence of estimators regular at 0,
i.e. for every h € R%,
(1.(0),u; (T — 0 —upyh)) = (I(6),TO)) under PI"

6
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for some random d-vector T(0) independent of h. Let £y) be a regular conditional probabil-
ity measure of T'(0) given 1(0). Then there exists a stochastic kernel Ky such that ZLjp) is a

convolution between the Gaussian law A (0,1(0)™1) and K1), that is,
Lro) =K1 * A (0,107 as.

In other words, the convolution theorem states that any regular estimator in a parametric
model has a conditional asymptotic distribution equal to a sum of two independent random
variables, one of which is normal with asymptotic variance equal to the inverse of Fisher informa-
tion, and the other having arbitrary distribution. If we have a sequence of estimators (T',),>1

satisfying the condition in the convolution theorem, then we have the following proposition.

Proposition 1.1.1 (Jeganathan [39]). Let (Pfl :0€0®),n=1be LAMN at 6 € ©. Let (T),)n>1 be a
sequence of estimator satisfying the condition in Theorem 1.1.2. Let Z be a random vector with
standard normal distribution on R%. Let f :R% — R be a loss function of the form f(0)=0, f(x) =

flx) and f(x]) < f(yD) if |x| < |y| then
liminfEy [ (u;! (T, - 0)] =E | £ (10)*22)].

We state a local asymptotic minimax bound that Hajek [30] introduced for estimation in

LAMN (LAN) parametric models.

Theorem 1.1.3. (Minimax Theorem) Suppose that the model (Pg) is LAMN or LAN at 0 € © c R%.
We consider an arbitrary sequence of estimators (T,), for the unknown parameter and an arbitrary
loss function f :R% — [0,00) which is continuous, symmetric and subconvex. Let Z be a random

vector with standard normal distribution on R%, independent of 1(9). Then we have

lim liminfinfsup Egsy,p [f (uy (T — (0 +u,h)))] = E [f(I(H))_mZ)

r—o0 n—oo Tn |hl<r

the infimum being taken over all estimators of 0.

In particular, if we choose the quadratic function f(x) = x? then we obtain from the above
theorem that an asymptotic lower bound for the covariance matrix of any sequence of unbiased
estimators is given by I(9)~!. A sequence of estimators that attains this asymptotic bound is

called asymptotically efficient.
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In the context of Local Asymptotic Mixed Normality (Local Asymptotic Normality), we cannot

fail to mention the definitions of rate optimal and efficiency of estimators.

Definition 1.1.5. Let (Q", & ”,Pﬁ :0€®@cR?), n=>1, be a statistical experiment which is LAMN
(LAN) at 6, with rate u, and (random) Fisher information 1(0). Then a sequence of estimators

(T,) for 0 is rate optimal if there exists a non degenerate random variable H under P? such that
u, N (T, -6)=H.

Additionally, the sequence is asymptotically efficient if H has the distribution of 1(0)~Y2Z, with Z

standard normally distributed and independent of 1(0).

In brief, when the Local Asymptotic Mixed Normality (Local Asymptotic Normality) holds at
6 with the rate u, and the information matrix 1(6) > 0, the convolution and minimax theorems
can be applied. Moreover, the asymptotically efficient estimators of the parameter 0 are defined
in terms of the optimal asymptotic variance 1(9)~! and the optimal rate of convergence u,;l. We
can obtain the lower bound for the asymptotic variance of estimators given by I(6)~! via minimax

theorem.

1.2 Lévy processes

In this section, we recall the useful definitions and properties of real Lévy processes. For additional

details on Lévy processes, we refer to Sato [59] or Applebaum [6].

Definition 1.2.1. (Lévy Process) A cadlag stochastic process L = (Ly)s=q defined on a filtered prob-

ability space (Q,F ,(F:)=0,P) is said to be a Lévy process if it possesses the following properties:
(1) Lo=0 a.s.

(2) L has independent increments. That is, for any choice of n =21 and 0 <ty <it1 < .. <ty

(Li;—L¢, ,,1<j<n)are independent.

(3) L has stationary increments. That is, for all 0 <s <t < oo, the distribution of L; — L is equal

to Lt—s~
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That is to say, a Lévy process is a process with stationary and independent increments whose
sample paths are right continuous with left limits. The properties of stationary and independent
increments implies that a Lévy process is a Markov process and the distribution of a Lévy process
has the property of infinite divisibility. Any linear combination of two independent Lévy processes

is again a Lévy process.

Definition 1.2.2. (Stable Distribution) A random variable X is called stable if for any integer
n =2, there exist real-valued sequences (c,) and (d,) with each c, > 0 such that the distribution
of X1+ Xgo+...+ X, is equal to c,X +d,, where X1,Xo,...,X, are independent copies of X. In
particular, X is said to be strictly stable if each d, = 0 and X is said to be symmetric stable if X

and —X have the same distribution.

It can be shown (see Feller [65], p.166) that the only possible choice of ¢, is of the form on/®

where 0 > 0 and 0 < a < 2. The parameter a plays a key role in the investigation of stable random

variables and is called the index of stability or the exponent of the process.

Definition 1.2.3. (Stable Process) A stable process is a Lévy process (Ly)>q such that L has the

stable distribution.

The Browian motion and the Poisson process are two typical examples of Lévy processes. The
Browian motion is the only (non-deterministic) Lévy process with continuous paths and it is a

stable process with exponent a =2 . The Poisson process is not stable.

Definition 1.2.4. (Self-similarity) Let (L; :t = 0) be a stochastic process on R. It is called selfsimi-

lar if, for any a >0, there is b > 0 such that (L4t):=0 has the same law as (bL;)so.

A process L is said to be a strictly stable process, if it is a Lévy process which also satisfies the
self-similarity property with b = a/%. It is known that a € (0,2], and the case a = 2 corresponds to
Brownian motion. A symmetric stable process is easily seen to be also strictly stable.

When L is a stable process for a € (0,2) then, for any ¢, we have

E(IL;/’)<oco forany O<p<a

E(|L;|’)=oco forany p=a.
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In particular, when a < 1 the expected value of L; is not defined. For more properties of a-stable
process, we refer to Sato [59].

The following theorem is of the most fundamental importance in the theory of Lévy process
which allows to show that the law of a Lévy process is uniquely determined by its drift, volatility

and Lévy measure.

Theorem 1.2.1. (Lévy-Khintchine formula for Lévy processes) Let L be a one-dimensional
Lévy process. Then there exists (unique) b € R, 0 = 0 and v a measure defined on R\ {0} with

Jevo) min(1, x2)v(dx) < oo such that YVu € R, YVt =0,
. 1 .
E(e!®L1)) = ') = exp (t (ibu - Zo%u? +/ (e”‘z -1- iuzl\z|51) v(dz))) .
2 R\{0}

The triplet (b,02,v) is called the Lévy or characteristic triplet and ¢(u) is called the Lévy or
characteristic exponent. Moreover, b is called the drift term, g the diffusion coefficient and v the

Lévy measure.
Note that a Borel measure v defined on R\ {0} is called a Lévy measure if
f min(1,x?)u(dx) < oo
R\ {0}

and it characterizes the size and frequency of the jumps. If this measure is infinite, then the
process has an infinite number of jumps of every small sizes in any small interval.
In particular, if L is a stable real-valued random variable for a € (0,2], then its characteristics

must take one of the following forms:

(1) when a =2, the Lévy measure v =0, so L corresponds to Brownian motion with mean b and

variance o2.

(2) when a # 2, the Gaussian component 02 =0 and the Lévy measure v is absolutely continuous

with density given by

cra @V o+ e |27 V1,0, xeR

where ¢y =0,c_=0,c; +c_>0.

10
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Moreover, in the case a €(0,2), there exist ¢ >0,-1< <1 and b € R such that for u e R, L has

the characteristic exponent of the form:

iub—clul*1- i,[itan(”z—“) sgn(u)) a€(0,2)\{1}
Po(u) =

iub—clul(1+ipZsgnw)log(ul)) a=1.

Note that if a stable random variable is symmetric then its characteristic exponent is given
by

P(uw)=—-Cqylul® forall 0<a<2,

where C, > 0.

A proof can be found in Sato [59] and we can also extend the result for the random variables
taking values in R?, see more details in Sato [59] p.83 and Applebaum [6] p.35. In the following,
we consider the jump activity index or the index parameter of a Lévy process, a non-random
parameter which is independent of time and determines the strength of the jump process at high

frequencies.
Definition 1.2.5. (Jump Activity Index)

a:zinf{rE[O,Q]; lx|"v(dx) < +oo}

lx|<1

where v(dx) is the Lévy measure.

The index parameter of a Lévy process is thus the Blumenthal-Getoor index which was first
introduced by Blumenthal and Getoor [11]. Moreover, for a stable process, it is the so-called
stability index of the process. The interest in identifying the jump activity index stays in the fact
that the index classifies the Lévy process according to the "degree of activity " of jumps: when «a
increases from 0 to 2, the small jumps tend to be more and more frequent.

Every Lévy process can be represented as the sum of three independent processes: a linear

drift, a Brownian motion and a pure jump process. This result is stated as follows:

Theorem 1.2.2. (Lévy It6 Decomposition) Let L be an R-valued Lévy process with Lévy measure v

such that [g\ min(x?, 1)v(dx) < co. Then L has the decomposition

(1.2.1) Lt:/.tt+0'Bt+Zt

11



CHAPTER 1. INTRODUCTION

where p € R, B is a standard one-dimensional Brownian motion, Z; is a pure jump process
corresponding to the jump part of L. Moreover, for a Poisson random measure N independent of

(Bz) on R* x R\ {0} with intensity dt x v, we can represent Z as

Z;=20+2zZP, with
¢

Z;O)zf[ z{N(ds,dz)—uv(dz)ds} and
0 Jiz|l=1

t
zgl)sz eN(ds,d2) =Y (Ls—Ls)yr, -1, >1)-
0 Jiz|>1

s<t

Remark that since Z is a semi-martingale and a standard Brownian motion is a martingale
then L is a semi-martingale.

From the above theorems, we realize that a pure-jump Lévy process is a Lévy process with the
characteristic triplet (0,0,v). In recent years, pure jump models have been widely used, especially
in view of applications to finance (see Schoutens [60], Cont and Tankov [61]), network traffic
(see Mikosch et al [55]) and climate dynamics (see [23]). The reason for this attention is that
pure-jump processes provide a sufficiently rich class of models with jumps to describe more
realistic pictures of empirically observed situations in practice, for example, Cont and Tankov
[61], and Carr et al. [15]. On the other hand, with the progress made in understanding jump

processes, many computations can be handled analytically (see Sato [59], Applebaum [6]).

1.3 Motivation and Overview

1.3.1 Model

Throughout this thesis, we consider a process X = (X;);>0 solving a stochastic differential equation

of the form
¢

(1.3.1) Xt=x0+f b(X,,0)ds+oL; tel0,1]
0

where (L;)sc[0,1] is a truncated pure jump a-stable Lévy process with exponent a € (0,2), f =
0,0)T € R x (0,00) is an unknown parameter and b is a real valued function. More precisely, we

assume that the following assumptions are fulfilled for the truncated a-stable process (L;)sc[o,1]-

12



1.3. MOTIVATION AND OVERVIEW

(i) The Lévy process (L¢)se[o,1] is given by

t t
Lf:ff z{g(ds,dz)—ﬁ(ds,dz)Hff zj(ds,dz),
0 Ji-1,11 0 JI-1,1F

where [i is a Poisson random measure, with compensator 9(d¢,dz) = dt x F(z)dz where F(z)
is given on R by F'(z) = lzl%lm#or(z), a €(0,2). We assume that 7 is a non negative smooth

function equal to 1 on [-1,1], vanishing on [-2,2]¢ such that 0 <7 < 1.

(ii)) We assume that Vp =1,

! P

(1.3.2) fR :((;‘)) T(w)du < oo,
1/ p

(1.3.3) fR TT((;)) T(w)du < co.

We observe this process at discrete times, equally spaced, over the fixed finite interval [0,1], that
means that X is observed at n + 1 discrete, equidistant time-points ¢} = % :=iA,,1=0,1,...n,in
the interval [0,1]. We are concerned with asymptotic properties as the time lag A,, = %, goes to 0.
In practice, this means that we are in the context of high-frequency data. It is known that, in the
diffusion case, we can not estimate the drift parameter in finite time horizon. On the contrary,
for a pure jump process, we can estimate the drift parameter in both cases: a fixed observation
period or a long time asymptotic. Without loss of generality, we can suppose that the observation
interval is [0, 1].

Because of the essential role of the LAN (LAMN) property in parametric estimation problems
and the important applications of pure jump Lévy processes, one of the purposes of this thesis is
to study the LAMN property for the stochastic differential equation given by (1.3.1).

Malliavin calculus is the principal tool to prove the LAMN property and it explains partially
the specific assumptions in (i),(ii). First, since our method is based on Malliavin calculus, the
integrability assumptions for the tails of the Lévy process are crucial to ensure that the process
(1.3.1) belongs to the Malliavin space. Secondly, the stable behavior of the Lévy measure around
zero is also required to make the rescaled process (nY®L,,,) close to the a-stable process (LY).
Then the truncation function 7 ensures both the integrability of |L;|”,Vp = 1, and the exact
a-stable behavior around zero (7 = 1). Moreover, in order to obtain the asymptotic expansion of

the log-likelihood ratio in the study of LAMN property, we need to know about the asymptotic

13
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behavior of the density of the process and its derivative with respect to the parameters. Using
Malliavin calculus, we get the representation formulas for the density and its derivative. These
representation formulas involve some Malliavin weights whose expressions are given explicitly.
Then we observe that the introduction of the truncation function 7 permits to ensure that the

V& and consequently it makes easier the

process (nY%L,,) has no jump of size larger than 2n
control of the asymptotic behavior of the Malliavin weights in order to establish the convergence
in small time of the density. More precisely, the assumptions (1.3.2) and (1.3.3) are technical tools

to prove the convergences of the density and its derivative, respectively.

1.3.2 Background

There is a large literature concerning the LAN (LAMN) property for pure jump Lévy processes
based on high frequency observations, for example, the works of Ait-Sahalia and Jacod [2] [3],
Kawai and Masuda [44], Masuda [53][54], Ivanenko, Kulik and Masuda [35], Clément and Gloter

[17].

In particular, Masuda [53] proposes a joint estimator for a stable Lévy process

(1.3.4) X, =0t+0L?

based on discrete time observations (X;/,)i=1,.. ». He proves the Local Asymptotic Normality

property with the rate u, = diag(n_léﬂ,a , #, \/ﬁl})g(n)) for the estimation of 8 =(0,0,a) with a
singular Fisher information matrix. Consequently, the conventional convolution and minimax
theorems can not be applied and then a lower bound for the asymptotic variance of estimators can
not be deduced in this statistical experiment. Concerning the estimators of the index parameter a

of the process, the author has constructed two estimators djog , based on the logarithmic moments

and @&, based on the lower-order fractional moments for a with the convergence rate \/n".

Recently, to fix the problem with singular Fisher information matrix and know the optimal

rate of estimators for the parameters in (1.3.4), Brouste and Masuda [13] develop the Local

14



1.3. MOTIVATION AND OVERVIEW

Asymptotic Normality property with a non-diagonal norming rate, for example

S VA 0
Up = ﬁ 0 1 —a20log(n)

0 0 1
and a non-degeneracy Fisher information matrix. The convolution and minimax theorems can be
applied in this case and then the optimal rate of convergence of estimator for the index parameter
a when the scale parameter o known is /n'log(n) and is v/n when the scale parameter o

unknown.

In Ait-Sahalia and Jacod [3] and [2], the authors exhibit the behavior of the Fisher information

of a process X decomposed as the sum of two independent Lévy processes
X; = ()'LgK +0U;

where L is a standard symmetric stable process with index a € (0,2], (U;) is a another Lévy process,
independent of (L{) and dominated by (L{). Then they derive that with the scale parameter
o known and the true value a < 2, they can hope for estimators converging to a at the rate
v/n'log(n). The LAN property is also proved with rate n~2 for the parameter o.

More recently, Ivanenko, Kulik and Masuda [35] consider the model
Xt =0t+O’L(tZ +Zt

where L is a non-symmetric locally a-stable process and Z is an independent and less active

process. When X is observed at high-frequency, they prove the LAN property for the parameter

1-1/a
n cplt
B = (0,0) € R? with the rate u, = \/i; " | where Cp = %fn—lla<|u|<1 up(du) which is
0 1

identically zero if the Lévy measure u is symmetric.

In above works, from the linearity of the models then the increments (X i -X =1 )i<i<n are
independent and have the same law as X1/,. The transition density of the discrete time pro-
cess (X i )1<i<n 1s almost explicit therefore the statistical study can be done using the explicit
expression of the density of X;.

Coming back to the model (1.3.1), the difficulty in the statistical study of model (1.3.1) is

that the transition density of the Markov chain (X : ){<j<, is unknown and the link between the
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density of L; and the density of X; is not clear. In this setup, we can mention the recent papers by
Clément and Gloter [18], Masuda [54] where some estimators of the drift and scale parameters

are proposed for the general equation
t t
X =x9 +f b(X;,0)ds +f c(Xs-,0)dLg
0 0

where L is a locally stable pure-jump Lévy process. However, in that case, the asymptotic efficiency
of the estimators is not yet established. The only result about LAMN property, to our knowledge,
in this direction is given in Clément and Gloter [17] where the LAMN property is proved for the
estimation of the drift parameter 6 for the process solution of (1.3.1) (with 0 =1 and a € (1, 2)).
In [17], they show that the LAMN property is satisfied with rate r, = n27® and information

! 2
Sy = fol 0pb(X f ,0)2ds fR (ZJ‘L((L;)) du, where @, is the density of the standard a-stable distribution

with characteristic function u — e~ ¢@lul®,

The first goal of this thesis is to extend the results of Clément and Gloter [17] where the index
a € (1,2) and the parameter appears only in the drift coefficient. Namely, we extend in this thesis
these results to a € (0,2) and prove that the LAMN property holds for the two parameters (6,0)
when the index parameter a is known.

The proof is mainly based on Theorem 1.1.1 and then remark that the asymptotic behavior of
the density of (X;) and its derivative with respect to the parameters need to be known to obtain
the asymptotic of Fisher information matrix in small time, as well as the asymptotic expansion of
the log-likelihood ratio. Because of this reason, we discuss in Chapter 2 the asymptotic in small
time for the density of (X;).

Another purpose of this thesis is to estimate the index parameter (see definition 1.2.5 ) of the
process solving (1.3.1) and assuming that the parameter 6 is known.

In the last part of this thesis, we construct two estimators with the convergence rate /n’
for the Blumenthal-Getoor index a € (0,2) when the scale parameter ¢ is unknown, based on
the two moment-fitting procedures (the logarithmic moments and the lower-order fractional
moments) introduced in Masuda [53]. We prove the consistency and asymptotic normality for the
estimators and the estimation results will be supported by the simulation experiments. If the

scale parameter is known, we construct some estimators of the index parameter with the rate
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1.3. MOTIVATION AND OVERVIEW

v/n'log(n) also based on the logarithmic moments and the lower-order fractional moments.
Besides the above references, we list here some others works concerning the estimation of

the jump activity index from high frequency observations. In Ait-Sahalia and Jacod [4] and Jing,

Kong and Mykland [42] the authors consider the process with the dominant component being a

Brownian motion given by

t t t t
X; :x0+f bsds+f 03W3+f f x(u—v)(ds,dx)+f f xu(ds,dx)
0 0 0 Jlxl<1 0 Jlx|=1

where W; is a standard Brownian motion, b and o are It6 processes and p is a random measure
with compensator v. Based on truncated power variation, they propose estimators for the index
parameter « in high-frequency.

Todorov and Tauchen [63] propose estimation of the jump activity index in pure-jump semi-
martingales setting for which the rate of convergence is vz for V2 < a < 2 (the case a < V2 needs
an assumption of zero drift) based on adaptively chosen optimal power for which the realized
power variation does not explode.

Recently, Todorov [62] considers the estimation of the jump-activity index a € (1,2] of the
process

dXt = btdt'l'O't_st +dYt

where L is locally stable pure jump Lévy process whose Lévy measure around zero behaves like
that of a stable process and Y is a pure jump process which is dominated at high frequencies by L.
He obtains the rate of convergence /7 if a € (1,2) and v/n' u;2 for some sequence u, converging to

zero if @ = 2, by using the empirical characteristic function of the scaled differenced increments.

1.3.3 Overview of the main results

This thesis is divided into four chapters.

Chapter 2: We focus on the asymptotic behavior, in small time, of the density of (Xtﬁ )
with index a € (0,2) for the solution of (1.3.1), as well as its derivative with respect to the
parameter = (0,0)7. This problem plays an important role in asymptotic statistics based on
high frequency observations. Indeed, considering the estimation of § from the discrete time

observations (X iﬁ/n)ogsn, and denoting by plf 1, (%, ¥) the transition density of the discrete time
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process, the estimation rate of the parameter f strongly relies on the asymptotic behavior of the
derivative Vg pf (%, ), as n goes to infinity.

By using Malliavin calculus, we obtain the representation formulas for the density, its
derivative and its logarithm derivative, as an expectation and a conditional expectation. These
representation formulas involve some Malliavin weights whose expressions are given explicitly
(see Theorem 2.3.1) and this permits to analyze the asymptotic behavior in small time of the
density by using the time rescaling property of the stable process. Our results are established
through a careful study of each terms appearing in the Malliavin weights, which is complicated by
the non integrability of the a-stable process as if @ < 1. Moreover, when we study the asymptotic
behavior, in order to deal with any value of the index a € (0,2), we introduce the solution of the

ordinary differential equation

(1.3.5) P =y = fb(;"“e)ds te(0,1, xeR

and then we obtain that n1/® {X b (x) - cn 0, x} is close to a stable Lévy process.
We denote by ¢, the density of L{ where (L}) is an a-stable process with Lévy measure
v(dz) = IZI% 1,+0dz. We have the following results about the asymptotic behavior of the density

and its derivative:

Theorem 1.3.1 (Clément, Gloter and Nguyen [19]). Let (c,' n.0:%0) be the solution to the ordinary

differential equation (1.3.5) and let (B,)n>1 = ((0n,02) )51 be a sequence such that Br u

For all (xg,u) € R,

uo, nGn,xg) n—oo

1. nl/ap 1n(x05 nla +C1 ‘Pa(u)

n n gn, -
1 (0, 25 + 100 222~y b(aco, 0) x @l (w),

uo n,0,,x9\ —00
nl/a apln(an ave t61" ) —

— —q(u) —ugy (),
Chapter 2 is published as the following article:
* Emmanuelle Clément, Arnaud Gloter, and Huong Nguyen. Asymptotics in small time for the

density of a stochastic differential equation driven driven by a stable Lévy process. ESAIM: P/ S,
2018.
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Chapter 3: We discuss the Local Asymptotic Mixed Normality property for the drift and
scaling parameters from high frequency observations, of a continuous time process solution of
a stochastic differential equation driven by a truncated a-stable process with index a € (0,2)
given by the equation (1.3.1). This extends the results of [17] where the index a € (1,2) and only
the Local Asymptotic Mixed Normality property for the drift coefficient is considered. Based
on the expression for the logarithm derivatives of the density with respect to § in terms of
a conditional exception, Malliavin weights and the results about the asymptotic behavior of
the density established in Chapter 2, we derive the asymptotic behavior of Fisher information
matrix in small time for one observation of the process. Furthermore, we prove an asymptotic

expansion of the log-likelihood ratio (using Malliavin calculus for jump processes) and prove that

1_1
n2 « 0
the LAMN property holds for the drift and volatility parameters with rate u, = )
0 n-2
and information matrix I = where
0 Ha

! 2
11 = 25 Jy 00b(XYL,002ds fi 2 du

_ 1 (pawtug,@)?
jzz = ﬁf[R —(pa(u) du.

The proof of the LAMN property is based on Theorem 1.1.1. This part contains also an independent
and interesting result stating a continuity property with respect to the conditioning variable in a
conditional expectation (see Proposition 3.6.3).

Chapter 3 is published as the following article:

* Emmanuelle Clément, Arnaud Gloter, and Huong Nguyen. LAMN property for the drift and

volatility parameters of a SDE driven by a stable Lévy process. ESAIM: P /S, 2018.

Chapter 4: The aim of this chapter is to estimate the index parameter a of a stochastic differen-
tial equation driven by a truncated a-stable process with index a € (0,2) given by the equation
(1.3.1) with known parameter 0 based on high frequency observations on a fixed time period. Ma-
suda [53] has constructed the estimators based on the logarithmic moments and the lower-order

fractional moments for the index a with the convergence rate v/n, when the scale parameter o is
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unknown. Based on the ideas of Masuda [53], in this chapter, we adapt the estimation procedure
to the equation (1.3.1) and provide the asymptotic distributions.
The main tools for establishing the statistical results are Law of Large Numbers and Central

Limit Theorem for

lnilf(n;/a {Xfm —Cl/n(Xt“j)})

with f some suitable functions and ¢/, solving
t
cix)=x +[ b(cs(x))ds te(0,1/n], x€eR.
0

The introduction of this ordinary differential equation is convenient for dealing with any value
of @, however, this leads to a limitation in practice since the drift function b has to be known.
If we know the true value of the scale parameter, then we construct some estimators of the
index parameter with the rate \/n'log(n). Moreover, in this chapter, we give some simulations to

illustrate the finite-sample behaviors of our estimators.
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CHAPTER 2

ASYMPTOTICS IN SMALL TIME FOR THE
DENSITY OF A STOCHASTIC DIFFERENTIAL
EQUATION DRIVEN BY A STABLE LEVY
PROCESS

This work focuses on the asymptotic behavior of the density in small time of a stochastic
differential equation driven by a truncated a-stable process with index a € (0,2). We
assume that the process depends on a parameter = (0,0)T and we study the sensitivity
of the density with respect to this parameter. This extends the results of [17] which was
restricted to the index a € (1,2) and considered only the sensitivity with respect to the
drift coefficient. By using Malliavin calculus, we obtain the representation of the density
and its derivative as an expectation and a conditional expectation. This permits to analyze
the asymptotic behavior in small time of the density, using the time rescaling property of

the stable process.

2.1 Introduction
We consider the following stochastic differential equation (SDE)
t
(2.1.1) XP = xo+ f b(XP 0)ds+oL,
0

for ¢ € [0,1], where (L;)c[o,1] is a truncated a-stable process with exponent 0 < @ < 2 and our

aim is to study the asymptotic behavior, in small time, of the density of (Xf ), the solution of
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(2.1.1), as well as its derivative with respect to the parameter g = (6,0)T. This problem plays an
important role in asymptotic statistics based on high frequency observations. Indeed, considering
the estimation of § from the discrete time observations (X Sn )o<i<n, and denoting by pf /n(x, y) the
transition density of the discrete time process, the estimation rate of the parameter f strongly
relies on the asymptotic behavior of the derivative Vg pf 1m(%,¥), as n goes to infinity. Based on
the results established in the present paper, we derive, in [20], an asymptotic expansion of the

log-likelihood ratio and we prove the LAMN property for the parameter S.

In the last decades, a large literature has been devoted to the existence and regularity of the
density to the solution (X;);, for ¢ > 0, of a general stochastic equation driven by pure jump Lévy
processes. We can mention the works of Bichteler, Gravereaux and Jacod [8], Picard [56], Denis
[22], Ishikawa-Kunita [33], Fournier-Printems [24] and more recently the works of Debussche-
Fournier [21] and Kulik [47], under Hélder continuity assumptions on the coefficients of the

equation and assuming that the equation is driven by an a-stable process.

In this paper, the main contributions are obtained by using the Malliavin calculus for jump
processes developed by Bichteler, Gravereaux and Jacod [8] and adapted to the particular
case of equation (2.1.1) by Clément-Gloter [17]. Although it requires some strong derivability
assumptions on the coefficients of the equation, it leads to some explicit representation formulas
for the density and its derivative (see also Ivanenko - Kulik [34]). Let us mention that alternative
representations for the density can be obtained by other methods, for example the method
proposed by Bouleau-Denis [12] based on Dirichlet forms or the parametrix method used by Kulik
[47].

To study the asymptotic behavior of the transition density of X tﬁ and its derivative, in small
time, we establish some representation formulas. This extends the results of Clément-Gloter [17]
where only the derivative with respect to the drift parameter 6 was considered, with the restriction
a > 1. These representation formulas involve some Malliavin weights whose expressions are given
explicitly. This permits first to identify in the Malliavin weights a main part and a negligible part
in small time asymptotics and then to derive the asymptotics for the density stated in Theorem
2.2.1 and Theorem 2.2.2. In contrast to [17], the exposition now involves the solution of the

ordinary differential equation defined by the deterministic part of (2.1.1). Moreover, the study
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of each terms appearing in the Malliavin weights is complicated by the non integrability of the
a-stable process as a < 1.

The present paper is organized as follows. Section 2.2 contains the main results (Theorem
2.2.1 and Theorem 2.2.2). Section 2.3 presents the methodology consisting first in a representation
of the density by Malliavin calculus where the Malliavin weights can be decomposed into a main
part and a negligible part and then in the study of their asymptotic behavior. We prove our main
results in Sections 2.4 and 2.5. Finally, in Section 2.6, we recall the Malliavin integration by parts
setting developed by [8] and used in [17], and give some representations of the transition density,
its derivative, as well as its logarithm derivative. We also explicit the iterated Malliavin weights

appearing in the expression of the derivative of the density.

2.2 Asymptotics for the density and its derivative

We consider the process (X f )ief0,1] solution to the stochastic equation (2.1.1) where (L)se[0,1] is
a pure jump Lévy process defined on a filtered probability space (2,%,(¥;)se[0,11,P), b is a real
valued function and the parameter = (6,0)T belongs to R x (0,00). We assume that the following
assumptions are fulfilled.

H;: (a) The function b has bounded derivatives up to order five with respect to both variables.

(b;) The Lévy process (L;)se[0,1] is given by

t t
L= f f 2{ii(ds,dz)—(ds,dz)} + f f zfi(ds,dz)
0 JI-1,1] 0 J[-1,1]°

where i is a Poisson random measure, with compensator 9(d¢,dz) = dt x F(z)dz where F(z) is
given on R* by F(z) = M%T(Z)’ a €(0,2). Moreover, we assume that 7 is a non negative smooth

function equal to 1 on [-1,1], vanishing on [-2,2]¢ such that 0 <7< 1.

J
J

Under these assumptions, Xtﬁ admits a smooth density for ¢ > 0 (see Section 2.6), and we

(b;;) We assume that Vp =1,

p

LAC) T(u)du < oo,

T(u)
T”(u)

T(u)

P
T(u)du < oo.

denote by pf (x,y) the transition density of the Markov process (X f ).
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Throughout the paper, we will use the following notation. For a vector & € R%, AT denotes the
transpose of &, and |A| denotes the euclidean norm. For a function f defined on R x R? depending
on both variables (x, 8), here = 0,0)T € R x (0, +00), we denote by f' the derivative of f with

respect to the variable x, by 0gf the derivative of f with respect to the parameter 8, by d,f the

Oof
derivative of f with respect to the parameter o, and Vgf =

0o f
The regularity assumption H;(a) on the drift coefficient b is a sufficient condition to obtain

the representations of the density and its derivative. This assumption could be weakened but our
methodology is based on the Malliavin calculus developed in [8] that requires strong regularity
assumptions on the coefficients. From Theorem 10-3 in [8], the computation of the Malliavin
operators for a stochastic differential equation needs coefficients with derivatives up to order
three. As we iterate the Malliavin operators we need derivatives up to order five (see Lemma

2.6.2). Note that we relax the boundedness assumption on b assumed in [17].

Remark 2.2.1. The assumptions on the Lévy measure are restrictive and one may expect that our
results hold with a more general Lévy measure F(z) = IZI% g(2), where g satisfies (b;;) and g(0) = 1.
However in our approach the integrability assumptions for the tails of the Lévy process are crucial
to ensure that our process belongs to the Malliavin space. Moreover, the exact a-stable behavior
of the Lévy measure around zero is also largely used (see Lemma 2.3.1) to study the Malliavin
weights asymptotics. The truncation function T ensures both the integrability of |L;|P,¥p =1, and
the exact a-stable behavior around zero (1 = 1). It permits the careful study of each Malliavin

terms appearing in the representation formulas (2.3.12) and (2.5.1). All these terms are not yet

being in control without these restrictions on the Lévy measure.

Our aim is to study the asymptotic behavior of pg (x9,u) (the density of X [z ) and its derivative
with respect to the parameter §. To this end, we introduce the solution to the ordinary differential

equation
1 t

(2.2.1) PO = o 4 = f b(cHP™,0)ds tel0,1].
nJo

Heuristically, nYex f = c'll’g’xo) is close to onY®L 1/n and from assumption H;(b;), the rescaled

process (nY/ %L /n)sel0,1] converges in distribution to an a-stable process (L{)sc[o,1] (see Section
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2.3.1). Our first result shows that the density of 2— n! (X Un~ c'lz 0, *0) converges to the density of LY,
as n goes to infinity.

In what follows, we denote by ¢, the density of L{ where (L) is an a-stable process with
Lévy measure v(dz) = |a+1 1,+0dz.

With these notations, we can state our main results. In view of statistical applications, we need
some uniformity with respect to the parameter around the true value = (,0)” and consequently

we study the asymptotic behavior of p'," where (8,)n>1 = (0n,0,) )yt is 2 sequence converging

to B.

Theorem 2.2.1. Let (c?’g’xo) be the solution to the ordinary differential equation (2.2.1) and let

(Bn)n=1 be a sequence such that B, Lz, B. For all (xo,u) € R2,

uo n,0,,x0y R—00
L nl/ap1n(x0,n1/2+cl ") —— @q(w),
n,0,,x
2. sup,ecpsup, 1/ap1n(x0, 1/n+C ") < oo,

where @ is the density of LY.

If the solution to the ordinary equation (2.2.1) is not given explicitly, we can approximate it
by a numerical scheme. The previous convergence will be preserved if the order of the numerical

scheme is sufficiently high. This is explain in the next remark.

Remark 2.2.2. If we assume that the function b is of class €% with respect to x (k = 0) and

setting A(f) = bf' (and A%f) = f) such that f(c}"™,0) = f(cp"™,0) + [H(AF)EP™,0)ds, we

obtain
n,0,x0 _ 1 [t 0 n,0,xo
G, x0+— A (b)gq ,0)ds
tAOb x0,0 i (Ab
- UAD)(x0,0) | f f (A4b) . PO 0)dtadt
(k),n,0,x f b k n,0,x
= (b f f f (ARB)CO™ 0)dtysy...dt
¢ nk+1 o Jo o te k+ t
0 2 k k-1
with C(k) ,n,0,%0 _ = x0+ tA b’)l(xo,H) n t (A;))(zxo,ﬁ) ot t"(A kybz(xoﬁ) fOT‘ k> 1, and C(O) n,0,x0 _ = Xo.

Assuming moreover that the function b has bounded derivatives, we deduce that

n,0,xo (k),n,0,x C
St 6 = e
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Then from the proof of Theorem 2.2.1, if nV*/n**1! goes to zero, we can replace cn Ons%0 by (k)’n’a”’xo

in the statement of the theorem and we obtain

On uo - . 1
e ”( X0, / C(k)nen’xo) 22 paw), if R>—-1.
n a

(0) n Bn;xO

In particular, if a > 1, the choice ¢ = Xxq is convenient as established in [17].

Remark 2.2.3. The results of Theorem 2.2.1 have been obtained by Kulik [47], using the parametrix

method.

The next result gives the asymptotic behavior of the derivatives of the density with respect to

the parameters 6 and o.

Theorem 2.2.2. Let (8,),>1 be a sequence such that B, 27, B. For all (xg,u) € RZ,

n n 9?’1,7
1 (0, 252 + 617 0) 22— b0, 0) x @l (w),
nl/a Oop 1n(x0a 1/:+C1 mxo) _(Pa(u) u@eu),
11 n On Qny
i1) SUpPyer SUP, 2 laﬁp (an Ve +Cn *0) < 00,
SUPyer SUP, nl/aao'p 1”(350, 1/Z +C1 Or%0)| < 0o,

Considering the statistical experiment (R”,QBn,[P’,ﬁl) corresponding to the observation of

(X )i<i<n, Theorems 2.2.1 and 2.2.2 permit to prove in [20] the L?-regularity property of the

iln

transition density pf 1 (6,9

Vﬁpl(Xﬁl,y)

ﬁ+r 1/2 5 s 1/2 1 T oo
e [ ot (xtao) ot i)t T |
n\ n (p W2(X 1,3’)

Q=

0

1_
n2
with rate r,, =

DI

0 n-
In this application, the sequence (8, = (0,,0,)7) is (B + rph). The L2-regularity property (re-

lated to the L2-differentiability of ,3 — ( p‘i )2 is the first step to obtain an asymptotic expansion

LX f ) (see Theorem 2.1 in [20]) and to deduce the

of the log-likelihood ratio log P, (X

1/n>"
Local Asymptotic Mixed Normahty property (see Jeganathan [39]). We proved that the LAMN

property holds (Corollary 2.4 in [20]) for the parameter 8 with rate r, and information matrix
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Ju 0 e L2
= where 711 = 2 [0l 9pb(XE,0)2ds [, 22 qu and Sgp = L [ @) g A

ol @a(u)
0 j22

a consequence, we deduce that the estimation rate for 6 is n3~a and that the estimation rate for
o is the usual one 3. Moreover, the best asymptotic variance of any regular estimator of § (that
converges in distribution with rate r,) is the inverse of the information matrix .#.

The proofs of Theorems 2.2.1 and 2.2.2 are based on the representations of the density and
its derivative obtained by using Malliavin calculus and on the study of the asymptotic behavior

of the Malliavin weights. This is given in the next sections.

2.3 Rescaling and representation of the density in small time

In this section, we give a representation of the density and identify in this representation the
main terms and the remainder terms. This decomposition is a key step for the convergence study

and is mainly based on the rescaling described in the next subsection.

2.3.1 Rescaling

We can observe that the process (nV*L,,,) equals in law to a centered Lévy process with Lévy

measure

V4

7( ).

|z|1+‘7‘

As mentioned previously, this clearly suggests that when n grows, the process (nV*L,;,) converges
to an a-stable process. In the sequel, it will be convenient to construct a family of Lévy processes
(L})n=1 with the same law as (nV®L,,), on a common probability space where the limiting
a-stable process exists as well, and where the convergence holds true in a path-wise sense, as
done in [17].

Let us consider u(dt,dz,du) a Poisson measure on [0,00) x R* x[0,1] with compensating measure
vé(dt,dz,du) = dtlz‘liﬁdu and we denote by pé(dt,dz,du) = u®(dt,dz,du) — v®(dt,dz,du) the
compensated Poisson random measure. This measure corresponds to the jump measure of an

a-stable process, where each jump is marked with an uniform variable on [0, 1].

27



CHAPTER 2. ASYMPTOTICS IN SMALL TIME FOR THE DENSITY OF A STOCHASTIC
DIFFERENTIAL EQUATION DRIVEN BY A STABLE LEVY PROCESS

We define the Poisson measures u'™, for all n > 1, and u by setting :

VYA c [0,00) x R, H(n)(A) = / f 1A(t,z)1{u51(ﬁ)}ﬂe(dt,dZ,du),
[0,00) JR J[0,1] n

VA c[0,00) xR, ,u(A):f
[

ff 14(t,2)ué(dt,dz,du).
0,00) JR J[0,1]

By simple computation, one can check that the compensator of the measure u™(dt,dz) is

V(dt,dz) = dt x 1( f,a)lz‘liﬁ =dt x F,(z)dz and the compensator of u(dt,dz) is v(dt,dz) = dt x

n
# Moreover, we note i (dt,dz) = u™(dt,dz)-v"™(dt,dz) and ji(dt,dz) = u(dt,dz)-v(dt,dz)
the compensated Poisson random measures. Remark that since 7(z) =1 for |z| < 1, the measures
/,t(”)(dt,dz) and u(dt,dz) coincide on the set {(¢,2)|t €[0,1],|z| < ntay,

Now we define the stochastic processes associated to these random measures,

t t
(2.3.2) LY :f f zﬁ(ds,dz)+f f zu(ds,dz),
0 Ji-1,11 0 J-1,11°

t t
(2.33) L'= f f zfi™(ds,dz) + f f zu™(ds, dz).
0 [,nl/a’nl/a] 0 [,nl/a’nl/a]c

By construction, the process (L{) is a centered a-stable process and the process (L7}) is equal

in law to the process (n “Ly/n)tel0,11, since they are based on random measures with the same

/

compensator. Remark that the jumps of L} with size smaller than nV® exactly coincide with the

jumps of L% with size smaller than n/%. On the other hand, the process L" has no jump with a
size greater than 2n1/%.
Using that the measures p and u(”) coincide on the subsets of {(¢,2);|z| < nV/?}, and the function

z 1 _ 1 :
T(W)IZIT“ = e is symmetric on |z|<n

t t t
(2.34) L'= f f zji(ds,dz)+ f f zu(ds,dz) + f f zp™(ds,dz).
0 J[-1,1] 0 Ji<|z|<nVe 0 JnYa<|z|<2nle

The following simple lemma gives a connection between L" and the stable process L%.

Va we can rewrite:

Lemma 2.3.1. On the event A, = {u({(t,2)l0<t<1,|z| = nay) = 0}, we have

(2.3.5) u =y, LP=LY,
and
(2.3.6) P(A,)=1+0(1/n).
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Furthermore, let (fy)nen and [ be measurable functions from £ x[0,1] xR to R such that there

exists C with P(C)=1and Yo e C,Vs€l[0,1],V|z| >1 fr(w,s,2) 7, f(w,s,z). Then

a.s

1 1
(2.3.7) f folw,s,2)u™(ds,dz) ”_’_°°,f flw,s,z2)u(ds,dz).
0 Jjz|>1 - JO J|z|>1

(e 0]

n—
Moreover; we have sup,epg 17|L} —LY| — 0.

Proof. We know that the measures ,u(") and pu coincide on the set {(s,z)|s € [0,1],]|z] < ntay,
and by comparison of the representations (2.3.2) and (2.3.4), it is clear that equation (2.3.5)
holds true on the event that the supports of the random measure y and p™ do not intersect
{(t,2)|0 <t <1,|z| = nV/*}. On the other hand, the support of " is included in the support of p,

and thus (2.3.5) is true on the event

A, ={pdt,2)0<t<1,]z| =nY*) =0}

The probability of the latter event is e~2/%"

which converges to 1 at rate 1/n as stated. Then we
also get (2.3.6).
Let A=U}? A, we get that P(A) =1 since A, € A, +1 for each n € N and (2.3.6) holds. Thus, for

all w € AnC,3ng(w) = 1,Yn = no(w), '™ = p and fr(w,s,z) — f(w,s,z)Vs €[0,1],V|z| > 1. Then we

deduce that
1 I
f fn(w,s,z)ﬂ(n)(ds,dz) S f f(a),S,Z),u(ds,dz).
0 JizI>1 as. Jo Jiz>1
We also get supycjo 17|L} — L] =0, |

2.3.2 Representation of the density in small time and first approximation

We introduce the process (Ytn"6 ’xo)te[o,l] given by
_ 1t
(2.3.8) Y = o+ = f b(¥,P,00ds + — L} tel0,1],
nJo nYa

where (L?}) is defined by (2.3.4) and is such that nTl/a(L?) equals in law to (L, ). By construction,
the process (X f)te[o,l] equals in law (Ytn’lj o )eefo,1]- Let g0 be the density of Yln P%0 then the

connection between the densities of X /j and Yln P jg given by

n

(2.3.9) Pl (o, %) = " (x).
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Using the Malliavin calculus for jump processes recalled in Section 2.6, we get a representation
of the density of X f involving some random variable %Y;,ﬁ,xo(l) (Malliavin weight). Moreover, we
obtain an asymptotic expansion of this weight that leads to the decomposition of the density into
a main part and a remainder part.

To state our next result we define (€ )se(0,1] by
n_ 1 (% ) onpBx
(2.3.10) €; =exp|—| b(Y, ,0)du
nJo

and the function p"

24 if |z1<1

(2.3.11) p"(2) =1 ¢(2) if 1<|z/<2

21(FEE) if 1z21>2,
where 7 is defined in assumption H;(b;), and { is a non negative function belonging to C* such

that p” belongs to C*. The function p” is an auxiliary function related the the Malliavin calculus

developed in [8]. In our setting, the above choice (not unique) is convenient (see Remark 2.4.1).

Theorem 2.3.1. Under the assumption H1, we have

(2.3.12) Pl (0,1 = ") = EQ s Hognosa (L),
with
1 yal .
(2.3.13) Hognpso (D) =~V | A7 (1) + 75 51| + R (1) + 985 (1) + 923 (1),

The main terms ﬁfﬁ(l),iggﬁ(l) are given by

(2.3.14) A (1) = Jo Jo€3p™(2)(p™Y ()™ (ds, d2)
3. 7 o(1) = 2|
| €1 [fol fR(Gg)_Zp”(z),u(”)(ds,dz)]
on [ Jo JrE€) (0™ (2) - L2 pn(2)] n(ds, d2)
(2.3.15) %2,ﬁ(1): B n rl ny-2,n (n) s
~ el fo JrEeD2pM ()" (ds,dz)

and the remainder terms satisfy for any compact subset @ <R x (0,00)

C C C
(2.3.16) Vp=2, Esup %’I’ﬁ(l)r <=, sup|%gﬁ(1)| <—, supl%gﬁ(l)l <—,
peQ ’ n peQ ’ n peQ ’ n

where C is some deterministic constant.
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Let us heuristically explain how this decomposition permits to establish the result of The-

orem 2.2.1. Let (f8,) be a sequence converging to . First, from Lemma 2.4.1, nY “(Yn B0 _

c'll’g”’xo) converges almost surely to oL?, this permits to check that 1 (Ve g0 _ con-

n,0n,x
-1 " 0z0,0)

n,0,,

verges to l{La>v} From Theorem 2.3.1, we deduce that 1/ap 1"(x0, TRU+ Gy %) is close to

[El{La>u}[ ﬁ (D) + A ﬁ (1)] and it remains to study the limit of the main terms.

We can see from the definition of p” that p™(z) ——— p(z) where

2t if JzI<1
(2.3.17) pR)=4¢(z) if 1<|z1<2,

22 if |zl >2.

Combining this with Lemma 2.3.1, it permits to establish the almost sure convergence of the

main terms:

(2.3.18) A5, () "= 70 (1),
(2.3.19) oy 5, (1) == e 1+(1),

where 1 1,4(1), 7, 1,«(1) are given by

S e (2pds, d2)
|2 e p2u(ds,d2)|
Jo Jalp'@)- 12 (2| u(ds, dz)
Iy p(@uds,dz)

(2.3.20) F1 1a(1) =

(2.3.21) Fy (1) = —

Moreover, the limit weight # 1,«(1) + #% «(1) can be interpreted as a Malliavin weight (see

(2.4.29)) and we have the following representation for the density of L{

Patt) = Elpy oo/ LA Lo (1) + by 1+(D].

n,0,,

This suggests that, as n goes to infinity, ~TaP 1" (x0, 3 TU T 6] ) is close to @q.

This is rigorously established in the next section.
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2.4 Proof of Theorems 2.3.1 and 2.2.1

2.4.1 Proof of Theorem 2.3.1

The proof is based on the Malliavin calculus developed in Section 2.6. We recall that ¢™A* is
the density of Yln #% 2nd that the connection between the densities of X f and Yln P jq given by
Pl (o, %) = ¢"P0(z).

We use the framework of Sections 2.6.1 and 2.6.2, with g(z) := F,(2) = lzlﬁr(nfw) and with
the auxiliary function p” defined by (2.3.11) such that it satisfies all conditions of Section 2.6.1.

From the assumptions on 7, we can easily deduce that

22 if 2<|z|<2nl®
):
0 if |z|>4nVe.

2
o T(2n1/a

n—oo

Moreover, we recall that p"(z) p(z) where p is defined by (2.3.17). Note that from the

definitions of p” and p, we can easily see that p”(2) = p(z) if |z| < 2nV?.

Remark 2.4.1. The choice of the auxiliary function p" for |z| < 1 ensures that the non-degeneracy
condition (2.6.6) is satisfied. It will appear later that the choice of the auxiliary function p"
for |z| > 2 permits to obtain Malliavin weights sufficiently integrable to compensate the lack of

integrability of L{ (see Remark 2.5.1 below).

The equation (2.3.8) (defining (Ytn’l3 ")) is a particular case of (2.6.1) with the function a and

the constant ¢ given explicitly as

1
(2.4.1) a(x,0) = ;b(x,@), c= m

Under the assumptions H;, we can apply the results of Theorem 2.6.1 to Yln P% The non-

degeneracy assumption is verified by the choice of p"(z) near zero (see (2.3.11)). Let us denote by

Ut”’ﬁ = F[Ytn’ﬁ’xo,Ytn’ﬁ’xO] and th’ﬁ = F[Ytn’ﬁ’xo,Utn’ﬁ], then we obtain:

P 0, 1) = g 00) = B g Hopana (D

with
(2.4.2) A 1) Wln ' 2LY1n o
N Yn,ﬁ,xo = ) i
' wrhy ot
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Applying the results of Theorem 2.6.1 and solving the linear equations (2.6.8)-(2.6.10) (with a
and c given by (2.4.1)) we get,

)2 2
(2.4.3) Uf’ﬁ

f f () 2p" (@)™ (ds, d2),

_ e 1 _
(2.4.4) L(Yln’ﬁ’x‘)):ﬁ fo b"(¥P oyUrP ey ds

f f €)™ (2 R Fy@ " ()1 (ds,dz),
(z)

nl/a
(2.4.5)
0.3(€n)3 1 2 6”)3 1 B 9
npo 1 €)™ @p" (™ (ds,d2) + —— | b" TP, 00U ) Pds.
1 nda  Jo Jo ® n Jo s

Recalling that F,,(2) = —k-7(%) (see (2.3.1)), then P& _ _1ta 7@ 1 if1,1<9ple Based

F )~ z 1(2/nVa) ple

on these expressions and (2.4.2) we deduce, after some calculus, the decomposition (2.3.13), where

the remainder terms are given by,

la)

fol JpeM) Lo (z) T2 (Z/”l,,,) p™M(ds,dz)

(z/n

(2.4.6) R (1) =—
b g€l fo fule})2pn ()™ (ds,d2)
2D fo 0" TP UL ()P
: n(U;")?
@ fo @R 00 e lds
(2.4.8) R (1) = —
’ 2n(U;™)

We can establish the following bounds for the remainder terms.
For " ﬁ(l) since (€¢7) is lower and upper bounded uniformly with respect to  (recall (2.3.10)),

and since 7'(z) =0 on [—1, 1] then for M a positive constant we have

1 "(z/ Va
n fO ji2|>2 22 i((:/,?l/a)) H(n)(ds’dz)
(2.4.9) sup 92 (1| < M . S _
peQ Jo S22 220\ (ds, d2)

Assume that there exists a jump of the Lévy process L” in [-2nV%, —nV%) U (nV®,2nV?], then we
get fol Jiais2 22u™(ds,dz) > n?%. Thus,
2 | t'(z/nV%)

1
(2.4.10) fO flz|>2z 7(z/n V) ll(n)(ds,dz)<f1f ( - )2
f()ljiz|>222ﬂ(n)(d$,dz) B 0 Jiz|>2 nl/a
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Assume that there are no jumps in [—2n1/"‘,—nl/“)u(nl/“,2n1/“], since 7(z/nY%) =1 if |z| < nV?,

then 7/(z/nV%) = 0 and as a consequence, the right-hand side of (2.4.9) equals zero in this case.
In both cases, for any p =1

TI(Z/nl/DL)
7(z/nV/e)

2.4.11) [ fOl./iz|>222 ﬂ(n)(ds,dz) P [E(flf ( 2 )2
4. <
\/‘Olflz|>222ﬂ(n)(dsyd2) 0 Jiz|>2 nla

Now from p"(ds,dz) = i™(ds,dz) + v'"(ds,dz), by convexity inequality, we have for C(p) a

1 2 2
E
[fo f|z|>2(n1/“)
v e[ 5]
o =V 0 Jizi>2 \nle

1 2 )2
C
+Cp) [fo f|z|>2(n1/“)

Using Kunita’s first inequality (see Theorem 4.4.23 in [6]) for p = 2, there exists a constant

Tl(z/nl/a)
1(z/nV@)

p
,u(”)(ds,dz)) .

positive constant

T/(Z/n l/a) p

1(2/nVe)
T'(z/nV%)
1(2/nVa)
T/(Z/nl/a)
1(2/nVe)

uM(ds,dz)

p
1™(ds,dz)

p

v"™(ds,dz)

D(p) > 0 such that

[E[folfzbz(niOL)2 TTI((S//le//:)) a"(ds,dz) ’

o[ ] o]

o f01f|z|>2(nf/“)2p TT,((ZZ//Z;/:)) pU(n)(ds,dz)

:ig;) [Olfl2(ual—3 % 2T(u))duds P/2+ ?Llfj(ﬁ % pT(u))dUds |

where we have used that v'"(ds,dz) =ds lzl}ﬂ, 1(z/nV*)dz and the change of variable u = ﬁ

Moreover, we have

(2.4.13)
1 2 2 T’(Z/nl/a) p 1 P 2 T’(Z/nl/a) 1 p
(n)d d — f f ( ) / l/ad d
[fo f|z|>2(n1/“) ity | (ds,d2) 0 Jizis2 \nV@) | 7(z/nV) |Z|1+“T(Zn Jdzds
1 1 p2 1 T’(u) P
=|— dud
nfofl 21 | 70) T(uw)duds

Under the assumption Hy(b;;), we deduce Esupgeq |@?ﬁ(1)|p <C/n,Vp=2.

n.p
Using that b has bounded derivatives and that supgeq Supo<y<1 % is bounded, the remainder
1
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terms R} ﬁ(l),R 3 ﬁ(l) satisfy the upper bound

C C
sup|Rj 5(1)| < —, sup|Rj ,(1)I< —,
pe@ noope@ n

where C is some deterministic constant.

2.4.2 Proof of Theorem 2.2.1

1/"‘(Yln’ﬁ’xo - c?’g’x") is close to a stable Lévy process.

We first prove that n
Lemma 2.4.1. Let (g?’e’xo) be the solution to the ordinary differential equation (2.2.1), then
Va3 1:Pnx 1,0, %0y 00

(2.4.14) n(Y; O =) — oLY,

for any sequence () converging to B, and this convergence is uniform with respect to xy.

Proof. Using (2.3.8) and the boundedness of b’, we have for ¢ € [0,1]

’nl/a (Ytn,ﬁn,xo _ C?,Gn,xo) _ O_L(tl

1 [t _
= fo nla [b(YSn’ﬁ"’xo,Hn)—b(c;"e’“x",@n)] ds +[op L7 - oLY]

1t -
< ;L ||bl||oo Hn]./a (styﬁn,xo _ C;L,Hn,xo) _ O.Lg

allblleo ;4 n a
]ds+ |L¢|ds+ sup |o,L} —oLy|,
n 0 tel0,1]

where |||l = sup, ¢ 16'(x,0)|. Applying Gronwall’s Lemma, we get

(2.4.15) sup

X0

<C

ki

1
o
—f IL%|ds+ sup |lo,L} —oL¥|
n Jo t€[0,1]

nla (Yln,ﬁn,xo _ Crll,(?n,xo) _ UL(f

where C is a positive constant.
From Lemma 2.3.1, we have sup;¢(q 17 1L} —L{| 2%, 0 and we deduce SUpPyepo 17 lon Ly —0 LY 22,
0. Since t— L is cadlag, we get fol IL%|ds < o0 a.s., then %fol IL%|ds 2%, 0 and we get the result

of Lemma 2.4.1. |

We now proceed to the proof of Theorem 2.2.1. From (2.3.9) and Theorem 2.3.1, we have the

representation
(2.4.16)
On Bn Uagn n,0,,%0y _ On n,ﬁ,xo Uagn n,0,,%0y _ On
a1 o, g T = 5 et )=E 1{171””’""‘02%%’11‘9"“0} —Ta (D),

where [ Hp (D) = Ay +y, Dtz D+ 5 (D+ 3R

Y e R 5, (1, with 27 5 (1), 755 (1)

n
3,
given by (2.3.14), (2.3.15) and ‘%’11/3 (D), %gﬁ (D), ‘%gﬁ (1) satisfy the bounds (2.3.16).
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Since b’ is bounded and p"(z) = 0, we deduce the upper bounds

[ 1 n ny (n)
(2.4.17) |27, 0| =C* Jo JeP" @10 @)y (ds.d2) |
| [fol pr”(z)u(”)(ds,dz)]
X ' f()1 f[R |Pn’(2)| + 1‘+7|0¢pn(z) u(”)(ds,dz)
(2.4.18) ‘ sy (1)| < : |
. Jo Jrp"@u™M(ds,dz)

for some constant C* > 0.

We now show that sup,, Jiozn 5 (1)|p are integrable Vp = 1. The proof will be

. p
%fﬁn(1)| and sup,,

divided into the two following steps.
Step 1: We show that the right-hand side of (2.4.17) is bounded by a random variable independent
of n and belonging to N,>1L?. In fact, since the measures u(”) and p coincide on the set {(s,z)|s €

[0,1],]z] < nl/“}, and p™(z) = p(z) on the support of the Poisson measure u(”), we have

(2.4.19)
fol f[R p"(z)l(p”)'(z)lu(”)(ds,dz) < fOl ./iz|52 |p/(z)| p(2)ulds,dz) N fol '/iZ|>22|Z|3,U(n)(ds’dZ)
2 - 2 2
|fo Jepm@u™(ds,d2)| (Jo foiap@utds,d2))” (fo S22, d2))

We first consider the first term in the right-hand side of (2.4.19). Using that p,p’ belongs to

Np=1LP (12 <2l2]717%d 2), we get

1 p
(2.4.20) [E[( fo fl | le’(z)lp(z),u(ds,dz))

<oo, Vp=1.

On the other hand, since p satisfies the non degeneracy assumption (2.6.6), [ fol fl 212 p(2)uds,dz)]™t
belongs to N,>1LP [see [17, Theorem 4 p.2323]], we deduce that the first term of (2.4.19) belongs
to Np>1LP, moreover, it does not depend on n .

Turning to the second term in the right-hand side of (2.4.19), since v'"({(¢,2)|0 < t < 1,]z| > 2}) < oo,

we have the following representation [see Chapter VI in [16]]

1 Ny
f f 20221 (ds,dz)= Y 21Z;1® as.,
0 Jz[>2 i=1

1 N,
f f 2u™(ds,d2) =Y Z? as,
0 Jlz|>2 i=1

where N = (IN;)1>¢=0 is a Poisson process with intensity 1,, = fl

(2.4.21)

z|>2Fn(z)dz < o0, and (Z;);>¢ are

ii.d. random variables independent of N with probability measure F—”(Z)i':‘”dz. Thus,
Js fup2 22U ds,dz) T 2020 2 22
1 2 N 2~ Ni 4 —
(F osrtnas]] (] B
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where we used Zi2 =0 and |Z;| > 2. We deduce that sup,

Jgfﬁ (1)|p is integrable Vp = 1.

Step 2: We show that sup,

J?z” 8 (1)|p is integrable.
Using the definitions of p” (recall (2.3.11)), p (recall (2.3.17)) and p™ = p on the support of the

Poisson measure p™ (see Section 2.3.2), we have

Jo Ji

10" ()] + 12 0(2) | u™(ds, d2)

fol JrpM (@)™ (ds,dz)
_ Jo e |0 + p2) 58 ) u(ds, d2) ) S 1293 + @zl (ds,dz)
B Jo J1<2 p(@)ulds, d2) fol J1>222u(ds, d2)

(2.4.22)

where we used fol Jizi<2 P(@ds,dz) = 0, fol Jiz>2 ()™M (ds,dz) = 0, and the equality of p™®
and p on the set {(s,z)|s €[0,1],]z]| < nVay,

Proceeding as for the first term in the right-hand side of (2.4.19), we also get that the first term
of (2.4.22) belongs to Np>1L”.

On the other hand, for the second term of (2.4.22) we have:

o S22+ @)lzlu™(ds,d2) 3 Iy S22+ )22 (ds, d2) -
< =3+a.
fol Jiz>2220(ds, d2) fol S50 221 (ds, dz)

This completes the proof of Step 2.

We finally deduce (with additionally some uniformity with respect to xg)

(2.4.23) Vp=1, [E(sup

n,B,xo

J?{fﬁ(l)|p + sup

n,B.xo

N p
Jfgﬁ(l)| ) < oo,

Recalling the almost sure convergences (2.3.18) and (2.3.19), we get from the dominated conver-

gence theorem the L”-convergences

(2.4.24) g, (D=2 A pe(D), Vp=1.
(2.4.25) Ay, (D= Ho 10D, VP21,

where /1 1,+(1) and /% 1.«(1) are defined respectively by (2.3.20) and (2.3.21).
On the other hand, Lemma 2.4.1 implies that n1/ "‘(Yln B0 _ c’ll’g’“xo) converges almost surely
to oL{. Then, using P(L{ = u) = 0, we deduce the almost sure convergence

Va x7PnsXo 1,0,
n a(Yl n _C]_ n 0) oo

a.s. 1[u’°°)(L(f)'

(2.4.26) 1{Y1'L’ﬁ"’x°2:1%+6';'0"'x0} = 1[u,oo) on
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Applying the dominated convergence theorem, we get the latter convergence in L?, Vp = 1. This
gives finally :

On
nl/a

uo —
qn,ﬁn,xo(nT/Z + CrIL,Hn,XO) n—oo) E[l[uyoo)(L‘f)gnya(l)],

(2.4.27)

where #,«(1) = A 1«(1) + A 1,«(1) and A1 1,«(1), 76, 1,«(1) are given by (2.3.20), (2.3.21), respec-
tively. Remark that, we also get from (2.3.12), (2.3.13), (2.3.16) and (2.4.24), (2.4.25)

o uo 0
n qn,ﬁn,xo( n +Cn’ n;x0)<oo.

(2.4.28) supsup 7 ola T61

ueR n
To finish the proof of the convergence, it remains to show that

(2.4.29) Pa(w) = El1[y 00) (L)AL (D).

Let us denote by ¢"(u) the density of the variable L7. We consider the situation where the drift

function b =0 and xy = 0 for which nl/“Yln’ﬁ’xO =oL’. Then (2.4.27), (2.4.28) yield

(2.4.30) @" () === E[ 1y o0y L) AL(D] := y(w),
(2.4.31) supsup¢” (u) < co.
ueR n

Assume by contradiction that, for some u, we have y(u) # ¢q(u). Since P(L{ =u) =0, it can be
seen that v is continuous at the point u. Hence, one can find a continuous, compactly supported,

function f such that

(2.4.32) f Fp)da £ f @) pa)dx.

n—oo

On the one hand we have, E[f(L7)] = J @™ (x)dx —— [ f(x)yp(x)dx where we have used the

dominated convergence theorem with (2.4.30)-(2.4.31). On the other hand, we can write

(2.4.33) E[f(LD]=Elf LD1gr =Ll +Ef (LD Lgr 209

n—oo

By Lemma 2.3.1, we have P(L] = L{) —— 1. We deduce that,
2.4.34) ELFELM] 222 ELFLE)] = f F©pa(0)dx.

This last convergence result clearly contradicts (2.4.32) and we get (2.4.29).

Combining the preceding results with (2.4.27), we can get the results of Theorem 2.2.1.
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2.5 Proof of Theorem 2.2.2

The proof'is divided into three steps. We first give a representation of the derivative of the density
and explicit the iterated Malliavin weights based on the calculus given in Section 2.6. We then

study the convergence of these weights and proceed to the proof of Theorem 2.2.2.

n

2.5.1 Representation of Vgp'," and computation of the iterated Malliavin

1
n

weights

We intensively use the results of Section 2.6. From Theorem 2.6.3, we have the representation

n uo Ons - xg WO 0.,
(2.5.1) Vﬁpﬁl (xo,nT/Z+C’11 xo)zvﬁqn,ﬁ xo(nl/;l +C711 %0)

— 51, B %0
= [E 1{Y1n,ﬁn,x0 > uon ”:en’xO}‘JfY{"ﬁﬂ’xO (%Yln,ﬁn,xo (VﬁYl )) .

nlla T61
Using (2.6.7), (2.6.14) and (2.6.18), (2.6.19), by some simple calculus, we get the explicit formula
for the iterated Malliavin weight
(2.5.2)

51,
Jf};ln,ﬁ,xo (%Yln,/s,xo (VﬁY1 *0))

0p¥ 7P o |V |20 06T | s OWLP {0g ¥ | (b
. T o (1 = B
1

e — +
_ n,,B _ n’ﬁ — nrﬁ
angn"B’xO Vln,a U1 angn"B’xO (U1 )2 agyl’l,ﬁ,xo (U1 )4

n,0 >n,0,% 5n,p,x n,0
yno (Uf’ﬁ)?’ 00Yf’ﬁ’x° (U;l’ﬁ)z aaYln,,ﬁ,xo (Uf’ﬁ)3 i (Uf’ﬁ)z

where A" 1), Uf’ﬁ,Wln’ﬁ are given by (2.3.13), (2.4.3), (2.4.5), respectively.

1.,%0
Y,

Moreover the processes (091_’1?"6 *0), and (OUYtn’ﬁ %), are respectively solution to

_ 1 [t _ _ 1t _
(2.5.3) dp¥P 0 = = f BP0 0)ap VPR ds + = f 0pb(Y P 0)ds,
n Jo nJo
_ 10t _ L
(2.5.4) 0¥ P = = f BT, ), P 0 ds + =L
nJo n
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For the computations of Vln”e = F(Yln’ﬁ’xo,agl_/ln’ﬁ’xo) and Vln’g = F(Yln,ﬁ,xo’aaYln,ﬁ,xo)’ using (2.6.15),

(2.6.16) we have

(2.5.5)

v ——(el)zf (€72 (U2 [ @) (TP, 0)+ 6T P, )0, 7P| | dis,

(2.5.6)

1 t
Vlno —(6‘ )Zj(; (6_;1)—2 (b”(st"B’xO,H)OUYSn"B’xOUSn"B) ds_{_#(erlzﬁﬁ fR(eg)_2pn(2)ﬂ(n)(dS,dZ).

Finally from ((2.6.20) - (2.6.23)) we compute explicitly D’f’ﬁ = F(Y{l’ﬂ’xo,LY{l’ﬂ’xo), erl’ﬁ = F(Yln’ﬁ’xo,Wf’ﬁ),
T;"" = F(Yf’ﬁ’xo,vln’g) and T} = F(Yln’ﬁ’xo,vln’”). We get:

(2.5.7)
ppP=— f €§) 20" P LY U ds + f €)2" @ oW P ds
0
en)Z 1 _ 2( n)Z F'
1 eg)—ZbI//(YSnyﬁ,xo,9)(Ug’ﬁ)2d8 f f(en) 2pn(2) ((p )(z)+pn(z)F 2 ; (”)(ds,dz),
(2.5.8)
n,B 7(6‘ )4 4y 11, n,Byrn.p —45 1111, ,% n,B3
b f(”)b(Y o WPy st f(” b ¥P gy UMPYRds
4(Erll)4 n\—4 n ny/ 2 n N/ (n)
fo fR 4" @[ (" @) + "X (z)]u (ds,d2),
(2.5.9) \
3(6‘”) 1 vaii X 1 vali X n
7y = = fo ()2 (TP gy Oy 1) 3(09b) (TP, )W P ds
(eM)3

1 _ _ ™3 1 _
fo €D (W5, 0000 ¥ W s + — fo (€)2(0b) (TP, 00U ds

el )3

1 —_ —
fo (€@ 3b" (¥ P, 0)0y Y. P WU P)2ds,

(2.5.10)

o 34T

T1

1 B (6”)3 1 B _
f (e”)_3b”(YSn’ﬁ’x°,0)VS"’UUf’ﬁds+—1 f )2 " (@, 0)0, 77 P WP ds

D) f () 3" TP, )0, TP U PR ds + 1 f f € 2" ()™ ()™ (ds, d2).

From the above calculus and combining with (2.5.1) and (2.5.2) we have an explicit representation
for the derivative of the density with respect to parameter § that allows to analyze its asymptotic

behavior in small time. To obtain the results of Theorem 2.2.2, we will study the convergence
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2.5. PROOF OF THEOREM 2.2.2

of each term appearing in the decomposition (2.5.2). This is based on the preceding explicit
expressions that permit to identify some main terms and some remainder terms.
In the sequel, we prove that all the terms involving the derivatives of b with respect to x are

remainder terms.

2.5.2 Convergence of the iterated weights

In this section, we study the convergence of the iterated Malliavin weight A n.pnxo (JfYn,ﬁn,xO v len P o )
1 1

which is the cornerstone of the proof for the convergence of Vgp'," later. Firstly, we state some

n

technical lemmas useful for our aim. The proofs of these lemmas are postponed to the end of the

section.

We recall that (ath"’ﬁ 0y, and ((3017'tn"6 ™0, are respectively solution to (2.5.3) and (2.5.4).

Lemma 2.5.1. We have for all compact subset @ R x (0,00)

c

—, where C is some deterministic constant.

i) SuPgeq |69Y1”"”x°| <

n—oo
B

0y Y Po 0, Vp=1.

i) SUPge@ SUPse[0,1]

Lemma 2.5.2. Let (8,) be a sequence converging to 8 and @ be a compact subset of R x (0,00), the

following decompositions and estimates hold,

n,p
D1 nla

nVa (U"’ﬁ)z ~ 202
1

A (V) + Ry (1) + R (1) + g y(1).

.. n.p la _p
ii) -1 5}3’}3)3 = Lr A (1) + R (1) + T (1.
1

iii) su 1 5P Yy P OWP| n—co
Ppeq nla+l (U{L’ﬂ)z P

0, Vp=1.

The main terms ﬁgﬁ(l),ﬂ?’fﬁ(l) are given by

Jo Jae20"@ |(0")"(@) ~ (0" ()2 + p(2) 52 | w(ds, d2)

b

(2.5.11) yggﬁ(l) — 3
(e})? (fo1 fR(Gg)_zp”(z)u(”)(ds,dz))

I JrE€™*p"(2) [((p”)’(z))2 + p”(z)(p”)”(z)] p™(ds,dz)

(2.5.12) f?i‘,ﬁﬂ) = :
(€})? (fol JreN2pM(2)u™M(ds, dz))
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where (€} )sef0,1] is given by (2.3.10). Moreover we have for p = land some deterministic constant C

(2.5.13) Hyp, (V)" Ay paD), g, (D) 225y 10(1),
(2.5.14) sup| 7 1pMI20, sup |3 5D 0, Sup %65 (1 = 5 Tt
(2.5.15) 2‘:3"“/2 75D —=0, ;‘;g'@ 8.pDI= 70
where

Js Je (p@)0" @) - p(2)p (L2 + (p(2))” L2 (ds, d2)
(2.5.16) Ay 1a(1) = - 5 :

(/5 Jep@tds, d2))

Jo Jup@|(p'@)* + p2)p"(2)| i(ds, d2)

(2.5.17) Hy1a(1) =

(i fep@mtds, o)

Lemma 2.5.3. Let (f,) be a sequence converging to 8 and @ be a compact subset of R x (0,00), the

following estimates hold:

. v,
i) SUPgeq W S%,

1
gy 1 TP’ n—oo
i) SUPgeq 721 (U"’ﬁ)z T 0, Vp=1,

1

ey VO n
iii) R +2Rg 5(1)
) T
iv) tr o = LAY (D) + R )+ R 1)+ R, (D),

nl/a (U{L’ﬁ)

where C is some deterministic constant. The main term J%" /5(1) is given by

S €302 () ™(ds, dz)
2
€1 (fol fR(EQ)‘zp”(z)u(”)(ds,dz))

(2.5.18) Hp (1) =

with (e?) given by (2.3.10). Moreover, (suppeq IQ?ﬁ(l)l)gsislg converge to zeroas n —ooin L? \Np =

Land 735 (1) === #5 1(1), with

fol Jrp@)p'(2)u(ds,dz)

(2.5.19) Hs,1e(1) = :
(fol Jr p(z),u(ds,dz))
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Lemma 2.5.4. Let (8,) be a sequence converging to . For all p = 1, the following convergences

hold uniformly with respect to xg:

(2.5.20)

9 n—oo

ndp ¥ P (g (D) 2= 9pbo, O)( A1), Vg =1,

(2.5.21)
ndg ¥y P 0 TR (DAY (1) 2= 9gb(o, ) A+(1) 71 1o(1),
n n LP

s

(2.5.22)
1/ %% 7ﬁn7 7 q n_>(XJ
e R
(2.5.23)

nMeo T Ay (DAY s, (1) 2= LY He (DA 10(1),
n Mn L?

where (1) = 7 y(1) + A5 (1) with 767 (1), 73 (1) given by (2.3.14), (2.3.15); HLa(1) =
HO, 12(1) + 65 1,a(1) where 71 1«(1), 765 1,«(1) are defined by (2.3.20), (2.3.21).

Lemma 2.5.5. Let (f,) be a sequence converging to f. For all p = 1 the following convergences

hold uniformly with respect to xo:

n—oo

i) ndgY{ A (1) F 0gb(a, 0).75,Le(D),

ii) ndgY{ A (1) F 0gb(ao, 0). 4, Le(D),

n—oo

iii) nlfaang’ﬁ"’xOJ?gﬁn(l)L—po{Jfg,La(l),

n—oo

iv) nl/“agf’f’ﬁ"’xo]?zﬁn(l)TL‘fJ&,La(l),

where ﬁ;ﬁ(l),ﬁfﬁ(l) are given by (2.5.11), (2.5.12), and H3 (1), 1«(1), are defined by

(2.5.16), (2.5.17).

The uniform convergence with respect to x¢ is not required in this paper but will be useful in

[20].

Remark 2.5.1. We observe that although L{ does not belong to L”, the choice of the auxiliary

function p permits to prove that L‘f(JfLa(l))z, L 763 12(1) and L{Hy 1,«(1) belong to LP,Vp > 1.
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DIFFERENTIAL EQUATION DRIVEN BY A STABLE LEVY PROCESS

Based on the preceding lemmas, we can prove the following convergence result.

Proposition 2.5.1. Let (8,),>1 be a sequence such that B, i B then forall p=1

0.2

(2.5.24) —= 7, nﬂnxo(Jf i (0,7, ﬁ"’x")) 170, 7P

2

o
(25.25)  — Hognsa (gm0 Y1 ﬁme))_>agb(x0,9)J£{2),

where #? and Jf{m are some random variables whose expressions do not depend on ff and b.

Proof. From the equation (2.5.2), we have

(2.5.26)
oy 511, B % o? 51,00, 2
n2a-1 Jf‘n,ﬁn»xo(%-n,ﬁn,xo(aeYl P 0)) nT;},langnﬁ o 9 %Vln’g" 2%17{!43;1,960(1)
ﬁ = 5 ﬁyn,ﬁn,xo(l) - o n—ﬁ
n 2,Pn % On v 10,Pn 1 Opn yyn0n En
nwif ,,ﬁnxo(ff n ﬁnxo(a y[Pty) nmagylnﬁ %o eV, ™
Un V% n,ﬁn,xo n’ﬁ" Ui V% n,ﬁn,xo 0’2 ()
maeY %Yln,ﬁn,xo(l)wl WOgYI (Wln,ﬁn)Z nTo?—lVIny n Wln,ﬁn
+ + _— —_—
2 n ﬁ
n an’x n’ﬁn 2 UgL —n,,Bn,x n’ﬁ" 4 gy, n,o, »Pn\3
nl,aa Y P ;™) S ooy P | U Ee v [T
0o o 02 o ombu o2y
. 7a100Y 2D'll’ﬁ” —7a100Y Q;L’ﬁ" N =TT 1
n n,Bn,x n,6n\9 0—3 =1,Bp % n,Bn\3 g'_i n,0y, n,Bn\o "
nl,aa yrbeso JUTTY | Zag,ypPen WU SeTp U

We will prove the convergence of each term in the right-hand side of (2.5.26)

Term 1: Recall (2.3.13) and set Jf" 1= ﬁ (1)+J€2”ﬁ (1), ?/2” D= ﬁn(1)+‘%’31,ﬁn(1)'
Remark that by (2.3.16), we have ‘92” (1)| ~ where C is some deterministic constant. Moreover,
we can rewrite the first term as

(2.5.27)

o agyn,ﬁn,xo )
a1 [J(,”- n,ﬂn,xo(l)]

n a Yn ,Bn;xO Yl
I/a
Un ‘n,ﬁn,xo 2
WOBY nVe .
- , —— | AL, D+ gy (| + Ry (D4R (1) +R5 5 (1)
n 0 Yn n,X0 n
nl/a
naeYn,ﬁn,xo ) Lﬂ@g?n’ﬁ"’xo ) LﬁagYn’ﬁ”’xo
- 1 Jfgn(l)2+ pe L 5 (IR (1)+ et 8 (R 5 (1)
nl/aaa_}_f{l’ﬁn,xo QUnGUY{l’ﬁn;xO 2O.naa_y_'{liﬁn7x0
2 _ 2 _
ST S N E T 2 [ e 0g ¥y
+ R 5 (VP + (5, @)+ RL 5 (DR (1),
n ,ﬁn,xo o n nﬁn’xo " n nﬁner e "
l/aa Y l/aa Y 1/0!6 Y
n n n
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where %’fﬁ (1) is given by (2.4.6). We can deduce from (2.3.16), (2.4.24), (2.4.25), Lemma 2.5.4

and Lemma 2.5.1 that

U—?LOQY”’ﬁn,xo ) aeb(xo 9)

a1 1 oo , ,

o, 10, Bn %0 (%Yln’ﬁn’xo (1)) L?,Vp=1 a (AL
nla 0UY1 L ¢

Term 2: From (2.3.13) and Lemma 2.5.3 part i) and part iii), we can estimate the second term

as

n
27 nnn (D) 0L 1

On

2
LV”’HH
T V1 3

2 o ey 202
:mvl’“’ ;™ 20, %g,ﬁn(l)"'a_ln]

nla

”“Jf” D+ 2 (D + R (1D

O( 1/")']5n 1)+0( 2/(1)% 1,Bn (D +0( z/a)%zn(l)

. 20,%" . (1) 20,%" (1) N 202", (V&", (1) 202%" (DR, (1)
2J6’gn(1)+ nf/;f" + nl,’f;‘ +20”‘%g,ﬁn(1)°7£gn(l) “";LW 9n 4 ﬁ”nl,a 9.Fn

where C is some deterministic constant and O( 2,a) is a random variable bounded by . From

(2.3.16), (2.4.24), (2.4.25) and Lemma 2.5.3, we also conclude that

‘7721 V{L,Qn 2%Yn,[5n,xo(1) 0
1

a1 n—oo

2 n,ﬁn =
o2 Vln,Un (Uh ) L7.Vp=1 2767,2(1)

nla

w" ﬁ" 1a

Term 3: From (2.3.13) and nﬂn)2 = ’;n J?l”ﬁ (1)+9§3§‘}6 (1) where Jzal"ﬁ (1) and %;ﬁ (1) are given

by (2.3.14) and (2.4.7), we have

2 _
S 0pY P\ Hogn sy W]

2 _ n’ﬁn
So vy | U
0¥, (Ve (1) Vo
= —+.%n (1)+,%% (1) [—Jflnﬁ (1)+%gﬁ 1)
na Ynﬁnxo On n On sPn sPn
1/(1
nangn’ﬁ”’xO R . magyln Brxo
= Feg VAT D+ " Hy (VR 5 (1)
nl/“angn’ﬁ"’xo " e O'nangn’ﬁn’xo
2 _
e S R S )
+ R 5 DR 5 (D+[" R . (VAT (1)
n,Bn,X0 Lpn 2Pn n,Bn,%0 LBn LB
n17aa Y Unaayl
2 _
1/a 169Yn sBn %0 A %ang,ﬁnﬂo
+ . %Zn(l)fflnﬁn(l)+ ) 92” (D5 2.6, D).
Unangn’ﬁ"’xO :17(1 Ongn’ﬁ" X0
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From (2.3.16), (2.4.24), (2.4.25), Lemma 2.5.1 and Lemma 2.5.4, we also conclude that

z,alaeY"ﬁ"’“’ ny;ﬁnxxo(DWf’ﬁ "o | 00b(x0,0)761 L, (DAL, (1)

LI sai PR W | page (), ().
n,fn
Term 4: Using WV?,T)z = Jé’” 15, D +2%, 5, (1) again, we can rewrite
2 _ 2 _
0T ey [ mog T (e 2

Ty, (V) + Ry 5 (1)

o, 0y Yn »Bnsxo (U;L’ﬁn)4 - oy 9 Yln’ﬁn’xo On

nila nvaYo
7150 » »Bn%o 20 51, Bn,X0
naaylnﬁ o N Vs 166Yn T2500Y. .
- A, P+ , Ry (OP+[™ s AT, (D).
nl/aao_y_*lnyﬁmxo 17a6 Yn ,Bns%o 20,160Y1n’ﬁ”’x0
n

From (2.3.16), (2.4.24), (2.4.25), Lemma 2.5.4 and Lemma 2.5.1, we also conclude that

2 —
0¥ P WPz [09bxo, 0) (1, Le(1))?

a2 0, ¥ B0 (Ufﬁn)zt L? Vp=1

nl/a

L% (61, La(D)?

Term 5: From Lemma 2.5.3 we can estimate the fifth term as

o? n,0, n,B

—25 V. WP O(37) Ve

n'; tl nl_ﬂs: ; n* (”U Hy s D+ Ry 5 (1)
n n,on En

VP J O\ (e, 0+ )

0L )Jf"ﬁ (D) +O0(H)%; 5,0

ﬁ (1)A2 ﬁ D+ % M (1)9? 2., 1+, ﬁ DO+ 1'/; ;{ﬁn(l)
where C is some deterministic constant. From (2.3.16), (2.4.24), Lemma 2.5.3, we also conclude

that

o? n,0 n
n2/:71V1 1 W, b 0

n—oo

2 n ﬁ D
02 ,no Pny3 L2 vp=1
SVt U 761, 10(1)

Term 6: Using Lemma 2.5.2 we write the sixth term as

2 —
0¥, | pibe
A Py

nla
_ 2 -
Qa Yn,ﬁ,,,xo . ns;il HYln,ﬁn,xO . . .
= AT, (1) + (%, 0+ 22, D+ RE, (D).
l/a n IBYZ ,X0 aﬁn 9 -n '3 X0 ,ﬁn 7ﬁn ’ﬁn
6 Y UnaaYl sPn s
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Applying Lemma 2.5.2, Lemma 2.5.5 and Lemma 2.5.1 we obtain that

2 -
g Y, P opihe Bpb (x0,0)73 L+(1)

n—oo

5 5, g U Pry2 12 vp=1

e LY 1+(1)
where /3 1,«(1) is defined in Lemma 2.5.2.

Term 7: From Lemma 2.5.2, we can rewrite the seventh term as

0721 5 1,Bn %0 n,Bn
a1 0pY; Ql
o2 3y Yn Br 0 (Uf’ﬁ")?’

nl/a

2
105 Pn X (4 _n’ﬁnny
ndpy P 709 Y]

= Hip, D+

n
ey o (2 5,0+ 2 5, (D).
041

020,Y; P %o
Applying Lemma 2.5.2, Lemma 2.5.5 and Lemma 2.5.1 we obtain that

2 —
= 0g Yy QUi 3pb(x0,0) 74 £a(1)

n—oo
n,fn >
n17a 0, Y7 Pro [ Uy LR L$ 4 1(1)
where /0 1,«(1) is defined in Lemma 2.5.2.
Term 8: From Lemma 2.5.3, we have
2 b o T
e T 1 W(Ul—ﬁ)z
?L sOn 7,Pn 2
ATy JUTTE A, (D+ 02y, 5 (D+02R% , (D +022R%, 5 (1)
Using the results of Lemma 2.5.3, we eas1ly deduce that
2
n ’077,
e Ty 1 oo 0
2 n n,Bn\2 >
G | U VPR o a(1)

where /5 1,+(1) is defined in Lemma 2.5.3.

Finally from the above convergences, we can deduce the result of Proposition 2.5.1.

2.5.3 Proof of Theorem 2.2.2

We will first prove part ii) and then give a proof for part 7).
11) Remark that from (2.5.24), (2.5.25)

2
SupSllp[E 1 n,Bn,x n,0n,x L%*hﬁ X (%*hﬁ X (agYn’ﬁ"’xO)) <0
WeR 1 (7 02 20m 4 T} 2la -1 TRy POy I 1
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and

02

n 715 Pn X
{Yn By x0> uop n,0n, xo} L;f n ﬁn,xo (L%Yln,ﬁn,xo (aa_Yl ﬁn 0))

e +6}

1 < o0.

supsupl

ueR n
By representation (2.5.1) this leads to

2

o
supsup 6gp1 (xo, T +c'119’“x°) <oo and supsup |—-~0,p ln(xo,ul/ +c'{9”’x0) < 0o0.
ueR n na ueR n |
i) From (2.5.1), (2.4.26) and Proposition 2.5.1, we easily deduce that
Urzz n uo n,0,,%0 oy n,Bn % 1n,0,,%0y N—00 ay 2p(2)
(25.28) — agpl(xo, L l/aa goPrro(Xon e+ P Bl o (LA,
(2.5.29)
o2 o2
uo -
agp1 (o0, 6y Onx0y — jlaeq" Puo( L0 e +eY On%0) 2220, 3 b(,0) X El 11y, 00) (LA,
na na

where #® and ]6’{2) are defined in Proposition 2.5.1.
To finish the proof of Theorem 2.2.2, it remains to show that [E[l[u)oo)(L‘f)Jf{z)] = —¢/(u) and

[E[l[u,oo)(L‘f)Jf(Z)] = — [pa(uw) + u@,'(w)]. This is done in Lemma 2.5.6 below.
Lemma 2.5.6. We have

@) = ~Ellpy o LA,

- [(pa(u) + u(pa'(u)] = E[l[u’m)(L%)%(2)],
where ¢ is the density of L{ and #® and 7. {2) are defined in Proposition 2.5.1.

Proof. Let us consider the situation where b(x,0) =6 and xo = 0. In that case, we have Y; npxo

% nl/" L7 and thus the density of Y," P is related to the density of L7 by the relation,
1/ 1/
gy =2 g (n - (“ - Q))
o o n
Then,

2/a—1 la
0
d0g™ P (w) = = (") (n (” ) _)) ’
(o (o n

1/a 1/a 1/a\2 1a
o A2

o n o3 n
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By a change of variables, we get

2/a-1
n,B,x uo Q _ ny/
Va
n,B,x uo Q _ _n' n ny/
0,9 O(nl/a +n)— = (@™ (W) +ulp™) (w)].

Hence, we can apply the results of part ii) of Theorem 2.2.2 and (2.5.28), (2.5.29) in this specific

setting. This yields

(2.5.30) Vu, (¢")(w) == —Ellpy 00 (L)),

(2.5.31) Vu, [¢™w)+ule™ @)] == ~El1py 00 LH A2,
(2.5.32) sup (™) (w)] < oo,

(2.5.33) sup ™ (W) + u(p™) ()| < oo.

Let us denote X' (u) = —[E[l[u,oo)(L‘f)%?)] and assume by contradiction that & # ¢/,. Using
the continuity of u — % (u), there exists a smooth, compactly supported function f, such that

JX@fwdu # [ ¢, (w)f(w)du. Now, on the one hand we have

(2.5.34) f (@™ @ f(w)du 2= f X W)fwdu,

where we have used the dominated convergence theorem, together with (2.5.30), (2.5.32).

On the other hand, we can write,

f((p")'(u)f(u)du = —f(p"(u)f’(u)du

(2.5.35) = —E[f'LH] == —ELf' @]
(2.5.36) = —[(pa(u)f’(u)du :‘[(pix(u)f(u)du

where the convergence (2.5.35) is obtained in the same way as (2.4.34). Clearly (2.5.36) contra-
dicts (2.5.34), and we get E[1[y o)(LY)A] = — ¢, (w).

By the same method, let us denote Z1(u) = —[E[l[u,oo)(L‘f)JL”(Z)] and assume by contradiction that
u— Z1(u) is different from u — [pq(u) + u(@q) (w)] . Using the continuity of u — Z7(u), there ex-

ists a smooth, compactly supported function f, such that [ Z1(w)f (w)du # [ [(pa(u) + u((pa)’(u)] f(w)du.
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Now, we have

(2.5.37) f (") + @™ )] fw)du "= f 2w wdu,

where we have used the dominated convergence theorem, together with (2.5.31), (2.5.33).

On the other hand, letting g(z) = uf(u) and using the integration by parts formula, we can write,

f[(ﬂ”(u)+u(<p”)'(u)] fwdu =f<ﬂ”(u)f(u)du +f(w")'(u)g(u)du

2538  =—ELFLYI- f 0" (W' (wdu = ELF (L] - Elg (L] =2 ELF(L%)] ~ Elg (LY)]
(2.5.39) _ f Pal)f (Wdu - f Palw)g (Wdu = f Pel)f (W)du + f ¢ (Wewdu

where the convergence (2.5.38) is obtained in the same way as (2.4.34). Clearly (2.5.39) contradicts

(2.5.37), and the lemma is proved. |

2.5.4 Proofs of the intermediate lemmas

In this subsection, we give the proofs of Lemmas 2.5.1 - 2.5.5 of Section 2.5.2.

Proof of Lemma 2.5.1: i) Since b has bounded derivatives, we obtain from (2.5.3)

n,B,xo | < g.

sup|0pY]
peQ

i1) From (2.5.4) and Gronwall’s Lemma, we get

<% sup L]

(2.5.40) sup sup ’Ogst’ﬁ’xO < —
Y% se0,1]
S
ff zfi(du,dz)
0 JizI=1

Be@ s€l0,1]

=<

+£flf 121t (du,dz)
nve Jo Jiz>1 H ’

sup
nVe cer0.1]

We now consider the first term of (2.5.40).

p
Using Kunita’s first inequality (see Theorem 4.4.23 in [6]) Vp = 2, we have Esup,(q 1 | Io J<12i(du,dz)

zl<1

oo, and the first term of (2.5.40) converges to zero in L”,Vp = 1.

We now consider the second term of (2.5.40).
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From ,u(”)(ds,dz) = ,a(”)(ds,dz) +v"™(ds,dz) then for C2a(p) a positive constant, we have

1 ! ) i
npla E (fo f|z|>1 2l (du’dZ))

C 1 p 1 D
L G20) [E(ff Izl,a(”)(du,dz)) +[Eff Izlv(”)(du,dz))
0 Jiz|>1 0 Jiz|>1

T ppla
Using again Kunita’s first inequality (see Theorem 4.4.23 in [6]), for p = 2, there exists a positive

constant C3(p) such that
(2.5.41)

1 1 1 p/2 1
—E [ f f Izlﬂ(”)(ds,dz) (f f z2v(")(ds,dz)) + (f f Izlpv(”)(ds,dz))
npb'a 0 JizI>1 0 JizI>1 0 JizI>1

= 3(/I)) (f [ 22 - T(Z/nl/a)dZdS) +M f f |Z|p T T(z/nl/a)dzds
nP'® \Jo Jizi>1  |z]1*® 0 Jizi>1 |2|te

np/a
1 p2nYe 1
1alzds
0 J1 A

P Cs(p)

<
npla

[—1

p/2
- 2C3(p)

n—oo
—0,
npla

2C 1 an/a 1
3(p)f f dzds
np/a o 1 za+1—p

where we used that 0 <7 <1 and 7 =0 on [-2,2]¢. Hence, we get that the second term of (2.5.40)

also converges to zero in L”,Vp = 1. This finishes the proof of ii). |

Proof of Lemma 2.5.2: Recall that D'll’ﬁ and Uf’ﬁ are given by (2.5.7) and (2.4.3). The part i) is

. DY . ) ) .
proved by decomposing W, then we obtain that the main term is (2.5.11) and the remainder
1
terms are

! 1o
Jo frasa€ 20" @)™ () EELD (s, d2)

Rl (1) = ~+
’ 1 _
202 V(€2 [y fule)2pm ()™ (ds, d2))

Jy Som2(€)? (Pn(z))2

202n1a(e)? ([ foten)2pr @ (ds, d2))

7"(z/nV) (T/(Z/nl/a))z] ﬂ(n)(ds, dz)

7(z/nV/e) 1(2/nVe)
+

J

(€02 fo e 26" (@ P, 0) (2L Y P U + WP ) ds

b

Ry (1) =
5p opl+la (vaﬁ)2

(6711 )2 fol(eg)—2b///(st,ﬁ,x0 , 9)(U:’ﬁ)2d8

R (1) =
6.5 onl+la (Uf’ﬁf
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n,p

(L?”l xR then we obtain that the main term is (2.5.12) and
1

The part ii) is proved by decomposing

the remainder terms are

TN [y 46" @™ 0w Ul ds
n,p 3
n1+1/oc(U1 )
2eM? Jo e 4" (@ 0)UL P ds
n,p 8 '
n1+1/a(U1 )

R 5(1) =

@g,ﬁ(l) =

We now study the convergence of the main terms.

From (2.3.10), the boundedness of ' and Lemma 2.3.1, it is clear that th"gl ﬁn(l) converges almost
surely to /3 1,«(1). Moreover, using again the boundedness of ', the upper and lower bounds of
(€7)sef0,11 and the fact that p"(z) is a non negative function, we deduce the upper bound, for some

constant C > 0,

(2.5.42)

I3 Je (pn(z) [(0™)"(2)| + p™(2)|p™'(2)] B12 + (p"(2)) M) ©"(ds,dz)

2|

2
(fol Jr oM (2)u™(ds, dz))

|J?§fﬁ(1)‘ <

Proceeding as in Step 1 in the proof of Theorem 2.2.1, we show that sup,

J?g‘ 8 (1)|p is integrable.

Then applying the dominated convergence theorem, we get Jgg s (1) L:_vm ; A3 12(1). In the
sMn s pz
same way we prove that A7 (1) ———— #; ().
way we prov 25, )Lp’szl 4,1(1)

n,p
Turning to the remainder terms, since b has bounded derivatives and supg sup, % is bounded,
1

we obtain

(2.5.43)

% n:ﬁax n’ﬁ
SUPgepo,17 1LY | SUPselo.1) W™

sup I,%gﬁ(l)l <Csup

, sup|Zg 4(1)] <
pe@ ' peQ

>
n1+1/an,ﬁ n1+1/"‘(Uf’ﬁ)2 peq O onl+la

(2.5.44)
B
sup W
’ n1+1/“(Uf’ﬁ)2

, sup|Zg 4(1)] <
pe@ peQ ’

eQ nltla’
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Moreover from (2.4.3), (2.4.4) and (2.4.5), we get that

SUDse(0,1] |Lst’ﬁ 0 s 1

sup

BeQ n1+1/“Uf’ﬁ

J3 Je 1o @1+ 3£0m@) s, d2)

n2+1/a

nfy fopM2)u™(ds,dz)

: ! 1/a
c f()l.f|z|>2z2 :—((5//,?1/11)) ,u(”)(ds,dz)
+
nltla fol f‘2|>222u(”)(ds,dz)
weh | L e @M (™ ()™ (ds, d z)
(2.5.45) SUPse[0,111Ws <C 0 JrP (@I(p")(2)|u s,dz

n2+1/a

D e Pye 1 2
pe@ nlla@Py n[fy Jup"@uds, dz2)|

From the results of Step 1, Step 2 in the proof of Theorem 2.2.1, and the control given in the proof

o 1,5,%
Sup,ejoy 1LY 0|
n1+1/(1U;7':ﬁ

SUP;epo,1] (WP

n1+1/a(U;uﬂ)2

of Theorem 2.3.1 for (2.4.11) we can deduce that supgcq and supgeq

converge to zero in L”,Vp > 1 and we deduce the convergence of supgeq | %7 ﬁ(l)l and supgeq | %7 ﬁ(l)l.
It remains to study the convergence of SUpgeQ ZH /5( 1)].

From the boundedness of (¢} );e[0,1], the definition of p" (see (2.3.11)), and since p™ is a positive

24
+ nl/a

1 2 ,(n) 2
(/o frois2221M s, d2))

' ay\2 ]
+ -4 ( +(ze) )] ©"(ds,dz)

T(z/nVe)
where we used fol Jizi>2 221 (ds,dz) > n??, if there exists a jump of the Lévy process in [-2nV%, —nV¥)U

measure, we have

Trr(z/nlla)
1(z/nVe)

T,(Z/n l/a)
1(2/nVe)

2|3
nl/u

+ (r’(z/nl/“))z)] ,u(”)(ds,dz) ]

1(2/nVe)

P fOl -/iz|>2

(25.46) sup|%} 41| <C
p! "

Trr(z/nlla)
7(z/nV/e)

2|3
nl/a

Tl(z/nl/a)
7(z/nt/e)

rf01 -[|z|>2

(2.5.47) =C

nda

(nV® 2nY2]. If there are no jumps in [—2nVe —playy(nle 2nV%) gince 1(z/nV*) =1 if |z| < n1/?,

we have 7/(z/nV*) = 0 and 7”(z/nV*) = 0. Thus for M(p) a positive constant we have

St | 0 )
npla 0 Jizi>2 | ne

T"(Z/nl/a) T'(z/nl/“) 2 -
1(z/nV@) +(T(z/n1/“)) W(ds,dz)

)3

1™(ds,dz)

T/(z/nl/a)
1(z/nVe)

IEsupI%Zﬁ(l)Ip <
Be@ ’

2\
+(nl/”‘)
Mo | flf 1 (

0 Jizj>2 nle

- np/a
flf P )4 T"(Z/nl/a)
0 Jizi>2 \nl/e

7(z/nY@)

V4
nl/a

p

T’(Z/nl/a)
7(z/nY@)

p "™ (ds,dz)

1 2z 4 ‘r’(z/nl/“) 2 -
ds,d
fo fz|>2(n1/“) (T(z/nl/“)) wds, dz)

+

V4
nl/a

b p

E +E
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Similarly to the proof of Theorem 2.3.1, we show that under assumption H1(b;;), supgcq %5 ﬁ(l)l
converges to zero as n — oo in L? for all p = 1 and this completes the proof of ii).

The result of ii7) follows from Lemma 2.5.1 i7) and the estimation (2.5.45). |

n,p

Proof of Lemma 2.5.3: i) From (2.5.5), the fact that b has bounded derivatives, supssupg<s<1 %
1
is bounded, the upper and lower bounds of ((€}))ze[0,1], we deduce i).

11) From (2.4.3), (2.5.9) we have

T 3D D@ oV UM ds ()’ fo(ep) b)Y (7P, 0w s
2_1q n,B 2 2 n,B 2 2 n,B 2
na (Ul ) na (Ul ) na(Ul )
LD T, 00007 W s ()P Jo (e P @0b) (07, 0XUL s
2 (+-n,6)2 2 (+-n,6\2
na (Uf ) na (Uf )

N (6.711)3 f()l(eilz)—3b///(staﬁ,x0 , 9)69st’ﬁ’x°(U:’ﬁ)2ds
2 n,B 2 '
ne (U1”)
We deduce, using Lemma 2.5.1 i) and Lemma 2.5.3 i) that

Tn,@ C
(2.5.48) sup % < —21+Czsup p—
PRInitUy?)'| ne P a2

n,p
Sup,e,111Ws |

where C1,Co are some deterministic constants. Now from the estimation (2.5.45), we easily
Sup,eco.1 [ We |

deduce that s
" UPpeQ T2 yriya

tends to zero as n — oo and then we get ii).

\48 ‘;
,
U;

iii) and iv) From (2.4.3), (2.5.6), (2.5.10), an easy computation shows the decomposition of

n}/“ (Tl—’ﬁ)z, where the leading term is (2.5.18) and the remainder terms are given by
Uy

and

(€522 o e 2 (6" P, 000, 7P U P ds

RE (1) = :
97ﬁ nU?rﬁ
. 3(e1)? [y ) 3" @™ 0V U ds
%10,/5(1): 9 ’
nl+la (Uf’ﬁ)
(€)? [ €36 (@, 0)0, Y PO WP ds
%n (1): 1 01 s ’ o+s s ’
1LP nl+la (vaﬁ)z
(6‘”)3 fl(en —3b///(Yn’ﬁ,x0 0)o ?n’ﬁ’xO(Un’ﬁFds
Ry 4(1) = 221 s s ,
126 nl+la (U;%ﬁ)Q
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n.p
Moreover, using that b has bounded derivatives and supgsupg<,<i % is bounded, the remainder
1

terms satisfy the upper bounds

C C supgero.1 Vs |

5 1
sup %gﬁ(l)’ < —sup sup GUst’ﬁ’xO , sup|Z%j, ﬁ(1)| < 1&/“ sup sel ’n]ﬁ : ,
BeQ ’ n Be@ sel0,1] feQ ’ n feQ U1 ’

' 51, 8,%0 yrrits B
9 Sups€[0 1] |60—Ys WS | n C3 >1,B,%0

sup | &Y, (1) < sup : , sup|®Y, ;(1)] < ———sup sup |6 Y, "
e 11, nlt+la eQ (Uf’ﬁf By 12, nltla 5@ sel0.1] ols

where C,C1,C9,C3 are deterministic constants.

We observe that from Lemma 2.5.1 and Lemma 2.5.2 iii), we can deduce immediately the
convergences to zero in L”,Vp =1 of the remainder terms sup eQ Iﬁg’ ﬁ(l)l, SUPgeq |‘%,1L1, ﬁ(l)l and
SUPgeQ |92'f2,ﬁ(1)|.

For supgeq |%¥07ﬁ(1)l, the proof follows from Lemma 2.5.1 ii), (2.5.6), (2.4.3), the boundedness of
(e5), the fact that b has bounded derivatives and supg sup; %Z is bounded.

The convergence of ,7?5” ﬁn(l) is proved as the convergence of J??:l ﬁn(l) in the proof of Lemma 2.5.2.

This completes the proof Lemma 2.5.3. |

Proof of Lemma 2.5.4: We first prove (2.5.20). From (2.5.3) we have (we omit the details)

sup|ndg ¥, — dyb(x0,0)] 2= 0.
xo a.s

From the expressions (2.3.14), (2.3.15), using sup,, SUpsc(o, 17l€s — 1| — 0 and Lemma 2.3.1, it can

be seen that

(2.5.49) sup |J?gn(1)q — Hra(1)] ”;’—‘”» 0, Vg=1.
X0 .

We deduce that almost surely, one has the convergence

n—oo

(2.5.50) ¥g=1, sup|ndp¥Pr (J?gn(l))q — 8pb(x0,0) (e (1)) =2 0.
%o

Using (2.4.23) and supg |69Y1” P 0| < %, we can apply the dominated convergence theorem and
see that the convergence (2.5.50) holds in L”-norm for all p = 1.
For (2.5.21): the proof is similar to (2.5.20).

For (2.5.22): using (2.5.4), Gronwall’s Lemma and Lemma 2.3.1, we can prove

> n—oo
Sup|n1/aaUYf7ﬁmx0 —L({| 0
X0 a.s

J
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and from (2.5.49) we deduce

Yg=1, sup
%o

nVeo, 7,0 (20 (1)) - LY (e (1))

n—oo

Consequently, to prove the convergence in L?-norm, it remains to check

(2.5.51)

Vp,gq=1, E sup

n,B,%o

nbag, 770 (2p)’|” < co.

Using again (2.5.4) and Gronwall’s Lemma, we have

suplnl/“angn’ﬁ’xol <C sup |L},

%0,

and (2.5.51) reduces to

(2.5.52)

Vp,g=1, E sup

n,f,%o

~ q
sup |L}|(A5(1)
te[0,1]

te[0,1]

p
< o0.

—_

0.

Let us recall that L? = f; Jz<12ids,d2) +fy J21>12087(ds,dz). Then we have

¢ 1
sup |[L}|< sup If f zﬁ(ds,dz)|+f f Izl,u(”)(ds,dz).
0 Jlz|=1 0 JizI>1

te[0,1] tef0,1]

From this decomposition and since sup;[g 17| fot f| 2l<1 zfi(ds,dz)|P is integrable, for all p = 1, we

see that (2.5.52) is a consequence of (2.4.23) and the following bound

(2.5.53)

Vp=1, E sup

n,B,xo

1
A1) f f 1216 (ds, d2)
0 Jiz|>1

p
< 00.

To prove (2.5.53), we first remark from (2.4.17) that for C a positive constant,

(2.5.54)

<C

1
A5 (1) f f 121t (ds, dz)
0 Jiz|>1

1 n a n n
Jo Jap" @I @I ds,dz) o Je|l0" @1+ 450"@)] uds, d2)

+C

2
fo1 Jr p”(z),u(”)(ds,dz)]

f01fRPn(Z)KPn)'(Z)I#(")(ds,dz)+folfR[|P"'(z)|+1|:_|a "(2)

fol Jr M @)uM(ds,dz)

1 (ds,dz)

2
|10 frpr @™ ds, d2)|

fol Jrp @) M(ds,dz)

1
f f |z|lu(ds,dz)
0 J2=|z|>1

1
f f 2™ (ds, dz)
0 J|z|>2

Considering the first term in the right-hand side of (2.5.54), from the proofs of Step 1 and Step

2 in Theorem 2.2.1, we deduce that it is bounded by a random variable independent of n, 8 and
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xo and belonging to N,>1L~.

We now consider the second term in the right-hand side of (2.5.54). From (2.3.11), we have

(2.5.55)

fO fR n(Z)|(pn) (Z)|/J(n)(ds dz) s fO fR [|Pn'(2)| + 1|Z| p”(z)] ,u(")(ds,dz) flf |Z|”(n)(d8 i)
[fo Jr P”(z)ﬂ(")(ds,dz)] Jo Jep@u"(ds,dz) lz1>2

fo fz|<2p(z)|P'(z)|u(ds dz)+fo z|<2(|P(2)|+P(z)1|z| p(ds,dz) / f 121u™(dt,dz)
zlu z
(f() .f|z|>222“( )(ds,dz)) jbfl 1522 2uM(ds,dz) |z|>2

f01ﬁ2|>22|2|3l-l(n)(d8,d2) f01ﬁ2|>2(3+a)|z|'u(n)(ds,d2) flf 2| M(dt.dz)
P 1 < i
(f01f|2|>222“(n)(d3’dz)) Jo f|2|>2z2u(n)(ds,dz) |z|>2

Using the Cauchy-Schwarz inequality

1 1 1 2
f f ' (dt,dz) xf / 2™ (ds,dz) = (f f IZIu(”)(dt,dZ))
0 Jiz|>2 0 Jiz|>2 0 Jiz|>2

we get:

(2. 5 56)

3,,n) 3 ()
fo 12221211 (ds, dZ)f f 121u™(dt, dz) < fo Jo522121° 1™ (ds, d2) (f f M, dz))
(fo f2|>22 um(ds, dz) = (fo Jiais2 |Z|,U(")(dt,dz) lz1>2

2|Z |3 2
(f f (")(dt,dz)) sz(f f ,u(dt,dz))
[z|>2 0 Jiz|>2

IZI

and

1 (n)
L1508+ W)zl (ds,dz) 1
foj‘f” - f f U™ (dt,dz) < (3 +a) f f u(dt,dz).
fo f|2|>222,u(”)(ds,dz) 0 Jiz|>2 2]>2

Combining (2.5.56), (2.5.57) with (2.5.55), it follows that the second term in the right-hand side

(2.5.57)

of (2.5.54) is also bounded by a random variable independent of n, and xo and belonging to
Np=1LP. Consequently, we get (2.5.53) and this achieves the proof of (2.5.22).

For (2.5.23), the proof is similar to (2.5.22). [ |

Proof of Lemma 2.5.5: From (2.5.13), we prove i) and ii) proceeding as in the proof of (2.5.20),

and iii) and iv) proceeding as in the proof of (2.5.22). |
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2.6 Appendix. Representation of the transition density via

Malliavin calculus

The aim of this section is to represent the density of a pure jump Lévy process as well as its
derivative and its logarithm derivative as an expectation, using the Malliavin calculus for jump
processes developed by Bichteler, Gravereaux and Jacod [8] and used by Clément-Gloter [17]. We
are not exactly in the context of [8], where the compensator of the Poisson measure is uniform on
[0,1] x E. In fact, in our context the compensator of the Poisson measure is dt x g(z)dz, where
g is the density of the Lévy measure and we need to adapt slightly the definitions of Malliavin
operators given in [8]. We recall here the appropriate integration by parts setting developed in

[17] for the reader convenience.

2.6.1 Integration by parts setting

We consider a filtered probability space (€2,%,(%;):c(0,1],P) endowed with a Poisson random
measure yon [0,1] x E, where E is an open subset of R, with compensator v on [0,1] x E and with

compensated measure fi = u—v. We now consider the process (Yt‘6 )tel0,1], the solution of
t ¢
(2.6.1) Yl}6 = +f a(Ysﬁ,B)ds + ca/ f zji(ds,dz),
0 0 JE

where the parameter = 0,0)T belongs to R x (0,00), a is a real valued function and ¢ is a
constant.

This is the framework of Clément-Gloter [17] and our aim is to give some explicit representation
formulas for the density of Ylﬁ and its derivative with respect to S.

We assume that the following assumptions are fulfilled.

H: (a) The function a has bounded derivatives up to order five with respect to both variables.
(b) The compensator of the Poisson random measure p is given by v(dt,dz) = dt x g(z)dz with

g=0onE, ¢! on E and such that
Vp = Z,f 1zIP g(z)dz < c0.
E

We now recall the Malliavin operators L and I" and their basic properties (see Bichteler, Gravereaux,

Jacod [8], Chapter IV, Section 8-9-10). For a test function f :[0,1] x E — R ( f is measurable,
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€2 with respect to the second variable, with bounded derivative, and f € N,>1L”(v)) we set
wf)= fol Jg f(t,2)u(dt,dz). We introduce an auxiliary function p : E — (0,00) such that p admits
a derivative and p,p’ and p%’ belong to N,>1L”(g(z)dz). With these notations, we define the
Malliavin operator L, on a simple functional p(f), in the same way as in [17] by the following
equations :
1 I p! gl ! i
L{u(fN=5u\p'f +pEf +of7 |,

where f' and f” are the derivatives with respect to the second variable. For ® = F(u(f1),.., u(f)),

with F of class €2, we set

k oF 1 k 2 o

These definitions permit to construct a linear operator L on a space D c N,>1L” with the same
basic properties as in [17, equations (i)-(iii), p.2322].

We associate to L, the symmetric bilinear operator I':
I'(o,¥)=L(d¥Y)-DLY - VLD.
Moreover, if f and A are two test functions, we have:
C(u(f), u(h)) = u(of'n").
These operators satisfy the following properties (see [8, equation (8-3)])
(2.6.2) LF(®)=F'(®)LD+ %F”((I))F(CI), D),

[(F(®),¥)=F'(®)I(®,¥),

[(F(®1,D2), V) =00, F(P1,P)I'(P1, V) + 00, F(P1,P2) (D2, V).

The operator L and the operator I permit to establish the following integration by parts formula

(see [8, Propositions 8-10, p.103]).

Proposition 2.6.1. For ® and V¥ in D, and f bounded with bounded derivatives up to order two,

we have
Ef' (@)YT(P, D) = Ef (D)N-2WLD —T'(D,VP)).

59



CHAPTER 2. ASYMPTOTICS IN SMALL TIME FOR THE DENSITY OF A STOCHASTIC
DIFFERENTIAL EQUATION DRIVEN BY A STABLE LEVY PROCESS

Morover, if T'(®,®) is invertible and IY®,0)e Np=1L?, we have

(2.6.3) Ef'(®)Y =Ef (®)Ho(P),

with

(2.6.4) Hp(¥) = —29T (D, P)LD - [(D, YT~ (D, D))

(2.6.5) = —2¥T H(®,D)LD - - (q),q))r(qn,\y) + r(q>—,®2r(q)’r@’q)))'

2.6.2 Representation of the density of Yll3 and its derivative

The integration by parts setting of the preceding section permits to derive the existence of the
density of Ylﬂ given by (2.6.1), and gives a representation of this density as an expectation.
From Bichteler, Gravereaux, Jacod [8, Section 10, p.130], we know that V¢ > 0, the variable yF ,
the solution of (2.6.1), belongs to the domain of the operator L, and we can compute LYtﬁ and

F(Ytﬁ ,Ytﬁ ) as in [17]. We recall the representation formula for the density of Ylﬂ (see [17]).

Theorem 2.6.1. [Clément-Gloter [17]]: Let us denote by q the density of Ylﬁ . We assume that H

holds and that the auxiliary function p satisfies:

1
(266) hmlnf—f l{p(z)Zl/u}g(z)dz = +00.
Inu Jg

00
Then,
0P W) =EQ ., Hyp (D),
with,
ry’,revf vl Ly wl LY,
reefyPe  Trafyh wber vl

(2.6.7) Hyp(1)=

where the processes (LYt’B ) and (Utﬁ )= F(Ytﬁ,Ytﬁ ) are solutions of the linear equations:

g'(2)
g(2)

t 1 t t
(2.6.8) LY/ = f a'(Ysﬁ,B)LYsﬁds+§ f a"(Ysﬁ,H)Usﬁds+% f f (p’(z)+ 0(2) w(ds,dz),
0 0 0 JE

t 1
(2.6.9) U =2 f a'YP 00Ul ds + 252 f f p(2)u(ds,dz).
0 0 JE
The process (Wtﬁ )= F(Ytﬁ ,Utﬁ ) is the solution of the linear equation.:
t t t
(2.6.10) W’ =3 f o (YF 0wPds+2 f a"¥F 0\ UP2ds+c3a? f f 0(2)p'(2)u(ds,dz).
0 0 0 JE
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In [17], the authors studied the derivative of g# with respect to the drift parameter 6 only.
Here, we intend to study the derivative of ¢? with respect to both parameters 6 and o. We
first remark that (Ytﬁ ); admits derivatives with respect to 6 and o (see [8, Theorem 5.24 p.51]),
denoted by (09Y,fj ); and (60Ytﬁ ): respectively. Moreover, (Othﬁ )i, (60Ytﬁ ); are respectively the

unique solutions of

t t
(2.6.11) dpY?P = f a'(YF 0)0,Y ds + f 00a(YF 0)ds,
0 0

t t
(2.6.12) 3, Y} = f o YF 0)0,YPds +¢ f f zji(ds,d2).
0 0 JE

By iterating the integration by parts formula, since Ylﬁ admits derivatives with respect to 8 and
o, one can prove, under the assumption H, the existence and the continuity in 8 of Vﬁqﬁ (see
Theorem 4-21 in [8]), moreover, we will represent it as an expectation in Theorem 2.6.3. The
next result extends the result of Theorem 5 in [17], by giving an expression for the logarithm

derivatives of the density w.r.t. (8,0) in terms of a conditional expectation.

Theorem 2.6.2. Under the assumptions of Theorem 2.6.1,

%0g”
Vﬁqﬁ ?(U) 8 B
(2.6.13) (W= =B, s(VgYDIY! = u),
qP oug’ Y/ 1/
;_ﬁ(u)
where
s | @YD) o0\ Ly? (oY) wP 1 [TOT.00Y))
@614) HpVp¥]yi=| 0 f=-2l Sl e ,
Hyp0Y1) 0,Y] 1 \0,Y] Uy) 1 F(Yﬂ,angﬂ)

LYlﬁ s Ulﬁ and Wlﬁ are given in Theorem 2.6.1, the process (Vtg) = F(Yﬁ ,Othﬁ ) is the solution of
t t

(2.6.15) V/=2 fo a'(YP 0vids + fo U’ [(aga)’(Yf,e) +a”(Y£,9)agyf] ds,

and the process (V) = F(Ytﬁ ,Gthﬁ ) is the solution of
¢ ¢ t

(2.6.16) V=2 fo a'¥P, 0)Ids+ fo a"¥F 000, Y UPds + 2o fo fE p(2)u(ds, dz).

Proof. Theorem 2.6.2 is an extension of Theorem 5 in [17] where the main novelty is the

B
expression for a‘(’]g . For the computation of the new term Jz,"Ya(ang ), we apply Theorem 10-3 in
1
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[8] to the stochastic differential equation satisfied by the vector (Ytﬁ , Utﬁ ,ang )T, this gives the

above expression for (V). |

We end this subsection with an explicit representation of V ﬁqﬁ (1) which gives a computation of

the iterated Malliavin weight #,s(#,s(VY{)).

Theorem 2.6.3. Under the assumptions of Theorem 2.6.1,

d9qP(w) ;
(2.6.17) Vﬁqﬁ(u): =E l{Ylﬁzu}:}LﬂY{a(e]leﬁ(VﬁYl NI,
aaqﬁ(u)
where
(2.6.18)
Ly’ wh (Tl 8,000 )| 4
S, 6 (L, ﬁ(VﬁYﬁ))z—Zﬁ," ,s(VﬁY‘B)—1 + I ﬁ(vﬁyﬁ)_l_ 1 =
Y1 Y1 1 Yl 1 Uﬁ Y1 1 (Uﬁ)2 B B Uﬁ
1 1 (Y7, #yp(0, Y1) | 71

where 69Y1ﬁ ,GUYlﬁ are respectively given by equations (2.6.11), (2.6.12) and UP ,Wlﬁ are computed

in Theorem 2.6.1, 7, 5(V ﬁYlﬁ ) is given in Theorem 2.6.2.
1

Proof. Let f be a smooth functions with compact support. Then,
VoE[rv))] = fR duVpaPWf ).
On the other hand, using the integration by parts formula of the Malliavin calculus, we have
VoE [r0rf)| = [ arfyvpy?]
=€ f(Ylﬁ)Jleﬁ(VﬁYlﬁ)]
=E[FO)) 70 (7,095
where F' denotes a primitive function of f. If f converges to Dirac mass at some point u, from the

estimates above, we can deduce (2.6.17). Moreover, from (2.6.5) we also get (2.6.18). |

To complete the result of Theorem 2.6.3, we give the expressions for F(Ylﬁ ,Jt,”Yp(angﬁ )) and
1

LYY, 7505 Y]).
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Lemma 2.6.1. Under the assumptions of Theorem 2.6.1,
(2.6.19)
B B p
L(YT, #yp@Y1 ) | [V apY\2p?  [00Y]| #pWW] (057! @F
= |- r —F " P
rv?, 7,0,y | \Vy 0, Y’') Ui \o,¥’) Ui d,YP) W1)
1
0 0
7l 1 |V Wlﬁ

—+
B Bya’
T‘lf U, Vl" (U1)2

where ang ,(3UY1[j are respectively given in (2.6.11), (2.6.12), U h ,Wlﬁ are computed in Theorem
2.6.1, Vlg,Vl" are computed in Theorem 2.6.2, €, 5(1) is given in (2.6.7) and Dlﬁ = F(Yﬁ,LYlﬁ),
1

QY =r? wP), 1% =1(¥’,v?) and T¢ =1(¥’,V?).

Proof. From the basic properties of the operators L and I (linearity and the chain rule property)

stated in Section 2.6.1, we get that

Ly’] | w! r(y?,0ov")
LYY, 0@ Y{N =T |¥{,~200¥{ —5- | +T | Y{,00Y{ —3— | +T Yf,—% :
: vl ]| why Ut
Bl T p b5 yh
LY w I'(Y{,0,Y])
LY, #yp@oY{N =T | Y{,~20,Y{ —- | +T |¥{,0,Y{ —— | +T Yf,—+],
1 uf || by Ut
where
p p p p
LY LY Y LY
r Yf,—Qangﬁ—g] = -2—-T(¥{,00Y{) -2 ’ ET(Y, LY])+200Y{ — - T(¥{,UY)
Ut Ut Ut W)
Lyf oY, Lyf
=—2—Lv{-2—Lp{+20,v{ —Lw.
Ut Ut @?)
p p p PP
W dpY. 205 W
r\vf00vf—1 | =—Lrf 7))+ 1ol whH-—2—Lrrf,ud)
whr| @h2 why why
p p By b
W 0, 90Y{ 5 200Y{W s
- 1 1
whe " why why?
B 5.yP B 1y 5.7P B 5.yP 0 yo
Plys TOT00YD|  TOPTOT 00D TOT00YD) s e T VY
107 ; = p * 9 t Eiay R
Ut Ut @’ vl b
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Similarly, we have

p p p p
LY LY Y LY
[ (Y], ~20,Y{ 5 | =~2—5- Vi ~2——- D} +20,Y{ — LW
Ul Ul Ul 1)
p p p [
lyp o vp W0 | _ W o 0T 5 200Y7WE g
1°70°1 Bro |~ 7By 1 Byo ¥1 B3 1
whe| @b U’ Wb
ryf o,y 10 ve
My, -— | =-—+ ;2Wf.
Ut ul Wb

Then, from (2.6.7) and the above estimates, we get the formula (2.6.19), after some calculus and

the proof is complete. |

Lemma 2.6.2. Under the assumptions of Theorem 2.6.1, there are versions of the processes
0Py = @), LY, @) = 1), WP, (%), = C¥), V) and (T9), = O, V7)), that are
solutions of the linear equations:

(2.6.20)

t
DV=2 f o' (YF 0)DPds + f
0

t 1 t 1 t
" ¥F oLYPulas + 3 f a"¥F owPds + 3 f a"(YP 0)UP)2ds
0 0 0

2 2 nt ! l
+ fo fE p(z>(p’<z)+p(z>‘z ((ZZ)) ) u(ds, dz),

(2621) t t
QP =4 f a¥F 0)QPds+7 f " ¥P,owPulas+2 f a"(vf 0)UPyds
0 0 0
t
+ctot f fE 0(2)[(p(2))? + p(2)p(2)"] (ds,dz),
0
(2.6.22)
0 _ ol 1vB oo LB oviOrrh L v avh o Brorh
T9=3| o 00T%s+3 | o"¥F 00VPUPds+ | Bpa)¥P,00WPds+ | o' (¥F 000, WEds
0 0 0 0
t t
+ f (Bpa)"(YF 0)UPY? + f a"(YP 0000 YP(WUP)2ds,
0 0
(26.23) t t
T7 =3 f o¥F 0)1Pds+3 f a" P 0veUulds + f a"¥F 000, YPWPas
0 0 0
t t
+ f " ¥F 000, YL WUPY2ds + Bo? f f 0(2)p(2) u(ds,dz).
0 0 JE
Proof. The proof of Lemma 2.6.2 is a direct consequence of Theorem 10-3 in [8]. Indeed, consider-

T
ing the stochastic differential equation satisfied by the vector (Ytﬁ ,LYtﬁ U f , Wtﬁ , Vf, V7,09 Ytﬁ , GUYtﬁ )
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and using Theorem 10-3 in [8], we prove that the processes (DY) = (I(Y/,LY/)),, @) =T (v/, wP),,
(Ttg )t = (F(Ytﬁ ,Vtg))t and (T7); = (T (Yt'6 ,V7)); are solutions of linear equations, respectively, given
by (2.6.20)-(2.6.23). ]
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CHAPTER 3

LAMN PROPERTY FOR THE DRIFT AND
VOLATILITY PARAMETERS OF A SDE DRIVEN
BY A STABLE LEVY PROCESS

This work focuses on the Local Asymptotic Mixed Normality (LAMN) property from high
frequency observations, of a continuous time process solution of a stochastic differential
equation driven by a truncated a-stable process with index a € (0,2). The process is
observed on the fixed time interval [0,1] and the parameters appear in both the drift
coefficient and scale coefficient. This extends the results of [17] where the index a € (1,2)
and the parameter appears only in the drift coefficient. We compute the asymptotic Fisher
information and find that the rate in the LAMN property depends on the behavior of the
Lévy measure near zero. The proof relies on the small time asymptotic behavior of the

transition density of the process obtained in [19].

3.1 Introduction

Modeling with pure jump Lévy processes plays an important role in many fields, especially in
mathematical finance (see for example [7], [41], [46]) and parametric inference for such processes
is a currently active subject.

In this paper, we are concerned with parametric estimation of a stochastic differential equation
driven by a pure jump Lévy process, from high-frequency observations on a fixed observation

time. More precisely we consider the statistical experiment (R”,%n,(IPS) peocr?) corresponding to
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the observation of a Lévy driven stochastic equation at discrete times (X f )1<i<n, solution of

n

t
Xf=x0+f b(XP 0)ds+oL,, tel0,1],
0

where (L;):e[0,1] is a truncated a-stable process with exponent a € (0,2) and = 0,0)T e Rx(0,00)
is an unknown parameter to be estimated. We prove in this work that the Local Asymptotic Mixed
Normality property (LAMN) holds for the parameter 8. The LAMN property has been introduced
by Jeganathan [39] [40] to extend to the markovian case the LAN property introduced in the
pioneer works by Lecam and H4ajek (see [50], [30]) in the i.i.d. case. This property permits in
particular to identify the optimal estimation rate for the parameters 8 and o and the asymptotic
Fisher information.

Parametric inference and LAN property for pure jump Lévy processes based on high frequency
observations have been investigated in several papers, see for example Ait-Sahalia and Jacod
[2] [3], Kawai and Masuda [43] [44], Masuda [53]. In particular, in [53], the LAN property is

established and estimators are proposed for the parameters (6,0, a) in the model
X:=0t+0L?,

where (LY) is an a-stable process. Ait-Sahalia and Jacod [2] [3] considered the model
X:=0L{ +0Y:,

where (Y}) is a Lévy process, independent of (L¢) and dominated by (L¢). More recently, Ivanenko,

Kulik and Masuda [35] proved the LAN property for the parameter (8,0) in the model
Xi=0t+0Z;+Uy,

where Z is a locally a-stable process and U is an independent and less active process. In all these
works, the increments (X i -X =1 )1<i<n are independent and the transition density of the discrete
time process (X i )1<i<n is almost explicit. Extensions to stochastic equations driven by pure jump
Lévy processes are not immediate and require a different approach since the transition density
of the Markov chain (X i )1<i<n 1s unknown. Moreover they involve a random asymptotic Fisher

information and lead to the LAMN property.

68



3.1. INTRODUCTION

Concerning the parametric estimation of a stochastic differential equation driven by a pure
jump Lévy process from high frequency observations on a fixed observation time, we can mention
the recent paper by Masuda [54] where some estimators of the parameters (6,0) are proposed for
the general equation

t t
X =x9 +[ b(Xs,B)ds+[ c(Xs—,0)dLs,
0 0

where L is a locally a-stable process, with a € [1,2). However in that case the asymptotic
efficiency of the estimators is not yet establish and to our knowledge, the only result in that
direction is given in Clément and Gloter [17], where the LAMN property is proved for the
estimation of the drift parameter 8 for the process solution of (3.2.1) (with ¢ = 1), in the case

a € (1,2). They show that the LAMN property is satisfied with rate r, = n:~w and information

/ 2
Fy = fol 0gb(X f ,0)2ds fR ((’;“a(&)) du, where ¢, is the density of the standard a-stable distribution

with characteristic function u — e~ C(@I*,
Based on the main ideas of [17] and using the results of [19], we extend in the present

paper these results to a € (0,2) and prove that the LAMN property holds for the parameters

1_1

n2 a 0 211 0
(6,0) with rate r, = and information matrix .# = where %11 = £.%

0-2
0 n” 0 Ha

DO

and $o9 = ﬁ Jr (%(u();;+);(u))2du. The proof is mainly based on the L?-regularity property of the
transition density (see Jeganathan [39]) and on Malliavin calculus (see for example Gobet [27]
for the use of Malliavin calculus in the case of a diffusion process). The L2-regularity property
is established here by using the asymptotic behavior of the density of the process solution of
(3.2.1) in small time as well as its derivative with respect to the parameter, given in [19] and
based on the Malliavin calculus for jump processes developed by Bichteler, Gravereaux and Jacod
[8]. It also requires a careful study of the asymptotic behavior of the information matrix based
on one observation of the process, this is the subject of Section 3.3. This paper contains also an
independent and interesting result stating a continuity property with respect to the conditioning
variable in a conditional expectation (see Proposition 3.6.3).

This paper is organized as follows. The main results (asymptotic expansion of the log-

likelihood function and LAMN property) are stated in Section 3.2. Section 3.3 studies the

asymptotic behavior of the Fisher information matrix based on the observation of X [j (as n goes

n
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to infinity). The proof of the main results are given in Section 3.4 and Section 3.5. Section 3.6
contains some additional technical proof required to establish the results of Section 3.3. Finally,
Section 3.7 checks the conditions given in Proposition 3.6.3 for the choices # = #7.«(1) and

A= L8 74(1).

3.2 Main results
We consider the process (X f )¢el0,1] Solution to
t
(3.2.1) xP = x, +f b(xP,0)ds+oL, telo,1],
0

where (L¢)sc(0,1] is a pure jump Lévy process defined on some probability space ({2, </,2?) and
we are interested in the statistical properties of the process (X f ), based on the discrete time
observations (X iﬁ/n)i:O,...n- We assume that the following assumptions are fulfilled.

H;: (a) The function b has bounded derivatives up to order five with respect to both variables.
(b;) The Lévy process (L)efo.1] is given by L; = fg f[—1,1] z{ﬂ(ds,dz)—ﬁ(ds,dz)}+f0t _[[_Ll]c zji(ds,dz)
where [i is a Poisson random measure, with compensator v(d¢,dz) = dt x F(z)dz where F(z) is
given on R by F(z) = lzl%lk#or(z), a €(0,2). We assume that 7 is a non negative smooth function

equal to 1 on [-1,1], vanishing on [-2,2]¢ such that 0 <7 < 1.

T”(u)
T(u)

'(w)

P
=) T(u)du < oo.

(bi;) We assume that Vp =1, [, ? T(w)du < oo, [y

These assumptions are sufficient to ensure that (3.2.1) has an unique solution belonging to
L?,Vp =1, and that X f admits a density, for ¢ > 0 (see [56]). Moreover, it is proved in [19] that

this density is differentiable with respect to 8.

Remark 3.2.1. Our assumptions on the Lévy measure F are quite restrictive and reduce the
generality of our results but simplify the proofs which nevertheless remain still technical. There
are mainly two important properties required on the Lévy measure in our approach. First, since
our method is based on Malliavin calculus, the L —bounds for the tails of the Lévy process are
crucial to ensure that our process belongs to the Malliavin space. Secondly, the stable behavior of
the Lévy measure around zero is also required to make the rescaled process (nY*L,,) close to the

a-stable process (L}). The introduction of the truncation function T permits to address both issues
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and to avoid more technical proofs. In particular it permits to ensure that the process (nY*L,,)

has no jump of size larger than 2n"®

and consequently makes easier the control of the asymptotic
behavior of the Malliavin weights (mainly studied in [19]). Moreover the exact stable behavior of
the Lévy measure around zero (T = 1) gives the equality between the rescaled process (nY*L,,) and
the a-stable process (LY), and also the equality of the corresponding Poisson measures, on a set A,
whose complementary has small probability (P(AS) < C/n, see Lemma 3.3.1 below). This property

is repeatedly used in our proofs (see for example the proof of Theorem 3.2.3) and is also essential to

study the limit of the Malliavin weights in [19].

Houwever, since the information matrix obtained in the LAMN property (established in Corollary
3.2.4) does not depend on the function 1, this suggests that the same result probably holds for a
more general Lévy measure even with no integrability conditions on the large jumps and that the
truncation or integrability assumptions should only be introduced in the proof sections. To that
end, a possible extension of our paper (and also of [19]) could be to replace T by a more general
function g such that g(0) = 1 and satisfying (b;;), but up to now we do not know how to obtain the

key results established in [19] in this more general context.

Before stating our main results, we introduce some notations which are used throughout this
paper. For a vector & € R2, AT denotes the transpose of &, and || denotes the euclidean norm. For
a function f defined on R x R? depending on both variables (x, B), here = 0,0)T e R x (0, +00),
we denote by f’ the derivative of f with respect to the variable x, by dyf the derivative of f

with respect to the parameter 0, by 0,1 the derivative of f with respect to the parameter o, and

Ogf
Vef =
Osf
We denote by p'iﬁ/n(x, y) the transition density of the homogeneous Markov chain (X 5n)i:0v~"’ by

(Zim); the o-field such that %, = U(Xsﬁ,s <i/n)=0(Lg,s <i/n) and by IPQ the law of the vector
x?,.., X7 onR".

Our first result is an asymptotic expansion of the log-likelihood ratio.
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1_1
n2 a 0
Theorem 3.2.1. We assume that Hi holds. Let r, = , then for every h € R?
0 n2
AP 5 BT 1 7
(322) 10gw(Xl,m,X1 ) =h Jn(ﬁ)an(ﬁ) - Eh Jn(ﬁ)h + 09(1)7
n n

with

n-1
In(B)=Tn Y E|Ein(BEL (BN Fifn | Tn,
=0

4 n-l
Nn(ﬁ) = Jn(ﬁ)?rn Z fi,n(ﬁ);
i=0

fi,n(ﬁ) =15

We can precise the asymptotic behavior of J,,(8) and N,(f). Let ¢, be the density of LY,
where (L) is a centered a-stable Lévy process whose Lévy measure is lz‘fﬁl\ z1#0. We define the
following quantity which will be the random asymptotic information of the statistical model:

F11 0
(3.2.3) F(B) =

0 Hoo

where

2 / 2
== f 00X, 07 ds x [ L 26, = L | (Pa) v upe)” ),
Qo) o R (Pa(u)

Remark 3.2.2. i) From [3] and [35], we know that the parameter 0 of the process X tg =0t+L;is

A
(Pa(u)

estimated with rate n2~ = and Fisher information [ du and that the parameter o of the pro-

(Pa(w)tug,w)* du

cess X7 = oL, is estimated with the usual rate n=Y2 and Fisher information [, o)

i1) It is worth to notice that the information does not depend on the truncation function t, but
depends on a through the Fisher information of the translated a-stable process and multiplicative

a-stable process.
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Theorem 3.2.2. With the notations and assumptions of Theorem 3.2.1, the following convergences

hold:

(3.2.4) Jn(B) =2 F(B)  in probability,
n-1

(3.2.5) Ve>0, Y E[lrnéinBP1yr,e, prze] — 0.
1=0

Theorem 3.2.3. We have the convergence in law

1 n—-1
(3.2.6) Ja(B2 N (B) =1y Y Ein(f)= N (0,.2(p))
1=0

where the limit variable is conditionally Gaussian and the convergence is stable with respect to

the o-field o(Ls,s <1).

The stable convergence in law (3.2.6) and the convergence in probability (3.2.4) yield the

convergence in law of the couple (J,(8),N,(B)):
(Jn(B),Nn(B) = (F(B),N),

where N is a standard Gaussian variable independent of .#(f). As a consequence of the asymptotic
expansion given in Theorem 3.2.1 and the preceding limit theorems, we deduce the LAMN

property.

Corollary 3.2.4. The family (IPQ ) satisfies the LAMN property with rate r, = , and
information #(P) given by (3.2.3).

The rate of estimation of the drift parameter depends on a : when a tends to 2, the rate
is extremely low, however, when a goes to zero, it becomes high, especially for a < 1 where it
is faster than the usual one n~2. On the other hand, the rate of estimation of the volatility

1

parameter ¢ is n~ 12 and does not depend on a.

Before proceeding to the proof of these results, we discuss some extensions of our model that

are not addressed in this paper.
¢ The Malliavin calculus used in this paper allows to consider the more general process
p L xP L oxP
X, =x0 +f0 b(Xg ,9)ds+fO c(X;_,0)dLg,
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and based on the results given in [8] the Malliavin operators have explicit expressions. But
the difficulty relies on the control of the Malliavin weights. Although explicit, these weights
contain a lot of cumbersome terms especially the iterated weights involving the derivatives
of the process with respect to the parameters 0 and g. These iterated weights (and their
asymptotic behavior) are crucial to obtain the asymptotic behavior of the derivative of
the transition density in small time (see [19]). The restriction to a constant coefficient c,
assumed in this paper, permits to handle all these terms successfully. The theoretically

possible extension to a general coefficient is still open.

¢ Unlike the papers [2], [3] and [35], our model does not contain an additional noise. Based
on the structure of an additive model, the key point in these papers is that the density of
the observed process can be written explicitly as a convolution between the Lévy process
and the additional noise. Since we are dealing with a stochastic equation, this approach
does not work anymore in our case and the introduction of an additional noise complicates

significantly our model study.

¢ In contrast to the diffusion or jump-diffusion case, the interesting particularity of a pure
jump process is that we can estimate the drift coefficient observing the process on a fixed
time period [0, T']. It is important to stress that the estimation of 8 is impossible without
letting T go to infinity if (L;) has a Brownian component. This is why we focus in this
paper on the estimation of (6,0) from high frequency observations on the time interval
[0,1]. The long time estimation problem (nA, — oo, where n is the number of observations
and A, the step between two consecutive observations) is also an interesting problem, but
substantially different, that can certainly be treated with our methodology under ergodicity

assumptions.

The remainder of the paper is devoted to the proofs of the main theorems above. The first step of
our approach consists in studying the asymptotic Fisher information matrix by using Malliavin

calculus techniques.
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3.3 The asymptotic Fisher information matrix in small time

3.3.1 The asymptotic properties of the Fisher information matrix

Our main concern in this section is to study the asymptotic properties of the Fisher information
carried by the observation of the random variable X . We recall the definition of the Fisher

information matrix:

11 12
(3.3.1) grhxo =
n,B,x n,B,x
F12 ’ Fo9 ’
where
p 2 p
nBxo aé)p;(xO, 1/n) nBo a@pl(xO, 1/n)00p1(x07 1/n)
I = —ﬁ" s Hs = ﬁ”
P;(xO’Xun) pl(xO’Xl/n) pl(xO’Xl/n)

: .
e 3,0 (x0,.X%,)
and jzz’ 0= E —_—

Pﬁl(xo,Xlﬂ/n)
n

The following proposition gives the ‘asymptotic behavior of the Fisher information based on the

observation of the random variable X f as = tends to zero.

Theorem 3.3.1. Let (8,) be a sequence such that f, —— B, @ <R x (0,00) a compact set and
nite 0
rn= then
0 n2
2 wa(u)
i) g utop, 1, [ 730006007 fo Gy du 0
1 [pa@rup, @]

0 ? -[[R @o(u) d

and this convergence is uniform with respect to x.

Vﬁpﬁl(xo,Xi) P
n1/2rn n n

i) Vpz1, sup,geqxE < oo.

P’ (0, X5)
% %

2-2/a jn,ﬁ,xo
<
11

As a consequence of ii) with p = 2, we deduce immediately sup, gcg ., 7 00,

SUD, e xo ﬂ nh% oo and from Cauchy-Schwarz inequality sup,, geg x, nl_l/“flnéﬁ’xo < oo.

Remark 3.3.1. From Theorem 3.3.1, we see that the Fisher information contained in one observa-

tion is of magnitude n lr_2 and the Fisher information based on n observations is of magnitude
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r,‘Lz. This is consistent with the fact that r, is the rate in the LAMN property stated in Corollary

3.2.4.

The rest of this section is devoted to the proof of Theorem 3.3.1.

3.3.2 Proof of Theorem 3.3.1

The proof of Theorem 3.3.1 relies on a representation of the score function using Malliavin
calculus initiated by Gobet (see [27] and [28]) and adapted to our context in [19].

This representation is established after a rescaling that we describe in the next subsection.

3.3.2.1 Rescaling and representation of the score function using Malliavin calculus

We consider u(dt,dz,du) a Poisson measure on [0,00) x R x [0,1] with compensating measure

vo(dt,dz,du) =dtl; 20 lz‘fﬁdu and for n = 1, we define the Poisson random measure ,u(”) by

nl

VA c[0,00) xR, ,u(")(A)Z ff 14t 2) iy <n(—2 wué(de,dz,du).
[0,00) JRJ[0,1] “

We note that the compensator of u™(d¢,dz) is v"™(dt,dz) = dt x T(ﬁ)lw#olz‘ljﬁ =dtxFp(z)dz
and the compensated Poisson random measure ,a(n)(dt,dz) = u(n)(dt,dz) - v(n)(dt,dz).

We define the process (LY}) by:

t t
(332 L'= f f zfi'™(ds,dz) + f f zp(ds,dz).
0 [_nl/a’nlla] 0 [_nlla,nlla]"

We observe that the process (L) (recall Hi(b;)) equals in law (nTl/aL;‘) since the associated
Poisson measures have the same compensator. Moreover, when n grows, we can show that the

process (L7}) converges almost surely to an a-stable process defined by

t t
(3.3.3) L“:f f z,a(ds,dz)+f f zu(ds,dz),
0 J[-1,1] 0 J[-1,11°

where p is the Poisson random measure defined by,

VA c[0,00) xR, u(A) :f
[

/f 14(t,2)u®(dt,dz,du).
0,00) JR J[0,1]

The compensator of u(dt¢,dz) is v(dt,dz) = dt x 1|Z|¢0|;|1T2+a and we note the compensated Poisson

random measure fi(dt,dz) = u(dt,dz)—v(dt,dz).
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It is important to note that L™ and the a-stable process L® are defined on the same probability
space (this property is crucial in our method to study the convergence of the Fisher information

#7-P*0) The connection between L and L¢ is given more clearly by the following lemma.
Lemma 3.3.1. [lemma 3.1 in [19]] On the event A,, = {,u({(t,z)IO <t<l,|z|= nley) = 0}, we have
(n) _ n_gra
pw*=p, Li=Lg,

and P(A,)=1+0(1/n).
Furthermore, let (fy)nen and [ be measurable functions from £ x[0,1] xR to R such that there

exists C with P(C)=1and VweC,Vs€l[0,1],V|z| >1 fr(w,s,2) 7, f(w,s,z). Then

1 1
f fulw,s,2)u™(ds,dz) ﬂf f(w,s,2)uds,dz).
0 Jiz|>1 a.s. 0

|z|>1

n_ ya) Moo
Moreover, we have SUPyef0,1] L} — LY - 0.
We now consider the process (Ytn’ﬁ %) solution to the equation
- 1t o
(3.3.4) Y = o+ = f b7 P 0)ds + — L7 tel0,1].
nJo nta

From the construction of L", (X /Z )tel0,1] equals in law (Ytn’/j 0 )eefo,1]- Let g"P*0 be the density of

Yln P50 then the connection between the densities of X [j and Yln P jg given by

n

(3.3.5) plf/n(xo,x) = ¢"P ().
We remark also that (Ytn’ﬂ ™), admits derivatives with respect to the parameters 6 and

o, denoted by (detﬁ ); and (6(,Ytﬁ ):, respectively. With these notations, we have the following

representation.

Proposition 3.3.1. [Theorem 6.2 in [19]]
Let q»P*0 be the density of Yln P50 then we have the representation of the logarithmic derivative of

the density as a conditional expectation.:

B 0 g™ B0
Vpp'y V 5B 1 —(u)
1 q"™P ERED _ ~
(3.3.6) 5 (xo,u) = %(u) =1 ) = [E(Jfo,ﬁ,xo(vﬁyf’ﬁ’x‘))wf’ﬁﬂo =u)
sMs n,B,xq
P e ()
with
Ty (g Y IP0)
- Y 1
Hon s (VT Py = [ ) :
' T (06 ¥ P
Y, 1
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The Malliavin weight 7.1 (VY #%0y depends on the derivatives of Y’ PX0 with respect
1
to 6 and o and on Malliavin operators. Its explicit expression will be given in Section 3.6 (see

(3.6.11)) after some recalling on Malliavin calculus.

3.3.2.2 Intermediate lemmas

In this section, we study the convergence of the Malliavin weight appearing in the representation
of the score function. The limit of this Malliavin weight brings out an other weight denoted by
#7,2(1) (given explicitly in (3.6.16)) that permits to represent ¢/ /¢,, where @, is the density
of LY, as an expectation. This representation is not immediate since L{ does not belong to the

domain of our Malliavin operators (see Section 3.6).

Lemma 3.3.2. We have the representation

Qo)

3.3.7 =
( ) (Pa(u)

—E[#L(DIL] = u].

The connection between the weights JfYn,ﬁ,xo (VﬁYln P *0) and A#1,«(1) is established in the next
1
lemmas. The first lemma shows the convergence of the normalized iterated Malliavin weight

=>n,B,x
;;fy—vln,ﬁ,xo(v’ﬁYl 0).

Lemma 3.3.3. Let (f,)n>1 be a sequence such that B, nzex, B. Then, the following convergence
holds uniformly with respect to xg

(3.3.8)

1-1/a 51, Bn,%0 1
_ n FHonpn 2 (09 Y ) _ 209b(xg,0) A (1)
nl/zrncify-vln,ﬁn,xo(VﬁYf’ﬁn’xO) = Yl n—oo o ’

=1,Bn, LP Vp=1
Hognonsa 05 Y] ™) P Ly -1)

where LY is defined by (3.3.3). Moreover, for any compact subset @ <R x (0,00),

~ p
Vp=1, sup E nl/zrnjf}-,n,ﬁ,xo(VﬁYln’ﬁ’xo) < oo.
1

n,BeQ ,xo

The next two lemmas are related to a continuity property with respect to the conditioning

variable, in a conditional expectation.

Lemma 3.3.4. Let (B,),>1 be a sequence such that B, amiN B. Then, the following convergence

holds uniformly with respect to x.
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i) 0 B 0¥ P NF PP A2 2 19gb(eo, OF E [ELAL (DILST?],
i1) ETE[ g (0 V1" Prooy prePrtog2) 220 LR [EILYA04(1) - 1LST?],

Lemma 3.3.5. Let (8,)n>1 be a sequence such that B, —— . Then, the following convergence

holds uniformly with respect to x,

(3.3.9) N TVIEIELA 1o @p ¥ P )T [P O NEL A g (05 VP 0) TP 0]
1 1

n—oo

(DILSIELLS #e(1) - 1ILY]] .

The proofs of the above lemmas are very technical. They are postponed to Section 3.6.

Admitting these intermediate results, we can proceed to the proof of Theorem 3.3.1.

3.3.2.3 Proof of Theorem 3.3.1

1 1
n2 a 0
Proof. i) We need to prove that for (,) a sequence such that g, i Bandr, =
1
0 n-2
we have
2 wa(u)
1 [patug,]?
0 o2 f R o) du
and that this convergence is uniform with respect to xg.
2—*yn ﬁn »X0 nl—%jlnéﬁnrxo
Since nr, FmPnxop = , the proof of the above convergence reduces
nl—a n7ﬁnyx0 jn’ﬁnrxo
12 22
to prove the convergence of each entries of the matrix.
Convergence of n?? S Pt prom (3.3.6) in Proposition 3.3.1, we have
_ - 2
n?2a glhnto - p2-Yag [[E | Hgninsn @] Py 7P
nzoo —agb(JCO, 0)%E [[E [Jé’La(l)IL‘f]ﬂ , uniformly with respect to xg, from Lemma 3.3.4 i),
! 2
L
= —Ogb(x0,9)2[E %—1 from (3.3.7) in Lemma 3.3.2.
o2 wa(L‘f)2

Convergence of Jznz’ﬁ "™ We remark that from the representation (3.3.7), we can deduce the

following representation

<Pa(u)+u<pa(u)

3.3.10
( ) (Pa(u)

—uE[(AL«(D)ILY =u]+1=-E[(L{A#L(1)-1)IL] =u].
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Furthermore, combining (3.3.6) and Lemma 3.3.4 ii), we have

ki

- _ 2
jznéﬁmxo =F [[E [%Ylnvﬂn,xo (aUYlnﬁn,xO)lYln:ﬁmxo]

n—oo
—_—

—E [[E [(L A#.(1)-1) |L‘1’]2] , uniformly with respect to xo,
o

(palLE) + Lol (LY))?

e
@a(L)?

o2

] from (3.3.10).

Convergence of n1™V “flnz’ﬁ »%_We first recall the expression for the Fisher information

, 00" (0, X01) 0 " (0, X1,
yn, nsX0 _ E n n
12

P, XPr)  pPrixo, X0 )

then from (3.3.6) in Proposition 3.3.1 and Lemma 3.3.5 we have

(3.3.11) nlVeg I = I VOEELA, 0y (00T )P N T P O TEL A 0 (0 P TP
1 1

n—oo
—_—

1 a a a
—E [E[#7(DILSIEIL] #7«(1) - 1IL]].

On the other hand, from (3.3.7) and (3.3.10) we get

Po(L]) ((pa(L‘IHL‘{w;(L‘I))

3.3.12
8.3.12) Pa(LY) 9a(L%)

=E[#L«(DIL]]E[(L] #L(1) - 1)ILY].

Combining (3.3.11) with (3.3.12) gives

(3.3.13)
nl_l/ayn,ﬁn,xo n—oo if (P:x(u) [tﬂa(u)+utpix(u)]
12 2
0% JR Pau)

/ 2
R

1
du=—= [ ¢, (wdu+—
“ 02fma(p“(u) TR @a(u)

=0,

where we used the fact that ¢, is a symmetric function, and that the functions under the integral

are odd. This completes the proof of part 7).

i) Using (3.3.6) in Proposition 3.3.1 again and Jensen’s inequality, we get:

14
V) (0. X 1/2 51,6,
1 L < [Eln rne%’YIn,ﬂ,xo(vﬁY]_ o 0)|p7

Eln2p, — n %
Pg(xo,Xf)

and the result follows from Lemma 3.3.3. This achieves the proof of Theorem 3.3.1. |
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3.2.2)

3.4 Proof of the asymptotic expansion of the likelihood

(Theorems 3.2.1 - 3.2.2)

The aim of this section is to prove the asymptotic expansion of the log-likelihood function, stated
in Theorem 3.2.1 as well as the convergence given in Theorem 3.2.2. The proof of Theorem
3.2.1 is based essentially on the L2-regularity property of the transition density pf 1, (%, ¥). From
Jeganathan’s article [39], the following four conditions A1-A4 are sufficient to get the expansion

(3.2.2) of Theorem 3.2.1.

691)‘; (X'B Xﬁ ﬁepﬂ%(x,y)
) P’ Do P @y)??
We recall the notation ¢; ,(8) = g and we denote y,(B,x,y)=] ." 4 .
00}’% (Xﬁ Xﬁ 0sp % (x,)
P’ ool P’ @y)t?

Al. L%-regularity

n Berah [ p 1/2 5 (op 2 4 r 5 2 I
> E [R{pl " (Xj_l,y) -ph (X,-_l,y) -5h rnxn(ﬁ,Xj_l,y)} dy| ——0.
j:l n n n n n
A2,
n—-1
Ju(B)=rn ) E [fi,n(ﬁ)fg:n(ﬁ)lgi/n] rn =2 2(B) (>0 a.e), in probability.
i=0
A3.
n-1 9 oo
Ve>0, Y E[lraéin(BLir,e, przea] — 0.
i=0
A4,
n
sup Z [E( rnfi,n(ﬁ)(fi’n(ﬁ)Trn )< C, for a strictly positive constant C.
n =0

The condition Al is proved in Section 3.4.1 and A2 and A3 are proved in Section 3.4.2. The
condition A4 is immediate from Theorem 3.3.1 ii) since

B B
pX! 1 npXl,

2—2 n, /n 1-
n a]n n "jlz

1 npX" n,B6.X"

nEr i n(BEin(B) 1) =E
n 1- i f12 iln yzz iln

Note that these conditions do not imply the stable convergence in law (3.2.6) since in our
framework the filtration (&, ); does not satisfy the "nested condition" (see Theorem 3.2 in [31]).

The proof of the stable convergence in law will be given in Section 3.5.
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3.4.1 Proof of the condition Al (the L?- regularity condition).

Following [17], the crucial point of the proof is the asymptotic behavior of the transition density

of X f established in [19] and recalled below.

Theorem 3.4.1. [Theorem 2.1 in [19]]

We assume that Hy holds. Let (cn %0 be the solution to the ordinary differential equation
n,0,x0 1t n,0,x0
3.4.1) S —x0+;f0 b(cs"7°,0)ds tel0,1].

Let (B8,)n>1 be a sequence such that B, i B then for all (xq,u) € R,

: uo n,0,,x0y N—00
) nl/ap 1n(x07n1/Z+C1 ") —— @q(u),

.. uo n,0,,
it) Sup,cpsup, nl/ap 1n(x0’ ava TG

%) < o0,
where @ is the density of LY, a centered a-stable Lévy process.

Theorem 3.4.2. [Theorem 2.2 in [19]]

Under the assumptions of Theorem 3.4.1,

"(xO, L0 1 g Ont0) 22— Bpb(x0,0) X @l (w),

uo n,0,,x9\ 00
nl/aaap 1"(350, ova TG ) —

i)
— —pa(w) —uyp,(u),

n

n,0,,x
2 16017 n(xO’ v +¢y ")

il) sup,cpsup, < 00,

ner) < 0.

SUupyer SUP, nl/u 0o p 1n(x0, 1/Z + Cl

n G,Xﬁ,
) j-1

Proof of A1 By the change of variable y = :T(L +¢; " proving Al is equivalent to show:

n—oo
du——0,

12 2
(3.4.2) =) {fn(le,u) gn(X,l, )}
nJ:1 n

where

1/2 1/2
= Jonl/2-1/2a Brrah | UO  nox B Uo | nbx
frlx,u)=von p1 X, 1/a+<,'1 —DPi|% 1/a+('-1 ’
n »\ n

(o _
gn(x,u): §n1/2 1/2a(rnh)TXn (’B x 1/a +C;_l9x)-

Following the proof of Proposition 8 in [17], the next three properties are sufficient to prove

(3.4.2).
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3.4. PROOF OF THE ASYMPTOTIC EXPANSION OF THE LIKELIHOOD (THEOREMS 3.2.1 -

3.2.2)
1. There exists a function f such that,
Va,u, faulx,u) —> f(x,u),
(3.4.3)
gnlx,u) == f(x,u).
2. We have for all x,
limsupf Folac,u)’du < f flx,u)’du,
(3.4.4) nooOR "
limsupf gnlx,u)’du sf Fx,u)du.
n R R
3. We have
supf Fala,u)?du < oo,
(3.4.5)
supf gnlx, w)?du < co.
We now need to check the validity of the conditions (3.4.3), (3.4.4) and (3.4.5).
We start with the proof of the condition (3.4.3).
n%_é 0
We recall that r, = and h = (h1,h2)T € R? then by a simple computation we have,
1
0 n2
B n,0,x B n,0,x
T s agp%(x nl/a+C1 ) N aop%(x nl/a+C1 )
gnlx,u)= ——n""2hy 7zt ¥ he 2
2 B ( n,0,x 2 B n,0,x
1 xnl/a+(l-]_ ) pl xnl/“-‘r(’-l

From Theorems 3.4.1 and 3.4.2, we see that

Quw)  h (palw) +ugpw)
a2 20 @a(u)l?

—o h
gnla,u) =22 Fx,u) = —ﬁaeb(xﬁ)

Let m; = ﬁ+r,,ht( n,0,x

X, nl/“ +67 ) t €[0,1], then we can rewrite f,(x,u) as

(x u):\/(?nl/Z—l/mx m
n ’

v2_ 12
1 ~Mo ] :

Using the mean value theorem, we get for some s(x,u)€(0,1)

\/— Miew VT VP |¥ ( el x)
fn(x u)_ 1/2 12a n1/2—1/2a(rnh)T n

Nr ﬁn( nex)m’

P, n1/a+C1

where (3, = B+ r,s(x,u)h.
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From Theorems 3.4.1 and 3.4.2, we also get that f;,(x, u) —— f(x,u).

Now we prove the condition (3.4.4).

We have
(3.4.6) ) )
0 6
2 dop" (x A+ x) 2 3" (x“T‘/’ +6Y x)
fg (v 0)2du = 0h1n2—3/af A ! " thn—yaf a\n ! du
n ’ -
R 4 R B uo n,0,x 4 R B uo n,0,x
pl(x’nlla-i-g.l ) Py |% 7 T6
n n
n,0,x B n,0,x
ohihs 1y d0p") (x e 6 ) 0oP's (x nia 61 )
—al n n
’ 2 " [R p uo n0x\V2 p uo n,0.x)\ V2 “
pPi x,nl/a+C1 p, x,erCl
From Theorem 3.3.1, we get
(3.4.7) ngn(x,u)2dumfRf(x,u)2du, Vx.
Using
B+rphs n,0,x
JT 1 VP, (x nie T 61 )
frlx,u) = 7n1/2—1/2ocf )T : nh — ds,
0 +rpns n,0,x
D (x,ﬁ‘T‘/’ +63 )
we write:
B+rphs . n,0,x
onl-Va 1 Vﬁpl (x, 07 +¢y ) 9
[ fatewrdu=nate, 1= ]| [ ram? — s
R 4 0 B+rphs . n,0,x 2
P 0 T 64
B+rphs . n,0,x 2
1-Va 1 Vﬁpl X,0 47 +¢;
< on f ’ ( h)T 2 n H
= — r S
4 0 . B+ryhs . n0,x\ V2 g
b X0 A 1
2
B+rnhs . n,0,x B+rphs . n,0,x
1-Va 1 6917; (x,a 7z T61 ) aapl (x>0 7z T64 )
on 11 x n B x n
= ”“ ! 7zt he 1/2H s
4 0 B+rphs L n,0,x B+rnhs L n,0,x 2
p, X,0 7z 61 by X,0 - T 61
n n
B+srp,h n,0,x 2 B+srp,h n,0,x 2
onl-Va 1 ) aﬁpl " (x, :1_711 +¢q ) 6apl " (x, :1‘/7(1 +¢; )
- 4 f fnl_Eh% ﬁr:—sr h n,0,x du+f n_lh% ﬁr-:—sr h n,0,x du
o\ T el ®™) e )
2
+srph ,0, +srp,h ,0, 1/2
L aepg " (xa :1(/711 +Crll x) aap[i " (x, :1(/711 +Cr11 x)
+fn_32h1h2 = = du ds
+sr,h n,0,x
R ph (x 6y )

n
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3.2.2)
uh o
al-va | o1 0P (0 o 0P e )?
== f fnl_ah% s dv+fna—1h§ L o
0\ /R p, " (x,v) R p " (x,0)
2
ﬁ+3 h n,B+sr, h

(x,v)0sp 1

+f 2h1h2 n dv ds | by the change ofvarlable —a Tt c'll 0% =v,
R n

it (x,v)

n

1/2 ?
f 2_7h2 ,ﬁ+srnh x n h2 ,ﬁ+srnh x " n1_1/a2h1h2j1n2,ﬁ+srnh,x ) ds
(348) n—oo 1 h2 2 ((pa(u) hth (pa(u) (pa(u) + u(pa(u)]
_ ——(6 b(x,0)) 5 du
R <pa(u) "0 pau)
1 h% (tpa(u)+ gl (w)? 9

—— d

0% 4 o= [ P wan
Where, in the last line, we have used Theorem 3.3.1 for the convergences of Jln l’ﬁ +sr"h’x, J;Z”B +sr"h’x,
Jlnz’ﬁ +Sr"h’x, respectively and the application of the dominated convergence theorem. From (3.4.7)
and (3.4.8) we get (3.4.4). (3.4.5) is deduced directly from Theorem 3.3.1. |

3.4.2 Proof of the conditions A2 and A3 (Theorem 3.2.2)

From the Markov property and (3.3.1) we have:

5 1n1’ﬁ’Xl/n jlnz’ﬁ’Xgn
I K = E[ &0 (B n (B |G | = ; ’
n.B.X:, yn’ﬁ’Xi/n
F19 22
From Theorem 3.3.1 we know that the quantities
2
0 [ (u)
sup |nr, gnbX]) gy, — o? [ 60X L/n) fR o @ - )O -
<i<n-— 1 Qalu +u(pa u
O<isn-1 0 F‘[R B ) B du

converge to zero as n — oo. Then the convergence A2 is a consequence of the convergence of a

Riemann sum. A
Vpph (6. X7)
To prove A3, from the Markov property, we get: E £

)

ph @.X")
n

n

Irné; n(ﬁ)l |Xl/n _x] =E [ T'n

3
Vpph) (x,X5)
n n

ph @.X")
n n

1/2

for any £ > 1. But from Theorem 3.3.1 ii) we have sup,, ,E [|n""r, < oo, Vk = 1.

This control, for instance with & =4, is sufficient to imply the Lindeberg’s condition A3.

85



CHAPTER 3. LAMN PROPERTY FOR THE DRIFT AND VOLATILITY PARAMETERS OF A SDE
DRIVEN BY A STABLE LEVY PROCESS

3.5 Proof of Theorem 3.2.3 (Stable central limit theorem)

The aim of this section is to prove the stable convergence in law stated in Theorem 3.2.3. We first

n,B,xo -

recall the following result established in [19] where Y is defined by (3.3.4) and is equal in

law to Xf.

Lemma 3.5.1. [Lemma 4.1 in [19]] Let (cn %0y be the solution to the ordinary differential equation

(3.4.1), then
(38.5.1) nl/a(ffln,ﬁ,xo C;LGxo) n—oo L‘f,
a.s

and this convergence is uniform with respect to xg.

1_1
n2 « 0
Proof of Theorem 3.2.3 Since r,, = we have
1
0 n-z
dop”,
I (Xﬁxﬁ)

n—l pl
rn Z fl,n(ﬁ) = Z B
=0 j

0yp
S|tk (xxt

p[?’l i+l
Theorem 3.2.3 is an immediate consequence of Lemmas 3.5.2-3.5.3-3.5.4 below. |
Lemma 3.5.2. We consider
dop ﬁ 1 Vacr )
; 5 Pu(nV L -L))
‘Dln_ 1 1l/a n(X l+1)+ 03b(X 6) n n
Pl Pa (VUL i1 - L))
then we have n 1/22” 0 Din 2720,

Proof. Using Lemma 9 in [26], it is sufficient to show that:

n—1
(3.5.2) V2 Y IE@; 0| Fin]l 2 0,
1=0
n-1
(3.5.3) n”t ) E® 1 Fim]l = 0,
=0
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We start by the proof of (3.5.2). Since a score function has an expectation equal to zero, and

L. —L; is independent of %;,, we deduce that

(pix (nl/oc(Li+Tl _Li_))

EL@; | Fifn] = —6gb(Xﬁ 0)E

Since (L;); has stationary increments, the law of nY%L 1 — L) is the same as the law of L'll.

Moreover, we know from Lemma 3.3.1, that P(L] # L{) = O(1/n), thus

!
(L) !
E0s 0 Fi] = ~ 0pb(X, O)F [ PatZ)] ‘ ] T
n (pa(Ll) Pallo
where we used the fact that is bounded (see e.g. Theorem 7.3.2 in [45]). Using E [z"g:z; =
1

fR ¢, (w)du =0, we deduce I[E[(Di,nlcﬁi/n]l < Cn~1 for some constant C and (3.5.2) follows.

We now prove (3.5.3). We have

2
”’ﬁ’X‘Z 1 A (nl/“(Lu—LL))
El@}, | Fipl=n®09, " [Ogb(X 0)] o
P (VL ~L1))
(3.5.4) ; no
Opp 1(X ;+1) 1 (nl/a(Lﬂ —Li))
+2F nl—”“%—a@b(xﬁ 02 |7
e xl) 0 Qo (nVH L -L )" 7

With a method angdogous to the proof of (3.5.2), we can show that
P (nl/“(LHTl —L%)) (p;(L‘f)Z
%(nua(L%_L%)f pa(L§)?
in the right-hand side of (3.5.4) are asymptotically close to the same quantities, and that (3.5.3)

=E [ ] + 0(1). From Theorem 3.3.1, it appears that the first two terms

is proved as soon as we show that the following control holds, uniformly with respect to i,

COPIELXLD (e L)
E nl_l"%—agb(X ,0) n n |gi_
(355) (X XHl) n ( l/a(L%_Li)) n
a)2
[aeb(X 9)] W]_FO(D'
n,B,x
Using the notations of Section 3.3.2.1, we define d™%*0 = | n1- 1/“—6"Zﬁx0(();Ynﬁxo) 10b(xo g)waEIL‘ni

so that the left-hand side of (3.5.5) reduces, from the Markov property, (3.3.5) and the fact that
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_ p
Yln o equals in law X f , to d™?Xin. On the other hand, we can rewrite d™%% ag
ﬁ nl/a(Ylnvﬁva _C’lzvgva))
n X - -
dnﬁ’xo e 1 Ve agqn B, xo(Y 0) la b (pa g
- 0 (xO ’ 0) = 10,8, 7,0,%
nﬁxO(YnﬁxO) nl/a(Ylv 'O_CI’vO))
a o
(3.56) nl/a(Yn,ﬁ,xO _Cnﬂ,xo)
1170 00g" PR ) 1 9o (L) o
+E|n m—y —0gb(xg,0) e B Ty
gy o 9o (L}) o TG ))
g

Using the Cauchy-Schwarz inequality for the second term in the right-hand side of (3.5.6), we get

(3.5.7)
£ || 11a00g™ P 1 ou(L7) e 7
n 7,B,x —aeb(xo,e) - e
nﬁxO(Y > 0) (pa (L].) (nl/a(Yl ))
fo|
10, 8,%, n,0.x, 2 1/2
b 2112 P e )
aeqnﬁxo(Y 1 @, (Lrll) a —
= n B 5 000(x0,0) E L A
I va(li) (M)
a g

Furthermore, Ve > 0 we have

0 (n”"‘(Yf’ﬂ’xO—cr;’e’xo)) 2
Pu(L7) 7 v

Pa (L'll) n1/a(17",/3,x0 Cﬂﬂ:xo)
. - 1 b1 2
l/a(Y” Brxog _ n9xo) 2
P
=E 1
(nl/"(YnﬁxO ngxo) { l/a(Yano Cnexo)_Ln Se}
o 1
lla(Y" Brxg C” on) 2
P
+[E 1 51, B, 0,
(nlla(YnﬁxO anO) { nbaery io"rll xfo)_L’IL >s}

n,B,xq Cnﬁ’xo

lla(y
1 n
Ll

o

<C162 +2CoF 1{

|

nl/“(Yn”B’xO n,0,xo
1 _ L
1

3

= C1€2 +2CoP - 0162,

>€

(o

where we used the fact that 1s bounded with a bounded derivative (see e.g. Theorem 7.3.2 in

[45]) and Lemma 3.5.1. From Theorem 3.3.1 ii), and the estimates above we deduce that (3.5.7)
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converges to zero as n — co. Then,

51,0, ,9’
(p’ (nl/a(YI" Bx0 _C;L xo))
a

0pg" P20 (¥} %) 1 7
(358) dn’g’xo = E nl_l/“ q 7 nlﬁ X _agb(x()a 9) Ja 5 0%0 n,0,x( * 0(1)’
(o

where the o(1) term is uniform with respect to x¢. Now, using Proposition 3.3.1, we get

g

nl/u(yln-ﬁ,xo —C’f’g'xo)
Qo | ——F—"—

; ( nl/a(Yln.ﬂ,xo _ ‘.Y,vao ) )
a

+0(1).

_ 1
dn,@,xo =E nl_l/a%?n,ﬁ,xo(aer’ﬁ’xO);agb(x(),H)
1

From Lemma 3.3.3, we also have

A 0,
(p’ (nl/“(YI"ﬁxo—r;'{ xo))
a o
n—o0

( nl/a(yl'uﬁ,xo _Crlhﬂ,xo ) )
a

|

uniformly with respect to x¢. Then, the relation (3.3.7) enables to rewrite this convergence as,

0.

1
sup |d™?* — —8gb(x0,0)°E | ALa(1)
X0 o

From Lemma 3.5.1 we can deduce that

vy (LY)

A1) =L
Pa (Ll)

oo 1
00 e, — [09b(x0,0)1* E

by n—co 1 o [ 0L (LY) . .
qarrte —— ——5 [09b(x0,)]"E | ——— |, uniformly with respect to xo.
o Pa (L{f
This result implies (3.5.5) and hence (3.5.3). |
Lemma 3.5.3. We consider
0P 1 9a(nV L L))+ n VT Ll (2L - L))
Qi’nz—ﬁn(Xi’Xﬁ)'f‘_ n n n n n n
py v w0 P (VAL iy~ L))

n

then we have n~12 Z?_Ol Qin % 0.

Proof. We proceed as in the proof of Lemma 3.5.2 and check that

n—-1

(3.5.9) n Y2 N |ELoi ol Fil —=0,
1=0
-1 n-l 2 n—o0
(3.5.10) nt ) [ELof , | Fimll — 0
=0
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We start by the proof of (3.5.9). Since a score function has an expectation equal to zero, and
L. —L; is independent of %;/,, we deduce that
P PV L =L )+ VL ~ L)l (nV4(Lsss L))

0a(nV L ~L )

1
[E[Qi,nlgi/n] =—E
g

Since (L;); has stationary increments, the law of nY%(L .1 — L) is the same as the law of L’ll.

Moreover, we know from Lemma 3.3.1, that P(L] # LY) = O(1/n), thus

pa(u)+ ucpix(u)
@a(u)

o™,

o0

%(L“)+L1<pa(L‘f)] . ‘

Elngln_
(01,01 Fim] [ 0oL

where we used the fact that w/“(u) is bounded (see e.g. Theorem 7.3.2 in [45]).

Using [E[ (p(p&l;;)] Jrug,(w)du = -1, we deduce |E[p; | Fim1l < Cn~ I for some constant C and

(3.5.9) follows.
We now prove (3.5.10). We have

(3.5.11)

nﬁXﬁ [(p ( l/a(Lﬁ_Li))_i_nl/a(LM ~Lgl, (nl/a(LM—Li))]Z
[E[QL 2 Fim] = Fgq T4+ — s n n n n . .

o [PHeis L)

apl(X XHl)lq) ( 1/“(LQ—LL-))+n1/“(Lﬁ—Li-)q);(nl/“(Lﬁ—Li))

+ 2 |9

pl(X’j XL © Qo (VUL i1~ L)) "

With a method analogous to the proof of (3.5.9),2we can show that
[pa(¥* @i L )" Liga L i [n"* L sa -L )| [PuLO)+Le g LD

pa(LS)?

=E +0(1).

ponV @ i1 -L )
Proceeding as in the proof of (3.5.4), then (3.5.9) is proved as soon as we show that the following

control holds uniformly with respect to i,

9,05 (X? ,XM 19a (nl/“(Lﬂ —LL-)) + YL 1 — L ), (nl/a(Lﬁ —Li))

(35.12) E L |91—
(X XM) o P (VAL - L) L
1 (LY + Lol (LY
__Lg|le 19aCD) |,
o2 P L2

3,9(7,"") 1 @a(L7)+Ligh(LY)
(Ynﬂxo) o <Pa(L")

o.X
from the Markov property, to d i

We define d'f’g’xo =E

, so that the left-hand side of (3.5.12) reduces,
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u<pa( )

Proceeding as in the proof of (3.5.8), noting that is bounded with a bounded derivative (see

e.g. Theorem 7.3.2 in [45]), then we also get that

a0 Bx n,0,x a5 B n,0,x
pix nV ¥, p o_c1 O)q)’ nl/ ] Ji} 0—61 0)
aaQ(Yl P20y 4 o a o

d0oq(¥]"P™) 1

dn,a,xo _
q(¥] Py o

+o(1)

g
where the o(1) term is uniform with respect to xo. Now, using Proposition 3.3.1, we get

Hognia 05 7] )

dmo% =
o

la Yn,ﬁ,xo _ n,@,xo) l/a(Yn,ﬁ,xO B n,G,xO)
>n,B,x0\ ( 1 (51 1 |n 1 I
a%y—vln,ﬁ,xo (ang ﬁ ) o (pa =

+[E =1, 3,%, n,0,x
o (nlla(Yl» > O_Clv > 0))
a

+0(1).

g

From Lemma 3.5.1 and the convergence result (3.3.8) we can deduce that
Pa (L) + LY@, (L])
¢a (L)
uniformly with respect to x¢. Then, the relation (3.3.10) enables to rewrite this convergence as,

2
(o (LF) + LI¢, (L))
9a(L9)*
This result implies (3.5.12) and hence (3.5.10). |

1
—E|(L{A(1)-1)

dn,o’,xo n—oo
1

)

o2

dn7g,x0 n—oo
1

Lemma 3.5.4. We have the convergence in law,

(pa l/a( L LL)
_1/2Zn 1 ( +1~Li )16 b(Xﬁ 0)
(3.5.13) paln i L) H(0,.7(B))
0. n = ,
_p-l2yn-11 ga[n"" (L i -L ))+n”"(Lz+1 L), ( VL L))
i=0 o a( lla(Lﬂ—LL))
where the convergence is stable with respect to the o-field o(Lg,s <1).
Proof. We define the following processes:
[nt]
zZy =3, (Lﬁ —LL),
i=0 " " "
(p/a W(LQ_LL
rn,l l-rzlg ( — n n ) 16 b(X 9)
re=|t |=p 12 Palnto Ly -L ) 7
2 5 tnt) 9a[nV*L ix Lﬁ))+n1/"(L%—L%)<p;( @i -L) |
1=0 (Pa(nl/a(Lﬂ_LL)) o

91



CHAPTER 3. LAMN PROPERTY FOR THE DRIFT AND VOLATILITY PARAMETERS OF A SDE
DRIVEN BY A STABLE LEVY PROCESS

9" @i -L )

[nt] 3
m,1 Z F_
Ft B =0 <ﬂa(n1/a(LM_LL))
F/n — =n 1/2 n n
Co e sintl peln L g L et L Lol n L L)
t -
1=0 (ﬂa(nl/a(Lﬁ_LL))
n n

We will apply Lemma 2.8 in [36] to prove (3.5.13). Indeed, we will show that there exists a
Pu (L)’

E|—=—5 0
: . _ ®a(L5) .
Gaussian random vector y with var(y) = . . (e (L‘f)+L°1'<P’g Itk independent of L
(Pa(L‘f)
such that one has the convergence in law
(3.5.14) IT,Z1H = (y,Ly).

Then, by application of Lemma 2.8 in [36], there exists a bi-dimensional Brownian motion (I'}),

independent of (L;); such that one has the convergence in law (Z",I",I'"") = (L,I',I") where

1 B
=0pb(X;,0) O
ri=fi|° ° . drI'; and var(I)) = var(y).
0 1

o
Let us focus on the derivation of the convergence (3.5.14). For (u,v,w) € R, we set

n

Kn(u,v,w) =E *
w(u,v,w) T (pa(nl/“L%) ) <Pa(n1/“L%) 2

” (Péz(nl/aLl) v ((Pa(nl/aLl)+n1/aL1(ﬂ;(n1/aLl))
exp|i “ A = = +iwL 1

Using the i.i.d. structure of the increments of the Lévy process L, we easily get the following

expression about the characteristic function of (I'}*, Z)
(3.5.15) logE |exp(iul{" + ivl["? +iwZM)| = nlog Zn(u,v,w).

Let us study the asymptotic behavior of &, (u,v,w). Using the expansion of the exponential

xpg (%)

p.Co are bounded we get

!
function near zero and that % and
a

iu (Plx(nl/aL%) iv ((pa(nl/zxLi)+n1/aLi(pix(n1/aL}l)))

_ iwL 1
%n(u,U,LU)—[E [e ”] 1+ (n1/2 (pa(nl/“Ll) + n1/2 (pa(nl/“Ll)

2

1 i ((Pix(nl/aLl)) iv ((pa(nl/aLl)+nl/aLl(p£x(n1/aLl))

+ _ n + n n n +O(n_3/2)
2| nl2 (pa(nl/“L;) nl2 (pa(nl/“L;)
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iwL,] iU Pa(n*L1) iwL 1 v (‘Pa(nl/aLl)Jrnl/aLl‘pfx(nl/aLl)) iwL
=E [e ﬁ] 75 e n E = = e @
n (pa(nl/“L;) n1/2 (pa(nl/“L;)
w2 (pﬁx(nl/“L;) ? il wv tpﬁx(nl/“L;) ((,Da(nl/“Ll)+n1/“L1(,0;(n1/"‘L;)) il
- [ L e n —_ n n n n e &
2n pa(nVeL 1) n @a(nVeL 1) @a(nVeL 1)
2
v2 (pa(nl/aL%)+n1/aL%(p;(n1/ocL%) _— Can
_ e n +O(I’L )
2n @a(nVeL 1)
(3.5.16)
. . 2
1 iu 9 iv 3 u 4 uv s
= 3{,(1 )(u,v,w)+ W%’(‘ )(u,v,w)+ m%fl )(u,v,w)— %3{,(1 )(u,v,w)— 7%,5 )(u,v,w)
2
- ;}—n%,ﬁﬁ)(u,v,w) +0(n™3?).
First, we have
(3.5.17) ZD(w,v,w)=e? " =1+ yw)n+0(n"2)

where y¥(w) is the Lévy Khintchine exponent of L.
We now focus on the term ,%,(Lz)(u,v,w). Using the results of Lemma 3.3.1, and the fact that

nYeL 1, has the same law as L7, we get

(2) _ (p:x a iﬁ -1
2, (u,v,w)=E (p—(Ll)e e | +0(n™)
a
:f%(s)eiﬁdsw(n—l)
(3.5.18) R
= _rzl%f (pa(s)eln%ds+0(n_1) using integration by parts formula
R

= O(max(n~Y% n71y).

For the term 3,’,53)(u, v,w), using Lemma 3.3.1 again, it is easy to see that

<Pa(Li’>+Li‘<P&(L‘f)) |+ o

ini
Pa(L?)

= fR Pals)e' % ds + fR s@l(s)e' i ds + O(n ™).

%,,(L?’)(u,v,w)z[E[(

(3.5.19)

Using integration by parts formula, we have

iwLY iws nla . ws.
E(e ﬁ):f(pa(s)enl/ad,g:— g f(Pa(S)enl’“ds.
R w Jr
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Then, we deduce that

iw iwL% w _iw_ra
)= ——— Va™1
E(e ) ~Va E(en ).

(3.5.20) f Pl(s)ent ds = -
R

nVa

Since L{ is a symmetric a-stable process then we have for some constant C(a) >0

a

(3.5.21) E(e LYy = o ~C@3Ha[
Combining (3.5.20) with (3.5.21), we have

T L. Ao/ I
(3.5.22) fR(pa(s)enV ds-—me ‘n” .

-C(a)

Now, since [|s¢l(s)lds < oo and w — we 2Ya| admits a derivative on R, we obtain by taking

the derivative with respect to w of the both sides of (3.5.22)

a

“w]*

~C@| tz

+aC(a)e

_iws —-C _w
f s‘/’ix(s)e 2V g = —e (“))nm
R n

(3.5.23) , “ w|®
= —/ (pa(s)emds+aC(a)e_C(a)‘m —
R n
From (3.5.19) and (3.5.23) we can deduce that
(3.5.24) 2w, v,w)=0n1).
For the term %,54)(u, v,w), using Lemma 3.3.1 again, we have
(p/ ,wL{i'
XD, v,w)=E [—“(L‘f)zelnl’“ +0(n™ Y
(3.5.25) , e
nooo, [E[ﬁ(L‘f)z].
Pa
For the term %,(15)(u,v,w) we have
/(La)( (La)+La /(La)) iwL%
X (w,v,w) = E [% z e t(pa et | +0(n™Y)
h - (L) (pa(L§)+ LY@l (L))
T E [q)“ 1 Wa g 7219 ] =0 from (3.3.13).
PalD allD)

For the term %,EG)(u,v,w), we see that

2 . a
%(6)(u v w):[E ((P:x(L(f)-FL(f(p:x(L?)) z:'ll/g +O(n_]_)
(3.5.27) o $all)
- noo ((p;(L‘i‘)+L§‘<p;(Li'))2
Pa(L9)
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Collecting the convergence of (e%,gi)(u,v,w))lsise, we deduce the convergence

2 / 2 I(ra @, (T @)y 2
.omlo . m2 . n—oo u @Y 9 v (pa(L1)+L1(pa(L1)
logE [exp(iul " +ivl' " +iwZ])| — y() - ?[E [(p—Z(L‘f) _E[E ( 22T
and thus the convergence in law of this lemma. |

3.6 Proofs of Lemmas 3.3.2-3.3.5

The proof of these lemmas is very technical and requires many intermediate results. We first
recall the Malliavin calculus for jump processes used in [19] and some properties of the Malliavin
weights. Next we will establish a regularity property of a conditional expectation with respect to

the conditioning variable. Then we will proceed to the proof of the lemmas.

3.6.1 Malliavin calculus and preliminary lemmas

We recall the Malliavin calculus on the Poisson space associated to the measure ,u(n) (defined in
Section 3.3.2.1) and the basic properties of the Malliavin operators (see Bichteler, Gravereaux,
Jacod [8], Chapter IV, Section 8-9-10). For a test function f :[0,1] x E — R ( f is measurable,
62 with respect to the second variable, with bounded derivative, and f € N p=1LP(v)) we set

p(f) = fol [z f(t,2)u™(dt,dz). We introduce an auxiliary function p" as

24 if Jz]<1

(3.6.1) p"(2) =1 ¢(2) if 1<|z]<2

221(zhE) if Jz1>2

where 7 is defined in the assumption H1(b;), and { is a non negative function belonging to C*

such that the function p” belongs to C*. Note that { is defined such that p”(z) admits a derivative

and p",(p"), pnﬁz; belong to N,>1LP (F(2)dz). From the conditions on 7, we can easily deduce

22 if 2<[z|<2n
that z2r(2nzm):

0 if |z|>4nVe,

95



CHAPTER 3. LAMN PROPERTY FOR THE DRIFT AND VOLATILITY PARAMETERS OF A SDE
DRIVEN BY A STABLE LEVY PROCESS

Moreover, we can see that p”(z) —— p(z) where

24 if |zl<1
(3.6.2) pR)=1((z) if 1<|z|<2

22 if |z|>2.

Note that from the definition of p” and p, we can easily see that p"(z) = p(z) if |z| < 2n"/?,
With these notations, we define the Malliavin operator L, on a simple functional p™(f), in the

same way as in [17] by the following equations :
(n) 1 (n) ny/ p/ nF;l / n el
L™ =gu™ | f+p =+ f 7,
n

where f' and f" are the derivatives with respect to the second variable. For ® = F (u(”)( f1), ..,u(”)( ),

with F of class €2, we set

L®= i@(u(n)(fl) ﬂ(n)(fk))L(H(n)(f'))+1 i 02F (,u(")(f1) ,U(n)(fk)),u(n)(Pnf{f{)-
i=10x; T 72,52, 0xi0x; e il

These definitions permit to construct a linear operator L on a space D c n,>1L” whose basic

properties are the following.
i) L is self-adjoint: VO,V € D, we have EOLY =ELDVY.
ii) LO? = 20LO.
iii) EL® =0.
We associate to L, the symmetric bilinear operator I':
(3.6.3) I['®,¥)=L(OY)-PLY -VYLD.

This operator satisfies the following properties (see [8, equation (8-3)])

(3.6.4) [(F(®),¥) = F/(®)[(D, V),
(3.6.5) [(F(Dq1,D2), V) =00, F(P1,P2)[(P1, V) + 0, F(P1, D) (P2, V),
(3.6.6) IT(®, ¥)| < T(®,D)2T(¥, ¥)2.
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Remark 3.6.1. The operators L and " depend on n through the functions p" and F, but to

simplify the notation we omit the dependence in n.

The operator L and the operator I" permit to establish the following integration by parts

formula (see [8, Propositions 8-10, p.103]).

Proposition 3.6.1. For ® and V¥ in D, and f bounded with bounded derivative up to order two,

if T(®,®) is invertible and T 1D, D) € Np>1LP then we have

(8.6.7) Ef' (@)Y = Ef (D)Fp(P),
with
(3.6.8) Hop(¥) = 29T XD, D)L - [(D, VYT (D, D))
_ _owr-1 _ _r
(3.6.9) =-29T Y@, DP)LD F((D’q))r(qn,qmF((D,q))zr(qxr(q),@))
(3.6.10) —CDL( hd )— YL® ( Ve )
o B [(®,®)) T(®,®) [(®,®))

With these notations, we can explicit the Malliavin weight A% n.x, (V ﬁYln Pxoy appearing in
1

the representation of the score function given in Proposition 3.3.1.

Proposition 3.6.2. [Theorem 3.1 and Theorem 6.2 in [19]]

V% ’ﬁ7x0
_ ;;f— n,B,xq (a@Y{l )
e}f?n,ﬁ,xo (VﬁY{L,ﬁ’xO) = Yl
' Hogniso 0T, P0)
(3.6.11) !
66Y1n‘7ﬁ>x0 1 F(Y{L’ﬁ’xo,agY{L’ﬁ’xo)
= - %Ylnyﬁ,xo (1) - F(Y—,n”ﬁ,xo Yn,,ﬁ,xo) 51, B,%0 >1,B,%0
3,Y! 1Y TP, 0,7 )
and
> 1,B,% >n,0,%0 71,0,% 5 1,0B,%
PPN ¢ el Xt Sl Sl ST 5 £
Yﬂ, ,xO - _ _ 2 - .5, - B,
(3.6.12) 1 (F(Y{l,ﬁ,xo’yln,ﬁ,xo)) F(Yln ﬁxo’Yln ﬁxo)

_ 1 la pn n n n
= ;n Jfﬁ(1)+%1’ﬁ(1)+9?2’ﬁ(1)+%3)ﬁ(1).
The main term J?g(l) is given by

(3.6.13)
J3 Je€)3p™(2)(p™) (2)u™(ds, d2) B Jo JoleD ™ (0™ (2) - 12 p™(2)] 4 (ds, d 2)

fol fR(eg)_zp”(Z)u(”)(dS,dZ)]2 €7 fol JrEeH2pM(2)u™(ds,dz)

.
Fg(1) = -
€1
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with
1 ¢ 171, PB,%
(3.6.14) €l =exp (—f 'y, "™ O,B)du).
nJo
The remainder terms satisfy for all compact set @ <R x (0,00)

c C C
(3.6.15) Vp=>2, Esup @gﬂ(l)r’ <=, supl®DI=—, sup|®} (D<=,
pe’ n peQ 7 n pe n

where C is some deterministic constant.

Remark 3.6.2. i) It is proved in [19] (see (4.23) ) that J?l’;(l) is bounded by a random variable
independent of n, § and xo and belonging to N,>1LP and that it converges in LP Y p = 1, uniformly

with respect to xg (see (4.23) and (5.49) in [19]) to H#1,«(1) given by

f Jep@p'(2)u(ds,dz) B Jo Jplp'@)- 12 5(2)| p(ds, dz)

(3.6.16) Aopa(1) = : (
(3 Jup@tds,d2) Jy Jp@uds,dz)

Moreover, #1,«(1) and L‘l”JfLa(l) belong to LP ,Vp = 1.
ii) In the case b =0 and o =1, we have €} = 1 and the remainder terms %gﬁ(l),?}i’gﬁ(l) are
equal to zero (see (4.7) and (4.8) in [19]). Moreover, we see that (3.6.12) can be rewritten as

Jg’g(l) + nTl/a%'f ﬁ(l) = nyll(l), then we can deduce that JfLrll(l) L—p1> Fr,(1).
) p=

Before studying the Malliavin weight Jé’w,ﬁ,xo (VﬁYln P "0) we give some control on the pro-
1

cesses (c'ith[j ): and (ang ):, respectively solution to the equations

; 1t ; 1t
(3.6.17) 07, P = = f b/ (77 P,0000 Y 0 ds + = f dpb(¥P 0)ds,
n Jo nJo
] 1t _ L
(3.6.18) B, Y = = f bV )0, P 0 ds + =L
nJo nt®

We have the following properties.

Lemma 3.6.1. [Lemma 5.1 in [19]] Let @ <R x (0,00) be a compact subset. We have

,ﬁ7x0| < Q
=70

i) Suppeq Ideln

>1,0,%0
YSV >

n—oo
_—

0, Vp=1.

ll) SupﬁEQ SupsE[O,l] ’60

98
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We now proceed to the decomposition of the Malliavin weight Jz,”Yn,ﬂn,xO (VﬁYln P »*0) defined in
1
Proposition 3.6.2 into some main parts and some remainder parts. From (3.6.11), (3.6.12), we can

. 51, B X
rewrite Jlen,pn = (VY ""™) as,

o.inn]./aaaYln,ﬁmeﬁ’gn(l)

(3.6.19) Ay (Vp¥ ;PP = e + R (Vp¥, )
: L (e, 770 g (1) -1)
where Jz?’g(l) is given by (3.6.13) and
agYn,ﬁnny Vlnzn
n 51, BnsX0y _ 1 n n n _ uy
(36200 A (V¥ |25, D+ R, (D+ R, (D oo
ang Uil,ﬁn - a

with UPP = (7P, 77oP0), vl = 1P 9, 77P) and V™ = T(¥]"P™,0,¥."P*) given by

(3.6.21)

(6”)20'2 1

np _ "1 n\=2 n (n)

o L ds,dz),
e fOfR(es) ") (ds,dz)

(3.6.22)

1 1
Vi = e [ et (o

n

(aab)/(y_vsn,ﬁ,xo , 0) + b//(YSnvﬁaxO , H)GQst’ﬁ’xo

)ds,

(3.6.23)

no_ 1 n\2 ! ny—2 [ 1.1~ 1,B:%0 > n,0,%0 7 11,0 g n\2 t n\-2 .n (n)
V= 2?2 [ () (b ¥P* gy, yIPHy™ )ds+—(€1) € 2p"(2)u™(ds,dz)
1 n 0 n2/a 0 Jr

and (e} )sefo,1] given by (3.6.14).
Now we recall two technical lemmas given in [19] useful to study the convergence of the

Malliavin weight Hn.pn o (v ﬁYln P "0y in the proof of Lemmas 3.3.4 - 3.3.5 later.
1

Lemma 3.6.2. [Lemma 5.4 in [19]]
Let (B,,) be a sequence converging to B. For all p = 1, the following convergences hold uniformly

with respect to xg

n—oo

i) ndgY{ A (1) 7 0gb(xo, 0)H14(1),

ii) nl/aaUYln,ﬁmxoﬁgn(l) nI_:—poo’L(f%L”‘(l)a

where J?g(l) and #7,«(1) are respectively given by (3.6.13) and (3.6.16).
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Lemma 3.6.3. [Lemma 5.3 in [19]]

Let @ cR x (0,00) be a compact subset. The following estimates hold:

; 1 C

1) Supgeq R =5

o Vg

1) L5 ==2+2%2 (1),
Ul,ﬁ g 9,ﬁ

where C is some deterministic constant and supgeq L%’g ﬁ(l)l converges to zero as n — oo in

LP Vp=1.

3.6.2 Regularity of the conditional expectation

In this section, we prove a regularity property of the conditional expectation with respect to the

conditioning variable.

Proposition 3.6.3. Let # be a random variable such that E(A#)? < co. We assume that there
n N—00

LZ

F€ and

exists a sequence of random variables (™) =1 with E(#™)? < oo and such that A

sup,, IT(A", #™)|lg < co. Then,

_nnﬁnrxo 2 a 2 n—o0o
(3.6.24) E[EL719, T | - € [ELIL 1| 2= 0
and this convergence is uniform with respect to x.

Remark 3.6.3. Note that if the random variable /€ depends on all the measure u then the
Malliavin calculus of Section 3.3.2.1 is not defined. So we need to introduce the sequence of
random variables ("), for which the Malliavin calculus of Section 3.6.1 is defined, such that

(A, A7) is also well defined . It is the case, for instance, if A" is a simple functional of ,u(”).

Proof of Proposition 3.6.3 First we reduce the situation to the case where the random vari-
able in the expectation is bounded. Let K > 1 and denote by x — Xk (x) a smooth truncation
function with

Xr(x)=0 for |x|>K

(3.6.25) | Zxx) =1 for |x|<K/2

0<=Zx(x)<1 for K/2<|x|<K.
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For all € > 0, we can choose K large enough such that || A — A Xk (A )I|§ < ¢ and then, one can
see that (3.6.24) is implied by the following convergence, VK > 2

n—oo

E|ELA2 (0T P 2| ~ E [ELA 2R (OIS T] 0.

2 n—oo

Now since E(A#" — #)* —— 0, it is sufficient to prove that, VK > 2

(3.6.26) E [[E[” " (AT ”’x°]2] —E[EL#" 2k (#™)LIT] | 222 0.

We now prove (3.6.26). First, we define 7 "% and 7k " as follows

(3.6.27)
JL"”’K(Ynyﬁn,xo _ n,enny) =F [%H%K(%nny_vlnyﬁmxo _ Crllyen,xO:I =F [%ﬂ(ﬂf]{(ﬁﬂﬂYfaﬁnﬂ% ,

a
oL
1/11

n,. L
7" ( )[E[Jf”%K(Jf”)I ]:[E[Jf”%K(Jf”nL‘f].

With these notations, we can rewrite (3.6.26) as

27®00.

ﬁn’K(Y_vlnyﬁn»xO 7,0n,%0 )2 —F

(3.6.28) sup -6

X0

E(n

_ o
( nl/a )

K O'L(f 2]

Using Lemma 3.6.5 in Section 3.6.4, we know that:

J’Z‘m’K 10, P X nyen;x —J’fn’K 1, P X n0 »X0
(Ylﬁ 0 0)_77 (Ylﬁ 0 _ 0)

| ==

suplk Hn
xo
and since |1T7‘0 "'KI and Iﬁjf n’Kl are bounded by the constant K, we deduce

n—o0o0
B ——

n,K _— _ n,K - s 0.,
A (Yln’ﬁn,xo _ C?,gn,x0)2] _ [E[n]f (Y{L’ﬁ X0 _ C:Tll 0 x0)2] 0.

Now, applying Lemma 3.6.4 in Section 3.6.4, with the choice #" = 1 with the bounded function

#”* "2 we get (3.6.28) and the proposition is proved. u

We can now prove Lemma 3.3.2, Lemma 3.3.3, Lemma 3.3.4 and Lemma 3.3.5.

3.6.3 Proofs of Lemma 3.3.2, Lemma 3.3.3, Lemma 3.3.4 and Lemma 3.3.5

Proof of Lemma 3.3.2 First we remark that although L{ does not belong to the domain of
Malliavin operators D we can establish a representation for ¢/,/¢,.
Indeed, since L] belongs to the Malliavin space D, the integration by parts formula (3.6.7)

gives for any test function f ( f is bounded, compactly supported and f’ is bounded),
(3.6.29) E[f' (L] = [E[f(L'{)JfL';(l)]-
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Now from Lemma 3.3.1, we have P(L] = L‘f) 27, 1 and from Remark 3.6.2 ii) we have

H»(1) % A1,«(1). Letting n go to infinity in (3.6.29), we deduce
p=
(3.6.30) ELf(LD] = ELf (L) ALa(1)].

Observing that [ (u)f'(w)du = — [y (w)f(w)du, we get [ f(w)g,(w)du = —E[f(L{)A#1(1)] and
we deduce the representation (3.3.7).

Proof of Lemma 3.3.3 The proof of this lemma is based on the results in [19] recalled in
Section 3.6. From (3.6.20), Lemma 3.6.1, Lemma 3.6.3 and (3.6.15), we easily deduce that
SUPge@ %%(V;;Yln P »*0) converges to zero in L, Vp = 1 (uniformly with respect to xo).

From Lemma 3.6.2 i —ii) and (3.6.19) we can deduce (3.3.8).

_ D
The uniform control of E [n/ anJfYn,ﬁ,xo(V ﬁYln h *0)|” is immediate.
1

Proof of Lemma 3.3.4 From Jensen’s inequality, we have

]

- _ 1 B
[E[‘[E[nl‘”“%;,ﬁn,xo(09Y{"ﬁ"’x°)|Y{"ﬁ"”“°] ~ E[=0pb(x0, 0) A (1)IF{ P

_ 1 2 _
<E|E nl—l/“yfyn,ﬁn,xo(agyf’ﬂ"’m)—;agb(xo,e)yfmu)‘ |Y1”’ﬁ"’x°H
1

]

From Lemma 3.3.3, the last term converges to zero uniformly with respect to xg. In turn, it gives

, 1
=E | 0!V Ay nng B Y] ) = —0gb (o, 0) Ae(1)
1

the uniform convergence

n2—2/ll[E n—oo

0.

_ _ 1 _
ELA gm0 Dg Ty P70 | - ~500b(x0,0)° [ELALe (1T
1

sup
Xo
By the same method as above, we also get the uniform convergence

n—oo
E—

1 _
- SE [EL(LS 710 (1) - 1) 197 2] 0.

E |EL A0 0 ¥} PO TP P

sup
%o
Hence, this lemma will be proved as soon as we show that

n—oo O,

E [ELA- (171" | ~ E Bl (ILS TP

(3.6.31) sup
X0

(3.6.32) sup|E [EL(LS #«(D - 1) |Y1”’ﬁ”’x°]2] ~E[E(L§ A1) - 1) IL§P || == 0.
)
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To prove (3.6.31), we apply Proposition 3.6.3 with the choice A# = #7.«(1) and

Jo e @)™ (2™ (ds, dz) fo Jo (0™ (2) = 2 p"(2)] u™(ds, dz) 7

(3.6.33) A" =
[fo prn(z)ﬂ(n)(ds dz)] fo fR p”(Z),u(”)(ds dz)

n

From Remark 3.6.2 ii) we get that S#" = (1) — },a% moreover E(#7«(1))? < co and

1,6°
A" 222 7610(1). The computation of I(A", #") is omitted but reduces to the computation of
L2

the I'-bracket between simple functionals. After some calculus (similar to those in the proof of
Theorem 2.1 in [19]) we get that ['(#", #") is bounded by a random variable independent of n
and belonging to N,>1L? (see the detail verification in Section 3.7). Turning to 3.6.32, we proceed
similarly with the choices A# = L“JL”La(l) and A" = L”J?". Note that using Lemma 3.6.2 ii)

n N—oo

with b(x,0) =0 and o = 1 we deduce that L”Jf —— L{A#«(1) moreover we can prove that

sup,, IIF(L’{Jé’n,L’i‘Jf”)IQ < 0o (see the detail verification in Section 3.7). [ |

Proof of Lemma 3.3.5 It is easy to see that

(3.6.34) E nl_l/a[E[JfY"ﬁmxo(09Yf’ﬁ"’x°)IY{L’ﬁ"’xO][E[nyn,/sn,xo(ang’"ﬁ”’xo)Wln’ﬁ"’xo]
1 1

|

1 . 1 ;
-E [E (L A1) 1) |Y1"’ﬁ"”"°] E [;agb(xo,e)JfLa(1)|Y1’”ﬁ"”"°]

<F nlil/aﬂi[ejf?n,ﬁn,xo (OQY{Z’ﬁn,xONY{L,ﬁme]
1

- - LY F1.(1)-1) _
([E[wa,ﬁn,xo(agY{"ﬁ"’xO)|Yf’ﬁ"’x°]—[E i -1) )|Yf"’"”‘°})”
1 o

+E |Y1”’ﬁ”’x°]

' . [ (LeAe(1) - 1)

- _ 0gb 0) A« (1
(nl_l/aIE[tij—vn,ﬁn,xO(aQYf’ﬁn’xONYf’ﬁn,xo]— [ 0 (xo’o-) L ( )l {lﬁn xO] ) ' ] .
1

Then using Cauchy-Schwarz inequality

|

nl_l/a[E[eifYn,ﬁn,xo (agY{L:ﬁn,xO)lY{lvﬁn,xO] %
1

(L‘fjfl,a(l) -1) IYn"B"’xO
o

510, Bn,%0 1% 15 P X
EL A 00 0¥ P O] - E ’

i
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12

< X

_ _ 2
E ((nl_l/a[E[%Yln,ﬁn,xo (aeerlﬁn,xO)'Ylnﬁn,XO]) )

1/2

X

2
LY Fr.(1)-1) _, %o
( 1 LU )lYl’ﬁ"’ ]) ]

510, B,X0\ | X7 > B X
E ( [E[.]len,ﬂn.xo (aayl O)IYI 0] -E

_ 2 _ 12
(3.6.35) = [E(nz_%‘[E |J£Yn,ﬁn,x0(ang’ﬁmx°) |7 P )] x
1
(Lo A1) -1) .
x [E( E %Yn,ﬁn,xo (60?{%ﬁmx0) _ L |Y_']’:L7ﬁn,x0 )]
1
2 Lo -1)F )]
_ 2-2/ 51, B0y |2 12, B 17¢Le -~
= [E(n * | Hgnin (@Y 0)) [E(Jf;f,ﬁn,xo(aoyl - )] :

Furthermore, from (3.3.8) we easily deduce that (3.6.35) converges to zero uniformly with respect

to x¢. Similarly, we also get that

E |[E [(L‘Il‘%ll;(l)_l) |Yf’ﬁn,x0] (nl_l/a[E[ﬁYln,ﬁn,xo (aHY{L,ﬁme)lY{l’ﬁn,xO] —F 69b(x0y90)d—(£La(l) |Y1n1ﬁn,x0 ] )‘ tends

to zero uniformly with respect to xg. And then, we can conclude that (3.6.34) converges to zero

uniformly with respect to xg. In turn, it gives the uniform convergence

E [nl_l/a[E[a%Yn,ﬁn,xo (aHYln,ﬁn’xO)lYln’ﬁn’xO][E[ejéan,ﬁn,xo (agY{l,ﬁn,xONYlnyﬁn,xO]
1 1

(3.6.36) sup
%o

n—oo
—_—

—[E[[E 0.

1 _ 1 ]
(S EGRCORSY |Y1”’ﬁ"’x°] E [Eagb(xo,H)JfLa(l)lYln’ﬁ"’xo] ]

On the other hand, we can rewrite

1 —n 1 .
(36.37) E [[E [; (L3 (D = 1) 1Yy ’ﬁ”’x(’] E [gagb(xo,e)JfLaanYl ’ﬁm’“’] ]

1 1 1 51, B, 2
= Z[E{ [E(; (LY H10(1) = 1) + —3pb(x0,0) AL (DY oPn 0)]

1 1 o 9
[E(E(L'fJfLa(l)—l)—Eagb(xo,H)JfLa(l)lYl +Bn o)] }

Then, the lemma will be proved as soon as we show that

2

(3.6.38) [E{ [[E(% (LS #(1)-1) + éaeb(xo,H)JfLa(l) ‘Yln’ﬁ"’xo)]
1 @ 1 51, %0 2
_[[E(E(LlﬁLa(l)—l)—gagb(xo,e)%La(l)‘Yl’ > )]
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is uniformly convergent with respect to x¢ to

1,., 1 212
(36.39) E{ |E|= (L§ALe (1)~ 1)+ =3pb(xo,0) 710 (1) | L

o o

1 1 ,
_ [[E(; (LS #«(1)-1) - gagb(xo,ﬁ)ﬁf’m(l) ’L%)] }

We end the proof by using Proposition 3.6.3 with A = L{AL«(1) £ 0gb(xo,0)#L«(1) and A" =
L'{J?” +0gb(xg,0) A" where A" given by (3.6.33). [ |

3.6.4 Lemmas 3.6.4 and 3.6.5

The aim of this section is to show that the functions n7 " and T "* defined by (3.6.27) are close
in some sense. The idea is mainly based on [17, Proposition 9, p.2348], however we need a more
technical study since a € (0,2) and the function b is not assumed to be bounded. Our first result

is the following.

Lemma 3.6.4. Under the assumptions of Proposition 3.6.3, for all bounded function h, VK > 2,
there exists a constant Cg > 0 such that

a'

N x() n Xi n n C
ELA" (AT P 0%0)) - ELA" g (7 )h( I ER [

and the above estimate is uniform with respect to xg € R and B € Q, for any compact set @ <

R x (0,00).

Proof. Since A" Xk (#") is bounded and P(L7 # L{) < % (see Lemma 3.3.1) it is sufficient to
show that
i} oL’ c
(3.6.40) ELA" LA T} = 0500~ ELAE" 2 (A (D)) < = o
We now prove (3.6.40).
Let us denote #"K = #" X (A#™) and H any primitive function of &. Using the integration by

parts formula (3.6.7), we have

(3.6.41) [ Jf”K ]

o )(Jf”K)

1/
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where JL”((,LHL )(Jf”’K) is given by (3.6.10), namely here

nla

gnE oLt L(ChaemE [ aemK
I(

K 1/a
T oin (FO)=L — — = D Z
:1/; ) oL? oL? nla oL? oL}

I( oL} oLY
nla’ pla nla> pla nlas pla

I(

On the other hand, we have for ¢ € [0, 1]

O'L?
nl/a

51,0, n,0,x
Yt 0 Ct 0 _

f (67, 0) - bl *,0)) ds

n

1t I =1, B,%0 n,0,x 1t Y oL 1 1
- X0 sU,X0 - ! n,,ﬁ,xo _ n’07x0 _ S n
< fo 18 oo 7% = 00 s < = fo 18 ool 757 = 10 = Tt s + fo loL2Ids

Applying the Gronwall’s inequality, for C a positive constant, independent of n and K,

n
Y-vn,ﬁ,xo _ Cnﬁ,xo _ ULl

(3.6.42) ! -

C 1
< l—l/f |O'L;L|d8
n +1/a 0

Using that the function H is globally Lipschitz with a Lipschitz constant |||, we deduce from
(3.6.41) that

oLY
‘ [Jf Eh— ] [H(Y” P NI (%"’K)] ’
(3.6.43) e

oC
[1A]looE Hfo ILZIdsff(aer )(jfn,K)H.

= 1+1/
nitha nla

n,B.xo _

Now we compute E[H (Y

n 0% )Jé’ L )(Jém K] using successively the self-adjoint property

l/a
of the operator L, (3.6.3) and (3.6.10), to obtain an integration by part formula in a reverse

direction:

(3.6.44)
ELH (7] = ) oy (A7)

l/a

[ L" L"
E H(Yn,ﬁ,xo n,H,xO) L 7K OLrlL L((rjll_/;)%n’K A Kil/a
= 1 - Cl n n - n n n
r( ) R v I, 2
_ {L(H(Y{Z’ﬁ’xo n 0,x0 ) - ) H(Yn B, X0 _ n 0, xo)L( g ) L(H(Yn B, X0 _ n 0, xo))if;g )}%H,K
=E
L oL”
TG, oot
n n
L n,pB, xo _ n 0,x
(2L HY P - (0 _ T(&L, Y] 00y
_ n,K 1/11 ’ n,K n,,B,JC() _ n,@,xo pla>
=E (A oLy oL} E A h(Yl 61 ) oL? oL" :
r(eLE ok r(ZE, o

nla> pla
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Putting together (3.6.43) and (3.6.44) we deduce,

n

L
'E[%n’Kh(al 1

- ELA" K p(F P = 0]

=( 1+1,a)||h||ooHJfE,Ln (Jf”K) |L”|ds

l/a

1

LT wnBxo n 0,x
(5, Y, 20y
n,Kp .82 _ _n,0,x nla> _
+E || #"En(, ¢t ){ ST 1
r( nla> pla
(3.6.45) L
1 F(u Yn,ﬁ,xo _ Cn,G,xO)
K K Ta»s>+1] 1
<( 1+1/a>||h||ooHJfalL; (" )fo L21ds|| -+ 176" ool Al oo | —2 ST -1,
1 e
UL n,ﬁ,xo n 0,x0
c o n,K\ 1 n n,K nl/“ ’Yl )
<kl [ | T g L | s+l leolBlle] |~ ST -1
N T _ . nla s pTa )
I(ln,s) Ivn
2
Hence the lemma will be proved if we show that sup,, supgo 1 I (%) < 50 and sup, nl (2”) <00
Step 1: we show that sup,, supq, I]I < oo.
We can write from (3.6.9)
L7 L
ey I ot ot ot 16
I G
(3.6.46) nle’ n nVa> n nla’ p
—2L(LY) 7K genK T, 7mK)
= T}, T, L) - —
o | T@:L® T@:LY T(L,L7)

Now, let us recall that from (3.3.2)

S S
= f f zi'™(dt,dz)+ f f zp\(dt,dz),
0 Jiz|=1 0 Jiz|>1

then,
o o $
3.6.47 — T on (FOENL| < T yin (FOVE ff 1"(dt,d
( ) nla (n%)( L] nla (nf/}x)( )0 |Z|512H ( 2
(3.6.48) |y (77K f f 2™ (dt,d2)
nl“ b l21>1

First, we consider the expectation of the right-hand side term in (3.6.47), we have:

o
E||l— .. %”Kff 1"(dt,d
[nl/“ mln ) |z|<1z” ( 2
< E( f f zﬂ(”)(dt,dz))
0 Jz|=1

1/2 9, 1/2
[[E (%Jf oL )(Jf”’K )) ] by Cauchy-Schwarz inequality,
n

("1/01
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(3.6.49)

1 1
= [f f Z2Td2dt
0 Jizi=s1  |2]HF@

where M is a deterministic constant.

1/2
<M

o 941/2
E (=52 g (") |

)

1/2 o 2
[[E(mff (Jf”»K))

)

1/2

Furthermore, from (3.6.6) we have |[[(L7, #"K)| < T(7™K, 7¢7K)"“T(L?,L7)V2 and from (3.6.46),

convexity inequality, we get

(3.6.50)

g
nla

—2L(LMA"E  genK
+
T(Ly,LY  T@yL2

r(%n,K’%n,K)

%”n EJLQTL,I{
u (7"K) TN

)

2
| =2

Then, we can deduce that

|

F(L”,F(L'{,L'{))) +

)2

(—ZL(L’II)%”’K 7K

nl/oc (5

g
T oy (")
Wla

r(ﬁn,K,Lyfn,K)

+2E
(LY, LY)

(3.6.51)

2
+ F(L”,F(L”,L'{)))
T@C; LY TWLLL?

[N J \
—~ v

n n
11,1 1142

Our aim is to prove that I, and I7, are bounded independently of n.

For I7,, we see from (3.6.8) and Remark 3.6.2,
LY, TWT,LY))  2L(LY) ~n i
(3.6.52) F(L’l‘,L’{)z - F(Ln,Lrll) :%Lrll(l):%ﬁ(l)-’-m%l,ﬁ

From the crucial fact || #"K ||, < K and from (3.6.12), (3.6.15), Remark 3.6.2 we can deduce that
I7 is bounded by a random variable independent of n (but depending on K).

For I

19> from (3.6.1) and (3.6.21), we have

N r(%n,K’%n,K) r(%n,K,%n,K) r(%n,K’%n,K)
11.2 =Ef|l———————| = <E

I(@Ls,LY) J3 fr 0 (@)u(d e, d2) Jo S ziudt,dz))

Now since #"K is a smooth Malliavin functional, using the chain rule property (3.6.4) we have
(3.6.53) r(#" K, 27K < 2T, A7)

where cg is any upper bound of the derivative of x — x %k (x).

Then we deduce that
(A", A7)
Jo facaztide,dz))
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-1
From the assumption on I'(/#", #") in Proposition 3.6.3 and since ( fol lel <1 24ud t,dz)) belongs
to Np=1LP (see [17, the proof of Theorem 4]), we can deduce that I, is bounded independently of
n. Thus, we get that the expectation of the right-hand side term in (3.6.47) is finite.

Turning to the expectation of (3.6.48), we have:

g
E Jf”Kff M(dt,d
nl/a (l/a( ) |z|>1|2|u ( ?)
1
=[E[% ” (Jf”K)(f | e™arda+ [ [ Izl,u(n)(dt,dz))
n () 1<|z|<2 12]>2
o
<E||— anKff M(dt,d2)|| +E Jf”Kff M(dt,d H
Ta (1/;)( ) 1<|2|<2Iz|u ( 2) nl/a (1/3)( ) |Z|>2lzlﬂ ( z)

By a similar estimation technique as for the bound of (3.6.47), we get that

supl 2 (]f”K)ff lz|‘™(dt,dz)|| < Ck < +o0.
n nl/“ 1/é> 1<|z|<2
We now show that
g K ! (n)
(3.6.54) SUpE | | —=H o (JL”” )ff lz|u™(dt,dz)|| < Cg < +oo.
n nl/“ (1/ 0 J|z|>2
In fact, from (3.6.46) we have
O (Jf”K)f f 2 (dt, dz)
nlle <"1/L> l21>2
—2L(WLM) 7K genK rr, zemK)
< + (L, T(L?,L" ff "(dt,d
F(Ln,Lrlz) F(Ln,L'I)z ( ( 1)) F(Ln,Ln) |Z|>2|Z|H ( z)
—2L(LM) 7K genK 1
= + L2, T(L", L f f "(dt,d
r@n e PUTELID ] kT dz)
s
(3.6.55) X t
&y, ™ )ff 2™, d2)
V4 V4
[(LY,LY) 12|>2 K

To prove (3.6.54), we just have to show that I ; and I7, are bounded independently of n. For I7 5,

we recall here (3.6.52),

[}, 0(Y,LY)  2L(LY)
D(LY},LY)? [(LY,LY)

= AR+~ g (1),
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Then from the boundedness of #"K, we get

1;L35K[E“Jf"(1)]f fZI>2|z|u(”)(dt dz)

+K[E“9‘£’1’ﬁ(1)‘ Mf flz>2|z|u(n)(dt,d2)

From the proof of Lemma 5.4 in [19], we can deduce that |J?g(1)f01 f‘z|>2 12| (dt, dz)| is bounded
by a random variable independent of n and belonging to n,>1L”.

Using Cauchy-Schwarz inequality and (3.6.15), we get

o\ 1/2
_— (n)
= ( [f f|z|>2 pvat (dt’dZ)] )

Now from p™(ds,dz) = i'"(ds,dz) +v™(ds,dz), by convexity inequality, we have

2
<2[E[ f f — 2L s, dz) f f (”)(ds,dz)
lz1>2 |z|>2 nl/

|z| 1
f [ m T dzds
2<|z|<2nVe /@ |z|11@

) where C is a deterministic constant.

(3.6.56) “@’;ﬁu)] — f f|z>2'z'“(n)(dt dz)

(3.6.57)

(n)
[f f|z|>2 nl/a (ds,dz)

lz2 1
<2E f f dzds
[ 9<|z|<2nla n2/@ |z|1+a

2/a nl/a

n2/a ( n n

+2

+2

From (3.6.56) and (3.6.57), we deduce that the left-hand side of (3.6.56) is bounded by % Then
we get that sup, I ; < +o0.

For I ,, from the boundedness of #"X  (3.6.21), and the fact that

14°

12

rL?, 775 <T(7emK, 207K “T(L?, L7)Y? we have:

F(anK nK) 1/2
Iiy=<E f f "(dt,d
1= (‘ (@, LY ) |Zl>2|z|u (dt,dz)
|1"((}£n,K’J£n,K)|1/2 1
v 1/2ff 2| (dt,dz)
.)folfRP"(Z)u(")(ds,dz)‘ 0 Jiz|>2

|F(L7€n,K,L7£n,K)| 172

1
|f01 Jiz>2 zzﬁt(”’(cis,dz)‘

1
(n)
5[ [ dtda)|.
|z]>2

Applying the Cauchy-Schwarz inequality, we have

1 1 1 2
(3.6.58) f f u™M(dt,dz) f f 224" (ds,dz) = ( f f lz|lu™(dt,dz)]| .
0 J|z|>2 0 J|z|>2 0 Jiz|>2
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We deduce

1/2

1
(n)
5[ [ et de)
|z|>2

1/2 1/2
|F(]6’”K 0" K)) {f f (”)(dt,dz)}
|z|>2

12 1/2
<ol e [ oranas}

1/2
From {E [fol Sizi>2 ,u(”)(dt,dz)]} < C4 where Cy4 is a constant and the fact that ['(#"K, #7K)

|f0 2Z'Z,u(”)(als,alz)|1

z|>

(3.6.59)

admits finite moment, independently of n (but depending of K). Then, (3.6.59) is bounded
independently of n and I7 , is proved. Hence (3.6.54) follows.

Step 2: We now prove sup,, nl; < C* where C* is a positive constant.

We have

e i Y f 1T, BP0, 0) - b(ch "™, 0))

-1l== s
LY oL" LY L
T(Zrt, (S, ot
< l &/ 1"( n ﬁ xO) ds.
= L" oL" 1/
ML, o) S0 “
Using that
2 - 1/2
Dk, P < T, Ty TP, Py
_ - _ _ 1/2
A TP byl sMF(Yln’ﬁ’xO,Yln’ﬁ’x")
_ - 1/2 1/2
Do, 7P ™ < (G,
for some constants M and M, we can easily deduce that
I( 1/01¢:Ynﬁx0 n,@,xo) C*
I
F( nl/a ’ nl/a

for a positive constant C*. u

Lemma 3.6.5. Under the assumptions of Proposition 3.6.3, for any compact set @ < R x (0,00),

VK > 2, there exists a constant cg > 0 such that

CK
1 n’

<

(3.6.60) sup ||,,ff"’K(Y1n,ﬁ,xo GOy _ 7o b _ o)
x0,P€Q
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Proof. We estimate the L!- norm appearing in (3.6.60) by duality. Let f: R — [-1,1] be a

measurable function, we evaluate:

[E [ e — 0y g gy — g O ))B(Y"’ﬁ”“’ - c”"”x‘))

|
[ anK nla )’6( l/zx)]|

] _E [ﬁ;pn,K(Y-,ln’ﬁ’xo _ C;L,G,xo )B(Y—vln,ﬁ,xo n 0, xo)] |

< |[E n]fn,K(Yln,ﬁ,xo _ crllﬁ,xo)ﬁ(Yln,ﬁ,xo n 0,%0 0| =

e[

l/a l/a

" g - c
< [E [ @P - gp sy pry P — g - )|+ ==

+—K

Loc
%nK
[ l/oc )’6( l/zx

where we have used Lemma 3.6.4 with the choice .#" = 1,K > 2 and the choice & = 77 e B,

recalling that ||1'7°75 n’KIIOO < K. From the definition of ﬁjf K ( 1/a) and n]‘o "’K(Yln o c,"ll Hx") as

conditional expectations, we have:

)[E [”jfn,K(Yln P O pg P - ano)] [ o e )'6( Ta )] |
=F [%n%K(%n)B(Y{L,ﬁ,xO _ Crll,e,xo)] —E [%n%K(%n)B(nT}a)] < —

where we used Lemma 3.6.4. This gives,

sup | [(njfn,K(Yln,ﬁ,xo n,0,x9 0y — ]fm (Yn Bxo n,H,xo))B(Yln,ﬁ,xo n 0, xo)] ’ <1 +K)—
[1Bllo=1
and we deduce the result of this lemma. |

3.7 Appendix. Checking the conditions for ./ = #7.(1) and

A = L{ #«(1) in Proposition 3.6.3

The aim of this section is to verify the conditions given in Proposition 3.6.3 for the choices
S = F(1) and A = L‘fJfLa(l). Recall that we need to check the following four conditions with
S = H«(1), #€ = L{ (1) and the choice of #" in the hypothesis of Proposition 3.6.3 to be

clarified later:
(1) E(A#)? <00
(2) E(A#")* <00
(3) A" ’:—2”» H
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3.7. APPENDIX. CHECKING THE CONDITIONS FOR # = #«(1) AND # = L{#«(1) IN
PROPOSITION 3.6.3

(4) sup, IT(A", 7#")|g < co.

We denote u™(f) = [y i f(t,2)u™(dt,dz2).

3.7.1 The case A = /4.(1)

We set A" := #" where

= Jo Jap" @™ @ ds,d2)  Jy Jpl(p™)(@) = 12%0"(2)] (s, d2)
[ " @p(ds,d2)] Jy fepr@u™(ds,dz)
_ ll(n)(Pn(,On)’) B u(n) ([(pn), _ lz_apn])
: } 'u(n)(pn)z o ,u(”)(p”)
A, B,

(3.7.1)

and verify the four above conditions (1)-(4).
From Remark 3.6.2 ii), we get that A" = JfLrlb(l) - nl%%’l‘ﬁ, moreover, E(#7«(1))? < oo and

n—oo

T ? A1«(1). Thus, we just have to check the condition (4), namely
Slip IT(A", 76™)||2 < co.
From the inequality (8.7) in [8], we have
(3.7.2) [(A", #")=T(A, —Bp,An—By) <2[T(A,,A,) +T(B,,By)]

then the condition (4) will be proved if we show that sup,, [|[I'(A,,A,)ll2 < co and sup,, [|I'(B,,B,)ll2 <
0.

Step 1: We prove that sup,, |[I'(A,,Ap)llp <oco, Vp=1.
Using the chain rule property for the operator I', we get

(3.7.3)

[A. A)=T uM ™™ P (p(p™))

'u(n)(pn)2 ’ N(n)(Pn)Q

4 (n)(pn(pn)l)
=—7T (n)”n”(n)nnl_l't r(n)nn/’(n)n
L) (o)t (™ (™)), 1 (p™ (0™))) WG ™™ (™", 1™ (p™))
4u™ (o™ (o™))2
D pr ((f (” 6)) T(u™(p™), ™ (p™)).
w™(p™)
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Let us consider the first term in the right-hand side of (3.7.3).

Using the definition of the operator I for a test function, we obtain

I Je @ [ @)™ (@) + (0™ @02 1 (ds, d2)
B 4

|5 Jepm @i (ds,d2)]
_ o =2 @ [p@](0)' )| +(p)@)?)” i(ds, dz) . S f 105362500 (ds, dz

4
|5 <o p@ids, d2)| [0 fa 22 (ds, d2)

TP (™0™, i™(p™(p™)))

3.7.4
( ) u(n)(pn)4

N [

where we used the fact that the measures p™(ds,dz) and u(ds,dz) coincide on the set {(s,z)|s €
[0,11,]z] < n%}, and p™(z) = p(z) on the support of the Poisson measure pu™.

We now consider (3.7.4). Using that p, p’,p” belongs to Ny>1L7(1;<2lz|"17%d2), we get

<oo, Vp=1.

1 P
E [( f f () [p(2)|(p)'(@)| + ((p)’(z))2]2u(ds,dz))
0 J|z|<2

We can check that p satisfies the non degeneracy assumption

1
liminf —— 1,)>1.F(2)d
P ln(u)f|z|<2 pz1uF @)z

liminf ! 1 ! 1 dz <+
=11mminf —— z Q.
oo In(w) lz]<2 p(z)=1/u |Z|1+a |z|£0

Proceeding as in the proof of [ [17, Theorem 4 p.2323]], we obtain [ fol fl 21<2 P(@)lds, dz)]7! belongs
to Np>1L7, as a consequence we deduce that the first term of (3.7.4) belongs to N,>1L?, moreover,
it does not depend on n .

For the second term of (3.7.4), from the fact that v™({(¢,2)|0 < ¢ < 1,|z| > 2}) < co, we can construct
the integral with respect to the random measure u™ as follows

1 Ny
f f 2104 (ds,d2) = 3 1ZilS aus.,
0 J|z|>2 =

i=1

1 Ny
f f 221" (ds,dz) = ZZl2 a.s.,
0 Jiz|>2 i=1

where N = (N;)1>¢=0 is a Poisson process with intensity 1,, = f|2|>2 F,(2)dz < oo, and (Z;);>¢ are

F,(2)1;52d2
An

i.i.d. random variable independent of N with probability measure . Thus,

Jo Jaa 2 ds,d2) 0 1Zil® N 1Zi°

7y 4= oM 8
(fol Jz1>2 Z2ﬂ(n)(ds’d2)) (Z]i\ill Z?) LiaZi
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where we used the fact that Zl.2 =0, and |Z;| > 2. Hence, from the above estimates, the first term
in the right-hand side of (3.7.3) is bounded by a random variable independent of » and belonging
to Np=1L~.

We estimate the second term in the right-hand side of (3.7.3).

Using the definition of the operator I" for a test function, we have

(3.7.5)
Eatatan
”(n)(pn)5
fol Jr p™M(2)(p™) (2)u'"(ds,d z)

1
= = f fpn(z)(pn)’(z) [((pn),(Z))2 +pn(z)(pn)u(z)] I»l(n)(ds,dz)
[fol fRPn(Z)M(”)(ds,dz)] 0 JR

- fol JrP™(@) (0™ ()| 1™(ds,d2) §
B 2
[fol Jr oM@ W(ds, dz)]

(™™ (™)), k™ (p™))

Jo 122 p@](0) @] [(0Y @) + p(2)I(pY"(2)]] (s, d2) N Jo fiops21212P 4™ (ds, d2)

3 3
[fol Jai<2 p()ulds, dz)] [fol Jia>2220\(ds, d2)

Al,n A2,n

.

From Step 1 in the proof of Theorem 2.1 in [19], we have

p
1 n ny/ (n)
z 2) (ds,dz)
| sup Jo JrP"@I(P™Y (2)|u ‘ <o Vp>l
" fepr@utds,d)
Proceeding as in the proof of (3.7.4) then we can easily deduce that A1 ,,A» , are bounded by a
random variable independent of n and belonging to N,>1L”.

We now consider the last term in the right-hand side of (3.7.3).

Using the definition of the operator I for a test function, we obtain

2
[folfRP”(z)(p")'(z)u(”)(ds,dz)] 1
- 6 ffPn(2)(9”)'(2)(p")'(z)u(”)(ds,dz)
/3 o @puds,dz)| 0 R

‘ 1o (™))

IR (™ (™), 1™ (™)

2
. [fol f[R{ pn(Z)(pn)’(z)u(n)(ds,dz)] fol f[R pn(Z)(Pn)'(Z)(p")'(z)u(”)(ds,dz)
= - .
|fs e @u(ds,dz)] |fo Je P @u™(ds,d2)|

We proceed as in the proof of the first term of (3.7.3), we can get the result for this term, as well.

The Step 1 follows.

Step 2: We show that sup,, |[I'(B,,B,)ll, <oo,Vp = 1.
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Using the chain rule property for the operator I', we get

(n) ny _ l+a .n (n) ny _ l+a .n
(™ =22 p (™) = 2]
3.7.6 I'B,,B,)=T z , z
( ) ( ) ( (n)(pn) (n)(pn)
1 1+
(3.7.7) = W ( ) [(P ) - Tapn] i I(P ) - 2 aPn )
2 (n) ( n) 1+a n
(3.7.8) 1% [‘fn)(pn)?’ P ] T (H(n) [(pn)/ _ _apn] “u(n)(pn))
(n)( ( n)l 1+a n )2
(3.7.9 il Z o PN om, womy

We consider first (3.7.7). We have

1+a
(p”)’—Tp”

l1+a
(n) ny _ n (n)
‘u(”)(p”)Qr(u [(p yop ],u )‘
2
Jo Jap™ @[ (0™)'2) = (0" 2) + L p(2) | (s, d2)

(fol P (s, dz))

fo fz‘<2p(2)[|(p)"(2)| + 15 o'(2)] + 1+“p(z>] fds,dz) fo Ja52(5+ 32221 (ds, d )

(fo Ja1=2 p(D)p(ds, dZ)) (fo J122220™(ds, dz))

where we used the fact that fol Jizj<2 P(@uds,d2) = 0, fol Jiz>2 " (2)p™(ds,dz) = 0 and the mea-
sures u(”)(ds,dz) and p(ds,dz) coincide on the set {(s,z)|s €[0,1],]z| < nlay.

Similarly to (3.7.4), we also obtain that (3.7.7) is bounded by a random variable independent of n
and belonging to Np>1L”.

Let us consider (3.7.8). We have

| o0 VY O
(n)(pn)3

!/ 1 n n n
(p™) —;p ],u( o ))

JE [0 @) - 12 07 (2)] 1 ds, d2) Jo JuP™ (@) (02D = L (p () + L p7(2)] (0™ () ds, d2)
[fol Jr p”(z),u(")(ds,dz)] [fol Jr n(z)u(n)(ds,dz)]2

f01f|z\52 [|(P)(z)'|+ I‘Zf‘p(z)] w(ds,dz) . fo Sz |2121+ 22 1+oc z]u(”)(ds dz))
(f3 <o p@utds, d2)| S a2 u(n)(ds dz)

Jo faea p(z)[l(p)”(z)|+ 2 (o)) |+ L (z)] |(0)(2)| (s, d2) fofl 152205+ 3a)lz3 (")(ds dz)

IA

[fo 1z1<2 P(2)plds, dZ)] [fo 12|>2 22um(ds, dz)
Proceeding as for the first term in the right-hand side of (3.7.4), we get that (3.7.8) is bounded by

a random variable independent of » and belonging to N,>1L”.
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For the last term (3.7.9), we have

'u(n)([(pn)l _ 1+Tapn])2

L™ (™), i ™(p™)

'u(n)(pn)4
2
B [fo1 Jal(0™) (@)= H£2p"(2)] u(’”(ds,d2>] I3 e M@0 ()™ (@)™ (ds,d z)
- 2 2
[fo1 pr"<z)u<")(ds’dz)] [fo1 Jep @pM(ds,dz)

With the same technique as for the above terms, we also get that this term is bounded by a
random variable independently of n and belonging to N,>1L”. This achieves the proof of Step 2 .

We now can conclude that sup,, ||IT(A™, 7E7)|| p <00,VYp = 1. Hence the condition (4) is proved.

3.7.2 The case S = L{ A (1)

Let us recall that

1 1
L= [ [ ai@naa [ | au™atdz)
0 Jizl=1 0 Jiz[>1

and set A" = L'{J?” where " is given by (3.7.1). We verify the four conditions (1)-(4).
From Remark 3.6.2 i), we get E (L‘fié’La(l))z < 0o. Using Lemma 3.6.2 ii) with b(x,0) = 0 and
o =1 we deduce that L’{J?n % L$7€1+(1). Hence, we just have to verify the condition (4).
L

Namely,

sup||T (L} A", L} 76") |2 < co.
n
Using the Chain rule property for the operator I', we have,
(3.7.10) [(LT A", L2 7™) = (LT, ™) + (AT (LT, L) + 270" LA T(LY, 7).

So it is sufficient to prove that sup,, ||(L'11)2F(JZ’”,J?”)||2 < 00, sup,, ||(JZ"”)QF(L”,L?)||2 < oo and
sup || #" LT, ™), < co.
Step 1 : we prove that sup,, ||(L?)2F(J?”,ﬁ")||p <oo,Vp=2.

From (3.7.2), we have

(3.7.11) (LT, 70™) < 2AL2°T(Ap, Ap) + 2(L7)°T(B,,By).
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Using the convexity inequality, we get

2

1 1
(L’{)zr(An,An):( f f zi"™(dt,dz)+ f f zp(")(dt,dz)) [(A,,A,)
|z|=1 lz|>1

2
<2Uf 2ji(dt, dz)) T(A,,A,)+2 ff z,u(n)(dt,dz)) T(A,,A,)
lz]=1 |z|>1

2 2
sz(ff zﬂ(dt,dz)) T(An,Ap)+4 ff Izll,t(dt,dz)) T(Ap,Ap)+
0 Jz|=1 0 J2=|z|>1

1 2
+4 ( f f Izl,u(”)(dt,dz)) [(A,,A,).
0 Jiz|>2

From Step 1 in Section 3.7.1, we have sup, [|[I'(A,,A,)ll, < oo for all p = 1, it follows that

2 2
(Jo i1 204dt,d2)) T(An,Ap) (/5 ompapon l2liadz, d2)) T(A,, Ap)

< 0Q.
b

< oo and sup,,
p

2
Let us estimate (fol Jizi>2 Izlu(n)(dt,dz)) I'(A,,A,,). From (3.7.3), we have

sup,,

1 2
(3.7.12) ( f f Izl,u(”)(dt,dz)) T(A,,A,)
0 J|z|>2
(3.7.13) _ ! P (n)(dt d )2 ;F (n)( n( n)/) (n)( n( n)l))
7. “Uo s ¥ ,dz ﬂ()(n)4u p" (™)), 1™ (p" (p
4 (n)( ~n( n
(3.7.14) ( f | e araz )) ( A P ) (;u('”(p”(p”)’),u(’”(p”)))
12]>2 p(p")
4 (n)( ~n( n\\2
(3.7.15) ([ ] eanaz )) (e i )|
1zI>2 ' (p”)

We consider (3.7.13), using the definition of the operator I for a test function, we have

1 2 1
(f / Izlﬂ(n)(dt’dZ)) (ﬁr(u(n)(pn(pn)’),u(n)(pn(pn)’)))
0 Jizi>2 p™(p™)

1 2 1 n n n\n ny/ 212 (n)
SU f |Z|/J(n)(dt,dz)) 1o Jap" @ [p™(@) (0™ ()] + (o )(z))4] p"(ds,dz)
|z[>2 [fol f[R pn(z),u(”)(ds,dz)]
2
< (fo1 a2 |z|u‘”’(dt,dz>) Jo f122 0@ [0(2)(0)' @] + () (2))?]” lds, d2)
< - 5
fol jizl>2z2u( )(ds,dz) [fOl f\z|52 p(z)p(ds,dZ)]

1 2( 1 3628 (ds,dz)
+(f f 2|z|u(”’(dt,dz)) f"lf'z'” - i
0 Jiel> (5 fion2 221 (ds, d2)|

Using the Cauchy-Schwarz inequality 3.6.58, that is

1 1 1 2
f f u™M(dt,dz) x f f 224" (ds,dz) = ( f f lz|lu™(dt,dz)| ,
0 J|z|>2 0 J|z|>2 0 J|z|>2
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we get

2

Jo Sas2 2@t d2)| [ fLr o) [p(2)[(0)"2)] + (p) ()] pids, d2)

|z
JE T 20220 ds,dz) [ Jo Jaien p(z),u(ds,dz)]3

I / 2
Sflf W(dt,dz) folflzlszp(Z) [0(2)|(p)"(2)] + (p) (2))32] pds,dz)
|z|>2 [f()l f|2|52 p(z)/.t(ds,dz)]

1 1 . o s
sf f u(dt,dz) Jo f|z|_2P(Z)[P(2)|(P) @)|+Up) (z))3] w(ds,dz)
o [f01f|z|sgp(2)u(ds,dz)]

and

(flf 12| (dt dz))2 fol Jizi>2 36261"(ds,dz) - fol Jizi>2 36261(ds,dz) [1[ )
b 4 - 3 b
0 Jiz|>2 [fOl f2|>2 zz,u(n)(ds,dz)] [fol f|2|>222,u(n)(ds,dz)] 0 Jlz|>2

36|Z 6 e
f f "(dt, dz)<36f f w(dt,dz)
|Z |2 |z|>2 1z|>2

where N = (Ny)1>¢=0 is a Poisson process with intensity A, = fz|>2F (2)dz < o0, and (Z;);>( are

i.i.d. random variable independent of N with probability measure IM.

From the above estimates, we can deduce that (3.7.13) is bounded by a random variable
independent of » and belonging to Np>1L”.
For (3.7.14), we have

(3.7.16)
(n) nean
(/ / Izl,u(n)(dt dz)) ( (p"(p 5))r(u(n)(pn(pn)l)’”(n)(pn))
|2|>2 u™(p™)

1
s(f f IZIu(”)(dt,dz)) "
0 JizI>2 Jo Ji50221M(ds,dz)

lz|>

fol Jap"@) (0™ ()| i (ds,dz)
1
[fol Jr p”(z),u(”)(ds,dz)]

1
fo fR @M@ [P @ + ") (0" (2)|] ks, d2)

M2)| (") (@)1 (ds,dz) (1
(f() f[R Z)|(P ) Z)|IJ s,az f \/l%pn(z)|(pn)/(z)| [((pn)/(z))z+pn(z)|(pn)//(z)|]H(n)(ds’dz) x

| fy Jupm@pmds, dz)]

1
xff ,u(”)(dt,dz)
0 J|z|>2
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where we have used the Cauchy-Schwarz inequality (3.6.58). Furthermore, we can estimate

(3.7.17)
JE [ 0™ (0™ @)] g (ds, d2)

1
[fol Jr p”(z),u(”)(ds,dz)]

1
xf f u(”)(dt,dz)
0 Jiz|>2

Jo fa1220@| (@)@ pds,dz) [y [,50202P ™ (ds, d2)
1 3/2 1 2.0) 3/2
{ [fO f\ZIszp(Z),U(dS,dZ)] [fo Jzi22%1 (dS,dZ)]
Jo [i21220@)](0) @] [((0) ()% + p(2) |(p)"(2)]] (s, d 2) . Jo Ji2152 20121 1(ds, d2)

5/2 5/2
[fol Jiz1=2 P(@)ldss, dz)] [fol Jo52 221 (ds, dz)

1
x f f w(dt,dz).
0 J|z|>2

We observe that from the fact that v(”)({(t,z)IO <t<1,|z| >2}) < oo, we can estimate that

1
fo fR p"(2)| (™) @)| [(p™) ()% + p™(2) [(0™)"(2)|] '™ (ds,d2) | x

IA

X

N 3/2
Jo Sosal2Pu™ds,dz) TN 1Z,08 (Zizll |zi|2) i
(3.7.18) . 5 = ~ : _ - E 2 - )
[ faseztuasdn | (ghizie] (2 i)
5/2
) N, Ni 7.2
(3.7.19) Jo s lePuds,dz) ¥z (ZNIZF)T

[ faazuiasan]™ (2 me)” ()

where N = (IN;)1>¢>0 1s a Poisson process with intensity 1,, = fl F,(2)dz < oo, and (Z;);>0 are

z|>2

F,(2)1,52d
% and we have used

i.i.d. random variable independent of N with probability measure

the elementary inequality

d 1/r d
(3.7.20) (Z |ai|’) <) lail for (ai,..,aq)€R,r>1.

i=1 i=1
Proceeding as in the proof of (3.7.5) we can easily deduce a similar result for (3.7.14).
We consider (3.7.15), we have

1 2 ) An( A1) )\2
([0 fl . Izl,u(”)(dt,dz)) (wr(u(n)(pn)’#(n)(pn)))
z|>

(3.7.21)
H(n)(pn)ﬁ

2
! - 2 [f(} Jr p”(Z)(p”)’(z),u(”)(ds,dz)]
= (f f lz| ™ (dt,dz)) .
0 Jiz|>2 [j‘ol fR p”(z),u(")(ds,dz)]

2

[folfRPn(Z)|(Pn)'(2)|u(”)(ds,dz)] 1 , L

= 5 f f p" @)™ @ ™ (ds,dz) f f w(dt,dz)
[folprn(z),U(n)(dS,dZ)] 0 JR 0 J|z|>2

1
fo fRP”(z)(p”)’<z)(p”)’(z)u<”’<ds,dz)
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2
_ [ " @[ @] u s, )| 1 1 ) o) ) i ds, d2) f ! f w(dt,dz)
= 3 2 |
[folfuqapn(z)u(”)(ds,dz)] [folprn(Z)/J(”)(ds,dz)] 0 Jiz1>2

Proceeding as Step 1 in the proof of Theorem 2.1 in [19], we have

[ hepm @@ ds. o) |7 /o " @™ @i ds d2)|
[fol Ja P"(Z)y(n)(ds,dz)] ’ [fol I pn(z)'u(n)(ds,dz)] >

From the above estimates, we can deduce that E (supn(L’I)zl"(An,An))p <ooforall p>1.

P
are integrable Vp = 1.

sup,, and sup,

We now consider the second term in the right-hand side of (3.7.11), we have
(3.7.22)
1 1 2
(LM?T(B,,B,) = ( f f zi\"™(dt,dz)+ f f zp(”)(dt,dz)) I'(B,,B,)
0 Jiz|s1 0 Jiz|>1

1 2
f f z,u(n)(dt,dZ)) ['(Bn,Bn)
0 Jiz|>1

1 2
f f IZIu(dt,dz)) [(Bn,Bn)+
0 J2=|z|>1

1 2
52(/ f zﬂ(dt,dz)) I'B,,B,)+2
0 Jizl=1

IA

1 2
2([ f zﬂ(dt,dz)) I'B,,B,)+4
0 Jizl=1

+

1 2
4( f f IZIM(’”(dt,dZ)) I'(Bn,Bn).
0 J|z|>2

From Step 2 in Section 3.7.1, we have sup,, [[I'(B,,B,)||, <oo,Vp =1, it follows that
2 2
(fol flzlslzﬂ(dt,dz)) I'B,,B,) and (fol Josizi>1 Izlu(dt,dz)) I'(B,,B,) are bounded by a random

variable independent of n and belonging to N,>1L".

2
We now estimate (fol Jiz>2 Izl,u(”)(dt,dz)) I'(B,,,B,). From (3.7.6)-(3.7.9), we have

(3.7.23)

1 2
([ [ ewaras)| 1.5,
0 Jiz1>2
! (n) 2 1 (n) ny/ 1+a n (n) ny/ l+a n
(f / |z (dt,dz)) (ﬁr(# (") ———p" |, [(p") = —p ))
0 Jiz|>2 ™ (p™) z z
1 2 2 (n) ( n)/_1+_a n 1
U f Izlu(”)(dt,dz)) #" [ E p ]r(”(n) [(pn)r_ﬂpn],”(n)(pn))
0 Jizi>2 um(pn) z

1 2 (n)( ( n)/_ l+a .n )2
U f Izlu(”)(dt,dz)) (G 24p ] ™™, o™ ||
0 Jiz|>2 M(n)(pn)

(3.7.24) =

(3.7.25) +

(3.7.26) +
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We consider first (3.7.24).
(3.7.27)

1 2
(/ f Izlu(”)(dt,dz)) (%F(u(n) [(pn)l_ h‘_apn] ’H(n) [(pn)/_ 1+_apn ))
0 Jizi>2 um(pm) z z

2
1 2( fy fup™ @[ (0")' @) - (0" (2) + L p"(2) | 1" ds, d2)
= ( f f |z|p(n)(dt,dz))
0 Jjz|>2 (folfR "(z),u(")(ds,dz))

2 2
(fol f|z|>2|zl,u(”)(dt,dz)) Jo Ja p"(z)[i(p")(z)”|+ (o™ (2)| + 1;2“pn(z)] p™(ds,dz)
<

fol So1>2220(dt,d2) fo Jrp @) M(ds,dz)

fo Jr p”(z)[l(p")(z)"| + 1 (0™ (2)| + L2 ”(z)] p™(ds,dz) )
(dt,
) e 0™ (@p™(ds,d2) f f|z|>2u ‘

where we have used the inequality (3.6.58) to get the last line. Proceeding as in the proof of
(3.7.7), we get a similar result for (3.7.24).
We consider (3.7.25), we have

1 P ( n) 1+a 1
([ [ |Z|,u(n)(dt,d )) ( u [ f) 3 = P ]F(H(n) [(pn)/_ﬂpn]’u(n)(pn)))‘
0 JizI>2 um(p™) z

1 2
= (/ f Izlp(”)(dt,dz)) x
0 JizI>2

Jo o [0 (2) = 2 p™(2)] u™(ds,d2) [y f 0" (2)
X

(0™)(2) - LE2(p")'(2) + 122 pn(z)] (0™ ()™ (ds,dz)

3
[fol Jr p”(z),u(”)(ds,dz)]
(f()l f|z|>2 |Z|/J(n)(dt,dz)) fO f[R [|(pn)(z) |+ 1|z| pn(z)
<
fol ‘/iz\>2z2,u(n)(dt,dz) [fo Jp n(Z),U(n)(ds,dz)]l/z

p™(ds,dz)

fO j‘an(Z) ['(pn)(z)/ll + 1|:\a(pn),( 2)+ lg-zapn(z)] |(pn)/(z)|'u(n)(ds,dz)

I3 fepr s, da)]

(e frpaleu®@,d2))” [ J fes [[0X) |+ 2280 pds,d2) 1,3+ @lelp™(ds, d2)
< X
Jo fap2220™(dt, dz2)

[fol 1z1<2 P(2)plds, dz)] [fo 52221 (ds, dz)]

[fo Jiz1<2 p(z)[|(p)(z)”| + 45 p) () + 1+“p(Z)] |(pY'(2)| w(ds,d2) fO Si252(10 +6)22 ™ (ds,d )

[fo Jiz<2 P(@)lds, dz)] [fo Ja1>2220™(ds, dz)]

122



3.7. APPENDIX. CHECKING THE CONDITIONS FOR # = #«(1) AND # = L{#«(1) IN
PROPOSITION 3.6.3

Using the inequality (3.6.58), we get

(fo Ja1>2 |2|u™(dt, dz) 1
(3:7:28) f f u(dt, d2)<f wdt,dz).
fo fz|>2Z2IJ( (dt, dz) 12|>2 12|52

From (3.7.28), (3.7.18) and proceeding as in the proof of the first term of (3.7.4), we can deduce
that (3.7.25) is bounded by a random variable independent of n and belonging to N,>1L".
For (3.7.26), using (3.7.28), we have

(3.7.29) ol 1+ \
1 (o™ - 2 pn])

‘( I Izlu(”’(dt,dz)) (“ o St o'l F(u(”)(p”),u(”)n(p”)))‘
0 Jiz1>2 wm(pn)

2
(flf 2™t dz))2 [0 Ju oM@ - H2p" @] i ds, d2)|” 1 1 oo )" @i ds, d2)
) 2 2
|21>2 [fol I pn(z)ﬂ(n)(ds,dz)] [fol Jr p”(z)u(”)(ds,dz)]
9 2
< (/5 Sz 2@t d2) | [ fu [[0m@Y | + 22 p)| (s, d2)|” 13 [ ona)[(pny(@)|? i ds, dz)
JE e 22 ™(dt,d2) [0 fop"@u(ds, d2)] I p”(z),u(”)(ds,dz)]Z

2
<f1f wds,dz) [fo Jw [l(pn)(z) | + 1|J;|apn(2)] ,u(”)(ds,dz)] fol Jn Pn(z)|(Pn)'(z)|2ﬂ(n)(ds,dz)
|z|>2 [fo f[R pn(z),u(n)(ds dz)] [fol f[R Pn(z)#(n)(ds,dz)]2

Proceeding as Step 1 in the proof of Theorem 2.1 in [19], we have

fo Je 0" @) (0™ (z)|2,u(”)(ds dz)

E| sup <00

| R ke o)

and with the same technique as for (3.7.7), we can deduce (3.7.26) is bounded by a random
variable independent of n and belonging to N,>1L”.
From the above estimates, we get that sup, ||(L’1‘)2F(Bn,Bn)||p < oo for all p = 1. Thus Step 1
follows.

Step 2 : we show that sup,, ||(J?”)2F(L”,L'1L)||p <oo,Vp=1.

Note that we have

1
(3.7.30) T(LY LY = f f ") (ds,dz).
0 JR
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Combining with (3.7.1), we get
[Ty, LY
.fol fR pn(Z)(pn),(z)H(n)(dS,dz) ) fOl f[R [(pn)/(z)_ HTapn(z)] ,u(n)(ds,dz)
[fol fR Pn(z)'u(n)(ds,dz)]2 fol f[R Pn(Z)/J(n)(ds,dZ)
1, n v ) 2
[fo Jrp" @ (0™ (2)| 1 (ds,dz)] 1
=2 T ‘ f f P () (ds,dz)
[fol Jr P”(z),u(”)(ds,dz)] 0 JR

2
[ J e[ @+ Ko@) dside)) 1 ™(ds,d
’ Jo Je Pt @™ (ds, dz) UO fRP ()™ (ds,dz)

2 2
[ I f p”(z)|(p”)'(z)|u(”)(ds,dz)] ( f el @ + e ”(z)] H(”)(ds,dz))
=2 +2
[fol I pn(z)#(n)(ds,dz)] ’ Jo Jpp @™ ds,dz)

2
1
ffp”(z)u(”)(ds,dz)
0 Jr

Proceeding as in the proof of (3.7.29), we get the result.
Step 3: We prove that sup ||J?"L’1T(L”,J?")||p <oo,Vp=1.
Using the inequality

Ir@?, 7| <T (L2, L) 21 (72", 7))

then we obtain

|2 LiT @y, | < | AT (L, L)Y

Lir (", )|

From the results of Step 1, Step 2 and using the Cauchy-Schwarz inequality, we can deduce the
Step 3.

We now conclude that

sup | T(L} #", L1 #")| , <o0,¥p = 1.
n
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CHAPTER 4

ESTIMATION OF THE INDEX
PARAMETER FOR A STOCHASTIC
DIFFERENTIAL EQUATION DRIVEN
BY A STABLE LEVY PROCESS

This work focuses on the estimation of the Blumenthal-Getoor index a of a stochastic
differential equation driven by a truncated a-stable process with index «a € (0,2) given by
X =xo+ fot b(X{)ds+oZf based on high frequency observations on a fixed time period. In
[563], the author has succeeded to study a joint estimation (6,0, a) of a stable Lévy process
X;=0t+o0L¢. Based on the ideas in [53], we derive consistency and rate of convergences
for the estimators of the index parameter a. We give some simulations to illustrate the

finite-sample behaviors of our estimators.

4.1 Introduction

Pure-jump processes have attracted many attention recently, especially in view of applications to
finance (see Schoutens [60]), network traffic (see Mikosch et al [55]) and climate dynamics (see

[23]). In this chapter, we consider the following stochastic differential equation (SDE):

(4.1.1) dX% =b(XOdt+0dZ?,

where Z?% is a truncated a-stable process with the index a € (0,2). In this chapter, we use the

notation (Z7') instead of (L;) to make clear the dependence on «. All formal conditions for X are
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given in Section 4.2. We assume that the stochastic process (X;') is observed at discrete time
points {t; =iA,,i =0,1,..n,A, = %}, where A, is the time frequency for observation and n is the
sample size. We aim to estimate the index of jump activity a € (0,2) based on the sampling data
(X5

An index of jump activity introduced in [11], when X is a Lévy process, coincides with the

Blumenthal-Getoor index defined in terms of the Lévy measure as

a:= inf{r€[0,2]; lx|"v(dx) < +oo}

lx|<1

where v(dx) is the Lévy measure. For a stable process, the Blumenthal-Getoor index is also the
stability index of the process.

The topic of high frequency estimation for discretely observed pure-jump Lévy processes is a
currently active topic. Estimation of the jump activity index from high frequency observations
has also received a lot of attention in recent years since the jump activity index can be used for
different purposes, especially in financial field (see for example [9],[14]). In Ait-Sahalia and Jacod
[3], the authors studied Fisher’s information for the parameters of a process X decomposed as
the sum of two independent Lévy processes (X; = cW; + 0Y;) and then they derive that if the
scale parameter o is known and the true value a < 2, we can hope for estimators converging
to a at the rate /n log(n). Based on truncated power variation, [4] and [42] propose estimation
in high-frequency setting when the process has the dominant component being a Brownian
motion. Todorov and Tauchen [63] propose estimation of the jump activity index in pure-jump
semi-martingales setting for which the rate of convergence is \/n for v2 < a < 2 (the case a < v/2
needs an assumption of zero drift) based on adaptively chosen optimal power for which the
realized power variation does not explode. Recently, Todorov [62] has considered the estimation
of the jump-activity index a € (1,2] for a locally-stable pure-jump It6 semi-martingale from high
frequency data, by using the empirical characteristic function of the scaled differenced increments.
He obtains the rate of convergence /7 if a € (1,2) and /n'u,2 for some sequence u, converging
to zero if a = 2.

Related to the topic, Masuda [53] and Brouste and Masuda [13] consider a stable Lévy

process X; =0t +oLY. In [53], the Local Asymptotic Normality property is proved with the rate
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(nm;_l,a, NIORY log(n),) for the estimation of = (0,0, a) with the singular Fisher information
M,y/o? 0 0
matrix Z(B)=| o0 H./o®> H/(oa?) | where Hy := [(9a(y) + y9,(1)*@o(y)"'dy and

0  Hy/(ca® Hyla*
Mg := [(@l( y))z(pa( )" 1dy with ¢ the density of the centered a-stable Lévy process. From the
convergence in probability of the form
1 n—-1 la

> |-
=0

J

(4.1.2)

~ — Xy, - Xy, —9%)) == f FW@a(y)dy,
for suitable f, the author has constructed two estimators for the index a: @iy, based on the
logarithmic moments and &, , based on the lower-order fractional moments with the convergence
rate /n.

The aim of this chapter is to adapt these estimation procedures to the equation (4.1.1) and
to provide the asymptotic distributions. The main tool for establishing the statistical results is

the convergences in probability (4.1.3) and the associated central limit theorem. To do this, we

consider (¢(x))se(0,1/n] the solution of the ordinary differential equation
t
cilx)=x +f b(cs(x)ds te€(0,1/n], xeR.
0

The introduction of this ordinary differential equation is convenient for dealing with any value of
a, however, this leads to a limitation in practice since the drift function b has to be known. Then,

for suitable f, Proposition 4.4.1 in Section 4.3.1 shows that

nl/a

1 n-1 " o P
(41.3) o3 xS [ Fowaiay,
j=0

g

If we know the true value of the scale parameter, then we construct some estimators of the index
parameter with the rate /n'log(n).

The chapter is organized as follows. In Section 4.2, we describe our model and notations. We
construct estimators of the index a based on the two moment-fitting procedures (the logarithmic
moments and the lower-order fractional moments) in Subsection 4.3.1. The main results about
the consistency and asymptotic normality for the estimators are given in Subsection 4.3.2. In
Section 4.4, we provide the law of large numbers and central limit theorems (Propositions 4.4.1

and 4.4.2) for our proposed statistics, and use them to prove the main results in Section 4.5. The
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estimation results will be supported by the simulation experiments presented in Section 4.6. In
Section 4.7, we construct some estimators of the index in the case « € (1,2) where we replace ¢;(x)
by x in the expressions of the estimators. As a consequence, we do not need to know the drift
function b in practice but the rate of convergence in probability in this case is less than n1/2-12@

(Proposition 4.7.1). Finally, we give the Python code used in numerical results in this chapter in

Section 4.8.

4.2 Model and notations

In this work we aim to estimate the unknown index parameter «a € (0,2) based on the discrete

time observations (X )i=o,...» of the process X given by
t
X0 =y +f b(X%)ds+0Z% te[0,1]
0

where x is the initial condition, b is a real valued function, the parameter ¢ belongs to (0,00) and
(Z1)te0,1] is a pure-jump Lévy process defined on a filtered probability space (Q2,%,(F;);,P). We
assume that the following assumptions are fulfilled.

Hj b :R— R is a function with bounded derivatives up to order two.

H;: (a;) The Lévy process (Z])se[0,1] is given by

t t
Zf=f f z{ﬂ(ds,dz)—@(ds,dz)}+f f zf(ds,dz)
0 JI-1,1] 0 JI-1,11°

where [i is a Poisson random measure, with compensator v(d¢,dz) = dt x F(2)dz where F(z) is

given on R* by F(z) = |Zl%r(z), a € (0,2). Moreover, we assume that 7 is a non negative smooth

function equal to 1 on [-1,1], vanishing on [-2,2]¢ such that 0 <7 < 1.

u)

/ p
(aii) We assume that Vp =1, [, TT((u) T(u)du < oo.

Under the above assumptions, X;* admits a smooth density for ¢ > 0 (see [56]). The introduc-
tion of the truncation function 7 in the density of the Lévy measure and the assumption H;(a;;)
are technical tools to get (4.2.1) and (4.2.5), as showed in [19] and [20] respectively, which we will
use later for the proof of the convergences in probability and in law in Section 4.4.

We will use the following notations. For a vector & € R2, AT denotes the transpose of A and

|h| denotes the euclidean norm. For a bounded function g:R — R,[|g|le = sup, |g(x)|. We denote
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by X Zx the solution to (4.1.1) starting from X§ = x, by ¢, the density of L{ where (L}) is an

a-stable process with Lévy measure v(dz) = Izlﬁlz;ﬁodz, by @™ the density of the variable n1/*Z ¢

and by p{, (x,y) the transition density of the homogeneous Markov chain (X )" . We recall

below some important results proved in [20] and [19]. The first result is the uniform boundedness
. la .

of n%p“%(x, e+ C%(x)), the density of % (X777 = cun(x)), proved in [19]:

uo

1 a
(4.2.1) sup sup sup mp%(x, Ta

+¢1(x)) <oo,
X ueR n n

where ¢1(x) is the solution to the ordinary differential equation
t
4.2.2) cix)=x +/ b(cs(x))ds te(0,1/n], xeR.
0
Moreover, if the drift function =0, 0 =1 and x = 0 then (4.2.1) yields
(4.2.3) supsup@™(u) < oco.

ueR n

We recall also Lemma 6.4 and Equation (6.40) in the case A" Xk (A") =1 given in [20]. For any

bounded function A, there exists a constant C > 0 such that

l/a
o5 -l
g n n n

1/a
g n n n n

If the drift function =0, 0 =1 and x = 0 then (4.2.4) can be rewritten as

Cllhllo

b

(4.2.4) sup

X

—E[R(L7)]

=

-E

(4.2.5) sup
X

Cllhlloo

=

(4.2.6) ‘[E

h(nl/“{Z‘i‘}” _E[R(LY)]

n

Throughout the paper, for suitable functions f, we use the following notations

1 n—1 nl/a " "
(427) Gn(a)Z: ;];)f(T {th+1 _Cl/n(th)})a
_ 1 nl la a a
4.2.8) Hy@ = 3 f (nVe{zz,, - zt}),
(4.2.9) gla):= f fea(y)dy.
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4.3 Construction of the estimator and main results

Let X* be given by (4.1.1). Suppose that we observe a finite sample (X7 )i=o,...x-
The main goal of this section is to build an estimator using the method of moments based on

the sample moment

1 n-1 (nl/a

:of {ij+1—§1/n(X?j)})

n o
J

for suitable functions f and to prove the consistency and asymptotic normality of the estimator

as n gets large. In Section 4.3.1 we construct the estimators of the index a and in Section 4.3.2

the main results about the consistency and asymptotic normality for the estimators are given.

4.3.1 Construction of the estimator

We construct now an estimator for the index parameter a based on the ideas of Masuda [53]

where the author has succeeded to estimate (6,0, @) of a stable Lévy process X; =0t +oL{. In

are independent and

j=0,...,n-1

[53], in view of the scaling property of L%, ("W X, X, - 8%))

o J+1 -
identically distributed and each random variable has as the a-stable distribution. Based on the

convergence in probability, for suitable f,

1 1/a 1 oo
;Zf{n (thﬂ_th_H;)}"_—_’ff(y)(l’a(y)dy,

i<n o
Masuda [53] has constructed an estimator of the index a with the convergence rate y/n by

studying the two moment-fitting procedures
¢ the logarithmic moments f{loglyl}l(pa(y)dy forl=1,2,
* the lower-order fractional moments | Iyllr(pa(y)dy for [ =1,2 and r € (0, a/4).

In the rest of this paper, we consider the two moment-fitting procedures as in [53] for the model
(4.1.1) and we propose two estimators of the index parameter a which are consistent in probability

and asymptotically normal.

4.3.1.1 Logarithmic moments

Let X be given by (4.1.1) and we denote by @ the true parameter value. We now construct an

estimator for ag based on (Xg‘,’l)izo,m,n.
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We set

fy)=doglyl)!, 1=1,2.

The distribution of L{ admits explicit finite logarithmic moments for any positive order (see [53]).

Here are the first two moments

1
(4.3.1) Edog|L{) =€ [— - 1]

a

72 1 2
(4.3.2) [E(log|Li‘|)2 = o |2 + 3 +¢€2 [— - 1] , % the Euler constant.
a a

This yields
(4.3.3) Var(log|L{]) = E(log|L{1)* — (Edog|L{D)" = - [_2 *+5

Recalling (4.1.3), we observe that the method of moment consisting in solving the equation

1n1

(4.3.4) = Z log|= 1/“0{  —cun(X)} | =E(og(LSD)

order to overcome this problem, we use the method of moments estimator based on the variance
of the log-observations. Indeed, the variance is invariant with regards to translation. Under the
log-transformed observations, the data points and the mean are shifted by the same amount that

is the unknown factor log ”1:0 .

Let us consider equating the variance of log|L{| with the corresponding sample moment, this

leads to the following equation in a

(4.3.5)

l/ao 1/050

Var(loglL{l) = = Z log

— X X )

)2

— {x¢ l—cl/n<X;’j.°)}‘ - ( Z log
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Combining (4.3.3) and (4.3.5), we get an explicit solution @, , as follows :

(4.3.6) @iogn
L e
‘{_{22(
9 -1/2
6 "= 1
{5 el |3
-1/2
17 1

_ 2
_{n62 Z(log’ t * —cunXy )H——Z ogHij‘il—gl/n(XgO)H) _5} ,

2 -1/2

1/(10 l/ll()

2
{XZﬂI—Cl/n(XgO)} { t I—Cl/n(XZO)}) }_%}

__(zlog

|

{X50 —cim(X() }’ -— Z log

1/(10 1/060

— (x5, —cun X0}

n

as soon as the square root is well defined. Here, observe that the unknown facto

1/(10

{X N eym(X g 0)} is cancelled out in the computation of djog ,, making the quantities (4.3.6)

usable.

4.3.1.2 Lower-order fractional moments

Now we set

fF =1yl for 1=1,2 and re(0,a/d).

We need the condition r < % in order that E (|ch |2l r) < o0o. In this section, we construct an estimator

of the true parameter ag based on (X7 );— =0,..n

i/n

The g—th absolute moments of L% exist for q € (0, a) (see [563] ) and

20 (4H)r(1i-9)
VAT(1-)

where the gamma function, denoted I'(¢), is defined, for ¢ > 0 by (see equation (2.42) in [5]):

(4.3.7) [E(ILcl‘Iq)Z[Iquwa(y)dyz =Cl(a,q),

I'(t)= f yileVdy.
0

We see that the main problem of using the method of moments for the lower-order fractional
moments is similar to the case of the logarithmic moments, that means we can not estimate the

true parameter value ag by &, , such that

r

1 n—-1
= C(dr,nar)a

nl/a()

a a
(4.3.8) — X, X}

n .]:0
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because of the appearance of the unknown factors nV/% and the parameter ¢ in the formula in
the left-hand side of (4.3.8).
Following Masuda [53], we observe that the factor n/* and ¢ can be effectively cancelled out

in the following case

1 —1 | nYe0 2 1 i 2
(4.3.9) (E Z;'l:() nU {ngl _Cl/n(X;sz)H ) ~ (ﬁ Z;'L:O Hngl _Cl/n(Xg.O)H )
.. 1 1 1/a, 2r 1 B o
o [ —en @ AR e}

This yields that we can estimate @ by solving equation

R I

(4.3.10) o = .
1vn-1 " C(Qrnp,2r)
n Z;LO |{X?ji1 B Cl/n(X;zjo)H "

From (4.3.7), we have

C(dr,n,,r)2_ 1 {

1 T TA- | TA- )
C(@rn,2r) 7@

(
T(1-2)°r(L+r) ) TA-2r/ar,)

then (4.3.10) can be replaced by the following equation

Lyn- Ll xio x@)l[")? r+1,2 2

(4.3.11) (EZFO H ta ~ S Xy, )H ) 1 { I'(5)T-r) }F(l—r/dnn)
; - T Um \r(1-272r (L +r) | TA-2r7a,,)
Lyt ffxe —epolf” VEra-5Pr3en  Ta-2ran)

Note that we can see here that for each r € (0, a/4), the right-hand side of (4.3.11) is a constant

multiple of the function g(a) that we denote by

_T-r/a)?

We observe that

_2rT(1 = r/a)*¢(1-2r/a) s 2rT(1 - rla)?¢p(1 - ria)
a?l'(1-2r/a) a?l'(1-2r/a)

g'a)=

where ¢(z) (the digamma function) is the derivative of logI'(z) at z and is given by

P2) = [5° (eT_t - le__—:it) dt (see equation (2.68) in [5]). It is easy to see that ¢/(z) > 0, furthermore,
from the properties of I'-function that is I'(x) > 0 for all u > 0, we easily obtain that g’'(a) > 0. This
yields that the function g is strictly increasing in a € (4r,2) and continuously differentiable. By

the inverse function theorem, the function g is invertible and the inverse g~! is continuously
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differentiable. In the proof of Theorem 4.3.3 below, we show that the solution of the equation

(4.3.11) exists with probability tending to 1 and the estimator &, , is uniquely determined as

(o, cun(X;’;O)}]’)z

(4.3.13) Qrpn=g" o
7 Ly {xe, -l
where
r(=H)*ra
(4.3.14) @::i{ (2) (1 r) }
Vi (-1 (3+7)

4.3.2 Main results

The following theorems give the consistency and asymptotic normality results for the estimators

Mog,n and Gy p.
Theorem 4.3.1 (Consistency). The estimator Qg defined by (4.3.6) is consistent in probability:
N P
Mogn — @0, N — 0.
Theorem 4.3.2 (Asymptotic normality). With the estimator Q\og , defined by (4.3.6), we have
(4.3.15) VI (@og.n — @0) = N (0, V'%(ap))
where V1°8(a) = i(l) ag + = 0‘0 + ég ag

Remark 4.3.1. Following [63] via the logarithmic moment fitting, if we know the true value of the
volatility parameter o then we can construct an estimator of a with the rate \/n'log(n). In fact, we

set Sy =1y log‘ ngl_gl/n(XgO)H and recall from (4.3.1) that E(log|

we can compute that

1/(1()

{ by~ C1/n(Xt“j°)}' —E(log IL‘f‘)I))

( 5 1o

nlogn
\/;—g_flog0+—zlog|{ —cin(X} )}|—\/;E(10g|l‘lfol)
€ 1 S €
=vn(logn) —( - )— 989, Bn |
Qo logn) logn logn logn
€ \(1 S,+%-1 1 Spt€-1
= iogm (1 ) (L4 S ETI08) o og (L Snt g
logn )\ ag logn —€ Qo logn —€
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Combining this with (4.5.5), we have

1 S,+%-logo

vn'(logn) (a— + ) = N (0,V2,4,).
0

logn—-%¢
where vg g, = E [(logIL‘fOI ~-E [log|L‘1’0|])2] = %2 (alg + %)
Therefore, combining with the delta method, it follows that

S, +% -1 -1

(4.3.16) n = (—”—Oga)
logn — €

is an asymptotically normal estimator with the rate \/n'log(n). As expected, the estimator @,

exhibits excellent finite-sample performance; see Tables 1 and 2 in Section 4.6.

Theorem 4.3.3 (Consistency). The estimator G, p, the solution of (4.3.11) exists with probability
tending to 1 and it is consistent:

A

P
Qrp— @y n—oo.

Theorem 4.3.4 (Asymptotic normality). We have

(4.3.17) Vn(@rpn — o) = A0,V (a))
_ a Clag,2r) Clag,3r) 1 [ Clag,4r)
where V' (ag) = rznr((:xo)z {C(ag,rﬂ - C(ao,r)?:(ao,zr) *ti (C(aoo,2r)2 - 1)}
where
(4.3.18) Nr(ag) = p(1—r/ag) — Pp(1 —2r/ag)

with ¢(z) (the digamma function) is the derivative of logI'(z) at z (see equation (2.68) in [5]).

If we know the true value of the volatility parameter ¢ then we can construct an estimator of

a, via the lower-order fractional moment fitting, with the rate \/n'log(n).

Proposition 4.3.1. Let p € (0,a¢/2) and define a*(p) the estimator of the index «a given by

* p
4.3.19 =—,
( ) a”(p) M1S,)
where M, (u),S,, are given by
log(I'(1 - 1
M) = —u+ 28LEW) e [0,—]
log(n) 2
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1
_log@y() ZPF(I% 1 plogo)
~ log(n) VT (1-5) |log(n)  log(n)
with
1 n-1 @ a0 P
Q==Y {1 —cin x|
n ]:0

Then we have the convergence in law

ag (%(ao,zm B 1)
p? \€*(ao,p) '

vn'log(n) (a*(p)— ap) = N (O,

Proof. We set

P

(4.3.20) Zn(p)= \/F(Z—a:Qn(p) —%(ao,p))

i{ )iz

where Cg(a’o,p)z[EﬂLlﬂp): ﬁr(l—%)

From (4.5.8), we have
(4.3.21) Zn(p) = N (0,%(a0,2p) — €° (o, p)).

We observe that, from (4.3.20), we can write

logQ,(p) =log oPn (% +<€(a0,p)) =log apn_;o(é(ao,p)(l+ﬁ)
Zn
= plog(a) - aﬁo log(n) +log(€(a, p)) + log (1 + W)
+1
:plogw)_azolog(nnlog(”g?(f{l%‘)%))mg(Hﬁ)
It follows that
(4.3.22)
log@u(p) Og( 20r (257 ) 1 plog) __p  1og[T[1-%)) N AT
log(n) VAT(1-2) |log) ~ logn) o log(n) E(ao, p)yn ) log(n)

We observe that M) (u) =-1- ¢1(f);(—nu))) where ¢(z) (the digamma function) is the derivative of

efzt

logI'(z) at z and is given by ¢(z) = [5° (e% - m)dt (see equation (2.68) in [5]). For n large
enough, we get that M/, («) <0 for u €[0,1/2]. This yields that the function M, is a continuous

strictly decreasing function on [0,1/2]. By the inverse function theorem, the function M, is
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invertible and the inverse M, 1 is continuously differentiable. Moreover, from (4.3.22), we can

easily deduce that

(4.3.23) g, == P
P ao

Then, let Q) be the set where S, is in the range of the function M,, we get that P(Q2}) tends to
one as n — oo by the convergence in probability (4.3.23). Hence, in this case M, 1(S,,) exists and
since the function M, is strictly decreasing then the estimator a*(p) is uniquely determined by
(4.3.19).

We now observe that, from (4.3.22), we have

(4.3.24) Sn_Mn(aﬁ)Zlog 14 Zn@ ) 1
0

€(ao, p)y/n’| log(n)’

From (4.3.21), we can deduce that

p Zy(p) 1 ( 1 )
Sn_Mn — )= .
(ao) € (ap, p)y/n log(n) Tor vn'log(n)
It follows
(4.3.25) \/mog(n){sn _ Mn(ﬁ)} Ny (0, M _ 1) .
ao €4“(ao,p)
We observe that

M8 =13 (Mo | 2)) = (8- | 2 017 (1 | 2

Eacsara)

where 0,(R,)=Y,R, with Y}, Po. Multiplying both sides by /7 log(n), we obtain

Vi log(n) (M,;l(sn) M (Mn (aﬁ)))
0

= \/Flog(n)(Sn -M, (ﬁ)) (MY (Mn (0%)) ++v/n'log(n)op (Sn -M, (ﬂ))

@o @o

where (M, 1)/ (M W (1)) = (M ,,,’(0%))_1 (the inverse function theorem).

@9

-1 n—oo

0 then we can deduce that (M ) (a%)) —— —1. Combining this

n—oo

Since sup,, |M},(w)+1|

with (4.3.25), we obtain that

Vr'log(n) (sn -M, (ﬁ)) (MY (Mn (ﬁ)) =N (0

€(ao,2p) 1)
ao

" €2(ap, p)
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Moreover, since /7 log(n) (S n—M, (a%)) converges in law by (4.3.25) then we can deduce that

vn'log(n)op (S n—M, (a%)) = 0p(1). Hence, from the above estimates, we can conclude that

\/ﬁlog(n)(M,fl(Sn)— aﬁ) = =/V(O

€(ao,2p) 1)
0

" €%(ao, p)

Therefore, combining with Delta method, we get that

4
Vi log(n) (a*(p) - ag) = N (o, %o (M _ 1)) .

P2 62(ao,p)
then
* P
a’ (p)= —F———
M, (Sy)
is an asymptotically normal estimator with the rate v/n'log(n). |

As expected, the estimator a*(p) exhibits excellent finite-sample performance; see Tables 1 in
Section 4.6.
The remainder of the paper is devoted to the proofs of the main theorems above. The main

statistical tools for establishing the consistency and asymptotic normality of the estimator are

nl/a

the convergence in probability of %Z;‘:—(} f ( {X f‘jﬂ - C1/n(Xg, )}) and the convergence in law

g

associated, for suitable functions f. For this reason, in the next section, we will study Law of
Large Numbers and Central Limit Theorem which are the two principal tools for the proofs of

theorems in Section 4.3.2.

4.4 Limit theorems

4.4.1 Law of Large Numbers

Let f : R — R be an even function and we suppose that the function f satisfies the following

assumptions
Assumption 4.4.1.
1. 3C >0 such that |f(y)| < C (lloglyll* +1) for all |y| < 1.

2. There exist 0 < p < a, C > 0 such that |f(y)| < C|y|P for all |y| > 1 where C is a positive

constant.
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Proposition 4.4.1. Under Assumption 4.4.1,we have

nl/a

DU

{Xtaj-ﬂ _Cl/n(X;xj)}) L /f(y)%(y)dy.

To prove this proposition, we first prove Lemmas 4.4.1 and 4.4.2 below. From now on, we will
use the following notations in the proofs. We denote by fx(x) := f (x)Xx (x) where x — Xk (x) for

all K > 2 is a smooth truncation function with

Zk(x)=0 for {|x] < gz} U {lxl > 2KVP}

(4.4.1) S Zx(x) =1 for L <|x|<KVP

0=Xg(x)<1 for {5 <lxl< gz} U{K"P <|x|<2KVP}.

Moreover, the derivative of function Xx with respect to the variable x satisfies

() <CK?2 for L <|x|l<L
(4.4.2) ’ K | 2K? K?

|Zj@)|=C  for KVP<|x|<2KVP
where C is a positive constant independent of K. Note that we will not use this condition for the
proof of the convergence in probability in Proposition 4.4.1, however it is a useful condition for

the convergence in law in Proposition 4.4.2.

We set
1 n—-1 nl/ll « «
(4.4.3) Gni(a)= o ;)fK( o {th+1 - Cl/n(th)})
_ 1 nl 1/a a a
(4.4.4) Ho@=1: 3 fi (nvelze, - z2})
(4.45) gx(@ = [ fe)patndy.

Lemma 4.4.1. Under the notations (4.2.7), (4.4.3), (4.2.9) and (4.4.5) we have

(1) supn[E(|Gn(a)—Gn,K(a)|) <cg Where cg tends to zero as K — oco.

K—oo

2) lgla)-gk(a)l 0.
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Proof of Lemma 4.4.1 We start with the proof of the part (1). We recall that

supk (|Gn(a) - G, k(a)|)

Zf(

l/oc

1n 1 (nl/a'

:sgp[E { ti Cl/n(XtJ)})__ZfK

{X;‘M - Cl/n(Xf‘j)}) ] ‘ .

Our proof starts with the observation that

(4.4.6) 1) = Fr G S I F N L gpagn +1f Lo

then we have

1 n-1 l/a 1n nl/a
SliP[E ;J;f( > {Xt 0~ S (XY )})——ZfK( {XJ+1 Cl/n(Xa)})”
1 n-1 nl/a
(4.47) Ssgp;‘]:oﬂi f( o {XgH_Cl/n(Xg)}) Z/a {Xa _Cl/n(X;xj)}lzKl/p
1n-1 nl/a u
+Slipﬁj:O[E f( o {X?fﬂ_C””(Xf.f)})‘ 2 X e X<

Let us estimate E |f ( {Xa Cl/n(Xtaj)}”

nla {Xa C1/n(X,§'j)H2KUP'

We observe that for all € [¢;,¢;.1]

x5 — om0 x| =

t t
| bcemds- [ vy Xinds +o{z - 23}
t; t;

9= b(Go-1,X{)|ds|+0 sup |z -2

4 tist<tji1 J
t

< ||b’||ooft ‘X?—cs_tj(Xg.)‘ds+at stu[t) Zf—Zg )
J jStstia

Using the Gronwall’s inequality, for C a positive constant, for all ¢ € [¢},¢;,1], we have

X7 - tJ(X )N<Co sup |Z[-Z7]|.
t;<t<tj1 7
It follows that
(4.4.8) X —cimnX} )|=Co sup Z1-Z7|.
tjststig !
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Using Assumption 4.4.1(2) and combining with (4.4.8), we get

nla

v {X7j+1—C1/n(X,°’j)H>K1/P)

1/a
(4.4.9) Sup[E( f (”T {xe, - cl/n(Xg)})‘ 1

nl/a' p

— (ijﬂ —Cl/n(Xt”;))

5sup[E(

n

TEA———

Py

pla
N SUPe <tst g

A

<CsupE (np/“ sup
n

tist<tj+1

PSkice )

z¢-77,

/a a|p
< CsupE (np sup |Z$| 1,0 supo<s<1/nIZé’lp>K/C")
n

<g<-=
Oss=+

where we use the fact that Z% has stationary increments to get the last line. From Luschgy and

Pages [52], we have for all r € (0, )

(4.4.10) [E(sup|Z§‘|r)S ¢ .

where C is a constant independent of n. Indeed, the assumptions in Theorem 2 in [52] are
satisfied since (Z;")sc[0,1) is a Lévy process with characteristics (0,0,v) such that E|Z{|" < +oo for
any r € (0,a) and the Lévy measure of the process (Zg‘) (recall Assumption Hi(a;)) is bounded by
@(2):= Izlﬁ which is a regularly varying function at zero of index —(1 + a). Using Theorem 2 in
[62] with I(z) := z‘”lq?)(z) =1, we obtain (4.4.10). As a consequence, recalling that p € (0, @), there

exists § > 0 such that p(1+6) < a then

0ss<1
n

1+6
(4.4.11) sup[E( nP'% sup |Z2[P )sc.
n

It follows that (np/ *Supg<g<1/n |22 |p ),, is a sequence of uniformly integrable random variables

and we can conclude that (4.4.9) converges to zero as K — oo.

We now consider E )f (# {Xfﬁ1 - cl/n(Xt“j)})| 1) ,va

e g el
We recall that p9(x,y) is the transition density of the homogeneous Markov chain (X l?'jn)izo,m’n

then we can deduce that the density of ";l (X7 —cun@)} is Tz pg (x Lo 4 ¢y (x)).

n » pla
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We observe that

l/a

nla

v {Xa —cun (XY )H 12)
l/zx
@ of
[ (‘f( t”l_cyn(th)}) W{X“ —sun (XY )H 12|th)]

l/a
(‘f( xg, - cl/n(Xf;)})

where we have used the Markov property to get the last line. Furthermore, we can write that

(4.4.12) [E(‘f( {X?jﬂ—cvn(X?j)})‘

o, - o 0|

J+l

la
(4.4.13) [E(‘f (na {xe., - Cl/n(Xtaj)})

=ff If ()]

K

i’/a{Xa —cyn(XY )H 12|Xg-=x)

0 of uo
mpl(x,mﬂ:rlb(x)) du

[ If (W)

where we have used (4.2.1) and the fact that f is a symmetric function. The result follows from

&
duSZCfK If (wldu
0

uo
a pl Va +¢1(x)

Assumption 4.4.1(1) and the dominated convergence theorem.

We prove the part (2). We need to show that

K—oo

(4.4.14) lg(a) - gx(a)| = |E(F(L) - E(fx (L) —= 0.
From (4.4.6), we can estimate
(4.4.15) [EGFLE) ~ B <EFED N pgparn +EFEDA oy,

From Assumptions 4.4.1(1)(2) we obtain [E(| f (L‘f)|) < 00, using the dominated convergence theo-
rem, we can deduce that the right-hand side of (4.4.15) tends to zero as K — co. Hence the result

follows. |
Lemma 4.4.2. Under the notations (4.4.5) and (4.4.3) and for all K > 2, we have
P
|G k(@) - gx(@)] ——0.
Proof of Lemma 4.4.2 We have
|G g (@) - gr(a)| < |Gy g(@) — Hp g ()| + |Hp g (@) — gx(a))|.

In order to prove Lemma 4.4.2, we need to check the two following properties for all K > 2:
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n—o0o

(1) |G x(@) - Hy (@)

(2) |Hpx(a)-gr(a)| =

We start with the proof of the property (1). We need to prove that

l/a oo
— 0.

|Gn,K(a)_Hn,K(a’)|—‘ Z fK(

fxa, - et} - fc (Ve {22, - 22})|

We will use Lemma 9 from Genon-Catalot and Jacod [25] to show the property (1). It is sufficient

to show that

n—oo 0,

(4.4.16) %g HfK( 1/“ tﬁl—Cyn(Xg.)})—f (n 1/a{Zg+l_zg})]|gtj]

27%0.

1
(4.4.17) —2

* 2
[fK ( Y tj+1_C1/n(Xg)})— fi [ 1/a{zg+l—zg})] ES

it

Since Z;"j+l - Zf;_ is independent of #;, and Z“ has stationary increments then we get

el

(4.4.18) Elfic oV {2, - 22 }) 17, | =E

From the Markov property, we have

nl/a l/a

[EICK((I

(4.4.19)

1. Cl/n(X“)})'%] [fK( l—cl/n(Xg)})wg].

But we can write

l/oc
(4.4.20) [fx( Xf— (X a)}) Xt =x

where X Zx is the solution to (4.1.1) starting from X g =x.

e o)

From the construction of the function fx and Assumption 4.4.1(1)(2), we can deduce that
(4.4.21) Ifx| <CK.

Using (4.2.5) with the bounded function fx, there exists a constant C > 0 such that

K n—oo
(4.4.22) sup |E [fK (nl/“ {Xﬁ”‘ —Cl(x)}) ~E|fx (nl/“ {Z‘f }) < CK n—oo, 0
x n n n n
Combining (4.4.22) with (4.4.18) and (4.4.20), we deduce that
l/a a la a a CK n—co
(4.4.23) ‘ H fK( Xg - cl/n(th)}) - fx (nV* {2, —th})] Ty || === =0
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and then (4.4.16) follows.

We now prove (4.4.17). From the boundedness of fx we get that

1 n= l/a 2 4CK2
~ Z [fK( X{,, —cun(X] )}) fi (n¥{zg —Z;j})] 1, || < ——.
Letting n — oo, we get (4.4.17).
We now prove the property (2). We need to show that
1 lVa | ya a a n—oo
(4.4.24) [H @)= g@| =| 2 X |fic (2" {25, - Z5}) - @] 250
J:

Using again Lemma 9 from Genon-Catalot and Jacod [25] to show the property (2), it is sufficient

to prove that

17C la a a a n—oo
(4.4.25) - ; | |[Fxc(n¥{ze - z2}) - ER@D] 12, || == 0,
(4.4.26) Z [ [ (n¥ {2, - z¢}) - @)| 157, ] =
Since Z,f?j_+1 — Zf‘j is 1ndependent of #;, and Z* has stationary increments then we get
(4.4.27)
1 n 1

n—oo
0

5 el e, -2 ) s )

_ ’[E [ fi (nl/“ {zg }) ~E(fx (L)

where we have used (4.2.6) with the boudedness of fx to get the convergence. Hence we can
deduce (4.4.25). Since |fk| < CK, we can deduce immediately (4.4.26) and hence the property (2)
is proved. Hence the result of this lemma follows. [ |

Proof of Proposition 4.4.1: We can see that for any positive number ¢
l/a

Z f( { 1—ﬁl/n(Xf‘j)})—ff(y)wa(y)dy

> e) =P(Gnp(a) - gla)l > ¢€)

(|G (@~ Gr(@)]| > <) +P(|Go k(@) - gx(@)] > 5]+ P (lgx(@) - g(@) >
(|G (@)= G (@) +P(|Grx(@ - gx(@)| > <) +P1gx(@) - g@)] > 5
54TK (IGnK(a) gx(a)|> )+P(ng(a) gla)l> 5 )

where in the second inequality, the third inequality and the four inequality we used the Markov’s

inequality and Lemma 4.4.1(1) respectively. From Lemma 4.4.2, we deduce that Ve >0

Zf(

for all K > 2. Taking K — oo, cg — 0 and using Lemma 4.4.1(2), we deduce Proposition 4.4.1. H

l/oc

4
{xs., - cl/n(Xg>}) - [ Fpatny| > e) = =£+P(lgx(@) - ga) > 7

n—oo

limsup P (
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4.4.2 Central Limit Theorem

In this section, we want to study the convergence in law associated with the convergence in
probability in Proposition 4.4.1. At this point, we need stronger assumptions on the function f
because of the exploding factor v/n. Let f : R — R be a symmetric function and we suppose that

the function f satisfies the following assumptions
Assumption 4.4.2. 1. 3C >0 such that |f(y)| < C(llog|yl|? + 1) for all |y| < 1.
2. There exists 0 < p < § such that |f(y)| < Cly|P for all |y| > 1 and C is a positive constant.

3. f is a differentiable function such that for a constant C > 0 then | f' (y)| < % for all

lyl<land |f'(y)| <Clyl? for all |y| > 1.

Remark 4.4.1. From Assumptions 4.4.2(1)(2) we can deduce that there exists § > 0 such that

(2+6)p < a and then flf(y)|(2+5)<pa(y)dy < oo.

Proposition 4.4.2. Let f1,f2 : R — R satisfy Assumption 4.4.2. We set g; = [ f1(»)pa(y)dy for

[ =1,2. We have the following convergence in law

_ la
198 | FE (25 {XE, —em XD} = [ iIpatidy| oD
t _ Va ’
Iyndfo (20 xs - cin XD} - f 0galy)dy
where the asymptotic covariance matrix £ =[Zi;]; =12 is given by
(4.4.29) Zip = f(fi(y) —8i(a) (fr(y)—gr(@)pa(¥)dy, 1=i,k=<2.
We observe that the left-hand side of (4.4.28) can be written as
1 -1 Va 1 -1 1/
(4 4 30) \/ﬁ‘ n Z?ZO fl (nU {Xg*'l B Cl/n(XfJ)}) h ZZ.?:O fl (n ¢ {Zg*'l _Z?J}) +
o _ Va _
RE0 fo (5 {XE L - e XD} -2 T3 fo {22, - 22
1yn-1 Va)za _zal)_
a5 o vir| TR (28~ 25 = ety

2 X0 f2 (nl/“{Z“ —Zf‘j})—ffz(y)wa(y)dy '

tj+1
Hence Proposition 4.4.2 will be proved if we can prove the two propositions (Propositions 4.4.3-

4.4.4).
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Proposition 4.4.3. Let f1,f2 : R — R satisfy Assumption 4.4.2, then we have

Iy i {xe - cumXO}) - Lxnd i (nVe{zg - 2z3}) n—oo

tj+1
P

vn

Va

Lyndpy (o dxg i) - 22t o (n¥e {zg -2}

tj+1

Proposition 4.4.4. Let f1,fs :R — R satisfy Assumption 4.4.2. We have the following convergence
in law

Lynaf(nVeize - 2i}) - i»ea»dy
n ~j=0 tjv1 tj a

(4.4.32) vn
2 X0 f2 (nl/“ {Zt“m —Zf‘j}) — [ 2 Wwaly)dy

= A4(0,2)

where the asymptotic covariance matrix Z is given by (4.4.29).

The proof of Proposition 4.4.3 is based on Lemmas 4.4.3-4.4.6 and the proof Proposition 4.4.4
is based on Lemmas 4.4.7-4.4.8. From now on, we choose K :=K,, = n% where 6 is chosen such
that (2+6)p < a (in order to simplify the notation, in the rest of this proof, we shall simply write

K instead of K,,).

Lemma 4.4.3. We suppose that Assumption 4.4.2 holds then, with K := K, = n‘“z%fﬁ), we have

n—oo

D VrE(|Gu(@) - Gy g(a)]) === 0,

n—o00o

2) VRE(|Hn(@)-H, x(a)|) 0,

where Gp(a), Hy(a), G, x(a) and Hy, g(a) are defined by (4.2.7), (4.2.8) and (4.4.3), (4.4.4) respec-

tively.

Proof of Lemma 4.4.3 We first show the part 1). For K := K, = n% where § satisfies (2+0)p <

a. From (4.4.7), we have

E | \/F (Gn(a’) - Gn,K(a)) |

1 n—1 nl/a « p 1 n=1 nl/a a a
_F ﬁj;)f( ~ {thﬂ—Cl/n(th)})_ﬁJ;fK( - {XtJ-H_Cl/n(th)})
1 n=l nl/a a a
(4.4.33) == 2 E ( f (T {X tj ~SUn(X t,-)}) 1w {ngﬂ—cyn(ij)}EK”P)
1 n—1 nl/a
4.4.34 +—YE X = cun X)) || 1) are '
( ) \/Fjgo (f( p { {701~ SUn( tj)}) 'ﬁ{xgﬂ—cyn(xg)}\s;z)
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Let us estimate (4.4.33). From (4.4.9), we have

l/a
(4.4.35) (‘f( 1_¢1/H(ij)})‘1|'”/“{xa 6 (X”‘)}|>K1/P)
4 ti+l LT 20 b

1

<1

0ss<1 ==n
n

/a a|pP
<CE (np sup |Z¢|” 1,0 sup,_ |Z§‘|P>K/CP) :

Moreover, we can estimate (4.4.35) as follows

np/a sup0<s< |Za |p

K/Ccr

l+6)

From the above estimate, with the choice K := K,, = n% , we can deduce that (4.4.33) is bounded

2+5)

where M is some positive constant. From (4.4.10) with r = p(2 + ) < @ and (4.4.36), we get that

/a a|p /a alp
CE (np sup |Zs | 1n1’/"‘sup 1 |Z“|p>K/CP) = [E(np sup |Z |

0<s<1 O=s=+ 1
n

Cp(1+6) '
= —=5E| |n”'" sup |Z&|P
K 0=t<l

240
) for 6 is chosen such that (2+6)p < a.

by

(4.4.36)

+9
1 0<t<

i ([np/“ sup |Z“|p

(4.4.33) converges to zero as n — oo.

Let us estimate (4.4.34). We easily see that

('f( 1/a 1_C1/n(Xg.)})‘ l/a{Xa Cl/n(Xzaj)HSKlz)
—[E[ (’f( l/a X3, —cunXY )})‘
[ (’f( M l—cl/n(ij)})‘

where we have used the Markov property to get the last line. Moreover, we have

Ja {X"‘ cl/n(X?j)H< 1 |gtj)]

e {xg cl/n(X;;)})sI;?'X?f)]

J+1

l/a:

(4.4.37) [E(‘f( {Xg.u_Cl/n(Xg)})'l

ff If )]

K2

Va |Xa = x)
e {xE  —enX s

o uo
nl/apg (x,m +Crll(x)) du <C'1f If (w)ldu
2C,C

xz L

:201f |f(u)|du<2C10f lloglull>du +
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where we have used (4.2.1), f is a symmetric function and Assumption 4.4.2 (1). Then we can

deduce that (4.4.34) < \/n'T. Moreover, we observe that

2yn 4yn 4/n

1
%2
\/ﬁfOK |log|u||2du: e n e logK + v (log(K))2
(4.4.38) - o
2 41 sy 4llog(niae) -
=—+ og(n1 )+ ( : ) o

thus (4.4.34) tends to zeros as n — oo. Hence the result of this lemma follows.
Using the part 1) with the drift function 6 =0,0 =1 and x = 0, we deduce immediately the result

of the part 2). |

Lemma 4.4.4. We assume that the function [ satisfies Assumption 4.4.2 then

Va 2+6

f(” {X —cl/n<x>})
o n

< o0

suplk
n
where § > 0 satisfies p(2+9) < a.

Proof of Lemma 4.4.4 From Assumption 4.4.2(2), we have

1a 246
n a,x
(4.4.39) E|f - X4~ cynx)
nl/a - 2+6
:[E[f( pe {Xi —cw(x)}) anQ{Xix_clm(x)} o
nl/a s 2+0
+E X% (x)}) 1 1
f( o { 1T . {X“;’“—cl/n(x)} <1
nl/a e p(2+9) nl/a o 2+6
<E {X; —cl/nm} VE f( {X; —cl/noc)}) 1 .
o n o Iy = {Xli’x—wn(x)} <1

n

Let us consider the first term of (4.4.39). Using (4.4.8) that Z% has stationary increments and
(4.4.10) with p(2 +06) < a, we get the first term of (4.4.39) is bounded by a positive constant that
does not depend on n.

We consider the second term of (4.4.39). We have

nl/a 2+0
E X* - 1
[ -]

1
= f If )20
-1

1 1
du< Cf If ) ®*0du = ch If @) ?"0du < +o00
-1 0

0 o uo )
mp% X,WJFC%(JC
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where we have used the boundedness of nllT/a p9 (x,% +c ;(x)) (see (4.2.2)), the function f is

symmetric and Assumption 4.4.2(1). From the above estimates, we can deduce that (4.4.39) is

bounded by a positive constant that does not depend on n. The result of this lemma follows. W

Lemma 4.4.5. Let Xifx be the solution to (4.1.1) starting from X§ = x then

n

nl/oc 2 oo
fK( > {X‘f’x—ﬁ/n(x)})—fK(nl/aZ‘f)] —0,

n

supE
X

recalling fx(x) = f )%k (x) with Xk is defined by (4.4.1) and (4.4.2), K := K, = 15 and § >0

satisfies p(2+0) < a.

Proof of Lemma 4.4.5 For all ¢,, > 0, we can write

nl/a a,x larza 2
(4.4.40) [E[fK( - {Xl’ —Cl/n(x)})—fl{(n Zl)]
(4.4.41) =E|f nl X"~ ¢yt |- fx |nV*Z4 21
o - K o % CUnt¥ K" % ﬂ{Xufx—Cl/n(ac)}—nl/“zoi <en
nl/zx 2
(4.4.42) +E fK( - {X?’x—wn(x)})—fK(n”“Z‘i‘)] 1) e [0 ol nvezs e,
o n = 1 —Sunx) p—nYeZ |>e,

We observe that, for C is a deterministic constant, from Assumption 4.4.2 (1-3) we have
(4.4.43) @) = |F @)Xk @) + F () (X @) | < C (K + K*(logK)?).

Then we can estimate

2

la
n ax _ lara
E[fK( = {Xi cun(x)}) fK(n Zi)] 1,12/(1{}(?_@(36)}_”1%3 e,
+ + + 2
(4.4.44) < (I1fklloo)” €2 = C (K + K210g2(K))" ¢2 = C [ (n35 + n315 log2(n 1) ] .

_9-35
258 . 248 248 245
We choose €, = n 21+0 then we can easily deduce that (n 11+ + .20+ log?(n 11+ )) €, goes to zero

as n — oo. This implies that (4.4.41) tends to zero as n — co.

We now consider (4.4.42). From |fx| < |f|, we have that (4.4.42) is bounded by

nl/a ax 2
(4445) 2F [f( pn {X}l’ _Cl/n(x)}) 1 #{Xaix_clm(x)}_nllazfi >€,
larza ?
(4.4.46) +2E | f (n Z;)] lg{xg—m(m}—nwz; >en
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Let us consider (4.4.45). Using Hélder’s inequality, we obtain

nl/zx - 2
E X7 - (x)}) 1
[f( o { 1 $ln #{X‘i’x—ﬁ/n(x)}—nl/“z‘i >,
[
9 nl/a' o 2;76 % % 23
< |E X - (x)}) Ef1
[f ( o { 1 T Cun "Z“{X‘f—cyn(m}—nl/azi >en

246 2

(4447 =|LC

1a
~ {thl,x _ Cl/n(x)} _ n]./lZZ{i.’

n

2
2+6
n

From Lemma 4.4.4, in order to show that (4.4.47) converges to zero as n — oo, it remains to show

1a
f(” {Xi”"—cl/nm})
o

n

n

that

n n

Va
(4.4.48) P ( na {X‘f’x - cl/n(x)} -ntz9

> en) 2=%0.
In fact, we observe that for any ¢ € [0, %]

|n1/a (X - i)} - nl/“UZf‘

t
= ‘ f nVe [b(X ™) - b(gs(x))] ds
0

t t
sfo ||b’||ooHnl/“(Xf’x—cs(x))—nl/“ozg ds+1blloc sup fonl/“a|zg|ds,

0<t<l/n

where ||6'||oo = sup,cg 10’ (x)]. Applying Gronwall’s lemma and using ||5’|| < 0o, we get

Ve IX S o0} -nV 0zl < C

¢
sup fnl/“alzg‘lds],
0

sup
x 0<t<l/n

where C is a positive constant and it follows that

nla Y
> {X‘f’x—m(x)} -n'"Z¢

n

(4.4.49) sup
X

Let 0 <r < a then, from (4.4.49), we have

nl/a a,x larya
(4.450) P = X7 =¢im@)p—n""ZT|>€p

n n

r r
n"e’ cr
<P || nV* sup 1Z$1| >—=+|<—E n® sup 1Z]
0<s<1 Cr nren 1

= O<ss<=
n n

_9-35
With the choice €, = n 25%) , from (4.4.10), we can easily deduce (4.4.50) goes to zero as n — oo.

Hence this yields that (4.4.47) tends to zero as n — co and thus (4.4.45) goes to zero as n — co.
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Let us consider (4.4.46). Using the Hélder’s inequality, for C is a positive constant, we have

2
4.4.51 E nl/“Z“)] 1
( ) f( % nz/a {X‘i’x—cun(x)}—nl""Z“ >€p

201305 R

[f (n 0 #{X“_Cl/n(x) nl/aza >€n
2+6] 255 L Va 205
=|E (nl/“z‘f) [[P’( - { Z —Cl/n(x)} 1/"‘Z"‘ >en)] :
We observe that
y 2468 y 246 N 2+6
E f(n “Z'f) =E f(n “Z'f) Ljpvaze»1+E f(n “Z‘f) Lpveze <1
(4.4.52) <E|InVoZ3PEH0 | 4 f| | 1|f(u)|2+5qo”(u)du
n u|<

1
<Caps+ cf IfW)I?*du < oo
0

where we have used (4.4.10) with r = p(2+ §) < a, the fact that f is a symmetric function, (4.2.3)
and Assumption 4.4.2(1) to get the last line. From (4.4.48) and (4.4.52), we deduce that (4.4.51)
tends to zero as n — oo. This implies that (4.4.46) tends to zero as n — oco. From the above

estimates, we can deduce that (4.4.42) goes to zero as n — oco. Hence this lemma is proved. [ |

Lemma 4.4.6. We assume that Assumption 4.4.2 holds and K :=K,, = n% then

n—oo

0

\/E(Gn,K(a) _Hn,K(a))
where G, k and Hy, g are defined by (4.4.3)-(4.4.4).

Proof of Lemma 4.4.6 We use Lemma 9 from Genon-Catalot and Jacod [25] then it is sufficient

to show that

sy Y (nclf/a {X;xj+1_cl/n(X?j)})_f ( 1/a{th+1—Zg}):||gtj] ==0,
J:
n-1 l/a

(4.4.54) Z [fK( 1—61/n(Xg)})—fK(n1/“{Zg —Z“} IE"t,] ==

From (4.4.23), we can easily deduce that for C is a positive constant then

CK
v

L o e - e 2, 2 )] ]
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With the choice K := K,, = n %125, this yields (4.4.53).

We consider (4.4.54). We observe that

(4.4.55) L ,
[fK( X7, —cunX] )})_fK( 1/“{ij+l Zg})] Igft,]

l/a

el

+E [ff{ (n”“ {me —Z;"j}) L%J.]

l/a

- cl/n<Xg>}) %,

—2[E[fK( (X8, —cun(Xs )})XfK( 1’“{zg+l—zg})|%,.].

From Markov property, we have

l/a

l/a
(4.4.56) [fK( - l—cl/n(Xg)})%] [fK( ~

- cl/n(X;j.)}) |X;j] :

But we can write

e 2 o)

l/a
(4.4.57) [fK( N Cl/n(Xg-)}) |X0§ =X

where X ‘l” is the solution to (4.1.1) starting from X g =x.
Using the fact that Z?J,H - Zf‘j is independent of F;, then we can write
(4.4.58)

S B P R s R P St P )

Frome‘j —X“+ft”1b(X“)ds+a( —Zg_),we can see that

fe P s =X} s (o {2z, - 22

o
l/a nla tiv1
( X8, - e e[ {xe - x - [ bxas
¢

Since (X}');>0 has the Markov property with respect to (%;) then we obtain

l/a 1/a ti
[fK( l—cl/n(X;"j)}) fK( { D C [t b(X;")ds})|9tj]

nl/(l tj+1
{X?jﬂ—gl/n(X?j)})fo(T{ L -Xf- [t b(Xg)ds})ng] a.s.

J

(4.4.59)

(4.4.60)
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Moreover, we can write

nl/(l nl/a tj+1
(4.4.61) E [ fK(T IX¢ |~ cun(X )}) y fK( JlXt“ -Xg - f b(Xs“)ds}J x5 ==
tj

o J+1

pla pla %
fK( - {ch’x—Cl/n(x)})fo( {X?’x_x—fo b(Xg’x)dS})

n o

=E [fK (nl/a {X'f’x - Cl/n(x)}) x fx (nl/aZ'f)] :

o n n

=E

From (4.4.55), (4.4.56), (4.4.58) and (4.4.60), we can deduce that

. 2
25 e s ) )

E
o

(4.4.62)
=E

g

o 2
(- cuncx ) - e . - 22} s

tj+1 tj

From (4.4.57), (4.4.61) and since (nl/“ {Z“ -Z7 }) . | are random variables with the same
J=0,...,n~

.....

1/
zxzzic

distribution as n then we can write

n

@ 2
[fK (nl/ {ng+1 _Cl/n(Xg,)}) ~fx (nl/a {Z?j+1 —Z;"j})] X8 =x

(44.63) E —_—
o
nl/a - U 2
e e
From Lemma 4.4.5, we get
nl/a Y 2 oo
a a a a a a _ _
Sljlpsgp[E [fK( p {th+1_C1/n(th)})_fK(n {th+1_th})] |th—x > 0.
Combining this with (4.4.62), we can deduce that
nl/a y 2 oo
a a a a a _
Sl;p[E [fK( p {th+1_cl/n(th)})_fK (n {th+1_th})] L@tj] —0 as.
Thus (4.4.54) is proved and the proof of this lemma is complete. |

Proof of Proposition 4.4.3

Proof. Since f; for i = 1,2 satisfy Assumption 4.4.2, then Proposition 4.4.3 will be proved if we
show that for f : R — R satisfying Assumption 4.4.2 then /n' (G,(a) — H,(a)) L 0 where G, (@)
and H,(a) are defined by (4.2.7), (4.2.8) respectively.

Under the notations (4.2.7)-(4.2.9) and (4.4.3)-(4.4.5), we observe that

(4.4.64) G (@) — Hp ()| < |Grl@) - G g ()| + |G g (@) — Hp g ()| + |Hp g (@) - Ho(a)|.
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n—oo

From Lemma 4.4.6, we get /n (G k(@) — H, k(@)
VIE(|Gn(@) - Gy g(@)]) === 0 and vnE|H,(a)— H, g(a)| ==

0. From Lemma 4.4.3, we have

=, 0. From the above estimates,

we can conclude that Proposition 4.4.3 is proved. |

Now we will prove Proposition 4.4.4. The proof of this proposition is based on the two following

lemmas.

Lemma 4.4.7. We suppose that the function f satisfies Assumptions 4.4.1 then

270,

’[E (f(n”“zg)) —-E(f(@LD)

Proof of Lemma 4.4.7 We recall that fx(x) := f(x)Zk(x) where Xk (x) is defined by (4.4.1) and
(4.4.2). Then we have for K fixed

(f(nl/aza ) (fK(nl/(xZa)

n

(4.4.65) limsup‘ (f(nl/“Z“) E(F(LY)| < limsup

+|E(fx(@D) - E(FLD)|.

E (fK(nl/“zi')) ~E(fx(@LY)

lim sup
n

Hence the proposition will be proved if we show that each term on the right-hand side of (4.4.65)
tends to 0 as K — oo.
We get immediately that the third term on the right-hand side of (4.4.65) converges to 0 as K — oo

from (4.4.14). From (4.4.27), we obtain that

[E(fK(n”“Z”f)J CE(fx @)

n

lim sup
n

We now show that limsup,,

(f(nl/aza ) (fK(nl/aza))‘ K—oo 0.

n

We have, for § is chosen such that (1+9)p < a,

limsup (f(nl/“Z“ ) (fK(nl/“Z“)) <11msup[E‘f(nl/“Z“) fK(nl/“Z“)
n
. Varza . larma
< hmnsup[E f(n Z%) 1 ez |sKs +11mnsup[E‘f(n Z%) 1 ez <,
n L n
. larza P K2
<limsupk||(n"%Z +C If (w)|du
n n ’nl/“Z"i >KVp 1%%
p19
l/aZa L
. larya % K? 4
<limsupE||n"*Z¢ e +20f (log(lu* +1)du
n n 0
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(4.4.66) = < +20[ﬁ ((log(lul))4 +1)du
KIS 0

where we use (4.4.6) for the second inequality, Assumption 4.4.1(2) and (4.2.3) for the third
inequality, the inequality (4.4.10), Assumption 4.4.1(1) and the fact that f is a symmetric function
to obtain the last line. It is easy to see that (4.4.66) goes to zeros as K — co. Hence the first term

on the right-hand side of (4.4.65) tends to 0 as K — co. Lemma 4.4.7 is proved. |
Lemma 4.4.8. We assume that Assumption 4.4.2 is satisfied then we have

(4.4.67) VREH (@) - g(a)) == 0.

where H,(a) and g(a) are defined by (3.7.22) and (4.2.9) respectively.

Proof of Lemma 4.4.8 Under the notations (4.2.8)-(4.2.9) and (4.4.4)-(4.4.5), we observe that

VREH (@) - g(@) = VRE(Hp(a) - Hy g () + VRE(H, k(@) — gg(@)) + V' (gx(a) — g(a))

n—oo

Using Lemma 4.4.3 2), we have nE(H,(a)— H, x(a)) 0. Using (4.2.6) with the bounded

n—oo

function fx and the choice K = n%, we obtain \/n'E (H nx(a)— gK(a)) 0. Hence Lemma

4.4.8 will be proved if we can show that /7 (gx(a)— g(a)) —— 0. In fact, we observe that, from
(4.4.15), we have
(4.4.68)

Vn'lgr(@) - g(a)| = Vi [E(fr (L) ~ E(FLD)| < VREIFLDIL Lo =g + \/F[Elf(Li‘)Ilwf,Sé.

Moreover, using Assumption 4.4.2(1)(2), we can see that (4.4.68) is bounded by

|La|p 1+6
al ) + \/E[E(if(fffﬂ 1|L§'|s,712)

K
vn

= K1+6

(4.4.69) VnE (|L‘f|p

E(ILSIP3) + v flfiz IF @@alu)du
<2

n
<
- K1+5

1

i 2CVn

E(IL31PE0) + 20V sz loglull*du + =%~
0

where 6 is chosen such that p(2+ ) < a and C is a deterministic constant. We observe that, with
. 246 N 1 n—oo .. . .
the choice K := K, =n41+, then 255 = = — 0. Combining this with (4.4.38) and the fact

that [E(lL‘flp(Z“”) < oo (see Theorem 2 in [52]), we can easily deduce that (4.4.69) goes to zero as

n—oo

n — oco. Hence we can conclude that /n (gg(a)— g(a)) 0. Thus Lemma 4.4.8 is proved. H
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Proof of Proposition 4.4.4

Proof. We set

(4.4.70) &= it ol (nl/a {Zgﬂ _Z?,-})—ffl(y)w(y)dy]
o % fo (nl/“ {Zgﬂ —ij}) —ffz(y)q)a(y)dy]

then we get
yZ fa(ne{ze, - 20 ) - T AWeapdy| na1
n X5 f2 (nl/a {Zgﬂ_zg})_ffz(y)(pa(y)dy =0’

Since the variables (Z;"j+1 - ZZ_ :J = 0) are independent, we use Theorem 2.2.14 in [37] to prove

vn

(4.4.32). It is sufficient to show that the following properties hold

n—oo
R ——

(M £ E(ey) ==o0.

@ ¥l [E( n ;,k) 170 5 forall i,k = 1,2 and 33, is defined by (4.4.29).

3) Z;-L:_(} [E(Ilé}lllr) 272, 0 for some 7> 2.

The property (1) can be deduced immediately from Lemma 4.4.8. For the property (2), we

start the proof by considering the case i = k£, we have

n-1 nl 1
S [E n n - [E No
(4.4.71) ZO (%z‘tj,z) ZO (\/ﬁ

Jj=

(e o -22)) - rovnaon )

=
—E|f, (nl/a {Zﬁ' }) -E(f:(LY) ] i

g G N U G G R

Since f1, f2, fl2 , f22 satisfy Assumption 4.4.1 then we can apply Lemma 4.4.7 and obtain for i = 1,2

wa £ (72 (Ve {zs})) == e 2w,
(4.4.73) [E(fi (n”"‘ {Z‘f })) == E(fi (L1))-

Using the two above results, we can estimate that (4.4.71) converges to

(4.4.74) E(£2(LY)) - (E(Fi(LD))? :f(fi(y)—gi(a))z Pa(Vdy =Zj;.
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We now focus on the case i # k&, we have

1 (1
=Y e(3 Az, - 2e)) - [ nowawas| | (w2 - 22)) - [ Aoreatas]]
0

{
filn ”“{Z“;) ()| | [nve{zs}) ey

filnve{zs}) oo {ze})) e

E e e o e

Since (f; + f3)? and (f; — f3)? satisfy Assumption 4.4.1 then using Lemma 4.4.7 again, we get

E
E

(i (Z5) £ (27) = 5 [EA (Z0) + 7 (200~ (1 (20) - £ (25)))
n—oo 1

moem e () + AL (7 (29) - e 5] =E (A (L) A (29)).

From (4.4.73) and (4.4.76), we can deduce that, as n — oo, (4.4.75) tends to

(4.4.76)

E(fi (LT) fr (LT)) + E(A@D)E(Ffe@D) —E(fi (L) E(F@LD)) - E(fr (LT) E(FED))
=f(fi(y)—gi(a))(fk(y)—gk(a))wa(y)dyZZik-

Thus the property (2) is proved.

For the property (3), we need to show that Zn IE (I I(f;.‘ [ ) Lk 0 for some r > 2. This is equivalent

to prove that for i = 1,2 and for some r > 2

(4.4.77) 'f[g(pg;ﬂ)’ L
j=0

We have

Z (|é;2)r JZO ( fi[nV{zs - z5}) - f Fi»pay)dy

C,
21 ( nl/a{Z‘:{})—ffi(y)(pa(y)dy) = e 1[ (

From r > 2 and E (f;(L{)) < oo then, in order to get (4.4.77), we just need to show that E (|fi (nV{z$, 1) )

)r

fi(n" ez, )| ) + (E(RaD))]

is bounded by a positive constant that does not depend on n. Actually, this holds true with the
choice r =2+ where 6 > 0 satisfies p(2 + §) < a and the result of (4.4.52). Hence the property

(3) is proved and Proposition 4.4.4 follows. |
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4.5 Proof of Main results (Theorems 4.3.1-4.3.4)

The aim of this section is to prove the consistency and asymptotic normality results given in
Section 4.3.2. We first proceed to the proof of Theorem 4.3.1.
Proof of Theorem 4.3.1:

We recall that the expression of djog, is

(4.5.1)
6 1n 1
Eapalle

as soon as the square root is well defined.

nVao nlao

(X5 —cunx0}

(X5 —cunx 0}

) (Zlog

We see that Assumption 4.4.1 is satisfied with the choice f;(y) := (log|y|),! = 1,2 then using
the result of Proposition 4.4.1 and (4.3.1), (4.3.2), we get the two following convergence in
probability
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This yields that the expression (4.5.1) is well defined with large probability and
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Hence the consistency result of this theorem is proved.
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Proof of Theorem 4.3.2:
We denote v1,q, :=E[log|L{°|] and v o, :=E [(loglL‘fol —E[log|L{° I])k] with % = 2 then we have in

particular
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where ( stands for Riemann’s zeta function; {(3) =~ 1.202057 (for more information see Section 3.1
in [53]).
Denote by

1/0!0 1/060

S0 = Z log?

{ I—Cl/n(ij")}’ ( Zlog

{ " —Cl/n(ij")}

k

we can write

a0 1 — l/CICO p a 2
VI (S5° —v2,q,) ; Z (log { Wi Cl/n(thO)} —E(log|L3°l) ) —VU2,q,
1 1/“0 p e 2
(; Z, { 1—C1/n(th°)}‘—[E(IOgILIOI)) :
Our aim is to show that
(452) \/; (Sgo - U2,a0) >N (071)4,(10 - Ug,ao) .

The proof will be divided into two steps.

Step 1: We show that

l/ao 2

n—1
{X;jjl —Cl/n(Xt“jO)}‘ —E(logIL{") ) —vz,ao) = N (0,V4, = V3 )

(4.5.3) n ( 1 > (log

n iz

Indeed, Assumption 4.4.2 is satisfied with the choice fa(y) := (log|y| - [E(log(L'i“’)))2 then using the
result of Proposition 4.4.2 we easily obtain (4.5.3).
Step 2: We show that

1/(10

2
(4.5.4) ( Zlog { 1—C1/n(Xf‘j°)}‘—[E(loglL(fol)) —>n;°° 0.

We observe that Assumption 4.4.2 is satisfied with the choice f1(y) :=1log|y| then using the result

of Proposition 4.4.2 we have

1/(10

(4.5.5) ( Z log

{ t +1 _Cl/n(Xgo)}‘ _[E(log|LT0|)) = W(O;U2,(Z0)-

From (4.5.5), we can deduce the convergence (4.5.4) and Step 2 is proved.
Let e :(0,2) — R be the function defined by e(a) = Var(log|L¢)) = % | £ + 4| (see (4.3.3)). Then

the estimator djog,, solves the equation

Szo = e(dlog,n)-
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Using the Delta-method, we get

(4.5.6) VI (@1ogn — @0) = Vi (e 7H(SH) — e (v q0)) = A (0,(e50) Zay ()

13

where X4, = V4,q, —vg)ao = 18( T +-3 + 10) and (e;(})’ is the derivative of e™! at e(ag). From

the inverse function theorem we have the the derivative of e™! at e(ag) is the inverse e’w_o1
3043

— and

of the derivative e/, of e at ag. Then by some computations, we get (e )’ = ey, 1

o

(eql) Zay((egh)) := V1°8(ag) = Ifa2 + a} + 32 a5. Hence this theorem is proved.

Proof of Theorem 4.3.3:

L (Bzim|fxre oy S (X, )H )
Lyn { (X )} >— is in the range of the function g defined by

(4.3.12). Observe that Assumption 4.4.1 is satlsﬁes with the choice f(y) :=|y|” and f(y):=|y|*"

Let Q,, be the set where 4 %

for r € (0, a/4) then applying Proposition 4.4.1, we obtain

Vag

e {X% = (X O)H

nl/ao

= €(ag,r)

{xe ey ml” 1= Glap,2r).

g

Combining this with (4.3.9), we can deduce that

! (%Z?;&HX&_C””(Xgo)}r)z p o T(1-rlag)?
%Z?:_olHijil_Cl/n(ijO)H2r n—co T(1-2r/ag)’

(4.5.7)

hence P(2,) tends to one as n — oo by the convergence in probability (4.5.7). Then, in this case

2
1yn-1 ag ag
T X0 1 X s X)) . . . . . . .
g ! %( ? OH Z” z } Zl exists. Since the function g is strictly increasing then the
3w [0 eR It el
estimator &, , is uniquely determined as

Y (%ZFOIHX WS 11063 )H )
Arn=§8 é Lont "
n 270 |{XtJ L~ Sun(X; )}|

From the continuity of g~! and from the convergence (4.5.7), we can deduce the result of this

theorem.
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Proof of Theorem 4.3.4:

We will first prove the following convergence

(4.5.8)
1 l/tl() a
—Z {XO —cyn(X; °)}| € (ao,r) 0] [Z11(ao) Z12(ao)
n
\/ﬁ‘ 1 l/ao ao 0 - = L/V ’
Iyn | Xy - cunxy: >}| (o, 2r) 0) |Ziala0) Zaa(ao)

with Z;z(ag) = €(ag, (i+k)r)-€ (a,ir)é€(a,kr) for i,k € 1,2 and noting from (4.3.7) that E (IL‘f0 ") =
€(ag,r),E(ILY ") = €(ao,2r).

Assumption 4.4.2 is satisfied with the choice (f;(y));=12 = ly|’" for r € (0, a/4) then using the
result of Proposition 4.4.2 we can deduce (4.5.8).

Now we denote by

ol e -l
B P e )]

where 9 is given by (4.3.14).

1/a0

Then W,.° can be written as h ( Z

fr, - cuoxpol| Az e s, -cuncn )

for the function A(x,y) = x— . The map A is differentiable at the point 6 = (¥(ag,r), %(ao,Zr))T

) . . [ 2€(ay,r) —€(ag,r)? T
with derivative VA(0) = ( ©),% dy (0)) (@(%(a§,2r))’ @(%‘(aoo,zr)z)) .

Applying the delta method we have

(4.5.9)
1 n—1 1/@0 r 1 n—1 1/a0 2r
\/F(h(; Y (x5 —cimx}| -~ (x50 - cumx{)} )—h(%(ao,r>,<€<ao,2r»
J=0 Jj=0

7| Z11(@o)  Zia(ao)
= A10,(Vh()) Vh(O)|.

Z19(ag) Zoa(ag)

After some computations, we obtain

r| Z11(ao)  Ziz(ao)
(4.5.10) (Vh(8)) Vh(6)

Z12(ag) Zaa(ao)
1 [4€6(ao,r)? 46(a,r)36(a,3r) €(ag,r)*€(ag,4r) €(ag,r)*

4511 =— - ; _yr
( ) 92 | €(agp,2r) €(ag,2r)3 €(ag,2r)t Ctg”(ozo,Qr)2 (@o).
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Let us recall that the function g(a) := 11:8:;/;7;2) = ;;z;r;) (see (4.3.10) and (4.3.12)). From (4.3.13)

and using the delta method again we get that
€ (ag,r)? e _
‘Or)) = H(0,(g2) V (ao)(gzh))

N _ — -1 o _ -1 - 7
4512)  Vnl@ra—ag)=vn'|g W) -g (@‘é(ao,2r)

where V" (ay) is given by (4.5.11) and (g;;l)’ is the derivative of g1 at g(ay).
From the inverse function theorem we have the the derivative of g~! at g(ao) is the inverse

gi;ol of the derivative ggo of g at ag. Then by some computations, we get

2 _2r
(g—l)/ _ g/—l _ aor(l 060)
w0 =80 = o (ao) (1 - £

where 71,(ag) is defined by (4.3.18) and

4
“1yor Iy vy — %0 Clag,2r)  Clag,3r) 1( Clap,4r) )}
(o) V0N, )):=Via0) = r2n,(ao)? {C(ao,r)2 Clao,NC(a0,2r) " 4 \Clao,2r)? ol

Hence this theorem is proved.

4.6 A simulation study

4.6.1 Comparison of asymptotic variances

For comparison between the asymptotic variances V1°8(ag) and V7’ (ay) given in Theorem 4.3.2
and Theorem 4.3.4, we give, below, the graph (Figure 4.1) for the asymptotic variances of the
estimators of ag (drawn by the Python code in Section 4.8.1).

From Figure 4.1, since the asymptotic variance V' (ay) is just finite with r < a¢/4, that is: we
can not use the estimator &, , for estimating the true parameter a in the case r = ao/4. It can be
seen that the red line has been a slight increase with a € (0,2). This show that the asymptotic
performance of @1,z ,, gets worse for larger ao and better for smaller ag. For ag < 1, the asymptotic
variance of &g , is the smallest thus the estimate djoq, is recommended in this case. While &, ,
with small r such that 0.05 ~ 0.2 is recommended for oy > 1. We can see the result of Table 1

below as a demonstration of this remark.
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Figure 4.1: Plot of asymptotic variances of the estimators of @y. The panel containing the
logarithmic moment based one (red line), the three lower-order moment based ones with » =0.05
(blue line), r = 0.1 (green line) and r = 0.2 (yellow line).

4.6.2 Monte-Carlo Simulations

We will now focus on a simulation study to observe different finite-sample behaviors of the
estimators according to the true value of ag developed in Section 4.3.2. In this section, we
consider two different cases for the choice of the drift function b (b(x) = —x + sin(27x) and

b(x) = —x).

4.6.3 The drift function b(x) = —x + sin(27x)

With this choice, we simulate and approximate X f ° by using the Euler scheme. Let n be the
number of observations, M = 1000 x n be the number of steps of Euler scheme, A = % be the
observation time frequency and 6 = ﬁ be the simulation step. Then in each simulation below, the
Lévy process (Ly°)e[o,1] is a symmetric ag-stable Lévy process with the index ag € (0,2) and the

Euler scheme is

(4.6.1) X =X +bX[)s+L{ —L3°,
J J J+1 J

tjiv1

where t; = jé for j=0,...,M — 1. The drift function in the simulation is b(x) = —x + sin(27x), the
initial value is X = 1 with the true parameter ao = 1.5. In the figure 4.2, ten simulated sample

paths of the process X f‘ ® are considered in the code (see Section 4.8.2). In order to generate the

@o
tjs

Lévy sample path L, | —L‘:Jf), we generate first a symmetric a-stable random sample, we use the
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direct method in Janicki and Weron [38] (1994, pp.48). That is: we generate a random variable
V uniformly distributed on (—7/2,7/2) and an exponential random variable W with mean 1. We

compute the symmetric ag-stable random sample

. (1-ag)
sin(aoVy,) cos(Vy, —aoVi,))
= X

7 {eos(V;, )} Va0 We,

i

Last, we generate the Lévy increment by ijoﬂ - ij" =glag e

Next, we proceed to the estimation of ag by considering the logarithmic moments and the three

Figure 4.2: The ten simulated sample paths of the process X t“ ® with n = 1000 and a( = 1,5.

lower-order moments based ones with r =0.05,0.1 and 0.2. The index @ considered is 0.8, 1, 1.5,
1.7 while the sample size for observation n considered is 500,1000,2000, respectively, the number
of Euler scheme steps for simulation M = 1000 x n and the simultaneously computed estimates
based on 1000 replicates.
Note that in the formulas (4.3.6) and (4.3.10), the function ¢ appears in the estimators of ag
therefore it is necessary to know the drift function b and this is a disadvantage of the method.
We recall that the purpose of the introduction of the ordinary differential equation ¢;(x) is to deal
with any value of @ belonging to (0,2). The simulation of the solution ¢;(x) is done by using the
package "scipy.integrate.odeint" in python.

Table 1 below reports the results on the sample means and sample root mean-square errors

(RMSES) of the estimators

(4.6.2) (@1og,n> ®0.05,n, @0.1,n, ®0.2,n, @n, @ (0.05),a™(0.1),a"(0.2))
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for three sample sizes and four true index parameters which we have chosen before based on

1000 replicates.

mean RMSE mean RMSE mean RMSE
The true index ag 1og,» With n= 500 (10g,,» With n= 1000 X1og,n With n =2000
0.8 0.8037252 | 0.0455599 | 0.8032420 | 0.0345784 | 0.8016381 | 0.0237851
1.0 1.0104462 | 0.070802 | 1.0034732 | 0.0471853 | 1.0034792 | 0.0346555
1.5 1.5437813 | 0.1784205 | 1.5180485 | 0.1186146 | 1.51749272 | 0.0835110
1.7 1.8065441 | 0.2871730 | 1.7666206 | 0.1843406 | 1.7577750 | 0.1303583
mean RMSE mean RMSE mean RMSE
The true index ag @0.05,, With n =500 @0.05,, With n =1000 Q0.05,, With n =2000
0.8 0.8035548 | 0.0493085 | 0.80160196 | 0.0342533 | 0.8033393 | 0.0243324
1.0 1.0070387 | 0.0637764 | 1.0048068 | 0.0462132 | 1.0012119 | 0.0324376
1.5 1.5253815 | 0.1475756 | 1.5143174 | 0.0941305 | 1.5136220 | 0.0655977
1.7 1.6605543 | 0.2951940 | 1.6969005 | 0.2513790 | 1.7402026 | 0.1255374
mean RMSE mean RMSE mean RMSE
The true index ag &o.1,, with n =500 @0.1,,» with n =1000 @o.1,,» with n =2000
0.8 0.8059862 | 0.0537238 | 0.8031538 | 0.03780156 | 0.8028442 | 0.0278225
1.0 1.0036059 | 0.0673361 | 1.0065038 | 0.0449074 | 1.0010474 | 0.0329233
1.5 1.5185346 | 0.1198106 | 1.5147109 | 0.0813918 | 1.5126050 | 0.0566897
1.7 1.6737466 | 0.2998005 | 1.7253146 | 0.1766232 | 1.7446146 | 0.0985915
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mean RMSE mean RMSE mean RMSE
The true index ay Q0.2,, with n =500 &o.2,, with n =1000 Q0.2,» with n =2000
0.8 — — — — — —
1.0 1.0234143 | 0.1016859 | 1.0111369 | 0.0747016 | 1.0049630 | 0.0526113
1.5 1.5297790 | 0.1082202 | 1.5167167 | 0.0723243 | 1.5110450 | 0.0526677
1.7 1.7252562 | 0.1986302 | 1.7415116 | 0.0927847 | 1.7437377 | 0.0566068
mean RMSE mean RMSE mean RMSE
The true index ag a, with n= 500 @, with n= 1000 a, with n =2000
0.8 0.7699008 | 0.0313345 | 0.7734386 | 0.0271524 | 0.7999666 | 0.0042935
1.0 1.0003541 | 0.0126898 | 1.0002279 | 0.0080386 | 1.0001365 | 0.0049952
1.5 1.6061061 | 0.1091086 | 1.5939569 | 0.0953270 | 1.5842965 | 0.0848937
1.7 1.8070126 | 0.1109151 | 1.7918403 | 0.0937689 | 1.7832002 | 0.0840492
mean RMSE mean RMSE mean RMSE
The true index ag a*(0.05) with n= 500 a*(0.05) with n= 1000 | a*(0.05) with n = 2000
0.8 0.7694143 | 0.0318793 | 0.7729256 | 0.0276266 | 0.7755499 | 0.0247046
1.0 0.9996752 | 0.0125434 | 0.9997976 | 0.0079439 | 0.9998605 | 0.0052414
1.5 1.6067400 | 0.1097934 | 1.5945983 | 0.0959445 | 1.5844919 | 0.0850574
1.7 1.8047055 | 0.1089453 | 1.7918403 | 0.0937689 | 1.7834100 | 0.0842196
mean RMSE mean RMSE mean RMSE

The true index ag

a*(0.1) with n= 500

a*(0.1) with n= 1000

a*(0.1) with n =2000

0.8 0.7694723 | 0.0319901 | 0.7723942 | 0.0271524 | 0.7751606 | 0.0251329
1.0 0.9996210 | 0.0130434 | 0.9997550 | 0.0283150 | 1.0000276 | 0.0050884
1.5 1.6086234 | 0.1113341 | 1.5953294 | 0.0965713 | 1.5846691 | 0.0852433
1.7 1.8063842 | 0.1101661 | 1.7929472 | 0.0950375 | 1.7834307 | 0.0842211
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mean

RMSE

mean

RMSE

mean

RMSE

The true index ag

a*(0.2) with n= 500

a*(0.2) with n= 1000

a*(0.2) with n = 2000

0.8 0.7672141 | 0.0346441 | 0.7706410 | 0.0302085 | 0.7739378 | 0.0042935
1.0 0.9999466 | 0.0144433 | 0.9997626 | 0.0090004 | 0.9999333 | 0.0264721
1.5 1.6102755 | 0.1131355 | 1.5960832 | 0.0973221 | 1.5866909 | 0.0872366
1.7 1.8063371 | 0.1101885 | 1.7953793 | 0.0970049 | 1.7841309 | 0.0848353

In the Table 1, as n get larger, the RMSEs are getting better. The best estimates for n = 2000 are

Xog,n @0.05,n, Q0.2,n, and &2, for & =0.8,1.0,1.5 and 1.7, respectively(the red-letter elements).

Some practical remarks.

- We use Qg n, if we know ay is small, we still can have reasonable result even when the number

of observation is small, for example 50.

mean RMSE mean RMSE mean RMSE
The true index ag ap=0.5 ap=0.6 ap=0.8
(1og,n With n=50 0.5279346 | 0.0854579 | 0.6299152 | 0.1077263 | 0.8566200 | 0.1801666

-As was expected from Figure 4.1, we observe that djog, becomes more unstable for ag closer

to 2. We need the number of observation enough large, for example 500, to obtain a good result

for estimating @ > 1.5 (see Table 1).

- We obtain the better results for estimating ag > 1 by using &, , with small r. In practice, we

can begin with a small r such as » = 0.1 and then adaptively choice p according to the estimated

value of @ (choosing r = 0.2 if the estimate of @ is greater than 1.5). For ag > 1.5, we need the

number of observation n = 250 for using the estimator d¢.2 .

mean RMSE mean RMSE mean RMSE
The true index ag ap=1.5 ap=1.6 ao=1.7
Qo.2,, with n=250 || 1.5233678 | 0.1547434 | 1.6323820 | 0.1787911 | 1.6728896 | 0.3043069
(1og,n, With n=250 || 1.5691571 | 0.2751471 | 1.7049045 | 0.3536027 | 1.8491799 | 0.4390338
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4.6.4 The drift function b(x) = —x

In this case, the process (X%) is defined as a Lévy-driven Ornstein-Uhlenbeck process
dX}=-X{dt+dL?{,t€[0,1]
which may also be written by Ité formula as

t
(4.6.3) Xl =e'X§+e ™ f e*dL?.
0

Here we consider the Lévy process (L{)se[0,1] is the symmetric a-stable with the index a € (0,2).

For A, =tj,1—tj, we have

X(X

tj+1

tiv

=e_A”X§'_ +f ’ 1e_(tf“_s)dLg

J
tj

4.6.4) A

=L e M X+ e_A”f e“dL"

0
where we have used the fact that L® has independent and stationary increments to get the last
line. We observe that in order to simulate (4.6.4), we need to simulate fg e“dL{. In order to
do this, we first observe that by the Lévy-integral transform of the characteristic function (see

Lemma 15.1 in [61]) and denoting by F*(z) = ;Ti“hz'#o the Lévy density of the Lévy measure of

L{ we get

(4.6.5) 1n[E(eivfée”dL‘i): /

Otln[E(eiUeuL?)du

t
B fo fme [exp (ive"z) —1-ive"z1<1| F* (2)dzdu

t
=f f [exp (iveuz)—1—ive”z1lz‘<;]F*(z)dzdu
0 JR Tt

where we have used the fact that F*(z) is a symmetric function then fl 2F*(2)dz =0 for all

z|>e

e>0.
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Let us set 2’ = ez then (4.6.5) can be written by
¢
f / [exp (iv2') —1—iv2'l 1] e “F* (e 7“2 )dudz’
0 Jr

¢
/ e UF*(e "2 )du|dz
0

= /R [exp (ivz') —1—iv2'1<1 ]

b C
:fR[exp (wz’)—l—wz’lmsl](fo e umlw#odu)dz'

C t
=f [exp (ivz')—l—ivz'l|z/|51]#’:alw#o ([ e”adu)dz'
R 12| 0
o t
:ln[E(ewL'n)Where mzf e““du.
0

la
Hence we can deduce that [j e*dL% =% (fote““du) L. It follows that

A

J+1 -

n la
e”“du) LY
Va

a

and as a result it is possible to simulate exactly the process (X t”j )j as soon as we simulate the

X7 =T e X 4o U
0

(4.6.6)
—1+e%n

—e M XT 4o (
J o

stable variable.

Algorithm for Ornstein-Uhlenbeck simulation:

1. Simulate the symmetric a-stable Lévy process L{:
1.1. Simulate a random variable V uniformly distributed on (-n/2, 71/2).
1.2. Simulate an exponential random variable W with mean 1.
We compute the symmetric a-stable random sample by

A-a)

sin(aVy,) (cos(th. —thi)) a
.= X
7 {eos(V, Ve W,

i

2. Sample the path of the Lévy driven Ornstein-Uhlenbeck process X = (X7,, )ie[0,n-1]

1+ a 1/a

_1 _1[-1+en

X% =e nX%+e n( ) Si.
o * a n

n

Note that when b(x) = —x then the ordinary differential equation (4.2.2) can be solved explicitly,

namely ¢;(x) = xe .

Table 2 below reports the results on the sample means and sample root mean-square errors
(RMSEs) of the estimators
(4.6.7) (@10g,n> @0.05,n, %0.1,n, X0.2,n, &n)
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for three sample sizes and three true index parameters which we have chosen before based on

1000 replicates.

mean RMSE mean RMSE mean RMSE
The true index ag (1og,n With n= 500 (10g,» With n= 1000 Q1og,n With n =2000
0.8 0.8039770 | 0.0469657 | 0.8034170 | 0.0331716 | 0.7934735 | 0.0238552
1.0 1.0057761 | 0.0685933 | 1.0017601 | 0.0497605 | 0.9969568 | 0.0332515
1.5 1.5284446 | 0.1657480 | 1.5198140 | 0.1150394 | 1.4971832 | 0.0754708
1.7 1.7413834 | 0.2319133 | 1.72844916 | 0.1679066 | 1.7007702 | 0.1054180
mean RMSE mean RMSE mean RMSE
The true index ay @0.05,» With n =500 @0.05,» With n =1000 @0.05,, With n =2000
0.8 0.8027989 | 0.0498397 | 0.8038067 | 0.0336671 | 0.7914927 | 0.0253941
1.0 1.0065823 | 0.0639163 | 1.0053305 | 0.0450491 | 0.9922054 | 0.0336705
1.5 1.5185111 | 0.1446205 | 1.5165603 | 0.0939864 | 1.4942323 | 0.0680315
1.7 1.6352202 | 0.3005584 | 1.6945244 | 0.1513708 | 1.6901503 | 0.1034397
mean RMSE mean RMSE mean RMSE
The true index a ®o.1,, with n =500 &o.1,, with n =1000 ®o.1,, with n =2000
0.8 0.8081127 | 0.0533465 | 0.8038097 | 0.0383832 | 0.7906515 | 0.0306369
1.0 1.0096465 | 0.0657211 | 1.0021536 | 0.0465007 | 0.9929123 | 0.0348359
1.5 1.5216986 | 0.1152965 | 1.5096984 | 0.0817859 | 1.4888127 | 0.0587072
1.7 1.6713295 | 0.2234651 | 1.7066020 | 0.1429506 | 1.6902396 | 0.07167946
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mean RMSE mean RMSE mean RMSE
The true index ag &o.2,, with n =500 Qo.2,» with n =1000 @o.2,, with n =2000
0.8 — — — — — —
1.0 1.0173278 | 0.0911352 | 1.0124521 | 0.0643748 | 0.9898929 | 0.060756
1.5 1.5155668 | 0.1033405 | 1.5082002 | 0.0734346 | 1.4860405 | 0.0545570
1.7 1.7020924 | 0.1411906 | 1.7099061 | 0.0793526 | 1.6830948 | 0.0633612
mean RMSE mean RMSE mean RMSE
The true index ag a, with n= 500 a, with n= 1000 a, with n =2000
0.8 0.7999835 | 0.0094323 | 0.7999789 | 0.0059331 | 0.8016138 | 0.0040069
1.0 1.0001276 | 0.0123388 | 0.9998303 | 0.0077497 | 1.0008398 | 0.0053345
1.5 1.6061061 | 0.1091086 | 1.5001159 | 0.0138787 | 1.5005670 | 0.0091295
1.7 1.6992440 | 0.0268464 | 1.6991394 | 0.0168119 | 1.7009518 | 0.0111302

4.7 Estimation of the index parameter for the unknown drift

function when a € (1,2).

The introduction of the ordinary differential equation ¢;(x) is to deal with any value of @ belonging

to (0,2). However, the appearance of ¢ in the estimators of @ makes necessary to know the drift

function. If a € (1,2), we can replace ¢:(x) by x and then build some estimators which do not

require to know the drift function 5. Namely, in this case, the estimators &g, and @, , are

replaced by a *log,n and a* r.n given respectively by

_ _ 2
=2 5 o, -2 sz, -l -3}
ar. =gl l(%z;‘;&‘{ngl—Xg‘)} r)z

r.n QD %Z;-L:_OlHXg(il_Xgo} ar

where 2 and the function g are defined by (4.3.14) and (4.3.12) respectively.
We assume that the assumption Hj is replaced by the new assumption Hy:

Hj b :R — R is a bounded function with bounded derivatives up to order two.
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Then we prove in this section, that under the assumptions Hy and Hy, then the rate for the

law of large number is at least n2712% for ¢ € (1,2).

Proposition 4.7.1. We set u, = n%_ﬁ, under Assumption 4.4.2 then for a € (1,2)

(”if( W{ t,ﬂ—X?j})—ff(y)(pa(y)dy)ﬂo_

_1y.L
From now on, we choose K :=K,, = n(1=2)35% and we denote

{xe,-x}).

nla
(4.7.2) G (@)= ZfK( {xz, X;‘})

l/oc

(4.7.1) Gi(a):=— Z f(

We observe that from notations (4.2.8)-(4.2.9), (4.4.4) with u,, = n%_i, we have

un |Gr(a)—g(@)| <u, G, k(@) —Hy g(a)

G(a)- G*K(a)‘+un

+up |Hp g (@) — Hy(@)| + un | Hp(a) - g(a)|

U, N0 n—oo

From Proposition 4.4.4 and the fact that N 0, we have u, |H,(a)- g(a)| 0. Then

Proposition 4.7.1 will be proved if we can prove that

>, 0 (Lemma 4.7.1 below)

unk (|G (@)= G, (@)) 2520, wyE (|Hole) - Hy x(@)])

G;, (@)~ Hy k(@) -

=, 0. (Lemma 4.7.3 below).

and un(

Remark 4.7.1. In this part, we choose K :=K,, = n(-3)z5 for the proof which is different with

the choice in Lemma 4.4.3. So we can not immediately obtain u,E (|Hn(a) - Hn,K(a)D 220 from

Lemma 4.4.3-2).

Lemma 4.7.1. Under Assumption 4.4.2, we have, with u, = ni~% and K := K, = n(1=2)55 where

0 satisfies p(2+06) < a,

i) unk(|Gr(@) - G} gl@]) == 0

n—oo

0

(ii) unE(|Hp(a)-H, k(a)|)

where G (a)*, G* K((x) H,(a) and H, (@) are defined by (4.7.1), (4.7.2), (4.2.8) and (4.4.4)

respectively.
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Proof of Lemma 4.7.1 The idea of the proofis the same as Lemma 4.4.3. It is enough to prove
the first assertion as using it with the drift function b = 0,0 =1 and x = 0, we deduce immediately

the result of the second one. Using |f(x) — fx(x)| < |f(x)|1|x|2K1/p + f(x)|1|x|<¢2 then we have
~ K-

unk (|G i) - G (a0

= unk %gf(n”“{xzﬂ—xz})—%gfx(n”“{xzﬂ—xz})]\
-1
(4.7.3) < %;OEV (e {xs, -xz})| Unvefxe | -xe =k
-1
(4.7.4) + % ;0[5 £ (n¥ {xe - x| Yvefxe, Xz f|<

Let us estimate [E|f(n1/“ {Xf‘ﬂ1 —Xg})| l(nl/a{X;* —X;"} SR VP
Jj+1 JI

Using a > 1 and the drift function b bounded then we can estimate, for C is a positive constant

tj+1 tj

|n1/a{Xa _Xa}

nla t’“b(X“)dHnl/“{z“ -z¢}
t; s tiv1 tj

(4.7.5)

1

1l/a a a
< — —
< nl—l/a||b||°°+ ’n {thﬂ th}

<C+ 'nl/“ {Zf‘j+1 —Z;"J_} .

Using Assumption 4.4.2(2) and combining with the above estimate, we get

(4.7.6) E (|f (’”LW {X?j+1 —ij})| l\nl/a{X;fong} >K1/P)

S[E('nl/“ (xe., -x¢)

p
ll(nl/a{Xa X;xj})lp>K)

ti+v1

<k [C * |n1/“ {Zg#l _Z?j} ]p 1[C+)n1/"{Zf‘j+1—Z%}

)

Similarly to the estimate of (4.4.35), we obtain that (4.7.6) is bounded by

—M E
K1+6

(2+0)p
for § € (0,2) chosen such that (2+§)p < a.

C(2+6)p + |n1/a {Z(lx/ }
n

Hence, with the choice K := K, = n(l_i)ﬁ, we can deduce that (4.7.3) is bounded by

(2+6)p M
=—1- 1,5 F

- 5
n(z 2[1)%

Mu, (2+6)p

(4.7.7) XK1

E

C(2+6)p + ‘nl/a {Ztlx/ }
n

C(2+6)p + ‘nl/af {Z(lz/n}

where C and M are some positive constants. Using (4.4.10) with r = p(2 + §) < @ and the fact that

a > 1 we get that (4.7.7) converges to zero as n — oco. Hence (4.7.3) converges to zero as n — oo.
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Let us estimate (4.7.4). We easily see that

1
51{2)

ntle X¢  -Xp }

G (RS 5 e,

:[E[[E(‘f(nl/“{Xf‘j -xg} ’ |

)
el
tj — K2

[ (‘f 1/06 Xta;+1 _Xg ll)nl/a{X;xjH_Xa}

where we have used the Markov property to get the last line. Moreover, using equations (10) and

(52) in [17], we have

o o
(4.7.8) sup sup sup Va —p9 ( ul/a +x) < 00,

X ueR n

l/a

then we can deduce that
Va { xe - X"}

]

flf()l[ ,pl(,”g )

K2

(4.7.9) [E(‘f( 1|Xg_=x)

<

du < le I (@) |du

K2

ClC

:201f |f(u)|du<2C1Cf lloglull?du +

where we have used (4.7.8), f is a symmetric function and Assumption 4.4.2 (1). Hence, we obtain

that (4.7.4) is bounded by

1

2C:1C
2ClCuan2 llogu||2du + =17 %n
0

KZ

We observe that, with the choice K := K,, = n(1-3)555 and u, =nY2-12¢ e have

Un 1 n—o0
(4.7.10) — = 0,
K2 L GhE
1
X2 9 2u, 4du,
1 du = + log
unfo Hoglull"du = -7+ 775
2
9 4log(n(1_§)2716) 4(log(n(1_é)ﬁ)) oo
- + =+ 0.
n(%_i)% n(z 2a glg n(% zi)%
This implies that (4.7.4) goes to zeros as n — oco. Hence this lemma is proved. |

.0 (Lemma 4.7.3 below), we first show Lemma

In order to prove u, ( GZ,K(G)—Hn,K(Oé))) u

4.7.2.
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Lemma 4.7.2. Let X Zx be the solution to (4.1.1) starting from X§ = x. We suppose that Assump-

n

tion 4.4.2 holds then

[ s e ez ===

o n

suplk
X

where fx(x):= f(x) %k (x) with X is defined by (4.4.1) and (4.4.2) and with K = K,, = n(1=2) 75

where & > 0 satisfies p(2+06) < a.

Proof of Lemma 4.7.2 The idea of the proofis the same as Lemma 4.4.5.

For all ¢,, > 0, we can write

nl/a 2
nl/oc . y 2
(4712) = IE [fK( {‘Xl’ _x}) _fK (n aifo)] 1 nl/a{ a,x 1 a
(o n n e Xl —X}—n aZl <e,

(4.7.13) +E

fK (nl/a {Xa,x _x}) _ fK (nl/aza)]2 1
o % % ﬂ{X‘i’x—x}—n”"‘Z”i Se,

o
n

Using (4.4.43), we can estimate

la 2
el ("5 s ez
_x f—
fK o % K % nla {Xai,x_x}_nl/azﬂi <€,

a
n

(4.7.14)

< (Ifgclleo)’ €2 = C (K + K?1og*(K)) 2 = C [ (n(1-0)77 + n(1-D35 log2(n(1-0)7)) en]Q.

We choose €;, = n(G=DG*55) then we can easily deduce that (n(l_%)ﬁ +n(-2)7%s logz(n(l_%)ﬁ)) €n
goes to zero as n — co. This implies that (4.7.12) tends to zero as n — co.

We now consider (4.7.13). From |fx| < |f|, we have that (4.7.13) is bounded by

nl/a a,x ?
(4.7.15) 2k f( p {Xi, _x}) "Z/“{X?‘x}‘”mzi Zen
larya ?
(4.7.16) T2 f (n Zi)] Hase ooz e,

Let us consider (4.7.15). Combining (4.4.47) with the Markov’s inequality, we obtain that (4.7.15)

is bounded by

E

(-l

(4.7.17)

2+5]235 [ 1 (
—E
€n
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We observe that

nl/a Y
{X‘fx —x} -n"%Z9
g n n

n

Un 1/ a.x ”b”oo
=‘f n’b(X" )ds'<
0

= pl-Va

where ||b]|oo = sup,eg |6(x)|. Then (4.7.17) is bounded by

2
0 2+6 71 246
b w1 1/a
(“1“172)2 — |E f(n {X‘f’x—x})
- 545 o n
(4.7.18) " €'’

2
Va 2461 2+6

el (s
Then, in order to show that (4.7.17) converges to zero as n — oo, we need to show that

[

is bounded by a positive constant that does not depend on n. Proceeding
as in the proof of Lemma 4.4.4 and using (4.7.8), we get that

(s

Hence this yields that (4.7.17) tends to zero as n — co and thus (4.7.15) goes to zero as n — co.

_ ¢ [
n%(l_%)(%_(zié))

2+6
< 00.

supk
n

Let us consider (4.7.16). Combining (4.4.51) and the Markov’s inequality, we obtain that

(4.7.16) is bounded by

2+0 Va

n
{X?,x _x} _nl/ach
p 1 1

n

E

I

el ez

2
2+6 1
> |E

2+5
en

f(nl/aztf)

n

n

¢ from (4.7.18),

1 1

2
2+6]2w
3 1
pan(l-z (3-a%5)

for 6 € (0,2) is chosen such that (2 + §)p < a. Combining this with (4.4.52), we can deduce that
(4.7.16) tends to zero as n — co. From the above estimates, we can deduce that (4.7.13) goes to

zero as n — oco. Hence this lemma is proved. |

Lemma 4.7.3. We assume that Assumption 4.4.2 holds and under the notations (4.4.4)-(4.7.2)

then

n—oo

0.

un (G} (@) — Hy (@)
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Proof. The idea of the proof is the same as Lemma 4.4.6. We use Lemma 9 from Genon-Catalot

and Jacod [25] then it is sufficient to show that

1la

o | e e e B R e I B
=
- 2

(4.7.20) Z—g‘j::[E [fx(nza {X&l—Xf‘,})—fK( ua{ ,?'jH—Z;",})] lgtj]i;{ﬁo.

Looking at the proof of Proposition 9 in [17], we can deduce that

(2 oo | e

where C is a positive constant. From the Markov property, we have

(4.7.21) sup
X

la

fK(na

1la

(4.7.22) E fx(na {X5+1—X5}) '“%f]:[E

fxz, -xof|ixs].

But we can write

1/a

E fK(na

" u " nl/a oy
R i e W]

where X Zx is the solution to (4.1.1) starting from X g = x. Combining this with (4.4.18), (4.4.21)

n

and (4.7.21), we obtain

(4.7.23)

CKun
nl- la”®

[fK( 1/a tﬁl _Xg}) e (nl/“ {Z;z] Z“ ] EZ

With the choice K := K,, = n(l_é)ﬁ where 6 € (0,2) is chosen such that (2+6)p <a and u, =
nY2-12a it vields (4.7.19).

We consider (4.7.20). We observe that by the same proof as (4.4.62), we have

el )l ) v

(4.7.24) M 2
e e I
and
nl/a 2
(4.7.25) E [fK(T{Xf‘M—X;"J_})—fK( v f %+1—Zg})] X8 =

=F [fK( n {X“ —x}) ~fx (nl/“Z‘i‘)r.
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From Lemma 4.7.2, we get
2

[fK(nW {X&l_xg})—fK(nl/“{ gl_zg})] X7 =

g

n—oo
—_—

0.

supsuplk
j X

Combining this with (4.7.24), we can deduce that

2
A R R | A R

supkE
J

Thus (4.7.20) is proved and the proof of this lemma is complete. |

4.8 Appendix. Python Code

In this section, we present the Python code that we used to study the asymptotic variances
of the estimators of ag (Figure 4.1) and the Python code for estimating a € (0,2) by using the
estimators &y 1og, &rn and @y, a, given by (4.3.6), (4.3.11) and in Remark 4.3.1, Proposition 4.3.1,

respectively. We note that the drift function 4 is required to be known.

4.8.1 Python code for the figure 4.1

from scipy.special import digamma, gamma
from numpy import sqrt, pi, arange
import matplotlib.pyplot as plt
#The asymptotic variance $V™"\log(\alpha_0)$ given in Theorem 3.2.
def equationlog(alpha):
return (11./10)=+alpha=#%2 + (1./2)*xalphax*4 + (13./20)* (alpha#%6)
# For $VN{r}(\alpha_0)$ given by Theorem 3.4,
#We define by equationp (alpha,r) accoding to def equations 1-5.
def equationl(alpha, r):
return (2#*r)x*gamma((r+1)/2)*gamma(l—r/alpha)/(sqrt(pi)*gamma(l-r/2))
def equation2(alpha, r):
return digamma(l - r/alpha) — digamma(l-2#r/alpha)
def equation3(alpha, r):
return equationl(alpha,2#r)/(equationl(alpha,r)*%2)

def equation4 (alpha, r):
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return equationl(alpha,3#r)/(equationl(alpha,r)+*equationl(alpha,2*r))
def equation5(alpha, r):

return equationl(alpha,4*r)/(equationl(alpha,2xr)*%2)
def equationp(alpha, r):

return (alpha=*%4)/(r*+*2 % equation2(alpha,r)==2)=*
(equation3(alpha,r)—equation4 (alpha,r)+(1./4)*(equation5(alpha,r)-1))
q_range = [0.05, 0.1, 0.2]
color = [’b-", ’g-’, ’y-"1
alpha_range = arange(0., 2., 0.001)
# We need the condition $r<\alpha/4$ in order that $V (r}(\alpha_0)$ is finite.
alpha_range_1 = arange(0.2, 2., 0.0001)
alpha_range_2 = arange(0.4, 2., 0.0001)
alpha_range_3 = arange(0.8, 2., 0.0001)
plt.plot(alpha_range, [equationlog(alpha) for alpha in alpha_rangel],’r-’)
plt.plot(alpha_range_1,[equationp(alpha,0.05) for alpha in alpha_range_11], ’b-")
plt.plot(alpha_range_2 ,[ equationp(alpha,0.1) for alpha in alpha_range_21]1,’g-")

plt.plot(alpha_range_3 ,[ equationp(alpha,0.2) for alpha in alpha_range_3],’y-")

4.8.2 Python code for the simulation of the process (4.6.1) and the estimators

of ag

#A stochaistic differential equation driven by a stable Levy process
#initial value: X0

#the index parameter: alpha

#the scale coefficient of Levy: sigma

# Euler_sub_pas : le nb de pas d’Euler entre chaque observations
# the number of observations: n

#the number of simulations: nEuler= (Euler_sub_pas)*n

from scipy.special import gamma

from numpy import log

import numpy as np

from scipy.integrate import odeint

import scipy.optimize as optimize
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from numba import jit
@jit
def rmse(predictions, targets):
return np.sqrt (((predictions — targets) =** 2).mean())
@jit
def b(x):
return —x + np.sin(2#np. pi*x)
def dy_dt(y,t):
return b(y)
def Simulation(n,alpha,sigma,X0,Euler_sub_pas):
for j in range (1,11):
nEuler=n*Euler_sub_pas
Xt=[float(X0)]+(nEuler+1)
for i in range (1,nEuler+1):
V=np.random . uniform(—np. pi/2 ,np.pi/2)
W= np.random.exponential (1.)
S=((np.sin(alpha*V)/((np.cos(V))*=x(1./alpha)))
*((np.cos(V-alpha*V))/W)=*=((alpha—-1)/alpha))
Xtli]l= Xt[i-1] + b(Xt[i — 1])* (float(1l)/nEuler)
+sigma *((float (1)/nEuler)==(1./alpha))*S
plt.plot ([ float(i*1)/nEuler for i in range(nEuler+1)], Xt)

return 0
@jit
def SDE_Levy(n,alpha,sigma,X0,Euler_sub_pas):
nEuler=n*Euler_sub_pas
Xt=[float(X0)]*(n+1)
for i in range(1l,n+1):
Xtemp=[Xt[i —1]]*(Euler_sub_pas+1)
for j in range(1l,Euler_sub_pas+1):
V=np.random . uniform(—np. pi/2 ,np.pi/2)
W= np.random.exponential (1.)
S=((np.sin(alpha*V)/((np.cos(V))*=(1./alpha)))
*((np.cos (V-alpha*V))/W)**((1 —alpha)/alpha))
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Xtempl[j] = Xtempl[j—-1] + b(Xtemp[j — 11])
* (float(1)/nEuler)
+ sigma*((float(1)/nEuler)==(1./alpha))*S
Xt[i]=Xtemp[ Euler_sub_pas]
return (Xt)
@jit
def ODE(n, Euler_sub_pas,Xt):
nEuler= nx*Euler_sub_pas
ts=np.linspace(0,Euler_sub_pas/nEuler,Euler_sub_pas+20)
x= np. copy (Xt)
# x longeur n+l
result= np.zeros(n)
for i in range (0,n):
y0= x[1]
ys=odeint (dy_dt,y0,ts)
ys= np.array(ys). flatten ()
result[i] = ys[-1]
return result
@jit
def f(n,Xt,result):
h = np.zeros(n)
for j in range (0,n):
hij]l = log(abs(Xt[j+1] — result[j]))
return h
def alpha_log(n,f):
mean=np.average ([ f[j] for j in range(n)])
# alpha_hat = ((6/(nxnp.pi+=x2))xsum ([( f[j]-mean)+2
#for j in range(n)])—1/2)#x(-1/2)
if (6/(n*np.pi**2))xsum([( f[j]-mean)**2 for j in range(n)])-1/2 > O:
alpha_hat = ((6/(n#np.pi**2))ssum([( f[j]-mean)=*2
for j in range(n)]) —1/2)**(—-1/2)
else:

alpha_hat = np.random.uniform(0,2)
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return alpha_hat
@jit
def g(n,Xt,result):
k = np.zeros(n)
for j in range(0,n):
k[j] = (abs(Xt[j+1] — result[j]))
return k
# r the lower—order
def alpha_r(n,r,g):
meanl = np.average([g[jl**r for j in range(n)])
mean2 = np.average ([g[j]l**(2+r) for j in range(n)])
alpha_r = meanl##2/mean2
D= (1/ np.pi*=*(1/2))=*
(((gamma((r+1)/2))**2)+*gamma(l-r))/ (((gamma(l-r/2))*+*2)*gamma(l/2+1))
def Sol_alpha_r(x):
return (gamma(l—-r/x))**2/gamma(l—-2*r/x)*D-alpha_r
if Sol_alpha_r(4=*r)*Sol_alpha_r(2) < 0:
alphar=optimize.bisect (Sol_alpha_r, 4%r, 2)
else:
alphar=np.random. uniform (0,2)
return alphar
def S_n(n,result ,Xt):
Sn=((1)/n)+*sum([log(abs(Xt[j+1]-result[j])) for j in range(n)])
return Sn
def alpha_title(n,Sn,alpha):
C= 0.5772
alphatible = (float(—-Sn—C)/(log(n)-C))##*(—-1)
return alphatible
# 1 is number of the replicates.
def program(n,alpha,r,sigma,X0,Euler_sub_pas,1):
sol = [float(alpha)]=(1)
soll= [float(alpha)]=(1)

if r ==
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else:

program(500,1.,
program(500,1.,

program(500,1.,

for j in range (0,1):

Xt = SDE_Levy(n, alpha,sigma, X0, Euler_sub_pas)

result = ODE(n, Euler_sub_pas,Xt)

h = f(n,Xt,result)

sol[j] = alpha_log(n,h)

Sn= S_n(n,result ,Xt)

soll[j] = alpha_title(n,Sn,alpha)
meanalphalog= np.average(sol)
print("meanalphalog_is:" + str(meanalphalog))
rmse_val = rmse(np.array(sol), np.array(alpha))
print("rmslog_error_is:" + str(rmse_val))
meanalphatible = np.average(soll)
print("meanalphatible_is:" +str(meanalphatible))
rmse_vall = rmse(np.array(soll), np.array(alpha))

print("rmsalphatible_error_is:" + str(rmse_vall))
for j in range (0,1):
Xt = SDE_Levy(n,alpha,sigma,X0, Euler_sub_pas)
result = ODE(n, Euler_sub_pas , Xt)
k = g(n,Xt,result)
sol[j] = alpha_r(n,r,k)
meanalphar= np.average(sol)
rmse_val = rmse(np.array(sol), np.array(alpha))
if rmse_val <= 0.34:

print( "meanalphar” ,r,"is:" + str (meanalphar))

print("rms" ,r,"error:" + str(rmse_val))

else:

1

print("error_alpha",r,"(rmse_=",rmse_val,")")

program(500,1.,0.,1,1.,1000,1000)

0.05,1,1.,1000,1000)
0.1,1,1.,1000,1000)
0.2,1,1.,1000,1000)
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