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1. INTRODUCTION

1.1. From the importance to deal with beams and plates in vibration

As explains Sathyamoorthy [1] in the preface of his monography: “Various types of
thin-walled structural components are commonly found in spacecrafts, missiles, aircrafts,
land-based vehicles, underwater vessels and structures, chemical processing equipment and
modern housing. These structures are usually built up of beams, plates, ad shell-type
structural elements. Since these structural components are important in so many of these
modern structures, engineers and designers must have a good knowledge of their structural
behavior when they are subjected to static, dynamic, and environmental loads”. Numerous
researches have been dedicated to describe the behavior in vibration of beams and plates
(the reader may refer to the book of Timoshenko that describes with accuracy the history of
strength of materials [2]. Hereinafter, different particular engineering applications will be
studied and briefly described in the present section.

First of all, many industrial systems can be viewed as a problem of free vibration of
uniform cantilever beams with a concentrated tip mass [3]: flexible robot arms in
microelectronic industry [4-6], mast antenna structures [7], wind tunnel stings carrying an
airplane [8,9] or stock-bridge dampers used for damping out aeolian vibrations on high-
voltage transmission lines [10]. For those different applications, particularly sensitive to
vibrations, it is extremely important to predict their behavior in order to control it.

One of the most frequent problems in engineering industry is the presence of
structural defects such as cracks that can be a serious threat for the safety of the system,
reduce the lifetime and lead to failure of the component. Consequently, it is crucial to be able
to locate the crack to prevent the structure from potential damages. Different techniques exist
in this purpose. One of them is to detect changes of natural frequencies due to crack
presence. This methodology is effective, inexpensive, fast and non-destructive. The principle
of this method has been widely detailed in the literature [11-13]. It requires to develop very
realistic models that provide the natural frequencies, knowing different crack parameters

such as, for instance, the location and the depth of the crack. During this PhD, the different
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models to describe the mechanical behavior of beams in free vibration have been extended
to deal with the particular case of cracked structures and the main results will be briefly given
in this thesis.

Other issues frequently encountered in mechanical engineering will be investigated
such as the one of dynamic instability of structures subjected to an external axial load varying
in time periodically, responsible of many failures of engineering structures [14] or random
vibrations of beams, extensively studied in the past decades [15]. By definition, random
vibration analysis describe the mechanical behavior of systems subjected to loads varying
randomly with time [16]. Many structures used in the daily life are subjected to random
vibration [17,18]: bridge and offshores structures in the wind, a building excited by
earthquakes and wind, aerospace systems excited by atmospheric and boundary layer
turbulence and jet noise or electronic components due to support motions. Random
vibrations are also frequently encountered in military industry with rockets and jet engines
due to turbulences [18,19].

It is worth noticing that, although it can be a source of important damages within a
mechanism, vibrations can also be used for useful tasks, “such as the use of a vibrator to
massage the body, to compact loose soil, to increase the workability of wet concrete and to

shake sugar, pepper and salt from their containers” [20].

1.2. The advent of nanomaterials: brief presentation of carbon

nanotubes and graphene nanoplates

1.2.1. Carbon nanotubes

A wide part of the literature is devoted to carbon nanotubes (CNTs), also called
buckytubes, and their applications (the reader may refer for instance to the papers of
Thostenson et al. [21], Sinnott and Andrews [22], Baughman et al. [23], Popov [24], Dai [25]
and Liew Zhang Zhang [26]) and although his discovery in 1991 by ljima [27] after decades of
experiments [28-30] is very recent, the check on Google Scholar of the term “Carbon
nanotubes” yields, at the end of the year 2017, 1 400 000 hits showing a huge interest of the
scientific community for this material. Thus, the number of publications with a title containing
the words “carbon nanotubes” globally increased over the last decades (see Fig. 1). In 2008,
Carbon nanotubes is in the top ten of the most significant advances in materials sciences

established by the journal Mater Today [31].
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Fig. 1. Number of new publications containing the expression “carbon nanotubes” on Google

Scholar

CNT is an extremely versatile material. By its amazing properties, it has a huge number
of potential commercial applications [32]. Hundred times stronger than any common carbon
steel, with a Young modulus five times higher than steel [33,34] and a large breaking strain
[35], his mechanical behavior is much better than any other material. Thus, it is considered to
use them as the main component of a new generation of composites [21,22], more efficient
than the traditional ones.

CNT is also seen as a possible revolution in biomedical sciences: carrier for drug and
vaccine delivery [36-38], cancer therapy [39-42], biosensors [37,43-45], scaffold material
[46,47]. In addition to all these possible applications, carbon nanotubes are also characterized
by amazing thermal and electric properties. Thermally stable up to 2800°C in vacuum, the
thermal conductivity can reach up to 3500 W/mK at room temperature [48], almost 10 times
more important than copper wires [21,49]. Thus, it is a perfect candidate for a new generation

of electronic devices [23].
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1.2.2. Graphene nanoplates

As for carbon nanotubes, graphene present a huge interest for the scientific
community, as testifies the number of publications with a title containing the word

“graphene” on Google Scholar (see Fig. 2)
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Fig. 2. Number of new publications containing the word “graphene” on Google Scholar

Graphene is a two-dimensional carbon allotrope, first isolated in 2004 by Novoselov
et al. [50]. Geim and Novoselov received the Nobel Prize in Physics in 2010 [51-53] for their
work about this new material that shows the remarkable properties of this new material [54].
Specifically, graphene is a single layer of carbon in which the atoms are arranged in hexagons

which form a honeycomb lattice as shown in Fig. 3.

Fig. 3. Nanoscopic (a) C60 fullerene, (b) carbon nanotube and (c) graphene sheet [55]

It can be turn into fullerene, carbon nanotubes or graphite. Thus, graphite, material
used for pencil leads, can be represented by a superposition of at least ten layers of graphene.
Graphene is a new material with many superior properties: high electron mobility, big young
modulus, huge thermal conductivity, excellent optical absorption, impermeability to any

gases, ... [56]. Thus, there is a wide range of possible applications.

4
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The electronic behavior of graphene has been investigated by many researchers these
past years [54-58]. It is a zero-gap semiconductor and consequently, as explained Reich [59],
“electrons in graphene move so fast that they seem to have no mass, and are, in effect, moving
at the speed of light”. Thus, by using graphene, electrons move 70 times faster than by using
silicon [60] and the carrier mobility reaches up to 200 000 cm?V ~1s~1 [26,61]. Because of
this very high conductivity, scientists have the idea of ultrafast electronics, and specifically of
a new generation of transistors.

In neurosciences, graphene may be used to build electrodes, implemented in the
brain of a patient in order to have an image of his brain, smaller and more efficient than the
traditional twisted wire electrodes [62,63].

In photonics, graphene has remarkable properties [56,64] (for example, graphene
photonics devices can, in theory, be used for a wide spectral range from ultraviolet to
infrared), hence a wide range of applications: photodetectors, optical modulators, isolator,
solar cells, biosensors ... For all these applications, working prototypes are expected by the
next decade, but the manufacturing cost needs to decrease before it will appear on the

market.

1.2.3. Example of issues specific to nanomaterials: the surface effects
Carbon nanotubes can be seen as tubes of carbon atoms arranged in a hexagonal
array or as a graphene sheet rolled into a cylindrical tube [65] and the coiling has a real

influence on the properties of nanotubes [21]. This last is defined through a vector, called
“chiral vector” Eh expressed following two integers m and n and two subsidiary vectors a,

and d, as shown in Fig. 4 with C;, = nd, + md,. Carbon nanotubes are classified in three
categories: zigzag when m = 0, armchair when m = n and chiral for any other couple (m, n).
Figure 5 shows a carbon nanotubes arranged in ziz-zag and armchair. The couple (m,n)
determines some mechanical properties of the carbon nanotubes such as the Young and shear
modulus, the Poisson’s ratio, the thickness of the tube [66]. Naturally, it also changes the
natural frequencies of the tube. However, it does not explicitly affect the different equations
in the analytical models [67,68]. Consequently, the chiral effect will not be taken into account

in the present thesis.
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Fig. 5. Two different possible atomistic arrangements for a carbon nanotube: (a) in ziz-zag

and (b) armchair [21]

Other effects possibly influence the behavior of the nanotube. Among them, the
surface effects are present in any material at a nanoscale. The surface effect phenomena is
explained by Shah and Ahmad [69] as follows: “Nanomaterials possess a large fraction of
surface atoms per unit volume. Due to the vast surface area, all nanomaterials possess a huge
surface energy and thus are thermodynamically unstable or metastable...Atoms or molecules
possess fewer nearest neighbors or coordination numbers and thus have dangling or
unsatisfied bonds exposed to the surface. Because of the dangling bonds on the surface,
surface atoms or molecules and the sub surface atoms or molecules are smaller than that
between interior atoms or molecules. When solid particles are very small, such a decrease in
bond length between the surface atoms and interior atoms becomes significant and the lattice
constants of the entire solid particles show an appreciable reduction. The extra energy

possessed by the surface atoms is described as surface energy, surface free energy or surface
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tension”. Numerous publications have been devoted these last years to the introduction of
surface effect [70-74]. In a sake of simplicity, these effects will not be taken into account

hereinafter.

1.3. Different approaches to describe the mechanical behavior of

macro and nanostructures in vibration

1.3.1. Experimental, analytical and numerical approaches

Three different approaches are used to observe and predict the mechanical behavior
of macrostructures and carbon nanostructures (carbon nanotubes and graphene nanoplates):
experimental, analytical and numerical [26]. Moreover, within both approaches, numerical
tools can be used.

It is difficult to manipulate carbon nanotubes and graphene plates and so, to perform
experiments on them. The main techniques to characterize carbon nanotubes are listed and
detailed by Belin and Epron [75], Cooper et al. [76] and Shah and Ahmad [68]:
photoluminescence spectroscopy, X-ray Photoelectron Spectroscopy (XPS), Scanning
Tunneling Miscroscopy (STM), neutron or/and X-ray diffraction, Transmission Electronic
Microscopic (TEM) (see for instance Fig. 6), infrared spectroscopy and Raman spectroscopy.
Graphene is mainly studied by Atomic Force Miscroscopy. As explained by Liew et al. [26],
“AFM is a type of scanning probe microscopy that can visualize, measure, and manipulate
matter at the nanoscale level. AFM is an effective technique used to investigate sample
surfaces down to the nanometer scale. AFM can not only characterize sample surfaces but can

also alter the sample surface through manipulation.”
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1nm

Fig. 6. TEM micrograph of a multi-walled carbon nanotubes (left) [77] and a fullerene

molecule on a graphene monolayer (right) [78]

Theoretically, the approaches are separated in two categories [79,80]: atomistic
modelling and continuum mechanics.

Atomistic modelling must to be coupled with numerical tools and includes techniques
such as Molecular Dynamics Simulations (MD), Tight-Bending Molecular Dynamics (TBMD)
[81,82] and quantum mechanics calculations (QM). These methods have been and are still
widely used in the literature to predict the behavior of carbon nanotubes and graphene plate
[26,83,84]. For example, the chiral effect, previously described, is investigated through
atomistic modelling. In the MD or Molecular Dynamic simulations (MD), an attempt is
performed to minimize the variation of system energy associated with changes in atomic
positions [83]. In principle, atoms are considered as particles interacting each other through
several types of potential fields. Consequently, the mechanical behavior of a nanoscale
material may be studied by numerically finding the minimum potential energy surface.
Indeed, planar structures such as graphene sheets may deform to attain the lowest energy
configuration. In this method, the differential equations of motions of particles are coupled.
The TBMD and QM methods slightly differ in the definition of potentials. Therefore, even if
this method provides accurate results [84], it is also highly time consuming and needs much
computational efforts. Thus, a compromise must be done between the time to compute the
results and the accuracy of those results.

Continuum mechanics represents the structure as continuous. The objective is to
describe analytically the mechanical behavior of the structure (for instance in vibration or
buckling) through equations. The obtained solution is exact. Thus, this approach, compared
to atomistic models, is much simpler and less computationally expensive [80,84] and

consequently, It is the one chosen for this PhD.
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This PhD thesis attempts to answer to the following question: how to analytically
describe the mechanical behavior in vibration of macrostructures and carbon nanostructure?
Specifically, the objective of the overall dissertation is, for different kinds of structures (beams
and plates), at different scales (macro and nano) and for different particular loads (free
vibration, under random vibrations, ...), to develop the best model to describe the answer of

the system.

1.3.2. Analytical study of macro beams and plates

The oldest known model describing the transverse vibration of beams has been
proposed by Bernoulli [85] and the first solution of the problem by Euler [86]. This theory,
commonly referred as the Bernoulli-Euler (BE) model is valid for thin beams. For thick beams,
it overestimates the natural frequencies because it does not take into account the rotary
inertia and the shear effects. Following to the works of Bresse [87] and Rayleigh [88],
Timoshenko [89] introduced his governing differential equations that take into account shear
deformation and rotary inertia. This model is the Original Bresse-Timoshenko (OBT) model.
An extensive review of this approach was provided recently by Elishakoff, Kaplunov and Nolde
[90]. This thesis proposes two alternative Bresse-Timoshenko models: the truncated Bresse-
Timoshenko model (TBT) [91-95] and the Bresse-Timoshenko model based on slope inertia
(SBT) [91-95]. Other approaches have been considered in the literature (one may refer to the
reviews of Ghugal and Shimpi [96] and Hajianmaleki and Qatu [97]).

Analogically, the vibration of plates has been widely investigated the last centuries.
The first theory has been initiated by Sophie Germain [98] and Lagrange [99]. This Germain-
Lagrange theory established the governing partial differential equations describing the
mechanical behavior of thin plates in vibrations. A few years later, Kirchhoff [100] brought
many additional results about theory of thin plates. Although this theory, referred as the
Kirchhoff-Love (KL) theory or Classical Plate Theory, analogically to the Bernoulli-Euler model
for thin beam, is very accurate for thin plates, it neglects the effects of shear deformation and
rotatory inertia resulting in the over-estimation of vibration frequencies. Thus, the classical
plate theory produces accurate solutions until the thickness-to-length ratio reaches a value of
about 1/20 [20,101], ratio above which a plate is considered as thick. In the last century, lot
of efforts have been made to describe the behavior of thick plates. The First order Shear
Deformation Theory, also called Uflyand-Mindlin plate theory following to the works of
Uflyand [102] and Mindlin [103,104] includes the effects of shear deformation and rotary

9
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inertia. This theory constitutes an extension of the Bresse-Timoshenko beam theory for plates
and as for beams, it will be proposed hereinafter a truncated version of this theory, presented
in the literature a few decades ago [105-109], and another one based on slope inertia
[108,109]. Since the last decades, the Uflyand-Mindlin plate model has been widely studied in
the literature [110-114].

These different theories are sufficient to describe the mechanical behavior of macro
beams and plates. However, they do not capture the small scale effects such as the inter-
atomic interactions that cannot be neglected at a nanoscale and consequently, they do not

provide satisfying results: new sets of theories have to be developed.

1.3.3. Nonlocal theories
1.3.3.1. Introduction to the nonlocal approaches

As explained before, there is a real interest to analytically describe, through the
derivation of governing differential equations, the mechanical behavior of small scale
structures. Most of nanomaterials cannot be considered as homogeneous at small scales. At
an extremely fine scale, some effects such as the interactions between two successive atoms
cannot be ignored. Thus, there is a need to adapt classical mechanics to take into account
these specific interactions at the material scale. Thus, nonlocal continuum theories, initiated
in the 60’s [115-122], in contrast to the traditional and previously described local ones, can be
used to capture the discreteness of the material at the subscale. In the nonlocal theories, the
stress at a certain point is “a functional of the strain field at every point in the body”
[119,120,123].

The phenomenological nonlocal stress gradient elasticity model, proposed by Eringen

[123], postulates a stress gradient nonlocal law, using a differential operator, as follows:

[1-n2V2]o = D:¢ (1.3)

where D is the elasticity tensor, @ and € are the macroscopic stress and strain tensors and V2
is the Laplacian operator. 1 is a nonlocal parameter equal to eya, with a the internal
characteristic length and e, the small length scale coefficient. This coefficient is supposed

constant, independent of the load, or the geometry of the structure, depending only on the
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considered material. Even if it is commonly admitted that it is smaller than unity, Wang and
Varadan [124] suggested that it goes from 0 to 7.
One of the aims of this thesis is to investigate the nonlocal extension of the different

Bresse-Timoshenko, Uflyand-Mindlin and asymptotic models

1.3.3.2. Calibration of the small length scale coefficient: from the

necessity to develop continualized models

One of the main issues of these last decades has been to calibrate this coefficient.
Thus, in his original paper, Eringen [123] proposed e, = 0.39. A possible approach is to
calibrate this coefficient by considering the analytical equivalence between lattice and
nonlocal models [125], as it has been done recently in the literature (see for instance [126-
129]). Then, a calibration of the small length scale coefficient is made possible by equating the
buckling load in statics or the natural frequencies in dynamics in the two models. Thus, the
small length-scale coefficient e, lies between 1/v/24 and 1/4/6 with the buckling and
vibration mode, the geometry and the load. Thus, the constant coefficient is not constant,
leading to a paradoxical result.

Furthermore, in parallel to the nonlocal continuum theories, a basic approach to
model nanostructures and the interatomic interactions within them is to represent by an
assembly of finite number of beams connected by springs [130], representing the bonds
between the atoms, cells of the lattice. The asymptotic equivalence between discrete and
continuous systems is not new and has already been established a few centuries ago by
Lagrange [99]. It appears that this representation is particularly accurate to describe the
mechanical behavior of nanostructures in which the atoms are the cells and the bonds
between the atoms may be represented by the springs. For instance, Hencky [131]
investigated the mechanical behavior of Bernoulli-Euler beams by considering a chain of rigid
segmented beams connected by elastic rotational springs. This work has been, since the last
decades, extended to thin plates [126,132-138] models. Recently, Duan et al. [127], Zhang et
al. [128] and Kocsis et al. [139] derived discrete equations to describe the behavior in vibration
[127] and buckling [128] of thick microstructured beams including shear effects by introducing
in the model additional shear springs. The derivation of lattice models for thick plates in free
vibration has not been investigated and yet, it presents an interest for the scientific

community.
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As explained before, for the nonlocal phenomenological Eringen’s approach, a
paradox appears because the constant small length scale coefficient is structural dependent.
To solve this paradox, alternative nonlocal models have emerged in order to keep a constant
small length scale coefficient based on micromechanics arguments. In recent years, this new
subset of continualized theories raised the attention of the scientific community and the
number of publications devoted to this topic has increased exponentially [134,135,140,141].
The continualization process is based on the derivation of continuous equations from the
reference discrete lattice model [142]. Starting from the lattice model, the difference
operators are approximated by equivalent continuous differential ones and expanded by
using the Taylor series [141] or an expansion based on the use of Padé approximants [143-
146]. In the continualized approaches, the small length scale coefficient is constant by
definition [142] and is associated with the internal characteristic length of the lattice spacing.
The objective is to develop continuous equations that contain the characteristic properties of
a discrete structure [142]. The continualized process is applied for thin beams
[126,133,135,147] and plates [126,134,135]. Recently, Duan et al. [127] and Zhang et al. [148]
proposed a continualized model for thick beams in buckling [148] and vibration [127]. This

topic will be addressed hereinafter.

1.3.4. Asymptotic models

The Bresse-Timoshenko and Uflyand-Mindlin models are phenomenological models.
They are based on postulated constitutive laws or energy functional, leading potentially to
some approximation in the governing differential equations, whence the different Bresse-
Timoshenko and Uflyand-Mindlin models (original, truncated and based on slope inertia). In
addition to the phenomenological models, another family of beam and plate models attracted
much attention these last decades. Indeed, the asymptotic models have been used for beams
[95,149,150] and plates [109,151-153].

For plates, this method starts from the 3-dimensional equations and, by expanding
some variables (displacements, stresses, strains) in power series in term of small parameters
(for instance the thickness ratio [95,154] or the nonlocal parameter [152]), it yields
approximate equations [47], the accuracy and the complexity of the equations increasing with
the order of the expansion [155]. Likewise, considering a two-dimensional problem, the

governing differential equations in displacement for beams are obtained [156].
12
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Thus, as it will be shown hereinafter, the asymptotic methods validates, at the lowest
order, the Bernoulli-Euler [149] and Kirchhoff-Love [157] models and at the second order, the
truncated Bresse-Timoshenko [95,150] and Uflyand-Mindlin [109].

The extension of the asymptotic derivation to include the nonlocal effect is very
recent. Thus, Chebakov, Kaplunov and Rogerson [152] proposed an asymptotic derivation of
the thin plate equations by using the integral formulation of the nonlocal stress-strain
constitutive law [119]. To our best knowledge, in the literature, the asymptotic derivation
based on the series expansions of the deflection of the nonlocal beam and plates equations
starting from the gradient form of the stress-strain relation Eq. (1.1) has not been performed.
One of the objectives of this thesis is to present such derivations.

Thus, there are many different theories to describe the mechanical behavior of beams
and plates at different scales. The choice of the model depends on the need. For all of them,
once the equations are derived, the natural frequencies of the structures have to be

determined. In this purpose, different methods exist.

1.4. Different methods of resolution of governing differential

equations

In the different analytical models described hereinafter, the behavior of beams and
plates is described by a governing differential equation in displacement from which the
natural frequencies can be extracted.

For a beam simply supported at both ends and an all edge simply supported plate, a
closed-form solution is derived for all the models through the Navier approach. Thus, it allows
us to perform a simple and efficient comparison of the different models. For beams,
considering any other set of boundary conditions, the problem is reduced to the
determination of the roots of a characteristic equation, leading to an exact solution. For plates
having two opposite edges simply supported, the Lévy approach is used in order to have a
characteristic equation, and so, an exact solution. Thus, considering the Kirchhoff-Love plate
model and by using this method, the characteristic equations have been derived in a first time
derived for thin rectangular plates [158-161]. A few decades later, scientists proposed to

extend these results to the case of thick plates (see for instance [108,162]).
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For other boundary conditions, there is no method leading to an exact solution and
numerical tools are needed. Among them, the Rayleigh-Ritz method, initiated by Rayleigh [88]
and developed by Ritz [163] is widely used in the literature [20,164,165]. The displacements
are set as series of functions (trigonometric, polynomial, ...) that satisfy the geometric plate
boundary conditions [166-169]. The coefficients associated to these functions must minimize
the energy functional, yielding to the approximated natural frequencies. An increase of the
number of admissible functions leads to a better accuracy of the model but also increases the
computational time [20].

Other numerical approaches such as the Gorman’s superposition method [170-173] or the
well-known finite element analysis [174,175] could be used. This thesis being devoted to the
study analytical models with exact and closed-form solutions, the different numerical

methods will not be considered.

14

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



2. TOWARDS THE DEVELOPMENT OF THICK BEAM AND PLATE
MODELS FOR MACROSTRUCTURES

This chapter starts by presenting the different derivations of the local thin Bernoulli-Euler and
thick Bresse-Timoshenko models (original, truncated and based on slope inertia), introduced in
the previous chapter. Thus, different approaches are considered: based on the use of equilibrium
equations, via the variational principle and through the asymptotical reduction method. For each
of these models, the first natural frequencies are calculated for different boundary conditions
(simply supported at both end, clamped at both end, clamped-simply supported and cantilever)
and the models are compared. The governing differential equation and the solutions of a beam
with a tip mass is further investigated. A brief survey of the results obtained during this PhD thesis
about stability of beams, cracked beams and beams subjected to random vibrations will also be
included. Then, these results are extended to derive three versions of the Uflyand-Mindlin plate
model. The natural frequencies are obtained for plates with at least two simply supported

opposite edges.

2.1. Derivation of thick beam models and different applications

2.1.1. Original Bresse-Timoshenko model

Consider a beam of length L, shear modulus G, cross-section A, Young modulus E,
Poisson’s ratio v, density p, moment of inertia I. v is the transverse deflection of the beam, i
“the slope of the deflection curve when the shearing force is neglected” (the one given in the
Bernoulli-Euler thin beam model) [176] and S the shear angle (see Fig. 7), v is related to ¥ and
via [89]:
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g = v (2.1)

Fig. 7: Bending and shear deformation : Angle 1 (continuous lines) and angle 8 (dashed lines)

The constitutive laws in bending moment and shearing force are:

M= E16—¢ (2.2)
ox
V, = —KkAG (Z—Z — ) (2.3)

where k is the shear coefficient, 1, is the shearing force, M is the bending moment.

The equilibrium equation is:

aM 0%y
ox Ploz
Substituting the expressions of Egs. (2.2) and (2.3) into Eq. (2.4), one obtains the first equation

—V, +— =0 (2.4)

of motion

o O v R
_ _ — 2.5
I 52 T rAt (6x ‘/’) Ploz =0 (23]

The shear force is related to the transverse displacement through the following equation:

av, 0%v
Wy _ (2.6)
ox a2
Combining Egs. (2.3) and (2.6) yields to the second equation of motion
ag (2% o o (2.7)
A6 \a " ax ) TP T :
Manipulating the equations of motions Eqgs. (2.5) and (2.7) leads to the governing differential
equation,
o* 0%v E\ 0%  p?lo*v
El —— +pA—— 1(1+—) +——=0 (2.8)
axt Pz TP kG)9t20x2 " kG ot*
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This equation contains a fourth order time derivative term. There is an important debate
about this term. Checking the different contributions of the terms in Eq (2.8) Weaver, Timoshenko
and Young [176] showed that the fourth order time derivative term is extremely small and can be
neglected compared to the other terms. A detailed study of this term and its influence on the
natural frequencies of the beam is provided hereinafter.

Furthermore, a variational derivation of Bresse-Timoshenko beam equations has been
proposed in the literature (see for instance [177-179]). Thus, the kinetic energy and the strain

energies due to the bending moment V, and the shear effect I; are expressed as

1 (L ov\* 1 (L ay\?
_ i Z ik 2.9
T Z_IOPA(Gt) dx+2fopl<at) dx (2.9)
1(h o> (2.10)
V,,:—f EI(—) dx
2Jo 0x
1t ov 2
i = 2.11
V; Zfo;cGA(ax 1/)) dx (2.11)

It is worth noticing that the bending strain energy, through the use of Y, and the energy
Vs include in their expression the influence of the shear effect. The kinetic should only describe
the effect of rotary inertia. However, by using 1 in the second term of the energy, Timoshenko
made a correction of the rotary inertia via the shear effect. Thus, this effect may be possibly
overcorrected. This issue will be further investigated in the section devoted to the Bresse-
Timoshenko model based on slope inertia.

The application of the Hamilton’s principle leads to the differential equations of motions
Egs. (2.5) and (2.7), leading to the governing differential equation Thus, Eq. (2.8) is obtained.

Furthermore, the associated boundary conditions are:

(5120 = 0 212
[eoa(Z2-w)] 0] =0 213
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2.1.2. Truncated version of the Bresse-Timoshenko model through an

asymptotic approach

In the literature [90,180-184], it has been suggested to delete the fourth order time
derivative in the governing differential equation, leading to a simpler equation. Thus, the
truncated Bresse-Timoshenko model [184] is derived by correcting Eq. (2.5) by

GEY

21/)+KAG (——w) plo—=5=0 (2.14)

a 2

Elimination of i from Egs. (2.7) and (2.14) results in the truncated Bresse-Timoshenko equation

4 2 4
0*v 0°v E) 0*v (2.15)

E16_+pA6t2 p1(1+E W:
In the truncated Bresse-Timoshenko model, the fourth order time derivative is not present. As it
will be shown hereinafter, a direct consequence is that, in contrast to the original Bresse-
Timoshenko model, it predicts only one branch of natural frequencies. Stephen [185] argued that
the second branch in the original model was “unphysical” and so, it should be disregarded,

although this statement has been, by the next, contradicted by some other authors.

h[ [/ Ty = Ty (/ﬁll_rn. Ty

Fig. 8: Beam of length L, height h, displacements u and v in the x and y direction, respectively

An asymptotic derivation of this truncated Bresse-Timoshenko is now proposed
hereinafter, u denotes the displacement in the x direction. First of all, the stress-displacement
relationship (plane stress assumptions) are expressed as [179]:

E ou ov E ov ou E ou 0Jv (2.16)
I e
(1 —-v2)\ox ay (1-v2)\oy dx 21 +v)\oy ox

where o, and o, are the normal stresses following the x and y direction and 7, = T, is the

Oy =

shear stress, respectively (see Fig. 8).
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The equilibrium equations are [186]

= —p— =0 -
ax "oy Paz =" ax Tay Par

00y 0wy 0w 0Ty Joy, 0% (2.17)

Substituting Eq. (2.16) into Eq. (2.17), one obtains a system of two equations with the

displacements u and v as unknowns:

E 0% E 0% E 0*u 0d%u (2.18)
S Azt + Az Pz =0
21+v)dy: 201 -v)oxdy (1-v?)ox Jt

E 0% E 0%u E 0% 0%v (2.19)

———+ + ——p=—=
(1—v2)ay? ' 2(1—v)axdy « 2(1+v)ox® F a2
The boundary conditions require that the shear stress vanish on the free surfaces of the beam

[187]:

ay(x,h/2) = 0,(x,—h/2) = 0; Ty (x,h/2) = Ty, (x,—h/2) = 0 (2.20)
The asymptotic method is based on the power series expansion of the displacements. Thus, u and
v are expressed as follows:
d k d k

u:z:uk(x,t)%; v:z:vk(x’t)% (2.21)

k=0 k=0
Define, arbitrarily, an angle of rotation 6, different from 1 or 3, such as:

9
0, = %(x, 0,6) = uy (x, £) (222)

Naturally, the transverse displacement v is symmetric in the axial coordinate y with respect to
the neutral layer. From Egs. (2.18) and (2.19), it is deduced that the displacement u is

antisymmetric. Thus, only the even terms for u and the odd terms for v are retained, leading to:

had 2k—1 had 2k

y y
u= Z Upg—1 (%, t)m; V= RZOUZk(X, t) 2h)!

k=1

(2.23)

Setting ¢ = G /p, substituting Egs. (2.23) into Egs. (2.18) and (2.19), it yields to, for any integer

k a differential relationship between v, (1), Uzk+1 and v,y and another between Uy, Uzg—1

and vy
1+ v0ug 1-v0%uy  1—v 0%y (2.24)
Va(et) = 775 ax 2 0x? 2c¢?  0t?
1+vavy, 2 0%upp—q 1 0%up,_q (2.25)
Yokt = T Ty T Ty ax? c2 92
Substituting Eq. (2.16) into Eq. (2.20), the boundary conditions are given in term of displacement:
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dv(x,h/2,t) Ju(x,h/2,t) du(x,h/2,t) dv(x,h/2,t)
+v = 0; +v =

dy ox - dy ox
Substituting Eq. (2.23) into Eq. (2.26), it yields to:

i (U aqu_l) (%)Zk—l )
& 2kt Vo, Qk—-1)!
o h 2k

kzzo (u2k+1 av2k) ((22)' =0

Dimensionless variables are defined as follows:

h htc

Tih=of=
L’ 2L’ 212
Eqg. (2.27) and Eq. (2.28) are re-expressed as, at the fourth order:

(172 + vaal; ) e (174 +v aau;) 1?1240( + v%—f) +o(h*)=0

o )5 0 22 B 32 o) -

and Egs. (2.24) and (2.25), under the non-dimensional form are

= — Ji=1,, .5 — gi—1,,.
ui—L ui,vi—L Ui,f—

Upp4r = ApUpg—1 + B Ui

Uyk+1) = CL Vg + FL Ugp41

where the operators A2, B, CP and FP are defined as follows:

ﬂb_ﬁzy 2 W.Bb_ 1+vad
L=% 92 (1—v)ag2’ b~ 1-voE’

1—v/(_ 0> 09?2 1+vad
C’b= hz—_—— ; b=
FIAYE 2 0¢
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(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)



Substituting Egs. (2.32) and (2.33) into Egs. (2.30) and (2.31), it yields a system of equations in 8
and v, expressed in a matrix form:
(s 30 (0)= (o)
My M3/ \6, 0
with:
92 92 1 —
Mllz_ﬁ_ W _(1_1/)6_54 vh
o* 1—v+2v? 9°
6{2652 10 0é6

1
+E[(1—v)(3v—1) ]h4+0(h‘*)

o (w+2)_, 03
My, = (v — 1){—£— c 26—53
(2.35)
(2v+3) 9° 2° 1., 4
2 10 s TV ama| MO0
y _6+v_263 1 93 1o GE 74 1 O
21755 T2 983 T \2V 002 T T 24 o6 (R%)
y 2+v_, 65+ 192 3+2va4 T
2z 2 FIE 2002 24 FIE (R%)

The determinant of the differential matrix system has to vanish. It leads to the governing

differential equation in displacement v, at different orders:

- Zeroth order

2 0*v, 0%7, (2.36)
— 1 — =0
[3(‘”’ Y aer ¥ 6t2]
- Second order
0*7, 62170 (v+ 1) %7, 0%, (2.37)
1 2 h? =0
(V+ TN gge Tt )afza
These two equations are written under the dimensional form as follows:
- Zeroth order
£l 0*v N %v 0 (2.38)
ax* " P2
- Second order
E184v+ Aazv EI? 0%v ( N E) v (2.39)
axt " P92 T axgox P ax20t2
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with:

5 2(1+v)
Ko = giR=———=

3+ 2v
At the zeroth order, the asymptotic model coincides with the Bernoulli-Euler model for thin
beams. Thus, the Bernoulli-Euler model is asymptotically consistent. One recognizes in the
asymptotic model at the second order an equation, close to the one of the truncated Bresse-
Timoshenko model with an additional sixth order spatial derivative. It is worth noticing that Eq.
(2.37) can be rewritten as

h2 92 ] 947, N 62_170 B E( 1) F2_ g (2.40)
5 9£2| 98+ ' 9E2 3 afzatz

—(v+1)[

Multiplying by [1 + (h2/5)(62/652)] Eqg. (2.40) and neglecting the terms in h* results in an

equation without a sixth order space derivative term:

2 0*7, 62170 0*vy ., 2 (2.41)
— 1 _ S h? — —
sV D5a Y om [ (V+ )] seoz 15
6_
4 _
+2) 35700 LR =0

Under the dimensional form, it yields to the governing differential equation of the truncated
Bresse-Timoshenko as obtained by Elishakoff, Kaplunov and Nolde [90] with a shear correction
factork = 5(v+1)/(6 + 5v).

This value of k has been used implicitly by Timoshenko himself [188] and explicitly in numerous
papers [90,189,190].

The relevant question now is to investigate the variational derivation of this truncated version.

2.1.3. Bresse-Timoshenko based on slope inertia

Based on the truncated Bresse-Timoshenko model, it is suggested to replace the kinetic energy in

1t v\? 1t a2\’
T == Al — — I 2.42
zfop (30) d“zfop (am) ax (242)

Eqg. (2.9) by:
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The difference between Egs. (2.9) and (2.42) is the second term of the kinetic energy. The
original Bresse-Timoshenko includes in the expression of the kinetic energy a correction of the
shear effect, already present in the shear strain energy. Thus, it overcorrected the shear effect.
So, it is suggested to replace dy/dt by d?v/dtdx, following the spirit of the truncated Bresse-
Timoshenko derivation. This model is a new version of the Bresse-Timoshenko model based on
the modification of the angle including the shear effect by the slope in order to take into account
only the rotary inertia. It will be referred hereinafter as a Bresse-Timoshenko model based on
slope inertia.

By applying the Hamilton principle, it results in the following partial differential equations of

motion:
Aazv GA v 9y I o' =0 (2.43)
PG ~ M\ ox2 Tax ) T Plaxraer T ‘
92
a“yY (av )
EI Al——-y)= (2.44)
Iz + kG 5 P 0
with the boundary condition Eq. (2.12) unchanged and Eq. (2.13) replaced by:
GA(av )+ P P (2.45)
i\ ox P\oezax )| ™7 ‘

Compared to Eq. (2.8), this equation contains an additional term containing the time derivative.
After some manipulations, Egs. (2.43) and (2.44) lead to the following governing differential
equation:
E1@+p1462v p1<1+E) ot +pE12 0% =
dx* ot? kG/0x20t?>  kGA dx*dt?

(2.46)

Compared to the governing differential equation of the original Bresse-Timoshenko model, it is
seen that Eqg. (2.46) contains an additional term, underlined in the last equation. Thus, the three
versions of the Bresse-Timoshenko model differ in the expression of a dynamic term. Let us now
compare the different Bresse-Timoshenko models in free vibration considering different

boundary conditions.

23

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



2.1.4. Different solutions

2.1.4.1. Simply supported beam

The governing differential equations in displacement of the different models can be

written in a generic form as follows:

d*v(x,t 2%v(x,t E\0*v(x, t 21 0%v(x, t
g ¢ )+pA ( )_p1<1+ ) (o) p (x,t)

ox ot? xG) oczox? T Y1%G ot
pEI? 0%v

L ——— (|
2 kGA 0x*0t?
where y; and y, are control parameters such as (y4,7>) is equal to (1,0), (0,0) and (0,1) for the

(2.47)
+v

original Bresse-Timoshenko model, the truncated Bresse-Timoshenko theory and the Bresse-
Timoshenko model based on slope inertia, respectively. The variable 1 is governed by the same
equation.

For a beam that is simply supported at both ends, the displacement is expressed following the

Navier expression:
mmnx
v= (sin T) A exp(jot) (2.48)

where j = vV—1, mis the frequency mode number and w is the natural frequency.

The different dimensionless parameters are defined as follows

I El E pA
a2’ T xacr - VUV T ke 1"

T
r is the slenderness ratio. For a rectangular cross section, r is proportional to the ratio between
the thickness and the length of the beam. s is a parameter related to the slenderness ratio and
consequently, it also characterizes the shear effect.

Substituting Eqgs. (2.48) and (2.49) into the governing differential equation, it leads to:
(mm)* — Q%[1 + (mm)?(r + 5) + (mm)*y,sr] + ¥, Q*sr =0 (2.50)
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The non-dimensional natural frequency is determined for each of the three versions of the

Bresse-Timoshenko:

¢ Original Bresse-Timoshenko :

(1+ mm)2@r +5) — /1 + )2 + )12 — 4sr(mn)*

02 = 2sT (2.51)
ll + (mm)2(r +5) +/[1 + (mm)2(r + 5)]2 — 4sr(mm)*

28T

Thus, there are two different solutions: the original Bresse-Timoshenko model has two branches

of natural frequencies.

¢ Truncated Bresse-Timoshenko and Bresse-Timoshenko based on slope inertia:

Q2 = (mm)* (2.52)
T [14 (mn)2(r + 5) + yrs(mm)?] )

First of all, the natural frequencies Q are calculated in Table 1 for the Bernoulli-Euler model and

the three versions of the Bresse-Timoshenko model (original, truncated and based on slope

inertia). The couple (s,r) is taken equal to (v0.04;v0.02) as chosen by lyengar [9] and Bruch

and Mitchell [4]. In this case, the shear coefficient is 2/3. This value is the one taken by

Timoshenko himself [88].
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Mode BE OBT TBT SBT
1 9.87 9.77 9.77 9.77
2 39.48 38.02 38.01 37.99
3 88.83 82.00 81.85 81.68
4 157.91 138.31 137.66 | 136.84
5 246.74 203.72 201.90 | 199.32
6 355.31 275.60 271.66 | 265.46
7 483.61 351.96 344.80 | 332.39
8 631.65 431.37 419.86 | 398.01
9 799.44 512.78 495.89 | 460.95
10 986.96 595.49 572.31 | 520.37
11 1194.22 678.99 648.76 | 575.83
12 1421.22 762.96 725.03 | 627.17
13 1667.96 847.15 801.02 | 674.43
14 1934.44 931.39 876.68 | 717.75
15 2220.66 | 1015.58 951.98 | 757.35
16 2526.62 | 1099.64 | 1026.94 | 793.49
17 2852.33 | 1183.53 | 1101.57 | 826.45

18° 3197.75 | 1262.24

Table 1. Variation of the dimensionless frequency Q with (s = v/0.04; 7 = 1/0.02) for a simply

supported beam (" Note: 18" frequency belongs to the second branch)

As explained before, the original Bresse-Timoshenko model admits two branches of natural
frequencies. For this particular couple (s,r), the second branch is reached for the 18™ natural
frequency. This second branch of frequencies is not present in the two other Bresse-Timoshenko
models (truncated and based on slope inertia). The difference between the Bresse-Timoshenko

models is very small for low orders of frequencies and increases with the order.
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Moreover, an additional comparison of the results with those in the literature is performed in
Table 2 by listing the five first natural frequencies for a couple of parameter (\/F K) equal to
(0.1/\/ 12,5/6) given by Moallemi-Oreh and Karkon [191], Ferreira [192] and Lee and Schultz

[193] by using finite element analysis. As is seen, even for the reported highest frequency, the

difference between the models is small.

Mode BE OBT TBT SBT FEM | Lee Schultz [193] | Ferreira [192]
1 9.87 9.71 9.71 9.71 9.71 9.71 9.71
2 39.48 | 37.09 | 37.05 | 36.99 | 37.09 37.09 37.09
3 88.83 | 78.15 | 77.76 | 77.25 | 78.19 78.15 78.19
4 157.91 | 128.67 | 127.16 | 124.99 | 128.80 128.67 129.92
5 246.74 | 185.32 | 181.55 | 175.39 | 185.73 185.32 187.93

Table 2. Dimensionless frequency  for a simply supported beam with v/r = 0.1/+/12

This section has been dedicated to the case of a simply supported beam. Now the solution is
proposed for other sets of boundary conditions. In this case, a close-form solution is not obtained
and more computational efforts are necessary to determine the natural frequency through a

characteristic equation.

2.1.4.2. Other sets of boundary conditions

Three other sets of boundary conditions are considered: clamped-simply supported, cantilever
and clamped at both ends. In this case, the solution of the governing differential equation is found
by separation of variables in the form [4]

v(&, t) = LU(E) exp(jwt) (2.53)

P&, t) = P(§) exp(jwt) (2.54)
where & = x/L
The functions U(x) and ¥ (x) constitute normal modes. Substitution of Egs. (2.49) and (2.53) into
Eq. (2.47) leads to the non-dimensional governing differential equation, also satisfied by ¥':

d*u d?U

d—E4+ Zad—fz+ bU(f) =0 (2-55)
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where a and b are two non-dimensional parameters defined as follows :

QO%(r+5s) 02, Q%rs — 1)

= = 2.56
¢ 2(1 — y,s102)’ (1 —y,s1r02) (2.56)

For both equations, the roots are given by:

=+Ja’?—-b—a (2.57)

For the truncated Bresse-Timoshenko theory and the Bresse-Timoshenko theory based on slope

Hro

T.

inertia, whatever value of the natural frequency, 7, is a real whereas 7_ is a complex number. For
the original Bresse-Timoshenko theory, one can show that there is a transition frequency Q°
above which r and r_ are both complex numbers [194]. Consequently, in the original Bresse-
Timoshenko theory, there are two branches of natural frequencies, as already investigated in the
particular case of a beam that is simply supported at both ends. For more details about this second
branch of frequencies, one may refer to different papers in the literature [167,195-200].
Hereinafter, only the study the first branch of natural frequencies, for which the frequency is
below the transition one, is conducted.
The general solution of the differential equation is found
U(¢) = Acosh B¢ + Bsinh &+ CcosB,& + Dsinf,&  (2.58)
Y(¢) = E cosh ¢ + Fsinh 3¢ + G cos B,&€ + Hsin B¢ (2.59)

where A,B,C,D,E,F,G and H are parameters and 3, and f3, are expressed as follows:

1 1
Bl=(va2—b—a)2;ﬁz=( t12—b+a)2 (2.60)
For Q > QF, the solutions of these equations are expressed with purely trigonometric mode
shapes.

Substituting Egs. (2.58) and (2.59) into the non-dimensional equations of motion leads to:

¥(&) = Amy sinh ;¢ + Bm, cosh ;& + Cm, sin §,¢ — Dm, cos B,€  (2.61)
where
O2%s + BE(1 — y,Q%s7) O2%s — B2 (1 + y,02s7)
B B>

Table 3 lists the different boundary conditions investigated in the present thesis by using the non-

(2.62)

my

dimensional displacements. For a beam simply supported at both ends, the closed form solution

has been determined before.
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Simply supported - clamped | Clamped - clamped Cantilever
Uuo)=0 u)=o0 u)==o0
Y'0)=0 Y0)y=0 Y0)=0
u(l)=0 ul) =0 Y'(1)=0
Y1) =0 Y1) =0 (1 =y,r?ad)U' (1) -¥(1) =0

Table 3: Boundary conditions

Substituting the expressions of U and ¥ into the equations related to the boundary conditions
leads to a system of four equations. In order to have a non-trivial solution, the determinant of this

system vanishes. Thus, it yields a characteristic equation for the different boundary conditions:

Simply supported-clamped beam

my(myf, — myy)sinh(By)cos(Bz) — my (Bimy — myB;)cosh(By)sin(B)
=0

(2.63)

Clamped-clamped beam

—2mym,[1 — cosh(By) cos(B2)] + (mf — m3)sin(Bz)sinh(B,) = 0 (2.64)

Cantilever beam

mymy{Bs + Bamy — ay,r?9P5} + mymy{ay,r*9pf — B + pimy}
— {B1B2(mf — m3)(1 — ay,r?9) + Bymim, + Bymym3}cos(B,)cosh(B;)  (2.65)
+{2B,1Bomymy (1 — ay,r?9) + Bymym3 — Bymim,}sin(B,;)sinh(By) = 0
In order to compare the different models, a beam with a ratio L/h, a Poisson’s ratio v and a shear
coefficient k equal to 5, 0.3 and 0.833333, respectively, is taken. These values are the same as
those adopted in the paper of Khaji et al [201]. The value of the shear coefficient is also the one
used by Weaver, Timoshenko and Young [176]. The results for first four natural frequencies are

given in Table 4.

For the first frequencies (for instance the fundamental one), the three versions of the Bresse-
Timoshenko model provide very similar results. Indeed, the influence of the fourth order time
derivative in the governing differential equation of the original Bresse-Timoshenko model is
negligible compared to the other terms. The difference between the different models increases

naturally with the order of frequency, as it has been established for a beam that is simply
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supported at both ends. Moreover, table 4 trends to show that the frequencies gotten from the

truncated model are smaller than with the original model.

Frequency

1St an 3rd 4th

BE 9.87 39.48 88.82 157.91
Simply supported OBT 9.24 32.05 61.14 92.64
TBT 9.23 31.66 59.30 88.12
SBT 9.23 31.64 57.78 84.56

BE 1540 49.96 104.24 178.26
Simple—clamped OBT | 13.39  39.69 64.78 100.16
TBT | 13.36 36.23 62.96 90.87
SBT 13.34  36.02 62.77 86.04

BE 2236 61.66 120.90 199.86
Clamped-clamped | OBT | 17.01 43.43 75.12 107.01
T | 17-81 4264 72.00 104.00

SBT | 18.03  41.88 70.65 104.46

BE 3.51 22.03 61.69 120.96
Cantilever | OBT 3.33 20.27 49.23 81.80
TBT 3.24 20.19 47.96 77.78
SBT 3.23 19.88 47.01 70.80

Table 4. Four first natural frequencies () of a beam for different boundary conditions L/h = 5

Moreover, in order to compare the results with those of the literature obtained for different
methods, Table 5 compares the first five natural frequencies evaluated via the suggested model
with those evaluated by Labuschagne et al. [202] who utilized 2D elastodynamic simulation to
establish the governing differential equation for the particular case of a cantilever beam and
solved the problem by using the Galerkin approximation with Hermite piecewise bicubic

functions.
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Mode 2D elastodynamic model [202] BE OBT TBT SBT
1 3.49 3.51 3.49 3.49 3.49
2 20.94 22.01 | 20.91 | 20.90 | 20.88
3 54.49 - - - -
55.19 61.71 | 54.99 | 54.85 | 54.61
4 100.38 120.89 | 99.74 | 99.02 | 97.77
5 152.92 200.00 | 151.84 | 149.69 | 145.65

Table 5. Dimensionless frequency () for a cantilever beam with v/r = 0.1/4/12

One may notice in this table that the 2D elastodynamic model admits two third natural
frequencies, one being an intruding value. The table confirms the previous results, namely that
the three versions of the Bresse-Timoshenko model lead to similar results and the Bernoulli-Euler

model overestimates the natural frequencies.

2.1.5. Particular application: cantilever beam with a tip mass

2.1.5.1. Derivation of the governing differential equation

Consider now the cantilever beam with a concentrated tip mass at x = L. In 1974, lyengar
[9] established the equations to describe the mechanical behavior of Bresse-Timoshenko beams
under transverse vibrations and showed that the effect of the mass was more important for higher
modes. Bruch and Mitchell [4] confirmed these equations and studied the influence of different
parameters, like the radius of gyration of the tip mass or the dimensionless tip mass. Specifically,
they explained that the natural frequency decreases by increasing the slenderness ratio or the tip
mass.
The tip mass is not a mass point and consequently, an additional kinetic energy related to the
mass has to be taken into account [203]:

=) 1o (o)
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where M is the tip mass, B is the mass moment of inertia of the tip mass. This energy does not
change the governing differential equation. It has been shown [95] that if the additional terms is
changed in the model based on slope inertia, then the change of the kinetic energy of the tip mass
would overcorrect the correction done in the model. Consequently, the kinetic energy induced by
the tip mass is assumed to be the same in the original Bresse-Timoshenko model and in the model
based on slope inertia.

However, the tip mass affects the boundary conditions. Thus, the general boundary conditions for

the three versions of the Bresse-Timoshenko model are replaced by:

9 L
(EI %) 8| ~lwBY(L]sY =0 (2.67)
ov d3v g
[KGA (a - lp) + )/zplm ov , - [(UZMU(L)]6U =0 (2.68)

For a clamped-free beam with a concentrated tip mass, it results in the following dimensionless

equations [9,204]:

U) =0
Y(0)=0
2
(1- VzQZTS)(;—lE] L-¥YQ) = Q;M U(1) (2.69)

¥ 1y = s02wa
d—f()— (1)

with 8 = B/pAL3 [4], m = pAL is the total mass of the beam and § = M /m is the concentrated

mass over beam mass ratio.

Substituting the expressions of the displacements given by Eqgs. (2.58) and (2.61) into Eq. (2.69)

leads to a system of equations, written in the matrix form:

1 0 1 0 A

0 my 0 —-my\(p

R, R, Rs R, |\c (2.70)
D

Ri Ry Ry Ry

(=R e NN e
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where:

Ry = (my — B1(1 — y,Q%rs)) sinh By + Q?rsé cosh By
Ry = (my — B1(1 — y,Q%rs)) cosh By + Q2rsé sinh By
R; = (B,(1 — y,Q%rs) + my) sin B, + Q?rsé cos B,
R, = —(B,(1 — y,Q%7s) + m,) cos B, + Q%rsd sin B,

0 0
R = (,81 cosh By — Esinh ﬁl) my; Ry = (51 sinh B, — oz cosh ﬁl) my

6 ) 0
R; = (,82 cos B, — ﬁsmﬁz)mz; R, = (ﬁz sinf, + Pk ﬁz)mz
The determinant of the squared matrix is taken equal to zero in order to have an infinite number

of solution (vibration). It leads to the following equation:

my(R3Ry — R4R3 + R4R: — RyRy) — my(RyR3 — R3R; + RiR; — RyRY)

(2.71)
=0
The solution of this equation are the natural frequencies.
For the Bernoulli-Euler model, the equation has been derived by Erturk and Inman [204]:
14 cosVQ coshVQ + \/ﬁS(COS VQ sinh VQ — sinVQ cosh \/ﬁ)
3
— Qfﬁ(cosh\/ﬁsin\/ﬁ + sinhVQ cos \/ﬁ) (2.72)

+0260(1 — cos VQ coshVQ) = 0

Eq. (2.72) is obtained from Eq. (2.71) when r and s are taken as converging towards zero.

2.1.5.2, Numerical results

In order to be able to compare the different Bresse-Timoshenko models, the values of the
parameters are taken as equal to those used in the literature for a rectangular cross section,
namely the ratio E/G and the shear parameter k¥ equal to 8/3 and 2/3, respectively [4,9]. In this
case s = 4r. Table 6 lists the three first non-dimensional natural frequencies Q) evaluated by the

Bernoulli-Euler model and the three versions of the Bresse-Timoshenko model.
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First frequency Second frequency Third frequency

® BE OBT  TBT  SBT BE OBT  TBT  SBT BE OBT | TBT | SBT
6 = 0.004;vr = 0.02
05(200 199 199 1.99 | 1536 1506 15.06 15.08 | 39.58 38.24 38.23 38.27
1 |155 155 155 1.55 | 1495 1466 1466 14.67 | 39.58 38.24 3823 38.27
2 |116 115 115 115 | 10.70 1442 1441 1445 | 3958 38.24 3823 38.27
3 /096 096 096 095 | 1461 14.33 1433 1433 | 39.58 3824 3823 38.27
5 /076 0.75 075 0.75 | 1453 1425 1425 14.26 | 39.58 3824 3823 38.26
6 = 0.04;/r = 0.02
05(190 190 190 190 | 888 881 881 881 | 26.87 2587 2587 25.86
1 {150 150 150 150 | 887 879 879 879 | 26.02 2506 2505 25.05
2 |114 113 113 113 | 886 879 879 879 | 2547 2452 2451 2452
3 /095 095 095 095 | 88 879 879 879 | 2526 2431 2431 2431
5 /075 075 075 075 | 886 878 878 878 | 2507 2413 2413 2414

Table 6. Variation of the dimensionless natural frequency Q with non-dimensional mass ratio

8 (6 = 0.004;v/7 = 0.02) and (6 = 0.04;v7 = 0.02)

In Table 6, it is seen that the difference between the three versions of the Bresse-Timoshenko
model, whatever the considered order of frequency, decreases when the dimensionless inertia
property 0 increases. Thus, for the third mode shape and a couple (\/? 6) equal to (0.02,5), the
relative error between the truncated Bresse-Timoshenko model and the Bresse-Timoshenko
model based on slope inertia is 0.07% when 8 = 0.004 versus 0.07% when 6 = 0.04.

In order to study the effect of the slenderness ratio on the natural frequency with a tip mass, Fig.
9 depicts, for 8 = 0.04 and a mass ratio § equal to unity, the non-dimensional fundamental
natural frequency is plotted versus the slenderness ratio when the tip and the beam have the
same mass. Although the three versions of the Bresse-Timoshenko model provide similar result,
a difference between the model based on slope inertia and the two others occurs and increase
with r. However, this difference is smaller than 1.2%, even for large values of the slenderness

ratio.
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1,52

1,5
Timoshenko
148 | X, T Truncated
c -+ — Slope inertia
1,46
1,44
1,42
0,02 0,04 0,06 0,08 0,1

slenderness ratio r

Fig. 9. Variation of fundamental frequency with the slenderness ratio (68 = 0.04)

Table 7 lists the non-dimensional natural frequencies calculated for different values of the couple
(r, 6) investigated in the literature (see for example [205]). The case of vr = 0.000316 coincides
with the one of a very thin beam, described by the Bernoulli-Euler model and for § = 0 there is
no tip mass. In this case, the study is reduced to the one conducted before. It shows again that

the different Bresse-Timoshenko models provide very similar for low orders of frequencies.
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First frequency Second frequency Third frequency

OBT TBT SBT | OBT  TBT SBT OBT  TBT SBT

) VJr =0.000316
0 [3.52 352 3.52|22.03 22.03 2203|6169 61.69 61.69

0.2]261 261 2611821 1821 1821 53.56 53.56 53.56
04217 217 2171718 17.18 17.18 | 52.06 52.06 52.06
06]1.89 189 1.89|16.69 16.69 16.69 | 51.44 51.44 51.44
0.8|1.70 1.70 1.70 | 16.43 16.43 16.43 | 51.10 51.10 51.10
1.0 [ 1.56 1.56 1.56 | 16.25 16.25 16.23 | 50.89 50.89  50.89
5 \r =0.02
0.03.50 3.50 3.50 | 21.47 21.48 21.46 | 58.15 5811 58.04

02261 260 2611783 17.83 17.82 | 50.87 50.84 50.80
04216 216 216 |16.83 16.83 16.83 | 49.49 49.46 49.43
0.6|1.89 1.89 1.89|16.37 16.37 16.37 | 4891 4889 48.86
08169 169 1.69|16.11 16.11 16.11 | 48.60 4857  48.55
1.0 [ 1.55 1.55 1.55 | 1594 1594 1594 | 48.40 48.38 48.35
5 \Vr =0.04
0.0 |3.46 3.46 3.46|20.02 19.99 19.94 | 50.56 50.22  49.58

0.2 258 258 258 |16.82 16.81 16.78 | 44.89 44.64 44.25
04215 215 2151592 1592 15.89 | 43.74 43.51 43.17ju
06188 1.88 1.88 | 15.50 15.50 15.47 |43.26 43.03 42.71
08]169 1.69 1.68 | 1526 15.26 15.23 | 42.99 4277 42.46
1.0|154 154 154 | 1510 15.10 15.08 | 42.82 42.60 42.30

Table 7a. Variation of the dimensionless frequency Q with r and § (v = 0.3;k = 5/6).
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First frequency Second frequency Third frequency
OBT TBT SBT | OBT  TBT SBT OBT TBT SBT
5 Vr =0.06
0 [3.40 3.40 3.40| 18.14 18.06 18.34 | 42.89 4214 41.51

0.2 255 255 2551548 1543 15.50 | 38.60 38.01 37.28
041212 212 212 | 1470 14.65 14.68 | 37.66 37.10 36.34
06|185 185 1.85| 1433 14.29 14.29 | 37.25 36.71 35.94
08| 1.67 1.67 1.67 | 1412 14.08 14.07 | 37.03 36.49 35.72
1.0| 153 153 153 | 1398 1394 1392 | 36.88 36.36 35.58
6 Vr =0.08
00332 332 332 16.23 16.09 16.29 | 36.53 3547 33,55

02250 249 252 | 1406 1396 13.98 |33.22 32.33 30.76
0.4]208 208 2091339 13.30 13.28 | 32.43 31.59 30.08
0.6|1.82 1.82 1.83|13.07 1299 12.94 | 32.08 31.27 29.78
08164 164 165 | 1289 1280 12.75|31.89 31.09 29.61
1.0 | 1.50 1.50 1.54 | 12.76 12.68 12.62 | 31.76 30.98 29.50
5 Vr=0.1
0.0]3.23 3.22 323 |1447 1428 1431|3150 30.27 27.08

02245 244 247 | 1270 1255 12.48 | 28.89 27.81 25.35
041|204 204 206 | 1214 12.00 11.89 | 28.20 27.19 24.89
06(179 179 1.80 | 11.86 11.74 11.61 | 2790 26.92 24.67
08|161 161 1.63 | 11.70 11.58 11.44 | 27.73 26.77 24.55
1.0| 148 1.48 149 | 1159 1147 1133 | 27.62 26.67 24.48

Table 7b. Variation of the dimensionless frequency Q withr and § (v = 0.3;k = 5/6).
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2.1.6. Other applications

Structural defects such as cracks may be present in mechanical structures. One of the
most important aspects of the modern structural dynamics is to develop analytical models and
tools to anticipate the mechanical behavior of a structure with a crack and to predict eventual
damage due to this crack. Cracks reduce the natural frequencies of a structure because the latter
becomes more flexible [11,207-209]. Therefore, one of the crack identification methods is to
detect changes of natural frequencies due to crack presence. This methodology is effective,
inexpensive, fast and non-destructive. Hereinafter, the beam is divided into two beam segments
and the crack section is simulated by an equivalent rotational spring with a rigidity k. Thus, it
induces a change in strain energy of the beam due to the presence of the crack is equal to the
stiffness of the spring. Using the three versions of the Bresse-Timoshenko model, the natural
frequencies will be determined following the geometric caracteristics of the crack and by the
inverse method, knowing some parameters such as the critical depth of the crack, the crack will
be located. It is shown that the crack reduces the natural frequency and this reduction is more
important when the crack is deeper. The location of the crack is also an important parameter.

Different investigations have been carried out about the instability parametric instability
of beams considering the three versions of the Bresse-Timoshenko model [95]. Indeed, numerous
investigators showed a real interest for this issue in past decades [14,210-214]. The reader may
also refer to the paper by Hagedorn and Koval [215] who showed that the rotary inertia and shear
effects create new instability regions, widen the pre-existent regions of instability, and cause a
shift of the instability regions to the left in the stability chart. More specifically, Elishakoff et al.
[92,93] demonstrated that the three versions of the Bresse-Timoshenko model lead, for small
slenderness ratios, to regions of dynamic instabilities that are extremely close to each other.
When the ratio increases, the models do not predict the same instability regions and the
difference increases with the ratio.

The study of the response of a beam under random excitations in presence of different
damping (Voigt, transverse and rotary viscous) has been widely investigated in the literature
[181,216-220] considering the Bernoulli-Euler model [221] and more recently [181], the truncated
version of the Bresse-Timoshenko model. Although the Bernoulli-Euler model and the Bresse-
Timoshenko models provide both finite mean-square displacemenent, the Bresse-Timoshenko

equation produces a finite mean-square stress, contrary to the classical Euler-Bernoulli theory.
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One can determine the displacement for the three versions of the Bresse-Timoshenko model [91]
and the previously mentioned kinds of damping. Thus, for a thin beam, the mean-square
displacement is the same for the Bernoulli-Euler model and the Bresse-Timoshenko models.

When the slenderness ratio increases, a difference between these approaches occurs.

2.2. Thick plate models for macrostructures

As explained in a previous chapter, the mechanical behavior of plate can be described by
the Kirchhoff-Love theory for thin plates and different versions of the Uflyand-Mindlin plate
theory for thick plates. In this section, we derive the different versions of the Uflyand-Mindlin
plate theory: the Original Uflyand-Mindlin model (OUM), the Truncated Uflyand-Mindlin theory
(TUM) and the Uflyand-Mindlin plate model based on slope inertia (SUM). Three kinds of
derivations are considered: variationnal one for the OUM and SUM model, through the use of
equilibrium equations for the TUM and OUM model and asymptotically for the TUM model.

The closed form solution is provided for a plate with all edges simply supported and for a
plate with two opposite edges that are simply supported, an exact solution is proposed, obtained
by using the Lévy’s method. A special notation will be adopted for the boundary conditions,
commonly used in the literature [158,159,162,222]. Hereinafter, plates with two opposite edges
simply supported at x = 0 and x = a will be considered and six cases will be studied: SSSS (all
edges simply supported), SFSF (the edges y=0 and y=b are free), SFSF (the edges y=0 and y=b are
free), SSSF (y=0 is simply supported, y=b is free), SSSC (y=0 is simply supported, y=b is clamped),
SCSF (y=0 is clamped, y=b is free).
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2.2.1. The different models
2.2.1.1. Original Uflyand-Mindlin

Considering a x, y, z-system of Cartesian coordinates and a rectangular plate of length a, width b

and uniform thickness h, bending rigidity D = Eh3/12(1 — v?), as shown in Fig. 10.

12 w Yy

Fig. 10. Plate of dimensions a X b X h and rotations of a transverse normal about the y axis

[108]

Y, and y,, are the bending rotations of a transverse normal about the x and y axes,

respectively, as shown in Fig. 10.
First of all, the derivation of the original Uflyand-Mindlin through the use of equilibrium equations
is proposed.

The three-dimensional equilibrium equations are:

0oy 0Ty 0Ty 0%u
dx 0y 0z ot?
0Ty, 00, 01Ty _ 0%v (2.73)

dx dy oz Pocz

The bending and twisting moments and the transverse shearing forces are related to the normal

and shear stresses as follows:

M, h/2 <Gx) 0 nz (o (2.74)
M =f o d-("):] ("Z)d

y y |zdz; zZ
My, ~h/2 \Tyx Qy —h/2 \Tyz
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Multiplying Eq. (2.73) by z, integrating over the plate thickness and substituting Eq. (2.74) yields:

M, N OM,y _ ph3 3%,
dx dy *7 12 ot
oM, L oMy oM, _ ph3 0%y, (2.75)

ax  dy ¥ 12 a2

0Q, 00Q, d*w
= ph
ax "oy Pl

In the Mindlin’s [103] plate theory, the bending and twisting moments and the shear forces Q,

and Q,, are given by, for an isotropic material,

MX:D<6¢X+ a¢y>;My—D<¢y+ al/j’“)

d dy dy 0x
v all)y 0y, (2.76)
-Fa-n (32 5)

0, _xah<sz )Qy KGh(l,l)y Z;}V)

Substituting Eq. (2.76) into Eq. (2.75) yields to the equations of motion:

[(1—v)|721,[)x+(1+ )( Zl‘bx wy)]—xah(¢x+a—w) ph* 94

6 dy ox 12 0t?
D R ow\ ph3 0%y
1= 2 v\l _ W\ _ P9 ¥y (2.77)
[(1 VIV, + (1 +v )<a 5ot 5 )] KGh(l,[)y-l-ay) >
0, 0y *w
2 V)= ph—
KGh (V w + ox + 3y = ph FYe

where V2 is the Laplace operator. After different manipulations of the equations of motion, it

leads to the governing differential equation of the original Uflyand-Mindlin plate model

*w  h3 (1 12 D )6_2 p?h® 1 d'w _ o (278

DV4w + ph—o — p (1 + == 2
wHph oz P \M g

w+
ot? 12 kG o0t*
Furthermore, as for beams and the original Bresse-Timoshenko model, the OUM model is also

derived variationnally, as widely investigated in the literature [20,102,103,112-114,223,224].

The potential and kinetic energies of the plate are given by, respectively

0 9 9, 0 9 o, \>
el - 2))
2

|G wn) +(5raw,) ) sty

41
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2
ph3 (6¢x>2 Py, (2.80)
ﬂ 6t ac) T\ae ) |
where D is the area of the mid-surface of the plate.

According to the Hamilton’s principle, one obtains the governing differential equation and the

boundary conditions. For example, at the boundaries of the plate, for edges parallel to the x axis,

0y 0Py _
D < ox +v dy |~ 0ory,
0y l.by s
are specified 2.81
5 +—o - =0ory, pecif (2.81)

aw
KGh(l/)y +@) =0orw

Analogically tor beams, a truncated version of the Uflyand-Mindlin plate model is proposed.

2.2.1.2. Truncated Uflyand-Mindlin plate theory

Extending the truncated Bresse-Timoshenko derivation to the case of thick plates, it is suggested
to replace 91, /0t? and 0%y, /0t? in Eq. (2.77) by 03w/0x0t* and 93w /0dydt?, respectively.
Thus, it leads to the governing differential equation in displacement of the truncated Uflyand-
Mindlin plate model:

0*w D 02 (2.82)

- 2
o Prgaz’ V=0

As for beams, the asymptotic derivation of this truncated model is now proposed.

DV*w + ph—-

Start by the three-dimensional equilibrium equations for a plate:

0
0x

d aw a2\ (4 92 (¢ 2.83)
A +6)| — (9+—)+G<V2+—><v>=p—<v> (2
oy 0z 9z )\, atz\,
’)
0z
where 4; is the Lamé coefficient and 6 is defined as

_Ou v (2.84)
dx 0y
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On the free surfaces, the normal and shear stresses vanish, resulting in

h h h h
Iz ("' z) =0 (’“ ‘5)? Tyz (x' z) * Tyz (x' ‘z) =0

In the reduction method, the displacements are expanded in power series as follows:

0 = Z 0, (x,y,)z8;w = Z wi(x,y,t)z*
k=0

k=0
Substituting Eq. (2.86) into Eq. (2.85), it yields:

2n—-1 h 2n—-1

Z Z(AL + ZG)n (E) Won + AL (E) 92-"__1 =0
n=1

, ® L , iy 22
Y, WO + Z (E) Y W2n + (Zn - 1) (E) 9271—1 =0
n=1

62
<GV2 - pm) Won + (AL + ZG)(Zn + 1)(2n + Z)WZTH-Z + (}{L + G)(Zn

+1)02141 =0

2

d
(A, + G)2nV2w,, + ((AL + 2G)V? — pﬁ) Oyn_1+ G2n(2n + 1)05,41

=0
where c¢2 = G /p.
The variables are rewritten under the dimensionless form as follows:
0. =10 -w. = [ 1w .ﬁzszvz.}—l:ﬁ_f:ﬁ:@
" e " oLt T 22T 2L

The two summations re-written as:

Z [2(4;, +2G)(n + D)Wopiz + A,05041]172" = 0
n=0

V2w, + Z{EZV2W2n+2 + (2n+ 1)0,41JR* =0
n=0

At the fourth order
2(/1[4 + ZG)(VT/Z + 2W4}_12 + 3V|_/6}_l4) + AL(Q_I + 9_3]'_12 + 9_5}_14) = O
VZ(VT/O + EZWZ + E4W4) + 9_1 + }_1239_3 + ’_1459_5 = O
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(2.88)

(2.89)

(2.90)



Moreover, for any integer n, the relationships between Wy, Wy, and 6,,,; and between

Oyn+3, Wanso and B,,,1 are, respectively :

~ 1
_ Pe . —
9N+3 - (N + 3)(N + Z)CA 9N+1 + N BB Wn+2; N 0!214'! e
(2.91)
Wy = : CPy + e FPBy 1 N =024
WN+2 - (N+ 1)(N+2) LWN (N+ 2) L YN+1» — U,4,7T)
Where the operators AY, BY, P and F7F are defined as follows ::
(/1+2c;)_ 52 0 02 Bp__(AL+G)VZ
] e G
(2.92)
el = hza—2 S FP = _At6
L 1+ ZG) ozz|’ (A, + 26)

Substituting Eq. (2.91) Into Eq. (2.90), it leads in two equations in 8, and W, expressed in a matrix

(e ) (50)=(o) .

where the coefficients M;1, M5, M5, and M, are:

form:

2
My, = —20(G — /1L)—v2h4 + (2G + 31;,)Veh*
92 _
+120(2G + 1,) (—hz > — 20AV*h2

- 9% _
M;, = 20(4G + 31,)V?h? —120(2G + ;) — 20(3G + ZAL)ﬁh‘*
o (2.94)
— (6G + 5)V*h*
_ 02 _,  _ _\— _
My, = (2G + 31,)Veh* + 122, (ﬁh“' - V2h2> V2 — 242G + 1,)V?

92 _
My, = 12(4G + 31,)V2h? — 12(26 + /1L)—h4 — (66 + 51,)V*h*

— 242G + 1)
In order to have a nontrivial solution, the determinant of the matrix has to vanish. It results in

governing differential equations at different orders:

0™ order

2_

_ 3 0
AL + GV, + 7 (A, + ZG)?VZO =0 (2.95)
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2" order

2
—-10(31, + 46) —vzhzw0 — 4(A, + G)Vewoh? + 20(4;, + G)V*w,

(2.96)
+15(1, + 2G) 0wy _ 0
L atz
Or, in the dimensional form:
0™ order
aZ
DV* + ph— (2.97)
Vi+p atz
2" order
0% 22 —-v)ph® 0? 1
P A Chuk L it R N (2.98)

a2 (1—v) 12 9t 20

The equation at the zeroth order coincides with the traditional Kirchhoff-Love plate model valid
for thin plates. Thus, this model is asymptotically consistent at the lowest order [225]. In an
analogous reasoning to the one of the asymptotic beam derivation at the second order, as
suggested in the literature [109], Eq. (2.96) is multiplied by [1 + (h?/5)7?2] and neglecting the

terms in h* leads to:

_ 92
20, + G)V*Wo + [B(A, +26) — 1032, + 4G)JA? = V2w

_ (2.99)
+15(4, 0
Thus, using the dimensional variables, the equation is reduced to:
0° h3 12D 6 — v] 0%
DV* + ph—— — P2 |1 4 Z _v2=o (2.100)

atz 12 h3G 5 [ot?

One recognize the governing differential equation of the truncated Uflyand-Mindlin plate model
with a shear coefficient equal to x = 5/(6 — v). Thus, the truncated Uflyand-Mindlin plate theory
is asymptotically consistent.

As for beams and the Bresse-Timoshenko model, it is suggested to derive variationnally the
Uflyand-Mindlin plate model through the same correction based on slope inertia done for the

truncated approach.
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2.2.1.3. Uflyand-Mindlin based on slope inertia

In the literature, it has been suggested to replace the kinetic energy given in Eq. (2.80) that

overcorrects the shear effect by:

ph3 2 aZW 2 aW )
ff (atax> +<6tay> ]+ph(§) dxdy (2.101)

Using Hamilton’s principle and integrating by parts, it yields to the equations of motion,

D P ow (2.102)
— — 2 — = — ) =
g [(1 WV, + (1 +v) 6x] KGh (wx + 0x> 0
D [(1 W2, + (1 + )a(p] Gh( + aW) =0 (2.103)
> V)V =y, v 3y K Yy ay) = .
h2 ,\ 02w (2.104)
kGh(V*w + ®) = ph|1—— |7 Py
From Egs. (2.102)-(2.104), one obtains the governing differential equation
92 h3 12 D\ 9?2 h?D 02
DVAw + ph 2% P (1 ) 72w + 2 riw =0 (2:105)

—— 1+ ==z V*w+ —
otz 12 h3 kG/ ot? 12kG 0t?

The fourth-order time derivative term in the original Uflyand-Mindlin equation is not present,
replaced by a term, underlined in the equation.

For boundary conditions, for edges parallel to the x axis:

<a¢x +v%> = 0or Y,

d0x dy
al’[; + ;/:cy or P, are specified (2.106)

KGh(l/J +6_W)_£62—W= Oorw
Y oy 12 dt20y

It is worth noticing that the two first boundary conditions match with those of the original
Uflyand-Mindlin plate model. For the last equation, used for instance for a free edge, the
boundary conditions do not match. Thus the models differ in both the governing differential

equation and the boundary conditions.
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2.2.2. Natural frequencies for the different Uflyand-Mindlin plate models

Three control parameters y4, Y, and y5 are introduced with (y4,¥3,¥3) equals to (1,0,0),
(0,0,1) and (0,1,0) for the original Uflyand-Mindlin plate theory, the truncated Uflyand-Mindlin
theory and the Uflyand-Mindlin model based on slope inertia, also denoted OUM, TUM and SUM,

respectively. Thus, the equations of motion are rewritten in a general way as, setting C = D(1 —

v)/2:

DGy + Cpy — K*Gh(x +Wy) = 11 %d;x +v3 pl—}j aisafz (2.107)
Dgy — Cx = k*Gh(y, +wy) =11 pl—’fl/')y t73 %% (2.108)
KGh(WPy x + Yyy + Wy + W'yy) = <ph -y, %W) w (2.109)

where the function ¢ is introduced such as [226]:
®=Pxy —Pyx (2.110)

Differentiating Egs. (2.107) and (2.108) with respect to y and x, respectively and substracting Eq.
(2.108) to Eqg. (2.107), one obtains:

p_h36_2¢ (2.111)
12 at?

Moreover, the different governing differential equations of the three versions of the Uflyand-

CVZp — kGho =y,

Mindlin plate model are written in the general form as follows [108,109]:

ph* 9%\ _, ’*w K’ 12 D\ 0% _,
D(1 V*w + ph (1+ ) Vew

+ _— J— R —_
Y212kG 9¢2 oz P12\" T h3k6)ar2
(2.112)
N p*h® a*w
Y1 12kG at* ~
Thus, the system is described by two uncoupled equations Egs. (2.111) and (2.112).
It is assumed that
(W Y y; @) (3, 1) = (W; 9y s @) (x, y) et (2.113)
Substituting Eq. (2.113) into Eqgs. (2.111) and (2.112) leads to:
2= 2 ph? 2\~
Cv<p — KGh—)/le =0 (2.114)
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(2.115)

The rotation angles 1, and 1),, are found from the transverse deflection w and the parameter @

by the following relationships:

ph®
KkGh — yl—w Yy

hZ
D(1—y,75V? 3
9 ( V212 ) ph
_9 ) .2 _DVZ — W (2.116)
5% pw o V4 —kGh + v 12w w
a9
C—
+ 3y

h2
D1 -V

9 ( £5V) ) ph®
— D 2.117
—@ —p(,()2 <2G _DVZ_KZGh+Y3E(lJ w ( )

2%
— C —

0x

2.2.2.1. Rectangular plates with four edges simply supported

A derivation of the solution for an all-round simply supported plate is proposed. In this case,

analogically to beams, the solution is given by Navier [227]

w(x,y) = asin (nbﬂ) sin (m;rx) (2.118)

where m and n are the number of half-waves in the x and y-direction, respectively.

Consider the following nondimensional quantities:

, |Ph E
Q= wb E;ﬂ:m;y T]b h—

(2.119)

QIF

a _—
1= 33 Tmn= T2 [O)? + m?]

QxR

;€=
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Substituting Eq. (2.118) and (2.119) into Eq. (2.115),
72

h B Bh* ﬁx8714 . (2.120)
mn1 (1 + ) +Vinn 1242 V2| T 1aa2 1Y =0

V2, — x*0? [1 +7

The solution of the original Uflyand-Mindlin plate problem is given by [110,228,229]:
(2.121)

_ 12 e 1+V H2(1+ﬂ>
~ x%h? |28 ™12 2

_ k2 B\I°  BR* _
s o m e 2] - o,

There are two different solutions, and so two different branches of frequencies.

For the two other versions of the Uflyand-Mindlin (truncated and based on slope, the natural

frequencies are given by:

vmn

Q=

- P it (2.122)
2 [ B 1+ )P+

Because the expression of the natural frequency has a positive additional term in the
denominator, the Uflyand-Mindlin model based on slope inertia provides smaller values for
natural frequencies than does the truncated Uflyand-Mindlin model. In contrast to the original
model, the truncated theories lead to a single branch of natural frequencies. This result is also
valid, as it will be shown hereinafter, for plates with simply supported two opposite edges.

For the Kirchhoff-Love plate model:

<l

mn (2.123)

Q=
KL XZ
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The Uflyand-Mindlin plate theories lead to smaller natural frequencies compared to the Kirchhoff-
Love plate model. Indeed, when the rotary inertia and the shear effects are taken into account,
the difference with the classical theory increases with the vibration mode number. For low orders
of frequencies, the three versions of the Uflyand-Mindlin plate model provide the same natural
frequencies. Although the original and truncated models lead to very similar results, the
frequencies calculated from the model based on slope inertia are smaller than for the two other
Uflyand-Mindlin plate models. The difference increases with the frequency.

A plate simply supported at all edges has already been investigated in the literature.
Consequently, the results can be compared to the existing ones. Different models and method of
resolution are considered: the Higher Order Shear Deformation Theory (HSDT) given by Shufrin
[230], the two dimensional Rayleigh-Ritz method (2D Ritz) [231], the three dimensional Rayleigh-
Ritz method [231], the Differential Quadrature Method (DQM) [232] and the analytical solution
from the three dimensional elasticity equations [233], the three dimensional DQM and Rayleigh-
Ritz methods providing the same results. The five first natural frequencies are listed in Table 8, as
it has been done in the literature [109]. The aim of the numerical method is to confirm the results
obtained via Eq. (2.121).

Itis seen from Table 8 that the original Uflyand-Mindlin plate model provide results, close to those
obtained by using the three dimensional methods. The numerical models (Rayleigh-Ritz method)
lead to slightly bigger natural frequencies. Indeed, these models give an upper bound of the
results. For high order of frequencies, the original Uflyand-Mindlin plate model has natural
frequencies that are close to those of the higher-shear deformation theory, supposed to be
naturally more accurate than the Uflyand-Mindlin plate models. However, compared to the exact
three dimensional solution, the model based on slope inertia is better than the two other versions
of the Uflyand-Mindlin plate model.

In any case, for the first natural frequencies, the three different versions of the Uflyand-Mindlin
lead to similar results. It is worth noticing that, as it will be detailed before, the original model,
because it contains a fourth order time derivative in the governing differential equations, has two
branches of frequencies. The two other models (truncated and based on slope inertia) lead to

only one branch.
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(xh) | 3Danal | KL OUM | TUM | SUM | HSDT |2D[231]|3DDQM
1974 | 1974 | 1974 |19.74 |19.74 |- 1974 |-
4935 | 4935 | 4935 | 4935 |4935 |- 4935 |-

0.001 | 7895 |78.96 |7896 |78.96 |78.96 |- 7896 | -
98.69 |98.69 |98.69 |9869 |9869 |- 9869 | -
12830 | 12830 | 12830 | 12830 | 12830 |- 12830 |-
1889 |19.74 |19.08 |19.23 |19.07 |19.07 |- 19.09
4561 | 4935 | 4558 | 4631 |4539 |4549 |- 45.62

01 [7010 |7896 |7002 |7157 |69.33 |69.81 |- 70.10
8549 |98.69 |8537 |8754 |8415 |8506 |- 85.49
107.37 | 12830 | 107.18 | 110.33 | 104.86 | 106.74 |- 107.37
1751 | 19.74 | 1750 |17.89 |17.33 |1745 |- 17.53
3847 | 4935 |3838 |39.74 |36.82 |3819 |- 38.48

02 [4914 |7896 |5559 |57.77 |5141 |5530 |- 55.79
5578 | 98.69 | 6572 |6836 |59.30 |6531 |- 66.00
66.00 | 12830 |79.48 |8565 |69.17 |7899 |- i

Table 8. Comparison study of frequency parameters ( for an all edges simply supported squared

plate [109]

2.2.2.2. Solutions for two opposite simply supported edges: Lévy’s

approach

Consider a plate with simple supports along edges ¢ = 0 and & = 1. In the Lévy approach (see

for instance Chen and Liu [234], Szilard [235] and Jomehzadeh and Saidi [226]):

o]

WEM = ) aWi () sinm)

m=1

. _ (2.124)
BelEm = ) o) cosmme) By Em) = ) by () sin(mt)
m=1 m=1
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Substituting Eq. (2.124) into Eq. (2.110),

1 (o0}
PEM == D o) cosmrt) (2.125)
m=1

Using the non-dimensional parameters, substituting Egs. (2.124) and (2.125) into Egs. (2.114)
and (2.115), it yields:

a*w,, azw,,
Ay ar + A, an + AW, =0 (2.126)
d2
A4W(p2”l + Aggy = 0 (2.127)
where the different coefficients A; (i = 1,..,5) of the differential equation are given by
,8)(4}_14
A =x*1- 0z );
1=X ( VaTqay )
}_12 ﬁ BX4E4
A, = 692—(1 —)—2 21— 02
2 [X 12\ 1)~ 20omm) 144 - V2
(2.128)
— 2 —
Lh* (mmh) B Bx®h*
Ay = 4 _ 402 4 (1 —) 1 Ot
3 = [(mm)” =707 | mm)" e yve + = )T T T
}_12 }_12 BX4E4
A, = 2 ___ 1— “Ae = — 2p__ 1— _ Qz
s =PBx 24( v);As [(mﬂ)ﬁz4( V)+K—V11 144 ]

The non-dimensional rotations 1,5,5 and 1,53, are expressed, following Eqs. (2.116) and (2.117),

respectively:

2,404 h2 h2
[B h 92%<1+(mn)2y2h—>—(mﬂ)2&+'€

144 12 12 (2.129)
474 12 2,656 2

x*h BRZ  B2xSRE 1 |d*W,

_ QZ 20 QZ_ _m

vsp 144]Wm+ 12 T 1728 kP Tan
h? 0P
—(1—p)2m
+ 1B 37 (=N
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4714
X h*\ —
<K -7 QB m) Yy

a |[B%x*h* 1( h? Bh?
=—xy— Q2 —1+ (mn)?y,— | — (mn)?—+«
|| 144 Tk 12 12 (2.130)
474 2 2,616 2
x*h BRZ  BxSRS 1 d*W,
— 7,02 Wi + |22 — 02y, |—n
vsh 144] m+ [X 12 1728 = k| an?

72
+ mnp o2 A-=-v)on,

First of all, the solutions of the governing differential equations are found by determining the

roots of the characteristic polynomial of Eq. (2.126), given by:

2 —N, £ A% — 40N A, (2.131)
2 =

- 2A1

In the literature, two transition frequencies QX and Q% have been introduced. r_ and 7, being
both positive, equal to (mm/a), for £ equal to 0, the transition frequencies are defined such as,
for (L greater than Q% and Q%, 7 and . are imaginary number, respectively. Ot and Q¢ depend
on the model, the boundary conditions, the geometric parameters such as the thickness ratio and
for each model, these transition can occur only once. It has been shown in the literature [108]
that whatever the frequency, for the truncated Uflyand-Mindlin plate model, . is always real.
The case of () greater than QY and QY is often ignored in the literature. Hashemi and Arsanjani
[162] for instance calculated only the first frequencies, for which the transition frequencies are
not reached.

Thus, different cases have to be considered following the value of the frequency ().

If Q < QF < QY thenr_ and ;. are both real. The solution of the differential equation is
given by
W,,(n) = C, coshr,n + C, sinhr,n + C3coshr_n + C, sinhr_n (2.132)
If QX < Q< Qf then r_ is not real anymore and coshr_n and sinhr_n are replaced

by cos7_n and sin7_7n, respectively.
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where 7 and 7, are defined as follows

2 _ Ay + A5 — 40103 a2 Ay — A5 — 401 A5 (2.133)
- 2/, T 2/,

If QX < Q; Q% < Qthen,r_ and r, are both complex numbers. Thus, cosh7_n, sinhr_n, coshr,n
and sinhr, 7 are replaced by cos .7, sinf_7n, cos .1 and sin_7, respectively.

Thus, before calculating the natural frequencies of a plate, it is important to consider all the
possible expression of the displacements. These expressions depend on the natural frequencies,
function of y, the thickness ratio h, the mode shape number m, the shear coefficient k and the
Poisson’s ratio v.

The roots of the characteristic equation Eq. (2.127) are:

,A
w =+ A_s (2.134)
4

Thus, ¢,, is expressed as follows [108,226]:
©m (M) = Cssinhu,n + Cgcoshu,n (2.135)
Each edge of the plate can be clamped, simply supported or free. The boundary conditions are

given, for each of these cases, by

Clamped:
w=0;9,=0;¢,=0 (2.136)
Simply supported:
W=O;%+V%:O;¢x=0 (2.137)
Free:
KGh<¢y+g—W)—y2p1—h;wzg—W 0;% ;px—o,;(l—v)0<%+%>—o (2.138)
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2.2.2.2.1. Two opposite edges simply supported and two other

edges both clamped or free

In these problems, the plate has two plans of symmetry with respect to the central axis.
Thus, in this case, the & axis is arbitrarily located at the center of the plate. This observation will
help to considerably reduce the complexity and the calculation time in the determination of the

natural frequencies.

First of all, the natural frequencies are obtained for a thin plate as the solutions of the following

characteristic equations [108,158,229], for mm < Q.

® SCSC plate
~ Q 0 ~ Q,  Q
20,0, [1 — cosh—lcos—z] + (02 - 03) sinh—sin—2 =0 (2139
X X X X
¢ SFSF plate
2 214 _ 2 2147 o L ﬁZ
{Ql [k — (1 —v)(mm)=]* — Q5[k + (1 —v)(mm)“] }smh;sm;
~ 2.140)
TS o, ) ¢
+20,0Q, [(9192)2 —v(1l- v)(mn)4] (1 — cosh;lcos f)

=0

where

1 1 o
= Em: Q, = E‘mi a, = E\/m (2.141)

If @ < mm then Q,, cos(Q,/x) and sin(Q,/x) are replaced by Q,, cosh(Q,/x) and sinh(Q,/x),
respectively.

For a thick plate, as explained before, there are two plans of symmetry. Thus, it is assumed that
the displacement functions are either symmetric or antisymmetric with respect to the central axis.

Thus, the two cases have to distinguished.
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Symmetric modes

Restricting to this family of modes, the antisymmetric terms (in sine and hyperbolic sine) are
deleted in the expression of the displacements. In other words, C,, C, and Cs are taken equal to
zero.Theedges & = —1/2and & = 1/2 are simply supported. The two other edges, atn = —1/2
and 1 = 1/2 are clamped or free. Because the deflection It is worth noticing that W, being
symmetric, d?W/dn? is antisymmetric and it is deduced that the rotation Y, is also
antisymmetric and so, from Eq. (2.130), ¢,, is antisymmetric too. Thus, the displacement are

expressed as follows:

eForQ <0t <Qf
W,,,(n) = C; coshr,n + C5 coshr_n

, (2.142)
Pm(y) = Cs sinhu,n

If Q. < Qthen coshr_nisreplaced by cos 7 7. If Qis greater than both Qt and QY then cosh 7.7
and coshr,n are replaced by cos 7.1 and cos 7_1, respectively.
Substituting the expressions of the displacements into the boundary equations, it leads to a

system of three equations with three unknowns, written under the matrix form:

Zs(Cy)i=135=0 (2.143)
Where Z is a matrix 3 X 3. In order to have a non trivial solution, the determinant of Zg must
vanish and it provides the natural frequencies of the plate.

It is found that the antisymmetric modes are obtained for odd values of n.

Antisymmetric modes

Analogically to the symmetric modes, in this case, €y, C3 and Cg vanish. The displacement is

expressed as:

e <O <O thenr?2 >0;12 > 0.
W,,(n) = C, sinhr,n + C, sinhr_
m\7 2 +N 4 n (2.144)
Pm(y) = Cs coshu,n

If QY < Qthensinh7_7nis replaced by sin7_7. If Q is greater than both Q! and Q¢, then sinh7_7n
and sinh .7 are replaced by sin#_7n and sin #_1n, respectively. Applying the boundary conditions,

one obtains a system of three equations with three unknown, put under the matrix form:
56

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



Zps(€)i=246 =0 (2.145)

Where Z,5 is a matrix 3 X 3. In order to have a non trivial solution, the determinant of Z,¢ must
vanishes leading to the natural frequencies of the plate.

It is found that the antisymmetric modes are obtained for even values of n.

Thus, the natural frequencies of the plate problem are the value of () for which for which two
matrices 3 X 3 (namely 18 coefficients) vanish. For other sets of boundary conditions, as it will be
seen hereinafter, the natural frequencies are calculating by vanishing the determinant of a matrix
6 X 6 (namely 36 coefficients). Thus, the distinction of the symmetric and antisymmetric modes,
as [159] and Gorman [160,172] did reduces the calculation time and is a very efficient way to

simplify the problem.

For a SCSC plate:

( Cry Cr_ 0
2 2 ~
xB \
ZS — H1+CT'7+ Hl_C% —%u+Cuz_+
fmm
H1+T+ST'_+ Hl_r_ST__ - Su_+
2 2 X 2
(2.146)
( Sty Sr_ 0
2 2 ~
Bx \
ZAS — H1+ST'7+ Hl_S% —Eu+5uz_+
fmm
H1+T+CT+ Hl_T_CT_ - Cu_+
2 2 X 2
where,
'32)(4}14 2 EZ _ ,8
H — 2 2 _(1_ 02R4 4 ) 2
1(0) =—~ [x*x + (mm)?] 1 Y2 X Taan) TE
474
X h
— .02
Bh*x*
Hy(x) = X(K —ntrl— 7 0* — H;(x) (2.147)

H3(x) = [x?*x + v(mm)?]
Hiy = Hy(=1{); Hix = Hi(7{); Hi- = Hi(=r2); Hiz = Hi(7?) (i =12,3)
. Lh?

C, = coshx;S, = sinhx;C, = cos¥;S, =sin¥;f = (1_V)ﬁ
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For a SFSF plate:

2

H3 HyyCry H3_H;_Cr_ B(1 —v)ymmu, Cu,
2 2
Hy, 1, Sr, H,_r_Sr_ mnﬁSu+
Zs = 2 2 ~
\mn)(H1+r+Sr_+ mmayH;_r_Sr_ — g [x%u? + (mm)?]s _+/
2 2 2 (2.148)

H3 Hy Sty Hs_H;_Sr_ B(1 —v)ymmu, Su,
2 2 2

H,, 1. Cry H,_r_Cr_ mnfCu,

Zys = 2 2 2

mn)(H1+r+Cr7+ mn)(Hl_r_C%_ —g(l —v)[x%u? + (mn)z]CuTJr

In both cases, if Q¢ < Qthen —12, Cr—; r_Sr—; Sr— and r_Cr- are replaced by #2, Cr—, =" Sr_, Sr_
2 2 2 2 2

2 2

and 7 Cr—, respectively. If If Q is greater than both Qf and QY then 12 < 0;72 < 0, =12, Crs;
2

2

7_Sry; Sri and 1,.Crs are replaced by #2, Cry, —7,Sr+, Sr+ and 7, Cr+, respectively
2 2 2 2 2 2 2

2.2.2.2.2. Two other opposite edges with differing boundary conditions

For a plate having two opposite edges that are simply supported and the two other that are
different (SSSF, SSSC and SCSF), the origin of the coordinate system is taken at a corner of the
plate. Thus, the edges £ = 0 and & = 1 are simply supported. The boundary conditions, three at
each edge, are applied at n = 0 and 1 = 1. Thus, it results in a system of six equations, written

under the matrix form as follows:

Z(Ci=123456 =0 (2.149)
with Z is a matrix 6 X 6. In order to have a non trivial solution, the determinant of Z must

vanishes, leading to an exact equation. The roots of this equation are the natural frequencies.

The coefficients of the matrix Z have been given in the literature for different sets of boundary
conditions for thin plates [158] and thick plates [108].
For a thin plate [158], for mm < (), the characteristic equations for the three different sets of

boundary conditions are
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* SSSF

~ Q 0
Q[0+ (1 —v)(mmr)?)? sinh71c0572
~ (2.150)
Q Q
— [k = (1 = v)(mm)?)? cosh—sin—= = 0
X X
e SSSC
Q . Q, Q Q
Q, cosh— sin— — {1, sinh— cos — = 0 (2.151)
X X X X
e SCSF
0 2 2 4 2 2 2 47 .: Ql . ﬁz
Q0,0 — (1 —v)*(mn)*] + (mm)“[(1 — 2v)Q* — (1 — v)*(mm)*] sinh—sin—
X X (2.152)

~ 5 . Q Q
+Q,0,[Q° + (1 —v)*(mm)*] cosh—cos— =0
X X
For each of these models, for Q < mm, 1, sin(ﬁz/)() and cos(ﬁz/)() are replaced by Q,,
sin(Q,/x) and cos(Q,/x), respectively Leissa [159].

For a SSSF plate,
e For Q smaller than both Qt and Q¢.

Zyp = H3yHyp; Zs = Hy_Hy_; Z1 = xB(1 —vImmu; Zp1 = Hpyys Zo3
= H,_1_;Z,5 = fmm;
Zyy = =2xymmur Hyy; Z3y = —2xymur_H,_; Zs5 = B[x*uf + (nn)?]; Zyy = Srys Zaz
=Cp,;
Z43 = Sy 3244 = G5 Zsy = H3 H11. Sy 5 Zsy = H3 H14Cy 5 Zs3 = H3 _Hy_ Sy Zs4
— H, H,_C, (2.153)
Zss = (1 - V)YmMuu, Sy, ; Zse = B - v)xmnu,Cy,;Ze1 = Hi14Sy,; Ze2
= H14Cr;
Zo3 = H1_Sy ;264 = H1_Cy_; Zgs = _%Sm_;z% = %Cu

o

Zyy =Zy3 = Zy5 = Lyy = Zpg = ZLpg = L3y = L3q = L3e = Lys = L4 = 0
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* 0 < Qthen the coefficients Zy4, Z33, Z33, Z43, Zaa, Zs3, Zsa, Zgz and Zg, are replaced by
Zya=Hs Hy_;Zy3 = Hy 7 ;Z33 = —2mmyH,_7; Zy3 = §r_iZ44 = (jr_ (2.154)

Zs3 = H3—H1—§r_;254 = H3—H1—Cr_ize3 = H1—-§r_iz~64 = 1—Cr

* For Q) greater than both Q% and Qf, the matrix Z is given by the coefficients Z;; with Zy4, Z,3,
Z33, Z43, Z4a, Zs3, Zsa, Ze3 and Zg, given in the previous equations and the other coefficient

given by

Z16 = Z16; Zps = Zas; Z35 = Z35; Zss = Zss; Zse = Zse; Zes = Zesi Lo = Zos
Zyp = Hy Hyys Zoy = Hyp i Ty Z3y = —2mmyHy 75 24y = §r+
Zyp = Cr 375y = Hy Hi, Sy 5 75y = H3 Hiy G5 Zgy = T H1 S5 Zeo (2.155)
= 7;+I"71+C~r+i

Zyy =213 =215 = Zpy = Ly = Zpg = L3y = L34 = Z36 = Lys = Zye =0

For a SSSC plate
* For  smaller than both Ot and Q%

Zig =214 = 1216 =211 =213 = 215 = Zp1 = Zp3 = Ly5 = L3y = Z34 = Z34

=Z4s =Z4s =0
Zyp = H3 Hyy; Zos = Hy_Hy_;Zp6 = B(1 —v)ymmuy; Zs; = Hyy; Z3a = Hi_; Z36
_ Emn
X
Zy1 =Sy 3242 = Cr 5243 = Sy 3 Zas = G5 251 = H14 Sy 5 252 = Hi4 Cr 5 Zs3
(2.156)
= Hl—Sr_
Bx Bx
Zsy =Hy Gy ;Zs5 = _Eu+5u+;256 = _%u+cu+FZ61 =H1,1,.Cr 5 Zsp
= Hy474 Sy,

_mm _mm
Zez =Hy 1.Cp 26y = H 7Sy ;Z¢5 = —57cu+2266 = —575u+

60

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



e 08 < Q < Q then the coefficients Zy4, Z34, Z43, Z4a, Zs3, Zsa, Zgz and Zg, are replaced by

(2.157)

* For Q) greater than both Q% and Qf, the matrix Z is given by the coefficients Z;; with Zy4, Z34,

Z43, Z4a, Zs3, Zsa, Ze3 and Zg, given in the previous equations and the other coefficient given

by

Zzs = ZzsiZ36 = Z36;Z~55 = Zssizse = ZS6;Z~65 = Zesizee = Zeo
Zyy = H3 Hyys Z3p = Hiys
Zy = §r+;Z42 = €r+;251 = ﬁ1+'§r+;252 = ﬁ1+Cr+JZ61 = H1+f+ér+;z62
_ _ (2.158)
= —H 745y
Zipg =214 =121 =211 =Z13 =215 =2y = 23 = 25 = 233 = 234 = 236
=Z4s =Z46=0
For a SCSF plate, the edges n =0 and n =1 are taken free and clamped, respectively. The

coefficients of the matrix Z are
* For Q) smaller than both Q% and Q%

Zyp = HyyHy; Zys = Hy_Hy_; Z1 = xB(1 —vImmuy; Zp1 = Hayys Zo3
= H,_1_;Z,5 = muf;

Z31 = —2)ymmH, 1y; 233 = —2ymuH,_1_; Z3s = Bx%u + (mn)?]; Zs,
=522 = Gy

+

Zys =Sy ;244 = Cy_;Zsy = H14Sy,; Zsy = Hy 4 Cr s Zs3 = Hy Sy ; Zgq = Hy_C,;  (2:159)

+

Bx Bx

Zss = _Eu+5u+;256 = _%u+cu Zer = H1411 .G 5 Zgp = Hiy1i Sy

+’ +

_mm _mm
Zez =Hy 1 Cp ;Zey = Hy 175, ;Zgs5 = —376u+i266 = —:37511

+

Zi1=213=Z15=2yp =24 = Zyo =23y = L34 =236 =Zss =246 =0
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e For QL < Q the coefficients Z14, Zo3, Z33, Za3, Zaa, Zs3, Zsa, Zg3 and Zg, are replaced by

Zi4 = H3—H1—}Zz3 = Hz—f”—iZ33 = —2mn)(ﬁ1_f_;Z43 = S~r_;Z4-4- = (jr_ (2.160)

Zs3=H, S, ;Zs4 = H_Cr ;Zg3 = H,_7-C ; Zgy = —H,_7_S$,

e For Q) greater than both Q% and Qf, the matrix Z is given by the coefficients Z;; with Z,4, Z3,,
Z 43, Zaa, Zs3, Zsa, Ze3 and Zg, given in the previous equations and the other coefficient given
by

Zl6 = Z16;ZZS = ZzsiZ35 = Z35i255 = Zssizse = Zssizss = Zesizse = Zeo
Zyp = Hy iy Zy1 = Hyy Ty 23y = —2mmyHy 7524 = §r+iZ42 = €r+; (2.161)
Zsy = H1+§r+;ZSZ = ﬁ1+fr+;Z61 = H1+7:+C~r+izsz = _H1+f+§r+

Ziw =213 =215 =Zyy =Ly = Zpe = L3y = L3y = L3z = Zas = Zye =0

2.2.2.2.3. Discussion

The five first non-dimensional natural frequencies ( for plates having two edges that are
simply supported are calculated in Tables 9-11 for the six different sets of boundary conditions
for a Poisson’s ratio taken equal to 0.3. Two aspect ratios are considered, equal to unity and two,
respectively. In order to study the effect of rotary inertia and shear effects that increase with the
thickness ratio of the plate, the frequencies are obtained for three different thickness ratios are
considered: h = 0.01 (thin plate),h = 0.1 and h = 0.2. The results have been validated by
comparing with those obtained found in the literature (Leissa [159] for the Kirchhoff-Love thin
plate theory, Wang and Wang [229] and Hashemi and Arsanjani [162] for the original Uflyand-
Mindlin thick plate model).

The shear correction factor has been taken equal to 0.8667 in order to perform the
comparison. However, different values could be considered [108]: 7'[2/12 [103,104], 0.822, 0.88
[236,237]. In the present thesis, the shear coefficient has been determined as a function of the
Poisson’s ratio through an asymptotic analysis. The comparison of the natural frequencies for
different coefficients shows that the results are extremely similar when it is selected among one

of the previously cited values.
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In this thesis, all the results are calculated from the closed-form solution for a plate with
all edges simply supported and from an exact solution for a plate having two opposite edges that
are simply supported. Thus, their accuracy is maximal.

First of all, it is seen in the different tables that whatever the boundary conditions, the
thickness ratio or the aspect ratio, the non-dimensional fundamental frequency of a square plate
is nearly the same between the different Uflyand-Mindlin plate models. Thus, Fig. 11 depicts the
fundamental frequency for a square plate with a thickness ratio of 0.1 and Figs. 12 and 13 show

the non-dimensional fundamental frequency for a SCSC plate and various couples (ﬁ,){).
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Fig. 11. Nondimensional fundamental frequency determined through the three Uflyand-Mindlin
plate models (original, truncated and based on slope inertia) for different boundary conditions,

withh =0.1, y = 1
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Fig. 12. Nondimensional fundamental frequency obtained through the KL model and the three
Uflyand-Mindlin plate models (original, truncated and based on slope inertia) and considering

different thickness ratios for a square SCSC plate
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Fig. 13. Nondimensional fundamental frequency obtained through the KL model and the three
Uflyand-Mindlin plate models (original, truncated and based on slope inertia) and considering

different aspect ratios for a SCSC plate with a thickness ratio equal to 0.1

For higher order of natural frequencies, it is seen that the Uflyand-Mindlin plate model based on
slope inertia leads to smaller natural frequencies compared to the ones determined through the
truncated model. This has already been observed and explained a plate, simply supported at all

edges, by comparing the closed form expression of the frequencies (see Eq. (2.122) ).
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Moreover, it appears interesting to compare the influence of the thickness ratio,
associated to the rotary inertia and the shear effects, on the natural frequencies calculated in the
different Uflyand-Mindlin plate models. In this purpose, for each boundary condition, the aspect
ratio is taken constant and the non-dimensional natural frequencies are determined for a
thickness ratio h equal to 0.01, 01 and 0.2. For a thickness ratio equal to 0.01, the plate is thin,
the rotary inertia and the shear effects are not important: the results of the Uflyand-Mindlin plate
models are close to those of the Kirhhoff-Love plate model obtained by Leissa [158]. When the
thickness ratio increases, the rotary inertia and the shear effect become important and cannot be
ignored. A difference occurs between the Kirchhoff-Love plate model and the thick plate model.
This difference increase with the order of the frequency and the thickness ratio.

Now, to compare the influence of the boundary conditions on the natural frequencies of
the plate, the thickness and aspect ratios are arbitrarily taken equal to 0.2 and 1 (thick square
plate). It is seen in Tables 9-11 that the difference between the different models, whatever the
considered boundary conditions increases with the mode number and the natural frequency
strongly depends on the boundary conditions. Thus, Qsrsr < Qsssr < Qsesr < Qssss < Lgsse <
Qscsc, as shown in Fig. 11. Indeed, an edge that is clamped has more constraints than a simply
supported edge, itself being having more constraints than a free edge. A decrease of the
constraints results in a decrease of the rigidity of the plate. The natural frequency depends on the
flexibility of the plate. Consequently, the choice of the boundary conditions is extremely
important and has a huge impact on the mechanical behavior in vibration of the plate.

Furthermore, a comparison of the natural frequencies calculated for an aspect ratio equal
to unity and two, for a constant thickness ratio, show that, whatever the boundary conditions,
the frequencies decrease with the aspect ratio.

Thus, three different versions of the Uflyand-Mindlin plate models (original, truncated
and based on slope inertia) have been derived. The well-known original model is derivable from
the equilibrium equations and variationally. Scientists suggested that it overcorrects the shear
effect and the truncated model has been developed. This truncated theory is derived through the
use of equilibrium equations. It is shown that it is asymptotically consistent at the second order.
The variational derivation of this truncated results in a Uflyand-Mindlin plate model based on
slope inertia, only derived variationnally and is not asymptotically consistent, whatever the

considered order.
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For each of these models, the first five natural frequencies have been calculated for a plate having
two opposite edges that are simply supported. For the fundamental natural frequencies, the three
models match. However, for higher order of frequencies, a difference occurs. This difference
increases with the aspect ratio, the ratio of frequency and strongly depends on the boundary
conditions. Thus, when the flexural rigidity of the plate increases, the natural frequencies

decrease whereas the difference between the models increases.

h =10.01 h=0.1 h=02

OUM | TUM | SUM | OUM | TUM | SUM | OUM | TUM | SUM

99.96 | 99.96 | 99.96 | 96.68 | 96.65 | 96.61 | 88.68 | 88.30 | 87.81

99.91 | 99.91 | 99.91 | 92.37 | 92.19 | 91.97 | 77.78 | 76.54 | 74.62

99.85 | 99.86 | 99.86 | 88.68 | 88.29 | 87.81 | 70.40 | 68.50 | 65.11

99.82 | 99.82 | 99.82 | 84.47 | 85.96 | 85.26 | 66.59 | 64.37 | 60.08

99.77 | 99.77 | 99.77 | 83.53 | 82.78 | 81.73 | 61.94 | 59.36 | 46.22

99.91 | 99.91 | 99.91 | 92.37 | 92.19 | 91.97 | 77.78 | 76.54 | 74.62

nw u u ou

99.85 | 99.86 | 99.86 | 88.68 | 88.30 | 87.81 | 70.40 | 68.50 | 65.10
2 | 99.77 | 99.77 | 99.77 | 83.53 | 82.78 | 81.73 | 61.94 | 59.37 | 53.91
99.70 | 99.70 | 99.70 | 80.08 | 79.04 | 77.49 | 57.10 | 54.21 | 47.49

99.65 | 99.65 | 99.65 | 77.97 | 76.54 | 74.62 | 54.16 | 51.12 | 43.62

119993 |99.93 |99.93 | 92.36 | 92.28 | 92.17 | 77.73 | 77.14 | 76.59

99.87 | 99.87 | 99.87 | 89.98 | 89.76 | 89.53 | 73.32 | 71.99 | 70.16

99.83 | 99.83 | 99.83 | 85.79 | 85.52 | 85.20 | 65.00 | 63.42 | 61.77

O u 0O uw
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99.77 | 99.77 | 99.77 | 83.72 | 83.25 | 82.72 | 62.51 | 60.39 | 57.52

99.80 | 99.80 | 99.80 | 85.32 | 84.77 | 84.06 | 64.93 | 62.67 | 58.54

21 99.68 | 99.63 | 99.60 | 78.90 | 78.48 | 78.06 | 54.71 | 52.70 | 51.47

99.62 | 99.62 | 99.62 | 77.75 | 77.16 | 76.61 | 54.37 | 52.05 | 49.77

99.57 | 99.57 | 99.57 | 76.21 | 75.32 | 74.29 | 53.06 | 50.16 | 45.97

99.50 | 99.50 | 99.46 | 73.32 | 71.99 | 70.16 | 46.92 | 42.88 | 38.94

99.30 | 99.30 | 99.30 | 65.62 | 64.17 | 62.82 | 42.72 | 39.82 | 34.35

Table 9. First natural frequencies of a SSSS and a SCSC plate considering the KL, OUM,
TUM and SUM theories for different aspect and thickness ratios (k = 0.86667; v = 0.3)

h =0.01 h=0.1 h=02

OUM | TUM | SUM | OUM | TUM | SUM | OUM | TUM | SUM

99.94 | 99.90 | 99.91 | 98.03 | 98.10 | 98.01 | 93.41 | 93.58 | 93.16
99.76 | 99.69 | 99.68 | 95.39 | 95.89 | 95.35 | 87.56 | 88.98 | 87.00
1| 99.68 | 99.70 | 99.68 | 92.33 | 93.47 | 92.11 | 79.65 | 82.52 | 77.65
99.89 | 99.89 | 99.89 | 93.53 | 93.57 | 93.26 | 80.72 | 80.21 | 78.40

99.78 | 99.78 | 99.77 | 91.76 | 92.12 | 91.40 | 77.37 | 77.62 | 74.54

S 99.54 | 99.54 | 99.54 | 97.77 | 97.90 | 97.81 | 93.36 | 93.73 | 93.23
99.33 | 99.35 | 99.33 | 90.66 | 92.40 | 90.60 | 77.45 | 82.60 | 76.43
5 | 99.84 | 99.85 | 99.85 | 93.43 | 93.58 | 93.17 | 80.71 | 80.47 | 78.44
99.47 | 99.49 | 99.47 | 87.59 | 89.01 | 87.02 | 70.25 | 73.21 | 66.53

99.78 | 99.78 | 99.78 | 87.32 | 87.26 | 86.31 | 68.31 | 67.01 | 62.57
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1]99.73199.73 |99.73 | 97.18 | 97.32 | 97.14 | 91.55 | 92.02 | 91.16

99.79 | 99.80 | 99.79 | 94.35 | 94.79 | 94.22 | 83.70 | 84.73 | 82.31

99.85 | 99.85 | 99.85 | 93.08 | 93.15 | 92.81 | 79.79 | 79.37 | 77.30

99.78 | 99.79 | 99.78 | 90.38 | 90.56 | 89.84 | 74.25 | 73.85 | 72.98

99.78 | 99.79 | 99.78 | 90.14 | 90.77 | 89.55 | 73.68 | 74.58 | 74.16

v u u

2| 99.70 | 98.98 | 98.98 | 95.41 | 95.51 | 95.02 | 87.56 | 88.82 | 86.99

99.78 | 99.75 | 99.75 | 91.60 | 92.10 | 91.34 | 77.37 | 77.58 | 74.50

99.68 | 99.68 | 99.65 | 88.13 | 89.71 | 87.35 | 70.12 | 73.70 | 65.31

99.67 | 99.72 | 99.71 | 86.09 | 86.17 | 84.96 | 66.39 | 65.36 | 60.23

99.50 | 99.54 | 99.51 | 83.74 | 84.76 | 82.35 | 63.02 | 64.90 | 55.34

Table 10. First natural frequencies of a SFSF and a SSSF plate considering the KL, OUM,
TUM and SUM theories for different aspect and thickness ratios (k = 0.86667;v = 0.3)

h=0.01 h=0.1 h=0.2

OUM | TUM | SUM | OUM | TUM | SUM | OUM | TUM | SUM

99.97 | 99.97 | 99.97 | 94.81 | 94.76 | 94.71 | 83.70 | 83.24 | 82.71
99.89 | 99.89 | 99.89 | 91.39 | 91.19 | 90.96 | 75.87 | 74.58 | 72.69
1| 99.86 | 99.86 | 99.86 | 89.22 | 88.98 | 88.71 | 71.24 | 69.82 | 66.31

99.82 | 99.82 | 99.82 | 86.38 | 85.95 | 85.44 | 66.57 | 64.56 | 61.41

O uvu u Ou

99.81 | 99.82 | 99.82 | 85.99 | 85.45 | 84.74 | 65.87 | 63.61 | 59.39

99.75 | 99.75 | 99.75 | 85.74 | 85.48 | 85.13 | 64.95 | 63.40 | 61.77

99.78 | 99.78 | 99.78 | 83.70 | 83.24 | 82.71 | 62.52 | 60.40 | 57.57
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99.69 | 99.70 | 99.69 | 80.37 | 79.54 | 78.49 | 57.90 | 55.13 | 50.26

99.59 | 99.60 | 99.59 | 73.14 | 71.98 | 70.37 | 48.27 | 44.82 | 40.03

99.51 | 99.51 | 99.51 | 75.28 | 73.98 | 72.10 | 51.70 | 48.49 | 41.59

1|99.87 | 99.87 | 99.88 | 96.45 | 96.64 | 96.41 | 89.64 | 90.18 | 89.23

99.78 | 99.79 | 99.79 | 92.14 | 92.69 | 91.95 | 78.29 | 79.30 | 76.77

99.86 | 99.87 | 99.87 | 92.82 | 92.91 | 92.51 | 79.26 | 78.85 | 76.77

99.75 | 99.75 | 99.75 | 88.82 | 89.04 | 88.25 | 71.48 | 71.08 | 67.73

99.75 | 99.75 | 99.75 | 86.95 | 87.55 | 86.26 | 67.53 | 68.03 | 63.56

»w O u

2199.68 | 99.68 | 99.72 | 92.79 | 93.43 | 92.72 | 81.03 | 82.56 | 80.10

99.70 | 99.70 | 99.78 | 89.75 | 90.24 | 89.38 | 73.97 | 74.29 | 71.14

99.66 | 99.67 | 99.68 | 82.02 | 83.50 | 81.01 | 58.59 | 61.10 | 58.96

99.61 | 99.61 | 99.64 | 84.25 | 84.37 | 83.09 | 64.44 | 63.38 | 65.27

99.40 | 99.41 | 99.41 | 78.32 | 79.30 | 76.80 | 55.26 | 56.47 | 59.51

Table 11. First natural frequencies of a SSSC and SCSF plate considering the KL, OUM, TUM

and SUM theories for different aspect and thickness ratios (k = 0.86667; v = 0.3)
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3. NONLOCAL PHENOMENOLOGICAL MODELS: ASYMPTOTIC
AND ENGINEERING APPROACHES

As explained in the first chapter constituting a review of the different results existing in the
literature, for nanomaterials such as carbon nanotubes or graphene nanoplates, different small
scale effects (for instance the interatomic interactions) have to be taken into account. Thus, the
classical local theories are not sufficient to describe the mechanical behavior of beams and plates
and there is a real need to develop nonlocal theories that do not ignore those effects. In this
chapter, two kinds of theories are presented.

The first approach is the asymptotic approach. The local asymptotic model for beams and
plates has been derived at the lowest and second order in the previous chapter. It has been shown
that the local Bernoulli-Euler beam model and the Kirchhoff-Love plate model and the truncated
Bresse-Timoshenko and Uflyand-Mindlin models are asymptotically consistent at the zeroth and
second order, respectively. Nevertheless, the asymptotic justification of these nonlocal beam
models is still missing. Thus, one of the objective of the present chapter is to extend the
asymptotic derivation of asymptotic beam and plate models by taking into account the nonlocal
effect [238,239]. For both beams and plates models, three different nonlocal asymptotic
approaches will be considered.

Furthermore, in the literature, the original and the truncated Bresse-Timoshenko and
Uflyand-Mindlin theories have been derived by taking into account the nonlocal effect. These
models are called fourth order phenomenological models. Indeed, they are derived from a
postulated nonlocal constitutive laws following the gradient formulation of the stress-strain
relationship given by Eringen and they lead to a governing differential equation containing only
fourth order derivative terms in time or following x or y. Thus, in this chapter, the different
Bresse-Timoshenko and Uflyand-Mindlin models (original, truncated and based on slope inertia)
are derived. For thin beams and plates, it is also proposed an alternative sixth order

phenomenological model.
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The natural frequencies will be determined for simply supported carbon nanotubes and
nanoplates, using the different values of parameters given in the literature and the different

approaches will be compared.

3.1. Different beam models

3.1.1. Asymptotic derivation of nonlocal beam models

Three different nonlocal asymptotic models, different in the postulated stress-displacement
partial differential equations are considered. Indeed, for a beam, the nonlocality in the relation
can be along the horizontal, the vertical or both directions. These three cases have to be studied

and none of them should be ignored.

3.1.1.1. Asymptotic model with a partial nonlocality along the horizontal

direction

Consider the same beam as in the previous chapter, with a width b, thickness h and a length L. It
is assumed that the nonlocal characteristic length 1 is such asn < h < L.

The nonlocal stress-displacement partial differential equations are:
L2 02 _E (c’)u N av) .
T ox2)0x = (1 —-v2)\ox Vay ’
12 K _E (av N au)_ (3.1)
T oxz )% = (1—v2) oy Vox)’ '

12 02 _E (au+av)
T 9x2 Txy_2(1+v) dy 0x
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So, multiplying the local governing equations of motion in dynamics (see Eq. (2.17) by

(1 —n?02/0x?%) and combining them with Eq. (3.1):

2 262u_|_1+1/ 262v+ ,0%u 62u+ , 0%u _ 0 (3.2)
1—n ax2  1—v" axay ' © ayz " aez " T ox2ae2 '
1+v , 0%u 0%v 2 2%v  0%*v 0*v (3.3)

c? +c2—+ 2———=+n? =0
1—v 0dxdy ox? (1—-v) ady? ot dx20t?
where c2 = p/G.
Compared to the local equations Eq. (2.18) and (2.19), additional nonlocal terms appear.
Combining Egs. (2.21), (3.2) and (3.3) for k, positive integer
2 22 0%uUypq 14V 22 0V s B 0%Uyp_q n? 0*uUpp_q
1-v)  9x2 " 1-v oOx 2kl g2 dx20t2 (3.4)
=0
1+v ,0upes 070y N 2, 0%vy  , 0%y 0 (3.5)
c c cv — = .
1-—v¢  ox ox2 (- V2T gz T 5o
In this case, it leads to, setting the dimensionless variable 7 = n/L,
Uipkr = AR lok—1 + Bf Uok (3.6)
Uyk+1) = Chi T2k + FL Uzkar (3.7)
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where the nonlocal operators A%, and €5, are defined as follows:

0% _ 0% 2 02 (3.8)
d0t2

b _|R2____ _ K252 —
"qNL‘[h e CE Vr

ch =+ ;V<Eza—_2—a—2—ﬁz-2 r_ )

The local operators B? and F? are given in the previous chapter.

As for the local problem, the boundary condition are given by Eq. (2.26). Thus, at the fourth order,
it yields Eqgs. (2.30) and (2.31). Substituting the different equations, a system of two equations is
obtained, written under the matrix form such as in Eq. (2.35). For a sake a simplicity, in this
chapter, the coefficients M4, M5, M54 and M,, are not given. Vanishing the determinant of the

matrix it gives in displacement at the two first orders:

Zeroth order

{2 0° 62170+2(1+ )64170_0 (3.9)
T a%z) a2 "3V TV gxd T
Second order

2 9%\ 9*y, 2 0%7,] - (3.10)

i D(1-72— ) —2L v+~ (1 z

[3(” )< 7 afZ>afZat2+1s( V) Gxe |

0%\ 0%v, 2 0%,
1-1— = +=-(1 — =
+< 7 63?2> oz 131+ =0

Using the dimensional operators, it leads to:

73

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



Zeroth order

Ela4v+ al1- 02 azv_o (3.11)
axt P ey Froie
Second order
E164v+ a1 92\ 0%v EI?d% 1<1+ E) - 92\ 0*v _ 0 (3.12)
axi " P T 9x2) 9tz Argoxe G Ured Frer e

When the nonlocal effect is not taken into account, 1 is equal to zero, Egs. (3.11) and (3.12) are
reduced to Egs. (2.38) and (2.39). As it has been said in the previous chapter, it is found in this
case that the Bernoulli-Euler model is asymptotically consistent.

As for the local approach, in order to delete the sixth order space derivative term, it is suggested
to multiply Eq. (3.10) by [1 + (h?/5)(8%/0%2)| leading to, using the variables under the

dimensional form:
E164 wonfl1- 0%\ 0%*v L2 0° 1<1+ E) 0*v ) (3.13)
oxt P 5%z ) o T 9xz)P KG)ax2atz

3.1.1.2. Asymptotic model with a partial nonlocality along the vertical

direction

In this model, the partial nonlocality is not along the x direction but the vertical direction of the

beam. Thus, the stress-displacement relationships are:

L2 02 _E (8u+ av)_ (3.14)
K dy? Gx_(l—vz) 0x Vay ’ '
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L2 0?2 _E (av N 6u).
1 dy? Gy_(l—vz) dy Vox)’

L2 0% _E (au N av)
T oy2 )™ T 2@ +v)\oy * ox

So, multiplying the local equilibrium equation Eq. (2.17) by (1 — n? 8% /dy?) and combining them
with Eq. (3.14):

2 5 0%u N 1+v , 0%v Lo 0°u  9%u 2 o*u ) (3.15)
-0 ax2 " 1—v" axay ' 9yz “aez " T Gy2ac2 '
1+v , d%u ,0%v 2 ,0%v 0% 0%v (3.16)

J— 2 =
T gy T a2 T aon a2 a2 T ayzaez = °

Substituting the expressions of the displacements given by Eq. (2.23) into Egs. (3.15) and (3.16),
using the dimensionless variables defined in Eq. (2.29), Egs. (3.15) and (3.16) yield

HilUgp4r = Azlgr—1 + ByUgi (3.17)
HrVzk+1) = CoVa + Fallppsq (3.18)

where the operators H;, H,, are defined as follows:

_ 02 1—-v_, 0% 3.19
}fl=<1+h2ﬁ2ﬁ>;}f2=<l+ th_z—_> ( )
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Multiplying Egs. (2.30) and (2.31) by HZ2H; and HZHZ, respectively

g 90300 h . , OH, H,15
HEHZ (Fa02) + vHIHG =+ = [}[1}[2 (H1H704) + VI HE ———
(3.20)
OHZH 21
+120 H1H2v6+v}[2T
5 0oy 0Ty  h2 , 0H, 7, (3.21)
HEHZO + HEH =+ — [}[1}[2(}[17—[2u3) + HHE— ]

’_14
+_<}[1}[2u5 +}[1

OH \HFDs\ 0
24 B

0x

Substituting Egs. (3.17) and (3.18) into Egs. (3.20) and (3.21), it yields the system put under the
matrix form with new coefficients M;,, M1, M,1 and M,,. The determinant of the matrix is

vanishing:

Zeroth order

{2 02 62+2 - 64_0 (3.22)
Tvosz)ar T3t Vg =

Second order

(2+v) 0%, 02 0t 1 2° (3.23)
- - — -
3 oo C VTV | T omt s (Vg
(2v2—4v-5) , 9° ], 1 , 0%\ o* 1 ot
+ 3 T szt T2\ 1TV e T3tV =0
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By using the dimensional differential operators,:

Zeroth order

, 0% 97 a* (3.24)
pA 1—7’] Vﬁ W+E1W:0

Second order

£l a* coal1 , 02 92 I(1+E> 0%, N ,P%A L2 0%\ 0* (3.25)
axt P VI 9x2 Jaez P 7G)oxzacz " T \- T TV axz ) act
EI? 9° pEl  9°
J— +n2 =
Ak 0x© K, G 0x*0t?
with:
_ 1+v o 1 _
I A T ) K

As before, it is suggested to multiply the non-dimensional governing differential equation by

[1 + (h?/5)(0%/8x%)] and using the dimensional variables:

E164v+ ne , 02\ 0% 1<1+ E) 0*v N , PEl 0% (3.26)
axt P VI 5x2 ) ae2 xG)axzaez T %G ox*ot?
92\ . p?Ad*p,
1— 2 2 —
+< Vi ax2>" %G 968
with
10(v + 1) ) 1

1= 50— 2002+ 37v) 2 T 2(3—v)
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Thus, a new asymptotic model is developed.

3.1.1.3. Asymptotic model with a full nonlocality

The third approach includes both the contribution of the nonlocality in the direction of the beam

and the one of the nonlocality in the vertical direction:

(1 = n?V?), = E <6u +y av) _
1 %x = 1-v»)\ox oay/’
E dv du
1 — n2y2 — <_ _); 3.27
A =n"V5ay (1-v?) 6y+v6x 3.27)
E Jdu OJv
o (242
A=V Ty 2(1+v) 6y+6x
So, multiplying Egs. (2.17) by (1 — n?V?) and combining them with Eq. (3.27):
2 ,00u 1+4+v 0% ,0%u  0%*u ., 0d*u
c + c +c - +7n
(1-v) 0x2 1—-v 0xdy dy?  0t? d0x20t? (3.28)
+n? ou__ 0 |
T ayzac2 ~
1+v , 9%u 0%v 2 0%v 9%v 0*v (3.29)
c? + c? + c? — + n?
1—v  0Jxdy ox? (1—-v) aJy? ot? 0x20t?

, 0%v
1 ayzar =P

Finally, it yields the non-dimensional equations at different orders
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Zeroth order

2( N 1)64170 N 927, 200+ 1) v, (3.30)
3V T g Tz T TV T Vogagre T
Second order
o* 0* 2v-7D+v)_, a° (3.31)
(v+2) 26_2+2(v+2)77 6t4+ 3 Tk 74972
6 66 4
72
— —_— 1
+23 -v)Q +wv)7* Y 26t4 (1+v) =|h*+( + v)7? 37702
2 64
+ﬁ+§(1+v)ﬁ— 0
Or, under the dimensional form
Zeroth order
Ela“'v wonf1- 77 0%\ d*v _ (3.32)
ox* p K3 ax2) otz
Second order
E164v+ A1 n? 92 \o*v EI?09%v (1+ E) 0*v (3.33)
axd TP kg 0x2 ) 0t? Ak, 0x® p KG/ 0x?0t?
EI 0°¥, 240%p
+ 772 p X 02 nz ,D 4’0 —
K1G Ox*0t K,G Ot
with:
— 1 . — 1 . — 1
B T Y L R C R
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By multiplying Eq. (3.31) by [1 + (h?/5)(8?/0%?)], it leads to, using the variables under the

dimensional form:

E164v+ ne n? 0%\ 0%v I(1+ E) 0*v N , PEI 9%y (3.34)
axt " P ox2)arz P\ kg oxzacz T .G oxtoe?
240%0
+ n2p~_ 40 —
K,G Ot
with
. 10 _
=5

Eq. (3.34) differs from Eq. (3.24) following the expression of the parameter K;.
The asymptotic models have been derived starting from the gradient form of the stress-strain
relationship given by Eringen [123]. It would be also possible to perform an analogous derivation

by starting from the integral formulation of the asymptotic model.

3.1.2. Nonlocal engineering beam approaches

3.1.2.1. Bernoulli-Euler model: the fourth order phenomenological

approach

The first nonlocal Bernoulli-Euler model between the stress gradient theory of Eringen [123] has
been proposed by Peddieson et al. [240] and Sudak [241]. This is a phenomenological model,

based on a postulated moment curvature relation:

1—n? o* M= Elazw (3.35)
T axz|" T ox2 '
Moreover, the local equilibrium equation for thin beams is
0’M 0%v
— 4 pA—=0 (3.36)
axz PP
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Thus, it leads to the following governing differential equation, as given in the literature [242-248]

E164v+ a1 2 a? azv_o (3.37)
axt P T oxz) 9z T

This governing differential equation may be obtained variationally and from the principle of

virtual work. Variationnally, the strain energy U and the kinetic energy T are:

L1 [(3%v\°
I 3.38
U L2E1<6x2> dx (3.38)
T—le (6v)2+ (90 2 d (3.39)
— ), 2™ \ae) T \oxae) | '

It leads to the following boundary conditions [135]

g & 2 0V L—o (3.40)
EPEREACLPYEP ™ . ‘
EIaZUS(aU) " 0 (3.41)
0x2  \ox o N '

whereas from the principle of virtual work, the boundary conditions are given by Eq. (3.40) and

L

Ela% 26217 6(617) “o (3.42)
oxz 0 ez (% \ox . '

In dynamics, comparing Egs. (3.41) and (3.42), the dynamic contribution of the second boundary
condition differs between the two approaches (see also [249]). It means that the Eringen’s model

differs from the variationally-based nonlocal model.

Furthermore, when the nonlocal effect is not taken into account, i.e. n = 0, it has been shown
that the Bernoulli-Euler model is asymptotically consistent at the lowest order. When 7 is
different from zero, Egs. (3.11) and (3.37) match. The fourth order nonlocal Bernoulli-Euler model
developed in the literature is asymptotically obtained at the zeroth order following the gradient
asymptotic model with a partial nonlocality along the horizontal direction. However, it is seen that
the engineering model does not match with the two other asymptotic models, including a partial

nonlocality along the vertical direction and a full nonlocality, respectively. Indeed, they differ in
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the expression of the length scale. This length scale is i for the Bernoulli-Euler model and the
asymptotic model with a nonlocality along the horizontal direction, (1 + v)n and vn for the

second and third asymptotic models, respectively.

3.1.2.2.  Sixth order phenomenological thin beam model

In the literature [135], another phenomelogical model has been proposed with a postulated

constitutive law as follows:

2 2

dx?

(3.43)

d2
1- M =EI|1l
o =i g
Multiplying Eq. (3.36) by [1 — n?(d?/dx?)] and substituting Eq. (3.43). We obtain the governing
differential equation

d4
d4

d? d?
El [1 +n? T2 — Myw [1 n? T2 ] =0 (3.44)
This equation containing a sixth order space derivative term, it is called “sixth order
phenomenological model”, in contrast to the previously derived fourth order phenomenological
Bernoulli-Euler model that contains only fourth order space derivative terms.
Eq. (3.44) is also variationally obtained. It has been shown [135] that the only difference between
the two phenomenological models in the variational derivation is the nonlocal term in the bending
strain energy.

In this approach, the strain energy U is:

Lq 9%v a3v\*
— 2
U —J;) 2EI <6x2> -n (_6x3> ‘dx (3.45)

Thus, it leads to Eq. (3.44) with the natural and essential boundary conditions

d>w d3w , o, dw
—1{EIn? F+E1d 3 T mewn® —— Sw| =0 (3.46)
0
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L

El 2—d4w + —dzw ) (—dw> =0 (3.47)
n dx*  dx? dx o - '

EI 2d3w5 diw\|" =0 (3.48)
a3 °\axz . N ’

The sixth order space derivative phenomenological model introduces two additional boundary
conditions, one at each end, necessary to solve the sixth order governing differential equation.
This model will be ignored hereinafter. Indeed, in contrast to the fourth order phenomenological

model, this higher-order gradient elasticity functional is no more definite positive.

3.1.2.3. Nonlocal original Bresse-Timoshenko model

First of all, the constitutive laws are postulated as follows:

L ov L o
1_RsT7 ﬁ V:KGA(a_l,b); 1—7’] W M:Ela (349)

where R; is a control parameter. In the literature, opinions differ about its value, equal to zero or
unity [79]. Whereas authors [70,71,243,244,246,250] consider that the nonlocal effect is included
in the shearing part of the constitutive law and R, equal to unity, some others [72,251-254]
suggested that the scale effect does not affect the expression of the shear force and R equal to

zero. Hereinafter, both cases will be considered.

Manipulating the local equilibrium equation Eq. (2.5) and the nonlocal constitutive laws Egs.

(3.49), it yields the following governing differential equation in displacement

dx* kG 0x20t2 0x20t2

/(1 , 02\ 0% [0%v p1R262 6217_0
p M ox?)ac2|ox2 ~ xG ST 9x2 ) ae2 | =

0*v , 0° 0%v  pEl 0%*v 5 0*v
El—+|1—Ryn 922 pAat2 - +1°(Rs — D)pA ———

(3.50)
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The boundary conditions in the gradient model are [182]:
M&yp|5=0; Vévls=0 (3.51)

or, substituting Eqs. (3.49) into Eq. (3.51)

EI + Aa +1—— 0%y —0 (3.52)
m\AgE T 550 - '

L

[GA(av >+R 2hA 6317]6 0 (3.53)
KGA |- — 2P v| = :
0x 0x0t?2 o

This model is also derived variationnally by considering the strain and kinetic energy given by Egs

(2.9)-(2.11), respectively, and a nonlocal energy:

R.n? (L 92%v 2 2 (L 92
== f pA(Oth) d”%f ol (a lgx> dx (3:34)
0 0

This functional, has no physical meaning. Hereinafter, it will be called the “Eringen energy”.

Thus, the application of the Hamilton’s principle leads to the differential equations of motions:

0% 0%v oY 5 0*v
PAGE ~HGA\ 5T~ gy ) TR PAG a5z = 0 (3:55)
2 2
0% v %y
Ela— + kGA (c’)__ ) pl|1— n c’)xz Frole =0 (3.56)
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Combining these equations, it yields:
E164v+ L R 02 Aazv pEl 9*v
dx* s 9x2 )\ 5tz ~ «G ax2ar2
/(1 , 02\ 0% [0*v p ) RZOZ 6217_0
p T ox2) otz |ox? " kG s 9x2 ) a2 | =

It is seen that for R; = 0, Eq. (3.50) contains one more term compared to Eq. (3.57) and the two

(3.57)

approaches do not match. For R; = 1, the variational approach and the approach based on
equilibrium equations lead to the same governing differential equation.

Furthermore, from the variational principle, one obtains the boundary conditions:

L
oy, 0%
9 _ 3.58
E16x+nplax6t2 81,[)0 0 (3.58)
GA(av >+R 2,020 | 5 L—o (3.59)
KGA(Gx —¥) T RnpAF o0 ”O‘ '

In dynamics, the boundary conditions between the two different approaches do not match,

confirming the results of Challamel et al. [248] for nonlocal Euler-Bernoulli beam models.

3.1.2.4. Truncated Bresse-Timoshenko model

The truncated version of the nonlocal Bresse-Timoshenko model is derived by replacing Eq. (2.4)

by Eq. (2.14). Thus, it leads to:

E164v+ 1R , 0° Aazv pEl 0*v L r2(R. — 1)pA 0*v
ox s 5x2 | (P2 9e2 ~ kG axzaez| T T Vs T P G202

(3.60)
5 02 0%v
P\ L1757 ) gtz = ©

When the nonlocal effect is not taken into account, i.e. n equal to zero, the truncated Bresse-

Timoshenko model is asymptotically consistent at the second order. When the local effect is not
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ignored, for R; =1, Eq. (3.13), governing differential equation derived through the first
asymptotic model, matches with Eq. (3.60). Thus, the nonlocal truncated Bresse-Timoshenko
model for R; = 1 is asymptotically consistent at the second order approximation following the
nonlocal asymptotic model with a partial nonlocality along the horizontal direction. It is worth
noticing that for n different from zero, the second and third asymptotic models and the nonlocal

truncated Bresse-Timoshenko models do not coincide.

3.1.2.5. Bresse-Timoshenko based on slope inertia

As explained before, the nonlocal formulation of the original Bresse-Timoshenko model
introduces an Eringen energy TNL. For the model based on slope inertia, the local kinetic energy
is corrected because the shear effect was already taken into account in the bending strain energy.
Considering that there is no nonlocal equivalent to the bending strain energy, there is no need to
correct TNE. Consequently, in this section, the Eringen energy is expressed by Eq. (3.54).

By applying the Hamilton principle with the energies given by Egs. (2.10), (2.11) and (2.42),

respectively, it yields the differential equation of motion:

0*v 0%v Y 5 0*v 0*v
PAGE ~ A G ~ox ) TR PA G~ Playige =0 (361
9%y ov 4
Bl + KGA (a - 111) +n?pl pperTele 0 (3.62)

It yields the following governing differential equation in displacement, also valid for

Ela4v+ Aazv 1(1+E +R 2A> o
axt P T PN T e TS T) axar
EI E 0%v p?l 9%v
I Ron? z) _p2Pl (3.63)
TP (KGA+ 56 T ) axtor kG 0x20t*
2 8
2P I(I 2) d0°v
E_(>+Rr =0
APV Frer e

and the boundary conditions are obtained as follows:
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3
l/) = (3.64)

[EI—+17 I

L

[GA(GU ¢)+ 1 2V Rz LY ]5 0 (3.65)
KGA (== — 1)+ p 2P v| = :
d Jt20x Jx0t? o

3.1.3. Solution and parametric analysis

In order to compare the different models, it is proposed to calculate the natural frequencies for
simply supported carbon nanotubes.
First of all, the three versions of the nonlocal Bresse-Timoshenko model are written in the general

form as follows:

E164v+ 1-R 2 & A pEI 07\ 0% +68g(Rs — DN pAs—7— o
ax* 1 9x2 J\P" 7 kG 9x2 ) ac? TPA Gar

| 0?2 2%\ d%v I 2%v\ 0%v (3.66)
P - 9x2)0x2  KkGA +n p6t2 ax* '

02 p 92\ 9%v
— —nZ__ - —
(h 1 ax2>(V1+V2)KG<1 Ren® =3 >6t2

where 8, is a control parameter equal to unity when the equation are derived through the

equilibrium equation, and equal to zero otherwise.

Consider the nondimensional variables 9, = E/#,G and 9, = E/&,G. The tube being simply
supported at both ends, the solution is investigated by using the Navier expression given by Eq.
(2.48)

So, substituting Eqgs. (2.48) and (2.49) into Eq. (3.66), it yields the characteristic equation

AMQ*—A0%2+A;=0 (3.67)

where the coefficients A4, A, and A5 are given by
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Ay = 9%y, (1 + 72 (mm)?) (1 + Rs7? (mm)?)
+ ¥, 12 (mm)?[1 + Rsi7? (mm)? + r2(mm)?]|

Ay =1+ [r?9 + (Rs — 8,Rs + 6,)7* + 12| (mm)? (3.68)
+ [Rs7%9 + 172 + Y, 972 ]r? (mm)*

As = (mm)*

Moreover, for each asymptotic model, it is possible to express the coefficients A{, A, and A3. The
first asymptotic model, with a partial nonlocality along the horizontal direction, has been derived
in section 3.1.1.1. The second asymptotic model, with a partial nonlocality along the vertical
direction, has been derived in section 3.1.1.2. The third and last asymptotic model, with a full
nonlocality, has been derived in section 3.1.1.3. Thus, the first asymptotic model with a partial
nonlocality along the horizontal direction, is obtained for the couple (R, y1) = (1,0), resulting in

the following triplet (A4, Az, A3).
AL =0;A, =1+ 72(mm)? + [9 + 1]r2(mn)?[1 + 7% (mm)?]; Az = (mm)* (3.69)
For the second asymptotic model

Ay = 12[1 +vi? (mm)?]779,; A,

=1+ (r? +r29 + vi®)(mmn)? + r?n?9, (mm)* (3.70)
Az = (mm)*
For the third asymptotic model,
A = 12729, A, = 1 + (mm)? (rz + 729 + Z—:) + (mm)*r?q29,; A3 = (mm)*  (3.71)

The solutions of the equations are given by Eq. (2.131) (the reader may refer to Chapter 2).
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The nonlocal Bernoulli-Euler model, leads to the following nondimensional natural frequency:

1
Q = (mm)? T3 720 (3.72)

This expression of the natural frequency is also valid for the first asymptotic model.

For the zeroth order second and third asymptotic models, it leads to

1

(3.73)

Consider a carbon nanotube of length 3.52 nm, with an inner and an outer radii R; and R,,, taken
to equal 0.18 nm and 0.52 nm, respectively and a Poisson’s ratio equal to 0.3 [70]. In this case,
the thickness ratio is defined as the difference between the outer and the inner radii with the
length of the tube. The first five natural frequencies following the engineering and asymptotic

models are given in Tables 12 and 13, respectively.
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Bernoulli | Bresse-Timoshenko
Euler Original Truncated Slope
9.869 8.681 8.635 8.577
39.478 27.304 26.464 24.932
n=0 |88.826 48.689 45.826 39.011
157.914 | 70.627 65.003 48.937
246.740 92.537 83.852 55.630
R, =0
Ry, =1 Ri=0 | Rg=1| Rg=0 | Ry=1
=1 1| 6,=0
8.357 7.532 8.597 7.350 7.501 7.312 8.498 7.288
24.582 19.467 25.439 17.002 19.062 16.479 23.665 16.393
n =02 |41.629 29.533 | 40.211 | 22.818 28.426 | 21.476 | 35.469 | 21.565
58.380 37.059 | 48.684 | 26.111 35.333 | 24.032 | 43.060 | 24.403
74.839 42.353 | 52.362 | 28.068 40.311 | 25.433 | 47.708 | 26.064
5.300 4.967 8.186 4.662 4.958 4.637 8.108 4.646
11.974 10.221 | 18.432 | 8.282 10.151 | 8.027 18.065 | 8.209
n=0.5 | 18.439 13.960 | 21.438 | 10.107 13.821 | 9.513 21.262 | 9.992
24.820 16.475 | 22.159 | 11.101 16.299 | 10.217 | 22.084 | 10.959
31.164 18.142 | 22.401 | 11.688 17.962 | 10.591 | 22.362 | 11.530

Table 12. First five nondimensional natural frequencies () determined by the Bernoulli-Euler

model and the Bresse-Timoshenko models for different nonlocal parameters 1 of a carbon

nanotube
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1* model 2" model 3" model
0™ order 2" order | 0" order 2" order 0™ order 2" order
n=20 9.869 8.635 9.869 8.635 9.869 8.635
39.478 26.464 39.478 26.464 39.478 26.464
88.826 45.826 88.826 45.826 88.826 45.826
157.914 65.003 157.914 65.003 157.914 65.003
246.740 83.852 246.740 83.852 246.740 83.852
n=0.2 8.357 7.312 9.332 8.175 8.023 6.754
24.582 16.479 32.519 14.917 22.595 11.424
41.629 21.476 61.799 15.801 37.472 12.643
58.380 24.032 92.811 16.095 52.030 13.110
74.839 25.433 129.978 16.23 66.347 13.336
n=205 5.300 4.637 7.482 Imaginary 4.811 3.635
11.974 8.027 19.836 6.543 10.616 4.864
18.439 9.513 32.090 6.569 16.253 5.195
24.820 10.217 44.063 6.580 21.831 5.324
31.164 10.591 55.868 6.585 27.383 5.387

Table 13. First five nondimensional natural frequencies () determined by the Bernoulli-Euler

model and the original and truncated Bresse-Timoshenko models for different nonlocal

parameters 7 of a carbon nanotube
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First of all, it is seen that whatever the considered model, when the nonlocal parameter
7] increases, the natural frequencies decrease. This is due to the fact that the nonlocal effect
increases the flexibility of the beam. For instance, the natural frequency calculated through first
asymptotic model at the second order (coinciding with the nonlocal truncated Bresse-Timoshenko
model for R = 1) is equal to 4.637 for 77 equal to 0.5, 8.635 in the local approach (7 = 0), namely
a difference of 46%. This difference increases with the order of frequency. Considering the ratio
between the non-dimensional frequency obtained in the local approach and the one when 17 =
0.5, for the third asymptotic model, it is equal to 2.4 for the fundamental fundamental frequency,
15.6 for the fifth one. Thus, the effects of nonlocality are important and they have to be taken
into account in the study of nanomaterials. The nonlocal parameter 7 is equal to the product of a
characteristic length (for instance the interatomic interaction) with a small length scale
coefficient. Hereinafter, it will be proposed a calibration of the coefficient through the use of
lattice models.

About the asymptotic model, it may be shown [238] that at the zeroth order, the first and
third asymptotic model, differing only in the expression of the nonlocal length provide similar
results. Three different asymptotic models have been derived: following the horizontal, vertical
and both directions. The last model is a combination of the two first and naturally, it leads to
lower natural frequencies compared to the two other models. In any case, for any order of
frequency or value of the nonlocal parameter, the first asymptotic model with a nonlocality
following the horizontal direction, coinciding with the truncated Bresse-Timsohenko model, has
a larger effect on the frequency than the second asymptotic model with a nonlocality following
the vertical direction.

In the derivation of the engineering thick beam models, the parameter R, not present in
the asymptotic models, has been introduced and there is a debate about its value, zero or unity.
Different arguments trend to show that R, = 1. First of all, in this case, considering the original
Bresse-Timoshenko model, both the derivations through the use of equilibrium equations and the
variational principle lead to the same governing differential equation. Moreover, as it has been
explained before, the truncated Bresse-Timoshenko model is asymptotically consistent in the
local approach. When the nonlocal effect is taken into account, it is asymptotically consistent (for
the asymptotical model with a nonlocality following the horizontal direction) only for R equal to
unity. Furthermore, the Bernoulli-Euler model ignore the rotary inertia and the shear effects.

Consequently, it is supposed to provide an upper bound of the natural frequency. However, for
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R, equal to zero, it is seen in Table 12 that for large non-dimensional nonlocal parameter 17 (for
example 0.5), the models derived through the variational principle (original and based on slope
inertia) lead to bigger natural frequencies compared to those obtained for the Bernoulli-Euler
model, hence a contradiction. Thus, the three first frequencies are 8.108, 18.065 and 21.262 for
the Bresse-Timoshenko model based on slope inertia versus 5.300, 11.974 and 18.439 for the
Bernoulli-Euler model. For the next, R will be taken, for beam, equal to 1.

Furthermore, let us denote Q*, the ratio of the nondimensional fundamental natural
frequencies, the local Bernoulli-Euler model being the reference model. Figure 14. depicts Q* for
different aspect ratios R, /L and different values of the small length scale coefficient, considering
the three versions of the Bresse-Timoshenko model (original, truncated, based on slope inertia).
When the aspect ratio is small (for instance 0.1), the length of the beam is much bigger than the
thickness. The rotary inertia and the shear effects are not important and the different models
almost coincide with the local Bernoulli-Euler model, valid for thin beams. The frequency ratio Q*
increases with R,/L because of these effects, specific to thick beams, that cannot be ignored.
Thus, when the ratio R, /L is close to 1, the carbon nanotube is very short, the Bernoulli-Euler

model overestimates the natural frequencies and all the curves converges towards zero.

90 = == = (OBT Rs=1
\ e « « TBT Rs=1
» - - =
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N
‘\
\\\
S VIS
(@ OO
\.\.\‘\
S \.\ ~
\.\ -\\-\\
30 '\ '\T.—~~
'~ ~..=
~ ¢ -
= -~
10
0 0,2 0,4 0,6 0,8 1
RO/L

Fig. 14. Non dimensional natural frequency obtained through the original Bresse-Timoshenko

model (OBT) and the Truncated Bresse-Timoshenko model (TBT) with the aspect ratio R, /L
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Analogically, Fig. 15. Depicts Q" with respect to R, /L considering the different asymptotic models.
As for the engineering models, when the ratio R, /L is close to unity, the models coincide with the

Bernoulli-Euler model and when this ratio increase, a difference occurs.

100
1st model

90 Ssq
SN eeea. 2nd model
80 ~ N
) N = . =3rd model
70 ~ .

60

Q* (%)

50

40

30

20

10

Fig. 15. Non dimensional natural frequency obtained through the three asymptotic models at

the second order with (a) the aspect ratio R, /L

It is now proposed to extend this study to the case of thick plates. It is expected to have analogical

results.
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3.2. Different plate models

3.2.1. Asymptotic derivation of nonlocal plate models
3.2.1.1. Asymptotic model with a partial nonlocality along the two

directions of the plan

Consider a plate of length a, width b and thickness h (see Chapter 2). In this model, for a
nonlocality along both the directions of the plate, the stress-displacement relationships are

2— —t— — 4=
0x dy 0dx 0z O0Ox

awy (1 0 0 ou v v dv ow
[1—n2Vv?] —/1<9+ )0 1 0]+6G + 2 + (3.74)
V1T = 9z kay 9x dy 9z ' dy ) '

/ Ju Ju Ov oJu OJw

6u+6w 6v+6w 26W
dz O0x 0z Ody 0z

where 7, is the microscopic nonlocal length and ¢ is the stress tensor.

Multiplying Eq. (2.73) by [1 — n2V?] and substituting Eq. (3.74) both sides of the equations:

d
/ax
(/’L+G)I g I(9+6W)+G v2+(32 ﬁ =p[1 sz]a2 1; (3.75)
dy 0z 0z2J\, PTGz w '
d
9z

As for the case of thick local plates, it leads to a system of two equations:

a+6)2 9+(A+zc)azw+ GV2w — p(1 — n2V?) 1, =0
9z 927 R e
(3.76)

0?2 020 ow
20 _ n2y2 R R
A+ 26)V“0 — p(1 —n2v )atz]e +G 372 + A+ G)V % 0
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Substituting Eq. (2.86) into Eq. (3.76) yields, considering the dimensionless variables 7, = 1. /a:

9_N+3 = (N + 3)(N + 2) c/117\71[,0_N+1 + N—HBLWN+2; N = 0!214'! e
(3.77)
_ 1 P — 1 _
Wny2 = (N n 1)(N n 2) CNLWN + mTL9N+1; N = 0,2,4,
where the nonlocal operators Ay and Cy;, are defined as follows:
(A+26)_, . 02
Ay = [— —h?(1 - anz)ﬁ
(3.78)
2
ch = ———|V2 - h2(1 —ﬁsz)aT
NL (A +26) ot2

B and FP have been defined in the previous chapter devoted to the local derivation of thick

plate models.
At the fourth order, Eq. (2.87) derived in local is still valid. Substituting Eq. (3.77) it yields Eq. (2.93)

with:

62
My = [(ZG +3)V° —20(6 — H(A - 72V*)V? atz] Rt

2
[120(26 +A)(1 - ﬁzvz)— — 20/w4] h? —120(2G + 1)V?

+ 0(R* %)

2
My, = 20(4G + 31)h*V2 — [(6G + 5)V* + 20(3G + 24)(1 — V) = ]h4 (3.79)
—120(2G + 2) + 0(h*,7¥)
2 2

_ d _ 921 o
My, = V? {[—12/1r7*2v2F + (26 + 30V + 12,1ﬁ] h* — 12Ah%V2

—24(26 + /1)} +o(r*,7%)
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2
My, = |—-12(2G + 2)(1 — ﬁfvz)— — (6G + 51)V*| h* + 12(4G + 31)h?V?

—24(2G6 + 1) + 0(h*,7%)
When the nonlocal effect is not taken into account, the expressions of the different coefficients
are reduced to the ones given by Eq (2.94).

The determinant of the matrix vanishing. It results in governing differential equations at different

orders:

0t order

3 _ 92
(G + DV w + 526 + V(1 - ﬁzvz)a—;: —0 (3.80)

2" order

aZ
—10(31+ 4G)(1 — ;ﬁvz)h2 >V2w — 4(1 + G) h®Vow + 20(A + G)V*w

(3.81)
+15(1 + 26)(1 — 7272) W _ s
N 352
or, in the dimensional form:
0% order
2
DV*w + ph(1 — n? VZ) =0 (3.82)
2" order
02w 2(2 —v) ph? 92 h?
DV* h(1 —n2V?)—— — (1 — n2Vv? — V2w —-D—V°
W ph(L =m0 G~ A=V g gV W~ DV (3.83)

=0
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Multiply Eq. (3.81) by [1 + (h?/5)7?], using the dimensional variables:

Viw =0 (3.84)

2%w h3 12D 6 — v] 92
DV*w + (1 —n2V?)ph 5 [1

p
—— - (1= 1 ——| =
ez~ (= mVIT h3G 5 |oez
The equation is reduced to the truncated version of Uflyand-Mindlin plate theory with a shear
coefficient equal to k = 5/(6 — v). This value has been derived in the literature for local plate

models [108,109,232,255] and more recently, for nonlocal plate models [239].

3.2.1.2. Asymptotic model with a partial nonlocality along the thickness

of the plate

In this model, Eq. (3.74) is replaced by

2

) owy (1 0 0 Ju OJv v v ow
1-n2=—|e=2({6+—)(0 1 0]|+6G 2— +— (3.85)
0%z y

Thus, in this case, it leads to

)
ox

a+o| 2 <9+6W)+G ST ok VN PR il (3.86)
dy oz oz2)\,,) " P~ Tazz)ae\ '

9

oz

Differentiating the first and second equations with respect to x and y, respectively, and summing

them, it leads to a system of two equations:

(/1+G)69+ A+26G+ 2 0 ZW+ GV? o =0
9z Pl 5¢2 | 922 W PG|V T
(3.87)

A+ 2G)V?6 o 6+(G+ 262 az‘9+ A+GV26W—0
( ) P otz g )z T AT OV 5=
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Substituting Eq. (2.86) into Eq. (3.87) yields

02 02
(GV2 - pﬁ> Wy, + </1 + 2G + pn? ﬁ) Cn+1)2n+ 2)wypnso

3.88)
aZ (
(A + G)2nV2w,, + <(;t + 2G)V? — pﬁ) Orn-1

aZ
+ <G + pn? ﬁ) 2n(2n+1)65,,, =0; neN"

Using the dimensionless variables defined in Eq. (2.88), it becomes

_ 1

_ ez N =024, ..

(3.89)
H,w ! clw ! ——FPh N=024
v = w2 PN P iv g T vy N =024
The differential operators #; and #,, By, and B}, are given by:
Hy =1+ h?*7? o ; H G h? o (3.90)
1= Tae )=\t oo 5% '

The local operators A, BY, ¢P and FP are given by Eq. (2.92).

Similarly to the previous section, the two equations are written in a matrix form (see section

2.1.2), leading to the governing differential equation at different orders:

0t order
92 , 07
—(/1 + OV + (A + ZG)— — A?V? Pk 0 (3.91)
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2" order

K 02
—(/1 + GOV + (A + 26)— - V% — P
(3G+2A) ,_, 0* 2(20G%+28GA+7A%) _, 9?2
- A—T]f 2—_—— T]f 4—_
(A+26) at* 3 1+26) ot? (3.92)

4 64 2 62 —
+ ' A+ G)Ve —4(A + 36)77* T+ (3/1 + 4G)V2 h

=0

Or, in the dimensional form:

0" order
vn2v?] 02
DV* + ph [1 - ] > = (3.93)
Jat
2" order
62
4 _ 2
DV* + ph (1 —— 2V )6t2
(2v@B-4) , szh 0*
—n*
(1—v)? G at*
(3.94)
ph®2(5 —26v—v?) 462 1, .
- n2v — Dh?V
12 (1-v)2 a2 T 20
2(3—4v) 2pzh o4 +ph32(2—v) _ 0
1—v) ™76 acr 12 (A=) @ ac2|
Multiplying Eq. (3.92) by [5 + V2h?] leads to, using the dimensional numbers
2\ A2 3 202
4 _— p ,0°\0 ph 12D 104V
- * - * [, PYC TS 1
Dvi+ (1 = rn:¥ )ph<1+K3G” ocz) oz~ 12 | Tenicl a2
(3.95)
PR 9
+ Ky—— 12 n2v 3z 0
where
v 100 — 63v — 7v? 2(3 —4v
K, = y Ko = ( ) = ( ) (3.96)

15(1—v)2 T 1-v)
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3.2.1.3. Asymptotic model with a full nonlocality

g

62
[1 - T}f <V2 + %>
Ju OJv ov Jv Oow

In this model, Eq. (3.74) is replaced by
) du du N v Jdu N ow
/ dx dy O0x 0z 6x\ (3.97)
awr /1 0 0 '
:’1<0+E) 010 +G|@+$ 2@ %2ty

001 6u+6w 6v+6w Zaw/
dz 0x 0dz 0y 0z
Thus, in this case, it yields:
0
Ox
2 ow , 92\ oy 0%\] 0% (Y
(/1+G) @ (9+£)+G \ +ﬁ vV]=p 1—7]* Vv +ﬁ m v (398)
w w
0
0z

Differentiating the first and second equations with respect to x and y, respectively, and summing

them, it leads to a system of two equations:

()1+G)69+ A+2G + 2 0 62W+ GV? (1 sz)az =0
9z P52 ) 922 WP TV 5e2| W T
(3.99)
(1 + 26)V26 — p(1 — n2V?) o4 (G+om )2 o+ o
PRIV )50 P 5¢2 | 922 oz
Substituting Eq. (2.86) into Eq. (3.99) yields
62
2 2v72
<GV —p(1—niV )F)WZn
2 (3.100)

d
+ </1 + 2G + pn? W) Cn+1D)2n+ 2)Wapnys
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62
(A + 6)2nV?w,, + ((/1 +26G)V2 — p(1 — n2v?) 6t2) 01

aZ
+ (G + pn? W) 2n(2n+1)65,41 =0; neN”

Using the dimensionless variables defined in Eq. (2.88), it becomes:

_ 1 1
H1Opnys3 = FBICE: Z)ANLGNH T 3pr_vN+2; N =0,24,..
(3.101)
_ 1 1
}[ZWN+2 (N + 1)(N + 2) NL N + (N + 2)‘7: 0N+1l N = 0!214'! e

In this case, the two equations are written in a matrix form, leading to the following equation at

different orders:

0" order

rareT+ [(/1 120 - Las o] Z o (3.102)
3 2 A P '

2" order

8A+36)(A+G) ,_, 0* 4(GA+1460)(A+G) _,_, 0°
aA+20) Vet 3T (a+20) Y

4 _ 4
I 6 4 _3__
15 A+ G)V°+4(A+36G)7 37
(3.103)
2 (A + 4G)V2 62 h? (/1 + G)N*V? — o
3 CAFY>
+4(/1+G)V4+(/1+26) o _
3 ot?
Or, in the dimensional form:
0% order
DV* + (1 ! 2\72) n o (3.104)
41— )P o2 '
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2" order

2(3—41/);)2h774 28_4 19 — 281/,0h3172 6_2_h_2Dv6
1-v)?2 G 3t (1—v)? 12 9tz 20
2B —4v)p*h , 0* 22 -v)ph®_, 0°
P20 ZEmVIPV G O L pys 3.105
A=v) ¢ "ok 1=y 12 a2 TPV (3.105)

+(1 1 2V2> ha2
21— )P e

Multiplying Eq. (3.103) by [5 + V2h?| leads to, under the dimensional form

2

d°w 12D ph3 %w
DV* h|1 — V%] — — [1 ] —_—
W+ phll = 1am: V] 50 3G 3t2
2 o4 B3 52 (3.106)
Zp 2v72 w p 2v74 w
20 a1 — 4Ky 2y4” 7 _
+7 z Ks[ Kan]at4+K2 12nV 72 0
where
1 (277 — 357v) 2(3 — 4v)
_ e ) e = 22T V) 3.107
MTra— 02T 00 -v2 T Ta -y (3.107)

3.2.2. Nonlocal engineering plate approaches

3.2.2.1. The nonlocal fourth order phenomenological Kirchhoff-Love

model

In the stress gradient Kirchhoff-Love plate model, the constitutive relations for a rectangular KL

plate can be written as [134,135,256]:

v 9w  9*w
(1 —n \Y )Mxx =D W + Va—yz (3108)
ey ’w  d*w
(1 -n \% )Myy =D W‘I‘ VW (3109)
9%w

1- nZVZ)Mxy =D(1—-v)

(3.110)
dxdy

where My, My,, are the bending moments is M, the twisting moment.
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The nonlocal equilibrium equation of a rectangular plate is given by [80, 257,258], neglecting the

rotary inertia

0*My, _0*M,, 0°M,, 0%w

= —ph—— 3.111
ax2 | “oxay | ay2 P ez 3.111)

Multiplication of Eq. (3.111) by (1 — n?V?) and substitution of Egs. (3.108)-(3.110) results in
[134,135,239]

0°w 3

DV*w + (1 —n2V?)ph Pyl 0 (3.112)

In the local approach n = 0 and at the zeroth-order, the three asymptotic models derived from
three-dimensional considerations and governed by Egs. (3.82), (3.93) and (3.104) are reduced to
the local Kirchhoff-Love thin plate model as already shown in the literature [109] and in a previous
chapter.

The nonlocal Kirchhoff-Love plate model, as derived before and in the literature, is asymptotically
consistent following one specific asymptotic model, namely the one with a partial nonlocality
following the directions of the neutral plane of the plate. Furthermore, the three different models
lead to different values of the small length scale differs between the models. Thus, the
macroscopic length scale, used in the engineering models, such as the Kirchhoff-Love plate model,
is related to the microscopic length scale introduced in the asymptotic models through the

following relationship:

n =K. (3.113)

where ¥, is equal to v/(1—v) and 1/4(1 —v) for the asymptotic model with a partial
nonlocality following the thickness of the plate and a full nonlocality, respectively.
Eg. (3.112) may be obtained variationally using the following bending strain energy, kinetic energy

[259]:

uC )_1ﬂ D 92w 2+2 0w N 92w 2+2(1 ) 22w\’
WI=5 D d0x? V(')xzc')yz dy? v 0xdy
T( )—1ff il B (aw>2+<aW)2 dxd (3.115)
=20y a2V T \\ox ay) )| '

104

dxdy (3.114)
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It is worth noting that the nonlocal effect does not affect the bending strain energy.
Thus, by applying the Hamilton principle, Eq. (3.112) is obtained and, for boundary conditions, for

edges parallel to the x axis,

’w  9*w ow
0x? v y? o ox e
are specified
b d 02 2,1 3w
ax " VTP eea O W

3.2.2.2. 6" order phenomenological thin plate model

We start from the constitutive law postulated as:

- _ [otw o otw [ dtw 2*w\]
[1—n°V]My, =D _W‘I'Va_yz_n axzayz_ x4 | (3.116)
- vy, = p [0 1 I (0w

n w=E 52 Voxz 9x20y2  ay* )| (3.117)
9w
[1-— UZVZ]Mxy =D(1—-v) dxdy (3.118)

This model is close to the previously studied nonlocal fourth order phenomenological Kirchhoff-
Love plate model. It changes in the expression of the right hand side. In this model, it includes an
additional term. It is worth nothing that Eq. (3.118) coincides with Eq. (3.110).
Multiplying Eq. (3.111) by [1 — (eya)?V?] and substituting Egs. (3.116)-(3.118)

4 64 4 aZW

d
0|7 0 (s~ 2 gy ) ] 1 EIGE =0 ang

This equation containing sixth derivative terms following a same contribution, namely x and y, it

is called sixth order phenomenological model.
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This equation may be also obtained from U, T and W given by:
o*w 92w\’ 2w\’
Uw) = ﬂ [ 28y2+(ay2> +2(1_V)<6x6y>
5 3w\>  [(33w)’
dx3 ay3 (3.120)
3w \° 3w\’
2
*n <<ax26y> * <6x6y2> )] dxdy
w2 ow\?
Tw) = ff g |V (6x> + (ay) doxdy (3.121)

For boundary conditions, for edges parallel to the x axis, it yields:

b 62W+ ’w [ d*'w  d*w 6<6W>_0
dx? Vayz 1 dx%dy? 0x* ox)

5 [63W 228w 63w625w]
n _

dx2dy 9x?  dy3 0y?

DaVZ +265w a°w 42 26W6 _ 0
ax T\ 9xs dx30y? M@ g [OW =

As for beam, this model will not be considered hereinafter.

3.2.2.3. Nonlocal original Uflyand-Mindlin model

In the nonlocal stress gradient Uflyand-Mindlin plate mode, the nonlocal equilibrium equations
of a rectangular plate match those of the local equations given by Eq. (2.75) and the nonlocal

constitutive laws are given by

(1-n2V®)M,, =D <% + v%>

dx dy
(3.122)
Py 0Py
22 3
(1 —n°V*)M, _D<6 +vax>
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_|__

D Y, 0
(L =n*V)My, == (1 —v)(all; a‘f)

aw aw
_ 272 — . _ 2v72 —
(1= Rsm*V*)Qx = kGh (l/)x + ax)’ (1 —=Rsm*V )Qy = KkGh (l/)y + ay)

R, is the control parameter defined before. In the literature, for plates and in contrast to beam:s,
to our best knowledge, R is taken equal to unity. In this thesis, the case of Ry equal to zero will
not be ignored.

Successive manipulations of these equations of motion lead to the governing differential

equation

DV4w + (1 292y ( bV 62W+ Ry —1 hOZVZW
*w Rsn P32 n?( )p 32

(3.123)
ph3(1 2VZ) o* >|V2Pw—-(1-R 2VZ) aZW
77 Sn Gatz

Furthermore, the nonlocal OUM plate model is also derived variationally by setting an additional

Eringen energy TN -

~ ﬂ . N 2w\’
= Rsp a at dyot
2 2 2 2
ph3 [ (9%, 02, 0%y, 0%y,
12 (axat \Gyac) T\awae) T\5yae) |V

Hamilton’s principle, considering the strain and kinetic energies given by Egs. (2.9)-(2.11) and

(3.124)

(3.124), leads to the equations of motion:

D <az"b" + Vazzpy> + DU =v) <az¢" + aZ%) — kGh (wx + Z—Z)

0x? 0xdy 2 dy?  0xdy
= pl—}f (1-n?v?) %
(3.125)
D) (e ) e ()
= pl—h; (1—n*v?) %
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oY, 0*w dyY, d*w 0w
Gh = ph(1 — R;n?V?) —-
* <6x+6x2+6y+0y2 PRQA =R V) 5
At the boundary of the plate:

oYy Yy th3 2%y,
b ) S LA\
D(an +v85)+n 12 dt2%0n or Yn

D(l _V) 0y, | 0y zph3 0311[)5
- =0
2 (as + an>+’7 12 9c2on 0 0T Vs

ow , 0w
KkGh (ll’n + %) + Ryn“ph Zon Oorw

are specified.

The equations of motion lead to the governing differential equation:

2

’w  p 02w

4 _ 272 _ D|72
DV*w + (1 — Ryn“V )(ph 57 %G 6t2>
(3.126)

ph3 92 p 0*w
- (1- yAvZA Y |72 —(1—=R 2g2y T 7 ) —
12( UV)atz w = ( SnV)KGatZ 0

It is worth noticing that, for R = 1, the governing differential equations in displacement derived
through the use of the equilibrium equations and the variational principles are identical. However,

for R; = 0, Eq. (3.126), derived through the variational principle, compared to Eq. (3.123) does

not contain the term n%ph 82V2?w/at2.
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3.2.2.4. Truncated Uflyand-Mindlin model

As for the local plate models, it is suggested to replace in the equations of motion of the original
Uflyand-Mindlin plate model 9%i,/dt? and 0%, /0t* by 03w/0x0t? and 03w/dyodt?,

respectively. Thus, for the model derived through equilibrium equations, it yields [70]

DV4w + (1 — R.n?v?) [ h bv? 62W+ R, —1 haZVZW
*w+ ( sn°V*?) )Pz n%( )p 52

ph3 0%V%w
__(1_ sz) atz =0

(3.127)

3.2.2.5. Uflyand-Mindlin based on slope inertia

As for the nonlocal theory of beam, the expression of the kinetic energy given in Eq. (3.124) is
retained.
Using Hamilton’s principle in conjunction with Eq. (2.101) rather than Eq. (2.80) yields to the

equations of motion,

nV

0%y, 0%y, DA —v) (0%, 0%, ow 2ph3 0%,
dx? v 6x6y> * ( * ) ~ KGh (lpx * E) B

2

dy? = 0xdy 12 9t

d

0%y, 0%y, DA —v) (0%, %Y, ow ph3 0%y
— Gh( —) = —p2y2__"Y 3.128
9y? +V6x6y>+ 2 <ax2 +6x6y> KGh{wy * 3 1z g 1
0P, 0*w 0, ph3 02 9%w
kGh V2 h(1 — Rsn?V?
<6x 62+6y+6y Tz’ W= PRA RNV T
It leads to the following governing differential equation,
Py L L g .
—= (1= R*V*)DV> — +12KGD6 S V4w + DV*w
+ph(1—R ZVZ) ‘w_phtotVw (3.129)
p s 12 ot2 '
_n 2ph392v? 0°w  ph? 02

Y w2 2
92 1zxgoz WUV

2v72
12 0¢2 K_(l_ Rn™V*) 50z
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And, at the boundary of the plate:

0 0 h3 093
D(wn ws>+n2p_ Y _ o or v

0 tv ds 12 0t%0n

D(l_v) 3% 1:[) zph3 31!’5
0
2 ( as T 0n>+ 12 9tZon 0 07 ¥s
Gh( 6W> +ph3 23w W 23w _0
KGR\t + 17 ac7on T RN Phg g =0 or w

are specified

3.2.3. Solution

Now, it is proposed to conduct a numerical comparison of the natural frequencies obtained
through the different nonlocal asymptotic and engineering (KL, OUM, TUM and SUM) models for
a nanoplate simply supported at all edges.

The governing differential equation, for the nonlocal engineering thick plate models is written

under the general form as follows:

2
4 _ 2v72 _i 2 9°w _ 2 a
DV*w + (1 — R?v?) (ph KGDV)at2+6n(R 1)Vphat2
ph3 62 2v72\2
(3.130)
2v2 P 1 R 2v2 azw
— 0 =1V +r2) = (A= RV —
D h? 92
YZ +T] p V4, =0
" kG\h 12 at?
The following nondimensional numbers are introduced:
_ E 2 b= y_’_l_h. _x a7
P=saov oy Y T = e k=i ===y (3.131)
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As for local plate models, the solution is given by Navier (see Eq. (2.118) ). Substituting Eq.
(2.118) and (3.131) into Eq. (3.130), It yields:

AMOQ*—A0%2+ A3 =0 (3.132)

where, for the engineering models for thick plates (original and truncated Uflyand-Mindlin and

Uflyand-Mindlin based on slope inertia):

ht 8|, = 2T 27 h? 2T
Ay = 144KX V1E(A + Rs1*Vop) +v2 [1 + Rs7°Vyy +E 1" Vinn
. h? B _ _ _ _h?_ h* B _ (3.133)
Ay = (1 + R van) <1 + E;an> - 69772(Rs — DV + :*Evmn T 72 m;vrznn] X4

Az = vrznn

with £ = (1 + 72V,,,).
The coefficients for the first asymptotic model, coinciding with the truncated Bresse-

Timoshenko model with Rg = 1 are given for a couple (y4,>) equal to (0,0):

"YAvi EZB_ '-Ez v 4
A1 = O;Az = (1 +7 an) 1 +E;an + :.Ezvmn X (3.134)

For the second asymptotic model with a partial nonlocality following the thickness of the plate,

at the second order,

. h%
A=(1+ Kmemn)KﬂSEﬁnf

(3.135)
L Rp B R
A, = {1 + 1172V + V’””E [1 + E] + Ky Enfvrznn})(‘*
For the third asymptotic model with a full nonlocality, at the second order,
. . ph? .
A= UEXS Ek‘é[l + 4K1773an]
(3.136)

2T B h? _ h? ~252 4
Ay =31+ K0V, + [1 +;]Evmn + K, En*vmn X
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The expression of A5 is the same for all the models (asymptotic and engineering).
For the original Uflyand-Mindlin plate model and the second nonlocal asymptotic model at the

second order, the solution is given by Eq. (2.131)

For the truncated Uflyand-Mindlin plate model, y; = 0 and

mn 1

_ _ ~ 7
(1 + Rs1?Vinn) (1 + %an> — 8,12 (Rs — D)V + 51—an (3.137)

=

The solution is much simpler than the one derived for the original Uflyand-Mindlin plate model.

The solution derived for the KL plate model is derived in the literature [256,260-263]

_ 1
0=V _—
mn\/}(4(1 + 72V ) (3.138)

The solution of the zeroth order asymptotic models is given by:

= 1
0=V _
"’”\/x‘*(l + 11772V omm) (3.139)

Ky isequaltol,v/(1 —v) and 1/4(1 — v) for the first, second and third asymptotic model with
a nonlocality following the directions of the plate, with a partial nonlocality following the
thickness of the plate and with a full nonlocality, respectively.

The five first non-dimensional natural frequencies are calculated in Table 14 for a square plate,
simply supported at all edges, with a thickness ratio h equal to 0.1 in order to not ignore the rotary
inertia and the shear effects, evaluated by the fourth order phenomenological Kirchhoff-Love
plate model and the three versions of the nonlocal Uflyand-Mindlin plate model (original,
truncated and based on slope inertia), the truncated model coinciding with the first asymptotic
model at the second order. The Poisson’s ratio, as for beams, is taken equal to 0.3. The shear
parameters k is calculated from its value determined in the local second order asymptotic model.
Three values of the nonlocal parameter are chosen: 77 = 0 (local approach), 7 = 0.15 and 7 =

0.3.
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KL OouM TUM SUM
19.739 19.089 19.082 19.075
49.348 45.615 45.524 45.417
Local
78.957 70.091 69.786 69.404
n=2~0
98.696 85.464 84.939 84.255
128.305 107.327 106.362 105.026
R, =0
Ri=1| Rg=0 | Rg=1 R =0 Rs=1
6g=0|65=1

16.426 | 19.028 | 16.007 | 15.885 | 16.003 | 15.879 19.013 18.832
33.369 | 44.840 | 32.356 | 31.400 | 32.322 | 31.337 44.655 42.551
7 =0.15| 47.385 | 67.497 | 44.409 | 42.064 | 44.322 | 41.881 66.896 60.506
54,996 | 80.991 | 51.073 | 47.622 | 50.943 | 47.330 79.983 69.701
65.079 | 99.061 | 59.697 | 54.439 | 59.495 | 53.949 97.289 80.208
11.846 18.846 | 11.642 11.456 11.639 11.452 15.877 11.453
21.155 | 42.706 | 20.502 | 19.555 | 20.492 | 19.516 31.336 19.539
7 =0.3 | 27.732 | 60.923 | 26.555 | 24.618 | 26.535 | 24.511 41.913 24.587
31.395 | 70.315 | 29.835 | 27.186 | 29.808 | 27.019 47.408 27.146
36.221 | 81.095 | 34.043 | 30.299 | 34.004 | 30.027 54.127 30.245

Table 14. Natural frequencies () obtained for different values of the nonlocal parameter for the
KL plate model, the OUM, TUM and SUM models for7 = 0,7 = 0.15,77 = 0.3 and (i_l,)() =
(0.1,1)
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First of all, similar observations to the beam cases can be done. The nonlocal effect tends
to increase the flexibility of the beam and then an increase of the nonlocal parameter results in a
decrease of the natural frequency. The nonlocal effect is more important for high order of
frequencies. For instance, for the truncated Uflyand-Mindlin plate, for 77 and R, equal to 0.3 and
0, respectively, the fourth frequency is 2.8 times smaller than for the equivalent local fourth
frequency. For the fundamental frequency, the nonlocal frequency is only 1.6 times smaller than
the equivalent local one.

Moreover, as for beams, the different engineering thick plate model introduce a
parameter R, equal to unity when the nonlocal effect affects both the shear and the bending
parts of the constitutive laws. Although in the literature, only the case Ry = 1 is considered, the
case R, equal to zero cannot be ignored a priori. The extension of the Bernoulli-Euler beam model
for plates is the Kirchhoff-Love plate model and as for beams, this model is supposed to provide
an upper bound of the natural frequencies. Yet, when R; = 0, for 7 equal to 0.3, the the three
first frequencies are 18.846, 42.706 and 60.923 for the nonlocal Uflyand-Mindlin plate model
based on slope inertia versus 11.846, 21.155 and 27.732 for the nonlocal Kirchhoff-Love plate
model, leading to a contradiction. Moreover, for the original Uflyand-Mindlin plate model, the
governing differential equation should not depend on the derivation. For R; = 0, when the
nonlocal effect is taken into account, it is seen that the natural frequencies obtained for §, equal
to unity (derivation through the use of the equilibrium equations) are different from the
frequencies found for §, equal to zero (derivation by using the variational principle). The natural
frequencies should not depend on the process of derivation of the equations. Thus, this short
comparison justifies the use of R, equal to unity. Hereinafter, for plates, this parameter will be
only taken equal to unity.

Furthermore, Q" is defined as the frequency ratio, the Kirchhoff-Love plate model being
the reference model: Q* = Q/Q(KL). Q" is depicted in Figs. 16 and 18 for a square plate and the
three versions of the Uflyand-Mindlin plate model (original, truncated and based on slope inertia)
for various nonlocal parameters 7 and a fixed thickness ratio h equal to 0.1 (Fig. 16) and for
different thickness ratios h and a fixed nonlocal parameter 7j equal to 0.15 (Fig. 17). It is seen that
the three versions of the Uflyand-Mindlin plate model coincides for small values of 7 and h. A very

small difference occurs for very high thickness ratios. The general trend of the curves show that
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the fundamental frequency decreases when the thickness ratio or the nonlocal parameter

increases.
95
- = =0UMRs=1
85 = « « TUM Rs=1
*
G SUM Rs=1
75
65
55
0 0,05 0,1 n 0,15 0,2 0,25 0,3

Fig. 16. Frequency ratio 0* considering the nonlocal Kirchhoff-Love plate (KL) plate model, the
original Uflyand-Mindlin plate model (OUM) and the nonlocal truncated Uflyand-Mindlin plate

model (TUM) for various values of the non-dimensional nonlocal parameter 77

= = =0OUMRs=1

95 = - - TUMRs=1
SUM Rs=1
85
*
G
75
65

0 0,05 0,1 0,15 0,2 0,25 0,3

Fig. 17. Frequency ratio Q* considering the nonlocal Kirchhoff-Love plate (KL) plate model, the
original Uflyand-Mindlin plate model (OUM) and the nonlocal truncated Uflyand-Mindlin plate

model (TUM) for various values of thickness ratio h
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Moreover, in order to clearly show the influence of the vibration mode number on the natural
frequency, Fig. 18 depicts the values of the ratio (1/Qk..(7 = 0) for the Kirchhoff-Love plate
model and the original Uflyand-Mindlin plate model with Ry arbitrarily equal to unity versus m? +
n?, representative of the order of the frequency. Two values of the nonlocal parameters of the
nonlocal parameter 1} are arbitrarily chosen: 0.15 and 0.25. For the original Uflyand-Mindlin plate
model, the frequency depends on the thickness ratio. So, h is taken equal to 0.1 and 0.2. One can
see that for a fixed 77, whatever the thickness ratio, the Kirchhoff-love plate model provides an
upper bound of the frequency. Interestingly, for a fixed value of h, for instance equal to 0.1, the
difference between the natural frequencies calculated for 7 = 0.15 and 7 = 0.25 does not
significantly change with the order of the frequency. However, for a fixed value of the nonlocal
parameter 1], for instance 0.15, the difference between the case h = 0.1 and h = 0.2 decreases

with the order of the frequency.

90 KL n=0.15
— . =KLn=0.25
70\ — . - OUM n=0.15 h=0.2
3 N OUM n=0.25 h=0.2
Yoy
30, “§ N e OUM n=0.15 h=0.1
B 50 | v
e
>
(&)
c
$ 30
O
g
L
10
0 20 40 60 80 100
-10

Fig. 18. Frequency ratio Q/Qky. (77 = 0) considering the nonlocal Kirchhoff-Love plate (KL) plate
model and the original Uflyand-Mindlin plate model for 77 equal to 0.15 or 0.25 and h equal to
0.10r0.2
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In order to compare our results with those of the literature, the frequency ratio Q* is given in Fig.
19 for various length of the squared plate and the different nonlocal length 1 considering the
nonlocal original Uflyand-Mindlin plate model with R, equal to unity for a thickness equal to 0.34.
The trends of the curves within the figure coincide with those in the literature. Whatever the
length of the curve, the frequency strongly depends on the nonlocal length. For a small length of
the plate, the rotary inertia and the shear effects are important. Consequently, the difference
between the curves is important. When the length of the plate a increases, it decreases these
effects and all the curves merge in one curve for very high values of the plate length. This curve is

the one of the local model.

T T ST W I T
90
Local

70 |5 e g e n=0.5 nm
:\5 = ¢+ +nN=1.0nNm
. 50 = = =n=1.5nm
G = .+ =0=2.0 Nm

30

10

0 5 10 15 20 4 (nm%S 30 35 40 45 50

Fig. 19. Frequency ratio considering the original Uflyand-Mindlin squared plate model for

various values of the length of the plate and the nonlocal parameter n

Now, consider the different asymptotic models. It has been established that the one with a partial
nonlocality following the two directions of the plate coincides with the Kirchhoff-Love plate model
and the truncated Uflyand-Mindlin plate model for R, equal to unity at the zeroth and second
order, respectively. At the lowest order, the three models differ in the expression of the
macroscopic nonlocal length, as shown before. It results in a difference in the values of the natural
frequencies, higher for first asymptotic model than for the two other ones. It is worth noticing in
Table 14 that, for a specific quadruplet of parameters (77*,71, m, n) equal to (0.15,0.1,3,1), the
second and third asymptotic models lead to complex values of the natural frequency. This issue
does not occur for the first asymptotic model with a nonlocality following the directions of the
plate, valid for any value of the chosen parameters. Thus, the second and third asymptotic models
at the second order are less robust than the engineering nonlocal models.
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Moreover, Figs. 20-22 depict the ratio Q* for various values of the nonlocal parameters for the
three different asymptotical models at the zeroth and second order, respectively. At the second
order, the natural frequency depends on the value of the thickness ratios and two cases are
considered: a ratio equal to 0.1 (Fig. 21) and a ratio equal to 0.2 (Fig. 22) Because the coefficient
K, differs between the three asymptotic models, a difference occurs in the expression of the

fundamental frequency and this difference increases with the nonlocal length.

----- Following the z direction

100
= « = Following the nabla operator
e fUll nonlocality
90 ~
~
~
<) S,
= 80 .
* ~ Sso
c - -
‘<.
70 ~ .,
~
'~
~
60 =
0 0,05 0,1 . 0,15 0,2 0,25 0,3

Fig. 20. Frequency ratio Q* considering the three asymptotic models at the zeroth order for h =

0.1 and various values of the non-dimensional nonlocal parameter 7,

95 ) ~
N =
. \\\
\ . \\~\
85 AN TNl
S N\ Tl
* : S~
-~
G s N,
N
----- Following the z direction : N
65 | T T Following the nabla operator . N
e full nonlocality :
N
N
55
0 01 n. 0,2 0,3

Fig. 21. Frequency ratio Q* considering the three asymptotic models at the second order for h =

0.1 and various values of the non-dimensional nonlocal parameter 7,
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Fig. 22. Frequency ratio Q* considering the three asymptotic models at the second order for h =

0.2 and various values of the non-dimensional nonlocal parameter 7,

As for the Kirchhoff-Love model and the three versions of the Uflyand-Mindlin plate model, an
increase of the non-dimensional nonlocal parameter results in a decrease of the natural
frequency. Comparing Figs. 21 and 22, it is shown that the difference between the different
models is more important for large thickness ratios (for instance equal to 0.2). Also, for large non-
dimensional nonlocal parameters, Figs. 21 and 22 show that after a certain value of the nonlocal
parameter, the natural frequencies calculated from the asymptotic model with a partial
nonlocality following the thickness of the plate and the one with a full nonlocality increase and no
value is plotted for big values of 7. Indeed, these models, as previously explained, do not always
lead to real values of the frequencies. Thus, for a thickness ratio equal to 0.2, the asymptotic
model with a full nonlocality cannot predict natural frequencies for a non dimensional nonlocal
parameter 7, larger than 0.2 for the asymptotic model with a full nonlocality, larger than 0.25 for
the asymptotic model with a partial nonlocality following the z direction. Moreover, in order to
study the effect of the thickness ratio on the natural frequency, Fig. 23 depicts the frequency ratio
Q* for a nonlocal parameter 1, equal to 0.15 and various values of h calculated form the different
asymptotic models at the second order. It is seen, similarly to Figs. 20-22 that an increase of the
thickness ratio results in a decrease of the frequency ratio because of the rotary inertia and the
shear effects that cannot be ignored. Hereinafter, it will be proposed a calibration of 77, with

respect to lattice mechanics.

119

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



9 . eee=. Following the z direction

= . = Following the nabla operator

90 e full nonlocality

85

80

Q" (%)

75
70

65 S~
0 0,05 01 | 0,15 0,2 0,25 0,3

Fig. 23. Frequency ratio Q* considering the three asymptotic models at the second order for

. = 0.15 and various values of the thickness ratio h

Thus, in this chapter, different nonlocal models have been derived. First of all, nonlocal beam and
plate models have been derived from an asymptotic approach starting from three-dimensional
stress gradient elasticity. Based on power series expansions in displacement, different asymptotic
models have been considered, leading to different governing differential equations at the zeroth
and second order. In addition to these models, the three versions of the Bresse-Timoshenko
models and the Uflyand-Mindlin plate models, presented in a previous chapter have been
extended to take into account the nonlocal effect. As expected from the previous chapter, the
truncated versions of these models are asymptotically consistent following a partial nonlocality
following the directions of the structure (beam or plate). There is a debate in the literature in
order to know whether the nonlocal effect should affect or not the shear part of the constitutive

law. This study shows that it should affect both the bending and the shear parts of the law.
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In each of the models that have been derived in this chapter, a small length scale coefficient has
been introduced. This coefficient is supposed constant and its value has to be determined. It is

suggested to calibrate it from a physical reference model based on lattice mechanics.
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4, MICROSTRUCTURED AND CONTINUALIZED MODELS,
CALIBRATION OF THE SMALL LENGTH SCALE
COEFFICIENT: THE RESOLUTION OF THE SMALL
LENGTH SCALE COEFFICIENT PARADOX

In the previous chapter, different phenomenological models based on postulated
constitutive laws have been proposed. These models introduce a small length scale coefficient.
This coefficient is assumed constant. Its value may be calibrated by equating the buckling load in
statics or the natural frequency in dynamics with those of the lattice model.

This chapter starts by presenting the discrete model for thin beams and plates. Then, the small
length scale coefficient is calibrated, yielding to, as explained before, a paradoxical result. Thus,
to solve this paradox, a new family of nonlocal structural models are proposed. These models are
based on the continualization of the discrete models.

These results will be extended to the case of thick plates (for thick beams, the reader may refer

to the paper of Duan et al. [127]).

4.1. Different nonlocal thin beam models

4.1.1. Microstructured model
The idea of the lattice, or microstructured, model is to represent the pattern by periodic cells in
order to take into account the discrete nature of the matter at a finer scale. The atoms of the
plates are represented by the points of the lattice and the interactions between the atoms, by
frictionless joints. In this approach, the bending moments are lumped at places that rotations are

localized [132]. This structural model may be called Hencky’s model [131].
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Thus, consider that the thin beam of the previous chapters, analytically described in the literature
by the Bernoulli-Euler model, is an assembly of n beams of length a (L = na) and concentrated
inertia mass m connected by elastic rotational springs of stiffness C = El/a, (see Fig. 24). The
beam is subjected to a compressive load N. We define my such as my = m/a. In the continuous

representation, my = pA. At the ith node, the deflection is w; and the bending moment is M;.

a a

> »C € a4 ——« M
[ J= [ |m - [ ] +¥—
-’ﬁh L] m m &

W,
,EE::;:-:::’,-" :{ m

Fig. 24. Microstructured beam model

The discrete constitutive law and equilibrium equation are:

o (Vit1 — 20+ Vg (4.1)
M; = EI( 2 )
M;, { —2M; + M;_ Vip1 — 2v; + v;_
i+1 21 i-1_ _N i+1 21 i-1 n mowzvi (4.2)
a a
that are the Finite Difference formulation of the continuous equations
d*v (4.3)
M =El—
dx?
d>v d’M (4.4)
2 _ .
W + W — MW"V = 0
Combining Egs. (4.3) and Eq. (4.4) leads to the discrete governing differential equation:
(4.5)

N (Ui+1 —2v; + 17i—1> L (Ui+2 — 4V +6V; — 4V + v,

2
—myw“v; =0
a? a* ) 0™ M

The beam being simply supported at both ends, the solution of the governing fourth-order

difference equation is assumed to be, analogically to the Navier’s expression for continuous plates

given in previous chapters

o (mm'> (4.6)
V; = Vg SIn T

We set the non-dimensional buckling:

_p N (4.7)
m?El
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For the next, the subscript (micro) denotes the lattice model.
The substitution of Eq. (4.6) into Eq. (4.5) furnishes the following exact buckling load
[129,147,264-266]:

2n mn)]z (4.8)

Atmicroy = mm [— Sm(Zn
In free vibration, N = 0 and the non-dimensional natural frequency is, substituting Eq. (4.6) into

Eq. (4.5), [71,267]:

2n  mmy\*
Omicroy = [nsm(z)] (4.9)

Thus, the discrete buckling load and natural frequency are determined. By the next, they will be
used as references to calibrate the small length scale coefficient eq, introduced in the

phenomenological models.

4.1.2. Phenomenological models: the small length scale paradox

4.1.2.1. Fourth order Eringen phenomenological model

The governing differential equation for thin beams of the fourth order phenomenological
model, also called nonlocal Bernoulli-Euler model, as given in the previous chapter by including a

compressive force is [135]

4

d*v d? |d%v
El +N 1—(e0a)

d g2

o — mow? [1 - (eoa)zj—xzz] v=0 (4.10)
In free vibration, this equation has been derived through the use of constitutive laws and the
equilibrium equation. The objective of this section is to calibrate the coefficient e, by equating
the solutions of the phenomenological model and the one of the microstructured mode,
previously determined.

For a beam simply supported at both end, the solution is given through the Navier expression of

the displacement. Substituting Eq. (2.48) into Eq. (4.10), it yields:

m* — (Am? + Q?) [1 + (eoamﬂ)z] _ 0 (4.11)

In statics (2 = 0), the nondimensional critical buckling load parameter is:
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1 1
A = min m? = (4.12)

T o)

The small length scale coefficient is obtained by equating Eq. (4.8) and Eq. (4.12):

1 2n 2
ey ) w

By expanding asymptotically the two sides of the equations, it leads to a calibration of the length

scale coefficient as follows

eop = 1/2V3 ~ 0.288 (4.14)

where the subscript b denotes a parameter, herein the small length scale calibrated, investigated
in statics. Analogically, the subscript v will be used in free vibration.

In free vibration, the nondimensional frequency parameter is

1
0?2 = m2 EE—1 (4.15)
14 (eoamn)
L
As for the static case, in free vibration, the small length scale coefficient is calibrated by equating
the continuous natural frequency given by Eq. (4.15) and the one of the discrete model (see Eq.

(4.9))

2

1 an (l)r (4.16)
1+

eoamn)2 - [n 2n
L

By expanding asymptotically for both sides of Eq. (4.16) for m = 1, it leads to the calibrated

small length scale coefficient:

eor = 1/V6 ~ 0.408 (4.17)

It is worth noticing that e, is different from e; ;. Thus, the small length scale coefficient is

structural dependent.
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4.1.2.2. Sixth order phenomenological model

A sixth order phenomenological model has been presented in the previous chapter in free
vibration. In the literature [135], the extension of this model to include a compressive force leads

to the following governing differential equation:

4

dx*

(4.18)

d? |d?v
+ N 1—(8061) dx2 W

d? d?
EI [1 + (eoa)2 ] — mow? [1 — (epa)? W] v=0

For a simply supported beam, using the non-dimensional parameters, the equations becomes:

[1 _ (eoamn)z: mt— 2 [1 + (eoamn ]m g [1 (@)2] o (4.19)

L
In statics (w = 0), the nondimensional buckling load is given by:
e amn e amn
1 = minm?2 1 (%0 ]/[ 0 ] (4.20)
m

Moreover, e, is calibrated by equating Eq. (4.8) and Eq. (4.20):

2

m2 [1_ eoamn ]/[ eoamn ]: Z—nsm(?::)] (4.21)

It yields the calibrated small length scale coefficient of

eop = 1/2V6 ~ 0.204 (4.22)
In the free vibration case (P = 0), the nondimensional frequency parameter is:
€g , M\ 2 €g ,MITy 2
Q% = m? [1 - (2 ] /[1 + (ST ] (4.23)
n n

By equating Egs. (4.9) and (4.23), the following calibrated small length scale coefficient is

obtained:

eop = 1/2v/3 =~ 0.288 (4.24)

The small length scale coefficient differs in statics and in buckling. As for the fourth order
phenomenological model, the nonlocal sixth order phenomenological model cannot be calibrated
with a constant length scale parameter.

Thus, the phenomenological models as presented in the literature and in this thesis are not
consistent because they are based on the use of a theoretical constant coefficient which cannot
be calibrated with a fixed value. Thus, there is a need to develop new nonlocal models to better
describe the mechanical behavior of nanomaterials. The nonlocal continualized models are recent

and lead to extremely promising results.
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4.1.3. Resolution of the paradox: the continualized model
4.1.3.1. Fourth order continualized model

The nonlocal continualized models are built from the reference lattice model. The continualization
process is explained below. The discrete displacement of the ith node v; for the discrete model is
equal to the displacement of the equivalent continuous system v: v; = v(x;) = v(x). Following
a similar reasoning, the previous and next particles w;_; and v;,4 are replaced by v(x; — a) and
v(x; + a), respectively. By applying Taylor series to the difference operators that describe
discrete particle interactions, it yields to:

ak dak

d
T dak v(x) = [eiaﬁ] [v] (4.25)

Vigs =v(x;ta)= Z(il)k
k=0

Thus, at the second order of the Taylor expansion, the second derivative of the discrete model is

equivalent to a continuous higher-order differential operator:

Vg1 — 2V; + v d? a? d?
e Dl [1 + ——] v(x) + o(a?) (4.26)

a?  dx? 12 dx?
The second term represents the effect due to discreteness, with a being the trace of the

microscopic system. Using the Padé approximation, the discrete laplacian can be expanded as:

d2
Vigq1 — 2V; + v Tv2
i+1 21 i1 _ dx2 —v+ 0(612) (4.27)
a 1— a d*
12 dx?
Similarly, at the fourth order,
Vipg — 4V + 6V; —4V;_1 + V;_ d* a? d?
i+2 i+1 azl i-1 i-2 _ — <1 + gw>v + 0(612) (4.28)
Or
d4-
Viyz — 4Viyq + 6(1121' —AVia Vo _ d;c‘*dz v+ o) (4.29)
a
(1-T2de

Egs. (4.28) and (4.29) show that at least two continualization processes are possible, through the
use of the Padé approximants or just the Taylor expansion up to the second order term. Indeed,

substituting Eq. (4.27) into the discrete moment curvature relation Eq. (4.1) may
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d2

M= Elﬁv +o(a?) (4.30)
12 dx?
Analogically, substituting Eq. (4.27) into the discrete equilibrium equation Eq. (4.2):
dz
%(1‘/1 + Nv) — mow?v + 0(a?) = 0 (4.31)
1- 123,52

Multiplying Egs. (4.30) and (4.31) by [1— (a?/12)(d?/dx?)], it yields the continualized

constitutive law and equilibrium equation:

a’? d*M d?v (4.32)
R - 2 :
12 dx? El dx? +o(a’)
d*M d*v a®d*v
dx? dx? T Mow <U 12 dx2> +o(a”)

The nonlocal effect occurs in these equations through the length a. Thus, in contrast to the
phenomenological models, the continualized models do not preserve the locality of the
equilibrium equation.

Substituting Eq. (4.32) into Eq. (4.33), it provides a moment-displacement relationship:

d*v  Na?d*v a? a?d*v 4.34
M=El———— 27 - 4 (4.34)
dxZ 12 dx2 T2 <” 12 dx2> o

eg is, constant and arbitrarily taken equal to 1/v12. The substitution of Eq. (4.34) into Eq. (4.33),

by neglecting the higher order termin q, it results in the following governing differential equation:

d*v a? d?1d%v
B+ P[1-5 ]

a? d*]  _ 4.35
r —mow? [1 =55 v =0 (433)

Furthermore, this equation can be equivalently obtained directly by continualization of the
discrete governing differential equation Eq. (4.5). As shown in the literature [135] the two
processes would lead to the same governing differential equation.

Thus, substituting Egs. (4.27) and (4.29) into Eq. (4.5) leads to

d* d?
Ty i T+ 2
EI dx v+ N d;; —v —myw?v+o0(a®) =0 (4.36)
a? d? 1-— a_d_
(1 —ﬁm> 12 dx?

Multiplying Eq. (4.36) by [1 — (a?/12)(d?/dx?)]?, the governing differential equation of the

fourth order continualized model is obtained, retaining only the second order terms in a [135]:
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The boundary conditions of this continualized model are obtained from the variational approach

[135]:

a?]d3v a?®]dv t (4.37)
_pZ|2Z 2 a’|av _ :
[{[EI P 12] T3 + [N + myw G ] dx} SUL 0

a?]d*v dn 1" (4.38)

EI—N——(‘S(—) =0 '
[{[ 12] dxz} dx L

The solution is provided for a simply supported beam. By substituting Eq. (2.48) into Eq. (4.35),

we obtain

a1 () ] 12 () -0 420

In statics (w = 0), the nondimensional buckling load parameter is:

1 1
A = minm? = (4.40)

B o

In free vibration (P = 0), the nondimensional frequency parameter is:

1
02 = m? (e amn)z (4.41)
1+42(22—
L

4.1.3.2.  Sixth order continualized model
Itis suggested to use Eq. (4.26) instead of Eq. (4.27) in the continualization of the local constitutive
law and the equilibrium equation, leading to
M = EI % + ?—:% + o(a?) (4.42)

The nonlocal constitutive law Eq. (4.42) is different from Eq. (4.30). Thus, it will lead to a new
continualized model. The nonlocal equilibrium equation Eq. (4.31) is retained. The substitution of
Eq. (4.42) into Eq. (4.31) and multiplying by [1 — (a?/12)(d?/dx?)] yields, choosing e, = 1/4/12
and by neglecting the term of higher order in a:

d*v d?v

+ N
dx* dx?

2

EI|1 2
[ + (epa) P

d? 4.43
= — mow? [1 — (eoa)zﬁ] v=20 (4.43)
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It is worth noticing that Eq. (4.48) may be asymptotically obtained from Eq. (4.35), by multiplying
itby [1 + (a?/12)(d?/dx?)] and neglecting the terms in a*.
Comparing the continualized nonlocal model with the sixth order phenomenological model, the
term associated with the dynamic effect is different from the one associated with the static effect.
Thus, in dynamics, in presence of a compressive load, the continualized and phenomenological
models do not match.
This governing equation contains a sixth-order space derivative term, in contrast to the fourth
order one that contains only second and fourth order space derivative terms. The only difference
between these two models is the scheme of continualization used in the bending constitutive law.
Thus, the order of the governing differential equation can be increased by using a different
continualization process.
Because of the presence of a sixth order space derivative term in the governing differential
equation, it requires two additional boundary conditions. These conditions are obtained from the
derivation of the governing differential equation through the variational principle. Thus, the
natural boundary conditions are [135]:
[{El a—2ﬂ+@] + [N +m wza—z E}SV]L =0
12dx5 ' dx3 07 12| dx
L

a?d*v d*v) /dv (4.44)
[E’ {EW * E} ® (E)L =0

E1a2d3v8 d*v L—O
12dx3  \dx? 0_

For a simply supported beam, by substituting Eq. (2.48) into Eq. (4.43),

(Y e[ (4 |0

In statics (w = 0), the nondimensional buckling load parameter is:

2.\ 2 2
_ . 2 epam-m 1 epam (4.46)
A—mnlln[m <—L >]—1 ( 7 )

In free vibration (P = 0), the nondimensional frequency parameter is:

o <o 7 o (7
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The expressions of the natural frequencies and buckling loads are not the same between the two
continualized approaches. This difference is due to the continualization process, based on the use
of Padé approximants for the fourth order phenomenological model and the Taylor approximants

for the sixth order one.

4.2. Different nonlocal thin plate models

The previous derivation is now extended to plates.

4.2.1. Microstructured model

Following the idea presented in the previous section, a rectangular plate under
compressive load is represented an assembly of chain net systems of rigid straight elements
connected at frictionless joints where rotations are localized as shown in Fig. 25. This model is an
extension of the Hencky’s approach valid for beams and plates. The lattice plate model has been

developed by Wifi vet al. [136] and El Naschie [132].

sNAx sNAx sNAx

NAy . Ax . Ax

(+1,41)

Dy =a

sNAx SNAx SNAx = e (#+1])

Fig. 25. Microstructured beam-grid model (a), torsional deformation of a unit cell (b)

w;-j and w;+; denote the transverse displacements of the right end of the i'" beam element and

the left end of the (i+1)" beam element, respectively, and w;j = w;-j. Thus, w; ; is the transverse

i+1/2,

displacement of node (i, j). In addition to the transverse displacement, two rotations 1,

and 1/)}l;+1/2'j are defined in the middle of the elements and denote the rotations of the element

between node (i, j) and node (i + 1,j).
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Ax and Ay are the lengths of beam elements in the x- and y-directions. For thin plates, the

rotations are related to the displacements by:
W = ( )J;l/)"lz Jj U+~ (4.48)
i+, Ax Lj+y Ay

s is a parameter such as when s = 0, the load is uniaxial [148] and when s = 1, the load is the
same along the two directions [133]. As for the beam case, the bending of the plate is made
possible by rotational springs at individual nodes. In vibration, the masses are at the nodes of the
lattice structure. The torsion deformation is modeled by a rectangular repetitive unit cell
composed of four rigid beam elements with springs in the central domain [132].

In the discrete model, the centered difference forms of the moment-rotation relationships is

formulated as:
My =D (AL’ +vay [wy']); My =D (4, [wy] + vac[wy'])  (4-49)

Mb = b D(1—-v) (4.50)

_ Lj i
=il =2 (4wl + 4, i)
The centered difference operators are defined as follows:

Wit1/2,j — Wi-1/2,j Wij+1/2 — Wij-1/2 (451
Aylwi ] = Ax s Ay[wi ] = Ay ; 451

and Agp[wij| = Aa(4p[wi;])
The strain energy function caused by bending of the rotational springs is given by:
Ny—1 le—l

Uy =2 Y M (a8 ax)ay + 0 (4, [y ] axay
i=1 j=1

My 1Myl (4.52)

_ g 2 Z [(Ax[wfzf'])z + (8, 93]

+ 2vA, [ |4 [wy ]] AxAy

where n, and n, are the numbers of discrete rigid elements in the x- and y-directions,
respectively. They are also seen as the number of atoms in the length of the plate.

Substituting Eq. (4.51), it leads to
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Nn,—1 ny_l

b_E'
i=1

(Wi+1,j —2w;; + Wi—1,j)2 Ay
Ax

et Ax
]:
+ (Wi,j+1 — 2w + Wi,j—1)2 Ax (4.53)
Ay Ay
+ oy (Wi+1,j —2w;; + Wi—1,j)(Wi,j+1 —2w;; + Wi,j—l)
AxAy

In addition to the bending strain energy, a torsional energy is present due to the torsion of four

connected rigidity bars in an enclosed rectangular unit cell of the lattice model. Thus, the total

torsional energy is given by [132]
Ny—1 ny—1

Ue=5 > > [(Migawi)ax + (Mylawyl)ay]
=1 Jj=1 (4.54)

Ny—1 ny—1

D PN 2 {2
=70-v Z Z ((acl/D)" + (2, [wi]) | axay
i=1 j=
where the torsional angles are
B = (Aelu] + 4yl Dy syl = (Afus] + 4, [pi P (459

Substituting Eq. (4.51) into Eq. (4.54), it yields to the torsional energy for thin plates:

Ny—17My—1

D Wiit1 — Wit1j Wi — Wit1\?
U, =Z(1_V) Z Z [( L+l - +1j+1  Wij A L+1,J>
=1 j=1 y (4.56)
(Wi.j+1 — Wi Witgj+1 — Wi+1,j>2
+ -
Ax Ay

For a discrete thin plate, the kinetic energy is express as

ny My

1 4.57
T =§m0Ax2wZZZW§j ( )

i=0 j=0
where my is the mass per unit cell area. In the continuous model, my = ph.

Under the action of compressive load, the work is given by:

1 isny Jsny—1 isn,—1Jsny
wegnasar| 303 @bl Y Y sl 4
€0 jeO i€0 jeO

where @ denotes the group of halves of odd numbers © = {(2k + 1)/2 |k € N}

For an isotropic material, Ax = Ay = a = y L/n,, = L/n,.
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The governing differential equation is obtained by minimizing the total energy:

08U +Up, —W —=T) — 0 (4.59)
aWi_]'

whence the discrete governing difference equation in displacement of the microstructured

model:

nyL[wi ] + n§Anicro) (Hx + sHy ) [Wi ] — Qnicroywij = 0 (4.60)

where the discrete operators L, H, and H, are

L[Wi,j] = ZOWL'_]' + (Wi,j—Z + Wi,j+2 + Wi—Z,j + Wi+2,j) - 8(Wi7j_1 + Wi,j+1 +

4.61
Wis1,j + Wisj) + 2(Wis1jo1 + Wisn jur + Wiy jo1 + Wisg je1) (4.61)
Hywyj| = wijoq = 2wy j + Wi jurs He[wy j| = wisqj — 2wy j + wigq )
2 mow?®(yL)* N(xL)? (4.62)
Q(micro) = D » Mmicro) = D

where Qmicroy is the dimensionless vibration frequency of the microstructured beam-grid
model and A the nondimensional buckling stress.

The discrete equation Eq. (4.60) can be seen as the finite difference formulation of the continuous
Kirchhoff-Love plate equation [134].

Equation (4.60) is also obtainable by considering the finite difference formulation of both the
constitutive law and the equilibrium equations. The finite difference scheme applied to the

constitutive law is expressed as:

M = p (Yt 2wij +Wi_qj by Wit T 2wij +Wij1\  (4.63)
x = AxZ v AyZ
Lo (Wij+1 T 2Wiji tWijq o Wigqj = 2W i H Wisy ;) (4.64)
MY =D 5 +v 3

“Wij+1 + Wity j+1 T Wij —Wir1j  (4.65)
AxAy

My, =My =D(1~-v)

For the equilibrium equation, it is expressed as:

i+1,j i i-1,j Lji _ pgi=1J _ pglj-1 i-1,j-1 Ljt1 _ 5agtj Lj-1
Mxx 2]\/Ixx + Mxx +2 Mxy Mxy Mxy + Mxy + Myy ZMyy + Myy

Ax? AxAy Ay? (4.66)

Wi — 2W; +Wiqj b Wijr1 = 2w i+ wi g
Ax? Ay?
Substituting Eqgs. (4.63)-(4.65) into Eq. (4.66), it leads to Eq. (4.60).

+N< )—mowzwid-:O
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For a discrete plate that is simply supported at all edges, analogically to the continuous approach,

the Navier expression of the displacement is expressed as:

. mmi | nmj . ammi | nmj (4.67)
Wi j = Wq sin sin— = wj sin sin— :
Ny n, ny ny
By substituting Eq. (4.67) into Eq. (4.60), one obtains the following equation:
2
0?2 — 4n? <2 - cosT + cosn—n>
y
(micro) Ny n, (4.68)
mm nr
+ ZA(mlcro)ny 1+s— cosn—x —S COSE =0
In statics, Qnicroy = 0 and the critical buckling load equals
m 2
2n; (cosn—+ cos—— 2 469
x ny
Atmicroy = min | — it | ( )
(m )\ cos—+scos——1 /
Ny
Zhang et al. [148] derived this equation for a uniaxial load (s = 0)
In free vibration, N = 0 and the non-dimensional natural frequency is
2
mn nm 4.7
Q(mmo) 4ny (2 - cosn— + cos n_> (4.70)
x y

This lattice model is used to calibrate the small length scale coefficient of the continuous models

and to build continualized models in order to have a constant coefficient.

4.2.2. Phenomenological thin plate model

4.2.2.1. Fourth order phenomenological model

The governing differential equation of the fourth order phenomenological plate model, also called
nonlocal Kirchhoff-Love plate model, has been given in a previous chapter in free vibration. It is

now extended to take into account the compressive forces:

0'w 0w 471
DV*w — [1 — (eoa)?VZmow?w + [1 — (ega)*VZ]IN (ﬁ + sa—yz> =0 (4.71)

In a similar manner to the investigation of nonlocal beam models, the small length scale

coefficient has to be calibrated. First of all, the solution is determined for a plate, simply supported
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at all edges. It is assumed a half sine wave in the y direction (n = 1). In view of the simply
supported boundary conditions, the substitution of the Navier expression of the displacement

into Eq. leads to the following non-dimensional critical buckling load, in statics (w = 0):

(B [Gm)? + 12

A = min Iz (4.72)
m
e2m2[(ym)* + (ym)2(1+s) +s] + (%) [(xrm)?2 + s]
and, in free vibration (N = 0), the non-dimensional natural frequency
xLy? 2 2.4
Q= () [om)? + 1) (4.73)

XLy’
(7) + e2m2[(xym)? + n?]
By equating these solutions with those of the discrete models, it leads to the calibrated small
length scale coefficient in buckling and vibration, respectively, when the number of elements n,,

goes to infinite:

1 [x®m® + 2y*m*s — y*m* — y2m?2s + 2y?m?2 + s (4.74)
x®mé + y*m4s + 2y*m* + y2m?2 + 2y?m2s +s

(4.75)

The calibrated small length scale coefficient lies between 1/v/24 and 1/+/6. It depends on the
initial load, the buckling or vibration mode and the geometry (aspect ratio y) [134,135]. For
instance, Fig. 26 depicts the calibrated small length scale coefficient with the aspect ratio in statics

for a uniaxial load (s = 0) and the first buckling and vibration mode.
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0,43
0,39
0,35
0,31
N}

0,27

0,23

0,19

0,15
0 0,2 0,4 0,6 0,8 1
Aspect ratio

Fig. 26. Small length coefficient with respect to different aspect ratio in all round simply
supported rectangular plate in statics following the fourth order phenomenological Eringen’s

model withs = 0

The expression of the coefficient is not the same in statics and in free vibration, as shown in Fig.

27.

0,45
0,4
0,35
.03

0,25

0,2

0,15
0 0,2 0,4 0,6 0,8 1

Aspect ratio x

Fig. 27. Calibrated small length scale coefficient calculated in static case (dashed line) and free
vibration case (continuous line) with respect to aspect ratio for m = 1, considering the fourth

order phenomenological model
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It is seen that the gap between the value in statics in dynamics and statics increases with respect

to the aspect ratio y. As it will be explained, the reference value of the small length scale

coefficient, given through the continualized approaches (see hereinafter), is 1/v/12. Setting Ae,
the relative error between the value calculated in the phenomenological model and the reference

coefficient, Aey is given in the following figures for different values of the aspect ratioand m = 1.
50
40
30

20

Aeo (%)

10

0 0,2 0,4 0,6 0,8 1

Fig. 28. Relative error of the small length scale coefficient obtained in the fourth order
phenomenological model compared to the reference coefficient in the static case (dashed line)

and dynamic case in free vibration (continuous line) and the calibrated coefficient calibrated

Consequently, because of the strong dependence of the small length scale coefficients on the
different parameters, the fourth order phenomenological is not reliable (or at least, it gives

apparent structural-dependent length scale calibration with respect to the plate lattice).

4.2.2.2. Sixth order phenomenological model
The governing partial differential equation of the sixth order phenomenological model is given

in the previous chapter in free vibration and is now extended to take into account compressive

loads:
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As for the fourth order phenomenological model, the small length scale coefficient introduced in
this model has to be calibrated. For a plate that is simply supported at all edges, taking n = 1,
using the Navier solution of the displacement, it results in the non-dimensional critical buckling

load, expressed as follows, in statics (w = 0):

L 2
(£5) [0m)? + 11202 — edn*[Gem)? — 112 [Gem)? + 1]

a

A = min Iz (4.77)
m
elm2(ym)2(1 +s) + e2m2[(ym)* + s] + (%) [(xm)?2 + s]
The non-dimensional natural frequency is given, in free vibration, by:

XL 2 2 2.4 2.6 2 2 2

. (£2) [am)? + 11Pn* = egn®[Gem)? + 1][(rm)? — 1] (478)
(X—L)Z + e2m2[(ym)? + n?]
a 0

Using the discrete model as the reference model and assuming that the discrete equation
matches with the one of the continuous model, the calibrated small length scale coefficient in

buckling and vibration, respectively, when the number of elements n,, goes to infinite, is:

o = 1 |x®m® + 2y*m*s — y*m* — y?m?s + 2y*m? + s (4.79)
LN xomé + y*mis + y?m? + s
coy = — (4.80)
b=
’ V12

The expression differs in statics and in free vibration (see Fig. 29). Remarkably, it is seen that in
free vibration, the small length scale coefficient is constant and is equal to 1/+/12. This value
coincides with the one that will be found for continualized models. In statics, the coefficient is
between 1/v/24 and 1/+/12 and it depends on the load parameter s, the buckling mode m and
the aspect ratio y [134,135]. Thus, the magnitude of the fluctuation is less important than for the
fourth order phenomenological model. Fig. 30 depicts e, , with the aspect ratio for a uniaxial load

(s = 0) and the first buckling modes.
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Fig. 29. Variation of calibrated small length scale coefficient calculated in static case
(dashed line) and free vibration case (continuous line) with respect to aspect ratio,

considering the sixth order phenomenological model.

Again, the difference between the small length scale coefficient calibrated in statics and the one

in dynamics increases the aspect ratio y.

0,31

0 0,2 0,4 0,6 0,8 1
Aspect ratio x
Fig. 30. Small length coefficient with respect to different aspect ratio in all round simply
supported rectangular plate (buckled with half wave in y direction) following the sixth order

phenomenological model with a uniaxial load.

Furthermore, the gap Aey is given for various values of the aspect ratio in Fig. 31. This is constant,
equal to zero, in free vibration because in this case, the value of the calibrated small length scale
coefficient is the same as the value of the coefficient given in the continualized models (see

hereinafter). In statics, the gap increases with the aspect ratio.
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Fig. 31. Gap between the small length scale coefficient obtained in the continualized model in
the static (dashed Ine) and dynamic case in free vibration (continuous line) and the calibrated

coefficient calibrated in the sixth order phenomenological model)

It is worth noticing that the sixth order phenomenological model requires two additional
boundary conditions than the fourth order phenomenological model. One may wonder whether
it is not overcomplicated. However, by increasing the order of the model, the calibrated
coefficient is constant in free vibration and consequently, the model provides better results than

for the fourth order phenomenological model.

Thus, two phenomenological models with different orders have been derived. Both introduce a
small length scale coefficient. This coefficient is supposed constant and yet, when it is calibrated
from the discrete model, it is shown that it depends on different parameters such as the load or
the aspect ratio. Assuming that the small length scale coefficient is 1/4/12 ~ 0.288, defined in
the derivation of the continualized models, presented hereinafter, the fourth and sixth order
phenomenological models underestimate or overestimate this value. This gap cannot be ignored
and it appears that the phenomenological models, traditionally used in the literature, are not
consistent at least strtictly as compared to lattice plate models. Consequently, there is a need to
develop models that are more consistent than the traditional phenomenological ones (stress
gradient nonlocal models of Eringen’s type). The continualized models, as it has been established

for beams, can be viewed as alternative nonlocal models to the phenomenological models.
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4.2.3. Continualized models

4.2.3.1. Fourth order continualized model

The derivation of two continualized models, at different orders, is now proposed. These models
are built based on the microstrured plate analysis and is anticipated to provide better results than
phenomenological models

As in the beam problem, a dense lattice is assumed. The principle of the continualized approach
for plates is the same as for the one-dimensional continualized beam models. As for beams, the
discrete displacement is asymptotically equivalent to the continuous one w;; = w(x;,y;) =
w(x). In the discrete model, the displacements w; 44 ; and w; ;1. are replaced by w(x; + a, y;)
and w(x;,y; + a), respectively. By applying Taylor series to the difference equations, it yields, for
plates [134,135,147]

k qk

Wiv,j = w(x; +a,y) = RZOEWW(X, y)
- N (4.81)
, ak ok
wi—yj =w(x —a,y) = Z(—l) Fﬁw(x’ y)
k=0 '
Thus, at the second order:
Wiy, — 2Wi,j + Wi_1,j 62 Clz 2 2 (482)
=—|1+-—=-—=|wkxy) tola
a® d0x? 12 0x?2 Wi y) +o(a®)
It is also possible to use the Padé approximants, it leads to
Wip1,j — 2W;j +Wi_q; Wijt1 — 2W;j + W41
) azl] e Lgx[wl; L) az” R Lgy[w] (4.83)
Where the differentials operators L, , and L ,, are defined as follows:
22 22
Lox = ?;;252 s Lax = ?;;252 (4.84)
1=2ox2 122
Following the study of Rosenau [144]
1 i 1 i
2 —_ 0x .z __ Oy (4.85)
ax a2 92 ’'"ay - a2 92
~2409x7 ~249y7
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Considering the discrete constitutive law and equilibrium equation:

My =D(Lgy + VLgy)[w] (4.86)
My =D (Lgy +VLgy) W] (4.87)
Myy =D (Loxlay) W] (4.88)
LaseIMex] + 2(LasxLay) ™ [May] + Lay[Myy] + PLax[w] + SPLqyw — mow?w = 0 (4.89)

As for beams, for plates, the continualized models do not preserve the locality of the balance
equation.

Substituting Eq. (4.85) into Eqs.(4.86)-(4.89), one obtains:

2w 2%w
2 dy? 4.90
M,, =D 6ax2 g7tV a}; 532 + 0(a?) (4.90)
=252 171252
BZW aZW
dy? 0x2 (4.91)
M,, =D T TV 757 + o0(a?)
T125y2 T T2ax?
a‘w
D(1—v) YW
_ 1-v) dxdy 2 (4.92)
Mxy = a2 02 a2 92 + o0(a”)
(1~Z52) (1~ Za5y2)
92 M, 5 My 90°My, 9%w y oW
o2 2 Bxdy 9y? N 52 Nayz
@202 [ a0 [, _@ 02| | _ator ' _a_26_2+1_a_26_2 (4.93)
12 9x2 24 9x2 24 9y? 1232 12 9x2 1232

— myw?w + 0(a?)

By using the Taylor expansion, Egs. (4.90)-(4.92) leads to:

62 2 62 62 a2 62 4.94
— 1 - 2 ( )
M,y D(ax2<1 12952 >w+ 6y< +126 > >+o(a)
62 2 62 62 a2 62
il 2y (4.95)
M, = D<6y <1 126 >w+va 2<1+126x2>w>+0(a)

CI,2 02 a2 02 02 (4 96)
= —_ [ 1 —_ 2 .
M,, =D(1 v)( +24(’) )( +246y2>6x0yw + o(a®)
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Multiplying Eq. (4.93) by [1 — (a?/12)V?]? and substituting Eqs. (4.94)-(4.96) results in the

governing differential equation

. a? 0*Vviw 5 a’_,

N 62W+ ’w  a? 2s + 1) 0w +64W+ o*w to(@) =0
0x? Sayz 12\“% 0x2dy? = 0x* Say4 o=

In contrast to the phenomenological models, the small length scale coefficient does not appear

(4.97)

explicitly in the equation and has to be introduced. e, is chosen arbitrarily equal to 1/v12. By
definition, it does not depend on the load, the geometry or any other parameter. Thus, the

governing differential equation is rewritten as:

2 W] - m0w2[1 - Z(GOG)ZVZW]

N 62W+ 92w (eoa)? (205 + 1) *w +64’W+ o*w 0
axz T ° y %o s 0x2dy? = 0dx* Say4 B

(4.98)

This equation is also derivable from the continualization of the discrete governing differential

equation Eqg. (4.60):

[ 94w 0w d*w ]
ox* dx*dy*> ay*
Dl —— +2 757 7oy T — = —mow?w
(-55) (-t (-fa) (-5 |
T 125x2 12 9x2 12 9y? 120y2 (4.99)
2 2
N%xvg SNC;YVZ 2
+1_a_26_2+ _a_26_2+0(a)=0
129x2 1239y2

Multiplying by [1 — (a/12)2V?]? and neglecting the higher order term in a results in Eq. (4.98).
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Eqg. (4.98) requires six boundary conditions which may be obtained from the variational principle.

For edges parallel to the x axis, the boundary conditions are:

9w 9*w a’> 9*w  a® 5 *w] ow
<W+va—yz> _D?—axzayz _EN[V w+sa—yz] =0or EM
a’> 93w %w
?Dayzax=00r a_yz
D[ivzw—a—zas—w]+ a—W—a—ZN[ivzw+s63—W]+a—2m wza—w— 0 orw
ox 3 dx3dy? ox 12 |0x dx0dy? 6 ° dy

are specified.

The calibration of the small length scale coefficient, in contrast to the phenomenological models,
is unnecessary since, by definition, it is equal to 1/\/ﬁ. Thus, the fourth order continualized
model (as the sixth order continualized model that will be presented hereinafter) are much better
than the phenomenological models based on postulated nonlocal constitutive laws, at least with

respect to the calibration with lattice mechanics.

4.2.3.2. Sixth order continualized model

Another continualized model is derived by using another continualization scheme. Instead of
using the Taylor expansion on Eqgs. (4.90) and (4.91), these equations are multiplied by
[1— (a?/12)V?] and Eq. (4.92) by [1 — (a?/24)V?]

_@ 2 —plow . 9w _a® _otw_ 2 (4.100)
(1 12 v )Mxx =D [axz tv ay? 12 (1+v) axZayZ] +o(a”)
_2y2 —pl¥w, , ow_a* _otw 2 (4.101)
(1 12 v )Myy =D [63/2 tv axZz 12 (1 t 1/) 6x26y2] + O(a )
a? 0* (4.102)
<1 - ﬁV2>Mxy =D(1—v) c’)xc’)yw + o(a?)

Substituting Eqs. (4.100)-(4.102) into Eq. (4.93), multiplying by [1 — (eqa)? 9%/9x?][1 —
(epa)? 8% /dy?] one obtains
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. a? (0°w  9*Viw 9w 5 a? 5
D (Viw +— 6x6_6x26y2+6y6 —mow* |1 ——=V*|w

12 12

(4.103)

CHPVIC RS AL Y it P

12 s 0x20y? axz " ° ay? |

e, is chosen equal to 1/+/12. It results in the following governing differential equation
0°w  0*Viw  9°w
P [v4w + (e0a)? ( st ay6>] — mg@?[1 — (e0@)* P ]w

(4.104)

(o N(L +5) = (2 1T g
G0 s 0x20dy? 0x? Sayz -

It is also obtainable via variational formulation [134]. Thus, for boundary conditions, for edges

parallel to the x axis:

D 2°w N 0w b a?( 0*w 2*w\ a? N(L+ )BZW 5 (GW) _ )
axz dy? 12\0x%0y? 0dx* 24 s dy? ax)
a? [ 23w 9%sw 93w 626W] 3

127 |oxdy? dy?  9x3 0x?

b ] — a? (9°w 25w N ow a? - 23w N a? , 0w S = 0
ax - ¥ T 12\ 0x5 dx30y? ox 24 (A +s) dxoy?) 12 M@ G [OW T
It has been shown in the literature that other sixth order continualized models could be derived.

All these models are equivalents at the second order in a [134].

The different phenomenological and continualized models at the fourth and sixth order are now
extended to describe the mechanical behavior of thick plates. The first investigations about the
nonlocal thick plate models are recent [226,257,258,268,269]. However, the calibration of the
small length scale coefficient of nonlocal Uflyand-Mindlin plate models, from lattice theory, has

not been carried out.
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4.3. Nonlocal thick plate models

As for the thin beam and plate models, the lattice model has to be derived first in order to

calibrate the small length scale coefficient introduced in the thick plate models.

4.3.1. Microstructured beam-grid model
Compared to the discrete lattice plate model, in the microstructured beam-grid model, in addition
to rotational springs, two successive rigid beams are connected via a shear spring as shown in Fig.

32.

Ax Ax (i+1j)

Shear effect

(i-1p (i.g) +1),”  sheareffect =~ -
L T y @;—1;"3-1
Undeformed After deformation

@.n

T+1n
Rotary inertia effect
Fig. 32. Deformation of two successive elements following the x direction considering the rotary

inertia and the shear effects.

Because of the discontinuity of the displacement when the rotary inertia and the shear effects are
taken into account, w;-; is different from w;+; and the rotation-displacement relationship given
by Eq. (4.48) for thin plates is no longer valid. Some alternative shear lattice plates could be
considered in order to preserve continuity of the displacement, as presented for shear beams in
[139]. This model is an extension to the thin plate model that has been presented before and the
discrete thick beam model given by Duan et al. [127] and Zhang et al. [128].

In the discrete thick plate models, Eq. (4.53) for the bending strain energy and Eq. (4.58) for the
work are retained but because of the discontinuity of the displacement, Eqgs. (4.56) and (4.57) are

not valid.
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In contrast to the discrete model for thin plates [129,134,135,270] for which a beam is connected
by another via a rotational spring, there is another degree of freedom at each individual node
modeled by a shear spring of constants S, and S,, for two adjacent beams in the x and y direction,
respectively. These springs introduce shear effects between the nodes via a discontinuity of the
displacement between two successive nodes. In the first microstructured models [132,136],
presented before, the shear springs were not present and the shear contribution was ignored.

Following the papers of Duan et al. [127] and Zhang et al. [128] that describe the behavior of

discrete thick beams, the strain energy function due to deformed shear spring is given by:

isn, jsny

1 2 .,
Us=5 > D [Sel@ulwig] + i) ax? +5,(ay [wy] +9i) ay?]  (4.105)
i€0 jEO
where the constants of the springs are given by S, = kGh4y/Ax and S,, = kGhAx/Ay.

In the discrete kinetic energy, there is an additional term compared to Eq. (4.57) for thin plates:

Ny, Ny isn, jsny

1 N2 | (i ? 4.106
T = axayle?y Y mgw Y Y m{(04) + (o)) 100

i=0 j=0 i€0 jeO
where m, is the mass per unit cell area. In the continuous model, m, = ph3/12.

For an isotropic plate S, = S,, and the Euler-Lagrange equation can be obtained from Eq. (4.59)

and:
0Ug + U, +Us —T 0U+Up+Us—T
t b — S — t b — S =0 (i,j) €0 (4'107)
Oy’ oy’

It results in the equations of motion, with (i, j) a couple of half-integers

D(1+v) i i D(1—-v) ey

T{Axx[ alc]] + Axy[ 311]]} + T{Axx + Ayy}[wylclj]

— kGh(Ax[wy ;] +¥Y) = —mpw®y
D(1+v) D(1—-v)

— {8 1+ 4y [T} + (o + 25} [w)] (4.108)
— kGh(dy[wi ] + ) = —my06)
KGR (A [ j] + Ayy [wi ] + Ay [W37] + A [57]) = N(Age[wi ] + 4y [wif])
= —mow’wy;
When v = 4,[y)'] = 4,[yy’] = 4,[wi;] = 0, the equations are reduced to those for thin

plates (see before).
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Egs. (4.108) are the discrete equivalent of the equations of motions given by Eq. (2.77) from the
local Uflyand-Mindlin plate model [103].
Applying 4, and 4, to the first and second equation of motion, respectively, after some
manipulations, it leads to the following governing differential equation

D(Axxrx + 20xayy + Ayyyy ) [wi ] — mow?w;

my

m
+ {—OD + mz}wz(Axx + Ayy)[wi,j] + mzw“ﬁwi_]-

KGh
ND
+ [N h @ (Axx + Ayy)] (Axx [Wi.]'] + SAyy [Wi,j]) =0

Eqg. (4.109) is the central finite difference scheme of the local and continuous Mindlin plate

(4.109)

equation studied in chapter 2 and extended to take into account the compressive loads.
Thus, the discrete governing differential equations is rewritten as:

n;azl‘[wi.j] - Xzﬂgmicro)wi.j + ‘Q%micro)nlzl{ﬁh + ﬁi}(HX + HY)Wl'.J'

Dy, (4.110)
+ ¥ QA(lumicro)Wi,j + njzi)(z/l(micro) (Hx + SHy)[Wi,j]
- 5hngl;/l(micro) (M; + SMZ)[Wi,j] =0
where the following non-dimensional parameters are defined
_omy D h? 2 (4.111)

M= 2 = G T e =y s T =y
Moreover, in addition to the operators L, H, and H,, given by Egs. (4.61), the following discrete
operators are defined
My[wij| = Wisoj + Wisgj + Wig j1 + Wisja1 + Witrjo1 + Wis1jo1
—6Wipqj — Wi — 2W; i — 2wy 51 + 10w (4.112)
My [wij| = Wijua + Wijoo + Wisrje1 + Wisgju1 + Wisrjo1 + Wisgj—
—O6W; i —OW; 1 — 2Wipqj — 2w_q; + 10wy
For a plate that is simply supported at all edges, the solution is obtained by substituting Eq. (4.67)

into Eq. (4.110).
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L s 1 (us +1)
&2 ;(4 Q(mLcro) [@+ gznjzl s Q(mlcro)

2 tmi
+(nm—;cm)(cos\/a_1+scos\/a_2—1—s)

4—
HsAimicro) [2(1 +5) 4 cos? \/a; + scos? Ja, — (3 +s) cos/a

(4.113)
(2
nmw
—(3s+1) cosn— + (1 +5s)cos/a, cos,/az] =0
y

where different non-dimensional parameters are defined as follows:

X xmm 2 nr\>
= () o= () (@120
d=a,+a,6= 2(2 — cos\/a_l— cos\/a_z)
In statics, w = 0 and the critical buckling load is

2
A(micro) = { Hs [2(1 + s) + cos? \/_ + s cos? \/— (3+5s) cos\/—
— (3s + 1) cos\[az + (1 + 5) cos \[a; cos/ay] (4.115)

1 -1
—n—z(cos\/a_1+scos\/a_2— 1 —s)}
y

For a thin plate, { goes to infinite and the results are reduced to those obtained before [134,135].

In free vibration, Amicro) = 0 and the equation is rewritten as:

ﬂsﬁzﬁ‘(}micro) [1 +(1+ :US))B(S]‘Q'(mlCTO) +6%2=0 (4.116)

where [ and ) are defined as follows:

[(ymm)? ;l- (nm)?] = Q 1)
{ (ymm)? + (nm)?

For thin plates, m = 0, it is worth noticing that the result matches the one given a previous section

ﬂ:

and in the literature (see for instance [126,133-135]). Taking n = 0, the plate problem is reduced
to the beam one and the equation coincides with the one given by Duan et al. [127].
Thus, the closed-form expression of the discrete squared nondimensional natural frequency is

[127]

02 ierey = %( + 1) #jﬁz [1 + \/(‘us 128282 4 2(1+ u)BS + 1| (4.117)
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For thin plates, § = 0 and Q(mlm,) = 52, coinciding with Eq. (4.70), determined in a previous
section.

To study the non-dimensional natural frequencies of the thick plates model and to calibrate the
small length scale coefficient, in a sake of simplicity, it is suggested to expand Eq. (4.117) through
the use of the Maclaurin series expansion such as the degree of each term is smaller than unity.

Thus, the higher root is expanded as

02 - 14+ 1(0(1 +a2 +(1+'Lls)ﬁ+(1+‘u5)f+1+0(a%'a%'ﬁz) (4.118)
6( a; +az) usfB

when f goes to zero, although the case is reduced to the one of a thin plate, a singularity appears
in the expression of the natural frequency. Thus, for the next, the higher roots will be ignored.
The other root, the lowest one, is given by:

g2 - (3 =27p — 270up) aman(ai +a3)  (3f +3usf—1) aja]

720 (a +ay)3 1080 (a; + ay)3
+ —18(us — DB +7 ajaj
360 (a1 + ay)?
+ (1 + u?
19(af + af) + 4(ada, + ada;) + 30a?a3
3 2
+ 3us)B 360(a; + a,)? (4.119)

(a? + a?) (af + a25)

T3 tay) ] 10[8__( S)B](a + a,)?

+1

1 11(@? + a3)? + 2a,a,(a? + a?)
* [Z(l THs)B — E] (a; + ay)3

- (1 + :us).B

4.3.2. Nonlocal Uflyand-Mindlin plate model

The derivation of the nonlocal original Uflyand-Mindlin plate model or fourth order
phenomenological thick plate model or fourth order Eringen model, has been derived in a
previous chapter in free vibration. It can be shown that the general form of the governing
differential equation of the nonlocal original Uflyand-Mindlin plate model extended to take into

account compressive forces [271,272] is:
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[1 - Rs(eoa)272]
kGh

K 02
{DV? + myw?[1 — (eya)?V?]} {N (ﬁ + sa—yz> — mowz}w

92 2 (4.120)
+[1 = (ega)?V?] [(mo —myVH)w? - N (ﬁ + Sa—yz>] w

= DV*w

The value of the parameter R has been widely debated in the previous chapter. It was concluded
that R, is equal to unity. This value will be kept for the next, although it would be possible to also
consider the case of R equal to zero [271].

The value of the small length scale coefficient ey, supposed constant, is unknown. As for the
phenomenological thin plate models, it has to be calibrated from the reference discrete model.
Two cases have to be considered and distinguished: in statics (w = 0, N # 0) and in free vibration
(w # 0,N = 0). Indeed, the small length scale coefficient is calibrated by equating the buckling
load in statics and the free vibration in free vibration of the phenomenological model with the

one of the discrete model.

4.3.2.1. Solution in statics
First of all, the buckling load has to be determined in statics for the phenomenological model.
Considering a plate with all edges simply supported, for n = 1, substituting Eq. (2.118) into Eq.

(4.120) and using the nondimensional numbers, the critical buckling load is:

2 [Gm)? + 1]2
2= min — [Grm)? + 5] . (4.121)
1+ [% + (ﬁ) ]712[()(m)2 +1] + %()?_L) T [(ym)? + 1]2

When { goes to infinite, the shear effect is neglected and the nondimensional buckling load of the
thick plate is reduced to the one found in a previous section for thin plate given by Eq. (4.72).

In order to observe the dependence of the buckling load on the small length scale coefficient, it
is given in Figs. 33 and 34 for a square plate (y = 1), a thickness ratio h equal to 0.1 and various
values of the number of elements n,, for the first buckling mode m. Two cases are considered: a
load in all directions s = 1 (Fig. 33) and a uniaxial load s = 0 (Fig. 34). Different values of e, are
considered: 0, 1/v/24, 1/4/12 and 1//6. As expected, it is see the value of the small length scale
coefficient has a big influence on the value of the buckling load. Thus a correct calibration of the

small length scale coefficient is crucial in order to predict the behavior of the plate in buckling.
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Fig. 33. Buckling load of all round simply supported nonlocal plate with respect to the length

scale coefficient and n,, for a set of parameters (x,m,n,s) = (1,1,1,1) and different values of

eo (0,1/V6,1/V12,1/+/24) considering the fourth order phenomenological model
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Fig. 34 Buckling load of all round simply supported nonlocal plate with respect to the length

scale coefficient and ny for a set of parameters (y,m,n,s) = (1,1,1,0) and different values of

€ (0, 1/V6,1//12, 1/V24) considering the fourth order phenomenological model

For a load uniform in all directions (s = 1), by equating the buckling load from Eqgs. (4.115) and

(4.121), when the number of elements n,, goes to infinite,
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1 yim*+1

eop = (4.122)
TV12 %nZ[(xmﬁ +30m)* + 30m)? + 1] + [(rm)? + 1]2

When ( goes to infinite, it is reduced to Eq. (4.74).
For a uniaxial load (s = 0), by equating the buckling stress from Egs. (4.115) and (4.121), the

calibrated e, is expressed as, when the number of elements goes to infinite:

1 Sm2[1— Gem)*] + (rm)* — Gem)? + 2

€op = J12 %nz[(xmf +3(m)* +3(m)2 + 1]+ (ym)* + 2(ym)2 + 1

It is seen that e, is not constant and depends on the aspect ratio y, the buckling mode m, the

(4.123)

nondimensional shear parameter { and the load through the parameter s.

The calibrated small length scale coefficient for a thick plate is different from the one for thin
plate. Thus, the shear effect, through the parameter { significantly changes the behavior of the
plate in buckling. When the buckling mode m goes to infinite, the small length scale coefficient
goes to zero for thick plates whereas for thin plate, it has been shown in a previous section that
it goes to a constant value, the same as the one defined in the continualized model, namely
1/4/12. Thus, the nonlocal effect decreases with the buckling mode and it leads to a paradoxical
result.

In order to study the influence of the different parameters such as the aspect ratio or the shear
parameter { on the value of the calibrated small length scale coefficient, it is proposed to calculate
it by using the values of the shear parameter and the Poisson’s ratio found in the literature,
namely 5/6 and 0.3, respectively [226]. It is assumed a one-half wave in the y-direction (n = 1).
Figures 35 and 36 depict the calibrated small length scale coefficient for different values of the
aspect ratio y and buckling mode m for a couple (i_l; 5h) equal to (0.1; 0.0028571) for an uniform

load along all the directions (s = 1, Fig. 35) and a uniaxial load (s = 0, Fig. 36).
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0,2 0,3 0,4 O,EX 0,6 0,7 0,8 0,9 1

Fig. 35. Calibrated small length coefficient e, with respect to the aspect ratio y following the
Eringen’s nonlocal Uflyand-Mindlin plate model for various values of the buckling load and a

couple (h; Dy,) equal to (0.1;0.0028571) with a load uniform in all directions (s = 1)

0,42
0,34

0,26

€

0,18

0,2 0,4 X 0,6 0,8 1

Fig. 36. Calibrated small length coefficient e, with respect to the aspect ratio y following the
Eringen’s nonlocal Uflyand-Mindlin plate model for various values of the buckling load and a

couple (i_l; ﬁh) equal to (0.1;0.0028571) with a uniaxial load (s = 0)
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It is seen that the small length scale coefficient, calibrated from the discrete model, is strongly
dependent on the aspect ratio and the buckling mode. Likewise, Figs. 37 and 38 show ¢, versus
the aspect ratio for different values of the aspect ratio y and the parameter s for the first buckling

mode (m = 1) and confirm that it is also dependent on the shear parameter Eh.

0.3

b,->o0
..... D, =0.0028571

0.25 ~
+ = Dy=0.0057152
a"D > e ]
0.2 S - e
— — —
0.15
0.2 0.3 0.4 05 X 06 0.7 0.8 0.9 1

Fig. 37. Calibrated Small length coefficient e, versus the aspect ratio y following the fourth
order phenomenological Uflyand-Mindlin thick plate model, for different values of D, and a

couple (m, s) equal to (1,1)
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0.4 _
5,0
..... D =
035 L. ,=0.0028571
o - = 1,=0.0057152
()
03 T
0.25
. \“""’-h
0.2 T~ i
0.15
0.2 04 X 06 0.8 1

Fig. 38. Calibrated Small length coefficient e, versus the aspect ratio y following the fourth
order phenomenological Uflyand-Mindlin thick plate model, for different values of D}, and a

couple (m, s) equal to (1,0)
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Thus, considering a set of parameters (y,m,n,s) equal to (1,1,1,1), the buckling load 4 is

depicted in Fig. 39 for various values of the number of elements n,,. For these parameters, the

calibrated small length scale coefficient is taken equal to 1/v24.

18,7

18,65

<

18,6

e Fringen Rs=1
18,55 O Microstructured
18,5
10 20 30 ny 40 50 60

Fig. 39. Buckling loads of a simply supported nonlocal plate and lattice model for different n,,

following the fourth order phenomenological thick plate model (eo = 1/\/24) for a set of

parameters (y,m,n, s) equal to (1,1,1,1)

It is seen that the buckling load perfectly fits the one of the lattice model. Thus, e, = 1/v/24is an
excellent value of the small length scale coefficient for this particular set of parameters
(x,m,n,s). However, as explained before, for different parameters, the calibrated small length
scale coefficient will change. For instance, Fig. 40 shows the buckling load of the discrete model
and the one of the fourth order phenomenological thick plate model considering a set of
parameters (y,m,n,s) equal to (2,2,1,1) for a small length scale coefficient equal to 1/v/24 ~

0.204 and 0.257, value calibrated from this new set of parameters.
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Fig. 40. Buckling loads of a simply supported nonlocal plate and lattice model for different n,,
following the fourth order Eringen model for a set of parameters (y, m,n, s) equal to (2,2,1,1)

and e, equal to 1/v/24 and 0.257

Thus, it is seen that e, = 1/v24 leaded to an excellent approximation of the non dimensionnal
buckling load for the triplet (y = 1,m = 1,n = 1) but it cannot be used for another set of

parameters.

4.3.2.2. Solution for free vibration

Likewise, in the case of free vibration, A = 0 and the natural frequency has to be determined in
order to calibrate the small length scale coefficient.
The non-dimensional natural frequency of the fourth order phenomenological thick plate model

or fourth order Eringen’s model is expressed as follows:

1

02 = T o2 {1 + (us + DB+ (1 + Bus + Beg

+{[1+ (us + DB + (1 + Bus + Plegal? (4.124)

1
— 411+ e3al sz
As explained in a previous chapter and before, in the phenomenological nonlocal Uflyand-Mindlin

plate model, there are two branches of natural frequencies. The transition frequency depends on

the parameters of the problems such as the vibration mode or the aspect ratio. In a sake of
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simplicity, as for the discrete model, only the lowest value of the small length scale coefficient will
be retained.

As in statics, it is proposed to determine the non-dimensional natural frequency considering the
reference lattice model and the fourth order phenomenological thick plate model versus the

number of elements n,, for a set of parameters (y,m,n, B) equal to (1,1,1,0.5) and various values

of the small length scale coefficient: 0, 1/v/24, 1/+/12 and 1//6 (see Fig. 41).

0,614

061 OO/ e O  Microstructured
;7 — - e0=1/V24
c 4 —_ . =e0=1/V12
o606 |,/  aee-. e0=1/V6
'I
]
v
0,602
10 20 30 n, 40 50 60

Fig. 41. Nondimensional frequency of all round simply supported nonlocal plate with respect to

the length scale coefficient and ny for a set of parameters (y, m,n) = (1,1,1) and different

values of g (0, 1/V6,1/12,1/ 24) considering the fourth order phenomenological model

As expected and seen in statics, the value of the small length scale coefficient has a strong
influence on the value of the buckling mode. Thus a correct calibration of the small length scale
coefficient is crucial in order to predict the behavior of the plate in buckling.

The calibrated small length scale coefficient is obtained by equating Eqs. (4.117) and (4.124). It

yields:
~ 1
,_ 1+ Blus+1) — zﬂsﬁzﬂgnicro +{[1 - Bus — DI? + 4P u,)2 (4.125)
€y = 202 p .
2usB?Qricro@
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It is worth noticing that for a;, = 0, the case is reduced to the one of a thick beam, already
investigated in the literature [126] for beams. For f equal to zero, the shear effect is neglected,
the thickness of the plate goes to zero and the small length scale coefficient coincides with the
one found in a previous section.

Furthermore, substituting Eq. (4.119) into Eq. (4.125), the Maclaurin series expansion with respect
to a4, a, and B, keeping only the term for which the degree of the rational function in @; and «,

is smaller than 2, yields

1
ef = W([nc1 +3C, + 30usB% + 8C5](af + af)

+[S1C; + 13C; + 38C5 + 1401,5%] (S at, + oy af))

+ [4C, + Cy + 11u,B? + 3C5] (a]a? + a?a))

24a8

+ 35058 [108C1 +29C; +295usB* +79C3](ata; + ajaz) (4.126)

+ 52078 [153C1 + 44C; + 415,87 + 109Cs]atata

12 —=5l2C +C+ G5 + S5usf?][6(a]a, + ajal) + 30atay

+16 (abaz + a?al) + (a8 + ad) + 26(afad + adad)]
where

=usp? —usB+1; Co = usf(L = pusf = B); C3 = B> — P
Thus, the calibrated small length scale coefficient, in dynamics, depends on a4, @, and B. It is
proposed to study the influence of each of these parameters. Figs. 42 and 43 depict the calibrated
small length scale coefficient versus a4 for various values of a,, with f§ constant, equal to 0.1 (Fig.

42) and 0.5 (Fig. 43).
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Fig. 42. Calibrated small length scale coefficient in free vibration versus a; for § = 0.1 and

different values of a,
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Fig. 43. Calibrated small length scale coefficient in free vibration versus a; for § = 0.1 and

different values of a,

a, is the thick beam case. It is worth noticing that in this case, the calibrated small length scale
coefficient is nearly constant with respect to a4, as it has been shown in the literature [127]. For
a4 and a, both not equal to zero, it is seen that the calibrated small length scale coefficient is not
constant and storngly depends on the value of ;.

Likewise, the small length scale coefficient is calibrated in Fig. 44 versus § for different values of

a, with a4 constant, equal to 0.05.
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Fig. 44. Calibrated small length scale coefficient in free vibration versus g for a; = 0.05 and

different values of 8

Again, the small length scale coefficient is not constant. It depends on a, and . Thus, e,
decreases when f8 increases.

For a particular set of parameter (y,m, n, 8) equal to (1,1,1,0.5), it is seen that the calibrated
small length scale coefficient is equal to 0.243. Taking this value, as shown in Fig. 45, the curve of

the non-dimensional natural frequency perfectly fits the one of the reference lattice model:

0,613
O  Microstructured
€]
c 8 e e0=0.243
o
¢

o
0,609

10 20 30 n, 40 50 60

Fig. 45. Nondimensional frequency of all round simply supported nonlocal plate with respect to
the length scale coefficient and ny for a set of parameters (y,m,n, ) = (1,1,1,0.5) and ¢, =

0.243 considering the fourth order phenomenological model
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This value of the small length scale coefficient is valid for this particular set of parameters. Thus,
Fig. 46 depicts the non-dimensional natural frequency for a set of parameters (y, m,n, ) equal
to (2,2,1,0.5) versus the number of elements ny for eg = 0.243 and ey, = 0.329, calibrated

coefficient for this new set of parameters.

0,61 = @.@@-OOO@G'O@'OGO-@G@@-OGO-GO-@(D

Yo o)
@.060'@@'@@'0
0%
0,6 d@gO
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c ye - = .e0=0.329
0,58 P e0=0.243
P
057 b
/
0,56 O
10 20 30 40 50 60

Fig. 46. Nondimensional frequency of all round simply supported nonlocal plate with respect to
the length scale coefficient and n,, for a set of parameters (x,m,n,B) = (2,2,1,0.5) and ¢

equal to 0.243 and 0.329 considering the fourth order phenomenological model

Thus, the first calibrated small length scale coefficient is no longer valid for another set of

parameters.

4.3.3. Fourth order continualized model

Applying the Padé approximants defined before on the discrete governing difference equation:

L2, +2L, Loy + L2 []—iL2 + (s +1DLgyLgy + L2, |[W]
[ a,x ax™a,y a,y] w KGh[ a,x (S ) a,x™a,y S a,y] w

N mow? 1 ,myg 4.127
+ D (Lox + sLa,y)[w] ——p + D (@D + mz) (Lax + Lary)a)z[w] ( )
memyw* 0
KkGhD

or,
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[ 9% 0* ot ]
x4, 0x 0y + 0y" w
a? 92 \? (1_61_25_2)(1_“_25_2) a? 92 \*
(1~ T257) 2a2) 1" ay) (1-T252) |
[ 94 0*
SUN T - ©* Doy
kGh a? 92\’ (1_0‘_26_2) (1_a_20_2)
[(1 - ﬁﬁ) 129x2 129y2
AR y 92 o2 (4.128)
dy 0x? dy
A X
P IRN R ) R LA o L
(1 - ﬁ6_3/2) 1292 123y?
92 0?
, 0% 9°
| Myw 1,mg 0x? dy? 2
D W+D(KGhD+m2) 1_a_26_2+1_a_26_2 ww
12 9x?2 12 9y2
memyw* 0
kGhD

As for the fourth and sixth order continualized thin plate problem, the small length scale

coefficient is arbitrarily chosen equal to 1/+/12. This value is retained in this model.

Multiplying by [1 — (eqa)?V?]?

64
V2 — 4(eya)? ]VZW

0x20y?
A K 0%
- _ 2927 _
+ GL)? {[1 (ega)°V ]<ax2 + Say2>

64
— 1 2
(s + 1)(epa) axzayZ}W

bs ) 64+ 0* 5 , 0* 62+ 92
¢? (0x* Sc’)y‘L (€0a) 0x20y? \ 0x? Sayz

64
+ (s + 1[1 — (ega)?V?] axzayZ}W

(4.129)

1
(xL)*
N 02 (s + 1)
(xL$)?
For a plate that is simply supported at all edges, the solution is obtained by substituting Eq.

(1= 2(ega)?V?) [1 — %QZ] Q2w
64-
2 2p4 _ 9 2 —
<l7 (ega)“V (epa) 6x26y2> w=0

(2.118) into Eq. (4.129):
164

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



epammny 2

(m)? +n?—4 (T) ] m*[(ym)? + n?]

- nz)l{()(m)z +sm? + (6’;’%)2 [Grm)* + 2(s + 1) (mn)? + sn4]}

2 {()(m)4 + (s + 1) (ymn)? + sn*
Z (4.130)
+ (e0@)? ( ”) [(s + 3)rm)*n? + (3s + 1) (xm)*n 4]}
(1 + 2(ega)? ( ) [(xm)? +n? ) [1 ]QZ
- FQZ (s + 1) (()(m)z +n2 + (e;’%)z [Grm)? + 4(rmn)? + n2]> =0
Assuming n = 1, in statics, Q = 0 and the buckling load is expressed as follows
~ U
A= mwiln{[()(m)2 + 5] [(mn)ZDh +——+ 1]
(eoan) {Om)*+2(s + H(xm)* +s
(4.131)

-1
+ (s +3)(rm)? + (3s + 1)](mn)2§h}} [(;(m)2 +1

(eoaﬂm 2

) |72 tGm? + 11
It is seen that when { decreases, the shear effect becomes more important and, as for natural
frequencies in dynamics, the nondimensional buckling load decreases. When { goes to infinite,
the shear effect is negligible and the nondimensional buckling buckling load is reduced to the one
obtained in the case of thin plates.

In free vibration, A = 0 and Eq. (4.130) becomes

[@ + 4elayay] — (1 + 2ed@)a[1 — usf202)02% — BO% (us + 1)(@ + 2@ + 2eaya,) =0 (4.132)
yielding to the following non dimensional natural frequency:

02 = 1 __ {(1 +2e2@)a + B(us + 1)(@ + e2a? + 2e2a )
2usB2(1 + 2e5@)@
+{[(1 + 2e2@)a + B(us + 1)(@ + el a? + 2eia a,)]?

(4.133)

1
—4uBr(1 + 2e¢@)a(a + 4e§a1a’2)}5}
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4.3.4. Sixth order continualized model

The sixth order continualized model is based on the continualization of the equations of motion

Eq. (4.108):
' a-v a+v) 3 ' 5
D |Laxbiel 475 Lyl # 5= it )| 260 (s + L2 ] ) =m0
(1 14+v) 3 _ 3 4.134
D ‘”‘[%’] L%lxl'%ly[l/’x] +La,y[‘/’y] — k?Gh by +Lf1,y[w] = _mzwzey ( )
_l 1
Lax(k2Gh — N)[W] + Lq y (k2Gh — sN)[w] + k2GhL2 [1h,] + k2GhL? 2 lwy] = —mow?w
or, using the Taylor expansion at the second order in a,
2 62 62 1— 2 62 62 1+ 2 62
pl(14L )0 ¥ AW, & e AV 8 g2\
12 0x?) 0x? 2 129y? ) ay? 2 24 d0x0y
26h 0\ 29
* Yo 240x2 ) ox | @
D(l—v) ) a_26_2 02¢y+(1+v) L a_262+a_262 621,bx+ 1+a_26_2 0%,
12 0x2 ) 0x? 2 240x? 24 0y? ) dxdy 120y?) dy? (4.135)

5 a’ 02 6 5
—Kk“Gh l/)y+ 1+ﬁﬁ = —mMw gx
a? 9%\ 92 a? 9%\ 0?2 a? 9%\ oy a? 9%\ oy
2 - _ - 1 - X 1 - Yy
. Gh[<1+126x2>6xzw+<1+126y )ayz +( +246x2> o +< +246y2> 3y

aZ 62 62 2 62 62
—Ni{l+—==—|z=—=w+s 1+——— = — 2
{( 12 (’)x2> 9x2 " < 12 dy? )E)yz W} Mo W
Manipulating these three equations of motion leads to the governing differential equation in

displacement, arbitrarily choosing e, equal to 1/v12
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4 4
[V‘* + 2(ega)? <6_ + 6_> VZ] w

ox* oyt
N_[o° + 2(e )2 o° +( + 1)(1 + (ega)?V?) o
K2Gh |9xt " “160% s G0V 9x2gy2
4
+ 2(e a)zs—]
Syt 0 (4.136)

+N 1+ (ega)? "\ +5s( 1+ (epa)? Nk
D (epa 22 )3z s eoad 377 6y2w
2 4 4
_ mow my  ma[_, ,( 0 0_ 2
. w+(Gh+ )[\7 + (e0q) ( e |
momyw*

kGhD
Considering an all edges simply supported plate, substituting Eq. (2.118) into Eq. (4.136), it leads

=0

nt [()(m)2 +n? = 2[(ym)* + n*] (eoan)z] [(xm)? + n?]

¥L

- n“% Om)* + (s + D) (ymn)? + sn*

- (e;’{‘z”)z [2Gm)® + (s + DGm)*n® + (s + 1) (m)?n* + 25n6]] (4.137)
— 722 {()(m)z +sn? - (ej%)z [Gm)* + sn4]} _ 2

— 0% + 1) (g)z [()(m)z +n?— (e;’(‘z")z [Gm)* +nt]| + 52 G0t =0

In statics, the non-dimensional critical buckling load is expressed as

167

Vibration of nonlocal carbon nanotubes and graphene nanoplates Florian Hache 2018



2
A= min {us?—z [(xm)? + n?][(xm)? + sn?]
2 reqam
— HUs Z_Z( xL
+ (s + Drm)?n*] + (ym)? + sn? (4.138)

)2 [2(xm)® + 25n® + (s + 1) (ym)*n?

(eoaT[

-1
L )2 [Grm)* + sn4]} {()(m)z +n?

-2 (eoan)z [Grm)* + nﬂ}nz[()(m)z +n?]
xL

Thus, the buckling load has been determined for both continualized models. In this expression,
the small length scale coefficient is assumed constant, equal to 1/+/12. Figure 47 depicts the non-
dimensional buckling loaf calculated form the reference lattice model and the two continualized
models (fourth and sixth order) versus the number of elements n, for a set of parameter
(x,m,n,s) arbitrarily chosen equal to (1,1,1,0). It is seen that the curves coincide and both
continualized models lead to an excellent approximation of the buckling load. This result is valid

for any other set of parameters (y, m, n, s).

37,4
37,3
<
p ----- 4th order continualized
37,2 d@ -------- 6th order continualized
9‘ O  Microstructured
37,1 ¢
é
37
10 20 30 40 50 o0

Fig. 47. Buckling loads of a simply supported nonlocal plate and lattice model for different n,,

following the fourth and sixth order continualized models for a set of parameters (y,m, n, s)

equal to (1,1,1,0)

Likewise, as for the phenomenological model, the small length scale coefficient has to be

determined in free vibration.
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In this case, for the sixth order continualized model, Eq. (4.137) becomes

& —2[a? + a?led — al? — af(us + DO? + [a? + a2]eZf(us + 1)0?

_ (4.139)
+ @up20t =0
The non-dimensional natural frequency is obtained:
~ 1 L
02 = oo |6+ @BGs + 1) — (af + aDedflus + 1]
(4.140)

t{l@a+apus+1) - (af +adefBlus + DI?
~ 4aupla - 20k + aDedl)e)
Thus, the non-dimensional natural frequencies have been derived for both continualized models.
Figure 48 depicts {1 considering the reference lattice model and both continualized models (fourth

and sixth order) versus the number of elements n,, for a set of parameters (x,m,n, B) equal to

(1,1,1,0.5).
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ny,

Fig. 48. Non-dimensional frequency {1 versus the number of elements n,, considering the
microstructured model and the continualized models (fourth and sixth order), the

phenomenological plate model (y,m,n, 8) = (1,1,1,0.5)

The curves of the continualized model perfectly fit well the one of the reference model. Any other

set of parameter (¥, m,n, B) would lead to the same result.
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4.4. Discussion: superiority of the continualized models over the

traditional phenomenological models

The different phenomenological models at the fourth and sixth order are derived before
by postulating nonlocal constitutive laws and a local equilibrium equation. These models
introduce a small length scale coefficient, assumed constant. When this coefficient is calibrated
from the reference discrete model, it turns out to be structural, varying with the aspect and
thickness ratio (through the shear parameter), the buckling and vibration mode and the type of
analysis (buckling or vibration). Because of this dependence and this paradoxical result, the
engineering phenomenological models provide unsatisfactory results and are not consistent; it is
necessary to develop new micromechanically-based nonlocal models.

The continualized models are based on the derivation of continuous equations from the
reference discrete model. Although they do not preserve the locality of the equilibrium equation,
they consider, by construction of the model, a constant small length scale coefficient equal to
1/4/12 and lead to an excellent approximation of the buckling load. This value is independent on
the type of analysis or the different previously given parameters.

When the non-dimensional buckling load or natural frequencies are calculated with
respect to the number of elements n,, within the beam or plates, the phenomenological models
constitute only an excellent approximation for one particular small length scale coefficient given
for the particular set of parameters whereas for ey equal to 1/4/12, the continualized models lead
to excellent results, whatever the paremeters.

Thus, it clearly establishes the superiority of the continualized that provide much better
results compared to the traditional phenomenological (stress gradient) models, at least with

respect to lattice mechanics.
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5. CONCLUSION AND RECOMMENDATIONS

This thesis derives several different beam and plate models and it is proposed in this section
to briefly summarize them. First of all, at a macroscale, in addition to the well-known Bernoulli-
Euler model valid for thin beam, three versions of the Bresse-Timoshenko thick beam model have
been presented to take into account the rotary inertia and shear effects. The traditional original
Bresse-Timoshenko model, widely used in the literature, derived through the use of equilibrium
equations and the variational principle, may overcorrect the shear effect and it leads to two
branches of natural frequencies. The second one does not appear in the asymptotic models at the
second order. The second version is the truncated model. It is derived through the use of
equilibrium equations and is asymptotically consistent at the second order. The last model is
based on slope inertia and has been developed during this PhD. It is derived through the
variational principle. The governing differential equation for these three models in free vibration
is:

Ela4—v+pAﬁ—pI (1+—>ﬂ+)/p—2164v+)/ pEL”_07v =0 (5.1)

dx* at2 KG/ at29x2 "' kG at* ' '? kGA 9x*dt2 '

where (y4,7>) is equal to (1,0), (0,0) and (0,1) for the original Bresse-Timoshenko model, the
truncated Bresse-Timoshenko theory and the Bresse-Timoshenko model based on slope inertia,
respectively.

These models have been used to study some particular cases such as a beam with a tip mass (basic
representation in robotics), a cracked beam, a beam in presence of a compressive force or a beam
subjected to random transverse distributed loads.

The extension of the Bernoulli-Euler and Bresse-Timoshenko beam models to plates are the
Kirchhoff-Love and Uflyand-Mindlin plate models. These models are governed by the following

equation:
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with (y1,v2) equal to (1,0), (0,0) and (0,1) for the original Uflyand-Mindlin model, the truncated

Uflyand-Mindlin model and the Uflyand-Mindlin model, respectively.

At a nanoscale, the interatomic interactions cannot be neglected and consequently, the nonlocal
effect has to be introduced in the models. For thin beams and plates, different asymptotic models
are possible following the direction of the nonlocality and differing at the zeroth order in the

expression of the small length scale.

The engineering models, Bernoulli-Euler and Bresse-Timoshenko for beams, Kirchhoff-Love and
Uflyand-Mindlin for plates, have been derived to take into account this additional effect. An
alternative to the fourth order phenomenological Bernoulli-Euler thin beam model and fourth
order phenomenological Kirchhoff-Love plate model has been suggested, namely the sixth order
phenomenological model. For the thick beam and plate models, there is a debate in the literature
to know whether the nonlocal effect should be included or not in the shear part of the constitutive
law. The investigations carried out during this PhD show that the nonlocal effect affects both the
bending and the shear part of the law. In this case, the nonlocal engineering model are governed

by the following equation for beams
E164v+ L2 02 " pEI 0%\ d%v
Ox* 1 0x2 p kG 0x?2 ) 0t?
162 L2 2°\o0%v I B2 9%v\ 0*v (5.3)
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with (y1,72) equal to (1,0), (0,0) and (0,1) for the original Bresse-Timoshenko model, the
truncated Bresse-Timoshenko model and the Bresse-Timoshenko model, respectively.

For plates:

02w

DVZ)W

p

D4- 1_22 h——
Viw + (1~ 72V (ph =

ph® 2? 292\p2 2y72 P zzazw

7 92| A= VIVW = =0V + ) = (A=) o5 (5.4)
Y2 (D m*ph? 0%\ _, | _

KG<h+ 1z ocz)" V=0

with (y;,72) equal to (1,0), (0,0) and (0,1) for the original Uflyand-Mindlin model, the truncated

Uflyand-Mindlin model and the Uflyand-Mindlin model, respectively.

Furthermore, the small length scale coefficient introduced in the models had to be calibrated with
respect to one microstructured physical model. In this purpose, the discrete thin beam and plate
model and thick plate model have been derived. The latter is new and not given in the literature.
By equating the buckling load in statics and the natural frequency in free vibration of the
engineering models and the discrete models, the small length scale coefficient is found. This
coefficient is paradoxically not constant, depending on different parameters such as the load or
the geometry (aspect and thickness ratios) and the type of analysis, either buckling or vibration.
Consequently, the stress gradient nonlocal models widely derived and used in the literature are
not consistent because they are based on an assumption (a constant coefficient) that is not valid

with respect to lattice mechanics.

Thus, to overcome this paradox, a new family of models has been investigated: the continualized
models. These models are based on the derivation of continuous equations from the ones of the

reference discrete models.
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For thin beams, the governing differential equations are:

d2
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where the triplet of parameters (¥4, ¥2,¥3) is equal to (0,1,2), (1,0,1), (0,1,1) and (1,1,1) for the
fourth and sixth order continualized model, the fourth and sixth order phenomenological models,
respectively, the fourth order model coinciding with the Bernoulli-Euler model. In this case, the

calibrated small length scale coefficients are:

1 1 1 1
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with the triplet (y;,¥2,¥3) is equal to (0,0,1), (1,0,0), (0,1,0) and (1,1,0) for the fourth order
continualized model, the sixth order order continualized model, the fourth order
phenomenological model and the sixth order phenomenological model, respectively. The

calibrated small length scale coefficient is:
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For thick plates:
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with (y1,¥2,¥3) equal to (1,0,0), (0,1,0) and (0,0,1) for the fourth order phenomenological
model, the fourth order continualized model and the sixth order continualized model,
respectively.

In the futures, different investigations could be carried out.

First of all, all the results in this thesis are established for isotropic structures. All of them would

deserve to be extended to the case of orthotropic and anisotropic beams and plates.

This thesis started by presenting different versions of the Bresse-Timoshenko beam model and
the Uflyand-Mindlin plate model. The models based on slope inertia, developed during this PhD,
are extremely recent. There is no experimental or numerical result in the literature that would

provide more argument to establish the superiority of a model over the others. Indeed, many
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papers have been devoted to the study of the original Bresse-Timoshenko and Uflyand-Mindlin
models. More investigations about the truncated models and the models based on slope inertia
would show the differences and the similarities between those models and would help to better
understand the influence of the rotary inertia and the shear effect on the mechanical behavior of
the structure in vibration.

Moreover, at a nanoscale, the nonlocal effect is taken into account by introducing one small
length scale coefficient, assumed constant, in the models, following the approach of Eringen. It
would be interesting to develop other models, for example by introducing not one but several
nonlocal coefficients. Although it has been shown that the nonlocal effect affects both the
bending and the shear parts of the constitutive law, other studies (analytical but also numerical
and experimental) are necessary to confirm this result.

Furthermore, the last chapter is based on the calibration of the small length scale coefficient and
the development of continualized models from a lattice model with rectangular cells. This study
was crucial to understand the principle of continualized approaches. However, most of
nanomaterials cannot be represented by rectangular lattice. For instance, in graphene, as
explained in introduction, the atoms are arranged through a honeycomb lattice. Although some
works have been initiated in the literature to model this particular lattice [273-275], to our best
knowledge, the explicit discrete governing differential equation in displacement has not been
derived. Indeed, the difficulty is that each node of the lattice is connected to three direct
neighbors and is also influenced by nine other nodes. One of the biggest challenges in a very near
future will be to derive the equations in displacements and then, to propose continualized models
and to compare the natural frequencies derived in the models with those available in the
literature by using the molecular dynamic simulations.

Also, the solutions for the nonlocal models have been determined for simply supported beams
and plates. To study the influence of the boundary conditions on the small length scale coefficient
would represent an ambitious project.

Thus, this thesis is a first step of very and fascinating long stairs and huge progress have still to be
made to have a full understanding of the mechanical behavior of nanomaterials in vibration and

buckling.
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