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Abstract

The present work is focused on numerical simulation (FEM) and analysis of surface Rayleigh
wave interaction with vertical seismic barriers (underground walls, screens, trenches, etc.) as
well as pile �elds within the framework of linear elastic and plastic mechanical material models.
The aim of the research is to estimate the degree of protection that vertical barriers and pile
�elds provide against vibrations transferred by surface Rayleigh waves and generated by various
sources. The main idea behind this type of protection is to prevent seismic waves form transmit-
ting wave energy into the protected zone decreasing the amplitude of displacements, velocities
and accelerations at the points behind the barrier (pile �eld). The attention is paid to Rayleigh
waves as they can be generated by both external (located on the Earth's surface) and internal
(located beneath the Earth's surface) vibration sources and this type of waves can transfer a
signi�cant portion of vibration source energy.

First, numerical simulations of Rayleigh wave interaction with vertical seismic barriers and
pile �elds are performed assuming soil and barrier materials to behave according to the linearly-
elastic constitutive law. This regards the vibrations that induce shear strains in the soil not
exceeding 10−5 during their propagation. Based on this, the principal dimensionless complexes
are formulated. Geometrical along with mechanical parameters of the barrier (pile �eld), that
determine vibration reduction e�ect, are identi�ed. The obtained results reveal the validity of
this way of vibration protection. In addition to that, the approach towards vertical seismic
barrier optimization (which can also be extended to the pile �eld) is adopted in �nite di�erence
form to use for particular soil conditions and design vibration frequency.

Several models of soil behaviour are analysed and their validity as well the applicability to
approximate real dynamic soil behaviour along with the mechanism of vibration energy dissi-
pation are identi�ed. Based on this analysis, Mohr-Coulomb constitutive model is selected as
it has a broad experimental database for various soils and appropriately re�ects shear modulus
reduction with an increase in the shear strain as well as energy dissipation e�ects. Afterwards,
this model is used in the analysis of Rayleigh wave interaction with the vertical barriers and pile
�elds accounting for non-linear character of soil deformation at di�erent shear strain level. As a
result, the in�uence of shear strain level on the e�ectiveness of the considered ways of vibration
protections is shown and the appropriate conditions to use these methods are identi�ed within
the scope of this research.

Keywords:Numerical simulation; vibration; ground vibration, vibration isolation; Rayleigh
wave scattering; seismic protection; vibration mitigation; vertical seismic barrier; pile wave bar-
rier.



Résumé

Le travail présent est axé sur la simulation numérique et l'analyse de l'interaction des ondes de
surface de Rayleigh avec des barrières sismiques verticales (murs souterrains, écrans, tranchées,
etc.) ainsi que des champs de pieux dans des modèles de matériaux mécaniques élastiques et
plastiques linéaires. Le but de la recherche est d'estimer le degré de protection que les barrières
verticales et les champs de pieux fournissent contre les vibrations transférées par les ondes de
surface de Rayleigh et générées par diverses sources. L'idée principale de ce type de protection
est d'éviter que les ondes sismiques ne transmettent l'énergie des vagues dans la zone protégée,
diminuant les amplitudes des déplacements, les vitesses et les accélérations aux points situés
derrière la barrière (champ de pieux). Les principaux complexes sans dimension sont formulés.
L'attention est portée sur les ondes de Rayleigh car elles peuvent être générées à la fois par des
sources de vibrations externes (situées à la surface de la Terre) et internes (situées sous la surface
de la Terre) et ses ondes peuvent transmettre une portion signi�cative de l'énergie de source de
la vibration.

Premièrement, des simulations numériques de l'interaction des ondes de Rayleigh avec les
barrières sismiques verticales et les champs de pieux sont e�ectuées en supposant que le sol
et les matériaux de barrière se comportent conformément à la loi de comportement linéaire
élastique. Cela concerne les vibrations qui induisent des contraintes de cisaillement dans le sol
n'excédant pas 10−5 lors de leur propagation. Les principaux complexes sans dimension sont
formulés sur cette base. Des paramètres géométriques et mécaniques de la barrière (champ
de pieux) déterminant l'e�et de réduction de vibration sont identi�és. Les résultats obtenus
révèlent la validité de cette onde de protection contre les vibrations. En outre, l'approche de
l'optimisation de la barrière sismique verticale (qui peut également être étendue au champ de
pieux) est adoptée sous forme de di�érences �nies pour des conditions de sol particulières et une
fréquence de vibration de conception.

Plusieurs modèles de comportement du sol sont analysés et leur validité, ainsi que l'applicabilité
à l'approximation du comportement dynamique réel du sol, ainsi que le mécanisme de dissipation
d'énergie des vibrations, sont identi�és. Sur la base de cette analyse, modèle le Mohr-Coulomb
a été choisir car il dispose d'une base de données expérimentale étendue pour divers sols et re-
�ète de manière appropriée la réduction du module de cisaillement avec l'augmentation de la
contrainte de cisaillement ainsi que les e�ets de dissipation d'énergie. Par la suite, ce modèle
est utilisé dans l'analyse de l'interaction des ondes de Rayleigh avec les barrières verticales et les
champs de pieux, en tenant compte du caractère non linéaire de la déformation du sol à di�érents
niveaux de déformation de cisaillement. En conséquence, l'in�uence du niveau de contrainte de
cisaillement sur l'e�cacité des moyens de protection contre les vibrations considérées est démon-
trée et les conditions appropriées pour utiliser ces méthodes sont identi�ées dans le cadre de cette
recherche.

Mots clés: Simulation numérique; vibration; vibrations du sol, isolation des vibrations;
Di�usion d'ondes de Rayleigh; protection sismique; atténuation des vibrations; barrière sismique
verticale; barrière à ondes de pile.
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CHAPTER 1

INTRODUCTION

Introduction

Nowadays, the issue of vibration isolation of buildings and structures from surface waves of
Rayleigh type, which can be induced by natural or arti�cial sources of vibration, is of utmost
importance for the modern civil and geotechnical engineering. In the case of arti�cial vibration
sources, such as above-ground and under-ground railway roads, highways, heavy vibration loaded
equipment, etc. it is often impracticable to construct a new residence or operating building
away from existing vibration sources under restrain urban conditions. This is also the case for
new above-ground and under-ground tra�c lines as well as new plants with dynamically loaded
equipment if the existing buildings and facilities are located nearby. For natural vibration sources
as well as arti�cial sources generating vibrations with high amplitudes (blasts), the signi�cance of
creating new protection equipment and methods is related to the requirement to maintain load-
bearing capacity of buildings and facilities under strong ground motion conditions like strong
earthquakes (with the magnitude more than 7 according to the European scale).

When waves from arti�cial vibration sources except blasts are propagated, strains in the
soil usually do not exceed 10−4 [132] (hereinafter these vibration sources are classi�ed as the
low-amplitude sources), whereby non linear character of strain-stress relation for soils as well
as the shear modulus decrease with the increase in shear strain can be neglected. At the same
time, the dissipation of vibration energy during wave propagation through the soil may be taken
into account by use of visco-elastic models for the soil or Rayleigh damping. In the case of
high amplitude vibration sources, such as earthquakes and blasts shear strain in the soil may
reach 0.002 and 0.01 respectively [132] (Remark. Here, it is related to the areas that are located
quite remotely from vibration sources, where buildings and facilities may be located; as far as
shear strain may reach even higher values in blast or earthquake epicentres, that will require
use of models that take into account the damage of the soil). At such shear strain level in soils,
their deformation character is strictly non-linear and requires the application of plastic or elasto-
plastic models and, in the case of blast exposures, the plasticity models that will account for the
damage of soil.In addition to that, shear modulus of a soil may vary by more than two times
with the shear strain change. Hence, for such vibration sources (hereinafter, these sources are
identi�ed as high-amplitude ones) the non-linear character of stress-strain relation in the process
of deformation at high shear strains has to be taken into account.

In the present work, the possibility to protect buildings and structures from vibrations gen-
erated by natural and arti�cial sources with the use of vertical seismic barriers or pile �elds is
analysed. In addition to that, the non-linear character of soil deformation is considered.
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Research motivation

Topic relevance arises due to imperfections of present-day vibration protection devices and meth-
ods. For example, when vibration isolation systems are designed to ensure the required noise and
vibration level in residence and operating buildings or to isolate dynamically loaded equipment,
the major disadvantage shall be the increase in the structural complexity of the construction
designed. This results in an increase of the design and construction cost. In addition to that,
the implementation of a vibration insulation system into an existing building or structure is an
even more complicated problem. In the case of high-amplitude natural or arti�cial vibrations,
such as earthquakes,blasts etc. systems of vibration protection have to maintain load-bearing
capacity of a structure during and after dynamic loading. Modern systems provide, in most
cases, an adequate seismic and blast protection level for buildings and structures. As a result,
these constructions may withstand earthquakes or blast loading of the assumed intensity with-
out considerable damage and progressive failure. Nevertheless, there are some examples when
buildings equipped with seismic protection systems were destroyed by the earthquakes of the in-
tensity not exceeding the estimated level. For instance, during the earthquake in Kobe (Japan)
in 1995, approximately 180,000 buildings were destroyed although many of them were equipped
with seismic protection systems. The shared disadvantage of the above mentioned protection
systems from low and high amplitude vibrations is that they do not ensure vibration protection
of underground constructions directly a�ected by vibrations coming from the soil. Meanwhile,
even modern methods and approaches towards underground construction design might not en-
sure its bearing capacity as well as the absence of cracks in the case of concrete constructions,
which is evidenced by the earthquake in Japan in 2011, when Fukusima-1 NPP foundation slab
was damaged.

Hence, the development of alternative vibration protection facilities which would address the
above issues is a signi�cant task for the present-day civil and geotechnical engineering. The
possible methods that may resolve the issues above are seismic barriers and pile �elds meant
to protect the territories against surface waves which are one of the major vibration exposure
component in the case of surface sources as well as a measurable component of vibration exposure
generated by underground vibration sources.

Research Hypothesis

The major research concept of the present work that determines the subsequent study line is
seismic barriers and pile �elds may be used for vibration attenuation within the protected area
due to the scattering and re�ection of surface seismic waves, when they interact with such barriers
as well as plastic yielding within the area of these barriers at high residual and shear strains.

Objectives of the present work

This work is targeted to the determination of the optimal vertical seismic barrier and pile �eld
geometry as well as the mechanical parameters of the material from which such barriers are
made, in order to ensure maximum decrease of the vibration energy transmitted to the protected
zone by surface Rayleigh waves. In addition to that, the shear strain level at which the barrier
and pile �eld are the most e�cient is also estimated.

As the parts of the set purpose, the following objectives have been met:

� the features of plasticity models that are used in soil mechanics to describe static and
dynamic soil behaviour have been reviewed and studied; the most relevant model with
respect to available experimental data and required accuracy of soil stress-strain state
description is selected;
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� numerical simulation of seismic wave interaction with vertical seismic barriers has been
performed without account for non-linear soil deformation behaviour in order to select the
factors being crucial for control of vibration energy entering the protected area;

� seismic wave interaction with pile �elds has been modelled numerically assuming the soil to
deform within the elastic strain range to select the pile �eld parameters that signi�cantly
a�ect vibration decrease within the protected zone;

� a method for vertical seismic barrier optimization has been chosen and implemented in
a �nite di�erence form to get the optimal barrier size with potential restrictions on the
material amount or the required vibration level within the protected area if prescribed soil
conditions and design vibration exposure are speci�ed;

� based upon barrier and pile �eld con�gurations obtained in the process of addressing the
optimization procedure, numerical simulations of the vertical barrier and the pile �eld
interaction with the surface Rayleigh waves have been performed with account of non-
linear soil deformation character at di�erent shear strain levels, which provides the most
favourable conditions when such barriers can utilized.

Thesis outline

The thesis paper consists of the introduction, 5 chapters, the conclusion and bibliography. The
total thesis content makes 132 pages, including 105 �gures and 7 tables. The reference list
includes 137 items.

In the introduction part the relevance , actuality, hypothesis, main purpose and objectives
of the research are stated.

The second chapter overviews theoretical as well as experimental researches related to di�rac-
tion,scattering and re�ection of body and surface elastic waves by obstructions and inhomo-
geneities (including the ones on the semi-space surface ) in continuum media as well as exper-
imental and theoretical studies related to protection against vibrations transferred by surface
Rayleigh waves using vertical barriers of various types.

The third chapter overviews the main constitutive equations and models of the granulated
media mechanics that are used to simulate static and dynamic soil behaviour. Constitutive
equations for hyper-elastic, elastic and plastic mediums (Mohr Coulomb's, Drucker-Prager's and
Cam-Clay-based models) are reviewed. Their comparison along with the assessment of the
e�ect of the numerical parameters that are used to ensure solution procedure convergence are
performed. Admissibility of actual soil behaviour approximation with these models and their
comparison with the most accurate present-day approaches based upon hypoplasticity models
are reviewed.

The fourth chapter presents the results of numerical simulation of surface waves interaction
with vertical seismic barriers using 2D plain strain and 3D models within the framework of the
linear elastic constitutive relations for soil and barrier materials. The e�ect of barrier geometry
and its material mechanical parameters are analysed, then, the recommendation for the practical
barrier design are given to ensure maximum vibration energy decrease inside the protected region.
The possible method of a vertical seismic barrier optimization is introduced and implemented in
a �nite-di�erence form to use in practical design accounting for prescribed geological conditions
and design vibration exposure and allowing for taking into account potential restrictions upon
the barrier material amount or vibration level within the protected area. The results of the
optimization procedure for particular soil conditions and vibration source are shown.

The �fth chapter presents the results of numerical simulation of seismic Rayleigh wave inter-
action with piles and pile �elds. The deformation of soil and piles are considered to be linearly

3
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elastic. E�ect of pile �eld geometry upon vibration control within the protected area is analysed
and the recommendation towards the pile �eld design are given.

In the sixth chapter, the summary of numerical simulation of vertical seismic barrier as well
as pile �eld interaction with surface Rayleigh waves is presented at di�erent levels of shear strains
with account of non-linear character of soil deformation.
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CHAPTER 2

REVIEW OF MAJOR VIBRATION SOURCES AND METHODS TO
MITIGATE VIBRATION MOTION

Contents

2.1 Soil motion and vibration Sources . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Major vibration types and their evaluation techniques. . . . . . . . . . . 5

2.1.2 Major vibration sources. . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.3 Types of waves generated by the vibration sources and the distribution
of the vibration energy between various wave types for di�erent sources. 8

2.2 The main principles behind vibration protection by seismic barriers

and pile �elds and their theoretical foundation. . . . . . . . . . . . . 10

2.2.1 The main ideas behind the protection by horizontal and vertical seismic
barriers including pile �elds . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.2 Theoretical and experimental researches related to wave scattering and
di�raction by inhomogeneities in a continuous media . . . . . . . . . . . 13

2.3 Vibration mitigation using vertical seismic barriers . . . . . . . . . . 16

2.3.1 Experimental researches . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.2 Numerical researches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Vibration mitigation using piles and pile �elds . . . . . . . . . . . . . 22

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

This chapter overviews vibration sources with respect to their dynamic parameters and nature
of caused vibration motion as well as scienti�c researches related to di�raction and dissipation
of the energy of body and surface elastic waves by the obstructions and inhomogeneities in the
continuous media (including inhomogeneities on the surface of a continuous half-space). The
results of experimental and theoretical works related to protection against vibrations transferred
by seismic waves with various types of seismic barriers are shown.

Soil motion and vibration Sources

Major vibration types and their evaluation techniques.

Structural vibrations in buildings and facilities may be caused by both external and internal
sources. Internal sources include heavy equipment installed in buildings for di�erent purposes,
indoor blasts, etc. Earthquakes, transport vehicles, such as motor vehicles and high-speed trains,
heavy dynamic equipment in the construction sites as well as blasts can be referred to external
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vibration sources. It is worth noting that all the sources mentioned above induce vibration motion
of di�erent nature, duration and having various acceleration, velocity and motion amplitudes.
Moreover, earthquakes and blasts can be classi�ed as the most dangerous types of vibration
exposure upon structures due to the high amplitude of vibration and irregular hard-to-predict
nature. Subsequently, the external sources of vibration generating surface Rayleigh waves will
be reviewed.

According to the character, vibrations may be grouped as follows [39]:

� sustained vibrations (long duration reaching sometimes several hours; availability of steady
frequency parameters);

� impulse vibration (short duration, high initial exposure amplitude, fast attenuation);

� Interrupted vibration (discrete periods of broken sustained vibration, repeated impulses of
vibration motion).

Sustained vibration (a) is generally caused by transport vehicles (motor vehicles, trains,
near-surface or aboveground lines of subways), dynamic equipment, construction machinery,
etc. This vibration type may be evaluated with respect to weighted acceleration mean squares
which is shown in the regulatory documents for di�erent regions such as [136],[40], [39], [7],
[134], [24] and [52]. According to , for example Russian construction code, [24], to estimate
sustained low-amplitude vibrations (a) the values La,Lυ and Lu, called vibration acceleration,
vibration velocity and vibration displacement amplitudes that are measured in decibels (dB),
are introduced. Equation for estimation of vibration acceleration can be written as:

La = 20 lg
a

a0
, (2.1)

where a - vibration acceleration amplitude, (m/s2),a0 = 3 ∗ 10−4m/s2 is the reference vibra-
tion acceleration. Equations for the estimation of vibration velocities and displacements are
introduced similarly:

Lυ = 20 lg
υ

υ0
, (2.2)

Lu = 20 lg
u

u0
, (2.3)

where υ and u are vibration velocity and displacement amplitudes, respectively, meanwhile υ0 =
5∗10−8m/s and u0 = 5∗10−14m are the reference vibration velocity and displacement amplitudes
as appropriate.

The values similar to the ones de�ned by equations (2.1) and (2.2) are also introduced by
German construction code, [40] to measure and assess vibration velocities and accelerations,
however, with di�erent reference vibration velocity and acceleration amplitudes equalling a0 =
1 ∗ 10−6m/s2 and υ0 = 1 ∗ 10−9m/s respectively. Additionally, [40] introduces vibratory force
level:

LF = 20 lg
F

F0
, (2.4)

which is missed in [24].In equation(2.4) is the reference vibration force value equalling F0 =
1 ∗ 10−6m/s. The values described above and other ones mentioned in particular construction
codes can be used to estimate vibration level and set the limit values upon it to ensure the
required working and living conditions for people as well as to maintain building and structures,
for example [136].

Impulse vibration, including blast exposure (b), is typically related to blasts, heavy
equipment falling and impact, for example, when a transport vehicle collides a structure. Unlike
the sustained vibration, a small number of regulatory documents for the evaluation of impulse
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2.1 Soil motion and vibration Sources

or blast vibration is available, for example [7] and [137] (part 1.7). This vibration type can be
estimated by its maximum acceleration.

It is worth noting that load-bearing capacity of some buildings and facilities (bridges, high-
rise facilities, tunnels, etc.) are assessed with account of this exposure type by designating such
an exposure as an equivalent static load or directly simulating it using time domain dynamic
approach. Numerical simulation of a multi-storey building progressive collapse due to blast
loading as well as transport vehicle collision with a tunnel are the examples of such design
computations that can be used to ensure structural resistance of such structures to progressive
collapse or impulsive loading.

Interrupted vibration (c) includes pile driving, above-ground and underground trains
(this vibration type may be related to this group as well because discrete vibration sections
corresponding to 1 train passing are practicable to select), etc. For this vibration type di�erent
criteria shall be introduced including vibration dose (VDV,[m/s1.75]) [39]:

V DV =

(∫ T

0
a4(t) dt

)0.25

, (2.5)

where a(t) is a frequency-weighted acceleration and T is the period of vibration. Hourly equiva-
lent noise level can be estimated as:

Leq(hours) = 10 lg

[
1

T

∫ t2

t1

10LA(t) dt

]
, (2.6)

where the equation under logarithm corresponds to total 1-hour sound energy. To evaluate
average daily vibrations, similar values might be introduced [52].

Major vibration sources.

The most probable vibration sources for civil and geotechnical engineering objects are consid-
ered in this chapter including transport vehicles, operating equipment, construction activities,
earthquakes, etc. General information regarding principal frequencies and shear strain range in
the soil during vibration propagation is provided in this paragraph. The problem of vibration
energy distribution among various wave types for each source is discussed in paragraph 2.1.3 as
it relates to the source position in relation to the earth surface.

Transport vehicles usually generate vibrations at which shear strains in the soil do not
exceed 10−5, hence, the character of soil deformation remains almost linearly elastic. Exposure
frequency and amplitude depend upon the following parameters:

� transport vehicle speed;

� transport vehicle mass;

� transport vehicle speed � Rayleigh wave soil velocity ratio [84],[111];

� soil conditions.

At the same time, building codes or standards prescribing the frequency range and methods
to estimate the noise and vibration for some sources of that type at di�erent distances are
available. For example, the USA Codes for the prediction of noise and vibrations from trains
[52] and Russian Federation code characterizing the noise from the underground subway [117].

Generally, this vibration type a�ects indoor comfort within the high frequency range (>
10Hz), hence, the wavelength of the waves propagating through soils shall not be more than
30m in the case of weak soils with S- waves propagation speeds not exceeding 360m/sec.
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Operating equipment Vibrations generated by heavy equipment induce shear strains in
soils of the same level as transport vibration not exceeding < 10−5. Therefore, soil straining may
be considered as linearly elastic. High frequency vibration motion resulting in high noise and
vibrations a�ecting comfort and operating conditions in the adjacent buildings are considered
the most frequently.

Construction activities, which cause vibrations and noise, include tunnelling machines,
pile driving, dynamic soil compaction, etc. Within the area of these activities shear and residual
strains in the soil can be high, however, when the vibrations reach buildings or constructions
they usually do not exceed 10−5, hence, the major e�ect of the vibrations from such sources is
related to the comfort of people and labour conditions in the buildings and facilities.

Blast exposure may cause the destruction of the entire structure and should be considered
separately. Shear strain in the soil during the process of blasting may reach 10−3÷ 10−2, hence,
the deformation of soil is strictly non-linear which requires the models accounting for such a
behaviour. In several cases, to correctly describe soil straining due to blast exposures, soil failure
should be taken into account.

Earthquakes is, probably, one the most hazardous soil motion source for buildings and
facilities. It is because of the fact that an earthquake causes soil vibration with up to 2g (PGA)
acceleration. In addition to that, earthquakes can a�ect soil structure and cause its liquefaction
resulting in the foundation destruction. Hence, an earthquake e�ect can be disastrous and result
in the collapse of buildings, villages, cities and city infrastructure.

When seismic waves propagate from the hypocentre of an earthquake shear strains in the soil
may reach 2 ∗ 10−3,meanwhile the most hazardous frequencies for structures that are required to
be taken into account in the design process vary between 0.1÷20Hz [132]. Hence, an earthquake
directly a�ects bearing structures of buildings and may result in their destruction in the case of
strong ground motion.

Table 2.1.2 represents the most probable vibration sources for civil and geotechnical engi-
neering objects, their speci�c frequency ranges and the range of shear strains in soil when waves
are propagated from these sources through the soil. All the vibrations caused by these sources
may be classi�ed into 2 groups:

� vibrations a�ecting the equipment and people staying in the buildings and facilities but
not a�ecting load-bearing capacity of the structures;

� vibrations a�ecting load-bearing capacity of constructions.

The �rst group includes all the sources causing vibrations with shear strains in soils not
exceeding 10−5, i.e. vibrations due to transport vehicles, construction activities and operating
equipment. When the vibrations of this type be propagated, soil deforms virtually according to
the linear law and no plastic or damage properties shall be taken into consideration

The second group includes vibrations causing signi�cant shear strains in the soil during their
propagation. For example, vibrations from earthquakes and blasts. When these vibrations
propagate, shear strains in the soil may reach 10−2, i.e. soil behaviour is strictly non-linear and
the character of soil deformation along with the shear modulus of soil depend upon the value
of the shear strain. Obviously, the dependency of shear modulus upon the shear strain,plastic
character of soil deformation as well as the damage of soil can not be neglected in this case.

Types of waves generated by the vibration sources and the distribution of the
vibration energy between various wave types for di�erent sources.

All the sources of vibration considered above can be divided into external and internal according
to their location in respect to the surface of a half-space. External vibration sources including
high-speed trains, above and near-ground construction activities, heavy equipment in industrial
buildings, etc. act on the Earth's surface or in the near-surface zone. Internal vibration sources
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2.1 Soil motion and vibration Sources

Vibration source Soil shear strains,
m/m

Frequency, Hz

Earthquake 10−4 ÷ 2 ∗ 10−3 0.1÷ 20∗

Transport vehicles∗∗ < 10−5 2÷ 125

Heavy equipment (industrial
vibrations)

< 10−5 > 10

Explosions (including con-
struction activities)

10−310−2 −

Construction activities < 10−5 −

* -the most hazardous frequencies for load-bearing of structures
** - subway trains according to [117].

Table 2.1: Main Vibration Exposure Parameters [132].

such as subway, underground construction works, underground blasts, earthquakes, etc. generate
vibration below the earth's surface.

In the case of overground (external) vibration sources, Rayleigh surface waves carry the major
portion of vibration energy and their amplitude attenuates with the distance as 1√

rx
(where r is

a wave number and x is a distance from the vibration source) in the case of spatial problem and
point harmonic loading [81]. At the same time, body waves attenuate with distance much faster
than surface Rayleigh waves and their amplitudes decrease with the distance from the epicentre
as 1
|rx| . Work [82] generalizes the outer Lamb's problem for the case of moving loading. In [102],

it is shown that Rayleigh wave can transfer up to 67% of the vibration source energy, whereas
longitudinal and transverse waves transfer 26% and 7% energy of the source respectively.

At the same time, the mechanism of wave propagation from inner vibration sources e.g.
earthquakes, subway, underground explosions is more complex. It becomes even more compli-
cated because of the layered structure of the medium where this vibration exposure spreads.
However, according to the asymptotic estimations performed in [105] for inner harmonic loading
no Rayleigh wave is observed at the distance from the epicentre which meets the condition:

d1 <
cRH√
c2
P − c2

R

, (2.7)

where CR and CP are Rayleigh and P wave speeds respectively and H is the depth of the source.
Additionally, at the distance a ∈ (d1, d2) where d2 is calculated by equation:

d2 <
cRH√
c2
S − c2

R

, (2.8)

Rayleigh surface waves exists, but body waves continue to dominate.In (2.8) cS is shear wave
velocity. Finite element (FE) simulation of plane inner Lamb problem in [77] shows that Rayleigh
wave appears at the distance d3 ≈ 2.25H from the epicentre which is in a good agreement with
equations (2.7) and (2.8). Moreover, it is observed that for a point source with impulsive time
variation loading described by the delta-Dirac function (δ) Rayleigh waves begin dominating in
magnitude of displacement at the distances greater than 3H from the epicentre [77]. In addition
to that, it is worth noting that surface Rayleigh waves attenuate with distance as 1√

rx
whereas

body waves as 1
|rx| in 3D-problems with harmonic vibration source [81].
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In addition to that, in some papers, particularly [118], it is claimed that up to 60% of the
earthquake source energy generated by shallow-focus earthquakes (the origin depth is less than
70 km) can be spent on the surface seismic waves. Taking this into account along with body and
surface wave attenuation character with distance, it can be concluded that in some cases, that
can be determined based on seismic microzonation, surface Rayleigh waves may be one of the
most hazardous components of earthquakes.Particularly, in [72] it is stated that at the distances
from the epicentre which are more than double earth crust thickness, surface waves (Rayleigh
and Love waves) can be the main components of the soil motion.

The main principles behind vibration protection by seismic barri-

ers and pile �elds and their theoretical foundation.

The main ideas behind the protection by horizontal and vertical seismic bar-
riers including pile �elds

Present-day vibration and seismic protection methods and approaches can be classi�ed into the
following groups [41]:

� techniques focused on the design of earthquake-resistant structural schemes, components
and assemblies including installation of special dampers or vibration absorbers into the
load-bearing structures to dissipate vibration energy;

� methods for creating a kind of a barrier preventing the transmitting of wave energy into the
protected region (such waves can be generated both by earthquakes and arti�cial vibration
sources, for example, by trains).

Firstly, it is worth noting the method of resonant masses proposed by P Cacciola et al. in
[25]. Although this method is called a barrier, it is based on the e�ect of structure-soil-structure
interaction and consists in the construction of an additional resonant mass outside a protected
structure. Shake table tests in [25] showed that this method can provide up to 7% decrease in
the acceleration of the structure. Meanwhile, numerical computations showed more than 75%
decrease for vibration displacements. On the other hand, this method has the disadvantages
concerning the weight of the resonant part and the requirement to have 3 degrees of freedom to
ensure decrease of seismic impact in all three directions.

One of the most interesting approach to seismic protection using wave barriers is the appli-
cation of metamaterials. For example in [69], Kim and Das study metamaterials implementing
�negative� shear modulus concept and representing a kind of Helmholtz resonator. Figure 2.1
shows the appearance of such a �ller material and their layout. This barrier modi�es a real
part of a wave vector decreasing vibration motion. Numerical simulation in [69] showed that
the vibration motion decreases virtually to zero in the shadow zone and the e�ectiveness of such
barrier in terms of vibration reduction is much higher than that of the trench �lled with standard
materials.

Generally, seismic metamaterials is quite promising research direction in the �eld of earth-
quake and vibration protection. Field experiments along with numerical simulation in [23] and
[21] show the reduction e�ect of such seismic metamaterial barrier.These studies also represent
lensing e�ect (increase in vibration displacements) that can take place in the center of the barrier
ring [23] or in the borehole mesh zone [21].Deep foundations and underground components of
structures can also be considered as elements forming metamatierial which in that case is the
city area. The e�ect of these structures on wave propagation is studied in [22].

Another interesting approach towards seismic barrier construction is the use of gas �eld
cushions [98], where the gas pressure equilibrates the external soil pressure. This barrier provides
a dramatic change in the sti�ness inside the media, thus, decreasing the amplitudes of vibration
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and their theoretical foundation.

Figure 2.1: Metamaterial elements and their orientations [69]

displacements within the protected area. According to the measurements performed, such a
decrease in the vibration displacements may achieve 70% within the protected area [98]. Figure
2.2 shows the scheme of the gas cushion used for vibration control [98]. In addition to that, this
work provides the examples of the method implementation.

The main concept of protection by horizontal and vertical seismic barriers from the vibrations
transmitted by surface Rayleigh waves are established in [41] and [76]. The main principle of ver-
tical seismic barrier (pile �elds can be classi�ed as a kind of vertical seismic barriers) is to di�ract,
re�ect and dissipate wave energy preventing it from transmission into the protected zone.Vertical
seismic barriers can be constructed as underground concrete walls , empty trenches or trenches
�lled with any material like concrete, EPS geofoam etc. The main principle of horizontal seismic
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Figure 2.2: Gas Pad Arrangement Option [98]

barrier is based on Chadwick and Smith [30] postulating incapability of surface Rayleigh wave
to propagate along the �xed surface of the half-space. Therefore, a horizontal seismic barrier is
the modi�cation of the surface layer approximating its properties to the properties of the �xed
half-space. In addition to that it is possible to design a horizontal barrier for protection against
Love waves based upon Love's theorem [91].

One of the methods of the surface layer modi�cation for protection against Rayleigh waves is
the roughening of the surface that can be implemented by construction of the series of trenches.
Rayleigh wave dissipation and attenuation by such surfaces with random roughness is studied
in [135],[96] and [133]. The authors have concluded that to ensure e�cient application of this
technique, it is required to ensure commensurability of the periods and vertical dimensions of the
surface roughness with the wavelength. In addition to that, this type of seismic barrier decreases
only vibrations transported by the waves moving in a direction transverse to the roughness
and the e�ciency of these barriers depends on the wave frequency. Hence, this technique has
signi�cant restrictions not allowing for its wide application.

One of the e�ects of Rayleigh wave propagation along the rough surface is the change of
its velocity [51]. For real frequencies the wave velocity and its attenuation with the distance
are obtained in relation to the frequency [86]. Roughness scale-e�ect for large wavelengths of
Rayleigh, Scholte and Stoneley waves is studied in [109].

Horizontal acoustic barriers are studied quite well in [80]. Based upon numerical FE analysis,
it is shown that this type of seismic barriers decreases the vibrations transferred by surface
Rayleigh waves within the protected area. According to the obtained results, the density and
Young's modulus of the barrier material and their ratio to those parameters of the soil as well as
the width and depth in relation to the wavelength are the main parameters that a�ect vibration
reduction e�ect of horizontal seismic barriers. Based upon the numerical simulation the authors
provide recommendations for practical barrier design for a particular soil condition and the
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and their theoretical foundation.

expected frequency range during vibration action. It is important to emphasize that Poisson's
ratio does not a�ect vibration decrease within the protected area. The major disadvantage
of this protection technique against surface Rayleigh waves is related to the required material
parameters. This barrier shall be arranged from non sti� and very dense material which is
di�cult to implement in practice. For example, high dense concrete (ρ > 5000kg/m3) is sti�
and vice versa,in general, small sti�ness materials are lightweight . Hence, practical application
of horizontal seismic barriers is extremely di�cult.

In the following part, the review of theoretical and experimental researches on seismic wave
interaction with inhomogeneities in a half space and vertical wave barriers including pile �elds
is given.

Theoretical and experimental researches related to wave scattering and di�rac-
tion by inhomogeneities in a continuous media

The analytical works in the �eld of wave barriers as a mean of vibration isolation are based on
the theory of linear elastodynamics as wells wave scattering and di�raction by heterogeneities in
a continuous media including surface imperfections. The majority of these researches up to 1973
year are described in [104]. The main methods used for the analysis of di�raction by various
obstacles described in this work are the methods of integral equations and transforms as well
as perturbation method for elastic waves. In addition to that, it is worth noting the work of
Hudson [59], who developed the theory of Rayleigh wave scattering due to surface irregularities.

Knopo�'s papers [70, 71] are one of the �rst works on the scattering of compression and shear
waves by rigid spherical obstacles respectively. The obstacle size in these works varies from very
small in comparison with the wavelength to the size compared with the wavelength. Scattering
of plane P waves by a �nite sti�ness spherical obstacle is studied in [110] by Pao and Mow for
the cases of rigid, �uid and empty spheres.

Re�ection and transmission of Rayleigh waves at a corner (�gure 2.3) is studied in [60] theoret-
ically using a Green's function method. In this research, the approximate values of transmission
and re�ection coe�cients as the functions of the wedge angle and Poisson's ratio are obtained
numerically. These coe�cients are obtained experimentally in [113] as an angle function of two-
dimensional Rayleigh waves. The experimental scheme is shown in �gure 2.4. These results are
in a good agreement with the �rst order theory for angles in the range between 110 and 180
degrees. Experiments with smaller angles showed a considerable discrepancy with the theory.

Di�raction of shear waves by parabolic semi-cylindrical and semi-elliptical canyons are studied
by Trifunac as well as Wong and Trifunac in [141, 147] respectively. As a result, the solution
of the problem related to the propagation of plane shear waves through semi-circular and semi-
elliptical canyons is obtained. In [83] similar problem for longitudinal waves is considered. The
obtained results show the potential increase in the vibration displacements amplitude within the
area of such inhomogeneities.

Scattering, re�ection and transmission of surface and body elastic waves by a surface - break-
ing crack (�gure 2.5) are studied in [101, 6] using integral equations. As a result, the values of
scattering ratios as well as displacement �eld within the crack area are obtained for di�erent types
of elastic waves at various incident angles (in this case � the angle between the wave direction
and direction perpendicular to the transverse crack section) and crack depths [6]. Additionally,
the displacement �elds in the crack vicinity at di�erent angles of incidence are obtained for the
case of body wave propagation [101].

The studies above concerning body and surface waves di�raction and scattering by inhomo-
geneities in the continuous media and on the surface of a half-space do not cover the complete list
of the researches devoted to this topic. However, these works describing individual cases of in-
teraction of elastic waves with inhomogeneities (canyons, cracks, corner areas, etc.) demonstrate
re�ection, di�raction and scattering e�ects of the inhomogeneities in the media for travelling
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Figure 2.3: Surface wave scattering in corner zones [60].Problem geometry.
uI , ur- directions of original and re�ected waves respectively; S1, S2- free surfaces of the half-space
and S′1, S

′
2 their extensions;

body and surface waves. General analytical solution of the problem concerning a vertical seismic
barrier or a pile �eld interaction with elastic waves with analytical methods is extremely di�cult.
However, for particular cases of interaction the analytical solutions are obtained.

For example, in [63] the study of screening properties of composite wave barrier using Green's
function technique is performed. The obtained results reveal that the obstacles with low Rayleigh
wave velocity in their material demonstrate higher screening properties than high velocity ob-
stacles at small angles of incidence . At the same time, screening properties of the barriers made
of high wave velocity material increase with the growth of the incident angle. The minimum of
screening parameters of a low velocity obstacle is observed at the angles which are in the vicinity
of 60 degrees. At larger values of the incident angle, screening properties of the both barrier types
increase. In addition to that, a composite barrier that is composed of one high velocity layer
sandwiched between two low velocity layers shows higher screening e�ect than the low-velocity
one at small incident angles and its screening e�ect does not decrease with the growth of the
incident angle.

In [65], the decrease of vibrations caused by high-speed train movement is obtained by using
the trenches installed along the rail road is studied. This problem is solved analytically with
Fourier series and Fourier transform at a �xed trench depth and di�erent frequency ranges. The
obtained results reveal that at supercritical train speed equalling to 200km/h the important
frequency range is placed between 2Hz and 8Hz. Whereas, at the speed of 70km/h the most
critical frequencies vary between 0 and 1.1Hz. At the same time, for this case the trench
shows good attenuation properties only at the frequencies larger than 1.1 Hz. Consequently, it is
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Figure 2.4: The scheme of the experimental device for study of wave propagation and re�ection
in corner zones. [113]

Figure 2.5: The scheme of surface elastic wave di�raction and scattering on the surface crack
[101]
(R) �Rayleigh surfaced wave;
(L) and (TV ) � longitudinal and transverse waves;
(r) � vector showing direction of re�ected wave movement;
(θ) and (θ0)� angles of wave incidence and re�ection respectively;
(d) � crack depth.

obtained that if the main frequency equals to 4Hz the trench may decrease the vibrations almost
by 90%. Additionally, the trench may demonstrate reasonably good performance as well at the
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frequencies placed between 1.1 Hz and 4Hz, while for lower frequencies the trench practically
does not decrease but even may increase the vibrations. The authors also claimed that a trench
can be considered as a wave barrier only if the surface waves are generated.

The study of seismic waves interaction with piles and pile �elds is even more complicated and
requires various numerical schemes, thus, few analytical works related to this topic can be found.
Such works include [8] and [9] where the particular solution of pile - body wave interaction [8] as
well as pile-surface wave interaction [9] problems are obtained. In addition to that, for the 2D
pile-body wave interaction problem the precise analytical solution is obtained in [9].

Apparently, most of these analytical work are devoted to simple models of materials and
geometries with idealized conditions, because more realistic and complicated cases require nu-
merical calculations using various realization of �nite and boundary element methods or other
kinds of numerical methods.

Vibration mitigation using vertical seismic barriers

Experimental researches

One of the �rst works devoted to the studying of trenches and underground screens as a mean of
vibration protection is the one of Barkan [11] where some experimental results for high frequency
vibration sources are obtained. In addition to that, the terms �passive vibration isolation� and
�active vibration isolation� are introduced to determine the isolation of a speci�c territory from
the vibrations coming from the sources outside and the isolation of the vibration source itself,
thus, decreasing the radiated vibration energy respectively.Figures 2.6 and 2.7 show the exam-
ples of experimental design for active and passive isolation for protection against the vibrations
generated by transport vehicles [11].The author, probably, is the �rst who described the shadow
zone (screened zone) behind the barrier and showed the in�uence of the screen depth � wave-
length ratio on the vibration decrease. According to the obtained results, a barrier (a trench
or a screen) produces a shadow zone behind it where the vibration is decreased to its minimum
followed by the decrease of the barrier e�ect with the distance. The applicability of this tech-
niques for high-frequency vibrations is stated. However, it is shown that in some cases this mean
of protection can be ine�ective , for example, in the one shown in �gure 2.7. Which, according
to the author's opinion, can be caused by misunderstanding in the theory of wave di�raction by
obstacles.

Some successfully applications of trenches and wave barriers for vibration protection are
presented in [42, 106, 100]. Figure 2.8 shows the scheme of a barrier used in [42, 106] by Dolling
and Neumeuer respectively. The installation of the bentonite trench gave a double decrease in
the vibration amplitude of the printing plant which is located near the subway. In [100], RL
McNeill et al. use a complex system including a trench with a sheet-wall barrier installed before
the trench to protect a laboratory with precision equipment (�gure 2.9). The trench with sheet
pile wall on the vibration source side and a foundation slab on the building side are used for
protection. Additionally, the foundation slab is constructed on the base made of light material
. Supplementary vibration insulators are installed between the foundation and the �oor where
the equipment is installed. As a result,the slab acceleration decreased and met the owner's
requirements after the laboratory was equipped with this vibration isolation system (�gure 2.9).
In this case, it is di�cult to estimate the quantitative e�ect of the trench and sheet pile wall upon
the vibration control, however, the combination of the measures produced the required e�ect.

More detailed and extensive experimental studies of trenches as a mean of passive and active
vibration isolation against Rayleigh waves are performed in [150, 148, 43, 122] which resulted
in the recommendations towards practical trench design in soil depending on soil conditions
along with the vibration source frequency. These recommendations can allow ensuring maximum
vibration decrease within the protected zone. Moreover, the values of the reduction ratios at
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Figure 2.6: Active Vibration Protection Experiment Scheme [11]

which a trench could be considered as an e�ective mitigation measure are speci�ed.

In [28], �eld experiments related to the interaction of surface waves with a wave barrier �lled
with various materials are carried out for the cases of passive and active vibration protection. In
this study, wave barriers such as trenches, underground walls etc., are found to be more e�ective
for passive vibration isolation. In addition to that, it is shown that open trenches provide larger
vibration decrease than the �lled ones. However, the necessity of supporting measures imposes
the restrictions on the open trench depth. This is the reason why the cases of the trenches �lled
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Figure 2.7: Example of Passive Insulation for Protection with the Screen against Vibration Due
to Transport Vehicle [11]

with materials which are softer than the considered soils (bentonite slurry) and harder (concrete)
than the soil are studied as well. Consequently, it is obtained that the trench �lled with light and
soft material demonstrates better vibration mitigation than the one �lled with hard and heavy
material.

Similar experiments are performed for a GeoFoam wave barrier and an open trench in [4]. In
addition to that, the obtained results are compared with numerical simulation in Abaqus. This
comparison shows that the vibration reduction e�ect obtained from numerical computations
follows the same trend as the one obtained from the experiment. Thus, numerical simulation can
be used to compute vibration attenuation e�ect given by the barriers in other soil conditions.

The attenuation properties of a sti� wave barrier are studied in [34] experimentally and
numerically using coupled FE-BE computation. Prior to the calculation and the barrier con-
struction dynamic soil characteristic are determined and used for the layered model of the soil.
The full scale experimental study is carried out for jet grouting columns installed along a railway
track. The barrier length, height and width are 55 m, 7.5 m and 1 m respectively. Two vibration
measurements are performed before installation of the barrier and after it. It is shown that a
relation between the Rayleigh wave velocity in the surrounding soil and the velocity of bend-
ing waves in the barrier determines the e�ectiveness of the barrier in vibration reduction. The
barrier is found to be a good way to decrease vibration level and it is shown that the largest vi-
bration reduction can be observed directly beyond the barrier followed by the decrease in barrier
performance with distance, although, reduction e�ect is still signi�cant.
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Figure 2.8: Usage of the Barrier for Subway Vibration Protection [42].

Numerical researches

Along with the development of computers and numerical schemes it has become possible to deal
with the problems of waves di�raction and scattering using numerical methods. These methods
allow creating more realistic models and conditions comprising non-linear material properties
and �nite deformation.

Finite di�erence method (FDM)

In [2, 3], Aboudi studies screening and di�raction of waves by a surface obstacle and a thin
barrier combining �nite di�erence and perturbation methods. The waves in [2, 3] are generated
by impulsive loading. The obtained results reveal that the surface obstacle highly a�ects Rayleigh
and the re�ected waves. Hence, this heterogeneity can be used for vibration protection purposes
[2]. Meanwhile, the screening e�ect of the thin barrier occurs at some conditions described by
the authors in [3].

In [48], �nite di�erence scheme with absorbing boundary conditions are used to study the
scattering of waves by a trench. The transmission and re�ection coe�cients are obtained from
the surface waveforms and compared with experimental results at a given moment.

Boundary element method (BEM)

In some cases BEM can be more useful than FEM as it does not require absorbing boundary
conditions or large model sizes to avoid the re�ection of waves at the boundaries. In [16, 38, 85],
the e�ectiveness of trenches for active and passive vibration isolation is studied using BEM.

In [16], plane strain problem for active and passive isolation is considered. The obtained
results demonstrate the e�ectiveness of a trench as a mean of active and passive vibration pro-
tection. In addition to that, it is shown that an empty trench is more e�ective than the concrete
�lled one. In [38, 85], these problems are studied using three-dimensional formulation for homo-
geneous soils and using plane strain formulation for non-homogeneous ones. It is shown that the
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Figure 2.9: Precision Equipment Insulation with the Wall in Piled Soil [100].

depth and the width of a trench should depend upon the sti�ness of the most rigid layer in order
to ensure maximum vibration decrease.

In [10], the problem of active and passive vibration isolation by trenches is studied for the
case of multi-layered three-dimensional soil media. Similarly to [85], the results for two layered
media are obtained assuming the soil to be isotropic linearly elastic or viscoelastic.

Finite element method (FEM)

[130, 99] are probably the �rst works devoted to vibration reduction by trenches using FEM. All
the results obtained in these researches are in a good agreement with the previous experimental
studies mentioned above.In [130], it is obtained that the e�ectiveness of a trench is a function
of the trench depth to the wavelength ratio. According to this work, the trench with the depth
which is greater than or equal to 0.6 of the considered wavelength reduces vibration within the
protected zone signi�cantly . In comparison with an empty trench, the �lled one shows less
vibration decrease. Similar results are obtained in [130]for SH and vertical component of SV
waves propagating in a layer over a half-space within the frequency range of 4÷6 Hz. Meanwhile
for the frequencies which are less than 3 ÷ 4 HZ the ampli�cation of horizontal component is
observed. Haupt in [54] investigates the reduction e�ect of core walls by using FEM method. In
[56], similar results are obtained for train induced vibration by Hu et. al using FEM. Additionally,
it is also shown that the growth in the trench length increases its attenuation properties.

Finite element study (FE) of open, in�lled trenches and elastic foundations as a mean of
protection from train induced vibrations are carried out in [153] under plane strain conditions.
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2.3 Vibration mitigation using vertical seismic barriers

Train loading, that generates Rayleigh waves, is simulated as a vertical harmonic loading on the
free surface. The soil is assumed to be viscoelastic which is simulated by hysteretic damping. The
obtained results are in a good agreement with the results in [130, 99] as well as the experimental
works described above. It is shown that the e�ectiveness of a trench is a function of the ratio
of its height to the wavelength of the waves propagating in the underlying soil (in the case of
active vibration isolation, body waves wavelength). The e�ectiveness of an open trench in terms
of vibration decrease signi�cantly depends on its height, while for an in-�lled trench the width
also a�ects the resultant vibration decrease. In order to ensure a signi�cant vibration decrease
the geometrical parameters of an in-�lled trench should satisfy the following conditions:

W > λ D > 0.6λ, (2.9)

where W and D are the height and the width of the �lled trench, λ is the wavelength of the
Rayleigh wave propagating in soil. Additionally, sti� trenches are shown to be more e�ective than
the soft ones, while for the foundations the situation is opposite. Hence soft elastic foundation
provides better vibration decrease. In addition to that, it is claimed that the density, damping
ratio and the location of the in-�lled trench a�ect vibration reduction insigni�cantly.

Ekanayake et al. study the in�lled wave barriers using �nite element method with the veri-
�cation of a model on the �eld experiments performed using the EPF geofoam barrier [45]. The
study of open and water in�lled trenches as well as EPS geofoam barriers is carried out. The
constitutive model for the geofoam is based on Drucker-Prager yield criterion with the harden-
ing law implemented. Water in the trench is simulated by using the Mie-Grüneisen equation of
state implemented in Abaqus [140]. The obtained results reveal that the EPS geofoam barrier
is close to the open trenches in vibration attenuation e�ect providing a good level of vibration
protection. In addition to that, this barrier is better for passive vibration isolation than active.
At the same time, the EPS geofoam barrier is more e�ective than the water �lled one, however
the latter outperforms the EPS geofoam barrier if the width signi�cantly increases along with
the distance from the source.

In [64], Jesmani et al. study the in�uence of a trench geometrical properties on vibration
reduction in sandy-soil using 3D FE model. Bi-linear elasto-plastic constitutive law is used
to simulate the soil behaviour. It is obtained that the optimal trench arc angle (the angle
characterizing arc length along which the barrier surrounds the protected area) equals to 150
degrees , meanwhile the trench radius does not a�ect the screening properties of such barrier.
Additionally, it is worth noting the vibration amplitude increase near the trench.

The main disadvantage of FEM for addressing the problems considered in this work is the
requirement to increase the model sizes to prevent the waves re�ected from the model borders
from returning to the observation zone. One of the methods allowing for reduction of the model
sizes is so-called not-re�ecting boundaries (in [140] �the in�nite element� term is used). In [103],
Motamedi et al. use Abaqus for parametric study of wave barriers along with the possibility to
use the non-re�ected boundaries or so called in�nite elements. The authors carry out the results
veri�cation on seismic wave propagation from a surface loading using the data from the centrifuge
tests. Then, accounting for the veri�cation results,a parametric study of the barrier vibration
reduction e�ect is carried out. The analysis shows that the increase in the barrier sti�ness
and height improves the attenuation properties signi�cantly. While barrier width in�uences its
vibration attenuation e�ect only for the barriers made of soft materials.

The reduction of blast induced vibration by vertical barriers is studied by Wang et al. using
Ls-Dyna in [145]. Model proposed by Kreig in [74] is used for the GeoFoam and soil, compression
hardening model is used for the concrete. The obtained results reveal a trench to be the most
e�ective barrier, however due to the possibility of soil collapse such a barrier is not appropriate
for the protection from blast induced shock waves. On the other hand, concrete walls are able to
resist the inertia loading but could not reduce the ground shock impact signi�cantly. Meanwhile,
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the Geofoam barrier is found to be e�ective in shock wave energy reduction and it is easier to
construct and maintain than open trenches.

Vibration reduction by dual trenches is studied by Saikira et al. under plane strain conditions
using elastic constitutive law for the proposed materials [127]. It is found that a relative shear
wave velocity of the in-�lled trench (the ratio of the shear wave velocity in the barrier material to
that in the surrounding soil) in�uences barrier reduction e�ect. The decrease in the relative shear
wave velocity ratio results in the growth of the barrier reduction e�ect. However, this value has a
certain limit below which the decrease in relative shear wave velocity not necessary increases the
screening e�ciency of the barrier. The optimal values of relative shear wave velocity are found
for some barrier heights. In addition to that, it is found that dual in-�lled trenches require less
depth than the single one to obtain the targeted degree of vibration reduction.

One of the most comprehensive studies of vertical seismic barriers is performed in [119]. The
e�ect of barrier material sti�ness, density and barrier depth upon vibration energy attenuation
within the protected area is shown. Applicability of vertical barriers for blast protection is also
studied. The main disadvantage of this work is the complexity of some design solutions proposed
for practical implementation and disregard of soil deformation character, depending on shear
strain level in the case of blast exposure.

In [5, 112], coupled FE-BEM is used to study protection from the vibrations induced by
passing trains using wave barriers. The e�ect of the train speed is shown [5]. In addition to
that, other methods of vibration reduction like soil improving or replacement (soil sti�ening)
are studied [5]. Generally, trench is found to be e�ective measure for vibration reduction, while
concrete barrier is more e�ective for low speed and frequencies.

In [33, 89], the mechanism of vibration propagation generated by railway transport along
with potential protection measures are analysed. It is shown that the distance between the
trench and railway track is a signi�cant factor. Close to the track, body waves dominate and
carry much vibration energy , therefore, a trench is useless as these waves can go under it and
thus be una�ected by a barrier. Moreover, the cost of this type of protection is estimated for
polyurethane foam as back�ll material.

It is important to emphasize that none of the above works proposes the optimization algo-
rithm for the practical barrier design accounting for prescribed soil and vibration conditions and
ensuring minimum vibration level within the protected zone. One of the few exceptions is [151],
where to optimize physical parameters of the underground trench (trench slope, inclination angle,
vertical size and enclosure wall thickness) Taguchi approach is proposed [126]. However, in this
work material properties of the barrier are not taken into account, which can be very important.
As a result, the author obtained the optimal values of the inclined angle, the top thickness, the
depth and the width of the trench with the value of transmission ratio equalling to 0.306.

Vibration mitigation using piles and pile �elds

The study of piles as a vibration barrier started from the work of Richart and Woods [122],
where the performance of this type of protection is investigated experimentally. In addition to
that, the authors suggested the initial design guidelines for pile barriers. Later, Woods [149]
con�rmed the screening e�ect of cylindrical hole barriers on Rayleigh waves using holography.
One of the �rst theoretical studies is performed by Javier Aviles and Sánchez-Sesma [8, 9], who
theoretically analysed interaction of pile rows with body waves [8] as well as Rayleigh waves [9]
using planar and spatial models. The authors suggest the values of pile length, spacing and the
width of the barrier for e�ective vibration isolation.

In [66], Kattis et al. adopt Boundary Element Method (BEM) in the frequency domain to
analyse vibration isolation by pile rows. Further development of this approach in [67] allow to
model a pile row as an in-�lled e�ective trench by using the homogenization method which is
implemented in the mechanics of �bre-reinforced composite materials. In that work, the interac-
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tion of pile row with Rayleigh waves is considered accounting one of the most important factors
which is the volume fraction of the piles. It is worth noting, that this simulation method slightly
overestimates the reduction e�ect of a pile row comparatively to the modelling of independent
piles. Additionally, the authors show that trench barriers have a better reduction e�ect than pile
rows and the type of a pile cross-section has virtually no e�ect on the vibration reduction.

Afterwards, this solution technique is extended for spatial simulation of pile row interaction
with Rayleigh waves in frequency domain [68]. In addition to that, BEM is utilized in the work
of Tsai [143] to study active vibration protection for di�erent types of piles as well as pile length
and spacing.

Another interesting approach based on the periodicity theory and FEM is implemented by
Jiankun Huang [57] for the analysis of horizontal vibration attenuation by pile rows. Then,
this method is further developed for plane waves in [58] and pile barriers with initial stress in
[88]. In these works the authors propose the concept of the dispersion curves and analyse the
attenuation zones produced by pile �elds. The waves with the frequencies within the attenuation
zone cannot propagate through the periodic pile barriers. It is shown that the reduction ratio of
pile rows relates to relative Young's modulus, the density of the piles (ratio between these values
corresponding to piles and soil) and the pile fraction [57]. Meanwhile, initial stress a�ects [88]
the width as well as the lower and upper bounds of the attenuation zones having virtually no
e�ect on the reduction e�ect.

Vibration attenuation properties of pile rows in porous media are analyzed in the works [27]
and [26] of Yuan-Qiang Cai et al. for surface Rayleigh waves and body waves respectively by
using Fourier-Bessel series. In this research, such key factors as pile spacing, relative pile Young's
modulus and density are underlined. Moreover, it is shown that vibration isolation from Rayleigh
waves in porous media is less e�ective than that in the non porous elastic media, which is not in
the agreement with the study carried out by Lu [92] which presents better e�ectiveness of pile
barrier for the case of two phase media.

Multiple body wave scattering by several pile rows is analyzed in [139] by the method proposed
by the authors. It is shown that the increase in the number of rows improves vibration reduction
properties of a pile barrier. At the same time, such method is found to have better screening
e�ect for lower frequencies of body waves.

Conclusion

Based upon the bibliographical review of the international construction codes vibration protec-
tion standards as well as research works on seismic wave propagation and their interaction with
inhomogeneities as well as seismic barriers and pile �elds, it can be concluded that:

1. Existing international building codes and standards prescribe permissible vibration levels
in buildings and facilities; their exceedance requires special-purpose activities related to vi-
bration level decrease to the permissible value. In the case of earthquakes the accelerations,
velocities and displacements of construction bases are regulated for di�erent seismicity and
construction sites, for example by [138].

2. Rayleigh waves transfer the major part of vibration energy in the case of external vibration
sources and can transfer measurable portion of vibration energy when it is generated by
underground sources . Based upon this, the development of techniques for protection
against surface waves of this type is a signi�cant issue for the present-day civil engineering.

3. The main principle of vibration protection by a vertical seismic barrier and a pile �eld is
to di�ract, re�ect and dissipate wave energy preventing it from the transmitting into the
protected zone, thus, reducing vibration displacements, velocities and accelerations of the
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points within the protected area. It is theoretically proven by researches related to seismic
wave scattering and re�ection by obstacles and inhomogeneities in the elastic half-space.

4. Existing experimental and numerical studies related to the interaction of Rayleigh seismic
waves with trenches,wave barriers of di�erent types as well as pile �elds support the appli-
cability of these techniques for passive protection against vibrations transferred by Rayleigh
waves. Active vibration protection with these barriers is less e�cient due to waves passing
around this obstacles and recovery of the vibration motion level behind the "shadow" zone.

5. Whereas the above studies evaluate the vibration mitigation within the protected area be-
hind the barrier at di�erent barrier parameters, the complex e�ect of the barrier material
and geometrical parameters has not been shown. The suitable algorithm of barrier opti-
mization in the case of prescribed soil conditions and design vibration loading has not been
proposed.

6. Most of the researches related to vibration attenuation by piles and pile �elds deal with
the parameters of pile �eld independently regardless their complex e�ect on the vibration
attenuation properties. Apart from that, the parameters of the pile �elds obtained are
di�cult to implement in practice in terms of technology and construction codes.

7. In the majority of the researches described above, interaction of surface Rayleigh waves
with vertical seismic barriers as well as pile �elds is analysed under assumption of linear
deformation character of the soil and barrier (pile �eld). This is possible only for low
shear strain level in soil during wave propagation (less than 10−4) which relates to tra�c
vibrations, construction works , etc. In the case of earthquakes and blast exposure, soil
deformation character is strictly non-linear, thus, the results obtained are limited by the
low amplitude vibration sources.
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CONSTITUTIVE EQUATIONS AND MATERIAL MODELS

Contents

3.1 Basic notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . 27

3.2.1 Initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2.2 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Hyperelastic media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3.1 Constitutive equations for hyperelastic media . . . . . . . . . . . . . . . 29

3.3.2 Major wave types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.4 Non-linearly deformable media . . . . . . . . . . . . . . . . . . . . . . 32

3.4.1 Basic principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4.1.1 Mohr-Coulomb model . . . . . . . . . . . . . . . . . . . . . . . 35

3.4.2 Models based on the critical state concept (Cam-Clay and Modi�ed
Cam-clay) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.5 Soil behaviour under dynamic loading condition . . . . . . . . . . . . 55

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

The third chapter reviews the main constitutive laws and models that are used in soil me-
chanics to address static and dynamic problems. Constitutive equations for hyperelastic,elastic
and elastoplastic media (Mohr Coulomb's, Drucker-Prager's and Cam-Clay-based models) are
reviewed. Their comparative study as well as the assessment of the numerical parameters in�u-
ence (these parameters are used to ensure solution procedure convergence) are performed. The
possibility to approximate dynamic soil behaviour by using these models is analysed resulting in
the selection of the model for the further dynamic computations. Additionally, boundary and
initial conditions for the problems considered in the following chapters are formulated.

Basic notation

In this paragraph, the basic notation used in the following text is represented. Let σ = σij is a
second order symmetric stress tensor:

σ =

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 (3.1)
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with its invariants de�ned as:
Iσ = tr(σ), (3.2)

IIσ = σ2
12 + σ2

23 + σ2
13 − (σ11σ22 + σ22σ33 + σ33σ11), (3.3)

IIIσ = det(σ). (3.4)

Denoting p = −Iσ/3 (in some books this value is also called hydrostatic pressure), the
deviatoric part of σ can be written in the form:

S =

σ11 + p σ12 σ13

σ21 σ22 + p σ23

σ31 σ32 σ33 + p

 . (3.5)

In equations (3.1) and (3.5) σ11, σ22, σ33 are the normal stresses (σx, σy, σz in the case of orthog-
onal coordinate system XYZ), while σ12 = σ21, σ23 = σ32, σ13 = σ31 are the shear stresses (they
can also be denoted as τxy = τyx, τyz = τzy, τxz = τzx in the case of orthogonal coordinate system
XYZ). The following stress measures are considered:

q =

√
3

2
∗ (S : S) (3.6)

r =

(
9

2
S · S : S

) 1
3

(3.7)

where (3.6) are the Mises equivalent stress and (3.7) is the third invariant of the deviatoric part
of the stress tensor. In addition to that, the deviatoric polar angle [32] is also used when, for
example, singular yield functions such as Mohr-Coulomb and Tresca ones are replaced by their
smoothed approximation surfaces. This measure is determined as:

Θ =
1

3
arcsin

(
r

q

)3

(3.8)

Similarly, symmetric second order strain tensor ε = εij can be introduced:

ε =

ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 (3.9)

with its invariants:
Iε = tr(ε), (3.10)

IIε = ε2
12 + ε2

23 + ε2
13 − (ε11ε22 + ε22ε33 + ε33ε11), (3.11)

IIIε = det(ε). (3.12)

Similarly to the stress tensor, it is possible to change equations (3.9-3.12) to the conventional
form by using x, y, z instead of 1, 2, 3. Apart from that, the notation equivalent to the one used
in Abaqus explicit solver [94] is utilized in the following text.

Reduction ratio. In order to estimate the e�ciency of the barrier (pile �eld) in terms of the
vibration decrease in the protected zone, the following ratio is introduced:

kred,E =
Kbar

Khom
, (3.13)

where Khom - is the kinetic energy �eld of the area ∆ in the homogeneous model, while Kbar

is the kinetic energy �eld of the area ∆ in the model with the seismic barrier (pile �eld). It
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shows the decrease of vibration energy in the protected zone after the installation of the barrier.
Similar quantity is introduced for the displacements:

kred,u =
ubar
uhom

, (3.14)

where uhom - is the displacement �eld in the area ∆ in the homogeneous model, while ubar is
the displacement �eld in the area ∆ in the model with the seismic barrier (pile �eld). This value
allows to assess the displacement decrease in the protected zone.

Initial and boundary conditions

Initial conditions

The following ordinary initial conditions are considered:

u(x, t)
∣∣∣
t=0

= 0, ∂tu(x, t)
∣∣∣
t=0

= 0, (3.15)

that are su�cient for the �rst stage calculations using the elastic constitutive law. In that case,
the initial stress distribution in the half-space(half-plane) is neglected as it has virtually no e�ect
on the displacements, velocities and accelerations of the points in the protected zone.

In the case of numerical simulation involving non-linear constitutive laws which are a�ected
by initial stress distribution (elasto-plasticity, plasticity, etc.), instead of initial conditions de�ned
by equation (3.15), the following conditions for initial stress and velocity �elds are used:

σ(x, t)|t=0 = σ0(x), ∂tu(x, t)
∣∣∣
t=0

= 0, (3.16)

where σ0(x) is the initial stress distribution calculated from the static problem.

Boundary conditions

For isotropic media on the free surface of the half-space Πξ (Figure 3.1),the boundary condition
of zero stress is used:

tξ ≡ σ · ξ = 0,x′ ∈ Πξ, (3.17)

where I is the unit diagonal matrix, ξ is the unit outward normal to the surface Πξ and tξ is
surface stress. In the case of elastic media equation (3.17) can be written in the form:

tξ ≡ (λtr(ε)I + 2µε) · ξ = 0, x′ ∈ Πξ, (3.18)

where ε- small strain tensor.
In the case of seismic barrier installed in the medium (Figure 3.1), the condition of perfect

mechanical contact is applied to the contact surfaces between the barrier and the soil Ωη :

tbar

∣∣∣
x·η∈Ωη

= tsoil

∣∣∣
x·η∈Ωη

ubar

∣∣∣
x·η∈Ωη

= usoil

∣∣∣
x·η∈Ωη

, (3.19)

where tbar, tsoil are the stresses on the contact surface from the barrier and soil sides respectively;
η is the unit normal to the interface between the barrier and soil Ωη; ubar, usoil are the displace-
ment vectors on the contact surface from the barrier and soil sides respectively; the indexes bar
and soil correspond to the barrier and soil accordingly.
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Similar contact condition is used to simulate contact between piles and soil. Let Θζ denotes
the interface between the pile and soil with the unit outward normal ζ.Then, the condition of
perfect mechanical contact for the lateral pile surface takes the following form:

tpile

∣∣∣
x·ζ∈Θζ

= tsoil

∣∣∣
x·ζ∈Θζ

upile

∣∣∣
x·ζ∈Θζ

= usoil

∣∣∣
x·ζ∈Θζ

(3.20)

where the indexes pile and soil correspond to the piles and soil respectively.

Figure 3.1: Boundary conditions.ξ and η are the unit normals to the free surface of the half-space
and contact interface between the barrier and soil respectively.
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Hyperelastic media

Constitutive equations for hyperelastic media

The �rst part of the present work is targeted to the search for the optimal con�guration of the
wave barrier (the dimensions of the barrier and the mechanical characteristics of its material)
as well as a pile �eld (planar dimensions of a pile �eld as well as pile depth) ensuring maximum
vibration reduction in the protected zone. The solution is performed assuming the soil and
barrier material to deform according to linear elastic constitutive law, which is appropriate if
shear strains in the soil do not exceed 10−4 (low amplitude vibration sources). Therefore, it is
necessary to introduce constitutive relations for hyperelastic media (linear elastic constitutive
law is a particular case in this category of elastic models).

Hyperelastic material is the one for which it is possible to de�ne elastic potential in the form
[142]:

Ψ = Ψ(Iε, IIε, IIIε), (3.21)

where Iε, IIε, IIIε are de�ned according to equations (3.10 - 3.11). In that case, the stresses are
calculated as:

σ = ∇εΨ(Iε, IIε, IIIε), (3.22)

or:
σ = λ(Iε, IIε, IIIε)IεI + 2µ(Iε, IIε, IIIε)ε. (3.23)

Lame's constants λ and µ must satisfy the condition:

3λ+ 2µ > 0, µ > 0, (3.24)

in order to ensure the deformation energy to be positive [142].
In the case of a linearly elastic material and in�nitesimal strains the equation of motion can

be written as:

divxC · ·∇xu− ρü = 0, (3.25)

where u(x, t) is the displacement vector;C is positively de�ned elasticity tensor (in the case of
isotropic elastic media equation (3.24) is the condition of positive de�niteness of the elastic tensor
C); ρ is the material density.

For isotropic homogeneous media equation (3.25) can be written in Navier-Clapeyron form:

(λ+ 2µ)∇divu(x, t) + µrotrotu(x, t) + f(x, t) = ρü(x, t), (3.26)

where f(x, t) is a body forces �eld. Denoting longitudinal (P-wave) and shear (S-wave) velocities
as:

cP =

√
λ+ 2µ

ρ
, cS =

√
µ

ρ
(3.27)

respectively equation (3.26) can rewritten to the form:

c2
POdivu(x, t)− c2

Srotrotu(x, t) +
1

ρ
f(x, t) = ü(x, t). (3.28)

Major wave types

Major wave types generated by external and internal sources of vibration, that are considered
in this work, are body waves including longitudinal and shear waves as well as surface waves
including Rayleigh, Stoneley, Love and Lamb waves. In this thesis, the main attention is paid to
Rayleigh surface waves and body waves. Therefore, wave equations for these waves are shown in
the following text.
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Plane P-waves and S-waves

Theory of body waves propagation in an in�nite space is mainly developed in the works of Poisson
[115],[116], etc. Wave equation for a travelling body wave with plane wavefront has the following
form:

u(x, t) ≡mexp (ir(n · x− ct)) , (3.29)

where m is the oscillation amplitude, n is a unit wave vector that determines the direction
of wave propagation; c is a phase velocity; r = ω

2πc is a wave number and ω is a circular
frequency.Substitution of equation (3.29) into (3.26) produces Christo�el equation:(

(λ+ 2µ)n⊗ n + µ(I− n⊗ n)− ρ ∗ c2I
)
·m = 0. (3.30)

Solution of equation (3.30) gives the wave velocities and directions of polarization. As a result,
three waves having mutually orthogonal polarization are obtained from the solution of equation
(3.30). Which are P -wave (longitudinal wave polarized in the direction of propagation ) as
well as SH and SV waves (shear waves polarized in the directions orthogonal to the propagation
direction ). SV and SH wave are polarized in vertical and horizontal directions respectively [47].

Surface waves

Based on the approach in [78, 79] the equation of a surface wave travelling in a half-space or in
a layer with arbitrary anisotropy has the form:

u(x, t) ≡ f(x”)exp (ir(n · x− ct)) , (3.31)

where x′′ = ir(ν · x) is a dimensionless complex variable; f(x”) is an undetermined functions
de�ning the amplitudes on the wavefront; n is a unit wave vector that determines the direction
of the wave propagation; ν is an outward normal to the boundary Πν along which the wave
propagates. Substitution of equation (3.31) into (3.25) produces Christo�el equation for the
surface wave propagating in an anisotropic half-space:

− r2
(
A∂2

x” + B∂2
x” + D

)
· u = 0, (3.32)

where A, B and D are de�ned by equation (3.33) with I being a unit matrix of the third order.

A = ν ·C · ν; B = ν ·C · n + n ·C · ν; D = n ·C · n + ρc2I. (3.33)

Introducing w = ∂2
x” and Jacobian G de�ned by equation (3.34), equation (3.32) can be trans-

formed to the form (3.35).

G =

(
0 I

−A−1D −A−1B

)
. (3.34)

∂2
x”

(
f

w

)
= G ·

(
f

w

)
; (3.35)

In equation (3.34) 0 is a square zero matrix of the third order. Taking equations (3.34-3.35) into
account, the solution of equation (3.32) can be written in the form:(

u(x, t)

z(x, t)

)
=
(
exp(x′′G) ·C

)
exp (ir(n · x− ct)) , (3.36)

where z(x, t) = w(x′′) exp (ir(n · x− ct)). It is worth noting that equation (3.36) holds for G
having Jordan blocks in the canonical form.
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Rayleigh waves in anisotropic half-space

Wave equation for a plane Rayleigh wave propagating in anisotropic half-space has the following
form:

u(x, t) ≡m(irν · x) exp (ir(n · x− ct)) , (3.37)

In this case the polarization of the wave (m) depends upon the depth and the wave number (r).
Additional condition for the complex coordinate Im(x′′) < 0 is applied on the half-space. Other
variables are the same as in equation (3.31). Christo�el equation for this case can be obtained
by the substitution of equation (3.37) into (3.25):(

ν ·C · ν ∂2

∂x′′2
+ (ν ·C · n + n ·C · ν)

∂2

∂x′′2
+ n ·C · n− ρc2I

)
·m(x′′) = 0 (3.38)

Introducing a new variable v(x′′) = ∂
∂x′′ m(x′′) the equation can be transformed to the form:(

A1 ·
∂

∂x′′
v(x′′) + ν ·C · n + A2

∂

∂x′′
v(x′′) + A3

)
·m(x′′) = 0, (3.39)

where A1,A2 and A3 are de�ned as:

A = ν ·C · ν; B = ν ·C · n + n ·C · ν; D = n ·C · n− ρ · c2I. (3.40)

As a result, similarly to equation (3.36) the system of �rst order equations is obtained:

∂

∂x′′
−→
X = G ·

−→
X, (3.41)

where
−→
X =

(
m
v

)
and G =

(
0 I

−A−1D −A−1B

)
. In order to formulate closed system of

equations de�ning Rayleigh wave velocity it is necessary to adopt boundary conditions (3.17)
and the condition of Sommerfeld (the absence of the solutions growing exponentially at Im(x′′)→
−∞). One of the most important research directions related to Rayleigh wave propagation in
anisotropic elastic half-space is the search for the "forbidden directions" for Rayleigh wave (in
that particular directions Rayleigh wave cannot propagate in the considered material). However,
it is shown [79],[30],[12],[13], [90], [29] and [31] that there is no such "forbidden directions".
Therefore , vibrations transferred by surface Rayleigh waves can be decreased only due to the
processes of wave scattering and re�ection by inhomogeneities and obstacles in the media as well
as energy dissipation in soil because of its plastic deformation nature.

Rayleigh waves in isotropic half-space

If a half space is an isotropic and hyperelastic, equation (3.37) de�ning Rayleigh wave, that
propagates in this media, can be simpli�ed to the form:

u(x, t) =

2∑
k=1

timk exp (ir(γkν · x + n · x− ct)) , (3.42)

where mk de�nes the polarization of partial waves. Other variables are the same as in equations
(3.37-3.41). Christo�el equation for a Rayleigh wave propagating in elastic half-space has the
form: (

γ2
k((+2µ)ν ⊗ ν + µn⊗ n) + γk((λ+ µ)(ν ⊗ n + n⊗ ν))+

+(λ+ 2µ)n⊗ n + µν ⊗ ν − ρc2I ·mk = 0,
(3.43)

where γk can be calculated from the condition of zero determinant:

det
(
γ2
k((+2µ)ν ⊗ ν + µn⊗ n) + γk((λ+ µ)(ν ⊗ n + n⊗ ν))+

+(λ+ 2µ)n⊗ n + µν ⊗ ν − ρc2I = 0.
(3.44)

31



32

Rayleigh wave velocity can be calculated by adding boundary condition (3.18) resulting in quite
complex equation. Therefore, the approximation of Bergmann and Victorov [144] is used to
calculate Rayleigh wave velocity:

cR =
0.87 + 1.12ν

1 + ν
cS , (3.45)

where cR and cS are Rayleigh and shear waves velocities respectively, ν - Poisson's ratio.

Non-linearly deformable media

Basic principles

In this work only in�nitesimal deformations are considered as even at strong earthquakes shear
strains do not exceed 2 · 10−3 (in the case of an explosion shear strains in the soil can achieve
10−2) [62, 132]. Therefore, small deformation tensor is considered:

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (3.46)

Here ui are the components of the displacement vector u(x) and dxj is the initial size of the
element for which the strain is calculated.

Remark. It is worth noting that this approach with the use of in�nitesimal strains can
be inappropriate for the vicinity of vibration source, especially in the case of earthquake and
explosion sources. However, this approach is valid at a certain distance from the source because
the strains decrease due to the geometric and material damping in soil.

The integration of elsto-plastic constitutive equations is based upon strain increment decom-
position into plastic dεplij and elastic dεelij parts [50]

dεij = dεelij + dεplij . (3.47)

The character of stress-strain condition is determined with the use of smooth yield surface of the
form [50]:

f (Iσ, IIσ, IIIσ, Iεpl , IIεpl , IIIεpl) . (3.48)

If f < 0 then the deformation is elastic, otherwise (f = 0) the material experiences plastic
deformation.

Numerical integration of constitutive equations (plasticity, nonlinear elasticity) is usually
performed by using approximate numerical schemes, for example, Newton's one. In this case,
the loading of a body and the numerical integration of its stress-strain condition is performed
in several steps (increments). This means that the body is loaded over some time period (in
the case of static problems this is quasi time) which is divided into several time steps depending
on the solution procedure convergence as well as the type of numerical scheme. At which step,
stress-strain condition of the body is calculated. Numerical aspects of the implementation of
these methods within the framework of spatial discretization using FEM for dynamic and static
problems are given in [155, 156, 19]. Here it is important to emphasize that all these approaches
require incremental forms of constitutive equations. Therefore,stress and strain rates are consid-
ered at each step. As an example, the Jauman rate equation for Hooke's law in the case of linear
elasticity can be written in the form:

4 σ̇Jij = λδij 4 ε̇kk + 2µ4 ε̇ij , (3.49)

where σ̇Jij and ε̇ij are stress and strain rate tensors accordingly; ε̇kk is the �rst invariant of strain
rate tensor; λ, µ are Lame's parameters. All the constitutive equations in the following text
will be written using incremental form according to the numerical schemes implemented in the
software.
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3.4 Non-linearly deformable media

Perfectly plastic media

In the case of perfect plasticity no hardening is observed (the corresponding part of the curve
σ− ε is a straight line which is parallel to the axis σ) and stresses in the media are de�ned solely
by elastic part of the deformation(εelij). Then, yield potential G is introduced as a function:

G (Iσ, IIσ, IIIσ, Iεpl , IIεpl , IIIεpl) , (3.50)

that coincides with the yield surface function (3.48) in the case of associated �ow rule. If these
functions are described by di�erent equations, �ow rule is called non-associated. In the following
text non-associated �ow rule is considered, as it is more general case and more suitable for soils.
In that case plastic deformations are de�ned as:

ε̇pl = dλ
dG

dσij
, (3.51)

where dλ is a positive scalar and the operator dG
dσij

is the gradient of the plastic potential in the

stress space taking the form
(

dG
dσxx

; dG
dσyy

; dG
dσzz

; dG
dσxy

; dG
dσyz

; dG
dσzx

)
(it can also be denoted as ∇σ).

The scalar dλ can be obtained using Geiringer's condition [50], which contains the requirement
for the stresses to belong to the yield surface at each step if plastic �ow occurs. It can be
formulated in the form:

∇σG · ·σ̇ = 0. (3.52)

Taking into account that the stress is determined by elastic deformation part:

ε̇el = ε̇− dλ
dG

dσij
(3.53)

and Hooke's law:
σ = CE ε̇, (3.54)

the equation from which the scalar dλ can be obtained can be written as:

dλ =
{∇σG}T · ·

{
CE · ε̇

}
{∇σG}T · · {CE · ∇σG}

. (3.55)

In equations (3.54-3.55) CE is an elasticity tensor;{∇σ} is the transposed matrix of the
gradient of the plastic potential in stress space; ε̇ is the strain rate tensor.

Hardening plasticity

It is possible to de�ne three types of hardening: (1) isotropic; (2) kinematic and (3) mixed
hardening. In the case of isotropic hardening yield surface growths equally in all directions
expanding the zone of elastic deformations. Therefore, the initial yield stress equaling to σY0
changes after unloading to the value σY ≥ σY0 (Figure 3.2, [19]). In the case of kinematic
hardening yield surface moves in the direction of loading (Figure 3.2, [19]).Mixed hardening type
comprises the main features of kinematic and isotropic hardening. Apart from that, other types
of hardening that are beyond the scope of the present work can be considered, [32, 19, 55, 44]

For plasticity models with hardening, hardening module k is de�ned to determine the relation
between plastic stresses and strains as well as the size of the yield surface [32, 50]:

σ̇ = kε̇. (3.56)

It is worth noting that it is possible to implement linear and non-linear hardening (in the case of
non-linear hardening k can depend on the chosen stress or strain measure). Positive scalar dλ is
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Figure 3.2: Isotropic (a) and kinematic hardening (b), [19]

calculated assuming that a new point in stress space belongs to the new yield surface obtained
as a result of hardening:

dλ =
1

k

{∇σG}T · ·
{
CE · ε̇

}
{∇σG}T · · {CE · ∇σG}

. (3.57)

Additionally, constitutive equation in this case is usually complemented by Drucker's postu-
late [50]:

dλ = σ̇ · ·ε̇ ≥ 0. (3.58)

In the case of isotropic hardening, yield surface depends on k and the plastic strain measure
chosen for the model. Obviously, this approach has its disadvantages including impossibility to
account for Bauschinger e�ect and possible exhaustion of plasticity if a large number of cycles
takes place [50]. However, this approach can be used at low number of loading -unloading cycles.

If kinematic hardening occurs, the yield surface moves in the direction of loading, thus, this
hardening type is the most appropriate for the simulation of hysteresis behaviour in the case of
cyclic loading. Mathematically this hardening rule can be written in the form:

| f − c(k) | = f0, (3.59)

where c(k) is a function depending upon hardening parameter k and f0 is an initial yield surface.
[32].

In the present work a linear isotropic hardening with small k ≤ 0.001 is considered as it is
typical to the majority of soils as well as the number of cycle considered is less than 20.Thus, this
approach allows the modelling of soil hysteresis behaviour in the case of cyclic loading. However,
other e�ects such as the Masing rules are not taken into account [62].

Models based on the Mohr-Coulomb and Drucker-Prager criteria

Models based on the Mohr-Coulomb and Drucker-Prager criteria (in the following text they
are denoted as Mohr-Coulomb and Drucker-Prager models) relate to the yield criteria depend-
ing on the �rst invariant of the stress tensor Iσ (hydrostatic pressure).In the following text the
mathematical formulation of these criteria and the corresponding plastic potentials are given.
Additionally, the e�ect of the numerical parameters introduced in these models upon the hys-
teresis loops is shown.
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3.4 Non-linearly deformable media

Mohr-Coulomb model

Mohr-Coulomb yield criteria has the following form:

τmax =
σmax − σmin

2
≤ f(Iσ, IIσ), (3.60)

where σmax, σmin are the maximal and minimal principal stresses respectively. The yield
surface that satis�es this criterion is a hexagonal pyramid in the space of principal stresses. The
principal idea behind this approach is that a medium goes into a plastic state when the shear
stresses exceed the value f(Iσ, IIσ) that can be de�ned as:

(Iσ, IIσ) = c− p tanφ, (3.61)

where c is cohesion stress, φ is friction angle and p is hydrostatic pressure or (−Iσ/3).
In the models based on Mohr-Coulomb approach both perfect and hardening plasticity can

be implemented.This model is one of the most oftenly used in soil mechanics as the shear damage
mechanism is inherent to many soils. Nevertheless, this model has its drawbacks one of which is
the loss of smoothness in the vertex zone and the angles of the pyramid which complicates numer-
ical integration of the constitutive equations. it can be resolved by using smooth approximating
yield surface [19], that can be described by the following equation [140]:

f (p, q, ‖εpl‖) ≡ RMC(Θ, φ)q − c(‖εpl‖)− p ∗ tan(φ) = 0, (3.62)

where ‖εpl‖ is a prede�ned strain measure in the model; φ and c(‖εpl‖) are friction angle and
cohesion respectively; p,q and Θ are de�ned by equations (3.6-3.8). Rmc is determined by the
following equation:

RMC(Θ, φ) =
1√

3 cosφ
sin

(
Θ +

π

3

)
+

1

3
cos

(
Θ +

π

3

)
tanφ. (3.63)

In the case of potential plastic �ow, plastic strains are calculated as [94]:

dεpl =
dεpl
g

∂G

∂σ

g =
1

c
σ :

∂G

∂σ

(3.64)

and plastic �ow potential G has the following form:

G (p, q, ‖εpl‖) =
√

(εc0 tanφ)2 + (Rmwq)2 − p tanφ (3.65)

where ψ is the dilation angle , c0 is the initial value of the cohesion and ε is the parameter
used to smooth the yield surface in the meridional stress plane; θ is Lode's angle de�ned by

equation (3.8) . Rmw

(
Θ, e

)
de�nes the approximation of the Mohr-Coulomb yield surface in

the deviatoric plane and has the form:

Rmw

(
Θ, e

)
=

4 ∗ (1− e2) cos2 θ + (2e− 1)2

2(1− e2) cos θ + (2e− 1)
√

4(1− e2) cos2 θ + 5e2 − 4e

3− sinφ

6 cosφ
. (3.66)

In equations (3.65) and (3.66), numerical parameters e and ε determine the smoothness of the
yield surface and �ow potential in meridional and deviatoric plans. This approach avoids the
loss of smoothness during numerical integration procedure in the zone of the pyramid vertex and
in the areas of its edges. Nevertheless, it is rather complicated for numerical realization because
of the necessity to di�erentiate trigonometric functions. In addition to that, there is another
approach allowing to avoid the di�erentiation of the trigonometric functions during numerical
integration process of the plasticity equations. It is based on the polar decomposition of the stress
and strain tensors while the integration is carried out by the return mapping method for various
sections of the yield surface. In more details, this technique and numerical implementation are
described in [19, 44, 152].
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Figure 3.3: Mohr-Coulomb model in meridional (top scheme) and deviatoric plane (bottom
scheme)

Drucker-Prager model

Drucker-Prager criteria implemented in Abaqus [94] has the following form:

f (p, q, ‖εpl‖) ≡
q

2

(
1 +

1

k
− (1− 1

k
)(
r

q
)3

)
− c(‖εpl‖)− p ∗ tan(φ), (3.67)
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Figure 3.4: Smooth approximation of Mohr-Coulomb yield surface

where c(‖εpl‖) and φ are the cohesion and friction angle corresponding to Drucker-Prager yield
criteria (in general case these values di�er from friction angle and cohesion related to Mohr-
Coulomb criteria); K is �ow stress ratio. It is worth noting that direct comparison of the re-
sults obtained using Mohr-Coulomb and Druker-Prager models requires matching the parameters
c(‖εpl‖) and φ of the both models. Such comparison is performed, for example, in works [146],
[93] and [128] showing that these models are equivalent for plane strain conditions. Meanwhile,
for spatial problems Mohr-Coulomb and Drucker-Prager models can produce di�erent results.
For instance,it is shown that Drucker-Prager model gives discrepancies on the friction angle and
it is less appropriate to simulate soil behaviour, [93] and [128]. On the other hand, Rani et al.
show that both the models produces similar results for undrained behaviour of clayey soils [121].
Therefore, it is possible to use both the models, but for Drucker-Prager one parameter �tting is
required so that it would correspond to engineering geological surveys.

Drucker-Prager yield surface in meridional and deviatoric plans is represented in �gure 3.5.
Drucker-Prager yield surface is a cone in the stress space with a non-smooth vertex zone. There-
fore, a smooth approximation for plastic �ow potential is used [94] :

G (p, q, ‖εpl‖) =
√
q2 + γ2(c0 − pt0 tanψ)2 − p tanψ − c′ = 0, (3.68)

where γ is �ow potential eccentricity de�ning the smoothness of �ow potential in deviatoric plan,
pt0 and c0 are the initial cohesion and hydrostatic strength respectively, c′ is the cohesion at the
current step and ψ is dilatancy angle determined similarly to Mohr-Coulomb model.

In�uence of eccentricity and numerical damping on hysteresis loop and energy loss

Equations (3.62, 3.65) and (3.67,3.68) demonstrate the possibility to match the models based on
Mohr-Coulomb and Drucker-Prager criteria. In the following part the in�uence of the numerical
parameters de�ning yield surface and �ow potential smoothness is presented. All these parame-
ters do not have physical meaning and only ensure solution procedure stability and convergence.
Parameters e and ε of Mohr-Coulomb model varies in the ranges 0.5 < e ≤ 1 and 0.5 < ε ≤ 1
a�ecting the shape of the yield surface and �ow potential. In the case of Drucker-Prager model,
the parameters K and γ vary in the range 0.778 ≤ K ≤ 1 and 0 < γ < 1 similarly as for
Mohr-Coulomb model a�ecting the yield surface and �ow potential.
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Figure 3.5: Drucker-Prager yield surface in meridional (top scheme) and deviatoric (bottom
scheme)

To assess the e�ect of these numerical parameters on the �nal results, quasy-static problem is
simulated using �nite element method (FEM) along with Newton's method to resolve non-linear
system of equations in Abaqus 2016 software, [94]. Eight-node hexahedral �nite elements of C3D8
type with a linear shape function [94] are used for the simulation. More detailed description of
the element formulation as well as numerical scheme including convergence and error control are
presented in [94].

For locally unstable problems involving material nonlinearities, for example plasticity, ad-
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ditional stabilization techniques can be included in the solution procedure ,[94].In this work
constant damping factor is used for automatic stabilization of static problems during non-linear
quasi-static solution procedure. In that case viscous forces are added to the global equilibrium
equations to in the form:

F = dMυ, (3.69)

where d is the damping factor, M is the mass matrix, υ = δu
δt is vector of nodal velocities (in the

context of this problem it does not have a physical meaning). This value is used to ensure the
stability of the solution procedure. Nevertheless, there is no guarantee that the value of damping
will be suitable for the problem. Therefore, it is important to estimate whether the quantity
is appropriate for the solution stability without a�ecting the �nal results or not. This can be
estimated through comparing stress-strain curves obtained at di�erent values of damping factor.
If the selected value is appropriate, then further decrease in the damping factor should not a�ect
the result, which means that the results are close to the ones obtained without non-physical
additions into the global equation.

To estimate the in�uence of the numerical parameters of Mohr-Coulomb and Drucker-Prager
models along with damping factor a single element model is created. The model is a cube with
horizontal and vertical sizes equalling to 1m. The displacements along the x axis on the face of
the cube which is parallel to YOZ are �xed, while on the opposite face cyclic loading is applied
(Figure 3.6). This loading can be given as a kinematic or force factor with the frequency f .
Other faces of the model are free. In addition to that, volumetric kinematic loading will be also
considered. In that case, the displacements along the Z, X and Y axis are �xed on the three faces
which are parallel to XOY, YOZ and XOZ respectively. On the opposite faces cyclic kinematic
loads are applied.

Comparing the energy dissipated by plastic deformation as well as strain-stress curves gives
the information regarding the in�uence of the variables included in the mathematical models of
plastic media (damping factor and eccentricities). The energy of plastic deformation is de�ned
by equation below: ∫

Λ

σij , dε
pl
ij , (3.70)

where Λ is the model volume on which the integration is carried out. As single element model is
considered, strain and stress is evenly distributed on the element volume.

The hardening, as a result of the in�uence of symmetric and asymmetric cyclic loading, is
simulated using Mohr-Coulomb plasticity model. Variation of the character of stress-strain curves
due to variation of the damping factor at �xed other parameters in the model subjected to cyclic
loading is presented in �gure 3.7. The charts in �gure 3.7 are plotted at φ = ψ = 0,c = 0.001 ,
e = 1 and ε = 0.1 . As can be seen from the charts below, large values of the damping factor
can ensure the convergence of the solution procedure. However, the large values are not suitable
because a further decline in the damping factor a�ects the solution signi�cantly. Thus, the
maximum value for damping is 10−6 as further decreases do not cause any substantial changes,
which means that the results are close to the ones obtained without non-physical additions into
the global equation. It is worth noting, that the values of damping factor less than 10−7 does
not ensure problem stability and the convergence is not achieved.

Similar results are obtained for asymmetric loading (�gure 3.8). The charts in �gure 3.8 are
plotted at the same values of the parameters as the ones in �gure 3.7.

Figure 3.9 demonstrates the variation of the character of stress-strain curves due to variation
of the damping factor at �xed other parameters for the case of perfect plasticity de�ned by
Mohr-Coulomb model. The curves in the �gure 3.9 are plotted at φ = 30, ψ = 0,c = 0.001 ,
e = 0.56 and ε = 0.005 and f = 5Hz (here f is the frequency of cyclic loading).
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Figure 3.6: Finite element model

Variation of the character of stress-strain curves due to variation of the damping factor for
Drucker-Prager model at �xed other parameters is presented in �gure 3.10. The charts in �gure
3.10 are plotted at φ = 30, ψ = 0,c = 0.001 and f = 5Hz (here f is the frequency of cyclic
loading). Here γ is �ow eccentricity and K is �ow ratio.

The obtained results reveal that for both hardening and non � hardening types of plasticity
models the damping factor a�ects the result of the solution dramatically. Large values of damping
factor can cause substantial change in the character of stress- strain curves, while a damping
factor equalling to or less than 10−5 may ensure the convergence of the solution, meanwhile
negligibly in�uencing the �nal results. Additionally, increase in damping factor value from 10−5

does not a�ect the results signi�cantly while in more complicated cases the solution convergence
will not be achieved. Thus, damping factor a�ects the solution procedure convergence and the
calculation results, so its values should be selected for each particular problem.

The in�uence of deviatoric and meridional eccentricities on the result can be estimated by
comparing the energy dissipated by plastic deformation at di�erent values of these parameters.
Variation of the energy dissipated by plastic deformations described by Mohr-Coulmb model due
to the change of both meridional and deviatoric eccentricities is shown in �gure 3.11. The surface
in �gure 3.11 is plotted at φ = 30, ψ = 0,c = 0.001 and f = 5Hz.

As can be seen from the surface in �gure 3.11, the in�uence of deviatoric eccentricity on the
energy of plastic deformation is insigni�cant. In addition to that, the variation of meridional
eccentricity has virtually no e�ect on the energy of plastic deformation, excluding abrupt peaks,
probably, caused by numerical errors, although error control is satis�ed. These e�ects can be ob-
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Figure 3.7: : Stress-strain curves for symmetric cycle loading at di�erent values of damping

served when the value of deviatoric eccentricity is greater than 0.75. Nevertheless, the maximum
di�erence in the results is lower than 1% One possible reason behind the energy independence on
the value of meridional eccentricity is that this eccentricity may be �xed in the software. In this
case is possible to de�ne this value by comparing the stress-strain curves with the yield surface.

Similarly to Mohr-Coulomb model, it is possible to estimate the in�uence of the �ow eccen-
tricity and �ow rate in Drucker-Prager model on the calculation results. The variation of the
energy dissipated by plastic deformations described by Drucker-Prager model with the change
of �ow eccentricity and �ow rate is shown in �gure 3.12. The surface in �gure 3.12 is plotted at
φ = 30, ψ = 0,c = 0.001 and f = 5Hz.

The obtained results reveal that the variation of �ow potential eccentricity does not a�ect
the energy of plastic deformation, while the �ow ratio a�ects the energy signi�cantly. In contrast
to Mohr-Coulomb model there are no such deviations from the mean energy in Drucker-Prager
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Figure 3.8: : Stress-strain curves for asymmetric cycle loading at di�erent values of damping

model, which means that Drucker-Pruger model is more stable. Additionally, the value of �ow
potential eccentricity may be estimated by comparing the stress-strain curve and the yield sur-
face.

The Mohr-Coulomb yield surface and the loading in meridional plane along with the resulting
stress-strain curve are shown in �gure 3.13. The curves in �gure 3.13 are plotted at φ = 30,
ψ = 0,c = 0.001,f = 5Hz e = 0.56 and ε = 0.005 . The strain stress curve for these parameters
of the model and loading is plotted in the top part of the �gure .

The actual value of meridional eccentricity that are implemented in the model can be found
from equation:

e =
pyield
c

tanφ, (3.71)
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Figure 3.9: Stress-strain curves for Mohr - Coulomb model at di�erent values of damping in
the case of perfect plasticity

where pyield is the stress corresponding to the beginning of the plastic �ow.
Drucker-Prager yield surface along with the loading in meridional plane are shown in the top

part of the �gure . The curves in �gure 3.72 are plotted at φ = 30, ψ = 0,c = 0.001 and f = 5Hz
. The resulting stress-strain curve for these parameters of the model and loading is plotted in
bottom part of the �gure .

Similarly to Mohr-Coulomb model, the �ow eccentricity in Drucker-Prager model can be
found from the following equation:

γ =
pyield
c

tanφ. (3.72)

In sum, both Mohr-Coulomb and Drucker-Prager models are appropriate to simulate hys-
teresis soil behaviour and energy dissipation during wave propagation in soil.
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Figure 3.10: Stress-strain curves for Drucker - Prager model at di�erent values of damping in
the case of perfect plasticity
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Figure 3.11: Variation of the energy dissipated by plastic deformation with the change of
meridional and deviatoric eccentricities

Figure 3.12: Variation of the energy dissipated by plastic deformation with the change of �ow
eccentricity and �ow rate
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Figure 3.13: Yield surface for Mohr � Coulomb model and loading path (top chart) as well as
the resulting stress-strain curve (bottom curve)
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Figure 3.14: Yield surface for Drucker-Prager model and loading path (top chart) as well as the
resulting stress-strain curve (bottom curve)
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Models based on the critical state concept (Cam-Clay and Modi�ed Cam-clay)

Model description

The original version of Cam-Clay model was proposed in the works [125, 123]. Later, the original
logarithmic yield surface was replaced by the ellipsoidal one, [124]. The critical surface equation
has the following form [124]:

f(p, q, pc) ≡
1

b
(
p

a
− 1)2 + (

q

Ma
)2 = 0, (3.73)

where b is a dimensionless parameter specifying the ellipsoid shape: in a subcritical zone b = 1
(left side), in a supercritical zone b ≥ 1 (right side); the dimensionless parameter M speci�es
ellipsoid dimension along q -axis; a is the �central� point of the ellipsoid. This parameter de�nes
ellipsoid dimension along p -axis:

a =
pc

1 + b
, (3.74)

where pc is the current yield pressure value. Actually, parameter pc speci�es the evolution of the
ellipsoidal surface (3.73).

Subcritical and supercritical zones are also associated with dry and wet conditions when
this model is used to describe the behaviour of porous materials and the use of the exponential
hardening law. This model is proposed to describe the material softening at high hydrostatic
pressure values. The cross-section of Cam-Clay model in the meridional plan is shown in �gure
3.15.

The model is described in more details in [50]. It is quite suitable for describing the behaviour
of cohesionless soils at high con�ning pressure. However, it has a number of disadvantages, such
as a larger number of input parameters and, as a result, it requires more complicated experiments
on soils to determine these parameters and �t it to the model. In contrast to that, Mohr-Coulomb
and Drucker-Prager models allow using the data obtained from conventional triaxial soil tests.

Model behaviour under deviatoric kinematic loading

The modi�ed Cam-Clay (MCC) model with linear volumetric hardening and linear elastic initial
response is considered. The applied kinematic loading produces uniform strain �eld that is split
in two parts:

ε(τ) = −1

3
τ + I + e(τ), (3.75)

where τ is the loading "time". Variation of τ and e(τ) is given in �gure 3.16, where volumetric
strain gradually increases to (1) = 0.03 and, then, is held �xed at the attained value; variation
of the deviatoric components starts from τ = 1.

The elastic volumetric and shear moduli are as follows Ke = 0.67 and µ = 0.67 while plastic
module equals to Kp = 0.2. The MCC ellipsoid parameters in equation (3.74) are taken as
b = 1,M = 1, pc0 = var the value of , pc0 is varied so that the volumetric (elastic) pressure would
be placed in either (i) subcritical (dry) zone at p < a , or (ii) supercritical (wet) zone at a < pc0,
or (iii) take inelastic pressure values related to p > pc0.

Deviatoric loading at subcritical zone (p < a) At pc0 = 0.06 and θ(1) = 0.03, the
volumetric kinematic loading yields (elastic) pressure value p = 0.02 < a. The deviatoric stress
component variation vs. time for the considered subcritical zone is plotted in �gure 3.17. The
corresponding deviatoric stress-strain relations in terms of signed Tresca measure (τtresca =
σmax − σmin, where σmax, σmin are the maximal and minimal principal stresses respectively) is
presented in �gure 3.18.

Figure 3.19 shows variation of stress invariants at cyclic deviatoric kinematic loading: the plot
is drawn in terms of the pressure and signed Tresca measure. This plot reveals rather peculiar
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Figure 3.15: Yield and critical state surfaces for the MCC model: dashed line corresponds to
intersection of the ellipsoidal yield surface with critical state cone

Figure 3.16: Deviatoric and volumetric strain component variation

behavior of the Tresca stress: at the su�ciently large amplitude of the deviatoric kinematic
loading.The corresponding signed Tresca stress growths till the value p = pc0/2 demonstrating
"apparent " hardening and, then, oscillates at almost constant pressure equalling to p = pc0/2.
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Figure 3.17: Subcritical zone: deviatoric stress component variation vs. time

Figure 3.18: Subcritical zone: deviatoric stress-strain plot in terms of signed Tresca measures

Deviatoric loading at supercritical zone (a < p ≤ pc0) At pc0 = 0.015 and θ(1) = 0.03,
the volumetric kinematic loading yields (elastic) pressure value equalling to p = 0.01 . The
deviatoric stress component variation vs. time for the considered supercritical zone is plotted
in �gure 3.20. The corresponding deviatoric stress-strain relations in terms of signed Tresca
measure is presented in �gure 3.21.

Figure 3.22 shows the variation of stress invariants at cyclic deviatoric kinematic loading in
the supercritical zone: the plot is drawn in terms of pressure and signed Tresca measure. Again,
as it is shown for the subcritical zone, the plot in the �gure 3.22 reveals peculiar behaviour
of the Tresca stress: at the su�ciently large amplitude of the deviatoric kinematic loading.
The corresponding signed Tresca measure declines with the decrease in the pressure equalling

CHAPTER 3. CONSTITUTIVE EQUATIONS AND MATERIAL MODELS



3.4 Non-linearly deformable media

Figure 3.19: Subcritical zone: stress plot in terms of pressure and signed Tresca stress

p = pc0/2, thus ,showing "apparent" softening. Afterwards,the stress oscillates at almost constant
pressure valued p = pc0/2 .

Figure 3.20: Supercritical zone: deviatoric stress component variation vs. time

Deviatoric loading at high con�ning pressure (p > pc0) At pc0 = 0.02 and (1) = 0.15 ,
the volumetric kinematic loading yields (elastic) pressure value equalling to p = 0.01 > pc0 . The
deviatoric stress component variation vs. time for the considered supercritical zone is plotted in
�gure 3.20. The stress components variation vs. time for the considered outer zone is plotted
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Figure 3.21: Supercritical zone: deviatoric stress-strain plot in terms of signed Tresca measures

Figure 3.22: Supercritical zone: stress plot in terms of pressure and signed Tresca stress

at 3.23. Figure 3.24 shows variation of stress invariants at cyclic deviatoric kinematic loading at
the supercritical outer zone: the plot is drawn in terms of pressure and signed Tresca measure.
For such a case the corresponding plots for deviatoric components are similar to the previous
case.

A signi�cant result is that the hysteresis behaviour of Tresca strain measure at subcritical,
supercritical and supercritical at p > pc0 has virtually the same character. Additionnaly, after
the periods of "apparent" hardening/softening the value of deviatoric stress oscillates around the
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Figure 3.23: Supercritical zone: deviatoric stress component variation vs. time

Figure 3.24: Supercritical zone: stress plot in terms of pressure and signed Tresca stress

value of hydrostatic pressure p = pc0/2.
MCC model allows accounting for the soil softening at high con�ning pressure and its hard-

ening at low con�ning pressures [50]. At the same time, the propagation of surface Rayleigh
waves takes place in the near-surface zone. Herein, no such "apparent" softening is required but
the so-called post-peak softening of the soil is required (the process of hardening is followed by
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the softening after the deviatoric stress reaches a certain value depending on soil). This e�ect
can be taken into account by using more complex models, for example, [97, 107]. However, they
are even more complex and there is a small database for various soils.
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Soil behaviour under dynamic loading condition

One of the main factors determining the character of soil behaviour under static and dynamic
loading is the amplitude of shear strains depending on which it is necessary to underline elastic,
viscoelastic, elastoplastic behaviour or soil failure. Soil deformation character as well as main
characteristics of the models used at di�erent amplitudes of shear strain according to [62, 37] is
shown in table 3.25 . The change of the shear modulus and damping of soil depending on the

Figure 3.25: The variation of soil deformation character

shear strain is studied in [53, 53, 129] and other similar works. The approximation of the shear
modulus change with the shear strains is shown in equation (3.76).

G = G0
1

1 + γ
γref

, (3.76)

where γ is shear strain, γref is the reference shear strain depending on a soil, G0, G are initial
and current shear moduli of a soil. works [62, 37, 72] overview the equations that can be used to
de�ne G0 and G for cohesionless, gravel and cohesive soil depending on their conditions. In some
works [154], equation (3.76) is complemented by additional approximation parameter a which is
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an exponent of γ
γref

transforming equation (3.76)to the form:

G = G0
1

1 + ( γ
γref

)a
, (3.77)

In this case, more experiments are required to correctly approximate soil behaviour by equation
(3.77). Additionnaly, other ways of approximating the dependency of soil shear modulus on shear
strain are used. In terms of conventional triaxial tests (here the tests used in engineering practice
are mentioned), the variant proposed by Ishibashi et. al., [61] is one of the most convenient, as
it takes into account the e�ect of hydrostatic pressure and plasticity index (0 for cohesionless
soils) on the shear modulus degradation with the increase in shear strains. The law introduced
by Ishibashi et al. has the following form:

G = G0 ∗K(γ, PI) ∗ (σm)m(γ,PI)−m0 , (3.78)

where

K(γ, PI) = 0.5 ∗

{
1 + tanh

[
ln

(
0.000102 + n(PI)

γ

)0.492]}
(3.79)

m(γ, PI)−m0 = 0.272∗

{
1−tanh

[
ln

(
0.000102 + n(PI)

γ

)0.4]}
∗exp(−0.0145∗PI1.3) (3.80)

Here G0 is initial shear modulus, based on geophysical data; PI is plasticity index for clays (for
sands PI = 0) and n(PI) is de�ned as:

n(PI) =


0 if PI = 0

3.37 ∗ 10−6 ∗ PI1.404 if 0 < PI ≤ 15

7 ∗ 10−7 ∗ PI1.976 if 15 < PI ≤ 70

2.7 ∗ 10−5 ∗ PI1.115 if PI > 70

(3.81)

Figures 3.26,3.27 and 3.28 show the degradation of shear moduli at di�erent values of PI and
con�ning pressure σm. It is worth noting that for triaxial stress-strain condition the maximum
shear strain should be used. These formulas are quite convenient since they do not require

Figure 3.26: Shear modulus degradation for sands at di�erent con�ning pressures

additional parameters to obtain in soil tests, but they can lead to an increase in the calculation
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Figure 3.27: Shear modulus degradation for clay with PI = 50 at di�erent con�ning pressures

Figure 3.28: Shear modulus degradation for clay with PI = 100 at di�erent con�ning pressures

time. On the other hand, models based on equation (3.76) are more more frequently used. For
example, it is implemented in the widely used soil model "small strain hardening soil" [14].

According to table 2.1.2 in Chapter 2 and �gure 3.25, arti�cial vibrations caused by con-
struction works, tra�c, as well as heavy dynamic equipment, generate vibrations with shear
deformations in the ground not exceeding 10−4 during its propagation . Thus, for these vibra-
tion sources it is su�cient to use elastic or viscoelastic models,which also allow to use linear
equivalent method instead numerical simulation in the time domain. Additionally, within this
shear strain range shear modulus varies insigni�cantly (�gures 3.26-3.28).

In contrast to that, earthquakes and explosions generate vibrations of a higher level, which
can induce shear strains up to 10−2. Therefore, elastoplastic models are required to take into
account nonlinear behavior of the soil. Apart from that, it is important to underline that viscous
properties dominates over the plastic ones of the soil skeleton at su�ciently high speeds of pore
�uid �ow in the channels, which corresponds to high frequencies. At the same time, according to
table 2.1.2 the main frequencies of earthquakes that are dangerous for constructions do not exceed
20Hz [132]. Therefore, plasticity models are required to correctly account for the dissipation of
energy and soil behaviour within the shear strain range 10−4÷ 2 ∗ 10−3. On the other hand it is
worth noting that damage models are needed to simulate soil behaviour in the source zone.
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Conclusion

Based on the analysis of the models and approaches used in the mechanics of granular media
and soil mechanics, as well as the analysis of experimental works on the behaviour of soils under
dynamic loading, the following conclusions can be made:

1. For any type of anisotropy, there is no "forbidden" direction for Rayleigh waves (the direc-
tion in which Rayleigh wave does not propagate) in the material; hence,the only possibility
of protection with vertical seismic barriers is to dissipate and re�ect the energy of seismic
waves by obstacles.

2. The analysis of vertical seismic barriers interaction with Rayleigh waves within the frame-
work of hyperelastic models (even with account of damping) has signi�cant limitations
related to range of the shear strains (< 10−4). Therefore, this formulation of the problem
is only possible for analysing and design of vibration protection from the vibrations gen-
erated by arti�cial sources producing surface waves of low amplitude, for example, railway
transport.

3. At high shear strains exceeding 10−4, plastic behaviour of soils and the degradation of
the shear modulus with an increase in shear strains must be taken into account.One of
the most accurate approaches in that case is the one based on hypoplasticity theory for
granular and cohesive soils proposed in [97, 107], but their use is rather di�cult because of
the large number of the input parameters and the complexity of the experiments to obtain
all the parameters (additionally,the database on di�erent soils for these models is small,
which also complicates the possibility of detailed analysis).

4. Modi�ed Cam-Clay model requires more complex set of experiments than conventional
engineering triaxial tests. Additionally, it takes into account the e�ect of soil damage at
high con�ning pressures, which is practically not observed in the near-surface zone where
the Rayleigh wave propagates.

5. Models based on perfect plasticity and Drucker-Prager or Mohr-Coulomb approaches are
the most suitable for analysis of interaction of surface waves with vertical seismic barri-
ers. Because they approximate the degradation of the soil shear modulus and are quite
convenient, since they do not require a large number of input parameters. In addition to
that, these models allow to simulate the hysteresis behaviour of soils under cyclic loading.
However, these models do not account for the di�erent elastic moduli for loading and un-
loading, as well as their accuracy in approximation of the shear modulus degradation with
the increase in shear strains is less compared to [97, 107, 14]. However, the model based
on Mohr-Coulomb approach is chosen for the numerical simulation of the vertical seismic
barrier or pile �elds interaction with Rayleigh waves at di�erent strain ranges.

6. Numerical damping introduced into the solution algorithm to ensure its convergence may
a�ect the calculation results signi�cantly. Therefore, the minimal value of damping factor
should be selected to ensure the convergence of the solution procedure without a signi�cant
e�ect on the �nal results.

7. Numerical parameters implemented in the Mohr-Coulomb model (meridional and deviatoric
eccentricities ), as well as the eccentricity of the plastic �ow introduced in Drucker-Prager
model, have hardly no e�ect on the results of the calculation. However, in the case of Mohr-
Coulomb model these values should be chosen accurately as in some cases the instabilitiy
of the solution can take place.
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In this chapter the results of numerical simulation of surface Rayleigh wave interaction with
vertical seismic barriers under hyperelastic material behaviour assumption are presented.The
parameters a�ecting vibration reduction e�ect are determined and the recommendations towards
practical barrier design are given. Additionally, a method for multi parametric optimization of
the barrier geometry is presented and adopted for speci�c soil conditions and design vibration
loading.

Simulation methods and FE models

FE models

Mathematical formulation including constitutive equations, boundary and initial conditions for
the problem of interaction of surface Rayleigh waves with vertical seismic barriers can be de-
scribed by the system of equations including equations (3.25), (3.15),(3.18) and (3.19). The
analysis is performed in time domain for surface Rayleigh waves generated by fully harmonic
surface loading in the form de�ned by equation below:

f(x, t) = Aeiωtδ(x), (4.1)

where i is the imaginary unit; A is the vibration amplitude;ω is the circular frequency of the
loading; δ(x) is the Dirac delta function; is the vector of a unit normal to the free surface and t
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is time. In equation (4.1), δ(x) de�nes concentrated character of the loading. This means that
equation (4.1) de�nes concentrated point loading in the case of plane strain condition, meanwhile,
harmonic line loading generating Rayleigh waves with planar wavefront is considered in the case
of spatial stress-strain condition.

Numerical solution for the problem of surface Rayleigh waves interaction with vertical seismic
barriers is carried out using an explicit �nite-di�erence procedure for integration in time domain
and spatial discretization using �nite element method (FEM) in Abaqus 2016 software [1].

Explicit �nite-di�erence procedure used in the analysis rests on the second order explicit
central di�erence integration scheme involving the Lax-Wendro� method [75], [1]. Time in-
tegration is performed using many small time increments, which size is selected automati-
cally by the program satisfying the stability condition for the numerical scheme also called
the Courant�Friedrichs�Lewy (CFL) condition [35]. At a given element size ∆x , this condition
takes the following form:

∆t = C
∆x

cS
, (4.2)

where ∆t and cS are the time step and the shear wave speed in the considered material; C is a
some constant. The disadvantages of the selected time integration scheme and the e�ect on the
�nal results are discussed in the next section.

Spatial discretization is performed with CPE4R and C3D8R element types [1] for plane-strain
and 3D conditions respectively. Elements of the type CPE4R are four-node quadrilateral elements
with a linear shape function reduced by the integration scheme with control of deformations and
the energy equal to zero at the integration point [1].Elements of the type C3D8R are eight-node
hexahedral elements with a linear shape function reduced by the integration scheme with control
of deformations and the energy equal to zero at the integration point [1]. The meshed reproduced
for plane-strain and 3d conditions are structural and quite accurate with maximum length ratio
(kl) in the range kl ∈ [0.99, 1]. Numerical error given by this type of discretization along with
the selection of optimal element size is discussed in the next section.

It is worth noting that a vertical barrier can act as a vibration mitigation measure if the
wavelength is comparable or less than the barrier depth and the dimensions of the protected zone
in plane. According to [95] the minimum frequency in the earthquake elastic response spectrum
starts at approximately 2Hz. At the same time, the arti�cial vibration sources usually generate
vibrations with larger frequencies (table 2.1.2). Therefore, the lowest frequency 2Hz is chosen
as it generates Rayleigh waves with large enough wavelength corresponding to the real vibration
sources both natural and anthropogenic nature and for lower frequencies the construction of
a barrier is not possible even in soft soils as it will require large barrier depth's which is too
expensive or impossible for large wavelengths (l > 100). It is worth noting, that higher frequencies
correspond to shorter wavelengths and require smaller protective barriers. The results in the
present chapter are presented in relation to the maximum Rayleigh wavelength l equalling to
50m and corresponding to minimum vibration frequency f = 2Hz.

In addition to that, two main assumptions are made: (i) the size of the protected zone does
not change which implies that the barrier volume can be replaced by its cross-section area as the
barrier length remains constant; (ii) the same soil conditions are used for all the calculations. This
allow simulation of Rayleigh wave interaction with seismic barriers under plain strain conditions
at the �rst stage of the analysis to estimate the e�ect of geometrical sizes of a barrier as well
mechanical parameters of its material on vibration reduction in the protected zone ∆.

Plane strain condition is simulated in a plate (�gure 4.1) with vertical and horizontal sizes
equalling to 18 ∗ l and 11 ∗ l respectively, where l is the considered Rayleigh wavelength. To
decrease the sizes of the model a symmetry condition is applied on the left edge of the plate (3).
The source of waves is simulated using harmonic point loading (1), which is de�ned according to
equation (4.1) and applied on the top of the left edge (on the top of the symmetry axis). At a
distance L1 from the symmetry axis (3) a vertical seismic barrier is created (2). The protected

CHAPTER 4. VERTICAL SEISMIC BARRIERS



4.1 Simulation methods and FE models

zone ∆ of the size l is located directly beyond the vertical barrier (2). On the bottom and right
edges of the plate (4) "in�nite elements" of CINPE4 type [1] are used to avoid re�ections from
the boundaries. De�ning the considered boundaries as Γχ with a normal χ,these non-re�ected
boundary conditions can be written the following form [46]:(

∂u

∂χ
+
(√

λ+ 2µ · χ⊗ χ+
√
µ(I− χ⊗ χ)

)
· u̇
)

x∈Γχ

= 0, (4.3)

where x and u are the coordinates and displacements vectors; λ and µ are Lame's constants. This
conditions is imposed only for longitudinal waves incident on this boundary virtually normal.
Thus,to be absorbed, the unit wave vector that determines the direction of wave propagation
(n) must satisfy the condition:

(n;χ)|x∈Γχ
≤ 150, (4.4)

everywhere on the boundary Γχ. Taking into account that several types of waves (longitudinal,
transverse and Rayleigh waves) simultaneously propagate near the boundary in the considered
problem, the boundary condition de�ned by equation(4.3) is partly applicable only P-waves.
Therefore,the dimensions of the model are chosen in a way that the waves re�ected from the
boundaries of the model should not return to the observation zone 2 ∗∆ during the calculation
time. In addition to that, during the calculation time t1 several waves go through the observation
zone 2∗∆ and the oscillation process becomes steady. The interaction of body waves with vertical
seismic barrier is neglected. Therefore, vertical model size satis�es the condition H ≥ Cpt1

2 ; the
distance between the barrier (2) and the left border (L1) is calculated taking into account the
symmetry condition (3) L1 ≥ Cpt1

3 . If the size of the observation zone 2∆ is L2 = 2l, the distance
from the observation zone to the right border of the model is L3 and the general horizontal size
of the model is L1 + L2 + L3, then L3 ≥ Cpt1−L1−L2

2 .The mesh size is less than l
10 where l is

the wavelength. Figures 4.2 and 4.3 represent the picture of Rayleigh wave propagation and
interaction with the barrier in the planar model under plane strain condition.

It is possible to implement more complicated absorption techniques such as perfectly matched
layer (PML) proposed by Berenger [15], Absorbing Layers using Increasing Damping (ALID) in-
troduced by Semblat et al. in [131] and implemented by Rajagopal et al. in [120] into commercial
software or Hybrid Asynchronous Absorbing Layers with Increasing Damping (HA-ALID) intro-
duced in [87] by Li et al. All these methods, are more e�cient than the one used in this work,
however, they are not implemented in Abaqus/explicit and would require writing additional sub-
routines. Meanwhile, the available computing power allowed to eliminate "re�ection e�ect" by
increasing the model size.

Remark 4.1 This work concerns the interaction of Rayleigh waves with vertical seismic
barriers outside of the source vicinity. This is primarily due to the fact that the behaviour of waves
in the source zone has di�cult to predict complex nature which is strongly a�ected by geological
conditions along with the source itself. In the considered case, the source determines only the
frequency range and shear strain amplitude in the soil during wave propagation. Additionally,
it is possible to distinguish the major waves that carry the energy of vibration source. As a
result, the distance between the seismic barrier and the source has virtually no e�ect on the
�nal reduction e�ect in the protected zone. This is the case for homogeneous media, while for
strati�ed media the situation is di�erent which is, however, beyond the scope of this research.

Remark 4.2 Hereinafter, if the variable dimension is not explicitly speci�ed, it is presented in
the dimensionless form. The main dimensionless complex is given in the section 4.1.3 (equations
(4.5) and (4.6)). By default, geometrical variables are given in relation to the Rayleigh wave
wavelength, which maximum value considered in this work equals to 50m.

The spatial model is used to assess the results of numerical simulation carried out using the
planar model. The model is a parallelepiped with the dimensions chosen based on the same
principle as in the planar model. Hence, the interaction of surface waves with a barrier takes
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Figure 4.1: Planar FE model con�guration.
1. Existing force. 2. Vertical barrier. 3. Condition of symmetry. 4. In�nite boundaries.

Figure 4.2: Rayleigh wave propagation in planar model.Amplitude of displacements,m.

place in the zone remote enough from the source and the distance from the barrier to the edges
of the model ensures that the re�ected waves do not return to the observation zone. The sizes
of the model along the x, y and z axis equal to 9l, 3l and 5l respectively with the diameter of
the protected zone equalling to l. To reduce the model size two symmetry planes (4) and (5) are
introduced (�gure 4.4). On the top of the symmetry plane (4), a concentrated or line loading
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Figure 4.3: Rayleigh wave interaction with the vertical barrier.Amplitude of displacements,m.

de�ned by equation 4.1 is applied (3) to simulate a Rayleigh wave with a plane or spherical
wavefronts, respectively. Primary calculations show that there is hardly no di�erence in the
vibration reduction e�ect for plane and spherical waves. Therefore, taking into account the
requirements to the model size, Rayleigh waves with a plane front are considered in the following
text. The propagation of plane Rayleigh waves and their interaction with a vertical seismic
barrier in the spatial model is shown in �gures 4.5 and 4.6 respectively.

Figure 4.4: 3D numerical model of the vertical seismic barriers
(1. Observation point 2. Vertical barrier. 3. Harmonic loading 4,5. The conditions of symmetry
with respect to YoZ and XoZ planes respectively). The bottom of the model is �xed.
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Figure 4.5: Plane Rayleigh wave propagation in the spatial case.Amplitude of displacements,m.

Figure 4.6: Plane Rayleigh wave interaction with the vertical barrier in the spatial
case..Amplitude of displacements,m.

CHAPTER 4. VERTICAL SEISMIC BARRIERS



4.1 Simulation methods and FE models

The in�uence of the numerical methods

Detailed analysis of numerical errors caused by explicit central di�erence scheme of the second
order with FE element discretization with quadrilateral and hexahedral elements with a linear
shape function is presented in [152], [36] and [75] including such e�ects as error control, conver-
gence,stability, numerical damping etc. for elastic and elastoplastic constitutive models. Here,
the analysis of element size is presented to show number of elements used in the computations
for discretazing key parameters of the wavelength, barrier and model. It is worth noting that
a minimal barrier size requires at least 2− 3 elements for correct sti�ness approximation and a
minimal wavelength requires at least 8− 10 elements for the correct simulations [73].

Figure 4.7 represents the amplitude of displacements of a point in the protected zone without
a barrier at di�erent number of elements per wavelength. According to the graphs in �gure 4.7,
it can be seen that the number of elements per Rayleigh wavelength equalling to 100 provides
su�cient accuracy of the solution under plain strain conditions and further reduction of the
element size gives virtually no e�ect on the results. Therefore, the element size equalling to 0.01l
is chosen for the plane case .

Reducing the element size in the spatial case a�ects the results till the element size of 0.025l.
Further decrease in the element size gives virtually no e�ect, but leads to the appearance of non-
physical high-frequency noise (�gure 4.8) which is inherent to the second order �nite di�erence
schemes [75]. Figure 4.9 shows the amplitude of displacements of the point in the frequency
domain at the element size equalling to 0.01l. Taking into account that the loading frequency is
2Hz , the "numerical noise" in the frequency range f = 3 ÷ 35Hz is observed at this element
size. However, this noise is easy to control at the considered harmonic loading and element
size. Additionally, it gives hardly no a�ect on the maximum values of displacements amplitude
and kinetic energy. Thus, for the spatial model, the element size is chosen to be 0.01l as for
less element sizes the "numerical noise" increases along with the calculation time. The e�ect
of numerical noise is eliminated in this work by using Butterworth's �lter [108] with account of
loading frequencies.

Figure 4.7: The amplitude of displacements in the protected zone without a barrier at di�erent
number of elements per Rayleigh wavelength in the planar model.
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Figure 4.8: The amplitude of displacements in the protected zone without a barrier at di�erent
sizes of the element ∆x in the spatial model.

Figure 4.9: High frequency noise caused by the spatial discretization with FEM (circled in blue).
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Principal dimensionless complex

According to π-theorem [49] which states that a physical law does not depend on the form of
units as well as [80] the kinetic energy �eld of an area ∆ beyond the barrier can be described by
the following group of dimensionless parameters:

Kbar = f

(
Ebar
Esoil

;
ρbar
ρsoil

;
d× h
l2

;
h

l
; νbar; νsoil

)
, (4.5)

where the index soil indicates the soil material of the half-space, while the index bar corresponds
to the parameters of the barrier; l is the wavelength of Rayleigh wave in a half-space (this wave-
length can be solved from the Bergmann-Viktorov equation); Ebar, Esoil correspond respectively
to Young's modulus of the barrier and of the soil ; νbar, νsoil are Poisson's ratios; ρbar, ρsoil are
the densities; d and h are the thickness and the depth of the barrier accordingly. Displacement
�eld in the protected zone ∆ can be de�ned similarly:

ubar = g

(
Ebar
Esoil

;
ρbar
ρsoil

;
d× h
l2

;
h

l
; νbar; νsoil

)
, (4.6)

According to the analyses performed in[80], both Poisson's ratios have hardly any in�uence on
the kinetic energy �eld. Therefore both Poisson's ratios are then eliminated in this work. That
is why the expressions (4.5) and (4.6) can be simpli�ed to the following:

Kbar = f

(
Ebar
Esoil

;
ρbar
ρsoil

;
d× h
l2

;
h

l

)
, (4.7)

ubar = g

(
Ebar
Esoil

;
ρbar
ρsoil

;
d× h
l2

;
h

l

)
, (4.8)

The optimization problems can be described by introducing several dimensionless variables.
The principle geometric dimensionless complexes:

h̃ =
h

l
; d̃ =

d

l
, (4.9)

where h̃ and d̃ are the dimensionless barrier depth and width respectively;h and d are barrier
depth and width accordingly; l is the wavelength.

The dependent geometrical dimensionless complexes:

Ã = h̃× d̃ =
h× d
l2

; r̃ =
h

d
, (4.10)

which are the dimensionless cross-section area and geometrical ratio accordingly.
In the �rst stage of computations involving linear elastic constitutive law (equation (3.25))

and planar model (�gure 4.1) the following ranges for material parameters are considered: Ẽ ∈
[0.01, 1000] and ρ̃ ∈ [0.01, 3] at geometrical ratios r̃ = 0.1÷18 and constant dimensionless volume
equalling to Ã = 0.08. Total number of computations performed equals to roughly 2000. Then,
at the second stage the principal results obtained from the 2d model are checked using 3d model
(�gure 4.4) to verify and analyse shadow zone behind the barrier. Total number of computations
performed in that case is virtually 30.

AS it is written in chapter 3 analysis of material and geometrical parameters of the barriers
is carried out in terms of reduction ratio. In this chapter, energy reduction ratio kref,E equation
(3.13) is used for the assessment of vibration reduction e�ect given by a barrier.
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The in�uence of the barrier material

The main mechanical barrier parameters that determine its e�ectiveness in terms of vibration
reduction are its density and modulus of elasticity (as it was mentioned before, the case of
hyperelastic materials obeying Hooke's law is considered here). Variation of the energy reduction
ratio in the area ∆ due to variation of the barrier relative Young's modulus Ẽ = Ebar

Esoil
and relative

density ρ̃ = ρbar
ρsoil

with other parameters in (4.7) �xed is shown in (�gure 4.10). The contour plot

in �gure 4.10 is plotted at νbar = νsoil = 0.25, ω̃ = 0.324, r̃ = 6.35, Ã = 0.08 (here
ω̃ = 0.324 is the dimensionless circular frequency).

The obtained results show that the barrier is most e�ective if the di�erence between the
mechanical characteristics of the barrier material and the soil increases. Which means that both
decrease and increase in relative Young's modulus as well decrease and increase in relative density
leads to the decline in the reduction ratio, thus, increasing the barrier e�ectiveness. Therefore,
the minimum of the reduction ratio at �xed geometrical parameters can be achieved on the
border of the considered range of relative Young's modulus Ẽbar along with the relative density
ρ̃bar.

At the same time, it is worth noting that a barrier made of low dense and non sti� material
(lesser than those of the soil) is more e�ective than a heavy rigid barrier if the sizes are equal
for the geometry considered. However, as it will be shown below, at some values of the cross-
section area and geometrical ratios vibration decrease for a rigid barrier can be higher than
that of the barrier made of light and non-rigid material. Hence, in case of small wavelengths,
when construction of an empty trench is possible, an empty trench is recommended which is in
agreement with the previous studies presented in chapter 2.

More detailed charts in the �gures 4.11 and 4.12 con�rm better barrier reduction e�ect in
the case of the maximum di�erence in the density and sti�ness of its material parameters from
those of the soil.

The curves in �gure 4.11 shows that the dependency of the reduction ratio on relative Young's
modulus of the barrier has a single maximum at Ẽbar = 1. If Young's modulus increases, the
reduction ratio demonstrates more than two times decrease at all the densities followed by less
rapid decline after Ẽbar = 10. If relative Young's modulus decreases from 1 to 0, the reduction
ratio decreases at all the densities. However, even in this case there are no additional extremes
in the graph.

In the case of high dense barrier material, kred,E attains lower values if relative Young's
modulus is large. If the barrier is made of a material with a low density, kred,E reaches its
minimum values at smaller relative Young's modulus. It can be also seen from the curves in
�gure 4.12 with a minimum of the reduction ratio achieved at the boundary of the considered
range.

To con�rm the previous conclusion, two limit cases are considered which are (i) an empty
trench(Ẽbar = 0; ρ̃bar = 0)) , (ii) a trench with �xed borders (Ẽbar −→ ∞; ρ̃bar −→ ∞)). The
curves in �gure 4.13 are plotted for these limit cases at ω̃ = 0.324, r̃ = 6.35, Ã = 0.08.
The obtained results con�rm the conclusions that the higher the di�erence in the mechanical
parameters of barrier material and the soil the higher the reduction e�ect given by the barrier.
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Figure 4.10: Reduction ratio versus dimensionless density and Young's modulus (barrier geo-
metrical ratio r̃ = 6.35; barrier dimensionless cross-section area Ã = 0.08; dimensionless circular
frequency ω̃ = 0.324).
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Figure 4.11: Reduction ratio at various relative densities versus dimensionless Young's modu-
lus (barrier dimensionless depth r̃ = 6.35; barrier dimensionless cross-section area Ã = 0.08;
dimensionless circular frequency ω̃ = 0.324).

Figure 4.12: Reduction ratio at various relative Young's modulus versus dimensionless density
(barrier dimensionless depth r̃ = 6.35; barrier dimensionless cross-section area Ã = 0.08; dimen-
sionless circular frequency ω̃ = 0.324).
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Figure 4.13: Displacements in the case of empty and �xed trench (trench dimensionless depth
r̃ = 6.35; trench dimensionless cross-section area Ã = 0.08; dimensionless circular frequency
ω̃ = 0.324).
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The in�uence of barrier geometry

According to the results obtained in the previous section, the higher the di�erence in the mechan-
ical parameters of the barrier material from those of the soil the better reduction e�ect can be
obtained. If "exotic" materials are not considered (high dense and non sti� materials, sti� and
light weight materials, meta materials, etc.), two types of construction materials are possible: (1)
heavy and rigid material; (2) light and non sti� material. Excluding expensive materials (lead
or similar metals characterized by high density and sti�ness), then two construction materials
are best suited for the barrier: reinforced high density concrete and expanded polystyrene foam
(EPS).

According to the Eurocode 8 [138] seismic shear wave speeds for soft soils are shown in the
table 4.1. Then, these data are recalculated to Young's modulus. The elastic parameters for
Expanded Polystyrene Geofoam (EPG) and reinforced high density concrete are shown in table
4.2. Therefore, the normalized parameters used for "rigid material" are Ẽbar = Ebar

Esoil
= 100,

ρ̃bar = ρbar
ρsoil

= 3, while the ones chosen for "soft material" are Ẽbar = Ebar
Esoil

= 0.1, ρ̃bar =
ρbar
ρsoil

= 0.1.

Soil type Density
ρ,
kg/m3

Poisson's
ratio ν

cS , m/s

Deposits consisting, or containing a layer
at least 10 m thick, of soft clays/silts with
a high plasticity index (PI > 40) and high
water content

1750 0.45 < 100

Deposits of loose-to-medium cohesionless
soil (with or without some soft cohesive
layers), or of predominantly soft-to-�rm
cohesive soil.

1880 0.3 < 180

Deep deposits of dense or medium dense
sand, gravel or sti� clay with thickness
from several tens to many hundreds of me-
tres.

2000 0.2 180−360

Table 4.1: Dynamic properties of soils

Material Density ρ, kg/m3 Poisson's ratio ν Young's Modulus,
MPa

EPS 45.7 0.05 12.8
Reinforced high density
concrete

4650-6090 0.23 35500-57000

Table 4.2: Dynamic properties of barrier materials.

Taking into account that the sizes of the protected area for linear and circular barriers are
�xed , its relative volume can be replaced by the relative cross-section area of the barrier Ã = h×d

l2
.

Figures 4.14 and 4.15 represent the reduction ratio evolution with the ratios r̃ = h
d and h̃ = h

l

at Ã = 0.08 . The obtained results reveal that for soft materials one minimum that corresponds
to the vertical trench can be observed at r̃ = 3.55 . Meanwhile, for rigid material there are two
local minimums corresponding to horizontal and vertical seismic barriers at r̃ = 0.25 and r̃ = 4.5
respectively.

Horizontal barriers are considered in [80] and it is shown that this type of protection is e�ective
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for soft soils. However, the optimal material for such barrier has high density and low Young's
modulus, which is di�cult to implement in practice. As for the cases considered above, the
local minimum value of reduction ratio for rigid material corresponding to the horizontal barrier
h
d = 0.25 is higher than the one relating to the vertical seismic barrier h

d = 4.5. Additionally,
kredE continue decreasing with the increase in r̃ for rigid materials, while for soft materials kredE
slightly increases.

According to the �gure 4.15, the barrier depth is the most important size at �xed cross-
sectional area and mechanical parameters of the material. Therefore,an increase in the barrier
depth to the above-mentioned minima at a constant volume improves its e�ectiveness in terms
of vibration reduction.

Figure 4.14: Reduction ratio versus dimensionless barrier depth (Ã = 0.1;).

Figure 4.16 demonstrates how the increase in the relative cross-section area of the barrier
h×d
l2

from Ã = 0.08 to Ã = 0.3 signi�cantly reduces the kinetic energy in the protected zone
for the both considered barrier types. Then, the reduction ratio decreases less rapidly with the
relative cross-section area for rigid materials. Meanwhile, the reduction ratio remains virtually
the same at relative cross-section area higher than Ã = 0.38 for soft materials .

Remark 4.3 .The main drawback of the plane model is the absence of the so-called shadow
zone (�gure 4.15). At the same time it can be important for linear barriers (�gure 4.15) and
zone behind the ring barriers (�gure 4.6). Except this e�ect, the results obtained under plane
strain assumption are con�rmed by the results obtained using spatial models.

Remark 4.4 . In the case of multi-layered media, wavelengths, Rayleigh wave velocity, and
mechanical parameters of the soil should be determined for the layer with the highest velocity
of longitudinal and transverse waves obtained from geophysical tests. Based on this, barrier
parameters ensuring required vibration level are identi�ed. Another way is based on numerical
modelling accounting for real strati�cation of the media and the full frequency range.
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Figure 4.15: Reduction ratio relative barrier depth (Ã = 0.1;ω = 0.324).

Figure 4.16: Reduction ratio versus dimensionless barrier cross-section area (r̃ = 6.4; ω̃ = 0.324).
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Figure 4.17: The amplitude of displacement at di�erent distances from the barrier (Ã = 0.1;r̃ =
6.4 and ω̃ = 0.324).

Figure 4.18: Shadow zone behind the linear seismic barrier (Ã = 0.1;r̃ = 6.4 and ω̃ = 0.324).
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Optimization of a vertical seismic barrier for prescribed soil con-

ditions and vibration loading.

Problem formulation

Here, a possible method for the optimization of a vertical seismic barrier is considered at a
given soil conditions and the size of the protected zone. This problem relates to multi-objective
optimization under possible constraints imposed on the target functions:

Vbar(x̃), kred(x̃), (4.11)

where Vbar(x̃) is the barrier volume, kred(x̃) is the reduction ratio (it is possible to account for
kredE and kredu de�ned in equations 4.7 and 4.8 respectively). Now it is possible to formulate
two objective functions that relate to optimization of the volume of the barrier material and
reduction ratio. In this case, the volume of both vertical and horizontal seismic barriers can be
determined in the following way:

Vbar = πHbarWbar(Wbar + 2R), (4.12)

where ρ is the material density, Hbar and Wbar are the barrier depth and width (length for the
horizontal barrier) respectively and R is the radius of the protected zone. Because the size of the
protected zone remains the same it is possible to eliminate R from the target function. Therefore,
to formulate optimization problem [114] two objective functions can be introduced :

Vbar(Ã, r̃), kred(Ẽbar, ρ̃bar, Ã, r̃), (4.13)

where Vbar is the barrier volume, Ã and r̃ are determined using (4.10), Ẽbar and ρ̃bar are the
dimensionless barrier Young's modulus and density respectively:

Ẽbar =
Ebar
Esoil

, ρ̃bar =
ρbar
ρsoil

(4.14)

In contrast to single objective optimization problems no single solution may exist for the
multi objective ones. Therefore, various optimality criteria are considered. One of the most used
is Pareto's optimality (e�ciency) condition [114, 20] which states that the solution x0 ∈ X ( X
is the considered parameter space) is Pareto's e�ective(optimal) for the set of target functions
F(x) = (F1(x), F2(x), ..., Fn(x)) if there is no x for at least one function so that F (x) ≤ F (x0)
and Fi(x) < Fi(x0) .

One of the methods to solve Pareto's optimality problem is the constraint method [20]. In
that case the initial problem (4.11) is divided into two:

Problem I: Finding optimal solution is to deliver conditional minimum to the function of
reduction ratio under the restriction on the barrier volume (in that case the cross-section area):

min
Ẽbar,ρ̃bar,Ã,r̃

(
kred(Ẽbar, ρ̃bar, Ã, r̃)

)
subject to Vbar(Ã, r̃) ≤ V0 (4.15)

In that case, using the Karush-Kuhn-Tucker conditions [114], [20] yields the condition of
optimal solution:

O
(
kred(Ẽbar, ρ̃bar, Ã, r̃)

)
+ α1

(
Vbar(Ã, r̃)

)
= 0

α1

(
Vbar(Ã, r̃)− V0

)
= 0, α1 ≥ 0,

(4.16)

where α1 is Lagrangian multiplier. This formulation can be used when the main factor of
optimization is the appropriate volume of the barrier.
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vibration loading.

Problem II: Finding optimal solution is to deliver conditional minimum to the function of
the barrier volume under the restriction on the barrier reduction ratio:

min
Ã,r̃

(
Vbar(Ã, r̃)

)
subject to kred((Ẽbar, ρ̃bar, Ã, r̃)) ≤ k0 (4.17)

Similarly to the Problem I (4.16), the condition of optimal solution has the following form:

O (Vbar(ν̃, r̃)) + α2

(
kred(Ẽbar, ρ̃bar, ν̃, r̃)

)
= 0

α2

(
Vbar(Ã, r̃)− V0

)
= 0, α2 ≥ 0,

(4.18)

where α2 is Lagrangian multiplier. This formulation can be used when the main factor of
optimization is the vibration reduction level, therefore it is �xed. These two problems will
permit to choose and analyse the optimal con�guration of the barrier. It is worth noting that
these restrictions on the vibration level and barrier volume are usually imposed on the barrier
in practical design to ensure appropriate vibration level or the �nal cost of the protection.

In order to ensure the minimum corresponding to the initial problem (4.11) it is necessary to
add the following veri�cation condition of the positive de�niteness of the quadratic form :

∀~a∈Rn,~a6=0~a ~a ·H · ~a > 0 (4.19)

where H - Hessian matrix of the function C(a1...an) +αD(a1...an), the functions C(a1...an) and
D(a1...an) are the objective functions depending upon the variables a1...an [114],[20].

H ≡ OO (C(a1...an) + αD(a1...an)) (4.20)

The solution of these optimization problems reveals that both of them have no global min-
imums if the restrictions are not used. On the contrary, the minimum can be obtained if the
restrictions are adopted.

It is clear that the barrier volume does not depend on the mechanical characteristics of
its material. Additionally, according to the results obtained in section 4.2 optimal material
parameters lay on the borders of the considered range for the relative density and Young's
modulus. Therefore, equations (4.16), (4.18) are simpli�ed to the form:

min
Ẽbar,ρ̃bar,Ã,r̃

(
kred(Ã, r̃)

)
@Vbar(Ã, r̃) ≤ V0 (4.21)

min
Ã,r̃

(
Vbar(Ã, r̃)

)
@kred((Ã, r̃)) ≤ k0 (4.22)

with Hessian matrix de�ned as:

H = ∇x∇x(L1,2(Ã, r̃), (4.23)

where x = Ã, r̃ is the argument vector; L1 = kred(Ã, r̃) +α1Vbar((Ã, r̃)) and L2 = Vbar((Ã, r̃)) +
α2kred(Ã, r̃) the functions corresponding to the �rst ( 4.21) and the second (4.22) problems
respectively.

Finite di�erence form

In order to solve the optimization problems (4.16), (4.18), it is necessary to write equations for
(4.21), (4.22) and (4.23) in �nite di�erence form. In that case, equations (4.16) accounting for
equation (4.21) can be written as:
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
kred(Ã+MÃ,r̃)−kred(Ã,r̃)+α2(Vbar(Ã+MÃ,r̃)−Vbar(Ã,r̃))

MÃ
= 0

kred(Ã,r̃+Mr̃)−kred(Ã,r̃)+α1(Vbar(Ã,r̃+Mr̃)−Vbar(Ã,r̃))

Mr̃ = 0,
(4.24)

with the components of Hessian matrix of the function L1 de�ned as:

h11 =
kred(Ã+ 2∆Ã, r̃) + kred(Ã, r̃) + α1(Vbar(Ã+ 2∆Ã, r̃) + Vbar(Ã, r̃))

∆Ã2

h22 =
kred(Ã, r̃ + 2∆r̃) + kred(Ã, r̃) + α1(Vbar(Ã, r̃ + 2∆r̃) + Vbar(Ã, r̃))

∆r̃2

h12 = h21 =
1

∆r̃∆Ã
(kred(Ã+ ∆Ã, r̃ + ∆r̃)− kred(Ã, r̃ + ∆r̃)+

α1(Vbar(Ã+ ∆Ã, r̃ + ∆r̃)− Vbar(Ã, r̃ + ∆r̃)− kred(Ã+ ∆Ã, r̃)+

kred(Ã, r̃)− α1(Vbar(Ã+ ∆Ã, r̃)− Vbar(Ã, r̃))).

(4.25)

In that case the condition of the positive de�niteness of the form (4.20) can be written as:

h11 > 0

h11 ∗ h22 − h12 ∗ h21 > 0
(4.26)

In the case of the second optimization problem, equation (4.26) remains the same, while equations
(4.24) and (4.25) are written as:

Vbar(Ã+MÃ,r̃)−Vbar(Ã,r̃))+α2(kred(Ã+MÃ,r̃)−kred(Ã,r̃))

MÃ
= 0

Vbar(Ã,r̃+Mr̃)−Vbar(Ã,r̃)+α2(kred(Ã,r̃+Mr̃)−kred(Ã,r̃))

Mr̃ = 0
(4.27)

h11 =
Vbar(Ã+ 2∆Ã, r̃) + Vbar(Ã, r̃) + α2(kred(Ã+ 2∆Ã, r̃) + kred(Ã, r̃))

∆Ã2

h22 =
Vbar(Ã, r̃ + 2∆r̃) + Vbar(Ã, r̃) + α2(kred(Ã, r̃ + 2∆r̃) + kred(Ã, r̃))

∆r̃2

h12 = h21 =
1

∆r̃∆Ã
(Vbar(Ã+ ∆Ã, r̃ + ∆r̃)− Vbar(Ã, r̃ + ∆r̃)+

α2(kred(Ã+ ∆Ã, r̃ + ∆r̃)− kred(Ã, r̃ + ∆r̃)− Vbar(Ã+ ∆Ã, r̃)+

Vbar(Ã, r̃)− α2(kred(Ã+ ∆Ã, r̃)− kred(Ã, r̃))).

(4.28)

Equations (4.24 -4.26) and (4.26-4.28) form the closed system su�cient to solve optimization
problems (4.21 and 4.22) respectively.

Solution of the optimization problem for a particular soil conditions

Assuming that the soil corresponds to the deposits of loose-to-medium cohesionless soils the
following mechanical parameters (the second case in table 4.1) are used:

ρsoil = 1885kg/m3 Esoil ≈ 60MPa νsoil = 0.35 (4.29)

and the minimum design vibration frequency equals to f = 2Hz. The solution of the optimization
problem for rigid and soft barriers with the characteristics de�ned in table 4.2. The results of
solution are shown in the table below:

.
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Material Ã r̃ h, m d, m
EPS 0.596 3.58 29.810 6.450
Reinforced concrete 0.596 18.05 67.175 2.870

Table 4.3: Optimization results.

Conclusion

According to the obtained results , the following conclusions can be drawn:

1. Vertical seismic barrier can be used as a measure to decrease the vibrations transferred by
surface Rayleigh waves reducing kinetic energy and displacements in the protected zone
up to 5− 6 times and 2− 2.5 times respectively. At the same time, these results are valid
for low level of shear strains in the soil induced in the process of wave propagation as the
elastic formulation is appropriate for this case.

2. The maximum vibration reduction in the protected zone at �xed geometrical parameters
is achieved by providing the maximum di�erence in the mechanical characteristics of the
barrier material and those of the soil. It can be seen from the obtained dependencies of
the reduction ratio.It monotonically decreases with an increase in the relative density and
Young's modulus of the barrier material from 1 to +∞ as well as a decreases with the
relative density and Young's modulus decline from 1 to 0. Therefore, the dependency of
the reduction ratio on the relative Young's modulus and density can be called a uni modal
with the minimum on the borders of the considered range for Ẽ, ρ̃.

3. Based on the foregoing, it can be concluded that the optimization of vertical seismic barriers
for the prescribed soil condition and vibration loading can be performed by separating the
barrier parameters into geometric and material ones. In the case of material parameters, it
is su�cient to ensure the maximum di�erence in the density and Young's modulus of the
barrier material from those of the soil. It guarantees the minimum for the optimization
part related to the material and, then, to search for the optimal barrier geometry.

4. If "exotic" construction materials (metamaterials, materials with high density and low
sti�ness, etc.) as well as expensive structural materials (steel, lead, etc.) are not considered,
a barrier can be made of light and non-rigid materials (extruded polystyrene foam) as well
as heavy and rigid materials (reinforced concrete).

5. In the case of light and non-sti� barrier, the cross-section area a�ects the reduction ratio
kred in the protected area up to the value of Ã = 0.3, then at Ã ∈ [0.3, 0.48] the e�ect of
the cross-sectional area decreases and at Ã > 0.48 it becomes insigni�cant. The optimal
dimensionless barrier height is r̃ ≈ 3.55.

6. For a rigid heavy barrier (reinforced heavy concrete), two con�gurations are possible: hor-
izontal (r̃ ≈ 0.25) and vertical (r̃ ≈ 4.5). The vertical wave barrier demonstrates higher
e�ectiveness in terms of vibration reduction. At the same time, further increase in the
depth leads to a slight decrease in reduction ratio. Hence,the reduction e�ect of a heavy
and rigid barrier increases with the cross-section area non linearly and exceeds the e�ciency
of a soft and light barrier.

7. The proposed technique for the optimization of vertical seismic barriers accounting for spe-
ci�c soil conditions and design vibration loading allows to �nd optimal barrier con�guration
under required restrictions upon the barrier volume or vibration level.
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8. The proposed optimization method is valid for the vibration sources generating low am-
plitude vibrations with shear strains in the soil not exceeding 10−4. As for high intensity
vibrations such as earthquakes and explosions additional computations accounting for non
linear soil deformation character are necessary.
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Numerical simulation and analysis of surface Rayleigh wave interaction with piles and pile
�elds using Finite Element Method is presented in this chapter to show the attenuation e�ect
of this wave barrier along with the possibility to implement pile rows as a method of vibration
protection of buildings and underground structures from the surface waves of Rayleigh type.
Spatial FE models are used to analyse the in�uence of pile �eld parameters such as pile length,
diameter, spacing number of rows on the vibration reduction e�ect of the �eld with respect to
the wavelength, that depends on the frequency characteristics of the vibration loading and soil
conditions. Apart from that, it is shown how additional pile rows can decrease internal forces
in the piles inside the protected zone which can be important for deep foundations. It is worth
noting that the remarks 4.1 and 4.2 from chapter 4 take place in this chapter either.

Simulation methods and FE models

Finite element models.

Mathematical formulation including constitutive equations as well as boundary and initial con-
ditions for the considered problem is is de�ned by system equations including equations (3.25),
(3.15),(3.18) and (3.20) shown in chapter 3. The analysis is performed in time domain for surface
Rayleigh waves, generated by fully harmonic surface line loading de�ned by equation 4.1.
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Numerical solution for the problem of surface Rayleigh waves interaction with piles and pile
�elds is performed using an explicit �nite-di�erence procedure for integration in time domain
and spatial discretization using �nite element method (FEM) in Abaqus 2016 software [1].

Similarly to the problem considered in chapter 4 explicit �nite-di�erence procedure used in
the analysis is based on the second order explicit central di�erence integration scheme involving
the Lax-Wendro� method [75], [1]. Time increment size is selected automatically by the program
satisfying the Courant�Friedrichs�Lewy (CFL) condition 4.2 [35].

The standard �nite element library of Abaqus/Explicit software package is used in the cal-
culations [1]. The region is meshed with �nite elements of the C3D8R type which are eight-node
hexahedral elements with a linear shape function reduced by the integration scheme with control
of deformations and the energy equal to zero at the integration point. In contrast to the models
used for the analysis in chapter 4 (�gures 4.1 and 4.4), mesh quality is lower with maximum
length ratio in the range kl ∈ [0.95, 1]. Numerical error given by the element size is analysed
given in section 5.1.3.

In the subsequent analysis two types of 3d models are used (�gures 5.1 and 5.2. The �rst
model represents a piece of a pile �eld with several rows with three planes of symmetry used to
decrease model size (�gure 5.1). The �rst plane of symmetry passes through the wave source
perpendicularly to the direction of Rayleigh wave propagation and parallel to the pile row. It is
assumed that there are several piles in a row located along the same straight line at the same
distance from each other(the length of the row can be compared with the dimensions of the
wave front or larger than it, so the e�ect of the row length can be neglected).This allows to
introduce two additional planes of symmetry passing through the pile axis and middle of the
interval between the piles parallel to the direction of propagation of surface waves substantially
reducing the number of elements. On the free surface at the top of the symmetry plane fully
harmonic line loading de�ned by equation 4.1 is applied. Meanwhile, the remaining part of the
top surface is free. On the bottom and right planes of the model non re�ecting boundaries for
P waves de�ned by equation 4.3 are used. These boundary conditions are discussed in more
detailed in chapter 4. This model is used to analyse the in�uence of pile diameter, spacing and
length on the reduction ratio of a pile �eld and bending moments in piles as well as to determine
the optimal values of these parameters for the following analysis involving the model of a more
realistic pile �eld (�gure 5.1). At the second stage, a full scale spatial model of the homogeneous
pile �eld is adopted to simulate a real �nite size pile �eld which may surround a construction or
be the foundation of a structure (�gure 5.2). For this model the main parameters are set based
on the results obtained from the analysis using the �rst model (�gure 5.1). Basically, the full
scale 3d model is used to con�rm the main results and trends identi�ed in the �rst calculation
stage.

Similarly to the �rst model the second one �gure 5.2 is a three-dimensional with the condition
of symmetry applied on the left plane perpendicularly to the direction of Rayleigh wave propa-
gation to reduce the model size. On the free surface at the top surface of the symmetry plane,
fully harmonic line loading de�ned by equation 4.1 is applied. The second plane of symmetry
passes through the middle of the pile �eld parallel to the direction of surface Rayleigh wave
propagation, which is not shown in �gure 5.2. On the other surfaces non re�ecting boundaries
for P waves de�ned by equation 4.3 are applied.

The models presented in �gures 5.1 and 5.2 allow to analyse the in�uence of pile �eld planar
shape (square (�gure 5.2) and circular pile �eld planar shapes can considered, however, as the
results are virtually the same, the results for square �eld are presented in this work) and pile �eld
planar con�guration (quadratic or triangular cells (�gure 5.3)) on the vibration reduction e�ect
along with the interaction with surface waves. Vertical and horizontal sizes of the �rst model
(�gures 5.1) equals to 9l and 18l respectively (l is the wavelength of Rayleigh wave), while the
width of the model varied according to the pile distance. The sizes of the second model (�gure
5.2) along the X,Y and Z axis equals to 9l, 6l and 5l. The size of the protected zone ∆ is l,
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Figure 5.1: The scheme of simpli�ed spatial model of pile �eld.

Figure 5.2: The scheme of spatial model for real full scale pile �eld.
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while the observation zone size equals to 2l

A pile rows are created at a distance from the symmetry plane (left plane) so that the
interaction of the waves and the piles would occur remote enough from the source with account
of symmetry condition. Similarly to the previous problem discussed in chapter 4, the dimensions
of the models are chosen in a way that the waves re�ected from the boundaries of the model
could not return to the points of observation during the calculation time. In addition to that,
two main assumptions are also made: (1) the size of the protected zone does not change; (2) the
same soil conditions are used for all the calculations.

Figure 5.3: The types of pile �eld con�guration: square cells (on the left) and triangular cells
(on the right).

It is worth noting that a pile �eld can act as a barrier if the wavelength is comparable or
less than the pile length and the dimensions of the pile �eld in plane. For low frequency range
corresponding to earthquakes f = 2 ÷ 10Hz the wavelength of Rayleigh wave varies from 100
m to 10 m in soft soils, while in rigid soils it can exceed 200 m. At the same time, pile depth
which is more than 50 m is di�cult to implement in practice. Therefore, the lowest frequency
2Hz is chosen as it generates Rayleigh waves with large enough wavelength corresponding to
the real vibration sources both natural and anthropogenic nature. While, construction of a pile
�eld providing reasonable vibration reduction e�ect is not possible even in soft soils for lower
frequencies as it will require large pile lengths. At the same time, higher frequencies correspond
to shorter wavelengths and require smaller protective pile barriers. The results in the present
chapter are presented in relation to the maximum Rayleigh wavelength l equalling to 50m and
corresponding to minimum vibration frequency f = 2Hz.

Young's modulus and density for soft soils are chosen according to the seismic shear wave
speeds that are given in Eurocode 8 [138].The attenuation e�ect of the �eld is analysed using
the value of the kinetic energy reduction ratio kred,E de�ned by equation 3.13 for the elements
beyond the pile �eld at the surface layer of the protected zone ∆ placed behind the pile rows and
an underground layer which is placed directly beneath the protected zone ∆ at the depth l/10.
The reduction of bending moments in piles are estimated through the comparison of normalized
bending moments in the piles when they are installed in a row and after installation of addtional
rows of piles. The bending moments are normilized in relation to the maximum value of bending
moment in the pile of the single row pile barrier.

According to the results obtained by Kattis et al. in [67], it is possible to replace a pile
row with an e�ective trench, thus basic qualitative results obtained in chapter 4 regarding the
in�uence of the depth, width and mechanical material parameters can be extrapolated to pile
rows. Which means, the higher the di�erence in the mechanical parameters of the piles and the
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soil the better vibration reduction e�ect can be observed. However, the range of materials for a
pile �eld is quite narrow. Therefore, further analysis is limited by piles made of reinforcement
concrete, which are more widely used. Mechanical parameters of concrete and a possible soft soil
are shown in table 5.1 in agreement with [138].

Material Density
ρ,
kg/m3

Poisson's
ratio ν

Young's
mod-
ulus,
MPa

Soil 1800 0.25 55
Concrete 2450 0.23 30000

Table 5.1: Dynamic parameters of materials.

Dimensional analysis.

Similarly to chapter 3 kinetic energy �eld of an area beyond the pile �eld can be described by
the following group of dimensionless parameters:

Kpile = f

(
Epile
Esoil

;
ρpile
ρpile

;
D

l
;
H

l
;
S

l
; νpile; νsoil

)
, (5.1)

where the index soil indicates the soil material of the half-space, while the index pile corresponds
to the parameters of the pile �eld; l is the wavelength of the Rayleigh wave in a half-space
(this wavelength can be solved from the Bergmann-Viktorov's equation); Epile, Esoil correspond
respectively to Young's modulus of the piles and of the soil ; νpile, νsoil are Poisson's ratios; ρpile,
ρsoil are the densities; D , H and S are the diameter,length and spacing of the �eld accordingly.
A pile �eld interacts with seismic waves as a uniform composite barrier, thus it is convenient to
introduce the value of pile fraction - α = π·D2

4·S2 showing the density of the pile �eld. Afterwards,
all the geometric values are normalized in relation to the wavelength of Rayleigh's wave.

As it was mentioned before, the main attention is paid to the geometrical parameters of a
pile �eld and their in�uence on the vibration attenuation. Thus the functions of reduction ratio
for the surface and underground layers are analysed:

kred =
Kpile

Kinit
. (5.2)

where Kpile and Kinit are the kinetic energies before and after pile �eld installation.

Model veri�cation and element size in�uence.

Similarly to chapter 4 the analysis of element size is presented to show number of elements used in
the computations for discretazing key parameters of the wavelength, pile and model supplemented
by the comparison with the results of S.E. Kattis et al., [67] obtained using boundary element
method (BEM).

Figure 5.4 shows how the kinetic energy of the surface and underground layers change with
variation of the element size. Figure 5.5 demonstrates the e�ect of mesh size variation on the
displacement amplitudes of the point beyond the �eld. The graphs in �gures 5.4 and 5.5 are
plotted at νpile = 0.2, νsoil = 0.25, ω̃ = 0.324, α = 0.1632, D̃ = 0.06, H̃ = 1.0. Kinetic
energy in the plot is normalized in relation to the kinetic energy of the underground layer at
the element size equalling to 0.05 and the displacement values are normalized in relation to the
maximum magnitude of displacements which is obtained for the element size 0.05.

The obtained results reveal that the element size a�ects the solution up to the value of 0.01l at
the considered size of the model (maximum linear size is 18l, where l is the wavelength).Further
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Figure 5.4: The variation of the kinetic energy with the size of the mesh.

decrease in the mesh size does not change the results signi�cantly and the values of energy as
well as displacements maintain the same level with further decrease of the mesh size, while the
computation time goes up. At the same time, a decrease in the element size gives additional
parasite �uctuations caused by the time integration scheme. Such �uctuations can be observed
even with a mesh size of 0.01l, meanwhile the level of displacements remains the same. Therefore,
in further calculations the element size of 0.005l is used for both the 3D models (�gures 5.1 and
5.2). This satis�es Kramer's suggestion [72] as it is less than 0.1 ∗ l, where l - is the wavelength.
In order to avoid the e�ect of non-physical �uctuations, Butterworth's �lter of the second order
is used to clear the �nal graphs. This method is appropriate because the excitation loading is
harmonic and it is easy to choose the �ltering frequency.

To compare the results obtained in this work and the ones of Kattis et al., [67] the model
shown in �gure 5.6 is created. The material parameters used for the computations are chosen
as follows: frequency f = 50Hz , shear modulus of the soil Gsoil = 132MPa, Poisson's ratio
νsoil = νpile, radius of the protected zone for the estimation of the vibration reduction R = 7.5m,
pile diameter D = 1m, pile length H = 5m and pile distance S = 0.5m. The obtained average
amplitude reduction factor equals to AR = 0.719 while Kattis et al. obtained AR = 0.712.
The di�erence in the average amplitude reduction factors is less than 1.0% which shows that
the presented results and the results of Kattis et al. are in a good agreement. In the following
sections it will be shown that the increase in the pile fraction and diameter results in the decline
of the reduction ratio which means that isolation e�ectiveness of pile barrier approaches to that
of an underground concrete walls one [28].

CHAPTER 5. THE INTERACTIONS OF PILES AND PILE FIELDS WITH

SURFACE RAYLEIGH WAVES



5.1 Simulation methods and FE models

Figure 5.5: The variation of the displacement amplitudes with the size of the mesh.

Figure 5.6: The scheme of FE model.
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The computed results.

Planar con�guration of the �eld.

As a starting point, the in�uence of pile diameter (d̃ = DL), fraction (α = π·D2

4·S2 ) and pile
distance (S) are considered. In order to estimate the in�uence of these parameters, the reduction
ratio are calculated at the surface level in the protected zone ∆ and underground level, which
is located at the depth of l/10 beneath the surface layer, (�gure 5.1). Figures 5.7 and 5.8
represent the reduction ratios for these layers. Contour plots in �gures 5.7 and 5.8 are plotted
at Epile

Esoil
= 550,ρpileρsoil

= 1.3, νpile = 0.2,νsoil = 0.25 and H
l = 1.

Figure 5.7: Reduction ratio for the surface layer.

The obtained results reveal that for a single row pile barrier, both diameter and pile fraction
play and important role as the maximum vibration decrease is observed at the following values of
pile fraction and diameter α = 0.16, d̃ = 0.1 respectively. However, as it will be shown in the
following text, pile diameter is less important if a pile barrier is composed of more than 2 rows
(�gure 5.9). In addition to that, it can be seen from �gures 5.7 and 5.8 that the reduction ratio
for the surface and underground layers decline with the increase in the diameter at the constant
alpha signi�cantly up to the value of normalized diameter equaling to 0.06. Then it maintains
the same level slightly �uctuating around it. At the same time, pile fraction signi�cantly a�ects
the reduction e�ect which is growing with the increase of alpha. Comparing �gures 5.7 and 5.8
shows that low normalized pile diameters are less e�ective for the protection of underground
layer than the surface one. If d̃ is located in the range [0, 0.03] such one row pile barrier is not
e�ective even if pile fraction is high.

Figures 5.9 and 5.10 show the in�uence of pile row number on the reduction e�ect at di�erent
pile con�gurations (�gure 5.3) and two pile diameters - small and large which correspond to
d̃ = 0.01 and d̃ = 0.06 respectively. Curves in �gures 5.9 and 5.10 are plotted at Epile

Esoil
=

550,ρpileρsoil
= 1.3, νpile = 0.2,νsoil = 0.25,Hl = 1 and α = 0.162.
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Figure 5.8: Reduction ratio for the underground layer.
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Figure 5.9: The in�uence of row number on the vibration reduction for low diameter piles.
d̃ = 0.01; α̃ = 0.162; l̃ = 1

Figure 5.10: The in�uence of row number on the vibration reduction for high diameter piles.
d̃ = 0.06; α̃ = 0.162; l̃ = 1

Figure 5.9 shows that the pile con�gurations (triangular and quadratic cells) have virtually no
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e�ect on the reduction ratio. Therefore, the curve in �gure 5.10 is plotted only for the quadratic
con�guration. Apart from that, the increase in the number of rows leads to a better vibration
reduction e�ect of the pile �eld and even the barriers designed of low diameter piles but having
several rows can give the same reduction e�ect as a single row barrier one with high diameter
piles. However, high diameter piles give better reduction e�ect at the same number of rows
(�gure 5.10). Therefore, it is important to estimate the optimal con�guration of pile �eld in
terms of material volume, designed vibration reduction level and technology for each practical
case.

Another interesting e�ect of the multi row pile barrier is the reduction of bending moments
in piles which is presented in �gure 5.11 showing the envelopes of bending moments in inner
piles (the piles that are related to the �rst row which is the closest to the protected zone; they
can be considered as the boarder piles of the foundation). This �gure is plotted at the same
values of the variables as �gures 5.9 and 5.10. All the values in �gure 5.11 are normalized in
relation to the maximum bending moment for the case of the single row barrier. The graphs
show that the value of the maximum bending moment in a pile may be decreased by 4 times
due to the installation of 5 additional rows, while bending moments at deeper layers does not
change signi�cantly. Taking into account that the piles are simulated using 3D elements, bending
moments are calculated from stress in the pile volume.
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Figure 5.11: Envelops of maximum bending moments in the pile of the �rst row at di�erent
number of additional rows. Bending moments in the pile are normalized in relation to the
maximum bending moment in this pile without additional rows.
d̃ = 0.01; α̃ = 0.162; l̃ = 1
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In�uence of the pile length.

It is clear that the pile length should be comparable with the wavelength, otherwise there will be
virtually no di�raction and scattering of Rayleigh waves by the piles. Hence, the �eld itself cannot
be used as a vibration barrier. Therefore, it is important to determine the connection between
pile length and the attenuation e�ect. Figure 5.12 shows the change in the reduction ratio with
the increase in the pile length. The curves in this �gure are plotted at Epile

Esoil
= 550,ρpileρsoil

= 1.3,

νpile = 0.2,νsoil = 0.25, α = 0.162 and D̃ = 0.1 .

Figure 5.12: The change of screening e�ect with increase in the pile length.
d̃ = 0.1; α̃ = 0.162; l̃ = 1

According to the graphs in �gure 5.12, reduction e�ect increases with the pile length signif-
icantly up to the reduction ratio of 0.3 at l̃ = 1.6 reaching an asymptotic limit. It means that
further increase in the pile length will not change the reduction e�ect noticeably. Additionally,
for pile length which is less than the wavelength l̃ = 1.0 better reduction is observed at the
surface layer while for longer piles underground layer shows better vibration reduction.

Full scale 3d model.

Full scale 3d model shown in �gure 5.2 is used to compare the results from the previous section for
in�nite length pile �eld with the results for �nite length �eld that may surround the construction.
The calculations are performed for Epile

Esoil
= 550,ρpileρsoil

= 1.3, νpile = 0.2,νsoil = 0.25, α = 0.162 and

D̃ = 0.06. Figure 5.13 shows the variation of the reduction ratio of the protected zone inside the
�eld.

Figure 5.13 shows that the results for a �nite size pile �eld surrounding the protected region
(�gure 5.2) are in a good agreement with those for the "in�nite length pile �eld" (�gure 5.1)
shown in �gure 5.10. It can be seen from the shapes of the curves and the range of the values

93



94

Figure 5.13: Full scale 3D model. The variation of the reduction ratio with the number of pile
rows.
d̃ = 0.06; α̃ = 0.162; l̃ = 1

of the reduction ratio at di�erent row numbers. Therefore, all the calculations conducted in the
previous sections are valid for real �nite size pile barriers. At the same time, if a barrier does
not surround the protected area, the value of the reduction ratio will be di�erent and the results
from this work can be used only for a rough estimation. Therefore, additional calculations for
the speci�c geometry should be carried out.

The comparison of wave barriers and pile �elds in terms of vibra-

tion protection.

In order to compare two types of vibration barriers including underground walls and pile �elds,
the reduction e�ects of the both methods are compared assuming their material volumes to be
equal. Let L is the length of a vibration barrier, then the volume of the pile �eld and seismic
barrier (underground wall) are calculated as:

Vbar = L ∗ hbar ∗ dbar//Vpile =
L

s
∗ π ∗D

2

4
H, (5.3)

where Vbar and Vpile the volumes of the barrier and pile �eld materials; hbar and dbar are the
barrier height and depth; D,H and s are the diameter, length and distance between piles respec-
tively. At �xed parameters of the single row pile �eld d̃ = 0.06; α̃ = 0.162; l̃ = 1 and equal depth
for the all barrier types, the parameters of the barrier can be obtained Ã = 0.02; r̃ = 46.7; h̃ = 1.
Table 5.2 represents the reduction ratios of the pile �eld, EPS geofoam and concrete barriers.

The obtained results demonstrate that vertical seismic barriers are more e�ective than pile
�elds in vibration reduction. Although, in some cases the use of pile �elds can be more bene�cial
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5.3 The comparison of wave barriers and pile �elds in terms of vibration protection.

Pile �eld EPS geofoam bar-
rier

Concrete barrier

Reduction ratio 0.557 0.477 0.335

Table 5.2: The comparison of the di�erent type of vibration barriers.

as they additionally can protect a construction from body waves which, however, is beyond the
scope of this research.
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Conclusions.

The obtained results reveal that:

1. Pile �eld can be an e�ective measure to protect structures from surface Rayleigh waves
as it decreases the transmission of wave energy, that is carried out by the surface waves
into the protected region , thus, declining the amplitude of displacements, velocities and
accelerations of the points in this zone. Simpli�ed and full scale spatial models are used in
the calculations and the results obtained using the both models are in a good agreement.
Thus, it is possible to extrapolate the results from the simpli�ed model to the full scale
pile �eld that may surround a structure.

2. This way of protection shows good e�ectiveness when the maximum possible wavelength
is comparable with the planar dimensions of a protected area along with the geometrical
parameters of the pile �eld. This is the case for seismic waves in soft soils, such as clays
with low plasticity index, loose and medium sands etc. as well as high frequency arti�cial
vibration sources generating vibrations in sti�er soils, like clays with high plasticity index,
dense sands etc. At the same time, for both cases of application, acoustical density of
the pile barrier must be di�erent to that of the soil. In that case, the pile �eld satisfying
this condition can provide up to 50% decrease in the vibration energy transmitted to
the protected zone. It is possible to improve vibration reduction e�ect of a pile �eld
increasing pile diameter, length and fraction. However, further rise of these values may
lead to inappropriate cost of the structure along with the additional complexity in the
construction technology.

3. The main parameters that a�ect vibration reduction are the pile fraction, length, diameter
as well as the number of pile rows.It is shown that pile length should be more than half
of the wavelength to ensure at least 20% reduction in the kinetic energy, meanwhile the
in�uence of the pile fraction and diameter is strongly a�ected by the number of rows. It
means that for a single row pile barrier, the diameter of piles plays an important role up to
the value of diameter equalling to 0.06 ∗ l . Then it has virtually no e�ect on the reduction
ratio of the surface layer, while for the underground layer it a�ects the vibration decrease
up to the diameter of 0.08 ∗ l (here l is the design wavelength).

4. In the case of multi row pile barriers, the e�ect of pile diameter still exists, but becomes less
important because the reduction ratio of low diameter piles installed in several rows can be
the same as that of high diameter piles but designed as one row barrier. Therefore, there
are no strict limitations on pile diameters. However, the volume of the material for the
pile �eld will be equal for a single and multi rows pile �elds if the same vibration reduction
is provided. Therefore, it is possible to use lower diameters for the piles which is a better
solution from technological point of view.

5. An additional important result from the use of such barrier is a decrease in bending mo-
ments in the inner piles, that can be used as a deep foundation. It is shown that the
possible reduction e�ect in bending moments of the inner piles can reach 80%.

6. A pile �eld is a less e�ective measure than seismic barriers in terms of vibration reduction.
Although, they can protect constructions from body waves which, however, is beyond the
scope of this research.
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Present chapter summarizes the results of numerical simulation of vertical seismic barriers
and pile �elds interaction with surface Rayleigh waves accounting for plastic character of soil
deformation at high shear strain levels that correspond to earthquakes and explosions. Two
reference cases which relate to cohesive and cohesionless soils are considered using Mohr-Coulomb
model to simulate elasto-plastic soil behaviour. Pile �eld and barrier geometries as well as
materials are chosen based on the simulation results obtained in chapters 4 and 5.

FE models and initial conditions

FE models

The models used for numerical simulation of vertical seismic barrier and pile �eld interaction
with surface Rayleigh waves are shown in �gures 6.1 and 6.2 accordingly. In general, these models
are similar to the ones described in chapters 4 and 5 (Figures 4.1 and 5.1), except �nite element
types and boundary conditions on the bottom and right sides. Therefore, general principles
such as the size and location of the protected zone, symmetry axis and planes, model sizes are
applicable to the models used in this part of the work.

Planar model implementing plane strain condition (Figure 6.1) is used to simulate interaction
of Rayleigh waves with vertical seismic barriers. Spatial discretization is performed using eight
node elements of CPE8R type with bi-quadratic shape function reduced by the integration scheme
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with control of deformations [1]. Final mesh is structural with maximum length ratio in the range
kl ∈ [0.99, 1]. As in the simpli�ed model shown in �gure 4.1, the condition of symmetry is applied
on the left edge (Figure 6.1). However, the right and the bottom edges are �xed.

To simulate interaction of pile �elds with surface Rayleigh waves "simpli�ed" model of a pile
�eld (Figure 6.2) is used. This model is similar to the one shown in �gure 5.1 including three
planes of symmetry which pass parallel to the direction of wave propagation through pile center
and between piles as well as perpendicular to the direction of wave propagation at the distance
from the pile row. At the same time, the right and bottom sides of the model are �xed. Spatial
discretization is performed using twenty node elements of C3D20R type with quadratic shape
function reduced by the integration scheme with control of deformations [1].The mesh is of an
appropriate quality with maximum length ratio in the range kl ∈ [0.97, 1].

Similarly to the problems considered in chapters 4 and 5 explicit �nite-di�erence procedure
is used in the analysis. Time increment size is selected automatically by the program satisfying
the Courant�Friedrichs�Lewy (CFL) condition 4.2 [35]. Detailed analysis of numerical errors
caused by explicit central di�erence scheme of the second order with FE element discretization
with quadrilateral 8-node and hexahedral 20-node elements with a quadratic shape functions is
shown in [152], [36] and [75] for elastic and elastoplastic constitutive models.

The kinematic surface loading that generates Rayleigh waves in the both models (Figures 6.1
and 6.2) is speci�ed in the form (4.1) as in chapters 5 and 4. It is worth noting, that in the source
zone shear strain can achieve high values, thus, soil behaviour in this area is highly non-linear.
This zone is shown in �gures 6.1 and 6.2 hatched with dash-dotted lines. The size of this region
may achieve l ÷ 2 ∗ l, which is, however, less than the distance required by symmetry condition
and speci�ed in the previous chapters. Therefore, the observation zone is remote enough from
the loading zone (more than 5l) and the level of shear strains in the soil within the surface area
in the observation zone is stable and de�ned by the loading amplitude. The observation zone is
shown in �gures 6.1 and 6.2 hatched with cross hatching.

Figure 6.1: Vertical barrier. The scheme of the FE model for the non-linear case.

Initial stress �eld

Numerical simulation is performed for two soil types shown in table 6.1 at loading frequency
equalling 2Hz. Prior to the dynamic analysis, the calculation of the initial stress �eld along
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6.1 FE models and initial conditions

Figure 6.2: Pile �eld. The scheme of the FE model the non-linear case.

with the stress �eld after barrier installation is conducted. Initial stress �eld presented in the
following text are calculated for plane strain case using model in �gure 6.1. Initial stress �elds
for the problem of Rayleigh wave interaction with pile �elds (Figure 6.2) is not presented here
as they are is similar to the planar case.

Soil type Density,
kg/m3

Young's
modulus,
MPa

Poissin's ra-
tio

Cohesion,
KPa

Friction an-
gle

Cohesive(clay) 1800 87.22 0.35 50 23
Cohesionless(sand) 1750 24 0.32 1 30

Table 6.1: The comparison of the di�erent type of vibration barriers.

Cohesionless soil

Vertical and horizontal initial stresses in the soil prior to the installation of the barrier in the
case of cohesionless soil are shown in �gures 6.3 and 6.4 respectively. Vertical and horizontal
stresses in the soil after construction of the barrier are shown in �gures 6.5 and 6.6 respectively.
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Figure 6.3: Initial vertical stresses in the soil before installation of the barrier (Pa).

Figure 6.4: Initial horizontal stresses in the soil before installation of the barrier (Pa).
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6.1 FE models and initial conditions

Figure 6.5: Vertical stresses in the soil after installation of the barrier (Pa).

Figure 6.6: Horizontal stresses in the soil after installation of the barrier (Pa).
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Cohesive soil

Vertical and horizontal initial stresses in the cohesive soil before barrier installation are shown
in �gures 6.7 and 6.8 respectively, their change after barrier installation is shown in �gures 6.9
and 6.10.

Figure 6.7: Initial vertical stresses in the soil before installation of the barrier (Pa).

Figure 6.8: Initial horizontal stresses in the soil before installation of the barrier(Pa).
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6.1 FE models and initial conditions

Figure 6.9: Horizontal stresses in the soil after installation of the barrier (Pa).

Figure 6.10: Vertical stresses in the soil after installation of the barrier (Pa).
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Calculation algorithm

As a starting point, numerical simulation of surface Rayleigh wave propagation without barrier
is performed using the planar model (Figure 6.1) to analyse displacement and velocity �elds at
di�erent shear strain levels. Also, it is shown that, because of plane strain type of the model,
no e�ect of shadow zone is observed (this is also the case for pile �eld model 6.1 as it simulates
an in�nite length pile �eld). The results also show that the reduction e�ect can be represented
by displacement curves for any surface point in the protected zone (x ∈ [0.1l, l]), where x is the
distance from the barrier or the pile �eld) and kinetic energy for the surface layer in this zone.

Then, numerical simulation of surface Rayleigh wave interaction with the vertical barrier is
performed for the cohesionless and cohesive soils. The curves representing amplitude of displace-
ments and kinetic energy in the protected zone show the reduction e�ect given by the barrier at
various shear strain levels.

Afterwards, based on the results obtained from the simulation of Rayleigh wave interaction
with vertical seismic barriers, the modelling of pile �eld interaction with the surface waves is
performed. The results are shown for the cohesionless soil as the results for the considered
cohesive and cohesionless soils are qualitatively similar at high shear strain level.

Initial displacement and velocity distributions in the observation

zone

Although, the character of wave propagation in the framework of elastoplasticity is more complex,
it is possible to underline main components of vibration in the observation zone. When the
distance between the points in the observation zone and wave velocities are known, waves can be
determined according to their theoretical velocities and the velocities calculated from the results
obtained using the FE model (Figure 6.1). Figure 6.11 represents amplitude of displacements
of a point in the observation zone. According to the theoretically calculated body and surface
wave velocities, arrivals of body and surface waves are speci�ed. Figure 6.11 is plotted for the
sand shown in table 6.1 at shear strain equalling γ = 0.0005. It can be seen that, although,
body waves carry more energy than in the linear elastic case, Rayleigh waves still dominates
in displacements even at this shear strain level. So, the considered models are still appropriate
for the analysis of Rayleigh wave interaction with vertical barriers and pile �elds, however, the
analysis of barrier interaction with body waves must be performed using other models of the
source, preferably more realistic underground source.

It is worth noting, that the appearance of residual strains caused by plastic deformations in
the soil results in a slight increase in vibration displacements is observed when new wave comes
to the observation points (each of the following peaks are slightly higher then previous one 6.11).
This e�ect also takes place in the case of cohesive soils 6.31. Therefore, vibration velocities are
also estimated through kinetic energy in the protected zone to avoid accumulating e�ect of the
residual strains and possible error in estimation of the vibration reduction e�ect.

Figures 6.12 - 6.15 represent the envelopes of normalized displacement and velocity ampli-
tudes change with depth at low and high shear strain levels. As these graphs are targeted to
show displacement and velocity distribution character change with depth they are normalized
in relation to its maximum values for the considered time interval. These �gures are plotted
for the cohesionless soil with mechanical parameters de�ned in table 6.1 and the loading fre-
quency equalling 2Hz. During the considered time interval four Rayleigh waves pass through
the observation zone.

The obtained results reveal that at high shear strain in the soil vibration energy is redis-
tributed to deeper layers, which can be seen from slow displacement decay with depth placed in
the range from 0.1l to 1.5l, followed by its stabilization at depth which is more than 1.5l (�gure
6.14). On the contrary, at low shear strain level (�gure 6.12) displacements in the soil decrease
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6.2 Initial displacement and velocity distributions in the observation zone

Figure 6.11: Cohesionless soil. Amplitude of displacement in the observation zone at γ = 0.0005

much faster with an increase in the depth. At the same time, the change of velocity distribution
character is less signi�cant. This can be explained by the limitation on stresses in the subsurface
layer imposed by the yield function, which means that plasticity zone propagates to deeper layer
at high shear strains. Velocity distribution character is strongly a�ected at higher shear strain
levels γ > 0.005, at which velocity decay with depth is slower. For the cohesive soil this also
takes place, but at higher shear strains.

This trend can be observed for the cohesive soil in �gures 6.16 - 6.21 which represent the
envelopes of normalized displacement and velocity amplitude change with depth at low and high
shear strain levels for the cohesive soil (table 6.1). These graphs are also normalized in relation
to its maximum values for the considered time interval and plotted at the loading frequency
equalling 2Hz.

At high shear strain in the soil vibration energy is redistributed to deeper layers, which can
be seen from slower displacement decay with depth, however, its value continue decreasing with
depth (�gure 6.14) in contrast to the cohesionless soil. Shear strain increase in cohesive soil
a�ect the character of velocity amplitude versus depth curve also less than in the case of the
cohesionless soil.

The obtained results are especially important taking into account that barrier reduction e�ect
occurs in subsurface layer at depths z ∈ [0, 0.6l] (Figures 6.22 and 6.23), where l is the wavelength
of Rayleigh wave. This means that at high shear strain in the soils, seismic barriers and pile
�elds tend to be ine�ective in terms of vibration reduction 6.24 and 6.25.
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Figure 6.12: Cohesionless soil, γ = 10−5. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value
during the considered time period.)

CHAPTER 6. INTERACTION OF VERTICAL SEISMIC BARRIERS

(INCLUDING PILE FIELDS) WITH SURFACE RAYLEIGH WAVES



6.2 Initial displacement and velocity distributions in the observation zone

Figure 6.13: Cohesionless soil, γ = 10−5. Envelopes of normalized amplitude of velocities at
di�erent depths l. (Amplitude of velocities is normalized in relation to its maximum value
during the considered time period.)

Figure 6.14: Cohesionless soil, γ = 5 ∗ 10−4. Envelopes of normalized amplitude of displacement
at di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value
during the considered time period.)
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Figure 6.15: Cohesionless soil, γ = 5 ∗ 10−4. Envelopes of normalized amplitude of velocities
at di�erent depths l. (Amplitude of velocities is normalized in relation to its maximum value
during the considered time period.)

Figure 6.16: Cohesive soil, γ = 10−5. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value)
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6.2 Initial displacement and velocity distributions in the observation zone

Figure 6.17: Cohesive soil, γ = 10−5. Envelopes of normalized amplitude of velocities at di�erent
depths l. (Amplitude of velocities is normalized in relation to its maximum value)

Figure 6.18: Cohesive soil, γ = 5 ∗ 10−5. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value)
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Figure 6.19: Cohesive soil, γ = 5 ∗ 10−4. Envelopes of normalized amplitude of velocities at
di�erent depths l. (Amplitude of velocities is normalized in relation to its maximum value)

Figure 6.20: Cohesive soil, γ = 2 ∗ 10−3. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value)
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6.2 Initial displacement and velocity distributions in the observation zone

Figure 6.21: Cohesive soil, γ = 2 ∗ 10−3. Envelopes of normalized amplitude of velocities at
di�erent depths l. (Amplitude of velocities is normalized in relation to its maximum value)
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Figure 6.22: Cohesionless soil, γ = 10−5. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value)

Figure 6.23: Cohesive soil, γ = 10−5. Envelopes of normalized amplitude of displacement at
di�erent depths l. (Amplitude of displacement is normalized in relation to its maximum value)
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6.2 Initial displacement and velocity distributions in the observation zone

Figure 6.24: Cohesionless soil, γ = 5∗10−4. Envelopes of normalized amplitude of displacement at
di�erent depths l before and after barrier installation. (Amplitude of displacement is normalized
in relation to its maximum value)

Figure 6.25: Cohesive soil, γ = 2 ∗ 10−3. Envelopes of normalized amplitude of displacement at
di�erent depths l before and after barrier installation. (Amplitude of displacement is normalized
in relation to its maximum value)
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Figures 6.26 and 6.27 represent the envelops of displacement amplitude versus distance from
the barrier at high shear strain levels equalling to γ = 5∗10−4 and γ = 2∗10−3 for the cohesionless
and cohesive soils respectively before and after barrier installation. These �gures are plotted for
the soils with mechanical parameters de�ned in table 6.1 and the loading frequency equalling
2Hz. During the considered time interval four Rayleigh waves pass through the observation
zone.

According to the character of the curves, the amplitude of displacement in the protected
zone change insigni�cantly with the distance from the barrier. This is caused by the type of
the considered models (plane strain) and allow showing vibration decrease by the graphs for
the amplitude of displacements at any point in the protected zone (x ∈ [0.1l, l], where x is the
distance from the barrier or the pile �eld).

Figure 6.26: Cohesionless soil, γ = 5 ∗ 10−4. Envelopes of amplitude of displacement at di�erent
distance from the barrier l.

Figure 6.27: Cohesive soil, γ = 2 ∗ 10−3. Envelopes of amplitude of displacement at di�erent
distance from the barrier l.
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6.3 Vertical seismic barriers

Vertical seismic barriers

Cohesionless soil

The calculations is carried out for the following range of shear deformations: γ = 10−6 ÷ 10−3.
It is worth noting that at shear strains less than γ = 10−5 the results are equal to the ones
obtained under elastic conditions. The results presented for shear strains γ = 10−5 ÷ 10−4 to
show a decrease in the barrier reduction e�ect.

Figures 6.29 �6.30 show the amplitude of displacements at a distance l/2 from the barrier
before and after its installation . The curves in these �gures are plotted at h

l = 1.0; dl = 0.09
and ω = 12.56rad/sec.( l- Rayleigh wavelength, h, d - barrier height and width respectively).

Figure 6.28: The amplitude of displacements at the distance l/2 from the barrier before and
after its installation (hl = 1.0, dl = 0.09, ω = 12.56rad/sec, γ = 10−5).

The obtained results reveal that the e�ectiveness of the vertical seismic barrier decreases at
high levels of shear strains and for the barrier depths comparable with the wavelength of the
surface wave, the loss of barrier e�ciency occurs at low shear strains 10−4. In this case, for
weaker loose soils (with small values of the internal friction angle), the loss of seismic barrier
e�ciency occurs earlier. The width of the barrier practically does not a�ect the limit strain
after which the barrier e�ciency diminishes signi�cantly, while the increase in the barrier height
increases the value of the critical strain.

At the same time, another e�ect concerning kred,E is observed. While the value of kred,u
increases with the increase in shear strain level, the value of kred,E remains virtually the same up
to the shear strain value of 0.0005, then it moderately increases almost up to 0.8 at shear strain
equalling to 0.005. Which means that the barrier still provides vibration reduction e�ect on the
velocities and accelerations while the amplitudes of displacements are not a�ected by the barrier
up to the value of the shear strain equalling to 0.0005 for the considered sand and h/l = 1,
but then, the reduction e�ect decreases even for the kinetic energy. It can be explained by the
transition of the subsurface region into the plastic state (the formation of plastic zone in the
barrier vicinity) and the extension of the surface wave propagation zone deeper than in case of
pure elasticity because of the limitations on shear strains given by Mohr-Coulomb yield surface.
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Figure 6.29: The amplitude of displacements at the distance l/2 from the barrier before and
after its installation (hl = 1.0, dl = 0.09, ω = 12.56rad/sec, γ = 5 ∗ 10−5).

Figure 6.30: The amplitude of displacements at the distance l/2 from the barrier before and
after its installation (hl = 1.0, dl = 0.09, ω = 12.56rad/sec, γ = 1 ∗ 10−4).
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6.3 Vertical seismic barriers

Cohesive soil

The calculations are performed for shear strain range γ = 10−6÷10−3 . At shear strains less than
γ = 5 ∗ 10−5 the results are similar to the ones obtained under the assumption of linear elastic
soil and barrier deformation behaviour. The results presented for shear strains γ = 10−4 ÷ 10−3

to show a decrease in the barrier reduction e�ect.
Figures

Figure 6.31: The amplitude of displacements at the distance l/2 from the barrier before and
after its installation (hl = 1.0, dl = 0.09, ω = 25.12rad/sec, γ = 4 ∗ 10−4).

Figure 6.32: The amplitude of displacements at the distance l/2 from the barrier before and
after its installation (hl = 1.0, dl = 0.09, ω = 25.12rad/sec, γ = 2 ∗ 10−3).
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The obtained results reveal that the e�ectiveness of vertical seismic barriers decreases at high
values of shear strain in the soil. However, for cohesive soils the negative e�ect can be observed at
higher shear strains than for cohesionless ones. Barrier reduction e�ect upon the kinetic energy
in this case shows the same trend as for the cohesionless soils signi�cantly decreasing after shear
strain in the soil exceeding γ = 0.001, which is higher than that of the cohesionless soils.

In sum, for each particular soil conditions the calculations determining the level of shear
strains within which the barrier remains e�ective should be performed. This is essential for high
amplitude vibrations like earthquakes and explosions. At the same time, seismic barriers are
less e�ective for cohesionless soils at high shear strains as the plastic zone due to the process of
barrier - Rayleigh wave interaction occurs at lower shear strains.

As the barrier demonstrates similar qualitative e�ect for cohesive and cohesionless soil and
according to the results of [67] as well as rough calculations performed in the present analysis,
pile �eld behaviour is similar to the behaviour of a vertical seismic barrier. Therefore, in the
following paragraph the results of pile �eld interaction with surface Rayleigh waves is shown only
for cohesionless soil.

Pile �elds

The calculation of the initial stress �eld is performed similarly to the case of the vertical seismic
barriers considered in the previous paragraph. Numerical simulation of the pile �eld interaction
with Rayleigh waves is carried out at the following values of shear strains γ = 10−6 ÷ 10−3

induced during wave propagation. As it will be shown in the following part, the single row pile
�eld behaves similarly to the vertical seismic barrier with the sharp decrease of reduction e�ect
at a some critical value of the shear strain.

Figures 6.33 - 6.36 show the amplitudes of displacements at the point located at the dis-
tance l/2 from the pile �eld before and after its installation as well as the kinetic energy of the
subsurfcace layer in the protected zone. The curves in the �gures 6.33 - 6.36 are plotted at
h
l = 1.0; dl = 0.06α = 0.16 and ω = 12.56rad/sec.( l- Rayleigh wavelength, h, d - pile length and
diameter respectively).

The obtained results reveal that the single row pile �eld demonstrates the same trend as the
seismic barrier if the shear strain in the soil increases (�gure 6.33). After a certain value of shear
strain in the soil (this value depends on the soil mechanical properties) the e�ect of pile �eld
installation upon vibration displacements diminishes (�gure 6.33). In that case, the pile �eld
gives virtually no e�ect on vibration displacements at γ = 0.00004. On the other hand, kinetic
energy is still reduced (�gure 6.34).

The range of shear strain within which the pile �eld still provides displacement reduction can
be expanded by installation of additional pile rows (Figure 6.35). According to the �gure 6.35,
5 row pile �eld becomes ine�ective in terms of vibration reduction at γ = 0.0007 while kinetic
energy is still reduced. Further increase in shear strains in the soil decreases the reduction e�ect
upon the kinetic energy in the protected zone.
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6.4 Pile �elds

Figure 6.33: The amplitude of displacements at the distance l/2 from the pile row before its
installation and after installation of single or 5 row pile �elds (hl = 1.0; dl = 0.06 and ω =
12.56rad/sec, γ = 4 ∗ 10−5).

Figure 6.34: The variation of the kinetic energy of the surface layer in the protected zone without
pile �eld and after installation of the single or 5 row pile �elds(hl = 1.0; dl = 0.06 and ω =
12.56rad/sec, γ = 4 ∗ 10−5).
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Figure 6.35: The amplitude of displacements at the distance l/2 from the piles without the pile
�eld and after installation of the 5 row pile �eld (hl = 1.0; dl = 0.06 and ω = 12.56rad/sec,
γ = 7 ∗ 10−4).

Figure 6.36: The variation of kinetic energy of the surface layer in the protected zone without
pile �eld and in the case of the 5 row pile �eld (hl = 1.0; dl = 0.06 and ω = 12.56rad/sec,
γ = 7 ∗ 10−4).
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6.5 Conclusions.

Conclusions.

In sum, plastic character of soil behaviour signi�cantly a�ects vibration reduction e�ect of the
both vertical seismic barrier and pile �eld signi�cantly at high shear strain level (γ ≥ 10−4).
Such level of shear strain relates to earthquakes and explosions. On the other hand, in the case
of low shear strains in the soil (γ ≤ 10−4) during wave propagation, the calculations within the
elastic framework are su�cient.

Therefore, in the case of vibrations a�ecting comfort in residential and industrial buildings
it is possible to follow the recommendations in the chapters 4 and 5 or to adopt the optimiza-
tion method implemented in the �nite di�erence form. Both of these ways are based on the
assumptions that soil and barrier materials deform according to the linearly elastic constitutive
law.

The formation of plastic zones at high shear strains in soil leads to the decrease in displace-
ment reduction e�ect given by a barrier or a pile �eld. For cohesionless soils this e�ect occurs at
lower shear strains as the subsurface zone starts yielding at lower shear stresses than in the case
of cohesion soils. At the same time, these barriers still reduce kinetic energy in the protected
zone even at high values of shear strains in the soil during wave propagation. However, this e�ect
tends to decrease at high values of shear strains (γ ≥ 5 ∗ 10−4) depending on soil. This can be
explained by the limitation on the stress in soil given by yield surface, while the deformations
and displacements are not limited. Therefore, the formation of plastic zone in the barrier region
leads to the transmission of the vibration energy to the deeper layers.

The range of shear strains within which a barrier remains e�ective can be expanded by
increase of the barrier depth. The same e�ect for a pile �eld can be achieved by installation of
additional rows.

One important remark is that the results are obtained using simpli�ed model of the source,
hence, the character of energy distribution among various types of waves will di�er from that
can take place in the case of an earthquake or underground explosion. At the same time, the
results allow to estimate how a barrier or pile �eld interacts with Rayleigh waves at various shear
strains, while, the e�ect of body wave interaction with these barrier will require more realistic
vibration source.
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CHAPTER 7

CONCLUSION AND PERSPECTIVES

Conclusion

The thesis is primarily concerned with numerical simulation of Rayleigh wave interaction with
vertical seismic barriers and pile �elds. Planar and spatial models are used to analyse the pos-
sibility to protect the territories from surface Rayleigh waves of various intensity and generated
by di�erent vibration sources. The thesis object is achieved by ful�lling the following objectives:

� review and comparative study of plasticity models, that are used in soil mechanics, along
with their parameters that was resulted in the selection of Mohr-Coulomb model as the
most appropriate in terms of the existing experimental database for various soils as well
as its applicability to model soil hysteresis behaviour and the degradation of the shear
modulus with the increase in shear strains;

� veri�cation of the FE models as well as the analysis of numerical parameters in�uence on
the displacement and energy �elds along with non-physical e�ects to exclude it from the
�nal results and decrease the �nal numerical error;

� formulation of the principal dimensionless complex that determines the �nal barrier re-
duction e�ect in case of linear elastic behaviour of barrier material and soil, followed by
parametric analysis of vertical seismic barrier in terms of vibration reduction;

� formulation of multi parametric optimization problem related to the practical barrier de-
sign for particular soil conditions and design frequency accounting for possible prescribed
restrictions on the material volume or vibration reduction level;

� use of the constrained method [20] and the Karush-Kunn-Tucker condition [114] formulat-
ing it in the �nite di�erence form to obtain the optimality criteria allowing to solve the
optimization problem;

� formulation of the principal dimensionless complex that determines the �nal pile �eld
reduction e�ect within the framework of linear elastic constitutive law and the parametric
analysis of vertical seismic barrier in terms of vibration reduction;

� numerical simulation of Rayleigh wave interaction with vertical seismic barriers as well as
pile �elds using the chosen plasticity model to analyse the in�uence of shear strain level
upon the vibration reduction e�ect.

The obtained results con�rm the applicability of vertical seismic barriers as well as pile �elds
for protection of territories from surface Rayleigh waves in the case of low amplitude vibrations
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(shear strains in the soil do not exceed 10−5), such as transport vehicles, construction activities
and operating equipment. In that case, vertical seismic barriers are more e�ective than the pile
�elds allowing to obtain 5− 6 times kinetic energy decrease in the protected zone or to decrease
vibration displacements by 2− 2.5 times. Meanwhile, pile �elds can produce 50% kinetic energy
decrease in the protected zone.

On the other hand, the results of numerical computations performed within the framework of
linear elastic constitutve law are valid for low amplitude vibrations when plastic soil properties
can be neglected and vibration energy dissipation can be described by using viscous models.
This is also the limitation upon the optimization criteria considered in the work. The reason
behind this is that the reduction e�ect of a vertical seismic barrier or a pile �eld tends to decrease
with the increase in shear strain level in case of high amplitude vibrations (shear strains in the
soil equal to 10−4 ÷ 10−2) which is the case for earthquakes and explosions. This e�ect is more
signi�cant for cohesionless soils rather than for cohesive ones. At the same time, the possible
shear strain range within which the barrier or pile �eld reduces vibrations can be extended by
an increasing barrier (pile) length or by installing additional rows in the case of pile �elds.

Therefore, for each particular soil conditions and vibration sources it must be estimated
whether this way of protection is appropriate or not. For low amplitude vibration the appropri-
ate barrier con�guration can be obtained from the graphs or optimization procedure presented
in chapter 4. For high amplitude vibration sources the optimization procedure must be supple-
mented by the calculations accounting for plastic behaviour of soils which may correct the �nal
geometry.

In general, these approaches towards vibration protection demonstrate good performance for
high frequency and low amplitude vibration sources as well as for protection from Rayleigh waves
propagating in soft soils due to earthquakes and blasts at moderate shear strain level 10−5÷10−4

depending on the depth (pile length in case of a pile �eld) - wavelength ratio.

Future Works

Barrier type

This work does not investigate the e�ect of non-linear behaviour of the barrier or pile �eld
material which can signi�cantly a�ect the �nal reduction e�ect. It is presented in [69] where the
authors demonstrated a signi�cant reduction of the barrier made of meta materials or in [63]
where composite wave barriers are studied. Hence, two possible directions can be underlined:
(1)analysis of a composite barrier as well as (2)analysis of the barrier made of meta materials or
materials demonstrating high dissipation properties.

Mechanical models improvement

Numerical simulation involving Biot's theory of poroelasticity [17, 18] can be an additional
perspective of the present work . This will allow accounting for the energy dissipative mechanism
in soils at di�erent frequency ranges more accurately. This is important as the viscous properties
dominate over the plastic ones of the soil skeleton at high pore �uid �ow velocities in the channels
which corresponds to high frequencies. Meanwhile, for lower frequencies it is su�cient to use
plastic models of soil. Therefore, it is important to separate this frequency ranges and specify
the di�erence for the reduction e�ect. At the same time, the use of Rayleigh damping to account
for dissipative soil behaviour at low shear strain level is not su�cient enough and the indi�erence
of vibration reduction e�ect towards damping ratio can be obtained.

Plastic behaviour of the soil skeleton can be approximated more precisely by using hypoplas-
ticity models [97, 107]. However, they have to be modi�ed to solve the coupled system of
equations for Biot's porous media and the database for these models needs to be extended by

CHAPTER 7. CONCLUSION AND PERSPECTIVES



additional experiments. Moreover, the analysis seems to be to complicated because of the number
of the parameters in the models. Otherwise, it is possible to modify Hardening soil small-strain
model [14] (which is appropriate for the simulation of dynamic soil behaviour) with the depen-
dencies obtained in [61] thus reducing the number of parameters making it appropriate for the
analysis.

As a result, the shear strain range within which the considered vibration barriers demonstrate
reduction e�ect can be re�ned and generalized to the form of the functional dependencies on the
soil parameters. That will allow to formulate the recommendations for practical civil engineering
avoiding complicated dynamic computations for each particular case.
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