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INTRODUCTION

The purpose of this thesis is to develop new methodology of the asymptotic spectral
analysis of covariance operators of several fractional processes and to apply it in a
number of related problems of probability and statistics.

This thesis is organized as follows. Introduction contains brief description of obtained
results and their applications, as well as the main ideas of proofs. In Chapter 1 we de-
velop methodology for the spectral analysis of the fractional type covariance operator
and present the results of illustrative numerical experiments. In Chapter 2 we con-
sider the covariance eigenproblem for Gaussian bridges and introduce an alternative
approach to its solution, based on the spectral asymptotics of base process. Finally,
in Chapter 3 we consider three representative applications of the developed theory,
namely, filtering problem for fractional Gaussian signals in white noise, large deviation
problem for the mixed fractional Ornstein-Uhlenbeck process and L,-small ball proba-
bilities for fractional Gaussian processes.

Motivations and summary

Any centered Gaussian process X; is determined by its covariance function K (s,t) =
EX,X;. This function defines the corresponding covariance integral operator

(Kp)(t) = /01 K(s,t)p(s)ds, te]|0,1].

This operator is associated to the process in a natural way, as on L,([0, 1]) it can also
be defined by the relation

(@, K¢p) = cov({p, X), (¥, X)) Vo,¥ € Ly,

where (-,-) is the Ly-scalar product. It is thus not surprising that the behaviour of its
eigenfunctions and eigenvalues has various applications in the theory of stochastic
processes: the Karhunen-Loéve series expansion, equivalence and orthogonality of
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Introduction

Gaussian measures, exact asymptotics of the small ball probabilities, sampling from
heavy tailed distributions, non-central limit theorems, optimal linear filtering, large de-
viations problem, statistical estimation problem etc.

This motivates the study of the eigenproblem for the operator K:

Ko=MXp, ¢#0.

Under mild conditions on the covariance function, being a compact non-negative self-
adjoint operator, K admits a countable family of solutions (\,, ¢,), where the eigen-
values ), are real and converge to zero, when put in the decreasing order. The corre-
sponding eigenfunctions ¢,, form a complete orthonormal basis in ([0, 1]).

Eigenproblems rarely admit closed form solutions and one notable exception is the
standard Brownian motion, for which the covariance eigenproblem can be easily solved
by reduction to the Sturm—Liouville problem for a simple differential operator. Similar
approach also works for a number of related processes, such as the Brownian bridge,
the Ornstein-Uhlenbeck process, the integrated Brownian motion, etc.

Many natural, social and economical phenomena (e.g. telecommunication connections,
asset prices, turbulence) exhibit "long memory" property, an effect, that cannot be con-
veniently described by means of the standard Brownian motion with its independent
increments (see, e.g., [46]). A.N. Kolmogorov [27] was the first to consider a continu-
ous Gaussian process with stationary increments and with the following self-similarity
property:

Law(X (ct);t > 0) = Law(c”" X (¢);t > 0), ¢>0

for some constant H. It turns out that such process with zero mean has very specific
covariance function:

1
K (s,1) = 5 (s + [t = |s = 1),
where H € (0,1) is the Hurst exponent. The process defined by this covariance func-
tion, is called a fractional Brownian motion.

Following publication of the influential survey paper [35], the fractional Brownian mo-
tion (fBm), along with the closely related processes, such as the fractional Ornstein—
Uhlenbeck process, integrated fBm, the fBm bridge, became important building blocks
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in models with long range dependence, which cannot be easily captured by their stan-
dard Brownian counterparts.

Despite the fact that the fractional Gaussian processes have been extensively studied
ever since, their spectral structure remained elusive. No closed form expressions for the
eigenvalues or eigenfunctions of the fBm or any other related process have been found
so far, and, perhaps, not without a reason, as commented in [36]. Nonetheless, many
valuable results can be deduced from sufficiently accurate asymptotic approximations,
which raises the main question to be addressed in this thesis:

What can we tell about the spectral asymptotics of the fractional Gaussian
processes?

The exact first order asymptotics of the fBm eigenvalues was found in [7, 8] and, by
different methods, in [40] and [33]. These results remained state of the art on the
subject until the recent paper [12], where the authors obtained a much more informative
asymptotic description of both the eigenvalues and the eigenfunctions of the fBm. The
main results of Chapter 1 in the present thesis extend the technique from [12] to a
larger family of fractional processes, which includes the fBm as a particular case. This
generalization reveals a whole new level of complexity in the spectral structure of such
processes and poses a number of challenging technical problems.

Specifically, exact asymptotics of both eigenvalues and eigenfunctions is derived in this
thesis for the following processes:

» the fractional Ornstein-Uhlenbeck process;
* the integrated fractional Brownian motion;

» the mixed fractional Brownian motion.

We obtain asymptotic approximation for the eigenvalues, exact up to the second order
term, and find the exact asymptotic expression for the leading term of the eigenfunc-
tions with respect to the uniform norm. These results reveal new interesting effects,
such as separation of various parameters in the asymptotic formulas, variety of de-
pendence patterns on the value of the Hurst exponent, different orders of the residual
terms, etc.
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Section 1 also contains results of numerical experiments, which show that the actual
accuracy of our approximation is surprisingly good, already, for relatively small values
of n.

Chapter 2 of this thesis is concerned with spectral approximations of bridges, derived
from Gaussian processes by conditioning them to start and terminate at given points. In
principle, we could use the analytic approach, described in Chapter 1, however, some-
what surprisingly, it does not produce explicit results. In this regard we were interested
in the following question:

Can the exact asymptotics of the eigenvalues and the eigenfunctions for a
Gaussian bridge be deduced from that of its "base" process?

From the perspective of the general perturbation theory, the covariance operator of the
bridge can be viewed as a certain perturbation of the covariance operator of the base
process. It follows then that their first order spectral asymptotics should coincide, but
any finer details of the spectra may differ and be highly dependent on specificities of the
perturbation. As shown in this thesis, in the case of bridges, it is possible to derive the
spectral asymptotics, accurate almost to the same order, as asymptotics of the base
process. The suggested technique is not specific to a particular process and is based
on the structure of perturbation that is inherent to bridges. The case of the fractional
Brownian bridge is considered in detail.

We conclude this thesis by presenting three applications:

» Optimal linear filtering problem for the fractional Ornstein-Uhlenbeck process.

We consider the problem of estimation error computing for the fractional Ornstein-
Uhlenbeck process observed in white noise in large time and high signal-to-noise
regimes. The latter is derived using the spectral approximations from Chapter 1,
while the former is obtained by extending the analytic approach to solution of
integral equations of the second kind.

« Large deviations problem for the mixed fractional Ornstein-Uhlenbeck process.

Large deviations principle is established for the maximum likelihood estimator
of the drift parameter of the mixed fractional OrnsteinUhlenbeck process. This
estimator was previously shown to be consistent and asymptotically normal in
the large sample limit and the large deviations analysis is a natural further step.
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We use a variation of the Gartner-Ellis theorem, whose main ingredient is an
appropriately scaled Laplace transform. The main difficulty here is to compute its
precise asymptotics, which derive from the spectral approximations from Chapter
1.

« Small L,— ball probabilities problem for fractional processes.

Our purpose was to find of the probabilities of fractional processes to be con-
fined to the L,-ball of a vanishing radius. The solution to this problem can be
formulated in terms of the eigenvalues of the corresponding covariance opera-
tor. However, to obtain closed form results for a concrete process one has to
know their exact asymptotics. We solve the small ball probability problem for the
fractional processes, using the obtained exact spectral asymptotics.

Exact spectral asymptotics for fractional processes

Covariance eigenproblem for the fractional Brownian motion

The eigenproblem for a centered random process X = (X;,t € [0, 1]) with covariance
function K (s,t) = EX,X; and the corresponding covariance operator

(K F)(t) = /O1 K(s,0)f(s)ds, te0,1].

consists of finding all non-trivial pairs (), ) satisfying the equation

Ko = Xp.

For a self adjoint positive definite operator K, compact in L2(0, 1), this problem is well
known to have countably many solutions (A, v,), n € N, where eigenvalues )\, are
real and nonnegative and converge to zero, when put in the decreasing order, and the
corresponding eigenfunctions ,, form a complete orthonormal basis in L2(0, 1).

Nevertheless, the eigenvalues and eigenfunctions are notoriously hard to find explicitly.
One notable exception is the standard Brownian motion B = (B,,t € [0, 1]) for which

1 1
M= s and ga(t) = Vasin (0= S)wt), n=1.2,.

(n—3)*m
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The exact expressions for the eigenfunctions and eigenvalues of the fractional Brow-
nian motion remain unknown, but the following recent result [12] sheds much light on
their asymptotic structure:

Theorem 0.1.

1. For H € (0,1) the eigenvalues are given by the formula

A\, = sin(mH)D'(2H + 1)y, 25! n=12 ..

where the sequence v, satisfies
1 1(H—1)?
Vp = (n — )7r — —%WjL O(n™') asn — oo,

2. The corresponding unit norm eigenfunctions admit the approximation

on(t) = V2 sin (Vnt + 7T77H)+
|7 dotwpe - (<17 [T pilwe 00 du 0 (1),

0
where fy(-) and fi(-) are explicit functions defined in [12] and

H-3H-
4 H+

1
2

N = 1
2

and the residual r,,(t) is bounded uniformly overn € N andt € [0, 1].

3. The values of the eigenfunctions att = 1 satisfy
pn(1) = (-1)"V2H +1(1+ O(n "))

The proof uses analytic properties of the Laplace transform of the eigenfunctions. The
main idea is to reduce the eigenproblem to a certain integro-algebraic system of equa-
tions, that can be solved asymptotically. In the thesis we develop this approach for a
larger family of fractional processes, as described below.

10
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Processes under consideration

Fractional Ornstein—Uhlenbeck process. In the fractional setting, the Ornstein—
Uhlenbeck process can be defined in a number of nonequivalent ways [11]. We will be
concerned with the solution of the Langevin equation, driven by the fBm:

t
Xt:X0+6/ X,ds + B,
0

where 3 € R is the drift parameter and X, ~ N(0,0?) is the initial condition, inde-
pendent of BX. The covariance function of this process is given by the formula (see,
e.g., [46]):

t d s
Kpa(s,t) = /0 eﬁ(t_”)%/o H|v — u* L sign(v — u)e’C = dudv.

The fractional Ornstein—Uhlenbeck process of this type inherits long-range depen-
dence property from the fractional Brownian motion, see [11].

Integrated fractional Brownian motion. The first integral of the fractional Brownian
motion X; = 5 BHds is the centered process with covariance function

t rs
K(s,t) = /0 /o : (qu + vy — u|2H) dudv.

It is a Gaussian process with a.s. continuous first derivative. It occurs in the ruin prob-
lem in finance, storage theory, information traffic theory, etc.

Mixed fractional Brownian motion. Let B = (B;) be a standard Brownian motion
and B¥ = (B) be an independent fBm with the Hurst exponent A € (0, 1). The mixed
fractional Brownian motion is the process

B,=B,+ B! telo,T].

The covariance function of B is given by

~ 1
K(s,t) :s/\t+2(52H+t2H— ]t—s|2H), s,t €[0,1].

The interest in the mixed fBm was triggered by the paper [10]. Further results and
related problems were comprehensively considered in [37]. Finally, recent results con-
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cerning the canonical representation of the mixed fBm were obtained in [9].

Summary of the main results

Fractional Ornstein—Uhlenbeck process. The covariance function of the fractional
Ornstein—Uhlenbeck process satisfies the scaling property

Kp(sT,tT) = T*" Kgr(s,t), s,t€[0,1] T >0

and, consequently, asymptotic solution to the eigenproblem on an arbitrary interval
[0, T] can be obtained from that on the unit interval.

Theorem 0.2.
1. Forany H € (0, 1) the eigenvalues of covariance operator of the fractional Ornstein—
Uhlenbeck process satisfy

y1—2H

A\ = sin(mH)I'(2H + 1)2”752, n=12.. |,
I/n

where v, is the sequence with asymptotics

2. The corresponding unit norm eigenfunctions admit the approximation

©n(x) = V/2sin (an + 7r77H> —
V2H +1 o= _Wuu—ﬁH
V[ o) (e
T 0 V146G
where the residual r,,(x) is bounded by a constant, depending only on H and f3, po(u)
is an explicit function and the constants

—1)”6_(1_“”)”"“ )du +n "t (2),

3 1
H-3H-1
4 H+;

N =

mH — 35
= tan | — 2).
and (g an(2H+§

3. The eigenfunctions satisfy

12
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2H+1
v, .
L+ "

en(1) = (-1)"V2H +1(1+0(n™")) and /01 on(z)dr = —

This result exhibits a curious separation in dependence of the spectral asymptotics on
its parameters. The drift parameter 5 enters eigenvalues formula only in the dominator,
while all of its other ingredients depend solely on the Hurst parameter H. Moreover,
the eigenfunctions do not depend on f in the first approximation.

Integrated fractional Brownian motion. Covariance function of the integrated frac-
tional Brownian motion satisfies the scaling property
K(sT,tT) = T*" 2K (s,t), s,t€[0,1] T >0,

and, consequently, without loss of generality the corresponding covariance eigenprob-
lem can be considered on the unit interval.

Theorem 0.3.

1. The eigenvalues of covariance operator of the integrated fractional Brownian motion
satisfy

Ay = sin(rH)D(2H + 1), 2773 n=1,2, ...

where

T+0Mm™"Y), n— oo

_( 1>+1—2H +H—
v, =7(n 5 1 T T

N [CO[N [

2. The corresponding unit norm eigenfunctions admit the approximation

on(x) = o) (2) + P (@) + o) (@) + 07 ra ()

where residual r,,(x) is bounded uniformly in bothn € N and x € [0, 1] and

a. the oscillatory term is given by

+

2H +1
U
8

)

H
eV (z) = v2cos (yn:c + 7

N[N

13
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b. the polynomial boundary layer term is given by
2H _I— 3 o —tvpx n —tv. —x
SVREES T (1) (@l — (—17Qu(tye -

where function p,(t) and polynomials Q) (t) and Q) (t) are given by explicit expres-
sions;

c. the exponential boundary layer term vanishes for H < i and otherwise is given
by

gaf’)(a:) = Coe” """ cos (Svnm + %0> + Cre~ (1) ¢og (syn(l —x)+ %1)

where amplitudes C, and C, and phases s, and s, are explicit constants and

c:—cos<2H+§>>O and s:—sm<2H+§)>O.

3. The eigenfunctions satisfy

on(1) = (-1)"V2H +3(1+ O(n "))

1
/ on(z)dr = v, 'V2H + 3C’H(1 + O(n_l))
0
with explicit constant C'y, depending only on H.

In this case the eigenfunctions also have the oscillatory and boundary layer terms. The
effect of the boundary layer is asymptotically negligible in the interior of the interval,
and it pushes the eigenfunctions to zero at = 0 and to +v/2H + 3 at = = 1. However,
in this case it exhibits multiscale behaviour: for H > 1, the two components ¢{? () and
©3)(x) vanish at different, polynomial and exponential, rates respectively as n — co.

Mixed fractional Brownian motion. Asymptotic formulas of the eigenvalues of the
mixed fractional Brownian motion separate contributions of the standard and fractional
components. In particular, it follows that the first order asymptotics of the eigenvalues
and eigenfunctions coincides with that of the Brownian component for H > : and of
the fractional Brownian component for H < 1.

14
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Theorem 0.4. 1. The ordered sequence of eigenvalues of covariance operator of the
mixed fractional Brownian motion is given by

1 sin(mH)['(2H + 1)
— 2 + y2H 1 g

n=12,..

where

1 1(H - %) _|2H—
= (1= 3)7 = 3 gt ey O, 0o

2. The corresponding unit norm eigenfunctions admit the approximation

on(x) = ﬂsin(ynx)l{hb%} +V/2sin (ynx + m]H) Ligeiy—

V2H +1 u— "Ly ()
o —TUpU —1)" —(1—z)vpu dul n
s po(u)| e 71_1_@[ +(—1)" ulegoty + PI2ZH—1]’

where the residual r,,(x) is bounded by a constant, depending only on H, py(u) is an
explicit function and the constants

H-3H-
4 H+

Mo =

1 H -1
2 and ly=t (W 2).
1 SR Y7

Description of the analytic approach

The covariance eigenproblems for processes related to the standard Brownian motion
are usually solved by reduction to ordinary Sturm—Liouville boundary value problems
for differential operators. For the fractional processes such approach is not applicable
and we consider a different route, based on analytic properties of the Laplace transform

1
?(2) :/ p(x)e **dx, ze€C.
0

The proof is inspired by [12] and the approach from [54] to asymptotic approximation
of the eigenvalues for weakly singular integral operators. Given the particular struc-
ture of the covariance eigenproblem, an expression for ¢(z) with singularities can be
derived. Since ¢(z) must be an entire function, removal of these singularities gives
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an alternative characterization for the eigenvalues and eigenfunctions in the form of
integro-algebraic system of equations.

In principle, this approach can be applied to operators with the difference kernels sat-
isfying

K(le =y = [~ sty =t

with some function «(t), and their compositions with the integration operator. In prin-
ciple, the developed methodology works for kernels with logarithmic singularities (see
[44]). While the implementation is very specific in each particular situation, in general,
the proof includes the steps, described below.

The Laplace transform. For covariance eigenproblems considered in this paper, it
is possible to find an expression for the Laplace transform of eigenfunctions in the
following typical form:

Dy(2) + e *Dy(—2)
A(z)

where P(z) and Q(z) are polynomials of a finite degree, ®,(z) and ®,(z) are certain
functions and A(z) is given by an explicit formula. Such representation is tailored to the
particular structure of the operator and is constructed on the case to case basis. The
function A(z) usually has a finite number of zeros z;()\), ..., z(A) and a discontinuity
along the real line and ®y(z) and ®,(z) are sectionally holomorphic on the complex
plane, cut along the real axis.

P(z) = P(2) - Q(2)

Removal of the singularities. Since the Laplace transform is a priori an entire func-
tion, all singularities must be removable. Removal of the poles gives the algebraic con-
ditions

(I)()(Zj(/\)) +€_Zj()\)q)1<—2j<)\)> :07 ] = ]_,...7k'.
and removing the discontinuity along the real line imposes the following boundary con-

ditions:

telR
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Thus, the covariance eigenproblem reduces to an equivalent problem of finding a pair
of functions ®,(z) and ®,(z), sectionally holomorphic on C\R-,, satisfying the following
conditions:

o limits ®F () = lim,_,+ ®o(z) and & (¢) = lim,_,,+ ®;(2) comply with the boundary
conditions;

* the behaviour ®(z) and ®,(z) at infinity matches the a priori growth estimates,
determined by polynomials P(z) and Q(z);

« the values of ®4(z) and ®,(z) satisfy the algebraic constraints imposed by the
zeros of A(z).

Equivalent formulation of the eigenproblem. The conditions for ®(z) and ®,(z)
can be rewritten as an integro-algebraic system of equations as follows.

Let 0(¢) be the argument of the limit A*(¢) := lim,_,,+ A(z). The homogenous Riemann
boundary value problem is solved to find a nonvanishing function X (z), which is sec-
tionally holomorphic on C \ R, and satisfies

X*(t) _ 2i6(0)

X=(t) ’
The solution of this problem is not unique and is fixed to match the particular properties
of A(t) and a priori estimates on ®,(z) and ®,(z) in each particular case. The boundary
conditions can be written in the decoupled form

t > 0.

, t>0

Do(2) — P1(2)

S(z) = Bo(2) + 1(2) and D(z):= X ()

and the real-valued function

X(-t)
X+(t)

Applying the Sokhotski-Plemelj formula, we can rewrite the boundary conditions as

h(t) = e?® sin O(t)

17
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S(z) = & /0 = hot/V)e™ o _pyat + Po(2)

s t—z

00 —t
D(z) = —i/o WD(—t)dHPD(z)
where Ps(z) and Pp(z) are polynomials that match the a priori growth of S(z) and D(z)
atinfinity: S(z)—Ps(z) — 0and D(z)—Pp(z) — 0 as z — oo. Moreover, by construction,
both functions S — Ps and D — Pp, are square integrable and, consequently, the integral
equations have unique solutions with such property, since the operator on the right side
is a contraction on L4 (0, c0).

Therefore, non-trivial solutions (S, D) to the integro-algebraic system are at one-to-
one correspondence with the solutions (), ¢) to the eigenproblem and thus we obtain
an equivalent characterization of the eigenvalues and the eigenfunctions: any non-
trivial solution of the eigenproblem determines functions S(z) and D(z) which solve the
integro-algebraic system and vice versa.

Inversion of the Laplace transform and asymptotic analysis. Enumerating solu-
tions of the integro-algebraic system in a certain convenient way, it is possible to find
asymptotic approximation for their algebraic part as A\, — 0. Plugging it back into the
system and using suitable estimates for the norm of the operator in the integral equa-
tions, the eigenfunctions asymptotics is extracted by inverting the Laplace transform:

1 : R ~ zx
o(x) = %}%Eréo _Ri@(z)e dz, teR.

Enumeration alignment. The enumeration chosen in the previous step may dif-
fer from the "natural" enumeration, which puts the eigenvalues into decreasing order.
Usually it does not affect the leading term asymptotics, but may change the second or-
der term. Alignment of the two enumerations is done through a calibration procedure,
based on continuity of the spectrum.
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Covariance eigenproblem for Gaussian bridges

Gaussian bridges

For a centered Gaussian base process X = (X;,t € [0,1]) with the starting point
X, = 0, the corresponding zero to zero bridge X = (X,,¢t € [0,1]) is obtained by
"restricting" the trajectories to terminate at zero:

— K(t,1)
X, =X, —
TN K(1,1)

Xy, tel0,1]

Therefore, X is a centered Gaussian process with the covariance function

T _ K(Svl)K<t71>

K(s,t) = K(s,t) — K1)
Aside of being interesting mathematical objects, Gaussian bridges have many impor-
tant applications, such as statistical hypothesis testing, exact sampling of diffusions,
etc.

We are interested in the solution of the covariance eigenproblem K¢ = Ag. In prin-
ciple, we could use the analytic approach, described in the previous section, directly;
however, somewhat surprisingly, it does not produce explicit results. We suggest an
alternative approach to the solution of this problem.

The covariance function of the Gaussian bridge is a linear transformation of the covari-
ance function of its base process. This implies similarity between the solutions of the
covariance eigenproblems for the bridge and the base process and suggests that the
spectra of the two processes must be closely related.

To illustrate, consider the Brownian motion with K(s,¢) = t A s and the Brownian bridge
with covariance function K(s,t) = s A ¢t — st. Then the eigenelements of the base
process are given by:

An = ! > and  ,(t) = V2sin ((n — ;)m)
((n=3)m)
and solution to the eigenproblem for the bridge is
~ 1 ~ )
An = > and  3,(t) = V2sin(mnt).
™n
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The formulas for eigenvalues and eigenfunctions have the identical form, but there is a
frequency shift of 7 /2. As mentioned above, in general case the precise formulas for the
eigenvalues and eigenfunctions of K are rarely known. Nevertheless, exact asymptotic
approximations, such as those we obtained in this thesis, are often available. We show
how the the spectral asymptotics for a bridge can be deduced from that of the base
process.

Connection between solutions of the covariance eigenproblem for
bridge and base process

The general relation between the spectra of a bridge and its base process can be
explained by perturbation theory [25], which implies that the eigenvalues of K and K
agree in the leading asymptotic term, as it happens for the standard Brownian motion
and the Brownian bridge. This is vividly demonstrated in the paper [43], where the
kernels of the following form are considered:

Kq(s,t) = K(s,t) + Qu(s)v(t).

Here @ is a scalar real valued parameter and ¢ is a function in the range of K. It turns
out that for any @ greater than a certain critical value Q*, the spectrum of KQ coincides
with that of K in the first two asymptotic terms. For Q = Q* the spectra depart in the
second term. The deviation is quantified in [43], when ) is an image of an L?(0,1)
function, under the action of K. This corresponding approach is not applicable in the
case of fractional Gaussian bridges, since this condition does not hold.

We develop a different technique, using the particular structure of the perturbation
inherent to bridges. Observe that the eigenproblem K@ = A can be written in terms
of the covariance operator of the base process

/01 K(s,)3(s)ds — K(1,4) '/1 K(1,8)3(s)ds = A@(1), te0,1],

0
where, without loss of generality, X is assumed to be normalized so that K(1,1) = 1.
Let (v, An) be the eigenelements of the base process. Since the eigenfunctions (¢,,)
of K form a complete orthonormal basis in L?([0,1]), for any A # \, we have the
expansion
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. — A , ! .
o(t) = cg::l " i :\gok(l)gok(t) with ¢ := /0 K(1,s)@(s)ds.

The above-mentioned equation implies that ¢(1) = 0. Noting that ¢ # 0 whenever
X # \,, we obtain the following equation for the eigenvalues of the bridge:
o] )\k

> ~ (1) = 0.
k=1 >\k - )\

Note that its roots are not determined solely by the eigenvalues of the base process,
but also require some information on its eigenfunctions. In Chapter 2 we show how
this equation can be used to construct asymptotic approximation for the solutions of
the bridge eigenproblem, given the exact asymptotics of the Karhunen—Loéve expan-
sion for the corresponding base process. As an example, we consider the covariance
eigenproblem for the fractional Brownian bridge, but the technique is applicable to other
Gaussian bridges.

Exact spectral asymptotic for the fractional Brownian bridge
As mentioned before, the eigenvalues of the fBm are given by the formula

sin(mtH)['(2H + 1)
J2H+1 ’

A, = —1,2,..

where v, = mn + 7y + O(n™') as n — oo and

1 1(H-3)?

WSy L

The corresponding unit norm eigenfunctions admit the approximation

on(x) = V2 sin (an + 7r77H> —

2H +1 oo evw u— Ly
IET [ g (o
Q 0 V14034

where the residual r,(x) is bounded by a constant, depending only on H, py(u) is an
explicit function and the constants

+ (—1)”6’(1’5")”"“ >du + n’lrn(x),
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H-3H-
4 H+

7TH—1)

1
2 and fy =t ( 2
o= tan 2H+1

Ny = 1
2

Moreover, the eigenfunctions satisfy

en(1) = (~1)"V2ZH +1(1+0(n™")).
Let us introduce a new variable z such that

— sin(rH)D(2H + 1)
A= L
(WM)2H+1

Then g solves the following equation:

. = oi(1)?
g(p) = — =0,
;::1 MZHH _ M2H+1

where p. = /7. Since the asymptotics of the eigenvalues of the base process is
known, we may first consider the perturbed equation

o 2H + 1
g*(p) = ~ =0,
( ) ];1 (k + 7H)2H+1 _ /L2H+1

where the eigenvalues and eigenfunctions of the base process are replaced with their
asymptotic approximations. We give a characterization of roots of perturbed equation
and show that they are asymptotically close to roots of original equation on a suitable
scale, that gives the asymptotics of the eigenvalues. The approximation for the eigen-
functions are obtained by plugging these asymptotics into the formula:

> o Ak o1 N 1
t) = — op(D)on(t) = —c, _ 1)oop(t
Zn(t) cnkgl 5 o elt) =~y 2 ()T a1 PR enll)

and normalizing. Combining these results, we prove the following theorem:

Theorem 0.5. 1. For the fractional Brownian bridge with H € (0, 1), the ordered se-
quence of the eigenvalues satisfies
< sin(mH)['(2H + 1)

Ap = SR , n=1,2,..
n

H
Ht3 "

where v,, = mn + 7y + O(n"'logn) asn — oo and g = yg +
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2. The corresponding eigenfunctions admit the approximation

Pn(t) = V/2sin (Dnt + myH) + /0 fo(u)efg”t“du—k

(1" [ e 00 (sin(r(n — ) Fu(w)du + cos(m(Gin — 7)) fu(w) ) dut
logn _

(1" sin(n(T = 3m) [ 1 (7a(1 = ) fr(w)du+ =225, (1)

where f, and g, are functions, defined in the closed forms by (2.38) and (2.39), and
the residual ,,(t) is bounded, uniformly overn € N andt € [0, 1].

The eigenvalues of the fractional Brownian motion and its bridge differ by a constant
shift in the second order asymptotic term

mH
H+73

T™VH — TYH =

which reduces to the familiar constant /2 for H = 1 in the standard Brownian case.
On the other hand the residuals in v, and v, differ by the log n factor, which may well
be an artifact of the approach.

The eigenfunctions of the bridge inherit the oscillatory term from the corresponding
term of the base process, however, with a frequency shift.

A more complicated modification occurs in the integral terms, which are responsible
for the boundary layer: their contribution is asymptotically negligible away from the
endpoints of the interval, but is persistent near the boundary. For the base process,
these terms force the eigenfunctions to vanish at ¢ = 0 and approach the alternating
values at ¢ = 1; for the bridge, they push the eigenfunctions to zero at both endpoints.
Consequently, the change is more significant near 1 than near the origin. It can also
be seen that the boundary layer vanishes for 7 = 1 and the leading asymptotic term
reduces to the familiar formula for the standard Brownian motion.
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Applications of exact spectral asymptotics

Estimation of fractional signals in white noise

The linear filtering problem. Filtering is concerned with estimation of signals from
noisy observations. The standard setup in continuous time, known in engineering liter-
ature as the additive white Gaussian noise model, consists of the signal process X,
whose trajectory is to be estimated given the trajectory of the observation process of
the form

t
}/; = M/(; Xsd5+ \/EBM te [07T]7

where 1 and € > 0 are real constants and B, is the Brownian motion independent of
X;.

If X is a centered Gaussian process with covariance function K(s,t) = EX,X;, then
the optimal in the mean squared sense estimator of X; is the orthogonal projection on
the closed linear subspace of random variables generated by increments of Y up to
time T and is given by

1T
K= [ h(s,0av.,
1 Jo

where the kernel h(s, t) solves the Wiener-Hopf integral equation

T
eh(s,t) +/ 2K (r,s)h(r,t)dr = > K(s,t), 0<s<t<T.
0
The corresponding minimal mean square error satisfies

- T

P.(t) = B(X, — X,)? = K(t,¢) — / h(r, ) K (r, t)dr = — h(t, 1),
0 o

and the important engineering question is how it scales with the noise intensity and

what is its behaviour in large time limit.

High signal-to-noise asymptotics for fractional processes The integral equation
for h(s,t) is rarely solvable in a closed form. One important exception is the Markov
case, when X is the Ornstein-Uhlenbeck process generated by the stochastic differen-
tial equation
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dXt - /BXtdt ‘|— th, t > O,

driven by an independent Brownian motion W = (W,),cr, . In this case, the integral
equation can be solved explicitly by reduction to the Riccati 0.d.e. (see, e.g., Theorem
12.10 in [32]) and, P.(t) can be computed in a closed form. A calculation gives the
following high signal-to-noise asymptotics

L te(,T
pw =yl O e
1 t=T
We aim at generalize this result to fractional setting, that cannot be approached along
the same lines in view of the lack of the Markov property. We prove the following result,

using the exact spectral asymptotics of the fractional Ornstein-Uhlenbeck process:

Proposition 1. The minimal mean squared error in the estimation problem of the frac-
tional Ornstein—Uhlenbeck process in the additive Gaussian white noise satisfies

1

. (sin(ﬂH)F(2H+1)>1+2H{ L e 0.7)

2H+1
1 t="T

ase — 0.

™

S1n 2H+1

Note that the smoothing estimator X, with ¢ < T outperforms the filtering estimator X
by factor 2H + 1 in the limit.

Large time asymptotics for fractional signals. Another important objective is to
compute the steady state limit of optimal linear filtering error P,, = lim;_, P, if it
exists. Without loss of generality let ¢ = 1.

Again, when X is the Ornstein—Uhlenbeck process, the optimal estimator X, and the
minimal error P, solve the famous Kalman-Bucy differential equations

dX, = BX;dt + pPy(dY, — pX,dt)
PtIZ/BPt—i—l—,U?PE

25



Introduction

and the steady state error P,, = lim; ., P; exists for u # 0 and is found by setting
derivative in the Riccati 0.d.e to zero and solving the obtained quadratic equation:

BB+ 12

I '
In absence of the Markov structure, the large time asymptotic analysis of the Wiener-
Hopf equation is a nontrivial matter and, to the best of our knowledge, no general
theory exists to this end. Nevertheless, quite remarkably, using the analytic approach,
we were able to obtain a fairly explicit formula for its steady state limit error:

Py =

Theorem 0.6. For the fractional Ornstein—Uhlenbeck process X; with Hurst parameter
H e (0,1)\ {3} and i 0

, ., 1 2
Po(H) = lim E(X, — X,)? = E(% +8) + aietat ey

t—o00

where

by = b1gn(2)/ arccot (—‘ tan(ﬂH)‘ -
0

3 (52 _ t2>t2H—1 0
WT(2H +1)|sin(2rH)|)

and, for H > % 2o IS the unique root of equation

22— 3% — p*T(2H + 1) sin(rH)(z/i) 7 =0

in the first quadrant of the complex plane.

The expression for P, (H) has right and left limits at # = £, which coincide with the
classic formula for the standard Ornstein—Uhlenbeck process.

Large deviations for drift parameter estimator of mixed fractional
Ornstein-Uhlenbeck process

Maximum likelihood estimation for mixed fractional Ornstein-Uhlenbeck process.
Consider the Ornstein-Uhlenbeck process driven by the mixed fractional Brownian mo-
tion:
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dX, = —0X,dt +dB,, t€[0,T], T >0

where the initial state X, = 0 and the drift parameter ¥ is strictly positive. The process
B, is the mixed fractional Brownian motion

B,=B,+Bf, te|0,T]

where B = (B,) is a Brownian motion and B¥ = (B}?) is an independent fractional
Brownian motion with the Hurst exponent H < (0, 1].

Let us briefly recall the canonical innovation representation constructed in [9]. Let g(s, t)
be the solution of the following integro-differential equation

d [t ,
g(s,t) + d—/ glr,t)H|s —r|*"tsign(s —r)dr =1, 0<s<t<T.
s Jo

Then the process M, = [! g(s,t)dB, is a Gaussian martingale on [0, 7] with quadratic
variation (M), = [; g(s,t)ds. Moreover, the natural filtration of the martingale M coin-
cides with the natural filtration of the mixed fractional Brownian motion B.

In [9] authors also show that the following processes can be properly defined:

t

d t
/g(s,t)XSds and Zt:/ g(s,t)dXs.
0 0

d(M)

Q=

t
The process Z is a semimartingale with the decomposition 7, = —4 [; Q.d(M), + M,
fundamental for X, i.e. the natural filtrations (X;) and (Z,) of X and Z respectively
coincide.

Specific structure of the process @ allows to determine the likelihood function for the
mixed fractional Ornstein-Uhlenbeck process:

X
Lr(9, X) = ZZE(X) ~ exp (-ﬁ | " 0z, - ;92 / ' Q?d(M)t>,

where ;X and Mg are the probability measures induced by processes X and B respec-
tively. Thus, the score function for the mixed fractional Ornstein-Uhlenbeck process,
i.e. the derivative of the log-likelihood function on the interval [0, T is given by

Yr(0) = —/(;T QidZ, — 19./0T Q%d<M>t
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Equating this to zero, yields a formula for the maximum likelihood estimator for the drift
parameter ¢, which, by Theorem 2.9 in [12], is consistent as T" — oo and asymptotically
normal.

Theorem 0.7. The maximum likelihood estimator of ¥ is given by
~ TQ.dz
Ur(X) = —7Tf0 ?t .
f(] td<M>t

For ¥ > 0 this estimator is asymptotically normal at the usual parametric rate

VT (9r(X) = 9) —= N(0,29).

In this thesis we will complement this result by the Large Deviations Principle for the
estimation error.

Large Deviations Principle. The Large Deviations Principle (LDP) characterizes
the limiting behavior of a family of random variables (or corresponding probability mea-
sures) in terms of a rate function.

A rate function I is a lower semicontinuous function 7 : R — [0, +oc], such that for all
a € [0,400) the level sets {x : I(z) < o} are closed subsets of R. Moreover, I is a
good rate function if its level sets are compacts.

A family of real random variables (Y7),. , satisfies the LDP with a rate function / : R —
[0, +oc], if for any Borel set ' C R,

1 1
— inf I(x) < li%ninffloglP’(YT el < limsupflog]P’(YT el') < —inf I(x)
—00

zel* T—o0 xel

where I and T" denote the closure and the interior of I correspondingly.

In order to prove the LDP for the drift parameter estimator of the mixed fractional
Ornstein-Uhlenbeck process we will use the normalized cumulant generating function

Lola,b) = ;logE[exp <a /OT 0.dZ; + b/OT Qfd(M>t> ]

In particular, the following implication of the Gartner-Ellis theorem (Theorem 2.3.6 in
[14]) applies:
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Lemma 0.1. Let (5T)T>0 be a family of drift parameter maximum likelihood estima-
tors for the mixed fractional Ornstein-Uhlenbeck process and let Lr(a,b) be defined
as above. For each fixed value of x € R, let A, denote the set of a« € R for which
limy_,o, L7(a, —za) exists and is finite. If A, is not empty for each value of z, then
(J7)r=o Satisfies the LDP with the good rate function

I(z) = —alenAfz Tlgrolo Lr(a,—za).

Main results. In order to establish the LDP for 9 it is necessary to calculate the
following limit

L(av b) = Ilggo LT(av b)

and determine the set of (a,b) € R? for which this limit is finite. For arbitrary ¢ € R we
can apply a usual change of measures and consider new probability P, defined by the
local density

A¢(T) = @ = eXp ((90 + ) /OT QidM; — (ot 19)2 /(;T Q§d<M>t> .

4P 2

and rewrite Lr(a,b) as

Lr(a,b) = ;,ng{eXp (ZT(a,b))] = ;,ng@[exp (ZT(a,b))AW(T)l} -

1

logE (a— —ﬁ)/'TQdZ + L op g2y 2)/TQ2d(M>
Togwexpagﬁ , et T g SOOt t] -

Since ¢ is an arbitrary real number, we can choose ¢ = a — ¥ and denote p = —1(2b —
92 + (a — 9)?):

1 T
Lr(a,b) = T log E,, exp (—,u/o Q?d@\/f)t) :
By the Girsanov theorem, under P, the process

M, — (<p+19)/0tQSd<M>S =Zt—<p/0thd<M>s

has the same distribution as M under P. Consequently, under P, the process X; —

29



Introduction

¢ J¢ X.ds is the mixed fractional Brownian motion and in order to calculate the limit of
Lr(a,b) as T — oo we prove the following proposition:

Proposition 2. For the mixed fractional Ornstein-Uhlenbeck process X with the drift
parameter v the following limit holds

Kr(1) = — log Eexp [ — /TQ2d<M> Y L A
r(p) = plogBexp{—p | @ ¢ 5 it 00
forall p > —2.

Then the straightforward calculations give the following result:

Theorem 0.8. The maximum likelihood estimator of the drift parameter of the mixed
fractional Ornstein-Uhlenbeck process satisfies the LDP with the good rate function

(z 4+ 9)?
4x

I(x) =

9
. v
MERSS

21 + U, iffL‘Z—g.

The rate function I(z) does not depend on the parameter H. Hence, U, satisfies
the same LDP as the standard Ornstein-Uhlenbeck process [17] and the fractional
Ornstein-Uhlenbeck process [1].

Small L>-ball probabilities for fractional processes

Small L*-ball probabilities problem. For a given process X = (X;,t € [0,1]) and a
norm || - ||, the problem of small ball probabilities is to find the asymptotics of

P(|X|| <e) ase—0.

This problem has been studied extensively in the past and was found to have deep
connections to various topics in probability theory. The case of Gaussian processes
and L?-norm is the simplest, in which asymptotics of small ball probabilities is deter-
mined by eigenvalues of the covariance operator of X. The principal difficulty with this
formula is that it requires an accurate asymptotic approximation of the sequence of
eigenvalues, which is typically hard to find in concrete cases.

For the standard Brownian motion, the exact asymptotics is long known:
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P(|Bllz <¢) = \;lEeexp ( - éa_2> (1 + 0(1)), e — 0.

For the fractional Brownian motion, the rough logarithmic asymptotics of small ball
probabilities was derived in [7, 8] and, by different methods, in [40] and [33], ans was
recently improved in [12] up to

BB < &) ~ & exp (= fo(H)e )

with explicit constant

H sin(rHD(2H +1)\
- 2H+1
(Sm 2H+1)

and the exact power
b )
H H?*—H ) .
This refinement follows from asymptotic formula for the eigenvalues of the fractional

Brownian motion. Our objective is to consider the small ball probabilities problem for
the fractional processes.

Main results. The exact spectral asymptotics lead to the following results:

Proposition 3. For the fractional Ornstein-Uhlenbeck process X}, with the Hurst ex-
ponent H € (0,1)

P(| X5yl <€) ~ e exp (—Bo(H)e#), &= 0

We should notice that the small L2-ball probabilities for the fractional Ornstein-
Uhlenbeck process do not depend on the drift parameter 5 and, consequently coincide
with those of the fractional Brownian motion.

In case of the integrated fractional Brownian motion we have the following small
L?-ball probabilities:

Proposition 4. Forall H € (0,1)
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1 t N
P([ ([ Bllds)dt < ) ~ e exp (—gi(H)e 7)€ =0
0 0

where 3, (H) is an explicit constant depending only on H and

1 5
H) = H?> - H >
n(H) 2H+2< T

The case of the mixed fractional Brownian motion was considered in [40] (see also
[41], [34]), where logarithmic asymptotics was shown to be inherited either from the
standard or fractional parts, depending on the value of H:

logP(||B]| <e) H>
logP(||B¥|| <e) H<

N= N

log P(|| Blz < &) ~ {

Using the exact spectral asymptotics of the mixed fractional Brownian motion, we
were able to show that the exact asymptotics of the mixed process is more intricate
than could have been expected in view of the above formula and discovers new certain
special values of H, further referred to as thresholds:

Theorem 0.9. 1. For H € (%, 1) let hy, and g, be the real sequences, defined by formulas
(3.89) evaluated at the constants in (3.85). Then for any r > 0 the equation

|35
y/yo + Z hkrk(2H—1)yk(2H,1)H _q
k=1

with yo = 2v/2 has unique positive root y(r), which admits expansion into series

y(r) =yo+ Y yrI G,
j=1

convergent for all r small enough. Let ¢; and n,, ; be coefficients of the power expan-
sions

y(r>—2 — f:gjrj(QH—l) and y(r)k(QH—l)—l _ ink,jrj(QH_l)
Jj=0 =0

and define

1 /-1
Be = ﬁﬁo,e - Zgﬂfjnéfj,j — &
j=0
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Then

|77

~ 1
IF’(HBHQ < 8) ~ € exp ( - ge_z - &5%(2]{1)2), e —0.
=1

2. For H € (0 ,2) let hy, and g, be the real sequences, defined by formulas (3.89),
evaluated at the constants (3.91). Then for any r > 0 the equation

L%ﬁj 1-2H 1-2H
y/yo+ Y. e yFem

k=1

=1

with

o= CHAD | G e + 1)

has unique positive root y(r), which admits expansion into series

12H

y(r )—yo+2ykr =
k=1
convergent for all r small enough. Let §; and ), ; be coefficients of the power expan-

sions

k(1—2H)—1 2H) 1

2H+1 Zgrj 2H and y(?“ an 7”] 2H
and define

2H +1 1

Be(H) := Noe — Y Go—jNe—j; — &e.
7=0
Then
~ {WJ L(1—2H)—1
P(I Bl < &) ~ el exp( Go(H)eH = S ()= ) 50
/=1

where v(H) and ,(H) were defined in previous paragraph.
It should be noticed that while general closed form formula for constants 3, would be
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cumbersome to find, they can be easily computed for any given value of H, at least
numerically.

Remark 1. The fractional Brownian motion B* is known to change some of its prop-
erties abruptly at certain special values of 4. The most obvious example is H = 2,
at which it coincides with the standard Brownian motion. Moreover, the increments of
the fractional Brownian motion exhibit long range dependence if and only if # > 1.
Other thresholds are less apparent and some of them become visible when the frac-
tional Brownian motion is mixed with other processes, in particular, with the standard

Brownian motion.

The mixed fractional Brownian motion B, = B, + B/ is a semimartingale, measure
equivalent to B, if and only if # > 2, that was shown in [10] and follows from Shepp’s
general criteria for equivalence of such mixtures [48]. The counterpart threshold H = ;
was discovered in [58], where it was shown that B is equivalent to B if and only if
H < 1.

Another threshold H = 2 emerges in statistical applications, based on the canonical
innovation representation, and in the optimal linear filtering problem. The worst steady
state filtering error of B¥ given the white noise observations is attained at this thresh-
old.

A close look to the formula for the small ball probabilities for the mixed fractional Brow-
nian motion reveals that additional terms join the sum in the exponent at the following
values of H:

11 1 5 2 3

1757 ai?"'ygvgyz

where we emphasized the already known thresholds, mentioned above. Note that the
classical threshold I/ = 1 here is the accumulation point of all the others.

3
S
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CHAPTER 1

EXACT SPECTRAL ASYMPTOTICS FOR
FRACTIONAL PROCESSES

1.1 Introduction

1.1.1 Covariance eigenproblem

Covariance operator of a centered stochastic process X = (X;,t € [0, 1]) with covari-
ance kernel K (s,t) = EX X, is the self-adjoint integral operator

fo N = [ " K (s, £)f(s)ds.

The associated eigenproblem consists of finding all pairs (), ) satisfying the equation

Ko = \p. (1.1)

For square integrable kernels, this problem is well known to have countably many
solutions (\,,, ¢,), n € N, where eigenvalues ), are real and nonnegative and converge
to zero, when put in the decreasing order, and the corresponding eigenfunctions ¢,,
form a complete orthonormal basis in (0, 1).

This fact has numerous applications in stochastic processes: the Karhunen-Loéve
series expansion [3], equivalence and orthogonality of Gaussian measures [48], asymp-
totics of the small ball probabilities [31], sampling from heavy tailed distributions [55],
non-central limit theorems [30] are only a few problems to mention. However the eigen-
values and eigenfunctions are notoriously hard to find explicitly.

Even though spectral decomposition is one of the earliest and most useful tools
in the theory of stochastic processes, eigenproblems are rarely tractable and only a
few are known to have reasonably explicit solutions. One general solution technique
is reduction to linear differential equations. It is applicable whenever the covariance
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Chapter 1 — Exact spectral asymptotics for fractional processes

operator can be identified with the Green function of a differential operator. In this case
the two share the same eigenstructure, which is typically more accessible for the latter
through the generalized Sturm-—Liouville theory (see [39], [42, 43]).

The simplest example is the Brownian motion with K (s,t) = s A ¢, for which (1.1)
readily reduces to the boundary value problem for the simple o.d.e

A" (t) +p(t) =0 (1.2)

subject to ¢(0) = 0 and ¢'(1) = 0. The explicit solution yields familiar formulas:

1
A= — and ¢, (t) = V2sinu,t, (1.3)

2
vy

where v, = mn — 7/2. Essentially the same method works for a whole class of pro-
cesses, which derive from the Brownian motion through linear transformations, includ-
ing the integrated Brownian motion, the Brownian bridge, the Ornstein—Uhlenbeck pro-
cess and others. However, this approach does not apply to covariance operators with
a more complicated structure, including fractional processes.

1.1.2 Exact spectral asymptotics for fractional Brownian motion

The fractional Brownian motion (f.B.m.) is the centered Gaussian process B = (B}t €
[0, 1]) with covariance function

1
K(s,) =5 (27 4821 — |s —1H) |

where H € (0,1) is its Hurst exponent and 7 = ; corresponds to the standard Brow-
nian motion. The f.B.m. is the only H-self similar Gaussian process with stationary
increments.

Unlike the standard Brownian motion, the f.B.m. is neither a semimartingale nor
a Markov process for any value of H # 1. For H > 1 its increments are positively
correlated and have long range dependence

Z EBlH(Bf - Brﬁl) = 0.
n=1

that makes the f.B.m. useful in a variety of applications, see e.g. [46].
In particular, the diversity of properties makes the fBm useful in modeling (see

36



1.1. Introduction

e.g. [4]), various aspects of the related theory and applications can be found in [16],
[6], [37], [45], [52].

Despite the fact that the f.B.m. has been extensively studied since its introduction
in [35], its eigenstructure remained elusive for quite a while, see [36]. The exact first
order asymptotics of the eigenvalues was obtained only a decade and a half ago in [7,8]
(see also [33], [40]) and this result remained state of the art until recently, when a more
detailed asymptotic picture was revealed in [12]:

Theorem 1.1.

1. For H € (0,1) the eigenvalues are given by the formula

Ao =sin(rH)L(2H + 1)y, 221 p=1,2, ... (1.4)

n

where the sequence v, satisfies

1 _

2. The corresponding unit norm eigenfunctions admit the approximation

Son('r> = \/58111 (an’ + 7T77H)_
V2H +1 oo _muu—ﬂH
— / po(u)| e ——=
T 0 V140G
where the residual r,,(x) is bounded by a constant, depending only on H, and py(u) is
an explicit function (see (1.84) below) and the constants

1.6
+ (—1)"6_(1_”0)”"“ )du +n "t (2), (1.6)

H—3H-1 nH-1
= 2 2 and (y=t ( 2).
e o] SR 7 e

3. The eigenfunctions satisfy

on(1) = (=1)"V2H + 1(1 + O(n_l)) and /01 on(x)de = —1/21[1—%; vt (1.7)

Formulas (1.4)-(1.5) furnish asymptotic approximation of the eigenvalues, accurate
up to the second order with an estimate for residual. Asymptotics (1.6) reveals that
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the eigenfunctions comprise of the oscillatory term, similar to that in (1.3), and the
boundary layer, whose contribution persists only near the endpoints of the interval.
The boundary layer vanishes in the standard Brownian case H = 1. Expressions (1.7)
give the exact asymptotics for two particular linear functionals of the eigenfunctions,
which turn out to be useful in applications discussed in [12]. It is possible to derive
explicit formulas for other functionals of interest, either directly, using approximation
(1.6), or through intermediate steps of the proof.

Theorem 1.1 is proved in [12] by a technique, based on analytic properties of the
Laplace transform. It reduces the eigenproblem to a certain integro-algebraic system
of equations, which turns out to be more amenable to asymptotic analysis. It would be
natural to expect that, just as in the standard Brownian case, the same method applies
to processes, which derive from the f.B.m by means of linear transformations. While
ultimately this is indeed the case, such extension is far from being straightforward and
its implementation faces a whole new level of complexity.

In this chapter we consider the following processes, related to the fractional Brow-
nian motion:

 the Ornstein-Uhlenbeck type process, generated by linear stochastic equation
driven by fractional noise;

* the integrated fractional Brownian motion;

* the mixture of fractional Brownian motion with an independent standard Brownian
motion.

1.1.3 Frequently used notations

For numerical sequences a,, and b,,, we write a,, « b, if a,, = Cb,, with a constant C' £ 0
and a,, ~ b, and a, ~ b, if a, x b,(1 + o(1)) and a, = b,(1 + o(1)) respectively as
n — oo. Similarly, f(z) «x g(z) stands for the equality f(z) = Cg(x) with a constant
C # 0, efc.

Our main reference for tools from complex analysis is the text [18], where the par-
ticular form of the Riemann boundary value problem used below is detailed in §43.
Another reference on the subject is the classic book [38]. Unless stated otherwise,
standard principle branches of the multivalued complex functions will be used. We will
frequently work with functions, sectionally holomorphic on the complex plane cut along
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the real line. For such a function ¥, we denote by U*(¢) and ¥~ (¢) the limits of ¥(z) as
z approaches the point ¢ on the real line from above and below respectively:

UE(t) := lim U(z).

z—tt
We will frequently use the Sokhotski—Plemelj formula, which asserts that the Cauchy-
type integral
dr

O(z) := L * 9(7)

2w Jo T — 2
of Hoélder continuous function ¢ on R., possibly with integrable singularities at the
origin and infinity, defines a function, analytic on the cut plane C \ R, whose limits
across the real axis satisfy

1 oo ¢(7) 1
05 _ -
OF(t) = il T—szi 2gb(t), t € Ry,

where the dash integral stands for the Cauchy principle value. In particular, ®(z) is a
solution of the Riemann boundary value problem ®*(¢) — ®~(¢) = ¢(t), t € R+, which
vanishes at infinity. This fact is the main building block in all boundary problems to be
encountered in this paper.

1.2 Main results

1.2.1 Fractional Ornstein-Uhlenbeck process

In stochastic analysis the Ornstein—Uhlenbeck process X = (X,,t € [0,1]) can be
derived from the standard Brownian motion B = (B;, t € [0, 1]) as the solution of the
Langevin equation

t
X, :X0+5/ X.ds + By, (1.8)
0

where 3 € R is the drift parameter and X, ~ N(0,0?) is the initial condition, inde-
pendent of B. A non-trivial initial condition introduces a rank one perturbation to the
covariance operator, which is inessential for our purposes (see [43]), and hereafter we
will set X, = 0 for simplicity. In this case, the covariance function of X is given by the
formula
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tAs
K(s,t) = / A=) eBls=7) qr.
0

Eigenproblem (1.1) with this kernel reduces to a boundary value problem similar to
(1.2), whose explicit solution yields

A= ——— and ¢,(t) x vV2siny,t, (1.9)

where v, = mn — /2 + O(n™!) is the increasing sequence of positive roots of equation

v/B = tanw.

In the fractional setting, the Ornstein—Uhlenbeck process can be defined in a num-
ber of nonequivalent ways [11], and here we consider solution of the Langevin equation
(1.8), driven by the f.B.m. The covariance function is given in this case by the formula
(see, e.g., [46]):

"t d s
Kps(s,t) = /0 eﬁ(t_”)%/o Hlv — u)*Lsign(v — u)e’ " dudv. (1.10)

Note that this kernel satisfies the scaling property
Ks(sT,tT) = T*" Kgr(s,t), s,t€[0,1] T >0 (1.11)

and therefore asymptotic approximation of solutions to the eigenproblem on an arbi-
trary interval [0, 7] can be obtained from that on the unit interval. For H > 1 integration
and derivative in (1.10) are interchangeable and it simplifies to

t s
Ks(s,t) = /0 /0 A= eB=0) F (2 — 1)|u — w2 2dudo. (1.12)

The fractional Ornstein—Uhlenbeck process of this type inherits long-range depen-
dence property from the f.B.m., see [11].

The following result generalizes (1.9) beyond the standard Brownian case H = 1:

Theorem 1.2. Forany H € (0, 1) the eigenvalues of covariance operator (1.10) satisfy
V1_2H

W’ n:1,2,... (113)

An = sin(rH)T(2H + 1)
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where v,, is the sequence with asymptotics (1.5). The unit norm eigenfunctions ,,
admit approximation (1.6) and satisfy (1.7).

This result exhibits a curious dependence separation of the spectral asymptotics
on its parameters. The drift parameter 5 enters eigenvalues formula (1.13) only in the
dominator, while all of its other ingredients depend solely on the Hurst parameter H.
This includes v,,, which turns out to be the same as for the f.B.m., at least up to the
second asymptotic term. Moreover, the eigenfunctions do not depend on 5 in the first
approximation.

1.2.2 Integrated fractional Brownian motion

The first integral of the Brownian motion X; = fg B.ds is the centered process with
covariance function

K(s,t) = /Os /Ot(u/\v)dudv.

For covariance operator with this kernel, eigenproblem (1.1) also reduces to a sim-
ple differential equation, whose explicit solution yields

Ap=—, n=12 .
with v, = mn—m/2+0(e~™), being the increasing sequence of positive roots of equation
cosvcoshr +1=0.

The corresponding normalized eigenfunctions satisfy

cos v, + cosh v,

on(t) o (sinh v,t — sin unt) — (cosh v,t — cos Vnt),

sin v, + sinh v,
where proportionality symbol « stands for equality up to a multiplicative factor asymp-
totic to 1, which normalizes ¢,, to unit L?(0, 1) norm.

The eigenstructure of integrated processes was comprehensively studied in [19],
[39]. However none of the approaches suggested so far applies to the integrated f.B.m.
X, := [y BHds. Covariance function of this process

t s
K(s,t) = ./0 /0 : (qu + 02 — |y — u|2H> dudv, (1.14)
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satisfies the scaling property
K(sT,tT) = T*" 2K (s,t), s,t€0,1], T >0,

and hence no generality is lost if eigenproblem (1.1) is considered on the unit interval.
The following result details the corresponding asymptotic spectral structure:
Theorem 1.3.

1. The eigenvalues of covariance operator with kernel (1.14) satisfy

A = sin(rH)D(2H + 1), 2773 n=1,2, ... (1.15)

n

where

Vn:7T<n—;>+1_2H7T+ T+ 0(Mn™), n-— oo (1.16)

H—
4 H +

N[N [

2. The corresponding unit norm eigenfunctions admit the approximation

on(x) = o) (2) + P () + ol (@) + 0 'ra ()

where residual r,,(x) is bounded uniformly in bothn € N and = € [0, 1] and

a. the oscillatory term is given by

2H +1 H >
m — =5 7T |,
8 H + '

e (x) = v/2cos (Vnm +

NI

b. the polynomial boundary layer term is given by
V2H +3 [ i . s
90%2)@) = —?/0 po(t) (Qo(t)e it (Z1)Qy (t)e ™ (1 )) dt,

where function p,(t) and polynomials Q) (t) and Q1 (t) are given by explicit expres-
sions (1.132)-(1.133) for H < 5 and (1.181)-(1.182) for H > %,

c. the exponential boundary layer term vanishes for H < 3 and otherwise is given
by
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©®(x) = Che™"® cos (sunx + %0) + Cre~ (179 cog (syn(l —z)+ %1)

where amplitudes C, and C; and phases s, and s, are explicit constants and

H-1L T H —
— 2>0 and s:=sin—
SQH—}—% S Sln2H+

1
2

Cc:=Co 7 >0
2

3. The eigenfunctions satisfy

pn(1) = (-1)"V2H +3(1+0(n "))

and

/01 on(z)dz = v, 'V2H + 3CH(1 + O(n_l))

with explicit constant Cy,;, given by (1.134) for H < 1 and (1.183) for H > 1.

As for the f.B.m the eigenfunctions in this case also comprise of the oscillatory and
boundary layer terms. The effect of the boundary layer is asymptotically negligible in
the interior of the interval, and it pushes the eigenfunctions to zero at x = 0 and to
+v/2H + 3 at = = 1. However, unlike before, it exhibits multiscale behavior: for H > 1,
the two components ¢(?) (x) and ¢ (x) vanish at different, polynomial and exponential,
rates respectively as n — oc.

1.2.3 Mixed fractional Brownian motion

The mixed fractional Brownian motion is the process

B, =B, + B tel0,T] (1.17)

where B = (B;) is a Brownian motion and B = (B[?) is an independent fractional
Brownian motion. The covariance function of B is given by

1
K(s,t) :s/\t—|—2<32H+t2H— |t—s|2H>, s,t € [0,1]. (1.18)
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Theorem 1.4. 1. The ordered sequence of eigenvalues of covariance operator of the
mixed fBm (1.17) is given by

1 N sin(mH)T'(2H + 1)

Ap = " ey , n=12,.. (1.19)
where
1 1(H—3)?
Uy = (n— 2>7r— 2(H+ 1) Ty +O(n_‘2H_1‘), n — oo (1.20)

2. The corresponding unit norm eigenfunctions admit the approximation

on(z) = ﬁsin(ynx)l{H%} +v/2sin (Vnﬂi + 7T77H> 1{H<%}_
(1.21)

2H +1 oo 4 "
T et o Y 5
T Jo J1+ 2, T

where the residual r,,(x) is bounded by a constant, depending only on H, and py(u) is
an explicit function and the constants

Remark 2.

(a) Eigenvalue formulas (1.19)-(1.20) for the mixed process separate contributions
of the standard and fractional components. In particular, it follows that the first or-
der asymptotics of the eigenvalues coincides with that of the Brownian component
for H > 1 and of the fractional Brownian component for H < 1.

(b) The proof of Theorem 1.4 suggests that the order of the residual in (1.20) is sharp,
being strictly slower than in (1.5).

(c) Eigenfunctions formula (1.21) also separates contributions of the standard and frac-
tional components. More precisely, the main terms of the asymptotics of the eigenfunc-
tions coincides with those of the Brownian motion for H > 1 and of the fractional
Brownian motion for H < 1.
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1.3 Proofs

1.3.1 Preliminaries

The proofs follow the framework, set up in [12], which, in turn, is inspired by approach
in [54]. The implementation of this program depends heavily on specificities of the
kernel. Complexity of the problem is largely determined by the structural function A(z),
see (1.23) below, and particularly by the number of its zeros and scalability with respect
to \.

The processes considered in this chapter differ in both aspects from the simpler
situation studied in [12] and pose entirely new challenges, which is the main focus of
these results on the technical side.

Let us now briefly describe the main ideas behind the proofs. The basic object is
the Laplace transform

P(z) = /; o(z)e *dx, =z e€C, (1.22)

where ¢(z) is a solution to (1.1). Using underlying fractional structure of the kernels
under consideration, it is possible to derive an expression for ¢(z), which contains
singularities. A typical expression has the form (see e.g. (1.27) and (1.88) below):

(I)()(Z) + 672@1(—2)
A(z)

p(2) = P(2) = Q(2) (1.23)
where P(z) and (=) are polynomials of a finite degree, ®,(z) and ®,(z) are certain
functions and A(z) is given by an explicit formula, such as e.g. (1.28).

Function A(z) usually has a finite number of zeros z;(\), ..., zx(A\) and a discontinu-
ity along the real line and ®(z) and ®,(z) are sectionally holomorphic on the complex
plane, cut along the real axis. Since the Laplace transform is a priori an entire function,
all singularities must be removable. Therefore the enumerator in (1.23) must compen-
sate the discontinuity and the zeros of A(z), thus imposing on ®((z) and ®,(z) two
structural conditions:

, teR (1.24)
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and

(I)o (ZJ(/\)) + €_Zj()\)(1)1< - ZJ<)\)) = 07 ] = ]., ceey k. (1 25)

Using various symmetries of the problem, it is possible to rewrite (1.24) as a more
explicit boundary condition for the limits of ®,(z) and ®,(z) across the positive real
semiaxis (see e.g. (1.56) below). Since the eigenfunction is recovered by computing
inverse Laplace transform of (1.23), the original eigenproblem reduces to finding sec-
tionally holomorphic functions ®,(z) and ®,(z) satisfying the following conditions:

i. limits ®F(¢) = lim,_,.+ ®o(z) and @5 (t) = lim,_,+ ®,(2) comply with (1.24)

ii. the behaviour ®y(z) and ®,(z) at infinity matches the a priori growth estimates,
determined by polynomials P(z) and Q(z)

iii. the values of ®y(z) and ®,(z) satisfy the constraints imposed by (1.25)

Finding sectionally holomorphic functions subject to conditions such as (i)-(ii) is
known in complex analysis as the Riemann boundary value problem. Remarkably, in
our case, its unique solution can be expressed in terms of certain integral equations
on the real semiaxis (see, e.g., (1.69) below). Along with (iii) this furnishes an integro-
algberaic system of equations, which gives an equivalent characterisation for the eigen-
values and eigenfunctions: any solution of this system corresponds to a solution of the
eigenproblem and vice versa. Despite its seeming complexity, this system turns out
to be more amenable to asymptotic analysis, which is where the approximations of
Theorems 1.2, 1.3 and 1.4 ultimately come from.

On the technical level, the case of the fractional Ornstein—Uhlenbeck process turns
out to be less involved than the integrated f.B.m. and the mixed f.B.m. Hence we start
with the proof of Theorem 1.2 in the next subsection.

1.3.2 Proof for fractional Ornstein—-Uhlenbeck process
The case [ > ;

It will be convenient to define o :=2 — 2H € (0, 1), so that (1.12) reads
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t s
Ks(s,t) = PP ey — |~ dudv
7 0 Jo

where ¢, = (1 — §)(1 — a). The eigenproblem (1.1) takes the form

1 T
/0 (/0 /Oy P BU=e |y — v|_advdu> o(y)dy = Xp(x), x€[0,1]. (1.26)

The Laplace transform. The starting point of the proof is an expression for the
Laplace transform, derived on the basis of (1.26):

Lemma 1.1. Let (), p) be a solution of (1.26), then the Laplace transform (1.22) satis-
fies

8:) = (=) = 2 (B0(2) +e i (-2)). (1.27
where o), 2 w o
Az) = =222 - )+/0 St (1.28)

and functions ®,(z) and ®,(z) are sectionally holomorphic on the cut plane C \ R.

Proof. Taking derivative of both sides of (1.26) we get

/01 (/Oy e‘ﬂvca|x — v|_adv> eﬁygo(y)dy + BAp(x) = Mg/ (x), x€]0,1]. (1.29)

Integrating by parts, the first term can be rewritten as

-1 y 1
L ([ e cale = vl dv) ety = [ calo = g1 00y,

where we defined

Y(z) = e P? /; o (r)dr. (1.30)

By definition ¢ (x) satisfies

V() + By (x) = —p(), (1.31)
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and therefore (1.29) is equivalent to the generalized eigenproblem:

/01 Calt =y~ (y)dy = /\<52w(x) - w”(x)>, 2 €0,1]

(1.32)
(1) =0, ¢'(0) + B1(0) =0
Plugging the identity
o L o0 a—1_—tlz—y|
|z —y| ™ = o) /0 t* e dt, «ae€(0,1), (1.33)
into (1.32) gives
[ et i = T () - @), (1.34
0 Cq
where we defined
u(z,t) ::/0 W(y)e 1o vldy. (1.35)
On the other hand, integrating twice by parts gives
7 ! —zz o —z -z 0 _
) = [ ¥ @e e = v (D = (0 +aue - w0+ =

= ' (1)e™* + (B — 2)¥(0) + 2%(2),

where the last equality holds due to the boundary conditions in (1.32). Taking the
Laplace transform of (1.34) and plugging (1.36) we get

C(a)A

Ca

[T e e = =S (82 = ) - (e - (B-2)0(0). (137)

A different expression for u(z,t) can be obtained, using definition (1.35) and taking
two derivatives

u'(z,t) = tPu(z, t) — 20(), (1.38)
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subject to the boundary conditions

'(0,t) = tu(0, ¢

w(0,8) = tu(0,1) (1.39)
u'(1,t) = —tu(1,t).

Integrating twice by parts gives

1
(2t u(z, t) e de = u'(1,t)e™ —u/(0,t) + 20 (2, 1) =
@z t) = [ () (1)~ —a/(0,0) + 20z, 1) (1.40)

= (z —t)e *u(L,t) — (= + )u(0,1) + (2, 1),

where we used (1.39). Taking the Laplace transform of (1.38) and plugging (1.40) we
get

25, (1.41)

u(z,t) =

Now combining (1.37) and (1.41) and rearranging we obtain

0,t) — 1,t)e ™" —
S0 = —u(l,f)e™ — 53

_ (@0(2) + e_Z<I>1(—z)>

(), S
q)o(Z) = — +
F(a)A Oo/to‘ o (142)
By (2) = ——Hp) +/0 (1, b)dt

t— 2z

Since ¥ (1) = 0, we have

o~

V(2) = =(0) + 23 (2)
and, on the other hand, by (1.31)

V(2) + B(z) = —3(2).

Combining these two expressions gives

B(2) = ¥(0) = (= + B)d(2)

and, in turn, the expression claimed in (1.27).
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O

The following lemma details the structure of A(z) and summarizes some of its prop-
erties, to be used later in the proofs:

Lemma 1.2.

a) A(z) admits the expression

5T are(z) € (0,
A(z) = F(a))‘(ZQ _32) 4 20! 7T7T € - g(z) € (0,7) (1.43)
Ca COS5& ez ™ arg(z) € (—m,0)
and has two zeros at +z, = +iv with v > 0 satisfying the equation
Ao Lo T VT (1.44)
- T(a)cosZa B2+ '
b) The limits A*(t) = lim,_;+ A(z) across the real line are given by
()N o etz t>0
aE(e) = O gy et T { o
Co COS 5 | oF7 ™ t<0
and satisfy the symmetries
AT (t) = A (1) (1.45)
AT(E) _ AT(=)
= 1.46
A AT (1:40)
AT(H)] = AT (=) (1.47)
c¢) The argument 0(t) := arg{A*(t)} € (—n, x| is an odd function
O(t) = arct sin 52 £>0 (1.48)
= arctan RNy — .
7@/{1(555{2) (t/v)'=o + cos 1527

continuous on (0, 00) with 0(0+) := 5%7 > 0 and 0(co) := limy_, 0(t) = 0. For all v
large enough, the scaled function 0(u; v) := 6(uv) satisfies the bound

0(u;v) — Oo(u)| < g(u)(B/v)* (1.49)
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where g(u) does not depend on v, is continuous on [0, ), g(u) ~ u'~* asu — 0 and
g(u) ~u*=3 asu — oo and

in 1=a
Oo(u) := lim O(ur) = arctan e T (1.50)

=00 ud=* + cos Smr

For any fixed g € R,

1 foo 1 foo l—amnw
bo(B,v) = ;/0 O(u; v)du i Oo(u)du = tan(3 - ag) =: b, (1.51)
and with a constant C'
[ba(B,v) — ba| < C(B/1)?, (1.52)
Proof.
a) Standard contour integration gives the identity
SR e € (0,
/ 1 ol T e el e 0m) (1.53)
0o t*—=z 2cos Jau | o~ 150w arg(2) € (—m,0)

and in turn the expression in (1.43).
To find the roots of A(z) in the upper half plane, let z = ve™ with v > 0 and w € (0, 7)
so that the equation A(z) = 0 becomes

K(V2€2iw . 62) + Vaflei(wfg)(afl) — 0,

I'(a) A cos

where we set k := el for brevity. This implies
s

Ca

kV?sin 2w + v* sin(w — 3)(a — 1) = 0.

For both w € (0,%) and w € (3,7), the sines are either positive or negative simulta-
neously and hence the equality cannot hold. Therefore the only root in the upper half
plane is iv with v solving the equation (1.44). By definition (1.28), all zeros of A(z) must

be conjugates and the only other root in the lower half plane is —iv.

b) All the claims are checked by direct calculations.
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c) The function f(u) := (u* — (3/v)*)u'~®, u € R, vanishes at v = 0 and u = 3/v

e

and has a unique min, f(u) = —(8/v)* ;2 (12) * . Therefore for a fixed 3 and
all v large enough the denominator in (1.48) is bounded away from zero uniformly in w.
The rest of the claims readily follows by direct inspection (the value of 3, is computed
in [12]).

]

Removal of singularities. Since the Laplace transform is a priori an entire function,
both poles and the discontinuity on the real line in (1.27) must be removable. Therefore
the functions ®y(z) and ®,(z) must satisfy

Do(£20) + €7 P1(Fz0) =0 (1.54)
and
. 1 —z T —z
Zlgg A7) (e Dy(—2) + @0(2)) = Zlgg G (e Qi (—2) + @0(2)).
The latter condition gives
Aj(t) (@50 + e 'ei(-0)) = A_1<t(q>0 0+ @(=0), >0
- *‘1<t> (@0@) et (—t)) _ A_lt)(%(t) + etcpf(—t)), <0

(1.55)

Further, since A*(t) and A~ (t) are complex conjugates, A*(t)/A~(t) = ¢**®) and

AT(t)
A=(#)

—1=2¢" 1 =2ie”Dsinf(t).
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Therefore (1.55) takes the form

O (t) — DD (1) = 2ie eV sin O(t) Dy (—t)

Oy 2000 G (1) ot i0(t) o B t>0. (1.56)
Oy (t) —e O (t) = 2ie eV sin () Po(—t)

By definition (1.35) both tu(0,¢) and tu(1,t) are bounded and hence the functions
in (1.42) satisfy the following a priori estimates:

Pi(2) ~ 2%t and  Py(z) ~ 27! asz—0 (1.57)

and

Po(2) = 2¢2(B —2) +O(z71)

as z — oo (1.58)
®y(2) =2c1 +O(z7")
where we defined
1 T(a)A  1T(a)A
o= =5 () and e = —5= (o), (1.59)

An equivalent formulation of the eigenproblem. The Laplace transform of any ¢,
which satisfies (1.26), is given by the formula (1.27), in which sectionally holomor-
phic functions ®,(z) and ®,(z) have the growth rates (1.58) and (1.57) and satisfy the
boundary conditions (1.56) and the constraint (1.54). In this subsection we will estab-
lish one-to-one correspondence between such functions and square integrable solu-
tions of a certain system of integral equations. This is done by the solution technique
of the Riemann boundary value problems.

Let us start with the homogeneous Riemann problem of finding a function X (z),
sectionally holomorphic on the cut plane C\ R, and satisfying the boudnary condition

X*H(t)—eOX~(t) =0, teRs. (1.60)

All such functions can be found by the Sokhotski—Plemelj formula

;. t—z

X(2) = 2" X (2) = 2" exp (1 /Ooo (1) dt) ., z€C\Ryy, (1.61)
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where £ is an arbitrary integer to be fixed later. Canonical part X.(z) satisfies

X (2) =1—2""wbo(B,v) + O(27%) as z — oo, (1.62)

where b, (5, v) is defined in (1.51), and

Xe(2) ~ 2T asz— 0. (1.63)
Now define
Do) + Pi(2)
S(z) = T oxXG) 4
D(z) = Tax()

Combining (1.56) and (1.60) shows that these function satisfy the boundary condi-
tions

t >0, (1.65)

where

X(—t)
X*(t)

As in [12] (see eq. (5.37)) this function satisfies the formula

h(t) == e?® sin O(t) (1.66)

t+s

h(t) = exp (—i /Ooo 0'(s) log ‘t

— S

ds) sin 6(t) (1.67)
and therefore is real valued, Holder continuous on R, with

11—«

.

h(0) := sin #(0+) = sin

Applying the Sokhotski—Plemelj formula to (1.65), we obtain the following represen-
tation

S(z) = 1 / > ht(t_)e;S(—t)dt + Py(2)

e (1.68)
D(z) = —1/0 MO Byt + Po(2)

t— 2z
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where Ps(z) and Pp(z) are polynomials to be chosen to match the a priori growth of
S(z)and D(z) as z — oo. Note that (1.68) requires that S(—t) and D(—t) are integrable
near the origin. In view of the a priori estimates (1.57) and (1.63), the choice of £ in
(1.61) is limited by condition & < . In fact, in what follows we will also need S(—t) and
D(—t) to be square integrabile, which implies further restriction £ < §. A convenient
choice is k = 0, which we will fix hereafter, that is, set X (z) := X (2).

Since for any numbers a, b and ¢

az+b+0(z7")
l—cz ' +0(22)

the a priori estimates (1.58) and (1.62) imply

a(z+c)+b+0(z7') asz— oo

S(z) = o =2+ B—vba(B,v)) +c1 + O(z7")
D(2) = e = 2+ B = vba(B,v)) = e1 + O(z™")

This determines the choice of the polynomials in (1.68)

Ps(z) :=ca(—z+ B — vbo(5,v)) + 1
Pp(z) := co(—2 + B —vba(B,v)) — 1,

where constants ¢; and ¢, are defined in (1.59). If we now set z := —t with ¢ > 0 in
(1.68), the integral equations for S(—t) and D(—t) are obtained:

st-=— [ hiSJ)f:S( $)ds+ et + 8 — vba(B.1)) + 1

7/ SH (—s)ds + ca(t+ B — vba(B,1)) — 1

Consider now the integral equations

hﬁsy Vs i .
S / (s + ¥, e {01} (1.69)

where hg(u;v) := h(uv), u > 0. Below we will argue that, for all sufficiently large v, these
equations have unique solutions, such that p3 (t) — 1 and pi () — ¢ belong to L?(0, cc).
Let us extend the domain of p?:(z) to the cut plane by replacing ¢ with z € C\ R in the
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right hand side of (1.69).
Since S(—t) and D(—t) are a priori square integrable near the origin, by linearity

S(zv) = coupf (—2) + <02 (5 — vba (B, 1/)) + cl)par(—z)

D(zv) = eawp (=2) + (B = vha(8,1)) = 1 )i (—2)

Consequently, if we let

by definition (1.64)

Dy(2v) = covX(2v) (b+(—z) + (6/1/ — ba (B, 1/)>a+(—z)) +aX(zv)a_(—2) (1,70
B (2v) = cow X (2v) (b_(—z) + (8/v = ba(5. V))a_(—z)) FeX(ag(—z)
Setting Xs(z;v) := X (zr) and plugging (1.54), we therefore obtain

cvé+cn =20 (1.71)

where

€= e Xy (i) (by (1) + (8/v = balB,0))as (1)) +

e VX g(~i;v) (b (i) + (B/v — bal(B, v>)a<z’>) (1.72)
n = e"?Xg(i;v)a_(—i) + e 2 X5(—i; v)a (i)
Since ¢; and ¢, are real, nontrivial solutions to (1.71) are possible if and only if
Im{¢7} =0, (1.73)
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in which case ¢; = —cov€ /. Plugging this into (1.70) we get

@(2)/cav = X(2)(bs(=2/v) + (B/v = balB,0))as (~2/v)) = 2X (2)a-(~2/v)

(1.74)
B (2)feov = X(2) (b(—z/u) + (B/v = ba(B. V))a(—z/y)) _

X(z)ay(=z/v)

I | 33 |

To recap, we arrive at the following equivalent formulation of eigenproblem (1.26):

Lemma 1.3. Let (pt,pf,v) with v > 0 be a solution of the system, which consists of
the integral equations (1.69) and the algebraic equation (1.73). Let © be defined by
the Laplace transform, given by the formula (1.27), where ®(z) and ®,(z) are given
by (1.74) and let \ be defined by (1.44). Then the pair (), p) solves the eigenproblem
(1.26). Conversely, any solution (X, ) of (1.26) defines a solution to the above integro-
algebraic system.

The following lemma determines the precise asymptotics of X;(i;v) as v — oo,
used in the calculations to follow:

Lemma 1.4.

33—«
2

1—
“ +0™?), v— oo

arg {Xﬂ(i;V)} = T+ 0 ?) and ‘Xg(i;y)) =

Proof. The claimed constants are the argument and the absolute value of (see (1.50))

V—00 ; u—1

oo f)
Xo(i) := lim Xg(i;v) = exp <1 / U(u)du> :
0
computed in Lemma 5.5 [12]. The estimates of the residuals follow from (1.49). O

Properties of the integro-algebraic system. Solvability of the system, introduced
in Lemma 1.3 relies on the contracting properties of the operator

% hg(s;v)e V?

s+t J(s)ds

Ane == [

™

where hg(u;v) := h(uv) (see (1.67)):

u+v
u—v

hs(u;v) = exp (—1 /Oo 0 (v;v)log

™ Jo

dv) in (u; v). (1.75)
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Lemma 1.5. The operator A is a contraction on L?*(0, ) for all v large enough. More
precisely, for any oy € (0,1] there exists an ¢ > 0 and a constant v/ > 0, such that
Al <1—c¢forallv>v and all « € [ap, 1].

Proof. A direct calculation shows that for all v large enough and all « € [ag, 1], the
exponent in (1.75) is bounded by a continuous function f(«), which does not depend
neither on a nor on v and converges to 1 as u — 0 and u — oo. Consequently

hg(u,v) < f(u)sin6(u; v) < [ floc

Further, since 6,(0+) = 5%, the estimate (1.49) implies that on a neighbourhood
of the origin we have
. 1 1. 1—-—ao
sin f(u; v) < 5 + 5 sin—
for all sufficiently large v. Since f(0) = 1, this also guarantees that f5(u, ) < 1 —2¢ on
some neighbourhood of the origin, for all large v. But then, since sup,- || 2s]/occ < || f]|o>
a constant v/ can be chosen so that hg(u,v)e™™ < 1 —cforallu > 0andall v > v/
The claim now follows by the same calculation as in Lemma 5.6 in [12].

T=11-—3¢

]

The following estimates are the key to asymptotic analysis of the integro-algebraic
system:

Lemma 1.6. For any oy € (0, 1] there exist constants v’ and C, such that for all v > v/
and all o € [, 1]

‘a,(ii)‘ <Cov, ’a+(j:z') — 2‘ <Cv!

b-(£0)| < Cv?, by (i) F 2i) < Cv 2

and for all T > 0

’a—(T)‘ < vt ’a+(7) - 2‘ <Cvir!

‘b—(ﬂ’ <Cv?ir ‘b+(7) F 27" < Cv 27!
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Proof. As shown in the proof of the previous lemma, hs(u; v) is bounded by a constant,
which depends only on «y, for all sufficiently large ». With this estimate, the bounds are
obtained as in Lemma 5.7 in [12].

0

Inversion of the Laplace transform. The following lemma derives an expression for
the eigenfunctions in terms of solutions to the integro-algebraic system of equations
introduced in Lemma 1.3:

Lemma 1.7. Let (9, ¢4, v) satisfy the integro-algebraic system from Lemma 1.3. Then
the corresponding eigenfunction p, given by the Laplace transform (1.27), satisfies

5, COS QQQRe{ei”ICI>O(iV) 12— i(B/v) : }+ (1.76)
m (o

Bl [ SO (i ) = (= )

p(z) = —v

where ~5(u; v) is defined in (1.80) below. Moreover,

s
o COS S

/01 P p(x)dr = —1P - 2¢9 (1 + (5/V)2)
4_,,C0S SO 13

o(1)=—v 772 2021/; (1 + (ﬁ/y)Q)

(1.77)

Proof. Since ¢(z) is an entire function, the inversion of the Laplace transform (1.27)
can be carried out by integration on the imaginary axis:

=k [ (Lo 222
P = o mee Jar A(z) A(z)
1 iR

— " lim (fo(z)+f1(z)>dz

271 R—oo J_iR

Dy(z) + e Py (—2) — z/1(0)> erdz =

(1.78)

where we defined

Dy (2)
A(2)

folz) = ((z 5)
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Computing the contour integral, we get

[ (1) + fole))dz = 27ri(ReS(f0a 20) + Res(fo—20) )+

_m/om(fm)—fl O)dt+ [ (£ (<0 = fi (=)t

Using the symmetries (1.45) and (1.47) and the definition of 6(¢), we have

(1.79)

2isin O(t)

v(t)

2i sin 6(t)
v(t)

SE) = fi (1) = —e DNt + B) Dy (1)
o (=t) = fo (—t) = —e (=t + B)Po(—t)

where ~(t) = |A*(t)|, and hence

p(r) = — Res (f(h Zo) — Res (fo, —Zo>+
t

°°sm€() o L
ey i (T B2t — (- B)2o(-1)) .

The residues can be readily computed:

iy

o(iv) : costa 5 . 1—i(f/v)
Res ( fo, 20) = " (iv + B) = "0 (iv) —2—1>
( ) '(iv) T W —a+1
oS gay?)fa L+i(5/v)
—a+1

g =

Res (fo, —ZQ) = e " (—iv + fB) o(~iv) = e Py (—iv)

'(—iv) T

=

2
(B/v)*+1

and therefore

3_ aCOS Ta

Res (fo, zo) + Res (fo, —zo) = 2u

L—i(B/v) }

Re{em@( V) —s — o1

g B/v)2+1

Plugging this back we get (1.76), where

1-a COS 5 Oé’

u® — (B/v)?
(B/v)?+1

va(uv) =v AT (uv ’ = oyt (1.80)
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Equations (1.77) are obtained in view of (1.59), (1.44) and (1.71).
O

Asymptotic analysis. Lemma 1.3 reduces the eigenproblem (1.26) to integro—algebraic
system of equations. The following lemma derives exact asymptotics for the algebraic
part of its solution:

Lemma 1.8. The integro-algebraic system of Lemma 1.3 has countably many solu-
tions, which can be enumerated so that

1 11— 11—
Vn:w<n+2> - 4a7r+ 3_Zg+n_1rn(a), n — 0o (1.81)

where the residual r,(«) is bounded, uniformly inn € N and o € [ao, 1] for any o €
(0,1].

Proof. The arguments parallel those of Lemma 5.9 in [12]. Plugging the estimates from
Lemma 1.6 and Lemma 1.4 and the estimate (1.52) into the definition (1.72), we can
write

fn:43_20(\/1+b§exp{i<y+ 1;a7r—7r+arg{i+ba})} (1+R(l/)),

where R(v) is a function satisfying the bound |R(v)| < C,v~! with a constant C}, de-
pending only on «y. Hence the equation (1.73) reads

11—« Im{R(v}

v [T Re{R()}

7r—7r+arg{i+ba}—7m—|—arctan =0, nez (1.82)

This enumerates all possible solutions of the integro-algebraic system from Lemma
1.3. Obviously, v is positive for all n greater than some integer. Note that at this point it
is not yet clear whether there is a solution for any such n.

Existence of the unique solution can be argued for all n large enough as follows.
Recall that by Lemma 1.5 the integral operator in the right hand side of equations
(1.69) is contracting in L»(0,1) for all v large enough. A direct calculation also shows
that |R'(v)| < Cyor~! with a constant C,. Hence for any sufficiently large n, the system
consisting of the integral equations (1.69) and the algebraic equation (1.82), has the
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unique solution, given by the fixed point iterations. The asymptotics (1.81) now follows
from (1.82), since arg{i + b,} = § — arcsin

bo _ l-am

/1+b3 5_37Q§.

]

The corresponding asymptotic approximation of the eigenfunctions is obtained us-
ing Lemma 1.7:

Lemma 1.9. Under the enumeration, introduced by Lemma 1.8, the eigenfunctions
admit the approximation:

1- 1-—
on(x) = V2 cos (an + “ z - W)

. )+
8 2 3-a2 (1.83)
— —b '
e
- Jite

where the residual r,,(z) is uniformly bounded in bothn € N and z € [0, 1] and

sin 6
polur) = in O(U)X

o) o(—u). (1.84)
Moreover,

1 3—«
_(_1\n — -1 Bz o -1
©n(1) xx —(—=1)"v/3 a(l—i—O(n )) and /Oe on(z)dr 1—|—b§y” (1.85)
and

1 3—a _
/Ogon(x)dxoc— 1+62V”1' (1.86)

Proof. Let vy(u) := ’u + uo2e e

, then by (1.80)

s (s v) = wyo(u)| < 2(8/v)*(w* +1).

Along with (1.49), formula (1.76) gives:
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2
33—«

1 o sind
+7/ S O(U) (e*(lfx)uunq)l(_uyn) — efu'j”xq)()(—UVn)) du + nilrn@j)
mJo  o(u)

on(z) ox — Re{ei”"$®0(iun)}+

where the residual r,(x) is bounded in both n € N and = € [0,1]. Now plugging the
estimates from Lemma 1.6 and Lemma 1.4 and (1.52) into the expressions (1.74) and
normalizing to the unit Z?(0, 1) norm, as in (5.52) in [12], gives (1.83). Formulas (1.77)
give (1.85) after the same normalizing.

Asymptotics (1.86) is obtained by integrating (1.76): a direct calculation shows that

1
/ on(x)de = C’V,jl(l + O(ugl)) n — 0o,
0

where C'v,! coincides with the integral of the expression in (1.83) without the residual.
Since this expression does not depend on (3, the constant factor C' must coincide with
that obtained for 5 = 0. In other words, the sequence of integrals |, ¢, (x)dz for the
fractional Ornstein—Uhlenbeck process and the f.B.m. has the exactly same leading
order asymptotics. The exact constant in (1.86) can therefore be taken from (5.53)
in [12].

]

Enumeration alignment. The enumeration introduced in Lemma 1.8 may not coin-
cide with the natural enumeration, which puts the eigenvalues into decreasing order.
Note that when the expression (1.81) is plugged into (1.44) the emerging sequence of
A.’S in our enumeration is strictly decreasing; hence starting from some index it can
differ from the natural enumeration only by a finite shift. To identify this shift we can use
the calibration procedure, based on continuity of the spectrum with respect to « and the
known asymptotics (1.9) for the standard Ornstein—Uhlenbeck process, corresponding
to a = 1. Consequently, the formulas (1.81) and (1.83)-(1.85) should be shifted by one:
replacing n with n — 1 and « with 2 — 2H the expressions claimed in Theorem 1.2 are
obtained.
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The case 4 <

In this case the covariance function has the form (1.10) and the eigenproblem reads:

1 T d
/ (/ ePle—w) — /y PO i — o] sign(u — v)dvdu) o(y)dy = Ap(x),
0o \Jo du Jo

where C, := 1 — 5. Taking the derivative of both sides gives

L(d
/ ( /y ") Cylw — v|' " sign(x — v)dv> e(y)dy + Brp(z) = A'(2).
o \dzx Jo

This can be rewritten as

d (1 d 1 y
_ Br —pv P B Ee i o _ /
dx/o dy (/y ¢ gp(r)dr) </0 e Calr — v sign(z v)dv) dy + BAp(z) = Ap'(2),
and integrating by parts we get

d 1
dr /0 Calz — y'™sign(z — y)¥(y)dy + Brp(x) = A (2),

where ¢ (z) is defined as in (1.30). Plugging in the identity (1.31) we obtain the gener-
alized eigenproblem (cf. (1.32)):

CZS /01 Colz — y|'*sign(z — y)v(y)dy = )\<52¢($) _ ﬁ)”(@), v e[0.1]
¥(1) =0, ¥(0) + B¢(0) = 0

From here on, the proof proceeds as in the case H > 1.

1.3.3 Proof for integrated fractional Brownian motion

For the integrated f.B.m. with covariance function (1.14), eigenproblem (1.1) reads

/01 (/Oy /0 K(u,v)dudv) o(y)dy = Mp(z) = €0,1], (1.87)
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where K (u,v) := 5 (u* "+ 0> — [v —u|**) and a := 2 — 2H € (0,2).

The case 4 < ;

The Laplace transform. Our starting point is again a suitable expression for the
Laplace transform:

Lemma 1.10. Let (), ¢) be a solution of (1.87), then the Laplace transform of p satis-
fies

e ®i(—2) + Po(z) (1.88)

~ d
() = 2(0) +2-0(2)|_, e

dz

©

where functions ®,(z) and ®,(z) are sectionally holomorphic on the cut plane C \ R+
and

 M(a—1) , o a2
Proof. Taking derivative of (1.87) and changing the order of integration we get
1 1
[ Ky [ etwdudy = '),z efo.1). (1.90)

1 1
Define ¢(z) = / / ¢(u)dudy, then integration by parts gives
Yy

xT

/o1 K(z.y) /y1 pu)dudy = = /01 K (z,y)¢' (y)dy =

_ /01 (1= 5) @' +sign (z — )|z — y|'" )¢ (y)dy.

Since p(z) = ¢"(z) equation (1.90) reads

(1=5) [ (5 +sien (@ — )l — o))y = W), w € [0.1],

65



Chapter 1 — Exact spectral asymptotics for fractional processes

and, taking another derivative we arrive at the generalized eigenproblem

d 1
2 /0 sign (x — )|z — y['"“d(y)dy = WO (2), x€0,1]

(=0, ¢'(1)=0, ¢"(0)=0, ¢ (0)=0.

(1.91)

<=

Using the identity (1.33), with a replaced by o« — 1 € (0, 1), the expression in the left
hand side can be rewritten in the form:

d 1
| sien (@ = y)la =yl v (y)dy =

If we now define

(1) = [ sign (@ — ) (y)dy

- (1.92)
() = /0 192z, t)dt
equation (1.91) becomes
up(z) = Arl(_ )¢<4>( ), x€[0,1]. (1.93)

Taking the Laplace transform and plugging the boundary conditions from (1.91) w
get

(=) = Arl(oi_al) /0 L@ (2)dy =
’ (1.94)
)\Fl(_>( fzw ( )-l—Ze*Zl/JH(l) —ZQw/(O) _ Zgw(()) +Z412<Z)).

Another expression for uj(z) can be obtained, using definitions (1.92) directly. Tak-
ing two derivatives of the expression for u(z, t) gives the equation

u”(z,t) = 29/ (z) + t?u(x, ) (1.95)
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with the boundary conditions
u'(0,8) = tu(0,t) + 2¢(0)
u'(1,t) = —tu(1,1).

Integrating by parts twice and plugging these conditions yields

1
' (z,t) = / u'(z,t)e *dr = u'(1,t)e™ —u/(0,t) + zu(1,t)e * — 2u(0,t) + 2%U(z,t) =
0

= (z=t)u(l,t)e™* = (2 + t)u(0,) — 20(0) + 2%(z, ).

Combining this with the Laplace transform of (1.95) gives

u(z,t) = o th(z) g tu(l,t)e_z + po—

Multiplying by =2 and integrating we obtain

u(0,1).

oo P

22—t2

00 toe—? 00 toz—2 N
fo(2) = /0 (0, t)dt — ¢~ / u(L, t)dt + 20(2) /O dt,

z — 0o z+t

and, since 1 (z) = uo(1)e " — uo(0) + 21y (2),

0o Qta—Q

22—t2

dt.

oo fa—1 oo fo—1 N
ae) = [ (0, 8)dt + e g ! u(l dt +220(:) [

z—1 o 2+t

Combining this with (1.94) and rearranging we get

5(e) = R,

where A(z) is given in (1.89) and

by 1= 20O D yrer - AT Dy gy (¥ I
2

- oo - %WW A=

(1.96)
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The expression (1.88) follows since @(z) = 4" (z) = —¢'(0) — ¢(0)z 4 2%(2).

The next lemma details the structure of A(z):

Lemma 1.11.

a) Function A(z) admits the expression

(@), T { arg(2) € (0,7)

A(Z) - ‘ - T l1—a -
Cal | cos Fa e- 2z ™ arg(z) € (—m,0)

where c, = (1 — §)(1 — «). It has two zeros at +z, = tvi withv € R, given by

_ AI'(a) | cos 5a

|Cal T

a—>5

b) The limits of A(z) across the real axis are given by

Eﬂ .
M« _ T ez ™ t>0
A:I:(t) — LtQ e= |t’o¢ 37ﬂ_ o
|Cal | cos Gaf | o~ 15w t<0

and satisfy symmetries (1.45)-(1.47).

c) The argument 6(t) := arg{A*(t)} € (—m,n] is an odd function 6(—t) = —6(t)

O e
—sin %7
f(t) = arctan 2 , t>0
(t) (t/v)o—o — cos 5or

decreasing continuously from 6(0+) := 357 to 0 ast — oco. Function fy(u) :

satisfies

1 [ 1
by = — t0,(t)dt = —
! 7 Jo 0(> 2
1 1 sin (3 E=2)
by 1= — 20, () dt = - @
? m Jo olt) 3 sin 2T

(1.97)

(1.98)

O(uv)

(1.99)
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and consequently

= — = — 24 0(z*"), z—00, z€C\Ry. (1.100)

S —Zz z z

™

1/00 0(s) s vby Vb VDhy
0

Proof. The proof is similar to that of Lemma 1.2: identity (1.53) with « replaced by o —2
gives expression (1.97) and, in turn, the formulas in b) and c). By a change of variables
the integrals in (1.99) reduce to

k+1
5—« k+1

‘cos s /oo §5-a J
5ds
m(k+1) Jo l—i—(cotg’T“W—i—s)

1 ey B
;/0 u®Oo(u)du =

and the formulas claimed in (1.99) are obtained by appropriate contour integration.
Asymptotics (1.100) holds by virtue of the elementary formula

1 1 s s 1

s —z z 22 23 Bs—2z

since 0(t) ~ t*° as t — oo and

/oo *0(t)dt = ! /oo WHo(u)du, k=0,1,2.
0 0

Removal of singularities. As for the fractional Ornstein-Uhlenbeck process, removal
of singularities in (1.88) imposes the boundary condition

() — X'Dd; (1) = 2ie e sin O(t) Dy (—1)

. A t > 0.
O (1) — XD (1) = 2ie 1D sin O(1) Do (—1)
and
@0(:':20) + G:oncbl(:FZ()) =0. (1 101)
It follows from (1.96) that
Po(2) = 2koz? + 2ks2® + O(2* 2
o(z) = 2k, ’ =) as z — oo, (1.102)

(I)1<Z) = 2ko + 2k12 + O(Zaiz)
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where we defined the constants

ko= 221y, gy = 1A g
2 eal 2 leal (1.103)
_ 1AD(e) _ 1AI(@) '
b= =5 T V0 k=57 T 0)

Integrating (1.93) we get 2k = ug(1) — u(0) and hence (1.96) reads

oo +—2

(D()(Z) = Uo(O) + 2]@’222 + 2k323 + Z/ tiu(O, t)dt
0 — Z
0o F—2
®1(2) = —uo(0) + 212 — z/ (1, Dt
0 — Z

Consequently,

Po(2) = up(0) + O(z* ') and @,(z) = —ue(0) + O(z* ') asz— 0. (1.104)

An equivalent formulation of the eigenproblem. The suitable solution of the ho-
mogeneous Riemann boundary value problem

X*H(t)—e2OX~(t) =0, teRs.

in this case has the form

1 oo O(t

X(z) = 2X.(2) = zexp (/ ()dt> , z€C\Rso. (1.105)
mJo t—=z

Factor z in front of the exponential is fixed here to guarantee that functions

Do(z) + D1(2)
2X(z)

Do(z) — P4 (2)

S(z) = 2X ()

and D(z) := (1.106)

are square integrable at the origin, when restricted to the negative real semiaxis. This
is indeed the case in view of a priori estimates (1.104) and asymptotics (1.107) of X (z)
at the origin, derived along with other useful properties in the following lemma:

70



1.3. Proofs

Lemma 1.12. Function X (z) defined in (1.105) satisfies
X(z)w,zc%1 asz—0 (1.107)

and

V2 3
z

- (ébg—b0b1+b2)” as:— oo, (1.108)

22

1
X(2) >~z —wvby + (21)3 — bl>
where b; , are the constants defined in (1.99). Moreover, X,(z) := X.(vz) satisfies

55—«

Y and |Xo(i)| = 5

arg { Xo(i) } = i (1.109)

Proof. The growth estimate (1.107) holds since

mJo t—=z

Xc(2) = exp (1 /OO e(t)dt> ~ 27000/ a5 2 0

and 6(0+) = 25%7 (see Lemma 1.11 (c)). The asymptotics at infinity is obtained from
(1.100) and the Taylor expansion of exponential. Formulas (1.109) follow from the iden-
tities

6o (0+)

4
and | X.(iv)|2 = Cal 1y, ZAG)

Al (@) #=20 22 — 22

arg{ Xc(iv)} =

proved in Lemma 5.5 [12].
N

Due to a priori estimates (1.102) and (1.108), functions S(z) and D(z) satisfy equations
(c.f. (1.68))

S(z) =1 /OOO MO o it + Po(2)

t— 2

D(z) = —71T /0°° ht(tjeztp(—t)dt + Pp(2)

with A (t) defined as in (1.66) and polynomials, whose degrees do not exceed 2

Ps(z) =g+ 1Lz + 12> and  Pp(z) = mg + miz + myz>.
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By definition (1.106) and estimate (1.102)

ﬂ@X@f:;@ﬂd+®ﬂ@>:%+hz+bf+@f+dn,z—Mn (1.110)

On the other hand, (1.68) implies

Aﬂ@X@):(pﬂ@+kyr%+dfﬂ>X@% 2 = o0, (1.111)
where we defined

ooht —t
ks o= lim = [ U0e
oo Jo  t—2

S(—t)dt. (1.112)

Plugging expansion (1.108) into (1.111) and matching the powers with (1.110), we
obtain the relations

ly = ks
ly = ko + vksb
P (1.113)
l() = kl + kagbo + 1/2]<?3C71
k’S = ko + l/klbo + I/2k20'1 -+ V3k302,
where we defined
1 2 1 3
o1 = §b0+b1 and 09 = 6b0+b0b1+bg.
Analogous calculations for D(z) X (z) give
mo = k?g
my = ko + vksb
P (1.114)
moy = —l{il + k?gl/b[) + 1/2]{330'1
kD = —k’() — k’lybo + ]{?21/20'1 + ]{33V30'2,
with the constant
< h(t)e !
kp = — lim e pe_pyar. (1.115)
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Consider now the integral equations

1 00 h ez )
p; (1) :i;/o O(jftp;t(s)dsﬂﬂ, t>0, j€{0,1,2}, (1.116)

where hy(s) := h(sv) with h(s) being defined as in (1.66). As in Lemma 1.5 the operator
in the right hand side is contracting on L*(0, cc) for all v large enough. Consequently
these equations have unique solutions, such that functions p; () —t’ belong to L*(0, co).
Since S(—t) and D(—t) are a priori square integrable at the origin, by linearity

S(zv) = lopg (—=2) — livp! (=2) + lov*ps (—2) = (1.117)

= (kl + vkaboy + VQle)PSF(—Z) - <V/<?2 + V2/f3bo)P1+(—Z) + 1V2ksps (—2)

and

D(zv) = mopy (—2) — muvpy (=2) + mav’py (—2) =

(1.118)
_ ( ey + vkabo + zﬂkgal)pa(—z) - (vkz + v2k3bo)pf(—z> + vkspy (—2)

where we substituted (1.113)-(1.114) and extended the domain of pj[(z) to the cut plane
by replacing ¢ with z € C\ R in (1.116).
Combining the definitions of S(z) and D(z) with (1.117) and (1.118) we get

Oo(v2)/ X (v2) = k1&1(—2) + Vkoba(—2) + 1P ksés(—2)

(1.119)
®1(v2)/ X (v2) = ki (—2) + vhana(—2) + v2kans(—2)
where a;(z) := p] (z) — p; () and
§1(2) = aq (2) m(z) = ag ()
&(2) := boag (2) — af (2) ne(z) := boag (2) — ay (2) (1.120)
&(2) = o1ag (2) — boay (2) + a3 (2) ms(2) == onag (2) — boay (2) + a3 (2)
Now plugging these expressions into (1.101) we obtain
kit + vkays + v2ksys =0 (1.121)
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with

v = n;(i) +e?¢(—i) and ¢, = v+ 2arg{ X (iv)}. (1.122)

Since k;’s are real and ~,’s have nontrivial imaginary parts, (1.121) furnishes two
equations with real coefficients. An additional third equation can be obtained as follows.
By definitions (1.112) and (1.115), we have

ks = —vlocso + v2licsy — lav’cg s (1.123)
kp = —vmgcpo + l/zmch,l — u?’mch,Q
where
.z [ hg(t)e ™ 1 foo .
csj = —Zlgglo; ; ﬁpj(t)dt = ;/0 ho(t)e™ "' p} (t)dt
.z [ hg(t)e "t _ 1 feo ot

Plugging (1.123) into the equations (1.113) and (1.114) we obtain

ko + vk (bo + CS,O) + %k, (Ul + bocso — CS,1) + k3 <<72 +o1c50 — bocs,1 + CS,2) =0
ko + vk, (bo + CD,O) + VQ]CQ( — o1 —bocpo + CD,1> + Vskfg( — 0y —01¢cpp + bocp,1 — CD,Q) =0

which upon subtraction yield

ky (Cs,o - CD,O) + vky (201 + bo(csp + cpo) — (cs1 + CD,1))+

2 (1.124)
+v7ks (202 + 01(cs0 + ¢cpo) —bolcs1 +cpa) + (cs2 + CD,2)> =0

Thus (1.121) and (1.124) form a system of three linear equations for k;, vk,, v%ks,
whose coefficients are real valued and are functions of v. Letting M (v) be the matrix
of coefficients, this system admits a nontrivial solution if and only if v satisfies the
algebraic equation

det{M(v)} = 0. (1.125)

In summary, we arrive at the following equivalent formulation of the eigenproblem:
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Lemma 1.13. Let (p=,pi, ps,v) with v > 0 be a solution of the system, which consists
of the integral equations (1.116) and the algebraic equations (1.125). Let v be defined
by the Laplace transform, given by the formula (1.88), where ®y(z) and ®,(z) are given
by (1.119) and let \ be defined by (1.98). Then the pair (\, ) solves the eigenproblem
(1.87). Conversely, any solution (A, ¢) of (1.87) defines a solution to the above integro-
algebraic system.

Properties of the integro-algebraic system. As mentioned above, equations (1.116)
have unique solutions, such that p; (¢) — t/ belong to L?(0, c0). Asymptotic analysis of
the integro-algebraic system of Lemma 1.13 is based on the following estimates:

Lemma 1.14. For any oy € (1,2) there exist constants v’ and C, such that for allv > v/,
a € [1, o) the following estimates hold:

0|z curoe
‘pj[(T) — 7']’ <Oy Uthr=1 +>0.

lcs,j| V |epy| < Cym Gt

Inversion of the Laplace transform. The eigenfunctions are recovered from the so-
lution of the integro-algebraic system by inversion of the Laplace transform:

Lemma 1.15. Let (9, Py, v) satisfy the integro-algebraic system introduced in Lemma
1.13, then the pair (\, p) with )\ defined by the formula (1.98) and the function

o 1 |Ca|
1 |cof 1/0051n90 t)
v AL(a) m

. 1
—Re { " Po(iv)~ | +
)5 { 0 Z} (1.126)
( —1=2) g (—tw) + e_tW”CIDO(—tl/)) dt

11—«
where o (u) = ’u2 —u*Be ™

(1.87) with a € (1,2).
Proof. As in the proof of Lemma 1.7 eigenfunction ¢ (z) satisfies (1.78), this time with

2) = ez(z—l)q)l(_z) 2) = €z$< ’ . @0(2))
fi(z) AG) and  fo(2) : P'(0) 4+ (0)z + AG) )

Equation (1.79) holds with
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n S -z 2isin O(t)
S = fi(t) = —e " )431(—75)W
() f) = et (— 2isin 0(t)

and ~(t) = |A*(t)|. The residues are computed, using the explicit expression for A(z)
from Lemma 1.11 (a):

lea] 1 1
A (o) vi5 —a
leal 11
M'(a) —vi5 —«

Res (fo, ZO) = eV P (iv)

Res (fo, —zo) = e TPy (—iv)

and hence
2 1 ’Ca‘ wT . 1
Res (f(b zo> + Res (fo, —zo) = F & )\F(a)Re {e (IDO(W)Z,} )
Assembling all parts together we obtain formula (1.126). N

Asymptotic analysis. The following lemma determines asymptotics of the algebraic
part of solutions to the system from Lemma 1.13:

Lemma 1.16. The integro-algebraic system, introduced in Lemma 1.13, has countably
many solutions, which can be enumerated so that

3 —
% + arctan Ay +1p(a)n™

vp=m(n—1)— asn — oo (1.127)

where

56 — by

Ay =
T Th2 4 byby — b8

(1.128)

and the residual r,,(«) is bounded uniformly inn and a € [1, o] for any oy € (1,2).

Proof. Definition (1.120) and the estimates from Lemma 1.14 imply
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§i(i) ~0 (i) ~= 2
&3(i) > 092 — bp2i — 2 n3(i) ~ 0

where ~ stands for equality up to O(v~!) residual, uniform with respect to a € [1, ay].
Hence v,’s from (1.122) satisfy

"M =2
Yo = 2e (by + 1)
Y3 2 2€¢Vi(0'1 -1+ boZ)

where ¢, is defined in (1.122) and, in view of (1.124) and (1.121) the matrix in (1.125)
satisfies

1 bocos¢p, —sing, (o7 —1)cos@, — bysin ¢,
M(v)~2|0 cos¢,+bysing, bycosep, + (01 —1)sing, (1.129)

0 01 g2

Consequently

det{M(v)} ~ (cos ¢, + bg sin qb,,)ag — (bo cos ¢, + (o1 — 1) sin ¢u)01-

Hence the root of (1.125) satisfies

tan¢ -~ 09 — b00'1 . —%bg +b2 o
v (0'1 - 1)0’1 —b(]O'Q - Tlgbg—'—b% — %bg — b1 — bgbo n
158 — by

1+ 20+ boby — S0¢

=: A,.

A direct calculation shows that the residual in this equality is differentiable with respect
to v and its derivative is less than 1 in magnitude for all v large enough. Hence for
all sufficiently large integer n the integro-algebraic system has the unique solution,
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obtained through fixed-point iterations, and its algebraic part v, satisfies

vy, = mn — 2arg{iXo(i)} + arctan A, +r,n"' n — 00

where r, is a sequence, uniformly bounded in n and a € [1, o). Asymptotics (1.127)
now follows from (1.109). O]

The following lemma derives asymptotic approximation for the eigenfunctions:

Lemma 1.17. Under the enumeration, introduced by Lemma 1.16, the eigenfunctions
admit the approximation:

33—«

©n(x) = V2 cos (an’ + m — arctan Aa> — (1.130)

VO I ) (Qut)e ™+ (<17 Qa0 di 4t (1.181)

where the residual r,,(x) is uniformly bounded in bothn € N and = € [0, 1] and

po(t) = Si:f&gt)texp <71r /OOO iofi ds) (1.132)
and
Q:1(t) =1
Moreover,

pn(1) = —(-1)"V5—a(1+0mn™)
/01 on(z)dr = v, '/5 —a Ba 7 (1 + O(n_l)).

/A3+102—6001

Proof. The asymptotic structure of matrix M (v) in (1.129) implies the following relations
between the coefficients ki, kov, and kzv?:

(1.134)

ky ~ — (bg oS ¢, — sin qbl,n)k:gun — ((0'1 — 1) cos ¢, — by sin gzﬁ,,) ksv?

kovy, >~ ——ksv;,
g1

(1.135)
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Plugging these expressions and the estimates from Lemma 1.14 into (1.119) gives

Bo(iv) 2X(iun)<(bo + Dkavn + (01 — 1+ boz')kgug) — v Xo(ivn)Chsr?  (1.136)

where we used the equality X (iv,) = iv, X.(iv,) and defined

g o
(;: —b072—|—0'1 —1+Z(b0— 2).
o1 01

The argument and the absolute value of this constant are given by

2
1 o9 — byo
arelc) = —arctan s, and (= (1) 2200
o 1

Similarly we have

02

Bo(—vnt) = —QVntXc(—tun)( (bo — 1) + (01 — bot + t2)>k3yg

01

(1.137)
Oy (—vpt) =~ =20, t X (—tvy )k

where the residuals are bounded uniformly with respect to ¢ by Lemma 1.14. Combining
the equations in (1.135) and using the definition of A, we also have

ky ~ <<b0 Ccos ¢, — sin qb,,n)Z? — ((01 — 1) cos ¢, — by sin ¢V)>k3yr% -

! ((bo ~A) 2~ ((01 - 1) - bUAa)>/<3yg = —(=1)"|¢|ksp2.

:——1’”’7
(=1) Y] o

Expression (1.130) is now obtained by plugging (1.136)-(1.137) and (1.109) into (1.126)
and normalizing by the factor

lcal €]
Al(a) b —a’

Cy = —202k;

Asymptotic formulas (1.134) follow by normalizing expressions (1.103) by the same
factor. O
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Enumeration alignment. The enumeration, introduced in Lemma 1.16, may differ
from the natural enumeration, which puts all the eigenvalues into increasing order, only
by a constant shift. This shift can be identified by the calibration procedure, based on
continuity of the spectrum. Since for the integrated Brownian motion, corresponding to
a = 1, the sequence v, is asymptotic to 7(n — 1), the asymptotics in (1.127) should
be shifted by © and the formulas in (2) and (3) of Theorem 1.3 are obtained by the
corresponding adjustment of the expressions from Lemma 1.17.

The case [ >

The Laplace transform. For o € (0, 1), corresponding to H € (3, 1), the proof is done
completely differently, since as we will see below, structural function A(z) in this case
has more roots than before.

Lemma 1.18. Let (\, ) be a solution of (1.87), then the Laplace transform of ¢ satis-

fies

d e *Pi(—z) + Pp(2)

P(2) =0(0) +2-0(2)] _ — AC2) (1.138)
where functions ®,(z) and ®,(z) are sectionally holomorphic on the cut plane C \ R+
and AT (o) 1 2t

M) 5 1 e 2t°
M) = = 22/0 St (1.139)

Proof. As in the case H < 1, the function ¢ (z) = [} [, ¢(u)dudy, satisfies (1.91).

Setting ¢, = (1 —95)(1 —«) and interchanging derivative and integration we arrive at the

following generalized eigenproblem:

o [ o= sl 0y = 2O@), € [0,1]
¥(1) =0, ¥'(1)=0, ¥(0)=0, ¥*(0)=0.

(1.140)

Define

-1 goel
u(z,t) :/ e vl (y)dy  and () :/ t u(w, t)dt,
0 0
then, plugging the identity (1.33) into (1.140) we get

Ca

[(a)

uo(z) = pW(x), x€l0,1]
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and therefore, in view of the boundary conditions in (1.140),

e =) »
_ )\F(O&) <€_Z¢(3)(1) i 26_21/1”(1) . Z2¢,<O) _ Z3¢(O) + 24{5(2))

Ca

An additional relation between y(z) and ¢(z) is obtained as in the proof Lemma 1.1
(c.f. (1.41)):

0o fa—1

z+t

oo fa—1

To(2) = /0 (0, )dt — e /0

z —

~ oo 2t
u(Lt)dt —G(z) | .

Combining this with (1.141) and rearranging we obtain the expression

j(e) =~ R

where A(z) is defined in (1.139) and

00 toe—l

Bo(e) = — 2L yr(0)z2 - Ay 4

_ /\F(Of)w({i)(l) o /\F(a)d}”(l)z‘i‘/o

Ca Ca

= Zu(O,t)dt
o sl (1.142)
u(1,t)dt.

Dy(2) :

Formula (1.138) follows since

0
Next lemma details the structure of A(z):
Lemma 1.19.
a) A(z) admits the expression
e e (0,
A =L@ e T e e al) € (0m) (1.143)
Ca cosa ez ™ arg(z) € (—m,0)

and has six zeros
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[NIE]
o
|
Q

. mloay
+z0 = tiv, +z, =dwve25' +z2 = 4ve

where v is given by

Vo5 = 08 3% (1.144)

b) The limits of A(z) across the real line are given by

1Fa __;
A e 2 ™ t>0
AE(t) = ﬂ#; [ =" (1.145)
Ca Cos 5 e—%m t<0

and satisfy the symmetries (1.45)-(1.47).

¢) The argument 0(t) := arg{A*(t)} € (—m,n] is an odd function 0(t) = —0(—t),

—sin %W >0
(t/v)5— — cos 527’

0(t) = arctan

increasing continuously from 6(0+) = —'t%r to 0 as t — oo. The rescaled function
0o(u) := 0(uv) satisfies

1 sin ((k‘Fl)H?aS—La) EL=0.1.2 (1.146)
1 sin ((k+ 1):%) - |

1 00
bio i= ;/0 uF 0y (u)du = 7

and the following asymptotics holds:

= TF - TF A0, zoo, 2€C\Rs,

1/00 0(s) s vby  v?b; 13Dy
mlo s—z

Proof.

a) Formula (1.143) follows from definition (1.139) and identity (1.53). Note that conju-
gate of any zero of A(z) is also a zero, hence it is enough to locate zeros only in the
upper half plane. To this end let z = ve™ with v > 0 and w € (0,7), then equating
(1.143) to zero gives

Al cosZ 1—
(Oé) 2aV5—a _ exp ( «Q
Co, T

i+ (o — 5)wi> :
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Obviously, any solution must satisfy (1.144) and

11—«

7+ (o —5)w =27k forsome k€ Z.

The only values of &, for which

El—oz—llk

w:2 5—a«

€ (0,m),

are 0, —1 and —2, corresponding to three zeros in the upper half plane:

Tl—a, . T 9—a
zy =ve2dsa' zy=vi, z_ =rpe2sa’,
The zeros in the lower half plane are the conjugates
20 = —Z0, Z = —Z, Lo = Tz

b) All the formulas are obtained from (1.143) by direct calculations.

c) The expression for (¢) follows from (1.145). The integrals in (1.146) reduce to

(Cos(ﬁoz))g—iclx §55a

Loy _ 2 >
}/o wolu)du = =0 /0 1+ (cot(Z(1 + @) + 5)?

by a change of variable and the claimed formulas are obtained by appropriate contour

integration.

]

Removal of singularities. Since the Laplace transform is an entire function, removal

of poles in (1.138) gives

(I)()(ﬂ:ZQ) + G:FZOCI)l(:FZ()) =0
CDQ(:I:Z+) + e:':z+q)1(:|:z+) = 0
Do(tz )+ e Py (F2-) =0

(1.147)

and removal of discontinuity on the real line yields the boundary conditions, c.f. (1.56):

O (t) — DD (1) = 2ie eV sin O(t) Dy (—t)
O (t) — 2D (1) = 2ie e sin O(t) Do (—t)

t>0.
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Since tu(0,¢) and tu(1,t) are bounded functions, it follows from (1.142) that

Do(2) = 2ks2” + 2kez” + O(271)

as z — oo (1.148)
(1)1(2) = 2]€3 + 2/{?42 + O(Z_l)
where we defined
Al Al ”
b= 2Dy, gy = Ay
o o (1.149)
A(a) , Al ()
ks fiﬁ (0), ke = Kﬂ)(o)
Also we have
Po(z) ~ 2>t and @y(2) ~2*! asz— 0. (1.150)

An equivalent formulation of the eigenproblem. The appropriate solution of the
homogeneous Riemann boundary value problem

XH(t)—e2OX~(t) =0, teRsy,

in this case is given by the Sokhotski—Plemelj formula

1 1 1 o 0(t)
X(2) = S Xol2) =  exp (W/O t_zdt>, 2 € C\ Ry (1.151)
Factor 1/z in front of the exponential is chosen to guarantee square integrability of the
functions

Po(2) + P1(2)
2X(2)
Dy(z) — Py1(2)
2X(z)

S(z) =
(1.152)

D(z) :=
at the origin, in view of estimates (1.150) and (1.153) below:

Lemma 1.20. The function defined in (1.151) satisfies

X(2) ~2T asz—0 (1.153)
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and
1 v 1, vl v 5 1154
;wazz—%%+(fwwgﬁ—($wmwﬁwg%+0@ ), 200, (1.154)
Moreover, Xy(z) := X.(vz) satisfies
. 1+ . 5—«a 1
arg { Xo(i)} = — m and [ Xo(i)| =/~ RREETE (1.155)
Proof. Estimate (1.153) is valid, since X.(z) ~ 290"/ with §(0+) = —L27 (see

Lemma 1.19 (c)). The asymptotics at infinity is obtained by (1.146) and the Taylor

expansion of exponential. The formulas in (1.155) follow from the identities
1A
0o(0+) Ca 1 2*A(2)

and | Xo(i)]” = AT (@) =20 (22 — 22) (22 — 22) (22 — 22)’

arg{Xo(i)} =

Being integrable at the origin, functions S(z) and D(z) satisfy, c.f. (1.68):

S(z) = 71T /0 = RO St + py(2)

t—=z
D(z) = _717 /OOO ht(tzeztD(—t)dt + Pp(z)

where polynomials are chosen to match a priori growth of S(z) and D(z) at infinity,
determined by (1.148) and (1.154):

Po(2) = ky + L1z + 1927 + 132° + 142*

Pp(z) = ky + miz + moz® + ma2® + myz?

Here k; and k. are arbitrary and the rest of the constants are related to the previ-
ously introduced quantities through matching the powers in (1.152):

ly = kg ma = kg

I3 = ks + bovkg ms = ks + bovkg

ly = ky + bovks + V2o kg my = —ky + bovks + V201 kg

Iy = ks + bovky + V201 ks + VP 00ks my = —ks — bovky + V2o ks + V2 0ooke
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where we defined

1 1
o1 = ibg+b1 and 09 = 6b3+b0b1+b2

Consider now the integral equations

ho!
f/ ho($)e™ i+, t>0, je{0,1,2,3 4}, (1.156)

where hq(s) := h(sv) with h(s) being defined as in (1.66). As in Lemma 1.5, the integral
operator in the right hand side is a contraction on L?(0, c0). Consequently equations
(1.156) have unique solutions, such that functions pf(t) — t/ belong to L*(0, 00). Since
S(—t) and D(—t) are square integrable at the origin, by linearity we have

S(zv) = kipg (—2) — ksvpf (—2)+
+/f4l/2< bopy (—2) + p3 (— ))+
(1.157)
+k5v3( — oupi (—=2) + bopy (—2) — p;»,*(—Z))Jr
%W%—@m +mm()—%ﬁPd+Mhd>
and
D(zv) = kapy (—2) + ksvpy (—2)+
+kav?  bopy (— (—2)>+
(1.158)

(-
(

+%W(—mm ) +bopy (=) = 1y (=) )+
(

+kgv* (| — oapy (—2) + o1py (—2) — bops (—2) + pZ(—Z)>

where the domain of p7 () is extended to the cut plane by replacing ¢ with z € C\ R
n (1.156).

Now plugging (1.157) and (1.158) into definition (1.152) and letting ajc(z) = p;’(z) +
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p;j (2) we obtain

‘fg((jy”)) — Ra61(—2) + (%) + kvs(—2) + karEa(—2) + ks (—2) + kv les(—2)
(1.159)
q))(l((j;)) = ki (=2) + kana(—=2) + kavms(—2) + kav*na(—2) + ksvns(—2) + k6V4776<_Z>
(1.160)
where
&(2) = py(2)
a(2) == po(2)
§3(2) = —a; (2) (1.161)
€a(2) :== —boay (2) + a5 (2)
&5(2) = —o1ai (2) + boay (2) — a3 (2)
&6(2) == —o9af (2) + 0103 (2) — boai (2) + af (2)
and
m(z) = py(2)
n2(2) == —pg (2)
n3(2) = —a (2) (1.162)
na(z) = —boai (2) + ay (2)
n5(2) == —o1ay (2) + boay (2) — a3 (2)
n6(2) == —09ay (2) + 0105 (2) — boaz (2) + ay (2).

In terms of the objects, introduced above, conditions (1.147) take the form of the
system of linear equations

k1via + kayia + kavyis + kav® i + kst yis + keviyie = 0
kiva1 + koyao + ksvyas + k’4’/2”¥2,4 + k5V3’YQ,5 + k6V4’72,6 =0 (1.163)
Fivsq + koyso + ksvys s + /f41/273,4 + k5V3’Y3,5 + k6V4’Y:3,6 =0
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where we defined

X
1= G0+ e )
- o X(—vetl)
Yoy = E(—e”) F e Wﬁy(@“) (1.164)
| e X(—ved)
Yaj = mi(—e” ") + e X((ulejfwﬁi))fj(@ )

1 —
and¢:g5 «

(0%
equations with real coefficients. Let M (v) denote the matrix of these coefficients:

. Since ki, ks, ..., k¢ and v are real, the system (1.163) comprise of six

My ;(v) =Re{n;}, Ma;(v)=Im{y ;}
Ms;(v) = Re{ya;}, My;(v) =Im{y;} (1.165)
M;;(v) =Re{ys;}, Me;(v) =Im{vs;}

Non-trivial solutions are possible if and only if
det{M ()} = 0. (1.166)

and thus we arrive at the following equivalent formulation for the eigenproblem:

Lemma 1.21. Let (pg, ..., p7,v) with v > 0 be a solution of the system, which consists
of the integral equations (1.156) and the algebraic equations (1.166). Let v be defined
by the Laplace transform, given by the formula (1.138), where ®y(z) and ®,(z) are
given by (1.159)-(1.160) and let \ be defined by (1.144). Then the pair (), ¢) solves
eigenproblem (1.87). Conversely, any solution (X, p) of (1.87) defines a solution to the
above integro-algebraic system.

Properties of the integro-algebraic system. As mentioned above, equations (1.156)
have unique solutions, such that p; () —t belong to L?(0, o). The following lemma de-
rives several estimates useful in asymptotic analysis of the integro-algebraic system of
Lemma 1.21:

Lemma 1.22. For any o € (0,1) there exist constants v' and C, such that for allv > 1/
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and « € |ap, 1]
‘pj[(z/y) — (z/u)j’ <Cr UtY 0<j<4, ze{tz +z,+z} (1.167)

and for all - > 0
pE(r) — 7| < Cv Il << (1.168)

Proof. The proof is analogous to Lemma 5.7 in [12]. O
Inversion of the Laplace transform. The eigenfunctions are recovered by inverting
the Laplace transform (1.138):

Lemma 1.23. Let (9, Py, v) satisfy the integro-algebraic system introduced in Lemma

1.21, then the function

(@) = poa
s CvA(a)5 —a

Re{em@o(w)i}Jr (1.169a)

1 co 1 posinfo(u) /oy -
v p TP (— WPy (—uv)) d 1.1
AT (a) W/o (1) C H(—uv) + e Rg(—up) ) dut (1.169b)
1 ¢y 2 _yebig N — i Cpebi(l—g Y
+;)\F(Oz) HRG{@ ¢ CI)O(—V6¢ )e P e *i(1 )(I>1(—7/6¢ )6 é } (1 1690)
i 3 loay Tl —« .
with yo(u) := [u? — u*~*"2*"| and ¢ = 35— Solves eigenproblem (1.87).

Proof. With the singularities being removed, the expression (1.138) is an entire func-
tion and therefore the inversion can be carried out on the imaginary axis:

o) = =5r [ (#1004 000+ P 4 EHEE g

2w J-iRr

= [T (@) + R

271 J—ico

where

fl(Z) = ez(x—l)q)/lx((;;) ) fO(Z) ::ezx <¢/(0) +¢(O)Z+ @0(2)) .
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Im(z)

Figure 1.1 — Integration contour, used for the Laplace transform in-
version: the outer circular arcs are of radius R and the half circles
around the poles have radius §

Integrating f1(z) and fy(z) over the contours on Figure 1.1 in the right and left half-
planes respectively gives

/L+ F(2)dz + /c; Fi(z)dz + /E+ Fi(2)dz = —2mi Res(f1, 22

5,R

/_ f1(z)dz+/27 f1(2)d2+/cg f1(z)dz = —2mi Res(f1, —2_)

6,R

and

/LIR fo(2)dz + /+CR fo(z)dz +/ fo(2)dz = 2mi Res(fo, z0) + 2mi Res(fo, 2—)

D>

/LE,R fo(z)dz + /,2 fo(2)dz + /CR fo(2)dz = 2mi Res( fo, —20) + 2mi Res( fo, —24)

Taking 6 — 0 and R — oo and applying Jordan’s lemma we get

/ioo fi(z)dz — /Oo fi(t)dt = —27mi Res(fy, 24)
0 0

0 00
/ A(2)dz + /0 Fr(t)dt = —2mi Res(fr, —2.)

—100
and
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100

fo(2)dz + /_OOO foh(t)dt = 2mi Res( fo, 20) + 2mi Res(fo, 2_)

/0 fo(2)dz — /0 fo (t)dt = 2mi Res(fo, —z0) + 2mi Res(fo, —2+)

—100 -

Summing up all these equations yields

L™ (R + p)dz = 5= [T (50 = @)+ o= [ (f5 (=) = fi (=)

270 J—ivo 271 211

+ Res (fo, zo) + Res (fo, —zo) + Res (fo, z_) + Res (fo, —z+) — Res (fl, z+) — Res (fl, —z_).

Further by symmetries (1.45)-(1.47)

FE(0) — f (1) = —e 00, () 25000

() £ 0
() () = _etagy (— 2isinO(t)’
fo (=) = fo" (=) Dy t)iw)

where we defined ~(¢t) = |A*(t)|. The residues can be computed using expression
(1.143):

Co 1 1

Cq 1 1
A(a) ve 95 — «

( M) —vih — «
_ _pe—dig L —¢i Co 1 1
Res (fo, z,) =e Dy (—ve )AF(Q) p———
_ _ —vetix PRl Ca 1 1
Res (fo, z+) e Oy(—ve ))\F(a) T
Res (fl Z+) _ VG(M((L'—I)@ (_Veqbi) Ca 1 : 1
’ A'(a) ve?' 5 — «

and hence
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Res (fo, Z(]) + Res (fo, —zo) + Res (fo, z,> + Res (fo, —z+) — Res (fl, z+) — Res (fl, —z,) =

2 1 Ca W . 1 —vefig % 1 ve®t(z— i 1
— Re{e @0(zy)g—e CI)O(—ye‘ﬁ)E—{-e ( 1)<I>1(—ue¢)e¢i}.

v5—al(a)

Assembling all parts together we obtain the expression in (1.169a)-(1.169c).

Asymptotic analysis. The following lemma determines the asymptotics of algebraic
part of the solutions to (1.166) under a particular enumeration:

Lemma 1.24. The integro-algebraic system from Lemma 1.21 has countably many
solutions, which can be enumerated so that

1tao L arctana, + ™Y Lo (1.170)
n

Vy, = TN+ 7T+

where A, is given by (1.174) below and the residual r,(«) is bounded uniformly in n
and « € |ap, 1] for any a, € (0,1).

Proof. Formula (1.170) is obtained by asymptotic analysis of the equation (1.166), us-
ing the estimates of Lemma 1.22. Let us first find the leading asymptotics of ¢;(i)’s and
n;(i)’s, defined in (1.161)-(1.162):

&i(1) ~1 m(i) ~1

i) = 1 (i) = -1

§s(i) = 0 n3(i) ~ —2i (1.171)
£4(1) ~0 N4 (1) >~ —2iby — 2

&5(1) ~ 2i(1 — o1) — 2by ns(i) ~ 0

(1) ~ 2i(by — 02) + 2(1 — 09) ne(i) =~ 0

where ~ stands for equality up to O(v~!) term, uniform over o € [ay, 1]. Further by
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(1.164)

71,1 = 1 “+c, _?:Sl/

Y2~ 1—c, +1is,

V1,3~ —2¢,0 — 25,

T4 = _2(Cy + Sl/bO) + i2(sy - Cl/bﬂ)
71,5 = —22(1 — 0‘1) — 2b0
71,6 = —2'&([)0 — 02) + 2(1 — 01)

where we used the notations

¢, = COS (1/ + 2arg {X(m)}) and s, =sin (V + 2arg {X(m)})

Similarly, by (1.161)-(1.162) and (1.167)

E1(—e?) ~ 1
E(—e”) > 1
&(—e”) =0
Ea(—e™) =0
(—e”) =2
(—e”) =2

Eo(—e?) = 2096 + 2012 + 2bye3?* + 2¢1

Since ¢ € (0, ), we have

Yo,j =~ §j(—e¢i) and s, ~ nj(—e_q”),

and, collecting all parts together, the leading term asymptotics of (1.165) reads

_Sl/

O = O =

1+e¢,

1—¢, —2s,
S, —2c,

1 0

0 0
-1 2¢(0)
0 —2sW

—2(c, + subo)

2(s, — ¢,by)
0
0
2(bocV) + )

—2(bos + s@)

93
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2(01 — 1) 2(oy — by)
24, 2B,
2A, 2B,

0 0
0 0
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where we defined

A1 _O'1C +b0C +C(3) Bl :O'QC( )—|—0'1C +boC —|—C( )
A2_0'18 +b08(2)+8( ) B2 :O'QS( )+0'15 +b08 +8( )

and

) =cos(jo) and s =sin(je).

A straightforward calculation yields the following asymptotic expression for the deter-
minant of this matrix:

det{M(z/)} >~ —CZ,S(Q) (AlBQ—AQBl)+CVS(2) (AQ(O'l— ) ngo)—l-s S (AQ(O'Q—bU) 82(0'1—1>)

and therefore the equation det{M(v)} = 0 becomes

tan (1/+2arg {X(m)}) =A,+ R(v) (1.173)
with

A1B2 AgBl Ag(O‘l - 1) + BQbO
AQ(O’Q — bo) BQ(Ul — ].)

A, = (1.174)

Here |R(v)|V|R/(v)| < Cv~* for all v large enough with some constant C, depending
only on «y. Hence for any sufficiently large integer n, fixed point iterations produce the
unigue solution to the integro-algebraic system, with v, satisfying asymptotics (1.170),
where we used the expression (1.155).

]

The next lemma derives asymptotic expression for the eigenfunctions:

Lemma 1.25. Under the enumeration, introduced by Lemma 1.24, the unit norm eigen-
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functions admit the approximation:

on(x) = V2 cos (ynx + % r — arctan Aa) — (1.175a)

VOO ) (@ofu)e ™ — (1Y Quue 0 dus (1.1750)

+Coe™ " cos <sunx + %0> + Ce=n17%) o <sun(1 —x)+ %1> +n tr,(x)  (1.175¢)

with residual r,,(z), bounded uniformly in bothn € N and z € [0, 1|. Here function p,(u)
is defined in (1.181), polynomials Qy(u) and Q,(u) are given in (1.182),
Tl —« Tl —«

1= cos - and s :=sin -
c 00825_a S s1n25_a,

and the amplitudes Cy, and C, and phases », and s, are constants, which depend only
on «.. Moreover, the eigenfunctions satisfy

pn(1) = (-1)"V5—a(1+0(n™)) (1.176)
and
/01 cpn(x)dx:1/;1\/5—040(1+O(n’1)) (1.177)

with explicit constant C, defined in (1.183).

Proof. All the formulas are derived from Lemma 1.23, expressions (1.159)-(1.160) and
the relations between coefficients k;,’s, which follow from the equations defined by ma-
trix (1.172). More precisely, equation corresponding to the fourth row of (1.172) implies

By
ks ~ ——=kgu,
5 A, 6V

and hence the third row gives

B
kl + k‘g ~ 2<A12 — Bl>l€6Vﬁ.
Ay

The sixth row implies that
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52
kg ~ —(bo + S(l)>k47/m

and hence by the fifth row

e
]{?1 — ]{?2 ~ 2 70(1) — 0(2) ]{?41/2.
s "

Plugging these expressions into the second row we obtain
( 3(2) 5(2)

B
_s 2 242 (o —1)22 _ 2~
Sun 1) € + 5., + @) v + Sl,">k:4 + ( (01 1)A2 + (02 b0)> ke =~ 0.

Equation (1.173) implies ¢,, ~ (—1)"/,/1 + A2 and using trigonometric identities

s =2sWcD and ¥ = 2(0(1))2 -1

we obtain

1
k= —(=1)" A3 + B ko, (1.178)

where A3 and B; denote the expressions in the numerator and denominator of (1.174).
The first row does not impose any further constraint on the coefficients since det{ M (v,,)} =
0.

Let us first consider the oscillatory term (1.169a). Plugging asymptotics (1.171) and
the above relations between the coefficients into (1.159) gives

(ID()(Z.I/n)
X (ivy,)

~ k= kv (2i(1—01)+2bo ) +hovs (—2i(bo—02)+2(1—01)) = 2(Ag+iBs ) kgvs.

Hence expression in (1.169a) satisfies

1 Ca 2 27%% : : 3 Ca 4 WVn T : : ;
Z)\F(Q) - aRe{e q)g(zun)z} ~ kev;, (0] 5= aRe{e (Ag + ng)X(zz/n)z} ~
[ — 2 A3 + B3 ! cos <y T + arctan By _lta ) (1.179)
~ V — 0 —= - ™ :
AV 5—a VP T T As 8
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where we used the formulas from (1.155). Since A3/ B3 = A, and arctan x+arctan 1/z =
7/2, we have
B; 1+« 33—«
arctan — — T = m — arctan A,.

As 8 8
Thus normalizing (1.179) by the constant factor

2 Ca 1 2 2L
k6y”/\I‘(og)H5—a\/AS—i_B?’c(l) (1.180)

we obtain the oscillatory term claimed in (1.175a).

C, =

The approximation for (1.169b) is obtained similarly: plugging the estimates from
(1.168) into (1.159) yields

Do (—uvy)
X(—uvy)

Bs Bs Bs
e (e o B (5 -aJor s

~ Lk + ko — k51/2 (012u — bo2u® + 2u3> - k‘ﬁl/fl (022u — 012u% + bo2u?® — 2u4> ~

and

"o~ kg — kg — ks 2u + /mui( — by2u + 2u2) ~
(2) (2) 1
-~ nf S 1) @ , 5 2 /A2 27, 4

Hence the integral term (1.169b) contributes

1 1 [esinf
c“)/ sin o (u) (efuvn(lfx)q)l(_uyn)+e*“”"1CI)0(—an)) du ~

v AT'( Yo(u)
o1 o 1 roosinby(u) u Do (—u )efuynx q)l(_U“V”)efuzxn(lf:r) u
o )\T(Oé)ﬂ/o o) 0 )U (X(—Wn) T X () )d

which after normalizing by factor (1.180) becomes (1.175b) with

sin Oy (u)
Yo(u)

po(u) = iXO(—u) (1.181)

and
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20(1) BQ B2 BQ BQ
-0 (a2 2 - T (—6)3 )
ol vﬁg+fg(Aﬁ% BI+(A;” (”)“+(”1 A20> g, e
52 52
Qm@:;méﬂ—ém+;ﬂu+ﬁ (1.182)

The last term (1.175c) is deduced from (1.169c) along the same lines. In principle,
closed form formulas can be obtained for the amplitudes C,, and C; and the phases s,
and s« ; the emerging expressions are cumbersome and will be omited.

Finally, by (1.149) and (1.178)
2c,, 1

2c
(1) = (1) = — kg~ (21— A2 B2 2
2 ( ) wn( ) 4)\nF(Oé) ( ) 2¢(1) 3+ SAnF(Oé) 6Vn

and after normalizing by factor (1.180) we get (1.176). Similarly,

1 2¢,, By 2c,
do = —/(0) = ky—t v 20 g
Ag%@)x VO =k 0y = T4, n(a)

and after normalising by (1.180) we get (1.177) with the constant

Bg 20(1)
O 2207 (1.183)
A2 \JA2 4 B2
[

The seemingly different expressions for A, obtained for « € (0,1) and « € (1, 2), in
fact, coincide:

Lemma 1.26. The expressions for A, in (1.128) and (1.174) are equal for all o €
(0,2) \ {1}. Moreover arctan A, = =27

«a

Proof. The claimed equality follows if we show that

1%—@ Ay(02 — bg) — Ba(or — 1) ) = (1.184)
3
1 1 1
= (4 + 5613 + dady — 12dé) (Ale — AgBy — Ag(or — 1) + ngo). (1.185)

Define the quantities:
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Tl —« Tl —
Cp = COS 5% — o and s : 81nk25_a, k=1,234
and
T 2 T 2
C}. := cos 5F o and S, smk‘25_a, k=1,234

Then for k =0, 1,2 we have

1 sm(l{:%—l)g(ﬁ %)_ 1 1

b, = _ B
g k + 1 sm(k; 1)37 k + 1 Sk+1 (3k+1ck+l Sk+1Ck+1)
and
$1C1 + 151 1 55C5 + 355
dy= 1 and dy= 200
0 S, 273 S,

After the multiplication of (1.184) by (.5,5,53)°, the left and right hand sides, which
we now denote by E, and E, turn into polynomials with respect to ¢;’s, s,’s, C)’s and
Si’s. By the basic trigopnometry ¢,’s and s;’s can be expressed in terms of ¢; and s;:

S9 = 28101 Cy = 20? —1
_ 3 4.3
s3 = —4s] + 351 ¢z = 4c] — 31

Ccy = 2c1C3 — ¢ S4 = 2¢1S83 — S

The same is true for C}’s and S,.’s. Plugging these identities, computer aided sym-
bolic computation produces the following formula:

2 6 5

E, — E,. = —2 cosx(cos y)4<(cos r)? — 1) ((cos y)? — 1) (4 (cosy)? — 1) x (1.186)
X (sin(2y) + sin(2x + 2y) — 2sin(2z + 4y) + sin(2z + 6y) + sin(4z + 6y) — sin(4x + 8y)>
where

_7r1—a oom 2
25— a 25 —a’

Note that
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. . 2
sin(2y) = 3111(775 )
3

sin(2z +2y) =sin( 7w

sin(2z +4y) =sin( 7w

1—- 2 4 —
sin(4z 4 6y) = sin 27r5_z+37r5_ct> :sin<27r5 a)

1-— 4 5 —
sin(4z + 8y) = sin 27r5_z +27r5_a> = sin<27r5 a) =0.

(
(
sin(2z 4+ 6y) = sin (7r
(
(

and hence the expression in the last brackets in (1.186) becomes

n(rgg) ron(ms =) (=) <) -
Sll’l7T5_a Sln7T5_a Sll’l7T5_a Sin 7T5_a =

_2,(7T3—Oé+ 4—a> (7?3—@ 4_a>—281n<7rll_3a>cos(7r5_&)—O
- o 25—« 7T5—oz o8 25—« 7T5—oz n 25—« 25 —a)

The expression for A, can be further simplified by virtue of (1.99). Note that

sin (T3=2 sin ( T3z«
=) EE) () =t
R sin (5 — 32=2)
and
33— : 3m 3—
Caen () 1 em(FE) 1 B3R
2 =3 T T 3. =3 Y
3 Sln%& 38111 (377r — 37”?)773) 3 1 _Sb(Q)

where the last equality holds by the triple-angle tangent formula. Hence

1

1
gbg — by = bp(1 — 53)1_73[)%

and, in turn, the denominator of A, reads

1 1 1 1 1
S B4 boby — —bE ==
R R T R T

(1+03) (b5 — 605 +1).
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Thus we obtain

~ Aby(1—0bj)  4sinfcosf(cos? f —sin®f) sin 4.3
Cbi—6b3+1  sin®B —6sin?Bcos2 B +costB 1 —8sin® B cos? 3

= tan(40),

and arctan A, = 43 — 7w = =2

Enumeration alignment.  Similarly to the case H < 1, the alignment between the
enumeration, introduced in Lemma 1.24, and the enumeration which puts the eigen-
values in decreasing order, is achieved by shifting expression (1.170) for v,, by —2x.

1.3.4 Proof for mixed fractional Brownian motion
The case H >

For these values of H the parameter o := 2 — 2H takes values in (0, 1) and

t s
K(s,t) :5/\t+ca/ / lu —v|"*dudv (1.187)
0 Jo

with o :=2—-2H € (0,1) and ¢, := (1 - 5)(1 — ). The eigenproblem in this case reads:

/01(5 At)p(s)ds + /01 Ca /Ot /Os lu — v|"*dudvp(s)ds = \p(t), te€]0,1]. (1.188)

The Laplace transform. The first step is to derive a useful expression for the Laplace
transform, based on the specific structure of the kernel (1.187):

Lemma 1.27. Fora € (0,1),

. oy 1 .
P2) = 9(0) = —375 <<1>0(z) b ey z)), (1.189)
where the functions ®(z) and ®,(z), defined in (1.197) below, are sectionally holomor-

phic on C\ R, and

_ (@) Tl 1 /oo 2t
0

t2—22

dt. (1.190)

Coy Ca 2 %
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Proof. Taking derivative of (1.188) gives
1 1 ps
/ o(s)ds + ca/ / lu — t|"“dup(s)ds = A\¢'(t).
t 0 JO

Integrating by parts and setting /() := [ ¢(s)ds, we arrive at the following gener-
alized eigenproblem:

o [ 1y =l w )y = X0 (@) — vl@), v € 0,1

(1.191)
P(1) =0, ¢'(0)=0.
Plugging the identity
e [t tley
ly — z| _F(a)/o go—te—tlo—vl gy (1.192)
this equation becomes
C
= = -\"(z) — 1.1
F @) = =\ () — ¥(@) (1.193)
where we defined
1 [e's)
u(z,t) ::/ e vl (y)dy  and () ::/ t* Ly, t)dt.
0 0
Differentiating u(z, t) twice with respect to = yields the equation
u(z,t) = t2u(z,t) — 2ty (z) (1.194)
subject to the boundary conditions
"0,t) = tu(0,t
w0, = tul0.) (1.195)

u'(1,t) = —tu(1,1).

The Laplace transform of the second derivative «”(x, t) satisfies

' (z,t) = /01 e # " (x,t)dr = e™F (u'(l,t) + zu(l,t)) - (u’(O,t) + zu(0, t)) + 2%0(2,t) =

=e*(z —thu(l,t) — (z + )u(0,t) + 2*a(z, t)

102



1.3. Proofs

where we integrated twice by parts and used the boundary conditions (1.195). Com-
bining this with the expression for @”(z, t) which follows from (1.194) we obtain

(22 = 2)a(z, 1) = u(0,8)(z + 1) — e *u(l,1)(z — ) — 2t} (2).

Consequently forall z € C\ R

fo(2) = /O Tz, ) dt —

_ _ 1.196)
oo to 1 . oo pa—1 —~ oo Ot (
— /0 —u(0.t)dt — ¢ /0 ——ul1t)dt - w(z)/o et
On the other hand by (1.193) and the boundary conditions in (1.191),
Ty () = —M() = B(2) = =X (e + 229(0) = (A2 + 15 (2).
Combining these two expressions gives
~ o Dy(z) Fe P (—2)
20(2) e
with A(z) defined in (1.190) and
oo fa—1
Do(2) = AF(‘%(O)z +/ w0,y
Ca o t—=z
AT(a) st (1.197)
@) , o0
@)1= == () +/0 (1, t)dt
The claimed formula follows since @(z) = $(0) — zi)(z).
[

The structure of the problem is largely defined by the function A(z), whose proper-
ties are summarized in the following lemma:

Lemma 1.28.

a) The function defined in (1.190) admits closed form expression

A(z)

2
Ca Ca % cos 50 | =15 arg(z) € (—m,0)

(@) D@L, T {e arg(z) € (0,7) (1198)
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It vanishes only at simple zeros +z, := +iv with v € R-, being the unique root of
equation
A =124 K3 (1.199)

C T
where k, (= —

[(a) cos Sa’

b) A(z) is analytic on the cut plane C \ R and its limits across the real line

1Fa
Al I'a) 1 ez ™ t>0
Ai(t) = lim A(z) = <a)t + (Oé)f + ]t\o‘*ziﬂ
2zt Co, Co t cos Ja | 5% 4

satisfy the symmetries (1.45)-(1.47).
¢) The argument 0(t) := arg{A*(t)} € (—n, n| satisfies (—t) = = — 0(t) and is given by

sin =27

(t) = arctan 2 , t>0 (1.200)
/ﬂalula<(t/y)3a 4 (t/y)la) b (t/v)3- + cos 1o

It decreases continuously from 6(0+) := lim,_,, 0(t) = 527 to zero as t — oc.

Proof. The explicit formula (1.198) follows from the identity

o o e e (0,
[ gt = gz T {e arglz) € (0,m) (1.201)
0

— 22 2 oS 3 | =3 arg(z) € (—m,0)

Since A(z) = A(z) all zeros of A(z), which are not purely real, appear in conjugate
pairs. Hence it suffices to find the zeros in the upper half plane. To this end, let z = ve'®
with » > 0 and ¢ € (0, 7). Then equation A(z) = 0 is equivalent to

A 260 4ot o leG o — (1.202)

Equating the imaginary part to zero yields

Mkt v2sin(2¢) + v sin ((g —o)(1— a)) =0

Note that for ¢ € (0,7)\{5} and « € (0,1), the sines have the same signs and hence
¢ = 7 is the only possibility. For this angle equation (1.202) reduces to (1.199), which
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has unique root for any A > 0, since the function in the right hand side is decreasing
from +o0 to 0 as v increases. All other claims follow by direct calculations.
O

Removal of singularities. Since the Laplace transform ¢(z) is a priori an entire func-
tion, all singularities in (1.189) must be removable. Removing discontinuity amounts
to equating limits from below and from above the real line of the right hand side of
(1.189)and yields the condition

O (t) — e®Vidg (1) = 2ie e sin O() Dy (—1)

‘ , t>0. (1.203)
OF(t) — 2D (1) = 2ie e sin O(t) Do (—t)
Removal of poles in (1.189) gives
e Dy (—2zp) + Po(20) = 0. (1.204)

The expressions in (1.197) determine asymptotic growth of ®(z) and ®,(z):

Do(z) = O(z1) and @,(z) = 0(z*"!) asz— 0 (1.205)

and
Py(2) = 22 +O(z7') and P1(2) =2¢; +O(z7') asz — (1.206)

where we defined constants

¢ = _1M¢/(1) and ¢ := ¥ (0).

2 ¢, 2 ¢,

These estimates hold since both tu(j,t) and u(j,t), j € {0, 1} are uniformly bounded.

Equivalent formulation of the eigenproblem. The preceding calculations show that
any solution of eigenproblem (1.188) can be used to construct a pair of functions ®,(z)
and ®,(z), which are sectionally holomorphic on C \ R, and satisfy the growth esti-
mates (1.206) and (1.205), the boundary conditions (1.203) and algebraic constraints
(1.204). Now we show that all such pairs can be characterized uniquely as solutions to
certain integro-algebraic system of equations.
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The key element in construction of this system is the solution to the homogeneous
Riemann problem related to (1.203):

Lemma 1.29. Any sectionally holomorphic and nonvanishing function on C\ R, sat-
isfying the boundary condition

X*(t) _ 2ib()

X0 . teR (1.207)

is given by X (z) = 2™ X.(z) for some integer m and

X.(2) = exp (1 /OOO 6(7) dT> . (1.208)

™ T—Z

The canonical part X .(z) satisfies

X(2)=1- Vba(l/)i +0(z7?) asz— oo, (1.209)

with b, (v) := ! /OO O(vT)dr and

™ Jo

X (2)=0(:7) asz—0. (1.210)

Proof. The general expression for X (z) is obtained by the Sokhotski-Plemelj formula.
The growth estimate (1.209) is obtained from powers expansion of the exponent and

1 foo 1
—/ b(7) dr = —vby(v)~ + O(z7?) asz— .
mlo T—2 z

Estimate (1.210) holds since X,(z) = O(=~%*")/7) = O(z*%" ) as z — 0. O

Since X (z) does not vanish on the cut plane, the functions

Do (2) + D1 (2)
2X(2)

CI)()(Z) — q)l(Z)

S(z) := 2X ()

and D(z):= (1.211)

are sectionally holomorphic and by (1.203), satisfy decoupled boundary conditions

St(t) — S™(t) = 2ih(t)e 'S(—t)

(1.212)
D*(t) — D~ (t) = —2ih(t)e " D(—t)
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where we defined
X(—t

X*(t)

~—

h(t) == e?® sin O(t)

Clearly, function h(t) does not depend on the choice of the integer m. Applying the
Sokhotski-Plemelj formula to the Cauchy integral in the definition of X.(z) and integrat-
ing by parts reveals that A(t) is real valued, bounded and admits the expression

t+s

h(t) = exp <—71T /OOO 0'(s)log 't

— S

ds) sin 0(t).

Therefore, in view of estimates (1.205) and (1.210), the functions in the right hand
side of (1.212) are integrable on R, for all m < 0. Moreover, S(—t) and D(—t) are
square integrable on R.,. Hereafter we fix m = 0 for convenience, that is, set X (z) :=
X.(2).

For this choice the unique functions satisfying (1.212) are found again by the Sokhotski-
Plemelj formula:

S(z) =+ / x ht(tzeZtS(—t)dt + Py(2)
D) = — 2 [PPOT b it Pz

mJo t— =z

2 € C\ Ry (1.213)

where Ps(z) and Pp(z) are polynomials, which must fit the a priori growth of S(z) and
D(z) at infinity. In view of estimates (1.206) and (1.209)

Ps(z) = — ca(z + vbo (V) + 1
Pp(z) = — ca(z + vbo(V)) — 1

If we now set =z := —vt with ¢t > 0in (1.213) and change the integration variable, we
obtain a pair of integral equations for S(—vt) and D(—vt):

S(—uvt) = 717/000 WS(—W)dT +ves(t = ba(v) + 1

D(—vt) = _71r /OOO WD(—VT)dT +vea(t — bo(v)) — ¢

t> 0.
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To solve them, consider the auxiliary integral equations

—/ pe(T)dT + 1
T” . t>0. (1.214)

=+— / - qr(T)dr + 1t

T+t

For all v large enough, the integral operator on the right is a contraction on L?(0, o)
and therefore equations (1.214) have unique solutions such that the functions p*(t) — 1
and ¢*(t) — ¢ belong to L?(0, c0). We extend the definition of p.(-) and ¢.(-) to the cut
plane by:

T / p(s)ds + 1
S + i : z € C\ Rxo.

=4+ / +(s)dr + =z
s—i—z

Then, by linearity, for z € C\ R

(1.215)
1 (2) = X (2) (b-(=2/v) = ba(W)a_(=2/v)) + 1 X (2)ay(=2/v)
where we defined
ax(z) :=py(2) £p_(2) (1.216)
be(2) =g+ (z) £ ¢-(2)
Consequently the algebraic constraint (1.204) takes the form
cov€(v) +en(v) =0 (1.217)
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with

£(v) = e X (vi) (b+(_¢) - ba(y)a+(—z')) + e 12X (—vi) (b_ (i) — ba()a_ (z))

n(v) = e X (vi)a_(—i) + e 2 X (—vi)ay (i).
(1.218)

Since ¢; and ¢, are real, equation (1.217) has a nontrivial solution if and only if
m{¢(v)n()} = 0. (1.219)

To recap, we obtain the following result:

Lemma 1.30. Let (p+,q+,v) with v > 0 be a solution of the integro-algebraic system,
which consists of equations (1.214) and (1.219) and let ®,(z) and ®,(z) be defined
by (1.215). Then the pair (v, v) where (t) is defined by the Laplace transform (1.189)
and \ is given by (1.199) solves the eigenproblem (1.188). Conversely, given a solution
(p, \) of the eigenproblem (1.188), we can construct a solution to the above integro-
algebraic system.

Asymptotic analysis. The equivalent characterization of the eigenproblem in Lemma
1.30 can be used to derive an approximation for the eigenvalues, exact up to the sec-
ond order term. To this end, we need the following estimates:

Lemma 1.31. Forany oy € (0,1), there are constants C, and v, such that the following
bounds hold for all v > vy and o« € [ap, 1]:

a) Constant b, (v) introduced in Lemma 1.29 satisfies

ba(v) < (1 —a)Cor™?

b) Function X (z) = X.(z) from (1.208) satisfies
arg{X (vi)}| < (1 = )Cov*" and [|X(vi)| - 1| < (1 - )Cov*"!
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¢) Functions a.(z) and b.(z) defined in (1.216) satisfy

la_ ()] < Cort, lay (£i) — 2| < Cor™?
b_(44)] < Cov™?, by (F4) F 24| < Cov?

Proof. a) The bound is obtained using expression (1.200):

1 0 in 1= 0 1
bo(V) = —/0 O(vr)dr < Sl

—-1,,1— _ _
T /{aljao (7-304_{_7—101)

dr < (1 —a)Cov*!

where the last inequality holds since ming<,<; x;' > 0 and the integral is bounded
uniformly over a € [ay, 1] for all a € (0, 1).

b) Define T'(2) := L [5° %“dr, then

|arg{ X (vi)}] = [Im{T(v)}| = jr/ooo 0) g — 1/00° Ows) 4s <

T2 + 12 7r s2+1

sin =27 /oo 1 1
0

2 s+ 1 (33*0 + 81*0)

. ,‘ﬁfll/l*a ds S (1 — OZ)CQVa_l.

Similarly
-

m@(T}dT S (1 - OZ)OOVa_l

Re{I'(vi)} = i/ooo

and hence for all v large enough,
claimed.

X (vi)] = 1] = |eRelT@} — 1] < (1= a)Coro! as

c) The proof is similar to Lemma 5.6 and Lemma 5.7 in [12].
O

The following lemma gives asymptotic approximation for the algebraic part of the
integro-algebraic system from Lemma 1.30:

Lemma 1.32. The integro-algebraic system (1.214) and (1.219) has countably many
solutions, which can be enumerated so that

Vp = TN — g +9(v) +nrp(e), nez (1.220)
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where the residual r,,(«) is bounded uniformly over « € |, 1] for any ag € (0,1) and

g(v) = —2arg{X(vi)} + g —arg{i + b (v)}.

Proof. Plugging the estimates of Lemma 1.31 into expressions from (1.218) we obtain

W) = — 4" X (i) (i + ba(v)) <1 + Rl(u)> _ vt (1 + Rg(y)>

where |R;(v)] < Cv~t and |Ry(v)| < Cv*~! with a constant C' which depends only on
ap. Hence equation (1.219) with v > 0 reads

T Im{Ry(v)}
v+ 5 + arctan 1T Re{RQ(V)}

=7, n € 2.

A tedious but otherwise straightforward calculation reveals that | R, (v)| < Cv®~! as
well. Hence for each n large enough, say greater than some integer n,, the unique solu-
tion to the integro-algberaic system is obtained by fixed-point iterations. The algebraic
component v, of this solution satisfies

, , Im{Ri(vn)}
Vp + 2arg{ X (v,i)} + arg{i + bo(v,)} + arctan Tt Re{R ()] ™ (1.221)

which yields the claimed formula since |R;(v)| < Cv!.
[

Inversion of the Laplace transform. The eigenfunctions are recovered by inverting
the Laplace transform (1.189):

Lemma 1.33. Under the enumeration, introduced by Lemma 1.8, the eigenfunctions
admit the approximation:

on(x) = ﬂsin(ynx) + 0, (2)

where the residual r,,(x) is uniformly bounded in bothn € N and z € [0, 1]

The proof is analogical to the one for Lemmas 1.7 and 1.9 and uses the asymptotics
from Lemma 1.31.
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Enumeration alignment. The particular enumeration v, (a) fixed in Lemma 1.32 does
not necessarily coincide with the enumeration 7,,(«), which puts all the solutions in in-
creasing order. Since v,(«) is strictly increasing for all positive n large enough and
ceases to be positive for all sufficiently negative n’s, the two enumerations may differ
only by a shift k(«) € Z in the index, possibly dependent on «:

V(@) = Vngr(ay ().

We will argue that this shift is constant with respect to a € (0, 1] and therefore it can
be identified using the exact formula for the eigenvalues, available in the case a = 1,
corresponding to a multiple of the standard Brownian motion:

7(1) :m—g, n=12, .. (1.222)

To this end, fix an ag € (0, 1), then by (1.221)

|k(c)] < |7n(1) — Dy ()| + 3, a € o, 1.

By continuity of the spectrum, the right hand side is continuous with respect to «
and therefore bounded by a constant which depends only on «a,. Subtracting again
(1.222) from (1.220) we get

1

7~L+k;<a>‘7""+'f<a><“>\- (1.223)

k()] < [7n(@) = Za(D)| + |9(nsxe)| +
Since k(«) and r,(a) are uniformly bounded on [«g, 1], we can choose n large
enough so that the last term does not exceed an ¢ > 0 for all & € [, 1]. The esti-
mates of Lemma 1.31 imply that ¢(v) < (1 — a)Cor*~! and hence the second term in
(1.223) can be made less than ¢ by further increasing n if necessary. Finally, by conti-
nuity of the spectrum the first term does not exceed ¢ for all a« near 1. Therefore being
a signed integer k(a) must equal zero on an open vicinity of a = 1. Similarly, k(«a) is
shown to have no jumps on an open vicinity of any point « € («y, 1). By arbitrariness
of oy it follows that k(a) = 0 for all « € (0, 1] and the formula claimed in Theorem 1.4 is
obtained for H > 1 by plugging (1.220) into (1.199) and replacing a with 2 — 2H.
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The case H < 3

For these values of H, the kernel with a € (1,2) can no longer be written in the form
(1.187) and some of the calculations are done differently from the previous case.

The Laplace transform. The following lemma is the analog of Lemma 1.27:
Lemma 1.34. Fora € (1,2),

B(2) — 3(0) = —A(lz)(@az) by (—2), (1.224)

where the functions ®(z) and ®,(z), defined in (1.227) below, are sectionally holomor-
phic on C\ R>, and

Az) = WL T Z/OOO 277 (1.225)

el 27 el 12 — 22
Proof. The eigenproblem now takes the form

1
0

/ (y A ) (y)dy + /01 ;(yH +a? | - y|2‘°‘)¢’(y)dy =X (z), =el0,1],

where o = 2 — 2H € (1,2) and we defined ¥ (z) = [! ©(y)dy. Integrating by parts under
the second integral and taking two derivatives gives

d

9(@)+ (1= )= [ sign(e )l — ol wlydy = -3'(w), x € [0,1],

Plugging identity (1.192) with « replaced by a — 1, we get

[(a)

- |Cal

up(x) =

(¥(@) + M (x)), (1.226)

where we defined

1 00
u(z,t) ::/ sign(z — y)e 1Yy (y)dy and  ug(x) ::/ t*2u(x, t)dt.
0 0
Calculations as in the proof of Lemma 1.27 give:
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co fa—1

al(2) :e*Z/O Z+tu(1,t)dt+/0

ta_ltu(o,t)dtﬂ(@'(z)+¢(o>) I 207

z 0 22—
whereas by (1.226) we have

[(a)

- |Cal

['(a)

- Cal

() = =12 (50 + 2(2) = = (L@ () + 9(0) + AW (1) + 2o (2))

Combining the two expressions for @y (z) we obtain (1.224) with

tafl

[(a)

Bolz) = A7 ¢(0)2+/0 (0, t)dt
M) s (1.227)
®1(z) = -A () —/0 (1, t)dt
and A(z) defined in (1.225).
O

The following lemma summarizes the relevant properties of A(z):

Lemma 1.35. a) The function defined in (1.225) admits the following closed form ex-
pression

A=A L@, T ey 7 {em arg(z) € (0,m) (1.228)

el |Cal 2 | cos Faf | p—t52m arg(z) € (—m,0)

It vanishes only at zeros +z, = +iv where v > 0 is the only solution of equation (1.199).

b) A(z) is analytic on the cut plane C \ R and its limits across the real line

F(a)t N ['«)

|Ca’ ‘ a|

AE(t) = A

1Fa -
1 ez ™ t>0
; + |t’a72 @ {

l+a
‘cosgoc’ ez ™ t<0

satisfy the symmetries (1.45)-(1.47).
¢) The argument 0(t) := arg{A"(t)} € (—mn,n] satisfies 0(—t) = —m — 0(t) and is given
by

t/v)* 3 gin =2
(/) 2 T t > 0.

0(t) = arctan ,
m;lyl_“(l + (t/u)—Q) + 14 (t/v)*—3cos 527
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It is a continuous negative function with 6(0+) = lim;_,o; () = 0 and lim;_,, 6(t) = 0.
Moreover, for any oy € (0, 1), there is a constant Cyy such that

1 fe'e)
‘/'Q@ﬂﬁ—bagc%wﬂ* (1.229)
0

.

where

INEE .
e (o),

sinsi 3—«a?2
—

Proof. The explicit formula (1.228) is obtained by means of identity (1.201) with a €
(0,1) replaced by o — 2 € (—1,0). Since A(z) = A(z) all zeros of A(z) which are not
purely real appear in conjugate pairs. Hence it suffices to find the zeros in the upper
half plane. To this end, let z = ve® with v > 0 and ¢ € (0, 7). Then equation A(z) = 0 is
equivalent to

M2 4 gt el — (1.230)

where r, = il T —

T(a) oo Ta Flayemza- EQuating the imaginary and real parts to zero
2
gives

2

Mkt 2sin(2¢) + v sin ((gzb — 5)(a— 1)) =0

Mk, v cos(2¢) + v cos <(¢ G 1)) + k1 =0.
Plugging the first equation into the second, we obtain
g(¢) + kv =0, o€ (0,m)\ {5} (1.231)

where

9(6) == —sin ((¢ — 5)(a = 1)) cot(26) + cos (¢ — 3)(a — 1)).

This function is continuous on (0, 7) \ {7} and diverges to +oo as ¢ — 0 or ¢ — .
Its zeros must also solve the equation

tan (¢ — 5)(a — 1)) = tan(2¢)

which is easily seen to have no roots on (0, 7) \ {5 }. Therefore g(¢) > 0in (1.231) and

equation (1.230) does not have solutions with ¢ # 7 in the upper half plain. For ¢ = 7
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(1.230) admits a pair of purely imaginary zeros and reduces to (1.199). The limits in (b)
and the expression for 6(t) in (c) are derived from (1.228) by a direct calculation. The
estimate (1.229) holds since

a—3

o 1l—«
1 foo T sin —=°m
b, = — / arctan 2 dr
0

T 14 793 cos 1_7a7r

and therefore

‘1 /OO O(vr)dT — by,
0

.

oo (1+ 7'*2)7'0‘*3
l-a, -1 : 1—a (
<v %k, sin TW/O T dr (1.232)

where we used the identity arctan z — arctany = arctan(z — y)/(1 + zy).
0

Removal of singularities. The removal of singularities gives the same conditions
(1.203) and (1.204) as before. Since tu(0,t) and tu(1,t) are uniformly bounded, cf.
(1.206)

Po(2) = —2c2 + O(2* %) and Py(z) =2¢; +O(z*?) asz— o
where we defined

_ 1 ), _ 1 o)
Cl——2)\ |Ca| w(l) and Cy = 2)\ ‘Ca|

¥(0)
and, cf. (1.205),
Po(z) =0(1) and Pi(2) =0(1) z—0.

An equivalent formulation of the eigenproblem. As in the previous case, the start-
ing point is to find a suitable solution to the homogeneous Riemann boundary value
problem (cf. Lemma 1.29):

Lemma 1.36. Any sectionally holomorphic and nonvanishing function on C\ R, sat-
isfying the boundary condition (1.207) is given by X (z) = 2™ X.(z) for some integer m
and X.(z) defined in (1.208). The canonical part X.(z) satisfies

X(2)=1- l/ba(V)i +0(z*7?) asz— oo,
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with b (v) :== L [ 0(v7)dr and
X(2) = O(l), asz— 0.

Moreover for any oy € (1,2), there is a constant C, such that

arg{X.(vi)} — 5o7 < Cov' ™ (1.233)

< Co'™®  and ‘|Xc(m)|—,/32a

Proof. Define
T 3 gin 71£a7'(' -
-
-3 l—a 7
1+ 723 cos 5T

0o(7) := arctan

and

Xo(i) :=exp <1 /OOO 90(T>d7) .

T T—1

It is shown in Lemma 5.5 [12] that

arg{Xo(i)} = 527 and | Xo(i)] = /352

The estimates in (1.233) are obtained by bounding |6(v7) — 6y(7)| as in (1.232). O

All the calculations and the assertions of Lemma 1.30 continues to hold.

Asymptotic analysis. Inthis case estimates (a) and (b) of Lemma 1.31 are replaced
with (1.229) and (1.233) and the bounds in (c) continue to hold. Hence the assertion
of Lemma 1.32 remains intact. The formulae claimed in Theorem 1.4 for H < 1 are
derived by the calibration procedure, using estimates (1.229) and (1.233).

Inversion of the Laplace transform. The eigenfunctions are recovered by inverting
the Laplace transform (1.224). The following lemma is analogue to Lemma 1.9 and
follows from the asymptotics of Lemma 1.36:

Lemma 1.37. The eigenfunctions admit the approximation:
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1 -« T l—am
n = 2 ' _ —_ — —
©n() \/_cos<yx+ g 7r+2 3—@2)

3 — [e’¢) — ba —
—I—V «Q / po(u)( - 6—uuna:u7 _ (_1)ne—(1—x)uun>du + nl a’l“n([E),
T 0

N

where the residual r,,(x) is uniformly bounded in bothn € N and x € [0, 1] and py(u) is
given by (1.84).

1.4 Numerical experiments

1.4.1 Preliminaries

Theorems 1.2, 1.3 and 1.4 provide an approximation for the eigenvalues and eigen-
functions, which is asymptotically exact and therefore more accurate for smaller eigen-
values. By keeping track of all constants in the proofs, it is possible to obtain rough
estimates for the residual terms in the suggested formulas; however, they are likely to
be quite conservative. Numerical experiments, presented in this section, indicate that
the actual accuracy of our approximation is surprisingly good, already, for relatively
small values of n.

To solve our eigenproblems numerically we will use the quadrature method, which
replaces integration with a numerical approximation. Since the kernels under consider-
ation are smooth, it will suffice to work with uniform nodes and weights, in which case
the eigenproblem (1.1) is replaced with the system of linear equations:

K(%, %’)%% =X\p;, j=0,..,L

L
=0

The eigenvalues Xn,L and the corresponding eigenvectors ¢, 1, n = 0, ..., L for this
problem approximate the solutions to the original eigenproblem of interest in the sense:

lim \,, =\, and Jim @n,1([zL]) = n(2).
S

L—o0

The convergence can be quantified, under appropriate assumptions on kernel K
(see, e.g., [47]).
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1.4. Numerical experiments

We will compare the numerical solutions to the approximations A, and @, of the
eigenvalues and eigenfunctions, obtained by truncating the residual terms in our asymp-
totic formulas.

As a test case we consider the Brownian motion for which the exact formula for the
eigenelements is well known:

\, = 11)22 and (pn(t) = \/isin <(n — ;)ﬂ't), n=12 ..

(n—3)°m

Since )\, rapidly decrease, it will be more convenient to compare the empirical fre-
quency v, 1, = T\;IL/Q with the corresponding theoretical frequencies v, = (n — )r. The
corresponding results are presented in Table 1.1 and illustrated on the plots of Figure
1.2.

1 L [ 1000 | 3000 | 5000 | 8000 | 10000 |
Nso.p X 107 41268 | 4.1342 | 4.1348 | 4.1350 | 4.1351
Dso,1 155.6656 | 155.5262 | 155.5151 | 155.5113 | 155.5104

Xso.r/Aso — 1| x 100% | 0.2013 0.0224 0.0081 0.0031 0.0020
Uso.r/Vso — 1| x 100% | 0.1008 0.0112 0.00403 | 0.00157 | 0.00101

Table 1.1 — Numerical approximations versus theoretical values for different L.

3
0.16 : : ‘ = ‘ ‘
——L=1000 / —— L=5000
0.14 ¢ ——1=3000{ | 6 ——1.=8000 /
—— L=5000 L=10000
012t 1
51
01
4l
0.08
3l
0.06
ol
0.04
0.02 | T
0 — ‘ oL ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50

Figure 1.2 — Approximation error v, ;, — v, for n € {1,...,50} and different L.

119



Chapter 1 — Exact spectral asymptotics for fractional processes

1.5

0 0.2 04 0.6 0.8 1

Figure 1.3 — Numerical estimate ¢, ;, of the eigenfunction (blue) versus the approxi-
mation error (red) for L = 103 (left) and L = 10* (right).

In practical terms, L is chosen, so that its further increase does not improve the
accuracy beyond the desired decimal digit. Consequently, for the following calculations
we are going to take L = 10* since the corresponding values of relative error are quiet
stable.

1.4.2 Fractional Ornstein-Uhlenbeck process.

A calculation shows that for the fractional Ornstein—Uhlenbeck process with the Hurst
parameter H and the drift parameter (5 the kernel in (1.12) can be rewritten in the form

K(s,t) = 529 (@(t,0,8) + 05,0, 9))

23
B ;;eﬂ(s—t) ((I)(t, a,—f) — ¢t - s,a, _ﬁ)>
_ ;;ezf(ts) (@(t —s,a,0) + ®(s, a, —6))7 t>s

where a =2 —2H, ¢, = (1 — §)(1 — «) and function

t
O(t, o, B) :/0 e PP ey

can be simplified through a simple scaling to the incomplete Gamma function, routinely
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available in numerical packages.

The empirical frequency 7, ;, is obtained by solving the equation

V1_2H

(1.234)
and compared to the corresponding theoretical approximation 7,,, given by (1.5) after
truncating the residual term. Transcendental equation (1.234) must also be solved nu-
merically, but its root can be located to within any desired precision and hence this
computation does not introduce any significant error.

Our study cases are the fractional Ornstein-Uhlenbeck processes with H = 2 and
B =—1and g = —1. The obtained numbers are summarized in Tables 1.2 and 1.3 and
illustrated graphically on the plots of Figure 1.4, which gives an idea about the actual
magnitude of the O(n~!) residual in the approximation (1.5).

I n | 1+ [ 2 | 8 [ 4 [ 5 | 6 [ 7 [ 8 | 9 | 10 |
Anp % 103 182.46 | 17.62 | 5.348 |2.3210 | 1.2519 | 0.7574 | 0.5005 | 0.3495 | 0.2560 | 0.1937

Dt 1.7133 | 4.8245 | 7.8551 | 11.003 | 14.104 | 17.255 | 20.373 | 23.523 | 26.648 | 29.79
Ani/An— 1] x100% | 235 | 9.3 25 2.0 0.8 0.8 0.4 0.4 0.3 0.3
/P — 1] x 100% | 148 | 4.1 1.1 0.8 0.4 0.4 0.2 0.2 0.1 0.1

Table 1.2 — Numerical versus asymptotic approximation: obtained for L = 10*, H = 2
and g = —1.

I n |+ 2 [ 38 | 4 | 5 [ 6 [ 7 [ 8 [ 9 [ 10 |
Ao X 10° 860.13 | 22.12 [ 5.731 | 2.4139 | 1.2797 | 0.7693 | 0.5059 | 0.3525 | 0.2577 | 0.1947
Dl 0.6215 | 4.3901 | 7.6384 | 10.8314 | 13.9804 | 17.1479 | 20.2866 | 23.445 | 26.582 | 29.73
s/ A — 1] x 100% | 260.6 | 13.9 4.5 1.9 1.4 0.8 0.7 0.4 0.4 0.3
Dop/Vn— 1] x 100% | 584 | 53 1.8 0.8 0.6 0.3 0.3 0.2 0.2 0.1

Table 1.3 — Numerical versus asymptotic approximation: obtained for L = 10*, H = 2

and 5 = 1.
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Figure 1.4 — Approximation error v, ;, — v, for L = 10*, H = 2 and g = —1 (left) and

S =1 (right).

The plots of Figures 1.5 and 1.6 illustrate the numerical estimate @, ;,, along with
the error of approximating the eigenfunction only by the oscillatory term from (1.6).
Up to an O(n™!) residual, this error coincides with the boundary layer in (1.6), which

pushes ¢, (0) to zero and ¢, (1) to vV2H + 1.

0.2

Figure 1.5 — Numerical estimate ¢, of the eigenfunction (blue) versus the approxi-
mation error (red) for L = 103, H = % and g = —1.
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-2 - - - - -0.25

Figure 1.6 — Numerical estimate ¢, of the eigenfunction (blue) versus the approxi-
mation error (red) for L = 103, H = % and 5 = 1.

1.4.3 Integrated fractional Brownian motion.

For the integrated fractional Brownian motion with the Hurst parameter H the covari-
ance function (1.14) can be rewritten in the following form:

1
4H + 2

K(s,t) = (t$2H+1 | og2HAL (2HF2 4 2HA2 _|f s|2H+2)>_ (1.235)

2H +2

The empirical frequency 7, ;, is obtained from (1.15) and compared to the corre-
sponding theoretical approximation 7,, given by (1.16) after truncating the residual
term.

We consider the integrated fractional Brownian motions with H = % and H = 14 and
summarize the obtained numbers in Tables 1.4 and 1.5. The corresponding illustrations
are presented on the plots of Figures 1.7-1.9.
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I n | 1+ [ 2 [ 8 [ 4 | 5 [ 6 | 7 | 8 [ 9 [ 10 |
Nos % 10° 62.4679 | 0.9151 | 0.0917 | 0.0197 | 0.0064 | 0.0026 | 0.0012 | 0.0006 | 0.0004 | 0.0002

Dl 1.8267 | 4.6693 | 7.7846 | 10.9542 | 14.0811 | 17.236 | 20.368 | 23.518 | 26.65 | 29.8

Aur/A —1]x100% | 553 | 006 | 15 0.09 04 | 0013 | 02 | 0004 | 012 | 0.011
/70— 1] x100% | 196 | 0.012 | 033 | 0.02 | 0.088 | 0.003 [ 0.043 | 0.002 | 0.027 | 0.001

Table 1.4 — Numerical versus asymptotic approximation: obtained for L = 10* and

_ 3
H=3
I n |+ [ 2 [ 8 [ 4 [ 5 | 6 | 7 | 8 | 9 | 10 |
Anp % 10° 110.63 | 2.91 0.48 0.144 0.06 0.0296 | 0.0165 | 0.0101 | 0.0064 | 0.0043
Un.L 1.6413 | 4.6390 | 7.7783 | 10.9412 | 14.0682 | 17.224 | 20.354 | 23.51 26.64 29.8

L,L/anl‘xloo% 245 1.31 0.883 | 0.0553 0.32 | 0.0252 | 0.165 | 0.0077 | 0.104 | 0.0012
1771,L/17n71‘><100% 8.36 | 0.372 | 0.251 0.016 0.091 | 0.0072 | 0.0471 | 0.0022 | 0.0298 | 0.0003

Table 1.5 — Numerical versus asymptotic approximation: obtained for L = 10* and
H =

N

- A L L
\/ o

Figure 1.7 — Approximation error o, ;, — v, for L = 10%, H = % (left) and H = = (right).

=
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Figure 1.8 — Numerical estimate ¢, of the eigenfunction (blue) versus the approxi-
mation error (red) for L = 10° and H = %
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Figure 1.9 — Numerical estimate ¢, of the eigenfunction (blue) versus the approxi-
mation error (red) for L = 10° and H = i

1.4.4 Mixed fractional Brownian motion.

For the mixed fractional Brownian motion the empirical frequency 7, ;, is obtained by
solving the equation

1 sin(mH)['(2H + 1)
_y2+ pPrE , n=12 ..
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numerically and compared to the corresponding theoretical approximation z,,, given by
(1.20) after truncating the residual term.

We investigate the mixed fractional Brownian motions with 7 = 2 and i The ob-
tained results are presented in Tables 1.6 and 1.7 and illustrated graphically on the
plots of Figures 1.10-1.12.

I n |+ [ 2 | 38 | 4 [ 5 [ 6 | 7 | & | 9 | 10 |
R % 10° 771.65 | 66.13 | 21.91 | 10.695 | 6.289 | 4.124 | 2.9067 | 2.1559 | 1.6614 | 1.3184
P 15121 | 4.6592 | 7.8098 | 10.957 | 14.1 | 17.245 | 2039 | 235 | 26.7 | 298

Xn.L/Xn—l\xloo% 8.8 25 1.2 074 | 055 | 04 0.34 | 0.27 | 0.235 | 0.197
Dop/Vn— 1] x 100% | 3.7 1.1 056 | 035 | 026 | 0.19 | 0.16 | 0.129 | 0.113 | 0.095

Table 1.6 — Numerical versus asymptotic approximation: obtained for L = 10* and

_ 3
H=2%
[ n [+ T 2 [ 8 [ 4 1T 5[ 6 [ 7 [ 8 [9 [10]
Anz X 103 8458 | 110.5 | 46.04 | 25.95 | 17.07 | 12.23 9.29 | 7.35 | 5.99 | 5.01
Un.L 1.4391 | 4.6059 | 7.7155 | 10.869 | 13.99 | 17.1451 | 20.28 | 23.42 | 26.6 | 29.7

Ani/An =1 x100% | 0.09 | 091 | 0.17 | 0.06 | 012 | 003 | 0.1 | 0.05 |0.08 | 0.04
Dnr/Pn —1)x 100% | 0.05 | 053 | 0.1 0.04 | 008 | 002 | 006 | 0.03 |0.05]0.03

Table 1.7 — Numerical versus asymptotic approximation: obtained for L = 10* and
H =

1
1

Figure 1.10 — Approximation error v, ;, — 1, for L = 10*, H = 2 (left) and H = 1 (right).
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Figure 1.11 — Numerical estimate ¢, ;, of the eigenfunction (blue) versus the approxi-

mation error (red) for L = 10° and H = %
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Figure 1.12 — Numerical estimate ¢ ;, of the eigenfunction (blue) versus the approxi-

mation error (red) for L = 10° and H = i
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CHAPTER 2

COVARIANCE EIGENPROBLEM FOR
GAUSSIAN BRIDGES

2.1 Introduction

2.1.1 Gaussian bridges

In this chapter we consider the eigenproblem for Gaussian bridges. For a base pro-
cess X = (X,,t € [0,1]), the corresponding bridge X = (X,,¢ € [0,1]) is obtained by
"restricting" the trajectories to start and terminate at the given points.

For Gaussian processes, such restriction amounts to the usual conditioning. Hence
if X is a centered Gaussian base process with the starting point X, = 0 and covari-
ance function K (s, t), the corresponding zero to zero bridge is the centered Gaussian
process

K(t,1)
K(1,1)

X, =X, - X1, tel0,1]

with the covariance function

~ K(s,1)K(t,1

K(s,t) = K(s,t) — (K()l,l() )

Various aspects of general Gaussian bridges are discussed in [20], [49]. Aside of

being interesting mathematical objects, they are important ingredients in applications,
such as statistical hypothesis testing [29], exact sampling of diffusions [5], etc.

(2.1)

2.1.2 Covariance eigenproblem for bridges

The covariance operator of the bridge with kernel (2.1) is a rank one perturbation of
the covariance operator of its base process. This implies similarity between spectral
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Chapter 2 — Covariance eigenproblem for Gaussian bridges

decomposition of the bridge and the base process and suggests that the spectra of the
two processes must be closely related in general.

To illustrate, consider the Brownian motion with K(s,t) = t A s and the Brownian
bridge with covariance function K (s,t) = s A t — st. Then explicit solution to the eigen-
problem (1.1) for the base process is given by:

and ,(t) = V2sin(n — 1)7t (2.2)

and solution to the eigenproblem for bridge is

An = % and ¢,(t) = V2sinnt. (2.3)
()

Thus, the formulas for eigenvalues and eigenfunctions have the identical form, but
there is a shift in frequencies for 7/2. This is indeed the case and one can find an exact
expression for the Fredholm determinant of K in terms of the Fredholm determinant of
K even for more general finite rank perturbations (see, e.g., [50], Ch.ll, 4.6 in [24]).

As mentioned before, the precise formulas for the eigenvalues and eigenfunctions
of K are rarely known; however, the exact asymptotic approximations can be more
tractable. This raises the following question:

Can the exact asymptotics of the eigenvalues and the eigenfunctions for
the bridge be deduced from that of the base process ?

A rough answer to this question is given by the general perturbation theory [25],
which implies that the eigenvalues of K and K agree in the leading asymptotic term,
as it happens for (2.2) and (2.3) (see, e.g., the proof of Lemma 2 in [7]). This is vividly
demonstrated in the paper [43], where the kernels of the following form are considered:

Ko(s,t) = K(s,t) + Qu(s)i(t). (2.4)

Here () is a scalar real valued parameter and ¢ is a function in the range of K. It
turns out that for any @ greater than a certain critical value Q*, the spectrum of EQ
coincides with that of K in the first two asymptotic terms. For Q = Q* the spectra
depart in the second term. The deviation is quantified in [43], when ¢ is an image of an
L?(0,1) function, under the action of K.
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The bridge process under consideration corresponds precisely to the critical case,
but with (z) = K(1,z) being an image of the distribution (¢ — 1), rather than of a
square integrable function; hence the approach of [43] is not directly applicable here.

In this chapter we will develop a different route towards answering the above ques-
tion, using the particular structure of the perturbation inherent to bridges. Observe that
the eigenproblem K@ = A@ can be written in terms of the covariance operator of the
base process

AHQ@Q%$¢FJGLQK?KO£W@MS=Xﬁﬂ,tEULm (2.5)

where, without loss of generality, X is assumed to be normalized so that K(1,1) = 1.
Taking scalar product with the eigenfunction ¢,, of K gives

An <
C)\n_j\spn(l)’ )‘g{)\h)\%---} (26)

(@, pn) =

1
where ¢ := / K(1,s)p(s)ds. If K(s,t) is continuous, by Mercer’s theorem
0

K(s,t) = > Xapn(t)on(s)

n>1
where the convergence is absolute and uniform, and hence, in view of (2.6),

2

e= [ KL9)EEs = X Aion(1@ ) = € 3 s (1)

n>1 n>1 )\n — )\

Since 3,51 Apn(1)? = K(1,1) = 1 and ¢ # 0 whenever A & {\1, s, ...}, we obtain
the following transcendental equation for the eigenvalues of the bridge
o] )\k

> " se(1)” =0, 2.7)
k=1 -

and the corresponding expression for its eigenfunctions:

Bt = ¢ o0, e 0,1] 2.8

Note that the roots of (2.7) are not determined solely by the eigenvalues of the base
process, but also require some information on its eigenfunctions.

The objective of this chapter is to show how equations (2.8) and (2.7) can be used to
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construct asymptotic approximation for the solutions to the bridge eigenproblem (2.5),
given the exact asymptotics of the Karhunen—Loéve expansion for the corresponding
base process.

2.2 Exact spectral asymptotics for fractional Brownian
bridge

For definiteness we will work with a particular process, though the same approach
applies whenever similar spectral approximation for the base process is available (as,
e.g., for the processes considered in Chapter 1).

Our study case will be the fractional Brownian motion (fBm), that is, the centered
Gaussian process B = (BH t € [0, 1]) with covariance function

K(s,t) =5 (87 42— |t = sP), st €0,1],

where H € (0, 1] is the Hurst exponent.
Smaller eigenvalues and corresponding eigenfunctions can be approximated using
the following asymptotics (see [7, 8], [40], [33] for earlier results):

Theorem 2.1 (Theorem 2.1 in [12]).

1. For the fractional Brownian motion with H € (0, 1), the ordered sequence of the
eigenvalues satisfies

sin(wH)D(2H + 1)

A = s n=12,.. (2.9)
where v, = mn + 7y + O(n™') asn — oo and
1 1(H-3)?
VH:_7_7Q' (2.10)

2. The corresponding normalized eigenfunctions admit the approximation

©n(t) =Vv2sin (Vnt + 7r77H)+
/OO foluw)e ™ du + (—1)" /OO fl(u)e_(l_t)”"“du + n_lrn(t),
0

JO

(2.11)
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2.2. Exact spectral asymptotics for fractional Brownian bridge

where the functions f, and f, are defined in [12] in closed forms and

3 1
H-3H-1
4 H+1

Ny = (2.12)

The residuals r,(t) in (2.11) are bounded uniformly overn € N andt € |0, 1]. Moreover,
the values of the eigenfunctions att = 1 are asymptotic to constants:

en(1) = (~1)"V2H +1(1+0(n™)). (2.13)

In principle, the spectral approximation technique developed in Chapter 1 is ap-
plicable to the fractional Brownian bridge directly. However, somewhat surprisingly, it
does not produce results quite as explicit as those of Theorem 2.1. In this chapter an
alternative approach, based on the the equations (2.8) and (2.7), is suggested.

We will show how the exact spectral asymptotics of the bridge follows from that of
the base process. Specifically, we will prove the following result:

Theorem 2.2.

1. For the fractional Brownian bridge with H € (0,1), the ordered sequence of the
eigenvalues satisfies
UL GECOINCI ) P (2.14)

S2H+1
V'I’L

where v,, = mn + 7yg + O(n"'logn) asn — oo and g = vy + HL#
2

2. The corresponding eigenfunctions admit the approximation

@n(t) = V2sin (ﬂnt + 7rnH> + /Ooo fo(u)e_;"t“du+
(1" /00O e P ( sin(m(Fu — yu)) fr(w)du + cosw(g — i) fi (U))du+ (2.15)

(=)"sin7(Yg — i) /OOO g1 (Dn(l - t)u) fi(w)du +n""logn 7, (t)

where f, and §, are functions, defined in the closed forms by (2.38) and (2.39) below,
and the residual 7,,(t) is bounded, uniformly overn € N andt € [0, 1].

Remark 3.
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a. The eigenvalues of the fBm and its bridge differ by a constant shift in the second
order asymptotic term

TH
H+

T™H — T™YH =

D=

which reduces to the familiar constant /2 for H = 1, the standard Brownian case.
The residuals in v, and v, differ by the log n factor, which may well be an artifact of the
approach.

b. The eigenfunctions of the bridge inherit the oscillatory term in (2.15) from the corre-
sponding term of the base process (2.11), however, with a frequency shift.

A more complicated modification occurs in the integral terms, which are responsible
for the boundary layer: their contribution is asymptotically negligible away from the
endpoints of the interval, but is persistent near the boundary. For the base process,
these terms force the eigenfunctions to vanish at ¢ = 0 and approach the alternating
values (2.13) at t = 1; for the bridge, they push the eigenfunctions to zero at both
endpoints.

Consequently the change is more significant near 1 than near the origin. Tracking
back the definitions of all the functions involved, it can be seen that the boundary layer
vanishes for H = % and the leading asymptotic term in (2.15) reduces to the familiar
formula (2.3) for the standard Brownian motion.

c. The approach, developed in this chapter, applies to the operator with the kernel (cf.
(2.1) and (2.4)):

Kq(s,t) = K(s,t) + QK (s, 1)K (t,1),

where Q > —1/K(1,1) is a fixed parameter. In agreement with the results in [43], it
can be seen that the second order asymptotic terms of the eigenvalues of KQ and K
coincide when @) > —1/K(1,1) and depart at the critical value @Q* = —1/K(1,1), cor-
responding to the bridge process. The deviation formula differs from the one, derived
in [43] for the square integrable case.
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2.3 Proofs

2.3.1 Preliminaries

Before giving the full proof, it is insightful to consider the special case / = 3, corre-
sponding to the standard Brownian motion. Let us see how the formulas (2.3) can be
derived from (2.2), using the expansions (2.8) and (2.7).

To this end, it will be convenient to change the variables to

> 1
gp) =y —————=0. (2.16)
AR
The explicit formula for this series is well known:
(i) = 5= tan(wi) (2.17)
glp) = 2 an(mu .

and can be obtained by means of the residue calculus. It will be instructive to recall the
calculation: define the function

_ ctgm(z+3)

2o z€X

f(2)

which is analytic, except for the simple poles at zy = +p and z, = k — 3. Integrating
f(z) over a circular contour of radius R and taking the limit R — oo we find that

Res{f;z+} + Res{f;2_} + > Res{f;z} = 0.

kEZ

Here the residues are

Res{ 12y} = Res{f: 2.} = 5= tan)
1

(=1

Res(f; 24} = =
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Since the sequence (k — 3)* — i, k € Z is symmetric around 3, the expression
(2.17) is obtained and the equation (2.16) produces the roots ji,, = mn, n = 1,2, ...,
confirming the formula for the eigenvalues in (2.3).

The corresponding eigenfunctions can be found using (2.8):

. o = (—1)Fsin pymt s sm(k— )t
Pu(t) = 2e0fin, Y 55— = 2cum Z L1y
k=1 M — M k=1 ( 2)

Using similar residue calculus, the series can be computed exactly:

On(t) = —cynm(—1)" sinmnt,
which agrees with the formula in (2.3), after normalizing to the unit norm.

The more general case H € (0, 1) is different in two aspects:

1. The function g(z) for H #  involves a power function with non-integer exponent
(see (2.18) below) and hence, in addition to the poles, has a discontinuity across
the branch cut. Consequently the Cauchy theorem cannot be applied as before
and a different contour is to be chosen.

A natural choice is the boundary of half disk, which lies in the right half plane, but
such integration produces an additional integral term along the imaginary axis.
Asymptotic analysis shows that its contribution is non-negligible on the relevant
scale for all values of H but %; thus it is "invisible" in the case of standard Brownian
motion.

2. The exact formulas for the eigenvalues and eigenfunctions for H # § are unavail-
able beyond their precise asymptotics as in (2.9).

It is reasonable to consider first the perturbed version of the equation (2.7), in
which )\, and ¢, are replaced with the corresponding asymptotic approximations
from Theorem 2.1. This gives the main terms in the eigenvalues formula (2.14).

It remains then to show that the roots of the perturbed and the exact equations get
close asymptotically on the suitable scale. Once the asymptotics of A, becomes
available, it can be plugged into (2.8), along with the expressions for A, and (),
to construct the approximations for the bridge eigenfunctions.
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2.3.2 The eigenvalues
Let us change the variable to 1 such that

— sin(rH)D(2H + 1)

A= (mfi)2H L ’
in which case equation (2.7) becomes
- . pr(1)?
g(/‘j’) ::kz_:le‘H—i-l _ﬁ2H+1 :()7 (218)

where ;. := /7. Observe that ¢(-) is continuous and increasing on R, \ {ux, k € N}
and

lim ¢g(1) = =0 and lim g(p) = +oo, ke€N.
bk 1
Consequently it has a unique root ji,, at each one of the intervals (Hna un+1)-

In view of the asymptotics (2.9)-(2.11), it makes sense to consider first the perturbed
equation

" o s 2H +1 B
9“(p) = 1;1 (k + g )2H+1 — [2H+1 =0, (2.19)

where the eigenvalues and eigenfunctions of the base process are replaced with their
asymptotic approximations.

The second step is to argue that the roots of the exact and perturbed equations
(2.18) and (2.19) close on an appropriate scale, asymptotically as n — oo. This is done
in Lemmas 2.1 and 2.2 below, which imply assertion (1) of Theorem 2.2.

Lemma 2.1. The unique root i € (n,n + 1) of equation (2.19) satisfies

Ty, = TN + 1_42H7r + 2arcsin \/161—11—(—!% +0(n™),
where
nH-1
Cy = tan <2H+%>' (2.20)

Proof. A more convenient expression can be found for ¢*(1) using residue calculus. To
this end note that the principal branch of the function
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ctg(m(z — yu))
f(z):= TS ~2f?+1’ ze C\R_
u
is analytic on the right half plane, except for simple poles at z, := i and z, := k + vy,
k=1,2,... Note that z; > 0 since vy € (—2,—3) for H € (0,1). Integrating this function
over the boundary of the half disk of radius R € N in the right half plane gives

—iR ' ' R
. (2)dz + o f(2)dz = 2mi Res {f, zo} + QWZI;ReS {f, zk}

where Cr denotes the half circle arc. Since ctg(-) is bounded on Ckg, by Jordan’s lemma
the integral over Cy vanishes as R — oo and we obtain

! /OO flit)dt = —Res { f.z} - glees{f, o). (2.21)

27 J oo

Computing the residues

= ~—2H
~ : < H ~ H
Res {f, zo} = ctg(m (i — vm)) lﬁ% 2 _ i = ctg(m(p — 'YH))QH 1
1 . cos(mz) 1 1
Res {f’ Z"‘} - (k + yg)2H+1 — [2HA+1 lg%zsjn(qz) - T (k + yg)2H+1 — [2HA+1

and plugging these expressions into (2.21) gives the explicit formula

" 2H +1 T
9*(n) = — —i

5 [ 1ty — =2 cta(r( — ) =

ELERT { [ ctg(n(iTfi — a) dT}

ﬁZH (Z'T)2H+1 -1

= lfH ctg(m (i — ).

Hence the equation (2.19) becomes

ctg(m(pn —vm)) = A 1Re {/OO cte(r(iT/i - VH))dT} . (2.22)

T 0 (i7)2H+1 — 1
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Let 112 be the unique root of (2.19) in the interval (n,n + 1), then

/°° ctg(r(irii, —vu)) , 1 /oo 1 4 e~ 2n(Tih+ivm) L
= - — T =
; H _ ; =2 (Tl 44 \2H+1 _
0 (i7)2H+1 — 1 . i Jo 11 — e~ 2n(rugitive) (47)2H+1 — ] (2.23)
= - ————dT + R,
i /0 e 17
with the residual satisfying
Y .50 26—27rt 1
Mo, Rn’ S/0 ‘1 — e—2mt—2mivy (it//’z%)QHJrl -1 | dt S
(2.24)

00 26 27t 1
< / dt -
0 ’(it/ﬁ%>2H+1 _ 1‘ n—oo

where the second inequality holds since cos(27vy) < 0.

The real part of the integral on the right hand side of (2.23) can be computed ex-
plicitly. We will give the details for H > £, leaving out similar calculation for / < 1:

1 foo 1 o —rH sinm(H + 3)
Re f/ G — 14T —/ 2
iJo (iT) - 0 (TQH“ —cosm(H + %)) +sin*w(H + 1)
T+ gin g (H — %)

B /0 (T2H+1 + cosm(H — l))2 +sin?w(H — l)

dr =

dr =

2 2

1 1
t2H+1

SHIT 1 [e9)
= | sinm(H — 1)) o / dt.
( ’ 2B+ 100 (¢4 ctgm(H — 1)) +1

2

The latter integral can be evaluated by integrating the appropriate branch of

1
Z2H+1

f(z) = ——— with c:=ctgn(H —

(z+c¢)2+1 ) >0

1
2
on the circular contour, cut along the positive real semi-axis. By Jordan’s lemma

o [T (£ — £ (0)dt = Res{f: 21} + Res{f: 2} 2.25)

271

where z. = —c + ¢ are the poles of f. The residues are given by
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1 1

ZiH+1 22H+1
R , R ’ _ = — —
es{f;z+} + Res{f;2_} z+—z,+z,—z+
1 1
(cot )T (ce—TE Lo wH-1)2
= = — 1)22H+1eHFL/22 A
% T o (¢ +1)2mme Mo H 12

where we used the formula arctan ¢! = 7(H — 1). Therefore, by (2.25)

1
o0 t2H+T 271 11 1 o7, 7rH—1/2
———dt = —— (A 1)z TR 2 in — " =
/0 (t+c)?+1 1_€’”ﬁl/z( ) 2H+1/2
L sin T =172
— 71-(@2 + 1)2 ZHFT — 72rH+11/2
SIS T2
and consequently
1 foo 1 T sin T H4=1/2 T
R f/ L 2HHI2 _ . 226
e{i o (i)l —1 T} 2H+1sin§H+11/2 2H+1 " ( )

where / is the constant defined in (2.20).

Plugging (2.24) and (2.26) into (2.23) and (2.22) and recalling that i € (n,n + 1)
and vy < 0, we obtain the claimed asymptotics:

mhig, = m(n + 1) + my + arcetg (— g+ O(n ™))

™

4
= 7(n+1) + myg + arcsin ——— — — + O(n~") =
J1+6 2

1-2H

1
7 4 2arcsin ——— + O(n™").

V14034

=7n+

]

The next step is to show that the roots of (2.19) and (2.18) are close on a suitable
scale:

Lemma 2.2. The unique root ji,, € (n,n + 1) of equation (2.18) satisfies
fin — i, = O(n”"logn).
Proof. Suppose f is a differentiable function with -2 f(z) > ¢ > 0 for some constant c,
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whose root x, belongs to an open interval I. Then any strictly increasing continuous
function h, satisfying sup,; | f(z) — h(z)| < ¢(b — a), has its root y, in I and

Yo — wo| < ¢ 'sup|f(x) — h(z)|. (2.27)

xel
We will apply this elementary bound to f := g* and & := g on the interval I,, with the
endpoints at n + 5 + 0, where § := (4 — v)/2 > 0. Recall that by Lemma 2.1, the
unique root 12 € (n,n+ 1) of g* belongs to I, for all sufficiently large n. The function ¢*
is differentiable on R, \ {k + vy : k € N} and

d o0 2H 1 2~2H
inf —-g*(f) = inf Y @H + 1) ;>
nel, dit neln =1 ((k: )2 — ﬁ2H+1)

/'12H
> inf - 5 > (2.28)
peEly ((n oy )2HH — u2H+1)
~ _ S\2H
> (n+9u —9) > cn—2H
((n oy )2 — (4 Ty — 5)2H+1>

with a constant ¢ > 0.

Next we will estimate the oscillation of ¢*(iz) — g() on I,,:

)~ 0l) = 3 G

0 2H+1 2H+1 (2.29)
3 pe T = (k+m) N N
=1 ((k‘ + v )2HHL — /~L2H+1) (NzHH _ M?H—H) ! 2

In view of (2.13),

~Y

_ o 1/k
sup | Dy ()] < sup —
el pel, k=1 ’(k + v )2 — MZH“‘

5 1/k

N 2yt Ay — 0)2HHL — (J 1 )2
o 1k

T2 T = (0 A 0P

_|_

= An + Bna

where x < y means = < C'y for some constant C. The first sum on the right satisfies
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1/x

A”<i/n 5 d
~J1 (n+qg — 0)HH — (x4 ypy)2HHL T+
1/n
+(n +YH — 5)2H+1 — (n + 7H)2H+1 n T AL
where, obviously, A?) < n=?~! and, for all n large enough
1 1/y
AWM — n—2H—1/ _ .
’ v (LF Gt — 0) /)P — (y )i ¥ =

1/2 9 1 9
< n’QH’l/ —d +n*2H71/ dy <n2" ogn.
- 1n Y 4 12 1 — (y + vy /n)?H+1 ¥ &

Similar estimate holds for B,, and therefore

sup | Dy (f1)| < O(n~?" " logn). (2.30)

nel,

Further, let ky be such that |, — (K + vg)| < 0/2 for all & > ko, then

0 k2H_1
sup [Do(fi)| S sup ) <
REL, ‘ ’ €Ly k=1 ((k oy )2 — ﬁ2H+1) (@HH — ﬁ2H+1)
<2 i EAH -1 .
im0 ((n+ T — 0)2H+1 — (k + 7y + 6/2)2H+1)
0 kQH—l

+ > .
k=n-+1 ((k; vy — 0/2)2H — (0 + 7y + 5)2H+1>2

Denote the last two terms by R,, and @,, respectively. Then

n 2H —1
R < | LG Jdrt
ko ((n g — 0)2HH — (x4 vy + 5/2)2H+1)

n2H—1

((n F Fp — 0)2HH — (4 + 5/2)2H+1>

5 1= RV + R,

Here R?) < n=2f~1 and
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RO — n72H72/ y* " /(y —1/n) d
n 2
o/ (1 (T = 0) /)2t — (y + (i + 6/2) /n)21+1)
2H-1
S /1 Y sdy S
0 (1 — (y+ ,VH/n)2H+1>

A similar bound holds for @),, and therefore

sup | D(ji)| S n 277"

ﬁeln

By (2.30) the second sum in (2.29) is asymptotically negligible, that is

sup |g%(i) — g()] S n*" " logn.
peln

Plugging this estimate and (2.28) into (2.27) gives the claimed asymptotics.

2.3.3 The eigenfunctions

The approximation (2.15) is obtained by plugging the asymptotics (2.9), (2.11) and
(2.14) into the formula (2.8):

= = Ak ~2H+1 — 1
Pn(t) = ¢ —or(L)pr(t) = —cafiy, ——e(1)r(t)
kz::l A = A o

where we set p,, == v,,/7 and ji,, :== v, /7 as in Lemma 2.1.

As before, we will first replace the exact values by their leading asymptotic terms
and then will argue that the error, thus introduced, is negligible on the suitable scale.
To this end, define (c.f. (2.11)):
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_1)k’ sin (71'(]{3 + vy )t + 777]1{)
(k + yp)?H+1 — p2H+1

— (_1)ke_(k+’7H)7Ttu
(;;l (k + )2 — 21 du (2.32)

0 e~ (ktym)m(1—t)u
]; (k + 7H)2H+1 _ ﬁ%H+l du

B (1) = — e VAT TIVE S (2.31)
k=1

PE(t) = — a2 VRH A1 [ folw)

(2.33)

() = — e WVRH 1 [ filw)

where 7y is the constant defined in (2.12).

Lemma 2.3. The function @2 (t) = @L%(t) + @>%(t) + @>(t) satisfies

Za()/1g5ll = V2sin (%t + 7T77H> +/O fo(u)e™ " du+
+em4eﬁﬂmﬁmﬁww@mMm+mﬂ%—wm@ﬁw
1) sinm (=) [ (7l = ) fi(wdu+ 0 a0,
where f, and §, are explicit functions, defined in (2.38) and (2.39) below, and the

residual 7, (t) is bounded uniformly overn € N andt € [0, 1].

Proof. The claimed approximation is obtained by finding the leading term asymptotics
of the functions in (2.31)-(2.33) and normalizing their sum by a suitable common factor.

1) Asymptotics of (2.31). For fixed t € [0, 1] and i > 0, consider the series

> (—1)*sin (7r(k: +yp)t + 7r77H)

hin) =
(1) Z (k + g )2HH1 — 2H+1

A closed form formula for this expression can be found by means of residue calculus
as in Lemma 2.1. To this end, consider the principal branch of the function

12 sin (ﬂ'(Zt + UH)) 1
?) = 22H+1 _ 2HAL gin(7(z — yy))
which is analytic on the right half plane, except for the simple poles at z, := 1 and
2z = k + vm, k € N. Integrating f(z) over the half disc boundary in the right half plane
we get

ze C\R_ (2.34)
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/_iR f(z)dz + f(2)dz =2miRes{f; 20} + 2mi i Res{f; zx}

iR Cr k=1

where Cy stands for the half circle arc with radius R € N. The ratio of sines in (2.34) is
bounded for any ¢ € [0, 1] and therefore, applying Jordan’s lemma, we get

217r /Oo flit)dt = — Res{f;zo} — i Res{f;z1.}, (2.35)
- k=1

where the residues are

sin (w(it +nm)) 11
sin(m(fn —vyy)) 2H + 1 528
sin (W(l{i—l-”)/H t+77H)) (—1)*
(k + yg )2HHT — 2

Res{f;z} =

Res{f;zx} =

Plugging these expressions into (2.35), we get

T 1 sin (7r(,ut + 77H)> B
C2H 4+ 1228 sin(w(i— i)

' - 1 sin (W(luﬂt + UH))
_ﬁzHRe{/O (fu)* M+t — 1 sin(m(iui — vur)) du}'

The second term simplifies to

o0 1 sin (ﬂ(iuﬁt + T}H)>
Re {/0 ) — du} =

2H+L — 1 sin(mw(iuf — vy ))

> —rup(1-t) e~ mtm ) 0

with the residual satisfying

—Tup 00 e~ TS 9
ILL’R t ILL < /,L/ Tdu = /  NoH ds — 7 —
(1) 1‘ 0 ’(@s/u) — 1‘ p—oo T
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Plugging these expressions back gives

By (t) ~ V2sin (w(fint +nu) )+

o~ _ (2.36)
+(—1)"sin (w('NyH - fyH)) / e~ (=0 £ () du + n D (1)
0
where = ~ y means = ~ C'y with a constant C' and we normalized by the factor
" (=1) (2.37)

o R Tsinn (G — m)

It can be seen (as in the calculation, concluding section 5.1.6. in [12]), that the norm

of the integral term in (2.36) is of order O(n~!) and hence the norm of ¢! is asymptotic

to 1 as n — oo. The residual 7(!)(¢) is uniformly bounded over n € N and ¢ € [0, 1] and
the function f is given by the formula

(2.38)

T (iu)2H+1 — 1

~ 2OH + 1 —im(nE+7H)
fi(u) == il \/§Re{ - }

2) Asymptotics of (2.32). A closed form expression for the series

_ = —1)k
h(p) = kZ::l (k + 'YH)(2H+)1 — 2+

—(k+vyg)mtu

can be found by integrating the principal branch of the function

efszu 1

f(z) = Z2HH — 2H+ gin(m(z — vgy))’

over the half disk boundary in the right half plane. As before,

ze€ C\R_

21 /OO f(it)dt = —Res{f; 20} — i Res{f; 21},
T J—00 k=1

with the same poles as defined above. The residues are given by

Res{ i) = o 1 b ™
es{f:z} =
T 2H 127 sin(r (i — )
1 (_1)k —(k+vH)mtu
Res{f;z1} = - () T — e e TH

and therefore
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T 1 e~ Hmtu

MA) = = S 1 27 (e i = o))

e—zs;nrtu 1

The integral term satisfies

) e—zs;urtu 1 d
/0 (15)2H+1 — 1sin(mw(isp — vp)) °

and hence, normalizing by the constant (2.37), we get

gt~ [ o)+ 0 1)
0
with a uniformly bounded residual 7
3) Asymptotics of (2.33). An explicit formula for the series

o0 e~ (ktvu)m(1-t)u

Z k‘i"YH 2H+1 M2H+1
is obtained by integrating the principal branch of the function

6fz7r(1ft)u
f(z):= ST i ctg(m(z —vu)) ze C\R_

over the same contour as above:

217T/OO f(it)dt = —Res{f; 20} — g:lRes{f;zk}.

— 00

The residues are

1 1
2H + 1 p2H
o~ (k+vm)m(1-t)u

(k’—F’y )2H+1 _ﬁ2H+1

—pr(1—t)u

Res{f;z0} = ctg(m(i —vm))

Res{f;z} =

and therefore
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~ n 1 —pm(1—t)u ~
h(“):_QHleﬁTHe #r=0 et (m (7 — ym))—

1 50 e—isﬁw(l—t)u 1 B
~ / Gyt — 1% [~ Fam RO

where the function R(p) is bounded

N 1 00 267271*5
|R(f)| < ﬁ/o oy - llds.

Plugging these into (2.33) and normalizing by (2.37) gives

(ﬁi’a(t) ~ (_1)n Sin(ﬂ'(;yH — ’YH)) /OOO f1 (u)§1 (/jn7<1 — t)u)du+

+(—=1)"cos (Vg — vm) / fi (u)e’ﬁ"”(l’t)“du + nilﬁ(f') (t)
0

where we defined

_ 2H +1 o0 et

™

]

Finally, it is left to check that the eigenfunctions of the bridge are asymptotic to the
expressions found in Lemma 2.3:

Lemma 2.4. Forany H € (0,1),

Pn(t)  &n(t)
1@nll 125l

< Cn'logn, te[0,1]

for some constant C'.

Proof. Denote by ¢°(t) the leading asymptotic term in the eigenfunctions approxima-
tion (2.11) for the base process, satisfying

() = pu(t)] = Ira(O)ln ™" < Cn™!
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with a constant C. Then after normalizing by the factor (2.37)

_ Y o] eR(D)er(t) er(L)ei(t)

[Pn(t) — On(t)] [en < iy, = MiH—&-l — 2 - (k + g )2+ — 2H+1 S
< 2t i (k+yu)*' ! i
TS ) (et — )

~ Nad 1/k ~2H = 1/k2 -1
ity —— Y - Sntlogn
= - = | — ez

where all the estimates are obtained as in Lemma 2.2. The claim follows since ||@¢ /¢, || =
1+ 0(n™ 1. O
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CHAPTER 3

APPLICATIONS OF EXACT SPECTRAL
ASYMPTOTICS

3.1 Estimation of fractional Gaussian signals in white
noise

3.1.1 Signal estimation in white noise

In this section we revisit the classical problem of signal estimation in white noise. Con-
sider the process

t
Yi=p [ Xds+EB, te0.1] (3.1)

where p and e > 0 are real constants, B, is the Brownian motion and X, is an indepen-
dent signal process, whose trajectory is to be estimated given the observed trajectory
of Y = (Y;,t € [0,7]). Here u is interpreted as the channel gain and the formal deriva-
tive of B, is viewed as the white noise disturbance, whose intensity is controlled by
E.

The optimal in the mean squared sense estimator of X; given the observation path
is the conditional expectation X, = E(X,|F)), where F¥ = o{Y,,t € [0,T]}. If X is a
centred Gaussian process with covariance function K(s,t) = EX X, this estimator is
given by suitably defined stochastic integral

1 T
K= [ h(s,nav.,
1o

where kernel h(s,t) solves the integral equation

T
eh(s,t) + / 2K (r,s)h(r,t)dr = i K(s,t), 0<s<t<T. (3.2)
Jo
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The corresponding minimal mean square error P.(t) = E(X, — X,)? satisfies

T
P(t) = K(t,1) — / h(r, ) K (r, t)dr = —h(t, 1),

0 %
and the important engineering questions are how it scales with the noise intensity and
what is its behaviour in large time.

3.1.2 High signal-to-noise asymptotics for fractional processes

In the Gauss-Markov case, when X is the Ornstein—Uhlenbeck process driven by the
standard Brownian motion, integral equation (3.2) can be solved explicitly by reduction
to the Riccati o.d.e. (see, e.g., Theorem 12.10 in [32]) and, P.(t¢) can be computed in a
closed form. A calculation gives the following high signal-to-noise asymptotics

1 te(0,T
P.(t) ~ \Je/u2 S ? 0.7) ase — 0,
1 t=T

where f(g) ~ g(e) stands for f(¢) = g(g)(l + 0(1)) as ¢ — 0. Note that the smoothing
estimator X, with t < T" outperforms the filtering estimator X, by factor 2 in the limit.

Generalizing this result to fractional setting, when X is the fractional Ornstein -
Uhlenbeck process (1.8), cannot be easily approached along the same lines due to lack
of the Markov property. The more tractable alternative is to use spectral approximations
from Theorem 1.2, which give the following result:

Proposition 5. The minimal mean squared error in the estimation problem of the frac-
tional Ornstein—Uhlenbeck process (1.8) given observations (3.1) satisfies

1

. (sin(ﬂH)F(QH—l— 1))1+2H { L +e(0,7T)

P.(t) = (e/p?)Tiem 2
1 t="1T

— ass— 0. (3.3
Sin SHT1
Remark 4. The scaling rate eTr2m of the estimation error here coincides with the op-
timal minimax rate in the nonparametric estimation problem of deterministic H-Holder
signals in the white noise model, see [53].
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Proof. By scaling property (1.11), equation (3.2) reads

1
eh.(u,v) +/ TP K g (v, u)he (r,0)dr = 2T Kgp(u,v), 0<u<v<1 (3.4)
0
where h.(u,v) := h(uT,vT), and
£
P.(u) = —h(u,u), wue(0,1).
v

Expanding the solution of (3.4) into series of eigenfunctions of Kz, we get

o0 uQTQH
he(u,v) = nZ::l AT T on(w)on(v), 0<u<ov<1,

where ), are the eigenvalues of K 7. This series is absolutely convergent for any € > 0
and its value diverges to +oo as ¢ — 0. Its first order term asymptotics does not change
if the eigenvalues and eigenfunctions are replaced with their first order approximations
from Theorem 1.2. Let C' :=sin(nH)I'(2H + 1), then

P) = Sh(,1)=3 e TOESS e (2H + 1)
5 = S\, L) = — Pn = =
/LQ el 6)\n1 + ,UQTQH'H fope i (71'71)2 + (BT)Q + N2T2H+1
C  (wn)l—2H
0o T2H
~ (2H + 1)/ = c dx ~
1 6((7”6)”“1 + (6T>2(T‘-I)2H—l) + p2T2H

N W E W NS B
2T 6T2H+1u2 T /0 y2H+1 4] Y=

__1 1
e (e 1 2 1 o200 C2HF
2T C T2H+12 sin ==~ = (/7> sin ==~
H H 2H+1 2H+1

which gives the expression for the filtering error at ¢t = 7" in (3.3).

Let us now calculate the limit value of P.(u) for u € (0, 1). To this end, note that the
contribution of the boundary layer term in (1.6) is of order O(n~!) and hence

¢n(u) = V2sin (Vnu + ¢>H) +0(n™), asn— oo,
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o 2H-1_ .ty
where ¢y = == — arcsin e Hence
5 > e )
st(u) = Eha(uau) = Z:l e)-1 + M2T2H+1 @n(u) =
00 €T2H e €T2H

=N e Z:l ALy e O (QV"U + 2¢H) =L(e) + Lfe).

The first term here differs from the previous case only by constant factor 2H + 1
and hence the expression for smoothing error at ¢t € (0,7) in (3.3) is obtained, once we
show that the second term vanishes as ¢ — 0. Define S, = 0 and

NE

Sp = cos <2yku + QQSH), n>1,

k=1

which is a bounded sequence for u € (0,1). Then

e8] €T2H

B _ omoH At = A
I(e) = n; EA L 4 22 (S"_S"_1> =T T;S" (5)\7;1rl + IUQT2H+1) (5)\;11 + M2T2H+1)'

In view of (1.13), for all n large enough

A = A <o oand At > Con®PH
with positive constants C; and Cs. Since S,, is bounded, for some constant Cj

2H

n 2H

L) < Cye? S ~C /OO Y dy — 0.
[B(e)] < Coe 7; (€n2H+1_|_1)2 3 0 (y2H+1+1)2 L

]

Remark 5. Using the exact approximations from Theorems 1.2, 1.3 and 1.4 one can
obtain the similar results for other fractional Gaussian processes.

3.1.3 Large time asymptotics for fractional signals

Another important objective is to compute the steady state limit of optimal linear filtering
error P, = lim; .., P, if it exists. Without loss of generality let e = 1 in (3.1) and let
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3.1. Estimation of fractional Gaussian signals in white noise

X = (X, t € [0,7]) be the fractional OU process (of the first kind) started from zero,
that is, the solution of the Langevin equation

t
&:@A&@+${temﬂ

subject to X, = 0. Here 3 € R is a fixed constant and B” = (Bf,t € [0,T]) is the
fractional Brownian motion with the Hurst parameter H € (0, 1].

Since X is a Gaussian process with covariance function Kz(s,t) given by (1.10), a
standard calculation yields the formula

e ¢
Xy = ’u/O g(s,t)dY’&

where g(s, t) is the solution of the Wiener-Hopf integral equation

t
95,0 + 122 [ g(rOR(r,s)dr = R(s,t), 0<s<t<T (3.5)
0

and the estimation error is given by

Unfortunately, in order to find the steady state limit we can no longer use the rescal-
ing property (1.11) since 5T is not bounded, when 7" — oo. Nevertheless, we can still
prove the following result.

Theorem 3.1. (1) The steady state filtering error for the fractional Ornstein-Uhlenbeck
process with Hurst parameter H > £ is given by

5 + 5H + 2 Re 20

G ’
where =, = pe'® is the unique solution of (3.14) such that p > 0 and ¢ € (0, %) and the
constant

Foo = i I =

1TQ2-2H) 1,y pors 2H — 1
= ——/ arccot <7TH(2H— 1)E(t — )t — cot 5 W)dt.

(2) The steady state filtering error for the fractional Ornstein-Uhlenbeck process with
Hurst parameter H < % is given by
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and the constant

T@2-2H) 1 5 o oo 1-2H )
/ arccot( H(=20) Mz(t — )t cot 5T dt.

Proof for I/ > 1

Define a:=2 —2H € (0,1), then

t s
Kjs(s,t) :/0 /0 PP ey — |~ dudy

with ¢, = (1 - §)(1 — a) and

t
aaKﬁ(s,t) = BKj(s,t) + ca / A0y — |~ du.
s Jo

Differentiating (3.5) we get

ﬁ _ 2 ! "B —
5g9(8:t) = By(s,1) + pu Ca/o g(r,t)/o e s —v|“dvdr = f(s,t), (3.6

where

t
f(s,t) = ca/ P — v dw.
0

For the fixed value of 7" > 0 define the new function

T
Tr(s) = 6_58/ g(r, T)e  dr.

Denote fr(s) = f(s,T). Then according to (3.6), Tr(s) is a solution of the following
equation
2 2 r
—Y7(s) + B°Yr(s) + p coé/0 |s —r|“Yr(r)dr = fr(s),

subject to the boundary condition

Yr(T)=0 and [Y7r(0)+ Y5(0)=0.

In order to simplify the equation and get rid of fr on the right side we introduce a new
function
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3.1. Estimation of fractional Gaussian signals in white noise

Ur(t) = Tr(t) — ;eﬁ(T_t), te0,T]
that satisfies the equation
_W() 4+ FPU() + e /OT = [Ty (r)dr = 0 (3.7)
and the boundary condition
Up(T) = _: and B (0) + W,(0) = 0. (3.8)

Our purpose is to find

P = lim ¢(T,T) = — lim Y(T) = = — lim W,(T).

T—o00 T—o00 o T—oo

The Laplace transform. Once again, let us start with deriving a suitable expression
for the Laplace transform of W:

Lemma 3.1. The Laplace transform of U satisfies

By(z) = SorElE T,

(3.9)

where

2

oo 2t
A — -2 _ 32 _ K Ca /
() =2"=8 F(a) Jo 2 — 22 dt

and the functions ®,(z) and ®,r(z) are sectionally holomorphic on the cut plane
C\ Rso.

Proof. Recall that

1 o)
- tozfl 7t|:1:7y\dt _ o« 0.1
fah e z—yl™ e

and define
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T
ur(a,t) = [ Wr(y)e ey

vp(x) = /Oo t* tug(x, t)dt.
0
Then applying Laplace transform to (3.7) we get

—W(2) + B2 (2) + Iﬂ‘(;mz) ~0. (3.10)

Using the boundary conditions (3.8), the following expression is obtained for the
Laplace transform of W7

B(2) = Ap(B — 2) + e (By — ;z)  220(2)

with Ay = U (0) and By = V/.(T"). An additional relation can be deduced as follows.
The function ur(z,t) satisfies the equation

un(x,t) = tPup(x, t) — 2tV p(x), (3.11)

subject to the boundary conditions

wp(0,t) = tup(0,t) and wp(T,t) = —tur(T,t).

Consequently, the Laplace transform of v”(z, t) satisfies

W (z,t) = e (2 — up(T,t) — (2 + t)ur(0,t) + 22tUr(z, t). (3.12)

Combining (3.11) and (3.12) we obtain

oo +a—1

z+1

tafl
up(0,t)dt — e’ZT/
—t 0

z

or(z) =~ (z) [ 21 at+ [~

2 _ 2 UT(T, t)dt
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3.1. Estimation of fractional Gaussian signals in white noise

Plugging this expression into (3.10) and rearranging gives (3.9) with

2 0o 2t
Az) = 2% — 2—“%/ dt
() ===F -1t 7-2

QC co 4a—1
Pur(:) = Ar(: = )~ 15 | (0, 1) (3.13)

1 ,UQCOc 00 tafl
® - 2 Byp— / T t)dt
1r(2) MZZ r I(a)Jo t— zuT( )

Lemma 3.2. a) The function A(z) is given by the formula

RS N { arg(2) € (0,7)

2 :
I'(a) cos Gor e~z ™ arg(z) € (—,0)

This expression vanishes only at £z, = +pe? and +z,, where p = p(a, ) and ¢ =
¢(av, 1) are the unique solution of the equation

2
2.2p _ g2 _ M Ca T a-1 ((a-Deti5emi _ 3.14
pe p I'(a) cos Fa ‘ (814

depending only on o and 1 and such that p > 0 and ¢ € (0, 5=%).

b) A(z) has a discontinuity along the real axis with the limits

e, w

AR(t) =12 = 7 -

us ™ 1-a
['(a) cos Sa cos T | prizemi t <0

and the symmetries (1.45)-(1.47) hold.
Proof. Follows from the formula

dt =z -

— 22 2cos fa | p—15emi arg(2) € (—,0)

/Oota allw{el’za” arg(z) € (0, )
0o t2

For fixed values of o and 3 let us now introduce the function

0(1) = ara{A* (1)} = —arccot (-

T p1?Cq

1—
(t* — BHt — cot 5 CY7r>.
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This function is not monotonic, but is increasing eventually and

1+«

6(0+) = — m and 0(t) ~ —t*? t— oo

Removal of singularities. Since the Laplace transform is a priori an entire function,
removal of the singularities gives the following conditions

(I)O,T(:tz[)) + Gq:z()Tq)LT(q:Zo) =

0
. (3.15)
CI)Q,T(:i:fo) + €:FZO CI)LT(:FEO) =0

and

@{{T(t) - eZie(t)<I>(;7T(t) = 2ie"® sin H(t)e_tTCI)l,T(—t)

+ U 2i0(t) g — o i0(t) o 4T Y t>0. (316)
QY (1) — ™"V D p(t) = 2™V sin O(t)e ™ Do (1)

Since tur(0,t) and tur(1,t) are bounded, it follows from (3.13) that

1
Qor(z) ~Ap(z— ) and &y p(z) ~ _EZ —Br asz—

and
|(I)(),T(Z)| ~ |Z|Oé_1 and |(I)17T(Z)| ~ |Z|O¢_1 as |Z| — 0.

An equivalent formulation of the eigenproblem. Consider the homogeneous Hilbert
problem of finding a function X (z), sectionally holomorphic on the cut plane C \ R+,
and satisfying the boudnary condition

Xt(t) —e¥OX () =0, €Rsy.

One of the appropriate solutions obtained by the Plemelj formula is

X(z) = lexp (1 /OO (1) dt) , z2€C\Rsy.

A mJo t—=z

that satisfies

1 b
1X(2)| ~ 2], 2—0 and X(z)~-—— +0(

z 22

1), 2z — 00 (3.17)

3
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3.1. Estimation of fractional Gaussian signals in white noise

where

bo =~ /OOO O(u)du.

™

The functions

. (I)O,T(Z) + (I)l,T(Z)

. B (bg,T(Z) — @1;[‘(2’)
Sr(2) = 2X ()

and Dyp(z) := 2X ()

satisfy the decoupled boundary conditions:

Sr(t)
Di(t

(t) 2ih(t)e T Sp(—t)
(t) = —2ih(t)e " Dp(—t)

-8
- D

~—

el

where we defined a real valued, Holder continuous on R function

p ) X(—t 1 foo t+s
h(t) == e sin O(t) X(Jf(t)) = exp (_71'/0 ¢'(s)log ’ts

ds) sin 0(t).

with 1(0) :=sin 6(0+) = — sin ££%x. By the Plemelj formula

St(z2) = 71T OOO hit)_e:T Sr(—t)dt + P7(2)
Dr(z) = —71T /0°° hit)_e; Dr(—t)dt + PP(2),

where P7(z) and PP(z) are arbitrary polynomials. Since (3.17), the growth of &, 1 (z)
and @, r(z) in (3.13) implies

PTS(Z) = ;(AT — 7)22 + ;((bo _B>AT — BT — Z(;)Z‘i‘k%

2

}—‘tp—n

1 1 b
PP(z) := 5(AT + E)ZQ + 5((bo — B)Ar + Br + /72)2 o

where k2 and k£ are some constants. Setting z := —t with ¢t € R.,, the following
integral equations are obtained:
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s

fsT

- :_7/ s+t —s)ds + Pp (=)

For j € {0,1,2} let p; () and ¢; r(t) be the solutions of the integral equations

1 oo h(s)e T ,
pir(t) = ;/0 (S)HPJ',T(S)dS +t/

(3.18)
1 o h(s)e T ;
¢r(t) = —;/0 g Grls)ds +t
then by linearity
S1(2) = ~(Ar = S )par(—2) = 2 ((bo — D) Ar — Br — 2 )pun(—2) + k§por(—2)
T =3 T Mz P2 9 0 T T M2 biT TPO,T
1 1 1 bo

Dr(z) = §(AT + E)CIZT(—Z) - 5((50 — B)Ar + Br + 2 )Ch r(=2) + kfqor(—2),

where the definition of all the functions on the cut plane is extended in the obvious way.
Consequently, if we let

ajr(z) = pjr(2) +¢r(z) and bjr(z) :=p;r(z) — ¢r(2)

we get
1 1 1
Qo r(2) = <2ATCL2,T(—Z) — ﬂbQ r(—2) — §(b0 — B)Arar p(—2)+
+3(Br (=) + Kima(=2) + Kanr(-2) ) X()
®1:2(2) = (3Arbar(—2) = 3 aar(=) = 50— B)Arbyr(—2)+

1 b
o (Br ot Banr(—2) + kipor(=) — Paor(~2) | X (2)
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3.1. Estimation of fractional Gaussian signals in white noise

Applying this expressions to (3.15) we get

;AT&,T(ZO) - 21M2772,T(ZO) - ;(bo — B)Ar& r(20)+

. b (3.19)
o Br o+ ghmr(a0) + k(=) + kG (z0) =0,
where
() = r() g e Hrl=2), € (1.2)
X(=2)

nir(2) = bjr(z)

X()
) = ma() s e +por(—2)
) = qor () e = qur(=2)

Properties of the integro-algebraic system. Solvability of the integro-algebraic sys-
tem, constructed in the previous section, relies on the contracting properties of the
operator

(anw == [T fs)as

™

Lemma 3.3. The operator A contracts in L*(0,00) for all T large enough. More pre-
cisely, for any oy € (0, 1] there exists an ¢ > 0 and a constant T' > 0, such that
Al <1—cforallT >T and all a € o, 1].

Lemma 3.4. For any o, € (0, 1] there exist constants T" and C, such that for all T > T’
and all o € [, 1]

‘aﬂ(izo) - Q(iZO)j’ <CT™7, ‘bj,T(iZO)‘ <CT ', jed{1,2}
‘pO,T(iZO> - 1’ <CT ', ’qo,T(iZo) - 1‘ <CT7t

Asymptotic analysis. Takingthelimitas 7" — oo in (3.19) and applying the estimates
from Lemma 3.4 we get:
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2
2§ - bo e R TR S
~ (i Br )0+ i K — fi b =0

and consequently taking the imaginary part we get

b 2R
lim Br = ——02 — e220
T—o0 M %
and
b 2R
P =2 — lim v (r) = 5 0T =R
Iu T—00 M

Proof for 17 < 1

Define oo :=2 —2H € (1,2), then

s d t
Kps(s,t) = ‘/0 65(3_”)%/0 (1-— %)h} — u[%sign (v — u)e’ W dudv

and

d rt
;SKB(&t) = BKp(s,t) + £/0 (1-— %)]s — u|'"sign (s — u)e’ Y du.

Differentiating (3.5) we get

t d r
aasg(s,t) — Bg(s,t) + “2/0 g(r, t)%/o (1- %)eﬂ""*“)ls — u|""*sign (s — u)dudr =

¢
= j/ (1— %)eﬂ(t_“”s — u|'"*sign (s — u)du.
5.Jo

For the fixed value of 7" > 0 define the new function

T
Tr(s) = e’ﬁs/ g(r,T)e dr.

S

Then from integrating by parts follows the following equation

d (T «
e 2 2 7 _ _ el _ —
Th(s) + 8o (s) + P [ (1= D)ls = v sign (s = 1) Yo (r)dr

d T
= eﬁT—/ (1-— %)|s — r|*"sign (s — r)e "dr.
0
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3.1. Estimation of fractional Gaussian signals in white noise

subject to the boundary condition

Yr(T)=0 and [Y7r(0)+ Y75(0)=0.
We introduce a new function

1

— P00, T

Ur(t) ="Tr(t) — 2

that satisfies the equation

T
—W(t) + B2 (t) + ,u2d/ (1-— g)|t —r|**sign (t — 7)Up(r)dr =0 (3.20)
dt Jo 2
and the boundary conditions

Ur(T) = —: and (U (0)+ U7(0) = 0.

Our objective is to find

S lim w(7).

M2 T—o00

o . I 1 / _
Poo = lim g(T,T) = — lim T7(T)

The Laplace transform. Let us proceed with deriving a suitable expression for the
Laplace transform of W:

Lemma 3.5. The Laplace transform of ¥ satisfies

{I\’ o CI’()J*(Z) + Giqu)LT(—Z)

T(Z) - A(Z) ) (321)

where

2 0o 2ta_2
Ao) =232 _H |cal 2/
(2) =2"-p8 M) - b 2op dt

and the functions ®,r(z) and ®,r(z) are sectionally holomorphic on the cut plane
C \ R>0.

Proof. Recall that
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d r - o 1 d o a— r —t|lz— :
[l sign (¢ =) ¥r(W)dy = [ [ [ et sign (o — y) W (y)dyde.
and define

A
ur(e,) = [ sign (@ — y)e = (y)dy

0
vp(z) = /OO t* 2up(z, t)dt.
0
Then applying Laplace transform we get

—W(2) + BUp(2) + ME’T(Z) =0. (8.22)

Using the boundary conditions for W, the following expression is obtained:

V() =Ar(B—2) + e *T(Bp — :22) + 22Uy (2)

An additional relation can be deduced as follows. The function uy(x,t) satisfies the
equation

(2, t) = 2Up(2) + Pur (e, 1),

subject to the boundary conditions

wp(0,t) = 2¥7(0) + tur(0,t) and  wp(T,t) = 2¥1(0) — tur(T, ).

Consequently, the Laplace transform of «”(z, t) satisfies

Up(z,t) = =207 (0) + 20 (T)e " + e (2 — tYup(T,t) — (2 + )ur(0,t) + 2°Ur(z, ).

Combining these expressions we obtain
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3.1. Estimation of fractional Gaussian signals in white noise

oo fo—1

. 0o Qta— 2
0(2) = 220 () / dt + / ur (T, t)dt.

2 uT (0,1) dt—l—e’ZT/

o z+t

Plugging this expression into (3.22) and rearranging gives (3.21) with

2 0o 2ta—2
Az) =22 g2 _H |cal 2/
(2) =2 = ° — I(a) z — t2dt

oo +a—1
Dor(z) = Ap(z — B) “ 'C“| / ! t)dt (3.23)

t—z
tal

UT(T, t)dt

t— 2z

1 H ‘Ca’
o ———2-B /
17T(Z) HJ2Z T + F(Oz) 0

Lemma 3.6. a) The function A(z) is given by the formula

( ) | cos 50 e~ 2 arg(z) € (—m,0) .
and does not have zeros in the complex plane.

b) A(z) has a discontinuity along the real axis with the limits

2 et t>0
R Rt S
['(a) |cos Faf cos o | pFigemi <0

and the symmetries (1.45)-(1.47) hold.

Proof. Follows from the formula

e 2

3—a__:
0o o2 1 ez ™ arg(z)e (0,7
| posl T { (=) € (0,7)
0

2 — 22 | cos S 30 arg(z) € (—,0) '

For fixed values of o and 3 lets consider function

1 T'(«)

2|Ca’

0(t) = arg{A+(t)} = arccot < (tQ _ 52)t1—a — cot «Q ; 17r>.
This function is decreasing and
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0(0+)=m and O(t) ~ —t*3 t— 0.

Removal of singularities. Analogously to the case & > 1 the removal of the singu-
larities of A(z) gives

Dy p(t) — eQw(t)CI)(IT(t) = 2ie” D sin O(t)e ' Dy (1)

+ L 2i0(t) g — o i0(t) o 4T s t>0. (324)
DI p(t) —e Oy p(t) = 2ie™ sin(t)e ™ o p(—t)

Moreover, it follows from (3.23) that

1
Oor(z) ~Ap(z— ) and &y 7(z) ~ —Ez —Br asz—

and

|Do.r(2)| ~ const and [Py r(2)] ~ const as |z| — 0.

An equivalent formulation of the eigenproblem. Consider the solution of the ho-
mogeneous Hilbert problem obtained by Plemelj formula

X(z) = zexp (1 /Oooe(t)dt>, z € C\ Rsy.

. t—z

that satisfies

1
| X(2)] ~const, z—0 and X(z)~z—by+ O(;), Z = 00 (3.25)

where

The functions

o (1)07T(Z) + @17T(Z)

. o ©O,T(Z) — CI)LT(Z)
Sr(2) = 2X(2)

and Dr(z) := 2X ()

satisfy the decoupled boundary conditions:
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3.1. Estimation of fractional Gaussian signals in white noise

Si(t) — Sp(t) = 2ih(t)e T Sp(—t)
Di(t) — Dy (t) = —2ih(t)e T Dp(—t)

where we defined a real valued, Holder continuous function

>

(—t
X*(t)

~—

h(t) == e?® sin O(t)

By the Plemelj formula and using the growth rates of &, r(z) and ®, r(z) as z — oo we
get

1 oo h(t)e T 1 1

Sr(z) = — (e Sr(—t)dt + §(AT — E)

mJo t—z

Dr(z) = - /OOO h(tt)_e_t

™

1 1
—Dr(=t)dt + (A7 + -5)

Let pr(t) and ¢r(t) be the solutions of the integral equations

sT

1 foo h(s)e”
= — _ 1
prlt) = 2 [ g prleds +
1 [ h(s)e™sT
= —— _ 1
i) == [ S e

extended to the cut plane in the obvious way. Then by linearity

Sp(z) = ;(AT - :Q)pT(—Z) and  Dy(z) — ;(AT + ;)qT(—z).

Consequently, if we let

we get

f (3.26)

Properties of the integro-algebraic system. Further we are going to use the con-
tracting properties of the operator
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(ane == [T fs)as

™

Lemma 3.7. The operator A contracts in L*(0,c0) for all T large enough. More pre-
cisely, for any oy € (1,2) there exists an ¢ > 0 and a constant T" > 0, such that
|A| <1—cforallT >T andall a € (1, ).

Lemma 3.8. For any o, € (1,2) there exist constants T' and C, such that for all T > T’
and all o« € (1, o)

5k C

Tr?’

of + 07
T

jar(—7) —2 - |+ [pr(=7) - ;55\ < T >0,

where
1 foe 1 foe
+ _ = —sT - _ —sT
of = 7T/0 h(s)e * pr(s)ds and ir 7r/o h(s)e™* qr(s)ds
Moreover, the following inequality holds

C
+ < =
551 + 1671 < .

Asymptotic analysis. Using the asymptotics of ®, r and @, 1, the asymptotics of ar
and by from Lemma 3.8 and the representation (3.26) we get:

0F + 07 1 _
Ar(B — by — 5 ) = —27/3(5;: —0r)
1 of +067  O0f —op
BT:M2<—b0— L AT).

and consequently, since |6| + [07] — 0 as T — oo, we get

b
T—00 ,UQ
and
b
Poo:%— lim W, (T) = 6+2 2
ol T—o0 ol

Remark 6. Using the method described in this chapter similar results can be obtained
for other fractional processes.
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process

3.2 Large deviations for drift parameter estimator of
mixed fractional Ornstein-Uhlenbeck process

3.2.1 Maximum likelihood estimation for mixed fractional Ornstein-
Uhlenbeck process

Our purpose is to establish large deviations for the maximum likelihood estimator of
drift parameter of the Ornstein-Uhlenbeck process driven by mixed fractional Brownian
motion:

dX, = —9Xdt +dB;, te€[0,T], T>0 (3.27)

where the initial state X, = 0 and the drift parameter ¥ is strictly positive. The process
B, is a mixed fractional Brownian motion

B, =B, + B, tel0,1] (3.28)

where B = (B,) is a Brownian motion and B¥ = (B}?) is an independent fractional
Brownian motion with the Hurst exponent H € (0, 1].

The interest to mixed fractional Brownian motion was triggered by P.Cheridito’s pa-
per [10]. Further, mixed fractional Brownian motion and related models were compre-
hensively considered by Y.Mishura in [37]. Finally, results of recent works of M.Kleptsyna
and P.Chigansky [9] and [12] concerning the new canonical representation of mixed
fractional Brownian motion present the great value for the purposes of this paper.

The main contribution of paper [9] is a novel approach to the analysis of mixed
fractional Brownian motion based on the filtering theory of Gaussian processes. The
core of this method is a new canonical representation of B.

Actually there is integral transformation which changes the mixed fractional Brown-
ian motion to martingale. In particular (see [9]), let g(s, t) be the solution of the following
integro-differential equation

¢
g(s,t) + j / glr,t)H|s —r|*"“'sign(s —r)dr =1, 0<s<t<T. (3.29)
s Jo
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Then the following process

v = [ "g(s,t)dB,, te[0,T] (3.30)
0

is a Gaussian martingale with quadratic variation

(M), = /Otg(s,t)ds, t€[0,7]. (3.31)

Moreover, the natural filtration of the martingale A coincides with the natural filtra-
tion of the mixed fractional Brownian motion B. Further to what has just been men-
tioned concerning the mixed fractional Brownian motion, an auxiliary semimartingale,
appropriate for the purposes of statistical analysis, can be also associated to the cor-
responding Ornstein-Uhlenbeck process X defined by (3.27). In particular, for the mar-
tingale M defined by (3.30), the sample paths of the process X are smooth enough in
such sense that the following process is well-defined

d
d(M)

0, = /0 (5, ) X.ds. (3.32)

t

We also define the process Z = (Z;,t € [0,T]) by

z= [ " g(s,1)dX,. (3.33)

One of the most important results of [9] is that the process 7 is the fundamental
semimartingale associated to X in the following sense:

Theorem 3.2. Let g4(s,t) be the solution of equation (3.29) and process Z be defined
by (3.33). Then the following assertions hold:

(1) Z is a semimartingale with the decomposition

"t
Z, = ¥ /0 Qud(M), + M, (3.34)
where M, is the martingal defined by (3.30).

(2) X admits the representation

t
X, = /0 (s, 1)dZ, (3.35)
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where

g(s,t)=1-— d(d]\/[>s /Otg(r, s)dr. (3.36)

(3) The natural filtrations (X;) and (Z;) of X and Z respectively coincide.

In addition, it was shown by Kleptsyna and Chigansky [12] that process @) admits
the following representation

t 1 1 rt
Q, :/0 (s, 1)dZs = Su(t 1) 2+ 5/0 U(s,s)dZs, te[0,T] (3.37)

with

1 dt ds
oo =5 (i, + )
Specific structure of the process @ allows to determine the likelihood function for
(3.27), which according to Corollary 2.9 in [9] equals

dp 4 Lo [T
L9, X) = % (X) = exp —19/ QudZ; — =0 / Q2d(M), ),
du® 0 2 Jo
where ;X and uE are the probability measures induced by processes X and B respec-
tively. Thus, the score function for (3.27), i.e. the derivative of the log-likelihood function

from observations over the interval [0, T is given by

Yr(0) = —/OT QidZ; — 19/0T Q7 d(M),

which allows to determine the maximum likelihood estimator for the drift parameter ¥.
Moreover, according to theorem 2.9 in [12], which is also presented below, maximum
likelihood estimator is asymptotically normal.

Theorem 3.3. Let g(s,t) be the solution of equation (3.29) and processes () and Z
defined by (3.32) and (3.33) respectively. The maximum likelihood estimator of ¥ is
given by

5o ) Qudz,
0rX) == zay,

t

(3.38)
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Since v > 0 this estimator is asymptotically normal at the usual rate

VT (9r(X) = 9) —= N(0,29). (3.39)

We develop this result by proving the large deviation principle for the maximum-
likelihood estimator (3.38)

3.2.2 Large deviation principle

The large deviations principle characterizes the limiting behavior of a family of random
variables (or corresponding probability measures) in terms of a rate function.

A rate function I is a lower semicontinuous function 7 : R — [0, +o0], such that for
all « € [0, +00) the level sets {z : I(z) < o} are closed subsets of R. Moreover, I is a
good rate function if its level sets are compacts.

We shall say that a family of real random variables (Zr),., satisfies the large devi-
ation principle with a rate function I : R — [0, +oc], if for any Borel set I C R,

— inf I(z) < liminf llogIP’(ZT eI') <limsup llog]P’(ZT el') < —inf I(x)
zel© T—oo T—o0 T zel’

where I'° and T denote the closure and the interior of I' correspondingly. It should be

noted that a family of random variables can have at most one rate function associated

with its large deviation principle (for the proof we refer reader to the book by Dembo

and Zeitouni [14]). Moreover, it is obvious that if (Z7),.., satisfies the large deviation

principle and Borel set I' C R is such that

inf I(z) = inf I(2)

xel° zel

then

zel

.1 .
TlgroloflogIP’(ZT el') = —inf I(x).

We shall prove the large deviation principle for a family of maximum likelihood esti-
mators (3.38) via a similar approach as the one of [2] and [1] for Ornstein-Uhlenbeck
process and fractional Ornstein-Uhlenbeck process respectively.
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In order to prove the large deviations principle for the drift parameter estimator of
mixed fractional Ornstein-Uhlenbeck process (3.27) the main tool is normalized cumu-
lant generating function of arbitrary linear combination of f;" Q,dZ; and [ Q?d(M),

LmeoZQ;ng[@@(zﬂaﬁ»} (3.40)

where for any (a,b) € R?

Zr(a,b) = a/OT QidZ; + b/OT QZd(M),. (3.41)

It should be noted that for some (a,b) € R?* mathematical expextation in (3.40)
might be infinite. In fact, in order to establish a large deviation principle for J; it is
enough to find the limit of £L1(a,b) as T — oo and apply the following lemma, which is
a consequence of Gartner-Ellis theorem (Theorem 2.3.6 in [14]).

Lemma 3.9. For a family of real random variables (Zr),., let the function Lr(a,b)
be defined by (3.40) and, for each fixed value of x, A, denotes the set of a € R for
which limy_, ., L7(a, —za) exists and is finite. If A, is not empty for each value of x then
(Zr)r-, Satisfies large deviation principle with a good rate function

I(z) = — inf lim Lp(a, —za). (3.42)

acAy, T—o0

3.2.3 Main results

Theorem 3.4. The maximum likelihood estimator ¥ defined by (3.38) satisfies the
large deviation principle with the good rate function
2
“Iﬂ),#x<—§
I(z) = v ) (3.43)
21 + U, ifx > —3

Proof. As it was mentioned in previous subsection, in order to establish the large devia-
tion principle for U+ and determine the corresponding good rate function it is necessary
to find the following limit

L(a,b) = lim Lp(a,b) (3.44)

T—o00
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and determine the set of (a,b) € R? for which this limit is finite. For arbitrary ¢ € R
denote the Doleans exponential of (¢ + 9) [ Q.dM, as

Ay (t) = exp <(<p + ) /Ot Q.dM, — (“’J;W /Ot Q§d<M>S> .

Given (%QO is a Gaussian process, whose mean and variance functions
’ t>0

are bounded on [0, 7], A,, satisfies conditions of Girsanov’s theorem in accordance with
Example 3 of paragraph 2 of Section 6 in [32]. Thus, we can apply a usual change of
measures and consider new probability P, defined by the local density

dP,

L= A (T) = exp <(¢ + 1) /O " QudM, — “0;79)2 /0 ' Qfd(M)t> .

Now we observe that due to (3.34) A,(7) can be rewritten in terms of the funda-
mental semimartingal

Ap(T) = exp ((90 +9) /OT QidZ; + (¢ + 19)19/; Q2d(M), — W;W /OT Q§d<M>t> -

2 92
— e ((0+0) [ Quzi- £ [ Gt

2

Consequently we can rewrite Lr(a,b) as

Lr(a,b) = ;logE{eXp (ZT(a,b))] = ;long{exp (Zr(a,b)) AQ(T)_I} —

1 T 1 T
Given ¢ is an arbitrary real number, we can choose ¢ = a — ©. Then

1 1 T
Lr(a,b) = 7 log By exp (2(% — 9%+ (a —9)?) /O Qfd<M>t>

or denoting j1 = —1(2b — ¥? + (a — ¥)?)

1

2
1 T

Lr(a,) =  log B,y exp (—u /0 Q§d<M>t> . (3.45)
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As it was mentioned before, mathemetical expectation above can be infinite for some
combinations of 1 and . Our purpose is to determine the set of (p, 1) € R?, for which
this mathematical expectation and limit (3.44) are finite. According to Girsanov theo-
rem, under [P, process

M~ (p+9) [ QuilM), = 7~ o [ Quatn), (3.46)

has the same distribution as M under P. Consequently, applying inverse integral trans-
formation (3.35) to (3.46), we get that under P, process X; — ¢ [; X.ds is the mixed
fractional Brownian motion.

Thus, under new probability measure P, process X is the mixed fractional Ornstein-
Uhlenbeck process with the drift parameter —p. Consequently, in order to find a limit
of (3.45) as T" — oo we can apply Lemma 3.10, which is presented further, and obtain
the following result

2 1
L(a,b):—g— %+g:—§(a—ﬁ+\/ﬁ2—2b)

and convergence (3.44) holds for ¢ < 0 and px > —%2, which give ¥ —a > 0 and
¥? — 20 > 0 respectively. For z € R denote the function

L,(a) = L(a,—za) = —; (a — U+ VU2 + 2xa)

which is defined on the set

Ax:{a€R|19—a>Oand192+2xa>O}.

Then, according to (3.42) the rate function I(x) for the maximum likelihood estimator
J+ can be found as

I(x) = — inf L,(a).

aeAz
Consequently, straightforward calculations of the infimum above finish the proof of the
theorem.
O

Remark 7. One can observe that rate function /(z) does not depend on the parameter
H. Hence, Jr shares the same large deviation principles that the ones established
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by Florens-Landais and Pham [17] for standard Ornstein-Uhlenbeck process and by
Bercu, Coutin and Savy [1] for fractional Ornstein-Uhlenbeck process.

3.2.4 Auxiliary results

One can observe that the following lemma plays key role in the proof of Theorem 3.4.

Lemma 3.10. For the mixed fractional Ornstein-Uhlenbeck process X with the drift
parameter v the following limit holds

1 T 9 V2
Kr(p) = Tlog]Eexp (—/L/O Qfd(M>t> 5~ \7T + %, T — o0 (3.47)
forall p > —2.

Proof. We prove the lemma using a similar approach as the one of [12]. Denote V, =
[34(s, s)dZ,. Then according to (3.37) we can rewrite

9 v
dZy = —9Qud(M), + dM, = —§w(t,t)th<M>t — 5%d(M>t +dM; =

9 9 1 1
= ——Zydt — —V,———dt + —=dW,
27! 2 t¢(t,t) W(t,t) !

where W, is a Brownian motion. Consequently we get
v 9

Gaussian vector ¢ = (Z;, Vt)T is a solution of the linear system of lto stochastic
differential equations

v
where
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1

1
1 R
A(t) = Y | and b(t) = | VUt |
Y(tt) 1 W(t, t)

Moreover, Xr(u) in (3.47) can be rewritten as

Kr(4) = = logEexp (—u [ Q?d<M>t) ~ LlogEexp (—’;j [ wnzo+ m>2d<M>t) -

2
_1 por 1 _1 BT
— - logEexp (4/0 ( Wt )2, + th) dt) _ TlogEexp< 4/0 ¢ R(t)(tdt>

where

where I'(¢) is the solution of the equation

D(t) = —gA(t)F(t) - gF(t)AT(t) . gr(tm(t)r(t) + B() (3.48)

with B(t) = b(¢)b” (t) and initial condition I'(0) = 0.
We shall search solution of the equation (3.48) as the ratio I'(t) = Uy (t)Wy(t),
where W, (t) and W,(t) are the solutions of the following system of equation

(1) = D, (1A() + 2 wa(0) RO
J (3.49)

Uy (1) = Uy (1) B(t) — §‘I’z(t)AT(t)

with initial conditions ¥, (0) = I and ¥,(0) = 0. From the first equation of (3.49) we get

179



Chapter 3 — Applications of exact spectral asymptotics

W0 (1) = SA() + 200 RO

and since tr A(t) = 2 it follows that

%tr(F(t)R(t)) = tr(U (), (8) — 0.

Since W, (t) = W, (t)(U;L(t)W,(t)) by Liouville’s formula

_r Ttr(r(t)R(t))dt——i T (U7 (0) D (t))dt+£——i1 det U (T)+ﬁ
AT Jo ~ o o L ! 9 ~ o 0BCCtH 2

In order to calculate lim 7 log det Uy (T") define matrix
—00

J:
10

and note that A7 (t) = JA(t).J, R(t) = JA(t) and B(t) = A(t).J. If we set U,(t) = Uy(t)J
from (3.49) we obtain the following system of equations

U (t) = gllll(t)A(t) + g%(t)A(t) 550
(1) = W1 (A1) — 5 Ta(1) A1)

with initial condition ¥, (0) = 7 and W,(0) = 0. When %' + u > 0 the coefficients matrix
of system (3.50)

vop
2 2
)
1 —=
2

has two real eigenvalues +X with A\ = ,/%2 + £ and eigenvectors

Vi
+ 2

1
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process
) 9 3 . .-
Denote a* = 3 + A= 5 + \/% + £. Diagonalizing system (3.50) we get
\Ijl(t) = CL+T1(t) + G_Tg(t)
where T (¢) and Y, () are the solutions of the following equations
Ti(t) = AT (1) A(t
1(1) = XT(1)A(1) 551)

Ty(t) = —ATo(t)A(t)
with initial condition T;(0) = 57 and T5(0) = — ;1. Denote matrix M (T") = Y5 (T)Y1(T),
which is the solution of the following equation
M(t) = N (A(t)M(t) + M(t)A(t)) (3.52)

subject to initial condition M/ (0) = —I. Then

1 1
T logdet Wy (T') = T log det (a+T1(T) +a Yo

(1)) =
_ 1 dt(*T(T»+}J dt(f+ AﬂTO
—Togea 2 Toge

—l1dq—rgw+11 H—deUWﬂ+wﬁM@)—
—Togea 2 Tog - e - =

+
b M(T)

_ 1 dq-rwﬁ+ll H—w_%tM@)+1l 1+ a_
—Togea 2 Tog = e TOg a2
1+<_> det]\/[(T)

a

Applying Liouville’s formula to (3.51) we get

e (10) o 1o (14 () a1 -

2
1 a” 1 at
= Tlog ((2)\> exp(—2)\T)> T log (1 + (a‘) exp(4/\T)) 2\, T — oc.
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Thus, in order to prove that limit (3.47) holds we should show that

at
—log |1+ a —0, T — oco. (3.53)

T at)?
1+ <a> exp(4AT")

Given (3.52), by Theorem 3 in [56]

‘tr M(T)‘ < 2v/2exp(2\T).

Thus limit (3.53) holds, that finishes proof of the lemma.

3.3 Small L?-ball probabilities for fractional processes

3.3.1 Small L?-ball probabilities for Gaussian processes

For a given process X = (X;,t € [0,1]) and a norm || - ||, the problem of small ball
probabilities is to find the asymptotics of

P(|X|| <e) ase—0. (3.54)

This problem has been studied extensively in the past and was found to have deep
connections to various topics in probability theory, see [31].

The case of Gaussian processes and L?-norm is the simplest, in which asymptotics
of (3.54) is determined by eigenvalues of the covariance operator of X. More precisely,
for the L?-norm

1 00
IXI3 = [ X0t =Y Agl,
0 n=1

where &, are i.i.d. N(0, 1) random variables, and the complete solution in this case was
found in [51]. The principal difficulty with this approach is that it requires an accurate
asymptotic approximation of the sequence of eigenvalues, which is typically hard to
find in concrete cases.

Computation of the precise asymptotics for particular processes is possible if a suf-
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ficiently detailed asymptotic behavior of the eigenvalues is known. Roughly speaking,
the exact first order asymptotic term of A, suffices for the logarithmic asymptotics of
log P(]|X| < ¢) and the exact second term gives the asymptotics of P(|| X || < ¢) itself,
usually precise up to the so called distortion constant

Cy = ﬁ (i”) (3.55)

n=1

where ), is the sequence obtained from )\, by leaving out all but the first two asymp-
totic terms. This constant can be found only in a few cases (see, e.g., [42]) and is
typically left to numerical approximation.

For the standard Brownian motion, the exact asymptotics is long known:
P(||Blls < ¢) = 45exp<—15_2> (1+0(1)) e—0
- NZS 8 ’ '

For the fBm, the rough logarithmic asymptotics was derived in [7,8] and, by different
methods, in [33] and [40]:

log P([|B||2 < £) ~ —fo(H)e™ 7 (3.56)
with explicit constant
H sin(rH)T2H+1)\
BO(H) = 2H+1 ( ) ( 2H+1 ) (357)
(2H +1)™2n (Sin —2;“)
Asymptotics (3.56) was recently improved in [12] up to
P(| BY|| < &) ~ e exp ( - 50(H)g—é)
with the exact power
(H)—1<H2—H+5) (3.58)
= on 1) '
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3.3.2 Small L?-ball probabilities for fractional Ornstein-Uhlenbeck
process and integrated fractional Brownian motion

The asymptotics from Theorems 1.2 and 1.3 can be plugged into the general result of
Theorem 6.2 in [39] leading to the following results:

Proposition 6. For the fractional Ornstein-Uhlenbeck process X}, with the Hurst ex-
ponent H € (0,1)

P(|X5ull2 <€) =

Ca(H)C(H)
Yo (H)

10 exp (—BU(H)e_%) , €—0
(sin(rH)T'(2H + 1)) 2

where Cy(H) is the distortion constant, defined in (3.55), C(H) is an explicit constant
(given by (6.6) in [39]) and ~,(H ) and 5y(H ) are given by (3.57) and (3.58) respectively.

We should notice that the small L?-ball probabilities for the fractional Ornstein-
Uhlenbeck process do not depend on the drift parameter 5 and, consequently coincide
with those of the fractional Brownian motion.

In case of the integrated fractional Brownian motion we have the following small
L?-ball probabilities:

Proposition 7. Forall H € (0,1)

Cy(H)C(H )
(Sin(ﬂ-H‘;;(z)H(—i_ i»“’lé’q) g (H) exp (_61 (H)g_ﬁ) ., =0

IP’(/Ol(/OtBSHds)th§52) ~

where C,(H) is the distortion constant, defined in (3.55), C'(H) is an explicit constant
(given by (6.6) in [39]),
H+1 (sin(wH)F(QH + 1)) e

51(H) = 2H+3
(2H + 3)7m+2 )”“3

3 s
(Sm 2H+3

and

1
H) = H?>—-H >
n(H) 2H+2< *
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3.3.3 Mixed fractional Brownian motion and its thresholds

The fractional Brownian motion B* is known to change some of its properties abruptly
at certain special values of H, referred to as thresholds in this section. The most ob-
vious example is H = % at which it coincides with the standard Brownian motion. A
simple calculation shows that

E(B{" — B{) (B, — By ~ H2H — 1)n*"* asn — oo,

and hence increments of the fBm exhibit long range dependence in the sense
Z EBH n+1 Bf) = 00,

if and only if # > 3.

Other thresholds are less apparent and some of them become visible when the fBm
is mixed with other processes. A particularly curious object in this regard is the mixture
with an independent standard Brownian motion B:

B,=B,+ B! telo,T]. (3.59)

Measure equivalence: H = % and H = 3

The mixed fBm (3.59) was first studied in [10], where it was shown to be a semimartin-
gale, measure equivalent to B, if and only if H > 3 This can be deduced from Shepp’s
general criteria for equivalence of such mixtures, [48], which requires that

/ / (ataS]EBHBH> dsdt < co.

Plugging expression for the covariance function of fractional Brownian motion, we get
2(2H — 2) > —1 which implies H > 3. Threshold / = 2 also arises in other contexts,
such as e.g. limit theorems of self-intersection local times [22].

The counterpart threshold H = 1 was discovered in [58], which considers general
linear combination

X, =Y axB™, tel0,T]
of independent fBm’s B** with distinct Hurst exponents H, < ... < H,; and constant

185



Chapter 3 — Applications of exact spectral asymptotics

mixture coefficients a;, # 0. It is shown that X is measure equivalent to a, B if and
only if H, — H, > 1. In particular, this implies that B in (3.59) is equivalent to B if and
only if H < 1.

Canonical innovation and filtering: H = 2
Another threshold emerges in statistical applications, based on the canonical innova-

tion representation of (3.59) from [9]:

. t
Bt:/ G(s,)dM,, >0
0

with the martingale M, = ]E(Bt|3"§) and a certain deterministic kernel function g(s, t).
This martingale is generated by stochastic integral with respect to B

t ~
M, :/ g(s,t)dBs, t>0
0
where g(s, t) is the unique solution of the integro-differential equation

( t)+a/t (Tt)gK(rs)dr—l 1<s<t (3.60)
gS, aS Og I ar ) - — — Y- .

For H > 1 the derivative and integration in (3.60) are interchangeable and it simplifies
to

¢
g(s,t) +/ g(r,t)ey|r — S|2H_2d7“ =1, 1<s<t, (3.61)
0

with the constant ¢y = H(2H — 1).

The large sample limit accuracy of statistical procedures in models involving mixed
fBm is governed by the asymptotic behaviour of {g(s,t) : s <t} ast— oo, which can
be approached by reduction to a singular perturbation problem, [13]. If we define small
parameter ¢ := t' =21 equation (3.61) becomes

1
29-@) + | g-(lenls =y tay =1, 0<w <1 (3.62)

where g.(r) := t*71g(xt,t). As e — 0 its solution g.(x) converges to the solution gy(z)
of the limit equation obtained by setting £ := 0 in (3.62). How fast is this convergence?

186



3.3. Small L?-ball probabilities for fractional processes

The following answer is given in [12] in terms of the L?-norm:

1-H

et He(3)
g = goll2 ~ { ey/Toge T H =2
¢ He(33)

This asymptotics reveals threshold H = 2, at which the convergence rate starts to
slow down. The same threshold arises in the filtering problem of B given white noise
observations

t
YtZ/deerBt, t>0.
JO

The following expression is found in [12] for the steady state filtering error:

1

(sin(rH)D(2H + 1))

sin

Voo (H) = tllglo Var(BtH|f7"f) =

_T
2H+1

The worst, maximal error is attained at H = 2.

Small L*-ball probabilities: H = 1(1 + ), k € N

In this section we discuss yet another context, namely the small L2-ball probabilities
problem, in which these and many more thresholds make their appearance. We will
show thatas e — 0

)
TSI
k=0

where f(e) ~ g(e) stands for the equality f(¢) = Cg(e)(1 + o(1)) for some positive con-
stant C'and v and 5, £ = 0,1, 2, ... are explicitly defined functions of H (see Theorem
3.5 below). A close look at this formula reveals that additional terms join the sum in the
exponent at the following values of H:

Y Y

co| ot
Wil N
W

1
e e

ool w

1
737

NG

where we emphasized the already known thresholds, mentioned above. Note that the
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classical threshold H = 1 here is the accumulation point of all the others.

3.3.4 Small L?-ball probabilities for mixed fractional Brownian mo-
tion

Main results

The case of mixed fBm was considered in [40] (see also [41], [34]), where logarithmic
asymptotics was shown to be inherited either from the standard or fractional parts,
depending on the value of H:

logP(||B]| <e) H>

(3.63)
logP(|B|| <¢) H <

log P(|| B|z < &) ~ {

N= N

Our main result is the following theorem, which shows that the exact asymptotics of the
mixed process is more intricate than could have been expected in view of (3.63):

Theorem 3.5.

1. For H € (3,1) let hy, and g, be the real sequences, defined by formulas (3.89)

evaluated at the constants in (3.85). Then for any r > 0 the equation

i

y/y0+ Z h r 2H l)yk(QH—1)+1 — 1 (3.64)
k=1

1

l\.’)\»—‘

with yo = 2v/2 has unique positive root y(r), which admits expansion into series

y(r) =yo+ Yy Y, (3.65)

j=1
convergent for all r small enough. Let &; and ny, ; be coefficients of the power expan-
sions

_QZZgjrj(QH_l) and y( k(2H-1)—1 Zn ,,,,_] (2H-1) (366)

and define
1
Be 1= —="No,e — Geo—jTe—
\/_ Z J 53
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3.3. Small L?-ball probabilities for fractional processes

Then

|77

_ 1
P(|!BH2 < 5) ~ £ exp ( — gﬂ - Y 5652“2“)2), e —0. (3.67)
/=1

2. For H € (0 ,2) let hy, and g, be the real sequences, defined by formulas (3.89),
evaluated at the constants (3.91). Then for any r > 0 the equation

L%ﬁj 1-2H 1-2H
y/yo+ Y. e yFem

k=1

=1

with

o= CHAD | G e + 1)

has unique positive root y(r), which admits expansion into series

12H

y(r )—yo+2ykr =
k=1
convergent for all r small enough. Let §; and ), ; be coefficients of the power expan-

sions

k(1—2H)—1 2H) 1

2H+1 Zgrj 2H and y(?“ an 7”] 2H
and define
2H +1 el
Be(H) == Noe — Y Go—jNe—j; — &e.

=0

Then

B(18l < &) ~ e e (= T - X ) <0 (369

/=1

where v,(H) and py(H) are given by (3.58) and (3.57).
While general closed form formula for constants /3, in (3.67) and (3.68) would be
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cumbersome to find, they can be easily computed for any given value of H, at least
numerically. The following example, demonstrates the algorithm given by Theorem 3.5.

Example 3.6.

Case H € [3,1). For the values of H in this range, |;7—| = 1 and the sum in (3.67)
contains only one term:

_ 1
P(|| B2 < &) ~ C(H)z exp ( -5 5184H‘4>, e —0,
Thus we need to calculate only 5, = & — %00,1 + g17M1.0-

Since |15 = 0 equation (3.64) reduces to y = y,. Comparing y(r)=? = y;° to

(3.66) gives & = 0. Similarly, comparing y(r)~* = yo ' with y(r)~! = ngo + no 7?1 +
O(r*1-2) gives 1o, = 0. Finally 7,0 = y2~? and hence 3, = g1y3" 2. After simplifica-

tion, formula (3.89) yields g, = —2=#~1I'(2H + 1) and we obtain

Bi(H) = —2*171T7(2H + 1).

Case H € [2,3). Inthis case |+—| = 2 and the sum in (3.67) contains two terms:
374 2H—1

- 1
P(| Blls < &) ~ C(H)e exp ( - e ety 5258H6>, e 0,

with coefficients

1
Br =& — —=No,1 + 91710
. V2 (3.69)
=& — —=Tz + gatlao + G171
P2 =& \/5770,2 G2M2,0 + G171

To find & and &, note that

00 ) —2 00 ) ) ) 2
y(r) > = (yo + yﬂj(zH‘”) = o — 2y Doy’ 4 3yo‘4(2 yﬂ’“”‘”) b=
J=1 j=1 j=1

_ yo—z B 2y0_3y17“2H_1 + (3y0_4yf B 2y0_3y2)7‘2(2H_1) + O(r3(2H_1))

which yields

G=-20"n and & =y (3yp 'y} — 2us).
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3.3. Small L?-ball probabilities for fractional processes

By (3.66) with & = 0, we have

00 ' 1
y(r)™ = (yo +> ijJ(QH_1)> = g5t — o 2y ORI
j=1

and hence

o =1y, and no1=—y; Y.

Similarly, for k = 1

0 , 2H—2
y(r)2H72 _ <y0 + Zyﬂ,y(wl)) _ ngfQ B (2 i 2H)y§H’3y1r2H’1 + O(r2(2H71))
j=1

which gives
771’0 = ngiZ and 77171 = —(2H — Q)ngigyl.

Finally, (3.66) with k = 2 yields 7., = y;” ~*. Plugging all these values into (3.69) we
get

_ 1 _
B = —2y, 53/1 + ﬁyo 23/1 + glng 2

1 B
Bo =y (3yo 'yt — 2u2) — —=4o" 2 4 o™ T — g1 (2 — 2H)yg " Py,
V2

where g; and g, are found using (3.89). Itis left to find 4, and y,. For i € [, 2) we have
[1 1 J = 1 and equation (3.64) reads

22H—1

y/yo + har* Ty =1

Plugging expansion (3.65) we get

0 L, 00 ' 2H
Z &r](w—l) + pyr?H (yo i Z yjrj(zH—n) —0
j=1 Y0 j=1

where h, is defined in (3.89). Comparing coefficients of powers r2#-! and r*7-2 we
obtain

yi = —hiyg"™ and  yo = —2Hhiyg My
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Proof

Our starting point is the theory of small deviations developed in [15]. It addresses the
problem of calculating exact asymptotics of the probabilities

1P>< S 0())Z; < r) asr — 0, (3.70)
j=1

where Z;’s are i.i.d. nonnegative random variables and ¢(j) is a summable sequence
of positive numbers. Squared L?-norm of a Gaussian process can be written as such
series with Z; ~ x3 and ¢(j) := \;, where );’s are the eigenvalues of its covariance
operator. In what follows ¢(¢), t € R, stands for the function, obtained by replacing the
integer index in ¢(j) with a real positive variable ¢.

The main ingredients in the asymptotic analysis of (3.70) are functions, defined
in terms of the Laplace transform f(s) := Ee~%1 = (1 — 2s)"2, s € (—oo, 1) of the
x3-distribution:

To(u) == /loo log f(ud(t))dt = —;/100 log(1 + 2ue(t))dt

Ii(u) = /100 ug(t)(log f) (ue(t))dt = — /100 %dt (3.71)

Io(u) = /1 " (ue(t))(log f) (ud(t))dt = 2 /100 <%> at

We will apply Corollary 3.2 from [15], which takes the following form in our case:

Corollary 3.7. The L*-ball probabilities satisfy

P(IBIE <) ~ (V) h(u(r)

where u(r) is any function satisfying

=

exp <Io(u(7“)) + u(r)r) asr — 0, (3.72)

lim Li(u(r)) + u(r)r
0 I (u(r))

= 0. (3.73)
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3.3. Small L?-ball probabilities for fractional processes

Asymptotic expansion of /;(u)’s. A preliminary step towards application of Corol-
lary 3.7 is to derive the exact asymptotics of the functions from (3.71) as u — oo for

k
)= ¢t (3.74)
j=1

This weight function with £ = 1 has been considered in [15] and with £ = 2in [39]. In
our case, k = 3 and ¢; and d; < d, < ds are positive constants, whose values depend
on o :=2—2H € (0,2) \ {1}. In particular, lim,_, % log¢(t) = 0 holds, as required
in [15]. It will be convenient to use constants

aj = Cj/Cl and 5j = dj —dy

and to define the new variable v by the formula

_ —d1
2ucy = v M,

which converges to zero as u — oo. Obviously a; = 1 and §; = 0, and for the specific
values of constants d;’s needed below, we also have ;5 = 1.

Asymptotic expansion of /;(u). Integrating by parts we get

ute'(t)

o(w) =~ [ log(1+ 2u6(1))dt = 5 log(1 + 2ug(1) /1+2u¢

ut~%

1 k o0
=—lo (1 + 2u c-) — cidi/ dt.
2 %% ]zjl g ; 1 14 2u Z?:l it

Changing the integration variable and using the above notations, this can be written as

k k 7—*52'

Ip(u) = ;log (1 +o™h > aj> — ;Z a;div’i ! /OO dr, (3.75)
i=1 v

= 74 + 1+ p(v/T)

where we defined

p(s) == as™ + azs™.
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Let us find the exact asymptotics of each integral as v — 0. The first one gives

—01 1

R ar=vt [ dr =
v / SR e Pry e e N R R pry s h

. # S 0o p(v/7) T =
- /v e /” (le +1 +P(U/T)) (le * 1) d

o 1
= U—l/v o 1d7’ — JgJ(U) - JO’Q(U)

where we defined

702

) ()

Joa(v) = 12 g /OO (

and
703

o)) ()

Joa(v) = v""ag /oo <

The latter term with 65 = 1 satisfies

7_71

Toalv) = ag/v (le +1 +p(v/7)) (le - 1) =

= ag/v (TQdT + O(1) = —aglogv + O(1),

and similarly

55

c T
Jo1(v) = U52_1a2/ —
Je

—202

dr —v*2 g, /OO ’ @ dr + O(1).

(o 4 1)" 7% + 1+ p(o/7)

If 20, — 1 > 0 then the second term is of order O(1), otherwise we can proceed
similarly to obtain the expansion

Mo

JO,I(U) — Z(_CLQ)]CXI,H)MQ_I
k=1
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where m,, is the largest integer such that m,d> — 1 < 0 and (formula 3.241.4 in [21])

oo —kdo (i=kd2\ k—i—l—%
X1k ::/0 Wm:i (% >F((k+1) &l ) k=0,..,ma (3.76)

Plugging all the estimates back we obtain

—5

Ual—l/oo T
v Th+ 14 p(v/T)

dr = azlogv+ > (—as)* x1 0" +0(1), asv — 0. (3.77)
k=0

Further, the second integral in the sum in (3.75) reads

762 52

-1 [ T dr — 52—1/00 T
! /U 1t/ v Th 41

dr — J1,1<U) - JLQ(U).
Here

oo —02—0d3
dr < U52+53716L3/ 7_72d7' =0(1)
e

7_762763

T+ 14 p(o/7)) (T4 +1)

o)
JLQ(U) = U62+5371(13/ (
v

since 65 + 03 > 1. The second term
,7_—2(52

dr
Th +1 +p(v/r)) (le + 1)

lel(v) = v262*1a2 /Oo (

is of order O(1), if 26, > 1. Otherwise,

e T —GTC)
1,1\V) =0 asg —5dT — a .
o (it 1) o (rt 1)t T T p(0/T)

where the second term is of order O(1), if 36, > 1 and so on. Thus we obtain asymp-
totics

—0 m
s-1 [ T ~ k-1 kda—1
2 dr = § — 2 O(1 asv— 0 3.78
! /v 74 + 14 p(v/T) " k::l( @) X0k + o) : ( )
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with

oo —ké2 [(1i=k2\ (| — 1=k
X0,k 22/0 (T;j_l)de = ;1 ( )F((k) >, k=1,.. mg. (3.79)

Finally, since 63 = 1, the last summand in (3.75) contributes

—1

0o —03 (9]
v53_1/v . 1T+p(v/7)dT :/v Ta 107~ J1(v) = Jsa(v) = —logv+O(1) (3.80)

where we used the bounds

03—02

J51(v) = p2tosl - 02T dr = O(1
51(v) /U (le —|—1—|—p(v/7’)) (le +1> (1)
and
—263
J5o(v) := 0?5371 ds7 dr =0(1).
2l | Gt o)y = O
Plugging (3.77), (38.78) and (3.80) into (3.75) we obtain
1 —1
Io(u) = —*dl(l + ajas — asd )logv faldlxl ov+

- (3.81)
Z —as) (ngok—a1d1X1 k) b2- 1+O< )-

Asymptotic expansion of /;(u). Using the asymptotic formulas, already derived
above, we have

k —d; k _5.

[e%¢) A 1 0 i
- Y/ gt == Y et [T dr —
= N T4+ 2uX lcjt*d' 2 & v T+ 1+ p(v/T)

1
= —§CL1X1701} —|— Z (Xo E— a1X1 k) koo =1 + O(l), (382)

where the logarithmic term vanishes since a; = 1.
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Asymptotic expansion of /,(u). We will need only the leading asymptotic term of of
I(u). To this end, we have

k —d;

2
L(u) = 2 / - dt =
2() 1 (1 + 2u Z;‘?:l cjt=d )

3.83
Lo plo/r) N L o
o [T () ar = D (14 o)
where we defined
e 1 aT(Ere-4)
Xo1 = /0 (leH)QdT_dl OB (3.84)

Case H € (,1). It will be convenient to work with parameter o := 2 — 2H < (0,2).
By Theorem 1.4, eigenvalues of the covariance operator of B satisfy
An) = v, %+ ka2 ™?

where k, denotes the constant from (1.19) expressed in terms of o (see (1.199)) and,
fora € (0,1), v, = (n — §)m + O(n**) as n — oo. Taylor expansion yields

_ 1 - 1 _ o
Vn2: ﬁn 2—1—;71 3+O(n 4)
. 1 . d—a 1
a—3 __ a—3 a—4 2a—5
v, = 71_3770{% 5 mn + O(?”L )
and consequently
L, Ka a3 1 _3 a—4 a—4

By Li's comparison theorem (Theorem 2 in [57])

o0

P<§; Nn)Z, < 52) ~ ( 1 m>l/2p<;¢(n)2n < 52), as e 0,

n=1

if >0, |1 — A(n)/é(n)| < oo, which holds in our case. Hence the desired asymptotics
coincides with

P(Zjl(p(n)zn < 82) ase 0,
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up to a multiplicative constant. Function ¢(¢) has the form (3.74) with £ = 3 and

1
1 = 2 dy =2
=% dy=3-aq (3.85)
1
C3 = ﬁ’ dg =3

Plugging these values into the asymptotic expansions (3.81), (3.82) and (3.83) gives

1 1 Ma 1—k(1-a)
Io(u) = ~logu — —u? —2 401 3.86
o(u) 4ogu \/5“ +kZlgku +0(1) (3.86)
1-k(l—a)
I(u) = heu 2 +0(1 3.87
1) =—3 f kZl kU (1) (3.87)
C1 1
Lu) = ,/Exg,luz (14 o(1)) (3.88)

where we defined sequences

1 1—kdg
hy, = 5(—%)k(><1,k - Xo,k>(201) g
1—kdy

1
gk = 5( Cl) (dQXOk —dixa k>(201) g

and constants x; . are defined in (3.76), (3.79) and (3.84).

(3.89)

Application of Corollary 3.7 requires finding a function «(r) which satisfies condition
(3.73). To this end consider the equation (c.f. (3.87))

1 1 1-k(l—a)
uz + T =ur, (3.90)
2\/_ =

with respect to v > 0. If we divide both sides by u, the left hand side becomes a
monotonous function decreasing to zero as u — oo and therefore this equation has
unique positive solution u(r), which grows to +o0c as » — 0. By the choice of the upper
limit in the sum in (3.90), the power of «(r) in the numerator of (3.73) is strictly less
than 1 and hence (3.73) holds in view of (3.88).
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3.3. Small L?-ball probabilities for fractional processes

If we now let v = (ry)—2 equation (3.90) reads

1_1
ey

2v2" S

The function » — y(r) is analytic in a vicinity of zero and can be expanded into
series of the small parameter r'—©

y(r) =yo+ Y yr’ .

j=1

Let &; and 7, ; be the coefficients of the expansions

y Zgrj (1—w) and y k(l a)—1 an T]l oc)
7=0

Note that both are expressible in terms of y;’s. Plugging these expansions into (3.72)
gives

]P’(Héugﬁr) Nréexp( 2770]7“” ) +ngz77k TjJrk J(1—a) +Z€]7J1 a) )N

7=0

~ 73 exp(—r +Z<& \/—770@> +%<ZW gte— “> )_1)

(=1

with m,, := {ﬁJ The formula claimed in 1. of Theorem 3.5 is obtained after substitu-
tionof r:=c?and a =2 — 2H.

The case H € (0,1). By Theorem 1.4 the eigenvalues satisfy the same formula
An) = v, ? + kaul?

but for o € (1,2), with v, = n — gqa +O(n'~®) as n — oo, where

1—-2H 2 . Iy
— — arcsin

Go=1— .
2 0 1+

By the Taylor expansion
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_ 1 5 ¢ _ e
VnQZEn 2—1—;71 3+O(TL 2)
1 3—a q
a—3 a—3 a a—4 _3
= n O(n
vy e R m—— +0(n™)

and therefore

Ko 4.3 I 5 3—a gq
)\(n)—wg_an +ﬁn + Ko 5 i-a

n* 4+ 0m?) = ¢(n) + O0(n?).

As in the previous case, omitting the residual O(n~2) term alters the exact asymp-
totics of small ball probabilities only by a multiplicative constant. The weight function
¢(t) has the form (3.74) with

Ra

Clzm, dlIB—O{
1
Cy = p, dg =2 (391)
Ko S — Q
C3 = Wg,a?%a dz3 =4 —«

and the asymptotic expansions (3.81), (3.82) and (3.83) read

11 Ma 1—k(a—1)
Io(u) = %(1 - %Qa) logu — 25%x10(201)Fause + 3 g~ o +0(1) (3.92)
k=1
1 1 e 1—k(a—1)
Li(u) = —3x10(201) 7= us= = > hpu” 5= +O(1) (3.93)
k=1
I(u) = xa.1(2cu)™7 (1 + o(1)) (3.94)

where sequences h; and g, are defined by the same formulas as in (3.89), evaluated
at constants (3.91).
To find a suitable function u(r) satisfying condition (3.73), consider equation (cf. (3.93))

1 1 L “ilJ 1—k(a—1)
sx10(2e)F us= + > hpuT e =ur. (3.95)
k=1

N

As in the previous case, it has the unique solution u(r) for any » > 0 and it increases
to +o00 as r — 0. By the choice of upper limit in the sum in (3.95), the power of u(r) in
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3.3. Small L?-ball probabilities for fractional processes

the numerator of (3.73) does not exceed 1 §3f and hence (3.73) holds in view of (3.94).

Define new variable y by the relation v = (ry)~ o, then it solves equation

[35]

y/y0+ Z h T]Cg_ayl“rka L 1

where 1/y, = %Xl,o(zcl)ﬁ. The function r — y(r) is analytic in the vicinity of » = 0 and
admits expansion into powers of the small parameter re=a;

> a-1
y(r) =yo+ >y’
k=1

Plugging (3.92) and (3.94) into (3.72) yields

1—k(a—1)

P(|BJ3 < r) ~ u(r) i35 30730) o ( — ()T 4 Y gu(r) T+ “<7°)7“) b

3 1 Ma 1-k(a—1)2 _3-a
~ 17 exp ( — S (ry) 4+ Y _ary) 2w + (1) “‘T) ~
k: 1
o= jlo—1)—1 (k) (a=1)=1 HCEDE
e (=5 L T S g R S )
j=0 k=1 j7=0

1 Ma - -1 La—1)—1
~ 77" exp ( — Bor~ T = (yoﬁo,e =D Ge—iM—jj — &)T e )
/=1 j=0
where we defined

3—a/ 1 1 1 1, 1 .
Vo = —2_a<—4—23_a+2(1—2%>> and [ := = %100 — o,

and ¢; and 1, ; are coefficients in the expansions
ja—1 _3-a > ja—1
Z nk’jrj 2—a and y 2—a — Z fjr] 2—a |
j=0

Replacing o with 2—2H and r := £2, we obtain the formulas claimed in 2. of Theorem
3.5 after simplification.
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Asymptotic study of covariance operator of fractional processes: analytic approach with

applications

Key words: fractional Gaussian processes, covariance operator, eigenproblem, estimation of parameters,

optimal linear filtering.

Abstract: Eigenproblems frequently arise in theory and
applications of stochastic processes, but only a few have
explicit solutions. Those which do are usually solved by
reduction to the generalized Sturm-Liouville theory for
differential operators. This includes the Brownian motion
and a whole class of processes, which derive from it by
means of linear transformations. The more general
eigenproblems are not solvable in closed form and the
subject of this thesis is the asymptotic spectral analysis of
the fractional Gaussian processes and its applications.

In the first part, we develop methodology for the
spectral analysis of the fractional type covariance
operators, corresponding to an important family of
processes that includes the fractional Ornstein-Uhlenbeck
process, the integrated fractional Brownian motion and the
mixed fractional Brownian motion. We obtain accurate
second order asymptotic approximations for both the
eigenvalues and the eigenfunctions.

In Chapter 2 we consider the covariance
eigenproblem for Gaussian bridges. Given a base
process, its bridge is obtained by conditioning the
trajectories to start and terminate at the given points. We
show how the spectral asymptotics of a bridge can be
derived from that of its base process, considering, as an
example, the case of the fractional Brownian bridge.

In the final part we consider three representative
applications of the developed theory. We consider the
filtering problem of fractional Gaussian signals in white
noise and find the high signal-to-noise and large time
asymptotics of the estimation error. We investigate large
deviation properties of the maximum likelihood drift
parameter estimator for the Ornstein-Uhlenbeck process
driven by mixed fractional Brownian motion. We obtain
exact asymptotics of small ball probabilities for the
fractional Gaussian processes, which exhibits an
interesting stratification of scales with respect to the Hurst
parameter of the fractional component.

Etudes asymptotiques de I'opérateur de covariance pour les processus fractionnaires:

approche analytique avec applications

Mots-clés : processus gaussiens fractionnaires, opérateur de covariance, probléme aux valeurs et fonctions
propres, estimation de paramétres, filtrage linéaire optimal.

Résumé : Les problémes aux valeurs et fonctions propres
surviennent fréquemment dans la théorie et dans les
applications des processus stochastiques. Cependant
quelques-uns seulement admettent une solution explicite;
la résolution est alors généralement obtenue par la théorie
généralisée de Sturm-Liouville pour les opérateurs
différentiels. Cela inclut le mouvement brownien et tous les
processus qui en dérivent au moyen de transformations
linéaires. Les problemes plus généraux ne peuvent pas
étre résolus sous une forme fermée et le sujet de cette
thése est I'analyse spectrale asymptotique des processus
gaussiens fractionnaires et ses applications.

Dans la premiere partie, nous développons une
méthodologie pour l'analyse spectrale des opérateurs de
covariance de type fractionnaire, correspondant a une
famille importante de processus, incluant le processus
fractionnaire  d'Ornstein-Uhlenbeck, le  mouvement
brownien fractionnaire intégré et le mouvement brownien
fractionnaire mixte. Nous obtenons des approximations
asymptotiques du second ordre pour les valeurs propres et
les fonctions propres.

Au chapitre 2, nous considérons le probleme aux

valeurs et fonctions propres pour l'opérateur de
covariance des ponts gaussiens. Etant donnés un
processus de base et deux points, son pont est obtenu en
conditionnant les trajectoires a démarrer et se terminer
aux points fixés. Nous montrons comment I'asymptotique
spectrale d'un pont peut étre dérivée de celle de son
processus de base, en prenant comme exemple le cas du
pont brownien fractionnaire.

Dans la derniere partie, nous considérons trois
applications représentatives de la théorie développée.
Pour le probleme de filtrage des signaux gaussiens
fractionnaires dans le bruit blanc, nous trouvons
I'asymptotique de l'erreur d'estimation. Nous étudions
ensuite les propriétés de grande déviation de I'estimateur
du maximum de vraisemblance du parameétre de dérive
dans le modéle de processus d'Ornstein-Uhlenbeck
gouverné par un mouvement brownien fractionnaire
mixte. Nous obtenons enfin une asymptotique exacte des
probabilitéts des petites boules pour les processus
gaussiens fractionnaires, qui présente une stratification
intéressante des échelles en fonction du paramétre de
Hurst de la composante fractionnaire.



