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/*-'' " + -!+ 5%2-")9 +  2 *'"%3-#! ')* ,-. ,)22 8  3)'' +6
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1

r2 r
(r2

r
) +

1

r2sin( )
(sin( ) ) +

1

r2sin( )

2

2
+ k2 = 0 >K6QTC



a

= f(R )e iwt
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 !"! #$%&'()&*($+ ,-./&+(0,0 12
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/$'"&73&1&-3&-$4 .1&($2#8

@&5&2#) (,3&. %#5&  &&- 3&5&),1&3 $, .,)5& $%& 12, )&" ,0 2#3'#$'5& $2#-.0&2 '-

ABC.< +.'-; $%& D,-$& 6#2), "&$%,3 #-3 "#-! ,0 $%&" '-()+3& 1,)#2'E#$',- /F,)0

#-3 G&--'-;< HIIIJ F#$#-# & &$ #)8< KLLMJ @$#)&5.?'< KLHKJ B2,..&$ &$ #)8< KLHN48

STOKES (,-$'-+&. $, '"12,5& #-3 -&= $#.?. %#5&  &&- '-(,21,2#$&3 .'-(& '$.
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)#2'E&3 &"'..',-48 S- '$. =#! '-.'3& $%& ",3&) .1#(& $%& 1%,$,- "#!  & # .,2 &3<

.(#$$&2&3 ,2 '$ (#- &.(#1&8 O- $%& )#$$&2 (#.& '$ '. 2&;'.$&2&3  ! $%& 5'2$+#) =& 
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= arccos(1 2r1) /Z8HP4

= 2 r2 /Z8HN4

=%&2& r1 #-3 r2 #2& $=, 2#-3," -+" &2.  &$=&&- L #-3 H8
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E+!% *+! (/'**! #%"  !"#$% #( =.44 $= 0.(*& 3#! (/'**! #%" #( .(!0 *$ /$5,.*! #*

?(!! (.1(!/*#$% F9A9FC& '%0 )+!% *+!  !"#$% #( =.44 $= !4!/* $%(& G+$5,($% (/'**! #%"

#( .(!0 ?(!! (.1(!/*#$% F9A9HC9
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#%*$ '//$.%* '( G+$5($% (/'**! #%"& 0.(* (/'**! #%" #( /$5,.*!0 = $5 3#! *+!$ 29
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@*!A5:!BCA5 rmin +A5A+6+ D*!A5 *!BA6- /2 ,3$ B6-,
+/B$#

@*!A5:!BC!E rmax +!EA+6+ D*!A5 *!BA6- /2 ,3$ B6-,
+/B$#

@*!A59AF$=5B s D*!A5 -AF$ A5B$E /2 ,3$ B6-, +/B$#
76-,</+G  !"#$%&!'$  !"#$%#"!" ()*)%

+"',

H"65B!5I$- 2/* ,3$ B6-, I/+G/J
5$5,- KG$*I$5,!D$-L

@*!A5:!B?6+ Nrad 56+"$* /2 D*!A5 *!BAA I/5-AB$*$B
2/* ,3$ B6-, +/B$#

@*!A5M!+"B!?6+N -G$I,*!# *$-/#6,A/5 I/5-AB$*$B 2/*
I/+G6,A5D ,3$ B6-, +/B$#

76-,C/B$# B6-,JN#$J5!+$ N#$ 5!+$ /2 ,3$ B6-, +/B$#
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QM9/6*I$ : ! " -,*$5D,3 vtype vr,O
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B$N5$ "*/!B #A5$ *$DA/5O -$, #A5$
I$5,*/ABO RAB,3 K"/,3 A5 SLO *$#!J
,A4$ -,*$5D,3 KG$*I$5,!D$LO !5B 17
4$#/IA,P

?M9/6*I$ r1 r2 0 0 -,*$5D,3 vtype
vr, v v ,z

B$N5$ 5!**/R #A5$ *$DA/5O -$, #A5$
I$5,*/ABO RAB,3 K"/,3 A5 SLO *$#!J
,A4$ -,*$5D,3 KG$*I$5,!D$LO !5B 17
4$#/IA,P
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+.( !' &%(3 *#0 0(=#(! +.( 1"(-"#$ *#$)( F Q.( &(0 )"#(! &(2&(!(#+ +.( +&*T(%+'&B '>

+.( 2.'+'#! +.*+ .*! 0(1"*+(0 *! * &(! )+ '> *# "#+(&*%+"'# "# +.( !%*++(&"#$ &($"'#F

Q.( *#$)(! ,(+-((# +.(!( +-' )"#(! >&'/ +.( '&"$"# "! 3 *! !.'-# "# +.( )'-(& 2*#()

'> R"$F ;F8 F 6%*++(&(0 2.'+'#! +&*1() * $&(*+(& 0"!+*#%( +.*# 0"&(%+ 2.'+'#!3 -."%.

%* !(! * +"/( 0()*BF X> -( %*# 0(+(&/"#( +.( +"/( 0()*B 7 +< -( %*# 0(0 %( +.(

0"C(&(#%( "# +.( )(#$+. 7 )< ,B !"/2)B  !"#$ +.( !2((0 (P *+"'# + Y )ZcF Q.(

0"C(&(#%( "# 0"!+*#%( ) %*# ,( !"/2)B 0(+(&/"#(0 ,B +&"$'#'/(+&B3 *! !((# "# R"$F

;F8F Q.( 2*+. 0"C(&(#%(3 >'& +.( W*&(0U0"!5 $('/(+&B3 -")) ,( $"1(# ,B[ ) Y &78 U

cos <3 *! !((# "# +.( )'-(& 2*#() '> R"$F ;F8F G#( %*# !(( +.*+ 0(2(#0! '# +.(

1"(-"#$ *#$)( *#0 "+! 1*) ( &*#$(! >&'/ 7 /2 < +' 7 <F Q.( /"#"/ / ) >'&

W*&(0U0"!5 $('/(+&B "! ',+*"#(0 -.(# = F

Q.(&( *&( .'-(1(& !'/( *!! /2+"'#! &(P "&(0 >'& &(1(&,(&*+"'# /*22"#$ +' ,(

(C(%+"1([ +.( %'#+"#  / (/"!!"'# !' &%( "! %'#!"0(&(0 +' ,( * 2'"#+ !' &%(\ "+ / !+

1*&B\ *#0 +.( )"$.+ +&*1() +"/( "! +.( !' &%( '> +.( 0()*B 7](+(&!'# *#0 ^'&#(3 HIIM<F

 !"!" #$% &'()*+%' +,)-&./) /0&(.)%1 2.&$ 3#4563

X# !"/2)( -'&03 +.( !+*#0*&0 &(1(&,(&*+"'# /*22"#$ !+ 0B %'#!+&*"#! +.( !+& %+ &(

*#0 5"#(/*+"%! '> +.( ?@A ,B *#*)BD"#$ +.( &(!2'#!( '> +.( ,&'*0 (/"!!"'# )"#(! +'

+.( %'#+"#  /F Q.( 5(B "! +' 0(+(&/"#( +.( +&*#!>(& > #%+"'#3 -."%. "! +.( &(!2'#!(

'> +.( !B!+(/ +' * !"#$)( 2 )!(F X+ "! #'+ *)-*B! * !"/2)( +*!5F R'& +.( %)*!!"%*)

%*!( '> &(1(&,(&*+"'# /*22"#$3 *!! /"#$ * )"#(*& &(!2'#!( ,(+-((# +.( )"#(! *#0
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 !"#$% &'() *!+"$+, -. /0% /$+1%2/-$3 -. /0% 40-/-56 !5 $%7%$8%$+/!-5'

/0% 2-5/!5##,9 /0% :!5% $%64-56%9 L(v, t)9 +6 + .#52/!-5 -. /!,% t +5; 7%:-2!/3 v /0+/

2-$$%64-5;6 /- *-44:%$ 60!./ -. /0% :!5%9 2+5 8% <$!//%5 +6)

L(v, t) =

Z

0
(v, )C(t )d =&'(>

<0%$% (v, ) !6 /0% /$+56.%$ .#52/!-59 +5; C(t) !6 /0% 2-5/!5##, :!"0/ 2#$7%'

?5 -#$ 2+6% -. $%7%$8%$+/!-5 !5 4-:+$!@+/!-59 !56/%+; -. /0% $%64-56% -. /0% :!5%69

<% 6!,#:+/% /0% $%64-56% -. /0% 4-:+$!@%; A#B <!/0 $%64%2/ /- /0% 2-5/!5##,' ?5 /0!6

2+6%9 <% C5-< /0% /$+56.%$ .#52/!-5 <0!20 !6 /0% 2-$$%64-5;!5" ?9 D +5; E -8/+!5%;

.$-, STOKES'  $-, /0%,9 <% 2+5 2+:2#:+/% /0% /-/+: A#B9 4-:+$!@%; A#B9 4-:+$F



 ! "#$%&'( !) *'+'(,'($&-./ $/0 1(.22 1.(('3$&-./

 !"# $% "%&'( "%) *$ $%+ ,$#( #-"# #-( #$#"' ./01 2$#- 3$4 $2*(45"# $%"' )"#" "%)

#-$*( $2#" %() 6 #- $/4 * 7/'"# $%*1  * #-( 8$72 %"# $% $3 #-( ./0 34$7 #-( *$/48(

"%) #-( 9$'"4 !() ./0+ :#  * %$# 9$** 2'( #$ $2*(45( #-( ) 4(8# ./0 $3 #-( *$/48(  %

 *$'"# $%; -$6(5(4 6-(% &(%(4"# %& #-( ' &-# 8/45(*1 6( 8"% ) *# %&/ *- 2(#6((% #-(

*$/48( "%) #-( #$#"' ./0 "* 6( 6 '' *((  % #-( 3$''$6 %& */2*(8# $%+

<-( 9$'"4 7(#4 8 4(*/'#* #-"# -"5( 2((% 94(*(%#()  % #-( 94(5 $/* 8-"9#(4  %=

8'/)(* #-( "5(4"&( # 7( '"&+ >(#?* 4(7(72(4 #-"# #- * "5(4"&(  * 8"'8/'"#() 2@

STOKES 2@ 8$79"4 %& #-( ) A(4(%8(  # #"B(* #$ 4("8- #-( $2*(45(4 2(#6((% *8"#=

#(4() 9-$#$%* "%) #-$*( #-"# "44 5( ) 4(8#'@ 34$7 #-( *$/48(+ <- *  %8'/)(* 8$%#4 =

2/# $%* 34$7 5(4@ ) A(4(%# 4(& $%*+ C$%*(D/(%#'@1 #-( # 7(='"& $2#" %()  * )/( #$

#-( *8"##(4 %& "5(4"&( $5(4 "'' #-( 5$'/7( $3 #-( 4(& $%* *#/) ()+ ,$#( #-"# #- *

# 7( '"& "5(4"&(  * %$# "% $2*(45"2'(1 * %8(  #  * %$# 9$** 2'( #$ )(#(47 %( #-( !(4$

(7 ** $% # 7(1 (5(% "# " #@9(=E 5 (6 %& "%&'( 6( "'*$ *(( " *8"##(4() 8$79$%(%#

#-"# "))* #$ #-( ) 4(8# ./0+

F #- #-( " 7 #$ $2#" % " # 7( '"& #-"# 8"% 2( 8$79"4() #$ $2*(45"# $%*1 "%)

#-(4(3$4( #-( 7 % 7/7 ) *#"%8( 2(#6((% #-( (7 ** $% "%) *8"##(4 %& 4(& $%*1  #  *

%(8(**"4@ #$ "99'@ #-( 4(5(42(4"# $% #(8-% D/( "%) 2/ ') #-( 8$44(*9$%) %& ' &-#

8/45(*+ : *$/&-# #$ (*#"2' *- #-( 84$**=8$44('"# $% 2(#6((% #-(7+

:% $4)(4 #$ )(#(47 %( #-( 7 % 7/7 ) *#"%8(* 6( %(() #$ &$ $%( *#(9 3/4#-(4 "%)

 %84("*( #-( #(79$4"' 4(*$'/# $% 2@ 3$8/* %& $% *-$4# )('"@*+ <$ )$ #- *1 STOKES

6"* /*() #$ 94$)/8( #4"%*3(4 3/%8# $% 6 #- " #(79$4"' 4(*$'/# $% '"4&( (%$/&- #$

*(# " 4"%&( $3 #-( ' &-# #4"5(' ) *#"%8( 8$79"4"2'( #$ #-( ) *#"%8(* $3 #-(  %#(4%"'

*#4/8#/4( $3 #-( GH, 7$)('() -(4(+ <-( %(0# *#(9  * #$ &(%(4"#( #-( ' &-# 8/45(*

"%) #-(% I%) #-( 84$** 8$44('"# $% 2(#6((% #-(7+

:#  * 6$4#- 9$ %# %& $/# #-"#  % #-( 94(5 $/* 8-"9#(4 6( 4(3(44() #$ # 7( '"&

$4 # 7( )('"@ "* #-( ) A(4(%8( 2(#6((% #-( # 7(  # #"B(* 3$4 9-$#$%* #$ 4("8- #-(

$2*(45(4 ) 4(8#'@ 34$7 #-( *$/48( "%) #-$*( #-"# "4( *8"##(4()+ <- *  * %$# "%

$2*(45"2'(+ :% #-( 3$''$6 %&1 6( 8"'' # 7( '"& $4 # 7( )('"@ #-( ) A(4(%8( $2#" %()

34$7 #-( 84$** 8$44('"# $% 2(#6((% #-( ' &-# 8/45(* $3 ) 4(8# ./0 "%) 9$'"4 !() ./0+

:% #- * 8"*( #- * 5"'/(  * (D/ 5"'(%# #$ #-"# $2#" %() 34$7 $2*(45"# $%*+

 !"!# $%&%'()*&+ (')*,-*(. .*+/)0-1'2%3

<-( #4"%*3(4 3/%8# $%* $3 #-( J#$B(* 9"4"7(#(4* :1 K "%) L 94$)/8() 2@ STOKES

7/*# 2( 94$8(**() #$ 84("#( #-( ' &-# 8/45(*+ <-(*( 3/%8# $%* "4( &(%(4"#() "# # 7(

 %#(45"'* $3 M+MMMN 98O8 6 #- " #$#"' *"79'( $3 PMMM 9$ %#*+ G&" % #-( Q$%#(=C"4'$

7(#-$) 6"* /*() #$ &(%(4"#( #-( 4"%)$7 *$/48( *"79' %&+

<-( 8$)( 4(")* :1 K "%) L RS &+ T+UV "* " 3/%8# $% $3 # 7(='"& "%) 8$79/#(*

#-( ' &-# 8/45(* "* 3$''$6*W



 !"! #$%$&'$&()*+, *, -+.(&*/()*+, 00

 !"#$% &'() *$+,-.%$ .#,/0!1, .$12 STOKES .1$ + /3#245 6+$%7 7!-8 "%12%0$5 9!0:

413+$ 1#0619- +,7 %;#+01$!+3 -/+00%$!," $!,"' *14 01 <10012) =018%- 4+$+2%0%$- >?

@? A +- + .#,/0!1, 1. 0!2%B3+"'

TF =
X

i

Si × Ii+dt C&'(D

PF =
X

i

Si ×
q

(Q2
i+dt × U2

i+dt) C&'ED

9:%$% S(t) !- 0:% -1#$/% .#,/0!1, "%,%$+0%7 <5 0:% F1,0%BG+$31 2%0:17? 9:!/:

!- + $+,712 3!":0 /#$H% 01 $%4$%-%,0 0:% /%,0$+3 -1#$/% 1. 0:% IJK' *:!- -0%4 !-



 ! "#$%&'( )* +','(-'($&./0 $01 2(/33 2/(('4$&./0

 0  2  4  6  8  10  12  14  16  18  20

F
 (

a
rb

it
ra

ry
 u

n
it

s
)

Time [pc/c]

Total ux
Pol. ux
 Source

 !"#$% &'() *+,-. /#0 12.#%34 5+.-$!6%7 /#0 1$%73 -87 9+#$:% ;#8:,!+8 12.-:<3 .!"=,

:#$>%94 :+?5#,%7 2@ ,=% A+8,%BC-$.+ -."+$!,=?'

8%:%99-$@ ,+ !87#:% ,=% >-$!-2!.!,@ +29%$>%7 !8 ,=% DEF -87 -.9+ ,+ 7%,%:, ,=% 7%.-@

2%,G%%8 ,=% ,G+ .!"=, :#$>%9' *+ :-.:#.-,% ,=% 9+#$:% ;#8:,!+8 G% #9%)

Si(t) = Si 1 + ri × 2× var 1&'H3

G=%$% ri -$% $-87+? 8#?2%$9 !8 ,=% $-8"% IBJ'K4J'KL -87 var !9 ,=% >-$!-2!.!,@ ;-:,+$4

M0%7 -, J'JN' O% ,-<% FPHJJJJ 5+!8,9 +>%$ - ,!?% !8,%$>-. +; &K'Q @$'

*=% ,!?!8" 5$+5%$,!%9 1-?5.!,#7% +; ,=% /#:,#-,!+89 !8 S(t)4 :=-$-:,%$!9,!: 8+!9%3

-$%4 -9 :-8 2% 9%%8 ;$+?  !"' &'(4 !8 $%-9+8-2.% -"$%%?%8, G!,= +29%$>-,!+89 19%%

 !"' Q'(3'

 !"' &'Q 9=+G9 ,=% ,$-89;%$ ;#8:,!+89 R4 S -87 T $%9#.,!8" ;$+? STOKES' R,

:-8 2% 9%%8 ,=-, ,=% ,+,-. 5+.-$!6-,!+8 !9 7%,%$?!8%7 2@ S -87 ,=%$% !9 8+ :+8,$!2#B

,!+8 +; T 9!8:% G% ;+:#9 +8 %.%:,$+8 9:-,,%$!8"'  !"' &'( 9=+G9 ,=% 9+#$:% ;#8:,!+8

12.-:< .!8%3 -87 ,=% $%95%:,!>% .!"=, :#$>%9 ;+$ ,=% ,+,-. /#0 12.#%3 -87 5+.-$!6%7

/#0 1$%73' D9 9-!7 2%;+$%4 G% =->% ,=% .!"=, :#$>% +; ,=% 9+#$:% 9!8:% ,=!9 !9 ,=%

:#$>% "%8%$-,%7 $-87+?.@ G!,= ,=% A+8,%BC-$.+ ?%,=+7'

 !"!# $%& '()**+')((&,-./)0 -0-,1*/*!

F+G ,=-, G% =->% -.$%-7@ "%8%$-,%7 +#$ .!"=, :#$>%94 G% -$% +8.@ .%;, ,+ M87 ,=%

:$+99 :+$$%.-,!+8 2%,G%%8 ,=%?' *=% :$+99 :+$$%.-,!+8 ;#8:,!+8 1CC 3 $%5$%9%8,9

,=% 9!?!.!,#7% 2%,G%%8 ,G+ ,!?% 9%$!%9' R8 +#$ :-9% !, !9 ,=% :$+99B$%.-,!+8 2%,G%%8

,=% .!"=, :#$>% +; ,=% ,+,-. /#04 * 4 -87 ,=% .!"=, :#$>% +; ,=% 5+.-$!6%7 /#04 U 4

G=!:= G% :-8 %05$%99 -9)
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 !"#$% &'() *$+,, -+$$%./0!+1, 2%./3, 4+$ -.#563 7/$%2 2!,8 "%+5%0$3 9!0: %;#/0+$!/.

$!1" /12 6+./$ 9!12,' <:$%% ** $/12+5.3 "%1%$/0%2 4+$ 0:% ,/5% 5+2%. /$%

6.+00%2'

CCF ( t) =

Z

TF (t)PF (t+ t)dt =&'>?

@, 9% :/A% /.$%/23 -/.-#./0%2 0:% < =B;' &'C? /12 D =B;' &'E? .!":0 -#$A%,F

9% 1+9 #,% 0:% 4+..+9!1" 0+ -/.-#./0% 0:% ** -#$A% !1 !0, 2!,-$%0% 4+$5)

CCF =
X

i

(TFi hTF i)× (PFi+dt hPF i)
p

(TFi hTF i)× (PFi hPF i)
=&'&?

9:%$% hi 2%1+0%, 0:% 5%/1 A/.#%' G0 !, !10%$%,0!1" 0+ 1+0% 0:/0 9% -/1 /.,+ -/.-#./0%

0:% -$+,, -+$$%./0!+1 H%09%%1 0:% ,+#$-% /12 0:% 6+./$!I%2 7#JF /, 9%.. /, -+56/$%

!0 0+ 0:% -$+,, -+$$%./0!+1 H%09%%1 0:% 6+./$!I%2 /12 0+0/. 7#J%,'

<:% 5/J!5#5 +4 0:% ** -#$A% 9/, -+1,!2%$%2' <:% -/.-#./0!+1 9/, 6%$4+$5%2

$%6%/0%2.3F H%09%%1 0%1 /12 09%103 0!5%,F H%-/#,% $/12+5 7#-0#/0!+1, !1 0:% ,+#$-%

-#$A% /.,+ !12#-%, $/12+5 7#-0#/0!+1, !1 0:% ** ' <:% K1/. A/.#%, 6$+A!2%2 !1 0:%

1%J0 ,%-0!+1, /$% 0:% /A%$/"%F 9:!.% 0:% %$$+$ -+$$%,6+12, 0+ 0:% ,0/12/$2 2%A!/L

0!+1 +4 0:% ,/56.%' @1 %J/56.% !, ,:+91 !1  !"' &'(F 9:%$% 0:$%% ** -#$A%,

-+$$%,6+12!1" 0+ 0:$%% 2!M%$%10 ,+#$-% .!":0 -#$A%,F 4+$ 0:% ,/5% 6/$/5%0%$, +4 0:%

5+2%.F +4 0:% ,/5% -+1,!2%$%2 ,/56.% -/1 H% ,%%1F /, 9%.. /, 0:% 2!M%$%1-%, H%09%%1

0:%5'

 !" #$%&'()&*($+ ',-,'.,'&*($+ (+ /01 2$3,%4

 !" #$%&&'#%$$"()*+%, -"().& /%$ *!" -+0"$",* 1"%2"*$+"& -+&#3&&"- +, *!" 4$"5+%3&

#!)4*"$ )$" 4$"&",*"- +, *!+& &"#*+%, 6&"" 7+18 98:;8 <)#! $"1+%, !)& ="", ),)(.>"-



 ! "#$%&'( )* +','(-'($&./0 $01 2(/33 2/(('4$&./0

 !"#$#%!&'( %)!* %+,!%)!$( %+ -!%!$./*! /0 /% / "+  /1&! %+ ! %#1&/ ) 2+* %$#/*% +*

%)! ,!+.!%$' 3/%) %)/ %!2)*/45!6

7 /* %)! "$!8/+5 2)#"%!$( %)! 2/$25.*52&!#$ $!,/+* )# 1!!* .+-!&!- 5 /*,

%3+ -/9!$!*% ,!+.!%$/! : ;-5 %'<%+$5 ; #*- ;=#$!-<-/ >; #*- %3+ >/*- +0 -5 % -/ <

%$/15%/+* : 5*/0+$. #*- 2&5."'6 ?)! -5 % "$! 2$/"%/+* $!.#/* @/&>' A#'<-5 %

%'"!6 7&& $! 5&% #$! "$! !*%!- 0+$ # %'"!<B /*2&/*#%/+* 29 6

C* %)! 0+&&+3/*,( #&& ,!+.!%$/! )#8! %)!  #.! -/.!* /+* #*-  "!2/D2#%/+* # 

%)+ ! 5 !- "$!8/+5 &' /* .+-!& E F 51 !2%/+* G6B6EHI 0+$ -!%#/&  !! ?#1&! G6B6

 !"!# $%&'()* &(+,-.'%/ 01-.2(3.'(1) 2%4%25%2.'(1) 612 (1)(3%/ 2%7

*(1)&

A! D$ % 2+* /-!$!-  2#%%!$/*, 1' # "+&#$ 3/*- #*- #* !45#%+$/#& $/*,( 1+%) 1!/*,

/+*/J!- $!,/+* 6 ?)! "+&#$ 3/*- 3# %! %!- 3/%) %3+ +"%/2#& -!"%): = 0.3 #*-

= 0.03( 3)/&! %)! !45#%+$/#& $/*, 3# %! %!- 3/%) = 1 #*- = 36 ?)! $! 5&% 0+$

K( L #*- MK 1#*- #$!  )+3* /* ?#1&! N6B6

?#1&! N6B: O$+  <2+$$!&#%/+* -!&#' 0+$ /+*/J!- $!,/+* 

5678+ 9:;< 8;< =>?8@6+:87 +:;A BC0.&3D 1$E3F
G8;< H BII!!JF G BKI!!JF ?H BLI!!JF
5/4$( M.01B !*NF PEQ6R ± SBE6Q TTG6T ± SES6T GSS6E ± SEU6T

5/4$( M.01B !*!NF GBR6P ± SQG6R BQPS6P ± RRB6Q USE6R ± SBP6P

=OC$&/(.$4 (.0PB QF BE6N ± U6U RB6U ± U6B RS6P ± G6Q

=OC$&/(.$4 (.0PB NF BQ6T ± G6R BQ6E ± S6N BR6P ± S6R

C% / 8!$' /*%!$! %/*, %+ #*#&'J! %)! $! "+* ! /* "+&#$/J#%/+* 1' 2+."#$/*, %)!

%3+ ,!+.!%$/! %)#%  /.5&#%! # $!,/+* +0 )/,) /+*/J#%/+*( %$!#%!- /* STOKES # 

?)+. +*  2#%%!$/*,6 V* +*! )#*-( # "+&#$ 3/*- 3/%) # 8!$' &+3 +"%/2#& -!"%) #*-

2+8!$/*, # &#$,! -/ %#*2! /* %)! &/*! +0  /,)%( #*- +* %)! +%)!$ )#*-( %)! !45#%+$/#&

$!,/+* 3/%) #  .#&&  /J! #*- #* +"%/2#& -!"%) /* %)! 2+*%$+8!$ /#& &/./% B6

?)! %/.! -!&#' +1%#/*!- 0+$ %)! "+&#$ 3/*- / 0#$ &+*,!$ %)#* %)! %/.!  2#&!

2+* /-!$!- /* %)/  %5-' #*- -!2$!# ! 1' # 0#2%+$ R 3)!* %)! -/ %$/15%/+* +0 -5 %

/ BQ %/.! &!  -!* !6 ?)! "+&#$/J#%/+* #*,&! $!.#/* #% Q # !W"!2%!- 3)!* "+<

&#$/J#%/+* / ,!*!$#%!- /* %)!  #.! -/$!2%/+* # %)! &/*! +0  /,)%6 X+%! #& + %)#% %)!

"+&#$/J#%/+* 0$#2%/+* / &+3( "#$%&' 1!2#5 ! +0 2#*2!&/*, +0 "+&#$/J#%/+* 0+$  '..!%$'

$!# +* #*- #& + -5! %+ %)! &+3 -!* /%' +0 %)! $!,/+*6 ?)!$! #$! .+$! ")+%+* %)#%

2#* 2$+  /% 3/%)+5% 1!/*,  2#%%!$!-6 Y+$ %)/ ,!+.!%$' %)! &#$,! % %/.! -!&#' / 

2+."5%!- /* %)! L 1#*- 3)/&! /% / .52) &!  /* %)! MK 1#*-6 C* #&& 2# ! 3! D*-

# )/,) -/ "!$ /+* +0 %)! #8!$#,! 8#&5!6
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 !"#$% &'() *$+,-.%$ .#,/0!1, 120+!,%3 .$14 STOKES .1$ 516+$ 7!,3- +61,% 86%.09

+,3 %:#+01$!+6 $!," +61,% 8$!";09'  !" #! $!##!%) 010+6 826#%9 +,3 516+$!<%3 8$%39

=#>? 516+$!<+0!1, .$+/0!1, 826+/@9? 516+$!<+0!1, +,"6% 826+/@9? ,#42%$ 1. 3#-0 -/+0A

0%$!," 84+"%,0+9 +,3 ,#42%$ 1. %6%/0$1, -/+00%$!," 8"$%%,9 +- + .#,/0!1, 1. 0!4%A6+"'

*;% 1551-!0% ;+55%,- 7;%, -/+00%$!," 1//#$- !, 0;% %:#+01$!+6 $%"!1,? 0;% 51A

6+$!<+0!1, +,"6% !- BC +0 0;% 5%+@ 1. 0;% DD ' E0 -;1#63 2% ,10%3 0;+0 0;% 3!-0+,/%

120+!,%3 2F 0;% DD ? C'CG( ± C'CCH 5/I/ 8GJ'& ± H'H 6!";0 3+F-9!, 0;% K 2+,3 +,3

C'CGL ± C'CCM 5/I/ 8NG'H ± H'G 6!";0 3+F-9 !, 0;% O 2+,3? !- 41$% 0;+, 07!/% 0;%

3!-0+,/% .$14 0;% !,,%$ $+3!#- 1. 0;% 413%6' *;!- 3!P%$%,/% /+,,10 2% +00$!2#0%3 01

4#60!56% -/+00%$!," -!,/%? !, 0;!- $%"!4%? 1,6F -!,"6% -/+00%$!," 0+@%- 56+/% +- -;17,

!,  !"' &'J' Q17%R%$? 0;% +,-7%$ -%%4- 01 2% !, 0;% 3%,-!0F 1. 0;% $%"!1, +,3 ;17

.+$ 5;101,- +$% +26% 01 5%,%0$+0% 2%.1$% 2%!," -/+00%$%3' S;%, 7% !,/$%+-% 0;%

150!/+6 3%50; 1. 0;% %:#+01$!+6 $!," 01 M? 7% /+, $%5$13#/% 0;% !,0%$,+6 $+3!#-

1. 0;% 413%6? C'CCB ± C'CCH 5/ 8/1$$%-51,3!," 01 GC'G ± ('N 6!";0 3+F-9 !, 0;% K

2+,3 +,3 C'CCB ± C'CCM 5/ 8/1$$%-51,3!," 01 GC'J ± M'& 6!";0 3+F-9 !, 0;% O 2+,3?

8-%% *+26% &'G9'



 ! "#$%&'( )* +','(-'($&./0 $01 2(/33 2/(('4$&./0

 !"!" #$%&'() %'*+,-&$. /0,-1'2-&'0( 1$3$14$1-&'0( 501 .+%&6 1$7

)'0(%

 ! "#$%&'!( )#*( "#$+,*(-.&#$% )#( ./! "&("*0$*"1!-( (!,&#$2 - *$&)#(0 '*%.3 .#(*%4

- "1*053 '*%.3 .#(*%4 - *$&)#(0 6-(!' '&%7 -$' - "1*053 6-(!' '&%78

9&,*(! :8:2 ;(-$%)!( )*$".&#$ #<.-&$!' )(#0 STOKES )#( *$&)#(0 6-(!'='&%7 >1!).?

-$' "1*053 6-(!'='&%7 >(&,/.?8  !" #! $!##!%2 .#.-1 ><1*!? -$' 5#1-(&@!' >(!'? 6*A4

5#1-(&@-.&#$ )(-".&#$ ><1-"7?4 5#1-(&@-.&#$ -$,1! ><1-"7?4 $*0<!( #) '*%. %"-..!(&$,

>0-,!$.-? -$' $*0<!( #) !1!".(#$ %"-..!(&$, >,(!!$? -% - )*$".&#$ #) .&0!=1-,8

;-<1! :8B2 C(#%%="#((!1-.&#$ '!1-3% )#( '*%. (!,&#$%

"5+"6786"9:;+ +:<5=8 >?0.&3@ 1$A3B
C;8D E >FFGGHB C >IFGGHB 6E >!FGGHB
60.J/(K 1?3&A &/(?3 DE8F ± BG8H DF8F ± IJ8K HJ8D ± ID8B

60.J/(K L$('1 1.3M :D8: ± BH8I :J8K ± BK8G HJ8H ± I:8G

"4?K%A 1?3&A &/(?3 EGD8F ± BBB8F ::H8I ± IKI8I :I:8E ± HJ8:

"4?K%A L$('1 1.3M IEDI8F ± H:K8F IEDH8J ± JG8: IEKD8: ± ::E8J

9#( <#./ ,!#0!.(&!% L&./ *$&)#(0 '*%. '&%.(&<*.&#$4 ./! M-1*!% #<.-&$!' )#( ./!
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 !"##  "!!$%&'(") *$'+$$) ',$ -(!$ ' ./0 &)- ',$ 1"%&!(2$- ./0 &!$ () 1$!3$ ' 1!"4

1"!'(") +(', ',$ #(2$ "3 ',$ ())$! !&-(/#5 6$' /# !$ &%% ',&' ',$ ()'$!)&% !&-(/# 3"!

',$ -$7)$- 8$"9$'!($# (# :5:;< 1 +,(%$ ',$ ()3$!!$- -(#'&) $# &!$ :5:;=± :5:>? 1 

@ "!!$#1")-()8 '" AB5= ± >C5? %(8,' -&D#E3"! ',$ -/#'D4'"!/# &)- :5:BA± :5:>: 1 

@ "!!$#1")-()8 '" ;A5; ± >?5< %(8,' -&D#E 3"! ',$ .&!$- -(#F5 G")#(-$!()8 ',$#$

!$#/%'# +$  &)  ") %/-$ ',&' (3 ',$  (! /9)/ %$&! !$8(") +&# (#"%&'$-H &)- ',$ -(#4

'!(*/'(") "3 -/#' +&# ,"9"8$)$"/#H (' +"/%- *$ 1"##(*%$ '" -$'$!9()$ ('# #(2$ *D

!$I$!*$!&'(") () 1"%&!(2&'(")5 J,$ !$#/%'# 3"!  !"##4 "!!$%&'(") 3"! ',$  (! /9)/4

 %$&! !$8(") &!$ #,"+) () J&*%$ ;5>5

K"+$I$!H ',$ 1( '/!$ (# '"'&%%D -(L$!$)' 3"! *"', 8$"9$'!($# (3 +$  ")#(-$! -/#'

-(#'!(*/'(") () ',$ 3"!9 "3 #1,$!( &%  %"/-#5 M) ',(#  &#$H ',$ !$#/%'# "*'&()$- &!$

"3 ',$ "!-$! "3 C &)- <N '(9$# %&!8$! ',&) ',$ ())$! !&-(/#H 3"! ',$ -/#'D4'"!/# &)-

.&!$-4-(#F 8$"9$'!D !$#1$ '(I$%D5 M) ',$  &#$ "3 &  %"/- -(#'!(*/'(")H ',$!$ (# )"

-(!$ ' +&D '" 7)- ',$ ()'$!)&% !&-(/#H #() $ 9"!$ 1&!&9$'$!# 9/#' *$  ")#(-$!$-

#/ , &# ',$ )/9*$! "3  %"/-# () ',$ I($+()8 1&',H ',$(! -$)#('D &)- -(#'!(*/'(")5 M)

',(#  &#$H ',$ 1,"'")#  &) 1$)$'!&'$ -$$1 ()#(-$ ',$  (! /9)/ %$&! !$8(") &)- $04

1$!($) $ #$I$!&% # &''$!()8 $I$)'# *$3"!$ !$& ,()8 ',$ "*#$!I$!H +,( , $01%&()# #/ ,

& ,(8, -$%&D '(9$5

O"! ',$ # &''$!()8 1!"-/ $- *D -/#'H +,(%$ ',$!$ &!$ )" #(8)(7 &)' -(L$!$) $#

*$'+$$) ',$ P &)- Q *&)-#H ',$!$ (# &) (91"!'&)' -$ !$&#$ () ',$ '(9$ %&8 3"! ',$

RP *&)-H +,( , (# 9"#' $I(-$)' 3"! ',$ /)(3"!9 -(#'!(*/'(") "3 -/#'5 J,(# (# *$4

 &/#$ () ',(# !$8(9$ ',$ +&I$%$)8', &11!"& ,$# ',$ #(2$ "3 ',$ -/#' 8!&()#H 3&I"!()8

-(#1$!#(") $I$) 3!"9 ',$ *"/)-&!D "3 ',$ # &''$!()8 !$8(")5

J,$ '!&)#3$! 3/) '(")# @O(85 ;5;E #,"+#H () ',$  &#$ "3 & /)(3"!9 -(#'!(*/'(")

"3 -/#'H '+" 1$&F# () ',$ ./0 &)- &%#" () ',$ 1"%&!(2&'(") 3!& '(")5 J,$ 7!#' ")$

(# -$7)$- *D ',$ #/!3& $ "3 ',$ # &''$!()8 !$8(")H &# 9"!$ 1,"'")# !$& , (' +$ &%#"

*$8()# '" #$$ & #9&%%  &) $%%&'(") $L$ ' *D #D99$'!D -/$ '" 1,"'")# ',&' !$& ,

*"', #(-$# "3 ',$ ())$! !&-(/#5 J,(# $L$ ' (# !$1$&'$- &8&() +(', ',$ 1,"'")# ',&'

&!$ &*%$ '" 8$' & *(' -$$1$! ()'" ',$ # &''$!()8 !$8(")5 J,$ !$#1")#$ (# 9/ , %$##

 ",$!$)' 3"! !$8(")# 7%%$- +(',  %"/-#H -/$ '" ',$(! !&)-"9 -(#'!(*/'(")5

 !"!# $%&'()* ' +%(, (,'-.*/.0 123 +%),-

S$ ,&I$ &%!$&-D  &% /%&'$- ',$  !"##4 "!!$%&'(") -$%&D# 3"! ',$ -(L$!$)' (#"%&'$- 8$4

"9$'!($# &)- ,&I$ #$$) ,"+  %"#$ ',$D &!$ '" ',$ ())$! !&-(/# "3 $& , !$8(")5 T'

',(# 1"()'H ',$ !$8(")# ',&' +$!$ &)&%D2$- ()-$1$)-$)'%D *$3"!$ +$!$ &##$9*%$- '"4

8$',$!5 M) "!-$! '" *$''$! $I&%/&'$ ',$ (91& ' "3 $& , ")$ "3 ',$9 () ',$ 7)&% &)-

9"!$ !$&%(#'( 9"-$%H ',$ -(L$!$)' !$8(")# +$!$ () "!1"!&'$- #'$1 *D #'$1H #(9(%&!%D

'" +,&' +&# -")$ () U&!() $' &%5 @>:<>E5



 ! "#$%&'( )* +','(-'($&./0 $01 2(/33 2/(('4$&./0

 !"#$% &'() *$+,-.%$ .#,/0!1, 120+!,%3 .$14 STOKES .1$ /5#467 8+$%3 3!-9 :!0;

615+$ :!,3- +,3 -/+00%$!," $!,"'  !" #! $!##!%) 010+5 <25#%= +,3 615+$!>%3 <$%3=

8#?@ 615+$!>+0!1, .$+/0!1, <25+/9=@ 615+$!>+0!1, +,"5% <25+/9=@ ,#42%$ 1. 3#-0 -/+0A

0%$!," <4+"%,0+= +,3 ,#42%$ 1. %5%/0$1, -/+00%$!," <"$%%,= +- + .#,/0!1, 1. 0!4%A5+"'

*+25% &'B -;1:- 0;% $%-#50 1. 0;% CC .1$ 0;% #,!.1$4 3#-07A01$#- "%14%0$7@

+- 0;% 2+-%5!,% 413%5 .1551:%3 27 0;% $%-#50- 120+!,%3 27 +33!," 1,% 27 1,% 0;%

3!D%$%,0 -/+00%$!," $%"!1,-' E, 0;% .1551:!," :% $%.%$ 01 0;% %F#+01$!+5 $!," +- GHI

+,3 +- +5:+7- +- 615+$ :!,3- 01 0;% ;!";57 !1,!>%3 /1,% !, 0;% 615+$ $%"!1,' *;%

-+4% $%-#50- +$% -;1:, !, *+25%- &'J@ &'K +,3 &'& .1$ 0;% #,!.1$4 8+$%3A3!-9 413%5@

/5#467 3#-07A01$#- 413%5@ +,3 /5#467 8+$%3A3!-9 413%5 $%-6%/0!L%57'

*;% "%,%$+5 0$%,3 !- 0;% -+4% .1$ +55 413%5-' M;%, :% !,/5#3% 0;% %F#+01$!+5

$!,"@ 0;% 0!4% 3%5+7 3%/$%+-%- 01 + L+5#% /51-% 01 0;% 1,% 120+!,%3 .1$ 0;% %F#+01$!+5

$!," +51,%' N- :% -+: 2%.1$%@ 0;% %F#+01$!+5 -/+00%$!," $%"!1, !- + -0$1," 615+$!>%$

3#% 01 0;% OP -/+00%$!," +,"5%'
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 !"#$ %&'( )*+,, )+**$#!-.+/ "$-0$$/ -+-!# 123 !/4 5+#!*.6$4 123&

7189:;< =7>?@ ?:;7> A7=?B AC+(*4D 3&E4B
F/1= G A66HHIB F AJ6HHIB 7G A"6HHIB
7=? K FL; 78&7 ± %&7 79&' ± %&: 7%&7 ± %&;

7=? K #$%&'MN(+3 <;&: ± 79&: 9'&' ± ==&> >'&8 ± 7:&=

7=? K #$%&' N(+3 K FL; 78&9 ± 9&9 7:&' ± %&8 7%&9 ± ==&>

 ?$*$@+*$A -?$ $B2!-+*.!# 4.,C ?!, ! ,-*+/D .E5!F- +/ -?$ 5+#!*.6$4 123& G@A +/

-?$ +-?$* ?!/4A 0$ ./F+*5+*!-$ -?$ 5+#!* 0./4, -+ -?$ "!,$#./$ E+4$#A .- #$!H$, -?$

*$,2#-, 2/F?!/D$4A !, 0$ +",$*H$ -?$ ,!E$ *$,5+/,$ !, @+* -?$ "!,$#./$ E+4$# !#+/$&

 ?$ 5+#!* F+/$, !*$ ,$$/ E+,-#I ./ -*!/,E.,,.+/ !/4 -?$*$@+*$ 5+#!*.6$ #$,,&

 !"#$ %&:( )*+,, )+**$#!-.+/ "$-0$$/ -+-!# 123 !/4 5+#!*.6$4 123&

7189:;< 9L/;O= =8>P A79=B AC+(*4D 3&E4B
F/1= G A66HHIB F AJ6HHIB 7G A"6HHIB
79= K FL; ==&; ± 9&< =;&; ± 9&7 7<&> ± %&<

79= K #$%&'MN(+3 97&< ± 78&9 9>&7 ± ==&; >:&< ± 7%&8

79= K #$%&' N(+3 K FL; =;&; ± <&7 =;&' ± 9&= 7<&> ± >&>

 !"#$ %&>( )*+,, )+**$#!-.+/ "$-0$$/ -?$ -+-!# 123 !/4 5+#!*.6$4 123&

QL7<#@ =7>?@ ?:;7> AQ=?B AC+(*4D 3&E4B
F/1= G A66HHIB F AJ6HHIB 7G A"6HHIB
Q=? K FL; ='&> ± 9&7 '&; ± '&% 7=&= ± %&9

Q=? K #$%&' N(+3 >':&' ± 7;;&> >>9&> ± 89&; %7;&> ± 7%;&>

Q=? K #$%&' N(+3 K FL; 7%&7 ± >&: 7:&: ± 8&% 78&7 ± :&>

J./!##IA 0?$/ 0$ ./F+*5+*!-$ !## $#$E$/-, K-?$ 5+#!* 0./4, !/4 -?$ $B2!-+*.!#

*./DL -+ -?$ "!,$#./$ E+4$#A 0$ F+E$ -+ -?$ ,!E$ F+/F#2,.+/ @+* !## "!,$#./$ E+4$#,(

2/.@+*E 42,-IM-+*2,A 2/.@+*E 1!*$4M4.,CA F#2E5I 42,-IM-+*2, !/4 F#2E5I 1!*$4M

4.,C& G/ !## F!,$, .- ., -?$ $B2!-+*.!# *./D -?!- 5*$4+E./!-$, !/4 -?$ -.E$ 4$#!I

+"-!./$4 @*+E -?$ ))J ., !#E+,- -?$ ,!E$ !, .@ -?., !*$! 0$*$ .,+#!-$4 0.-? ,#.D?-

4.N$*$/F$, "$-0$$/ -?$ E+4$#, F+/,.4$*$4&  ?., ., !/ .E5+*-!/- *$,2#-& O.-? -?.,

-$F?/.B2$ 0$ D$- ./@+*E!-.+/ +/ -?$ F#+,$,- *$D.+/ ./ -?$ $B2!-+*.!# 5#!/$A ./4$5$/M

4$/-#I +@ -?$ *$,- +@ -?$ +-?$* ,F!--$*./D *$D.+/,A !- #$!,- @+* -I5$M7 H.$0./D !/D#$,&

P#-?+2D? -?$ *$,2#-, ,+ @!* !##+0 2, -+ ,+E$?+0 F?!*!F-$*.6$ -?$ D$+E$-*I +@

-?$ $B2!-+*.!# *./DA 2/-.# /+0 -?$ *$,2#-, +"-!./$4 "I F+**$#!-.+/ D.H$ 2, ! H!#2$

#!*D$* -?!/ -?$ .//$* *!4.2, +@ -?., *$D.+/& G/ +*4$* -+ *$5*+42F$ -?$ H!#2$ @+2/4 "I

Q!,C$## $- !#& K=;7=LA 0$ ./F*$!,$4 -?$ 4$/,.-I +@ -?$ *$D.+/& P, 0$ ,$$ ./  !"#$ %&9A

0.-? !/ +5-.F!# 4$5-? +@ ' 0$ D$- ! H!#2$ ./ -?$ $35$F-$4 *!/D$ F+/,.4$*./D -?$



 ! "#$%&'( !) *'+'(,'($&-./ $/0 1(.22 1.(('3$&-./

 !"#$ %&%' ()*++ (*))$#!,-*. "$,/$$. ,0$ ,*,!# 123 !.4 5*#!)-6$4 123&

"45678 94:*;< <=>? @"9<A @B/-&2C 0$D2A
E:F< G @HHIIJA E @KHIIJA 5G @LHIIJA
"9< M E4* 78&9 ± :&7 ;<&= ± <&% ;;&9 ± :&;

"9< M 7.3$( N-/0 <>?&% ± ?7%&> <==&? ± 7=8&8 ?8:&< ± 8?&;

"9< M 7.3$( N-/0 M E4* ;9&< ± 8&? 7>&7 ± :&: ;;&9 ± ?&;

!++*@-!,$4 $))*)A !.4 $B$. C*)$ 5)$@-+$ -+ ,0$ ((D *",!-.$4 E*) C*4$#+ ,0!, 0!B$ !

FGH /-,0 !. *5,-@!# 4$5,0 *E ,0$ *)4$) *E 79A /0-@0 @*))$+5*.4+ ,* !. $#$@,)*.

4$.+-,I *E ,0$ *)4$) *E 108 @C 3&  0-+ "$,,$) !J)$$+ /-,0 ,0$ ,0$*)$,-@!# B!#2$+ E*)

,0$ FGH )$J-*.' 109 @C 3 E*) !. *5,-@!##I ,0-@K !.4 1014 @C 3 E*) *5,-@!##I ,0-.

)$J-C$ LM*5*B-NA ;99<O&

 !"#$ %&8' ()*++ (*))$#!,-*. E*) +$B$)!# $#$@,)*. 4$.+-,I -. ,0$ $P2!,*)!#Q)-.J&

"45678 <5>O8 OP*5> M 7P4:* Q=F< M ;R5:OP*=:4 *=FS
@B/-&2C 0$D2A

G ,$/0 E ,$/0
E4* @ TA 7%&: ± :&? 7?&? ± >&%

E4* @ UA 7<&8 ± ?&: 79&8 ± ?&;

E4* @ TIA %&% ± 7&: %&9 ± 7&;

"45678 94:*;< <=>? M 7P4:* Q=F< M ;R5:OP*=:4 *=FS
@B/-&2C 0$D2A

G ,$/0 E ,$/0
E4* @ TA ;9&< ± 8&? 7>&7 ± :&:

E4* @ UA 77&9 ± ;&< 79&8 ± ?&;

E4* @ TIA ?&= ± 7&% 8&7 ± 7&;

 !" #$%&'()*$%)

R. ,0-+ @0!5,$) /$ 0!B$ !55#-$4 ,0$ ,$@0.-P2$ *E )$B$)"$)!,-*. "I @)*++Q@*))$#!,-*.

"$,/$$. ,0$ ,*,!# !.4 5*#!)-6$4 123& S$ 0!B$ !.!#I6$4 ,0$ ,-C$Q#!J )$+2#,+ E*) ,0$

B!)-*2+ )$J-*.+ @*.,)-"2,-.J ,* ,0$ 5*#!)-6$4 123A +$5!)!,$#I !.4 !+ ! /0*#$T /$

0!B$ !#+* )$B-$/$4 0*/ ,0$ C*4$# )$+5*.4+ /0$. ,0$ )$J-*. -+ E2## *E 42+, *) $#$@Q

,)*.+&  0-+ 0!+ "$$. 4*.$ *.#I E*) *.$ B-$/-.J !.J#$ @*))$+5*.4-.J ,* ! ,I5$Q7 UVW&

 0$ ,-C$ 4$#!I *",!-.$4 E*) ,0$ @-)@2C.2@#$!) )$J-*. +$, -. ,0$ $P2!,*)-!# 5#!.$

!#*.$A 2.-E*)C#I X##$4 /-,0 42+, !.4 /-,0 ! ,0-@K *5,-@!# 4$5,0A @*))$+5*.4+ !#C*+,



 !"! #$%&'()*$%) +,

 !"#$%& $' $( $)* )$ $"+ , -'. " /('$'0 $' . "#( $( )00 . ."1)2, '- $(), . 3)'04

5( ,"* . ,2%$ ), '6$")0 1 -'. $(  72"$'.)"% .)03 -2%% '-  % #$.'0,8 9( 0 $( 

'/$)#"% 1 /$( ), ()3(8 9()% 9( 0 )$ ), #%', $' '. % ,, $("0 :8 $( #'*/2$ 1 $)* 

1 %"& ), %".3 . $("0 $( $)* )$ $"+ , -'. " /('$'0 $' . "#( $( )00 . ."1)2,8 6 #"2, 

/('$'0, / 0 $."$ 1  / )0 $(  72"$'.)"% .)034

; "%,' ,('9 1 $("$ $( "11)$)'0 '- " ()3(%& )'0)< 1 /'%". #'0 9)$( %'9 '/$)#"%

1 /$( 1' , 0'$ )*/"#$ ,)30)=#"0$%& $( #"%#2%"$ 1 $'$"% $)* %"34

5( *',$ )*/'.$"0$ . ,2%$ ), $("$ 9( 0 9 #'*6)0 "%% ,#"$$ .)03 . 3)'0,8 $( 

#'*/'0 0$ $("$ 1 $ .*)0 , $( $)* %"3 ), $(  72"$'.)"% .)038 $(2, >"%)1"$)03 $(),

$ #(0)72 ", " $''% $' =01 $( 1),$"0# -.'* $(  *),,)'0 . 3)'0 $' $( 0 ". ,$

,#"$$ .)03 . 3)'04 ; "%,' >"%)1"$ 1 $( . ,2%$, '6$")0 1 6& ?",+ %%  $ "%4 @AB:AC4





 !"#$%& '

 !"#$%&'!" (") *+!&*,#-&

 !"# $!%#"# !&# &''(%##%' $!% )*%#$"+, +- !+. $+ /%&(, &0+*$ $!% #$(*1$*(% +- $!%

",,%(2+#$ (%3"+,# +- 456#7 8, $!% ",$(+'*1$+(9 1!&:$%( .% #&. $!&$ .% 1&,,+$

9%$ /%&(, &0+*$ $!%"( ",,%( #$(*1$*(% '"(%1$/9 0%1&*#% +- $!%"( #2&// #1&/% &,' $!%"(

/&(3% '"#$&,1%# -(+2 *#; &/$!+*3! ,%. ",$%(-%(+2%$(9 $%1!,")*%# $+'&9 &(% #$&($",3

$+ 0% &0/% $+ +0#%(<% &$ /%&#$ $!% 1"(1*2,*1/%&( (%3"+, +- $!% ,%&(%#$ +0=%1$#7 4#

& (%#*/$; #">%# &,' #:&$"&/ '"#$("0*$"+,# +- 1+2:+,%,$# ", $!% ",,%( (%3"+,# &(% #$"//

-&( -(+2 1/%&(7 ?% !&<% #%%, $!&$ $!% 1+20",&$"+, +- (%<%(0%(&$"+, 2&::",3 &,'

:+/&("2%$(9 "# & <%(9 *#%-*/ $++/ -+( /%&(,",3 &0+*$ $!% *,(%#+/<%' (%3"+,#7

 !" #$%&$'%( )* &%+,-.+

 !% $%2:+(&/ (%#:+,#% +- $!% <&("+*# 1+,$("0*$"+,# $+ $!% :+/&(">&$"+, +- '"@%(%,$

",$%(,&/ 1+2:+,%,$# +- 456#; #*1! &# $!% 1"(1*2,*1/%&( (%3"+,; $!% "+,">",3 :+/&(

(%3"+,; &,' $!% ABC (%:(%#%,$%' 09 & (",3 ", $!% %)*&$+("&/ (%3"+,; !&<% 0%%, #$*'D
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ABSTRACT

Context. Optical observations cannot resolve the structure of active galactic nuclei (AGN), and a uni ed model for AGN was inferred
mostly from indirect methods, such as spectroscopy and variability studies. Optical reverberation mapping allowed us to constrain
the spatial dimension of the broad emission line region and thereby to measure the mass of supermassive black holes. Recently,
reverberation was also applied to the polarized signal emerging from di erent AGN components. In principle, this should allow us to
measure the spatial dimensions of the sub-parsec reprocessing media.
Aims. We conduct numerical modeling of polarization reverberation and provide theoretical predictions for the polarization time lag
induced by di erent AGN components. The model parameters are adjusted to the observational appearance of the Seyfert 1 galaxy
NGC 4151.
Methods. We modeled scattering-induced polarization and tested di erent geometries for the circumnuclear dust component. Our
tests included the e ects of clumpiness and di erent dust prescriptions. To further extend the model, we also explored the e ects of
additional ionized winds stretched along the polar direction, and of an equatorial scattering ring that is responsible for the polarization
angle observed in pole-on AGN. The simulations were run using a time-dependent version of the stokes code.
Results. Our modeling con rms the previously found polarization characteristics as a function of the observer‘s viewing angle. When
the dust adopts a ared-disk geometry, the lags reveal a clear di erence between type 1 and type 2 AGN. This distinction is less clear
for a torus geometry where the time lag is more sensitive to the geometry and optical depth of the inner surface layers of the funnel.
The presence of a scattering equatorial ring and ionized out ows increased the recorded polarization time lags, and the polar out ows
smooths out dependence on viewing angle, especially for the higher optical depth of the wind ( = 0.3).
Conclusions. Together with other AGN observables, the polarization time lag places new, independent “seismological” constraints
on the inner geometry of AGN. If we conduct time-dependent spectropolarimetric observing campaigns of AGN, this method has a
high potential for a census of supermassive black holes.

Key words. galaxies: active – Galaxy: nucleus – polarization – scattering

1. Introduction

Active galactic nuclei (AGN) are very compact and high-
luminosity engines located at the center of their host galaxies.
Since the innermost structures of AGN cannot be resolved by
current UV, optical, or IR observational techniques, morpholog-
ical and kinematic models have to be derived indirectly, most
often from broadband spectroscopy and variability studies.

In so-called thermal radio-quiet AGN, the emission is due to
accretion onto a supermassive black hole (SMBH),with typical
masses MSMBH > 106 M (Salpeter 1964; Lynden-Bell 1969).
The accretion disk produces the optical and UV continuum radi-
ation (see Shields 1978; Shakura & Sunyaev 1973; Pringle et al.
1973). The disk axis points out a preferred direction that for the
remainder of this paper we call the polar direction of the system,
to be distinguished from the equatorial directions that enclose
the plane of the accretion disk. Observationally, thermal AGN
can then be divided into two classes: type 1 sources are assumed
to be viewed at a polar line of sight and show Doppler-broadened
Balmer emission lines produced in the so-called broad line re-
gion (BLR), whereas type 2 sources are viewed at equatorial
lines of sight, at which the optical view of the BLR is obscured

by a dusty region commonly called the dusty torus (Antonucci
1993). It extends out to a spatial scale of a few parsecs for a
107 M SMBH. Only in very few objects do the outer parts of the
circumnuclear dust start to be resolvable by mid-IR interferom-
etry techniques (Tristram et al. 2007, 2014; Raban et al. 2009).

Gaskell (2009) introduced the so-called bird’s nest paradigm
for the central region of thermal AGN, adopting the idea that
its overall structure is clumpy. Clumpy models successfully re-
produce the dust emission seen in the IR (Nenkova et al. 2008;
Siebenmorgen et al. 2015; Hönig & Kishimoto 2010). The BLR
is expected to be fragmented and turbulent, but radially strat-
i ed, as can be inferred from the velocity structure of low-
and high-ionization emission lines (Gaskell 1982; Gaskell et al.
2008; Gaskell & Goosmann 2013). The BLR is expected to form
inside the sublimation radius, possibly from in owing torus ma-
terial. It is therefore embedded in the torus funnel. Since the
outer parts of the accretion disk around the SMBH must be self-
gravitating, it is straightforward to identify it with the inner parts
of the BLR. A coherent picture for the circumnuclear matter of
AGN can be found with a morphology that is non-spherical, but
symmetric with respect to the polar axis, while being fragmented
on small spatial scales.
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Fig. 1. Unscaled sketch of the uni ed model of AGN, taken from Marin
(2016). The cartoon shows that AGN with narrow and broad Balmer
emission lines (type 1, i = 0 60 ) and those with only narrow lines
(type 2, i = 60 90 ) derive from the same morphology, but are viewed
from di erent angles with respect to the AGN axis. This is the original
basis of the uni ed model.

Not all matter that is pulled in by the black hole is -
nally accreted. Depending on the accretion state of a given ther-
mal radio-quiet AGN, a signi cant fraction of matter may be
ejected along the polar directions as moderate to ultrafast winds
(Pounds & Page 2006; King & Pounds 2003; Tombesi et al.
2012). Depending on the distance from the SMBH, these winds
are mildly to strongly ionized and scatter much radiation that is
emitted by the central black hole. The common picture of the
inner structure of AGN was recently described by Marin (2016),
and the reproduction in Fig. 1 depicts the regions inside the
AGN (not to scale): the black hole sits at the center and is sur-
rounded by the accretion disk, the BLR, and the circumnuclear
dust. Along the polar directions, ionized winds and the narrow
line region (NLR) are located, which in radio-loud objects may
be pierced by collimated jets.

Polarimetry is a valuable tool to probe the innermost struc-
tures of AGN. In the past, optical spectropolarimetry gave proof
of the uni ed theory of AGN when Antonucci & Miller (1985)
discovered polarized broad Balmer lines in Seyfert 2 galaxies
and thus pointed out a relation between the observer’s inclination
with respect to the polar axis and the position angle of optical
continuum polarization in type 1 and type 2 AGN. It was shown
in that the typical polarization properties in type 1 objects can
be produced by scattering in a attened distribution of material
situated around the accretion disk (Antonucci 1984; Smith et al.
2004; Goosmann & Gaskell 2007).

More recently, AGN polarimetry has been brought to a dif-
ferent level by introducing the technique of polarization rever-
beration mapping (Gaskell et al. 2012 for the Seyfert 1 nucleus
NGC 4151). In this method, the time-dependent total (polar-
ized+unpolarized) continuum emission is cross-correlated with

 

   

Fig. 2. Geometry scheme of the models. Left top: classical torus geome-
try (blue) with elliptical cross section. Left middle: the extended ared-
disk geometry (red) with the wedge-shaped cross section. Left bottom:
scattering ring (brown). Right: polar out ows (green).

the polarized emission of a given AGN. A characteristic time
delay is found between the two components. When we assume
that the continuum polarization is induced by scattering of the
continuum radiation by surrounding structures, the reverberation
places constraints on the light travel distance between the emit-
ting source and the reprocessing mirror(s).

In this work, we present initial modeling to compare with
current and future campaigns of polarization reverberation map-
ping. We conduct radiative transfer simulations for the con-
tinuum radiation in di erent AGN geometries, taking the time
dependence of the polarized radiation in the optical band
into account. The goal of this research is to numerically explore
the new method and indirectly resolve the innermost region in
AGN by polarization reverberation. To do this, we provide sim-
ulated results for polarization time lags from di erent AGN con-
stituents as a function of inclination. The paper is organized as
follows: in Sect. 2 we present the details of our model and spe-
ci c parametrization. In Sect. 3 we present and analyze our re-
sults. Finally, in Sect. 4 we discuss our results and follow-up
projects.

2. Modeling the circumnuclear dust scattering

Following the observational example of Gaskell et al. (2012), we
here attempt to theoretically investigate the details of the in-
ner AGN structure by studying the expected time lag between
the total and the polarized continuum ux. The presence of the
obscuring torus on the line of sight should be derived from
the time lag, together with its geometrical shape and compo-
sition. Figure 2 shows a sketch of our di erent modeling op-
tions. In the following, we call “dusty-torus” a toroidal region
with an elliptical cross section, and “ ared-disk” a region with
a wedge-shaped cross section. We investigate polarization tim-
ing for four versions of a circumnuclear geometry: a uniform-
density dusty torus, a uniform-density ared disk, a clumpy
torus, and a clumpy ared disk. Every geometry is tested for two
types of optically thick dust: AGN-dust (Gaskell et al. 2004) and
Milky Way dust (so-called MRN dust, according to Mathis et al.
1977) at di erent optical depths. We increase the complexity of
the model by adding ionized out ows in the polar direction in
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Table 1. Model setup, baseline.

Models Torus Flared disk Scattering ring Polar wind

DUSTY
Inner radius (pc) 0.061 0.061 0.0067 0.0067
Outer radius (pc) 15.061 15.061 0.0577 30.0067
Half opening angle 60 60 60 30
Equatorial optical depth 150 150 1 0.03 / 0.3
Scattering Mie Mie Thomson Thomson

CLUMPY
Inner radius (pc) 0.061 0.061
Outer radius (pc) 15.061 15.061
Half opening angle 60 60
Optical depth per cloud 50 50
Clouds radius (pc) 0.2 0.65
Filling factor 25% 25%
Scattering Mie Mie

Notes. Parameters of three scattering regions with uniform and clumpy dust distribution for the Mie scattering and free electron distribution for
Thomson scattering.

Sect. 3.2 and a scattering ring, responsible for the speci c polar-
ization position angle seen in type 1 AGN (Smith et al. 2004), in
Sect. 3.3. The latter region is fully ionized and is located between
the source and the circumnuclear dust region. As the model setup
becomes more sophisticated, we follow the evolution of the po-
larization time lags.

We applied an extended version of the Monte Carlo radia-
tive transfer code stokes. This version includes the timing infor-
mation of the registered photons. The code was initially writ-
ten by Goosmann & Gaskell (2007) and further developed by
Marin et al. (2012) and Marin et al. (2015); an intermediate ver-
sion of the code is publicly available1. It simulates radiative
transfer in di erent geometries for emitting and scattering struc-
tures and determines the net Stokes parameters as a function of
wavelength, time, and the observer’s line of sight. Subsequently,
it is possible to obtain the polarization fraction, position angle,
polarized ux, and total ux from the Stokes parameters. For
compatibility with Paper I (Goosmann & Gaskell 2007), we de-

ne the polarization position angle to be 0 when the polariza-
tion angle is perpendicular to the projected symmetry axis of the
model. When the polarization angle is equal to 90 , it is said to
be parallel to the projected symmetry axis of the model. To com-
pute the time lags, the code compares the path between the direct

ux from the source and the trajectory of the photons that have
been scattered from the dust and/or electron regions. For each
viewing direction, the time lag is measured relative to the plane
of sky, which goes through the origin of the central source and is
oriented perpendicularly to the line of sight. The lag is expressed
in pc/c and represents the light traveling distance.

We modeled the ared-disk and toroidal geometries shown
in Fig. 2 assuming uniform-density and clumpy dust distribu-
tions. Two types of dust were tested: AGN-dust composed of
85% of silicate and 15% of graphite, and Milky Way dust com-
posed of 62.5% of silicate and 37.5% of graphite. The grain radii
lay between 0.005µ (0.005µ) and 0.25µ (0.2µ), with a distribu-
tion n(a) as with s = 3.5 (s = 2.05) for Milky Way (AGN)
dust. The lling factor of the clumpy regions was set to 25%
(Marin et al. 2015). At the center we de ned a point source with
unpolarized ux that emitted a power law spectrum F
with = 1. For the ionized regions we assumed an inner radius
of 8 light days such as found by Gaskell et al. (2012) in the case
of NGC 4151, but without detailed modeling. In the case of the

1 http://stokes-program.info/

circumnuclear dusty regions, we adopted the observational con-
straints derived by near-IR observation of NGC 4151, namely
0.061 pc, according to Kishimoto et al. (2013).

The outer radius of the torus and its half opening angle were
based on the ndings by Ruiz et al. (2003), Table 2, who con-
ducted near-IR polarimetry observations of the same object. We
de ned an external radius of 15.061 pc and a half opening angle
of 60 from the disk symmetry axis. The dust is opaque, with
a radial optical depth of 150 inside the equatorial plane. The
modeling results can be evaluated over the optical wavelength
range and as a function of the observer’s viewing angle.

In a second step of this study, we added polar winds to this
baseline model. They have the geometrical shape of double-
cones and are assumed to be ionized. In the model they are lled
with electrons with a radial Thomson optical depth of 0.03 and
0.3. The winds have a common interface with the circumnu-
clear dust at the inclination of its horizon. Finally, we added a
third region, an equatorial scattering ring located between the
source and the circumnuclear dusty region. This area, modeled
as a ared disk, was found to be necessary to reproduce the
parallel polarization position angle observed in the majority of
Seyfert 1s, see Smith et al. (2004). Following the composition
constraints from Paper II, we opted for a radial optical depth of
unity. The inner radius of the scattering ring was set to 0.0067 pc
(i.e., eight lights days, Gaskell et al. 2012) and the outer radius to
0.0577 pc, so that the disk and the torus did not mix (see Table 1
for a summary of the parameters).

3. Results and analysis

All modeling cases were tested for the two di erent dust pre-
scriptions: Milky Way dust (Mathis et al. 1977), and AGN-
dust (Gaskell et al. 2004). A detailed comparison of the e ect
of the dust prescription on the polarization results was given
in Goosmann & Gaskell (2007). The new simulated observable
added in this work, the time lag of the polarized emission, is not
much a ected when the dust prescription is modi ed (Fig. 3).
The small di erences between the two cases are due to the spe-
ci c albedo and scattering phase functions of the two dust types.
Since there is no major e ect on the results, we only present
modeling for the case of standard Milky Way dust in this paper.

The response in terms of ux, polarization, and time lag only
mildly changes with wavelength (Fig. 4). Only at type 2 viewing
angles does the uniform dusty torus show a diminution in ux
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Fig. 3. Comparison of the time lags induced by the Milky Way and
by AGN dust prescription for the case of a uniform dusty torus and a
uniform ared disk. The plots show the time lag as a function of wave-
length for di erent viewing angles: the magenta dots denote = 79.9 ,
and the red dots = 71.0 , which represents a type 2 view. The black
dots show = 61.64 , a view close to the torus horizon. Type 1 views
are shown in green ( = 51.3 ), blue ( = 39.19 ), and cyan ( = 28.9 ).

Fig. 4. Results of stokes time-dependence version for the uniform dusty
torus geometry. Top: total ux, polarization percentage, and time lag as
a function of wavelength and for di erent viewing angles: the magenta
dots denote = 79.9 , and the red dots = 71.0 , which represents a
type 2 view. The black dots show = 61.64 , a view close to the torus
horizon. Type 1 views are shown in green ( = 51.3 ), blue ( = 39.19 ),
and cyan( = 28.9 ). Middle: percentage of polarization. Bottom: time
lag.

and an increase in polarization around the 2175 Å absorption
feature. Overall, the results shown in Fig. 4 con rm our previ-
ous work: for a type 1 inclination, we obtain a higher ux level

Fig. 5. Stokes results for V-band normalized ux, percentage of polar-
ization, polarization angle, and time lag for di erent viewing angles.
The blue line represents the uniform dusty torus model, and the blue
dashed line the clumpy dusty torus, the red line the uniform ared disk,
and the red dashed line represents the clumpy ared disk.

and lower polarization than at type 2 viewing angles. The new
simulated observable in this work is the average time lag of the
radiation. We note that this time lag is taken relative to the di-
rect emission coming from the central source. The units are set
to pc/c, which allows us to interpret the time lag in a straight-
forward manner in terms of light traveling distances. This time
lag is always higher at type 2 viewing directions than for type 1,
which is expected because below the torus horizon, we only de-
tect (multiply) scattered radiation that has taken a non-direct path
from the central source to the observer.

Except for these features, the results in terms of spectral ux,
polarization, and time lag do not vary much with wavelength.
For the remainder of this paper we therefore show our results
for the V band centered on 5500 Å and as a function of viewing
angle. All models show signi cant di erences between face-on
and edge-on views.

3.1. Baseline model for circumnuclear dust

Our baseline model contains the axisymmetric dust region with
a half opening angle of 60 as measured from the axis (see
Fig. 2). The modeling results are plotted in Fig. 5. At face-on
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Fig. 6. Integrated and normalized ux, percentage of polarization, polarization angle, and time lag for di erent viewing angles for baseline model,
with an ionized polar wind of 60 half opening angle Thomson optical depth of = 0.03 (left) and = 0.3 (right).

inclinations, all four models show roughly the same spectral
shape in total ux, polarization degree, and time lag. The nor-
malization of the spectral ux is almost the same for all four
morphological setups because at these viewing angles the radia-
tion predominantly comes from the central source. Still, a face-
on observer nds a higher time lag and lower polarization degree
for the clumpy dust distribution than for the uniform density
cases. This is due to radiation scattered into the type 1 lines
of sight. In a clumpy circumnuclear environment, the escaping
photons experience on average a higher number of scatterings
before they end up on a type 1 line of sight (see Marin et al.
2015). For optically thick uniform-density regions, the scattered
radiation at face-on viewing angles is mostly dominated by the

rst-scattering component that is more strongly polarized and
accumulates less of a time lag.

At edge-on inclination, the observer’s line of sight is ob-
scured by dust, and the ux strongly decreases. The polariza-
tion degree slowly increases with increasing viewing angle for
all four geometries. At all type 2 viewing angles, the time lag
accumulated for a clumpy or uniform torus geometry is much
shorter than for the case of a ared dust distribution.

This di erence is related to the shape of the inner surfaces.
For a torus, the inner surface is convex, while for the ared

disk it is parametrized as a concave shape. As discussed in
Goosmann & Gaskell (2007), when comparing the obscuration
e ciency between compact and extended dusty tori, we nd
again here that a more convex shape of the inner surfaces makes
it more likely for a photon to escape after only a few scatter-
ing events. Therefore, the accumulated time lag for the case of a
toroidal dust distribution remains short even when the distribu-
tion is clumpy.

For the case of our ared geometry, the inner surface is
parametrized as a sphere segment against which the photons are
injected from the inside. In general, multiple backscattering in-
side this sphere segment is necessary for the photons to nally
escape, and if they do, the escape cone is strictly limited by the
half opening angle of the ared disk as measured from its sym-
metry axis. Figure 5 shows that the rise in time lag and polariza-
tion degree is steep around this inclination for the ared dusty
disk, while for the toroidal geometry, the rise is much more shal-
low. For clumpy dust distributions, the horizon of the torus and
of the ared disk is more blurry, which decreases the slope of the
polarization degree and the time lag even further. The polariza-
tion position angle remains at 90 (i.e., parallel to the projected
symmetry axis, following the usual convention in this paper se-
ries) over all viewing angles for models without polar winds,
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with the exception of a clumpy ared geometry, for which the
polarization position angle stays at 90 at face-on viewing an-
gles, then shifts to 0 (perpendicular polarization) around the
transition between type 1 and type 2 to return to parallel po-
larization at more extreme type 2 viewing angles. We argue that
this behavior is related to the actual size of the clumps and to
their distribution along the line of sight.

3.2. Adding polar out ows to the baseline model

Next, we added ionized winds stretched along the symmetry axis
to our model. As in previous work of this series, the wind ge-
ometry was realized by a double-cone lled with electrons of a
radial optical depth of 0.03 or 0.3 (see Fig. 6). When adding a
low-density wind, the type 1 cases exhibit almost the same spec-
tral ux level and polarization degree as for the baseline models.
The additional scattering in the polar direction has a more signif-
icant e ect on the time lag recorded at face-on viewing angles.
It increases by a factor of roughly 2 when compared to the case
without polar winds. When we add low-density polar winds, the
polarization angle changes from 90 (parallel) at face-on view
to 0 (perpendicular) in face-on for uniform models, while for a
clumpy distribution, the polarization anlge remains at 0 for both
geometries at all viewing angles.

The situation is slightly more spectacular for the edge-on
case. The presence of even a low-density wind scatters a signif-
icant part of the radiation “around” the circumnuclear dust and
thereby diminishes the strong absorption e ciency of the ared
dusty disk.

When the winds are added, we nd longer time lags with a
more shallow dependence on viewing angle than for the baseline
model. This is related to the fact that before escaping, the pho-
tons cross a second scattering region that adds more scattering
events and increases the light travel path. The polarization posi-
tion angle remains at 0 over all viewing angles for models with
higher-density polar winds. This behavior, linked to the optical
depth of the polar out ows, is in agreement with the polarization
state observed for six Seyfert 1 AGN by Batcheldor et al. (2011).
Since Smith et al. (2002), it has been a well known fact that a
small fraction of type 1s shows optical polarization spectra sim-
ilar to those of Seyfert 2 galaxies in which polarized broad lines
are detected. In the compendium of AGN presented in Marin
(2014), it was shown that these peculiar objects are associated
with polarizations of a few percent and represent a rather small
subclass of Seyfert 1s.

Similarly to our previous conclusion on the dependence of
optical depth versus inclination, we note that a clumpy dust dis-
tribution is not very sensitive to inclination angles. Across type-1
and moderate type 2 viewing angles, the time lag distribution re-
mains rather at for both geometrical clumpy con gurations; the
time lag only increases for extreme type 2 lines of sight. This
ambiguity is stronger for the wind with higher optical depth. In
contrast to this, the time lag remains a discriminator between
type 1 and type 2 inclination for the ared-disk geometry and is
far higher with a uniform dust distribution.

3.3. Adding a scattering ring to the baseline model

We now include a third scattering region, an equatorial, ion-
ized disk located between the source and the circumnuclear re-
gion. Compared to a model without equatorial electron disk
(Fig. 5), our new modeling shows that only the polarization
properties of light and its time lags are a ected (see Fig. 7).

Fig. 7. Baseline model with equatorial ring. Stokes results for V-band
normalized ux, percentage of polarization, polarization angle, and time
lag for di erent viewing angles. The blue line represents the uniform
dusty torus model, the blue dashed line the clumpy dusty torus, the
red line the uniform ared disk, and the red dashed line represents the
clumpy ared disk.

An additional scattering component that does not absorb radi-
ation has almost no e ect on the ux level observed at various
inclinations. However, the electron disk stabilizes the degree of
polarization observed in type 1 viewing angles, independently
of the circumnuclear dust structure. The disk also sets the po-
larization of radiation to 90 at type 1 orientations, as has been
observed (Smith et al. 2004). More importantly, the proximity
of this region to the central source means that the observed time
lags are shorter for type 1 inclinations. A fraction of the input
radiation, depending on the solid angle covered by the opening
angle of the electron ring, is directly scattered toward the ob-
server, inducing a shorter time lag. For higher inclinations, ra-
diation passes through the optically thin medium and scatters
inside the optically thick dust structure, so that the e ect of the
equatorial ring becomes almost undetectable.

When we include polar out ows in addition to this scatter-
ing ring, see Fig. 8, we reach similar conclusions. The addition
of an equatorial electron ring remains marginal in terms of total

uxes, but strongly helps the polarization degree and angle to
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Fig. 8. Integrated and normalized ux, percentage of polarization, polarization angle, and time lag for di erent viewing angles for the baseline
model with a scattering ring, with an ionized polar wind of 60 half opening angle, a Thomson optical depth of = 0.03 (left), and = 0.3 (right).

stabilize at typical values seen for local AGN (see Marin 2014).
The degree of polarization remains lower than 1% for type 1
inclinations and sharply rises for type 2 orientations. The polar-
ization angle rotates from parallel to perpendicular as soon as the
observer’s line of sight is obscured by the circumnuclear dusty
region. The e ect of the disk on the time lags at type 1 views is
even stronger: the time lags are 5 10 times shorter, re ecting the
presence of the ring. The e ect of di erent wind optical depths
on time lags is the same as what we described in Sect. 3.2.

4. Summary and conclusion

In this initial study, we extended polarization modeling of AGN
into the timing domain. Investigating the time lag of the polar-
ized emission as a function of viewing angle, we showed that
owing to multiple scattering e ects, the polarized signal in type 2
objects lags farther behind the total intensity than for type-1
sources. Furthermore, the geometrical shape of the dust distribu-
tion such as the shape of the inner surfaces and also their optical
depth has an e ect on the resulting time delay at type 2 lines of
sight, and much less for type 1. A signi cant increase in time
delay is recorded when the dust distribution is clumpy.

When adding polar winds to the model, scattered radiation
further increases the polarization time lag. The presence of a

scattering equatorial electron disk naturally reduces the observed
time lags at type 1 inclinations since a fraction of the photon

ux is reprocessed onto the electrons and escapes along the po-
lar directions.

The overall picture thus remains complex and certainly still
includes degeneracy. From the modeling we present here, it is
not yet straightforward, for instance, to disthinguish between the
density structure of polar out ows and the level of clumpiness in
the torus. Nonetheless, treating polarization as a function of time
o ers another independent way to constrain the model parame-
ters. For this, it is important to combine the polarization time
lag, polarization degree, and position angle and compare these
observables to the type of simulation results that we present here.

This study is inspired by the discovery of polarization rever-
beration mapping in NGC 4151 (Gaskell et al. 2012). In this pa-
per we also refer to the initial modeling of polarization time lags
with stokes. The various uniform-density tori that were tested at
that time revealed that the polarization time lag at type 1 view-
ing angles is only slightly longer than the light-crossing time of
the inner torus radius. In the following the torus was ruled out
as a reverberation source because the observed time lags were
shorter by a factor of ve. They instead corresponded to the
light-crossing time of the BLR. Polarization reverberation con-
tains important seismological information about AGN, but as for
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polarization in general, careful modeling is required to correctly
interpret it. Next, more central structures like the BLR and the
outer parts of the accretion disk need to be included to recover
shorter reverberation times. This work is currently underway and
will be presented in a forthcoming publication, including depen-
dencies on the density of the circumnuclear region and the cross
correlation between polarized and unpolarized ux.

In the meantime, we would like to advocate systematic
polarization monitoring campaigns of AGN such as those by
Afanasiev et al. (2014, 2015). Although these are long-term
projects, they have a high potential to reveal more details of the
emission and scattering geometry in AGN.
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ABSTRACT

Context. From stars to active galactic nuclei, many astrophysical systems are surrounded by an equatorial distribution of dusty material
that is, in a number of cases, spatially unresolved even with cutting edge facilities.
Aims. In this paper, we investigate if and how one can determine the unresolved and heterogeneous morphology of dust distribution
around a central bright source using time-resolved polarimetric observations.
Methods. We used polarized radiative transfer simulations to study a sample of circumnuclear dusty morphologies. We explored a
grid of geometrically variable models that are uniform, fragmented, and density strati ed in the near-infrared, optical, and ultraviolet
bands, and we present their distinctive time-dependent polarimetric signatures.
Results. As expected, varying the structure of the obscuring equatorial disk has a deep impact on the inclination-dependent ux,
polarization degree and angle, and time lags we observe. We nd that strati ed media are distinguishable by time-resolved polarimetric
observations, and that the expected polarization is much higher in the infrared band than in the ultraviolet. However, because of the
physical scales imposed by dust sublimation, the average time lags of months to years between the total and polarized uxes are
important; these time lags lengthens the observational campaigns necessary to break more sophisticated, and therefore also more
degenerated, models. In the ultraviolet band, time lags are slightly shorter than in the infrared or optical bands, and, coupled to lower
diluting starlight uxes, time-resolved polarimetry in the UV appears more promising for future campaigns.
Conclusions. Equatorial dusty disks differ in terms of inclination-dependent photometric, polarimetric, and timing observables, but
only the coupling of these different markers can lead to inclination-independent constraints on the unresolved structures. Even though
it is complex and time consuming, polarized reverberation mapping in the ultraviolet-blue band is probably the best technique to rely
on in this eld.

Key words. galaxies: active – polarization – radiative transfer – scattering – circumstellar matter – stars: general

1. Introduction

Dusty disks are detected in a variety of astronomical sources
that range from stars to the innermost regions of active galac-
tic nuclei (AGN). A disk1 naturally forms when matter with
suf cient angular momentum is accreted onto a central object,
regardless if it is a star, a neutron star, or a black hole. We know
that dust grains can form at the outer rim of AGN and young stars
accretion disks (Mundy et al. 1993; D’Alessio et al. 1998, 1999;
Czerny & Hryniewicz 2012) and the fact that disks are ubiqui-
tous in the Universe naturally provides clues to the physics of
accretion in various environments. By studying dust disks, we
can put strong constraints on the formation mechanisms of dust
grains, and how they survive and evolve.

Equatorial dusty mixtures can be probed locally, i.e., within
the Galaxy, by observing stars. It is thought that almost all stars
are born with circumstellar disks (Beckwith & Sargent 1996;
Hillenbrand et al. 1998). Young stars often show protoplanetary
disks, which are a collection of material left over from the stellar
formation process. In Keplerian orbit, this circumstellar, ared
region contains both gas and dust with a gas to dust ratio of 100

1 Collimated polar out ows, quasi-spherical winds, and jets can also
form during accreting periods, but these are beyond the scope of this
paper.

(Beckwith et al. 1990). While the exact composition of dust in
protoplanetary disks is poorly known, silicates and amorphous
carbons covered by icy mantles are favored (e.g., Pollack et al.
1994 or, more recently, Jones 2016). After the accretion stage of
the young stellar object, the dust mixture in the disk continues to
evolve. The innermost grains start to collide and stick together,
forming larger grains that sink toward the disk mid-plane due
to the vertical component of gravity. Substantial dust settling
can profoundly alter the geometry of the protoplanetary disk: the
photosphere of the disk is dragged down with the dust (Dubrulle
et al. 1995; Schräpler & Henning 2004). Turbulence, if any, tends
to mix the grains back up again, resulting in non-homogeneous
equatorial structures around the star that can be probed in the
mid- and far-infrared, where dust thermally re-emits (Dullemond
et al. 2007).

The infrared re-emission of dust was used to infer the exis-
tence of dusty disks around more evolved stars, such as cool, old
white dwarfs in planetary nebulae (Farihi et al. 2009; Clayton
et al. 2014). A dust-related infrared excess was rst discovered
around the Helix planetary nebula by Su et al. (2007) and later
surveys have found several other dust-encircled candidates (Chu
et al. 2011). The 24 µm ux densities of hot white dwarfs and
central stars of planetary nebula are more than two orders of
magnitude higher than their expected photospheric emission,
revealing the presence of cold dust disks (Chu et al. 2011).
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The disk, in those cases, may derive from the AGB phase of
the star evolution (Clayton et al. 2014) or collisions of Kuiper
belt-like objects (Bilíková et al. 2012). It is not easy to distinguish
between the two formation mechanisms as the system is not fully
resolved. Disk sizes are hard to measure because the outer parts
are cool and emit weakly, but it is thought that circumstellar
disks extend up to a few hundreds of astronomical units (see, e.g.,
Vicente & Alves 2005). The inner part of the dusty disk is set up
by the sublimation radius that depends on the dust composition
and temperature of the central source (Kishimoto et al. 2007).
Current millimeter and submillimeter/interferometers provide
images of the dust and gas outer disks with an angular resolution
better than 1 (i.e., 150 AU at the distance of the nearest star
forming regions). As an example, the Atacama Large Millime-
ter/submillimeter Array (ALMA) can reach a resolution of 0.5
at 950 GHz in its most compact 12 m array con gurations. Using
longer baselines (up to 14 km), Andrews et al. (2016) have suc-
cessfully traced millimeter-sized particles down to spatial scales
as small as 1 AU (20 mas).

High angular resolution observations can also be obtained in
the K and N bands with the Keck Interferometer (Eisner et al.
2007) and the Very Large Telescope Interferometer (Jaffe et al.
2004), respectively. The former authors successfully resolved the
circumstellar material 2.2 µm emission within the rst astro-
nomical unit around young stars. The later spatially resolved
a parsec-sized torus-shaped distribution of dust grains in the
Seyfert galaxy NGC 1068. This circumnuclear dust region was
invisible to our instruments for a long time and is now at
the edges of the resolution capabilities of current telescopes
(Beckert et al. 2008). However, the true morphology and com-
position of this equatorial region is still largely unknown; it
would require us to resolve sizes inferior to a fraction of a
parsec at mega-parsec distances. We thus need to nd another
observation technique to reveal the geometry of unresolvable
dusty disks either around young stars or supermassive black
holes.

Indirect techniques such as Doppler tomography (Marsh
& Horne 1988) or eclipse mapping (see, e.g., Horne 1985)
have widely been used for cataclysmic variables, but these are
restricted to binary systems and cannot be applied to isolated
stars or AGN. Another very successful method that can go
beyond the resolution capabilities of current telescopes is the
observation of polarized light. Polarization has proven to be
independent of the size of the emitting/scattering region. Only
the observed polarization degree and position angle are sen-
sitive to the morphology, composition, and magnetic elds of
the media that can emit, scatter, or absorb photons. Observing
the polarized light of NGC 1068, Antonucci & Miller (1985)
successfully unveiled the broad emission lines that were unde-
tectable in the total ux spectrum. Those lines, obscured by the
equatorial distribution of dust around AGN cores, were only
revealed thanks to near-infrared, optical, and ultraviolet spec-
tropolarimetry. They laid the foundations of the uni ed model
of AGN (Antonucci 1993). Polarimetry is also extremely power-
ful in detecting dusty equatorial structures around bright stars.
The polarized light, emerging from scattering of stellar pho-
tons on the disk surface, shaves off the unpolarized contribution
from the central star. After correcting for stellar starlight dilution
only the disk emission is detected thanks to its contrast. Imag-
ing polarimetry then allows the disk inner regions to be revealed
down to a few astronomical units (see, e.g., Gledhill et al. 1991;
Apai et al. 2004).

Now that we are able to detect the polarized signatures
of dusty disks (at least around stars, not yet for AGN), it is

of prime importance to determine their true structure. Models
from the literature almost systematically use plain, uniform,
and constant density disks since they are easier to explore
numerically. A simple geometry, reducing the model parame-
ter space, is much less time consuming when radiative transfer
or magneto-hydrodynamical simulations are used. Density vari-
ations have been sometimes included (see, e.g., Walker et al.
2004; Pinte et al. 2009) and have already revealed a number
of photometric and spectroscopic differences with respect to
constant-density disks. The same conclusion applies to the disk
geometry (Nenkova et al. 2002; Marin et al. 2015). Flared or
cylindrical disks are the two most common morphologies used
in simulations but it has been shown that the structure of circum-
stellar and circumnuclear disks is more complex. Clumpy dusty
structures have been detected around stars and brown dwarfs
(e.g., in the Ori cluster, see Scholz et al. 2009) and from galac-
tic structures (e.g., in NGC 4244, see Holwerda et al. 2012). Even
if the parsec-scale dust disk around the core of AGN has not yet
been resolved to the point of detecting individual clumps, hydro-
dynamical models predict that large homogeneous distributions
of dust cannot be stable (Krolik & Begelman 1988). Various indi-
rect evidences for the clumpiness of AGN tori are detected in
the X-rays, where uorescent line emission (Liu et al. 2016) and
variations in the obscuring column density of edge-on Seyferts
(Marinucci et al. 2016) strongly suggest a non-uniform equatorial
torus morphology.

It is the aim of this paper to investigate in great detail the
various morphologies and density strati cations of equatorial
dusty disks. By doing so, we want to check whether near-
infrared, optical, and ultraviolet polarimetry can shed light on the
true geometry of those unresolvable regions. We consider disk
parameters (in particular disk sizes) appropriate for AGN, but
our results can be easily extrapolated to different environments.
We thus study very realistic models of dusty environments that
exist in accreting objects and present the radiative transfer code
we used in Sect. 2. We compile and discuss our results in Sect. 3,
where the photometric ux, polarization degree, polarization
angle, and time lags for each of the 15 models are presented.
We analyze the bene ts, problems, and limitations of polarized
time reverberation studies in Sect. 4 by comparing our con-
clusions to recent observations, and we conclude our paper in
Sect. 5.

2. Models of equatorial dusty structures

In the following, we use a geometrical con guration that matches
the observational constraints for AGN. Our goal is not to pre-
cisely model a circumstellar or a circumnuclear disk. We instead
test the impact of different geometries and compositions onto
the resulting photometric ux, polarization, and time lags. We
consider throughout this paper a ared disk with inner radius
0.1 pc and outer radius 10 pc. The rst value corresponds to
the inner radius set by dust sublimation theories for a typical
Seyfert galaxy whose dust is mainly composed of graphite and
silicate grains (Kishimoto et al. 2007). The outer radius is the
typical torus extension set by modeling constraints based on
spectroscopic and interferometric observations and is of order of
5–10 pc (Meisenheimer et al. 2008; Burtscher & Tristram 2013;
Netzer 2015; López-Gonzaga & Jaffe 2016). The half-opening
angle of the ared disk is set to 45 . This corresponds to the esti-
mated torus height derived from quasar observations (Sazonov
et al. 2015), numerical modeling (Marin et al. 2012; Gnedin et al.
2015), and statistical analyses (Marin 2014, 2016).
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Fig. 1. Unscaled geometrical and density variations for our models of
dusty disks. The rst two panels show a model with a uniform geometry
and the last four panel a set of fragmented disks. A uniform red lling
indicates a constant optical depth, while a color gradient indicates a
variation in the dust density with increasing radial distances from the
central source. Details are given in the text.

2.1. Dusty disks with increasing complexity

We show in Fig. 1 the six different disk geometries we inves-
tigate in this paper. We consider rst a plain ared disk that is
uniformly lled with dust. Its radial optical depth in the V band
is larger than 100 to ensure a strong obscuration along the equa-
torial plane (Antonucci 1993). This is the simplest con guration

Fig. 2. Theoretical dust distributions corresponding to heterogeneously
lled dust disks. Each model is color-coded and shows a different varia-

tion of the radial optical depth (in the V band) with increasing distance
from the central source. Details are given in the text.

and it is one of the most used in numerical simulations. Model
number 2 is also a plain ared disk but its dust density varies
with radial distance from the central source. The third model
is a clumpy ared disk with clumps of equal sizes and density.
Each clump has an optical depth of 50 (Siebenmorgen et al.
2015) and seven to ten clumps are obstructing the line of sight
of the observer along equatorial views, ensuring a total optical
depth equal to or larger than 100. The non-homogeneously lled
counter-part of this disk is model 4, where the dust density varies
with the radial distance from the center. Finally, model number
5 is a clumpy disk with clump sizes becoming bigger and bigger
as we move away from the center. A clump located at the outer
part of the structure is ten times larger than a clump located at
the inner edge. In this model the dust density is inversely pro-
portional to the clump radius so that each cloud has a constant
optical depth of 50 in the V band. The last model is the same as
model 5 but the dust optical depth is no longer constant.

The different distributions of dust used in models 2, 4, and
6 are presented in Fig. 2. We consider four dust distributions,
de ned by their optical depth in the V band plotted as a function
of the radial distance from the central black hole. As the size of
the disks is the same for all models, the change in optical depths
is only due to variations in dust densities. Model (a) corresponds
to a linear increase of the optical depth with increasing distances
from the central source. Model (b) is for an exponential growth.
Model (c) and (d) follow the inverse trend, model (c) is a lin-
ear decrease of the dust optical depth with increasing distances
from the center, and model (d) is an exponential decrease. We
therefore have 15 different test cases: model 1, models 2(a–d),
model 3, models 4(a–d), model 5, and models 6(a–d).

We sample 2000 clumps for each clumpy model, equating
to a disk lling factor of 25%. The impact of the number of
clumps has been studied in Marin et al. (2015) and it was found
that the lower the lling factor, the lesser the observed polar-
ization and the higher the total ux. Using a lling factor of

25% allows for a ux decrease between the polar and equatorial
inclinations of, at least, one order of magnitude. For all models,
we x the dust composition to the Milky Way mixture (Wolf &
Henning 1999). This is the standard dust composition observed
in the solar neighborhood, but different mixtures can reside in
different systems, such as postulated by Gaskell et al. (2004) and
Li (2007). In the Milky Way, the dust is essentially composed of
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Fig. 3. Near-infrared
(10 000 Å) total ux (normal-
ized to the source emission),
polarization degree, polar-
ization angle, and time lag
(normalized to the size of
the disk) as a function of the
inclination of the observer.
Five plain ared disk models
with various dust distributions
are presented (see Sect. 2.1 for
details).

62.5% carbonaceous dust grains and 37.5% astronomical silicate.
Both ortho- and para-graphite are considered with twice as much
para-graphite as ortho-graphite (Wolf & Henning 1999). The
grain size distribution ranges from 0.005 to 0.250 µm in radii;
the distribution n(a) as and s = 3.5. Varying the dust grain
radius distribution or the dust composition results in a different
albedo, hence different scattered/absorbed uxes and polariza-
tion. However, in the following, we always compare models with
the same dust mixture. The exact dust prescription is then of
no importance since we are looking at model differences and
not quantitative values. Finally, i is the disk inclination, i.e., the
angle between the observer line of sight and the symmetry axis
of the disk. Pole-on view corresponds to i = 0 , edge-on view to
i = 90 .

2.2. Polarized radiative transfer

We used the radiative transfer code STOKES to achieve our
simulations. Developed by Goosmann & Gaskell (2007) and
upgraded by Marin et al. (2012, 2015), STOKES is a Monte
Carlo code that simulates the propagation of radiation in a user-
de ned three-dimensional environment. The code is extensively
detailed in the three papers of the series and we only give here a
brief summary of its important features. A list of applications of
STOKES can be found in Marin & Goosmann (2014).

The STOKES code can model a large range of geomet-
rical shapes that can be lled with electrons, dust grains,
atoms, and molecules. Emitting regions can be parametrized
as sources with a given spectral shape. Photons, once emitted,
travel along straight lines until a reprocessing event happens,
depending on the optical depth of the media; this is calculated

as =
l

0

n(z) dz, where n(z) is the number density of that

material at z, and the attenuation cross section. Photons can
be scattered, absorbed, and re-emitted in all directions according
to the Mie, Rayleigh, Thomson, or Compton laws. Multiple scat-
tering can occur and the four components of the Stokes vector

are modi ed at each scattering event. A spherical web of virtual
detectors registers each escaping photon, saving its polar and
azimuthal coordinates together with the intensity, polarization
(linear and circular), and time lag. The polarization we measured
is the scattering-induced, linear, continuum polarization degree
ranging from 0% (unpolarized) to 100% (fully polarized). The
code can be parallelized and it takes a few days on a basic com-
puter for a computation such as presented in this paper to sample
1010 photons.

In the following, we ran our models for three different wave-
bands: near-infrared (mono-energetic photon emission centered
at 10 000 Å), optical (5500 Å), and ultraviolet (2000 Å). Since
the scattering phase function of dust is energy dependent, we
aim to nd which is the best suited waveband for a polarimet-
ric detection of the speci c features of complex dusty disks.
The polarimetric results we present are entirely from scatter-
ing. We do not account for external dilution by the host galaxy,
stellar starlight, or thermal reprocessing by dust grains. This
might have an effect on the polarization signatures, particularly
in the infrared domain where dilution by the host galaxy is much
more important than in the ultraviolet band (see, e.g., Bolzonella
et al. 2000), and this is discussed in Sect. 4. We registered
the ux, polarization, and time lag along 40 polar directions,
from the symmetry axis of the model to the equatorial plane,
equally spaced in cosine. We azimuthally integrated the sig-
nal to get better statistics. It was shown in Marin et al. (2015)
that, even for a clumpy distribution, an azimuthally averaged
value is representative of the system provided it is not highly
non-axisymmetric.

3. Results

3.1. Uniform disks

We present our rst results in Figs. 3–5 for the near-infrared,
optical, and ultraviolet bands, respectively. These results cor-
responds to models 1 (plain, uniformly lled dusty ared
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Fig. 4. Same as Fig. 3 but in
the optical band (5500 Å).

Fig. 5. Same as Fig. 3 but in
the ultraviolet band (2000 Å).

disk) and 2 (plain disks with radial dust strati cation). We inves-
tigate, in model 2, all four dust prescriptions (a), (b), (c), and (d)
according to Fig. 2.

3.1.1. Radiation path

Because of the large disk optical depth resulting in multiple scat-
tering, the radiation path is not straightforward. Photons may
scatter more than twice before reaching the observer, especially
if the disk is clumpy. We illustrate in Fig. 6 the various trajecto-
ries the photons can have.

The top panel illustrates the case of an observer situated
almost along the symmetry axis of the system, i.e., along the
polar direction. In this case, there is a direct view of the central
source and photons may travel freely toward the observer (dotted
orange line). This is the direct ux, which is unpolarized. If pho-
tons are emitted along the equatorial plane, they encounter the
disk funnel (dashed pink line). If not absorbed, these photons
may scatter backward and be reprocessed onto the opposite fun-
nel side until they are absorbed or able to escape. Because of the
non-isotropic scattering phase function of Mie scattering, pho-
tons can also penetrate further into the disk (long-dashed cyan
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Fig. 6. Illustration of different photon paths due to multiple scattering.
See text for details. Top: pole-on (type-1) view is shown and bottom:
edge-on (type-2) view is shown.

line). Radiation scatters at various positions before escaping at
large distances from the central source. Depending on the posi-
tion of the last scattering event, its polarization position angle
can be either parallel or perpendicular. For the remainder of this
paper, we consider that a polarization position angle of 90 indi-
cates a polarization angle parallel to the projected symmetry axis
of the disk. This is the signature of equatorial scattering. A polar-
ization angle of 0 is thus perpendicular to the model axis and
traces scattering event happening preferentially close to the pole
of the model. We note that when a model is perfectly axisym-
metric, the polarization angle can only take two values, 0 or
90 . Otherwise, as in the case of a distribution of clumps, vari-
ous polarization angles can be obtained, related to the statistics
of the clumps.

The bottom panel of Fig. 6 illustrates the case of an almost
edge-on inclination. The central source is obscured by dust
and no longer visible. Photons can escape via multiple scatter-
ing along the equatorial plane if the dusty medium is not too
optically thick or if there are gaps between the clouds (green
long-dashed line). The majority of radiation preferentially scat-
ters onto the disk surface opposite to the observer and then
reach the detectors. This could happen with only one scatter-
ing event, where photon is emitted at an angle coincident to
the half-opening angle of the disk (dotted blue line) or due to
multiple scattering (dashed red line). When the inclination of
the system is close to 90 , the obscuration is maximal and the
amount of photons that have backscattered onto the disk surface
opposite to the observer (blue and red lines) is minimal.

3.1.2. Total ux

Focusing rst on the normalized photon ux (top left panel of
Figs. 3–5), we see an almost inclination-independent ux value
until the line of sight of the observer becomes obstructed by the
dusty disk. Because the central source is unobscured, there is lit-
tle contribution from the ared disk that absorbs/scatters a small
fraction of radiation. Nonetheless, models 2(c) and 2(d) present a

slightly smaller (by a factor 1.3) ux at those inclinations. As the
optical depth is maximum at the inner disk radius (see Fig. 2),
radiation is more heavily absorbed. Thus, there is less photon
scatter toward the polar axis than for the other cases. Once the
dusty material intercepts the line of sight of the observer, the

ux drops by several orders of magnitude. For a plain disk where
density decreases with radial distances from the center (models
(c–d)), the minimum ux is about three orders of magnitude
lower than at face-on inclinations. Radiation that successfully
crossed the rst, dense layers of the inner disk region can freely
propagate toward the disk outer radius. The number of photons is
thus higher than in the case of a disk with a constant-density pro-

le (model 1). Here, the ux drops by ve orders of magnitude
and the attenuation is almost linear with inclination. The atten-
uation is even stronger for the last two models (a–b) for which
when the dust density increases with radial distances from the
source, the ux obscuration is very ef cient. Between i = 45

and i = 50 , the ux sharply drops by ve orders of magnitude
and then stays constant at edge-on inclinations. In this speci c
case, photons have traveled far inside the dusty material before
encountering the densest layers of dust. Radiation then becomes
trapped inside the dust disk and naturally suffers from heavy
absorption caused by multiple scattering. The emerging ux at
edge-on inclinations is thus extremely weak as compared to the
source.

As the photon energy increases, models (c–d) with decreas-
ing radial optical depth from the center of the disk show a
slightly higher edge-on normalized ux, while it is the oppo-
site for the other cases. This complex behavior is related to the
albedo and the scattering and extinction cross sections of dust.
The albedo is at in the optical band but decreases in the ultravi-
olet and infrared regimes. On the other hand, the scattering cross
section decreases regularly with wavelength. An illustration is
given in Fig. 3 in Goosmann & Gaskell (2007). The combi-
nation of the two factors allows ultraviolet radiation to cross a
thicker layer of dust close to the inner radius of the disk: more
ultraviolet photons can penetrate the disk, but these photons get
more scattered or absorbed than optical or infrared photons.
However, in the case of a model with increasing dust density
with radial distance from the source, the rst layers of dust are
optically thin, and the same ultraviolet photons travel farther
inside the dusty material before they are absorbed or scattered.
Scattered photons more easily escape along the polar direction,
where the remaining optical depth is smaller, rather than toward
the equatorial plane where the optical depth is higher. This
results in a decrease of the observed ux even at higher photon
energies.

3.1.3. Polarization properties

The polarization properties of the ve models (right panels of
Figs. 3–5) strongly differ both in terms of polarization degree
and polarization position angle. At polar inclinations, the degree
of polarization is always small, less than a percent. This is due to
the strong dilution effect of the unpolarized primary source that
outshines the reprocessed component. The polarization degrees
are marginally dependent on the half-opening angle of the disk
(Marin et al. 2012) but are very sensitive to its composition.
There are however differences between models, even for low
inclinations. As it can be seen in the small zoom-box inside
the polarization degree panels, a uniformly lled dusty disk
produces the highest polarization degrees, while a disk with
a linear increase of the dust density with radial distance from
the center has the lowest continuum polarization. If the dust
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density decreases with radial distances (models (c) and (d)),
the degree of polarization linearly increases with inclination
until i = 45 . From 0 to 45 , the other three models show a
nonlinear variation of their polarization properties, which is a
behavior that is strongly impacted by the amount of reprocessed

ux, hence by the model itself. This can be clearly seen when
considering the intrinsic polarization position angle. When the
dust density is constant or increases with radial distance from
the center, the polarization angle is 90 whereas it is 0 other-
wise. The rst three models are dominated by scattering along
the equatorial plane, producing a parallel polarization angle,
until the line of sight of the observer is obscured by the dusty
medium. Scattering then occurs along the polar directions, where
photons reprocess on the ared disk surface opposite from the
position of the observer; see Fig. 6. The polarization angle nat-
urally rotates and the transition between the two polarization
states causes the polarization degree to decrease around i = 45

(the half-opening angle of the ared disk). When the disk opti-
cal depth decreases with radial distances from the source, the
inner edge of the disk is similar to a thick wall of dust and
radiation preferentially scatters along the polar direction if it is
to escape from the disk, hence the perpendicular polarization
angle.

As soon as the source is no longer directly visible by the
observer, the polarization angle is xed for all models (0 ) and
the polarization degree rises due to Thomson laws. In the case
of a uniformly lled plain ared disk, the maximum infrared
polarization degree is 20% at i = 50 , where polar scattering
dominates. The polarization then decreases with increasing incli-
nations because it becomes more and more dif cult for radiation
to escape the dust funnel; this the case with the exception of mul-
tiple scattering, which induces a natural depolarization effect. In
the case of models 2(a) and 2(b), the maximum of polarization
(27–29%) is reached for inclinations close to 45 . The polar-
ization degree then decreases for the same reasons as before,
but the nal edge-on value is lower than in the previous case.
This is due, as explained above, to the con nement of radiation
inside the ared disk and the subsequent heavy absorption. It
also explains the lower statistics at edge-on inclinations. Finally,
for the last two models in which the dust density decreases with
radial distances from the center, the polarization degree peaks
at inclinations close to 70 . The maximum infrared polarization
is as high as 23%, and then decreases at equatorial orientations,
and has a polarization level similar to the uniformly lled case.
We thus see that the maximum polarization degree from a plain

ared disk occurs for various inclinations and strongly depends
on the radial distribution of dust. We see similar behaviors in
terms of polarization angles and polarization degrees for all
three wavebands considered here, and the polarization degrees
decreases at bluer wavelengths. We also note that the rotation of
the polarization position angle of model 2(a) occurs at slightly
different inclinations for different energies. Those two phenom-
ena are due to the increase of the dust scattering cross section
with decreasing wavelengths.

3.1.4. Time lags

The last panel of Figs. 3–5 (bottom left) represents the averaged
time lag between actual photons reaching the observer and pho-
tons emitted by the central source that would not have suffered
any scattering. Direct emission has a time lag of zero. This quan-
tity, with respect to the previous values, is not directly observable
as real cosmic photons are emitted at different times. The true
averaged time lags must be reconstructed from observations by

comparing polarized and primary light curves through theoreti-
cal transfer functions. The time lags we present therein are to be
used as time indicators of the complexity of the radiation paths
and the dif culty photons can have to escape from the dusty
disk.

We see that the time lag is rather small for pole-on incli-
nations. The continuum is directly seen by the observer (zero
time lag) and polarized radiation mainly scatters on the inner
disk funnel before reaching the observer, lagging the continuum
by about ten months. In the infrared band, the uniformly lled
model shows the longest times lags but the increase with respect
to the other models between 0 and 45 orientations is merely
detectable. The ve models only become truly unique in terms
of temporal signatures at inclinations larger than 45 . When
the dust density increases with radius, the time lag abruptly
increases, and at that point the inclination becomes slightly
larger than 45 and then becomes stable. Since there is a very
small number of photons that can escape from the densest outer
layers of the disk (see the ux plot), most of the radiation
detected at those angles is due to the backscattering of photons
onto the opposite disk edge. Because the photon travel length
is almost similar at all edge-on inclinations, the time lag stabi-
lizes at 400–600 months. A model with a constant-density dust
prescription has a similar behavior but the time lags are less
important since radiation faces a constant, high optical depth and
thus scatters many times before escaping but is not trapped in
the outer regions, in contrast with the previous cases. The time
lag slightly drops at perfect equatorial inclinations since photons
that have backscattered on the opposite disk funnel are not longer
able to reach the observer and thus do not delay the averaged time
response. Finally, for models with decreasing radial dust densi-
ties, time lags remain very constant before and after the transition
angle, solely showing a small increase a inclinations larger than
70 . This is also due to the amount of backscattered photons that
outnumbers those that have traveled through the equatorial plane
(i.e., with a smaller time lag).

We nally note that the time lags differ in the near-infrared
and the optical/ultraviolet bands, when energetic radiation can
penetrate further in the dust material. For models with denser
dust layers close to the source, IR photons mainly scatter onto the
dust funnel while UV photons penetrate more easily in the mate-
rial, increasing their time lag. The change in waveband affects
the three other models in the opposite way: their time lag at
polar views is lower. This is due to the combination of albedo
and scattering/absorbing cross-section variations, as explained
above.

Summarizing what we have found for the plain ared disks,
we have shown that different dust prescriptions result in speci c
inclination-dependent attenuations of the ux. If the dust lay-
ers become thicker with increasing distances from the central
source, fewer photons are detected toward the equatorial regions.
It is not the case for the other con gurations that allow more
radiation to be detected at high inclinations. The variations of
the polarization degrees and angles are also very characteristic;
the polarization is maximum for models with radially increas-
ing dust densities. Those same models also provide the highest
time lags at equatorial views at all three wavebands. We note that
the differences are less pronounced for type-1 (pole-on) inclina-
tions, where the structure of the equatorial distribution of dust
has a lesser impact on the averaged time lags. This prevents a
very clear determination of the morphology of the disk from
time reverberation studies that can be achieved only for low incli-
nation objects, showing the importance of coupling timing and
polarimetric studies to break degeneracies.
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Fig. 7. Near-infrared
(10 000 Å) total ux (normal-
ized to the source emission),
polarization degree, polar-
ization angle, and time lag
(normalized to the size of the
disk) as a function of the incli-
nation of the observer. Five
clumpy ared disk models
with clumps of constant radius
but different dust distributions
are presented (see Sect. 2.1 for
details).

Fig. 8. Same as Fig. 7 but in
the optical band (5500 Å).

3.2. Fragmented disks with constant-radius clouds

Our second series of models focuses on fragmented disks with
clumps of equal sizes. We examine in Figs. 7–9 a model in which
the optical depth is the same for all clumps ( xed to 50 in the V

band, model 3) and a model in which the dust opacity varies
with radial distance from the central source (model 4). In the
later case, we consider the same four dust prescriptions (a), (b),
(c), and (d) as previously (see Fig. 2).

The normalized photon uxes are maximum at polar incli-
nations as discussed in the previous section. However the ux

attenuation due to obscuration is much less important at edge-on
orientations. The clumpy structure of the disk is responsible for
gaps between the cloudlets, allowing radiation to escape more
easily thanks to multiple scattering. The interclump medium is
pure vacuum here, but similar results are found for a clumpy two-
phased medium with high density clumps embedded in a low
density interclump dust (Stalevski et al. 2012). The ux attenua-
tion is model-dependent. In the infrared, uxes along the equator
are smaller by about one order of magnitude than the polar value
for models with exponential opacity distributions, and by almost
two orders of magnitude in the linear case. The constant-density
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Fig. 9. Same as Fig. 7 but in
the ultraviolet band (2000 Å).

model (model 3) presents the lowest equatorial ux. We there-
fore see that the dust distribution has a profound impact on the
quantity of transmitted ux at edge-on views. The photon uxes
are almost inclination-independent once the line of sight of the
observer has crossed the disk horizon with a smooth transition
between i = 35 and i = 50 . The geometry of the system drives
the shape of the curves and all ve models appear similar (albeit
their ux levels). Moving toward shorter wavelengths has no
impact on the shape of the curve but the derived photon ux
at edge-on inclinations is slightly different owing to the com-
bined effect of albedo and cross section. All models appear to
give equivalent uxes along the equatorial plane, between one
and two orders of magnitude less than along the pole.

The polarimetric results (right panels of Figs. 7–9) are very
different from the plain ared disk models and are also char-
acteristic of the model used. Whereas the infrared polarization
degree along polar directions for the plain disk cases can reach

0.25%, here it is at best 0.17% for the model with an expo-
nentially increasing dust opacity with radial distances from the
source (model 4(b)). For this model, radiation mainly scatters
in the equatorial plane until this radiation reaches the outer
part of the disk. At this location, the dust density is maximum
and the resulting polarization position angle is equal to 90 .
A clumpy disk with a linear increase of dust opacity with dis-
tance (model 4(a)) also presents a 90 polarization angle when
observed edge-on, but its polarization degree is smaller. The
seemingly chaotic variations of the polarization angle are due
to the clumpiness of the medium and not to insuf cient statis-
tics. For the other models (model 3 and models 4(c–d)), the level
of linear polarization at polar inclinations is very low because of
the inef ciency of the clumpy disk to scatter photons toward the
observer. The resulting polarization angle is 0 . This ef ciency
increases with inclination as the line of sight of the observer
becomes obstructed by clumps. The infrared polarization degree
sharply rises up to 18% in the case of constant-density clumps
(model 3). For dust densities that decrease linearly (model 4(c)),
the maximum polarization degree is 15% and for the last two

models that are much less capable of absorbing/scattering radia-
tion, the maximum polarization is about 10%. For all models, the
polarization position angle is equal to 0 between 40 –60 incli-
nations since polar scattering dominates. At larger inclinations,
there is a rotation of the polarization angle for all models:
the polarization angle becomes parallel while the polarization
degree decreases. Scattering along the equatorial plane is now
the easiest path to escape the clumpy dusty disk. This results in
low infrared polarization degrees with 90 polarization position
angles. This behavior was already revealed in Marin et al. (2015)
and Marin & Schartmann (2017) for constant-density clumpy
models, but we now show that their results also apply to more
complex dust distributions. As for the plain disk discussed in
Sect. 3.1, we nd a wavelength-dependent polarization varia-
tion, the maximum polarization degree of the models decreasing
for shorter wavelength. This is due to a smaller scattering cross
section when the photon energy increases, which allows radi-
ation to travel more easily through the dusty structure without
interacting.

The time lag results (bottom left panel of Figs. 7–9) are also
very different from their plain disk counterparts. Even at polar
inclinations the time needed to escape from the dusty struc-
ture is large for photons that have scattered only once or twice.
Since the medium is clumpy, radiation has traveled far inside the
disk before being scattered toward the observer. The time lag is
thus about ten times larger than for a plain disk, where radiation
mainly scatters inside the dust funnel. We note that this is not due
to a higher albedo, but rather to the existence of vacuum between
the cloudlets that allows radiation to travel without being
absorbed. Model 4(b) presents the highest time lags due to the
exponential increase of optical depth with distance to the source.
Only the outer parts of the disk are lled with high density,
high opacity clumps. Photons thus travel a large distance before
these photons are scattered toward the observer. All other mod-
els show approximatively equal time lags, and the lowest values
are obtained for the constant-density sphere model (model 3).
When obscuration becomes ef cient (at inclination larger than

A30, page 9 of 14



A&A 613, A30 (2018)

Fig. 10. Near-infrared
(10 000 Å) total ux (normal-
ized to the source emission),
polarization degree, polar-
ization angle, and time lag
(normalized to the size of
the disk) as a function of the
inclination of the observer.
Five clumpy ared disk mod-
els with clumps of increasing
radius and different dust
distributions are presented
(see Sect. 2.1 for details).

45 ), the time-lag values increase by a factor 2 depending on
the model. This increase correlates with the ux attenuation and
the rise of polarization degree observed in other panels. This is
a clear indication for a maximum ef ciency of obscuration and a
large number of scattering events. Finally, when equatorial scat-
tering dominates at edge-on inclinations, the time lags decrease
but stay larger than at polar angles. The dependence of time lags
with inclination is very similar at shorter wavelengths, and there
is only a marginal quantitative decrease.

We conclude that, for clumpy disks with constant radius
spheres, the attenuation between a polar and an equatorial incli-
nation is not very effective. The transition between the two
extreme inclinations is smooth and operates around the half-
opening angle of the dusty structure. If the half-opening angle is
not the same for all observable sources, then it becomes impossi-
ble to distinguish between various dust strati cations. However
polarimetry can reveal the distribution of dust with respect to
the central source as the polarization degree reaches different
maxima for different cases. The best waveband for observing
the polarimetric signatures of clumpy tori is in the near-infrared,
where polarization levels larger than 10% are expected for a nar-
row range of inclinations. Different dust structuring also imprints
the polarization position angle with speci c values at polar
orientations. Finally, reverberation measurements hardly differ-
entiate between the different models since they all give the same
inclination-dependent curves. The time lags they produce are too
similar to be clearly distinguished.

3.3. Fragmented disks with variable clump sizes

Our last set of models is presented in Figs. 10–12. In this case, the
dusty disk is clumpy and the clump radii increase with distances
from the central source. We arbitrarily set the radius of clumps
situated at the outer part of the structure to be ten times larger
than clumps located at the inner edge. Similarly to Sects. 3.1 and
3.2, we examine a model in which the dust opacity is constant
for each clump (model 5) and four models (6(a)–(d)) in which

the dust opacity varies with radial distance from the source (see
Fig. 2).

The normalized total ux appears to be constant at polar
viewing angles since, as previously, it is dominated by direct ux
from the central source. At low angles, the uxes are inclination-
and model-independent. Differences only appear when the line
of sight of the observer crosses the dusty disk. In the case in
which the opacity exponentially decreases with distance, the
disk does not ef ciently block radiation at equatorial viewing
angles. The ux has decreased by only one order of magnitude.
The gaps between the clouds and the presence of low opacity,
large dust cloudlets at the outer disk radius do not allow for a
large obscuration. If the dust opacity decreases linearly, obscu-
ration is slightly more ef cient since the cloud opacity is still
higher than 10 (V band) at 8 pc from the source (while it is
about 2–3 in model 6(d)). If the disk is composed of low opac-
ity inner (small) clouds and high opacity outer (large) clouds,
radiation is more heavily absorbed. Fluxes are about four orders
of magnitude lower at extreme equatorial inclinations for the
three remaining models (models 5, 6(a), and 6(b)). The ux
decrease with inclination is exponential for these three cases and
the transition between unobscured and obscured sources is sharp
at around the disk half-opening angle. The uctuations we see
in the ux curves are due to the distribution of clouds inside
the model. Some features might appear for different realizations
of clumpy disk models if a given equatorial line of sight is not
obscured by several optically thick clouds. This occurs, for exam-
ple, in Fig. 10, models 5 and 6(c), at inclinations larger than 70 .
The appearance of peaks and dips in the photometric curves are
wavelength-dependent. As the photon energy decreases, radia-
tion is less absorbed by dust grains and, if there is not enough
dusty material to block radiation along a given direction, pho-
tons escape more easily. This causes the low amplitude peaks of

ux in the photometric curves observed in, for example, 6(d),
which are visible in the ultraviolet but not in the infrared.

The polarimetric plots (right panels of Figs. 10–12), show a
sharp rise of polarization with increasing inclinations. At polar
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Fig. 11. Same as Fig. 10 but in
the optical band (5500 Å).

Fig. 12. Same as Fig. 10 but in
the ultraviolet band (2000 Å).

angles, the polarization degree exponentially rises up to 0.3%.
The associated polarization position angle is 0 for all models
in the near-infrared. This means that photons have not scattered
much along the equatorial plane before escaping the system, but
have instead mainly scattered on the large dust clumps located
high above the equatorial plane, resulting in the characteris-
tic perpendicular polarization angle. When the line of sight
of the observer becomes obstructed by dust, the polarization
degree sharply rises since polar scattering clearly dominates over

unpolarized emission from the (now) obscured source. Mod-
els with decreasing optical depth with radial distances from
the center (6(c) and 6(d)) have the lowest polarization degrees,
since photons easily escape from the system, and therefore do
not carry large scattering-induced polarization. This effect is
even more pronounced at equatorial inclinations when scatter-
ing along the equatorial plane dominates over polar scattering,
resulting in a rotation of the polarization position angle for
the two aforementioned models. The polarization degree thus
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shows dips that have minima associated with the rotation of the
polarization angle. The case is slightly different for the other
three models (5, 6(a), and 6(b)). Their polarization degree is as
high as 25% and it is always associated with a perpendicular
polarization position angle. For increasing inclinations the polar-
ization degree regularly decreases for the same reason as above
but since obscuration by large, optically thick, outer clumps is
more ef cient, equatorial scattering does not dominate and the
polarization position angle remains equal to 0 . At shorter wave-
lengths, the results are similar but the polarization degrees are
lower (down to 7% for the most polarized models in the ultra-
violet band) as obscuration and depolarization through multiple
scattering dominate over transmission.

The time lags (bottom left panel of Figs. 10–12) are also very
different for different dust opacity prescriptions. The time lags
are similar for all models at polar inclinations, since they mainly
result from scattering onto the large dust clouds at the outer radii
of the fragmented disk. However, once the inclination is larger
than 45 , the ve models show different behaviors. Model 6(d)
(density decreasing exponentially with distance) shows the low-
est time lags that have an infrared maximum around i = 50 .
The time lag decreases at equatorial inclinations as photons
preferentially escape by scattering close to the equatorial plane,
carrying a smaller time delay than photons that have backscat-
tered onto the disk funnel and then inside the cloud distribution.
The same conclusions apply to a model with a linear decrease
of density. It follows that a clumpy disk with increasing cloud
radii and decreasing optical depths would be, contrary to naive
expectations, a poor target for reverberation measurements. Bet-
ter targets are models 5, 6(a) and 6(b). The time lags increase
with inclination, by factors up to up to 5. The presence of
optically thick, large dust clouds in the outer borders of the sys-
tem greatly facilitate time-lag observations since photons have
to travel through the whole disk before these photons are ef -
ciently blocked and/or scattered by dust. This statement is even
strengthened at shorter wavelengths at which the time lags are
larger because of the ability of optical and ultraviolet photons to
penetrate deeper in the dusty medium.

In summary, our last set of models has shown that clumpy
disks with clumps of variable sizes and optical thickness have
very distinctive features that are very different for a variety of
dust prescriptions. The importance of large and dense clumps
at the outer edges of the disk is crucial for obtaining an ef -
cient obscuration. They also enable large polarization degrees
and time lags. If the disk becomes more transparent with radial
distances from the source, obscuration is less ef cient and we
observe a rotation of the polarization angle with increasing
inclinations.

4. Discussion and observational prospects

We have shown that varying the morphology and/or the distribu-
tion of dust density in equatorial dusty structures has a profound
impact on the observational properties (total ux, polarization
degree and angles, and time lags) we have considered. The

ux detected at equatorial inclinations is very sensitive to the
structure of the disk: uniform or fragmented media result in

ux levels that can be orders of magnitude different from those
observed at polar viewing angles. Clumpy structures (either with
constant or variable cloudlet radii) tend to be less ef cient in
blocking radiation along the equatorial plane unless the outer
clouds are substantially bigger than the inner clouds. The result-
ing polarization is also distinctively different between the three

morphologies and we found it to be much more sensitive to
the radial distribution of dust than the photometric marker. The
polarization degree is inclination-dependent and varies together
with rotations of the polarization position angle that can trace the
dust strati cation. Finally, the averaged time lags resulting from
multiple scattering in different models is also a very distinc-
tive signature that can probe the morphology of the scattering
medium. Those two observational properties, polarization and
time lags, are the bases of the polarized reverberation mapping
technique introduced by Gaskell et al. (2012).

4.1. Polarized reverberation mapping

By comparing the amplitude of variability of the polarized ux
to the amplitude of variability of the total ux in a blue pass-
band with effective wavelength of 3600 Å, Gaskell et al. (2012)
found that the polarized ux of the Seyfert-1 NGC 4151 fol-
lows the total ux with a lag of 8 ± 3 days. This, together
with the orientation of the position angle of the polarized ux,
enabled us to constrain the effective size of the unresolved equa-
torial scattering region of the AGN, most probably composed of
electrons. This is the rst and unique example so far illustrating
the importance of polarized reverberation mapping in resolving
the innermost structure of AGN. Achieving those observations is
time consuming and required about 7 yr of monitoring the total
and polarized uxes of NGC 4151. In contrast with the work of
Gaskell et al. (2012), who probed the inner broad line region, we
showed here that dust scattering results in longer timescales on
the order of several months for type-1 (polar) inclinations. It is
therefore very important to select the optimal wavebands before
starting such long observational campaigns.

Our results indicate that the near-infrared band seems to
be the best to search for high degrees of polarization, since
photons are not energetic enough to travel far into the dusty
medium; instead, they are re ected (the albedo is large) and do
not penetrate the disk much, leading to high polarization degrees.
This applies to either polar, intermediate, or equatorial incli-
nations. However, thermal re-emission from dust and starlight
dilution (from the host galaxy in the case of AGN) may also be
strong enough to wipe out the polarization signature (Miller &
Antonucci 1983). Hence, a more secure waveband to search for
the polarization signal from dusty equatorial structures is ultra-
violet, where starlight emission decreases in spiral and elliptical
galaxies (Bolzonella et al. 2000).

The reverberation mapping technique requires us to observe
both the continuum and reprocessed spectra; the central source
must be directly visible and the line of sight must not cross the
obscuring dusty torus. This limits us to polar viewing angles,
for which the time lags are the shortest. In the AGN context,
this is bene cial since the averaged time delays between vari-
ations of the polarized ux and total ux can be on the order
of months (see Fig. 3 for example). We compared our results
to those obtained by Almeyda et al. (2017), who have inves-
tigated the mid-infrared reverberation responses of a clumpy
torus and found these responses to be in agreement with ours,
even if the authors considered lower energies. Depending on
the isotropic or anisotropic distribution of clumps in their torus
models, Almeyda et al. (2017) have found an averaged optical-to-
infrared time-lag of 80–150 days (i.e., 2.6–4.9 months) at 3.6 µm.
In comparison, our clumpy model with constant cloudlet radius
and optical depth gives a time lag of 3.9 months (cross-correlated
between the total and polarized uxes at 1 µm). Shorter delays
can be obtained in the ultraviolet band, which is a conclusion
that is also shared by Almeyda et al. (2017).
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Fig. 13. Comparison between a
radial (solid dashed line) and ver-
tical (solid plain line) dust strat-
i cation in a clumpy equatorial

ared disk with spheres of constant
radius. The variation of the dust
density is linear and decreases from
the center of the model ( rst case)
and from the equatorial plane (sec-
ond case). The top panel shows the
normalized photon ux at 1 µm,
the second panel is the polarization
degree, the third panel is the polar-
ization position angle, and the last
panel is the time lag as a function
of the system inclination.

We therefore conclude that polarized reverberation mapping
is very possibly better suited for ultraviolet/blue observations.
The time lags between the unpolarized continuum and polar-
ized reprocessed spectrum is shortened, while the observed
polarization degree is less diluted by starlight contribution.
The combination of the two techniques, leading to polarized
time reverberation studies, strongly helps to break degeneracies.
Our simulations suggest that much more sophisticated models
are less easy to distinguish/constraint, but the combination of
observables can still serve to rule out certain scenarios. The
main dif culty here is that for low inclinations, the polarized
fraction is small whereas for large inclinations, the unabsorbed,
direct ux is severely reduced. Gaskell et al. (2012) nevertheless
clearly established the feasibility of such an observational study
for the case of NGC 4151, but one has to remember that it took
them about 7 yr to complete the observations. Multiwavelength
analysis such as radio observations to probe the kinematics and
composition of the circumstellar/circumnuclear region or hard
X-rays, which are much less absorbed/scattered than the optical,
might be useful to narrow down the uncertainties. A detailed
treatment of the problem is deferred to a forthcoming paper in
which we intend to construct arti cial light curves in both total
and polarized light to measure realistic time lags, including both
dilution by the host, interstellar polarization, and sophisticated
transfer functions.

4.2. Toward more sophisticated models

We have shown that two dusty structures with the same geometry
but different dust grain distributions (e.g., a linear increase and
an exponential increase of opacity with radial distance from the
central source) are distinctively different in terms of polarization
and timing properties; see Fig. 12 for example. However, those
differences are less likely to be detectable in terms of photome-
try, since almost all models give the same inclination-dependent
trend in ux attenuation. To detect a radial strati cation of
dust, time-resolved polarimetry appears to be the solution but
it is unclear whether this conclusion would also apply for

vertical strati cations and chemical variations of the dust grains
with distance from the source. It has been known for long that
the dust composition and temperature of stellar nebulae varies
with distance from its young star (Bally & Reipurth 2006); the
same applies to galaxies, since the galactocentric dust mineral-
ogy varies with distance and metallicity (Giannetti et al. 2017).
We thus naturally expect circumstellar and circumnuclear dusty
disks to be more complex than considered here.

It is beyond the scope of this paper to consider all possible
dust distributions with distance, altitude, temperature, or metal-
licity. We have already proven that uniformly lled equatorial
dusty structures give different polarimetric and timing outputs
than structures with radial dust opacity gradients. However, in
order to illustrate the complexity of the parameter space for ll-
ing the disk with dust, we show in Fig. 13 one realization of our
numerical code for a clumpy disk with constant cloud radii in
the case of a linear decrease of dust density with vertical dis-
tance from the equatorial plane. The simulation was achieved
at 1 µm and results are shown in Fig. 13 using a plain solid
black line. For comparison, we also show a model with the
same parameters except that the gradient is now radial instead
of vertical; the dust opacity linearly decreases with radial dis-
tance from the central source (black dashed line). As can be
seen, the two con gurations (vertical and radial variations of
opacity) are almost indistinguishable in terms of photometry.
The signal is the same at polar viewing angles and the obscured

ux at equatorial orientations is equivalent. Differences can only
be attributed to the random positions of the clouds. The unique
true difference between the two models is the inclination angle
at which the transition between the unobscured and obscured
state occurs. The vertical opacity strati cation con guration is
similar to a con guration in which an optically thin atmosphere
lays on top of denser equatorial layers. Photons grazing the disk
surface are less likely to be absorbed. It is only at a larger incli-
nation, where the medium nally becomes optically thick, that
the disk can ef ciently block radiation. In terms of polarization
we see that the inclination-dependent degree of polarization fol-
lows the same trend, but the maximum amount of polarization is

A30, page 13 of 14



A&A 613, A30 (2018)

only 11% instead of 14% at intermediate inclinations. The small
bump of polarization observed at an inclination of 75 is due
to the random distribution of the clumps position in the disk.
The polarization position angle is the only marker showing a
distinctive difference between the two con gurations. The polar-
ization angle is 90 for i = 0 , indicating that scattering mainly
happens along the equatorial plane. In comparison, for a radial
opacity strati cation, the polarization angle is close to 45 since
both equatorial and polar scattering are contributing. Here, the
vertical strati cation of dust density favors scattering along the
equatorial plane where the disk is denser. For larger inclinations,
the polarization angle rotates to 0 , as in the radial case, since
backscattering on the disk funnel becomes important at those
intermediate inclinations. It is only at large inclinations, when
the continuum is obscured and when backscattering is no longer
dominant with respect to equatorial scattering, that the polariza-
tion angle switches to 90 . Similarly to the photometric results,
the angle at which this transition happens is different from the
radial strati cation scenario. Finally, the inclination-dependent
averaged time lag is almost indistinguishable between the two
cases since the geometry of the medium plays a more important
role than its composition in time domain studies.

5. Conclusions

In this paper, we have shown that the morphology or the dis-
tribution of dust density of an equatorial dusty structure has a
profound impact on the polarized signal and on the expected
(averaged) time lags. A plain uniform structure may have a sim-
ilar behavior to that of a complex clumpy structure in terms of

ux attenuation but the polarization degree and angle would be
signi cantly different. If the polarization signal from the equa-
torial dusty disk can be isolated from the central source or from
additional components (which is more problematic in the case
of AGN), it is possible, in principle, to distinguish between dif-
ferent models. In particular, the dust distribution inside a disk
has a very clear inclination-dependent polarization signature.
Since the inclination is not easy to determine from observations,
coupling timing and polarimetric information are crucial for
determining the physical size of the unresolved region together
with its composition.

We also found that the ultraviolet/blue band is very probably
better suited for polarized time-reverberation studies. The polar-
ization level due to dust scattering is not expected to be as high
as in the near-infrared, but the ultraviolet waveband should be
less contaminated by external starlight and thermal re-emission.
In addition, the time delays are expected to be slightly shorter
in this waveband, allowing for less time-consuming observa-
tional campaigns. We intend to continue this study by applying
cross-correlation methods to light curves obtained by our Monte
Carlo method. We aim to reproduce the observed time delays of
NGC 4151 rst, estimate the inclination of the AGN by testing all
the possible orientations thanks to our numerical code, and then
try to evaluate the existence of additional structures in the AGN
by checking their in uence on the resulting polarization signal
and time delays.
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