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Chapitre O

Introduction (version francaise)

0.1 Contexte général

Le but de cette thése est d’étudier la dynamique asymptotique des ondes multi-solitaires
(aussi appelées solitons) d’équations non-linéaires dispersives.

On parlera d’équations dispersives pour désigner des équations qui combinent une équation
linéaire avec un comportement dispersif (toute solution se désintégre uniformément en temps)
et une non-linéarité appropriée, typiquement, de la forme suivante :

u = Lu+ F(u, Du, ...)

oit u(t,x) est une fonction & valeurs réelles ou complexes et t € R, x € R?. L’opérateur linéaire
L est supposé anti-adjoint, c’est-a-dire

F(Lu)(§) = ip(§)Fu(§),  p(€) €R,

ici F est la transfomée de Fourier et D?p(f) # 0 pour tout £ # 0.

Des exemples d’équations non-linéaires dispersives sont 1’équation de Schrédinger non-
linéaire, I’équation de Korteweg-de Vries, 1’équation de Benjamin-Ono, I'équation de BBM,
les equations de KP-I, KP-II.

Avant de commenter les principaux résultats de la thése, présentons briévement quelques
aspects de la théorie des ondes solitaires de type solitons pour les équations non-linéaires dis-
persives.

0.1.1 Préliminaires

Considérons I'une des plus typiques equations non-linéaires dispersives, I’équation de Schro-
dinger non-linéaire dispersive (NLS) dans R? :

10+ Au+ |ulPtu =0 (NLS)
ou A est le laplacien en d variables spatiales, la non-linéarité p > 1 et avec la donnée initiale
u(0,7) = uy, up € H' : R* — C.

L’existence locale en temps de la solution de (NLS) est bien étudiée. Dans cette thése, nous
utilisons principalement le résultat suivant d’existence locale et d’unicité :

Proposition 0.1.1 (Localement bien posé dans H', Ginibre et Velo [16], voir aussi [3]). Soit

0% +oosid=1,2
B dQTdQsidZ?).
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Pour 1 < p < 2*—1et up € H'(R?), il existe un temps maximal d’existence T' = T'(||ug]| 1) > 0
et une solution u(t,z) € C([0,T); H') of (NLS).

De plus, nous avons le critére d’explosion suivant : soit 7' = 400, la solution u(t) est dite
globale en temps; soit T' < 400 et alors la solution explose en temps fini

li t = .
tim [[u(t) [ = o0
D’aprés des calculs directes, 'équation (NLS) admet les groupes de symétrie suivants :

e Phase : pour v € R, si u(t, z) est une solution de (NLS), alors w(t,z) = u(t,x)e” lest
aussi.

e Scaling : pour A > 0, si u(t, x) est une solution de (NLS), alors w(t, x) = /\P%lu()\Qt, A7)
’est aussi.

e Translation : pour 7o € R ty € R, si u(t,r) est une solution de (NLS), alors w(t,z) =
u(t — to, x — o) l'est aussi.

e Galiléen : pour 8 € RY, si u(t,x) est une solution de (NLS), alors w(t,z) = u(t,z —
Bt)eiz @58 Test aussi.

Une autre propriété de (NLS) est que les symmétries induisent des structures hamiltoniennes
naturelles : on a les lois de conservation suivantes

P M (u(t)) = /Rd lu(t, x)[*dz = M (up) (0.1.2)
e Energie :
E(u(t)) = % | Vult, z)|2da — ]ﬁ /Rd lu(t, z)[P da = E(u) (0.1.3)
e Moment :
J(t) =T | Vult,2)alt,2)de = J(u) (0.1.4)

On note uy(t,z) = )\%u(/\zt, Az) la symétrie par scaling du flot. L’espace critique est un
concept fondamental dans I’analyse et défini par le nombre de dérivées qui est invariant par la
symétrie de scaling :

d
Jua(t.) e = it ) poE 80 = § = =

Observons que s. < 1 dans Proposition 0.1.1.
e Sis. <0 (oul<p<1+3), équation (NLS) est dite L? sous-critique.
e Sis, =0 (oup=1+3), 'équation (NLS) est dite L? critique.
e Sis.>0 (oup>1+3), 'équation (NLS) est dite L? sur-critique.

Une conséquence directe de la théorie de Cauchy, les lois de conservations et l'inégalité de
Gagliardo-Nirenberg suivante

dp—1
[ flless < Collf32°IIV T2 avec o= % (Gagliardo-Nirenberg)

est le résultat d’existence globale suivant, voir [10] :

2



Proposition 0.1.5 (Existence globale dans le cas sous-critique). Soit d > 1et 1 <p <1+ é,
alors toute solution de (NLS) est globale et bornée dans H'.

Par une autre quantité appelée le viriel [o, |z]*|u(t, z)|*dz et 'identité suivante concernant
sa dérivée seconde

d2

a2 /Rd |z|?|u(t, 2)|*dz = 16 E(ug) — 4ld(p—1) — 4]

p+1

Ju(t, ) dz,

on peut prouver l'existence de solutions qui explosent en temps fini dans le cas critique et
sur-critique, voir |3, 40].

Proposition 0.1.6 (Explosion en temps fini pour E(ug) < 0). Soit 1+ 2 < p < 2* — 1 et
ug € X = H'NL*(|z)*dz) avec E(ug) < 0. Alors la solution associée de (NLS) explose en temps
fini 0 < T < 4o0.

Dans le cas d = 1 and p = 3, on obtient "équation (NLS) cubique 1D
104U + Uy + |u|?u = 0, (t,z) e RxR.

L’équation (NLS) cubique 1D est complétement intégrable, c¢’est-a-dire qu’il existe une paire de
Lax (voir |9, 14, 23, 49]). Le cas susmentionné a été beaucoup étudié en utilisant la méthode
de scattering inverse. En particulier, I’équation (NLS) cubique 1D a pour propriétés : une
infinité de lois de conservation, la collision purement élastique de solitons et la décomposition
en solitons. Les autres cas ne sont pas connus pour étre intégrables.

Un autre exemple d’équation non-linéaire dispersive que nous étudions dans cette thése est
I'équation Korteweg-de Vries(gKdV) généralisée :

Ou+ 0,(Pu+u?) =0, t,xeR. (gKdV)

ol p > 1 est un entier. L’équation est complétement intégrable dans le cas quadratique p = 2
et le cas cubique p = 3.
Nous étudions également le systéme couplé d’équations de Schrodinger :

9 A 2 )y =0
{Z hu+ Au+ (Jul® + wlvf*) u teRzeR (coupled NLS)

10 + Av + (Jof> + wu?)v =0

pour un paramétre 0 < w < 1. Remarque que dans le cas w = 1, le systéme (coupled NLS) est
dit le systéme intégrable Manakov (voir |25, 17])

10+ Au~+ (Jul? + [v]2)u =0
10w + Av + (Jvf> + |[u*)v = 0.

0.1.2 Onde solitaire

Une caractéristique fondamentale de (NLS) est 'existence d’unesolution périodique en temps
et localisée en espace, appelée onde solitaire ou soliton. Plus précisément,

u(t, z) = ¢(x)e”
est une solution dans H' de (NLS) si et seulement si ¢ résout I’équation non-linéaire

Ap— ¢+ o 1o =0, ¢ € H'(R?). (soliton eq.)



Il y a plusieurs fagons de construire une solution de (soliton eq.), la plus simple étant de chercher
une solution radiale par la méthode de tir [1]. Rappelons que la théorie des équations linéaires
dispersives prédit que toute solution se disperse et désintégre uniformément en temps [13]. Par
conséquent, 'existence d’une telle solution est un équilibre subtil entre la dispersion induit
par le Laplacien et la concentration créée par la partie non-linéaire de I’équation (NLS). Une
propriété importante de rigidité de (soliton eq.) est ['unicité de la solution positive.

Proposition 0.1.7 (Unicité de I’état fondamental, Kwong |22]). Toute solution de
Ap—o+oflo=0, ¢eH'RY), éx)>0

est une translation d’un profil radial décroissant exponentiellement Q(z) = q¢(|z|) qui est
I'unique solution radiale positive de (soliton eq.). @ est appellé I’état fondamental.

L’état fondamental () est donné par une forme explicite en dimension 1

. p+1
Q) = <2 cosh? (p%l ))

et décroit exponentiellement en toute dimension : il existe une constant cg > 0

q(r) — ch_%e_T’ + ‘q'(r) + CQT’_%G_T‘ < e P
Selon [11], 'état fondamental @ est lice a la meilleure constante de l'inégalité de Gagliardo-

Nirenberg. Plus précisément, @) est 'unique minimiseur de I'inégalité et la constante optimale
est donnée par

Qf=ﬂQ%=Kg$ﬂJU)

ott pour tout f € H, f #0

-0

2 v 02 d _1
CAEIA =)

v
1F 1l zos p+1

Notons @y (x) = )\%Q(Aﬂﬁ), a partir des symétries de (NLS), il y a une famille & (2d + 2)
parameétres de solitons :

J(f)

u(t,z) = Q. (x — 09 — ﬂot)em*“gt”%(“%ot) (0.1.8)
avec le scaling \g € R, la position oy € R%, la phase vy € R et la vélocité 3y € R
Une fois acquise I'existence d’ondes solitaires, nous voudrions étudier leur stabilité par per-
turbation de données initiales dans I'espace d’énergie. On observe que les ondes solitaires ont
deux instabilités triviales : I'instabilité de scaling ! et l'instabilité galiléenne 2. Une question
naturelle est de s’interroger si ces instabilitiés triviales sont les seules ou non.

Definition 0.1.9 (La stabilité orbitale). On dit que 'onde solitaire (0.1.8) est orbitalement
stable si pour tout € > 0, il existe § > 0 tel que si

<9

— 9

. ,87:6
| (0) = @u(w = o)

alors pour tout t € R, il existe o(t),v(t) tels que la solution u(t) de (NLS) satisfait
<e.

H“(t> = Q- — a(t))el0 R ~

YA > 0, la solution correspondante de (NLS) avec donnée initiale ug(z) = )\%Q(Ax) est u(t,z) =
ATTQ(Ax)eNt,
2¥B > 0, la solution correspondante de (NLS) avec donnée initiale ug(z) = Q(z)e™ est u(t,z) = Q(x —
. B B
ﬁt)ezt+§~(:1,—§t)'




En utilisant la méthode de concentration-compacité, Cazenave et Lions [1] a montré que
les ondes solitaires sont stables pour tout 1 < p < 1 + 2 > 1.e. quand la non-linearité est L?
sous-critique. Par une approche différente basée sur le developpement des lois de conservation
autour d’une onde solitaire, Weinstein [15] a montré la stabilité orbitale sous la condition de

positivité
d
Y / Q3 (v)dx > 0
A=Xo

qui est vérifiee dans le cas sous-critique. Inversement, par le travail de Grillakis, Shatah et

Strauss [17, 18], si
d
—)\/Q?\(x)dx <0
A=)

qui est vérifiée dans le cas sur-critique (1 + % <p<2F— 1), alors 'onde solitaire est instable.
Notons que le phenomenéne d’instabilité est trés différent dans le cas critique (l'instabilité
linéaire et la direction instable est liée au paramétre de scaling) et dans le cas sur-critique
(I'instabilité est exponentielle).

Pour le cas critique (p =1+ %), la transformation pseudo-conforme

1 —1 x|?
v(t,x) = —u | —, ) eifir (conformal transform)
It|2 t 't

appliquée a I’onde solitaire u(t,r) = Q(z)e engendre une solution explosive :

1\2

S0 = 2@ () 1501 = 1l 0.1.10)
avec le taux d’explosion (appelé le taux d’explosion conforme)

1
IVS(t)||zz ~ — quand ¢t —0".

g
S(t, z) est aussi 'unique solution explosive (aux invariances prés) avec la masse ||ug||z2 = ||@Q|| Lz,
voir [33]. La solution est appelée [’explosion & masse minimale car en-dessous de cette masse,

|uol|z2 < ||@Q||z2, toute solution est globale et méme disperse, i.e. il existe v= (¢, ) solutions de
I’équation linéaire telles que
lut) = v* (@)l — 0
quand ¢t — £o0, voir [10, 21].
En plus de I'explosion avec la masse minimale, il existe également d’autres solutions explo-
sives avec le taux d’explosion conforme (voir [2]). Pour le cas d’une masse légérement au-dessus
du seuil (et avec une énergie négative), i.e.

1Qllr2 < [luollrz < [[Qllr2 + a0, 0 <o <1, (0.1.11)

Merle et Raphagl [34, 35, 11| ont prové Iexistence et la stabilité d’'une dynamique explosive
avec le taux d’explosion log-log :

log | log(T —t
|Vu(t)|| gz ~ C\/ og | ;g( ; ) quand ¢t —T. (0.1.12)
Ensuite, [11] a également montré que sous la condition (0.1.11), il y a une dichotomie sur le
taux d’explosion : soit la solution explose avec le régime log-log (0.1.12), soit elle explosive avec
un taux d’explosion plus rapide que le conforme

1

Vu(t) (0.1.13)

It 2
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De méme que (NLS), (gKdV) admet une famille d’ondes solitaires & deux paramétres, de la
forme

RU(WCU = Qvo (l‘ — Zo — U0t>

ou Q, = vTilQ(\/Ex) et @ est 1’état fondamental de (soliton eq.) en dimension 1.
Nous remarquons aussi que quand v = 0 (ou u = 0), I’équation (coupled NLS) se simplifie
en (NLS) cubique 1D. Nous en déduisons des solutions spéciales de (coupled NLS) définies par :

(u) B (emﬁi,\itﬂ@(:ﬁ—@t)Q/\u(I P @J))
N 0

v

et

w\ 0
o]~ ez‘%—&-i)\%t-&-i%(-f—%t)Q)\v (33 — Oy — ﬂvt)

pour tout \; > 0,0;,5;,7; € R (j = u,v).

0.1.3 Onde multi-solitaire

Une onde multi-solitaire, aussi appellée multi-soliton, est une solution qui se comporte
en temps long comme plusieurs solitons. Par exemple, considérons K > 2 et pour k € {1, ..., K},
soient A\, > 0, B € R% o1, € R? et v, € R. Définissons le k-iéme soliton

Ri(t, ) = Qu, (& — oy(1))eT+0)

avec
1 1
ox(t) = o) + Prt, [y(t, ) = 5(@@ -T) — Z‘5k|2t + At +

Remarquons qu’en raison de la non-linéarité, la somme

n’est pas une solution de (NLS). Néanmoins, on peut espérer 'existence d’une solution de (NLS)
qui se comporte asymptotiquement comme

|u(t) — R(t)||;r — 0 quand ¢ — +oo.

Des multi-solitons ont été construites pour la premiére fois pour le cas intégrable (NLS)
cubique 1D (d = 1 et p = 3), |19] : dans ce cas, par la méthode de scattering inverse, il y a
une formule de multi-solitons et I’on observe directement que ces solutions se découplent en
une somme de solitons a la fois quand ¢ — 400 et quand t — —oo (la collision est élastique).
Récemment, la stabilité asymptotique d’un tel objet pour le cas intégrable a été montré dans un
espace a poids [8]. D’ailleurs, on peut observer qu’en plus de I'interaction faible (c’est-a-dire
que les trajectoires des ondes solitaires ne sont pas affectées asymptotiquement par 'interaction
de solitons), existe aussi le cas de I'interaction forte ou la distance entre solitons est de 1'ordre
de logt ou la distance est finie avec un comportement périodique (la forme de o(t) est affectée
par linteraction entre solitons).

Le multi-soliton est fondamental en vue de la conjecture de résolution en solitons. Cette
conjecture (assez vaguement définie) ® prévoit qu'une solution générique devrait se dé-
composer en temps long comme une somme d’objets rigides non-linéaires (typique-
ment solitons) et un terme purement dispersif. Par la méthode de scattering inverse,

3La conjecture est aussi soutenue par un nombre important de travaux numériques [9, 15, 24, 48].



la décomposition en solitons a été obtenue dans le cas intégrable ((NLS) cubique 1D, (KdV)
quadratique et cubique). Dans le cas non-intégrable, récemment, dans une suite d’articles re-
marquables [11, 12, 13] concernant ’équation des ondes H' x L? critique, et en particulier le
cas 3D avec données radiales, la conjecture a été résolue. Néanmoins, la conjecture reste encore
largement inaccessible en général.

Retournons a notre équation (NLS), pour la configuration non-intégrable, nous rappelons
le résultat suivant sur l'existence de multi-solitons avec la condition découplage (and restreint
a une direction de temps).

Theorem 0.1.14 (Existence d’onde multi-solitaire pour (NLS), [7, 27, 33]). Soit 1 < p < 42,
Considérons K > 1, pour k € {1, ..., K}, soient A\, > 0, 8, € R%, 0, € R? et , € R. Supposons
que les vélocités soient decouplées, pour k # k', B, # [ Notons

) 1 1
Ri(t,x) = Qu, (x — Bt — op)e™* ™) et Ty(t,z) = 5(51@ -x) — ZW}J% + At + Vi

Alors, il existe Ty > 0, > 0 et une H' solution u(t) de (NLS) telle que pour tout ¢t > Ty,

—rlt]
Se L

u(t,z) = Ry(t,x)

Hl

En raison de la condition de découplage, les solitons ont des vélocités deux-a-deux différentes
et 'intéraction entre eux décroit exponentiellement en temps. Dans le cas critique p = 1—|—%, pour
la premiére fois ou, tel multi-soliton a été construit par Merle [33]. En plus, par la transformation
pseudo-conforme (conformal transform), le résultat a aussi construit des solutions explosives en
K points distincts. Le cas sous-critique 1 < p < 1 + % a été traité par Martel et Merle [27],
suivant le résultat de Martel [26] sur (gKKdV). Le cas sur-critique a été fait par Cote, Martel et
Merle |7|, puis Combet [6| a construit une famille & K-parameétres de K-solitons dans ce cas.

Notons que tous les theorémes ci-dessus dans le cas non-intégrable ne décrivent pas sur
le comportement de la solution quand ¢ — —oo. Au contraire du cas intégrable, pour le cas
non-intérgable, les multi-solitons pour ¢ — 400 pourraient avoir des comportements différents
pour ¢ — —oo (qui ne sont plus les multi-solitons purs) car 'interaction entre ondes solitaires

devrait étre, en général, inélastique (voir [28, 39]). La stabilité des multi-solitons a été étudiée
dans le cas sous-critique dans [30]. Les résultats similaires pour d’autres modéles non-linéaires
avec onde solitaire : (gkdv) [5, 7, 29|, (coupled NLS) [19], par exemple.

Concernant I’interaction forte (c’est-a-dire, des cas ou U'interaction change effectivement
la trajectoire du soliton), 'un des tout premiers travaux dans Iétude de multi-solitons a fortes
interactions pour (NLS) est larticle de Martel et Raphaél [32] ot un premier exemple de
solutions globales qui explosent en temps infini est construit :

Theorem 0.1.15 (Explosion a fortes interations en temps infini [32]). Pour I'équation (NLS)
cubique 2D, il existe une solution globale u(t) sur [0,400) qui se décompose en une somme
d’ondes solitaires : quand t — +o00

u(t) — () =1 - — ap(t)
0= 2 A(t)Q( A0 )

1+ 0(1)

I

Hl

ol xx(t) converge vers les sommets d’'un K-polygone régulier et la solution explose en temps
infini avec le taux
IVu(t)||zz ~ |logt|, quand t — +o0.

En utilisant la transformation (conformal transform), I'on obtient 1’explosion en temps fini
suivante :



Theorem 0.1.16 (Collision et explosion en temps fini [32]). Soient u(t) donnée dans Theoréme
0.1.15 et v € C((—00,0),) la transformation pseudo-conforme de u(t). Alors v(t) explose en
T =0 avec

log [¢|

V()2 ~ K2||IVQ]2 | =,

‘ ;@) = K||Q|320,—0 quand t — 0.

Cela est également le premier exemple d’une explosion dont le taux d’explosion est plus rapide
que le tauz d’explosion conforme.

0.2 Principaux résultats

A partir de la section précédente, nous rappelons les observations suivantes :
¢ Premiérement, on voit que dans le cas intégrable d = 1 et p = 3, en utilisant la théorie
de scattering inverse, il y a trois types de 2-solitons pour ((NLS) cubique 1D) :

(a) Deux solitons avec vélocités différentes : quand ¢ — +o00, la distance entre les solitons est
de Pordre ¢, [19].

(b) La solution dipole : les deux solitons sont symétriques (en particulier, ils ont la méme
d’amplitude) et leur distance est logarithmique en ¢, [38, 19].

(c) 2-solitons périodique : les deux solitons ont une amplitude différente et leur distance est
une fonction périodique du temps, [17, 19].

Notons que le régime (a) correspond a un comportement Galiléen libre, tandis les régimes (b)
et (c) correspondent & un comportement Galiléen non-libre, c’est-a-dire que le comportement
spécifique du soliton est dii aux interactions non-linéaires, et n’existe pas pour un soliton seul.

¢ Deuxiémement, pour le cas non-intégrable, la plupart des résultats connus sont dans le
cas d’interactions faibles, perturbatives ou il y a un découplage fort entre les solitons comme
dans Theoréme 0.1.14.

Nous posons la question de I'existence de comportements possibles de multi-solitons. En
particulier, on se demande si les dynamiques non-génériques susmentionnées (b), (¢) du cas
intégrable persistent encore pour les modéles non-intégrables. Les travaux dans cette theése
s’orientent vers l'identification des cas ou les interactions ont des effets remarquables sur la
dynamique des objets non linéaires (multi-soliton & interaction forte). Les résultats peuvent
étre divisés en trois parties :

La premiére partie montre que la dynamique distance logarithmique avec symétrie (le
comportement (b)) est un comportement universel & la fois dans le cas sous-critique et sur-
citique (pour toute dimension d > 1) pour (NLS). Le régime correspond a interaction forte
attractive. Dans le cas intégrable (d = 1 et p = 3), existence d’une telle solution est connue par
la méthode dite d’inverse scattering, [38, 19]. Le cas d’une masse critique p = 1 + % introduit
un comportement spécifique lié a 'explosion, étudié dans [32].

Dans la deuxiéme partie, on étend le résultat de multi-soliton logarithmique a I’équation
(gKdV). Pour l'équation (gKdV), il y a des diffcultés techniques supplémentaires : la solution
approchée (ansatz) pour le 2-soliton n’est pas dans Iespace d’énergie et il nous faut donc la
modifier. Pour le cas sous-critique 1 < p < 5, on sait que les ondes solitaires de signe opposés
sont attractives. Pour le cas sur-critique p > 5, on déduit de notre calcul que les ondes solitaires
de méme signe sont attractives.

Le but de la troisiéme partie est, d’abord, de montrer la persistance du comportement (b)
pour (coupled NLS) non-intégrable en présence de symétrie, similaire aux articles [32, 36| pour
(NLS). Ensuite, et de fagon plus importante, on examine la question de la (non-)persistance
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du comportement (c¢). En fait, on décrit un nouveau régime logarithmique correspondant a 2-

solitons non-symétrique avec distance logarithmique qui remplace le comportement (c¢) du cas

non-intégrable. De maniére formelle, le systéme d’équations pour les paramétres du 2-solitons

n’est plus intégrable et les solutions périodiques disparaissent. Un nouveau régime logarithmique

(voir (ii) du Theoréme 0.2.9) prend place, qui n’existe pas dans le cas intégrable w = 0 ou w = 1.
Les résultats mentionnés ci-dessus sont basés sur les travaux suivants :

e T. V. Nguyen. Existence of multi-solitary waves with logarithmic relative distances for
the NLS equations. C. R. Acad. Sci. Paris, Ser. 1 357 (2019) 13-58.

e T. V. Nguyen. Strongly interacting multi-solitons with logarithmic relative distance for
the gKdV equation. Nonlinearity, 30(12) :4614, 2017.

e Y. Martel and T. V. Nguyen. Construction of 2-solitons with logarithmic distance for the
one-dimensional cubic Schrédinger system. Preprint

0.2.1 Existence d’ondes multi-solitaires avec distance relative loga-
rithmique de 1’équation de Schrodinger non linéaire.

Dans cette partie, on s’intéresse a 'extension de la dynamique logarithmique (b) au cas
non-intégrable (NLS). Nous prouvons le résultat général suivant :

Theorem 0.2.1 (Onde multi-solitaire avec distance logarithmique, [36]). Pour d > 1, soit
d—+2 4
1<p<ﬁ(p>1pourd:1,2) et p7£1+3'

Il existe une solution H' de (NLS) telle que |21 (t) — 22(t)| ~ 2logt quand ¢ — +oc et

— 0.

u(t) — e Q. — z(t))

H(R4)

Il est essentiel que les deux solitons aient le méme signe, le méme scaling et la méme phase, en
effet, la solution est symétrique. Remarque que la situation reste similaire pour les multi-solitons
construits dans [38, 19| pour le cas intégrable.

La distance logarithmique est due aux interactions fortes entre ondes solitaires car les in-
teractions apparaissent a ’ordre principal des équations de modulation. En effet, la dynamique
du Theoréme 0.2.1 est lice a 'équation différentielle 2 = —e™*, ol 2(¢) est la distance entre les
solitons, et pour laquelle 2logt est une solution particuliére.

Le résultat s’applique & toute dimension et toute non-linéarité H' sous-critique, a ’exception
de la puissance masse critique p = 1 + %. Techniquement, le cas 1 < p < 2 est plus difficile
puisque la norme L* de I'interaction est pire (~ s donc nous pouvons intégrer une seule fois),
ce qui requiert la construction d’un ansatz raffiné.

Pour le cas critique (p =1+ %), on n’espere pas l'existence de multi-solitons avec distance
logarithmique. Plus précisément, pour une telle solution, on aurait

[ e tutt. o) de ~10gt0)

qui serait en contradiction avec I'identité du viriel

d2 21,,12
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Dans ce cas, la direction instable lice au scaling est affectée par les interactions non-linéaires
en premier lieu, ce qui conduit & la concentration en temps infini décrite dans Theoréme 0.1.15
([32]) tandis que dans le cas sous-critique et sur-critique, les interactions affectent d’abord le
parameétre vélocité.

La preuve est basée sur la construction d’une solution approchée de (NLS) composée de
deux solitons modulés symétiques, qui se déplacent dans das directions opposées, plus un petit
terme correctif :

eiv(s) ‘ ‘ T
u €T) = 6“}1(8)('7‘21) ._Zl S 6“}2(5)('7‘22) ._Z2 S els -
) = 13| Q- — () + Qa6 +<6)| (575
avec ' ] ] ]
5 = / S D) = () = 5o(s). 2(s) = —aa(s) = 33(6)

On suit I'argument de modulation standard pour la solution, qui a été développé dans |27, 35, 12|
pour 'équation (NLS). En utilisant les conditions d’orthogonalité liées au noyau généralisé
de l'opérateur linéarisé, on en déduit un systéme d’équations modulation avec un terme de
forcage non-linéaire. On cherche une solution approchée qui est pertinent pour notre régime.
Formellement, nous avons les estimations suivantes :

A _
p—w Zz ST e (0.2.2)

+ )

> >

Notamment, ’équation pour © contient le terme de forcage due aux interactions non-linéaires
entre les solitons :

®+ci|z|_%6_‘z| S |z|_%_le_‘z| (0.2.3)

2]

pour une constante ¢ > 0. On peut vérifier que proche des fonctions 2mea(S), Amod($); Vmod(s)
telles que

—2
d—1 S
2

A;%})d(s> - ]-7 Umod(s) - 5_17 Zmod e Fmod — T (024)

il existe une solution particuliére de (0.2.2)-(0.2.3). Nous avons leur asymptotique quand s —
+OO d—1
Zmod(8) ~ 21og(s), Dmod(s) = —cz 7 (s)e 2mod(s)

(0.2.5)
|Zmod(8) = 2Umoa(s)| S s IOgil(s)v [Vmoa(s)] S 572

Cela suggére que (2.2.39) est proche au premier ordre pour une solution de (NLS) et convient
au régime du Theoréme 0.2.1.

0.2.2 Multi-solitons & interactions fortes avec distance logarithmique
pour I’équation (gKdV).

Nous prouvons également 'existence des ondes multi-solitaires a interaction forte avec
distance relative logarithmique pour

Ovu + 0, (02u + |uP~1u) = 0, t,x € R. (0.2.6)
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Theorem 0.2.7 (Onde multi-solitaire avec distance logarithmique, [37]). Soit p un entier,
p # 5et p> 2 Il existe tp > 0 et une H' solution sur [ty, +00) de (0.2.6) qui se décompose
asymptotiquement comme deux ondes solitaires

u(t) — (Q( —t —log(ct)) + oQ(- —t + log(ct))) — 0 quand t — +oo, (0.2.8)

Hl

ou ¢ = ¢(p) > 0 une constante, o = —1 dans le cas sous-critique (2 < p < 5) et 0 = 1 dans le
cas sur-critique (p > 5).

Le signe négatif dans le cas sous-critique (p < 5) veut dire que dans ce cas I'interaction
entre solitons est répulsive tandis que le signe positif dans le cas sur-critique (p > 5) veut dire
que dans ce cas l'interaction est attractive. Remarquons que la distance relative de deux ondes
solitaires est 2log(ct) avec ¢ donné par

8(p—1) RN
c=cp) = e 2p+2)7 7 [|QlI >
5 —pl
Dans [20], il a été montré par la suite que c’est 'unique régime de distance logarithmique de

ce scaling dans la configuration instable (p > 5).

En raison de la structure du noyau de 'opérateur linéarisé, I’équation pour le paramétre de
position z(t), z2(t) n’est plus quadratique en fonction du terme d’erreur €(¢). Il est nécessaire
d’ajouter une partie raffinée de la solution approchée correspondant a 'interaction non-linéaire
pour fermer le bootstrap

e W (Ar(- = 21(t)) + Ao (- — 22(t))) ¢

oll ¢ est une fonction régularisante. En fait, sans ce terme, on obtiendrait un terme d’erreur
d’ordre t72, ce qui n’est pas suffisamment fin pour exploiter les équations de modulations.
Comme les termes ajoutés Aj, A pourraient ne pas étre dans H' (ils pourraient avoir une
limite non-nulle & —o0), il nous faut introduire une fonction régularisante adaptée .

0.2.3 Construction de 2-solitons avec distance relative logarithmique
pour le systéme de Schrodinger cubique 1D.

Considérons le systéme couplé des équations NLS cubiques 1D écrit sous la forme

i0pu + O*u + (Jul* + wlv[*)u =0
0w+ 020+ (Jo +wlu)*)v =0, teRzeR (coupled NLS)

uw(0,z) = ug, v(0,x) = vy.
Notons que quand v = 0 (ou u = 0), le systéme (coupled NLS) est simplifié comme (NLS)
i0pu + Au + |ul*u = 0.

Par conséquent, (coupled NLS) admet des solutions spéciales de la forme :

(u) B (emﬁi,\itﬂ@"(:ﬁ—@“t)Q/\u(I oy — @J))
N 0

v

uy) 0
o) = \emsotenitot0g, (0 =g, — 4
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pour \; > 0,0;,05;,7; € R, (j = u,v). Nous construisons un 2-soliton logarithmique dans
le cas symétrique, i.e., u(t,z) = v(t, —z) et puis une nouvelle dynamique logarithmique
de 2-solitons dans le cas oi les solitons sont non-symétriques *

Theorem 0.2.9 (Deux familles d’ondes multi-solitaires logarithmiques, [31]). Soit
O<w<l
) Il existe une solution globale H' de (coupled NLS) qui se décompose en deux ondes solitaires
H( u(t) ) _ (Q( — Llog(t) — ilog(logt)))
t Q(. + 5 log(t) + 3 log(logt))

La distance entre les deux ondes solitaires est logt + 1 log(logt) + log(€2) + o(1).

=0l

— 0 quand ¢ — 4o00. (0.2.10)
HlxH!

(ii) On suppose :
1
w < % < 1.

1l existe une solution globale H' de (coupled NLS) qui se décompose en deux ondes solitaires
d’amplitude ¢ et 1 respectivement

ic%t _
||(u(t) _(e Qc(- — e log(Qe t))> 50 quand f— +oo, (0.2.11)
HlxH!

e"Q(. + #clog(Q t))

La distance entre les deux ondes solitaires est 1 log¢ + % + o(1).

A notre connaissance, la deuxiéme partie donne le premier exemple d’une telle dynamique pour
des ondes multi-solitaires (distance relative logarithmique sans symétrie). Le nouveau compor-
tement logarithmique pour le cas non-symétrique provient de la propriété de non-intégrabilité
pour les interactions entre ondes solitaires. Il y a une résonance non-linéaire qui détruit le ré-
gime libre des solitons et les force a se séparer et & créer la dynamique(0.2.11). Cette situation
différe des équations intégrables ot les solutions périodiques existent (le comportement (c)).
Les termes de forcage apparaissent a [’ordre quadratique des interactions non-linéaires. Remar-
quons que les deux régimes logarithmiques (dans le cas symétrique et le cas non-symétrique)
sont différents.

La question du cas non-symétrique pour ’équation (NLS) scalaire non-intégrable est en-
core un probléme ouvert. En fait, notre construction de la solution approchée fonctionne aussi
bien pour (NLS) que pour (coupled NLS). Nous obtenons aussi une résonance non-linéaire et
formellement, les deux solitons se séparent pour former un régime "logarithmique avec
oscillations". Néanmoins, les lois de conservation sont moins favorables et il nous manque des
arguments pour terminer la méthode d’énergie.

4yoir le résumé des comportements possibles pour 2-solitons de léquation (NLS) intégrable dans la section
précédente pour une comparaison.
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Chapter 1

Introduction (English verions)

1.1 General context

The aim of this thesis is to study the asymptotic dynamics for multi-solitary wave solu-
tions (also called solitons) of some non-linear dispersive equations.

By nonlinear dispersive equations, we mean equations which combine a linear equation
with dispersive behavior (any solution decays uniformly in time) and a suitable non-linearity,
typically, of the following form:

w = Lu+ F(u, Du, ...)

where u(t, r) is real or complex valued, and ¢t € R,z € R% The linear operator L is assumed
anti-adjoint, that is
F(Lu)(§) = ip(§)Fu(§),  p(§) €R

here F is the Fourier transform and DZp(&) # 0 for all £ # 0.

Example of nonlinear dispersive equations are nonlinear Schrédinger equation, Korteweg-de
Vries equation, Benjamin-Ono equation, BBM equation, KP-I, KP-II equations.

Before stating the main results of the thesis, let us briefly present some aspect of the theory
of solitons for nonlinear dispersive equations.

1.1.1 Preliminary

Let us consider one of the most typical dispersive equations, the nonlinear Schrodinger
equation (NLS) in R¢:
10 + Au A+ |ulPru =0 (NLS)

where A is the Laplacian in the d space variables, the non-linearity p > 1 and with initial data
u(0,7) = uy, wup € H' : R* — C.

Local existence in time for solution of (NLS) is well-studied. In this thesis, we mainly use
the following local existence and uniqueness results:

Proposition 1.1.1 (Local wellposedness in H!, Ginibre and Velo [16], see also [3]). Let

. +ooifd=1,2
2"=9 9 .

For 1 < p < 2*—1 and ug € H'(R?), there exist a maximal lifespan T' = T(||ugl|z1) > 0 and a
unique solution u(t) € C([0,T); H') of (NLS).
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Moreover, we have the following blow-up criterion: either 7' = +o0, solution u(t) is global
in time; or T' < +o00 and then the solution blows up in finite time

lim [u(t)[[ = +o0.

From direct computations, the equation (NLS) admits the following group of symmetry:

e Phase: for v € R, if u(t,z) is a solution of (NLS), then w(t,z) = wu(t,z)e” is also a
solution.

e Scaling: for A > 0, if u(t, x) is a solution of (NLS), then w(t,z) = )\%u()\zt, Az) is also
a solution.

e Translation: for zy € R% ¢y € R, if u(t,z) is a solution of (NLS), then w(t,z) = u(t —
to,x — o) is also a solution.

e Galilean: for 8 € R, if u(t, ) is a solution of (NLS), then w(t,r) = u(t,z — 5t)€i§(x—§t)
is also a solution.

Another property of the equation (NLS) is that these symmetries induce some natural
Hamiltonian structures: we have the following conservation laws

T M (u(t)) = /R Jult, 2)[*de = M (uo) (1.1.2)
e Energy :
E(u(t)) = % | IVu(t,2)Pd - Iﬁ /R lu(t, )P dz = E(uq) (1.1.3)
e Momentum:
J(() = T | Gult,z)alt, o)z = J(w) (1.1.4)

Denote wuy(t,x) = /\P%lu()?t, Az) the scaling symmetry of the flow. The critical space is
a fundamental phenomenological number for the analysis and is defined as the number of
derivatives in L? which are left invariant by the scaling symmetry:
d 2

free fOr 50 = = — ——.

t

irse = [[ua(t, )|

Observe that s. < 1 in Proposition 1.1.1.
o If 5. <0 (or equivalently 1 < p <1+ 3), the equation (NLS) is called L? subcritical.
o If 5. =0 (or p=1+ %), the equation (NLS) is called L? critical.
o If 5. >0 (or p> 1+ %), the equation (NLS) is called L? supercritical.

A direct consequence of the Cauchy theory, the conservation laws and the following Gagliardo-
Nirenberg inequality

dip—1
[ fllzrr < Coll Fl27IVFIF2 with o= % (Gagliardo-Nirenberg)

is the following global existence result, see [10].
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Proposition 1.1.5 (Global wellposedness in the subcritical case). Let d > 1 and 1 < p < 1+§,
then all solutions to (NLS) are global and bounded in H*.

By another quantity called the virial [p, |z|*|u(t, 2)|*dz and the following identity involving
its second derivative

d2

a2 /Rd |z|?|u(t, 2)|*dz = 16 E(ug) — 4ld(p—1) — 4]

),
p

one proves the existence of finite blow-up solutions in the critical and supercritical case, see

[3, 40].

Proposition 1.1.6 (Virial blow up for E(ug) < 0). Let 1+ 2 <p < 2*—1land yp € ¥ =
H' N L?(|x]*dx) with E(ug) < 0. Then the corresponding solution to (NLS) blows up in finite
time 0 < T' < 4-o00.

In the case d = 1 and p = 3, one obtains 1D cubic (NLS)
104U + Uy + |u|?u = 0, (t,z) e RxR.

The equation 1D cubic (NLS) is completely integrable, which means that there exists a pair of
Lax (see |9, 14, 23, 19]). This case has been studied extensively using the method of inverse
scattering. In particularly, 1D cubic (NLS) equation enjoys infinite many conservation laws,
the purely elastic collision of solitons and the decomposition into solitons. In other case, the
equation (NLS) is not known to be integrable.

Another example of nonlinear dispersive equations that we study in this thesis is the gen-
eralized Korteweg-de Vries equation (gKdV):

Ou+ 0,(Pu+u?) =0, t,xeR. (gKdV)

where p > 1 is an integer. The equation is completely integrable in the quadratic case p = 2
and cubic case p = 3.
We also study the coupled system of cubic Schrodinger equations:

9 A 2 )y =0
{Z hu+ Au+ (Jul® + wlvf*) u teRzeR (coupled NLS)

10 + Av + (Jo> + wlu?)v =0

for a parameter 0 < w < 1. Remark that in the case w = 1, the (coupled NLS) system is called
the integrable Manakov system (see |25, 17])

10+ Au~+ (Jul? + [v]>)u =0
10w + Av + (Jvf> + |[u*)v = 0.

1.1.2 The solitary wave

A fundamental feature of (NLS) is the existence of space localized time periodic solutions,
called solitary waves or solitons. Indeed,

u(t, z) = ¢(x)e”
is an H' solution to (NLS) if and only if ¢ solves the nonlinear elliptic equation:

Ap— ¢+ o 1o =0, ¢ € H'(R?). (soliton eq.)
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There are various ways to construct solutions to (soliton eq.), the simplest one being to look
for radial solutions via a shooting method [I]. Remark that the theory of linear dispersive
predicts that waves of linear Schrodinger equation should spread out and disperse over time
[13]. Therefore, the existence of such solution is a fine balance between the dispersion induced
by the Laplacian part and the concentration created by the nonlinear part of the equation
(NLS). An important rigidity property of (soliton eq.) is the uniqueness of the nonnegative
solution.

Proposition 1.1.7 (Uniqueness of the ground state, Kwong [22]). All solutions to
Ap—o+ oo =0, decH (R,  ox)>0

are a translation of an exponentially decay radial profile Q(z) = ¢(|z|) which is the unique
nonnegative radial solution of (soliton eq.). @ is the so called ground state solution.

The ground state ) has an explicit form in one dimension

B p+1
Q) = (2 cosh? (p;lx)>

2

and an exponential decay in all dimensions: for some constant cg > 0

q(r) — CQT_%e_T’ + ‘q'(r) + CQT’_%G_T‘ < 9l
From [11], the ground state @ is related to the best constant of the (Gagliardo-Nirenberg)
inequality. More precisely, ) is the unique minimizer of the inequality and the optimal constant
is given by

Cp =J(Q) = feglll,rfl#oJ(f)

where for all f € H', f #0

[ o A A (¥
[T bl

J(f) =

Denote Qy(x) = )\p%lQ(/\x), from the symmetries of (NLS), there is a (2d + 2) parameters
family of solitons:

u(t, ) = Qxy (x — 0y — Pot)e 0 TP =30 (1.1.8)

with scaling Ay € R, position oy € R?, phase 7, € R and speed 3, € R?.

Once the existence of solitary wave solutions is established, we would like to study their
stability by perturbation of the initial data in the energy space. We observe that the solitary
wave has two trivial instabilities: scaling instability ! and Galilean instability 2. A natural
question is that whether these trivial instabilities are the only ones or not.

Definition 1.1.9 (Orbital stability). We say that a solitary wave solution (1.1.8) is orbitally
stable if for all € > 0, there exists § > 0 such that if

[1400) = @rg(r = )it 22

then for all t € R, there exist o(t),(t) such that the solution u(t) of (NLS) satisfies

<4

e Y

Hl

< e.

Bo

[t ) = Qul = s+ 2|

LY\ > 0, the solution to (NLS) with initial data ug(z) = AT Q(Az) is u(t, z) = A7-1 Q(\x)e*"t
2V > 0, the solution to (NLS) with initial data ug(x) = Q(x)e is u(t,z) = Q(z — Bt)e“+%(’”_gt).
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Using the concentration-compactness method, Cazenave and Lions 1] proved that these
solitary waves are stable when 1 <p <1+ %, i.e. when the nonlinearity is L? subcritical. By
a different approach based on the expansion of the conservation laws around the solitary wave,
Weinstein [15] proved the orbital stability of a solitary wave solution under the nondegeneracy

condition p
Y / Q3 (v)dx >0
A=Xo

which holds in the subcritical case. Conversely, it is known from the work of Grillakis, Shatah

and Strauss |17, 18] that if
d
o\ / Q3 (v)dx <0
A=o

which holds in the supercritical case (1 —1—%1 <p<2F— 1), then the solitary wave solution
is unstable. Note that the instability phenomenon is quite different in the critical case (linear
instability and the unstable direction is related to the scaling parameter) and in the supercritical
case (exponential instability).

For the critical case (p =1+ %), the pseudo conformal transform

1 -1 z\ =2
v(t,r) = —Fu e (conformal transform)
applied to the solitary wave solution u(t,z) = Q(x)e gives an explicit blow-up element:

Sl = I\éQ(|tl) LSz = 11QU s (1.1.10)

with blow-up rate (called conformal blow-up rate)

IVS(t)|lz ~ % as t—0".
S(t,x) is also the unique (up to invariances) blow-up solution with the mass ||ug|| 2 = [|@]| L2,
see [33]. Tt is called the minimal mass blow-up because under this mass, ||ugl|rz < ||@]| 2, all
solutions are global and even scatters, i.e. there exist v*(¢,x) solutions of the linear equation
such that
lu(t) = v* (@)l — 0

as t — £oo, see [10, 21].

Besides the minimal mass blow-up solution, there also exist other blow-up solutions with
conformal blow-up rate (see [2]). For the case of mass slightly above the threshold (and with
negative energy), i.e

||QHL2 < HU()HLZ < ”QHL2 + «p, 0< K 17 (].11].)
Merle and Raphaél |34, 35, 11] proved the existence and stability of a blow-up dynamics with
log-log blow-up rate:
log | log(T — )|
IVu(t)||zz ~ ¢ T3 as t—T. (1.1.12)

Then, [11] also showed that under (1.1.11), there is a gap on the blow-up rate: either the
solution blows up in the log-log regime (1.1.12), or it blows up faster than the conformal rate

1

IVu®lle: 2 77— (1.1.13)
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Similarly to (NLS), (gKdV) also admits a family of solitary wave solutions with two param-
eters, of the form

RU(WCU = Qvo (l‘ — Zo — U0t>

where @, = Up%lQ(\/Ex) and @ is the ground state of (soliton eq.) in dimension 1.
We also note that when v = 0 (or u = 0), the (coupled NLS) is simplified as 1D cubic
(NLS). Thus, we deduce some special solutions of (coupled NLS) defined as follows:

(u) B (eiwu-&-i)\it-&-iﬁ;(a:—BQ“t)QA“<x o — @J))
v) 0

and

N 0
v) ez‘vru+z‘k%t+iﬁ7”(f"’_%vt)@xu (z =0y = But)

for any A\; > 0,04, 6,7 € R (j = u,v).

1.1.3 Multi-solitary wave

A multi-solitary wave, also called multi-soliton, is a solution behaving in large time as
several solitons. For example, consider K > 2 and for k € {1,..., K}, let A\, > 0,8, € R%, 0}, €
R? and 7, € R. Define the k-th soliton

Ri(t,2) = Qx, (z — op(t))eTxb)

with ] ]
ok(t) = o) + Prt, [y(t,x) = 5(@{ -T) — Z‘ﬂk’% + At + k.

Note that because of the non-linearity, the sum

is not a solution of (NLS). However, we may expect existence of a solution of (NLS) which
behaves asymptotically as

|lu(t) — R(t)||z;r — 0 as ¢ — +o0.

Multi-solitons were first constructed for the integrable 1D cubic (NLS) (d = 1 and p = 3),
[19]: in that case, by the scattering inverse method, there is an explicit formula of multi-
solitons, and one observes by inspection that these solutions decouple into a sum of solitons
both as t — 400 and as ¢ — —oo (collisions are elastic). Recently, the asymptotic stability
of such objects for the integrable case was shown in some weighted space [8]. Moreover, one
can observe that besides weak interactions (roughly speaking, means that the trajectories of
the solitary waves are not affected asymptotically by the interaction of solitons, i.e. o(t) has
the same form as for a single soliton), there are cases of strong interaction where the distance
between solitons is of order logt or a finite distance with periodic behavior, i.e. the form of
oi(t) is affected by the interaction between solitons.

The multi-soliton behavior is fundamental in view of the soliton resolution conjecture.
This (rather vaguely defined) conjecture * says that generic solution should decompose
for large time into a sum of rigid nonlinear objects (typically solitons) and a purely

3The conjecture is also supported by extensive numerical works [9, 15, 24, 48].
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dispersive term. By the inverse scattering method, the soliton decomposition was obtained
in the setting of integrable equation (1D cubic (NLS), quadratic and cubic (KdV)). In the non-
integrable setting, recently, in the notable series of papers [11, 12, 13], results of decomposition
into solitons were proved for energy critical wave equation, in particular the 3D case with radial
data. However, the conjecture still remains widely open in general.

Returning to (NLS), for non-integrable setting, we recall the following existence result of
multi-solitons with decoupling conditions (and limited to one direction of time).

. - d+2
Theorem 1.1.14 (Existence of (NLS) multi-solitary waves, [7, 27, 33]). Let 1 < p < 5.

Consider K > 1, for k € {1,..., K}, let A\, > 0,8, € R? 0}, € R? and v, € R. Assume that the
velocities are decoupled, for any k # k', 51, # Br. Denote

. 1 1
Rk(t,l') = Q,\k(l’ — 6}&5 — O'k)elrk(t’x) and Fk(t, .%’) = 5(51@ . l’) — Z’ﬁk‘zt + )\kt + Yk -

Then, there exists Ty > 0,x > 0 and an H' solution u(t) of (NLS) such that for all ¢ > Ty,

K

u(t,z) = > Ry(t,x)

k=1

—rlt]
Se

H1

Because of the decoupling conditions, the solitons have two-by-two different velocities so
the interaction between them decays exponentially in time. The critical case p = 1 + % was
in fact the first setting of non-integrable case where such multi-solitons were constructed by
Merle [33]. Moreover, by the pseudo-conformal transform (conformal transform), this result
also constructed solutions where blow-up simultaneously occurs at K distinct points. The
subcritical case 1 < p < 1+ % was treated by Martel and Merle [27], following the result by
Martel [26] on (gKdV). The supercritical case was done by Cote, Martel and Merle [7], then
Combet [6] constructed an K-parameter family of K-solitons in this case.

Note that all above theorems in the non-integrable case say nothing about the behavior
of the solution as ¢ — —oo. In constrast with the integrable case, for non-intergable case,
multi-solitons for ¢ — +o00 are expected to have different behavior for ¢ — —oo (not again
pure multi-soliton) as the interaction between solitary waves would be, in general, inelastic (see
[28, 39]). The stability of the multi-soliton structure was studied in the subcritical case in [30].
Similar results for other nonlinear models with solitary wave: (gKdV) [5, 7, 29], coupled (NLS)
[19], for example.

Concerning strong interactions (that means, the interactions indeed affect the trajectory
of solitons), one of the first intrusion into the study of strongly interacting multi-solitons for
(NLS) is the work of Martel and Raphaél [32] where they constructed a first example of global
solutions blowing up in infinite time:

Theorem 1.1.15 (Infinite time strongly interacting blow-up [32]). For the 2D cubic (NLS),
there exists a global solution u(¢) on [0, +00) which decomposes into a sum of solitary waves:
as t — 400

1+o0(1)

?

AN L mld)
ult) — e “;W( 0 )

k=1

Hl

where z(t) converges to the vertices of a K-sided regular polygon and the solution blows up
in infinite time with the rate

|Vu(t)||zz ~ |logt|, as t — 4o0.

Using the (conformal transform), we obtain the following finite time blow-up:
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Theorem 1.1.16 (Finite time blow-up collision [32]). Let u(t) be given in Theorem 1.1.15 and
let v € C((—00,0), %) be the pseudo conformal transform of u(¢). Then v(¢) blows up at T'= 0
with

log |{|

IVo(@)llze ~ K2[[V@Qll2 | —

\ (0P = KI|Q|sam0 a5 t - 0.

This is also the first example of a blow-up solution whose blow-up rate s faster than the
conformal blow-up rate.

1.2 Main results

From the previous section, we have the following observations:
¢ First, we see that in the integrable case d = 1 and p = 3, by using the inverse scattering
theory, there are three types of 2-solitons for (1D cubic (NLS)):

(a) Two solitons with different velocities: as t — +o00, the distance between the solitons is of
order ¢, [19].

(b) Double pole solutions: the two solitons are symmetric (in particular, they have same
amplitude) and their distance is logarithmic in ¢, [38, 19].

(c) Periodic 2-solitons: the two solitons have different amplitudes and their distance is a
periodic function of time, [17, 19].

Note that (a) corresponds to a free Galilean motion, while (b) and (¢) correspond to a non free
Galilean motion, which means that the specific behaviors of the solitons are due to nonlinear
interactions, and do not exist for a single soliton.

¢ Second, for non-integrable case, the study of multi-solitons is mostly limited to situations
where there is a strong decoupling between the solitons (weak interactions) as in Theorem
1.1.14.

We raise the question of other possible behaviors of multi-solitons. In particular, we ask
whether the above non generic dynamics (b), (¢) of the integrable case persist for non-integrable
models. The work in this thesis is oriented to the identification of some new cases where
the interactions between traveling waves indeed affect their trajectories (multi-soliton with
strong interaction). The results are splited into three parts:

The first part shows that the dynamics logarithmic distance with symmetric (the
behavior (b)) is a universal behavior in both subcritical and supercitical case (in all dimension
d > 1) for (NLS). This regime corresponds to strong attractive interactions. In the integrable
case (d = 1 and p = 3), the existence of such behaviors is known by inverse scattering, |38, 19].
The mass critical case p = 1+ 3 exhibits a specific behavior related to blow-up, studied in [32].

In the second part, we extend the result of logarithmic multi-solitons to the (gKdV) equa-
tion. For the (gKdV) equation, there are several technical additionnal difficulties: the natural
ansatz for the 2-soliton is not in the energy space and thus it has to be modified. For sub-critical
1 < p < b, it was known that opposite sign traveling waves are attractive. For super-critical
p > 5, we derive from our computations that same sign traveling waves are attractive.

The goal of the third part is, first, to show the persistence of the behavior (b) for the
non-integrable (coupled NLS) in presence of symmetry, similarly as in the articles [32, 30] for
(NLS). Second, and more importantly, we investigate the question of the (non-)persistence of
the behavior (¢). Actually, we exhibit a new logarithmic regime corresponding to non-symmetric
2-solitons with logarithmic distance which replaces the behavior (c¢) of the nonintegrable case.
At the formal level, the system of parameters of the 2-solitons is not anymore integrable and
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periodic solutions disappear. A new logarithmic regime (see (ii) of Theorem 1.2.9) then takes
place, which does not exist in the integrable case w = 0 or w = 1.
The results mentioned above are based on the following works:

e T. V. Nguyen. Existence of multi-solitary waves with logarithmic relative distances for
the NLS equations. C. R. Acad. Sci. Paris, Ser. 1357 (2019) 13-58.

e T. V. Nguyen. Strongly interacting multi-solitons with logarithmic relative distance for
the gKdV equation. Nonlinearity, 30(12):4614, 2017.

e Y. Martel and T. V. Nguyen. Construction of 2-solitons with logarithmic distance for the
one-dimensional cubic Schrédinger system. Preprint

1.2.1 Existence of multi-solitary waves with logarithmic relative dis-
tances for the NLS equations.

In this part, we address the extension of the logarithmic dynamics (b) to the non-integrable
(NLS). We prove the following general existence result:

Theorem 1.2.1 (Multi-solitary waves with logarithmic distance, [36]). Let d > 1. Let

d+2 4
1<p<d——t2(p>1ford:1,2) and p#l—i—a.

There exists an H' solution of (NLS) such that |z;(t) — 22(¢)| ~ 2logt as t — +oo and

— 0.
H1(R%)

u(t) =Y Q. — z(1))
k=1

It is important that the two solitons have the same sign, the same scaling and the same phase,
in fact, the solution is symmetric. Remark that this situation is similar to multi-solitons
constructed in [38, 49| for the integrable case.

The logarithmic distance is due to strong interactions between solitary waves since the
interactions appear at the main order of the modulation equations. Indeed, the dynamics in
Theorem 1.2.1 is related in some sense to the simple differential equation 3 = —e %), where
z(t) is the distance between the solitons, and for which 2logt is a special solution.

The result holds for any space dimension and any H' sub-critical nonlinearity, except the
mass critical power p = 1 + %. Technically, the case 1 < p < 2 is more involved because the
L norm of the interaction is worse (~ s~ so we can only integrate once), which requires the
construction of an refined ansatz.

For the critical case (p = 1 + é), the existence of multi-solitons with logarithmic distances
is not expected. Indeed, for such solutions, one would have

[ lalutt,)Pde ~ tog?(t)

which is in contradiction with the virial identity
d’ 20,12

— x|*|ul® = 16 E(ug).
% [ Pl =16 (u)

In this case, the scaling instability directions are excited by the nonlinear interactions first which
leads to the infinite time concentration described in Theorem 1.1.15 ([32]) while on subcritical
and supercritical case, the interactions primarily affect the velocity parameter.
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The proof is based on the construction of an approximate solution of (NLS) composed of
two symmetric modulated solitons moving in opposite direction plus a small correction term:

eiv(s) ‘ ‘ T
uw(t,z) = =20 — 2 (s e2()=2) (. — 2 (s e(s —
) = 13| Q- — () + Q=6 + 6| (575
with - . .
s = /0 )\2—(7_)d7', v1(8) = —v9(s) = 51}(3), 21(8) = —22(s) = 52(3)

We follow the standard modulation argument for solution which was developed in |27, 35, 12]
for (NLS) equation. Using the orthogonality conditions related to the generalized null space
of the linearized equation, we derive a simplified modulation system with forcing term and we
determine one of its approximate solutions that is relevant for the regime. Formally, we have
the following estimates

A

<z~ F e 1.2.2
3 Slem e (1.2.2)

+ '—21}—}—%2

Especially, the equation for v contains forcing terms due to the nonlinear interaction of the

solitons:
U cﬁ\z!d;ed S |zl’%’le"z| (1.2.3)
z

for some constant ¢ > 0. It can be checked that closed to real functions zp,ed(s), Amoa(s),
Umod(s) such that

d-1 52

A;lid(s) = 17 Umod(s) = 5_17 mee_'z"wd = T (124)

there exists a particular solution of (1.2.2)-(1.2.3). We have the asymptotics as s — +00

() ~ 2108(s),  aals) = —czpd (s)e )

(1.2.5)
|Zmod(8) = 2Umoa(s)| S s log_l(s), [Vmoa(s)] S s

This suggests that (1.2.4) is close to the first order asymptotics as s — 400 for some solutions
of (NLS) and matches the regime of Theorem 1.2.1.

1.2.2 Strongly interacting multi-solitons with logarithmic relative dis-
tance for the gKdV equation.

We also proved the existence of strongly interacting multi-solitons with logarithmic relative
distance for
Opu + 0, (0%u + |ulP~'u) = 0, t,z € R. (1.2.6)

Theorem 1.2.7 (Multi-solitary waves with logarithmic distance, [37]). Let p integer, p # 5
and p > 2. There exist ty > 0 and an H' solution on [ty, +00) of (1.2.6) which decomposes
asymptotically into two solitary waves

—0 as t — 400, (1.2.8)
H1

u(t) — (Q( —t—log(ct)) + oQ(- —t + log(ct)))

where ¢ = ¢(p) > 0 a constant, 0 = —1 in sub-critical cases (2 < p < 5) and ¢ = 1 in
super-critical cases (p > 5).
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The negative sign in the subcritical case (p < 5) means that in this case the interaction of
solitons is repulsive while the positive sign in the supercritical case (p > 5) means that in this
case the interaction is attractive. Remark that the relative distance of the two traveling waves
is 2log(ct) with ¢ given by

8(p—1)

2+ 2)77 Q|7

c=c(p) =

In [20], it was later proved that this is the unique regime of logarithmic relative distance for
this scaling in the unstable context (p > 5).

Because of the structure of the null space of the linearized equation, the equation for the
position parameter z;(t), z2(t) is not quadratic in the error term €(t). Therefore, a refined part
of the approximate solution corresponding to the nonlinear interaction is used to close the
bootstrap

e*® (A1 = 21(t)) + Ao(- — 22(t))) @

where ¢ is some cut-off function. Indeed without this term, one would obtain the remainder
term of size t =2 and € of size !, which is not sharp enough to exploit the modulation equations.
Since the extra term A;, A; may not be in H' (it may have nonzero limits at —oo), we have to
introduce a suitable cut-off function .

1.2.3 Construction of 2-solitons with logarithmic distance for the one-
dimensional cubic Schrodinger system.

Consider the coupled system of 1D cubic NLS equations written in the form

iOu + Oru+ (|u]* + wlv]*) u=10
i+ 02+ (v +wluf)v=0, teRzeR (coupled NLS)

u(0,2) = ug, v(0,x) = vy.
Note that when v = 0 (or u = 0), the (coupled NLS) simplifies as (NLS)
i0pu + Au + |ul?u = 0.

Therefore, (coupled NLS) admits some special solutions of the form:

(u> N (ewu—‘rw\it—‘riﬁzu(w_%ut)Q)\u(I — Oy — But)>
v) 0

and

w\ 0
vl 6171;+i>\%t+i67v(z_%t)@)\v (l’ — Oy — ﬁvt)

for any \; > 0,05, 08,7 € R, (j = u,v). We construct a logarithmic 2-solitary waves in
the symmetric case, i.e., u(t,z) = v(t,—z) and then a new logarithmic dynamics of
2-solitary waves in the case where the solitons are non-symmetric *

Theorem 1.2.9 (Two families of logarithmic multi-solitary waves, [31]). Let

O<wxl

4see the summary on possible 2-soliton behaviors of integrable (NLS) equation in the previous section for a
comparison.
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(i) There exists a symmetric global H! solution of (coupled NLS) which decomposes into two
solitary waves

(160 =0 (5 T diozon - Tieetee)

The distance between two solitary waves is logt + 3 log(logt) + log(€2) + o(1).
(ii) Let

=0l

—0 as t— +oo. (1.2.10)
H'xH?!

1
w<@<l7

there exists a global H' solution of (coupled NLS) which decomposes into two solitary waves
of scaling ¢ and 1 respectively

(u(t)) (€l — iy log(et))
v(t) e"Q(. + 1 log(Qet))

The distance between two solitary waves is %logt + @ +o(1).

—0 as t— +oo. (1.2.11)
HlxH!

To our knowledge, the second part gives the first example of such dynamics for multi-solitary
waves (logarithmic relative distance without symmetry). This new logarithmic behavior for non-
symmetric case exists due to the non-integrability property of the interactions between solitary
waves. There is a nonlinear resonance which breaks the free regime of the solitons and forces
them to separate and to create the dynamics (1.2.11). This is in contrast with the integrable
equations where periodic solutions exist (the behavior (¢)). The forcing terms appear at the
quadratic order of the nonlinear interactions. Remark that the two logarithmic regimes (in the
symmetric case and non-symmetric case) are slightly different.

The question of the non-symmetric case for the non-integrable scalar (NLS) is still an open
problem. In fact, our construction of the approximate solution works equally well for (NLS)
as for (coupled NLS). We also obtain the nonlinear resonance and formally, the two solitons
separate to form a regime "logarithmic with an oscillation". However, conservation laws
are less favorable and we miss some arguments to close the energy method.
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Chapter 2

Existence of multi-solitary waves with
logarithmic relative distances for the NLS
equation

Abstract
We construct 2-solitary wave solutions with logarithmic distance of the nonlinear Schrodinger
equation
i@tu+Au+|u|p_1u:0 teR, z €RY

in mass sub-critical cases 1 < p < 1+ 3 2 and mass super-critical cases 1 —|— <p< d*g, ie.

solutions wu(t) satisfying
2
() Z Q(. — zy,(t
k=1

—0

Hl
and
|x1(t) — zo(t)| ~ 2logt, as t — +oo,

where () is the ground state. The logarithmic distance is related to strong interactions between
solitary waves.

In the integrable case (d = 1 and p = 3), the existence of such solutions is known by inverse
scattering, [19, 33]. The mass critical case p = 1 + % exhibits a specific behavior related to
blow-up, previously studied in [24].
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2.1 Introduction

We consider the nonlinear Schrédinger equation in RY, for any d > 1:

i0u = —Au — |ulP~lu, (t,z) €[0,T) x R? (NLS)
uw(0,7) = uy, wup € H' : R* — C.
It is well-known (see e.g. |2], [10]) that the (NLS) equation is locally well-posed in H*(R?) for

1<p<®2(p>1ifd=1,2): for any ug € H'(R?), there exist 7* > 0 and a unique maximal

solution u € C([0,T*), H'(R?)) of (NLS). Moreover, the following blow up criterion holds

T* < 400 implies tl%jrg} |Vu(t)| 2 = +o0. (2.1.1)

Recall that the solution u satisfies the following three conservation laws:

o Mass :
/Rd lu(t, z)Pdx = /Rd g (2)? (2.1.2)
e Lnergy :
E(u(t)) = % » |Vu(t,z)|* - ]ﬁ /Rd lu(t, z) [P dr = E(ug) (2.1.3)
e Momentum:
M(u(t)) = Im g Vu(t,x)u(t, z)dr = M (up) (2.1.4)

for all t € [0,7*). Recall also that (NLS) admits the following symmetries: the transformation
of initial data implies the corresponding transformation of solution:

_Scaling: A > 0, \o-Tug(Az) > A7 Tu(A2, AT);

- Space translation: zg € RY ug(z + z¢) — u(t,  + x0);

- Time translation: ¢y € R, w, (x) — u(t + o, z);

- Space rotation: A € SO(d),ug(A - zo) — u(t, A - xp);

- Phase: 7 € R, ug(x)e” — u(t, z)e;

- Galilean: 3 € R4, ug(z)e® s u(t, x — ﬁt)eiﬁ(z_gt).
As a consequence of (2.1.2), (2.1.3) and the Gagliardo-Nirenberg inequality, all solutions of
(NLS) are global in the L? sub-critical case (1 < p < 1+ %). In contrast, blow-up solutions
exist in the L? critical case (p = 1+ 3) and the L? super-critical case (1 + 5 < p < “2). See
e.g. |2].
This article is concerned with the construction of special solutions of (NLS) involving solitary
wave solutions (or solitons). We recall the expression of the (standing) solitary waves

. 2
ult,z) = e™Qy, (z)  with  Qxy(z) = A~ Qo)
where Ao > 0 and @ is the ground state, i.e. the unique radial positive solution of
AQ—-Q+Q@Q" =0, Q>0, QcH'(RY. (2.1.5)

The whole family of ground state solitary waves is obtained using the above symmetries. For
more properties of @, see for example [2] and [28]. Recall that in the L? sub-critical case, the
solitary waves are stable (|2, 31]) and in the L? critical and L? super-critical cases, the solitary
waves are unstable (|2, 12]).
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2.1.1 Motivation

So far, the problem of multi-solitary wave solutions for (NLS) has been studied intensively in
the integrable case, i.e. for d = 1 and p = 3, as well as for some nearly integrable models;
see |9, 11, 16, 19, 32, 33]. In particular, it is known from the inverse scattering theory that
there are three possible 2-soliton behaviors in the integrable case:

(a) relative distance between solitons of order ¢, [33];
(b) logarithmic relative distance with symmetric solitons (double-pole solutions), [19, 33];
(c) finite relative distance periodic in time, [32, 33].

Note that (a) corresponds to a free Galilean motion, while (b) and (¢) correspond to a non
free Galilean motion. Remarkably, these solutions admit a pure 2-soliton behavior both for
t — 400 and t — —oo. They describe perfectly elastic interactions between solitary waves in
the integrable case.

In the non-integrable cases, the problem is much less comprehended except for multi-solitary
waves with free Galilean motion (a), in one direction of time; see Remark 2.1.8 below for a
precise statement. In the present paper, we raise the question of other possible behaviors of
multi-solitons. In other words, we ask whether the above non generic dynamics (b), (c) of the
integrable case persist for non-integrable models. Previous works, see e.g. [3, 11, 10], study
formally the dynamics of interacting pulses for several integrable or non-integrable models, and
predict the persistence of the logarithmic regime. Indeed, the 2-soliton dynamics is related in
some sense to the simple differential equation 2(t) = —e=2*(*), where z(t) is half of the distance
between the solitons, and for which logt is a special solution. The main point of the present
work is to justify that 2-solitons with logarithmic relative distance is a universal behavior in
both sub-critical and super-critical (NLS) in presence of symmetry, thus proving rigorously the
persistence of the behavior (b) in the non-integrable case.

2.1.2 Main result

In this article, we prove the following general existence result.

[ (Multi-solitary waves with logarithmic distance). Let d > 1. Let

d+2 4
1<p<ﬁ (p>1ford=1,2) and p7é1+8.

There exists an H! solution u(t) of (NLS) on [0, +00) which decomposes asymptotically into
two solitary waves, for all ¢t > 0,

2

u(t) = 705" Q( — m(t)) < % (2.1.6)
k=1 H(R4)
where z1(t) = —z5(t) and
|1 (t) — 22(t)| = 2(1 + 0o(1)) logt, as t — +oo. (2.1.7)

The Main Theorem holds for any space dimension and any H' sub-critical nonlinearity,
except the mass critical power p = 1 + %. Indeed, the critical nonlinearity exhibits a different
phenomenon of strong interactions due to blow-up, previously studied in [24]; see Remark
2.1.10.

30



Note that the result should holds with a similar proof for any number K > 2 of solitons
located on a regular polygon of size logt. By scaling invariance, we can replace @ in (2.1.6)
by @, for any Ao > 0. We observe that in the result, solitons need to have the same sign, the
same scaling and the same phase; in fact, the solution is symmetric by 7 : x — —x. Moreover,
the solution is also symmetric by the reflection across the axis passing by the center of the two
solitons. Remark that the situation is the same with the multi-solitons constructed in [19, 33]
for the integrable case.

Remark 2.1.8. For the (NLS) equation, multiple solitary wave solutions with weak inter-
actions, i.e. relative distance between solitons of order t, have been constructed in various
settings, both in stable and unstable contexts, see in particular [1, 20, 25]. A typical result of
weakly interacting dynamics is the existence of multi-solitary wave solutions of (NLS) satisfying

as t — +oo,
K

u(t) — Z e THED QO (= i)

k=1

< 6—ct

~Y Y

H(RA)

¢>0, (2.1.9)

for any given set of parameters {vg, A\x 1. € R? x (0, 00) provided that the following decoupling
condition holds: vy # vy if k # K.

Remark 2.1.10. For the L? critical case (p = 1 + %), the existence of bounded multi-solitary
wave solutions with logarithmic distances as (2.1.6)—(2.1.7) is ruled out. Indeed, for such
solutions, one would have

/ [z [*u(t, z)|*dz ~ log*(t) (2.1.11)
R4
which is in contradiction with the virial identity

d2 2 2
E?@ﬁdW|ZWEw”

In fact, in the mass critical case, the scaling instability directions are excited by the nonlinear
interactions which leads to the infinite time concentration as shown by Theorem 1 in [24]:
for the L? critical two dimensional case, there exists a global (for ¢ > 0) solution u(t) that
decomposes asymptotically into a sum of solitary waves

s L ()
0= 2 3@ ( A0) )

1+ 0(1
0, A(t):% as t — +oo, (2.1.12)

H(RY)

where the translation parameters z(t) converge to the vertices of a K-sided regular polygon
and the solution blows up in infinite time with the rate

IVu(t)||zz ~ |logt| as t — +o0.

The regime justified in the present paper is thus different from the one in [24] since for the
critical case, the interactions primarily affect the scaling parameter to lead to blow-up. This
notable difference with the sub and super-critical cases shows that a formal approach may not
be sufficient to correctly address such subtle regimes.

We also refer to |14, 15, 17, 18, 22| for previous works on other nonlinear equations where
a refined analysis of interactions between solitons is a key point.

Remark 2.1.13. We expect solutions in Main Theorem to be unstable, even in L? sub-critical
cases, since generic perturbation can give collision or on the contrary weak interaction. Recall
that the appearance of the log regime is closely related to the equation

i(t) = —e~20)
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where logt is a solution with initial conditions z(1) = 0, 2(1) = 1. From the theory of
perturbation, for z(t) = logt + ev; + ... with initial conditions z(1) =€, 2(1) = 1, one has at
the linear level

= t—2, Ul(l) = 1, Ul(]_) = O,

whose solution is %tz + %% so we see that the logt solution is an unstable state as t — +o0.

Remark 2.1.14. We believe that our approach is general. In particular, the strategy of this
article can be applied to construct multi-solitary waves with logarithmic relative distance for
more general nonlinearity f(s)

i0wu + Au+ f(|ul>)u =0

where f(s) satisfies standard conditions for the existence of solitary waves (see [23]). Moreover,
combining the construction in this paper and the construction of multi-soliton solutions with
weak interactions in [1], [20], we prove the existence of multi-solitons, with both solitons distant
as C't and solitons distant as C'logt.

Remark 2.1.15. One can give a more precise asymptotic description of the distance (2.1.7)
between solitons

d—1

|1(t) — 22(t)| = 2logt — log(logt) — C + O(log™%(t)) as t — +oo

where C' > 0 a constant depending only on d and p (see (2.3.25)).

The article is organized as follows. Sections 2.2, 2.3 and 2.4 concern the proof of Main
Theorem in L? sub-critical cases with p > 2. In Section 2.2, we consider an approximate
solution (an ansatz solution) to (NLS) made of two symmetric bubbles and extract the formal
evolution system of the geometrical parameters of the bubbles (scaling, position, phase). The
key observation is that this system contains forcing terms due to the nonlinear interactions of
the waves, and has a special solution corresponding at the main order to the regime of Main
Theorem. Here, in contrast with free Galilean motion, the construction of a non free Galilean
motion as (2.1.7) requires a refined control of strong interactions between the solitary waves to
bound the error terms. In Section 2.3, we consider, using modulation, particular backwards
solutions of (NLS) related to the special regime of Main Theorem and prove backward uniform
estimates by energy method. In Section 2.4, we use compactness arguments on a suitable
sequence of such backwards solutions to finish the proof. Sections 2.5 deals with the case
1 < p < 2; in this case, there are some extra technical difficulties, even if the strategy of
the proof is similar: the interaction becomes stronger, we have to add extra terms in the
approximate solution and due to lost of regularity, we have to use some truncations. Finally,
the algebraic computations in the proof for L? sub-critical cases are still valid in L? super-critical
cases, Section 2.6 presents additional arguments and modifications needed for L? super-critical
cases.

2.1.3 Notation

The L? scalar product of two complex valued functions f, g € L?(R?) is denoted by

(rog) = te [ rotalas).
R
We denote by Q(x) := ¢(|z|) the unique radial positive ground state of (NLS):
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d—1
¢'+——q —q+¢" =0, ¢(0)=0, lim q(r)=0. (2.1.16)

r r—+00

It is well-known and easily checked by ODE arguments that for some constant cg > 0,

d—1 _d=1_4

for all r > 1, ‘q(r) - CQT_%G_T‘ + ‘q'(r) +eormze | ST e (2.1.17)

We set
Ig = /Q”(az)e‘“d:c, r = (x1,...,24q).

We denote by ) the set of smooth functions f such that
for all p € N, there exists ¢ € N, s.t. for all z € R% | fP) ()| < |o|%e” 1. (2.1.18)

Let A be the generator of L?-scaling corresponding to (NLS):
2
ANf=——f+2x-Vf.
p—1
The linearization of (NLS) around @) involves the following Schrédinger operators:
Ly :=—-A+1—-pQ" ", L =—-A+1-Q" "

From [30], recall the generalized null space relations in sub-critical and super-critical cases:

LQ=0, Li(AQ)=-20,
Li(VQ) =0, L_(2Q)=-2VQ.

We recall the coercivity property in L? sub-critical (see [20], [26], [30], [31]): there exists p > 0
such that for all n € H?,

(2.1.19)

1
(L+Ren, Ren) + (L_Imn, Imn) > ulln|p — m ((n, @) + [(n, 2Q) [ + (n,iAQ)?) . (2.1.20)

In L? super-critical (but H' sub-critical), we do not have the same situation since the negative
direction can not be controlled by the scaling parameter. We consider the operator

Ly =1L vy — L_vy with v=wv;+ tv,.
The spectrum o (L) of L satisfies
U(ﬁ) NR = {—60, O, 60}.

It is easy to see that i@, V@ are independent and belong to the kernel of £. In [1], [6], [7], [13],
it is proved that there exist two eigenfunctions Y= (normalized by |[Y*||;2 = 1) associated to
eigenvalues +eq

LYF) = tegV* (2.1.21)

and Y* = Y~ belong to Y, in other words, ReY*t, ImY™* € Y. Moreover, there holds a
property of positivity based on Y*: there exists p > 0 such that for all n € H',

(L+Ren, Ren) + (L_Imn, Imn) > plln|/7

- ((n,iY )2 + (n,iY ) + |[(n, 2Q)|* + (n,iAQ)?) . (2.1.22)

=
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2.2 Approximate solution for p > 2

2.2.1 System of modulation equations

Let p > 2. Consider a time dependent C' function of parameters ¢ of the form
7= (\27,0) € (0,+00) x R x R x RY,

with |v]| < 1 and |z| > 1. We renormalize the flow by considering

ei'}/(s) T
u(t,r) = ———w(s,y), dt=N\(s)ds, y=——, (2.2.1)
A1 (s) A(s)
so that
iy )\
i0u + Au+ [ul’ ™ u = ——— i+ Aw —w + [w T w - iThw+ (1 —4)w (2.2.2)
pas=

(1w denotes derivation with respect to s). We introduce the following ¢modulated ground state
solitary waves, for k € {1, 2},

Py(s,y) = 67Tk(svy_zk(5))@<y — z1(s)) = ewk(s)(y—zk(s))Q(y — 2(5)), (2.2.3)
where we set
v1(s) = —wa(s) = %v(s), 21(8) = —29(8) = %z(s), Tr(s,y) = vi(s) - v, (2.2.4)

Let
P(s,y) = P(y; (2(s),0(s))) = > Puls,v). (2.2.5)

Then, P is an approximate solution of the rescaled equation in the following sense.

Lemma 2.2.6 (Leading order approximate flow). Let the vectors of modulation equations be

% —iAV
L O, + 2 - —iVV
A= | I . My = . (2.2.7)
Y= 1+ Jol* = 3 (ve - 20) — (k- 2k) d
@k — %Uk —yV

Then the error Ep to the re-normalized flow (2.2.2) at P,

Ep =P+ AP —P +|PP'P — z’%AP +(1-4)P (2.2.8)
decomposes as
Ep = [Tty - MQI(y — 21(5)) + ["7iz - NMQI(y — 22(5)) + G (2.2.9)
where the interaction term G = |P|P7'P — |P|P7' P, — | P[P~ ! P, satisfies

Gl S lol= T e, ||VGim S |2 F e (2.2.10)
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Proof of Lemma 2.2.6. Firstly, we compute Ep, = iPk+APk—Pk+]Pk\p_lPk—z’%APk—i—(l—f'y)Pk.
Let y,, =y — 2, by computations

VP, =|VQ(y.,) + ika(yzk)} iUk Yz,
APk = AQ(yzk) + 2uvy, - VQ(QZk) - UI%Q<yzk>:| eivk.yzk

AP =] 25Q0) + 5 [VQ(0) + Q)] e

= AQ<ka) + g - ysz(yzk) + vy - ZkQ(yzk) + z - VQ(yzk):| ek Yz,

Therefore, we get

A » A
Ep, =| — ZXAQ(yzk) — (2, — 2up + ka) -VQ(y,)
. . ) A
= (= 1= G ol — o - 2 ) Q)
; )\ — [ S, Y—=z
= (0 = 03) ¥, QY=) + AQu=) — Qus) + Q) [T QY ) | €7,
Since AQ — Q + |Q|P~'Q = 0, we have
Ep, = [Ty, - MQ)(y — 24(s))- (2.2.11)
Returning to the error of renormalized flow, we obtain
2
Ep =Ep, +Ep, + PP'P =) PP (2.2.12)
k=1

Next, we estimate the interaction term G = |P|P7'P — |P|P~' P, — | B,[P~! P,. Clearly,
G S PP P + [Pl P
We observe that for z = z; — 25, by (2.1.17),
QWIRW = =) S (14T (L Jy = =) F e We M S o7 (2.2.13)

which yields

d
PP P S|P [ Be]| P P2 S Lo e Py 2,

Thus,
2
d—1
Gls,9)| S 1277 e Y QP2 (y — 2(s)) (2.2.14)
k=1
and since p > 2, we get
d—1
|G| < 2|~ 7 el (2.2.15)

Similarly, by (2.1.17) and as |v| < 1,

VG|~ S |27 F e,
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2.2.2 Nonlinear forcing

For the next parts of the article, we will need the first-order and the second-order approxima-
tions of F(u) = |u|P~'u where u = a + ib. We consider the expansion for |u| < 1

1 1
F(1+u):1+pa+ib—|—p(p2 )a2+p2 b2 + (p — 1)iab + O([ul") (2.2.16)

for any 2 < k£ < 3. From which, we can deduce formally

F'(P).e = p+1|P|p ! +—|P|p p2e (2.2.17)
and
EF,EP)'E = p; LapPP 1+ (p— 1IPPIPP* + (p— 1) (g —~ g) (Re (P))* P|P[P.
In the case p > 2, set
27 = min(3, ]%2)

Remark that 2% < 2* when p > 2 (where 2* = 2% is the critical exponent of the Sobolev
injection). Then, from (2.2.16), we have

F(P+¢)=F(P)+ F'(P).c+ O(le]") +O(‘% ) (2.2.18)
and ) -
F(P+¢)=FP)+ F'(P).e+ E'FT(P)'E + O(|e?) + O( % yP|p) (2.2.19)

(note that for || > 1 we have F(P +€) ~ F(e)).

Lemma 2.2.20 (Nonlinear interaction estimates). For |z| > 1, |v| < 1, let

H(z) =p{/ Q" 'y )VQ(y)Q(y+z)dy+/ Q" (y+2)VQ(y )Q(y)dy} (2.2.21)
yE>-t5 Y

RER N 1]
\z\ 2
Then the following estimates hold:
(G, e 02ENTQ(y — 21(5))) — H(2)| S (0P +[o?)]| T el o e 3F (2.2.22)
and
‘H(z) — Gl T e S o e (22.23)
z
where C), > 0.

Remark 2.2.24. The estimate (2.2.23) on the leading order of the core part H(z) of the
projection (G, [TV Q](y — z1(s))) is valid not only in the case p > 2 but also in the case
1<p<2

Proof of Lemma 2.2.20. step 1 Nonlinear interaction estimates. We prove the estimate (2.2.23)
and in this step we will have p > 1. Consider

Lzl
B

H(z) =p / Q" y + 2)VQW)Qy)dy + p / Q" () VQW)Qy + 2)dy.
v v
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Recall that

QW)Qy+2) S |27 e
QW)|VQy + 2)| < ||~ = e

then with p > 2, we have

/ L@+ )VRWIQ)dy| S et

ERE

and with 1 < p < 2, from the decay property of (), we have for § = pT

(BN [t

< o~ (=Dl

[ @ avamQu
vE<T2

p+3
4

Se

|2|
We claim that

‘/ e I )VQ(y)Q(y+Z)dy_cQ‘ZrdQle_lzl/Qp_l(y)VQ(y)e_y'?dy‘
Y

[ERames

(2.2.25)

ST e

Indeed, let 0 < § < 1 such that pf > 1. For |y| > 0|z|, we have:

‘/Iy|>e| QT W)Vl )Q(vaz)dy‘ <e POl

R

[ow+ z)dy\

—po|z|
<e :

d—1

For |y| < 0|z, as Q(x) = q(|z|) and |q(r) — CQT_%G_TI <Srm 2 le™, we have:

‘Q<y+z> —coly 27T e M Sy 2 e

<1 — 0|27 Ghelelelyl.

Thus we get:

‘/'yk@lz Q" (y)VQ)VQ(y + z)dy — CQ/Iy<e|z| QU y)VQ(y)ly + 2~ T e ol ay

_ 1zl NN 1]
ERe Yo 2

SIE

since [ QP (y)|VQ(y)|e?dy < +oo. On the other hand, |y| < 6]z| implies

\|y+z|-k e <
for any £ > 0 and
Y+ 2z z _
‘, < 12yl
y+z |7
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Moreover
z _
\|y+z|—|z|—y-m\s|z| e

then

elytal _ ol < |z~ 1|y|2 =l elyl

Thus we obtain that

d—1

A Pla e v <

S (1 [yl e e,

a1
’|y+z| T e

Therefore we have

‘/|y|<9z| QU (y)VQ)ly + 2|~ F el +lay
l21

U

_d=1 _, _ 2 _q_d=1 _,
~ ol e '/ oo P HVQEEV Fdy| S |7 e

z £
YT

Next we observe that

_d=1 oy, _ g2 .
2|7 e |/|y>9|z Q" (y)VQ(y)e " Fdy S e
Ed

VR R
and by (2.1.17)

/ " Q" M y)VQ(y)e ¥ Fdy 56—%\,4
vE<-g

which finish the proof of (2.2.25). Finally, in order to obtain (2.2.23) with C, = cglg, we use
integration by parts

p / @ WVQue iy = / Q" (y)e " Fidy

and remark from the parity of the integral that

/ Q*(y)e ¥ Fidy = / Q(y)edy = I,

step 2 Error bound. Recall the interaction term
G =[PP 'P— PP P — |RP R
From (2.2.16), we have the following estimates : if y - 777 > 0 then |Py| > | P

p+1

‘G——|P1|p Py — —|P P3PER| S|Py Py (2.2.26)
and if y - % < 0 then |Py| > [P}
p+1 1 32 2
G———|Bl"h - —\Pz\p PiP| S|P R (2.2.27)

38



We combine (2.2.26)—(2.2.27) to obtain, for all y,

[p+1

+1
‘G Il 1P2+—|P1|p 3P2P2] Ay gm0 = {P | PP~ Py

+—\P2\p 3P2P1} 1,. <0 S min(| P, | B?) max(|PP72, |PaP2). (2.2.28)

step 3 Projection estimates. Since min(|P;|?,|P|?) < |P2|%|P1|% and max(|Py[P~2, |Py|P~2) <
|P|P=2 + | P2|P~2, we have

/ Q- 2)IVQWIQ W) (Q () + Q" 2(y + 2))dy

3(d—1) 3(d—1)

Sz~ 6_3Zl/(Q”‘2(y)+Q”‘2(y+2))dy§ Bl

so we deduce from the error bound (2.2.28)

‘(G, [eiF1VQ](y —21(8))) — < {p—F L | P[P~ P+ —|P1|p 3P2P2} ']ly'ﬁw

3(d—1)

+1 ,
+ {p |P2|p 1P1 + _|P |p 3P2P1] ]ly~ﬁ<0a [ezrva](y _ 21(8))>‘ S |Z|_ 1 6_%‘2".
(2.2.29)

Using a change of variables, we have
(PP Poly. 20, [ VO (y — 2(5)))

—he / 12| Q' IVQY)Q(y — 22 + Zl)eiUQ’(y_Z2+21)—iv1~ydy
Y %>—i

- / Q" (Y)VQY)Q(y + 2) cos(va - (y + 2) — v1 - y)dy

with z(s) = z1(s) — 22(s). Note that
| cos(va - (y +2) — v -y) — 1 S o[ + [0yl
as the same method to prove (2.2.25), we get

PP Pady o Q=) - [

VT

oy )V@(y)@(yww\
< (Pl 4 o)l e . (2.2.30)

Similarly, for the other projections, we have

PP PP o P 9Q - o) — [

VT

S ([Pl + o)z~ 7 e (2.2.31)

oy >vc2<y>@<y+z>dy\

(PP PPty o P 9QU = 1)~ [

Lz
vE<—g

S (WPl + o)zl F el (2.2.32)

Qg+ )VQ(y )Q(y)dy‘
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and finally
(PP~ Prly = <o, [ VQI(y — 21(s)))

~ Re / @7 = 2(9)Q — ()T — = ()i

Y

Lzl
B

_ / Q" (y+ 2)VQ)Qy)dy. (2.2.33)

From (2.2.29)(2.2.33), we obtain the desired result (2.2.22). O

2.2.3 Formal resolution and estimates of leading order

From Lemma 2.2.6, we derive a simplified modulation system with forcing term and we deter-
mine one of its approximate solution that is relevant for the regime of Main Theorem. Formally,
we have the following bounds (making this rigorous will be the goal of the bootstrap estimates
in Sect. 2.3.2)

M| < |Z| Tl (2.2.34)

from which we derive a simplified system (1 is defined in (2.2.7)):

i A ;
I+ =20+ Sa Sl (2.2.35)

Furthermore, since we expect the interaction to be strong enough such that it will affect the
main order of the modulation equations so by projecting Ep onto the direction e VQ(y—2,(s)),
we obtain formally that

ety ~ — (G, eM'VQ(y — 21(5))) ~ —H(z)
with ¢ = (—yQ, VQ) > 0. This remark suggests us to fix

o=-2| [@wvemaw + o+ [ @+ AvQuemi] = - 2H() 2230)

so v(s) is completely determined by z(s) and initial data v™. In consequence, there are only
three free parameters left (A, z,7) corresponding to the scaling, translation and phase param-
eters which we will modulate to obtain orthogonality conditions (as shown below in Lemma
2.3.2). We use (2.2.23) to estimate the main order of v

v +cm\z| Sz~ F e (2.2.37)
with o0 9]
c=p 2R (2.2.38)
C2 Ca
It can be checked that for some real functions zm,eq(s), Amoa($), Umoa(s) such that
_d—1 3_2
)\mid( )=1, Umoa(s) =51, z, 3 e Fmed = — (2.2.39)
c
then we have the asymptotics as s — 4+00
. d—l
oa(s) ~ 2108(5).  Boa(s) = —ez7 (), 2240

|Zmod(8) = 2Umoa(s)| S s IOg_ (5),  |Vmoa(s)| S s
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d—1

Indeed, obviously U,(s) = —s72 = —cz_ 7 (s)e *m(®) and by differentiating the equation of
Zmods We get
_dt d—1 _d1_ 573
—ZmodZmog € — ——ZmodZmoed lefzmod = —-2—
2 c
(in the case d—1 = 0, —Z,pqe Mot = —2%) SO |Zmod — 257 < 57! log () thus we can deduce

|Zmod(8) = 20Umoa(s)| < s7'log™'(s). The above estimates suggest that (2.2.39) is close to the
first order asymptotics as s — 400 for some particular solutions of (2.2.35) and matches the
regime in Main Theorem.

2.3 Modulation and backward uniform estimates

Let (A", 2" v™) € (0, +00) x (0, +00) X R to be chosen with |27 > 1, [v™"| < 1, T)eqg > 0 and
(€1, ..., €4) standard basis of R%. Recall that in this section p > 2. Let u(t,z) be the backward
solution of (NLS) with initial data

UW(Tmod, ) = where Pi"(y) = P(y; (2"e1,v™)) (2.3.1)

;Pm (i)
. 2 1
()\m)ﬁ A
on some time interval including 7,,,4. Note that the (NLS) equation is invariant by rotation
and reflection. In particular, if a solution of (NLS) is invariant by the symmetries 7 : z +— —z
and v : (21,9, ...,x4) — (21, — T2, ..., —x4) at some time, then it is invariant by the symmetry

at any time.

2.3.1 Decomposition of u(t)

We will state a standard modulation result with the same idea as in Lemma 3 of [20] or Lemma
2 of [27]. The choice of the special orthogonality conditions (2.3.6) is related to the generalized
null space of the linearized equation around @ in (2.1.19) and to the coercivity property (2.1.20)
in sub-critical cases. See the proof of Lemma 2.3.28 for a technical justification of these choices.
For s > 1 fixed.

Lemma 2.3.2 (Modulation of the approximate solution). Let u(t, z) a solution invariant by 7

and v on an interval [T, 1,04 satisfying (T4, ) € H?(R?) and

“e‘i”i"(Ai”)z’le(Tmod, Ay) = P(y; (2é1,0™)|| <1

H1

for P(s,y) = P(y; (2(s),v(s))) as defined in (2.2.5). Then there exist a unique C' function on
an open interval I 3 s™

q(s) = (A, 2,7,v) : I = (0,400) x R x R x R?,

with g(s™) = (A", 2"e7, v, v'™) and a rescaling time function

t(5) = Trnod — / N (7)dT (2.3.3)
such that u(t, z) decomposes as follows
etv(s) x

u(t(s),z) = )\p%(s) (P+e)(s,y), y= ) (2.3.4)
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where by setting '
6(87 y) - [ezrlnl} (Sa Yy— Zl)v Fk(su y) = Uk(s) Y, (235)

if initially (m;(s™), Q) = (m(s™),yQ) = (m(s™),iAQ) = 0, the decomposition satisfies orthog-
onality conditions

(m(s), Q) = (m(s),yQ) = (m(s),iAQ) =0 (2.3.6)
and the extra relation 5
0(s) = —aH(z(s)). (2.3.7)

Moreover, € is also invariant by the symmetry 7 and v.

Proof of Lemma 2.5.2. step 1 Orthogonality conditions. We show that the orthogonality
conditions (2.3.6) and the extra relation (2.3.7) are equivalent to solve a system of ODEs.
Remark that we can go easily from the rescaled time s to ¢ and conversely

. Tmod dT
s=s(t) =" — 2.3.8
m=s- [ (238)
with T,0q = t(s™). Denote

P(s,y) = [T Pi(s,y —z1),  Ep(s,y) =[] (s, — 21)

G(S7 y) = [eiF1G1K87 Y= Zl)

where G = |[P|P7'P — |P||P71P, — |P|P'P,. Let w = P + € as in (2.2.1). It follows from the
equation of w (2.2.2) and the equation of P (2.2.8) that

k+Ae—e+QP+d“%P+Q—WH“ﬁﬂ—%%Ae%u—7k+8p:0. (2.3.9)

We rewrite the equation of € into the following equation for 7; (see also the proof of Lemma 2.2.6)
iﬁl + A?’]l — M + (’PI + 771|p_1(P1 + 771) — |P1’p—1P1) + T?Ll . 1\_/1771 + 8131 = 0. (2310)
Thus, for A(y), B(y) € Y, we get

d
T, A+ iB) = —(An — i + (|Py+ mPTH Py 4+ m) — [Py PTPy)

+ 17y - My + Ep,,iA — B).
Choose A=Q,B=0and A=yQ,B=0and A =0, B = AQ then the conditions

d

L im(5).Q) = T (9).9Q) = -(m(s),iAQ) = 0

are equivalent to

A =+ ([Py+m [P Py +m) — [Py~ Py) + oy - My + EPNZQ> =0
A — 1+ (P +m [P (P +m) — [Py Py) + b - Moy + 5P1,in> =0
A —m + ([P +m [P (Py+m) — PP Py + g - Mo + Epy, —AQ> = 0.

We claim that the above system is equivalent to an autonomous system of ordinary differential
equations on (0(s), z(s),v(s),v(s),t(s)) where 0(s) = In(A(s)). Indeed, remark that

e(s,y) = e u(t(s), ’Cy) — P(y; (2(s), v(s))) (2.3.11)
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and the expression of Ep, (from (2.2.8)—(2.2.9))
Ep, = [i1 - MQ|(y) + [/, . MQ)(y + 2) + Gy
then we get

Q) + (/22T Wz, - MQ(y + 2),4Q) + (i - My, iQ) = Fi(0, 2,7, v,t)
LiyQ) + (T2, MQ(y + 2), iyQ) + (i - My, iyQ)
= Fa(0,z,7v,v,t)
(1in - MQ, —AQ) + (T2, - MQ(y + 2), —=AQ) + {ita - My, —AQ)
= F3(0,z,7v,v,t)
(2.3.12)

with

}"1((9 Z,7,0, t —<A771 —7]1+(|P1+7]1’p 1(P1—|—771) — |P1|p 1P1)+G1,’LQ>
F2(97277av7t) - <A771 m + (‘Pl + 771|p 1(P1 + 771) - |P ‘p lPl) + Gl,ZyQ>
Fs(0,2,7,0,t) = = (Any — 1 + (|Py+m [P (P4 m) — [P1P7'Py) + Gi, —AQ) .

Note that Fy, Fy, F3 are C! functions. Indeed, if we replace 7; by the expression (2.3.11) and
its definition, it is clear that any term not containing w is continuously differentiable. For terms
concerning u(t, z), by integration by parts and chain rule, we show how to prove that typical
terms, integrals of the form

%Re ( / u(t,x)A(a:)dx), %Re ( / |u(t,x)]p1u(t,x)A(:v)d$)

for A(x) some complex functions such that Re A(z), Im A(x) € Y, are continuous. We have

%Re ( / u(t,x)A(m)dw) ~ m < / u(t,x)AA(x)dx) ~ Im ( / |u(t,m)\P—1u(t,x)A(x)dx)

(2.3.13)
and

—Re </’u (t, 2)[P  u(t, 2) Az )dgj) =pRe (/ @u(t,x)]u(t,x)yp1A(m)dx> =

~pTm ( / Au(t,x)\u(t,xﬂplA(x)dx) ~ pTm < / |u(t,:c)|2p2u(t,x)A(a:)da:)  (2.3.14)

Recall the persistence of H? regularity for (NLS) equation (see Theorem 5.3.1 in |2]), since
W(Tnod, ©) € H*(R?) then u € CH[0, Tinoa], L*(R?)) N C([0, Tinoa], H*(R?)). By Sobolev’s injec-
tion (45 < 24 we have u € C([0, Tnoq), L*~*(R?)) and thus the right-hand sides of (2.3.13),
(2.3.14) are well-defined and continuous. Therefore, in particular, since initially

<7]1(8in)7Q> = <7]1(8in)7yQ> = <771(8m>’iAQ> = 07

the decomposition (7, €) will satisfy (2.3.6) if (2.3.12) holds.
step 2 System of ODEs. We show the existence of the decomposition (¢, ¢) for u(t) and a
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rescaling time ¢(s) by solving the following system on (0, z, v, v, t)

{
{

p

MQ,iQ) + (¢T2a)-T1Wy, - MQ(y + 2),iQ) + (M1 - M1, iQ) = Fi(0, 2,7, v, 1)
MQ, iyQ) + (e T2w+a-T1w g, MQ(y + 2),iyQ) + (i - My, iyQ)

= F2(0, z,7,v,t)
(i - MQ, —AQ) + (T2 T1 Wiy - MQ(y + 2), —AQ) + (171 - My, —AQ)
= F3(0,z,7,v,t)

1y
1y

(2.3.15)
On the one hand, we calculate

(1 - MQ,iQ) = (3)(~iAQ.iQ) = —ci(3)
(my - MQ, iyQ) = (3 — 20 + %z)(—’iVQ, iyQ) = c2(2 —2v + %z)
(g - MQ, —AQ) = e, (f — 1+ o] = 2(v - 2) — (v - 2))

with ¢ = (AQ,Q),c2 = (—VQ,yQ) non-zero. On the other hand, there exist a matrix
M8, z,v,v,t) = (my;)sx5 and G(0, z,7,v,t) such that

(22T 70 - NIQ(y + 2), Q) + (i1 - Mg, iQ)
(e/T2(r+2)T1w) 7, MQ(y + 2),iyQ) + (1 - M, iy @)
(e 2+ =T, - MQ(y + 2), —AQ) + (17 - My, —AQ)
0
0

= (0,%,%,0, M0, z,7,v,t) + G0, z,v,v,t) (2.3.16)

where all entries of M (0, z,7,v,t) are small |m;;| < 1 as 2™ > 1 and ||e(s™)||m < 1 (from
hypothesis). Then the system (2.3.15) can be rewritten as an autonomous system

(0, 2,74, 0,0)A0, z, 7,0, t) + (0, 2,7, 0,0 ) M(0, z, v, v,t) = 7-_[(9, 2,7, 0,t) (2.3.17)

where
Fi(0,z,7,v,t)
]:2(97 27772)71’-) + QCQU
7_[(0727771}775) = F3(97277’U7t)+cl_01|v|2 _g(97277707t>
—lH(z)
c2
629

and the matrix A is given by

—c1 ¢z ci(v-z) 0 0

0 Co c1v 0 0

A= 0 0 C1 0 0
0 0 0 10

0 0 0 0 1

Therefore the perturbed matrix (A + M)(6, z,7,v,t) is invertible (det A = —c?cy < 0). As
same as the way to deal with F, one can check that M, G are continuously differentiable thus
so are entries of (A+ M)~! and H. Therefore,

RO, 2,7, 0,t) = [(A+ M)"L-H](0, 2,7,v,1)

44



satisfies the hypothesis of Cauchy-Lipschitz theorem and the system of ODEs
(0,%,%,0,1) = R(0, 2,7, v, 1) (2.3.18)

admits a unique solution (6(s), z(s),v(s),v(s),t(s)) to the initial value problem. We obtain the
decomposition (A(s), z(s),v(s),v(s)) of u(t) and the renormalization of time #(s).

]

Observe from (2.3.1) that the initial data

w Sin _ Pm 7 zine—'7vin ’ A Sin — /\in’ Sin — O,
(5) = Py (765, 07), - A" =X, (™) 0319
Z(Sm) — Zmeb ’U(Sm) — Um7 E(Sm) =

and u(T 04, ) satisfy the hypothesis of Lemma 2.3.2.

Proposition 2.3.20 (Uniform backwards estimates for p > 2). There exists so > 10 satisfying
the following condition: for all s > sy, there is a choice of initial parameters (A", 2" v'")
with

c_%(zm)%e

in

. . 1 . .
z _ SZ’VZ < Szn log—§(8’bn)7 ZZ’VL > 07

VI

(2.3.21)

; i 1, jpy—d=1 _l.in
A\in — 17 v = 2 (Zm) 1 e 27 e,

such that the solution u of (NLS) corresponding to (2.3.1) exists. Moreover, the decomposition
of u given by Lemma 2.3.2 on the rescaled interval of time [sq, s

()

)\P%l(s) (P +e)s,y), y= o) dt = X\*(s)ds

u(s,x) =

verifies the uniform estimates for all s € [s, 5]

| [2(s)] = 21log(s)| < log(log(s ))> \xl -1 $s7h

OIS el S50 [T — o s o b, P
Remark 2.3.23. The key point in Proposition 2.3.20 is that sy and the constants in (2.3.22)
are independent of s as s — +o00. Observe that the estimates (2.3.22) match the discussion
in Sect. 2.2.3. The decomposition in Lemma 2.3.2 is only local but the estimates in (2.3.22)
guarantee the global existence of the decomposition. The choice of v*" is direct while the choice
of 2z is based on a contradiction argument and a topological constraint.

The next subsection is devoted to the proof of Proposition 2.3.20 containing several technical
steps. The proof relies on a bootstrap argument, integration of the differential system of
geometrical parameters and energy estimates. Pick a smooth function y : [0,400) — [0, 00),

non increasing, with Y =1 on [0, 75], X = 0 on [§, +00). We define the localized momentum:

M (s,e) = Im /(Vee)xk = Im /(Vnknk)x (2.3.24)

for x(s,y) = X (log ™ (s)|y — 2x(s)[) and x = X (|log™" (s)yl)
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2.3.2 Proof of Proposition 2.3.20

2.3.2.1 Bootstrap bounds

We shall consider the following bootstrap estimates
(2.3.25)

with C* > 1 a constant to be chosen large enough. Note that the estimate on z and the estimate
(2.2.37) of v imply that, for s large

2| — 21og(s)| <log(log(s)), [|o]—s2| < s 2log™2(s), |lv]—s7"] < s log 2(s) (2.3.26)

where the last inequality is obtained by integrating the second one with the choice of initial
data v in (2.3.21). Next, we define

s* =inf{7 € [s9,5"]; (2.3.25) holds on [r,s™]}. (2.3.27)

2.3.2.2 Control of the modulation equations

Denote mj, the system m; without equation 2, — 2vy, + %zk and M* the vector M without the
direction —iVV.

Lemma 2.3.28 (Pointwise control of the modulation equations and the error). The following
estimates hold on [s*, s™].

if(s)] S (C)s~2 (23.20)
[(m(s),iVQ)| < (C7)*s™ log™(s), (2.3.30)
|2 —20] <57t log*%(s). (2.3.31)

Moreover, for all s € [s*, s, for all y € R?,

2
Ep(s,y)| < s ' log ™7 ( ZQ — 2(s)) + |G (s,9)|- (2.3.32)

=1

Proof of Lemma 2.3.28. Since ¢(s™) = 0, we may define
s** =inf{s € [s*,s™]; [{(n(7),iVQ)| < C**7 'log™!(7) holds on [s, s™]},

for some constant C** > 0 to be chosen large enough. We work on the interval [s**, s]. Recall
equation for n; (2.3.10) as below

i+ A=+ ([P P7H Py + ) — [PyP Py 41 - My + Ep, = 0.

Let A(y) and B(y) be two real-valued functions in ). We claim the following estimate on

[s**, s

d

EW’ A+iB) — |(n,iL_A— L,B) — (iny - MQ,iA — B>} ‘ <(C*)2s72 + s Hmiy). (2.3.33)
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We compute from (2.3.10),

d

ds
p+1 ., p—1 1
= {-Am+m - (- "+ 5@ '71),iA — B)
_ - +1 -1 . .
—{[Py+m 7 (P4 ) = [P Py = F— Qi — QP04 — B)

— <7ﬁ1 . 1\7[771,214 — B> — <(€P1,iA — B>
First, since A and B are real-valued, we have

P+
2

p_
2

1 1 , .
(=An +m — ( QP 'y + Q"7'7,),iA — B) = (n,iL_A — L, B).

Second, recall the expression of Py
Pi = Q(y) + ¢TI TONQ(y (2 2)).

By the expansion in (2.2.18), we can deduce the first order and the error of

p+1
2

p—1
2

P+ (P +m) — [P PPy — Q¥ 'm — QP 'n,

Fl - . L
=L (P = Q7+ B (PP — QP+ O

1 2

m
P,
By (2.3.25)-(2.3.26) for some g > 0,

(PP = Q" N, (1A = B))| + [(IP1["~*PT — @7 )y, (iA — B))|
S lelte”Hmllze S C*s~* log(s).

Using Cauchy-Schwarz and Gagliardo-Nirenberg inequalities (as p > 2)

m
P,

(ml, (iA = B)) < llelffn S (C7)*s™

2
PP, (1A - B>> < ez < (02572,

Therefore
p—1 p—1 p+H1 p—1 < ()22
Py 4l Py ) — [Py = Lo gty P dgrm ia - B)| < (05
(2.3.34)
Next, using (2.3.25)—(2.3.26), we obtain
(71 - Map,iA = B)| S C"s™ i (s)].
Finally, we need to prove following estimate
(Ep,,iA — B) — (my - MQ,iA — BY| < s72 + s~ y]. (2.3.35)

Indeed, recall that we have

e, = [ - MQI(y) + [0~ =0Tz, NQI(y — (22 = 20)) + G
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From (2.2.15) and (2.3.25)—(2.3.26),
(G iA = B)| S IGllze S 2|7 F el < 572,
Since A, B € ), we have
(/22 ) W) (47, MQ(. — (22 — 21))),iA — B)| S 57" |1,

so the proof of (2.3.35) is complete.

We now use (2.3.33) to control the modulation vector ;. Note that 7, satisfies the orthogo-
nality conditions (2.3.6).

(n,Q) =0. Let A=@Q and B =0. Since L_Q = 0 and (m; - 1\7IQ,Z'Q> = —cl(é), we obtain
A
H <(C*)257% + 57 Vi) (2.3.36)

(m,iAQ) =0. Let A = 0 and B = AQ. Since L (AQ) = —2Q, (m,Q) = 0 and (m, -
MQ, —AQ) = ¢1 (5 — 1+ |v]? — %(v - 2) — (v~ %)), we obtain

A
=14 |v]* - X(v 2) = (v-2)| S(C*)?s™ 2+ s . (2.3.37)
(n1,yQ) = 0. Let A =yQ and B = 0. Since L_(yQ) = —2VQ, |(n1,iVQ)| < C**s log™(s)
and (1 - MQ, iyQ) = c2(3 — 20 + 2z), we obtain

‘z' — 20+ %z‘ < O™s7Hog ! (s) + (C*)2s72 4+ 57y (2.3.38)

By (2.3.26) and (2.3.36),
A

X lv| < 572 (2.3.39)

i
A
[0 = So| S 1ol +

Combining (2.3.36)-(2.3.39), we have proved, for all s € [s**, s,
i (s)] < (C*)*s™* (2.3.40)
and

12— 20| < s M log i (s). (2.3.41)

Now we turn to the study of localized momentum My:

d ) .
%/\/h = Im /(Vﬂl m)X + (i, 2xVm + m V).

We claim that

1d . F"(Py). , A, -
5= (B 90 ) 4 ( 2+ ;zl) (19Q, Vi) + Ollog™(s) )

(2.3.42)
Note that by direct computations

X < s log 2 (s)yX (log " (s)y)| < s 'log ™' (s)
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and so, by (2.3.25)-(2.3.26),

'Im /(Vm ﬁl)X‘ S s og ™ (s)lIm 7 S 5P log 2 (s).

Now, we use the equation (2.3.10) of

y _ _ I . A .
i+ A=+ ([Pr+mP (P +m) — PP Py) +mf - Moy — (21 — 201 + X'Zl) -1V
B A . -
+ T?L){ . M*Q — (Zl - 2U1 + X21> . lVQ + [ez(Fg(y—z)—Fl(y))m2 . MQ] (y - Z) + G1 =0

to estimate (in;, 2xVn + m V). By integration by parts, we check the following

1
(An, 2x Vi + mVx) = =2(Vn - Vx, Vi) + 5 / Im|*V(Ax).

We have
(V1 VX, Vi)l S log™ () [l
and as |[V(Ax)| < log™3(s) we obtain

[ @] < toe o) m .
In conclusion for term An; in the equation of 7y, we get

(A, 22XV +m V)| S log ™ () [|m |72

For the term 7, we simply verify by integration by parts that

(n1, 2xVm +mVyx) = 0.

From (2.3.40) and (2.3.41), we also have that

o — _ _1
‘(ml - Mny, 2xVi + 771VX>' < 57 og 2 (s)||m 71,

S% AT *\2 — -5
i X Q, 2T +?71VX>‘ < (Ol S 5%,

\W Q|- — 2), 2V + mw\ < s log b (s)eF flln < 5,

and

d 3
(G, 2xVm +771VX>’ S Gl logz ()€l an < 72 [l -
where we use Cauchy-Schwarz inequality and the fact that the support of  is contained in {]y| <

£ log(s)}. Now we will deal with the term ([P +n[P~1(Py +m1) — [Py [P7'Py, 2x Vi + 1 V).
By (2.2.18), we consider

2

)

Pyt Py ) = PP Py = F P + i) + 0|
1
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and using Gagliardo-Nirenberg inequality (note that if p > 2 then 3 < 2¥)

2
m
i

[m P, 2V +m V)| S B S s log™2(s).

_5
P T, +nle>] < it < 54,

Then, we have
[(F (P1).m, m V)] S [V llel3 < log™ () m I
Finally by integration by parts, we get

—(F'(P1).m,mVx),

n . (Pq).
(F'(Py).m, 2xVm) = =2 <VP1X, w>

therefore the collection of above bounds gives

d . F(Py). , A, -
Dy = 2y, BRI, ( S X,ﬁ) ((9Q.xVm) + Ollog™(5) ()13

(2.3.43)
We finish the proof of (2.3.42) by showing the following estimate

(VPG i (L)) — (VQ. 71 F(P) 771|<‘ I L PRI

'/ (70" (Py)any) VQ'<S 5 lell%.
ly|>15 log s

and

. A . . i1 _
(Zl — 2u1 + le> iV Q, xVm) — (iVQ, V)| < s 'log 5(3) / 1 VQVn
lyl> L log s

_3
S 577 log ™ ()|l

here we use (2.1.17). On the other hand, from (2.3.33), refining up to order s~2, using
L. (VQ) =0 and (2.2.19), we have that

%<n172vQ> = <W7VQ> —C2 (Ul - %1)1)

— (G1, VQ) + (i - M, VQ) + O(s7).
From (2.2.22) and the choice of v in (2.3.7), we get

(d—1)

< (0212 + o)) e 4 2775

Ao

A
co01 + (G1, VQ) — ca—vy 3l |v] nNE:

A

)

then from (2.3.40), we obtain

(] - M1, V) < 572 mllan-

Thus, we deduce that

d%(m,iVQ> = <w, VQ> - (2’1 — 201 + §z1> 1V, VQ) + O(s _2+)
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Note that (iVn, VQ) = —(iVQ, Vn,), we obtain

d

_ 1d _ _
iV @) = 35t [ (Vmmx+ Ollog™(5) )

This information combining with (r;(s™),iVQ) = 0 and M/ (t") = 0 implies that

1
o 19Q) M| £ (€5 o),

From the bootstrap (2.3.25), we deduce that |(n,iVQ)| < (C*)2s ' log™" so if we take C** big
enough such that £~ > (C*)? then s™ = s*. Those estimates (2.3.31) and (2.3.32) are direct
consequences of (2.3.26), (2.3.29) and (2.3.36). O

2.3.2.3 Energy functional

Consider the nonlinear energy functional for e

1 2 _ —
K(s.0) = 5 [ (1Vel +1eP = =2 (P e =[PP = (o4 DIPP~ Re(P)) ).

and

J:Z']k; Jk<8>€) :Uk'Mk(S>€)'
k

where My (s, €) the localized moment defined in (2.3.24). Finally, we set
Wi(s,e) = K(s,€) — J(s,€).

The functional W is coercive in € at the main order and it is an almost conserved quantity for
the problem (see [29] for a similar functional).

Proposition 2.3.44 (Coercivity and time control of the energy functional). For all s € [s*, s™],
W(s,e(s)) 2 [le(s)II7, (2.3.45)

and

SIW ]| € 5721l (2.3.46)

Proof of Proposition 2.3.44. step 1 Coercivity. The proof of the coercivity (2.3.45) is a stan-
dard consequence of the coercivity property (2.1.20) around one solitary wave with the orthog-
onality properties (2.3.6), (2.3.30), and an elementary localization argument. We refer to the
proof of Lemma 4.1 in Appendix B of [23] for a similar proof.

step 2 Variation of the energy. We estimate the time variation of the functional K and claim
that for all s € [s*, 5],

2

d . EF"(P).e _ 1, 3
£[K(S, e(s))] — sz (V Py, #) < 572 |e(s) || g + s log i(S)HCH?’_]l. (2.3.47)
k=1
The time derivative of s — H(s,€(s)) splits into two parts
d
75 K5, €(5))] = DK(s, e(s)) + (DK(s, €(5)), &),
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where Dy denotes differentiation of K with respect to s and D, denotes differentiation of K
with respect to e. Firstly we compute:

DK = — Re /[P(yP + PP + ) — [P]P'P)
. pT|PV”3(PP +PP) Re (eP) — [P|P1P](y)dy
~—— Re /[P(|P + e[ P 6 — [P]P'P)
,P°P + e[P?P + ¢[P|P + eP?P
2
) 1 —1
=~ (PP +ep (Pt o) — [PPiP - L eppt - L —eprpp),

p—1_. g
i PP — |P[P'eP](y)dy

We observe that P, = —Z;, - VP + iy, - (y — zk) Py. Denote
K=[P+e'(P+e)— [PP'P - Z%ldP]p‘l _ f%zpﬂmp—s
then by (2.2.17), K = |P + ¢|/P"Y(P +¢) — |P|P"'P — F'(P).¢, we deduce from (2.2.18) that
K| S Jel*[PP=2 + el

so we obtain
[(i0k - (y — 2) P, K| < (el 7 + ellgp)lo] S s72[le] 771

Next we look more precisely at K

eEF" (P 2+
k=B o 5| )+ ogep)
as 2] < s7!and p— 2% > 0, we have
2+
(s vrulg] PP <
P
and

(=2 - VP, [el")| S 57 [Jell7.

Combining these computations, we get

2
e.F"(P).
DK(s,e) = > (4 VP, EFT(P) e

5 )t O(s ™ [lellz) + O(s 2 lellzn) + O(slellf.)- (2:3.48)
k=1

Secondly we consider
DXK(s,e) = —Ae+e— ([P+e'(P+e) — [P 'P)

and note that the equation (2.3.9) of € can be rewritten as

A
i¢ — DK(s,€) — iXAe +(1—9)e+E =0
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so that
(DXK(s,¢€),€) = ‘z'DeK(s, €),i€)
= §<D€K(S, €),Ne) — (1 —4)(iDXK(s,€),€) — (iDK(s,¢€),Ep).

On the other hand, from (2.3.29) and (2.3.25)—(2.3.26), we have

j ; .
'X<DEK<s,e>7Ae> < |5 (el + el ) (s

(1= A)(IDK(s,€), )] S 11 =] (lellf + llellfi) S (C*)%s™2 el
For the last term, we rewrite
(iDXK(s,€),Ep) =(—iAe+ic—i ([P + ¢/ (P +¢) — [P'P),
[ty - MQ(y — 21(5)) + [¢217s - MQ)(y — 25(5)) + G).
Recall that with n; = n{ + i} for n{,n? real, from the expression of operators L, and L_

I =(—iAe +ie — i ([P +ePHP +¢) — |PPIP), [y - MQ)(y — 21(5)))
(=il + i — ([P + [P (Py 4 m1) — [P1[P7Py), 1ty - MQ)

<Z'L+77% - L—U%a my - MQ>

) _ _ +1 -1 L -
— <Z(|P1+771|p 1(P1+7]1> — ’P1|p 1P1 —pTQp 1771 _pTQp 1771),m1 MQ>
A D .
=- X<771, —2Q) + (v — XU)<771’ —2VQ)
. _ _ +1 -1 . N -
_<Z(|P1+771\p Py +m) — [Pyf? 1P1_p2 Q° 1771_]92 Q" 1771)77711~MQ>

By orthogonality of 7; (2.3.6), (2.3.30) and the estimate (2.3.29), (2.3.34), we get
(1] = O((C")*s ™ log™4(5)).

By symmetry, we have the same estimate for I5. Finally, from (2.2.14) and (2.3.25), we have
|G|z < 572 so using integration by parts and Cauchy-Schwarz inequality

[(—iAe +ic—i ([P + P L (P +e) — [PP'P),G)| < 572 lel |- (2.3.49)

The collection of above estimates finishes the proof of (2.3.47).
step 3 Variation of the localized momentum. We now claim: for all s € [s*, s™],

L3, es)] = 3 200 (TP, EFT(P)E

- < s2log 1 (s)| ()| (2.3.50)
k=1

)

Indeed, we compute, for any k,

ds
By (2.3.25) and (2.3.26), we have

s, =i [(Veout o oI [ (Veep

S 577 lellz

U - Im /(Veaxk
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Recall from (2.3.42) that

||

d EF"(P).e , A ,
E[Mk(s’ e(s))] —2- <VPkT) -2 (zk — 20y, + sz> (iVQ, V), |
S s g™ (s)le(s) I

From (2.3.31),

_3
|0 ] < s log i (s) el

. A ‘
(Zk — 2Uk + XZk> <ZVQ, VT/k>

so we get (2.3.50).
step 4 Conclusion. Recall that, by (2.3.31), |3, — 2vx| < s71 log_%(s) SO

eF"(P).c B _3
ETR)E) ) < o 1og1(s) el

(Zk — 2Uk) . <Vpk, >

and (2.3.46) now follows from (2.3.47), (2.3.50). This concludes the proof of Proposition 2.3.44.
0

2.3.2.4 End of the bootstrap argument

We close the bootstrap estimates (2.3.25).

step 1 Closing the estimate in €. By (2.3.46) in Proposition 2.3.44 and then (2.3.25)—(2.3.26),
we have

a
ds

Thus, by integration on [s, s™| for any s € [s*, 5], using €(s™) = 0 (see (2.3.19)), we obtain

(Wis,e(s)]| < s llellsm < C7s7°.

[W(s, e(s))| S C*s~2.
By (2.3.45) in Proposition 2.3.44, we get
le(s)II7: < CoC™s ™2

Therefore, for C* large enough such that CoC* < %, we have [|e]|z1 < <57 which strictly
improves the estimate on ||¢||g: in (2.3.25).

step 2 Closing the parameter z. Now, we need to finish the bootstrap argument for z(s). Note

that
z

2]

12— 20| <57t log_%(s)

v+ c |Z|_%6_‘Z| < s7%log ! (s)

thus we deduce

z _
v — + C|Z|_%6_‘Z| < 5 2log !(s)

2]

Z.— —2vu- i‘ < s_llog_%(s).
|| E

z 4 . 7 S —
2lv-— (v =) 4+ci - —]|z| 2 e
|| 2| 2|

24
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since |v| < 571, |0| < s72. Therefore, by the explicit choice of initial data
d=1 1

v(s™) = ez T e e, 2(sM) = 27,

we integrate on [s, s™] for any s € [s*,s™),ifd—1 >0

z 2 d—1
<v- —) — |z e
||

ifd—1=0,

n

< s 2log=1(s) + / 3]z~ e S 572 log i (s),

20v- Z)(0- &) +ci- Zel

|2l |2l £

< s73log~1(s)(s) implies also ‘(v ) ce l?l| <

572 log_%(s). In both cases, combining with (2.3.31), we get

z

(v ) = Vel e

||

(-2 2 W‘ < s logH(s)

_l’_
2|

SO ’(z : ﬁ) - 2\/E]z|_%e_%|z‘ <st log_%(s). Next, note that if d — 1 >0

d(‘ LSRN 1oz 41 1y d—1. z a1 1,
ds ez )—iz‘m|z|4€2 + 1 Z-m|2]4 ez
andifd—1=0
4 ediey = Ly 2
BT
thus
dis (‘z|%e%|z\> 3 < log_%(s) 4 d; 1|2‘|Z|%—1€%|z\ < 10g_%(s) (2.3.51)

here we use |z| < log™'(s) and |#| < s7'. Next, we need to adjust the initial choice of 2" through
a topological argument (see [1] for a similar argument). We define ¢ and ¢ the following two
functions on [s*, s™]

C(s) = 2|2 T el g(s) = (¢(s) — 5)*5 2 log(s). (2.3.52)

Then, (2.3.51) writes
1(s) — 1] < log™4(s). (2.3.53)

According to (2.3.25), our objective is to prove that there exists a suitable choice of
((s™) = (" € [s™ — 5™ log 3 (s™), 8™ + 5™ log 3 (s™)),
so that s* = sp. Assume for the sake of contradiction that for all ¢* € [—1,1], the choice
¢ = s (s log_%(sm)

leads to s* = s*(¢*) € (sg, s™). Since all estimates in (2.3.25) except the one on z(s) have been
strictly improved on [s*, s™], it follows from s*(C*) € (so, 5] and continuity that

1C(s*(CH) — 5| = 5" log™% s* i.e. C(s*(¢H) = s £ 5" log™ s*.
We need a transversality condition to reach a contradiction. We compute:
E(s) = 2(C(s) = )(C(s) — 1)s2log(s) — (C(s) — 5)*(25* log(s) — s7). (2.3.54)
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At s = s*, this gives

£657) +2() 71 S () og H (),
Thus, for sg large enough, _
£(s*) < —(sM) 71 (2.3.55)
A consequence of the transversality property (2.3.55) is the continuity of the function (* €
[—1,1] = s*(¢*). Indeed, let € > 0 then there exists § > 0 such that &(s*(¢*) —€) > 1+§
and £(s*(C*) +€) < 1 — 4. Moreover, by definition of s*(¢*) (choosing J small enough) for all
s € [s*(¢*) +¢,5™] we have £(s) < 1—4. But from the continuity of the flow, there exists ¢ > 0

such that for all |¢* — ¢¥| < ¢

Vs € [s°(CF) — e, 5™, [€(s) —&(s)] < 6/2

so we obtain that s*(¢*) —e < s*(C*) < 5*(€") + € and the continuity of s*(¢*) as expected. Thus
we deduce the continuity of the function ¢ defined by

O (e [=1,1] — (¢(s*) — s7)(s*) log2(s*) € {—1,1}.

")

1, from (2.3.54) we have that

Moreover, for (* = —1 and ¢* = 1, in these two cases &( =
1, but this is a contradiction with

SZ
£(s™) < 0 thus s* = s™. Therefore, ®(—1) = —1 and ®(1)
the continuity.

In conclusion, there exists at least a choice of
C(Sln) — Czn c (Sin o Sin logf%(sin% Sin 4 Sin logf%(sln))
such that s* = sg. This concludes our bootstrap argument.

step 3 Estimate on the parameter A\. From (2.3.29), we obtain

% <572

By integration on [s, s], for any s € [sq, s™], using the value A\(s™) = A" =1 (see (2.3.21)),
we have
log(A(s))] < 57",

and thus
A(s) = 1] S s
or in other words
A (s) -1 S s (2.3.56)

2.4 Compactness arguments

2.4.1 Construction of a sequence of backwards solutions

Lemma 2.4.1. There exist to > 1 and a sequence of solutions u,, € C([to, T;], H') of (NLS),
where
T, = 4+o00 asn — 400, (2.4.2)
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satisfying the following estimates, for all t € [to, T},],

| [2a(t)| — 2logt| Slog(logt), |A'(t) —1] St

_ 2.4.3
OIS Ol S a0 0 | st O

where (A, Zn, Yn, Un) are the parameters of the decomposition of u,,, i.e.

un(t, ) = ;ﬁ (i [eTenQ (nazt)+(_21)kzn(t))+en (t, A:&Q), (2.4.4)

with Ty (t, ) = C00, (1) - 2.

Proof of Lemma 2.4.1. Applying Proposition 2.3.20 with s = n for any large n, there exists
a solution u,(t) of (NLS) defined on the time interval [0, T,] where

Tn:/ M2 (s)ds.

and whose decomposition satisfies the uniform estimates (2.3.22). First, we see that T,, —
+00 as n — +o0o which follows directly from the estimate on A, (s). From the definition of the
rescaled time s (see (2.3.3)), for any s € [sg, n], we have

t(s) :/ M (s)ds' where |M\(s)—1] <s7t
50
Fix ty = 59 with 55 > s¢ large enough independent of n such that for all s with n > s > 59

b5 < / N2(s)ds = 5 (14 O(s™)) <
then, for all t € [to, T,)]
t(s) =5 (1+0(s1)) >
and
=t(1+0@™).
Thus, we get from (2.3.22)
| [2n(s)] = 21og(s)| < log(log(s)) < |[2n(s(£))] — 21og(t)] < log(log(t))
IN(s) =1 Ss7h e A (s@) -1 St
lea(s)lm S 57" & fleals®)lm St
oa(s)] S 571 & Jual(s(t)| St

~Y
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2.4.2 Compactness argument

Next, we claim a strong compactness result in L*(R?).

Lemma 2.4.5. There exist ug € H'(R?) and a sub-sequence, still denoted u,, such that
Un(ty) — ug weakly in H*(R?)

up, (to) — ug in H7(R?), for 0 <o < 1

as n — oo.

2

Proof of Lemma 2.4.5. By interpolation, it is enough to prove that the sub-sequence w,(tg) —
up as n — oo. First, we claim the following: V§; > 0,6; < 1, Ing > 1, IK; = K1(d1) > 0 such
that Vn > ng

/| B |, (to, ) |*dx < d;. (2.4.6)
T[>k

Indeed, denote x,(t) = 2,(t)\,(t) and

: : (1)
Ry(t,x) =™ O [emnQ,1y] <x+ 2 x"<t))
k=1

R, (t,z) = em® 22: Q (:c + (_Ql)kxn(t))

then we have

[[n(t) = Ru(Oller < Mlea()l[1 + 2[|Ra(t) = Ra(t)] o
Sllenllan + A1) = 1| + Joa (O] St (2.4.7)

We get a direct consequence of the above estimate
[|tun ()] < C (2.4.8)

for all t € [to, T,] since ||R,(t)||m: < 2||Q||m:. Furthermore, for fixed d;, there exists t; > ¢

such that
|y (t1) — R (t)||mr S (81)” \/_

for n large enough that 7}, > ¢1; in others words, we have
/|un(t17as) — Ry (t1, )’ dz < 6.
Besides, |z, (t1) — 2log(t1)] < log(logty) then for Ky > 1 large enough we have

/ |Rn(t1,az)|2dx < (51.
|x|>Ka2

Consider now a C' cut-off function g : R — [0,1] such that : ¢ = 0 on (—o00,1], 0 < ¢’ < 2
on (1,2) and g = 1 on [2,400). Since ||[u,(t)||g: < C bounded in H'! independently of n and
t € [to, T,], we can choose v; > 0 independent of n such that

2
> —(t; —t .
ol 5(1 0)C?
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We have by direct calculations, for ¢ € [tg, T},]

d K 1 x
s (o o ) (555)
dt - " 2] -

2
< — sup un(t)]]
71 Th>t>to

By integration from ¢, to t;

- K - K
/]un(to,x)|29 <|x|—2> dr — / ]un(tl,x)]2g <|x|—2> dx
§a! 71
t d |l’| — K2
< — | |u,(t,x 2g<—>dm‘§5.
[;ﬁ/|<ﬂ - 1

From the properties of g we conclude:

- K
/ |un (to, ) [2dz < /|un(t0,x)|29 (lx‘—2) de
|x‘>2’}/1+K2 ,-)/1

- K
< / [un (t1, 7)|%g <|37|—2) dx +6; < / [, (t1, 7)|2dx + 01 < 50y,
v || > K>

1

Thus (2.4.6) is proved. As ||u,(to)||g: < C, there exists a subsequence of (u,) (still denoted
by (u,)) and vy € H' such that

un(tg) — up  weakly in H'(R?),

un(to) = up in L2 (R%), as n — 400

loc

and by (2.4.6), we conclude that w,(to) LN ug as required. O

Let us finish the proof of the Main Theorem in sub-critical cases with p > 2. We consider u
the solution of (NLS) corresponding to u(tg) = ug. By continuous dependence of the solution
upon the initial data (see [2] and [3]), for all 0 < o < 1, for all ¢ € [ty, +00),

u,(t) = u(t) in H(RY).
Moreover, the decomposition (¢, €) of u satisfies, for all £ > t,
@) = q(t), €, (t) = e(t)in H?, e,(t) — €(t) in H? (2.4.9)
(see e.g. [20], Claim p.598). In particular, for all ¢ € [ty, +00), u(t) decomposes as

er® 2 x #A 2 T
u(t,z) = (Z [T+ Q] ( ha /\<t>(t) (t)> +e€ (t, m)) : (2.4.10)

AT (t) b

where I'y(¢,y) = (71;“11)(15) -y and it follows from the uniform estimates (2.4.3) that
[|2(t)] — 2logt| Slog(logt), [A7'(1) —1] St7,

_ 1 2.4.11
OIS EL el S [l e 2] 5 21057 R

We obtain |z1(t) — z2(t)] = A\(t)|2(t)| = 2(1 4 o(1)) log t, more precisely

| Jz1(£) — 22(2)] — 2log(t)] < log(log(t))
and the following estimate
2
u(t) =Dy Q@ —a(®)|| S lle®llm + NN = 1+ o) S (2.4.12)
k=1 H1
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2.5 Sub-critical cases with 1 < p <2

In this section, we show the difficulties occurring and sketch the proof of Main Theorem in the
case 1 < p < 2. In this case, let

3
2+ = min(2", 1%).

Note that p — 27 > —1. From (2.2.16), we deduce the following Taylor expansions:
F(P +¢)=F(P)+ F'(P).e+ O(|e|") (2.5.1)
2
F(P+e¢)=FP)+ F'(P)e+O ('% |P|7’) (2.5.2)

(since |¢] > L then [eP < |S[*[P[” and |e] < 2! then |S[?[P[? < |e]?) and

F(P +¢) :F(P)+F’(P).e+%+0(%

|P\”). (2.5.3)

In the following remark, we identify new problems compared with the case p > 2.
Remark 2.5.4. Let us try to control the nonlinear interaction term
G(y; (2(s),0(s))) = [P/7'P — [A[P7 Py — | B|' 7' P

Since |Py| > |Py| for y - %5 > 0 and |P| > |Py| for y - % < 0, one has by (2.2.16)

|| ||

’G(% (Z<5)7U(8)))| = HPl + Pg‘p71<P1 + P2) — ‘Pl‘P*1P1 _ |P2|pflp2}

SR P Ly 20+ | PP P o (2.5.5)
Using the asymptotic behavior of @, on the half space {y - é >0}
PR Ly gm0 S IR TR By g0 S o772 OB
< Jo| T e (e g‘@p)?(dl) Al et 1] (2:5.6)
By symmetry, we have the same estimate on the other half space {y - 7 < 0} and thus
IGlli S 1o~ F e 5~ s (2.5.7)

(to be compared with (2.2.10)). Now for the projection of interaction, we recall that its core
part (as identified in the proof of Lemma 2.2.20 and in step 4 of Proposition 2.5.10) is given
by

@YW+ )y +p [

JEd]
2

| Q" 'y + 2)VQ(y)Q(y)dy

2z _ 2l
BN

H(z) = p/ ]
g

and the following estimate of H(z) is still valid for 1 < p <2 (see Lemma 2.2.20)

z

‘H(z)—cQIQ ‘\zldzlez| < ]z]’lj%le’m. (2.5.8)

Il

In summary, the projection (G,eT'VQ(y — z1(s))) and thus © are still of order s72, however
the interaction G is of order s > 572 in L® norm. Therefore, there still exist some terms in
the interaction that perturb our regime and prevent us to close the bootstrap arguments (for
example (2.3.49)).
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In view of the above remark, we look for a refined approximate solution P of the form

P(s,y) = P(y; (2(s), v(s)) = Y e NQ(y — 2(s)) + W y; (2(5), v(s)))
=1 (2.5.9)

= Pu(s,y) + W(y; (2(5),v(s))),

where W (y; (2(s),v(s))) to be determined.

Proposition 2.5.10 (Expansion of the refined approximate solution). There exists a series of
(J + 1) functions R;(y; (2(s),v(s))) which are invariant by 7 and v such that by setting

J

W (y; (2(s),v(5))) = > Ri(y: (2(s), 0(s))),

=0
the error Ep defined as in (2.2.8) admits the decomposition
Ep = [y - MQ)(y — 21(s)) + [ - MQ)(y — 22(s)) + G, (2.5.11)

where under the bootstrap assumptions (2.3.25) and the pointwise control of the modulation
equation (2.3.29)-(2.3.31)

A
2] Slog(s), [ <s™, Pl <s™h [0l Ss7% ‘X SO =1 S (C)%s 7

the corrected interaction term (i satisfies
HG()HLQ 5 372, HVGOHLQ S 872. (2512)
Moreover, G is symmetric and

z d—1

(G, T =21DTQ(y — 21(5))) — Cp- 2|7 e | < s72log™(s) (2.5.13)

with C),, > 0.

Remark 2.5.14. In fact, before the pointwise control of the modulation equations in Lemma
2.3.28, we bound ||Go||zz, [|[VGol|r2 by z,v and s P|m4| then once we have the control on 1,
we will obtain (2.5.12).

Proof of Proposition 2.5.10. step 1 Properties of the Helmholtz operators. We recall well-
known properties of (—A + 1)u,(y) = fs(y) in R%. The operator (—A +1)~! is continuous from
L? to H', in particular

[l < 17122

It is self-adjoint
(u, (A +1)g) = (A +Du,g9) = ([, 9), (2.5.15)

invariant by 7, v and (=A + 1)i,(y) = fs(y) (f denotes the derivative with respect to time s).
Moreover, by theory of elliptic equation (see e.g [1]), we have an explicit kernel representation
E4 for (A + 1)1 as follows



u(x) = / Eulx —9)f()dy (2.5.16)

where K, is modified Bessel functions of second kind which is decreasing exponentially when
|z| — +o00. This is a convolution of type L' x L so we deduce that

[ul|Loe S ISl 2o (2.5.17)

Next, we claim the exponential decay property: assume that a regular function f is exponen-
tially decreasing in the direction e;, e’¥l|f(y)| < C with 0 < § < 1, then so is the solution u
of (—A+1)"%

Indeed, we consider

65‘“3.7"|u(x)| — dlzil

[ Fate = swhay

1 \2! 1\2!
o / ( ) e lo=vl lzsl-1usD) g (_) o—(1-B)la]
re \ [T — Yl ||

step 2 Iteration of 7;. We introduce a suitable smooth cut-off function that localizes the points
whose distances to center of two solitons are smaller than |z|. Denote 1y : R — [0, 1] such that
ot (6) = o (12661 = | + 5

0<vyy<C, Pg=0on(—o0,—1], o =1on [0,+00)
Recall the definition of GG

GRS
G(y; (2(5),0(s))) = [P+ Po|P " (P1 + Po) — | P[P Py — | P[P Py

<

Y

<C <.

Ll

and

z(s)

and denote pr; the projection on the direction V(@ around each soliton

(F(), VQ( + S 2(s)))

P = ooy Ty, VO )
Setting
Ao(y; (2(s), v(s))) = G(y; (2(s),v(s)) Y (y; 2(s)),
Ay = Ag — pr,(Ag) — pra(Ay),
A1 =|Pi+ P+ Ro|P"Y(PL+ Po+ Ry) — |P + RPN (P + P),
Ay = Ay —pry(Ay) — pra(4y)
and for j > 2
j—1 j—1 = =
A= |P1+P2+ZRk|p_l(P1+P2+ZRk) — |P1+P2+ZRk|p_l(P1+P2+ZRk),
k=0 k=0 k=0 k=0

Aj = Aj —pry(45) — pra(4A;).
Observe that

J 7—1 j—1
YA =P+ Pt ) R PPt Y Ri)— [P+ PP P+ Py). (25.18)
j=1 k=0 k=0

Then let ~
Ri(y; (2(s),v(s))) = (~A+1)7"4;.

We will show by induction on j the following properties
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e R; is almost orthogonal to V(QF)(- £ 32), i.e,

(B(), V(@)% 52) S 57 (2.5.19)

e The L™, H' norm of R; satisfy

[ Rjsallre S

~J

sV R |l S 57,
IRl S s~ IRyl S 57 log™ (s)
with 0 < kK < 1 to be determined (see (2.5.36), (2.5.37)).

e After a finite number (J+1) of steps, the function R satisfies the two following estimates:
there is € > 0

Q" (y) Ry (y + §)| Q" (y)Ry(y + §)| < el g2 (2.5.20)

IR |5 + s"P V| Ryl < 572 (2.5.21)

independently of z,v ((2.5.21) means thats there exists 6 > 0 such that |R;[|%, +
sTPUVRy [ S 5770,

Note that a direct consequence of the above estimates is

[ Atz
J J J-1 J-1
=[P+ P+ ) R (Pi+ P+ Y R)— [P+ P+ Y RPN P+ Pt Y Ry
=0 =0 =0 =0 2
J—1
S|P+ P+ R R| + Ry P
Jj=0 L2
_ 2 _ _
SN OR(+ )z + 1R 7 + PR |2 S 577
- (2.5.22)
since HRjHLoo S ||R0||Loo SJ 8_p,Vj = 1, J.
Let us begin with Ry. We have that
G (y; (2(5), ()| = |[Pr + BofPH(PL+ Po) =[PP P — | PP Py
SIPPT Pl Ay 250 + [Pl [P 1y 2 o0
Consider
_d-1
P PP 1 e < e @Dy ‘f ? o)
[Py P Pl 1, >0 9 (2.5.23)
S e e P T

by symmetry, we also have the same estimate on {y - é < 0}. Thus, from definition of ¢, we
get

e P E Ao y: (=(s), v(s) e S 577 S 57 (2:5.24)

~

and
| Ao(y; (2(8),v(s)))||r2 S s7° logd(s). (2.5.25)
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The estimate (2.5.24) yields

[ Aoy + g)‘ < e EPI R g B

< 2Pyl o —(2-p) 2 \z\ wéﬁp < 2Pyl =2
S0 it gives a control on projections of Ay
/Rd Aoy + )VQ( Vdy| < 572 (2.5.26)
Therefore, from definition of A,
[Pl gl S 57l [ Aollie S 577 log(s).

From step 1, we can transfer these properties to Ro(y; (2(s),v(s)))

e F Ry (ys (=(s), o()) = S 5775, (2:5.27)
I Ro(ys (=(), () S 577 1og"(s). (2:5.28)

To show the almost orthogonality condition, we note that (—A + 1)VQ = V(Q?) so from
self-adjoint property (2.5.15) of (—A + 1), we have

z

)

(Ro, V(Q)(- + 2))] = |40 — pra(4o) — pral( o), VQU- + 2

= |(pri(40), VR( + 2))| S 57HVQ( = 5). VQ( + 2)) S 57

If 3 < p <2, we see that Ry satisfies already the conditions (2.5.20), (2.5.21) as

[Roll2 S 577" log™(s) < 5™ log™(s) < s~
PP DRyl < 578578 < 572

and [Ro(y + 2)| S e_(2_p)‘y'\7zl+%|s_p|z]_(27p)2(d71) < e PWEls2 g0 fore=2p—3>0

~Y

Q" () Roly + )\ S ePTPITEIQET ()s2QE I (y) S e M,
Thus J =0 and W = Ry(y; (2(s),v(s))) in this case.
If 3§ <p <3, we consider 4;(y; (2(s),v(s))), by (2.2.16), we obtain
|Py+ Py + Ro|" ' (Pi+ Py 4+ Ro) — |PL+ P[P (P + P2)

p+1

PP+ PRy — —\Pl + PP (P + Py)?Ro| < |RolP. (2.5.29)

Next remark that for 1 < p < 2, ||P + PPt — | [P~ — | PP~ < min(|P P [ PP7Y) so
the main part of Al = |P1 +P2+R0|p71(P1 +P2+R0) — |P1 +P2|p*1(P1 +P2) can be Computed

+1 _ -1 _ — _
Hp | Py + Ps|? 1R()‘i‘pT|P1—i‘P2|p 3(P1+P2)2RO—P|P1+P2V) 'Ry

5 ‘

L (2.5.30)

(1olPlyl* + [0z Rol | A + [ | <572

L2
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|P1+ PP Ry — ([Py[P~ + [Po|PY) Ro| S min(|P1 [P, [PofP~) | Rol (2.5.31)
here in (2.5.30) we use the bootstrap assumptions and the control of modulation equations.

Let estimate Ro(y)Q"~'(y + %), from the decreasing properties of Ry (2.5.27), we have

| Ro(y)Q" " (y + %)\ < Pl g =B Dl il (-0
(2.5.32)

—(3=2p)|y-Z| . —(2p— _ (3=2p)(d=1)
<e B2y 51l g—(2p 1)’2‘ 5

so for k < 1 determined later in (2.5.36)
2
[ Bo()@ "y + e S 57717, (2.5.33)

The collection of above estimates gives a bound on norm L? and on the decay property of A,

[ A1z S |Rollh + [[RolPaP || 22 + | Ro| PP~ 2

5 S—p2 logdp(s) _l_S—(Qp—l—m) S S—(Qp—l—/i)7

H6(3—2p)\y~ﬁ\A1 [P

5 ”6(372p)\y-‘7ﬂ\|R0‘p|‘Lw + ”e(i%*?p)ly-,‘;jIRolpﬂpleLoo + He(3*2p)|y-§ﬁ|R0|PZ|p71HLOO

< 5P g gD TR ) - O
as the decay e ® P EIl of Ry is faster than the one of e ®~?PWEl Finally, we consider
2 b1 z o1 z z
(A1.VQy+2)) —p (= DFo+ Q7 (y +5) Ro, VR +3))
Z . _ _ 4
S (IRol?, VQ(y + 3)) + (min( P~ | Po ™) Rol, VQ(y + 5) )
< [ —@oply il —p?) - CREE=D plply-F| —(2-p)plEl H1-(2-p)p Z >
< (e 72 : e QY+ )
1 <S—(p—1>e—<2—p>\yﬁ\S—p|z|—7<2—p>;d-”e(z—pny-@e—(z—p)% QP (y + E)>
’ 2
S5 4 57D 572,
We can deduce from the almost orthogonality (2.5.19) that
z
(A1, VQ(y + §)> < 872 (2.5.34)
in other words, we have
lpr; (A1)||2 < 572, i=1,2. (2.5.35)
Therefore, we have the following estimates for A; = A; — pr;(A;) — pry(A,)
||A1HL2 SJ 8—(2})—1—/@)7 ||€(3*2p)\y"7z|\AIHLOO 5 S—(Zp—1)|z|_%

and the analogue for R;
Ry |lm < 3*(217*1*%)’ H€(3—2p)\y'ﬁ\R1HLm < 37(2}771)’2‘7%.
There exists 0 < x < 1 such that for all p > 3
—2p—1—-kr)p<—-2, —2p—1—kK)—pp—1) < -2 (2.5.36)
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so | Ryl + sPP V|| Ryl g S s~ @P71mmp 4 o= @r=1=m) (=) « 572 and for e =3p — 4> 0

QU () Ra(y + )| S e Ol o 2B g g
2 ~Y
< 6(37217)@‘@‘62(3—2;))<y)8—2Q(3p—4)<y> < oyl =2

The almost orthogonal property of V; is a direct consequence of (A;(- + £), VQ) < s~. Thus
J=1and W = Ry(y; (2(s),v(s))) + Ri(y; (2(s),v(s))) in this case.

If ﬁg <p< j—ﬁ, we proceed the same way and after (J + 1) steps, our process will finish with

W = Z R;(y; (2(s5),v(s))),

= (J+2)p—(J+3) >0and 0 < x < 1 such that for all 22 < p < L

—((J+p—-J—-rp<-=-2, —=(J+1)p—J—kr)—pp-—-1) < -2 (2.5.37)

step 3 Estimate of Gy. Let P = P, + P, + W and put into the definition &p, it follows from
the computations in Lemma 2.2.6 that

Ep = [Ty - MQ(y — 21(s)) + [eM2hy - MQ)(y — 2(s)) + |P’p 'P— |P PP — PP R
J J
+Y (A -DR;+ ) [iR; — it AR +(1—4)R;]. (2.5.38)
7=0 7=0
Note that

Z .:_ZAJ-:—Z Zpl‘l )+ pry(Ay)]

—_

j
thus following (2.5.11) and (2.5.18), we have the exphClt expression of Gy

J J J—1 J—1
Go=|Pi+ P+ ) RPN P +P+ Y R)—|Pi+P+ Y RPPNP+P+) Ry
J=0 Jj=0 j=0 j=0

J
£ A+ (A= DR+ [P+ BT (P P = [PPTUP - PP R (A= DR,

j=1
J ] A
+ ;[mj — iy AR+ (1= )R]
J J J—1 J—1
=P+ P+ Y RPN P+ P+ Y R)—|Pi+ P+ > RiPTNPi+ Pt Y Ry)

J=0 J=0 J=0 J=0

J J
. A
+ > [pei(4) + peo(A))] + G+ (A = 1)Ro+ Y _[iR; —iTAR; + (1 —4)R)]
]:1

, A
7=0
; .
. A
= AJ+1+Z pry (A +Ptz(f4j)]+Pt1(G%U)+Pt2(G¢)+G(1—¢)+Z[iRj—Z'XARﬁ(l—W)Rj]-
Jj=1 Jj=0
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We bound the first term by (2.5.22)
[Asallze S s7%

Next, from pointwise control of the modulation equations, we have ‘% 1= £ (C*)?s72 and

| Rl < [|Rollm S s77 10gd(s), therefore

< 572 (2.5.39)

We recall (2.5.26) that
b1 (GU)lz2 + [lpra(GY) |2 < 57

and similarly to (2.5.35), we have
ey (A 22 + lloea(A))lle < 72, V> 1

The term -
—a—2 |z —1 —1 —
IG(L =) |lz2 S |27 e P PR + |R)52Y) S 872,

this is a consequence of the choice of localized cut-off function ¢ and the decay property of Q.
For the last term, we have R; = (=A +1)7'4;, so

1R ||z < || A2

We consider Ry and Ay, proceeding as the way we control G in (2.5.5), we have that G decays
more rapidly because of extra terms Z and v. In fact, we have

Gl < ‘(Pl + P[Pyt Pyt ™t = PP — Py Pyl

Jr‘(P1 + P)|Py + P|P"%(P, + P,) — P,|P,|P72P, — Py|P,|P 2P,

and .

Then for |P;| > | P»|, we deduce from the asymptotic behavior of @, V@Q at infinity that

|

‘(VPl — VPR)|P,+ PP 7%(PL + Py) — VPP [P 2P, + V| PP 2Py

p—2
P VPR,
1+=2) -1
( +P1> +VPI

'(VPl — VPR)|P,+ P|P7t = VPP, [P~ 4 VP | PP

Pl LD

P
VP

Py

SIPPTHP Ay 250

_ VD, b
=|\VP (P[P (1 1+ =
e[ (o)

and

P
P

P P
:’VP1|P1|P—2P1K1— v 2) ‘1+ 2

p—2 P2
VP P

Py

< |P1|p_1|P2|.]ly.ﬁ>o.
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We do the same way in case |P2| > |P;| and for function (y — zx) P thus we obtain from (2.5.23)
that

1G] S J2ls + [ils™? 570
SO HAOH LS |G| 12 + | 2| |GV 2 < s~2. Next remark that for a function f
L

d .
‘Eptxf)’ N ]m(f)\ +2lpe (), i=1,2 (2.5.40)

thus Hflo < 572, by properties of (—A 4 1)~ this implies || Ro||.2 < s~2. We will prove by
L

induction that

For A; (j > 1), we have

j—1 j—1 j—2 j—2
RS ‘(Pl + P+ R)P AP+ Y RPN = (Pi+ B+ ) R+ P+ > R

k=0 k=0 k=0 k=0

As | Ry||2 < s72 for 0 < k < 7, it is sufficient to prove that

j—1 j—2
’(Pl + PP+ Pat Y R = (P PP+ Pot Y R <572 (2.5.41)
k=0 k=0
Let estimate
Jj—1 J—2
B; = ‘(vpl —VPR)|PL+ P+ Y R’ = (VP = VP)|Pi+ P+ Y R
k=0 k=0

We have three cases to consider.
At a given point z, if it holds max(|Py|, | P2, [Vol ..., |Vj=1]) > max(| Py, |P%]), then

—_

Bi S ) IilP s s
0

.

i

otherwise if max(|Py|, | Pz|, |Vol, -, |Vj=1]) = | P1| then, by the first-order Taylor expansion

1—VP,/VP P, R PiiR
5= |vrinp| (e ey ) e
1+P2/P1 + i;:()Rk/Pl Py k=0 Py Py k=0 P

p—1

) p 7j—1
VP, Py Ry . -
—(1-— 1+ — — S | PP P 1, = g P PR
( VP]_) +P]_ +k:0 P]_ N| 1| | 2| y|z>0+k:0| 1| | k'|

-p
<s

Y

and similarly for the case max(|P|, ||, |Vol, ..., |[Vij=1|) = |P»|. Thus, B; < s7P, from which
we deduce (2.5.41). Recall the estimate for the derivative of a projection (2.5.40) so we get

14
V Gy, which finishes the proof of (2.5.12).
step 4 Estimate of projection. From step 3, the terms whose norm L? is of order s=2 are

, < s72. In conclusion, we have ||Gyl|z2 < s72. Similarly, the same estimate holds for
L
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Agir, ey (GY), pry(GY), G(1=10). As [(pry(GY), eIV Q(y—21(s)))| < 572 and similarly
to (2.5.35), we can show |pt,(Asy1)| < s2 thus

(Go, eV IVQ(y — 24(s))) = (G, e HEIVQ(y — 21(5))) +o(s7?).

For 1 < p <2, we also have the analogous estimates of (2.2.26), (2.2.27)

_ _ _ +1, . -1
‘|P|p 'P— |P PP — PP Py — {p—|P1|p 1P2+pT|P1|p 3P12P2} Ay 250

{p+1

PP~ P+ —|P P~ 3P2P1} Ay z<o| S min(|P1[7, [PfP). (2.5.42)

We note that for § = 1%1 >0

Qv
Y1177

Sl etiqr = () [ @ty

/ Q1) VQy)dy

Lz 2l
1< 2

<SP (%) / Q°(y)dy S s~ < 5% log ™! (s).

We repeat the approach in step 3 of Lemma 2.2.20 and combine it with (2.5.8) to conclude
that

\<G IVQy — 219} = Gyl T e £ 7 e S 50 ()

as required. O

The modulation part remains the same as for p > 2 (see Lemma 2.3.2) except the extra

relation will be 5
0 =——Hy(v, 2) (2.5.43)
Co

where

Ho(v,2) = <Go(y§ (v(s), 2(s))), ¢ 7 DVQ (y - 7>>

= (Go, MV Q(y — 21(9))).
Remark that by (2.5.13), the main order of v still remains

(2.5.44)

fu+c—\z| Tl < T e,

We claim the following analogue of Proposition 2.3.20 in the context 1 < p < 2 for L? sub-
critical.

Proposition 2.5.45 (Uniform backwards estimates for 1 < p < 2). There exists so > 1
satisfying the following condition: for all s > s, there is a choice of initial parameters
(A, 2 ™) such that the solution u of (NLS) corresponding to (2.3.1) exists. Moreover, the
decomposmon of u with extra relation (2.5.43) on the rescaled interval of time [sg, s

Py T = X(s)d
2 +€ $,Y), Y= —7 t = S)as
AP=1(s) A(s)

u(s,x) =

69



verifies the uniform estimates for all s € [sg, 5]

| [2(s)] = 21og(s)| Slog(log(s)), \A_l -1 $s7h

2.5.46
PS5 el lm S5 [l e es?| S PlogTH(s). (2.5.46)
Proof of Proposition 2.5.45. We only sketch the proof since it is very similar to Section 2.3.2,
the main difference is the localization to avoid singularities due to the small power p in Taylor
expansions (2.5.1)—(2.5.3).
step 1 Modulation equations. Consider

d . . I .
£(n1,A+zB> = <77172L_A—L+B>—(ml-Mnl,zA—B>—(Epl,zA—B> : )
2.5.47
_ _ + 1 -1 . .
— (P (P4 = [P Py = B - Eo Qi - B)
where the expression of Py is given by
J
Py = Q(y) + G2 WOy — (2 — 21)) + ) e VR (y + z).
=0

Let C' the set such that max (|Ro(y + 21)|, ..., |Rs(y + 21)]) > 755Q(y) then for y € C
Q)| S | Rillr < 577, for some i € {0,...J}.
Since |A|, |B| < |x|%¢~1#!, from the asymptotic behavior (2.1.17) of @, over the set C, we have
| Al +[B] < 57" log?s. (2.5.48)

Next, denote

[(s,y) =Tay — (22 — 21)) —T1(y) = —%w (y+2) - %w -y, (2.5.49)

from the estimates ||z| — 2log(s)| < log(log(s)) and ||v| — s7!| < s 'log™'(s), there exists a
constant ¢y (independent of ™) such that if |y| < cos then |I'(s,y)| < 5. Let D = {y €
R% |y| > cos} , we have for y € C¢N D¢

QW) S P S 1 (2:5.50)

since |Ro(y + 21), -, |Rs(y + 21)| < 75Q(y) and Rele"Q(y + z)] > 0. And we have for
ye CUD, using A, B €Y and (2.5.48),

[A(y)] + [B(y)| < min(e™ 3, 57 log"(s)) S s (2.5.51)

with 1t = ’%1. We denote

o(s,y) = 1pelce. (2.5.52)
A consequence of (2.5.50) and (2.5.51) is that

Pi(y)"Q(y) (s, y) <1 forn>m >0 (2.5.53)

and
(AW + BN —o(s,y) $s71 (2.5.54)

70



By Cauchy-Schwarz and Gagliardo-Nirenberg inequalities

p+1

—1
(P14~ (Py ) = [P1 Py = F= Qi = =@y, (14 = B)(1 = (s5,9))

S Iml + Iml?, (A + B)(1 = ¢(s,-))) ,s ST mll + llmll5) S €750,

From the expansion in (2.5.1), we get

! Q ' — b

_ _ + 1 .
[|P1 + P (P +m) — [P PPy — b Q7 1771] ©(s,y)

2

p+1 - p—1 -
—| et - @+ PR - o + O

)|t
We control the first two terms as before in the case p > 2

(PP~ = Q" m, (A = B)p(s, )| + [(IP1P7°PT = QP17 (1A = B)e(s, )|
< C* s~ P Jogd(s)

and for the last term, we use (2.5.53) to remark that |P;|P~2[iA — Blp(s,-) < 1 then deduce

the inequality
2
U . N2 —
(| a4 = Bote,) ) S 1l 5 (Ces

To summarize, we have shown that

-1

L D
Qp 1771— 9

_ _ + _ _
<|P1 + PPy 4 ) — [Py Py = B QP 7y, iA — B> <572 (2.5.55)

Next, it is obvious that we still have as before
(71 - My, iA — BY| < C*s™ iy (s)].
To prove the estimate

(Ep,,iA — B) — (imy - MQ,iA — B)| < 572 + s, (2.5.56)

we recall Ep, = [y - MQ](y) + [e! T2~ (G221, . MQ|(y — (22 — 21)) + e T WGy (y + 21).
From (2.5.12)
(™MW Go(y + 21),iA = B)| S [|Gollre S s~

and finally since A, B € ), we have
(/22 ) W) (47, MQ(. — (20 — 21))), 1A — B)| S 5" |hal,

which yields the estimate (2.3.33) in the case 1 < p < 2. We project n; onto three null spaces
of the linearized equation around () and obtain the almost orthogonality for the forth null space
by the localized momentum thanks to the special choice of ¥ in (2.5.44) (as in Section 2.3.2.2).
Indeed, proceeding the same way as (2.5.47), taking into account the terms of order s2, we

have that

dismka iVQ) = <w, VQ> + <2k — 2uy, + %Zk) (iVQ, Vi) + O(C*s~(1+11),
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For the estimate of localized momentum My: for all s € [s*, s,

1d - F" (P, . A -
g = (B ) ( e sz> (19Q. V) + Ollog™ ()l )

(2.5.57)
Recall that from the equation of in (2.3.10), we have

dsMk = Im / Ve )X — (An, — i + (P + ml?~ (Pr + m) — [Pr[P 7' Py)

+ g, - Mgy, — (2 — 20x + sz) SV + g - MYQ — (2 — 20 + sz) VQ
[T 1\7[Q](y +2) + G, 2V + i Vx).

We proceed the same way as in Lemma 2.3.28 for L? sub-critical cases with p > 2, except for
the term

(1P + P (Pr+ mi) — [PelP™ P, 2x Vi, + eV x).
First, by (2.5.1)

Py 4 0P (P + i) — [PRP' Py = F'(Pr).e + O(|mi|”)

and then we have
(P, 2V + eV X)| S HellBit S s72log™2(s).

Second, we consider

[(F' (o), V0 S [V il S og™ (s)llel -

Finally by integration by parts, we obtain
1 1
(F'(P).me, XVi) = _§<VPanﬁk~Fﬂ(Pk)'7lk> - §<F,(Pk>~77k»77kvX>-

These estimates yield (2.5.57) since in the support of x, we have |P,| > s > 1Vjllzos, Vi =0, J
so ¢ = 1 then

(VP X, k- F" (P).i) — (0kV Pr, T F" (Pr) 1) |

F P V A .F” P.). \V4
{; /y|< logs(nk ( k nk Q’ ‘/|y|>llogs (77’6 ( k) nk) Q(in)

—1
S s [[ell7,

N

and

(iVQ, XVii) — (iVQ, V)| < VQVik| < s |l
[yl
y>

L log s

here we use the property (2.5.53) of ¢y that ¢ # 0 implies VP],D’

D <1

step 2 Control the energy functional. We still consider the energy functional
Wi(s,e) =K(s,e) — J(s,¢)

1 2 ) B
:5/ (|V€|2 + |.§|2 — —y (|P + €|p+1 _ |P|p+1 _ <p + 1)|P’p 1 Re (EP)))
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and remark that we still have the coercivity property

W (s, €(s)) 2 le(s)ll7

(see for example [17], [22]). Define

e1(s,9) = p(s,y — 21(s)) (2.5.58)

a function localized to the first soliton P;. Similarly, we can define an analogous function
©2(s,y) localized to the second soliton Ps.

We claim an estimate on the derivative of K by 2 - (V P, %} but now localized by ¢

2
d
% Z 2 (epV By,

=1

(P
Byl < s2le() i + 5 2elZn. (25.59)

Recall that we have
I (s, ()] = DK(s, els)) + (DK (s, (), &),

and
: A
DK = (P, K), (DXK(s,¢€),é) = X<D€K(S, €),Ae) — (1 —4)(iDXK(s,¢),e) — (iDK(s,€),Ep)
with K = [P +€[P"}(P +¢) — |P|P~'P — ZHe[PP~! — ZZ1eP2|P[P~3. We observe from (2.5.51)
that for P, = —2; - VP + ity - (y — 2) Py, over the set C’ UD ,|P| < s 0+ then
(P K(1 = o)) S 57D lel .
From (2.5.1), |K| < |e]*|P|P~2 so we obtain
[(i0n - (y — 21) P, Keow)| S [0] llel[7 S 572 el 7
since W= <1 by (2.5.53). Next we look more precisely at K

[Plex

2+

EF"(P).e PP

2

€

K= +0(|5

since |2 < s7'and p— 2% > —1, we also have

2+

‘<—73k'vpk, %

|P|psok>\ S lellZ

We deal the first two terms of (D.K(s,¢€),€) as in the case p > 2

; ; .
'X<DEK<s,e>,Ae> < |5] (el + el ) e

(1 =) (iDK(s, €),€)| S 11 =4l (el + el 7i") < (C*)*s 2 [lell7p-

Recall that for the last term we have

(iDXK(s,€),Ep) =(—ile+ic—i ([P + ¢/ (P +¢) — [PP'P),
[T - MQI(y — 21(s)) + [ - MQ(y — 22(s)) + Go)
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so from the properties of operators L, and L_
I =(—iAe +iec — i ([P + elP"HP +¢) — [PPIP), [y - MQ)(y — 21(5)))

A LA .

= X<771, —2Q) + (v — XU)<7]17 —2VQ)
) _ _ +1 -1 . . o

- <Z(|P1 + PP+ ) — [Py PPy — b 5 Qlp — B 1771),7711 : MQ>-

2

By the same way to prove (2.5.55), combining with the orthogonality of n; (2.3.6), (2.3.30)
and the estimate of modulation equation (2.3.29), we get

L] = 0((C")"'s™) + O((C)*s ™).

Finally, using integration by parts and Cauchy-Schwarz inequality, from the bound for H! norm
of Gy (2.5.12), we obtain

{(—ile +ie — i ([P + e (P + ) — [PP'P) , Go)| < 572]lell .

Combining these computations, the proof of (2.5.59) is finished. We still have the same estimate
for localized momentum J: for all s € [s*, s,

T3 e - Y - v m O gt (2560

(by using (2.5.57)). Then we can deduce from the modulation equation |2 —2v;| < s7! log™ (s)

that
d

ds
The rest of the proof stays unchanged in comparison to the case p > 2 in Section 2.3.2.4. [

(Wi(s,e(s)]| < s7lle(s)llan-

From the uniform backwards estimates in Proposition 2.5.45, since ||R;||m < s ! for
7 =20,J, we have that

H

J
Sl + Y IR ()l

1 =0
Ss

then we proceed like in Section 2.4 to obtain the existence of a solution u(t) satisfying the

regime (2.1.6) in sub-critical cases with 1 < p <2

2

u(t) = 1057 Q(. — (1))

k=1

S

S

Hl

2.6 Super-critical cases

In this section, we will present the necessary modifications to prove the result in the L? super-
critical cases (1 +2 < p < $2) (see [1]). For k € {1,2}, z1(s) = —z(s) = 22(s), vi(s) =
—va(s) = u(s), denote

Y (s,y) = ROV OYE(y — 2(s)) (2.6.1)

Zi(s,y) = eTFEVHENAQ(y — 24(s))
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Vi(s,y) = eTEv==6DivQy — 2,(s))
Wi(s,y) = eTeEv=2E) (y — 2 (s))Q(y — 21(3)).
Let

2 2

Y*(s,y) = Y*(y; (2(5),0())) = Y Vi (5,9), Z(s,9) = Z(y; (2(5),v(5))) = Y Z(s,9),
V(s,y) = V(y; (2(s), v(s))) = Vi(s,y) — Va(s,y),
W(Sv y) = W(yv (Z(S), U(S))) = Wl(sv y) - WQ(Sv y)

We need some extra parameters to control the instability created by Y*. Consider a solution of
(NLS) with symmetric initial data like below: for b = (6™, b, by, by, bs) € R?, ||b]| < C(s™) 2
(the constant C' independent of s™ and given in Lemma 2.6.4)

(2.6.2)

with
w(s™) =P (y; (2€,v™)) + bTiY T (y; (2™e, v™)) + bTiY (y; (27E, v™))
+ 01 Z(y; (271, 0™)) + bV (y; (27€1, 0™)) + bsW (y; (27€1,v™)). (2.6.3)
Then we get
e(s™) = bTiY T (y; (27e, v™)) + biY  (y; (27er, v™))
+ b1 Z(y; (2@, v™)) + bV (y; (27E1, 0™)) + bsW (y; (27e, 0™)).

Lemma 2.6.4 (Modulated data in direction Y*). There exists C' > 0 such that for all s™ > s
and for all @™ € [—(s™)~2, (s™)~2], there is a unique b so that |[b|| < C|a™| (C independent
of s™) and the initial data satisfies

(m(s™), Y ™) =a™,  (m(s™),iYT) = (m(s™),iAQ) = (m(s™),yQ) = (m(s™),iVQ) = 0
with 7y defined as in (2.3.5). (269
Proof of Lemma 2.6.4. Let

¢ = ((m(s™), Y "), (m(s™), Y ™), (m(s™), iAQ), (m(s™),iVQ), (m(s™), yQ))-
We consider the linear maps
¥: R - H'(RY)  &: H'(RY) - R°
b e(s™) €(s™) — ¢

and Q = ®o ¥ : R> — R®. We compute
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and .
o(y)le™™ Y F](y — 52"e)dy
1

ole Ty - 5" dy
2(0) = | [ oly)le ™Ay - 52" )dy

o)l VR — 3 E)dy

/ v(y) e yQl(y — %zmél)dy

then we can deduce that for some complex functions A(y), B(y) € Y

——— —

Q=®oW=N+O0((Aly +27¢), By)|) = N+ 0"

where
@Y+ Yty (Y 1Y+> (IANQ,iYT) (VQ,iYT) (yQ,iY ™)
@Yt Y)Y GY Y T)  (GAQ,iY ) (iVQ,iY ) (yQ,iY )
N | Gving) (viaQ) (AGLAQ) (VQ.AQG) (40.iAQ)
((Y*T,iVQ) (iY~,iVQ) (1AQ,iVQ) (iVQ,iVQ) (yQ,iVQ)

@Y+, yQ) (@Y ,yQ)  (AQ,yQ) (iVQ,yQ) (yQ,yQ)

and Q(0) = 0. Remark that N is the Gramian matrix of iY" Y~ iAQ,iVQ,yQ which are
linearly independent since if for some m,n,p, ¢, € R (not all zeros)

miY T +niY ™ +piAQ +qyQ +1riVQ =0

then mY* +nY ™ + pAQ — qiyQ + rVQ = 0. We apply L to both sides of the equality
(L-(AQ) = ~2Q, L (2Q) = ~2VQ, L.(VQ) = 0) and get

megY ~ —neyY  — 2piQ) — 2qV(Q =0

som=n=p=qg=0as Y, Y ,iQ,VQ are linearly independent thus » = 0, a contradiction.
Therefore, det N # 0 and with [2™| > 1, we have that Q is invertible around 0 and

1974 < [|Gram(iY ", 1Y, iAQ,iVQ, yQ)|| + 2
Therefore, for any a™ € [—(s™)~2, (s™)~2], we can choose
b=907"((0,a",0,0,0)), [[b]| <[|27"]|]a™|

to conclude the lemma. OJ

In fact, the coefficients by, by, b3 can be determined explicitly from b™, b~ as follows

1 . .
"= RO+ iAqr + ey gy ¢ )
+ b (MY (- + 27E), iAQ) + b7 (1Y T, IAQ) + b (eTOViY (- + 2¢)),iAQ))
[12 = 1 (b+<iy+7 ZVQ>

IVQI7. — (eTOEVQI(- + 2mé1),iVQ)
+ b (MY (- + 27E),iVQ) + b (Y 7,iVQ) + b (MY (- + 27¢)),iVQ))
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1

ba — : — b™ (1Y, yQ
= Q=R e ¢ v
+ 0T (0N (4 218),yQ) + b7 (1Y, yQ) + b7 (VY T+ 278), Q)
where Io(y) = —1i™ - (y + 2™¢€) — 3iv™ - y. This specific choice is made in order that initially,
we have the following orthogonality conditions

(m(s™),iA) = (m(s™),yQ) =0 (2.6.6)
and (n;(s™),i1VQ) = 0. We recall the decomposition of u(t): there exists a C' function
qt) = (X, 2,7,v) : [s0,5"] = (0, +00) x R* x R x R?
such that we can modulate u(t) on [sg, s™] as

etV (s)
ult(s). ) = S5 P+ €)(s.0)
and (n1(s),iA) = (m(s),y@) = 0. In here we obtain only two orthogonality conditions as the
initial data satisfies only two (2.6.6). The proof of uniform estimates will remain the same
except for some modifications that we will clarify immediately. Denote

a*(s) = (m(s),iY*), (2.6.7)

Lemma 2.6.4 allows us to establish a one-to-one mapping between the choice of (b, b7) and
the constraints a™(s™) = 0,a(s™) = a™ for any choice of a™. We now define the maximal
time interval [S(a™), "] on which (2.3.25) holds and

3
2

la®(s)| < s~ (2.6.8)

for all s € [S(a™), s™]. We will prove that there exists a choice of
n iny—3 iny—32
a™ € [=(s")72, (s") 2]

and z™ such that S(a™) = so. The first thing changed is that €(s™) may not be zero, but
we still have ¢(s™) < ||b]| < (s™)~2. This is enough to conclude that [W(s, e(s))| < C*s2
from the fact [-EW (s, e(s))| < C*s73. Next, from (n;(s™),iVQ) = 0, we still deduce that
|(1,iVQ)| < (C*)2s ' 1log™!(s) by considering the localized momentum M. The second thing
which need to be modified is the coercivity of W. By (2.1.22)

W (s, e(s)) 2 lle(s)ll7n +O(s™)

the process in Section 2.3 is still valid as long as we have (2.6.8). We claim the following
preliminary estimates on the parameters a*(s).

Lemma 2.6.9. For all s € [S(a™), 5™,

da*

E(S) F eoa™(s)
Proof of Lemma 2.6.9. Applying the inequality (2.3.33) with A= —ImY ™" B = ReY ™ and
using the equation of Y+ (2.1.21)

< leln (2.6.10)

d
T-{myiReY ™ — ImY™*) — [{, —iL_(ImY™*) — L (ReY™))
S

— (M - MQ, —iImY™" — Re Yﬂ}‘ <(C*)2s72 + 57 Hmy | (2.6.11)
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so we get

d , , o L I
Y )~ (L) S (€ s i+ QY
This implies %(5) —epa™(s)]| S |lel|3:- In the same way, we also obtain
da~ _
W)+ con™(5)] 5 el
as desired. []

By the same arguments in Section 2.3, we improve all estimates in the bootstrap bounds
except those of a*(s) and z(s). It seems to us that the reasoning to close the bootstrap bound
of z(s) still works, in fact, it is, however we will control a*(s) through a suitable value of a™
also by a topological argument so we have to choose (2", a"™) in the same time.

Lemma 2.6.12 (Control of a™(s)). For all a™™ € [—(s")2, (s™)~2], the following inequality
holds for all s € [S(a™), s™]

Njw

la*(s)] < %s : (2.6.13)

Proof of Lemma 2.6.12. Tt follows (2.3.25), (2.6.10) and a*(s™) = 0 that for all s € [S(a™), s"]

lat(s)] < (C*)zee()s/ e 0T 2dr

n

C* 2 in . C* 2 §
— ( ) 6608[6—6088—2 - 6—608 (Sm)—Z] o 2( ) eeos / e—eoTT—3dT
€0 €o s
*)2
< (C ) s2 < ls*%
- €o -2
for sp to be large enough. O]

Lemma 2.6.14 (Control of a™(s) and closing the parameter z). There exist 2 and o™ €
[—(s™)~2, (s™)~2] such that S(a™) = s.

Proof of Lemma 2.6.14. We argue by contradiction. Consider ((s), £(s) as defined in (2.3.52)
and

N(s) = s*(a(s))*

Suppose for all (¢*,a*) € D = [~1,1] x [~1, 1], the choice of
Cin — Sin + C—jiszn IOg_%(Sin), ain — aﬁ<5in>7%
gives us S(a™) = S(¢¥, a*) € (s0,s™). Recall that
£(s) = 2(C(s) = 9)(C(s) = 1)slog(s) — (¢(s) — 5)*(25 log(s) —57°). (2.6.15)
On the other hand, for s € (S(¢%, a%), s™], then by (2.3.25) and (2.6.10), we have
N(s) = (35~ a~(s) + 2%(5))@‘(5)
=5°(3s7" — 2e0)(a”(5))* + O (llel[75°la™(s)]) -

78



Due to the bound on |[e]|3,:, we obtain
N(s) < 3357 = 2e0) (0 (5))? + C(C*)2s72 /N (s)
1

then for sy large enough (% < 3¢9 and C(C*)%sy? < 3ep), the estimate becomes

. 3 1
N(s) < —§eON(s) + C(C*)?s7 2/ N (s). (2.6.16)
Denote )
Ui(s) = (C(s) — s)(s) "' log2(s),
Wy(s) = a (s)(s)?.
From the definition of S(a™) and the continuity of flow, at the limit S(¢*, a*), we have one of
the following situation
Uy (S(¢Fa") =41, Uy e[-1,1] (2.6.17)
or
Uy(S(¢H b)) =+1, U, €[-1,1]. (2.6.18)
Remark that in the first case, we have
E(S(¢F,ah) < =(S(¢a*) ™ <0
and in the second case we have N'(S(¢%, a%)) = 1
N(S(¢*, a%) < —ey < 0.
A consequence of the above transversality property is the continuity of the map (¢, a*)
S((¢*, a*)) thus the following map
v D — oD
(¢F.af) = (Wi(S(¢F a)), Wa(S(¢F ah)))
is also continuous where 9D is the boundary of D. Note that if a* = %1, then from (2.6.16),
N(s™) < 0, we have S(¢*, a*) = s™ and if ¢* = 1, then from (2.6.15), £(s™) < 0, we also have
S(C*, a*) = s™. Thus ¥(¢* a*) = (¢, @) for all (¢¥, a*) € OD, which means that the restriction of
U to the boundary of D is the identity. But the existence of such a map contradicts the Brouwer
fixed point theorem. In conclusion, there exists a final data (2™, a") such that S(a™) = s5. O

Finally, we still have the strong compactness result as in Lemma 2.4.5
Un(ty) — ug weakly in H*(R?)
U (to) — ug in H7(R?), for 0 <o < 1

then we also consider u the solution of (NLS) corresponding to ug, by local well-posedness and
continuous dependence (in |3]) for L? super-critical of (NLS), we have for all ¢ € [tg, +00),

u,(t) = u(t) in H°(RY), s.<o<1

where s, is the critical exponent s, = < 1. Thus we can pass to the limit the

decomposition (¢, €) and get,

<t (2.6.19)
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Chapter 3

Strongly interacting multi-solitons with
logarithmic relative distance for gkdV
equation

Abstract
We consider the following class of equations of (gKdV) type

O+ 0y (02u + [ufP~'u) =0, pinteger, t,z €R

with mass sub-critical (2 < p < 5) and mass super-critical nonlinearities (p > 5). We prove
the existence of 2-solitary wave solutions with logarithmic relative distance, i.e. solutions wu(t)
satisfying

—0 as t — +o0,
H1

u(t) — (Q( —t—log(ct)) + 0Q(- —t + log(ct)))

where ¢ = ¢(p) > 0 is a fixed constant, 0 = —1 in sub-critical cases and ¢ = 1 in super-critical
cases. This regime corresponds to strong attractive interactions. For sub-critical p, it was
known that opposite sign traveling waves are attractive. For super-critical p, we derive from
our computations that same sign traveling waves are attractive.
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3.1 Introduction

We consider the following class of equations of (gKdV) type

2 p—l =
{atu +0u(Qu+ Juf~lu) =0, tzeR (3.1.1)

u(0, z) = up(x), u € H':R - R

where p > 2 is an integer. When p is odd (p = 3,5,7,...), (3.1.1) is the usual generalized
Korteweg-de Vries equations (gKKdV). In particular, the case p = 3 corresponds to the modified
Korteweg-de Vries (mKdV) equation, which is a completely integrable model [21].

From [7], the Cauchy problem for (3.1.1) is well-posed: for all ug € H'(R), there exists T* >
0 and a solution u € C([0, T*], H'(R)) to (3.1.1), unique in some class Y7 C C([0,T*), H'(R)).
Moreover, the following blow up criterion holds:

T* < +oo implies lim ||u(t)||g = +o0.
t—T*
Recall that such H' solutions u(t) satisfy the conservation of mass and energy:
M(u(t)) = /uQ(t,x)dx = M,
Eu(t)) = 1/(@ W2t 2)dr — —— / P (¢, 2)de = E
92 T ’ » +1 ) 0-
For p < 5, all H! solutions are global in time, as a consequence of the conservation laws and

the Gagliardo-Nirenberg inequality

p—1

< lull510pul|S. with o= .
Jullzoss Il W0rulge with o = 527

For p = 5, called the critical case, blow-up in finite time is possible (see e.g. [11]).
A very important feature of these equations is the existence of traveling wave solutions,
usually called solitons, of the form

R”L)Q,.’EQ - QUO ('r - x() - /UOt)

where Q, = vp%lQ(\/Bm) and () is the ground state solitary wave, i.e. the unique positive even
solution of the equation

1

Vi D 1 v
O+ =Q Q)= (26087;§(p1$)) .
2

Recall that for sub-critical cases (p < 5), the solitons are stable and asymptotically stable in
H' in some sense (see [1], [11], [21], [27]) while for critical and super-critical cases (p > 5), the
solitons are unstable (see [3], [6], [L4], [22]).

3.1.1 Main results

In this article, we construct a 2-solitary wave solution with logarithmic relative distance.

[ (Multi-solitons with logarithmic distance). Let p integer, p # 5 and p > 2. There exist ty > 0
and an H' solution on [ty, +00) of (3.1.1) which decomposes asymptotically into two solitary
waves

u(t) — (Q( —t—log(et)) +oQ(- —t + log(ct)))

— 0 as t — o0, (3.1.2)
H1
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where
8(p—1)
15— p|

0 = —1 in sub-critical cases (2 < p < 5) and o = 1 in super-critical cases (p > 5).

¢=c(p) = (2p+2)71 | QII2 > 0, (3.1.3)

In sub-critical cases, [18] proved that the interaction of two solitons of same sign is repulsive.
The regime displayed in Main Theorem corresponds to attractive interaction between solitons
and thus 0 = —1 for p < 5. For the integrable case (p = 3), the existence of "double pole
solutions", two solitons with alternative sign corresponding to the regime in Main Theorem,
was reported in [25] by using inverse scattering transform (see also Remark 3.1.6).

In super-critical cases, we derive from our computations that the interaction between two
solitons with the same sign is attractive which explains that o = 1 for p > 5. In particular, we
can apply the strategy of this article to construct multi-solitary waves with logarithmic relative
distance for super-critical (gKdV) dyu + 9,(0*u + u?) = 0 with p even (p = 6,8, ...).

We observe that the relative distance of the two traveling waves is 2log(ct) with ¢ given
in (3.1.3). We expect that this is the unique regime of logarithmic relative distance for this
scaling.

We point out similarity with the result proved by the author in [19] for nonlinear Schrédinger
equations i0;u+ Au+ |u[P"tu = 0: for any dimension d > 1 and any H' sub-critical nonlinearity
p, except the L? critical one p = 1 + %, there exists an H! solution u(t) which decomposes

asymptotically
2

u(t) = "0y Q. — xy (1))

k=1

&+ |

S

H(RY)
where z1(t) = —x5(t) and |x1(t) — 22(t)] = 2(1 + o(1))logt as t — +o0.

Remark 3.1.4. Our result holds in both mass sub-critical (p < 5) and mass super-critical cases
(p > 5). For the mass critical case p = 5, we conjecture that solution such as in Main Theorem
does not exist. Indeed, as for nonlinear Schrédinger equations, the instability directions related
to scaling should be excited by the nonlinear interactions (see [16], [19]).

By scaling and translation, for any v > 0 and zy € R, there exists an H' solution such that
as t — +oo

— 0.
Hl

u(t) — (Qv(' —xo — vl — L log(cv%t)) +0Q,(- —xg — vt + Lv log(cvgt))>

Vv Vv

It is mandatory that the scaling v is the same for both solitons since otherwise they would have
different speeds, see next remark.

Remark 3.1.5. In our main result, the logarithmic distance is due to strong attractive in-
teraction between the two solitary waves. This is in contrast with most previous works on
multi-solitary waves of (gKdV) where weak interactions do not change the behavior of soli-
tons, see in particular [2], [1], [10], [15]. A typical example to illustrate weakly interacting
dynamics is the existence of multi-soliton solutions u(t) of (giKdV) with any different speeds
0<wv <..<wvg and any x4, ...,tx € R,

— 0, as t — +o0.
H1

u(t) =Y Qu (- — vit — )
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Combining the construction of this paper and the construction of multi-soliton solutions with
weak interactions in [2], [L0], we prove the existence of u(t) such that as t — +oo

K
3

u(t) — LZ_; (ka(' — Ut — \/Lv_k log(cvZt)) + 0Qy, (- — vkt + \/Lv_k log(cv,gt)))

+ i Quy (- — wk/t)}

k'=1

—0
Hl

for any vg,wr # 1,0 < vy < ... < vk, 0 < wy < ... < wgr and vy # wy. Since configurations
of 2-soliton with logarithmic distance like in (3.1.2) are determined by its strong interaction,
which will not be affected by weak interactions.

Remark 3.1.6. It is informative to observe the asymptotic form of the double pole solution in
[25] as t — oo to remark the perfect interaction of the solitons in integrable case. For p = 3,
the ground state solitary wave is Q(z) = v/2 cosh™! () and the behavior of double pole solution
at t — oo writes

u(z,t) ~ Q(z —t +log(4t)) — Q(x — t — log(4t)), t— 400
~ —Q(x —t+log(—4t)) + Q(xz — t —log(—4t)), t— —o0

(see the formula 3.13 in [25] with n = 1 after suitable scaling, note that ¢ = 4 for p = 3 matches
(3.1.3)) so soliton and antisoliton approach very slowly, interact nonlinearly and separate again
very slowly. The distance between soliton and antisoliton is asymptotically proportional to
log |t| both at ¢ — +o0 and ¢ — —oo. An interesting question is to understand the behavior
of solutions in Main Theorem for ¢ < 0 in non-integrable case (p = 4). We conjecture that
the behavior as t — —oo for p = 4 is not the same, the relative distance being of order [t|. A
hint for this observation comes from computations in [13|: when the dispersion is nontrivial,
the faster soliton becomes bigger and the slower becomes smaller and then they should split
linearly in time for ¢ — —o0, in contrast with the integrable case.

We summarize the organization of the paper. In Section 3.2, we construct an approximate
solution (an ansatz solution) and find the main order of all terms in the formal evolution system
of the geometrical parameters (scaling, position). In Section 3.3, we prove backward uniform
estimates, note that the proof of these estimates is slightly different in super-critical cases
due to unstable directions (see [2]). In Section 3.4, we finish the proof of Main Theorem by
compactness arguments on a suitable sequence of backward solutions.

3.1.2 Notation and identities on solitons

The L? scalar product of two real valued functions f, g € L*(R) is denoted by

<f79>:/Rf(l’)g(x)dx.

Recall the equation of @,

Q, = v Q(Voz), Q'+ Q) =0Q, (3.1.7)

for v > 0 where )

3 p+1 v
Qle) = (2 cosh? (1”_195))

2
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solves

2
Q” + Qp — Q and (Q/)Q + ?Q:lwl — Q2- (318)
p
It is easily checked that for p > 2, as * — 400
Q(fc) =coe "+ 0(e™™), Q(z) =—coe " +0(e). (3.1.9)
with cg = (2p + 2) . Let
Q' 2 _
P=5+1-—c"Q,
Q CQ

then |P(z)| < e 2,
We denote by ) the set of smooth functions f satisfying

for all p € N, there exists ¢ € N, such that Vo € R [f®| < |z]%e®

Let A be the generator of L?-scaling

) 1/ 1 1
A= (W’)M - (). (3:1:10)
0= (2 (3111)
ov'? [v/=v

The linearization of (3.1.1) involves the following self-adjoint operator
Lf=—f"+[-pQ""f

We recall the coercivity property of L (see [15], [27]) in sub-critical cases: there exists u > 0
such that for f € H'(R),

(LF.F) = pll I — % (£ Q2+ (,Q?). (3.1.12)

The situation is different in super-critical cases since the direction related to the eigenvector
QPTH cannot be controlled by the scaling parameter. This is due to the unstable nature of the
soliton and to the existence of eigenfunctions Z* with real nonzero eigenvalues of the operator
LO,:

L(0,2%) = £eg 25, ey >0 (3.1.13)
constructed in [9], [21]. The functions Z* are normalized so that || Z%||z = 1. We recall from

[21] that Z* € Y and from [2] (see also [5]) that there holds a property of positivity based on
Z*: there exists p > 0 such that for f € Hl(R)

(LIS = el e — ; (f 22+ (£, 27 +{f,Q)) (3.1.14)
Now, we give here some explicit antecedents and integral identities for L:
_ . r QI / o _p —1 -1
Q' _ 3p—1 p—2 Q' ( (Q/))/_ 3p(p — 1) p—1 3B3p—-1)(p—1) 2p—2
L{—=|=—- —= L{—= =——"
(Q> pr1? Q+Q Q pr1 T (p+1)? o
(3.1.16)

/QQ (———)/Q2 /Q’"*”l %/Q’Torr>l (3.1.17)

We introduce here some notation of order
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o f(t,z) = O(g(t,x)) if 3C > 0 such that
|f(t,2)| < Cg(t,z) and [0, f(¢t )] < Cg(t, x)
o f(t,z) = O(g(t,x)) if IC > 0 such that
(1 + e%(”‘_zl(t))) f(t, )] < Cg(t,x) and (1 + e%@—zﬂt») 10, f(t,2)| < Cy(t, )
(3.1.18)
o f(t, ) = Om(g(t)) if 3C > 0 such that

ft,x) = O(g(t)) and [|f(t z)||m < Cy(t).

3.2 Approximate solution

In this section, we first construct an almost symmetric 2-bubble approximate solution to renor-
malized equations of (3.1.1) and then extract the evolution system of the geometrical parameters
of the bubbles. The approximate solution contains special terms due to the nonlinear interac-
tions of the waves (see Lemma 3.2.23) which appear at the main order of the evolution system
(see (3.2.11)). This tail of order e * is indeed relevant in the description of the exact solu-
tion, see Remark 3.4.5. We also state a standard modulation lemma around the approximate
solution.

3.2.1 System of modulation equations
We renormalize the flow by considering
u(t,x) =w(t,y), x=y+t (3.2.1)

so that w(t,y) verifies the equation

w4 0,(0w — w + [w]’'w) = 0. (3.2.2)
Consider a time dependent C! function of parameters I'(¢) of the form

L(t) = (pr(t), ua(t), 21(t), 22(t)) e RT x R™ x R x R
with ], |u2] < 1,2(t) > 1 and |z1(t) + 22(¢)| < 1 where we denote
2(t) = 21(t) — z(t).

We look for an approximate solution to the problem. By expanding the first order of the
interaction of the two solitons which is of order e™#, we guess an anszat r(¢,y) for this order
and deduce from the computations the evolution system of the geometrical parameters I'(t).
Since the extra term 7(¢,y) due to the interactions may not be in H' (it may have nonzero
limits at —oc), we have to introduce an L? approximation of these terms, using suitable cut-off
functions. Note that in the integrable case (p = 3), one should have r(¢,y) in L? (see Remark
3.2.28), thus the phenomenon is related to nonintegrability (see [13] for a similar phenomenon).
Let ¢ : R — [0,1] be a C* function such that

p=0on (—00,0], ¥ =1on [%,—i—oo), ' >0
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and ) )
o(t,y) =1 (e‘iz“)y - 1) , Bty) = (6‘52(% - 1) .
Then remark that

lo(t, ) /(1 + 2@ + |38, y) /(1 + 202D | 12 < o120, (3.2.3)
10Ep(t,y) e S et 0750 for k e N (3.2.4)
and 5 .
t 1 1
'%‘ = ‘§€_zz(t)y¢/ <6_52(t)y + 1)‘ § |¢<t7y)| , fork=1,2 (3,2.5)
2k

as (e_%z(t)y + 1) =0 for |y| > e2*"). Next, we set

Ri(t,y) = Qi (v — 2(1),  Ri(t,y) = Qy — z(1))
AR(t,y) = AQuipvy(y — z(t)),  ARk(t,y) = AQ(y — (1))

and similarly for A%R;, where AQ, and A2Q, are defined in (3.1.10), (3.1.11). Denote R =
R + 0 R,, let consider the approximate solution of the form

V=R +0Ry+7=R+7,  where #(t,y) = r(t,y)0(t,y), (3.2.6)
with (¢, y) to be determined.

Proposition 3.2.7 (Approximate solution and leading order flow). Let I be some interval and
a function of parameters I'(¢) on I such that

1 () + po(t)] < e 170 |z (8) + 2(8)] < e =20 21 () — 2(t) > 0. (3.2.8)
Then there exist unique real-valued functions A;(y), A3(y) and some constants « > 0,6, a1, ay
satistying:
1. V(t,y) defined as in (3.2.6) with 7(t,y) = e *W[A;(y — 21(t)) + As(y — 22(t))]
V(t,y) =V(y;T(@))
= Q)Y — 21(t)) + 0Q11 1) (Y — 22(1)) (3.2.9)
+ e (Aiy — 21(1) + Az(y — 22(1))) ¢(t,y)

is an approximate solution of equation (3.2.2) in the following sense: the error to the flow

at V
Ev =0V +0,(02V =V + |[V[P~'V) (3.2.10)
decomposes as B .
g\/ :rﬁl 'M1+T7l2'M2+E(t,y) (3211)
where
iy = < it ac _Z), Tty = ( pz — e _Z) , (3.2.12)
21 — M1 — a€ 2y — Mo + age
- ARl — Aég
M, = ~ My = = 3.2.13
' (_ale>7 > (—5’ng) ( )
and

2
IE@)lm S lnlee™ + alee™ + 78 4 37 gl (7 + pule™ 4 [uafe™H)
j=1

(3.2.14)
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2. Closeness to the sum of two solitons. For some ¢ > 0,

HV(t) - {Q1+u1(t)(' —z1(t)) + 0Q1+u2 t) }HHl (t)|%e” : (t), tel.
(3.2.15)

3. Aj € L*(R),j = 1,2 are the unique solutions of:

(=LA — aAQ — a,Q" = —opcg D.(e7“QP 1),

3.2.16
(_LA2)/ + QPQ(Qp_l)' + aocAQ + (ZQO'Q/ = —pco 8:(:(6pr_1) ( )
satisfying
lim Ay = lim A, =0,  lim A = lim A, =20 (3.2.17)
Y—+00 y—+o00 Y—r—00 y——oo
and

/AlQ’:/AlQ:O, /AQQ’:/(Ag—i—QG)Q:

3.2.2 Proof of Proposition 3.2.7

We Compute Ey.
Usmg a AR], % = —0, R and 82Rk -1+ ,uk)Rk + |Rk\p IR, = 0, we have
gR = /llAél — (Zl — ,ul)ﬁyf%l -+ ﬂgO’ARQ — (ZQ — ,uQ)Uﬁng
+9,[|Ry + oRo|P " (Ry + 0Ry) — RY — oRY)]. (3.2.18)

Next, let
I(r) =0, [027’ —7r+ p(l%’f_l + Rg_l)r

or or Op Op
K _
1(r,0) = Mo Pt g — soﬂm"a +u27“022

Ky(r, ) = p(RY ™ + RE Yro,o — rdyp + 195 + 30,1020 + 30;r0,¢
(note that I(r), Kq(r, ), Ka(r, ) are linear in r) and
or or or or
T(F) = fn— a
1(7) Zrm + (& )5 g + (2~ 2) 5

Jg(f) = 8y[]R1 + O'ég + f|p—1(é1 + O'RQ + f) — |R1 + 0R2|p_1<R1 + O-RQ) - p(}?ﬁ)_l + R§_1>f]
Then by computation, we see that

Ev = Ex +1(r)e + Ki(r, o) + Ji(F) + J2(F) + Ka(r, ¢). (3.2.19)
Lemma 3.2.20 (Expansion of nonlinear interaction). The nonlinear interaction term

G=0,[|RF'R — R — o R}
can be decomposed asymptotically as
2 3
G = pcg (cre_zay[e_(y_“)Rf_l] + e‘zﬁy[e(y_ZQ)Rg_l]) + Z Omr(|pr|ze ™) + Ogr(e™27).

k=1

(3.2.21)
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Proof of Lemma 3.2.20. We observe that for z = z; — 25, by (3.1.9),

QA —2)Se” and [ Q)Q(y — 2)|lr2 S ze”~
QWIQy —2)Se™ and  |Q(y)Q(y — 2)||12 S ze”~

so that (recall p — 1 > 2)

Oy[|Ry + o Ro|P " (Ry + 0Ry) — RY — o RY] = pd, [0 RY 'Ry + RyRY '] + O(e >Ry Ry)
= pd,[cRY "Ry + RiRY ] + Opn (ze7%).

Next, also from the asymptotic behavior of () and ', we deduce the Taylor formula

Ri(t,y) = Qy — z) + mAQ(y — 2) + pij /01(1 — 5)A* Qs (y — 21)ds
= Q(y — 21) + 1 AQy — 2) + O(ui(1+ |y — z[)e v 721) - (3.2.22)
thus we find
08, [RY ™ Ro] =00, (RY™" Ry) + O (|| 2¢7%) + O |z ze 7).
On the other hand, we claim that

3

9, (RV'Ry) = coe *0,[e” RV 4 Opn (e727).

N

Indeed, consider
RY'0,Ry 4 coe Fe” W R = RV Ry 4 cpem W R

For y < z, by the exponential decay of Ry, we have e-W*2)R; = ¢* and |R(y)]? < e7P* so
asp—12>2,

|RE0, Ry + coe” W R < e 2| Ry 2.
For y > 25, as Oy Ry = —ch_(y_ZQ) + O(e72W=22)) we also have:

| R0, s + cqe” VR S e 2 Ry
By the same way, we consider RY 29, R; Ry — coe "¢~ W) RV, R, and have

|RV20, Ry Ry — coe e W R, R, | S 7 27| Ry |2,
Therefore,
00,[RY ' Ry) = ocge*0,[e" "R + O (|2 2) 4 O (pa| 26 %) + O (e777).
Similarly
0y[RE™ Ry) = ce "0, [V RYY + O (|l ze %) + O (|palze ™) + Oppn (e727).
[

z(t

Now we construct the refined term 7(y;I'(t)) to match the order e *®) of the nonlinear

interaction.

90



Lemma 3.2.23 (Definition and equation of r(¢,y)). There exist a > 0, 6, ay, as, A ey, A, e
Y such that the two functions

A1:A1+0(1+%>, A2:A2—00(1+%)

solves

(=LA — aAQ — a1Q' = —opcg O, (e QP ), /AlQ’ = /AlQ =0, (3.2.24)

(=LAy) +2p0(QP 1) + aoAQ + ay0Q" = —pcg 0, (e"QP 1), /AQQ/ = /(Ag +20)Q = 0.

(3.2.25)
Moreover, by setting

r(y; (u(t), 2(t))) = e DAy — 21(t)) + Ay — 2(t))] (3.2.26)
then
Ep + I(r) = 1ty - My + 1y - My + Oppi (| ze2) + Opni (Jia]ze ™) + Opni (e77%). (3.2.27)

Remark 3.2.28. Note that lim, ,, . r(y) = 0 while the limit at —oo of r(s,y) may be non-
zero, in others words, the function r(¢,y) may have a tail on the left of two solitons which
corresponds to a dispersion of size e=*() (in the integrable case p = 3, we have 6 = 0 (see
(3.2.34)) so r(y) has no tail, which is compatible to the property of integrable model).

Proof of Lemma 3.2.23. First, assume A; solves
(=LA — ayAQ — a1Q' = —opcg 0, (e7*QP ) (3.2.29)
and A, solves
(—LAy) +605(Q" 1) + a0 AQ + a20Q" = —pcg 0, (e"QP 1), (3.2.30)

To show a; = ay = «, we multiply both sides of (3.2.29), (3.2.30) with @, integrate and use
LQ’ = 0 and parity properties to obtain

~an [ QAQ=apeq [ @ Q= 0cq [ @2
and so

- _ache’pr
L JeAQ

Similarly, we also have
ago/QAQ = —pcg /(erpl)/Q = —CQ/e”Qp = —cQ/erp
and so we deduce the unique possible value for a; and as

_oche_pr
JRAQ

] = Qg = =
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Remark from (3.1.17) that in sub-critical cases [ QAQ > 0 and in super-critical cases [ QAQ <
0 thus by choice of sign of o: in sub-critical cases 0 = —1 and in super-critical cases o = 1, we
have o > 0 in both cases as required. By the parity of () and integration by parts, we obtain

/eIdex :/EQPCM = /Ooo(ex + e®)QPdx

R R
B RELI_IOO 0 (6_:0 + ex)deLE = R1—1>I_A,I_100 i (6_95 + el)(Q _ QH)CZJZ
R R i
= (/0 (€™ +e)Qdr + /0 (—e ™ +e")Qdr — (e +¢e")Q] 0)

R

_ [(e—az +€x)Q/]

0

R

R—+o00 0

~ Jim (K—e—uew)@ )zch:mpw)fl

using the asymptotic behavior (3.1.9). Combine with (3.1.17) to get

8(p—1)

2
5] (2p+2)77 Q|73 (3.2.31)

o =

Second, let us look for a solution A; under the form A; = A+ 6, (1 + %) then by (3.1.15),
(3.1.16), we deduce the equation of A,

IRy, 3p(p — 1) p—1 33p—1)(p—1) 2p—2
= (e )

—p01(QPY) — aAQ — a1Q" = —opcgdy(e QP ).

To find A, € Y, which implies LA, € Y, we need to impose

3plp—1) 1, 3Bp—Dp—-1) —2) /
0 -+ PR+ AQ =0 3.2.32
1/( pi1 ¢ PESI “he (8.2:32)
so from (3.1.17), we get
9 (p+1a [AQ
et
Similarly, we consider the equation of A, and obtain the same equation for 6,
3plp—1) 1, 3B =D —1) 19 /
0 _IEME T op P AQ = 2.
02/< P Qr "+ 1) Q +oa Q=0 (3.2.33)
thus
_(ptDafAQ _ (p+1)B-pl[Q

PE R (3.2.34)

Next, let Z € Y, [ ZQ' = 0 be such that

oo 3plp=1) 1 3Bp—1(p—1
Z_e( pr1 @t (p+ 1)2

)QQP_Q) + aAQ — opegd,(e7"QP 7).

Then it suffices to solve —L(Al +a1AQ) = Z. Indeed, from properties of the linearized operator
L, there exists unique A € Y, [ AQ’ = 0 such that —LA = Z. Therefore, we set A} = A—a;AQ

solves the equation. We uniquely fix a; so that [ fllQ =0as [ QAQ # 0. It is straightforward
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to check that A; = fll + 6 (1 + %) satisfies desired conditions. We do similarly for As. Note
from the definition of Ay, Ay that A}, A, € Y as Ay, Ay € Y and
Q’)' (p—1Q"!
14 =) =—F—7F—¢€ ).
( Q p+1 Y
Third, set
r(y; (u(t), 2(1))) = e [As (y — 21(1)) + Az(y — 22(1))]-
By (3.2.22), we have
I(r) =0,[0r —r + p(RY ™ + RE~)r] + O (Jile ™) + O (e ™).

Consider

Oyl0ar —r +p(R + Ry ) = e (=LA (# — 21) + 779, (pR’f_lAQ(:E — 2))
+e* (—LAy + ZpQQp_l)/ (x — 22) + €70, (pRg_l(Al(z —2)—260)). (3.2.35)
Using the estimates
|Ag(z — 2)| S (14 |o — 25]9)e” @2 for z > 2

and
|Ay(z —21) — 20| S (1 + |z — 21 [Ne™ @) for x < 2

with A), A, € ), we have that

I(ry=e7~ (—LAI)' (x—2z)+e? (_LA2 + 2p9Qp*1)/ (x — 29)
+ O (e ™) + O (Jpale™) + O(e27). (3.2.36)
Then, by (3.2.3),
le(t,y)/(1 + ez )| 1, < 120

and we obtain

I(r)p = e (LA (x — 20)9(e 2%y + 1) + e 7% (= LAs + 2p0Q" 1) (x — z)ip(e 27y + 1)
+ O (|pale™™) + Om (Jule ™) + Om (e 3%). (3.2.37)

Forth, we deduce from (3.2.18), the expansion of nonlinear interaction (3.2.21), the equation
of Ay (3.2.24) and A, (3.2.25) that
En+1(r)p
= e [aNQ + ;1 Q' — apegd, (e 7PQ N (y — 2) (e 27y + 1) + fu ARy — (31 — )3y Iy
+ e *[—aoAQ — az0Q" — pcgd, (e!QPH)](y — zg)w(e’%zy +1) + figo ARy — (22 — 19)00, Ry
+apege 9, (e TPy — 21)) + pege 9, (VTP (y — 22))
+ O (| |ze7) + O |zl e ™) + O (7
= (i + ae’z)Aﬁl — (21— g — alefz)o”’yﬁl
+ (f2 — &€_Z)O'ARQ — (29 — p2 + age_z)aayﬁg
+ O (| |ze™) + O (|szlze ™) + O (7
— 1y - My + 17y - My + O (|pa|ze™%) 4+ O (|pa]z€7%) 4+ O (e717)

5

here we use (3.2.22) and ||Q(y — 2z:)(1 — o(y)) ||z < exp(—%e‘éz) < e"1%,i = 1,2. Therefore,
we obtain the estimation (3.2.27) as required. O
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Finally, we will control other terms in (3.2.19). By the definition of r(¢,y), we have
| +10,r| +100r] S e 2.
Let consider % = (—1)kr—e A} (y—z), as A}, € Y so we can control j 2 —pas O(|ple ™).
Moreover, recall (3.2.5), %Zt;y)‘ < |p(t, y)|, we deduce that

Ki(r,0) = O(mle™) (¢ + @) + O|pale™) (v + ) = ZOm lyle™s

since [|(y)/(1+ e2®=2ON| 2 4 ||@(t,y) /(1 + ez 15 < eiz(t). For Ji(7), note that 7
does not depend on pq, ps and by the product rule, the same way as we control Ki(r,¢), we

have (2 — uk)% = O(|my| e *)¢ thus

2
Ti(F) =Y O (Ile™) (v + @) ZOHl <|mj|€f4z) .
j=1
The term Jo(7) is quadratic in 7 so Jo(7) = O (e™??). Recall from (3.2.4) that
Ha@’f@(t,y)Hm < eiz(t)’g‘z(t), for ke N

so all terms in K»(r, ) can be controlled in H' as O (e‘gz>. Therefore,

2

1Bl < lmlze™® + |polze™ + 78 4+ |y (e-Z+ pale™ 3 + |u2\e—%Z). (3.2.38)
=1

The estimate (3.2.15) is a direct consequence of the definition of r(s,y) (see Lemma 3.2.23) and

the choice (3.2.3) of p(y). O

3.2.3 Modulation of the approximate solution
We state a standard modulation result around V' based on the Implicit Function Theorem (see
e.g. Lemma 3.1 in [13]) and we omit its proof.

Lemma 3.2.39 (Modulation around V). For p # 5, there exist wy > 0,z > 0,C' > 0 such
that if w(¢) is a solution of (3.2.2) on some interval I satisfying for some 0 < wy < @o, 29 > Zo

Vit eI, inf |w(t) — V(50,0 21, 22)) ||z < wp. (3.2.40)

21—22>20

Then there exists a unique C' function T'(t) = (u1(t), u2(t), 21(t), 22(t)) such that w(t,y) de-
composes on [ as

w(t,y) =V(y;T() + et y) (3.2.41)
which satisfies the orthogonality conditions
/ (1) B (1) = / e(1)0, B (1) = / (1) B (t) — / (1), Ra(t) = 0 (3.2.42)
and for all t €
2(t) = z1(t) — 22(t) > 20 = Cwo,  le()][ar + [ ()] + [p2(t)] < Cuvo. (3.2.43)
Moreover, the equation of the rest term e(¢,y) writes
e + 0, (656 — e+ V4PN (V4e) = |[VIPT'V) + iy - M, + 1y -My+E =0 (3.2.44)
where My, My and E defined in Proposition 3.2.7.

Note that the choice of the special orthogonality conditions (3.2.42) is related to the coer-
civity property (3.1.12).
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3.3 Backward uniform estimates

Let (u™, 2™) € R x (0, 4+00) to be chosen with 0 < ™ < 1,2 > 1. Let u(t, ) be solution of
(3.1.1) with initial data
u(t™ x) =V (e — " (™", =™, zin, —2"™)) + €™ (z — ")
= [Q1+uin(~ — Zln> + UQl 1n( ZZTL i| (I' tzn
(-+

e [(Al( Y b Ao(- 4 2M)) Yle? a ) (@ — ™) 4 €™ (2 — t™)

where 0 = —1, € = 0 for sub-critical cases while ¢ = 1, € chosen in an appropriate way with
le™ ]| g1 < C(t")~2 for super-critical cases (see Section 3.3.2). By the renormalization (3.2.1),
we consider w(t,y) = u(t,y+t) solution of (3.2.2) on some open interval containing ", observe
that

w(tm) — V(y; (#in’ _Iuin’ Zins —Zm)), E(tm) — em(y),
/,Ll (tln) — _/.I/Q(tln> — ILLZTL’ Zl (tln) — _Zz(tln) — zzn.
Denote z = z1 + 2z, i = 1 + p2, we claim the following uniform estimates:

Proposition 3.3.1 (Uniform backward estimates). There exists ¢, > 1 such that for all
t™ > tg, there is a choice of parameters (u', 2™) with

/“(tm) — —ug(tm) — ,Um — \/aefzin’ Zl(tm) — —Zg(tm) — Zin > 1 (332)

such that the solution u of (3.1.1) exists and satisfies the hypothesis (3.2.40) of Lemma 3.2.39
on the rescaled frame (t,y). Moreover, the decomposition given in Lemma 3.2.39 of u satisfies
the following uniform estimates, for all ¢ € [to, "]

1

|2(t) — 2log(Vat)| St77,  [u(t)] St (3.3.3)
BB SES, 2] ST, (le®)lm StF i
where fer 8 )
oc e’ p— e -
- = (2p+2)7 [|Qll 5 > 0. (3.3.4)

JOAQ  [5—1p]

Notice in Proposition 3.3.1 that all estimates are independent of ¢, thus the distance
between u(t) and the approximate solution V(¢) depends only on ¢ and not on the time ¢
where u(t) was taken equal to V(¢) + €™.

3.3.1 Proof of the uniform estimates in sub-critical cases
3.3.1.1 Bootstrap bounds

The proof of Proposition 3.3.1 follows from bootstrapping the following estimates

1 + o] <75 (3.3.5)
|21 + 2| < 776 (3.3.6)
el < 5 (3.3.7)
% ot <1 (3.3.8)




1
51&*1 <p<2h (3.3.9)
The bootstrap regime implies immediately that
2(t) = 2logt + log o + O(t79) (3.3.10)

and
| + ol St ;1] + [22] S logt. (3.3.11)

For to to be chosen large enough (independent of ™), and all ¢ > t;, we define in view of
Lemma 3.2.39: ‘ ’
t* = inf{7r € [to,t"]; (3.3.5) — (3.3.9) hold on [r,t"]}.

3.3.1.2 Control of modulation equation

Lemma 3.3.12 (Pointwise control of the modulation equations and the error). The following
estimates hold on [tg, ]

| (t) + ozefz(t)| + | f12(t) = ae* D] <73, (3.3.13)
(1) = ()] S5 (3.3.14)
and .
NE(t, ) |m St a. (3.3.15)
Proof of Lemma 3.5.12. We claim the following estimates for the modulation equations
(1) + e~ O] 4 [fin(t) — ae~O| < e(t)]Fa + 2 Ollelz + | Bl (33.16)
l15(t) = ()] S Nlell e + | Bl 2 + 0. (3.3.17)
From (3.2.14), (3.3.7), (3.3.11), we have
2 2
1Bl St 3 log(t) +73 + > |yt S 75+ > ||t 2. (3.3.18)
j=1 j=1

Therefore |f1(t) + ae 0| + |fia(t) — ae™>0| < 1, lwj — 2 S ¢~ follow from the bootstrap
bounds on ||e||z1 and e=*®). In order to prove (3.3.16), (3.3.17), recall the equation of ¢, we
have

2
Qe+ 0, (e—e+ |V 4+ (Ve = [VPV)+ ) - M+ E=0
j=1

with
E =0,[|R, + 0Ro|P" (Ry + 0Ry) — RY — o Ry + I(r)p + K(r, ) + H(F)
. 6_%’2(07‘@, + 6_%Z(t)TS0,// + 3€_Z(t)ay7“g0” + 36—52(1&)85“0/.

From the orthogonality condition [ eR;, = 0, we expand 2 Ry and using the equation of e(t)

to obtain
0 -
0=— R
at/ !
= / e@t.ﬁﬁl + /(856 — € +p\V|p_16)8y§1
+ / (|V + €PNV 4 6) — VPV — p|V|p_1e) (9yf~{1

- (,Ul + Oze*Z) /Aélél + U(/LQ — Oéeiz) /ARQRl — /Eél

96



Using (3.2.15), the equation of @, and aRJ = AR], % =—0 R], we get

O [ & [ A - .
0= [ efiv=in [[erfi= - ) [ R+ elaOCe ) + Ol
— (fn + ae™) /Aélél + o(f1g —ae *)O(ze™*) — /Ef%l
so for z> 1 and ||e||; < 1

i+ ae] < O (el + zelellZs + 1 Ellze)
151 = mlO(lell2) + iz — ae~|0(ze™). (3.3.19)

Next, we consider [ €d,R; = 0 so

0= aat /68 R,
= / Oyedity + / (02— e+ plVIP ey
[V - — v o
+ (21 — 1 — ae™?) /ayélayle +o(Z — s+ age_z)/(?yffg@yle — /anf%l
i [ Byert = (= ) [ 0,60, + el Ollm]) + Ol
+ (21 — g — are™?) / 3yR18yR1 + 0 (29 — g + age™) /ayR2ayR1 — /anfil
so we deduce that

5=l < larle~ + Cllelm (1+|m] + ) + C| Bl
+ 11 + ae™7|O(||e]| z2) + |22 — p2|O(ze™?) + O(ze™2?). (3.3.20)

Combining two estimates (3.3.19), (3.3.20) with their analogues for |fis + ae™*| and |25 — ua,
the estimates (3.3.16),(3.3.17) are proved. Finally, the estimate (3.3.15) is a direct consequence
of (3.3.13), (3.3.14) and (3.3.18). O
3.3.1.3 Energy functional

We introduce a nonlinear energy functional for €(¢): choose p = = and set

o(y) = %arctan(exp(iépy))

so that lim ¢ =0and lim ¢ = 1. We see that Vy € R,

Yy—r—00 y—r—+00

o) =1=0l). ) =

6" (W) < 8ol (W), 16" ()] < (8p)°|¢' (y)]-
Let

 ow) 1 —o(y) om®ely) ()1 — d(y))
T mOr T Grm0r YT Tmmr T m)?



and consider

wi = [ (@02~ 2 (v e = WPt - g v Ve ) ante)

+ Dy (8, y)] dy. (3.3.21)

The functional W is coercive in € at the main order and it is an almost conserved quantity for
the problem (see |13], [23] for a similar functional).

Proposition 3.3.22 (Coercivity and time control of energy functional). For all ¢ € [t*, "],
le(®)][7 S W(2) (3.3.23)

and
0
ot

where Cjy > 0 a constant independent of 7.

Proof of Proposition 3.3.22.

(a) The proof of the coercivity property (3.3.23) is a standard consequence of (3.1.12) and the
orthogonality properties (3.2.42) by an elementary localization argument. We refer to the proof
of Lemma 4 in [15]. We observe that locally around each soliton Rj, the functional behaves
essentially as

W) > —C, (t—%||e||§,1 +t—%||e||H1> (3.3.24)

/(8y6)2 + (14 pj)e® — pf%f_leQ
which is a rescaled version of (Le,¢).
(b) Now we compute 2 W (t)

%%W /@e —Oret+e— (V4P (V+e - |VPV)) @

- /&geaye@y(l)l + /&ge edy — /@V ([V+eP ' (V4e) = VPV —p|V[Ple) @
1 2 _ 1
+ 5/ ((8y6)2 + 62 - m (|€ + V|p+1 — |‘/|p+1 — (p + 1)|V|p 1V€)) 8,@1 + 5/62(%(1)2.
First, we consider
Wi(t) = /até (=02t e— ([V+e ' (V+e)— [VIPTIV)) 1.

Using the equation (3.2.44) of €

2
de=—=0, (e —e+(V+eP ' (V+e) = |VIP'V) = iy My — E,

Wi=—3 / (<= (V+eP (Vo) = [VI7IV)) 0,2,

2
+/E(a§e—e+ V4PV +e) — [VIPHV) q>1+2/mj-Mj(aje—e+p}é§—le)q>l
+Z/m] (VHeHV4e) = VPV —p|V P le <I>1—|—Z/m] j(p|V|p_1e—pR§-’_1e)<I>1.
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On the one hand, we have, by (3.3.15)

‘/ e—6+\V+6\p "WV +e)— ]V]p_l‘/) D,

and by (3.3.13), (3.3.14)

‘/m] ]V—i—e[p YV 4e) — |V\p71V—p]V|p’16) D, §t’%\

Using (3.3.10) and the asymptotic bahavior of @ (3.1.9), we obtain M,;(|V[?~!

|2]%¢% < t2 so by pointwise control modulation equations (3.3.16), (3.3.17)

~ 3
'/m] BV = pR | < el

On the other hand, by (3.3.13),

<

‘/(ul +ae ) AR (9% — e+ pRY )@y | St le] .

Denote L; = —f" + f —pég_lf then
Lj(ayf%j) :Mjayéj'
Thus by (3.2.42), (3.3.14) and remark that by the decay property of @, ¢, ¢”

le= 210210, ® || 1o < (Jua] + |p2])e™* S 175
(@1 — ®2)e 2| oo < (|pua| + |paa)e 2% S 875

for 7 = 1,2, here note that p = so we obtain

ot
/(z‘l — 1y — ale’z)ﬁyél(ﬁje —€ —I—p]%?ile)cbl
Z/(él — jn = are”*) Ly (9, Ra)e®y + O([[el| (|| + [pz])e )
(1= = ae) [y Racts + O el
(21— — ae”?) /ayélecbg + Ot 5 ||e][2).
The same estimates hold for Rg hence the first term W, of %W verifies

1
Wi (t) :—5/(—a§e+e— (JV+elP"(V+e) — yv|f’—1v))28y<1>1

2

+5 G -y — ae) / 0, Rycy + Ot [l2p) + Ot [ell ).

i=1

For the first term, using integration by parts, [|e~2/#=%19,®; ||~ < (Ju1| + |u2|)e

_9
S lela |l S e [lel[

el

9" < (8p)?|¢'| < 15|¢/| and the fact that since pu(t) > pa(t) so
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(I+p1(t))? = (I+p2(t))??

~p—1
LB

(3.3.25)

0] <I>1 < O



we get

1 1 9
Wi(t) =— 5 /(—056)2(%(1)1 ~ 5 /620y<1>1 + /856 €0, ®1 + Ot 5 |le||3)

2
+

J
3 3 : -
Z - Z /(8ye)28y<1>1 — g/e2ﬁy<1>1 + ;(Z] — M5 — ajefz) /8ij€(I)2

+ Ot 5 [lellzn) + O 4 [lellm)-

(5 — iy — age™) / 0, Ry + Ot 2 eli) + O el )
1 (3.3.26)

Second, consider
Wy = —/8t68y68y<131 —i—/@tee(I)Q.

From the equation of de (3.2.44)

/6&6 e®, :/ (e —e+ |V +ePH(V+e) = [VIPIV) 8, (D) — /EECI)Q

2
—Z/Tﬁj'Mqu)Q.
j=1

/ E(e®,)

and from (3.3.13) |1y + ae™?| <71 so

(3.3.27)

We have
_9
S el | Ellar St lef

‘/(“‘1 + ae ) AR (@) St el ] S 73]

And for the first term, using integration by parts and the fact 9,®2 > 0, we get

/ (oe—e+ |V A+l (V4e) = |[VIP'V) 9, (ey)

- §/(aye)28yc1>2 — %/EQay@g + %/6205@2 + / (IV+ el (V+e) = [VIF'V) 0, (eDs)

2
e ;/(5;/6)203/@2 - 2/62@/@2 + / (IV+ eV +e) = [VIFTIV) 9, (®y).

As ([V+ €Y (V +¢€) — [VIPIV) — p|V|Pe = O(€?), let consider
2
[V a0 0 - W) oy = [nviea ) + 3 il
=1

-1
—— /%yv;p?’waywm)e? -(2-1) /pwle?ay% +O(s™2lelf30).
However, by the decay property of V and &, we have

VO, @a|zoe S (lpa] + lral)e™,

2
©:0,V = w0, By| S (| + [pa)e ™ + e,

j=1

Lo
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so gathering these computations

2 2
—1 . -
/(%e 6@2 Z - }% Z/,Lj/aij|V|p_3V€2 - Z(Z] — M5 — aj6_2> /(9ij€<1>2
j=1 j=1
3 3 _ —9ps
=5 [©070,22 =5 [ 0,8+ 0 ell) + Ol | + s
p(p—1) ¢ A : ;
= — 5 Zuj/aij|V\p3V62 — Z(ZJ — M5 = ajefz) /8ij€(I)2
j=1 j=1

3 3 _9
= / (0,0%0,2, / 20,05 + O(t 8 e|2).

(3.3.28)
Moreover, by (3.2.44), (3.3.25), integrating by parts and arguing as in (3.3.27), we have

- / Ore 00y Py = — / (e —e+(V+elP ' (V+e) = |[VIP'V) 9, (0,€0,P1)
2
+ Z/m] . Mj 8y68y<I>1 + /anéayCI)l
j=1
7 9 9
= /(836)2%‘1’1 - é(ayﬁ)zay@l + Ot 5 lel7n) = Ot 5 [lell7n)

as 9,®; < 0 and ||E|g < 74, |my| < 758, [le 2v219,8, |~ < t5. Therefore, we deduce
that

2

2
—1 ~ . -z >
Wz LS [ RVve =Y - — e ) [0, Re,
j=1

J=1

3 3 9
=5 @000, - ] [ 0,04 0 Heli). (3329

Next, let
Wy = —/atv ([V+ el ' (V+e) = VPV = p|VIPle) @

Remark that from the definition of V' and ¢

|

as 2] ~ || St il ~ e <t72 And from the expansion of [V + e[}V +¢)

OV, — (plAle - z‘layle) —0 (gZARQ - ,zQayfzg)

|o-
< J2l%e™ + (| + pal)e ™% S5 (3.3.30)

S lellze.
LOQ

-1
+ €7 +¢€)— V=D €) — ———«¢ B
H(\v Y ) = WY vt - P2 Dy

Combining with (3.3.5)-(3.3.9), (3.3.13), (3.3.14), we have

-1 ~ —1 2
‘Wg . p(p2 )Zl /alevlvlp—3€2 _ %22/0'83,,R2V’V|p—362

2
. R . _9 _9
S D 1Ellellin + D lllellEn + s llellzn < ¢ sllelidn,

Jj=1 Jj=1
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in other words,

-1 . —1 ~
wy = 2 [, mvivpse + 22U, oo, mvivi e + 06 ). (331

2 2
Finally,
W, = %/ ((8y6)2 +e2— ]% (]6 + VP — VP — (p+ 1)’V|p1V€)) 0, P1 + % /628@2-
Since
0, — —20+m@)mB)ely) | —2( + pa(t)) ()1 — 6(y))
e (L4 p(t)? (1+ p2(t))? ’
A+ @) (t) = 2m @) ()] o(y) | [+ pa(t))fia(t) — 2p2() 2(1)] (1 — ¢(y))
0Py (t,y) = A+ () T (1+ po(t))? 7
we get that

(Wl S (kia] + |l lell7n S 72 el 7
as | +ae™| + o —ae™?| <71 and |e77| <t 2 so
Wy = Ot 2||e||3). (3.3.32)
9

To conclude, recall that by (3.3.14), |u;(t) — 2;(t)] < t7s and remark that by explicit
computations

| i)' y) | =) (v)
10, ®1 + 20,Dy| = T+ m)? T Tt m@)?

we can deduce from (3.3.26), (3.3.29), (3.3.31), (3.3.32) that

Sl @) + () St

d

ZW(E) = Wa(t) + Walt) + Walt) + Wa(t) = = Co (el + 175 lelm)

for some Cj > 0 as required. O

3.3.1.4 End of the proof of Proposition 3.3.22

We close the bootstrap estimates (3.3.5)-(3.3.9).
step 1 Closing the estimates in € (3.3.7). By (3.3.24) in Proposition 3.3.22, we have

0

> “HlellZ) 4t el g ) > — ot (33,
SW(E) = = Co (3 el +t el ) = — Ot

Thus, by integration on [t,¢™] for any ¢ € [t*,¢™], using €(¢t") = 0 in sub-critical cases (in
super-critical cases [|e(t™)||;n < C(t™)~2, see Section 3.3.2 for details), we obtain

wi(t) < ¢ (i+5)

Y

so by (3.3.23)
lell7 <

Therefore, for ¢, large enough, for all ¢ € [t*,t™],
1
lellfn < 5t
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which strictly improves the estimates on ||¢|| g1 in (3.3.7).
step 2 Closing the parameters fi, Z. From the equations (3.3.13), (3.3.14) and the estimates

(3.3.5), (3.3.8) in the bootstrap regime, we obtain
it el ST At SR

By integrating on [, t™],
5 1
I + po] <t74, |21 + 20| <t %

as we choose initial data

(") = —pa(t™),  a(t™) = —z(").

This improves the estimates (3.3.5), (3.3.6).
step 3 Closing the parameters p, z. Recall that by Lemma 3.3.12

i () + e 0] + Jfia(t) — ae O] S5,

(1) — 50| S+
Thus we deduce for pu(t) = pq(t) — pe(t) and z(t) = 2z1(t) — 22(t)

‘[L—I—20ze_z‘ < t_%,

=2 S5
We get
|ﬂu + 2a2’e—z| < = (3+3).

since |u| S t71, || S t72. Therefore, by explicit choice of initial data

(") = —pa(t™) = Vae ",z (t") = —z(t") = 27

z(t’m’)

then u(t™) = 2y/ae™ "2, we integrate on [t,t"]: for any t € [t*, "]

|/L2 — 4046’Z| < ¢=(243),

~J

Combining with (3.3.8), |u —2s7!| < t~(%76) which closes (3.3.9). Now, we need to finish the
bootstrap argument for z (3.3.8). Let consider

’,u — 2\/56_%'2

+lp—2 St

then we get

i — 2/ae 2*

<tk

d 1 _
Note that 5 <e2z) =

<ts (3.3.33)

here we use |e™%| <72
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Next, we need to adjust the initial choice of 2™ > 1 through a topological argument (see
[2] for a similar argument). We define ¢ and ¢ the following two functions on [T*, 7]

1
57
€2 15

(1) = 7o E(t) = (C(t) — )"t (3.3.34)

Then, (3.3.33) writes
IC(t) — 1| <5, (3.3.35)
According to (3.3.8), our objective is to prove that there exists a suitable choice of

15

C(tln) — Czn c [tm o (tm)%—g’tzn =+ (tzn)l—e]’
so that t* = t5. Assume for the sake of contradiction that for all ¢¥ € [—1, 1], the choice
Cin — tin + (tzn)—%gﬁ

leads to t* = t*(C*) € (t,t"]. Since all estimates in the bootstrap regime except the one on z
have been strictly improved on [s*, s, it follows from t*(C¥) € (o, "] and continuity that
15

CE(CH) =] = ()% de. ((t7(CF) =t" & (t).

We need a transversality condition to reach a contradiction. We compute:

[

2

W

. 15 15

é0) =260 - D) - i F - Dicn) - v (3.3.6)
At t = t*, this gives
i)+ g s e
Thus, for f, large enough, |
() < — (1)1 (3.3.37)

A consequence of the transversality property (3.3.37) is the continuity of the function (* €
[—1,1] — t*(¢*). Indeed, let € > 0 then there exists § > 0 such that &(t*(¢*) —€) > 1+ 6
and £(t*(¢*) +€) < 1 — 8. Moreover, by definition of ¢*(¢*) (choosing § small enough) for all
t € [t*(¢*) + €,t™] we have £(t) < 1 — J. But from the continuity of the flow, there exists ¢ > 0
such that for all |¢* — CHl <

vt e [1°(CF) — e, 1), |E(t) — £(1)] < §/2

so we obtain that t*(¢*) —e < t*(C*) < t*(€%) + € and the continuity of t*(¢*) as expected. Thus
we deduce the continuity of the function ¢ defined by

@ (te[—1,1] = (C(t*) = t)(t)16 € {—1,1}.

Moreover, for (¥ = —1 and ¢* = 1, in these two cases £(#") = 1, from (3.3.36) we have that

E(t™) < 0 thus t* = t™. Therefore, ®(—1) = —1 and ®(1) = 1, but this is a contradiction with
the continuity.

In conclusion, there exists at least a choice of
C(tzn) — Czn c (tzn _ (ﬁn)%)tm 4 (#n)%)
such that t* = t;. This concludes our bootstrap argument for (3.3.8).
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3.3.2 Proof of the uniform estimates in super-critical cases

In this section, we present some modifications to prove the result in super-critical cases. Some
extra parameters are needed in order to control the instability created by Z*. Denote

Z;;t(ta y) = Zﬁuk(t)(y — 2i(t)).

Thus, instead of considering the final data u(t™) = V(x — t™; (4™, — ™, 24, —2"™)) as in sub-
critical cases, we look at solution wu(t) of (3.1.1) with final data

u(tm, :L‘) — V(:L‘ _ tm; (Nina _Iuin’ Zins —Zm)) + Em<£L' _ tm>
where
€"(y) = by Zi (¢ y) + by Z7 (87, y) + by Z5 (87 y) + by Z5 (E7,y)
+ bgRl (tm, y) + b4R2(tm, y) -+ b58yR1 (tm, y) + b68yR2(tm, y) (3338)

and b= (b, b],by,b;,bs, by, bs, bg) belongs to some small neighborhood of 0 in RS.
We consider the decomposition of w(t,y) = u(t,y + t) by Lemma 3.2.39

w(t,y) = V(y; (1) +(t, y)
that satisfies the orthogonality conditions (3.2.42). Define
i) = [enZiendy o0 = @ 0.0E0), (3.3.39)

The following lemma allows us to establish a one-to-one mapping between the choice of b =
(b, b7, b3, by, b, by, bs, bg) and the initial constraints a™ (™) = 0,a™ (") = a™.

Lemma 3.3.40 (Modulated data in direction Y*). There exists C' > 0 such that for all
" > to and for all ™ = (ai", ai") € Bg2(0, (t™)72), there is a unique b so that ||b|| < C|la™||
(C independent of t™) and the initial data satisfies

( / €"(y)Zy (1" y)dy, / " (y)Zy (ti",y)dy) = (at", a3"),
/ in Z; (t7) = / én 73 () = / 6in By (1) = / "0, By (1) (3.3.41)
= / MRy (™) = / €m0, Ry(t™) = 0.
Proof of Lemma 3.3.40. Denote

c= (/ emzl,/ei”Zfr,/emRh/emayﬁil,/6’“22,/ei”Z;,/ei"RQ,/em@yég)

and consider the linear maps

v: R~ H'(R) &: H'(R)— RS
b €™ €" = ¢
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and Q = ®o ¥ : R® — R® We can check that for some functions A(y), B(y) € Y

where N is the Gramian matrix of Z*, ), 9,Q which are linearly independent. Indeed, Z*, 7, Q
are linearly independent and orthogonal since they are eigenfunctions of Ld, corresponding to
different eigenvalues ey, —ep,0. On the other hand, J,Q are orthogonal to Z*,Z7,@Q (see
Lemma 4.9 in |3] for more properties of Z%) so they are linearly independent. Thus det N # 0
and with 2" > 1,0 < p" < 1, we have that € is invertible around 0. Therefore, for any
a™ € Bg:(0, (t")~ 3) we can choose

b=Q""((ai",0,0,0,a3",0,0,0)), [[pl] < [[Q7|]|a™]
to conclude the lemma. O

We now define the maximal time interval [T'(a™), "] on which the bootstrap bounds (3.3.5)—
(3.3.9) hold and

la* (1)) <t (3.3.42)

for all t € [T(a™),t™]. The uniform backward estimates of Proposition 3.3.1 state that there
is a choice of (u™, 2™, a™) with

p = ae ", e a e Ba(0,(67) ) (3.3.43)

such that T'(a™) = to. Indeed, we proceed as for sub-critical cases in Section 3.3.1 and improve
all estimates in the bootstrap bounds except those of a*(t) and z(t). Remark that

e(t™) < ol

50 if we choose a™ € Bg2(0, (t™)~2), by Lemma 3.3.40, we have ||e(t™)|%, < ¢~3 which is still
enough to conclude
wi(t) <t (i+8)

from the fact that 2W(t) > —Cj (t_%||6||§{1 + t_1||e]|H1) > — Ot~ (3+8). It seems to us that

the reasoning to close the bootstrap bound of z(¢) still works, in fact, it is, however we will
control a*(t) through a suitable value of a™ also by a topological argument so we have to
choose (2, a™) in the same time. Now we claim the following preliminary estimates on the
parameters a*(t).

Lemma 3.3.44. For all t € [T'(a™), t™],

dai + < 2 -9
%(lﬁ F epa (t) N H€||H1 +t 4 (3345)

Proof of Lemma 3.3.4/4. Recall the equation of e:

[\

Qe+ 0, (De—e+ |V +e (Ve = [VPV)+ ) iy M+ E=0
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and note that | 9y RiZE = 0 which follows from

/aszi —/aQLazi /aLaQ
Then, we have
d“k / e ZiE + / €0 7}
= [(@e= @ meivpian, 2
T / (V4P (V40 — VPV — plVPie) 8,27
(i + ae) / AR\ZE + oy — ae?) / ARy ZE — / EZE
+;zk/eAZ;; — (% —Mk)/eayz,;t.

Using Z € Y, for k # j
/ By (1 ZE| + 10, Z2) < e

hence denote Ly = —f” + (1 + uz) f — pRY f, we have
[ @ = mes oVP98,28 = [ eLula,22) + Ollelme )

Moreover from (3.3.13), (3.3.14), (3.3.15), we get
‘(/lél 4—Oze_z)//\lﬁ312ki + o (g —ae‘z)/ARQZ,f < llell3,
I
,uk/eAZ/,;t + (z'k—uk)/eayz,f

Using the equation of Z* (3.1.13), we obtain

<,

< lellzn-

/eLk((‘)ka) ieg(1+uk)3/ ezt

As | S 71 Ja*| S 172, we get

+
da;,

2 (1) = eqaif (1) + O(|ellin) + O(tF)

as required. N

We now control a*(t) through topological arguments by noticing that the direction a™(t) is
already stable. Consider ((t) = % and &(t) as defined in (3.3.34).

Lemma 3.3.46 (Control of a*(t)). There exist (™ = ¢ (™) € [t™ — (#™)7 16, ™ 4 (#)~16] (in
consequence, 2" > 1) and a™ € Bg2(0, (t)~2) such that T(a™) = t,.
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Proof of Lemma 3.3.46. First of all, we claim that for all ™ € Bg:(0, (£™)~2), the following
inequality holds for all ¢t € [T'(a™), t™]

l\?\w

lat(t)| < =t” (3.3.47)

N)I»—t

Indeed, it follows the bootstrap bounds, (3.3.45) and a™(¢") = 0 that for all ¢ € [T'(a’™), "]

tin

0t (8)] < e / e~ ddr
t

eot . ‘ eot tin
— € [e—eott—% o 6—6015"“" (tm)—%] . 9e / e €07+ ——dT
€0 460 t
<Lt L
— 471 —17 2
- €0 2

for ty to be large enough.
Let D = [—1,1] x Bgz(0,1) equipped with the norm ||(z,y)|| = max(||z|,||y||). Now we
suppose that for all (¢*,a*) € D, the choice

Cin — tm (tzn) 16 Cﬁ ain (tm) %

gives us T(a™) = T(C*, a*) € (to,t™]. Recall that

: : _ 15 15 23
§() = 2¢(0) =) = N = (¢ =)+ (3.3.48)
On the other hand, consider
N(t) =ta” 1)
then for ¢ € (T(¢%, a*),t™], by the bound on ||¢||%, and (3.3.45), we have
. ey da— -
N(t) =t (3t""a ()+2%(t) a (t))
= (37" = 2e0)la” ()2 + O (o~ 0)]])
Therefore, with ¢, large enough ( < 2¢o), we deduce that
. 3 3
N(t) < —§e0/\f(t) + Ct™ 3/ N(1). (3.3.49)

Denote

Wi (1) = (C(t) — )(1) T,
Uy(t) = a (t)t2.

From the definition of T'(a™) and the continuity of flow, at the limit T(¢*, a*), we have one of
the following situation
Uy (S(¢F,af)) =41, Uy € Bge(0,1) (3.3.50)

or
[Wy(S(¢F,a")|| =1 & Uy € OBg2(0,1), ¥y € [1,1] (3.3.51)

where 0Bg2(0,1) is the boundary of Bg2(0,1). Remark that in the first case, we have
€(T<Cﬁ7aﬁ)) < _(T(Cﬁa aﬁ))_l <0
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and in the second case we have N (T'(¢*,a%)) =1
N(T (¢, a)) < —e < 0.

A consequence of the above transversality property is the continuity of (¢¥,a*) — T((¢%, af))
thus the following map

v D — oD
(Cﬁ>aﬁ) = (\Ijl(T(Cﬁaaﬂ))7q12(T(Cﬁaa'ﬁ)))

is also continuous where 9D is the boundary of . Note that if a* € 9Bg2(0,1), then from

(3.3.49), N(t™) < 0, we have T(C*,a*) = t™ and if (* = £1, then from (3.3.48), £(t™) < 0,
we also have T((*, a*) = ™. Thus U(¢*, a*) = (!, a*) for all (¢*,a*) € OD, which means that
the restriction of ¥ to the boundary of ID is the identity. But the existence of such a map
contradicts the Brouwer fixed point theorem. In conclusion, there exists a final data (2™, a’™)
such that T'(a™) = ty, which concludes the proof of Proposition 3.3.1 in super-critical cases. [

3.4 Construction of solution

Applying Proposition 3.3.1 with ¢ = n for any n large enough, there exists a solution u,(t) of
(3.1.1) on the interval [to, n] whose decomposition

(C*(8); (1)) = ((21'(1), 22 (1), ' (1), 3 (1)); €n(t))
satisfies the uniform estimates (3.3.3). Denote
Na(t, ) = Quegpy(x — t = 21 (1)) + 0Quy gy — t — 25(1)).
From (3.2.15) ||[Vo(t, 2) — Nu(t, @) ||z < 672 log?(¢) and (3.3.3) |len(t)|[ 2 < t7%, we have
1 (t) — No(t, )| S 5. (3.4.1)

On the other hand, by setting

N(t,z) = Q(z — t —log(v/at)) + cQ(x — t + log(v/at)) (3.4.2)
we deduce from (3.3.3) that

INu(t,2) = N(t) | S ld (@] + |63 (0] + 127 () — log(Vat)| + |23 (1) + log(v/at)|
S‘u(t);ru(t)’+‘u(t)42ru(t)‘+ Z(t);Z(t) _log(\/at)‘Jr Z(t);Z(t) tog(vat)| (3.43)
St

Therefore, there exist a sequence of backward solutions u,, € C([to,n], H') of (3.1.1) such that
for all ¢ € [to, n],
[l (£) = N(t,2) |2 S t775. (3.4.4)

Remark 3.4.5. We see that the size of the extra term 7(¢,y) in the definition (3.2.6) of the
approximate solution V'(¢,y) is much smaller than the estimate on €(¢,y). However, by Lemma
3.3.12, the term

(ty) = eV (Aily — 21(t) + Aoy — (1)) @(t,y)
improves the computation of the error to the flow (3.2.11) to obtain (3.3.15). This refinement
is essential to close the bootstrap (3.3.7) on €(¢,y), see Proposition 3.3.22, since without it, one

would obtain E of size t =2 and € of size 1, which is not sharp enough to exploit the modulation
equations (3.3.13), (3.3.14).
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Next, we construct a function ug € H'(R) as a strong limit of a subsequence of w, (to).
Lemma 3.4.6. There exist ug € H'(R) and a sub-sequence, still denoted u,,, such that
U, (to) — up weakly in H'(R)

un(to) = uo in H°(R), for 0 <o <1
as n — 0o.

Proof of Lemma 3.4.6. By the bounds on u,, and interpolation, it is enough to prove that the

sub-sequence u,(t) L—2> ug as n — o0o. First, we claim the following: Vd; > 0,0; < 1, Ing > 1,
JK; = K;(61) > 0 such that Vn > ny

/ it )P <, (3.4.7)
x|>K1
Indeed, by (3.4.4), we have, for all n
lun(t) = Nt 2| S 175,
A direct consequence of the above estimate is

un(@)|[m < C (3.4.8)

for all t € [ty, n] since ||N(t)||m < 2||Q||g:. Furthermore, for fixed 41, there exists ¢, > ¢y such

that 1
llun(tr) = N(t)|lm S (01) 75 < /0y

for n large enough that n > t;; in others words, we have

/]un(tl,m) — N(tl,x)|2dx < 0.

Besides, for Ky > 1 large enough we have
/ \N(tl,x)|2dx < 61.
|x\>K2

Consider now a C' cut-off function g : R — [0,1] such that : ¢ = 0 on (—o00,1], 0 < ¢’ < 2
on (1,2) and g = 1 on [2,4+00). Since ||u,(t)||zn < C bounded in H' independently of n and
t € [to,n], we can choose 71 > 0 independent of n such that

2
> 5—(751 —t9)C*.
1

i fu(we)o (F5))
gl Ix\ M

2 0
< — su w, (]2 < .
S5 nztgol\ DO < r—

We have by direct calculations, for ¢ € [tg, n]

d |I|—K2
= un(t, )29 (=22 4
dt/\um)rg( - )

By integration from t, to ¢,

- K - K
/]un(to,x)|2g <|x|—2) dx — / ]un(tl,x)]29 <|a:|—2> dx
§a! 7
b d |I’| — K2
< — | |un(t,x Qg<—>dx‘§5.
/to % [ ks (M= 1
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From the properties of g we conclude:

— K.
/ lup (to, 2)[2dar < /|un(t0,:c)|29 (M—Q) dr
|z]|>271 + Ko Al

— K.
< / lun (t1, ) g (M—Q) dr +6; < / |, (t1, 7)|2dz + 01 < 5.
N |$‘>K2
Thus (3.4.7) is proved. As ||un(to)||g: < C, there exists a subsequence of (u,) (still denoted
by (u,)) and vy € H' such that
Un(tg) — up  weakly in H'(R),
u,(to) = up in L2 (R), as n — 400
and by (3.4.7), we obtain that u,(t) s g, for 0< o < 1. O

To conclude the proof of Main Theorem, we consider u(t) the solution of (3.1.1) correspond-
ing to u(ty) = up. From [7], we have the continuous dependence of the solution upon the initial
data, so for all t € [ty, +00),

un(t) = u(t) in H°(R), s.<o<1

U (t) = u(t) in H'(R).

where s, < 1 is the critical exponent. Thus, from (3.4.4), ||lu,(t) — N(t, x|z < t716, passing
to the weak limit as n — +o00, we have

|u(t) — N(t, )| g < Ct 5.

Therefore, recall the value of a given in (3.2.31), we have constructed a solution u(t) satisfying
the conclusion of Main Theorem.
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Chapter 4

Construction of 2-solitons with
logarithmic distance for the
one-dimensional cubic Schrodinger system

Abstract
We consider a system of coupled cubic Schrodinger equations in one space dimension

{i@tu+8§u+(lu‘2+w|”‘2)u:O (t,z) € R xR,

100 + 020 + (Jv|* + wlu*)v =0

in the non-integrable case 0 < w < 1.
First, we justify the existence of a symmetric 2-solitary wave with logarithmic distance,
more precisely a solution of the system satisfying

(u(t)) - (eitQ<. — Llog(Qt) — Lloglog t))

. =0
e'Q(- + 31og(Qt) + §loglogt)

HlxH?!

lim
t——+o0

where Q = v/2sech is the explicit solution of Q" — Q + Q> = 0 and © > 0 is a constant. This
result extends to the non-integrable case the existence of symmetric 2-solitons with logarithmic
distance known in the integrable case w = 0 and w = 1 (|15, 33]). Such strongly interact-
ing symmetric 2-solitary waves were also previously constructed for the non-integrable scalar
nonlinear Schrodinger equation in any space dimension and for any energy-subcritical power
nonlinearity (|20, 22]).

Second, under the conditions 0 < ¢ < 1 and 0 < w < %c(c + 1), we construct solutions of

the system satisfying
(u(t)) (el — i log(et))
v(t) Q- + ;i log ()

where Q.(z) = c¢Q(cz) and Q. > 0 is a constant. Such logarithmic regime with non-symmetric
solitons does not exist in the integrable cases w = 0 and w = 1 and is still unknown in the
non-integrable scalar case.

lim =0
t—400

HlxH!
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4.1 Introduction

4.1.1 System of cubic Schrodinger equations

We consider the following one dimensional focusing-focusing system of coupled cubic Schrodinger
equations

: 2 2 2y _
{latu + 0pu + (|uf* + wlv[*) u =0 (t,z) e R xR (coupled NLS)

10 + 0% + (|v|* + wlu|*) v =10

for u(t,z),v(t,z) : R x R — C and for any parameter 0 < w < 1. The initial data u(0,z) =
ug(r), v(0,7) = vo(x) is taken in H'(R) x H'(R). The Hamiltonian system (coupled NLS)
arises as a model for the propagation of the electrical field in nonlinear optics. Such systems
also appear to model the interaction of two Bose-Einstein condensates in different spin states.
See [1, 2, 32].

For w = 0, the system (coupled NLS) simply reduces to two cubic focusing Schrodinger
equations without coupling (see |1, 32, 33])

0+ 02u+ |[ufPu=0 (t,2) ERxR. (cubic NLS)
» 32))

For w = 1, the system (coupled NLS) is called the Manakov system (see |[I,

(MS)

10u+ O%u + ([ul* + [v|*)u =0
10,0 + 020 + ([v)? + |u|*)v = 0.

Both (cubic NLS) and (MS) are completely integrable. For 0 < w < 1, the system is not known
to be integrable.

It follows from standard arguments (see e.g. [3, 10]) that the system (coupled NLS) is locally
well-posed in H! x H'. In this paper, we work in the framework of such H! x H' solutions.
Moreover, the system is invariant under the following symmetries:

iy iy
e Phase: v, v € R, (uo(x)e ) > (u(t,x)g ,);

vo(z)el v(t,x)e

o Scaling: A > 0, A (ZO) (Az) — A Cj) (A2, A):

0

e Space translation: o € R, (UO) (x +0) — (Z) (t,x+0);

Vo

e Galilean invariance: 8 € R, ¢!#* (ZO) (z) s ePl@=hD <ZJ) (t,x — 2/t).

0
For H! x H" solutions, the following quantities are constant:

e Masses:
M(u(t)) = / ult, o) = M(ug),  M(u(t)) = / jo(t, ) Pdz = M(vy):

e Energy:

2 4
= E(UQ, U());

E(u(t), o(t)) = 1/R(ya%v,quyamv|2) (t,m)dm—1A(yu\4+|v\4+2w\u|2|U12) (t, 2)dx
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e Momentum:

J(u(t),v(t)) = %/R@wu(t,x)u(t,x)dx + S/R@wv(t,x)v(t,x)dx = J(ug,vo).

By the Gagliardo-Nirenberg inequality ||ul|7. S [lu|7:]|0sul/z2 and standard arguments, the

system is globally well-posed in H' x H' (see e.g. |3,
Let @ be the ground state, defined as

V2
cosh(x)

Qz) = unique (up to translation) H' solution of Q" — Q + Q3 = 0 on R.

Recall that (cubic NLS) admits solitary wave solutions, also called solitons, of the form
u(t,z) = VN0 (1 — o —28t) with  Qa(z) = AQ(A\x)

where A > 0,7,0,5 € R. When v = 0 (or u = 0), the system (coupled NLS) simplifies into
(cubic NLS), and thus we deduce soliton solutions of (coupled NLS):

(z) (t.2) = <61F1(t,$)Q)\1(x0— o1 — 2ﬁ1t)> CTy(62) = 4 N+ Bl — But)

and

U 0
(U) (ta 37) = (eil“z(t,x)Q)\Q(x — 0y — 2ﬁﬂ)> ) FQ(t>m) =72+ )‘gt + 52(37 - 52t)

for any \; > 0,7,,0;,8; € R (j = 1,2). By definition, a multi-solitary wave (or multi-soliton)
is a solution behaving in large time as a sum of such single solitons. In this article, we focus
on 2-solitons such that one solitary wave is carried by u and the other one by v.

4.1.2 Previous results and motivation

Multi-solitons have been studied intensively in the integrable case, i.e. for (cubic NLS) and
(MS), as well as for some nearly integrable models; see [1, 7, 8, 13, 24, 32, 33]. From the inverse
scattering theory, there are three types of 2-solitons for (cubic NLS):

(a) Two solitons with different velocities: as ¢ — +o0, the distance between the solitons is of
order ¢ ([33]).

(b) Double pole solutions: the two solitons have the same amplitude and their distance is
logarithmic in ¢ (|24, 33]).

(c) Periodic 2-solitons: the two solitons have different amplitudes and their distance is a
periodic function of time ([32, 33]).

More generally, the integrability theory treats the case of K-solitary waves for any K > 2.
Moreover, in the integrable case, multi-solitons have a pure soliton behavior for both ¢ — +o0
and t — —oo and describe the elastic interactions between solitons. For (MS), a trichotomy
similar to (a)-(b)-(c) is studied formally and numerically in [31].

For non-integrable models, the study of multi-solitons is mostly limited to situations where
solitons are decoupled, in particular, asymptotically in large time. Consider first the scalar
nonlinear Schrodinger equation

10+ Au+ [ulPlu =0, w0,z)=uy, (t,v)cR xR (NLS)
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in any space dimension d > 1 and for any energy subcritical power nonlinearity (i.e. p > 1 for
d=1,2and 1 <p<1+ ﬁ for d > 3). This equation is known to be completely integrable
only for d = 1 and p = 3, i.e. (cubic NLS). Define the ground state @ as the unique radial
positive H' solution (up to symmetries) of AQ — @Q + QP = 0 in R? (for more properties of
the ground state, see [3, 0, 25, 30]) and Q\(z) = )\T:Q()\x), for any A > 0. The existence of
K-solitary waves for (NLS) corresponding to case (a), i.e. solutions u(t) of (NLS) such that

K
- B —ilk (L) o _
Jim | (?) ;e Qx, (- — o — 2Byt) e 0
for any )\, > 0 and any two-by-two different 3, € R%, was established in |5, 17, 21].
Recently, the second author proved that the dynamics (b) is also a universal regime for
(NLS), by constructing two symmetric solitary waves with logarithmic distance, [22]. The L2
critical case (p = 1 + %), previously studied in [20], exhibits a specific blow-up behavior also

related to symmetric 2-solitons with logarithmic distance in rescaled variables.
Turning back to the system (coupled NLS) in the non-integrable case, i.e. for 0 < w < 1,
the existence of multi-solitary wave solutions corresponding to case (a)

lim H (u(t)) _ (eiFl<t">Qc<- o1 - 25115))
t=+o0 || \ (1) e T2IQ(- — gy — 265t)
for any ¢ > 0 and any different velocities 5, # [ was proved in [6] (see also [11]).

A first goal of this paper is to justify the persistence of the regime (b) for the non-integrable
(coupled NLS) in presence of symmetry, following the articles [20, 22| for the scalar (NLS)
equation.

Second, and more importantly, we investigate the question of the (non-)persistence of the
regime (c). Indeed, we exhibit a new logarithmic regime corresponding to non-symmetric 2-
solitons with logarithmic distance which replaces the behavior (c¢). At the formal level, the
system of parameters of the 2-solitons is not anymore integrable and periodic solutions disap-
pear, see Remark 4.1.7. A logarithmic regime (see Theorem 4.1.4 and Remark 4.1.6) then takes

place, which does not exist in the integrable cases w = 0 and w = 1. To our knowledge, such
question is open for the scalar equation (NLS) in the non-integrable case (see Section 4.5).

=0,

H!

4.1.3 Main results.

First, we present the symmetric logarithmic regime.

Theorem 4.1.1. For any 0 < w < 1, there exists a solution (%) € C(R,H' x H') of
(coupled NLS) such that

(u(t)) - <eitQ<- — Llog(Qt) — Lloglog t))

. =0
v(t) Q- + +log(Q) + 1 loglogt)

HlxH!

lim
t—+4o00

where 2 > 0 is a constant depending on w.

Note that as ¢ — 400, the distance between the two solitary waves is asymptotic to
1
y(t) =logt + 3 loglogt + log €. (4.1.2)

Remark 4.1.3. An analogous dynamics was constructed for (cubic NLS) in [24, 33| and for
(NLS) in [20, 22].
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Second, we construct for (coupled NLS) a new logarithmic dynamics of 2-solitary waves
with different amplitude.

Theorem 4.1.4. For any 0 < ¢ < 1 and 0 < w < %c(c + 1) < 1, there exists a solution
(4) e C(R, H' x H') of (coupled NLS) such that

i [ (40) - Q- — ey log(Qt)
t—+oo || \ V() etQ(- + - log(Qet))

c+1

HlxH!
where €2, > 0 is a constant depending on ¢ and w.

Note that as ¢ — 400, the distance between the two solitary waves is asymptotic to
1 1
ye(t) = —logt + —log (.. (4.1.5)
c c

As mentioned before, such solution does not exist in the integrable cases and the analogous
question for the non-integrable scalar equation (NLS) seems open. See Section 4.5.

Remark 4.1.6. The slight difference between the two regimes (4.1.2) and (4.1.5) is due to
stronger interactions when solitary waves have equal amplitudes. We refer to Sections 4.4.2
and 4.2.3 for formal derivations of the regimes (4.1.2) and (4.1.5).

We believe that there is no other logarithmic regime for (coupled NLS). In support of
this conjecture, we refer to the case of the generalized Korteweg-de Vries equation, for which
existence of a logarithmic regime was proved in [23] and uniqueness (in the super-critical case)
was established in [12].

The case ic(c+1) < w < 1 in Theorem 4.1.4 is open (see step 1 of the proof of Proposi-
tion 4.3.16).

Remark 4.1.7. The dynamics of the distance between the two solitary waves is related to
nonlinear interactions. A formal study (see notably |8, 13] and Chapter 4 in [32]) shows that
the three behaviors (a), (b) and (c) are related to different solutions of

¥ =ce”?siny
0 = —cye 7 cosry

where 7 is the phase difference, o the relative distance and ¢,, ¢, are constants. For (cubic NLS),
it holds ¢, = ¢, > 0. Denoting Y = o +1v, the resulting equation Y = —c,e is integrable and
admits nontrivial solutions for which o is periodic.

Remark 4.1.8. The proofs of Theorems 4.1.1 and 4.1.4 follow the overall strategy of several
previous articles on multi-solitons (|14, 16, 17, 18, 19, 20, 21, 22, 26]), particularly of [20, 22]
which started the study of multi-solitons with logarithmic distance in a non-integrable setting.
We focus on the proof of Theorem 4.1.4, which is more original in the construction of a suitable
approximate solution and the determination of the asymptotic regime (see Remark 4.2.8).

See Section 4.5 for a comment on the introduction of a refined energy method.

4.1.4 Notation and preliminaries

For complex-valued functions f, g € L*(R), we denote

== ([ 13).
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For r a positive function of time, the notation f(t,xz) = Oy (r(t)) means that there exists a
constant C' > 0 such that || f(¢)|| g < Cr(t).
For any A > 0 and any function f, let

@) =Af(Ax) and  Af(x) = f(z) + 2 f' () = Orfa(2)r=1-

Note the following relation which describes the asymptotics of Q(z) as x — —o0,

Q(z) = ke® — e**Q(x) on R where k = 2v/2. (4.1.9)
Throughout this paper, we consider w and ¢ such that
1
0<c<1 and 0<W<C(C;r ), (4.1.10)

The linearization of (coupled NLS) around solitons involves the following operators:
L. =-0?+1-3Q% L o=-4+1-Q% L.=-0°+—wQ”
Recall the special relations ([29])
L.Q=0, Li(AQ)=-2Q, L (Q)=0, L_(zQ)=-2Q" (4.1.11)

We will use the following properties of these operators.

Lemma 4.1.12. Assume (4.1.10).

1. There exists > 0 such that, for all z € H!,

1

(£eRz ) + (£-92.92) 2wzl — (2. Q)" + (2.2Q)" + (2,3AQ)%)

(Loz,z) > pllzlli

2. For any f € L?, there exists a unique solution v € H? of L.u = f. Moreover,

— If [f(z)] < e Ml for some A > ¢, then |u(z)| < e e,
— If [f(2)| < el then |u(z)] < (1 + |z])e el

Proof. (i) The coercivity properties of £, and £_ (here in the L? sub-critical case) are well-
known facts (see e.g. [17, 29, 30]).

Let 0 < p < ¢ be such that w = 1p(p + 1). By [27] or direct computation, we see that the
positive function Q* satisfies L.Q” = (c* — p?)Q*. The coercivity property follows.

(ii) Let ¢ < XA < 1. If Lou = f with |[f(z)] < el then —u” + 2u = g where g =
f 4 wQ?u also satisfies |g(z)| < e . The decay properties of u then follows from standard
arguments. O

The following result follows directly from Lemma 4.1.12.

Lemma 4.1.13. 1. Assume 0 < ¢ < 1. There exists a solution A of

LA=—-A"+2A—wQ*A = chwe™Q? (4.1.14)
satisfying
|A(z)] + |A' ()] + |A"(2)| £ Q.(z) on R. (4.1.15)
2. There exists a solution B of
LB =—-B"+ B —wQ’B = rwe"Q? (4.1.16)
satisfying
B@)| + |B'()] +|B"(@)| S (1+]a)Q(z) on R (4.1.17)
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4.2 Approximate solution in the case 0 < c < 1

4.2.1 Definition of the approximate solution

Consider C! time-dependent real-valued functions oy, oa, V1, Y2, 51, 32, to be fixed later and
set

o=01—03 B=p—PF, T=mn—"-
Denote
U=P+ @, P(t7 ZI}) = QC<‘T — 01 (t))eil—‘1(t,x)7 QO(t, I) = e—CU(t)A<I - 0-2<t))eﬂ—\1(t7x)7
V=R, Rt z)=Q(z— 0yt))e 2t
where
Di(tr) = G+ 3 (t) + Bu(t)r,  Talt,x) =t +7(t) + Balt)e
Introduce the notation
P =Q.(xr—o0)e", z,P=(x—0)P, ANP=AQ (x— o),
Op=e “A(x— ag)eirl, Top = (x — 09)p,
(92R = Q/(l' — O'Q)eiFQ, .I'QR = (.I' — O'Q)R, AQR = AQ(Z’ — O'2>€ir2.
Define the approximate solution
i0,U + 02U + (|[U)> +w|V|)) U
Z:(U) i sot Sz:(gU>= 10 U+ ([U]F +wlVI) |
%4 Ey 0,V +0*V + (V> +wlUP)V
Lemma 4.2.1. It holds

—

gU:F—ml'Ml—mw'M@

. (4.2.2)
Ev =G — iy - My
where
F =3|Po+3|pl P + |p*p — we* ™7 |R*P (4.2.3)
G =w|P+ ¢|’R o
and
o1 - 26 . 104 P
my = "71—1‘51‘014‘5% , Mi=| P
B P
02 — 204 . 01
mcp: ’.Yl+ﬁ102f’_612+ic‘5 ) Mcp: 2
b1 T2
o) - 2[3, . iLR
My = W2+52'02+522 , My = R
B TR
Proof. Using Q" — ¢*Q. = Q2 and (4.1.14), we compute
1atP+5’§P—|— |P|2P - _T?Ll : Ml)
10,0 + 020 + w|R*(P + @) = —iih, - M, + w|RJ? [Qc(x — 01) — ere™))] €T,
Using (4.1.9), we obtain (4.2.2) for & with F' defined as in (4.2.3).
Similarly, the equation .
implies (4.2.2) for &, with G defined as in (4.2.3). O
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4.2.2 Projection of the error terms
The soliton dynamics is expected to be determined by the following projections

1 1
a:%<F,81P) and b:§<G,82R>

Using (01 P, 21 P) = (Q.,2Q.) = —3]|Qc|l32 = —2c and (0:R, 22R) = —5|Q[3. = —2, we
decompose F' and G as follows

F=Ft—ax,P, (FL,O,P)=0
{ ar P, (F7,00P) (4.2.4)

G = G’L — bﬁgR, <GL, 82R> =0
so that (4.2.2) rewrites

. (4.2.5)

Ey = FX —m% - M, — 1, - M,
Ev = G+ —mb - M,

with . ‘
01 - 251 ) - 252
mi = | 1+ fior + 57 and 75 = | 42+ Ba02 + 33
51"—@ ﬁg—l-b

We compute the main order of these projections.

Lemma 4.2.6. Let 1 < # < min {%7 2}. It holds
a =0 + 0 ) b= —ca.e? + O(e ) (4.2.7)

where 1
. = 4cPw|e“ Q|32 + §<£CA, A) > 0.

Remark 4.2.8. The expression of the positive constant a., relevant in the dynamics of the
2-soliton (see Section 4.2.3), suggests that even at the formal level, the introduction of the
approximate solution (g) including the refined term ¢ is necessary to determine correctly the
non-symmetric logarithmic regime.

Proof. We start by proving the following estimates
/ 22y — ) ()dw = O(e~27), (4.2.9)
/Qg(x —0)Q(2)Q'(x)dr = —PKk*e / e Q*(z)dx + O(e ). (4.2.10)
Proof of (4.2.9). By (4.1.9) and the condition on 6, we have

GQC(Z_U)Q?((L' o O')QQ(ZL’) g 6209(90—0)@2(1,) 5 6—20906—2(1—00”@‘\’

and (4.2.10) follows.
Proof of (4.2.10). Tt follows from (4.1.9) that

Q2(z) = AR + 0(EQulx)),

and so
Qg(:z: — (7) — 02R2€f2cae2cx + 0(6720906209z).

121



Thus
/Qi(m —0)Q(2)Q'(v)dx = *r%e / 2 Q(x)Q' (x)dx 4+ O(e 7).

and (4.2.10) follows by integration by parts.

From the expression of F' in (4.2.3), we have
(F,0P) =3¢ / Q*(2)Q.(x)A(x + o)dx + 3¢ /QC (2)A*(z + o)dw
Bea / QL(2)A(z + 0)dr — w / > Qu(2)QL(2)Q* (7 + o)da.

For the first term, using —(Q.)" + *Q., = 3Q*Q’. (obtained by differentiating the equation of
().) and the equation A in (4.1.14), we compute

/Q x—l—adx—/@ (x — o) (—=A"(z) + P A(x))dx
= w/QC(:L' —0) [Q*(x)A(z) + cke®Q*(z)] dx.
Similarly as in the proof of (4.2.10), using (4.1.9) we observe
[ @ite - @ @A@r = Pre e [ Q) Az + O ),
/Q e Q*(z)dr = 02H€_CU/62C$Q2(ZE)CZ$—f-O(e—CaU).
Moreover, it follows from (4.1.14) and the coercivity of the operator L. that
cmw/e“‘QQ(x)A(x)dx = (LA, A) > 0.
Last, we check using the decay property of A in (4.1.15) and the condition on € that
/QC (2)A?(z + o)dz = O(e=), /Q'C(x)A?’(m +0)dr = O(e™).

Using also (4.2.9) and k? = 8, we find

e

—2co
a=— [C% w/ > Q*(x)dx + <£CA,A>] + O(e7299) = e 4 O(e=209),

From the definition of GG, we have
(G.0uR) = [ Qhfa — 2)Q@)Q (0)da
200 [ Qo - DAQQ (s +we > [ (@)Q()Q ()i

On the one hand, integrating by parts, it holds

(LA, Ay = /@2 ) A () dz _w/A2 Q(2)Q ()da.
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On the other hand, using (4.1.14) and then integration by parts , it holds
(LA A" = criw/emQZ(x)A’(x)dx
= —c2/£w/eczQ2(x)A(x)dx—QCﬁw/eCIQ(x)Q'(x)A(x)dx
= —c(L.A,A) — 2CIiw/chQ($)Q,(l’)A(ZL‘)d$.

Thus, also using
[ @ule = D A@Q@IQ @) = eve [ Q)@ (@) A)Qds + O ™)

and (4.2.10), we obtain b = —ca.e™2 + O(e=27). B

4.2.3 Formal discussion

Formally, the previous computations lead us to the system
o1=2B1, Bri=—ae 7, G3=20, [h=coe .
Recalling 0 = 01 — 05 and 8 = 31 — (3o, this gives
5 =—-2(c+Dae?, 28=g0,

which admits the following solution

1 1 Q.
o(t) = Elog(Qct), 26(t) = o= ?6_00 where Q. = [2¢(c+ 1)040}% > 0.

This justifies the existence of the regime (4.1.5) of Theorem 4.1.4. In particular, observe that
the positive sign of the constant «.. is responsible for the emergence of the special non-symmetric
logarithmic regime. The phase parameters v, and v, are not essential for the dynamics and so
we do not discuss them here.

4.2.4 Decomposition around the approximate solution

Let T > 1 to be fixed later and consider a solution (%) of (coupled NLS) under the form

O-E)() w Qro-@) o

Then, using the notation
h(u,v) = (Jul* + wlv*) u

the function (5 ) satisfies the system

{1 i€+ 0ze + (U +¢,V+n) = U, V) + & (4.2.12)

i0m + 020+ h(V +n,U +e) —h(V,U) +E =0

The parameters o1, 02, V1, Y2, $1 and [y in the definition of (g) are fixed by imposing the
following orthogonality conditions

(4.2.13)

(e,21P) = (g,iA1 P) = (,i0, P) = 0
(n,zoR) = (n,iA2R) = (n,i0,R) = 0
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and initial conditions

0o COxo
Too = s Too = - y
o1(Te) c+1 72(Tec) c+1
B Bos (4.2.14)
Ty) = ) Ty)=— ) -
61( ) c+1 BQ( ) c+1

71<TOO> = 07 ’72(T00> = 07
where 0 is to be chosen later close to 21log(€2.Th) (see below (4.3.2)) and

Q.
= —CeT e, 4.2.15
foo = 5 € ( )

Indeed, by a standard argument and the initial conditions (including £(T,) = 7(T) = 0), the
orthogonality conditions are equivalent to a first order differential system in the parameters
(o1, 02,71, Y2, 51, P2), which admits a unique local solution in the regime considered in this
paper. See e.g. Lemma 2.7 in [/] for a detailled argument in the case of the (giKdV) equation,
and Lemma 4.3.10 in the present paper for the corresponding estimates on the time derivatives
of the parameters. For technical reasons, one can fix zero initial conditions on 7, 72 as in
(4.2.14), but the initial conditions on oy, gy, #; and f2 have to depend on a parameter o, to
be fixed later by a topological argument.

As in [20, 22, 26], the orthogonality conditions in (4.2.13) are related to (4.1.11). Using the
conservation of masses and L? sub-criticality, we avoid the modulation of the scaling parameters
of the solitons (see [30] and the proof of Lemma 4.3.10).

4.3 Proof of Theorem 4.1.4

4.3.1 Bootstrap bounds

Fix 0y, 05 and 605 such that 1 < 03 < 0y < #; < min {%, 2}. Following Section 4.2.3, we work
under the following bootstrap estimates, for 1 <t < T,

(el + Il <%,
8 Ly A ! + |2 + <t
2ct b 2e(e+ 1)t T2+t T
o — log(€2.t) . log(£2.t) <0, (4.3.1)
clc+1) c+1
eCO’
— 1] <t
Q.t -
For consistency, the free parameter o, in (4.2.14) will have to be chosen such that
€0
— 1| < TL ™. 4.3.2
QT -~ ( )

Lemma 4.3.3. Let 0 < ¢; < ¢y and ¢ > 0. It holds, for o > 1,
/(1 + |z — U|)qe_cl‘$_”|e_62‘$|d$ < {

ocltle=4% if ¢ = ¢y

ole 19 if ¢1 # co.

Proof. We decompose

0
/(1 + ‘JJ _ 0-|)q6701\x70|6762\x|dl, — ecm/ (1 + |$ . O_|>qe(01+02)xdx

o “+o00
+ e_cl"/ (1+ |z — 0\)%_(02_01)%1’ + ecl"/ (1+ |z — 0|)q6_(01+02)xdx.
0 o
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The result follows by integration.

Lemma 4.3.4. The following hold
1P =i Pllzz 5 (1l + Bulloal + lon] )
100 —ic*¢llzz S (Finl + Bullo] + 162l + o) e,
|0k = iRl 5 (Il + Ballo] + 1o )
Let 1 < # < min {%, 2}. The following hold

1Pl + 1 F e S 7,

|0F —icFllzz + 10+ ~ i F* iz S (1l + Bullon] + o] + o) e,

IGlzz + G2 S e
10 ~ Gl + 106" —iG1e < (I5el + 1allo2] + 10| + I61]) e~

Proof. Estimates (4.3.5) are simple consequences of the definitions of P, ¢ and R.

Proof of (4.3.6). Recall that F(t,7) = Fy(t,z — 01(t))e"*®) where

(4.3.5)

4.3.6
4.3.7
4.3.8
4.3.9

o~ o~ o~ o~
~— N S N

Fy =3¢ “Q*A(x + o) + 3¢ 27 Q. A%(x + 0) + e A (2 + 0) — we**Q*(z + 0) Q...

Moreover, from (4.1.15) and Lemma 4.3.3, it holds
IQZA(z + o)z + |QeA*(z + 0)|[22 S €7,

and [[e*Q*(z + 0)Qcllr> S e7*7[|e* Q7|2 S e
Proof of (4.3.7). Note that

OF —ic*F =i(, + Blal)F + iBl(x —01)F — 610, F\(t,x — al)eipl + O F\(t, x — al)eirl.

We see from the expression of F} and similar estimates that the following hold

151+ Bro) Fillze S (3] + 1Bl|on))e ™, laFillre S e 2,
10 F1 |12 S €77, [|0uF |2 S |ole

This proves estimate (4.3.7) for F.

Next, note that from the definition of a, we have
1
2c
Thus, from the analogue of (4.3.5) for 0y P and (4.3.6)-(4.3.7), we deduce

1
= %<atF — iCQF, 81P> + <F, 8t81P - i6281P>.

0l S (Kl + 1Billon] + o] + o) €727
Estimate (4.3.7) for F* then comes from
HF- —ic*F" = 9,F —ic®F + az P + a [0,(z1 P) — ic* (21 P)]

and the analogue of (4.3.5) for x, P.
Proof of (4.3.8). We rewrite G(t,2) = Ga(z — 09(t))eT24) | where

Gy = wQ*(z — 0)Q + 2we ™ Qu(x — 0)AQ + we > A%Q.
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From Lemma 4.3.3 and the definition of #, we have
12— )Qllie S €%, Qulw — ) AQl|z2 S e
Proof of (4.3.9). We have
G —iG = i(3a + $202)G + Bo( — 09)G — 620,Ga(t, & — 02)e" 2 + 8,Ga(t, x — 0y)e™2.
As before, we use the following estimates to prove (4.3.9) for G

(42 + B202)Gallrz < (|42] + |Belloa])e™,  ||2Gallz S e,
10:Gall2 S e, [|0,Gallr2 S |ole™ .

The proof of (4.3.9) for G* follows from similar arguments and it is omitted. O

4.3.2 Modulation equations
Lemma 4.3.10. Let #; < 0 < min {%, 2}. It holds

(e, P)| St %logt,  [(n, R)| St72", (4.3.11)
|61 — 261] + 162 — 2Ba] + |5] + 72| S 77 (4.3.12)
|7 |+ || + |5 + s S0, || St (4.3.13)
B+ al + [Ba+ b S 70 (4.3.14)

Proof. Proof of (4.3.11). First, it follows from Lemma 4.3.3 and (4.3.1) that
IUNZ2 = Qe + ™7 A(- + o) |72 = |QellZ> + Ot *log ).
We use the mass conservation for u and £(T) = 0,
10 +ellZe = llullZz = llu(Ts)lZ2 = IU(To)llZ2 = |QellZz + O(T*log Twc),
and thus by (4.3.1),
2(e,U) = |U + el — UIIZ> — llellZ- = Ot logt).

Last, using |(e, )| < [ellzzflellre < t7lelle S 7% and 2(e, P) = 2(c,U) — 2(e, ), we
obtain |{g, P)| <t 2logt. The estimate on (n, R) follows directly from |[v|z2 = ||v(Tso)]| 12

Proof of (4.3.12)-(4.3.13)-(4.3.14). We use the special choice of orthogonality conditions
(4.2.13) as well as the relations (4.1.11). We refer to the proof of Lemma 7 in [20] for a similar
argument. First, differentiating the second orthogonality in (4.2.13) and using (4.2.12),

d
0= E<€71A1P> = —<i@t5,A1P> + <5,i(9tA1P)
= (=% + e+ h(U+¢e,V+n)—h(UV),AP)
+ (F, Ay P) — (7y - My, Ay P) — (1, - My, A P) — (ie, 3,(A, P) — ic2A, P).
We claim
[(—2e+ e+ h(U+e,V+n)—h(UV),AP)| St 2 logt. (4.3.15)

Observe that

h(U &,V 4n)—h(U, V) =2|U* + U + w|V|*e + 20UR(VA) + O(le|* + |n|?).
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By Lemma 4.3.3, |[V2A P2 St tlogt, [UVAL P2 St and thus

(=02 + e + h(U + &,V +n) — h(U,V), Ay P) — (e, —0%(A1 P) + A1 P + 3| P|*A, P)|
St (logt) (llellz2 + lInllz2) + llellZe + Inll7 S 1" logt.

Using £, (AQ) = —2Q from (4.1.11) and ||0?(A1P) — 02(A1P)||z2 < |B1] S ¢! (by analogy
with the notation introduced in §4.2.1, we set 07 (A1 P) = (AQ.)"(x — 01)e'!) we see that

|[=0?(A1P) + A P + 3| P*ALP) 4 262 P|| 2 St

Thus, by (4.3.1) and (4.3.11), we obtain (4.3.15).
The estimate |(F, A1 P)] < e 2 < t72 is clear from (4.3.6) and then (4.3.1). Next, using

(P,A1P) = (Qc, AQc) = £[|Qcl72 = 2¢ and (iQL, AQ.) = (2Q., AQ.) = 0, we obtain
—<7ﬁ1 . 1\7[1, A1P> = —20(’.}/1 + 6101 + 6%)
Moreover, using Lemma 4.3.3,

—(1my, - M¢7A1P> =—(fr + Bios + B (g, A P) + 51<$2907A1P>
= (|%1] + |B1]lo2| + BPO(0e ™).

Last, using the analogue of (4.3.5) for A, P, we have
life, (M P) =i M P)| S (il + Billon| + 61 — 281] + [Ba])llel 22
The conclusion of these estimates is
| St logt+t oy — 261] + | | log .
Proceeding similarly with the orthogonality condition (n,iAsR) = 0, we check
ol S+ 17162 — 28| + |2 log t.

Note that we again use £, (AQ) = —2@Q and (4.3.11) for . The term ¢~% comes from estimate
of G in (4.3.8), which is to be compared with (4.3.6) for F.

Next, differentiating the orthogonality conditions (¢, 1 P) = (n, zoR) = 0, using the relation
L_(2Q) = —2Q' from (4.1.11) and last (¢,10,P) = (n,i0,R) = 0, we find

|61 — 261 St logt + 7 (|| + |Bullon] + |62 — 282)),
|69 = 28] St logt + 7 ([Aa] + [ Balloa] + |61 — 2/ ]).
Note that for these estimates, we have also used (F,ix; P) = 0 and (G,izoR) = 0.
Last, differentiating the orthogonality conditions (g,i0, P) = (n,i0oR) = 0, using the rela-
tion £,(Q') =0 from (4.1.11) and (F*,9,P) = (G*,0,R) = 0, we check that
1B+ al + (B2 + 0] St + 47 (3] + 161 — 261 + [32] + 62 — 262)).

The proof of (4.3.12)-(4.3.13)-(4.3.14) follows from the above estimates and (4.2.7). O

127



4.3.3 Energy estimates

Let
1 1 w
H(w,0) = glul + ol + ZlaP o, h(u,0) = (uf? +wlo)e.

and remark that
1 _
dH(U,V)(e) = S(IUP +wlVP)(Uz + Use) = R (WU, V)e),

BH(UV)(0) = S (VI +wlUP) (Vi + Vi) = R (A(V,0)),
dh(U,V)(e) =2|U*e + U%s +w|V %, doh(U,V)(n) = w(Vi+ Vn)U,
1

5(5, M (d?h)(U,V)(g,n) = 2eR(UE) + Ule|* 4 2weR(V7) + wU|n|>.

Consider the energy functional for ()

K(t,e,n) = %/ {10.6)* + |0un|* = 2[H(U + ¢,V 4+n) — H(U,V)
- le(U> V) (€> - dQH(U> V) (77)] }

and the mass functionals for € and n

? 1
M=+ M) =G (1P M) = [

Let x : [0,+00) — [0,+00) be a smooth non-increasing function satisfying xy = 1 on [0, 1] and
x =0 on [%, +00). Denote J = J; + Jo where, for j = 1,2,

Bt =53 [0+ @il where ) =x (20
Last, we set
S(t,e,n) = (e, F1) + 2B(e,ip) + (n,G*) where ¢ = 1o — cp.
Last, set
W(t,e,n) =K(t,e,n) + M(t,e,n) — J(t,e,n) — S(t, e, n).

We refer to |14, 16, 17, 19, 20, 22, 26| for similar energy functionals. However, the introduction
of the correcting term S seems to be a previously unnoticed general improvement of the energy
method in this context. See Section 4.5.

Under the bootstrap (4.3.1), we prove the following estimates.

Proposition 4.3.16. Let §; < 6 < min{Z;2}. It holds

el + lInllzn S W(t,e,n) +Ct™, (4.3.17)
and
d < $—1-20 ~1
ZWten)] St (logt)~". (4.3.18)
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Proof of Proposition 4.3.16. step 1. The coercivity property (4.3.17) is a consequence of the
coercivity property around one solitary wave in Lemma 4.1.12, the orthogonality relations
(4.2.13)-(4.3.11)) and the positivity of L.. It also involves a localization argument similar to
the proof of Lemma 4.1 in [19] for the scalar case.

Note that by (4.3.1),

It el <t lellz + lInllzn)
and by (4.3.6) and (4.3.8),
S(t,e.n) <t el + Inllm).

Next, we see that the following terms in the functional K are easily controlled

Japel+1oplel + [ Wellval £ (el + ).

Moreover, cubic and higher order terms in € or 5 are of order ¢t~ (HE:H%l + HT}H%,I)
Therefore, we are reduced to consider the following two decoupled functionals

Wi = / {10ce]” + ef* — [ PPle|* — 2[R(P2))* — w|R*|e[*}

W, = / {10en]* + Inl* = [RPnl* — 2(R(ED)]* — w|PPn[*} .

We focus on the coercivity property for Wy, the case of W, is similar.
Denote ® : R — R an even function of class C? such that

d=10n0,1, ®=e“on[2,+c0), e*"<P(x)<e ™ & <0onR.

Let B > 1 and ®p(x) = ®(x/B). We claim that for B large enough, there exists p; > 0, such
that for any ¢ satisfying (¢, Q) = (¢, 2Q) = (£,iAQ) = 0, and any £, it holds

Ni(€) = /ch {|8$é|2 FIEP — Qe — 2 [%(QE)]Q} > u1/®3(|8$é|2 +1eP),

Na(8) = /@B {10.6)* + ) — w@?IE)} > m/cbguaxa? +18?).

Setting z = é@é and following the proof of Claim 8 in [19], the coercivity of A; follows from (i)
of Lemma 4.1.12 applied to the function z. A similar localization argument, using the coercivity
property of L. proves the estimate for N3(€) without any orthogonality condition on &. This is
where our proof needs the condition (4.1.10).

Using these estimates with € and & such that &€ = cé(c(x — 0y))ellt and € = &(x — 09)e
the orthogonality conditions (4.2.13) and the almost orthogonality relation (4.3.11), we obtain
the estimate ||e]|%,, < Wi + ¢ *(log ).
step 2. Time variation of the energy. Denote

i'y
)

Ky =hU+¢e,V+n)—hUV)—=dh(UV)() —dh(U,V)(n),

Ky =WV +n,U+¢e) = h(V,U) = dih(V.U)(n) — d2h(V,U)(e),
80 that

Ky = 5 @O, V)en) + O + nf),

K = 5 (0,) @0V, 0)(0,) + Oef* + 1)

129



We prove the following estimate

LRt e,0)] = 281(0,0, K1) + 280(0,V, ) — UL Ky — (iV, Ko)

dt (4.3.19)
— (iD.K, &) — (iD,K, &) + Ot 1 (logt) ™).

The time derivative of t — K(¢,&(t),n(t)) splits into three parts

d
%[K(t &, 7)] = DtK(tv g, 77) + <D8K(t7 &, 77>a at€> + <D77K(ta €, 77)7 8tn>a

where D; denotes the differentiation of K with respect to ¢, and D,, D,, the differentiation of
K with respect to ¢ and 7. In particular, D,K = —(0,U, K1) — (0,V, K).
We claim

(9tU == iCQU — 2B18xU + OHI (t_e),
OV =iV — 26,0,V + O (t77).
Indeed, from the definition of U

(4.3.20)

BU =i2U — 28,0,U — (&1 — 231)01 P + (%1 + B101) P + iBrar P
— (0’2 — 251)81g0 + 1(’}/1 —+ 510'2 + ICO')(p + 1511}2@

Thus, using (4.3.12) and (4.3.14), we obtain (4.3.20) for U. The proof for V' is similar.
Using (4.3.20) and (4.3.1), we obtain

DtK(t,& 77) = 251<8$U, K1> + 262<8xv7 K2> — C2<iU, K1> _ (iV, K2> + O<t767291).

Next, we observe
D.XK(t,e,n) = —0% — h(U +¢&,V +n) + h(U,V)

so that the equation of € in (4.2.12) rewrites i0;e — D.K(t,e,1) + & = 0 and thus
(D.K(t,e,n),0i) = —(iD.K(t,e,n), ).

Similarly,
(DK(t,e,m),0m) = —(iD,K(t, e,n), Ev).
We have proved (4.3.19).

step 3. Time variation of the total mass. We claim

%[M(e, n)] = AU, K1) + iV, K, — (ic%e, &) — (in, E). (4.3.21)

By integration by parts, we have (i0%,¢) = 0 so from (4.2.12),

%[Ml(e)] =g, e) = —A(ie, W(U + ¢,V +n) — h(U,V)) — (i, &y).

We claim the following identity
(iU, K1) + (ie, (U + ¢,V +n) — h(U,V)) = 0. (4.3.22)
Indeed, since h(u,v)u is real, for all # € R, it holds

QU + 0e), h(U + 02,V + 6n)) = 0.
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Differentiating with respect to 6, and taking 6 = 0, we obtain
(ie, h(U,V)) + (U, d1h(U, V) (e)) + (iU, dsh(U, V) (n)) =0
Moreover, with # =0 and § =1
(@Uh(U,V)) =0, ((U+¢),h(U+¢e,V+n))=0.

We see that (4.3.22) follows from combining these identities.
This yields 4 M; = ¢*(iU, K;) — ¢*(ie, ). Computing also 4% M,, we obtain (4.3.21).

step 4. Time variation of the localized momentum. We claim

%[J(t, e,m)] = 2B81(0,U, K1) 4 26(9,V, K3) + Ot~ =" (log t)™}). (4.3.23)

By direct computation,

d .
Gtz =63 [l@2+ @i+ 53 [ @+ @nmon
+ B1(i0e, 2X10.€ + €0:x1) + B1(i0in, 2X10:1 + N0z X1).

By (4.3.1) and (4.3.14), we have

S (el + itz ) < 0727

b / (B,2)% + (@)

By direct computations,

8th(t,J]):—|:dj I —0j +|$_Uj‘:|x/(|$_gj|)

logt |z —oj|  t(logt)? logt

and so by (4.3.1), (4.3.12) and the properties of x, [0;x;| < ¢ !(logt)~!. It follows that

B / (0,:2)% + (Bum)TlOnn:

S 7 (log )™ (llellzn + lInllz-) < ¢7*7*" (log ).

Next, using the equation (4.2.12)

(10,6, 2X10,6 + €0, 1) = —{0%e,2X10,€ + €0, X1)
— (MU +¢e,V+n)—h(U,V),2x10.6 + €0, X1)
— (&, 2x10,€ + €0, X1)-

Integrating by parts, we have
1
—(0%,2x10,8 + €0, 1) = / 1026?01 — 3 / ]?02x1

Since |0, x1| < (logt)™! and [92x;| < (logt) ™3, from (4.3.1), we have
|81(02e, 2x1008 4+ €0ux1)| St (logt) ™"

For the term containing &y, we use (4.2.2), (4.3.1), (4.3.6) and (4.3.13),
Bi(€u, 2x100e + 0ox1)| Sl St (logt) ™
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Then, we estimate, using |0,x1| < (logt)™,
(AU + e,V +n) = MU, V),ed:x1)| < (Qogt)™ (el + Inllin) < ¢ (logt) ™
Collecting the above estimates, we obtain
CLA(tem)] = ~28 (ude (U +2,V -+ 1) — h(U,V))
—2B1(x10:0, h(V +n,U + &) — h(V,U)) + O(t "> (log t) ).
We complete the proof of (4.3.23) by showing the following

<836U7 K1> + <Xlax€7 h<U + &, V + 77) - h(U7 V)>

Y . (4.3.24)
+ (10en, h(V +n,U + ) = h(V,U)) = Ot (logt) ™).
First, we prove the identity
0. U, K 0.6, h(U +¢,V —h(U,V
(.U, K1) + (@4, h(U + £,V + 1) = h(U,V)) 1525)

+ (0. V, K3) + (0, h(V +1n,U +¢) — h(V,U)) = 0.
Indeed, we have
(O, h(at, 0)) + (D0, h(w, 1)) = / O, [H (u, v)) = 0.
Applying this to u = U 4 0 and v = V + 01, we have that for all § € R
(0,(U+0e),h(U + 0c,V 4 0n)) + (0,(V +6n), h(V 4+ 0n, U + 6¢)) = 0.
Taking the derivative with respect to 6 at € = 0, we obtain

(Oce, MU, V) + (0on, R(V,U)) + (0, U, di (U, V' )(€)) + (0. U, dah(U, V') (n))
+(0:V, dih(V, U)(n)) + (9. V, dah(V, U)(g)) = 0.

Moreover, using the above identity with § = 0 and 6 = 1, we have

(0:U, h(U,V)) + (0. V, h(V,U)) = 0,
(0,(U+¢€),M(U+¢e,V+n)+ (0(V+n),(V+nU+e¢)) =0.

Gathering these identities, we obtain (4.3.25).

1 1 1 1
We apply identity (4.3.25) to x{1U, xiV, xic and x{n. Recall that |0,x1| < (logt)™! and
also note that by the definition of x, |x1V|+ (1 —x1)|0.U| < (logt)~'. In particular, this shows
that 1 1 3
0: (A U), Kaxt) = (U, )| + [(0u(x1 V), Kaxi )| = Ot (log t) ™),

and

PN

3
(X3 0= (xi ) = xa0an], h(V +n,U + ) = h(V,U)) = Ot~ (log ) ™).
This proves (4.3.24) and then (4.3.23), the computations for J, being identical.

step 5. Additional correction terms. We claim

%[S(t, £,1)] = —(i(D.K + c?¢), F* +2i3¢) — (i(D,K +n),G*) + Ot~ 00y (4.3.26)
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We compute, using (4.2.12),

d
yr —(e, F*) = —(i(D.K + %), F*) — (Ey,iF*) + (e, 0,FF —ic*F™).
From (4.2.4) and FLe ™ € R, it follows that (% - My, iFY) = 0. One also observes that
(Mg - My, iF5) = o {p, F5) + (62 = 261)(0rp, ) = Ot (log1)?) = O™+,
where we have used (4.3.12) and (from Lemma 4.3.3 and the definitions of F* and ¢)
(. F) ]+ {01, FH)| St (log 1), (4.3.27)

Since (F*,iF+) = 0, it follows that (y,iF*) = O(t=(1*29). Last, it follows from (4.3.7),
(4.3.12) and (4.3.1) that

(e, atFL — iCQFL>| < $—3-0 < 1010
Thus; USing (425),

d

(e FY) = —((DK + %), F) + 07" ).
From (4.3.9) and similar estimates, we also obtain

d
dt

Finally, we compute

—(n,G*) = —(U(D;K +n),G) + Ot 7"

d . N s . .
a7 [28(e,i0)] = 2B(e,19) + 2B(0se, i9) + 26(¢,10:9).
The first term is estimated |3(e,ip)| < ¢t73||e| g < t737% using (4.3.14). Then, using (4.2.12),

(D4e,10) + (2,10,0) = —(i(D.K + e),i¢) + (v, d) — (ie, o — ic2).

From (4.3.27), [B(F*, ¢)| < t5(logt)? < 172, From (4.3.13), the expression of /7% - M; and
Lemma 4.3.3,

B - My, @) S ¢ ([(P @) + [(@1 P,o)) S ¢ 0 (logt)® St
Next, from (4.3.12), the expression of m,, - 1\7[S0 and Lemma 4.3.3,
B, - My, 6)| St (Wl + Broa + Bi11(0, )| + 81 + all{z2p, ¢>|> St Sl
Last, using (4.3.5) and (4.3.12),

B, 0 —ic?d)| S t7°lell 2 S 707

Estimate (4.3.26) is now proved.

step 6. Conclusion. Combining the estimates (4.3.19), (4.3.21), (4.3.23), (4.3.26) and using
the decompositions of & and &y in (4.2.5), we have obtained

d - -
£W(t e,n) = (i(D.K + 026), my - M) + (DK + 025), 2iB¢p + M, - M@>
+ (i(D,K + 1), 15 - My) + Ot 2 (log t)71).
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We claim B
|G(D.K + ®e),m¢ - My)| < ¢~ UF0+0), (4.3.28)

Indeed, following the proof of (4.3.15), using Lemma 4.3.3, the relations (4.1.11), (4.3.1) and
the third orthogonality condition in (4.2.13), it holds

|<_8§5 + 028 - h<U +¢, V+ 77) + h(Ua V)? a1P>‘
(=02 + e —h(U +¢&,V +n)+h(U,V),iP)| S
(=02 + c®e — h(U + £,V +1n) + h(U,V),iz, P)| St~ logt.

Thus, (4.3.28) follows from (4.3.13) and (4.3.14). Similarly,
[(i(D,K + n), 7 - Ma)| S ¢+,
Finally, we remark that from the explicit expression of m,, - 1\7Lp and (4.3.12)
12186 + it - Ml S 7177,
which implies by integration by parts and then (4.3.1)
(DK + c%), 2i¢ + 1, - My)| S #7170

The proof of Proposition 4.3.16 is complete. O

4.3.4 Bootstrap argument

Proposition 4.3.29. There exists Ty > 1 large enough and for any T, > Tj, there exists o
satisfying (4.3.2) such that the solution (%) of (coupled NLS) corresponding to initial data
(V)(T) at t = Ty with parameters chosen as in (4.2.14)-(4.2.15) admits a decomposition
(4.2.11)-(4.2.13) which satisfies (4.3.1) on [Ty, Tso]. Moreover, || + |v2| < 1% on [Tp, Too).

Proof. For Ty large enough, for any T,, > Ty and any o, satisfying (4.3.2), we define
T, = Ti(Too, 000) = inf{t € [Ty, Two] such that (4.3.1) holds on [t, Tw]} € [Ty, Teo-

We prove by contradiction that, provided Tj is large enough independent of T, there exists
at least a value of o, satisfying (4.3.2) such that T, = T;. We work only on the time interval
[Ty, Tww] on which the boostrap estimates (4.3.1) hold.

First, we strictly improve the estimates of ¢ and 7 in (4.3.1). Indeed, integrating (4.3.18)
on [t,T] and using (4.3.17), it holds

lellzr + lInllzn < ¢ (logt) ™,

which strictly improves the estimate in (4.3.1) for large ¢.
Next, we close the estimates on 1, 2 and 8 in (4.3.1). Using the estimate of o in (4.3.1),
(4.3.14), (4.2.7) and the expression of (., it holds

3 ————— | St
bt 2c(c+ 1)2| ™
At T, we remark that by (4.2.15) and (4.3.2),
6} b < T2 and so ﬁ(T)—; < T
2T | Bl oo+ D | ™7
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Integrating on [t, Tw] and using (4.2.14) for 51, we obtain
1

2e(c+ 1)t

which strictly improves (4.3.1) for §; provided that ¢ is large enough. Improving the estimate

for 3y (and then ) is similar.
Then, using (4.3.12), we find

< ¢ 02

~ Y

A

Copp—— )
cle+ 1)t| ™~
Integrating on [t, T, ], using (4.2.14) and (4.3.2) we obtain
o log(Qct> < 1—65
cle+1)| ™ ’

which strictly improves the estimate in (4.3.1). The estimate on o5 is improved similarly.

We only have to improve the estimate on o to finish the bootstrap argument. This is where
we need to argue by contradiction (see |5] for a similar argument). Using (4.3.12), (4.3.14) and
(4.2.7), it holds, on the interval [T}, T,],

|U — 25| 5 t_gl and 6 + (1 + C)ace—2co 5 t_l_gl‘
Set g = % — (1+2Z)ace—2ccr7 so that by the above estimates and (4.2.15) it holds
g = 25ﬂ + (1 + C)Oécé—€72cg — O(tiQfel) and g(TOO) _ O
By integration on [t, T.], this yields

1 . Q. _ _
B2 — —( +c)a e 27| <7179 and so ’26 — e <70
2c c
Define 9
co t

(=5 wa g - (-1

The previous estimates imply '
IC(t) — 1] St (4.3.30)

Assume for the sake of contradiction that for all ¢; € [—1, 1], the choice
C(Too) = Too + Cﬁt2_02

leads to T, € (T, T). By a continuity argument, this means that the bootstrap estimates are
reached at T,. Since all estimates in (4.3.1) except the one on o, have been strictly improved
on [Ty, Ty, this yields

6ca(T*)
Q.T,
Following the argument of [5], we remark that for any ¢ € [T}, T.] satisfying (4.3.31), using
(4.3.30) and 6, < 6y, it holds (taking Ty large enough)

£(t) =2(C(t) — 1)(C) — )72 = 2(C(t) — 1)*t 73 = =262 (1 + O(t"~™)) < 0.
This transversality condition implies that T} is a continuous function of o, and thus
:ge -1 = T2T) - T) e {-1,1}

is also a continuous function whose image is {—1, 1}, which is contradictory.

To complete the proof of Proposition 4.3.29, we observe that from (4.3.12), ||+ 52| S t79
holds on the interval [T, T,]. Integrating and using (4.2.14), this gives the uniform estimate
7]+ el S 177 on [To, Ti): u

— 1‘ =T}, (4.3.31)
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4.3.5 End of the proof of Theorem 4.1.4 by compactness

We use Proposition 4.3.29 with T, = n, for any n > Tj, to construct a sequence of solutions
(%r) € C([Ty,n], H* x H') of (coupled NLS) such that, for some § > 0, on [Tp, n],

eiCQtQ < _ _logt IOch>
(Un> . c c(c+1) c(c+1) < tia. (4332)
i 1 log Q. ~
Un etQ ( + fff - ?:g—f—l ) HlxH1
Now, we adapt from [17] (in the scalar case) and from [11] (for the vector case), the following

convergence result.

Lemma 4.3.33. There exists (3 ) € H'(R) x H'(R) such that up to a subsequence, as n — oo

(or)(To) = (%) weakly in H'(R) x H'(R)
(52)(To) — (%) in H3(R) x H*(R) for any 0 < s < 1.
We consider (3) the solution of (coupled NLS) corresponding to initial data (38 ) at t = Tp.
By H'(R) x H'(R) boundedness and local well-posedness of Cauchy problem in H*(R) x H*(R)

for any 0 < s < 1 (see e.g. [3]), we have the continuous dependence of the solution on the
initial data, so for all t € [Ty, +00), as n — oo,

(%)) = (%)) in H'(R) x H'(R),
(4 )(t) = (4)(t) in H¥(R) x H*(R), 0<s<1.

Passing to the weak limit as n — oo in the uniform estimates (4.3.32), the solution (ﬁj) satisfies

Theorem 4.1.4.

4.4 Sketch of the proof of Theorem 4.1.1

4.4.1 Approximate solution in the case c =1

In this case, the approximate solution and the solution are symmetric (i.e. u(t,z) = v(t, —z))

and thus we have 01 = —0y = 3, 1 = — [ = g and v; = 5. Using the same notation as in

Sections 4.2 and 4.3, we define (the function B is introduced in Lemma 4.1.13)

U=Ptyp, Plz)=Q—o(t)e"™, ot,z)=e VB —os(t))e "),
V=R+4, R(t,x)=Q(x—0as(t)e", (t,x) = e "Bz — oy (t))e*"2).

Lemma 4.4.1. It holds

©s
where
F =3|PPo+3|¢|*P + |o*¢ — we®™ " |RPP + w(2| R| + [¢]*) P,
and
Y+ 5101 + A3 ~ ioy P
my = o1 — 261 , Mi=1[ P |,
B P
Y4 foa+ B +ie\ [0
m<p = op! - 251 ) Mg& = ¥
Bi Top
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We set

1
= —(F,0, P).
2
Lemma 4.4.2. It holds
a=ace ®* +0(e ) where o= 32w. (4.4.3)
Proof. From the expression of F', one has
(F,0P) = 3€U/Q2(x) 2)B(z + o)dw + 3¢ ? /Q (z)B*(x + o)dzx

+e7% / Q' (z)B*(z + o)dr — w / e*Q(7)Q'(z)Q*(x + o)dx.

From (4.1.17) and Lemma 4.3.3, the second and third terms in the right-hand side are bounded
by o03e~%7. The last term is bounded by

/eQxQQ(x)QQ(x +0o)dr =e % / e Q*(x — 0)Q*(v)dx S e / Q*(x —o)dx < e

For the first term, using £, Q' = 0 and then (4.1.16), we compute

/Q x+0dx—/Q (x —o)(—B"(x) + B(z))dx
:w/Q/(x—o) Q*(x)B(z) + ke"Q*(x)] dx

By Lemma 4.3.3, we have [ |Q'(z — 0)Q*(x)B(z)|dz S e™°.
We only have to compute [ Q'(z — 0)e*Q*(x)dx. First, we see

/ Q' (x wQ (x)dzx < e_"/ eMdx <e’?,
<0

/ Q' (z — 0)|e"Q*(z)dx < e"/ e ¥ dr <e?.
Second, using (4.1.9)
Qe —0) = re" — Q@ —0), Qa) = K +O(eQ(x),

and thus
/Q )" QX (x)dx = KPoe= + O(e7).

. 4 _ _ —
In conclusion, a = w’-0e™* + O(e™?7) = 32woe . O

4.4.2 Formal discussion for ¢ =1

The previous computations leads us to
F=—dace %, 26 =20,
for which the following function is an approzimate solution

1
oo(t) =logt + = loglogt+logQ 26(t) = n where Q = v4da = 8V 2w.
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4.4.3 Bootstrap estimates in the case c =1

Fix 0, such that 1 < 6; < 2. The following bootstrap estimates are used in this case: for
1<t <T,,
(ella + Inlla <70,
1 1
— —| <t logt)"1
- 5| < om0,

g

_ 1\ < (logt)F,

(| Qozt
where 04 is to be chosen satisfying
e’ 1
ety
Qo2 T
We refer to |20, 22| for similar bootstrap estimates.

The rest of the proof is similar to the one of Theorem 4.1.4 and we omit it.

4.5 Discussion

For (coupled NLS), with any coupling coefficient 0 < w < 1, we have proved the existence
of symmetric 2-solitary waves (Theorem 4.1.1) and of non-symmetric 2-solitary waves (The-
orem 4.1.4) with logarithmic distance. Symmetric 2-solitons with logarithmic distance were
already known in the literature for the integrable cases (w = 0 and w = 1) and in the scalar
case (NLS). In contrast, the existence of non-symmetric 2-solitary waves with logarithmic dis-
tance is new. In particular, it does not hold for the integrable case where instead a periodic
regime exists.

An interesting remaining open question is whether non-symmetric logarithmic 2-solitary
waves exist for the non-integrable scalar (NLS). We conjecture that it is indeed the case, as
long as p # 3. Indeed, the first step of the strategy used in this paper, i.e. the computation
of an approximate solution involving the main interaction terms, works equally well for (NLS)
as for (coupled NLS). We expect a logarithmic regime with oscillations. However, whereas
(coupled NLS) enjoys two L? conservation laws, the scalar equation (NLS) enjoys only one,
which does not seem sufficient for the energy method to apply in a context of two solitons with
logarithmic distance without symmetry.

A more technical original aspect of this article is the introduction of a refinement of the
energy method. In previous articles using approximate solutions in the context of error terms of
order t7% (e.g. in [20, 22, 23]), the energy method induces a loss of decay. Here, the additional

correction term S in Section 4.3.3 allows an estimate of the remainder (f,) directly related

to the size of the error term (gg ) We believe that this general observation will be useful

elsewhere.
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