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Introduction

1 Résumé de la these

Le travail de cette these a été dans un premier temps motivé par la résolution du prob-
leme de Peller concernant la formule de trace de Koplienko-Neidhardt. Celui-ci est
en lien avec les perturbations du second ordre pour le calcul fonctionnel. En effet, le
probleme était de déterminer, pour une fonction f € C?(R) dont la dérivée seconde est
bornée, et pour deux opérateurs autoadjoints A et K sur un espace de Hilbert séparable
H tels que K € S*(H) est un opérateur de Hilbert-Schmidt, si ’opérateur

F(A+K) — f(4) S (7(A+ 1K)

(1)
t=0
appartient a 'espace S'(H) des opérateurs a trace.
Cette question a été soulevée par V. Peller dans [Pel05], ot1 il a également conjecturé
que la réponse a cette question était négative.
Pour résoudre ce probleme, il est important de comprendre tout d’abord dans quels
cas l'opérateur (1) est bien défini. Lorsque A est borné ou quand f a une dérivée
bornée, I'opérateur est bien défini et appartient a S?(H). Sinon, le sens de (1) n’est pas
clair, mis a part dans certains cas particuliers. Peller a par exemple défini dans [Pel05]
I'opérateur (1) par approximation lorsque f appartient a la classe de Besov B2 | (R) et
a alors montré que la question précédente était positive pour de telles fonctions. Deux-
iemement, il est commode d’exprimer différemment (1). Il s’avere que ceci peut étre
fait au moyen des 'Opérateurs intégraux triple’. La théorie des opérateurs intégraux
multiple a été initiée par Birman et Solomyak, dans une série de trois articles (voir
[BS66; BS67; BS73]). Dans les 20 derniéres années, de nombreux développements ont
été obtenus par V. Peller, F. Sukocheyv, et leurs co-auteurs. Ces objets jouent un role ma-
jeur dans la théorie de la perturbation. Un opérateur intégral double est un opérateur
de la forme

T8 (¢) : S*(H) — S*(H)

associé a deux opérateurs normaux A et B sur H et a une fonction borélienne ¢ bornée
sur le produit des spectres de A et B. Un des premiers résultats majeurs est la formule

f(A+ K) = f(A) = [DERA(M](K) (2)

ot K € S?(H), f est une fonction Lipschitzienne et f!! est la différence divisée d’ordre
1 de f. Parmi les applications importantes de cette formule, nous pouvons citer I'étude
des "fonctions Lipschitz-opérateurs’, c’est-a-dire I'espace des fonctions lipschitziennes
sur R qui ont une propriété de Lipschitz pour le calcul fonctionnel des opérateurs au-
toadjoints. L'un des résultats importants de ce sujet a été obtenu par D. Potapov et F.
Sukochev qui ont établi que toute fonction Lipschitzienne était opérateur-Lipschitz sur
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les classes de Schatten réflexives S?,1 < p < oo (voir [PS11]), ot I'utilisation de (2) a
été fondamentale. Ce résultat est faux dans le p = 1 et p = oo et un contre-exemple a
été construit e.g. dans [Far72].

Les opérateurs intégraux triple sont des applications bilinéaires définies sur S?*(H) x
S?(H) et a valeurs dans S?*(H). Avec le méme type de formule, 'opérateur (1) peut étre
obtenu comme un certain opérateur intégral triple. Il s’avere que les opérateurs inté-
graux double et triple peuvent étre vus comme des multiplicateurs de Schur linéaires
et bilinéaires continus. En effet, lorsque I'espace de Hilbert H est de dimension finie,
'action des opérateurs intégraux double et triple est identique a celle des multiplica-
teurs de Schur classiques, qui ont été intensément étudiés.

D’apres la discussion qui précéde, une idée pour résoudre le probleme de Peller est de
comprendre dans quels cas un opérateur intégral triple est a valeurs dans S*(#). La
premiere étape est de comprendre ce phénomene dans le cas discret, c’est-a-dire dans
quels cas un multiplicateur de Schur bilinéaire est & valeurs dans S*. Il se trouve que la
norme S de telles applications peut étre calculée a 1’aide de normes de multiplicateurs
de Schur linéaires sur B(C"™). Ces objets sont bien connus et il existe une description
des multiplicateurs de Schur linéaires sur B(¢2) (voir par exemple [Pis96, Théoreme
5.1]). Ce lien inattendu entre le probleme de Peller et les multiplicateurs de Schur a
été le point de départ pour la résolution du probleme, et plus précisément, pour la
construction d’un contre-exemple.

Cette these s’organise de la fagon suivante.

Dans le Chapitre 1, nous définissons différentes notions qui joueront un role im-
portant dans cette thése, méme si beaucoup d’entre elles n’apparaissent pas explicite-
ment dans 1'énoncé des résultats principaux. Nous utiliserons souvent les produits
tensoriels comme des outils pour les démonstrations, et en particulier, l'identification
du dual de certains produits tensoriels de deux espaces de Banach est en général la clé
pour d’importants résultats. Comme nous l'avons déja mentionné dans la premiere
partie de I'introduction, de nombreuses questions de cette thése seront formulées avec
des classes de Schatten. Nous rappellerons leur définition et quelques propriétés de
ces espaces importants. Les deux dernieres sections concerneront les espaces L? qui
apparaissent comme les espaces duaux des espaces de Bochner. En particulier, la sec-
tion 1.4 concerne d’importants résultats de factorisation pour les espaces L2° a valeurs
dans l'espace des opérateurs factorisables par un espace de Hilbert. Ces résultats ont
été obtenus en collaboration avec C. Le Merdy et F. Sukochev et apparaissent dans
I'article [CMS17].

Dans le Chapitre 2, nous nous intéresserons aux multiplicateurs de Schur linéaires.
Le résultat principal les concernant est une caractérisation des multiplicateurs de Schur
sur B({;) par Grothendieck. Notre but a été de généraliser ce résultat et de caractériser
les multiplicateurs de Schur sur B(¢,,¢,). Nous avons pu le faire dans le ¢ < p et
avons obtenu un résultat similaire a celui de Grothendieck. Comme nous 'avons ex-
pliqué précédemment, les objets apparaissant dans cette these sont des multiplicateurs
de Schur continus. Ainsi, nous définirons plus généralement les multiplicateurs de
Schur continus sur B(L?, L?). Nous verrons que pour les comprendre, il suffit de com-
prendre les multiplicateurs de Schur classiques. Nous terminerons ce chapitre avec de
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nouveaux résultats concernant les relations d’inclusion entre les espaces de multipli-
cateurs de Schur. Les résultats de cette section apparaissent dans 1’article [Coil7].

Nous étudierons dans le Chapitre 3 les multiplicateurs de Schur bilinéaires, dans le
cas classique ainsi que dans le cas continu. Apres avoir rappelé leur définition, notre
but sera d’étudier la bornitude dans S* de tels opérateurs. Les résultats principaux de
cette partie sont des caractérisations des multiplicateurs de Schur bilinéaires a valeurs
dans S' a l'aide de multiplicateurs de Schur linéaires. Ces résultats seront la premiere

mais également 1'une des principales étapes pour comprendre et résoudre le probleme
de Peller.

Le Chapitre 4 est dédié a divers résultats sur les opérateurs intégraux multiple.
Nous donnerons tout d’abord une définition de ces opérateurs par dualité, ce qui
permettra d’obtenir une définition plus générale que celles introduites auparavant.
Comme nous 'avons déja dit, ces objets peuvent étre vus comme des multiplicateurs
de Schur multilinéaires continus. Ainsi, en utilisant les résultats obtenus dans les
chapitres précédents, nous serons en mesure de caractériser les opérateurs intégraux
triple a valeurs dans 1'espace des opérateurs a trace. Enfin, dans une derniére section,
nous donnerons une condition nécessaire et suffisante pour qu’un opérateur intégral
triple définisse une application compléetement bornée de S>*(H) ® S*(H) muni du
produit de Haagerup a valeurs dans S*(#). Ceci généralise au cas des opérateurs
intégraux un résultat obtenu dans [K]T09] dans le cadre des multiplicateurs de Schur
multilinéaires continus. Les résultats des sections 4.1 et 4.3 ont été obtenus en collabo-
ration avec C. Le Merdy et F. Sukochev et I’article [CMS17] a été écrit a ce sujet.

Enfin, nous résoudrons dans le Chapitre 5 le probleme de Peller. Nous avons men-
tionné le cas autoadjoint mais un probleme similaire peut étre formulé dans le cas
unitaire. Ces deux probléemes seront résolus en utilisant les mémes idées. Le premier
outil sera la connexion entre les problemes de Peller et les opérateurs intégraux triple.
Pour ce faire, nous étudierons le lien entre opérateurs intégraux multiple et théorie de
la perturbation pour les opérateurs autoadjoints. En particulier, nous donnerons une
formule pour la dérivée n—iéme des applications de la forme

t e R f(A+LK) — f(A)

ou A et K sont des opérateurs autoadjoints avec K un opérateur de Hilbert-Schmidt.
Ce résultat est une généralisation de la formule (2) et nous obtiendrons alors une for-
mule de Taylor a I’ordre n pour les opérateurs autoadjoints. En particulier, I'opérateur
(1) apparaitra comme un certain opérateur intégral triple. Le second outil sera le cal-
cul de la norme S' pour un multiplicateur de Schur bilinéaire a I'aide de multiplica-
teurs de Schur linéaires ce qui nous permettra d’exploiter un contre-exemple dti a E.
B. Davies concernant le comportement de 1’application valeur absolue sur les espaces
SY(C"),n € N. En utilisant des estimations de normes dans le cas fini dimension-
nel, nous construirons deux opérateurs A et K comme sommes directes d’opérateurs
de rang fini tels que 'opérateur (1) n’appartient pas a S', ol f sera une fonction bien
choisie. Les résultats de la section 5.2 ont été obtenus en collaboration avec C. Le Merdy
et A. Skripka. Les résultats des sections 5.3 et 5.4 ainsi que ceux de la sous-section 3.3.2
ont quant a eux été obtenus en collaboration avec C. Le Merdy, F. Sukochev, D. Potapov
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et A. Tomskova et les deux articles [CMPST16a; CMPST16b] ont été publiés les concer-
nant.

2 Summary of the thesis

The work in this thesis was first motivated by the resolution of Peller’s problem con-
cerning Koplienko-Neidhardt trace formulae. It is related to perturbations of second
order for functional calculus. Indeed, the problem was to determine, for a function
f € C*(R) with bounded second derivative, and for two selfadjoint operators A, K act-
ing on a separable Hilbert space H such that K € S*(#) is a Hilbert-Schmidt operator,
whether the operator

F(A+E) — 1)~ 0 5+ 1K) ®

=0
is in the space S'(H) of trace class operators.

This question was stated by V. Peller in [Pel05], where he also suggested that this ques-
tion should have a negative answer.

To solve this problem, it is first important to understand in which cases the operator in
(3) is well-defined. When A is a bounded operator or when f has a bounded deriva-
tive, the operator is well-defined and is an element of S?(H). Otherwise, the meaning
of (3) is not clear, except in certain particular cases. For instance, Peller proved in
[Pel05] that when f belongs to the Besov class B2, the operator (3) can be defined by
approximation and that in this case, the question stated above holds true. Secondly, it
is convenient to express (3) differently. It turns out that this can be done by means of
the so-called triple operator integrals. The theory of multiple operator integrals started
with Birman and Solomyak, in a series of three papers (see [BS66; BS67; BS73]). In the
last 20 years, outstanding developments have been made by V. Peller, E. Sukochev, and
their co-authors. They play a major role in perturbation theory. A double operator
integral is an operator of the form

I45(¢) : S*(H) — S*(H)

associated to normal operators A, B on H and a Borel function ¢ bounded on the prod-
uct of the two spectra 0(A) x o(B) of A and B. One of the early results is the formula

f(A+ K) = f(A) = [DEA(M](K) (4)

where K € S?(H), f is a Lipschitz function and f!) is the divided difference of first or-
der of f. Among the important applications of such formula, we can mention the study
of 'Operator-Lipschitz function’, that is, the space of Lipschitz functions on R which
have a Lipschitz property for functional calculus of selfadjoint operators. One the very
important results in this direction was obtained by D. Potapov and F. Sukochev who
established that any Lipschitz function is Lipschitz operator on the reflexive Schatten
classes SP;1 < p < oo (see [PS11]), and where the use of (4) was fundamental. This
result does not hold true in the case p = 1 and p = oo and a counterexample was built
in [Far72].

Triple operator integrals are bilinear mappings defined on S?(H) x S*(H) and valued
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in §?(H). With the same kind of formula, the operator (3) can be obtained as a certain
triple operator integral. It turns out that double and triple operator integrals can be
understood as continuous linear and bilinear Schur multipliers, respectively. Indeed,
for a finite dimensional Hilbert space H, double and triple operator integrals are noth-
ing but the classical linear and bilinear Schur multipliers which have been intensively
studied.

According to the discussion above, an idea to solve Peller’s problem is to determine
in which case a triple operator integral is actually valued in S'(#). The first step is to
understand that in the finite dimensional case, that is, in which case a bilinear Schur
multiplier is valued in S'. It turns out that the S'-norm of such mappings can be com-
puted thanks the the norms of a family of linear Schur multipliers on 5(C"). These
objects are well-known and there is description of linear Schur multipliers on B(¢5)
(see e.g. [Pis96, Theorem 5.1]). This unexpected connection between Peller’s problem
and linear Schur multiplier was the starting point for the resolution of the problem,
and more precisely, for the construction of a counter-example.

This thesis is organized as follow.

In Chapter 1, we define several notions that will play an important role in this the-
sis, even if many of them do not appear explicitly in the statements of the main results.
We will often use tensor products as a tool, and in particular, the identification of the
dual of certain tensor products of two Banach spaces is usually the key for many im-
portant results. As we already mentionned them in the first part of this introduction,
many questions in this thesis will be stated with Schatten classes. We will recall their
definition and several properties of those important spaces. The last two sections will
deal with the L?-spaces which appear as the dual of Bochner spaces. In particular,
we prove in Section 1.4 important factorization properties for L°-spaces valued in the
space of operators that can be factorized by a Hilbert space. Those results have been
obtained in collaboration with C. Le Merdy and F. Sukochev and appear in [CMS17].

In Chapter 2, we will be interested in linear Schur multipliers. The main result con-
cerning them is a characterization of Schur multipliers on B(/;) by Grothendieck. Our
aim was to generalize this result in order to obtain a characterization of Schur multipli-
ers on B(¢,, {,). It turns out that we could manage the case ¢ < p and obtain a statement
similar to the one of Grothendieck. As we explained before, the objects appearing in
this thesis are continuous Schur multipliers. Therefore, we will define more generally
continuous Schur multipliers on B(L?, L?). We will see that to understand them, it
is enough to understand classical Schur multipliers. We will finish this chapter with
several new results about the inclusions between the spaces of Schur multipliers. The
article [Coil7] has been written concerning the results of this chapter.

In Chapter 3, we study bilinear Schur multipliers, in the classical and in the con-
tinuous case. After recalling their definitions, our concern will be the S*-boundedness
of such operators. The main results are characterizations of bilinear Schur multipliers
valued in S' by the use of linear Schur multipliers. Those results will be the first and
the key step to understand and solve Peller’s problem.



6 Contents

Chapter 4 is dedicated to various results about multilinear operator integrals. We
tirst give a definition of those operators by duality, which allows us to have a more
general definition than the ones introduced before. As we already said, those objects
can be understood as a kind of continuous multilinear Schur multipliers. Thus, us-
ing our preceding results, we will be able to characterize triple operator integrals that
are valued in the trace class operators. In a last section we will give a necessary and
sufficient condition for a triple operator integral to define a completely bounded map
from S*(H) ® S*°(H) equipped with the Haagerup tensor product into S>°(#). This
generalizes a result obtained in [K]JT09] in the setting of continuous multilinear Schur
multipliers. The results of Sections 4.1 and 4.3 have been obtained in collaboration with
C. Le Merdy and F. Sukochev and the paper [CMS17] has been written about them.

Finally, Chapter 5 is the resolution of Peller’s problem. We mentionned the selfad-
joint case but a similar problem can be stated in the unitary case. We will solve both
problems using the same ideas. The first tool will be the connection between Peller’s
problems and triple operator integrals. To do so, we will study the connection between
multilinear operator integrals and perturbation theory. In particular, we give a formula
for the n — th derivative of a map of the form

teR — f(A+tK) — f(A)

where A and K are selfadjoint operators with K a Hilbert-Schmidt operator. This result
will generalize Formula (4) and we will obtain a Taylor formula at the order n for self-
adjoint operators. In particular, the operator (3) will appear as a certain triple operator
integral. The second tool will be the computation of the S'-norm of a bilinear Schur
multiplier by means of linear Schur multipliers which will allow us to use a counter-
example of E. B. Davies concerning the behavior of the absolute value mapping on the
spaces S*(C"),n € N. By using norm estimates in the finite-dimensional case, we will
construct two operators A and K as a direct sum of finite rank operators such that the
operator (3) does not belong to S', where f is a well chosen function. The results of
Section 5.2 have been obtained in collaboration with C. Le Merdy A. Skripka. The re-
sults of Sections 5.3 and 5.4 as well as those of Subsection 3.3.2 have been obtained in
collaboration with C. Le Merdy, D. Potapov, F. Sukochev and A. Tomskova and two
papers [CMPST16a; CMPST16b] have been published concerning them.

3 Notations

We give here a few notations that will be used throughout this thesis. The notations
that are used later but not mentioned here are either standard or they will be given
when needed.

e T={z€ C : |z| =1} will denote the unit circle of the complex plane.

o Letl <p < +o00. We define

l, = {x = (2,)/29 Z |z, |P < oo}
n=1
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equipped with the norm ||z, = (3°°, |2,[?)"/" .

If p = +o0, let
loo = {x = (2,),}2] s sup |z,| < oo}
equipped with the norm ||z||» = sup,, |z,|.

If n € N, we denote by /] the n—dimensional versions of the spaces introduced
before.

For a Hilbert space H, let H denote its conjugate space.

The Hilbertian direct sum of any sequence (#,),>1 of Hilbert space will be de-

noted by
"= H.
n=1

In this case, if for alln > 1, A, is a bounded operator acting on #,,, we will denote
by A=, A, the operator defined on the domain

D(A) = {{ha}is € H = Y [ Au(ha)|* < o0},

by setting A(h) = {A,(h,)}22, for any h = {h, }22, in D(A).

For two Hilbert spaces H and K, we will denote by H é K their Hilbertian direct
sum.

Whenever ¥ is a set and V' C ¥ is a subset we let yy : ¥ — {0,1} denote the
characteristic function of V.

Let X and Y be two Banach spaces.

For 1 < p < oo and a measure space ({2, 1) we denote by L?(§2; X) the Bochner
space of p— integrable (classes) of functions f : @ — X.
When X = C, we simply write LP(€2).

B(X,Y) is the Banach space of bounded linear operators 7' : X — Y equipped
with the operator norm ||.|| defined by

IT|| = sup [T

zeX,|z|<1
When Y = C, we write X* for the dual space of X.

Let Z be a third Banach space. We let B>(X x Y, Z) be the Banach space of all
bounded bilinear operators 7: X x Y — Z, equipped with

IT) = sup{|T(z,p)|| : 2 € X, y €Y, [« <L, [lyl] <1}.
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o We write X; ® - - - ® X, for the tensor product of n Banach spaces X, ..., X,.
When X; C L>(Q;) for some measure spaces (£);, i1;), we will often identify an
element f = f1®---® f, € X; ®--- ® X, with an element of L>*(Q; x ... X £,)
as follows:

Vit = (tl, .. ,tn) €y x... X Qn,f(t) = fl(tl) .. fn(tn)

Let E C B(H) and F' C B(K) be two operator spaces.

e For n,m € N, let M, ,,,(F) be the space of n x m-matrices with entries in E. For
r € N*, denote by ¢4(#) the space ), _, . We have an identification

My (B(H)) = B(63'(H), &z(H))-
Hence, we may equip M, ,,(£) with the norm induced by the inclusion

My m(E) C M, (B(H)).

e Letu: £ — F bealinear map. For n € N*, write M, ,,(E) := M, (E). We consider
the mapping u,, : M,(E) — M,(F') defined, for = = [e;;]1<; j<n € M,(E) by

un(2) = fule)li<i j<n-
We say that u is completely bounded if

[l := sup [lun| < oo,
n

and we denote by C' B(E, F') the Banach space of completely bounded maps from
FE into F' equipped with the c.b. norm.

If for any n, u,, is contractive (respectively positive, resp. an isometry), we say
that u is completely contractive (resp. completely positive, resp. a complete isom-

etry).

e If H is a Hilbert space, we denote by H. = B(C, H) its column structure and by
H, = B(H,C) its row structure. We refer e.g. to [ER00, Section 3.4] for further
informations.

e In Chapter 4, the L'—spaces will be equipped with their maximal operator space
structure (Max) for which we refer to [Pis03, Chapter 3].



Chapter 1

Preliminaries

In this first chapter, we give some preliminary results that we will use all along the
thesis. First, we will give some background on the norms of tensor products. We will
define several tensor norms and identify, for two Banach spaces X and Y/, the dual of
X ® Y equipped with those norms. Then, we will give a few properties of Schatten
classes. In particular, the spaces of Hilbert-Schmidt operators and trace class opera-
tors will play fundamental roles, as they appear in many important definitions and
results presented here. In a third section, we will define the L?-spaces, which are a
dual version of Bochner spaces. Finally, the last section of this chapter is of indepen-
dent interest: it describes the elements of L2-spaces valued in certain tensor products.
This section will be fundamental to give a precise and concrete meaning for important
results in Chapters 3 and 4.

1.1 Tensor products

We give a brief summary of tensor product formulas to be used in the sequel.
1.1.1 Projective and injective tensor product
Let £ and F' be Banach spaces.

e The projective norm:

If = € E® F, the projective tensor norm of z is defined by

Izl = int {3 illlyil }

where the infimum runs over all finite families (z;); in £ and (y;); in F' such that
z= Z T; QY.

The completion E é Fof (E®F,| |,) is called the projective tensor product of £ and
F.
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Let G be a Banach space. To any 7" € By(E x F,G), one can associate a linear map
T: E®F — G by the formula

T(x(g)y):T(xay)? IEE7yEF'

Then T is bounded on (E ® F, || ||»), with ||T|| = ||T|, and hence the mapping 7' — T
gives rise to an isometric identification

By(E x F,G) = B(E® F,G). (1.1)

In the case G = C, this implies that the mapping taking any functionalw: EQF — C
to the operator u: £ — F* defined by (u(z),y) = w(zr®y) forany = € E,y € F, induces
an isometric identification

(E& F)* = B(E, F*). (1.2)

We refer to [DU79, Chapter 8, Theorem 1 and Corollary 2] for these classical facts.

Let (2, 1) be a o-finite measure space and let L'(2; F') denote the Bochner space
of integrable functions from (2 into F'. By [DU79, Chapter 8, Example 10], the natural
embedding L'(Q) ® F C L'(Q; F') extends to an isometric isomorphism

LN F) = LNQ) & F. (1.3)

By (1.2), this implies
LY F) = B(LY(), F¥). (1.4)

Assume now that Y = L'(Q') where (€, /) is a o-finite measure space. Then, an
application of Fubini’s theorem gives

LYQ, LYY)) = LY(Q x Q).
Using equality (1.4), we obtain an isometric w*-homeomorphic identification
B(LY(), L=(Y)) = L=(Q x ), (1.5)
and the correspondance is given by
L=¥(Qx Q) — B(L'Y(Q), L=()).
v [reri@n [ v )
For ¢ € L*>(Q x '), denote by u,, the corresponding element of B(L'(Q2), L>=()).

e The injective norm:

Ifz=) . 2,0y,€¢ X®Y,2* € X*and y* € Y*, we write

zx ®y Zaz xl Z
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Then, the injective tensor norm of z € X ® Y is given by

lzllv =" sup  |{z,2"@y")|.
o<1l ll<t

The completion X Q\é)Y of (X®Y,|.||v) is called the injective tensor product of X and Y.

In this thesis, we will often identify X* ® Y with the finite rank operators from X
intoY asfollow. If u =), 2 ®y, € X*®Y,wedefinea : X — Y by

Zx Yyi, Vo € X. (1.6)

Then, it is easy to check that |[ul|v = ||@|/zx,v)-
Moreover, if Y has the approximation property (see e.g. [DFS08] for the definition),
[DES08, Theorem 1.4.21] gives the isometric identification

X ®Y = K(X,Y)

where (X, Y) denotes the space of compact operators from X into Y.
Let (4, F1, 1) and (€29, Fa, p12) be two o-finite measure spaces. Let 1 < p < oo and
1 < ¢ < oco. Then L4(,) has the approximation property so that we have

LP () © L9(Qs) = K(LP(1), L)) (1.7)

Finally, if we assume that 1 < p, ¢ < +oo, then by [DFS03, Theorem 2.5] and (1.2),
, % A
(L7 () ® LU($22))™ = (LP(E0) © L7 (22))" = B(L (1), L (). (1.8)

1.1.2 Lapresté norms

Lets € [1,00]. If z1, 29, ..., 2, € X, we define

zreX*,|lz*||<1

n 1/s
ws(zi, X) = sup (Z | (z*, x;) ]s> :
1=1

1 1
Let p,q € [1,00] with — + — > 1 and take r € [1, o] such that
p q

1 1 1
R
ropoq

Denote by p’ and ¢’ the conjugate of p and ¢. For z € X ® Y, we define

apq(2) = inf {H( iillrwg (v, X)wy (4, Y) | 2 = Z)‘ Z; @ yz} -
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Then ,,isanorm on X ®Y and we denote by X ®,,, Y its completion (see e.g. [DF93,
Proposition 12.5]).

1.1.3 Haagerup tensor product

Let E C B(H)and F' C B(K) be two operators spaces. Let n € N*. For r € N* we define
the matrix inner producte ® f € M, (E ® F') of two elements e = [e;;] € M, (£) and

f = [fzj] € Mr,n(F) by
e® f= [Zeik®fkj
k

We define, for u € M,,(E ® F),

1<i j<n

[ulln = inf {llell £}

where the infimum runs over all r € N*, e = [e;;] € M, .(E), f = [fi;] € M, ,(F) such
that u = e ® f. By [ER00, Lemma 9.1.1], such factorization of u exists.
Note that for x € F ® F we have

>

1/2

7x:Zai®bi

||| = inf

2
> b

Then ||.||;, satisfies the axioms of Ruan’s theorem (see e.g. [Pis03, Section 2.2]),

h
hence, after completion, we obtain an operator space denoted by £ ® F.

A first property of the Haagerup tensor product is its associativity. Indeed, if G is
another operator space, we have, by [ER00, Proposition 9.2.7], a complete isometry

h h
See also [Pis03, Chapter 5] for a definition of F; ® --- ® Ey for N operator spaces
E., ..., Ey.

We give now a few properties of the Haagerup tensor product that we will use in
Chapter 4.

Theorem 1.1. [ER00, Theorem 9.4.3] Let E; and E5 be operator spaces and let Hy and H, be
Hilbert spaces. A linear mapping

h
u: B ® B, — B(HQ,H0>

is completely bounded if and only if there exist a Hilbert space Hy and completely bounded
mappings ¢; : E; — B(H;, H;_1) (i = 1,2) such that

u(z1 ® ) = ¢1(71)Pa(2).
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In this case we can choose ¢; such that

lullee = [|P1]|ctl| P2 cb-

Remark 1.2. When Hy = Hy, = C we can reformulate as follows: a linear functional u :

E, é Ey — Cis bounded (and therefore completely bounded) if and only if there exist a Hilbert
space H, o : Ey — (H.)* linear and [ : E5 — H, antilinear, o and /3 completely bounded such
that

u(z1, z2) = (a(z1), B(22)) -

Recall the definition of a quotient map.

Definition 1.3. Let X and Y be Banach spaces. A map s : X — Y is a quotient map if s
is surjective and for all y € Y with |ly|| < 1, there exists x € X such that ||z| < 1 and
s(x) = y. This is equivalent to the fact that the injective map § : X/ ker(s) — Y induced by s
is a surjective isometry.

If £y C E, are operator spaces, we equip £,/ E; with the quotient operator space
structure (see e.g. [Pis03, Section 2.4]). When E and F' are operator spaces, a quotient
map v : F — [ is said to be a complete metric surjection if the associated mapping
U : E/ker(u) — F is a completely isometric isomorphism.

Proposition 1.4. Let E,, Es, Iy, F» be operator spaces.

(i) If ¢; - E; — F; is completely bounded, then

h
Q@B E, = F®F

defined by (1 @ ¢2)(e1 @ e2) = q1(e1) @ qa(e2) extends to a completely bounded map

h h
@1 Rq: By ®@Ey — F1 & .

h h
(ii) If E; C F; completely isometrically, then Ey @ Ey C Fy ® Fy completely isometrically.

h h
(iii) If ¢; : E; — F; is a complete metric surjection, then ¢, @ q2 : £y ® Ey — Fy @ Fy is also
one.

The second property is called the injectivity and the third one the projectivity of the Haagerup
tensor product.

Corollary 1.5. Let X and Y be operator spaces and let E C X, F C Y be subspaces. Let
p: X = X/Eand q:Y — Y/F be the canonical mappings. They induce a mapping

h h
PRq:XQY - X/EQY/F.

Then

ker(p®q) =EQY + X ® F.



14 Chapter 1. Preliminaries

Proof. Write N = F ® Y 4+ X ® F. First note that we easily obtain the first inclusion
N C ker(p ® q).
Therefore, to show the result, it is enough to show that

N+ C ker(p ® q)*.

h
Leto : X ® Y — C be such that oy = 0. By Remark (1.2), there exist a Hilbert space
H,a:X — (H.)" linear and § : Y — H, antilinear, a and § completely bounded such
that

o(z,y) = (a(x), By) ,x € X,y €Y.

Let K = a(X) and denote by Pk the orthogonal projection onto K. Then we have, for
any z and y,

o(z,y) = (Pra(z), By)) = (Pxa(z), Px(y)) -
Thus, by changing « into Pxa and 3 into Px/3, we can assume that a has a dense

range. Similarly, setting L = §(Y') and considering P;,, we may assume that /5 has a
dense range.
By assumption, for any f € F' and any z € X, we have

0 =0z, f) = (alz), B(])) -

This implies that 3z = 0. Similarly, we show that a|z = 0. Thus, we can consider
a:X/E— (H) and B:Y/F — H,

such that a = aopand 8 = 3 o ¢ and where X/E and Y/F are equipped with their
h
quotient structure. This allows to defineo : X/E ® Y/F — Cby

5(s,t) = (als), B(1))
Then o =00 (p® q), so that o € ker(p ® q)*. O

Proposition 1.6. [ER00, Theorem 9.3.3] Let E be an operator space and let H and KC be Hilbert
spaces. For any T' € CB(E, B(H, K)) we define a mapping

or K'@EFE®@H —C
by setting
or(k*®@e®h) = (T(e)h, k).
Then, the mapping T — or induces a complete isometry

*

h h
CB(E, B(H,K)) ((/cc)*@E@Hc) .
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1.1.4 Dual norm

Let M C X and N C Y be finite dimensional subspaces (in short, f.d.s). If u = Y | 2;,®
yi€ M@ Nandv =) " 2 ®@y; € M*® N* we set

Jj=1J
(v,u) =Y (@5, ) (v wi) -
1,7

Let a be a tensor norm on tensor products of finite dimensional spaces. We define, for
ze€M®N,
o/(z, M, N) = sup {| (v, u} | [v € M" @ N", a(v) <1},

Now, forz € X @ Y, we set
(2, X,Y)=inf{a/(z, M,N) |[M C X, N CY fds., ze M@ N}.

o' defines a tensor norm on X ® Y, called the dual norm of «.
In the sequel, we will write o/(z) instead of o/(z, X,Y") for the norm of an element
2z € X ® Y when there is no possible confusion.

1.1.5 (p,q)—Factorable operators.
T eB(X,Y)and{ =), 2, ®y; € X @Y, then in accordance with (1.2) we set

(T,€) = 3 (T(a). ).

i

1 1

Definition 1.7. Let 1 < p,q < oo such that — + — > 1. Let T € B(X,Y™). We say that
b q

T € L,,(X,Y?) if there exists a constant C' > 0 such that

VEe XY, [(T,§)| < Ca, (&) (1.9)

In this case, we write L, ,(T) = inf {C' | C satisfying (1.9)}.
Then (L, 4(X,Y*), Ly, ,) is a Banach space, called the space of (p, q)—Factorable operators.

For a general definition of the spaces £, ,(X,Y) (including the case when the range is
not a dual space), see [DF93, Chapter 17].

Since Y* is 1-complemented in its bidual, [DF93, Theorem 18.11] gives the following
result.

1 1

Theorem 1.8. Let 1 < p,q < oo such that — + — > 1. Let T € B(X,Y™). The following two
p g

statements are equivalent :

(i) T € L,,(X,Y*).

1 1
(i) There are a measure space (2, ju) (a probability space when — + — > 1) and operators
p q

ReB(X,LY () and S € B(LP(p),Y*) such that T = SoloR
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LY () —— LP(p1)
where I = LY () — LP(p) is the inclusion mapping (well defined because ¢' > p).

In this case, L, ,(T) = inf ||S||||R|| over all such factorizations.

1 1
Remark 1.9. Here we consider the case when — + — = 1. Denote by p’ the conjugate exponent

p
of p. We have T' € L, ,(X,Y™) if and only if there are a measure space (), i), operators
R e B(X,LP(p))and S € B(LP(p),Y™) such that T = SR

X\ r /Y*
LP(p)

We usually write I'y,(X,Y ™) instead of L, , (X, Y ™) and the norm of an element T € I',,( X, Y™)
is denoted by ,(T'). Such operators are called p—factorable. It follows from the very definition
of (p, q)—Factorable operators that I',(X,Y™) is a dual space whose predual is X ®, ,Y.

If X and Y are finite dimensional, it follows from the very definition of the dual
norm that
X Qa, Y = (X" ®q,, V)"

The next theorem describes, for any Banach spaces £ and F, the elements of the space
(F ®a,, F)*

Theorem 1.10. [DF93, Theorem 19.2] Let E and F' be Banach spaces. Let p,q € [1, co] with

1 1
—+ > land K C Bg-and L C Bp- weak—x-compact norming sets for E and F, respectively.

p
For qS E ® F — C the following two statements are equivalent:
(i) ¢ € (F ®a,, F)*

(ii) There are a constant A > 0 and probability measures jnon K and v on L such that for all
x € Fandy € F,

@ <A( [ 160 Fduto ) (/|y ) P duly >) " o

(if the exponent is oo, we replace the integral by the norm).

In this case, ||9||(ze., ,r)» = inf {A | Aasin (i)} .

This theorem will allow us to describe the predual of £, ,(¢7,¢%), n,m € N. Let us

1y %00

apply the previous theorem with & = (7, and F' = (7). Take T' € (} ®q; 1T = ({3, R,
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7)* and let

T= Z T(i,5)e; ® e
i=1 j=1
be a representation of 7'. In the previous theorem, we can take X' = {1,2,...,n} and
L ={1,2,...,m}. In this case, a probability measure x on K is nothing but a sequence

p = (p,...,1,) where, for all i, p; = p({i}) > 0and > . pu; = 1. Similarly, v =
(1,...,vy) Where, for all i, ; > 0 and ) .v; = 1. In this case, the inequality (1.10)
means that for all sequences of complex numbers » = (z;)iL,,y = (y;)iZ;,

d s om 1/p'
<A (Z || Mk) (Z ’yk|p/7/k> :
k=1

Set oy, = a:ku,lg/q/ B = yky,i P and define, for 1 < i < n,1 < j < m, ¢(i,j) such

ZZT i,7) T3y,

=1 j=1

that T'(i, j) = c(i, ])u/ 71" (we can assume y; > 0 and v; > 0). Then, the previous
inequality becomes

n m

ZZCZ J)Bjcu

=1 j=1

< Allallen 18]l er-

This means that the operator ¢ : (}, — (' whose matrix is [c(i, j)]i<j<m1<i<n has a

norm smaller than A. Moreover, if we see T" as a mapping from /7 into /7" the relation
between 7" and ¢ means that 7" admits the following factorization

n T m
goo gl

wl e

n m
gq/ 7 Ep

where d, and d, are the operators of multiplication by 1 = (,u}/ 7. ol q/) and v =
(/"' ..., ual"). Those operators have norm 1.
Therefore, it is easy to check that

1Tl er ey g emy = inf {{lel| [T =dy0cod,}. (1.11)

The elements of (£, ®,, , ()" are called (¢, p’) —dominated operators. For more infor-
mations about this space in the infinite dimensional case (it is the predual of £, ,), see
for instance [DF93, Chapter 19].

By (1.11) and the fact that £, ({7, 7)) = ({7 ®a, (7")*, we get the following result.

Proposition 1.11. Let v = [v;;] : {7 — (2. Then

Lp,q(“) = sup |Tr(vu)|
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where the supremum runs over all w : {7} — (7 admitting the factorization

m u n
goo gl

af e

m n
gp/ 7‘ Eq

with ||d,|| < 1,||d, || < 1and ||c|| < 1.

Equivalently,
Lyq(v) = Sup{ DO wiciipavs| |lle: by — o) <1, ptllem < 1 ([ llen, < 1} -
i=1 j=1

1.2 Schatten classes

1.2.1 Definition and duality

Let #,K be Hilbert spaces and let tr be the trace on B(K). We let, for 1 < p <
+00, SP(IC, H) denote the Schatten classes class of order p equipped with the norm ||.||,
defined for an operator 7: £ — H by

T, = te(ITP)7,

where |T| = (T*T)z. We will also denote by (K, H) the space of compact operators
from /C into H.
We recall the duality theorem for Schatten classes.

Theorem 1.12. Let 1 < p < +oo and let q to be the conjugate exponent of p. Then

SUH,K) — SP(K,H)* and BH,K) — SY K, H)*
T —  tr(T) T —  tr(T)

are isometric isomorphisms.

For a proof of this theorem and several properties of Schatten classes, see for in-
stance [Zhu90].

We will mainly work with S*(K,H), S*(K,H) and §>(K,H). Note that S*(K,H),
the trace class operators, is the smallest space among all Schatten classes. This comes
from the fact that, forall 1 < p; < ps < 400,

-l < -l

For any h4, hy in ‘H, we may identify h_L® hy with the operator h — (h, hy)hy from H
into H. This yields an identification of H @ H with the space of finite rank operators on
H, and this identification extends to an isometric isomorphism

HIH = SY(H), (1.12)
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see e.g. [Pal01, p. 837].

Using operator space theory and the Haagerup tensor product introduced in Sub-
section 1.1.3, we have, by [ER00, Proposition 9.3.4], a complete isometry

(&VémZSWQm. (1.13)

Similarly, we have a complete isometry

M, & ()" = S®(K, H). (1.14)
Note that S*(K, H) is a Hilbert space, for the inner product
(S,T) i= tx(ST"),
and elements of S?(KC, H) are called Hilbert-Schmidt operators.

Remark 1.13. Let (Qy, uy) and (Qa, p12) be two o-finite measure spaces. If J € L*(Qy x ),
the operator
XJ : LQ(Ql) — L2(Qg) (115)
r — J(t, )r(t) du(t)
Q1

is a Hilbert-Schmidt operator and | X ;|2 = ||J||2. Moreover, any element of S*(L?*(2y), L*(€22))
has this form (see e.g. [Wo0j91]). We summarize these facts by writing an isometric identifica-
tion
LQ(Ql X Qg) = 82<L2(Ql>,L2(Qg)). (116)
In this thesis, we will often work with the finite dimensional versions of the Hilbert-
Schmidt and the trace class operators. For n > 2, denote by S; the space of n x n

matrices equipped with the trace norm and by S? the space of n x n matrices equipped
with the Hilbert-Schmidt norm.

1.2.2 Tensor products of Hilbert space operators and trace duality

Let H, K be Hilbert spaces.
We may consider

B(H,K) C B(H®K) (1.17)

by identifying any S € B(#, K) with the matrix <(5)‘ 8) . This is an isometric inclusion.

Then for any von Neumann algebra M, we let
MEB(H,K) (1.18)

_ 2
be the w*-closure of M ® B(H, K) in the von Neumann algebra M&@B(H ¢ K). Likewise

for any two other Hilbert spaces H' and K’ we let B(H', K')®B(H, K) denote the w*-
closure of B(H',K') @ B(H, K) in the von Neumann algebra B(#’ é K"®B(H é K).
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Let H' é H denote the Hilbertian tensor product of H' and #H. As is well-known, the
natural embedding B(#H', K') ® B(H,K) C B(H' é) H, K é K) extends to an isometric
identification , ,

B(H' . K"&B(H,K) =B(H @ H,.K'® K). (1.19)

For any T € SY(K,H) and T" € S'(K',H’), the operator T" @ T belongs to the
space S*(K' é IC,H é ). This yields an embedding of the tensor product S*(K', H') ®

2
SYK,H) into S(K & K,H @ H). Let v denote the norm on S}(K',H') @ SY (K, H)
induced by this embedding. Namely for any finite families (7}); in S' (K, %) and (T});
in S'(K',H'), (32, Tj ® T;) is the trace norm of the operator K’ Sk H OH taking

i T; @z to the sum ), - Ti(x;) @ Tj(x;) for all finite families (z;); in K and (2;); in K.

Next we let ST (K', H') ®S! (K, H) denote the completion of the resulting normed space
(SYK', H)®S*(K,H),~). Since finite rank operators are dense in trace class operators,

the algebraic tensor product S*(K', H') @ S* (K, H) is dense in S* (K’ élC, H' é”H) Hence
we actually have an isometric identification

SUK,H) & SMK,H) = S(K! & K, H & H).

Then trace duality given in Theorem 1.12 yields an identification (S*(K’, H' )éS LK H)) =
B(H' é H, K <}2§ K) and hence, by (1.19), we have

(SUK,H) & S (K, H))" = B, K)SB(H, K). (1.20)

Foranyn € Kand § € H, welet®¢: K — H denote the operator taking any z € K
to (z,n)¢. Then K ® H identifies with the space of finite rank operators from I into .
Welet ®: S?2(H', H) @ S*(K,K') — SYK', H') ® S'(K, H) be the unique linear mapping
satisfying

((¢eHemen)=rTefenes, tcH ecH nek nek.

Lemma 1.14. The mapping ® extends to an isometry (still denoted by)
_ A — v
¢: S*(H,H) @ S*(K,K) — SHK, H) @ SHK,H).

We will prove this proposition by approximation. We first need the finite dimen-
sional version of this result.

We let E;; denote the standard matrix units on M,, for 1 < ¢,57 < n. We regard
M,2 as the space of matrices with columns and rows indexed by {1,...,n}?. Thus
we write E; ) ;) for its standard matrix units. Then we let M,, ®,;, M,, denote the
minimal tensor product of two copies of M,. According to the definition of ®,, (see
e.g. [Tak79, p. IV.4.8]), the isomorphism Jy: M,, @uin M, — M,2 given by

Jo(Eij @ E) = Eqgy, (i) 1<4,5,k1<n, (1.21)
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is an isometry.
Note that S}" is isometrically isomorphic to M,, through the duality pairing

Sl x M, —C, (A B)~ Tr('AB). (1.22)

With this convention (note the use of the transpose), the dual basis of (E;;)1<i j<n is
(Eij)lgi,jgn itself. We have

(Sh @y 5p)" = My, @min M, (1.23)
through the duality pairing (1.22) applied twice.
Lemma 1.15. The isomorphism J: S?®S? — S} ®., S} given by
J(Eix @ Ej) = Eij ® By, 1<4,5,k,1 <n,
is an isometry.

Proof. According to the equality
H Z CikEik
ik

we can naturally identify S2 with either ¢2, or its conjugate space. Then applying the
identity (1.12) with H = ¢2,, we obtain that the mapping J,: S2®S52 — S., given by

1
- (Z |Czk|2> Y, aeC,

1y

J1<Ezk ® Ejl) - E(i,k),(j,l)7 1 S Z.7j7 k7l S n,

is an isometry.
Now let J,: S} ®, S} — S, be the isomorphism given by

Jo(Eij @ E) = Eqk, (i) 1<4,75,k 1 <n.

Taking into account the identity (1.23), we see that J; ' is the adjoint of J;. Conse-
quently, J;' is an isometry. Since J = J,'J;, we deduce that J is an isometry as
well. =

Proof of Proposition 1.14. By approximation, we can assume that the four Hilbert spaces
H,H',K,K’ are finite dimensional, say of dimension n > 1. In this case, S*(H', )
and S?(K, K’) identify with S2, the space of n x n matrices equipped with the Hilbert-
Schmidt norm. Likewise S'(K, H) and S'(K', H') identify with S}, the space of n x n
matrices equipped with the trace norm. Then under these identifications, ®: S?®S? —
S, ® S, is given by

Q(Ey ® Ej)) = Eij @ Ey, 1<,k 1 <n.

Thefore, since the transposition is an isometry of &2, the result follows from Lemma
1.15. ]
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1.3 L?-spaces and duality

Let (€2, i) be a o-finite measure space and let £ be a Banach space. Forany 1 < p < +o0,
we let LP(2; E') denote the classical Bochner space of measurable functions ¢: Q@ — E
(defined up to almost everywhere zero functions) such that the norm function ||¢(- )|
belongs to LP((2) (see e.g. [DU79, Chapter II]).

We will consider a dual version. Assume that F is separable. A function ¢: 2 — E*
is said to be w*-measurable if for all x € E, the functiont € 2 — (¢(t), x) is measurable.
In this case, the function t € Q +— ||¢(¢)]| is measurable. Indeed, if (z,), is a dense
sequence in the unit sphere of E, then ||¢(.)|| = sup,, [(¢(.), z,)| is the supremum of a
sequence of measurable functions, hence is measurable.

Let 1 < ¢ < +o00. By definition, LZ(2; £*) is the space of all w*-measurable ¢: Q2 —
E* such that ||¢(.)|| € LI(2), after taking quotient by the functions which are equal to 0
almost everywhere. We equip this space with

1@llq = [l o)

Then (LZ($2; E*),|.]|,) is a Banach space and by construction, L?(Q; E*) C L2(2; E*)
isometrically.

Suppose that 1 < p < +oo and let 1 < ¢ < 400 be the conjugate exponent of p. For
any ¢ € L1(); £*) and any ¢ € LP({; E), the function ¢t — (¢(), p(t)) is integrable,
which yields a duality pairing

(0 = [ (0l0). 010 dut). (129
Moreover by Holder’s inequality, we have

(&, @) < [|ollgllllp- (1.25)

Theorem 1.16. The duality pairing (1.24) induces an isometric isomorphism
LP(Q; E)* = LY(Q; E7). (1.26)

The above theorem is well-known and has extensions to the non separable case.
However we havent found a satisfactory reference for this simple (=separable) case
and provide a proof below for the sake of completeness. See [DU79, Chapter IV] and
the references therein for more information.

Recall that we have L'(Q; E)* = B(L'(Q), E*) by (1.4). Hence in the case p = 1, the
above theorem yields an isometric identification

LE (9 F*) = B(L\(Q), F"), (127)
a classical result going back to [DP40, Theorem 2.1.6].

Proof of Theorem 1.16. The inequality (1.25) yields a contractive map «: LZ($; E*) —
LP(Q; E)*. Our aim is to show that « is an isometric isomorphism.

According to the separability assumption there exists a nondecreasing sequence
(E,)n>1 of finite dimensional subspaces of E such that U, E,, is dense in E. Since E,, is
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finite dimensional, LZ(2, E}) = L%(Q, E¥) and E,, satisfies the conclusion of the theo-
rem to be proved, that is,
/(% E,)" = L(Q; E}) (1.28)

isometrically (see [DU79, Chapter IV]). In the sequel we regard L?((2; E,,) as a subspace
of L?(€2; E') in a natural way.

We first note that « is 1-1. Indeed if ¢ € LZ(2; £*) is such that x(¢) = 0, then for any
n > 1, ¢(t)g, = 0a.-e. by (1.28). Hence ¢(t)u, s, = 0 a.-e., which implies that ¢(¢) = 0
a.-e..

Now let § € LP(Q; E)*, with ||0]] < 1. Applying (1.28) to the restriction of ¢ to
LP(Q); E,) we obtain, for any n > 1, a measurable function ¢,: Q@ — E} such that
64, < 1 and

Ve e D@ @B be)= [ (@l plt) dult)
We may assume that for any n > 1, we have

VEEQ,  Guii(t), = bnll): (129)

Indeed by construction, Ont1|p, = Pn a-e. and the family (¢, ),>1 is countable so we
can modify all the functions ¢,, on a common negligible set to get (1.29).

It follows that for any ¢ € €2, (||¢n(t)]|)n>1 is @ nondecreasing sequence, so we can
define a measurable v: 2 — [0, oo] by

v(t) = lim || ¢, (1)]], te Q.

If ¢ < oo we may write

[ e =tim [ o0l auo <1,

by the monotone convergence Theorem. This implies that v is a.-e. finite. If ¢ = oo, the
fact that ||¢,||oc < 1 forany n > 1implies that v(¢) < 1 for a.-e. ¢ € Q. Thus in any case,
there exists a negligible subset Qy C 2 such that v(t) < oo for any t € 2\ .

Ift € Q\ Qo, then by (1.29) and the density of U, E,, there exists a unique element
of E*, that we call ¢(¢), such that

Vn>1,Vx € E,, (p(t), ) = (Pn(t), ).

Next we set ¢(t) = 0 for any ¢ € €2y. We thus have a function ¢: Q@ — E*.

Let € E and let (z); be a sequence of U, E,, converging to x. Then (¢(-),z;) —
(¢(+), z) pointwise. Moreover for any j, the function (¢(- ), z;) is measurable by con-
struction, hence (4(- ), z) is measurable. Thus ¢ is w*-measurable.

Now from the definition of ¢, we see that ¢ and x(¢) coincide on L?(Q2) ® E,, for any
n > 1. Consequently, 6 = x(¢). Moreover ||¢||, = lim, ||¢,|/; < 1.

This proves that « is a metric surjection, and hence an isometric isomorphism. [

Let £ and F' be two separable Banach spaces. Then their projective tensor product
E 6% F is separable. Recall that its dual space is equal to B(E, F*). Whenever ¢: Q@ —
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B(E, F*) is a w*-measurable function, then for any = € E, the function 7,(z): @ — F*
defined by

T,()] (1) = [o(0)] (x),  teq (130)
is w*-measurable.

Corollary 1.17. The mapping ¢ — T, given by (1.30) induces an isometric isomorphism
B(E, L3 (2, 7)) = LT (S B(E, F7)).

Proof. By Theorem 1.16 for p = 1, and by (1.2) and (1.3), we have isometric isomor-
phisms

B(E, LX(Q F)) = (E & L' F))’
— (E®LNQ) & F)
— LN E & F)
— L0 B(E, F*)).

It is easy to check that the correspondence is given by (1.30). O

Remark 1.18. We already noticed that LL(Q); E*) = L(S; E*) when E is finite dimensional.
It turns out that for a general Banach space E, the equality L1(Q); E*) = L($); E¥) is equiv-
alent to E* having the Radon-Nikodym property, see e.g. [DU79, Chapter 1V]. All Hilbert
spaces (more generally all reflexive Banach spaces) have the Radon-Nikodym property. Later on
we will use this property that for any separable Hilbert space H and any 1 < q < oo, we have

Li(Q H) =LY H).

Let E be a Banach space with the Radon-Nikodym property. In this case, Remark
1.18 ensures that
LYQ, E) = L™(Q, EY).

Then equality (1.4) implies that
L>(Q, B*) = B(L'(Q), E*), (1.31)
and the isometric isomorphism is given by
L*(Q,E*) — B(LY(Q), E").
g |rer@n [ o]
Let H be a separable Hilbert space. It is well-known that the natural embedding of
L>(Q) ® B(H) into L (€2; B(H)) extends to an isometric and w*-homeomorphic identi-

fication L>®(Q)®@B(H)) = L (2 B(H)) (see [Sak98, Theorem 1.22.13]). Using definition
(1.18), we show that this remains true if B(H) is replaced by B(H, K).

Lemma 1.19. Let H, K be any two separable Hilbert spaces. Then the embedding of L*>(2) ®
B(H, ) into L (Q2; B(H, K)) extends to an isometric and w*-homeomorphic identification

L®(Q)BB(H, K) = L2 (4 B(H, K)).
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Proof. LetH =H 629 K. We regard L>(Q)@B(H, K) and L°(§2; B(H, K)) as subspaces of
L>(Q)@B(H) and L (§2; B(H)), respectively. Further we use the identity L>°(Q)®B(H) =
L°(§2; B(H)) mentioned above. The space L°(€2; B(H, K)) is a w*-closed subspace of
the dual space L°(€2; B(H)) hence we have L>(Q)@B(H,K) C LE(Q; B(H,K)).
Conversely, let ¢ € LX(Q;B(H,K)). Let T: L'(Q2) — B(H,K) be associated to ¢
by the identification (1.27). Consider a net (P,), C B(L'(2)) of finite rank contrac-
tive projections, converging strongly to the identity map. Write 7, = TP, and let
¢, € L2 B(H,K)) be associated to 7, for any ¢. Since 7, is finite rank, ¢, belongs
to L>(2) ® B(H, K). Hence to show that ¢ € L>*(Q)®B(H, K), it suffices to check that
¢, — ¢ in the w*-topology of L (Q2; B(H,K)). Recall that the latter space is the dual

space of L'(Q) & S' (K, H). For any ¢ in the algebraic tensor product L'(Q) @ S* (K, H),
we have

<¢L> §0> — <¢7 90>

L—>00
by the definition of ¢,. Since ||| < 1, we have ||¢,||« < ||¢||« for any ¢, hence the
above convergence result holds true as well for any ¢ € L'(Q) & S (IC,H). O

Remark 1.20. Let E;, Es be two Banach spaces and let U : Ef — E3 be a w*-continuous map.
Forany ¢ € LY (Q; EY), the composition map U o ¢: Q — E5 belongs to L°($2; E3) and the
mapping ¢ — U o ¢ is a bounded operator from L°(2; EY) into L (Q); ES), whose norm is
equal ||\U||. It is easy to check that this mapping is w*-continuous. If further U is an isometry,
then ¢ — U o ¢ is an isometry as well.

1.4 Measurable factorization in L°(Q; ['y(E, F™))

1.4.1 The main result

The main purpose of this section is to prove Theorem 1.21 below. This result will be
applied in Subsection 1.4.2 (and in Subsection 3.3.2) to the study of continuous Schur
multipliers (see Chapter 2 for the definition).

We will say that a measure space (2, i) is separable when L?(€2, ) is separable. This
implies that (2, i) is o-finite and moreover, L?(£2, i) is separable for any 1 < p < oo.

It follows from Remark 1.9 that for any separable Banach spaces F, F, the space
[y (E, F*) is a dual space with a separable predual. If H is a separable Hilbert space,
then B(E, H) and B(F, H) are also dual spaces with separable predual.

Theorem 1.21. Let (2, ;1) be a separable measure space and let E, F' be two separable Banach
spaces. Let ¢ € L (S To(E, F*)). Then there exist a separable Hilbert space H and two

functions
a € LY (G B(E, H)) and B € L¥ (G B(F, H))

such that ||| || Blcc < ||0]lco and for any (z,y) € E X F,
(le®](x),y) = (la®)](2),[BO](y),  fora-eteQ. (1.32)

We will need two lemmas, in which (€2, 1) denotes an arbitrary o-finite measure
space.
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The first one is a variant of the classical classification of abelian von Neumann al-
gebras. For any 6 € L>(2), and any Hilbert space H, we let My: L*(Q; H) — L*(%; H)
denote the multiplication operator taking any ¢ € L*(Q2; H) to 0.

Lemma 1.22. Let ‘H be a separable Hilbert space and let w: L>°(Q2) — B(H) be a w*-
continuous x-representation. There exist a separable Hilbert space H and an isometric em-
bedding p: H — L*(Q; H) such that for any 0 € L*>(Q),

pm(0) = Mgp.

Proof. Since 7 is w*-continuous, there exists a measurable subset ' C 2 such that the
range of 7 is isomorphic to L>°(€?') in the von Neumann algebra sense and 7 coincides
with the restriction map. It therefore follows from [Dav96, Theorem I1.3.5] that there
exist a measurable partition {2, : 1 <n < oo} of €' and a unitary operator

Pr: H— EB%gngoo[P(Qﬂ?gi)

such that for any 0 € L>(Q), p17m(0)p] coincides with the multiplication by #. (Note
that in the above decomposition, the index n may be finite or infinite and the notation
(% stands for (%) Let

2 2
H = &1<n<acly,
and consider the canonical embedding
P2 @%Sngoo L*(Q; 02) — L*(; H).
Then p = pyp; satisfies the lemma. ]
It is well-known that for any Hilbert space H, the commutant of
L2(Q) ~ L™®(Q) @ Iy C B(L*(Q); H)

coincides with L>*(Q)®B(H). The next statement is a generalization of this result to
the case when H is replaced by Banach spaces.

We consider two separable Banach spaces W;, W,. Note that B(IW;, W5) is a dual
space with separable predual. We say that a linear map

T: L*(Q W) — L2(Q; W)
is a module map provided that
Ve L2(Q; W), YO € L=(Q), T(0p) = 0T ().

Next we generalize the notion of multiplication by an L*-function as follows. For any
A € L (Q; B(Wy, Ws)), we define a multiplication operator

Mp: L*( W) — L2 Wy) (1.33)

by setting
[Ma(p)] () = [A@®I(p(1),  teQ,
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for any ¢ € L*(Q; W;). Indeed it is easy to check that the function in the right-hand
side of the above equality belongs to L2($2; W5). Moreover

[Mall = Al
Each multiplication operator Mx is a module map, as we have
Ma(0p) = Mao(p) = 0Ma(p)
for any 0 € L>°(Q2). The following lemma is a converse.

Lemma 1.23. Let T': L*(Q; W1) — L2(Q; W5) be a module map. Then there exists a function
A € L2 (Q; BWy, W3)) such that T = M.

Proof. In the scalar case (W; = W, = C) this is an elementary result; the proof consists
in reducing to this scalar case.

We define a bilinear map T: Wy x Wy — B (L*(Q2)) by the following formula. For
any w; € Wi, wy € Wy and x € L*(Q2), we set

[T (w1, w2)|(z) = {t — ([T(z @w1)](t), ws)}.

Recall the identification L2(Q; W) = L*(Q; Ws)* from Theorem 1.16. If we consider T'
as a map from L?(Q; Wy) into L?(2; Ws)*, then we have

~

<Tm®wmy®m>:L(wwhmﬂuwwy@dmw (1.34)

for any wy € Wy, wy € Wa, z € L*(Q) and y € L*(Q).
Further for any § € L>*(Q2) and = € L*(Q2), we have

[f(wl,wQ )] (0z) = ([T(6(z @ w1))](-), wa)
= (0(-) [T(z @ w)](-), wa)
=0

[f wl,wz}

because 7' is a module map. Hence f(wl, w9) is a module map.
Let us identify L>(2) with the von Neumann subalgebra of B(L?({2)) consisting of
multiplication operators. The above property shows that T'(w;, ws) is such a multipli-

cation operator for any wy; € Z; and w,; € Z,. Hence we may actually regard T as a
bilinear map

T: Wy x Wy —s L¥(Q).
Now observe that applying (1.1), (1.2) and (1.27), we have isometric identifications

wméMme
B(Ll(Q), (W ® W3)*)
B(LX(Q), B, W3))
Ly (97 B(Wl, |47 ))

Bo(Wy x Wy, L>(2))



28 Chapter 1. Preliminaries

Let A € L (9; B(W,, Wy)) be corresponding to 7 in this identification. Then we have
<[A(t)](w1),w2> = (f(wl,wﬂ)(t), wy € Wi, wy € Wy, t € (L

Thus applying (3.1) we obtain that

(T @ )y us) = [ (O], ws)a(Oy(o) duct)
= (Ma(z @ w1),y ® ws)

for any wy € Wy, wy € Wy, z € L*(Q) and y € L*(Q). By the density of L*(Q2) ® W, and
L*(Q) ® Wy in L*(Q; W) and L?(Q; Wy), respectively, this implies that T = M. O

Proof of Theorem 1.21. This proof should be regarded as a ‘module version’ of the proof
of [Pis96, Theorem 3.4]. As in this book we adopt the following notation. For any finite
families (y;); and (x;); in E, we write

(Y5); < (zi)i

provided that
V€ E", > ()P <D ).
j i

In the sequel we simply write L? (resp. L*) instead of L?*(Q) (resp. L>(2)) as there
is no risk of confusion. Then we set

V=L*®ECL*(%E).

We fix some ¢ € L (;T2(E, F*)) and we let C = ||¢||«. Then ¢ is an element
of L>® (Q; B(E, F*)) Hence according to (1.33) we may consider the multiplication
operator

T =M,: L*(Q; E) — L2(Q; F*).

We let I = L™ x E*. A generic element of I will be denoted by ¢ = (0,7), with
e lL>*andn e E*.
Foranyv =) z,®e, € V (finite sum)and ¢ = (6,7) € I, we set
Cv= Zn(es)ﬁa:s e L”

Lemma 1.24. Let (w;); and (v;); be finite families in V' such that

veel, D ¢ wll < > lI¢vill3. (1.35)
i )

Then
> 1T (w13 < D Juills. (1.36)
j i
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Proof. Let (w;); and (v;); be finite families in V' and assume (1.35). Consider e, 4, f; s in
E, z;5,y;s in L? such that

V; = E Ti.s & €i.s and w; = E Yj,s & fj,s-
s s

Let( = (0,n) € I. For any j,

Il = [ [SSn(5.0600.0)] dutt)

Hence

Zn(;wjng—/w (SISt ) o).

Likewise,

Zucmrz—/re $3) SCAZND o).

Thus by (1.35), we have

/|9 Z}nw] /|9 Z‘nvz ) (1) (1.37)

Let £y C E be the subspace spanned by the ¢, ; and f;,. Since it is finite dimen-
sional, its dual space is obviously separable. Let (7,,),>1 be a dense sequence of E} and
for any n > 1, extend 7, to an element of E* (still denoted by 7,). Then for any finite
families (f;); and (e;); in £y, we have

(yj); < (zi)i = Vn>1, Z I (f5)P < Z |7 ()]

It follows from (1.37) that for almost every ¢ € (2, we have
Z |7 (wj(t)) > < Z |77 (Ui(t) ?
j i

for every n > 1. Since the functions v;, w; are valued in E, this implies that
(w;(t)); < (vilt)); fora.e. t € .

By the implication ‘(i) = (iii)” of [Pis96, Theorem 3.4], this property implies that for a.e.
teq,
M@t ®) . <3 llu®ll:
j i

Integrating this inequality on 2 yields (1.36). O
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We let A be the set of all functions g: I — R for which there exists a finite family
(v;); in V such that

veel,  |g(Q) < Z I1C- vill3- (1.38)

This is a real vector space. We let A denote its positive part, i.e. the set of all functions
I — R, belonging to A. This is a convex cone. For any g € A we set

plg) = C*int{ 3" Juil3}.
where the infimum runs over all finite families (v;); in V' satisfying (1.38). Next for any

g€ A, weset
alg) = sup{ D" T (wy) 3},
J

where the supremum runs over all finite families (w;); in V satisfying

Vel g(Q) =) IC-wll3. (1.39)
J

It is easy to check that p is sublinear on A and that ¢ is superlinear on A,. Further
by Lemma 1.24, ¢ < p on A.. Hence by the Hahn-Banach Theorem given in [Pis96,
Corollary 3.2], there exists a positive linear functional /: A — R such that

Vg €A, ((g) < p(g) (1.40)

and
Vge Ay,  alg) <) (1.41)

Following [Pis96, Chapter 8], we introduce a Hilbert space
Ao, 4, L%)

defined as follows. First we let £(I,¢; L?) be the set of all functions G: I — L? such that

the R-valued function ¢ — [|G(¢)[3 belongs to A and we set N (G) = (¢(¢ — ||G(¢) H%))%
for any such function. Then £(I,¢; L?) is a complex vector space and N is a Hilbertian
seminorm on L(I,¢; L?). Hence the quotient of £(/, ¢; L?) by the kernel of N is a pre-
Hilbert space. By definition, Ay(7, ¢; L?) is the completion of this quotient space.
For any v € V, the function ¢ — (- v belongs to £(I,¢; L?). Then we define a linear
map
T :V — Ny(1,0; L)

as follows: for any v € V, T3 (v) is the class of ( — (- v modulo the kernel of N. Then
we have

1T @)L = £(¢ = N1¢-v]?)
< p(¢ = 1I¢-vll2)
< C?|Jvll;
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by (1.40) and the definition of p. Hence 7} uniquely extends to a bounded operator
Ty : L*( E) — Ay(1, 45 L?), with |73 || < C.
For any v € V, we have
IT@II; < a(¢ = I6-vIF) < (¢ = lIC-vl) = 1T ()]

The resulting inequality ||7'(v) |2 < ||71(v)|| implies the existence of a (necessarily unique)
bounded linear operator

Ty: Ti(V) — L2(Q; F¥), with || T3] < 1,

such that
Yov e ‘/, T(U) = TQ (Tl(l))) (142)

For any v € V and any § € L*°, we have
172 (60)| < [[0lloo [ T1 (V). (1.43)

Indeed write v = Y 25 ® e5, with e, € E and 25 € L?. Forany v € L> and n) € E*, we

have
HZ nles)ydes|, < H9HooHZ n(es) Vs

Hence ||¢- (6v)|| < ||0]|co]|¢- v]| for any ¢ = (v,n) € I. Since the functional ¢ is positive
on A, this implies that ¢(¢ — [|¢- (6v)]|?) < [|8]|2.4(¢ — ||¢- v]|?), which yields (1.43).
This inequality implies the existence of a (necessarily unique) linear contraction

2

T L — B(Tl(V)),

such that
T1(6v) = 7(0)T1(v), veL* (L E), 0c L™ (1.44)

It is clear that 7 is a homomorphism, hence a *-representation.

Let § € L*> and assume that (6,), is a bounded net of L> converging to ¢ in the
w*-topology. For any x € L?, 6,2 — 0z in L? (this uses the boundedness of the net). By
the continuity of 7} this implies that for any e € E, T1(0,x ® ¢) — T1(0x @ e) in T} (V).
By linearity, this implies that for any v € V, T1(6,v) — T1(6v) in T; (V). In other words,
7(6,)(h) — w(8)(h) for any h € T1(V). Since the net (7(6,)), is bounded, this implies
that 7(,) — m(0) strongly. Hence 7 is a w*-continuous *-representation.

Recall that F' and L? are assumed separable, hence the Hilbert space 71(V) is sep-
arable. By Lemma 1.22, there exists a separable Hilbert space H and an isometric em-
bedding p: T1(V) — L*(Q; H) such that pr(0) = Myp for any § € L>*. Then for any
such § and any v € L*(Q2; E), we have

pT1(6v) = [pW(Q)TJ (v) = 0p(T1(v)),

by (1.44). This shows that the composed map

Sy = pTy: L*(Q E) — L*(Q; H) is a module map.
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Define
Sy = Top*: L*(; H) — L2(Q; F™).

Let§ € L>(Q2). For any v € V, we have
(157 (0)](T1(v)) = ToT1(0v) = T(9v) = 0T (v) = 015(T1(v))
by (1.44), (1.42) and the fact that 7" is a module map. This shows that
TQ?T(Q) = MQTQ.
Further we have p* M, = (Mzp)™ = (pr(0))” = 7(0)p*. Hence MySs = S, Mo, that is,
Sy is a module map.
Since p*p is equal to the identity of 7 (V), it follows from (1.42) that
T = 5251.

Thus we have constructed a ‘module Hilbert space factorization” of 7', and this is the
main point.

To conclude, let Ss.: L2(2; F) — L?*(2; H*) be the restriction of the adjoint of S5 to
L*(%; F). Then S, is a module map. Now apply Lemma 1.23 to S; and S,. Let a €
L>(; B(E,H))and g € LX(2; B(F, H*)) such that S is equal to the multiplication by
a and Sy, is equal to the multiplication by 5. Given any e € E and f € F, we have

[ ([otence). )y ateyyte) dute <T >,y®f>

/ < BN y(0)) du(t)

= /Q<[Oé(t)](e)7 BOI)) z(@)y(t) du(t)

for any x,y € L?. Applying identification between H* and H, this proves (1.32). By
construction, ||al/, < C and |5l < 1. O

1.4.2 A special case

Let (1, 111),(Q, pt2) and (€23, p13) be three separable measure spaces. We are going to
apply Theorem 1.21 with (Q, u) = (Qa, u2), E = L'(;) and F = L*(Q3).

Toany ¢ € L™(;) x Qy x 23), one may associate ¢ € L (Qq; B(L' (21, L=(Q3))) as
follows. For any r € L'(Q;),

[6(t)](r) = [ o1 ta,-)r(t) dua(tr),  t2 € Q. (1.45)

9751
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According to the obvious identification
L®(Q x Qy x Q) = L7 (Qa; L™(Qy x Q3))
and (1.5), the mapping ¢ — 5 induces a w*-homeomorphic isometric identification
L x Qg x Q3) = L (Qa; B(L' (), L*(2))),

By Remark 1.20, the w*-continuous contractive embedding of I's(L' (1), L=(Q3)) into
the space B(L'(2;), L>=(£3)) induces a w*-continuous contractive embedding

L2 (3 Ty (L1 (), L¥(9))) © L (3 BLH (1), L¥())).

Combining with the preceding identification we obtain a further w*-continuous con-
tractive embedding

L (Qa; Do (LM (), L=(Q3))) € L x Q2 X Q3). (1.46)

According to this, we will write ¢ € L°(€s; To(L' (), L®(Q23))) when ¢ actually be-
longs to that space. In this case, for the sake of clarity, we let ||¢||~ , denote its norm

as an element of the latter space. It is greater than or equal to its norm as an element of
LOO(Ql X QQ X Qg)

Theorem 1.25. Let ¢ € L™>(y x Qo X Q3) and C > 0.
Then ¢ € L (Qo; To(LH (), L®(Q))) and ||§||oer, < C if and only if there exist a Hilbert
space H and two functions

GELOO(91XQQ7H) and bELOO(QQXQB,H)
such that ||a|||b]| 0 < C and
(b(tl,tg,tg) = <a(t1,t2),b(t2,t3)> fOT a.-e. (tl,t27t3> € Ql X QQ X Qg. (147)

Proof. Assume that ¢ belongs to L (Qa; [a (L (), L(Q3))), with [[¢[lser, < C. Ac-
cording to Theorem 1.21, there exist a Hilbert space H and two functions

a € LF(Q; B(LY (), H))  and e LT (Q; B(L' (), H))

such that for any 7, € L'(Q;) and r3 € L'(Q3),

<[¢(t2)](7"1), 7’3> = <[Oé(t2)](7“1)7 [6(t2)](7’3)> for a.-e. ty € QQ. (148)

By (1.3), (1.4) and (1.27) we have isometric identifications

Lﬁo(Q% B(Ll(Ql)a H)) - L?(Q% (Ll(Ql) é H*)*)
= (L) & LM () & H*)*
= LYy x Qy; H*)*
= L°(Qy x Qg3 H).
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Morover L (€ x Qq; H) = L*(2; x Qy; H), see Remark 1.18. Hence we finally have
an isometric identification

L (Q9; B(L' (1), H)) = L x Qo H).
Likewise we have an isometric identification
L (9 B(L'(Q3), H)) = L®( x Q35 H).
Leta € L®(Qy x Qy;H) and b € L>®(Qy x Q3; H) be corresponding to o and

respectively in the above identifications. Then for any r; € L'(£2;),

a(t2)](r) = /Q a(t ) ri(f) dun(ty)  forace. ty € Oy
Likewise, for any r3 € L'(£2;3),

[B(t2)](r3) = /Q b(to, t3) r3(ts) dus(ts) for a.-e. ty € Qs.
Combining (1.48) and (1.45) we deduce that for any r; € L'(Q;) and r3 € L'(Q3), we

have

/Q 0 <Cl(t1, tg), b(tg, t3)> 1 (tl) T3 (tg) d,u1 (tl)d/llg (tg)

= <[5(752)} (r1),73)
= /Q . ¢(t1, to, t3)7"1 (tl) Tg(tg) d;ul (tl)dﬂi% (t3)

for a.-e. t5 € . This implies (1.47) and shows the ‘only if” part.

Assume conversely that (1.47) holds true for some a in L*>°(; x Qy; H) and some b in
L> (4 xQy; H). Using the above identifications, we consider a € L3 (Q; B(L' (), H))
and # € L (Q; B(L'(Q2s), H)) be corresponding to a and b, respectively. Then the
above computations lead to (1.48). This identity means that for a.-e. ¢, € (2, we
have a Hilbert space factorisation d(ts) = B(t2)*a(ts). This shows that ¢ belongs to
L (Qa; T (LY (), L(3)) ), with [[6]|c,r, < [lallsol[blloo- .
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Chapter 2

Linear Schur multipliers

In this chapter, we are interested in generalizations of well-known results about
Schur multipliers. Namely, we extend the definition of classical Schur multipliers
on B({,,{,) and define the continuous Schur multipliers on B(L?, L?). In the case
p = q = 2, there is a famous characterization of Schur multipliers on 5(¢2). A simi-
lar characterization also holds in the case B(/,) (see e.g. [Pis96, Chapter 5]) and in the
case of continuous Schur multipliers on B(L?) (see e.g. [Spr04]). We recall these facts
in the first two sections of this chapter. In the third section, we define Schur multipliers
on B(LP, L?) and generalize the characterization of Schur multipliers to this continuous
case, using the theory of (p, ¢)—factorable operators introduced in Chapter 1. Note that
those results are new, even in the setting of classical Schur multipliers on B(¢,, ;). In
a fourth section, we will apply the results of Section 2.3 to obtain new inclusion rela-
tionships between the spaces of Schur multipliers, extending the work of Bennett in
[Ben77].

2.1 Classical Schur multipliers
In this section, we regard elements of B(¢,, {,) as infinite matrices in the usual way.

Let m = (m;;); j>1 be a bounded family of complex numbers and let 1 < p, ¢ < +o0.
We say that m is a Schur multiplier on B({,,(,) if for any matrix [a;;]; j>1 in B(¢,, {,), the
matrix [m;;a;;); ;>1 defines an element of B(¢,, {,). An application of the Closed Graph
theorem shows that m is a Schur multiplier if and only if the mapping

T By, t,) — B, 1) (2.1)
laijlig=1 = [mijailij=
is bounded. By definition, the norm of the Schur multiplier m is the norm of the map-
ping 7T5,.

Similary, if 1 < p < 400, we say that m is a Schur multiplier on S” if for any matrix
[a;;]ij>1 In SP, the matrix [m;ja;;]; j>1 defines an element of S”.

A simple duality argument shows thatif 1 < p, p’ < oo are conjugate numbers, then
m is a linear Schur multiplier on S? if and only if it is a linear Schur multiplier on S¥'.
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Moreover the resulting operators 7,,, have the same norm, that is,
| Ty : SP — SP|| = || Th : SP — S7|.

When p = 2, any bounded family m = {m;;}, j>1 is a linear Schur multiplier on S?.
Moreover
|M 5% — S?|| = sup |my|

3,7>1
in this case (see e.g. [Ara82, Proposition 2.1]).
Note that for 1 < p # 2 < 400, there is no description of Schur multipliers on S”.

There is a well-known characterization of bounded Schur multipliers on B(¢2). This
result was stated by Pisier in [Pis96, Theorem 5.1] who refers himself to some earlier
work of Grothendieck. This theorem can be extended to the case B(¢,) as follows.

Theorem 2.1. [Pis96, Theorem 5.10] Let ¢ = (c;j)ijen C C, C > 0 be a constant and let
1 < p < 0. The following are equivalent :

(i) ¢ is a Schur multiplier on B(¢,, {,) with norm < C.

(ii) There is a measure space (2, 1) and elements (;)jen in LP (1) and (y;)iew in L (1) such
that
Vi,j € N, ¢ij = (zj,y:) and suplly,||, sup|lz;|, < C.
i J

(iii) The operator u, : ¢ — (o which admits [c;;| as its matrix belongs to I',(¢1, {s) and
Yp(ug) < C (see Remark 1.9 for the notations).

As a consequence of the results established in Subsection 2.3.2, we will characterize
more generally Schur multipliers on B(¢,,¢,) in the case ¢ < p in Corollary 2.9 which
includes Theorem 2.1. In [Ben77], Bennett gives a necessary and sufficient condition
for a family m to be a Schur multiplier on B(¢,, ¢,), for all values of p and ¢, using the
theory of absolutely summing operators. Theorem 2.1 above and Corollary 2.9 provide
a different type of characterization, which is more explicit and useful.

2.2 Continuous Schur multipliers on B(L?)

Let (24, p1) and (€22, 112) be two o-finite measure spaces. By the equality (1.16), we have
an isometric identification L*(Q; x Q) = S*(L*(Q4), L*(Q2)) given by

J e L2(Ql X QQ) — XJ € 82<L2<Ql),L2(Qg)).
Let ) € L>(€4 X €3). Thanks to the above identity, we may associate the operator

Ry S*L*(Q), L*()) — S*(L*(Q), L*(2))
X — Xy

whose norm is equal to ||¢||«. We say that ¢ is a continuous Schur multiplier if R,
extends to a bounded operator (still denoted by)

Ry: K(L*(), L*(Q)) — B(L?(), L*(Q)),
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where K(L*(Q1), L*(£2,)) denotes the space of compact operators from L*(€);) into L*(Q).
The density of Hilbert-Schmidt operators in compact operators ensures that this exten-
sion is necessarily unique.

The first part of Theorem 2.2 below is a remarkable characterization of continuous
Schur multipliers for which we refer e.g. to Spronk [Spr04, Section 3.2]. Peller’s charac-
terization of double operator integral mappings which restrict to a bounded operator
S'(H) — S'(H) is closely related to this factorization result (see Chapter 4 for a defini-
tion of double operator integrals). Indeed, Theorem 2.2(7) below is implicit in [Pel85].
It is also contained in Theorem 2.7 proved in the next section.

For the second part of the next result, recall that by Remark 1.9 and (1.2),

To(L (), L°(Q)  and  B(K(LX (), LA(Q)), B(LA(Q), L2()))

are both dual spaces.
We recall that according to the equality (1.5), any element of B(L'(2;), L>=(£y)) is
an operator u,, for some (unique) ¢ € L>(4 @ €y).

Theorem 2.2.

(i) [Pel85; Pis96; Spr04] A function ip € L™(§; x Q) is a continuous Schur multiplier if
and only if the operator w,, belongs to Ts(L' (1), L*°(Qy)), and we have
Y2(uy) = [ Ryl
in this case.

(ii) Moreover the isometric embedding
Do(LH (), L%()) = B(K(L* (), L*(22)), B(L* (), L*(22)))
taking any uy, € Do(L' (1), L=(Q)) to Ry, is w*-continuous.

Proof. Let us prove (2). Let ¢ € L>(€; x €3) and let (¢,), be a net of L>(§2; x €2y) such
that u,, and the operators u,, belong to I's(L*(€4), L>=(£2s)) for any ¢, (uy, ), is a bounded
net in the latter space, and u,, — uy in the w*-topology of T's(L'(2), L>(€2)). This
implies that u,, — u, in the w*-topology of B(L*(Q), L*(£s)). According to (1.5), this
means that ¢, — v in the w*-topology of L>(€2; x ).

Let £,¢ € L2(Qy) and 0,7’ € L*(). For any ¢, Ry, (£ ® 1) is the Hilbert-Schmidt
operator associated to the L2-function 1,(£ ® 1), hence

([Ru.(E@n)](E)n) = Uu(tr, ta)€ ()€ () n(ta)n' (t2) dpn (1) dpua(ta) -

Ql XQQ

The right-hand side of this equality is the action of 1), € L>=(£; x Q) on the L'-function

(t1, t2) = E(t1)E (t)n(ta)n) (t2).

Since 1) = w*-lim, v, this implies that

([Ry, (E@m](E).n) — ([Rp(E@m)] (&), 7).
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By linearity, this implies that for any finite rank operator o : L*(Q) — L?*(s), Ry, (o) —
Ry (o) is the weak operator topology of B(L?(£21), L*(£22)). Since (uy, ), is abounded net,
(Ry,). is bounded as well. By the density of finite rank operators in K(L?*(Q;), L*(Q2)),
we deduce that for any ¢ in the latter space, Ry, (0) — Ry(0) is the weak operator
topology of B(L?*(1), L*(922)). Using again the boundedness of (R, ),, we deduce that
Ry, (0) = Ry(0) in the w*-topology of B(L?(), L*(€2)) for any o € K(L?(21), L2(Q))
and finally that Ry, — Ry in the w*-topology of B(K(L?(2), L*()), B(L2(%), L*(2)).

]

By Remark 1.20, the embedding of T's(L'(2;), L>=(£2,)) into the space
B(K(L* (), L*(22)), B(L*(h), L*(22))),
provided by Theorem 2.2, we obtain a w*-continuous isometric inclusion

L3 (@ To(LN( ), L)) © L2 (2 BIC(LA(R), L2(2), BLX (), LX) (22)

2.3 Schur multipliers on 5(L?, L9)

2.3.1 Definition and connection with the classical Schur multipliers

Let (€, F1, p1) and (Qq, F2, p12) be two o-finite measure spaces and let ¢ € L>(£2; x 2y).
Let 1 < p, ¢ < oo and denote by p’ and ¢’ their conjugate exponents.
Let

Ty : LP' () @ LI(Q) — B(LP(), LI(Qy))

be defined for any elementary tensor f ® g € L” (1) ® L() by
(7 @ ) = ([ o) FM(s)dn(s) ) ) € L2(0%),
forall h € LP({).

We have an inclusion
LV () ® LI(Q) € LY (4, LU(Qy))

givenby f®g — [s € ; — f(s)g]. Under this identification, T} is the multiplication by
¢. Note that L¥' (€, L(£2;)) is invariant by multiplication by an element of L>(£2; x §2,)
and that we have a contractive inclusion

L7 (90, L)) C© L7 () & LI(Q).
Therefore, T} is valued is in LP'(£2;) <}v2> L4()y). Using the identification
, Vi
LP () ® LY(§) C B(LP(S2), L1(22))

, \Y
given by (1.6), we deduce that the elements of L? () ® L%(£2;) are compact operators
as limits of finite rank operators for the operator norm.
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Definition 2.3. We say that ¢ is a Schur multiplier on B(LP (), L9(Qy)) if there exists a
constant C' > 0 such that for all u € LP' () @ L1(Qy),

1 Ts(w)llBzr@r),Las)) < llullv,

that is, if T, extends to a bounded operator

’ \% / Vv
T¢ : LP (Ql) (24 Lq<Qg) — I? (Ql) & Lq(Qg)
In this case, the norm of ¢ is by definition the norm of T.

Remark 2.4. By & (resp. &) we denote the space of simple functions on €y (resp. €23). By

density of E,@&, in L (Q)) Q\é)Lq<Qg), T, extends to a bounded operator from L¥ () Q\éLq(Qg)
into itself if and only if it is bounded on £, ® &, equipped with the injective tensor norm.

Assume that 1 < p,¢ < +o0. By (1.7) we have

LV () & L) = K(LP(), L()),

so that ¢ is a Schur multiplier on B(L?(§;), L(€2)) if and only if T}, extends to a
bounded operator

Ty K(LP(1), L)) — KC(LP(S2), L9(Q2)).
In this case, considering the bi-adjoint of T}, we obtain by (1.8) a w*—continuous map-

ping )
Ty B(Lp(h), Lg(22)) — B(Ly(21), Lg(22))

which extends 7. This explains the terminology ¢ is a Schur multiplier on B(L,(€21), L,(22))".

Classical Schur multipliers : Assume that ; = {2, = N and that p; and p, are the
counting measures. An element ¢ € L*(N?) is given by a family ¢ = (c¢;;);jen of
complex numbers, where ¢;; = ¢(j,7). In this situation, the mapping T} is nothing but
the classical Schur multiplier

A = [aglijz1 € Bly, €g) — [cijaiglij>1-
When this mapping is bounded from B(¢,, ¢,) into itself, we will denote it by 7..

Notations : If (2, F, ;1) is a measure space and n € N*, we denote by A,, ¢, the collection
of n—tuples (A4, ..., A,) of pairwise disjoint elements of F such that

forall 1 <i<n,0 < p(4;) < +oo.

If A= (A,....,4,) € A,gand 1 < p < +oo, denote by Sy, the subspace of L?(12)
generated by x4,,...,xa,. Then S, , is I—complemented in L?(f2), and a norm one
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projection from LP(€2) into Sy, is given by the conditional expectation

Piy: LP(Q) — LP(Q). (2.3)
~ 1
— — _
f = X (/ )
Note that the mapping
CAp Sap — 4. (2.4)

f=%axa — (ailm(4:)/7)i,
is an isometric isomorphism between 4, and /}.

Proposition 2.5. Let (€, F1, 1) and (Sa, Fa, pi2) be two measure spaces and let ¢ € L (€24 x
Q). The following are equivalent :

(i) ¢ isa Schur multiplier on B(LP(§2;), L(£22)).
(ii) Foralln,m € N*, forall A= (Ay,..., A,) € A, q,, B=(By,...,Bn) € Anq,, write

¢ij = ¢ dpadps.

1
m /AjXBi

Then the Schur multipliers on B((}), (i) associated with the families ¢4 5 = (¢;;) are

p’q
uniformly bounded with respect to n, m, A and B.

In this case, | Ty|| = suppm.a,8||Tp, 5|l < 400

Proof. (i) = (ii). Assume first that ¢ is a Schur multiplier on B(LP(£;), L?(€2;)) with
HTd)H S L. Let n,m & N*’A = (Ala <o 7An> S An,ﬂl and B = (Bla .. ,Bm> € Am,ﬂz- Let
c=3 i, f)e; @e; € by @ 07 =~ B(ly, 0.

p’q

Let w4, © Sap — £y and ¢p, : Spy, — (" be the isometries defined in (2.4). Then
=g, 0copa,: Sap — Spy satisfies ||¢]| = ||| and we have
N (i)
o ; i (A) 7 iy (By) X o
= Z E(Z7J>XA] ® XB;-
1]
c(i, j)

where ¢(i, j) =

pa (Ag) M7 o (By) Ve
The operator u := ¢p 4 © Pp g0 Ty(0)js,, © Pal, : [ — (7" satisfies
[ull < I Ts(O)]
and by assumption
1T @)1 < lle]

so that
[ull < lell = [le]l- (2.5)
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Let us prove that u = T}, ,(c) where T}, , is the Schur multiplier associated with the
Write U(Z,j) = wB,q o PB,q o T¢(XAj X XBi)|SA,p o] SOZ,lp We have

u="Y"é(i,j)ui,j).

Letl <k <n.
[u(i, )](er) = [¥B,g© Ppg 0 Tp(xa; @ XB,)54,] (m“’“)
1
= W[d’&q o PB,q] (XBi(') o ¢(s, ')XAj (S)XAk (s)d,u1<5))

so that [u(7, j)](ex) = 0if k # j and if k = j then

& - — 57 © : S, - s
[U(Z,])](ek) = Ml(Ak)l/p [wB,q PB,q] <XBZ-()/Aj ¢( , )d,ul( ))
1
(A Vrps(B;) ( /ij& ¢’> Ye(xB,)
1
- pi1(Ag)YPpo(By) Y (/ijBi ¢) €;-
It follows that
= C(Za]) 1 5 .
u = ; p (AP o (Bi)Y49 g (A;) VP g (B;) Ve </ijBi (/5> i ® e

= ; ,U/I(AJ>MQ(BZ) (/AjXBi ¢> J & €;
= dueli.f)e; @

thatis, u = T, ,(c). We conclude thanks to the inequality (2.5).

(i7) = (7). Assume now that the assertion (i) is satisfied and show that ¢ is a Schur
multiplier. By Remark 2.4, we just need to show that 7}, is bounded on & ® &;. Let
v € & @& and write o = sup,m.ap|T:||. We will show that ||T,(v)|| < allv]|. By
density, it is enough to prove that for any hy € &1, hy € &,

| (Lo (0)](h1); ha) g o | < allvllser @)oo 1l oo 1h2ll Lo q,)- (2.6)
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By assumption, there exist n,m € N*, A = (A4;,...,A,) € Anq,,B = (B1,...,Bn) €
A 0, and complex numbers v(i, j), a;, b; such that

v = Zv(i,j)XAj ® XB;,h1 = ZanAJ‘ and hy = ZbiXBi’
bJ J i

Equation (2.6) can be rewritten as

(/,..)

Consider ¢ := ¢)p,0v 0 902}17 4y — 6 and z == 140 Ppgo T¢(v)|5Aﬁp o Qﬁz’lp Dy — O
The computations made in the first part of the proof show that = = T,,(0) where m is
the family (¢;;).

Now, let x := ¢4 ,(h1) and y := ¢ 4 (hs). Since T}, is bounded with norm smaller than
a we have

< allllipallzr@n P2l o o) (2.7)

[T (@)(@), ) g g | < aléllmieg,em e [yllen- (2.8)
q

An easy computation shows that the left-hand side on this equality is nothing but the
left-hand side of the inequality (2.7). Finally, the right-hand side of the inequalities
(2.7) and (2.8) are equal, which concludes the proof.

O

2.3.2 Schur multipliers and factorization

Let p, ¢ be two positive numbers such that 1 < ¢ < p < oo. This condition is equivalent

1 1
to p,q € [1, 00] with — + — > 1, so that we can consider the space £, .
q9 P

The following results will allow us to give a description of the functions ¢ which
are Schur multipliers.

Lemma 2.6. Let X, Y be Banach spaces and let E C X, F' C Y be 1—complemented subspaces
of X and Y. Foranyv € E® F, denote by &, ,(v) the o, ,-norm of v as an element of E @ F
and by oy, ,(v) the o, ,-norm of v as an element of X ® Y. Then

a, (V) = ag ,(v).

Proof. The inequality &, ,(v) > o] ,(v) is easy to prove. For the converse inequality,
takev = ), e, ® fi € B ® F such that o, y(v) < 1 and show that a; ,(v) < 1. By
assumption, there exists M C X and N C Y finite dimensional subspaces such that
veM®N and

o' (v, M,N) < 1.

By assumption, there exist two norm one projections P and () respectively from X onto
FE and from Y onto F. Set M; = P(M) C Eand N; = Q(N) C F. M; and N, are finite
dimensional. Moreover, since v € E® F, it is easy to check that (P ® Q)(v) = v, where,
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forallc=) ,ai®b € X®Y,
(P@Q)(c) =) Pla)@Q(b).
]

Thus, v € M; ® N,. We will show that osz,(v, My, Ny) < 1.
Let z = > 25 ® y; € M ® Ny be such that a,,(2) < 1 and show that | (v,z)| <
a; s (v), so that o , (v, My, Ny) < 1.

Let 1 < r < oo such that
1 1 1

roqg 7
The condition «,,/(2) < 1in M; ® Ny implies that z admits a representation z =
>y Aym} @ nj where m? € My, n? € Ny and

1Al wp(my, My )wy (nj, NY) < 1.
Set z:= > "1 \jP*(m}) ® Q*(n}) in M* ® N*. It is easy to check that
wp(P*(mj),M*) < wp(m;,]\/[l*) and wq/(Q*(nj),N*) < wq/(n;f,Nl*).
Therefore, oy, (2, M*, N*) < 1. Then, the condition «; , (v, M, N) < 1 implies that
[ (v, 2) | < gy (v).

Finally, we have
(v,2) = Zk Aj (Pr(m3), ) Q" (1), fi)
= jz;%- (mj, Plex)) (n}, Q(fr))
= jzk& (mj,ex) (0, fi) = (v, 2),

and therefore
| {(v,2)] < oz;’p,(v).

This proves that &, ,(v) < 1. N
We recall that if ¢ € L>®(Q; x €23), we denote by u,; the mapping
ug: LY Q) — L®(Qa).
fos [ ol r) dms)

971

Theorem 2.7. Let (€2, 1) and (Qq, o) be two o-finite measure spaces and let ¢ € L>(£2; x
Qo). Let 1 < g < p < oo. Then ¢ is a Schur multiplier on B(LP(2y), L9(2y)) if and only if the
operator ug belongs to L,y (L* (1), L*°(€2)). Moreover,

HT¢>|| = Lq,p’(udv)-
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Proof. Assume first that 7, extends to a bounded operator

/ \ / Vv
Td’ : LP (Ql) (24 Lq(Qg) — LP (Ql) & Lq(QQ)

with norm < 1. To prove that u, € L,/ (L' (1), L>=(Qs)) with L, (us) < 1, we have to
show that for any v = 37, fi ® gr € L'(1) ® L'(Q) with o] ,(v) < 1 we have

Jug(0)] = [ (ug(fi), ge) | < 1.

k

By density, we can assume that f;, g, are simple functions. Hence, with the nota-
tions introduced in Section 2.3.1 there exist n,m € N*, A = (4;,...,4,) € A, q, and
B = (By,...,By) € Anq, such that, forall k, fi, € Sa; and g, € Sp;.

By Lemma 2.6, the a;p,—norm of v as an element of S 1 ® Sp; is less than 1.

Let wa1 : Sa1 — £ and ¢p1 @ Sp1 — (7" the isomorphisms defined in (2.4).
Set v = Y, 0a1(fi) @ YBi(gr) € (} @ {7, Since ¢4 and ¢p; are isometries, we
have a; ,(v') < 1. Using the identification (1.6), we obtain by (1.11) that v" admits a
factorization

n v’ m
goo gl

dgl wa

n m
by —— 1

where § = (61,...,0,), v = (7,-..,7m), ds and d, are the operators of multiplication
and

dsll = 116lle, = 1, llds 1l = llvlle, = Tand]e] < 1.
This factorization means that

m n

v = Z Z vic(i, 7)o e ® e;.

i=1 j=1

Therefore, we have

v= Z Z%c(z’,j)@ 90,7;,11(%‘) ® 1/15,11((%)
i=1 j=1

e c(i, 7)
= 65 xa, D XB,.
ZZM(A» 2(By) 7 A XD

i=1 j=1 p

We compute

m

ug(v) = ; ;%%@ (ug(xa,), XB,)

=YD (T, w00

i=1 j=1
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Define

n

c=> Y @i, j)xa, ® x5, € L () ® LU (),

i=1 j=1

where &(i, §) = ¢y (A;) 7 1y(By) 1/
Using the identification (1.6), it is easy to check that we have

c= wg}q 0coway: Sap— LI(Q).

Therefore,
llellv = llell-
We have
10" 0 (B
M i
PR §u2< B, (T, © xa) ) )
=1 j5=1 J ¢
= 227 &(i, ) (A7) 7P po(By) M7 65 (Ty(xa, ® xB,)(XA,): XB,)
=1 j=1
5‘ i
= Ty( S S .
;]Zl< ¢ ZJXA ®XB)< 1<A )1/13 )7M2<Bi)1/q/XBz>
= (Ty(c )(f>7g>Lq(Q2),LQ’(Q2) ;
where

_ i
f Z 1/pXAj and g= Z /1/2(B )1/q/XB
J

Since ||T,|| < 1, we deduce that

ug ()| < (1T @M fllpllglle < lIel[16]le, [[V]le, = llell < 1.

Conversely, assume that ug € £,/ (L' (1), L=(Qs)) with L, (ug) < 1. To prove that
¢ is a Schur multiplier, we will use Proposition 2.5. Let n,m € N*, A = (A;,..., A,) €
A, o, and B = (By,...,B,,) € A, q,. Set

1
= ———————— dudps.
Pi p1(A;j) pa(By) /ijBi¢ psi

We want to show that the Schur multiplier on B(¢}, (") associated to the family m =
(¢i7)i; has a norm less than 1. To prove that, let c = >, s c(i, j)e; ® e; € B((}, ("), x =
(z;)i=1,y = (y;)iZ, in C be such that [|c[| < 1, ||z[le = 1,]]ylle, = 1. We have to show

that
[T (@) Y g | < 1.

This inequality can be rewritten as

. LY
20 0) A (B </ ¢>

Z?]

<1. (2.9)
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Letv =3, x;c(i, j)yie;®e;. According to (1.11), oy ,(v) < 1. Now, letv = 3, . z;¢(i, 7)Y an (€5)®
U4 (e;). We have

oy, (D) = aj ,(v) <1

and (i.)
~ LiC\1, J)Yi
V=) — . X4 @ XB;
; p1(Aj) p2(Bi)
By assumption, L, s (u,s) < 1, which implies that

o) | = (i, ) ——2h
| (ug, 0) | = Z (’])M(Aj)m(Bi) (/ijBi gb)‘

,J
< a;’p, (0)

<1
and this is precisely the inequality (2.9). O
Theorem 1.8 and Remark 2.8 allow us to reformulate the previous theorem. The fol-

lowing two corollaries are generalizations of Theorem 2.1. For the first one, we first
need the following remark.

Remark 2.8. Let X = L'(\) and Y = L'(v) for some o-finite measure spaces (1, \) and
(Qq,v). Consider T € B(L'()\), L>=(v)). By (1.5), there exists 1 € L>(\ x v) such that

T = Uqp-
(See (1.5) for the notation.)
(i) If1 < g < +oo, L7 (1) has RNP so by (1.31),

B(L'(A), LY (1)) = L®(X, LY (n)).
It means that if R € B(X, LY (1)), there exists a € L=(\, LY (1)) such that

vf e L'\, R(f) = ; f(s)a(s)dA(s)-

(i) If 1 < p < 400, then using (1.2), (1.3) and (1.4) we obtain
B(L (1), L=(v)) = (L7 () & L} (0))" = L (v, 7 (1))
Thus, if S € B(LP(u), L=(v)), there exists b € L>®(v, L* (1)) such that

Vg € LP(X), S5(9)(-) = {g,b(-) -

We deduce that if 1 < p,q < +oc, there exist a € L®(\, LY (1)) and b € L=(v, L (11)) such
that for almost every (s,t) € 4y X {2y,

(s, t) = (als),b(t)) .
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If T satisfies Theorem 1.8, the latter implies that for all f € L'()),

T(f) = / (a(s),b()) f(s) ds.

Using the same identifications we have for the following cases :

1. Ifqg=1and 1 < p < +oc, then there exist a € L®(\ x p) and b € L>®(v, L¥ (11)) such
that for almost every (s,t) € Qy x Q,

¥(s, 1) = (als,-), b(1)) -

2. If1 < q < +ooand p = +oo, then there exist a € L=(\, L7 (u)) and b € L>®(v x p)
such that for almost every (s,t) € {13 x Qy,

U(s,t) = {a(s), b(t,-)) -

3. If ¢ = 1 and p = +o0, then there exist a € L>(\ x p) and b € L>(v x ) such that for
almost every (s,t) € Oy X (o,

w(su t) = <CL(8, ')7 b(t7 )> :
Corollary 2.9. Let (2, 1) and (o, u2) be two o-finite measure spaces and let ¢ € L>(Qy X
Q). Let 1 < g < p < oo. The following statements are equivalent :
(i) ¢ is a Schur multiplier on B(L? (), LY(£22)).

(ii) There are a measure space (a probability space when p # q) (2, u), operators R €
B(L' (), LP(n)) and S € B(L4(w), L>=(2s))) such that uy = Solo R

where [ is the inclusion mapping.

In the following cases, (i) and (ii) are equivalent to :
Ifl<q¢<p<+oo:

(iii) There are a measure space (a probability space when p # q) (2, ), a € L™ (py, LP(1))
and b € L>(py, L7 (1)) such that, for almost every (s,t) € Qp x s,

¢(S’t) = <a(8>7 b(t)> .

Ifl=q<p<+oo:

(iii) There are a probability space (0, 1), a € L>=(uy x p) and b € L=(pug, LY (1)) such that
for almost every (s,t) € 1 x y,

¢<37 t) = <CL($> ')7 b<t>> :
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Ifl1<qg<+ooandp=+oo:

(iii) There are a probability space (2, 1), a € L>(py, LP(p)) and b € L*>°(us x ) such that
for almost every (s, t) € Q1 x o,

gb(S,t) = <a(5)7 b(t7 >> .

Ifg=1andp = +oo:

(iii) There are a probability space (Q, 1), a € L>(py x p) and b € L>(ug x ) such that for
almost every (s,t) € Qy X Q,

¢(S7t) - <CL<S, ')7 b(t7 )) .
In this case, || Ty|| = inf || R||[|Z[|[[S| = inf [|al[[|b]].

Remark 2.10. In the previous corollary, the condition (ii) implies that every ¢ € L>(€y x ()y)
is a Schur multiplier on B(L' (), L'(Qg)) and on B(L>(Qy), L>=(£2y)).

In the discrete case, the previous corollary can be reformulated as follow.

Corollary 2.11. Let ¢ = (c¢;;)ijen C C, C > 0 be a constant and let 1 < q¢ < p < +o0. The
following are equivalent :

(i) ¢ isa Schur multiplier on B({,,(,) with norm < C.

(ii) There exist a measure space (a probability space when p # q) (2, u) and two bounded
sequences (x;); in LP(u) and (y;); in LY () such that

Vi,j € N,cij = (xj,y;) and sup ||yilly sup ||z, < C.
i J

2.3.3 An application : the main triangle projection

Let m;; = 1if ¢ < j and m;; = 0 otherwise. Let 7T},, be the Schur multiplier associated
with the family m = (m;;). For any infinite matrix A = [a;;], T:,(A) is the matrix
[b;;] with b;; = a;; if ¢ < j and b;; = 0 otherwise. For that reason, 7,, is called the
main triangle projection. Similary, we define the n-th main triangle projection as the
Schur multiplier on M,,(C) associated with the family m,, = (m})1<; j<» where m}; =1
if i < jand mj; = 0 otherwise. In [KP70], Kwapieri and Pelczyniski proved that if
1 <qg<p<+o0,p#1,q+# +00, there exists a constant K > 0 such that for all n,
| T, = B(€y, L) — B(£y,€,)] > K1In(n),

and this order of growth is obtained for the Hilbert matrices. Those estimates imply
that 7, is not bounded on B(¢,, {,). Bennett proved in [Ben76] that when 1 < p < ¢ <
0o, T,, is bounded from B(/,, {,) into itself.

The results obtained in subsection 4.10 allow us to give a very short proof of the
unbounded case.



2.3. Schur multipliers on B(L?, L9) 49

Proposition 2.12. Let 1 < ¢ < p < +oo,p # 1,q # +oo. Then T,, is not bounded on
B(ly, £g)-

Proof. Assume that 7}, is bounded on B(¢,, ¢,). By Corollary 2.9, there exist a measure
space (2, 1), (ay)n € LP(p) and (b,,), € LY (1) two bounded sequences such that, for all
i,j €N,

mij = (aj,bi) - (2.10)
By boundedness, (a,,),, and (b,,),, admit an accumluation point a € LP(u) and b € L (1)
respectively for the weak-* topology. Fix i € N. For all j > i, we have

(a;,b;) =1
so that we get
(a;, by = 1.
This equality holds for any ¢ hence
(a,by = 1.
Now fix j € N. For all i > j we have
(a;,b;) = 0.
From this, we deduce as above that
(a, by = 0.
We obtained a contradiction so 7,,, cannot be bounded. l

As a consequence, we have, by Proposition 2.5 :

Corollary 2.13. Let 1 < ¢ < p < +o0,p # 1,q # +oo. Let O = Qy = R with the Lebesgue
measure. Then ¢ € L>(IR?) defined by

1, i t>0
o(st)= 4 TIHI20 R
0 ifs+t<0

is not a Schur multiplier on B(L?(R), L¢(R)).

Remark 2.14. One could wonder whether the results of subsection 4.10 can be extended to the
case 1 < p < q < 400, that is, if the boundedness of T,, on B(LP, L?) implies that u, has a
certain factorization. The fact that if p < q the main triangle projection is bounded tells us that
m is a Schur multiplier on B({,,(,). Nevertheless, the argument used in the previous proof
shows that m cannot have a factorization like in (2.10). Therefore, the case p < q is more tricky.
For the discrete case, one can find in [Ben77, Theorem 4.3] a necessary and sufficient condition
for a family (m; ;) C C to be a Schur multiplier, for all values of p and q, using the theory of
q—absolutely summing operators.
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2.4 Inclusion theorems

In this section, we denote by M (p, ¢) the space of Schur multipliers on B(¢,, ¢,).
First, we recall the inclusions relationships between the spaces M(p, ¢). Then we will
establish new results as applications of those obtained in Section 4.10.

Theorem 2.15. [Ben77, Theorem 6.1] Let py > py and q; < ¢, be given. Then M(p1,q1) C
M (p2, q2) with equality in the following cases:

() pp=p2=1,

(i) 1 = g2 = o,
(iii) g2 <2 < po,
(iv) @ <p1=p2 <2,
(v) 2<q=q <pa

Let (21, 1) and (92, 12) be two measure spaces. If M(p1,q1) C M(ps, q2), then
using Proposition 2.5 we have that any Schur multiplier on B(L*' (), L% (€),)) is a
Schur multiplier on B(L"?(€), L()). Hence, the results in the previous theorem
hold true for all the Schur multipliers on B(L?, L?).

In the sequel, we will need the notion of type for a Banach space X, for which we
refer e.g. to [AKO6]. Let (&;);en be a sequence of independent Rademacher random
variables. We have the following definition.

Definition 2.16. A Banach space X is said to have Rademacher type p (in short, type p) for
some 1 < p < 2 if there is a constant C' such that for every finite set of vectors (x;)I, in X,

n p\ 1/p n 1/p
(E Z&‘l’i ) <C (Z ||5Uz||p> : (2.11)
i=1 i=1

The smallest constant C' for which (2.11) holds is called the type-p constant of X.

We will use the fact that for 1 < p < 2, LP-spaces have type p and if 2 < p < 400,
LP-spaces have type 2 and that those are the best types for infinite dimensional L”-
spaces (see for instance [AK06, Theorem 6.2.14]). We will also use the fact that the
type is stable by passing to quotients. Namely, if X has type pand £/ C X is a closed
subspace, then X/E has type p.

Proposition 2.17. (i) If 1 < ¢ < p <2, then
M(q, 1) £ M(p,p).

Consequently, forany 1 <r <gq,

M(q,r) € M(p,p).

(t9)If 2<p<q<r,then
M(r,q) € M(p,p).
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(i) Ifl<g<2<p<4ooorl<p<2<q<+oo,then
M(q.q) £ M(p,p).

To prove this proposition, we will need the following definiton and lemma.

Definition 2.18. Let X and Y be Banach spaces, uw € B(X,Y) and 1 < p < co. We say that
u € SQ,(X,Y) if there exists a closed subspace Z of a quotient of a LP-space and two operators
AeB(X,Z)and B € B(Z,Y) such that u = BA.

Then ||u||sq, = inf || Al|[|B|| defines a norm on SQ,(X,Y") and (SQ,(X,Y), ||.||sq,) is a Ba-
nach space.

Lemma 2.19. Let W, X,Y, Z be Banach spaces and let v € B(X,Y),s € B(W,X),v €
B(Y,Z) such that s is a quotient map, v is a linear isometry and vus € I'y(W,Z). Then
ue SQX,Y).

Proof. By assumption, there exist a LP-space U and two operators a € B(W,U) and
b € B(U, Z) such that the following diagram commutes

Since v is an isometry, V := v(Y) C Z is isometrically isomorphic to Y. Let¢ : Y — V
be the isometric isomorphism induced by v.

Set F' := {z € U such that b(x) € V'} . Since vus = ba, we have, forallw € W, v(us(w)) =
b(a(w)), so that a(w) € F. This implies that (/W) C F. We still denote by a the
mapping a : W — F and by b the restriction of b to F. Denote by b the mapping
b=1"'ob: F — Y. Then we have the following commutative diagram

WX -%-Y
F

Now, set £ := a(ker(s)) and let Q : FF — F/E be the canonical mapping. Clearly,
Qoa: W — F/E vanishes on ker(s), so that we have a mapping

Qoa:W/ker(s) = F/E

induced by @ o a.
Since s is a quotient map, we denote by s the isometric isomorphism

§:W/ker(s) = X.

Define /\
A=Qoaos': X - F/E.

b vanishes on F so that we have a mapping

B:F/E =Y.
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Finally, it is easy to check that u = BA, that is, we have the following commutative
diagram
X - Y

N

F/E

which concludes the proof. O

Remark 2.20. To prove Lemma 2.19, one can use a result of Kwapieri characterizing elements
of SQ,, as follows : a Banach space X is isomorphic to an SQ,-space if and only if there exists
a constant K > 1 such that for any n > 1, for any n x n matrix [a;;] and for any x, ..., x, in

X, (Z

i

q\ 1/4q 1/q
> < Kl|[ay] - 67 — G| (Z H%’Hq> :

J

E aijxj
J

However, the proof presented in here also works if we replace in the statement of the lemma
', (respectively SQ),) by the space of operators that can be factorized by some Banach space L
(respectively by a subspace of a quotient of L).

Proof of Proposition 2.17. (i). Let Q := [0,1] and X be the Lebesgue measure on €. Let
I, : L9(\) — L*()) be the inclusion mapping. By the classical Banach space theory (see
[AKO6, Theorem 2.3.1] and [AK06, Theorem 2.5.7]) there exist a quotient map o : ¢; —
L()\) and an isometry J : L*(\) < £.. Let ¢ € £, (N?) be such that

U¢ = J[qO

(by (1.5) any continuous linear map ¢; — (., is a certain u, for ¢ € L*(N x N)). We
have the following factorization

—=2 sy

I

LN = L' (N)
According to Theorem 2.9, ¢ € M(q, 1).

Assume that ¢ € M(p,p). Then, again by Theorem 2.9, we have u, € I')({1,0)
and therefore, by Lemma 2.19, there exist an SQ),-space X and two operators a €
B(Li()\), X) and 3 € B(X, L*()\)) such that I, = a.

Let (&;);en be a sequence of independant Rademacher random variables. Let n € N*
and fi,..., fn € LI(\).

> &k
J=1

E =E

LA

< [IB[IE

Zgjﬁa(fj) Zc‘?ja(fj)

L1()\) X



2.4. Inclusion theorems 53

But X has type p so there exists a constant C'; > 0 such that

n 1/p n
< Gil8l (Z HME)H%) < CillBll el (Z ”fj”iq(A))
j=1 j=1

By Khintchine inequality, there exists C; > 0 such that

1/p

LY())

Zlfjf < GE

L'

> &t
j=1

L'

Thus, setting K := C,Cs||a|||| ]|, we obtained the inequality

1/2 " 1/p
<Z |fj|2) <K (Z Hfj||12q(A)> :
=1 j=1

LA

Let Ey, ..., E, be disjoint measurable subsets of [0, 1] such thatforall 1 < j < n, \(E;) =
1
- Set f; := xg,. Then

Z ’fj’Q =1 and ”fHLQ()\) =n 1/,
J

Hence, applying the previous inequality to the f;’s, we obtain
1 < Knt/P=Ye
Since g < p, this inequality can’t hold for all n, so we obtained a contradiction.

Finally, notice that if 1 < r < g, then by Theorem 2.15, M(q,1) C M(q,r). Thus,
r) £ M(p,p).

(7). By Proposition 2.5 and using duality, it is easy to prove that forall s, € [1, o0], ¢
is a Schur multiplier on B(/;, ¢;) if and only if gz~5 is a Schur multiplier on B(¢y, (s ), where
¢ is defined for all i, 7 € Nby ¢(i, j) = ¢(7, 1).

Let2<p<qg<r.Thenl <1 <¢ <p <2.If weassume that M(r,q) C M(p,p) then
the latter implies M(¢',7") C M(p',p’), which is, by (¢), a contradiction. This proves

().

(¢4). By duality, it is enough to consider the case 1 < ¢ < 2 < p < 400. Assume that
M(q,q) C M(p,p). Using the notations introduced in the proof of (i), let o : ¢; — ¢, be
a quotient map and J : ¢, — (., be an isometry. Let ¢ € L>(N x N) be such that

Uy = J[qu',

where [, : {; — {, is the identity map. Then ¢ € M(q,q). By assumption, ¢ €
M(p,p). By Lemma 2.19, this implies that I,, € SQ,({,,{,). Clearly, this implies that
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¢, is isomorphic to an SQ),-space. But ¢, does not have type 2 and any S@), has type 2.

This is a contradiction, so M(q, ¢) £ M(p, p). ]
Theorem 2.21. We have M(q,q) C M(p,p) ifandonly if 1 <p < qg<20r2<¢qg<p<
+o0.

Proof. By Proposition 2.17 and duality, we only have to show that when 1 <p <¢ <2,
M(q,q) C M(p,p).

We saw in the proof Proposition of 2.17 (4i7) that if M(q, ¢) C M(p, p) then ¢, is isomor-
phic to an SQ,-space. The converse holds true. Indeed, assume that ¢, is isomorphic
to an SQ,-space. Then by approximation, any L?-space is isomorphic to an SQ),-space.
Hence any element of I, ({1, {~,) factors through an SQ,-space. By the lifting property
of ¢; and the extension property of /., this implies that any element of I'; ({1, /) fac-
tors through an LP-space, that is I'j(¢1, {~) C I',(¢1, (). By Corollary 2.11, this implies
that M(q,q) C M(p,p).

Assume that 1 < p < ¢ < 2. By [AK06, Theorem 6.4.19], there exists an isometry
from /, into an LP-space, obtained by using g—stable processes. Hence, /, is an SQ,-
space. This concludes the proof.

O]

2.5 Perspectives

In Section 2.1, we saw that any bounded family (m;;); jen of complex numbers is a
Schur multiplier on §?(¢3). Moreover, Theorem 2.1 together with a dual argument give
a characterization of Schur multipliers on S'(¢;) and B(¢y). However, there is no de-
scription of Schur multipliers on SP(¢2) when 1 < p # 2 < co. An interesting and
difficult problem would be to find an explicit characterization of such multipliers.

The main result of this chapter is a characterization of Schur multiplier on B(¢,, (,)
in the case when ¢ < p. As said in Remark 2.14, such characterization cannot hold
when p < ¢, because in this case the main triangular projection is bounded on B(¢,, ¢,).
In [Ben77], a necessary and sufficient condition is given for all values of p and ¢, but it
does not allow us to give a handy condition. It is a challenge to find a characterization
in the case p < ¢ which is similar to the one given in the case ¢ < p, that is, a character-
ization that would imply that the elements of the family (m;;) have a certain form.

Finally, we proved in Section 2.4 some inclusion relationships between the spaces
M(p, q) of Schur multipliers on B(¢,,¢,). The previous results of inclusions were ob-
tained by Bennett, where he used, as said above, a characterization of Schur multipliers
on B(¢,,(,) (see [Ben77, Theorem 6.1]). This characterization uses the theory of abso-
lutely summing operators (see the definition e.g. in [Ben77]). The study of such oper-
ators reveals that in some particular cases, the space of absolutely summing operators
are nothing but the space of bounded operators (see [Ben77, Proposition 5.1]). This is
how Bennett could prove his results concerning the inclusions. However, when the
two spaces are different, it becomes more complicated to compare the spaces M(p, q),
even in the case ¢ < p with the new characterization given in Subsection 2.3.2. There-
fore, an open problem is to finish the classification of such spaces. For example, if
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1 <p<2,dowehave

M(p,1) = M(p,p)?
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Chapter 3

Bilinear Schur multipliers

In this chapter, we first define bilinear Schur multipliers as bilinear mappings de-
fined on the product of two copies of §?(¢5). When such mappings are valued in 8" (¢5),
we call them bilinear Schur multipliers into S”. Like in the linear case, any bounded
family M = {my;}ir >1 defines a bilinear Schur multiplier into S?. Similarly, we de-
tine continuous bilinear multipliers. In this case, the operators are defined on a product
of 8?(L*(2))-spaces.

The main question of this chapter is to characterize bilinear Schur multipliers into
S'. Theorem 3.4 gives a formula for the norm of those operators in the finite dimen-
sional case. As a consequence, we obtain a characterization of bilinear Schur mulipli-
ers into S'(/,) in terms of uniform boundedness of a family of linear Schur multipliers.
Following the same ideas, we obtain the main result of this chapter, Theorem 3.8, which
describes continuous bilinear Schur multipliers into S'. A use of Theorem 1.25 allows
us to give an explicit characterization of such operators.

3.1 Definition and notations

In this first section, we define bilinear Schur multipliers in the classical case, that is, as
mappings defined on §%({5) x S?(¢3). The terminology below is adopted from [ER90],
where multilinear Schur products are defined and studied in the context of completely
bounded maps. Recall that (E;;); jen denotes the unit matrices of B(¢5).

Definition 3.1. Let 1 < r < oo. A three-dimensional matrix M = {my;}; r ;>1 with entries
in C is said to be a bilinear Schur multiplier into S if the following action

M(Av B) = Z mz’k:jaik:bkszija A= {aij}i,jth = {bij}i,j21 S 52,

i, k>1
defines a bounded bilinear operator from S? x §? into S”.

Of course we can define as well a notion of bilinear Schur multiplier from S? x S9
into 8", whenever 1 < p,q,r < oo. The case when p = ¢ = r = oo was initiated in
[ER90] and we will study this case in Chapter 4 in the case of complete boundedness.
Let us mention another (easier) case which will be used in Chapter 5.
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Lemma 3.2. A matrix M = {my;}x;>1 15 a bilinear Schur multiplier into S? if and only if
Sup; ; k>1 |mj| < co. Moreover,

M : 8% x 8 — 8% = sup |ma).
i k>1

Proof. The inequality [|M : §*x8* — S?|| < sup, ;> [mix;| is achieved by the following
computation. Consider A = {a;;}ix>1 and B = {bgj}r >1 in S%. Then applying the
Cauchy-Schwarz inequality, we have

2 2
IM(A, B)|5 = H Z Mk Qirbij Eij = Z ‘Zmikjaikbkj

i k>1 =1 k>1

2
< sup |m,l? Z <Z|aikbkj|>

k21 P>l k>1

< sup [ms|* ) Y lawl* Y |byl”

bjk21 ij>1 k>1 k>1

< sup [may " Al B3
1,7,k>1

The converse inequality is obtained from
1M : 8% x 8 = 8| = || M(Ei, Eiy)ll2 = [mi;,

taking the supremum over all ¢, j, k > 1. O

3.2 Bilinear Schur multipliers valued in S!

The aim of this section is to give a criteria when a matrix A is a bilinear Schur multi-
plier from §? x §? into §'. The main result is Theorem 3.4 which gives, forn € N, a
formula for the norm of a bilinear Schur multipliers from S2 x S?2 into S, in terms of
norms of Schur multipliers from M,, into M,,.

We will work with the subspace of M,, ®min M,, spanned by the E,; ® Ej,, for 1 <
r, k,s < n. The next lemma provides a description of this subspace. We let (e, ..., e,)
denote the standard basis of /;°.

Lemma 3.3. The linear mapping 6: £2°(M,,) — M, ®min M, such that
9(6k & Ers) = Erk ® Eksa 1 S kara S § n,
is an isometry.

Proof. Takey =3 ,_, e, @y € (°(M,,), where y;, = 225:1 yr(r, 8) Eys. From the defini-
tion of # we have

n

0y) = > uk(r,s)Ep @ By

r,s,k=1
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Recall the isometric isomorphism .J; given by (1.21). Then

n

Job(y) = Y ye(r,8) E) b,9)-

r,s,k=1
Let a = {a,1}7 31,0 = {bis}]'s—, € £2.. Then we have
<']06<y)ba a> = Z yk(ru S)<E(7',k),(k s) > Z yk T, S)Qkaks
r,s,k=1 r,s,k=1
Therefore, using the Cauchy-Schwarz inequality, we obtain

|<J09(y)b,a>| < Z ‘ Z Yr (7, 8)arkbis

k=1 nr;s=1

1

< Z||yk||(2|am|2)§(2|bks| )

< mas sl Z (Z oal?) (32 )’
s=1
< max ol Z anl) (3 huf?)’
k,s=1

< .
s Tl

It follows that ||0(y)|| < max;<j<, ||yx|-
Now fix 1 < kg < n. Take arbitrary a = {«,}"_, and 8 = {,}7_; in (2. Then define

(oo, if k=k b [ Be if L=k
Ork == 0 otherwise = 0 otherwise °

Then

(Jof(y)b,a) = (yr,(B), )
and moreover, ||a|l2 = ||l2, [|b]]2 = ||5]|2. Therefore, we have ||y, || < ||0(y)||. Hence,
16() || = maxi<p<n |yel- 0

The following theorem is the main result of this section.

Theorem 3.4. Let n € N. Let M = {mi;}7). ;—, be a three-dimensional matrix. For any
1 < k < n,let M(k) be the (classical) matrix given by M (k) = {mix;}7,—,. We also denote by
M(k) : M,, — M, the Schur multiplier associated to the family M (k). Then

|M 82 x S2— Sh|| = sup ||M(k): M, — M,||.

1<k<n

Proof. According to the isometric identity (1.1), the bilinear map M : S? x S — S}
induces a linear map M : S2882 — S with || M| = || M. Consider

Tor = (MJ™Y*: My, — My, ®@uin M,
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where J is given by Lemma 1.15 and where we apply (1.23). This lemma implies that
| Tn]| = || M: 82 x S2— S| (3.1)
Forany 1 <r,s <n, we have

(Trni(Evs), Eij @ Ey) = (Eys, MJ?l(Eij ® Ep))
= <E7’sa M(Ezk ® Ejl)>

| mag (B, By, if k=
o 0 otherwise

o mup, k=g, r=1,s=1
o 0  otherwise

Y

forall1 <4,j, k, 1 <n.Hence
TM(ETS) = Z Mks Ere @ .
k=1

This shows that T, maps into the range of the operator ¢ introduced in Lemma 3.3 and
that

TM(ET’S) = Z Myks 9(6kz ® Ers)-

k=1

By linearity this implies that for any C' € M,,

Ty (C) = G(kZ; er ® [M(k)](C)).

Appyling Lemma 3.3, we deduce that

ITu(C)] = max|[[M@BI(C)]|, €€ M,

From this identity we obtain that ||7)/|| = max; [|M(k)|. Combining with (3.1) we
obtain the desired identity || M || = maxy, ||M (k)| O

For the sake of completeness we give an infinite dimensional version of the previ-
ous theorem.

Theorem 3.5. A three-dimensional matrix M = {my;}ix j>1 i a bilinear Schur multiplier
into S if and only if the matrix M (k) = {mux;}i;>1 is a linear Schur multiplier on S> for
every k > 1 and sup,~, [|[M (k) : S — S| < co. Moreover,

HM 'SP xS SIH = sup HM(k‘) : 9% — SOOH
k>1

in this case.



3.3. Continuous bilinear Schur multipliers 61

Proof. Consider a three-dimensional matrix M = {mx;}ix j>1 and set M (k) = {mi; }ij>1-
Foranyn > 1, let

My = {mirjhi<ij<n  and M) (k) = {mix; h1<irj<n

be the standard truncations of these matrices.

We may identify S? (respectively S:°) with the subspace of S (respectively S*)
spanned by {E;; : 1 < i,j < n}. Then the union U,>;S? is dense in S?. Hence by
a standard density argument, M is a bilinear Schur multiplier into S if and only if
SUP, s | M) : S2x 82— Sh|| < o0, and in this case

1M 82 % 82 5 Y| = sup || My - 82 x 82— S|
n>1

Likewise U,,>1S5:° is dense in the space S* of all compact operators, for any k£ > 1 M (k)
is a linear Schur multiplier on S* if and only if sup,,» || M) (k) : S — 82°|| < oo, and

1M (k) : 8% = 8| = sup|[ My (F) : 537 = 87|

in this case.
Combining the above two approximation results with Theorem 3.4, we obtain the
result. O

Theorem 3.5 together with Theorem 2.1 yield the following result.

Corollary 3.6. A three-dimensional matrix M = {my;}x ;>1 is a bilinear Schur multiplier
into S if and only if there exist a Hilbert space E and two bounded families (1.); 1>1 and
(Njk)jk>1 in E such that

Mikj = (Cik> M) ik, j>1.

Moreover
M : 82 x 8= 8| = inf {sup [|& | sup [lmell}
1, s

where the infimum runs over all possible such factorizations.

3.3 Continuous bilinear Schur multipliers

In this section, we first define and give few properties of continuous bilinear Schur
multipliers. Those mappings are defined on a product of S?*(L?(§2))—spaces. When
() = N with the counting measure, the definition is nothing but the one given in Section
3.1. The main result is Theorem 3.8 which gives a necessary and sufficient condition for
a continuous bilinear Schur multiplier to be valued in S'. This result is the continuous
analogue of Theorem 3.5 and it will play an important role in Chapter 4.
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3.3.1 Definition

Let (4, t11), (2, p2) and (23, p13) be three o-finite measure spaces, and let ¢ € L>(€; x
Qs x Q3). Forany J € L?( x Qy) and K € L*(Qy x Q3), the function

AP)(J, K): (t1,t3) = P(t1,ta, t3)J (1, t2) K (ta, t3) dpa(ts)

is a well-defined element of L?(Q x23) with L?-norm less than ||¢|| o ||.||2|| K |- Indeed,
by the Cauchy-Schwarz inequality we have

| ( r¢<t1,tz,t3>J<t1,t2>K<t2,t3>rdu2<t2>) s (1) dpa(ts)
< ||<Z5||io/Q . ( ; |J(t1,t2)K(t2,t3)|d,u2(t2)) dper (t1)dps(ts)
<foliz [ ( [ \J(tl,w)\?dm)) ( [ 1K<t2,t3>\2du2<tz>) s (1) dpat2)
< ol ( / |J<t1,t2>|2dm<t1>du2<tz>) ( / |K<t2,t3>|2du2<t2>du3<t3>) .

Thus A(¢) is a bounded bilinear map from L?(£; x Q2) x L?*(Q2 X Q3) into L*($ x Q).
By the isometric identification between L?(2; x Q) and S?(L*(Q4), L*(€22)) given by
(1.16), and their analogues for (£2;, 23) and (€2, {23), we may consider that we actually
have a bounded bilinear map

A(¢): SH(L* (), L* (D)) x S*(L*(Q2), L*(Q3)) — S*(L* (), L*(Q)).
We call A(¢) a continuous bilinear Schur multiplier.

Let E(Q, Qa, Q) = S*(LA(), L*(Q)) ® S*(L2(), L3(Q)) & S(L2(2), L2 ().
By (1.1), (1.2) and (1.12), we have isometric identifications,

E(Qu, D2, Q)" = Ba(S*(L* (), L*(Q2)) x S*(L*(22), L*(Q)), S*(L* (), L*(2)))
for the duality pairing given by
(I'XeYeZ)=t(T(X,Y)Z)

for any bounded bilinear T': S*(L*(Qy), L*(2))xS*(L*(Q), L*(Q23)) — S*(L*(), L*(£23))
and forany X € S?(L*(Q4), L*(Q2)), Y € S*(L*(), L*(Q23)) and Z € S*(L*(Q3), L* ().

Proposition 3.7. The mapping
A LOO(Ql X QQ X Qg) — E(Ql,QQ,Qg)*

defined above is a w*-continuous isometry.
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Proof. Write E = E($y, Qs, Q3) for simplicity. Consider three functions J € L?*(Q; x (),
K € L*(Qy x Q3) and L € L?(Q3 x Q). It is easy to check that the function

@1 (t1,ta, t3) — J(t1,t2) K (t2,t3)L(ts, 1)

belongs to L'(Q; xQyx3). Furtherif X; € S*(L*(), L* (), Yie € S*(L* (), L*(23))
and Z; € S8*(L*(Q3), L*(Q1)) denote the Hilbert-Schmidt operators associated with J,
K and L, respectively, then it follows from above that

(M), Xy @Yk @ Z1)p. p = / oo = (B, ¢) L 11

Ql XQQ><Q3

for any ¢ € L>(£2; x Qy x Q3). This readily implies that A is w*-continuous.

We already showed that A is a contraction, let us now prove that it is an isometry.
Let ¢ € L>®( x Qy x Q3), with ||¢]|« > 1. We aim at showing that || A(¢)||g+ > 1. There
exist a function ¢ € L'(Q; x Q5 x Q3) such that |¢|; = 1 and (¢, ¢)r~ 1 > 1. By the
density of simple functions in L', we may assume that

Y= Z Mijk XFr © XF2 & XFs
ijik

where (F}'); (respectively (F7); and (F});) is a finite family of pairwise disjoint mea-
surable subsets of 2, (respectively of {2, and Q3) and m;;;, € C for any 7, j, k. Let ¢y € E
be defined by

b= Z;mijk(XFg ® XF}) ® (ij; ® Xp,g) ® (XFS ® xpil).
%0

For any i, j, k, we have
(A@), (xm2 ® xr2) @ (Xr2 @ Xp) ® (X2 ® XE2) ) e
= / O(t1, 2, t3) X pr (1) xp2 (b2) X Fp (3) Apaa (t1)d g (t2)d s (L) -
Q1 ><92><Q3
This implies that

<A(¢)71/’>E*,E = <¢7 90>L°©,L17

and hence that (A(¢),¢) g« g > 1. Now observe that by the definition of the projective
tensor product we have

[l < Zk [magellxmr © xrzll2llxre @ Xrpllallxes © Xzl
Z’J)

Moreover,

N

1
Ixrz @ xpzllz = lIxe l2llxeells = M (F)2 0 (F7)2.

Likewise, [ xrz @ xpplla = Ao(F})2A3(F)? and [[xpp @ xp2lla = As(FP)2 A (F))2. We
deduce that
1lle <) Imielh (F) A (F7)As(F).

/L"j’k
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The right-hand side of this inequality is nothing but the L!'-norm of . Thus we have
proved that ||¢| g < ||¢|l1 = 1. This implies that ||A(¢)||z- > 1 as expected. O

3.3.2 S'-boundedness

In this section, we will determine which functions ¢ € L>°(; x 3 x €23) are such that
A(qb) maps 82(L2<Ql), Lz(Qg)) X 82(L2<QQ), LQ(Qg)) into Sl(Lz(Ql>, LQ(Qg))

Theorem 3.8. Let (4, p11), (R, p2) and (3, ug) be measure spaces and let H; = L*(€);),1 =
1,2,3. Let ¢ € L>(8; x Qy x §3). The following are equivalent:
(l) A(¢) c 82(82(H1,H2) X 82<HQ, Hg),Sl(Hl,Hg)).
(ii) There exist a Hilbert space H and two functions
a€ LX(Q x Qo H) and be L™(Qy x Q3 H)
such that
P(tr, b2, t3) = (alti, ta), b(t2, t3))
fOT’ a.-e. (tl,tg,tg) S Ql X Qg X Qg.

In this case
[A()) : §* x 8% = S'|| = inf |alloo|b]| -

Proof. Proof of (i) = (ii)

Assume that A((b) S 82(82<Hl, HQ) X 82(H2, Hg), 81<H1, H3))

By the equalities S*(Hy, Hy) = S*(Hs, Hy) and S§*(H», H3) = S*(Hj, Hy) which are
consequences of (1.16), we may asssume that A(¢) is a bounded bilinear mapping from
82(H2, Hl) X SQ(Hg, HQ) into Sl(Hg, Hl)

According to the identification

By(S? x 8%,8%) = B(S? & 82, 8?)
provided by (1.1), we may regard A(¢) as a bounded linear operator

A(@): S*(Hy, Hy) & S?(Hs, Hy) —s S'(Hs, Hy).
Let N -
®: S?(Hy, H,) @ S*(Hs, Hy) — S'(Hy) ® S*(Hs, Hy)

be the isomorphism given by Lemma 1.14 (where we naturally identify H, with its
conjugate space H,). Let w = A(¢) o ®~! be the composition map. By the identifica-
tions (1.12) and (1.20) given by trace duality, its adjoint map w* from S'(Hj, H;)* into

(S'(Hs) @ S'(Hj, Hy))" can be regarded as a map
(O B(H1,H3) — B(HQ)@B(Hl,Hg)

We consider the inclusion
L>(pg) C B(Hy)
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obtained by identifying any element of L>°(u») with its associated multiplication oper-
ator L*(p2) — L?*(u2). We shall now analyse v to get to property (3.2) below.

Take any ¢,& € Hy, ¢/,d' € Hyand d,n € H3. Regard (d' ® ¢’) ® (d ® c) as an element
of Sl(HQ) X Sl(Hg, Hl) Then

P ((ded)®(d®c)) =(d®c)®(dod),

regarded as an element of S?(Hs, H,) ® S?*(Hj, Hy). Consider £ ® n as an element of
B(Hl, Hg) Then

(vE@n),[ded)e(dad)
=(¢enu(ded)edec))
=@ A9)((d®c)® (d®d/))>B(H1,H3)781(H37H1)

:/Q o D(t1, ta, t3)E(t1)n(t3)c (t2)d (t2)c(tr)d(ts) dpur (t1)dpa(t2)dpus(t3) -

For &, n, ¢, d as above, consider
S=(vE@n),ex (dxc)) € B(Ha).

Then the above calculation shows that S: L*(u2) — L*(p2) is the multiplication opera-
tor associated to the function

to — A (1, ta, t3)E(t1)n(ts)c(tr)d(ts) dp (t1)dps(ts) .

Thus S belongs to L (j2).
This implies that for any (¢, 7) € Hy x H3, v({®n) belongs to the space L™ (12)@B(Hy, H).
Since v is w*-continuous and H; ® Hj is w*-dense in B(H;, H3), this implies that

v(B(Hy, H3)) C L*™(po)®B(Hy, H). (3.2)

Consider now the restriction vy = v|x(m,,1,) of v to the subspace K(H;, Hs) of com-
pact operators from H; into Hs. By Lemma 1.19 and (3.2), we may write

Vo ]C(Hl, Hg) — Lg_o(,LLQ, B(Hl, Hg))
Corollary 1.17 provides an identification
B<}C(H17HB)aLgo(,LQ;B(Hl,HS))) = Lgo(,u%B(K(H17H3)78<H17H3)))-

Let ¢ € L (po; B(K(H,, Hs), B(H,, Hz))) be corresponding to v, in this identification.
Then by the preceding computation we have that for any ¢, { € Hy and d,n € Hs,

{[o(t)] (€@ n),d®c) = /Q . D(t1,ta, t3)E(t1)n(ts)e(tr)d(ts) dpn (t)dps(ts)

for a.e. ty in €)s.
Following Subsection 2.2, for any J € L*(Q; x Q3), we let X; € S*(Hy, H;) be
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the Hilbert-Schmidt operator with kernel J. Then the above formula shows that for
J =& ®n, wehave B

[¢<t2)] (XJ) = X¢(.7t27.)J for a.e. to. (33)
By density of H; ® Hs in L*(€; x Q3), we deduce that (3.3) holds true for any J €

L*(Q4 xQ3). This means that for a.e. ty, ¢(-, t2, - ), regarded as an element of L (0 x23),
is a continuous Schur multiplier, whose corresponding operator is

O(ta) = Ryt K(LA (), L*(Q3)) — B(L* (), L*(23)).

This shows two things. First, ¢ belongs to L (p2; Ta(L' (), L*(€23))) regarded as a
subspace of L (pu2; B(K(Hy, Hs), B(Hy, H3))) by (2.2). Second, the element of L>(Q; x
Qs x §3) corresponding to ¢ through the inclusion (1.46) is the function ¢ itself. Thus
we have proved that ¢ € L (p2; To(L* (), L>(Q3))). Hence, applying Theorem 1.25,
we obtain the factorization given in (i7). Moreover, by the same theorem

lloc.r, = nf [[afloo 1Dl

Hence, by the above reasoning, we obtain
inf [laflacblloc = @], < [|A(6): 8% x 87— 8.

Proof of (ii) = (i)

Assume that ¢ has the factorization given in (ii). Let J € S*(Hy, Hy) and K €
S?(H,, Hs3) identified with elements of L?(Q; x Q) and L?(2, x 3) (see (1.16)). We
have, for almost every (¢,%3) € Q; x 3,

Ao)(J, K)(tbt?,):/ (a(ti,ta2), b(ta, t3)) J(t1, t2) K (ta, t3)dpa(ts)

Qo

:/Q <j(t1,t2),f<(t2,t3)>duz<t2)

where j(tl,éz) = J(tl,tg)a(tl,tg) and f((tg,tg) = F(tz,tg)b(tg,tg). Then j € L2(Ql X
s, H) and K € L*(Q, x Q3, H) and we have the estimates

17112 < llallsoll 71l and [[K 2 < [[blloc|1 2.

LetT : L*(Q x Qo, H) x L*(Qa x Q3, H) — S*(H;, H3) be the bilinear map defined for
all F € L*( x Qp, H) and G € L*(Qy x Q3, H) and for almost every (¢, t3) by

TE N ) = [ (Flt1), Ol 1) sl
Qo
We will show that 7T is actually valued in S'(H;, H3) and that for all F' and G as above

we have
|T(F,G)|l1 < [|[F|l2]|Gl2-
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By density, it is enough to prove this inequality when F' and G have the form

F= ZhiXAixBi and G = ijXBjXC]‘
j=1

=1

where for all i, j, h;, k; € H and A, ..., A, (respectively By, ..., B, and C4,...,C,) are
pairwise disjoint measurable subsets of (), (respectively (2, and (23) with finite measure.
For such I and G we have

n 1/2 n 1/2
1F]]2 = (Z th‘H2M1(Ai)N2(Bi)> and|[|G||2 = (Z ijHQm(Bj)H:s(Cj)) -

j=1

We have, for almost every (t1,t3),

n

T(F,G)(tts) = 3 (b, ) /

: X4, (t1)xB; (t2) X, (t2) Xc; (t3)dpa(t2)

ij=1

= (D, ki) / Xa, (t)x s (t2) x5, (t2)xc, (t3)dpa(t2).
i=1 2
Therefore, for all h € L%(€),),

n

TGN =3 (hik) |

i=1 2

(/Q XA'L(tl)XBi(t2>h(t1)dul(tl>> X8, (t2)xc, (-)dua(ts)
= Z <hi7 kl) (XXAixBZ- © XXBZ-XC’Z-)<h)

where forall i, X, ., € S*(Hy, Hy)and X, . € S*(Hy, H3) are defined in (1.15).

Thus, by Cauchy-Schwarz inequality and the isometry (1.16),

IT(EG)h < D iy k) 11X,

2HXX 2

B;xC;
=1
<O HRallllE I xacsll2llx 5, 12
=1
N 2 o, 1/2
< (Z ||hi|!2M1(Ai)M2(Bi)> (Z ||k:jH2u2(Bj)u3(Cj)>
i1 =1
= [|[Fll2/|Gl|2-

We deduce that for all F' € L*(Q; x Qs, H) and G € L*(Qy x Q3, H),

IT(F, G)llx < [|1F[|2[IGll2-
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Finally, for all J € S§*(Hy, Hy) and K € 8*(H,, H3) we have

IA@) (1K)l = [|1F(J, K[
< (|12l K12
< [lallsol[blloo 11|21 K12

This proves (ii) = (i) with the estimate

IA(¢) : 8% x 8% = S| < [lallc/[blloo-

3.4 Perspectives

In Section 3.1, we defined bilinear Schur multipliers as mappings defined on S?xS?%. As
mentioned, we can also define bilinear Schur multiplier from S§” x S?into §”, whenever
1 < p,q,r < oo. In this setting, it would be interesting to find a formula for the norm
of a bilinear Schur multiplier from S? x §% into S", similar to the one given in Theorem

1 1 1
3.4. Note that it is possible to see that when — 4 — = —, a description of bilinear Schur
T

multipliers would imply a description of ligear Schur multipliers on §?. As said in
Chapter 2, the only cases for which we have such description are ¢ = 1,¢ = 2 and
q = oo. However, it is probably possible to find sufficient conditions for a bilinear
Schur multiplier defined on 8” x 87 to be valued in S', when p and ¢ are conjugate
exponents.

Of course, all the questions we can state concerning bilinear Schur multipliers can
be stated as well in the continuous setting. We saw in Section 3.3 that the passage
from the classical to the continuous case is not straightforward and required some ad-
ditional studies such as the measurable factorization in L°(€2; T'y(L*, L)) (see Section
1.4). However, one can try to prove that a result in the classical (or finite-dimensional)
case implies, by approximation, a similar result in the continuous case.
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Chapter 4

Multiple Operator Integrals

Let H be a separable Hilbert space and let A, B be two normal operators on #.
Any bounded Borel function ¢ on o(A) x o(B) gives rise to a double operator integral
mapping ['""5(¢): §?(H) — S*(H) formally defined as

DB ()(X) = / oy Y5 DABNE) XAB ), X € 8()

where E4 and E? denote the spectral measures of A and B, respectively. The theory of
double operator integrals was settled and developed in a series of papers of Birman-
Solomiak [BS66; BS67; BS73] and plays a major role in various aspects of operator
theory, especially in the perturbation theory. We refer the reader to the survey papers
[BSO3; Pell6] for a comprehensive presentation of this topic and its applications. See
also Chapter 5 for some results about perturbation theory for selfadjoint and unitary
operators.

In this chapter, we first define more generally multiple operator integrals as mul-
tilinear mappings defined on a product of copies of S*(H) and valued in S?(H). We
will see in Section 4.2 that in the finite dimensional case, double and triple operator
integrals behave like linear and bilinear Schur multipliers.

In [Pel85], V.V. Peller gave a characterization of double operator integral mappings
which restrict to a bounded operator on S'(H). He showed that 42 (¢) is a bounded
operator from S'(#) into itself if and only there exist a Hilbert space H and two func-
tions a € L>°(E4; H) and b € L>*(E®; H) such that

o(s,t) = (a(s),b(t)) a.e.-(s,t).

This property means that the operator L' (E4) — L>(E?) with kernel ¢ factors through
a Hilbert space. We refer to [Pel85] and [HKO3] for other equivalent formulations. In
Section 4.3, we study an analogue of Peller’s Theorem for triple operator integrals (see
Theorem 4.10). This result is an operator version of Theorem 3.8. We will actually ap-
ply this result to prove Theorem 4.10. In order to do this we will show in Subsection
4.1.3 a connection between continuous bilinear Schur multipliers and triple operator
integrals.
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Finally, in Section 4.4, we will prove a characterization, similar to the one in [K]T09],

h
concerning the complete boundedness of triple operator integrals from S*°(H)®S>(H )
into S*°(H). This section will use all the results that we recalled in Subsection 1.1.3 con-
cerning the Haagerup tensor product.

4.1 Definition

Multiple operator integrals appeared in many recent papers with various definitions,
see in particular [ANP15; ANP16; AP17; NAS09; Pel06; DPS13]. In this section we pro-
vide a definition of triple operator integrals associated to a triple (A, B, C') of normal
operators on H, based on the construction of a natural w*-continuous mapping from
L®(Aa X Ap X A¢) into By(S*(H) x S*(H),S?*(H)), see Theorem 4.3. This mapping is
actually an isometry. Further the construction extends to multiple operator integrals,
see Proposition 4.4. It turns out that this construction is equivalent to an old definition
of multiple operator integrals due to Pavlov [Pav69], this will be explained in Remark
4.5.

4.1.1 Normal operators and scalar-valued spectral measures

We assume that the reader is familiar with the general spectral theory of normal op-
erators on Hilbert space, for which we refer e.g. to [Rud73, Chapters 12 and 13] and
[Con00, Sections 14 and 15]. Let H be a separable Hilbert space and let A be a (possibly
unbounded) normal operator on H. We let 0(A) denote the spectrum of A and we let
E# denote the spectral measure of A, defined on the Borel subsets of o(A).

By definition a scalar-valued spectral measure for A is a positive finite measure A4
on the Borel subsets of o(A), such that A4 and E4 have the same sets of measure zero.
Such measures exist, thanks to the separability assumption on H. Indeed let

W*(A) © B(H)

be the von Neumann algebra generated by the range of E4, then W*(A) has a separat-

ing vector e and
A= [|EA(Dell” (4.1)

is a scalar-valued spectral measure for A. See [Con00, Sections 14 and 15] for details
; the argument there is given for a bounded A but readily extends to the unbounded
case.

The Borel functional calculus for A takes any bounded Borel function f: o(A) — C
to the bounded operator

fa)= [ g det).
a(A)
According to [Con00, Theorem 15.10], it induces a w*-continuous *-representation

a: L®(Aa) — B(H). 4.2)
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As a matter of fact, the space L>°() 4) does not depend on the choice of the scalar-valued
spectral measure \4.

4.1.2 Multiple operator integrals associated with operators

Let H be a separable Hilbert space and let A, B, C' be (possibly unbounded) normal
operators on H. Denote by E4, E® and E® their spectral measures and let A4, A\ and
Ac be scalar-valued spectral measures for A, B and C' (see Subsection 4.1.1).

Let & C L>®(A4), & C L>®(Ap) and & C L*(A¢) be the spaces of simple functions
on (c(A),\4), (¢(B),Ap) and (¢(C), A¢), respectively. We let

[: & ®E&E®E — By(S*H(H) x S*(H),S*(H))
be the unique linear map such that
P(fL© f2® f5)(X,Y) = fi(A)X fa(B)Y f3(C) (4.3)
forany f, € &, fo € & and f3 € &, and for any X, Y € S*(H).
Lemma 4.1. Forall p € £ @ & ® &, and for all XY € S*(H), we have
IT() (X, Y)l2 < [[@l[oo | X [[2]Y][2-

Proof. Let ¢ € & ® & ® &;. There exists a finite family (F}'); (respectively (F7); and
(F2)i) of pairwise disjoint measurable subsets of o(A) (respectively of o(B) and ¢(C))
of positive measures, as well as a family (m;;i); ;x of complex numbers such that

6= Mk Xr ® Xp2 @ Xrp- (4.4)
igk
Then we have
[¢lloc = Sulk) |7 (4.5)
27]7

Let X,Y € 8*(H). According to the definition of ', we have

D(O)(X.Y) =) my BN (F)XEP(F})Y EC(F}).

i7j7k

By the pairwise disjointnesses of (F}'); and (F})y, the elements

ik

(3 muan B (FDXE ()Y E°(F) )

are pairwise orthogonal in S*(#). Hence

2

2

[P Y3 = 3|30 muw BAED X B (DY E(F)
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Applying the Cauchy-Schwarz inequality and (4.5), we deduce that
@)X, V) < ol (S X XL B Y B )

< llsl Z(ZHEA FOXE®(F )(ZHEB Y EC(F)I)
< ll9lI%. (ZHEA F)XEP(F )(ZHEB )Y EC(F)3).

Since the elements E4(F}') X E?(F?) are pairwise orthogonal in S?(#) we have

2

Sl EAEDXER | = |3 BAED X B )

= |15 (UF) XE® (UF)

I

< IX15.
Similarly,
ZHEB FAYEC(F|L < Y3
This yields the result. O
We let

G = 81 & 52 & 53”“00 C Loo<)\A X Ap X >\C)

and we let 7: L' (A4 X A X A¢) — G* be the canonical map defined by
(o)) = | oA x As X de),  pELY BEG.
(A)xo(B)xo(C)

This is obviously a contraction.
We claim that 7 is actually an isometry. To check this fact, consider ¢ € & ® & ® &;,
that we write as a finite sum

p = Z Cijk XF! © XF2 @ XFp,
ijk

with ¢;j, € C* and (F}'); (respectively (F7); and (F}});) being pairwise disjoint measur-
able subsets of o(A) (respectively of o(B ) B) and O'(C )), with positive measures. Then

ol = Y leiul Aa(FDAB(ED)Ac(FR).

4,5,k

Let ¢ be defined by (4.4), with m;j. = |cijx|c;;- Then ||¢]. = 1 by (4.5) and

ijk*

)0y = Y migcipAa(FDAB(EDA(FY) = [l

0,4,k
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Hence we have || 7(¢)|| = ||¢||1 as expected. Since £,@E,®E3 is dense in L' (A4 xApXA¢),
this implies that 7 is an isometry. Thus we now consider L' (A4 x A\ x \¢) as a subspace
of G*.

Arguing as in Subsection 3.3.1, we have isometric identifications

Ba(S*(H) x S*(H). S(H)) = BS*(H) & S(H). 8*(H))
2 A A *
= (S*(H) ® S*(H) @ S*(H)) ",
and it is easy to check that the duality pairing providing this identification reads
(I'XeYeZ)=tu(T(X,Y)Z)

forany T € By(S*(H) x §*(H),S*(H)) and any XY, Z € S*(H).
We set
N A
E:=8*H)®S*(H)®@S*(H).

According to Lemma 4.1, I uniquely extends to a contraction
I': G — By(S*(H) x S*(H),S*(H)) = E*.

We can therefore consider S = fl*E . E — G*, the restriction of ['* to E C E**.

Lemma 4.2. The operator S takes its values in the subspace L' (A4 X Ap X A\¢) of G*.

Proof. Let P = H@H @ H ® H ® H @ H. Recall that we identify H ® H with the space
of finite rank operators on H. Then H @ H is a dense subspace of S?(#H). Consequently
P is a dense subspace of E. Since S is continuous, it therefore suffices to show that
S(P) C L'(AaxApxAc). Consider 1,1, 13, &1, 2, §3in H and w = & @m@ERm@E33n;3.
Such elements span P hence it suffices to check that S(w) belongs to L' (A4 X Ag x A¢).
Let f1 € &1, fo € & and f3 € . We have

(SW), 1i® 2@ f3) = (W, T(/i®f®f;))
~u([r f1@fz®f3><a®m,s_z®n2>]<a®ng>)
= tr(f1(A) (& @ m) f2(B) (&2 @ n2) f5(C)(& @ n3))
tr((
tr((

=tr((& ® fLi(A)m) (& ® fo(B )772)(5_3®f3(0)773))
= tr((& ® filA)m) (f3(C)ns, &) (f2(B)ma, &1))

= (fs(C)ns, &2) {f2(B)m2, &) (f1(A)m, &) -

The w*-continuity of the functional calculus *-representation m4: L>(\4) — B(H) to
which we refer in (4.2) tells us that

(f1(A)m, &) = /(A) JihidAy

for some h; € L'(\4) not depending on f;. A thorough look at the construction of 74
shows that /; is actually the Radon-Nikodym derivative of the measure dE;! . with
respect to A 4.
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Similarly, there exist hy € L'(Ag) and hs € L'(\¢) not depending on f, and f3 such
that (fo(B)n2, &) = [, fehedAp and (f3(C)ns, &) = [, ¢ fshs dAc . Consequently,

(S(w), 1@ fa® f3) = /(A) ) (C)(fl ®@ f2 @ f3)(h1 ® ha ® hg) d(Aa X Ag X Ac).

Since & ® & ® &3 is dense in G, this implies that

S(w) =hi®hy® hs € Ll()\A X Ap X >\C)

Theorem 4.3. There exists a unique w*-continuous isometry
TAPC L2 (A4 x Ap X Ac) — Ba(S*(H) x S*(H), S*(H)),
such that for any fy € &, f» € Eyand f3 € &, and for any X, Y € S*(H), we have
L2 (H® £ ® [)(XY) = AAXL(B)Y f5(C).

Proof. The uniqueness follows from the w*-density of £ ® & @ E3in L>®(Aa X Ap X A¢).
Lemma 4.2 yields S: E — L'(Aa X Ap X A¢). Then its adjoint §* is a w*-continuous
contraction from L>®(\4 X Ag X \¢) into E* = By (S?(H) x S2(H),S?(H)). We set

FA,B,C — 9*
By construction, I'*#:¢ is w*-continuous and extends the map I" defined by (4.3). The
fact that ['*#:¢ is an isometry will be proved later on in Corollary 4.8. O

Bilinear maps of the form I'%:¢(¢) will be called triple operator integral mappings in
this thesis. Operators of the form I'%:¢(¢)(X,Y): H — H are called triple operator
integrals.

By similar computations (left to the reader), the above construction can be extended
to (n — 1)-tuple operator integrals, for any n > 2. One obtains the following statement,
in which B,,_1(8*(H) x S*(H) x - -- x §*(H), S*(H)) denotes the space of (n — 1)-linear
bounded maps from the product of (n — 1) copies of S?(H) taking values in S*(H).

Proposition 4.4. Let n > 2 and let Ay, As, ..., A, be normal operators on H. For any i =
L,...,n, let X, be a scalar-valued spectral measure for A; and let & C L>(\4,) be the space
of simple functions on (o (A;), Aa,). There exists a unique w*-continuous linear isometry

[ALA2 A . oo (ﬁ )\Ai> — B 1 (S*(H) x S*(H) x --- x S} (H) — S*(H)),

such that for any f; € &; and for any Xy, ..., X,_1 € S*(H), we have

rAvAzAn(fr @@ f) (X, X)) =
J1(A) X1 fo(A2) -+ fam1(An1) X1 fa(An).
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Remark 4.5. As indicated in the introduction of this section, the above construction turns
out to be equivalent to Pavlov’s definition of multiple operator integrals given in [Pav69]. Let
us briefly review Pavlov’s construction from [Pav69], and explain this ‘equivalence’. In this
remark, we use terminology and references from [DU79, Chapter 1].

Let n > 2 and consider normal operators Ay, A, . .., A, asin Proposition 4.4. Fix Xy, ..., X,
in S*(H). Let Q := o(A) x 0(As) X --- x 0(A,) and consider the set F consisting of finite
unions of subsets of 2 of the form

A=F X Fyx - xF,,

where, for any 1 < i < n, F; is a Borel subset of o(A;).
There exists a (necessarily unique) finitely additive vector measure m: F — S*(H) such
that
m(A) = EY ()X, B4 (F) -+ B (Fylq) X EY(F) (4.6)

for any A as above.
Pavlov first shows that m is a measure of bounded semivariation and then proves that m
is actually countably additive (see [Pav69, Theorem 1]). Let T be the o-field generated by F.
Since §*(H) is reflexive, it follows from [DU79, Chapter 1, Section 5, Theorem 2] that m has a
(necessarily unique) countably additive extension m: T — S*(H). Moreover m is a measure
of bounded semivariation. Then using the fact that for all i, X, is a scalar-valued spectral
measure for A;, one can show that
ﬁ”b<<)\Al ><)\A2 X - X Ag

n

on F. This implies that L>(Aa, X Aa, X -+ X Aa,) C L>*(m) and hence, for any ¢ €
L>®(Aa, X Ay X -+ X Ag, ), one may define an integral

/qu(t)dﬁi(t) € S*(H).

See [DU79, Chapter 1, Section 1, Theorem 13] for details. This element is defined in [Pav69]
as the multiple operator integral associated to ¢ and (X1, ..., X,—1).
We claim that this construction is equivalent to the one given in the present thesis, namely

/gb tydm(t) = TAvAzAn(p) (X, .. X, ).

To check this identity, let wy,wq: L™ ()\A1 X Aay X -0+ X Aa,) — S?(H) be defined by wy(¢) =
Jo, o t) and wq(¢p) = TAvA2An($) (X, ... X, ). Forany Z € S*(H), the functional
of LOO()\A1 X Ay X -+ X Ag,) taking ¢ to <fQ o(t)dm(t), Z> induces a countably additive
measure on T, which is absolutely continuous with respect to Aa, X Aa, X -+ X Aya,. By the
Radon-Nikodym Theorem, this functional is therefore w*-continuous. This implies that w, is
w*-continuous. We know that w, is w*-continuous as well, by Proposition 4.4. Further it is

easy to derive from (4.6) that w, and w, coincide on & ® - - - ® &,. These properties imply the
equality wy = wy as claimed.

Remark 4.6. We keep the notations from Proposition 4.4 and explain the connection of this
result with Peller’s construction from [Pel06]. In the latter paper, the author defines multiple
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operator integrals associated to functions belonging to the so-called integral projective tensor
product of the spaces L™ () 4,). We will check that this definition is consistent with ours.

Let (3, du) be a o-finite measure space and, forany i = 1,...,n,let a;: ¥ x o(A;) — C be
a measurable function such that a;(t,-) € L>(\a,) for a.-e. t € ¥. Assume that

/EHal(t,~)HL°°<AA1>H<12(?5,~)HL<>°(AA2>"-Han(t,-)HLw(AAn)du(t) < oo (4.7)

Then one may define ¢ € L>®(Aa, X -+ X Ay, ) by setting

¢(t1a lo, ... 7tn) = /Eal(ta tl)a2(t7 t?) T an<t7 tn) dﬂ@) (48)

where a;(t, A;) € B(H) is obtained by applying the Borel functional calculus of A; to a;(t,-),
forany i = 1,...,n. The right-hand side of (4.9) is Peller’s definition of the multiple operator
integral associated with ¢ and (X,,...,X,_1). Hence the equality (4.9) shows that Peller’s
definition is a special case of Proposition 4.4. The reason why [Pel06] focuses on functions ¢ as
above is that the right-hand side of (4.9) converges in B(H) whenever Xy, ..., X,_1 € B(H).

under the assumptions (4.7) and (4.8).
To prove (4.9), we introduce a;: X — L>(\4,) by writing a;(t) = ai(t,-), for any i =
1,...,n. Then the function ¢: ¥ — L®(Aa, X - -+ X Ay, ) defined by

o) =@ @t ©- - a(), tel.

is w*-measurable and the associated norm function || (- )|\« is integrable, by the assumption

(4.7). We can therefore consider its integral [, ¢(t) du(t) as an element of L>°(Aa, X -+ X Aa,,),
defined in the w*-sense. Using Fubini’s Theorem, one obtains that

¢=A&mwm

on elementary tensor products.
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4.1.3 Passing from operators to functions

Let H be a separable Hilbert space and let A, B and C' be normal operators on H. We
keep the notations from Subsection 4.1.2. We associate the three measure spaces

(anul) = (0(0)7)‘0)7 (Q%MQ) = (U(B)v)‘B) and (Q37M3) = (O-(A)a/\A>
and consider the mapping A defined in Subsection 3.3.1 for these three measure spaces.
It maps L®(Aa X ApxA\¢) into By (S?(L* (M), L*(Ag))XS*(L*(Ag), L*(Aa)), S*(L*(Ac), L*(A4)))-

The main purpose of this subsection is to establish a precise connection between this
mapping A and the triple operator integral mapping I'*"%:¢ from Theorem 4.3.

We may suppose that
M) =B Qel®, Ap() = IE°(Jeol® and  Ac() = [ E(Jes|)”

for some vectors e, e9, €3 € ‘H (see Subsection 4.1.1).
There exists a (necessarily unique) linear map p4: & — H satisfying

palxr) = EY(F)e

for any Borel set /' C o(A). For any finite family (F;); of pairwise disjoint measurable
subsets of 0(A) and for any family («;); of complex numbers, we have

HPA(Z: XF) ‘2 = Hzl: aiEA(Fi)ﬁHQ
= 3l IBA e
- Z il *Aa(F)
[,

Hence p4 extends to an isometry (still denoted by)

pa: L*(Aa) — H.

Denote by H 4 the range of p4. We obtain

PA

L*(\4) = Ha.
Similarly, we define pg, pc and Hp, He C ‘H such that
L) ZHe and L2(\o) = He.
We may regard S?(Hp, Ha), S*(Hco, Hp) and S*(Hce, Ha) as subspaces of S*(H) in
a natural way, see (1.17). The next statement means that for any ¢ € L>(A4 X Ag X A¢),

[48:C(¢) maps S?*(Hp, Ha) x S*(Hc, Hp) into S*(He, H ) and that under the previous
identifications, this restriction ‘coincides” with A(¢).
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Proposition 4.7. Let X € S*(L*(\g), L*(\a)) and Y € S*(L*(\¢), L*(\B)), and set
X=pasoXops €S8*Hp,MHa) and Y =pgoYopiteS (He, Hp).
Forany ¢ € L®(As x Ag X Ac), PABC(¢)(X,Y) belongs to S2(He, H ) and
A(@)(Y, X) = p3' o THPC()(X,Y) 0 pe. (4.10)

Proof. We first consider the special case when ¢ = xr, ® X, ® X, for some measurable
subsets F} C 0(A), 5, C o(B) and F;3 C o(C).
LetU C 0(A),V,V' C o(B)and W C ¢(C) and consider the elementary tensors

X =xv®xv € S*(L*(\p), L*(M\4)) and Y = xw @ xv» € S*(L*(\¢), L*(AB)).

We associate X and Y as in the statement. Since pp: L*(A\p) — Hp is unitary, we have

p5' = pi hence

X = pp(xv) © palxv) = E?(V)es @ E4(U)ey

Likewise,

Y = ES(W)es ® EB(V')es.
We have

O ta, )X (t2, )Y (., t2) dAp(ts)

(B)

XE (t2)xv (E2)xve (t2) XmXxw @ Xm Xu dAs(ts)
(B)

(/ dAg( tQ)) XEsnw & XFnU
Fnvnv?

=Xs(FnNV V) xmaw @ Xmno-

Il
q\q\

Further using the above expressions of X and Y, we have

I45C(¢)(X,Y) = EA(F) X EP(F)Y EC(F;)
= (EP(V)es @ EY(FiNU)er) (EY(FsNW)ez ® EP(F, NV )es)
= (EP(F, NV )es, EP(V)es) EC(FsNW)es ® EA(Fy N U ey
= (EP(FanV'NV)es, e2) EC(FsNW)es ® EA(Fy N U)ey
= Ag(FaNV N V) EC(FsnW)es ® EA(F N U)ey.

This shows that T42:C(¢)(X,Y) belongs to S?(Hc, H.4) and that (4.10) holds true.

By linearity and continuity, this result holds as well for all X € S?(L*(\g), L*(\4))
and all Y € S*(L*(\¢), L2(\B)).

Finally since A and I'*5¢ are w*-continuous, we deduce from the above special
case that the result actually holds true for all ¢ € L (A4 x Ap X A¢). O

Corollary 4.8. The mapping T45C from Theorem 4.3 is an isometry.
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Proof. Consider ¢ € L®(A4 X Ap X A¢). For any X in §?(L?(\g), L*(\4)) and any Y in
S%(L*(\¢), L*(AB)), we have

MY, X) 2 = o' 0 TP (9)(X,Y) 0 pells
< [TEC)(X, V)]s
< P2 [ I1X N2 X1

by Proposition 4.7. Since | X2 = || X ||z and ||Y]]s = ||Y||, this implies that

[A()|| < TP (9)|. (4.11)

By Proposition 3.7, the left-hand side of this inequality is equal to ||¢||. Further I45:¢
is a contraction. Hence we obtain that |45 (¢)]| = |9 co- O

4.2 Finite dimensional case

In the previous section, we defined multiple operator integrals and we saw that we
have a simple expression in the case when ¢ is in the tensor product of L>-spaces. Ex-
cept for this case, we cannot give such a simple formula for any element of L>°(]"_, \4,)-
However, when the Hilbert space # is finite dimensional, it is possible to give a sat-
isfying expression of multiple operator integrals : this is due to the fact that in this
situation, we have a formula for functional calulus for selfadjoint operators, involving
the eigenvalues and projections onto the eigenspaces. As a consequence, we will see
that double and triple operator integrals behave like linear and bilinear Schur multi-
pliers. It is straightforward to extend the formula we obtain here for multiple operator
integrals. We use the results of this section in Chapter 5 to obtain norm estimates for
multiple operator integrals in the finite dimensional case.

Throughout this section we work with finite-dimensional operators. We fix an in-
teger n > 1 and regard C" as equipped with its standard Hermitian structure.

Consider two orthonormal bases ¢ = {¢;}}_, and ¢’ = {ej};.; in C". Then every
linear operator A € B(C") is associated with a matrix A = {a;;}};,_;, where a;; =
(A(ej), €}). Sometimes we use the notation afj/»’e instead of a;; to emphasize correspond-
ing bases.

For any unit vector x € C" we let P, denote the projection on the linear span of z,
thatis, P,(y) = (y,x)z for any y € C".

4.2.1 Double operator integrals

Let A, B € B(C") be normal operators. Let £ = {ffl)}?zl and & = {§f2)}?:1 be or-
thonormal bases of eigenvectors for A and B respectively, and let {)\Z(J ) .7 =12be
the associated n-tuples of eigenvalues, that is, A(fi(l)) = /\51)51.(1) and B(fi(g)) = AEQ)SZ.(Q).

nj

Without loss of generality, we assume that {Agj )}i:17 Jj = 1,2, are the sets of pairwise
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distinct eigenvalues of A and B, where n; € N, n; < n. Denote

E{ = Z o 1<i<m, (412)

A<1> < )

that is, Ei(l) is a spectral projection of the operator A associated with the eigenvalue

(2)

)\gl). Similary, we denote by E;”’ a spectral projection of the operator B associated with

the eigenvalue )\2(2).
With those notations, we have

ni n2
A=>"AYEY and B=Y N'EP. (4.13)
=1 =

Let ¢ : C2 — C be a function. Then, the double operator integral 42 (¢) : B(C") —
B(C™) associated with ¢, A and B defined in Proposition 4.4 is given by

[T4%(9) Z d(AY, k 5(1)XP;(€2)’ X € B(C"). (4.14)

i,k=1

Alternatively, and it is sometimes more convenient, we can use the representation
of [I5(¢)] (X) in the form

niy n2

(145 () DI EVXE® X e B(C). (4.15)

=1 k=1

Let us prove Formula (4.15). Note that according to Proposition 4.4, we only need
to know ¢ on o(A) x o(B). Let F' = ¢j5(a)xo(p)- Then

ny  na
F=>"Y"o(\" >\;(<;2)>X{A§1>} DXL
i=1 j=1

According to (4.13) we have, for 1 <i <mny,

X{)‘z('l)} ZX{)\(U} )\ () E(l) Ez( ).

Similarly, for any 1 < k < n,,

X{Agp}(B

Thus, for any X € B(C"),

[T45(9)] (X) = Z > oA A [FA’B (X{W} ® X{A,@})} (X)
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- Z Z ¢()\z(1)7 AI(CQ))X{)\EU} (A)XX{)\f)}(B

=3 > NN ENXE?

i=1 j=1

It is not difficult to see that if we identify B(C") with M,, by associating X with the
matrix {z%} 52}1 ,—1, then the operator I'*5(¢) acts as a linear Schur multiplier associ-

ated with {¢(A il), M)} Indeed,
(2)

Wy — bl — —
) , ) (X (&), &y =asve2, if s=k,r=1,
<<P€§ )XP( E.& )= { 0 otherwise.

Therefore,

(L2 (0)] (X)), &) = o N ™,
which implies that I'*?(¢) ~ {gb()\l(l), )\,(f))}?k:l: M,, — M,,. Since these identifications
are isometric ones, we deduce that

[P42(0): 877 = 8| = [{oOY W) 82 = ST (4.16)

4.2.2 Triple operator integrals

We now give the formula for triple operator integrals in the finite dimensional case.

Let A, B,C € B(C") be normal operators. We keep the same notations for the
spectral decompositions of A and B introduced in the previous subsection. Let {5 =

{§Z-(3)}?:1 be an orthornomal basis of eigenvectors of C' and let {/\53) ? , be the corre-
sponding n-tuple of eigenvalues.

Let ¢ : C? — C be a function. Then, the triple operator integral I'*:5:C(¢)) : B(C") x
B(C") — B(C") associated with ¢/, A, B and C' defined in Theorem 4.3 is given by

[P4BC ()] (X,Y) = zk: PO N A P X P, @Y P (4.17)
i,j, k=1
forany X, Y € B(C").
Assume that {)\53)}?:31 is the set of pairwise distinct eigenvalues of the operator C.
Then alternatively, using the spectral projections (4.12), we can write

niy m2 n3
A5 =33 A AP A BN X EP Y B (4.18)

i=1 k=1 j=1

for any X,Y € B(C"). The proof of this formula is similar to the one of Formula (4.15).

Let us consider two different identifications of B(C") with M,,. On one hand, we
identify X with the matrix {25 ix=1, Where 258 = (X (¢ ,(f)), §§1)>. On the other hand
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we identify Y with {ykj Layn =1, where y52 &=y (5(3)) ?)). Under these identifica-
tions, the operator 4B () acts as a blhnear Schur multlpher associated with the
matrix M = {¢p(A\M, AP )\(3))}?j .- Indeed,

>

<(P5§1>XP51(€2>YP£(3) 3) 5(1 > _ <Y §k2)>< ’€£1)> _ yii £ 7{252
ifS:j”r‘:Z',and
(P X P Y P )(€5), 687) = 0
i k J

otherwise.
Therefore,

([P2E@)] (Y )ED, D) = D w0 N A Bl
k=1
which implies

[FA,B,C(w)} (X,Y) = Z W( )\(1) >‘k 7)\53)) €1, EngjyisEiE];,ﬁko,‘

ivjvkzl
Since these identifications are isometric ones with respect to all Schatten norms, we
deduce the formula

4P Cw): 82 x 87 = )| = [T AN A s ST x 82— S| 419)

J

4.3 Characterization of S? x S? — S! boundedness

Let H be a separable Hilbert space and let A, B and C be normal operators on H. Let
Aa, Ap and ¢ be scalar-valued spectral measures associated with A, B and C. Recall
the definition of the triple operator mapping I'*#:¢ from Theorem 4.3. The purpose of
this section is to characterize the functions ¢ € L®(A4 X Ap x A¢) such that T45:¢(¢)
maps S*(H) x S*(H) into S'(H).

We shall start with a factorization formula of independent interest. Let and
'€ be the double operator integral mappings associated respectively with (A, B)
and with (B, C), see Proposition 4.4. It is important to note that I'*% and T'?¢ are
x-representations. Recall that they are w*-continuous.

FA’B

Lemma 4.9. Let u € L®(\a x Ag) and v € L>®°(Ap X A\¢). Then, forall X|Y € S*(H), we
have
DA u0) (X, Y) = TAF (u) ()T (0)(Y).

Proof. Fix X, Y € 8*(H). Let uy € L®(\a),uz,v; € L(\g) and vy € L®()\¢). Consider
u=u Q@uy € L®(Ay) ® L®(Ap) and v = v; ® v3 € L¥(A\g) ® L*(\¢). Then we have
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uv = U @ Uy ® vy € L®(Ag) @ L®(Apg) @ L>®(\¢). Therefore

TABC () (X,Y) = u (A) X (ugvy) (B)Y vy(C)
= uy (A) Xug(B)v1(B)Yve(C)
= PAB () (X)TBC(0)(Y).

Now, take u € L®(A4 x Ag) and v € L>®(Ap X A¢). Let (w;); and (v;); be two nets
in L>®(A\4) ® L®(Ag) and L®(Ag) ® L*(\¢) respectively, converging to v and v in the
w*-topology. By linearity, the previous calculation implies that for all 7, j,

PP (ui0;) (X, Y) = TP () (XOTHC () (V).
Take Z € 8*(H) and fix j. Since ['Z:C(v;)(Y)Z belongs to S*(H) we have
lim tr (D (u;) (X)T 7 (0)(Y) Z) = tr(T4F (u) (X)) (0) (V) Z)
= (TP () (V) 2145 (1) (X))

by the w*-continuity of I'**Z. Similarly, since ZI'*"(u)(X) € S?(H), the w*-continuity
of I'?¢ implies that
lim tr(D%C (0;) (V) 204 (w) (X)) = te(DC (0) (V) 204 (w) (X))
J

— tr(TP () (X) TP (0) (V) 2).

On the other hand, (u;v;); w*-converges to uv; for any fixed j and (uv;); w*-converges
to uv in L®(A4 X Ap X A¢). Hence the w*-continuity of I'*%¢ implies that

lim lim tr(T4A2C (u0;) (X, Y)Z) = lim tr(DA2C (u;) (X, Y) Z)
= tr(T48C (w) (X, Y) 2).
Thus, for all Z € S*(H),
tr(D4F (u) ()T (0)(Y) Z) = e (PP (w) (X, Y) Z),
which implies that I'M2C (uv) = T4B (u)(X)TBC (v)(Y). O

Our main result is the following theorem. In this statement, as in Subsection 4.1.3,
we consider the continuous bilinear Schur multipliers A(¢) in the case when (€, 1) =
(0(C), Ac), (2, 12) = (0(B), Ap) and (Qs, u3) = (0(A), Aa). Note that these measurable
spaces are separable.

Theorem 4.10. Let H be a separable Hilbert space, let A, B and C be normal operators on H
and let ¢ € L (A4 x Ap X A¢). The following are equivalent :

(i) TABC(¢) € By(S2(H) x SE(H), S (H)).

(i) M¢) € Bo(S*(L*(Ac), L*(Ap)) x S*(L*(Ap), L*(Aa)), ' (L (Ac), L*(Aa))).
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(iii) There exist a Hilbert space H and two functions
a€ L>®(Aa x Ap; H) and be L*¥(A\g X Ac: H)
such that ||al|oo[|b]|c < |[0loc,r, and
o(t1,ta,t3) = (alt1,ta2), b(t2, t3))
fora.-e. (ti,ta,t3) € 0(A) x 0(B) x a(C).
In this case,

[T4PC(0): 8% x 8 = S| = ||A(9): S? x 8% = S'|| = inf [|al|co|b]|c- (4.20)

Proof. The equivalence (ii) < (iii) follows from Theorem 3.8.
Proof of (iii) = (i)
Assume (iii) and let (¢x)ren be a Hilbertian basis of H. For any k € N, define

ap = <a, €k> € LOO()\A X )\B) and b, = <b, €k> € LOO()\B X )\0)
We set

o = (X lal)

n

this function belongs to L>* (A4 x Ap) and we have ||a||o = |||a|||co-
Let X € S?(H). Since I'*'? is a w*-continuous *-representation, we have

Z P45 () (X3 = Z(FA’B K)(X), T4 (ay) (X))
_Z<FAB FAB (X),X>

= <FAB (laf)(X), X)
< lallcl X115 = Nlall2 1 X3

We prove similarly that if Y € S?(H), then

Z T2 @) (VI < B 13-
Consequently, for all X,Y € §?(H), we have the inequalities

ST ) COPPC 0 < S IT ) GO Gl
< (Z P2 (@) 3) (S Irream))
k k

< [lallsol1bllo I X [l2[Y -

Therefore, we can define a bounded bilinear map

0: S*(H) x S2(H) — S'(H)
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by

O(X,Y) =Y I*Pa)X)rPM)(Y), XY eS(H),

k=1

and we have
1O < [|aloc1b]]oo- (4.21)

We claim that
45 (g) = o.

To check this, consider

@L:Zak@)ek and I;:L:Zbk@)ek
k=0 k=0

for any n € N. Then we set

n

On(t1,ta, t3) = (@n(ts, t2), bu(ta, t3)) = ar(ti, t2)b(t2, ts).
k=0

Fix X,Y € S§?(H). We have I45C(¢,) = Y7 T45C (a,b;) hence by Lemma 4.9,

P2 0,)(X,Y) = D T () (XD (i) (Y).

k=0

Consequently,
5% )(X,Y) — O(X,Y) in S'(H).

n—-+o0o

Moreover ¢,, — ¢ a.-e. and (¢,,), is bounded in L>® (A4 X Ap X A¢). Indeed,

n

ol torta)] < (D lants,t2)?) " (D lbulta. )?) < llalllbloc

Hence by Lebesgue’s dominated convergence Theorem, w*- lir}rl ¢n = ¢. The w*-
n—-+0o0

FA,B,C’

continuity of implies that

r42C(0,)(X,Y) — TABC($)(X,Y) weakly in S*(H).

n——+o0o

We conclude that T45¢(¢)(X,Y) = O(X,Y).
This shows (i). Furthermore (4.21) yields

[TA5C(9): 82 x 8% = 8| < llallso bl (4.22)

Proof of (i) = (ii)

Assume (i) and apply Proposition 4.7, which connects I'*#¢(¢) to A(¢). Let X €
S?(L*(\g), L*(M\a)) and Y € S?(L*(\¢), L*(Ap)). By (4.10), we have

IA)(Y. X) 1 = llp3" o TP (@)(X,Y) 0 pell
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< [PAPCG)(X, V)L
< [[TAPC(9): 82 % 8% = S XIY ]2,

since || X ||z = || X ||z and ||Y |2 = ||Y||2. This shows (ii), with
[A(g): 8? x 8 = S| < TP (¢): S* x S* = S (4.23)

]

Remark 4.11. With the terminology adopted here, Peller’s Theorem from [Pel85] states as
follows.

Let A, B be normal operators on a separable Hilbert space H and let \4 and \p be scalar-
valued spectral measures for A and B. Let 1 € L>®(Ag x A\g) and let uy,: L*(\4) — L®(Ap)
be the bounded map associated to 1 (see (1.5)). The following are equivalent.

(i) The double operator integral mapping TP (1)) extends to a bounded map from S*(H)
into itself.

(ii) There exist a Hilbert space H and two functions a € L®(Aa; H) and b € L>(\g; H)
such that

o(s,t) = {(a(s),b(t)) a.e.-(s,t). (4.24)

In this case,
[T45(0): 8'(3) — SF)|| = inf{llalloc D]}

where the infimum runs over all pairs (a, b) of functions such that (4.24) holds true.

Let us show that this result directly follows from Theorem 4.10. Consider A, B as above and
take an auxiliary normal operator C on ‘H (this may be the identity map), with a scalar-valued
spectral measure \c.. For any ¢ € L>(Ag X Ap), set

b=1v®1€L®Ms x \g) ®L®(Ac) C L4 X Ao X Ap).
We claim that for any X,Y € S*(H),
TACB)(X, V) = TP () (XY). (4.25)
Indeed for any f, € L>®(\4) and fo € L=®(\p), and for any X, Y € S*(H), we have
PAEE(fLe1® f)(X,Y) = fi(A)XY f2(B).

Hence by linearity, (4.25) holds true for any 1 € L>®(Aa) ® L*°(Ag). By the w*-continuity of
468 and of TAB, this identity holds as well for any ¢ € L>(Aa X \p).

We have | XY |1 < || X||2||Y ||z for any X, Y € S*(H) and conversely, for any Z € S*(H),
there exist X,Y in S*(H) such that XY = Z and || X||2||Y]l2 = || Z]|1. Thus given any
¥ € L®(Aa X Ap), it follows from (4.25) that TAC-B () maps S2(H) x S2(H) into S*(H) if
and only if 148 (1) maps S*(H) into S*(H) and moreover,

[TACE () : SH(H) x S (H) — SHH)|| = TP () : SHH) — S'(H)|.

The result therefore follows from Theorem 4.10 and the equality (4.20).



4.4. Complete boundedness of triple operator integrals 87

4.4 Complete boundedness of triple operator integrals

Let A, B, C be normal operators on a separable Hilbert space H. Let A4, Ap and A\¢
be scalar-valued spectral measures associated with A, B and C. The purpose of this
section is to characterize the functions ¢ € L>®(\4x Ap x A¢) such that ['*5:¢(¢) extends

to a completely bounded map from S*(H) (% S>®(H) into S>®(H).
We will also consider the continuous bilinear Schur multipliers A(¢). Note that by
the obvious equalities

S*(L*(Ag), L*(Ac)) = S*(L*(Ac), L*(Ap))
and
S*(L*(Aa), L*(Ag)) = S*(L*(Ag), L*(Aa)),

we can see A(¢) as a mapping
A(¢) : SH(L*(Ap), L*(Ac)) x S*(L*(Aa), L*(A)) — S*(L*(Aa), L*(Ac))-

In [K]JTO09], the authors studied and characterized the boundedness of continuous bi-
linear Schur multipliers

S(L2(Ap). L*(Ae)) © 8™ (LA(Aa), L*(Ap) = S*(L*(Aa). L (Ac)).

They proved that we have such extension if and only if ¢ has a certain factorization that
will be given in the theorem of this section. They also proved that the boundedness for
the Haagerup norm in this setting implies the complete boundedness.

The proof of Theorem 4.12 below includes another proof of [K]T09, Theorem 3.4]
and we show that the same characterization holds for triple operator integrals. Note
that the result presented here can be easily extended to the case of multilinear operator
integrals.

Theorem 4.12. Let ‘H be a separable Hilbert space, A, B, C be normal operators on ‘H and let
¢ € L>®(Aa X Ag X A¢). The following are equivalent:

(i) TABC(¢) extends to a completely bounded mapping
PABC(g) : S%(H) & S®(H) — S*(H).
(ii) A(¢) extends to a completely bounded mapping
A() : S¥(LA (), 12(00) & S¥(LA(), L(Ag)) = S¥(L2(\a), L2 (\c).

(iii) There exist a separable Hilbert space H, a € L>(Aa; H),b € L(Ag; B(H)) and ¢ €
L>(A¢; H) such that
Ot 12, 13) = ([b(t2)](a(t1)), c(ts))
fora.-e. (ti,ta,t3) € 0(A) x 0(B) x a(C).

In this case,
[T4PC ()] = [IA()]| = inf [|allo]b]lo Il - (4.26)
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Proof. In this proof we will identify, for ) € L>®(A4 X A X A\¢), the element AP () €
By (S*(H) x S*(H),S*(H)) with the element still denoted by

PABC () S2HH) & S2(H) — SE(H).
(See the isometry given by (1.1).)

Proof of (i) = (ii)

We use the same notations as in Subsection 4.1.3 where we introduced the sub-
spaces Ha, Hp and He of H. S®(Hp, He) and S*(Ha, Hp) are closed subspaces of
S*(H) and by injectivity of the Haagerup tensor product (see Proposition 1.4), we
have a closed subspace

h h
S*(Hp, He) @ S®(Ha, Hp) C S¥(H) @ ST(H).

h
By Proposition 4.7, the restriction of T2 (¢) to S®(Hp, He) ® S®(Ha, Hp) is valued
in S*(Ha,Hc). Moreover, this restriction is completely bounded and by the same
proposition, we obtain the inequality

[A(D) |l < HFAB’C(@”@»'

Proof of (ii) = (iii)

If (2, ) is a measure space, the mapping
(f.9) € L*(Q)* = fg € L'(Q)

induces a quotient map

f®ge LXQ)& LX) — fg € LN(Q),
We can identify L?(Q) with its conjugate space so that by (1.12) we get a quotient map
q:SYL*(Q)) — L'(Q)

which turns out to be a complete metric surjection (here, the L'-spaces are equipped
with their Max structure).

Let ¢; : SY(L*(Q)) — LY(),i = 1,2, 3 be defined as above. For convenience, write
H; = L*(;). Using Proposition 1.4 together with the associativity of the Haagerup
tensor product, we get a complete metric surjection

h h h h
Q=3p0¢eq: S (H;) @S (Hy) ®S"(Hi) — L'(Q3) @ L'(Qs) @ L' ().

Let N = ker@ and let, for ¢ = 1,2, 3, N; = ker ¢;. Using Corollary 1.5 twice, we obtain
that

N = N3 ® S'(Hy) @ SY(Hy) + SY(H3) ® Ny ® SY(Hy) + S (Hs) @ SY(Hy) ® Ny.
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Assume that A(¢) extends to a completely bounded mapping
() : S (Ha, Hy) & S*(Hy, Hy) — S®(H,, Hy) C B(H,, Hy).
Let £ = §™(H,, H3) é S*(H,, Hy). By Proposition 1.6, we have a complete isometry
CB(B,Bth, 1)) = ((Ha) &5 (Ha).)

By (1.14) we have
h h h
E = (Hs)e @ ((Ha)e)" @ (Ha)e @ (H1)e)"-
Thus, using (1.13) and the associativity of the Haagerup tensor product, we get that

CB(E, B(Hy, Hy)) — <51(H3) & S\ (H,) & Sl(Hl)) N

Letu : SI<H3)(%SI(H2)(§81(H1> — Cinduced by A(¢). Forany z € S'(H,),y € S*(H,)
and z € S'(Hj3), we have

u(z @y @) = / o(t1, t2, t3)[q1 ()] (t1)[q2(y)] (t2)[g3(2)] (t3) dpa (t1)dpa(ta)dps(ts).

Ql XQQXQg

To see this, it is enough to check it when z,y and z are rank one operators and in
that case, one can use the identifications above. In particular, the latter implies that u
vanishes on NV = ker (). Since () is a complete metric surjection, we get a mapping

. 1 h 1 h 1

such that u = v o ). An application of Theorem 1.1 with suitable restrictions using the
separability of the spaces L'(;) gives the existence of a separable Hilbert space H and
completely bounded maps

a: LYQ) — H., B: L' () — B(H) and 7 : L'(Q3) — H,
such that for any f € L'(Q4),g € LY (Q2),h € L'(Q3),

v(h®g® f)=(B(g)(alf)),v(h)).

Since L'(€) is equipped with the Max operator space structure, we have
CB(L'(2), B(H)) = B(L' (), B(H)).
Moreover, by (1.4) and (1.16), we have

B(L' (), B(H)) = L7 (Q; B(H)).
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Thus, we associate to § an element b € L°(€2y; B(H)). Similarly, we associate to o an
element a € L>°(Qy; H) and to -y an element ¢ € L>({23; H). We obtain that

o(t1, b2, t3) = ([b(t2)](a(t1)), c(ts))

for a.-e. (t1,t2,t3) € 0(A) x 0(B) x o(C), and one can choose a,b and ¢ such that we
have the equality

[A@)] = llallso 1bllol€lloc-
Proof of (iii) = (i)

Assume that there exist a separable Hilbert space H,a € L>®(Aa; H),b € L (A\p; B(H))
and ¢ € L>®(\¢; H) such that

Ot 12, 13) = ([b(t2)](a(t1)), c(ts))

for a.-e. (t1,ta,t3) € 0(A) x 0(B) x o(C). Let (¢,),>1 be a Hilbertian basis of H. Define,
fori,j > 1,

a; = <CL, 6i> ’bij = <b€j, €i> and C; = <€j,C> .

Then a € L>*(),c € L>(€3) and b € L>(£2,). To see this last point, simply note that

bij = tr(b(.) o (& ® ¢;5)).
For N > 1, let Py be the orthogonal projection onto Span(ey, . .., ey). Then, define

On(t1sta, t3) = ([b(t2)](Pn(a(t1))), Pr(c(ts))) -

It is clear that (¢n)n>1 is bounded in L®(A\; x Ap X A¢) and that ¢ — ¢ pointwise
when N — oo. Therefore, by Dominated convergence theorem, we have that o — ¢
for the w*—topology. This implies, by w*— continuity of I'**#:C, that for any X and Y
in S*(H),

[TAEC0om] (X @Y) = [THPC(9)] (X ®Y)
weakly in S*(H).

Assume that (I'%C(¢y))y is uniformly bounded in CB(S>(H) é S>®(H),8®(H)).
Then, the above approximation property together with the density of §? into S im-
ply that 45 (¢) is completely bounded as well.

We will show now that for any N > 1, T45%(¢y) € CB(S®(H) % S*®(H),S8>*(H))
with a cb-norm less than ||a||o ||6]| o ¢||o-
Forany N > 1 and a.-e. (t1,%2,t3) € 0(A) x 0(B) x o(C), we have

On(tista,ts) = ) ( > am(tl)bnm(tz)) Cn(ls),

1<n<N \1<m<N

so that for any X,Y € S*(H),

[TAEC0M] (X @Y)= > ( > am(A)anm(B)> Yo (C).

1<n<N
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Note that the latter can be written as

[T (on)] (X ®Y) = An(X ® Iy) By (Y ® In)Ch,

where
Ax = (a1(A) az(A) .. .an(A)) : LY (H) — H,
By = (bj‘(B))Ezé% Uy (M) = 05 (H)
and o

Cy = (c1(0) co(C) . ..en(C)) - H — €5 (H).

The notation X ® Iy stands for the element of B(¢Y (#)) whose matrix is the N x N
diagonal matrix diag(X, ..., X). Similarly for Y ® Iy.
Define, for N > 1,
an: B(H) — BY(H)).
X — X®Iy
Then 7y is a x—representation.
Let
B : LOO()\B) — B(%)
[ — f(B)
be the x-representation introduced in Subsection 4.1.1. By [Pis03, Proposition 1.5], 75
is completely bounded and ||7z||s» < 1. Note that the element

(bji)i<i<n € My(L™(Ap))

1<j<N

has a norm less than ||b||o.. Thus, the latter implies that

By = (mp(bji) )1<i<n
1<j<N

has an operator norm less than ||b||«. Similarly (using column and row matrices), we
show that Ay and Cy have a norm less than ||a||« and ||c||«, respectively. Finally, write

[TAPC(0N0] (X ®@Y) = o} (X)oy (V)

where 0]/ (X) = Ayw(X)By and 02 (V) = 7(Y)Cy. By the easy part of Wittstock theo-
rem (see e.g. [Pis03, Theorem 1.6]), of and o2 are completely bounded with cb-norm
less than ||a/|.||b]|« and ||¢||«, respectively. By Theorem 1.1, we obtain that I'*Z:C (¢y)

belongs to C'B(S>™(H) (% S®(H),8>(H)) with cb-norm less than inf ||a]o||b]] oo ||¢]]co-
This completes the proof of the theorem.
O

Remark 4.13. In the theorem above, note that the implication (i) = (ii) holds true when
we replace 'complete boundedness’ by "boundedness’. In [K]T09], it is proved that when A(¢)
extends to a bounded mapping

A(6) - S®(L2(Ap), L2(Ae)) & S®(L*(Aa), L2(Ag)) — S®(L2(Aa), L2(Ac)),
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then the factorization in (iii) holds true. As we saw, this factorization implies the complete

boundedness of I'4B:C. Hence, the boundedness of triple operator integrals on S™(H) (§>S *(H)
implies its complete boundedness.

4.5 Perspectives

Similarly to Section 3.4, one can state several questions concerning multiple operator
integrals by changing the spaces S? or S by other Schatten classes. First, it would be
interesting to have a general definition of multiple operator integrals from S”* x ... x

SPrinto 8" where — + ...+ — = 1 — —. Peller gave such definition when the element
r

¢ € L*> belongs tglthe integprgl projective tensor product of L>—spaces (see [Pel06]
or [Pel16]). Then, one can try to obtain necessary or sufficient conditions on ¢ for an
element ['2¢(¢) to map for instance SP x 87 into S' (where p and ¢ are conjugate
exponents), or for an element ['A1:42:4n(¢) to map §? x ... x §% into S'.
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Chapter 5

Resolution of Peller’s problems

5.1 Statement of the problems

Let H be a separable complex Hilbert space. In 1953, M. G. Krein [Kre53b] showed
that for a self-adjoint (not necessarily bounded) operator A and a self-adjoint operator
K € 8'(H) there exists a unique function £ € L*(R) such that

Te(f(A+ K) — f(A)) = / PO, (5.1)

whenever f is from the Wiener class W, that is f is a function on R with Fourier
transform of f’in L'(R).

The function £ above is called Lifshits-Krein spectral shift function and was firstly
introduced in a special case by I. M. Lifshits [Lif52]. It plays an important role in
Mathematical Physics and in Scattering Theory, where it appears in the formula of
the determinant of a scattering matrix (for detailed discussion we refer to [BY92] and
references therein).

Observe that the right-hand side of (5.1) makes sense for every Lipschitz function
f. In 1964, M. G. Krein conjectured that the left-hand side of (5.1) also makes sense for
every Lipschitz function f. More precisely, Krein’s conjecture was the following.

Krein’s Conjecture. For any self-adjoint (not necessarily bounded) operator A, for any self-
adjoint operator K € S*(H) and for any Lipschitz function f,

f(A+K) - f(A) e S". (5.2)

The best result concerning the description of the class of functions for which (5.2)
holds is due to V. Peller in [Pel85], who established that (5.2) holds for f belonging to
the Besov class B!, (for a definition of this class, see [Pel85] and references therein).
However (5.2) does not hold even for the absolute value function, which is obviously
the simplest example of a Lipschitz function (see e.g. [Dav88], [DDPS97]). Moreover,
there is an example of a continuously differentiable Lipschitz function f and (bounded)
self-adjoint operators A, K with K € S* such that (5.2) does not hold. The first such
example is due to Yu. B. Farforovskaya [Far72].
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Assume now that K is a self-adjoint operator from the Hilbert-Schmidt class S?. In
1984, L. S. Koplienko, [Kop84], considered the operator

JA+E) - f(A) - %(f(A +tK))| (53)

t=0

where by 4 <f(A + tK)) ‘ we denote the derivative of the map ¢ — f(A+tK)— f(A)

in the Hilbert-Schmidt norm. He proved that for every fixed self-adjoint operator A
there exists a unique function n € L'(R) such that

d

Tr(f(A+ K) = f(4) =

(f(A + tK))

I RACUCI—

if f is an arbitrary rational function, with poles off R and fjr bounded.

The function 7 is called Koplienko’s spectral shift function (for more information
about Koplienko’s spectral shift function we refer to [GPS08] and references therein).

It is clear that the right-hand side of (5.4) makes sense when f is a twice differ-
entiable function with a bounded second derivative. The natural question is then to
describe the class of all these functions f such that the left-hand side of (5.4) is well-
defined. Namely, for which function f does the operator (5.3) belong to S'? The best
result to date is again due to V. Peller [Pel05], who established an affirmative answer
under the assumption that f belongs to the Besov class B2 ;. In the same paper [Pel05],
V. Peller stated the following problem.

Peller’s problem. [Pel05, Problem 2] Suppose that f is a twice continuously differentiable
function with a bounded second derivative. Let A be a self-adjoint (possibly unbounded) oper-
ator and let K be a self-adjoint operator from S*. Is it true that

FA+K) — f(A) - %(f(A + tK))‘ esn (5.5)

oo

Now let f be a function on T, admitting a decomposition f(z) = > >~ ¢,2",2€ T
with 3 |ne,| < oo. Let U € B(H) be a unitary operator and let Z € S'(H) be
a self-adjoint operator. Like in the selfadjoint case, M. G. Krein proved a result (see
[Kre53a, Theorem 2]) implying that there exists a Lifshits-Krein spectral shift function

n € LY(T) (not depending on f) such that

Te(f(2U) — F(U)) = / F(2)n(z)d=. (5.6)

Observe that the right-hand side of (5.6) makes sense for every Lipschitz function
f. Like in the selfadjoint case, the left-hand side do not always make sense (see [Pel85]
or [Far72]), but it does when f € Bl | (see [Pel85]).

Let f € C*(T), let U € B(H) be a unitary operator and let Z € S?(H) be a self-
adjoint operator. Then the difference operator f(¢!?U) — f(U) belongs to S?(H) and
the function ¢ — f(e"?U) — f(U) from R into S*(H) is differentiable, see e.g. [Pel05,
(2.7)]. Let 4(f(e"?U ))| ,_, denote its derivative at ¢ = 0. In [Pel05, Problem 1], in

connection with the validity of the so-called Koplienko-Neidhardt trace formula, V. V.
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Peller asked whether the operator

Fe#0) - 1) - S (1 2u)), 57)

dt
necessarily belongs to S'(#) under these assumptions. He proved that this holds true
whenever f belongs to the Besov class B%, and derived a Koplienko-Neidhardt trace
formula in this case.

The aim of this chapter is to give a counterexample for both questions (5.5) and
(5.7).

Note thatin (5.7), the preceding discussion implies that f(e’?U)— f(U)— 4 (f(e"4U)) =0
is a well-defined element of §?(H). In [Pel05, Theorem 4.6], the author defined the op-
erator in (5.3) for all f € B2, via an approximation process. The precise meaning of
(5.3) in the case of an arbitrary self-adjoint operator A and an arbitrary twice contin-
uously differentiable function f is not clear. To give a precise statement to Peller’s
problem in that case, we first need to study the differentiability of mappings of the
form

p:teRw— f(A+tK) — f(A) € S*(H)

where A and K are selfadjoint, K € S*(H) and f is a n-times differentiable function on
R. We will see in Theorem 5.1 that under suitable assumptions on A or f, the map ¢ will
be differentiable and the operator (5.3) will appear as a Taylor formula of second order
for ¢ using triple operator integrals. In this case, the operator will be a well-defined
element of S*(H). In our construction of a counterexample for Peller’s problem in the
selfadjoint case, the operator A that we obtained is not bounded and the function f
does not have a bounded derivative, so that we cannot apply directly Theorem 5.1.
However, we will construct A as a direct sum of bounded operators and in that case,
the meaning of (5.3) will be unambiguous. We explain this fact in Subsection 5.2.3.

Section 5.2 is dedicated to the connection between perturbation theory for selfad-
joint operators and multiple operator integrals and Sections 5.3 and 5.4 concern the
construction of counterexamples for Peller’s problems in the selfadjoint and the uni-
tary case, respectively.

5.2 Perturbation theory for selfadjoint operators

We recall the definitions of divided differences. For any integer m > 1, we let C(R™)
be the vector space of all continuous functions from R™ into C, we let C,(R™) be the
subspace of all bounded continuous functions, and we let C(R™) be the subspace of all
continuous functions vanishing at infinity. Further for any integer p > 1 we let C?(R™)
be the space of all p-times differentiable functions from R™ into C. Let f € C'(R). The
divided difference of the first order fI!l: R? — C is defined by

f(zo)—f(x1) .
f[l](l'o,xl) = {#a lf Zo 7é X1

, o, r1 € R.
f'(xo) if g = 24 021
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The function £ belongs to C(R?) and if f’ is bounded, then fIl! € C,(R?).
Letn > 2and f € C"(R). The divided difference of n-th order fI": R**! — C is
defined recursively by

f[n](l'o,xl,...7l'n) = To—T1 3

I

[n—1] _ fln-1] .
{f (ro,x2,..;xn)—f (z1,22...,2n) if 0 #xl

81f[n71}(l'1, T, ... ,l’n) if Tog = I

for all zg,...,z, € R.
Here 0 stands for the partial derivation with respect to the first variable. It is well-

known that fI" is symmetric. Therefore, forall 1 <i <nand for all zy,...,z, € R,
] B F N (@0, @i 1, i 10 wr;):f[_"m_'l](960,~~~,93¢72,€B¢,£Ei+1 ----- In)7 if Tiq # 7

f (.CEo,ZL‘l,...,.CEn)— 1 -1 . ,
Oifr=U(xy,. .., x,) ifr, 1 = x;

where 0; stands for the partial derivation with respect to the i-th variable.
Note for further use that for all 1 <14 < n and for all (zy,...,z,) € R""},

1
f["}(:co, ey Tp) = / 3z‘f[n71] (Zoy -+ s Tig, iy + (1= )24, iy, ) dE (5.8)
0

The function ™ belongs to C'(R"*') and if ™ is bounded, then fI"} € C,(R"*1).
8

Let A, K be selfadjoint operators on a separable Hilbert space H, and assume that
K € §?(H). Let f € C'(R). If either f” is bounded or A is bounded, then the restriction
of fl to o(A + K) x o(A) is bounded, and hence it makes sense to define the double
operator integral mapping ['4+54(fl): S2(H) — S*(H). One of the early results from
double operator integrals theory is that in this case,

f(A+ K) = f(A) = [DEAI](K). (5.9)

See e.g. [PSW02, Theorem 7.4] for a proof of this result. Moreover ¢ ( f(A+tK)— f(A))
admits a limit in S?(#) when ¢ — 0 and denoting this limit by < f(A+ tK);.—o, we have

d
(A + )= = [P (K). (5.10)
A proof of that result will be given in Theorem 5.1.

The main result of this section is the existence of higher order derivatives in the
S?-norm and an analog of (5.9) for the higher order perturbation operator

n—1

d*
f(A+K) - o (A K)o,

;r|H

k=1

For any integer p > 1, we denote by D?(RR) the space of p-times differentiable functions

¢: R — S*(H)
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and we denote by ¢?) : R — S?(H) the p—th derivative of ¢.

We have the following result:

Theorem 5.1. Let A and K be selfadjoint operators on a separable Hilbert space H with K €
S?*(H). Letn > 1and f € C™(R). Assume either that A is bounded or that for all 1 < i < n,
f@ is bounded. Then, one may define

p:tER f(A+tK) — f(A) € S*(H).
(¢) The function o belongs to D™(R) and for any integer 1 < k < nandanyt € R,

1

H(p(k) (t) [FA—HK ALK, A+tK(f[k]>} (K, o ,K) (511)

(1) We have

e®)(0) = [PAHAAFN] (K, K). (5.12)

MH

FA+E) = () -3 -
k=1

This theorem will be proved in Subsection 5.2.2.

5.2.1 Approximation in multiple operator integrals

In this section, we will extend to the setting of multiple operator integrals a result of
[PS04] concerning an approximation property for double operator integrals. Following
the latter reference we will use resolvent strong convergence. Let A be a selfadjoint op-
erator on H. We say that a sequence (A4;);, of selfadjoint operators is resolvent strongly
convergent to A if forany z € C\ R, (2 — 4;)™' — (2 — A)~! in the strong operator
topology (SOT). According to [RS80, Theorem 8.20], this is equivalent to

VieGR),  f(4;) 3 f(4)  whenj — oo. (5.13)

The following lemma states that any selfadjoint operator is the limit (in the above
sense) of bounded selfadjoint operators.

Lemma 5.2. Let A be a self-adjoint operator in a separable Hilbert space H. Let E be the
spectral measure of A and define A,, := E((—n,n))A for every n € N. Then, the sequence of
bounded self-adjoint operators { A, }>° | converges to A in the strong resolvent sense.

Proof. Since E((—n,n)) converges to I in the strong operator topology,

lim A,g = Ag (5.14)
n—oo

for every g € D, where D is the domain of A. Let z € C\ Rand f € . The mapping
A—z: D — His a bijection so that (A — 2)"'f € D. By standard properties of the
resolvent,

(Ag =2 f = (A= 2)7'f = (A= 2) (A= A)(A—2)7'S. (5.15)
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The result follows from combining (5.14) and (5.15) and applying uniform bounded-
ness of (A, —z)7% O

If A; = Aand B; — B resolvent strongly, then [PS04, Prop. 3.2] shows that for any
Y e Cy(R?),
4583 (1)) SOt FA’B(w) when j — oco.

The following is a multiple operator integral version of this result.

Proposition 5.3. Let Ay, ..., A, be selfadjoint operators on a separable Hilbert space H and
let, for all 1 < i < n,(A]);en be a sequence of selfadjoint operators on H resolvent strongly
convergent to A;. Then for any ¢ € Co(R") and for any Ky, ..., K, € S*(H),

lim ([T () (K K) = TR (6) (Ko K| =00 (5.16)

j—+oo

H ® H is dense in S?(H) and ||T;|| = 1 for any j > 1, it suffices to prove (5.16) in the
case when K, ..., K,_; are elementary tensors. Thus from now on we assume that for
alll1 <i<n-—-1,
Ki=h® h;
with h;, b € H.
Assume first that ¢ = u; ® - - - ® u,, with u; € Cy(R) for all i. In this case,

Ti(8) (K1, ..., K1) = ui(AD) (g @ B) .. (Bpy @ B Y (A7)

_ (H (i (A}, hk_1>) T AR) (hnt) ® u (A]) (b)),

By the assumption and (5.13), this converges to

(1:[ (ur (Ag) hk1>> U (An) (hi—1) ® ur (Ar)(h)),

k=2

which in turn is equal to I'(¢) (K7, . . ., K,,—1). This shows (5.16) in this special case. By
linearity and standard approximation, this implies that (5.16) holds true whenever ¢
belongs to the uniform closure of C,(R) ® - -- ® Cy(R). In particular, (5.16) holds true
when ¢ € Cy(R").

The rest of the proof consists in reducing to this case by a more subtle (i.e. non uni-
form) approximation process. Let (g;)r>1 be a sequence of functions in Cy(R) satisfying
the following two properties:

k—o0

VE>1, 0<gp <1, and VreR, gp(r) — L

These properties imply that for all 1 < i < n, g;(A;) — I strongly. Indeed let h € H,
then by the Spectral theorem,

lox(Adh =7 = [ (1= ) as o).
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Then by Lebesgue’s dominated convergence theorem, ||gx(A;)h—h||> — 0 when k& — oo.
We consider an arbitrary ¢ € C,(R") and set

o=@ REDq)G, k>

Clearly each ¢, belongs to Cy(R"), hence satisfies (5.16). A crucial observation is that
forall j, k> 1,

Fj<¢k)(Kla oK) = Fj(ﬁb) (Qk(A{)Klgk(A§)7 cee 7gk(A%fl)Kn—lgk(A¥L>) . (5.17)

The argument for this identity is essentially the same as the one for the proof of 4.9.
One first checks the validity of (5.17) in the case when ¢ belongs to C,(R) ® - - - ® Cy(R),
then one uses the w*-continuity of I'; to obtain the general case. Details are left to the
reader. Likewise we have, forall k > 1,

D(dr) (K1, ..o K1) = T(0) (gr (A1) Kige(A2), - - ge(An—1) Kncagn(An)) . (5.18)

Forany k> 1landanyl <i<n-—1,

9 (A) Kigr(Aiv1) = gr(A:) (hi @ 1) ge(Aiir) = gr(Ais1) (hi) © gr(Ad)(hy),

hence g;.(A;) Kigr(Aiy1) — K; in S2(H) when k — oo.
Let ¢ > 0. According to the above observation, we fix k&, > 1 such that for any
1< <n—1,
[19ko (Ai) Kign, (Air) — Killa < e

Hence, there exists a constant a > 0 such that
1T (ko) (K1, s Knon) = T(@) (K, - Ka) |, < e

Now, using that for any 1 < i < n — 1, gy (A Kige, (A1) = gro (AL ) (h) ®
ko (AD) (1) and the fact that gy, (A7) — g, (A;) and gx, (AL, ) — g, (Aiy1) strongly when
j — 0o, we see that g, (A7) Kigr, (AL1) — gro(Ai) Kigr,(Aip1) in S2(H) when j — oc.
Hence, for a large enough j, > 1, we have, forany 1 <i <n —1,

gk (A Kigro (ALy) — Kill2 < 2¢
for any j > jo. We deduce that there exists a constant 5 > 0 such that

\V/j 2 jOa ||Fj(¢k:0)(K1, . -aKn—l) - Fj(¢)(K17 .- "Kn—l)HQ S 65'

Now recall that ¢, satisfies (5.16). Hence changing j, into a bigger integer if necessary
we also have

v] 2 jO? HFj(¢ko)(Kla cee aanl) - F(¢ko)(Kl> ey anl)”Q S €.
We deduce from the above three estimates that
Vi > Jos 1T (@) (K, .o Knq) = T() (K, ..o, Koy < (o + B+ 1)e.

This shows that ¢ satisfies (5.16).
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]

We finish this section with a lemma that will be used in Section 5.2.2.

Lemma 5.4. Let {A,}7°, be a sequence of self-adjoint operators converging to a self-adjoint
operator A in the strong resolvent sense. Let K be a bounded self-adjoint operator. Then,
{A, + K}5°, converges in the strong resolvent sense to A + K.

Proof. Let z € C be such that Im (2) # 0. Note that
(A-2)A+K—-2)"'"=1-KA+K-2)"" (5.19)
and, on the domain of A,,
(A, +K—2) (A, —2)=1—- (A, + K —2)'K. (5.20)

These operators are bounded in the operator norm by 1 + ||K||/|Im (z)|. By simple
algebraic manipulations,

(A +K—2)'"—(A+ K —2)!
— U+ K =) "I - KA+ K —2)") = (I = (Ay+ K — 2) 'K)(A+ K — 2)7".

Combining the latter with (5.19) and (5.20) gives

(A +K—2)'—(A+K—2)! (5.21)
(A + K -2 A= 2)A+K—2)"' — (A, + K —2) YA, —2)(A+ K —2)7!
=4+ K—2)"" A —2) (A —2) ' —(A—2) )(A-2)(A+ K —2)"".

Let f € H. It follows from (5.21) that

(A + K —2)' = (A+ K —2)7 ") f|
< (T+[IK[/Im (2)]) || ((An = 2) ' = (A=2) ) (A= 2)(A+ K -2)""f)|,

completing the proof of the lemma. O

5.2.2 Proof of the main result

In this section, we will prove Theorem 5.1. First, we will need the following lemmas
and corollary.

Lemma5.5. Letn > 3and 1 <k <n — 2. Let u € Cy(R*) and v € C,(R™*). We set, for
any (t1,...,t,) € R,

(UU)(tl, ce ,tn) = U(tl, ce ,tk+1>?)(tk+17 PN ,tn)

Then, uv € Cp(R™).
Let Ay, ..., A, be selfadjoint operators on a separable Hilbert space H. Then, for any K, ..., K, €
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S*(H),

:FAl ..... Ak+1(U)(K1,...,Kk)FAk+1 ..... An(v)(KkJrl,,,.,Kn,l)-

Proof. We first prove the formula when u and v are elementary tensors of elements of
Cy(R). Then, one uses the w*-continuity of multiple operator integrals like in Lemma
4.9 to obtain the general case. L

Lemma 5.6. Let n > 2 be an integer. Let Ay, ..., A,_1, A, B be bounded selfadjoint operators
on a separable Hilbert space H and assume that B — A € S*(H). Let f € C™(R). Then, for all
Ki,...,K, 1 € 8*(H) and for any 1 < i < n we have

I:FAl)'“Ai—l)B)Ai ..... An_1 (f[n—l})} (K17 o 7Kn—1>
[Pt e ()] (LK)

Proof. 1t will be convenient to extend the definition of the divided difference as follows.
Letm € N*and 1 < i < m. For any ¢ € C*(R™), we define a function ¢, : R™! — C
by

1
gbzm(l’o, e ,.Tm) = / ékgb(xo, R i, tl’i_l + (]. — t)ZL’i7.Z‘i+1, Ce ,ZL‘m) d_t
0

for all (xo,...,r,) € R™"!. The index i in the notation ng” refers to the i-th variable
derivation 0;. It follows from (5.8) that for any f € C"(R),

(i = g (5.22)

For ¢ € C'(R"), write

and

FB,A(,l?b) = [FAL“WAZ‘?MB’A’AZ‘ ..... An_l(¢)] (Kla s 7Ki—la B - Aa Ki7 s 7Kn—1)'

We will show that for any ¢ € C*(R"),
Ip(¢) —Ta(¢) =T'pa (qu”) . (5.23)

Then the result follows by applying this formula to ¢ = "1, together with (5.22).
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Assume first that ¢ = u; ® -+ ® u,, for functions u; € C'(R), i.e ¢(t1,...,t,) =
uy(t1) ... un(t,) for any (ti,...,t,) € R". Then

Dip=u1 @+ @ U—1 QU QU1 ® & Uy,
Hence,
¢£1]:U1®“-®Uz’—1®u£1]®Uz‘+1®"~®un.

By Lemma 5.5 we have

Tp.a(o)")
= [PAr A By @ @uy ©1)] (K, Kisy) [FB»AvAz‘ (! @ 1)] (B — A, K;)
[FAi """ At (g @ ® un)] (Kigt, o Knoa).

We have, by (5.9),

024l 1) (B~ 4, K = 124l (B - A)K,
= (ui(B) — ui(A)) K.

Hence,

Fpa(4)
=u(A)Ky w1 (A1) Ko (wi(B) — ui(A)) K (A) Kigq - o un(Anq)
=uy (A1) Ky w1 (A1) Kioquwi (B) K (Ad) Ky -t (An—q)

—up (A Ky owi1 (A ) K (A) Ko (A) Kigy - u (Apq)
=T'5(¢) —Ta(9).

This shows (5.23) in the case when ¢ = u; ® -+ ® u,. By linearity this immediately
implies that (5.23) holds true whenever ¢ € C'(R) @ - -- ® C'(R). Note that this space
contains the n—variable polynomial functions.

Now consider an arbitrary ¢ € C*(R™). Let M > 0 be a constant such that the
spectra of A;,...,A,_1,A and B are included in [-M, M]. By continuity of 0;¢ there
exists a sequence (Q),,)m>1 of n—variable polynomial functions such that Q,, — 0;¢
uniformly on [—M, M|". For any m > 1, we set

t;
Pm(tl,...,tn):/ Oty tis Outisr, ) dO
0

for all (¢1,...,t,) € R™ This is also an n-variable polynomial function. Next we in-
troduce w(ty, ..., ti—1,tis1, .- tn) = @(t1, ..., ti-1,0,ti41,...,t,). wbelongs to C*(R" 1)
and for any real numbers ¢4, . ..,t,, we have

t;
¢(t17--~;tn):w(t1;---ati17ti+1>--->tn)+/ Qd(tr, . s ti, 0, tiva, .. t,) do.
0
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Hence,
’¢(t1, . ,tn) — w(tl, . ,tifl,thrl, e ,tn) — Pn(tla . ,tn)’

t;
S / |8Z¢(t1, . ati—lagati—&-l, . ,tn) — Qm(tla . ,ti_l,e,ti+1, . ,tn)| dg
0

Consequently, P,, + w — ¢ uniformly on [-M, M]". Let (w,,)men be a sequence of
(n — 1)—variable polynomial functions converging uniformly to w on [—M, M]|"~*. The
latter implies that P,, + w,, — ¢ uniformly on [/, M]". By construction, 0;P,, = @y,
and d;w,, = 0 hence we also obtain that (P, + w,,)I'! — ¢! uniformly on [—M, M|" 1.
Since P, +w,, belongs to C*(R) @ - - - ® C*(R), it satisfies (5.23). The above approxima-
tion property implies that ¢ satisfies (5.23) as well. O

Corollary 5.7. Let n > 2 be an integer. Let Ay, ..., A,_1, A, K be selfadjoint operators on a
separable Hilbert space H and assume that K € S*(H). Let f € C™(R) be such that f™=Y
and f™ are bounded. Then, forall K, ..., K, 1 € S*(H) and for any 1 < i < n we have

|:FA1,..‘A¢_1,A+K,AZ- ..... An_q (f[n—l})] (Kh e Kn—l)
[T A e ()] (LK)

Proof. Forall1 < k <n—1,let (A});en be a sequence of bounded selfadjoint operators
on H converging resolvent strongly to A;. Such sequence exists by Lemma 5.2. Simi-
larly, let (A7);en be a sequence of bounded selfadjoint operators converging resolvent
strongly to A. According to Lemma 5.6, we have, for all j,

[FA{,...ALI,AJ+K,A{,...,A171(f[nfl]ﬂ (K1, ... K1)

. [FA{7“'AZ—1’AJ.’A{’“'7AZL*1(f[n_l])i| (Kb el Kn—l)

By Lemma 5.4, A7 + K — A + K resolvent strongly when j — oco. Moreover, the
boundedness of "~V and f™ imply that of f"" and fI". Hence, we obtain the
desired equality by passing to the limit in the above equality thanks to Proposition
9.3. O]

Proof of Theorem 5.1. 1. Assume first that A is bounded.
(i) We prove the first point by inductionon k, 1 < k <n. Letk = 1and ¢t € R. We want
to show that the limit

Ll s) = olt)

s—0 S

exists in S?(H) and is equal to [[AHFATE(fIU] (),
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By (5.9) we have

et+s)—et) f(A+({t+9)K)— f(A+tK)

S S
— [I—\A—l-(t—i-s)K,A—l-tK(f[l])} (K)

By Lemma 5.4, we get that A + (t + s)K — A + tK resolvent strongly as s — 0. By
assumption A and K are bounded so there exists a bounded interval I C R such that
for s small enough, o(A + (t + s)K) C I. Since f € C'(R), flUl is continuous hence
bounded on I x I. Let F € Cy(R?) be such that Fi;; = f1. By Proposition 5.3 applied
to I’ we get

lim [FA+(t+s)K,A+tK(f[1})} (K) — [FA+tK,A+tK(f[1})} (K) in 82 (H),

s—0

which concludes the proof when k£ = 1.

Now let 1 < k < n — 1 and assume that ¢ € D*(R) and forall 1 < j < kand t € R,
pU(t) = jl [DAFHFATE AR (PO (K K. (5.24)

We want to prove that p € D¥"!(R) with a derivative of (k+ 1)-th order given by (5.11).
Let s,z € R. We have

PP (t+5) — (1)

S
_ k_' [FA+(t+s)K ..... A+(t+s)K(f[k]) . FA-i—tK ..... A-i-tK(f[k])] (K, o K)
S
o R ‘ v ‘ .
_ N [F(AﬂfK)“l,(A+(t+s)K)’“*l+2(f[lc]) _ F(A+tK)’,(A+(t+s)K)k*”1(f[k]):| (K,...,K)
S
=1

where for instance (A + tK)' = A+ tK,..., A+ tK (i terms). By Lemma 5.6, we have
foralll <:<k+1,

1 [F(AHK)H,(A+(t+s)K)’“*”2(f[k]) _ F(A+tK)i7(A+(t+s)K)’“*i“(f[k‘})] (K,...,K)

S

= 1 |:F(A+tK)i_17A+(t+S)K7A+tK’(A+(t+S)K)k_i+1 (f[k+1])] (K7 ey K) SK7 K7 ey K)
s
_ [F(A—i-tK)i_l,A+(t+s)K,A+tK,(A+(t+s)K)’“_"‘*‘1(f[k—i—l])} (K,...,K).

Moreover, using resolvent convergence like in the first part of the proof, we can see
that this term converges in S?(#), as s goes to 0, to

[FA+tK ..... A+tK(f[k+1])} (K, o ,K).

Hence,

(k) (4 _ ot ktl
lim ¥ ( + S) ' ( ) — Kkl Z [FA+tK ..... A+tK(f[k+1]):| (K, o ,K)

s—0 S -
=1
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_ (k + 1)| [FA+tK ..... A+tK(f[k+1})} (K, o ,K)
which concludes the proof of (7).

(¢7). We will prove the second point by induction on n. The case n = 1 follows from
(5.9). Now letn € Nand f € C""'(R). Assume that we have

—

3

JUA+ ) = f(A) = Y 2B (0) = [PHHa(fI] (K, LK),
We have
FA+K) ~ f(4) - e®(0) = f(A+K) — f(4) - Se®(0) — o (0)
_ — [DAHKAA( fln] (K,_.. LK) - % ™) (0).

By the first point of the theorem, we have

%wﬂ (0) = [PAA-A(F0N] (K, . K.

Using Lemma 5.6, we obtain

3

A+ K) = f(A) -

k=1

gD(k)(O) _ [FA+K,A ..... A(f[n+1])] (K, s K)

=| =

which is the desired equality.

2. Assume now that A is unbounded and that for all 1 < i < n, f® is bounded.
Then, for all 1 < i < n, fll is bounded. Hence, applying Corollary 5.7 instead of
Lemma 5.6 and following the same lines as in the proof of the bounded case, we obtain
the unbounded case. O

Theorem 5.1, Proposition 5.3 and Lemma 5.4 have the following consequence.

Corollary 5.8. Let A be a selfadjoint operator on a separable Hilbert space H and let (A;);en
be a sequence of bounded selfadjoint operators on H converging resolvent strongly to A. Let
n > 1 be an integer and let f € C™(R) be such that ™ is bounded. Let K = K* € S?(H)

and define, for any j > 1,
;i tER— f(A; +tK) — f(A)) € S*(H).

Then, for any t € R,

(n)
St
i \2 (1)

j—oo  nl

— [FAthK ..... A+tK(f[n]>} (K, o ,K)
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and
i (f(Aj+K)—f(Aj)— y 1so<’“><0>) = [PAHKA-AFI] (K, ... K),

j—o0 k!
k=1

where the limits are in S?(H).

5.2.3 Connection with Peller’s problem

The results obtained in this section will allow us to give a meaning and a concrete
approximation process for the operator

FA+K) — 7(4) — & (F(A+ 1K)

t=0

when A and K are selfadjoint operators on a separable Hilbert space H, K € S*(H)

and f € C?(R) with a bounded second derivative, in the case when # is a direct sum
2

and A and K are a direct sum of operators. Thus, we will assume that H = @, H, is
the direct sum of finite dimensional Hilbert spaces #; and that A and K are of the form

—+o00 “+o00
i=1 i=1
where for all i € N, A; and K; are bounded selfadjoint operators acting on H, such that
K113 =D IIK3 < oo. (5.25)
=1

Set, forn > 1,

If h € Cp(R) then

and for any n > 1,

Therefore, it is easy to see that A, — A resolvent strongly as n — +oo. Similarly,
K, — Kin §*(H) and A, + K,, — A + K resolvent strongly.
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Assume that f € C*(R) and that f” is bounded. Then, Theorem 5.1 gives a meaning

to f(A+K)— f(A) - % (f(A + tK)) ’ as [[ATRAA(FE)] (K, K). Moreover, the latter
=0
implies, by Corollary 5.8, that

BN [FA—FK,A,A(J@D])} (K, K)

t=0 n—-+o0

f(An + Kn) - f(An) - %(f(An + tKn))

in 8?(H). By the same corollary, we also know that this limit does not depend on the
approximation of A by bounded operators (4, ),.
Moreover, we have

and this sequence converges in S*(H) to

“+oo

D (04 + &) = £(2) = G (A +1R)

=1

) . (5.26)
t=0

For both counterexamples to Peller’s problems, the operators A and K will have
this form. Note that according to (5.26), we have

Hf(A+ K) — f(A) - %(f(AthK)) (5.27)

+oo

t=0 1

( b+ R - ) - 5 (fG eR)] )

Therefore, the construction of a counterexample reduces to the construction of selfad-
joint operators A; and K; acting on a finite dimensional Hilbert space such that

(5.28)

1

H( FA, + Ky f(fL-)——(f([lmLtK))

can be estimated from below in order to have a divergent series. To do so, we will
use the connection between those operators and triple operator integrals (see Theorem
5.1). Using together (4.19) and Theorem 3.4, we can see that we have to estimate from
below the S'-norm of Schur multipliers, for which some results (counterexamples) are
known.

5.3 The self-adjoint case

5.3.1 A few properties of triple operator integrals

In this subsection, ¢: R? — C and ¢: R* — C denote arbitrary functions, and n € N
is a fixed integer. The following lemmas give some nice properties of triple operator
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integrals that we will use for our construction of a counter-example to Peller’s problem.

Lemma 5.9. Let A € B(C") be a self-adjoint operator and X,Y € B(C"). Let
~ A 0 ~ 0 X
A(OA) and X(YO)'

o L AAA
A4 (X, X) = ( P WS)(X’Y) FAvA’A(@(Z)(Y,M )

Then

Proof. Let {\;}7, be the set of distinct eigenvalues of the operator A, m < n, and let E!
be the spectral projection of A associated with \;, 1 <i < m. Clearly, the operator Ahas
the same set {);}7", of distinct eigenvalues and the spectral projection of the operator
A associated with ), is given by

. A
E;“:(% EOA), 1<i<m.

2

Therefore, we have

~ o~ o~ ~ ~ - A
I‘A’AA(w)(X,X) = ';11#()\1',)%,/\]') ( % EOl.A ) ( }O/ %( > X
1,KR,)=

m

EAXEAY EA 0
_ ) ) i J

ik,j=1

_ ( PAAA() (X, Y) 0 )
0 DAAA(E)(Y, X) )

]

Lemma 5.10. Let A, B € B(C") be self-adjoint operators with the same set of eigenvalues and
X,Y € B(C"). Let

~ A 0 5 0 X ~ 0 0
A (A0) (U)o (00

FA’A’A(Q/J)(X,Y/) _ ( 8 FA’B’B(@S)(X’ Y) ) )

Then

Proof. Let {\;}, be the set of distinct eigenvalues of the operator A, m < n, and let £
(resp. EP) be the spectral projection of A (resp. B) associated with );, 1 < i < m. Since
A and B have the same set of eigenvalues, the operator A has the same set {)\;}/*, of
distinct eigenvalues and the spectral projection of the operator A associated with ); is

given by
i EA 0
A i ;
Ei—<0 EZB)’1<z<m.
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Therefore, we have

444\ (X, V) = Z V(i ey Aj) ( E(;A EOF ) ( 8 )0( ) X

Ef 0 0 0\/(E 0
0 Bf)\ovY 0 EP

m A B B
=S W&’%Aj)(o EfXEPYE] )
: 0 0
i,k,j=1
_ (0 TAEE)X,Y)
A\ 0 0 '

]

Lemma 5.11. Let Ay, Ay, Ay € B(C") be self-adjoint operators. For any a # 0 € R we have
that
FCLAQ,CLAl,aAQ (1/}) — FAQ,A1,A2 (wa)

where
@Z)a@OafElafEQ) - ¢(a$0,a$1,a$2>, Lo, L1, T2 S R

Proof. Let {)\Ej )};Zl be the set of distinct eigenvalues of A, j = 0,1,2. Fixa # 0in R.
It is clear that for any j, {a)\gj ) 7, is the set of distinct eigenvalues of aA;, and that the

corresponding spectral projections coincide, that is, E; A= EiA Tforanyi =1,...,n;.
Therefore, for X,Y € B(C"), we have

ng ni1 N2
a aAl,aA2 — 0 ! 2 !
Pedoadiadz () (YY) = ZZZQM&)\’( ),a)\](c)’a)\g. ))EZAOXE;:‘ YEJAQ
i=1 k=1 j=1

= A () (X,Y).
]

Lemma 5.12. Let A, B € B(C") be self-adjoint operators and let {U,, }n,>1 be a sequence of
unitary operators from B(C") such that U,, — I,, as m — oo. Let also X,Y € B(C") and
sequences { Xy, }m>1 and {Y,, }im>1 in B(C™) such that X, — X and Y,, — Y as m — oc.
Let v, 1, : R® — C be functions such that 1,, — 1) pointwise as m — oo. Then

DO AT BB (1) (X, Vi) — TP (@) (X,Y), m — oo, (5-29)

Proof. Let {\;}:"% and {4}, be the set of distinct eigenvalues of the operators A and
B, respectively, mg, m; < n, and let E;* (resp. EF) be the spectral projection of A (resp.
B) associated with \; (resp. 1), 1 < ¢ < myg (resp. 1 < k < my). Itis clear that
the sequence {\;}"" is the sequence of eigenvalues of U,, AU}, and that the spectral
projection of U,,, AU}, associated with J; is given by

ESm AU — U BAUE 1< i< my.

)
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Observe that

mo mi

PUn AV BB () (X, Vi) = Y > Ny i 1) B X BPY B

i=1 j,k=1
mo mi

= U (303 v ) BN X)EEY EP)

i=1 jk=1

= U, L8 (4, ) (U2 X,Y).
We claim that T455 (¢, ) (Ux X, Y) — TABB(4)(X,Y). Indeed, we have

D455 (1) (U, X, V) = THPE () (X, Y )| oo
< IDAEE () (U, X, V) = TP () (X, V)
+IPAE () (X, V) = TP () (XY ) oo
<A () (U X = XY oo + TP E (9 — ) (X, Y )| oc

mo mi

<Y O W ks ) U X = X[V [|oo +
i=1 j k=1
mo  mi
DD 1 = I s )1 X oo oo
i=1 j,k=1

This upper bound tends to 0 as m — oo, which proves the claim.
Now since U,,, — I,,, we have

UnDH58 (40,) (U, X, Y) = TAPE (1) (U3, X Y) — 0

as m — oo. The result follows at once. O]

Lemma 5.13. Let A € B(C") be a self-adjoint operator and let X € B(C") commute with A.

(1) We have
TAAA () (X, X) = (A) x X2, X € B(C),

where 1h: R — R is defined by
@(m) =Y(z,x,z), xR
(1) We have
DAY, X) =DM (0)(Y) x X, Y € B(C"),

where
d1(x0, 21) = Y(xo, 1, 21), x0,21 € R.

(1ii) We have
TAAAH(X,Y)) = X x TH(py)(Y), Y € B(C™),

where
P20, x1) = Y(x0, 0, 1), T0o,71 € R.
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Proof. Let {¢;}7_, be an orthonormal basis of eigenvectors of A and let {\;}?_, be the
associated n-tuple of eigenvalues. Since A commutes with X, it follows that the pro-
jection P, commutes with X for all 1 < < n. Thus, we have that

FA7A7A(¢)(X,X) = Z Y (Ai; A, >\j>sz‘XPkaP§j

i k=1

= (A A M) P, x X
=1

= Z{D\()\z)P& x X? = &(A> X X27
=1

which proves (7).
Similarly, for (ii), we have

FA7A7A(¢)(Y7 X) = Z 77[]()\17 >\k> /\j)PEiYP&cXPEj
i,j,k=1
= (i M M) P Y Py, x X
i,k=1
=3 1A M) P Y Py, x X =T4(¢)(Y) x X.

ik=1

The proof of (iii) repeats that of (ii). O

5.3.2 Finite-dimensional constructions

In this section we establish various estimates concerning finite dimensional operators.
The symbol const will stand for uniform positive constants, not depending on the di-
mension.

It will be convenient to extend the definition of the divided difference of first order
as follow: let f: R — R be a continuous function and assume that f admits right and
left derivatives f/(x) and f/(z) at each = € R. Assume further that f/, f/ are bounded.
The divided difference of the first order is defined by

f(xo)—f(xl)’ if 2o # 11

Wy, z1) =< o0, o, X1 € R.
f ( 0 1) {fr(xo);fl(xo) if{EOZZEl’ 0,1

Then f! is a bounded Borel function.

If f is C2-function, the definition of the second divided difference f is given in
Section 5.2. f1? is a bounded continuous function, with

120 = 5 17 5.30)
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Consider the function f,: R — R defined by
fo(x) = ||, z eR.

The definition of f' given above applies to this function.
The following result is proved in [Dav88, Theorem 13].

Theorem 5.14. For all n € N there exist self-adjoint operators A, B, € B(C*"*1) such that
the spectra of A,, + B,, and A, coincide, 0 is an eigenvalue of A,,, and

| fo(An + Bp) — fo(An)|l1 > const logn||B,||. (5.31)

Remark 5.15. The operator A,, constructed in [Dav88] is a diagonal operator defined on C*"
and 0 is not an eigenvalue of A,,. By changing the dimension from 2n to 2n + 1 and adding a
zero on the diagonal, one obtains the operator A,, in Theorem 5.14, with 0 in the spectrum.

Corollary 5.16. For all n > 1, there exist self-adjoint operators A,, B,, € B(C*"*') such that
the spectra of A,, + B,, and A,, coincide, and

HFA”JFB"’A”(f[EI]) £ S5o iy — Soviy|| = const logn.
Proof. Take A,, B,, € B(C*"™!) as in Theorem 5.14. By (5.9), we have that
PAE B () (Ba) = fo(Au + Ba) = fo(An):
By Theorem 5.14, we have that
(o B (Bl = 1 folAn + Ba) = fo(An) |1 > const lognl| B[

Therefore,
[0 (%) + Shga = Shuga || = const logn.

Since the operator [ 5n.An( fo[l]) is a Schur multiplier, we obtain that

Hl«AnJan,An(fgll) £ S50ty — Sou i || = const logn.

Consider the function g, : R — R given by
go(z) = zlz| = xfo(z),  zeR.

This is a C'-function. Hence although g, is not a C?-function, one may define
g([)z] (29, x1,22) by the formula given in (5.2) and in the beginning of this subsection
whenever ¢, x1, x5 are not equal. Let us define

g([)2]($07$1,l'2>, if xg# 1 or xy1 # o
1, if vp=21=29>0
—1, ifx0:x1:x2<0
O, ifSCOILﬂl:iL'QIO

¢0($0,9017CE2) =
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The following lemma relates the linear Schur multiplier for fél] and the bilinear
Schur multiplier for 1.

Lemma 5.17. For self-adjoint operators A, B,, € B(C™) such that 0 belongs to the spectrum
of A,,, the inequality

[T smanctn ) 82 x 87 S 2 [T Be (g 52 o ST 63)
holds.

Proof. Let {y}7_, be the sequence of eigenvalues of the operator A,,. For simplicity, we
assume that p; = 0.
By formulas (4.16) and (4.19) and by Theorem 3.4, we have that

HFA"’LB"’A"’A”(@DO) : S,f X S,ZL — S;H = 1%?2( ||FA"+B"’A"(s0k) 180 —= 857,
where
ka(:ﬂO;xl) = wO(an,ulmajl)a To,T1 € Ra 1 S k S n.
This implies

et () : 87 % SE = S} 2 [P () - 8 = 57

It therefore suffices to check that
o1 =13 (5.33)

By definition, ¢1 = vy (-,0, - ). In particular,
©1(0,0) = 140(0,0,0) = 0 = f(0,0).
Consider now (zg, ;) € R? such that 2y # 0 or z; # 0. In that case, we have

©1(w0, 1) = 9([)2]($o,0,x1).

If 2y, 1, 0 are mutually distinct, then

zofo(xo)=0 _ 0—z1fo(z1)
2] . 9([)1](530,0) _9([)1]<Oa331) _ 3 xoofoo B olfxol :
90 (I’anyxl) — —
o — X1 To — T1
_ fo(fb’o) - fo(fb’l) _ (g1]<x0’xl)‘
To — X1

If xtg = 0and x; # 0, then

0—x T
2] 0,0 — g0, 2y)  g6(0) — prate)
90 (Oa()?xl) - -
To — X1 0— T

= Fol%) _ ft(0, ).

X1

The argument is similar, when z, # 0 and z; = 0.
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Assume now that zy = x; # 0. Then we have

2 _4d.m _ 4 (zfolz) -0
9o (1'0, O’ xO) N d.ﬁlfgo (x’ O)Lx‘o N d.fE< z—0 > r=xo
= fi(@o) = f3 (20, 20).
This completes the proof of (5.33) and we obtain (5.32). O

The following is a straightforward consequence of Corollary 5.16 and Lemma 5.17.

Corollary 5.18. For every n > 1 there exist self-adjoint operators A,, B, € B(C*"*1) such
that the spectra of A,, + B,, and A,, coincide, and

HFAn+Bn,An,An (1) : 52271“ X 322n+1 — 821n+1|| > const logn.

We assume below that n > 1 is fixed and that A,,, B,, are given by Corollary 5.18.
The purpose of the series of Lemmas 5.19-5.24 below is to prove Lemma 5.25, which
is the final step in the finite-dimensional resolution of Peller’s problem. The following
result follows immediately from Corollary 5.18.

Lemma 5.19. There are operators X,,,Y,, € B(C*"*1) with || X,,||2 = || Yall2 = 1, such that
HI‘A"J’B”’A"’A” (1) (X, Yn)H1 > const logn.
Let us denote

[ A.+B, 0
moee (Ar e ) 539

and consider the operator
Ty o= Dt ()2 8Fo X St = St
Lemma 5.20. There are operators X,,, Y, € B(C**2) with | X, |2 = ||Yu|2 = 1, such that

HTl()N(n,f/n)Hl > const logn.

v . 0 Xn Y 02n+1 0
Xn._(OQn-‘rl O)’Yn_( 0 Yvn)7

where Xn, Y, are operators from Leplma 5.19 and 0y, is the null element of B(C***1).
Clearly, ||.X,||2 = || Xn|l2 = 1 and ||Y, |2 = ||Ya|[2 = 1. It follows from Lemma 5.10 and
the fact that A,, + B,, and A, have the same spectra that

Proof. Take

(X, Vo) = ( 0 TAntBuAndn () (X, Y,) ) '

02n+1 0
Therefore, by Lemma 5.19,

HT1(XmY/n)H1 = ‘}FA”+B”’A"’A”(¢O)(Xn,Yn)Hl > const logn.



5.3. The self-adjoint case 115

Lemma 5.21. There is an operator S,, € B(C*"*2) with || S, ||z < 1 such that
| 7(Sn, S:L)Hl > const logn.

Proof. Take the operators X,,,Y, € B(C**?) as in Lemma 5.20. By the polarization
identity

3
. 1 . - - .
k=0
we have that

Y ¥, Y ey Y kN %
IT3.(Xon, Ya)lly < max T3 (X +27Y,), (X + 7Y -

Taking ky such that

T ((X + Y0, (X +4Y)) 1 = max [T3((Xa +3"Y7), (X +3Y)) 1,

0<k<3

we set ]

Thus, by Lemma 5.20, we have

1 -
HT1(Sn,S:L) L2 ZHTl(X”’Y")”l > const logn

and )
[Snll2 < §(||Xn||2 + [Yall2) = 1.

Let us denote
+
(e 0)-[
0
and consider the operator
T = Fﬁn’gn’gn<¢0)3 882n+4 X 882n+4 — 881n+4'
Lemma 5.22. There is a self-adjoint operator Z,, € B(C***) with || Z, |2 < 1 such that

HTQ(Zn,Zn)H1 > const logn.

Proof. Consider the operator S,, from Lemma 5.21. Setting

Ly o S,
=35 )
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we have || Z,||2 = 5(]|Snll2 + ||Sk]|2) < 1 and by Lemma 5.9,

Ty(Zny Z0) = © ( T1(Sn, 57) 0 ) |

1
2

4 0 T1(S%,Sy,)
Therefore, by Lemma 5.21, we arrive at

|T2(Za, Z0)|, = (I T1(Sn, S7)

L 17285, Sa)ll)

N S

> HTl(Sn,S;;)”l > const logn.

O

The following decomposition principle is of independent interest. In this statement
we use the notation [H, F| = HF — F' H for the commutator of H and F'.

Lemma 5.23. For any self-adjoint operators Z, H € B(C"), there are self-adjoint operators
F,G € B(C") such that
Z =G +i[H, F),

the matrix G commutes with H, and we have

IH, Fll, <2 [[2]ly and |G, < |Z],-

Proof. Let
hi,ho, ... iy

be the pairwise distinct eigenvalues of the operator H and let
E17E27"'>Em

be the associated spectral projections, so that

H=> hiE;.
j=1
We set . .
G=> EZE; and F=iY (h—hj) " E;ZE}.
j=1 j=1
i7k
Since
HE; = h; Ej,
we have
[H,E;ZE) = H x E;ZE, — E;ZEy x H = (h; — hy,) x E; ZE.
Consequently,

i[H,F| =) E,ZE,
=1

J_
JF#k
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and hence
G+ilH F| =27

Further F', G are self-adjoint and it is clear that [G, H] = 0. Hence the first two claims
of the lemma are proved.

Now take .
U = Zeijt E;, te|—m, .
j=1
Then
/W vz 3 i E;ZEy, /W e 4L zm:EZE =G
B 14V 5 — J . o P kel :

Since U, is unitary, we deduce that

™ At
6l < [ W20t 5 < 121,

Moreover writing
iH,F|=7Z-G

we deduce that
I[H, F]ll, < 2(Z],-

0
Lemma 5.24. There is a self-adjoint operator F,, € B(C3***) such that ||[H,, F,]||» < 2 and
HTQ (z[ﬁ[n, F,], z'[I:In, Fn]) H1 > const logn — 5.

Proof. Take the operator Z, in B(C****) given by Lemma 5.22. By Lemma 5.23, we may
choose self-adjoint operators F}, and G,, from B(C®"**) such that

Z, = Gn+i[H,, F,), [Gn, H,] =0,

and 3
[[Hps Fullla <2 (| Zall,, 1Gally < 1 Zally - (5.36)

We compute

To(Zn, Z) = T (Gn Vil Fyl, G+ i[H,, Fn]>
(

i[Hy, F. Gn>
T (Z[Hn F, i[f,, m). (5.37)

We shall estimate the first three summands above. We apply Lemma 5.13 to the
function vy and use the notation from the latter statement. The operator G, commutes
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with ,, hence by the first part of Lemma 5.13,
Ty(G, G) = to(Hy) x G2
Furthermore %(m) =1lifx >0, %(:p) =—lifr <0and %(0) = 0. Hence

[o(Hn) oo < 1.
This implies that
|T2(Gos G|y < o (Ho)llsol|Gall3 < 11 Z0ll3 < 1.

Next applying the second and third part of Lemma 5.13, we obtain

T (z’[ﬁ[n, £, Gn) — Tt () ({ﬁn, Fn]> % G,

and
T2<Gn,z'[1f]n,Fn]> — i G, x erHn(gbz)([ﬁn, Fn]>,
where
d1(zo, 1) = Yolxo,z1,21) and oz, 1) = o(zo,20,21), x0,21 € R

We have ¢ = 2| - | hence if 2y # x;, we have

(20 = an)on(ro.my) = LELBE) gy

1

Using the elementary inequality ||z| — |2']| < |z — 2|, we deduce that |¢;(z, 1)] < 1.
This implies that ||¢1 ]/ < 1. Consequently

Hmn,m(@)([ﬁn, FJ) G,

< e o) (10, F) || 1l

< |l @rllooll [ Hu, Fulll2l| Gl
< 2”@251”00“271”3 <2

by (5.36) and Lemma 5.22. Similarly, ||¢2|| < 1 and
HGn x rffnﬂn(@)([ﬁn, Fn]> H <2
1
Combining the preceding estimates with (5.37), we arrive at
||T2(Zn; Zn)”l S o+ HTQ (Z[]:In; Fn]a i[ﬁn, Fn]) Hl

Applying Lemma 5.22, we deduce the result. O
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Lemma 5.25. There exists a C*-function g with a bounded second derivative and there exists
N € N such that for any sequence {a, fn>n of positive real numbers there is a sequence of
operators B,, € B(C®¥"™) such that || B,||> < 4ay, foralln > N, and

DB () (B, B,)|s > consta, logn, n> N.

Proof. Changing the constant ‘const” in Lemma 5.24 by half of its value, we can change
the estimate from that statement into

”Tg(i[ﬁn, Fn],i[ﬁ]n,Fn])Hl > const logn, n > N, (5.38)

for sufficiently large N € N.
Take an arbitrary sequence {«, },>n of positive real numbers, take the operator £,
from Lemma 5.24 and denote
F’n = a, k.

For any ¢ > 0, consider

. . H, — H,
v(H,) = "™ H,e "™ and V,, := 22(Hn) = Hy .

On one hand, it follows from the identity 4 (e”F ™) |t=o = iF, that
Voo — i[Fy, Hy), t — +0.
It therefore follows from Lemma 5.24 that there is ¢t; > 0 such that
Vaelle < 20[Fn, Halllo = 200][[Fo, Halll2 < 4y, (5.39)
for all t < t;. On the other hand,
H, +tV,, =v(H,) — H,, t— +0. (5.40)

Take a C*-function g such that g(z) = go(z) = z|z| for |z| > 1 and ¢V (0) = 0,
7 =0,1,2. Denote

x
g1(zo, 21, x2) 1= 9[2}<— —, 7), t>0, xg, 21,72 €R.

We claim that
tl_ig_logt<x0ax1ax2> = o(xo, 1, 2), To,%1,%2 € R. (5.41)

To prove this claim, we first observe, using the definition of g, that

¢0 <?’ %’ %) - ¢0($07$17$2)? Zo, 1, T2 € R’ t>0. (542)

Next we note that for any z € R,

o(7) =o(5) a9 (5)=4(5)
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for ¢ > 0 small enough. For z = 0, this follows from the fact that by assumption,
g(0) = ¢’(0) = 0. From these properties, we deduce that for any z, z; € R,

[1](1‘0 181) _ [1}(360 xl)
g t 9 t g() t 9 t
for t > 0 small enough.

In turn, this implies that if xy # z; or x; # x5, then

9[21<@ L1 @):gm(@ L1 2)
t ot t ONt 7t t

for ¢ > 0 small enough. According to (5.42), this implies that

[21<@£ﬁ>: R
g tatat 1/}0(07172)

for t > 0 small enough.
Consider now the case when =y = x; = z,. For any ¢ > 0, we have

2] (@ o @) _1 //(@)
T\ ) T 29\ )
If 2y > 0, then ¢" (%) = 2 for ¢ > 0 small enough, and if z; < 0, then ¢”(%) = —2 for

t > 0 small enough. Furthermore, ¢”(0) = 0 by assumption. Hence

Zo

[2]< . ,7,7> = 1o(x0, 2o, 7o)

for t > 0 small enough. This completes the proof of (5.41).

Applying subsequently Lemma 5.11 with a = 1, property (5.40) and Lemma 5.12,
we obtain that

1—‘ n 7L+‘/:IL ? ? ( [2])(‘/77/715; V’I’L,t) — FH7L+t‘/7L,t7FI7L7ﬁ7L( )( 7t)
— Ty (i[Fy, Hy), i, ﬁ ])
when ¢ — +0. Furthermore,

Ty (i[F, Hy), i Fny Hy)) = o2To (i[F,, H), [ Fy, H)).

By (5.38), there is t, > 0 such that

1

HFIHnJrvm% AH "(g [2])(Vm,Vm H1 > const  logn

for all t < t,. Taking t,, = min{t;, %>}, and setting

1 -
An = t_Hn Bn = Vn,tns



5.3. The self-adjoint case 121

we obtain that || B, ||, < 4o, (see (5.39)) and
||FA"+B"’A”’A" (9" (B,, B,)|l1 > const a? logn,

foralln > N. O

5.3.3 A solution to Peller’s problem for selfadjoint operators

The following theorem answers Peller’s problem (5.5) in negative.

Theorem 5.26. There exists a function f € C*(R) with a bounded second derivative, a self-
adjoint operator A on H and a self-adjoint B € S*(H) as above such that

d

f(A+B) = f(A) - Z(f(A+1B))

L £SO,

Proof. Take the integer N € N, the operators A,, B, and the function g from Lemma
5.25, applied with the sequence {a,, },>n defined by

1
oy =

n log3/2 n

Let H, = (3,,, and let H = énzN”H,n. Thenlet A = &° yvA, and B = &:° y B, be the
corresponding direct sums. Then the self-adjoint operator B belongs to S?(H). Indeed,
it follows from (5.25) and Lemma 5.25 that

IBE=Y 15163 a2 =3 — 0 oo
n=N n=N

) logg‘/2 n

On the other hand, by (5.27) and Lemma 5.25, we have

o4+ B)—g() - & (a4 +1B))

t=0111

_ Z HFAn+Bn,An,An(g[2})(Bm Bn)
n=N

1

oo
> const Z o2 logn

n=N
> 1
= const = 00
r;V n logl/2 n

]

Note that this theorem has been generalized in [DPT16]. The authors proved that
for any n € N, there exist a function f,, € C"(R), a separable Hilbert space  and
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selfadjoint operators A € B(H) and B € S"(#) such that

3
—

(A+B)— kij—( fa+B)| g8

k=0

In this result, the operator A is bounded. For the case n = 2, the function f; is different
from the one considered in this section. Their starting point was a C'-function with
a bad behavior on B(¢;). Therefore, they did not have to deal with the difficulty of
the non-differentiability of the absolute value in 0. This is how they could obtain a
bounded operator A.

5.4 The unitary case

5.4.1 Preliminary results

In this subsection we will consider, for a fixed integer n, Uy, Uy, Us € B({3) unitary
operators with the following spectral decompositions

.
Ui=>_ X\ P, i=1,2,3.
k=1

(See Section 4.2.)

We start with the following approximation lemma.

Lemma 5.27. Let Uy, Uy, Uy € B({3) be unitary operators and let (F,,),, be a sequence of
unitaries such that F,, — Uy in the uniform operator topology as m — oc. Let 1) € C(T?).
Then

DEm Uiz () — TVUL2 () as m — 0.

Proof. Let F' € B({}) be any unitary operator. Consider a spectral decomposition F' =
Yor &P, Let X, Y € B(ly). According to (4.17), we have

n

PR @)X Y) = Y0 (66 67 P X P Y P

ijk 1
= Z (Z@ZJ (&8, ¢ P&)XP§<1>YPE(_2)
7,k=1 =1 F 7
=Y (G §XPwY P,
k=1 !

where 9(F, §k ,§j ) is the operator obtained by applying the continuous functional

calculus of F' to (- ,§k ,fj )
For any ¢ € C(T), the mapping F' — ¢(F') is continuous from the set of unitaries of
B(¢y) into B(¢3). Hence for any j, k =1,...,n,

Y(Fn, 60,67) — (U, 6", &%) asm — .
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From the above computation we deduce that for any X,Y € B(¢3),
DEm Ul ()(X,Y) — TV (4)(X,Y) asm — oo.

Since T ULt2(y)) and TV0:U1U2(¢)) act on a finite dimensional space, this proves the
result. O

Remark 5.28. Similarly for any unitary operators Uy, Uy € B(lY), for any sequence (Fy,)n, of
unitaries on (% such that F,,, — Uy as m — oo, and for any ¢ € C(']I‘Z), we have

DFnli(¢) — TV1(¢)  asm — oo.

We now turn to perturbation theory. In Section 5.2 we defined the divided dif-
ferences for functions defined on R. A similar definition can be given for complex
function defined on a T as follow. Let f € C''(T). The divided difference of first order
is the function fll/: T*> — C defined by

f(z0)—f(z1) .
fU (29, 21) = {d;’TJ, if 20 # 21

. , %0,z €T
T (2)ja=ze if20=2
This is a continuous function, symmetric in the two variables (zo, z1).
Assume further that f € C?(T). Then the divided difference of the second order is
the function f2: T> — C defined by

o= e

f[Q} (2,’07 21, 22) = { 20—22 s

20, %1, 22 € T.
d ¢l . o ) y <1
Ef[ }(Za Z1)|z=zm if 20 = %2

Note that f1 is a continuous function, which is symmetric in the three variables (2, 21, 22).

Let Uy, U; € B(¢3) be unitary operators and f € C*(T). Then
f(Uo) = f(Uy) = LU (fIY (U, — Uy). (5.43)

See [Pel05] and the references therein for a proof of this result. See also [CMPST16a,
Subsection 3.4] for an elementary argument.

Let Z € B(¢%) be a self-adjoint operator and let U € B({5) be a unitary operator.
Then the function ¢t — f(eZU) is differentiable and

d - .
= (F(0) = Ty (i2U). (5.44)
Indeed by (5.43), we have
f(eitZU) — f(U) _ etZUU U - U
t =Ty ( t )

for any ¢ # 0. Since g (¢"?),,_, = iZ, the result follows from Remark 5.28.

The following proposition is the unitary version of Corollary 5.6. In the finite di-
mensional case, we can give an elementary proof.
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Proposition 5.29. Let f € C*(T) and let Uy, Uy, Uy € B((3) be unitary operators. Then for
all X € B({3) we have

U0 (f10) () = DU 1) (X) = DO U (FR1) Uy - U, X).
We first prove the following lemma.

Lemma 5.30. Let Uy, Uy, Uy € B(C") be unitary operators. Let I,, be the identity operator in
B(C"). Then for j = 0, 1 we have

(4)
FUo,U1,U2<w)(Uj’X) _ FUO’Ul’U2(wj)([n7X)7 X e B(Cn),
where
wj(x07 X1, .7;2) = ‘rjl/)('r07 X1, .7;2), Lo, L1, T2 S R
(i) _
PUj,U2(¢)(X) _ FUO’Ul’UQ(l/)j)(]n,X), X e [5(@”)7
where

bj(zo, 21, 22) = G2, 22), T0, 21,72 € R.

Proof. Let us prove the assertion for j = 0 only. The proof for j = 1 is similar.
(7). For X € B(C") we have

LU0 ULV (4 (U, X)) = Z H(AO N ,A§2))P§§0>U0Pgl(€1>XP5§z>
ij,k=1

= > A 5<0><Z>\ P<o>> P X P

i.j,k=1

= AEO)@D(AgO),)\S),>\§.2))P£(O)I,LP§I<€1)XP€@
U J
1,5,k=1

= T8 () (1, X).

(77). For X € B(C™) we have

- 0 2
FUO’Ul’UZ(wO)(InyX) Z wo()\( ) >\k ,)\§ ))P(O)Inpgl(cl)X_ng(‘Q)

&
i,5,k=1
= > oA 5(@(2 <1>> e
ij 1
= Z SN NP0 X P
VAP 3
4,7=1
= U (9)(X),
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Proof of Proposition 5.29. Let X € B(C")andlety = f@ and ¢ = fI. Setting v, ¢, U0, U1
as in Lemma 5.30 (z), (i), we have

(1/10 - %)(130,371, xz) = xofm(xo,ﬂ?l,ﬂ?z) - $1f[2}(550; 1?17172)
= f[l] (ZEo, Ig) — f[1]<1’1, (L’Q) (545)
= (1;0 - 151)(370@1,562)-
Therefore, by Lemma 5.30, we obtain
FU07U17U2 (fm)(UO _ Uh X) — FUO,Ul,U2 (f[Q])<UO7 X) _ FUo,Ul,Uz (fm)(Ul’ X)
FrEH T () (1, X) = DO () (1, X)
= T gy — )T, X)

(.45 pUo,ULUe (Vo — 1) (In, X)
_ FUQ,Ul,UQ(ﬂ;O)(In’ X) o FUO’Ul’U2<77EI)(IT“ X)

Lems.30(id) rUVoUz(flhy(x) — TURV2 (I (X).
O]

We conclude this section with a formula relating the second order perturbation
operator (5.7) with a combination of operator integrals.

Theorem 5.31. For any self-adjoint operator Z € B((3), for any unitary operator U € B({3)
and for any f € C*(T), we have

F0) — F(U) ~ S (7(eD)),
= PIUUU (RN (20 — U, izU) 4+ D70V (FI (20 — U — iZU). (5.46)
Proof. By (5.43) we have
f(e70) = f(U) =T (fU)(e U - U).
Combining with (5.44), we obtain

FE2U) = V) = L (HE0) Ly = D20V (N0 — 0) = T (70 i20)

By linearity, the right-hand side can be written as
TV (e ?U — U —izU) + (T (f) (izu) — TV () (iZ0)).
Applying Proposition 5.29, we obtain that
PO () izU) = T (FY)i20) = T (FR) (U - 0,i20),

and this yields the desired identity (5.46). O
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5.4.2 Finite-dimensional constructions

In this section we establish various estimates concerning finite dimensional operators.
The symbol “const” will stand for uniform positive constants, not depending on the
dimension.

The estimates we are going to establish in this section start from a result going back
to [ASO5]. Let h: [—e™!,e7!] — R be the function defined by

NI

|z|

h(z) = |x]<log‘log?

>_ , x#0
0, z=0

Then h is a C'-function. We may extend it to a 2r-periodic C''-function, that we still
denote by & for convenience.

According to [AS05, Section 3], there exist a constant ¢ > 0 and, for any n > 3,
self-adjoint operators R,,, D,, € B((3,) such that

|RnDy — Dy Rylloe <7 (5.47)
and )
| Bnh(Dy) — h(Dy)Ry || > ¢ log(n)2. (5.48)

By changing the dimension from 2n to 2n 4 1 and adding a zero on the diagonal, one
may obtain the above results for some self-adjoint operators R,, D,, € B((3, ) satisfy-
ing the additional property
0 € oa(Dy). (5.49)
We shall derive the following result.

Theorem 5.32. For any n > 3, there exist self-adjoint operators A,,, B, € B((3,,,) such that
Bn #0,0 € o(A,),

[A(A, + B,) — h(A,)]| . > const log(n)?|| By,

and the operators A, and A, + B, are conjugate. That is, there exists a unitary operator
Sy € B(03,,.,) such that A, + B, = S;;' A, S,
Proof. Let us first observe that for any N > 1 and any operators X,Y € B((%),
ez'tX Y — YeitX
t

— (XY -YX) ast—0. (5.50)

Indeed, this follows from the fact that % (¢"¥);,_g = iX.
Consider D,, and R, satisfying (5.47), (5.48) and (5.49). For any ¢ > 0, define

By = e Dy — D,
On the one hand, applying (5.50) with X = R,, and Y = D,,, we obtain that

1 1, . ‘
;”Bn,t”oo — ;HeZtRnDneﬂtRn o Dn”OO

1., . .
— E HeztR,L Dn _ DneztRn

[e.9]
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ast — 0.
On the other hand, using the identity

h(eitRn DnefitRn) — eitRn h(Dn)efitRn

and applying (5.50) with X = R,, and Y = h(D,,), we have

1 1, . .
D+ Bad) = BD|l. = Flle D —n(Dy)|,

= D) D
— | Ru(D) — h(Dy) Rl

ast — 0.
Therefore, there exists ¢ > 0 such that

t
and

1
|h(Dy + Bus) — (D) > ¢ logg””

L.

The above two estimates lead to

|A(Dw + Bug) = H(D)|l., = 7= log(n)? [|Butlle.

Furthermore property (5.48) implies that D,, and R,, do not commute. Hence the first
inequality in (5.51) ensures that B,,; # 0.

To get the result, we set A,, = D,, and B,, = B,,;. According to the definition of 5, ,
the operators A,, and A,, + B, are conjugate. All other properties of the statement of
the theorem follow from the above estimates and (5.49). O

Let g € C'(T) be the unique function satisfying
g(e®) = h(), 0 € R. (5.52)

The following theorem translates the preceding result into the setting of unitary oper-
ators.

Theorem 5.33. For any n > 3, there exist unitary operators H,,, K,, € B((3,. ) such that
H, # K,, o(H,) =0(K,), 1€o0(H,),

and
19(K) — g(Hn)l[oo > const log(n)? || Ky — Hapl|oo (5.53)

Proof. Given any n > 3, let A,, B,, be the operators from Theorem 5.32, and set

H,=¢" and K, =WntB)
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These are unitary operators. Since A,, and A,, + B, are conjugate, they have the same
spectrum hence in turn, o(H,,) = o(K,,). Moreover 1 € ¢(H,,) since 0 € o(A,). Since A,
and A, + B, are conjugate but different, their sets of spectral projections are different.
This implies that H,, # K.

By construction we have

g(H,) =h(A,)  and  g(Ky) = h(A, + By).
Therefore, by Theorem 5.32, we have
l9(50) = g(Ho) oo > comstlog(n)? || By .

Moreover ' '
1K — Hylloo = || AP0 — e || < || Byl

by [PS11, Lemma 8]. This yields the result. O
Let f: T — C be defined by
f(z) =(z—1)g(2), z e T. (5.54)

It turns out that f € C*(T). This follows from the definition of h, which is C? on
(—e7t e71) \ {0}, and the fact that lim, ,o xh”(x) = 0. Details are left to the reader.
We also define an auxiliary function ¢ : T? — C given by

§(20, 21, 22) = 21 [P (20, 21, 22). (5.55)
Lemma 5.34. For any zy, z2 € T, we have
¢(z0,1, 29) = gm(zo, 29).
Proof. By the definition of ¢, and since z; = 1, it is enough to prove that
f[2](207 1,2) = 9[1](20, Z9), Zo, 29 € T.

We have to consider several different cases. Let us first assume that zy # 2. If 2y # 1
and z; # 1, then we have

B fm(Zo, 1) — f[l](l,ZQ) flzo)=f(1) _ f(1)—f(z2)

fm(z()? 17 22) - = 20—l =z
20 — 22 20 — %2
g\zo) — g\=
e 9 _ s, o),
20 — 29

If zo = 1 and z; # 1, then using L f(z).—; = g(1) = h(0) = 0, we have

) — () () — T

f[Q}(]w 17 ZQ)

1—2’2 1—22

—g(22) (1]
=" = 1 .
1 — 2 g ( aZQ)
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The argument is similar, when 2z, # 1 and 2, = 1.
Assume now that z, = 2. Using the fact that fl!l(z,1) = g(z) for any 2, we obtain
in this case that

d
f[Q}(Z(b 17 ZO) = Ef[l](za ]-)|Z=Zo = g(z)\zzzo = g[l}(ZOa ZU)-

dz
O

Corollary 5.35. For any n > 3, there exist unitary operators H,, K, € B((3,.,) such that
o(H,) = o(K,),

and
[ttt () 83,4 X S = Shuga| = const log(n)?. (5.26)

Proof. Take H,, K,, as in Theorem 5.33; these unitary operators have the same spec-
trum. Let {u;};"1" be the sequence of eigenvalues of the operator H,, counted with
multiplicity. Since 1 € o(H,), we may assume that ;; = 1. According to (4.19) and

Theorem 3.4, we have

HFK”VHMH” (g) : S2Qn+1 X 52271—1-1 - S21n+1|| - 1<£ga2§+1 HFK”’HH (gk): 8202"'1 - 852"'1

b

where, forany k =1,...,2n + 1, we set
k(205 21) = <(20, b, 21), 20,21 € T.
In particular, the inequality
HFK%H"’H"@): 822n+1 X 822n+1 - 821n+IH > ”FK"’H"(Q): Sopi1 — 82024-1“
holds. From Lemma 5.34, we have that
s1(20,21) = s(20, 1, 21) = g (20, 21).
Therefore, we obtain
[DEnHn i (G): S X S5y = Sapa || = |TE P (gM): 85240 = Sso || (5.57)
Since H,, # K,, we derive

[Tt (gl (K — Ha)||
HKn - HnHoo

[Pttt (): 3y % b = S| 2

From the identity (5.43), we have I'’~!n (gl (K, — H,,) = g(K,) — g(H,). Hence the
above inequality means that

lg(5) — 9(Hu)lloo

[ 805 (6) - 85 % SRt = Shual =
n L

Applying (5.53) we obtain the desired estimate. O
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We are now ready to prove the final estimate of this section.

Corollary 5.36. For any n > 3, there exist a self-adjoint operator W, € B((3,,,) with
|Wall2 < 1and a unitary operator U,, € B((3,,.,) such that

HFU”’U”’U”( FEYW, U, W) || > const log(n)?. (5.58)
1
Proof. We take H,, and K, given by Corollary 5.35. Then we consider
K, 0 (Va0
V, = ( 0 H, ) and then U, = ( 0 v, ) . (5.59)

Then V,, is a unitary operator acting on /3, , and U, is a unitary operator acting on
€§n+4'
We claim that there exists a self-adjoint operator W,, € B((3,, ,) such that [|[W,|]» <1
and
[Tl () (W, VVn)H1 > const log(n)%.

Indeed, using (5.56) and the fact that H,, and K,, have the same sprectrum, this follows
from the proofs of [CMPST16a, Lemmas 22-25]. Indeed the arguments there can be
used word for word in the present case. It therefore suffices to show

T e () (W, W[, = [T (£ (W, W) (5.60)

For that purpose we set N = 8n + 4 and consider a spectral decomposition U,, =
SN %P, of U,. Then by (4.17) we have

=1

N
LU UnUn (RN W, U W) = Y Pz, 20, 2) PU(WLUL) Po(WoUn) Py

i k=1

N N
= 3 Az ) P (D aR) P PU,

i,5,k=1 =1
N
= > Sz, 2, 2) PWo PW, iU,
i,j,k=1

N
=N (i 2k 2) PWu W, PU,
i,j,k=1

— FUn,Uﬂ,yUn (g) (WTH Wn)Un

Since U, is a unitary, this equality implies (5.60), which completes the proof. O

5.4.3 A solution to Peller’s problem for unitary operators

In this section, we answer Peller’s question raised in [Pel05, Problem 1] in the negative.
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Theorem 5.37. There exist a function f € C*(T), a separable Hilbert space H, a unitary
operator U € B(H) and a self-adjoint operator Z € S*(H) such that

d

f(eiZU)——f(U)—-ag(f(e”ZU))‘t:0 ¢ S'(H). (5.61)

In the above statement, < (f(e"?U ))| ,_, denotes the derivative of this function at
t = 0. We refer to [Pel05, (2.7)] and the references therein for the facts that for any
f € C*}(T), for any unitary operator U € B(H) and any self-adjoint operator Z € S*(H),
the difference operator f (e'“U) — f(U) belongs to S*(#) and the function t — f(e"“U)
is differentiable from R into S?(H). Therefore, the operator in (5.61) belongs to S*(H).

Theorem 5.37 will be proved with the function f given by (5.54). We will combine

a direct sum argument and the following lemma, whose proof relies on Corollary 5.36.

Lemma 5.38. For any n > 1, there exist a non zero self-adjoint operator Z, € B((3,.,,) and a
unitary operator U,, € B((3, 4), such that

n=1
and
e - 5w - A,
e 7 - 5.6

Proof. We fix n > 3 and we take W,, and U,, given by Corollary 5.36. Note that chang-
ing W, into ||W,,||;'W,,, we may (and do) assume that ||W, | = 1. We consider the
sequence

1
Wm,n = _Wrw m > 17
m
and we set

Rm,n = f(elwann) - f(Un) -

By Theorem 5.31 we have

mZRmJL — Fein’nUn7Un7Un (f[Q]) (m(eiWnL,n Un _ Un), 'LWnUn)
+ T U U (U (2 (W Uy, — Uy — iWinUn)). (5.64)

Note that

m(e™mr — I,) — iW, asm — oc.

Hence by Lemma 5.27, we have
Fein,nUn,Un,Un (f-[Q]) (m(ein*”Un - Un)’ ZWnUn) N FUn,Un,Un (f[2])<ZWnUn, ZWnUn)

as m — oo. This result and Corollary 5.36 imply that for m large enough, we have

Pt (B (™ U,y = U,) iW,U,)

> const 10g(n)% : (5.65)
1
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We now turn to the analysis of the second term in the right hand side of (5.64). Since
f € C*(T), there exists a constant K > 0 (only depending on f and not on either n or
the operators U,, and W,, ,,) such that

HFeiW’"’"U"’U”(fm)I 881n+4 - 8§”+4H s i

This follows from [BS73] (see also [Pel85]).
Now observe that
. W2
m? (e — I — iW ) — 7" as m — oo.

Hence we have

for m large enough.
Combining (5.65) and (5.66), we deduce from the identity (5.64) the existence of an
integer m > 1 for which we have an estimate

P Unn (F0) (2 (W17, — T, — in,nUn))H < K|W2|, = K|[W, |2 (5.66)
1

m?|| Ry |li > const log(n)%. (5.67)

We may assume that m > n, which ensures that

1
-

HWm,nHZ S

Then we set Z,, = W, ,. The preceding inequality implies that }_ |/ Z,||3 < oo. Since
|[Wyllz = 1, we have || Z,||> = = hence the estimate (5.67) yields (5.63). O
Proof of Theorem 5.37. We apply Lemma 5.38 above. We set

d

B = |0, = J(U) = S (1)) ol

for any n > 1. Since {3, Z.;*} _, is an unbounded sequence, by (5.63), there exists a
positive sequence (a,,),>1 such that

Zan <oo and ZanﬁnHZnH;? = 0. (5.68)
n=1 n=1

Set
N, = [O‘nHZnHEQ} + 1,

where [ -] denotes the integer part of a real number. We have both

NnHZan SO‘H"’"HZn”g and anan"zn|‘52-
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Hence it follows from (5.68), (5.62) and (5.63) that
Y NullZull3 <o0  and ) N.B, = o0
n=1 n=1

We let H,, = 4 (£2,.,) and we let Z, (resp. U,) be the element of B(#,) obtained
as the direct sum of N, copies of Z, (resp. U,). Then Z, is a self-adjoint operator and
1Z,]13 = Nal|Z,|)5- Consequently,

Y N2l < oo (5.69)
n=1

Likewise U, is a unitary operator and we have

iZn T z d thn
£ (2 0) = £(U) = 2 (£ ) Iy

d
= Nan(ezann) — f(Un) = %(ﬂ e, ))|t 0H1 NuBn-

Hence
00 o ~ d
zjl Hf(6ZZ"Un) - f(Un) - %(f( ltZﬂU )|t ng = 00.

We finally consider the direct sum

2
H = Dp>1Han.

We let Z be the direct sum of the Z,,, defined by Z(¢) = {Z,,(£,)}22, forany ¢ = {£,}22,
in H. Property (5.69) ensures that Z is well-defined and belongs to S*(H), with || Z]3 =
o “L | Z,||3. Likewise we let U be the direct sum of the U,. This is a unitary operator

and 4 (f(e"?U)) 1o 18 the direct sum of the 4 (fle #Zny ) Therefore

[t=0"
[ f(e#U) — f(U) — (<Z”U>Wﬂm

> lZn ~ d ¢itZn
z; Un) (Un)—a(f( U))|t OHl

Since this sum is infinite, we obtain the assertion (5.61). O

Just like for the selfadjoint case, the theorem above has been generalized in [DPT16]
where the authors consructed a counterexample for a n—th order version of Peller’s
problem.
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5.5 Perspectives

in Section 5.2, we studied the differentiability in S?(#). Taking into account the dis-
cussion in Section 4.5, it is interesting to study the S?—differentiability of the mapping

teR— f(A+tB) — f(A)

when A and B are selfadjoint operators with B € S and f € C"(R) with possibly fur-
ther assumptions such as the boundedness of its derivatives. If the results are positive,
one can hope to obtain a formula for the Taylor remainder like in Theorem 5.1. We
refer to [EKS12] for some existing results about the S”—differentiability.

In Section 5.4 we gave some formulas for the differentiability in the case of unitary
operators in the finite-dimensional case. The results obtained in Section 5.2 for selfad-
joint operators can be also studied in the case of unitary operators. Namely, if U is a
unitary operator on some Hilbert space H and if Z € S*(H) is selfadjoint, then one can
study the differentiability of

t e R f(e"?U) — f(U) € S*(H)

for f € C™(T). We refer e.g. to [DPT16] for some results in this direction.
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