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Abstract

In this PhD work, two distinct phenomena are considered, which are both re-
lated to non-linear interactions between light and atoms. The first part of the
thesis is dedicated to four wave mixing based on the internal degrees of freedom
of room temperature helium atoms and uses it for amplification processes and
generation of squeezed light. The second studied process is based on external
degrees of freedom of cold cesium atoms and used for light storage and phase
conjugate field generation through multi-wave mixing.

I experimentally observed and characterized phase sensitive amplification via
four-wave mixing in metastable helium at room temperature. I have obtained
about 9 dB of maximum gain with a bandwidth of about 300 kHz. The obtained
phase transfer functions showed a strong phase squeezing, indicating that the
phenomenon was almost free of unwanted processes.

In the second part, I explain how recoil induced resonances, which are due to
the transfer of momentum between a photon and an atom, can be used to store
light. T also explain how this phenomenon can lead to generation of a phase con-
jugate field, and why the existing theory fails to model the dip, which appears
in the phase conjugate generation spectrum when the field power is increased.
I extend the model to the fifth order so that it can reproduce this new feature
and demonstrate that it depends on the decay rate of the coherence, which is
excited between atomic levels of different momenta.

I then show that a simpler model, which is based on three levels defined by
internal and external degrees of freedom of the atom, can explain the observed

phenomenon.






Sythese en francais

Dans ce travail de these, je considere deux phénomenes distincts, tous deux
liés aux interactions non-linéaires entre la lumiere et des atomes. La premiere
partie est dédiée a du mélange a 4 ondes basé sur des degrés de liberté in-
ternes d’atomes d’hélium a température ambiante, et 1'utilise pour des processus
d’amplification et de la génération d’états comprimés. Le second phénomene
étudié est basé sur des degrés de liberté externes d’atomes de césium froids et
est utilisé pour du stockage de lumiere et la génération d'un champ conjugué
en phase par mélange d’ondes.

J’ai expérimentalement observé et caractérisé de l'amplification sensible a la
phase par mélange a quatre ondes dans de I’hélium métastable a température
ambiante. J’ai obtenu un gain maximum d’environ 9 dB avec une bande pas-
sante d’environ 300 kHz. Les fonctions de transfert phase/phase obtenues
ont montré une forte compression de phase, indiquant que le phénomene était
presque exempt de processus indésirables.

Dans la seconde partie, j'explique comment les résonances de recul, dues a un
transfert de quantité de mouvement entre un photon et un atome, peuvent
étre utilisées pour du stockage de lumiere. J’explique également comment ce
phénomene peut conduire a la génération d’'un champ conjugué, et pourquoi la
théorie existante ne permet pas de modéliser le creux qui apparait dans le spec-
tre de génération du champ conjugué lorsqu’on augmente la puissance optique.
Pour reproduire ce nouvel élément, j’ai effectué un développement jusqu’au
5e ordre, qui démontre qu’il dépend de la cohérence qui est excitée entre des
niveaux de moments atomiques différents.

Je montre ensuite qu'un modele plus simple, basé sur trois niveaux atomiques
définis par des degrés de liberté interne et externe de I’atome, peut expliquer le

phénomene observé.
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General Introduction

This PhD work is divided into two parts, which consider two distinct phenom-
ena, but are both related to non-linear interactions between light and atoms.
The first part of the thesis studied four wave mixing using the internal degrees
of freedom of room temperature helium atoms and uses it for amplification pro-
cesses and generation of squeezed light. The second process that I explain, uses
external degrees of freedom of cold cesium atoms to store light and generate a

phase conjugate field through multi-wave mixing.

Conventional electronic information communications and data processing

are recently being overtaken with the recent upsurge of photonics with lasers
and fiber-optic communications. Compared to traditional electrical communi-
cation, optical ones are advantageous due to their higher bandwidth, lower loss,
security and cost efficiency. The other important aspect is that many different
properties of light can be used to encode binary bits ( 1 and 0) of information
e.g. the intensity, phase or polarization etc.
The on-off keying based on intensity modulation is still the most widely used
protocol for fiber-optic transmissions, where a train of consecutive high and low
intensities carry 0’s and 1’s of the binary information. In comparison, phase
shift keying (PSK) protocols are mostly used for wireless (LAN or bluetooth)
communications. For binary PSK (BPSK), the phase of the signal is flipped
between 0 and 7, which denotes the 0’s and 1’s. It is possible to encode four
bits via quadrature PSK (QPSK) or even higher amount of bits via higher order
PSK protocols.

Although one of the main advantages of using fiber-optic telecommunication
is its low loss (attenuation coefficient is often of the order 10~! dB/Km), the
long submarine communications cannot be loss-less. After every few hundreds
of kilometers, we need to reamplify the optical signal. But traditional amplifiers
such as erbium doped fiber amplifier (EDFA) degrade the signal by introducing
noises. This is a problem for both intensity modulation or phase-shift keying
protocols.

Phase sensitive amplification (PSA) is a coherent amplification process, which
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FiGure 1: Constellation diagrams of a BPSK signal: I and Q are the in-phase and

quadrature components of a signal. (1) An initial ensemble of BPSK signal with

0 and 7 phases. (2) A lossy medium dissipates some of the signal photons. (3) A

traditional amplifier introduces noises (phase noise here). (4) A phase regenerator

operating via phase sensitive amplification (PSA) is able to compress the noisy signal
into 0 and 7 phases again, which resembles the initial signal (1).

has been shown to be able to amplify a signal without introducing noise [Caves,
1982, Imajuku and Takada, 2003]. This property is of interest not only for
intensity-modulation protocols due to its direct influence on the repeater noise
performance, but also for phase-shift keying protocols where the phase-squeezing
property of PSA has been shown to be able to regenerate the original signal
[Slavik et al., 2010]. A phase regeneration process via PSA is shown in fig.
1. In the following thesis I have studied experimentally and theoretically PSA
in metastable helium in a vapor cell at room temperature and I could directly
measure phase squeezing transfer curves, such as the ones studied for phase

regeneration purpose.

Along with information exchanges, information storage is an integral part of
any computation scheme. Storage of optical signal has been a challenge towards
an all-optical computation. Electromagnetically Induced Transparency (EIT)
has been shown to be able to efficiently store quantum states of light [Fleis-
chhauer and Lukin, 2002]. In our group, we have previously reported efficient
storage of classical light in Raman coherences of atomic states in EIT conditions
and via another phenomenon, coherent population oscillations (CPO) [May-
nard, 2016]. Jose Tabosa’s group from the University of Pernambuco, Brazil
have demonstrated the possibility to store light in the momentum-coherences

of cold cesium atoms [Almeida et al., 2016].



When an atom absorbs or emits a photon, the atom recoils due to a transfer of
momentum with the photon. Atomic recoil has since long been predicted and
verified to give rise to non-linear interactions between light and atomic media
[Guo, Berman, Dubetsky, and Grynberg, 1992, Lounis, Verkerk, Courtois, Sa-
lomon, and Grynberg, 1993]. This atomic recoil gives rise to coherences between
atoms with different momenta, which induce resonance features in atom-light
interactions, namely recoil induced resonances (RIR). I have developed a higher
order perturbation model and an equivalent three level model that can explain

RIR features, which had been recorded by Jose Tabosa’s group.

In the first chapter of my thesis, I introduce the definitions needed to char-
acterise a quantum electromagnetic field. I more specifically define what are
the non-classical squeezed states of light and show their noise properties. Then,
I introduce the phase sensitive and insensitive amplification (PSA and PIA)
processes, compare their noise properties and theoretically explain how PSA

leads to squeezing.

In the second chapter, I briefly introduce the different atomic resonances
which are of interest in the thesis namely coherent population trapping (CPT),
electromagnetically induced transparency (EIT) and recoil induced resonances
(RIR), which I have used during my PhD work.

In the third chapter, I describe the experimental set-up and relevant atomic
level schemes of metastable helium and the observation and characterization of
PSA gains. PSA is usually associated to generation of squeezing which noise
below the standard quantum limit. I explain the experimental set-up used for

squeezing detection and why I could finally not detect it.

In the fourth chapter, I present the experimental observation of RIR by the
group of Jose Tabosa in the university of Pernambuco, Brazil and the third or-
der theory which explains the transmission, phase conjugate (p.c.) generation
and storage effects of RIR. I explain the fifth order expansion that I developed
to explain the emergence of new features in the p.c. generation spectra, when
the pump field powers are high enough. I also propose a simpler three level

atom model.
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6 Chapter 1. Quantum Noise and Amplification of Light

Light is classically described as an electromagnetic (EM) field wave, which

can be written as a superposition of traveling monochromatic waves:
E(t,7) = d(Ae Wtk 4 greilwt=F) (1.1)

where E (t,7) denotes the instantaneous electric field polarized along € at a
time t and a position 7. A = |Ale*® is the complex amplitude of the electric
component, which is oscillating at a frequency w with a wave-vector k. This
description in eq. (1.1) can also be broken down in a time-dependent form as
(at 7= 0):

E(t) = &2|A|cos(¢)cos(wt) — 2| Alsin(¢)sin(wt)) (1.2)

This expression divides the field into two parts oscillating in quadrature,
with amplitudes |A|cos(¢) and |A|sin(¢). They are known as the quadratures
of the field.

Models, which quantize atomic levels but consider only classical light, can-
not explain effects such as the spontaneous emission. This is why Weisskopf and
his mentor Wigner developed the quantized light formalism through a quantized

weakly coupled atom-light system [Weisskopf and Wigner, 1930].

In comparison to the classical form shown in eq. 1.1, the quantum mechan-
ical representation of light uses creation and annihilation operators, so that the
quantized E.M. field can be written as [Scully and Zubairy, 1997] ( more details

are given in appendix A):

E(7,t) = é8(ae " “=F 4 gleilwi=F) (1.3)

where E is now the field operator and @ and a' are respectively the annihi-

lation and creation operators of a photon, with a frequency w and wavevector

k. More generally, an EM field is a sum over all the modes, which compose

the radiation. & = <2ZUV>§’ is the single photon amplitude, where V' is the

quantization volume and € the polarization vector. When one considers the

coupling of the quantized EM field with an excited atom, spontaneous emission
then arises from the fact that the annihilation and creation operators do not

commute : [a,al] = 1.

The eq. (1.3) can be compared directly to the classical representation (shown
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FiGURE 1.1: Comparison of the classical and quantum representations of a field in
the quadrature space: (a) the classical picture: where the quadratures have values X
and Y7 and the EM field is just the point given by the coordinates. (b) the quantum
picture: the mean field values of the quadratures are still X; and Y; (centre of the
circle) but the point is surrounded fluctuation, denoted as AX and AY respectively.

in eq. (1.1)), with the equivalence of A < a. In the same way, the quadrature
operators X and Y can be defined for the quantized field as:

(a—al) (1.4)

The two quadratures can be recognized as equivalents of the position 2 and
momentum p operators of a simple harmonic oscillator system. Hence, the
quadratures are canonically conjugate one with each other and verify [X, Y] = %
and the uncertainty relation (AX) (AY) > %, where the standard deviation
(AO) of an operator © is defined as:

(A0) = V(©?) - (0)? (1.5)

1.1 Quantum Noise

Since Heisenberg derived the relation between the uncertainties of the momen-
tum and position operators, it has been clear that quantum mechanical op-
erators will always contain inherent fluctuations around a mean value. The

description of a system thus always includes these two quantities.

The description of a field in the quadrature space thus differs fundamentally
from the classical case to the quantum one. The quadratures X and Y, will

classically have two fixed values. The quantum mechanical description of the
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field must include the mean values of the quadratures, which are equal to the

classical ones, together with their corresponding uncertainties (see fig. 1.1).

1.1.1 Definitions

In the following, the quadratures are taken to be the dimensionless Hermitian
operators X and Y, defined in eq. (1.4).
A quantized monomode electro-magnetic field (given as, E(t) = & (ae=™" + afe™")

can then be rewritten as:
E(t) = 28 (X cos(wt) + Y sin(wt)) (1.6)

Mean field

Classically, the energy flow per unit area per unit time for a monochromatic
plane wave is proportional to the field square of the absolute amplitude |E|?.
Quantum mechanically, when the field is quantized in a monochromatic and
plane wave basis, the energy carried by each photon is Aiw. The average energy
flow per unit area is linked to the number of photons per unit area, per unit
time, which is given as:

N =ata (1.7)
where a' and a are respectively the creation and annihilation operators. The
measure of the intensity, which is proportional to the square of the modulus of
the classical field amplitude |E|?, is thus a measure of the expectation value of

the number operator (N) .

Noise

Due to quantum uncertainties, the measurement of the number operator will
have several outcomes. The standard deviation of these outcomes, for a given
initial state, is the quantum noise associated to the considered state. By defi-

nition, the variance of the photon number of an EM field in a state |1) is:

(AN)* = (YIN*) — (V[N |¥)? (1.8)

or equivalently, the standard deviation is written as:

(AN = /(] N2]) — (6] N]))? (1.9)
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In terms of the number operator N and the standard deviation (AN), the
signal-to-noise-ratio (SNR), is defined as:

\ 2
()

(AN)?
To characterize how the noise properties are modified during an optical

interaction, we define the Noise Figure (NF) as the ratio of the SNR at the
input to the SNR at the output:

SNR =

(1.10)

SNR;,
" SNRou

An ideal interaction does not change the SNR, so that NF=1, while a degra-
dation of the SNR gives NF> 1.

NF (1.11)

In the following sections, I show how it is possible to get a better NF than
the ones obtained with standard amplification protocols, which are known to

give NF~ 2, as explained in the sec. 1.4.2.

1.1.2 Coherent States

Coherent states are defined to be the eigenstate of the annihilation operator a.

We usually call |«) the coherent state with the eigenvalue « i.e. :
ala) = ala) (1.12)

The eigenvalue « is a complex number, which can be written as o =| a | €.
It can be easily shown that the average number of photons in a coherent state

) is |of*:

A~

(a[Nla) = (al(@'a)|a)
= |al? (1.13)

Intensity noise

It is possible to express the state |a) as a superposition of Fock states {|n)}
(see appendix A):

oy = e HeP 3 2y (1.14)

n=0 m

A coherent laser output will thus exhibit a Poissonian statistics, as demon-
strated experimentally by Arechhi et al. [Arecchi, 1965].
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Indeed, the standard deviation in the number operator AN , for a coherent state

can be calculated using eq. (1.10).

(a|N?|a) = (a]ataatala)
= (ala' (1 +a'a)ala)
= |af* +[af* (1.15)

So that, the standard deviation AN is :

(alANa) = 1/ (a]N2la) — (a|N|a)?
= o] = <N> (1.16)

which is a well-known property of the Poissonian distribution.
Assuming a perfect quantum efficiency, a photodetector converts every photon
into electrons of charge ¢q. Thus a detection of a coherent state will give rise to

a photocurrent ¢ (N) with a noise ¢ (AN) = g1/ (), which is the shot noise
and often called the standard quantum limit (SQL).

Quadrature noise

Recalling the definition of the quadrature operators X and Y in terms of the
annihilation and creation operators, one can show that the averaged values for

a coherent state |a) are :

(alX]a) =3(a +a*)
(a]X?la) = (a+a*)? +1/4
(@l |a) =5;(a — )

(a]Y?]a) :_Tl(a a2/ (1.17)

From which, it can be easily deduced that :
(AX)? = i _ (AY)? (1.18)

The state |a) thus satisfies the minimum uncertainty relation :

(AX) (AY) = }l (1.19)
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This equality demonstrates that the total uncertainty remains the same
whatever the mean photon number |a/, in contrast to the well-known number
states |n). Indeed, for such Fock states the total uncertainty increases with the

number of photons n (see Appendix A):
1
(AX), (AY), = Z(Zn +1) (1.20)

A study of multi-photon Fock states and their quadrature noises has been done
by Cooper et al [Cooper, Wright, Soller, and Smith, 2013], which experimentally
demonstrated this property for n = 1 and 2.

Measuring the noise of the quadratures of a field is not as direct as measuring
the field mean values and the shot noise. In the section 1.1.4 I describe the

homodyne detection scheme usually used for this purpose.

1.1.3 Squeezed States
Definition

In terms of the quadrature operators [eq. (1.6)], the field E(t) is expressed as
E(t) = 28(X cos(wt) + Y sin(wt)).
Due to the commutation relation [X,Y] = /2, the total noise (AX) (AY") is

limited by the uncertainty relation:

(AX) (AY) >

1 =

As shown previously, the coherent state saturates this inequality with equal
noise on both quadratures i.e. (AX) = (AY) = L. The only way to de-
crease the noise on one quadrature is thus to increase it on the other, keeping
(AX) (AY) = %. Such a state, is called a squeezed state of light [Scully and

Zubairy, 1997].

|

If we use the same representation as in fig. 1.1, a coherent state is given by
a circle, while the squeezed state will give an ellipse (see fig. 1.2). [Caves, 1982].
The center of the ellipse (or, circle for a coherent state) is at the expectation
value (X +14Y") in the complex plane, and the area is given by (AX) (AY).

Fig. 1.2 gives the phase-space representation of a coherent state, a squeezed
state along X and a squeezed state along Y, when the mode is in a state with

(Y) = 0. The uncertainty in X corresponds to an amplitude fluctuation and
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Y Y Y
‘ X X X
E(t) E(t) E(t)
N i N ¢ N t
(a) (b) (c)

FIGURE 1.2: Representation of (a) a coherent state, (b) a phase-squeezed state and
(c) an amplitude-squeezed state in the case of (Y) = 0. In the top row, the phase
space representation for each corresponding case. The centers of the circle (case (a))
or the ellipses (cases (b & c)) are the mean electric field amplitudes. Their area
are the quantum noise. In the bottom row, the mean electric field as a function of
time (dotted line), and its fluctuations (gray shadow). The state is squeezed in one
quadrature when the noise in that quadrature is less than the standard quantum limit
given by a coherent state (c.f. (a)).

the uncertainty in Y can be seen as a phase fluctuation [Caves, 1982]. The three

cases described in fig. 1.2 are :

(a) A coherent state : the noise is the same for both quadratures, as shown
in eq. (1.18).

(b) An X-squeezed state : (AX) < (AY). The total noise is thus minimum

when sin(wt) = 0, and maximum when cos(wt) = 0.

(c) A Y-squeezed state : (AY) < (AX). The total noise is thus minimum

when cos(wt) = 0, and maximum when sin(wt) = 0.

These states have been used very recently to successfully detect the gravita-
tional waves for the first time [Abbott et al., 2016]. They have also found other
applications including detection of weak spectroscopic signals [Polzik, Carri,
and Kimble, 1992], new imaging techniques in biology [Taylor et al., 2013] and
magnetometry [Otterstrom, Pooser, and Lawrie, 2014]. They are also interest-

ing for quantum information protocols with continuous variables [Yonezawa and
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Furusawa, 2010].

Squeezing parameter

It is possible to define a unitary squeezing operator S [Gerry and Knight, 2004],

as:
S(¢) = exp (%g*eﬁ - %geﬁ?) (1.21)

where @ and af are the annihilation and creation operators, and ¢ = re® is

any arbitrary complex number. The factor r is called the squeezing parameter.
A squeezed state is produced when this squeezing operator acts on a coherent

state:
@) = |, ) = 5(¢)a)

In the Heisenberg picture, the annihilation operator changes under this unitary

transformation as:

~

i — ST(Q)aS(¢) = acoshr — afe? sinhr (1.22)

For § = 0, the quadratures are modified by the application of the squeezing

operator, so that:

(AX) =2 — (AX)=2"

(AV) == S (AY)=%

N =N =

The noise is thus smaller in one quadrature than in the other and the minimum
is less than %, which is lower than the SQL defined by coherent states. The
ratio of this decrease in noise, to the noise of one quadrature of a coherent state
is (1 — e™"), which is often expressed in dBs to describe the level of squeezing.
For r < 1, the relative decrease in noise is simply (1 —e™") & r.

Experimentally, a squeezed state of 0.3 dB below the vacuum noise, was first
detected via four wave mixing in a sodium vapor [Slusher, Hollberg, Yurke,
Mertz, and Valley, 1985]. Soon afterwards, a 3.5 dB vacuum squeezing was
observed using non-linear phenomena in optical fibers [Wu, Kimble, Hall, and
Wu, 1986]. In Rubidium vapor cells, more than 8 dB of squeezing has been
detected [McCormick, Marino, Boyer, and Lett, 2008]. And a 9 dB squeezing
has been measured in an optical parametric oscillator, operating below thresh-

old [Takeno, Yukawa, Yonezawa, and Furusawa, 2007]. A squeezing of 12.7 dB,
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generated with nonlinear crystals in monolithic cavity, is used in the gravita-
tion wave detection [Eberle et al., 2010]. The state of the art squeezing of 15
dB was achieved in an optical parametric amplifier operating under threshold,
for calibration of photoelectric efficiency [Vahlbruch, Mehmet, Danzmann, and
Schnabel, 2016].

Two-mode squeezing

For two correlated fields, whose annihilation and creation operators are {a,a'}
and {b,b'}, we can introduce the two-mode squeezing operator S(¢) [Scully
and Zubairy, 1997]:

S5(¢) = exp (%C*ab — %CaTbT> (1.23)

which cannot be factorized into two single-mode squeezing operators for the
individual fields of the form eq. (1.21). Under the action of the operator S»((),

the individual field annihilation operators modify as:

a — S3(¢)aSy(¢) = acoshr — bfe? sinhr
b — SI(C)bS(¢) = beoshr — ate? sinh r (1.24)

The two mode squeezing operator models the correlations between the two fields

induced by the joint creation or annihilation of the fields. The joint annihilation

and creation operators a4, al can be defined as:

ay = \/Li(a + e'?b)
al = \%(cﬁ + 7)) (1.25)

where ¢ is an arbitrary phase factor. The joint in-phase and out-of-phase

quadratures are then given as:

T %(ai + al)
I
Y+ = \/51( + L) (1.26)

When both modes are coherent states, the uncertainty relation for the pair of
joint quadratures reads (Az) (Ay,) = 1. The action of the squeezing operator

of eq. (1.23) gives the following standard deviations :
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Az (p=0)) =" | (Ay(p=0+m) =%
(Az(¢=0)=% |(Qy-(p=0+m) =5

which are similar to the one-mode squeezed quadrature noises in eq. (1.23).

Physically it means that we are looking at the noise correlations in the quadra-
tures of the sum and difference of both fields. While individually, each field
remains in a coherent state.

Such a two-mode squeezing has been detected via optical parametric ampli-
fiers [Vasilyev, Choi, Kumar, and D’Ariano, 2000] and in hot Rubidium atomic
vapors [Corzo, Marino, Jones, and Lett, 2011]. Boyer et al. achieved a two
mode squeezed 2D entangled image [Boyer, Marino, Pooser, and Lett, 2008].
These two-mode correlations have been an experimental way to realize Einstein
Podolsky Rosen paradoxes [Reid and Drummond, 1988, Babichev, Appel, and
Lvovsky, 2004]. It has also been suggested to be utilized to handle classical

disturbances in in detection schemes [Steinlechner et al., 2013].

1.1.4 Homodyne Detection

Detector 1 Oscilloscope

520
N

_______ BS Detector 2

Q»

FIGURE 1.3: Balanced homodyne detection scheme. The signal a is mixed with a

strong local oscillator beam with the same frequency aro using a 50/50 beam splitter.

The outputs dy and dy are detected with identical photodiodes (Detectors 1 and 2).

The photocurrents are then electronically subtracted, allowing to remove the technical
noises.

Squeezing of the field quadratures cannot be directly measured through the
intensity fluctuations of the considered field because quadrature noises are then

added. Indeed, squeezing measurements require to be able to detect separately
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the quadratures, which can be done using a balanced homodyne detection. The
experimental scheme is shown in fig. 1.3: the signal, which has to be analyzed,
is mixed with a strong local oscillator (LO) of the same frequency, usually a
coherent state. The use of a 50/50 beamsplitter gives two beams, which are
detected by two identical photodiodes: the photocurrents are subtracted, so
that technical noises can be suppressed.

The following quantum analysis of the homodyne scheme was developed by Yuen
and Shapiro [Yuen and Shapiro, 1978]. The action of a lossless beamsplitter on

the annihilation operators of the input signal and local oscillator can be modeled

dl r t dL
(&)=

where reflection and transmission coefficients of the beamsplitter, r and t re-

as:

spectively, verify:

7P+t =1 and t'r+rt=0 (1.28)
For a 50/50 beamsplitter, we get:

1
| = [t = —=

V2
so that, up to an overall phase factor,

- -1
dy = — (ap +id)  dp = — (iag + )

V2 V2
The measurement of the difference of the detected photon fluxes is then:

A

D= (d{dl - d;cg) — = ((a; —ia"Y(ag +ia) — (—ial + a')(iar, + a))

1
= = (( TLaL —iatar + iaTLa +a'a) — ( TLaL — z’aTLa +iata, + aTa))

= z( TLa—aTaL)

If we assume that the local oscillator is a coherent state |ay) with ay =

lap| exp(igy), the above expression gives:

(ap|Dlag) = ilap|(e7ta — e¥*ral) (1.30)

So that,

(1.29)
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(ap|D|ap) (¢ = 0) = i|ag|(a — al) = —2|a|V (1.31)
(ar|Dlag)(¢r = g> = |agl(a+a') =2Jo|X (1.32)

When we scan the local oscillator phase, we can have a direct measurement

of the quadratures X and Y defined in the eq.s (1.4).

- When the input field a is a coherent state, independent of the local oscil-

2
lator phase ¢, the fluctuations in the measurement are <AD> = \aL\2,
which is thus the SQL to which the measurements should be compared.

- When the input field is a squeezed state ST(¢)aS(¢), the standard devi-
ation ( AD) scans different quadratures, when one varies the LO phase.

In the case of real ( parameter:

R 2 R 2
— For an amplitude squeezed state, <AD(¢L = 0)> > |ag|? and <AD(¢L = §)> <
|,
A 2 ~ 2
— For a phase squeezed state, <AD(¢L = 0)> < |ap|* and <AD(¢L = §)> >
jar |,

However, real beamsplitters have losses, which can be modeled by adding phan-

tom beamsplitters in front of the detectors, where the incident field is mixed

with a vacuum mode (b) from the other side [Leonhardt, 1997] (c.f. fig 1.4).

> ——> >

+ Detector1

o ¥o-- g Detector2

=1

(a) (b)

FIGURE 1.4: Modeling losses in homodyne detecetion with phantom beam-splitters
(shown in gray): (a) two vacuums b; and by are mixed with the two output ports
(d; and dy respectively) of the homodyne-mixing 50/50 beam splitter. and (b) an
effective vacuum input in front of an ideal homodyne detection scheme. The two
representations (a) and (b) are equivalent [Leonhardt, 1997].
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If we assume an overall beamsplitter of a transmission coefficient 1 and that
the local oscillator power is much more than the signal one, then the variance of

difference of the photocurrents (AD)? can be shown to be ( see appendix A.4)

(AD)* = nplag* {1+ [4(AE)’ —1]} (1.33)

where we assumed that the b field (see fig. 1.4(b)) is a coherent vacuum state,
and the operator £ = 1[4 4 e=ra). The LO shot noise n|azol® is the
standard quantum limit (SQL).

- When the input signal is in a coherent state, then (AE)? = %. So that,
when this difference is measured via an Electric Spectrum Analyzer (ESA),
we observe the shot noise of the LO i.e. the SQL.

- When the input signal is in a squeezed state, (AE)* < 1 or (AE)? > %
depending on the values of ¢;. When the difference of the photocurrents
is measured via an ESA while the LO phase is scanned, we can see noise
decreasing below the LO shot noise for some values, while it increases

above for others.

In fig. 1.5, I have plotted the observed squeezing and the SQL levels as a
function of the transmission coefficient 7 of the fictitious beamsplitter. A 2 dB
initial squeezing will not be visible when losses are more than 76%, while for a

9 dB of squeezing, it is visible up to nearly 53% of losses.

For a two mode squeezing (c.f. sec. 1.4.5), we should use a “Heterodyne

detection” scheme, which will be detailed in the next chapter, in section 3.4.

1.2 Light Amplification

1.2.1 Propagation of light in a dielectric medium

“Non-linear optical phenomena are the various response of a material system
to an applied optical field that depends in a ‘nonlinear’ manner on the strength
of the optical field” [Boyd, 2003]. Such phenomena can be modeled using the
Maxwell’s equations, which describe the propagation of an electromagnetic field

in different media. In this thesis, I am interested only in dielectric media without
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FIGURE 1.5: Detected squeezing as a function of the transmission efficiency of the

fictitious noise-beamsplitter for three different input squeezing levels: (a) 2 dB (blue),

(b) 5 dB (orange) and (c) 9 dB (yellow). In magenta, the standard quantum limit is

shown as a function of transmission coeflicient, relative to the SQL for full transmis-
sion expressed in dBs.

any free current and charges, so that in SI units the Maxwell’s equations are
stated as (in SI units):

VxE=—-0B
VXﬁ:atﬁ

-]l
I

Vi (1.34)
\ '

o
I
o o

where, E is the electric field, é, the magnetic field, 5, the displacement
field, and H, the magnetizing field. The displacement field D is obtained by
summing up the free space flux density and the one due to the locally induced

polarization P:
D=¢ckE+P (1.35)

where ¢q is the free space permittivity. Assuming that the medium is nonmag-
netic (i.e. H = B/puo ) and using the fact that ¢ = 1//fig€o, the insertion of
eq. (1.35) in eq. (1.34), gives the relation between P and E :

1
)

o O
O#P=VxVxE+=S0E (1.36)
€oC c
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The polarization vector, can be conveniently split into its linear and nonlinear
response parts, as:
P =eoxVE + PNE (1.37)

Using this expression for Pin eq. 1.36 and that V.E = 0, we obtain the relation:

14+ xW

1 .= 4 .
— 0Py, = V’E — —S—0}E (1.38)
C

6062
The above equation governs how a non-linear medium responds to any incident

electric field. The nonlinear part of the polarization field can be expanded as

an infinite series of electric field as:

Pup = e [\ B 4 x9S 4 xWE*.. (1.39)

Here, the powers of the field vectors imply the tensorial nature of the non-
linear susceptibilities. In eq. 1.39, the x®%) are the second, third etc order
non-linear coefficients respectively. In general, a process corresponding to a
term involving E™ is called (n+1)-wave mixing process as it involves (n+1)
waves, including Pyr. In this thesis, the scalar interpretation of the equation

is sufficient, so that we write:
Py = ey [XPE* + X B + xWE*.] (1.40)

1.2.2 Some non-linear phenomena

I consider now the sum of n electric fields with different amplitudes FE, and
frequencies w,, :

E = Z[Enew”t + c.c] (1.41)

n
Putting this expression into eq. 1.40, one can observe that a second order non-
linear phenomenon is given by (Eje™t + Efe~™1t  Fye™2! + Fie~w2t )2

which can be expanded and shows terms:

e with frequencies (w; + w;) where {i,7 : 1 — n} : the process is called

sum-frequency generation.

e with frequencies (w; — w;) : the process is called difference frequency

generation.

Similarly, a third order non-linear process gives rise to polarization compo-

nents that oscillate with frequencies (w; + w; &+ wy) with {7, 7,k : 1 — n}. The
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non-linear polarizations radiate electric fields oscillating at these frequencies.

Because, these processes generate frequencies different from the original

fields, it has found interest in many ways :

(a) The Second Harmonic Generation (SHG) is a sum frequency generation by
a second order non-linear process where a sum frequency field is generated
using degenerate input fields (fig. 1.6(a)). This gives rise to an electric
field with twice the original frequency. Using this phenomenon, second
harmonic imaging is an efficient tool for studying nonlinear biological
systems [Freund and Deutsch, 1986]. It also is extensively used in industry
to generate green 532 nm laser from 1064 nm infrared laser, with non-

linear crystals such as potassium titanyl phosphate (KTP).

X(Z) | X(3) | sa

i

(a) (b)

—_—
w 3 Wy = W1 + W3 — w3
_ L _—
5 n i
—_—

(c) (d)

FIGURE 1.6: Schematic diagram of (a) second harmonic generation through a second
order non-linear Y crystal, (b) third harmonic generation through a third order
non-linear x) crystal, (c) Kerr effect through a third order non-linear crystal where
the refractive index is modified, but the frequency of the exiting field remains the
same (d) Four wave mixing through a third order non-linear x3) medium.

(b) The Third Harmonic Generation (THG) is a sum frequency generation by
a third order non-linear process with thee degenerate input fields. The
new electric field oscillates with a frequency, which is thrice the original
one (fig. 1.6(b)). THG has found interests from labeling nanoparticles
by size [Lippitz, Dijk, and Orrit, 2005] to advanced imaging schemes in

biological tissues [Kuzmin et al., 2016].

(¢) The Kerr effect, is a third order nonlinear process, with three degenerate
input fields. Here, the term of interest is E*EFE (fig. 1.6(c)), so that the

effective refractive index of the medium can be shown to be [Boyd, 2003]:
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Because of this intensity dependent refractive index change, a Gaussian
beam will create a Gaussian refractive index spatial variation even in an
isotropic medium, which mimics a lens, and induces self-focusing [Kelley,
1965]. Optical Kerr effect has found applications in silicon wave-guides
[Stolen and Ashkin, 1973], or in spectroscopy of liquid materials [Zhong
and Fourkas, 2008].

(d) The Four Wave Mixing (FWM) is a third order non-linear process where
three electric fields with different frequencies wq, ws and ws gives birth to
another field with a frequency wy = wy +ws —ws (fig. 1.6(d)). This process
has been used to observe phenomena like intensity and noise correlations
[Qin et al., 2014] or squeezing [Agarwal, 1986]. In terms of applications,
FWM is used as a tool for real-time holographic imaging [Yariv, 1978],
real-time image processing [Pepper, AuYeung, Fekete, and Yariv, 1978]
and is the fundamental principle of spectroscopic processes like Coherent
Anti-Stokes Raman Spectroscopy (CARS), Coherent Stokes Raman Spec-
troscopy (CSRS) or Stimulated Raman Gain Spectroscopy (SRS) [Shen,
1984].

Although useful, the first two processes discussed above create frequencies much
further from the original interacting fields. FWM process has the advantage of
creating frequencies which are similar to the input fields. Usually, the higher
the order, the smaller the amplitude of the phenomena. But, centro-symmetric
media have a Y equal to 0, so that the third order processes are easier to

detect. This is the case with a gas cell.

1.3 Phase insensitive and phase sensitive am-

plification

One of the main advantages of using optical fiber for transmission of informa-
tion is its low loss (attenuation coefficient can be of the order 107! dB/Km).
Still, even with this low attenuation rate, for very long communication channels,
we need to reamplify the optical signal. Traditional amplifiers such as Erbium
Doped Fiber Amplifier (EDFA) or Semiconductor Optical Amplifiers (SOA) are
open systems : because they interact with the environment, the signal to noise
ratio is degraded by about 3 dB for high gains [Caves, 1982].

Contrary to these phase insensitive amplifiers, the Phase Sensitive Amplification
(PSA) phenomenon, discussed in this section, can show an ideal Noise Factor

NF = 1. It is possible because PSA happens in a closed Hamiltonian system
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which uses non-linear interactions to transfer photons from a pump channel to
a signal one.

Here we are interested in FWM processes involving a degenerate pump of fre-
quency wp. Two such pump photons are annihilated to amplify a signal field of
frequency w, and an idler field of frequency w;, which are symmetrically detuned

from wp by a frequency difference § (see in fig. 1.7).

1.3.1 Classical FWM

< Pump
& A
2
B
< Signal Idler
T 5 5
Ws wp @i Frequency,

FIGURE 1.7: Schematic diagram of the frequencies of the involved fields. A strong
pump (or coupling, in red) with a frequency wp and two weaker fields: a signal (in
green, frequency ws = wp — d) and an idler (in blue, frequency w; = wp + )

We consider three copropagating monochromatic fields:
EP,i,s = Ap’i’S(Z)ei(kp’i’sz_wp’i’st) =+ c.c. (142)

where P.i,s are the labels for the pump, idler and signal beams respectively. The
frequencies satisfy the relation: 2wp = w; + w;, (see fig.1.7). Ap, s(2) are the
amplitudes, which vary along the direction of propagation 2. We consider the
nonlinear FWM components of the polarization with frequencies wp, ws and w;
[Boyd, 2003] (other frequency components are also produced, but they are very

far from the incident frequencies):

Pyp™ = ex¥(Ep + E; + E,)?
= Prp M|, = coxXP[BAp AL + 6AA; + 64,A7) Ape'™? + 64, A, Aneltithe—he)z],
= P, = eoXP[(6Ap AL + BALAL + 6A4; A7) Age'™* 4 3AL A7l Ghr—ho)=];
= Py M|, = coxPI(6ApAp + 6A,A] + 3A;A7) Aye™?  3AF ALe!Phr k),

(1.43)
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The non-linear wave-equation eq. 1.38 gives, for each frequency components

Wpi,s:

2 ikpi oz 1+x® ikp oz ~Whis LrwM
8Z (APJ‘,SG 11,8 ) _|_ Twp,i,s (AP7,L"S€ )T, S ) — 607 PNL |UJP»L’S (144)

where V? is replaced by 92 because the field depends only on z (eq. (1.42)).
Using

83 (Ap7i736ikp’i’sz) = aZAP,i,s + 2ikP,i,sazAP,i,s - kIQ:’,i,sAP,i,s (145)

with the slowly varying wave approximation [07A| < k[0.A| and k3, =

eMw?, [, eq. (1.44) gives the coupled equations :

0. A, =17y (|As]2 + 2| Ap|* + 2|Ai|2) Ay +iyAL AT exp{—iABz}
0. Ap = iy (2| A + |Ap|* + 2| Ai*) Ap + 2i7 A A A exp{iAfz}  (1.46)
0. A; =1y (2|AS|2 + 2|Ap|2 + |Ai|2) A; + MA%A: exp{—iASz}
lkp|x®

xM(Qp)
is the non-linear parameter. In the undepleted pump approximation (i.e. the

where AfS = 2kp — ks — k; is the linear wave-vector mismatch and v =

amplitude of the pump field is high enough to consider that its intensity, which
is proportional to |Ap|* = Pp, is constant), if |A,|? = |A;|> < |Ap|?, the above

equations give:

0.,Ap = ivPpAp
= Ap = Ap(0)exp{ivPpr}
0.As = 72PpAs + ivPpA} exp{(2ivPp — iABz)}
0.A; = iv2PpA; +iyPpA} exp{(ivPp —iAS2)} (1.47)

The last two equations are the coupled differential equations for the signal and

idler amplitudes, the solutions to which are given by:

As = pAs(0) +vA7(0)

(1.48)
A; = vAL(0) + 1A (0)

with
= (cosh(gz) + i%smh(gz)) exp{(iABz/2)} L)
v = %A;(O)smh(gz) exp{(iABz/2)}
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where
K = 2vPp — AP is the nonlinear phase mismatch.
N2 (1.50)
g= v2P% — <§> is the parametric gain coefficient.
From the definitions of  and v, it can be seen that,
W2 = vt =1 (151)

1.3.2 Phase Insensitive Amplification gain

In the case of Phase Insensitive Amplification (PIA), we just fix the initial idler
amplitude to be zero, i.e. Af(0) =0, so that, the eq.s 1.48, are redefined to be:

As = pnAs(0
#4:(0) (1.52)
A; =vA%(0)
The gain for the signal field is given by:
|As|”
G =
AP
e (1.53)
2
— cosh®(gz) + (;) sinh?(g2)
g

There is no phase dependence in this expression. Indeed, an idler A; = v A%(0)
is created, which depends on the gain parameter, so that it adapts its phase to

get the above gain for the signal.
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FIGURE 1.8: Dependence of the maximum (in blue) and minimum (in yellow) PSA
gains on the PIA gain.

1.3.3 Phase Sensitive Amplification gain

We now assume identical powers for the idler and signal fields : A(0) = A;(0) =
P, so that :

AP
Crsa = T (0)P
uAL(0) + v A (0)?

A:(0)[?
= |p|® + |v)* + 2|p||v| cos(0, — 0, + 05 + 6;) (1.54)
I k% + 4v2 PE + 4Ky Pp cos(0,.1) sinh?(g)

4492
+ sz sin(f,.¢;) sinh(2¢gz)
g

where, u = |plexp(if,), v = |v|exp(ib,) and O, = 05 + 6; — 260,,. 0, is the
initial phase difference between the coupling, signal and idler beams.

From the above expression for the gain, we deduce the maximum and minimum
achievable gain values, G = (Ju| + |v])? and G = (|p] — |v|)?. From the

definitions of p and v it can easily be verified that,

1

Gmin =
Gmaz

(1.55)

which is a characteristic of PSA.

From the relation between p and v (c.f. eq. 1.51), the maximum and

minimum PSA gains can be written in terms of the PTA gain ¢ :
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Gmae =29—14+2+/g(g—1) (1.56)
Gumin =29—1—2y/g(g—1) (1.57)

Fig. 1.8 shows the maximum and minimum PSA gains as a function of the
PIA gain g. As the idler is here sent into the medium together with the signal,
its relative phase with respect to the pump is fixed : contrary to PI A, the gain
thus adapts itself to the relative phase between the pump, signal and idler :
Oret = 05+ 0; — 20p and goes from values higher than 1 (amplification) to values

lower than 1 (deamplification).

1.4 Noise properties of PIA and PSA

1
. L= ; NF =1
CL=Cy=G _our Gi=z=G ]I
. 2 out” [ V@
" >— » X > = X
N + N By ™t
WG 1] P VG ['ht]

FIGURE 1.9: Quadrature noises for (Y') = 0: evolution by a PIA process (left), and

by a PSA process (right). The total noise area is increased during PIA, but remains

the same during a PSA process. The noise along both quadratures are increased by

the gain factor G for PIA. For PSA, the gain is increased along one quadrature and

decreased along the other, keeping the total noise area constant. The corresponding
Noise Factors (NF) are mentioned.

We are interested in the noise properties of the signal and idler fields. Start-
ing from the eq.s 1.48, we replace the field amplitudes by the corresponding
operators [see Appendix A.1] as:

A= Ha + bt
. . (1.58)
B= va'+ ub

where A and B are the annihilation operators for the output signal and idler,

and @ and b are the input signal and idler annihilation operators respectively.

The parameters p and v are defined in the eq. (1.49), which depends on the
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pump power and the phase mismatch. To calculate the NF, we need to compute

the signal to noise ratio for the input and output fields.

1.4.1 Input and Output field operators
1.4.1.1 Input fields

The number operator for the sum of the signal and idler fields is defined as:

N, = ata+ bth (1.59)
So that,
= N2, = alaa'a + b'ba'a + alab'd + b'ob'h (1.60)

Let us consider the case where both the signal and idler are coherent states,
so that the input state is |a, ) where a|a, 5) = a|a, §) and 3\04,6) = Bla, B).
la|? (|8)?) is the average photon number in the coherent signal (idler) state. We

can then compute the expectation values for the different required operators:

(Niw) = (o, Blata + bib|a, B)

= JaP + 187 (1.61)
and,
(N2) = (a, Bla’aata + bTbaTa + a'ab™d + b'ob'b| o, B) (162
) .
= (la* +181%)" + laf* + 8]
which gives:
(AN)” = Jaf* + |8 (1.63)
So that : )
(le* +181%) 2 2
SNR;, = —————=la|*+ |} 1.64
e = ol 18 (1.64)
1.4.1.2 OQOutput fields
For the output field, the total photon number operator is now :
N,, = ATA+ BB (1.65)

R A\ T R N . NT /o “
= <ua + VbT> (,ua + l/bT> + (VCLT + ,ub> (VCLT + ,ub)
= (Iul® + ) + (Iul® + ) Nin + 20" pab + 2pva'dt  (1.66)
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and,
N2, = (1P + V) + (P + () Niw + 20" pab + 2y valdl)” (1.67)
The expectation values for these operators are thus:

<Nout> = <a7ﬂ|NOut|avﬂ>
= ([ul* + [v[) + (|6l + W) (al? + 18]*) + 20" paf + 2 va* B* (1.68)

and,

(N2,0) = (o, BINE Jav, B)
= (I + )2 + (ul? + )2 ((laf + 182)° + o + 1812) +
2|2 + [02)? (Jaf? + |B2) + 4\l + [v]?) (v 5B + p've 8 +
Al + 1w P) A+ ol + [B17) (V' pap + pva® 57) +
Ay 22025 + Al PIu(L+ [af2)(1 -+ BF) + Al 812+
4220 B2 (1.69)

Except if a or § = 0, which are PIA cases, the noise depends on the relative

phase, 0, = + (0, — 0, + 65+ 6;). From the eq. 1.49 , it can be shown that
Or = (20, — 0, — 0;).

1.4.2 Noise for PIA

Let us first consider the PIA scenario with the input state |a, 0). Using the eq.s
(1.68) and (1.69), with 8 = 0, one gets :

(ANpa)? = (Inf + W) + (P + [v)? (Jal* + 3laf?) +
AP P+ |of?) -
(1l + ) + Pl + [v])°
= [l + [v2)? + Al Plu( + o) (1.70)

The gain then can be expressed as:

(Npra)
<Nin>

Gpra =
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(Il + W) + o (el + [v1?)
jo?

If |a|?> > 1, the gain is then given by Gpra = (|u|* + |v|?) so that :

(Npra)?
(ANpr4)°
() + ol + )
el (Jul? + 2?2+ Al PP+ [o?)
- (I + |v?)?ef?
((ul* + [v[2)? + Av?|pl?)

SNRout -

(as |a)* >1)  (1.71)

As SNR;, = |a|?, the NF is given by :

SNR;,
NFpra = SNR,..
(P PP+ AP el
(ll* + |v[?)?
_ (sl A+ 22+ (el + )2 = (ul? = v?)?
(ll* + [v[*)?
1
=2 (1.72)

For large gains, the PIA process worsens the SNR by about 3 dB [Caves,
1982]. Tt is here visible that it is coming from the vacuum state entering by
the idler mode: the fact that the amplifier is an open system coupled to the

environment is the reason for this noise degradation.

1.4.3 Noise for PSA

For the PSA process, we now take || = |a|, to calculate the noise figure (for
more detailed calculations c.f. Appendix A.3). From eq.s (1.68) and (1.69) :

(Npsa) = (a2 + ) (1 +21af?) + lullvlacos(0,a) (1.73)
(NBsa) = (il + [v2)% + (el + w122 ((laf? + 182)° + o + |812) +

21l + [v2) (jaf? + 82) + S(lul? + v )|l [vl|al|Blos(B,r)+

(1l + W) (1 + ol + 18 ullvllallBleos(8,)+

S|l a2 B2 cos (20ra) + Al 21 + Jal?)(1 +BP) + dvf?lallaf? 31
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(ANpga)® = (N3g,) — (Npga)?
= 2[al(|uf® + [v[*)* + 8|u ]| (|ul* + [v[*)cos(0ra)+
8|pl* v lal® + 4|pl|v|? (1.74)

The gain can then be shown to be:

(Npsa)
<Nin>
(lpl? + [v]*)(1 4 2]al?) + 4] ullv||al*cos(Ora)
2|af?

Gpsa =

If o] > 1, Gpsa = |u|* + [v]* + 2|p||v|cos(0,«). As expected, this is similar
to the classical result in eq. 1.54: while the relative phase 6,.; is scanned, the
PSA gain varies from a maximum gain G ( 0, = 0) = (Ju| + [v])? = Gz to a
minimum gain G( 0, = m) = (Ju| — [¥])? = Gmin.

The SNR after the PSA output is:

(Npga)?
(ANpga)®
- 2]a*((Ju* + [v[?) + 2|pl|v|cos(bre))?
T (P P2 + Alpl v (e + []2)cos(Ora) + 4] pul?|v]?

SNRpga =

(as |a?> > 1)

At the input, SNR;, = 2|a|?, so that the N.F. is given by:

SNR;,

SNR gt

(el + [P)° + Alpl el + V) cos(Ora) + 4lul*|v]?
(a2 + v [2) + 2[ullv|cos(Ora))?

_2(2Gpra—1) 1

N Gpsa Ghsa

N.F.pga =

(1.75)

The calculations to express the N.F. in terms of the PSA and PIA gains
is more detailed in Appendix A.3. At 6,, = 0, the gain is maximum and
SNRout = 2|af?, so that N.F. =1 : the PSA does not deteriorate the SNR of the

initial input.

1.4.4 Quadrature noises after PSA

For the two fields, we can define the individual quadratures as (see eq. (1.4)):
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input output
=1la+al) | Xa=31(A+ AT
=a(a—al) | Yy=2L(A— A
=1(b+0b") | Xp=1i(B+ B
— 4= b) | Yo = LB BY)

As the input signal and idler fields are coherent states, (Az,;) = 3
n

(Ayqp). Following the evolution of the fields through the PSA process given by
eq. (1.58), the output field quadratures are:

Xa = %(A—FAT)
1
= 5(,ua + pra’ 4 vb' + v*b) (1.76)
Y, A— Al
A= 22( )
1 st ot
= Q—i(ua—u a' +vb' — v*b) (1.77)
1
Xp = §(B+BT)
1
= —(va' +v*a+ pb+ p*bt 1.78
2
1
Y= —(B - BT
5= 5 )
Loat — o ol
zi(l/a—ua—l—ub—ub) (1.79)

As the input state |« 8) is the product of two independent coherent states one

gets:

(Xa) =

< |XA|O‘75>
1

2
(X3) = (@ 5IX30, B)

1
4(M o +M*204*2+V25*2+V*252+

(na+ ' + vB* + v*B) (1.80)

(|l + 1) + prap” + prrap + |pl’|ol” + pfva®B* + pfvia” B+

vpBra+ vt a5 + v B]° + v pfa + viptBa” + v (18° + 1))
(1.81)

1
= (AX2)" = J(ul” + )

(AXy) = %\/ Gpra (1.82)
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For all the other quadratures as well, it can be shown that (AY,) = (AXp) =
(AYg) = 33/Gpra (for detailed calculations, see Appendix A). Individually,
none of the fields are squeezed : indeed the sum and difference of the signal
fields are squeezed, as shown in the next section. It can also be noticed that
although the noise is the same on both quadratures, the states are not coherent

anymore: their fluctuations are larger than %

1.4.5 Two mode squeezing

Following [Ferrini et al., 2014] we perform a transformation of operators :

a+b A+ B
— A, = 1.83
a4 \/5 + \/5 ( )
o =2ty AP (1.84)

V2 V2

The definition of A, and A_ (see eq. 1.58) is now given by:
Ai = Ha+ + V&J:rt

the form of which is the one of a squeezed annihilation operator, as in eq. 1.22.

Quadratures are then defined by:
ar = Ty + 1Yt Ap = X4 +iYy

The transformation shown here, from the input quadratures to the output
quadratures, can be described by the following matrices [McKinstrie and Karls-
son, 2013]:

X\  [cos® —sin@) (|ul £y 0 cos¢ sing\ [z
Yy )  \sin® cosé 0 | Flv|) \—sing cosp ) \ys

(1.85)
We can write more conveniently,
Q+ = R(O)M1R(—0)q (1.86)
where Q4 = f/i), q+ = <zi> are the input and ouput quadrature vectors.
+ +

The matrix R(#) is a unitary rotation by an angle ¢ in the phase space.
This description is in the Heisenberg picture, and shows the transformation

of the operator:
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,dy ds

FiGure 1.10: Evolution of the input error ellipse for the fields a4+ into the output

error ellipses for the fields A4 in the complex quadrature plane. The red color corre-

sponds to the fields with a minus-subscript, and the blue color is for the fields with

a plus-subscript. At the input, the fields a4+ are in a coherent state, hence the circle.

They undergo the unitary rotations and the squeezing operation (one quadrature is
amplified, and the other is de-amplified) as shown in eq. 1.85.

(1) R(—¢) denotes a clockwise rotation by an angle ¢ = 1(6, — 6,,).

(2) M, (M_) transforms the quadratures ¢, (¢—). The quadrature =, (yy)
is multiplied by a factor |u| + |v| (Jju| — |v]). As |u/*> — [v|*> = 1, the
factors |u| + |v| and |u| — |v| are reciprocals and when the quadrature x
is amplified, y, is deamplified and vice-versa. Similar argument holds for

r_ and y_ as well.

(3) Finally, the fields experience another rotation R(6) in the phase space, by
an angle 0 = (6, + 0,,).

Fig. 1.10 shows the transformation described above in the phase space.
The output quadratures can be expanded in terms of the output field annihila-

tion and creation operators:

1
X, = m((A+B)+(AT+BT))
Y, = —— ((A+B)— (AT + BY)

2v/2i
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X = S ((A-B)+ - BY)

= 5 ((A—B)— (A" — BY) (1.87)

Lets now calculate the fluctuations of the quadrature X, (c.f. Appendix

-5

A.3.3) for an input state |, ) :

‘ -

(X,) = ((A+ A"+ (B+ BT))

S

(1" +v)a* + (u+ v")a) (1.88)

Sl -

The variance in this quadrature is given by :

1
(AX,)* = P + [V + 2 pllv] cos 2(6,, + 6,)) (1.89)

e When 6, + 6, =0, we have (AX,) = 1(|u| + |v]).

e When 6, + 6, = Z, we have (AX ) = 1(|u| — |v]).

As (el + ) - (el =) = 1, (luf + |v]) > 0 and (|u| = |v]) > 0, we deduce
that (Juf + [v]) > 1> (lu] = [v]).

We thus see that (AX, (0,46, =72)) < i : the state is squeezed along the
X quadrature. For 0, 40, = 0, it is squeezed along Y,. The calculations for
all quadratures are detailed in Appendix A.3.3. We observe that X, and Y_
quadratures are squeezed simultaneously when the X _ and Y, quadratures are
anti-squeezed. Similarly, X_ and Y, quadratures are squeezed when X, and
Y_ are anti-squeezed.

Fig. 1.10 shows how the sum or difference of fields are being squeezed together,
while the isolated fields are not. The squeezing is due to the quantum cor-
relations between the fields because the signal and idler photons are created

pairwise.
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The real part (dispersion) and imaginary part (absorption) of the suscepti-
bility (x) of a system are linked through the Kramers-Kronig relation [Boyd,
2003]:

R

T o0
1 % Re(x(W))dw'
e e (2.1)

Nonlinear optics require steep dispersions, which are thus associated to sud-
den changes of the transmission of the medium. Here I discuss some atomic
processes, which give rise to ultra-narrow resonances i.e., which have a band-
width less than the optical coherences decay rates.

Two of them, Coherent Population Trapping (CPT) and Electromagneti-
cally Induced Transparency (EIT) involve atomic internal degrees of freedom.
The third one, known as Recoil Induced Resonances (RIR), requires to consider

atomic external degrees of freedom.
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2.1 Coherent Population Trapping

Let us consider a three-level atomic system in a A configuration (see fig. 2.1(a)),
where two ground states |g;) and |g2) are optically coupled to the same excited
state |e). The ground states energy difference is 2hRA.

Two fields couple the two legs of the A system : the transition |g;) — |e) is
coupled by the coupling field E. and the transition |gs) — |e) is coupled by the

signal field F;. The corresponding Rabi frequencies are given as:

dE,.

Qop = —

(2.2)

where, d is the dipole moment of the transition, and E., are the complex
amplitudes of coupling and signal fields respectively. Their frequencies w, s are
detuned from the corresponding transitions by A, = wes — (wo £ A).
The state of the system is described through the density matrix p, which evolves
following the Von-Neumann equation:
d 1 0

i

2= = - 2.
dtp 2 [#, p] + atp|relaar (2.3)

Where, # is the interaction Hamiltonian and the term %p|relw describes the

non-unitary relaxation processes. The relevant decay rates are:
e [y : spontaneous decay rate from the excited state to the ground states.

e ~ : optical coherences decay rate of the transitions |e) <> |g1) and |e) <>

|g2), which are assumed to be equal.

e 715 : decay rate of the Raman coherence between the ground states |g;)

and |gz).

e 7, : transit rate through the laser beam, which can be added for moving

atoms.

The total Hamiltonian of the system, in the {|e),|g1),|g2)} basis and in the

rotating wave approximation, is given as:

0 Qse—iwst ch—iwct
H = | Qe wy— A 0 (2.4)
Q:eiwct 0 Wo + A

where €. ; are the Rabi frequencies of the coupling and signal fields respec-

tively.
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(b)

FIGURE 2.1: (a) Three atomic energy levels in a A scheme : two ground states |g1)
and |go) are optically coupled to the excited state |e) by a coupling field (shown in
red) and a signal field (shown in green) of Rabi frequencies )., and Q,, and optical
frequencies w. and w; respectively. 2A is the energy splitting between the two ground
states. wg £ A are the optical transition frequencies. The spontaneous decay rate
of the excited state is I'g. The atoms have a transit rate 7, into the laser beam,
the optical coherences and the ground-state Raman coherence decay rates are v and
~v12 respectively. (b) Atomic system in the {|4),|—)} basis, when the fields are at
Raman resonance. The |—) — |e) transition is not coupled to the light and after a
few pumping cycles, all the atoms end up in the |—) dark state.

The evolution of the density matrix elements (eq. 2.3) is then given by the
Bloch equations (the indices 1 ad 2 labels the states |g;) and |gs) respectively):

d

%ﬁee = —i[(Perds — P182) + (P22 — P2c2e)] — (Lo + V1) Pees

Con = i(pa® — )+ Lpet L i

%ﬁm = i(Pe2d; — Pacfle) + %ﬁee + % — VP22,

% o = (iD= Aot + (P11 — Pee) s + i e,

%562 = [iAc = 7]pe2 + (P22 — Pee) e + ip128s,

%/312 = —pra(v12 + 10R) — P18l + 1pe2f2;. (2.5)

—iws iw, t(we—ws)t

t o —iwet I
y Pe2 = Pe2€ T, P12 = pP12€

and p;; = pi; for i € {e,1,2}. dp = Ay — A, is the Raman detuning from the

where we have taken, p.; = pere

two photon transition.
When A; = A, the two photon transition is at resonance (0g = 0), and excites
the ground state Raman coherence : the condition is thus known as Raman

resonance. In this case, it is instructive to apply a unitary transform on the

Wo
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ground states |g1) and |gs) to define the states :

Q Q

+ = — 3 —|——C ;
+) NGRS l91) V2 Q2 192)
=) = £ l91) 2 |92)

JeEra T e

The |—) state is an eigenvector of # with the eigenvalue 0. The state |+)

(2.6)

is orthogonal to |—). The probability of the transition |e) <> |—) under the
Hamiltonian # (c.f. eq 2.4) is | {e| # |—) |* = 0 . The probability of the other
transition |€) <> |+) is non-zero (see fig. 2.1(b)).

After some cycles of optical pumping, all the population is trapped in the |—)
dark state [Arimondo, 1996]. This process is known as coherent population
trapping .

Coherent population trapping has been used as a tool to cool down atoms
below recoil energy [Aspect, Arimondo, Kaiser, Vansteenkiste, and Cohen-
Tannoudji, 1988], for phase-conjugate generation via non-linear interactions in
sodium [Hemmer et al., 1995], for precision atomic clocks [Zanon et al., 2005]
or to achieve slow group velocity of light [Schmidt, Wynands, Hussein, and
Meschede, 1996]. In the case of metastable helium, as described in the next
chapter, the ground states are Zeeman sublevels, so that their splitting A can

be varied using a magnetic field.

2.2 Electromagnetically Induced Transparency

A limiting case of CPT is when the coupling Rabi frequency is much higher than
the signal one i.e. . > Q. The ground state |g1) (see fig. 2.1(a)) is effectively
the dark state (|+) ~ |g1)). The signal field, which should be absorbed when
resonant, is transmitted: this phenomenon is known as electromagnetically in-
duced transparency (EIT) [Harris, Field, and Imamoglu, 1990].

The absorption of the signal field is given as the imaginary part of the linear

susceptibility x, which can be shown to be [Lauprétre, 2012]:

- nat|del|2 ~

= e 2.
Q.eoh Pel (2.7)

where, n,, is the density of atoms in the medium, d.; is the dipole moment of
the |e) <> |1) transition and € is the vacuum permitivity.
The optical coherence p.; can be deduced from the Bloch equations (eq.s 2.5).

In the stationary regime the coherence p.; , at first order in the signal, is given
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by [Lauprétre, 2012]:

(1) iQs(712 — 10R) )
= - - 8
Pl = i B + 0m)] (112 — i67) [P (2:8)

where, the quantity dgz is the two photon detuning, in the presence of a ground
state splitting 2A. Using eq. 2.8 in eq. 2.7,the linear susceptibility y is:
Ngt|der |” i(71-1 — 90R)

YT Tk b (At 8] (vimt — i) + [P (2.9)

The transmission T of a medium with linear susceptibility y and length L is:
T = ¢ ¢ mOL (2.10)

Fig. 2.2 shows the shape of the transmission as a function of the pump-signal

detuning for different parameters:

- v = 22.3 MHz, the natural linewidth of helium at 1 Torr.

- 712 = b kHz, a usual value when it is limited by the transit rate in the

laser beam of 3 mm diameter.
It can be seen that:

e An increase of the ground state Raman coherence decay rate, decreases

the contrast and increases the width of the resonance (fig. 2.2(a)).

e When the pump power is increased, the saturation increases the width of
the resonance (fig. 2.2(b)). In fig. 2.2(b) I have plotted the transmission
for 7v/2m= 0.86 GHz which is the Doppler width, which is reasonable as
velocity changing collisions distribute the atoms throughout the Doppler

classes.

e A change in the ground state splitting A modifies the two-photon reso-

nance condition, and shifts the resonance (fig. 2.2(c)).

e When the optical detuning A, is not zero, the two-photon resonance be-

comes asymmetric (fig. 2.2(d)).

While the transmission of the probe is given by the imaginary part of y, the
real part is linked to the dispersion. Indeed, the phase velocity is given by

U = Refn(wy) With n*(w) =1+ x(w). So that at first order :

n(w) = n(wo) + (w — wO)Z_Z o (2.11)
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FIGURE 2.2: Transmission of the signal field as a function of the detuning §. The
blue spectrum parameters are : yio/2m = 5kHz, v/2n = 22.3MHz, A./2n = 0M H =
(so that 0 = 0R), A/2r = OM Hz, and Q./27 = 3M Hz. The orange curves show
the spectrum when (a) y12/2m = 250kHz, (b) Q./2n = 6MHz, the yellow curve
is for /27 = 0.86GHz which is the Doppler width, (¢) A/2r = 1IMHz and (d)
A./2m = 20M Hz while keeping the other parameters equal to the blue ones.
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FIGUuRE 2.3: (a) Plot of the imaginary (in solid blue) and real (in dotted red)

parts of the linear susceptibility x as a function of two-photon-detuning dp/27

when v1_1/27 = bkHz, v/2m = 223MHz, A;/2r = OMHz, A/2n = OM Hz, and

Q./2m = 3M Hz. A high positive derivative of the Re(x) at the center causes slow

light. (b) Plot of the same, for A./2m = 20M H z, keeping the other parameters the
same. A high negative derivative of the Re(x) gives rise to of fast light.

The group velocity of light in a medium of linear susceptibility y is then

given as:
c c
vy(wo) = ~ (2.12)

nr(wo) 4 wo s w (1 %—dl{e{(iii(w)) ‘wo)

1

where T have used that the real part of refractive index is close to 1 : nr(wp) = 1.
Fig 2.3 shows the imaginary and real parts of x for the parameters of fig. 2.2(d).

e When A, =0, Im{x} is symmetric around ég = 0 and Re{x} have a pos-
itive slope which induces slow light : for 0z = 0, the parameters used here

give vy, =~ 0.3c. Similar group velocity has been observed in metastable
He* [Goldfarb et al., 2008].

e For, A, = 20M Hz, Im{x} is asymmetric and around dg/27m = 0.3M H z,
the slope of Re{x} is negative inducing a fast light propagation at v, =
1.2¢.

Slow light can be achieved not only via EIT, but also via other atomic resonances
such as Zeeman coherence oscillations [Hashmi and Bouchene, 2008], resonator
waveguides [Lee, Gehm, and Neifeld, 2010], metamterials [Lu, Savo, Casse, and
Sridhar, 2009] etc. It was proposed to be used to enhance nonlinear effects
[Harris, Field, and Imamoglu, 1990].

It has been shown that a fast light does not violate causality, due to the limited
bandwidth associated to the resonance [Boyd, Gauthier, and Wolf, 2002] : in
fact the phase velocity is not changed, the light pulses are stretched in the
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medium and compressed at the medium edges to show a high group velocity
[Crouzil and Bouchene, 2009].
EIT has also been used to stop and store of light in atomic systems. First
observed by Hau et al. [Hau, Harris, Dutton, and Behroozi, 1999] for about
17 seconds, the storage time has been increased to about 1 minute [Heinze,
Hubrich, and Halfmann, 2013].

2.3 Recoil Induced Resonances (RIR)

Einstein’s discovery of atomic recoil from photon absorption and emission [Ein-
stein, 1917] was first taken into account for atomic transitions coupled by elec-
tromagnetic fields by Kol’chenko et al. [Kolchenko, Rautian, and Sokolvskii,
1969]. Experimentally this recoil effect was first observed in saturation spec-
troscopy of Methane by Hall et al. [Hall, Bordé, and Uehara, 1976]. At the
same time, Hansch et al. proposed recoil as a mechanism to cool atomic gases
by distribution of kinetic energy to scattered photons [Hénsch and Schawlow,
1975].

Recoil induced resonances, first introduced theoretically by Guo et. al. [Guo,
Berman, Dubetsky, and Grynberg, 1992], are a kind of atomic resonances me-
diated by the transfer of kinetic energy of atoms to photons or vice versa via
recoil, which results into narrow features in the probe-transmission and phase
conjugate generation spectra. The theoretical prediction of RIR was soon exper-
imentally validated by Lounis et al. [Lounis, Verkerk, Courtois, Salomon, and
Grynberg, 1993] and Courtois et al. [Courtois, Grynberg, Lounis, and Verkerk,
1994]. Meacher et al. proposed and showed RIR to be an excellent probe for
temperature measurement of cold atoms [Meacher, Boiron, Metcalf, Salomon,
and Grynberg, 1994].

A specificity of RIR is that it gives rise to Gaussian derivative resonance
shapes because it results from difference in atomic populations of different mo-
menta classes, which generally follows a Maxwell-Boltzmann distribution. Here

I discuss the experiments, which are done typically in two configurations:

Case (a) With one pump and one signal beams (see fig. 2.4(a)): the pump beam
has an wave-vector ];p = kZ and a frequency wp which is detuned from
the natural transition frequency w by an amount A = wp —w. The signal
beam makes a small angle # with the pump beam, and has a wave-vector

—

ks = k¥ + kOy and a frequency ws = wp + d. When the intensity of
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FIGURE 2.4: Geometry of the wave-vectors and frequencies of the pump and signal

fields (signal, denoted with a s-subscript) for (a) one pump and one signal beams

and (b) two retroreflected counterpropagating pump beams with one signal beam. In

little windows, the corresponding characteristic probe transmissions are shown as a

function of pump-signal detuning : (a) shows single sharp feature and (b) shows a
broad and a sharp one.

the transmitted signal is plotted as a function of §, we observe a sharp

Gaussian derivative shape as plotted in fig. 2.6.

Case (b) With two retro-reflected pump beams and one signal beam (see fig.
2.4(b) ): compared to the previous case, the pump is reflected on a mirror
to create a second counter-propagating pump. In this case, the intensity of
transmitted signal as a function § shows two Gaussian derivative features

of unequal width.

The signal transmission spectroscopy examines signal-attenuation or gain as
a function of the pump-signal detuning 0. In the next sections, I explain the

processes, which lead to these particular shapes.

2.3.1 RIR with one pump beam

RIR can be interpreted, either in terms of stimulated Raman scattering between
differently populated atomic velocity groups, or in terms of stimulated Rayleigh
scattering from a bunched atomic density [Courtois and Grynberg, 1996]. In
this section we discuss only the Raman scattering interpretation. The Rayleigh

scattering is discussed in section 4.1.2.
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(a) (b)

kO
6 < 0, amplification 6 > 0, attenuation

FIGURE 2.5: Stimulated Raman transitions between atomic free external states with

kinetic energy F = pi /2M, where M is the mass of a single atom. The population

difference between different initial and final momentum states induces (a) signal gain

when 0 = w; — wp < 0 as more photons are transferred from the pump channel to

the signal one than the opposite, and (b) signal attenuation when 6 = ws —wp > 0

as more photons are transferred from the signal channel to the pump one than the
opposite.

To understand the effect of atomic recoil on the signal transmission, we
consider an ensemble of two level atoms which are interacting with two beams:
one pump beam with a wave-vector k = ki and a frequency w, and one signal
beam with a wave-vector Es = kg cos 07 + kg sin 0y, and a frequency ws, = w + 9.
As we are looking for changes in the signal transmission, we consider the 2

following cases:

e the atom absorbs one photon from the pump channel and emits one pho-
ton in the signal channel. Thus, the initial momentum of the atom p' is
modified to 7+ A(k — k).

e the atom absorbs one photon from the signal and gives off one in the
signal channel. This produces an atom with a final momentum p from an

initial momentum of 7+ fi(k — ky).

Here we have not considered the processes that involve absorption and emission
of the same fields, which do not change the signal transmission. We have also
neglected higher order interactions of pump and signal fields. If the angle 6 is
small enough, we can consider ks ~ kT + k6y. With this approximation, for

an absorption from the pump channel and an emission in the signal one, the
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FI1GURE 2.6: Typical RIR transmission spectra, as a function of pump-signal detun-

ing. When the detuning is negative we see a gain, and vice versa. In blue, the gain

spectrum is shown for A/2m = 30M Hz, 0 = 2deg and T' = 300u K. In red and yellow
the temperature is increased to T'= 900uK and T' = 300K respectively.

momentum and energy conservation relations give:

2 hk — ky))?
B+ 2 =, A ) (2.13)
2m m
ko
= 5=y (2.14)
m

where m is the atomic mass and p, is the y-component of initial momentum p.

The population of atoms with a momentum p can be considered to follow
a Maxwell Boltzmann distribution m(p). As generally, 7(p) is different from
m(p+ h(l; - Ep)) and the two processes compete and give rise to signal gain or

signal-loss:

(1) When 6 < 0, p, < 0 (fig. 2.5(a)), an absorption from the pump channel
and an emission in the signal one, takes an atom with an initial momentum
with a y-component p, = —[p| to p, = —|p + hkf|. The reverse process
takes one atom from p, = —|p + hk6| to p, = —|p|. As, w(—|p|) >
7(—|p+ hk6|). These processes lead to an amplification of the signal field.

(2) When 6 > 0, p, > 0 (fig. 2.5(b)), an absorption from the signal channel
and an emission in the pump one takes an atom with an initial momentum

with a y-component p, = [p| to p, = |p + hk6|. The reverse process takes
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one atom from p, = |p + hké| to p, = |p|. As w(|p|) > 7(|p + hk6|): the

result is a loss for the signal field.

This physical picture qualitatively describes the characteristic signal transmis-
sion spectrum for RIR, as a function of the pump-signal detuning. In the case

of a simple two level atom, the gain of a signal is given by [Shen, 1984]:

4(0) = QA?p V(WV[‘Z];;[@D

(2.15)

where 7[e] and 7[g] are the initial populations of the excited level (e) and ground
level (g), © and €2, are the Rabi frequencies for the pump and signal fields
respectively A is the optical detuning, and v is decay rate of the population
relaxation rate.

Considering the contribution of several atoms with a momentum p, for the
ground state and (p, — hk#) for the excited state, we have a Lorentzian gain
around 0 = kfp,/m (eq. (2.14)). For a group of atoms, the total gain can then
be integrated over all the momentum classes [Courtois, Grynberg, Lounis, and
Verkerk, 1994]:

_ 20, {n[p,] — w[p, — hkO]}
9(6) = T/d Y+ (5= kb, Jm)? (2.16)

The integral shown in the above equation (2.16) is dependent on the momen-
tum distribution of the atoms in the medium. We can simplify further, by
considering that at any temperature T', the atomic momenta follow a Maxwell-
Boltzmann distribution with a mean velocity v. Assuming v < kf#v, the gain

in eq. (2.16) can then be simply written as:

T RQ2Q, 6 5?
_ = 0 o 2.1
9(9) \[2 A%kpT koo 7 ( 2(k9@)2> (2.17)

The gain, as a function of the pump-signal detuning §, has a Gaussian

derivative shape, which is characteristic of RIR. Its width is linked to the mean
velocity of the atomic system which is a signature of the medium’s temperature
and the distance between the peaks is 2k6v. In fig. 2.6 I show typical RIR gain
spectra for three different temperatures. The flat line corresponds to room tem-

perature spectrum, thus showing impossibility of RIR detection with hot atoms.

The signal transmission spectra predicted by Guo [Guo, Berman, Dubet-
sky, and Grynberg, 1992], were soon experimentally verified by Courtois et al.

[Courtois, Grynberg, Lounis, and Verkerk, 1994] in the one pump configuration.
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The signal transmission spectrum, as a function of the pump-signal detuning ¢,
was observed to fit better to a Gaussian derivative shape (characteristic of RIR,
c.f. eq. 2.17) than to a dispersion shape (i.e. Lorentzian derivative). Courtois
et al. also proposed this spectrum as an in-situ nondestructive temperature
measurement of a cold atomic cloud, soon experimentally realized by Meacher
et al. for cesium atoms [Meacher, Boiron, Metcalf, Salomon, and Grynberg,
1994]. Recently Wang et al. has implemented the same for cold Rubidium
[Wang, Deng, and Wang, 2015].

2.3.2 RIR with counterpropagating pump beams

v

Atomic medium

4 [ht]

FIGURE 2.7: Three optical fields interact with an atomic cloud : in thick red, the

coupling beam, of Rabi frequency (2,1 is retro-reflected from the mirror M; to create

the coupling beam 2, of Rabi frequency {2,5. In thin blue line, the incident signal

beam of Rabi frequency 23 have an angle 8 with the first pump beam. The exiting

signal beam (in dotted blue line) is detected by the photo-diode D;. The idler beam

(in thin green line) created through the four wave mixing process, is detected, after
reflection from the beam-splitter B.S, by the photodiode Ds.

We consider the case of two counterpropagating pump beams, described in
fig. 2.7. In such a set-up, a four wave mixing process allow the generation of a
phase-conjugate (p.c.) field counterpropagating to the signal with a frequency
wp — 0. Generation of such a backward p.c. field is well studied theoretically
[Ducloy, Oliveira, and Bloch, 1985] and experimentally [Oria, Bloch, Fichet,
and Ducloy, 1989]. Here, we want to observe a p.c. generation due to the recoil

induced nonlinear interaction between the light and atoms.
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The photodiode Ds in fig. 2.7 detects the phase-conjugate (p.c.) beam intensity,
after reflection from the beamsplitter BS. We are interested in the intensity of
the generated p.c. field as a function of the pump-signal detuning ¢, which will

be called phase conjugate generation spectrum.

For the transmission, this scenario can be thought of a superposition of two

“one pump” cases:

(1) RIR between the forward pump beam with a wave-vector kp and the

signal beam with a wave-vector k.

(2) RIR between the retroreflected pump beam with a wave-vector —kp and

the signal beam with a wave-vector ks.
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FIGURE 2.8: Theoretically obtained (a) transmitted signal intensity and (b) gener-

ated phase conjugate field intensity as a function of pump-signal detuning § for a

temperature T' = 300uK, I'/2r = 6MHz, A/2r = 30MHz, v+ = 1kHz. The blue
line corresponds to an angle 6 = 2° and the yellow line to an angle 6§ = 8°.

It can be deduced from the scheme with one pump that these two cases will
contribute to the signal transmission spectrum in the two pump configuration
: the case (1) gives a sharp feature with a width (Q‘Ep - /{;:,‘17) and the case (2)
gives a wide feature with a width (2’—Ep - /{9‘17)

As mentioned above, a phase conjugate field is also generated. It arises from
the third order non-linear interaction between the two counterpropagating pump
and signal fields in the atomic medium. A similar combination of sharp and wide
features is also seen for the phase conjugate generation spectrum arising from
similar considerations. Fig. 2.8 shows these two features for both the signal
transmission and phase conjugate generation for two different angles : increasing

the angle increases the width of the central sharp feature, whose width is given
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by 2kv6, but the broad one, whose width is given by 2kv, remains the same .
Experimentally, the two features have been well observed in one dimensional
optical lattice [Brzozowska, Brzozowski, Zachorowski, and Gawlik, 2006] and
in a magneto optical trap [Brzozowski, Brzozowska, Zachorowski, Zawada, and
Gawlik, 2005].

A more rigorous development to show the effect of atomic recoil on light-
atom interaction is presented in chapter 4, together with an extension and a

discussion in the frame of the experiments performed in Jose Tabosa’s group.
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In this chapter I present the atomic system, the experimental set-up and

observations, and I explain the algorithms and methods employed to analyse

the obtained data.

3.1 Experimental Set-up

3.1.1 Metastable Helium setup

Helium is the second element in the periodic table and second most abundant

atom in the universe. Due to its simple electronic level structure, helium has
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FIGURE 3.1: First energy levels in Helium. The 23S, state is the metastable state,

which does not decay to the ground state 1'Sy due to spin-flip. This metastable state,

which is 19.8 eV away from the 11.5; ground state, is populated by an RF discharge:

the optical transitions from 235; to 2Py, 23P; and 23P, are called Dy, D; and Ds
respectively.

been studied and used for its non-linear optical properties [Bishop and Lam,
1988], in cooling via photoassociation [Leduc and Cohen-Tannoudji, 2010] or
as Rydberg systems [Schulz et al., 1996]. In our group, a room temperature

helium gas cell is used to study coherent atom-photon interactions.

We use the metastable 23S; state of helium, which is nearly 20 eV away
from the 1'Sy ground state (see fig. 3.1). Because the transition 11Sy <+ 235,
require a spin change, which is not optically allowed, atoms in the 23S, state
can not decay by spontaneous emission : it has a very long lifetime (~ 8000 s
[Hodgman et al., 2009]), and is said to be metastable ( He*).

Important parameters for 23P Level
235) to 23 P Saturation Instensity 0.16 mW /cm?
Doppler half width half maxima (at T=300K) Wp | 2rx 0.85 GHz
Optical Coherence Decay rate (at 1 Torr, 300K) I' | 1.4 x 10%s7!
Population relaxation rate (I'y) 27 x 1.63 MHz
Zeeman splitting in 235 state 349 kHz/G

The helium gas is stored in a 2 cm x 6 cm cylindrical glass-cell, at a pres-
sure of 1 Torr, surrounded by two electrodes so that it is possible to switch on
an RF discharge of frequency 27 MHz across the cell. The discharge creates a

plasma and collisions of the helium atoms with the electrons and ions of the
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FiGUure 3.2: Clebsch Gordon coefficients of the Dy, Dy, Do transition lines. The
dotted line is a forbidden transitions.

plasma then excite a fraction of them in the metastable state. We could create
a density of ~ 10'cm™ of metastable helium atoms, which is the expected
order of magnitude, compared to density of ~ 107em ™ ground state He atoms

in the cell which act as a buffer gas [Nersisyan, Morrow, and Graham, 2004].

We are interested in the transition from the metastable 235, state to the
23 P excited states. The state 23 P, with S=1 and L=1, has a fine structure due
to LS coupling : the total angular momentum can take three values J = 0, 1 or
2 and the three states are denoted as 2°Py, 2°P; and 23P, (see fig. 3.1). The
corresponding transitions from the 23S, state are called Dy, Dy, and D, lines,
which are separated by 29.6 GHz and 2.29 GHz respectively (see fig. 2.7(b)).

We work with a metastable helium cell at room temperature (T = 300 K).
The Doppler broadening in these conditions is about 0.9 GHz, which is smaller
than the Dy <» Dy and Dy <> D, energy differences : contrary to the alkali
atoms, which exhibit hyperfine structures, it is possible to select specific tran-

sitions even at room temperatures.

Moreover, atomic collisions do not pose any particular problem because
they do not destroy the metastable atoms He*. Indeed the collisions between a
ground-state He atom and a metastable He* are not depolarizing [Pinard and
Laloé, 1980]. In addition, in the presence of optical pumping, the collisions
between two metastable atoms He* do not generate Penning ionization [Shlyap-
nikov, Walraven, Rahmanov, and Reynolds, 1994]. In fact, the ground state
helium atoms behave like a buffer gas, which makes it possible to confine the
atoms longer in the beam and thus to lengthen the lifetime of the observed
phenomena.

Another effect of collisions is their ability to move one atom from one speed
class to another : these are Velocity Changing Collisions (VCC). Due to VCC,
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FIGURE 3.3: At left, excited transitions of the D; line for linear and orthogonally

polarized coupling (strong, thick red solid lines) and signal and idler (weak, thin

dashed blue and green lines) fields. As the m = 0 — m = 0 transition is forbidden,

after a few cycles of optical pumping, the effective population is distributed between
the m = +1 ground states as shown on the right.

the optical pumping applied on a spectral range limited to some MHz can be
distributed over all the Doppler range of GHz [Goldfarb et al., 2008]. It has to
be noticed that we always work with copropagating laser beams, so that two-
photon-resonances can be achieved for all velocity classes for the same laser

detunings.

3.1.2 Polarization selection of Lambda scheme

The Zeeman sublevels for the Dy, D; and Dy, along with their corresponding
Clebsch-Gordon coefficients are shown in fig. 3.2 [Zelevinsky, 2004].

For most of our experiments we concentrate on the D; transition. Both the
ground state (235)) and the excited state (23P;) are triplet states, hence they
both have three Zeeman substates corresponding to m; = —1,0,+1 (see fig.
3.3).

For a field propagating in the z-direction, the linear polarization unit vectors
Z and ¢ can be decomposed into a right-circularly polarized (G+) and a left

circularly polarized (6—) components (or vice-versa):

L iy L Gt
V2 L V2, (3.1)
o_ = y:—

V2 iv/?2
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One linearly polarized (& or ¥) field will thus excite both the o, and o_ tran-
sitions. As the my, = 0 to m, = 0 transition is forbidden for levels with the
same total angular momentum, the m, = 0 ground state is empty after a few
pumping cycles. The m = 41 excited levels can then be neglected. We thus
end up with the A system shown in fig. 3.3, where both transitions are excited

simultaneously by the linearly polarized pump, signal and idler fields.

3.1.3 Set-up

The experimental set-up is shown in fig. 3.4. Using a polarizing beamsplitter,
the laser beam is divided into two arms: one for the pump beam, and the other
for the signal and idler ones, which are thus orthogonally polarized to the pump

field polarization.

The frequencies and amplitudes of the coupling and signal-idler fields are
controlled by two acousto-optic modulators (AO,; and AO,) driven by an RF
arbitrary waveform generator (AWG). As it is important to have beams with
identical spatial modes, we have used successively pin-holes and single mode
fibers as spatial filters. We have finally chosen the latter one, which was more
robust. Throughout the experiment, the power of the incident signal-idler beam
was kept around 30 uW with a beam diameter of 3 mm giving rise to an aver-
age intensity of about 0.4 mW/em? . Though this is more than the saturation
intensity, we must consider reflectivity of the walls of the glass cell which is
measured to be ~ 85% and also the fact that the beam modes are not perfectly
Gaussian, so that we underestimate the effective beam diameter. Indeed, we
have checked that no saturation could be observed. A tapered amplifier was
used on the other path so that the power of the coupling beam could be varied
from 10 mW to 70 mW. The input phase difference could be scanned with a
piezo-electric actuator on the pump path. A three layer mu-metal shielding

around the gas-cell protects the helium atoms from stray magnetic fields.

For phase sensitive amplification, the AWG is used to feed the AO,; with
an RF signal containing two frequencies separated by 44, so that both the sig-
nal and idler fields are simultaneously created. The value of § could be varied
from 1 to 500 kHz. In the case of phase insensitive amplification, the AO;; was
fed by only one frequency, detuned from the coupling beam by 4. In the next
paragraph, I present the data obtained in typical PSA and PIA conditions, and
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discuss how to analyze and interpret the data.

3.2 Observations and Data-processing

3.2.1 Phase Sensitive Amplification

The figure 3.5 shows an example of the gain and the relative output phase
Aoy = 2¢. — ¢; — ¢g, as a function of the relative input phase A¢;, =
20. — ¢; — @5, where ¢ ; ; are the phases of the coupling, idler and signal beams
respectively. The detuning § between the coupling and probe beams was set to
2 kHz, and the powers were 30 mW and 30 uW respectively. The coupling field
was at the center of the D; Doppler broadened transition. This configuration

allowed to optimize the amplification process.

Gain
A yyi(rad.)

P T—Y) L L 0

-2 -1 0 1 4 5 6

A¢i,:(rad.3)

FIGURE 3.5: In blue, variation of the signal-gain as a function of the input relative

phase A¢;, between the signal-idler and coupling beams. In green, the phase trans-

fer function, Adour vs A¢;, exhibits a distinctive square wave form. The detuning

between the probe beams and the coupling was set to be 2 kHz, and their powers
were 30 mW and 30 puW respectively.

The input field intensities and relative input phases A¢;, could be obtained
from the data recorded by the photodiode 1 before the cell, and the gains and
relative output phases A¢,,; from the data recorded from the photodiode 2
after the cell (c.f. fig. 3.4). We obtain here a maximum gain G, ~ 5.4 and a

minimum gain G,,;, ~ 0.3 which is close to e L~ (.2. The gain is maximum

for Ag;, = 0.12[x] rad. The output phase varies by steps : it is either 0 or 7
except when the gain is minimum. We could later achieve higher gains, close
to 8.
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In the following sections, I explain the data-analysis process that allowed us to

extract these informations from the raw data.

3.2.2 Input Phase measurement

The input relative phase at the entrance of the cell is deduced from the intensity
beats of the coupling, signal and idler beams recorded through the other port
of the polarizing beam splitter PBS,, which goes to the photodiode 1 (see fig.
3.4). The fig. 3.6(a) shows a typical signal that can be observed on the oscillo-
scope. The relative phase is slowly varied with the piezo-actuator: a 27 radian
scan takes typically 2.5 s, so that the blue and orange signals plotted here on

a scale of some ms can be considered to correspond to given and constant phases.

If the detuning between the coupling and the signal (idler) beams is +§ (—9)
and if the signal and idler beams have the same phase (which can be taken to
be the phase reference, equal to 0), the intensity recorded by the photodiode 1

can be written as:

L(t)=1.+1+1;+ a\/Ecos((St +¢™) +an/ I Iicos (5t — ¢i") + 2@003(2&)
(3.2)
where I, are respectively coupling, signal and idler intensities and ¢i" is
the phase of the coupling beam at the input, which is constant for one frame.
« is the contrast factor, which depends on the alignment. Ideally, if the modes
were exactly matched, the value of o could be 2. For one experiment, the «
factor can be extracted from the difference of the maximum and minimum values
of I1(t), which correspond to I, + I, + I; = a(\/I.I, + \/I.I;), which correspond
to ¢! = 0 and the ¢!" = 7, so that [Maynard, 2016]:

gz — Iomin = 20(\/I.L, + /1.1, (3.3)

Experimentally, we could get o ~ 1.8.

When the signal and idler have equal intensities, the equation (3.2) is re-
duced to:

L(t) = L.+ 21, + 2/ I.I,cos(6t)cos(¢™) + 21,cos(26t) (3.4)

As we can record the coupling level and the signal-idler beating separately,

it is possible to extract the factor acos(¢) from a series of datasets recorded as
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movie frames (see Appendix B).

We analyze the Fourier transform of the data, and compare the different
frequency components as shown in fig. 3.6(b). The § frequency part varies
much faster than ¢". When ¢!" varies, the height of the peak at frequency &
(= 2 kHz here) varies, while the height of the one at frequency 24 is constant,
as expected from the eq. 3.4.

It is then possible to measure ¢ in a range from 0 to 7 radians: an unwrap-
ping process, detailed in the appendix B.1, then makes it possible to extract

the linear scan shown in the fig. 3.6(c).

3.2.3 Output phase and Gain

The output phase and gain are deduced from the data recorded by the photo-
diode 2, placed after the cell (see fig. 3.4). The beamsplitter PBS;3 allows to
efficiently get rid of the strong coupling. For data processing, one dataset of one
frame is recorded without any coupling (a typical data is shown in fig. 3.7(a))
and one dataset as movie frames : in this second case, while the input phase
o™ is slowly varied : the amplitude of the beating thus changes from one frame
to the other (c.f. fig. 3.7(b)&(c)).

The output intensities of the coupling, signal, and idler beams are denoted
respectively as I2*, I and I**. As initially the signal and idler fields are both
detuned by 0 from the coupling frequency and have the same input intensities
I, = I;, the gain on both channels are the same: 2 = [?* = G.I; where the
factor G is the intensity gain.

Let us assume the output coupling phase to be ¢?“* with respect to the signal
and idler phase (which are the same). Following eq. (3.4), the output intensity
15 detected by the photodiode 2 at a time t is given as:

I(t) = I 4 212 + 2an/Iewt [ cos (5t ) cos (0™ ) + 212" cos(25t) (3.5)
The output phase variation, i.e. ¢y** as a function of the frame count, is
then extracted following the same procedure as the one used for the input phase

in
P
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8 12 i
— Output Phase Wrapped
o — Output Phase Unwrapped
6 ® 6
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FIGURE 3.8: (a) gain observed as a function of relative input phase ¢i": a maximum

gain of 7.1 and minimum gain of 0.22 is achieved, for a coupling power of 45mw and

pump-probe detuning § = 2kHz. (b) Output phase as a function of ¢:" (in blue), and
unwrapped (in red).

The signal intensity is recorded at the photodiode 2 without the PSA. We
can obtain the gain by comparing the 26 component of the Fourier transform
of a frame recorded with just the probe and cell off, with each PSA frames (see
fig. 3.7).

The gain and the output phases can then be plotted as a function of the
input phase, which is recorded simultaneously. The fig. 3.8 give an exam-
ple of such plots, obtained with probe and coupling input powers of 30 uW
and 45 mW respectively, and 06 = 2kHz. The gain has then a maximum
value of G4 = 7.1 and a minimum value of G,,;, ~ 0.22 which is close to
1/Gmaz = 0.14. When unwrapped (detail in Appendix A), the output phase
shows a very well-defined stair-case behavior, which indicates phase-squeezing
[Lundstrom, Tong, Karlsson, and Andrekson, 2011]. It should be noticed that
such a vocabulary, coming from the telecommunication community, does not
indicate that quantum squeezing is achieved. Phase squeezing is interesting for
telecommunication applications because it can be used for signal regeneration.
Indeed, with encoding protocols such as phase-shift keying (PSK), fiber-optic
transmission deteriorates the signal quality, which can be regenerated with the

help of phase-squeezing.
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3.2.4 PSA Characterization

The fig. 3.9(a) shows the dependence of the PSA gain on the pump power with
0 = 2kHz. The maximum gain of about 6 is obtained for a coupling power of
about 30 mw with a beam diameter of 3 mm, which corresponds to an averaged
intensity of ~ 0.4WW/cm?. We observe a saturation in the gain, which is proba-
bly due to the limited number of He* atoms interacting with the beam, which
is about 10atoms/cm3. After 45 mW, there is a decrease of G4, Which might
be due to higher order nonlinear processes or residual absorption by the D line.
We have later been able to observe G, ~ 8, thanks to a more optimized beam

shape and power.

In fig. 3.9(b) the maximum and minimum gains are plotted as functions of
the pump-probe detuning ¢ for a pump power of 40mW . The gain is observed
to be maximum closer to the degenerate condition, i.e. when the signal and
idler fields have the same frequency as the coupling, which is resonant on the
Dy transition. The fact that G, ~ 1/Gpee is the signature of a very good
PSA, without extra unwanted processes, which would compete with the FWM
phenomenon. The mismatch in the experimental outcomes is attributed to

slight misalignments and absorption effects when ¢ is increased.

3.2.5 Comparison with Phase Insensitive Amplification

It is interesting to compare these results to PIA, when the signal is sent with-
out any input idler. As the PIA gain does not vary with the pump-probe phase
difference ¢;, (see eq. 3.6), the signal processing is much easier. The details are

given in Appendix A.

For a PIA experiment, performed with the same experimental parameters
as the corresponding PSA experiment, the PIA gain g is theoretically related
to the PSA gain G as (sec.1.3):

G(P) =29 — 14 2+/g(g — 1)cos(®P)

1
=g = 1(2 + Gmaz + Gmm) (36)

The second row in fig. 3.9 shows experimental PIA gains (g..,) together with
experimental PSA maximum and minimum gains (G, and G,) and the
value of g, which can be calculated from them. Fig. 3.9(c) compares the the

theoretical and experimental PIA gains as a function of pump powers at § =



Chapter 3. PSA in metastable Helium

66

"UoIIsueI} Ty oY) jim JuruOSal ST M Aouenbory Suridnod oyj pue ¢ — m pue ¢ + m A[0A1300dso1 o1 swesq ISPl pur [RUSIS
o1} JO soUaNbaIj o) SI0YM ‘OWLYDS IO[PI-[RUSIS POJRIOUSSOP-UOU ® Posn 9ARY om ‘DIof umoys sjutod ejep oy [[e 10 (9'¢ ‘bo ) senpea ysd
utlry pue TP JurpuodselIod 9y} WO} paureiqo ‘uresd yid peroedxe oyj st Y oy T, "AAW (G Jo Tomod dwnd ' oy) 10} ¢ Surunjop aqord-dund
uorpounj e se (p) pue ‘zgy ¢ = ¢ surunjep oqoid-dund poxy pue sremod Jurdrea jo uorounj e se (44) vyep ySJ o) WOIJ oUO Paje[no[ed o1} pue
(9726 ureS y1J poalesqo A[rejusuriadxe o) 03 pareduron “r) pue Py sureS wWNWIUI pue WNWIXeW S J (9) "A\WQF Jo emod dumd © 10y ¢
gurunjep oqoid-dund o1} wo ures ygJ oy Jo souspusda(] (q) ‘z g = ¢ 10] Temod-dwnd oy) uo ures ygd oY) Jo souapuado(] (®) :6°¢ dUNDIA

(zHM) ¢ (MUr) SI9MO J
00S 00F 00€ 00Z 00T O 0§ 0¥ 0 0T 0L 0
e v 1000 . fsppen 2 H
E. b LR COu E W L
6. -a.- ] i . |7
dxe "
B--m-- .
B IHO.O - ﬁ “ "
gy O ‘9
me@.|..| w. » m.
E ET0 = € B
rI.JJI [42] \. w
e I -
F® 2 &--.Top.. 3 L e 7
W e - e
e R o o “p-m
. _ : ' i i ®--E0L , ; uwo-¢-. ¢
(p) ali s (2)
(zH) ¢ (Mux) S1aMOJ

00s 00¥ 00€ 00C OOL O

Xewo/| —v—
g —e—
Xews) —s=—

T3 ¥
.

e S .\.\4.

O I H N N - O
suren)

(q)

08 0£ 09 05 0% 0€ 0C OL O

Xewo/| —v—
Ui —e—|

=R To S o N - O
surex)

Xewo —=—

(e)



3.3. Theoretical Formulation 67

| 0),

(a) (b)

FI1GURE 3.10: Relevant states necessary for PSA modelization in He*. The thick red

line shows the transitions coupled by the pump field, and the thin dashed lines denote

the same for the signal and idler fields respectively. The relevant Zeeman states are

shown in prominent black lines, and are labeled using their m number. The 235,
23 P, and 23 P, are denoted with subscripts g,1 and 2 respectively.

2kHz. They almost overlap perfectly, which confirms the absence of processes
competing with the PSA. On right, fig. 3.9(d) shows these gains as a function
of . It is clearly visible that beyond § = 300k H z, they do not match. This can
be understood by the fact that there is more absorption when ¢ is increased, so
that G,y 1s less than

G’lna:]; ’

3.3 Theoretical Formulation

In this section, I briefly discuss the theoretical basis of the phase sensitive am-
plification in the metastable helium system. I explain how CPT can lead to
such a good PSA process, almost free from extra non-linear phenomena. This
part of the project has been mainly carried out by Pascal Neveu [Neveu et al.,
2018], and will thus be covered in detail in his thesis.

In the section 3.1.2, T have explained how a A-system could be selected by
polarization from the D; transition. Nevertheless, it was assumed that the D,
and D, lines are far enough so that the influence of the 23P, levels can be ne-
glected. But in reality, the Doppler width is about 0.9 GHz, whereas the optical
detuning between the transitions is about 2.29 GHz. Indeed combined with the
CPT effect occurring on the Dy, which suppresses its linear absorption, the Dy

transition can give rise to efficient multiphoton four wave mixing channels.

For the A-system, the relevant ground states are |[+£1), = [2°S),m = £1)

and the excited state is |0), = |2°P;,m = 0). If we consider the D, tranision,
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due to selection rules and the fact that only |23S;,m = +1) are populated, the
relevant Zeeman sublevels of the 2°P, state are |£2), = [23P,,m = £2) and
0), = [23Py,m = £0) (c.f. fig. 3.10). As the laser is detuned by more than
2 GHz from the D, transition, the |23S;,m = 0) ground state can still be ne-
glected, together with the [23P, m = +1) states.

In the atomic basis {|0),,[-1),,[+1),,]0)5,|=2),,[+2),}, the interaction

Hamiltonian H, for fields at resonance with the D; transition, is given by:

0 Ot O 0 0 0
* Ot — %
Ot 0 0o -2z V20 0
Q* 0 0 0 0 20+
H = N B V3 V2 (3.7)
A« A 0 0
V3 V3
V20 0 0 A 0
0 0 V20 0 0 A

where the numerical factors originate from the Clebsch-Gordan coefficients
(see fig. 3.2), and A is the frequency difference between the D; and Ds lines,
and the Rabi frequencies QF are expressed in the circular polarization basis.
As the coupling and probe fields are linearly and orthogonally polarized, with

respective Rabi frequencies €2, and Q., the QF can be written as:

1

V2

Using the Hamiltonian, described in eq. 3.7, the evolution of the density

QF (Q, £i0,) (3.8)

matrix p is given via the optical Bloch equations (OBE):

ihOyp = [H, p] + L(p) (3.9)

where o stands for the non-Hermitian evolution of p due to dissipative processes
like spontaneous emission (rate I'g) or optical coherence decay (rate I'). The
OBE’s are solved and used in the Maxwell’s equations, to propagate the fields

in the medium along z:

, 1
(c@z + at)Q:t = 1cn + ﬁ <p02:Flg + \/§p:|:22:t19 — pol:‘:19> (310)

where 7 is the atom-field coupling coefficient, p;; = Trp|i) (j|], and the

numerical factors are given by the Clebsch-Gordan coefficients.
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FIGURE 3.11: Simulated probe transmission with (left) Do transition and without
(right) Ds transition, for degenerate signal, idler and coupling fields for an optical
depth of 2.7. The plotting parameters are © (initial relative phase between pump
and probe) and the coupling field strength (/vg. A transmission of 1 is achieved with
the D, transition only, but it is necessary to take the Dy into account to observe a
probe gain. PSA occurs via the Dy sublevels as soon as power-broadening factor of
the coupling field ¢ is larger than Raman coherence decay rate yg : CPT can then
overpower the absorption. (thanks to P. Neveu)

Figure 3.11 shows the result of the numerical simulations of the probe trans-
mission for the degenerate signal, idler and coupling case, i.e. when the detuning
0 is equal to 0. The optical depth is equal to 2.7, which is the experimentally
measured value. The coupling strength is represented through the power broad-
ening factor ¢ = Q2/T and © is the input relative phase. When the A scheme
through the D; transition is considered alone, we have a maximum gain of 1,
and very little input phase dependence is observed. When both the D; and D,
transitions are considered, amplification (gain > 1) is seen and the experimen-
tally observed phase-dependence is reproduced. In both cases, the probe gain
increases when the pump power is increased. The CPT phenomenon is efficient
when the coupling field strength ( overcomes the Raman coherence decay rate
vr between the ground states | £1),. For ( < <, the resonant absorption
of coupling forbids any significant multiwave processes. When, ( > g, the
transparency due to CPT, allows significant four-wave mixing, thus allowing

high PSA gain to be observed and a plateau is reached with a gain of about 10.

Lets consider the condition of strong CPT, i.e. ¢ > vg. Then, eq. 3.9 and

eq. 3.10, under the assumption that the atoms are in steady-state, leads to:
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~ din I' ¢
4in 20,05 — Q% (T.¢
0.Q, = 3A o +0O N (3.12)

where we will neglect the © (%) From eq. 3.12, we obtain the following

set of solutions:

0.(L) o 0 0 0. (0)
QL) [ =10 (Q+ipe* —ipe# ,(0) (3.13)
Qi (L) 0 Fipe ™™ (I—ipe ™) \Q(0)

where = ;—ZL, L being the length of the atomic medium along z direction. It
is clearly a PSA transfer matrix of symplectic type [Ferrini et al., 2014]. We
can calculate the gain, G(0) =| Q,(L,0)/2,(0) |*>. Eq. 3.13 shows that G(O)

oscillates between two values G4 and G, given by:

Gmae = 1+ 2u(p+ /14 p%) = 1/Grn (3.14)
1. 4,1 T
®ma:c = §tan </_L) = 5 + @mm (315)

We have neglected © (%) or higher order terms : indeed their contribution
is negligible because they involve multiphoton channels through the Dy line,
which is far detuned. We consider now only channels involving some efficient
D, transitions due to CPT. To understand the mechanism behind this FWM,
it is easier to consider the system in the bright state- dark state basis of the

CPT, which are defined as:

DI,
9 T

Each transition is then coupled by only one field (see fig. 3.10) : the coupling

|£) (3.16)

and probe beams excites the transitions |+) <> |e) and |—) <> |e) respectively.
We can similarly decouple the D, transitions by defining the following two

superpositions of states:

2,12,
V2
So that, we have a modified basis set {|0), , [=),,[+),,10)5, =)y, [+),}. The

transitions in this basis are shown in fig. 3.10. Because of the strong CPT, the

1£), (3.17)

population is trapped in the dark state |—) , and the four-wave mixing processes
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1 0),

[ +)g [ —)g

(a) (b)

FIGURE 3.12: The two main FWM channels involving Dy sublevels : (a) via the
|+), and (b) via the |0), level. The theoretical model neglects processes involving Dy
sublevels twice.

starting at | —), are dominant. Processes involving the D, transition more than
once can also be neglected, so that the two main FWM channels are (see fig.
3.12):

. Qe Q Qe Qp

FWM via|t+), : |—>g = |4y, — |+>g —10), — |—>g (3.18)
. Qe &% Qe 2

FWMvia|0), @ |=), = [0), — [+), — [0); — [-), (3.19)

These two processes, enabled by CPT, correspond to the above transfer ma-
trix, and lead to the high phase dependent amplification that is experimentally
observed. In agreement with the plot in fig. 3.9, the fact that the dominant
FWM processes start from the dark state | —), of CPT implies that when the
coupling field amplitude is too weak for CPT to occur, the population is inco-
herently shared between the ground states and the D; line absorption destroys

any multiphoton process.

It has to be noted, that there is a remnant absorption from the Ds, which
explains that the transmission is not 100% and the experimentally observed

gains are not exactly reciprocals of each other.

3.4 Noise Properties

In section 1.1.4, I have discussed the general scheme for the characterization of
the noise properties of a squeezed state of light, with a homodyne detection. In
the case of a two mode squeezing with different frequencies a heterodyne de-
tection is needed. I first describe the monomode set-up, usable for degenerate

signal/idler vacuum squeezed states. I then explain the heterodyne detection
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scheme which can be used for two mode squeezing detection.

3.4.1 Setup

The figure 3.13 shows the experimental set-up schematically.

We use some part of the input pump beam as the local oscillator (LO). The
power distribution between the local oscillator and the coupling beam for the
PSA experiment is controlled by the half-wave-plate HWP5 in front of the
polarizing beamsplitter PBS3. The coupling beam is then mixed with the co-
propagating signal and idler beams (probe) via the beamsplitter PBS4, before
entering the helium cell. When the discharge is switched on, entangled pairs
of signal and idler photons are created from the pump ones through four wave
mixing. The output states of the sum and difference of the signal and idler
states are squeezed (see sec. 1.4.5). The combination of the half wave plate
HWP4 and the polarizer P1 separates the coupling beam and allows only the
probe beam to transmit. The beamsplitter PBS2 mixes the probe and the LO.
The half-wave plate HWP2 (HWP3) helps to fully transmit (reflect) the probe
(LO) beam. the half-wave plate HWP1 is carefully rotated so as to transmit
and reflect equal powers from the two output ports of the beamsplitter PBS1,
which are then detected by the photodiodes D1 and D2. The photocurrents are
electronically subtracted. When the two output ports of PBS1 have the same

powers, balanced detection is achieved.

3.4.2 Experimental results

For a homodyne detection, the frequencies of the signal (ws), idler (w;), coupling
(we) and local oscillator (wy) are the same. In fig. 3.14, I show experimentally
obtained noise power spectral densities observed with an electrical signal anal-
yser (ESA). As the cell is switched off, both the signal and LO fields are assumed
to be in a coherent state. We should thus expect a flat line for frequencies above
the technical noise frequencies. Unfortunately, it exhibits an increase of noise
around 200 MHz, with a width of about 50 MHz, limited by the detector band-
width.

The laser used for the experiment was a GaAs Bragg reflector laser from
Eagleyard which has a bandwidth of 2 MHz, which correspond to a coherence
length of about 150 meters. Whereas the path difference of the homodyne ex-

periment is less then some tens of centimeters. The relative coherence time
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between the LO and signal should be larger than the time-difference needed to
follow their beam paths. The high phase noise observed around 200 MHz (fig.
3.14(a)) can be attributed to the fact that the semi-conductor diode laser does
not emit a Lorentzian line. We have recently replaced the laser with a new
and better Ytterbium based fiber laser from Keopsys. It had arrived in october
2018, so I could not work much with it : new results should be available in the

P. Neveu thesis.

3.4.3 Heterodyne detection

I could not realize the heterodyne detection with the previous laser, but I had
considered how it could detect the expected two mode squeezing [DeLange,
1968].

For heterodyne detection, we consider a two mode squeezed state, with

frequencies w, = w. — 0 and w; = w. + 0 and a local oscillator of frequency wy:

w; + Wwsg
g _wc
2

wr

where w, is the coupling frequency. We thus consider the annihilation operators
A and B of the signal and idler respectively. We then write the total probe

(=signal+idler) annihilation operator a as:

i = Ae P 4 Be™ (3.20)

The annihilation operator of the total field a,., is given as:
~ PP g
Qiot = Ay + 20

where ar,, as defined in sec. 1.1.4, is the annihilation operator of the local oscil-
lator field, and the «» or J shows the polarization direction of the corresponding
fields. The action of the half wave plate HWP1 then rotates the polarization

directions by 45° so that the total annihilation operator is now modified to :
&tOt — CAL} + Z&/

The action of the PBS1 (c.f. fig. 3.13) creates two outputs, which are
denoted as d; and ds (c.f. sec. 1.1.4) :

1
V2
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1 o o

— (a4 +z’Ae*’5t+z’Be“”> 321

AL (3.21)
1

dy = —— (idy + a)

- (mL + Ae=it 4 Bei&) (3.22)
The photon-flux difference operator D can be computed as:
b~ (dldy - dj.)
1 A A e ~ )
=3 <dL + iAe™t 4 z'Be“St) (dTL — ATt — z'BTe’Z‘St)
1 A L e . .
-5 (idL 1 Aet 4 Bezat> (_i&fL 1 Afetdt 4 B]Le—zét>
N L a A~ oN\T
= { (Ae_“” + Be’5t> &TL — <Ae_“5t + Be“st> dL} (3.23)

—i(aal —atay) (3.24)

We can consider the local oscillator to be a coherent state with a mean
photon number |az|* and a phase ¢,. The fluctuations in D can then be

calculated from :

= |l (P, ) (3.25)

= —Jar |’ (a®e7¥r + al?e¥¥r — 2ata — 1) + (a'a)

= lag? (P2, ) + (a'a) (3.26)

So that we get the variance :

= AD? = |ar|?AP2 + (ala) (3.27)
where we have defined the probe quadrature operator P¢L = i(ae L —

ale¥r), which is scanned with respect to the local oscillator phase ¢;.
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When the signal and idler fields are coherent ans contains the same mean

photon number |a|”

<]5¢L> _ i’aKefmﬂpL | it=bn _ —ibtter €i6t+¢>1;>
= 2i| | (—isin(0t + ¢r) + isin(dt — ¢r))
= 4|a| cos(dt) sin(¢yr)

(P2,) = = (a2 4+ a2 — 2qfa - 1)
= —|a|*(8 cos®(6t) cos(2¢) — 8 cos?(dt)) + 1
= 16]r|? cos?(6t) sin®(¢r) + 1

So that the quadrature variance is:
s\
<AP¢L> =1

which is the same result as a monomode coherent state. The fluctuations are

thus given by:

AD? = |ar P AP2 + (a'a)
= Jaz|* + 4|al? cos®(5t) (3.28)

which is independent of the LO phase as expected for the coherent state.
This is the noise floor for coherent state input into the balanced heterodyne
detection scheme.
When, the signal and idler are two-mode squeezed, P, is squeezed : the fluc-
tuation AP;L is more than 1 for ¢, = 0, and less than 1 when ¢, = 7. The
fluctuations in the measurement D then go above and below the standard quan-
tum limit. We can see, as the phases 0t and ¢ are varied, the flux difference
operator D can scan the quadratures X, or Y, as shown in the set of equations

1.87, as:

0t phase ¢, phase D
0 0 —22|ar|Y,
0 -z —2V2|a | X
- 0 —2V2|az Y-
-2 —Z =2V2|ag|X_

TABLE 3.1: Quadratures measured for specific 6t and ¢; phase combinations.
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Hence, observing the variance of the photon flux difference, implies direct
measurement of the various quadratures, at specific instances, when the phases
(including both the local oscillator phase, and the pump-probe beating phase)

are varied.
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I have introduced recoil induced resonances in sec. 2.3 and briefly discussed
some physical interpretations. In this chapter, I describe storage experiments
based on RIR and examine the case when the counterpropagating laser pumps
are stronger, so that experimental observations in the phase conjugate genera-
tion spectrum cannot be reproduced with the third order perturbative calcula-
tions performed by Guo et al. [Guo, Berman, Dubetsky, and Grynberg, 1992].

The experimental results were obtained by Jose Tabosa’s group in Recife, Brazil.

4.1 Experiments and Observations

4.1.1 signal transmission Spectroscopy

In fig. 4.1, I present an experimental signal transmission spectrum as a func-
tion of the pump-signal detuning. The experiment was done on a cold Cesium
cloud , by the group of Jose Tabosa in the Federal University of Pernambuco,
Brazil. The experiment is done with one pump and one signal beams, and the
transmitted intensity of the signal is measured as a function of pump-signal
detuning (see fig. 4.2(a)). The Gaussian derivative form of the eq. (2.17) fits

the spectrum much better (R?* = 0.95) compared to a Lorentzian derivative
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FIGURE 4.1: Experimental transmission spectrum as a function of pump-signal de-
tuning with Gaussian and Lorentzian derivative fits, courtesy: Jose Tabosa et al. (a)
Transmission spectra for different pump intensities. The black squares in (a) are ex-
perimentally obtained by the group of Jose Tabosa, in the two retro-reflected pumps
and one signal configuration (case 2 in sec. 4.1) with a cold Cesium cloud. The pump
and signal intensities were respectively 6 mW /cm? and 0.2 mW /ecm?. The angle be-
tween the pump and signal beams was 2 deg and the temperature of the atomic cloud
was ~ 300K . In red, the theoretical fit to the eq. 2.17 is shown. The fit has an R?
value of 0.95. In dashed green, the fit with a Lorentzian derivative dispersion shape
has R? = 0.81. (b) the width of this transmission spectrum does not change as the
pump intensity is increased : no power broadening is visible

dispersion shape (R? = 0.81). The extrema of this function are obtained from:

which describes a peak to peak distance of 2k6v.
It could be used to estimate the temperature of the atomic cloud T~ 300uK
[Almeida et al., 2016]. A particularity of the RIR transmission spectra is that it
does not broaden with increasing field intensities (see fig. 4.1), which had also
been observed by the same group. The dependence of the width of the above
mentioned spectra on various physical parameters, are discussed and shown

through the theoretical development in sec. 4.2.1.1.

4.1.2 RIR memory effect

Recoil induced resonances can also be used to store light in atomic media
[Almeida et al., 2016] : the information is stored in the momentum-coherence of
the system. Alternatively, it can equivalently be described as storage through

the spatial bunching of atoms, induced by recoil.
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FIGURE 4.2: RIR based light storage (a) experimental set-up, (b) sequences of the

field pulses in the writing and reading processes for continuous and pulsed reading

cases. (c) Experimental data obtained for the retrieval for continuous (dark blue) and

pulsed (sky blue) read beams, courtesy: Jose Tabosa et al. The read beam intensity
is 140mW/cm?. The decay is Gaussian with width ~ 30us.

The experimental set-up for storage remains the same as the case shown in
fig. 4.2(a), operating with one pump and one signal beams, and the sequence is
described below, fig. 4.2(b). In the writing step, the pump and the signal fields
interfere : it gives rise to an intensity modulation, which creates an atomic grat-
ing in the atomic cloud (more details below). Then both beams are switched off
and after a certain period of time, the pump is switched on again (read beam).
It is diffracted by the atomic grating and the diffracted beam (retrieved pulse)

propagates along the signal direction.

Fig. 4.2(c) shows the experimentally obtained retrieved field intensity as a
function of time. It should be noted that the temporal width of the retrieved
pulse is solely given by the lifetime of the atomic gratings, and does not depend
on the reading beam intensity (c.f. fig. 4.2(a)) . As shown by the data taken
in a pulsed reding configuration, the reading process does not deteriorate the
stored information (c.f. fig. 4.2(b)). This is different from the EIT based stor-
age scheme [Phillips, Fleischhauer, Mair, Walsworth, and Lukin, 2001] where
the reading beam destroys the stored information.

The lifetime is then given by a Gaussian decay due to the atomic motion, the

contrast of the grating is thus assumed to be given by ¢ = coe~ /7). The
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FIGURE 4.3: Explanation of the Recoil Induced Resonance as a diffraction from

material grating. In (a), creation of a moving material grating due to interference of

the two fields. In (b) diffraction of pump creating diffracted field E4 which interferes
with the initial signal beam.

characteristic time is 7, = ﬁ, where A = A\/2(sin(6/2)) is the period of the

atomic grating obtained with the optical wavelength A, and v = ij\‘j‘[T is the

r.m.s. velocity of the atomic medium, proportional to the temperature T. The

figure fig. 4.2(c) shows a life time of about 30us, which provides a measurement

of the atomic temperature 7' ~ 300 K.

In sec. 2.3, the physical origin of RIR is explained in terms of Raman scatter-
ing from simple two level atoms in momentum states. The storage phenomenon
described here could be better understood using an explanation of RIR in terms
of Rayleigh scattering in the position space [Courtois and Grynberg, 1996].
Let us consider the case when both pump and signal fields are propagating with
wave vectors k and I;S respectively. The corresponding field amplitudes are E
and Fy. In such a case, the polarization vector P of the medium is proportional

to the superposition of the two fields:
]3(7“, t) = eox{ﬁe_i(m_k'r) + Ese_i(%t_ks'r)} (4.1)

where € is the vacuum permitivity and yx is the susceptibility of the medium.
In general, the susceptibility x is a function of several atomic properties that
depend on the electric field intensity. As can be seen from eq. 4.1, the two
fields interfere in the medium creating a interference pattern that moves (see

B(E-Fs) [Courtois and Grynberg, 1996] .

fig. 4.3(a)) with a phase velocity 7 = T

Such an intensity modulation induces an atomic periodic grating which also
moves with the same velocity ¢ so that two components of the field propagates
in the signal direction (c.f. fig. 4.3(b)):
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e the transmitted signal beam;

e a part of the pump beam that is diffracted by the moving grating, which
has the same frequency as the signal (i.e. ws), because of the induced
Doppler shift.

Due to their phase-difference, both components interfere and give rise to the
RIR effect. When the two fields interfere constructively, the signal experiences
gain, and when they interfere destructively, it experiences losses. The formation
and destruction characteristic times of such a grating depends on the finite
response and decay times of the medium. The lifetime of this memory effect
is thus directly linked to the atomic movement, which erase progressively the

pattern.

4.1.3 Phase conjugate generation Spectroscopy

In sec. 2.3, I have briefly introduced the case of two counterpropagating pumps
where a phase-conjugate beam is created due to the non-linear interaction
among the optical fields via RIR. The dependence of the phase conjugate (p.c.)
generation spectrum on the pump-signal detuning was predicted by Guo & al.
[Guo, Berman, Dubetsky, and Grynberg, 1992]. Experimentally it was observed
first by Lounis et al. in cold cesium atoms [Lounis, Verkerk, Courtois, Salomon,
and Grynberg, 1993] and very recently by Ji et al. [Ji et al., 2018] with better
precision.

Such experiments were also performed by J. Tabosa’s group. As the pump
intensity is increased, they have observed the emergence of a dip in the p.c.
generation spectrum (see fig. 4.4(a)). The splittings between the two peaks as
a function of increasing pump intensities have been plotted in fig. 4.4(b) for
two different optical detunings as the minimum intensity required for the dip to
emerge depends on the optical detuning A. At A/27 = 30M H z, the splitting
appears for a pump intensity of about 140 mW /cm?, while at 25 MHz it is
already visible for 100 mW /cm?. In both cases, the splitting saturates between
20 and 25 kHz.

I show in section 4.2.1.2 that this feature cannot be explained under the 3rd or-
der perturbation approximation of RIR. It is also not explained by the dynamic
Stark splitting [Klein, Oria, Bloch, and Ducloy, 1989] as this splitting is much
narrower and saturates at a constant value. I show below that as more pump

intensity is involved, the six wave mixing processes which are also mediated by
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atomic recoil can indeed not be neglected anymore. These higher order pro-
cesses interfere coherently with the primary four wave mixing process, resulting

in the dip in the idler generation spectrum.

4.2 Theoretical Explanation

4.2.1 Two level system

We consider here a two level system {|1) ,|2) } where |1) is the ground state and
|2) the excited one. The spontaneous decay rate is I' and the atom can absorb
or a emit a photon, which changes its momentum from a value p to a value
7, so that A (p’ — p) is the photon momentum. The standard two level density

matrix p of a two level system, which is defined as:

p= 3 pasla)(s

a,pe{1,2}

is expanded in the momentum-space as :

p(p.0) = D pap(p.p)lep)(B.p] (4.2)
a,Be{1,2}

The states are now written with reference to their corresponding initial and
final momenta p and p’. The terms pi1(p,p’) or pea(p,p’), are not population
anymore but coherences between states of different momenta (c.f. eq. 4.2).

We consider the interaction of such a two level system with n electric fields:

E = Z E e nt=kum) 4 cc. (4.3)

p=1

where E,,, w, and k, are the amplitude, frequency and wave-vector of the p—th

field. We also introduce the variables pags:

(p2—p'?)

~ N =i —1t
Paa = paa(p:p )6 Zm

22

it —i @2

Pap = Pap(p,p)e™’e (4.4)

where w is the frequency of the transition, and m is the mass of an individual
atom. The transformations shown in eq.(4.4) are equivalent to the standard
rotating wave transformation, but includes the momenta. In terms of these

variables, the Maxwell-Bloch equations for the system, can be written down
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[Guo, Berman, Dubetsky, and Grynberg, 1992] as:

0 ~ oy (iDL e ~
(5 + Vo) = D Qe Ty (pyf — k)
o
. .k‘u,.p_iw ~
_i(Qze(ZAu_l T Boo (p + Bk, ') (4.5)
0 N , P VNP L.TE T VA /
o
. .ku.p_iw -
—z'(QHe(_’A”JrZ m ’“)t)pm(p— Rk, p') (4.6)
9 ~ / , TN LE ST VA /
(57 Tpulpp) = D Qe et )p12(p, P’ + hk,)
o

oy (A —i B g Y ~
—Z(QHB(A“ ™ ’“)t)pm(p‘f'hkmp,)

+/FN(C])dQ522(p + hq,p' + hq)ei(_MJF%)t

521 (pap,) = [ﬁlQ(plup)]* (48)
(2, are the Rabi frequencies for the individual fields £, :

_ @Dy,

Q, -

(4.9)
where D is the dipole moment operator. The individual fields are detuned from
the resonance frequency w of the two level system by A, = w, — w. The recoil

frequency wy, of the atom is defined as wy = B here we have assumed, that

2m’
for all the fields, |k,| = k.

The various decay rates in eq.s(4.5)-(4.8) are :
(1) T': spontaneous decay rate from the excited state to the ground state.

(2) 7 : lifetime of the atoms in the interaction region. The value given by

the experimentalist team was 7; /27 ~ 1 kHz.

(3) 7 : total decay rate of the lower level population and coherences. It can
be written as 3 = v +7;(1 — d, ), where ] is a possible extra decay for

the coherences between states of different momenta.

(4) 72 : decay rate of the excited state populations and coherences between

upper levels of different momenta: vo = 1"+ ;.
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(5) ~ : optical coherence decay rate : v =y, + %

We assume that new atoms add up to the ground state momentum coherence
following a distribution W (p,p’) so that the ground state is pumped at a rate
A = Wi(p,p'). When p = p', p11(p,p) is the ground state population with a
momentum p. In this case, the distribution should be the Maxwell-Boltzmann

distribution:

2 2 2
1 Pz +Py +pZ

W(p,p') = %(%ﬁ)?’me B d(p—1p) (4.10)

where §(z) denotes the Dirac delta function.

In the eq.(4.7), the third term representations the ground state feeding, by
spontaneous emission from the excited state. The term describes a process
where an atom with a coherence pao(p+ hgq, p’+ hq) emits a photon in a random
direction with a wavevector ¢ = |k|(sin 6 cos ¢Z + sin € sin ¢y + cos 0Z) . 6 and ¢
are the inclination and azimuthal angles respectively when the dipole direction
is along Z and N(q) is the probability that the emission occurs in the direction
0 [Grynberg, Aspect, and Fabre, 2010]:

N(q) — N(0) = %sm?e (4.11)

To find the total effect of the spontaneous emission, it is necessary to integrate
over all such possible directions, with dg = |k|sinfdfde, 0 < 0 < 7,0 < ¢ < 27.

The optical coherence can then be written in the laboratory frame, from the

quantity pi2(p,p’) in the Bloch equations (4.5)-(4.8), as:

_ 1 ' < , (p—p)-7 pP-p?
p1a(r,t) = 573 //dpdp pr2(p, p')exp <Z " s U+ wt
(4.12)

The macroscopic polarization P(r,t) of the atomic ensemble, is then linked

to the atomic optical coherence pia(r,t) as:
P(r,t) = (2|D|1)p1a(r, t) + c.c. (4.13)

The set of differential equations (4.5)-(4.8) is not analytically solvable ex-
actly. A perturbative treatment is thus required. I present the detailed calcula-
tions in Appendix C, and only the relevant observations and plots are described

in the following parts.
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FIGURE 4.5: (a) Signal transmission spectrum as a function of the pump-signal

detuning § from a 3rd order coherence calculation for a temperature 7' = 300u K,

I')2n =6MHz, A/2r =30MHz, v/2m = 1kHz and § = 2° (b) zoom on the central
sharp feature, which has a width 2kv6 for different pump intensities.

4.2.1.1 Results at third order of expansion

The third order contribution to the coherence p;5 comes as a four-wave mixing

process with two relevant pathways:

~0) (1) W ~(2) U (3
R A i (4.14)
~(0) Qu (1) Q. ~2) 2% -3
Pgl) — 1052) — Pg2) — 1052) (4.15)

where the indices (u,v and o) denote the fields (pump, counter-propagating
pump or signal) and €2, ,,, etc. denote the corresponding Rabi frequencies (for
details, see appendix C). €2, is the first order of perturbation v the second order
and o the third.

The third order component of the polarization, which is proportional to the
third order coherence pg), (see eq. 4.13), can be shown to be proportional to
0,0 (for pathway 1, eq. 4.14), or to €©,Q;Q7 (for pathway 2, eq. 4.15).

If we look at changes in the transmission spectrum of the probe, conserva-
tion of energy and momentum imply that each path will involve one absorption
and one emission by the same pump (either propagating or counterpropagat-
ing) so that the result is the addition of two RIR provided by each pump as
described in the next paragraph. When both pumps are involved, it leads to

the generation of a phase conjugate field in the direction opposite to the signal.
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Signal transmission

Experimentally, the signal transmission corresponds to the field, which is de-
tected by the photodiode Dy ( see fig. 2.7). It is given by the components with
a wave vector ks and a frequency wp + 6. This can be achieved by four different

combinations of p,v and o, showing two distinct features :

(1) p is the signal field and v and o are the forward pump beam in the path-
way 1 (eq. 4.14), or,
v is the signal field and p and o are the forward pump beam in pathway
2 (eq. 4.15).

(2) p is the signal field and v and o are the counter-propagating (or back-
ward) pump beams in pathway 1 (eq. 4.14), or
v is the signal field and p and o are the backward pump beam in pathway
2 (4.15).

In the case (1) the calculations give a sharp feature in the signal transmission
spectrum (see appendix C). Indeed, with the assumption that v, < kvf, the
width of the induced resonance is 2kv6, where k is modulus of the wave-vector of
the pump/signal fields, u is the r.m.s velocity of the atoms in the medium and
is the angle between the signal and the forward pump beams. The transmission

g as a function of pump-signal detuning 4 is (see sec. 2.3):

TR, 6 5?
S— 9 N 4.1
90) \/g A%kpT  kou e‘”’( 2(k9u)2> (4.16)

where € is the Rabi frequency and T is the temperature.

In the case (2) the calculations give a broad feature in the signal transmission
spectrum. The width of this feature is 4kv when v; < ku and 6 < 1.

TR, 6 52
9(5)__\/; AT 2ku T (_2(2ku)2> (4.17)

The two counter-propagating pumps and one signal configuration is a coher-

ent addition of two single pump - single signal interactions. The fig. 4.5(a) shows
the result of the calculations for 7' = 300u K, I'/2r =6 M Hz, A/2m = 30 M Hz,
v = 1kHz and 6 = 2° : both features appear and fig. 4.5(b) is a zoom on the
sharp one. It reproduces quite well the experimentally obtained transmission

spectrum (shown in fig. 4.4(a)) : the Gaussian derivative shape with about 15
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FIGURE 4.6: (a) Phase conjugate (p.c.) generation spectrum as a function of the

pump-signal detuning ¢ from a 3rd order coherence calculation for T = 300uK,

I')2n =6MHz, A/2r =30M Hz, v:/2m = 1kHz and § = 2deg. The intensity of the

generated p.c. field is proportional to |p12|2. (b) zoom on the central sharp feature
of width 2kwv0 for different pump intensities.

kHz separation between the peaks in the sharp feature. The other combinations
of pu, v and o either lead to zero contribution, or just adds a background offset

so that it can be neglected.

Phase conjugate generation

The components of the field in the direction —lgs with a frequency wp — 6,
correspond to a phase conjugate (p.c.) field, generated through the four-wave
mixing process of the two pumps and the signal. Experimentally, when the
signal frequency is scanned, the photodiode D, allows to record the phase con-
jugate generation spectrum, which is the intensity of the p.c. field as a function
of the input signal frequency (see fig. 2.7). This spectrum can be calculated
as the absolute amplitude of the corresponding component of the coherence as
a function of the pump-signal detuning 6. Using a third order perturbative
expansion, we can sort the following combinations of fields that are responsible

for the generation of the phase conjugate beam for both paths:

(1) When g is the forward pump field, v the signal field and ¢ the counter-
propagating or backward pump beam, it describes a process of backward
pump scattering in the phase-conjugate direction from an atomic grating

created by the forward pump and the signal fields.
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(2) When p is the backward pump field, v the signal field and o the forward
pump beam, it describes a process of forward pump scattering from an

atomic grating created by the backward pump and the signal fields.

The first gives rise to a broad feature having a width 4ku, while the second
gives a sharp one with a width 2ku6. I show the theoretical spectra in fig. 4.6.
We are interested in the sharper feature only (fig. 4.6(b)), which matches with
the experimental observation for small pump intensities (shown in fig. 4.4), but

fails to reproduce the dip, which appears at higher intensities (fig. 4.6) .

4.2.1.2 Results at fifth order

To account for the effect of higher pump intensities, it is necessary to go to
higher order of perturbation. When other parameters (the decay rates and
Doppler width) are small compared to the optical detuning A and the Rabi
frequencies of the fields, the ratio of the 3rd order to the 5th order contribution
into the coherence pio is proportional to |Q2]?/(T')A, where Q is the pumps Rabi
frequency. Thus, for sufficient intensities, the 3rd and 5th order coherences i.e.
pg) and pf;) are comparable and can interfere. Indeed, a pump intensity of
140 mW /cm? corresponds to = 4.8 MHz, so that Q/A ~ 0.1 for A/27 = 30
MHz. Similarly, a pump intensity of 100 mW /cm? corresponds to = 4 MHz,
so that /A ~ 0.1 for A/2m = 25 MHz. These values are consistent with the
experimental ones, for which the dip appears (see fig. 4.4).

The following four pathways, address the relevant six-wave mixing process:

0 ) s ) s ) s gl 2 ) (4.18)
A g g g s ) s 5 (1.19)
Y s ) 2 ) S ) 25 ) s 50 (1.20)
A 2 ) Ty p2) Ry 5 % ) Ty 50 (4.21)

where the fields corresponding to the indices u, v, o, and [ can be any of
the two pump or signal fields. The corresponding 46 different combinations of
fields giving rise to phase conjugate generation are listed in the appendix (C).
Nevertheless, I have only considered the contributions when the signal field ap-
pears once: due to its small intensity compared to the pumps (2, < Qp), the

cases when it interacts several times with the atom can be neglected.
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Abs(pg))(normalized)

FIGURE 4.7: Comparison of all the 46 fifth order terms as a function of pump-
signal detuning : for a temperature 7' = 300uK, I'/27r = 6M Hz, A/27r = 30M Hz,
v¢/2m = 1kHz and 6 = 2deg. Four terms give the major contribution.

All the 46 combinations are plotted in fig. 4.7, for parameters corresponding
to the experimental conditions. It is visible that only a few of them contribute

to the phase conjugate beam. They correspond to the following pathways :

~3) ¥r @) Hr (5

~0) Yp 1) @ ~(2
O Z2ry 500 ey 502 P21 — P22 _+P>:012

P11 — P12 —7 P

~3) Yr @) Fr (5

~(0) @ ~(1) Yp (2 -
/’31) L p s b Pa1 — Pz — P12

— P12 —7 P

R

3 e @) Hr (5

~(0) 9% 1) Q-p (2 -
— 52) Po1” T Paa — 7 P12

Pl — Py —— P
(0) 2-p_ (1) Fp (2) % ~3) Yr @) YV (5
Pgl) =5 sz) — Pg2) — Pgl) — Pg2) o Pg2)
where the subscripts 2, p,£2_p, and 2, denote the forward pump, the backward
pump and the signal fields respectively. .

Fig. 4.8 shows the theoretical prediction for such a model. On the left,
fig. 4.8(a) gives the p.c. generation spectra for different pump intensities cor-
responding to the experimental values and A/2r = 30 MHz. The emergence
of a dip is reproduced. It emerges progressively by a shoulder visible at 0.14
W /cm?. On the top, center, the fig. 4.8(b) gives the splitting distance between
the peaks as a function of the pump intensity for v;/2m = 1 kHz and no ex-
tra decoherence for the coherence between levels of different momenta (y; = 0

kHz). The splitting seems to saturate at about 22 kHz, which is very similar
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to the experimentally observed value of 23 kHz. At A/2r = 30 MHz, the dip
suddenly appears around a intensity of 100 mW /cm? and at A/27 = 25 MHz,
it emerges at a smaller pump intensity of 50 mW /cm?. Both values are smaller
than the experimental ones which are close to 150 mW/cm? and 100 mW /cm?
respectively. The fig.s (¢) and (d) shows the effect of an increase of 7, and ]
for A/2m = 30 MHz. In the first case, the threshold remains the same, while it
increases in the second. Indeed, for 7;/2m = 7} /2m = 1 kHz, the experimental
behaviour is quite well reproduced. The fig. 4.8(e) compares the effect of the
transit and coherence decay rate. Indeed, a lower v, and 7] = 1 kHz gives a
sharper step and a lower threshold , which does not fit with the experimental
observation. The fig. 4.8(f) gives the simulation results for A/27 = 30 MHz
and A/27 = 25 MHz, using the best parameters found with the fig. 4.8(d):
v/2m = 1 kHz and +/2m = 1 kHz. The split emerges for a pump power 150
mW /cm? when A/2r = 30 MHz and for a pump power 100 mW /cm? when
A/2m = 25 MHz. The splitting values saturate at about 22 MHz, which is close
to the experimental observations.

The relative heights of the peaks do not quantitatively match with the experi-
mental ones, which might be a result of even higher order processes which are
not taken into account here. But it is nevertheless clear that the threshold
behaviour of the splitting can be reproduced by taking into account an extra

decoherence rate between levels of different momenta.

4.2.2 A simpler three level model

In the previous description of the recoil induced resonance, we have considered
all possible momenta of the atoms and the density matrix elements could be a
function of any momenta p and p’. Nevertheless there is a specific four wave
mixing process that is closed, meaning that the initial and final momenta of the
atom before and after the interaction, are the same. Such a process contributes
maximally to the RIR phenomenon.

In fig. 4.9(b), we describe such a closed process:

(1) An atom in the ground state (|a)) with an initial momentum p absorbs a
forward pump photon of wavevector kp so that its momentum is changed
to §+ hikp.

(2) The atom then releases a signal photon of wavevector ES, which changes

its momentum to 7+ fi(kp — ky).
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(3) The atom absorbs another pump photon from the counter-propagating

beam of wavevector —kp so that the atom’s momentum becomes p— hl;:;.

(3) Finally, the emission of a phase conjugate photon counter-propagating to

the signal with a wavevector —k, gives an atom with a final momentum

p.

This interaction can be modeled as a four level atom in an X-scheme (fig.
4.9(b)). We will consider that |e;) and |es) correspond to one single level, which
is just used to excite the coherence between both ground states through multi-
photon processes because the fields are far enough detuned so that A > wy.
This then generates a phase conjugate field by undergoing a writing and read-
ing mechanism [Triche, 1997] similar to what is described in sec. 4.1.2. The
generation of a phase conjugate beam then involves a writing process involving
the forward pump beam and the signal beam, followed by a reading process
with the backward pump beam. This model corresponds to a truncated version

of the previous two-level model.

Four-wave mixing from a three-level model is well studied [Agarwal, 1986,Du,
Oh, Wen, and Rubin, 2007]. Yet, the particularity of the system studied here,
is that the two ground states |a) and |b) are not different internal atomic states
. in this model, both of them correspond to the same atomic state, but with
different linear momenta viz. 7 and §+ h(kp — ks) (see fig. 4.9(a)). Thus,
the ground state coherence, is the momentum coherence pi1 (7, 5+ h(kp — ks))

described in the previous model (eq. 4.2).

The notations are summarized in fig. 4.9(b) : the two ground states are

named |a) and |b), and the excited state is |e). The transition frequency is w.

The energy difference between the two ground states is £, — E, = —hlg =
W — %. The three fields incident on this system are the forward

pump beam, the counter-propagating or backward pump beam and the signal
beam. Both pump beams have the same frequency wp, which is detuned from
the transition by A = w — wp. The signal frequency w, is detuned from the
pump one by 0 = ws — wp. The Rabi frequencies of the forward pump, the

backward pump and the signal fields are Q. p_p;.

In a A— system, when the legs are coupled with the pump and signal fields

with Rabi frequencies €2, and (), the ground state coherence is written as



4.2. Theoretical Explanation 97

[Triche, 1997] :

Ap + iy Qesr iaki
ab(7, T o1 gilak.r=ot) 4.22
Pab(r,t) = AL 4% 4+ |Qopr2/2 2 ( )
where, Ap = —§ — Ag is the Raman detuning between the ground states |a)

and |b) and 7 is the ground-state coherence decay rate. Ak = vecks — veckp is

the wave-vector mismatch between the forward pump and signal. The quantity

Q50

Qepr = is the effective Rabi frequency of the Raman transition between
the two ground states a <+ b. The phase conjugate beam is then generated by

the diffraction of the backward pump from the coherence:
Deb
2ih
Using eq. 4.22 in eq. 4.23, we have:

d e
JpPea + IWPeq = — Ee’(_kp‘r_wpt)pba(t) (4.23)

DebE . Agr+1y Qerr ik —(wp—o)t)
2ih " AL+ 92+ [Qepg|?/2 2

d
—Pea + 1WpPeq = — (4.24)

dt
where we have neglected the optical coherence decay rate v/2 in front of
the transition frequency (w. — w,). Eq. 4.24 confirms the generation of the
phase conjugate beam that propagates opposite to the signal with a frequency

(wp — 0). The solution to the eq. 4.24 can be calculated as:

AR+Z’7 Q ff / B
ea(D, T) = E_ e [ i(we—wa)dt i((—Fs.F—(wp=8)t) J4
P (p ) 2h A%g""}/ +|Qeff|2/2 2 efl("-’e wq)d
_DebEip Apg + iy Qeyy (we—wb)ei R (wp8))
2ih A%—F’}/Q + |Qeff|2/2 2 (A (5)
(4.25)

The coherence peq(p,t) depends on the initial momentum p of the atom
through Agr. We assume a Maxwell-Boltzmann distribution of the momenta,

which is written as:

]_ 2 /2
W(p) = ——=eP/P0 (4.26)
(mpo)?
The total coherence coming from all the momentum classes can then finally

be computed by:

Pea(t) = / Pea(D; )W (p)dp (4.27)



98 Chapter 4. Recoil Induced Resonances

1.0 25
— 0,004 W/cm? ]
P —0.05 W/cm?
el L 2 |
g o == 0| o0¢ @@ ©
© —0 52 Wiem? | | ~N
£ osf T 15| Oe
2 & ¢
’.é o4 % 140 y/2m =1kHz
s 3 o
2 o2} 5] @ A/2m =30 MHz
< O A/2m =25MHz
0 ‘ ‘ ‘ ‘ ‘ 0 'P
-60 -40 -20 0 20 40 60 t T T T T r
) 0 100 200 300 400 500
Pump-probedetuning (idz) Pump intensities (mW/cm?)
(a) (b)
25 T T T T T 25
] | |
201 u o) 8 | 20 o ¢ ©
- | (o] —_ O ®
z 15 A z 15
4 7 =~ .
TD | O ;K \DID O ®
£ £ 10]
= 104 = O K a/2m =30 MHz é_ ° y/2m =2 khz
< g W y/2m=1kHz | | 5 o @ A/2m =30 MHz
- O v/2m=2kHz O A/2m =25 MHz
O'P*%* X v/2m =3 kHz i O-P. ®
0 100 200 300 400 500 0 100 200 300 400 500
Pump intensities (mW/cm?) Pump intensities (mW/cm?)

() (d)

FIGURE 4.10: Results of the theoretical simulation with the three level model. (a)
phase conjugate generation spectra as a function of pump-signal detuning ¢ for dif-
ferent pump intensities and 7" = 300uK, A/2r =30 MHz, A =852nm, v = 1kHz.
The signal intensity is 0.2 mW/cm?. For any pump-intensities higher than 0.004
W /ecm?, a characteristic dip appears. (b) splitting distance as a function of pump
intensities, for optical detuning A/27 = 30 MHz and A/27 = 30 MHz, with /27 =
1 kHz. (c) comparison of the effect of three different ground state coherence decay
rates v with A/27 = 30 MHz. The threshold pump intensity increases for increasing
7. (d) Splitting values for A/2r = 30 MHz and A/27 = 25 MHz when /27 = 2
kHz.
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The absolute value of the amplitude of this coherence p.,(t), gives the gen-
erated phase conjugate field. The p.c. generation spectra as a function of pump
signal detuning is shown in fig. 4.10(a) for different pump intensities. We can
observe the emergence of the dip when increasing the pump intensity. Contrary
to the experimental data and the fifth order simulations, the two peak relative
heights remain the same throughout. Fig. 4.10(b) presents the splitting values
as a function of increasing pump intensities for v/2m = 1 kHz, which shows that
for both A/27 = 30 MHz and A/27 = 25 MHz, the splitting emerges even for
very small pump intensities which is different from the experimental observation
(fig. 4.4). The decay rate of the ground state coherence v affects the threshold
intensity for which the dip emerges (see fig. 4.10(c)). For ~/27 = 2 kHz (fig.
4.10(d)), the splitting emerges for a pump intensity of about 150 mW /cm? when
A/27 = 30 MHz, and for about 100 mW /cm? when A /27 = 25 MHz, which is
the experimental observation. In this simpler model, the ground state popula-
tion decay rate is not considered, but the coherence decay rate v/2m = 2 kHz
is consistent with v; = v + 7} kHz for coherences between different momenta
in the fifth order perturbation model. Thus, a study of this threshold intensity

can be used as a signal for decoherence processes in the atomic system.
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General Conclusion

In my thesis, I have presented two very different non-linear phenomena. Both
rely on multiwave mixing but as the phase sensitive and in He* uses superpo-
sitions of internal atomic states, the phase conjugate generation through RIR

uses external degrees of freedom of the atom

The PSA experiments were performed in metastable He* which was chosen
for its simple level structure with no hyperfine splitting. This helps to under-
stand the non-linear four wave mixing (FWM) process that results into phase
sensitive amplification (PSA). Contrary to alkali metal atoms [Corzo, Marino,
Jones, and Lett, 2012, Ma, Liu, Qin, Jia, and Gao, 2017], free from unwanted
processes, which would degrade the phenomenon. This has lead us to theoret-
ically understand how coherent population trapping (CPT) could enable PSA
and give rise to gains upto nearly 9 dB for a relatively low optical depth, below
3 [Neveu et al., 2018]. T thus designed an experimental setup to detect the
two-mode squeezing which should be associated to such a good PSA process.
Unfortunately, the high phase noise of the laser diode that we used prevented
me from realizing a characterization of these nonclassical states of light. We
have installed a new and better laser source and the squeezing detection exper-
iment should now give good results. A possible outlook is to store and retrieve
these squeezed stares and check that their evolution through CPO follows the
expected behaviour predicted by P. Neveu [Neveu, Bretenaker, Goldfarb, and
Brion, 2019].

The other phenomenon, which I had theoretically studied, is a four wave
mixing phenomenon based on states involving external degrees of freedom of
the atom. Indeed, RIR occurs due to to the recoil induced by the absorption or
emission of photons by the atom. It was already known that such a quantized
recoil could lead to Gaussian derivative resonances in the transmission spectrum
of a probe going through a cold atom cloud with a small angle with respect to
a large coupling beam. In the case of two counterpropagating coupling beams,
the generation of a phase conjugate beam was predicted and experimentally

demonstrated in the 1990’s. Nevertheless, the theory failed to explain a feature



102 Chapter 4. Recoil Induced Resonances

that was visible for pump powers higher than 100 mW /cm? in the group of J.
Tabosa.

I derived higher order calculation and proved that it can be attributed to de-
structive interference between the phase conjugate beams produced by four
wave mixing and six wave mixing. The power needed for this dip to emerge
depends on the coherence rate between levels of different momenta. I could also
propose a much simpler model, based on atomic levels with different external
degrees of freedom. The calculations give results, which are consistent with the
fifth order expansion: the dip behaviour is well reproduced for the coherence
decay rate between levels of different momenta. Such a phenomenon could thus

be used as a probe of this coherence decay rate.
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Appendix A
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A.1 Field quantization

To quantize the electro-magnetic field, we can start from the elementary equa-
tions in electromagnetism, i.e. the Maxwell’s equations ( in free space, eq.s
1.34):

VXE:@B

o]l
I

V. Al
V. '

o
I
o o

L1
V xB= —28tE
c
As discussed in 1.2, we can derive the wave equation for electric field E as:
2 — 1 —
V°E — C—26tE =0 (A.2)

If we consider a monochromatic plane wave electric field in a space of volume
V and polarized along €, then, a solution to the wave eq. (A.2), is written as
[Scully and Zubairy, 1997]:

E(F, t) 7 8(qe—i(wt—E~F) + q*ei(wt—E-F)) (A3)
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1
where A = &« is the field amplitude with & = <2Z)UV>2 and ¢ a complex

amplitude, k is the wave-vector, w = kc is the corresponding allowed frequency.

Combining eq. (A.3) with the Maxwell’s equations, gives the magnetic field

—

H(7,t):

. kX € s
A7) = L2 Cggeit—Fn | ¢ (A.4)
How

where c.c. is the complex conjugate. The total field energy in the cavity is thus

given by:

H = / dV (eoE? + poH?)
1 .
= S @+ ) (A.5)
We can identify ¢ and ¢ as the canonical pair variables equivalent to the position

and momentum operators for a simple harmonic oscillator case. The canonical

annihilation and creation operators @ and a' can be defined as:

7 1
~ —i(wt—k7) __ . .
ae = wq + 1q
vV 2hw( )
7 1
atelwt=km — (wq —iq) (A.6)

which follow the canonical commutation relation [@,af] = 1. In terms of these

operators, the Hamiltonian of eq. (A.5) is:

) (A7)
and the electric field of eq. (A.3) is given by:
E(7,t) = é8(ae™™" + afe™*) sin(kz) (A.8)

We can define two hermitian operators similar to the classical quadratures

of a light wave, and hence called quadrature operators:

X = %(a—i—aT) (A.9)
Yy = %(a—a*) (A.10)

In terms of which, the field can now be written as:

ﬁ(t) = €8 (X cos(wt) + Ysin(wt))
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Contrary to their classical counterparts, these quadrature operators do not
commute and they verify the Heisenberg uncertainty principle. Indeed, using

[a,a’] = 1, we can show that:

1
X,¥] =@+ a)(a ') — (a —a')(a+a))
1
:Z(aa —aa' +d'a —a'a' —aa — aa’ + a'a + a'a’)
i

(—aa' +a'a)

1
%
! (A.11)
: |

The uncertainty principle, then arise from the Cauchy-Schwartz inequality:

= (AX)*(AY)? > %

(A.12)

A.2 Coherent states

As defined in chapter 1, a coherent state is the unique eigenstate of the annihi-

lation operator. As such, it is written as:

ala)y = ala)

(A.13)

So that, (alatala) = |a|®. To get the variances of each of the quadratures,

we have to calculate:

(alX]a) =3 (a+ o)

(| X2|a) =2(a + a*)2 +1/4

4
(alY]a) =p:(a — a*)
(a]Y?|a) :_Il(a a2 1/4 (A.14)

It is then straightforward to deduce that for a coherent state, the variances of

the two quadrature operators are minimum and equal:

(AX)? = i = (AY)? (AX) (AY) = % (A.15)
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To write such a state | ) in the basis of number states, or Fock states {| n)},

we write as:
o) = Y [n)n]a) (A.16)

We can calculate the projection(s) (n | ) from eq. A.13, by replacing (n — 1)

in place of n, and iterating the process:

ala) = a|a) (A.17)
= (n —1lala) = a(n —1la) (A.18)
Vn (nla) = a{n—1|a) (A.19)
n|a)= \%(n —1]a) (A.20)

R
= 520 a) (A.21)

o) = ZOCO\(;% | n) (A.22)

where ¢y = (0|ar). The value of ¢ can be found from the normalization condi-

tion:

n

> (0%
> leo—=lt =1
n=0 \/m

R PIEY
= |co| ; oy = 1
= |CO|2(3|O“2 =1
oo = e (A.23)

This concludes the expression of coherent states in terms of number states.
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A.3 Noise calculation for PSA

Phase relation

0,

From equations 1.49, if we write u = |ule?* and v = |v|e?® | we can write :

cosh(gz 12 sinh(gz
v ( o)+ iinhls )) o
v T AL (0)sinh(gz)

From the definitions of x and g, it follows that the phase of this fraction,
(0, —0,) = —20,, where 0, is the pump phase at the input: Ag(O) = P,e%,

We consider the case described by the fig. 1.7 in page 23, when a signal an
idler fields of equal power are symmetrically detuned from a pump with large
power. Starting from the eq.s 1.48, we replace the field amplitudes with the

corresponding operators as:

NS
|

piéi + vbt (A.25)
B = val+pub (A.26)

where A and B denote the annihilation operators for output signal and idler;
and @ and b denote the input signal and idler annihilation operators respectively.

p and v are coefficients due to the propagation in the medium (eq. (1.58)).

A.3.1 Noise figures
Input fields

The number operator for the signal and idler together is defined as:

Nin = a'a +b'b (A.27)

= N2, = afaata + bfbata + afab’s + bibbth (A.28)

We consider the case where both the signal and idler are coherent states,
and denote the input state with the vector |a, 8) where ala, ) = ala, 8), and
blov, B) = Bla, B). |a|® and |B]* are the average number of photons in the signal
and idler fields respectively. The expectation values for the different required

operators are :
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<N’Ln> = <O[,ﬂ|CLTCL+bTb|O(HB>
= laf* + B[ (A.29)

(N2) = (o, Bla’aa’a + b'ba'a + a'ab'd + bTbbTb|a, B)
= |a*(a, Blaa’|o, B) + [BI|af* + |al?|B* + 181 {a, Bl0b"|ov, B)
= a1+ [a*) + [BFaf® + a*|8]* + [B1*(1 + |8%)
= (lal* +181%)" + ol + |81 (A.30)

So, SNR;,, is calculated to be:

o (Jo? +181%)° 2 2
N = P+ B + P < 18P — (P + japy ) TP (A3

Detection of both signal and idler fields

The number operator for the signal and idler fields together:

N, = A'A+B'B (A.32)
= (/La + l/bT)T (ua + ubT) + (uaT + ub)T (VCLT + ,ub)
= (p'a' +v°b) (pa+vb') + (v*a+ p*d') (va' + ub)
= |u|Pa’a+ v uba + prra’d’ + |v|?bbT +
lv[2aa’ + v* pab + prvbtal 4 [pu?bTh (A.33)
= (Jul> + W) + (uf* + [v[*) (a'a +07) +
v (ba + ab) + p*v (a'b’ + blal)
= (uP + [V*) + (Iul® + [v*) Nig + 20" pab + 2 va’d' - (A.34)

So that we have:

= N2, = ((ul+ V) + (ul? + V) Ni + 20" pab + 27 va'bl)” (A.35)
= (Il + PP + (P + V)2 NE + (20 pab + 2 va'dh)” +
2(|u> + |VI*)*Niw + 2(Jul* + [v?) (2v* pab + 2pva'd') +
(ll? + V) Nig (207 pab + 2p*va’d") + (> + |v|?) (207 pab + 2p*va’b’) N,
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= (Il + ) + (ul® + PN+ 2(1uf + ) Nin +
2(|uf® + |v[?) (20" pab + 2pvalbl) +
2v u(|p* + |vI?) (aaab + ab'db + aa'ab + abb'd) +
20 v(|p)? + [v[°) (aaa’d' + a'bTob! + ala’abl + a'bT0'0) +
4v*? i aabb + 4)v | Paa’bb’ 4 4|v|?|u)?atab’b + 47 atalbTb! (A.36)

The expectation values for these operators are thus given by :

<Nout> - <a75|Nout‘a76>
= (Jul> + W) + (| + V) (Nin) + 20" e, Blabla, B) + 2" v{e, Bla'd!|a, B)
= (lul?+wP) + (uf + ) (Jal? + [B]%) + 2" pap + 2u*va” 5* (A.37)

<Nzut> = (045|N3ut|045>
=l + 2 + (2 + ) (ol + 1812)° + ol + 1817) +
21ul* + 11%)? (el + [BF) + 2(1ul* + [v]*) (20" pa + 2u"va 87) +
20 (|l + |v]?) (|oz\20z6 + a| BB + 228 + |afaB + 04|B|2B) +
20 v(Jul + [vI°) (@ (14 2]af*)8" + a”B"(1+ 2|8%)) +
2t B + APl (1 + o) (1 + 1B1%) + 4lv*|uflaf* 51 +
420 B
=l + 2 + (2 + ) (ol + 181%)° + ol + 1812) +
21ul* + [1)? (el + 181%) +A(|pl* + [vI*) (V' paB + p'va”B7) +
Al + [P+ |af* + 81) (v paB + pva’ %) +
W2 ptal B + AP a1+ a?) (L + [B) + 4lv[*|uf*laf? 81 +
4220 B (A.38)
It is important to notice that for the output case, the terms are complex
numbers, so that, the noise depends on the relative phase &+ (6, — 6, + 6, + 6;)

which, from the eq. 1.49 , can be shown to be equal to 0, = F(20, — 05 — 6;).

The general expressions, in terms of the relative phase 6, are:

(Noue) = (Iul* + [[*) + (Iul* + ) (af* + 18]) + 20" na + 2" va” B
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= (Il + vPP) + (ul* + ) (al* + [81%) + dlpllv]lal|Blcos(Bra) — (A.39)

(NZ) = (P + )2+ (1l + ) (ol +18)" + ol + 18 +
2|l + W22 (Jaf? + 182) + (1l + [v]?) (v paB + 'va 8°) +
Al + W) (1 + ol + [81%) (" paf + prva’5) +
Ay 22?5 + Al PluP (1 + o)1+ B1) + 4y uPlal?| 812 +
4M*2V2Q*2ﬂ*2
=l + 2 + (2 + ) (ol + 1813)° + ol + 1817) +
2(|l* + ) (laf® + 18%) + 8(Iul* + [v ") ullv|lal|Bleos(Bra) +
B(1uf2 + W2)(1 + ol + 1)l ¥l |Bleos(6ra) +
81l I 212 B2cos(26,u) + APl (1 + [al)(1 -+ BF) + 4lu |l al?| 8P
(A.40)

The variance can then be shown to be given by :

(ANpsa)® = (Npga) — (Npsa)®
= (22 + (l? + )2 ((laf + 182)° + |af? + |812) +
2(|uf? + [v2)? (af? + 182) + 8(1al? + lv/®)lplvl ] |Bleos(0ra) +
(1l + [v)(1 + [af? + 18) 1l | |Blcos(B,er)+
Sl Pl B2cos(20a) + AL + o)1+ 8[) + 4l |l 31
— Ll + ) + (ul + )l + 181) + 4l ol Bleos(6,0))?
= (2 + W2 (ol + 182) + 8lullvl ol 81l + %) cos(Brar) +
AP+ faf? +18P) (A41)

The SNR at the output of the PSA is thus:

Ry = st
(ANpga)
_ ((pl® + P+ 2|af?) + 4| plv]ef®cos(Bre))?
2lal2(|ul* + [v2)? + 8lulvl|al*(lul* + [v[?)cos(Ora) + 4]ul?|v[*(1 + 2[af?)
~ 2l ((p* + [v?) + 2|l |vicos(Bra))?
(Il + v ?)? + 4l pl[v| ([ + |v[*)cos(Orer) + 4| pl?|v]?

(as |a*> > 1)
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At the input, we had SNR;, = 2|a|?, so that, using |u|? — [v]* = 1:

_ ([l + [v[?)? + 4lpl vl + o) cos(Bra) + 4pul*[v|*
((pl? + [v2) + 2lpllv|cos(0ra))?

200w + [vI1%)? + 4lullv|(pl® + vP)cos(Bra) — (Il + [v1*)* = 4|pl?|v?)
((pl? + [v2) + 2pl|vcos(re))?
2(|ul* + 1v1*) 1

([l + ) + 2[pllvlcos(Ore))  (([ul* + [VI?) + 2|pllv|cos(Ore))?
(A.42)

The noise figure is more easily expressed injecting the expressions for PSA
and PIA gains : Gpsa (= (|Jul*>+|v]?)+2|pl|v|cos(0,a)), and, Gpra (= |u|* =
1+ |v)?):

(2Gpra — 1) 1

2
N.F. = —
PSA Gron s

(A.43)

Detection of the signal alone

When we consider only the signal channel, the number operators N are defined

as:

Ny, = d'a
N = AfA
(A.44)
While the input state is still given as [¢);, = |a, 8). Thus for « = 5 :
<Nzn> = <aaﬁ|aTa|a76>
= |af? (A.45)
(N) = (a,Bla'adlala, B) (A.46)
= la*(1+af?) (A.47)
The input signal-to-noise ratio is then:
o 2
SNR;, = = |o] (A.48)

laf2(1+ |af?) —[alt
At the output, for a =
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(Now) = (0 B A Al )
= {a,B| (p*a' +v*b) (pa + vb') |, B)
= ({a,a| (|uld'a+ pva'd + v pba + [v]?0b1) |a, B)
= [Pl + (1 + [af?) + 2lullv|laf® cos(ra) (A.49)
(Now) = (a,B|ATAAT A, B)
= (o, f] (M*CLT +v*b) (pa + VbT) (,u*aT +v*b) (pa + VbT) la, B)
= {a, B|(|u|*ataata + |pPpvatad’ vt + |pu|?v* pataba + |p*v*a’abb’ +
\u|?rvabiala + p?v2avTatbt + |pv2abiba + vy PabThbT +
|\ ?v* pbaa’a + ||y ?baa’ b’ + v*2 p?baba + p|v|*v*babb’ +
) |vPbbTala + prv|vPobtald 4+ pv*|v?obtba + |v|*bbTbb") |, B)
= |ul*lal* (X + o) + |[pPlr (L +2]al?)? + [V]* (1 + 3laf® + |af*) +
2lul vl {[ (1 + 2]af®) + (3 + 2[af*)} cos(ra) +
2| v |? || cos(20,1) with a = 8 (A.50)
(ANour)® = (Nowe) = (Now)?

= |p[*eP (14 o) + [pP P+ 2]a?)? + [p[* (1 + 3laf® + |of*) +

2lulvlla{lul* (1 + 2laf®) + [V (3 + 2|al*)} cos(fra) +
2
2|ul* vl cos(20ra) — (Iuf*lal + |v[*(1 + af*) + 2|ul[v]|af* cos(0a))

= |ul'lof® + [l + [l (L + 2lal?) + 2|l vl (|6l + [v]*) cos(0ra)

(A.51)

So that, SNR,,; can be calculated as:

S NRout

<Nout>2
(ANGu)®
(el + [P (1 + Jal?) + 2lpl | |af? cos(6ra))”
[l + vl + |pPlv 21+ 2]al?) + 2|l [v]lal*(|ul? + [v]?) cos(fre)
ja? (Jpl? + [v[? + 2l p | cos(6rer))*
|l + w1t =+ 2| P2 + 2|l [ [ ([ul? + [v]?) cos(Ore)
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The noise figure is then given by:

[+ W+ 2ulPlv? + 2fpl[v|(ul? + [V]?) cos(0re)

N.F. =
(P + 02+ 21allv] cos(Brer))?
_ (Il + v[2)
(P + o2 + 2] cos(rar)
2G —1
_ a1 (A.52)

Gpsa

The NF thus depends on the detection scheme, whether both the signal and

idler are detected or only one.

A.3.2 Quadrature noises after PSA

For the two fields, we can define the individual quadratures as (see eq. (1.4)):

at input at output
=1lla+al) Xs=3i(A+ A"
=L(a—al) Yy=45(A- AT
=1(b+0b") Xp=3(B+ B
= 5(0—b") Yp=5(B- B

At the input, the signal and idler fields are coherent, so that we have
(Axqp) = % = (Ay,p). Following the evolution of the fields by PSA process,

given by eq. (1.58), the output field quadratures are:

1
1

= §(ua + pral + vb' + v*b) (A.53)
1
YVy=—(A—A
=g )
1
= Q—Z,(Ma — pra’ 4 vbl — v*b) (A.54)
Xp = %(B + BT
1
= —(va' + v*a+ pb+ o' A.55
2
Y, B - B
B 22( )
1
= E(VOLT —vra+ pb — p*bh) (A.56)

From these we can calculate fluctuations in each of the quadratures.
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We use the same input state |a, §) as in the section A.3.1, so that:

(Xa) = (o, 8| Xala, B)
= %(,uoz +prat +vpt 4+ vp) (A.57)
X% = i(ua + pral + vbl + v7b)?
- ;L(MQaa + p*?ala’ + 2T + b+

pptaa’ + pvabt + prtab + prpata + prvatbt + prvtatv+

vubla + vpblal + v b 4 v* pba + v* p*ba’ + v*vbbY) (A.58)
(X3) = (o, B|XG]e, 8)
_ ;L(MQQQ F 2 4287 4 B
' (la” +1) + prag* + pr*af + |uf*laf* + p'va”5° + pvia’ B+
vpfra+ v’ 4 |81 + v pa+ vt Bt + (161" + 1))

(A.59)
= (AX4) = 2wl + )
(AX,) = %\/@ (A.60)
For the other quadrature:
(Ya) = (o, B|Yala, B)
= Qli(ua — ot +vst—vp) (A.61)
Yi= —;L(,ua — pra’ 4+ vb' — v*b)?
= —;l(/faa + p2atal + 207" + v*20b

— pptaa’ + prabt — prtab — ptpata — prvatdt + pvtalh
+vpbla — vpblal — v bb — v pba + v pba’ — v*Ubb') (A.62)
(YZ) = (a, B|YZ]a, B)
_ _411(“2&2 420 £ 2R 4 2
— [ (lo)* + 1) + wap® — waf — |p’|af” — prva 5 + prvia’

+vpBia —vprat B — |8 — vt uBa+ vt Bat — [vP(|8) + 1))
(A.63)

1
= (AV2)? = (1l + )



A.3. Noise calculation for PSA 115

(AYy) =

1
5VGria (A.64)

The quadrature noises of the idler field, namely (AXg) and (AY3g) can be found

similarly. Using the symmetry of signal and idler quadratures, a substitution
p — v* gives directly (AXp) = (AYp) = %\/GPIA.

A.3.3 Two mode squeezing

As explained in section 1.4.5, the output quadratures are given as:

X, - % ((A+B)+ (AT + B)
Y, — z;ﬁ (A+B)— (Al + BY)
X = 2—\1@ ((A—B)+ (A" = B"))
Y. = 2'21/5 ((A—B)— (A" — BY) (A.65)

Lets calculate the fluctuations of the quadrature X, with respect to an input
state |, fa) with a = j:

(X1)

(Re(A4))

b ((A+ A"+ (B+ B)

[\
»—Ql
[\

((a + b+ pa+ vb' + v'a+ p*b' + va' + pb))

S

(" +v)a" + (p+v")a) (A.66)

Sl -

1
é((u*cﬂ + b+ pa+vb' + via + ptb +val + ub)2>

é(2u*2a*2 4220 4 220 + 200 +

2u vt al® + [P (1 4 2laf?) + 2u' va® + v (1 + 2|af?) +
2% + 2p va? 4 2|pf?|al® + 20 pa® +

(1 +2]af®) + 20720® + v*u* (1 + 2|af®) + 2v|al” +
2 e + 2pvlal® 4 2uva® + 2| pfflal* +

pv(1 4 2|al?) + 2p2a? + 2v)?|af? + 2vpta*® +

2% + pv(1+ 2|af®) + 20" |af* + [P (1 + 2|af) +
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20" a? + 20 va™® + |u*(1 + 2|af®) + 2vplal?)

From these two expectation values, the variance in this quadrature is given by

1
(AXL)? = (P + [ + 2|pll| cos 2(6, + 6,))

As |u]? = [v]* = 1, (AX,) can be less than 1, the standard deviation of a
coherent state, when cos(2(6, +6,)) < 0, which is characteristic of squeezed
states of light.

For the other quadratures, it can similarly be shown that :

(AY;)" = (V]) —(v3)°

= )

= LR+ P~ 2l leos(26,+ 6.))  (AGT)
(AX_)? = (X2)— (X_)?

= L) )

= i(|,u|2—|—|V|2—2|M||V|COS(2(0M+QV))) (A.68)

AV = (V%) - ()
= Ll )

= LR+ P+ 2llleos26, 4 6.))  (A69)

Thus, The quadratures X, and Y_ are squeezed for the the same 6,; = 7[27]

and the quadratures X_ and Y, are squeezed for the same 6, = 0[27].

A.4 Effect of losses on squeezed state detection

To account for losses in balanced homodyne scheme (sec. 1.1.4), we introduce
two fictitious beamsplitters with transmission coefficient 7 (see fig. 1.4 in page

17). The annihilation operators for the detected fields are :
dy = n'Pdy+ (1 —n)2by; dy=n"2dy+ (1 —n)by (A.70)

where the operators 131 and 52 are the annihilation operators for the two

vacuum fields being mixed with the two channels. With this, now the photon
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number difference is obtained to be:

~

b = dd — dtd,

(/2] + (1= ) 200) (/2] + (1= )25 ) -

(/25 + (1= m)/28) (/2 + (1 = )"0}

— o (dldi - djd.)

0= ) (Al + b, — dl, — i)

+(1—1n) (6{131 - 8282) (A.71)
We can assume that the local oscillator field is a classical field, and replace
the corresponding annihilation operator with the complex field amplitude «ay,.
Moreover, as we consider only vacuum input fields through the fictitious beam-

splitters, <5J{l;1> = <l;;132> = 0, so that we can express the photon number

difference as:

D = nY%a} (nl/zd +(1— 77)1/2(3) + H.c. (A.72)

where the operator b is defined as:

with <13Tl;> = <ZA)IZA)1> = <l§;l;2> = 0. Instead of introducing losses on each
output ports of the homodyne beam-splitter, we can thus equivalently consider
one beam-splitter in front of the whole ideally operating homodyne detection
scheme (see fig. 1.4).

To see the effect of this losses, we define two operators as:

~

1. . )
E= é[e“deT + e7rg] (A.73)
. 1 .. - A
E, = §[em bl + 0L (A.74)

The photon number difference can be written as:

D = 2n|aL|E + 24/n(1 — n)|aL| By
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From this we can show that the detected variance of the photocurrent is given
by :

(AD)* = (D*) —(D)?
= 4 (P|lacP(E?) + n(1 —n)|acP(E})) — 4 |a(E)?
= nlaP{1+n[4(AF) 1]} (A.75)

where we assumed the fact that the fictitious b field is a coherent vacuum
state, so that, (AE,)” = 1/4.

It can be noticed that in the above expression, for a coherent input signal
state, 4(AE>2 — 1 = 0, so that we end up with the shot noise of the local

oscillator.

For a squeezed state input, depending on the value of ¢, we can have
(AE)? < 1/4, and hence a total noise that is below the shot noise.
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B.1 Input Phase Extraction

The input phase is extracted from the data frames recorded with the photodiode
1 (see fig. 3.4 in page 58). The input intensity is given by the eq. (3.4), which

reads:

I'™(t) = I + 21, + 2an/ 1.1 ,cos(65t)cos(pi") + 21 ,cos(20t) (B.1)

The Fourier transform of such a function will have three peaks: one at DC,
one at d frequency with a height 2acos(¢i" and the other at 2§ frequency with
a height 21,.

We apply a saw-tooth voltage on the piezo so that the phase variation of
the coupling is linear modulo 7 radians. So the phase ¢ = R.t where the scan
velocity R is very slow : it was experimentally measured to be about 500 mHz.
The phase ¢/ could thus be considered to be constant for each data set taken
on a time scale of less than 10 ms.

At a time t = t;, we obtain 2acos(¢}") using the three Fourier transform peaks

as:
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amplitude of peak at §

. . litude of peak at 20
\/ (amplitude of peak at DC — amplitude of peak at 2§) x *=E=nee o PRI
(B.2)

acos(¢) =

In the experiment, we record a movie made of several frames separated by
few tens of milliseconds. Each frame corresponds to a value of h; = 2acos(gi".

As R < 9, the plot of h; follow a sinusoidal variation. We can then estimate «

as:

Uestimate = % ((O{ COS ¢)max - (O{ COS gb)mzn) (Bs)

Lets take the example of a data recorded at the photodiode 1: two such

frames are shown in fig. B.1(a).

%102 x10°°
3 ' ' K ' Frame 1 L ‘ ‘ ' —Frame 1
] si 1.2 - - -Frame 2
25} | 1
S 8 1
o =]
2l =
g gos
S =
515 £ BE
5] 5
a £ 04
10
0.2
0.5 : L . . 0 ' /\ = ——
3 4 5 6 7 4 8 9 0 2000 4000 6000 8000 10000
Time (s) x1073 Frequency (Hz)

(@) (b)

Ficure B.1: (a) Data recorded from the photodiode 1. This particular data has
6400 data point for a time span of 5 ms.(b) Fourier transform of the two frames.

The fig. B.1(b) shows three distinct peaks: one DC component, one peak
at 0 = 2 kHz and one at 2§ = 4 kHz, as expected from eq. (3.4). Using 200
of such frames consecutively, each about 10ms apart, we could calculate the
corresponding acos(¢i") and plot it as shown in fig. B.2.

For an ideal alignment of perfectly identical beams, o = 2 and the variation
of acos(¢(t)) in the fig. B.2 would have ranged from +2 to —2. But we observe,
the plot ranges from +1.73 to —1.91, so that we estimate a ~ 1.82. We can
then deduce ¢i™ for each frame as shown in the fig. B.3(a).

The phase obtained from this data analysis (figure B.3(a)) is always modulo
7 radians. This can is “unwrapped” from the extremities to obtain the linear
scan of input phase via piezo, as shown in fig. B.3(b). When the piezoactuator

goes back, it is visible through a change of velocity of the scan.
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FIGURE B.2: acos(¢) as a function of frame count, extracted from the fig. B.1.
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Ficure B.3: Input phase variation, as a function of frame count, (a) extracted
directly from the Fig. B.2 modulo 7 radians. (b) unwrapped input phase shows the
linear scan of the piezo.

B.2 Phase Sensitive Amplification analysis

B.2.1 Gain and Output phase

The photodiode 2 detects the intensities of the coupling, signal, and the idler,
which are respectively labeled as 12, 19" and I?*. As initially I, = I; the gain
on both these channels are the same, i.e. [? = [ = G.I,, where the factor
G is the intensity gain. Let us call the output coupling phase ¢** with respect
to the signal and idler phase. Following the eq. (3.4), the output intensity 7%

detected by the photodiode 2 (in fig. 3.4) is given by:

I () = 1o 4 I + I + a\/Wcos(ét + 2"
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To extract the output phase ¢?*

Photovoltage (mV)
o

x103

+ a/ 1t cos (0t —

out
t

)+ 24/ 10 %% cos(20t)

= I + 217" + 20\ /0% [2¥tcos (5t ) cos (™) + 217 cos(2

t

%107

x10%

Fourier Amplitude (7110%)
N

A

2 4 6 8 10
Frequency (kHz)
(a)

5t)  (B.4)

as a function of the frame count, we follow
an analysis similar to the input phase.

14 (1 =
L 1\ f | /\ | lh | ﬁ\ fﬁ
WM\w'fll‘f”!W‘f\
R
‘?2'5 . Time (ms)

T e

FIGURE B.4: Data obtained from output photodiode (a) without the PSA (i.e. dis-
charge to the Helium cell switched off), while coupling is being blocked. and (b)
a PSA frame with amplified probe and some remaining coupling. In the top row,
the data frames as recorded in the oscilloscope, and the bottom row, their Fourier
transforms. In case (a) only the DC and 2§ = 4 kHz components are seen. In case
(b) DC, 6 = 2 kHz, and 20 = 4 kHz components are visible. The 4 kHz peak is higher
in (b) than (a), due to PSA.

The PSA gain G is extracted using the Fourier transform of the above signal
and the Fourier transform of the intensity recorded without the coupling beam

and metastable helium atoms:

1

probealone = 215 + 215005(25t)

(B.5)
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The gain G is then given by:

B 20 peak height of PSA frame
20 peak height of the probe alone frame

(B.6)

The fig. B.4 gives an example of data recorded with the probe alone (B.4(a))
and with PSA (B.4(b)). For this case the pump power was ~ 45 mW and the
signal-coupling detuning 0 = 2kHz. So, we have three peaks: DC, 2 kHz, and
4kHz. The gain for the frame can thus be calculated to be : G =~ 6.8 .

Output Phase Wrapped
Output Phase Unwrapped

Gains
¢°4t (rad.)
(2]

0 50 100 150 200 250 0 50 100 150 200 250
Frame Count Frame Count

(b)
(@)

FIGURE B.5: (a) Gain plotted as a function of frame count: a maximum gain of

7.1 and a minimum gain of 0.23 are achieved, for a coupling power of 45mw and

pump-probe detuning § = 2kHz. (b) Output phase variation as a function of the
frame-count: unwrapped (in red) and wrapped (in blue).

We can thus plot the gain G for each frame and extract the correspond-
ing output phase as shown in fig. B.5. The output-phase shows a very well-
defined stair-case behavior when unwrapped from the flat extreme points (see
fig. B.5(b)). As we have simultaneously recorded the frames corresponding to
the input phase, it is possible to plot the figures 3.7 in page 63), which gives
the gain as a function of ¢™ and the phase transfer function ¢°“ as a function
of ¢™.

B.3 Phase Insensitive Amplification analysis

In the case of PIA, the probe contains only one frequency ¢ + w., where w, is
the coupling frequency. At the output, the PIA process generates an idler at
frequency w. — 6. The intensity recorded by the photodiode 2 is thus:
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Ipra = Is+ I+ I; + 2+/ I L;co8(20t) + a(/I.1s + /I.I;)cos(dt) (B.7)

where I.,; are the intensities of the coupling, signal and idler fields after
PIA. The factor « is the contrast factor which is the same as that for the PSA
case (see Appendix B.2). To compute the gain, we compare the PTA signal
intensity (/) to the cell-off signal power (I)) using three different datasets:

(A) Probe only and cell off (see fig. B.6(a)): the peak height at 0 frequency
is AO = I;

(B) PIA data (see fig. B.6(b)): The peak height at 0 frequency is By =
(Is + I. + I;), the one at § frequency is By = a(v/I.1s + VI.I;) and the
one at 20, is By = 2v/1,1;.

(C) Coupling field only (see fig. B.6(c)): the 0 frequency height of its

Fourier transform is Cy = I,.

As the signal intensity [s after PIA is given by:

IL— }L{(\/Tﬁ VI) + (VI - V)Y
_ LoVEWL = VE) (VL + I — 2T 1)

4 a1,
1 Bl 2
= Z_l{oz—Cg +/(By — Cy — By)} (B.8)

the PIA gain Gp;4 can then be calculated from:

Gpra = % = jl—i) (B.9)
which does not depend on the pump-probe relative phase difference. Fig. B.6
shows the three data taken, and their Fourier transforms, for a signal power
~ 30uWW, and a pump power of ~ 20mW  and a signal to pump frequency
difference 6 = 2 kHz. The different components from this figure are: Ay = 1.1,
By =8.3,B; =5.2,B, =28 and Cy = 4.8. So that we get I, ~ 1.9, and the

gain is Gpra =~ 1.7.
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C.1 Perturbative development

We consider the two level system of the section 4.2.1.1.

Starting from the

equations (4.5)-(4.8), I expand the fields order by order, and extract the com-

binations of interest, which give rise to the observed phenomena.

C.1.1 Bloch equations

When some fields E,, detuned from the atomic transition frequency by A,

excite the transition, one gets (section 4.2):

0 ) Ok (A —iE »' iw
(E + 7)012(17,]9') = Z Z(Que( Ap—i=i=+ k)t)
n

. ky.p
i (OF 1A =i
(e

0
(3¢

~ LTS
+72)p22(p, p') = E Z(Qﬂe( Ap—i == riwr)ty
n

ﬁll(p7p/ - hku)

T Bo (p + Tk, 1)

ﬁ?l (p7p, - hku)
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ku.-p

— i(Que(_m“H m _iw’“)t)ﬁlz(p — hk,,p') (4.6)
9 ~ / : (—iA +ik“'p,+iwk)t ~ /
(a +7)pu(p,p) = Zz(Que e )p12(p, P + hky)
o
vk (i —i FEP gt ~
— (AN oy (p o+ By, )
_+/FNQWM@ﬂp+h%ﬂ+hwé“W+%”
+nW(p,p) (4.7)
pa1(p,p') = [pr2(p', p)]" (4.8)
where
e (), are the corresponding field Rabi frequencies, 2, = LFJUE".
e wy is the single photon recoil energy of an atom w;, = %

e k, is the wave-number of the £, field.

The various decay rates are defined in page 86.

C.1.2 Zeroth order: No fields

At, zeroth order, the system is not interacting with any fields. Following eq"s

(4.5)-(4.8), the density matrix elements are then:

29 (0. 1) =0

~(0) / _

P22 (I%P ) =0

A p.p) =Wp,p) (C.1)

The momentum distribution function W (p, p’) is thus the ground state mo-
mentum distribution of this two level atom, while no field interacts with it.
The function is then taken to be the standard Maxwell-Boltzmann momentum
distribution. We would also neglect possible ground state momentum coherence
in the medium per se, without any fields interacting with it : the distribution

function is zero whenever p # p/. Thus, we have taken,

Wip.p') = 3 (2nh)*W (5)o(p — 1) (©2)
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where §(z) denotes the dirac delta function, N is the number of atoms in the
volume V' of the atomic medium and W(p) is the normalized Gaussian distri-

bution function:
1 R e hes

W(p) = We K

where p = (pg, py, p.) and pp is the r.m.s momentum in each direction.

C.1.3 First order

I now consider a field E,, which couples the atomic transition. At the first
order, we look at the linear dependence of the density matrix elements on the
fields, which can be considered independently. From the equations (C.1), the
first order coherences between levels with the same internal state but different
momenta can be seen to be zero because they depend on the zeroth order

coherence ﬁgg). The first order coherence, however, can be calculated as:

9 ~(1 Oy (A, —i E
(E + )P (0 p) = i(QetAn i

HW (p,p — hky) (C.3)

/
(1) (el T sty

= py (p,0) =i

W(p,p' — hk,)

/
i =i TP

m

.(Q;;e(i%—ikii;p —iwp)ty ,
T AR i, W(p,p' — k) (C.4)
and,
75 (. ') =0 (C.5)
A p) =W(p,p) (C.6)

These equations describe the recoil the excitation of the optical coherence, in-
cluding the recoil hk, experienced by the atom due to the photons of the electric
field. When this field is weak, the excited population can still be neglected and

the population remain unchanged.

C.1.4 Second order

From eq"s (C.4)-(C.6), the second order density matrix elements (i.e. quadratic

dependence on fields) can be calculated, when a second field E, is introduced.

kv

: ~(2 (O (1A =B iy (1 *
(2 + 72)5s (p, ') = i(QeBr= "5+t 50 (5 — Bk, p)]
< R R LT 2 N AW
—i(Q e e S () — ik, )
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k / (Q* (iAufiwfiwk)t)
(O o (GA =P i VN [ € m / *
= Z(de( ™ k) Y[ ST W(p' — hk,,p — hk,)]
YHiIA =i —iwy,
(p—hky)
. i -ky.p_ - (Q* (ZA;L—Z'ui zwk)t)
—i(Q, e TiAv TR i)t W hk hk
( v ) YA, — M iw (p v — )
: k- (p' —hky)
. ky.p —iA +z'u'7+7,w )t
. Ay —i B Nt N (Quel~tAu Kt
- Z(Qze(l tm i) )(_Z) k. (p’—hky) " (p - hk,,,p hk )
V=D p i tiwy,
ku-(p—hky)
. Ky . . * (ZAM ’L‘u'i iwg )t
; —iA i ey - (2 ) ,
—i(Q e R ey, W (P~ Bk, — hk)
YHiA L~ —iwy,

(ku—ku) P hku v .
. (Q*Q 8(1(AU—AM) i = +21wk)t) ,
= W(p' — hk,,p — hk,)

(v— ZAH—H——zwk)

(kv — k#) P ﬁku.ky
m

(Q Q* (—i(Ap—Ap)+i 72iwk)t)

+

W(p — hk,,p" — hk,)

(y+iA, L o +iwk)
So that we can get the steady state solution:

(ky—ku) P’ hk,,,ky

(9, eli(Av—Ay)—i
(rai(Ay— A —i B =R

(2 +2iwy)t
= P§2) )

(p,p) = W(p' — hk,,p — hk,)

hkM v

+2iwy ) (y— ZA#+Z —iwg)

(kv — ku) p_ hky ky

(QVQZE(—i(AV—AH)-H 27,wk)t)

W(p — hk,,p" — hk,)
(C.7)

hku

(’Y2—i(Au—AH)+iW iz —2iwg,) (Y+HiA—i ”p +iwy)

p22(p, p’) is the coherence between two excited levels of different momenta. This

can be used to derive the density matrix elements for the ground state:

I/p

a N —1 7 w
(5 + 0 (0.p) = i(Qe AT S0 (b, 4 )
—i(Q e TR 5 (p + Bk, )

+/fNU®@Amep+M)'$”Wt

So that the ground state coherences between levels of different atomic mo-
menta are given by:

~(2)

= py (0, p) =

(Q Q* (A, —Ap)+i +2iwk)t) )
- ; W(p,p" + hk, — hk
(71 _ Z(AV _ Au) +Z~(kV—T’:Lu).p . .hk .k,, _'_%wk) ( #)
X (7 + A, — B2 )

(kv — k,u) p

(ky—kp).p' i Mok
m m

(Q*Q eli(Adp=Ay)—i —HM—Q@wk)t)
(’yl +i(A, —A,) — i = k“)p + zhk“ K 9iu,)

X (7y —ZAM—I—ZW + iwg)

+ /FN(q)dqei(erpm'q)t

W (p',p + hk, — hk,)
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(ky—ky)- (0" +ha) hku v

(50, el Br=Au) = m P2 W (p' + hq — hk,,p + hq — hk,)
(71 + i(AV _ Au) _ i(ku_kugﬂ(p +hq) ;KK + 2wy — qu + i q)
(2 + (A — A) — Z-(ku—ku) (p'+hg) hk# Ky + 2iwy)

m

X (y — i\, + i elethd) (p+hq) — Wy,
) (Q Q* (A=) + (ku*kpn)l.(mhq)_ihk%ku _ink)t)W(p+hq— hky,p +hq— ﬁkﬁu)
(1 —i(A, — A + Z-(ku—kug%(p%q) _ iﬁk;k” — iy, — iYL + i%)
X(y2 —i(A, — A,) + i(k”_k“r)n’(ﬁhq) ih’k%k” 2iwy,)
X (v +iA, w + iwy,)

Compared to the excited level, a term is added, which relates to the transfer

of coherence from the excited level to the ground level by spontaneous emission.

C.1.5 Third order

We can now replace the obtained second order populations in the following

equation to calculate the third order coherence, when a third field F, is added.

9 ~ O (iDg—ite
(5 + )0 (p,p) = i(QeliAr I

. *x (2 ink —iw
—i(Qelia D5 (p+ ko, p')

HNG (0,0 — Bky)

(el Art A=t by —kp)-(¢' hkr) s kipp! M-k i)ty
— /L[— g . W(p,p, o hk:o- + hku . hk’ )
(1 —i(A, — Ay) + i(krk“)'(p hks) _ hk” by + 21wy a
X (7 + A, — 5L — )

(Q*Q*Q (i(Ac+AL—Ay )fi(k”_k”)‘p k"p +i hk“ by iwk)t)

(1 +i(A, —A,) — ;e ku)p+ ky. ke, ~ dieon)
X (v —zA,”LZWJM’%)

W(p' — hk,,p + hk, — hk,)

+ / FN(Q)dqei<—%+i<”Lff”q>t><

.hku.kl,

( Qe ((Ba+ A=A, )i k-0 400 ke o i)t
(m+i(A, —A,) — i kv —ky). (0 —hkothe) hku e 4 9 — (p+ﬁq)q 1 =hko)a )
(72 + Z(A _A ) ku ku). (Zl hka—l-ﬁq) . hku ko + 22wk)

X (y—iA, + zk (‘:’:ﬁq) — wy)

x W(p' — hky + hq — hk,,p + hq — hk,)
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(ky—kp) . (p4Ra) k! Ak
oAy —A) il “n)z(m 2) —iker ;2o

—iwk)t)

(0, QiR
(71 _ Z(A _ A,u) + i(ku—ku)~(P+h‘Z) _ ihku-kv _ QZwk _ Z'(erh(I)'q + i(ﬁ’*”“a)'(l)

(72 - Z(AV - Au) + Z-(ky_kugz'(p—i_hq) 'hk Ky ink)

(v +iA, M + iwy)
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‘ (Q*Q*Q 6 (G Ag—i-Au—A#)—iM k;,np zhk” L +iwg )t )W(p/ _ hk,,,p—l— hk, — hk]ﬂ>

N (72+Z(A —-A,) — j ke _nlz“)p —ih; . —}—Ziwk)(v—iAu—HW—iwk)
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(2 —i(A, — A,) + i(k”_k“)m‘(”hk") - ihkjr;k” 2wy ) (v + 14, " 24 jy)

The third order optical coherence terms can then be obtained:

3
23 (p.p)=
(Q* QVQ;e(_i(_A”+A” Ap)+i (ky—ky). (;:n hky+hky) ko.(PJrhko;hk;Hrhk,u) Rk k V"‘?ﬂwk)t)W(p p/)
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v —kp)-p _ kg (pthko+hky —hky) | By ky
m m m

(Q:’QzQue(i(Ag%»AyfA#)fl
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xW(p + hq — hk,,p’ — hky + hq — hk,)}]

(Q* Q*Q e (((Ac+AL,—Ay)—1 (kl'fk”)'(pﬁznkﬁrm”fhk:“) fi—kfn'p f'L'L‘:fV +iw1€)t)
o (kv—k) 0 kop  clikuke |
(’Y + Z(A + A A ) T 11— m — 1 m + ZCUk)

o (A, — A) — Bk e’ Rk o
g /

m m

(y — i, —I—zw—iwk)
xW(p" — hk,,p + hk, — hk,)

(50, 0 (At Ay =, )il bk g RRE 3yt
. - (kv —ky).(pt+hks) kop - hkuky .
(v—i(—A, +A, —A,) + z% — 072 — = — Biwy)

<72 B z’(A _A ) k,, ku)-(p+hks) Lhk;nk B ink)

m

(v + 08, — 52 g,

XVV(p + hk, — hk,,p’ — hku)}

I write here, in red, the final result for the coherence due to four wave mixing
processes. This was used to get the fig. 4.6 in page 90 but failed to reproduce
the dips which could be observed for pump powers higher than 100 mW /cm?
and visible in fig. 4.4.

C.1.6 Fourth order

The populations in the fourth order are computed from the third order coher-

ences, considering a new field F,:

ko ~Pl

a * (1 —1 W, ~ *
(5 + 12008 (b, p) = Qe 5540 (50 (4 — ik, )]

— Z'(Qae(iiAa+i k(:n‘p 720‘)k)t)ﬁg? (p - hkonpl)

— — /
H)_i(ku ku?ﬂ-(? hko‘)_’_ik%p_ika.p +ihk;:n:ku —2iwk)t)

_(QZQUQiQpe(Z(—FAa_AG—FAu_A

(V4 i(=Dg+ A, — A,) — FeThud@the) | jhap | jlhche g5, )
(o + (D — A,) — iR Oe) | ke oy,

( _ZA +ZM+iwk)

hku ke,

x W(p' — hko,p — hk, + hk, — hk,)

ky—ky).(p' —hk kg.p  ka.p Bk ky
(Q*Q Q, Q* Aa+Ac+AL—AL)+ %w+zk7p71k7p i—t=r +21wk)t)

(Y —i(A, + A, = A) + jEbud W) 4 jhop _ hhuky G,y

(71— (A — A,) + ;o —hy) (0 —Pka) _ Py Ky ¥ i)

m
(v +iA, _ ke hko;:hk,, hk,)

X W(p — hky,p' — ko + hk, — hk,)

— W)
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(50,9, Q* AatDo+Dy—Ay)+i MJriw,iMJriM,giwk)t)
(v —i(As+ A, —A)) + MH hop | Mhucke _ g, +z‘(”"ﬁf“)'q ; (P=hka )q>
(1 —i(A, — A )+Z (ky = k”) (p hko tha) i Rku-ky — 20wy, —i—z(p “hkathe)q _ ;(p= hk" 1)
(v2 — (A, — Ay) + b (ﬁl hhotha) | th;‘nk” Zzwk)
(y +iA, — i o hathe) Zkﬁhq) + iwy,)

x W(p — hky + hq — hk,,p" — hkq + hq — hk,)

hk# v

(0,0, (A= Ao A=A )iy ki) (ko tha) | ko p ka4 +2i)0)
+ 020y :
(v+i(—Dg + A, — A,) — Geh @O Mhatha) y jhap g jlhuke | gy, 0 ke)g s ohko)q)
: _ i (ky—ku).(0 —hka+thq) | hkuky : (' —hka+hq)-q _ (p— ﬁk )q
(1 + (A, —Ay) —d poo + 1= 4 2wy + - )
(2 +i(A, —A,) — j ). (f:hkﬁhq) +1 hk“ by QZOJk)
(v —iA, +Z—k” ® Zk o)
x W(p' — hko + hq — Bk, p — Bk, + hg — hk,)}]
(Q*Q Q Q* Ag+As+A,—A ) (ku—rsu).p+ikg.(p:;hka) koz P “rlhkfnky ink)t)
{ (v = i(Ds + A, — A) + T2 4 jhe(P ko) +z‘h’“;’“" — i)
(= (8 — A+ itehidr ik o)
(7 + i — ittt |

x W(p — hk,,p" — hk, + hk, — hk,)
(Q*Q Q*Q 6 i +Aa*Aa+AV*A )7i(kv—ku)~(p/—hka+hkd)+,L-ka~(P/*hka)7ika.pl+ihku‘ku+4iwk)t)
(’y + 7/( A + A A ) ku k:‘u) (p hka+hko-) + Z-kg.(p;:ﬁka) 44 hku ky + 3ZLUk)
(72 + Z(A ~_A ) ku ku). (pm hka+hko) + 'lhkl;nky + 2'%&]]@)
(v —iA, +1i ;;p — iwy,)

X W(p/ - hka + hko’ - hklnp - hkﬂ>}]

(Q Q*Q Q* A Ayt A, Aﬂ)-i—z(k” ku) (' —hko) kor—r.lpl_"_ika.p hky .k u+2wk))
+[[- ,
(v = i(=Dg + A, — A,) 4 b)) kot by | gy,
(1 —i(A, —A,) + j = k“)ngp —hke) hk“ kv 2iwy, )
(v +1iA, —(pmhk a) iwy,)

X W(p — hka,p’ — hky + hk, — hk,)

) (ky—kpy).(p—hk ko | kap | Bk ky
(Q Q*Q*Q 62(7AQ+A0+A1,7A )71( w)-(p a)fzk L +zm+ —— 21wk)t)

ku—ku) (p—hka) _ kap ﬁk‘u ky ;
(v+i(As + A, —A,) — P +1 — iwg)
(1 +i(A, = A,) — iltetads R M — i)
(v _ZA#JFZ. o (p— Pk +hky —hk,,) +iw)

m
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x W(p' — hky,p — hko + hk, — hk,)

+ / TN (g)dge’~ et + =t

hku v

(Q Q*Q*Q ~BatBotAy—Apu)—i itke= k“) G'+hg) k"p +7 k‘”’ —1 +2’ka))
(Y+i(Ay+ A, — A,) — it kuzn(P’+ﬁQ) bt Mk g
—jletka)g | ;0 Zc)q)
(’71 + Z(Ay - A‘u) — Z‘(kyiku).(i;ihkg+hq) — hk“ ky + 22(&) (pfhkzj’ﬁqu + Z’(plffnko)‘Q)
(2 +i(A, — A#) _ k). (;Z1 hko+hq) ihk%ky + i)

(y —iA, _,_Z'M — iwy,)

x W(p' — hky + hq — hk,,p — hk, + hq — hk,,)
ko

) (ky—ku).(p—hka+ha) . ko.p' | :ka. )
(202, 0Bt by =) 4 BB EEe M i iR i )1

(v—i(=Dg + A, — A,) 4 Btk thothe) _jhopt ke Gy,

[ ptha)g | @ ko)) " " "
( — i( Dy — D)+ rhad 0 Mhabhe) by g0 j(phhathe)q | 0/ —hho)q)

(72 - /L(AV - A#Sn—}- Z'(k”_ku)-(l’—ﬁka—i-hZS hk/t k.

—1

22wk)
(v +iA, —z—(p fiko +hq) + W)

X W(p — hko + hq — hk,,p" — hk, + hq — hk,)}]

(kv —kp).p' k. (p— . Rk .k
1,( v u) P 71790' (p ﬁka)+lka4’77l#)t)
m m m

(Q Q*Q*Q (((—Aa+Ac+AL,—A,)—

(’Y‘i"l(A +A A ) ku k‘u)p o Zk .(pT;ﬁk:a) o Z—hku.k,, "‘ZWk)
(2 + Z(A A ) k”_:h") — 2 by + 2zwk)

x W(p' — hk,,p — hky + hk, — hku)

(Q Q*Q Q* (—i(Aa—Ao+A,—A, )_,'_i(kufk‘u).(pn:hkaJrhko)_Z-kg.(p;hka)+i%_iw_4iw16)t)
(v —i(—=Dg + Ay — A + i (v =h) (p—Pkatlke) _ ko (p—hka) _ ;Bkuky _ 3iwy)
. (ky—Fky).(p—hk Thk ) ks
_ _ v o)\ « o) __ g4 vy N
(72 z(A,, A,)+1d — i Quuk)

(v +iA, — “p + iwg)

X W(p - hka + hko’ - hklupl - hk/‘«)}]

The fourth order density matrix terms are then :

~(4
p% (p,p) =

(0, QBB 2, = j)—iErku) (p=hko) 4 ko p _jkap | kb —2ien)t)

(et (D — Ay + A, — A) — )OI he) ke n ked” | Mk g,
(Y+i(—A,+ A, —A,) — M_{_ kgp+ hk;;bkl, Six)
(11 + (A, — A,) — i Eeukle ) ke _ g,

(v — il ‘HM—FW)
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X W(p' — bka,p — liky + hk, — hk,)

ﬁk# v

— (0,0, Qe T Aat Aot A=Ay pilbrhu)- (0 k) | kep o’ —
. (2 —i(+A0 + As + A, —Ay) + MJriko_nf_ikaTﬁ_ ik 9

(V= i(Dg + A, — A) 4 i Eeek 0Mhe) 4 jhop My y Gy
(m—i(A, — A ) i by k) (0 —lka) Ik ¥ + 2iop)

m

(’Y + ZA ku @ hka?:hku hky) ZoJk)
x W(p — hk,,p — hko + hk, — hk,)
" /FN(Q)dqe(“ (W tha)e_p=tho)ay,
(0,9, Q* Aa+AgH+Ay—Ay)+i (’“V*’“#TW’”“I)H%_Z’MHM_%%”)
W .y = .2 P V- L Y
+Z(p —lka)q _ ;(p=lko)q )
(v —i(Ae + Ay = Ay) + WWL k;’np+1 B — Biwy, + i@ Z’:a) ;= hko‘ q)
(71 = (A, = A,) i Cefel e th) +zhk“mk” 2 L thatha)e (o= nka 1)
(2 — (A — A) + §emhadpthetha) ke _ )
(/Y + ZA W + qw )
X W(p—hkg+hq—hky,p’—hk + hq — hk,)
(25,05, (T A Bot A= A0) - 0w =)o R t0) |k k! cky Mok iy

(124 i(+00 = Ay + A, — A) — bl th) o jhow _ ot 4 ke 4 9y, ..

—hka hko m m
+i@ = ya ;o= m) )

(Y+i(=Ag + A, — A) — (B CMath) 4 jhop 4 jbhuke 4 g,

+Z (p hkoz) q9 _ Z(p hk‘o-) q) m
(m :i i(A, — A;n) — i(k”_k”)'(p,_hka‘%@ + i 1wk + 2iwy, + (¥ —hkathg)q (p—hkg).q)
(v2+ (A, —Ay) — i v —hu )(z;r’L—hkﬁhq) ks iy

( —ZA +ZM zwk)
X W (p = hko + hg — hky, p — By + hq — hk,,)}
(20,9, Q* (D0t A0+ —Ay)+ (’“"*kM-PHka-(p:hka) ot
— 1 — - (kv — ,u)p (p —hka) _ kap! Tkuky o

(12 = =B+ B+ By = Bu) + +i e B 2iwy,)

(v —i(A, + A, A )—i—z (kv — ’%P ny (p;;hka) IRT

(72 — (A, — A )+ ilkeThe bk g,
(’Y+ZA M—Fiww

hku

by —2iwy )t )

+1

x W(p — hk,,p' — hky + hk, — hk,)
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)—i (kl/*ku>-(17;n*hka+hko)_H-km(P;r:flka)_iko;r-bp/_'_ ﬁ’“u v

(QZQUQ;Q“e(i(+Aa—Aa+AV—A +diwy, )t )

+ 7 7
(2 +i(+A0 — Ay + A, — A,) — i(ku—ku)-(pm—ﬁkQJrhko) + Z'ka~(pn:hka) _ ik%p +i Z{ky + diwy)
(7+Z<_Ao' _|_AV A ) - ku_k ).(p’—ﬁka+hk0) + 'ka-(p,_hka) ‘l’ 'hk ~ku +3ZUJk)

( 2+Z(A A ) ku ku) (p —hka+hks) +i ﬁku ky +27/O.Jk>

(’Y—ZAM—I—Z ‘;np iwy,)

x W(p' — hke + bk, — hky,p — hk,)}]

ky—k —hkg op L 3 o by
(Q Q*Q Q* i(Aa—As+A,—A )+z( “) @’ ) kmp +zk L —b ¥ +22wk))

IS ,
(Y2 — (A — Ay + A, — A) + jErbnd W) ko’ jhop _ jMhwke | g;, )
k —kyu ' —hks -ko.p ~hk ,kl, .
(y—i(—A, + A, —A,) + )T,Ep ) — ket + 3iwg)

(m —i(A, — Au) + z(k”fk“)éplfhk”) — hk“ vy 2iwy,)
(,Y _|_ ZA ku (p hka)

— iwg)
x W(p — bk, p' — hky + Bk, — hk,)

(ky—k hko ob | kap | BRuky .
(Q Q*Q*QMOS Aa+Ac+Ay—AL)—i w)-(p=hka) _;k D +zu+z“7—2zwk)t)

(72 + i(_Aa + Ao‘ + A —A ) — i(kyik“)ﬁ(pihka) — Up + g fal ap + th# -y 22wk)
+i(A, + A, — A, k—k)(phk) kgp+hkk: iy
(v +i( o
(m +i(A, - Au) bt tha) | zh’“*‘m be 9y
(v —iA, _Hk (p— hk+hk—hk)+wk)

m

x W(p' — hky,p — hko + Rk, — hk,,)
+ /FN(q)dqe(_i

(p—fzﬁa)-q +i (p’—:i:a)n)t

. - (ky—kp).(p'+h kop | ika.p Rk ku
(Q Q*Q*Q 6(1(_Aa+AU+AV_A )—Z( u:n(P q) _kap +kap H +2’ka) )

(72+Z(—A +A +A A ) k: —ku Zn( +EQ) _Z‘kc;r-lp/ +Z% ﬁk ko +27ka

- (p— Zva)q_i_ - (p Z%)q)

(v +i(Dg + A, = A,) — i Crhu @t il hhke 4 g,

. (p—Tikq hko " "
(pm)q+z(p m))

(m1 +i(A, —A,) — j v k). (ZL ko +ha) _ hk“ M4 Q...
= hka+hq)q_|_ (p Zicg)-q)

—1

(o + (A, — A,) — Z-(ku—ku).(z:;—hka—&—hq) ek 95,0
(v —iA, + ZW — iwp)

x W(p' — hky + hq — hk,,p — hk, + hq — hk,)
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(QQ*QQ* (Aa—Ac+Ay—AL)+

i(’“u*ku)-(P*ﬁkaJth) Ico-p +z’€ap th,u kv szk)t>

+(72—1(A — A, + A, = A) Bt O thatha) e p y ghep Mk

21wk

- (p—hka)-q +Z-(p’—ﬁk’o)~q)

—1

(v —i(=Dp + A, — A,) + i CetudObhaths) ko' jRhaky o, j@tke)g
(p hkﬂ)Q)
(y1 —i(A, — A ) j B —ku). (fn hko+hq) th;;ku — Qi — ;= hkz;rhq)q 4 (p! hkg)q)
(2 — (A, — Ay) + j v —hu)- (ﬁz ikatha) —zhk“ hy QZwk)

x W(p — hko + hq — hk,,p" — hk, + hq — hk,)}]

(ky—kp).p’ ke (p— . ok
ey —kp)p” ko (p ﬁka)Jer 2tk ),
m m

(o2 (Dot At A=Ay

—{

m m

(v+i(Ars +A, —A,) — ; (kv =) ¥/ _Z.ka.(pn:hka) _ hk LI

m

(72 + Z(A —-A,) — k”_:l“) hk“ i + 2iwy,

k hko+hk
( _ZA _i_Z% _ZUJk-

X W(p' — hky,p — hko + bk, — Tik,,)
(R, Qe BBt A=) "

ky—ky).(p—hk hk . — . .hky .k .
(kv —Fku)-(p a+ a)ilkg-(P hka)+zka'1”,l I V*4lwk)t)
m m m

)
) (— '(klf*ku)p/ o - ko.(p—hka) 'ka.p hku ky
(2 + (A0 + Ay + A, —A,) — i + gl ——

)
)
)

_l’_
(/_)/2 _ Z(Aa A _|_ A A ) .(k‘y*k‘u,).(pfhka‘i’hko-) _ ikg-(p%hka) + Z% _ Z% _
( ( A + A —_A ) ku ky )(pT;hka-f—ﬁkg) . ikg.(pﬂ—lhka) . iﬁk;;r;kl, .
(,72 o Z(A A ) ku k#) (p—ﬁka-i-fika)
(v + 1A,

X W(p - hka + hko‘ - hkl/;p/ - hkﬂ>}]

We can do the same process for the ground stated density matrix terms:

ap

(= +7)8 (0, ') = i(QueTi 2=+ 55 (1) o 1 Bk,

— (S elBa = 58 () 4 ke, )

Oé

+ | TN(q)dgpss (p + ha,p’ + hg)e' ™+t

(N a2 b )t ),052)(]9 P+ hk,)
* (1 —zk"‘ —iw
e BT E O (5O (0 p + k)]

/
P p_-q

+ | TN(q)dgpsy (p + g, p + fig)e' 5+ 50

IS}

)
)
. Z-hk,,.kl, ~ %)
)
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/
(20, e (mi(+Da—Dg+ A=A, )i Er=hw- thka=lke) _; ko (p +hka) | ;kap' —ihk“'k”+4iwk)t>
= [+
k) (0 g —hkg) ki (p/ka) _ s hhyohy
(y—i(=Ay + A, — A,) + )@ ) jholWthhe) _ jRbuwke 4 g4,

(,_)/1 _ Z(A A ) kl, ku) (pn;kﬁk‘a hko) . ﬁk# ky + 2ZCUk)
(y+iA, —i fnp — W)

x W(p,p' + hko — bk, + hk, — hk,)
(0028 01 0, B B =8, - B 2tk Pk
(v +i(Ay + A, —A,) — ku_n]ju) _,L'ka~(p/+hka) +Z-ﬁk’;;;ku — iwy)
(11 +i(A, — A,) — ““"—’““) itk 9)
(v —iA, + z—(”fii” L iwy)

x W(p' + hko — bk, p + hk, — hk,)

_/FN(q)dqe(—i”TfHM”W)tx

(ky—kp)-(p' +hka+ha) . ko.(p'+hka) Jcaq/ .k ky

(Qu 0 (Dot Aot A =dy) =i

(v +i(As +A, —A,) — i(krk“)'(ﬁ?hkﬁhq) - z'k”'(p;:hka) — zhk“ kv | 30, — il
+i Hﬁka——ﬁk)q)

(11 +i(A, = A) — i Gehu) @ hhe Mo the) _ jokuke 4 o, _ jlethda

m
- (p'+hko—hko)-q
Frisba—med)

(72 + Z(A A ) kl, ku) (p “+hka— hk0+ﬁq) ﬁku ky + 2Z(J.Jk)

m

(v —iA, + z% — iwy)

+4diwyg )t )

x W(p' + hko, — hky + hq — hk,,p + hq — hk,)

(Q Q*Q Q* A A0+A —A )_,’_z(kV k,u) (p+hq) ko-(p,+hka)+ika ZD/ _iﬁkﬂ‘k” )t)
(Y —i(—=Ap + A, — A,) 4 §Eetuklethd) ko lpthhe) _ jMhuky G, 24
+,L (p,+hko¢_ﬁka)'Q)
(11— i(A, — A,) + (T @tha) G Mhuky g4,  jlethda
i, (p’Jrhkafhkg)-q)
(72 — i(A, — A,) + iPrhud®ha) Ghaky g4, )
(,y + ZA u-(p'+hko—hkos -Hiq) + iwk)
x W(p+ hq — hk,,,p' + hko — hky + hg — hk,)}]
(Q Q*Q*Q 6 Ag+Ac+A,—Ay)— i%wwfinrika 2 i k”+21wk)t>

(y+i(A, + A, —A,) — ZMM R R L o)
(a4 i(A, — A,) — ku Fu).(0'+hka) hku T —i-ZZwk)

m

X W(p' + hko — hky, p+ hky — hk,)
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) by —kp) (pthko) kop  jkap! Bk by
(Q Q*QVQZe(—z(Aa—Ag-l—Au—AH)—H%—szp—Hk —= 22wk)t>

(Y —i(=Ay + A, — A,) + i lrbullotlbe) jhop Mhuke g5,

m m

(y2 —i(A, — A,) + iBrEulthhe) ke 9,y
(7 + A, — P @ ka) 4 )

X W(p+ hky — hk,,p' + hk, — hk,)}]

(Q*Q Q*Q e(ZA A A —A,)—i (ky—kp). (PJrhkafhkg)_"_iko(zﬂrhka)_im+im_4iwk)t)

(fy_i_Z( A + A A ) kV k#) (erhka hkc) +Zk0 (pn";hka) + th,umku 32wk>

m

(71+2(A —A,) — il e hke) | jRhake o4, )
(7 — iD + 522 4y

X W(p,p + hka — bk, + hk, — hk,)

(Q*Q Q Q* a+AU+A A ) (ku_k/")p,Jrlko'(P’:;hka)i,tkftnipilw)t
('7 - (Ag + A, —A ) .(ku—T’:Lu) P’ + Zko' (pri-hka) B .ﬁku.ky ot iwk)
(1 — (A, —Ay) + ; v :LA)P _ hku e + i)

(v + (7AW W — iwy)

X W(p+ hke — hko,p' + hk, — hk,)

+ / N (q)dge i =ik

(Q*Q Q, Q* Aa+Ag+AL—AL)+ (ku—kp,’,)r;‘(P’+hq)+Z~ko—4(p;n|>ﬁka)77;%4»2./‘119%%, f4iwk)t>
(Y= i(As + A, — A) + L) OtMhathe) | jko.pthka) 4 jMhuke _ g,
Ny '(p+hka—hka)~q)

(11— i(A, — A,) + i Bk thha ko the) 4 Mhuky o4,

+i @' +hg)-q Z(p-i—hk —hka)-q)

(2 — (A, — A) + ; (kv =k )(p+7szka—hka+hq) i ihk%kzl, ~ 2iwy)

(,y + ZA (p +hq) + ,ka>

x W(p + hko — hk, + hq — hk,,p' + hq — hk,)

(Q*Q Q*Q G(ZA —AgH A, —A,)— z(k" k). +hq) kc'<p+hk°‘)—ik%p+i%)t)

m m

S W, R 2 2 22 PR P T
—I—Z.p.q Z.(p—l-hka—hkg)q)

(11 +i(A, — A,) — jbrbu @) hhuke | 9,

+i(p -t:q) B Z(P-i-ﬁko;;hko).q
(Y2 +i(A, —A,) — j v —ku ;(p’+hq) 4 ihk;ku + 2iop)

k- (p+hko—hko+h ,
(v —iA, —|—Z”(p+Z‘:nL D )

x W(p'+ hq — hk,,p + hk, — hky + hq — hk,)}]



C.1. Perturbative development 141

(Q*Q Q Q* Aa+Ac+AL—Ap)+ i(kl’ik“)m'(whko‘)—f—ik%p/ kap—&-zhk” ky 2zwk)t>
- { ( _ Z(Aa— + Al/ _ A#) + ,L'(k’/_ku)'(p""hka) _'_ Zkop + /Lth Ky /ka)
(o — (D — A,) + ikl ibba) | ks _ gy

(v + i, — gRe@Hhe) g,
X W(p+ hko — hk,,p" + hk, — hk,)

. (ku—ku)~(10/+ﬁka)

(QEQUQ;Q“e(+i(Aa7AU+AD7A#)7z
(v +i(=Ag + A, — A,) — jBrhulWthe) 4 ko | ke 4 340,
(72 I Z(A N ) ku ky).(p' +hk0) i th;%kl, . QZOJk)

wk)

hku v

+ibep _jhap 4y +2iwy, )t )

m

( _ ZA —I—'Lﬂ
X W(p' + hky — hk,, p+ hko — hk,)}]

Paq_, p-q

+ /I’N(q)dqei(_mJ“m)tx

(00 O i Bt ) i RO ) b )bt st e i)
1%

(2 +i(+0a — Mg + A, — A) — jllehud Etlilhe) 4 jho(ptha)

m m
- ko.(p'+hq) - hkyky
+i—

I

-1 m — QZWk)
(Y +i(—=As + A, — A,) — jEekadlpthazibe) | jko.(pthe)
itk g0,

(1 +i(A, — A,) — i Grbu) @rhatha) ks _ g0,y
(v — iAu il hah)
x W(p' + hq — hka,p + hq — bk, + bk, — hk,)

_ / _ /
Aot B4 Ay —Ay) 4 Ev TR0 hke) ko (pha) koo tha) _; Phychy +2imty

m

— (02,9, Qe
(2 — i(+8a + Ay + A, — A) el O thilbe) |y jholptle)

kel the) Rk 4oy
(7 =B+ A, = ) + i(k”’k“)'(f;*hq’h’““) ittt
jMhuky | i)

(71 _ Z(A A ) k‘u k‘u) (p'+ﬁq—hka) _ hku ku + 2@Wk)
(’y+zA _ ik (p +hig—Tika+Tiky — hk#)

x W(p + hq — hko,p' + hq — hkq + hk, — hk,)

(p'+hg—tka)-q' _ . (p+hg—hke)-q
+ /FN(q’)dq’e(“ ™ PRI )

iwk)
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(21,0, Qe (i~ Bart Dot Ay —A,) i Bk O b (gt

ko (p'+hq) | hkuky .
i po +i—t= 2wy )t

(1o — i(+A0 + Ay + A, — A ) j Fr—ky). (f:fﬁq%q) _i_z-ka.(iirﬁq) _ k- (p’+hq) )
+i ﬁku ky — iy, + Z-(p’+hq7—nhka)~q’ _ Z(p+ﬁthk 7)q )

(v —i(A, + A A+ j (o). (P+hq+hq’) + ikg.(f:nq)m

g Mhucky iwy, + Z(p +hq;nhka)-q’ . i(erhq;%hka)-q’)

(11 — (A, — Au) i Z‘(kyfku)-(P+TZq7hkg+hq’) + ihk%ku — itp...

+i (p’+ﬁq—ﬁri:La+hq/)~q’ iy (p+ﬁq:nhka)'q’ )

(2 — (A, — Ay) + j r k). (p+TZq ko tha') 'hk’qfn'k” 2iwy,)

(v +iA,, j @ +hthka+hq) + i)

x W(p+ hqg — hky + hq' — hk,,p' + hqg — hkq + hq' — k)

(ky—kp).(p'+hq—hka+hd') | . ke. k(P! Chkpky | o
(Q*Q Q*Q (E(+Aa—A U+AU—AH)—1( 1) (ptnq + q)—Hk (f:'hQ)—zk (I;n+hq)+z b +22wk)t>

(72 + Z(+Aa - Aa + AV - Ap,) -

~(ku—ku).(p'+ﬁq—hka+ﬁq’) +i -ko.(p+hq) Z-ka.(p'—i-hq)

—Hhk“ Ky —|—n;zw 4 @Hha—hka)-d” ;i (p +hqj%k")'ql)

(f_)/ + Z( A + A A ) kl/ kll«) (p +hq hka+hq) + ,Lko(p"’h‘Z)
L ek By +iwg +Z(p +hg—hka)-q' i(p+ﬁq—hka)~q’)

(m +i(A, — A ) 3 B =hu)-(F J;fq Thathd) 4 4 hk“ M Qi

+(p +hq—hka+hq')-q' (p-i-hq hko)-q' )

(% +z’(AV . Au) _ Z.(k v—=ku).(p +hq hka+hq') 1 Bk, ke +2Mk)

(v —@A + b (pthg—Tko +hq) )
x W(p' + hq — hko + hq' — hk,,p + hq — hk, + hq' — hk,)}]
(Q*Q Q Q* Aa+Ag+AL—A)+i (ku—kuri.(lﬂ-hq)+Z~ko—.(p/+:;q7hka)7ika‘(;’:;+hq)+ihk,:ﬁku72iwk)t)

ko.(p'+hq—hkq)
m

_ Z ka .(p'+ﬁq)

ikyky
m

(Y2 — i(+ 20 + Ay + A, — A) + jReheklotha)

—+1
; (v =kp) (ph ko (p' +lig—Tika . hky Ky
( Hr?m(p+ q) 4+ (p+mq )+ Lu _

ku k#) (p+hq)

(v —i(As + A, —A,) +
(v2 — (A, — Ay) +
(’7+ZA
x W(p + hq — hk,,p’ + hq — hk, + hk, — hk,)

(ky—kp)- (0" +hg—hka+hks) | . ky.(p'+hg—hka)

(70, 260, clilH BBt 8y =) =i o L

(Y2 + i(+A0 — Ay + A, — A,) — i Brhu)-GrthaPhathks) | ko

hku o .

+1
ku (p'+hq— ﬁka—&-ﬁko
m

)+zwk

/
7Zka(1;n+hq) Jr’LhktfnkV +4’ka)t)

: (pl“l’hq*hka)
m

m_Z_ ka.(]:;-i-hq) X ihk;ku N 4iw;€.).

(Y+i(—Ag + A, — A,) — —ku). (0 +hq ko +hks) +Z-kg.(p'+:lq—ﬁka) +ihk;kzy + Biwy)
(yg—i—z(A A ) i(lcy—ku)-(P/—i-nzq—hka—i-hko) 1 hku k. —|—22wk)

(y —iA, + jbu-(ptha) (p+hq) — iwy)

x W(p'+ hq — hko + hky — hk,,p + hq — hk,)}]



C.1. Perturbative development 143

_ / _ i

(QaQ:QyQ*e( (Ba—Bot+Av—Ap) itk km'(p Hhahko) _jko-(p +hq)‘*""ka'(merM) ihk%ky-i—?iwk)t)
. k:l, k +hq—hks .ko.(p'+h ko (pth

(”)/2—2(—A — A, + A, A) “)(I:n q- )—Z (]in q)—I—Z (f; q)...

+1[-

)
(v —i(=Dg + A, — A,) 4 Ll Cthale) ke (tha) _ Mk 4 g, )
j kv —ky). (' +ha—hko) hk“ ey 2iwy,)

)

(’Yl - 2(A - A ) m
(v + 1A, W —iwy

X W(p + hq — hko,p' + hq — hk, + hk, — hk,)

. (ky—kp).(pHha—hka) ko (0'+hq) | ke (prhq) | kb
(Q 0*0*Q0 6(2(—AQ+AU+AV—AH)—Z( D) (f; 4 )—zk (Z;n+rq)+zk (:;;rrq)-l—z ‘:n —21wk)t>

(2 + (A0 + Ay + A, —A,) — Z—(k,ﬁku).(ﬁhqua) _ ika.(];—i-hq) o+ Z'ka.(i:,-ﬁq)
itk i)
(,y + Z<Acr + Ay — A.U) _ ,[:(ku—ku),(gj_hq_hka) B ika.(]::th) . ihk:;;ku B Zwk)
i, = ) ittt il
('}/ _ ZAM =+ ik”'(p+hq_hka+hku—ﬁku) n ZWk)

< W(p + hq — hky, p + hq — Ko + hk, — hk,)

+ /PN(q/)dqle(_i(zﬂrﬁqW):Lka)-q/ i (p/Jrqu:n}‘Lko)'q/)t y

i(ku—km,(:;whqﬁq/) _ika,(z;;mq) i ka(pha) Pk +2iwk)t)

(a0 (Bt Aot A=)

(ky—ky). (' +hgthg')  -ko.(p+hg) - ko (p+hq)
1 o +1 -

—'hk ky 21wy, _ jletha=tke)q' | '(p/+hq;hka)~q’)

(Y+i(A, + A, —A,) — kv_ku) (W' +hathd) _ ikop! _ th he 4 it
_Z'(p+hq7—nﬁka)~q + (p +hqmﬁk 0)-q )

(m +i(A, —A,) — Rty +hq Mo thd) _ L+ 2iw...

(p+hq hicnﬁhq )-q + Z(p +hthkg) q
(72 T z'(A,, _ A#) _ Z'(ku ku)-(l’ tjq hko+hq') hk# Ky T 2Mk>
(v —iA, + Gl ot — dwy)

x W(p' + hq — bk, + hq' — hk,,p + hq — hke + hq' — hk,,)
Z’(k?l/*ku)~(17+h‘1*hka+h® i kgA(p’-»—hq) 1 ka.(p+hq) i hky ky _ink)t)

(a0, QB ot A=Ay

krku) (p+hg—hka+hq') zk (p +hq) —i—z o-(p1hq)

(12— i(Ba = By + A, = A,) + Z e
zhk -k — ity -(p+hq—ﬁka)q 44 - (p'+hg— hko)-tI’)

( ( A + A mA ) ku—ku) (P+hqnihka+hq/) o ika~(7;l+h(I)'”

ke g rhaike)d | (" the—hh) )

(11 — (A, — A,) + jErbud etk thd) i Mhuke o4,

: (p+hq—ﬁka+hq’)'q’ - (p'+hq—hks)-q'
+1 - )

m
kv_k#) (pthg—hka+hg') _ ;hkuky _ i)

(72 — (A, — A ) m
(v +1iA,

m
k. (p'+hq—hko—+hq' .
(P’ qm - q)_i_zwk)
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X W(p + hq — hko + hq' — hk,,p' + hq — hk, + hq' — hk,)}]

{ (QQQ:’Q;QMG(’L(_AQJ’_AJ‘FAV—A )—’i (kV_kMT)VL(P,‘l'ﬁQ) — ko~(P+Zil*ﬁka)+i ka<(fn+ﬁQ) hk# ky )t)
B O _ jFv=k) (' +ha) ko (prhg—tke) | ko.(pthe)  ;hku-ky
(2 + (A0 + Ay + A, —A,) — - ) - +i= it

)
(’y +Z(A + A A ) (k‘l, k )(p —i—hq) i Zkg.(p—i-:lri]—ﬁka) . Z.hk;fr;ky +ZW}€)
(72 + Z(A A ) ku ku)-(p -Hiq) ﬁk,,, ky + 2Zwk)

)

m
i - ky . (pt+hg— hka+hkg) .
( ZAH + m

x W(p'+ hq — hk,,p + hq — hk, + hk, — hk,)

(Q Q*Q Q* i(Aa—Ao+A, Au)_’_z(ku Eu)- (P+hq hka+hkg) kg‘(pwtz;lfﬁka)_i_ika‘(,;:rﬁq)_ihkﬁ:r;ky_4Z,Wk)t)
_ j v —ku) (prhg—hkathke) _ . ko.(pthq—Tka) 4 ;ka-(p+hq)
(o —i(=Aa —As + Ay, —A,) + — i - +amm

—i ke i)

- ; b=k hq—hka+hks) kg (pthig—hka
(y—i(=A, + A, — A ) w)-(pthg +hke) _ ko (ptha—lka)

m m

Dk ky ,
— == — Biwy)

B ; v =ky). (p-ha—ko+thko) _ Bk :
(2 — (A, — Ay) + - — i — 2iwy)

: h

(v +id, — i) )

x W(p + hq — hky + hk, — hk,,p' + hq — hk,)}]

Which leads to the following result:

4
A7 (. p)
(Q 00 O* 6(—i(+Aa—AU+AV—AM)+Z’(k”_kﬂ)'(p::hka—hkv)_Z-km(p::hka)_i_ikan.lp’ hkp ky i)t )
= [r—"" ; :
(11— i(+80 — Ay + A, — A,) + jErbnd Wthha—hke) ko 0thha) 4 ko’
hk“ L 4iwy,)
(1= 4 8 = ) ) et
hk ky + 3zwk)

(71 _ Z(A A ) ky_k‘u‘) (pn;i-ﬁka—ﬁkg) . hku ky + 2ZCL)k)
(y+1iA, —1 ;Lp — iwy,)

x W(p,p' + hke — hk, + bk, — hk,)

(2020, (= Aa+Ag+A,—A,)— ik ko.(p::hka)+ik&'p/+iﬁk#'ku)t)

O (B B 8y = ) — el Reled ot g k)
(v +i(Ar+A, — A ) u—w’:u).p_ ko (p—i-hlca) oilkuke g

(m +z(A —A,) - ;v n]:u)p 4 hkmkl, ~ iy

(v _ZA#J”MJM@%)

hk, .ky

X W(p + hko — hky,p + hk, — hk,)

(11 +hka —hkg)- )¢

—/FN()dqe LN
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. (ky—kp).(p +hka+h ke .(p! @) |- ’hky
(Q Q*Q*Q 6(7, (—Aa+As+AL—A, )—z( p)- (P +hka+ q)—zk WWJ;M )—i—zka “ +4zwk)t)

m

(,—Yl + Z( A + A + A A ) kl’ ku)( l+hka+h(I) _ iko-(p;:hka) _{_ika-p Zlﬂ

{

m +Z.(p/+fzka—hk:a)-q i hk k: +4/ka)
(’y_f—Z(A + A A ) ku—ku) (Z;;;f—hka-‘rhq) _ ik‘g-(]);jhka) _ hku ku _|_ SZU)k .

_ipq (p-i-hk —hks)q
il —H—m )

(,71 + Z(Ay _ A,u) _ i(ku—ku).(p’-}-nfzka—ﬁkg-i-ﬁq) _ ﬁk’ ky + QZCUk- )

_jlethaa | Z(p +hko—hky)-q
(2 +i(A, —A,) — v k). (W + ko —liko +hg) _ hk# by Qi)

m

(y — i\, + g ulethe) (p+hq) — iwy)

x W(p' + hko — bk, + hq — hk,,p + hq — hk,)

. . (ky—kpy).(p+h ko .(p’ a) | ka.p’ i hku.ky
(0 0 1o By Ay i R i) o i)

m

(71 o Z(A A + A A ) k?u—ku'r)n(p-'rhq) _ Z-ka.(p'+hka) _'_ ik‘a.p/ _ ZM

(p+hka—hke)- Dk ke

_H(p+ = )q_,L um )
=k h oo (' + Nk k- .

(v —i(-As + A, —A,) + u)-(0ha) ke (P thka) ik — qwy, — 124
m m m m

+Z (p/+hka_hka)’q)

(1 —i(A, — A 4 Bk the) _ hkake o, - j@thaa
+,L (p,+hko¢_ﬁka)'Q)

(2 — (A, — A,) 4 jlehud:(rha) _ lbuke g4,
(v+ zA# _ jhu ke ko tha) |
x W(p + hq — hk,,p" + hk, — hk, + hq — hk,)}]
{ (Q Q*Q*Que Ot+AU+A AH) M_lk(’%-‘rlk%p ﬁk’u D+2’ka)t)
_|_

(71 +i(—Da + Ay + A, — A,) — Bk W) ko jkar’ _Mhuke |9,
(Y +i(Ay + A, — A) — jErbnd k) jhop _ghhake g,
(2 + (A, — A,) — ek Wthe) _jlbuke 4 o,

(v —1iA, +2M—iwk

x W(p' + hko — hk,,p + hk, — hk,)
(QQQ(’;QVQZG(%(AQ7A5+A,,7AM)+@-Wﬂ.%ﬂ,ka e
(F = (=D + Ay — A) + ieudOtlhe) ko _ jhhuky _ g5
(72 —i(A, — Ay) + i(k”_ku)m-(p-f—ﬁka) ke 9
)

(v + 1A, z—;(p;:hk“) + Wy

hk“ iz szk)t)

X W(p+ hk, — hk,,p’ + ko — hk,)}]
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(kv —kp).(p+hka—hks) | . kg.(pthka) Ica .p hku kv
-t poas +i o +1 —4iwg )t )

(QQ, QY e ((Ba =Bt Bu=0,)

(71 + (A — Ay + A, = A) — jErbn) OHhkazlhe) | ko pihke) _ghap 4 Mk g4,
(Y+i(=Ay + A, —A,) — i B k). (pT:hka hks) +Z-ka.(p+hk o) +th;ku — 3iwy,)

(n +z(A _A,) — k) ik o k) pithucke 9i)

(v — 1A, 4 i + dwy,)

X W(p,p + hka — bk, + hk, — hk,)

—1

(kv — ku) p’ +-kg.(p;hk:a)

(Q*Q Q Q*e( I(—Aa+Ac+AL—A)+i
(71 J— 7/( A _I,_ A _I,_ A A )+ 7 kV ku)p + (p+hka) o ~ka.p /Lhkﬂkl’

m m m m

)
(v = i(Ag + A, — A) TR jhetiba) iy G,
)
)

ka.p _;Mhu by )t
m m )

(1 — Z(A A L)+ i :L“) — BReke 4 9,
i - et

X W(p + hko — hky,p + Bk, — hk,)

+ /FN(q)dqe(-HP;q—iMW)t y

/
(Q*Q Q Q* (—i(—DatDo+Ay—AL)+ i(kuik“r)ﬁ@ +hq) _i_ikg,(pMkQ) kap+lhk# ky 4wk)t>

(m = i(=Da + Ap + A, — A) + Bl @tha) | jholpthhe) _ ko | 2g
_ (p“l‘hka_hk? ) + hk# ky

4iwk)

(v —i(Ay + Ay — A,) + 5 (b =k )(:;L—&-hka-i-hq) _’_Z-ka.(p;—hka) YL k,, 3zwk—|—z— .
(p‘i’hka*hk'cr) q

m m m

(72 _ Z(AV _ AM) + Z(k v—ky).(p+hka—lks +hq) + iﬁk%kl, _ 22Wk

m

(v + A, — it (Z;,L+hq) + twy,

)

(1 —i(A, — A) 1 k=) (pthko—hkothg) | ;hkyky iy L +hq) Z.(p+hka_hko).q)
)

)

x W(p + hko — hk, + hq — hk,,p’ + hq — hk,)

(ky—kp)-(p'+hq) +ikg.(p+hka) ko p+ Tiky . k,,)

(Q*Q Q*Q 6 (Aa—Ac+AL,—Ap)—i o t)

(1 +i(Ag — Ay + A, — A,) — i v ku}ﬂ(p tha) | ke (p;:ﬁka) _ 'M +Z-p’~q

(P—i—hka—hka) Tk, k
— + i)

(4 (B + B, = A,) = (IO | jlolptihe) |ty gy ja
(ko —Tko) q

—E)

(1 + (A, — A,) — it _k“zn(p the) | jhkaky 4 o, 4 5 @H9) +ﬁq)q -

e ko). 9)

(v2 +i(A, —A,) — j ko= k“il(p/+hq) +1 hk“ by + 2iwy,)
o (9 heca— B 1)
(v — @A, + =t d

— iwg,)

x W(p'+ hq — hk,,p + hk, — hky + hq — hk,)}]
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. (kl,fku).(erﬁka) i kop
m

(Q*Q Q Q* Ag+Ac+AL—Ap)+i
_{<'YI—Z( Ao+ 0, + A, — A, i Crhudthke) 4 ghop'  jkap | hkaky

m

(v—i(Ay + A, — A + i = ku)(p+hka)+ ap 4 hkuku_

)
m )
)
)

ka ka-p 4 hku

iz —2iwy )t )

hk;u kv

(72 . Z(A,, . Au) + (kv—ky).(p+hka ) 4+ . fik,, k . ink

m
(’Y—f—lA ku(P'i‘hk)

X W(p + hko — hky,p + hky — hk,)
(QZQOQTIQMG(—H(AQ—Ag—i-Al,—Au)_iw_H% hop | Pk Bk i)
(71+7L(AQ—AU+A,,_A#)_Z'WM+Z‘% jhap | Mk )
(V+i(—De + A, — A,) — ek U)o ZTk + 3iwy,)
)
)

hky, K

m

(2 +i(A, — A,) — i(k"‘k“)'(”'+ Mha) 4 Mk 4 o

x W(p' + hky — hky, p + ko — hk,)}]

/

/FN( )dge' = TR X

(+Da—Dg+Ay—A,)— ; (Br=kp). (p+hq ko) | ka.(p+hq)7ika4(€;+hq)+ihk%k,,72iwk)t)

—(Qr 0, Qe
(1 + i+ = Ay + Ay = &) — RG] o) el
pq +p 44y hkukv _ink)

(o + (480 — Ay 4 A, — A,) — b <33th o) e pita)

m
k(PP kK :
ka0 the) L — iy,

(y+i(—=Ay + A, — A,) — Bl @rhatko) 4 ko (pihe)

m m
Dk ke :
122 — Biwy)

(11 + (A, — A,) — vkl Brhazike) ~|—z ; — icwy,)

x W(p' + hq — hkq, p + hq — hk, + hk, — hk,)

(Q*Q Q Q* Aa+Ao+A,—AL)+ (ku—kp).(p’+ﬁq—hka)_H-kcr.(PJrhq) ka0 +ha) hk# Y 4 i)t )
(11— i(—Da + Dy + A, — A) + il O thaRha) ko thg) ka0 tha) _pa
+p/‘q hk# ky + 2Zw]€)

(2 — i(+8a + Ag + A, — A) + i Eehu)-Wthalbe) <p+hq> ho: @ th)
ihk’“"k” + 2iwy)

(= i(Ag + A, — A) + ; v —ku). (' +hq—hka) +Z~kg.(p+hq) _ ek i)

(71 —i(A, —AL) + j v —ky). (' +hg— ko) _lkucky 2%

(y +2A B (' ha— hﬁ;—&-ﬁk —hky) ior)

X W(p+ hq — hky,p' + hq — hko + hk, — hk,)

(p'+hq—hka)-q¢' -(p+fiq—hko)-q')t

+ /FN(q')dq’e(“ ™ BT X
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_ / /
(Q* 0.0 6(—i(—Aa+Aa+AV—AM)+i (kv ku).55+hq+ﬁq )+ikg.(fn+hq) i ka.<€n+ﬁq) +ihk;:r;kl, _%wk)t)

{ ; ;
(m = i(=Da + Ag + A, — A,) + ) thathd) z’k”'(f,th) — jhelth)
+1q (p'+hig—hka)-q" i(p-l—ﬁq—hkg)q pq + p -q +i ﬁkH ky QZWk)
(v2 — i(+ A0 + Ay + Ay — A + Z'(ku—ku).(ngi—&-ﬁq—i—hq/) 1 ke (z:n+hq) _ ka (z:n—i-hq) 4+ hk%k,jm
_220.) + Z(p +hq— hka) (p+hq hko—) q )
( o Z(A A, —A ) k‘u k). Sfl+hq+hq) +i (fn—i-hq) _‘_th#mkl, 3wy + Z(p +hthk 2)-q

(p+hq ﬁka) q

(11— i(A, = A) + i Fehu)-otha=ho the')  jhkuky _ o4, o ;@' the=hkathd)q _ ;(p+ha— ’““0) ¢

)
™ ™ ™ )
)
)

(72 — (A, — Ay) + i(k”*k“)'(ﬁn}zq*hkﬁhq/) + zhk“ LI VN

(’y+ZA - (p'+hg—hka +hq +@w

m

X W(p+ hqg — hky + hq' — bk,,p' + hqg — hko + hq' — hk,)

(2,200 (i(+Aa—Ag+A,—A, )71'<’“”"““)'(”'+hq‘”’“a+hq')+i’“0'(§th> 4’“(1‘(1’/*’1‘1)+ih’“f;7;’“”+2iw,€)t)

(1 +i(+A0 = Ag + A, — A) — i G O at) | jhothe) _ jholpthe) |

m

+i 2 +hthk )q _ i(p+ﬁq;lhka)- pq + p q 4 thu ky + ink)
(Yo + i(+A0 — Ay + A, — A,) — jFrFa) g kathg) ittt oyt
+Z hku‘k'/ + 2@(,() + Z(p +hg— hka) Z'(pJFhfI*hko)'ql)

m

(Y +i(=Ag + A, — A,) — (o =hu). 0/ +hg—hhathe') 4 ke (p+hq) +th# L

" +i - (p'+hg nf;ka) (p+ﬁq hko)-q' )
(m+i(A, —A,) — j v —hu) (' 4hg—hkathq') 4 hku e 4 9y, 4+ EHha- hka+hq)q )

_ (pthg— ﬁka) q )

(72+z'(AV—AM) _ k). (P-Hiq hka+hq') +i hku ko +2ZWI~:)
( —@A _'_Zku(P-i-hq liko +hq)

— iwy)
x W(p'+ hq — hko + hq' — hk,,p + hq — hk, + hq' — hk,)}]

(20,0, (fi(an+Ao+Aquu)+i(ku_k””m—hw+ik"'(p/+hq_ﬁk°‘)fika‘(p/+h4)+ihk“‘k”72iw;€)t)

m

+{

(11— (=D + Ag + A, — A) 4 i b0 jhehe Mo) _ jlabthe)

m m m

zpq~|—zpq+z w94
(= (B By + Ay — A,) 4 Rt | o 5 0-te)

_ika'(Z;;L‘i’hQ) + ihk:n:ky - QZWk
( o l(A + A _A ) kl, ku).(p+hq) +Z.ka_(p/+hq—ﬁka) _'_ihk#'kl’ _ Z(JJk

(72 — l(AV —A,)+ 3 v =k n)q'(pMQ) + 'hkw;k” — 24wy,
(fy + ZA _ 'l (P +hq— hka+hk0)

x W{(p + hq — hk,,p’ + hq — hk, + hk, — hk,)
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(Q*Q Q*Q e(i +Aa—Aa+AV—A )_i(kV*ku)-(P/tZQ*hka*’hko)+ika~(P/+TZ¢Z*hka)_ika~(€;+7iQ)+ihk;:r;ku +4iwk)t)
(M +i(+06 — Ay + A, —A,) — 4 (kv =ku). (0 +hq—hka+hky) ny o (P +hg—Nka) _ ko (/t+he)
il —Hp “ +zhk” K 4 di)

(V2 +i(+Aq — A + A, —A,) — i(k”fk“)'(p thg— hkﬁhk") + ke ( “Hhe—hka)

— iRl the) 4 Mk g,

(Y +i(=Ag + A, — A,) — Pkl Wha hatike) ke (0 tha"Ika)

: SWAL k”m—l— Jiwy,)

(72 + Z(AV . Au) N i(ky—k“),(pltzq—hka—‘rhkg) 44 ﬁku kv + QZ(Uk)

(v —iA, + 3 Fu(ptha) (’;ZLHQ) — iwg)
x W(p' + hq — hk, + hky — hk,,p + hq — hk,)}]

/
(2,209,907 e(fz'(+Aang+ArAu)+i(k”_k”)‘(fth_ﬁ’“”)fi’““'(’j;*hq) yikoc(pihe) ;Mo ky +2iwk)t)
as g v 7
; (ky—ku). (0’ +hg—lko) ko (0'4hq) | -ka.(p4hq)
(1 —i(+A0 — A + A, —A,) + 10 s — il et

TR S
(72 —i(—A A, + A, — A ) ku ku). (I;nJrhq hko) _ ke (p +hq) —i—z (Zrhq) _
hk“ L+ 2iwy)

i _ (e R 0 the) _ ko ') _ hku ky
(v—i(=Ar + A, —A,) +i i~ + Biwy)
(4 —i(Ay, — A ) Uk thg—kg) hku by 2icon)
)

(,y+;nA u-(pthg— hka

- zwk
X W(p+hq—hka,p'+hq—hk + hk, — hk,)
(00, el A A A A j v —):(prtha— ko) z"“”‘(?"+hQ)+z"“a“p+h“>+z‘h’““"“”—2wk)t>

(1 +i(—Da+ Ay + A, — A,) — B Cthazlhe) ko <p+ﬁq>+z ptha)

m —ea g p 9 4 mQ,Mk)
(2 +i(—As +As + A, — A ) j B —ku). (gj—ﬁq—fzka) _ ke (p 1 hq) + y (pm+hq)...
+z% — iw)

(i B+ A — A) — C T rthi—the) ko 6 4ha) ks

(m +i(A, — A ) j v —kp)- (p+hq—hka) + -hk,:r;ku i)

(y —iA, +le (pt+hg— hﬁ:+hku hky) +iw)

x W(p' + hq — hko,,p + hq — hkq + hk, — hk,)

_:(ptha—hka)-d | . (o' +hag—hks)-q
+ /FN(q/)dqle( i - +1 — )tX
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)—i (kufku>.<p’+ﬁq+hq’) _iko (0 tha) | ika.(ptha) Bku-ky
m m m

(Q Q* Q*Q e(i(—Aa—l—Ag—l—Au—A +2iwk)t>

(71 + z( A, +A, +A, — A ) /f —ku).(p'+hq+hg") Zka-(p’+ﬁq) + Z~'fa~(p+ﬁq) _ Z-(p+ﬁq—hka)'q’

+Z'(P+hq+hkv)‘q’ U pq Z-hk%ku + i)
(o +i(=Da+ Dg + A, — A) — il bl Eatld) _ hetih) 4 jhalrihe) |
— M 'ky + 21wy, _ jlpthg—hka)q + i(p’+hq—hka)'Q')
m m
(Y+i(Ag+ A, —A,) — kl,—ku) (ﬁl+hq+hq) .k%p/ _ .hkﬂ.ky + Biwor..

(p-i-hq hka)-q' 4 (p +hq hko)-
m

Z)
(1 +i(A, —A,) — j kv —ku) (P’ +hg—hko+he') ﬁku ke 4 94 (p+ﬁq hkothg)q' | ; (' +ﬁq Zhko)q’ )
(72 + Z(AV o A”) . Z(ku kﬂ)( +ﬁq ks +hq') hku ky, + 92 ch)

(y—i A L (p+hthka+hq) wr)

x W(p'+ hq — bk, + hq' — hk,,p + hq — hkq + hq' — hk,,)

ky—k +h hka +h ko ! +h k. R . hky by .
(Q Q*Q Q* i(Aa—As+Ay AM)—H( p)-(prha—hkathe) (fn+ Q) 44 <fn+ CON £ —2zwk)t)

(71 _ Z(A —A,+ A, —A ) kv—ku) (p+hq—hka+hg) Z-ka-(p’+ﬁq) + Z'ka-(p+hQ)

m m

_ (p+hthka)q L +h%hk0)~q' pu v kb g

(72 B i(Aa A, A, — Au) + i(ku—ku)‘(ernizq—hkaJrhq’) . ik”'(’;;+hq)...

Z'ka-(erﬁq) B L) VI Z-(p+ﬁq—ﬁka)-¢I’ Z-(p’+ﬁq—ﬁka)~q’

(v —i(=A, + A, j—Au)n—Li— i(k,,—ku).?;;-&;Zq—hka—f—];q) _ ke Zn+hq) _+ hkmk " Zwk)
(p+hq hka) A, (p’+hthka) )

(11 —i(A, — A ) (o =hu). (p+hq hka+hq) th%ku — Q...

(p+ﬁq hka+hq) +Z-(p’+hq;lﬁko)~q/)

(72 — (A, — A,) + ku—ku) (p+nq hk;a-i-hq) _ -hk%ky 2iwy)

(,y + ’LA ku € +hthkg+hq) +iw )

x W(p+ hq — hka + hq' — hk,,p' + hq — hk, + hq' — hk,)}]

. (ky—kp).(p'+h ko .(p+hg—hka) | -ka.(p+h hky ky
(QuQEQEQY el Bat Sty =8, R et hbal yjha (i) 01

(’71 + Z-(_Aa + Aa + Ay N Au) i Z'(ku_kuzﬁ(p,—i_hq) . ika.(p—i-hq—hka) + ika.(i;i-hq)m

Tz'np‘q + 2 — R

(o4 i(—A0 + Ay + A, — A,) — k"*’“ﬂ;@*hq)—z"f ptha-tka)
Jrz-ka.(zsjm;, B .hkumk,,)

(v+i(Ay+ A, — A ) -(ku—ku)ﬁ(p%ﬁq) ke (p+hq hka) ﬁku ky + iwy)
( 2—|—Z(A _A ) ku kur)n(p +hg) hk# k, +22wk)

(v —ZA,,—J—Z (p+hthka+hk W)

x W(p'+ hq — hk,,p + hq — hk, + hk, — hk,)
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 (ky—kp) (p+ha—hka+hkg) _ ko (p+ha—lka) Lika-(pthe) hku
m m m

(0, QeI AatBrt A=A i
('}/1 — Z(—Aa + Ao‘ -+ AV _ AH) + i(ku*ku).(PJrhqfhkaJrhka) . Z'/fa-(p-i-ﬁq—hka)

m m
ika-(pthe) _ .pq 4 iplq _ ;Tkuky
—+1 1 —I—zm 1=

by 4zwk)t)

m — 4w;k)
(72 i Z(—A A + A A ) ky—ku) (p+hig—hka+hks) ikg.(erhqfhka)

m_H. ka-(p+hq) ihku.kym_ 4iwk)

( ( A, + A, — A ) kv —ku).(p +hq hkathks) Z-ka.(p+hq—hka) _ ek 3Mk)
(72 — l(A A .+ (k“_ku)~(17+::1—ﬁka+hko) _ -hk:fn.ku i)

(v +iA, — 5B g,

X W(p+ hq — hke + hky — hky,,p' + hq — hk,)}]

C.1.7 Fifth order

When we add a fifth field £z, we can now obtain the fifth order optical coherence

density matrix terms:

a'P

a * (2 7 w
(57 + VA3 (p.0') = i(Quel S5 50 (. pf — k)

. kg
o i(QEe(zAsz —iwg, )t )p( (p =+ hkﬁ, )

We replace the fourth order population terms to get:

0 . )
(5 + A 0, 0) =

[

(0, %
ku—ku).(p' —hkg+hka—like ko .(p' —hkg+hka ko (p' —hk kg.p' ky
(Dt Do+ By =4 o e ke _ho 0 Tp ) R WEID) A0 et i e

m m m

[+

(1 — (D — Ay + Ay — A) + ; U —ku)- (¢ ~hhg+hka—Pko) _ ko (f hk5+hka)m

ke (p —hkp) _ fk“ b + diwy,)
(v —i(=Ay + A, — A + 4 v k) (¢ hkﬁ+hka—hka) _ jka (- —hkgthka)

. .hku.ku + BZWk)
(1 —i(Ay — A) + ;v —hy )(p’_f:ﬂ+hka—hka) B hku k. + 22wk)
(y +iA, — )

X W (p,p — hkg + hka — hky + Bk, — hk,)
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(500050, x ..

(D= Do+ Byt By A, )—i Cr e ko0 Mhgthha) | jha b 2kp) ko o' ikyek Hiutty
(71 +'l( A —|—A —|—A — A ) ku ’n];,u)p ka-(p/_?:ﬁ'i'hka) _i_,l'ka-(p;;hkﬁ) _i_,lhk;;rlku)
(v +i(Ay + A, — A#) _ Z-(krn’lm)-p _ ikm(p’—’?:ﬁhka) + ihk%ku — iwy)
(1 (A = Ay) — iR R — i)
(y — i, + Rl he i) G,y

X W (p — hks + hko — by, p + hik, — hk,)

(p' —hkg+hka—hke)-q

—/FN(q)dqe(_“:ﬁ” m %

(U220, % .

/- ’ ’
pli(Bg—DatAst+A, Au) by b “ikpthhathe) ko w—Mpthka) | ;Ra (b —hhp) ke _;Rkucky +5in)t)
: (ky—kp) (0 —hkgthkathq) ko (P —hkgthka) | ke (P —hkg)
(M +i(—Ag + A +A, —A,) —i — —1 — i
—hhg+hka—hky kb
qu_H(p - Vg _ Rk + diwy,)

(v 4+ Dy + Ay — A,) — ; U —h).-(f hk5+hka+hq) _ ket hkﬁ—i—hk ) ;P kym

: P —hk +hk ks
+3iwy, — 121 4-i e )

(71 + (A, — A,) — i Brhu) ko thka—bho the) _ hku kv | 9o, — j2th0a
" —|—Z (p' —hkg+hkea J;;Lkg)q)
(72 _'_ Z(A A ) k —k ) (p/—ﬁksl—i-hka—ﬁkg-‘rﬁq) i hku ky + 2ZCLJk>

(y — il + glulethd) (p+hq) — wy)
x W(p" — hkg + hko — hky + hq — hk,,p + hq — hk,)

(250,050,078

i(—Ag+Aa Ag+A Au)+z(’“” h)-(pthe) _ k“'(”/fhkﬁﬁk")+ik"('plfhk5)fik‘ffl j Rk

m m

6( +1wkt)t)

(,.yl _ Z(Aa _ Ao’ + AV _ Ap,) +Z k‘u*ku)(p‘f’hQ) _ Z'km(p/_hkﬁ'f'hka) + ika.(p,r;hkﬁ)---

m

+

m
pq | (0 —hkgthka—hke)-q  :hku.ky
Gk >Z k+<z' g+ hk) )
. ky—k,.).(p+Tig o (0 hkgthka) _  Bkuky
(v —i(=As + A, — Ay) + = i - — T T W
pq | (P —hksthka—hke)-q
—i24 4 — )

(11 —i(A, — A,) + §Erhu)Erh) zﬁkﬂm by, — ¢ DA

(p' —hkg+hka—hks)-q
+i — )

(y2 —i(A, — A,) + ;o= k‘;)z(pMQ) _ihk%k,, Yieoy)
(v +iA, — LG hk,e+rzka—hkg+hq) +icor)

x W(p + hq — hk,,p’ — hkg + hko — bk, + hq — hk,)}]
(252,05 050, .

ky—k —hkg+hk ko.(p' —hk kg.p'
(’L'(AB Ap+As+A, A#) (ky—kp). (P /3+ @) ’ika'p+i a-(p 5)724 R ﬁku ky

m m m

+3wk))
+1

(4 i(—Dg+ Ay + A, — A) — Btk W Mhgtihe) _ jhop | jhalwtha) _ jhhuke 4 o4,y
(v +i(Ay + A, A ) = 5 v —ku). (p' hkgthka) i% _ Z% + iwy,)

(/}/2 + Z(A A ) k‘ _kﬂ) (p ﬁkﬂ-}-ﬁk) ) . hku ky + 22&)k)

)

m

(v —iA, —HM—iwk
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x W(p — ks + hko — hky, p + hky — hk,)
i(Q392.050,07 x

’_ ’
6(—i(—A5+Aa—Aa+AV—AH)+ZAW—’i%-‘ri kaA(Pm hkﬁ)_i k[i;bp i hk%ky —iwk)t)
. -(k,,—k ).(p+hko) ~k0.p ko (p'—hkg) - hk,, . ky .
(11 —i(Aa = Ay + A, = A) i — + = — A — iy,

(2 —i(A, — A + j Fv=ku).(p+hks) Z'hkwku — iy,

m

)
(v —i(—A, + A, —A)—l—z—kM z%—i@m'“'—’”—Biwk)
)
)

o (p hk5+hka)
m

(v +iA, —i + dwg

X W (p + hky — bk, p/ — hkg + hko — hk,)}]

0, 250, % ...
_ _ kg.p'
(At Ba—Bg+A,—A )7.(ku ku).(;:hka hku)+ikg.(P7:hka)7i}W:nJ,iﬁTp+iM,3iwk)t)

—[-
(r}/l‘i‘Z(A A +A A ) ku ku).(p+hka—hks) _i_ikg.(p;hk:a) kap+ kaH ky —4ZW]€

m

)
(f)/‘i‘ Z( A + A A ) ku k#) (I;:hkafhkg) + Zkzg (p’,—]i;ﬁk:a) 4 hk’u ky . 3ZWk>
)
)

(1 + Z(A,, “A) - j o —h)-(p+hka—lko) | Zﬁk;%kl, _ ink

X W(p — hkg, p+ hko — By + Ik, — Tik,)
(00,0, X

ky—ky).(p' —hk kg.p'
—i(—Ag—Ag—Aat Do+ Ay =) i ST TIRS) | ko (pihka) _jkap R8T Mhuky 4, K1)

el

m

.k

(1 = (=D + Do + A, — A) + i Gk T jholpilh) _ jhap _ 2k
(’Y (A —'-A A ) ky k )(p hk:g) +7,k (p ﬁk‘g-i—hk:a) -h/ku.ky

Ry -Fy
’ka
(7 . zA _ ik (0 hk5+hk,, hku)

X W (p + hky — hky,p' — hks + hk, — hk,)

O) —hkg)a i (pthka—hko)-q
+ [N @dge R

)
)
)
)

'ka

i(Q050,9,0 x

ky—ky).(p' —hkg+h k
(=B Dot gt By =1, )4i BTN CIGTD ko piba) _jkon Eot Pk gy, )

m

+ (p Zw) _i(erhkan:hkg)q +th“m k. 47;%)

(7= (B + Ay — &) + i Gehdpthatio) | jholptihe) 4 ke
— 3wy, + Z(10 :Zf/a) i(p—i—hka”:hka)-q)

(1 — (A, —Ay) + § Fr=hu)- (p+:fa_hk"+fq) + ih’k’;n‘k” — 2iwy...

1 (v hkri-l—hq) _ i(p+hka7;hka).q

(2 — (A, — A) + ; (b =h )(p+Zka—hko+hq) n ihk;kl, ~ i)

(7 + A, — il hotha) |G,y

X W(p + hko — hky + hq — hk,,p — hks + hq — hk,)
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(0,0, X ...
— /_
e(i(Aﬁ+Aa_Aa+Au_Au)_i(kV kp).(p’ —hkg+ha) _’_ikm(p;rthka) ka kap Zkﬁm w hku kv —Hwkt)t)

m

+

(”}/1 + Z(Aa . AU + AV . A‘u) . Z-(ku—ku).(fn—ﬁkﬁ'i‘ﬁq) 4 ?:kg.(p;rthk‘a).“
—z’% +i(p’—zica)-q _ ; (ptlika—liko)-q _i_z-hk;ku)

(7 +i(=Dg + A, — A,) — LR Ot | ko (thke)

L Mk hku.k‘u T iy + z” q (P+hkam hks)-q )
. . o (ky—ky).(p'—Tikg+hq) hku ky (p'—hkg+hq)-q
(1 +i(A, —A,) —d — + + 2wy + i 2

(p+hka—hk )-q

( B ZA + i (p+hk(:4n hk‘g+hq)

— W)
x W(p" — hks + hq — hk,,p + hko — bk, + hq — hk,)}]

(2502 2,8, 0% X

Z( A : hku ky

,7
_i(_AB_Aa+AU+AV_AH)+i(ku*kuz;Z(PJrﬁka)+iko—.(17 hkg) ka ka.p ikﬁ T ’ka)t)

el
—{ (1 —i(—Da+ Ay + Ay — A,) + ;G k“)m(p+hka) N .ka.(p’r;hkg)“.
k;;,np n thu ko )

(v —i(Ay + A, _Au>+l-(ku—ku)n.1(p+hka) gL (pmﬁkﬁ) iy hkﬁnk,j i)

(v2 — (A, — A) + '“@V—’fu)m@*h’“a) + it — i)

(v + iA, L (p —hks+hko) )

X W (p + ko — Bk, p — hks + hk, — hk,)

m
(50, X ..
. (ky—kp).(P' —hkg+hko) |
€(+2(A5+A&—AG+AV—A )—i +irk

hku ky

,'M,
1= +z

m

+3iwk)t)

(40D — Ay + A, — A,) — i et ﬁ’“ﬁ*’*’“”w’ﬁ;p ’W+ B k”—{—?iwk

)
(3 (=B + Ay — Ay — BT i) | oy |tk | g,
(2 +i(A, —Ay) — k o) k) +1 hk” B 4 2iwy)

)

X W(p — ks + hky — hky,p + hko — hk,)}]

. q , @' —hkg)q
_pa
+ /FN(q)dqez( ot
—i( QUL x .
/ /
( (At Aa—AgtA,—A ) (kl,—ku) (p+hq hka) ka,(whq) 7ika.(17 ;Zkﬂﬂtq) ﬂ,kér.bp +ihk,:;;ky fiwk)t)

(’}/1 + Z(+A A + A A ) k _k )(m+hq_hka) + Z‘ko.(fn-‘rhq) _ ik‘a.(p/*:;k5+hq)‘“
p-q + (p'—hkg)-q + P ity

(Yo +i(+ 80 — Ay + A, — A,) — b wtatke) kot
—Zk A/ hkgtha) | kks )

(/y + /L<—Ao' _'_ Ay A ) '(ku—ku)-(p-f—ﬁq—ﬁk:a) + ikT(p+hq) + 'ﬁk;r-bkl/ . 3Z(A)k)
O+ i(Ay — A,) — bl ik, ;)

)

o (p — ks +hg—lka) |
(v —iA, + it Rl L i,
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x W (p' — kg + hq — hka,p+ hq — ke + hik, — Tik,)
— (0,28, ¥

ky—kp).(p' —hkg+hq—hk ka-(p' —hkg+h kg.p'
e(—’i(—Aﬁ—Aa+Aa+Au—A )—i—i( v—kp).(p ! s+ha a)+ikg.(p+hq)_i o-(p i 8+ Q)_i énp hku ku+31wk) )

(71_1( A, +A, +A, — A) kv—ku) (p'—hkg+hq—hka) —|—2k (p+hq) Zk (p' hk5+hq)m

m

qu—l—z(p ﬁkﬁ)q hk“k"—i—szk)
(o — (B + By + A, = A,) + ilhadl Mhthuthe) | jhatptta)

(v —i(Ag + A, — A ) ;v —ku). oz Tzkwhq hka) 4 -ko.(ith) _ Z.hkfn.ky i)
(1 —i(A, — A ) kv—ku) @’ ﬁkﬁ+ﬁq hka) hku ky + 2iwy)
(v + ZAM L (p hk5+hthka+hky hku) i)
x W(p+ hq — hk,,p" — hks + hq — hko + hk, — hk,)
( —hkg+hg—hka)-d' . hiko)-q'
@(QEQZQUQVQ; X
e(—i(—AB—Aa—&-Ao—FAu—Au)—H‘(k”fk”)'g%”hq/) v ,%A(p_khq) _ika.(p’_ik5+hq) _Z,ki;p’ " ﬁk%ky —iwk)t)

(= i(=Ba+ Ay + Ay — A,) + GrtulHathd) | ke ptha) _ jho W Meatha)

+i . (p/ hkg—l—hq hka)-q" (p—l—ﬁq—hI:Z).q’ _pay (p'—hkg)-q + ihku.kym_ QZWk)
(2 —i(—Aa + Ay + A, — A )+  (ky— )(p+hq+ﬁq’) _|_Z~ka~(p+hq) _ ikw(p’fhkﬁJrhq) _I_Z-ﬁku-kum

m m
. (P —hkg+hg—Tka)d - (p+hg—hky)-q
iy + ;P 5+m‘1 o)d _ ;(pthq )-q )

(v = i(Ag + A, — A Cebud Brhathd) y jho(ptha) | ghbuke 34,
W (p' —hkg+hg—hka)-q' j (prha—hke)-q )

(11 — (A, — A ) i (kv =hu).(p +£q—hka+hq') 4 Z.hk,;r;ky — iwy...
+z(p ﬁkﬁ+ﬁq hka+hq')-q' _Z-(p+ﬁq;1hka)'q’)

(2 — (A, — A,) + j v =hu)- (ptzq kg tha') | 'hkn;k” 2iwy,)
(7—|—ZA (0 ﬁk;;—i-n?Zq lika+hq') T iy )

X W(p+ hq — hk, + hq' — hk,,p" — hks + hq — hk, + hq' — hku)

y * * *
(0, x . / / /
(kv —kp).(p’ —hkg+hq—hka+hq )-i-i ko .(pt+hq) _l.kw(p —hkg+hq) i k@

. fiky ky
6(1(A[3+AQ—AU+AV—AH)—1 ‘:n

+1i

m m m

+3iwg )t)

+ (’71 + Z(+Aa _ AU + AV _ AM) _ 7;(ku_ku)'(p,_hkﬁ+hq_hka+5q/) + kg(})‘f‘h[]) o ka (p/ hkﬂ+hq)

4= ﬁkﬁ+hq hka)-¢' Z(p+7;iLq hko)-q' —ngy ' Wffﬁ)'q_i_ hk# b + 2iwy,)

(72 +i(+An — Ay + A, — A) 3 v k) (W' hk3+hq hlcﬁﬁq)_i_2 o(p+ha) _ ;ka- W TZkaJrhq)m
L ek Bk Ky +22w +z(p *hkﬁJF::l*hka)'q _i(p+hq;lﬁka)~q’)

(7 +i(= Ay + Ay — A,) — B W “kathg Mot ) | ko (the) | jMhuky | g,

_H(p’ kg +hg—Tka)-q' Z(erhq hky )q>

(11 + (A — A,) — by k). (0 hk,3+hq Mhathd) | hkmk .
+22wk+ (p'—hkg+hq— hka+ﬁq)q __ (pthg— hkg)q>

(3o +i(Ay — A,) — (o) —higthg—Rkatha') | hk# kv i)

(’Y _ ZAM + iku~(p+hthk°+hq )

— iwy)
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x W(p/ — hkg + hq — hko + hq — hky,p+ hq — hky + hq' — hk,)}]
i(Q050,9,07 x

_ ko .(p’ —hkg+hq—hk ko (p' —hkg+h kg.p'
(—Ag—AatAgtA AM)_H.UCV kp,).(p+hq)+i o-(p gtha—hka) ;B (p g+ha) JRBP By ey

el v— - o~ - — —i 4 = —iwk)t)
. (1 = i(—Da + Ay + A, — A) + jFrul @rha) | he WMo thatha)
_jFa ﬁ’f5+ﬁ¢I) p~q + (@' Z‘?ﬁ)'q 1 ihk%k” ~ i)
(’72 —z( Ay + A, + A, A ) ku kp;)l(erhq) _I_Z.ka.(p’—hksth—hka)m
-ka~(p *TZkBJrhq) + Z-hk%k,, B Ziwk)
(7 —i(Do + A, = A,) ittty o ot tha—ihe)
+i% — W)
(y2 — (A, — A,) + Z.(ku—k,;)n.(p%q) + ihk;ku — lu)
(v +iA, — ik“'(p/_hkﬂtzq_hkﬁhk”) + iwy,)
x W(p+ hq — hk,,p' — hkg + hq — hko + hk, — hk,)
((Q*(g* ’“(3’ g* %Bf’i Ahij ﬁ%)AG;A(p ikﬁ)ihqxhicb ;R @' —hkg+ha)  kg.p' g o Ry +5iwk)t>
e ™ ™ ™ ™ ™
+ (4 (D0 — Ay + Ay — A, — 5 (kv k) (v ﬁk‘g—i—hq hko+hks) +Z.kg.(p’—hkfn+hq—hka)m
—Zk (p ni‘ik5+hq) p-q+ ¢ Zﬁﬁ)-q_l_z.hk%k,, +4iwk)
(o +i(+ 00 — Ay + A, — A,) — ; U —hy) (o' hkg-&-hq Tka+hks)
4 ko (p' hk5+hq hka) k:a (p TZ]C,B-FTL(]) 4 hkM ky +42wk)
(v +i(—A, —I—A - A, — g o) (' hkﬁhq hhothks)
it h’“ﬁfﬁq*h’“” +i ﬁ’““ he 4 i)
(o +i(A, — A,) — ; B —h) (¢ hkf;—&-hq ika+hks)
—|— hk“ Be 2iwy,)
(y — A, 4 itulethe) (p+hq) — W)
x W (p" — hkg + hq — hko + hk, — hk,,p + hqg — hk,)}]
i(QgQaﬂgQuQZ X / / /
o RN i B k)0 Mg tha k) ko (6! Mg the) kg (ping) kel hipky +io)t)

(1 = i(+8a = Ay + A, — A) 4 ) O thathaMhe) b M the)
w K. (p+hq) gy Z'(p —hkg)q hk“ ky + 22wk)

m

(12 — i(+Aa — Ap + A, — A,) + '““v—’fu)-@ i bha—hhe)

m
.ko.(p'—hkg+h cka hu hk ky
i (p h 5+hq) 4 (170n+ q)  ;hky + 22wk)

( ( A +A A ) ky k“u,) (p hk5+hq hko-)

m

—lk (p ﬁkﬁ-i-ﬁq) - fku ky + SZ(A)k)
(71 o Z(A A ) ku—k”) (p hkﬁ-"h(] hko-) _ hk# kl, + QZCL)k)
(7+2A —(Hﬁf ika) iwy,)

X W{(p + hq — hko,p' — hks + hq — hk, + hk, — hk,)
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Q502000 X .

(A —Dat Do +Ay—Ay)—i <’fv*ku>-<p+hqfhka>_ika'(p’—nzk/#hq) 4ikarth) _ikﬁw.zp/ ittty _iwk)t>
(N +i(=Da + Ag + A, — A) — bl orhalha) _ koo 4hg)
H# Ry - (p' ch) _'_Z-hk%kl, ~ i)
(Yo +i(=Da + Ay + A, — A,) — i k). (wthg—he) _ ko' Mhyha)
_i_.ka.(i:rhq) 4 ihku.k,, — 2%i)
(y+i(A, + A, —A,) — vk )(p+hq—hka)m
il zk,ﬁhq) _i_iﬁk,;r;kl, i)
(n + (A, — A,) — i Gk rthehhe) | hhuky o4,

- k. (p+hg—Tko+liky — ik .
(v —ZAM+Z”(p+q + u)+wk)

x W(p' — hks + hq — hky,p + hq — hk, + hk, — hk,)

. (pthg—hke)-q' . (' —hkg+ha—hke)-q’
+/FN(q')dq'e( T 0 )t

(502050, X .

_ ’_ / ’_ ’
6(i(Aﬂ_Aa+Aa+Au_A )_i(ky ku).(p mhk5+ﬁq+hq )_ikm(p Zkﬁ-khq) +Z.ka.(£l+hq) —ik@p me kv F3iwp)t )
(4 i(—An + Ay + A, — A ) ku ku)-(0 = ﬁk5+ﬁq+ﬁq’) ika-(p’fﬁkﬁ%q) +ika‘(p+hq)

- —hkg+h hk —hk o
(p+hthk )-q’ n (p 5+mq )q qu +Z(p 8)q ;L +2lwk>
k,,—k —hkg+hq+h ko Tik g+ ko.(p+h
(o + i(—Au + Ay + A, — A,) — B @Mty 0) _ it (”mﬁ q)+z {othg) |
— q - (p'—hkg+hq—hks)-q
hk: Ky + 2@w (p-i—hthka)q —H(p 5+mq )q)
k: —ky,).(p) —hkg+hq+hq ko (p' —hik
(’y—l—Z(A —|—A A) )(Pmﬂ-i-quQ)_Z (Pm B)'
hku ky ; (prha—Tka)-q' : (p' —Tikg+hg—Tiko)-q'
+ iwy, — +i — )
(m +i(A, —A,) — 4 kv k). (f hk5+hq ko thq') Dk ky
(p+hq hka+hq)q (p ﬁk’5+hq ﬁk )q
R " (ky—Fk )T —hkg+h mhk hq') )
. v—Rp)- P s+hq +hq
(2 +i(A, —A,) — i -
hku Ky

+ 2iwy)
( _ ZA + Zku (p+hthka+hq ) ZWk)

x W(p — hks + hq — hky + hq' — hky, p+ hq — hko + hg' — Rk,)
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(Q*Q QxQ, Q*
’_ /
e( i(~AgtAa A(,+A Au)—i—z (kv —kp). (p+hq hka+hg) koﬂ(p :lkﬁ—o—hq) +Z.kw(£1+hq) _ikéﬁp _ihk;:r;ky —iwk)t)
. ku k +hq—hka+h ko .(p'—hkg+Nh - ko (p+N
(11— i(Aa — Ay + A, A) w)-(p+hg— Q) _ koo mﬁ q)—i—z (ﬁ1 9
—hkg+h hka . ! —hkg)- . hky, Ky .
_j (ptha—hke)q' 4+ (p s+hg—Tiks)-q' u+(p LB)Q_Z e 9y
" k )T+h hika~+h '7)n k (pmfhk +hq) "k (p+hq)
(72 = i(Aa — Ay + A, — A) 4§ Er=bud ot thotha) _ Lol “Mhotha) | jhathe) |
. hk,, Ky . (pt+hg—hka)q' | - (' —hkg+hq—hks)-q
7,'” —2ZWk Z(er qm )q +Z(p 5+mq )Q)
vk hig—hka+hq' ko .(p —hkg+h
(v —i(=Ag + A, — A,) + w)-(pt+hg the') ko (0 —hkgtha)
hg (p'—hk +hg—hk )-q'
bk k- +hg—hk, p q—hko
_T_Mk (p q— a)q+ 5m )

(= (8 = B,) + il ottt i) © ik,

m
: (p+hg—hka+hg')-q" | (P'—hks+ha—hko)q/
—iwy, — it - LA K )

(72 . Z(AV _ AM) -(ku—k ).(p'i‘n?zq—ﬁka-‘rﬁq,) iﬁk;ky N 2Z(Uk;)
(v +iA, — (P ﬁkzatiiq hko +ﬁq)+ i)

X W(p+ hq — hko + hq' — hk,,p/ — hks — hks + hq — hky + hg' — hk,)}]

; * * *

i(QQQ, X .. e .

k) (p ; A

el(Bg—BatAo+By—Ay)—i vooR i’n BTha _ika-(P+hq7hka)+ika.(£l+hq)_i ;an me ky
;v —kp). (p’ hkgtha) _ ke (prha—hka)

(m+i(—Aa+ A, +A, —A,) — = .

ka. (p+hq) pq 4 ﬁkﬁ)q Bk, ku
+Z + m Z m>

(o +i(—Da+ As + Ay — A,) — 0 ) @ s tha) e b —bha)

—Hwkt)t)

" ke (p+hq) P v)

(y+i(Ag + A, —A) — i ks W~ ﬁkﬁ+hq)m
ke (p+hq hka) ek +z’wk)

(12 +i(A, — A ) j k) 0 —Phgthe)
hk“ ey 2iwy,)

(’Y _ Z'A“ + Z‘ky~(p+hthka+hko-) . zwk)

x W(p" — hkg + hq — hk,,p + hq — hk, + hk, — hk,)
i,

/
(—i(~Ag— Aa+Aa+A —Ap)+i ku*ku)-(PﬂL::Z*ﬁkaJrﬁka)_ikg.(p+::i1—ﬁka)+ika<(ﬁ+hq) _Z.k/ir»Lp hku ky ~Siwg)t )

e
" (1 = i(=Ba+ Dy + A, = D)  {Eehed I hetie)
_Zko'(p‘i‘f;]—hka) + /Lka(fn+hQ) _ M _|_ (p/_fnk,@’)'q - thfnku o 4ZWk)
(/72 - i<_Aa - Aa + AV - A ) + Z(k’/_k“) (pthg—hkathko)
_Z-ka-(p—f—z;]—hka) 4 ke (f:hq) _ Z.hk:n.ky — i)
(7 —i(=Ay+ A, — Au) + j kv —ku).-(prhg—lka+hks)
. .lcg.(erhq hka) Z'hku~kv . 3@wk)
(2 — i(Ay — A,) + (ky k) (phg—hka+hko)
S LTI T
(7 + i, — jhuteIksthe) kg ) 4 i)

x W(p + hq — hko + hk, — hk,,p" — hks + hq — hk,)}]
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—i( Q582,20 % .
p(i(Ag+0a—Ag+A, A)

(ku kp)-(p+hikg— hkg)+ikg.(p+ﬁk5) ’

m m

_ka.p!  kgP | Bkuky .
1= i — 31wk)t)

(e +i(+A0 — Ay + A, — A)) — i v =hu). (P+hkﬁ Mho)
k'o'(p*f’hkﬁ) .

=

+Z — ka p + flk‘u ky 2’lwk)
(V4 i(—As + A, —A)) — (ku k). (pok bl — k)
7 v Iz poo
SPLLE P 4 zhk“ K By
(m+i(A, —A,) — j v k). (l’;:h’fﬁ ) I thumk,, Ditn)

(v —iA, + ’LM + W)
X W(p — Bka,p + hks — liky + ik, — Tik,)
(50,0, %

— /_ ko - hk kg.
e(_i(_Aﬁ_Aa"l‘Ao'""Au_A )-‘rZ (kv kp,).(P hka)_,’_l o (p+h 5)_7;16%1)/ _i%p—i%'kiwk)t)

m m

(12— i(+ 00 + Ay + A, — A,) + ErbukFlha)
ko (p4hkp) _ okap! Tk ky

+ m m + 2zwk)
(v —i(Ag + A, — A+ i(ku—k‘u);r(Lp/_hka) n lk (p;;ﬁk‘[;)”'
zhk“ L iwy,)
(ky— k)0’ —ka)
(= i(A, = A,) + i Eehu @ he)
ﬁk” ey 2iwy,)
(v +iA, — j R/ hki;hk,, k) — iw)

X W (p + hks — hky,p — ko + hk, — hk,)

. (p' —hka)- (p+hkg—hks)-q

H(20102,0,07
e(*’i(*AE*Aa‘FAc‘FAV*AM)‘F’L’ (kufku)-<17+hk5+ﬁﬁ i k(r(PJrﬁk,B)

_ka.p, . kgP | hkyky .
1= i — zwk)t)

{ (2 — i(—Da + Ay + A, — A) 4 Bt Okt | ke 0 HIRS)

ka p 44 hku ky QZW i (pm hko)q /i(erthghka)-q)
(v —i(A, + A, A u) + ; v —ku). (p+hk5+hq) + ikg.(p;hkﬁ)m
NPT VR Z(p —hka)q -(p-l—ﬁkg—hka).q)

(71 - Z<AV - Au) + i(k"_ku)-(P+Zk3—hkU+h,q)m
+i% — 2iwy, + j W =lkatha)q ,L~(P+hk57hko).q)

(0 = (2 = B) ittt

ik 94uy)
(7 + A, — ibuwlthaths) 4 G,

x W(p + hkg — hky + hq — hk,,p" — hk, + hq — hk,)
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(500,050, x .

(B +Ra—RotAy—A ) ) Bhortha) 2o AR jhas! —ika'pHWHwk)t)
et Ae— A, A, A u) — iEEnk o tatha) | ke othkp)
hot 4 jlkuky | g, @ ka) g  lothls ko) q)
('y+z( A, +A A) ;U —hy). (Z’;hka+hq) _i_ikg.(p;hkﬁ)m
4 by +zwk+z(p fr]:a) 5 (Pthks— hko)q)
(71+i(Ay—A) e —hn) (0 it i why |
+2iwy, + @ hk;;—i—hq) _ (p—l-hkg ko)-q )
(v +i(A, — A,) — Z-(ku—ku).(;;—hka-i-hq) )
ok

+1 + 2iwy,)
(- iN, + i (p+hkg—hko +hq)

— W)

x W(p' — hko + hq — hk,,p + hkg — hk, + hq — hk,)}]
i(0:92,0,07 x

e(_i(_AB‘*‘Aa‘*‘Ao-i-Au—Au)_H‘“"’k“)'(”hkﬁ)+z‘ kaA(p/_hka) _ikap _ierim_?,wk)t)
+
(Y — i(=Da + Ay + A, — A,) 4 ¢ Btk otlls)
—Hk” (pm hka) ik%p/ i ihk%ku 22.%)
(v —i(Ag + A, — A,) + i Bt etiks) | jho (¢ ko)
Mk o)
(2 —i(A, — A,) + M -
g Dk 2iwy,)
(y+iA, — Z‘M vy

x W{(p + hkg — hk,,p’ — bk, + hk, — hk),)
IO 0,20, x .

- _ k
((AngA CALLA, Au) - (ky—ky)-(p’ —hka+hko) | ko hka)fikcjﬁp',i fn Hhkﬂ u+31wk))

m m

+ /
(Yo +i(+80 — Ay + A, — A,) — jEr=ku)- Mo thke)

4 ke =hka)

m m

kap +th ky +4Zw]€)
(v +i(=As + A, —A,) — (k» kp)- (p —hkatiiks)

—l—ik"'(p;;hk“) +1 hk“ ey 3zwk)

o). (p — hkathky)
(2 +i(A, —A,) —
+zﬁ’“ kv i)

(v —iA, —i—z—k’“‘ (o) iwy,)

X W (p — hko + hky — by, p + Bk — hk,)}]
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H(Q50a050,05 %
/
N N B L e = L B

+[- |
(Y2 — i(Ag = Ap + A, — A) + i Eehud0he) kot
+.ka (p+ﬁk5) . hk# ky + 24

(1 (=B + Ay = A,) i e ) _jhotf

m
Dkpky | o
— = 4 Biwy,)

(11— i, = A) itk
hk“ L 2iwy,)
(p+hk5 hka)

+iwk)t)

(y+iA, —1i — iwy,)

X W (p + hks — hka,p' — hky + hk, — hk,)
(02,2500, % ...

(A= Dot Dot Ay—A,)—i (kufku).(p;rﬁkﬁfhka) o P ke (p+mc5> ikﬁT;pHW*&wk)t)
(Yo + (=0 + Ay + A, — A) — jFrhudlpthhs hha)
~kg.p’ 1 ka.(p+hkp) i -hk%kl, i)
(4B + Ay — A,) = il the)
zk‘;np + i—LhkTr;k” iwy)
(71 +Z(A _A ) k:u ku). (erth hk:a)“‘
+i—hk%k” — ity
(v —iA,...
_i_Z.kM.(P—l-th—f?LfLa—l-hk,,—hk#) —i—iwk)
X W (p — Tk, p + hkﬁ — Tk + Tik, — hk,)
(50205050, X .
e(i(Ag—Aa+Ag+Au—A )_i(ku—k#)(pwhq) _ijko-p i ko (p+hkg) —im—im—kiwk)t)

(724_2( A +A +A — A ) kv ku).(p'+hq) kap ) (P-‘rfk,e)
hk‘ ky +2'Lw (p+hk5 hk‘a) + (p —hks )q>

m m

(v +i(A, + A, A L) — k= kMT)n(erhq) _Zk(;r.lp _th,;r;kym

3w -(p+hkg hka)-q + -(p’—f:a)@)

(1 +i(A — A,) — b0 hotha) _ jhbks,

1wy, — (p+ﬁk5 Zk at+hq)-q +i - (p hka)"])

( 2+Z(A A ) ku ku) (p hkUthq) )
ﬁk“ bv QZwk)

(v — Z’AM i Z.ku.(p+hk/;n hkaJrhq) i)

x W(p' — hky + hq — hk,,p + hks — hk, + hq — hk,)
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(050,00 %
(=Dt Ba=Ag b By = Ay )i BTG M 20

ko' .m_.kﬂp ﬁku ky
R Kl 3zwk))

m

_l’_
(12 —1(An — Ay + A, — A + oy k) (g —hhatha) kg

koo (prhks)  Bkuks o ik ko) | (b —hko)-q
i = i 2zwk oo —1—)2 —ed)
(k=) (phk ko th Ko
(v —i(=A, + A, —A,) + o P s L gl
ks (p+hkg—hka)-q | (o —hko)-
_ _Mk_z(zﬂr 8 )q_i_z(p ha)‘])
m m m

(1 = (A, = A) el
Bk k. "

ilkuky o, .(p+hkﬁ :Lka—i-ﬁq) _H(p hk) )
ky k,.).(p+hk hkaJrhq)

(2 —i(Ay — Ay) + BT -

(,}/_|_2A (0 TFr’LLkg+htI) +iwk)

x W(p + hkg — hko, + hq — hk,,p' — hk, + hqg — hku)}]
(A0, X ..

/ —
e(i(Aﬂ—Aa+Aa+Au—Au)—i(k":i”)'p —ikg'(p+h:f hkq) +Z,ka.(1:;hk6) —i%—i%—&-iwkt)t)

—{

(a+i(=Dg + Ay + A, — A) — Ein ke otk —lha)

m _i_lk"‘—p T_n Z.hk:p.ku)
(Y4 i(Ay + A, —A,) — il n’zu) _ iko.(p—l-ﬁ:lg—hka)m
hk“ by + Zwk)

(2 + (A, — A,) — itezku)p! k. by ditoy)
(y—iA, +i u.(p—i-hkgmhka—l-hk(,) i)

X W(p' — hky,p+ hks — hko + Bk, — hk,)
(250,050,078

(kv —kp). hkg—hk hk ko. hkg—hk ko hk kg.
e( ( ABJ"A Ag-i-A AH)"" v—kp) (p+ B at o‘)_i o-(p+ 8 oz)+2. a-(p+ 5)_7; ?np hky,

m m m

+

7161’ 3’ka) )

(2 = (B0 = Ay + A, = A,) 4 i B Rl TR T Tk
ke —lka) | (p+kg)

m m
- hky -k .
S SLL R 4zwk)

(v —i(=Dg + A, — A) + i ErFu) Gtk ke thks)

m
ko (p+hik g —hk ik .
—1 (p+hks o) — _ 3zwk)
" by—k) (0 ey o+ k)
. - v AV _ o3 o
(2 — (A, — A,) +1i L =

m

Dkpky o
—i A2 — Diwy)

(v +1iA, — “p + iwy,)

X W(p + hkg — hko + hky — Bk, p' — Tik,)}]

The final solution can be written in the following way, where different colours

are used for different kind of processes as explained afterwards:
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75 (pp) =

[

(00 20, QA+ BBt A=At

(ku—ku) o hk3+hka—hk0) ka %4 hk3+ﬁka)+ ka (P ﬁkﬁ) .kﬁ#?l hky ky

et pon p — ZT—iT'-l—Siwk)t)
[+
(0 = (B + Do = By + B, = &) 4 iEEICTEATRTR),
_Z.k{,,(p/_;j:ﬁhka) _’_ika.(p;;hkﬁ) B ikfﬁp/ B hku ky Biw)
(1 —i(+Aq — A + A, —A)) + i e =) hkﬁhk“ iko) ..
_Z.k(,_(p/_;:r;jﬂJrhka) _'_ika.(p;;hk'ﬁ) B hku k. + diwy)
(y— (=D, + A, — A,) +i (ky—ky). (0 hkﬁ-i-hka—hk )
_.ko.(p ii:Bthka) N ﬁku ky + 3ZCUk)
(1 — i(Ay — A) + ; U =) (f T o)
hk“ iz + 2zwk)
(v + 1A, )
x W(p,p — hkg + hk, — hk, + hk, — hk l.a
B 1

- * * k
Q52 20, % .. P

(A g—Dat Ao+ A,—A,)—iBrtuwe ;Ro (P 75 he) | jRe W Z00p) R0 |5 Mk
e(( B K m m m

p o +iwk)t
+ . (kv —kp) :
v+i(Ag— Ay + Ay + A, — A)) — P
B f m
_?:ko-(p,_:l:ﬂ'f‘hka) o ke (pm hkg) _ Z-’W;P' + th;nku + iwy,)
(1 +i(=Da + Ag + A, — A) — il el tihe)
+Z ko.(p'—hkg) + ,L‘ﬁku'klf)
(Y4 i(Ay + A, — A,) —iBezhule o 0/ My thka)
(11 +i(A, — A,) — ibehue ’”“;;f" i,
(v —iA, + g R (Dt by — k) (p”: k) 4 iwy)
X W (p' — fikg + ko — Rk, p -+ fik, — hk 2.2
8 "

‘/TN@m¢wM+@“ﬁT*“%u
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(Q*Q Q) el BatBotBu=Au)lt 5
6(7 (ky k#) (p ﬁkﬁ+ﬁka+hq) ko‘ (p ﬁkﬁJrhka) ka (p ﬁkﬁ) kﬁ.p - ﬁkﬂ U+5’ka) )
(7+2(A5 AL+ A+ A, —A ) ky ku).(p' hk@+hka+hq) _Zkg (p’ hk5+hka)m
_Hk;a (0’ —Tikg) _ZkBp B pq+ - (p! hkﬁ+hka hka)-q _ bk K + 5icy)
(%Jri(_AaJFAOm_F A,,—Am) (k:u k). (0" hkg+fka+fq) k:a - —hksthka)
_I_Z.kaA(p;;th) qu 1 (p! fkg-i—ﬁka—ﬁkg) N hku ky diwsy)
(’7+Z(A ‘I‘A AM) ku ku).(p'— lzk5+hka+hq) —Zk (p }::5+hka)“'
)‘k”.k,, +3iw -p-q + -(p’—ﬁngrhka—ﬁka)q)
(71 _|_ Z(A A ) ku_k;l.) (P }Lk:]‘i‘hka_hkrr“‘rq) o hk‘# ku _|_ 2ZCU]€
(p+anJ)q n (P hkﬁJrhka hko)-q 7
(2 + (A, — A L) — ; (e =k ). (0 —hkg+hka ko +ha)
hkM ky 2ity)
(y — i, + g ulethe) (HZQ) — lwy)
x W(p' — ks + hke — hky + hq — hky, p + hq — k) (2.b)
i(590,020,0 x
6( NN AU+A Au)+l(ky k,;) (p+ha) ka.(p’f;::ﬁJrhka)+ika(.p;;hk5)7ik€1;bp/7ihkl:r;ku+iw16)t)
+ G
(v = i(=Dg+ Do — Ay + A, — A) + el 010D _ R 0y tik)
1 ka(p/ hkg) kﬁp/ _ pq n . (p' —hkpg+lika—Tliko)-q a4 _ ;Pkuky + i)
(m — Z(A — A, + A, N ) + ikl ethe) ke (0 Mg thke) |
_Hka (pm hikg) qu 1 (p' hkg—f—f:a—hka)q th:;;kl,>
(y—i(—Ay + A, = A,) +1i e bl (pthe) _ ko (B Phptike)
.ﬁk”.ku Z(Uk—/lpq—i— (p hk5+ﬁ/€a—ﬁkg)q>
(11— i(A, — A,) + k= ku) (p+hq) Z-hk;ku Yicp...
_;le +7Zq)q+ (P hkﬂJrhka ﬁka)q)
(72 — (A, —Ay) + j kv —ku).(p+he) hku i — 2iwy,)
(y +iA, — L (p' —hkg+hko— hkg—i-hq + i)
K m
x W(p + hq — hk,,p’ — hkg + hko — bk, + hq — hk,)}] (1.b)
i( *Q QX
O 6(1 Ag—DBatAtAy A“)_i(ku*ku)4(p;nfhk6+hka)_i%+ika4(P;;hk5)_iki;p’_ihk;;;ky_‘_giwk)t)
w
(7 +i(Dg = Do+ By + A, — A,) — lletdCtiatle) _ jhep
+ik“'(pl7hkﬁ) — ikﬂ'p/ — hk“ be 4 3iwy)

(m+i(—Da+Ap + A, —A,) — z'<’“"*’““>'@;;h’“ﬂ+h’“a> ke
o (p'—hkg) ﬁk,, ky

i + 2iwy)
(v+i(As +A, — A, — i(k”_k“’)'(p;;ﬁk“hk(’) — ke

kuky |-
— i Wy, )

(72 + Z(Ay - AP") — i(ku_ku)'(p;;hkﬂ+hka)
+ 2@wk)

hkM k.
-k ﬁk’g
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x W (p — hiks + hk,
i(Q92,250,9,

— hk,,p+ hk,

B hku)

(iAo —Agt Ay i Bl ERke) ikap Ro (! —hkg)  ke-v' Rk -hy k)t
+
(y—i(=Ag+Ap —Ap+ A, — A + Z’Wﬂﬂ _jkon
bl ih) _ jkadl ke G,
(m = i(Aa — Ay + A, — A,) + Erbudlothhe)  hop
+ika.(p’—hk5) o ihky.ku . 2'l£,<}k)
(v —i(=As + A, — A) + i Eetudotibe) ko
—iMheh _ 3i0)
(2 — i(Ay — A,) + ¢ Erudtlke)
zhk%k” — 2iwy,)
m
x W(p + hky — hk,,p’ — hk —|—hka—hk l.c
B 2

(500,95 x

p(i(Dp+Aa—A0+A,

—Ay)—i

- (ku—ku)~(l7+hka—hko>
m

ko (prhka) hap FBP | hkuky o
+1 - szszJrszS'ka)t)

(v+i(Ag+Ay — Ay +A, —A,) —i

; (kl/ —ku)- (p+hk(x _hka)

ifelpthhe) _ jlop _ ;202 4 2# — 3iwy)
(11 + (A — Ay + A, — A,) — jErRudlpthhazike) |
+i ka.(p:;ﬁka) N ka kap | By — di)
(v+i(—As + A, — A,) — k»—kw (z;:hka—hka)m
ke (p;:hk a) _i_ihk;kl, — i)
(1 +i(A, = A,) — jletulEEibe i) |
ARLLTLI Y
(= i, + 5 e) Gy
x W(p' — hkg,p + hko — hik, + hk, — hk,) (3.2)
i 0,9, X |
(i~ BB = Dot B+ Dy =8, )i I o (pthke) _jtap 82 ks i)t
(v = i(=Dp = Ap + Ay + A, — A) 4 Bl WTIke) ko (ihke) |
—jker _GRer ke G,y
(11 —i(—Da + Ap + A, — A,) + ZM
(= i(Do + A, — A,) + i Bt =e)
+,kn.(p/f/,z’/fd+hka) _ R K +iwy)
(1 — (A, — A,) + i bl M)
hk“ he 4 2iwy)

/f}kdrhk, hkt .
I i : ) — Zbuk)
m v

. .]f,,p
(v +1iA, — i~ (
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X W (p + hko — hky,p' — hkg + hk, — hk,) (4.a)

(p —hkg)a (p+hka—hkg)~q)t
m

+/FN( )dge T =

X

i(Q2505,0,0,9%

. (kv —kp).(»' hkyrhq) i ko -(p+hk ke, kg.p’ hky.k
{6(77’(7AH A(Y+AU+A A;‘)+ m (pm,l (Ui,’ ;ani/' ‘m + M? . V)[w}‘)f)

(v —i(=Dp — Do+ Dp + A, — A) 4 Btk WMD) jho-pihha)

m m

oy .kg.p/ . (p'—hkg)- . hkeo —hk . hk,, .k, .
—i mp_/’/ianV"’([ 777/5)1_,1(]7"‘1&”710)(1+ w v — Biwy,)
. . (ky—k hk g+ hi A hkq

(7/1 . Z(*AO{ —+ A + A A ) + Z( L #) (m B q) +Z (p,rj: ) )
_jkap | 0 */Iks)q o (pHhka—hko)-q m kv g

m —"_ m ¢ m + 4Zu}k>
(ky—ku). hka—+1 A hk

(“/—z,(Aa—l—A,,—AN)%—’L( v k) (ﬁjz ethe) | ke (])7:1 o)

hkuky o (p'—hkg)q -(]z-y—ﬁk:u—fzk‘n)q

+/I/ m Sllwk +/] m m )
. - (ky—kp).(p+hka—hks~+hq) - Tk ky

(1 —i(A, —A,) +i - i

. —likg+h hko—hke)-
_21wk_~_,[( 8 ’(])(l_z(p+1a 70>Q>

m

m
o - =~ (ky—ky).(p+hka—hks+hq)
(2 —i(A, — A) +i -
~ﬁ,k,“.k,,, .
L — 2iwg)
—hkg+h .

+z
m

x W(p + hko — bk, + hq — hk,,p' — hkg + hq - hk#) (4.b)
(052,20, x ..

) (ky—kpy).(p' —hkg+h . . K v
e(Z(AB+Aa_AJ+AU_Ap)_l( w (Z p+ho) +zka‘(p$hka)—zk‘;‘n—'p—257+ ﬁk“ +iwg )t)
. (ky—Fkp). (0 —hkg+h o (p4-Fka Ko kg.p'
(’Y‘FZ(AB—FAQ—AU‘FAV—A#)_Z( H)(fn ﬁ+Q)_|_Z (Pnt ) kmp Z[jnp’”
! —hk - (pt+hko—hkes -hky . ky .
44 a) _ e a4 ihkuky iwp)

(m+i(Ay — Ay + A, — A ) 4 v —hu). (pmﬁk5+hq) 4+ o (pthka)
—jhkap 4 (p —hks)q _m%(mhkfhko) _{_mhku ky)

(4 i(=Ay + A, — A ) B Zv(ky—kﬂ).(fr;—hkﬁ-i-ﬁq) 1 ke (p:;hk )
L kucky  hky ey +Zw +Z(p —hkg)-q ‘(p+hka_hko)'Q)

m m
(m +i(A, — AM) — k). (p —hkpthe) 4 g hk“ M ...
" (p ﬁkri-kﬁq)q Z(p+hka hko)q)
(2 + Ay = Ay) — iRt
+i + 22wk)

ik k
. ey (p-+ ke — g 1)
(v —iA, +1 =

x W (p' — ks + hq — hky, p + hke — Bky + hq — hk,)}] (3.b)

— W)
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H(Q050,9,07 x

ky—k hik kn-(l”*hkg) ke ko' Rk k.
f/( ’( AJ AIV+AU+A1 A/l)+l< L H>W<P+ u) o ) *1%*1%%*[%77@)]&-)7?)
a _ N B - Uiy —h) (phh) Ko (' —kg)
(v —i(=Ag = A+ A, + A, —A)) + - + 1= .
7,"\(»[) o 'kd'p hku kl/ Y
? m ¢ m + I/ m( , I/L’;}k)
: . (ky—kp ) (pthkea) .ko.(p'—hkg
(A//l o 2’(7A(11 + Ao’ + A1/ - A/‘) +1 Hm S "

/kap+ fk,,k, ink)
(v —i(Ag + Ay — Ay) + S AYEITR

+ik0.(pi;hk3) 4 hktn'}f — i)

(o — (A, — A,) + j U k) (pthka)
i — Deoy)

(v + 1A, — w + i)

X W (p + hko — hk,,p — hkg + hk, — hk,) (4.c)
iR 0,50, % .

o(Hi( At Aa—D0 A, NP RNCETA) (W Mg thko) | ikaup jkap k37 ke 31
+ (fy + Z(AB + Aa - Ao’ + AV - A,U«) '(kakM)-(P/*th+hkg)
iR — itk — iR it 4 i)
(4 iD= Byt By — A — il Ty t10)
tifel _ jhaP 4 2hk“ ke | Qi)
(=B + By = ) — a0 i)
R L (%))
(72 —i—i(A _A )_ (ku_ku) (P —hkg+hks)

v o
+1i ks + 2iwy)
(v —iA, + z—( pthka) W)

x W(p' — hkg + hky — hk,, p + bk, — hk,)}] (3.c)

(p'—hkg)-q

+/FN(q)dqe(_“:r?+i )ty
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— (20, X .

’_ ’
((A5+Aa At A D) l(k,, ku). (p+nq fiko) ka‘(p_s_hq)_ika‘(p Zkﬁ%q)_ikéﬁp +ihk,:n;kl,_iwk)t)
OB+ D= A+ A, A, — i ERIEIR R
m m
ko .(p'—hkg+hq .kg.p p'—hk . hky .k .
ko (¥ ,6 ) _; B pq+( ,8)+ Mmy—lwk)

(1 4 i(+00 — A, 4 A, A) k) wrhahk) | Gk ita)

m

eyl Mkgthe) _ pg 0 jfﬁ’ +z‘h’“‘;,;’“" — 2wy,
(o +i(+80 = Ag + A, — A,) — i Eehtlrthe)
ke (pm+hq) _ ik :LkB‘FEQ) 4 -hkwku — 2iwy,)
(v+i(—Ae + A, — A) — itk (fth S
ik (Zih‘” RIPLLTLIN T
(A — ) — et lptiahiz)
g Mk 2iwk)
(v — iAM 4 iku-(P/*hk’rﬁnJrh(I*hk&) + dwy)
X Wy — hks + hq — hka,p + hq — hk, + Bk, — hk,) (3.)

—i (5 Q2,0 %

) ky—ky).(p' —hkg+hg—hka) .k q) . ka-(p'—hkgtha) kg’ nk
o(—i(—Ag—Aa+Ag+A,— A“) L —kn 8 @) ko (prha) ko Y %8 TR

m m m m

+’}ka) )

(7 o i(—Ag AL+ A+ A, — Au) + 7:(k’u*k‘u)~(p/fﬁks+ﬁq*ﬁk‘n) n, ka-(p+hq)m

m m

ko (W' kg the) ks ipq (@ =hks)a Bk
—? m ! m 7( m )+( m o ) m + SZuJ],)
. L (ky— p' —hk s+hg— hk. - ko .(pt+hg
(’\/1 B L(—Aa + AU- + AV o A“) + 7 ll -~ ‘ + L (220 <7n )
_]M — ka (W' —hks)q _ hk“ ky + 27wk)

(o = i+ B Ay + Ay — A) + b))
4 ko .(p+hq) -khv-(l’/*hkf*h‘l) H‘” ky —+ QZudk)

m

(= (B + B = A,) 4 bl i)

+7:" o ke 1 i
(1 — (A, —Ay) + Ry —hy)-(p ::’k'ﬁhq*hk“)
M“ e 4 2iwy,)
(y +1iA, — ;R f/zkﬁrhthkﬁrhk,, k) — i)
x W(p + hq — hko,p' — hkg + hq — hk, + hk, — hk,) (4.d)

(¢ —hkg+hg—tka)-a’ . (pihg—hko)-d y
m

+/ N(q')dq'e™ "
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(U5 Q0,2 e (—i(—Ag—Da+Do+Au—AW))E 5

(ku—ku) (p+hq+hq) ko -(ptha) ko (o' —hkg+ha) kg.p' | hky.ky

( et T T it
(v —i(—Dg — Au+ Ay + A, — A,) + i (v k). (nz;+hq+hq’) N -kg.(ﬁth) j
_jka (p’ nfikﬁﬁq) . ikif qu + Z(p —hks)-q
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hk Ky

+1 T - szk)
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m
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2wy, 4+ hk5+hthka+nq) (p+hthko) )

(72...

( A, — A ) ky ku). (P-f;Zq hko+hq') +Zﬁkmky ink)
(’Y+iA#—ik”'(p tkthg ke th) | i, )

x W(p+ hq — hky + hq' — hk,,p' — hks + hq — hk, + hq' — Rhk,)
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(02,050 (Aot BamBotAv =Rl 5
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+ikgA(p/f]lk;ﬂr/zqfhkﬂ) - Z.k(“([/fhk;ﬂr/iq)
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(50050, %
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(= i(Aa — Dg + A, — A)  Erhe) O hatha) |
_iko-.(p/—fik@-i—ﬁq)
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(Q*Q QxQ, Q*
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(7 — i, + T @ lka) 4
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(1 = (A, = A) + ilbemhellele) _Mebe 4 g, )
k. (p' —hka+nhk, — hk’ﬂ)
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+
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The different colors label similar terms in terms of Rabi frequency order-
ing. For computation, each of these terms are grouped into four categories

(corresponding to four colors) and labeled accordingly :

(1) the terms in Q5€,€2;€, Q% order are written in blue.
(2) the terms in Q50,0707 order are written in magenta.
(3) the terms in Q5 Q,Q;Q, order are written in red.

(4) the terms in Q5070,0,Q" order are written in brown,

«, B, o, v, p are running indices for any of the fields and are summed for
combinations that gives a field in the probe direction. The terms, left in black

are associated to processes that involve double spontaneous emissions.

C.1.7.1 Selection of terms

In terms of the Rabi frequency ordering, all the different possible terms in the

fiftth order coherence are possible, but we can:

e neglect terms with more than one signal Rabi frequencies, as pump fields

are much stronger.
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e select the terms responsible for the generation of phase conjugate field i.e.

with the relevant wave-vector.

The only relevant terms are:
1 1 25, Q050 + Q7 Q25 Q08 + ...
S0 Q0 Qg + 0 1 05 050 Q0 + 0 Qa0 Q50 +- .
A0 Q8 Qg + 8 Q8 Oy +
S0 QL )+ 8 Q5 Qpp (00 + ..
S0 QL 0 oy + 0 Q0 0 Qo +-
S0 Q0 g + 0 0 Q1 (00 Q-
S0 O QU Oy + 8 Q5 Q0 Q0 +
S0 Qo Q05 + Q8 Q7 C0, (0, Qg +
S0 O Qa0 + 8 o Qa0 + .
S0 O Q0 )+ O Q5 QL Qa0 + ..
S0 A0 Q1 + 0 QU Q20 O +- .
S8 0 Q0+ 5 Oy 0, 8 Qs+
S8 Qa0 Q0 + 5 Qa0 Q0 + ..
S0 Qa0 01 Qg + Q5 Qo Q0 Q0 + .
S0 Q0 Q)+ 1o Q0 Qpp08) + .
ST Q8 8 Qg + Q08 o Qpp + .
S QS Qo) + Qo Q5 O Oy + ..
S0 Q0 + o0 Qa0 +
S0 Q1 Q0+ Q0 O 0 Qs+
S0 Qa0 + Q8 Qa0 Qs+
S0 Q0 Q)+ Q5 Q0 Q0 +
S0 Q0 Oy + Q0 Q0 Qpp + .
S0 Qo Qg + (0 0o Qo Q1) + 5 0o Qo C27 Q + .
S0 0 A Qo (0 + QU QU Q0 Oy + ..

So that we get 46 terms, where the subscripts pl and p2 denote the two
counter propagating pump Rabi frequencies, and the term (), is for the signal.
Figures C.1 to (.4 show the various real imaginary and absolute values of
different terms plotted as a function of coupling-signal detuning §. Some of
them just add a constant background, while others exhibit resonances.

Nevertheless, the fig. 4.7 demonstrates that with the experimental param-

eters, only four terms dominate, which could then be used for faster sim-

ulations. The four are §27,€0, Q2508 . Q1 Q0 Q500 0, O

pl> pl>s pl>
Q0 Q25,7 . The detailed pathways for these four terms are listed in page

92.
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Titre : Etude expérimentale et théorique de deux processus non-linéaires induits par des résonances

atomiques ultra-fines

Mots clés : Optique non-linéaire, mélange a quatre et six ondes, amplification sensible a la phase,
états comprimés, Résonance induite par recul, piégeage cohérent de population

Résumé : Dans ce travail de thése, je considére
deux phénoménes distincts, tous deux liés aux
interactions non-linéaires entre la lumiére et des
atomes. La premiere partie est dédiée a du mélange
a 4 ondes basé sur des degres de liberté internes
d’atomes d’hélium a température ambiante, et
I’utilise pour des processus d’amplification et de la
génération  d’états comprimés. Le  second
phénomeéne étudié est base sur des degrés de liberté
externes d’atomes de césium froids et est utilisé
pour du stockage de lumicre et la génération d’un
champ conjugué en phase par mélange d’ondes.

Jai expérimentalement observé et caractérisé de
l'amplification sensible a la phase par mélange a
quatre ondes dans de [I'hélium métastable a
température ambiante. J'ai obtenu un gain maximum
d'environ 9 dB avec une bande passante d'environ
300 kHz. Les fonctions de transfert phase/phase
obtenues ont montré une forte compression de
phase,

indiquant que le phénoméne était presque exempt de
processus indésirables.

Dans la seconde partie, j'expligue comment les
résonances de recul, dues a un transfert de quantité
de mouvement entre un photon et un atome, peuvent
étre utilisées pour du stockage de lumiere.
J'explique également comment ce phénoméne peut
conduire a la génération d’un champ conjugué, et
pourquoi la théorie existante ne permet pas de
modeéliser le creux qui apparait dans le spectre de
génération du champ conjugué lorsqu’on augmente
la puissance optique. Pour reproduire ce nouvel
¢lément, j’ai effectué un développement jusqu’au Se
ordre, qui démontre qu’il dépend de la cohérence
qui est excitée entre des niveaux de moments
atomiques différents.

Je montre ensuite qu'un modéle plus simple, basé
sur trois niveaux atomiques définis par des degrés
de liberté interne et externe de I'atome, peut
expliquer le phénomene observé.
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Abstract: In this PhD work, two distinct
phenomena are considered, which are both related
to non-linear interactions between light and atoms.
The first part of the thesis is dedicated to four wave
mixing based on the internal degrees of freedom of
room temperature helium atoms and uses it for
amplification processes and generation of squeezed
light. The second studied process is based on
external degrees of freedom of cold cesium atoms
and used for light storage and phase conjugate field
generation through multi-wave mixing.

I experimentally observed and characterized phase
sensitive amplification via four-wave mixing in
metastable helium at room temperature. |1 have
obtained about 9 dB of maximum gain with a
bandwidth of about 300 kHz. The obtained phase
transfer functions showed a strong phase squeezing,

indicating that the phenomenon was almost free of
unwanted processes.

In the second part, 1 explain how recoil induced
resonances, which are due to the transfer of
momentum between a photon and an atom, can be
used to store light. | also explain how this
phenomenon can lead to generation of a phase
conjugate field, and why the existing theory fails to
model the dip, which appears in the phase conjugate
generation spectrum when the field power is
increased. | extend the model to the fifth order so
that it can reproduce this new feature and
demonstrate that it depends on the decay rate of the
coherence, which is excited between atomic levels
of different momenta. | then show that a simpler
model, which is based on three levels defined by
internal and external degrees of freedom of the
atom, can explain the observed phenomenon.

Université Paris-Saclay
Espace Technologique / Immeuble Discovery

Route de I'Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France




