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Abstract

Cette thése est consacrée a I'étude de la méthode PAW (projector augmented-wave) et d’une de ses modifi-
cations, baptisée méthode PAW variationnelle (VPAW), pour le calcul de I’état fondamental d’Hamiltoniens
en géométrie périodique. Ces méthodes visent a améliorer la vitesse de convergence des méthodes d’ondes
planes (ou méthodes de Fourier) en appliquant une transformation inversible au probléme aux valeurs
propres initial agissant au voisinage de chaque site atomique. Cette transformation permet de capter
une partie des difficultés dues aux singularités coulombiennes. La méthode VPAW est analysée pour un
opérateur de Schrodinger unidimensionnel avec des potentiels de Dirac. Les fonctions propres de ce modéle
comprennent des sauts de dérivées similaires aux cusps électroniques. Le saut de dérivée des fonctions
propres du probléme aux valeurs propres issu de la méthode VPAW est réduit de facon importante. Cela
entraine une accélération de convergence en ondes planes du calcul des valeurs propres corroborée par une
étude numeérique. Une étude de la méthode VPAW est conduite pour des Hamiltoniens 3D périodiques
avec des singularités coulombiennes, parvenant & des conclusions similaires. Pour la méthode PAW, la
transformation inversible comporte des sommes infinies qui sont tronquées en pratique. Ceci introduit une
erreur, qui est rarement quantifiée en pratique. Elle est analysée dans le cas de 'opérateur de Schrodinger
unidimensionnel avec des potentiels de Dirac. Des bornes sur la plus basse valeur propre en fonction des
paramétres PAW sont prouvées conformes aux tests numériques.

Keywords: quantum chemistry, eigenvalue problems, plane-waves discretization, projector augmented-
wave method

Abstract

This thesis is devoted to the study of the PAW method (projector augmented-wave) and of a variant called
the variational PAW method (VPAW). These methods aim to accelerate the convergence of plane-wave
methods in electronic structure calculations. They rely on an invertible transformation applied to the
eigenvalue problem, which acts in a neighborhood of each atomic site. The transformation captures some
difficulties caused by the Coulomb singularities. The VPAW method is applied to a periodic one-dimensional
Schrodinger operator with Dirac potentials and analyzed in this setting. Eigenfunctions of this model have
derivative jumps similar to the electronic cusps. The derivative jumps of eigenfunctions of the VPAW
eigenvalue problem are significantly reduced. Hence, a smaller plane-wave cut-off is required for a given
accuracy level. The study of the VPAW method is also carried out for 3D periodic Hamiltonians with
Coulomb singularities yielding similar results. In the PAW method, the invertible transformation has
infinite sums that are truncated in practice. The induced error is analyzed in the case of the periodic
one-dimensional Schrodinger operator with Dirac potentials. Error bounds on the lowest eigenvalue are
proved depending on the PAW parameters.

Keywords: quantum chemistry, eigenvalue problems, plane-waves discretization, projector augmented-
wave method

Laboratoire Jacques-Louis Lions
TUnivercité Pierre et Marie Chiirie — Roite Clonirrier 1R7 — 7592592 Parie Cledex 05
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Préambule

Dans cette thése, une modification de la méthode PAW (projector augmented-wave), baptisée
méthode PAW variationnelle (VPAW), est proposée et analysée dans différents cadres. Les méth-
odes PAW et VPAW visent a réduire I'erreur de discrétisation en ondes planes dans les calculs de
structure électronique.

Le premier chapitre est une introduction a 'approximation du cceur gelé et a la théorie des
pseudopotentiels. Dans ’approximation du ceeur gelé, les électrons sont séparés en électrons de coeur
et de valence. Les électrons de coeur interagissent peu avec leur environnement. Leur comportement
peut étre décrit, en premiére approximation, par une fonction d’onde solution d’un Hamiltonien
atomique. Les potentiels de Coulomb ainsi que les interactions avec les électrons de coeur sont alors
remplacés par un potentiel régulier: le pseudopotentiel. De nombreux types de pseudopotentiels ont
été proposés, reposant sur des motivations différentes. Les principales familles de pseudopotentiels
sont exposées dans ce chapitre.

La méthode VPAW est présentée au Chapitre 2 dans le cadre d’Hamiltoniens de Kohn-Sham
périodiques. Elle repose sur une transformation inversible du probléme aux valeurs propres initial.
La méthode VPAW est donc exacte puisqu’aucune approximation du probléme aux valeurs propres
initial n’est introduite, contrairement & la méthode PAW o1l les sommes infinies apparaissant dans
les équations PAW doivent étre tronquées en pratique. Un résumé des différentes contributions de
cette these a I'analyse des méthodes PAW et VPAW est regroupé dans ce chapitre.

Le Chapitre 3 est consacré a 1’étude de la méthode VPAW appliquée & un opérateur de
Schrodinger périodique unidimensionnel avec des potentiels de Dirac. Les fonctions propres de ce
modéle ont des sauts de dérivée similaires aux conditions de cusp de Kato de fonctions d’ondes
électroniques. Le saut de dérivée des fonctions propres du probléme aux valeurs propres issu de la
méthode VPAW est réduit de fagon importante. Cela entraine une accélération de convergence des
méthodes d’ondes planes, dont les estimations théoriques concordent avec les résultats numériques.

Au Chapitre 4, une analyse de l'erreur de troncature de la méthode PAW est fournie, pour la
plus basse valeur propre du modéle unidimensionnel du chapitre précédent. Pour cela, la méthode
PAW est interprétée comme une perturbation de la méthode VPAW qui est exacte. Les bornes
obtenues sur la plus basse valeur propre PAW sont confirmées par les tests numériques.

Le dernier chapitre est dédié a ’étude de la méthode VPAW appliquée & des Hamiltoniens 3D
périodiques. Les singularités des fonctions propres de ces Hamiltoniens sont connues précisément
dans le cadre des espaces de Sobolev & poids. Gréace a cette caractérisation, il est possible de
reproduire I'analyse faite pour le modéle unidimensionnel et montrer que les cusps des fonctions
propres de la méthode VPAW sont réduits. Une estimation de I'accélération de convergence en
ondes planes s’en suit, corroborée par des simulations numériques dans un modéle simple.
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Preamble

In this thesis, a modification of the projector augmented-wave (PAW) method is proposed. It is
called the variational PAW (VPAW) method and is studied in different settings. The PAW and
VPAW methods aim to accelerate the convergence of plane-wave methods in electronic structure
simulations.

The first chapter is an introduction to the frozen-core approximation and the pseudopotential
theory. In the frozen-core approximation, the electrons are partitioned into core and valence
electrons. The core electrons are not expected to be affected by the environment, therefore
as a first approximation they can be described by an eigenfunction of an atomic Hamiltonian.
Coulomb potentials and nonlinear interactions with core electrons are then replaced by a regular
potential: the pseudopotential. A wide range of pseudopotentials has been proposed based on
different motivations. Description of the main families of pseudopotentials is gathered in this chapter.

In Chapter 2, the VPAW method for periodic Kohn-Sham Hamiltonians is presented. It relies
on an invertible transformation of the original eigenvalue problem. The VPAW method is an exact
method, as no approximation of the original eigenvalue problem is introduced. This is not the case
of the PAW method, where infinite sums appearing in the PAW equations need to be truncated in
practice. A summary of the different contributions of this thesis on the PAW and VPAW method
is regrouped in this chapter.

Chapter 3 is devoted to the analysis of the VPAW method applied to a periodic one-dimensional
Schrédinger operator with Dirac potentials. The eigenfunctions of this operator have cusps that
are similar to the Kato cusp of electronic wave functions. The study of the VPAW method shows
that cusps of the eigenfunctions of the VPAW eigenvalue problem are significantly reduced. Esti-
mates of the plane-wave convergence of the eigenvalues using the VPAW method are proved, fully
corroborated by numerical simulations.

In Chapter 4, the PAW truncation error is analyzed by reinterpreting the PAW method as a
perturbation of the VPAW method, which is exact. The analysis is restricted to the lowest eigenvalue
of the one-dimensional Schrodinger operator considered in the previous chapter. Numerical tests
are provided confirming the error bounds on the lowest PAW eigenvalue.

The last chapter is dedicated to the study of the VPAW method for periodic linear 3D
Hamiltonians. Singularities of the molecular wave functions are accurately characterized using
weighted Sobolev space. Using this characterization, as in the one-dimensional setting, it is possible
to show that the eigenfunctions of the VPAW eigenvalue problem have reduced cusps resulting
in an acceleration of convergence of plane-wave methods. The efficiency of the VPAW method is
confirmed by numerical tests on a simple model.
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CHAPTER 1

PSEUDOPOTENTIAL THEORY

For simplicity, the presentation is restricted to finite molecular systems, described by a non-
relativistic Schrédinger equation.

1.1 The N-body Schrodinger equation and its one-body ap-
proximations

All the equations will be presented using atomic units, where the following physical constants
are all set equal to 1: the electron mass m,, the elementary charge e, the reduced Planck constant
h and the Coulomb’s constant k., = 47360.

The molecular system considered contains

e N, nuclei of charge Zy,...,Zy, > 0 at positions Ry, ..., Ry, € R?;
e N electrons of charge —1 at positions ry, ..., ry.

Spins of electrons are neglected.

Since a proton is roughly 1836 times heavier than an electron, in a first approximation, we can
consider that electrons relax instantaneously to small variations of the positions of nuclei. Nuclei
can thus be treated classically and their position will be a parameter in the stationary Schrodinger
equation satisfied by the electronic wave function. This approximation is commonly called the
Born-Oppenheimer approximation.

N

The electronic wave function is described by a function ¥ belonging to @ L*(R?, C) where )
i=1

denotes the tensor product. By the Pauli exclusion principle, since electrons are fermions, the

electronic wave function ¥ is antisymmetric, i.e. for any permutations o € Sy,

\Il<ra(1)7 e 7ra(N)> = (_]-)G\I/(rl, R ,I‘N).

N
Therefore, ¥ in fact belongs to the space A L?*(R?,C) which is the antisymmetrized product space
i=1
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of L?(IR?). This space is endowed with the inner product

N
Ve, ¥ e \ L’(R?,C), (2¥) :/ ®(ry,...,ry)*U(ry,...,ry)dry ... dry,
R3N

i=1

where ®* denotes the complex conjugate of ®. The corresponding norm is denoted by || - ||. The
quantity |¥(ry,...,ry)|? is interpreted as the probability of finding the N electrons at positions
(r1,...,ry). Hence the norm of the electronic wave function is equal to 1:

|]? = /3N |U(ry,...,rn)|*dry ... dry = 1.
R

Since the electrons in a molecular system are indistinguishable, it is often more interesting to study
the electronic density p of a molecular system which represents the distribution of the N electrons:

p(r) =N [U(r,ry,...,ry)>dry.. . dry. (1.1.1)

R3(N-1)

1.1.1 The Schrodinger model

The time-independent ground-state problem corresponds to the energy minimization

EY(Ry,...,Ry,) = inf (VU|H{g,

) R |9, (1.1.2)
e A L2(R3,C),|| (=1
i=1

-----

where H (J;[’q Ry 18 the N-body Hamiltonian of the molecular system
»0+3 U Nag

. B i A i i e (1.1.3)
(R, Rn,,) |I‘ — R[’ ‘rz - rj|

=1

The terms appearing in H (]}711,...,RN ) have the following physical meaning

at

Z1
_Z |rz RI|

models the Coulomb interaction between the electron ¢ and the nuclei;
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models the Coulomb interaction between the electrons.

N
The operator H(Jifh,.--,RNat) acting on i/z\l L*(R3,C) is a self-adjoint operator with domain

N
N H*(R?,C).
i=1

The ground-state can be identified with the bottom of the spectrum of HV

Eé\](Rl, . ,RNat) = lnf U(H(Jifll,...,RNat)»

The theoretical properties of the spectrum of H (]}7{1 Ry, ) &€ well-understood. Before stating the
»ees U Nag
main theorems on the essential and discrete spectrum of H (]\I[h Ry, )> We define ¥V the bottom of
R,

the essential spectrum
SY(Ra- ., Ruy,,) = inf ouss(HiR, . ry_))-

Theorem 1.1 (HVZ Theorem [Zis60, vIW64, Hun66|). We have
Oess(HY) = [EV(Ry, ..., Ry,,), +00),

where

YY(Ry,...,Rn,) = B 'Ry, ..., Ry,).

By this theorem, the essential spectrum of H (J}fh Ry ) 18 an interval. To reach the energy

""" at

YN¥(R4,...,Ry,,), an electron escapes at infinity and is removed from the molecular system. The
conditions to have a well-defined ground-state are given by the following theorem.

Nat
Theorem 1.2 (Discrete spectrum of H(]\Pftl,---,RNat))‘ Let Z =Y Z; be the total charge of the system.

=1
1. (Existence of a ground-state [sz'560, 2565/) IfN < Z+1, H(]\Pfh,...,RN ) has an infinite number
of eigenvalues EYY of finite multiplicity such that E}Y — YN(R4,...,Ruy,,)-
—00

2. (Spectrum of negatively charged systems [Jaf76, VZ77, Sig82]) If N > Z + 1, H(J};%.‘.’RN )
has at most a finite number of eigenvalues below its essential spectrum.

3. (Non-existence when N is large [Rus82, Sig82, Sig84]) There is N, such that if N > N,
H&17.”7RN ) has no eigenvalues below its essential spectrum.

Theorem 1.2 states that for positively charged or neutral systems, the ground-state of the
molecular system is well-defined. For too negatively charged systems, the molecule cannot bind
all the electrons of the system. For the remainder of the section, we will consider only neutral or
positively charged systems for which there is a ground-state. The wave function associated to this
ground-state satisfies the Schrodinger equation

Hig, . )V = Eg V. (1.1.4)
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The properties of the electronic ground-state wave function are well-known. The first work on
the behavior of the electronic wave function close to a nucleus has been done by Kato in [Kat57].

.....

ov
‘v’rg,...,rN, E = —Zk\I/(Rk,I'Q,...,I'N), (115)

r=0

where

\Il(r,r2,...,rN):/ U(rt 4+ Ry, re,...,ry)dr.
5(0,1)

This is the so-called Kato cusp condition. When there is no ambiguity, for r € R? we denote by
(r,r), r >0, t € S(0,1) its spherical coordinates.

Generalizations of the Kato cusp conditions have been studied in [HOHOS94, FHOHOS05,
FHOHOS09]. More precisely, in [FHOHOSO05], it is shown that the eigenfunctions of H, (]}7{1 7777 Ry,,)
can be written as a product of an explicit function, depending on the positions and the charge of
the nuclei, and a smoother function.

-----

Yia=Ti—Rgs,i=1,...,N,a=1,...,M. Let

F = €F2+F3’ (1.1.6)
with N N
at 1
Fy(ry,...,ry) = — ZZZa]ym] +3 Z ri — 1],
a=1 i=1 1<i<g<N
and N
2 s at
F3(I'1, . ,I'N> = 6 Z Z Zayg:a}’j,a log (|Yi,a’2 + |Yj,a‘2) :
a=1 1<i<j<N
Then

v = Fo,
and the function ® is locally CVH(R3Y).

In computational chemistry, the factor F is usually called a Jastrow factor and is commonly
used in trial functions for quantum Monte-Carlo simulations [FMNRO1, LRT02].

1.1.2 One-body approximations

The N-body Schrédinger equation (1.1.4) is numerically solvable only for small molecular
systems. For example, for a system with /N electrons and 10 discretization points per direction, the
number of degrees of freedom is 103" which rapidly becomes unbearable even for supercomputers.

Different strategies have to be developed to reduce the cost of computing the ground-state.
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The Hartree-Fock model

To reduce the dimension of the minimization space, the minimization problem (1.1.2) can be
restricted to functions of the form

U(ry,...,ry) = Hwi(ri).

However, such functions do not satisfy the Pauli exclusion principle, hence we are lead to consider
an antisymmetric linear combination of such functions. This is the so-called Slater determinants

Yi(r) ... ()
\Ij(rh._"rN):L 101(‘1'2) wNFrQ)

VNI . :
7ﬁl(I'N) ¢N(I'N)

which are usually denoted by ¥ = ¢ .. > The functions 1); € L*(R3, R) are called orbitals and
can be chosen orthonormal. The factor W is a normalization factor. The energy minimization

N
problem can be written as
N
Eyp = q,leI‘l/f (P|lHY|W),

where HY is the electronic Hamiltonian (1.1.3) and Vi is the set of Slater determinants
Vir = {0 = [¢1 ... ¥n), ¥ € H'(R?), (Ws]y;) = 6;5} . (1.1.7)

Since Vir € AN, L*(R3, C), the Hartree-Fock minimum energy EYy is always higher than the
exact ground state E}Y.

For W = |, ...%¢y), the Hartree-Fock energy functional can be written as
EMF (@) = (| HN| W) = Vi) /V //W ) darar’
(0) = (U|HY|D) Z Vel | Vestg | ] ‘r_r,‘

__/W/Rd ’Zf )] drdr’, (1.1.8)

v — |

where py is the electronic density
N
2
=> P,
i=1
and V is the nuclear potential

Z ‘I‘—R[‘

For neutral or positively charged systems E™Y has a minimizer which satisfies the Euler-Lagrange
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equations [Lio87]

FV]; = ey, (il;) = 6, (1.1.9)
where the eigenvalues ¢; < 5 < -+ < ey are the lowest eigenvalues of the Fock operator F[V¥]
defined by

N N
1 i (x) 7 Yi(r')g(r')
VUlg=—=A dr’ — 2 2 dre (). (1.1.1
Pl = 200 +Veu + 3 [T -3 [ PR A, (110

The Fock operator F[¥] depends on the orbitals 1y,...,1¢y: the eigenvalue problem (1.1.9) is
nonlinear. However, in practice, it is easier to deal with a system of N nonlinear three dimensional
eigenvalue problems than a linear eigenvalue problem in R3V.

Although the Hartree-Fock model captures 90% to 99% of the total ground-state energy (1.1.2)
[Bac92|, the missing energy, called the correlation energy, may hide important physical phenomena.
Refinements of the Hartree-Fock theory have been developed to recover this missing correlation
energy, relying on a converged Hartree-Fock calculation. Some of these methods are based on
perturbation theory (Mgller-Plesset perturbation theory). Other use an increased variational space
Vir, incorporating Slater-determinants with Hartree-Fock excited states orbitals (Configuration
Interaction method) or using a different anzatz for the wave function (Coupled-Cluster method).
These methods are usually very expensive and only affordable for small molecular systems. The
interested reader may refer to [Dus17] for more information.

Density functional theory

The idea of the density functional theory is to express the minimization problem (1.1.2) using
the electronic density p defined in (1.1.1) rather the full-electronic wave function ¥. This theory
has been first developed by Hohenberg-Kohn |[HK64| and later on by Levy and Lieb [Lie83]. Let

HY be
R 1
HO:_§ZAZ'+ Z v — 1|
=1

. . rZ
1<i<j<N

and V' the nucleus-electron Coulomb potential

Zr
i=1 I=1 """
Hence, we have
N Nat Z
N N I
H(Rl 7777 Ry, ) HO _ZZ |I-Z_RI’
i=1 I=1

In [Lie83], it is shown that the minimization problem (1.1.2) is equivalent to

EgV(Rl,...,RNat)zpi&fN (FLL(p)+/RS V(r)p(r)dr). (1.1.12)
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where
N
Iy = {P |30 e A\ L*(R?), py = P} :
i=1

The universal Levy-Lieb functional F7, is defined by

i=1

N
Fuo(p) = in {(W\Hév W), W e A\ LR, W] = 1, p p} . (1.1.13)
In [Lie83|, the following characterization of Zy is proved

Ty={p=0 vpe @), [ pwpar=n},
R3
The density functional theory seems to be a very promising practical approach since it is easier to
N
approximate functions in Zy than in A L?(R3). However, the analytic expression of the Levy-Lieb

=1
functional Fp; is unknown. Only qualitative criteria satisfied by I} are available. Approximations

of the Levy-Lieb functional have been proposed, using exact formulas in very specific settings that
are “close” to the molecular system under consideration. For Kohn-Sham models, the reference
system is a system with N non-interacting electrons. The Kohn-Sham functional T g is obtained
by replacing HY in the definition of the Levy-Lieb functional (1.1.13) by the Hamiltonian

The Kohn-Sham functional Tk g has a simple expression when p belongs to the space
L N N
Ry = {p, 3V € L3/2 + [ such that inf {<x1/| -5 S A+ V(@)Y v e \ LR, V| = 1}
i=1 i=1

is reached for some U of density p}.

In that case, the expression of Txg becomes

1 2 3 Al 2
. 1
Tks(p) = inf {5 ;:1 /R3 \Voil*, ¢ € H (R?), /R3 Gid; = 0ij, ;:1 |0i]° = p} . (1.1.14)

Introducing the Coulomb energy which represents the electrostatic energy of density p given by

J(p) :%ASAS%dr’dr,
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and the exchange-correlation functional F,.

Exe(p) = Fri(p) — Tks(p) — J(p),

the Kohn-Sham minimization problem can be written as

M{ﬁWm,wzwm@weﬁmwm&éﬁmgz%} (11.15)

SKS /]V%]Q /Vp\p—i— //;0\1: dXdy—i—EXC(pq,)
R3 JR3 |X—

Assuming the dlfferentlablhy of the exchange-correlation functional F,., the (1;)1<;<y minimizing
(1.1.15) satisty the Kohn-Sham equations

with

{_%A%—Fvwﬁ'ﬂ*%wi'{'wc['gwi = &Y (1.1.16)

Jos Vithy = 6.

where €; < €5 < --- < ey are the lowest eigenvalues of the Kohn-Sham operator.

Although solving (1.1.16) is more convenient than solving the N-body eigenvalue problem
(1.1.4), minimizers of (1.1.12) do not necessarily belong to Ry (see [Lie83]) and the Kohn-Sham
problem (1.1.15) is different from (1.1.12). This difficulty can be circumvented if mixed states are
allowed and the Lieb functional is used (see [Lie83| for more details). An extended Kohn-Sham
model arises using the Janak kinetic functional instead of the Kohn-Sham functional Tikg (see
[CDK™03] Section 15).

The lack of knowledge of the Levy-Lieb functional Fp; is moved to the exchange-correlation
functional E,. which usually accounts for 10% of the total energy of the molecular system. Approx-
imations of Ey. have been proposed among which the local density approximation (LDA):

Bl = [ alp(r)) dr.
R3
or the generalized gradient approximation (GGA):

Bl = [ hlo(e), V)

Existence of minimizers of extended Kohn-Sham model for these exchange-correlation functionals
is proved in [AC09].

Some functionals mixing the Hartree-Fock exchange functional to the LDA exchange-correlation
functional seem to be very efficient in practice (the B3LYP functional [Bec93] for example).
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Numerical strategies to solve the Hartree-Fock or Kohn-Sham energy minimization

The Hartree-Fock or Kohn-Sham energy functionals are not convex, hence deterministic algo-
rithms to find global minimium of (1.1.8) or (1.1.12) may not converge. In practice, the codes
aim to solve the nonlinear eigenvalue problems (1.1.9) or (1.1.16) where the electronic density is
obtained by taking the eigenfunctions associated to the lowest eigenvalues of the Fock or Kohn-Sham
operator: this is the so-called Aufbau principle.

For the Hartree-Fock eigenvalue problem, usually one starts with an initial guess of the form
Uy = |¢§O), . ,@D,SO)) and compute the N lowest eigenvalue of the Fock operator F[Wy] . The
associated eigenfunctions form the new set of orbitals and this step is repeated until self-consistency
is reached, i.e. when ||V, 11 — ¥, || is below a given tolerance. This fixed-point iteration is known
as the Roothaan algorithm but sometimes fails even for basic molecular systems. A mathematical
analysis of the behavior of the Roothaan algorithm is provided in [CLB0OOb|. New strategies
have been proposed to solve (1.1.9), the level-shifting algorithm, which has also been analyzed in
[CLBOOb], the optimal damping algorithm [CLB00a] or the DIIS algorithm [Pul82].

1.2 General principle of pseudopotentials

The resolution of the Hartree-Fock or Kohn-Sham equations, although much simpler than
the N-body Schrodinger eigenvalue problem, can still be too expensive especially in solid-state
simulations. The difficulties are two-fold: first the Coulomb interaction with the nuclei gives rise to
cusps that considerably impede the Fourier convergence rate, second, because of the orthogonality
of the electronic wave functions, the valence electron wave functions have to oscillate near an atomic
site. This behavior is hard to grasp with small plane-wave bases.

It is possible to simplify a bit more the setting. It is a common observation that only valence
electrons are affected by the environment. Thus we can treat the core electrons as fixed in a first
approximation. This approach reduces the number of electrons to consider. This is highly beneficial
as the computational cost of standard methods in electronic structure calculations increases rapidly
with the number of electrons. This approximation is the so-called frozen-core approximation.

In pseudopotential methods, also referred as effective-core potentials, the Coulomb interaction
and the exchange-correlation potential generated by the core electrons are replaced by a smoother
potential that approximates the original operator. The idea was first proposed by Hellmann [Hel35]
as early as 1935 and since then a wide range of pseudopotentials have been designed: Troullier-
Martins [TM91| and Kleinman-Bylander [KB82] norm conserving pseudopotentials, Vanderbilt
[Van90] ultrasoft pseudopotentials and Goedecker [GTH96| pseudopotentials to name but a few.

Finally, pseudopotentials also enable one to include relativistic effects in the electronic Hamil-
tonian. Since the core electrons are localized close to the nucleus, their velocity compared to
the light speed may not be negligible. The valence electrons are further away from the nucleus,
thus a non-relativistic treatment is enough to compute their properties. However, since core
electrons interact with the valence ones, it can be important to include some relativistic effects
of the core electron wave functions in the Hamiltonian. This aspect will not be covered in this thesis.

A brief historical overview of the pseudopotentials is given below. For simplicity, the presentation
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of the pseudopotential method is restricted to finite molecular systems. A detailed exposition of
the pseudopotential theory for solid-state physics can be found in [Pic89].

1.2.1 Atomic Hamiltonian

Pseudopotentials begin with the design of regular eigenfunctions associated to the eigenfunctions
of an atomic Hamiltonian. The pseudopotential is then obtained by calculating the potential of
the atomic Schrodinger equation satisfied by the regular eigenfunction. In the quantum chemistry
litterature, this is called inverting the atomic Schridinger equation. Hence, it is important to state
the properties of eigenfunctions of an atomic Hamiltonian.

The atomic Hamiltonian H4¥ is an operator acting on L?(R?) with domain H?(R?*) modeling a
single atom in vacuum:

HAE = —%A—§+V(T), (1.2.1)
where V' is a multiplicative potential which at first, will be considered smooth and bounded. The
case where V' is a Kohn-Sham potential will be covered later.

Since the atomic Hamiltonian is rotationally invariant, H4¥ is block-diagonal in the decom-
position of L?(R3) associated with the eigenspaces of the operator L? (the square of the angular
momentum L=r x p =1 X (—iV)).

Rn[(

The eigenfunctions ¢, can be decomposed into a radial function —== ") and a real spherical

harmonics Y7, (see [RS78| Section XIII1.3.B for further details):

¢n€m(r) _ Rni(r>

Yiom (1) - (1.2.2)

The radial functions R, satisfies a radial Schrodinger equation on the half-line (0, +00):

1 +1) z
HAER,, = —§RZ£(7“) + <% s V(r)) Ro(1) = €neRye(r). (1.2.3)

The number of square integrable eigenfunctions of h2F is closely linked to the number of zeros of
the eigenfunction R,,. More precisely, denoting Ny(e,,) the number of zeros of R, different from
r = 0, we have the following property (|[RS78] Theorem XIIL.8): if €,, < 0, then h;'F has exactly
Ny(€ene) eigenvalues below €.

This property is central in the design of pseudopotential. In the pseudopotential theory, we are
interested in defining a pseudopotential only giving valence states of the atomic operator. Indeed the
pseudopotential already includes the effect of core states. Hence, the valence eigenvalue ¢,, should
become the lowest eigenvalue of the atomic Hamiltonian with the pseudopotential. Hamiltonians
with pseudopotentials are called pseudo or pseudized Hamiltonians.

Pseudopotentials are usually defined by inverting a radial Schrodinger equation satisfied by
a chosen regular eigenfunction R,,. If this radial pseudo wave function R, is nodeless, by the
previous characterization, €,, is indeed the ground-state of the radial pseudo Hamiltonian.
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n=

— a=2]]

— a=3 |

Radial wavefunction

Radial distance

Figure 1.2.1 — Radial eigenfunctions R, of the hydrogenoid atom (i.e. V =0 in (1.2.1)). The first
eigenfunction Ry, is nodeless, Ry has one node and R3q has two nodes.

When V = px | T Vielp] is a Kohn-Sham potential, the all-electron operator H4F is invariant
under rotations around the atom if the electronc density p is radial. In the reduced Hartree-Fock
model (i.e. Vi. = 0), if the system is neutral or positively charged, it has been proved in [Sol91]
that the electronic density p is radial. Thus, the eigenfunctions of the all-electrons operator HAF
satisfy a decomposition of the type (1.2.2).

For Kohn-Sham LDA models, there exists no result on the uniqueness of the atomic ground
state. To the best of our knowledge, no numerical evidence has been published so far that the
radial LDA ground state might not be unique.

In the remainder of this presentation, we will suppose that the LDA ground state is radial,
hence that the eigenfunctions of the all-electron Hamiltonian satisfy a decomposition (1.2.2).

In the following, eigenfunctions of atomic Kohn-Sham LDA Hamiltonian are denoted by ¢,
ne€N* L eN, |m| </l ey is the eigenvalue associated to the eigenfunction ¢ysm. Ry defined by
the decomposition (1.2.2) will be called the radial wave function. The electronic density generated by
the eigenfunctions associated to the lowest eigenvalues of the atomic Kohn-Sham LDA Hamiltonian

is? ,
U IR
 4mr? ZZ’RM "

/=0 n=1

where /. is the maximal angular momentum for which there is a wave function appearing in
the electronic density. For simplicity, we have supposed that all the shells 0 < ¢ < /..« are fully
occupied. This requirement can be lifted by introducing occupation numbers for each quantum
state (see [CM14]).

For each angular momentum 0 < ¢ < {y,.x and |m| < €, (Gnem)1<n<n,—1 is the family of core
wave functions for the angular momentum ¢, m and ¢,,,¢, is the valence wave function.

This yields a decomposition of the electronic density into:

1. the spherical harmonics satisfy for all £ € N and # € S(0,1), S |Yo(8)> = 2L,
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e p. the core electronic density

bmax ng—1
20+ 1
=Y T O I Run)P, (1.2.4)
=0 n=1
e p, the valence electronic density
22+ 1
pu(r) = Z W|Rne€(7’)|2- (1.2.5)

=0

1.2.2 Frozen-core approximation

In the frozen-core approximation, a partition of the electrons between core and valence states is
chosen. Although there is no rigorous definition of the partition between core and valence electrons,
in practice, it is not hard to make such a decision. Proof of the assertions in this subsection are
given in Appendix A.

In the following, the N electrons are split into n. core electrons and n, valence electrons:

1
\I/(I‘l,...7I‘N) = \/W Z (I) J(nc))q)v(ra(nc+1),...,I'U(N)),

Ne Ny
where @, € A\ L?*(R?) is a normalized wave function of the core electrons and @, € A L*(R?) is a
i=1 =1
normalized wave function of the valence electrons. The core and valence wave functions satisfy the

orthogonality condition:

VX, .. s X Yo oo Y, € R, / O.(r,x2,...,%,,)Py(r,y2,...,yn,)dr =0.
R3

The core electrons are generally close to atomic core states. We thus suppose that the core electron
wave function @, is given by a Slater determinant

CI)C(rh s 7rnc> = ‘¢1 . --¢nc>v

with normalized ¢; € L*(R3) for i = 1,...,n.. The functions (¢;)1<;<n, are orbitals of the atomic
core states. The orthogonality condition between the core and valence electrons becomes

Vry, ..., T, € R3 ¢i(r1)Py(r1,...,1py,)dr; =0, V1<i<n, (1.2.6)
R3

The form of the total wave function is then:

Pn, (T (1.2.7)

o(n (I)'U To(n, IR ) ’
\/moezs (To(1)) (ne)) Pu(To(net1) ()

U(ry,...,ry) =
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The core electronic density p,. is given by
- 2
= loi(r)
i=1

The frozen core energy functional is given by

EXC(T) = (UHY, ), (1.2.8)

where ¥ is normalized and given by (1.2.7). The orthogonality between the core and valence
electrons yields a new partition of the energy:

EYC(U) = Ecorp(P1, - bn,) + EE(01, ..., O, Py), (1.2.9)
where the core energy Ecorg is the Hartree-Fock energy of the core electrons

Nat

. n — 22 . d / / pC C d d
ECORE(gbla gb c / |v¢| /R3Z |I'—R ‘p r-+ &3 R ‘I'—I'/’ rdr

S emer|
——/}RS/R3 Py drdr’.

and the valence energy functional £¥¢ is

1

EXC ey, ..., b @U:—/ Vo,|? — / d,(r1,...,rp )2 dry .. .dr,

Pt = [ onr =3 [ i,
(I)v AP c (I) R 2

n Z / P, (T, ..., Tn,)|? dr, .. drnﬂrZ/ Pe(ro)| Py (T r,,)| drodr, .. dr,
1<i<j<na R3nv |I‘i—I'j| 3ny+3 |I'0—I'z|
_inzv/ gzﬁi(ro)CI)U(rl,...,rnv)gzﬁi(rj)@v(rl,...,rj_l,ro,rj+1,...,rnv) drodrl,,,drn

i=1 j=1 JR3T3 ro — 1]

In the frozen core approximation, the core wave functions (¢;)1<i<,. are fixed and the energy
is minimized over the set of the valence wave functions orthogonal to the core wave functions

(Pi)1<i<n.:
EYC = min E¥C(¢1, ..., ¢, By), (1.2.10)

Dy €Vie

where V. is

vac = {(I)U € /\LQ(R3)7 “(I)1)HL2(R3TL”) = 17 / ¢i(rl>q)v(r17 s >rnv)dr1 = 07 V1 S i S nc} .
i=1 R?

If the minimization problem (1.2.10) admits a minimizer, then the minimizing valence wave
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function @, satisfies the Euler-Lagrange equation
H,®, = E'°d,, (1.2.11)

where @, € V4. and the valence Hamiltonian H, is given by

Nag
- 1
H, —A; K.(j) | + . 1.2.12
N N REURt ) EID V= TS
SIS N
J.(j) is the Coulomb operator with the core electrons
Je(5)@,(r1,1a,... 1) Z/ 194 dr’ ®,(ry,ra, ..., Tp, ), (1.2.13)
: RS [T — I'/| ’

and K.(j) the exchange operator with the core electrons

G (1), T, T, Ty,
Ko(j)®y(ry, o, 10,) = )Ry (X0 Ty L T gt Tne) qurg 0 (12,14

= JR3 rj — /|

The validity of the frozen-core approximation is now well accepted in the theoretical chemistry
community (see [VBG80| where it is shown with a bit of hand waving that the frozen-core
approximation in a molecular system is correct up to second order in the difference between the
exact electron core density and the approximated core density).

1.2.3 Phillips-Kleinman pseudopotentials
Generalized Phillips-Kleinman pseudopotentials

In solving the frozen-core minimization problem (1.2.10), the valence wave function ®, has
to be explicitly orthogonalized to the core wave functions. This means that all the integrals of
Equation (1.2.6) have to computed. It is possible to circumvent this difficulty by removing the

Ny
constraint. Let P(i) be the orthogonal projection onto the core space: for f € & L*(R?)

PG) f(rr,. . xn) = Z@(ri)/ 65 (0 f(rr, . rn ) drs, i=1,. . (1.2.15)
i=1 k2
The minimization problem (1.2.10) can be recasted as

(@] {1 (1 — P(i)) a, [ (10~ P(i))|@)
E°= inf =1 — =1 : (1.2.16)
e A L2(R?) (D] 1:11 (Id — P(i))|®)

i=1

where H, is defined in (1.2.12).
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The wave function reaching EFC written in this form satisfies the Euler-Lagrange equation

Ny

ﬁld P(i HHId P(i Efcﬁ(ld—P(i))CI),
=1

i=1

or written differently: B
H® = EF°o,

with

Ny

H = []ad - P@i))H, H (Id — P(i)) + E¥C (ZP > P(i)P(j)—Ir...) . (1.2.17)

i=1 1<i<j<ny

Unfortunately, expanding Equation (1.2.17) introduces many-electrons operators, hence it seems
that no advantage is taken by this approach. Motivated by the desire to retain a Hamiltonian
operator where at least the two-electron operators remain in standard form, one is led to consider
an approximation of Equation (1.2.17) of the form:

Uz

N . . 1
Hprk = Z ((1d = P(i))R'(i)(1d — P(i)) + E,“P(3)) + Z Tt
i=1 1<i<j<n, '* J
R PK)
_Z(h( +U ) Z_r]| (1.2.18)
i=1 1<i<j<ny
where h/(7) is given by
Nat
A ) — K. (i
R (i) Z |R1 — 1] Je(t) ()
with J.(7) and K.(7) respectively defined in (1.2.13) and (1.2.14) and
UK = P(i)R' (i) P(i) — P(i)R' (i) — W (i)P(i) + EXCP(3). (1.2.19)

Potentials of this form are called generalized Phillips-Kleinman (PK) pseudopotentials [KBT76].

Suppose that there is a unique valence electron (n, = 1). In that case, Hpx = h/ + UF®X and I/
is a Fock operator of n, wave functions (¢;)1<j<n.. Let (¢;)1<j<n. be the eigenfunctions associated
to the lowest eigenvalues (E})1<;<n, of the Fock operator A’ with n, electrons

hld)j = Ej¢ja ] = 1, ey N

These eigenfunctions exist since in that case, the system is positively charged [Lio87]. It is easy to
see that the PK pseudopotential (1.2.19) can be simplified to (the index 7 is dropped since there is
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only one valence wave function):

Ne

VreR?, (U™ f)(r) =D (EY° — E;)¢;(r) ol (1.2.20)

J=1

This is the original form derived by Phillips and Kleinman in [PK59].
Let ¢, be a valence wave function minimizing the frozen core energy functional (1.2.10). Since
there is only one valence electron, ¢, satisfies

Hydy = B4y = Woy = B0, / bihy = 0.
]R3

Thus
Hprcow = Wy + U6, = B, + 3 (FFC - E))g,(x) / 6160 = EF0,.
]RZS

j=1

By choice of the core wave functions (¢;)1<i<n,, we have
Hpgdi = Wi+ U = Eigyi + nZ(EEC — Ej)¢;(r) /R3 b1 = E, by
j=1
Hence any linear combinations of the form
Xo = Cup + iaiv¢ia Cy,ain €R, (1.2.21)
i=1

are eigenfunctions of the PK Hamiltonian (1.2.18)

Hprxo = Nxo + U Xy = EyXo.

The lowest eigenvalue of the operator Hpg is the valence eigenvalue that we want to compute.
Although this property is interesting from a computational point of view, construction of the
PK pseudopotential (1.2.19) requires the knowledge of the valence eigenvalue E¥C. Hence, the
generation of the PK pseudopotential is a nonlinear procedure.

Generation of PK pseudopotentials

In practice, the PK pseudopotentials are generated for atomic Hamiltonians and replace the
interactions with the core electron wave function in molecular settings.
Consider the atomic Hamiltonian operator
Z

1 1
HAE = —§A—?—|—p*m—vxc[p]. (1.2.22)

Using the partition of core and valence states introduced in Section 1.2.1, for each angular momentum
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¢ € [0, {rax], a radial pseudo wave function x,,, is defined such that

ng—1

Xngt (1) = CoRype(r) + Z aneRne(r),  Co,ane € R.

The radial functions R,,, n = 1,...,n, are the radial wave functions of the eigenfunctions of (1.2.22)
given by the decomposition (1.2.2). The coefficients are chosen to satisfy the following properties

i) Xn,e is normalized thus |Cy| < 1%
ii) xn,e has no radial node (except at 0);
iii) Xn,¢ should have a minimal number of oscillations.
The pseudo valence density p, is given by

_ fox 90 41
ol(r) = S X (r) .

47rr?
=0

The radial PK pseudopotential U¥ for the angular momentum ¢ is obtained by

1AXn€ A ~ 1 -
UK —¢, )+ -2 4+ Z 5 % — — Vi Do 1.2.23
¢ e T TP [pv] ( )

The full PK pseudopotential is the operator

mdx

Z 7YYo () (Y, +). (1.2.24)

A pseudopotential of the form (1.2.24) is called semilocal because it is a multiplicative operator for
the radial coordinate but an integral operator of the spherical coordinates.

For ¢ € [0, {rax], the functions r — X"‘fTe(T)ng(f') are eigenfunctions for the eigenvalue €,,, of
the pseudo Hamiltonian

Z 1
HPK:——A——+UPK ”*|| Vel pu].

Remark 1.4. The pseudopotential UTX can also be written

Zmax 1

UPR = UK (r) + Z UES (1)) Yo (8) (Yo, +),

since T — X"“é( )ng(A) are still eigenfunctions of HYX for the eigenvalue €,,0. Pseudopotentials are
usually gwen in this form.

2. If |Cy| = 1 the radial pseudo wave function x,¢ is simply the radial valence wave function R,,, that we wish
to “regularize”. This case should be avoided in the pseudopotential construction
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The PK pseudopotential, however, does not have the good long-range behaviour as pointed out
in [CLP79)]. Indeed, suppose that Vi, = 0. For large r, the radial PK pseudopotential U™ should
reproduce the Coulomb tail of the frozen core density

T
Ug(?”) ~ ?, r > 1.

The radial wave functions R, are eigenfunctions of a radial Schrodinger operator

1 ((0+1) Z 1
Vr >0, b?Eanf = _§RZM(T) + <7 + _? +px m) ng(T) = ERMRRM(T)' (1225)
They decay exponentially fast as r goes to infinity. More precisely [BM77, HOHOS85|, we know
that for all £, > 0, there exists a positive constant C' such that for 1 < n < n, and r sufficiently
large

Cexp (—( —|€ne] —|—5)7"> < Ry(r) < Cexp (—(\/—|eng — 6)7‘) .

Thus, the core electrons wave functions decay much faster than the valence wave function, hence
for sufficiently large r, we have

Xngt (1) = CoRpo(r).
Hence, using (1.2.25),
1 AxXpye
2 Xt
Substituting this in Equation (1.2.23), we obtain

Z 1
~ s + (pc+pv)*_+€nzf‘

1 1 - 1
UEK%Pc*—+Pv*——PU*m‘

At first order in %, we can establish that

« ) 1+1Emf/ R ()|2(7’ 1)01 +o<1)
v kX T \T") = — - n\Y - - Yy - |
P || r TZ:O y>r f Yy 72
and ,
1 1 1R r 1
Pp* (1) = -+ — CZ/ R, y2(——1)dy+(’)(—>.
DRy ML ¢ .

By the normalization condition i) on x,,¢, we necessarily have |Cy| < 1, hence U/¥ introduces a
spurious negative contribution. This problem can be solved if x,,,¢(r) = Ry,e(r) for r > r. is imposed
for some cut-off radius r.. This paved the way to the theory of norm-conserving pseudopotentials.

1.2.4 Norm-conserving pseudopotentials

The norm-conserving pseudopotentials (NC pseudopotentials) have been introduced by Topp
and Hopfield [TH73] in the context of empirical pseudopotentials. They have become a central
feature in the generation of pseudopotential since the seminal paper by Hamann, Schliiter and
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Chiang [HSCT79] and later with the BHS pseudopotentials [BHS82].

Generation of the NC pseudopotentials

The generation of NC pseudopotentials is similar to the generation of the PK pseudopotentials.
As in the PK pseudopotential generation, core electrons are frozen and for each angular momentum
¢ with a valence electron, we build a pseudopotential V; by inverting a radial Schrodinger equation.

For each ¢ € [0, {1ax], a radial NC pseudo wave function R,,, corresponding to the valence state
of energy €,,¢ is defined. éwg satisfies the following essential conditions:

1. the radial pseudo wave function satisfies a radial Schrodinger equation with the same eigenvalue
€n,e as the radial wave function R,

fe+1)

1~
Vre (07+OO)7 —-R;, (T)+ 272

Royo () + Vi(r) Rpyo(r) = €nyeRno(r). (1.2.26)

The eigenvalue €,,, is usually called the atomic reference level or atomic reference energy.

2. norm-conservation:

+oo
/ | Rppe(r) [ dr = 1, (1.2.27)
0

3. for a previously chosen cut-off radius 7.,

Ry = Ry, on (rq+00) for some 0 < 7.y <1, (1.2.28)

4. the radial pseudo wave function has to be nodeless

Ry, >0, on (0,+00). (1.2.29)

By the Sturm oscillation theorem, if ﬁneg is nodeless and V; is a regular enough multiplicative
potential, }T?wg is an eigenfunction associated to the lowest eigenvalue of (1.2.26).

Existence of such pseudopotentials and topological properties of the set of NC pseudopotentials
can be found in [CM15]. In particular, existence of optimal pseudopotentials i.e. with minimal
oscillations is precisely stated.

There are many different ways to generate NC pseudopotentials satisfying (1.2.26) to (1.2.29)
[HSCT79, Ker80, BHS82, TM91]| usually by specifying the shape of the radial NC pseudo wave
function R,,. The screened potential V; is deduced by inverting the radial Schrodinger equation
(1.2.26)

LRy (r)  4(0+1)
Vre (0,7.), Vi(r) =éene+ 2 7 () 5
The local 7onic pseudopotential is obtained by subtracting the Hartree and exchange-correlation
potentials calculated from the valence pseudo wave functions. This step is called the unscreening
of the pseudopotential:

- 1
%on,é(r) - ‘/Z(T) — Pk T —

o Vel (1.2.30)
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with p, the pseudo valence electronic density

emax

=3 2t LR P

42
=0

The ionic pseudopotential is the semilocal operator V.X¢ given by

on

Kmax
V;})\Inc = ion,fmax Z Z lem 1on Z( ) - ‘/ion,fmax (T))<}/€ma ’>' (1231)
(=0 m=—/{

By definition of the radial pseudo wave functions (Ewg)oggmax and of the NC pseudopotential

V.NC it is easy to check that r — Mng(f') is an eigenfunction of the operator

——A+VNC + Py *

on

1 ~
m + ‘/xc[pv]a

for the eigenvalue €.

If the exchange-correlation energy Fy. is not a linear functional with respect to the density p
(which is usually the case for Kohn-Sham LDA models), the ionization step (1.2.30) involves an
approximation. Indeed the radial wave function R,,, satisfies the following radial equation

%mmﬂﬁﬁﬁid)O@AH@* +mmﬂmm:wiwx

212

1
-
hence the total energy of the system is given by

E(I)VC [p] = Tpc + po] + Enlpe + po] + Exclpe] + Exe[po]-

This approximation can be significant if the difference between Ey.[p.] + Exc[py] and Eyc[pe + py] is
important. This happens for example when the core density p. and the pseudo valence density p,
overlap significantly. A proposed solution by Louie et al. [LFC82] (see also [FS99]) is to introduce
a partial core density pf°™ in the unscreening step (1.2.30):

5 1 ~core
Wm@z%@—mﬁj—%M+%L (1.2.32)

where

core pe(r) for r > rrle
U—{

Po in(b :
aw for r < ol

The coefficients a and b are determined so that p§® is C'' at ™. This procedure is called the
nonlinear core correction and has to be used for atoms with few Valence electrons (the alkali atoms).
The core cut-off radius 7" is usually chosen such that the core density p. drops below the pseudo
valence density p,.
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Troullier-Martins pseudopotentials

The Troulliers-Martins pseudopotentials [TM91| have become the most popular NC pseudopo-
tential and are widely used in solid-state simulation codes. The exposition follows the usual
notations introduced in [TM91]. For simplicity, the index ¢ on n, is dropped.

The Troullier-Martins radial pseudo wave functions are given by

~ Ry(r) if r>r.
Ry(r) = 1.2.33
f(r) {Cngr“lep(’”) if r <r, ( )
where p is an even polynomial of degree 12:
6
p(r) = Z copr?t. (1.2.34)
k=0

Inverting the radial Schrédinger equation (1.2.26), the pseudopotential V,"™ is defined by:

/ / 2 /!
VM — e, (¢ + 17")29 (r) Iy (r) —2{—p (T) (1.2.35)

The seven conditions to determine the coefficients (co)o<k<e are:

1. Norm conservation

/ |§ng(r)|2dr:/ | Rpo(r))? dr- (1.2.36)
0 0

2. continuity conditions B
Ry (r) = RY)(r), for0<k<d. (1.2.37)

3. Smoothness of the pseudopotential By construction, we already have (V,;}})'(0) = 0.
We can enforce (V.IM)”(0) = 0 with

ser,l

(20 +5)cy +c5 = 0. (1.2.38)

It is easy to see that the five equations imposed by the continuity conditions of the radial pseudo
wave function are linear, then plugging (1.2.38) into (1.2.36) yield a non-linear equation of one
variable which can be solved using a Newton method.

Kleynman-Bylander form of the pseudopotentials

So far the presentation of pseudopotentials has been restricted to finite molecular systems. They
are however primarily used for solid-state calculations where plane-waves methods are the method
of choice.

When solving numerically the eigenvalue problem of the pseudized Hamiltonian, it is not advised
to store the whole Hamiltonian matrix. Instead, the eigenvalues are computed using iterative
methods, for which, it is crucial to reduce the matrix-vector computational complexity.

In a basis of Np,, plane-waves, evaluating V4 in the reciprocal space where V' is a multiplicative

potential costs O(Npy log Ny ) operations (apply an inverse FFT to 1 to have its real space
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representation, multiply pointwise by V' and apply a FFT to the whole result).

The semilocal part associated to the angular momentum ¢ in (1.2.31)
5‘/81,2 = Z Y’Zm(f‘>(‘/10n,é<r> - Vgon,émax (T))<}/Zm7 '>

is however more expensive to compute. Let ({/JVG) be the Fourier coefficients of @Z Using the
scattering expansion

00 y4
Z i §o(Gr)Yym(G)Yym(E),
Vi —

where j, is the spherical Bessel function, the real space representation of 6‘/51,515 is given by

V4
(5%1,6{5)(1') = 4ri* Z Yfm@) (Vion,é(r) — Vion,tmax (T>> Z 7ZGJZ(GT)YKm(é’>
G

m=—/{

Evaluating this expression in real space costs O(Ny) operations, hence obtaining the reciprocal
space representation of V1) with a FFT costs O(NZ, log(Npw)) operations.

In |[KB82|, Kleinman and Bylander introduced a new way to write the semilocal part Vg ¢ to
reduce to O(Npy) the cost of applying the semilocal part of the pseudopotential in reciprocal space.
Let

5‘/@(7a) = %on,@(r) - V;on,fmax (T)

They defined the truly non-local potential 0Viu, by (here again, the index ¢ on ny is dropped)

Roe(r)

7n/

Venre = (m Zaw nm(f)<nm(£/) 5w(r’),.>, (1.2.39)

where re
(6Vi) = / | Ruel(r) P5Vi(r) dr
0

It is easy to check that the truly non-local potential satisfies

r

5 ¢ D D ' D '
Vi (R"ﬁ”nm(f)) -y m(r)R"f(”nm,(f)<nm,<ff>%§’">m(r’>,R%@Yem(f/»

The condition (1.2.26) is therefore satisfied but with a nonlocal radial potential

M D) (5) Vi () ) + Vi 222

1~ ~
Vr S (07 TC)? _ERZ,Z(T) + Yvém( ) EnéRn,é(T)-
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The truly nonlocal form (1.2.39) is convenient for calculations in the reciprocal space. Indeed,
denoting by (T) the Fourier coefficients of r — §V,(r) 2z ( Bue)y, (#) and (1pg) the Fourier coefficients
of the test function ¢ the Fourier coefficient of 6V, g¢ is simply

Ta

(0Vinie 1;)(} QZGM

First, the sum Z TG/JG/ is computed and this costs O(N,) operations. Then for each G, the

result of this sum is multiplied by TG> The computation hence scales as N, for a basis of

Ny plane-waves. Because of this special form, pseudopotentials given by (1.2.39) are called fully
separable.

On the NC pseudopotential approximation

The great question with the pseudopotential approximation is the validity of the pseudopoten-
tials generated above in a different molecular environment. To put it in other words, is it sufficient
to reproduce the exact spectrum of atomic Hamiltonian to get accurate results in other calculations?
This question is commonly referred to as the transferability of pseudopotentials. In practice, the
answer to this question is positive in most of the situations encountered, however there are few
theoretical justifications of the pseudopotential approach.

Formally the NC pseudopotential approach has been justified because the norm-conservation
of the pseudo wave function preserves the scattering properties [SJH67, TH73|. Let R(-,€) be the
solution of

0(0+1)

1
Vre (0,r.), —§R(r, e)" + 52 R(r,e) + V(r)R(r,e) = eR(r,€), (1.2.40)
r

where R(-,€) is square integrable, normalized to 1 and satisfies R(0,e¢) = 0. Assuming the

differentiability with respect to e, we have

20 0 e 2
— |R(re, €)|*=——=log R(r¢,€) = 2 |R(r,€)|* dr. (1.2.41)
Oe Or 0

The radial pseudo wave function Eng and the radial atomic wave function R, satisny an equation
of the type (1.2.40). Notice that (1.2.41) does not depend on the potential V. Since R, is chosen
such that Ru(r.) = Rue(re), R.,(re) = R.,(r.) and Jo o | Ruel? = )¢ |R,¢|?, at first order in e, the
radial wave function R,, and the radial pseudo wave function ﬁnz behave the same way.

Suppose that the pseudopotential computed from the pseudo wave function is used for the
calculation of a molecular energy E close to €. It seems reasonable to expect that the computation
with the pseudopotential would yield results close to an all-electron computation for this targeted
eigenvalue F.

Another criterion has later been found explaining the good results given by the most popular
NC pseudopotentials (see [Tet93, FVZT95]).

In practice, the transferability of the pseupotential is checked by computing the excited states of
the atomic configuration with a pseudopotential and comparing them with an all-electron calculation



24 CHAPTER 1. Pseudopotential theory

[F'S99]. If the results match up to some previously fixed tolerance, the generated pseudopotential
can be considered satisfactory.

A first limitation of the NC pseudopotential has been identified for fully separable pseudopo-
tential. When performing these tests for atomic configurations, by the Sturm oscillation theorem,
the lowest eigenvalue of the radial pseudized Hamiltonian should be nodeless and therefore match
the all-electron eigenvalue €,,. In [GKS90|, the authors identified systems for which a non-physical
eigenvalue appears in the spectrum of the pseudized Hamiltonian below the reference value €.
These are called ghost states. The violation of the Sturm oscillation theorem can be explained
by the fact that the radial pseudized Hamiltonian is an integro-differential equation. The Sturm
oscillation theorem does not hold for such equations. Later a more thoroughful analysis of separable
potentials have been produced in [GSS91] (see also [Khe95]), giving guidelines on the design of
separable pseudopotentials preventing the apparition of ghost states.

They introduced EfZ, the Kleinman-Bylander energy

Te | T

EKKB _ 0 ﬁng(r>5‘/sl,g(7’)|2d’f’.
f” Ryo(1) 20V o(r) dr

0

Using the definition of the truly non-local form (1.2.39), it is easy to check that we have
OVinl e (5%1,6511&71) = EFPSV (1) dnom (1),

where gngm(r) = R%(T)ng(f‘). Let ¢XP and REP be respectively the normalized eigenvector and
its radial part

KB(.\ _ 5Vs1,€(7”)¢~5n€m(r) KB\ _ RfBO")Y .
¢ (I‘) H(,).Vsug’gnemu > ¢ (I‘) , Zm(r)a

then the truly non-local potential can be written

<5‘/tnl,é(ra ) ) '> = EZKBbeB(r) <¢5(B ) '> .

The parametric atomic radial pseudized operator is given by

1d*  (0+1)
A AT

1 Te
o Vielf] + ARKP / REB(Y. dy.

+ Wmax (T) + b:} * | |
’ 0

Hence AR;P [[© R{P(r')- dr’ is a rank-one perturbation of hy(0). A rigorous analysis of finite rank
pertubation can be found in [Ste69).

Let €1(A) < €e(N) < ... be the eigenvalues of hy(\). For simplicity, we denote by
€1 < € < ... the eigenvalues of h,(0). If A > 0, the eigenvalues (ex(A\))xr of he(\) satisfy for
kE>1, e < ex(N) < €1 [Ste69] (see Figure 1.2.2). If A < 0, the inequalities are reversed: for
k>1, () < e <erp1(N). For A = EFB we know that by construction of the pseudopotential,
the atomic reference energy €, is an eigenvalue of h,(EXP). Hence it is the lowest eigenvalue of
be(EfP):

o if FfP <0 and €, < €5
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e orif EEKB > 0 and ¢,y < €.

2.0
— y=Ae)
— y=1
1.5 - Y=3
1.0 1 :
o\a) : £2(A)
0.5 > :
0.0 :
-0.5 \
-1.0 : - ! : .
-15 -10 -5 0 5

£

Figure 1.2.2 — The eigenvalues of the perturbed operator hy(\) satisfy the equation 1 +
MR.REB, REP)Y = 0 where ¢ ¢ o(h,(0)) and R, is the resolvent of the operator h,(0) [Ste69].

In finite dimension, denoting (¢, €;) the eigenpairs of a symmetric matrix A and vo? the one-
T _

L Intersections of
e—€g A

dimensional perturbation, with v*¢; # 0, the equation becomes Y ),
both curves give the eigenvalues e, (\) of A+ Avv?.

1.3 Vanderbilt ultrasoft pseudopotentials

The norm-conservation constraint (1.2.27) can be relaxed as shown by Vanderbilt [Van90],
however in doing so a generalized eigenvalue problem is introduced. The presentation of the
Vanderbilt pseudopotentials mostly follows [LPCT93| with a slight change of notation.

1.3.1 Pseudopotential generation

Like the previous pseudopotentials, the Vanderbilt pseudopotentials are generated from atomic
Hamiltonians. For each angular momentum ¢ € [0, {,.«], let €,, be a valence eigenvalue of the
atomic Kohn-Sham Hamiltonian. Contrary to NC pseudopotentials, several radial pseudo wave
functions can be defined for the same angular momentum.

Let

K ={(n,t,m) | € € [0, lmax], |m| < €,n is a valence state for the angular momentum ¢} .

For k, k' € K, we denote by k = (n,¢,m) and k' = (n/, ¢, m’) the associated quantum numbers.
For k € K, let ¢y,(r) = R%(T)ng(f') be the pseudo wave function such that

1. V7 >re, Ru(r) = Rue(r) where R, is a radial eigenfunction of (1.2.3) associated to €,y;

2. EM matches R,, and at least its first derivative at r..
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Notice that contrary to the norm-conserving pseudopotential, no norm conservation constraint is
imposed on the pseudo wave function ¢. In practice, this allows one to choose smooth and slowly
varying pseudo wave functions ¢, which is why the Vanderbilt pseudopotentials are also called
ultrasoft.

Let Vioc be a smooth potential such that Vj,. = —% + px ﬁ + Vielp] for r > r.. We define the
functions x, by

1 ~
Xk = (ené + §A - Vioc) ¢k

Since Vi = —% + px ﬁ + Vielp] and ak(r) = ¢y (r) for r > r., the functions y; are supported in
B(0,7.). Let B the matrix of coefficients Byr = (dr|xs), for k, k' € K. We now form the quantities
V/jjon D,(i),, Qrr and [y needed to specify the pseudopotential. Qi and [, are functions given by

loc

Vr e B(O, TC), Qkk/(r) = ¢k(r)¢k’(r) - ak(r);gk’(r))

and assuming that B is invertible

Vre B(0,r.), Be(r) = Y (B wwxw(x).

k'eK

The functions (B )x are duals to the (¢r)r: (Bel¢w) = orw- Let g = (drldn) Bo,re) — <¢~5k|5k/>3(o,rc)-
With all these definitions, we can check that the pseudo wave functions ¢y, k € K satisfy

(<38t 3 Duet ) &= (104 3 st ) B

kK CK kK €K

where we have for k, k' € K
Dy = By + €0 Qi -

The function V;°" and the scalar D,Ef,l), are obtained by an unscreening procedure

i ﬁ(r/) /
oe = Viee — dr’ — Vielpl, 1.3.1
2 = Vi [P Vel (13.1)
D = Die = [ Vhelt) Qo) (1.3.2)
R3

where

pr) = [on@P+ D Quwr(r){w|Be) (Buldw).

keK ki k€K

The formula for D,Ef,?, is different from [LPC*93|, however it is easy to check in the atomic case that
(1.3.2) is correct. The mistake is also confirmed in [KJ99] (Equation (34)).
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1.3.2 Ultrasoft pseudopotential for a molecular system

For n, valence electrons, the total energy of the molecular system is given by

Nat

V1<i<n,, o€ L2(R3), V1<i,j <ny, (03] SUS|0;) = 52,-}, (1.3.3)

where the superscript I denotes the translation by Ry (Vi (r) = Vi (r—R;),8}(r) = B(r—Ry)).
p is the pseudo density given by

Ny Nag

sz WY NN Qb )Wl B (B In). (1.3.4)

1=1 I=1 kk'eK

Vi is the nonlocal potential

Nat
0
Vne =Y > DipBLBLL),
I=1 kK€K
and SYS the overlap operator
Nat
T=1d+ ) > awBilBl). (1.3.5)
I=1 kK€K

The Euler-Lagrange equations associated to the minimization problem (1.3.3) are given by

HY4; = \S%d, A< < A, (1.3.6)
where
Nat
H :__A—I—‘/eff—f_z Z Dkklﬁk‘ 6k’| >
I=1 kK cK

The potential V g is the effective potential

Nat

V;HZZVE;:;HI / p( ) d +‘/Xc[~]
I=1 R

s o —r/|

and for k, k' € K,
Dl =D+ [ Vir(r) Qb o) o
R
Vanderbilt pseudopotentials perform very well in practice yielding accurate results for small
plane-wave energy cut-offs compared to norm-conserving pseudopotentials [FKBKO00]. This good
performance can be explained by the freedom in the choice of the cut-off radius r.. For norm-
conserving pseudopotentials, the cut-off radius is determined to guarantee the transferability of the
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pseudopotential. In doing so, a low cut-off radius may have to be fixed. The corresponding pseudo
wave function can be more peaked yielding a “harder” potential. For ultrasoft pseudopotentials,
the cut-off radius can generally be set to half of the minimal interatomic distance, which is the
largest cut-off radius available (otherwise, the balls where the pseudopotentials act would be
overlapping). The corresponding pseudo wave functions are smooth and slowly varying, giving very
soft pseudopotentials.

1.4 The PAW method

The PAW method [Blo94] introduced by Bléchl has become a popular method to compute
accurately the electronic properties of crystals. It relies on an invertible transformation of the
eigenvalue problem enabling one to incorporate pseudopotentials in a consistent way. In practice,
infinite sums appearing in the PAW equations have to be truncated, introducing an error. However,
contrary to NC pseudopotential theory, we have a systematic way to reduce this error by keeping

more terms of the PAW equations. The exposition follows the original presentation by Blochl in
[Blo94].

1.4.1 General setting

The PAW method consists in replacing the original molecular eigenvalue problem Hi = E
where H = —%A + V is a Kohn-Sham Hamiltonian, by the generalized eigenvalue problem

(Id + THH(Id + T)¢ = E(Ad + T*)(Id + T), (1.4.1)

where Id + T' is an invertible operator. It is clear that (1.4.1) is equivalent to Hi = E1) where

Y= (Id+ T)@Z The transformation 7" is the sum of operators T acting locally around each nucleus.
For each operator Ty, a cut-off radius 7. needs to be fixed such that the balls B(Ry,r!) do not

overlap.

Tf=0

Figure 1.4.1 — Unit cell with PAW balls in blue
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They are given by:
= (& — o) (Bt (1.4.2)
k=1

where the functions ¢f, ¢! and p. are functions in L2(R?). The PAW functions (¢L)xer+, (5)ren-
and (PL)ren+ must satisfy the following essential properties:

1. supp (¢ — o) C B(Ry,rl);

2. ¢! restricted to B(Ry,7!) is smooth and (¢!)ren- form a Riesz basis of H(B(Ry,!)):;

3. pi are supported in B(Ry,r!) and Vi,j € N*, <]’5{,$JI> = 0;; (that is (P])jen- is dual to
(ajl)jeN*), hence for every f € H'(B(Ry,rl)), we have

F=> (.1 e (1.4.3)
k=1

This way, the operators T} satisfy

e for all f € L?(R?), supp(T;f) C B(Ry,7l),

o if supp(f) N B(Rr,r!) =0, then T7f = 0.

The relation (1.4.3) enables one to write the expression of (Id + T*)H(Id + T) and
(Id 4+ T*)(Id + T') (see Appendix B) as

Nat 00

(Id+THId+T) = H + Z Z ( Hg!) - <N{ , H¢§§>) G-, (1.4.4)
and Ne o
(d+T)(1d+T) =1d+ 37 S 3 (¢of 0ty = (a1, 95)) (@) (1.4.5)

For the sake of clarity, we suppose that the cut-off radii 7/ do not depend on the atomic site I
and denote r. the common cut-off radius.

Introduction of a pseudopotential

A further modification is possible. As the pseudo wave functions gi are equal to ¢! outside
B(0,7.), the integrals appearing in (1.4.4) can be truncated to the ball B(Ry,r.). Doing so, another
expression of (Id + T*)H(Id + T') can be obtained :

Nat o0

W+ THHW+T) =H+ Y Y 7 (<¢{,H¢§>”C —~ <5{,H§5§>h ) (pt,-),

I=11i,j=1

where

(o Hg), = [ VIV Vi

B(Ry.re) 2
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Using this expression of the operator (Id + 7*)H(Id + T'), it is possible to introduce a regular
M
pseudopotential VPP such that for each I, VF¥(r) = V(r) forr ¢ | B(Ry,7e).
=1
The expression of (Id + 7*)H (Id + T') becomes

Nat o0

(Id+TYHId+T) = Hy+ > > Pt (<¢2 HE), <${ : Hps$§> ) (ph,"),  (14.6)

I=114,5=1

with ]
H,, = —§A + VPP,

1.4.2 The PAW method in practice

The infinite sums appearing in (1.4.5) and (1.4.6) have to be truncated to some level N; which
can depend on the atomic site:

B e S5 (ol e, - (), )6, 04

I=11,5=1

and
Nat NI

R D WA (LR AN IC R (143

I=11,5=1

The PAW eigenvalue problem becomes
HPAWJ _ EPAWSPAWJ' (1.4.9)

Since the Coulomb potentials have been replaced by regular pseudopotentials, the eigenfunctions
of (1.4.9) are more regular than the eigenfunctions of the original eigenvalue problem. However,
because the sums in (1.4.6) and (1.4.5) have been truncated, the sought eigenvalue is unlikely to
be equal the original one. In practice, the PAW method has become one of the most efficient tools
to compute energies of crystals and has been implemented in several popular electronic structure
codes (AblInit [TJB*08|, VASP [KF96, KJ99|).

1.4.3 Treatment of the nonlinearities

For linear Hamiltonians, application of the PAW method is quite straightforward:

1. PAW functions (¢])rs1, (¢5)k>1 and (PL)x>1 are constructed at each atomic site,

2. a smooth pseudopotential VT replaces the Coulomb interaction to get smooth eigenfunctions,
3. the generalized eigenvalue problem (1.4.9) is solved using a plane-wave basis.

For Kohn-Sham Hamiltonians, the PAW transformation is less clear since the Hartree and
exchange-correlation potentials depend on the eigenfunctions of the Kohn-Sham equations. Hence,



1.4. The PAW method 31

the original electronic density p should be expressed in terms of the eigenfunctions of the PAW
eigenvalue problem. Formally, since (Id + T') is invertible and (¢%)z>1 and (p!)>; form a dual and
complete basis of L?(B(Ry,7.)), the electronic density p is given by:

o=y (\mz SO0 DG (k) - 3] <r>)> S (40

n=1 I=14,j=1

where {/;n = (Id + T') 14, and 1), are the eigenfunctions associated to the lowest eigenvalue of the
Hamiltonian H.

The expression of the electronic density can then be reinserted in the Hartree and exchange
correlation potentials but the ensuing formulas are much more complicated.

Another way to treat the nonlinearity is to use the expression of the electronic density (1.4.10)
directly in the energy functional and write the Euler-Lagrange equations associated to the new
functional. The expression of the energy is however not very convenient when (1.4.10) is directly
applied. Let

n=114,j=1
and .
=33 B ) ()L (1)L ().
n=11i,j=1

The total electrostatic energy Fg[p] is given by

Nat

1 p(r)p(r’) . -,
d — ————=drd
/RSZ|I‘—R[‘ ) r+2//RsXR3 |I‘—I‘" rar

Nat Nat
/RSZ’I'—R[‘< +Zp1’ PI’ )dr

I'=1

)+ 200 =t ) (70 + Zion0') = 1) drd

At

Because of the double sum on the atomic sites, the first term on the RHS of (1.4.11) scales as
N,% thus badly with the size of the system. The second term is also problematic. By expanding
this term, we have integrals involving the product of p, which is represented with a plane-wave
functions, and p; — p; which are represented on radial grids. Evaluating accurately and efficiently
such terms is therefore not easy.

(1.4.11)

To solve this issue, which is already present in the initial derivation of the PAW equations,
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Blschl introduced compensation charges Z; supported in B(R;, r.) satisfying
V|m| S 67 / (p](r) - ﬁ](r) - Z[(I‘))|I‘ - R[|Zng(I' - R[) dr = —Z](S[)g. (1412)
B(Ry,re)

The exact definition of the compensation charge may differ in the different presentations of the
PAW method, see [KJ99, Ros09].

The expression of the electrostatic energy can be rewritten:

// ) drdr’ + = // - dd’
R3xR3 77 R3 xR3 1"—1'|

S Zr PI )
T / // drdr’
Iz;( R3 |r—RI| R3 xR3 I'—I‘
_// Z(r)pi (x') drdr’ - // prlx P PIDIE) 4 g ) (1.4.13)
R3xR3 R3 <R3 ‘I' I‘l

The electrostatic energy in the PAW method is the sum of a new electrostatic functional with
smoothed Coulomb potential and atom-centered corrections.

Note that this expression is valid only if the compensation charge property (1.4.12) holds for
any angular momentum ¢, m. In practice, the compensation charge is defined as a finite linear
combination of smooth functions which satisfies (1.4.12) up to an angular momentum ¢y,,,. This
introduces a further approximation in the PAW treatment.

For the exchange-correlation energy, there are different ways to get an expression similar to
(1.4.13), in the sense that the exchange-correlation energy is corrected by atom-centered terms:

Nat

Eulol = Bulfl + > (Bxclpt] — Exlpr).

The interested reader may refer to [HMD97, KJ99, THMO1]| for more details.

1.4.4 Generation of the PAW functions

In practice, there are two main ways to generate the pseudo wave functions ak and the projectors
Pr. introduced by Blochl [Blo94] and Vanderbilt [LPC*93].

To generate the PAW functions, a range of angular momentum ¢ € [0, £;,,.«] is selected and for
each angular momentum ¢, n, PAW functions are defined. The total number of PAW functions is
Zrnax
then equal to Ny = > (20 + 1)ny. Generally, £« is limited to the p or d orbitals (i.e. £y < 1 or
=0
2) and one or two PAW functions for each orbital are sufficient.

Usually PAW functions are first defined in the ball B(0,r.) and translated to R;.
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Vanderbilt scheme

Atomic wave function The functions ¢ are simply the atomic wave functions defined earlier
i.e. solutions to the atomic eigenvalue problem

Hol=aol, d<d<d<... [ dlel—s
R3
with ) 7
Hi=--A-Z 4w
The eigenfunctions ¢, can be decomposed into a spherical part Yy, and a radial part R,
Rp(r .
oetr) = 2y, ),

where k stands for the multiple indices (n, ¢, m).

Pseudo wave function The pseudo wave functions ggk are given by:

Roo(r)

Vr € R3, ¢(r) = Yo (F).

Various choices of Eﬂ are possible, for example, in [LPCT93], Ry is a polynomial inside the
augmentation region B(0,r.) :

P
~ rH S e for 0 <r <r,,
Ry(r) = k=0

Re(r) for r > r.,

or in [KJ99], a sum of spherical Bessel functions j, :

p
~ r OZW(QM) ) for 0 S r S Te,
RnZ(T) = k=1

R(r) for r > r,,

and the coefficients are chosen to match as many derivatives of R,, as possible at r..

Projector function First, define :

Xne(T) = %Ege(r) + (En — aé;” — IQPP(T)) énz(r%
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where VP (r) is usually the Troullier-Martins pseudopotential [TM91] although other choices are
possible. By construction, supp(xn¢) C [0,7.]. Let B be the matrix

By :/ Eng(r)xn/g(r) dr.
0

The radial parts of the projector functions are given by

pnﬂ Z Xn’é n’n .

n'=1

This ensures that [ Pre(r) R () dr = 6,004, The projector functions are defined by

Batr) = 2y (1)

Blochl scheme

The PAW functions are generated in two steps. For each angular momentum ¢, we define
auxiliary functions R?, and p?,:

Auxiliary functions Let x(r) be the cut-off function

sin(7r/re)
X(r) =4 @/ for r < re,
0 for r > re,

and let (Cy, Egz)neN* be the unique solution to:
—3(RS,)"(r) + LEU RS, + (VPP — En)RY, = Corx ()RS, 0<7 <7,

(r
R?ﬂ( ) 0 N (1.4.14)
Roy(re) = Ryy(re),  (Bpp)'(re) = (B,)'(re).

Let p?, be the auxiliary functions:

pO (7‘) — X(T)EELE(T) ’
(R B2

(flg) = / " Frg(r) dr

PAW functions The radial part of all the PAW functions are constructed with a Gram-Schmidt
process. We describe it here assuming that only two quantum numbers n; < ns are needed for the
computation. However, one should bear in mind that, on the one hand, usually, no, = ny; + 1, and

where
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on the other hand, although limiting the procedure to two quantum numbers is in general sufficient
for practical purposes, it is straightforward to generalize the following orthogonalization procedure
to an arbitrary number of quantum numbers.

1. Basis: the first set of functions R, s, pn,¢e and R, ,, corresponding to the lowest principal
quantum number n used, are defined by

0 0 0
Rnlf = Rn1£7 Pnie = Ppyos Rn1€ =R

nlﬁ'

2. Inductive step: if there is a second radial basis function for ny > nq,

e first, the function Egﬂ is orthogonalized against p,,

Bae(1) = Frae (Fouu(r) = Roe(r) (puadl B ) ) (1.4.15)

where the factor )

(1= (Rosdone) ()

e similarly, the function pgzé is orthogonalized against émg by noticing that
(Rgbgglp"’LlZ) = (R9Ll£|p223>:

anZ:

is a normalization constant;

Prgt(1) = Frge (pgmg — Pyt <R22[|pn1€)> ;

e finally, to ensure the continuity between the radial functions R,,,, and ﬁmg, we apply to
R}, the same linear combination in Equation (1.4.15)

Roao(1) = Fuse (Rope(r) = Bose(r) (puadl B, ) )
The PAW functions are given by

}/ém(ev ‘;0)7 gném(r) = Rn::<'r) nm(ea 90)7

uon(e) = 22 0, ).

Prem(r) =

Rng (7")

1.4.5 Relationship with the Vanderbilt ultrasoft pseudopotentials

The Vanderbilt ultrasoft pseudopotentials and the PAW method are closely related as first
pointed out in [KJ99].

Indeed if in both methods, the same atomic wave functions (¢;), pseudo wave functions (%) are
used and if the projector functions (px) of the PAW method are generated using the Vanderbilt
scheme, it is easy to see that the overlap operators SUS (1.3.5) and STAW (1.4.8) are equal and the
expression of the electron densities (1.3.4) and (1.4.10) are the same.
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For the ultrasoft and PAW Hamiltonians HYS and HP4" | the comparison is harder to make
because of the treatment of the exchange-correlation terms (see [KJ99)).
In practice, both methods yield similar results in most situations, however the PAW method

seems superior in some specific settings, where the PAW predictions are closer to experiments
[KJ99].

1.5 The APW method and its variants: a full-potential ap-
proach

Some methods have been developed aiming to solve directly the electronic eigenvalue problems
of periodic Hamiltonians.

The augmented plane-wave (APW) method [Sla37] and its variants (linearized APW method
[KAT75], full-linearized APW method [WWF82]) are attempts in this direction. Instead of using
plane-waves to solve the eigenvalue problem, a different basis set more adapted to the problem
is used. The basis functions used in these methods are plane-waves that are modified in balls
centered at each nucleus in order to capture the cusp behavior of the electronic wave function. A
nonconforming method close to the APW method and the APW method applied to Kohn-Sham
Hamiltonians have been analyzed in [CS15].

The VPAW method presented in Chapter 2 and analyzed in different settings in Chapters 3
and 5 relies on the same principles. It is thus interesting to compare both methods and present the
results obtained in [CS15].

In this section, we consider a R-periodic linear Hamiltonian

1
H = = A+ Voo + Whar, (L5.1)
acting on L2_.(I') with domain H2, (T') where ' = [-£, £)% is a unit cell repeated over a lattice

R = éZel + %Zeg + %Zeg. Wher 18 @ smooth R-periodic function and V., is given by

v (5 5 (- 1)

Ter =1
V,er 18 R-periodic.
pe

We denote by V' the potential Vier + Wyer for the remainder of this section.

1.5.1 Basic theory

In this setting, the operator H is a self-adjoint operator, bounded below with a compact
resolvent, hence, its spectrum is purely discrete. To take advantage of the periodicity, Fourier
method is the method of choice. However, because of the lack of regularity of V., the plane-wave
expansions of the eigenfunctions of H are slowly converging, which is why pseudopotential methods
are used.
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In the augmented plane-wave (APW) method, instead of modifying the Hamiltonian, a different
basis set is used which is not sensitive to the cusps resulting from the Coulomb interaction with
the nuclei. The new basis set is defined by partitioning the unit cell I' into two types of regions
(the so-called muffin-tin division):

i) balls B(R;,r.), I =1,..., M;

ii) the remaining interstitial region D.

The basis functions consist of augmentations of plane-waves:

eKr in D
=4 ‘e 1.5.2
i) =3 8% S5 K Vi) in each B(Ry, ) (1.5.2)
=0 m=—¢

where r; = r — R;. The coeflicients (Ozgn)|m|§g§gmax are set to match the spherical harmonics
expansion of ¢ at the boundaries of the balls B(Ry,r.). More precisely, using the scattering
expansion

00 V4
S
(=0 m=—¢

where jj is the spherical Bessel function of the first kind, the coefficients afs, are given by
K xR, 4mi° 2
Ay, = € ——Je(K7e) Yo (K),

provided that x,(r.) # 0. The functions x, will be made explicit in the description of the different
types of APW methods.

The eigenvalue problem associated to the linear Hamiltonian H (1.5.1) is solved using the basis
functions wk. These basis functions are however not continuous at the boundary of the balls
B(Ry,r.), hence they do not belong to H'(T'): the APW method is a nonconforming method.

A mathematical analysis of this nonconforming method has been presented in [CS15|. The
finite dimensional approximation space Vi, ~ is given by the span of the functions of the form:

max;

eiK.r in D
f— mex
wK (r) Z Z Z CanXTL(TI))/Em(rI> in each B(RI’ Tc) 7

=0 m=—{n=

where |K| < M, (xn)o<n<n is a basis of the polynomials on [0,7.] of degree at most N and ¢,z
are any coefficients satisfying:

N
Z Cn@an(Tc) = 47T’izjg(KrC)}/'em(K)€fiK.R1 )

n=0

They proved the following convergence theorem for this nonconforming method.
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Theorem 1.5 (Theorem 3.4 in [CS15]). Let n = min(M, lpax, N) where (M, lpax, N) are the
parameters of the nonconforming method. Let E, be an eigenvalue computed using the variational
space Vg ooon and E the corresponding exact eigenvalue of H (1.5.1). Then for n large enough

and for any s > 0,
Cs

S—

|E7I_E| <

?

o

n
where Cy depends on s.

The proof of Theorem 1.5 relies on the good behavior of the eigenfunctions of H in the interstitial
region D, where they are smooth, and a precise characterization of the singularities close to the
nuclei given by the theory of weighted Sobolev space for Schrédinger type eigenvalue problem
[HNS08, FSS08|]. This characterization is also used in the analysis of the VPAW method for this
type of eigenvalue problem (Chapter 5).

1.5.2 The APW method

For the classical APW method originally formulated by Slater [Sla37], the basis functions are of
the form (1.5.2) where the functions x, are nontrivial solutions of the radial Schrodinger equation

vre (), —~4 (r2%> + (g(“ Y v - e) () =0, (1.5.3)

r2dr dr r?

where V(r) = - fS(O,l) V(r)dr and V is the potential appearing in H (1.5.1).

The approximation space is Vy;, = span(wg, , |K| < M) with

eKr in D,
1) = { o ¢ .
max S ST @k xe(rr) Yo (¥7) in each B(Ry, 7).
=0 m=—4

If the potential V' is radial and if the parameter € is equal to the exact eigenvalue, then Y, solves
the eigenvalue problem inside the sphere. By the APW method, a nonlinear eigenvalue problem
has to be solved: the eigenpair (Eyp,..., Vre,.,) € R X Vﬁﬁﬁf" is sought solving

EnMemax _
VU E VM - ? </UM£max7 H/U> - EMZmax </UMZmax7 U>

Kmax

This method is thus computationally expensive and is restricted to simple systems with few
eigenvalues.

The APW method has been analyzed in [CS15] under the assumption that the potential V' is
supposed radial in the augmentation balls B(Ry,r.). The authors showed a convergence rate of
the computed eigenvalue similar to the noncorforming method presented previously (Theorem 3.5
[CS15]).

A solution to the nonlinearity introduced by the APW method has been proposed in [KAT75].
The authors suggested to add energy derivatives of the functions x,. These energy derivatives are
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defined by
, 0
Xf(ra E) = &Xﬂ(ra €)|E:E7
where y, is kept normalized in the ball. This leads to the LAPW (Linearized APW) method. The

approximation space is V7, = span(@g , |K| < M) with
KT in D,
€ — Crmax 4
WK 0 (T) =

EZ_‘; Zé[aﬁfn)@(m) + BE Xe(r1)] Yo (1) in each B(Ry,7.).

The coefficients af and 8X are determined to match the coefficients of the scattering expansion
of e and its derivative at the sphere.

Heuristic arguments of the convergence properties of the LAPW have been given in [KA75, CS15].
Namely if the parameter € appearing in (1.5.3) is chosen close to the exact eigenvalue F and under
the assumption that the logarithmic derivatives of x,(-,€) and x,(-, E) match on the sphere i.e.

Xi(re, €) _ Xolre, E)
XZ(Ta 6) XZ(ch E) ’

then the error on the eigenvalues computed with the LAPW method are controlled by:
Vs> 1, |ELAPW — E| S CS(Ml_s —{—gmaxlis + ‘E — E|4).

The assumption on the logarithmic derivatives has not been proved, hence the convergence rate is
only conjectured.
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CHAPTER 2

THE VPAW METHOD AND ITS ANALYSIS

The PAW method presented in Section 1 introduces an approximation by truncating the PAW
generalized eigenvalue problem. It is possible to avoid this by truncating the operator T} acting
locally around the nucleus [ right at the beginning.

This new method, called variational PAW (VPAW) method [BCD17a|, has been analyzed in
a one-dimensional periodic Schrodinger operator with Dirac potentials [BCD17b]. It is shown
that the VPAW method drastically improves the plane-wave convergence of the eigenvalues of this
model. The VPAW method also helped to analyze the approximation induced by the PAW method
[Dupl7]. Finally, the plane-wave convergence of the VPAW method has also been analyzed when
applied to periodic 3D Hamiltonians [Dup18|.

In Section 2.1, the VPAW method is presented for eigenvalue problems arising from solid-state
physics. In Section 2.2, the VPAW formalism is applied to the periodic one-dimensional Schrodinger
operator with Dirac potentials. Estimates on the eigenvalues of the plane-wave discretization using
the VPAW method are given. A summary of the analysis of the truncation error introduced by the
PAW method is also exposed. Section 2.3 is devoted to the plane-wave discretization of eigenvalue
problems of periodic 3D linear Hamiltonians with Coulomb potentials using the VPAW method.

2.1 The VPAW method

2.1.1 General setting

The crystal is modeled as an infinite periodic motif of N,; point charges at positions R; in the
unit cell
I'= {alal + aoag + azag, (Ckl, Qo 063) € [—1/27 1/2)3} s

and repeated over the periodic lattice
R = Za1 -+ Zag + Zag,

where a;, as, as are linearly independent vectors of R3.

41
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In the linear model under consideration, the electronic properties of the crystal are encoded in
the spectral properties of the periodic Hamiltonian H,, acting on L?(R?):

1
Hper = _§A + Vper + Wperu

where Ve, is the R-periodic potential defined (up to an irrelevant addition constant) by

Nat
: 1
~AVier = (EZZI (e m) - m)) 211
TeRI=1 o
Vper 1s R-periodic.

For simplicity, Wy is a regular enough R-periodic potential. In practice, Wy is a nonlinear
potential depending on the model chosen to describe the Hartree and exchange-correlation terms
(typically a Kohn-Sham LDA potential).

The standard way to study the spectral properties of H,e, is through Bloch theory (|[RST7§],
Chapter XIIT) which will be outlined in the next few lines. Let R* be the dual lattice

R* = Zaj + Zaj + Za;,
where (aj, a3, a3) satisfies a; - aj = 276;;. The reciprocal unit cell is defined by
* = {ala’{ + asajy + asaj, (o, ag, ) € [—1/2, 1/2)3} )

As H,, commutes with R-translations, Hpe, admits a Bloch decomposition [RS78| in operators Hy
acting on

L2, (D) = {f € L} ,(R%) | f is R-periodic},

loc

with domain

H? (T)={f € H. (R*) | f is R-periodic}.

per

The operator Hy is given by:
1 ) 9 .
Hq:§|—ZV+CI| +‘/i)er+Wper, qEF .

For each q € I'*, the operator Hy is self-adjoint, bounded below and with compact resolvent. It

thus has a discrete spectrum. Denoting by Fy q < Foq < ..., with F), 4 —+> +00, its eigenvalues
n—-+0o0

2 (T) consisting of eigenfunctions

per

qu)n,q = En,quz)n,q‘ (212)

The spectrum of Hpe, is purely continuous and can be recovered from the discrete spectra of all the
operators Hq, q € I'*

counted with multiplicities, there exists an orthonormal basis of L

(¥m.a)nen

0 (Hper) = U o(Hg).

qerlr*
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The PAW and VPAW methods aim to ease the numerical approximation of the eigenvalue
problem (2.1.2). For clarity, we will only present the case q = 0 and denote Hy by H as this special
case encloses all the main difficulties encountered in numerically solving (2.1.2). Transposition to
q # 0 can be done without problem.

2.1.2 The VPAW method for solids

Following the idea of the PAW method, an invertible transformation (Id + T) is applied to
the eigenvalue problem (2.1.2), where T is the sum of operators 77, each T} acting locally around
nucleus /. For each operator T}, two parameters N; and r. need to be fixed:

1. the number N; of PAW functions used to build 77,
2. a cut-off r. radius which set the acting domain of T}, more precisely:
o for all f € L2,,(T), supp(T1f) € |J BRs+ T, 7o),
TeR

e if supp(f)() U B(R;+T,7.) =0, then Ty f = 0.
TER
The cut-off radius r. must be chosen small enough to avoid pairwise overlaps of the balls
(B(Rr + T, 7e))1<1<Ny TR
The operator T7 is given by:

T = Z(ﬁbi(r -Ry) - %(r - Ry)) <]5£( - Ry), > ) (2.1.3)
k=1

where (-, +) is the usual L2  -scalar product and the functions ¢y, ¢! and pl. are functions in L2..(T).

Compared to the PAW method, the sum appearing in (2.1.3) is finite.

Tf=0

Figure 2.1.1 — Unit cell with PAW balls in blue

These functions, which will be referred to as the PAW functions in the sequel, are chosen as
follows:

1. first, let (¢f)i1<k<n, € (L*(R?))M be eigenfunctions of an atomic non-periodic Hamiltonian

T I I I I I I
HIQOk = €Y, €6 < €o < €3 <.. B / PrPr = 6kk/’
RB
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with H; defined by
1 A
Hy=—=A—ZL 4+ w(r]), (2.1.4)
2 r]
where W is a regular enough bounded potential. The operator H; is self-adjoint on L?(R3?)
with domain H?(R3). Again, in practice, W is a nonlinear potential (assumed radial see the
discussion Section 1.2.1) belonging to the same family of models as W, in Equation (2.1.1).

The PAW atomic wave functions (¢})1<k<n, € (L2, (1)) satisfy:

— for 1 <k < Nrandr € B(0,r.), ¢i(r) = ¢i(r),
— @I is smoothly extended outside the ball, such that ¢; is R-periodic.

The way ¢L is extended does not really matter since in the following, only the difference

oL — % -which vanishes outside the balls |J B(T,r.)- appears in the VPAW equations.
TER

2. the pseudo wave functions (5@13;@ N, with Ny < Z;, are determined by the next conditions:

(a) inside the ball B(0,r.), ggi is smooth and matches ¢! and several of its derivatives on
the sphere {|r| = r.},

(b) 5@ is R-periodic,
(c) forr € R*\ {J B(T,r.), oL(r) = ¢L(r);
TER
3. the projector functions (pL)i<x<n, are defined such that:

(a) each projector function p., is supported in |J B(T,7.),
TER

(b) they form a dual family to the pseudo wave functions (¢!);<p<n,: <}5£ : $£,> = Ok

By our choice of the pseudo wave functions ggé and the projectors pl, Ty acts in

U B(R; + T,r.). Since the atomic Hamiltonian (2.1.4) is spherically symmetric, the PAW
TeR
functions can be written as a product of radial function and a spherical harmonic. Examples of the

radial parts is plotted in Figure 2.1.2.
The VPAW equations to solve are then:

Hi = ESi, (2.1.5)
where B B
H=d+T)HId+T), S={d+T)(Id+T), (2.1.6)
and
Nat
T = ZTI.
I=1

Thus if (Id + T') is invertible, it is easy to recover the eigenfunctions of H by the formula

) = (Id + T)9, (2.1.7)

and the eigenvalues of H coincide with the generalized eigenvalues of (2.1.5).
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2.0 1 —— Projector function (x0.01)

Pseudo wave function

—— Atomic wave function
1.5
1.0 1
0.5 A
0.0 4
_0.5 -

0.‘0 0:5 l.IO l.IS 2:0 2:5 3.I0
Figure 2.1.2 — Plot of the radial part of some PAW functions for r. = 1.5.

By construction, the operator (Id + 77) maps the pseudo wave functions <;~5 to the atomic
eigenfunctions ¢:

(Id + TI)Q%( —Ry) = ¢(- — Ry),

so if locally around each nucleus, the function 1 "behaves" like the atomic wave functions ¢, we
can expect that the cusp behavior of 9 is captured by the operator T', thus ¢ is smoother than ¢
and the plane-wave expansion of ¢ converges faster than the expansion of .

Remark 2.1. The VPAW method, compared to the PAW method presented in Chapter 1, is exact,
in the sense that no approximation is needed to get the VPAW equation (2.1.5).

_ Since no pseudopotential is used to replace the Coulomb potentials, the discretized eigenfunction
W may have cusps at the positions of the nuclei. However, the analysis of the VPAW method for a
one-dimensional toy model and 3D linear Hamiltonian shows that the cusp is reduced significantly.

Hence, the eigenvalues are accurately computed using small plane-wave cut-offs.

2.1.3 Computational complexity

A detailed analysis of the computational cost of the PAW method can be found in [LT15]: the
cost scales like O(NM + M log M) where N = ), Ny is the total number of projectors and M
the number of plane-waves. Usually, N is chosen relatively small, but M may be large, so it is
important to avoid a computational cost of order M?2. e - N

In practice, we are interested in the cost of the computation of Hv and S where v is expanded
in M plane-waves as the generalized eigenvalue problem is solved by a conjugate gradient algorithm.
We will only focus on H ¥ since the analysis Sw is similar. Let us split H into four terms:

Hi = Hi + PDyP ) + H (cp — <’13> Py + PH (@ _ EIS)T{/?,
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where P is the M x N matrix of the projector functions, H(® — ®) the M x N matrix of the Fourier
representation of the N functions H (¢; — (Zz), and Dy is the N x N matrix <¢i — 51 JH(p; — $J)>

The computational cost can be estimated as follows (the cost at each step is given in brackets):

1. H {DV is assembled in two steps. First, —%AJ is computed in O(M) since the operator —A is

diagonal in Fourier representation. For the potential V', apply an inverse FF'T to @D to have
the real space representation of 1, multiply pointwise by V' and apply a FFT to the whole
result (O(M log M));

2. for PDHPTJ, compute the N projections PTJ (O(MN)), then successively apply the
matrices Dy (O(N?)) and P (O(MN));

3. for PH(®—®)T4), similarly apply successively H(®—®)7 to ¢ (O(MN)) and P to H(®—®)T¢)
(O(MN));

4. for H(® — &))PTQZ, we proceed as in step 3.

Thus, the total numerical cost is of order O(M N + M log M) which is the same as for the PAW
method.

The matrix H(® — EI;) is approximated by a plane-wave expansion, which may be a poor
approximation because of the singularities of ®. However, it should be noticed that this is only an
intermediary in the computation of ¢, which is well approximated by plane-waves. Hence it is not
clear that a poor approximation of H(® — CIJ) should imply a poor approximation of w Numerical
tests seem to confirm this statement (see Sections 3.5 and 5.4).

2.2 Analysis in a one-dimensional setting

2.2.1 The one-dimensional model

The 1-D periodic Schrodinger operator selected to study the efficiency of the VPAW method
is the following operator H acting on L2..(0,1) := {¢ € L} .(R) | ¢ 1-periodic} with form domain

le)er( ) - {(b S Lper( ) | ¢, € LlOC(R)}
H=——=~20) 0k —Za Y _ Oita: (2.2.1)
keZ kEZ

where 0 < a < 1, Zy, Z, > 0. A mathematical analysis of this model has been carried out in [CD17|
where it is shown that the spectrum of H is purely discrete. The eigenfunctions of H have cusps at
the location of the Dirac potentials that are reminiscent of the Kato cusp condition:

[¢]o == ¢'(04) = ¢'(0-) = = Zow(0).

There are two negative eigenvalues Ey = —w? and E} = —w? which are given by the zeros of
the function

f(w) = 2w*(1 — cosh(w)) + (Zy + Z,)wsinh(w) — ZyZ, sinh(aw) sinh((1 — a)w).
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Figure 2.2.1 — Ground-state of the one-dimensional operator H defined in (2.2.1) for Zy = Z, = 10

The corresponding eigenfunctions are

() Ay g cosh(wgx) + By sinh(wez) , 0 <z < a,
€T) =
¥ Ay j cosh(wyx) + By sinh(wgz) , a <x <1,

where the coefficients A, y, Asy, B and By, are determined by the continuity conditions and the
derivative jumps at 0 and a.

There is infinitely many positive eigenvalues Ej.o = wj, which are given by the k-th zero of
the function:

f(w) = 2w (1 — cos(w)) + (Zy + Zy)wsin(w) + ZoZ, sin(aw) sin((1 — a)w),

and the corresponding eigenfunctions Hiy, = w?i)y, are

Ga(z) = {Alyk cos(wgx) + By g sin(wyz) | 2

<a,
B Ay i cos(wgx) + Bay sin(wyx) 1,

I/\
I/\

where again the coefficients A, , Aoy, Bi and By, are determined by the continuity conditions
and the derivative jumps at 0 and a.

2.2.2 Acceleration of convergence for the VPAW method

To transpose the VPAW method, an invertible operator (Id + T') is applied to the original
eigenvalue problem

(Id + TYH(Id + T)¢ = E(Id 4+ T*)(Id + T)), (2.2.2)
where T' =Ty + T, and

N N

To=> (6 —6:) (Bir),  Ta= (60— 0% (B,

i=1 =1
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where Ty (respectively T,) acts in |J [—7. + k,r. + k] (vesp. T, acts in J[a —r.+k,a+r.+ k])
keZ kEZ
For Ty, the PAW functions are defined by
1. the atomic wave functions (¢x)1<x<n are the even and nonsmooth solutions of the atomic
operator

d2
HQ = —@ - ZO 25]€
kEZ

2. the pseudo wave functions ((gk)lgkg ~ are the one-periodic functions satisfying

— for |z| < 1., ¢ is an even polynomial,

— forz ¢ [~re+ k,re + k], dr(z) = ¢(x) and matches ¢, and its derivatives up to the
keZ
d — 1 order at r..

3. the projector functions are obtained by orthogonalizing the pseudo-wave functions (gk)lgkg N

on the interval [—r.r.] against a nonnegative cut-off function p supported in
Ul[=rec+k,re + K.
kEZ

The detailed definition of these functions can be found in Chapter 3. Examples of PAW functions
are plotted in Figure 2.2.2. Notice that plots in Figure 2.1.2 and Figure 2.2.2 are very similar. In
this regard, the analysis of the VPAW method in this one-dimensional setting as a preliminary step
for a three-dimensional study seems relevant.

0.2 1 1 1 1 1

~0.20 —0.15 —0.10 —0.05 .00 0.05 0.110 0.15 0.20

Figure 2.2.2 — Some PAW functions for the one-dimensional toy model (Zy = 10, a = 0.4, r. = 0.1)

We are going to use the following assumptions.

Assumption 2.1. 1. The cut-off radius r. is smaller than some ryy, > 0;

2. The matriz ((Pr , ¢¢))1<ko<n is invertible for all 0 < re < rpp.

Under Assumption 2.1, a simple argument proves that the VPAW method gives a well-posed
problem, i.e. (Id 4+ T") is invertible and the projector functions (pg)i<k<n are well-defined.
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Cusp reduction and acceleration of convergence

The Fourier convergence of the eigenvalues is driven by the singularities of the pseudo-wave
function ¢, hence we need to study the cusp reduction of the pseudo-wave function 2.

From the invertibility of the operator (Id + T') and the duality of the families ((ﬁj)lﬁg ~ and
(P )1<k<n, we can show (see Lemma 3.11 in Chapter 3) that for any (cx)i1<k<n, the cusp of the
pseudo wave function @Z is given by

[W']0 = —Zo (WO) =Y ewd(0) = ATHB Y =Y endhi) - (I)(O)> (2.2.3)

where p = (D1,...,on)%, ® = (¢1,...,0n)7 and A the N x N matrix of coefficients
Ay = (B 1)

Since this holds for any set of coefficients (cx)1<k<n, the best approximation of ¢ by a linear
combination of ¢, on the interval [—r.,r.] gives the order of the cusp reduction. As the atomic
functions ¢ and the molecular wave function 1) behave similarly near a Dirac potential, the best
approximation of ¢ by ¢, should be very good. For this particular model, we are able to show
there exists (cx)1<k<n € RY and a constant C' independent of 7, such that the best approximation
of the even part v, of ¢ satisfies

N
| we - Z Ck¢k
k=1

The matrix A also depends on the cut-off radius r. and becomes more and more ill-conditioned as r.
goes to 0. The previous estimate does not necessarily guarantee a cusp reduction of order 2. Using
the behavior of the atomic wave function near a Dirac potential, we can show that there exists a
constant C' independent of . such that for any f € L>(—r., 1), |[A7HD, f) - (0)] < C||fllroe(=reire)
(see Lemmas 3.13 and 3.14). Hence, using (2.2.3) and (2.2.4), the cusp of the VPAW eigenfunction

¢ is reduced by a factor r. 2

< Cr2V. (2.2.4)

Lo (=re,re)

, i.e. there exists a constant C' independent of r. such that
‘[QZ,]O‘ S CrczN'

The cusp reduction comes at the expense of a d-th derivative blow-up where the pseudo atomic
wave function ¢; matches ¢;. This blow-up can be estimated and we can show that there exists a
positive constant C' independent of 7. such that

[51,.

This estimate mostly stems from the fact that the pseudo wave functions ((Zl)l<l< N can be rewritten
as even polynomials of the form P(-), hence differentiating d times a factor —; comes. By a careful
analysis, it is possible to save a fact(c)r r. in full agreement with the numerlcal tests (see Chapter 3).

Using classical estimates on variational approximation of eigenvalue problems |Wei74|, the
following bounds are obtained on the convergence of the VPAW method.
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Figure 2.2.3 — VPAW error £}, — E

Theorem 2.2 (Estimates on the eigenvalues). Let N € N* be the number of PAW functions of
smoothness d > N used at each nucleus. Let E} be an eigenvalue of the variational approximation
of (2.2.2) in a basis of M plane-waves and for a cut-off radius 0 < r. < rmm (Fmin given by
Assumption 2.1). Let E be the corresponding exact eigenvalue of (2.2.1). Under Assumption 2.1,
there exists a constant C' > 0 independent of r. and M such that for all 0 < r. < rypm, and M > r_l(,

, r AN 1 1
O<Ey—-E<C < A 1242 M2d—1> : (2:2.5)

Since the cusp is only reduced and not completely erased, for large M the VPAW method does
not converge faster than the direct method applied to the original eigenvalue problem. However, in
a pre-asymptotic regime, for small values of the cut-off radius 7. and/or large N, the prefactor 7.2V
can be made small. For low values of the cut-off radius 7., the prefactor 7.272¢ of the second term
which become dominant in the eigenvalue error. Thus a natural strategy consists in balancing both
eITors.

Numerical tests show that the estimate (2.2.5) is optimal (see Section 3.5). Plots on the
dependence on the cut-off radius (see Figure 2.2.3 and other examples in Section 3.5) suggest that
a numerical study of the dependence on the other PAW parameters N, d of the prefactor in the
estimate (2.2.5) is possible. Intercepts of the lines appearing in Figure 2.2.3 can be computed. It
would be interesting to investigate the sensitivity of the prefactor with respect to the choice of
these other PAW parameters.

2.2.3 Analysis of the PAW method

An analysis of the truncation error induced by the PAW method (i.e. before the plane-wave
discretization) has been carried out for the lowest eigenvalue of the one-dimensional Schrédinger
operator (2.2.1). This error is estimated for both PAW methods with and without pseudopotentials.
Full proofs of the upcoming results are regrouped in Chapter 4.
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PAW method without pseudopotentials

The eigenvalue problem for the PAW method without pseudopotential is
HNf = Bl gNf, (2.2.6)

where the operators H" and SV are given by

N

HY = H+ Y 5 ((of Hol) - (81, HEL)) (5. (2.2.7)
i,j=1
1={0,a}

and
N

sV =t1d+ Y B ({0l al) — (ol 1)) () -) (2:28)
ij=1
I1={0,a}

The PAW functions (¢;)1<i<n, ((Zi)lSiSN and (p;)1<i<n are the same as for the VPAW method.

Theorem 2.3. Let N € N* be the number of PAW functions used at each nucleus. Let E<) be the
lowest eigenvalue of the generalized eigenvalue problem (2.2.6). Let Eqy be the lowest eigenvalue of
H (2.2.1). Under Assumption 2.1, there exists a positive constant C' independent of r. such that
for all 0 < r. < rmin

— Cr. < B — By < Cr 2N, (2.2.9)

The bounds (2.2.9) on the PAW error are proved by noticing that the PAW eigenvalue problem
(2.2.6) can be written as a perturbation of the VPAW eigenvalue problem (2.2.2), which has the
same eigenvalues as the original problem. The good upper bound is a consequence of the good
approximation (2.2.4) of the eigenfunction 1 of the one-dimensional Schrédinger operator H by N
atomic wave functions (¢g)1<k<n.

As N goes to oo, the PAW and VPAW methods yield the same equations. Hence E<) should
converge to Ey, which is not obvious from (2.2.9). However the prefactor appearing in (2.2.9)
depends on N and we expect this prefactor to go to 0 as N goes to oo. The dependence on this
parameter has however not been tracked in the proof of Theorem 2.3.

Since the Dirac potentials are not removed in the PAW eigenvalue problem (2.2.6), Fourier
methods are expected to converge slowly, which makes this problem of little interest in practice.

PAW method with pseudopotentials

Introducing a smooth pseudopotential in the PAW eigenvalue problem is essential to solve the
eigenvalue problem efficiently. In this one-dimensional setting, the Dirac potentials are replaced by

a smooth 1-periodic potential y. = %X (_Tk) with € < r., such that
kez
1. x is a smooth nonnegative function with support [—1, 1] and f_ll x(x)de = 1;

2. Xe —> > 0 in H (0, 1).
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The PAW eigenvalue problem becomes

HPAWf _ E(P;SWSPAWJC, (2210)
where
N ~ ~
HPAY — e 30 5 ((of Het) — (3 Hyd!) ) (7). (22.11)
0w

with Hps = _C?_::Q - ZOXe - ZaXe(' - a) and

N
SPAW — N —1d+ Y # (ol 0ty = (8.61)) (1) (2.212)
o
Using the same PAW functions as for the VPAW method, the following estimates can be proved
on the lowest eigenvalue of (2.2.10).

Theorem 2.4. Let N € N* be the number of PAW functions used at each nucleus. Let E(P;;“)W be
the lowest eigenvalue of the generalized eigenvalue problem (2.2.10). Let Ey be the lowest eigenvalue
of H (2.2.1). Under Assumption 2.1, there exists a positive constant C' independent of r. such that
for all 0 < r. < rypin

— Cr. < EBAY — Ey < O’ (2.2.13)

The PAW error estimates are again proved by considering the PAW method with pseudopotentials
as a perturbation of the VPAW method. However, because of the introduction of pseudopotentials,
the good upper bound in (2.2.9) of the PAW method without pseudopotentials is lost. This is
due to the fact that the best approximation estimate (2.2.4) holds only for the even part of the
molecular wave function ¢ and that for a smooth odd function g, 7 x,.(z)|g(z)]* dz = O(r.?).
By introducing odd PAW functions, the good upper bound of Theorem 2.3 can be recovered.

Theorem 2.5. Let N € N* be the number of even and odd PAW functions used at each nucleus. Let
E{;ﬁw be the lowest eigenvalue of the generalized eigenvalue problem (2.2.10). Let Ey be the lowest
eigenvalue of H (2.2.1). Under Assumption 2.1, there exists a positive constant C' independent of

r. such that for all 0 < r. < rmin
—Cr. < E(];CA)W — E, < Cr.2V.

Since the eigenfunctions of (2.2.10) are smooth, Fourier methods converge fast to the PAW
eigenvalue. More precisely, the following bound can be proved.

Theorem 2.6. Let N € N* be the number of PAW functions used at each nucleus. Let ETAW be
the lowest eigenvalue of the variational approzimation of (2.2.10), with HFAW given by (2.2.11)
in a basis of M plane waves. Let Ey be the lowest eigenvalue of H (2.2.1). There exists a positive
constant C' independent of r. and M such that for all 0 < r. < ryum and for all n € N*

72
|E]\P}AW_EO| SC(TC+W)
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To compute the lowest eigenvalue of the one-dimensional Schrédinger operator H (2.2.1) up to
a tolerance ¢, the cut-off radius should be set at 7. = 5 and the generalized eigenvalue problem
(2.2.10) should be solved using M = [T—U plane-waves.

The prefactor appearing in Theorems 2.3 to 2.6 depends on the other PAW parameters N and

d. It would be interesting to investigate numerically the sensitivity to these parameters.

2.3 Analysis of the VPAW method for 3D Hamiltonians

An analysis of the VPAW method for the plane-wave discretization of the 3D eigenvalue problem
(2.1.2) has been achieved and can be found in Chapter 5. In the VPAW method, the eigenvalue
problem Hv = E1) is replaced by:

(Id+ T)*H(1d + T)¢ = E(1d + T)*(Id + T)¢. (2.3.1)

The construction of the operator T has already been explained in Section 2.1.2. The atomic wave
function (gbé)lgkg ~, are the eigenfunctions of the atomic Hamiltonian (2.1.4). When W is a smooth
bounded function (this requirement can be weakened see Theorem XIII.8 in [RS78| or [Sol91]), the
eigenfunctions (¢L);<x<n, can be written for some £ € N, |m| < ¢,n € N;

Ok (1) = 7 Rpe(r) Yo (F).

Since the definition of the pseudo-wave function (¢! );<x<n, depends on the form of the atomic
wave functions, these can also be written in that form. This also applies to the projector functions
(Pk)1<k<n,. Hence the PAW functions can be written

O(r) = ' Rog (1) Y (£),  B5(x) = 1 R (1) Yo (8),
Pr(r) = 7'Dpe(7) Yo (£).

The PAW functions are chosen from a range (0,...,lna) of angular momentum and for each
angular momentum ¢, n, PAW functions are defined. The total number of PAW functions is then

en)ax

Nr= > (20+ 1)ny.
=0
Because the PAW functions have some radial symmetry, conditions for the well-posedness of

the VPAW method are very similar to the one-dimensional case.

Assumption 2.2. 1. (Euxistence of the projector functions (px)i<k<n,) For all 0 < 1. < Tyin
and each 0 < £ < loax, (RY(re))o<ken,—1 5 a linearly independent family, where R is the
vector of the functions (R, ..., Ry,0).

2. (Invertibility of Id+T') For all 0 < ro < roin and any 0 < € < by, the matriz ((Pne, Rue)) 1< i<,
1s invertible. -

The plane-wave convergence rate of the computed eigenvalues depends on the singularities of
the associated eigenfunction. The proper way to characterize their singularities is through weighted
Sobolev spaces [ES12].
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2.3.1 Weighted Sobolev space
We denote by S the set of the position of the nuclei

S={R;+T, I=1,...,Ny, T€R}.

Let x be a R-periodic continuous function such that x(R;+r) = r for small r, y € C22(R3\ S).

Definition 2.7 (|ES12|). Let k € N and v € R. We define the k-th weighted Sobolev space with
index v by:

KFUD) = {u e L2 (D) : X0 € L2,(T) V |af < k}. (2.3.2)

per

Consider a subspace of functions with the asymptotic expansions
uR+1) ~ Y ¢i(R)rd asr =0, I€[1,Ny] (2.3.3)
jEN
where ¢; belongs to the finite dimensional subspace M; = span{Yy,,,0 < ¢ < j,|m| < (}.
Definition 2.8. For k € N, v € R, we define the weighted Sobolev spaces with asymptotic type
(2.3.3):

VAINE {u e KF(T) ‘UN € IR NI where ny is the T-periodic function defined in T by

Nat N
VNEN, VreT, ny(r) =u(r) = > w(r—Ry)> c¢r—Ry) |r—R1|J}
I=1 7=0

(2.3.4)

where w is a smooth positive cutoff function, i.e. w =1 near 0 and w = 0 outside some neighbourhood

of 0.

The expansion (2.3.3) can be viewed as a “regularity expansion”. Let us suppose that the
functions ¢; in the singular expansion are constant. Then all the even terms appearing in (2.3.4) are
smooth since for any k € N, r — r?¥ is smooth. For the odd terms in the expansion, the function
r +— 1 is continuous but not differentiable at the origin, the function r — r® is C? but not C® and
so on. Since the decay of the Fourier coeflicients depends on the regularity of the function, this
expansion enables one to characterize precisely this decay.

Definition 2.9. A function u is asymptotically well-behaved if u € &7V (T') for v < 3/2.
Remark 2.10. [t is easy to see that if u is asymptotically well-behaved then by the definition of the

weighted Sobolev space with asymptotic type (2.3.3), the remainder
N

n(r) =u(r) —w(r) Y, ¢;(F)r! is in the classical Sobolev space HYZN - ().
j=0

The following result, stated in [HNS08, CS15| (see also [FF'SS08| for similar results for Hartree-
Fock models), gives the regularity of the eigenfunction of (2.1.2) in terms of the previously defined
weighted Sobolev space.
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Theorem 2.11. Let ¢ be an eigenfunction of Hip = Ev where H is defined in (2.1.2). Then 1) is
asymptotically well-behaved.

Theorem 2.11 enables to characterize precisely the singularity of the Hamiltonian wave function
and generalizes the Kato cusp condition for eigenfunctions of 3D-Hamiltonians (see Theorem 5.5 in
Chapter 5).

2.3.2 Acceleration of convergence

From Definition 2.8 and the asymptotic expansion of the molecular wave function ¢, it is
possible to identify the origin of the slow decay of the Fourier coefficients of v, which is the cusps
at each nucleus. Similarly to the study in the one-dimensional model, we can show that the cusp of
the pseudo wave function v is significantly reduced. More precisely, if ng PAW functions associated
to the angular momentum ¢ = m = 0 are used, then there is a constant C' independent of r. such
that for any 0 < r. < ry, and for all € > 0:

9
or

< Cr min(2ng,5)—e
> c .

o(r) di

r=0 5(071)

The reduction factor is less impressive than in the one-dimensional case because the structure of
the singularity is not as simple.

The blow-up of the d-th derivative is controlled similarly. It is possible to show that there exists
a constant C' independent of r. such that for any 0 < r. < ry;, and for all € > 0:

‘ { 9 (r) df}
5(0,1)

From both estimates, the following plane-wave convergence for the computation of the eigenvalues
with the VPAW method can be proved.

Tc

Theorem 2.12. Let Ey be an eigenvalue of the variational approzimation of (2.1.6) in a plane-
wave basis with wavenumber |K| < M, with ng PAW functions associated to the angular momentum
¢ = 0,m = 0 with smoothness d > ng and cut-off radius r.. Let E be the corresponding exact
eigenvalue. Under Assumption 2.2, there exists a constant C' > 0 independent of r. and M such
that for all € > 0, and for all % < Te < Tmin

TCQ min(2no,5)—2¢ rcmin(2n0,5)—€ 1 1 1
O<Ey-E<C ( M3 + MAa—e + r,2d-2 241 o (W)) : (2.35)

The VPAW method does not erase the cusps appearing in the molecular wave function v,
hence in the asymptotic regime, the plane-wave convergence rate is the same as the brute force
discretization of the original eigenvalue problem. The prefactor r.2™"(2m0:5=2 can be made small
by taking r. small, however, if it is too small, the second prefactor 742% can become dominant
in the eigenvalue error. Balancing both error terms gives an optimal cut-off radius equal to

Topt = — 34—+ Forng=2and d =6 (which are typical for PAW simulations) and r. = rpt,

M Ang+2d—2
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both error terms behave like W This is much better than the convergence of the brute force
discretization which is of order %
As for the one-dimensional toy model in Section 2.2.2, the prefactor in (2.3.5) depends on the

other VPAW parameters ng and d.

It is interesting to compare the VPAW method convergence with other full-potential approaches
like the APW method.

In [CS15], a nonforming method for the resolution of the eigenvalue problem (2.1.2) close to
the APW method is analyzed. The basis functions for this method are given by

eKr inI'\ U BRI

WK(T) = < toae ¢

N —
S35 ChomXn(lr — Ry|) Yo (r — Ry) in each B(Ry,1.),

{=0 m=—Ln=0

with |K| < M, (xn)o<n<n a basis of the polynomials of degree at most V.
The authors showed [CS15] that the error on the computed eigenvalues is bounded by

3 C,
Vs > =, |EXPW Bl < /5,
2’ s

U]

W

where 7 = min(M, lypax, V).

Although this bound holds for any s > %, the prefactor depends on s and this dependency is not
explicit in the paper. Moreover, in most situations, 7 is equal to the maximal angular momentum
lmax- Hence, increasing this parameter is more and more costly since it introduces (2¢ + 1)(N + 1)
terms in the nonconforming method basis function. The convergence of the VPAW method is
already very good for ng < 2 PAW functions for ¢ = 0.



CHAPTER 3

LTHE VPAW METHOD IN A ONE-DIMENSIONAL MODEL

Introduction

In this chapter, mostly based on [BCD17b|, we apply the VPAW formalism to the double Dirac
potential with periodic boundary conditions in one dimension. The eigenfunctions of this model
have a derivative jump at the positions of the Dirac potentials which is similar to the electronic
wave function cusp. Furthermore, the eigenvalues and eigenfunctions being known analytically, it is
possible to confront our theoretical results to very accurate numerical tests.

In Section 3.1, we carefully present the VPAW method in our framework. In Section 3.2, Fourier
decay estimates of the pseudo wave functions are given as well as estimates on the computed
eigenvalues. Proofs of these results are gathered in Section 3.3. In Section 3.4, we discuss the effect
of the addition of a smooth potential to the double Dirac model. Numerical simulations which
confirm the obtained theoretical results are provided in Section 3.5.

Notation

From now on, (-,-) denotes the usual inner product in L2, .(0,1).

Let f be a piecewise continuous function. We denote by:

[fle = flay) = flz-),

where f(x,) and f(x_) are respectively the right-sided and left-sided limits of f at x.
Let f be a continuous function. We denote by

toj+1

uf(x)zo/o/... / Fltagie) dbajs. .. dty

0
2j+2

the (2j + 2)-primitive function of f vanishing at 0 as well as its first (25 + 1)-st derivatives.

57
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For a and b in RN, a - b is the Euclidean inner product. ey, is the k-th canonical vector of R? or
RY. Iy is the identity matrix of size N.

3.1 The VPAW method for a one-dimensional model

3.1.1 The double Dirac potential

We are interested in the lowest eigenvalues of the 1-D periodic Schrédinger operator H on
L2..(0,1) :== {¢ € L} (R) | ¢ 1-periodic} with form domain H},.(0,1) := {¢ € L} (R) | ¢’ €
LL(R)} .

H:—@—ZOZ&C—ZCLZ&H&, (3.1.1)
keZ keZ

where 0 < a < 1, Zy, Z, > 0.
A mathematical analysis of this model has been carried out in [CD17]. There are two negative
eigenvalues Ey = —w? and E; = —w? which are given by the zeros of the function

f(w) = 2w*(1 — cosh(w)) + (Zy + Z,)wsinh(w) — ZyZ, sinh(aw) sinh((1 — a)w).
The corresponding eigenfunctions are

u(2) A j cosh(wyx) + By sinh(wz) , 0 <z < a,
xT) =
g Ay j cosh(wyx) + By sinh(wz) , a <z <1,

where the coefficients A, ;, Az, By and By, are determined by the continuity conditions and the
derivative jumps at 0 and a.

There is an infinity of positive eigenvalues Ej o = wi,, which are given by the k-th zero of the
function :

f(w) =2w*(1 — cos(w)) + (Zy + Z,)wsin(w) + ZyZ, sin(aw) sin((1 — a)w),

and the corresponding eigenfunctions Hi, = withy are

ul) Ay g cos(wpx) + By sin(wgz) , 0 <z <a,
xTr) =
F Ay . cos(wgx) + By sin(wgx) , a <x <1

IN

)

where again the coefficients A, , Aoy, B and By, are determined by the continuity conditions
and the derivative jumps at 0 and a.

3.1.2 The VPAW method

The principle of the VPAW method consists in replacing the original eigenvalue problem

Hip = E,
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by the generalized eigenvalue problem:
(Id+T)*H(Id + T)¢ = E(Id + T)*(1d 4+ T)¢, (3.1.2)

where Id 471" is an invertible bounded linear operator on Lper(O, 1). Thus both problems have the
same eigenvalues and it is straightforward to recover the eigenfunctions of the former from the
generalized eigenfunctions of the latter:

Y = (Id+ T)1. (3.1.3)
T is the sum of two operators acting near the atomic sites
T=Ty+1T,.

To define Ty, we fix an integer N and a radius 0 < 1 < min(%, 5%) so that Ty and T, act on two

disjoint regions |J[-n+ k,n+ k] and | [a —n + k,a + n + k] respectively.
keZ keZ

Atomic wave function ¢, Let Hj be the operator defined by :

HOZ———ZOZ5k

dz?
keZ

By parity, the eigenfunctions of this operator are even or odd. The odd eigenfunctions are in fact
x +— sin(27kz) and the even ones are the 1-periodic functions such that

¢o(z) := cosh(wo(z — 3)), for z € [0,1],
o1 () = cos(wy(z — 3)),for z € [0,1], k € N*.

To construct Ty, we will only select the non-smooth thus even eigenfunctions (¢ )1<x<ny and denote
by (ex)1<k<n the corresponding eigenvalue:

Hopr, = €, dp.

Pseudo wave function ¢; The pseudo wave functions (Q’gi)lgig N € (ngr(o, 1))N are defined as
follows:

L for [z ¢ U [=n+kn+ k], di(z) = ¢ulx).
keZ

2. for |z| € |J[—n+ k,n+ k], ¢; is an even polynomial of degree at most 2d — 2, d > N.
kez

3. diis Catnie ¢ () =¢F(n) for 0 <k <d—1.

Projector functions p; Let p be a positive, continuous function with support [—1,1] and

pn(t) = kZZp(t k). The projector functions (j;)1<i<y are obtained by an orthonormalization
S
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procedure from the functions p;(t) = p,(t):(t) in order to satisfy the duality condition :
<15i ; €Z~53> = 0y

More precisely, we compute the matrix B;; := <pl- , (5J> and invert it to obtain the projector

functions
N
P =Y (B ;.
j=1

The matrix B is the Gram matrix of the functions gzNSj for the weight p,. The orthogonalization is
possible only if the family (¢;)1<;<y is independent - thus necessarily d > N.

Ty and T, are given by :

N N

To=S (6= 6) (i), Tu=3 (6% — 39 G, ) (3.1.4)

=1 =1

where ¢¢ are singular eigenfunctions of the operator H, = —% —Z4 Y. Ogrx and gzgf, p¢ are defined
kEZ
as before.

In the VPAW method, the generalized eigenvalue problem (3.1.2) is solved by expanding ¥ in
plane-waves.

Remark 3.1. Here we have followed the Vanderbilt scheme to generate the pseudo wave functions
and the projector functions with the difference that the orthogonalized functions p are taken from
the Bléochl construction (see Section 1.4.4).

3.1.3 Well-posedness of the VPAW method
To be well-posed the VPAW method requires

1. the family of pseudo wave functions (Qgi)lgig ~ to be independent on [—n,n], so that the
projector functions (pg)1<k<n are well defined,

2. (Id+T) to be invertible.
The conditions on the VPAW functions and parameters are given by the following propositions.
Proofs can be found in Section 3.3.

Proposition 3.2 (Linear independence of the pseudo WaveNfunctionS). Let N e N* and d > N.
There exists ny > 0 such that for all 0 <n < g, the family (¢i|j—yn)1<i<n s linearly independent.

Proposition 3.3 (Invertibility of Id + T'). The operator Id + T is invertible in L2, (0, 1) if and
only if the matriz ((Pr , dr))1<ko<n 1S invertible.

From now on, we will establish our results under the following

Assumption : the matrix ((Px , ¢r))1<ke<n is invertible for all 0 < n < n.
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3.2 Main results

We know from (3.1.3) that

&zw—ﬁj(@—ﬂgz) <ﬁza¢>_§:(¢?_&?) <]5?’1;>

i=1

In addition, ¢ is a piecewise smooth function with first derivative jumps (due to ¥ and the atomic
wave function ¢y) at points of Z, Z + a and d-th derivative jumps (due to the pseudo wave functions
g%k) at points of Z £ 7 and Z + a & n. These singularities drive the decays of the Fourier coefficients.
Thus to study the Fourier convergence rate, it suffices to study the dependency of the different
singularities with respect to N -the number of PAW functions used-, d -the smoothness of the
pseudo wave functions ¢x- and 71 -the cut-off radius.

Proposition 3.4 (Derivative jumps at 0). Let N € N* and d > N. Then, there exists a positive
constant C' independent of n such that for 0 < j < N —1

VO<77§770,

[@(zjﬂ)] ‘ < CPN-Y (3.2.1)
0

and for j > N
V0<n§nm‘wm“ﬂ’§0. (3.2.2)
0

The proof of Proposition 3.4 relies on the particular structure induced by the equations satisfied
by ¢ and ¢;. Locally around a Dirac potential, their singularities have the same behavior. More
precisely, if we consider the even part 1. of ¢, the best approximation of ¢, by N eigenfunctions
¢; is of order 2N. It is then possible to rewrite the singularity at 0 of ¥ to make use of this
approximation.

Proposition 3.5 (d-th derivative jump at n). Let N € N* and d > N. There exists a constant C
independent of n such that for d < k <2d —2

C
= gl

VO <n <o, ‘ w(k)}

n

The derivative jump of ¢ at n is due to the lack of regularity of the pseudo wave functions
(;Bj at 1. The latter can be written as rescaled polynomials Py o(%) where Poy 5 is of degree at
most 2d — 2. If we suppose that the coefficients of Ppy_o are uniformly bounded in n and if the
dependence on 7 of the projector functions p;. is neglected, by deriving k times the polynomials
Pgd_g(%), k > d, we can see why the derivative jump of ¢ at n is expected to grow as n~*. Tracking
all the dependencies on 7, we can in fact show that a factor n can be gained, which is in full
agreement with Figure 3.5.2.

Using Proposition 3.8 and classical estimates on eigenvalue approximations [Wei74|, we have
the following theorems.

Theorem 3.6 (Estimates on the Fourier coefficients). Let N € N* and d > N. Let @m be the m-th
Fourier coefficient of 1. There exists a constant C' > 0 independent of n and m such that for all
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0<n<ny and m >

S

~ 2N
~ i 1
‘¢m) <C (m2 + nd—lmd+1> :

Theorem 3.7 (Estimates on the eigenvalues). Let N € N* and d > N. Let E}, be an eigenvalue
of the variational approximation of (3.1.2) in a basis of M plane-waves and for a cut-off radius
0 <n < n, and let E be the corresponding exact eigenvalue. There exists a constant C' > 0
independent of n and M such that for all 0 <n < ng and M > %

o<p,—p<c(l L 1 (3.2.3)
M — M 7]2d—2 M2d-1 ) - e

The first term has the same asymptotic decay in M as the brute force discretization of the
problem with the original Dirac potential. However the prefactor n*" can be made small by using
a small cut-off radius 7 and/or a large N. Doing so, we introduce another error term which decays
as M'724 with a prefactor of order n?~2?. A natural strategy would thus be to balance these two
error terms. This allows one to choose the numerical parameters in a consistent way. The numerical
tests in Section 3.5 suggest that the estimate (3.2.3) is optimal.

3.3 Proofs

This section is organized as follows. First, we prove that the VPAW method is well defined. The
remainder of the section is then devoted to the proofs of Theorems 3.6 and 3.7. After estimating
the decay of the Fourier coefficients of the pseudo wave function ), we will precisely characterize
the singularities of the functions ¢ and ¢;, in order to estimate the derivative jumps of V.

3.3.1 Well-posedness of the VPAW method

Proof of Proposition 3.2. To prove the linear independence of the pseudo wave functions is equiva-

lent to show that the matrix (¢§-]i)1 (7))o<j<n-1,0<k<d—1 is full rank. In fact, we will show that the

(%)

submatrix (¢, (1))o<jk<n—1 is invertible. Using the expression of ¢; 1, we have for 0 < j, k < N—1,

ko) = (_1)k/2w§f+1 cos(wjt1(n — 3)) if £k is even,
i (‘1)(“1)/2%]11 sin(w;t1(n — %)) if k is odd

Let A(n) the matrix defined by

A(n) == | cos(w;i1(n — %)) —wjp1 sin(wja(n — %)) —%2'+1 cos(wj41(n — %))

The function 7 +— det A(n) is complex analytic, thus if it is not identically equal to 0, there exists
an interval (0,79) with 79 > 0 such that the matrix A(n) is invertible. It suffices to show that
there exists 7 € C such that A(n) is invertible. Let n = —iz 4 3, > 0. Then for z large, we have
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cos(wj12) ~ 2e“+17 and sin(wj41x) ~ $e%+17, thus

1
A(-Zl‘ —+ 5) — 5 ewi+1® _wj+1ew1+11 _wj+1ewj+133 - + E(l’),

where
Wi41T . Wi1T 42 WiH1T .
le(@)| < || | e Wj 1€ W16
We have
ev1 0 1w w1
Wit1T . Wit1T 2 wit1T |, _ .
[ J+ w]+1€ Jt+ wj+1€ i+ —_— . N . .
WNT N-1
0 e“N 1 wn Wiy

which is invertible because the phases (w;)1<;j<n are pairwise distinct. Hence A(—iz+1) is invertible
for x large enough. m

Proof of Proposition 3.3. As T is a finite rank and thus compact operator, proving the statement is
equivalent to show that Ker(Id +T") = {0}. First, suppose that the matrix ((py , ¢;))r; is invertible
and let f € Ker(Id 4+ 7). We have

N
S (i f) (i — )+ f =0 (3.3.1)
=1

Since ¢; — ¢; is supported in [—n,n] we also have supp(f) C [—n,n].

By multiplying each side of Equation (3.3.1) by pr, 1 <k < N and integrating on [—3, 1], we
obtain:

0= 45i . 1) (Brs6s = i) + e /) = D (B 1) (B 00) — (B i) + (e f)
=1 =1 :;,Iﬂ—/
so that N
V1§ S pr pk>¢z>

Since we assumed that the matrix ((px, ¢;))x,; is invertible,
V1<i<N, (i, f)=0.

Going back to (3.3.1), this implies f = 0 and Id 4+ T is invertible.
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Now we suppose that the matrix ((px , ¢;))x.; is not invertible. Thus there is (c;)1<;<n such that

N
V1 SZSN, Zaj<ﬁi7¢j> =0
j=1
N ~
Let f(x) = ;aj((bj — ¢;j). Then
N ~
(d+T)f = o565 = d) + D> a5 (Bis6; = 63) (65— 6)
j=1 i=1 j=1
N N i
=D (i ¢5) (65— &)
i=1 j=1
=0
Thus Ker(I 4+ T') # {0} and (I + T) is not invertible. O

3.3.2 Structure and approximation lemmas

A key intermediate result in our study is the estimation of the decay of the Fourier coefficients
of ¢ as a function of its derivative jumps.

Proposition 3.8. Let N € N* and d > N. Let zﬁm be the m-th Fourier coefficient of 1. Then

,_
(]IS
[

-1 2d—2

V= - ] +Z ‘

F2immn )
= (2imrm)>+2 (2imm)k+1 W ]:l:n

o

d —
[3]-1 2d—2 eF2immn

—2imma 1 7(25 n
Fe Z (2imm)?*+2 [w@ H)] - ; (2imm)F+1 [w(k)]

Jj=0

1 b :
(2d—1) —2iTma
+—(2i7rm)2d1/0 P (x)e dz.

Proof. This result follows from the definition of the Fourier coefficients and integration by parts. [J

a atn

In view of the Proposition 3.8, the decay of the Fourier coefficients can be inferred from the
derivative jumps of 1 according to the VPAW parameters. The singularities of Y at integer values
are caused by the singularity of the functions ¢ and ¢;. Thus, to get an accurate characterization
of the singularities of J}, we need to precisely know how the functions ¢ and ¢, behave in a
neighborhood of their singularities.

Lemma 3.9 (Structure lemma). Let ¢ be an eigenfunction (5.1.1) associated to the eigenvalue E.



3.3. Proofs 65

Then in a neighborhood of 0, we have the following expansion :

(—EY 5 Zyx= (EY | i
¥(x) = (0 (Z R S g )

=0

E)’

(_
- 2i+1)

D(04) +1/(0) &
; >

j=0

‘:v2j+1 + Yoria(z), (3.3.2)

where Yoo is a C**2 function satisfying in a neighbourhood of 0,

{¢§ii22) (—E)*+1y,

_E k+1
[apr2(@)] < O g ks,

Proof. This lemma is proved by induction.

Initialization For k=0, let

ba(a) = 0(x) + Zy1 2 (0)
We differentiate 05 twice:
04(x) = "(x) — [W)odo = —Eu(x), on (—1,1). (3.3.3)

The function 1 being continuous, 6, is C? in a neighborhood of 0. Moreover,

and

ty(a) =0/ (x) — ZE Dy,

When z tends to 0, or 0_, we obtain the same expression:

oy = VO VO]

Setting
YO +(0)
2 Y

Ua(z) = Oa(x) — ¥(0) —

the statement is true for £ = 0.

Inductive step Suppose the statement is true for £ — 1. Then, we have in a neighbourhood of 0,

S (@) = (—B)Fe(a).
Let
92k+2(33) = 1/12k(x) - (—E)km[¢/]o—
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Then

B5200(0) = () (vte) = 51D

so that in view of (3.3.3),

05 () = (—B)* (4" (x) — []odo) = (—E)*+(x),

in the neighbourhood of 0.

So Oyp1o is a C?**2 function in a neighbourhood of 0 and we have:

Y o, e
0)<. ) " ; 2]—1—1 )

Jj=0

k—1

E) 4'(04) +¢'(0-) 2j+1
+; 2j—|—1 > T A oo ).

.

I1 suffices to evaluate 0;%22(0) and 951’12”(0) to conclude the proof. We have

65),(0) = (—E)*9(0)

and

/ sign(z) .,
055" 0) = () (we) - )
so if x tends to 0, we have :

9(2k+1)(0> _ P'(04) +4'(0-) (—E)".

2k+2

Define

Yorra(z) = Oapra(z) — (0) i

and the induction is proved. O

Let 1. be the even part of ». We have in a neighbourhood of 0

N-Looo 2k Zo x|t L1
00) =00 X (o~ Sarey ) B+ jla(e) t (o). (334

Lemma 3.10 (Approximation). There exist constants (c¢;)1<j<y € RY satisfying

N
) :ch¢j(x)+(9(x2]v), as © — 0.
=1
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Proof. By Lemma 3.9 applied to ¢;, we have

— — € " 2o - €j 2k+1
(@) = 65(0) ( R X e ) Foya(a)
where
dian(z) = O(z*Y)
So
N -1 N 2k
we(.ilﬁ) - ZCJ¢](x) = (w«))(_E)k - Z( E]) CJ¢](0)> (2k)

_ % - <¢(0)(—E)’“ - Z(—g)’“q@(@) (5—:1), + Yan(2) — ; ¢jGjan ().

To prove the lemma, it remains to show that there exist coeflicients (c;) such that :
N
V0 < — 1, (—€)Fei0;(0) = ¥(0)(—E)* .
Jj=1

We have chosen the functions ¢; so that ¢;(0) # 0. By defining o; = ¢;¢;(0), we recognize a
Vandermonde linear system. The eigenvalues €; are all different so the system is invertible and the
lemma is proved. O

3.3.3 Derivative jumps at 0

Recall p;(t) = p,(t)di(t). We will introduce some notation used in the next proofs:
p(t) = (1), ..., pn (1) € RY,

(18 (5”5
(B ), (B, )T € RY,
= ¢1(t), L on(t)" € RY,
(1), on ()" € RY,

RNXN,
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Lemma 3.11. Let (ci)1<k<n be any vector of RY and j € N. Then,

cx(—er) o (0) — <A_1pa¢ - Z Ck¢k> 'gjq)(())) :
k=1

M=

[ ] = —Z, ((—EW(O) -

i

1

where &€ is the diagonal matrix

—€1 0 0
£ = 0 —€9
0 0 —€EN

Proof. We first prove the statement for j = 0. In a neighbourhood of 0, we have:

b= i (i) (6= 60) (3.3.5)

Using the equations satisfied by ¢ and ¢; gives for the first derivative jump at 0 of ¢ :

o= =3 (3.5 6

= —Z (1/1(0) - Z <Z5i 7l/~J> @'(O)) . (3.3.6)

Multiplying equation (3.3.5) by py and integrating on [—1/2,1/2],

(B ) —i@,u?) (B 83) = (r- V) —i(mﬁ) (pedi) =0,
i=1 i=1 ——

(Dr, ) :i<Pu > (Dre, Pi) -
=1

Therefore

21’<;5,12 (3.3.7)

~~——
=
£

Likewise
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since for 1 <i < N :

According to Proposition 3.3, the matrix A is invertible and so is B since B = Ag, with A invertible
by assumption. We therefore have

ﬁ: <py- a@ ¢i(0) = <z5 , 1&> - ®(0)
= A5, ) - 2(0)
= (BA)™ (p,v) - ®(0)

We thus obtain the more compact form:

[0 = —Zo (¥(0) — (A7 'p,¥) - ©(0)) .

To complete the proof the lemma, it suffices to show that
(A7, ¢i1) = e,

where e; is the i-th vector of the canonical basis of RY. This is straightforward since (p, ¢;11) is
simply the i-th column of the matrix A.
For 7 > 1, we proceed in the same way using

{W?*”]o = —Zo(=E)(0),
(617 N0 = = Zo(—ex) 61 (0).

Remark 3.12. Notice that we showed
(5. 0) =(A7p, ). (3.38)

This equality will be used later in the estimation of the d-th derivative jump.

To prove Lemma 3.4, it remains to study the behavior of A=TEI®(0) as 1 goes to 0. By
assumption, A is invertible for all 7 > 0 but when n = 0, A is a rank 1 matrix. Actually, in the
special case of the 1D Schrodinger operator with Dirac potentials, we have a precise characterization
of the behavior of A~TEI®(0) as n goes to 0.

Lemma 3.13. Let f be a function in L2 (0,1) and Q(t) = (Qo(t),...,Qa_1(t))" be a vector of

per
even polynomials which forms a basis of the space of even polynomials of degree at most 2d — 2. Let
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G, be the d x N matriz and C,, the N x d matriz defined by:

G, = [ plo@wem’ d,

O(t) = C,Q(t/n), Yt € (—n,n).

Then we have

(A7) = [ €6 C Q0 o)

Proof. We have

Aij = <pi+1 ) ¢j+1>
n

=/ P(t/ﬁ)&iﬂ(t)d)jﬂ(t) dt

-n

= 77/_ (1) i1 (Nt) Dy () dE.

1

Therefore,

A=n / p(H)@(nt)@(nt)" dt

1

ZnCn/ p(t)Q(t)®(nt)" dt

1

=nC,G,,.
Since (éi)lgig ~ is free, the matrix C,, is invertible :
_ 1 _
Alp = Ep(t/n)(CnGn) 'CQ(t /).

Thus

n

(A'p, ) = % / p(t/1)(CyG)  CoQ (/) £ () dl

-n

:/_ p()(CyGy) "' CoQ(6) f (nt) dt.

1

(3.3.9)

]

Before moving to the next lemma, we introduce the following notation. Let (); be the even

polynomials of degrees at most 2d — 2 defined by

1
/ p(H)Qr()E¥ At = b5, 0 < k,j <d—1,

1
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and let P, 0 < k <d—1 and P be defined by

1

Pp(t) 2’f_k;!(t2 — 1),

P(t) = (Po(t), .., Paa(t)".

It is easy to see that P, satisfies

Let IT be the transition matrix from @ to P :
IQ = P.

Finally we denote by (), the matrix of the expansion of ® in the basis Q and C7(7P) the matrix of
the expansion of ® in the basis P :

It is easy to see that

C, = C{1L
Lemma 3.14. For 0 < j < N — 1, we have
2j
n : -
(Qj)!(é’ﬂ@(o))T(CnGn) 'c, = el (Iy M), (3.3.10)

where M is a (d — N) x N matriz.
Furthermore

_ 1
€6 ¢l =0 ().

Remark 3.15. The main idea of the proof is to use the particular structures of the matrices C,
and G,. We denote by Cy, Cy, G1 and Gy the matrices defined by

Suppose that C, is invertible and such that ||C;'Cy|| = O(1) as n — 0, and there exvists an
invertible matriz Hy such that

GlHl = IN + O(T]) s
GoHy = O(n) ,
el H ' = ®(0)T.
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Then it is easy to see that
®(0Y7(C,Gy)LC, = eF (IN ] Cf102> +O®).

Using Lemma 5.9 applied to ®, it is easy to unveil the dependence in n of the matriz G,
but we have no hint on the structure of C,. Likewise, C’,(,P) 1s easy to study but the matriz
f_ll p(t)P(t)®(nt)T dt is not. So we have to work with both bases P and Q, exhibit the structures of

the matrices C7(7P) and Gy, and recombine everything with the transition matriz I1.

Before proving Lemma 3.14, we state some properties of the matrix C’r(,P) and its submatrices

Cy, Cy.

Lemma 3.16. Let N € N* and d > N. Let C; € RN and Cy € RV*UE=N) pe the matrices such
that:

ciP) = (01 02>. (3.3.11)
Let (gr)o<k<n—1 be the dual family of the vectors (n*®® (n))ocp<n_1 and K, be the matriz
9%
Ki=| : | eRVN
9%—1

1 0 ... 0
D 0 . *x = c RN
S0 . %
0 0 1
such that
Cl_l - PKl,
CitCy = M + O(n),

where M € RVN*(@=N) s o matriz independent of .

Remark 3.17. The particular form of the matriz P will be used in the estimation of the d-th
derivative jump of ¥ at n (Lemma 3.5) and of T f(x) (Lemmas 3.20 and 3.21).

Proof. Let (cg)o<k<a—1 be the columns of CQSP). By the continuity conditions at n and our choice of
the polynomials Py, we have

V0<j<d—1, ¢;=n0(n) - PV (1) (3.3.12)

Thus ¢; is a linear combination of the vectors n*®®*)(n) for k < j whose coefficients are independent

)

of n. Moreover as Py = 1, we have Po(j =0 for j > 1. So in fact, for j > 1, ¢; is spanned by the
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vectors nf®*) () for 1 < k < j. Then, by definition of K; and the vectors g,

1 0 ...0
e L (3.3.13)
S0 T ox
0 ... 0 1

Note that this matrix is independent of 1. Let us denote it by P~!. Then the inverse of C; is
PK, and P has the same structure as P~'. Recall that for £ > N, ¢; is a linear combination
of the vectors n?®U)(n) for j < k. As g; is the dual family of the vectors (7'®"(n))o<i<y_1 and
lg;ll = O(n'~), we have

Ci1Cy = M + O(n), (3.3.14)

where M is a N X (d — N) matrix independent of 7. [

Proof of Lemma 3.14. Let G, € RV*N and Gy € RI@N*N he the unique matrices such that

Gy = (g; ) € R>V,

By definition

By Lemma 3.9 applied to each ¢;,

N-1 ; ;
ZO ‘t’2‘7+1 772] )
t2j ETD(0 —|—O 2N .
k=0 ( 2 27 +1 (2j)! ( ) (77 )

Let a; € R% ) € RV, a;l’N € R be defined by

1 2j+1 N

Zy [t <a4 )

= — HZ2E o) dt = 4y ).
a; /1P()22j+1Q() a;lN

Then by definition of the polynomials ) we have

N-1 .
Gr=3 (e +na)) gz (E72(0))" + O(Y),
N1 e : N
Ge = ~ na; (gj)!qu)(o)) + O(n™)
]:
Let (fo,.., fn-1) be the dual basis of <5J(I)( )7 ') in RY and H; be the matrix
2N o<j<n-1

Hy = (fo fN—l) c RV*V,
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It is straightforward to see that ||H,|| = O(n*~2") and

GiH,=In+O(n),
GoH, = 0(77)-

The matrix H; is invertible and its inverse is

H-! — — 772j j T
T = 3 e O
Let us now prove (3.3.10) for j = 0. We have
®(0)"(C,G,)'C,y = ef H{ ' (CPTIG,) C,§P>H

=l (c 'eimG, ) (1 | ¢y

U
— ((JN \ M+ (9(77)>H<IN ‘ (’)(n)>T) B <IN ‘ M+ O(n)>H
Decomposing IT into four blocks

_ Hl HZ . NxN
H_<H3 H4>’ with II; € R ,

we obtain
@(O)T(OnGn>_10n = eOT (IT; + MTI5 + O(n))_l <H1 + M1z + O(n) | 11y + MTL, + O(W))

= 60T<]N ‘ MW> + O(n).

For 1 <j < N — 1 we proceed in the same way, using el H, ' = (gj.;!(é’j@(O))T. O

Proof of Proposition 3.4. Let 0 < j < N — 1 and let (¢x)i1<k<ny be as in Lemma 3.10. Then by
Lemma 3.11 we have :

)y = (~EP(0) = Y enl—a)on(0) + <A1p V- ¢> - E70(0)

[\

~~
=0

- <Alp,w - ch¢k> - E99(0)

k=1
N

= <A_1p7we - Z Ck¢k> ' SJ(I)(()) ;
k=1

as p is even.
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Combining Lemmas 3.13 and 3.14, we get

(E99(0))"A™p = p(t/n)(EB(0))7(C,G) " CuQ(t/n) = plt/)xLQ(t/m) .
where [la, | = O().

Using again Lemma 3.10, we obtain

N N-1 N
‘<A‘1p,w - ch¢k> E12(0)| < Cllayl |[p(®) 3 |Qet) PO
—1 =0 LY[-1,1] k=1 Lo [=n,n]
< CnQN—Qj‘

We therefore obtain

[P+ D] < O,
For 7 > N, we then have

(—E)(0) — ch(—ﬁk)j¢k(0) # 0,

and by Lemmas 3.10 and 3.14,

N N
‘<A—1p,¢ - ch¢j> LE1D(0)| < C(C,Gy) G ‘¢ -y <ot
= L e 0)

_OE,;ZN)
We therefore have

W]y = (—E)74(0) —

(&

cr(—e) or(0) + <A_1p,¢ - ch¢k> -E70(0).

k=1

J/

£ IM)=

)
Thus,

[P+ D]] < C,
which completes the proof.

3.3.4 d-th derivative jump

We use the notation introduced in the previous section.

Proof of Proposition 3.5. We give the proof only for k = d as the proof for d+1 < k <2d — 2 is

I6)
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very similar. By definition of ¢ and 513,

(5@ = (5,9 - [39),
= (5. 9) - @D PO() = 80 )

= %<A_1pvw> : (Cq(yp)P(d)(l) — 0@ (n)) (by Equation (3.3.8)),

1 1
=5/, p(t)w(nt)Q(t) dt - CT(GTCT)=H (P PD(1) — n’@D(n)) (by Lemma 3.13).

We know from (3.3.12) that the columns of C,SP) are linear combinations of 7*®®)(n). Let us
apply Lemma 3.9 to ®. As the remainder is C??~2, for k < d — 1, we can differentiate k& times and
we have for k even :

N-1 2 Z 2j+1
koM () = ( u o1 )SjCDO +O(PY),
i=3
and for k£ odd, we have
N-1 , :
Z ko1 772] Zy Pt :
ko) () = — 299k D5 &(0 20 T ) &ie(0) 4+ OnHY).

J

\
off

But by Lemma 3.14, for 0 < k < 2N — 2, k even, we have :

Cr(Grey) e (n) = :_ (—(2;7_] Al —%—(szjf_ k)!> Cl(GHCT) T E0(0) + O(n?)
_y % (ﬁVT) e; +On). (3.3.15)

<.
[SIE

Similarly for 0 < k < 2N — 1, k odd :

Zo

Seraren™ "D T ®(0)

CH(GECT) " () = -

N-1 n% Zo p2i+1 S 2
' G -0 2 @ri—i) (GECT)~1E10(0) + O(n?)
j=r
N-1 ,
27)! I
-2 ﬁ (MNT) ¢+ 0, (3.3.16)
k+1 : ™
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and for k > 2N, using [|CT(GTCT) | = O(n* ") we have
Cy (GCT) 0" @D (n) = O(m).

We have proved that [(@], = O(n~) but it is possible to have a slightly better estimate.
Observing that 1 is in fact a Lipschitz function and not only a continuous function, we have for
lt| <1:
W(nt) = $(0) + O(n).
By definition of the polynomials Q)x, we have

1

/_ p(DQ(E) (1) dt = 1(0) / p(HQ(E) dt + O(n)

— p(0)ey + O).

To complete the proof of the proposition, it remains to show

e - CHGICIY MO P (1) — nfd D (n)) = O(n).

n

eg (]\IJNT> e; =0,

then for d > 2, equations (3.3.15) and (3.3.16) lead to

As we have for j > 1

eo - CHGTCT) '@ (n) = O(n).

Recall that the columns of CESP) satisfy the relation

j—1
VO<j<d—1, ¢ =000 (n) - PP (1)
k=0

But Po(j)(l) =0 for j > 1 so in fact, for all k > 1, ¢; is a linear combination of the vectors n?®\)(n)
for 1 < j < k. Moreover by definition, we have

PD(1)=(0,...,0,%,...,%)7,
——
1)

SO Cflp) P@(1) is a linear combination of the last [2] columns of C,(,P). Thus Of,P)P(d)(l) is a linear
combination of the vectors 77®)(n) for 1 < j < d —1 and therefore in view of (3.3.15) and (3.3.16),
we have

e CH(GTC~1 P P (1) = O().
O

Proof of Theorem 3.6. First, we need to bound the remainder fol A= (g)e2mme qg with respect
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to n. @ is a vector of polynomials of degree at most 2d — 2, thus ®24-1) = (. Thus
1 n -
< [ we@de+ [ 1(5.5)- 0% (@) da
0 -

a+n . ~
—I—/G_n <p ,¢>-(I>(2d 1)(:B—a)‘ dx.

1
/ w(Qdfl) (l,)efQiﬂmz dx
0

We have <]5,12> — (A~'p, ) by (3.3.8) and by Lemmas 3.13 and 3.14,

.
[(A™'p,¥)] < Pt

where C' is a positive constant independent of n. Thus

T (2d—1) C
| 1) a4 0@ < o
-
Then by Proposition 3.8, using the estimates (3.2.1) and (3.2.2) on the derivative jumps
R 1§]-1 1 2d—2 1
wse(E sl @
[Vml < (2mm)2+2 v 0 * Z (2rm)k+1 4 +n
L§]-1 1 2d—2 1
S PYACSE ) S N PYAC))
* Z (2mm)2+2 Hw }o‘ * Z (2rm)F+1 [l/) ]a:l:n
j=0 k=d
1 L e
2d—1 —2immx
I_%J_l 772]\/'72]' 2d—2 1 1
<C m2+2i + =Tkt + 2N =3 2d—1
=0 k=d
Since N < d and m > %, we have the result. O]

3.3.5 Error bound on the eigenvalues

To derive the estimate on the eigenvalues, we would like to use the following classical result
([WeiT4], p. 68).

Proposition 3.18. Let H be a self-adjoint coercive H'-bounded operator, Ey < --- < E,, be the low-
est eigenvalues of H and y,...,10, be L?-normalized associated eigenfunctions.
Let EfM) < .- < E,(lM) be the lowest eigenvalues of the Rayleigh quotient of H restricted to
the subspace Vi of dimension M.
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Let wy, € Vi for 1 < k < n be such that
> " flwr — el < 1.
k=1

Then there exists a positive constant C which depends on the H* norm of H and the coercivity
constant such that for all1 < k <n

B~ B < O = wallin.
k=1

We would like to apply this result to ¢y, = (Id + T)QLM where 1 is the truncation of ¥ to the
first M plane-waves but we need to bound the H! norm of 7" with respect to . Coercivity for our
one-dimensional model has been proved in [CD17|. To find this bound, we will need to rewrite 7'f
in a convenient way.

Lemma 3.19. For f € H! (0,1), we have for |z| <n:

~ () (e ey’ e [ osmpa i () o - piam).

where G(P) is the following Gram matriz :

and C; € RN*N s the square matriz defined in Lemma 5.16.

Proof. For |z| < n, we have :

(TH@) = G.1) - (@) = B(a)
= (B 1) (3(@) — B(a).

Recall that
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Using the identity

we can formally rewrite (B~ 1p, f) as

(57.1) - 2l0) = () (e (c)) e [ prmpwar (5 et

(3.3.17)
and the result follows. O

Lemma 3.20. There exists a positive constant C independent of n such that for all
f e HL.(0,1) and for all x € R, we have

\V/O<77§770;

.1+ (2(2) = (@) | < Cnll ..

Proof. In this proof, C' denotes a generic constant that does not depend on n or f. Let f € Héer((), 1).
On |z| > 7, we have by definition of ®

b, 1) - (®()  B()) = 0.

We deduce from Lemma 3.19 that for |z| < n we have

The proof of the lemma consists of four steps. We will successively show that

—1
L ( C(l) ) ®(z) — Plz/n) = (S) + O(n), where (2) is uniformly bounded in 7 and z;

2. [1, p(&)f(nt) P(t) dt = f(0)G(P)eo + O] fllmy,.;

T ™ 1
3. the norm of <C’TSP)> (ngP)G(P) (Oé”) > C’,SP) is uniformly bounded in #;

T ™ 1
4. forj > 1, €] (C’ép)> (CZSP)G(P) (CZSP)> ) C’,SP)G(P)GO is of order O(n).
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Indeed, assuming these statements hold, we can infer from statement 2 that
5.5)- (o) - 3())|

<1101 (eow ) arerie: ((5) o0 - e )
)" (e ) e (S o - plam)|

We treat both terms separately. For the second term, by statements 1 and 3, we have

‘(O£P>)T <C’7(]P)G(P) (qu))T> -1 ctP ((0(1)_1) () — P(x/n))’ <c

O fl .,

For the first one, by statement 1, we only have to check that for 7 > 1, we have

n S CT]’

-1
() (e cr))” ePew -«

which is exactly statement 4. The lemma is then proved using the Sobolev embedding

1A llege, < CllF N m,.

per’

Step 1 Writing down the Taylor expansion of ® at 7, we obtain

o)=Y ;!77) ®® (1) + O((x = n)™)
_\ % (f — 1) n*®® (n) + O((z — n)").

By Lemma 3.16, we have
Ci'n ) (n) = pKlﬂkq’(k)(W) = Pex,

and for k # 0, Pey, - eg = 0. We also know that ||C; ]| = O(n*~V), so that

Cria(s) = (i) +O().

By definition Py = 1, and therefore

(-5 ) ot - Pl = (1) + 0
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(0,1), by the Sobolev embedding theorem, f is continuous and f(0) exists.

er

Step 2 Since f € H)
Thus we can write

/1p(t)f(77t)P(t) dt = f(O)/lp(t)P(t) dt+/1p(t)(f(77t) — f(0))P(t) dt

— F(0)G(P)eo + / PO nt) = FO)P(D .
since Py = 1. Using

ft) = fO)+ [ f(z)d,

0
and Cauchy-Schwarz inequality, we obtain

‘/_11 p(t)(f(nt) — f(0))P(t) dt' < (/_11 D(1)2P2(t) dt /_11 ( Ont o dx>2 dt) 1/2

([ ([ rera)oes)”

< Onllfllag,.-

p

Step 3 We want to bound the norm of the matrix

-1

()" (erew) (e)") e

n n

Since G(P) is the Gram matrix of the polynomials Py for the weight p, G(P) is a symmetric positive
definite matrix and thus admits a square root. It is easy to check that

6Py ()" (cpae) (e)") eae)

is an orthogonal projector. Its norm is therefore uniformly bounded in 7.

Step 4 Let Gy € RV*N Gy € RVXA=N) and G5 € RE-N*X(A=N) he the matrices respectively
defined by
_(G1 Gy
G(P) = ( a Gg) .

Crl'Cy = M,
Recall that by Lemma 3.16, ||M,| < C. With this notation, we have

Let M, be the matrix

COG(P) (CP)' = Cy (Gr + MG + GoM! + M,Gs M) CF,

n n
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and therefore,

n

(@) (ePGP) (E)) T PGP
ZQ%NQ+M$+%WFM%WTW%MM@%(%ﬂ)

We will now show that M eq = O(n). By definition,

eo M, = el C71Cy = e[ PK,Cs.

By Lemma 3.16, el P = ¢y and by definition of K7, el K; = gl where gy is the vector satisfying
gl ®®) (n) = 6o for k < N — 1. Again by Lemma 3.16, the columns of C’,(,P) satisfy :

—_

VO<j<d—1, ¢; =D (n) =S PV (1),
0

.

i

with Po(j )(1) = 0 for j > 1. Consequently ¢; is a linear combination of the vectors n*®® () for
1 <k < j. Since |go|l = O(n*~V), we get gl Cy = O(n). Coming back to Equation (3.3.18), we
have

()" (esPap) (7)) Cie = ( MN) 0 +O().
n

Consequently,
T 7\ —1
el (C5) (qu)G(P) (CsPy > CiPley = el (JT) eo +O(n)
n
_JOm), 0<j<N-1,
| Ml =0(), N<j<d-L

We can establish a similar result for (p, f) - (@’(x) - EIVJ’(:1:)>

Lemma 3.21. There exists a positive constant C independent of n such that for all
f e HL.(0,1) and for all x € R, we have

per

Vo <n<m, |(5.f)- (@) = ¥@))| < Cllf ..

Proof. 1t is a transposition of the proof of the previous lemma. The first step is simply replaced by

-1
1. (C(l)) Q'(x) — %P’(x/n) = % (0) + O(1), where (2) is uniformly bounded in 7 and x.

*
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To prove the latter statement, we observe that 5 = 0 and by a Taylor expansion of ®’, we obtain

-1

R k—1
= (— - 1) @™ (n) + OV,
M=
hence
e = (°) + o)
| x) = o L .
]
Lemma 3.22. There exists a positive constant C' independent of n such that for all f € per(O 1),
we have
YO <n <o, ITflm, <Cn2llflluy,
Proof. This is a straightforward consequence of Lemmas 3.20 and 3.21. O

Proof of Theorem 3.7. Applying Proposition 3.18 to ¢y, = (Id + T)IIy¢), where II,; is the trunca-
tion to the first M plane-waves, we have

B, — B| < ClI(1d + T)(TMardh — )3
< O — Dl + 1T — D)),
By Lemma 3.22,
IT (00— B) . < ClTad =l |
and we deduce from Theorem 3.6 that

|E}, — E| < C| e — ?mﬁfgcr

<C DY (140
ij+1
1
S O Z 2d 2j2d
j=M+1

774N 1
S C ( M + ,'72d2M2d1) :

3.4 Perturbation by a continuous potential

In standard electronic structure calculations, the Hartree and exchange-correlation terms are
modelled by a potential that is smoother than the Coulomb potential. To reproduce this setting in
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our one-dimensional toy model, a smoother potential W is added to the Hamiltonian (3.1.1). In
the following, we examine how the VPAW method accelerates the computation of eigenvalues.

Consider the Hamiltonian

H————ZOZ(Sk—Z > Garr + W, (3.4.1)

kEZ kEZ

where W is 1-periodic, continuous, 0 < a < 1, Zy, Z, > 0.
With the VPAW method, the generalized eigenvalue problem

(Id+T*H(Id + T)p = E(Id + T*)(1d 4 T)¢, (3.4.2)

is solved by expanding ¢ in plane-waves. Like in Section 3.1.2, T = Ty + T, where Ty and T}, act

on two disjoint regions |J [-n + k,n+ k] and |J [a — n + k,a + n + k] respectively. The atomic
keZ keZ
wave functions (¢y)o<k<n-1 are the non-smooth solutions of the atomic Hamiltonian

d2
HOZ—@—Z()Zék—{—V,
keZ

where V' can be different from W. The eigenvalues associated to (or)o<k<n—1 are denoted by .
To define the pseudo wave functions (¢ )o<k<ny—1 and the projectors (px)o<k<n—1, We proceed as in
Section 3.1.2.

It follows from the study of the double Dirac delta potential Hamiltonian that the key lemma
of the analysis is the structure Lemma 3.9, which describes the behavior of eigenfunctions near the

singularities. It is possible to establish a similar result for the eigenfunctions of the Hamiltonian
(3.4.1).

Lemma 3.23. Let 1) be an eigenfunction of the Hamiltonian H given by (3.4.1) for the eigenvalue
E. Then in a neighborhood of 0, we have the following expansion :

: j 2j Zy (_E)j 2j+1
-0 (3 e - S )

j=0

k

¢(0+ +¢ Z 2j+1j 2]+1+Z/ /Ww ) + Yapra(x),

j= J=0 N——
25+2

where Yoo is a C**2 function satisfying in a neighbourhood of 0

Uiy = (—E)*1y,
Yoo () = O(22+2).



86 CHAPTER 3. The VPAW method in a one-dimensional model

Proof. This lemma can be proved by induction. For k = 0, we set

Oul) = () + 2Ll (0) — / / W (s)op(s)dsdt

and then proceed as in the proof of Lemma 3.9. n

We will now make some assumptions on the potentials V' and W:

1. V and W are smooth and 1-periodic;

2. V is even. This property would indeed be satisfied by potentials that does not break the
crystal symmetry;

Lemma 3.24. For N > 2:

k=1

where (V®)y, is in span(E7P(0), j < N — 2).

Proof. This lemma is proved by induction.

Initialization Applying Lemma 3.23 with Z, = 0 and W =V to each function ¢, we obtain
expansions of the atomic PAW functions ¢, in the vicinity of 0:

B(z) = B(0) (1 _ %m) + 0@,

Deriving twice [[ V® gives

(// V@(w))// = V(2)®(2)

Therefore
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Inductive step Let us derive twice [[V®:

(// V@(w)) = V(x)D(z)
) <2:V(2k 2 ) (NZ;l( 22 ZO;ZL:H)) D*®(0)
o3 [ /vw)) + o), -,

By the induction hypothesis,

/ /VCD 1(vq>)kj <<§—Z)' - %%) +O(z*M).

2]4-2
Thus,
N1 N—9 N-1 2%k 2k+1
- x Zy ||
[ [vem =5 ¥ vons (G- Sair )
=0 7=0 k=j+1
(25+2)
N-1 k-1
= —J '
22 (2k)! 2 (2k+1)!

Going back to (3.4.3), expanding the equation and using the last equation, we obtain the result. [

Lemma 3.25. In a neighbourhood of 0, the vector ® has the following expansion :

k 22 Z | 2j+1
£0 37|
E — ) X;+ P
§=0 ( (27 +1)! ) i+ Paina(),

where the function Popyo is C***2 at 0 and X; are vectors satisfying

{Xj € span(E°®(0), £ < j), (3.4.4)

— E79(0) € span(ED(0), £ < j—1),

where £ 1s the diagonal matrixz with entries —eg, ..., —€n_1.

Proof. We apply Lemmas 3.23 and 3.24 and notice that the vectors (V®), are spanned by
(E10(0), j <k—1). m
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Lemma 3.26. The even part of ¥ satisfies

1 —E) o Zo (=E) | sin 2?2 Zy|x3
wio) =3 (e = ) < wowo (5 - 35)

i <W/(O)w‘;(0) B gW(O)w(O)) Z_T - % (%@w@ — EW(ow(o)) ‘5?)_[5
T WOR(0) (4— - 275—) o (%),

where
P'(04) +4'(0-)
5 .

U (0) =
Proof. The proof follows from Lemma 3.23 and a careful estimation of the terms [[ W and
JITTwe. O

Since W is not even, 1 does not have the same structure as for the double delta potential.
More precisely, we can show that because of the term [[ W4 the singularity of the fifth order term
cannot be removed by the VPAW approach.

Lemma 3.27. For N = 2 there exist coefficients ¢y and ¢y such that:
Ye(x) — cotpo(x) — c191(x) = O (934) )

For N > 3, there exists a family of coefficients (cx)o<k<n—1 Such that:

N-1

Velx) = Y ngi(x) = O () .

k=0
Following the same steps as in Section 3.3, we can establish the following theorems.
Theorem 3.28 (Estimates on the Fourier coefficients). Let N € N* and d > N. Let W, be the

m-th Fourier coefficient of t. Then, there exists a positive constant C such that for all 0 <n <mng
and m > %

~ 772N/\5 1
’¢m‘ =C ( ORI ndlderl) ’
where a A'b = min(a, b).

Theorem 3.29 (Estimates on the eigenvalues). Let N € N* and d > N. Let E]T(4 be an eigenvalue
of the variational approximation of (3.4.2) in a basis of M plane-waves and for a cut-off radius
0 <n < ny, and let E be the corresponding exact eigenvalue. There exists a constant C' > 0
independent of n and M such that for all 0 <n < ny and M > %}

(3.4.5)

En E - C n4N/\10 1 1
| M~ | < M + n2d-2 )[2d-1
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Remark 3.30. The estimate (3.4.5) does not seem optimal as shown in Figure 3.5.6. It seems
that singularities of any order can be removed by the VPAW method.

3.5 Numerical tests

The goal of this section is to compare the theoretical estimates determined in Sections 3.2 and
3.3 to numerical simulations and show that they are optimal.

All numerical simulations are carried out with Zy; = Z, = 10 and a = 0.4. The Fourier
coefficients are evaluated by a very accurate numerical integration.

It is interesting to compare the results (Figure 3.5.1) obtained by a direct expansion of the
wave function ¢ (here displayed by the points N = 0) and the VPAW method. Recall that N is
the number of pseudo wave functions used to build the operator T'. The smoothness of the pseudo
wave functions is set to d = N.

0

0

"' EEEEEEEEEEEEE
al E s s EEEEEEEEEEEN
-1}
-z}
= Ll —
] AN
| |
== =3t == 4t .
) . . ) .
By | L™ ™ i Bl T2 [ .
el P el
mE N=0 . * - | ®imm N=0
SH+ + wn=2 ¢ . * e . N=29
N=2 L] 7l ., - B N
e & N=13 LI L e ® * & N=3
_6 n N i i i i i i - i i i i i i n N
-16 -15 -14 -13 -12 -11 -10 -09 -08 -07 -16 -15 -14 -13 -12 -11 -10 -09 -08 -07
log(n) log(n)

(a) Error on the 8-th eigenvalue for M = 64 basis  (b) Error on the 8-th eigenvalue for M = 256
functions basis functions

Figure 3.5.1 — The VPAW method compared to a direct calculation for the 8-th eigenvalue

Given a number M of basis functions, the VPAW method is much more accurate than the direct
method although it is quite sensitive to the choice of n. More comments on this behavior will be
made in Section 3.5.3. We do not report the computing times for the VPAW method because in
this study, each time a simulation is run, we generate all the pseudo wave functions , the projector
functions p and compute their Fourier coefficients. In practice, these data are precomputed and
stored in a file. Thus, the only additional cost compared to the direct method comes from the
assembly of the matrices (Id + 7)*H(Id + 7T') and (Id + 7)*(Id 4+ 7).

3.5.1 Derivative jumps

Since ¥ and the functions ¢; are known analytically, it is possible to evaluate the derivative
jumps of ¢ at 0 and +n (Figure 3.5.2 and Table 3.5.1). The plots are given for the eigenfunction
associated to the lowest eigenvalue of H. The behavior is similar for other eigenfunctions.

These numerical results are in remarkable agreement with Propositions 3.4 and 3.5.
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Figure 3.5.2 — Derivative jumps of the pseudo wave function

N Numerics Theory d Numerics Theory
2 3.90 4 2 -1.005 -1
3 5.94 6 3 -2.000 -2
4 7.85 8 4 -3.000 -3
5 9.85 10 5 -4.000 -4

(a) Numerical and theoretical slopes for the first (b) Numerical and theoretical slopes for
derivative jump at 0. the d-th derivative jump at +n.

Table 3.5.1 — Comparison of the theoretical and numerical results for the derivative jumps

3.5.2 Comparison of the PAW and VPAW methods in pre-asymptotic
regime

The simulations are run for a fixed value of d = 6 and two different values of  (n = 0.1 and
n = 0.2). In Figure 3.5.3, F is the lowest eigenvalue of the 1D-Schrédinger operator H given by
(3.1.1).

Recall that our theoretical estimate on the eigenvalue given by the VPAW method is :

g, —p<o(l L1
By — E| < M + n2d-2 \f2d-1 |- (3.5.1)

To transpose the PAW method to our one-dimensional setting, we need to account for the use of
a pseudo-potential. For this purpose, we replace the Dirac delta potential by some smooth function
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in Equation (3.1.1). We choose the 1-periodic function y,. such that

Xe(z) = <o Gﬁ) v € [-¢6,

0, x € [—1/2,1/2] \ [—€,¢€].
where C' ensures that f_ee Xe = 1. As € goes to 0, x. converges to the 1-periodized Dirac potential
in H;1(0,1).

As expected, the PAW method quickly converges to a wrong value of E. It is interesting to
notice that asymptotically, the VPAW convergence is of order O (ﬁ) but for small enough values
of M and 7, the second term in the RHS of (3.5.1) dominates.
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Figure 3.5.3 — Comparison between the PAW and VPAW methods for the lowest eigenvalue

3.5.3 Asymptotic regime
Behavior in the plane-wave cut-off M

The next numerical tests (Figure 3.5.4 and Table 3.5.2) are run with d = N and N =2, N = 3.
The pseudo wave function 1) is expanded in M = 2™ plane-waves, m = 7 to 9.

Here, we can clearly see two regimes : for n small (resp. n large), the leading term in the error
is dominated by the d-th derivative jumps at k £ n and k +a £, k € Z (resp. the first derivative
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Figure 3.5.4 — Error on the eigenvalue for different values of M

jump at k and k+a, k € Z). In each regime, the gaps between the decreasing and increasing slopes
seem constant and their evaluation gives the correct orders of convergence in M (see Table 3.5.2).

Numerics Theory Numerics Theory
Decreasing lines 0.30 log(2) ~ 0.30  Decreasing lines 0.32 log(2) ~ 0.30
Increasing lines 0.90 3log(2) ~ 0.90  Increasing lines 1.50 5log(2) ~ 1.50

(a) Gaps for N =2 (b) Gaps for N =3

Table 3.5.2 — Estimation of the order of convergence in M

Dependence of the convergence rate in n on N and d

In each graph of Figure 3.5.5, we have kept M constant to track the dependence of the
convergence rate in 7. By Theorem 3.7, the logarithm of error on the eigenvalue is given by

774N 1
log(E}, — E) = log(C) + log ( i 772d2M2d1) :

Hence, when 7 is large, we have
log(E}; — E) ~log(C) + 4N logn — log(M),
and when 7 is small, we have
log(E], — E) ~1log(C) — (2d — 2)logn — (2d — 1) log M.

Notice that in each graph, for n large, the parameter d has a negligible effect on the error on
the eigenvalues, in agreement with our theoretical estimates.
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d Numerics Theory
2 6.5 8
3 6.9 8
4 7.2 8
(a) N=2

d Numerics Theory

3 10.6 12

4 10.7 12

5 10.9 12
(by N=3

Table 3.5.3 — Estimation of the increasing slopes in Figure 3.5.5

-0.6

(b) Error on the 8-th eigenvalue with N = 3,

There is a small discrepancy between the theoretical and numerical values of the increasing
slope. A possible explanation could be that the estimates we have given for the first derivative
jumps are valid asymptotically as n goes to 0, but the increasing slopes are observed for relatively

large values of 7.

d Numerics Theory

2 -1.6 -2

3 -3.6 -4

4 -6.0 -6
(a) N=2

d Numerics Theory

3 -3.8 4

4 -5.4 -6

5 -7.8 -8
(by N=3

Table 3.5.4 — Estimation of the decreasing slopes in Figure 3.5.5

For the decreasing slopes, our estimate is in very good agreement with the numerical simulations.
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3.5.4 Perturbation by a continuous potential

In this subsection,

we study the VPAW method applied to the Hamiltonian (3.4.1) with

W (z) = 10sin(27z + 0.2). Since this model is not exactly solvable, we use a P2 finite elements
method to compute very accurately the eigenvalues (the relative error on the computed eigenvalue

is less than 10719).

log(Ef; — E)

Figure 3.5.6 —
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N Numerics Theory

9 89 3 Numerics Theory
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Table 3.5.5 — Estimation of the slopes in Figure 3.5.6

For N = 3, the increasing part of the curve has a slope which is very close to the theoretical
estimation of Theorem 3.7 (that is with W = 0). This seems to indicate that the VPAW method
removes the singularity at the nucleus up to the fifth order, but we are unable to support this
observation with rigorous numerical analysis arguments.



CHAPTER 4

LPROJECTOR AUGMENTED-WAVE IN A ONE-DIMENSIONAL
SETTING

In this chapter, based on [Dupl7], the PAW method is applied to the one-dimensional double
Dirac potential Hamiltonian. The eigenfunctions of this model display a cusp at the location of the
Dirac potentials that is reminiscent of the Kato cusp condition [Kat57|. Error estimates on the
lowest PAW eigenvalue are proved for several choices of PAW parameters. The present analysis
relies on some results on the variational PAW method (VPAW method) [BCD17a, BCD17b| which
is a slight modification of the original PAW method. Contrary to the PAW method, the VPAW
generalized eigenvalue problem is in one-to-one correspondence with the original eigenvalue problem.
By estimating the difference between the PAW and VPAW generalized eigenvalue problems, error
estimates on the lowest PAW generalized eigenvalue are found.

This chapter is organized as follows. The PAW formalism applied to the one-dimensional
periodic Schrodinger operator is presented in Section 4.1. Estimates on the PAW truncation error
for the lowest eigenvalue of this model can be found in Section 4.2. Proofs are gathered in Section
4.3 and numerical tests are given in Section 4.4.

4.1 The PAW method in a one-dimensional setting

A general overview of the VPAW and PAW methods for 3-D electronic Hamiltonians may be
found in [BCD17a] for the molecular setting and in [BCD17b] for crystals. Here, the presentation
of the VPAW and PAW methods is limited to the application to the 1-D periodic Schrodinger
operator with double Dirac potentials.

95
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4.1.1 The double Dirac potential Schrodinger operator

We are interested in the lowest eigenvalue of the 1-D periodic Schrédinger operator H on
L2.(0,1):={f € L} _(R) | f 1-periodic} with form domain H!_(0,1) := {f € H} .(R) | f 1-periodic}:

per loc per

d2
H:—@—ZOZ@—ZGZ&HQ, (4.1.1)
ke ke
where 0 < a < 1, Zy, Z, > 0.

A mathematical analysis has been carried out in [CD17|. There are two negative eigenvalues
Fy = —w? and E; = —w} which are given by the zeros of the function

f(w) = 2w*(1 — cosh(w)) + (Zy + Z,)wsinh(w) — ZyZ, sinh(aw) sinh((1 — a)w).

The corresponding eigenfunctions are

u(2) Ay g cosh(wgx) + By sinh(wez) , 0 <z < a,
1) =
¥ Ay j cosh(wyx) + Baysinh(wgz) , a <ax <1,

where the coefficients A, y, Asy, B and By, are determined by the continuity conditions and the
derivative jumps at 0 and a.

There is an infinity of positive eigenvalues Ej o = wy,, which are given by the k-th zero of the
function :

f(w) = 2w*(1 — cos(w)) + (Zy + Z,)wsin(w) + ZyZ, sin(aw) sin((1 — a)w),

and the corresponding eigenfunctions Hiy, = wii)y, are

Yr(z) =

{AM cos(wp) + By sin(wpz) , 0 <z < a, (4.1.2)

1

VAN

As i, cos(wpx) + Bagsin(wix) , a < x ,

where again the coefficients A, i, Aoy, By and Bsy, are determined by the continuity conditions
and the derivative jumps at 0 and a. Notice that the eigenfunctions of H have a first derivative jump

that is similar to the Kato cusp condition satisfied by the solutions of 3D electronic Hamiltonian
[Katb7]:
U1 (04) — ¥(0-) = —Zoi (0).

4.1.2 The PAW method
General principle

The PAW method consists in replacing the original eigenvalue problem Hi = FE1i by the
generalized eigenvalue problem

(Id 4+ T*H(1d + T)¢ = E(Ad + T*)(Id + T), (4.1.3)
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where Id + T is an invertible operator. It is clear that (4.1.3) is equivalent to Hi = E1) where

W= (Id+T).
The transformation 7" is the sum of two operators acting in regions near the atomic sites that
do not overlap (i.e. ToT, = T,To = 0)

TZTO"'Taa TOZZ(¢?_$?)<]3?>'>a Ta:z<¢?_$g)<ﬁga'>7
=0 =0

where (-, -) denotes the L?_(0,1) scalar product.

per
The atomic wave functions (gb?) jen are solutions of an atomic eigenvalue problem

d?¢)
S~ Z0 ) o) = €4,

dz?
keZ

H0¢? =

and the pseudo wave functions (59) jen and the projector functions (]39) jen satisfy the following
conditions :

1. for each j € N,
— forz € R\ U [-n+k,n+ k], $)(x) = ¢2(x);

kEZ

— 5? restricted to |J [-n + k,n + k] is a smooth function;
kez

2. for each j € N, supp pj € U [-n+k,n+ kl;
kez

3. the families (5?\[_7777,]%61\1 and (p9]|—yz)jen form a Riesz basis of L*(—n,7), i.e.
" -
VjkeN, / P(x)0)(x) dz = by,
—n

and for any f € L*(—n,n), we have

Z Ph. f) {52(93) = f(z), foraa. x¢€ U[—n +k,n+ k| (4.1.4)
k=0 kEZ
Similarly, (¢%);en+ are eigenfunctions of the operator H, = —% — 7o >, dark, the pseudo wave
kez

functions ((Zj) jen= and the projector functions (p});en+ are defined as above.

The relation (4.1.4) enables one to write the expression of (Id + T*)H(Id + T') and
(Id + T*)(1d + T) as

o0

W+ THHW+T)=H+ Y 5 << LH) — <~{,HE§§>) .-, (4.1.5)
1,7=0
I={0,a}
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and
o0

(0 + 7)1+ 7) = Td+ Y 13{(<¢{,¢§>—< >> (3. (4.1.6)
2o

Introduction of a pseudopotential

A further modification is possible. As the pseudo wave functions 5? (resp. 5;‘) are equal to ¢?

(resp. ¢%) outside |J[—n+ k,n+ k| (resp. U [a —n+ k,a+n + k]), the integrals appearing in
kEZ kEZ
(4.1.5) can be truncated to the interval (—n,n) (resp. (a —n,a +n)). Doing so, another expression

of (Id +T*)H(Id + T') can be obtained :

(Id+T*H(Id+T) = H + i i (<¢f,H¢§>m— <¢~> > )<p], ),

i,j=0
I1={0,a}
where
fn (x)g(z when [ =0,
<j?7£7>]'n a—%n .
J) f(x)g ( ) when I = a.

Using this expression of the operator H”AW it is possible to introduce a smooth 1-periodic potential
= > 1x (%) with € <7, such that
keZ

1. x is a smooth nonnegative function with support [—1, 1] and f_ll x(z)dz = 1;

2. Xe — >, 0 in
=0 kez

0,1).

per(

The potential y. will be called a pseudopotential in the following.

The expression of (Id +7%)H (Id + T') becomes

@+ TR+ T) =t S 3 (G0l oo]),, — (3 1)), Y (E 1
1,7=0
I1={0,a}

with
(12
}1b5 = (LrQ QZO)(e éfa)ge(- — a).

4.1.3 The PAW method in practice

In practice, the double sums appearing in the operators (4.1.5), (4.1.6) and (4.1.7) have to be
truncated to some level N. Doing so, the identity v = (Id + T)QZ is lost and the eigenvalues of the
truncated equations are not equal to those of the original operator H (4.1.1). The PAW method
introduces an error that will be estimated in the rest of chapter. First, we define the PAW functions
appearing in (4.1.5), (4.1.6) and (4.1.7).
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Generation of the PAW functions

For the double Dirac potential Hamiltonian, the PAW functions are defined as follows.

Atomic wave functions ¢} As mentioned earlier, the atomic wave functions (¢9);<;<y are
eigenfunctions of the Hamiltonian H,

d2
Hy=—— —2025k.

dz?
keZ

By parity, each eigenfunction of this operator is either even or odd. The odd eigenfunctions are in
fact x — sin(27kx) and the even ones are the 1-periodic functions such that

¢Y(z) := cosh(wo(z — 3)) for z € [0,1],
& (z) := cos(wy(z — %)) for z € [0,1], k € N*,

In the sequel (and in particular in (4.1.9) and (4.1.12) below), only the non-smooth thus even
eigenfunctions (¢?);<;<n are selected. The corresponding eigenvalues are denoted by (€?);<;<n:

Hoﬁbg = Egéb?-

Pseudo wave function ¢? The pseudo wave functions (¢°),<;<y € (H...(0, 1))N are defined as
follows:

1. forx ¢ kUZ[—n +k,n+ k], 0)(x) = ¢)(x).

2. forze J[-n+k,n+k|, gAb? is an even polynomial of degree at most 2d — 2, d > N.
keEZ

3. 5? is C41 at n i.e. (g?)(k)(n) = (@) (n) for 0 <k <d—1.

Projector functions p? Let p be a positive, smooth function with support included in [—1, 1]

and p,(t) = kZZ p <%> The projector functions (pY);<;<xy are obtained by an orthogonalization
S

procedure from the functions p?(t) = pn(t)cg?(t) in order to satisfy the duality condition :
(i.00) = b

More precisely, the matrix B;; = <p?,$?> is computed and inverted to obtain the projector

functions N
B=> (B .
j=1

The matrix B is the Gram matrix of the functions ((ﬁ?)lgg ~ for the weight p,. The orthogonalization

is possible only if the family (¢?);<;<y is linearly independent - thus necessarily d > N.
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The eigenvalue problems

For the case without pseudopotentials, the PAW eigenvalue problem is given by
HNf=EWSNf (4.1.8)

where

N
BN = w5 (ol Hol) — (5L HOLY) (7). (4.1.9)
i,7=1
1={0,a}

and
N

sV =1+ Y 5 ((of0f) — (31.81)) () (4.1.10)
ij=1
I:]{O,a}
The practical interest in solving the eigenvalue problem (4.1.8) is very limited since this version
of the PAW method does not remove the singularity caused by the Dirac potentials. The next
eigenvalue problem where the Dirac potentials are replaced by smoother potentials is closer to the
implementation of the PAW method in practice.

For the case with pseudopotentials, the PAW eigenvalue problem becomes

HPAW f _ pPAW gPAW ¢ (4.1.11)
where N

BV = s S5 ((0f 1ot - (3, H,d1)) (7). (11.12)

Sl
and
N
sPW =8V =1+ 3 B (ol oh) — (o1.31)) (@) (4.1.13)
200

If the projector functions (p;)i1<;<n are smooth, then the eigenfunctions f in (4.1.11) are smooth
as well, and their plane-wave expansions converge very quickly. Thus, if the difference |E?4Y — E|
is smaller than a desired accuracy, it is more interesting to solve (4.1.11) than the original eigenvalue

problem. However, an estimate on the difference |EPA" — E| is needed in order to justify the use
of the PAW method.

To the best of our knowledge, there exists no estimation of this error except a heuristic analysis
in the seminal work of Bléchl (|Blo94], Sections VII.B and VII.C). However, his analysis relies
N

on an expansion of the eigenvalue in f — > (p;, f) 52 which goes to 0 if the families (p;);en~ and
i=1

(%)ZEN* form a Riesz basis, but a convergence rate of the expansion of f in this Riesz basis is not
given. Moreover the inclusion of a pseudopotential in the PAW treatment is not taken into account.
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The goal of this chapter is to provide error estimates on the lowest PAW eigenvalue of problems
(4.1.8) and (4.1.11). To prove this result, the PAW method is interpreted as a perturbation of the
VPAW method introduced in [BCD17a, BCD17b| which has the same eigenvalues as the original
problem. In the following, when we refer to the PAW method, it will be to the truncated equations
(4.1.8) or (4.1.11).

4.1.4 The VPAW method

The analysis of the PAW method relies on the connexion between the VPAW and the PAW
methods. A brief description of the VPAW method is given in this subsection.
Like the PAW method, the principle of the VPAW method consists in replacing the original

eigenvalue problem
Hy = Ev,

by the generalized eigenvalue problem:
(Id + T5)H (Id + Ty)¢ = E(1d + Tw)(Id + T ), (4.1.14)

where Id 4+ Ty is an invertible operator. Thus both problems have the same eigenvalues and it is
straightforward to recover the eigenfunctions of the former from the generalized eigenfunctions of
the latter:

= (Id+Ty)v.

Again, Ty is the sum of two operators acting near the atomic sites

Ty =Ton+TunN- (4.1.15)
To define Tj y, we fix an integer NV and a radius 0 < n < min(%, 1_7“) so that Ty x and 7, 5 act on
two disjoint regions |J [—n + k,n+ k] and |J [@ —n+ k,a + n + k] respectively.
kEZ kEZ

The operators Ty y and T, y are given by

N N

Tow =3 (=) (B.-),  Tun= (60— B.-) . (4.1.16)

i=1 i=1

with the same functions ¢!, 5{ and p!, I = 0,a as in Section 4.1.2. The only difference with the
PAW method is that the sums appearing in (4.1.16) are finite, thereby avoiding a truncation error.
In the following, the VPAW operators are denoted by

H = (1d + T H(1d + Ty), (4.1.17)

and

S = (Id + T3)(Id + Ty), (4.1.18)

The full analysis of the VPAW method can be found in Chapter 3. We proved that the cusps
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at 0 and a of the eigenfunctions ¢ are reduced by a factor n*" but the d-th derivative jumps
introduced by the pseudo wave functions ¢, blow up as n goes to 0 at the rate n'~¢. Using Fourier
methods to solve (4.1.14), we observe an acceleration of convergence that can be tuned by the
VPAW parameters 7 -the cut-off radius- N -the number of PAW functions used at each site- and d
-the smoothness of the PAW pseudo wave functions.

4.2 Main results

The PAW method is well-posed if the projector functions (p!)i<i<y are well-defined. This
question has already been addressed in Chapter 3 where it is shown that we simply need to take
n < no for some positive 7.

Assumption 4.1. Let ny > 0 such that for all 0 < n < ny, the projector functions (p;)i1<i<n in
Section 4.1.3 are well-defined.

Moreover since the analysis of the PAW error requires the VPAW method to be well-posed, the
matrix (<5§ ) ¢£>)1<]~ <y 18 assumed to be invertible for 0 <7 < no.

Assumption 4.2. For all 0 <n < 19, the matriz (<@I ) ¢;Ig>)1<j Loy L8 tnvertible.

Under these assumptions, the following theorems are established. Proofs are gathered in Section
4.3.

4.2.1 PAW method without pseudopotentials

Theorem 4.1. Let ¢!, (Ef and pl, fori = 1,...,N and I = 0,a be the functions defined in
Section /.1.5. Suppose ny > 0 satisfies Assumption /.1 and Assumption 4.2. Let E™ be the lowest
eigenvalue of the generalized eigenvalue problem (4.1.8). Let Ey be the lowest eigenvalue of H
(4.1.1). Then there ezists a positive constant C' independent of 1 such that for all 0 < n < g

— Cn < EM — Ey < OV, (4.2.1)

The constant C' appearing in (4.2.1) (and in the theorems that will follow) depends on the
other PAW parameters N and d in a nontrivial way. The upper bound is proved by using the
VPAW eigenfunction 1 associated to the lowest eigenvalue Ej for which we have precise estimates
of the difference between the operators H”4" and H. As expected (and confirmed by numerical
simulations in Section 4.4.1) the PAW method without pseudopotentials is not variational. Moreover
as the Dirac delta potentials are not removed, Fourier methods applied to the eigenvalue problem
(4.1.8) converge slowly.

4.2.2 PAW method with pseudopotentials

The following theorems are stated for € = 7, 7.e. when the support of the pseudopotential is
equal to the acting region of the PAW method. Indeed, in the proof of Theorem 4.2, it appears
that worse estimates are obtained when a pseudopotential x,. with € < n is used.
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Theorem 4.2. Let ¢!, gg{ and pl, fori=1,...,N and I =0, a be the functions defined in Section
4.1.3. Suppose ny > 0 satisfies Assumption 4.1 and Assumption 4.2. Let EPAW the lowest eigenvalue
of the generalized eigenvalue problem (4.1.11). Let Ey be the lowest eigenvalue of H (4.1.1). Then
there exists a positive constant C' independent of n such that for all 0 < n < nj

—On < EPW — By < Cnf. (4.2.2)

Introducing a pseudopotential in H”4" worsens the upper bound on the PAW eigenvalue. This
is due to our construction of the PAW method in Section 4.1.2 where only even PAW functions are
considered. Incorporating odd PAW functions in the PAW treatment, it is possible to improve the
upper bound on the PAW eigenvalue and recover the bound in Theorem 4.1 (see Section 4.3.3).

As the cut-off radius ) goes to 0, the lowest eigenvalue of the truncated PAW equations is closer
to the exact eigenvalue. This is also observed in different implementations of the PAW method and
is in fact one of the main guidelines: a small cutoff radius yields more accurate results [JTH14, ?|.

Theorem 4.3. Let ¢!, 5{ and pf, fori=1,...,N and I = 0,a be the functions defined in Section
4.1.3. Suppose ny > 0 satisfies Assumption /.1 and Assumption /.2. Let EYAY be the lowest
eigenvalue of the variational approzimation of (4.1.11), with HEAW given by (4.1.12) in a basis of
M plane waves. Let Eqy be the lowest eigenvalue of H (4.1.1). There exists a positive constant C
independent of n and M such that for all 0 < n < ny and for all n € N*

2

EPAV _ F, <C<+ 7 )
Ex of =€ (nM)"

According to Theorem 4.3, if we want to compute Ey up to a desired accuracy ¢, then it suffices
to choose the PAW cut-off radius 7 equal to é and solve the PAW eigenvalue problem (4.1.11)
with M > % plane-waves.

Remark 4.4. Using more PAW functions does not improve the bound on the computed eigenvalue.
It is due to the poor lower bound in Theorems 4.2 and /.20. Should the PAW method with odd
functions (Section 4.3.3) be variational, we would know a priori that EXAY > Ey. Therefore, we
could prove the estimate

2
0< By —Ey<C (nZN + (77}4)0 .

Hence taking a plane wave cut-off M > % would ensure that the eigenvalue Ey is computed up to
an error of order O(n*V).
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4.3 Proofs

4.3.1 Useful lemmas

We introduce some notation used in the below proofs. Let I € {0,a} and

p(t
Pt

) =
) =
1) =
) =
)

(Ph(1), ..., ()T € RY,

@), ...,y ()T e RY,

B ) N ) eRY Y fe L2,(0,1),
Or(t) = (¢1(t),.... oh(1)" € RY,
< (1 (t
(

I
1
I
1

),
¢1(t),- "7¢N()) e RY,
(p ,¢ Vi<ij<n € RV*N,

For p € [1, 00|, we denote by

p( iflI=0
o = {nfuL )y |

1fllzra-natn, f1=a

First, we recall some results of [BCD17b] that are useful for the proofs of Theorems 4.1 to 4.3.

Lemma 4.5. Let @Z be an eigenfunction of (4.1.1) associated to the lowest eigenvalue Ey and @Ze
be its even part. Let ¢ = (Id 4+ T )0 where Ty is the operator (4.1.15) and 1, be the even part of
. Suppose 1y > 0 satisfies Assumption 4.1 and Assumption 4.2. Then there exists a constant C'
independent of n such that for any 0 < n < ny we have

~ AT~
’ be = (0, 0) < O,
oo,n,I
and
Bt — (A7 ) - €81 < OnPN2,
where E1 is the N x N diagonal matriz with entries (—el, ..., —€k).
Proof. We have
~ AT~
G- (5 0) Er=v— (47", 0) - @y, (4.3.)
and in combination with Lemmas 4.2 and 4.6 in [BCD17b|, we obtain
~ T
’ Ge = (P, 0) < o,
oo,n,I

where C' > 0 is independent of 7.
The second estimate is proved the same way. O
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Lemma 4.6. Let Py(t) = 5 (t2 — 1)* and P(t) = (Po(t), ..., P4y (D). Let O € RN*4 be the
matriz such that for t € (—n,n),

Let Cy € RVN*N gnd Cy € RVN*U=N) pe the matrices such that
o = (¢ | &),
Let M, be the matriz

M, = ()" (eaw) (o)) Lo

n n

where G(P) is the matriz [+, p(t)P(t)P(t)T dt.
Then the following statements hold.

1. the norm of the matriz M, is uniformly bounded in 7.

2. for all x € (—n,n)

1

0y )= (M, [ ot s Pio dt)T (4 ) ot

and

G Bi(a) = (Mn | sanpe dt) Pa/n).

1

3. forall0 <n<mny and x € (—n,n)
1 1 1y 1/0
Cy'r(x) = . +0O(n) and C7 ®%(x) = +O(1),
1 0 . .
where <*) and (*) are uniformly bounded in n and x.

Proof. Proofs of these statements can be found in the proof of Lemma 4.13 and 4.14 in [BCD17b]. O

Lemma 4.7. There exists a positive constant C independent of f and n such that we have the
following estimates

1. forall f € H.,.(0,1), 0 <n<my and z € (=1, 1), we have

(00" (@1(x) = 1) < Cnl g, and |5 £) (¥)(x) = @ (a))| < CI

2. forall f € L2,(0,1), 0 <n <my and z € (—1,3), we have

per

0 ) @) = Ba(o)] < 51
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3. forall f € H).(0,1), 0 <n <y and x € (=1,n), we have
(5 1) @) <= and B )" @ra)] < Ol

4. forall f € H},(0,1), 0 <n <no and x € (—n,7), we have

per

5 ) ®@)| < Clflly,, and (B 5)" @5@)] < Cll Sy,

Proof. 1. Proof of this statement can be found in [BCD17b| (Lemmas 4.12 and 4.14).
2. By Lemma 4.6,

1

crt

7 (0~ 2@ = (v, [ sosompa) (5 e - pm).

-1
Applying the Cauchy-Schwarz inequality to fj1 p(t) f(nt)P(t)dt suffices to prove the estimate.
3. By item 2 of Lemma 4.6,

T

G P () = (Mn [ oosnre dt) Pla/n).

Thus the first inequality follows from the uniform boundedness of M, with respect to 7 (item
1 of Lemma 4.6). For the second inequality, we proceed the same way and conclude using
item 3 of Lemma 4.6.

4. For the first inequality, we simply replace Step 1 in the proof of Lemma 4.12 in [BCD17b| by
0
@ PG =4 (1) + o0

*
and keep on the proof. For the second inequality, we replace Step 1 in the proof of Lemma
4.12 in [BCD17b| by item 3 of Lemma 4.6.
]

4.3.2 PAW method without pseudopotentials

The main idea of the proof is to use that the PAW operator HY (4.1.9) (respectively SV
(4.1.10)) is close to the VPAW operator H (4.1.17) (resp. S (4.1.18)), in a sense that will be clearly
stated. Then it is possible to use this connexion and bound the error on the PAW eigenvalue E,
since the VPAW generalized eigenvalue problem (4.1.14) has the same eigenvalues as (4.1.1).

Proposition 4.8. Let HY, SN, H and S be defined by Equations (4.1.9), (4.1.10), (4.1.17) and
(4.1.18) respectively. Then we have for f € H...(0,1)

(FHPY= (oY 2 S (F N @ =8 B (F=F. 1N ®)), (432

I={0,a}
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and

(1.80)= (7802 3 (@ N @B~ ) E). (433)

I1={0,a}

Proof. Using that Ty x and T, x act on strictly distinct region, we have for f € H!,.(0,1)

<f,ﬁf>:<f+ SN @ - H(f+ Y (@ @1—<I>1>)>
I={0,a} I={0,a}

—(fHA+ Y 2<f H{E 1) (- 81))

I1={0,a}

© X () @) B (@ 8))

I1={0,a}

= H1h+ Y 2 B @ =8))+ (G e B 1) @)

I={0,a}
_9 <<z’5’ e HG <I>I> + <<ﬁf Y e H (G 5,> .
Notice that for each I, we have
(@) @ m (7o) o) = (@) & 1 1)@= )
(7N e HG ) ).

Hence
<f,ﬁf> =(f,Hf) +I{Z}<<5I>f>Tq)I’H<5I,f>T‘I)I> _ <<5I’f>T<f>I,H<§I’f>T<T>1>
={0,a
2(f = N B B (@ - 8))
= (1. HY}) +I{Z}2<f— G L HG ) (@ -8)).
={0,a
The second identity is proved the same way. O

Before proving Theorem 4.2, we will state some properties of the operators S and SV,

Lemma 4.9. The operators S and SN satisfies the following properties

1. there exists a constant C independent of n such that for all f € H},.(0,1);
(7.80)| < Clfii,
2. there exists a constant C' independent of 1) such that for all f € H..(0,1);

(£.5VE) < I3,



108 CHAPTER 4. Projector augmented-wave in a one-dimensional setting

3. there exists a constant C' independent of n such that for all f € H}.(0,1);

(£.55) = (£.8V )] < Ol Al

4. let 1; be a generalized eigenfunction of (4.1.14), then there exists a positive constant C
independent of n such that

per’

(3.50) = (4,58 < C?¥ 2|1l

5. there exists a constant C' independent of n such that for all f € H].(0,1);

per

Proof. 1. By item 2 of Lemma 4.7, there exists a constant C' independent of n and = such that

for all z € (=1, 3) and for all 0 <7 < 19

C

(7 1) (@rla) = @a(e))| < -l

Then, we have

||T(),Nf||%ger = /01 ‘(ﬁy AT (0(x) - 5(9&))’2 dz
< [ |o.n" @ -5e)

< 1.

2

dx

Similarly, [|To,n fllzz,, < Clf|lzz., and the result follows.

per —

2. By Proposition 4.8, for all f € H} (0,1)

oy = (.80 =2 3 (@) @ =), = (@) ).

I={0,a}

From items 1 and 2 of Lemma 4.6, it is easy to show that there exists a constant C' independent
of 7 and x such that for all z € (=n,7), 0 <n <o and f € H}(0,1)

- ~ C
@ 1) ®rt)| < Tl
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Hence
((r.5¥ 0 <|(r.50)|+2 3 ]<< N @r=&), f =@ 1) )
Ie{0,a}
<Clflg, + D || )" (@1 - @)H g+ @0 ]|, )
IE{O a} ’7]7
< Clflliz,,
3. This is an easy consequence of Proposition 4.8 and items 2 and 3 of Lemma 4.7.
4. By Proposition 4.8
~ N - e~ 4 AT ~ ~ /g AT
(0,8%0) = (4.86) -2 > <<p ) (@ =)0 - () q>1>.
I€{0,a}
By Lemma 4.5, we have for each I € {0,a}
~ . T~
b= (7 0) & <o,
oo,n,I
where C' > 0 is independent of 1. Hence, using item 1 of Lemma 4.7,
~ A\ S | N e o \T=x
p 7Lb (qDI QDI) 7Lb p 7 q@l q@]> 1b p 7@0 q@l
1,n,1

< CTFN“WH

per

and the result follows.

5. By item 3 of Lemma 4.9, we have for all f € 0,1)

per(

(£,5F) = (7.8% )| < Col I,

where C' is a constant independent of n and f.
By item 1 of Lemma 4.7, we can easily show that

(7.85) = (0| < Cnllfly,.

with a constant C' independent of n and f. By a triangular inequality, the result follows.
]

Before moving to the proof of the upper bound on the PAW eigenvalue (4.1.8), we show that

there exists a constant independent of 7 that bounds the Héer norm of Lger -normalized generalized

eigenfunctions 1; associated to the first generalized eigenvalue of H for all 0 < n < 1.

Lemma 4.10. Let w be an Lper—normalized generalized eigenfunction associated to the lowest
eigenvalue of (4.1.14). Then there exists a positive constant C independent of n such that for all

oo,n,1
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0<n<mno _
[N, < C.

Proof. The operator H defined in (4.1.1) is coercive. A proof of this statement can be found in
[CD17]. Let o > 0 be such that for all f € H}(0,1)

(FLH) +alf,f) =

per

Then |
(6, 06)+a(3,80) = JI0d+ T)d,.
By item 1 of Lemma 4.7, we have

1Tz, < O[]y,

per

for some positive constant C' independent of 1. Hence, for 7 sufficiently small, there exists a positive
constant C' independent of 1 such that

(Bo+ ) (4, 38) > ClIg |3,
Using item 1 of Lemma 4.9, we obtain

Cllz, = 1913,

per per

and the result follows from the normalization of the eigenfunctions QZ O]

We now have all the necessary tools to prove the upper bound of Theorem 4.2.

Proof of the upper bound of Theorem j.2. Let {E be an Lier—normalized eigenvector of the lowest
eigenvalue of H QZ = Eggiz. Then by Proposition 4.8,

(.80 = (5,175 2 5 (5 (70) & (7 0) s -3).
1={0,a}

Recall that

AT~ T
¢_ <ﬁla¢> (PI :¢_ <ﬁla¢> (Plv
which with Equation (4.3.1) yields

O (0 0) B = (A7 ) 8
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Thus we have :
<¢Vaﬁi5> = @,HN@ +2 3 <¢ - <A;1p1,¢>T<1>I,H<5I,@Z>T () — $[)>
1={0,a}
_ <1Z, HN@ +2 ) <Eo¢ — (A7) €My <5I | 1;>T (@) — EI'>I)> o (4.3.4)

1={0,a}

where we used H®; = E/®; in (I —n, [ +n) for I € {0,a}. By Lemma 4.5,
HEO%Ue - <AI Il ¢> gI(I)IH < OnPN-2,
oco,m,I

So for each I,

'<Eowe (A ) ey (7 0) (@ - 213,>>‘

< HEO% — (A7 )T 51<I>IH <z’5f ,J>T (@ — &;)

oo,n,I

1,n,1
By item 1 of Lemma 4.7, we have
- A\ b 2
[(7.0) @ -3 <Pl < oot
1,n,1
where we bound H{EHH}% by means of Lemma 4.10. Hence, using Lemma 4.5, we obtain
T ~
Kw — (A ) ey (B0 (@ - <1>1>>' < .
Going back to Equation (4.3.4),
50 (7,55) + 0o > < g
B0 (3, 5%0)
By Lemmas 4.9 and 4.10, we have
‘<QZ7 §J> - <(Z7 SNQZ>‘ < 0772N+27

which finishes the proof. O

Lemma 4.11. Let f be an L%er—normalized generalized eigenfunction associated to the lowest
generalized eigenvalue of (4.1.8). Then there exists a positive constant C independent of n such
that for all 0 <n < np

[l < €
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Proof. We proceed as in the proof of Lemma 4.10. Let « be the coercivity constant of H and f be

an Lger normalized eigenfunction associated to the lowest eigenvalue of (4.1.8). Then we have

From Equation (4.1.9), it easy to see that we have
~ o ~
o) = 1D+ D (N @+ @) H G ) (@ -8)).
Ie{0,a}
Hence, we have

o] Py () = S @ ) ) @ 8) >,

IG{O a}

alf,fy+(f,HVf) > _Hf“Hl -Cc Y | B L1 (@1 + )il (B £ (@r — 1)l g s

per
Ie{0,a}

From items 1, 3 and 4 of Lemma 4.7, it is easy to show that

| 0" @+ 31)]

|G @=a)| < cnlfil, (435)

H'n,I HlnI

Thus, for n sufficiently small, we have for a positive constant C' independent of 7,
alf, fy+(f HYf) = Cllfl,.- (4.3.6)
Since f is a generalized eigenfunction of HY, we have

alf f)+ED(f V)= Cll i,

By item 5 of Lemma 4.9, we have

(B +a) (f.f) = Cll i,

which completes the proof. O

Proof of the lower bound of Theorem 4.2. Let f be an chr normalized eigenfunction associated to
the lowest eigenvalue of HY f = EMSN f. Then we have :

BNy = (F ol + Y (@) @+ 80 H G ) (2= )
1={0,a}
> Eo(f, 1) =C Y IF 1) @1+ )il B F) (@r = @)l
I1={0,a}

> Eo(f,f) = Cnllf]l g

per’
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where we used (4.3.5) in the last inequality.
It remains to show that | (f, SV f) — (f, f)| < Cn| f||%: which is precisely item 5 of Lemma
4.9. We then conclude the proof by Lemma 4.11. O]

4.3.3 PAW method with pseudopotentials

In this section, we focus on the truncated equations (4.1.11) where a pseudopotential is used.
First, we see how H"4W and H are related.

Lemma 4.12. If e <1, then

HPAY = B oV — 3 (5) (8r.0VE) (). (43.7)

Ie{0,a}

where OV = —ZoXe — ZaX*+ Z0 Y Ok + Za D, Okta-

keZ kEZ

Proof. By definition of the pseudo wave functions 51-, we have
(¢! Hol) — <~{,H&5§> = (¢ Hol), - <~{,H£§>In. (4.3.8)
By definition of 0V, Hps = H + 0V thus we have the result. m

Proposition 4.13. Let g € H!_(0,1). Then

per

<g,HPAWg>:<g,ﬁg>—2 Z <g—<ﬁl,g>T§>1,< g> (H@I— H+5V)<I>)>

1€{0,a}

+ 3 (o= 0) B oV (- (7 0) B1))  (439)

1€{0,a} i

Proof. By Lemma 4.12, we have

(9, B g) = (g, HYg) + (g,0Vg) = > ((i.9)" 1,0V (7' ,g)" Br)

I’
1€{0,a} K

Applying Proposition 4.8, we obtain

(g, H"Wg) = <g,ffg> -2 ) <g—<ﬁf,g>T<T>1,<ﬁ’I,g>TH(®f—51)>

I€{0,a}

+(g.0ve) = 2 ((F0)" B0V (7 .g)" B1).

Ie{0,a}
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Now, using Hys = H + 0V, we get

<g,HPAWg>=<g,flg>—2 > <g—<51,g>T<T>z,< Lg) (H®; — H, <I>1)>
1€{0,a}

-2 Z <g_<ﬁlag>T2f>175V<ﬁlag>TEf)I> <g 6Vg Z << 9>T§I,5V<ﬁl,g>T§]>.
1€{0,a} Ln 1€{0,a}
(4.3.10)

Notice that for each I,
—2<g—<p ) O,V (L g) 51> ., Hlg:0Va), << g>T51,5V<ﬁI,g>T51>
=(9.0Vg),, —2(9.0V (5" .9) @) +<<ﬁf,g> @10V (7 ,9)" @)
In In

:<9—<p )" ‘1)1’5‘/(9_@ ) (I)I)>In7

Injecting this expression in (4.3.10), we have the result. O

Proof of the upper of Theorem 4.2

Proof of the upper bound of Theorem 4.2. We start by estimating <J, HPAWYZ> where @Z is the

generalized eigenfunction associated to the lowest eigenvalue: H QZ = E0§{E. Thus we have :

(3.875) = (.80) -2 5 (3= (70) & (7.0) (500 - o1+ 5v)1) )

Ie{0,a}

v {Z}< (5. 3) @ (7- <§I,@>T&>I>>M

By Equation (4.3.1), we have for each [

G- (0 0) Br=v— (47 ) @,
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so for each [
(5= (7" 0) B (7. 0) (00, — (1 + V)3, >

<¢ — (A ) @y, <§17{/7>T (chf — (H+ 5V)Ef>1>>

== <E0w - <AI_1pI 7¢>T EI@I ) <23/I 3 77’5>T (q)f - EI\/)I)>
+ <¢ - <A;1pl ) ¢>T q)h <ﬁ1 ) QZ>T 5V(AISI>
I

We have already proved in the proof of the upper bound of Theorem 4.1 that
B T o\ T ~
(B = (70" )" €10 (7, 5) (@1 = 80| < 2™

Moreover by Lemma 4.5 and item 3 of Lemma 4.7, we have

~\T ~
< Cllge = (AT 0) - Prllocinall (B0 Brlloor

In

‘<w — (gt 0) e (7 0) 5v<f>f>

Again using Lemma 4.5, we obtain

(5= () v (5= (7 .8) @),

where 1, is the odd part of ¢. By Lemma 4.2 in [BCD17b], we know that for |z| <, there exists
a constant independent of 7 such that:

2N K 2
<o+ [ x@) (@) de,  (43.11)

-n

[¥o(@)]* < C?,

(-G o) o (5 (.0 ®))

EPAW <{5 , SPAW{/?> < E, <{/? , §{E> +Cn?,

and we conclude using item 4 of Lemma 4.9 (recall that STAW = §V). O

hence

< Cn.

Thus
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Proof of the lower bound of Theorem 4.2
The core of the proof of the error on the lowest PAW eigenvalue lies on the estimation of

N ~
f=>"(pi, f) ¢i, which is of the order of the best approximation of f by the family of pseudo wave
i=1

functions (5,-)19-3 ~- In order to give estimates of the best approximation, we analyze the behavior
of the PAW eigenfunction f, but first, we need an estimate on the PAW eigenvalue.

Lemma 4.14. Let EPAY be the lowest generalized eigenvalue of (4.1.11). Then as 1 goes to 0,
EPAW s bounded by below.

Proof. Let f be an L2 -normalized generalized eigenfunction of (4.1.11) associated to E”4". By
(4.3.6), we have
alf,f)+(f H f)>C|fllin,,

per

where C' is some positive constant, a the coercivity constant of H (4.1.1) and H” the truncated
PAW operator (4.1.9). By Lemma 4.12, we have

alf )+ (f H Y = Clflm, —(f. 0V + D <<ﬁf,f>T&>I,5v<ﬁf,f>TEf>I>. (4.3.12)

per
Ie{0,a}

We have

< Z

.8V 1),

/_ @@ ~ |FO)) da
<c / () F@) + FO)IF () — F(0)]da

—€

< Cllflloonllf = F(O) oo
< Cnl| g1, (43.13)
where in the second inequality, we used f_ee Xe(r)dr = 1 and € < 1 and in the last inequality,
1f = f(O)llocy < C'/?[| fll ., and the Sobolev embedding || f[[z= < C|f|l;

Similarly, we have .
_ T = _ T = ~ T~
(@ 1) .0V (@ 1) &) < O 1) Bl
thus by items 3 and 4 of Lemma 4.7, we obtain

o T x T %
(G 1) oV (3 ) 81| < Cnl 1. (4.3.14)
Thus injecting (4.3.13) and (4.3.14) in (4.3.12), we get for n sufficiently small and a positive
constant C,

alf, )+ {1 > Cllflln, -

per

Thus
alf, f)+E"W(f, 8"V > Cllfll3 (4.3.15)

per
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and we conclude the proof using item 5 of Lemma 4.9. m

Lemma 4.15. Let f be a generalized eigenfunction of (4.1.11) and k € N*. Then there exists a
constant C' independent of n, € and f such that

1 1
I R [ (43.16)

Proof. This lemma is proved by iteration. We show the lemma for I = 0 and drop the index I.

Initialization To get the desired estimate for f’, we integrate (4.1.11) on (—n,x) where x €
(=n,m):

~ @)+ (@) 0+ 5.0 (0,17, — (3. H,87) ) )

— praw (f(:@ + (5, )T (<c1> o7y~ <213 , Ef>T>n) ﬁ(:p)) . (4.3.17)

First, we bound f'(£n) and f'(axmn). Forx € J (n+k,a—n+k)andz e | (a+n+k,1—n+k),
keZ keZ

—f"(x) = B"Y f(2).

From Section 4.3.3, we already know that

f satisfies

EPAW < E(] + 0772.

Since Ey < 0, then for n sufficiently small, EFA" < 0. Thus, outside the intervals (—n,7) and
(a —m,a+mn), f can be written as

f(z) = ay cosh (\/ —EPAW:c> + ag sinh (\/ —EPAW:C) :

The coefficients a; and as are determined by the continuity of f at +n and a & 7. By Lemma 4.14,
EPAW is bounded from below as 1 goes to 0, hence |f/(£n)| and f’(a ) are uniformly bounded
with respect to n as i goes to 0.

We now prove that f’(x) is uniformly bounded with respect to n and € as n,e — 0 for
ve J(n+kn+k)andze J(a—n+k,a+n+k). x(:)is a bounded function supported in
kez kez
(—€,€), we have

@i <,

€Jy

To finish the proof, it suffices to show that the remaining terms are at most of order O (Hf ”7;””’)

with respect to the oco-norm. These terms will be treated separately.
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1. For (p, f) <(I> <I>T> p(x), by item 2 of Lemma 4.6, we have

T

5117 (@07, 500 = (0, [ o0 Pl0) )

<( 0(1)_1 )®’®T<CIT‘O>> My (2) P (2).

n

According to item 3 of Lemma 4.6, we already know that

-1
IC5)e] =
oo,m

5,17 (.27 B@)| < Clfllen |0 (2) P (2)]

thus

2. Using item 2 of Lemma 4.6, the term (p, f)T <<T> , 5T> p(z) can be written as
n

6.0 (3.8, 0= (30 [ potimeae) (2(G) 7 ), o (5) P (2)

Hence, we obtain

< Cl[flloon

()7 ()l

17 (8,57 7o)

3. On the LHS of (4.3.17), the term (p, f) <<I> H<I>T> p(x) is given by

(@, HOT) @) = (5,07 (0, 0T) @)~ Z (5, ) @(0)2(0) Bx)

n

Like in item 1 above, we can show that

7.7 2(0)2(0)75()| < Cllflon | (2) P (2)]- (4:318)
Using item 3 of Lemma 4.6,
) =5
—
we get
Gy (2.07) 50| < Siflleao (5) 7 (3)]- (4:3.19)
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4. Finally, for (p, f)T <E> , HpSCTDT> p(z), we have
7

F N (B HE) Fo) = .0 (8.87) 5= @) [ 3 (8 PEIPEG i),

(%) P()P()" dt) < Ce where C is independent of  and e. Moreover,

Since € < 7, ;

7. (#.37), 7= 5 ([ soranro) (PP, o ()P (5)

U] n 1

hence

\@, (@) )

C
< 1 lleen [P (5

Iteration Suppose the statement is true for any k& < n. We derivate (4.3.17) (n — 1) times

LN 0+ .07 (0187, — (31,87 ) )

— EPAW (f(”_l)(x) + @, N <<c1> 0T — <Ef> , <’13T>n) ﬁ"—U(x)) . (4.3.20)

= [ (@) +

By the induction hypothesis and since € < n, we have

1(X ) N" @ )‘ <C<Hf”°°" Z I H°°"> g(]”fi#. (4.3.21)

We simply give an estimate of the term
B, /)" (@, HOT) P (@),

since the other terms appearing in (4.3.20) can be treated the same way. By (4.3.18), we already
know that

@41 2205 @) < il [P ()] < fi 1S e
By (4.3.19), we have
’<ﬁ,f>T (2. 27) §" V)| < —||f||m (pP)"0(2)| < —||f||m (4.3.22)
Injecting (4.3.21) and (4.3.22) in (4.3.20) finishes the proof. O

First, an estimation of the best approximation by (51-)195 ~ of the even part f. of the PAW
eigenfunction f is proved.
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Lemma 4.16. Let f be an eigenfunction associated to the lowest eigenvalue of (4.1.11) and let f.
be the even part of f. Suppose that € <n. Then there exists a family of coefficients (a;)1<i<y and
C independent of n and € such that

N ~
‘ fe - Zaz¢{
=1

and for the same family of coefficients

N
| fe— Z Oéz'@p
i=1

Proof. For clarity, we will drop the index I in this proof. First we write the Taylor expansion of f
around 0, for |z| <7 :

i 2N—-1
<O (2) Il

oo,n,1

< (D) W llnr

oo,n, 1

= @9(0)

fe(z) = 25)! 2* + Ron(f)(),

where Ron(f) is the integral form of the remainder

x (2N)
Rax(7)e) = | (;CN—_?)!@ Ny,

The remainder Ron(f) satisfies

|[Ron(f) ()| < C?N || £
<O (D)™ Fllsem:

where, in the second inequality, we used Lemma 4.15. Thus, the best approximation of f by a
linear combination of (¢y)1<k<n is at most of order 7. In the remainder of the proof, we will show
that this order is attainable. Setting ¢ = %, we obtain

N " N-1 (2k) N "
fe(z) — Z a;pi(x) = Z f(2—k§?)772kt2k - Z a;¢i(nt) + Ran (f)(nt).
i=1 k=0 ’ i=1

By Lemma 4.15, we have forall 1 < k < N — 1:

‘ FER(0) 4,
(2k)!

<cn <g>2k_1.

b(x) = I P(2),

The family (ggj)lngN satisfies

where P(t) is the vector of polynomials Py (t) = 527 (t* — 1)¥. By Lemma 4.9 in [BCD17b|, we know
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that C,(,P) can be written:

Oy = (n)eg +n@'(n)B] + O), (4.3.23)

where 3; is a vector of R? uniformly bounded in 1. Thus we have

=

—

Ot St = 0) oo 0 ((2) ).

- €
=1

B
Il

0

To get the result, o has to be chosen such that a”®(n) = f(0), which is possible because ®(n) # 0.
For f!, we proceed the same way. However, by Lemma 4.15, the remainder of the Taylor
expansion of f! satisfies

[Ron (f)(@)] < OV || £ < O ()™ (| flloem

OO,T] -
We simply have to check that ||CT)/||oo,n is bounded when 7 goes to 0. By (4.3.23) and because
Pl =0,
®'(z) = ®'(n)B] P'(%) + O(n),

hence H&YHOO,,? is bounded when 7 goes to 0. O

N

We can now give an estimate for f. — > (p, f) ¢:.
i=1

Lemma 4.17. Assume that f is the generalized eigenfunction of (4.1.11) associated the lowest
generalized eigenvalue. Let f. be the even part of f. Then

-1

fe <p 7f> I oon[ = 77 € ”fHOOvT]:I7

and

~ 2N—-1
=0T (D) 1l

Proof. For clarity, we will drop the index /. For any family (a;)1<j<n, we have for z € (—n,n)

007777

mm—@JF@wzﬁ@—<@ﬁ—§yﬁﬁ§j%%>%@>

N N \T
= fe(z) = > ;5 — <f5, fe— Zaa‘¢j> ®(z).
j=1 Jj=1
By Lemma 4.16, (a;)1<j<n can be chosen such that for any x € (—n,n)

<on (D) e

folw) =D aj65(x)
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Thus by item 3 of Lemma 4.7,

Similarly, we have by item4 of Lemma 4.7 for any function g € H!_(0,1) with ¢’ € L>(—n,n),

per

2N—-1

o= @070 <On(Z) Ufllen

5,9)" ®(@)] < Clighin < O (lgllocr + 1161 (43.24)

and with the same coefficients («;),

<M e

N ~
fiz) =) oy
j=1

So,
( L=@.0T|  <|[£-> ad| + <13,fe — Zaj¢j> ¢’
o j=1 o j=1
) 00777
7y 2N-1
<C(2) Il

€

where in the last inequality, we used (4.3.24) with Lemma 4.16. [

In the proof of the lower bound of Theorem 4.2, we will need to bound terms of the form
‘ fe - <p af> q)I
on, we fix e = 1.
To estimate the term <f —(p', f>T O, 0V (f —(p', f>T &)I>> , we will need the following
In

estimates.

‘ . If e < n, we will get worse bounds than by setting ¢ = 1. Hence, from now
oo,n,I

Lemma 4.18. Let f be an eigenfunction associated to the lowest generalized eigenvalue of (4.1.11).
Then

~ T~
|r =@ 0" @] <Cnllflons

Proof. This follows from Lemma 4.17 and that the odd part of f is bounded in (—n,n) by
0| f'| oo (—n.m)» which is itself bounded by Cn|| || Lo (—y,y) according to Lemma 4.15. O

and

;=" e

< C| flloom.1,
oo,n,I

We need a uniform bound in 77 on the PAW eigenfunction f, in order to prove Theorem 4.2.

Lemma 4.19. Let f be an L%er-normalized ergenfunctions associated to the first eigenvalue of

(4.1.11). Then there exists a positive constant C' independent of n such that for all 0 < n < ng

[l < €
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Proof. This is a direct consequence of Equation (4.3.15). O

We now have all the elements to complete the proof of Theorem 4.2.

Proof of the lower bound in Theorem /.2. Let f be an Lﬁer—normalized generalized eigenfunction

of the PAW eigenvalue problem (4.1.11). By Proposition 4.13, we have

PPy = (FHF) =2 3 (F= G ) 00 @) (O = (H +6V)3) )

I1€{0,a}

- eV (- ) a3)

1€{0,a} K

We simply bound terms with I = 0 as the terms with I = a are treated exactly the same way. First,
we estimate <f — (p, f)TZIS,éV <f — (p, f)TED)> . By Lemma 4.17, we have:
I

‘<f —E 0TRSOV (F- .07 T))

=2 |(10 = @07 #0) = [ xalo) (50) ~ G.4)7 8()

-z [ o) ((f(x) — . ) B() — (F0) - 5. f>T<T><o>)2) da

<col|f -@.n"®|_|r-e.nTe

< Py (4.3.26)

where in the last inequality, we applied Lemma 4.18.
We then estimate <f’ — @, N, T — <AIS’)>:
(7= 0" 5.0 @ - 3))
n ~ ~
-| [ (10 - 5.0 F@) )" @ - #) o)
=@ N,

< Onllflloonll Fll 13 (4.3.27)

per

<Cn

where in the first inequality, we used item 1 of Lemma 4.7 and in the second, Lemma 4.17. Finally,
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it remains to estimate <f —(p, f)T d (P, f)T (0P — XUZIS)> :

(f =078, F 0 (6~ )]
<|(ro-@.n7 ()) . )" ((0) ~2(0))
' [ ) ()= G0 500)) G0 0) = (510) = G 0)" 50) 5. 417 500))
< O fllocllF iy, + C H ((h-G.078) G0 )

007,")

We have
(-7 %) 5.073)|
<|(r-wn0m o) en || (-0 ) 6T

< Cnll flloonll Fll ., + CHfHOOanHHl

per per’

where we applied Lemma 4.17 and items 3 and 4 of Lemma 4.7. Thus,

(7= @07 5,1 00® = xa®)| < Cullf ol

per

(4.3.28)

Injecting (4.3.26), (4.3.27) and (4.3.28), in (4.3.25), we obtain

(FHPYE) > (fLHF) = Ol = Onll fllocallf 1y,
> Bo (£.5F) = O lf I3 = Collfllcalf 1y,

per

Using item 3 of Lemma 4.9, we obtain

Eo (f, 8" f) = CI i = Cull ool f ey, < (- HPMF)
< EPAW <f,SPAWf> ’

and the result follows from Lemma 4.19 and the Sobolev embedding || f||z~ < C||f|lz2 - O

per

Improvement of the model

The critical term yielding the upper bound of Theorem 4.2 is due to the poor approximation of
f by the pseudo wave functions ¢,. The latter are only even polynomials inside the cut-off region,

hence incorporating odd functions to the PAW treatment should improve the upper bound on the
PAW ecigenvalue EFAW
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The odd atomic wave functions are the functions
Or(2) = sin(2rkz), ke N, (4.3.29)

which are eigenfunctions of the atomic Hamiltonian —;—;2 — Zy > k. As these functions are already
kEZ
smooth, there is no need to take pseudo wave functions different from the atomic wave functions.

To define the corresponding projector functions g, first we denote by

G = < / ! pn(t) sin(2mjt) sin(27kt) dt) : (4.3.30)

-7 1<5,k<N

where p,, is the smooth cut-off function defined in Section 4.1.4. G is an invertible matrix since it is
the Gram matrix of the linearly independent family of functions (sin(27kz));<x<n. Now let g be
defined by

N
(@)Y (G bs(x (4.3.31)
7=1

so the functions (6;)1<x<n and (§)1<k<n satisfy

<q] 79k> k-

The functions (62);<x<n are equal to (B4(- —a))1<k<n and the projector functions (§%)1<x<n denotes
the shifted projector functions (g (- — ))1<k< N-

Since Qk is an eigenfunction of —£5 — Zy > g, forall 1 <i,7 < N and I = 0, a,
keZ

<55,H55>—<55,Hpsé3> ()

Hence, the new expression of H4W is given by

HPAW ps+ Z ( 17H¢j>[,n_<¢z7 ps¢> )<]3/§’.>
i,7=1
IE{O,a}

N

- Z ‘ZI<§ZI —Z1xnY > (@)

1,j=1
Ie{0,a}

(4.3.32)

and SPAW remains unchanged.
T

We denote by ¢ the vector of functions (¢, . . ., ¢4)” and ©; the vector of functions (6, ..., 6%)7.

Using the functions (81),<x<y and (¢!)1<x<y in the PAW treatment, we have the following
theorem on the lowest PAW eigenvalue.

Theorem 4.20. Let ¢!, ¢! and !, fori=1,...,N and I = 0,a be the functions defined in Section
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4.1.3. Suppose ng > 0 satisfies Assumption 4.1 and Assumption J.2. Let (glﬁ)lngN be the functions
given by (4.3.29) and (¢l )i1<k<n be the functions given by (4.3.31). Let EYAW the lowest eigenvalue
of the generalized eigenvalue problem HFAW f = EPAW SPAW £ qyith HPAW defined in (4.3.32). Let
Eqy be the lowest eigenvalue of H (4.1.1). Then there exists a positive constant C' independent of n

such that for all 0 < n < ng
— Cn < EPYW — By < o, (4.3.33)

The proof of Theorem 4.20 follows the same steps of the proof of Theorem 4.2. First, we
prove that for g € H!_ , the quantity <g JHP AWg> is equal to <g ,H g> and error terms of the form

per’

g— <]31 ,g>T o) — <q ,g> ©; that needs to be estimated.
Proposition 4.21. Let g € H! (0,1). Then

per

<g,HPAWg>:<g,fIg>—2 Z <g—<ﬁI,g>T€>1,< > (H@I— H+5V)<I>1)>

I€{0,a}

+2 3 (o=@ .0)"0r.(@.0) 3vEy)

1€{0,a}

g \T = g AT X - T = g AT X
+ ) <g — (0" .g) ©—(7".9) ©1,0V (g — (" .9) ©— (7" .g) ®1>>I
IG{O,(Z} 51
Proof. The proof is similar to the proof of Proposition 4.13. O]

Lemma 4.22. There exists a constant C' independent of n such that for all f € per(0 1) for x in
(=n,m), .
@9 81@)| < Cll oo

Proof. For clarity, we will drop the index I. For 0 < j < N —1, let

1
92j+1 1
_ 2j+1 S
- (27“7) ! ) Ui = 772j+1 vy
N2+

Let (w;)o<j<n—1 be the dual basis of (0;)o<j<ny—1 and w; = 772]%1@] Let M be the matrix such
that for all 0 < j,k < N — 1,

Mo — (—1)it* ! (1)422k+2 g4
=iy k), '

By a Taylor expansion, we obtain for ¢ € (—1,1),

1

sin(2mnt) N— 1 )2k+1 92j+1

27r t
Ont) = 1

2k+

M

+ Rg(nt),

sin(2wnNt) k=0 NQ:j“
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where |Rg(nt)] < Cn* *'. Then, we can rewrite the matrix G given by (4.3.30)

N-— 1 2]+1 - N-— 1 k: 2k+1 - r
G = 0;t ! + Rg(nt) 0t + Rx(nt dt
1 N—-1

=n Z Mjkvjvk +77/ Z 2] T 1 t2j+1 (UJR ( t)T—i—Ré(nt)va) dt—l— 0(774N+3).

j,k=0
Hence, we have for 0 < j,k < N — 1,

w] Gy = nMjx + nw] Ry + 1R} wy + O,
where

Ry — / ot >%t”ﬂ“fz< f) dt.

But [Jwy|| = O(n~*~") and [Rg(nt)] < Cp*N*!, hence R} wy = O(n?). Thus, if we denote by

wy o
W=1 + 1, V=] ],
wfz\}—l UJJ\}—1
we obtain
WGWT =nM + O(n*),
and ]
w e twt=vavT = EM‘l +0(n). (4.3.34)

Thus, we have for f € L>*(—n,n) and z € (—n,n)

N-1

(T, £)" ) =n (/1 (Z Bt 1)‘t2ﬂ+1v] + Rg(nt) ) dt)

Nobo gy 2\ Pt
<»_ ﬁ(ﬁ) ”j+Rc:>(x)>. (4.3.35)

By expanding (4.3.35), three types of terms arise involving

]

L. UjTGflvki by (4.3.34), we have |U]~TGflvk| -0 <1>;

n
2. v]G'Rg(x): by (4.3.34), |lv,G7'|| = O <7]2N;_1) and because Rg(z) = O(n*N*!), we have
[v] G~ R ()| = O (n?);
3. Rg(nt)TG—'Rg(x): by (4.3.34), we deduce that |G~ = O <n+) but Rg(z) = O(n*V+1),
hence | Rg(nt)" G~ Ry ()] = O ().
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Thus, _
(@, 1) @) < Ol flloom

Lemma 4.23. Let f be a smooth and odd function. Then we have
- T~
lr=@ .06, < U

Proof. We simply write the Taylor expansion of f around 0. Then by expanding the functions 6
around 0, it is easy to show that the difference between f and the best approximation in (—n,n) of
f by a linear combination of 6, is bounded by the Taylor remainder of f and terms arising from
the truncation of the expansions of the functions 6 which are both of order O(n*V*3). We then
conclude using Lemma 4.22. O]

The presence of @; and g; (see (4.3.32) above) does not change the lower bound of the PAW
eigenvalue as it does not improve the estimate of critical terms in the proof of lower bound in
Theorem 4.2. However, we get a much better upper bound as it is the odd part of the wave function
1 which prevents to have a better bound. Thus introducing these odd functions in the PAW
treatment, we have Theorem 4.20.

4.4 Numerical tests

In this section, some numerical tests are provided to confirm the bounds obtained in Theorems
4.1, 4.2 and 4.20. The simulations of the different PAW versions are done with a = 0.4 and
ZO = Za = 10.

4.4.1 The PAW equations

Without pseudopotentials

We solve the generalized eigenvalue problem
HYf = E"SNY,

where HY and SV are defined by Equations (4.1.9) and (4.1.10), by expanding f in 512 plane-waves.
We study how E™ behaves as a function of n. In our case, the PAW eigenvalue E™ is smaller
than Ey. For this regime, Theorem 4.1 states that £ converges at least linearly to Ey, which is
what we observe in Figure 4.4.1.

With pseudopotentials

The eigenfunction f is expanded in 1000 plane waves for which convergence is reached. The
integrals of plane-waves against PAW functions are computed with an accurate numerical integral
scheme.
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Figure 4.4.1 — Error on the lowest eigenvalue of the truncated PAW equations (4.1.8)

In view of Figure 4.4.2, the lower bound in Theorem 4.2 seems sharp. The use of odd PAW
functions improves the error on the PAW eigenvalue (Figure 4.4.3) for a range of moderate values
of the cut-off radius 1. However, the use of odd PAW functions does not give a better lower bound.

Finally, the upper bound in Theorem 4.20 seems optimal (see Figure 4.4.3). For N = 2, we
have a slope close to the theoretical value (2N = 4).

-05

-1.0 >

-
= -l5} -« -
5 5 PR -- y=L1z+0.5
o2of P 1 “ 1 P N=2(EMY g, =)
:L:u -25 e <3 10 ] 44 N=2(EMY-E<0)
w0 -7 «* . 4 N=3(EMV-Ey<0)
S 30 -~ b
- _1 L | 4 4
L]
-35f 1 1
40 : : :
-2.0 -15 -10
log(n)

Figure 4.4.2 — Error on the lowest eigenvalue of the PAW equations (4.1.11) with pseudopotentials

4.4.2 Comparison between the PAW and VPAW methods in pre-asymptotic
regime

The simulations are run for a fixed value of d = 6 and different values of n = 0.1 and n = 0.2.
In Figure 4.4.4, Ej is the lowest eigenvalue of the 1D-Schrodinger operator H. The PAW method
considered in Figure 4.4.4 is the generalized eigenvalue problem (4.1.11).

Using Fourier methods to solve the VPAW eigenvalue problem (4.1.14), we have the following



130 CHAPTER 4. Projector augmented-wave in a one-dimensional setting

) >
o o -- y=11z—-03
[=] e,
m o2} - " --- y=4.4x 472
I —-= ’ P
. —— B » N=2E" —Fy=0)
E sl _--- P R . - o
g PRI 1, « 4 4 N=2(EP - E )
0 -
ey o N=3(EMY g 0)
= - o
< « - « 4 a4 N=3(EMY_ g <0}
_5 PEE R
-6 L L ;
20 -15 10

log(n)

Figure 4.4.3 — Error on the lowest eigenvalue of the PAW equations with pseudopotentials including
odd PAW functions

bound on the computed eigenvalue EY/*" [BCD17b]:

oo mw <ot L1 (4.4.1)
M 0= M g2 -l ) -

where M is the number of plane-waves, NV the number of PAW functions and d the regularity of
the PAW pseudo wave functions ¢y.

As expected, the PAW method quickly converges to EF4" which, according to Theorem 4.2, is
close but not equal to Ey. Although the VPAW method does not remove the Dirac singularities
-which is why, asymptotically, the VPAW method convergence rate is of order O (ﬁ)-, it converges
faster to Fy than the PAW method with pseudopotentials.
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Figure 4.4.4 — Comparison between the PAW and VPAW methods
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CHAPTER b

THE VPAW METHOD FOR 3D HAMILTONIANS

In this chapter, we expose the results on the VPAW method applied to eigenvalue problems of
periodic 3D linear Hamiltonians with Coulomb potentials [Dup18].

Similarly to the study of the VPAW method applied to the one-dimensional model with Dirac
potentials, the cusp of the eigenfunction of the VPAW eigenvalue problem is significantly reduced.
Hence, estimates on the eigenvalues obtained by a plane-wave discretization of the VPAW equations
are similar to the estimates obtained in the one-dimensional model studied in Chapter 3.

This chapter is organized as follows. The VPAW method applied to periodic 3D linear Hamilto-
nians is presented in Section 5.1. Estimates on the eigenvalues of the plane-wave discretization of
the VPAW equations are given in Section 5.2. Proofs of these results are gathered in Section 5.3.
Numerical tests confirming the efficiency of the VPAW method can be found in Section 5.4.

5.1 VPAW method applied to linear 3D Hamiltonians

5.1.1 General setting

For simplicity, we restrict ourselves to the linear model. A quick overview of the spectral theory
of periodic Hamiltonians can be found in [Gonl5]. More thoroughful expositions of this theory are
presented in [Eas73, Kucl2|. For extensions to nonlinear equations, the interested reader is referred
to [CLBLO02| for the Hartree model and to [CLBLO1] for the Hartree-Fock model.

The crystal is modeled as an infinite periodic motif of N,; point charges at positions R; in the
unit cell

I'= {a1a1 + asas + asas, (Oél, g, Oég) S [—1/2, 1/2)3} .

and repeated over a periodic lattice
R = Za1 —+ Zag + Zag.

where a;, as, as are linearly independent vectors of R3.
The electronic properties of the crystal are determined by the spectrum of the periodic Hamil-

133
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tonian Hpe, acting on L?(R?):

Hper = —%A + Voer + Wher, (5.1.1)
where Ve, is an R-periodic potential defined by
Nat )
~AVper =47 (Tgmzl Z1 <5RI(' +T) - T)) (5.1.2)

Vper 1s R-periodic.

In this paper, Wy, is a smooth R-periodic potential so that Equation (5.1.2) has a solution. In
practice, Wy, is a nonlinear potential depending on the model chosen to describe the electronic
self-interaction (typically a Kohn-Sham potential).

The standard way to study the spectrum of Hpe, is through Bloch theory which will be outlined
in the next few lines. Let R* be the dual lattice

R* = Zaj + Za; + Za;,
where (aj, a3, a3) satisfies a; - aj = 276;;. The reciprocal unit cell is defined by
"= {OzlaT + 0523.; + a3a§, (Oél, Ao, 063) < [—1/2, 1/2)3} .

As H,e, commutes with R-translations, H., admits a Bloch decomposition in operators Hq acting
on

L}%er(r) ={f € L} .(R% | fis R-periodic},
with domain

H? (T) = {f € H. (R®) | f is R-periodic}.

per

The operator Hg is given by:

1 . X
Hq:§|—zv+q|2+%er+wper, qer.

For each q € I'*, the operator Hq is self-adjoint, bounded below and with compact resolvent.

Thus it has a discrete spectrum of infinite eigenvalues Fy g < Foq < ..., Ej, q — 00, counted with
multiplicities, and the associated eigenfunctions (1, q)nen+ form an orthonormal basis of Lger(F):
Hong = Enq¥na- (5.1.3)

By Bloch theorem (|RS78|, Chapter XIII), the spectrum of H,, is given by the union of
the discrete spectra of an infinite number of eigenvalue problems parameterized by the vector q
belonging to the reciprocal unit cell I'*:

0 (Hyer: 2(R)) = | ) 0(Hys L2,y (D). (5.1.4)

qel™
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The VPAW method aims to ease the resolution of the eigenvalue problem (5.1.3). For clarity,
we will only present the case q = 0 and denote Hy by H as this example contains all the main
difficulties encountered in the numerical resolution of Equation (5.1.3). Transposition to q # 0 can
be done without problem.

5.1.2 The VPAW method for solids

Following the idea of the PAW method, an invertible transformation (Id + T') is applied to the
eigenvalue problem (5.1.3), where T is the sum of operators 7 acting locally around each nucleus.
For each operator 17, two parameters Np,, and r. need to be fixed (r, and Ny, may depend on
the atomic site I):

1. Npaw is the number of PAW functions used to build 77,
2. r. is a cut-off radius which will set the acting domain of 77, more precisely:

— for all f e L2 (), supp(T;f) € U B(R;+T,r.), where B(R, ) is the closed ball of
TER

per

R? with center R and radius r,

— ifsupp(f) U BR;+ T,r.) =0, then T7f = 0.
TER

The operator 77 is given by:

Npaw

T =Y > (6px —Ry) — dp(r — Ry) (BL(- — Ry) @), (5.1.5)

TeR k=1

where (e @) is the L%-scalar product on the unit cell T' and the functions @1, q% and pl are

functions in L2, (I'). The PAW functions (¢})1<k<Nyu: (5@1316 Npww a0 (PF)1<k<n,,, must satisfy

the following essential properties:

1. supp (¢f — of) € U B(T.r.);

TeR

2. 5£ restricted to B(0,7.) is smooth;

3. pi are supported in |J B(T,r.) and V1 < 4,5 < Npay, <@,$j> = 0;; (that is (D)) 1<j<Npm
TER

is dual to <$j)1§j§Npaw)‘

The operators Ty act locally in | B(R;+ T, 7).
TER
Several schemes exist in the literature to generate the PAW functions. In this paper, the PAW

functions are close to the Vanderbilt scheme [KJ99] where only the projector functions differ from
ours. Numerical tests in Section 5.4 suggest that the Vanderbilt scheme is also efficient to compute
the eigenvalues of (5.1.14). The Blochl scheme [Blo94] is another popular way to generate PAW
functions although the first seems to be preferred [JTH14|. See [BCD17b, JTH14| for more details
on the generation of the PAW functions.



136 CHAPTER 5. The VPAW method for 3D Hamiltonians

Atomic wave function Let (¢f)i<i<n,., € (L*(R?))M= be eigenfunctions of an atomic non-
pertodic Hamiltonian

ngoézekgoé, 6{§€£§6§§---7 / @i@é/z(skk”
R3
with H; defined by
1 Z
Hy = —5A 2+ W (i), (5.16)

where T is a smooth bounded potential. The operator H is self-adjoint on L*(R?) with domain
H?(R3). Again, in practice, W is a radial nonlinear potential belonging to the same family of
models as Wi, in Equation (5.1.2). Since the atomic Hamiltonian is rotationnaly invariant, H;
is block-diagonal in the decomposition of L?(R?) associated with the eigenspaces of the operator
L? (the square of the angular momentum L = r x p = r x (—iV)). The eigenfunctions ¢! can
be decomposed into a radial function and a spherical harmonics (see [RS78] XIIL.3.B for further
details):

Pr(r) = 1 Rug(r) Yom (), (5.1.7)

where Y}, is the real spherical harmonics and R,,, is a continuous function such that lir% |Rpe(r)| < 00.
T—

For r € R?, we define t := ﬁ and when there is no ambiguity we will denote by r the euclidean

norm of r. The decomposition (5.1.7) also holds for some nonlinear models, see [Sol91, CM14]. The
functions R, satisfies the following radial Schrédinger equation

—%R;;Ar) - “TlR;M(m - %RM(T) W) R (r) = eng g (). (5.1.8)

beRn(r) =
The eigenvalues of by, if they exist, are all simple. The discrete spectrum of Hj is then the collection
of all the eigenvalues of b,.
The PAW atomic wave functions (¢f)1<k<n,.., € (L2 (I'))¥p= are then defined by

per
— for 1 <k < Npaw and v € T, ¢L(r) = 0L (r),
— ¢! is R-periodic.

If W #£ 0, there is a minimal angular momentum /,q,,, for which b, for all £ > £,4,, has no eigenvalue
(see Theorem XIII.8 in [RS78|, [Sol91]). As an immediate consequence, PAW functions can only be
selected for a finite range of angular momentum ¢ < ¢,q,.

We denote by (ng,ni,...,ne,,.) the number of PAW functions for each admissible angular
momentum, i.e. there are ng PAW functions for the angular momentum ¢ = 0, m = 0, n; PAW
functions for £ = 1, |m| < 1, ... The total number of PAW functions for one atomic site is thus

emax

given by Npaw = > (20 + 1)n,.
=0

Pseudo wave function The pseudo wave functions ai are the R-periodic functions given in the
unit cell I' by: _ B
Vrel, ¢h(r) = r'Ru(r) Yo, (v). (5.1.9)
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where k stands for the multiple index (n, ¢, m). The radial functions R,,, 1 <n <ny, 0 < £ < lpax
are polynomial inside the augmentation region B(0,r.):

d
~ Segpr?t for0<r<r
Rne(r) = < 0 ‘

Ryo(r) for r > r,

(5.1.10)

and the coefficients are chosen to match R,, and its first (d — 1) derivatives of R, at ..

Projector functions The projector functions (P} )1<k<n,., chosen here are the R-periodic func-
tions given in the unit cell I' by:

Vrel, pl, (v) = r'u(r) Yo, (+). (5.1.11)

The functions p,, for 0 < < l.¢, 1 < n < ny are defined by

T

Pre(r) = Y (By") s X (1) Rue(r), (5.1.12)

n'/=1

with x a smooth positive cut-off function supported in (0,7.) and

B, = (/ X(7) Rpg (1) Ry (r)r2+2 dr) . (5.1.13)
0 1<n,n'<ny
By definition, the projector functions (pf)1<k<n,., are supported in |J B(T,r.) and form a dual
TER
family to the pseudo wave functions (¢!)1<y< Noaw <5£ ,(Zi/> = O
The VPAW equations to solve are then:
Hi = ESY,
where B B
H=(W+T)HId+T), S=(Id+T)(Id+1T), (5.1.14)
and
Nat
T=>)T,. (5.1.15)
=1

Thus if (Id 4+ T') is invertible, it is easy to recover the eigenfunctions of H by the formula

Y = (Id+T)y, (5.1.16)

and the eigenvalues are identical to the original eigenvalue problem (5.1.3).

By construction, the operator (Id + 77) maps the pseudo wave functions 5 to the atomic
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eigenfunctions ¢: N
(Id + T1)p(- — Ry) = ¢i(- — Ry), (5.1.17)

so if locally around each nucleus, the function 1 "behaves" like the atomic wave functions ¢, we
can hope that the cusp behavior of v is captured by the operator T'. ¢ is therefore smoother than
1 and the plane-wave expansion of ¥ converges faster than the expansion of .

5.1.3 Well-posedness of the VPAW method
To be well-posed the VPAW method requires

1. for each 0 < ¢ < lpay, the family of pseudo wave functions (Ry,s)i<n<n, to be linearly
independent in [0, 7], so that the projector functions (pne)1<n<n, are well defined;

2. (Id+T) to be invertible.

To fulfill the first condition, the following assertion is assumed.

Assumption 5.1. For all 0 < r. < rpm and each 0 < £ < lpay, (R(k)(rc))ogkgw_l s a linearly
independent family, where R is the vector of the functions (Ryg, ..., Ry,e).

It is easy to check that this condition ensures that the family of pseudo-wave functions
<RM) is linearly independent. This holds in the particular case of the hydrogenoid atom
1<n<ny

(see Lemma 5.22 in the appendix).

It can be shown that the second condition is equivalent to the invertibility of the matrix
(<pj ,reRk>)l<j k< for all 0 < ¢ < l,ax. Since the proof of this statement is very close to the proof
of Proposition 2.3 in [BCD17b], we will not reproduce it here. For the rest of the paper, we make
the following assumption.

Assumption 5.2. For all 0 < 1. < ryn and any 0 < £ < by, the matriz ((pue, Rue)) 1<y pi<p,
invertible.

5.1.4 Singular expansion

It appears that the theory of weighted Sobolev spaces and the singular expansion of eigenfunc-
tions of Hamiltonians with Coulomb potentials provides a nice framework to study the Fourier
decay of the VPAW pseudo wave functions ¢). The singular expansion gives a generalization of
the Kato cusp condition [Kat57| to any order. This theory is closely linked to the b-calculus of
pseudodifferential operators developed by Melrose [Mel93]. It has been applied successfully to
characterize precisely the behaviour of the electronic wave function close the nucleus [FSS08, HNS08|
and used in the analysis of the muffin-tin and LAPW methods [CS15]. The interested reader may
refer to [KMR97, ES12] for a detailed exposition of this theory.

For simplicity, I denotes the cube [—3, 1]3. Let S be the set of the position of the nuclei:

Y

N =
[

S={R;+T, I=1,....,Ny, TR}
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Let ¢ be a R-periodic continuous function such that o(R; +r) = r for small r, o € C°(R?\ S).

loc

Definition 5.1. Let k € N and v € R. We define the k-th weighted Sobolev space with index v by:

KDY = {u e L2.(T) : o0 € L2, (T) V |af < k}. (5.1.18)

per
Consider a subspace of functions with the asymptotic expansions
VI=1,...,Na, u(Rr+r)~ ch(f)'r’j as 1 — 0, (5.1.19)
jEN

where ¢; belongs to the finite dimensional subspace M; = span{Y¥s,,,0 < ¢ < j,|m| < (}.
We define the weighted Sobolev spaces with asymptotic type (5.1.19):

H D) = {u € KF(T) 'UN € ICFTNFHT) where 7y is the I-periodic function defined in T' by

Nat N
VN EN, Vrel, ny(r) =u(r) = Y wr—Rs)D ¢(r—Ry) |r—RIV}
I=1 Jj=0

(5.1.20)

where w is a smooth positive cutoff function, i.e. w = 1 near 0 and w = 0 outside some neighbourhood
of 0.

The definition (5.1.20) slightly differs from the definition of the weighted Sobolev space given in
[CS15] (Equation (2.6)). However, our definition is consistent with the results that can be found
in [HNSO08] (see Theorem I.1) and the original paper [F'SS08| (see Proposition 1) from which the
definition appearing in [CS15] is taken.

The expansion (5.1.19) can be viewed as a “regularity expansion”. Let us suppose that the
functions ¢; in the singular expansion are constant. Then all the even terms appearing in (5.1.20)
are smooth since for any k € N, 7 + r?* is smooth. For the odd terms in the expansion, the
function r — r is continuous but not differentiable at the origin, the function r + 73 is C? but not
C?3 and so on. Since the decay of the Fourier coefficients depends on the regularity of the function,
this expansion enables one to characterize precisely this decay. A precise estimation of this decay
for all the terms appearing in (5.1.20) is given in Lemma 5.11 below.

Definition 5.2. A function u is asymptotically well-behaved if u € 7 (T') for v < 3/2.

Remark 5.3. It is easy to see that if u is asymptotically well-behaved then by the definition of the
weighted Sobolev space with asymptotic type (5.1.19), the remainder ny is in the classical Sobolev
5/24+N—¢
space Hplr ().
The following result, stated in [HNS08, CS15], gives the regularity of the eigenfunction of (5.1.3)
in terms of the previously defined weighted Sobolev space.

Theorem 5.4. Let ¢ be an eigenfunction of Hip = Ev where H is defined in (5.1.3). Then 1 is
asymptotically well-behaved.
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Theorem 5.4 enables to characterize precisely the singularity of the Hamiltonian wave function
and generalizes the Kato cusp condition for eigenfunctions of 3D-Hamiltonians. Let V be the
smooth potential such that in a neighborhood of Ry,

A

‘/per(r) = —m +

V(r—Ry), (5.1.21)
and denote by (vg)g>¢ the coefficients of the Taylor expansion of
Vim(r) = / V(r)Yen,(r) dr. (5.1.22)
S(0,1)

Theorem 5.5. Let £ € N and |m| < (. Let ¢ be an eigenfunction of Hy = E1p where H is defined
in (5.1.3) and (Vjem)je<jmi<e be the coefficients of the singular expansion of 1, i.e. for all e > 0,

N
P(r) — Z Z Citm™ Yo (T) € Jooo 3N e

J=0 |m|<L<j

Let (vg)k>e be the coefficients of the function Vi, defined in (5.1.22). Then the sequence (Cjim ) >e
satisfies

G+1)(G+2+20)

VJ Z E, 5 ¢j+1,€m = —ZQ/Jjgm + (U * C)j—l — E"l}j—l,fm, (5123)
where v x ¢ denotes the convolution
k
(v )y = ka—ﬂ/}k,em-
j=t
For ¢ = 0, the Kato cusp condition is recovered since g = (0) and

Y100 = % ‘,,:0 fg(m) ¥(r)Yoo(T) dr.

5.2 Main results

We focus on the analysis of the VPAW method restricted to a set of PAW functions associated
to the lowest angular momentum ¢ = m = 0, i.e. . = 0. In this setting, we can prove the
following theorem.

Theorem 5.6. Let Ey; be an eigenvalue of the variational approximation of (5.1.14) in a plane-
wave basis with wavenumber |K| < M, with ng PAW functions associated to the angular momentum
¢ = 0,m = 0 with smoothness d > n and cut-off radius r.. Let E be the corresponding ezract
eigenvalue. Under Assumptions 5.1, 5.2, there exists a constant C > 0 independent of r. and M
such that for all € > 0, and for all % < Te < Pmin

2min(2ng,5)—2¢ r

re cmin(2no,5)—€ 1 1 1 1
0<EM—E§C( B + = +W+—r02d*2—M2d*1 +0(—M78))' (5.2.1)
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Theorem 5.6 holds for any eigenvalue of H given in (5.1.3), however numerical tests provided in
Section 5.4 are restricted to the ground-state eigenvalue. They suggest that the VPAW method can
be an efficient strategy to solve accurately the eigenvalue problem (5.1.3) (see Figures 5.4.1, 5.4.3).

Asymptotically, the same order of convergence as the direct plane-wave discretization of (5.1.3)
is obtained, however, the prefactor is reduced by r,2™®(?m0.5)=¢ improving the convergence for low
plane-wave cut-offs. However, the VPAW method introduces a d-th order derivative jump which is
reflected by the prefactor TCQ% This prevents one to choose a too low cut-off radius since this
error can become predominant as 7. goes to 0 (see Figure 5.4.2).

Remark 5.7. By incorporating ny functions for each angular momentum ¢ =1 and m = —1,0, 1,
we can improve the convergence estimate (5.2.1) to

7,02 min(2no,5)—2¢ Tcmin(2n0,5)—e
Vﬁ<rc<rmin,O<EM—E§(J( e + =
Tc2 min(2n1,5)—e 1 1 1 1

The only difference between (5.2.1) and (5.2.2) is the prefactor of 5. In our ezample (Section ?77),
improvements for the computation of ground-state are barely noticeable (see Figure 5.4.1 and 5.4.53).
However, introducing PAW functions for £ = 1 might be beneficial for higher eigenvalues where in a
pre-asymtotic regime, the prefactor of # may be preponderant.

5.3 Proofs

A proof of Theorem 5.6 is given in this section with n PAW functions for the angular momentum
¢ =0 and m = 0. These functions are generated following the scheme presented in Section 5.1.2.
Since only PAW functions for the angular momentum ¢ = 0, m = 0 are considered, the 00 index in
the PAW functions is dropped. The following notation is introduced

p(r) = (pu(r),...,pa(r))" € R",
p(r) = (r(r),....Pa(r))" € R",
B, f) = (Do f) s (Bus )T €RMY f € L3, (D),
®(r) == (¢1(r),..., du(r))" € R,
B(r) = (41(x),. ., ou(r)" € R,
R(r) = (Ru(r), ..., Ru(r))" € R",
R(r) = (Ra(r),..., Bu(r))" € R"

For a function f € L*([—3, 1]*), we denote by fs, the averaged function

fom(r) = /S L i) (5.3.1)



142 CHAPTER 5. The VPAW method for 3D Hamiltonians

Let w be a smooth nonnegative cut-off function such that w(r) = g(£) where g satisfies

— g isequal to 1in B(0,1/4),
— supp(g) C B(0,1/2).

Therefore, w satisfies supp(w) C B(0,7./2), supp(l — w)® C B(0,7./4) and [|w® | 1o (0. < r%
Since the proof of Theorem 5.6 relies on the estimation of the singularities around each nucleus,
we restrict the setting to a single atom of cahrge Z located at the origin in the unit cell I'. Extension

to the general case is straightforward.

The general idea of the proof is to isolate the main convergence difficulty which is the cusp
located at each nucleus and see how the VPAW method reduces it. Although the VPAW method
reduces the cusps of the pseudo wave function, it introduces a derivative jump on the augmentation
spheres that blows up as the cut-off radius shrinks. As in [BCD17b]|, we split the pseudo wave
function {Z; into three parts using the singular expansion (5.1.20). Let n € /COO’%J“N_S(F) be the
remainder of the singular expansion (5.1.20) applied to 1):

n(r) = o) —wr) Y eE)n.

J=0

Then we have:

o) [ (5.5) @) - <T><r>>> L wtr) ((7.9) @) - B ) + o)
(5.3.2)

The first part corresponds to the cusp of the pseudo wave function in a neighborhood of a
nucleus. The second part is the d-th derivative jump caused by the lack of regularity at the
augmentation sphere. The last part is the remainder appearing in the singular expansion of the
original wave function . In this section, we analyze the decay of the Fourier coefficients of three
parts separately and prove the following results. Since the proof is restricted to the case £, = 0,
N can be set to 1.

Proposition 5.8. Let ¢; be the functions of the singular expansion (5.1.20) of 1. Letn > 1 be the
number of PAW functions associated to the angular momentum ¢ = 0,m = 0. Then there exists a
positive constant C' independent of r. and K such that for all e > 0 and as K goes to oo,

1

/F w(r) (Z ¢;(F)ri — <5, J>T (® — 5)(1«)) KT gy

Jj=0

Cr min(2n,5)—¢
c

VO <r. < Tmin, i

< . (5.3.3)
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This proposition states that, asymptotically, no regularity is gained, however, a prefactor of
order r,mn2m5-¢ ig ohtained.

Proposition 5.9. There exists a positive constant C' independent of r. such that

C

~\ T ~ .
VO <71, < Fmins /F(l _ W(T)) <2’5>w> ((I) _ (I))eflK'r dr| < m, as K — oo. (534)

By reducing the cusp at a nucleus, the VPAW method introduces a derivative jump but for a
higher order derivative.

Proposition 5.10. Let n be the remainder of the expansion (5.1.20) for N = 1. Let ny be the
truncation to the wavenumber M of the plane-wave expansion of . Then for all € > 0, we have

1
lnae =l < 3=z 0l gz (5.3.5)

This is a direct consequence of the regularity of the remainder of the expansion (5.1.20) given
by Theorem 5.4.

5.3.1 Cusp reduction

We recall the following identity that will be extensively used in the rest of the paper:

e KT =4r > iV (—K) Vi (8)jo(KT), (5.3.6)

Im|<¢

where jy is the spherical Bessel function of the first kind.

To prove Proposition 5.8, we start with a lemma that identifies the main issues in the plane-wave
convergence of the molecular wave function.

Lemma 5.11. Let ¢ and j be integers such that ¢ < j. Let K > 0. Then, as K goes to oo, if j + £
1s even, we have for any positive integer n > j + 3,

Tc

2 o /6’75 1
/0 w(r)ri ™25, (Kr)dr = ﬁ tolzm ) (5.3.7)

where
]

B = (—1)0+072(j — ¢ 4 1)1 H(j —(+ 1+ 2k),
k=0

and if j 4+ € is odd, for any positive integer n > j + 3,

Tc

/O ()P (Kr) dr = o (%) . (5.3.8)



144 CHAPTER 5. The VPAW method for 3D Hamiltonians

Proof. We prove the lemma by induction on ¢. Let a;;2, be defined by

Te

iy —/2 w(r)rit25,(Kr)dr. (5.3.9)
0

Initialization For ¢ = 0, we have

hence for any j € N,

3

1 5 o
Ajr2,0 = ?Im (/ w(r)rittesr dr) . (5.3.10)
0

By integration by parts, we have
/Tf W) LT qp = 1 [—w(r)r e w1 /T;(w(r)rj+1)/eil(r dr
0 1K o O K J,

>

v~

—0
1 5 , o j+1 5
=—— S (Pt BT qr —
iK ) (r) 1K)

w(r)rjeiK’" dr.

The function r — 7771w/ (r) belongs to C°(0, %) hence we have for any n > j + 2

Tc

< o 1) (7 . 1
Jj+1 zKrd — <] + / J lK?"d _— 5.3.11
/0 w(r)ritte S dr K, w(r)r’e™"dr + o on ( )
By integrating by parts j times and noticing that the functions r — r*w'(r), k € N are in C2°(0, %),
we obtain

Tc

/o 2 w(r)ritte ST dr = (—1)j+1g%)j1+>2! +o0 (%) . (5.3.12)

Hence using (5.3.10), if j is even, aji90 = 0 (%) for all positive integer n, otherwise a;420 =

(_1)j/2 G+n!

KiT3 -

Iteration Using the recurrence relation

Jer(x) = —jo(z) + éjg;x)’ (5.3.13)
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we have the following recurrence relation on (a;):

%+MH,_/1LA)M+%HﬂK%ﬁi (5.3.14)
0
T . (K
:/ w(r)r”Q( Jo(Kr) + Jef((;“)) dr (5.3.15)
K/ )it (Kr) dr—/2 w(r)ri 25 (Kr) dr. (5.3.16)
0

By integration by parts, using that r — r/*2w/(r) € C°(0, %), we have

/2 w(r)yri 25 (Kr)dr = —‘L/2 w(r)r g (Kr) dr—i—o( > .
K ), K

0

Thus, we have by iteration,

JAl+2

T 1
Aj12.041 = T (A)( )T]+lj£(Kr> dr+o (K")
0

42 1
-k et g

£+1
G L 2k) 1

Hence if j + ¢+ 11is odd, a;42011 = 0( ) for all positive integer n, else if j + ¢ + 1 is even, for
any n > j + 3,

+1
- . (7 — 0+ 2k) 1
Aj+2,041 = (—1)@ HW?(J — 1= o Ki+3 +o Kn )

Lemma 5.12. Let N € N*. Let ¢; be the functions of the singular expansion (5.1.20) of ¢. Let
Cjem be the coefficients such that

J
() =D > cimYem(E)
=0 |m|<t
Then, we have as K goes to oo and for any positive integer n,

N
m 1
/ 0D esre Y Y Y (- SR TEL +(K_> (53.17)
Jj= 7=0

j+€:o Imi<t

l\.’)\»—A
l\.’)\»—A
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Proof. We have since supp(w) C (0, %)

2
w(r)
441

Tc

2

N
c;(®)rle T dr = / r2w(r) Z 7l Citm / Yo (£)e” T di dr.
S(0,1)

1

0 j=0 =0 |m|<t
(5.3.18)
Using the scattering expansion (5.3.6) and applying Lemma 5.11, we get
N o N [T .
/[ 2 e T de=and 5 5 iV (-K) / ()2 e e(Kr) dr (5.3.19)
~2:3 =0 J=0 0=0 |m|<¢

<.

N
, o B eCiem 1
:47TZ > Z#ng(—K)ﬁ—l—o =) (5.3.20)

j+L odd T
O
1
]gg
1
1 0 2
2 1
3.0
3 2 K

Table 5.3.1 — Lowest decaying terms

According to Lemma 5.12; the slowest decaying term is the term associated to j = 1 and ¢ = 0.
Thus we need to analyze how the VPAW method reduces the coefficient c;o9 which is simply the
cusp at 0 of the pseudo wave function 1.

Lemma 5.13. Let ¢ be an eigenfunction of Hy = Ev, with H defined in (5.1.3). Let n be the
number of PAW functions associated to the angular momentum ¢ = 0,m = 0.

There ezist coefficients (o )1<k<n and a positive constant C' independent of r. such that
100 — " R||r2(0.ry) < O t/2metmin@n5)

where 1oy denotes the averaged function ¢ according to (5.3.1). Moreover for these coefficients, we
have

Y00(0) — a"R(0) = 0.

Before proving this lemma, we start with a few intermediary results and introduce some notation.
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Let ¢, € R and (;, € R™ be, respectively, the coefficients of the singular expansion of ¢y, and R:

N
Yoo(r) = D r? + s (r), Ny € K3HN(T) (5.3.21)
=0
JN | |
R(r) =Y Gr' +&n(r),  &vp € K2 PV=(I). (5.3.22)
=0

The external potentials V' (5.1.21) and W (5.1.8) are smooth in a neighborhood of a nucleus, hence
we have

N
Vi) = 3 o + O(2) (5323
k=0
N
W(r) = wyr® + 0(r**?), (5.3.24)
k=0
Finally, we denote £ the diagonal matrix with entries (ey,...,€,).

Lemma 5.14. Let R = (Ry, ..., R,)T where Ry, is defined in (5.1.7).

There exists (ug»k))ogjgkgn,l and (y](k))ogjgkgn,l such that

k
G = > uVEIG, (5.3.25)
7=0
k .
Cokt1 = Z Vj(k)ngo, (5.3.26)
=0

wz’thu,(gk) #0 forany 0 <k <n-—1.
Moreover, (o has no null entry and the vectors ((x)1<k<s satisfies
G =—2G
1 1, 5
G2 = =30+ 5(Z7 +wo)o

1, 77wy Zr 2wy wi o we
- (= +2) e Z 042
G €% ( * > g0+<180+ s 30 T10)%

75 23 75 Zlw, 23 11
6= g0 0t (135 T e ) o (2700 T35 135070 T 150 wQ) o
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Proof. This lemma is proved by iteration using Equation (5.1.23) applied to each Ry, k=1,...,n

- 1)2<N - 2>CN+1 = —Z¢n + (w* n-1 — Eqn-1.

YN > 1,

Here (wg)k>0 and ((x)r>o are defined respectively by (5.3.22) and (5.3.24). Noticing that since W
is smooth, we have

k
(w * C)Qk = Z w2k‘—2jc2j’ w * C 2k+1 = Z Wag— 2JC2J+1
j=0

By iteration, it is easy to see that ,ul(f) # 0 for all k € N.
We have that (;, = R(0) and the radial wave functions Ry, k = 1,...,n satisfy the radial
Schrodinger equation (5.1.8)

Vr >0, —%Rg(r) — %R;(r) — %Rk(r) + W(r)Ri(r) = exRi(r).

0 is a regular singular point and its indicial equation is —%s(s — 1) — s =0, with roots s; = 0 and
sy = —1. By Fuch’s theorem ([Tes12|, Theorem 4.8), since s; — s9 € N the fundamental solutions

are given by

uz(r) = "2+ clog(r)u (r),

with h1(0) # 0 and hs(0) # 0. Since Ry, k = 1,...,n, is square integrable, necessarily, we have
Ry, = uy, thus, Rg(0) # 0. O

{m( r) = hi(r)

Proof of Lemma 5.13. To minimize |[¢yg0 — &' R||12(0,.) With respect to a for r. small, we need to
determine how many successive terms in the singular expansion of ¥y can be canceled with n
functions Ry, k =1,...,n, i.e. we need to determine for which N., < 2n we have

V0 <k < Npax, @ G = g (5.3.27)

Expressing ¢, (resp. 1,) as a linear combination of ((p, . . 5[M1*1C0) (resp. (o, - ,E[%Flwo))
using Lemma 5.14, the linear system (5.3.27) can be reformulated as

& o

Ml COg o N1 Ewﬂ

] I P ] I 5329
nggl—Nmax/Q-‘_l El—Nmax/Z.‘_lwo

where M; = (u§k))0§j7kS[NmaX/2],1, and My, = (V;k))0§j7k§"Nmax/2“,1, with ugk) and yj(k) given by

Lemma 5.14. N; and Ny the same matrices as M; and My but where the coefficients ,ug-k) and V](k)
are generated using (ve) instead of (way).

We will show that if n < 2, then Ny.x = 2n, otherwise, Ny.x = 5. Equation (5.3.28) is
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equivalent to
M (G3 € )o<h< [ Numax/21 -1 = N1(E*90)0<k< [ N /211
Mo (L3 EF)ocha [ Nman/21-10 = Na(E¥1)0)0<k< [ Nonas /2115

hence Equation (5.3.28) has a solution if and only if

MszlN1(Ek¢o)ogkgwmax/2}—1 = N2<Ekw0)0§k§(Nmax/2}—1-

Since this holds for any value E, a necessary and sufficient condition to solve (5.3.28) is MyM; ' N; =
Ns.

Forn=1 M, = N, = (1) and My = Ny = (—Z) hence it is easy to see that (5.3.28) is solvable
when Np.x = 2. The remainder 1)y — @R belongs to ICOO’%’s(F), hence by Lemma 5.19, there exists
a constant C' independent of r. such that

”wOO - aRHLQ(O,TC) S Crc5/27€-

For n = 2, we can check using Lemma 5.14 that

_ -z 0

6 3

Thus MyM; 'N; = N, and (5.3.28) has a solution (ay, ap) such that 1y (r) — a?R(r) belongs to
K2 ~¢(I"), hence by Lemma 5.19, [|thoo(r) — AT R(r)| 120,00 < Cre/27¢.
For n > 3, the dependence on W does not vanish in MM, . For example, the (3,1) coordinate

of the matrix MyM; " has a term equal to %Z 3wo which is unlikely to be compensated in general.
For n > 3, we thus have:

Yoo(r) — a"R(r) = O(r°),
hence [|[¢oo(r) — a"R(r)||r2(0,r.) < Crett/? for a constant C' independent of 7. O

Proposition 5.15. Let n be the number of PAW functions for { = m = 0. There exists a positive
constant C' independent of r. such that

V0 < Te < Tmin,

{560(0)\ < O, (5.3.29)
The proof of the proposition is very similar to the proof of the cusp reduction in [BCD17b| for

the wave function of the 1D-Hamiltonian with the double Dirac potential as we manipulate 1D
functions with similar properties.

Proof. We have

Joo(r) = boo(r) = {5.0) (R(r) ~ R(r) (5.3.30)

= dn(r) — a" (R(r) — R(r)) — (5.7 —a"®) (R(r) ~ R(r). (5.3.31)
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By construction, the PAW pseudo wave functions Ry do not have a cusp at 0, so
~ ~ AT
B4ol0) = vt (0) = a"R(0) = (5, & — a"®) R'(0)

S (woo(()) — aTR(0) — <ﬁ, b — aTE>>T R(O)) . (5.3.32)

First we rewrite <'ﬁ U — aT<I>> in a more convenient way. We have

~ ~\ T ~

AT
v—(p.0) @=b—(p.0) &
By multiplying by pr, £ = 1, ..,n and integrating over the ball B(0,r.), we have

B )~ (5.0) (e, @) =0

h (5.0) = A7 (5.9).

where A = ((pj, k) )1<jh<n = ((p; ,Rk)[o rc])lﬁj,kén which is invertible by Assumption 5.1. By
definition of the PAW functions, the 3D-integrals can be reduced to integrals on a segment

<]3,J> =A™ (D, %00) 0,1 -

where

<f’9>[0,rc} = /OrC f(T)g(T)TQ dr.

By duality of the PAW functions, <]5j : $k> = dji, we have <ﬁ, aT&>> = A" (p, aTR>[OT - Hence,

<ﬁ, 77’2; - OZT§> = A_l <p ) 1/}00 - OéTR>[O7TC] .

By Lemma 5.25, there exists a constant C' independent of r. such that for any r. > 0,

T _ C C
‘<p71/]00 - OKTR>[O7TC] A TR/(O)‘ S %T/QHQ/)OO_QTRHL%B(OWC)) S %T/Q||¢OO_CYTR||L2(O7TC). (5333)

From Lemma 5.13, we know that there exists a € R™ such that

1

%00 — OéTRHLz(Q%) < COr,z-etmin@n5)  and a"R(0) = 1(0).

Inserting this equation into (5.3.32) finishes the proof. O
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5.3.2 d-th derivative jump

An estimation of the derivative jump of the d-th derivative jump Ek, k=1,...,nis needed. In

AT ~
fact, only the d-th derivative jump of <]7 , g[)> [R@],. needs to be estimated.

Lemma 5.16. There exists a positive constant C independent of r. such that

(5.0) R9..| < .

V0 < re < Tmin,

The proof of this lemma is given in the appendix.

and for any k € N, we have

< C
_’]"ck“

L>(0,r¢)

() (- 7)

Tc

(1) (5. 0) (@ B)e ™" dr = 477/

0

Proof of Proposition 5.9. Using the relation (5.3.6), we have
~ T = . 2
(=w() (F.0) (R() =R jo(Kr)rdr.

/
(5.3.34)

Since w is equal to 1 in a neighbourhood of 0, we can restrict the integral in the equation above to
the interval (r. — n,r.) for some > 0. Recall that

1 1}3
22

, ~ sin(z)
]0(.ZU) - 7
thus
~ AT ) —iKT Ar o AT [T 3 :
/[ | (me) (5.0) (@=@)e ™ dr=Z (5.0) [ (1=w(r)(R()=R(r))sin(Kr)rdr.
—z,= Te—MN
o ) (5.3.35)
We denote by f the function 7 +— r(1 — w(r))(R(r) — R(r)) and use
/ f(r)sin(Kr)dr =Im (/ f(r)e™r dr) .
Te=N Te=1
By definition of the cut-off function, for any k& € N, we have
fO(r.—n) =0, (5.3.36)

and for k € N*, (1 — w)®(r.) = 0. Thus by integration by parts,

/Tr_n f(r)eim dr = {f(r) e;ZT]TC n — % /Tr; f’(r)e”(r dr = %/

c Te— Te—M

f'(r)er ar.

Tec
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As R — R is C%! but not C? at r., by integrating by parts d times, we have:

. ~d+1 Te .
/ f(r ’Krdr— Ta [R )],,Ce’K” — ;(dﬂ/ FUAD ()BT dr, (5.3.37)
Te— Te—MN

Thus inserting the last equation in (5.3.35), we obtain

3

(1 —w(r)) <ﬁ, w}T (@ — d)e ™ dr = Im(idﬂeiK"C)% <5, 1;>T RO,

Ami®t T (d+1) iKr
—Im ( —7 (. )" [ (r)e™ dr ).
Te—MN

7%]3

According to Lemma 5.16,

Furthermore, we have
T (d+1) d)
(5.3) 1400 =r (1-0) 5.0y ®-R) T+ (1-0) (5.5) (R-R)"
By assumption on w, we know that ||w®|| e,y < Cr.*, hence

d+1
d+1 _
<r, | =w®® - Ry
T N kZ:% ( k: ) ( ) ( ) Loo(oﬂ"c)

T
(B.0) g
Lo (0,r¢)
d
+Z( > |0 =w®® - Ry k>)‘Lw0 )
k=0 e

<C
< =

where we used Lemma 5.16. Thus, we obtain

Te ] o~ T
[ G e | <o\ (5.0)
Te—1 L>(0,rc)
< C
= pd1
which finishes the proof of this proposition. m

5.3.3 Convergence theorem

To prove the estimate on the eigenvalues, we will use the following classical result (|[Wei74], p.
68).

Proposition 5.17. Let H be a self-adjoint coercive H'-bounded operator, By < --- < E,, be the

lowest eigenvalues of H and 11, . ..,¢, be L?>-normalized associated eigenfunctions. Let EfM) <
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s < EM) be the lowest eigenvalues of the Rayleigh quotient of H restricted to the subspace Vi of
dimension M.
Let wy, € Vi for 1 < k < n be such that

n
> " lw — el < 1
k=1

Then there exists a positive constant C' which depends on the H* norm of H and the coercivity
constant such that for all1 < k <n

B — B <O = vl
k=1

We would like to apply this result to ¢ = (Id + T )@ZK where QZK is the truncation of the
plane-wave expansion of f to the wave number K. In order to do this, we need to show that the
H! -norm of (Id + T')% is bounded by a the H! -norm of ¢ independently of the cut-off radius ..

per per
Lemma 5.18. There exists a positive constant C' independent of r. such that for any function

f S Héer([_%7 %]3)
|1+ T)fll gy, < CllF .

per

Proof. By definition, we have

Id+T)f =f+ (5. /) (@ - D)
= [+ (P, foo) oy (R — R) Yo,

where

Joo(r) = /S o f(r)Yoo(t) di.

Thus
00+ Ty, < 2y, +2 [ oy (RO) = B ar
+ 2/ <p;f00>[207,46} (R'(r) — R'(r))*>r*dr. (5.3.38)
0

Unfortunately, we cannot directly use Lemmas 4.13 and 4.14 in [BCD17b] to complete the proof.
Indeed, in doing, we would have

10+ T)f1, < C (I 1., + ool on )

but we do not have || fooll (0,00 S 11|, -
By Lemma 5.24, we have

5.0)" (RO)-R(r) = CLC.PICE 0 [ xoP@minnea ((G)Ro) - P(2))
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C—l

with H( (1) )R(r) uniformly bounded with respect to r.. Thus it suffices to study

L>(0,rc)

fol t2x(ret) foo(ret) P(t) dt:
/ﬂﬁ““”ﬁ“%ﬂpﬁfmls([fﬂnnw%%wdﬁwz(Aﬂwvafa)”g

0
C Te 1/2
< =75 (/ 72 foo (1) dr)
Te 0

C e 1/6 e 1/3
< —7 (/ rzfoo(r)6 dr) (/ r? dr)
Te 0 0

C

< m“f”Lﬁ(Brc)

C

< meHHl(BTC)-

We obtain a weaker result than in

. C
- Joo) oy (RO = RO < 51 s

Since

(7)o

=0 (%), we can prove similarly
L>(0,rc) ¢

~ C
|0 fo0) g (R() = R))| < =751 s

r.3

Thus inserting the last equations in (5.3.38) yields

[0+ T)flly.. < CllF .

per

We have all the elements to prove the main convergence theorem.

Proof of Theorem 5.6. Using Equation (5.3.2), Propositions 5.8, 5.9 and 5.10, we have

HQZM - TZHHl < H{/;M — 3~ + 77‘

per

I =l

) 7,Cmin(n,&’))-i—l—a 1 2 1
< Z (1 + K ) < K4 + Tcdle+2) To <M5/25) ’

K>MKe(2rZ)3
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By Proposition 5.17, we obtain
By — E| < Cl/(1d + T) (ar — )3,
< Cllor — ?ZHJ%III,
1/2

) Tcmin(Zn,5)—E 1 2 1
<C Z (1+K7) ( M + T.Cd—lMd+2> +o <M5/2—5)

K>M,Ke(277Z)3

2min(2n,5)—2¢ min(2n,5)—¢
< Te Te 1 1
- ¢ M3 + MA—¢ + TCQd—2M2d—l +o Mb5—¢ ’

5.4 Numerical results

In this section, we present some numerical results applied to the Hamiltonian H in [—L/2, L/2]?

1 Z Z
H=—-A

_ — : 5.4.1
SR P R, (B4

with periodic boundary conditions. The lowest eigenvalue is sought using iterative schemes, hence
we are interested in the cost of the matrix-vector multiplication.

The problem is solved using plane-waves. The kinetic operator is diagonal in the reciprocal
space. The potential is discretized using a radial grid around the nuclei and a uniform grid in the
rest of the domain. For the VPAW method, the following integrals are pre-computed:

1. (ex,p) : since p(r) = p(r) Yy (T) using (5.3.6), (ex ,p) can be evaluated on a radial grid.
2. <eK O — Q~S> : we proceed like for (ek ,p) using a radial grid,;

3. <6K JH(p — ¢)> : H(¢ — ¢) is decomposed into a radial and a non-radial part. The first is

evaluated on a radial grid and the second on a uniform grid. For non-linear approximations
(Hartree-Fock and Kohn-Sham DFT), this term can be critical since it may be necessary
to re-compute these integrals regularly. This is the main drawback of the VPAW method
compared to the PAW method where this term does not exist.

4. <gz5 — 5, ¢ — $>, <gb — &, H(p— $)> . these integrals are computed using radial grids when

possible or using 3D integration schemes. For nonlinear models, the last integral needs to be

recomputed regularly, however, since there are Ngaw of them, it is not too costly.

The numerical results using a Julia [BEKS17] homemade code are summarized in the following
figures with Z =3, R =1 and L = 5. The atomic PAW function ¢, are the eigenfunctions of the
hydrogenoid atom. "1s" denotes the VPAW method with one PAW function for ¢ = 0 only, "2s"
with two PAW functions for £ = 0 and "2s1p" with two PAW functions for ¢ = 0 and one function
for £ =1, |m| < 1. The reference value for the lowest eigenvalue is given by the VPAW method for
200 plane waves per direction. Computation of the reference is out of reach by a direct plane-wave
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method. Figures 5.4.1 to 5.4.4 are log-log plots of the convergence of the lowest eigenvalue of
(5.4.1) with respect to the number of plane-waves per direction for different choices of the PAW
parameters.

In Figure 5.4.1, we clearly notice that the VPAW method converges faster than the direct
method. The convergence seems marginally faster when increasing the number of PAW functions.
However, with our construction, Rsy and Ry are very close to the functions Roy and Ro; which may
explain why there is no significant improvement. See Figure 5.4.3, where other PAW functions where
used, for which the difference between Ry and Ry is more pronounced and the VPAW-2s method
seems to perform better than the VPAW-1s method. Table 5.4.1 indicates that the asymptotic
regime is not reached, however we were unable to compute the lowest eigenvalues for more than
200 plane waves per direction.

L] ® Direct
10° 4 ] g & VPAW 1s (rc=0.5)
; ® m  VPAW 2s (r;=0.5)
®eg  x VPAW2sIp(r=05)
101 L .
®ee
I ®e,
41072 4 v
E L
?uz -3
1077 4 !!”
1074 4 ”ﬂ .

T
10.0
Number of plane waves per directions

Figure 5.4.1 — Error on the lowest eigenvalue with the VPAW method for different choices of PAW
functions.

Methods Slope

Direct method (for M > 50) -2.87
VPAW method (for M > 50) -3.80

Table 5.4.1 — Rate of convergence

The size of the VPAW acting region can significantly impact the convergence rate in the
pre-asymptotic regime (Figure 5.4.2). This plot suggests that there are different phases in the
convergence of the VPAW eigenvalue:

1. for very low plane-wave cut-off, the VPAW acting region is too small to be seen by the Fourier
grid, hence no improvement is observed;

2. as the plane-wave cut-off grows, the VPAW eigenvalue converges very fast, since for this
regime, the prefactors kill the # and ﬁ decay;
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3. for a larger plane-wave cut-off, the convergence slows down since the prefactor for the %

decay is not negligible anymore.

E,\\;PAW —-F

100 4

10-1 4

102 4

1073 4

1074 4

1075 5

® Direct

¢ VPAW 1s (r.=0.5)
B VPAW 1s (r.=0.3)
X VPAW 1s (r.=0.1)

T
10.0

Number of plane waves per directions

Figure 5.4.2 — Error on the lowest eigenvalue with the VPAW method for different choices of cut-off

radius.

In Figure 5.4.3, the Vanderbilt scheme [KF96]| for generating the PAW functions was used. The
behaviour of the VPAW method for these functions is similar to the VPAW method studied in this
paper. This suggests that Theorem 5.6 could be generalized to different families of PAW functions.

E,.L;PAW —-F

107 4

1071 4

1072 5

10-3 4

10-4 4

105 4

Direct
VPAW 15
VPAW 25
VPAW 251p

mree

T
10.0

Number of plane waves per directions

Figure 5.4.3 — Error on the lowest eigenvalue with the VPAW method with Vanderbilt generation

scheme.

In Figure 5.4.4, a comparison between the original PAW method and the VPAW method is
provided. As expected, the PAW method converges quickly to a value close to the exact eigenvalue.
Nevertheless, for very accurate results on the lowest eigenvalue of (5.4.1), the VPAW method seems

the method of choice.



158

CHAPTER 5. The VPAW method for 3D Hamiltonians

101 4

Em—F

10-2 4

1074 A

107"

102 4

: g
-,
5 .,
¢ .y
« I.
B g
-
s <
>
[ 1IN
®
’.,!#‘«m
[ ] Direct !.
< PAW 15 (rc=0.5) - m”
» PAW 25 (r.=0.5) ’”
® VPAW 1s (r:=0.5) g*
*  VPAW 25 (re.=0.5) *

T
10.0
Number of plane waves per directions

Figure 5.4.4 — Error on the lowest eigenvalue with the PAW and VPAW methods.

5.5 Appendix

We have gathered in this section proofs of some technical lemmas, most of which are simple
transpositions of lemmas that can be found in [Dupl7, BCD17b].

5.5.1 Results related to the weighted Sobolev space K>%(T")

Lemma 5.19. Let f € K*%(I') and 0 < R < 1. Let £ € N and m € N such that |m| < £. Then
there exists a constant C' independent of f such that

and for a > 1

R
/ [ fem ()72 dr < CR™2| £l
0

R
/ (PP dr < CR2| £ .
0

Proof. Since Yy, € L*(S(0,1)), we have

R
/O JmOl2dr<c [ |fm)dr

B(0,R)

<c / P £(r)| dr
B(0,R)

R 1/2 1/2
<C (/ r2at? dr) (/ r2 f(r))? dr)
0 B(0,R)

< CR™3| f|icoua

where in the fourth inequality we used the definition of the weighted Sobolev space K°%. The
second identity is proved the same way. O
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Lemma 5.20. Let N € N* and n a radial function such that n € K>°/>*N=5('), ¢ > 0. Then for
R sufficiently small, we have )
1l zoo0,r) < [l fllxcoea RV 275

Proof. By definition of the weighted Sobolev space, we have for R sufficiently small,
/ In(r)|2r =722 dr < oo,
B(0,R)

hence R
/ |7](7’)|27’_3_2N+25 dr < oo,
0

Similarly we have

R
/ ‘77/(7’)’27”_1_2N+2€ dr < 0.
0

Therefore,
{foz ()P dr < B3 [ )2 ar,
fO ’77/(7")|2 dr < R2N+1 2e fo |77/(7“)‘2T 1-2N+2¢e dr.
By the Sobolev embedding theorem, we have the result. O

Remark 5.21. Lemma 5.20 implies that the remainder nx of the singularity expansion (5.1.20) of
radial functions are bounded : ||ny||L(o,) < CrN T, where the constant is independent of r..

5.5.2 Validity of the assumptions for the hydrogenoid atom

We show in this subsection that Assumption 5.1 hold in the particular case of the hydrogenoid
atom, i.e. where in (5.1.6) W = 0. The eigenfunctions of the hydrogenoid atom can be written

@nﬁm(r) = Rng(T)ng(f'), n Z l + 17

2Z\*(n—C—1)! _,. (22r\" ey (227
_ W=t =) e (22T il 5.1
Fane(r) \/( n) 2n(n + 0)! ¢ < n ) ”51( n >’ (5:5.1)
(26+1)

where L, | denotes the generalized Laguerre polynomials.

with

Lemma 5.22. Let R(r) = Ln,l(%)e’%, where deg(Ly,—1) = n—1. Let r > 0 and Ry =
(Rglz) (r),..., Rg? (r)T for 0 <k <n—1. Then the matriz (Ro, ..., Rn_1) is invertible.

Proof. We have
k k
(k) . Z _ Zr . ]{J (4 QZT
R (r) = (5) e n ;2j(j>[’n—l (T :

M = (2(5))ogjren— and Z = ((Fg )

) )ogj,kgn—l

Let P = (L{"(24)

. . It is easy to check
J+1 )ogj,kgn—l’ Y
that

Zr

(Ro, ..., Rn_1) = Z diag(e ?",...,e" " )PM.
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P and M are both triangular with no null entry on the diagonal. Z is a Vandermonde matrix,
hence (Ry,...,Rn-1) is invertible. O

5.5.3 Lemmas related to PAW functions
Let P, k € N the polynomials defined by

1

Pet) = 55

(t* — 1)*. (5.5.2)

By definition, these polynomials form a basis of even polynomials and satisfy

Let P be the vector (P, ..., P;1)" and C,, € R™*? be the matrix such that

R(t) = C, P(L). (5.5.3)
The following lemma summarizes the main properties of the matrix C,,.

Lemma 5.23. Let C; € R™™ and Cy € R~ pe the matrices such that

R(r) = (01 02>P(é).

Moreover, Cy is invertible, the norm of C;'Cy is uniformly bounded with respect to r. and
OQTOI_T&) = O(Tc).

Proof. Let C,. be the matrix <01 ‘ C’2>. Let ¢; be the columns of (. By continuity of R and of
its derivatives at 7., and by our choice of the polynomials Py, the columns of C,, satisfy

VO<j<d—1, ¢; =rdRD(r,) =Y PYe. (5.5.4)

Hence ¢, is a linear combination of the vectors r /R (r.) for j < k with coefficients that are
independent of r.. It is easy to see that the transformation of (¢;)o<j<n—1 to (rd RV (7¢))o<j<n—1 is
invertible. If 7. is sufficiently small, by Assumption 5.1, the family (r/RY)(r.))o<j<n_1 is linearly
independent, thus we can define (g;)o<j<n-1 to be the dual family to (¢;)o<j<n—1 (i-€. ¢} gp = ;i)

and we have | g;|| = O (%) Hence, using the recurrence (5.5.4), it is easy to see that the norm

of C;'Cy is uniformly bounded with respect to 7.
To prove CIC; % ey = O(r,), first notice that C; ey = ¢1. Since Py is a constant polynomial,
for j > 1, we have

¢; =rdRI(r.) — P,gj)ck.
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Thus for j = n, we have

—_

Cfgo = TcnR(") (Tc)Tgo - P,fj)cfgo = O(TC)7
1

.

i

and by iteration, it is then easy to check that

Vn<j<d—1, ¢jgo=0O(r).

Lemma 5.24. We have
~ T > T T\—1 ! 2 Cfl r
1) (RG) - RO) = CLC.GPICD G [ xopOsmintear () R - P2

with P being the vector of the polynomials Py defined in (5.5.2), C,.. the matriz of coefficients ofﬁ
in the basis (Py) given in (5.5.3) and G(P) the matriz

G(P) = /01 () P#)P(t)" 1 dt.

The norm of the matriz CI (C,,G(P)CE)~'C,, is uniformly bounded as r. goes to 0 and we have

()5l 50w |(T)me

Proof. Since G(P) is positive-definite, G(P)Y/? exists. It is easy to check that the matrix
G(P)\2Cr(C,.G(P)CE)~1C, G(P)"/? is symmetric and is a projector, hence its norm is inde-
pendent of ..

Writing down the Taylor expansion of R at r., we obtain

C
<=
TC

L>2(0,rc) L>2(0,rc)

I SR

_ i(i_gifWWm+OW—nm.

T
-0 ¢

x>

By Lemma 5.23, ||C{ 7 .*R™ (r.)|| is uniformly bounded as 7. goes to 0, which concludes the proof
of the lemma. n

Lemma 5.25. Let f € L*(T"). Let £ > 0, |m| < ¢ be integers. Let n be the number of PAW
functions associated to the angular momentum £, m for a cut-off radius r.. There exists a constant
independent of r. and f such that

~ C
[ A RO < 51l
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Sketch of the proof. The proof of this lemma is very similar to the proof of Proposition 3.2 in
[BCD17b|. We briefly sketch the proof in case £ = m = 0. First, it is easy to show that

p,f) = /01 X(O)(CQOG, )ICRQt) f(ret)t* dt, (5.5.5)

where Q(t) = (Qo(t),...,Qq_1(t))T is a vector of even polynomials which forms a basis of even
polynomials of degree at most 2d — 2,

with C’,gf?) € R™*4 and
1
G, :/ XOQH)R(rt) > dt € R¥*™,
0

By Lemma 5.14, we have that (Cox)o<k<n—1 and (Cor+1)o<k<n—1 defined by the singular expansion of
R :

n—1
R(t) =Y Cont™ + ot + 12 (1), (5.5.6)
k=0
satisfy
k k
Gr=_ 1m0 and G =D e,
J=0 Jj=0
where ,u,(f) # 0 and & is the diagonal matrix of the eigenvalues (e, ...,€,). By Lemma 5.14, (,

has no null entry. The eigenvalues of the atomic operator (5.1.6) for a fixed ¢, m are simple, hence
(€7¢y)o<j<n—1 is a linearly independent family. Hence, ((or)o<k<n—1 is a basis of R™. Let (hy) be
the dual basis to (r.¥&7(y)o<j<n_1, i.e. hirEIy = ;.

Injecting (5.5.6) in the definition of G, we obtain

1
Gl = / XOR(r)Q(t) > dt (5.5.7)
0
1 n—1 n—-1 n—1 n-1
_ / X(t) (Z TCZk:gk:CO Z M}(j)TCQj—thZj T, Z TCQk:gkgO Z VIEJ)TCQj—thZj-i-l + n2n(rct)> Q(t)Tt2 dt.
0 k=0 j=k k=0 j=k
(5.5.8)

By Lemma 5.19, we have

[ ot il =

3
re

[ @mmerea <o 5
0

Let (Qk)o<k<a—1 be the even polynomials such that

/1 X Q) dt = §y..
0
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Such polynomials exist since the Gram matrix ( fol (Ot T2RF2 dt) o) p<n—1 is invertible. Let
X; = / (O7Q()e* dt,
and

H=| : | er™ (5.5.10)
hT
-1

n

Then denoting by e the k-th canonical vector, we have

n—1 n—1

’HGT Z,uk exey, —1—2 Z Ly 7“02] 2keke —l—cmV( )7‘02] ke XT—i-(’)(rc)

k=0 j=k+1

= Z Mg“)ekez + O(r,).

k=0
Let
A= Z/Lk exel € R™™, (5.5.11)

and II the transition matrix such that

C@ =, 11,

Te

where C,, is defined in (5.5.3). Hence we have

<O§?>>T<C£?>Grc>—TR<0> (CNT(CQG,,) TH e
’I’(‘ T(C G"'CHT)

T (M o ) (0_1CTCH ((g‘) 4 O(TC)))_T o )
o o) ({0 ()0

where we used Lemma 5.23 in the third and fourth inequality. Decomposing II into four blocks

_ Hl H2 : nxn
H—(H3 H4)’ with II; € R"™",
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we obtain

_ nr +armr
(COYT(CQE,,)TR(0) = ((Hép i MT) + O(rc)) (I A + MII;A + O(r.))

A1
— <(Hg T T, + MH3)1) eo + O(re).

Hence H(Cﬁ?))T(Cﬁg)GTC)_TR(O)H is uniformly bounded as 7. goes to 0. Thus, there exists a
constant C' independent of r. and f such that :

\@JVMMSO%ﬁﬂmW%t

C
< WHJCHL;%@;«

We can now prove Lemma 5.16.

AT ~
Proof of Lemma 5.16. We start with the proof of the estimate of Kﬁ, w> R(d)] . We have using

(5.5.5) and (5.5.3)

{<5,1Z>T ﬁ(d)] = <ﬁ,J>T (RD(r,) — R (r,)) (5.5.12)
= T—ld O )QOE At (CO (CG, )T (r IR — €, PO()).
n (5.5.13)
First, we prove that
(CDV(CIDGr) T (1RO () = O PO(1)) = (0> +O(re), (5.5.14)
then )
Ax@%WﬁW@fM=¢@%+0m) (5.5.15)

If both statements are true, then it is easy to deduce that there exists a constant C' independent

of r. such that
AT ~
H@ ) R(‘“} <

d-1"
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Step 1 (proof of (5.5.14)) By (5.3.22), we have for 0 < j < 2n — 1 even

n—1
o 2k)! (2k +1)!
TCJ'R(J)(TC) — E C%—( Tc2k + C2k+1—rc2k+1 + O(TC%)
— 7! — )\l
kij/2 (2k — 7)! (2k+1—7)!
n—1 k
_ Z Z 2z 0 (2k)! 2k—20 } : 2 : (k) . 2000 (2k+ 1)! 2k—2¢ 2n
B ’ue 5 Tj)!,rc +TC ' I/[ 7,c SCO(Qk—+1—j)'rC +O(TC )7
k=7/2 £=0 k=j/2 =0

where we applied Lemma 5.20 to estimate the remainder of the singular expansion. By noticing
that Hr.2E7¢y = e; with H defined in (5.5.10), we have

-1
(CEN(CRG) Tl ¢ = (A* > ej + O(re).

Using H(CQEQ))( G.)7 M = <r - - 2>, we thus get
PG TR = (] ) S et O, (5.5.16)
k=3j/2
For 0 < j < 2n — 1 odd, we have
r jR(j)(r y=r JC + Z Cope (2K)! ry 2k Cotan (2k +1)! P2kl O(r Qn)
C 7 k=1t ( j>‘ ! <2k+1_j)! ‘ 7
similarly to the even case, we thus obtain
_ R
(Cﬁ?))T(Cﬁ?)Grc)_TTCJR(])(rc) = ( . ) Z y,(f)ek+(9(rc). (5.5.17)
gt
For j > 2n, using ||(Ci9)(CPG, )Y = (#), then
(CNT(CDaE, ) TriRI (r,) = O(r.). (5.5.18)

From (5.5.16) (when d < 2n — 1 and d is even), (5.5.17) (when d < 2n — 1 and d is odd) or (5.5.18)
(when d > 2n), we have

OC@6.) TR = () + O

It remains to prove the same statement for the other part. By definition of the polynomials Py
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(5.5.2), we have

15
so C,,, P“(1) is a linear combination of the last [¢] columns of C,,. However, by Lemma 5.23,

we know that except the first column of C,_, the columns of C,, do not depend on R(r.) and by
(5.5.16) and (5.5.17), for j > 1,
(O (CDG, ) Tr IR (1) = O(r),

Tc

which finishes the proof of the first step.

Step 2 (proof of (5.5.15)) Since ¢ € H}(I'), by the Sobolev embedding theorem, % is continu-
ous, hence 1(0) is finite. Thus

/le“woo(rct)@(t)t? dt = /O X (w<0>+ /O o) du) QU dt
= (0)eq + /0 1x(t) /0 TthgO(u) du Q)12 dt,

by definition of the polynomials Q.
We have (C' denotes a constant independent of )

1X ) /Orct Voo (w) du Q(t)t? dt‘ < (/le(t) t)*t* dt/ (/ Yoo (u du) dt)
<o, ( [ (o) du)

Using a Hardy inequality [EvalO] (Theorem 7, p. 298), we get

/2

per’

0 [ i) du Qo dt] < vt

which ends the proof of (5.5.15).

AT
The proof of the bound on <ﬁ, ¢> (R*) —R™*)) is a simple extension of the proof of (5.5.14). [



APPENDIX A

THE FROZEN CORE APPROXIMATION

In this appendix, we give the proof of the results stated in Section 1.2.2 in Chapter 1. The
computations are very similar with those for the Hartree-Fock theory. A detailed exposition of the
Hartree-Fock theory can be found in [CLBMOG].

We are interested in the minimal energy of the N-body Schrodinger operator

EY = inf (U|HY VY, (A1)
N
Te A L2(R3),[|¥]=1
=1
where
N N‘lt
A — A2
Z ZZM SR Z_r, (A2)
i=1 I=1 1<i<j<N J

Let n. < N and n, = N — n.. Let ¢y,...,¢,, in H'(R?). The wave functions (¢;)1<i<,, are
called core wave functions and are supposed mutually orthogonal ( fR3 ¢¢; = 6;;). We introduce the

core electron density
= loilr)?
i=1

To reduce the dimension of the minimization problem, in the same fashion as the Hartree-Fock
method, the test functions ¥ are reduced to

U(ry,...,ry)=C Z (—1 l_IgbZ o) Po(To(ne41)s - - - To(N)), (A.3)

geSN

Ny

where C' is a normalization factor and ®, € A L?*(R?) is normalized and orthogonal to the core
i=1

wave functions

Vry, ..., 1, € R / Q,(r,ra, ..., 1y, )0i(r)dr =
R3

167
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Let VFC be the set of such functions:
VEC = {\If is given by (A.3), [|¥| = 1,/ |®,[% =1,

R3nwv
R3 R3

We denote by £FC the frozen core energy functional
EFC(D) = (VHN|W), WeVF (A.5)

In the following, in an abuse of notation, for f,g € L2(R%), {f|g) denotes the L? scalar product
in L2(RY).

Proposition A.1. Let ¥ given by (A.3). Then the normalization constant C' is equal to
C =+/N!n,
Proof. We have

:CQ Z Z (_ U+a <H¢’ (@) g(nchl,...,I‘o(N)),

g€SN o'eSN

H ¢z ra (%) rU’(nc-f—l)’ cee 7r0’(N))> (A6)

By the orthogonality assumption on the core wave functions (¢;)1<i<n., the scalar products are
equal to 0 if the permutations o and ¢’ are not equal on [1,n.]. If ¢ = ¢’ on [1,n.], we have:

<H¢Z (7) v o(ne+1) H¢z U’z I‘ ’(np+1)7-"7ra’(N))>

= <q>v(ra(nc+l)7 s 7r0(N))7 (I)U(ro’(nc-i—l)a s 7ra’(N))>
(_1)0’—0’ ,
because @, is antisymmetric and normalized.

Now we simply have to count how many permutations ¢ and ¢’ in (A.6) yield non zero terms.

o and ¢’ simply have to be equal on [1,n.]. Hence, there are N! possible choices for o and with
the previous requirement n,! possible choices for ¢’. Thus

C? = N!n,\.

As in the Hartree-Fock theory, it is possible to rewrite the energy functional £FC.
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Theorem A.2. If U belongs to VFC then

EX(Y) = Ecorp(Pr, .-, bn.) +E (01, bn, Po),

where the core energy Ecore 1S

Nat

"l 1 2 pC C

__/RS/RS ‘Z] 1|f]_r/q‘§]( o) drdr'.

and the valence energy functional EXC is

1
EFC(py, . .. n,@vz—/ Vo,|? — Ej/ oot )2dry .. dr,
v (¢1 7¢ c ) 2 RS . | | RSnv RI‘| (rl r v)| rl r v
&, (rq,....1, ) By (ry, .1 )]
n Z / |y (re,. .., 1p,)]? dr, .. drnv+2/ pe(ro)| Py (1) r,,)| drodry .. dr,
(i, R lr; — 1)l 3ny+3 lrg — 1y

_ii/ ¢i(r0)(bv(rla'"7rN)¢i<r1) v(rla'"7rj717r07rj+17"'7rnv) drodrl...drnv.

3ny+3 ‘r(] - r]’

The proof of this theorem is divided into several lemmas.

Lemma A.3. Let ¥ € VFC. Then

N n,
1 1 <& 1
<x1/\ -5 ZAZ»|\I/> =3 > IVl Zams) + 5/}@ IV, [2,
i=1 i=1 v

and

th

<‘1" ii R > [N = L

=1 I=1
n N;
v at ZI ,
_ZZ/ m|®v(rla---,rnv)| dry...rp,,.

Proof. We only prove the first assertion of this lemma since the proof of the second identity is
similar.
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We have

<‘I’| - ‘ZA |\P> Nin,! > D =y <1_[¢Z Fo()) Do (Fotner1), -+ -5 To) )|

ogeSN o'ESN
——ZA |H¢Z I‘U 1) I‘g nc+1),...,1‘0/(N))>. (A7)

The idea of the proof consists in counting the non-zero terms in the double sum over ¢ and ¢’ in
(A.7). First, we can rewrite it as

<H ¢z 110 ra(nc—i—l | I Z Aa(z |H¢z ro’(z ro (ne+1)s - 7ra’(N))>
= <H¢i(ri)q)v(rnc+lw--7 | __ZA |H¢z r‘rz I'.,- (ne+1)s - 7r7'(N))> )
=1

1

where 7 = o'0™

If 7(i) # i for some ¢ = 1, ..., n., by orthogonality of the core wave functions (¢;)i<;<n, and the
valence wave function ®,, the scalar product is equal to 0. Otherwise, we have

<H ¢z ra z) ra (ne+1)> | S ZA |H¢z rO’ z) rU (ne+1)y - aro’(N))>

= <H¢i(ri)®v<rnc+la"'7 | __ZA |H¢7, rz I"r (ne+1)s - 7rT(N))>
=1

<H ¢i(r1)® (rnc+l> RS ’ - _A ’ H¢l I‘l v T(ne+1)s - »rT(N)>>

N
j =1

J=1

0"70'1 S 2 0'/70'1 2

= ()7 D IO + (175 [ (VP
j:1 R3nwv

where we have used that ®,(Tr(n11),- .-, Trv) = (—1)" @y (rpi1, ..., Tn) and (=1)7 = (=1)7 7.

It remains to count the number of permutations yielding non-zero terms in (A.7): there are N!
permutations o. ¢’ should be equal to o on [1,n.], hence there are n,! of them. O

We now turn to the two-body interactions.
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Lemma A.4. Let ¥ € VFC. Then

2

RACEALS
1 1 (1) pe(r’ 1 — (
vy v _—/ Mdrdr/——/ = | drdr’
1<i<j<N r; — x| 2 Jroxps T — 1| 2 Jr3xmrs r— 1|
D, (ry,..., 1y D, (ry,...,1,)|?
+ Z / s En,)I dry...dr,, +Z/ e(10) | P (11 )| drodry .. .dr,,
1<i<j<n, Y R*™ ri — 1 Snots [ro — ril
o ZC i:/ ¢i(r0)®v(r17 R 7I‘N)¢i<r1) v(rl, NS & B TR X11R o NS PR ,I'nv) drodrl o drnv’

i=1 j=1 Y RT3 ro — 1

where p. s the core electronic density
= Z | (r)[?
i=1
Proof. The two-body interaction potential can be written
N
1 1 1
Z r; —r;] _52 I, — 1]
1<i<j<N J 2,0=1 J
i#]

We have

len 1

<‘1’|§ > m"l’> Nl DR DN CS) i <H Gi(To(i)) o (To(ner1)s -+ > To())]
i,j=1"" 7 €SN 0'ESN
1#]
lon 1
52 ‘I"—I' ||H¢Z o’ z) nc+1)7-~~7ra'(N)> . (A8)
ij=1"" J
i#]

We count and compute the non-zero terms appearing in (A.8). This depends on the number of
transpositions in [1,n.].

First, we have

<H¢z (%) v o(net+1)s ‘_ Z |I‘1 —I‘j”H¢Z I, " I' "(ne+1)s ...,I'U/(N))>
<H¢z r;)®,(rng1,. ., T |_ Z |I‘ . ||H¢z rTz I‘T (ne+1)> ""rT(N))>7 (A.9)
i j

where 7 = 0’07 L.
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If 7(i) =i on [1,n.], then

N n
1 1 S
<| | ¢z roz ra (ne+1)s - 7ra(N))|§ E |I" —I‘|| | I¢i(ra/(i))¢v(ra’(nc+l)7--~7r0’(N))>
; ) J p

i,j=1 =1
i#]
(_1)7_ Ne Ne 1 Ne
- 2 H¢Z(r1)| Z |H¢Z(rZ)
i=1 ij=1 [t — 15 -1
i#£]
+p4y<II@@»$@mHV”JWn > _rNII@rZ r%H,”¢m>
i= i<ne J
' ncl“!‘glgg]SN
N
(=1)" 1
+ (I)v‘ —‘(I)v
2 i,j:;c—‘rl ri — 15
i#j
(=1)"
D) Z ¢i(ri)9; (rj)]| r| |0i(r:);(x;)
1<i#j<nec Ti =1
1
+(_1)T Z <¢i<ri)¢v(rnc+l7'"7rj7"'7rN)‘|r'_r.|’¢i(rl)® (rnc+17"'7rj7"'7rN>>
1<ne ¢ J
ncl—s—gl<§j<N
T nv 2
/ rl’” T dr;...dr,,
Z] 1 R3nv - I']|
i#£]
iy T aPle )P
_ / 1<i#j<nc drdr/
2 R3 xR3 |I' — I‘/’

Z |6i(ro)[?|Do(ry, ... 10, )2
E / drg...dr,, (A.10)
R3nv+3 ‘I'O — I’il

L (=1)7 O, (ry,....1t, )2
—I—Z—( ) / [@u(rs, 2T dry...dr,,.
R37v

2 ‘I'i —I']|

There N! possible choices for o and n,! permutations such that o = ¢’ on [1,n.].

If in (A.9), there is exactly one integer k € [1,n.] such that 7(k) # k, then 7(k) € [n.+ 1, N].
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We denote by m = 7(k).

<H gbz ra(z ra ne+1)s |_ Z ’rl — I‘]||H¢Z Lol (5) I'o- (ne+1)s - 7r0"(N))>

= < H Gi(r:) Pk (i) Py (Trpy1, - -+, T

i=1 i;ék
_Z |I‘ —I'|| H (bz r; Qbk I'm (rfrnc—&-l) ,I‘k,...,I'T(N))>,
ab=1"17 i=1,1#k
a;éb
Then, we have
Ne 1
H ¢i(ri)¢k<rk)q)v(rnc+1a“wr ) 2|I‘ _ 1, | H sz r; Qbk I'm) (I‘T(nC_H),...,I‘k,...,I‘T(N)) =
i=1,i#k @ i=1,i%k
e if both a and b are not equal to k because ng O (rk) Po(Tr(no41)s - - Thy - - -, L)) drp =0,

e orif a =k and b€ [1,n.], because [p5 dx(rm)Py(Tr(nt1),---Fms- - Try)) drp = 0.
Thus

N

<H gbz 110 ro’ (ne+1)5 - % Z — I']‘ | H¢z Tor(4) ra (ne+1)5 - aro"(N))>
]:
i#j

N
1
:<¢k(rk)@v(rnc+1,---7rN)| Z m|¢k(rm>®v(r7(nc+l)w"Jrka'"7rT(N))>
J

Jj=nc+1
al 1
— (_1)7’*1 <¢k(rk)®v<rnc+17 .. 7[‘]\7)‘ Z m’¢k(rm)®v(rnc+l, RN S ,rN)>
j:nc+1 J
— (_1)71% st‘(r())@v(rl)”'arnu)qbk‘(rl)@v(r()ar??"'7rnv) dro...drnv. (All)
j:1 R3nwv ‘ro - r]|

[t remains to count the number of such terms appearing in (A.8). There are N! choices possible for
o. For a fixed k € [1,n.], there are n,! permutations such that o’(k) # o(k) and o'(i) = o(i) for
ie€l,n],i#k.

If in (A.9), there are exactly two integers (k,l) € [1,n.]? such that 7(k) # k and 7(1) # 1. If
7(k) # 1, then 7(k) € [n.+ 1, N] and the integral

1
<¢k(rk)¢l(rl)q)v(1‘nc+1, IR P (OIERE ,I'N) —|¢k(r7(k))¢l(r7'(l))(I)v(rT(nc+1)> ey Tpy e ,I'T(N))> =0,

[

forany 1 <a#b<N.
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Hence 1 < 7(k),7(l) < n. and so 7(k) = [ and 7(I) = k. Finally we obtain

<H Cbz LI0) ra (ne+1)s - rU(N) Z ’I‘ - ’|H¢Z I'o-/(z I'U (ne+1)s - 7r0'/(N))>
i j

- <¢k<rk>¢l<rl>|

o ||¢k<rl>¢l<rk>>. (A12)
T Ir

There N! possible choices for o and for each (k,1) € [1,n.]? k # [, there are n,! permutations o’
such that o(k) = ¢'(l) and o(l) = o' (k).

If there are more permutations in 7 in (A.9), using the orthogonality of (¢;)1<i<n. and ®,, for
any 1 <a #b< N we have

< H ¢i(ri)¢k(rk)¢)v(rnc+la'~~>rN)|m H ¢z r; ¢k rm) (r‘l'(nc-‘rl))"'7rk‘7"')r‘l'(N))> =
i=1,ik

=1,i#k

By inserting (A.10), (A.11) and (A.12) in (A.8) and noticing that

ST 1si@)Ple )P = > dilr ;(r)o;(r')

1<i#j<nc 1<z7£]<nc
= Z () *| (' Z@ )6i(r') (1) (r')
1,j=1 i,j=1
2
= I‘)¢i(1‘/) )
we finish the proof of the lemma. ]

In the frozen core approximation, the core orbitals (¢;)i<;<,. are fixed and the minimization is
carried over the valence wave function ®,. The minimization problem thus becomes

EYC = min EY%¢y, ..., ¢e, D), (A.13)

D, Vi

where V. is

‘/fc = {(I),U € /\LZ(R?)), H(I)UHL2(R37LU) = 1, / ¢i(r1)q)v(r1, . ,rnv)drl = O7 V1 < 1 < TLC} .
i=1 R

Theorem A.5. Let (¢;)1<i<n, € H'(R®) and suppose the minimization problem (A.13) has a
minimizer ®,. Then ®, satisfies the Euler-Lagrange equation

qu)v = Egcq)vu
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with
Nat

HU:i( A Z|R1—r| (> Kc(])>+ Z !

1<i<j<ne |t — 15

J.(j) is the Coulomb operator with the core electrons

Je(§)®y(r1,12,. .. 1p,) Z/ Gl d ®,(ry, T, ..., Ty,),
R

3 |I']—I"|

and K.(j) the exchange operator with the core electrons

e ()P, o i, i, .., T,
Kc(j)®v(rl7r2;---7rnv> :Z ¢Z(r) (rl,I'Qy ,I'] 17r7r]+17 , T u) dr/¢l<r])

— JR3 v —r'|

Proof. The Euler-Lagrange equations are easily deduced from the minimization problem (A.13). O
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APPENDIX B

FUNDAMENTAL FORMULA OF THE PAW METHOD

In this appendix, a proof of the formula for the PAW Hamiltonian (see Chapter 1):

Nat o
W+ T HIW+ T =H+ Y > 7 ( He!) - <¢ HW>>@ﬁ%
I=11,5=1
is given.
Nat
Recall that T'= > 17 where
=1

Tr= (¢f =D, ").

i=1
For each I = 1,..., Ny, the functions (¢!)i>1, (¢!)i>1 and (p!);>; are such that:
1. outside B(Ry,7.), ¢! = ¢! and ¢! — ¢! is C* at S(Ry,7.):
2. (5{)121, (pi)i>1 are Riesz basis of H'(Ry,r.), i.e. for any f € H'(B(Ry,7.)):

fzz (B, f)ol.

3. for all i > 1, p! is supported in B(Ry,7.).

Moreover the balls B(Ry,r.), I =1,..., Ny are pairwise disjoint.

Proposition B.1. Let H = ——A + V where V' is a smooth, bounded multiplicative operator. Then
Nat o0 - -
(d+ Ty HAd+T)d = H+ Y S 5 (0! Hot) = (o] HOL) ) (51 -).
I=11,5=1
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Proof. We have

(Id+T)*H(Id+T)=H+T*H+ HT +T"HT

Nat Nat
=H +> (TyH+HT;)+ Y T;HT).
I=1 1,J=1

Let f,g € H(R?). We have

.10 =30 o~ 8.3 5 ) ! - ) ).

The functions ¢! — 5{ and ¢ — 5;] are C! at the sphere S(Ry,r.). Moreover they are supported
respectively in B(Ry,7.) and B(R,r.) which are disjoint. Hence (f,77HT;g) = 0. Thus

Nat Nat
(f,(Id+T)H(d +T)g) = <f +> Tif Hg+ ZHT1g>
I=1 I=1

=<f,Hg>+i<2<ﬁf,f>(¢{—$f)ﬂg>

I=1 =1

+§<f HZ<pZ,g> (67 - ¢1>
<fj (B!, f) (¢! — o) Z<pl,g>H (6] — ¢I>>

Since ¢! — 5{ are supported in B(Ry,r.), the integrals appearing above can be restricted to
B(Ry,7.). We denote by

1
(o Hg), = [ VIV Vi
B(R’I7TC)

The integrals are restricted to the balls B(Ry,r.), hence we can use that f = Z <pz f > 5{ and
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g=> (. 9) 5{ in B(Ry,r.). Thus, we have
i=1

(f,([d+T)*H(d+T)g) =(f,Hg) +Z<Z<pz,f>¢z,HZ<pz, (6] — &! >
+2<§:< ) (61 — oF) Hz<p“g>5f>

Ire

=1

(7o) + Z<Z<pl,f>$f7HZ<5f,g>(¢f—$f)>
+ at<z<pl, (6 — o) Z(pz, >
~ (gt + 303 (o) ((of 1ol — (3.13), ) @)

I=1ij=1

]
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Abstract

Cette thése est consacrée a I'étude de la méthode PAW (projector augmented-wave) et d’une de ses modifi-
cations, baptisée méthode PAW variationnelle (VPAW), pour le calcul de I’état fondamental d’Hamiltoniens
en géométrie périodique. Ces méthodes visent a améliorer la vitesse de convergence des méthodes d’ondes
planes (ou méthodes de Fourier) en appliquant une transformation inversible au probléme aux valeurs
propres initial agissant au voisinage de chaque site atomique. Cette transformation permet de capter
une partie des difficultés dues aux singularités coulombiennes. La méthode VPAW est analysée pour un
opérateur de Schrodinger unidimensionnel avec des potentiels de Dirac. Les fonctions propres de ce modéle
comprennent des sauts de dérivées similaires aux cusps électroniques. Le saut de dérivée des fonctions
propres du probléme aux valeurs propres issu de la méthode VPAW est réduit de facon importante. Cela
entraine une accélération de convergence en ondes planes du calcul des valeurs propres corroborée par une
étude numeérique. Une étude de la méthode VPAW est conduite pour des Hamiltoniens 3D périodiques
avec des singularités coulombiennes, parvenant & des conclusions similaires. Pour la méthode PAW, la
transformation inversible comporte des sommes infinies qui sont tronquées en pratique. Ceci introduit une
erreur, qui est rarement quantifiée en pratique. Elle est analysée dans le cas de 'opérateur de Schrodinger
unidimensionnel avec des potentiels de Dirac. Des bornes sur la plus basse valeur propre en fonction des
paramétres PAW sont prouvées conformes aux tests numériques.

Keywords: quantum chemistry, eigenvalue problems, plane-waves discretization, projector augmented-
wave method

Abstract

This thesis is devoted to the study of the PAW method (projector augmented-wave) and of a variant called
the variational PAW method (VPAW). These methods aim to accelerate the convergence of plane-wave
methods in electronic structure calculations. They rely on an invertible transformation applied to the
eigenvalue problem, which acts in a neighborhood of each atomic site. The transformation captures some
difficulties caused by the Coulomb singularities. The VPAW method is applied to a periodic one-dimensional
Schrodinger operator with Dirac potentials and analyzed in this setting. Eigenfunctions of this model have
derivative jumps similar to the electronic cusps. The derivative jumps of eigenfunctions of the VPAW
eigenvalue problem are significantly reduced. Hence, a smaller plane-wave cut-off is required for a given
accuracy level. The study of the VPAW method is also carried out for 3D periodic Hamiltonians with
Coulomb singularities yielding similar results. In the PAW method, the invertible transformation has
infinite sums that are truncated in practice. The induced error is analyzed in the case of the periodic
one-dimensional Schrodinger operator with Dirac potentials. Error bounds on the lowest eigenvalue are
proved depending on the PAW parameters.

Keywords: quantum chemistry, eigenvalue problems, plane-waves discretization, projector augmented-
wave method

Laboratoire Jacques-Louis Lions
Université Pierre et Marie Curie — Boite Courrier 187 — 75252 Paris Cedex 05
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