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❉♦♥♥.❡1✳ ❇❧❛♥❝ ✿ ▼♦❞3❧❡ ❛✈❡❝ ♦❝.❛♥✳ ◆♦✐+ ✿ ▼♦❞3❧❡ 1❛♥1 ♦❝.❛♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✹✳✶✻ ❈♦♠♣❛)✐"♦♥ ❜❡#✇❡❡♥ #❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ▼❚ "♦✉♥❞✐♥❣" ❢♦) ✸❉ ♠♦❞❡❧" ✇✐#❤ ❛♥❞ ✇✐✲

#❤♦✉# ♦❝❡❛♥"✳ ❚♦♣ ✿ ❱❡)#✐❝❛❧ #)❛♥"❢❡) ❢✉♥❝#✐♦♥✳ ❇♦##♦♠ ✿ ❉✐)❡❝#✐♦♥ ♦❢ ✐♥❞✉❝#✐♦♥

❛))♦✇"✳ ❘❡❞ ✿ ❉❛#❛✳ ❲❤✐#❡ ✿ ❖❝❡❛♥ ♠♦❞❡❧✳ ❇❧❛❝❦ ✿ ▲❛♥❞ ♠♦❞❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✹✳✶✼ ❙♦♥❞❛❣❡1 ▼❚ ♦❜,❡♥✉1 ♣❛+ ❧❛ ❞.❝♦♠♣♦1✐,✐♦♥ ❞❡ ●+♦♦♠✲❇❛✐❧❡② ❛✈❡❝ ✉♥❡ ❞✐+❡❝,✐♦♥
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❧❡ ❝❛, ❞✬✉♥ $%❛✐$❡♠❡♥$ ,❛♥, ,$❛$✐♦♥ ❞❡ %&❢&%❡♥❝❡✳

❆✉① ❝❤❛♣✐$%❡, ✹ ❡$ ✺✱ ♥♦✉, ♣%&,❡♥$♦♥, ❧✬✐♥$❡%♣%&$❛$✐♦♥ ❞❡ ❞❡✉① ❡♥,❡♠❜❧❡, ❞❡ ❞♦♥♥&❡, ♠❛✲

❣♥&$♦$❡❧❧✉%✐6✉❡, ❛❝6✉✐, ❞✉%❛♥$ ❝❡, $%♦✐, ❛♥,✳ ▲✬✐♥$❡%♣%&$❛$✐♦♥ ❝♦♥,✐,$❡ ❡♥ ❧✬&$✉❞❡ ❞❡, ❢♦♥❝$✐♦♥, ❞❡

%&♣♦♥,❡, ▼❚ ♦❜$❡♥✉❡,✳ ❉❛♥, ❧❡ ❝❤❛♣✐$%❡ ✹✱ ♥♦✉, ♣%&,❡♥$♦♥, ❧❡, %&,✉❧$❛$, ❞✬✉♥❡ ❝❛♠♣❛❣♥❡ ❞✬❛❝✲

6✉✐,✐$✐♦♥ ❞❡ ❞♦♥♥&❡, ♠❡♥&❡, ❡♥ ♠❛%, ✷✵✶✺ ❛✉$♦✉% ❞❡ ❧✬♦❜,❡%✈❛$♦✐%❡ ♠❛❣♥&$✐6✉❡ ❞❡ ❈❤❛♠❜♦♥✲▲❛✲

❋♦%U$ ❡♥ ❝♦❧❧❛❜♦%❛$✐♦♥ ❛✈❡❝ >%♦❢✳ ❋✳ >❡%%✐❡% ❞❡ ❧✬■♥,$✐$✉$ ❞❡ >❤②,✐6✉❡ ❞✉ ●❧♦❜❡ ❞❡ >❛%✐, ✭■>●>✮✳

❈❡$$❡ ♠✐,,✐♦♥ ❛✈❛✐$ ❞❡✉① ♦❜❥❡❝$✐❢, ♣%✐♥❝✐♣❛✉① ✿ ✭✐✮ ❝♦♥♥❛Z$%❡ ❡$ ✐♥✈❡,$✐❣✉❡% ❧❡, ,♦✉%❝❡, ❞❡ ❜%✉✐$,

❡$✱ ✭✐✐✮ &$✉❞✐❡% ❧❛ ❞✐,$%✐❜✉$✐♦♥ ❞❡ %&,✐,$✐✈✐$&, ❞❛♥, ❧❡ ,♦✉,✲,♦❧ ❛✉$♦✉% ❞❡ ❧✬♦❜,❡%✈❛$♦✐%❡✳ ▲❡, ,♦✉%❝❡,

❞❡ ❜%✉✐$, ❛✉$♦✉% ❞❡ ❧✬♦❜,❡%✈❛$♦✐%❡ ♠❛❣♥&$✐6✉❡ ,♦♥$ ❛♣♣❛%✉❡, ❝♦♠♠❡ ❜❡❛✉❝♦✉♣ ♣❧✉, ✐♠♣♦%$❛♥$❡,

6✉❡ ♣%&✈✉✳ ▲❡, ♠&$❤♦❞❡, ❞❡ $%❛✐$❡♠❡♥$, ❆✉❞✐♦✲▼❚✱ ❞&✈❡❧♦♣♣&❡, ♣❡♥❞❛♥$ ❝❡$$❡ $❤P,❡✱ ♦♥$ &$&

❝%✉❝✐❛❧❡, ♣♦✉% %&❞✉✐%❡ ❧❡, ✐♥❝❡%$✐$✉❞❡,✳ ▲✬✐♥$❡%♣%&$❛$✐♦♥ ❞❡, ,♦♥❞❛❣❡, ▼❚ ✐♥❞✐6✉❡ ✉♥❡ ❞✐,$%✐❜✉$✐♦♥

6✉❛,✐✲✈❡%$✐❝❛❧❡ ❞❡ ❧❛ %&,✐,$✐✈✐$&✱ ♥✬♦❝❝❛,✐♦♥♥❛♥$ 6✉❡ $%P, ♣❡✉ ❞❡ ❞✐,$♦%,✐♦♥, ❞✉ ❝❤❛♠♣ &❧❡❝$%✐6✉❡✱

❥✉,6✉✬M ✉♥❡ ♣%♦❢♦♥❞❡✉% ❞✬❡♥✈✐%♦♥ ✸ ❦♠✳ ▲❛ ♠♦❞&❧✐,❛$✐♦♥ ✸❉ ❞❡, ❡✛❡$, &❧❡❝$%✐6✉❡, ❞❡ ❧❛ $♦♣♦❣%❛✲

♣❤✐❡✱ ❞❛♥, ❧❡, ❡♥✈✐%♦♥, ❞❡ ❧✬♦❜,❡%✈❛$♦✐%❡✱ ♠♦♥$%❡ ✉♥❡ $%P, ❢❛✐❜❧❡ ✐♥✢✉❡♥❝❡ ❞❡ ❧❛ $♦♣♦❣%❛♣❤✐❡ ♣♦✉%

❞❡, ❢%&6✉❡♥❝❡, ✐♥❢&%✐❡✉%❡, M ✺✵✵ ❍③✳ ▲❡, ♠♦❞&❧✐,❛$✐♦♥, ✶❉ ,♦♥$ ❡♥ ❛❝❝♦%❞, ❛✈❡❝ ❞✬❛♥❝✐❡♥, ❢♦%❛❣❡,

,✉♣❡%✜❝✐❡❧, ❡✛❡❝$✉&, ❞❛♥, ❧❛ ③♦♥❡✳ ▲❡, ♠❡,✉%❡, ▼❚ ❜❛,,❡, ❢%&6✉❡♥❝❡, ❛♣♣♦%$❡♥$ ❞❡, ✐♥❢♦%♠❛$✐♦♥,



■♥"#♦❞✉❝"✐♦♥ ✹

♣❧✉$ ♣%♦❢♦♥❞❡$✳ ❆✐♥$✐✱ / ♣❛%1✐% ❞❡ ✷✳✷ ❦♠ ❞❡ ♣%♦❢♦♥❞❡✉%✱ ❧❛ ❝♦♠♣❧❡①✐17 ❞✉ ♠✐❧✐❡✉ ❛✉❣♠❡♥1❡ ♣♦✉%

❞❡✈❡♥✐% ✉♥ ♠✐❧✐❡✉ ✷❉✳ ▲❛ ❞✐%❡❝1✐♦♥ ❞✬✐♥✈❛%✐❛♥❝❡ ❞✉ ❧✐❡✉ / ❝❡11❡ ♣%♦❢♦♥❞❡✉% ✐♥❞✐=✉❡ ✉♥❡ $1%✉❝1✉%❡

♣♦✉✈❛♥1 ❝♦%%❡$♣♦♥❞%❡ / ❧✬❛♥♦♠❛❧✐❡ ❞✉ ❜❛$$✐♥ ❞❡ ?❛%✐$✱ ❞❡ ♣%7❝7❞❡♥1❡$ 71✉❞❡$ ❛②❛♥1 ♠♦♥1%7 ✉♥❡

$♦✉%❝❡ ❞❡ ♣%♦❢♦♥❞❡✉% 7=✉✐✈❛❧❡♥1❡✳ ▲❡ ♣❡✉ ❞❡ ❞♦♥♥7❡$ ❜❛$$❡$ ❢%7=✉❡♥❝❡$ %7❝♦❧17❡$ ❞✉%❛♥1 ❝❡11❡

❝♦✉%1❡ ♠✐$$✐♦♥ ♥❡ ♣❡%♠❡11❡♥1 ❡♥ %❡✈❛♥❝❤❡ ♣❛$ ❞❡ ♣%7❝✐$❡% ❧✬❡①1❡♥$✐♦♥ ♦✉ ❧❛ ❝♦♥❞✉❝1✐✈✐17 ❞❡ ❝❡11❡

❛♥♦♠❛❧✐❡ ♣❛% ✐♥✈❡%$✐♦♥ ❞❡ ❞♦♥♥7❡$✳

▲❡ ❝❤❛♣✐1%❡ ✺ ♣%7$❡♥1❡ ❧❛ $❡❝♦♥❞❡ ❝❛♠♣❛❣♥❡ ❞✬❛❝=✉✐$✐1✐♦♥✱ / ❧❛=✉❡❧❧❡ ❥✬❛✐ ❛❝1✐✈❡♠❡♥1 ❝♦♥1%✐✲

❜✉7✱ =✉✐ $✬❡$1 ❞7%♦✉❧7❡ ❛✉ ◆7♣❛❧ ❡♥ ♠❛%$ ✷✵✶✻ ❞❛♥$ ❧❛ ✈❛❧❧7❡ ❞❡ ❑❛1♠❛♥❞♦✉✱ ❡♥ ❝♦❧❧❛❜♦%❛1✐♦♥

❛✈❡❝ ✿ ❧❡ ?%♦❢❡$$❡✉% ❋%7❞7%✐❝ ?❡%%✐❡% ❞❡ ❧✬■?●?✱ ❧❡ ◆❛1✐♦♥❛❧ ❙❡✐$♠♦❧♦❣✐❝❛❧ ❈❡♥1❡% ❞❡ ❑❛1♠❛♥❞♦✉

❡1 ❧✬❊❛%1❤ ❖❜$❡%✈❛1♦%② ♦❢ ❙✐♥❣❛♣♦%✳ ❈❡11❡ ♠✐$$✐♦♥ ❛✈❛✐1 ♣♦✉% ♦❜❥❡❝1✐❢ ❞❡ %7♣71❡% ❧❛ ❝❛♠♣❛❣♥❡ ▼❚

♦%❣❛♥✐$7❡ ❡♥ ✶✾✾✻ ♣❛% ❧✬■?●❙✳ ✾ $♦♥❞❛❣❡$ ♦♥1 717 ❛❝=✉✐$✱ ✸ / ❞❡ ♥♦✉✈❡❛✉① ❡♠♣❧❛❝❡♠❡♥1$ ❡1 ✻ ❞❡

%7♣71✐1✐♦♥ $✉% ❧✬❛♥❝✐❡♥ ♣%♦✜❧✳ ▲✬❛♥❛❧②$❡ ❞❡$ $♦♥❞❛❣❡$ ♦❜1❡♥✉$ ♠♦♥1%❡ ✉♥❡ ❝♦♠♣❧❡①✐17 ❝%♦✐$$❛♥1❡

❞❡$ $1%✉❝1✉%❡$ $♦✉$✲❥❛❝❡♥1❡$ ❞❡ ❧❛ ✈❛❧❧7❡ ❞❡ ❑❛1♠❛♥❞♦✉ ❥✉$=✉✬❛✉ ♣✐❡❞ ❞❡ ❧❛ ❝❤❛W♥❡ ❍✐♠❛❧❛②❡♥♥❡✳

▲❛ ❝♦♠♣❛%❛✐$♦♥ ❞✐%❡❝1❡ ❞❡$ ✢Z❝❤❡$ ❞✬✐♥❞✉❝1✐♦♥$✱ ❡♥1%❡ ❝❡❧❧❡$ ❝❛❧❝✉❧7❡$ $✉✐1❡ / ❧❛ ❝❛♠♣❛❣♥❡ ❞❡

✶✾✾✻ ❡1 ❝❡❧❧❡ ❞❡ ✷✵✶✻✱ ♠♦♥1%❡ ♣❡✉ ❞❡ ❞✐✛7%❡♥❝❡$✳ ❯♥❡ ③♦♥❡ ❝♦♥❞✉❝1%✐❝❡ ♣%♦❢♦♥❞❡ ❛✉ ♥♦%❞ ❞✉

♣%♦✜❧ ❡$1 ♠✐$❡ ❡♥ 7✈✐❞❡♥❝❡ ♣❛% ♥♦$ ♥♦✉✈❡❧❧❡$ ♠❡$✉%❡$✱ ❡1✱ ❝♦♥✜%♠❡ ❝❡11❡ ♣❛%1✐❡ ❞❡$ %7$✉❧1❛1$ ❞❡ ❧❛

❝❛♠♣❛❣♥❡ ♣%7❝7❞❡♥1❡✳ ▲❛ ♠♦❞7❧✐$❛1✐♦♥ ✸❉ ❞❡ ❧❛ 1♦♣♦❣%❛♣❤✐❡ $♦✉❧✐❣♥❡ $♦♥ ✐♥✢✉❡♥❝❡ ✐♠♣♦%1❛♥1❡

$✉% ❧❡$ ❝♦♠♣♦$❛♥1❡$ ❤♦%✐③♦♥1❛❧❡$ ❞✉ ❝❤❛♠♣ 7❧❡❝1%✐=✉❡✳ ❊♥ ♣❛%1✐❝✉❧✐❡%✱ ❝❡%1❛✐♥❡$ ❝♦♠♣♦$❛♥1❡$ ❞✉

1❡♥$❡✉% ❞✬✐♠♣7❞❛♥❝❡ ♣%7$❡♥1❡♥1 ✉♥❡ ❞7❝%♦✐$$❛♥❝❡ ❞❡ ❧❛ %7$✐$1✐✈✐17 ❛♣♣❛%❡♥1❡ ❛✈❡❝ ❧❛ ❢%7=✉❡♥❝❡

♣♦✉✈❛♥1 $✐♠✉❧❡% ❧❛ ♣%7$❡♥❝❡ ❞✬✉♥ ❝♦%♣$ ❝♦♥❞✉❝1❡✉%✳ ▲❡$ ❞♦♥♥7❡$ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ✶✾✾✻ ❛✈❛✐❡♥1

717 ✐♥✈❡%$7❡$ $❛♥$ 1♦♣♦❣%❛♣❤✐❡✳ ▲❡ ❝♦♥❞✉❝1❡✉% ♣%♦❢♦♥❞ ❛✉%❛✐1 ❞♦♥❝ ♣✉✱ / ❧✬7♣♦=✉❡✱ ^1%❡ ❝%77

❛%1✐✜❝✐❡❧❧❡♠❡♥1 ♣❛% ❧✬❛❧❣♦%✐1❤♠❡ ❞✬✐♥✈❡%$✐♦♥✳ ■❧ ♥✬❡♥ ❡$1 %✐❡♥ ♣✉✐$=✉❡ ❧❡$ ❞♦♥♥7❡$ ▼❚ ❞❡ ✷✵✶✻✱

✐♥✈❡%$7❡$ ❡♥ ♣%❡♥❛♥1 ❡♥ ❝♦♠♣1❡ ❧❛ 1♦♣♦❣%❛♣❤✐❡✱ ♠❡11❡♥1 7❣❛❧❡♠❡♥1 ❡♥ 7✈✐❞❡♥❝❡ ❝❡11❡ $1%✉❝1✉%❡✳

■❧ ❡$1 / ♥♦1❡% =✉❡ ❧❡$ ❞♦♥♥7❡$ %7❝❡♥1❡$ $♦♥1 7❣❛❧❡♠❡♥1 ❞❡ ♠❡✐❧❧❡✉%❡$ =✉❛❧✐17$ =✉✬❡♥ ✶✾✾✻ ❣%_❝❡ /

❧✬❛♠7❧✐♦%❛1✐♦♥ ❞❡$ ♣%♦❝7❞✉%❡$ ❞❡ 1%❛✐1❡♠❡♥1$ ❞❡ ❞♦♥♥7❡$ ❡1 ❞✉ ♠❛17%✐❡❧ ❞✬❛❝=✉✐$✐1✐♦♥ ✉1✐❧✐$7✳ ?❛%

❝♦♥1%❡✱ ❧❡$ ❞✐✛7%❡♥1$ ♠♦❞Z❧❡$ ❞❡ %7$✐$1✐✈✐17$ 7❧❡❝1%✐=✉❡$ ♦❜1❡♥✉$ ♥❡ $♦♥1 ♣❛$ ❡♥ ❛❝❝♦%❞ ❛✈❡❝ ❧❛ ❝❛♠✲

♣❛❣♥❡ ❞❡ ✶✾✾✻✳ ❊♥ ♣❛%1✐❝✉❧✐❡%✱ ❧❡ ❝♦♥❞✉❝1❡✉% ♣%♦❢♦♥❞✱ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ %❛♠♣❡ ❞✉ ▼❛✐♥ ❍✐♠❛❧❛②❛♥

❚❤#✉1"✱ ❡$1 1♦1❛❧❡♠❡♥1 ❛❜$❡♥1 ❞❡$ ♥♦✉✈❡❛✉① ♠♦❞Z❧❡$ =✉✐ ♣♦$✐1✐♦♥♥❡♥1 ❧❡$ ❝♦♥❞✉❝1❡✉%$ ❛✉ ♥✐✈❡❛✉

❞❡ ❧✬❛♥❝✐❡♥♥❡ ❢❛✐❧❧❡ ▼❛✐♥ ❇♦✉♥❞❛#② ❚❤#✉1" ✐♥❛❝1✐✈❡✳ ▲❛ ♣%✐♥❝✐♣❛❧❡ ❝❛%❛❝17%✐$1✐=✉❡ ❞❡$ ♥♦✉✈❡❛✉①

♠♦❞Z❧❡$ ❡$1 ❧❛ ♣%7$❡♥❝❡ ❞✬✉♥ ❛✉1%❡ ❝♦♥❞✉❝1❡✉% ❞❛♥$ ❧❛ ♣❛%1✐❡ $✉❞ ❞✉ ♣%♦✜❧✳ ❈❡11❡ ♥♦✉✈❡❧❧❡ $1%✉❝✲

1✉%❡ ❝♦♥❞✉❝1%✐❝❡ 1❡♥❞ / ^1%❡ ❝♦♥♥❡❝17❡ ❛✈❡❝ ✉♥ ❝♦♥❞✉❝1❡✉% $✉♣❡%✜❝✐❡❧ ♣%7$❡♥1 ❞❛♥$ ❧❛ ♣❛%1✐❡ ♥♦%❞✳

❈❡ ♥♦✉✈❡❛✉ ♠♦❞Z❧❡ ❡$1 ❝♦❤7%❡♥1 ❛✈❡❝ ❧❡$ ♠♦❞Z❧❡$ ❣7♦❧♦❣✐=✉❡$ ❧❡$ ♣❧✉$ %7❝❡♥1$ ❡1 ♣❡✉1 7✈❡♥1✉❡❧✲

❧❡♠❡♥1 ^1%❡ ♠✐$ ❡♥ %❡❧❛1✐♦♥ ❛✈❡❝ ❞❡$ ♠❡$✉%❡$ ❞❡ ❈❖✷ ❡✛❡❝1✉7❡$ ❞❛♥$ ❧❛ %7❣✐♦♥✳ ◆♦✉$ ♣%7$❡♥1♦♥$

❞❛♥$ ❝❡11❡ 1❤Z$❡ ❧✬✐♥1❡%♣%71❛1✐♦♥ ❞❡$ ❞♦♥♥7❡$ ❞❡ ❝❡11❡ ❝❛♠♣❛❣♥❡✳ ■❧ ❡$1 ❝❡♣❡♥❞❛♥1 / ♥♦1❡% =✉❡ ❧❡$

1%❛✈❛✉① ♥✬❡♥ $♦♥1 =✉✬❛✉① ♣%7♠✐❝❡$ ❡1 ❞❡♠❛♥❞❡%❛✐❡♥1 ❞❛♥$ ❧❡ ❢✉1✉% ❞❡ ♥♦✉✈❡❧❧❡$ ❝❛♠♣❛❣♥❡$ ❞❡

♠❡$✉%❡$ $✉% ✉♥❡ ❜❛$❡ ♣❧✉$ %7❣✉❧✐Z%❡ ❛✜♥ ❞❡ ❞7✜♥✐1✐✈❡♠❡♥1 ✈❛❧✐❞❡% ❧❡$ ♥♦✉✈❡❛✉① %7$✉❧1❛1$ ♦❜1❡♥✉$

♠❛✐$ 7❣❛❧❡♠❡♥1 ❛♣♣%7❤❡♥❞❡% ❧✬7✈♦❧✉1✐♦♥ 1❡♠♣♦%❡❧❧❡ ❞❡$ ❝❛%❛❝17%✐$1✐=✉❡$ ♣❤②$✐=✉❡$ ❞❡ ❝❡11❡ ③♦♥❡

❛❝1✐✈❡✳



■♥"#♦❞✉❝"✐♦♥ ✺

▲❡ ❞❡$♥✐❡$ ❝❤❛♣✐+$❡ ❞❡ ❝♦♥❝❧✉/✐♦♥ $❛♣♣❡❧❧❡ ❜$✐1✈❡♠❡♥+ ❧❡/ ❛❝❤1✈❡♠❡♥+/ ♠❛❥❡✉$/ ❞❡ ❝❡++❡

+❤1/❡✱ +❛♥+ ♣♦✉$ ❧❡/ ❞6✈❡❧♦♣♣❡♠❡♥+/ ♠6+❤♦❞♦❧♦❣✐8✉❡/ 8✉❡ ♣♦✉$ ❧❡/ 6+✉❞❡/ ❞❡ ❝❛/ ❛✈❡❝ ❛❝8✉✐/✐+✐♦♥/

❞❡ ♥♦✉✈❡❧❧❡/ ❞♦♥♥6❡/ ▼❚✳ ❊♥/✉✐+❡✱ ❞❛♥/ ❝❡ ❝♦♥+❡①+❡✱ ♥♦✉/ ♦✉✈$♦♥/ ❡+ ♣$6/❡♥+♦♥/ ❧❡/ ♣♦//✐❜❧❡/

♣$♦❝❤❛✐♥/ ❞6✈❡❧♦♣♣❡♠❡♥+/ 8✉❡ ❥❡ /♦✉❤❛✐+❡$❛✐/ ♣♦✉$/✉✐✈$❡ ❞❛♥/ ❧❡ ❢✉+✉$✳



 !❡♠✐%!❡ ♣❛!(✐❡

❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡

✻



❈❤❛♣✐%&❡ ✶

■♥❞✉❝%✐♦♥ ❞❛♥) ✉♥ ♠✐❧✐❡✉ ❝♦♥❞✉❝%❡✉-

♣❛- ✉♥❡ ♦♥❞❡ ♠♦♥♦❝❤-♦♠❛%✐0✉❡

▲❛ ♠❛❥❡✉&❡ ♣❛&(✐❡ ❞❡+ ❞,✈❡❧♦♣♣❡♠❡♥(+ ❞❛♥+ ❝❡((❡ ♣❛&(✐❡ +❡ &❡(&♦✉✈❡ ❞❛♥+ ❧❡+ ♣&✐♥❝✐♣❛❧❡+ ♣✉✲

❜❧✐❝❛(✐♦♥+ ❞❡ ♠❛❣♥,(♦(❡❧❧✉&✐5✉❡ (❡❧❧❡+ 5✉❡ ❈❛❣♥✐❛%❞ ✭✶✾✺✸✮✱ ❘✐❦✐)❛❦❡ ✭✶✾✹✽✮✱ ♦✉ ❡♥❝♦&❡ ❏✳ ❘✳

❲❛✐)✱ ✶✾✺✹✳ ❈❡+ ❛✉(❡✉&+ ✉(✐❧✐+❡♥( ❞❡+ ♥♦(❛(✐♦♥+ ❞✐✛,&❡♥(❡+ ❞❡ ❝❡❧❧❡+ ✉(✐❧✐+,❡+ ❝✐✲❞❡++♦✉+✱ ♠❛✐+

❧❡+ ❞,✈❡❧♦♣♣❡♠❡♥(+ ♣&,+❡♥(,+ ✐❝✐ +♦♥( ❡①(&❛✐(+ ❞❡ ❝❡+ ♣✉❜❧✐❝❛(✐♦♥+✳

✶✳✶ ▼✐❧✐❡✉ ❤♦♠♦❣+♥❡

✶✳✶✳✶ ❘#❣✐♠❡ ❣#♥#)❛❧ ❞❛♥- ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣1♥❡

▲✬❡♥$❡♠❜❧❡ ❞❡$ ♠)*❤♦❞❡$ ✉*✐❧✐$❛♥* ❧❡$ ♦♥❞❡$ )❧❡❝*1♦♠❛❣♥)*✐3✉❡$ ❡$* 1)❣✐ ♣❛1 ✉♥ ❡♥$❡♠❜❧❡

❞✬)3✉❛*✐♦♥$ ❛♣♣❡❧)❡$ )3✉❛*✐♦♥$ ❞❡ ▼❛①✇❡❧❧ ✭▼❛①✇❡❧❧✱ ✶✽✻✺✮✳ ❉❛♥$ ❧❡ ✈✐❞❡✱ ❝❡$ )3✉❛*✐♦♥$ $♦♥* ✿

∇ · e =
ρ

ε0
✭✶✳✶✮

∇ · b = 0 ✭✶✳✷✮

∇× e = −∂b
∂t

✭✶✳✸✮

∇× b = µ0j+ µ0ε0
∂e

∂t
✭✶✳✹✮

✼



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✽

❆✈❡❝ ✿

e = ❈❤❛♠♣ 0❧❡❝%&✐2✉❡ ✭V.m−1
✮

b = ■♥❞✉❝%✐♦♥ ♠❛❣♥0%✐2✉❡ ✭T ✮

d = ❉0♣❧❛❝❡♠❡♥% ❞✐0❧❡❝%&✐2✉❡ ✭C.m−2
✮

h = ❈❤❛♠♣ ♠❛❣♥0%✐2✉❡ ✭A.m−1
✮

j = ❈♦✉&❛♥% 0❧❡❝%&✐2✉❡ ✭A.m−2
✮

▲✬02✉❛%✐♦♥ ✭✶✳✶✮ ❡>% ❛♣♣❡❧0❡ 02✉❛%✐♦♥ ❞❡ ▼❛①✇❡❧❧✲●❛✉'' ❡% ❞0❝&✐% ❧❛ &❡❧❛%✐♦♥ ❡♥%&❡ ❝❤❛&❣❡>

0❧❡❝%&✐2✉❡> ❡% ❧❛ ❝&0❛%✐♦♥ ❞✬✉♥ ❝❤❛♠♣ 0❧❡❝%&✐2✉❡✳ ▲✬02✉❛%✐♦♥ ✭✶✳✷✮ ❞❡▼❛①✇❡❧❧✲❋❧✉① ❞0❝&✐% ❧❡ ❝❛&❛❝✲

%A&❡ ❝♦♥>❡&✈❛%✐❢ ❞✉ ✢✉① ❞✉ ❝❤❛♠♣ ♠❛❣♥0%✐2✉❡ ✐♠♣❧✐2✉❛♥% ❧✬❛❜>❡♥❝❡ ❞❡ ♠♦♥♦♣F❧❡> ♠❛❣♥0%✐2✉❡>✳

▲✬02✉❛%✐♦♥ ✭✶✳✸✮ ❞0❝&✐% ❧❛ ❝&0❛%✐♦♥ ❞✬✉♥ ❝❤❛♠♣ 0❧❡❝%&✐2✉❡ ❡♥ ♣&0>❡♥❝❡ ❞✬✉♥❡ ✈❛&✐❛%✐♦♥ ❞❡ ❝❤❛♠♣

♠❛❣♥0%✐2✉❡✳ ❊♥✜♥✱ ❧✬02✉❛%✐♦♥ ✭✶✳✹✮ ❡①♣❧✐2✉❡ ❧❛ ❝&0❛%✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥0%✐2✉❡ ❡♥ ♣&0>❡♥❝❡ ❞❡

❝♦✉&❛♥%> ♦✉ ❞❡ ✈❛&✐❛%✐♦♥> ❞❡ ❝❤❛♠♣> 0❧❡❝%&✐2✉❡>✳

❉❛♥> ✉♥ ♠✐❧✐❡✉ ❞❡ ♣❛&❛♠A%&❡>

¯̄ε✱ ¯̄µ✱ ¯̄σ✱ ❝❡> &❡❧❛%✐♦♥> >♦♥% ❛❝❝♦♠♣❛❣♥0❡> ❞❡ %&♦✐> &❡❧❛%✐♦♥> ❝♦♥>%✐✲

%✉%✐✈❡> ✿

d = ¯̄ε e

b = ¯̄µ h

j = ¯̄σ e ❛♣♣❡❧0❡ ❧♦✐ ❞✬❖❤♠,

♦M

¯̄ε ❡>% ❧❛ ♣❡-♠✐&&✐✈✐&" ❞✉ ♠✐❧✐❡✉ ✭F.m−1
✮✱

¯̄µ ❡>% ❧❛ ♣❡-♠"❛❜✐❧✐&" ❞✉ ♠✐❧✐❡✉ ✭H.m−1
✮ ❡%

¯̄σ ❡>% ❧❛

❝♦♥❞✉❝&✐✈✐&" ❞✉ ♠✐❧✐❡✉ ✭❡♥ S.m−1
✮✳ ❊♥ ❣0♥0&❛❧✱ ❝❡> 2✉❛♥%✐%0> >♦♥% ❝♦♥>✐❞0&0❡> >❝❛❧❛✐&❡> ❡% µ ❡>%

❝♦♥>✐❞0&0❡ 0❣❛❧❡ N >❛ ✈❛❧❡✉& ❛%%❡♥❞✉❡ ❞❛♥> ❧❡ ✈✐❞❡ ✭µ0 = 4π.10−7H.m✮✳

❊♥ ♠❛❣♥0%♦%❡❧❧✉&✐2✉❡✱ ❧❡ ♣❤0♥♦♠A♥❡ ♣❤②>✐2✉❡ ❝♦♥>✐❞0&0 ❡>% ❧❡ ♣❤0♥♦♠A♥❡ ❞✬✐♥❞✉❝&✐♦♥ "❧❡❝✲

&-♦♠❛❣♥"&✐/✉❡✱ 2✉✐ ❝♦♥>✐>%❡ ❡♥ ❧❛ ❝&0❛%✐♦♥ ❞❡ ❝♦✉&❛♥%> 0❧❡❝%&✐2✉❡> ❞❛♥> ✉♥ ♠❛%0&✐❛✉ ❝♦♥❞✉❝%❡✉&

♣❛& ❧❛ ✈❛&✐❛%✐♦♥ %❡♠♣♦&❡❧❧❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥0%✐2✉❡ >♦✉&❝❡✳ ❈❡ ♣❤0♥♦♠A♥❡ ❡>% ♣❛&%✐❝✉❧✐A&❡♠❡♥%

❞0❝&✐% ♣❛& ❧❡> 02✉❛%✐♦♥> ✭✶✳✸✮ ❡% ✭✶✳✹✮✳

❆ ♣❛&%✐& ❞❡ ❝❡> &❡❧❛%✐♦♥>✱ ❡♥ ❛♣♣❧✐2✉❛♥% ❧✬♦♣0&❛%❡✉& ∇× N ✭✶✳✹✮✱ ❡♥ ✉%✐❧✐>❛♥% ❧✬✐❞❡♥%✐%0 ✿

∇×∇×u = ∇(∇ ·u)−∆u✱ ❡%✱ ❡♥ >✉♣♣♦>❛♥% 2✉❡ ❧❡> ♣❛&❛♠A%&❡> ❞✉ ♠✐❧✐❡✉ µ✱ σ ❡% ε ♥❡ ✈❛&✐❡♥%



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✾

♣❛+ ❡♥ ❢♦♥❝%✐♦♥ ❞✉ %❡♠♣+✱

∇(∇ · e)−∆e = ∇× (−∂B
∂t

) ✭✶✳✺✮

= − ∂

∂t
(∇×B) ✭✶✳✻✮

= − ∂

∂t


µj+ µε

∂e

∂t




✭✶✳✼✮

= −µσ∂e
∂t

+ µε
∂2e

∂t2
✭✶✳✽✮

❉❛♥+ ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣=♥❡ ✐+♦%&♦♣❡✱ ❛✉❝✉♥❡ ❝❤❛&❣❡ ♥✬❡+% ♣&?+❡♥%❡✱ ❞♦♥❝ ∇ · e = 0✳

∆e+ µε
∂2e

∂t2
− µσ

∂e

∂t
= 0 ✭✶✳✾✮

❉❡ ❧❛ ♠@♠❡ ❢❛A♦♥✱ ❧❛ &❡❧❛%✐♦♥ ?B✉✐✈❛❧❡♥%❡ ♣♦✉& h +✬?❝&✐% ✿

∆h+ µε
∂2h

∂t2
− µσ

∂h

∂t
= 0 ✭✶✳✶✵✮

▲❡+ &❡❧❛%✐♦♥+ ✭✶✳✾✮ ❡% ✭✶✳✶✵✮ +♦♥% ❛♣♣❡❧?❡+ "/✉❛&✐♦♥' ❞✬❍❡❧♠❤♦❧&③✳

❈♦♥+✐❞?&♦♥+ ♠❛✐♥%❡♥❛♥% ❧❡ ❝❛+ ❞✬✉♥❡ ♦♥❞❡ ♠♦♥♦❝❤&♦♠❛%✐B✉❡ ❞♦♥% ❧❛ ✈❛&✐❛%✐♦♥ %❡♠♣♦&❡❧❧❡

❡+% ❞?✜♥✐❡ ♣❛& +iωt✱ ❛✈❡❝ ω +❛ ♣✉❧+❛%✐♦♥ ❡% k +♦♥ ✈❡❝%❡✉& ❞✬♦♥❞❡✳ ❙✉♣♣♦+♦♥+ B✉❡ ϕ✱ ❧❛ ♣❤❛+❡ I

❧✬♦&✐❣✐♥❡✱ ❡+% ?❣❛❧❡ ❞❛♥+ ❧❡+ %&♦✐+ ❞✐&❡❝%✐♦♥+✱ +❛ ✈❛&✐❛%✐♦♥ %❡♠♣♦&❡❧❧❡ +✬?❝&✐% ✿

h(x, t) = h0 cos(ωt+ ϕ) ✭✶✳✶✶✮

e(x, t) = e0 cos(ωt+ ϕ) ✭✶✳✶✷✮

❈❡%%❡ ♦♥❞❡ +✬?❝&✐% ❡♥ ♥♦%❛%✐♦♥ ❝♦♠♣❧❡①❡ ♣❛& ✿

H(x, t) = h0e
iωt+ϕ

✭✶✳✶✸✮

E(x, t) = e0e
iωt+ϕ

✭✶✳✶✹✮

▲❛ ♥♦%❛%✐♦♥ ❝♦♠♣❧❡①❡ ♣❡&♠❡% ❞❡ &??❝&✐&❡ ❧❡+ ?B✉❛%✐♦♥+ ❞❡ ▼❛①✇❡❧❧ ❞❡ ❢❛A♦♥ ❜❡❛✉❝♦✉♣ ♣❧✉+ ❛✐+?❡✳

Q♦✉& ♦❜%❡♥✐& ❧❡+ ❝❤❛♠♣+ ❊▼ &??❧+ I ♣❛&%✐& ❞❡ ❧❛ ♥♦%❛%✐♦♥ ❝♦♠♣❧❡①❡✱ ✐❧ +✉✣% ❞❡ ❝♦♥+✐❞?&❡& ✿

h(x, t) = ℜ(H(x, t)) ✭✶✳✶✺✮

e(x, t) = ℜ(E(x, t)) ✭✶✳✶✻✮



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✶✵

❆✐♥-✐✱ ❡♥ ♥♦%❛%✐♦♥ ❝♦♠♣❧❡①❡✱ ❧❡- 45✉❛%✐♦♥- ❞✬❍❡❧♠♦❧%③ -✬4❝&✐✈❡♥% ✿

∆E+ k2E = 0 ✭✶✳✶✼✮

∆H+ k2H = 0 ✭✶✳✶✽✮

❆✈❡❝ ✿

k2 = ω2µε− iωµσ ✭✶✳✶✾✮

▲❡ ♥♦♠❜&❡ ❞✬♦♥❞❡ k2 ❝♦♥%✐❡♥% ❞❡✉① ♣&♦❝❡--✉- ♣❤②-✐5✉❡- ✿

• k2p = ω2µε ❞4❝&✐% ❧❡- ♣&♦❝❡--✉- ❞❡ ♣&♦♣❛❣❛%✐♦♥ ❧✐4- ❛✉① ❝♦✉&❛♥%- ❞❡ ❝♦♥✈❡❝%✐♦♥ jD✳

• k2d = ωµσ ❞4❝&✐% ❧❡- ♣&♦❝❡--✉- ❞❡ ❞✐✛✉-✐♦♥ ❧✐4- ❛✉① ❝♦✉&❛♥%- ❞❡ ❝♦♥❞✉❝%✐♦♥ jC✳

✶✳✶✳✷ ❘$❣✐♠❡ ❞✐✛✉,✐❢

❉❛♥- ❧❛ ♠❛❥♦&✐%4 ❞❡- ♠4%❤♦❞❡- ❊▼ ✉%✐❧✐-4❡- ❡♥ ❣4♦♣❤②-✐5✉❡✱ ❧❡- ❢&45✉❡♥❝❡- ✉%✐❧✐-4❡- -♦♥%

&❡❧❛%✐✈❡♠❡♥% ❜❛--❡-✱ ✐♥❢4&✐❡✉&❡- L ❧❛ ❞✐③❛✐♥❡ ❞❡ ❦❍③ ✭❙✇✐❢$✱ ✶✾✻✼✮✳ ❉❛♥- ❝❡ ❝❛- ✿

ω2µε≪ ωµσ ✭✶✳✷✵✮

❈❡%%❡ ❤②♣♦%❤P-❡✱ ❛♣♣❡❧4❡ ❛♣♣&♦①✐♠❛%✐♦♥ ❞❡- &4❣✐♠❡- 5✉❛-✐✲-%❛%✐♦♥♥❛✐&❡-✱ %&❛❞✉✐% ❧❡ ❝❛&❛❝%P&❡ ♥4✲

❣❧✐❣❡❛❜❧❡ ❞❡- ❝♦✉&❛♥%- ❞❡ ❞4♣❧❛❝❡♠❡♥% ❞❡✈❛♥% ❧❡- ❝♦✉&❛♥%- ❞❡ ❞✐✛✉-✐♦♥✳ ▲❡- 45✉❛%✐♦♥- ❞✬❍❡❧♠♦❧%③

❡♥ ❞♦♠❛✐♥❡ %❡♠♣♦&❡❧ ❞❡✈✐❡♥♥❡♥% ❞♦♥❝ ✿

∆e = µσ
∂e

∂t
✭✶✳✷✶✮

❈❡%%❡ 45✉❛%✐♦♥ %&❛❞✉✐% ❧❡ ♠R♠❡ ♣&♦❝❡--✉- ♣❤②-✐5✉❡ 5✉❡ ❧❛ ❞✐✛✉-✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉&✳ ❉❛♥- ❧❡-

♠4%❤♦❞❡- ❊▼ ✉%✐❧✐-❛♥% ❧❡- ❤❛✉%❡- ❢&45✉❡♥❝❡-✱ ❝♦♠♠❡ ❧❡ ❣4♦&❛❞❛&✱ ❧❡- ❝♦✉&❛♥%- ❞❡ ❞✐✛✉-✐♦♥ ❞❡✲

✈✐❡♥♥❡♥% ♥4❣❧✐❣❡❛❜❧❡- ❞❡✈❛♥% ❧❡- ❝♦✉&❛♥%- ❞❡ ❞4♣❧❛❝❡♠❡♥%✳ ▲❡- 45✉❛%✐♦♥- ♦❜%❡♥✉❡- -♦♥% ❧❡- 45✉❛✲

%✐♦♥- ❞✬♦♥❞❡- %❡❧❧❡- 5✉✬✉%✐❧✐-4❡- ❡♥ ❣4♦♣❤②-✐5✉❡ -✐-♠✐5✉❡ ♣♦✉& ❞4❝&✐&❡ ❧❛ ♣&♦♣❛❣❛%✐♦♥ ❞✬✉♥❡ ♦♥❞❡

♠4❝❛♥✐5✉❡ ❞❛♥- ❧❡ -♦❧✳

▲❡- ♣❛&❛♠P%&❡- 4%✉❞✐4- ✈❛&✐❡♥% ❛✉--✐ -❡❧♦♥ ❧❡- ❞❡✉① %②♣❡- ❞❡ ♠4%❤♦❞❡- 4❧❡❝%&♦♠❛❣♥4%✐5✉❡-✳

❉❛♥- ❧❡ ❝❛- ❞❡- ♠4%❤♦❞❡- ❞✐✛✉-✐✈❡-✱ ❧❡ ♣❛&❛♠P%&❡ 4%✉❞✐4 ❡-% ❧❛ &4-✐-%✐✈✐%4 4❧❡❝%&✐5✉❡ σ✳ ❉❛♥- ❧❡

❝❛- ❞❡- ♠4%❤♦❞❡- ❞❡ ♣&♦♣❛❣❛%✐♦♥✱ ❧❡ ♣❛&❛♠P%&❡ 4%✉❞✐4 ❡-% ❧❛ ♣❡&♠✐%%✐✈✐%4 4❧❡❝%&✐5✉❡ ε✳

▲❡- 45✉❛%✐♦♥- L &4-♦✉❞&❡ -♦♥% ❞♦♥❝ ✿

∆E− iωµσE = 0 ✭✶✳✷✷✮

∆H− iωµσH = 0 ✭✶✳✷✸✮



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✶✶

✶✳✶✳✸ ❉✐✛✉'✐♦♥ ❞❛♥' ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣1♥❡

✶✳✶✳✸✳✶ ❉✐✛✉'✐♦♥

❈♦♥,✐❞.&♦♥, ❧❛ ❞✐✛✉,✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ✐♥❝✐❞❡♥%❡ 4 ❧❛ ,✉&❢❛❝❡ ❞✉ ,♦✉,✲,♦❧✱ ❞❡ ❝♦♥❞✉❝%✐✈✐%.

❝♦♥,%❛♥%❡ σ✳ ▲✬♦♥❞❡ ❡,% ✐♥❝✐❞❡♥%❡ ❞❡ ✈❡❝%❡✉& ❞✬♦♥❞❡ k = kez✳ ▲✬.:✉❛%✐♦♥ ❞✬❍❡❧♠♦❧%③ ❡♥ ♠✐✲

❧✐❡✉ ❤♦♠♦❣?♥❡ ❞❡✈✐❡♥% ❛❧♦&, ✿

∂2Hx

∂z2
− k2Hx = 0 ✭✶✳✷✹✮

∂2Hy

∂z2
− k2Hy = 0 ✭✶✳✷✺✮

▲❡, ,♦❧✉%✐♦♥, ❞❡ ❝❡, .:✉❛%✐♦♥, ,♦♥% ✿

Hx(z, t) = Hx,0e
iωte−ikz ✭✶✳✷✻✮

Hy(z, t) = Hy,0e
iωte−ikz ✭✶✳✷✼✮

▲❛ &.❣✐♠❡ ❡,% ❞✐✛✉,✐❢ ✿ k =
√
ωµσ/2− i

√
ωµσ/2 = α− iβ✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥*+✐-✉❡ ❡/+ ❞♦♥❝ *❣❛❧

3 ✿

Hx(z, t) = Hx,0e
iωte−iαze−βz ✭✶✳✷✽✮

Hy(z, t) = Hy,0e
iωte−iαze−βz ✭✶✳✷✾✮

▲❡ +❡;♠❡ ❡♥ e−βz ❞*❝;✐+ ✉♥❡ ❛++*♥✉❛+✐♦♥ ❡①♣♦♥❡♥+✐❡❧❧❡ ❞❛♥/ ❧❛ ❞✐;❡❝+✐♦♥ ✈❡;+✐❝❛❧❡✳ ▲❛ ♣;♦❢♦♥❞❡✉;

δ 3 ❧❛-✉❡❧❧❡ ❧✬❛♠♣❧✐+✉❞❡ ❞✉ ❝❤❛♠♣ ❡/+ ❞✐♠✐♥✉*❡ ❞✬✉♥ ❢❛❝+❡✉; e ❡/+ ❛♣♣❡❧*❡ ♣!♦❢♦♥❞❡✉! ❞❡ ♣❡❛✉✱

*❣❛❧❡ 3 ✿

δ =
1

β
=

√√√√ 2

ωµσ
✭✶✳✸✵✮

✶✳✶✳✸✳✷ ❘❡❧❛(✐♦♥ ❡♥(,❡ ❝❤❛♠♣ ♠❛❣♥2(✐3✉❡ ❡( 2❧❡❝(,✐3✉❡

❉❛♥/ ❧❡ ♠✐❧✐❡✉ ❤♦♠♦❣D♥❡✱ ❧✬*-✉❛+✐♦♥ ❞❡ ▼❛①✇❡❧❧✲❆♠♣D;❡ ❞♦♥♥❡ ✿

∂Hz

∂y
− ∂Hy

∂z
= σEx ✭✶✳✸✶✮

∂Hx

∂z
− ∂Hz

∂x
= σEy ✭✶✳✸✷✮

∂Hy

∂x
− ∂Hx

∂y
= σEz ✭✶✳✸✸✮



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✶✷

+❛& ❤②♣♦%❤./❡✱ ❧❡ ♠✐❧✐❡✉ 4%❛♥% ❤♦♠♦❣.♥❡✱ ❧❡/ ❞4&✐✈4❡/ ❧❛%4&❛❧❡/ /♦♥% ♥✉❧❧❡/✳ ❈❡/ &❡❧❛%✐♦♥/ /❡

/✐♠♣❧✐✜❡♥% ❡♥ ✿

∂Hx

∂z
= σEy ✭✶✳✸✹✮

∂Hy

∂z
= σEx ✭✶✳✸✺✮

❖&✱ ❝♦♠♠❡ σ = k2/(−iωµ)✱ ❝❡/ 4B✉❛%✐♦♥/ ❞❡✈✐❡♥♥❡♥% ✿

Ey

Hx
=

− ik

k2/(−iωµ) ✭✶✳✸✻✮

Ey

Hx
=

− ωµ

k
, ✭✶✳✸✼✮

❉❡ ❧❛ ♠F♠❡ ❢❛H♦♥ ✿

Ex

Hy
=
ωµ

k
. ✭✶✳✸✽✮

▲❡ &❛♣♣♦&% ❡♥%&❡ ❧❡ ❝❤❛♠♣ 4❧❡❝%&✐B✉❡ ❡% ❧❡ ❝❤❛♠♣ ♠❛❣♥4%✐B✉❡ ❡/% ❞4✜♥✐ ❝♦♠♠❡ ❧✬✐♠♣"❞❛♥❝❡

"❧❡❝&-✐/✉❡ Z✳ ❉❡✉① ♣❛&❛♠.%&❡/ ♣❤②/✐B✉❡ /♦♥% ❞4%❡&♠✐♥4/ M ♣❛&%✐& ❞❡ ❝❡%%❡ ✐♠♣4❞❛♥❝❡✱ ❧❛ &4/✐/%✐✈✐%4

ρ ✭Ω.m✮ ❡% ❧❛ ♣❤❛/❡ ϕ ✭❡♥ &❛❞✐❛♥/✮ ✭❈❛❣♥✐❛%❞✱ ✶✾✺✸✮✱ %❡❧/ B✉❡ ✿

ρ =
|Z|2
ωµ

=
1

ωµ

∣∣∣∣∣∣
Ex

Hy

∣∣∣∣∣∣

2

=
1

ωµ

∣∣∣∣∣∣
Ey

Hx

∣∣∣∣∣∣

2

✭✶✳✸✾✮

ϕ = arctan

(
Ex
Hy

)
= arctan

(−Ey
Hx

)
=
π

4
✭✶✳✹✵✮

▲❛ ♣❤❛/❡ ❞❡ ❧✬✐♠♣4❞❛♥❝❡ ♣♦✉& ✉♥ ♠✐❧✐❡✉ ❤♦♠♦❣.♥❡ ✈❛✉% ❞♦♥❝ π/4✳

✶✳✷ ❉✐✛✉'✐♦♥ ❞❛♥' ✉♥ ♠✐❧✐❡✉ ✉♥✐❞✐♠❡♥'✐♦♥♥❡❧

▲❡/ ♣&❡♠✐.&❡/ 4%✉❞❡/ ♠❛❣♥4%♦%❡❧❧✉&✐B✉❡/ /❡ /♦♥% ❜❛/4❡/ /✉& ❧✬✐♥%❡&♣&4%❛%✐♦♥ ❞❡ /♦♥❞❛❣❡/ ▼❚

❡♥ ✉%✐❧✐/❛♥% ❧✬❤②♣♦%❤./❡ ❞❡ ♠✐❧✐❡✉① %❛❜✉❧❛✐&❡/ ✭❈❛❣♥✐❛%❞✱ ✶✾✺✸ ❀ ❏✳ ❘✳ ❲❛✐(✱ ✶✾✺✹✮✳ +♦✉& ✉♥

♠✐❧✐❡✉ %❛❜✉❧❛✐&❡ ❞♦♥% ❧❛ &4/✐/%✐✈✐%4 ♥❡ ✈❛&✐❡ B✉✬❛✈❡❝ ❧❛ ♣&♦❢♦♥❞❡✉&✱ ❈❛❣♥✐❛%❞ ✭✶✾✺✸✮ ❛ ♠♦♥%&4

B✉❡✱ ❝♦♠♠❡ ❞❛♥/ ❧❡ ❝❛/ ❤♦♠♦❣.♥❡✱ ❧❡/ ❝❤❛♠♣/ 4❧❡❝%&✐B✉❡/ ❡% ♠❛❣♥4%✐B✉❡/ /♦♥% &❡❧✐4/ ♣❛& ✿

Ex = ZxyHy ✭✶✳✹✶✮

Ey = −ZxyHx ✭✶✳✹✷✮



❈❤❛♣✐%&❡ ✶✳ ❊❧"♠❡♥&' ❞❡ ♠❛❣♥"&♦&❡❧❧✉-✐/✉❡ ✶✸

■❧ ❛ ❞.♠♦♥%&. ❧❡2 &❡❧❛%✐♦♥2 ❞❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♠♣.❞❛♥❝❡ ♣♦✉& ❞❡2 ♠✐❧✐❡✉① ❞❡ ✶ 7 ✸ ❝♦✉❝❤❡2 ❞❡

&.2✐2%✐✈✐%. ❞✐✛.&❡♥%❡2✳ ❏✳ ❘✳ ❲❛✐# ✭✶✾✺✹✮ ❛ ♣♦✉&2✉✐✈✐ ❝❡2 %&❛✈❛✉① ❡♥ ♠♦♥%&❛♥% A✉❡ ❧❛ &.♣♦♥2❡

▼❚ ❞✬✉♥ ♠✐❧✐❡✉ %❛❜✉❧❛✐&❡ 2❡ ❝❛❧❝✉❧❡ ♣❛& ✉♥❡ ❢♦&♠✉❧❡ ❞❡ &.❝✉&&❡♥❝❡✳

❙♦✐% ✉♥ ♠✐❧✐❡✉ %❛❜✉❧❛✐&❡ 7 N ❝♦✉❝❤❡2 ❞❡ ❝♦♥❞✉❝%✐✈✐%. σi ❡% ❞✬.♣❛✐22❡✉& hi 2✐%✉. ❛✉ ❞❡22✉2

❞✬✉♥ ❞❡♠✐✲❡2♣❛❝❡ ❞❡ ❝♦♥❞✉❝%✐✈✐%. σn+1 ✭❋✐❣✉&❡ ✶✳✶✮✳ ▲✬✐♠♣.❞❛♥❝❡ ❞❡ ❝❤❛A✉❡ ❝♦✉❝❤❡ Zj ❡2% ❞.✜♥✐❡

D
e
p
th

Layer 1 : σ1,h1

Layer 2 : σ2,h2

Intermediate layers :  σj,hj

Half−space :  σN

❋✐❣✉$❡ ✶✳✶✿ ❘❡♣&.2❡♥%❛%✐♦♥ ❞✬✉♥ ♠✐❧✐❡✉ ✶❉ ❞♦♥% ❧❛ ✈❛&✐❛%✐♦♥ ❞❡ &.2✐2%✐✈✐%. ❡2% ✈❡&%✐❝❛❧❡✳

❋■●❯❘❊ ✶✳✶✿ ❘❡♣-❡'❡♥&❛&✐♦♥ ♦❢ ❛ ✶❉ ❝♦♥❞✉❝&✐✈✐&② ♠❡❞✐✉♠✳ ❖♥❧② ✈❡-&✐❝❛❧ ✈❛-✐❛&✐♦♥ ♦❢ -❡'✐'✲

&✐✈✐&② ✐' ❝♦♥'✐❞❡-❡❞✳

♣❛& ✿

Zj(ω) =
ωµ

kj
❛✈❡❝ kj = −iωµσj ✭✶✳✹✸✮

▲❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♠♣.❞❛♥❝❡ ❡✛❡❝%✐✈❡ Z̃ ❡♥ 2✉&❢❛❝❡ ❝♦♠♠❡♥❝❡ ♣❛& ❝❡❧✉✐ ❞❡ ❧❛ ❝♦✉❝❤❡ n ✿

Z̃n(ω) =
Zn+1(ω) + Zn(ω) tanh(iknhn)

Zn(ω) + Zn+1(ω) tanh(iknhn)
✭✶✳✹✹✮

▲✬✐♠♣.❞❛♥❝❡ ❡✛❡❝%✐✈❡ ❞❡ ❝❤❛A✉❡ ❝♦✉❝❤❡ (j − 1) 2❡ ❞.%❡&♠✐♥❡ ❣&N❝❡ 7 ❧✬✐♠♣.❞❛♥❝❡ ❡✛❡❝%✐✈❡ ❞❡ ❧❛

❝♦✉❝❤❡ ❞✉ ❞❡22♦✉2 j ♣❛& ❧❛ &❡❧❛%✐♦♥ ✿

Z̃j−1(ω) =
Z̃j(ω) + Zj−1(ω) tanh(ikjhj)

Zj−1(ω) + Z̃j(ω) tanh(ikjhj)
✭✶✳✹✺✮

■❧ ❡2% ✐♠♣♦&%❛♥% ❞❡ ♥♦%❡& ✐❝✐ A✉❡ ❧✬✐♠♣.❞❛♥❝❡ ❡✛❡❝%✐✈❡ ❞✬✉♥❡ ❝♦✉❝❤❡ ♥❡ ❞.♣❡♥❞ A✉❡ ❞❡ ❝❡❧❧❡2 ❞❡2

❝♦✉❝❤❡2 2✐%✉.❡2 ❡♥ ❞❡22♦✉2✳ ❋✐♥❛❧❡♠❡♥%✱ ❧✬✐♠♣.❞❛♥❝❡ ❞❡ 2✉&❢❛❝❡ 2❡ ❞.%❡&♠✐♥❡ ❡♥ ❝❛❧❝✉❧❛♥% ♣❛&

&.❝✉&&❡♥❝❡ ❧❡2 ✐♠♣.❞❛♥❝❡2 ❡✛❡❝%✐✈❡2 ❞❡ ❝❤❛A✉❡ ❝♦✉❝❤❡ ❥✉2A✉✬7 &❡♠♦♥%❡& 7 ❧❛ ♣&❡♠✐Q&❡ ❝♦✉❝❤❡ ❞❡

2✉&❢❛❝❡✳
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❋✐♥❛❧❡♠❡♥%✱ ❞❡✉① ♣❛&❛♠3%&❡4 ♣❡✉✈❡♥% 4❡ ❞6✜♥✐& 8 ♣❛&%✐& ❞❡ ❧✬✐♠♣6❞❛♥❝❡ ❡✛❡❝%✐✈❡ 8 ❧❛ 4✉&❢❛❝❡✱

❧❛ -"'✐'&✐✈✐&" ❛♣♣❛-❡♥&❡ ρa ✭Ω.m✮ ❡% ❧❛ ♣❤❛'❡ ϕ ✭rad✮✱ ❞6✜♥✐4 ♣❛& ✿

ρa(ω) =
|Z̃(ω)|2
ωµ

✭✶✳✹✻✮

ϕa(ω) = arctan
ℑ(Z̃(ω))
ℜ(Z̃(ω))

✭✶✳✹✼✮

▲❡ ♣&♦❝❡44✉4 ♣❤②4✐E✉❡ 4♦✉4✲❥❛❝❡♥% 8 ❝❡4 E✉❛♥%✐%64 6%❛♥% ✉♥ ♣&♦❝❡44✉4 ❞✐✛✉4✐❢✱ ❝❡4 ♣❛&❛♠3%&❡4

4♦♥% ❞✐%4 ✧❛♣♣❛&❡♥%4✧✳ ■❧4 ♣&❡♥♥❡♥% ❞♦♥❝ ❡♥ ❝♦♠♣%❡ ❧✬❡♥4❡♠❜❧❡ ❞❡4 ♣&♦♣&✐6%64 ✭❝♦♥❞✉❝%✐✈✐%6✱

❣6♦♠6%&✐❡✮ ❞✉ ♠✐❧✐❡✉ ❞❛♥4 ❧❡E✉❡❧ ❧✬♦♥❞❡ 4❡ ❞✐✛✉4❡✳ ❯♥❡ ♦♥❞❡ ❤❛✉%❡ ❢&6E✉❡♥❝❡ 6%❛♥% &❛♣✐❞❡♠❡♥%

❛%%6♥✉6❡✱ ❧❛ &6♣♦♥4❡ 6❧❡❝%&✐E✉❡ ❡♥ 4✉&❢❛❝❡ ♥❡ 4❡&❛ ❞6%❡&♠✐♥6❡ E✉❡ ♣❛& ❧❡4 ♣&♦♣&✐6%64 ❞❡4 ❝♦✉❝❤❡4

♣&♦❝❤❡4 ❞❡ ❧❛ 4✉&❢❛❝❡✳ M❧✉4 ❧✬♦♥❞❡ ❡4% ❜❛44❡ ❢&6E✉❡♥❝❡✱ ♣❧✉4 ❧✬❛%%6♥✉❛%✐♦♥ 4❡ ❢❛✐% ❡♥ ♣&♦❢♦♥❞❡✉&✳

▲❛ &6♣♦♥4❡ 6❧❡❝%&✐E✉❡ ❡♥ 4✉&❢❛❝❡ ❡4% ❞♦♥❝ ❞6%❡&♠✐♥6❡ ♣❛& ❧✬❡♥4❡♠❜❧❡ ❞❡4 ❝♦✉❝❤❡4 %&❛✈❡&46❡4 ❛✈❛♥%

❛%%6♥✉❛%✐♦♥✳ ❈❡ ♣&♦❝❡44✉4 ✐♠♣♦4❡ ❞♦♥❝ ❧❡4 ♣❛&❛♠3%&❡4 ❛♣♣❛&❡♥%4 8 ♥❡ ♣&64❡♥%❡& E✉❡ ♣❡✉ ❞❡

✈❛&✐❛%✐♦♥4 ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ❢&6E✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡✳ ❙✐ ❧✬✐♠♣6❞❛♥❝❡✱ ❛♣&34 %&❛✐%❡♠❡♥% ❞❡4 ❞♦♥♥6❡4

▼❚✱ ♣&64❡♥%❡ ❞❡4 ❞✐4❝♦♥%✐♥✉✐%64 ❡♥%&❡ ❞❡✉① ❢&6E✉❡♥❝❡4 ♣&♦❝❤❡4✱ ❧❡ 4♦♥❞❛❣❡ ❞♦✐% Q%&❡ ✐♥%❡&♣&6%6

❛✈❡❝ ♣&6❝❛✉%✐♦♥ ✭❧❛ &6❝✐♣&♦E✉❡ ♥✬6%❛♥% ♣❛4 ✈&❛✐❡✱ ✉♥ 4♦♥❞❛❣❡ ❧✐44❡ ♣♦✉✈❛♥% Q%&❡ ❢❛✉①✮✳

▲❛ &❡♣&64❡♥%❛%✐♦♥ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ❢&6E✉❡♥❝❡ ♥✬6%❛♥% ♣❛4 4✉✣4❛♥%❡ ♣♦✉& ❞6❝&✐&❡ ❧❡4 ♠✐❧✐❡✉①

❣6♦❧♦❣✐E✉❡4✱ ❞✐✛6&❡♥%❡4 ♠6%❤♦❞❡4 ♣❡&♠❡%%❛♥% ❞✬✐♥%❡&♣&6%❡& ❧❡4 4♦♥❞❛❣❡4 ♠❛❣♥6%♦%❡❧❧✉&✐E✉❡4 ❡❢✲

❢❡❝%✉64 4✉& ✉♥ ♠✐❧✐❡✉ ✶❉ ♦♥% 6%6 ❞6✈❡❧♦♣♣6❡4✳ M❛&♠✐✲❝❡❧❧❡4 ❝✐✱ ❧❡4 ♠6%❤♦❞❡4 ❞❡ ◆✐❜❧❡%% ❡% ❇♦4%✐❝❦

✭◆✐❜❧❡%% ❡% ❙❛②♥✲❲✐%%❣❡♥-%❡✐♥✱ ✶✾✻✵ ❀ ❋✳ ❳✳ ❇♦-%✐❝❦✱ ✶✾✼✼✮ ❀ ❞6♠♦♥%&6❡4 6E✉✐✈❛❧❡♥%❡4 ♣❛&

❆✳ ●✳ ❏♦♥❡- ✭✶✾✽✸✮ ❀ ♣❡&♠❡%%❡♥% ❞✬❡✛❡❝%✉❡& ✉♥❡ %&❛♥4❢♦&♠❛%✐♦♥ ❞✉ 4♦♥❞❛❣❡ ❛✜♥ ❞❡ ♣❛44❡& ❞✬✉♥❡

&❡♣&64❡♥%❛%✐♦♥ &64✐4%✐✈✐%6 ❛♣♣❛&❡♥%❡✴❢&6E✉❡♥❝❡ 8 ✉♥❡ &❡♣&64❡♥%❛%✐♦♥ ❡♥ &64✐4%✐✈✐%6✴♣&♦❢♦♥❞❡✉&✳

✶✳✸ ▼✐❧✐❡✉① ❛✈❡❝ ✈❛,✐❛-✐♦♥0 ❧❛-1,❛❧❡0 ❞❡ ❝♦♥❞✉❝-✐✈✐-1

✶✳✸✳✶ ❚❡♥&❡✉( ❞✬✐♠♣.❞❛♥❝❡

M♦✉& ❞❡4 ♠✐❧✐❡✉① ❞♦♥% ❧❛ ❞✐4%&✐❜✉%✐♦♥ ❞❡ ❝♦♥❞✉❝%✐✈✐%6 ❡4% ♣❧✉4 ❝♦♠♣❧❡①❡✱ ❧❛ &❡❧❛%✐♦♥ ❡♥%&❡ ❧❡

❝❤❛♠♣ 6❧❡❝%&✐E✉❡ E ❡% ❧❡ ❝❤❛♠♣ ♠❛❣♥6%✐E✉❡ H ❡4% ❡①♣&✐♠6❡ 4♦✉4 ❢♦&♠❡ %❡♥4♦&✐❡❧❧❡ ❡♥ ❞♦♠❛✐♥❡

❢&6E✉❡♥%✐❡❧✱ ♣❛& ❧✬✐♥%❡&♠6❞✐❛✐&❡ ❞✉ &❡♥'❡✉- ❞✬✐♠♣"❞❛♥❝❡

¯̄Z ✭❈❛♥%✇❡❧❧✱ ✶✾✻✵✮✱ ♦` ω = 2πf ✿

(
Ex(ω)

Ey(ω)

)
=

(
Zxx(ω) Zxy(ω)

Zyx(ω) Zyy(ω)

)(
Hx(ω)

Hy(ω)

)
, ✭✶✳✹✽✮

❈❡ %❡♥4❡✉&✱ 4✬✐❧ ❡4% ❡①♣&✐♠6 ❡♥%&❡ E ❡% B✱ ❡4% ❛♣♣❡❧6 &❡♥'❡✉- ❞❡ -"♣♦♥'❡✳ ▲❡ %❡♥4❡✉& ❞✬✐♠♣6❞❛♥❝❡

❝♦♥%✐❡♥% ❧❡4 ✐♥❢♦&♠❛%✐♦♥4 4✉& ❧❡4 ♣&♦♣&✐6%64 ❣6♦✲6❧❡❝%&✐E✉❡4 ❞✉ ♠✐❧✐❡✉ 6%✉❞✐6✳ ❈❤❛E✉❡ ❝♦♠♣♦4❛♥%❡

❡4% &❡❧✐6❡ 8 ❞❡✉① E✉❛♥%✐%64 ✐♥%❡&♣&6%❛❜❧❡4✱ ❧❛ -"'✐'&✐✈✐&" ❛♣♣❛-❡♥&❡ ρa ✭Ω.m✮ ❡% ❧❛ ♣❤❛'❡ ϕ ✭❡♥
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❋✐❣✉$❡ ✶✳✷✿ ❘❡♣&,-❡♥%❛%✐♦♥ ❝❧❛--✐2✉❡ ❞❡- -♦♥❞❛❣❡- ♠❛❣♥,%♦%❡❧❧✉&✐2✉❡-✳ ❙❡✉❧❡- ❧❡- ❝♦♠♣♦-❛♥%❡-

❛♥%✐✲❞✐❛❣♦♥❛❧❡- ♦♥% ,%, &❡♣&,-❡♥%,❡- ✐❝✐✳ ◆♦✐& ✿ ❈♦♠♣♦-❛♥%❡ Zxy✳ ●&✐- ✿ ❈♦♠♣♦-❛♥%❡ Zyx✳ ▲❡-
❜❛&&❡- ✈❡&%✐❝❛❧❡- ✐♥❞✐2✉❡♥% ❧❡- ✐♥❝❡&%✐%✉❞❡- ❛✉%♦✉& ❞❡ ❧✬❡-%✐♠❛%✐♦♥✳

❋■●❯❘❊ ✶✳✷✿ ❈❧❛''✐❝❛❧ -❡♣-❡'❡♥&❛&✐♦♥ ♦❢ ▼❚ '♦✉♥❞✐♥❣'✳ ❖♥❧② ♦✛✲❞✐❛❣♦♥❛❧ ❝♦♠♣♦♥❡♥&' ❛-❡

'❤♦✇♥✳ ❇❧❛❝❦ ✿ Zxy✳ ●-❡② ✿ Zyx✳ ❯♥❝❡-&❛✐♥&✐❡' ❛-❡ ✐♥❞✐❝❛&❡❞ ❜② ✈❡-&✐❝❛❧ ❜❛-'✳

&❛❞✐❛♥-✮ ❞,✜♥✐- ♣❛& ✿

ρij(ω) =
|Zij(ω)|2
ωµ

♦B ❧✬✐♥❞✐❝❡ a ❡-% &❡%✐&, ♣♦✉& -✐♠♣❧✐❝✐%, ❞✬,❝&✐%✉&❡✳ ✭✶✳✹✾✮

ϕij(ω) = arctan
ℑ(Zij(ω))
ℜ(Zij(ω))

✭✶✳✺✵✮

▲❡- %❡♥-❡✉&- -♦♥% ❝♦♥✈❡♥%✐♦♥♥❡❧❧❡♠❡♥% &❡♣&,-❡♥%,- G %&❛✈❡&- ❝❡- ♣❛&❛♠H%&❡-✳ ❈❤❛2✉❡ ❝♦♠♣♦-❛♥%❡

❡-% &,❣✉❧✐H&❡♠❡♥% ,❝❤❛♥%✐❧❧♦♥♥,❡ ❡♥ ❢&,2✉❡♥❝❡ ❡% ❛❝❝♦♠♣❛❣♥,❡ ❞✬✉♥❡ ❡-%✐♠❛%✐♦♥ ❛✐♥-✐ 2✉❡ ❞✬✉♥❡

✐♥❝❡&%✐%✉❞❡✳ ▲❛ ❋✐❣✉&❡ ✶✳✷ ♠♦♥%&❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ -♦♥❞❛❣❡ ▼❚✳ ▲❛ &❡❧❛%✐♦♥ ❡♥%&❡ ❢&,2✉❡♥❝❡ ❡%

♣&♦❢♦♥❞❡✉& ❞❡ ♣❡❛✉ δ ♣❡&♠❡% ❞✬✐♥%❡&♣&,%❡& &❛♣✐❞❡♠❡♥% ❧❡- -♦♥❞❛❣❡- ▼❚✳ ▲❡- ❤❛✉%❡- ❢&,2✉❡♥❝❡-

❝♦&&❡-♣♦♥❞❡♥% G ❞❡- ❝♦✉❝❤❡- -✉♣❡&✜❝✐❡❧❧❡-✱ %❛♥❞✐- 2✉❡ ❧❡- ❧♦♥❣✉❡- ♣,&✐♦❞❡- ❝♦&&❡-♣♦♥❞❡♥% ❛✉①

-%&✉❝%✉&❡- ❣,♦❧♦❣✐2✉❡- ♣&♦❢♦♥❞❡-✳

▲❛ ❣,♦❧♦❣✐❡ ❞✉ -♦✉-✲-♦❧ ,%✉❞✐, ✐♥✢✉❡ -✉& ❧✬❛♠♣❧✐%✉❞❡ ❡% ❧❛ ♣❤❛-❡ ❞❡ ❝❤❛2✉❡ ,❧,♠❡♥% ❞✉ %❡♥-❡✉&

❞✬✐♠♣,❞❛♥❝❡✳ ▲✬,%✉❞❡ ❞❡ ❧✬❡♥-❡♠❜❧❡ ❞✉ %❡♥-❡✉& ♣❡&♠❡% ❞❡ ❞,%❡&♠✐♥❡& ✉♥ ♠♦❞H❧❡ ❞❡ ❝♦♥❞✉❝%✐✈✐%,

,❧❡❝%&✐2✉❡ ❞✉ ♠✐❧✐❡✉ ,%✉❞✐,✳ ❉❡- ♦✉%✐❧- ❡①✐-%❡♥% ♣♦✉& ❡✛❡❝%✉❡& ❝❡%%❡ ❛♥❛❧②-❡✳ ■❧- -❡&♦♥% ♣&,-❡♥%,-

G ❧✬❆♥♥❡①❡ ❉✳

✶✳✸✳✷ ❋♦♥❝.✐♦♥ ❞❡ .2❛♥4❢❡2. ✈❡2.✐❝❛❧❡

❙✐ ❧❡ ♠✐❧✐❡✉ ♣&,-❡♥%❡ ❞❡- ❛♥♦♠❛❧✐❡- ❧❛%,&❛❧❡- ❞❡ ❝♦♥❞✉❝%✐✈✐%,✱ ❧✬✐♥❞✉❝%✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥,✲

%✐2✉❡ ❝&,, ✉♥❡ ❝♦♠♣♦-❛♥%❡ ♠❛❣♥,%✐2✉❡ ✈❡&%✐❝❛❧❡ ✭ ❛"❦✐♥&♦♥✱ ✶✾✺✾ ❀  ❛"❦✐♥&♦♥✱ ✶✾✻✷✮✳ ❈❡%%❡

❝♦♠♣♦-❛♥%❡ ❡-% &❡❧✐,❡ ❛✉① ❝♦♠♣♦-❛♥%❡- ♠❛❣♥,%✐2✉❡- ❤♦&✐③♦♥%❛❧❡- ♣❛& ❧❡- ❢♦♥❝%✐♦♥- ❞❡ %&❛♥-❢❡&%
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❋✐❣✉$❡ ✶✳✸✿ ❍❛✉% ✿ ▲❡ ❝♦&♣1 ❝♦♥❞✉❝%❡✉& ❡1% ✐♥❞✐4✉5 ♣❛& ❧❛ ❧❡%%&❡ ❈ ❡% 1✬5%❡♥❞ ❞❡ ❢❛9♦♥ ✐♥✜♥✐❡

❞❛♥1 ❧❛ ❞✐&❡❝%✐♦♥ ❤♦&✐③♦♥%❛❧❡ ♣❡&♣❡♥❞✐❝✉❧❛✐&❡ < ❨✳ ❇❛1 ✿ ➱✈♦❧✉%✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦1❛♥%❡ Ty ❧❡ ❧♦♥❣
❞✉ ♣&♦✜❧ ❞❛♥1 ❧❛ ❞✐&❡❝%✐♦♥ ❨✳

❋■●❯❘❊ ✶✳✸✿ ❚♦♣ ✿ ❚❤❡ ❝♦♥❞✉❝&✐✈❡ ❜♦❞② ✐' &❤❡ ❜❧❛❝❦ ❜♦① ✐♥❞✐❝❛&❡❞ ❜② &❤❡ ❧❡&&❡- ❈ ❛♥❞ ✐'

❡①&❡♥❞✐♥❣ ✐♥✜♥✐&❡❧② ✐♥ &❤❡ ❤♦-✐③♦♥&❛❧ ❞✐-❡❝&✐♦♥ ♣❡-♣❡♥❞✐❝✉❧❛- &♦ ❨✳ ❇♦&&♦♠ ✿ Ty ✈❛-✐❛&✐♦♥ ❛❧♦♥❣
&❤❡ ♣-♦✜❧ ✐♥ &❤❡ ❨ ❞✐-❡❝&✐♦♥✳

❛♣♣❡❧5❡1 &✐♣♣❡-✱ ❡% ♥♦%5❡1 T %❡❧❧❡1 4✉❡ ✿

Hz(ω) = Tx(ω)Hx(ω) + Ty(ω)Hy(ω) ✭✶✳✺✶✮

▲❡1 ❢♦♥❝%✐♦♥1 ❞❡ %&❛♥1❢❡&% ✈❡&%✐❝❛❧❡1 1♦♥% %&❛❞✐%✐♦♥♥❡❧❧❡♠❡♥% &❡♣&51❡♥%5❡1 1♦✉1 ❧❛ ❢♦&♠❡ ❞❡ ✈❡❝✲

%❡✉&1✱ ❛♣♣❡❧51 ✢@❝❤❡' ❞✬✐♥❞✉❝&✐♦♥✳ ❉❡✉① ❝♦♥✈❡♥%✐♦♥1 ❡①✐1%❡♥% ♣♦✉& ❧❡1 &❡♣&51❡♥%❡&✱ ❧❛ ❝♦♥✈❡♥%✐♦♥

❞❡ J❛&❦✐♥1♦♥ ✭ ❛"❦✐♥&♦♥✱ ✶✾✻✷✮ ❡% ❧❛ ❝♦♥✈❡♥%✐♦♥ ❞❡ ❲✐❡1❡ ✭❲✐❡&❡✱ ✶✾✻✷✮✳ ❉❛♥1 ❧❛ ❝♦♥✈❡♥%✐♦♥

❞❡ J❛&❦✐♥1♦♥✱ ❧❡ ✈❡❝%❡✉& ♣❛&%✐❡ &5❡❧❧❡ ❡1% ✐♥✈❡&15❡ ❡% ♣♦✐♥%❡ ✈❡&1 ❧❡1 ③♦♥❡1 ❝♦♥❞✉❝%&✐❝❡1 ✭♦✉ ❧♦✐♥

❞❡1 ③♦♥❡1 &51✐1%❛♥%❡1✮✳ ❉❛♥1 ❧❛ ❝♦♥✈❡♥%✐♦♥ ❞❡ ❲✐❡1❡✱ ❝❡ ✈❡❝%❡✉& ♣♦✐♥%❡ ❧♦✐♥ ❞❡1 ③♦♥❡1 ❝♦♥❞✉❝%&✐❝❡1

✭❡% ✈❡&1 ❧❡1 ③♦♥❡1 &51✐1%❛♥%❡1✮✳ J♦✉& ❧❛ ❝♦♥✈❡♥%✐♦♥ ❞❡ J❛&❦✐♥1♦♥✱ ❧❡1 ✈❡❝%❡✉&1 1♦♥% ❞♦♥❝ ✿

cℜ = −ℜ(Tx)ex −ℜ(Ty)ey ✭✶✳✺✷✮

cℑ = ℑ(Tx)ex + ℑ(Ty)ey ✭✶✳✺✸✮

▲❛ ❋✐❣✉&❡ ✶✳✸ ✐❧❧✉1%&❡ ❧❡ ♣&✐♥❝✐♣❡ ❞❡ ❧❛ ✈❛&✐❛%✐♦♥ ❞❡1 ❢♦♥❝%✐♦♥1 ❞❡ &5♣♦♥1❡ ✈❡&%✐❝❛❧❡1 ❛✉ ❞❡11✉1

❞✬✉♥ ❝♦&♣1 ❝♦♥❞✉❝%❡✉&✳ ▲❛ ❝♦♠♣♦1❛♥%❡ Ty ❝❤❛♥❣❡ ❞❡ 1✐❣♥❡ ❞❡ ❝❤❛4✉❡ ❝Q%5 ❞✉ ❝♦&♣1 ❝♦♥❞✉❝%❡✉&
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❡% +✬❛♥♥✉❧❡ ❛✉ ❞❡++✉+✱ ✐♥❞✐2✉❛♥% ❧❛ ♣♦+✐%✐♦♥ ❞✉ ❝♦&♣+✳



❉❡✉①✐%♠❡ ♣❛)*✐❡

❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+

♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+

✶✽



❈❤❛♣✐%&❡ ✷

❉!"❡❝"✐♦♥ ❡" ❝❛)❛❝"!)✐*❛"✐♦♥ ❞❡* *♦✉)❝❡*

❣!♦♠❛❣♥!"✐/✉❡*

✷✳✶ ❊♥✈✐'♦♥♥❡♠❡♥+ ,❧❡❝+'♦♠❛❣♥,+✐1✉❡

▲❛ ♠#$❤♦❞❡ ♠❛❣♥#$♦$❡❧❧✉-✐/✉❡ ✭▼❚✮ 4❡ ❜❛4❡ 4✉- ❧❛ ♣-#4❡♥❝❡ ❞❡ 4♦✉-❝❡4 ♥❛$✉-❡❧❧❡4 ❡①$❡-♥❡4

❞❡ ❝♦✉-❛♥$4 ♣-♦❞✉✐4❛♥$ ✉♥ ❝❤❛♠♣ ♠❛❣♥#$✐/✉❡✳ ❈♦♠♠❡ ♣-#4❡♥$# ❛✉ ❈❤❛♣✐$-❡ ✶✱ ❧❛ ♣-♦❢♦♥❞❡✉- ❞❡

♣#♥#$-❛$✐♦♥ ❞#♣❡♥❞ ❞❡ ❧❛ ❢-#/✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ✐♥❞✉✐4❛♥$ ❞❡4 ❝♦✉-❛♥$4 ❞❛♥4 ❧❡ 4♦✉4✲4♦❧✳ ▲✬✐♥$#-@$

❞❡ ❧❛ ♠#$❤♦❞❡ ▼❚ ♣-♦✈✐❡♥$ ❞❡ ❧❛ ✈❛-✐#$# ❞❡4 4♦✉-❝❡4 ♥❛$✉-❡❧❧❡4 ❡①$❡-♥❡4 ♣❡-♠❡$$❛♥$ ✉♥❡ ❝❛-❛❝✲

$#-✐4❛$✐♦♥ B ♣❧✉4✐❡✉-4 #❝❤❡❧❧❡4 ❞✉ 4♦✉4✲4♦❧ #$✉❞✐#✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ 4♣❡❝$-❡ ❞❡ ♣✉✐44❛♥❝❡ ❞✉ ❝❤❛♠♣

♠❛❣♥#$✐/✉❡ $❡--❡4$-❡ ❡4$ -❡♣-#4❡♥$# ❋✐❣✉-❡ ✷✳✶ ✭❈✳ ❈♦♥#$❛❜❧❡✱ ✷✵✶✻✮ ♣♦✉- ❞❡4 ♣#-✐♦❞❡4 ❛❧❧❛♥$

❞❡ /✉❡❧/✉❡4 ❞✐③❛✐♥❡4 ❞❡ ♠✐❧❧✐♦♥4 ❞✬❛♥♥#❡4 B ♠♦✐♥4 ❞✬✉♥ ❞✐①✲♠✐❧❧✐I♠❡ ❞❡ 4❡❝♦♥❞❡✳ ❉❡✉① 4♦✉-❝❡4

♠❛❥❡✉-❡4 ❀ ✐♥$❡-♥❡4 ❡$ ❡①$❡-♥❡4 ❀ ❞♦♥$ ❧❡4 ♦-✐❣✐♥❡4 4♦♥$ -❛❞✐❝❛❧❡♠❡♥$ ❞✐✛#-❡♥$❡4✱ ✐♥$❡-✈✐❡♥♥❡♥$ ❞❛♥4

❧❡4 ✈❛-✐❛$✐♦♥4 $❡♠♣♦-❡❧❧❡4 ❞✉ ❝❤❛♠♣ ❞♦♥$ ♥♦✉4 ❞#❝-✐-♦♥4 ❧❡4 ♣-✐♥❝✐♣❛❧❡4 ❝❛-❛❝$#-✐4$✐/✉❡4 ❞❛♥4 ❧❡4

4❡❝$✐♦♥4 4✉✐✈❛♥$❡4✳

✷✳✶✳✶ ❊❧%♠❡♥)* ❞✉ ❝❤❛♠♣ ✐♥)❡2♥❡

▲❛ ❚❡--❡ ♣❡✉$ 4❡ ❞#❝♦♠♣♦4❡- ❛✉ ♣-❡♠✐❡- ♦-❞-❡ ❡♥ ✉♥❡ 4✉❝❝❡44✐♦♥ ❞❡ ❝♦✉❝❤❡4 ❞❡ ❧❛ 4✉-❢❛❝❡

❥✉4/✉✬❛✉ ❝❡♥$-❡✳ ▲❡4 ♣-✐♥❝✐♣❛❧❡4 ❞✐4❝♦♥$✐♥✉✐$#4 ✭❉③✐❡✇♦♥#❦✐ ❡$ ❆♥❞❡0#♦♥✱ ✶✾✽✶✮ #$❛❜❧✐44❡♥$

❧✬❡①✐4$❡♥❝❡ ❞❡ /✉❛$-❡ ❝♦✉❝❤❡4 ♠❛❥❡✉-❡4 ✿

• ▲❡ ♥♦②❛✉ ✐♥$❡-♥❡✳

• ▲❡ ♥♦②❛✉ ❡①$❡-♥❡ ❧✐/✉✐❞❡✳

• ▲❡ ♠❛♥$❡❛✉✳

• ▲❛ ❧✐$❤♦4♣❤I-❡✳

✶✾





❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✷✶

❋✐❣✉$❡ ✷✳✷✿ +&♦✜❧ ❡♥ ❛❧%✐%✉❞❡ ❞❡ ❧❛ ❞❡♥2✐%3 3❧❡❝%&♦♥✐5✉❡ ❛✉① ❝♦♦&❞♦♥♥3❡2 ✶✽

o
◆✱ ✻✼

o
❲✱ ❡♥&❡✲

❣✐2%&3 ? ❧✬35✉✐♥♦①❡ ❞❡ ❙❡♣%❡♠❜&❡✳ ❉✬❛♣&E2 ❘✐❝❤♠♦♥❞ ✭✷✵✵✼✮✳

❋■●❯❘❊ ✷✳✷✿ ❱❡!$✐❝❛❧ ♣!♦✜❧ ♦❢ ❡❧❡❝$!♦♥✐❝ ❞❡♥+✐$② !❡❝♦!❞❡❞ ❛$ ❙❡♣$❡♠❜❡! ❡/✉✐♥♦① ❛$ ✶✽

o
◆✱

✻✼

o
❲✳ ❋!♦♠ ❘✐❝❤♠♦♥❞ ✭✷✵✵✼✮✳

✷✳✶✳✷ ❊❧+♠❡♥/0 ❞✉ ❝❤❛♠♣ ❡①/❡8♥❡

✷✳✶✳✷✳✶ ■♦♥♦&♣❤)*❡

▲✬✐♦♥♦2♣❤E&❡ ❡2% ✉♥❡ ❝♦✉❝❤❡ ❝❤❛&❣3❡ ❞❡ ❧✬❛%♠♦2♣❤E&❡ ❞♦♥% ❧❛ ❧✐♠✐%❡ ✐♥❢3&✐❡✉&❡ 2❡ 2✐%✉❡ ?

♠♦✐♥2 ❞❡ ✶✵✵ ❦♠ ❞✬❛❧%✐%✉❞❡✳ ❈❡%%❡ ❝♦✉❝❤❡ ❡2% ❝&33❡ ♣❛& ❧✬✐♦♥✐2❛%✐♦♥ ❞❡2 ♠♦❧3❝✉❧❡2 ❞❡ ❧❛ ❤❛✉%❡

❛%♠♦2♣❤E&❡ ♣❛& ❧❡2 &❛②♦♥♥❡♠❡♥%2 ✉❧%&❛✈✐♦❧❡%2 ❡% ❳ ♣&♦✈❡♥❛♥% ❞✉ 2♦❧❡✐❧✳ ❈❡%%❡ ✐♦♥✐2❛%✐♦♥ ❝&3❡ ✉♥

♣❧❛2♠❛ ♣❡&♠❡%%❛♥% ❧❛ ❝♦♥❞✉❝%✐♦♥ ❞❡ ❝♦✉&❛♥%2 3❧❡❝%&✐5✉❡2 ❡% ✐♥✢✉❡♥P❛♥% ❧❛ ♣&♦♣❛❣❛%✐♦♥ ❞❡2 ♦♥❞❡2

&❛❞✐♦✳

▲✬✐♦♥♦2♣❤E&❡ ❡2% %&❛❞✐%✐♦♥♥❡❧❧❡♠❡♥% ❞✐✈✐23❡ ❡♥ ✉♥ ♥♦♠❜&❡ ✜♥✐ ❞❡ ❝♦✉❝❤❡2✳ ❈❡2 ❝♦✉❝❤❡2 2♦♥%

&❡❧✐3❡2 ❛✉ ♠❛①✐♠❛ ❧♦❝❛✉① ❞❡ ❞❡♥2✐%3 ❞✬3❧❡❝%&♦♥2 ✭❋✐❣✉&❡ ✷✳✷✮✳ ▲❛ ❝♦✉❝❤❡ 2✐%✉3❡ ❛✉ ❞❡22✉2 ❞❡ ✶✺✵

❦♠ ❡2% ❛♣♣❡❧3❡ ❝♦✉❝❤❡ ❋✳ ❈❡%%❡ ❝♦✉❝❤❡ ❝♦♥%✐❡♥% ❧❡ ♠❛①✐♠✉♠ ❣❧♦❜❛❧ ❞❡ ❞❡♥2✐%3 ❞✬3❧❡❝%&♦♥2✳ ▲❛

❝♦✉❝❤❡ ♣♦223❞❛♥% ❧❡ 2❡❝♦♥❞ ♠❛①✐♠✉♠ ❧♦❝❛❧ ❡2% ❛♣♣❡❧3❡ ❧❛ ❝♦✉❝❤❡ ❊✱ ❡% ❡2% 2✐%✉3❡ ❛✉① ❛❧❡♥%♦✉&2

❞❡ ✶✶✵ ❦♠✳ ❆✉ ❞❡22♦✉2 ❞❡ ✾✵ ❦♠ ❞✬❛❧%✐%✉❞❡ 2❡ %&♦✉✈❡ ❧❛ ❝♦✉❝❤❡ ❉✳ ❉3♣❡♥❞❛♥% ❞❡ ❧✬✐♥❝✐❞❡♥❝❡ ❞❡2

&❛②♦♥2 3❧❡❝%&♦♠❛❣♥3%✐5✉❡2 ♣&♦✈❡♥❛♥% ❞✉ 2♦❧❡✐❧✱ ❧❛ ❞❡♥2✐%3 ❞✬3❧❡❝%&♦♥2 ✈❛&✐❡ ❛✈❡❝ ❧❡2 ❝②❝❧❡2 2♦❧❛✐&❡2

❡% ❧❡ ❝②❝❧❡ ❞✐✉&♥❡✳

▲✬✐♦♥♦2♣❤E&❡ ❡2% ❧❡ 2✐E❣❡ ❞❡ ♥♦♠❜&❡✉① ♣❤3♥♦♠E♥❡2 3❧❡❝%&♦♠❛❣♥3%✐5✉❡2✳ ▲❛ ✈❛&✐❛%✐♦♥ ❞✐✉&♥❡

♦❜2❡&✈❛❜❧❡ 2✉& ❧❡2 ♠❛❣♥3%♦❣&❛♠♠❡2 ❞❡2 ♦❜2❡&✈❛%♦✐&❡2 ♠❛❣♥3%✐5✉❡2 %&♦✉✈❡ ❛✐♥2✐ 2❛ 2♦✉&❝❡ ❞❛♥2

❧❡ ♣❤3♥♦♠E♥❡ ❞❡ ❞②♥❛♠♦ ✐♦♥♦2♣❤3&✐5✉❡ ✭❋✐❣✉&❡ ✷✳✸✮✳



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✷✷

❋✐❣✉$❡ ✷✳✸✿ ❙②,%-♠❡ ❞❡ ❝♦✉&❛♥% ✐♦♥♦,♣❤4&✐5✉❡ ♠♦②❡♥ ♣♦✉& ❧✬❛♥♥4❡ ✶✾✻✹✕✶✾✻✺✳ ▲❡, ✐,♦✈❛❧❡✉&,

,♦♥% ✐♥❞✐5✉4❡, ❡♥ ❦❆✳ ❉✬❛♣&-, ❘✐❝❤♠♦♥❞ ✭✷✵✵✼✮✳

❋■●❯❘❊ ✷✳✸✿ ❆♥♥✉❛❧ ♠❡❛♥ ♦❢ $❤❡ ✐♦♥♦+♣❤❡!✐❝ ❝✉!!❡♥$ +②+$❡♠ ❢♦! ②❡❛! ✶✾✻✹✳ ❱❛❧✉❡+ ❛!❡

✐♥❞✐❝❛$❡❞ ✐♥ ❦❆✳ ❋!♦♠ ❲✐♥❝❤ ✭✷✵✵✼✮✳

✷✳✶✳✷✳✷ ▼❛❣♥'(♦*♣❤-.❡

▲❛ ♠❛❣♥4%♦,♣❤-&❡ ❡,% ❧❛ &4❣✐♦♥ ❞❡ ❧✬❡,♣❛❝❡ ♦H ❧❡ ♠♦✉✈❡♠❡♥% ❞❡, ♣❛&%✐❝✉❧❡, ❝❤❛&❣4❡, ✭✐♦♥,✱

4❧❡❝%&♦♥,✮ ❡,% ❞4✜♥✐ ♣❛& ❧❡ ❝❤❛♠♣ ♠❛❣♥4%✐5✉❡ %❡&&❡,%&❡ ♣❛& ♦♣♣♦,✐%✐♦♥ ❛✉ ❝❤❛♠♣ ♠❛❣♥4%✐5✉❡

✐♥%❡&♣❧❛♥4%❛✐&❡ ✭■▼❋✱ ♣♦✉& ■♥$❡!♣❧❛♥❡$❛!② ▼❛❣♥❡$✐❝ ❋✐❡❧❞✮✳ ❈❡%%❡ &4❣✐♦♥✱ ❝♦♠♠❡♥N❛♥% O ❡♥✈✐&♦♥

✺✵✵ ❦♠ ❛✉ ❞❡,,✉, ❞❡ ❧❛ ,✉&❢❛❝❡ %❡&&❡,%&❡ ✭❈♦✇❧❡②✱ ✷✵✵✼✮✱ ❛ ✉♥❡ ,%&✉❝%✉&❡ ❝♦♠♣❧❡①❡ 5✉✐ ❡,% ❡♥

❝♦♥,%❛♥%❡ 4✈♦❧✉%✐♦♥ ❞✉ ❢❛✐% ,♦♥ ✐♥%❡&❛❝%✐♦♥ ❛✈❡❝ ❧❡ ✈❡♥% ,♦❧❛✐&❡ ✭❋✐❣✉&❡ ✷✳✹✮✳

▲❡ ,♦❧❡✐❧ ♣&♦❥❡%%❡ ❞❛♥, ❧✬❡,♣❛❝❡ ✐♥%❡&♣❧❛♥4%❛✐&❡ ✉♥ ♣❧❛,♠❛ ❞❡ ♣&♦%♦♥, ❡% ❞✬4❧❡❝%&♦♥,✱ ❞♦♥%

❧✬❡♥,❡♠❜❧❡ ❡,% ❛♣♣❡❧4 ❧❡ ✈❡♥% ,♦❧❛✐&❡✳ ▲❛ ✈✐%❡,,❡ ❞❡, ♣❛&%✐❝✉❧❡, 4♠✐,❡, ❡,% ❞❡ ❧✬♦&❞&❡ ❞❡ ✺✵✵ ❦♠✴,

❡♥ ♠♦②❡♥♥❡ ♠❛✐, ♣❡✉% ❛%%❡✐♥❞&❡ ❧❛ ✈✐%❡,,❡ ❞❡ ✶✷✵✵✲✶✸✵✵ ❦♠✴, ❧♦&, ❞✬✉♥ ♦&❛❣❡ ♠❛❣♥4%✐5✉❡✳

❈♦♠♠❡ ✈✉ ♣&4❝4❞❡♠♠❡♥%✱ ❛✉ ♣&❡♠✐❡& ♦&❞&❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥4%✐5✉❡ %❡&&❡,%&❡ ♣❡✉% W%&❡ ❝♦♥,✐✲

❞4&4 ❝♦♠♠❡ ❞✐♣♦❧❛✐&❡✳ ❈❡ ❝❤❛♠♣ ❡,% ♣❧♦♥❣4 ❞❛♥, ❧✬■▼❋ 5✉✐ ✈❛ ❛❧♦&, ❞4%❡&♠✐♥❡& ,❛ ❣4♦♠4%&✐❡ ❡♥

❧❡ ❝♦♥✜♥❛♥% ❞❛♥, ✉♥❡ ❝❛✈✐%4 ❛♣♣❡❧4❡ ❝❛✈✐%4 ❞❡ ❈❤❛♣♠❛♥✲❋❡&&❛&♦ ✭❈❤❛♣♠❛♥ ❡% ❋❡11❛1♦✱ ✶✾✸✶✮✳

▲❛ ❞❡,❝&✐♣%✐♦♥ ❞❡ ❧❛ ♠❛❣♥4%♦,♣❤-&❡ %❡&&❡,%&❡ ,❡ ❜❛,❡ ,✉& ❧❡ ♣&✐♥❝✐♣❡ ❞✉ ✧✢✉① ❣❡❧4✧ ✭❈♦✇❧❡②✱

✶✾✾✺✮✳ ❈❡ ♣&✐♥❝✐♣❡ ♣♦,%✉❧❡ 5✉✬✉♥❡ ♣❛&%✐❝✉❧❡ ❡♥ ❣✐&❛%✐♦♥ ❛✉%♦✉& ❞✬✉♥❡ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥4%✐5✉❡



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✷✸

❋✐❣✉$❡ ✷✳✹✿ ❙❝❤-♠❛ ❞❡ ❧❛ ❣-♦♠-%&✐❡ ❞❡ ❧❛ ♠❛❣♥-%♦4♣❤5&❡ ❞❛♥4 ❧✬❛♣♣&♦①✐♠❛%✐♦♥ ❞✉ ✢✉① ❣❡❧-✳

▲❡4 %&❛✐%4 ♣❧❡✐♥4 ✐♥❞✐;✉❡♥% ❧❡4 ❧✐❣♥❡4 ❞❡ ❝❤❛♠♣ ♠❛❣♥-%✐;✉❡✳ ▲❡4 ♣♦✐♥%✐❧❧-4 ❧❡4 ❧✐❣♥❡4 ❞❡ ❝♦✉&❛♥%

❞✉ ♣❧❛4♠❛✳ ❉✬❛♣&54 ❈♦✇❧❡② ✭✶✾✾✺✮✳

❋■●❯❘❊ ✷✳✹✿ ❙❦❡$❝❤ ♦❢ ♠❛❣♥❡$♦+♣❤❡!❡ ❣❡♦♠❡$!② ✐♥ ❢!♦③❡♥✲✢✉① ❛♣♣!♦①✐♠❛$✐♦♥✳ ▼❛❣♥❡$✐❝ ✜❡❧❞
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✷✳✷✳✸ ■♥%&'(% ❡♥ ▼❚

,♦✉& ❧❛ ❝❛&❛❝%1&✐2❛%✐♦♥ ❞❡2 2♦♥❞❛❣❡2 ▼❚✱ ❝❡2 2♦✉&❝❡2 ♣❡&♠❡%%❡♥% ❞✬♦❜%❡♥✐& ❧❡2 ❢♦♥❝%✐♦♥2 ❞❡

%&❛♥2❢❡&% ♣♦✉& ❞❡2 ❢&1=✉❡♥❝❡2 ❡♥%&❡ ✶ ❍③ ❡% ✶✵ ❦❍③ ✭❙!"❛♥❣✇❛②✱ ❙✇✐❢! ❏" ❡% ❍♦❧♠❡"✱ ✶✾✼✸✮✳

▲❛ ♣&✐♥❝✐♣❛❧❡ ❝❛&❛❝%1&✐2%✐=✉❡ ❞❡2 2♦✉&❝❡2 ❣1♦♠❛❣♥1%✐=✉❡2 ❞❛♥2 ❝❡%%❡ ❜❛♥❞❡ ❞❡ ❢&1=✉❡♥❝❡ ❡2% ❧❛

♣&12❡♥❝❡ ❞❡ ❞❡✉① %②♣❡2 ❞❡ 2♦✉&❝❡2 2✐♠✉❧%❛♥1❡2✳ ❊♥ ❡✛❡%✱ ❧❡ 2✐❣♥❛❧ ♦❜%❡♥✉ ❞❛♥2 ❝❡%%❡ ❜❛♥❞❡ ❞❡

❢&1=✉❡♥❝❡ ❡2% ❧❛ 2♦♠♠❡ ❞✬✉♥ ❜&✉✐% ❛%♠♦2♣❤1&✐=✉❡ ✭❘❡✉✈❡♥✐ ❡% ❛❧✳✱ ✷✵✶✵✮✱ ❧✉✐ ♠K♠❡ 1%❛♥% ❧❛

2✉♣❡&♣♦2✐%✐♦♥ ❞❡ %♦✉%❡2 ❧❡2 ♦♥❞❡2 1♠✐2❡2 ♣❛& ❞❡2 1❝❧❛✐&2 ❞❛♥2 ❧❡ ♠♦♥❞❡✱ ❡% ❞✬♦♥❞❡2 %&❛♥2✐%♦✐&❡2

❛✈❡❝ ✉♥ %&M2 ❢♦&% &❛%✐♦ 2✐❣♥❛❧ 2✉& ❜&✉✐% ❡% ❛✈❡❝ ✉♥❡ ♣♦❧❛&✐2❛%✐♦♥ ❧✐♥1❛✐&❡✳ ▲❛ ✈❛&✐❛❜✐❧✐%1 ❞❡ ❧✬❛❝%✐✈✐%1

♦&❛❣❡✉2❡ ❡2% ♠✉❧%✐♣❧❡ ✭❈❤"✐55❛♥ ❡% ❆✳ ❋"❛5❡"✲❙♠✐!❤✱ ✶✾✾✻✮✳ ❳ ●❛"❝✐❛ ❡% ❆✳ ●✳ ❏♦♥❡5 ✭✷✵✵✷✮

♦♥% ♠♦♥%&1 ✉♥❡ ✈❛&✐❛%✐♦♥ ❞❡ ❧✬1♥❡&❣✐❡ 2✉& ❧❡ ❝❤❛♠♣ ♠❛❣♥1%✐=✉❡ ❡♥%&❡ ✶✵ ❍③ ❡% ✸✷ ❦❍③ ❞✐✛1&❡♥%❡

❡♥%&❡ ❧❡2 ❤1♠✐2♣❤M&❡2 ◆♦&❞ ❡% ❙✉❞✳ ▲✬1♥❡&❣✐❡ ♠❛❣♥1%✐=✉❡ 1%❛♥% ♣❧✉2 ✐♠♣♦&%❛♥%❡ ❡♥ 1%1 ❞❛♥2

❧✬❤1♠✐2♣❤M&❡ ♥♦&❞ ❡% ♣❧✉2 ✐♠♣♦&%❛♥%❡ ❡♥ ❤✐✈❡& ❞❛♥2 ❧✬❤1♠✐2♣❤M&❡ 2✉❞✳ ▲❡2 ♠K♠❡2 ❛✉%❡✉&2 ♦♥%

♠♦♥%&1 ❞❡ ❢❛T♦♥ 2✐♠✐❧❛✐&❡ ✉♥❡ ✈❛&✐❛❜✐❧✐%1 ❞✐✉&♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥1%✐=✉❡ ❞❛♥2 ❧✬❤1♠✐2♣❤M&❡ ♥♦&❞✳ ▲❡

❝❤❛♠♣ ♠❛❣♥1%✐=✉❡ ❛ ✉♥❡ 1♥❡&❣✐❡ 2✉♣1&✐❡✉&❡ ❞❡ ♣❧✉2✐❡✉&2 ♦&❞&❡2 ❞❡ ❣&❛♥❞❡✉& ❧❛ ♥✉✐% ❛✉① ❛❧❡♥%♦✉&2

❞❡ ♠✐♥✉✐% ♣❛& &❛♣♣♦&% U ❧✬❛♠♣❧✐%✉❞❡ ❡♥ ❥♦✉&♥1❡✳ ❈❡%%❡ ✈❛&✐❛❜✐❧✐%1 ♦❝❝❛2✐♦♥♥❡ ❞❡2 ♣&♦❜❧M♠❡2 ❞❛♥2

❧❛ ❞1%❡&♠✐♥❛%✐♦♥ ❞❡2 ❢♦♥❝%✐♦♥2 ❞❡ %&❛♥2❢❡&% ❞❛♥2 ❧❛ ❜❛♥❞❡ ❞❡ ❢&1=✉❡♥❝❡2 ❆✉❞✐♦✲▼❚✳

❊♥ ❡✛❡%✱ ❞❛♥2 ❝❡&%❛✐♥❡2 ③♦♥❡2 ✐♥❞✉2%&✐❛❧✐21❡2✱ ❧❡ ❜&✉✐% ❛♥%❤&♦♣✐=✉❡ ♣❡✉% K%&❡ 2✉♣1&✐❡✉& ❛✉ ❜&✉✐%

❛%♠♦2♣❤1&✐=✉❡ ✉%✐❧✐21 ♣♦✉& ❧❛ ❝❛&❛❝%1&✐2❛%✐♦♥ ❞❡2 ❢♦♥❝%✐♦♥2 ❞❡ %&❛♥2❢❡&% ▼❚✳ ▲❡ ❜&✉✐% ❛♥%❤&♦♣✐=✉❡

♥❡ &❡2♣❡❝%❛♥% ♣❛2 ❧❡2 ❤②♣♦%❤M2❡2 ▼❚ ❞❡ 2♦✉&❝❡ =✉❛2✐✲✉♥✐❢♦&♠❡✱ ✐❧ ❡2% ❞✐✣❝✐❧❡ ❞✬♦❜%❡♥✐& ❞❡2

❢♦♥❝%✐♦♥2 ❞❡ %&❛♥2❢❡&% 2❛%✐2❢❛✐2❛♥%❡2✳

✷✳✷✳✹ ❆'%✐❝❧❡ ●❏■ ✲ ❉&%❡❝%✐♦♥ ❡% ❝❛'❛❝%&'✐7❛%✐♦♥ ❞❡7 7♦✉'❝❡7 ❤❛✉%❡7 ❢'&<✉❡♥❝❡7✳

❘!"✉♠! ❡♥ ❢(❛♥*❛✐" ▲❡2 ♦♥❞❡2 ❛%♠♦2♣❤1&✐=✉❡2 ❝&11❡2 ♣❛& ❧✬❛❝%✐✈✐%1 ♦&❛❣❡✉2❡ ♠♦♥❞✐❛❧❡ ❛♣✲

♣♦&%❡♥% ❞❡2 ✐♥❢♦&♠❛%✐♦♥2 ❛ ♣&♦♣♦2 ❞❡2 ❝♦✉&❛♥%2 1❧❡❝%&✐=✉❡2 ❞❛♥2 ❡% U ❧ ❄❡①%1&✐❡✉& ❞❡ ❧❛ ❚❡&&❡✳ ▲❡2

1✈1♥❡♠❡♥%2 ❛✈❡❝ ✉♥ ❢♦&% &❛♣♣♦&% 2✐❣♥❛❧✲2✉&✲❜&✉✐% ♣❡&♠❡%%❡♥% ❞❡ ❞1%❡&♠✐♥❡& ❧❡2 ♣&♦♣&✐1%12 ❞❡2

♠✐❧✐❡✉① %&❛✈❡&212 ❧❡ ❧♦♥❣ ❞❡ ❧❡✉& ♣&♦♣❛❣❛%✐♦♥ ❡% 2♦♥% ❛✐♥2✐ ♣❛&%✐❝✉❧✐M&❡♠❡♥% ✐♥%1&❡22❛♥%2✳

◆♦✉2 ✐♥%&♦❞✉✐2♦♥2 ❞❛♥2 ❝❡ ♣❛♣✐❡& ✉♥❡ ♥♦✉✈❡❧❧❡ ♠1%❤♦❞♦❧♦❣✐❡ ♣♦✉& ❧❛ ❞1%❡❝%✐♦♥ ❡% ❧❛ ❝❛&❛❝✲

%1&✐2❛%✐♦♥ ❛✉%♦♠❛%✐=✉❡ ❞❡2 ♦♥❞❡2 ❛%♠♦2♣❤1&✐=✉❡2 ❡♥ ✉%✐❧✐2❛♥% ❧❛ ❞1❝♦♠♣♦2✐%✐♦♥ %❡♠♣2✲❢&1=✉❡♥❝❡

♦❜%❡♥✉❡ ♣❛& ❛♣♣❧✐❝❛%✐♦♥ ❞❡ ❧❛ %&❛♥2❢♦&♠1❡ ❡♥ ♦♥❞❡❧❡%%❡ ❝♦♥%✐♥✉❡✳

◆♦✉2 ♥♦✉2 ✐♥%1&❡22♦♥2 ♣❛&%✐❝✉❧✐M&❡♠❡♥% U %&♦✐2 %②♣❡2 ❞✬♦♥❞❡2✱ ❧❡2 ❛%♠♦2♣❤1&✐❝2✱ ❧❡2 2❧♦✇ %❛✐❧2

❡% ❧❡2 ✇❤✐2%❧❡&2✱ ❝♦✉✈&❛♥% ❧❛ %♦%❛❧✐%1 ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ❢&1=✉❡♥❝❡ ✶✵ ❍③ ✲ ✶✵ ❦❍③✳ ❈❤❛=✉❡ %②♣❡ ❞✬♦♥❞❡

♣♦22M❞❡ ✉♥❡ 2✐❣♥❛%✉&❡ ❝❛&❛❝%1&✐2%✐=✉❡ ❞❛♥2 ❧❡ ♣❧❛♥ %❡♠♣2✲❢&1=✉❡♥❝❡✳ ◆♦%&❡ ♠1%❤♦❞♦❧♦❣✐❡ ♣❡&♠❡%

❧❛ &❡❝❤❡&❝❤❡ ❛✉%♦♠❛%✐=✉❡ ❡% ❞❡ ❝❤❛=✉❡ %②♣❡ ❞✬♦♥❞❡ ❣&[❝❡ U ❧❡✉& 2✐❣♥❛%✉&❡ ❞❛♥2 ❧❡ ♣❧❛♥ %❡♠♣2✲

❢&1=✉❡♥❝❡✳ ▲❛ %&❛♥2❢♦&♠1❡ ❡♥ ♦♥❞❡❧❡%%❡ ❝♦♥%✐♥✉❡ ♥♦✉2 ♣❡&♠❡% ❛✉22✐ ❞❡ ❞1%❡&♠✐♥❡& ❧❡2 ❛%%&✐❜✉%2

❞❡ ♣♦❧❛&✐2❛%✐♦♥ ❤♦&✐③♦♥%❛✉①✳



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✸✶

❈❡%%❡ ♣&♦❝.❞✉&❡ ❡1% %♦✉% ❞✬❛❜♦&❞ ❛♣♣❧✐5✉.❡ 1✉& ❞❡1 1.&✐❡1 1②♥%❤.%✐5✉❡1 ❞❡ 1❧♦✇ %❛✐❧1 ❛✈❡❝

❞✐✛.&❡♥%1 &❛%✐♦ 1✐❣♥❛❧✲1✉&✲❜&✉✐%✳ ◆♦✉1 ❧✬❛♣♣❧✐5✉♦♥1 ❡♥1✉✐%❡ 1✉& ❧❡1 1.&✐❡1 %❡♠♣♦&❡❧❧❡1 ❞❡ ❞❡✉①

1.&✐❡1 %❡♠♣♦&❡❧❧❡1 ♠❛❣♥.%✐5✉❡1 ❛❝5✉✐1❡1 ❞❛♥1 ❧❡ ❝❛❞&❡ ❞✬✉♥❡ ❝❛♠♣❛❣♥❡ ❞✬❛❝5✉✐1✐%✐♦♥ ❆✉❞✐♦✲▼❚ ❡♥

●✉❛❞❡❧♦✉♣❡✱ ❉❖▼✲❚❖▼✳ ▲❡1 ❛%♠♦1♣❤❡&✐❝1 ❡% ❧❡1 1❧♦✇ %❛✐❧1 ❛♥❛❧②1.❡1 ♣&.1❡♥%❡♥% ✉♥❡ ♣♦❧❛&✐1❛%✐♦♥

❧✐♥.❛✐&❡✱ ❛❧♦&1 5✉❡ ❧❡1 ✇❤✐1%❧❡&1 ❛♥❛❧②1.❡1 ♣&.1❡♥%❡♥% ✉♥❡ ♣♦❧❛&✐1❛%✐♦♥ ❡❧❧✐♣%✐5✉❡✳

▲❛ ❞✐✈❡&1✐%. ❞❡ ❧✬❛❝%✐✈✐%. ❛%♠♦1♣❤.&✐5✉❡1 ❡1% ❡♥✜♥ ♠✐1❡ ❡♥ &❡❧❛%✐♦♥ ❛✈❡❝ ❧❡ %&❛✐%❡♠❡♥% ❞❡ ❞♦♥✲

♥.❡1 ❆✉❞✐♦✲▼❚✱ ✉%✐❧✐1. ❞❛♥1 ❧❛ ❝❛&❛❝%.&✐1❛%✐♦♥ ❞❡ ❧❛ 1✉❜✲1✉&❢❛❝❡✳ ◆♦✉1 ♠♦♥%&♦♥1 5✉❡ ❧❡1 &.1✉❧%❛%1
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SUMMARY6

Atmospheric electromagnetic waves created by global lightning activity contain informa-7

tion about electric processes of the inner and the outer Earth. Large signal-to-noise ratio8

events are particularly interesting because they convey information about electromag-9

netic properties along their path. We introduce a new methodology to automatically detect10

and characterize lightning-based waves using a time-frequency decomposition obtained11

through the application of continuous wavelet transform. We focus specifically on three12

types of sources that cover the whole frequency range 10 Hz - 10 kHz, namely atmospher-13

ics, slow tails, and whistlers. Each wave has specific behavior in the time-frequency plane14

due to source shape and dispersion processes. Our methodology allows to automatically15

seek each type of event in the time-frequency plane thanks to their specific signature. The16

polarization attributes are also recovered in the time-frequency domain. This procedure17

is first applied on synthetic extremely-low-frequency synthetic time series with different18

signal-to-noise ratios. We then apply it on real data: two stations of audio- magnetotelluric19

data acquired in Guadeloupe, oversea French territories. Most of analysed atmospherics20

and slow tails can be considered as linearly polarized, whereas analysed whistlers are21

elliptically polarized. The diversity of lightning activity is finally analysed in an audio-22
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magnetotelluric data processing framework, as used in subsurface prospecting, through1

estimation of the impedance response functions. We show that audio-magnetotelluric2

processing results depends mainly on the frequency content of electromagnetic waves3

observed in processed time series.4

Our new methodology based on the time-frequency signature of lightning-based electro-5

magnetic waves allows to automatically detect and characterize electromagnetic events6

in audio-magnetotelluric time series, providing the means to assess quality of response7

functions obtained through processing.8

Key words: Atmospherics, polarization attributes, Continuous Wavelet Transform.9

1 INTRODUCTION10

Natural geomagnetic activity in the frequency range 1 Hz to 10 kHz mainly originates from global11

lightning activity with about 100 strikes per second (Brook, 1925). Each single lightning strike gives12

rise to various phenomena. Among those phenomena, electromagnetic (EM) waves propagate through13

various paths. Most EM waves propagate in the waveguide formed by two conductive layers: the14

Earth’s surface and the ionosphere (Laby et al., 1940). Others, as whistlers, follow the magnetic field15

lines from one hemisphere to the other through the magnetosphere. Analysis of such waves’ proper-16

ties supplies information about electric and atmospheric processes of the Earth. Indeed, atmospherics17

characterization provides information about the ionospheric conductivity (Hughes & Pappert, 1975)18

and the distance to the lightning source (Heydt, 1982). Slow tails properties provide information about19

the current moment of the lightning strike (Cummer & Inan, 2000) and the distance from the source20

(Mackay & Fraser-Smith, 2010). Measurements of the Schumann resonances (Schumann & Koenig,21

1954) provide insights about the height of the ionosphere, its electron density (Chand et al., 2009), or22

the global ground temperature change (Williams, 1992).23

EM waves emitted from a lightning strike act as induction sources by creating electric currents in24

the ground. If the source is far enough, the emitted waves can be considered as quasi-uniform over25

the area of measurements. The framework of audio-magnetotellurics (AMT) uses this assumption to26

give information about the electric structure of the subsurface (Strangway et al., 1973). Processing27

AMT data requires state-of-the-art numerical codes assuming that EM time series are quasi-stationary28

to apply windowed fourier transform. Only a few studies actually detail the magnetic events in the29

processing of MT time series. Among those studies, a detailed analysis of the seasonal variation of30

atmospherics amplitude was conducted by Garcia & Jones (2002). They demonstrated that the optimal31

✸✸



Automatic detection and characterisation of lightning based-natural EM waves 3

season to acquire AMT data is summer in the northern hemisphere at mid-latitude. In the framework1

of AMT processing, Zhang & Paulson (1997) proposed a methodology using a moving threshold2

in time-frequency domain to detect atmospheric waves before processing. We previously extended3

Zhang & Paulson method to consider the choice of the wavelet depending on the frequency domain to4

be processed (Larnier et al., 2016).5

In this paper, we propose a new methodology: Automatic Detection of ElectroMagnetic waves6

(ADEM), to automatically detect EM waves in the frequency range 10 Hz – 10 kHz. ADEM is based7

on the time-frequency properties of sought waves using continuous wavelet transform (CWT). We first8

show in Section 2, AMT data acquired in Novembre 2012 in Guadeloupe, French Overseas Territories.9

They exhibit interesting features of typical EM waves. The ADEM method, including details on the10

computation of wavelet coefficients and polarization attributes, is given in Section 3. In section 4, we11

show the application of the ADEM to real data and discuss about polarization attributes and frequency12

content of atmospheric waves with consequences on the acquisition and processing of AMT data.13

2 LIGHTNING-BASED WAVES14

2.1 Sites locations and data15

EM time series acquired during a magnetotelluric campaign on La Soufriere lava dome (Guadeloupe,16

France) in 2012 (Sailhac et al., 2016) are analysed. All MT sites use ADU07 data logger as recording17

system from Metronix Geophysics. Let us now consider two stations (Figure 1).18

The first one, named Guenon, is located on the lava dome. Magnetic field was recorded using19

MFS07e induction coils (using chopper off), and uses 41 and 31 meters electric dipoles for NS direc-20

tion and EW direction respectively for electric measurements.21

The second station, named Youketi, is used as a remote station for AMT processing. It is located22

8 km off the lava dome and 600 meters off the Soufriere Volcano Observatory. This station was com-23

posed by 50 meters electric dipole for NS and EW measurements and MFS06 induction coils (using24

chopper off) to measure the magnetic field.25

The sample time series analysed in this paper is one minute duration acquired at 16384 Hz sam-26

ple frequency. This corresponds to 983 040 data samples for each channel (horizontal magnetic and27

electric fields).28

In the one minute sample, many types of EM waves in the frequency band of 1 Hz up to 10 kHz29

coexist. In this paper, we focus on three types of EM waves, atmospherics, slow tails and whistlers.30

Sample time series from this campaign actually exhibit significative signals of these three types to be31

illustrated and tested in the ADEM.32
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Figure 1. Location of magnetotelluric stations used in Guadeloupe, French Overseas Departments and Territo-

ries. UTM 20N projection. Red star: Guenon AMT station. White star: Youketi AMT station.

2.2 Atmospherics1

Atmospherics appear on EM time series as damped oscillations (Figure 2a). Their shapes vary, de-2

pending on ionospheric conditions (e.g. night or day) and distance from the lightning strike (Rakov &3

Uman, 2003). According to the waveguide mode theory (Wait, 1962; Cummer, 2000), atmospherics4

undergo dispersion from the source to the measurement point where highest frequencies travel faster5

than lowest ones. Atmospherics have frequency content ranging from 2 kHz up to more than 30 kHz6

(Figure 2b). On Figure 2, we present the CWT analysis of a short portion of Guenon time series. The7

largest atmospherics at 5.727s exhibits large frequency content, from 3-4 kHz to more than 10 kHz8

(Figure 2c). In addition, other atmospherics appear later (around 5.730s). They also have large fre-9

quency content but with lower amplitude and with lower signal-to-noise ratio. An interesting feature10

is the dispersion effect on wavelet coefficients. Indeed, large coefficients at high frequencies around11

10 kHz appear to be located a few milliseconds before large coefficients at lower frequencies around12

4 kHz.13

Polarization attributes (Figure 2d, 2e and 2f) are constant over the area of high signal-to-noise14

ratio. Atmospherics in this typical time sequence display quasi-null ellipticity, a phase difference close15

to phase opposition and a polarization angle close to 60 degrees. If such polarization attributes are16

observed with accuracy, we will consider atmospherics to have linear polarization.17

2.3 Slow tails18

Slow tails are emitted by a lightning strike and arrive slightly later than the atmospherics due to lower19

speed propagation. These waves only propagate in quasi-Transverse ElectroMagnetic (TEM) field20

mode. Characteristics of both atmospherics and slow tails waves have been used in several studies21

to determine the distance from the source lightning (Wait, 1960; Mackay & Fraser-Smith, 2010) or22
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Figure 2. Atmospherics observed at Guenon station, on the 16th of November 2012. Time series start at 19h

45min 16s TU. a) Time series, black line: North-South magnetic field Hx, grey line: East-West magnetic field

Hy . b) Power spectrum, black line: North-South magnetic field, grey line: East-West magnetic field. The blue

area indicates the frequency domain covered by the wavelet analysis. c) Spectrogram of wavelet coefficients. d)

Ellipticity coefficients. e) polarization angle coefficients. f) Phase difference coefficients.
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Figure 3. Slow tails observed at Guenon station, on the 16th of November 2012. Time series start at 19h 45min

16s TU. a) Time series, black line: North-South magnetic field Hx, grey line: East-West magnetic field Hy .

b) Power spectrum, black line: North-South magnetic field, grey line: East-West magnetic field. The blue area

indicates the frequency domain covered by the wavelet analysis. c) Spectrogram of wavelet coefficients. d)

Ellipticity coefficients. e) Polarization angle coefficients. f) Phase difference coefficients.
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Figure 4. Whistlers observed at Guenon station, on the 16th of November 2012. Time series start at 19h 45min

16s TU. a) Time series, black line: North-South magnetic field Hx, grey line: East-West magnetic field Hy .

b) Power spectrum, black line: North-South magnetic field, grey line: East-West magnetic field. The blue area

indicates the frequency domain covered by the wavelet analysis. c) Spectrogram of wavelet coefficients. d)

Ellipticity coefficients. e) polarization angle coefficients. f) Phase difference coefficients.
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its current moment (Cummer & Inan, 2000). Their frequency content starts from less than 30 Hz up1

to 3 kHz (Figure 3a, 3b). Figure 3c show wavelet analysis of a short portion of Guenon time series2

showing several large slow tails. Like atmospherics, slow tails have large frequency content, from 13

kHz down to 50 Hz. Variability in amplitude of wavelet coefficients also affects the frequency content.4

By comparison, the slow tail located at 6.835 seconds has narrower frequency content, from less than5

2 kHz down to 300 Hz, whereas the slow tail at 6.785 seconds has high amplitude wavelet coefficients6

from 2.5 kHz down to 100 Hz.7

Polarizations attributes (Figure 3d, 3e, 3f) are constant over the region of large amplitude coef-8

ficients indicating constant polarizations attributes. The largest slow tail has ellipticity close to 0, a9

phase difference of ±180 degrees and a polarization of about -30 degrees. Like atmospherics, we10

consider these attributes as signature of linear polarization.11

2.4 Whistlers12

Whistlers are also EM waves emitted from a lightning strike, but they do not propagate in the waveg-13

uide. They penetrate through the ionosphere and follow magnetic field lines to the other hemisphere14

where they can be measured on ground surface (Rakov & Uman, 2003). ”Ducted” whistlers are seen on15

ground surface, while ”unducted” are trapped in the magnetosphere and invisible in ground measure-16

ments. These waves are dispersed during their propagation through ionosphere and magnetosphere.17

Thus high frequencies arrive significantly sooner than low frequencies. A whistler may contain fre-18

quencies from 100 Hz up to 10 kHz (Figure 4a, 4b).19

On Figure 4c, we present the wavelet analysis of a whistler observed in Guenon data. The most dis-20

tinctive feature in the wavelet spectrogram is the dispersion effect. This dispersion affects the wavelet21

coefficient such that high amplitude coefficients at low frequencies (around 3 kHz) are located 10 ms22

after the high frequencies.23

The polarizations attributes (Figure 4d, 4e, 4f) indicate elliptical polarization with ellipticity around24

0.5, phase difference around 120 degrees positive, and polarization angle of -40 degrees.25

3 METHODS26

3.1 Wavelet analysis27

We recall that the continuous wavelet transform (CWT) is a mathematical tool that uses a special class28

of functions called wavelets to decompose a signal s into time-frequency representation. The basis29

functions are derived from the mother wavelet that is dilated by a dimensionless factor a (correspond-30

ing to the inverse of frequency) and translated by a factor b (corresponding to time). The signal s is31

✸✾
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then decomposed into coefficients by:1

Wψ(a, b)[s] =

∫ +∞

−∞
dt

1

a
ψ∗
a,b(t)s(t), (1)

where ∗ represents the complex conjugate and ψa,b(t) is the dilated and translated function given by2

equation (2).3

ψa,b(t) = ψ

(
t− b

a

)
. (2)

For discrete time series, the function Wψ(a, b)[s] is sampled on discrete values for a and b, constituting4

a matrix of wavelet coefficients.5

First introduced in seismic (Goupillaud et al., 1984), the CWT has already been widely used in6

acoustics and climate studies to analyse non stationary processes and proven to be an efficient tool7

to study magnetotelluric data (Zhang & Paulson, 1997; Garcia & Jones, 2008; Escalas et al., 2013;8

Larnier et al., 2016).9

A large number of mother wavelets is available (Torrence & Compo, 1998; Holschneider, 1995).10

As Zhang & Paulson (1997), we use the Morlet wavelet for its properties of good accuracy both in11

time and frequency. It is defined in time domain by:12

ψm(η) = π−1/4eiω0ηe−η
2/2, (3)

and in frequency domain by:13

ψ̂m(aω) = π−1/4H(ω)e−(aω−ω0)2/2, (4)

where H is the Heaviside function and ω0 the wavelet parameter. ω0 can be modified to adjust the14

time-frequency resolution of the analysing wavelet.15

3.2 Detection of EM waves16

Lightning EM waves display different time-frequency patterns according to their nature (Figures 2, 3,17

4). Such waves display different time-frequency patterns according to their nature. Some have wavelet18

coefficients with large amplitude on a large frequency band whereas some display narrow frequency19

content. The detection of these waves in the time-frequency domain may be based on the characteris-20

tics shown by the CWT. We thus set two criteria:21

• A minimum amplitude threshold in the time-frequency domain (signal-to-noise ratio).22

• A specific pattern in time-frequency (e.g. dispersion).23

✹✵



10 H. Larnier et al.

3.2.1 First criterion of significant amplitude1

The signals we seek are above the signal-to-noise ratio. In order to get all wavelet coefficients cor-2

responding to this criterion, we are looking for a threshold at each scale. We follow the method of3

significant scales described in Torrence & Compo (1998) in a way similar to that used in Larnier et al.4

(2016).5

We want to detect time-frequency patterns by comparing their amplitude to the background noise.6

Background noise power spectrum is estimated by the method of Torrence & Compo (1998). They7

have used Monte Carlo methods and considered stationary time series s of length N described by8

order one Auto-Regressive (AR-1) process or Gaussian white noise. They demonstrated that the square9

modulus wavelet distribution: D(ak) = {|Wψ(ak, bi)[s]|2, i = 1...N} at each scale ak, is related to10

the χ2 distribution. D(ak) is distributed as Pkσ
2χ2

2/2 (with same variance and confidence intervals),11

where σ is the noise standard deviation and Pk the mean fourier background spectrum of signal s at12

frequency fk corresponding to the scale ak (such that ak = (ω0 +
√

2 + ω2
0)/4πfk). The subscript13

2 on the χ2
2 distribution corresponds to the number of degrees of freedom (2 for a complex mother14

wavelet, 1 for a real mother wavelet). By computing χ2
2(α), the variance σ and Pk can be used to15

define a threshold value η(ak) at each scale ak with confidence level (1− α):16

η(ak, α) =
1

2
Pkσ

2χ2
2(α). (5)

Unfortunately, knowledge of the electromagnetic background spectrum is not trivial since back-17

ground EM noise does not follow any classical shape such as white or red noise processes. For exam-18

ple, it presents deviations such as the MT and AMT dead bands (Chave & Jones, 2012), which have19

to be taken into consideration. We follow the suggestion of Torrence & Compo (1998), and use the20

global wavelet spectrum of the magnetic field as background spectrum. The global wavelet spectrum21

is defined as:22

G2
ψ(a)[s] =

∫ +∞

−∞
db|Wψ(a, b)[s]|2. (6)

Figure 5 presents an example of the comparison between the global wavelet spectrum and the fourier23

power spectrum Hk. The global wavelet spectrum appears as a smoothed fourier spectrum reducing24

the effects of abrupt variations in the fourier spectrum. Using the global wavelet spectrum as back-25

ground spectrum Pk, the wavelet modulus distribution at each scale ak is constrained by the following26

threshold at confidence level 1− α:27

η(ak, α) =
1

2
G2
ψ(ak)[s]χ

2
2(α). (7)
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Figure 5. Comparison between fourier spectrum Hk (thin grey line) and global wavelet spectrum (thick black

line) of North-South magnetic field for an extract of 262144 samples.

3.2.2 Second criterion, extent in time-frequency (dispersion pattern)1

Another criterion we use to discriminate EM waves from noise, is supported by their frequency band2

and their dispersion behavior. Indeed, as illustrated on Figures 2, 3 and 4, different patterns in time-3

frequency domains are clearly identified. We use these characteristic patterns as a second criterion4

which also yields automatic segmentation. All sought EM waves have large frequency content. This5

is characterized by a large number of high wavelet coefficients along the scale axis (a values) within a6

very short time (b interval). Atmospherics and whistlers are affected by dispersion. The maximum in7

correlation with a large-scale wavelet (lower frequency) is then located later than those with a short-8

scale wavelet (higher frequency). Dispersion affects this series of high wavelet coefficients by a shift9

along the time axis (∆b of a few milliseconds as seen on Figure 2 and 4). Two main behavior are thus10

expected and are used to discriminate EM waves from noise:11

• Large frequency content and no dispersion for slow tails, with vertical maxima chains.12

• Large frequency content and dispersion effect for atmospherics and whistlers, with curved max-13

ima chains.14

From the wavelet coefficients matrix, we compute and chain local modulus maxima along the15

scale axis (see Appendix B and C). The chain rule is wave-dependent, but the general rule is to chain16

two local maxima along a dispersion curve controlled by a dispersion coefficient D. Flexibility is17

allowed and controlled by the correlation kernel of the analysing wavelet (Farge, 1992; Maraun et al.,18

2007). The exact chain rule implemented in the algorithm is described in Appendix C.19

3.2.3 Combinaison of criteria20

Each criterion alone should not be used as an effective tool to discriminate EM waves from noise. As21

discussed by Torrence & Compo (1998) and detailed by Maraun et al. (2007), it can be shown that22

even pure white or red noise processes create local maxima of high magnitude in the time-frequency23
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domain that will be kept after thresholding. Vertical maxima chains must not be used alone either. If1

a wavelet with narrow time support such as Cauchy wavelet (Holschneider, 1995) is used, the coef-2

ficients’ behavior will create many vertical maxima chains in the matrix of wavelet coefficients. The3

simultaneous use of both criteria helps to compensate the flaw of each independent criterion.4

Due to the large diversity of EM waves intensity and polarizations, we decide to look for specific5

maxima chains with fixed extent in the time-frequency domain. For example, we may decide to look6

for atmospherics having significant content in the frequency range 4 kHz - 10 kHz, or, be more am-7

bitious and only look for atmospherics having significant content in the frequency range 2 kHz - 168

kHz. The number of detected events will be highly dependent on this choice. Detecting more events9

is achieved by lowering the confidence level α or by reducing the expected frequency range in the10

maxima chains.11

3.3 Polarization attributes12

Monochromatic plane waves are characterized by elliptical polarization in the horizontal plane. The13

polarization represents the space evolution of the electric and magnetic components with time. This14

evolution describes an ellipse in the orthogonal plane which ellipse can be characterized by three15

attributes, e the ellipticity, θ the polarization angle and ∆φ the phase difference between orthogonal16

components.17

The ellipticity e represents the ratio of the minor r and the major R axis with: e = (r/R) ∈18

[0, 1]. The polarization angle θ is the angle between the horizontal axis and the major axis with19

θ ∈ [−π/2, π/2]. The phase difference is computed between the horizontal components, with ∆φ ∈20

[−π, π]. Many methods exist to recover the polarization attributes by retrieving ellipses parameters on21

hodograms or in Fourier domain (Fowler et al., 1967). We choose the wavelet based determination of22

polarization attributes described by Diallo et al, (2006). Let the signal c be defined by:23

c(t) = hy(t) + ihx(t), (8)

where hx and hy are the north-south and east-west component of the magnetic field respectively. The24

time-frequency polarization attributes are given by:25

e(a, b) =

∣∣∣|W+
ψ (a, b)[c]| − |W−

ψ (a, b)[c]|
∣∣∣

|W+
ψ (a, b)[c]| − |W−

ψ (a, b)[c]|
(9)

θ(a, b) =
1

2
arg(W+

ψ (a, b)[c]⊗W−
ψ (a, b)[c]) (10)

∆φ(a, b) = arg


W+

ψ (a, b)[c] + (W−
ψ (a, b)[c])

∗

W+
ψ (a, b)[c]− (W−

ψ (a, b)[c])
∗


+

π

2
. (11)

✹✸



Automatic detection and characterisation of lightning based-natural EM waves 13

where W+
ψ (a, b)[c] and W−

ψ (a, b)[c] are the coefficients obtained using a progressive and regressive1

wavelet respectively (Holschneider, 1995). Diallo et al, (2006) underline that these instantaneous co-2

efficients must not be interpreted alone and have to be studied on a time-frequency window to make3

sure they are meaningful. This method has been previously used to describe cultural noise sources4

in Controlled-Source AMT experiments by Escalas et al. (2013) or to determine the polarisation at-5

tributes of geomagnetic pulsations by Kulesh et al (2007).6

To recover the polarization attributes of each event, we use the maxima chain kept at the detection7

stage. For maxima chain i, at each scale aj , let bi,j be the time position of the local maxima in the max-8

ima chain. We define a distance dj based on the correlation kernel of the mother wavelet (Appendix9

A). We then store wavelet polarization coefficients according to:10

Dei,j = {e(aj , b), |b− bi,j | < dj}

Dθi,j = {θ(aj , b), |b− bi,j | < dj}

D∆φi,j = {∆φ(aj , b), |b− bi,j | < dj} .

(12)

For each event i, the polarization attributes ei, θi and ∆φi are determined by taking the median value11

of the distributions Dei,j , Dθi,j , D∆φi,j respectively for all scales. Note that careful attention is paid12

to the determination of circular quantities such as θ and ∆φ using the methodology of directional13

statistics (Fisher, 1995).14

3.4 Test on synthetic data15

We first apply the ADEM algorithm on synthetic data created by following Wait, (1960), as described16

in Appendix C. Three types of slow tails time series are synthesized with different noise level (Figure17

6). The lowest noise level is typical of most AMT data while the moderate noise level corresponds to18

noisy AMT data. The highest noise level is σ = 0.02 and is used to test the robustness of the method19

but is not representative of most AMT data. Higher values for σ result in time series where the noise20

level is too high and unrealistic fo field AMT data. This test was carried out to assess the efficiency21

of the code in the detection and characterization of non-monochromatic waves. The synthetic time22

series are 40 seconds long. For each event we attribute a random time index and random polarization23

attributes. Results are described in Table 1.24

Let us now discuss about results without remote site first. For low noise level, only one true event25

is not detected and no false event is detected by the code. The characterization of polarization attributes26

is efficient with almost no difference between recovered attributes and true attributes. For moderate27

noise level, only one true event is not detected and no false event is detected. Error slightly increases28

but remains low. Large noise level leads to the recovery of only 70 % of true events. Even worse for29

✹✹



14 H. Larnier et al.

−1.0

−0.5

0.0

0.5

1.0

M
a
g
n
e
ti
c
 f
ie

ld
 [
n
T

]

10 11 12 13 14 15 16 17 18 19 20
Time (s)

−1.0

−0.5

0.0

0.5

1.0

M
a
g
n
e
ti
c
 f
ie

ld
 [
n
T

]

10 11 12 13 14 15 16 17 18 19 20
Time (s)

−1.0

−0.5

0.0

0.5

1.0

M
a
g
n
e
ti
c
 f
ie

ld
 [
n
T

]

10 11 12 13 14 15 16 17 18 19 20
Time (s)

Figure 6. Synthetic time series. Top: Low level of noise. Middle: Medium noise level. Bottom: High noise level.

Black: North-South magnetic field. Grey: East-West magnetic field.

automatic detection, false events are detected. In spite of the trouble with false events, polarization1

attributes are correct for the true events recovered by the process.2

When a remote time series is used in the detection, it removes every false detection made by the3

ADEM algorithm. The remote station is therefore critical in the detection of atmospherics to prevent4

any false detection from the time series. The use of a remote station is standard process in AMT5

acquisition so does not act as a burden in the field acquisition scheme.6

4 APPLICATION7

4.1 Atmospherics8

4.1.1 Characterisation9

We first apply the ADEM method to the real datasets of Guenon and Youketi time series. The detection10

was set using a 90 % confidence interval. Sought maxima chains were expected to have significant con-11

tent from 8 kHz down to 3 kHz. The correlation kernel was obtained using a critical value of 0.90. On12

this basis, 172 atmospherics are detected. To illustrate the detection process, we have represented on13

Figure 7 the two stages described previously on 0.2 seconds of the analysed time series. The distribu-14

tion of polarization attributes is illustrated Figure 8. Most of detected waves have quasi-null ellipticity15
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Criteria Low noise level (σ = 0.001) Moderate noise level (σ = 0.01) High noise level (σ = 0.02)

Number of detected true events (over a total 40).

Single site 39 39 30

Remote reference 39 39 27

Number of detected false events

Single site 0 0 3

Remote reference 0 0 0

(em − ed)

Single site -0.002 ± 0.004 0.012 ± 0.045 0.046 ± 0.086

Remote reference -0.002 ± 0.004 0.011 ± 0.045 0.050 ± 0.086

(θm − θd) (degrees)

Single site 0.022 ± 0.6 0.78 ± 12.9 -2.16 ± 9.8

Remote reference 0.066 ± 0.76 0.39 ± 12.7 -3.00 ± 10

(∆φm −∆φd) (degrees)

Single site -0.187 ± 0.773 -0.659 ± 4.91 -2.32 ± 8.66

Remote reference -0.210 ± 0.960 -0.962 ± 5.00 0.692 ± 8.45

Table 1. Results of synthetic tests. Subscript m indicates the parameters of the model. Subscript d indicates the

results from the code.

and phase difference around 0 modulo π. This indicates linear polarization for all events. The polar-1

ization angle indicates a large distribution of wave polarization, with two principal directions of +602

and -40 degrees. Computation of the difference in polarization attributes for common events gives dif-3

ference below 10 degrees in polarization angle, 15 degrees for phase difference and 0.1 for ellipticity4

(Figure 9).5

4.1.2 Frequency content and occurence6

The variability of frequency content in magnetic time series may be illustrated by the systematic7

use of our algorithm to detect atmospherics with variable frequency content. Several detections are8

performed: atmospherics with significant frequency content from 5 kHz to 8 kHz, from 4 kHz to 89

kHz, from 3 kHz to 8 kHz and finally from 2.5 kHz to 8 kHz. We apply the algorithm on 1 minute10
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Figure 7. Illustration of detection processes on Guenon time series by CWT. Top: Orthogonal magnetic time

series, black line: North-South magnetic field, grey line: East-West magnetic field. Middle: Sum of wavelet

spectrograms of time series. Bottom: White: Significant coefficients kept after Torrence & Compo (1998) detec-

tion scheme. White and red chains: Maxima chains detected. Red chains: Maxima chains kept after application

of both criteria.

time series at 16384 Hz. Only events detected at Guenon and Youketi simultaneously are kept. Time1

series of the flow of detected events (number of events detected by second) are illustrated Figure 10.2

Every second, at least 15 atmospherics with frequency content from 5 kHz to 8 kHz are detected,3

with peaks to nearly 50 events, making an average of about 33 per second over the whole minute.4

Atmospherics from 4 kHz to 8 kHz occur less often, with an average of about 22 detections per5

second. The search for atmospherics with frequency content from 3 kHz to 8 kHz outputs even less6
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Figure 10. Flows of detected atmospherics at Guenon station depending on expected frequency content. Green:

From 5 kHz to 8 kHz, Light blue: From 4 kHz to 8 kHz, Red: From 3 kHz to 8 kHz, Dark blue: From 2.5 kHz

to 8 kHz.
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Figure 12. Difference of slow tails polarisation attributes for common events obtained at Guenon and Youketi

AMT stations.

0

5

10

15

N
u
m

b
e
r 

o
f 
d
e
te

c
te

d
 e

v
e
n
ts

0 6 12 18 24 30 36 42 48 54 60
Time (s)

Figure 13. Flows of detected slow tails at Guenon station depending on expected frequency content. Green:

From 128 Hz to 500 Hz, Light blue: From 128 Hz to 1 kHz, Red: From 128 Hz to 1.5 kHz, Dark blue: From
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occur with an average of 3.7 per second. Finally, the largest events with frequency content from 1281

Hz to 2.5 kHz do not occur often with an average of 0.83 per second, with periods of no occurrence.2

4.3 Whistlers3

Whistlers occur only a few times in our datasets. We are not able to provide extensive analysis over4

several tens of events such as in the case of atmospherics or slow tails. Nevertheless, the whistler shown5

Figure 4 is detected and analysed by the ADEM code. The event is characterised by an ellipticity of6

e = 0.53, a polarization angle of θ = 1.8 in degrees and a phase difference ∆φ = 73 degrees.7

4.4 AMT impedance tensor8

Natural EM waves show large and low intensity events with large spectral content and event with nar-9

row spectral content. Among many properties of EM waves, we are concerned with audio-magnetotellurics10

(AMT). We use the principle of electromagnetic induction to constrain electrical resistivity of the sub-11

surface. Such EM waves induce electrical currents in the ground that can be measured using volt-12

meter and grounded electrodes. These currents are related to the inductive magnetic field through the13

so-called impedance tensor Z (Cagniard, 1953):14

Ex(ω) = Zxx(ω)Hx(ω) + Zxy(ω)Hy(ω)

Ey(ω) = Zyx(ω)Hx(ω) + Zyy(ω)Hy(ω).
(13)

One major advantage of EM waves such as slow tails and atmospherics is their wide frequency content.15

This wideness helps to constrain Z over a large frequency band at once. One critical concern in audio-16

magnetotellurics is the low signal-to-noise ratio in the so-called AMT dead band, from 1 kHz to 5 kHz.17

In this frequency band, standard processing procedures often fail to properly determine MT response18

functions Z (Garcia & Jones, 2002). We have previously shown that waves with significant frequency19

content in this AMT dead band still occur and should provide information to constrain the impedance20

tensor (section 4.1 and 4.2).21

The ADEM algorithm is applied on Guenon EM data samples and is used to define periods of22

active and quiet lightning activity before processing using standard schemes. We use the algorithm to23

detect, slow tails presenting maxima chains from 128 Hz to 1024 Hz providing a catalog of significa-24

tive geomagnetic events. Each segment of ”active” time series starts 0.1 second before the occurrence25

of a selected event. While the difference between two successive events is below 0.5 seconds, the seg-26

ment is still considered as active. When no major event is found for 0.5 seconds, the active segment27

stops 0.1 seconds after the last major event in the active segment. We consider as ”quiet” the remaining28

part of the time series. Active and quiet segments are illustrated on Figure 14.29
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Figure 14. Illustration of the selection of active segments of Guenon time series. Black: Active time segments.

Gray: Quiet time segments.

In the following, we distinguish three distincts datasets. The first one corresponds to active time1

periods, the second one to quiet time periods, and the third one gathering the whole time series. We2

process MT time series using the BIRRP (Bounded Influence Remote Reference Processing) code3

from the work of Chave & Thomson (2004).4

On Figure 15, we present the output of the MT processing of the three datasets to be compared.5

The transfer functions corresponding to the quiet segment start to have wide confidence intervals for6

frequencies above 300 Hz. Active segments transfer functions remain interpretable for frequencies7

up to 1 kHz. Transfer functions corresponding to active segments show little difference with transfer8

functions corresponding to the processing of the whole time series despite its reduced length.9

This indicates that processing results are mostly dependent on large signal-to-noise ratio events.10

Still, even though EM waves with significant frequency content over 1 kHz occurs, processing fail to11

recover the response functions over 1 kHz.12

5 CONCLUSION13

We develop a methodology for the automatic detection of lightning-based electromagnetic waves14

(ADEM). It is based on the characteristics of the EM waves in time-frequency plane. Two criteria are15

used: one relying on the amplitude of the expected waves; the second one lies in the behavior of local16

maxima in the time-frequency domain. Using both criteria, this procedure allows for direct detection,17

segmentation and characterisation of three types of lightning based EM waves, namely atmospherics,18

slow tails and whistlers. This scheme can be extended to events such as q-Bursts or tweeks. It allows19

either for a large detection where many events are recovered or a precise detection for events with large20

frequency content. Using this technique, we have shown that large signal-to-noise ratio events have21

significant impact on magnetotelluric (MT) data processing, specially for frequencies near the audio-22

MT dead band. Finally the use of a remote station is critical for a proper detection of lightning-based23
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Figure 15. Results from MT processing of ELF waves using the whole data series (green), quiet times (blue) or

active times (red).

EM waves. This does not change the framework of AMT acquisition where a remote station is almost1

always set up for processing. However, we have shown that large events with significant content in2

AMT dead band have low occurrence frequency. This suggests that longer time series may be neces-3

sary to acquire proper AMT data depending on the atmospheric activity. In our examples, 1 second of4

data may no be sufficient if no slow tails are present in the signal. Finally, this methodology allows5

to characterize the geomagnetic activity in events number, frequency content and polarisation of ge-6

omagnetic waves in AMT time series. This provides a way to control the quality of AMT response7

obtained through MT processing of time series.8
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APPENDIX A: REPRODUCING KERNEL OF MORLET WAVELET18

The reproducing kernel Kψ of the wavelet ψ characterizes the correlation of the wavelet transform19

between two different points in the scale-time domain (Farge, 1992; Holschneider, 1995). It is defined20

by the correlation of the wavelet function dilated and translated using different parameters (a1, b1) and21

(a2, b2):22

Kψ(a1, a2, b1, b2) =
1

Cψ

∫ ∞

−∞

1

a1
ψ

(
t− b1
a1

)
1

a2
ψ

(
t− b2
a2

)
dt (A.1)

where Cψ is the following normalizing factor defined from the Fourier transform of the wavelet23

ψ:24

Cψ =

∫ ∞

−∞
|ψ̂0(ω)|

dω

|ω| (A.2)

By simple change of variables, one can write the reproducing kernel as the wavelet transform of25

the wavelet ψ:26

Kψ(a1, a2, b1, b2) =
1

Cψ
Wψ

(
a2
a1
,
b2 − b1
a1

)
(A.3)
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Calculation for the Morlet wavelet yields the following formula (Maraun et al., 2007):1

Kψ(a1, a2, b1, b2) =
2a1a2
a21 + a22

exp

(
iω0

a1 + a2
a21 + a22

(b2 − b1)

)

exp

(
−1

2

(b2 − b1)
2 + ω0(a2 − a1)

2

a21 + a22

) (A.4)

The correlation length of the Morlet reproducing kernel is used to define the resolution in time. By2

choosing a critical correlation level c, we define the resolution time limit at scale a by:3

lψ,c(a1) =max(b2|Kψ(a1, a2, b1, b2) > c, ∀a2, ∀b2)

−min(b2|Kψ(a1, a2, b1, b2) > c, ∀a2, ∀b2)
(A.5)

APPENDIX B: DEFINITION AND RULES OF MAXIMA CHAINS4

At scale aj a local maximum at index i is defined by:5

|Wψ(aj , bi)| >|Wψ(aj , bi+1)|

|Wψ(aj , bi)| >|Wψ(aj , bi−1)|
(B.1)

Helliwell (1965) has shown that the group delay for whistlers (for frequencies below the nose fre-6

quency) can be approximated by:7

∆t = Df−1/2, (B.2)

with D being a constant factor for every frequency called the dispersion (in s1/2). This parameter is8

related to the density of electron on the path taken by the whistler wave (Helliwell, 1965). The time9

difference is characterized by being proportional to the inverse square root of the frequency. In the10

following, we use this dispersion assumption to chain local maxima in the time frequency plane for11

the three types of waves namely the atmospherics, the slow tails and the whistlers. The factor D is12

chosen as the parameter responsible for dispersion.13

For slow tails, no dispersion is expected, so D is set at 0. For atmospherics and whistlers, the14

dispersion depends on the path taken from the source. The D is therefore variable and has to be15

assigned to each type of events. In the paper, we have used D = 0.012 t1/2 for atmospherics and16

D = 0.12 t1/2 for whistlers waves. Besides, because of noise in the time series, we allow a slight17

variation along the time axis around the function defined by equation B.2. This time interval where18

the local maxima is sought is defined as proportional to the half width lψ,c(a)/2 of the Morlet kernel19

K above a critical value c (as detailed in Appendix A).20

In the following, we call Mi the set of all local maxima at scale ai. The chain rule is:21

(i) At starting scale aα, we seek every local maxima and determine Mα, the set of all local maxima22

at scale aα.23
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(ii) For every biα ∈ Mα, we connect the local maxima (aα, biα) to a maximum on larger scale1

when:2

∃biα+1




biα+1 ∈Mα+1

biα+1 ∈ [biα +∆t − lψ,c(aα+1)/2 : biα +∆t + lψ,c(aα+1)/2]
(B.3)

(iii) To connect it to a maximum on smaller scale:3

∃biα−1




biα−1 ∈Mα−1

biα−1 ∈ [biα −∆t − lψ,c(aα−1)/2 : biα +∆t + lψ,c(aα−1)/2]
(B.4)

APPENDIX C: GENERATION OF SYNTHETIC ELF WAVES4

To create synthetic magnetic field time series, we generate magnetic field responses of far lightning5

pulses following Wait (1960) and Wait (1962). The propagation medium is defined as the atmosphere6

comprised in a spherical shell from the ground at r = a and the ionosphere at a distance r = a + h7

where h the ionosphere height. Both layers act as waveguide boundary where the field propagates in8

modes. We assume that the lightning source is equivalent to a vertical electric dipole source on the9

Earth’s surface. The current source is assumed to be a impulse described by a dirac δ function. The10

frequency domain response is then given by:11

Ps(ω) = |ps| (C.1)

The vertical electric field at the source location is given by:12

E0(ω) = i

(
ηω

2πcρ

)(
e−iωρ/c

)
Ps(ω) (C.2)

where ρ is the distance source-receiver, c the speed of light, η the impedance of free space and ω =13

2πf the wave pulsation.14

Wait (1962) derived the expression of the EM field in frequency domain at receiver location. This15

field is given by a sum over all the waveguide modes:16

Hr(ω) ∼=
(

ρ/RE
sin(ρ/RE)

)1/2 (2πcρ)1/2

hη

E0ω

(iω)1/2

·
∞∑

n=0

ℜ(Sn(ω))1/2δne−iωρSn(ω)/c,
(C.3)

where RE is the Earth radius, h the height of the ionosphere, η the intrinsic impedance of free space.17

δn is related to the excitation of each mode and depends on reflexion coefficients on the ground and the18

ionosphere. Sn is the sinus of the complex angle of the incident wave on the ionosphere. The magnetic19
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Figure A1. Synthetic slow tail with parameters e = 0.262, θ = 0.826, ∆φ = 150.5.

field in time domain at receiver location is then given by:1

hr(t) =

∫ +∞

−∞
Hr(ω)e

iωtdω (C.4)

The slow tails propagate for frequencies below 2 kHz. The first cutoff frequency n = 0 is about 1.82

kHz (Mackay & Fraser-Smith, 2010), so only the 0th mode is kept in the sum.3

Following these assumptions, the magnetic field equation becomes:4

Hr(ω) ∼=
(

ρ/RE
sin(ρ/RE)

)1/2 (2πcρ)1/2

hη

E0ω

(iω)1/2

· ℜ(S0(ω))1/2δ0e−iωρS0(ω)/c,

(C.5)

The Earth’s radius is set toRE = 6371 km, the speed of light is c = 3 105 km/s, free space impedance5

is equal to 376.730 Ω, the ionospheric conductivity is σ = 10−6 S/m, and the free space permit-6

tivity ε0 = 9.10−12 F/m. δ0 is approximatively equal to 1 for n = 0 (Wait, 1960) and S0 can be7

approximated to:8

S0(ω) =

(
1 +

c

h(iσiω/ε0)1/2

)1/2

, (C.6)

where σi is the ionosphere conductivity (assumed to be homogeneous here with a value of 10−6 S/m).9

10

From this magnetic field, we build a polarized signal following the monochromatic definition of11

polarization attributes (Fowler et al., 1967). For each event, we set ∆φ the phase difference between12

horizontal components and the relative amplitude Ax and Ay of both orthogonal components. The13
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ellipticity e and the polarization angle θ are then given by:1

sin(2 arctan(e)) =
2AxAy

A2
x +A2

y

sin(∆φ) (C.7)

tan(2θ) =
2AxAy

A2
x −A2

y

cos(∆φ) (C.8)

On Figure A1, we illustrate an exemple of a polarized synthetic slow tail. Each event was then ran-2

domly assigned to a time location along the time series.3

Finally, we add order 1 autoregressive noise to the time series using the following model:4

xi+1 = c+ αxi + σεi, (C.9)

with α the parameter of the AR-1 model, εi a standard white noise model, σ the variance applied to5

the white noise to increase its amount in the modeled time series and c a constant. c is set to zero in6

this experiment.7

To create the associated remote time series, we assume that the wave is quasi-uniform on the area8

where both stations are set. The polarisation attributes and the time index of synthetic events are then9

the same in both local and remote time series. Only the added noise is different in the two sets of time10

series.11
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♦♥% ❛✉❣♠❡♥%4✳ ▲❡ ♥♦♠ ❞♦♥♥4 ] ❝❡0 ♦0❝✐❧❧❛%✐♦♥0 ❡0% ❝❡❧✉✐ ❞❡ ♠✐❝&♦♣✉❧0❛%✐♦♥0 ❣4♦♠❛❣♥4%✐B✉❡0✳

❊♥ ✶✾✻✸✱ ] ❧❛ %&❡✐③✐?♠❡ ❛00❡♠❜❧4❡ ❣4♥4&❛❧❡ ❞❡ ❧✬❯♥✐♦♥ ■♥%❡&♥❛%✐♦♥❛❧❡ ❉❡ ●4♦❞40✐❡ ❡% ❞❡

●4♦♣❤②0✐B✉❡ ✭■❯●●✮✱ ✉♥ ❝♦♠✐%4 ❛ %&❛✈❛✐❧❧4 0✉& ❧❛ ❝❧❛00✐✜❝❛%✐♦♥ ❞❡0 ♣✉❧0❛%✐♦♥0✳ ❏✳ ❆✳ ❏❛❝♦❜% ❡%

❛❧✳ ✭✶✾✻✹✮ ❛ ♣&♦♣♦04 ♣♦✉& ❧❛ ♣&❡♠✐?&❡ ❢♦✐0 ✉♥❡ ❝❧❛00✐✜❝❛%✐♦♥ ✭❚❛❜❧❡ ✷✳✶✮✳ ❉❡✉① %②♣❡0 ❞❡ ♣✉❧0❛%✐♦♥0

♦♥% 4%4 ❞4❝&✐%0 ✿

• ▲❡" ♣✉❧"❛'✐♦♥" ❝♦♥'✐♥✉❡" "♦♥' ❞❡" ♦"❝✐❧❧❛'✐♦♥" ❞✉ ❝❤❛♠♣ ♠❛❣♥0'✐1✉❡ ♣♦✉✈❛♥' ❞✉3❡3 ♣❧✉✲

"✐❡✉3" ❤❡✉3❡" ✭❋✐❣✉3❡ ✷✳✶✸✮✳

• ▲❡" ♣✉❧"❛'✐♦♥" ✐330❣✉❧✐<3❡" "♦♥' ❞❡" ♦"❝✐❧❧❛'✐♦♥" ❞♦♥' ❧❛ ❞✉30❡ '♦'❛❧❡ ❡"' ❝♦✉3'❡ ✭❋✐❣✉3❡

✷✳✶✹✮✳



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✻✸

15120

15125

15130

15135

15140

X
 (

n
T

)

07:00:00 07:20:00 07:40:00 08:00:00 08:20:00 08:40:00 09:00:00
Time UT

❋✐❣✉$❡ ✷✳✶✸✿ ,✉❧/❛%✐♦♥/ ❞❡ %②♣❡ ,❝✸ ♦❜/❡&✈7❡/ 8 ❧✬♦❜/❡&✈❛%♦✐&❡ ❞✬❯♣♣/❛❧❛ ✭❯,❙✱ ❙✉>❞❡✮ ❧❡

✶✷ ♥♦✈❡♠❜&❡ ✷✵✶✸✳

❋■●❯❘❊ ✷✳✶✸✿ 0❝✸ ♣✉❧+❛$✐♦♥ !❡❝♦!❞❡❞ ❛$ ❯♣♣+❛❧❛ ✭❯0❙✱ ❙✇❡❞❡♥✮ ♦❜+❡!✈❛$♦!② ♦♥ ✶✷ ◆♦✈❡♠❜❡!

✷✵✶✸✳

17970

17975

17980

17985

17990

17995

X
 (

n
T

)

08:40:00 09:00:00 09:20:00 09:40:00 10:00:00
Time UT

❋✐❣✉$❡ ✷✳✶✹✿ ,✉❧/❛%✐♦♥/ ❞❡ %②♣❡ ,✐✶ ♦❜/❡&✈7❡/ 8 ❧✬♦❜/❡&✈❛%✐♦♥ ❞❡ ◆❡✇♣♦&% ✭◆❊❲✱ ❊%❛%/✲

❯♥✐/✮✱ ❧❡ ✵✺ ❥❛♥✈✐❡& ✷✵✶✸✳

❋■●❯❘❊ ✷✳✶✹✿ 0✐✶ ♣✉❧+❛$✐♦♥ !❡❝♦!❞❡❞ ❛$ ◆❡✇♣♦!$ ✭◆❊❲✱ ❯♥✐$❡❞ ❙$❛$❡+ ♦❢ ❆♠❡!✐❝❛✮ ♦❜+❡!✲

✈❛$♦!② ♦♥ ✵✺ ❏❛♥✉❛!② ✷✵✶✸✳

❈❡%%❡ ❝❧❛//✐✜❝❛%✐♦♥ ❡/% ❝❡♣❡♥❞❛♥% ❛&%✐✜❝✐❡❧❧❡ ❝❛& /♦♥ 7%❛❜❧✐//❡♠❡♥% /✬❡/% ❢❛✐% 8 ✉♥❡ ❞❛%❡ ♦L ❧❡/

♣&♦❝❡//✉/ ♣❤②/✐M✉❡/ /♦✉/✲❥❛❝❡♥%/ 8 ❧❛ ❣7♥7&❛%✐♦♥ ❞❡/ ♣✉❧/❛%✐♦♥/ ❣7♦♠❛❣♥7%✐M✉❡/ 7%❛✐❡♥% ❡♥❝♦&❡

&❡❧❛%✐✈❡♠❡♥% ♣❡✉ ❝♦♥♥✉/✳ ❆✐♥/✐✱ ❝❡&%❛✐♥❡/ ♣✉❧/❛%✐♦♥/ ❝♦♥%✐♥✉❡/ ♣❡✉✈❡♥% ♣&7/❡♥%❡& ✉♥❡ ♣7&✐♦❞❡

♣&✐♥❝✐♣❛❧❡✱ ✈❛&✐❛♥% ❛✈❡❝ ❧❡ %❡♠♣/✱ ♣❛//❛♥% ❞✬✉♥❡ ❝❧❛//❡ 8 ✉♥❡ ❛✉%&❡✳

❉❛♥/ ❧❛ /✉✐%❡ ❞❡ ❝❡%%❡ /❡❝%✐♦♥✱ ♥♦✉/ ❞7❝&✐&♦♥/ ❧❡/ ♣&✐♥❝✐♣❛✉① ♠7❝❛♥✐/♠❡/ ❞❡ ❣7♥7&❛%✐♦♥ ❡%

❞❡ ♣&♦♣❛❣❛%✐♦♥ ❞❡/ ♣✉❧/❛%✐♦♥/ ❣7♦♠❛❣♥7%✐M✉❡/ ❡♥ ❧❡/ ✐❧❧✉/%&❛♥% /✉& ❞❡/ ❞♦♥♥7❡/ ❞✬♦❜/❡&✈❛%♦✐&❡/

♠❛❣♥7%✐M✉❡/✳





❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✻✺

❋✐❣✉$❡ ✷✳✶✻✿ ❱❛&✐❛%✐♦♥ ❞❡ ❧❛ ♣1&✐♦❞❡ ❞❡ ♣✉❧3❛%✐♦♥3 4❝✸ ❡% 4❝✹ ❛✈❡❝ ❧❡ ❝②❝❧❡ 3♦❧❛✐&❡✳ ❊①%&❛✐%

❞❡ ❚❛❦❛♦ ❙❛✐#♦ ✭✶✾✻✾✮✱ ❞✬❛♣&D3 ❧❡3 1%✉❞❡3 ❞❡ ❚ ❙❛✐#♦ ❡% ▼❛#&✉&❤✐#❛ ✭✶✾✻✼✮ ❡% ❑❛✇❛♠✉,❛

✭✶✾✻✾❜✮✳

❋■●❯❘❊ ✷✳✶✻✿ ❱❛!✐❛$✐♦♥ ♦❢ 2❝✸ ❛♥❞ 2❝✹ ♣✉❧+❛$✐♦♥+ ♣❡!✐♦❞ ✇✐$❤ $❤❡ +♦❧❛! ❝②❝❧❡✳ ❋!♦♠ ❚❛❦❛♦

❙❛✐#♦ ✭✶✾✻✾✮✱ !❡+✉❧$+ ❢!♦♠ +$✉❞✐❡+ ❜② ❚ ❙❛✐#♦ ❡$ ▼❛#&✉&❤✐#❛ ✭✶✾✻✼✮ ❡$ ❑❛✇❛♠✉,❛ ✭✶✾✻✾❜✮✳

❧❛ ♠❛❣♥1%♦3♣❤D&❡ I ❧✬♦❝❝❛3✐♦♥ ❞❡ 3♦✉3✲♦&❛❣❡3 ❣1♦♠❛❣♥1%✐K✉❡3 ✭▲❡❡ ❡% ❑✇♦❦✱ ✶✾✽✹ ❀ ❑❛♥❣❛&✱

●✉❣❧✐❡❧♠✐ ❡% 4♦❦❤♦#❡❧♦✈✱ ✶✾✾✽✮✳

✷✳✸✳✶✳✷ ❈❛&❛❝()&✐+(✐,✉❡+ +♣❛(✐♦✲(❡♠♣♦&❡❧❧❡+

▲✬❡♥3❡♠❜❧❡ ❞❡3 ♣✉❧3❛%✐♦♥3 ♣&13❡♥%❡ ✉♥❡ ❝♦♠♣❧❡①✐%1 ❧✐1❡ I ❧❡✉&3 ✈❛&✐❛❜✐❧✐%13 I ❧❛ ❢♦✐3 3♣❛%✐❛❧❡3 ❡%

%❡♠♣♦&❡❧❧❡3✳ ❙❛♥3 ✈♦✉❧♦✐& Q%&❡ ❡①❤❛✉3%✐❢ 3✉& ❧✬❡♥3❡♠❜❧❡ ❞❡3 ♣&♦♣&✐1%13 &❡❝❡♥31❡3 ❞❛♥3 ❧❛ ❧✐%%1&❛%✉&❡✱

♥♦✉3 ❛❧❧♦♥3 ♣&13❡♥%❡& ❧❡3 ♣&✐♥❝✐♣❛❧❡3 ❝❛&❛❝%1&✐3%✐K✉❡3 ❞❡3 ♣✉❧3❛%✐♦♥3 ❣1♦♠❛❣♥1%✐K✉❡3✳ 4♦✉& ❛❧❧❡&

♣❧✉3 ❧♦✐♥✱ ▼❛#&✉&❤✐#❛ ✭✶✾✻✼✮✱ ❚❛❦❛♦ ❙❛✐#♦ ✭✶✾✻✾✮ ❡% ▼❝4❤❡,&♦♥✱ ✷✵✵✺ 3♦♥% ✉♥ ❜♦♥ ♣♦✐♥% ❞❡

❞1♣❛&% ❡% ❝♦♥%✐❡♥♥❡♥% ✉♥ ❣&❛♥❞ ♥♦♠❜&❡ ❞❡ &1❢1&❡♥❝❡3 I ❝❡ 3✉❥❡%✳







❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✻✽

❋✐❣✉$❡ ✷✳✶✾✿ ❱❛&✐❛%✐♦♥ ❞❡ ❧❛ ♣♦❧❛&✐1❛%✐♦♥ ❞❡1 ♣✉❧1❛%✐♦♥1 3❝✹ ❡% 3❝✺ ❛✉ ❈❛♥❛❞❛✳ ❊①%&❛✐% ❞❡

❙❛♠#♦♥✱ ❏✳ ❏❛❝♦❜# ❡% ❘♦#*♦❦❡- ✭✶✾✼✶✮✳

❋■●❯❘❊ ✷✳✶✾✿ ❱❛!✐❛$✐♦♥ ♦❢ $❤❡ ♣♦❧❛!✐+❛$✐♦♥ ♦❢ ❣❡♦♠❛❣♥❡$✐❝ ♣✉❧+❛$✐♦♥+ 5❝✹ ❛♥❞ 5❝✹ ✐♥ ❈❛✲

♥❛❞❛✳ ❋!♦♠ ❙❛♠#♦♥✱ ❏✳ ❏❛❝♦❜# ❡$ ❘♦#*♦❦❡- ✭✶✾✼✶✮✳

✷✳✸✳✷ ❉-.❡❝.✐♦♥ ✲ 5♦.❡♥.✐❛❧ ♣❛♣❡9

❘!"✉♠! ❡♥ ❢(❛♥*❛✐" ❈❡% ❛&%✐❝❧❡ ✐♥%&♦❞✉✐% ✉♥❡ ♠A%❤♦❞♦❧♦❣✐❡ ♣♦✉& ❧❛ ❞A%❡❝%✐♦♥ ❛✉%♦♠❛%✐C✉❡

❞❡1 ♦1❝✐❧❧❛%✐♦♥1 ❞✉ ❝❤❛♠♣ ♠❛❣♥A%✐C✉❡ ❞❡ ♣A&✐♦❞❡ ✶✲✶✵✵✵ 1❡❝♦♥❞❡1✳ ❈❡%%❡ ❞A%❡❝%✐♦♥ ❡1% ❜❛1A❡ 1✉& ❧❛

❝♦♠♣❛&❛✐1♦♥ ❡♥%&❡ ✉♥❡ ♣♦♣✉❧❛%✐♦♥ ❞❡ +✉!!♦❣❛$❡+ ❞❡ ❋♦✉&✐❡& ❡% ❧❡1 1✐❣♥❛✉① ❛♥❛❧②1A1✱ ♣❡&♠❡%%❛♥% ❧❛

1A❧❡❝%✐♦♥ ❞❡ ❝♦❡✣❝✐❡♥%1 1✐❣♥✐✜❝❛%✐❢1 ❞❛♥1 ❧❡ ♣❧❛♥ %❡♠♣1✲❢&AC✉❡♥❝❡✳ ▲❡1 +✉!!♦❣❛$❡+ ❞❡ ❋♦✉&✐❡& 1♦♥%

❝❛❧❝✉❧A1 M ♣❛&%✐& ❞✬✉♥ 1♣❡❝%&❡ ❡♥ ♣✉✐11❛♥❝❡ ♠♦②❡♥ ❝❛❧❝✉❧A 1✉& ✷✹❤✳ ▲❡1 ♣✉❧1❛%✐♦♥1 A%❛♥% ✈✐1✐❜❧❡1

1✐♠✉❧%❛♥A♠❡♥% 1✉& ❧❡1 %&♦✐1 ❞✐&❡❝%✐♦♥1 ❞❡ ❧✬❡1♣❛❝❡✱ ❧❡1 +✉!!♦❣❛$❡+ 1♦♥% ❣A♥A&A1 ✐♥❞A♣❡♥❞❛♠♠❡♥%

❞❛♥1 ❧❡1 %&♦✐1 ❞✐&❡❝%✐♦♥1✳

❈❡%%❡ ♣&♦❝A❞✉&❡ ♣❡&♠❡% ❧❡ %&❛✐%❡♠❡♥% &❛♣✐❞❡ ❞❡ ♥♦♠❜&❡✉1❡1 ❞♦♥♥A❡1 ❞✬♦❜1❡&✈❛%♦✐&❡1✱ ♦✉✲

✈&❛♥% ❧❛ ♣♦&%❡ M ❧✬A%✉❞❡ ❞❡1 ♣✉❧1❛%✐♦♥1 M ✉♥ ♥✐✈❡❛✉ ❣❧♦❜❛❧ 1✉& ✉♥ ❣&❛♥❞ ♥♦♠❜&❡ ❞✬♦❜1❡&✈❛%♦✐&❡1

♠❛❣♥A%✐C✉❡1✳ ◆♦✉1 ❛✈♦♥1 ✐♠♣❧A♠❡♥%A ❝❡%%❡ ♠A%❤♦❞❡ 1✉& ✉♥ ❝❧✉+$❡! ❞❡ ❝❛❧❝✉❧ ❡% ❧❡1 &A1✉❧%❛%1 ❜&✉%1
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Abstract12

This paper introduces a methodology to automatically detect oscillations of the mag-13

netic field in the period range 1-1000 seconds. The detection scheme is based on the de-14

tection of large amplitude wavelet coefficients and cross-spectrogram coefficients between15

magnetic components and the use of Fourier surrogates. The reference Fourier spectrum16

for surrogate generation is chosen as a quiet daily magnetic spectrum. Fourier surrogates17

are generated independently on each channel so geomagnetic pulsations are tested against18

independence of channels. This procedure allows to efficiently process large datasets to19

perform global studies on several magnetic observatories. We implemented the method20

on a computing cluster and raw results for 1 Hz magnetic observatories data are made21

publicly available. Two applications of this work are shown. The first one is a statisti-22

cal study of Pc3 pulsations properties over two years span at Uppsala and Nurmijarvi23

magnetic observatories. The other one is a short spatial study of Pc5 pulsations over North24

America.25

1 Introduction26

Geomagnetic pulsations are oscillations of the magnetic field with periods from 127

to 1000 seconds [Saito, 1969]. The origin of such oscillations lies in the interaction of the28

solar wind with the magnetosphere [McPherron, 2005]. Various mechanisms produce magneto-29

hydrodynamic (MHD) waves in the magnetosphere whose manifestation on ground sur-30

face are the so-called geomagnetic pulsations. Various types of pulsations are observable.31

A first attempt of classification was made in 1964 by Jacobs et al. [1964]. Two main classes32

of pulsations were derived, continuous (Pc) and irregular (Pi). Pc pulsations are con-33

sidered as quasi-stationary waves with varying amplitude during the day that depend34

mainly on the magnetic local time (MLT). Irregular pulsations are transient events with35

large amplitude. Such waves characteristics obtained through magnetic measurements,36

from satellites or magnetic observatories, provide valuable information about space weather37

parameters [McPherron, 2005]. Time occurrence of pulsations may also be of interest38

for magnetotelluric practitioners in data processing schemes [Larnier et al., 2016].39

Currently, more than 150 INTERMAGNET observatories are performing measure-40

ments of the Earth’s magnetic field worldwide. A significant number of these observa-41

tories produce 1 Hz measurements that can be used to study processes such as geomag-42

netic pulsations. This rather large amount of data requires an automatic procedure to43
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study large scale processes. Several schemes have already been introduced to recover ge-44

omagnetic pulsations occurrence and properties. Nosé et al. [1998] developed a method-45

ology based on wavelet analysis and empirical thresholding of the amplitude of wavelet46

coefficients. Manual thresholding has to be adapted to each observatory and each day47

of measurements so fast application of this methodology to a large dataset is a critical48

bottleneck for global studies. Bortnik et al. [2007] used Fourier transform and thresh-49

olding by comparison to a median spectrum. However, Fourier transform does not ac-50

count for fast variations of signal’s frequency or polarization properties [Kulesh et al.,51

2007].52

In this paper, we introduce a methodology based on the application of the contin-53

uous wavelet transform combined with surrogate simulation to perform automatic de-54

tection and characterization of geomagnetic pulsations. In section 2, we describe the method55

to recover their frequency and amplitude in the time-frequency domain as well as their56

polarization attributes. In section 3, we consider two examples of applications. The first57

one is a statistical study of temporal evolution of pulsations parameters on two obser-58

vatories over three years. The second one is a spatial study over three observatories on59

North America for one day of measurements. Observatories considered in this study are:60

• Uppsala (UPS, Sweden): θ = 59.903◦N, λ = 17.353◦E.61

θm = 56.6◦N, longitude λm = 95.43◦E.62

• Nurmijarvi (NUR, Finland): θ = 60.508◦N, λ = 24.655◦E.63

θm = 57.06◦N, λm = 101.84◦E.64

• Newport (NEW, United States of America): θ = 48.265◦N, λ = 242.877◦E.65

θm = 54.71◦N, λm = 304.75◦E.66

• Fresno (FRN, United States of America): θ = 37.091◦N, λ = 240.281◦E.67

θm = 42.91◦N, λm = 304.64◦E.68

• Meanook (MEA, Canada): θ = 54.616◦N, λ = 246.653◦E.69

θm = 61.79◦N, λm = 307.52◦E,70

where θ and λ are respectively the geographic latitude and longitude, and θm and λm71

are respectively the corrected geomagnetic coordinates (CGM) using IGRF-11 for epoch72

2010.00. X, Y and Z are the geographic north, east and vertical down magnetic field73

components respectively. Only variations with periods below 1000 seconds are consid-74
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ered in this work, so, all time series are high-pass filtered with a cut-off frequency cor-75

responding to 2000 seconds. Filtered data are denoted ∆X,∆Y,∆Z in the following.76

2 Methods77

The methodology described in this section is illustrated on the magnetic time se-78

ries of Uppsala geomagnetic observatory for the 5th of January 2013.79

2.1 Wavelet analysis80

To account for the large variability of geomagnetic activity in terms of frequency81

and time simultaneously, the continuous wavelet transform (CWT) is applied on mag-82

netic time series using the Morlet wavelet with wavelet parameter ω0 = 6 [Holschnei-83

der , 1995]. The CWT allows to obtain a time-frequency representation of time series through84

scale dilatation a (corresponding to frequency) and time translation b of an analyzing85

wavelet ψ. Wavelet coefficients of a signal s are obtained by application of the convo-86

lution (1).87

Wψ(a, b)[s] =

∫
∞

−∞

s(t)
1

a
ψ

(
t− b

a

)
dt (1)

The CWT allows to describe the time-frequency evolution of temporal signals and also88

to obtain the horizontal polarization attributes in the wavelet domain [Diallo et al., 2006;89

Kulesh et al., 2007]. Geomagnetic pulsations often occur simultaneously on the three chan-90

nels. To enhance their signal-to-noise ratio, we use the sum of the three cross-spectrograms91

between magnetic channels [Bortnik et al., 2007]. The cross-spectrogram between two92

time series x and y is:93

WXY
ψ (a, b) = Wψ(a, b)[x] · W∗

ψ(a, b)[y], (2)

where ∗ corresponds to the complex conjugate operator and · is the element-to-element94

product. The cross-spectrogram tested for significance is then given by:95

WXY Z
ψ (a, b) = |WXY

ψ (a, b)|+ |WXZ
ψ (a, b)|+ |WY Z

ψ (a, b)| (3)

Figure 1 presents WXY Z
ψ , the cross-spectrogram of the example time series for the 5th99

of January 2013. Coherent processes have enhanced amplitude while the amplitude of100

noise is reduced. Coherent wavelet coefficients with large amplitude correspond on all101

components to part of the signals with higher energy that can be related to geomagnetic102

pulsations.103
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Figure 1. Top: Filtered time series of horizontal magnetic field at UPS magnetic observa-

tory for the 05th of January 2013. Vertical magnetic field is not shown for visual convenience.

Bottom: Cross-spectrogram W
XY Z
ψ (a, b).

96

97

98

2.2 Surrogate data testing104

Geomagnetic pulsations have different diurnal variations for each pulsation type.105

Pc3 pulsations have larger occurrence rate in the morning in local time than in the evening106

whereas Pi2 pulsations have a maximum of occurrence located near the local midnight107

[Saito, 1969]. Moreover, noise level differs from one observatory to another. Such char-108

acteristics have to be taken into account by a data adaptive technique.We consider the109

surrogate technique that has been introduced to recover significant frequencies in non-110

stationary processes. Surrogates are realizations of time-series sharing specified prop-111

erties with the analyzed time series.The analyzed time series is then tested against the112

whole surrogate population. Among the large range of surrogates available [Cazelles et al.,113

2014], we choose the constrained Fourier surrogate. It relies on the null hypothesis: the114

original time series is considered as a stochastic process that can be characterized by the115

autocorrelation function of the original time series. Realizations of such surrogates are116

obtained by randomizing the phases of the Fourier spectrum of the original time series117

and returning back in time domain through inverse Fourier transform. If the Fourier trans-118
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form of the original time series s, is given by coefficients Sk at a frequency index k in119

Fourier domain, then, a Fourier surrogate ŝ in time domain is given by:120

ŝn =

N∑

k=1

|Sk|eiβn exp

(
2ikπn

N

)
, (4)

where n is the time index and the set of phase differences βn is drawn independently from121

the uniform distribution from −π to π. Estimation of the amplitude of Fourier trans-122

form through simple Fast Fourier Transform estimation often leads to bias due to the123

finite length of the analyzed time series. To properly estimate its amplitude, we use the124

multi-taper technique, proposed by Thomson [1982] and Wardinski & Mandea [2006],125

to estimate the power spectrum Pk. Power spectrum and Fourier transform are then re-126

lated by:127

|Sk| = N(Pk)
1/2 (5)

Due to the variability of the geomagnetic pulsations with time, the power spectrum as-128

sociated to the geomagnetic pulsations also varies with time. Figure 2 shows the hourly129

power spectra of the considered UPS dataset. The power spectrum associated to Pc3 pul-130

sations varies on almost two orders of magnitude during the day. One hour is particu-131

larly characterized by large amplitude in the Pc2 pulsations frequency domain from 9132

to 10 LT shown by gold line on Figure 2. As reference power spectrum for the surrogate133

time series simulation, we use the median spectrum P̄k of hourly power spectra P ik at134

each frequency index k defined by equation (6.) Such example of average spectrum is135

shown Figure 2 by the thick red line.136

P̄k =Med(P ik, i = 1, .., 24) (6)

140

Like Cazelles et al. [2014], we test the original wavelet quantities against the dis-141

tributions of wavelet quantities of surrogates functions. For each surrogate triplet (Xn,142

Yn and Zn), we compute the cross-spectrogram defined by equation (3). At each scale143

al in the wavelet analysis, the original cross-spectrogram is tested against the popula-144

tion of surrogates. The α percentile is extracted and any cross-spectrogram coefficients145

above this percentile is kept for further analysis.146
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Figure 2. Top: Gray: Hourly power spectra at UPS magnetic observatory for the 05th of Jan-

uary 2013. Gold: Hourly power spectra for the time window 9-10h LT. Red: Median spectrum.

Bottom: Example of surrogate time series. Red: X, Green: Y , Blue: Z.

137

138

139

2.3 Areawise thresholding147

As stated by Torrence & Compo [1998] and later Maraun et al. [2007], pointwise148

extraction of wavelet coefficients is not enough to recover only the interesting processes.149

Wavelet coefficients obtained through CWT application are by definition correlated, so150

if a process is significant then a whole area of coefficients should also be significant. To151

account for this aspect, we use the areawise thresholding introduced by Maraun et al.152

[2007]. The Morlet wavelet kernel is computed at each scale al. The correlation area is153

then defined by the shape of the correlation kernel above a critical value c chosen as c =154

0.75 in this study. Indeed, larger values result in smaller kernels and therefore meaning-155

less areas can be kept. Lower values lead to the selection of only very large areas of large156

amplitude. Low amplitude continuous pulsations may therefore be missed in the detec-157

tion process. From the set of thresholded wavelet coefficients, only areas where the whole158

correlation kernel fits in are kept for pulsation analysis (Figure 3).159
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Figure 3. Top: Filtered time series of horizontal magnetic field at UPS magnetic observa-

tory for the 05th of January 2013. Bottom: Cross-spectrogram W
XY Z
ψ (a, b). Areawise significant

coefficients are indicated by the black contour.

160

161

162

2.4 Average properties163

Wavelet coefficients must not be interpreted alone [Diallo et al., 2006]. To describe164

the temporal evolution of significant coefficients, we divide the time axis into two min-165

utes windows with an overlap of one minute between two adjacent windows. On each166

window, and for each frequency domain covered by Pc3, Pc4 and Pc5 pulsations, we seek167

the time-frequency position of the cross-spectrogram maximum. We apply on this max-168

ima the wavelet kernel, and average the properties on significant coefficients belonging169

to the kernel. Circular quantities such as polarization angle and phase difference are ac-170

counted for using the methodology of circular statistics [Fisher , 1995]. Figure 4 presents171

the raw processing of the considered time series.172

One minute data of pulsations frequency and polarisation attributes are then pro-173

duced on this basis with a ASCII column format similar to IAGA-2002 format of mag-174

netic observatory data. In the framework of this study, we choose not to perform any175

filtering on the event length or the continuity in event polarization prior to the deliver-176

ing of raw data files.177
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Figure 4. From top to bottom: Filtered time series of horizontal magnetic field at UPS mag-

netic observatory for the 05th of January 2013. Cross-spectrogram W
XY Z
ψ (a, b) with raw results

for the detection of geomagnetic pulsations in the 10 to 1000 s range. Raw results for the hori-

zontal polarization angle. Raw results for the phase difference.
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3 Results and applications182

Any automatic algorithm must be able to recover statistical properties of geomag-189

netic pulsations such as described in Matsushita & Campbell [1967] or Saito [1969]. In190

this section, we introduce two potential applications of the presented algorithm in the191

study of temporal and spatial variations of geomagnetic pulsations.192

3.1 Temporal193

We apply the algorithm on UPS and NUR magnetic observatory time series. UPS194

and NUR observatory are approximatively located at the same corrected geomagnetic195

latitude, with only a few degrees of difference in longitude. Properties of geomagnetic196

pulsations should then show little difference on those two observatories.197

Three years of data are analyzed for the UPS observatory from January 2013 to198

December 2016. NUR observatory has available second data from September 2013, so199

nine months are missing in compared to UPS. Two analysis are performed. The first one200

is the calculation of the average period of Pc3 pulsations for each month along the three201

years. The second one is a six-months average of the pulsations characteristics from early202

July to the end of December 2014. No filtering has been performed on the results, so Pi203

pulsations are also taken into account. Results are shown Figure 5.204

NUR and UPS analysis display similar patterns in the temporal variation of Pc3205

characteristics. Pc3 period shows fast decrease from more than 35 seconds to less than206

30 seconds after the maximum sunspot number where it stabilizes at about 30 seconds.207

Prior to the maximum sunspot number, Pc3 period is also relatively low compared to208

the 35 seconds period maximum. Hourly means of geomagnetic pulsations period also209

display the U shape previously described in the literature [Saito, 1969]. The maximum210

period of oscillation is at about 07:00 LT. Their occurrence is also greater in the morn-211

ing than in the evening as well as the amplitude of the pulsations.212

3.2 Spatial213

Another application of this scheme is the monitoring of waves properties on a global214

scale. We apply the algorithm on NEW, FRN and MEA magnetic observatories time se-215

ries. The three observatories are located at different corrected geomagnetic latitudes but216
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approximatively on the same corrected geomagnetic longitude. Raw results of the anal-217

ysis on the 7th of January are shown Figure 6. The three observatories display similar218

patterns detected during the day. One known fact is the dependence of Pc5 amplitude219

with the geomagnetic latitude [Matsushita & Campbell , 1967]. Indeed, amplitude of the220

cross-spectrogram at MEA observatory is almost two orders of magnitude above the cross-221

spectrogram at FRN. Interestingly, the polarization of Pc5 pulsations is very similar be-222

tween FRN and NEW observatories with increased difference with MEA. These simil-223

itudes can be detailed by filtering the raw files and performing averaging of parameters224

on the events to obtain an overview of the distribution of parameters.225

4 Discussion and Conclusions230

An automatic procedure for the detection of geomagnetic pulsations is described231

in this paper. The performance of this scheme is acknowledged on two examples on a232

temporal scale and a spatial scale demonstrating its ability to detect geomagnetis pul-233

sationc and recover their statistical properties (typical periods, latitude, time of day and234

polarisation attributes).235
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Figure 5. From top to bottom: Variation of monthly means of Pc3 period for UPS (black)

and NUR (red) observatory. Variation of the monthly mean sunspot number (black) and

smoothed sunspot number (blue line) (SILSO data, Royal Observatory of Belgium, Brussels).

Hourly means of cross-spectrogram amplitude for UPS (black) and NUR (red) observatory.

Hourly means of Pc3 periods over a six month period for UPS (black) and NUR (red) observa-

tory. Hourly occurrence of Pc3 pulsations for UPS (black) and NUR (red) observatory.
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T ❝♦♥1✐❞3&3❡✳ ❆✐♥1✐✱ ❧❡1 1❡❣♠❡♥%1 ❝♦&&❡1♣♦♥❞❛♥% ❛✉① ❧♦♥❣✉❡1 ♣3&✐♦❞❡1 ❝♦♥%✐❡♥♥❡♥% ♣❧✉1 ❞✬3❝❤❛♥✲

%✐❧❧♦♥1 E✉❡ ❧❡1 1❡❣♠❡♥%1 ❝♦&&❡1♣♦♥❞❛♥%1 ❛✉① ❝♦✉&%❡1 ♣3&✐♦❞❡1✳ ,♦✉& ❝❤❛E✉❡ 1❡❣♠❡♥%✱ ✉♥ ❢❡♥O%&❛❣❡

❡1% ❛♣♣❧✐E✉3❡ ❛✜♥ ❞❡ ❧✐♠✐%❡& ❧❡ ❜✐❛✐1 ❞❡1 ❜❛11❡1 ❢&3E✉❡♥❝❡1 1✉& ❧❡1 ❡1%✐♠❛%✐♦♥1 ❞❡1 %&❛♥1❢♦&♠3❡1

❞❡ ❋♦✉&✐❡&✳ ❯♥ ❣&❛♥❞ ♥♦♠❜&❡ ❞❡ ❢❡♥O%&❛❣❡ ❡1% ♣♦11✐❜❧❡ ✿ ❧❡1 ❢❡♥O%&❡1 ❞❡ ❍❛♠♠✐♥❣✱ ❇❧❛❝❦♠❛♥♥✳✳✳

,❛&♠✐ ❝❡✉①✲❝✐✱ ❧❛ ❝❧❛11❡ ❧❛ ♣❧✉1 ✉%✐❧✐13❡ ❡♥ ▼❚ ❡1% ❧❛ ❢❛♠✐❧❧❡ ❞❡1 13E✉❡♥❝❡1 ❞❡ ❙❧❡♣✐❛♥ ✭❙❧❡♣✐❛♥✱

✶✾✼✽ ❀ ❉❛✈✐❞ ❏ ❚❤♦♠%♦♥✱ ✶✾✽✷ ❀ ❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠%♦♥✱ ✶✾✽✼✮✳

❆♣&K1 ❛♣♣❧✐❝❛%✐♦♥ ❞✉ ❢❡♥O%&❛❣❡✱ ✉♥❡ %&❛♥1❢♦&♠3❡ ❞❡ ❋♦✉&✐❡& ❞✐1❝&K%❡ ❡1% ❛♣♣❧✐E✉3❡ 1✉& ❝❤❛E✉❡

1❡❝%✐♦♥✳ ▲❡1 ❞♦♥♥3❡1 1♦♥% ❞♦♥❝ N ✈❛❧❡✉&1 ❞❡ E ❡% H M ✉♥❡ ❢&3E✉❡♥❝❡ ♣❛&%✐❝✉❧✐K&❡✳

✸✳✷✳✷ ❘/❣0❡..✐♦♥ ❧✐♥/❛✐0❡ ❡) ♠♦✐♥❞0❡. ❝❛00/.

❈♦♥1✐❞3&♦♥1 E✉❡ ❧❡1 1✐❣♥❛✉① 3❧❡❝%&✐E✉❡1 ❡% ♠❛❣♥3%✐E✉❡1 ♦♥% 3%3 1❡❣♠❡♥%3❡1 ❡♥ N 1❡❝%✐♦♥1 ❞❡

%❛✐❧❧❡ 3❣❛❧❡ ❡% ❞♦♥% ❧❡1 ❡✛❡%1 ❞✬❛❧✐❛1✐♥❣ ❡% ❞❡ ❜✐❛✐1 ❜❛11❡ ❢&3E✉❡♥❝❡ ♦♥% 3%3 &3❞✉✐%1 ♣❛& ❧✬❛♣♣❧✐❝❛%✐♦♥

❞✬✉♥❡ ❢❡♥O%&❡ ❞✬❛♣♦❞✐1❛%✐♦♥✳ ▲❛ %&❛♥1❢♦&♠3❡ ❞❡ ❋♦✉&✐❡& ❡1% ❛♣♣❧✐E✉3❡ 1✉& ❝❤❛E✉❡ 1❡❣♠❡♥% ❡% ❧❛



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✽✽

❢&,-✉❡♥❝❡ fk ❡1% ❝♦♥1✐❞,&,❡ ♣❛& ❧❛ 1✉✐%❡✳ ▲❡ ♣&♦❜❧7♠❡ ▼❚ ❝♦♥1✐1%❡ ❡♥ ❧❛ &❡❝❤❡&❝❤❡ ; ❧❛ ❢&,-✉❡♥❝❡

fk ❞✬✉♥❡ 1♦❧✉%✐♦♥ ; ❧❛ &,❣&❡11✐♦♥ ❧✐♥,❛✐&❡ ✿

E = B× Z+ ε, ✭✸✳✷✮

❛✈❡❝ E ✉♥ ✈❡❝%❡✉& ❞❡ %❛✐❧❧❡ (N, 1)✱ Z ✉♥❡ ♠❛%&✐❝❡ ❞❡ %❛✐❧❧❡ (2, 1) ❡% B ✉♥ ✈❡❝%❡✉& ❞❡ %❛✐❧❧❡ (N, 2)✳

E ❝♦♥%✐❡♥% ❧❡1 %&❛♥1❢♦&♠,❡1 ❞❡ ❋♦✉&✐❡& ❞✉ ❝❤❛♠♣ ,❧❡❝%&✐-✉❡ ✭Ex ♦✉ Ey✮✱ H ❧❡1 %&❛♥1❢♦&♠,❡1

❞❡ ❋♦✉&✐❡& ❞✉ ❝❤❛♠♣ ♠❛❣♥,%✐-✉❡ ✭Bx ❡% By✮✱ ❡% Z ❧❡1 ❢♦♥❝%✐♦♥1 ❞❡ %&❛♥1❢❡&% &❡❝❤❡&❝❤,❡1✳ ε ❡1%

✉♥ ✈❡❝%❡✉& ❞❡ %❛✐❧❧❡ (N, 1) &❡♣&,1❡♥%❛♥% ❧❡1 ❡&&❡✉&1 ❞❡ ♠❡1✉&❡ 1✉& E✳ × &❡♣&,1❡♥%❡ ❧❡ ♣&♦❞✉✐%

♠❛%&✐❝✐❡❧✳

❏✉1-✉✬; ❧✬✐♥%&♦❞✉❝%✐♦♥ ❞❡1 1%❛%✐1%✐-✉❡1 &♦❜✉1%❡1✱ ❧❡1 ♠,%❤♦❞❡1 ✉%✐❧✐1,❡1 ♣♦✉& ❞,%❡&♠✐♥❡& Z 1❡

❜❛1❛✐❡♥% 1✉& ❧❛ 1✐♠♣❧❡ ❛♣♣❧✐❝❛%✐♦♥ ❞❡1 ♠♦✐♥❞&❡1 ❝❛&&,1 ; ❧❛ &,❣&❡11✐♦♥ ✭✸✳✷✮✳ ▲❡1 ♠♦✐♥❞&❡1 ❝❛&&,1

♣❡&♠❡%%❡♥% ❞❡ ❞,%❡&♠✐♥❡& ❧❡ ♠♦❞7❧❡ ♠✐♥✐♠✐1❛♥% ❧❡1 &,1✐❞✉1 r ❡♥%&❡ ❧❡ ❝❤❛♠♣ ,❧❡❝%&✐-✉❡ ♠❡1✉&,

E ❡% ❧❡ ❝❤❛♠♣ ,❧❡❝%&✐-✉❡ ♠♦❞,❧✐1, B× Z ✿

N∑

i=1

r2i =

N∑

i=1

|Ei −BiZ|2 ✭✸✳✸✮

▲❡ ♠♦❞7❧❡ ❞❡1 ♠♦✐♥❞&❡1 ❝❛&&,1 ❡1% ❥✉1%❡ ❞❛♥1 ❧❡ ❝❛1 ♦G ❧❡1 ❡&&❡✉&1 ε 1♦♥% ✐♥❞,♣❡♥❞❛♠♠❡♥% ❡%

✐❞❡♥%✐-✉❡♠❡♥% ❞✐1%&✐❜✉,❡1 1❡❧♦♥ ✉♥ ♠♦❞7❧❡ ❣❛✉11✐❡♥ ✭●✳ ❉✳ ❊❣❜❡$% ❡% ❏✳ ❘✳ ❇♦♦❦❡$✱ ✶✾✽✻✮✳

❊♥ ♣&❛%✐-✉❡✱ ❧❡1 ❡&&❡✉&1 1✉✐✈❡♥% &❛&❡♠❡♥% ❝❡ ♠♦❞7❧❡ ❡% ❧❡1 ♠♦✐♥❞&❡1 ❝❛&&,1 ♥❡ ♣❡&♠❡%%❡♥% ♣❛1 ❞❡

❞,%❡&♠✐♥❡& ❧❡1 ❢♦♥❝%✐♦♥1 ❞❡ &,♣♦♥1❡ ♠❛❣♥,%♦%❡❧❧✉&✐-✉❡1 ✭●✳ ❉✳ ❊❣❜❡$% ❡% ❏✳ ❘✳ ❇♦♦❦❡$✱ ✶✾✽✻ ❀

❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠/♦♥✱ ✶✾✽✾✮✳ Q♦✉& ❞♦♥♥❡& ✉♥ ❡①❡♠♣❧❡✱ ♥♦✉1 &❡♣&,1❡♥%♦♥1 ; ❧❛

❋✐❣✉&❡ ✸✳✶✱ ✉♥❡ ✐❧❧✉1%&❛%✐♦♥ ❞❡ ❧✬,❝❤❡❝ ❞❡1 ♠♦✐♥❞&❡1 ❝❛&&,1 ; &,❝✉♣,&❡& ❧❛ %❡♥❞❛♥❝❡ ❞✬✉♥❡ ❞&♦✐%❡

❧✐♥,❛✐&❡ ❞,✜♥✐❡ ♣❛& e = 0.5b✳ ▲❡1 ♣♦✐♥%1 ♥❡ 1✉✐✈❛♥% ♣❛1 ❧❛ ❧♦✐ e = 0.5b✱ ❛♣♣❡❧,1 ♦✉$❧✐❡!+✱ ♣❡&%✉&❜❡♥%

❧✬❡1%✐♠❛%✐♦♥ ❞❡1 ♠♦✐♥❞&❡1 ❝❛&&,1 ❡% ❡♠♣T❝❤❡♥% ❞❡ ❞,%❡&♠✐♥❡& ❝♦&&❡❝%❡♠❡♥% ❧❛ ♣❡♥%❡ ❞❡ ❧❛ ❞&♦✐%❡✳

▲✬,❝❛&% ; ✉♥ ♠♦❞7❧❡ ❣❛✉11✐❡♥ ♣❡✉% ✈❡♥✐& ❞❡ ♣❧✉1✐❡✉&1 ♦&✐❣✐♥❡1✱ ❝♦♠♠❡ ✉♥❡ ❡&&❡✉& ❞❡ ♠❡1✉&❡

♦✉ ✉♥ ❜&✉✐% ❧♦❝❛❧ ♥❡ ❝♦&&❡1♣♦♥❞❛♥% ♣❛1 ❛✉ ♣&♦❝❡11✉1 ❞✬✐♥❞✉❝%✐♦♥ %❡❧ -✉❡ ❞,✜♥✐ ♣❛& ❧❡ ♠♦❞7❧❡

▼❚ ✭❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠/♦♥✱ ✶✾✽✼✮✳ ❉❛♥1 ❝❡1 ❝♦♥❞✐%✐♦♥1✱ ❧❡ ♠♦❞7❧❡ ❞❡1 ♠♦✐♥❞&❡1

❝❛&&,1 ♥❡ ♣❡&♠❡% ♣❛1 ❞❡ ❞,%❡&♠✐♥❡& ❛✈❡❝ ♣&,❝✐1✐♦♥ Z✳

✸✳✷✳✸ ❙$❛$✐'$✐(✉❡' +♦❜✉'$❡'

Q♦✉& ❛❝❝♦♠♠♦❞❡& ❝❡1 ,❝❛&%1✱ ❧❡1 1%❛%✐1%✐-✉❡1 &♦❜✉1%❡1 ♦♥% ,%, ❛♣♣❧✐-✉,❡1 ❡♥ ♠❛❣♥,%♦%❡❧❧✉✲

&✐-✉❡✳ ❈❡1 1%❛%✐1%✐-✉❡1 &♦❜✉1%❡1 1♦♥% ❞,✜♥✐❡1 ❝♦♠♠❡ ♣❡&♠❡%%❛♥% ❞✬♦❜%❡♥✐& ❞❡1 ❡1%✐♠❛%✐♦♥1 ❡♥

♣&,1❡♥❝❡ ❞❡ ♣♦✐♥%1 ❛❜❡&&❛♥%1 ❛♣♣❡❧,1 ♦✉$❧✐❡!+✳
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❋✐❣✉$❡ ✸✳✶✿ ❊①❡♠♣❧❡ ❞❡ ♣&♦❜❧3♠❡ ❞❡ &4❣&❡66✐♦♥ ❧✐♥4❛✐&❡ ❛✈❡❝ ❞❡6 ♣♦✐♥%6 ❞♦♥% ❧❡6 &46✐❞✉6

♥❡ ✈4&✐✜❡♥% ♣❛6 ❧✬❤②♣♦%❤36❡ ❞❡ ❞✐6%&✐❜✉%✐♦♥ ❣❛✉66✐❡♥♥❡✳ ▲❡6 ♣♦✐♥%6 ✈❡&%6 ✈4&✐✜❡♥% ✿ e = 0.5b +
N (0, 0.1)✳ ▲❡6 ♣♦✐♥%6 &♦✉❣❡6 6✉✐✈❡♥% ✉♥❡ ❞✐6%&✐❜✉%✐♦♥ ❞❡ ❈❛✉❝❤② ❞❡ ♣❛&❛♠3%&❡6 ❞❡ ♣♦6✐%✐♦♥ ✵ ❡%
❞✬4❝❤❡❧❧❡ ✵✳✶✳ ▲❛ ❝♦✉&❜❡ ❡♥ ♣♦✐♥%✐❧❧46 ♥♦✐&6 ❡6% ❧❡ ♠♦❞3❧❡ e = 0.5b✱ ❝❡❧❧❡ ❡♥ ♣♦✐♥%✐❧❧46 ❜❧❡✉6 ❧❡
♠♦❞3❧❡ ♦❜%❡♥✉ ♣❛& ❧❡6 ♠♦✐♥❞&❡6 ❝❛&&46✳

❋■●❯❘❊ ✸✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❧✐♥❡❛! !❡❣!❡++✐♦♥ ✇❤❡!❡ !❡+✐❞✉❛❧+ ❞♦ ♥♦$ ❢♦❧❧♦✇ ❣❛✉++✐❛♥ ❞✐+$!✐❜✉$✐♦♥✳

●!❡❡♥ ❞♦$+ ❢♦❧❧♦✇ e = 0.5b + N (0, 0.1)✳ ❘❡❞ ❞♦$+ ❢♦❧❧♦✇ ❈❛✉❝❤② ❞✐+$!✐❜✉$✐♦♥ ✇✐$❤ ❧♦❝❛$✐♦♥ ❛♥❞

+❝❛❧❡ ♣❛!❛♠❡$❡!+ ❛$ ✵ ❛♥❞ ✵✳✶ !❡+♣❡❝$✐✈❡❧②✳ ❉♦$$❡❞ ❜❧❛❝❦ ❧✐♥❡ ✐+ e = 0.5b ♠♦❞❡❧✱ ❞❛+❤❡❞ ❜❧✉❡ ❧✐♥❡
✐+ ♠♦❞❡❧ ♦❜$❛✐♥❡❞ $❤!♦✉❣❤ ❧❡❛+$✲+/✉❛!❡+ ✐♥✈❡!+✐♦♥✳

✸✳✷✳✸✳✶ ❊%♣'(❛♥❝❡

▲❛ &♦❜✉6%❡66❡ ❞✬✉♥ ❡6%✐♠❛%❡✉& 6❡ ❞4%❡&♠✐♥❡ ♣❛& &❛♣♣♦&% C ❧❛ D✉❛♥%✐%4 ♠❛①✐♠❛❧❡ ❞❡ ❞♦♥♥4❡6

♣♦✉✈❛♥% E%&❡ ♠♦❞✐✜4❡ ❞❛♥6 ✉♥ ❡♥6❡♠❜❧❡ 6❛♥6 ♣❡&%✉&❜❡& ❧✬❡6♣4&❛♥❝❡ ❢❛✐%❡ ♣❛& ❧✬❡6%✐♠❛%❡✉&✳ ❉❡✉①

❡6%✐♠❛%❡✉&6 ♣♦✉✈❛♥% E%&❡ ✉%✐❧✐646 ♣♦✉& ❝❛❧❝✉❧❡& ❧✬❡6♣4&❛♥❝❡ ❞✬✉♥ ❡♥6❡♠❜❧❡ 6♦♥% ❧❛ ♠4❞✐❛♥❡ x̃ ❡%

❧❛ ♠♦②❡♥♥❡ x̄✳ ▲❛ &♦❜✉6%❡66❡ ❞❡ ❧❛ ♠4❞✐❛♥❡ ❡6% ❞❡ 1/2− 1/N 6✐ N ❡6% ✐♠♣❛✐&✱ ❡% 1/2− 1/2N 6✐

N ❡6% ♣❛✐& ✐♥❞✐D✉❛♥% D✉❡ ❧✬❡6♣4&❛♥❝❡ ❡6% ♣❡&%✉&❜4❡ ❢♦&%❡♠❡♥% 6✐ ❧❛ ♣❛&% ❞✬♦✉%❧✐❡&6 ❞4♣❛66❡ ❝❡%%❡

♣&♦♣♦&%✐♦♥ ❞❛♥6 ❧✬4❝❤❛♥%✐❧❧♦♥✳ ▲❛ ♠♦②❡♥♥❡ ❛ ❡♥ &❡✈❛♥❝❤❡ ✉♥❡ &♦❜✉6%❡66❡ ❞❡ ✵✱ ✐❧ 6✉✣% ❞✬✉♥ 6❡✉❧

♦✉%❧✐❡& ♣❡✉% ♠♦❞✐✜❡& ❢♦&%❡♠❡♥% ❧✬❡6♣4&❛♥❝❡✳ I❛&♠✐ ❧❡6 ❡6%✐♠❛%❡✉&6✱ ♦♥ %&♦✉✈❡ ♣❧✉6✐❡✉&6 ❝❧❛66❡6✱

♣❛&♠✐ ❝❡❧❧❡6✲❝✐✱ ❧❡6 ❡6%✐♠❛%❡✉&6 ❞❡ %②♣❡ ▲ ✭♣♦✉& ❧✐♥❡❛!✮ ♦✉ ▼ ✭♣♦✉& ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❚②♣❡✮✳

▲❡6 ❡6%✐♠❛%❡✉&6 ❞❡ %②♣❡ ▲ 6❡ ❜❛6❡♥% 6✉& ✉♥❡ ❝♦♠❜✐♥❛✐6♦♥ ❧✐♥4❛✐&❡ ❞❡6 ❞4❝✐❧❡6✳ ▲❛ ♠4❞✐❛♥❡

❡6% ✉♥ ❡①❡♠♣❧❡ ❞✬❡6%✐♠❛%❡✉& ❞❡ ❧✬❡6♣4&❛♥❝❡ ❞❡ %②♣❡ ▲ ✭✺

e
❞4❝✐❧❡✮✱ ❝♦♠♠❡ ❧❡ ♠✐❞❤✐♥❣❡ ✭♠♦②❡♥♥❡

❞❡6 ✸

eme
❡% ✼

eme
❞4❝✐❧❡6✮✳ ▲✬✐♥%4&E% ❞❡6 ❡6%✐♠❛%❡✉&6 ❞❡ %②♣❡ ▲ ❡6% ❧❡✉& ❢❛❝✐❧✐%4 ❞❡ ❝❛❧❝✉❧✱ ❧❡✉&

&♦❜✉6%❡66❡ ❡% ❧❡✉& ❝❛♣❛❝✐%4 C E%&❡ ✈✐6✉❛❧✐646 &❛♣✐❞❡♠❡♥% ❣&Q❝❡ C ❞❡6 ❣&❛♣❤❡6 ❞❡ %②♣❡6 ❜♦✐%❡6 C

♠♦✉6%❛❝❤❡✳ ❊♥ &❡✈❛♥❝❤❡✱ ❧❡✉& ✉%✐❧✐6❛%✐♦♥ ❞❛♥6 ❧❡6 ♣&♦❜❧3♠❡6 ❞❡ &4❣&❡66✐♦♥ ♣♦6❡ ♣&♦❜❧3♠❡ ❝❛& ✐❧6

♥❡ ♣❡&♠❡%%❡♥% ♣❛6 ❧✬❛❞❛♣%❛%✐♦♥ &❛♣✐❞❡ C ❞❡6 ❥❡✉① ❞❡ ❞♦♥♥4❡6 ❞✐✛4&❡♥%6✳

▲❡6 ❡6%✐♠❛%❡✉&6 ❞❡ %②♣❡ ▼ 6❡ ❜❛6❡♥% 6✉& ❧❛ ♠✐♥✐♠✐6❛%✐♦♥ ❞✬✉♥❡ ❢♦♥❝%✐♦♥ ♦❜❥❡❝%✐❢ ρ✳ ■❧6 6♦♥% ✉♥❡

❣4♥4&❛❧✐6❛%✐♦♥ ❞❡ ❧❛ ♠4%❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈&❛✐6❡♠❜❧❛♥❝❡ ✭▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊+$✐♠❛$✐♦♥✱
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▼▲❊✮ ✭❍✉❜❡$✱ ✶✾✽✶✮✳ ❙♦✐% θ ❧❡ ♣❛&❛♠8%&❡ &❡❝❤❡&❝❤: ❞✬✉♥❡ ❧♦✐ ❞❡ ♣&♦❜❛❜✐❧✐%: ❡% (X1, X2, ..., Xn)

✉♥ ❡♥@❡♠❜❧❡ ❞❡ ✈❛&✐❛❜❧❡@ ❛❧:❛%♦✐&❡@ ❞❡ ❞❡♥@✐%: ❞❡ ♣&♦❜❛❜✐❧✐%: ❝♦♥%✐♥✉❡ f ✳ ❙♦✐% (x1, x2, ..., xn)

❞❡@ :❝❤❛♥%✐❧❧♦♥@ %✐&:@ ♣♦✉& ❝❤❛B✉❡ ✈❛&✐❛❜❧❡ ❛❧:❛%♦✐&❡ Xi✳ ❊♥ @✉♣♣♦@❛♥% B✉❡ ❧❡@ ✈❛&✐❛❜❧❡@ @♦♥%

✐❞❡♥%✐B✉❡♠❡♥% ❡% ✐♥❞:♣❡♥❞❛♠♠❡♥% ❞✐@%&✐❜✉:❡@✱ ❧❛ ❢♦♥❝%✐♦♥ ❞❡ ✈&❛✐@❡♠❜❧❛♥❝❡ @✬:❝&✐% ✿

L(θ) =
n∏

i=1

f(xi|θ) ✭✸✳✹✮

❆✉ ❧✐❡✉ ❞❡ ♠❛①✐♠✐@❡& L✱ ♣&✐♥❝✐♣❡ ❞❡ ❧❛ ♠:%❤♦❞❡ ▼▲❊✱ ❧❡@ ❡@%✐♠❛%❡✉&@ ❞❡ %②♣❡ ▼ ♠✐♥✐♠✐@❡♥%

✉♥❡ ❢♦♥❝%✐♦♥ ❝♦J% ρ ♦✉ ❛♥♥✉❧❡♥% @❛ ❞:&✐✈:❡✱ ❛♣♣❡❧:❡ ❢♦♥❝%✐♦♥ ❞✬✐♥✢✉❡♥❝❡ ψ✱ ❞:✜♥✐❡@ ♣❛& ✿

θ̂ : min(
n∑

i=1

ρ(xi|θ)), ♦M ρ(xi|θ) = − log(f(xi|θ))

ψ(x) =
∂ρ

∂θ
(x)

✭✸✳✺✮

■❧ ❡@% ✐♠♣♦@@✐❜❧❡ ❞❡ @❛✈♦✐& P ♣&✐♦&✐ B✉❡❧ ♣❛&❛♠8%&❡ θ ♣❡&♠❡% ❞❡ ♠✐♥✐♠✐@❡& ❧❛ ❢♦♥❝%✐♦♥ ρ✳ ▲❡ ♣&✐♥❝✐♣❡

❞❡@ ❡@%✐♠❛%❡✉&@ ❞❡ %②♣❡ ▼ @❡ ❜❛@❡ @✉& ✉♥❡ ♣&♦❝:❞✉&❡ ❞❡ &:❣&❡@@✐♦♥ ✭❛♣♣❡❧:❡ ■$❡!❛$✐✈❡ ❘❡✇❡✐❣❤$❡❞

▲❡❛+$ ❙/✉❛!❡+✮ ❡♥ ♣❧✉@✐❡✉&@ ✐%:&❛%✐♦♥@ ♣❡&♠❡%%❛♥% ❞❡ ❞:%❡&♠✐♥❡& ❧❡ ♠❡✐❧❧❡✉& ♣❛&❛♠8%&❡ θ P ♣❛&%✐&

❞❡ ❧❛ ♣♦♣✉❧❛%✐♦♥ (x1, x2, ..., xn)✳

❈❡%%❡ ♠:%❤♦❞❡ ✉%✐❧✐@❡ ✉♥❡ @♦❧✉%✐♦♥ ✐♥✐%✐❛❧❡ θ0✱ ♣❛& ❡①❡♠♣❧❡ ♦❜%❡♥✉❡ P ♣❛&%✐& ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥

❞❡@ ♠♦✐♥❞&❡@ ❝❛&&:@ ✭❡✳❣✳ :B✉❛%✐♦♥ ✸✳✸✮✱ ♦✉ ❞✬✉♥❡ @♦❧✉%✐♦♥ ❞❡ ♥♦&♠❡ L1 ❞❛♥@ ❧❡ ❝❛@ ❞❡ ❞♦♥♥:❡@

❡①%&R♠❡♠❡♥% ❜&✉✐%:❡@ ✭❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠,♦♥✱ ✷✵✵✹✮✳ ❆ ♣❛&%✐& ❞❡ ❝❡%%❡ @♦❧✉%✐♦♥

✐♥✐%✐❛❧❡✱ ❧❡@ &:@✐❞✉@ r0 @♦♥% ❝❛❧❝✉❧:@ ❡♥%&❡ ❧❛ ♣♦♣✉❧❛%✐♦♥ (x1, x2, ..., xn) ❡% ❧❡ ♠♦❞8❧❡ ♦❜%❡♥✉ ✉%✐❧✐@❛♥%

θ0✳ ❉❛♥@ ❧❡ ❝❛@ ❞✉ ♣&♦❜❧8♠❡ ▼❚✱ ❧❡@ &:@✐❞✉@ r0 @♦♥% ♦❜%❡♥✉@ ♣❛& r0 = e− hz0✳

▲❡ ♣&♦❜❧8♠❡ ❞❡ ❧✬❡@%✐♠❛%✐♦♥ @❡ ♣♦@❡ ♣❛& ❧❛ ❞✐@♣❡&@✐♦♥ ❞❡@ ❞♦♥♥:❡@ ❛✉%♦✉& ❞✉ ♣❛&❛♠8%&❡

&❡❝❤❡&❝❤: θ✱ P @❛✈♦✐& ❞:%❡&♠✐♥❡& B✉❡❧@ &:@✐❞✉@ @♦♥% P ❝♦♥@✐❞:&❡& ❝♦♠♠❡ @✐❣♥✐✜❝❛%✐❢@✳ θ ❡@% ✐♥✈❛&✐❛♥%

♣❛& %&❛♥@❧❛%✐♦♥ ✭Xi → Xi + a ⇒ θ → θ + a✮✱ ♠❛✐@ ♣❛@ ♣❛& ❝❤❛♥❣❡♠❡♥% ❞✬:❝❤❡❧❧❡ ✭Xi → bXi ;

θ → bθ✮✳ ▲❡@ &:@✐❞✉@ ❞♦✐✈❡♥% ❞♦♥❝ R%&❡ ♣♦♥❞:&:@ ♣❛& ✉♥❡ :❝❤❡❧❧❡ d B✉✐ ✈❛ ❞:%❡&♠✐♥❡& P ♣❛&%✐& ❞❡

B✉❡❧❧❡ ♣&♦♣♦&%✐♦♥ ❧❡@ :❝❤❛♥%✐❧❧♦♥@ @♦♥% ❝♦♥@✐❞:&:@ ❝♦♠♠❡ ❞❡@ ♣♦✐♥%@ ❛❜❡&&❛♥%@ ❞❛♥@ ❧❛ &:❣&❡@@✐♦♥ ✿

xi =
ri
d

✭✸✳✻✮

▲✬:❝❤❡❧❧❡ ❞♦✐% R%&❡ ❝❤♦✐@✐❡ &♦❜✉@%❡ ♣♦✉& B✉❡ ❧✬❡♥@❡♠❜❧❡ ❞❡ ❧✬❛❧❣♦&✐%❤♠❡ @♦✐% &♦❜✉@%❡✳

▲❡ ❝❤♦✐① ❞❡ ❧❛ ❢♦♥❝%✐♦♥ ρ ❡% ❞❡ ❧✬:❝❤❡❧❧❡ ❡@% ❞:%❡&♠✐♥:❡ ♣❛& ❧❡ ♠♦❞8❧❡ ❞:@✐&: ♣♦✉& ♠♦❞:❧✐@❡&

❧❡@ &:@✐❞✉@ ♦❜%❡♥✉@ P ♣❛&%✐& ❞❡@ ❞♦♥♥:❡@ P ❞✐@♣♦@✐%✐♦♥✳ W❛&♠✐ ❧❡@ ♠♦❞8❧❡@ ❧❡@ ♣❧✉@ ❝♦✉&❛♠♠❡♥%

✉%✐❧✐@:@✱ ❧❡@ ♠♦❞8❧❡@ ♣♦✉& ❧❡@ ♥♦&♠❡@ L1 ❡% L2✱ ❧❡@ ♠♦✐♥❞&❡@ ❝❛&&:@✱ ✉%✐❧✐@❡♥% ❧❡@ ❢♦♥❝%✐♦♥@ ♦❜❥❡❝%✐❢@ ✿

ρ(x) =
−x2
2

ρ(x) = |x|
✭✸✳✼✮
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❋✐❣✉$❡ ✸✳✷✿ ❋♦♥❝%✐♦♥ ❞❡ ❝♦1% ♣♦✉& ❧❡4 ♠♦❞6❧❡4 ❞❡ ♠♦✐♥❞&❡4 ❝❛&&74 ✭%&❛✐% ♣❧❡✐♥✮✱ ♥♦&♠❡ L1

✭%&❛✐% ♣♦✐♥%✐❧❧7✮✱ ❡% ❞❡ ❍✉❜❡& ✭%&❛✐% ❞✐4❝♦♥%✐♥✉✮✳

❋■●❯❘❊ ✸✳✷✿ ❈♦+$ ❢✉♥❝$✐♦♥ ❢♦! ❧❡❛+$✲+/✉❛!❡+ ♠♦❞❡❧ ✭❢✉❧❧ ❧✐♥❡✮✱ L1 ♥♦!♠ ✭❞♦$$❡❞ ❧✐♥❡✮ ❛♥❞

❍✉❜❡! ♠♦❞❡❧ ✭❞❛+❤❡❞ ❧✐♥❡✮✳

▲❡ ♠♦❞6❧❡ ✉%✐❧✐47 ❡♥ ▼❚ ♣♦✉& ❧❡4 &74✐❞✉4 ❥✉4A✉✬C ❆❧❛♥ ❉ ❈❤❛✈❡ ✭✷✵✶✹✮ ❡4% ❝❡❧✉✐ ❞✬✉♥ ♥♦②❛✉

❣❛✉44✐❡♥ ❝♦♥%❛♠✐♥7 ♣❛& ❞❡4 ✈❛❧❡✉&4 ❞7✈✐❛♥% ❞❡ ❝❡ ♠♦❞6❧❡✳ K♦✉& ❛❝❝♦♠♠♦❞❡& ❝❡%%❡ ❞✐4%&✐❜✉%✐♦♥4

❞❡ &74✐❞✉4✱ ✉♥ ❡4%✐♠❛%❡✉& ❞❡ %②♣❡ ▼ ❛❞❛♣%7 ❡4% ❝❡❧✉✐ ❜❛47 4✉& ❧❡4 ♣♦✐❞4 ❞❡ ❍✉❜❡( ✭✶✾✽✶✮✳ ▲❡4

❢♦♥❝%✐♦♥4 ♦❜❥❡❝%✐❢4 4♦♥% ❞7✜♥✐❡4 ♣❛& ✿

ρ(x) =




−x2/2 ✐❢ |x| 6 γ

−γ|x| − γ2/2 ✐❢ |x| > γ
✭✸✳✽✮

❆✐♥4✐✱ ❧❡ ♠♦❞6❧❡ 4♦✉4✲❥❛❝❡♥% ❝♦♥%✐❡♥% ✉♥ ♥♦②❛✉ ❞❡ ❞♦♥♥7❡4 ❣❛✉44✐❡♥ ❞7✜♥✐ ♣❛& ❧❛ ❢♦♥❝%✐♦♥ ♦❜❥❡❝%✐❢

❛44♦❝✐7❡ ❛✉① ♠♦✐♥❞&❡4 ❝❛&&74✱ ❡% ✉♥ ♠♦❞6❧❡ ❡♥ ❞♦✉❜❧❡ ❡①♣♦♥❡♥%✐❡❧❧❡ ❛✉① ❡①%&7♠✐%74✳ ▲❛ ❝♦♥%✐♥✉✐%7

❡4% ❛44✉&7❡ ♣❛& ❧❡ ♣❛&❛♠6%&❡ γ2/2✳ ▲❡ ♣❛&❛♠6%&❡ γ ♣❡&♠❡% ❞✬❛❥✉4%❡& ❧❛ &♦❜✉4%❡44❡ ❞❡ ❧❛ ❢♦♥❝%✐♦♥

♦❜❥❡❝%✐✈❡ ♣❛& &❛♣♣♦&% ❛✉ ♣&♦❜❧6♠❡ 7%✉❞✐7✳ ❉❡ ♥♦♠❜&❡✉4❡4 &7❢7&❡♥❝❡4 ❝♦♥4❡✐❧❧❡♥% ❧✬✉%✐❧✐4❛%✐♦♥ ❞✉

♣❛&❛♠6%&❡ γ 7❣❛❧ C ✶✳✺✳ K♦✉& ❧❡ ❝❤♦✐① ❞❡ ❧✬7❝❤❡❧❧❡ ❞7%❡&♠✐♥❛♥% C ♣❛&%✐& ❞❡ A✉❡❧❧❡ ❞✐4%❛♥❝❡ ❧❡4

&74✐❞✉4 4♦♥% ❝♦♥4✐❞7&74 ✐♠♣♦&%❛♥%4✱ ❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠,♦♥ ✭✶✾✽✾✮ ❡% ❆❧❛♥ ❉✳

❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠,♦♥ ✭✷✵✵✹✮ ♦♥% ❝❤♦✐4✐ ❧❛ 4%❛%✐4%✐A✉❡ ❞✬♦&❞&❡ ▼❆❉ ❞7✜♥✐❡ ♣❛& ✿

MAD(X) = ♠❡❞✐❛♥(Xi −♠❡❞✐❛♥(Xi)) ✭✸✳✾✮

▲❡ ▼❆❉ ❡4% ♣♦♥❞7&7❡ ♣❛& ✉♥❡ ✈❛❧❡✉& ♥✉♠7&✐A✉❡ ♣♦✉& A✉✬❡❧❧❡ 4♦✐% ❝♦❤7&❡♥%❡ ❞❛♥4 ❧❡ ❝❛4 ❞✬✉♥❡

❞✐4%&✐❜✉%✐♦♥ 4✉♣♣♦47❡✳ ❈❡%%❡ ❞✐4%&✐❜✉%✐♦♥ 4✉♣♣♦47❡ ❡4% ❧❛ ❞✐4%&✐❜✉%✐♦♥ ❞❡ ❘❛②❧❡✐❣❤ ✭❛♣♣&♦♣&✐7❡

♣♦✉& ❧❛ ❞✐4%&✐❜✉%✐♦♥ ❞✉ ♠♦❞✉❧❡ ❞✬✉♥❡ A✉❛♥%✐%7 ❝♦♠♣❧❡①❡✮✳ ▲❛ ✈❛❧❡✉& ❞✉ ▼❆❉ ❡4% ❞♦♥❝ ♣♦♥❞7&7❡

♣❛& ✵✳✹✹✽✹✺ ✭❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠,♦♥✱ ✶✾✽✾✮✳

❯♥❡ ❢♦✐4 A✉❡ ❧❡ ♠♦❞6❧❡ ❞7❝&✐✈❛♥% ❧❡4 &74✐❞✉4 ❡4% ❝❤♦✐4✐✱ ❝❤❛A✉❡ 7❧7♠❡♥% xi ❞❡ ❧❛ ♣♦♣✉❧❛%✐♦♥ 4❡
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❋✐❣✉$❡ ✸✳✸✿ +♦✐❞. ♣♦✉& ❧❡. ♠♦❞2❧❡. ❞❡ ♠♦✐♥❞&❡. ❝❛&&5. ✭%&❛✐% ♣♦✐♥%✐❧❧5 ❜❧❡✉✮✱ ♥♦&♠❡ L1 ✭%&❛✐%

♣♦✐♥%✐❧❧5✮✱ ❡% ❞❡ ❍✉❜❡& ✭%&❛✐% ♣♦✐♥%✐❧❧5 &♦✉❣❡✮✳

❋■●❯❘❊ ✸✳✸✿ ❲❡✐❣❤$+ ❢♦! ❧❡❛+$✲+/✉❛!❡+ ♠♦❞❡❧ ✭❢✉❧❧ ❧✐♥❡✮✱ L1 ♥♦!♠ ✭❞♦$$❡❞ ❧✐♥❡✮ ❛♥❞ ❍✉❜❡!

♠♦❞❡❧ ✭❞❛+❤❡❞ ❧✐♥❡✮✳

✈♦✐% ❛%%&✐❜✉❡& ✉♥ ♣♦✐❞. ❞♦♥% ❧❛ ❢♦&♠❡ ❞5♣❡♥❞ ❞❡ ❧❛ ❢♦♥❝%✐♦♥ ♦❜❥❡❝%✐❢ ρ✳ ❉❛♥. ❧❡ ❝❛. ❞❡ ❧❛ ❢♦♥❝%✐♦♥

♦❜❥❡❝%✐❢ ❞❡ ❍✉❜❡&✱ ❧❡. ♣♦✐❞. .♦♥% ❞5✜♥✐. ♣❛& ✿

wi =




1 ✐❢ |ri/d| 6 γ

γ/|ri/d| ✐❢ |ri/d| > γ
✭✸✳✶✵✮

❆ ❝❤❛F✉❡ ✐%5&❛%✐♦♥ k✱ ❧❛ .♦❧✉%✐♦♥ zk ❡% ❧❡. ♣♦✐❞. ❛%%&✐❜✉5. wk .♦♥% ♠♦❞✐✜5.✳ ▲❛ .♦❧✉%✐♦♥

✜♥❛❧❡ ❡.% ♦❜%❡♥✉❡ F✉❛♥❞ ❧❛ F✉❛♥%✐%5 rwkr ♥❡ ❝❤❛♥❣❡ F✉❡ ♣❡✉ ❡♥%&❡ ❞❡✉① ✐%5&❛%✐♦♥. .✉❝❝❡..✐✈❡.✳

▲❛ ❢♦♥❝%✐♦♥ ♦❜❥❡❝%✐❢ ❞5✜♥✐❡ ♣❛& ❍✉❜❡$ ✭✶✾✽✶✮ 5%❛♥% ❝♦♥✈❡①❡ ✭❋✐❣✉&❡ ✸✳✷✮✱ ❧❛ ❝♦♥✈❡&❣❡♥❝❡ ❡.%

♥5❝❡..❛✐&❡♠❡♥% ❛%%❡✐♥%❡ ❛✉ ❜♦✉% ❞✬✉♥ ❝❡&%❛✐♥ ♥♦♠❜&❡ ❞✬✐%5&❛%✐♦♥.✳ ❆ ❧❛ ❋✐❣✉&❡ ✸✳✹ ❡.% &❡♣&5.❡♥%5

❧✬❛♣♣❧✐❝❛%✐♦♥ ❞❡ ❧❛ ♠5%❤♦❞❡ ❞❡ &5❣&❡..✐♦♥ &♦❜✉.%❡ .✉& ❧❡ ♠M♠❡ ❝❛. F✉❡ ♣&5.❡♥%5 N ❧❛ ❋✐❣✉&❡ ✸✳✶✳

▲❡. ♣♦✐❞. ❞5✜♥✐. ♣❛& ❧✬5F✉❛%✐♦♥ ✭✸✳✶✵✮ ♥❡ ♣❡✉✈❡♥% M%&❡ ♥✉❧. ✭❋✐❣✉&❡ ✸✳✸✮ ❡% ❛✐♥.✐ 5❧✐♠✐♥❡& ❧❡.

♣♦✐♥%. ❛❜❡&&❛♥%. F✉✐ ♣❛..❡&❛✐❡♥% F✉❛♥❞ ♠M♠❡ ❧❛ ♣&❡♠✐2&❡ &5❣&❡..✐♦♥ &♦❜✉.%❡✱ ✭❆❧❛♥ ❉✳ ❈❤❛✈❡

❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠,♦♥✱ ✶✾✽✾✮ ♦♥% ❛♣♣❧✐F✉5 ✉♥❡ ❞❡✉①✐2♠❡ &5❣&❡..✐♦♥ &♦❜✉.%❡ ❞♦♥% ❧❡. ♣♦✐❞. .♦♥%

❞5✜♥✐. ♣❛& ✿

vi = exp(−e−ξ(|xi|−ξ)) ✭✸✳✶✶✮

▲❡ ♣❛&❛♠2%&❡ ξ ❞5✜♥✐% ❧❛ %❛✐❧❧❡ ❞❡. &5.✐❞✉. N ♣❛&%✐& ❞❡.F✉❡❧. ❧❡. ♣♦✐❞. ❝♦♠♠❡♥❝❡♥% N ♣❡&❞&❡ ❞❡

❧✬✐♥✢✉❡♥❝❡ ❞❛♥. ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬❡.%✐♠❛%✐♦♥ ✜♥❛❧❡✳

❉✬❛✉%&❡. &❛✣♥❡♠❡♥%. %❡❧. F✉❡ ❧❡. ❡.%✐♠❛%❡✉&. ❜♦✉♥❞❡❞ ✐♥✢✉❡♥❝❡ ✭❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳

❚❤♦♠,♦♥✱ ✷✵✵✹✮ .♦♥% ✉%✐❧✐.5. ❞❛♥. ❧❛ &5❣&❡..✐♦♥ &♦❜✉.%❡ ❝♦♠♠❡ ❧✬❛❥♦✉% ❞✬✉♥❡ &5❣&❡..✐♦♥ ♣♦✉&

5❧✐♠✐♥❡& ❧❡. ♣♦✐♥%. ❡①%&M♠❡. ❞❛♥. ❧❡ ❝❤❛♠♣ ♠❛❣♥5%✐F✉❡✳ ❆❧❛♥ ❉ ❈❤❛✈❡ ✭✷✵✶✹✮ ❛ ♠♦❞✐✜5 ❧❡
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❋✐❣✉$❡ ✸✳✹✿ ❊①❡♠♣❧❡ ❞❡ ♣&♦❜❧3♠❡ ❞❡ &4❣&❡66✐♦♥ ❧✐♥4❛✐&❡ ❛✈❡❝ ❞❡6 ♣♦✐♥%6 ❞♦♥% ❧❡6 &46✐❞✉6

♥❡ ✈4&✐✜❡♥% ♣❛6 ❧✬❤②♣♦%❤36❡ ❞❡ ❞✐6%&✐❜✉%✐♦♥ ❣❛✉66✐❡♥♥❡✳ ▲❡6 ♣♦✐♥%6 ✈❡&%6 ✈4&✐✜❡♥% ✿ e = 0.5b +
N (0, 0.1)✳ ▲❡6 ♣♦✐♥%6 &♦✉❣❡6 6✉✐✈❡♥% ✉♥❡ ❞✐6%&✐❜✉%✐♦♥ ❞❡ ❈❛✉❝❤② ❞❡ ♣❛&❛♠3%&❡6 ❞❡ ♣♦6✐%✐♦♥ ✵
❡% ❞✬4❝❤❡❧❧❡ ✵✳✶✳ ▲❛ ❝♦✉&❜❡ ❡♥ ♣♦✐♥%✐❧❧46 ♥♦✐&6 ❡6% ❧❡ ♠♦❞3❧❡ e = 0.5b✱ ❝❡❧❧❡ ❡♥ ♣♦✐♥%✐❧❧46 ❜❧❡✉6
❧❡ ♠♦❞3❧❡ ♦❜%❡♥✉ ♣❛& ❧❡6 ♠♦✐♥❞&❡6 ❝❛&&46✱ ❡% ❝❡❧❧❡ ❡♥ ♣♦✐♥%✐❧❧46 &♦✉❣❡ ❡6% ❝❡❧❧❡ ♦❜%❡♥✉❡ ♣❛& ❧❛

♣&♦❝4❞✉&❡ ❞❡ ♠♦✐♥❞&❡6 ❝❛&&46 ♣♦♥❞4&46 ♣❛& ❧❡6 ♣♦✐❞6 ❞❡ ❍✉❜❡&✳

❋■●❯❘❊ ✸✳✹✿ ❊①❛♠♣❧❡ ♦❢ ❧✐♥❡❛! !❡❣!❡++✐♦♥ ✇❤❡!❡ !❡+✐❞✉❛❧+ ❞♦ ♥♦$ ❢♦❧❧♦✇ ❣❛✉++✐❛♥ ❞✐+$!✐❜✉$✐♦♥✳

●!❡❡♥ ❞♦$+ ❢♦❧❧♦✇ e = 0.5b + N (0, 0.1)✳ ❘❡❞ ❞♦$+ ❢♦❧❧♦✇ ❈❛✉❝❤② ❞✐+$!✐❜✉$✐♦♥ ✇✐$❤ ❧♦❝❛$✐♦♥ ❛♥❞

+❝❛❧❡ ♣❛!❛♠❡$❡!+ ❛$ ✵ ❛♥❞ ✵✳✶ !❡+♣❡❝$✐✈❡❧②✳ ❉♦$$❡❞ ❜❧❛❝❦ ❧✐♥❡ ✐+ e = 0.5b ♠♦❞❡❧✱ ❞❛+❤❡❞ ❜❧✉❡ ❧✐♥❡ ✐+
$❤❡ ♠♦❞❡❧ ♦❜$❛✐♥❡❞ $❤!♦✉❣❤ ❧❡❛+$✲+/✉❛!❡+ ✐♥✈❡!+✐♦♥✳ ❘❡❞ ❞❛+❤❡❞ ❧✐♥❡ ✐+ $❤❡ ♠♦❞❡❧ ♦❜$❛✐♥❡❞ $❤!♦✉❣❤

❛♣♣❧✐❝❛$✐♦♥ ♦❢ ✐$❡!❛$✐✈❡ ❧❡❛+$ +/✉❛!❡+ !❡❣!❡++✐♦♥ ✇✐$❤ ❍✉❜❡! ✇❡✐❣❤$+✳

♠♦❞3❧❡ 6%❛%✐6%✐D✉❡ ❛♣♣❧✐D✉4 ❛✉① &46✐❞✉6 ♣♦✉& ② ✐♥%4❣&❡& ❧❡6 &46✐❞✉6 ✐♠♣♦&%❛♥%6 ❞❛♥6 ✉♥ ♠♦❞3❧❡

❞❡ ❞✐6%&✐❜✉%✐♦♥ ▲4✈② 6%❛❜❧❡✳ ❈❡%%❡ ♠♦❞✐✜❝❛%✐♦♥ ♣❡&♠❡% ❞✬❡①♣❧✐D✉❡& ❧✬❡♥6❡♠❜❧❡ ❞❡6 &46✐❞✉6 6❛♥6

❛✈♦✐& &❡❝♦✉&6 E ✉♥ ♠♦❞3❧❡ ❞❡ ❞✐6%&✐❜✉%✐♦♥ ❣❛✉66✐❡♥♥❡ %&♦♥D✉4 %❡❧6 D✉❡ ❞4✜♥✐ ♣❛& ❧❡6 ♣♦✐❞6 ❞❡

❍✉❜❡&✳

✸✳✷✳✸✳✷ ■♥❝❡'(✐(✉❞❡ ,✉' ❧❛ ✈❛❧❡✉' ❞❡, ❢♦♥❝(✐♦♥, ❞❡ '2♣♦♥,❡

❉❛♥6 ❝❡%%❡ 6❡❝%✐♦♥✱ ♥♦✉6 ♣&46❡♥%♦♥6 ❧✬❡6%✐♠❛%❡✉& ♥♦♥✲♣❛&❛♠4%&✐D✉❡ ❥❛❝❦❦♥✐❢❡ ❛✉D✉❡❧ ♥♦✉6

❛✈♦♥6 ❝♦♠♣❛&4 ♥♦6 &46✉❧%❛%6✳ ❙♦✐% θ̂✱ ❧✬✐♠♣4❞❛♥❝❡ ♦❜%❡♥✉❡ ❡♥ ❛♣♣❧✐D✉❛♥% ❧✬❡6%✐♠❛%❡✉& ❞❡ %②♣❡ ▼

E ❧✬❡♥6❡♠❜❧❡ ❞❡6 ❞♦♥♥4❡6 (x1, x2, ..., xN )✳ ▲✬❡6%✐♠❛%✐♦♥ ❞❡❧❡$❡✲♦♥❡ θ\n ❡6% ♦❜%❡♥✉❡ ❡♥ ❛♣♣❧✐D✉❛♥%

❧✬❡6%✐♠❛%❡✉& ❛✉① ❞♦♥♥4❡6 (x1, x2, ..., xn−1, xn+1, ..., xN )✳ J♦✉& 4✈✐%❡& ❞❡ &❡❝❛❧❝✉❧❡& ❧❡6 ♣♦✐❞6 wn✱

❝❡✉① ♦❜%❡♥✉6 ♣♦✉& ❧✬❡6%✐♠❛%✐♦♥ ❞❡ z ♣❡✉✈❡♥% K%&❡ &4✉%✐❧✐646 ♣♦✉& ♦❜%❡♥✐& ✉♥❡ ❛♣♣&♦①✐♠❛%✐♦♥ ❞❡

❧❛ 6♦❧✉%✐♦♥ θ\n✳ ▲✬❡6%✐♠❛%❡✉& ❞❡ ❧❛ ✈❛&✐❛♥❝❡ ❥❛❝❦❦♥✐❢❡ 6✉& ❧❡ ♣❛&❛♠3%&❡ θ ❡6% ♦❜%❡♥✉ ♣❛& ✿

θ̃ =
1

N

N∑

i=1

(θ\i − θ̄)2, ✭✸✳✶✷✮

❛✈❡❝ θ̄ ❧❛ ♠♦②❡♥♥❡ ❞❡6 ❡6%✐♠❛%✐♦♥6 ❥❛❝❦❦♥✐❢❡ θ\i✳



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✾✹

▲❡ ❝❛❧❝✉❧ ❞❡1 ❡1%✐♠❛%✐♦♥1 ❥❛❝❦❦♥✐❢❡ ❡1% &❛♣✐❞❡✱ ♠6♠❡ ♣♦✉& ❞❡ ❣&❛♥❞1 ✈♦❧✉♠❡1 ❞❡ ❞♦♥♥9❡1

%❡❧1 :✉✬< ❞✐1♣♦1✐%✐♦♥ ❞❛♥1 ❧❡ %&❛✐%❡♠❡♥% ❞❡ ❞♦♥♥9❡1 ▼❚✳ ❊♥ &❡✈❛♥❝❤❡✱ ❧❡ ♣&♦❜❧A♠❡ ❞❡✈✐❡♥% ♣❧✉1

❝♦♠♣❧✐:✉9 ❝❛& z ❡1% ✉♥ ✈❡❝%❡✉&✱ ❧❛ ✈❛&✐❛♥❝❡ ❥❛❝❦❦♥✐❢❡ ❞❡✈✐❡♥% ❛✐♥1✐ ✉♥❡ ♠❛%&✐❝❡ ❞❡ ❝♦✈❛&✐❛♥❝❡✳

❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠(♦♥ ✭✶✾✽✾✮ ♦♥% ❛✉11✐ &❛♣♣❡❧9 :✉❡ ❧❛ ✈❛&✐❛♥❝❡ ❝❧❛11✐:✉❡ 9%❛✐%

❜✐❛✐19❡ ❝❛& ❧❡ ♣&♦❜❧A♠❡ ❞❡ ❧❛ &9❣&❡11✐♦♥ ▼❚ ✉%✐❧✐1❡ ❞❡✉① ✈❛&✐❛❜❧❡1 ❞✬❡♥%&9❡✱ hx ❡% hy✳ ■❧1 ♦♥% ❛✐♥1✐

♣&♦♣♦19 ❞❡ ♣♦♥❞9&❡& ❧✬❡1%✐♠❛%✐♦♥ ❞❡ ❧❛ ✈❛&✐❛♥❝❡ ❥❛❝❦❦♥✐❢❡ ❡♥ ▼❚ ♣❛& ❧✬✉%✐❧✐1❛%✐♦♥ ❞❡ ❧❛ ♠❛%&✐❝❡

❞❡ ♣&♦❥❡❝%✐♦♥ H ❞9✜♥✐❡ ♣❛& ✿

H = b · (b† · b)−1 · b†. ✭✸✳✶✸✮

▲✬❡1%✐♠❛%✐♦♥ ❥❛❝❦❦♥✐❢❡ ❞❡✈✐❡♥% ❛✐♥1✐ ✿

σ2 =
N

N − 2

N∑

i=1

(1−Hii)(ẑ− ẑ\i)(ẑ− ẑ\i)
†

✭✸✳✶✹✮

Q♦✉& ❧❡ ❝❛❧❝✉❧ ❞❡1 ❡1%✐♠❛%✐♦♥1 ❞❡ ❧❛ ✈❛&✐❛♥❝❡ ❥❛❝❦❦♥✐❢❡ 1✉& ❧❛ &91✐1%✐✈✐%9 ❛♣♣❛&❡♥%❡ ❡% ❧❛ ♣❤❛1❡✱

❧❡ ❝❛❧❝✉❧ ❡1% ♣❧✉1 ❞9❧✐❝❛% ❝❛& ❧❛ ❞✐1%&✐❜✉%✐♦♥ ❞❡ ❧❛ &91✐1%✐✈✐%9 ❛♣♣❛&❡♥%❡ ♥✬❡1% ♣❛1 ❣❛✉11✐❡♥♥❡ ❡% ❧❛

❝✐&❝✉❧❛&✐%9 ❞❡ ❧❛ ♣❤❛1❡ ❞♦✐% 6%&❡ ♣&✐1❡ ❡♥ ❝♦♠♣%❡✳ Q♦✉& ❧❛ &91✐1%✐✈✐%9 ❛♣♣❛&❡♥%❡✱ ✐❧ ❡1% ♥9❝❡11❛✐&❡

❞❡ ♣❛11❡& ♣❛& ✉♥❡ %&❛♥1❢♦&♠❛%✐♦♥ ♣❡&♠❡%%❛♥% ❞❡ 1%❛❜✐❧✐1❡& ❧❛ ❞✐1%&✐❜✉%✐♦♥ ♣♦✉& ❡♥ ❝❛❧❝✉❧❡& ✉♥❡

✈❛&✐❛♥❝❡ ✭❘✐❝❡✱ ✷✵✵✻✮✳ ▲❛ ✈❛&✐❛♥❝❡ ❥❛❝❦❦♥✐❢❡ ❞♦✐% 6%&❡ ❛✐♥1✐ ❝❛❧❝✉❧9❡ 1✉& ❧❡ ❧♦❣❛&✐%❤♠❡ ❞❡ ❧❛

&91✐1%✐✈✐%9 ❛♣♣❛&❡♥%❡ ✱ ❡% &❡♣❛119❡ < ❧❛ ✜♥ ❞✉ ❝❛❧❝✉❧ ❞❛♥1 ❧❡ ❞♦♠❛✐♥❡ ❞❡ &91✐1%✐✈✐%9✳ ▲✬❛✉%&❡

1♦❧✉%✐♦♥ ✉%✐❧✐19❡ ♣❛& ❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡% ❉❛✈✐❞ ❏✳ ❚❤♦♠(♦♥ ✭✶✾✽✾✮ ❡1% ❞✬✉%✐❧✐1❡& ❧❡1 ✈❛&✐❛♥❝❡1

♦❜%❡♥✉❡1 1✉& ❧❡1 ❢♦♥❝%✐♦♥1 ❞❡ &9♣♦♥1❡ z ♣♦✉& ❞✐&❡❝%❡♠❡♥% ❧❡1 ❝♦♥✈❡&%✐& ♣❛& ❞9✈❡❧♦♣♣❡♠❡♥% ❛✉

♣&❡♠✐❡& ♦&❞&❡✳ ▲❡1 ❡&&❡✉&1 ♦❜%❡♥✉❡1 1♦♥% ✿

δρij = 2µ0|zij |δzij/ω ✭✸✳✶✺✮

δφij = sin−1(δzij/|zij |) ✭✸✳✶✻✮

❆❧❛♥ ❉ ❈❤❛✈❡ ❡% ▲❡③❛❡/❛ ✭✷✵✵✼✮ ♦♥% ♠♦♥%&9 :✉❡ ❝❡1 ❡&&❡✉&1 ❢♦✉&♥✐11❛✐❡♥% ✉♥❡ ❜♦♥♥❡ ❛♣♣&♦①✐✲

♠❛%✐♦♥ ❞❡1 ❡&&❡✉&1 ❥❛❝❦❦♥✐❢❡ 1✉& ❧❛ &91✐1%✐✈✐%9 ❛♣♣❛&❡♥%❡ ❡% ❧❛ ♣❤❛1❡ ❡% ♣❡&♠❡%%❛✐❡♥% ❞❡ 1✬❛✛&❛♥❝❤✐&

❞❡1 ❝❛❧❝✉❧1 ❥❛❝❦❦♥✐❢❡+ 1✉& ❝❡✉①✲❝✐✳

✸✳✸ ❯#✐❧✐&❛#✐♦♥ ❞✬✉♥❡ &#❛#✐♦♥ ❞❡ ./❢/.❡♥❝❡

❉❛♥1 ❧✬❡♥1❡♠❜❧❡ ❞❡1 ♠9%❤♦❞❡1 ♣&91❡♥%9❡1 ♣&9❝9❞❡♠♠❡♥%✱ ❧❛ ❞9%❡&♠✐♥❛%✐♦♥ ❞❡1 ❡1%✐♠❛%✐♦♥1

1✉& ❧❡1 ❢♦♥❝%✐♦♥1 ❞❡ &9♣♦♥1❡ ✉%✐❧✐1❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ :✉❛♥%✐%9 (b† ·b)−1
✳ ❈❡%%❡ :✉❛♥%✐%9✱ ❡♥ ♣&91❡♥❝❡

❞❡ ❜&✉✐% 1✉& ❧❡ ❝❤❛♠♣ ♠❛❣♥9%✐:✉❡✱ ❜✐❛✐1❡ ❧✬✐♠♣9❞❛♥❝❡ ❡♥ ❧❛ ❞✐♠✐♥✉❛♥%✳ ❊♥ ❡✛❡%✱ ❡♥ ❝♦♥1✐❞9&❛♥%

b = b0 + ε✱ ❛✈❡❝ b0 ❧❡ ❝❤❛♠♣ ♠❛❣♥9%✐:✉❡ ♥♦♥ ❜&✉✐%9 ❡% ε ❧❡ ❜&✉✐% 1✉& ❧❡ ❝❤❛♠♣ ♠❛❣♥9%✐:✉❡✱ ♦♥
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♦❜$❡&✈❡ ✿

b† · b = (b0 + ε)†(b0 + ε) ✭✸✳✶✼✮

= b0
†b0 + ε†b0 + b0

†ε+ ε†ε ✭✸✳✶✽✮

✭✸✳✶✾✮

❊♥ $✉♣♣♦$❛♥5 6✉❡ ❧❡ ❜&✉✐5 ❡$5 ♥♦♥ ❝♦&&:❧: ❛✈❡❝ ❧❡ ❝❤❛♠♣ ♠❛❣♥:5✐6✉❡✱ ❛❧♦&$ ε†b0 = b0
†ε = 0✳

❆✐♥$✐ ✿

b† · b = b0
† · b0 + ε†ε ✭✸✳✷✵✮

❆✐♥$✐✱ ❞❛♥$ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♠♣:❞❛♥❝❡ ▼❚✱ ❧❡ ❜&✉✐5 $✉& ❧❡ ❝❤❛♠♣ ♠❛❣♥:5✐6✉❡ ♣&♦❞✉✐5 ✉♥❡ $♦✉$✲

❡$5✐♠❛5✐♦♥ ❞❡ z✳ ❆ ❧✬❡♥$❡♠❜❧❡ ❞❡$ ♠:5❤♦❞❡$ ♣&:$❡♥5:❡$ ♣&:❝:❞❡♠♠❡♥5✱ ✐❧ ❡$5 ❞♦♥❝ ♥:❝❡$$❛✐&❡

❞✬✐♥❝❧✉&❡ ❧❛ $5❛5✐♦♥ ❞❡ &:❢:&❡♥❝❡ ♣♦✉& &:❞✉✐&❡ ❧❡ ❜✐❛✐$ $✉& ❧✬✐♠♣:❞❛♥❝❡ ▼❚✳ ❈❡55❡ ♠:5❤♦❞❡ ❛ :5:

✐♥5&♦❞✉✐5❡ ♣❛& ●❛♠❜❧❡✱ ●♦✉❜❡❛✉ ❡5 ❏✳ ❈❧❛)❦❡ ✭✶✾✼✾✮ ❡5 ❛ ♣❡&♠✐$ ✉♥❡ &:❞✉❝5✐♦♥ $✐❣♥✐✜❝❛5✐✈❡

❞✉ ❜✐❛✐$ $✉& z✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ $♦❧✉5✐♦♥ ✐♥✐5✐❛❧❡ ♣❛& ♠♦✐♥❞&❡$ ❝❛&&:$ ❞❛♥$ ❧❛ &:❣&❡$$✐♦♥ &♦❜✉$5❡

$✬❡✛❡❝5✉❡ ❛✈❡❝ ✿

zr1 = (br × b†)−1 × (br × e) ✭✸✳✷✶✮

▲❡$ &:$✐❞✉$ r $✉& ❧❡ ❝❤❛♠♣ :❧❡❝5&✐6✉❡ $♦♥5 6✉❛♥❞ M ❡✉① 5♦✉❥♦✉&$ ❝❛❧❝✉❧:$ ❡♥ ✉5✐❧✐$❛♥5 ❧❡ ❝❤❛♠♣

♠❛❣♥:5✐6✉❡ ❧♦❝❛❧✳

✸✳✹ ❯$✐❧✐'❛$✐♦♥ ❞❡ ❧✬❛♥❛❧②'❡ ❡♥ ♦♥❞❡❧❡$$❡
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log10(f
+)− log10(f

−) < 0.2 ✭✸✳✷✷✮
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ex(a, b) = Zxx(a)hx(a, b) + Zxy(a)hy(a, b)

ey(a, b) = Zyx(a)hx(a, b) + Zyy(a)hy(a, b)
✭✸✳✷✸✮
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❡8% ❜❛86❡ 8✉& ❧❡ ❜♦♦%8%&❛♣✳
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New wavelets application in magnetotelluric data
processing: reducing impedance bias
Hugo Larnier*†, Pascal Sailhac† and Aude Chambodut†

Abstract

Magnetotelluric (MT) data consists of the sum of
several types of natural sources whether they are
transient or quasi-periodic and of various sources of
noise (instrumental, anthropogenic) whose nature
has to be taken into account in MT processing.
Most processing techniques are based on Fourier
transform of MT time series and robust statistics
at a fixed frequency to compute the MT response
functions. But only a few take into account the
nature of the sources. Moreover, to reduce the
influence of noise in the inversion of the response
functions, one often sets up another MT station
called remote station. However, even careful set-up
of this remote station can not prevent its failure in
some cases. We offer here to use the continuous
wavelet transform on magnetotelluric time series to
reduce the influence of noise even for single site
processing. We use two different types of wavelets,
Cauchy and Morlet, according to the shape of
observed geomagnetic events. We show that using
wavelet coefficients at clearly identified
geomagnetic events, we are able to recover the
unbiased response function obtained using robust
remote processing algorithms. This makes it
possible to process even single station sites and
increase the confidence in its interpretation.

Keywords: Magnetotelluric bias; Continuous
wavelet transform; Response Function; Sferics;
Geomagnetic pulsations

Introduction
Magnetotelluric (MT) method is based on the induc-
tion of natural electromagnetic (EM) fields in the
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Institut de Physique du Globe de Strasbourg, UMR 7516, 5 Rue Rene

Descartes, 67084 CEDEX Strasbourg, France

Full list of author information is available at the end of the article
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ground. These natural fields can be distinguished into
two main classes. High frequency (HF) signals (with
frequency over 1 Hz) are mainly due to the lightning
activity around the world with EM waves conveyed
in the waveguide formed by the ionosphere and the
conductive earth. The other main classe of EM waves
is due to the interaction of the solar wind with the
Earth’s magnetic field that produces magnetohydro-
dynamic waves transmitted in the atmosphere through
the ionosphere from the magnetosphere (Saito, 1969
[1], McPherson, 2005 [2]).
The MT method is thus based on the quasi-uniform
source (Chave & Jones, 2012, [3, Chapter 2]) assump-
tion where sources are supposed to be far from the
measurement point. In this approximation, the hori-
zontal electric field e = (ex, ey) is linked to the hori-
zontal magnetic field h = (hx, hy) by convolution prod-
ucts ∗ (in time domain) with impulse response func-
tions (zxx, zxy, zyx and zyy) which are components of
the impedance tensor z:

ex(t) = zxx(t) ∗ hx(t) + zxy(t) ∗ hy(t)
ey(t) = zyx(t) ∗ hx(t) + zyy(t) ∗ hy(t).

(1)

By properties of the Fourier transform, this gives us
the following relation:

(
Ex
Ey

)
=

(
Zxx Zxy
Zyx Zyy

)(
Hx

Hy

)
(2)

where E and H are Fourier transform of e and h re-
spectively, and Zij is a 2×2 complex tensor.
Z can be transformed into apparent resistivity ρa and
phase φ with:

ρa = |Z|2/(µω)
φ = arctan(ℑ(Z)/ℜ(Z)),

µ = 4π10−7 H/m being the magnetic permeability,
and ω = 2πf with f the signal frequency. These quan-
tities are then analyzed or inverted to infer geoelectri-
cal properties of the subsurface.
Because of the nature of MT time series (e.g. noise

heteroscedasticity) and the complexity of the source
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Figure 1 EM time series at Piton de la Fournaise MT stations on 28th May 1997. Sampling frequency : 0.05 Hz

field (transient nature and diversity of polarizations),
Z computation is not straightforward. It has been the
object of several methods published since the 70s. Ad-
dressing those issues is the object of this paper.

The first important issue to address is the effect of
noise in MT time series. Indeed, Z estimations can be
severely down weighted by noise on the magnetic field
(Sims et al., 1971, [4]). The usual way to get rid of
this bias is to set up a second MT station called a
remote station (Gamble et al., 1979 [5]). This station
is used in the processing assuming that sources of noise
at both stations are not correlated so the bias would
be drastically reduced.
The second issue we would like to address comes from

the complexity of MT time series that we mentioned
before. The first MT processing techniques (e.g. Sims
et al., 1971, [4]) were based on least-squares analy-
sis which fails in the presence of outliers. The origin of
outliers may come from several issues: non stationarity,
source effect of MT signals, brief overwhelming noise.
Robust statistics were then applied to MT processing
(Chave et al., 1987, [6], Egbert & Booker, 1986, [7])
to accommodate these outliers. Another approach was
the use of wavelet techniques to look for MT sources
or remove noise in the time series. Zhang & Paul-
son (1997) [8] applied the continuous wavelet trans-

form (CWT) on high frequency data to select sfer-
ics events. They thus increase the signal-to-noise ratio
in the response function determination in a straight-
forward way by the selection of useful signal parts.
Trad and Travassos (2000) [9] used wavelets specifi-
cally to filter MT data in the time-frequency domain
before processing using robust algorithms. Escalas et

al. (2013) [10] used wavelet analysis to study the po-
larisations properties of cultural noise sources in MT
time series.
We took into account both the issues of noise and of

the transient nature of some MT sources by applying
the CWT on two types of signals: geomagnetic pulsa-
tions and sferics. We demonstrate that the continuous
wavelet transform may also be a powerful tool to re-
duce the bias in the computation of the impedance
tensor, even in the case of single station processing.

Methodology
Continuous wavelet transform
The CWT is a mathematical technique used to decom-
pose a signal on a time-frequency representation using
a special class of functions called wavelets. A wavelet
can be defined as a physical event (e.g. Green function)
and has to fulfill two conditions: it has to be localized
both in time and frequency domains and to be zero-
mean (the so-called admissibility criteria) (Holschnei-
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der, 1995, [11]). The wavelet transform allows to com-
pute coefficients depending on two factors, dilatation
a > 0 (corresponding to frequency) and translation
τ (time) respectively. Each coefficient is computed fol-
lowing equation (3), where s is the analyzed signal (e.g.
electric or magnetic field), ψ is the mother wavelet and
∗ represents the complex conjugate:

Wψ[s](a, τ) =

∫ +∞

−∞

dt
1

a
ψ∗

(
t− τ

a

)
s(t) τ ∈ R (3)

By using properties of the Fast Fourier Transform
(FFT) with the convolution, one is able to compute
wavelet coefficients very quickly.

Wavelet’s choice
In this work, we have chosen two different wavelets,
each adapted to the shape of the considered geo-
magnetic event, the Cauchy wavelet and the Morlet
wavelet. Both wavelets are progressive ones with real
valued Fourier transform.
The Cauchy wavelet is given in frequency domain by:

ψ̂c(aω) =
2m√

mΓ(2m)
H(ω)(aω)me−aω, (4)

where m is the wavelet’s order (corresponding to the
derivative order if integer), H the Heaviside step func-
tion, Γ the Gamma function and a the dilatation fac-
tor.
The Morlet wavelet is given in frequency domain by:

ψ̂m(aω) = π−1/4H(ω)e−(aω−ω0)
2/2, (5)

where ω0 is the central pulsation of the wavelet, H
the Heaviside function and a the dilatation factor.
The equation (5) is not representing an admissible
wavelet if ω0 is not high enough to fulfill the zero mean
condition. To make it admissible, ω0 must be above
π
√

2/ log(2). A highest ω0 implies a highest number
of oscillations in the wavelet functions.
The following sections illustrate the wavelet choice

according to the observed geomagnetic events.

Pulsations

Geomagnetic pulsations are the result of the interac-
tions between the solar wind and the magnetosphere
and will appear on EM time series as short oscilla-
tions (Figure 1). The pulsations can be divided into
two main classes, continuous (Pc pulsations) or irreg-
ular (Pi pulsations). Continuous pulsations are quasi-
periodic oscillations whose occurrences vary during the
day. For example, Pc1 pulsations are predominant in
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Figure 2 Geomagnetic pulsation on Hx and its
representation in time-frequency space. MT site: Piton de la
Fournaise (see Real data application section). The time axis is
the same as Figure 1. a) Comparison between a pulsation
(black line) and Morlet wavelet (real part, red line). b)
Wavelet coefficients of the pulsation shown in a) using Cauchy
wavelet. c) Wavelet coefficients of the pulsation shown in a)
using Morlet wavelet.

day-hours (in local time) at high latitudes and in night-
hours at low latitudes (Saito, 1969, [1], Bortnik et al.,
2008, [12]). Moreover even in periods of occurence,
they often appear as pearls on magnetograms with
period of very low signal-to-noise ratio (Jun et al.,
2014, [13]). Irregular pulsations are characterized by
a short time duration comparatively to Pc pulsations
and can be classified as transient events in MT time
series. Geomagnetic pulsations signal contains several
oscillations so they are very localized in time and
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Figure 3 EM time series at Rittershoffen MT stations. Sampling frequency : 512 Hz. Time series start on the 2nd of June 2014 at
18h17 and 24 seconds (UT)

frequency simultaneously. Thus like previous authors
(Zhang & Paulson, 1997, [8]; Garcia & Jones, 2008,
[14] for atmospherics signals) we have chosen the Mor-
let wavelet which has the best compromise between
time and frequency resolution. Using Cauchy wavelet
would be hazardous because of its low frequency res-
olution. Both Morlet and Cauchy wavelet coefficients
are shown Figure 2. As illustrated, highest coefficients
corresponding to the geomagnetic pulsations are much
more scattered in frequency using Cauchy wavelet than
Morlet wavelet.

Sferics

Sferics are transient events occurring in the frequency
band starting from 1 Hz to more than 10 kHz (Gar-
cia & Jones, 2002, [15]). These signals are the most
energetic part of the MT signal in these frequency
bands (even if other phenomena occur such as the
Schumann resonances between the wave guide made
by ionosphere and Earth’s surface).
These sferics are characterized by a sudden impulse

in time domain and can be divided into two main fre-
quency bands, above 1 kHz and below. In the low
frequency band of Extremely Low Frequency (ELF)
waves, sferics are constituted of a high amplitude (Fig-
ure 3) impulse called the slow tail (Mackay & Fraser-
Smith, 2010 [16]) whereas in the high frequency band

of Very Low Frequency (VLF) waves, sferics are mainly
shaped as oscillations. To analyse ELF waves using the
CWT, we have chosen the Cauchy wavelet. Most of
the previous work on MT using wavelets was based
on Morlet wavelet for its properties of good resolu-
tion both in time and frequency (Zhang & Paulson,
1997, [8], Garcia & Jones, 2008, [14]). However, the
shape of the ELF wave (Figure 4, (a)) is very impul-
sive and therefore wide in frequency so it is closer to
Cauchy’s shape than to Morlet’s one. Indeed, the ELF
wave is very short in time and has very few oscilla-
tions so we need a wavelet which has similar proper-
ties. As illustrated on Figure 4 (b,c), the highest coef-
ficients obtained with Morlet wavelet span a wide time
length, longer than the actual length of the ELF wave.
Due to their impulsive nature, sferics have a wide fre-
quency content (Mackay & Fraser-Smith, 2010, [16]).
In a time-frequency domain, sferics appear as a se-
ries of high valued coefficients along the frequency axis
(very localized in time and spread in frequency).

Selection of wavelet coefficients
We manually picked geomagnetic events from our MT
time series, and selected wavelet coefficients from the
time-frequency plane using the following methodology:
In a way similar to wavelet based denoising tech-

niques, amplitudes of the wavelet coefficients are used

✶✵✶
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Figure 4 Sferic on Ex and its decomposition in
time-frequency space. MT site: Rittershoffen (see Real data
application section). Time axis the same as Figure 3. a)
Comparison between a sferic (black line) and Cauchy wavelet
(real part, red line). b) Wavelet coefficients of the sferic shown
in a) using Cauchy wavelet. c) Wavelet coefficients of the
sferic shown in a) using Morlet wavelet.

to define selection scheme. The MT system (1) can be
solved in a univariate way for ex and ey separately. In
both cases, one has to obtain good signal-to-noise ratio
for both hx and hy. At each scale, for every channel
s (output channel (ex or ey), and input channel (hx,
hy)):

• We compute the median value α of the distri-
bution of |Wψ[s](a, τ)| over a length Ta = Nta
around t0 the time position of the previously
picked event. N in this work is set to 30 and ta is
the time step corresponding to the analyzed scale.

• From this value, we define a threshold set as β
times the median value α.

• All coefficients below this threshold level are dis-
carded for the magnetotelluric response function
computation.

• Coefficients are kept for final computation when
the threshold was reached on (ex, hx and hy) or
(ey, hx and hy).

This criteria is sufficient for geomagnetic pulsations
(below the Hz). However for ELF waves, we add one
more criteria to fulfill: selected coefficients must span
a large frequency range (basically the whole frequency
range of ELF waves without MT and AMT dead
bands). In practice, we check the Fourier spectrum of
EM time series which is a good indicator of dead band
boundaries. Depending on the signal-to-noise ratio or
the time of the day, this limit can be highly variable.
When a remote station is available, we add another

criteria to discriminate noise from geomagnetic events.
Indeed, the horizontal magnetic coefficients at the re-
mote station have to fulfill the same properties. At the
end of this stage, we obtain a group of wavelet coef-
ficients for each scale and each selected geomagnetic
event.

Inversion of wavelet coefficients

Zhang & Paulson (1997) [8] demonstrated that the
equation (2) can be written as:

Wψ[ex](a, τ) = ZxxWψ[hx](a, τ) + ZxyWψ[hy](a, τ)

Wψ[ey](a, τ) = ZyxWψ[hx](a, τ) + ZyyWψ[hy](a, τ)

(6)

a system of linear equations in the time-frequency do-
main described by the following equation:

d = Gm (7)

where d contains the electric field wavelet coefficients
(Wψ[ex](a, τ), Wψ[ey](a, τ)), G contains the magnetic
field coefficients (Wψ[hx](a, τ), Wψ[hy](a, τ)), and m
contains the MT response functions Z. The classical
least-squares solution to this equation is:

Z = (GTG)−1GT d. (8)

This solution is inevitably downward-biased (Sims et

al., 1971, [4]). One solution is to include a remote sta-
tion in the processing scheme (Gamble et al., 1979,
[5]). The solution then becomes:

Z = (GTr G)
−1GTr d (9)

✶✵✷
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where Gr contains the remote station magnetic field
coefficients Wψ[rx](a, τ) and Wψ[ry](a, τ). Another
way to reduce the bias is to actually make the predic-
tor variable (here the h field) as noise-free as possible.
In this alternate way our goal is to use wavelet coeffi-
cients of high signal-to-noise ratio geomagnetic events
in the computation. By doing so we will reduce the
bias introduced by noise on the magnetic field in the
solution (8).
To reduce the influence of noise in the electric field,
we also use robust statistics instead of classical least-
squares. As explained in Chave & Jones (2012) [3,
chapter 5], robust statistics were introduced in MT
because of the properties of natural-source electro-
magnetic data. Among these reasons, they state ”fi-
nite duration of many geomagnetic or cultural events”
and ”marked non stationarity”. Moreover, the het-
eroscedasticity of the noise can hide natural events
along the time series. The main argument for using
wavelet transform is precisely to take into account
these issues by getting rid of the non-useful part of
the time series (e.g. no apparent geomagnetic signal)
before computing the MT response function. In prac-
tice, in many time series the non-useful part are the
largest. In consequence, Z computation is only based
on parts of the time series where there is a significant
induction occurring in the subsurface. Indeed, a signif-
icant part of the records can not be used because of the
noise level of current state-of-the art magnetic sensors
(Chave & Jones, 2012, [3, Chapter 9]). For example, in
the AMT (Audio MT) dead band, the signal does not
raise above the noise level of induction coils in daytime

(Garcia & Jones, 2002, [15]). Robust statistics are still
necessary, but we considerably increase the signal to
noise ratio on all selected events.
Zhang & Paulson, 1997, [8] worked in single-station

configuration and used conventional least-squares
analysis to resolve equation (7). Instead of using all se-
lected wavelet coefficients to recover the MT response
functions, we estimate the response function on pairs
of geomagnetic events. Doing so allows us to build a
distribution for each component of the impedance ten-
sor (e.g. Figure 5).
At each scale for each pair of geomagnetic events,

the response function is estimated using the Huber
M-estimator described by Chave et al., (1987), [6]
in a MT context. From the distribution of response
functions at each scale estimated from all available
pairs of geomagnetic events, we represent the final es-
timation by taking the median value (less sensitive to
outliers). The confidence interval is represented using
the interquartile range (IQR) L-estimator (Huber &
Ronchetti, 2009, [17])of the distribution. The IQR has
a breakdown point of 50 % which makes it robust to
long tails in the distribution and is still a good measure
of the dispersion or skewness in the distribution.

Real data application
Datasets
We applied the previously described technique on two
real datasets to illustrate the potential of using wavelet
coefficients on both geomagnetic pulsations and sfer-
ics.
The first dataset consists of MT data acquired with a
sampling frequency of 512 Hz in the North East part
of France near the town of Rittershoffen as part of
a geothermal monitoring experiment (Abdelfettah et

al., 2014, [18]). The electric measurements were made
with EPF06 electrodes, and the magnetic measure-
ments with MFS07e coils from Metronix SA. Data in
this area are badly contaminated by 50/3 Hz and 50
Hz noise and their harmonics. We filtered this noise
using a notch filter with 2048 coefficients. The remote
used with these measurements is located on the site of
Welschbruch geophysical station in the Vosges moun-
tains at about 60 kilometers away from the measure-
ment site.
The second dataset consists of electromagnetic hor-

izontal measurements acquired on La Fournaise vol-
cano, before, during and after the 1998 eruption (Zlot-
nicki et al., 2005, [19]). The data were acquired with
induction coils similar to those made by Metronix
or Phoenix Geophysics (Clerc, 1971, [20]), and Pb −
PbCl2 electrodes at a sampling frequency of 0.05 Hz.
The remote station used here is also located on the
volcano, a little less than 10 km away from the mea-
surement station.

✶✵✸
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Figure 6 Comparison of wavelet based determination of the
impedance tensor and robust algorithms MT site:
Rittershoffen site with remote reference processing.

To assess the validity of our method, we have com-

pared our results with the ones obtained with robust

processing codes of Alan D. Chave (BIRRP, Bounded

Influence Remote Reference Processing, Chave &

Thomson, 1987, [6], and 2004, [21]), and Gary Egbert

(EMTF, Egbert, 1997, [22]). For simplicity, we con-

sider error bars as they are calculated using robust pro-

cessing codes, even if they can be discussed (Wawrzy-

niak et al., 2013 [23], Chave, 2015, [24], Wawrzyniak

et al., 2015, [25]).

The threshold factor value β was set to 1 for sferic’s

application and 4 for pulsations’ application but other

values can be chosen depending on the signal-to-noise

ratio of the processed time series.
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Figure 7 Comparison of wavelet based determination of the
impedance tensor and robust algorithms MT site: Piton de la
Fournaise site with remote reference processing.

Remote processing

We compared the MT response functions obtained us-

ing wavelet coefficients with the application of other

processing codes on both datasets.

In both frequency bands (Figures 6 and 7), the re-

sponse functions obtained using wavelet coefficients

are comparable to both processing codes. For response

functions in the frequency band covered by geomag-

netic pulsations (low frequency band), wavelet inver-

sion is also in agreement with robust processing even

if the source is not as impulsive as sferics. Figure 5

also demonstrate that using robust statistics on the

wavelet coefficients of only two events allows the re-

covery of the response functions with good accuracy.
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Figure 8 Comparison of wavelet based determination of the
impedance tensor and robust algorithms MT site:
Rittershoffen site in single site processing.

Single site processing
For single site processing, we processed single site MT
stations by removing the remote station for all pro-
cessing codes. For visual comparison, only BIRRP re-
sults are shown, but conclusions remain the same for
EMTF.
For high frequency results (Figure 8), ρyx is down-

ward biased by noise over a large frequency bandwidth
and ρxy is also biased around 0.08 Hz. Because of the
position of the station near housing, it is difficult to
assess where the noise source is (it could be electric
fences or pipelines). In this case, the result given by ro-
bust processing in single site configuration would lead
to a wrong interpretation of the MT response. Wavelet
processing allows to drastically reduce the noise bias
and recover the impedance tensor obtained using re-
mote processing even near the 50 Hz frequency.
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Figure 9 Comparison of wavelet based determination of the
impedance tensor and robust algorithms MT site: Piton de la
Fournaise site in single site processing.

For low frequency processing (Figure 9), the single
site ρxy is slightly downward biased by noise where
the wavelet-based result remains within the confidence
bounds of the remote processing. Particularly, the ρxy
component was very sensitive to the coherence param-
eter. Some examples of interpretable MT responses for
this component are illustrated Figure 10. If the coher-
ence parameter is too low (below 0.5), ρxy is distincly
biased by noise (up to a factor of three) for periods
below 200 seconds.

Other transient applications
So far, we have illustrated only two types of tran-
sient signals, sferics in their lowest frequency range
(e.g. slow tails), and geomagnetic pulsations. This ap-
proach can also be applied on wider MT bands than
the ones presented in this paper.

✶✵✺
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For higher frequencies of application, the slow tails
studied in this paper already contains frequency con-
tent above 256 Hz (up to 1 kHz). Other impulsive
waves such as VLF waves have distinctive signature
in the time-frequency plane and frequency content
from 1 kHz up to more than 10 kHz (Rakov & Uman,
2003, [26]). On Figure 11, we show an example of such
a VLF wave and its time-frequency analysis. These
waves were already used in MT processing in Zhang &
Paulson, (1997), [8] study.
The assortment of low frequency geomagnetic sources

is large. Among transient events at lower periods than
200 seconds, there are Pc5 geomagnetic pulsations
(Pc5) which have periods up to 500 - 600 seconds
(Saito, 1969, [1]). Geomagnetic storms are also low fre-
quency sources of induction. They have already been
studied using wavelet analysis (e.g. Mendes Jr. et al.,
2005, [27]). We show for example on Figure 12 a sig-
nal of interest at low frequency recorded on Piton de
La Fournaise volcano on 16th July 1997 which con-
tains significant frequency content to more than 1000
seconds.

Conclusion
We have shown through these experiments that the
continuous wavelet transform (CWT) is an easy and
efficient way to characterize the MT response func-
tion for transient geomagnetic events. Using this tech-
nique, we have shown that most of the information
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Figure 11 VLF wave on Hx time series at Rittershoffen.
Sampling frequency: 32768 Hz.

contained in the sources wavelet coefficients is suffi-
cient in datasets to characterize the MT impedance
tensor. Two types of geomagnetic events were studied,
geomagnetic pulsations and sferics, increasing the fre-
quency band studied in previous publications of CWT
application on MT processing. The mother wavelet has
to be adapted to each transient event to accuratly re-
cover the source information. Even irregular geomag-
netic pulsations which are very localized in time and
frequency simultaneously can be used in MT process-
ing. The other transient sources of induction are cur-
rently being investigated and will make the subject
of future paper on wavelet analysis of magnetotelluric
time series.

We have also shown that we were able to drastically
reduce the noise bias of the considered datasets on the
MT response function in the case of single station con-
figuration. This is achieved by using the high signal-to-
noise ratio transient events in MT time series. By using
robust statistics with only two geomagnetic events in
the wavelet domain, we recover the accurate response
functions.

Yet, we still have to develop a way to automatically
detect geomagnetic events to analyse their properties
(e.g. polarization) and their effect on MT impedance
computation.
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❞♦♥♥4 ♣❛& ✿

σ̂ = σF̂ =

√√√√ 1

n

n∑

i=1

(xi − x̄)2 ✭✸✳✷✹✮

❙♦✐% s ✉♥ ❡/%✐♠❛%❡✉& θ = s(x)✱ s ♣♦✉✈❛♥% V%&❡ ❧❛ ♠♦②❡♥♥❡ ♦✉ ❧✬4❝❛&% %②♣❡✳ ▲❛ ♣&♦❝4❞✉&❡

❜♦♦%/%&❛♣ /❡ ❜❛/❡ /✉& ❧❡ ❝❛❧❝✉❧ ❞❡ B 4❝❤❛♥%✐❧❧♦♥/ ❜♦♦%/%&❛♣ xb
❞4✜♥✐/ ❝♦♠♠❡ ❞❡/ 4❝❤❛♥%✐❧❧♦♥/

❞❡ ❧❛ ♠V♠❡ %❛✐❧❧❡ 8✉❡ x ♠❛✐/ ❞♦♥% ❧❡/ ✈❛❧❡✉&/ (xb1, x
b
2, ..., x

b
n) /♦♥% %✐&4❡/ ❛❧4❛%♦✐&❡♠❡♥% ❞❛♥/ ❧❛
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❋✐❣✉$❡ ✸✳✺✿ ❉✐.%&✐❜✉%✐♦♥ ❞❡. 4✈4♥❡♠❡♥%. ✐♥✈❡&.4. ♣❛& ❧❛ ♠4%❤♦❞❡ ✉%✐❧✐.❛♥% ❧❡. ❝♦♠❜✐♥❛✐.♦♥.

♣♦✉& ✉♥❡ ❢&4:✉❡♥❝❡ ❞❡ ✶✵✼ ❍③✳ ▲❡. ❞✐.%&✐❜✉%✐♦♥. ♦♥% 4%4 &❛♠❡♥4. ? ✉♥❡ ♠4❞✐❛♥❡ ♥✉❧❧❡ ❡% ❞✐✈✐.4❡.

♣❛& ❧✬4❝❛&% %②♣❡ ❞❡ ❧❛ ❞✐.%&✐❜✉%✐♦♥ ❇♦♦%.%&❛♣✳ ❘♦✉❣❡ ✿ ❈♦♠❜✐♥❛✐.♦♥. ❞❡ ✷ 4✈4♥❡♠❡♥%.✳ ❱❡&% ✿

❈♦♠❜✐♥❛✐.♦♥. ❞❡ ✸ 4✈4♥❡♠❡♥%.✳ ❇❧❡✉ ✿ ❈♦♠❜✐♥❛✐.♦♥. ❞❡ ✹ 4✈4♥❡♠❡♥%.✳ ▼❛❣❡♥%❛ ✿ ❈♦♠❜✐♥❛✐.♦♥.

❞❡ ✺ 4✈4♥❡♠❡♥%.✳

❋■●❯❘❊ ✸✳✺✿ ■♠♣❡❞❛♥❝❡ $❡♥+♦! ❞✐+$!✐❜✉$✐♦♥ ❛$ ✶✵✼ ❍③ ❢!❡/✉❡♥❝② ❜② ✐♥✈❡!$✐♥❣ ❝♦♠❜✐♥❛$✐♦♥+ ♦❢

❡✈❡♥$+ ✇❛✈❡❧❡$ ❝♦❡✣❝✐❡♥$+✳ ▼❡❞✐❛♥+ ♦❢ ❡❛❝❤ ❞✐+$!✐❜✉$✐♦♥ ❤❛✈❡ ❜❡❡♥ +❡$ $♦ ✵ ❛♥❞ ❞✐+$!✐❜✉$✐♦♥+ ❤❛✈❡

❜❡❡♥ ❞✐✈✐❞❡❞ ❜② $❤❡ ❜♦♦$+$!❛♣ ❞✐+$!✐❜✉$✐♦♥ +$❛♥❞❛!❞ ❞❡✈✐❛$✐♦♥✳ ❘❡❞ ✿ ❈♦♠❜✐♥❛$✐♦♥+ ♦❢ $✇♦ ❡✈❡♥$+✳

●!❡❡♥ ✿ ❈♦♠❜✐♥❛$✐♦♥+ ♦❢ $❤!❡❡ ❡✈❡♥$+✳ ❇❧✉❡ ✿ ❈♦♠❜✐♥❛$✐♦♥+ ♦❢ ❢♦✉! ❡✈❡♥$+✳ F✐♥❦ ✿ ❈♦♠❜✐♥❛$✐♦♥+

♦❢ ✜✈❡ ❡✈❡♥$+✳
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♣♦♣✉❧❛%✐♦♥ ❞❡ x ❛✈❡❝ &❡%✐&❛❣❡✳ ❆✐♥5✐✱ ✉♥ ♠8♠❡ 9❧9♠❡♥% ♣❡✉% 5❡ &❡%&♦✉✈❡& ♣❧✉5✐❡✉&5 ❢♦✐5 ❞❛♥5

❧✬9❝❤❛♥%✐❧❧♦♥ ❜♦♦%5%&❛♣ ♦✉ ♣❛5 ❞✉ %♦✉%✳

❈❤❛=✉❡ 9❝❤❛♥%✐❧❧♦♥ ❜♦♦%5%&❛♣ xb
♣❡&♠❡% ❞❡ ❞♦♥♥❡& ✉♥❡ ❡5%✐♠❛%✐♦♥ θb ❞✉ ♣❛&❛♠>%&❡ θ ♣❛& ✿

θb = s(xb) ✭✸✳✷✺✮

▲❛ ♠♦②❡♥♥❡ ❜♦♦%5%&❛♣ ❡5% ❞9✜♥✐❡ ♣❛& ✿

θ̂∗ =
B∑

b=1

θb/B ✭✸✳✷✻✮

▲✬❡♥5❡♠❜❧❡ ❞❡5 ❡5%✐♠❛%✐♦♥5 θb ♣❡&♠❡% ❞❡ ❞9%❡&♠✐♥❡& ❧✬❡5%✐♠❛%✐♦♥ ❜♦♦%5%&❛♣ ❞❡ ❧✬9❝❛&% %②♣❡ ♣❛& ✿

ŝeB =

√√√√
B∑

b=1

[θ̂b − θ̂∗]2

B − 1
✭✸✳✷✼✮

❆♣♣❧✐❝❛&✐♦♥ ) ❧❛ ♠❛❣♥,&♦&❡❧❧✉/✐0✉❡ ✿ 2/♦❜❧4♠❡ ❞❡ /,❣/❡66✐♦♥ ❉❛♥# ❧❡ ❝❛# ❞❡ ❧✬❡#)✐✲

♠❛)✐♦♥ ❞❡# ❢♦♥❝)✐♦♥# ❞❡ /0♣♦♥#❡# ▼❚✱ ❝❤❛6✉❡ 0❝❤❛♥)✐❧❧♦♥ xi ❡#) ✉♥ ❝♦✉♣❧❡ (ei,hi) ❡#)✐♠0 8 ✉♥❡

❢/06✉❡♥❝❡✳ ▲❡ ♣/♦❜❧<♠❡ /❡✈✐❡♥) 8 ❧✬❡#)✐♠❛)✐♦♥ ❞✉ ✈❡❝)❡✉/ z ❞0✜♥✐ ♣❛/ ✿

ei =

2∑

j=1

zijhij + εi, i = 1, 2 ✭✸✳✷✽✮

❙♦✐) ẑ ✉♥❡ ❡#)✐♠❛)✐♦♥ ❞❡ z ♦❜)❡♥✉❡ ♣❛/ ✉♥❡ ♠0)❤♦❞❡ 6✉❡❧❝♦♥6✉❡ ✭♠♦✐♥❞/❡# ❝❛//0# ♦✉ /0❣/❡#✲

#✐♦♥ /♦❜✉#)❡✮✳ ❊❢"♦♥ ❡) ❚✐❜(❤✐"❛♥✐✱ ✶✾✾✹ ❞0✈❡❧♦♣♣❡ ♣❧✉#✐❡✉/# ♠0)❤♦❞❡# ♣♦✉/ ❧✬❛♣♣❧✐❝❛)✐♦♥ ❞✉

❜♦♦)#)/❛♣ ❛✉① ♣/♦❜❧<♠❡# ❞❡ /0❣/❡##✐♦♥ ❧✐♥0❛✐/❡ ✭❈❤❛♣✐)/❡ ✼ ❡) ✾✮✳ ▲✬✉♥ ❞❡# ♠♦❞<❧❡# #❡ ❜❛#❡ #✉/ ❧❡

❜♦♦)#)/❛♣♣✐♥❣ ❞❡# ♣❛✐/❡# xi = (ei,hi)✱ ❧✬❛✉)/❡ #✉/ ❧❡ ❜♦♦)#)/❛♣♣✐♥❣ ❞❡# /0#✐❞✉# xi = (ẑhi+εi,hi)✳

▲❡ #❡❝♦♥❞ ♠♦❞<❧❡ #❡ ❜❛#❡ #✉/ ❧✬❤②♣♦)❤<#❡ 6✉❡ ❧✬❡//❡✉/ εi ❡#) ✐♥❞0♣❡♥❞❛♥)❡ ❞❡ hi✳ ❖/ ❡♥ ▼❚✱ ❧❡#

❡//❡✉/# ❛✉ ♠♦❞<❧❡ ♣❡✉✈❡♥) O)/❡ ✐♥❞0♣❡♥❞❛♥)❡# ❞❡ ❧❛ ✈❛❧❡✉/ ❞✉ ❝❤❛♠♣ ♠❛❣♥0)✐6✉❡✱ ❝♦♠♠❡ ❞❛♥#

❧❡ ❝❛# ❞❡ ❜/✉✐) ❛♥)❤/♦♣✐6✉❡ )❡❧# 6✉❡ ❞❡# #♣✐❦❡# ❞❛♥# ❧❡# ❞♦♥♥0❡#✱ ♦✉ ❞0♣❡♥❞❛♥)❡# ❝♦♠♠❡ ❞❛♥# ❧❡

❝❛# ❞❡# ❡✛❡)# ❞❡ #♦✉/❝❡ ♣/♦❝❤❡✳

▲❡ ❥❛❝❦❦♥✐❢❡✱ ♣/0#❡♥)0 ❛✉ ♣❛/❛❣/❛♣❤❡ ✸✳✷✳✸✳✷✱ ❡#) ✉♥❡ ❧✐♥0❛/✐#❛)✐♦♥ ❞✉ ❜♦♦)#)/❛♣ ✭❊❢"♦♥

❡) ❚✐❜(❤✐"❛♥✐✱ ✶✾✾✹✮✳ ▲❡ ❜♦♦)#)/❛♣ ❡#) ❞❡ ❢❛✐) ❛♣♣❧✐❝❛❜❧❡ ❞❛♥# ❧❡ ❝❛❧❝✉❧ ❞❡# ❡//❡✉/# ♣♦✉/ ❧❛

♠0)❤♦❞♦❧♦❣✐❡ ❞0✈❡❧♦♣♣0❡ ♣❛/ ❆❧❛♥ ❉✳ ❈❤❛✈❡ ❡) ❉❛✈✐❞ ❏✳ ❚❤♦♠(♦♥ ✭✶✾✽✼✮ ❡) ❆❧❛♥ ❉✳ ❈❤❛✈❡

❡) ❉❛✈✐❞ ❏✳ ❚❤♦♠(♦♥ ✭✷✵✵✹✮✱ ♠❛✐# ♥0❝❡##✐)❡ ✉♥ ♣❧✉# ❧♦♥❣ )❡♠♣# ❞❡ ❝❛❧❝✉❧✳

❉❛♥# ❧❛ ♠0)❤♦❞♦❧♦❣✐❡ ♣❛/ ♦♥❞❡❧❡))❡# ❝♦♥)✐♥✉❡# ❞0✈❡❧♦♣♣0❡ ❞❛♥# ❝❡))❡ )❤<#❡✱ ✉♥❡ ❛♣♣/♦①✐✲

♠❛)✐♦♥ ❡#) ❝❡♣❡♥❞❛♥) ✈✐♦❧0❡ ♣❛/ ❧❡ ♣/✐♥❝✐♣❡ ♠O♠❡ ❞❡# ♦♥❞❡❧❡))❡# ❝♦♥)✐♥✉❡# 6✉✐ ✐♠♣❧✐6✉❡ ✉♥❡

❝♦//0❧❛)✐♦♥ ❡♥)/❡ ❧❡# ❝♦❡✣❝✐❡♥)#✳ ❉❛♥# ❧❡ ♣/♦❜❧<♠❡ ❞❡ ❧❛ ❞0)❡/♠✐♥❛)✐♦♥ ❞❡# ❢♦♥❝)✐♦♥# ❞❡ /0♣♦♥#❡#

❞✬♦♥❞❡❧❡))❡#✱ ❝❤❛6✉❡ 0❝❤❛♥)✐❧❧♦♥ xi ❡#) ✉♥ ❝♦✉♣❧❡ (Wψ[ei](a),Wψ[hi])✳ ▲❡ ♣/♦❜❧<♠❡ ❡#) )♦✉❥♦✉/#
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❝❡❧✉✐ ❞✬✉♥❡ &1❣&❡33✐♦♥ ❧✐♥1❛✐&❡ ✿

Wψ[ei](a) =

2∑

j=1

zijWψ[hij ](a) +Wψ[εi], i = 1, 2 ✭✸✳✷✾✮

❉❛♥3 ▲❛"♥✐❡"✱ <❛3❝❛❧ ❙❛✐❧❤❛❝ ❡% ❈❤❛♠❜♦❞✉0 ✭✷✵✶✻✮✱ ♣♦✉& ✉♥ ♠@♠❡ 1❝❤❛♥%✐❧❧♦♥✱ ♥♦✉3 31✲

❧❡❝%✐♦♥♥♦♥3 ♣❧✉3✐❡✉&3 ❝♦❡✣❝✐❡♥%3 C ❝❤❛D✉❡ 1❝❤❡❧❧❡ ♣♦✉& ❧❡ ❝❛❧❝✉❧ ❞❡3 ❢♦♥❝%✐♦♥3 ❞❡ &1♣♦♥3❡✳ ❈❡3

1❝❤❛♥%✐❧❧♦♥3 3♦♥% ❞♦♥% ❝♦&&1❧13 ❡♥%&❡ ❡✉① ♣❛& ❧❡ ♥♦②❛✉ ❞❡ ❝♦&&1❧❛%✐♦♥ ❞❡ ❧✬♦♥❞❡❧❡%%❡ ✉%✐❧✐31❡✳ ❆✐♥3✐✱

❞❡✉① 1❝❤❛♥%✐❧❧♦♥3 ❛✉ 3❡✐♥ ♠@♠❡ ❞❡ x ♣❡✉✈❡♥% ♥❡ ♣❛3 @%&❡ ✐♥❞1♣❡♥❞❛♠♠❡♥% ❞✐3%&✐❜✉13✳

❇♦♦"#"$❛♣ ❤✐)$❛$❝❤✐+✉❡ <♦✉& ♣♦✉✈♦✐& ❛♣♣❧✐D✉❡& ❧❛ ♠1%❤♦❞♦❧♦❣✐❡ ❞✉ ❜♦♦%3%&❛♣✱ ✐❧ ❡3% ❞♦♥❝

♥1❝❡33❛✐&❡ ❞❡ ♣♦✉✈♦✐& ❛33✉&❡& ❧✬✐♥❞1♣❡♥❞❛♥❝❡ ❞❡ ♥♦3 1❝❤❛♥%✐❧❧♦♥3 ❞❛♥3 ♥♦%&❡ ♣♦♣✉❧❛%✐♦♥ x✳ ▲❡

♣&♦❜❧L♠❡ ❡3% ❧❡ 3✉✐✈❛♥%✱ ♥♦✉3 ❞✐3♣♦3♦♥3 ❞✬✉♥❡ ♣♦♣✉❧❛%✐♦♥ x ❞♦♥% ♣❧✉3✐❡✉&3 ❝♦❡✣❝✐❡♥%3 ♣❡✉✈❡♥%

@%&❡ ❝♦&&1❧13 ❡♥%&❡ ❡✉①✳ ▲❡3 ❞♦♥♥1❡3 ♣❡✉✈❡♥% ❞♦♥❝ @%&❡ ❞1❝&✐%❡3 3✉& ❞❡✉① ♥✐✈❡❛✉① ✿ ❧❡ ♣&❡♠✐❡&

❝♦&&❡3♣♦♥❞ ❛✉① ❣&♦✉♣❡3 ❞❡ ❝♦❡✣❝✐❡♥%3 ❝♦&&1❧13 ❡♥%&❡ ❡✉①✱ ❧❡ ❞❡✉①✐L♠❡ ❛✉① ❝♦❡✣❝✐❡♥%3 ❡✉①✲♠@♠❡3✳

▲❡ ♣&❡♠✐❡& ♥✐✈❡❛✉ ❝♦&&❡3♣♦♥❞ ❛✉ ♥✐✈❡❛✉ ❞❡3 1✈1♥❡♠❡♥%3 ❣1♦♠❛❣♥1%✐D✉❡3✳

❆✐♥3✐✱ ♥♦✉3 ❞✐3♣♦3♦♥3 ❞♦♥❝ ❞✬✉♥❡ ♣♦♣✉❧❛%✐♦♥ ❞❡ N ❣&♦✉♣❡3 ❞❡ ❝♦❡✣❝✐❡♥%3 w = (w1, ..., wN )✱

❛✈❡❝ n 6= N ✳ ❈❤❛D✉❡ ❣&♦✉♣❡ wi ❝♦♥%✐❡♥% ni ❝♦❡✣❝✐❡♥%3✱ ❛✈❡❝ ✿

n =
N∑

i=1

ni ✭✸✳✸✵✮

❋✐❡❧❞ ❡% ❲❡❧3❤✱ ✷✵✵✼ ♦♥% 1%✉❞✐1 ❞✐✛1&❡♥%3 3❝❤1♠❛3 ❞❡ &1✲1❝❤❛♥%✐❧❧♦♥♥❛❣❡ ❞❡ ❞♦♥♥1❡3 ❤✐1&❛&✲

❝❤✐D✉❡3✱ ❛✈❡❝ &❡♠♣❧❛❝❡♠❡♥% C ✉♥ 3❡✉❧ ♥✐✈❡❛✉ ♦✉ ♣❧✉3✐❡✉&3✳ ❯♥ ❞❡3 3❝❤1♠❛3 ❧❡3 ♣❧✉3 ♣❡&❢♦&♠❛♥%3

❡3% ❝❡❧✉✐ ❞✉ &❡♠♣❧❛❝❡♠❡♥% ❛✉ ♥✐✈❡❛✉ ❧❡ ♣❧✉3 1❧❡✈1 D✉✐ ❝♦&&❡3♣♦♥❞ ✐❝✐ C ❝❡❧✉✐ ❞❡3 1✈1♥❡♠❡♥%3 ❣1♦✲

♠❛❣♥1%✐D✉❡3✳ ❉❛♥3 ❝❡ %②♣❡ ❞❡ ❜♦♦%3%&❛♣✱ ❧❡3 1❝❤❛♥%✐❧❧♦♥3 ❜♦♦%3%&❛♣ wb
♥✬♦♥% ♣❛3 %♦✉3 ❧❡ ♠@♠❡

♥♦♠❜&❡ ❞❡ ❝♦❡✣❝✐❡♥%3 ❞✬♦♥❞❡❧❡%%❡3✱ ♠❛✐3 ❧❡ ♥♦♠❜&❡ ❞✬1✈1♥❡♠❡♥%3 &❡3%❡ ✐❞❡♥%✐D✉❡ ❞❛♥3 ❝❤❛D✉❡

1❝❤❛♥%✐❧❧♦♥✳

<♦✉& &13✉♠❡&✱ ❧❡3 ❡3%✐♠❛%✐♦♥3 ❞❡3 ❢♦♥❝%✐♦♥3 ❞❡ %&❛♥3❢❡&% 3❡ ❢♦♥% ❞♦♥❝ 3✉& ❧❛ ♣♦♣✉❧❛%✐♦♥ ❞❡3

♠✉❧%✐♣❧❡%3 w✳ ❈❤❛D✉❡ 1❝❤❛♥%✐❧❧♦♥ ❜♦♦%3%&❛♣ wb
❡3% ❞1✜♥✐ ♣❛& &1✲1❝❤❛♥%✐❧❧♦♥♥❛❣❡ ❞❡3 ♠✉❧%✐♣❧❡%3

wi ❛✈❡❝ &❡♠♣❧❛❝❡♠❡♥%✳ ▲❡3 ❢♦♥❝%✐♦♥3 ❞❡ &1♣♦♥3❡ ▼❚ 3♦♥% ❝❛❧❝✉❧1❡3 ♣♦✉& ❝❤❛D✉❡ 1❝❤❛♥%✐❧❧♦♥

❜♦♦%3%&❛♣✱ ❡% ❧✬❡3%✐♠❛%✐♦♥ ❞❡ ❧✬1❝❛&% %②♣❡ ❡3% ❞♦♥♥1 ♣❛& ❧❛ ♠@♠❡ &❡❧❛%✐♦♥ ✭✸✳✷✼✮ D✉❡ ♣♦✉& ❧❡

❜♦♦%3%&❛♣ ❝♦♥✈❡♥%✐♦♥♥❡❧✳



❈❤❛♣✐%&❡ ✷✳ ❚!❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥*❡+ ♠❛❣♥*$♦$❡❧❧✉!✐/✉❡+ ✶✶✷

✸✳✹✳✸ ❆♣♣❧✐❝❛)✐♦♥,

✸✳✹✳✸✳✶ ❊❝❧❛✐)* ❛+♠♦*♣❤❡)✐❝*

+♦✉& ✐♥%&♦❞✉✐&❡ ❧✬❛♣♣♦&% ❞✉ ❜♦♦%3%&❛♣ 3✉& ❧❛ ❞4%❡&♠✐♥❛%✐♦♥ ❞❡3 ❢♦♥❝%✐♦♥3 ❞❡ &4♣♦♥3❡ ▼❚✱

♥♦✉3 ❝♦♠♣❛&♦♥3 ✐❝✐ ❧❡3 ❞✐3%&✐❜✉%✐♦♥3 ❜♦♦%3%&❛♣ 3✉& ❧❡ ♠;♠❡ ❡①❡♠♣❧❡ ♣&43❡♥%4 = ❧❛ ❋✐❣✉&❡ ✸✳✺✳ ▲❡3

&43✉❧%❛%3 3♦♥% ♣&43❡♥%43 = ❧❛ ❋✐❣✉&❡ ✸✳✻✳ ■❧ ❡3% ❝❧❛✐& E✉❡ ❧❡3 ❞✐3%&✐❜✉%✐♦♥3 ❜♦♦%3%&❛♣ ♣&43❡♥%❡♥% ✉♥❡

❞✐3♣❡&3✐♦♥ ❜✐❡♥ ♠♦✐♥3 ✐♠♣♦&%❛♥%❡ E✉❡ ❝❡❧❧❡3 ❞4✜♥✐❡3 ♣❛& ❧❡ ❝❛❧❝✉❧ ♣❛& ❝♦♠❜✐♥❛✐3♦♥3✳ ❆ ❧❛ ❋✐❣✉&❡

✸✳✼✱ ♥♦✉3 ♣&43❡♥%♦♥3 ❧❡3 3♦♥❞❛❣❡3 ♦❜%❡♥✉3 ♣❛& ❧❡3 ❞✐✛4&❡♥%❡3 ✐♥✈❡&3✐♦♥3 ❞❡3 ❢♦♥❝%✐♦♥3 ❞❡ &4♣♦♥3❡

▼❚✳ ❊①❝❡♣%4 ❞❛♥3 ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞ ❜❛♥❞✱ ❧❡3 3♦♥❞❛❣❡3 3♦♥% %&M3 ❝♦♠♣❛&❛❜❧❡3 ♣♦✉& %♦✉%❡3 ❧❡3

%❡❝❤♥✐E✉❡3✳ ❊♥ &❡✈❛♥❝❤❡✱ ♣❧✉3 ❧❡ ♥♦♠❜&❡ ❞✬4✈4♥❡♠❡♥%3 ✉%✐❧✐343 ❞❛♥3 ❧✬✐♥✈❡&3✐♦♥ ❡3% ✐♠♣♦&%❛♥%✱

♣❧✉3 ❧❛ 3%❛❜✐❧✐%4 ❞❡ ❧❛ ❝♦✉&❜❡ ❡3% ❛♠4❧✐♦&4❡✳

✸✳✹✳✸✳✷ ❆)+✐❝❧❡ ●❏■ ✲ ❉8+❡)♠✐♥❛+✐♦♥ ❞❡ ❧❛ )8♣♦♥*❡ ▼❚ ♣❛) ❜♦♦+*+)❛♣

❘8*✉♠8 ❡♥ ❢)❛♥A❛✐* ▲❡3 ♣❛&❛♠M%&❡3 ♣❤②3✐E✉❡3 ❞❡ ❧❛ 3✉❜✲3✉&❢❛❝❡ = ❞❡3 ♣&♦❢♦♥❞❡✉&3 ❡♥%&❡ ✺✵

♠M%&❡3 ❡% ♣❧✉3✐❡✉&3 ❝❡♥%❛✐♥❡3 ❞❡ ♠M%&❡3✱ 3♦♥% ❞✬✐♠♣♦&%❛♥❝❡ ❝❛♣✐%❛❧❡ ♣♦✉& ❧❛ ❝♦♠♣&4❤❡♥3✐♦♥ ❞❡ ❞✐✲

✈❡&3 ♣&♦❝❡33✉3 ❞❛♥3 ❞♦♠❛✐♥❡3 ✈❛&✐43✱ ✐♥❞✉3%&✐❡❧3 ❡% ❡♥✈✐&♦♥♥❡♠❡♥%❛✉①✱ %❡❧3 E✉❡ ❧❛ ❝♦♠♣&4❤❡♥3✐♦♥

❞❡ ❧❛ ③♦♥❡ ❝&✐%✐E✉❡ ❡♥ ❤②❞&♦✲❣4♦♣❤②3✐E✉❡✳ ▲❛ ♠4%❤♦❞❡ ❆✉❞✐♦✲▼❚✱ ❜❛34❡ 3✉& ❧❛ ♠❡3✉&❡ ♣❛33✐✈❡

❞❡3 ❝❤❛♠♣3 4❧❡❝%&✐E✉❡ ❡% ♠❛❣♥4%✐E✉❡ ♥❛%✉&❡❧3✱ ❡3% ❧✬✉♥❡ ❞❡3 E✉❡❧E✉❡3 %❡❝❤♥✐E✉❡3 ♣❡&♠❡%%❛♥% ❞✬❛♣✲

♣♦&%❡& ❞❡3 ✐♥❢♦&♠❛%✐♦♥3 = ❝❡%%❡ 4❝❤❡❧❧❡ ❞❡ ♣&♦❢♦♥❞❡✉&✳ ❈❡♣❡♥❞❛♥%✱ ❡❧❧❡ ❡3% 3✉❥❡%%❡ = ❧❛ ✈❛&✐❛❜✐❧✐%4

❞❡3 3♦✉&❝❡3 ❊▼ ♥❛%✉&❡❧❧❡3 ❞❛♥3 ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞ ❜❛♥❞✱ ✐♥%❡&✈❛❧❧❡ ❞❡ ❢&4E✉❡♥❝❡ ❝♦♠♣&✐3 ❡♥%&❡ ✶

❡% ✺ ❦❍③✳

◆♦✉3 ♠♦♥%&♦♥3 E✉❡ ❧❛ ❝❛&❛❝%4&✐3❛%✐♦♥ ❞❡3 ❢♦♥❝%✐♦♥3 ❞❡ &4♣♦♥3❡ ▼❚✱ = ♣❛&%✐& ❞❡3E✉❡❧❧❡3 ❧❛

❞✐3%&✐❜✉%✐♦♥ ❞❡ ❝♦♥❞✉❝%✐✈✐%4 ❞❛♥3 ❧❡ 3♦✉3✲3♦❧ ❡3% ❞4%❡&♠✐♥4❡✱ ♣❡✉% ;%&❡ 3✐❣♥✐✜❝❛%✐✈❡♠❡♥% ❛♠4❧✐♦&4❡

❞❛♥3 ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞ ❜❛♥❞✱ ❡♥ ✉%✐❧✐3❛♥% ❧❛ %&❛♥3❢♦&♠4❡ ❡♥ ♦♥❞❡❧❡%%❡ ❝♦♥%✐♥✉❡✳ ❈❡%%❡ ❛♥❛❧②3❡✱

❝♦♠♣❛&4❡ = ❞❡3 ♣&♦❝4❞✉&❡3 3%❛♥❞❛&❞ ❞❡ %&❛✐%❡♠❡♥% ❞❡ ❞♦♥♥4❡3 ✉%✐❧✐3❛♥% ❧❛ %&❛♥3❢♦&♠4❡ ❞❡ ❋♦✉&✐❡&✱

♣❡&♠❡% ❞❡ 34❧❡❝%✐♦♥♥❡& ❧❡3 3♦✉&❝❡3 ♥❛%✉&❡❧❧❡3 ❞♦♥% ❧❡ ❝♦♥%❡♥✉ ❢&4E✉❡♥%✐❡❧ ❞❛♥3 ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞

❜❛♥❞ ❡3% 3✐❣♥✐✜❝❛%✐❢✱ ❛♠4❧✐♦&❛♥% ❛✐♥3✐ ❧❡ &❛%✐♦ 3✐❣♥❛❧✲3✉&✲❜&✉✐%✳ ▲❡3 ❢♦♥❝%✐♦♥3 ❞❡ &4♣♦♥3❡ ▼❚ ❡%

❧❡✉&3 ✐♥❝❡&%✐%✉❞❡3 ❛33♦❝✐4❡3 3♦♥% ❝❛❧❝✉❧4❡3 ❡♥ ✉%✐❧✐3❛♥% ❞❡3 ♣&♦❝4❞✉&❡3 ❞❡ 3%❛%✐3%✐E✉❡3 &♦❜✉3%❡3 ❡%

❞❡ ❜♦♦%3%&❛♣✳

◆♦✉3 ✐❧❧✉3%&♦♥3 ❝❡%%❡ ♣&♦❝4❞✉&❡ 3✉& ❞❡3 ❞♦♥♥4❡3 ❛❝E✉✐3❡3 ❡♥ ▼❛&3 ✷✵✶✺ = ❞❡✉① 3%❛%✐♦♥3 3✐✲

%✉4❡3 ♣&M3 ❞❡ ❧✬♦❜3❡&✈❛%♦✐&❡ ♠❛❣♥4%✐E✉❡ ❞❡ ❈❤❛♠❜♦♥✲▲❛✲❋♦&;%✱ ❡♥ ❋&❛♥❝❡✳ ▲❡3 34&✐❡3 %❡♠♣♦&❡❧❧❡3

♣&43❡♥%❡♥% ❞❡ ❢♦&%3 ♥✐✈❡❛✉① ❞❡ ❜&✉✐% ❛♥%❤&♦♣✐E✉❡3✳ ❉❛♥3 ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞ ❜❛♥❞✱ ❧❡3 ❢♦♥❝%✐♦♥3

❞❡ &4♣♦♥3❡ ▼❚ ❞4%❡&♠✐♥4❡3 ♣❛& ❧❡3 ♠4%❤♦❞❡3 ❝♦♥✈❡♥%✐♦♥♥❡❧❧❡3 ♣&43❡♥%❡♥% ❞❡ ❧❛&❣❡ ✐♥%❡&✈❛❧❧❡3 ❞❡
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SUMMARY

The physical condition of the subsurface at depth between 50 m to several hundred meters,

which hosts the surface aquifer-bearing formations, is of tremendous importance for the un-

derstanding of the critical zone and for environmental and industrial applications. Audio-

Magneto-Telluric (AMT) sounding, based on passive joint determination of electrical and ge-

omagnetic fields in the audio-frequency band, is one of the few available techniques able to

provide information in this depth range. However, it suffers from the scarcity of natural sources

in the so called AMT dead band (from 1 kHz to 5 kHz), We show that the determination of

magnetotelluric impedance, from which the electrical conductivity structure is derived, can be

significantly improved in the frequency range 200 Hz to 5-7 kHz using a wavelet based pro-

cessing. Indeed, Continuous Wavelet Transform (CWT), by contrast with the standard robust

processing based on Fourier transform, allows to select in the time series relevant sources with

frequency content penetrating the AMT dead band. As previously shown, the CWT improves

the signal over noise ratio. Now we determine response functions and their accuracy by us-

ing robust statistics and a bootstrap approach. This is illustrated using time series acquired in

March 2015 at two locations near the French Magnetic Observatory in Chambon-La-Forêt,

France. Time series recorded in this area display large noise levels. In the AMT dead band,

robust processing outputs rough response functions with large confidence intervals where no

✶✶✺



2 H. Larnier et al.

interpretation is possible. The wavelet-based processing applied to 15 minutes time series al-

lows detection of large signal-to-noise ratio geomagnetic events to reduce the width of the dead

band. Depending on ionospheric conditions, the dead band is narrowed down to 1 kHz up to 2

kHz when significative whistlers waves occur, or 3-5 kHz when no whistlers waves are iden-

tifiable. Using this methodology, AMT soundings interpretation is eased. CWT thus appears

as an essential tool to increase the range of applications of the AMT method in geophysical

problems.

Key words: Atmospherics, Magnetotelluric response function, Continuous Wavelet Trans-

form, Bootstrap.

1 INTRODUCTION

Natural geomagnetic sources in the frequency range 1 Hz-10 kHz mostly originate from global

lightning activity (Constable, 2016). This activity gives rise to two types of sources. A low signal-

to-noise ratio atmospheric noise and large signal-to-noise ratio transient events (Rakov & Uman,

2003). Both sources allow to infer informations about the state of the ionosphere (Hughes & Pap-

pert, 1975) or atmospheric processes (Williams, 1992).

Natural geomagnetic sources such as lightning emitted waves also act as inductive sources as

they induce electric currents in the earth. This is studied in the framework of audio-magnetotellurics

(AMT) (Strangway et al., 1973) to provide information about the electric state of the subsurface

(Cagniard, 1953). Among electromagnetic (EM) methods, AMT can reach depths of several hun-

dreds meters. Larger depths can be studied using geomagnetic sources at longer periods such as

geomagnetic pulsations (Chave & Jones, 2012) in a magnetotelluric (MT) framework.

Two mains difficulties arise in AMT. The magnetic field has natural low amplitude in the so-

called AMT dead band frequency, between 1 kHz and 5 kHz (Garcia & Jones, 2002). Only a few

natural events have sufficient signal-to-noise ratio in this frequency band (Larnier et al., 2016b).

The other major issue is the contamination of time series by anthropogeneous noise. Depending on

the site location, noise can be non-stationnary or above the signal level of MT signals. One issue in

this case is the use of a remote station in processing schemes (Gamble et al., 1979) to adress noise

✶✶✻
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on the magnetic field. Robust statistics are also necessary in this processing (Jones et al., 1989).

These issues have serious consequences on AMT interpretation of data acquired near housing or

simply because of the reliability of AMT soundings in the AMT dead band.

One approach has been proposed by several authors in the last decades. They offer to study the

magnetic sources in time series prior to process MT data. Escalas et al. (2013) also applied CWT

on MT time series to study and characterize cultural noise sources. Larnier et al. (2016a) demon-

strated using continuous wavelet transform that focusing on large signal-to-noise ratio allows to

drastically reduce noise bias in single site estimation of MT response functions.

We propose here to extend the work of Zhang & Paulson (1997). They used continuous wavelet

transform (CWT) to automatically detect atmospheric sources using thresholding. However, two

major limitations arise in their methodology. On the one hand, they do not distinguish the several

types of waves emitted by lightning strikes, such as atmospherics, slow tails and whistlers (Larnier

et al., 2016b). On the other hand, only least-squares inversion of MT response functions was

performed.

In this paper, we recall a methodology previously described in Larnier et al., (2016b) allowing

automatic detection and characterisation of high-frequency EM sources. Using informations of

geomagnetic sources, we have developed a wavelet-based approach to recover response functions

and their uncertainty. This scheme relies on robust statistics and hierarchical bootstrapping of

wavelet coefficients. We apply this methodology on a dataset acquired near the french magnetic

observatory of Chambon-La-Forêt (CLF). The dataset presents large level of noise compared to

natural sources levels in standard electric and magnetic time series. We finally demonstrate the

improvement compared to standard robust processing algorithms. The quality of final Audio-MT

soundings is greatly improved using the wavelet-based approach.

2 MATERIALS AND METHODS

2.1 Data sets

We conduced an AMT campaign on March 2015 near the magnetic observatory of Chambon-La-

Forêt (CLF), France (see Figure 1). We focus on 3 stations B2, B4 and C5 stations (Figure 1).

✶✶✼
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Figure 1. Map of AMT soundings made in march 2015 campaign. Top: Location in France. Bottom: Pre-

cise positioning with topography. White triangles indicate AMT stations, open black square indicates the

position of CLF observatory and black squares the nearest towns in the area.

AMT time series were acquired at high frequency sampling: 30 min at 4096 Hz and 5 min at

65536 Hz. All stations use MFS07e coils from Metronix-Geophysics with Chopper Off to record

the magnetic field and 30 meters dipoles with steel electrodes to measure electric fields.

As commonly observed in Europe, a lot of man-made EM sources affects EM records from 10

Hz to more than 10 kHz. Figure 2 shows such typical noise on the electric field time series at B2.

It appears necessary to filter out anthropic noise before AMT interpretation. We used notch filters

to get rid of as much spectral rays as possible. An high-pass filter has also been applied to reduce

the amplitude of frequencies below 1 Hz. Time series are decimated down to 32768 Hz to avoid

very low frequency transmitters with frequencies over 16 kHz. On the raw time series, large 50 Hz

power line noise is noticeable, hiding most of EM waves. For some AMT sites, broadband noise

✶✶✽



Determination of Audio-MT response function using hierarchical bootstrapping of geomagnetic events 5

−100

−50

0

50

100
E

le
c
tr

ic
 f

ie
ld

 [
m

V
/k

m
]

0 1 2
Time [s]

−100

−50

0

50

100
E

le
c
tr

ic
 f

ie
ld

 [
m

V
/k

m
]

0 1 2
Time [s]

−100

−50

0

50

100

E
le

c
tr

ic
 f

ie
ld

 [
m

V
/k

m
]

0 1 2
Time [s]

−100

−50

0

50

100

E
le

c
tr

ic
 f

ie
ld

 [
m

V
/k

m
]

0 1 2
Time [s]

10−1
100
101
102
103
104
105
106

E
 s

p
e

c
tr

u
m

 [
(m

V
/k

m
)2

]

100 101 102 103 104

Frequency [Hz]

10−1
100
101
102
103
104
105
106

E
 s

p
e

c
tr

u
m

 [
(m

V
/k

m
)2

]

100 101 102 103 104

Frequency [Hz]

10−1
100
101
102
103
104
105
106

E
 s

p
e

c
tr

u
m

 [
(m

V
/k

m
)2

]

100 101 102 103 104

Frequency [Hz]

10−1
100
101
102
103
104
105
106

E
 s

p
e

c
tr

u
m

 [
(m

V
/k

m
)2

]

100 101 102 103 104

Frequency [Hz]

Figure 2. Difference between raw (top) and filtered (bottom) spectra for B2 station.

occurs and remains difficult to remove. On Figure 3, we have represented typical data acquired in

the area. The top panel represent clean data where EM waves are easily identifiable on the time

series. Still, numerous spectral rays are noticeable on the fourier spectrum. Bottom panel represent

typical noisy data in the area. Many transient signals are present but not in the simultaneous clean

dataset indicating large local signals. Fourier spectrum also present large noise level. The usual

shape of natural electromagnetic spectrum (Constable, 2016) is not recognizable. For these sites,

low signal-to-noise ratio is observed on time series.

2.2 Classical robust processing of MT time series

Magnetotellurics aims to recover the electric distribution of the subsurface through the so-called

impedance response 2 × 2 tensor Z relating induced horizontal electric field E to inducing hori-

zontal magnetic field H in frequency domain:

E = ZH (1)

The complex quantity Z can be transformed into two more interpretable quantities, apparent re-

sistivity ρ and phase φ with:

ρ = |Z|2/(ωµ)

φ = arctan(ℑ(Z)/ℜ(Z))
(2)

✶✶✾
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Most processing schemes (Chave & Thomson, 2004; Egbert & Booker, 1986) use Fourier trans-

form and robust regression (Huber, 1973) to recover the response functions. Presence of noise in

EM time series induces downward bias in MT responses. It is therefore necessary to include a

reference station (Gamble et al., 1979) to remove uncorrelated noise through correlation of fields

of local and reference stations (hereafter referred to as Rx and Ry). In this campaign, processing

of AMT stations is performed using C5 station as reference station. C5 station can be processed

using any mobile station as reference. We choose B2 as reference to process C5. In this paper, we

use the code BIRRP (Bounded Influence Remote Reference Processing) from the work of Alan

D. Chave (Chave et al., 1987; Chave & Thomson, 2004) to calculate reference MT soundings to

compare with the new methodology.

2.3 Wavelet analysis

We decompose EM time series on a time-frequency representation using the continuous wavelet

transform (CWT), based on the correlation of the 1D signal with a class of functions called

wavelets (Holschneider, 1995). These functions are localized in time and frequency simultane-

ously. Each wavelet ψa,b is derived from a function called mother wavelet ψ by dilatation factor a

and parameter b:

ψa,b(t) = ψ

(
t− b

a

)
(3)

The factor a acts as the frequency and b the time. Wavelet coefficients are derived from:

Wψ(a, b)[s] =

∫ +∞

−∞

dt
1

a
ψ∗
a,b(t)s(t) (4)

In this paper, we use the Morlet wavelet (Goupillaud et al., 1984) defined in time domain by:

ψm(at) = π−1/4eiω0ate−(at)2/2, (5)

and in frequency domain by:

ψ̂m(aω) = π−1/4H(ω)e−(aω−ω0)2/2, (6)

where H is the Heaviside step function and ω0 the wavelet parameter. ω0 can be modified to adjust

the time-frequency resolution of the analyzing wavelet.

✶✷✶
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This decomposition has first been used in magnetotelluric applications by Zhang & Paulson

(1997). They used a signal-to-noise ratio threshold in the time-frequency domain to detect atmo-

spherics in AMT data before using least-squares determination of response functions. Escalas et al.

(2013) used wavelet analysis to study polarisation attributes of cultural noise sources in CSAMT

experiments. Larnier et al. (2016a) extended Zhang & Paulson (1997) work by showing that high

signal-to-noise ratio events help to reduce impedance bias estimates in single site configuration.

On Figure 4, we present one excerpt of B2 time series at 32768 Hz along with corresponding mag-

netic remote station time series Rx and Ry. Electric time series are characterized by a relatively

higher noise level compared to magnetic time series and their spectrograms. Remote time series

are affected with spikes. Large signal-to-noise ratio events are visible in both electric and magnetic

local time series. Only one event at 2.75 seconds is common between local and remote magnetic

time series due to the large noise level at the remote AMT station. Corresponding spectrogram dis-

play three different types of EM waves, namely atmospherics, whistlers and slow tails described in

Larnier et al. (2016b). In local magnetic time series, atmospherics display coefficients with large

amplitude from more than 10 kHz down to 7-8 kHz. Whistlers display large signal-to-noise ratio

wavelet coefficients from 10 kHz down to 2 kHz. Finally, slow tails display large amplitude from

100 Hz up to 1 kHz for the largest ones.

The spikes in remote magnetic time series are characterized by large amplitude coefficients for

frequencies from 700 Hz up to 2-3 kHz. Only the events with the largest amplitude are recogniz-

able in the time-frequency plane such as the slow tail at 2.75 seconds and the atmospheric at 2.64

seconds.

On Figure 5, we present an excerpt of the time series acquired at the C5 station at 4096 Hz

along with their corresponding spectrograms. This station, located near the noise sources is badly

tainted with noise signals such as at 45.75 and 47.4 seconds. These signal are not present in remote

time series, and thus do not fulfill the quasi-uniform source hypothesis required to apply magne-

totellurics and they probably originate from a nearby source. The local transient sources of noise

are characterized by large amplitude wavelet coefficients for frequencies between 50 Hz and 1 kHz

✶✷✷
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Figure 4. Extract of 4096 Hz EM time series at B2 station. From top to bottom: Ex, Ey, Hx, Hy, Rx, Ry.

but are not present at the remote station. The only significant event common in both stations is the

large amplitude slow tail at 46.8 seconds.
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2.4 Wavelet-based detection of EM waves

First step of the processing scheme follows the automatic detection and characterization of lightning-

based EM waves as detailed in (Larnier et al., 2016b). This methodology relies on the specific

shape of EM waves in the time-frequency plane.

The sought EM waves have two distinct characteristics:

• Large signal-to-noise ratio.

• Time-frequency pattern.

We briefly recall in Appendix B the principles of Larnier et al., (2016b) method of detecting EM

waves in each channel. The MT system (1) can be resolved separately for each couple of response

functions (zxx, zxy) or (zyx, zyy). In the following we treat each electric channel ex and ey separately

and call e any of the processed electric channel, ex or ey.

For each channel e, hx and hy, application of the detection scheme on each channel gives a

set of maxima chains. The MT system (1) can be resolved only if proper signal (i.e. following the

quasi-uniform source approximation) is present in all channels. Therefore only common maxima

chains in the three channels are kept. If a remote station is available, we also add the constraint of

keeping maxima chains if they are present in all channels in (e, hx, hy, rx, ry).

After detection, let N be the number of maxima chains (i.e. events) output by the detection

process. Each event i is characterized by a maxima chain ci. This chain is described by an extent

in frequency (and scale) given by two indices ji,1 and ji,2 and a set of time values bi,j such that:

ci = {bi,j, ji,1 < j < ji,2} (7)

In a way similar to the characterisation of polarization attributes in Larnier et al., (2016b), we

describe the amplitude and phase of each events by a set of wavelet coefficients. At each scale j,

we define a correlation length dj based on the size of Morlet kernel above a critical value (Maraun

et al., 2007). The event i is then characterized for each channel s by wij , a subset of neighbour

coefficients defined by:

wij[s] = {Wψ(aj, b)[s], |b− bi,j| < dj}, (8)

✶✷✺
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The event i is then described by Wi, the collection of wij at each scale. Each subset wij represents

the wavelet coefficients stored at scale j for geomagnetic event i. Then:

#Wi =
n∑

j=1

#wij (9)

At each scale, the set of selected coefficients among all events is:

#wj =
N∑

i=1

#wij (10)

2.5 Wavelet-based response functions estimation

To recover the estimation of impedance response functions at each frequency, we follow the

methodology of Zhang & Paulson (1997). The authors have derived the expression of the MT

system in time-frequency domain:

ex(a, b) = Zxx(a)hx(a, b) + Zxy(a)hy(a, b)

ey(a, b) = Zyx(a)hx(a, b) + Zyy(a)hy(a, b)

(11)

However, they used least-squares to resolve this system on wavelet coefficients of only two events.

Classical least-squares has been proven biased in the presence of noise. We choosed to use robust

statistics to reduce noise influence in the determination of Z. Each equation is solved at each scale

a = aj following the robust procedure of Huber weights (Huber, 1973). Robust statistics were

introduced in MT to allow for outliers in the computation of the impedance response function

(Chave et al., 1987). We use the most common robust method, which involves M-estimators to

deal with the previous system as univariate regression problems written as follows:

Wψ(aj, ·)[e] = z×Wψ(aj, ·)[h] + ε, (12)

where Wψ(aj, ·)[e] a (1,#wj) vector, Wψ(aj, ·)[h] a (2,#wj) vector, and z is a (1, 2) tensor. ×

is the matrix product and ε are the residuals on the electric field. The remote reference is easily

included in this scheme as described by Chave & Thomson (2004).

✶✷✻
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2.6 Wavelet-based hierarchical bootstrap standard error

One effective method to recover the estimation of standard deviation of a given dataset is the

bootstrap approach (Efron & Tibshirani, 1993). Let x be the considered dataset of N samples

identically and independently distributed:

x = {x1, x2, ..., xn} (13)

The original dataset x has a statistic of interest s(x). This statistic could be the sample mean or in

our case the impedance response functions Z.

The bootstrap approach principle is to create B bootstrap samples x∗b by using replacement

in the original dataset. Each new bootstrap sample gives one bootstrap replication θ̂∗(b) = s(x∗b)

with s being the same statistic applied to x. After estimating all bootstrap replications, the boot-

strap standard error is given by:

seF =

{
B∑

b=1

[θ̂∗(b)− θ̄∗]2/(B − 1)

}1/2

, (14)

with θ̄∗ =
∑B

b=1 θ̂
∗(b)/B being the mean of the bootstrap dataset. This approach relies on exten-

sive computations but is easy to implement.

In our case, the statistic of interest is the robust regression defined previously and the dataset

is constituted of wavelet coefficients of electric and magnetic time series. However, close wavelet

coefficients are by definition correlated through the wavelet kernel. Direct bootstrapping of wavelet

coefficients is therefore forbidden due to the independence condition of samples in the dataset.

Still, wavelet coefficients can be sorted through the sets of coefficients wij belonging to each

geomagnetic event. Each set wij is independent of the others.

One way to bootstrap such hierarchical data is to bootstrap the sets of dependent coefficients.

Two levels have to be distinguished. The lowest represents the coefficients themselves. The second

one is the level of clusters of dependent coefficients wij . We use the approach of hierarchical

bootstrap (Field & Welsch, 2007) based on the resampling of clusters instead of samples inside

clusters. Replacement is then made at the cluster level.

✶✷✼
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At each scale j, the dataset of available events is:

wj = {w1j, w2j, ..., wNj} (15)

Each bootstrap sample is then:

wb
j = {wb1j, wb2j, ..., wbN j} (16)

Each bootstrap sample gives an expectation value through the robust determination of impedance

tensor:

θ̂∗j (b) = zbj (17)

The standard error associated to each element of the impedance tensor at scale j is then given by:

sezj =

{
B∑

b=1

[θ̂∗j (b)− θ̄∗j ]
2/(B − 1)

}1/2

, (18)

with θ̄∗j =
∑B

b=1 θ̂
∗
j (b)/B.

To avoid error transmission, we directly compute standard errors on phase and resistivity

through the bootstrap samples estimations θ̂∗ln(ρj)(b) = ln(ρbj) and θ̂∗φj(b) = arctan(ℑ(zj)b/ℜ(zj)b)

Assuming a log-normal distribution for resistivity, the standard error for ln(ρ) is given by:

seln(ρj) =

{
B∑

b=1

[θ̂∗ln(ρj)(b)− θ̄∗ln(ρj)]
2/(B − 1)

}1/2

, (19)

with θ̄∗ln(ρj) =
∑B

b=1 θ̂
∗
ln(ρj)

(b)/B. The variance of ρj is then given by:

σρj = (e
seln(ρj) − 1) exp(e

θ̄∗
ln(ρj) + seln(ρj)/2) (20)

The phase standard error is given by application of circular statistics on the bootstrap samples

θ̂∗φj(b) (Fisher, 1995). This methodology relies on the sum of vectors defined by the angles θ̂∗φj(b).

Let C et S be defined by:

C =
B∑

i=1

cos(θ̂∗φj(b))

S =
B∑

i=1

sin(θ̂∗φj(b))

(21)

The bootstrap phase mean θ̄∗φj(b) is given by:

θ̄∗φj(b) = arctan(S/C) (22)

✶✷✽
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Time series frequency 32768 Hz 4096 Hz

Frequency band 2 - 16 kHz 32 Hz - 2 kHz

Considered waves Atmospherics, whistlers Slow tails

Window length: short: 16 seconds short: 2 minutes

(duration) long: 2 minutes long: 16 minutes

Window length: short: 2 * 262144 short: 2 * 262144

(number of samples) long: 15 * 262144 long: 15 * 262144

Table 1. Description of processing methodology.

The bootstrap phase standard error is given by:

seφj =

{
B∑

b=1

[d(θ̂∗φj(b), θ̄
∗
φj
)]2/(B − 1)

}1/2

, (23)

where d(φ1, φ2) is the distance in radians between two angles φ1 and φ2 on the unit circle.

ELF time series

Station B4 B2 C5

Length Short Long Short Long Short Long

K 0.95 0.95 0.97 0.90 0.95 0.98

α 0.90 0.90 0.90 0.99 0.90 0.90

[fmin, fmax] (Hz) [64, 500] [64, 900] [64, 400] [128, 900] [64, 300] [128, 700]

VLF time series

Station B4 B2 C5

Length Short Long Short Long Short Long

K 0.99 0.99 0.80 0.80 0.99 0.99

α 0.99 0.99 0.90 0.90 0.99 0.99

[fmin, fmax] (kHz) [7.5, 15] [6.5, 15] [5, 12] [4, 12] [8, 15] [7, 15]

Table 2. Wavelet-based processing parameters used in the processing of AMT time series.

✶✷✾
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Figure 6. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station B4 using the short time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

3 APPLICATION

We illustrate the present methodology on three AMT stations, B4, B2, and C5. These stations were

chosen because of their noise level from light (B4), to moderate (B2) and high (C5). To illustrate

the influence of geomagnetic activity, we will illustrate the present methodology on short and

long time series. The description of the processing scheme of time series for robust and present

methodology is described Table 1.

3.1 Comparison with standard processing

We apply the previously introduced methodology on time series presented in section 2.1. The

number of bootstrap iterations was set to B = 1000.

✶✸✵
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Figure 7. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station B2 using the short time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

3.1.1 Short time series

On Figure 6, 7 and 8 we present the results obtained on the 4096 Hz and 32768 Hz short time series

for B4, B2 and C5 station respectively. The processing parameters specified are summarized Table

2. Classical robust processing and the present methodology agree very well for frequencies below

200 Hz and above 10 kHz with small confidence intervals for the three stations. Wavelet-based

results present smooth sounding and relatively narrow confidence invervals for frequencies below

1 kHz and above 6 kHz for B4 station, below 1 kHz and above 4 kHz for B2 station and below 500

Hz and above 7 kHz for C5 station. The width of the AMT dead band is then reduced compared

to robust response functions. Still, a large frequency gap may be observed from 3-5 kHz down to

500 Hz - 1 kHz depending on the station.

✶✸✶
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Figure 8. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station C5 using the short time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

3.1.2 Long time series

Larnier et al., (2016b) showed that large events penetrating the AMT dead band have a frequency

of occurence much lower than most of transient events. Recording time therefore needs to be

set to longer duration to collect such events. We then applied the same methodology on a much

longer time seriesto keep only events penetrating the AMT dead band. The difference between

sought events in short time series and long time series are described in Table 2. Processing results

are showed Figure 9, 10 and 11 for B2, B4 and C5 AMT station respectively. Robust processing

results are improved for frequencies below 400 Hz and above 5 kHz but are still erratic from 400

Hz to 5 kHz with large confidence intervals. Wavelet-based processing show improvement for the

three stations: B4 and B2 stations have a reduced dead band from 1.5 kHz up to 3-4 kHz. C5

station response functions have the AMT dead band narrowed down 1 kHz - 6 kHz. This makes

the interpretation much more reliable and easier on wavelet based response functions than using

the reference robust sounding obtained using BIRRP code. For the three AMT stations, setting

✶✸✷



Determination of Audio-MT response function using hierarchical bootstrapping of geomagnetic events 19

10−1

100

101

102

103

ρ
x
y
 [

Ω
.m

]

10−1

100

101

102

103

ρ
y
x
 [

Ω
.m

]

101102103104

Frequency [Hz]

Figure 9. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station B4 using the long time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

the algorithm to detect events with frequency content larger than described in Table 2 led to no

detected events at all. This results in no determination of response functions.

3.1.3 Accuracy of wavelet-based soundings

Discriminating between two propositions of MT soundings remains a complicated task. One way

to rule out a sounding is to examine its smoothness. Indeed, physics of EM induction impose

smoothness of MT response functions. Using this criteria, wavelet-based results may be con-

sidered as significantly better than robust processing results. However, smooth response func-

tions is not a proof of correctness. Another criterion of choice is to consider local geology to

be related to the MT sounding through realistic resistivity structures.In this area, we have ex-

amined local geology using the BRGM database obtained through the website Infoterre (http:

//infoterre.brgm.fr/). The area of Chambon-La-Forêt magnetic observatory in the Paris basin

magnetic C5 has been scouted for oil exploration in 1983. Numerous shallow wells were dug and

✶✸✸
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Figure 10. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station B2 using the long time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

geological logs were kept. Among all of geological logs, we choosed as relevant those close to our

sites (03642X0069/VT-286 and 03642X0085/LOI018). We represent on Figure (12, top) a typical

geological log obtained in the area. Resistivity values were chosen from EM and Schumberger

sounding results at a close site by Valla (1991). The apparent resistivity value corresponding to the

highest frequency was chosen as those of the substratum, the closest layer to the surface. Using

these assumptions, we obtain 1D synthetic soundings given in Figure 12 bottom. Local wells were

performed more than 500 meters from our soundings location, their main features are in agree-

ment with wavelet-based results. Indeed the decrease of apparent resistivity from 10 kHz to 1000

kHz is observable on the C5 sounding. The increase from 1 kHz to 100 Hz is coherent with all

soundings and the stabilization at 100 Hz also. We can therefore consider that determination of the

MT response functions from wavelet coefficients are correct.

✶✸✹
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Figure 11. Comparison between robust (grey squares) and wavelet based processing (black squares) for

station C5 using the long time series. Top: ρxy. Bottom: ρyx. Robust results are shifted to the left for visual

clarity.

3.2 Residuals

Residuals are an important quantity to assess the quality of the output response function. Residu-

als in the regression problem involving wavelet coefficients are computed at each scale aj using

equation (24).

r = Wψ(aj, ·)[e]− z×Wψ(aj, ·)[h] (24)

Following Chave & Thomson, (2004), we assume through the regression model that real and imag-

inary parts of residuals follow normal distributions so their absolute value should be Rayleigh dis-

tributed. To check this assumption, we represent the residuals against a standardized Rayleigh dis-

tribution through Quantile-Quantile (QQ) plots. If residuals distribution are Rayleigh distributed,

such plots appear as straight lines. Two distributions are compared in the QQ-plots. The first one

corresponds to residuals calculated on all wavelet coefficients at scale aj , the other is the residuals

distribution corresponding only to selected coefficients through the procedure described above.

Figure (13) illustrates two QQ plots at two different scales for the processing of B2 station us-
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Figure 12. Top: Representative geology of CLF area. Bottom: 1D MT associated MT sounding.

ing long time series. One striking difference between the two distributions is the amplitude scale.

Keeping all wavelet coefficients leads to larger residuals than pre-selecting a set of wavelet coef-

ficients before computing the response functions. Distributions for selected coefficients appear ir-

regular due to the low number of selected wavelet coefficients but are still consistent with Rayleigh

distributions. Residuals for the whole time series appear unconsistent with Rayleigh distributions.

3.3 Influence of the number of bootstrap iterations

We also check if the number of bootstrap iterations is critical in the final estimation of standard

error. We perform 6 determinations of standard deviations of response functions by varying the

number of bootstrap iterations from 10 to 1000. Results are shown Figure 14. 10 iterations is

clearly unstable with large difference with the other curves. However, from 50 iterations, results

✶✸✻
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Figure 13. Quantile-Quantile plots of residual distributions against standardized Rayleigh distribution. Top:

North-South component residuals. Bottom: East-West component residuals. Left: Distribution at scale cor-

responding to 512 Hz. Right: Distribution at scale corresponding to 140 Hz. Open circles corresponds to

the residuals of the whole time series, filled corresponds to the selected events residuals.

are very similar for frequencies below 300 Hz. Above 300 Hz, decreasing the number of iterations

tends to underestimate the standard deviation.

4 DISCUSSION

Even though MT data have been collected in an unfavorable period for AMT soundings (Garcia

& Jones, 2002), we have shown that large frequency band sferics allow to recover the impedance

response functions in most of the AMT frequency band. The drawback is that AMT soundings

have to be set for longer time periods to collect events reaching in the AMT dead band. Such

pre-processing step was found critical before using standard robust statistics in the determination

of MT response functions. Indeed, classical processing results are not as significantly improved

as wavelet processing when using longer time series, meaning that it is necessary to adapt the

methodology to such transients events. Combined with the information about seasonal variation in
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Figure 14. Variation of final standard deviation with the number of bootstrap iterations. Red: 10 bootstrap

iterations. Green: 50 bootstrap iterations. Blue: 100 bootstrap iterations. Magenta: 200 bootstrap iterations.

Yellow: 500 bootstrap iterations. Brown: 1000 bootstrap iterations.

the AMT dead band (Garcia & Jones, 2002), this methodology could lead to a great improvement

in the planification and processing of AMT campaigns.

The other main application of this work is the ability to process AMT data in noisy envi-

ronnement. In the area, several types of noise sources were present whether they are transient

or stationary. Identifying geomagnetic sources in time series was critical to the processing. This

was eased by the use of a remote station. Indeed, the property of quasi-uniformity of MT sources

allows to discriminate between local noise and MT sources.

Finally, Chave (2014) demonstrated that residuals for low-frequency geomagnetic sources ap-

pear to be stably distributed. Preliminary results from this study suggests that high-frequency

sources related to atmospheric activity may not need to rely on such assumption for residual dis-

tributions. This need to be further examined in future work.

5 CONCLUSION

In this paper, we have described a methodology to process AMT time series based on the contin-

uous wavelet transform. This technique relies on the detection of transient signals in AMT time

✶✸✽



Determination of Audio-MT response function using hierarchical bootstrapping of geomagnetic events 25

series that uses time-frequency characteristics of EM waves emitted from lightning strikes. The

selection step allows to select relevant wavelet coefficients in the the time-frequency domain be-

fore performing determination of MT response functions. This step is performed through robust

inversion of response functions, associated to a boostrap approach allowing uncertainties to be

derived. We have applied this methodology on a dataset from Chambon-La-Forêt magnetic area.

Compared to a standard robust processing technique, this methodology allows to recover smoother

results on larger frequency bands. Results were found in good agreement with local geology and

thus can be considered as better than standard robust processing results.

We also emphasize that although processing method based on the use of transients cannot

solve all issues related to the AMT dead band, we nevertheless have shown that some signals such

as whistlers may help to reduce the uncertainty even if the signal-to-noise ratio of VLF waves

remains low for a large frequency range. These signals are rare but should be shought.

In addition to the processing of AMT or MT survey data, the wavelet transform MT process-

ing technique has also potential applications to MT monitoring with control on time-frequency

resolution and accuracy, but this is beyond the scope of this paper. Such techniques will allow the

AMT sounding method to be used now in urbanized areas or in the vicinity of industrial zones to

address pollution issues or to contribute to the preservation of groundwater resources.

REFERENCES

Cagniard, L., 1953, Basic theory of the magnetotelluric method of geophysical prospecting, Geophysics,

18, 605–635.

Chave, A. D., Thomson, D. J., Ander, M. E., 1987, On the robust estimation of power spectra, coherences

and transfer functions, J. geophys. Res., 92(B1), 633-648.

Chave, A. D., Thomson, D. J., 2004, Bounded influence magnetotelluric response function estimation, Geo-

phys. J Int., 130(2), 475–496.

Chave, A.D., Jones, A. G., 2012, The Magnetotelluric Method: Theory And Practice, Cambridge University

Press, Cambridge

Chave, A. D., 2014, Magnetotelluric data, stable distributions and impropriety: an existential combination,

Geophys. J Int., , 198, 622-636.

Constable, C., 2016, Earth’s electromagnetic environment, Survey in Geophysics, 37, 27–45.

✶✸✾



26 H. Larnier et al.

Efron, B, & Thishirani, R. J., 1993, An introduction to the bootstrap, Chapman & Hall/CRC, 436pp.

Egbert, G. D., Booker, J. R., 1986, Robust estimation of geomagnetic transfer functions, Geophys. J. R. astr.

Soc., 87, 173–194.

Escalas, M., P. Queralt, J. Ledo, A. Marcuello, Polarisation analysis of magnetotelluric time series using a

wavelet-based scheme: A method for detection and characterisation of cultural noise sources, Physics

of the Earth and Planetary Interiors, 218, 31–50.

Farge M., 1992, Wavelet transforms and their applications to turbulence. Annu. Rev. Fluid Mech., 24, 395–

457

Field, C. A., Welsh, A. H., 2007, Bootstrapping clustered data, Journal of the Royal Statistical Society:

Series B (Statistical Methodology), 69, 369–390.

Fisher, N. I., 1995, Statistical analysis of circular data, Cambridge University Press, Cambdridge, 277pp.

Gamble, T.D., Goubau W.M., Clarke J., 1979, Magnetotellurics with a remote magnetic reference, Geo-

physics, 44, 53–68.

Garcia, X., Jones, A. G., 2002, Atmospheric sources for audio-magnetotelluric (AMT) sounding, Geo-

physics, 67(2), 448–458.

Goupillaud, P., Grossmann, A., Morlet, J., 1984, Cycle-octave and related transforms in seismic signal

analysis, Geoexploration, 23, 85–102.

Helliwell, R. A., 1965. Whistlers and related ionospheric phenomena, Stanford University Press.

Holschneider, M., 1995, Wavelets, an analysis tool, Oxford Science Publications, Oxford.

Huber, P. J, 1973, Robust regression: asymptotics, conjectures and Monte Carlo, The Annals of Statistics, 1,

799–821.

Hughes, H. G. & Pappert, R. A., 1975, Propagation prediction model selection using VLF atmospherics.

Geophys. Res. Lett., 2, 96–98

Jones, A. G., Chave, A. D., Auld, D., Bahr, K., Egbert, G., 1989. A comparison of techniques for magne-

totelluric response function estimation, J. geophys. Res., Solid Earth, 94(14), 14 201–14 213.

Larnier, H., Sailhac, P., Chambodut, A., 2016, New application of wavelets in magnetotelluric data process-

ing: Reducing impedance bias, Earth Planets Space,68(70).

Larnier, H., Sailhac, P., Chambodut, A., 2016, Detection and characterisation of lightning-based sources

using continuous wavelet transform: application to audiomagnetotellurics, Geophys. J Int., to be sub-

mitted

Maraun, D., Kurths, J., Holschneider, M., 2007. Nonstationary gaussian processes in wavelet domain: Syn-

thesis, estimation, and significance testing, Physical Review E, 75.

Nabighian, M. N., 1991, Electromagnetic Methods in Applied Geophysics: Volume 2, Application, Parts A

and B, Society of Exploration Geophysicists, 991pp.

Rakov, V. A. & Uman, M. A., 2003, Lightning: Physics and Effects, Cambridge University Press, Cam-

✶✹✵



Determination of Audio-MT response function using hierarchical bootstrapping of geomagnetic events 27

bridge.

Strangway, D. W., Swift, C. M., Holmer, R. C., 1973, The application of audio frequency magnetotellurics

(AMT) to mineral exploration, Geophysics, 38, 1159–1175.

Torrence, C., Compo, G. P., 1998, A practical guide to wavelet analysis, Bulletin of the American Metero-

logical Society, 79:1, 61–78.

Valla, P., 1991, BRGM Melis multifrequency EM system. Electromagnetic methods in applied geophysics,

2, 417–421.

Williams, E. R., 1992, The Schumann Resonance: A Global Tropical Thermometer, Science, 256, 1184–

1187.

Zhang, Y., Paulson, K. V., 1997, Enhancement of signal-to-noise ratio in natural-source transient MT data

with wavelet transform, Pure and Applied Geophysics, 149, 405–419.

APPENDIX A: WAVELET KERNEL AND CORRELATION LENGTH

The wavelet kernel Kψ of the wavelet ψ characterizes the correlation of two differents coefficients

at positions (a1, b1) and (a2, b2) in the scale-time domain (Farge, 1992; Holschneider, 1995). This

correlation is defined by:

Kψ(a1, a2, b1, b2) =
1

Cψ

∫ ∞

−∞

1

a1
ψ

(
t− b1
a1

)
1

a2
ψ

(
t− b2
a2

)
dt (A.1)

whereCψ is the following normalizing factor defined from the Fourier transform of the wavelet

ψ:

Cψ =

∫ ∞

−∞

|ψ̂0(ω)|
dω

|ω| (A.2)

Maraun et al. (2007) derived the Morlet wavelet kernel:

Kψ(a1, a2, b1, b2) =
2a1a2
a21 + a22

exp

(
iω0

a1 + a2
a21 + a22

(b2 − b1)

)

exp

(
−1

2

(b2 − b1)
2 + ω0(a2 − a1)

2

a21 + a22

) (A.3)

This kernel is used to defined a time resolution. By choosing a critical correlation amplitude c, we

define the resolution time limit at scale a by:

lψ,c(a) =max(b2|Kψ(a, a2, b1, b2) > c, ∀a2, ∀b2)

−min(b2|Kψ(a, a2, b1, b2) > c, ∀a2, ∀b2)
(A.4)
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APPENDIX B: DETECTION OF EM WAVES

The detection of lightning-based EM waves is based on two main properties:

• High amplitude of wavelets coefficients.

• Dispersion patterns in time-frequency plane.

B1 Methodology of significant coefficients

To recover large amplitude coefficients, we use the methodology of significant coefficients of

Torrence & Compo (1998). They showed that for white or red noise of variance σ2, the distribution

D(aj) = {|Wψ(aj, bi)[s]|2, i = 1...N} at each scale ak follows a χ2 distribution:

D(aj) →
1

2
Pjσ

2χ2
2, (B.1)

where Pj is the Fourier background spectrum corresponding to scale aj . We then use the assump-

tion that the global wavelet spectrum defined by the equation (B.2) is a good approximation of the

background spectrum Pjσ
2.

G2
ψ(a)[s] =

∫ +∞

−∞

db|Wψ(a, b)[s]|2, (B.2)

Then, using a confidence level α, one can derive a threshold η at each scale defined by:

η(aj, α) =
1

2
G2
ψ(aj)[s]χ

2
2(α) (B.3)

All coefficients above this threshold are considered as significant.

B2 Maxima chains

In the time-frequency plane, a local maxima (aj, τi) is defined at each scale aj by:

|Wψ(aj, τi)| >|Wψ(aj, τi+1)|

|Wψ(aj, τi)| >|Wψ(aj, τi−1)|
(B.4)

Local maxima at each scales are chained using the following chain rule: We follow the dispersion

rule by Helliwell, (1965),

∆t = Df−1/2. (B.5)
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For slow tails, D is zero (no apparent dispersion). Each scale aj corresponds to a specific fre-

quency, thus a time shift ∆t,j . Let fmin and fmax be the minimum and maximum frequencies

expected for each event. For example 3 kHz and 10 kHz respectively for atmospherics or 64 Hz

and 1 kHz for slow tails. We start from a specific scale aα defined as the mean (in logarithm) of

fmin and fmax.

(i) At starting scale aα, we seek every local maxima. Let Mα be the set of all local maxima at

scale aα.

(ii) For every τiα ∈ Mα, we connect the local maxima (aα, τiα) to a maximum on larger scale

if:

∃τiα+1





τiα+1 ∈Mα+1

τiα+1 ∈ [τiα +∆t,α − lψ,c(aα+1)/2 :

τiα +∆t,α + lψ,c(aα+1)/2]

(B.6)

To connect it to a maximum on smaller scale:

∃τiα−1





τiα−1 ∈Mα−1

τiα−1 ∈ [τiα −∆t,α − lψ,c(aα−1)/2 :

τiα +∆t,α + lψ,c(aα−1)/2]

(B.7)

Flexibility in the search of local maxima is allowed through the time resolution lψ,c(aα−1). Only

maxima chains continuous from at least fmin to fmax are kept in AMT processing.

Depending on the frequency limits, the confidence level α, and the kernel critical value, the

number of detected events varies (Larnier et al., 2016b).

APPENDIX C: FIGURES
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,✐♠✐❧❛8✐!6 ❡♥!8❡ ❧❡, ,✐❣♥❛✉① x ❡! y✳ ■♥✈❡8,❡♠❡♥!✱ ✉♥❡ ✈❛❧❡✉8 ♣8♦❝❤❡ ❞❡ 0 ✐♥❞✐9✉❡ ❞❡✉① ,✐❣♥❛✉①

❝♦♠♣❧;!❡♠❡♥! ❞✐✛68❡♥!, J ❧❛ ❢869✉❡♥❝❡ f ✳ ❈❛❧❝✉❧6❡ ,✉8 ❧❛ ❥♦✉8♥6❡ ❡♥!✐;8❡ ✭❋✐❣✉8❡ ✸✳✶✵✮✱ ❧❛ ❝♦❤6✲

8❡♥❝❡ ❡,! ❡♥ ♠♦②❡♥♥❡ ❛✉ ❞❡,,✉, ❞❡ ✵✳✼ ♣♦✉8 ❧❡, ❢869✉❡♥❝❡, ✐♥❢68✐❡✉8❡, J ✵✳✶ ❍③✱ ❛✈❡❝ ✉♥❡ ❢♦8!❡

❞6❝8♦✐,,❛♥❝❡ ✈❡8, ✵✳✵✵✺ ❍③✳

❈❛❧❝✉❧6❡ ,✉8 ❞❡, ♣❧❛❣❡, ❞✬✉♥❡ ❤❡✉8❡✱ ❧❛ ❝♦❤68❡♥❝❡ ♠♦♥!8❡ ✉♥❡ ❢♦8!❡ ✈❛8✐❛❜✐❧✐!6 ❡♥ ❢♦♥❝!✐♦♥ ❞❡

❧✬❤❡✉8❡ ❝♦♥,✐❞686❡ ✭❋✐❣✉8❡ ✸✳✶✶✮✳ ❊♥!8❡ ✶✻❤ ❡! ✶✼❤ ❧❡ ✵✸✴✶✷✴✷✵✶✹✱ ❧❡, ❝♦❤68❡♥❝❡, ◆❙ ❡! ❊❲ ,♦♥!

✐♥❢68✐❡✉8❡, J ✵✳✺✱ ❛❧♦8, 9✉✬❡❧❧❡, ,♦♥! ♣8♦❝❤❡, ❞❡ ✶ ❡♥!8❡ ✷❤ ❡! ✸❤ ❞✉ ♠❛!✐♥ J !♦✉!❡, ❧❡, ❢869✉❡♥❝❡,✳
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❋✐❣✉$❡ ✸✳✽✿ ❈❛&%❡ ✐♥❞✐/✉❛♥% ❧❛ ♣♦3✐%✐♦♥ ❞❡ ❧❛ 3%❛%✐♦♥ ▼❚ ❡% ❞❡ ❧✬♦❜3❡&✈❛%♦✐&❡ ♠❛❣♥;%✐/✉❡ ❞❡
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❋■●❯❘❊ ✸✳✽✿ ▼❛♣ ♦❢ ▼❚ +$❛$✐♦♥ ❛♥❞ ❈▲❋ ♠❛❣♥❡$✐❝ ♦❜+❡!✈❛$♦!②✳

❈❡3 ❝♦♥3%❛%❛%✐♦♥3 3♦♥% ? &❛♣♣&♦❝❤❡& ❞✉ ❝❛&❛❝%@&❡ ✐♥%❡&♠✐%%❡♥% ❞❡3 ♣✉❧3❛%✐♦♥3 ❣;♦♠❛❣♥;%✐/✉❡3

/✉✐ ♦♥% ❞❡3 ♣❧❛❣❡3 ❤♦&❛✐&❡3 ♦A ❧✬❛♠♣❧✐%✉❞❡ ❡3% ♣❧✉3 ✐♠♣♦&%❛♥%❡ ✭❙❡❝%✐♦♥ ✷✳✸✳✶✮✳ ▲✬❛♣♣❧✐❝❛%✐♦♥ ❞❡

❧❛ ♠;%❤♦❞♦❧♦❣✐❡ ❞❡ ❞;%❡❝%✐♦♥ ❞❡3 ;❝❤❡❧❧❡3 3✐❣♥✐✜❝❛%✐✈❡3 ♣❛& 3✐♠✉❧❛%✐♦♥3 ❞❡ 3✉&&♦❣❛%❡3 ✭3❡❝%✐♦♥

✷✳✸✳✷✮ ♣❡✉% ❛❧♦&3 3✬❛♣♣❧✐/✉❡& ✐❝✐✳

❈♦♥%&❛✐&❡♠❡♥% ❛✉ ❝❛3 ❞❡ ❧❛ ❞;%❡❝%✐♦♥ ❞❡3 ;❝❤❡❧❧❡3 3✐❣♥✐✜❝❛%✐✈❡3 3✉& ✉♥ 3❡✉❧ ♦❜3❡&✈❛%♦✐&❡

✭❙❡❝%✐♦♥ ✷✳✸✳✷✮✱ ♥♦✉3 ♥♦✉3 ✐♥%;&❡33♦♥3 ✐❝✐ ❛✉ ❝❛3 ❞✬;❝❤❡❧❧❡3 3✐❣♥✐✜❝❛%✐✈❡3 ❝♦♠♠✉♥❡3 ? ❞❡✉① 3;&✐❡3

%❡♠♣♦&❡❧❧❡3✳ ▲❛ /✉❛♥%✐%; %❡3%;❡ ♣❛& &❛♣♣♦&% ? ❧❛ ❞✐3%&✐❜✉%✐♦♥ ❞❡3 ❢♦♥❝%✐♦♥3 3✉&&♦❣❛%❡3 ❡3% ❞;✜♥✐❡

♣❛& ✿

WJi
ψ (a, b) = |WXX′

i

ψ (a, b)|+ |WXY ′

i

ψ (a, b)|+ |WY X′

i

ψ (a, b)|+ |WY Y ′

i

ψ (a, b)|, ✭✸✳✸✷✮

♦A X ❡% Y ✐♥❞✐/✉❡♥% ❧❡3 3;&✐❡3 %❡♠♣♦&❡❧❧❡3 ▼❚ ❧♦❝❛❧❡3 ❡% Xi✱ Yi ❧❡3 3;&✐❡3 ❞❡ ❧✬♦❜3❡&✈❛%♦✐&❡ i ❞❛♥3

❧❡ ❝❛3 ♦A ♣❧✉3✐❡✉&3 ♦❜3❡&✈❛%♦✐&❡3 3♦♥% ✉%✐❧✐3;3 3✐♠✉❧%❛♥;♠❡♥%✳

❉❛♥3 ❧❡ ❝❛3 ❞❡ 3;&✐❡3 %❡♠♣♦&❡❧❧❡3 ❡①%&L♠❡♠❡♥% ❜&✉✐%;❡3 ❝♦♠♠❡ ♣&;3❡♥%;❡3 ❋✐❣✉&❡ ✷✳✷✵✱ ❝❡

%②♣❡ ❞❡ ♣&♦❝;❞✉&❡ ♥❡ ♣❡&♠❡% ♣❛3 ❞❡ &;❝✉♣;&❡& ❧❡3 ;❝❤❡❧❧❡3 3✐❣♥✐✜❝❛%✐✈❡3 ❝❛& ❧❡ ❜&✉✐% 3❡&❛ ❛✉33✐

3✐❣♥✐✜❝❛%✐❢✳ ■❧ 3❡&❛ ❞♦♥❝ ♥;❝❡33❛✐&❡ ❞❡ 3✉♣♣&✐♠❡& ❧❡3 ♣❛&%✐❡3 ❞❡ ❧❛ 3;&✐❡ %❡♠♣♦&❡❧❧❡ ❢♦&%❡♠❡♥%

❝♦♥%❛♠✐♥;❡3 ♣❛& ❞✉ ❜&✉✐% ❛♥%❤&♦♣✐/✉❡✳

❆♣&@3 ❛♣♣❧✐❝❛%✐♦♥ ❞❡3 ❝&✐%@&❡3 ❞✬❛♠♣❧✐%✉❞❡ ❡% ❞❡ %❛✐❧❧❡ ❞❡3 &;❣✐♦♥3 3✐❣♥✐✜❝❛%✐✈❡3✱ ❧❛ ♠❛%&✐❝❡ ❞❡3

❝♦❡✣❝✐❡♥%3 3✐❣♥✐✜❝❛%✐✈❡3 ❡3% ❝♦♥3%✐%✉;❡ ❞❡ ❣&♦✉♣❡3 ❝♦♥♥❡❝%;3✳ ◆♦✉3 ✉%✐❧✐3♦♥3 ❧❛ ♠;%❤♦❞♦❧♦❣✐❡ ❞❡

❍❡ ❡% ❛❧✳ ✭✷✵✵✾✮ ♣❡&♠❡%%❛♥% ✉♥❡ 3❡❣♠❡♥%❛%✐♦♥ &❛♣✐❞❡ ❞❡ ❣&❛♥❞❡3 ♠❛%&✐❝❡3 ♣❡✉♣❧;❡3 ❞✬✐♥❞✐❝❡3 ✵ ❡%
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❋✐❣✉$❡ ✸✳✶✵✿ ❈♦❤.&❡♥❝❡ 1✉& ✷✹❤ ❡♥%&❡ ❧❡1 1.&✐❡1 ▼❚ ❡% ❞✬♦❜1❡&✈❛%♦✐&❡✳

❋■●❯❘❊ ✸✳✶✵✿ ✷✹❤ ❝♦❤❡!❡♥❝② ❜❡$✇❡❡♥ ▼❚ ❛♥❞ ♦❜+❡!✈❛$♦!② $✐♠❡ +❡!✐❡+✳

✶ ♣♦✉& ❛%%&✐❜✉❡& : ❝❤❛;✉❡ ❣&♦✉♣❡ ✉♥ ✐♥❞✐❝❡✳ ▲❛ ❋✐❣✉&❡ ✸✳✶✷ ✐❧❧✉1%&❡ ❧❡ ♣&✐♥❝✐♣❡ ❞❡ ❧❛ ♠.%❤♦❞❡✳ ▲❛

❋✐❣✉&❡ ✸✳✶✸ ♠♦♥%&❡ ❧❡ &.1✉❧%❛% ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ❞❡ ❝❡%%❡ ♠.%❤♦❞❡ ❛✉① 1.&✐❡1 %❡♠♣♦&❡❧❧❡1 .%✉❞✐.❡1✳

❉❛♥1 ❝❤❛;✉❡ ❣&♦✉♣❡✱ ❧❡1 ❝♦❡✣❝✐❡♥%1 1♦♥% ❝♦♥♥❡❝%.1✱ ♠❛✐1 ❧❡1 ❣&♦✉♣❡1 ♥❡ 1♦♥% ♣❛1 ❝♦♥♥❡❝%.1

❡♥%&❡ ❡✉①✳ ❉❛♥1 ❧❛ ♠.%❤♦❞♦❧♦❣✐❡ ❞✬✐♥✈❡&1✐♦♥ ❞❡1 ❢♦♥❝%✐♦♥1 ❞❡ &.♣♦♥1❡ ▼❚ ♣&.1❡♥%.❡ ♣&.❝.❞❡♠✲

♠❡♥%✱ ❝❤❛;✉❡ ❣&♦✉♣❡ ❝♦&&❡1♣♦♥❞ : ✉♥ .✈.♥❡♠❡♥% ❣.♦♠❛❣♥.%✐;✉❡✳ ❆✐♥1✐✱ ♥♦✉1 ♣♦✉✈♦♥1 ❛♣♣❧✐;✉❡&

❞✐&❡❝%❡♠❡♥% ❧❛ ♣&♦❝.❞✉&❡ ✉%✐❧✐1❛♥% ❧❡ ❜♦♦%1%&❛♣ ❤✐.&❛&❝❤✐;✉❡ ♣&.1❡♥%.❡ ♣&.❝.❞❡♠♠❡♥%✳

▲❡ &.1✉❧%❛% ❞❡ ❧❛ ♣&♦❝.❞✉&❡ ❜♦♦%1%&❛♣ ❡1% ♣&.1❡♥%. ❋✐❣✉&❡ ✸✳✶✹ ♣❛& ❝♦♠♣❛&❛✐1♦♥ ❛✈❡❝ ❧❡

&.1✉❧%❛% &♦❜✉1%❡✳ ✶✵✵ ✐%.&❛%✐♦♥1 ❜♦♦%1%&❛♣ ♦♥% .%. ✉%✐❧✐1.1 ❞❛♥1 ❧❡ ❝❛❧❝✉❧ ❞❡1 ✐♥❝❡&%✐%✉❞❡1✳ ▲❡1 ❞❡✉①

♣&♦❝.❞✉&❡1 ❞.❧✐✈&❡♥% ❞❡1 &.1✉❧%❛%1 ❝♦♠♣❛&❛❜❧❡1 ❞❛♥1 ❧❛ ❣❛♠♠❡ ❞❡ ♣.&✐♦❞❡ ✶✵ ✲ ✺✶✷ 1❡❝♦♥❞❡1✱ ❛✈❡❝

❞❡1 ✐♥❝❡&%✐%✉❞❡1 ❧.❣J&❡♠❡♥% ♣❧✉1 ❢❛✐❜❧❡1 ♣♦✉& ❧❡ &.1✉❧%❛% ♣❛& ♦♥❞❡❧❡%%❡1✳

◆♦✉1 ❛✈♦♥1 ❡①❛♠✐♥. ❧❡1 &.1✐❞✉1 1✉& ❧❡ ❝❤❛♠♣ .❧❡❝%&✐;✉❡ ❛♣&J1 ❞.%❡&♠✐♥❛%✐♦♥ ❞✉ %❡♥1❡✉&

❞✬✐♠♣.❞❛♥❝❡✳ ❉❡✉① ❡♥1❡♠❜❧❡1 ❞❡ &.1✐❞✉1 ♦♥% .%. ❝❛❧❝✉❧.1✱ ❝❡✉① 1✉& ❧❡1 ❝♦❡✣❝✐❡♥%1 1.❧❡❝%✐♦♥♥.1

❡% ❝❡✉① 1✉& ❧✬❡♥1❡♠❜❧❡ ❞❡ ❧❛ 1.&✐❡ %❡♠♣♦&❡❧❧❡✳ ◆.❝❡11❛✐&❡♠❡♥%✱ ❧❡1 &.1✐❞✉1 ❧❡1 ♣❧✉1 ✐♠♣♦&%❛♥%

1❡&♦♥% ❞❛♥1 ❧✬❡♥1❡♠❜❧❡ ❝♦♥%❡♥❛♥% ❧✬❡♥1❡♠❜❧❡ ❞❡ ❧❛ 1.&✐❡ %❡♠♣♦&❡❧❧❡✱ ♠❛✐1 ❧✬✐❞.❡ ❡1% ❞❡ ✈.&✐✜❡& 1✐

❧❛ 1.❧❡❝%✐♦♥ ❞❡1 ❝♦❡✣❝✐❡♥%1 ♣❡&♠❡% ❛✉11✐ ❧❛ &.❞✉❝%✐♦♥ ❞❡1 &.1✐❞✉1 1✉& ❧❡ ❝❤❛♠♣ .❧❡❝%&✐;✉❡✳ ❆ ❧❛

❋✐❣✉&❡ ✸✳✶✺✱ ♥♦✉1 ♣&.1❡♥%♦♥1 ❧❡1 &.1✐❞✉1 ♠❛①✐♠❛✉① : ❝❤❛;✉❡ .❝❤❡❧❧❡ ♣♦✉& ❧❡1 ❞❡✉① ❡♥1❡♠❜❧❡1✳ ▲❡1

&.1✐❞✉1 ♠❛①✐♠❛✉① 1♦♥% ❞❡ ✹ : ✶✵ ❢♦✐1 ♣❧✉1 ✐♠♣♦&%❛♥% 1✉& ❧✬❡♥1❡♠❜❧❡ ❞❡1 ❝♦❡✣❝✐❡♥%1 ;✉❡ 1✉& ❝❡✉①

1.❧❡❝%✐♦♥♥.1✳ ■❧ ❡1% ✐♥%.&❡11❛♥% ❛✉11✐ ❞❡ &❡♠❛&;✉❡& ;✉❡ 1❡✉❧❡ ✉♥❡ ❧.❣J&❡ ❞✐✛.&❡♥❝❡ ❡①✐1%❡ ❡♥%&❡ ❧❡1
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&60✐❞✉0 0✉& Ex ❡% Ey ♣♦✉& ❧❡0 ❝♦❡✣❝✐❡♥%0 06❧❡❝%✐♦♥♥60 ❛❧♦&0 <✉✬✉♥ ❢❛❝%❡✉& ✷ 06♣❛&❡ ❧❡0 &60✐❞✉0

♠❛①✐♠❛✉① 0✉& ❧✬❡♥0❡♠❜❧❡ ❞❡0 ❝♦❡✣❝✐❡♥%0 ❛✉① ❧♦♥❣✉❡0 ♣6&✐♦❞❡0✳

▲❡0 &60✐❞✉0 ♠❛①✐♠❛✉① ♥❡ ❝♦♥0%✐%✉❛♥% ♣❛0 ✉♥❡ ✐♥❞✐❝❛%✐♦♥ 0✉✣0❛♥%❡ <✉❛♥❞ ; ❧❛ ❞✐✛6&❡♥❝❡ ❡♥%&❡

❧❡0 ❞❡✉① %②♣❡0 ❞❡ %&❛✐%❡♠❡♥%✱ ♥♦✉0 ❛✈♦♥0 &❡♣&60❡♥%6 ❧❡0 ◗◗✲♣❧♦%0 ❞❡0 ❞✐0%&✐❜✉%✐♦♥0 ❞❡ &60✐❞✉0

♣❛& &❛♣♣♦&% ; ❝❡✉① ❞❡ ❧❛ ❞✐0%&✐❜✉%✐♦♥ ❞❡ ❘❛②❧❡✐❣❤ ♥♦&♠❛❧✐06❡ ✭❋✐❣✉&❡ ✸✳✶✺✮✳ ▲❡0 ❞❡✉① ❞✐0%&✐✲

❜✉%✐♦♥0 0♦♥% %&>0 ❝♦♠♣❛&❛❜❧❡0✱ 0❡✉❧ ❧❡ ❞❡&♥✐❡& ❝❡♥%✐❧❡ ❝♦♥0%✐%✉❛♥% ❧❛ <✉❡✉❡ ❞❡0 &60✐❞✉0 ♣&60❡♥%❡

✉♥❡ ❞✐✛6&❡♥❝❡ 0✐❣♥✐✜❝❛%✐✈❡✳ ▲❛ 06❧❡❝%✐♦♥ ❞❡0 ❝♦❡✣❝✐❡♥%0 ♣❛& ❛♥❛❧②0❡ ❡♥ ♦♥❞❡❧❡%%❡ ♣❡&♠❡% ❞♦♥❝ ❧❛

&6❞✉❝%✐♦♥ ❞❡0 &60✐❞✉0 ✐♠♣♦&%❛♥%0 0✉& ❧❡ ❝❤❛♠♣ 6❧❡❝%&✐<✉❡✳ ❈❡%%❡ ♣&♦♣&✐6%6 ❡0% ❞♦♥❝ ✈❛❧❛❜❧❡ ♣♦✉&

❧❡0 ♣✉❧0❛%✐♦♥0 ❣6♦♠❛❣♥6%✐<✉❡0 ❡% ❧❡0 6❝❧❛✐&0 ❛%♠♦0♣❤6&✐<✉❡0✳
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❞❡♣✉✐3 ❧❡ ✵✶ ❏❛♥✈✐❡" ✶✾✽✶✳ ❈▲❋ ♣❛"#✐❝✐♣❡ H❣❛❧❡♠❡♥# ❛✉ ❝❛❧❝✉❧ ❞❡3 ✐♥❞✐❝❡3 ❣H♦♠❛❣♥H#✐P✉❡3 am ❡#

ASY ✭■❙●■ ❲❡❜3✐#❡✮✳





 ❛"#✐❡ ✸✳ ■♥"❡$♣$&"❛"✐♦♥ ❞❡ +♦♥❞❛❣❡+ ♠❛❣♥&"♦"❡❧❧✉$✐0✉❡+ ✶✺✻

❋✐❣✉$❡ ✹✳✸✿ ■♥#❡♥-✐#. ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥.#✐5✉❡ ✭♥♦♥ ".❞✉✐#❡ ❛✉① ♣:❧❡-✮ ♦❜#❡♥✉❡ ❡♥ ❋"❛♥❝❡✳

▲❡ ❝❡"❝❧❡ "♦✉❣❡ ✐♥❞✐5✉❡ ❧❛ ♣♦-✐#✐♦♥ ❞❡ ❧✬♦❜-❡"✈❛#♦✐"❡ ♠❛❣♥.#✐5✉❡✳ ▼♦❞✐✜. ❞✬❛♣"C- ❚❤"❜❛✉❧'✱

▼❛♥❞❡❛ ❡# ❙❝❤♦'' ✭✷✵✵✻✮✳

❋■●❯❘❊ ✹✳✸✿ ▼❛❣♥❡"✐❝ ❛♥♦♠❛❧② ✭✇✐"❤♦✉" $❡❞✉❝"✐♦♥ "♦ "❤❡ ♣♦❧❡✮ ✐♥"❡♥+✐"② ♦✈❡$ ❋$❛♥❝❡✳ ❚❤❡ $❡❞

❝✐$❝❧❡ ✐♥❞✐❝❛"❡+ "❤❡ ❧♦❝❛"✐♦♥ ♦❢ ❈▲❋ ♠❛❣♥❡"✐❝ ♦❜+❡$✈❛"♦$②✳ ▼♦❞✐✜❡❞ ❢$♦♠ ❚❤"❜❛✉❧'✱ ▼❛♥❞❡❛

❡" ❙❝❤♦'' ✭✷✵✵✻✮

▲✬❆▼ ❇ -✬.#❡♥❞ ❞❡ ◆❡✈❡"- ❥✉-5✉✬K ❧❛ ▼❛♥❝❤❡ ✭❋✐❣✉"❡ ✹✳✸✮✳ ▲✬✐♥#❡♥-✐#. ❞❡ ❝❡##❡ ❛♥♦♠❛❧✐❡ K

❧❛ -✉"❢❛❝❡ ❞❡ ❧❛ ❚❡""❡ ♣❡✉# ❛##❡✐♥❞"❡ ♣❧✉- ❞❡ ✷✵✵ ♥❚ ✭❉❡❜❡❣❧✐❛✱ ✷✵✵✺ ❀ ❚❤"❜❛✉❧'✱ ▼❛♥❞❡❛

❡# ❙❝❤♦''✱ ✷✵✵✻✮ ❡# -❛ ❣.♦♠.#"✐❡ .✈♦❧✉❡ ❞✉ ❙✉❞✲❊-# ❛✉ ◆♦"❞✲❖✉❡-#✳ ❉❛♥- ❝❡"#❛✐♥❡- ".❣✐♦♥-✱

♥♦#❛♠♠❡♥# K -♦♥ ❡①#".♠✐#. -✉❞✲❡-#✱ ❧✬❛♥♦♠❛❧✐❡ ❣"❛✈✐♠.#"✐5✉❡ -❡ -✉♣❡"♣♦-❡ K ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥.✲

#✐5✉❡ ✭❇❛②❡4✱ ●✉✐❧❧❡♥ ❡# ❲❡❜❡4✱ ✶✾✽✼✮✳ ■♥✈❡"-❡♠❡♥#✱ ❡♥ ❛❧❧❛♥# ✈❡"- ❧❛ ▼❛♥❝❤❡✱ ❧✬❛♥♦♠❛❧✐❡

❣"❛✈✐♠.#"✐5✉❡ ♥❡ ❝♦""❡-♣♦♥❞ ♣❧✉- K ❧❛ ❢♦"♠❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥.#✐5✉❡ ✭❆✉'4❛♥ ❡# ❛❧✳✱ ✶✾✽✻✮✳

❉❡ ♥♦♠❜"❡✉-❡- .#✉❞❡- ♦♥# ❝❤❡"❝❤. K ❞.#❡"♠✐♥❡" ❧❛ -♦✉"❝❡ ❞❡ ❝❡##❡ ❛♥♦♠❛❧✐❡ ✭❉✉♣✐9 ❡# ❛❧✳✱

✶✾✾✵ ❀ :❤❛♠✱ ❇♦②❡4 ❡# ▲❡ ▼♦✉=❧✱ ✷✵✵✵✮✱ ♠❛✐- -♦♥ ♦"✐❣✐♥❡ ❡-# ❡♥❝♦"❡ ❞✐-❝✉#.❡ ✭❚❤"❜❛✉❧'✱

▼❛♥❞❡❛ ❡# ❙❝❤♦''✱ ✷✵✵✻✮✳ :❤❛♠✱ ❇♦②❡4 ❡# ▲❡ ▼♦✉=❧ ✭✷✵✵✵✮ ♦♥# ✐♥#❡"♣".#. ❡# ✐♥✈❡"-. ❞❡-

♠❡-✉"❡- ▼❚ ❛❝5✉✐-❡- ❧❡ ❧♦♥❣ ❞✉ ♣"♦✜❧ ❊❯❈❖❘❙ ✭❇♦✐9 ❡# ❛❧✳✱ ✶✾✽✻✮✱ -❛♥- ♣♦✉✈♦✐" ♣❛"❢❛✐#❡♠❡♥#

❞.#❡"♠✐♥❡" ✉♥❡ ♦"✐❣✐♥❡ K ❧✬❆▼❇ ❞❛♥- ❧❡ ♠♦❞C❧❡ ❞❡ ".-✐-#✐✈✐#.✳ ❉✉♣✐9 ❡# ❛❧✳ ✭✶✾✾✵✮ ♦♥# ✉#✐❧✐-. ❧❛



 ❛"#✐❡ ✸✳ ■♥"❡$♣$&"❛"✐♦♥ ❞❡ +♦♥❞❛❣❡+ ♠❛❣♥&"♦"❡❧❧✉$✐0✉❡+ ✶✺✼

▼❚ ❞❛♥/ ❧❡ ❝❛❞"❡ ❞❡ ❧✬✐♠♣❧❛♥#❛#✐♦♥ ❞✉ /♦♥❞❛❣❡ ♣"♦❢♦♥❞ ❞❡ ❈♦✉②✱ ♠❛✐/ ♥✬♦♥# ♣❛/ ♣❡"♠✐/ ♥♦♥ ♣❧✉/

❞❡ ❞♦♥♥❡" ❞✬✐♥❢♦"♠❛#✐♦♥ /✉" ❧✬♦"✐❣✐♥❡ ❞❡ ❧✬❆▼❇ ✳ ❯♥❡ ?#✉❞❡ ✭❆✉"#❛♥ ❡# ❛❧✳✱ ✶✾✽✻✮✱ E ❧✬❛✐❞❡ ❞❡

♠♦❞?❧✐/❛#✐♦♥/ ❞❡ ❞♦♥♥?❡/ ♠❛❣♥?#✐F✉❡/✱ ❛ ♠♦♥#"? F✉❡ ❧❡ #♦✐# ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❙❛♥❝❡""❡

♣♦✉✈❛✐# I#"❡ /✐#✉? E /❡✉❧❡♠❡♥# ✷✳✸ ❦♠ ❞❡ ♣"♦❢♦♥❞❡✉"✳ ❊♥ "❡✈❛♥❝❤❡✱ ❞❛♥/ ❝❡##❡ ?#✉❞❡✱ ❧✬✉#✐❧✐/❛#✐♦♥

❞❡/ ❞♦♥♥?❡/ ❣"❛✈✐♠?#"✐F✉❡/ ❡♥ ♣❧✉/ ❞❡ ♠❛❣♥?#✐F✉❡/ ♣❡"♠❡# ❞❡ ❞♦♥♥❡" ❞❡✉① /♦❧✉#✐♦♥/ ❛❝❝❡♣#❛❜❧❡/✱

❧✬✉♥❡ ❞♦♥# ❧❡ #♦✐# ❡/# E ✶✱✽ ❦♠ ❞❡ ♣"♦❢♦♥❞❡✉"✱ ❧✬❛✉#"❡ E ✹✱✺ ❦♠✳ ❈❡/ ♠♦❞?❧✐/❛#✐♦♥/ ♦♥# ♣❡"♠✐/ E

❆✉"#❛♥ ❡! ❛❧✳ ✭✶✾✽✻✮ ❞❡ ♣-♦♣♦/❡- ✉♥❡ ♦-✐❣✐♥❡ ❣4♦❧♦❣✐5✉❡ 6 ❧✬❆▼❇;✱ ❡♥ /✐!✉❛♥! /♦♥ ♦-✐❣✐♥❡ ❞❛♥/

❧✬♦✉✈❡-!✉-❡ ❞✬✉♥ -✐❢! ❛✉ ❉4✈♦♥✐❡♥✱ 5✉✐ /❡ /❡-❛✐! -❡❢❡-♠4 ❛✉ ❈❛-❜♦♥✐❢C-❡✳

✹✳✷ #$%&❡♥)❛)✐♦♥ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡

✹✳✷✳✶ ▼❡&✉(❡& ✉)✐❧✐&,❡&

✹✳✷✳✶✳✶ ❉✐♣'❧❡* +❧❡❝-.✐/✉❡* ♣❡.♠❛♥❡♥-*

❋✳ ;❡--✐❡- ✭■;●;✮ ❡! ❧✬45✉✐♣❡ ❞❡ ❧✬♦❜/❡-✈❛!♦✐-❡ ♠❛❣♥4!✐5✉❡ ♦♥! ✐♥/!❛❧❧4 ❡♥ /❡♣!❡♠❜-❡ ✷✵✶✷

/✐① ❞✐♣J❧❡/ 4❧❡❝!-✐5✉❡/ ♣❡-♠❛♥❡♥!/ /✉- ❧❡ /✐!❡ ❞❡ ❧✬♦❜/❡-✈❛!♦✐-❡ ✭❋✳ &❡##✐❡# ❡! ❛❧✳✱ ✷✵✶✹✮✳ ❉❡✉①

!②♣❡/ ❞❡ ♠❡/✉-❡/ ❞❡ ❞✐✛4-❡♥❝❡/ ❞❡ ♣♦!❡♥!✐❡❧ ♦♥! 4!4 ❡✛❡❝!✉4/✱ 6 ❞✐① ♠C!-❡/ ❞❡ ♣-♦❢♦♥❞❡✉-✱ ❡! 6

✉♥ ♠C!-❡ ❞❡ ♣-♦❢♦♥❞❡✉-✳ ▲❡/ ❞❡✉① !②♣❡/ ❞✬✐♥/!❛❧❧❛!✐♦♥/ ✉!✐❧✐/❡♥! ❞❡/ 4❧❡❝!-♦❞❡/ ❞❡ !②♣❡ ;❡!✐❛✉ ❞❡

/❡❝♦♥❞❡ ❣4♥4-❛!✐♦♥ ✭&❡"✐❛✉✱ ✷✵✵✵✮✳ ▲✬❛❝5✉✐/✐!✐♦♥ ❡/! 4❝❤❛♥!✐❧❧♦♥♥4❡ 6 ✵✳✺ ❍③ ❞❡ /❡♣!❡♠❜-❡ ✷✵✶✷

6 /❡♣!❡♠❜-❡ ✷✵✶✸✳ ❆ ♣❛-!✐- ❞❡ /❡♣!❡♠❜-❡ ✷✵✶✸✱ ❧✬❛❝5✉✐/✐!✐♦♥ ❡/! ❡✛❡❝!✉4❡ 6 ✉♥ 4❝❤❛♥!✐❧❧♦♥♥❛❣❡

❞❡ ✵✳✶ ❍③✳

❈❡/ ♠❡/✉-❡/ ♦♥! ♣❡-♠✐/ 6 ❋✳ &❡##✐❡# ❡! ❛❧✳ ✭✷✵✶✹✮ ❞❡ !❡/!❡- ❧❛ ❞✐✛4-❡♥❝❡ ❞❡ /!❛❜✐❧✐!4 ❡♥!-❡

❧❡/ 4❧❡❝!-♦❞❡/ /✐!✉4❡/ ❡♥ ♣-♦❢♦♥❞❡✉- ❡! ❡♥ /✉-❢❛❝❡✱ ❡! ❞❡ ❞4!❡❝!❡- ❞❡/ ❡✛❡!/ ❞❡ ♠❛-4❡/ ♦❝4❛♥✐5✉❡/

✉♥✐5✉❡♠❡♥! ♣♦❧❛-✐/4/ /❡❧♦♥ ❧❛ ❞✐-❡❝!✐♦♥ ◆♦-❞✲❙✉❞ ❞✉ ❝❤❛♠♣ 4❧❡❝!-✐5✉❡ 6 ❈▲❋ ✳

✹✳✷✳✶✳✷ ▼❡*✉.❡* ▼❚

◆♦✉/ ❛✈♦♥/ ❡✛❡❝!✉4 ❞❡/ ♠❡/✉-❡/ ❆✉❞✐♦✲▼❚ ❡! ▼❚ ❞✉ ✷ ❛✉ ✼ ♠❛-/ ✷✵✶✺✳ ✸ /!❛!✐♦♥/ ▼❚ ❡! ✶✸

/!❛!✐♦♥/ ❆✉❞✐♦✲▼❚ ✭❋✐❣✉-❡ ✹✳✹✮ ♦♥! 4!4 ✐♥/!❛❧❧4❡/ ❣-Z❝❡ 6 ❧❛ ❝♦❧❧❛❜♦-❛!✐♦♥ ❛✈❡❝ ❧❡ ♣❡-/♦♥♥❡❧ ❞❡

❧✬♦❜/❡-✈❛!♦✐-❡ ♠❛❣♥4!✐5✉❡✳ ;♦✉- ✉♥❡ ❞❡/❝-✐♣!✐♦♥ ❞4!❛✐❧❧4❡ ❞❡/ ♠❡/✉-❡/ ❡✛❡❝!✉4❡/✱ ✈♦✐- ❧✬❆♥♥❡①❡

❊✳ ▲❡/ ♦❜❥❡❝!✐❢/ ❞❡ ❝❡!!❡ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡/✉-❡ 4!❛✐❡♥! ♠✉❧!✐♣❧❡/ ✿

• ❊!✉❞✐❡- ❧❡ ❜-✉✐! 4❧❡❝!-♦♠❛❣♥4!✐5✉❡ ❞❛♥/ ❧❛ -4❣✐♦♥ ❞❡ ❧✬♦❜/❡-✈❛!♦✐-❡✳

• ;❡-♠❡!!-❡ ❧❛ ❝❛-❛❝!4-✐/❛!✐♦♥ ❞❡ ❧❛ /!-✉❝!✉-❡ 4❧❡❝!-✐5✉❡ ❞✉ /♦✉/✲/♦❧✳

• ❆♥❛❧②/❡- /♦♥ ✐♥✢✉❡♥❝❡ /✉- ❧❡/ ♠❡/✉-❡/ ❞❡ ❧✬♦❜/❡-✈❛!♦✐-❡✳

▲❡/ ❞❡✉① ❞❡-♥✐❡-/ ♦❜❥❡❝!✐❢/ 4!❛♥! -❡❧✐4/✱ ♥♦✉/ ❧❡/ !-❛✐!❡-♦♥/ ❞❛♥/ ✉♥❡ ♠_♠❡ /❡❝!✐♦♥✳
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,✉♣5"✐❡✉"❡, ; ✶✺ ❦❍③✳ ▲❡, ❋✐❣✉"❡, ✹✳✺✱ ✹✳✻✱ ❡# ✹✳✼ ♣"5,❡♥#❡♥# ❧❛ ❝♦♠♣❛"❛✐,♦♥ ❞❡, ,5"✐❡, #❡♠♣♦"❡❧❧❡,
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❧❡ ,♣❡❝#"❡ ❡♥ ♣✉✐,,❛♥❝❡ ♥❡ ♣"5,❡♥#❡ ♣❧✉, ❧❡, ❝❛"❛❝#5"✐,#✐Q✉❡, ❛##❡♥❞✉❡, ❞✬✉♥ ,♣❡❝#"❡ ❞❡ ✈❛"✐❛#✐♦♥,

♥❛#✉"❡❧❧❡,✳ ❊♥ ❞♦♠❛✐♥❡ #❡♠♣♦"❡❧✱ ❝❡❝✐ ,❡ #"❛❞✉✐# ♣❛" ✉♥❡ ✐♠♣♦,,✐❜✐❧✐#5 ❞✬✐❞❡♥#✐✜❡" ❧❛ ♣❧✉♣❛"#

❞❡, 5✈5♥❡♠❡♥#, ♥❛#✉"❡❧, ❛#♠♦,♣❤5"✐Q✉❡,✱ ❡①❝❡♣#5 ❝❡✉① ❛②❛♥# ✉♥❡ ❛♠♣❧✐#✉❞❡ #"M, ✐♠♣♦"#❛♥#❡

✭✈♦✐" ,❡❝#✐♦♥ ✸✳✹✳✸✳✷✮✳  ♦✉" ❧❡, ,#❛#✐♦♥, ♠♦❜✐❧❡,✱ ❧✬❛♠♣❧✐#✉❞❡ ❛,,♦❝✐5 ❛✉① ❤❛"♠♦♥✐Q✉❡, ❞✉ ✺✵ ❍③

❡,# ♥❡##❡♠❡♥# ✐♥❢5"✐❡✉"❡✳ ❯♥ ,✐♠♣❧❡ ✜❧#"❛❣❡ ❞✉ ,❡✉❧ ✺✵ ❍③ ♣❡"♠❡# ❞✬✐❞❡♥#✐✜❡" ❧❡, 5✈5♥❡♠❡♥#,

❛#♠♦,♣❤5"✐Q✉❡,✳
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mib: Sables et marnes de l’Orleanais.

Fc: Cailloutis culminants.

FN: Sables superficiels.

mibS: Sables de Sologne
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❋✐❣✉$❡ ✹✳✶✹✿ ●❛✉❝❤❡ ✿ ▼♦❞3❧❡ ✶❉ ❞❡ "67✐7#✐✈✐#6 ✉#✐❧✐76 ❞❛♥7 ❧❡7 ♠♦❞6❧✐7❛#✐♦♥7✳ ❉"♦✐#❡ ✿ ❈♦♠✲
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❞❡♠✐✲❡7♣❛❝❡ ❞❡ "67✐7#✐✈✐#6 ✶✵✵ Ω.m ❝♦♠♣❧3#❡♥# ❧❡ ♠♦❞3❧❡ ✶❉✳ ▲❛ ❋✐❣✉"❡ ✹✳✶✹ ♠♦♥#"❡ ❧❡ ♣"♦✜❧ ❞✉

♠♦❞3❧❡ ❞❡ "67✐7#✐✈✐#6 ✈"❛✐❡ ❡# ❧❛ ❝♦♠♣❛"❛✐7♦♥ ❡♥#"❡ ❧❡7 ❞♦♥♥6❡7 ❝❛❧❝✉❧6❡7 ❡# ♦❜7❡"✈6❡7✳
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❊✛❡( (♦♣♦❣,❛♣❤✐0✉❡ ▲❛ "♦♣♦❣&❛♣❤✐❡ *"❛♥" &❡❧❛"✐✈❡♠❡♥" ❢❛✐❜❧❡ ❞❛♥2 ❧❛ &*❣✐♦♥✱ ♥♦✉2 2♦♠♠❡2

♣❛&"✐2 ❞✬✉♥ ♠♦❞6❧❡ ✶❉ ♠♦②❡♥ ❡" ❛✈♦♥2 ♠♦❞*❧✐2* ❧✬❡✛❡" ❞❡ ❞✐2"♦&2✐♦♥ ❞✉ ; ❧❛ "♦♣♦❣&❛♣❤✐❡ ♣❛&

&❛♣♣♦&" ; ✉♥ ♠♦❞6❧❡ 2❛♥2 "♦♣♦❣&❛♣❤✐❡✳ ▲❡ ♠♦❞6❧❡ ✶❉ ✉"✐❧✐2* ❡2" ❝❡❧✉✐ ❞*❝&✐" ; ❧❛ ❋✐❣✉&❡ ✹✳✶✹✳

◆♦✉2 ❛✈♦♥2 ✉"✐❧✐2* ❧❡ ❝♦❞❡ ▼♦❞❊▼ ♣♦✉& ❡✛❡❝"✉❡& ❧❛ ♠♦❞*❧✐2❛"✐♦♥ ❞✉ ♠✐❧✐❡✉ ✸❉✳ ▲❡ ♠♦❞6❧❡ ❞❡

"♦♣♦❣&❛♣❤✐❡ ✉"✐❧✐2* ❡2" ❧❡ ♠♦❞6❧❡ ❙❘❚▼ ✭❋❛"" ❡" ❛❧✳✱ ✷✵✵✼✮✱ L✉✐ ❛ ✉♥❡ &*2♦❧✉"✐♦♥ ❞✬❡♥✈✐&♦♥ ✾✵

♠6"&❡2 ❞❛♥2 ❧❛ &*❣✐♦♥✳ ▲❡ ♠♦❞6❧❡ ✉"✐❧✐2* ❡2" ❞❡ ✼✵ × ✼✵ × ✶✶✵ ❝❡❧❧✉❧❡2✱ ♣♦✉& ✉♥❡ "❛✐❧❧❡ ❞❡ ✶✸✺ ×
✶✸✺ × ✻✺ ❦♠✳ ▲❛ ❞✐2"&✐❜✉"✐♦♥ ❞❡ &*2✐2"✐✈✐"* ❡2" ♣❛&❛❧❧6❧❡ ; ❧❛ "♦♣♦❣&❛♣❤✐❡✳ Q♦✉& ❝❤❛L✉❡ ❢&*L✉❡♥❝❡

❡" ❝❤❛L✉❡ ❝♦♠♣♦2❛♥"❡ ❛♥"✐✲❞✐❛❣♦♥❛❧❡✱ ♥♦✉2 ❛✈♦♥2 ❝❛❧❝✉❧* ❧✬*❝❛&" ❞*✜♥✐ ♣❛& ✿

∆ρ =
|ρtopo − ρnotopo|

ρtopo
✭✹✳✶✮

∆φ = d(ϕtopo, ϕnotopo), ✭✹✳✷✮

❛✈❡❝ d(ϕ1, ϕ2) ❧❛ ❞✐2"❛♥❝❡ 2✉& ❧❡ ❝❡&❝❧❡ "&✐❣♦♥♦♠*"&✐L✉❡✳
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✭❆♠❛♥$❡ ❡" ❊❛❦✐♥)✱ ✷✵✵✾✮ ❛♥❞ ❙❘❚▼ ✭❋❛++ ❡" ❛❧✳✱ ✷✵✵✼✮ ♠♦❞❡❧+✳

❡♥ 2❧❡❝#"✐❝✐#2 ❞❡. ✈✐❧❧❛❣❡. .✐#✉2. ❞❛♥. ❧❛ ✈❛❧❧2❡✳ ❆✐♥.✐✱ ❧❡. .2"✐❡. #❡♠♣♦"❡❧❧❡. ❡♥"❡❣✐.#"2❡. ♣❡✉✈❡♥#

♣"2.❡♥#❡" ❞❡ ❧❛"❣❡. ♥✐✈❡❛✉① ❞❡ ❜"✉✐#✳
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❋✐❣✉$❡ ✺✳✼✿ ❈❛"#❡ ✐♥❞✐-✉❛♥# ❧❛ ♣♦2✐#✐♦♥ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ▼❚ ❡# ❞❡ ❧✬♦❜2❡"✈❛#♦✐"❡ ♠❛❣♥;#✐-✉❡

✉#✐❧✐2;❡ ❝♦♠♠❡ 2#❛#✐♦♥ ❞❡ ";❢;"❡♥❝❡✳

❋■●❯❘❊ ✺✳✼✿ ▼❛♣ ♦❢ ❧♦❝❛❧ ▼❚ +"❛"✐♦♥+ ✐♥ ◆❡♣❛❧ ❛♥❞ ❍❨❇ ♠❛❣♥❡"✐❝ ♦❜+❡$✈❛"♦$② ■♥❞✐❛ ✉+❡❞

❛+ $❡❢❡$❡♥❝❡ +"❛"✐♦♥✳

✺✳✸ ❚$❛✐'❡♠❡♥' ❞❡, ❞♦♥♥.❡,

▲❡2 ❞♦♥♥;❡2 ▼❚ ♦♥# ;#; #"❛✐#;❡2 ❡♥ ✉#✐❧✐2❛♥# ❧✬❛❧❣♦"✐#❤♠❡ ❇■❘❘ ❞♦♥# ❧❡ ♣"✐♥❝✐♣❡ ❛ ;#;

❞;❝"✐# ❛✉ ❝❤❛♣✐#"❡ ✸✳ ▲❡2 ♣;"✐♦❞❡2 ✐♥❢;"✐❡✉"❡2 B ✸✷ 2❡❝♦♥❞❡2 ♦♥# ;#; #"❛✐#;❡2 ❡♥ ✉#✐❧✐2❛♥# ✉♥❡ ❛✉#"❡

2#❛#✐♦♥ ▼❚ ❡♥ ❛❝-✉✐2✐#✐♦♥ 2✐♠✉❧#❛♥;❡ ✭✈♦✐" ❧❡ ♣❧❛♥♥✐♥❣ ❞❡ ❧✬❛❝-✉✐2✐#✐♦♥ ❞;❝"✐# ❡♥ ❛♥♥❡①❡✮✳  ♦✉"

❧❡2 ♣;"✐♦❞❡2 B ❧❛ ❞✐③❛✐♥❡ ❞❡ 2❡❝♦♥❞❡2✱ ♥♦✉2 ❛✈♦♥2 ✉#✐❧✐2; ❧❡2 ♠❡2✉"❡2 ♠❛❣♥;#✐-✉❡2 ❞❡ ❧✬♦❜2❡"✈❛#♦✐"❡

❞✬❍②❞❡"❛❜❛❞ ✭❍❨❇✱ ■♥❞❡✮ ❡♥ #❛♥# -✉❡ 2#❛#✐♦♥ ❞❡ ";❢;"❡♥❝❡✳ ❈❡# ♦❜2❡"✈❛#♦✐"❡ ❡2# 2✐#✉; B ❡♥✈✐"♦♥

✶✸✵✵ ❦♠ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡2✉"❡ ❛✉ ◆;♣❛❧ ✭❋✐❣✉"❡ ✺✳✼✮✳ ❈♦♠♠❡ ❞;❝"✐# ❛✉ ❈❤❛♣✐#"❡ ✷✱ ❧❡2

✈❛"✐❛#✐♦♥2 ❞✉ ❝❤❛♠♣ ♠❛❣♥;#✐-✉❡ ❡①#❡"♥❡ 2♦♥# ♦❜2❡"✈❛❜❧❡2 ❡# ❝♦❤;"❡♥#❡2 2✉" ♣❧✉2✐❡✉"2 ❝❡♥#❛✐♥❡2

❞❡ ❦✐❧♦♠R#"❡2✱ ❛✐♥2✐✱ ❧✬✉#✐❧✐2❛#✐♦♥ ❞✬✉♥❡ 2#❛#✐♦♥ ❧♦✐♥#❛✐♥❡ ♥❡ ♣♦2❡ ♣❛2 ♥;❝❡22❛✐"❡♠❡♥# ❞❡ ♣"♦❜❧R♠❡

❞❛♥2 ❧❡2 ♣"♦❝;❞✉"❡2 ❞❡ 2#❛#✐2#✐-✉❡2 "♦❜✉2#❡2✳ ❆ ❧❛ ❋✐❣✉"❡ ✺✳✽✱ ♥♦✉2 "❡♣";2❡♥#♦♥2 ❧❡2 2;"✐❡2 #❡♠♣♦✲

"❡❧❧❡2 ♠❛❣♥;#✐-✉❡2 ❝♦♠♠✉♥❡2 ❡♥#"❡ ❧✬♦❜2❡"✈❛#♦✐"❡ ♠❛❣♥;#✐-✉❡ ❍❨❇ ❡# ❧❛ 2#❛#✐♦♥ ▼❚ ❞❡ ●"❛♥❣

❧❡ ✶✹ ▼❛"2 ✷✵✶✻✳ ▲❛ ❋✐❣✉"❡ ✺✳✽ ♠♦♥#"❡ ❧❛ ❝♦♠♣❛"❛✐2♦♥ ❡♥#"❡ ❧❡2 2;"✐❡2 #❡♠♣♦"❡❧❧❡2 ❞❡ ❝❡2 ❞❡✉①



 ❛"#✐❡ ✸✳ ■♥"❡$♣$&"❛"✐♦♥ ❞❡ +♦♥❞❛❣❡+ ♠❛❣♥&"♦"❡❧❧✉$✐0✉❡+ ✶✽✹

−5.0

−2.5

0.0

2.5

5.0
M

a
g

n
e

ti
c
 f

ie
ld

 [
n

T
]

0 10000 20000 30000
Time [s]

Grang

Hyderabad

−5.0

−2.5

0.0

2.5

5.0

M
a

g
n

e
ti
c
 f

ie
ld

 [
n

T
]

0 10000 20000 30000
Time [s]

Grang

Hyderabad

0.0

0.5

1.0

C
o

h
e

re
n

c
e

 [
]

10−410−310−210−1

Frequency [Hz]

Coherence North−South

Coherence East−West

❋✐❣✉$❡ ✺✳✽✿ ❍❛✉# ✿ ❈♦♠♣❛"❛✐2♦♥ ❞❡2 ❝♦♠♣♦2❛♥#❡2 ♠❛❣♥7#✐8✉❡2 ◆♦"❞✲❙✉❞ ❡♥#"❡ ❧♦❝❛❧❡ ❡#

$❡♠♦"❡✳ ▼✐❧✐❡✉ ✿ ❈♦♠♣❛"❛✐2♦♥ ❞❡2 ❝♦♠♣♦2❛♥#❡2 ♠❛❣♥7#✐8✉❡2 ❊2#✲❖✉❡2# ❡♥#"❡ ❧♦❝❛❧❡ ❡# "❡♠♦#❡✳

❇❛2 ✿ ❈♦❤7"❡♥❝❡ ❡♥#"❡ ❧❡2 ❝♦♠♣♦2❛♥#❡2 ❧♦❝❛❧❡2 ❡# $❡♠♦"❡+ ♣♦✉" ❧❡2 ♠B♠❡2 ❞✐"❡❝#✐♦♥2✳

❋■●❯❘❊ ✺✳✽✿ ❚♦♣ ✿ ❈♦♠♣❛$✐+♦♥ ❜❡"✇❡❡♥ ◆♦$"❤✲❙♦✉"❤ ♠❛❣♥❡"✐❝ ❝♦♠♣♦♥❡♥"+ ❛" ❧♦❝❛❧ ❛♥❞

$❡♠♦"❡ +"❛"✐♦♥✳ ❚♦♣ ✿ ❈♦♠♣❛$✐+♦♥ ❜❡"✇❡❡♥ ❊❛+"✲❲❡+" ♠❛❣♥❡"✐❝ ❝♦♠♣♦♥❡♥"+ ❛" ❧♦❝❛❧ ❛♥❞ $❡♠♦"❡

+"❛"✐♦♥✳ ❇♦""♦♠ ✿ ❈♦❤❡$❡♥❝② ❜❡"✇❡❡♥ ❧♦❝❛❧ ❛♥❞ $❡♠♦"❡ +"❛"✐♦♥+✳

❡♥"❡❣✐2#"❡♠❡♥#2✱ ❛✐♥2✐ 8✉✬✉♥ ❝❛❧❝✉❧ ❞❡ ❝♦❤7"❡♥❝❡ ❡♥#"❡ ❧❡2 ✈♦✐❡2 ◆♦"❞✲❙✉❞ ❡# ❊2#✲❖✉❡2# ♣♦✉"

2✬❛22✉"❡" 8✉❡ ❧✬♦❜2❡"✈❛#♦✐"❡ ♠❛❣♥7#✐8✉❡ ♣❡✉# B#"❡ ✉#✐❧✐27 ❝♦♠♠❡ 2#❛#✐♦♥ ❞❡ "7❢7"❡♥❝❡✳

▲❡2 ❝♦❤7"❡♥❝❡2 ❛✐♥2✐ ♦❜2❡"✈7❡2 ♠♦♥#"❡♥# ✉♥❡ #"I2 ❢♦"#❡ 2✐♠✐❧✐#✉❞❡ ✭> ✵✳✼✮ ❡♥#"❡ ❧❡2 27"✐❡2

#❡♠♣♦"❡❧❧❡2 ❞❡ ❧✬♦❜2❡"✈❛#♦✐"❡ ♠❛❣♥7#✐8✉❡ ❡# ❝❡❧❧❡2 ❞❡2 2#❛#✐♦♥2 ▼❚ ♣♦✉" ❞❡2 ♣7"✐♦❞❡2 2✉♣7"✐❡✉"❡2

O ❧❛ #"❡♥#❛✐♥❡ ❞❡ 2❡❝♦♥❞❡2✳ ▲✬✉#✐❧✐2❛#✐♦♥ ❞✬✉♥❡ $❡♠♦"❡ ❞❡ ❝❡ #②♣❡ ♥♦✉2 ♣❡"♠❡# 7❣❛❧❡♠❡♥# ❞❡

2✬❛✛"❛♥❝❤✐" ❝♦♠♣❧I#❡♠❡♥# ❞❡2 ❡✛❡#2 ❞❡ ❞✐2#♦"2✐♦♥ ❧♦❝❛❧❡ ♦✉ ❞❡ ❜"✉✐#2 7❧❡❝#"♦♠❛❣♥7#✐8✉❡2 ❧♦❝❛✉①

8✉✬✐❧ ❡2# ❝♦✉"❛♥# ❞✬♦❜2❡"✈❡" ❛✉ ◆7♣❛❧✳
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❆✐♥-✐✱ ❧❡- -♦♥❞❛❣❡- ♦❜#❡♥✉- ♥♦✉- ♣❡"♠❡##❡♥# ❞✬❛✈♦✐" ❞❡- ❡-#✐♠❛#✐♦♥- ❞❡ #"9- ❜♦♥♥❡ :✉❛❧✐#;

♣♦✉" ❞❡- ♣;"✐♦❞❡- ❝♦♠♣"✐-❡- ❡♥#"❡ ✵✳✵✵✺ ❡# ✶✵✵✵ -❡❝♦♥❞❡- ♣♦✉" ❧❛ ♠❛❥❡✉"❡ ♣❛"#✐❡ -#❛#✐♦♥- ❞✉

♣"♦✜❧ ◆♦"❞✲❙✉❞✳ ❙❡✉❧❡ ✉♥❡ ✈♦✐❡ ;❧❡❝#"✐:✉❡ ❞❡ ❧❛ -#❛#✐♦♥ ❞❡ ❚"✐-✉❧✐ ❡-# ❝♦♥#❛♠✐♥;❡ ♣❛" ✉♥ ♥✐✈❡❛✉

❞❡ ❜"✉✐# ✐♠♣♦"#❛♥#✱ ❡♠♣D❝❤❛♥# ❞✬♦❜#❡♥✐" ❞❡ ❜♦♥♥❡- ❡-#✐♠❛#✐♦♥- ❞❡- ❢♦♥❝#✐♦♥- ❞❡ ";♣♦♥-❡- ▼❚

♣♦✉" ❧❡- ❝♦♠♣♦-❛♥#❡- Zyx ❡# Zyy✳

✺✳✹ ❆♥❛❧②(❡ ❞❡( (♦♥❞❛❣❡(

✺✳✹✳✶ ❈♦♠♣❛)❛✐+♦♥ ❛✈❡❝ ❧❡+ ❛♥❝✐❡♥♥❡+ ❝❛♠♣❛❣♥❡+

▲❛ ♣"❡♠✐9"❡ ;#❛♣❡ ❞❡ ♥♦#"❡ #"❛✈❛✐❧ ❝♦♥-✐-#❡ I ❝♦♠♣❛"❡" ❧❡- ❞♦♥♥;❡- ❛❝:✉✐-❡- ❡♥ ✶✾✾✻✱ ✶✾✾✾ ❡#

✷✵✵✵ I ❝❡❧❧❡- ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡-✉"❡- ♣♦✉" ❞;#❡"♠✐♥❡" -✐ ✉♥❡ ✈❛"✐❛#✐♦♥ ✐♠♣♦"#❛♥#❡

❞❡- -♦♥❞❛❣❡- ;#❛✐# ❞;❥I ♦❜-❡"✈❛❜❧❡✳ ◆♦✉- ❛✈♦♥- ❞♦♥❝ ";❝✉♣;"; ❧❡- -♦♥❞❛❣❡- ❝❛❧❝✉❧;- ❡♥ ✶✾✾✻✱ -❛♥-

"❡❢❛✐"❡ ❧❡ ❝❛❧❝✉❧ ❞❡- ❢♦♥❝#✐♦♥- ❞❡ ";♣♦♥-❡ ▼❚ -✉" ❧❡- -;"✐❡- #❡♠♣♦"❡❧❧❡- ❜"✉#❡-✳ ▲❡ #"❛✐#❡♠❡♥#

❞❡- ❞♦♥♥;❡- ▼❚ ;#❛✐# ❢❛✐# ❛✈❡❝ ❧✬❛♥❝✐❡♥♥❡ ✈❡"-✐♦♥ ❞✉ ❝♦❞❡ ❇■❘❘ ✳ ▲❡- ❝♦♠♣❛"❛✐-♦♥- ♣♦✉" ❧❡- ✻

-#❛#✐♦♥- ❞✉ ♣"♦✜❧ ♥♦"❞✲❙✉❞ -♦♥# ♣";-❡♥#;❡- ❛✉① ❋✐❣✉"❡- ✺✳✾✱ ✺✳✶✵✱ ✺✳✶✶ ✺✳✸✼✱ ✺✳✸✽✱ ❡# ✺✳✸✾✳

▲❛ ❞✐✛;"❡♥❝❡ ♣"✐♥❝✐♣❛❧❡ ❡♥#"❡ ❧❡- ❞❡✉① ❝❛♠♣❛❣♥❡- -✬♦❜-❡"✈❡ ♣"✐♥❝✐♣❛❧❡♠❡♥# -✉" ❧❛ :✉❛❧✐#; ❞❡-
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ZTEZTM ✳ ❆✐♥2✐ ✿

ρdet = (ρTE × ρTM )1/2

φdet = (ϕTE + ϕTM )/2
✭✺✳✶✮
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2000 Lemonnier Thesis

1999 Lemonnier GRL by Mare2DEM
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◆♦✉5 ❛✈♦♥5 ♠♦♥3#$ %✉✬✉♥❡ ♠❡✐❧❧❡✉#❡ ❝♦♥♥❛✐55❛♥❝❡ ❞❡5 5♦✉#❝❡5 ▼❚ ♣❡#♠❡3 $❣❛❧❡♠❡♥3 ❞✬❛♠$✲

❧✐♦#❡# ❧❡ 5♦♥❞❛❣❡ ▼❚✳ ▲❡ 5✐❣♥❛❧ ▼❚ 5✉❜✐3 ❞❡5 ✈❛#✐❛3✐♦♥5 ✐♠♣♦#3❛♥3❡5 ❞❛♥5 ❝❡#3❛✐♥❡5 ❜❛♥❞❡5 ❞❡

❢#$%✉❡♥❝❡5✱ ❝♦♠♠❡ ❧✬❆✉❞✐♦✲▼❚ ❞❡❛❞ ❜❛♥❞✳ ❖#✱ ❧❡5 3#❛✐3❡♠❡♥35 ❞❡ ❞♦♥♥$❡5 ▼❚ 5♦♥3 ♠❛❥♦#✐3❛✐✲

#❡♠❡♥3 ❜❛5$5 5✉# ❧✬❤②♣♦3❤P5❡ ❞❡ 5♦✉#❝❡ %✉❛5✐✲53❛3✐♦♥♥❛✐#❡✳ ▲❡5 ✢✉❝3✉❛3✐♦♥5 ♦❜5❡#✈$❡5 ❛✛❡❝3❡♥3

❞♦♥❝ ❧❡5 #$5✐❞✉5 ❞✉ ❝❤❛♠♣ $❧❡❝3#✐%✉❡ ♣♦✉# ❝❡5 ✐♥3❡#✈❛❧❧❡5 ❞❡ ❢#$%✉❡♥❝❡5✳ ❉✬❛♣#P5 ❧❡5 ❞❡#♥✐❡#5 ❞$✲

✈❡❧♦♣♣❡♠❡♥35 ❞✐5♣♦♥✐❜❧❡5 ❞❛♥5 ❧❛ ❧✐33$#❛3✉#❡✱ ❧❛ ❞✐53#✐❜✉3✐♦♥ ❞❡5 #$5✐❞✉5 5✉# ❧❡ ❝❤❛♠♣ $❧❡❝3#✐%✉❡

♣#$5❡♥3❡#❛✐3 ✉♥❡ ❢♦#♠❡ ❞❡ ❞✐53#✐❜✉3✐♦♥ 53❛❜❧❡✳ ◆♦✉5 ❛✈♦♥5 ♠♦♥3#$ %✉❡ ❧❛ 5$❧❡❝3✐♦♥ ❞❡5 ❝♦❡✣❝✐❡♥35

♣❡#♠❡3 ❛✉① #$5✐❞✉5 ❞❡ ♠✐❡✉① 5✬❛❥✉53❡# D ❞❡5 ❞✐53#✐❜✉3✐♦♥5 ❣❛✉55✐❡♥♥❡5✱ ❛✉55✐ ❜✐❡♥ ♣♦✉# ❧❡5 5♦✉#❝❡5

❤❛✉3❡5 ❢#$%✉❡♥❝❡5 %✉❡ ❜❛55❡5 ❢#$%✉❡♥❝❡5✳ ▲❡5 ❞✐53#✐❜✉3✐♦♥5 ♦❜5❡#✈$❡5 D %✉❡✉❡ ❧♦✉#❞❡ 3#❛❞✉✐5❡♥3✲

❡❧❧❡5 ❧✬❛❜5❡♥❝❡ ❞❡ ❝❡#3❛✐♥❡5 5♦✉#❝❡5 ❄

❊♥✜♥✱ ♥♦✉5 ♥♦✉5 ♣♦5♦♥5 ❧❛ %✉❡53✐♦♥ ❞❡5 5♦✉#❝❡5 ✐❞❡♥3✐✜❛❜❧❡5 ❞❛♥5 ❧❛ ▼❚ ❞❡❛❞ ❜❛♥❞✳ X♦✉# ❝❡#✲

3❛✐♥❡5 5$#✐❡5 3❡♠♣♦#❡❧❧❡5✱ ❧❡ ❝❛❧❝✉❧ ❝❧❛55✐%✉❡ ❞❡5 ❢♦♥❝3✐♦♥5 ❞❡ #$♣♦♥5❡ ▼❚ ❞♦♥♥❡ ✉♥ #$5✉❧3❛3

53❛3✐53✐%✉❡♠❡♥3 ❝♦##❡❝3✱ ♠Y♠❡ ❡♥ ❧✬❛❜5❡♥❝❡ ❞❡ 5♦✉#❝❡5 #❡♣$#❛❜❧❡5 ❞❛♥5 ❧❡5 ❝♦❡✣❝✐❡♥35 ❞✬♦♥❞❡✲

❧❡33❡5✳

X♦✉# $3❛❜❧✐# ❝❡5 #$5✉❧3❛35✱ ♥♦✉5 ❛✈♦♥5 ✉3✐❧✐5$ ❧❛ 3#❛♥5❢♦#♠$❡ ❡♥ ♦♥❞❡❧❡33❡5 ❝♦♥3✐♥✉❡ ✭❚❖✮✳ ❈❡33❡

3❡❝❤♥✐%✉❡ ❡53 ✉♥❡ ❞❡5 ♥♦♠❜#❡✉5❡5 #❡♣#$5❡♥3❛3✐♦♥5 3❡♠♣5✲❢#$%✉❡♥❝❡ ♣♦55✐❜❧❡ ❞✬✉♥ 5✐❣♥❛❧✳ ▲❛ ❚❖

❞❡♠❡✉#❡✱ ❞❛♥5 ❝❡#3❛✐♥5 ❝❛5✱ ❧✐♠✐3$❡ ♣♦✉# ✐5♦❧❡# ❞❡5 ❝♦♠♣♦5❛♥3❡5 %✉✐ 5❡ 5✉♣❡#♣♦5❡♥3✳ ❆✐♥5✐✱ ❧❡ ❝❛5

❞✬✉♥ ♦#❛❣❡ ♠❛❣♥$3✐%✉❡ ❛✈❡❝ 5✉♣❡#♣♦5✐3✐♦♥ ❞❡ ♣❧✉5✐❡✉#5 ♠♦❞❡5 ❞❡ #$5♦♥❛♥❝❡5 ❞✉ ❝❤❛♠♣ ♠❛❣♥$✲

3✐%✉❡ ♣♦5❡ ♣#♦❜❧P♠❡ ❞❛♥5 ❧✬❛♣♣❧✐❝❛3✐♦♥ ❞❡ ❧❛ 3#❛♥5❢♦#♠$❡ ❡♥ ♦♥❞❡❧❡33❡ ❝❛# ❝❡❧❧❡✲❝✐ ♥❡ ♣❡#♠❡3 ♣❛5

♥$❝❡55❛✐#❡♠❡♥3 ❞❡ ❞✐53✐♥❣✉❡# ❧❡5 ❞✐✛$#❡♥35 ♠♦❞❡5✳ ❉❛♥5 ❝❡ ❝❛5 ♣#$❝✐5✱ ❧❛ 3#❛♥5❢♦#♠$❡ ❞❡ ❍✐❧❜❡#3✲

❍✉❛♥❣ ❛ ❞♦♥♥$ ❞✬❡①❝❡❧❧❡♥35 #$5✉❧3❛35 ❞❛♥5 ❧❛ 5$♣❛#❛3✐♦♥ ❞❡ ♣❧✉5✐❡✉#5 ♣✉❧5❛3✐♦♥5 5❡ 5✉♣❡#♣♦5❛♥3

D ❧❛ 5✉✐3❡ ❞✬✉♥ ♦#❛❣❡ ♠❛❣♥$3✐%✉❡✳ ▲❛ ❚❖ ♥✬❛♣♣❛#❛✐3 ❛❧♦#5 5❛♥5 ❞♦✉3❡ ♣❛5 ❧❛ ♠$3❤♦❞❡ ✉♥✐%✉❡

D ♣#✐✈✐❧$❣✐❡# ♣♦✉# ❧✬❛♥❛❧②5❡ ❞❡5 5$#✐❡5 3❡♠♣♦#❡❧❧❡5✳ ❯♥ ❝♦✉♣❧❛❣❡ ❡♥3#❡ ❝❡5 ❞❡✉① 3❡❝❤♥✐%✉❡5 ❡53

❞♦♥❝ ✉♥❡ ♣✐53❡ ♣#♦♠❡33❡✉5❡ ♣♦✉# ✉♥❡ ❞$3❡❝3✐♦♥ ❡3 ✉♥❡ ❝❛#❛❝3$#✐5❛3✐♦♥ ♦♣3✐♠❛❧❡ ❞❡5 ♣✉❧5❛3✐♦♥5

❣$♦♠❛❣♥$3✐%✉❡5✳

■♥"❡$♣$&"❛"✐♦♥ ❞❡ +♦♥❞❛❣❡+ ▼❚

▲❡5 $3✉❞❡5 ♠❡♥$❡5 ❞❛♥5 ❝❡ ♠❛♥✉5❝#✐3 ♦♥3 ♠❡♥$5 D ❞❡✉① ✐♥3❡#♣#$3❛3✐♦♥5 ✐♠♣♦#3❛♥3❡5✱ ❡♥

❋#❛♥❝❡ 5✉# ❧❡ 5✐3❡ ❞❡ ❧✬♦❜5❡#✈❛3♦✐#❡ ♠❛❣♥$3✐%✉❡ ◆❛3✐♦♥❛❧ ❞❡ ❈❤❛♠❜♦♥✲▲❛✲❋♦#Y3✱ ❡3 ❛✉ ◆$♣❛❧✱

❞❛♥5 ✉♥❡ #$❣✐♦♥ ❛❝3✉❡❧❧❡♠❡♥3 ❛❝3✐✈❡ 5✐5♠✐%✉❡♠❡♥3✳



❈♦♥❝❧✉&✐♦♥ ✷✷✼

❉✬❛❜♦'❞✱ ❧✬❛♥❛❧②-❡ ❞❡- -/'✐❡- 1❡♠♣♦'❡❧❧❡- ❡1 ❞❡- -♦♥❞❛❣❡- ▼❚ ❛✉ ♥✐✈❡❛✉ ❞✉ -✐1❡ ❞❡ ❧✬♦❜✲

-❡'✈❛1♦✐'❡ ♠❛❣♥/1✐:✉❡ ◆❛1✐♦♥❛❧ ❈▲❋✱ ♠♦♥1'❡ ✉♥ ♥✐✈❡❛✉ ❞❡ ❜'✉✐1 ❛♥1❤'♦♣✐:✉❡ -✉'♣'❡♥❛♥1✳ ▲❡

❜'✉✐1 ♦❜-❡'✈/ ❡-1 ♣'✐♥❝✐♣❛❧❡♠❡♥1 ❤❛✉1❡✲❢'/:✉❡♥❝❡✱ ✐❧ ❛♣♣❛'❛✐1 ♣❡✉ ♣'♦❜❛❜❧❡ :✉✬❛✉❝✉♥❡ ✐♥❝✐❞❡♥❝❡

♥✬❡①✐-1❡ -✉' ❧❡- ❞♦♥♥/❡- ❞❡ ❧✬♦❜-❡'✈❛1♦✐'❡ ♠❛❣♥/1✐:✉❡✳ ▲❡ ♣❧❛❝❡♠❡♥1 ❞❡ ❧✬♦❜-❡'✈❛1♦✐'❡ ❡-1 ❝❡♣❡♥✲

❞❛♥1 ✐❞/❛❧ -✉' ✉♥❡ 1❡❧❧❡ ❞✐-1'✐❜✉1✐♦♥ ❞❡ '/-✐-1✐✈✐1/ ♥❡ ♣'/-❡♥1❛♥1 :✉❡ 1'D- ♣❡✉ ❞❡ ❣'❛❞✐❡♥1- ❧❛1/'❛✉①

❞❡ ❝♦♥❞✉❝1✐✈✐1/✳ ❊♥ ❡✛❡1✱ G ❝❡11❡ ❧♦❝❛❧✐-❛1✐♦♥✱ ❧❡- ♣❤/♥♦♠D♥❡- ❞✬✐♥❞✉❝1✐♦♥ ♠❛❣♥/1✐:✉❡ -♦♥1 ❧✐✲

♠✐1/- ❡1 ❧❡- ✈❛'✐❛1✐♦♥- ❞✉ ❝❤❛♠♣ ♠❛❣♥/1✐:✉❡ ❡♥'❡❣✐-1'/❡- -♦♥1 '❡♣'/-❡♥1❛1✐✈❡- ❞❡- ✈❛'✐❛1✐♦♥- ❞✉

❝❤❛♠♣ ♣'✐♥❝✐♣❛❧ ❡1 ❞❡- ❝❤❛♠♣- ❡①1❡'♥❡- ❛✈❡❝ ❞❡- ❡✛❡1- 1'D- '/❞✉✐1- ❞❡- ♣❤/♥♦♠D♥❡- ❞✬✐♥❞✉❝1✐♦♥-

❞❛♥- ❧❛ ❝'♦H1❡✳ ■❧ ❡-1 G ♥♦1❡' :✉✬❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝♦♠♣♦-❛♥1❡ ✈❡'1✐❝❛❧❡✱ ✉♥❡ ❧/❣D'❡ ❞✐-1♦'-✐♦♥

❛♣♣❛'❛✐1✳ ❉✬❛♣'D- ❧❡- ♣'❡♠✐D'❡- ❛♥❛❧②-❡-✱ ❝❡11❡ ❞✐-1♦'1✐♦♥ ♣'♦✈✐❡♥❞'❛✐1 ❞✬✉♥❡ ❧❛'❣❡ -1'✉❝1✉'❡ ❝♦'✲

'❡-♣♦♥❞❛♥1 G ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥/1✐:✉❡ ❞✉ ❜❛--✐♥ ♣❛'✐-✐❡♥✳

J♦✉' ♣❛'❢❛✐1❡♠❡♥1 ❞/❝'✐'❡ ❧❛ -✐1✉❛1✐♦♥ ❞❡ ❧✬♦❜-❡'✈❛1♦✐'❡ ♠❛❣♥/1✐:✉❡✱ ✐❧ -❡'❛✐1 ❛✐♥-✐ ♥/❝❡--❛✐'❡ ❞❡

♣♦✉'-✉✐✈'❡ ❝❡11❡ ❛♥❛❧②-❡✳ ❆✐♥-✐✱ ❡♥ ❞/♣❧♦②❛♥1 ❞❡- -1❛1✐♦♥- ▼❚ -✉' ✉♥❡ ③♦♥❡ ♣❧✉- ✐♠♣♦'1❛♥1❡✱

♥♦✉- ♣♦✉''✐♦♥- ❛❝❝/❞❡' G ♣❧✉- ❞✬✐♥❢♦'♠❛1✐♦♥- -✉' ❧❛ -1'✉❝1✉'❡ ✷❉ ♦❜-❡'✈/❡ ❞❛♥- ❧❡- -♦♥❞❛❣❡-

▼❚✳ ▲❛ ❝♦♠♣❛'❛✐-♦♥ ❞❡- /✈❡♥1✉❡❧- ♥♦✉✈❡❛✉① '/-✉❧1❛1- ❛✉ ❣'❛♥❞ ♥♦♠❜'❡ ❞✬/1✉❞❡- ❞✐-♣♦♥✐❜❧❡- ❡♥

♠/1❤♦❞❡- ♣♦1❡♥1✐❡❧❧❡- -✉' ❧✬❛♥❛❧②-❡ ❞✉ ❜❛--✐♥ J❛'✐-✐❡♥ ♣❡'♠❡11'❛✐1 ❞❡ ❝♦♥✜'♠❡' ❧✬♦'✐❣✐♥❡ ❞❡ ❧❛

❞✐-1♦'1✐♦♥ :✉❡ ♥♦✉- ♦❜-❡'✈♦♥- ❡1 /✈❡♥1✉❡❧❧❡♠❡♥1 ❞✬❡♥ ♣'/❝✐-❡' ❧❡- ❝♦♥1♦✉'- ❣/♦❧♦❣✐:✉❡-✳

❊♥-✉✐1❡✱ ❧✬❛♥❛❧②-❡ ❞❡- ❞♦♥♥/❡- ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞✬❛❝:✉✐-✐1✐♦♥ ▼❚ ❛✉ ◆/♣❛❧ ♠♦♥1'❡ :✉❡ ❧❛
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*&❛❧ ◆❡♣❛❧ ✿ ✷✳ ▼♦❞❡❧✐♥❣ ❛♥❞ :✐❣♥✐✜❝❛♥❝❡ ♦❢ *❤❡ &❛❞♦♥ :✐❣♥❛*✉&❡✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②-✐❝❛❧

❘❡-❡❛&❝❤ ✿ ❙♦❧✐❞ ❊❛&3❤ ✶✶✾✳✺✱ ♣✳ ✹✵✺✻✕✹✵✽✾✳

●♦✉♣✐❧❧❛✉❞✱ I✳✱ ❆✳●$♦((♠❛♥♥ ❡* ❏✳▼♦$❧❡% ✭✶✾✽✹✮✳ ✏❈②❝❧❡✲♦❝*❛✈❡ ❛♥❞ &❡❧❛*❡❞ *&❛♥:❢♦&♠: ✐♥

:❡✐:♠✐❝ :✐❣♥❛❧ ❛♥❛❧②:✐:✑✳ ■♥ ✿ ❙❡✐-♠✐❝ -✐❣♥❛❧ ❛♥❛❧②-✐- ❛♥❞ ❞✐-❝&✐♠✐♥❛3✐♦♥ ■■■ ✷✸✳✶✱ ♣✳ ✽✺✕✶✵✷✳

●$♦♦♠✱ ❘♦:: ❲ ❡* ❘✐❝❤❛&❞ ❈ ❇❛✐❧❡② ✭✶✾✽✾✮✳ ✏❉❡❝♦♠♣♦:✐*✐♦♥ ♦❢ ♠❛❣♥❡*♦*❡❧❧✉&✐❝ ✐♠♣❡❞❛♥❝❡

*❡♥:♦&: ✐♥ *❤❡ ♣&❡:❡♥❝❡ ♦❢ ❧♦❝❛❧ *❤&❡❡✲❞✐♠❡♥:✐♦♥❛❧ ❣❛❧✈❛♥✐❝ ❞✐:*♦&*✐♦♥✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦✲

♣❤②-✐❝❛❧ ❘❡-❡❛&❝❤ ✿ ❙♦❧✐❞ ❊❛&3❤ ✾✹✳❇✷✱ ♣✳ ✶✾✶✸✕✶✾✷✺✳

●✉❜❜✐♥(✱ ❉❛✈✐❞ ❡* ❊♠✐❧✐♦ ❍❡$$❡$♦✲❇❡$✈❡$❛ ✭✷✵✵✼✮✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ❣❡♦♠❛❣♥❡3✐-♠ ❛♥❞ ♣❛✲

❧❡♦♠❛❣♥❡3✐-♠✳ ❙♣&✐♥❣❡& ❙❝✐❡♥❝❡ ✫ ❇✉:✐♥❡:: ▼❡❞✐❛✳

❍❡✱ ▲✳ ❡* ❛❧✳ ✭✷✵✵✾✮✳ ✏❋❛:* ❝♦♥♥❡❝*❡❞✲❝♦♠♣♦♥❡♥* ❧❛❜❡❧✐♥❣✑✳ ■♥ ✿ 4❛33❡&♥ ❘❡❝♦❣♥✐3✐♦♥ ✹✷✱ ♣✳ ✶✾✼✼✕

✶✾✽✼✳
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❍❡❧❧✐✇❡❧❧✱ ❘♦❜❡'( ❆ ✭✶✾✻✺✮✳ ❲❤✐,-❧❡&, ❛♥❞ &❡❧❛-❡❞ ✐♦♥♦,♣❤❡&✐❝ ♣❤❡♥♦♠❡♥❛✳ ❚✳ ✶✳ ✶✳ ❙(❛♥❢♦'❞

❯♥✐✈❡':✐(② <'❡:: ❙(❛♥❢♦'❞✳

❍♦❧&❝❤♥❡✐❞❡+✱ ▼✳ ✭✶✾✾✺✮✳ ❲❛✈❡❧❡-, ✿ ❆♥ ❆♥❛❧②,✐, ❚♦♦❧✳ ❖①❢♦'❞ ✿ ❖①❢♦'❞ ❙❝✐❡♥❝❡ <✉❜❧✐❝❛(✐♦♥:✳

❍✉❜❜❛+❞✱ ❏✉❞✐(❤ ❡( ❛❧✳ ✭✷✵✶✻✮✳ ✏❙('✉❝(✉'❛❧ :❡❣♠❡♥(❛(✐♦♥ ❝♦♥('♦❧❧❡❞ (❤❡ ✷✵✶✺ ▼✇ ✼✳✽ ●♦'❦❤❛

❡❛'(❤O✉❛❦❡ '✉♣(✉'❡ ✐♥ ◆❡♣❛❧✑✳ ■♥ ✿ ●❡♦❧♦❣② ✹✹✳✽✱ ♣✳ ✻✸✾✕✻✹✷✳

❍✉❜❡+✱ <❡(❡' ❏ ✭✶✾✽✶✮✳ ✏❘♦❜✉:( ❙(❛(✐:(✐❝:✑✳ ■♥ ✿

❍✉❣❤❡&✱ ❍✳ ●✳ ❡( ❘✳ ❆✳ 0❛♣❡+2 ✭✶✾✼✺✮✳ ✏<'♦♣❛❣❛(✐♦♥ ♣'❡❞✐❝(✐♦♥ ♠♦❞❡❧ :❡❧❡❝(✐♦♥ ✉:✐♥❣ ❱▲❋

❛(♠♦:♣❤❡'✐❝:✑✳ ■♥ ✿ ●❡♦♣❤②,✐❝❛❧ ❘❡,❡❛&❝❤ ▲❡--❡&, ✷✱ ♣✳ ✾✻✕✾✽✳

❍✉+&❛♥✱ ●❛❜♦' ❡( ▼✐❝❤❛❡❧ ❙ ❩❤❞❛♥♦✈ ✭✷✵✵✷✮✳ ✏❈♦♥('❛❝(✐♦♥ ✐♥(❡❣'❛❧ ❡O✉❛(✐♦♥ ♠❡(❤♦❞ ✐♥ (❤'❡❡✲

❞✐♠❡♥:✐♦♥❛❧ ❡❧❡❝('♦♠❛❣♥❡(✐❝ ♠♦❞❡❧✐♥❣✑✳ ■♥ ✿ ❘❛❞✐♦ ❙❝✐❡♥❝❡ ✸✼✳✻✳

❍✇❛♥❣✱ ❑✲❏ ❡( ❛❧✳ ✭✷✵✶✷✮✳ ✏❚❤❡ ✜':( ✐♥ :✐(✉ ♦❜:❡'✈❛(✐♦♥ ♦❢ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧(③ ✇❛✈❡: ❛( ❤✐❣❤✲

❧❛(✐(✉❞❡ ♠❛❣♥❡(♦♣❛✉:❡ ❞✉'✐♥❣ :('♦♥❣❧② ❞❛✇♥✇❛'❞ ✐♥(❡'♣❧❛♥❡(❛'② ♠❛❣♥❡(✐❝ ✜❡❧❞ ❝♦♥❞✐(✐♦♥:✑✳

■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②,✐❝❛❧ ❘❡,❡❛&❝❤ ✿ ❙♣❛❝❡ >❤②,✐❝, ✶✶✼✳❆✽✳

❏❛❝♦❜&✱ ❏✳ ❆✳ ❡( ❛❧✳ ✭✶✾✻✹✮✳ ✏❈❧❛::✐✜❝❛(✐♦♥ ♦❢ ❣❡♦♠❛❣♥❡(✐❝ ♠✐❝'♦♣✉❧:❛(✐♦♥:✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢

●❡♦♣❤②,✐❝❛❧ ❘❡,❡❛&❝❤ ✻✾✳✶✱ ♣✳ ✶✽✵✕✶✽✶✳

❏❛❝♦❜&✱ ❏❆ ❡( ❑ ❙✐♥♥♦ ✭✶✾✻✵✮✳ ✏❲♦'❧❞✲✇✐❞❡ ❝❤❛'❛❝(❡'✐:(✐❝: ♦❢ ❣❡♦♠❛❣♥❡(✐❝ ♠✐❝'♦♣✉❧:❛(✐♦♥:✑✳

■♥ ✿ ●❡♦♣❤②,✐❝❛❧ ❏♦✉&♥❛❧ ■♥-❡&♥❛-✐♦♥❛❧ ✸✳✸✱ ♣✳ ✸✸✸✕✸✺✸✳

❏✐+❛❝❡❦✱ ●❡♦'❣❡ ❘ ✭✶✾✾✵✮✳ ✏◆❡❛'✲:✉'❢❛❝❡ ❛♥❞ (♦♣♦❣'❛♣❤✐❝ ❞✐:(♦'(✐♦♥: ✐♥ ❡❧❡❝('♦♠❛❣♥❡(✐❝ ✐♥❞✉❝✲

(✐♦♥✑✳ ■♥ ✿ ❙✉&✈❡②, ✐♥ ●❡♦♣❤②,✐❝, ✶✶✳✷✲✸✱ ♣✳ ✶✻✸✕✷✵✸✳

❏♦♥❡&✱ ❆✳ ●✳ ✭✶✾✽✸✮✳ ✏❖♥ (❤❡ ❡O✉✐✈❛❧❡♥❝❡ ♦❢ (❤❡ ✧◆✐❜❧❡((✧ ❛♥❞ ✧❇♦:(✐❝❦✧ ('❛♥:❢♦'♠❛(✐♦♥: ✐♥ (❤❡

♠❛❣♥❡(♦(❡❧❧✉'✐❝ ♠❡(❤♦❞✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②,✐❝, ✺✸✱ ♣✳ ✼✷✕✼✸✳

❏♦♥❡&✱ ❆✳ ●✳ ❡( ❛❧✳ ✭✶✾✽✾✮✳ ✏❆ ❝♦♠♣❛'✐:♦♥ ♦❢ (❡❝❤♥✐O✉❡: ❢♦' ♠❛❣♥❡(♦(❡❧❧✉'✐❝ '❡:♣♦♥:❡ ❢✉♥❝(✐♦♥

❡:(✐♠❛(✐♦♥✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②,✐❝❛❧ ❘❡,❡❛&❝❤ ✿ ❙♦❧✐❞ ❊❛&-❤ ✾✹✳❇✶✵✱ ♣✳ ✶✹✷✵✶✕✶✹✷✶✸✳

❑❛♥❣❛&✱ ❏♦'♠❛✱ ❆ ●✉❣❧✐❡❧♠✐ ❡( ❖ 0♦❦❤♦2❡❧♦✈ ✭✶✾✾✽✮✳ ✏▼♦'♣❤♦❧♦❣② ❛♥❞ ♣❤②:✐❝: ♦❢ :❤♦'(✲

♣❡'✐♦❞ ♠❛❣♥❡(✐❝ ♣✉❧:❛(✐♦♥:✑✳ ■♥ ✿ ❙♣❛❝❡ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇, ✽✸✳✸✲✹✱ ♣✳ ✹✸✺✕✺✶✷✳

❑❛2♦✱ ❨ ✭✶✾✻✷✮✳ ✏●❡♦♠❛❣♥❡(✐❝ ♠✐❝'♦♣✉❧:❛(✐♦♥:✑✳ ■♥ ✿ ❆✉,-&❛❧✐❛♥ ❏♦✉&♥❛❧ ♦❢ >❤②,✐❝, ✶✺✱ ♣✳ ✼✵✳

❑❛2♦✱ ❨ ❡( ❚ ❙❛✐2♦ ✭✶✾✻✷✮✳ ✏▼♦'♣❤♦❧♦❣✐❝❛❧ :(✉❞② ♦❢ ❣❡♦♠❛❣♥❡(✐❝ ♣✉❧:❛(✐♦♥:✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢

-❤❡ >❤②,✐❝❛❧ ❙♦❝✐❡-② ♦❢ ❏❛♣❛♥ ❙✉♣♣❧❡♠❡♥- ✶✼✱ ♣✳ ✸✹✳

❑❛✈♦&✐✱ ❙❤✐✈❛ ❡( ❏♦❛❝❤✐♠ ❘❛❡❞❡+ ✭✷✵✶✺✮✳ ✏❯❜✐O✉✐(② ♦❢ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧(③ ✇❛✈❡: ❛( ❊❛'(❤✴✬:

♠❛❣♥❡(♦♣❛✉:❡✑✳ ■♥ ✿ ◆❛-✉&❡ ❝♦♠♠✉♥✐❝❛-✐♦♥, ✻✳

❑❛✇❛♠✉+❛✱ ▼ ✭✶✾✻✾❛✮✳ ✏❇❡❤❛✈✐♦' ♦❢ (❤❡ ❍♦'✐③♦♥(❛❧ ❉✐:(✉'❜✐♥❣ ❱❡❝(♦' ♦❢ (❤❡ <❡❛'❧✲❚②♣❡ ▼✐✲

❝'♦♣✉❧:❛(✐♦♥ ✐♥ ▲♦✇❡' ▲❛(✐(✉❞❡✑✳ ■♥ ✿ ◆❛-✐♦♥❛❧ ❊▲❋ ❛♥❞ ❯▲❋ ❙②♠♣♦,✐✉♠ ❍❡❧❞ ❛- ❚♦②♦❦❛✇❛✱

❏❛♣❛♥✱ ♦♥ ❏❛♥✳ ❚✳ ✷✻✳

✖ ✭✶✾✻✾❜✮✳ ✏❖♥ (❤❡ ❉✐✉'♥❛❧ ❱❛'✐❛(✐♦♥ ✐♥ (❤❡ <❝ ✸ <❡'✐♦❞ ❛( ❑❛❦✐♦❦❛✑✳ ■♥ ✿ ◆❛-✐♦♥❛❧ ❊▲❋ ❛♥❞

❯▲❋ ❙②♠♣♦,✐✉♠ ❍❡❧❞ ❛- ❚♦②♦❦❛✇❛✱ ❏❛♣❛♥✱ ♦♥ ❏❛♥✳ ❚✳ ✷✻✳

❑❡❧❜❡+2✱ ❆♥♥❛ ❡( ❛❧✳ ✭✷✵✶✹✮✳ ✏▼♦❞❊▼ ✿ ❛ ♠♦❞✉❧❛' :②:(❡♠ ❢♦' ✐♥✈❡':✐♦♥ ♦❢ ❡❧❡❝('♦♠❛❣♥❡(✐❝

❣❡♦♣❤②:✐❝❛❧ ❞❛(❛✑✳ ■♥ ✿ ❈♦♠♣✉-❡&, ✫ ●❡♦,❝✐❡♥❝❡, ✻✻✱ ♣✳ ✹✵✕✺✸✳

❑❡♣❦♦✱ ▲✱ ❍❛'❧❛♥ ❊ ❙♣❡♥❝❡ ❡( ❍❏ ❙✐♥❣❡+ ✭✷✵✵✷✮✳ ✏❯▲❋ ✇❛✈❡: ✐♥ (❤❡ :♦❧❛' ✇✐♥❞ ❛: ❞✐'❡❝(

❞'✐✈❡': ♦❢ ♠❛❣♥❡(♦:♣❤❡'✐❝ ♣✉❧:❛(✐♦♥:✑✳ ■♥ ✿ ●❡♦♣❤②,✐❝❛❧ &❡,❡❛&❝❤ ❧❡--❡&, ✷✾✳✽✳
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❑❡②✱ ❑❡%%② ✭✷✵✶✻✮✳ ✏▼❆❘❊✷❉❊▼ ✿ ❛ ✷✲❉ ✐♥✈❡%9✐♦♥ ❝♦❞❡ ❢♦% ❝♦♥>%♦❧❧❡❞✲9♦✉%❝❡ ❡❧❡❝>%♦♠❛❣♥❡>✐❝

❛♥❞ ♠❛❣♥❡>♦>❡❧❧✉%✐❝ ❞❛>❛✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ❏♦✉&♥❛❧ ■♥3❡&♥❛3✐♦♥❛❧ ✷✵✼✳✶✱ ♣✳ ✺✼✶✕✺✽✽✳

❑❡②✱ ❑❡%%② ❡> ❏❡✛%❡② ❖✈❛❧❧ ✭✷✵✶✶✮✳ ✏❆ ♣❛%❛❧❧❡❧ ❣♦❛❧✲♦%✐❡♥>❡❞ ❛❞❛♣>✐✈❡ ✜♥✐>❡ ❡❧❡♠❡♥> ♠❡>❤♦❞

❢♦% ✷✳✺✲❉ ❡❧❡❝>%♦♠❛❣♥❡>✐❝ ♠♦❞❡❧❧✐♥❣✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ❏♦✉&♥❛❧ ■♥3❡&♥❛3✐♦♥❛❧ ✶✽✻✳✶✱ ♣✳ ✶✸✼✕

✶✺✹✳

❑✉❧❡(❤✱ ▼✳ ❡> ❛❧✳ ✭✷✵✵✼✮✳ ✏O♦❧❛%✐③❛>✐♦♥ ❛♥❛❧②9✐9 ♦❢ ❛ O✐✷ ♣✉❧9❛>✐♦♥ ✉9✐♥❣ ❝♦♥>✐♥✉♦✉9 ✇❛✈❡❧❡>

>%❛♥9❢♦%♠✑✳ ■♥ ✿ ❊❛&3❤ 5❧❛♥❡3 ❛♥❞ ❙♣❛❝❡ ✺✾✱ ♣✳ ✾✻✶✕✾✼✵✳

▲❛+♥✐❡+✱ ❍✉❣♦✱ O❛9❝❛❧ ❙❛✐❧❤❛❝ ❡> ❆✉❞❡ ❈❤❛♠❜♦❞✉5 ✭✷✵✶✻✮✳ ✏◆❡✇ ❛♣♣❧✐❝❛>✐♦♥ ♦❢ ✇❛✈❡❧❡>9 ✐♥

♠❛❣♥❡>♦>❡❧❧✉%✐❝ ❞❛>❛ ♣%♦❝❡99✐♥❣ ✿ %❡❞✉❝✐♥❣ ✐♠♣❡❞❛♥❝❡ ❜✐❛9✑✳ ■♥ ✿ ❊❛&3❤✱ 5❧❛♥❡3- ❛♥❞ ❙♣❛❝❡

✻✽✳✶✱ ♣✳ ✶✕✶✶✳

▲❡ 6❛♣❡✱ ❋❧♦%✐❛♥ ❡> ❛❧✳ ✭✷✵✶✷✮✳ ✏O❡♥❡>%❛>✐♦♥ ♦❢ ❝%✉9>❛❧ ♠❡❧> ❜❡②♦♥❞ >❤❡ ❑✉♥❧✉♥ ❋❛✉❧> ✐♥>♦

♥♦%>❤❡%♥ ❚✐❜❡>✑✳ ■♥ ✿ ◆❛3✉&❡ ●❡♦-❝✐❡♥❝❡ ✺✳✺✱ ♣✳ ✸✸✵✕✸✸✺✳

▲❡❡✱ ▲❈ ❡> ❨❈ ❑✇♦❦ ✭✶✾✽✹✮✳ ✏❆ ♠❡❝❤❛♥✐9♠ ❢♦% >❤❡ ■O❉O ♣✉❧9❛>✐♦♥9✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②✲

-✐❝❛❧ ❘❡-❡❛&❝❤ ✿ ❙♣❛❝❡ 5❤②-✐❝- ✽✾✳❆✷✱ ♣✳ ✽✼✼✕✽✽✷✳

▲❡♠♦♥♥✐❡+✱ ❈✳ ✭✷✵✵✵✮✳ ✏■♠❛❣❡%✐❡ ❊❧❡❝>%♦♠❛❣♥[>✐\✉❡ ❞❡ ❧❛ ❈♦♥✈❡%❣❡♥❝❡ ❍✐♠❛❧❛②❡♥♥❡ ❛✉ ◆[♣❛❧✑✳

❚❤]9❡ ❞❡ ❞♦❝>✳ ❯♥✐✈❡%9✐>[ ❙>%❛9❜♦✉%❣ ■ ▲♦✉✐9 O❛9>❡✉%✳

▲❡♠♦♥♥✐❡+✱ ❈❛%♦❧❡ ❡> ❛❧✳ ✭✶✾✾✾✮✳ ✏❊❧❡❝>%✐❝❛❧ 9>%✉❝>✉%❡ ♦❢ >❤❡ ❍✐♠❛❧❛②❛ ♦❢ ❈❡♥>%❛❧ ◆❡♣❛❧ ✿ ❤✐❣❤

❝♦♥❞✉❝>✐✈✐>② ❛%♦✉♥❞ >❤❡ ♠✐❞✲❝%✉9>❛❧ %❛♠♣ ❛❧♦♥❣ >❤❡ ▼❍❚✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ❘❡-❡❛&❝❤ ▲❡33❡&-

✷✻✳✷✶✱ ♣✳ ✸✷✻✶✕✸✷✻✹✳

▲❡5♦+5✱ ❏✳ ❡> ❛❧✳ ✭✷✵✶✻✮✳ ✏❚❡❧❡9❡✐9♠✐❝ ❞❡♣>❤ ❡9>✐♠❛>✐♦♥ ♦❢ >❤❡ ✷✵✶✺ ●♦%❦❤❛✲ ◆❡♣❛❧ ❛❢>❡%9❤♦❝❦9✑✳

■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ❏♦✉&♥❛❧ ■♥3❡&♥❛3✐♦♥❛❧ ✷✵✼✳✸✱ ♣✳ ✶✺✽✹✕✶✺✾✺✳

▲✐✱ ❨✉❣✉♦ ❡> ❏♦9❡❢ 6❡❦ ✭✷✵✵✽✮✳ ✏❆❞❛♣>✐✈❡ ✜♥✐>❡ ❡❧❡♠❡♥> ♠♦❞❡❧❧✐♥❣ ♦❢ >✇♦✲❞✐♠❡♥9✐♦♥❛❧ ♠❛❣♥❡✲

>♦>❡❧❧✉%✐❝ ✜❡❧❞9 ✐♥ ❣❡♥❡%❛❧ ❛♥✐9♦>%♦♣✐❝ ♠❡❞✐❛✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ❏♦✉&♥❛❧ ■♥3❡&♥❛3✐♦♥❛❧ ✶✼✺✳✸✱

♣✳ ✾✹✷✕✾✺✹✳

▲♦+❡♥③✱ ❈❧❛✉❞❡ ✭✶✾✽✵✮✳ ●?♦❧♦❣✐❡ ❞❡- ♣❛②- ❡✉&♦♣?❡♥- ✿ ❋&❛♥❝❡✱ ❇❡❧❣✐A✉❡✱ ▲✉①❡♠❜♦✉&❣✳ ❚✳ ✶✳

❉✉♥♦❞✳

▲♦✈❡✱ ❏❡✛%❡② ❏ ❡> ❆%♥❛✉❞ ❈❤✉❧❧✐❛5 ✭✷✵✶✸✮✳ ✏❆♥ ✐♥>❡%♥❛>✐♦♥❛❧ ♥❡>✇♦%❦ ♦❢ ♠❛❣♥❡>✐❝ ♦❜9❡%✈❛>♦✲

%✐❡9✑✳ ■♥ ✿ ❊♦-✱ ❚&❛♥-❛❝3✐♦♥- ❆♠❡&✐❝❛♥ ●❡♦♣❤②-✐❝❛❧ ❯♥✐♦♥ ✾✹✳✹✷✱ ♣✳ ✸✼✸✕✸✼✹✳

▼❛❝❦❛②✱ ❈✳ ❡> ❆✳ ❈ ❋+❛(❡+✲❙♠✐5❤ ✭✷✵✶✵✮✳ ✏▲✐❣❤>♥✐♥❣ ❧♦❝❛>✐♦♥ ✉9✐♥❣ >❤❡ 9❧♦✇ >❛✐❧9 ♦❢ 9❢❡%✐❝9✑✳

■♥ ✿ ❘❛❞✐♦ ❙❝✐❡♥❝❡ ✹✺✳

▼❛❝❦✐❡✱ ❘❛♥❞❛❧❧ ▲✱ ❏ ❚♦%\✉✐❧ ❙♠✐5❤ ❡> ❚❤❡♦❞♦%❡ ❘ ▼❛❞❞❡♥ ✭✶✾✾✹✮✳ ✏❚❤%❡❡✲❞✐♠❡♥9✐♦♥❛❧

❡❧❡❝>%♦♠❛❣♥❡>✐❝ ♠♦❞❡❧✐♥❣ ✉9✐♥❣ ✜♥✐>❡ ❞✐✛❡%❡♥❝❡ ❡\✉❛>✐♦♥9 ✿ ❚❤❡ ♠❛❣♥❡>♦>❡❧❧✉%✐❝ ❡①❛♠♣❧❡✑✳

■♥ ✿ ❘❛❞✐♦ ❙❝✐❡♥❝❡ ✷✾✳✹✱ ♣✳ ✾✷✸✕✾✸✺✳

▼❛❞❞❡♥✱ ❚ ❡> ❲ ❚❤♦♠♣(♦♥ ✭✶✾✻✺✮✳ ✏▲♦✇✲❢%❡\✉❡♥❝② ❡❧❡❝>%♦♠❛❣♥❡>✐❝ ♦9❝✐❧❧❛>✐♦♥9 ♦❢ >❤❡ ❡❛%>❤✲

✐♦♥♦9♣❤❡%❡ ❝❛✈✐>②✑✳ ■♥ ✿ ❘❡✈✐❡✇- ♦❢ ●❡♦♣❤②-✐❝- ✸✳✷✱ ♣✳ ✷✶✶✕✷✺✹✳

▼❛+❛✉♥✱ ❉♦✉❣❧❛9✱ ❏ ❑✉+5❤( ❡> ▼ ❍♦❧(❝❤♥❡✐❞❡+ ✭✷✵✵✼✮✳ ✏◆♦♥9>❛>✐♦♥❛%② ●❛✉99✐❛♥ ♣%♦❝❡99❡9

✐♥ ✇❛✈❡❧❡> ❞♦♠❛✐♥ ✿ 9②♥>❤❡9✐9✱ ❡9>✐♠❛>✐♦♥✱ ❛♥❞ 9✐❣♥✐✜❝❛♥❝❡ >❡9>✐♥❣✑✳ ■♥ ✿ 5❤②-✐❝❛❧ ❘❡✈✐❡✇ ❊

✼✺✳✶✱ ♣✳ ✵✶✻✼✵✼✳
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▼❛"#❡❧❡#✱ ●✉✐❧❧❛✉♠❡ ❡+ ❛❧✳ ✭✷✵✶✸✮✳ ✏❋❛3+ ♠❛♣♣✐♥❣ ♦❢ ♠❛❣♥❡+✐❝ ❜❛3❡♠❡♥+ ❞❡♣+❤✱ 3+=✉❝+✉=❡ ❛♥❞

♥❛+✉=❡ ✉3✐♥❣ ❛❡=♦♠❛❣♥❡+✐❝ ❛♥❞ ❣=❛✈✐+② ❞❛+❛ ✿ ❝♦♠❜✐♥❡❞ ♠❡+❤♦❞3 ❛♥❞ +❤❡✐= ❛♣♣❧✐❝❛+✐♦♥ ✐♥

+❤❡ A❛=✐3 ❇❛3✐♥✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧ ♣&♦-♣❡❝/✐♥❣ ✻✶✳✹✱ ♣✳ ✽✺✼✕✽✼✸✳

▼❛#&✉&❤✐#❛✱ ❙ ✭✶✾✻✼✮✳ ✏A❤②3✐❝3 ♦❢ ❣❡♦♠❛❣♥❡+✐❝ ♣❤❡♥♦♠❡♥❛✑✳ ■♥ ✿

▼❛①✇❡❧❧✱ ❏✳ ❈✳ ✭✶✽✻✺✮✳ ✏❆ ❉②♥❛♠✐❝❛❧ ❚❤❡♦=② ♦❢ +❤❡ ❊❧❡❝+=♦♠❛❣♥❡+✐❝ ❋✐❡❧❞✑✳ ■♥ ✿ ❘♦②❛❧ ❙♦❝✐❡/②

❚&❛♥-❛❝/✐♦♥- ✶✺✺✱ ♣✳ ✹✺✾✕✺✶✷✳

▼❝◆❡✐❝❡✱ ●❛=② ❲ ❡+ ❆❧❛♥ ● ❏♦♥❡& ✭✷✵✵✶✮✳ ✏▼✉❧+✐3✐+❡✱ ♠✉❧+✐❢=❡T✉❡♥❝② +❡♥3♦= ❞❡❝♦♠♣♦3✐+✐♦♥

♦❢ ♠❛❣♥❡+♦+❡❧❧✉=✐❝ ❞❛+❛✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝- ✻✻✳✶✱ ♣✳ ✶✺✽✕✶✼✸✳

▼❝1❤❡"&♦♥✱ ❘♦❜❡=+ ▲✳ ✭✷✵✵✺✮✳ ✏▼❛❣♥❡+✐❝ A✉❧3❛+✐♦♥3 ✿ ❚❤❡✐= ❙♦✉=❝❡3 ❛♥❞ =❡❧❛+✐♦♥ +♦ 3♦❧❛= ✇✐♥❞

❛♥❞ ❣❡♦♠❛❣♥❡+✐❝ ❛❝+✐✈✐+②✑✳ ■♥ ✿ ❙✉&✈❡②- ✐♥ ●❡♦♣❤②-✐❝- ✷✻✳✺✱ ♣✳ ✺✹✺✕✺✾✷✳

▼✐&✐#✐✱ ▼✳ ❡+ ❛❧✳ ✭✷✵✵✼✮✳ ❲❛✈❡❧❡/- ❛♥❞ /❤❡✐& ❛♣♣❧✐❝❛/✐♦♥-✳ ■❙❚❊ ▲+❞✳

▼♦"❡❛✉✱ ❋✳ ✭✶✾✾✺✮✳ ✏▼X+❤♦❞❡3 ❞❡ +=❛✐+❡♠❡♥+ ❞❡ ❞♦♥♥X❡3 ❣X♦♣❤②3✐T✉❡ ♣❛= +=❛♥3❢♦=♠X❡ ❡♥ ♦♥✲

❞❡❧❡++❡3✑✳ ❚❤Z3❡ ❞❡ ❞♦❝+✳ ❯♥✐✈❡=3✐+X ❞❡ ❘❡♥♥❡3 ■✳

◆✐❜❧❡##✱ ❊✳ ❘✳ ❡+ ❱✳ ❙❛②♥✲❲✐##❣❡♥&#❡✐♥ ✭✶✾✻✵✮✳ ✏❱❛=✐❛+✐♦♥ ♦❢ ❡❧❡❝+=✐❝❛❧ ❝♦♥❞✉❝+✐✈✐+② ✇✐+❤

❞❡♣+❤3 ❜② +❤❡ ♠❛❣♥❡+♦+❡❧❧✉=✐❝ ♠❡+❤♦❞✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝- ✷✺✱ ♣✳ ✾✾✽✕✶✵✵✽✳

❖❣❛✇❛✱ ❚♦3❤✐♦ ❡+ ▼❛3❛②✉❦✐ ❑♦♠❛#&✉ ✭✷✵✵✼✮✳ ✏❆♥❛❧②3✐3 ♦❢ ◗ ❜✉=3+ ✇❛✈❡❢♦=♠3✑✳ ■♥ ✿ ❘❛❞✐♦

❙❝✐❡♥❝❡ ✹✷✳✷✳

❖❣❛✇❛✱ ❚♦3❤✐♦✱ ❨♦3❤✐❦❛③✉ ❚❛♥❛❦❛ ❡+ ❛❧✳ ✭✶✾✻✻✮✳ ✏❖❜3❡=✈❛+✐♦♥3 ♦❢ ♥❛+✉=❛❧ ❊▲❋ ❛♥❞ ❱▲❋ ❡❧❡❝✲

+=♦♠❛❣♥❡+✐❝ ♥♦✐3❡3 ❜② ✉3✐♥❣ ❜❛❧❧ ❛♥+❡♥♥❛3✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ❣❡♦♠❛❣♥❡/✐-♠ ❛♥❞ ❣❡♦❡❧❡❝/&✐❝✐/②

✶✽✳✹✱ ♣✳ ✹✹✸✕✹✺✹✳

❖❧&❡♥✱ ◆✳ ✭✷✵✵✼✮✳ ✏◆❛+✉=❛❧ 3♦✉=❝❡3 ❢♦= ❡❧❡❝+=♦♠❛❣♥❡+✐❝ ✐♥❞✉❝+✐♦♥ 3+✉❞✐❡3✑✳ ■♥ ✿ ■♥ ✿ ●✉❜❜✐♥-

❉✳✱ ❍❡&&❡&♦✲❇❡&✈❡&❛ ❊✳✭❡❞-✮ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♦♠❛❣♥❡/✐-♠ ❛♥❞ E❛❧❡♦♠❛❣♥❡/✐-♠✳ ❙♣&✐♥❣❡&✱

♣✳ ✻✾✻✕✼✵✵✳

1❛"❦❡"✱ ❊✉❣❡♥❡ ◆ ✭✶✾✺✽✮✳ ✏❉②♥❛♠✐❝3 ♦❢ +❤❡ ■♥+❡=♣❧❛♥❡+❛=② ●❛3 ❛♥❞ ▼❛❣♥❡+✐❝ ❋✐❡❧❞3✑✳ ■♥ ✿ ❚❤❡

❆-/&♦♣❤②-✐❝❛❧ ❏♦✉&♥❛❧ ✶✷✽✱ ♣✳ ✻✻✹✳

1❛"❦✐♥&♦♥✱ ❲✳ ❉✳ ✭✶✾✺✾✮✳ ✏❉✐=❡❝+✐♦♥3 ♦❢ ❘❛♣✐❞ ❣❡♦♠❛❣♥❡+✐❝ ✢✉❝+✉❛+✐♦♥3✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧

❏♦✉&♥❛❧ ♦❢ /❤❡ ❘♦②❛❧ ❆-/&♦♥♦♠✐❝❛❧ ❙♦❝✐❡/② ✷✳✶✱ ♣✳ ✶✕✶✹✳

✖ ✭✶✾✻✷✮✳ ✏❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝♦♥+✐♥❡♥+3 ❛♥❞ ♦❝❡❛♥3 ♦♥ ❣❡♦♠❛❣♥❡+✐❝ ✈❛=✐❛+✐♦♥3✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝❛❧

❏♦✉&♥❛❧ ♦❢ /❤❡ ❘♦②❛❧ ❆-/&♦♥♦♠✐❝❛❧ ❙♦❝✐❡/② ✻✳✹✱ ♣✳ ✹✹✶✕✹✹✾✳

1="❡③✱ ❏✳✱ ❘✳ ❈❛"❧❡& ❡+ ❘✳ ❋❧❡❝❦✐♥❣❡" ✭✷✵✵✾✮✳ ❊❧❡❝/&♦♠❛❣♥G/✐-♠❡ ✿ ❋♦♥❞❡♠❡♥/- ❡/ ❛♣♣❧✐❝❛✲

/✐♦♥-✱ ✹J♠❡ G❞✐/✐♦♥✳ A❛=✐3 ✿ ❉✉♥♦+✳

1❡""✐❡"✱ ❋✳ ❡+ ❛❧✳ ✭✷✵✶✹✮✳ ✏A❡=♠❛♥❡♥+ ❡❧❡❝+=✐❝ ❞✐♣♦❧❡3 ✐♥ +❤❡ ♠❛❣♥❡+✐❝ ♦❜3❡=✈❛+♦=② ♦❢ ❈❤❛♠❜♦♥✲

❧❛✲❋♦=e+✱ ❋=❛♥❝❡ ✿ ♣=❡❧✐♠✐♥❛=② =❡3✉❧+3✳✑ ■♥ ✿ ❊▼■❲ ✷✵✶✹ ❲♦&❦-❤♦♣ ✲ ❊①/❡♥❞❡❞ ❛❜-/&❛❝/✳

1❡#✐❛✉✱ ●■▲❇❊❘❚ ✭✷✵✵✵✮✳ ✏❙❡❝♦♥❞ ❣❡♥❡=❛+✐♦♥ ♦❢ ❧❡❛❞✲❧❡❛❞ ❝❤❧♦=✐❞❡ ❡❧❡❝+=♦❞❡3 ❢♦= ❣❡♦♣❤②3✐❝❛❧

❛♣♣❧✐❝❛+✐♦♥3✑✳ ■♥ ✿ E✉&❡ ❛♥❞ ❆♣♣❧✐❡❞ ●❡♦♣❤②-✐❝- ✶✺✼✳✸✱ ♣✳ ✸✺✼✕✸✽✷✳

1❤❛♠✱ ❱✳ ◆✳✱ ❉✳ ❇♦②❡" ❡+ ❏✳✲▲✳ ▲❡ ▼♦✉C❧ ✭✷✵✵✵✮✳ ✏◆♦✉✈❡❛✉① ❛=❣✉♠❡♥+3 3✉= ❧✬♦=✐❣✐♥❡ ❞❡

❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥X+✐T✉❡ ❞✉ ❇❛33✐♥ ♣❛=✐3✐❡♥ ✭❆▼❇A✮ ❞✬❛♣=Z3 ❧❡3 ♣=♦♣=✐X+X3 X❧❡❝+=✐T✉❡3 ❞❡ ❧❛

❝=♦h+❡✑✳ ■♥ ✿ ❈♦♠♣/❡- ❘❡♥❞✉- ❞❡ ❧✬❆❝❛❞G♠✐❡ ❞❡- ❙❝✐❡♥❝❡-✲❙❡&✐❡- ■■❆✲❊❛&/❤ ❛♥❞ E❧❛♥❡/❛&②

❙❝✐❡♥❝❡ ✸✸✶✳✼✱ ♣✳ ✹✹✸✕✹✹✾✳



❇✐❜❧✐♦❣&❛♣❤② ✷✸✺

 ✐❧✐♣❡♥❦♦✱ ❱ ❡& ❛❧✳ ✭✷✵✶✵✮✳ ✏●❡♥❡1❛&✐♦♥ ♦❢ ♠❛❣♥❡&✐❝ ❛♥❞ ♣❛1&✐❝❧❡ :❝✺ ♣✉❧<❛&✐♦♥< ❞✉1✐♥❣ &❤❡

1❡❝♦✈❡1② ♣❤❛<❡ ♦❢ <&1♦♥❣ ♠❛❣♥❡&✐❝ <&♦1♠<✑✳ ■♥ ✿ +&♦❝❡❡❞✐♥❣0 ♦❢ 2❤❡ ❘♦②❛❧ ❙♦❝✐❡2② ♦❢ ▲♦♥❞♦♥

❆ ✿ ▼❛2❤❡♠❛2✐❝❛❧✱ +❤②0✐❝❛❧ ❛♥❞ ❊♥❣✐♥❡❡&✐♥❣ ❙❝✐❡♥❝❡0✳ ❚✳ ✹✻✻✳ ✷✶✷✸✳ ❚❤❡ ❘♦②❛❧ ❙♦❝✐❡&②✱

♣✳ ✸✸✻✸✕✸✸✾✵✳

❘❛❦♦✈✱ ❱❧❛❞✐♠✐1 ❆ ❡& ▼❛1&✐♥ ❆ ❯♠❛♥ ✭✷✵✵✸✮✳ ▲✐❣❤2♥✐♥❣ ✿ ♣❤②0✐❝0 ❛♥❞ ❡✛❡❝20✳ ❈❛♠❜1✐❞❣❡

❯♥✐✈❡1<✐&② :1❡<<✳

❘❛--♦♥✱ ❏❡❛♥ ▲ ✭✷✵✵✼✮✳ ✏❖❜<❡1✈❛&♦1✐❡<✱ ✐♥<&1✉♠❡♥&❛&✐♦♥✑✳ ■♥ ✿ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♦♠❛❣♥❡2✐0♠

❛♥❞ +❛❧❡♦♠❛❣♥❡2✐0♠✱ ♣✳ ✼✶✶✕✼✶✸✳

❘❡✉✈❡♥✐✱ ❨✉✈❛❧ ❡& ❛❧✳ ✭✷✵✶✵✮✳ ✏◆❛&✉1❛❧ ❛&♠♦<♣❤❡1✐❝ ♥♦✐<❡ <&❛&✐<&✐❝< ❢1♦♠ ❱▲❋ ♠❡❛<✉1❡♠❡♥&< ✐♥

&❤❡ ❡❛<&❡1♥ ▼❡❞✐&❡11❛♥❡❛♥✑✳ ■♥ ✿ ❘❛❞✐♦ ❙❝✐❡♥❝❡ ✹✺✳✺✳
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❘✐❝❤♠♦♥❞✱ ❆1&❤✉1 ❉ ✭✷✵✵✼✮✳ ✏■♦♥♦<♣❤❡1❡✑✳ ■♥ ✿ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♦♠❛❣♥❡2✐0♠ ❛♥❞ +❛❧❡♦♠❛✲

❣♥❡2✐0♠✱ ♣✳ ✹✺✷✕✹✺✹✳

❘✐❦✐2❛❦❡✱ ❚✳ ✭✶✾✹✽✮✳ ✏◆♦&❡< ♦♥ ❡❧❡❝&1♦♠❛❣♥❡&✐❝ ✐♥❞✉❝&✐♦♥ ✇✐&❤✐♥ &❤❡ ❊❛1&❤✑✳ ■♥ ✿ ❇✉❧❧❡2✐♥ ♦❢
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❘♦✉②❡4✱ ❚✳ ❡& ❛❧✳ ✭✷✵✵✽✮✳ ✏❆♥❛❧②<✐♥❣ ♠✉❧&✐♣❧❡ &✐♠❡ <❡1✐❡< ❛♥❞ ❡①&❡♥❞✐♥❣ <✐❣♥✐✜❝❛♥❝❡ &❡<&✐♥❣ ✐♥
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❘♦②❡4✱ ❏❨ ❡& :  ❛24✐❛2 ✭✷✵✵✷✮✳ ✏▲✬✐♥❞❡ ♣❛1& ] ❧❛ ❞^1✐✈❡✑✳ ■♥ ✿ ❍✐♠❛❧❛②❛✲❚✐❜❡2✱ ▲❡ ❝❤♦❝ ❞❡0

❝♦♥2✐♥❡♥20✱ ♣✳ ✷✺✕✸✶✳

❙❛✐❧❤❛❝✱ :✳ ✭✶✾✾✾✮✳ ✏❆♥❛❧②<❡ ♠✉❧&✐^❝❤❡❧❧❡ ❡& ✐♥✈❡1<✐♦♥ ❞❡ ❞♦♥♥^❡< ❣^♦♣❤②<✐_✉❡< ❡♥ ●✉②❛♥❡

❋1❛♥`❛✐<❡✑✳ ❚❤a<❡ ❞❡ ❞♦❝&✳ ■♥<&✐&✉& ❞❡ :❤②<✐_✉❡ ❞✉ ●❧♦❜❡ ❞❡ :❛1✐<✳

❙❛✐❧❤❛❝✱ :✳ ❡& ❛❧✳ ✭✷✵✶✻✮✳ ✏:1♦❝❡<<✐♥❣ ❛♥❞ ♠♦❞❡❧✐♥❣ ♠❛❣♥❡&♦&❡❧❧✉1✐❝ ❞❛&❛ ❛& ▲❛ ❙♦✉❢1✐a1❡ ♦❢

●✉❛❞❡❧♦✉♣❡ ❧❛✈❛ ❞♦♠❡ ✭❋1❛♥❝❡✮✑✳ ■♥ ✿ ❊▼■❲ ✷✵✶✻ ❈❤✐❛♥❣ ▼❛✐ ❊①2❡♥❞❡❞ ❆❜02&❛❝2✳

❙❛✐2♦✱ ❚ ❡& ❙ ▼❛2-✉-❤✐2❛ ✭✶✾✻✼✮✳ ✏❱❛1✐❛&✐♦♥< ✐♥ &❤❡ :❡1✐♦❞ ♦❢ ●❡♦♠❛❣♥❡&✐❝ :✉❧<❛&✐♦♥ :❝✹

❞✉1✐♥❣ ❖♥❡ ❘❡❝❡♥& ❙♦❧❛1 ❈②❝❧❡✬✑✳ ■♥ ✿ ❚&❛♥0✳ ❆♠❡&✳ ●❡♦♣❤②0✳ ❯♥✐♦♥ ✹✽✱ ♣✳ ✼✵✳
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✖ ✭✶✾✻✾✮✳ ✏●❡♦♠❛❣♥❡&✐❝ :✉❧<❛&✐♦♥<✑✳ ■♥ ✿ ❙♣❛❝❡ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇0 ✶✵✱ ♣✳ ✸✶✾✕✹✶✷✳

❙❛♠-♦♥✱ ❏❈✱ ❏❆ ❏❛❝♦❜- ❡& ● ❘♦-2♦❦❡4 ✭✶✾✼✶✮✳ ✏▲❛&✐&✉❞❡✲❞❡♣❡♥❞❡♥& ❝❤❛1❛❝&❡1✐<&✐❝< ♦❢ ❧♦♥❣✲

♣❡1✐♦❞ ❣❡♦♠❛❣♥❡&✐❝ ♠✐❝1♦♣✉❧<❛&✐♦♥<✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②0✐❝❛❧ ❘❡0❡❛&❝❤ ✼✻✳✶✻✱ ♣✳ ✸✻✼✺✕

✸✻✽✸✳

❙✐♠-✱ ❲✳ ❊✳✱ ❋✳ ❳✳ ❏1✳ ❇♦-2✐❝❦ ❡& ❍✳ ❲✳ ❙♠✐2❤ ✭✶✾✼✶✮✳ ✏❚❤❡ ❡<&✐♠❛&✐♦♥ ♦❢ ♠❛❣♥❡&♦&❡❧❧✉1✐❝

✐♠♣❡❞❛♥❝❡ &❡♥<♦1 ❡❧❡♠❡♥&< ❢1♦♠ ♠❡❛<✉1❡❞ ❞❛&❛✑✳ ■♥ ✿ ●❡♦♣❤②0✐❝0 ✸✻✳✺✱ ♣✳ ✾✸✽✕✾✹✷✳

❙✐4✐♣✉♥✈❛4❛♣♦4♥✱ ❲❡❡1❛❝❤❛✐✱ ●❛1② ❊❣❜❡42 ❡& ❨♦♥❣✇✐♠♦♥ ▲❡♥❜✉4② ✭✷✵✵✷✮✳ ✏◆✉♠❡1✐❝❛❧ ❛❝✲

❝✉1❛❝② ♦❢ ♠❛❣♥❡&♦&❡❧❧✉1✐❝ ♠♦❞❡❧✐♥❣ ✿ ❛ ❝♦♠♣❛1✐<♦♥ ♦❢ ✜♥✐&❡ ❞✐✛❡1❡♥❝❡ ❛♣♣1♦①✐♠❛&✐♦♥<✑✳ ■♥ ✿

❊❛&2❤✱ ♣❧❛♥❡20 ❛♥❞ 0♣❛❝❡ ✺✹✳✻✱ ♣✳ ✼✷✶✕✼✷✺✳

❙❧❛✇✐♥-❦✐✱ ❘ ❡& ❛❧✳ ✭✶✾✽✽✮✳ ✏❚1❛♥<♠✐<<✐♦♥ ♦❢ <♦❧❛1 ✇✐♥❞ ❤②❞1♦♠❛❣♥❡&✐❝ ❡♥❡1❣② ✐♥&♦ &❤❡ &❡11❡<&1✐❛❧

♠❛❣♥❡&♦<♣❤❡1❡✑✳ ■♥ ✿ ●❡♦♣❤②0✐❝❛❧ &❡0❡❛&❝❤ ❧❡22❡&0 ✶✺✳✶✶✱ ♣✳ ✶✷✼✺✕✶✷✼✽✳



❇✐❜❧✐♦❣&❛♣❤② ✷✸✻

❙❧❡♣✐❛♥✱ ❉❛✈✐❞ ✭✶✾✼✽✮✳ ✏12♦❧❛5❡ 7♣❤❡2♦✐❞❛❧ ✇❛✈❡ ❢✉♥❝5✐♦♥7✱ ❋♦✉2✐❡2 ❛♥❛❧②7✐7✱ ❛♥❞ ✉♥❝❡25❛✐♥5②✲❱ ✿

❚❤❡ ❞✐7❝2❡5❡ ❝❛7❡✑✳ ■♥ ✿ ❇❡❧❧ ❙②-.❡♠ ❚❡❝❤♥✐❝❛❧ ❏♦✉&♥❛❧ ✺✼✳✺✱ ♣✳ ✶✸✼✶✕✶✹✸✵✳

❙♠✐(❤✱ ❏ ❚♦2L✉✐❧ ❡5 ❏♦❤♥ ❘ ❇♦♦❦❡- ✭✶✾✾✶✮✳ ✏❘❛♣✐❞ ✐♥✈❡27✐♦♥ ♦❢ 5✇♦✲❛♥❞ 5❤2❡❡✲❞✐♠❡♥7✐♦♥❛❧

♠❛❣♥❡5♦5❡❧❧✉2✐❝ ❞❛5❛✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②-✐❝❛❧ ❘❡-❡❛&❝❤ ✿ ❙♦❧✐❞ ❊❛&.❤ ✾✻✳❇✸✱ ♣✳ ✸✾✵✺✕

✸✾✷✷✳

❙♦✉(❤✇♦♦❞✱ ❉❏ ❡5 ❲❏ ❍✉❣❤❡3 ✭✶✾✽✸✮✳ ✏❚❤❡♦2② ♦❢ ❤②❞2♦♠❛❣♥❡5✐❝ ✇❛✈❡7 ✐♥ 5❤❡ ♠❛❣♥❡5♦7♣❤❡✲

2❡✑✳ ■♥ ✿ ❙♣❛❝❡ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇- ✸✺✳✹✱ ♣✳ ✸✵✶✕✸✻✻✳

❙♣-❛((✱ ❏❡77✐❝❛ ❊ ❡5 ❛❧✳ ✭✷✵✵✺✮✳ ✏❈2✉75❛❧ 752✉❝5✉2❡ ♦❢ 5❤❡ ■♥❞✐❛✕❆7✐❛ ❝♦❧❧✐7✐♦♥ ③♦♥❡✱ 7♦✉5❤❡2♥

❚✐❜❡5✱ ❢2♦♠ ■◆❉❊1❚❍ ▼❚ ✐♥✈❡75✐❣❛5✐♦♥7✑✳ ■♥ ✿ =❤②-✐❝- ♦❢ .❤❡ ❊❛&.❤ ❛♥❞ =❧❛♥❡.❛&② ■♥.❡&✐♦&-

✶✺✵✳✶✱ ♣✳ ✷✷✼✕✷✸✼✳

❙(❡✇❛-(✱ ❇✳ ✭✶✽✻✶✮✳ ✏❖♥ 5❤❡ ●2❡❛5 ▼❛❣♥❡5✐❝ ❉✐75✉2❜❛♥❝❡ ❲❤✐❝❤ ❊①5❡♥❞❡❞ ❢2♦♠ ❆✉❣✉75 ✷✽ 5♦

❙❡♣5❡♠❜❡2 ✼✱ ✶✽✺✾✱ ❛7 ❘❡❝♦2❞❡❞ ❜② 1❤♦5♦❣2❛♣❤② ❛5 5❤❡ ❑❡✇ ❖❜7❡2✈❛5♦2②✑✳ ■♥ ✿ =❤✐❧♦-♦♣❤✐❝❛❧

❚&❛♥-❛❝.✐♦♥- ♦❢ .❤❡ ❘♦②❛❧ ❙♦❝✐❡.② ♦❢ ▲♦♥❞♦♥ ✶✺✶✱ ♣✳ ✹✷✸✕✹✸✵✳

❙(-❛♥❣✇❛②✱ ❉❲✱ ❈▼ ❙✇✐❢( ❏- ❡5 ❘❈ ❍♦❧♠❡- ✭✶✾✼✸✮✳ ✏❚❤❡ ❛♣♣❧✐❝❛5✐♦♥ ♦❢ ❛✉❞✐♦✲❢2❡L✉❡♥❝②

♠❛❣♥❡5♦5❡❧❧✉2✐❝7 ✭❆▼❚✮ 5♦ ♠✐♥❡2❛❧ ❡①♣❧♦2❛5✐♦♥✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝- ✸✽✳✻✱ ♣✳ ✶✶✺✾✕✶✶✼✺✳

❙✇✐❢(✱ ❈✳ ▼✳ ✭✶✾✻✼✮✳ ✏❆ ♠❛❣♥❡5♦5❡❧❧✉2✐❝ ✐♥✈❡75✐❣❛5✐♦♥ ♦❢ ❛♥ ❡❧❡❝52✐❝❛❧ ❝♦♥❞✉❝5✐✈✐5② ❛♥♦♠❛❧② ✐♥

5❤❡ 7♦✉5❤✲✇❡75❡2♥ ❯♥✐5❡❞ ❙5❛5❡7✑✳ ❚❤`7❡ ❞❡ ❞♦❝5✳ ▼❛77❛❝❤✉7❡557 ■♥75✐5✉5❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✳

❚❤8❜❛✉❧(✱ ❊✱ ▼ ▼❛♥❞❡❛ ❡5 ❏❏ ❙❝❤♦(( ✭✷✵✵✻✮✳ ✏▼♦❞❡❧✐♥❣ 5❤❡ ❧✐5❤♦7♣❤❡2✐❝ ♠❛❣♥❡5✐❝ ✜❡❧❞

♦✈❡2 ❋2❛♥❝❡ ❜② ♠❡❛♥7 ♦❢ 2❡✈✐7❡❞ 7♣❤❡2✐❝❛❧ ❝❛♣ ❤❛2♠♦♥✐❝ ❛♥❛❧②7✐7 ✭❘✲❙❈❍❆✮✑✳ ■♥ ✿ ❏♦✉&♥❛❧

♦❢ ●❡♦♣❤②-✐❝❛❧ ❘❡-❡❛&❝❤ ✿ ❙♦❧✐❞ ❊❛&.❤ ✶✶✶✳❇✺✳

❚❤♦♠3♦♥✱ ❉❛✈✐❞ ❏ ✭✶✾✽✷✮✳ ✏❙♣❡❝52✉♠ ❡75✐♠❛5✐♦♥ ❛♥❞ ❤❛2♠♦♥✐❝ ❛♥❛❧②7✐7✑✳ ■♥ ✿ =&♦❝❡❡❞✐♥❣- ♦❢

.❤❡ ■❊❊❊ ✼✵✳✾✱ ♣✳ ✶✵✺✺✕✶✵✾✻✳

❚✐❦❤♦♥♦✈✱ ❆✳ ◆✳ ✭✶✾✺✵✮✳ ✏❖♥ ❞❡5❡2♠✐♥✐♥❣ ❡❧❡❝52✐❝❛❧ ❝❤❛2❛❝5❡2✐75✐❝7 ♦❢ ❞❡❡♣ ❧❛②❡27 ♦❢ 5❤❡ ❊❛25❤✬7

❝2✉75✑✳ ■♥ ✿ ❉♦❦❧❛❞② ✼✸✱ ♣✳ ✷✾✺✕✷✾✼✳

❚✐♥❣✱ ❙❛♠ ❈ ❡5 ●❡2❛❧❞ ❲ ❍♦❤♠❛♥♥ ✭✶✾✽✶✮✳ ✏■♥5❡❣2❛❧ ❡L✉❛5✐♦♥ ♠♦❞❡❧✐♥❣ ♦❢ 5❤2❡❡✲❞✐♠❡♥7✐♦♥❛❧

♠❛❣♥❡5♦5❡❧❧✉2✐❝ 2❡7♣♦♥7❡✑✳ ■♥ ✿ ●❡♦♣❤②-✐❝- ✹✻✳✷✱ ♣✳ ✶✽✷✕✶✾✼✳

❚♦--❡♥❝❡✱ ❈✳ ❡5 ●✳ 1✳ ❈♦♠♣♦ ✭✶✾✾✽✮✳ ✏❆ ♣2❛❝5✐❝❛❧ ❣✉✐❞❡ 5♦ ✇❛✈❡❧❡5 ❛♥❛❧②7✐7✑✳ ■♥ ✿ ❇✉❧❧❡.✐♥ ♦❢

.❤❡ ❆♠❡&✐❝❛♥ ▼❡.❡♦&♦❧♦❣✐❝❛❧ ❙♦❝✐❡.② ✼✾✳✶✱ ♣✳ ✻✶✕✼✽✳

❚-♦✐(3❦❛②❛✱ ❱❆ ✭✶✾✻✼✮✳ ✏▼✐❝2♦♣✉❧7❛5✐♦♥7 ❛♥❞ 5❤❡ 75❛5❡ ♦❢ 5❤❡ ♠❛❣♥❡5♦7♣❤❡2❡✑✳ ■♥ ✿ ❙♦❧❛&✲

❚❡&&❡-.&✐❛❧ =❤②-✐❝-✱ ♣✳ ✷✶✸✳

❚③❛♥✐3✱ ❆ ❡5 ❉ ❇❡❛♠✐3❤ ✭✶✾✽✼✮✳ ✏❆✉❞✐♦♠❛❣♥❡5♦5❡❧❧✉2✐❝ 7♦✉♥❞✐♥❣ ✉7✐♥❣ 5❤❡ ❙❝❤✉♠❛♥♥ 2❡7♦✲

♥❛♥❝❡7✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②-✐❝- ✻✶✱ ♣✳ ✾✼✕✶✵✾✳

❯♥3✇♦-(❤✱ ▼❏ ❡5 ❛❧✳ ✭✷✵✵✺✮✳ ✏❈2✉75❛❧ 2❤❡♦❧♦❣② ♦❢ 5❤❡ ❍✐♠❛❧❛②❛ ❛♥❞ ❙♦✉5❤❡2♥ ❚✐❜❡5 ✐♥❢❡22❡❞

❢2♦♠ ♠❛❣♥❡5♦5❡❧❧✉2✐❝ ❞❛5❛✑✳ ■♥ ✿ ◆❛.✉&❡ ✹✸✽✳✼✵✻✹✱ ♣✳ ✼✽✕✽✶✳

❱❡❧❧❛♥(❡✱ ▼ ❡5 ❛❧✳ ✭✷✵✵✹✮✳ ✏●2♦✉♥❞✴7❛5❡❧❧✐5❡ 7✐❣♥❛5✉2❡7 ♦❢ ✜❡❧❞ ❧✐♥❡ 2❡7♦♥❛♥❝❡ ✿ ❆ 5❡75 ♦❢

5❤❡♦2❡5✐❝❛❧ ♣2❡❞✐❝5✐♦♥7✑✳ ■♥ ✿ ❏♦✉&♥❛❧ ♦❢ ●❡♦♣❤②-✐❝❛❧ ❘❡-❡❛&❝❤ ✿ ❙♣❛❝❡ =❤②-✐❝- ✶✵✾✳❆✻✳

❲❛✐(✱ ❏✳ ❘✳ ✭✶✾✺✹✮✳ ✏❖♥ 5❤❡ 2❡❧❛5✐♦♥ ❜❡5✇❡❡♥ 5❡❧❧✉2✐❝ ❝✉22❡♥57 ❛♥❞ 5❤❡ ❊❛25❤✬7 ♠❛❣♥❡5✐❝ ✜❡❧❞✑✳

■♥ ✿ ●❡♦♣❤②-✐❝- ✶✾✱ ♣✳ ✷✽✶✕✷✽✾✳



❇✐❜❧✐♦❣&❛♣❤② ✷✸✼

❲❛✐#✱ ❏✳ ❘ ✭✶✾✻✵❛✮✳ ✏▼♦❞❡ 3❤❡♦5② ❛♥❞ 3❤❡ ♣5♦♣❛❣❛3✐♦♥ ♦❢ ❊▲❋ 5❛❞✐♦ ✇❛✈❡A✑✳ ■♥ ✿ ❏✳ ❘❡/✳ ◆❛1❧✳

❇✉&✳ ❙1❛♥❞✳ ❉ ✻✹✳✹✱ ♣✳ ✸✽✼✕✹✵✹✳

✖ ✭✶✾✻✵❜✮✳ ✏❚❡55❡A35✐❛❧ ♣5♦♣❛❣❛3✐♦♥ ♦❢ ✈❡5②✲❧♦✇✲❢5❡M✉❡♥❝② 5❛❞✐♦ ✇❛✈❡A✱ ❛ 3❤❡♦5❡3✐❝❛❧ ✐♥✈❡A3✐❣❛✲

3✐♦♥✑✳ ■♥ ✿ ❏✳ ❘❡/✳ ◆❛1✳ ❇✉&❡❛✉ ❙1❛♥❞ ✻✹✱ ♣✳ ✶✺✸✕✷✵✹✳

❲✐❡%❡✱ ❍ ✭✶✾✻✷✮✳ ✏●❡♦♠❛❣♥❡3✐A❝❤❡ ❚✐❡❢❡♥3❡❧❧✉5✐❦ ❚❡✐❧ ■■ ✿ ❞✐❡ ❙35❡✐❝❤5✐❝❤3✉♥❣ ❞❡5 ❯♥3❡5❣5✉♥❞✲

A35✉❦3✉5❡♥ ❞❡A ❡❧❡❦35✐A❝❤❡♥ ❲✐❞❡5A3❛♥❞❡A✱ ❡5A❝❤❧♦AA❡♥ ❛✉A ❣❡♦♠❛❣♥❡3✐A❝❤❡♥ ❱❛5✐❛3✐♦♥❡♥✑✳

■♥ ✿ ●❡♦✜/✐❝❛ ♣✉&❛ ❡ ❛♣♣❧✐❝❛1❛ ✺✷✳✶✱ ♣✳ ✽✸✕✶✵✸✳

❲✐❧❧✐❛♠%✱ ❊✳ ❘✳ ✭✶✾✾✷✮✳ ✏❚❤❡ ❙❝❤✉♠❛♥♥ 5❡A♦♥❛♥❝❡ ✿ ❛ ❣❧♦❜❛❧ 35♦♣✐❝❛❧ 3❤❡5♠♦♠❡3❡5✑✳ ■♥ ✿ ❙❝✐❡♥❝❡

✷✺✻✱ ♣✳ ✶✶✽✹✕✶✶✽✼✳

❲✐♥❝❤✱ ❉❡♥✐A ✭✷✵✵✼✮✳ ✏Z❡5✐♦❞✐❝ ❊①3❡5♥❛❧ ✜❡❧❞A✑✳ ■♥ ✿ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♦♠❛❣♥❡1✐/♠ ❛♥❞ =❛❧❡♦✲

♠❛❣♥❡1✐/♠✳ ❙♣5✐♥❣❡5✱ ♣✳ ✽✵✾✕✽✶✻✳

❨❡♦♠❛♥✱ ❚✐♠ ❑ ❡3 ❉▼ ❲-✐❣❤# ✭✷✵✵✶✮✳ ✏❯▲❋ ✇❛✈❡A ✇✐3❤ ❞5✐❢3 5❡A♦♥❛♥❝❡ ❛♥❞ ❞5✐❢3✲❜♦✉♥❝❡

5❡A♦♥❛♥❝❡ ❡♥❡5❣② A♦✉5❝❡A ❛A ♦❜A❡5✈❡❞ ✐♥ ❛53✐✜❝✐❛❧❧②✲✐♥❞✉❝❡❞ ❍❋ 5❛❞❛5 ❜❛❝❦A❝❛33❡5✑✳ ■♥ ✿

❆♥♥❛❧❡/ ●❡♦♣❤②/✐❝❛❡✳

❨✉♠♦#♦✱ ❑✐②♦❤✉♠✐ ❡3 ❚❛❦❛♦ ❙❛✐#♦ ✭✶✾✽✵✮✳ ✏❍②❞5♦♠❛❣♥❡3✐❝ ✇❛✈❡A ❞5✐✈❡♥ ❜② ✈❡❧♦❝✐3② A❤❡❛5

✐♥A3❛❜✐❧✐3② ✐♥ 3❤❡ ♠❛❣♥❡3♦A♣❤❡5✐❝ ❜♦✉♥❞❛5② ❧❛②❡5✑✳ ■♥ ✿ =❧❛♥❡1❛&② ❛♥❞ ❙♣❛❝❡ ❙❝✐❡♥❝❡ ✷✽✳✽✱

♣✳ ✼✽✾✕✼✾✽✳

❩❤❛♥❣✱ ❨✉❛♥❝❤♦✉ ❡3 ❑✳ ❱✳ 2❛✉❧%♦♥ ✭✶✾✾✼✮✳ ✏❊♥❤❛♥❝❡♠❡♥3 ♦❢ ❙✐❣♥❛❧✲3♦✲♥♦✐A❡ ❘❛3✐♦ ✐♥ ◆❛3✉5❛❧✲

A♦✉5❝❡ ❚5❛♥A✐❡♥3 ▼❛❣♥❡3♦3❡❧❧✉5✐❝ ❉❛3❛ ✇✐3❤ ❲❛✈❡❧❡3 ❚5❛♥A❢♦5♠✑✳ ■♥ ✿ =✉&❡ ❛♥❞ ❆♣♣❧✐❡❞

●❡♦♣❤②/✐❝/ ✶✹✾✱ ♣✳ ✹✵✺✕✹✶✾✳

❩❧♦#♥✐❝❦✐✱ ❏✳ ❡3 ❛❧✳ ✭✷✵✵✺✮✳ ✏❆✉3♦♠❛3✐❝ ❢✉③③②✲❧♦❣✐❝ 5❡❝♦❣♥✐3✐♦♥ ♦❢ ❛♥♦♠❛❧♦✉A ❛❝3✐✈✐3② ♦♥ ❧♦♥❣

❣❡♦♣❤②A✐❝❛❧ 5❡❝♦5❞A ✿ ❆♣♣❧✐❝❛3✐♦♥ 3♦ ❡❧❡❝35✐❝ A✐❣♥❛❧A ❛AA♦❝✐❛3❡❞ ✇✐3❤ 3❤❡ ✈♦❧❝❛♥✐❝ ❛❝3✐✈✐3②

♦❢ ▲❛ ❋♦✉5♥❛✐A❡ ✈♦❧❝❛♥♦ ✭❘❡✉♥✐♦♥ ■A❧❛♥❞✮✑✳ ■♥ ✿ ❊❛&1❤ ❛♥❞ =❧❛♥❡1❛&② ❙❝✐❡♥❝❡ ▲❡11❡&/ ✷✸✹✱

♣✳ ✷✻✶✕✷✼✽✳



❆♥♥❡①❡ ❆

❉♦♥♥#❡% ✉'✐❧✐%#❡% ❡' '*❛✐'❡♠❡♥'%

❛♣♣❧✐.✉#%

❆✳✶ ❉♦♥♥&❡( ❞✬♦❜(❡,✈❛/♦✐,❡(

❆✳✶✳✶ #$%&❡♥)❛)✐♦♥

▲❡" ♦❜"❡%✈❛(♦✐%❡" ♠❛❣♥-(✐.✉❡" "♦♥( ❞❡" "(❛(✐♦♥" ♣❡%♠❡((❛♥( ❧✬❡♥%❡❣✐"(%❡♠❡♥( ❝♦♥(✐♥✉ ❞✉

❝❤❛♠♣ ♠❛❣♥-(✐.✉❡ (❡%%❡"(%❡ ❡♥ ✉♥ ♣♦✐♥( "✉% ❞❡ ❧♦♥❣✉❡" ♣-%✐♦❞❡" ❞❡ (❡♠♣"✳ ❊❧❧❡" ♣❡%♠❡((❡♥( ♥♦✲

(❛♠♠❡♥( ❧✬-(✉❞❡ ❞❡" ✈❛%✐❛(✐♦♥" ❧❡♥(❡" ❞✉ ❝❤❛♠♣ ♠❛❣♥-(✐.✉❡ ❡( ❛✐♥"✐ ✉♥❡ ♠❡✐❧❧❡✉%❡ ❝♦♠♣%-❤❡♥"✐♦♥

❞❡" ♣❤-♥♦♠9♥❡" ❛""♦❝✐-"✳

▲❛ ❞✐"(%✐❜✉(✐♦♥ ❣-♦❣%❛♣❤✐.✉❡ ❞❡" ♦❜"❡%✈❛(♦✐%❡" ❡"( ❛❧-❛(♦✐%❡ ❡( ❞-♣❡♥❞ ♣%✐♥❝✐♣❛❧❡♠❡♥( ❞❡"

♠♦②❡♥" ✜♥❛♥❝✐❡%" ❛❧❧♦✉-" ❛✉① ✐♥"(✐(✉(" %❡"♣♦♥"❛❜❧❡" ❡( = ❧❛ ♣%-"❡♥❝❡ ❞❡ (❡%%❛✐♥" ♣❡%♠❡((❛♥( ❞❡

(❡❧❧❡" ✐♥"(❛❧❧❛(✐♦♥"✳ ❆✐♥"✐ "❡✉❧❡" ❧❡" (❡%%❡" -♠❡%❣-❡" ♣❡%♠❡((❡♥( ❧✬❛❝❝✉❡✐❧ ❞✬♦❜"❡%✈❛(♦✐%❡" ♠❛❣♥-✲

(✐.✉❡" ❧❛✐""❛♥( ❞❡ ❣%❛♥❞❡" ③♦♥❡" ❣-♦❣%❛♣❤✐.✉❡" ♥♦♥ ❝♦✉✈❡%(❡" ❡♥ ❞♦♥♥-❡" ♠❛❣♥-(✐.✉❡" ❞❡ "✉%❢❛❝❡

✭❝❡ .✉✐ ❡"( ❝♦♥(%❡❜❛❧❛♥❝- ♣❛% ❞❡" ❞♦♥♥-❡" "❛(❡❧❧✐(❛✐%❡" ❛②❛♥( ✉♥❡ ❡①❝❡❧❧❡♥(❡ %-♣❛%(✐(✐♦♥ "♣❛(✐❛❧❡

♠❛✐" ♣❛✉✈%❡ ❡♥ (❡♠♣"✮✳ ❯♥❡ ❛✉(%❡ ❝♦♥❞✐(✐♦♥ ♥-❝❡""❛✐%❡ = ❧✬✐♥"(❛❧❧❛(✐♦♥ ❞✬✉♥ ♦❜"❡%✈❛(♦✐%❡ ❡"( ✉♥❡

❢❛✐❜❧❡ ❛❝(✐✈✐(- ❛♥(❤%♦♣✐.✉❡ .✉❡ ❝❡ "♦✐( ❞❡ ❧❛ ♣❛%( ❞❡ ❧✬♦❜"❡%✈❛(♦✐%❡ ♦✉ ❞✉ ♠✐❧✐❡✉ ❡♥✈✐%♦♥♥❛♥(✱ ❛✐♥"✐

.✉✬✉♥ ❢❛✐❜❧❡ ❣%❛❞✐❡♥( "♣❛(✐❛❧ ❞✉ ❝❤❛♠♣ ♠❛❣♥-(✐.✉❡ "✉% ❧❛ ③♦♥❡ ❞❡ ❧✬♦❜"❡%✈❛(♦✐%❡ ✭❘❛""♦♥✱ ✷✵✵✼✮✳

❆❝(✉❡❧❧❡♠❡♥(✱ ❡♥✈✐%♦♥ ✶✽✵ ♦❜"❡%✈❛(♦✐%❡" "♦♥( ❡♥ ❛❝(✐✈✐(- ❞❛♥" ❧❡ ♠♦♥❞❡✱ ❛✈❡❝ ❞❡ ❣%❛♥❞❡"

❞✐"♣❛%✐(-" ❣-♦❣%❛♣❤✐.✉❡"✳ ❯♥❡ ❣%❛♥❞❡ ❞❡♥"✐(- ❞✬♦❜"❡%✈❛(♦✐%❡" "♦♥( ❞✐"♣♦♥✐❜❧❡" ❡♥ ❊✉%♦♣❡✱ ♠♦✐♥"

❞❛♥" ❧❡ ❝♦♥(✐♥❡♥( ◆♦%❞ ❆♠-%✐❝❛✐♥ ❡( ❡♥ ❆"✐❡✱ ❡( ♣❡✉ ❡♥ ❆❢%✐.✉❡✱ ❆♠-%✐.✉❡ ❞✉ ❙✉❞✱ ❘✉""✐❡✳

✷✸✽





❆♥♥❡①❡ ❆✳ ❉♦♥♥#❡% ✉'✐❧✐%#❡% ❡' '*❛✐'❡♠❡♥'% ❛♣♣❧✐.✉#% ✷✹✵

❆✳✶✳✸ ❚②♣❡ ❞❡ ❞♦♥♥+❡,

▲❡) ❞♦♥♥,❡) ❞✬♦❜)❡/✈❛2♦✐/❡ ❞✉ /,)❡❛✉ ■◆❚❊❘▼❆●◆❊❚ )♦♥2 ❞,❧✐✈/,❡) )♦✉) ❧❛ ❢♦/♠❡ ❞❡ ✜❝❤✐❡/

❞✉ 2②♣❡ ■❆●❆✲✷✵✵✷✳ ▲❡) ❞♦♥♥,❡) ♣❛))❡♥2 ♣❛/ E✉❛2/❡ )2❛❞❡) ❞❡ 2/❛✐2❡♠❡♥2 ✿

• ❘❡♣♦/2❡❞ ✿ ❉♦♥♥,❡) ❜/✉2❡) ✐))✉❡) ❞❡ ❧✬♦❜)❡/✈❛2♦✐/❡✳
• ❆❞❥✉)2❡❞ ✿ ❉♦♥♥,❡) ❞✉ 2②♣❡ reported )✉/ ❧❡)E✉❡❧❧❡) ❞❡) 2/❛✐2❡♠❡♥2) ♦♥2 ,2, ❛♣♣❧✐E✉,❡)
❞✉ 2②♣❡ ❝♦//❡❝2✐♦♥ ❞❡ ❞,❝❛❧❛❣❡) 2❡♠♣♦/❡❧)✱ )✉♣♣/❡))✐♦♥ ❞❡ ❞♦♥♥,❡) ❛❜❡//❛♥2❡)✳

• ◗✉❛)✐✲❞,✜♥✐2✐✈❡ ✿ ❉♦♥♥,❡) ❞✉ 2②♣❡ adjusted ❝♦//✐❣,❡) L ❧✬❛✐❞❡ ❞❡ ❜❛)❡❧✐♥❡) ♣/♦✈✐)♦✐/❡)✳
• ❉,✜♥✐2✐✈❡ ✿ ❉♦♥♥,❡) ✜♥❛❧❡) ❞,❧✐✈/,❡) ♣❛/ ❧✬✐♥)2✐2✉2 /❡)♣♦♥)❛❜❧❡ ❞❡ ❧✬♦❜)❡/✈❛2♦✐/❡ ♠❛❣♥,✲
2✐E✉❡✳ ▲❡ ♠❛♥✉❡❧ 2❡❝❤♥✐E✉❡ ❞✬■◆❚❊❘▼❆●◆❊❚ ♣/,❝✐)❡ E✉❡ ❧❛ ❞✐✛,/❡♥❝❡ ❡♥2/❡ ❧❡) ❞♦♥♥,❡)

E✉❛)✐✲❞,✜♥✐2✐✈❡) ❡2 ❞,✜♥✐2✐✈❡) ❞♦✐2 N2/❡ ✐♥❢,/✐❡✉/❡ L ✷✪✳

▲❡) ❞♦♥♥,❡) ✜♥❛❧❡) )❡❧♦♥ ❧❡ ♠❛2,/✐❡❧ ✉2✐❧✐), L ❧✬♦❜)❡/✈❛2♦✐/❡ )♦♥2 )♦✐2 ❞❡ 2②♣❡ ♠✐♥✉2❡ ♦✉ )❡❝♦♥❞❡✳

▲✬✉2✐❧✐)❛2✐♦♥ ❞❡) ❞♦♥♥,❡) ❞✬♦❜)❡/✈❛2♦✐/❡ ❞❛♥) ❧❡) ♣/♦❝,❞✉/❡) ❞❡ 2/❛✐2❡♠❡♥2 ▼❚ ♥❡ ♥,❝❡))✐2❡

♣❛) ❞✬❛✈♦✐/ ❧❛ ✈❛❧❡✉/ ✈/❛✐❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥,2✐E✉❡✱ ♠❛✐) )❡✉❧❡♠❡♥2 )❡) ✈❛/✐❛2✐♦♥)✳ ❆✐♥)✐✱ )❡✉❧❡) ❧❡)

❝♦//❡❝2✐♦♥) ❞❡ ❞,❝❛❧❛❣❡) 2❡♠♣♦/❡❧) ❡2 ❧❡ /❡2/❛✐2 ❞❡) ❞♦♥♥,❡) ❛❜❡//❛♥2❡) )♦♥2 )✉✣)❛♥2) ♣♦✉/ ❧❡)

❞,✈❡❧♦♣♣❡♠❡♥2) ♠,2❤♦❞♦❧♦❣✐E✉❡) ♣/,)❡♥2,) ❞❛♥) ❝❡ ♠❛♥✉)❝/✐2✳

❆✳✷ ❉♦♥♥&❡( ▼❚

❆✳✷✳✶ ▼❛0+1✐❡❧

❯♥❡ ♠❡)✉/❡ ▼❚ ❝♦♥)✐)2❡ ❡♥ ❧✬❡♥/❡❣✐)2/❡♠❡♥2 )✐♠✉❧2❛♥, ❞❡) ❝♦♠♣♦)❛♥2❡) ,❧❡❝2/✐E✉❡) ❡2 ♠❛✲

❣♥,2✐E✉❡) ❤♦/✐③♦♥2❛❧❡) ❛✈❡❝ )✐ ♣♦))✐❜❧❡ ❝❡❧✉✐ ❞❡ ❧❛ ❝♦♠♣♦)❛♥2❡ ♠❛❣♥,2✐E✉❡ ✈❡/2✐❝❛❧❡✳ ❯♥ ❞✐)♣♦)✐2✐❢

▼❚ ❡)2 ❝♦♠♣♦),❡ ❞✬✉♥❡ ✉♥✐2, ❞✬❛❝E✉✐)✐2✐♦♥ ♣❡/♠❡22❛♥2 ❧✬❡♥/❡❣✐)2/❡♠❡♥2 ❡2 ❧❛ ♥✉♠,/✐)❛2✐♦♥ ❞❡)

)✐❣♥❛✉① ♠❡)✉/,) ♣❛/ ❧❡) ❝❛♣2❡✉/) ♠❡)✉/❛♥2 ❧❡ ❝❤❛♠♣ ,❧❡❝2/✐E✉❡ ❡2 ♠❛❣♥,2✐E✉❡✳ ❈❡22❡ ❛❝E✉✐)✐2✐♦♥

❡)2 ❡♥)✉✐2❡ /❡❧✐,❡ L ✉♥❡ ❜❛22❡/✐❡ ♣♦✉/ ❧✬❛❧✐♠❡♥2❛2✐♦♥ ❡2 L ✉♥ ●T❙ ♣♦✉/ ❧❛ )②♥❝❤/♦♥✐)❛2✐♦♥ ❞❡)

♠❡)✉/❡) ❛✈❡❝ ❞✬❛✉2/❡) ❛♣♣❛/❡✐❧) )✐ ❜❡)♦✐♥✳

❆✳✷✳✶✳✶ ▼❡&✉(❡ ❞✉ ❝❤❛♠♣ /❧❡❝1(✐3✉❡

▲❛ ♠❡)✉/❡ ,❧❡❝2/✐E✉❡ )❡ ❜❛)❡ )✉/ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞✐✛,/❡♥❝❡ ❞❡ ♣♦2❡♥2✐❡❧ VAB ❡♥2/❡ ❞❡✉① ♣♦✐♥2)

❆ ❡2 ❇✳ ▲❛ /❡❧❛2✐♦♥ ❡♥2/❡ ❧❡ ♣♦2❡♥2✐❡❧ V ❡2 ❧❡ ❝❤❛♠♣ ,❧❡❝2/✐E✉❡ ,2❛♥2 E = −∇V ✱ VAB ❡)2 ,❣❛❧ L ✿

VAB =

∫ A

B
E · r ✭❆✳✶✮

▲❡ ♣♦2❡♥2✐❡❧ ♥❡ ❞,♣❡♥❞❛♥2 E✉❡ ❞❡) ♣♦✐♥2) ❞❡ ❞,♣❛/2 ❡2 ❞✬❛//✐✈,❡✱ )✐ l ❡)2 ❧❛ ❞✐)2❛♥❝❡ ❡♥ ❧✐❣♥❡

❞/♦✐2❡ ❡♥2/❡ ❆ ❡2 ❇ ❡2 ❡♥ )✉♣♣♦)❛♥2 E✉❡ ❧❡ ❝❤❛♠♣ ,❧❡❝2/✐E✉❡ ❡)2 ✉♥✐❢♦/♠❡ ❡♥2/❡ ❧❡) ♣♦✐♥2) ❆ ❡2
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❇ ❡) ❤♦,✐③♦♥)❛❧ ❞❛♥2 ❧❛ ❞✐,❡❝)✐♦♥ ❆❇✱ ❧❡ ♣♦)❡♥)✐❡❧ ❡2) ❞♦♥❝ 6❣❛❧ 8 ✿

VAB = El ✭❆✳✷✮

<♦✉, ♠❡2✉,❡, ❧❡ ❝❤❛♠♣ 6❧❡❝),✐?✉❡ ❤♦,✐③♦♥)❛❧✱ ✐❧ ❡2) ❞♦♥❝ ♥6❝❡22❛✐,❡ ❞✬✐♥2)❛❧❧❡, ❞❡✉① ❞✐♣A❧❡2 ❤♦,✐✲

③♦♥)❛✉① ♦,)❤♦❣♦♥❛✉①✳ ▲❛ ♠❡2✉,❡ ❞❡ ❧❛ ❞✐✛6,❡♥❝❡ ❞❡ ♣♦)❡♥)✐❡❧ ❞✐✈✐26❡ ♣❛, ❧❛ ❧♦♥❣✉❡✉, ❞✉ ❞✐♣A❧❡

♣❡,♠❡) ❞❡ ❞6)❡,♠✐♥❡, ❧❡ ❝❤❛♠♣ 6❧❡❝),✐?✉❡✳

❉❡✉① )②♣❡2 ❞✬6❧❡❝),♦❞❡2 2♦♥) ❝♦✉,❛♠♠❡♥) ✉)✐❧✐26❡2✱ ❞❡2 6❧❡❝),♦❞❡2 2✐♠♣❧❡2 ❝♦♠♠❡ ❡♥ ❛❝?✉✐2✐✲

)✐♦♥ ❉❈✱ ♦✉ ❞❡2 6❧❡❝),♦❞❡2 ✐♠♣♦❧❛,✐2❛❜❧❡2✳ ▲❡2 6❧❡❝),♦❞❡2 ✐♠♣♦❧❛,✐2❛❜❧❡2 2♦♥) ♥♦)❛♠♠❡♥) ✉)✐❧✐26❡2

❞❛♥2 ❧❡ ❝❛2 ♦J ❧✬❛❝?✉✐2✐)✐♦♥ ❡2) 2✉✣2❛♠♠❡♥) ❧♦♥❣✉❡ ♣♦✉, ?✉❡ ❞❡2 ♣❤6♥♦♠L♥❡2 ❞❡ ♣♦❧❛,✐2❛)✐♦♥

2♦✐❡♥) ♣❡,❝❡♣)✐❜❧❡2 ❡) 2✉2❝❡♣)✐❜❧❡2 ❞✬❛✛❡❝)❡, ❧❡2 ✈❛❧❡✉,2 ❞❡ ♣♦)❡♥)✐❡❧2 ♠❡2✉,6❡2✳

❆✳✷✳✶✳✷ ▼❡&✉(❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥12✐4✉❡

▲❛ ♠❡2✉,❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥6)✐?✉❡ ❡♥ ▼❚ ❡2) ♣,✐♥❝✐♣❛❧❡♠❡♥) ❡✛❡❝)✉6❡2 8 ❧✬❛✐❞❡ ❞❡ ❜♦❜✐♥❡2

❞✬✐♥❞✉❝)✐♦♥✳ ▲❡ ♣,✐♥❝✐♣❡ ♣❤②2✐?✉❡ ❡2) ❝❡❧✉✐ ❞❡ ❧✬✐♥❞✉❝)✐♦♥ ❞✬✉♥❡ ❢♦,❝❡ 6❧❡❝),♦♠♦),✐❝❡ ❞❛♥2 ✉♥

❝✐,❝✉✐) 2❡❧♦♥ ❧❛ ❧♦✐ ❞❡ ▼❛①✇❡❧❧✲❋❛,❛❞❛②✳ ▲❛ ❜♦❜✐♥❡ ❡2) ❝♦♠♣♦26❡ ❞❡ 2♣✐,❡2 ❞♦♥) ❧✬❛①❡ ❡2) ♣❛,❛❧❧L❧❡

8 ❧✬❛①❡ ❞❡ ❧❛ ❜♦❜✐♥❡✳ ❯♥❡ ✈❛,✐❛)✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥6)✐?✉❡ ❝,66 ✉♥❡ ❢♦,❝❡ 6❧❡❝),♦♠♦),✐❝❡ e ❞❛♥2

❧❡2 2♣✐,❡2 ❞♦♥) ❧❛ ❢♦♥❝)✐♦♥ ❞❡ ❝❛❧✐❜,❛)✐♦♥ ♣❡,♠❡))❛♥) ❞❡ ),❛♥2❢♦,♠❡, e ❡♥ ❝❤❛♠♣ ❞✬✐♥❞✉❝)✐♦♥ ❡2)

❝♦♥♥✉❡✳ ❙❡✉❧❡ ❧❛ ✈❛,✐❛)✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥6)✐?✉❡ ❞❛♥2 ❧❛ ❞✐,❡❝)✐♦♥ ❞❡ ❧❛ ❜♦❜✐♥❡ ❡2) ❝♦♥♥✉❡✱ ✐❧ ❡2)

❞♦♥❝ ♥6❝❡22❛✐,❡ ❞✬♦,✐❡♥)❡, ),♦✐2 ❜♦❜✐♥❡2 ❞❡ ❢❛T♦♥ ♦,)❤♦❣♦♥❛❧❡ ♣♦✉, ♦❜)❡♥✐, ❧❛ ✈❛,✐❛)✐♦♥ ❞✉ ❝❤❛♠♣

♠❛❣♥6)✐?✉❡ ❞❛♥2 ❧✬❡2♣❛❝❡✳

▲❛ ♠❡2✉,❡ ❜,✉)❡ ❞6❧✐✈,❡ ❞♦♥❝ ❞❡2 ♠❡2✉,❡2 ❡♥ ❱♦❧)2✳ <♦✉, ♦❜)❡♥✐, ❧❡2 26,✐❡2 )❡♠♣♦,❡❧❧❡2

✉)✐❧✐26❡2 ❞❛♥2 ❧❡ ),❛✐)❡♠❡♥) ▼❚✱ ✐❧ ❢❛✉) ❝❛❧✐❜,❡, ❧❡2 ,6♣♦♥2❡2 ❜,✉)❡2✳

<♦✉, ♦❜)❡♥✐, ❧❡2 ,6♣♦♥2❡2 ♠❛❣♥6)✐?✉❡2✱ ✐❧ ❡2) ♥6❝❡22❛✐,❡ ❞❡ ♠✉❧)✐♣❧✐❡, ❧❡2 ,6♣♦♥2❡2 ❡♥ ❢,6?✉❡♥❝❡

♣❛, ✉♥❡ ❢♦♥❝)✐♦♥ ❞❡ ❝❛❧✐❜,❛)✐♦♥ ♣,♦♣,❡ 8 ❝❤❛?✉❡ 2♦♥❞❡ ❡) ?✉✐ ❝❛,❛❝)6,✐2❡ 2❛ ,6♣♦♥2❡ ♣♦✉, ❝❤❛?✉❡

❢,6?✉❡♥❝❡✳ ▲❛ ❢♦♥❝)✐♦♥ ❞❡ ❝❛❧✐❜,❛)✐♦♥ ❡2) ❡①♣,✐♠6❡ ❡♥ T/m✳

❉❛♥2 ❝❡))❡ )❤L2❡✱ ❧❡ ♠❛)6,✐❡❧ ✉)✐❧✐26 ❡2) ❝❡❧✉✐ ❞❡ ❧❛ 2♦❝✐6)6 ▼❡),♦♥✐① ●❡♦♣❤②2✐❝2✳ ❉❡✉① )②♣❡2 ❞❡

2♦♥❞❡2 ♦♥) 6)6 ✉)✐❧✐26❡2✱ ❧❡2 ▼❋❙✵✼❡ ❡) ▼❋❙✵✻❡✳ ▲❛ ✜❣✉,❡ ❆✳✷ ♠♦♥),❡ ❧❡2 ❢♦♥❝)✐♦♥2 ❞❡ ❝❛❧✐❜,❛)✐♦♥

❛22♦❝✐6❡2 8 ❝❡2 ❞❡✉① )②♣❡2 ❞❡ 2♦♥❞❡2✳ ❉✬❛✉),❡2 )②♣❡2 ❞❡ ❝❛♣)❡✉,2 ♣❡,♠❡))❡♥) ❞✬♦❜)❡♥✐, ❧❛ ✈❛❧❡✉,

❞✉ ❝❤❛♠♣ ♠❛❣♥6)✐?✉❡ )❡❧2 ?✉❡ ❧❡2 ❝❛♣)❡✉,2 ❋❧✉①❣❛)❡ ♦✉ ❧❡2 %✉♣❡*❝♦♥❞✉❝'✐♥❣ .✉❛♥'✉♠ ✐♥'❡*❢❡*❡♥❝❡

❞❡✈✐❝❡ ✭❙◗❯■❉✮✱ ♠❛✐2 ♥✬♦♥) ♣❛2 6)6 ✉)✐❧✐262 ❞❛♥2 ❧❡ ❝❛❞,❡ ❞❡ ❝❡))❡ )❤L2❡✳

❆✳✷✳✶✳✸ 6(♦❝1❞✉(❡& ❞✬❛❝4✉✐&✐2✐♦♥

◆♦2 ♣,♦)♦❝♦❧❡2 ❞✬❛❝?✉✐2✐)✐♦♥ 2♦♥) ❜❛262 2✉, ❧✬❡♥,❡❣✐2),❡♠❡♥) ❞❡ 26,✐❡2 8 ❧❛ ❢,6?✉❡♥❝❡ ❞✬6❝❤❛♥✲

)✐❧❧♦♥♥❛❣❡ ❞❡ ✺✶✷ ❍③ ♣♦✉, ♦❜)❡♥✐, ❞❡2 26,✐❡2 ❜❛22❡2 ❢,6?✉❡♥❝❡2 ❛✈❡❝ ❧❡2 2♦♥❞❡2 ▼❋❙✵✻✴✼✳ <♦✉,
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❋✐❣✉$❡ ❆✳✷✿ ❋♦♥❝*✐♦♥, ❞❡ ❝❛❧✐❜1❛*✐♦♥ ❞❡, ,♦♥❞❡, ▼❋❙✵✻ ❡* ▼❋❙✵✼ ♣♦✉1 ❧❡✉1, ❞❡✉① ♠♦❞❡,
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♦❜*❡♥✐1 ❞❡, ❧♦♥❣✉❡, ,<1✐❡, ♥<❝❡,,❛✐1❡, ❛✉ *1❛✐*❡♠❡♥* ❞❡, ❢1<=✉❡♥❝❡, ✐♥❢<1✐❡✉1❡, ❛✉ ❍❡1*③✱ ♥♦✉,

❞❡✈♦♥, ❞♦♥❝ ❞<❝✐♠❡1 ❧❡, ,<1✐❡, *❡♠♣♦1❡❧❧❡, ♣♦✉1 <✈✐*❡1 ❞❡ *1❛✐*❡1 ❞❡, ✜❝❤✐❡1, ❞❡ *❛✐❧❧❡ *1♦♣ ✐♠✲

♣♦1*❛♥*❡ ✭✶ ❥♦✉1♥<❡ ❞❡ ❞♦♥♥<❡, H ✺✶✷ ❍③ 1❡♣1<,❡♥*❡ ♣❧✉, ❞❡ ✹✹ ♠✐❧❧✐♦♥, ❞✬<❝❤❛♥*✐❧❧♦♥,✮✳ L♦✉1

❞<❝✐♠❡1 ❧❡, ✜❝❤✐❡1,✱ ♥♦✉, ❛✈♦♥, ✉*✐❧✐,<, ❞❡, ♣1♦❝<❞✉1❡, <❝1✐*❡, ❞❛♥, ❧❡, ❧✐❜1❛✐1✐❡, L②*❤♦♥ ❡①✐,✲

*❛♥*❡, ❡* ❜❛,<❡, ,✉1 ❧✬❛♣♣❧✐❝❛*✐♦♥ ❞❡ ✜❧*1❡ ♣❛,,❡✲❜❛, ✭❉❛♥✐❡❧&✱ ✶✾✼✹✮ ❛✈❛♥* ❞<❝✐♠❛*✐♦♥ ✳

❆✳✸ ❋✐❧&'❛❣❡ ❞❡ ❞♦♥♥.❡/ ▼❚

❆♣1O, ❝❛❧✐❜1❛*✐♦♥✱ H ♣❛1* ♣♦✉1 =✉❡❧=✉❡, ❡①❝❡♣*✐♦♥,✱ ✐❧ ❡,* ♥<❝❡,,❛✐1❡ ❞❡ ✜❧*1❡1 ❧❡, ,<1✐❡,

*❡♠♣♦1❡❧❧❡, ♣♦✉1 1<❞✉✐1❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ❜1✉✐* ❛♥*❤1♦♣✐=✉❡ ❛✈❛♥* ❝❛❧❝✉❧ ❞❡, ❢♦♥❝*✐♦♥, ❞❡ 1<♣♦♥,❡

▼❚✳ ▲❡, ♣1✐♥❝✐♣❛✉① ❜1✉✐*, H *1❛✐*❡1 ♦♥* <*< ✿

• ▲❡ 1<,❡❛✉ <❧❡❝*1✐=✉❡ ❞♦♠❡,*✐=✉❡ H 50 ❍③ ❡* ,❡, ❤❛1♠♦♥✐=✉❡,✳

• ▲❡ 1<,❡❛✉ ❢❡11< ❛❧❧❡♠❛♥❞ H 50/3 ❍③ ❡* ,❡, ❤❛1♠♦♥✐=✉❡, ♣♦✉1 ❧❡, ,*❛*✐♦♥, ✐♥,*❛❧❧<❡, ❡♥

❆❧,❛❝❡✳

• ❊♠❡**❡✉1, ❱▲❋ ❛✉*♦✉1 ❞❡ ✷✵ ❦❍③ ♣♦✉1 ♦❜*❡♥✐1 ❧❡, ❡,*✐♠❛*✐♦♥, ▼❚ ,✉♣<1✐❡✉1❡, H ✶✵ ❦❍③✳
❉✬❛✉*1❡, 1❛✐❡, ,♣❡❝*1❛❧❡, ❛♣♣❛1❛✐,,❡♥* ❞❛♥, ❝❡1*❛✐♥❡, ,<1✐❡, *❡♠♣♦1❡❧❧❡,✱ ♠❛✐, ❧❡, ❢1<=✉❡♥❝❡, ✐❞❡♥✲

*✐✜<❡, ♥❡ ,♦♥* ♣❛, ❛**1✐❜✉<❡, H ❞❡, ,✐❣♥❛✉① ❝♦♥♥✉,✳

L♦✉1 1<❞✉✐1❡ ❝❡, ,✐❣♥❛✉①✱ ❞❡✉① ♣1✐♥❝✐♣❛✉① ✜❧*1❡, ♦♥* <*< ✉*✐❧✐,<, ✿

• ❋✐❧*1❡ ❞❡ ❇✉**❡1✇♦1*❤ ♣♦✉1 ❧❡, ✜❧*1❡, ♣❛,,❡✲❤❛✉* ❡* ♣❛,,❡ ❜❛, ✉*✐❧✐,❛♥* ❧❡, 1♦✉*✐♥❡, L②*❤♦♥
❞<✜♥✐❡, ❞❛♥, ❙❝✐♣②✳



❆♥♥❡①❡ ❆✳ ❉♦♥♥#❡% ✉'✐❧✐%#❡% ❡' '*❛✐'❡♠❡♥'% ❛♣♣❧✐.✉#% ✷✹✸

• ❋✐❧+,❡ ❞❡ ❇✉+❧❡, ❡+ ❘✉11❡❧ ✭❇✉"❧❡% ❡+ ❘✉''❡❧❧✱ ✶✾✾✸✮ ♣♦✉, ❧❡ ,❡+,❛✐+ ❞❡1 ,:1❡❛✉① :❧❡❝✲
+,✐=✉❡1 ❡+ ❞❡ ❝❤❡♠✐♥ ❞❡ ❢❡,✳ ❈❡ ✜❧+,❡ ❞:❝♦✉♣❡ ❧❡ 1✐❣♥❛❧ ❡♥ ♣♦,+✐♦♥1 1✉, ❧❡1=✉❡❧❧❡1 ✐❧ ♠✐♥✐♠✐1❡

❧✬:❝❛,+ ❡♥+,❡ ✉♥❡ 1✐♥✉1♦E❞❡ ❞❡ ❢,:=✉❡♥❝❡ ❝❡❧❧❡ F ✜❧+,❡, ❡+ ❧❛ ♣♦,+✐♦♥✳ ▲❡ ♣,✐♥❝✐♣❛❧ :❝✉❡✐❧ F

:✈✐+❡, ❞❛♥1 ❧✬✉+✐❧✐1❛+✐♦♥ ❞❡ ❝❡ ✜❧+,❡ :+❛♥+ ❞❡ ✜❧+,❡, ❧❡1 ❜❛11❡1 ❢,:=✉❡♥❝❡1 ♣♦✉, :✈✐+❡, ❞❡1

❞:❝❛❧❛❣❡1 ❡♥+,❡ ❧❡1 ♣♦,+✐♦♥1 ✜❧+,:❡1✳ ▲✬✐♠♣❧:♠❡♥+❛+✐♦♥ ❡♥ J②+❤♦♥ ❛ :+: :❝,✐+❡ F ♣❛,+✐, ❞❡

❇✉"❧❡% ❡+ ❘✉''❡❧❧ ✭✶✾✾✸✮✳

• ❋✐❧+,❡ ❋■❘ ♣♦✉, ❧❡1 ✜❧+,❡ ❝♦✉♣❡✲❜❛♥❞❡ ✉+✐❧✐1❛♥+ ❧❡1 ,♦✉+✐♥❡1 J②+❤♦♥ ❞:✜♥✐❡1 ❞❛♥1 ❙❝✐♣②✳



❆♥♥❡①❡ ❇

❚!❛♥$❢♦!♠(❡ ❡♥ ♦♥❞❡❧❡,,❡$

❉❛♥# ❝❡&&❡ ❛♥♥❡①❡✱ ♥♦✉# ♣,-#❡♥&♦♥# ❧❡# ♣,✐♥❝✐♣❛❧❡# ❝❛,❛❝&-,✐#&✐0✉❡# ❡& 0✉❛♥&✐&-# ✉&✐❧✐#-❡# ❞❛♥#

❝❡ ♠❛♥✉#❝,✐&✳ 4♦✉, ❞❡ ♣❧✉# ❛♠♣❧❡# ❞-&❛✐❧# #✉, ❧✬❛♥❛❧②#❡ ❡♥ ♦♥❞❡❧❡&&❡# ❛✈❡❝ ❞❡# ❡①❡♠♣❧❡#✱ ♥♦✉#

✐♥✈✐&♦♥# ❧❡ ❧❡❝&❡✉, 8 #❡ ,❡♣♦,&❡, ❛✉① ,-❢-,❡♥❝❡# #✉✐✈❛♥&❡# ✿

• ▼✳ ❍♦❧#❝❤♥❡✐❞❡* ✭✶✾✾✺✮ ♣♦✉, ✉♥❡ ❞❡#❝,✐♣&✐♦♥ ♠❛&❤-♠❛&✐0✉❡ ❞❡ ❧✬❛♥❛❧②#❡ ❡♥ ♦♥❞❡❧❡&&❡✳
• ▼♦*❡❛✉ ✭✶✾✾✺✮✱ ●❛✐❧❧♦/ ✭✷✵✵✵✮ ❡& ❊#❝❛❧❛# ❡& ❛❧✳ ✭✷✵✶✸✮ ♣♦✉, ❞❡# ❛♣♣❧✐❝❛&✐♦♥# ❡♥
❣-♦♣❤②#✐0✉❡# ❡& ❝♦♥&❡♥❛♥& ✉♥ ❣,❛♥❞ ♥♦♠❜,❡ ❞✬❡①❡♠♣❧❡# ❞✬❛♥❛❧②#❡ #✉, ❞❡# #✐❣♥❛✉① #②♥✲

&❤-&✐0✉❡#✳

❇✳✶ ■♥%&♦❞✉❝%✐♦♥ ,✉& ❧❡ %❡♠♣,✲❢&34✉❡♥❝❡

❇✳✶✳✶ ❘❡♣&'(❡♥*❛*✐♦♥( ❝❧❛((✐0✉❡(

▲❡# ,❡♣,-#❡♥&❛&✐♦♥# ❝❧❛##✐0✉❡# ❞❡ #✐❣♥❛✉① ❡♥ ❣-♦♣❤②#✐0✉❡ #♦♥& ♣,✐♥❝✐♣❛❧❡♠❡♥& ❞❡ ❞❡✉① &②♣❡#✱

&❡♠♣♦,❡❧❧❡ ❡& ❢,-0✉❡♥&✐❡❧❧❡✳

▲❛ ,❡♣,-#❡♥&❛&✐♦♥ &❡♠♣♦,❡❧❧❡ ❝♦♥#✐#&❡ ❡♥ ❧❛ ❞-❝♦♠♣♦#✐&✐♦♥ ❞✬✉♥ #✐❣♥❛❧ #❡❧♦♥ ❧❛ ❜❛#❡ ❞❡#

❞✐#&,✐❜✉&✐♦♥# ❞❡ ❉✐,❛❝ δ✳

f(t) =

∫ ∞

−∞
dτf(τ)δ(t− τ) ✭❇✳✶✮

▲❛ ,❡♣,-#❡♥&❛&✐♦♥ ❢,-0✉❡♥&✐❡❧❧❡ ❞-❝♦♠♣♦#❡ ❧❡ #✐❣♥❛❧ #❡❧♦♥ ✉♥❡ ❜❛#❡ ❞❡ ❢♦♥❝&✐♦♥# #✐♥✉#♦J❞❛❧❡# &❡❧❧❡#

0✉❡ ✿

F (ν) =

∫ ∞

−∞
dτf(τ)e−i2πντ ✭❇✳✷✮

✷✹✹



❆♥♥❡①❡ ❇✳ ❚!❛♥$❢♦!♠(❡ ❡♥ ♦♥❞❡❧❡,,❡ ✷✹✺

❈❡* ❞❡✉① -❡♣-/*❡♥0❛0✐♦♥* *♦♥0 ❝♦♠♣❧/♠❡♥0❛✐-❡* ❡0 ✐*♦♠/0-✐7✉❡* ♣❛- ❧❡ 0❤/♦-9♠❡ ❞❡ :❛-*❡✈❛❧✱ 7✉✐

❞/❝-✐0 ❧❛ ❝♦♥*❡-✈❛0✐♦♥ ❞❡ ❧✬/♥❡-❣✐❡ ❞✉ *✐❣♥❛❧ E ❡♥0-❡ -❡♣-/*❡♥0❛0✐♦♥ 0❡♠♣♦-❡❧❧❡ ❡0 ❢-/7✉❡♥0✐❡❧❧❡ ✿

E =

∫ +∞

−∞
|f(t)|2dt =

∫ +∞

−∞
|F (ν)|2dν ✭❇✳✸✮

▲❛ -❡♣-/*❡♥0❛0✐♦♥ 0❡♠♣♦-❡❧❧❡ ♣❡-♠❡0 ❞❡ ❞/❝-✐-❡ ❧❛ ❞✐*0-✐❜✉0✐♦♥ 0❡♠♣♦-❡❧❧❡ ❞❡ ❧✬/♥❡-❣✐❡ ❞✉ *✐❣♥❛❧✱

❧❛ -/*♦❧✉0✐♦♥ ❢-/7✉❡♥0✐❡❧❧❡ ♣❡-♠❡00❛♥0 ❞❡ ❞/❝-✐-❡ ❧❛ ❞✐*0-✐❜✉0✐♦♥ ❢-/7✉❡♥0✐❡❧❧❡ ❞❡ ❧✬/♥❡-❣✐❡ ❞✉ *✐❣♥❛❧✳

❊♥ -❡✈❛♥❝❤❡✱ ❛✉❝✉♥❡ ❞❡ ❝❡* ❞❡✉① -❡♣-/*❡♥0❛0✐♦♥* ♥✬❡*0 ❝❛♣❛❜❧❡ ❞❡ ❞♦♥♥❡- ❞✬✐♥❢♦-♠❛0✐♦♥

❡♥ 0❡♠♣* ❡0 ❢-/7✉❡♥❝❡ *✐♠✉❧0❛♥/♠❡♥0✳ ❯♥❡ ❢❛H♦♥ ❞❡ ❝-/❡- ✉♥❡ -❡♣-/*❡♥0❛0✐♦♥ 0❡♠♣*✲❢-/7✉❡♥❝❡

❞❡ *✐❣♥❛✉① -/*✐❞❡ ❞❛♥* ❧✬❛♣♣❧✐❝❛0✐♦♥ ❞❡ ❧❛ 0-❛♥*❢♦-♠/❡ ❞❡ ❋♦✉-✐❡- *✉- ❞❡* *❡❝0✐♦♥* ❞❡ *✐❣♥❛✉①✱

❛♣♣❡❧/❡ ❚-❛♥*❢♦-♠/❡ ❞❡ ❋♦✉-✐❡- L ❈♦✉-0 ❚❡-♠❡ ✭❚❋❈❚✱ ♦✉ ❙❚❋❚ ❡♥ ❛♥❣❧❛✐*✮✳ ▲❛ 0❛✐❧❧❡ ❞❡ ❢❡♥N0-❡

/0❛♥0 ❝♦♥*0❛♥0❡ ♣♦✉- 0♦✉0❡* ❧❡* ❢-/7✉❡♥❝❡*✱ ❝❡00❡ -❡♣-/*❡♥0❛0✐♦♥ ❛ ❝❡♣❡♥❞❛♥0 ❧❡ ❞/❢❛✉0 ❞❡ ♥❡ ♣❛*

♣♦✉✈♦✐- ❛❞❛♣0❡- ❧❛ 0❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥N0-❡ ❛✉① ❢-/7✉❡♥❝❡* ❝♦♥*✐❞/-/❡*✳

▲✬❛♥❛❧②*❡ ❡♥ ♦♥❞❡❧❡00❡* ❛ /0/ ❞/✈❡❧♦♣♣/❡ ♣♦✉- ♣❛❧✐❡- ❛✉① ❧✐♠✐0❛0✐♦♥* ❞❡* -❡♣-/*❡♥0❛0✐♦♥*

♣-/❝/❞❡♥0❡* ❡♥ *❡ ❜❛*❛♥0 *✉- ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❢♦♥❝0✐♦♥* ❞/♣❡♥❞❛♥0 L ❧❛ ❢♦✐* ❞❡ ❧❛ ❢-/7✉❡♥❝❡ L

❛♥❛❧②*❡- ❡0 ❞✉ 0❡♠♣*✳ ❈❡00❡ ❛♥❛❧②*❡ ❛ /0/ ♣♦✉- ❧❛ ♣-❡♠✐9-❡ ❢♦✐* ✐♥0-♦❞✉✐0❡ ❡♥ ❣/♦♣❤②*✐7✉❡ ♣❛-

●♦✉♣✐❧❧❛✉❞✱ ●(♦))♠❛♥♥ ❡0 ▼♦(❧❡. ✭✶✾✽✹✮✱ ❡0 *✬❡*0 -/♣❛♥❞✉❡ ❞❛♥* ❞❡ ♥♦♠❜-❡✉① ❞♦♠❛✐♥❡*

❞✬❛♣♣❧✐❝❛0✐♦♥* ✿ ❜✐♦❧♦❣✐❡✱ ♠/❞❡❝✐♥❡✱ ✐♥❢♦-♠❛0✐7✉❡✱ ❛*0-♦♣❤②*✐7✉❡✱ ❣/♦♣❤②*✐7✉❡✳ ❯♥ ❞/✈❡❧♦♣♣❡♠❡♥0

*✉- ❧❡* ♥♦♠❜-❡✉*❡* ❛♣♣❧✐❝❛0✐♦♥* ❞❡* ♦♥❞❡❧❡00❡* ❡*0 ♥♦0❛♠♠❡♥0 ❞✐*♣♦♥✐❜❧❡ ❛✉ ❝❤❛♣✐0-❡ ✾ ❞❡▼✐)✐.✐

❡0 ❛❧✳ ✭✷✵✵✼✮✳

❇✳✷ ❚$❛♥'❢♦$♠+❡ ❡♥ ♦♥❞❡❧❡//❡' ❝♦♥/✐♥✉❡' ✲ ✶❉

❇✳✷✳✶ ❋♦♥❝(✐♦♥* ❞✬♦♥❞❡❧❡((❡*

▲✬❛♥❛❧②*❡ ❡♥ ♦♥❞❡❧❡00❡ ❝♦♥*✐*0❡ ❡♥ ❧❛ ❞/❝♦♠♣♦*✐0✐♦♥ ❞✬✉♥ *✐❣♥❛❧ *✉- ✉♥❡ ❜❛*❡ ❞❡ ❢♦♥❝0✐♦♥*

❛♣♣❡❧/❡* ♦♥❞❡❧❡00❡*✳ ❈❡* ❢♦♥❝0✐♦♥* ❞♦✐✈❡♥0 ✈/-✐✜❡- ❞❡✉① ♣-♦♣-✐/0/* ✭▼✳ ❍♦❧)❝❤♥❡✐❞❡(✱ ✶✾✾✺✮ ✿

• ▲✬♦♥❞❡❧❡00❡ ψ ❞♦✐0 N0-❡ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ✿
∫ +∞

−∞
ψ(t)dt = 0 ✭❇✳✹✮

❈❡00❡ ❝♦♥❞✐0✐♦♥ ♣❡-♠❡0 ❞✬♦❜0❡♥✐- ✉♥❡ ♦♥❞❡❧❡00❡ ❧♦❝❛❧✐*/❡ ❡♥ ❢-/7✉❡♥❝❡✳

• ψ ❞♦✐0 N0-❡ ❧♦❝❛❧✐*/❡ ❡♥ 0❡♠♣* ❡0 ❡♥ ❢-/7✉❡♥❝❡✳

Cψ =

∫ +∞

0
dω

|ψ̂(ω)|2
ω

<∞ ✭❇✳✺✮

▲✬❛♥❛❧②*❡ 0❡♠♣♦-❡❧❧❡ ✉0✐❧✐*❡ ❧❛ ❜❛*❡ ❞❡ ❉✐-❛❝ 7✉✐ ✉0✐❧✐*❡ ❞❡* ❞✐*0-✐❜✉0✐♦♥* ❧♦❝❛❧✐*/❡* ❡♥ 0❡♠♣*✱ ♠❛✐*

❞✐*0-✐❜✉/❡* ✉♥✐❢♦-♠/♠❡♥0 ❞❛♥* ❧❡ ❞♦♠❛✐♥❡ ❢-/7✉❡♥0✐❡❧✳ ■♥✈❡-*❡♠❡♥0✱ ❧✬❛♥❛❧②*❡ ❞❡ ❋♦✉-✐❡- ✉0✐❧✐*❡
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✉♥❡ ❜❛,❡ ❞❡ ❢♦♥❝1✐♦♥, ❧♦❝❛❧✐,4❡, ❞❡ ❢❛5♦♥ ♣74❝✐,❡ ❡♥ ❢748✉❡♥❝❡✱ ♠❛✐, ❞✐,17✐❜✉4❡, ✉♥✐❢♦7♠4♠❡♥1

❞❛♥, ❧❡ 1❡♠♣,✳ ▲❡, ♦♥❞❡❧❡11❡, ,♦♥1 ✉♥ ❝♦♠♣7♦♠✐, ❡♥17❡ ❧❡, ❞❡✉① 7❡♣74,❡♥1❛1✐♦♥,✱ ❡❧❧❡, ,♦♥1 ♠♦✐♥,

♣74❝✐,❡, ❡♥ ❢748✉❡♥❝❡ 8✉❡ ❧❡, ❢♦♥❝1✐♦♥, ❝♦♠♣♦,❛♥1 ❧❛ ❜❛,❡ ❞❡ ❋♦✉7✐❡7✱ ❡1 ♠♦✐♥, ♣74❝✐,❡, 8✉❡ ❧❡,

❞✐,17✐❜✉1✐♦♥, ❞❡ ❉✐7❛❝✱ ♠❛✐, ❡❧❧❡, ♣❡7♠❡11❡♥1 ❞❡ ❞♦♥♥❡7 ❞❡, ✐♥❢♦7♠❛1✐♦♥, ,✉7 ❧❡, ❞❡✉① ❞♦♠❛✐♥❡,✳

❇✳✷✳✷ ❖♥❞❡❧❡((❡) ♠+,❡

▲❡, ❜❛,❡, ❞❡ ❢♦♥❝1✐♦♥, ♣❡7♠❡11❛♥1 ❧✬❛♥❛❧②,❡ ❡♥ ♦♥❞❡❧❡11❡, ,♦♥1 ♥♦♠❜7❡✉,❡,✳ ❚♦✉1❡ ❢♦♥❝1✐♦♥

✈47✐✜❛♥1 ❧❡, ❝♦♥❞✐1✐♦♥, ❝✐14❡, ♣74❝4❞❡♠♠❡♥1 ♣❡7♠❡11❡♥1 ✉♥❡ ❛♥❛❧②,❡ ❡♥ ♦♥❞❡❧❡11❡✳ ❈❤❛8✉❡ ❜❛,❡

❞❡ ❢♦♥❝1✐♦♥ ❡,1 ❞47✐✈4❡ E ♣❛71✐7 ❞✬✉♥❡ ♦♥❞❡❧❡11❡ ❛♣♣❡❧4❡ ♦♥❞❡❧❡,,❡ ♠-!❡✳ ▲❡ ❝❤♦✐① ❞❡ ❧✬♦♥❞❡❧❡11❡

♠F7❡ ❞4♣❡♥❞ ❞❡ ❧❛ ♥❛1✉7❡ ❞❡, ,✐❣♥❛✉① E ❛♥❛❧②,❡7✳ ◆♦✉, ♣74,❡♥1♦♥, ❝✐✲❞❡,,♦✉, ❧❡, ❞❡✉① ♦♥❞❡❧❡11❡,

✉1✐❧✐,4❡, ❞❛♥, ❝❡11❡ 1❤F,❡✳

❖♥❞❡❧❡%%❡ ❞❡ ▼♦(❧❡%

▲✬♦♥❞❡❧❡11❡ ❞❡ ▼♦7❧❡1 ❡,1 ❧❛ ♣7❡♠✐F7❡ ❛ ❛✈♦✐7 414 ✐♥17♦❞✉✐1❡ ❡♥ ❣4♦♣❤②,✐8✉❡ ♣❛7●♦✉♣✐❧❧❛✉❞✱

●(♦))♠❛♥♥ ❡1 ▼♦(❧❡. ✭✶✾✽✹✮✳ ❈❡11❡ ♦♥❞❡❧❡11❡ ❡,1 ❞4✜♥✐❡ ❝♦♠♠❡ ❧❛ 17❛♥,❧❛1✐♦♥ ❞✬✉♥❡ ❣❛✉,✲

,✐❡♥♥❡ ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ ❞❡, ♣✉❧,❛1✐♦♥, ❞✬♦♥❞❡❧❡11❡, ω ✭,❛♥, ❞✐♠❡♥,✐♦♥✮✳ ω0 ❡,1 ❧❡ ♣❛7❛♠F17❡

❞✬♦♥❞❡❧❡11❡✱ H ❧❛ ❢♦♥❝1✐♦♥ ❞❡ ❍❡❛✈✐,✐❞❡ ✭❆❜(❛♠♦✇✐.③ ❡1 ❙.❡❣✉♥✱ ✶✾✻✹✮✳

ψ̂m(ω) = π−1/4H(ω)e−(ω−ω0)2/2
✭❇✳✻✮

❊♥ ❞♦♠❛✐♥❡ 1❡♠♣♦7❡❧ ✿

ψm(η) = π−1/4eiω0ηe−η
2/2

✭❇✳✼✮

❯♥❡ 7❡♣74,❡♥1❛1✐♦♥ ❞❛♥, ❧❡, ❞❡✉① ❞♦♠❛✐♥❡, ❡,1 ✐❧❧✉,174❡ ❋✐❣✉7❡ ❇✳✶✳

❊♥ 1❤4♦7✐❡✱ ❝❡11❡ ❢♦♥❝1✐♦♥ ♥✬❡,1 ♣❛, ✉♥❡ ♦♥❞❡❧❡11❡ ❝❛7 ,❛ ♠♦②❡♥♥❡ ♥✬❡,1 ♣❛, ♥✉❧❧❡✳ ❙✐ ω0 ❡,1

,✉✣,❛♠♠❡♥1 ❤❛✉1 ✭❡♥ ❣4♥47❛❧✱ ❧❛ ✈❛❧❡✉7 ω0 > 5 ❡,1 ❝♦♥,✐❞474❡ ,✉✣,❛♥1❡✮✱ ❛❧♦7, ❧❛ ♠♦②❡♥♥❡ ❞❡

❧❛ ❢♦♥❝1✐♦♥ ❞❡✈✐❡♥1 ♥4❣❧✐❣❡❛❜❧❡ ❡1 ❝❡❧❧❡✲❝✐ ♣❡✉1 W17❡ ❝♦♥,✐❞474❡ ❝♦♠♠❡ ✉♥❡ ♦♥❞❡❧❡11❡ ❛❞♠✐,,✐❜❧❡✳

▲❡ ♣❛7❛♠F17❡ ω0 ♣❡7♠❡1 ❧✬❛❥✉,1❡♠❡♥1 ❞❡ ❧❛ ❜❛❧❛♥❝❡ ❡♥17❡ ❧❛ 74,♦❧✉1✐♦♥ 1❡♠♣♦7❡❧❧❡ ❡1 ❧❛

74,♦❧✉1✐♦♥ ❢748✉❡♥1✐❡❧❧❡ ✭❋✐❣✉7❡ ❇✳✷✮✳ ❆✉❣♠❡♥1❡7 ω0 7❡✈✐❡♥1 E ❛✉❣♠❡♥1❡7 ❧❡ ♥♦♠❜7❡ ❞✬♦,❝✐❧❧❛1✐♦♥,

❞❛♥, ❧✬♦♥❞❡❧❡11❡ ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ 1❡♠♣♦7❡❧✱ ❛✉❣♠❡♥1❛♥1 ,♦♥ ,✉♣♣♦71 1❡♠♣♦7❡❧ ❡1 ❞✐♠✐♥✉❛♥1 ,♦♥

,✉♣♣♦71 ❢748✉❡♥1✐❡❧✳

▲❛ ♣❧✉♣❛71 ❞❡, ❛♣♣❧✐❝❛1✐♦♥, ,❡ ❜❛,❡♥1 ,✉7 ❝❡11❡ ♦♥❞❡❧❡11❡ ♣♦✉7 ,❡, ♣7♦♣7✐414, ❞❡ ❜♦♥ ❝♦♠♣7♦✲

♠✐, ❡♥17❡ 74,♦❧✉1✐♦♥ 1❡♠♣♦7❡❧❧❡ ❡1 ❢748✉❡♥1✐❡❧❧❡ ✭❨✳ ❩❤❛♥❣ ❡1 7❛✉❧)♦♥✱ ✶✾✾✼ ❀ ❉✐❛❧❧♦ ❡1 ❛❧✳✱

✷✵✵✻ ❀ ❑✉❧❡)❤ ❡1 ❛❧✳✱ ✷✵✵✼ ❀ ❘♦✉②❡( ❡1 ❛❧✳✱ ✷✵✵✽✮✳
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❋✐❣✉$❡ ❇✳✶✿ ❖♥❞❡❧❡,,❡ ♠./❡ ❞❡ ▼♦/❧❡, ❛✈❡❝ ❧❡ ♣❛/❛♠.,/❡ ω0 = 5✳ ●❛✉❝❤❡ ✿ ❘❡♣/;<❡♥,❛✲
,✐♦♥ ,❡♠♣♦/❡❧❧❡✳ ❚/❛✐, ♣❧❡✐♥ ✿ @❛/,✐❡ /;❡❧❧❡✳ @♦✐♥,✐❧❧; ✿ @❛/,✐❡ ✐♠❛❣✐♥❛✐/❡✳ ❉/♦✐,❡ ✿ ▼♦❞✉❧❡ ❞❡ ❧❛

,/❛♥<❢♦/♠;❡ ❞❡ ❋♦✉/✐❡/✳

❋■●❯❘❊ ❇✳✶✿ ▼♦!❧❡, ♠♦,❤❡! ✇❛✈❡❧❡, ✇✐,❤ ♣❛!❛♠❡,❡! ω0 = 5✳ ▲❡❢, ✿ ❚❡♠♣♦!❛❧ !❡♣!❡$❡♥,❛,✐♦♥✳
❋✉❧❧ ❧✐♥❡ ✿ ❘❡❛❧ ❧✐♥❡✳ ❉❛$❤❡❞ ❧✐♥❡ ✿ ■♠❛❣✐♥❛!② ❧✐♥❡✳ ❘✐❣❤, ✿ ❆♠♣❧✐,✉❞❡ ♦❢ ❋♦✉!✐❡! ,!❛♥$❢♦!♠✳
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❋✐❣✉$❡ ❇✳✷✿ ❈♦♠♣❛/❛✐<♦♥ ❡♥,/❡ ❞❡✉① ♦♥❞❡❧❡,,❡< ♠./❡ ❞❡ ▼♦/❧❡,✳ ●❛✉❝❤❡ ✿ @❛/,✐❡ /;❡❧❧❡ ❡♥

❞♦♠❛✐♥❡ ,❡♠♣♦/❡❧✳ ❉/♦✐,❡ ✿ ❉♦♠❛✐♥❡ ❢/;F✉❡♥,✐❡❧✳ ❚/❛✐, ♣❧❡✐♥ ♥♦✐/ ✿ ❖♥❞❡❧❡,,❡ ♠./❡ ❛✈❡❝ ω0 = 5✳
❚/❛✐, ♣♦✐♥,✐❧❧; /♦✉❣❡ ✿ ❖♥❞❡❧❡,,❡ ♠./❡ ❛✈❡❝ ω0 = 10✳
❋■●❯❘❊ ❇✳✷✿ ❈♦♠♣❛!✐$♦♥ ❜❡,✇❡❡♥ ,✇♦ ▼♦!❧❡, ♠♦,❤❡! ✇❛✈❡❧❡,✳ ▲❡❢, ✿ ❘❡❛❧ ♣❛!, ♦❢ ,❡♠♣♦!❛❧
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✶✾✾✽✮ ✿

ψc(η) =
2mimm!
√
π(2m)!)

(1− iη)−(m+1)
✭❇✳✽✮

❊♥ ❞♦♠❛✐♥❡ ❢567✉❡♥9✐❡❧✱ ❧✬♦♥❞❡❧❡99❡ ❡=9 ❞♦♥♥6❡ ♣❛5 ✿

ψ̂c(aω) =
2m√

mΓ(2m)
H(ω)(aω)me−aω ✭❇✳✾✮
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❋✐❣✉$❡ ❇✳✸✿ ❖♥❞❡❧❡99❡ ♠@5❡ ❞❡ A❛✉❧ ❞✬♦5❞5❡ m = 2✳ ●❛✉❝❤❡ ✿ ❘❡♣56=❡♥9❛9✐♦♥ 9❡♠♣♦5❡❧❧❡✳
❚5❛✐9 ♣❧❡✐♥ ✿ A❛59✐❡ 56❡❧❧❡✳ A♦✐♥9✐❧❧6 ✿ A❛59✐❡ ✐♠❛❣✐♥❛✐5❡✳ ❉5♦✐9❡ ✿ ▼♦❞✉❧❡ ❞❡ ❧❛ 95❛♥=❢♦5♠6❡ ❞❡

❋♦✉5✐❡5✳

❋■●❯❘❊ ❇✳✸✿ -❛✉❧ ♠♦,❤❡! ✇❛✈❡❧❡, ♦❢ ♦!❞❡! m✳ ▲❡❢, ✿ ❚❡♠♣♦!❛❧ !❡♣!❡$❡♥,❛,✐♦♥✳ ❋✉❧❧ ❧✐♥❡ ✿
❘❡❛❧ ❧✐♥❡✳ ❉❛$❤❡❞ ❧✐♥❡ ✿ ■♠❛❣✐♥❛!② ❧✐♥❡✳ ❘✐❣❤, ✿ ❆♠♣❧✐,✉❞❡ ♦❢ ❋♦✉!✐❡! ,!❛♥$❢♦!♠✳

❇✳✷✳✸ ❖♥❞❡❧❡00❡1 ✜❧❧❡1

▲❡= ♦♥❞❡❧❡99❡= ✜❧❧❡= =♦♥9 ❝❛❧❝✉❧6❡= M ♣❛59✐5 ❞❡ ❧✬♦♥❞❡❧❡99❡ ♠@5❡ ❡♥ ✉9✐❧✐=❛♥9 ❞❡✉① ♣❛5❛♠@95❡= ✿

a ❡9 τ ✳

ψa,τ (t) = ψ

(
t− τ

a

)
✭❇✳✶✵✮

a ❡=9 ❛♣♣❡❧6 ♣❛5❛♠@95❡ ❞❡ ❞✐❧❛9❛9✐♦♥✱ ✐❧ ♣❡5♠❡9 ❞❡ 95❛♥=❢♦5♠❡5 ❧✬♦♥❞❡❧❡99❡ ♠@5❡ ❡♥ ❝❤❛♥❣❡❛♥9 =❛

❢567✉❡♥❝❡ ♣5✐♥❝✐♣❛❧❡ ♣❛5 ❞✐❧❛9❛9✐♦♥ ✭a ❃ ✶✮ ♦✉ ❝♦♥95❛❝9✐♦♥ ✭a ❁ ✶✮ ✭❋✐❣✉5❡ ❇✳✹✮✳ ▲❡ ♣❛5❛♠@95❡ τ

♣❡5♠❡9 ❧❛ 95❛♥=❧❛9✐♦♥ ❡♥ 9❡♠♣= ❞❡ ❧✬♦♥❞❡❧❡99❡ ✜❧❧❡✳

▲❛ 5❡❧❛9✐♦♥ ❡♥95❡ 6❝❤❡❧❧❡ a ❡9 ❢567✉❡♥❝❡ f ♣♦✉5 ❧✬♦♥❞❡❧❡99❡ ❞❡ ▼♦5❧❡9 =✬♦❜9✐❡♥9 ❡♥ 69✉❞✐❛♥9

❧✬❛♥♥✉❧❛9✐♦♥ ❞❡ ∂ψ̂m(ω)/∂ω ❡=9 ❞♦♥♥6❡ ♣❛5 ❧❛ 5❡❧❛9✐♦♥ ✿

a =
ω0

√
ω2
0 + 2

4πf
✭❇✳✶✶✮
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❞❡ ❢❛❝1❡✉. a = 1/2✳ ●❛✉❝❤❡ ✿ >❛.1✐❡ .?❡❧❧❡ ❡♥ ❞♦♠❛✐♥❡ 1❡♠♣♦.❡❧✳ ❉.♦✐1❡ ✿ ❉♦♠❛✐♥❡ ❢.?A✉❡♥1✐❡❧✳
❚.❛✐1 ♣❧❡✐♥ ♥♦✐. ✿ ❖♥❞❡❧❡11❡ ♠5.❡✳ ❚.❛✐1 ♣♦✐♥1✐❧❧? .♦✉❣❡ ✿ ❖♥❞❡❧❡11❡ ✜❧❧❡✳
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,❡♠♣♦!❛❧ !❡♣!❡$❡♥,❛,✐♦♥✳ ❘✐❣❤, ✿ ❆♠♣❧✐,✉❞❡ ♦❢ ❋♦✉!✐❡! ,!❛♥$❢♦!♠✳ ❋✉❧❧ ❧✐♥❡ ✿ ▼♦,❤❡! ✇❛✈❡❧❡,✳ ❘❡❞

❞❛$❤❡❞ ❧✐♥❡ ✿ ❉✐❧❛,❡❞ ✇❛✈❡❧❡,✳

▲❛ .❡❧❛1✐♦♥ ❡♥1.❡ ❧✬?❝❤❡❧❧❡ a ❡1 ❢.?A✉❡♥❝❡ f ♣♦✉. ❧✬♦♥❞❡❧❡11❡ ❞❡ >❛✉❧ ❡01 ❞♦♥♥?❡ ♣❛. ❧❛ .❡❧❛1✐♦♥ ✿

a =
2m+ 1

4πf
✭❇✳✶✷✮

❇✳✷✳✹ ❈❛❧❝✉❧ ❞❡2 ❝♦❡✣❝✐❡♥72

❙♦✐1 s ❧❡ 0✐❣♥❛❧ J ❛♥❛❧②0❡.✱ ψ ❧✬♦♥❞❡❧❡11❡ ♠5.❡ ❝❤♦✐0✐❡✳ ▲❡ ❝❛❧❝✉❧ ❞❡0 ❝♦❡✣❝✐❡♥10 ❞✬♦♥❞❡❧❡11❡0

0✬❡✛❡❝1✉❡ ♣❛. ❧❡ ♣.♦❞✉✐1 ❞❡ ❝♦..?❧❛1✐♦♥ ❡♥1.❡ ❧❡ 0✐❣♥❛❧ s ❡1 ✉♥❡ ♦♥❞❡❧❡11❡ ✜❧❧❡ ψa,τ ✿

Wψ(a, τ)[s] =

∫ +∞

−∞
dt

1

a
ψ∗
a,τ (t)s(t) ✭❇✳✶✸✮

▲✬?♥❡.❣✐❡ 0❡ ❞?❞✉✐1 ❞❡0 ❝♦❡✣❝✐❡♥10 ♣❛. ✿

E =

∫ +∞

−∞
|f(t)|2dt = 1

Cψ

∫ +∞

0

da

a

∫ +∞

−∞
db|Wψ(a, τ)[s]|2 ✭❇✳✶✹✮

▲❛ .❡♣.?0❡♥1❛1✐♦♥ ❞❡0 ❝♦❡✣❝✐❡♥10 ❞✬♦♥❞❡❧❡11❡ 0✬❡✛❡❝1✉❡ 0♦✐1 ♣❛. ❧❡ 1.❛❝? ❞❡0 ❢♦♥❝1✐♦♥0 ✷❉

.❡♣.?0❡♥1❛♥1 ❧❛ ♣❛.1✐❡ .?❡❧❧❡ ❡1 ✐♠❛❣✐♥❛✐.❡ ❞❡0 ❝♦❡✣❝✐❡♥10 ❞✬♦♥❞❡❧❡11❡0✱ 0♦✐1 ♣❛. ❧❛ ❢♦♥❝1✐♦♥ ✷❉

f(a, τ) = |Wψ(a, τ)[s]|2 ❛♣♣❡❧?❡ $❝❛❧♦❣!❛♠♠❡✳ ▲❛ A✉❛♥1✐1? |Wψ(a, τ)|2/a .❡♣.?0❡♥1❡ ❧❛ ❞❡♥$✐,(
❞✬(♥❡!❣✐❡ ❧♦❝❛❧❡ ❛00♦❝✐?❡ J ❧✬?❝❤❡❧❧❡ a ❡1 ❛✉ 1❡♠♣0 τ ✳ >♦✉. ❞❡0 .❛✐0♦♥0 ❞❡ ✈✐0✉❛❧✐0❛1✐♦♥0✱ ✐❧ ❡01 ♣.❛✲

1✐A✉❡ ❞❡ .❡♣.?0❡♥1❡. ❧❡0 ❝♦❡✣❝✐❡♥10 |Wψ(a, τ)[s]|2✱ ❡1 ♥♦♥ ♣❛0 |Wψ(a, τ)[s]|2/a✳ ❉❛♥0 ❧❡ ❞❡✉①✐5♠❡
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4❝❤❡❧❧❡+ ❝♦♠♣❧✐9✉4❡+✳

▲❡+ ❝♦❡✣❝✐❡♥1+ ♣❡✉✈❡♥1 ❛✉++✐ +❡2✈✐2 5 ❧❛ 2❡❝♦♥+12✉❝1✐♦♥ ❞✉ +✐❣♥❛❧ ♣❛2 ❧✬♦♣42❛1✐♦♥ ❞❡ 12❛♥+✲

❢♦2♠4❡ ✐♥✈❡2+❡ ✿

f(t) =
1

Cψ

∫ a=+∞

a=0

∫ τ=+∞

τ=−∞

1

a
Wψ(a, τ)[s]ψa,τ (t)dadτ ✭❇✳✶✺✮
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▼ ❍♦❧(❝❤♥❡✐❞❡"✱ ✷✵✵✼✮✳ ❈❡ ♥♦②❛✉ ❡+1 ❞4✜♥✐ ♣❛2 ✿

Kψ(a1, a2, b1, b2) =
1

Cψ
Wψ

(
a2
a1
,
b2 − b1
a1

)
✭❇✳✶✻✮

Kψ(a1, a2, b1, b2) =
2a1a2
a21 + a22

exp

(
iω0

a1 + a2
a21 + a22

(b2 − b1)

)

exp

(
−1

2

(b2 − b1)
2 + ω0(a2 − a1)

2

a21 + a22

) ✭❇✳✶✼✮
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❙♦✐1 ❞❡✉① +✐❣♥❛✉① s1 ❡1 s2✱ ❞♦♥1 ❧✬❛♥❛❧②+❡ ❡♥ ♦♥❞❡❧❡11❡ ❢♦✉2♥✐1 ❧❡+ ❝♦❡✣❝✐❡♥1+Wψ(a, b)[s1] ❡1

Wψ(a, b)[s2] 2❡+♣❡❝1✐✈❡♠❡♥1✳ ▲❡ +♣❡❝12♦❣2❛♠♠❡ ❝2♦✐+4 ❡♥12❡ s1 ❡1 s2 ❡+1 ❞4✜♥✐ ♣❛2 ✭❚♦""❡♥❝❡

❡1 ❈♦♠♣♦✱ ✶✾✾✽✮ ✿

Wψ(a, b)[s1; s2] = Wψ(a, b)[s1]W∗
ψ(a, b)[s2], ✭❇✳✶✽✮

❛✈❡❝ ∗ ❧✬♦♣42❛1❡✉2 ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉4✳ ❈❡11❡ 9✉❛♥1✐14 12❛❞✉✐1 ❧✬✐♥1❡2❛❝1✐♦♥ 5 ❝❤❛9✉❡ 4❝❤❡❧❧❡ ❡♥12❡
❧❡+ ❞❡✉① ♣2♦❝❡++✉+ s1 ❡1 s2✳ ❙✐ ✉♥ ♣2♦❝❡++✉+ ❛♣♣❛2❛✐1 +✐♠✉❧1❛♥4♠❡♥1 ❞❛♥+ s1 ❡1 s2✱ ❧❡ +♣❡❝12♦✲

❣2❛♠♠❡✱ ❛❧♦2+ ❧✬❛♠♣❧✐1✉❞❡ ❞✉ +♣❡❝12♦❣2❛♠♠❡ ❝2♦✐+4 5 ❧✬4❝❤❡❧❧❡ ❝♦22❡+♣♦♥❞❛♥1 +❡2❛ ✐♠♣♦21❛♥1❡✳
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❇✳✹✳✷ ❙♣❡❝()❡ ❣❧♦❜❛❧ ❞✬♦♥❞❡❧❡((❡

▲❡ *♣❡❝-.❡ ❣❧♦❜❛❧ ❞✬♦♥❞❡❧❡--❡ ❡*- ❞6✜♥✐❡ ♣❛. ✿

Gψ[s](a) =

∫ +∞

−∞
dt|Wψ(a, dt)[s]|2 ✭❇✳✶✾✮

❈❡--❡ >✉❛♥-✐-6 ❡*- ♥♦-❛♠♠❡♥- ✉-✐❧✐*6❡ ❞❛♥* ❧❛ ❞6-❡❝-✐♦♥ ❞❡* 6❝❤❡❧❧❡* *✐❣♥✐✜❝❛-✐✈❡* ❞❛♥* ❧✬6-✉❞❡

❞❡* *✐❣♥❛✉① ♥♦♥ *-❛-✐♦♥♥❛✐.❡* ✭❚♦""❡♥❝❡ ❡- ❈♦♠♣♦✱ ✶✾✾✽✮✳
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❈✳✶✳✶ ❉♦♠❛✐♥❡ *❡♠♣♦,❡❧

▲❛ ♣♦❧❛%✐'❛(✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❡'( ❞.✜♥✐❡ ❝♦♠♠❡ ❧✬♦%✐❡♥(❛(✐♦♥ ❞❡' ♦'❝✐❧❧❛(✐♦♥' ❞❡' ❞✐✛.%❡♥(❡'

❝♦♠♣♦'❛♥(❡' ❞❡ ❝❡❧❧❡✲❝✐✳ ❊♥ ▼❚✱ ❧❡' ❝❤❛♠♣' ❝♦♥'✐❞.%.' '♦♥( ❤♦%✐③♦♥(❛✉①✱ ✐❧' '♦♥( ❞♦♥❝ ❞.❝♦♠♣♦✲

'❛❜❧❡' '❡❧♦♥ ❞❡✉① ♦%✐❡♥(❛(✐♦♥' ♣❡%♣❡♥❞✐❝✉❧❛✐%❡'✳ ❚%❛❞✐(✐♦♥♥❡❧❧❡♠❡♥( ❧❡' ❞✐%❡❝(✐♦♥' ◆♦%❞✴❙✉❞ ❡(

❊'(✴❖✉❡'( '♦♥( ✉(✐❧✐'.❡'✳ ❊♥ ❝♦♥'✐❞.%❛♥( ✉♥❡ ♦♥❞❡ ♠♦♥♦❝❤%♦♠❛(✐A✉❡ ❞❡ ♣✉❧'❛(✐♦♥ ω✱ ❝❡' ❝♦♠✲

♣♦'❛♥(❡' ♣❡✉✈❡♥( '✬.❝%✐%❡ '♦✉' ❧❛ ❢♦%♠❡ ✿

fx(t) =Ax cos(ωt)

fy(t) =Ay cos(ωt+ ϕ)
✭❈✳✶✮

Ax ❡( Ay '♦♥( ❧❡' ❛♠♣❧✐(✉❞❡' '✉% ❧❡' ❝♦♠♣♦'❛♥(❡' ❊'(✴❖✉❡'( ❡( ◆♦%❞✴❙✉❞ %❡'♣❡❝(✐✈❡'✳ ϕ %❡♣%.✲

'❡♥(❡ ❧❡ ❞.♣❤❛'❛❣❡ ❡♥(%❡ ❧❡' ❝♦♠♣♦'❛♥(❡' fx ❡( fy✳

❊♥ ♠❛♥✐❛♥( ❝❡' ❡①♣%❡''✐♦♥'✱ ❧✬.A✉❛(✐♦♥ ❞✬✉♥❡ ❡❧❧✐♣'❡ ❛♣♣❛%❛✐( ✿

fy

Ay
= cos(ωt) cos(ϕ) + sin(ωt) sin(ϕ)

=
fx

Ax
cos(ϕ) +


1−

fx

Ax


 sin(ϕ)

✭❈✳✷✮

❊♥ ♣%❡♥❛♥( ❧❡ ❝❛%%. ❞❡ ❝❡((❡ ❡①♣%❡''✐♦♥✱ ♦♥ ♦❜(✐❡♥( ✭ !"❡③✱ ❈❛"❧❡( ❡( ❋❧❡❝❦✐♥❣❡"✱ ✷✵✵✾✮ ✿

f2x

A2
x

+
f2y

A2
y

− 2
fxfy

AxAy
cos(ϕ) = sin2(ϕ) ✭❈✳✸✮

✷✺✷
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▲❡, -.♦✐, ❛--.✐❜✉-, ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ,♦♥- ✭❋✐❣✉.❡ ❈✳✶✮ ✿

∆ϕ ✿ ❉"♣❤❛&❛❣❡✳ ▲❡ ❞7♣❤❛,❛❣❡✱ .❡♣.7,❡♥-❡ ❧❛ ❞✐✛7.❡♥❝❡ ❞❡ ♣❤❛,❡ ❡♥-.❡ ❧❡, ❞❡✉① ❝♦♠♣♦✲

,❛♥-❡, ❞❡ ❧✬♦♥❞❡✳ ❈❡ ♣❛.❛♠E-.❡ ❡,- ❡①♣.✐♠7 ❡♥ .❛❞✐❛♥, ❡- ♣.❡♥❞ ❞❡, ✈❛❧❡✉., ❝♦♠♣.✐,❡,

❡♥-.❡ −π ❡- π✳
θ ✿ ❆♥❣❧❡ ❞❡ ♣♦❧❛/✐&❛1✐♦♥✳ ▲✬❛♥❣❧❡ ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ❝❛.❛❝-7.✐,❡ ❧✬❛♥❣❧❡ 9✉❡ ❢❛✐- ❧✬❛①❡ ♣.✐♥✲

❝✐♣❛❧ ❞❡ ❧✬❡❧❧✐♣,❡ ❛✈❡❝ ❧❛ ❞✐.❡❝-✐♦♥ EW ✳ ❈❡ ♣❛.❛♠E-.❡ ❡,- ❡①♣.✐♠7 ❡♥ .❛❞✐❛♥, ❡- ♣.❡♥❞

❞❡, ✈❛❧❡✉., ❝♦♠♣.✐,❡, ❡♥-.❡ 0 ❡- π✳

e ✿ ❊❧❧✐♣1✐❝✐1"✳ ▲❡ .❛♣♣♦.- ❡♥-.❡ ❧✬❛①❡ ♠✐♥❡✉. ❡- ❧✬❛①❡ ♠❛❥❡✉. ❞❡ ❧✬❡❧❧✐♣,❡ ❡,- ❛♣♣❡❧7 ❡❧❧✐♣-✐✲

❝✐-7✳ ❈❡ ♣❛.❛♠E-.❡ ♣.❡♥❞ ❞❡, ✈❛❧❡✉., ❝♦♠♣.✐,❡, ❡♥-.❡ ✲✶ ❡- ✶✳

❚.♦✐, 7-❛-, ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ♣.✐♥❝✐♣❛✉① ,♦♥- ❞7✜♥✐, ✿

4♦❧❛/✐&❛1✐♦♥ ❧✐♥"❛✐/❡ ✿ ✳ ❈❡- 7-❛- ❡,- ❞7❝.✐- 9✉❛♥❞ ❧❡ ❞7♣❤❛,❛❣❡ ❡,- ♠✉❧-✐♣❧❡ ❞❡ π✳ ❆✐♥,✐✱

❧✬❡❧❧✐♣-✐❝✐-7 e ❡,- 7❣❛❧❡ K ✵✱ ❡- ❧✬❡❧❧✐♣,❡ ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ❞❡✈✐❡♥- ✉♥❡ ❧✐❣♥❡✳ ▲✬❛♥❣❧❡ ❞❡ ♣♦❧❛✲

.✐,❛-✐♦♥ ❡,- ❞7-❡.♠✐♥7 ♣❛. ❧✬❛♥❣❧❡ ❡♥-.❡ ❧❛ ❞✐.❡❝-✐♦♥ EW ❡- ❧❛ ❧✐❣♥❡ ❞❡ ♣♦❧❛.✐,❛-✐♦♥✳

4♦❧❛/✐&❛1✐♦♥ ❝✐/❝✉❧❛✐/❡ ✿ ✳ ❈❡- 7-❛- ❡,- ❞7❝.✐- 9✉❛♥❞ ❧✬❡❧❧✐♣-✐❝✐-7 e ❡,- 7❣❛❧❡ K ± ✶ ❡- ❧❡

❞7♣❤❛,❛❣❡ 7❣❛❧❡ K π/2 ♠♦❞✉❧♦ 2π✳ ❉❛♥, ❝❡- 7-❛-✱ ❧✬❡❧❧✐♣,❡ ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ❞❡✈✐❡♥- ✉♥

❝❡.❝❧❡✱ ❡- ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ❡,- ✐♥❞7✜♥✐✳

4♦❧❛/✐&❛1✐♦♥ ❡❧❧✐♣1✐6✉❡ ✿ ❉❛♥, -♦✉, ❧❡, ❛✉-.❡, ❝❛,✱ ✭e 6= 0 ❡- ∆ϕ 6= 0 ♠♦❞✉❧♦ 2π✳✮✱ ❧❛

♣♦❧❛.✐,❛-✐♦♥ ❡,- ❡❧❧✐♣-✐9✉❡✱ ❡- ❧❡ ✈❡❝-❡✉. ❞7❝.✐- ❧✬❡❧❧✐♣,❡ ❣7♥7.❛❧❡✳

❯♥ ❤♦❞♦❣.❛♠♠❡ ❡,- ✉♥❡ .❡♣.7,❡♥-❛-✐♦♥ ✐❧❧✉,-.❛♥- ❧❛ ✈❛.✐❛-✐♦♥ -❡♠♣♦.❡❧❧❡ ❞✬✉♥❡ ❝♦♠♣♦,❛♥-❡ ❡♥

❢♦♥❝-✐♦♥ ❞✬✉♥❡ ❛✉-.❡✳ ▲❡, ❞✐✛7.❡♥-, ❛--.✐❜✉-, ❞❡ ♣♦❧❛.✐,❛-✐♦♥ ,♦♥- ❞✐.❡❝-❡♠❡♥- ❧✐,✐❜❧❡, ,✉. ✉♥

❤♦❞♦❣.❛♠♠❡ ♣♦✉. ❞❡, ,✐❣♥❛✉① ,✐♠♣❧❡, -❡❧, 9✉❡ ✿ ✭✐✳❡✳ ❋✐❣✳ ❈✳✷✮

fx(t) = 0.5 cos

(
2πt

50

)

fy(t) = cos

(
2πt

50
+
π

3

)
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fx(t) = 0.5 cos

(
2πt

50

)
+ cos

(
2πt

100

)

fy(t) = fy(t) = cos

(
2πt

50
+
π

3

)
+ 0.5 cos

(
2πt

100
+
π

7

)
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fx(t) = 0.5 cos

(
2πt

50

)
+ cos

(
2πt

1000

)
+

1

5
U(0, 1)

fy(t) = cos

(
2πt

50
+
π

3

)
+ 0.5 cos

(
2πt

1000

)
+

1

5
U(0, 1),

✭❈✳✻✮
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J =

(
〈HxH

∗
x〉 〈HxH

∗
y 〉

〈HyH
∗
x〉 〈HyH

∗
y 〉,

)
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❛✈❡❝

∗
❧✬♦♣;8❛,✐♦♥ ❝♦♥❥✉❣✉; ❡, 〈·〉 ❧✬♦♣;8❛,✐♦♥ ❞❡ ♠♦②❡♥♥❡ C✉8 ♣❧✉C✐❡✉8C ;❝❤❛♥,✐❧❧♦♥C ❛❞❥❛❝❡♥,C✳
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C✬;❝8✐, ✿

J =

(
A2
x AxAye

iϕ

AxAye
−iϕ A2

y

)
✭❈✳✽✮

N♦✉8 ✉♥❡ ♦♥❞❡ ♠♦♥♦❝❤8♦♠❛,✐9✉❡ ❝♦♠♣❧;,❡♠❡♥, ♣♦❧❛8✐C;❡✱ ❧❡C ❛,,8✐❜✉,C ❞❡ ♣♦❧❛8✐C❛,✐♦♥ C✬♦❜✲

,✐❡♥♥❡♥, ♣❛8 ❧❡C 8❡❧❛,✐♦♥C C✉✐✈❛♥,❡C ✿

sin(2β) =
2ℑ(Jxy)
Jxx + Jyy

✭❈✳✾✮

tan(2θ) =
2ℜ(Jxy)
Jxx − Jyy

. ✭❈✳✶✵✮
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J = P + U ✭❈✳✶✶✮

❉❛♥? ❝❡ ❝❛?✱ ❧❛ ♠❛43✐❝❡ U ♣❡✉4 ?✬8❝3✐3❡ ❝♦♠♠❡ ✉♥❡ ♠❛43✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞♦♥4 4♦✉? ❧❡? 8❧8♠❡♥4? ?♦♥4

8❣❛✉① D ✉♥ ❝♦❡✣❝✐❡♥4 D 4❡❧ 5✉❡ ✿

D =
1

2
(Jxx + Jyy)−

1

2

[
(Jxx + Jyy)

2 − 4|J |
]1/2
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▲❡" ❛$$%✐❜✉$" ❞❡ ♣♦❧❛%✐"❛$✐♦♥ ♣❡✉✈❡♥$ ❡♥"✉✐$❡ "❡ ❞/❞✉✐%❡ ❞❡ ❧❛ ♠❛$%✐❝❡ P $❡❧" 2✉❡ ✿

sin(2β) =
2ℑ(Jxy)
Jxx + Jyy

✭❈✳✶✸✮

tan(2θ) =
2ℜ(Jxy)
Jxx − Jyy

. ✭❈✳✶✹✮

R =


1−

4|J |
❚%

2(J)
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❊♥ 3❡✈❛♥❝❤❡✱ ❝❡44❡ ♠84❤♦❞❡ ♥❡ ♣❡3♠❡4 ♣❛B ❞❡ 3❡♥❞3❡ ❝♦♠♣4❡ ❡✣❝❛❝❡♠❡♥4 ❞❡ ♣❤8♥♦♠H♥❡B

♣38B❡♥4❛♥4 ✉♥❡ 8✈♦❧✉4✐♦♥ 4❡♠♣♦3❡❧❧❡ ❞❡B ❛443✐❜✉4✐♦♥B ❞❡ ♣♦❧❛3✐B❛4✐♦♥ ❞❡B B✐❣♥❛✉① 84✉❞✐8B ♦✉ ❞❡

❧❛ ❢385✉❡♥❝❡ ✐♥B4❛♥4❛♥8❡✳

❈♦♥B✐❞83♦♥B ♣❛3 ❡①❡♠♣❧❡ ❧❡ B✐❣♥❛❧ B✉✐✈❛♥4 ❞8✜♥✐ ♣❛3 ❧✬85✉❛4✐♦♥ ❈✳✶✻✳ ❈❡ B✐❣♥❛❧ ❡B4 B✐♥✉B♦J✲

❞❛❧✱ ❡4 ❧❡ ❞8♣❤❛B❛❣❡ ❛✉❣♠❡♥4❡ ❛✈❡❝ ❧❡ 4❡♠♣B✳ ▲❡ ❞8♣❤❛B❛❣❡ ❡♥43❡ ❧❡B ❝♦♠♣♦B❛♥4❡B ❛✉❣♠❡♥4❛♥4✱
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x(t) = cos

(
2π

50
+ 2π

[
1

50
t+

(
1

200
− 1

50

)
t2

2T

])

y(t) = cos

(
2π

50
+ 2π

[
1

50
t+

(
1

200
− 1

50

)
t2

2T

]
+ φinst

)

❛✈❡❝ ✿ φinst =

(
1

50
+

(
1

200
− 1

50

)
t

T

)−1

✭❈✳✶✻✮
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3❡♠❡♥4 ❛✉① B✐❣♥❛✉① ♣38❝8❞❡♥4B✱ ❧❡ B✐❣♥❛❧ ♥❡ ♣♦BBH❞❡ ♣❛B ❞❡ ❝♦♠♣♦B❛♥4❡B ❝❧❛✐3❡♠❡♥4 ❞8✜♥✐❡B ♣❛3
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✈❛+✐❛/✐♦♥ ❞❡, ❛//+✐❜✉/, ❞❡ ♣♦❧❛+✐,❛/✐♦♥ ❛✈❡❝ ❧❡ /❡♠♣,✳

❈✳✶✳✸ ❈♦❡✣❝✐❡♥*+ ❞❡ ♣♦❧❛0✐+❛*✐♦♥ ✐♥+*❛♥*❛♥1❡

❘❡♥8 ❡/ ❛❧✳ ✭✶✾✽✻✮ ♦♥/ ❞8✈❡❧♦♣♣8 ✉♥❡ ♠8/❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡, ❛//+✐❜✉/, ❞❡ ♣♦❧❛+✐,❛/✐♦♥ ❡♥

❞♦♠❛✐♥❡ /❡♠♣♦+❡❧ ❜❛,8 ,✉+ ❧✬❛♥❛❧②,❡ ❞✬✉♥ ,✐❣♥❛❧ ❝♦♠♣❧❡①❡ ❞8✜♥✐ ♣❛+ ✿

c(t) = sx(t) + isy(t) ✭❈✳✶✼✮

❈❡ ,✐❣♥❛❧ ♣❡✉/ ,✬8❝+✐+❡ ,♦✉, ❧❛ ❢♦+♠❡ ❞✬✉♥❡ ❡❧❧✐♣,❡ ❞♦♥/ ❧✬❛①❡ ♣+✐♥❝✐♣❛❧ /♦✉+♥❡ ❞❛♥, ❧❡ /❡♠♣, ✿

c(t) = A+eiω
+t +A−eiω

−t+ ✭❈✳✶✽✮

❊♥ ✉/✐❧✐,❛♥/ ❧❛ ❞8❝♦♠♣♦,✐/✐♦♥ ❡♥ ♦♥❞❡❧❡//❡,✱ /♦✉/ ,✐❣♥❛❧ ♣❡✉/ ,✬8❝+✐+❡ ❝♦♠♠❡ ❧❛ ,♦♠♠❡ ❞✬✉♥❡

♣❛+/✐❡ ♣+♦❣+❡,,✐✈❡ ❡/ ❞✬✉♥❡ ♣❛+/✐❡ +8❣+❡,,✐✈❡ /❡❧❧❡ I✉❡ ✿

Wψ(a, τ)[c] = W+
ψ (a, τ)[c] +W−

ψ (a, τ)[c] ✭❈✳✶✾✮

❆✐♥,✐✱ ❉■❆✷✵✵✻ ♦♥/ ♠♦♥/+8 I✉✬❡♥ /♦✉/ ✐♥,/❛♥/✱ ❧❛ /+❛♥,❢♦+♠8❡ ❡♥ ♦♥❞❡❧❡//❡ ♣♦✉✈❛✐/ ,✬❛♣♣+♦①✐✲

♠❡+ ♣❛+ ✉♥❡ ❡❧❧✐♣,❡ /❡❧❧❡ I✉❡ ✿

Wψ(a, τ + dτ)[c] = W+
ψ (a, τ)[c]e

iω+(a,τ)dτ +W−
ψ (a, τ)[c]e

iω−(a,τ)dτ
✭❈✳✷✵✮

❆ ♣❛+/✐+ ❞❡ ❝❡//❡ ❡❧❧✐♣,❡✱ ❧❡, ❛//+✐❜✉/, ❞❡ ♣♦❧❛+✐,❛/✐♦♥ ,♦♥/ ❝❛❧❝✉❧8, ❛✈❡❝ ❧❡, +❡❧❛/✐♦♥, ,✉✐✈❛♥/❡, ✿

e(a, τ) =

∣∣∣|W+
ψ (a, τ)[c]| − |W−

ψ (a, τ)[c]|
∣∣∣

|W+
ψ (a, τ)[c]| − |W−

ψ (a, τ)[c]|
✭❈✳✷✶✮

θ(a, τ) =
1

2
❛+❣(W+

ψ (a, τ)[c]⊗W−
ψ (a, τ)[c]) ✭❈✳✷✷✮

∆φ(a, τ) = ❛+❣


W+

ψ (a, τ)[c] + (W−
ψ (a, τ)[c])

∗

W+
ψ (a, τ)[c]− (W−

ψ (a, τ)[c])
∗


+

π

2
✭❈✳✷✸✮
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❡/ ❧❡, ❝♦❡✣❝✐❡♥/, ❞❡ ♣♦❧❛+✐,❛/✐♦♥ ✐♥,/❛♥/❛♥8, ❞✉ ,✐❣♥❛❧ ♣+8,❡♥/8 N ❧✬8I✉❛/✐♦♥ ❈✳✶✻✳

❊♥ ✉/✐❧✐,❛♥/ ✉♥ ,✐♠♣❧❡ ❝+✐/O+❡ ❞❡ +❛♣♣♦+/ ❞✬❛♠♣❧✐/✉❞❡ N ❝❤❛I✉❡ ✐♥❞✐❝❡ ❞❡ /❡♠♣,✱ ♥♦✉, ♥❡

❣❛+❞♦♥, I✉❡ ❧❡, ❝♦❡✣❝✐❡♥/, ❞♦♥/ ❧✬❛♠♣❧✐/✉❞❡ ❡,/ ,✉♣8+✐❡✉+❡ N ✉♥ ❞✐①✐O♠❡ ❞❡ ❧✬❛♠♣❧✐/✉❞❡ ♠❛①✐✲

♠❛❧❡✳ ▲❡, ❛//+✐❜✉/, ❞❡ ♣♦❧❛+✐,❛/✐♦♥ ♣+8,❡♥/8, N ❧❛ ✜❣✉+❡ ❈✳✶✵ ,♦♥/ ❝❛❧❝✉❧8, ♣❛+ ,✐♠♣❧❡ ♠♦②❡♥♥❡
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❋✐❣✉$❡ ❈✳✾✿ ❉❡ ❤❛✉- ❡♥ ❜❛/ ✿ ❙✐❣♥❛❧ ♠♦♥♦❝❤8♦♠❛-✐9✉❡ ❞;❝8✐- ;9✉❛-✐♦♥ ✭❈✳✶✻✮ ❀ ❆♠♣❧✐-✉❞❡

❞❡/ ❝♦❡✣❝✐❡♥-/ ❞✬♦♥❞❡❧❡--❡/ ❀ ❈♦❡✣❝✐❡♥-/ ❞✬❡❧❧✐♣-✐❝✐-; ✐♥/-❛♥-❛♥;❡ ❀ ❈♦❡✣❝✐❡♥-/ ❞✬❛♥❣❧❡ ❞❡ ♣♦❧❛✲

8✐/❛-✐♦♥ ✐♥/-❛♥-❛♥;❡ ❀ ❈♦❡✣❝✐❡♥-/ ❞❡ ❞✐✛;8❡♥❝❡ ❞❡ ♣❤❛/❡ ✐♥/-❛♥-❛♥;❡✳

❋■●❯❘❊ ❈✳✾✿ ❋$♦♠ '♦♣ '♦ ❜♦''♦♠ ✿ ▼♦♥♦❝❤$♦♠❛'✐❝ &✐❣♥❛❧ ❢$♦♠ ❡4✉❛'✐♦♥ ✭❈✳✶✻✮ ❀ ❲❛✈❡✲

❧❡' ❝♦❡✣❝✐❡♥'& ❛♠♣❧✐'✉❞❡ ❀ ■♥&'❛♥'❛♥❡♦✉& ❡❧❧✐♣'✐❝✐'② ❝♦❡✣❝✐❡♥'& ❀ ■♥&'❛♥'❛♥❡♦✉& ♣♦❧❛$✐&❛'✐♦♥ ❛♥❣❧❡

❝♦❡✣❝✐❡♥'& ❀ ■♥&'❛♥'❛♥❡♦✉& ♣❤❛&❡ ❞✐✛❡$❡♥❝❡ ❝♦❡✣❝✐❡♥'&✳
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❋✐❣✉$❡ ❈✳✶✵✿ ❉)*❡+♠✐♥❛*✐♦♥ ❞❡1 ❛**+✐❜✉*1 ❞❡ ♣♦❧❛+✐1❛*✐♦♥ ♣❛+ ❧❛ ♠)*❤♦❞❡ ❞✬❛♥❛❧②1❡ ❡♥ ♦♥❞❡✲

❧❡**❡1✳ ◆♦✐+ ✿ ▼♦②❡♥♥❡ ❛+✐*❤♠)*✐=✉❡ ❞❡1 ❝♦❡✣❝✐❡♥*1 ❞❡ ♣♦❧❛+✐1❛*✐♦♥ ✐♥1*❛♥*❛♥)1✳ ❘♦✉❣❡ ✿ ▼♦❞B❧❡

✐♠♣♦1)✳

❋■●❯❘❊ ❈✳✶✵✿ ❉❡'❡$♠✐♥❛'✐♦♥ ♦❢ ♣♦❧❛$✐&❛'✐♦♥ ❛''$✐❜✉'❡& ✉&✐♥❣ ❝♦♥'✐♥✉♦✉& ✇❛✈❡❧❡' '$❛♥&❢♦$♠✳

❇❧❛❝❦ ✿ ❆$✐'❤♠❡'✐❝ ♠❡❛♥ ♦❢ ✐♥&'❛♥'❛♥♦✉& ♣♦❧❛$✐&❛'✐♦♥ ❝♦❡✣❝✐❡♥'&✳ ❘❡❞ ✿ ▼♦❞❡❧✳

❛+✐*❤♠)*✐=✉❡ ❞❡1 ❝♦❡✣❝✐❡♥*1 ❛✐♥1✐ ❝♦♥1❡+✈)1✳ ❯♥ 1✐♠♣❧❡ ❝+✐*B+❡ ❞✬❛♠♣❧✐*✉❞❡ ♣❡+♠❡* ❞❡ +)❝✉♣)+❡+

❧❡1 ❛**+✐❜✉*1 ❞❡ ♣♦❧❛+✐1❛*✐♦♥ ✈❛+✐❛♥* ❛✈❡❝ ❧❡ *❡♠♣1✳ ▲❡1 ✈❛+✐❛*✐♦♥1 ❛✈❡❝ ❧❡ ♠♦❞B❧❡ 1✉+ ❧❡ ❜♦+❞ ❞✉

1✐❣♥❛❧ 1♦♥* ❞✉1 ❛✉① ❡✛❡*1 ❞❡ ❜♦+❞1 ❞❡ ❧✬♦♥❞❡❧❡**❡ ♠B+❡✳

G♦✉+ ❞❡1 ❡①❡♠♣❧❡1 ❞✬❛♣♣❧✐❝❛*✐♦♥ ❞❡ ❝❡**❡ ♠)*❤♦❞❡✱ ♥♦✉1 +❡♥✈♦②♦♥1 ❧❡ ❧❡❝*❡✉+ ❛✉① ♣✉❜❧✐❝❛*✐♦♥1

♣+✐♥❝✐♣❛❧❡1 *+❛✐*❛♥* ❞❡ ❝❡**❡ ♠)*❤♦❞❡✱ ❉■❆✷✵✵✻ ❑❯▲✷✵✵✼ ❊❙❈✷✵✶✸ ❛✐♥1✐ =✉✬I ❧❛ *❤B1❡ ❞❡

▼✳ ❊1❝❛❧❛1 =✉✐ +❡❣♦+❣❡ ❛❜♦♥❞❛♠♠❡♥* ❞✬❛♣♣❧✐❝❛*✐♦♥1 ❛✉11✐ ❜✐❡♥ ❡♥ ♠)*❤♦❞❡ ❛✈❡❝ 1♦✉+❝❡ ❛+*✐✜❝✐❡❧❧❡

♦✉ ♥❛*✉+❡❧❧❡✳
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❉✳✶ ❊$✉❞❡ ❞❡( ❞✐($♦+$✐♦♥(

❉❛♥# ❧❡# &'✉❞❡# ❞❡ ❞✐#'♦,'✐♦♥✱ ❧❡ ❝❤❛♠♣ &❧❡❝',✐2✉❡ E ♣❡✉' 3',❡ #✉♣♣♦#& ❝♦♠♠❡ ❧❛ #♦♠♠❡

❞✬✉♥ ❝❤❛♠♣ ,&❣✐♦♥❛❧ ER ❡' ❞✬✉♥ ❝❤❛♠♣ ES ,&#✉❧'❛♥' ❞❡ ❧✬❛❝'✐♦♥ ❞✉ ❝❤❛♠♣ ,&❣✐♦♥❛❧ #✉, ✉♥❡

❤&'&,♦❣❡♥&✐'& ❧♦❝❛❧❡✳ ❆✐♥#✐✱ E = ER + ES✳ ❊♥ #✉♣♣♦#❛♥' 2✉❡ ❧✬❤&'&,♦❣&♥&✐'& ❡#' #✉✣#❛♠♠❡♥'

♣❡'✐'❡ ♣♦✉, 2✉❡ ER ♥❡ ✈❛,✐❡ ♣❛# #✉, #♦♥ &'❡♥❞✉❡✱ ❛❧♦,# ♦♥ ♣❡✉' #✉♣♣♦#❡, 2✉❡ ES ❡#' ♣,♦♣♦,'✐♦♥♥❡❧

; ER ✭❆✳ ❉✳ ❈❤❛✈❡ ❡' ❆✳ ❏♦♥❡(✱ ✷✵✶✷✮✳ ❆✐♥#✐✱ ✐❧ ❡①✐#'❡ ✉♥❡ ♠❛',✐❝❡ ❞❡ ❞✐#'♦,'✐♦♥ D ❞❡ ,❛♥❣ ✷✱

,&❡❧❧❡✱ '❡❧❧❡ 2✉❡ ✿

E = DER ✭❉✳✶✮

❊♥ ▼❚✱ ❧❡# ,&❣✐♦♥# ❞✬✐♥'&,3' ♥❡ #♦♥' ♣❛# ❧❡# ❤&'&,♦❣❡♥&✐'&# ❧♦❝❛❧❡#✱ ♠❛✐# ❧❡# ,&#✉❧'❛♥'❡# ❞✉ ❝❤❛♠♣

,&❣✐♦♥❛❧✳ ❉✐✛&,❡♥'# ♦✉'✐❧# ♣❡,♠❡''❡♥' ❞✬&'✉❞✐❡, ❝❡ ❝❤❛♠♣ ,&❣✐♦♥❛❧✳ ❈❡,'❛✐♥# #♦♥' ❜❛#&# #✉, ✉♥❡

♠❛♥✐♣✉❧❛'✐♦♥ ❞❡# &❧&♠❡♥'# ❞✉ '❡♥#❡✉, ✭❡✳❣✳ ❈❛❧❞✇❡❧❧✱ ❇✐❜❜② ❡' ❇0♦✇♥ ✭✷✵✵✹✮✮✱ ❞✬❛✉',❡# #✉,

✉♥ ❛❥✉#'❡♠❡♥' ; ✉♥ ♠♦❞J❧❡ ♣,&❞&✜♥✐ ✭❡✳❣✳ ●0♦♦♠ ❡' ❇❛✐❧❡② ✭✶✾✽✾✮✮✳

❉❛♥# ❝❡ ♠❛♥✉#❝,✐'✱ ♥♦✉# ❛✈♦♥# ✉'✐❧✐#& ❧❡# ❞❡✉① ♦✉'✐❧# ♣,✐♥❝✐♣❛✉① ❞✬✐♥'❡,♣,&'❛'✐♦♥ ❞✉ '❡♥#❡✉,

❞✬✐♠♣&❞❛♥❝❡ ▼❚✱ ❧❡ '❡♥#❡✉, ❞❡ ♣❤❛#❡ ✭❈❛❧❞✇❡❧❧✱ ❇✐❜❜② ❡' ❇0♦✇♥✱ ✷✵✵✹✮✱ ❡' ❧❛ ❞&❝♦♠♣♦#✐'✐♦♥

❞❡ ●,♦♦♠✲❇❛✐❧❡② ✭●0♦♦♠ ❡' ❇❛✐❧❡②✱ ✶✾✽✾✮✳ ❈❡# ❞❡✉① '❡❝❤♥✐2✉❡# ♦♥' &'& ❞&♠♦♥',&❡# ❝♦♠♠❡

♣❛,♠✐ ❧❡# ♣❧✉# ,♦❜✉#'❡# ; ❧✬✐♥',♦❞✉❝'✐♦♥ ❞❡ ❜,✉✐' ❞❛♥# ❧❡# #♦♥❞❛❣❡# ♣❛, ❆✳ ❉✳ ❈❤❛✈❡ ❡' ❆✳ ❏♦♥❡(

✭✷✵✶✷✮✳ ❊❧❧❡# ♣❡,♠❡''❡♥' '♦✉'❡# ❧❡# ❞❡✉① ❞❡ ❞♦♥♥❡, ❞❡# ✐♥❢♦,♠❛'✐♦♥# #✉, ❧❡# ❞✐#'♦,'✐♦♥# #✉, ❧❡

❝❤❛♠♣ &❧❡❝',✐2✉❡# ♣,♦✈♦2✉&❡# ♣❛, ❞❡# #',✉❝'✉,❡# ❞❛♥# ❧❡ #♦✉#✲#♦❧✳

✷✻✸
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❉✳✶✳✶ ❚❡♥&❡✉( ❞❡ ♣❤❛&❡

❊♥ ♥♦♠♠❛♥- X ❡- Y ❧❡/ ♣❛1-✐❡/ 13❡❧❧❡/ ❡- ✐♠❛❣✐♥❛✐1❡/ ❞✉ -❡♥/❡✉1 ❞✬✐♠♣3❞❛♥❝❡ Z✱ ❛❧♦1/ ❧❡

-❡♥/❡✉1 ❞❡ ♣❤❛/❡ ❡/- ❞♦♥♥3 ♣❛1 ✿

Φ = X−1Y ✭❉✳✷✮

▲✬✐♥-31?- ❞✉ -❡♥/❡✉1 ❞❡ ♣❤❛/❡ ❡/- /♦♥ ✐♥/❡♥/✐❜✐❧✐-3 ❛✉① ❞✐/-♦1-✐♦♥/ ❧♦❝❛❧❡/✳ ❆✐♥/✐✱ /✐ ❧❡ -❡♥/❡✉1

❞✬✐♠♣3❞❛♥❝❡ ♠❡/✉13 Z ❡/- ❞♦♥♥3 ♣❛1 Z = DZR✱ ❛❧♦1/ ❝❡--❡ 1❡❧❛-✐♦♥ ❡/- ❛✉//✐ ✈❛❧❛❜❧❡ ♣♦✉1 ❧❡/

♣❛1-✐❡/ 13❡❧❧❡/ ❡- ✐♠❛❣✐♥❛✐1❡/ ♣❛1 ♣1♦♣1✐3-3 ❞❡ ❞✐/-1✐❜✉-✐♦♥ ❞✉ ♣1♦❞✉✐- ♠❛-1✐❝✐❡❧✳ ▲❡ -❡♥/❡✉1 ❞❡

♣❤❛/❡ ♠❡/✉13 ❡/- ❞♦♥❝ 3❣❛❧ ❛✉ -❡♥/❡✉1 ❞❡ ♣❤❛/❡ 13❣✐♦♥❛❧ ♣❛1 ✿

Φ = X−1Y ✭❉✳✸✮

= (DXR)
−1DYR ✭❉✳✹✮

= XR
−1D−1DYR ✭❉✳✺✮

= XR
−1YR ✭❉✳✻✮

= ΦR ✭❉✳✼✮

▲❛ 1❡♣13/❡♥-❛-✐♦♥ ❞✉ -❡♥/❡✉1 ❞❡ ♣❤❛/❡ /❡ ❢❛✐- ♠❛❥♦1✐-❛✐1❡♠❡♥- ❛✉ -1❛✈❡1/ ❞✬❡❧❧✐♣/❡/ ❝❛❧❝✉❧3❡/ G

♣❛1-✐1 ❞✬✐♥✈❛1✐❛♥-/ ❞✉ -❡♥/❡✉1 ❞❡ ♣❤❛/❡ ✿

Φ1 = -1(Φ/2 = (Φxx +Φyy)/2 ✭❉✳✽✮

❞❡-(Φ) = ❞❡-(Y)/❞❡-(X) = ΦxxΦyy − ΦxyΦyx ✭❉✳✾✮

Φ1 = /❦(Φ/2 = (Φxy +Φyx)/2 ✭❉✳✶✵✮

▲❡/ ♣❛1❛♠M-1❡/ ✉-✐❧✐/3/ /♦♥- ✿

Φmax = (Φ2
1 +Φ2

3)
1/2 + (Φ2

1 +Φ2
3 − ❞❡-(Φ))1/2 ✭❉✳✶✶✮

Φmin = (Φ2
1 +Φ2

3)
1/2 − (Φ2

1 +Φ2
3 − ❞❡-(Φ))1/2 ✭❉✳✶✷✮

β =
1

2
tan−1

(
Φ3

Φ1

)
=

1

2
tan−1

(
Φxy − Φyx
Φxx +Φyy

)
✭❉✳✶✸✮

α =
1

2
tan−1

(
Φxy +Φyx
Φxx − Φyy

)
✭❉✳✶✹✮

λ =

[
(Φxx − Φyy)

2 + (Φxy +Φyx)
2
]

[(Φxx +Φyy)2 + (Φxy − Φyx)2]
✭❉✳✶✺✮

❯♥❡ 1❡♣13/❡♥-❛-✐♦♥ ❣1❛♣❤✐O✉❡ ❞✉ -❡♥/❡✉1 ❞❡ ♣❤❛/❡ /❡ -1♦✉✈❡ G ❧❛ ✜❣✉1❡ ❉✳✶✳
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❋✐❣✉$❡ ❉✳✷✿ ■❧❧✉+,-❛,✐♦♥ ❞❡ ❧✬❡✛❡, ❞❡+ ♠❛,-✐❝❡+ ❞❡ ❞✐+,♦-,✐♦♥ ❞❡ ●-♦♦♠✲❇❛✐❧❡②✳ ❉✬❛♣-;+ ❆✳ ❉✳

❈❤❛✈❡ ❡, ❆✳ ❏♦♥❡( ✭✷✵✶✷✮✳

❋■●❯❘❊ ❉✳✷✿ ■❧❧✉%"*❛"✐♦♥ ♦❢ "❤❡ ❡✛❡❝" ♦❢ ●*♦♦♠✲❇❛✐❧❡② ❞✐%"♦*"✐♦♥ ♠❛"*✐①✳ ❋*♦♠ ❆✳ ❉✳ ❈❤❛✈❡

❡" ❆✳ ❏♦♥❡( ✭✷✵✶✷✮✳

▲❛ ❞A,❡-♠✐♥❛,✐♦♥ ❞❡+ ♣❛-❛♠;,-❡+ ❞❡ ❞✐+,♦-,✐♦♥ ❡+, ♦❜,❡♥✉ ♣❛- ❧❛ -A+♦❧✉,✐♦♥ ❞✬✉♥ +②+,;♠❡ ❞✬AC✉❛✲

,✐♦♥+ ♥♦♥ ❧✐♥A❛✐-❡+ ✿

α0 = tσ + eδ

α1 = (δ − etσ) cos(2θ)− (tδ + eσ) sin(2θ)

α2 = −σ + etδ

α3 = −(tδ + eσ) cos(2θ)− (δ − etσ) sin(2θ)

✭❉✳✶✾✮

♦F ✿

α0 = Zxx + Zyy ✭❉✳✷✵✮

α1 = Zxy + Zyx ✭❉✳✷✶✮

α2 = Zyx − Zxy ✭❉✳✷✷✮

α3 = Zxx − Zyy ✭❉✳✷✸✮

σ = a+ b ✭❉✳✷✹✮

δ = a− b ✭❉✳✷✺✮
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▲❡ *②*,-♠❡ ✭❉✳✶✾✮ ❝♦♥,✐❡♥, ✽ 78✉❛,✐♦♥* ✭✹ ♣♦✉= ❧❡* ♣❛=,✐❡* =7❡❧❧❡*✱ ✹ ♣♦✉= ❧❡* ♣❛=,✐❡* ✐♠❛❣✐♥❛✐=❡*✮✱

♣♦✉= ✼ ✐♥❝♦♥♥✉❡* ✭✹ ♣♦✉= ❧❡* ♣❛=❛♠-,=❡* ❞✉ ,❡♥*❡✉= =7❣✐♦♥❛❧ ✷❉✱ ♣❧✉* ❧❡ "✇✐%"✱ ❧❡ %❤❡❛* ❡, ❧❡ %"*✐❦❡✮✳

■❧ ❡*, ❞♦♥❝ =7*♦❧✈❛❜❧❡ ♣❛= ♥✬✐♠♣♦=,❡ 8✉❡❧❧❡ ♣=♦❝7❞✉=❡ ❞❡ ♠✐♥✐♠✐*❛,✐♦♥ ❞❡ *②*,-♠❡* ♥♦♥ ❧✐♥7❛✐=❡✳

▲❛ ♠7,❤♦❞♦❧♦❣✐❡ ✐♥✐,✐❛❧❡ ♣=7*❡♥,7❡ ♣❛= ●!♦♦♠ ❡, ❇❛✐❧❡② ✭✶✾✽✾✮ =7*♦✉, ❧❡ *②*,-♠❡ ♣♦✉=

❝❤❛8✉❡ ❢=78✉❡♥❝❡ ❡, ♣♦✉= ❝❤❛8✉❡ *✐,❡✱ ❡, ✉♥✐8✉❡♠❡♥, ♣♦✉= ❧❡ ❝❛* ❞❡ ❧❛ ❞✐*,♦=,✐♦♥ 7❧❡❝,=✐8✉❡✳

❆❧❛♥ ❉ ❈❤❛✈❡ ❡, ❏✳ ❚✳ ❙♠✐.❤ ✭✶✾✾✹✮ ♦♥, ❝♦♠♣❧7,7 ❧❡ ♠♦❞-❧❡ ❞❡ ❞✐*,♦=,✐♦♥ ♣❛= ❝❡❧✉✐ ❞✬✉♥❡

❞✐*,♦=,✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥7,✐8✉❡✳ ▼❝◆❡✐❝❡ ❡, ❆❧❛♥ ● ❏♦♥❡4 ✭✷✵✵✶✮ ♦♥, 7,❡♥❞✉ ❧✬✐♥✈❡=*✐♦♥ ❡♥

♣❡=♠❡,,❛♥, ❞❡ ✜①❡= ❧❡* ♣❛=❛♠-,=❡* ❞❡ ❞✐*,♦=,✐♦♥ ❡♥ ❧❡* *✉♣♣♦*❛♥, ❝♦♠♠✉♥* M ♣❧✉*✐❡✉=* *✐,❡* ❡,

*✉= ♣❧✉*✐❡✉=* ✐♥,❡=✈❛❧❧❡* ❞❡ ❢=78✉❡♥❝❡ ❞❛♥* ❧❡ ❝❛* ♦N ❧❛ ❞✐*,♦=,✐♦♥ ❡*, *♣❛,✐❛❧❡♠❡♥, ❝♦❤7=❡♥,❡ *✉=

✉♥ ♥♦♠❜=❡ ✐♠♣♦=,❛♥, ❞❡ *,❛,✐♦♥*✳ ❈❡,,❡ ♣=♦❝7❞✉=❡ ♣❡=♠❡, ❞❡ *,❛❜✐❧✐*❡= ❧❡ ❝❛❧❝✉❧ ❞❡* ♣❛=❛♠-,=❡*

❞❡ ❞✐*,♦=,✐♦♥✳

❉✳✷ ❈♦❞❡' ❞❡ ♠♦❞)❧✐'❛-✐♦♥ ❡- ❞✬✐♥✈❡1'✐♦♥

❉❡✉① ❝♦❞❡* ❞❡ ♠♦❞7❧✐*❛,✐♦♥* ❞❡ ❝❤❛♠♣ ❊▼ ♦♥, 7,7 ✉,✐❧✐*7* ❞❛♥* ❝❡ ♠❛♥✉*❝=✐,✱ ❧✬✉♥ ♣❡=♠❡,✲

,❛♥, ❧❛ ♠♦❞7❧✐*❛,✐♦♥ ❞❡* ❝❤❛♠♣* ❊▼ ❡♥ ✸❉✱ ▼♦❞❊▼✱ ❧✬❛✉,=❡ ❡♥ ✷❉✱ ▼❛=❡✷❉❊▼✳ ▲❡ ♣=✐♥❝✐♣❡

❞❡* ❝♦❞❡* ❞❡ ♠♦❞7❧✐*❛,✐♦♥ ▼❚ *❡ ❜❛*❡♥, ,♦✉* *✉= ❧❛ =7*♦❧✉,✐♦♥ ❞❡* 78✉❛,✐♦♥* ❞❡ ▼❛①✇❡❧❧✳ ❊♥

♠❛❣♥7,♦,❡❧❧✉=✐8✉❡✱ ❧❡* *♦✉=❝❡* ❝♦♥*✐❞7=7❡* *♦♥, ❡♥ ❞❡❤♦=* ❞❡* ✈♦❧✉♠❡* ✐♥✈❡=*7*✳ ❆✐♥*✐✱ ❧✬78✉❛,✐♦♥

M =7*♦✉❞=❡ ❡*, ✿

∇×∇×E+ iωµσE = 0, ✭❉✳✷✻✮

♦N E ❡*, ❧❡ ❝❤❛♠♣ 7❧❡❝,=✐8✉❡ ❝♦♥*✐❞7=7 M ✉♥❡ ❢=78✉❡♥❝❡ ❞♦♥♥7❡✳ V♦✉= ❧❛ =7*♦❧✉,✐♦♥ ❞✉ ❝❤❛♠♣

♠❛❣♥7,✐8✉❡✱ ❧✬78✉❛,✐♦♥ ❡*, ✿

∇× ρ∇×H+ iωµH = 0, ✭❉✳✷✼✮

♦N E ❡*, ❧❡ ❝❤❛♠♣ 7❧❡❝,=✐8✉❡ ❝♦♥*✐❞7=7 M ✉♥❡ ❢=78✉❡♥❝❡ ❞♦♥♥7❡✳ V❧✉*✐❡✉=* ♠7,❤♦❞❡* ♣❡=♠❡,,❡♥,

❞❡ =7*♦✉❞=❡ ♥✉♠7=✐8✉❡♠❡♥, ❝❡,,❡ 78✉❛,✐♦♥✳ ▲❡* ♠7,❤♦❞❡* ♥✉♠7=✐8✉❡* ❧❡* ♣❧✉* ✉,✐❧✐*7❡* *♦♥, ✿

• ▲❡* ❞✐✛7=❡♥❝❡* ✜♥✐❡* ✭❋✐♥✐"❡ ❉✐✛❡*❡♥❝❡✱ ❋❉✮ ✭▼❛❝❦✐❡✱ ❏✳ ❚✳ ❙♠✐.❤ ❡, ❚✳ ❘✳ ▼❛❞❞❡♥✱
✶✾✾✹ ❀ ❙✐!✐♣✉♥✈❛!❛♣♦!♥✱ ●✳ ❊❣❜❡!. ❡, ▲❡♥❜✉!②✱ ✷✵✵✷ ❀ ●❛=② ❉ ❊❣❜❡!. ❡,❑❡❧❜❡!.✱

✷✵✶✷✮✳

• ▲❡* 7❧7♠❡♥,* ✜♥✐* ✭❋✐♥✐"❡ ❊❧❡♠❡♥"%✱ ❋❊✮ ✭▲✐ ❡, >❡❦✱ ✷✵✵✽ ❀ ❑❡② ❡, ❖✈❛❧❧✱ ✷✵✶✶ ❀ ❑❡②✱
✷✵✶✻✮✳

• ▲❛ ♠7,❤♦❞❡ ❞❡* 78✉❛,✐♦♥* ✐♥,7❣=❛❧❡* ✭■♥"❡❣*❛❧ ❊;✉❛"✐♦♥%✱ ■❊✮ ✭❚✐♥❣ ❡, ❍♦❤♠❛♥♥✱ ✶✾✽✶ ❀
❍✉!4❛♥ ❡, ❩❤❞❛♥♦✈✱ ✷✵✵✷✮✳

• ▲❡* ✈♦❧✉♠❡* ✜♥✐* ✭❋✐♥✐"❡ ❱♦❧✉♠❡%✱ ❋❱ ✮ ✭❉✉✱ ❘❡♥ ❡, ❚❛♥❣✱ ✷✵✶✻✮✳
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❋✐❣✉$❡ ❉✳✸✿ ●*✐❧❧❡ ❡♥ ❞✐✛/*❡♥❝❡ ✜♥✐❡2 ♣♦✉* ❧❡ ❝❛❧❝✉❧ ❞❡2 ❝❤❛♠♣2 /❧❡❝9*♦♠❛❣♥/9✐;✉❡2✳ ❉✬❛♣*=2

❑❡❧❜❡$% ❡9 ❛❧✳ ✭✷✵✶✹✮

❋■●❯❘❊ ❉✳✸✿ ❋✐♥✐"❡✲❞✐✛❡*❡♥❝❡ ❣*✐❞ ❢♦* "❤❡ ❝♦♠♣✉"❛"✐♦♥ ♦❢ ❊▼ ✜❡❧❞%✳ ❋*♦♠ ❑❡❧❜❡$% ❡" ❛❧✳

✭✷✵✶✹✮✳

❉✳✷✳✶ ▼♦❞❊▼

▲❡ ❝♦❞❡ ▼♦❞❊▼ ✭♣♦✉* ▼❖❞✉❧❛* %②%"❡♠ ❢♦* ❊❧❡❝"*♦▼❛❣♥❡"✐❝ ✐♥✈❡*%✐♦♥ ❡29 ✉♥ ❡♥2❡♠❜❧❡ ❞❡

❝♦❞❡2 ♣❡*♠❡99❛♥9 ❧❛ ♠♦❞/❧✐2❛9✐♦♥ ❡9 ❧✬✐♥✈❡*2✐♦♥ ❞❡ ❞♦♥♥/❡2 /❧❡❝9*♦♠❛❣♥/9✐;✉❡2 ❢*/;✉❡♥9✐❡❧❧❡2✱

♥♦♥ ❧✐♠✐9/❡2 J ❧❛ ▼❚ ✭❑❡❧❜❡$% ❡9 ❛❧✳✱ ✷✵✶✹✮✳ ▲❛ ♣❛*9✐❡ ▼❚ ;✉✐ ❡29 ❛❝9✉❡❧❧❡♠❡♥9 ❞✐29*✐❜✉/❡

♣❛* ❖*❡❣♦♥ ❙9❛9❡ ❯♥✐✈❡*2✐9② ✭❯❙❆✮ ❡29 ❜❛2/ 2✉* ❧❡ ❝❛❧❝✉❧ ❞❡2 ❝❤❛♠♣2 /❧❡❝9*♦♠❛❣♥/9✐;✉❡2 ❡♥

❞✐✛/*❡♥❝❡2 ✜♥✐❡2 ✭❋✐❣✉*❡ ❉✳✸✮✳

❉❛♥2 ❧❡2 ♠/9❤♦❞❡2 ❞❡ ♠♦❞/❧✐2❛9✐♦♥ ✸❉ ❡♥ ❞✐✛/*❡♥❝❡2 ✜♥✐❡2✱ ❧❡ ❝❛❧❝✉❧ ❞❡2 ❝❤❛♠♣2 ❊▼ 2❡ ❢❛✐9

2✉* ✉♥ ♠❛✐❧❧❛❣❡ *❡❝9❛♥❣✉❧❛✐*❡✳ R♦✉* ❧❛ */2♦❧✉9✐♦♥ ❞❡ ❧✬/;✉❛9✐♦♥ ✭❉✳✷✻✮✱ ❧❡ ❝❤❛♠♣ /❧❡❝9*✐;✉❡ ❡29

❝❛❧❝✉❧/ 2✉* ❧✬❛*S9❡ ❞❡2 ❝✉❜❡2✱ ❡9 ❧❡ ❝❤❛♠♣ ♠❛❣♥/9✐;✉❡ 2✉* ❧❛ ❢❛❝❡ ❞❡2 ❝✉❜❡2 ✭❋✐❣✉*❡ ❉✳✸✮✳ ❉❛♥2

❝❤❛;✉❡ ❝❛2✱ ❧❡ ❝❤❛♠♣ 2❡❝♦♥❞❛✐*❡ ✭H 2✐ ❧✬/;✉❛9✐♦♥ ❉✳✷✻ ❡29 */2♦❧✉❡✱ ❡9 ✐♥✈❡*2❡♠❡♥9✮ ❡29 */2♦❧✉

♣❛* ❛♣♣❧✐❝❛9✐♦♥ ❞❡2 /;✉❛9✐♦♥2 ❞❡ ▼❛①✇❡❧❧✳ ▲❛ */2♦❧✉9✐♦♥ ❞❡ ❧✬/;✉❛9✐♦♥ ✭❉✳✷✼✮ ✐♥✈❡*2❡ ❧❛ ♣♦2✐9✐♦♥

❞❡2 ❝❤❛♠♣2 2✉* ❧❛ ❣*✐❧❧❡ ❞❡ ❝❛❧❝✉❧✳ ▲❡2 ❝♦♥❞✐9✐♦♥2 ❛✉① ❧✐♠✐9❡2 ❞❡ ❧❛ ❣*✐❧❧❡ 2♦♥9 ❞/✜♥✐❡2 2♦✐❡♥9 ♣❛*

✉♥❡ ❝♦♥❞✐9✐♦♥ ❞❡ ❝❤❛♠♣ ❝♦♥29❛♥9✱ ❞❡ ♠♦❞/❧✐2❛9✐♦♥ ✶❉ ♣♦✉* ❧✬✐♥9❡*❢❛❝❡ ✐♥❢/*✐❡✉*❡✱ ♦✉ ✷❉ ♣♦✉* ❧❡2

❜♦*❞2 ❧❛9/*❛✉① ❞✉ ♠♦❞=❧❡✳ ▲❡ ❞/9❛✐❧ ❞❡ ❧✬✐♠♣❧/♠❡♥9❛9✐♦♥ ❞❡ ❧❛ ❞✐2❝*/9✐2❛9✐♦♥ ❞✉ ❝❛❧❝✉❧ ❞✐*❡❝9 ❞❡2

❝❤❛♠♣2 ❊▼ ❞/✈❡❧♦♣♣/ ❞❛♥2 ▼♦❞❊▼ ❡29 ♣*/❝✐2/ ❞❛♥2 ●❛*② ❉ ❊❣❜❡$% ❡9 ❑❡❧❜❡$% ✭✷✵✶✷✮✳

▲✬✐♥✈❡*2✐♦♥ ❞❡2 ♣❛*❛♠=9*❡2 ❞❡ ❝♦♥❞✉❝9✐✈✐9/ ❞✉ ♠♦❞=❧❡ ❡29 ❡✛❡❝9✉/❡ ♣❛* ✉♥❡ ♣*♦❝/❞✉*❡ ◆♦♥

▲✐♥❡❛* ❈♦♥❥✉❣❛"❡ ●*❛❞✐❡♥"% ✭◆▲❈●✮✳ ▲❛ ❢♦♥❝9✐♦♥ ♦❜❥❡❝9✐❢ Φ ♠✐♥✐♠✐2/❡ ❡29 ❞♦♥♥/❡ ♣❛* ✿

Φ(m,d) = (d− f(m))TC−1
d (d− f(m)) + ν(m−m0)

TC−1
m (m−m0), ✭❉✳✷✽✮
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♦* m ❝♦♥,✐❡♥, ❧❡/ ♣❛2❛♠4,2❡/ ❞✉ ♠♦❞4❧❡✱ d ❧❡/ ❞♦♥♥8❡/ ✐♥✈❡2/8❡/✱ f ❡/, ❧✬♦♣82❛,❡✉2 ❞❡ ♠♦❞8❧✐/❛✲

,✐♦♥✱ Cd ❝♦♥,✐❡♥, ❧❡/ ❡22❡✉2/ /✉2 ❧❡/ ❞♦♥♥8❡/✱ νCm ❝♦♥,✐❡♥, ❧❛ ❝♦✈❛2✐❛♥❝❡ ❞✉ ♠♦❞4❧❡✱ m0 ❡/, ❧❡

♠♦❞4❧❡ ✐♥✐,✐❛❧✳

▲❡/ ♠♦❞✉❧❡/ /♦♥, ❛❝,✉❡❧❧❡♠❡♥, ✐♠♣❧8♠❡♥,8/ ❡♥ ❋♦2,2❛♥ ✾✺ ❡, ♣❛2❛❧❧8❧✐/8 ❛✈❡❝ ❧❛ ❧✐❜2❛✐2✐❡

▼❡%%❛❣❡ 1❛%%✐♥❣ ■♥"❡*❢❛❝❡ ✭▼1■✮✳

❉✳✷✳✷ ▼❛%❡✷❉❊▼

▼❛2❡✷❉❊▼ ✭♣♦✉2 ▼♦❞❡❧✐♥❣ ✇✐"❤ ❆❞❛♣"✐✈❡❧② ❘❡✜♥❡❞ ❊❧❡♠❡♥"% ❢♦* ✷✲❉ ❊▼ ✮ ✭❑❡②✱ ✷✵✶✻✮

❡/, ✉♥ ❝♦❞❡ ❞❡ ♠♦❞8❧✐/❛,✐♦♥ ❡, ❞✬✐♥✈❡2/✐♦♥ ❞❡ ❞♦♥♥8❡/ ▼❚ ❡, ❈♦♥"*♦❧❧❡❞✲❙♦✉*❝❡ ❊▼ ✭❈❙❊▼✮

✉,✐❧✐/❛♥, ✉♥ ♠❛✐❧❧❛❣❡ ,2✐❛♥❣✉❧❛✐2❡ ♣❡2♠❡,,❛♥, ✉♥❡ ❞✐/❝28,✐/❛,✐♦♥ ❞❡/ ✐♥,❡2❢❛❝❡/ ♣❧✉/ ♣28❝✐/❡ K✉❡

♣♦✉2 ✉♥ ♠❛✐❧❧❛❣❡ 2❡❝,❛♥❣✉❧❛✐2❡✳ ▲❛ ♣2♦❝8❞✉2❡ ❞✬✐♥✈❡2/✐♦♥ ❞❡/ ❞♦♥♥8❡/ ▼❚ ❡, ❈❙❊▼ ✉,✐❧✐/❡ ❧❡

♣2✐♥❝✐♣❡ ❞❡ ❧✬✐♥✈❡2/✐♦♥ ❖❝❝❛♠ ✭❙✳ ❈✳ ❈♦♥&'❛❜❧❡✱ ❘✳ ▲✳ +❛,❦❡, ❡, ❈✳ ●✳ ❈♦♥&'❛❜❧❡✱ ✶✾✽✼✮✳

▲❛ ♠♦❞8❧✐/❛,✐♦♥ ❞❡/ ❝❤❛♠♣/ ❊▼ ♣♦✉2 ✉♥ ♠♦❞4❧❡ ❝♦♥❞✉❝,✐✈✐,8 ❛♥✐/♦,2♦♣❡ ,2✐❛①✐❛❧ ♣♦✉2 ❞❡/

8❧8♠❡♥,/ ✜♥✐/ ❡/, ❞8❝2✐, ♣❛2 ❑❡② ❡, ❖✈❛❧❧ ✭✷✵✶✶✮✳

❉❛♥/ ❧❛ ♣2♦❝8❞✉2❡ ❞✬✐♥✈❡2/✐♦♥ ❖❝❝❛♠✱ ❧❛ ❢♦♥❝,✐♦♥ ♦❜❥❡❝,✐❢ T ♠✐♥✐/❡2 ❡/, ❞8✜♥✐❡ ♣❛2 ✿

U = ||Rm||2 + ||P(m−m∗)||2 + µ−1||W(d−F(m))||2 ✭❉✳✷✾✮

▲❡ ♣2❡♠✐❡2 ,❡2♠❡ Rm ❝♦♥❝❡2♥❡ ❧❛ 2✉❣♦/✐,8 ❞✉ ♠♦❞4❧❡m✳ ▲✬❛❧❣♦2✐,❤♠❡ ✈❛ ♣2✐✈✐❧8❣✐❡2 ❧❡/ ♠♦❞4❧❡/

❛✈❡❝ ❧❡ ♠♦✐♥/ ❞❡ ✈❛2✐❛,✐♦♥/ ♣♦//✐❜❧❡/ ❞❡ ❝♦♥❞✉❝,✐✈✐,8✳ ▲❡ ❞❡✉①✐4♠❡ ,❡2♠❡ ❞8❝2✐, ❧✬❛❥✉/,❡♠❡♥, T

✉♥ ♠♦❞4❧❡ ❞❡ 28❢82❡♥❝❡ m∗✳ ▲❛ ♠❛,2✐❝❡ P ❝♦♥,✐❡♥, ❧❡/ ♣♦✐❞/ ❛,,2✐❜✉8/ ❛✉ ♠♦❞4❧❡ T ♣2✐♦2✐ m∗✳ ▲❡

,2♦✐/✐4♠❡ ,❡2♠❡ ❡/, ❝❡❧✉✐ ❞❡ ❧✬❛❥✉/,❡♠❡♥, ❞❡/ ♣28❞✐❝,✐♦♥/ F(m) ❛✉① ❞♦♥♥8❡/ d✱ 8✈❡♥,✉❡❧❧❡♠❡♥,

♣♦♥❞828/ ♣❛2 ✉♥ ♠♦❞4❧❡ ❞✬❡22❡✉2 ❝♦♥,❡♥✉ ❞❛♥/W✳ ▲❡ ,❡2♠❡ ❞❡ 2✉❣♦/✐,8 ❞8❝2✐, ❧❛ ✈❛2✐❛,✐♦♥ ❞❛♥/

❧❡ ♠♦❞4❧❡ ♣♦✉2 ❞❡/ ❝❡❧❧✉❧❡/ ❛❞❥❛❝❡♥,❡/ ✿

||Rm||2 =
∫

Ω
∇m · ∇m dΩ, ✭❉✳✸✵✮

♦* Ω ❞8❝2✐, ❧✬❡♥/❡♠❜❧❡ ❞✉ ♠♦❞4❧❡ m✳ W♦✉2 ✉♥ ♠❛✐❧❧❛❣❡ ,2✐❛♥❣✉❧❛✐2❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ 2✉❣♦/✐,8

/✬❡✛❡❝,✉❡ ❡♥ ❝♦♥/✐❞82❛♥, ❧✬❡♥/❡♠❜❧❡ ❞❡/ ,2✐❛♥❣❧❡/ ❛❞❥❛❝❡♥,/ ❡, ❡♥ ❛,,2✐❜✉❛♥, ❞❡/ ♣♦✐❞/ ❞8♣❡♥❞❛♥,/

❞❡ ❧❛ ,❛✐❧❧❡ ❞❡/ ❝❡❧❧✉❧❡/✳ ▲❛ ❞❡/❝2✐♣,✐♦♥ ❞✉ ❝❛❧❝✉❧ ❞❡/ 2✉❣♦/✐,8/ ❡/, ❡✛❡❝,✉8❡ ❞❛♥/ ❑❡② ✭✷✵✶✻✮✳

▲✬✐♥,2♦❞✉❝,✐♦♥ ❞❡ ❢2♦♥,✐42❡/ ♦* ❧❛ 2✉❣♦/✐,8 ♥✬❡/, ♣❛/ ❝❛❧❝✉❧8❡ ❡/, ♣♦//✐❜❧❡✱ ♣❡2♠❡,,❛♥, ❧✬✉,✐❧✐/❛,✐♦♥

❞✬✐♥❢♦2♠❛,✐♦♥/ T ♣2✐♦2✐ ♣2♦✈❡♥❛♥, ❞✬❛✉,2❡/ ♠8,❤♦❞❡/ ♣♦✉2 ❧✬✐♥✈❡2/✐♦♥ ❞✉ ♠♦❞4❧❡✳

▲✬❛❧❣♦2✐,❤♠❡ ❞✬✐♥✈❡2/✐♦♥ ❖❝❝❛♠ ✭❙✳ ❈✳ ❈♦♥&'❛❜❧❡✱ ❘✳ ▲✳ +❛,❦❡, ❡, ❈✳ ●✳ ❈♦♥&'❛❜❧❡✱

✶✾✽✼✮ ❡/, ❞82✐✈8 ❞✬✉♥❡ ♠✐♥✐♠✐/❛,✐♦♥ ♣❛2 ♣2♦❝8❞✉2❡ ❞❡ ●❛✉//✲◆❡✇,♦♥ ♥♦♥ ❧✐♥8❛✐2❡✳ ❆ ♣❛2,✐2 ❞✬✉♥
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♠♦❞,❧❡ ✐♥✐/✐❛❧ mk✱ ❧❡ ♠♦❞,❧❡ 2✉✐✈❛♥/ ❡2/ ♦❜/❡♥✉ ♣❛7 ✿

mk+1 = [µ(RTR+PTP) + (WJk)
TWJk]

−1 × [(WJk)
TWd̂+ µPTm∗] ✭❉✳✸✶✮

♦= d̂ ❡2/ ✿

d̂ = d−F(mk) + Jkmk ✭❉✳✸✷✮

Jk ❡2/ ❧❡ ❥❛❝♦❜✐❡♥ ❞✉ ♠♦❞,❧❡✱ ❝❛❧❝✉❧@ ♣❛7 ✿

Jij =
∂Fi(mk)

∂mj
= − ln(10)

ρj

∂Fi(mk)

∂σj
✭❉✳✸✸✮

▲✬❛❧❣♦7✐/❤♠❡ ❖❝❝❛♠ ❡✛❡❝/✉❡ ✉♥❡ ♣7♦❝@❞✉7❡ ❞❡ ❧✐♥❡ %❡❛*❝❤ ❡♥ /❡2/❛♥/ ♣❧✉2✐❡✉72 ✈❛❧❡✉72 ❞❡ µ ❡♥

❝❤❡7❝❤❛♥/ G ♦❜/❡♥✐7 ✉♥ ♠♦❞,❧❡ mk+1 ❛②❛♥/ ✉♥ ♠✐%✜" ✐♥❢@7✐❡✉7 ❛✉ ♠♦❞,❧❡ mk✳ ❊♥ ♣7❛/✐K✉❡✱ ❝❡//❡

♣7♦❝@❞✉7❡ ♥@❝❡22✐/❡ ♣❧✉2✐❡✉72 ❛♣♣❡❧2 G ❧❛ ♣7♦❝@❞✉7❡ ❞❡ ❝❛❧❝✉❧ ❞✐7❡❝/✳ ❉❛♥2 ❧✬❛❧❣♦7✐/❤♠❡ ❞✬✐♥✈❡72✐♦♥

✉/✐❧✐2@ ♣❛7 ▼❛7❡✷❉❊▼✱ 2✐ ✉♥ ♠♦❞,❧❡ ❡2/ /7♦✉✈@ ❡/ ♣7@2❡♥/❡ ✉♥❡ 7@❞✉❝/✐♦♥ ❞✉ ♠✐%✜" 2✉✣2❛♥/❡

✭✜①@❡ G ✶✺✪ ❞❛♥2 ▼❛7❡✷❉❊▼✮✱ ❝❡ ♠♦❞,❧❡ ❡2/ ❝❤♦✐2✐ ♣♦✉7 ♣❛22❡7 G ❧✬✐/@7❛/✐♦♥ 2✉✐✈❛♥/❡✳

▲❡ ❝♦❞❡ ▼❛7❡✷❉❊▼ ❡2/ ❞@✈❡❧♦♣♣@ ❡♥ ❋♦7/7❛♥ ✾✵ ❡/ ♣❛7❛❧❧@❧✐2@ ♣♦✉7 ❧✬✉/✐❧✐2❛/✐♦♥ ❞❡ ♠@♠♦✐7❡

❞✐2/7✐❜✉@❡ ❡♥ ✉/✐❧✐2❛♥/ ❧❡ 2/❛♥❞❛7❞ ▼❡%%❛❣❡ 5❛%%✐♥❣ ■♥"❡*❢❛❝❡ ✭▼S■✮✳ ▲✬✉/✐❧✐2❛/✐♦♥ ❞❡ ❝❡ /②♣❡ ❞❡

♣❛7❛❧❧@❧✐2❛/✐♦♥ ❡2/ ♥@❝❡22❛✐7❡ ♣♦✉7 ♣❡7♠❡//7❡ ❧✬✐♥✈❡72✐♦♥ ❞❡ ♠♦❞,❧❡2 ❝♦♥/❡♥❛♥/ ♣❧✉2✐❡✉72 ❞✐③❛✐♥❡2

❞❡ ♠✐❧❧✐❡72 ❞❡ ♣❛7❛♠,/7❡2✳
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;✐♣❛❧"❛'

❙②❛❢'✉

❉❤✉♥❝❤❡

❑❛❧✐❦❛$"❛♥

●'❛♥❣

❚!✐#✉❧✐

❊✳✶✳✷ ❉%&❛✐❧ ❞❡, ♠❡,✉/❡,

✵✸ ▼❛$% ✷✵✶✻

• ❚♦❦❤❛ ✲ ■♥-❛❧❧❛-✐♦♥ ❞❡ ❧❛ #-❛-✐♦♥✳
• ❚♦❦❤❛ ✲ ✵✽❤ ✶✺♠ ✵✵# → ✵✽❤ ✷✵♠ ✵✵#✳ ❚❡#- ❞❡ ❢♦♥❝-✐♦♥♥❡♠❡♥-✳

• ❚♦❦❤❛ ✲ ✵✾❤ ✵✵♠ ✵✵# → ✶✵❤ ✵✵♠ ✵✵#✳ :❙❚ < ✺✶✷ ❍③ ❛✈❡❝ ❧❡# ✸ ❆❉❯✳

• ❚♦❦❤❛ ✲ ✶✶❤ ✵✵♠ ✵✵# → ✵✵❤ ✵✵♠ ✵✵#✳ ▼❡#✉!❡ ▼❚✳

✷✼✶



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✷

✵✹ ▼❛$% ✷✵✶✻

• ❖❦❤❛,♣❛✉✇❛ ✲ ■♥23❛❧❧❛3✐♦♥ ❞❡ ❧❛ 23❛3✐♦♥✳
• ❖❦❤❛,♣❛✉✇❛ ✲ ✵✾❤ ✸✽♠ ✵✵2 → ✵✾❤ ✹✸♠ ✵✵2✳ ❚❡23 ❞❡ ❢♦♥❝3✐♦♥♥❡♠❡♥3✳

• ❖❦❤❛,♣❛✉✇❛ ✲ ✶✵❤ ✸✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵2✳ ▼❡2✉,❡ ▼❚✳

✵✺ ▼❛$% ✷✵✶✻

• D❛3❧❡ ✲ ■♥23❛❧❧❛3✐♦♥ ❞❡ ❧❛ 23❛3✐♦♥✳
• D❛3❧❡ ✲ ✶✵❤ ✸✽♠ ✸✼2 → ✶✵❤ ✹✸♠ ✸✼2✳ ❚❡23 ❞❡ ❢♦♥❝3✐♦♥♥❡♠❡♥3✳

• D❛3❧❡ ✲ ✶✶❤ ✵✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵2✳ ▼❡2✉,❡ ▼❚

• ❚♦❦❤❛ ✲ ✵✵❤ ✵✵♠ ✵✵2 → ✵✵♠ ✵✵❤ ✵✵2✳ ▼❡2✉,❡ ▼❚

• ❖❦❤❛,♣❛✉✇❛ ✲ ✵✵❤ ✵✵♠ ✵✵2 → ✵✵♠ ✵✵❤ ✵✵2✳ ▼❡2✉,❡ ▼❚✳

❆,,E3 ❡♥ ❝♦✉,2 ❞❡ ♠❡2✉,❡✳

✵✻ ▼❛$% ✷✵✶✻

• ❚♦❦❤❛ ✲ ✵✵❤ ✵✵♠ ✵✶2 → ✶✵♠ ✶✷❤ ✶✾2✳ ❆,,E3 ❞❡ ❧❛ ♠❡2✉,❡✳ ❉G♠♦♥3❛❣❡ ❞❡ ❧❛ 23❛3✐♦♥✳

• D❛3❧❡ ✲ ✵✵❤ ✵✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵2✳ ▼❡2✉,❡ ▼❚

✵✼ ▼❛$% ✷✵✶✻

• D✐♣❛❧3❛, ✲ ■♥23❛❧❧❛3✐♦♥ ❞❡ ❧❛ 23❛3✐♦♥✳
• D✐♣❛❧3❛, ✲ ✵✽❤ ✹✽♠ ✵✵2 → ✵✽❤ ✺✸♠ ✵✵✳ ❚❡23 ❞❡ ❢♦♥❝3✐♦♥♥❡♠❡♥3✳

• D✐♣❛❧3❛, ✲ ✵✾❤ ✸✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵✳ ▼❡2✉,❡ ▼❚✳

• ❖❦❤❛,♣❛✉✇❛ ✲ ❉G♠♦♥3❛❣❡ ❞❡ ❧❛ 23❛3✐♦♥✳
• D❛3❧❡ ✲ ✵✵❤ ✵✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵2✳ ▼❡2✉,❡ ▼❚✳

✵✽ ▼❛$% ✷✵✶✻

• D❛3❧❡ ✲ ❉G♠♦♥3❛❣❡ ❞❡ ❧❛ 23❛3✐♦♥✳
• D✐♣❛❧3❛, ✲ ✵✵❤ ✵✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵✳ ▼❡2✉,❡ ▼❚✳

✵✾ ▼❛$% ✷✵✶✻

• ❙②❛❢,✉ ✲ ■♥23❛❧❧❛3✐♦♥ ❞❡ ❧❛ 23❛3✐♦♥✳
• ❙②❛❢,✉ ✲ ✵✹❤ ✹✺♠ ✵✵2 → ✵✹❤ ✺✵♠ ✵✵✳ ❚❡23 ❞❡ ❢♦♥❝3✐♦♥♥❡♠❡♥3✳

• ❙②❛❢,✉ ✲ ✵✻❤ ✵✵♠ ✵✵2 → ✷✸❤ ✺✾♠ ✵✵✳ ▼❡2✉,❡ ▼❚✳

• ❉❤✉♥❝❤❡ ✲ ■♥23❛❧❧❛3✐♦♥ ❞❡ ❧❛ 23❛3✐♦♥✳
• ❉❤✉♥❝❤❡ ✲ ✶✶❤ ✹✺♠ ✷✼2 → ✶✶❤ ✺✵♠ ✷✼2✳ ❚❡23 ❞❡ ❢♦♥❝3✐♦♥♥❡♠❡♥3✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✸

• ❉❤✉♥❝❤❡ ✲ ✶✷❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• 7✐♣❛❧<❛5 ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✷❤ ✺✶♠ ✸✺✳ ▼❡1✉5❡ ▼❚✳

❆55=< ❞? @ ❧❛ ❜❛<<❡5✐❡ ✈✐❞❡✳

✶✵ ▼❛$% ✷✵✶✻

• ❙②❛❢5✉ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵✳ ▼❡1✉5❡ ▼❚✳

• ❉❤✉♥❝❤❡ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• 7✐♣❛❧<❛5 ✲ ❉F♠♦♥<❛❣❡ ❞❡ ❧❛ 1<❛<✐♦♥✳

✶✶ ▼❛$% ✷✵✶✻

• ❑❛❧✐❦❛1<❛♥ ✲ ■♥1<❛❧❧❛<✐♦♥ ❞❡ ❧❛ 1<❛<✐♦♥✳
• ❑❛❧✐❦❛1<❛♥ ✲ ✵✻❤ ✺✹♠ ✹✽1 → ✵✻❤ ✺✾♠ ✹✽1✳ ❚❡1< ❞❡ ❢♦♥❝<✐♦♥♥❡♠❡♥<✳

• ❑❛❧✐❦❛1<❛♥ ✲ ✵✼❤ ✸✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• ❙②❛❢5✉ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✶✵❤ ✺✶♠ ✸✾✳ ❆55=< ❞❡ ❧❛ ♠❡1✉5❡✳ ❉F♠♦♥<❛❣❡ ❞❡ ❧❛ 1<❛<✐♦♥✳

• ❉❤✉♥❝❤❡ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

✶✷ ▼❛$% ✷✵✶✻

• ●5❛♥❣ ✲ ■♥1<❛❧❧❛<✐♦♥ ❞❡ ❧❛ 1<❛<✐♦♥✳
• ●5❛♥❣ ✲ ✵✺❤ ✹✻♠ ✶✼1 → ✵✺❤ ✺✶♠ ✶✼1✳ ❚❡1< ❞❡ ❢♦♥❝<✐♦♥♥❡♠❡♥<✳

• ●5❛♥❣ ✲ ✵✻❤ ✸✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• ❉❤✉♥❝❤❡ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✵✾❤ ✶✺♠ ✹✻1✳ ❆55=< ❞❡ ❧❛ ♠❡1✉5❡✳ ❉F♠♦♥<❛❣❡ ❞❡ ❧❛ 1<❛<✐♦♥✳

• ❑❛❧✐❦❛1<❛♥ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

✶✸ ▼❛$% ✷✵✶✻

• ❚5✐1✉❧✐ ✲ ■♥1<❛❧❧❛<✐♦♥ ❞❡ ❧❛ 1<❛<✐♦♥✳
• ❚5✐1✉❧✐ ✲ ✵✼❤ ✸✼♠ ✵✹1 → ✵✼❤ ✹✷♠ ✵✹1✳ ❚❡1< ❞❡ ❢♦♥❝<✐♦♥♥❡♠❡♥<✳

• ❚5✐1✉❧✐ ✲ ✵✽❤ ✶✺♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• ❑❛❧✐❦❛1<❛♥ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

• ●5❛♥❣ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳

✶✹ ▼❛$% ✷✵✶✻

• ❑❛❧✐❦❛1<❛♥ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✵✺❤ ✵✼♠ ✶✹1✳ ❆55=< ❞❡ ❧❛ ♠❡1✉5❡✳ ❉F♠♦♥<❛❣❡ ❞❡ ❧❛ 1<❛<✐♦♥✳

• ●5❛♥❣ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✵✼❤ ✵✶♠ ✶✵1✳ ❆55=< ❞❡ ❧❛ ♠❡1✉5❡✳

• ●5❛♥❣ ✲ ✵✼❤ ✷✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✶✵1✳ ❘❡♣5✐1❡ ❞❡ ❧❛ ♠❡1✉5❡✳

• ❚5✐1✉❧✐ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✷✸❤ ✺✾♠ ✵✵1✳ ▼❡1✉5❡ ▼❚✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✹

✶✺ ▼❛$% ✷✵✶✻

• ●*❛♥❣ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✵✹❤ ✺✶♠ ✺✵1✳ ❆**45 ❞❡ ❧❛ ♠❡1✉*❡✳ ❉:♠♦♥5❛❣❡ ❞❡ ❧❛ 15❛5✐♦♥✳

• ❚*✐1✉❧✐ ✲ ✵✵❤ ✵✵♠ ✵✵1 → ✵✻❤ ✺✶♠ ✹✹1✳ ❆**45 ❞❡ ❧❛ ♠❡1✉*❡✳ ❉:♠♦♥5❛❣❡ ❞❡ ❧❛ 15❛5✐♦♥✳

❊✳✶✳✸ ❉%&❛✐❧ ❞❡, ♣♦✐♥&, ♠❡,✉2%,



❆
♥
♥
❡
①
❡
❊
✳
❉
!
"
❛
✐
❧
❞
❡
(
❞
♦
♥
♥
!
❡
(

✷
✼
✺

❙!❛!✐♦♥& ❚♦❦❤❛ ❑❛❦❛♥✐ +❛!❧❡ +✐♣❛❧!❛/ ❙②❛❜/✉ ❉❤✉♥❝❤❡ ❑❛❧✐❦❛&!❛♥ ●/❛♥❣ ❚/✐&✉❧✐

▲❛!✐!✉❞❡ ✭

o
✮ ✷✼✳✼✻✺✺✵ ✷✼✳✼✾✽✹✻ ✷✼✳✽✷✸✶✾ ✷✼✳✽✻✼✾✻ ✷✽✳✶✻✵✹✶ ✷✽✳✶✵✸✻✽ ✷✽✳✵✵✺✹✻ ✷✽✳✵✹✻✼✸ ✷✼✳✾✷✺✶✵

▲♦♥❣✐!✉❞❡ ✭

o
✮ ✽✺✳✸✷✹✵✺ ✽✺✳✷✼✹✾✵ ✽✺✳✷✶✷✷✾ ✽✺✳✶✷✽✻✻ ✽✺✳✸✸✺✺✶ ✽✺✳✸✵✼✹✾ ✽✺✳✷✶✷✺✺ ✽✺✳✷✷✺✻✾ ✽✺✳✶✺✸✷✾

❆❧!✐!✉❞❡ ✭♠✮ ✶✸✸✺ ✶✽✾✵ ✶✹✻✺ ✺✾✼ ✶✹✺✼ ✷✵✻✷ ✶✼✻✾ ✷✵✻✻ ✻✵✵

❆❉❯ ✷✾ ✸✾✶ ✷✽ ✷✾ ✷✽ ✸✾✶ ✷✾ ✷✽ ✸✾✶

❙♦♥❞❡0 ♠❛❣♥45✐7✉❡0

Hx ▼❋❙✵✻ ★✷✻✼ ▼❋❙✵✻ ★✷✻✸ ▼❋❙✵✻ ★✸✹✶ ▼❋❙✵✻ ★ ✷✻✼ ▼❋❙✵✻ ★✸✹✶ ▼❋❙✵✻ ★✷✻✸ ▼❋❙✵✻ ★✷✻✼ ▼❋❙✵✻ ★✸✹✶ ▼❋❙✵✻ ★✶✻✸

Hy ▼❋❙✵✻ ★ ✷✼✻ ▼❋❙✵✻ ★✷✻✹ ▼❋❙✵✻ ★✸✹✷ ▼❋❙✵✻ ★ ✷✼✻ ▼❋❙✵✻ ★✸✹✷ ▼❋❙✵✻ ★✷✻✹ ▼❋❙✵✻ ★✷✼✻ ▼❋❙✵✻ ★✸✹✷ ▼❋❙✵✻ ★✷✻✹

Hz ❈▼✶✸ ★✶✵✸ ❈▼✶✸ ★✶✵✶ ❈▼✶✸ ★✶✵✷ ❈▼✶✸ ★✶✵✸ ❈▼✶✸ ★✶✵✷ ❈▼✶✸ ★✶✵✶ ❈▼✶✸ ★✶✵✸ ❈▼✶✸ ★✶✵✷ ❈▼✶✸ ★✶✵✶

❉✐♣?❧❡ ◆❙

❈❡♥!/❡ ❞✐♣?❧❡ ✭♠✮ ✺✵ ✷✺ ✸✽ ✹✻ ✹✽ ✽✳✺ ✷✶ ✷✵ ✺✶

+♦&✐!✐♦♥ ◆ ✭♠✮ ✶ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵

+♦&✐!✐♦♥ ❙ ✭♠✮ ✽✾ ✹✽ ✹✽✳✺ ✽✹ ✻✹ ✷✼✳✺ ✼✺ ✺✽ ✼✹✳✺

❉✐♣?❧❡ ❊❲

❈❡♥!/❡ ❞✐♣?❧❡ ✭♠✮ ✺✵ ✷✶ ✶✽ ✹✻ ✸✻✳✺ ✸✾✳✺ ✸✶ ✷✽✳✺ ✺✵

+♦&✐!✐♦♥ ❊ ✭♠✮ ✹ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵

+♦&✐!✐♦♥ ❲ ✭♠✮ ✶✵✵ ✸✽✳✺ ✷✼ ✾✵ ✻✵ ✼✶ ✺✹ ✺✺✳✺ ✾✺

❘40✐05❛♥❝❡0 ✭ ❡❧❢$❡ $✮

Ex ✭k.Ω✮ ✵✳✾✻ ✶✵ ✵✳✺✺ ✸✳✵✶ ✵✳✷✺ ✹✳✹✻ ✶✻✳✺ ✶✵ ✵✳✽✺

Ey ✭k.Ω✮ ✵✳✼✺ ✷✵ ✵✳✺✼ ✸✳✺✶ ✵✳✷✾ ✶✵✳✼ ✶✸✳✽ ✶✵ ✶✳✶✻

❚❛❜❧❡ ❊✳✶✿ ❉*+❛✐❧ ❞❡0 ❝♦♥✜❣✉6❛+✐♦♥0 ❆▼❚



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✻

❚♦❦❤❛

❘❡♠❛,-✉❡/ ✿

• ❱❡,/ ❧✬♦✉❡/5✱ 7 ❡♥✈✐,♦♥ ✶ ❦♠✱ ♣,=/❡♥❝❡ ❞✬✉♥❡ ❝♦❧❧✐♥❡ ❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡ 5,❛✈❛✉① ✭5,❛❝5❡✉,/✱
♣❡❧❧❡5❡✉/❡/✳✳✳✮✳

• ❈❡ /✐5❡ 7 /❡,✈✐ ♣♦✉, ❧❛ ,=❛❧✐/❛5✐♦♥ ❞✉ 5❡/5 ❞❡/ /♦♥❞❡/ ♠❛❣♥=5✐-✉❡/ ✭+❛,❛❧❧❡❧ ❙❡♥(♦, ❚❡("✮✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✼

❑❛❦❛♥✐ ✭❖❦❤❛(♣❛✉✇❛✮

❘❡♠❛+,✉❡. ✿

• ▲♦♥❣✉❡ ❜❛++❡ ♠45❛❧❧✐,✉❡ 8 ❡♥✈✐+♦♥ ✷✵ ♠ ❞✉ ❝❡♥5+❡ ❞✉ ❞✐.♣♦.✐5✐❢ ✭✷✺ ♠ ❞❡ ❧❛ .♦♥❞❡ ❧❛ ♣❧✉.
♣+♦❝❤❡ ✕ Hx✮✳

• ❈♦♥❞✉✐5❡ ❞✬❡❛✉ .✉+ ❧❡ .♦❧ 5+❛✈❡+.❛♥5 ❧❡ ❞✐.♣♦.✐5✐❢✳
• ❆♣+F. ❧✬✐♥.5❛❧❧❛5✐♦♥ ❞✉ .✐5❡✱ ❞❡. ❡♥❢❛♥5. .♦♥5 ✈❡♥✉. ❥♦✉❡+ ❛✈❡❝ ❞❡. ✈4❧♦. ❛✉5♦✉+ ❞✉ .✐5❡✳
• ▲❡ .✐5❡ ❑❛❦❛♥✐ ❡✛❡❝5✉4 ❡♥ ✶✾✾✻ ❡.5 ✈✐.✐❜❧❡✱ ♠❛✐. ❞❡ ❧✬❛✉5+❡ ❝O54 ❞❡ ❧❛ ✈❛❧❧4❡✳
• ❙✐5❡ ❞✐✣❝✐❧❡ ❞✬❛❝❝F.✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✽

 ❛"❧❡

❘❡♠❛,-✉❡/ ✿

• ▼♦❞✐✜❝❛7✐♦♥ ❞❡/ ❣❛✐♥/ ♣❛, ❧❛ ❝♦♠♠❛♥❞❡ ❞✬❆✉"♦❣❛✐♥✳
❆✈❛♥7 ✉7✐❧✐/❛7✐♦♥ ✿ 7♦✉/ ❧❡/ ❣❛✐♥/ = ✶✳

❆♣,?/ ✉7✐❧✐/❛7✐♦♥ ✿ ✹✱ ✽✱ ✶✱ ✽✱ ✶✳

❆✈❛♥7 ❧❡ ❧❛♥❝❡♠❡♥7 ❞❡/ 7❡/7/✱ ❧❡/ ❣❛✐♥/ ♦♥7 B7B ✜①B/ = ✿ ✹✱ ✹✱ ✶✱ ✶✱ ✶✳ ❈❡/ ✈❛❧❡✉,/ ♦♥7 B7B

✉7✐❧✐/B❡/ ♣♦✉, ❧❡/ ♠❡/✉,❡/✳

• ❆✉ ❞B❜✉7 ❞❡/ /B,✐❡/✱ ❜❡❛✉❝♦✉♣ ❞✬❡♥❢❛♥7/ ❡7 ❞❡/ 7,❛✈❛✉① ❞❡ ❞B/❤❡,❜❛❣❡ = ❧❛ ♠❛❝❤❡77❡ ♣,?/
❞✉ /✐7❡✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✼✾

• )❡*✐* ♣♦*❡❛✉ 0❧❡❝*3✐4✉❡ ♣356 ❞❡ ❧✬0❧❡❝*3♦❞❡ ◆✳

 ✐♣❛❧%❛&

❘❡♠❛34✉❡6 ✿

• ❙✐*❡ > ❡♥✈✐3♦♥ ✶✵✵ ♠ ❞❡ ❧❛ 3♦✉*❡✳

• ❙✐*❡ ❛✈❡❝ ✉♥❡ ♣❡*✐*❡ ❧✐❣♥❡ 0❧❡❝*3✐4✉❡ > ❡♥✈✐3♦♥ ✼✵ ♠✳
• ❇❡❛✉❝♦✉♣ ❞✬❡♥❢❛♥*6✳
• ❯♥❡ ❜❛**❡3✐❡ > 0*0 ❞0❝♦♥♥❡❝*0❡ ❡* ❧✬❛❝4✉✐6✐*✐♦♥ 6✬❡6* ❛33G*0❡ 4✉❡❧4✉❡6 ❤❡✉3❡6 ❛✈❛♥* ❧❡
❞0♠♦♥*❛❣❡ ❞❡ ❧❛ 6*❛*✐♦♥✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✵

❙②❛❢$✉❜❡♥)✐ ✭❙②❛❜$✉✮

❘❡♠❛,-✉❡/ ✿

• ▲2❣❡, ❞2♥✐✈❡❧2 ❞✉ 8❡,,❛✐♥ ✿
✖ ✶✶ 8❡,,❛//❡/ ❞✬❡♥✈✐,♦♥ ✺✵ ❝♠ ❞❡ ❤❛✉8❡✉, ❡♥8,❡ ❧❡/ 2❧❡❝8,♦❞❡/ ◆ ❡8 ❙✱ ❛✈❡❝ zN > zS ✳

✖ ✸ 8❡,,❛//❡/ ❞✬❡♥✈✐,♦♥ ✺✵ ❝♠ ❞❡ ❤❛✉8❡✉, ❡♥8,❡ ❧❡/ 2❧❡❝8,♦❞❡/ ❊ ❡8 ❲✱ ❛✈❡❝ zN > zS ✳

• ❚,❛♥/❢♦,♠❛8❡✉, G ❡♥✈✐,♦♥ ✶ ❦♠ ❞❡ ❞✐/8❛♥❝❡✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✶

❉❤✉♥❝❤❡

❘❡♠❛,-✉❡/ ✿

• ❉✐♣4❧❡ Ey ♣❧✉/ ❤♦,✐③♦♥9❛❧ -✉❡ Ex ✭-✉❡❧-✉❡/ ♠;9,❡/ ❞❡ ❞=♥✐✈❡❧= ❡♥9,❡ ◆♦,❞ ❡9 ❙✉❞✱ ❛✈❡❝
zS > zN ✮✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✷

❑❛❧✐❦❛%&❛♥

❘❡♠❛+,✉❡. ✿

• ❚❡++❛✐♥ ❡♥ ♣❡♥3❡ ✿
zS > zN ✱ ❞✬❡♥✈✐+♦♥ ✸ ♠:3+❡. ✭✷ 3❡++❛..❡. ❞✬❡♥✈✐+♦♥ ✶✳✺ ♠✮✳

zE > zW ✱ ❞✬❡♥✈✐+♦♥ ✼✳✺ ♠:3+❡. ✭✺ 3❡++❛..❡. ❞✬❡♥✈✐+♦♥ ✶✳✺ ♠✮✳

• @♦3❡❛✉ A❧❡❝3+✐,✉❡ ♣+:. ❞❡ ❧✬A❧❡❝3+♦❞❡ .✉❞✳
• ❙✐3❡ ❝❛❧♠❡ ✭❡①❝❡♣3A ❜+✉✐3 A❧❡❝3+✐,✉❡✮✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✸

●!❛♥❣

❘❡♠❛,-✉❡/ ✿

• ❙✐3❡ /✉,4❧❡✈4 ✭❡①♣❧♦✐3❛3✐♦♥ ❞✬❤❡,❜❡/ ♠4❞✐❝✐♥❛❧❡/✮✳
• ❘♦✉3❡ ❡♥ ❜❛/ ❞✉ /✐3❡ ✭@ ❡♥✈✐,♦♥ ✺✵ ♠C3,❡/✮✳
• D❡♥3❡ /✉, ❧❡ /✐3❡ ✿
zS > zN ❞✬❡♥✈✐,♦♥ ✺ ♠✳

zE > zW ❞✬❡♥✈✐,♦♥ ✺ ♠✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✹

❚!✐#✉❧✐

❘❡♠❛,-✉❡/ ✿

• ▲✐❣♥❡ 4❧❡❝7,✐-✉❡ 8 ❡♥✈✐,♦♥ ✺✵ ♠ ✈❡,/ ❧✬❡/7✳

• ❘♦✉7❡ ♣,♦❝❤❡ 8 ❡♥✈✐,♦♥ ✺ ♠ ❞❡ ❧✬4❧❡❝7,♦❞❡ ♦✉❡/7✳

• A,4/❡♥❝❡ ❞✬❛♥✐♠❛✉① ❜,♦✉7❛♥7 ❛✉7♦✉, ❡7 ❞❛♥/ ❧❡ ❞✐/♣♦/✐7✐❢✳ ❯♥❡ 4❧❡❝7,♦❞❡ 8 ♥♦7❛♠♠❡♥7
474 ❛,,❛❝❤4❡ ❧❡ ♠❛7✐♥ ❞✉ ❞❡,♥✐❡, ❥♦✉, /✉, ♣❧❛❝❡ ✭-✉❡❧-✉❡/ ❤❡✉,❡/ ❞❡ ❞♦♥♥4❡/ ♣❡,❞✉❡/✮✳



❆♥♥❡①❡ ❊✳ ❉!"❛✐❧ ❞❡( ❞♦♥♥!❡( ✷✽✺

❊✳✷ ❈❤❛♠❜♦♥✲▲❛✲❋♦-./

❊✳✷✳✶ ❉%&❛✐❧ ❞❡, ♠❡,✉/❡,

❙!❛!✐♦♥& ■♥❣)❛♥♥❡& ❚❤✐✈❡! ❖❜&❡)✈❛!♦✐)❡

▲❛!✐!✉❞❡ ✭

o
✮ ✹✼✳✾✾✸✺✷ ✹✽✳✵✵✷✹✻✽ ✹✽✳✵✷✻✵✽✾

▲♦♥❣✐!✉❞❡ ✭

o
✮ ✷✳✷✹✷✼✹✸ ✷✳✶✺✺✷✶✸✸ ✷✳✷✺✸✹✸✻

❆❧!✐!✉❞❡ ✭♠✮ ✶✸✵✳✺✵ ✶✸✹✳✸✶ ✶✷✾✳✻✷

❆❉❯ ✷✾ ✷✾ ✷✽

❙♦♥❞❡3 ♠❛❣♥78✐:✉❡3

Hx ▼❋❙✵✻ ★ ✸✹✶ ▼❋❙✵✼ ★ ✷✶✼ ▼❋❙✵✻ ★ ✷✻✹

Hy ▼❋❙✵✻ ★ ✸✹✶ ▼❋❙✵✼ ★ ✷✶✽ ▼❋❙✵✻ ★ ✷✻✼

Hz ▼❋❙✵✻ ★ ✷✻✸ ▼❋❙✵✼ ★ ✷✷✷ ❈▼❆

❉✐♣B❧❡ ◆❙

❈❡♥!)❡ ❞✐♣<❧❡ ✭♠✮ ✺✵ ✹✵ ✺✵

=♦&✐!✐♦♥ ◆ ✭♠✮ ✵ ✵ ✵

=♦&✐!✐♦♥ ❙ ✭♠✮ ✶✵✵ ✽✵ ✾✼✳✺

❉✐♣B❧❡ ❊❲

❈❡♥!)❡ ❞✐♣<❧❡ ✭♠✮ ✹✺ ✹✶ ✺✵

=♦&✐!✐♦♥ ❊ ✭♠✮ ✵ ✵ ✵

=♦&✐!✐♦♥ ❲ ✭♠✮ ✾✺ ✽✶ ✾✶✳✺

❘73✐38❛♥❝❡3 ✭(❡❧❢"❡("✮

Ex ✭Ω✮ ✶✵✽✸✹✳✺ ✼✶✾✳✾✸✼ ✸✵✻✼✳✾✹

Ey ✭Ω✮ ✺✹✼✷✳✼✾ ✼✶✸✳✷✼✾ ✹✻✼✸✳✺

❚❛❜❧❡ ❊✳✷✿ ❉78❛✐❧ ❞❡3 ❝♦♥✜❣✉K❛8✐♦♥3 ▼❚
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✷
✽
✻

❙!❛!✐♦♥& ❇✷ ❇✹ ❇✻ ❈✶ ❈✸ ❈✻ ❈✼

▲❛!✐!✉❞❡ ✭

o
✮ ✹✽✳✵✵✸✹✼✽✸ ✹✽✳✵✶✸✶✹✹✾ ✹✽✳✵✷✺✺✹✺ ✹✽✳✵✵✹✹✷✺ ✹✽✳✵✶✸✵✹✸ ✹✽✳✵✸✵✺✵✻ ✹✽✳✵✸✽✽✵✽

▲♦♥❣✐!✉❞❡ ✭

o
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