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Abstract

Title: Combinatorial links between quasisymmetric functions and tableaux for Coxeter groups.

Keywords: type B quasisymmetric functions, Schur functions, Cauchy identity, descent algebra,

RSK-correspondence, hyperoctahedral group, domino tableaux, Schur positivity.

The algebra of symmetric functions is a major tool in algebraic combinatorics that plays a central
role in the representation theory of the symmetric group. This thesis deals with quasisymmetric
functions, a powerful generalisation introduced by Gessel in 1984, with significant applications in
the enumeration of major combinatorial objects as permutations, Young tableaux and P-partitions
and in the study of advanced symmetric functions like Schubert and Macdonald polynomials. More
specifically we find a new connection between Chow’s extension of quasisymmetric functions to
Coxeter groups of type B and domino tableaux, i.e. Young diagrams tiled with 2 x 1 and 1 x 2
rectangles. It allows us to contribute new results to various fields including the structure constants
of type B Solomon’s descent algebra, the extension of the theory of Schur-positivity to signed
permutations and the study a g-deformed type B Cauchy formula with important implications

regarding statistics for domino tableaux.

Among the remarkable bases of the algebra of symmetric functions, Schur functions received par-
ticular attention as they are strongly related to the irreducible characters of the general linear
group and Young diagrams. The Schur symmetric function indexed by an integer partition A\
is the generating function for semistandard Young tableaux of shape A. This result extends to
skew shapes and allows to write any (skew-) Schur function as the sum of Gessel’s fundamental
quasisymmetric functions indexed by the descent set of all standard Young tableaux of a given
shape. Furthermore the celebrated Cauchy formula for Schur functions gives an algebraic proof
of the Robinson-Schensted-Knuth correspondence. Finally, the structure constants for the outer
product and inner product of Schur polynomials are respectively the Littlewood-Richardson and
Kronecker coefficients, two important families of coefficients with various combinatorial and al-
gebraic applications. Using known results about Gessel’s fundamental quasisymmetric functions
we show that these properties imply directly and in a pure algebraic fashion, various results for
the structure constants of the Solomon descent algebra of a finite Coxeter group of type A and
the descent preserving property of the Robinson-Schensted correspondence, an essential tool to
identify Schur-positive sets, i.e. sets of permutations whose associated quasisymmetric function is

symmetric and can be written as a non-negative sum of Schur symmetric functions.

To extend these results to Coxeter groups of type B we introduce a family of modified generating
functions for domino tableaux and relate it to Chow’s type B fundamental quasisymmetric func-
tions. Thanks to this relation we derive new formulas relating the structure constants of the type

B Solomon’s descent algebra with type B Kronecker and Littlewood-Richardson coefficients.
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It further allows us to introduce a new type B extension of Schur-positivity based on a definition
of descent for signed permutations that conforms to the abstract definition of Solomon for any
Coxeter groups. We design descent preserving bijections between signed arc permutations and
sets of domino tableaux to show that they are indeed type B Schur-positive. We also suggest an

algebraical approach to prove the same fact.

Finally, we introduce a g-deformation of the modified generating functions for domino tableaux to
extend a type B Cauchy identity by Lam and link it with Chow’s quasisymmetric functions. We
apply this result to a new framework of type B g-Schur positivity and to prove new equidistribution

results for some sets of domino tableaux.
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Résumé

Titre : Liens combinatoires entre fonctions quasisymétriques et tableaux dans les groupes de

Coxeter.

Keywords : fonctions quasisymétriques de type B, fonctions de Schur, identité de Cauchy, algébre

de descente, correspondance RSK, groupe hyperoctaédrique, tableaux de dominos, Schur positivité.

L’algébre des fonctions symétriques est un outil majeur de la combinatoire algébrique qui joue
un role central dans la théorie des représentations du groupe symétrique. Cette thése traite des
fonctions quasisymétriques, une puissante généralisation introduite par Gessel en 1984, avec des
applications significatives dans I’énumération d’objets combinatoires majeurs tels que les permu-
tations, les tableaux de Young et les P-partitions et dans ’étude de fonctions symétriques avancées
telles que les polynémes de Schubert et Macdonald. Plus précisément, nous trouvons un nouveau
lien entre I'extension des fonctions quasisymétriques de Chow a des groupes de Coxeter de type B
et des tableaux de dominos, c’est-a-dire des diagrammes de Young pavés par des rectangles 2 x 1
et 1 x 2. Ceci nous permet d’apporter de nouveaux résultats dans divers domaines, notamment les
constantes de structure de ’algébre de descente de Solomon de type B, ’extension de la théorie
de la Schur-positivité aux permutations signées et I’étude d’une formule de Cauchy de type B

g-déformée avec des implications importantes statistiques pour les tableaux dominos.

Parmi les bases remarquables de I'algébre des fonctions symétriques, les fonctions de Schur ont fait
l'objet d’une attention particuliére car elles sont étroitement liées aux caractéres irréductibles du
groupe linéaire général et aux diagrammes de Young. La fonction symétrique de Schur indexée par
une partition entiére \ est la fonction génératrice des tableaux de Young semistandards de forme
. Ce résultat s’étend aux formes gauches et permet d’écrire n’importe quelle fonction de Schur
(gauche) comme la somme des fonctions quasisymétriques fondamentales de Gessel, indexées par
I’ensemble de descente de tous les tableaux de Young standard d’une forme donnée. En outre, la
célebre formule de Cauchy pour les fonctions de Schur donne une preuve algébrique de la corres-
pondance de Robinson-Schensted-Knuth. Enfin, les constantes de structure pour la multiplication
et la comultiplication des polynémes de Schur sont respectivement les coefficients de Littlewood-
Richardson et de Kronecker, deux familles importantes de coefficients ayant diverses applications
combinatoires et algébriques. En utilisant des résultats connus sur les fonctions quasisymétriques
fondamentales de Gessel, nous montrons que ces propriétés impliquent directement et de fagon
purement algébrique divers résultats pour les constantes de structure de 1’algeébre de descente de
Solomon d’un groupe de Coxeter fini de type A et la propriété de préservation de descente de
la correspondance de Robinson-Schensted, un outil essentiel pour identifier les ensembles Schur-
positifs, c’est-a-dire les ensembles de permutations dont la fonction quasisymétrique associée est
symétrique et qui peut s’écrire sous la forme d’une somme non négative de fonctions symétriques
de Schur.
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Pour étendre ces résultats aux groupes de Coxeter de type B, nous avons introduit une famille de
fonctions génératrices modifiées pour les tableaux de dominos et la relions aux fonctions quasisy-
métriques fondamentales de type B de Chow. Gréce a cette relation, nous obtenons de nouvelles
formules reliant les constantes de structure de ’algébre de descente de Solomon de type B aux

coefficients de Kronecker et de Littlewood-Richardson de type B.

Cela nous permet en outre d’introduire une nouvelle extension de type B de la Schur-positivité
basée sur une définition de la descente pour les permutations signées, conforme & la définition
abstraite de Solomon pour tous les groupes de Coxeter. Nous concevons des bijections préservant
la descente entre des permutations d’arc signées et des ensembles de tableaux de dominos afin de
montrer qu’ils sont bien type B Schur-positifs. Nous proposons également une approche algébrique

pour prouver le méme fait.

Enfin, nous introduisons une g-déformation des fonctions génératrices modifiées pour les tableaux
de dominos afin d’étendre une identité de Cauchy de type B proposée par Lam et de la lier aux
fonctions quasisymétriques de Chow. Nous appliquons ce résultat & un nouveau cadre de positivité
de type B ¢ -Schur et a la démonstration de nouveaux résultats d’équidistribution pour certains

ensembles de tableaux de dominos.
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Chapter 1

Definitions and results for type A

Coxeter groups

1.1 Permutations and Young tableaux

For any integer n write [n] for the set {1,---,n} of integers. Consider S,, the symmetric
group on [n], also known as a Coxeter group of type A. Let id,, be the identity permutation
of S,,.

One important feature of a permutation to research is its descent set.

Definition 1. The descent set of a permutation 7 of S,, is the subset of [n — 1] defined as

Des(m) ={1<i<n-—-1]|n()>n(i+1)}.

For instance, the descent set of the permutation 7 = (4, 1,6,2,3,5) is {1, 3}.

Various statistics are linked with the descent set, including the well known major index

maj(m) = Z i.

i€Des()

of a permutation

The classical result of MacMahon [Mac60| concerning the equidistribution of major index
and inverse number statistics over the symmetric group .S, opens a set of results regard-
ing permutation statistics (see [FS78|, [FZ90] for example). Several enumerative results
were generalised to the hyperoctahedral group B, (see [Rei93a|, [Rei93b], [Ste94]). The
usual tool for these results is a suggestion of an explicit bijection with certain properties.
Further in this thesis we will show some equidistribution results using a purely algebraical

approach.
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Definition 2. A composition « F n is a sequence of positive integers o = (v, , o)
such that a1 + as + -+ = n. A composition A of n with its parts sorted in decreasing
order is called a partition and denoted by A F n or |A] = n. The length of a partition is
the number of its parts [(\) = p. We denote by p(n) the number of partitions of n.

Compositions of n are in natural bijection with subsets of [n — 1]. Indeed, for o E n
and I = {i1,42, - ,im} a subset of [n — 1] such that i; < iy < -4, we set set(a) =
{a1,01 + g, -+ ;a1 +ag + -+~ ap1} and comp(l) = (i1,42 — i1, ,im — Im—1,7 — im)

this bijection and its inverse. As a result the number of compositions of n is 271

A partition A is usually represented as a Young diagram of n = |A| boxes arranged in ()
left justified rows so that the i-th row from the top contains ); boxes. Other names for

Young diagram appear in the literature, e.g. Young frame or Ferrers diagram.

Definition 3. The conjugate N\ of a partition A is the partition corresponding to the

transpose diagram of the partition A.

FIGURE 1.1: The Young diagram of the partition A = (4,2,1) and the conjugate partition
N =(3,2,1,1).

Partitions, or equivalently Young diagrams are used to parametrise a number of objects
in algebra. First of all, they parametrise the conjugacy classes of the symmetric group
Sy, and therefore the irreducible characters of the symmetric group. Secondly, Young
diagrams also parametrise the irreducible polynomial representations of the general linear
group GL,. They occur in representations of related groups like the special linear SL,,

and special unitary groups SU,.

Partitions also parametrise Schur functions, which are the Frobenius characteristics ([Fro00])
of the irreducible characters of the symmetric group, as well as the elements of all stan-
dard bases of the symmetric functions algebra. The question of Schur-positivity of certain
functions and sets is therefore closely related to the representation theory of the symmetric

group. See Section 1.10 for the details and Chapter 4 for a type B generalisation.

Definition 4. A standard Young tableau T is a Young diagram whose boxes are filled
with the elements of [n] such that the entries are strictly increasing along the rows and

down the columns. The partition given by the number of boxes in each row is its shape
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and denoted shape(7T"). We denote SYT'(n) (SYT'(X)) the set of standard Young tableaux
of n boxes (of shape \).

Example 1.1. The following diagrams are standard Young tableaux of shape A = (6,4,2,1,1).

13|48 9|14| 1|3]4]8 12|14|
26710 26|79
T, =5 |12 Ty =| 5 |10
11 11
13 13

The dimension of a representation m) of the symmetric group S, is equal to the number
of standard Young tableaux of the corresponding shape. The well-known hook-length
formula due to Frame, Robinson and Thrall [FABRT54| allows us to compute the number
of standard Young tableaux of shape A.

Al
dim(m) = = 1

where the product is over all boxes b and hy is the number of boxes to the right and

directly below b (including b itself).

Ezxzample 1.
7!

fazy 6-4-2-1-3-1-1

Definition 5. Define the descent set of a standard Young tableau 7T as the subset of

[n—1] as

Des(T) ={1 <i<n—1]¢ isin a strictly higher row than ¢ + 1}.

For instance, the descent set of the tableaux 77 in Example 1.1 is {1,4,9,10,12}. We
denote by dy; the number of standard Young tableaux of shape A and descent set 1.

Definition 6. A semistandard Young tableau is a Young diagram whose entries are
strictly increasing down the columns and non-decreasing along the rows. A semistandard
Young tableau T" has weight w(7T') = u = (p1, p2, - - - ) if it has p; entries equal to i. We
denote by SSYT(n) (SSYT()N)) the set of semistandard Young tableaux of n boxes (of
shape \).
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Example 1.2. The following diagrams are semistandard Young tableaux of shape A =
(6,4,2,1,1) and weight p = (1,2,1,0,3,1,1,1,2,2).

1|2]|3]|6 7|10| 1|2]3]s6 9|10|
25|58 25|57
T, =|5]9 Ty=|5]8
9 9
10 10

Given a partition A and a composition a denote the Kostka number K, the number of
semistandard Young tableauz of shape A and a weight composition is equal to « (see [Kos82|
for the details). An important property of K, is that it does not depend on the order of
entries of a, so given a partition rearrangement p of a composition o one has Ky, = K),,.
From a theoretical-representation point of view, Ky, gives the dimension of the weight
space corresponding to p in the irreducible representation W) of the general linear group

GL,, where [(\) and [(x) are no more than n.

The coefficients dy; and Kostka numbers K, may be used to compute the structure con-
stants of the Solomon descent algebra, together with Kronecker coeflicients, see Section 1.8

for the details. The type B generalisations of these formulas are given in Chapter 3.

There is an analogue of the hook-length formula for semistandard Young tableaux, called
hook-content formula. It counts the number of semistandard Young tableaux of shape A

such that its entries are less than or equal to t € Z.

t+ c(b)
hy

gat = #{SSY T, max <t} = H
be

where ¢(b) = ¢ — j for the box b with coordinates (i, 7).

The dimension of the irreducible representation W (A) of the general linear group GLy,

corresponding to the partition A F n, [(\) < ¢, may be computed using the formula above.

One may consider more general shapes for Young diagrams. Let n be a non-negative
integer and let A\ and p be two integer partitions such that the diagram of u is included
in the diagram of A and |A| — |u| = n. We will write g < X in this case. This is a partial
order on the set of Young diagrams. The difference of the Young diagrams of shapes A

and p is called the skew Young diagram of skew shape \/u. For instance,

[

)‘/M =(4,2,1)/(2,1) =

[
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Definition 7. A standard (resp. semistandard) skew Young tableau of shape A/pu is
a Young diagram of skew shape A/ whose boxes are filled with the elements of [n] (resp.
with positive integers) such that the entries are strictly increasing down the columns and
along the rows (resp. strictly increasing down the columns and non decreasing along the
rows). Denote by SYT'(A/u) (resp. SSYT'(A/u)) the set of standard (resp. semistandard)
skew Young tableaux of shape \/p.

Example 1.3. The two tableauz Ty € SYT((6,4,2,1,1)/(3,1))
and Ty € SSYT((6,4,2,1,1)/(2,1,1)) give an example of a standard and a semistandard

tableauz.

4 5|10| 316 9|10|

T 18 , Th = 8

10

7
9

The descent set of a standard skew Young tableau is defined similarly as in the case of

usual shapes
Des(T) ={1 <i<n-—1]i isin a strictly higher row than i + 1}.

For I C [n — 1], denote by d, /u1 the number of standard skew Young tableaux of shape
A/p and descent set 1.

Definition 8. To any (standard or semistandard, skew or usual) Young tableau T we
associate its reading word, i.e. the word obtained by concatenating the rows of T from

bottom to top.

Skew and usual semistandard Young tableaux have a great importance in combinatorics,

since they appear to be connected with numerous objects and questions.

Lascoux and Schiitzenberger in [LS81] study a structure called the plactic monoid, whose
elements may be presented as semistandard Young tableaux. The monoid operation is
the associative product on SSYT, introduced by Schensted [Sch61]| in his study of the
longest increasing subsequence of a permutation. This structure is also closely related to

the notion of Knuth equivalence ([Knu70]) of two words.

The problem of counting Young tableaux leads to the definition and identities for Schur
functions (see Section 1.4). They are involved in many algorithms like jeu de taquin and

the Robinson-Schensted-Knuth correspondence (see Section 1.2).

All the topics mentioned above are closely related to each other.
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The jeu de taquin algorithm ([dBR77]) defines an equivalence relation on the set of stan-
dard skew Young tableaux, called jeu de taquin equivalence. It is known that two
semistandard skew tableaux are jeu de taquin equivalent if and only if the reading words
are Knuth equivalent. As a consequence, both tableaux are jeu de taquin equivalent to the
insertion tableau of the reading word of T under the Robinson-Schensted correspondence.
The jeu-de-taquin algorithm is also linked with the Littlewood-Richardson coefficients and
the Littlewood-Richardson rule (|[LR34]|, [Tho74], [Tho78]|, [vLO1], [Fom97]), that we use

further in this thesis.

The Robinson-Schensted correspondence is closely related to the celebrated Cauchy iden-
tity for Schur functions, as shown in Section 1.9. Chapter 5 generalises domino functions
with an additional parameter ¢ and gives the analogue for Cauchy identity and for this
link. In this thesis we also use the generalised Cauchy identity for g-domino functions to
receive some equidistribution results and to generalise further the notion of type B Schur

positivity.

1.2 RSK correspondence

The Robinson-Schensted (short RS) correspondence is a well-known bijection between

permutations and pairs of standard Young tableaux of the same shape

RS :m€ Sy — (Pr,Qx) € | J SYT(X) x SYT(N).
AFn
RS correspondence has many useful properties. In particular, it preserves the descent set,
which is of interest in our research. This bijection has a lot of applications in combinatorics

and representation theory (see Section 1.10).

The RS-correspondence was generalised by Knuth [Knu70] to the case of semistandard
Young tableaux and generalised permutations. The resulting bijection is called the RSK-

correspondence.

In this section we briefly describe the idea of the RS and RSK bijection. The shortest
description of RS is due to Schensted (see [Sch61]) in 1961, but the correspondence was
proved in a different form much earlier (1938) by Robinson (see [{BR38]). Further in this
thesis we use an algebraical approach to reprove the existence of the correspondences with

certain properties, including the RS-correspondence.
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Consider the permutation 7 € S, in two-line notation

1 2 ... n
T = .
T T ... Tp

Starting from two empty standard Young tableaux (FPp, Qp), read the permutation from
left to right. Construct the sequence of the pairs of standard Young tableaux of the same
shape

(Po, Qo), (P1,Q1), - (P, Qi) - .. (P, Qn) = (Pr, Qr)

applying to the pair (P;_1,Q;—1) the insertion procedure for each (i,7;). The insertion

procedure for (i, ;) follows.

Consider P;_; and try to put m; in the first row.

1. Find the minimal element a in a row, which is greater than ;.

2. If there is no such element, we add a box with the new element in the end of the

row to get P; and finish the procedure. If not, put m; instead of a in P;_;.

3. Go to the next row with the new element a and repeat all the steps (try to put a in

the next row).

This is the procedure to get P;. In order to get @);, add a new box to QJ;_1 with ¢ as the
entry such that shape(Q;) = shape(F;).
1 2 3 45 6

41 3 2 6 5
correspondence for the permutation 7.

Ezample 2. Let m = ( ) Figure 1.2 shows all the steps of the RS-

112] 112]6] 112]5]
®i> l> i 1113]3 3] S, 3] EN 3[6] = P,
= 14] 14] 14]
113] 11375] 1[3[5]
N i %3‘i> o > 2% R = 0.
= 14] 14] 14]

FIGURE 1.2: The sequences of pairs (P;, Q;) for the permutation = = (4,1, 3,2,6,5)

The RS-correspondence features a number of important properties. In particular, in this

thesis we will need the following ones:

e If 7 corresponds to (Py, @), then 7= will correspond to (Qx, Pr).

e Des(m) = Des(Q) and Des(m~!) = Des(Py), so it preserves the notion of descent.
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To introduce the RSK-correspondence, we need to generalise the notion of permutation.

Definition 9. A generalised permutation is

a az ... Gp—1 G
e A two-line array w = b not e )
by by ... bp—1 by

such that a1 < ag - < ap—1 < ay, for all i € [n — 1] a; = a;41 = b; < bj+1 and all

as,bs € [m]
e A matrix C € Maty,xm(N) with Z” Cij=n.

Example 3. The two presentations of the same generalised permutation follow:
1112 2 3 3 '

mw = 9 C7r - O

133 2 2 1 2 )

Due to Knuth, there is a bijection between generalised permutations and pairs of semis-

0 2
2 0
10

tandard Young tableaux (Pr, @) of the same shape. The idea of the bijection is the same:
we apply the inserting procedure to (P;—1,Q;—1) for all (a;,b;) to get P;. Then add a new
box to Q;—1 with a; as the entry such that shape(Q;) = shape(F;).

1.3 Ring of symmetric functions

Let A be the ring of symmetric functions, i.e the formal power series in the infinitely many
variables x1,x2,... that are invariant under permutation of indeterminates. Denote by
A, the vector space of symmetric functions that are homogeneous of degree n. Recall that
the elements of the bases of A,, are indexed by partitions, in particular dim(A,,) = p(n).

Here are the main examples of bases:

e Monomial symmetric functions
my = folmgz .. .xf",
B

where sum is over all distinct sequences 5 = (01, 82, ... ) such that the partition

rearrangement of § is equal to A.

e Power sum symmetric functions

PX = DPxiPxg -+ - Pxr>s

Wherepk:m’f—i—m’g—i—....
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e Elementary symmetric functions

EXN = ENE)y .- €N, €L = E Lijy Lo o« Ly -
11 <o <ig

e Complete homogeneous symmetric functions

h)\:h)\lh)q...h)\r, hk: E Ly Lo « + - Ty

i1 <<

e Schur symmetric functions

Sy = Z XT7

TeSSYT(n)

where XT = 2{12h? .- for p = w(T).

The set of symmetric functions could be completed with an inner product. Denote zy =
1¥1E 1 2F2ky) .. where k; is the multiplicity of i in A. Let (-,-) be the Hall inner product
on A setting (px,pu) = 2x0xu-

The bases m) and h) are dual to each other with respect to the Hall inner product, i.e.
(mx, hy) = 6xu. The algebra of symmetric functions A may be considered as a self-dual

Hopf algebra and is well-studied from the Hopf algebraic point of view.

1.4 Schur functions

Schur polynomials in some way generalise both the elementary symmetric polynomials and
the complete homogeneous symmetric polynomials. We call Schur functions the elements
of ring A that correspond to Schur polynomials. They appear to be one of the important
basis of the algebra of symmetric functions. Many of the combinatorial results involve
Schur functions. As an example, Schur functions are related to representation theory.
In particular, the characters of polynomial irreducible representations of GL(n,C) are
given by Schur functions. They also correspond to the irreducible representations of the
symmetric group via the Frobenius correspondence (see [Fro00]). Schur functions are also

useful in mathematical physics, see [GH02].

There are various ways to define Schur polynomials. The original definition of Schur
polynomials uses the Jacobi-Trudi formula ([Jac41], [Tru64|)
Definition 10.

(s ) = JED) T i
AT T det ()™ ) 1<ij<m
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The denominator of the fraction is the Vandermonde determinant.

For the goals of this thesis, the tableaux-theoretic definition is more appropriate.

Definition 11. Given a semistandard tableau T' of weight p, denote by X7 the monomial

zh'ah? - Schur polynomials are generating functions for semistandard Young tableaux
sX) = > X7
TESSYT(N)

where sum is over all semistandard Young tableaux with shape \.

Ezample 4. Let A = (2,1) and X = (21, x2,x3), then
_ 2 2 2 2., .2 2
8(2,1) (71, T2, T3) = T1T2 + TIT3 + T175 + 2173 + THT3 + X273 + 2717273,

The list of semistandard Young tableaux of shape (2,1) in X = (z1,x2,x3) consists of the

following tableaux

1|1 1|1 1] 2 1|3
2 3 2 3
2|2 213 1] 2 113
3 3 3 2

As already mentioned above, Schur polynomials form a Z-basis for the ring of all symmetric

polynomials A. For more details see [Mac99|.

The (outer) product of Schur functions is a linear combination of Schur functions

S)\Sy = Zkiusu. (1.1)

One can see that values of the coefficients depend only on the shapes, not on the entries
of the tableaux and number of variables. The coeflicients k:f;u are called Littlewood-

Richardson coefficients.

Definition 12. A lattice word is a string composed of positive integers, such that any
prefix of it contains at least as many positive integers i as integers ¢ + 1. A Yamanouchi

word is a sequence whose reversal is a lattice word.
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Theorem 1.1 (Littlewood-Richardson rule, [LR34]). Littlewood-Richardson coefficients
k,’)u may be computed as the number of semistandard skew tableauz of shape v/\ whose

row reading is a Yamanouchi word and weight is equal to .

Ezample 5. Let A\, u = (2,1) then the list of possible v consists of
(4,2),(4,1,1),(3,3),(3,2,1),(3,1,1,1),(2,2,1), (2,2, 1, 1).
In fact,

52,1)52,1) = 8(4,2) T 54,1,1) T 83,33) T 253,2,1) T 53,1,1,1) T 52.2,2) T 52,2,1)-

Using the rule above one can get two special cases called the Pieri rule:
SXS(p) = Z Spy
"

where the sum is taken over all u that are obtained from A by adding p boxes with no two

in the same column;

SAS(17) = ) S

m
where the sum is taken over all p that are obtained from A by adding p boxes with no two

in the same row.

1.4.1 Skew Schur functions and Littlewood-Richardson coefficients

There also exists a skew analogue for the Schur function.

Definition 13. Let A\/u be a skew shape, i.e. p < A as partitions or Young tableaux.
The skew Schur function s, /, is the generating function for semistandard skew Young

tableaux of shape \/u
S)\//J(X) = Z XT)

shape(T)=\/p
where the sum is on all semistandard skew Young tableaux of shape A/ pu.

Ezxample 6. Let A\/u = (3,1,1)/(1,1) and X = (x1,x2), then

$(3,1,1)/(1,1) = xi’ + 21‘%.7}2 + 2;1:1333 + ;1:‘3
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The list of semistandard Young tableaux of skew shape (3,1,1)/(1,1) in X = (z1,z2)

consists of the following tableaux

Skew Schur functions are also symmetric functions and may be expressed using the usual

ones with the same Littlewood-Richardson coefficients

Sx/p = Zkﬁysy. (1.2)

The Littlewood-Richardson rule was first stated by Littlewood and Richardson in [LR34].
It has a long story of proving attempts, which became successful only after the works
of Robinson, Schensted and Knuth on the RS and RSK correspondence. Afterwards,
Zelevinsky in [Zel81] extended the Littlewood-Richardson rule to the case of skew Schur

functions and obtained a decomposition of the product sys, .
Littlewood-Richardson coefficients have a strong combinatorial meaning. Besides the two
relations concerning Schur functions, they also appear, for instance:

e as intersection numbers on a Grassmannian;

e in the decomposition of the tensor product of two Schur modules (irreducible repre-

sentations of special linear groups), see [Ful97];

e as the number of standard Young tableaux of shape A/v that are jeu de taquin

equivalent to some fixed standard Young tableau of shape u;

e as the number of Littlewood-Richardson tableaux of shape A/u and weight v.

For the additional details concerning skew Schur functions we refer the reader to [BvW11]|, [Mcn14].

1.4.2 Cauchy identity

The Cauchy identity is one of the most useful relations concerning Schur functions. The

combinatorial meaning of the relation deals with the celebrated RSK correspondence, see
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Section 1.9 for details. This approach may be generalised in order to obtain bijections
with certain properties, as in Section 5.2. Besides that, almost all the results included in

this thesis more or less rely on this relation.

The Cauchy identity equates the sum over all integer partitions of the product of pairs

of Schur functions and the Cauchy kernel. Namely,

1,J

1
sx(X)s\(Y) = —_— 1.3
S X =TT (1.3
where the sum runs over all integer partitions. By interpreting the right-hand side of
Equation (1.3) as the generating function for biwords one recover that they are in weight
preserving bijection with pairs of semistandard Young tableaux of the same shape, the

main consequence of the Robinson-Schensted-Knuth correspondence.

More general, one may write

S AR = [[—— (1.4)

1 -y,

A 1,J

where {f)} and {g)}, are dual bases with respect to the Hall inner product. Conversely,

this equality is a criterion for bases to be dual. In particular, one get

1,J

S (X)ma ) = [[—— (15)
A

1-— xiyj’

In terms of Hall inner product the identity 1.3 means that {sy} -y is an orthonormal basis
of A.

For any integer n, the Cauchy identity 1.3 can also be expressed as

D sa(X)sa(Y) = sy (XY), (1.6)
AFn

where X = {z1,29,...} and Y = {y1,¥2,...} are two commutative sets of variables, XY

is the set of indeterminates {x;y;;z; € X,y; € Y'}, ordered by the lexicographical order.

A similar decomposition may be given for any s,(XY):
s (XY) =3 g(A pv)sa(X)su(Y). (1.7)
A1

It involves the Kronecker coefficients g(\, i, v), which may be computed as follows

9O mv) = S (),
wESy
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where x* is the irreducible character of S, indexed by partition \.

1.5 Gessel’s quasisymmetric functions

There are two natural generalisations of the symmetric functions algebra A, the algebra
of noncommutative symmetric functions NSym and quasisymmetric functions algebra
@QSym, which are dual as Hopf algebras. While noncommutative symmetric functions are
out of the scope of this thesis, quasisymmetric functions are of major interest. The basic
theory of Hopf algebras, in particular the Hopf algebras of symmetric, quasisymmetric and
noncommutative symmetric functions can be found in a book of Luoto, Mykytiuk and van

Willigenburg [LMvW13].

Definition 14. Let X = {x1,x2,---} be a totally ordered set of commutative indetermi-
nates and I C [n—1]. A quasisymmetric function is a bounded degree formal power series

in C[X] such that for any composition («;, - --a;) and any strictly increasing sequence of

. . . . . . . . (072 . .
distinct indices 71 < 49 < - -+ < 4, the coefficient of z*z5? - - - z,* is equal to the coefficient
p 1 T2 P
a1 02 Ap
of Ty Wy ]

Quasisymmetric functions admit the monomial

M[(X) = E Tij LTy ** * Ty,
keleip<igy

and fundamental
Fi(X)= > @yxy,w,

kE€l=ij,<ipi1

quasisymmetric functions as classical bases. These two bases are related through

Fi(X)= > MyX). (1.8)
ICJC[n—1]

Note, that subsets of I C [n — 1] are in bijection with compositions « IF n. Further in this

thesis we will use both of them as indices.

As in the case of Schur functions, the F, have a representation-theoretic meaning as the
characteristics of the irreducible characters of the (type A) 0-Hecke algebra, see [DKLT96], [KT97].
More details about this link can be found in [TvW14].
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Obviously, any symmetric function is also quasisymmetric, so it may be decomposed in

the bases above. For instance,
mA(X) =) Ma(X),
«

where the sum is over the compositions « such that its partition rearrangement gives .

There is also an analogue of the Schur functions’ basis in Q.Sym. Haglund, Luoto, Mason
and van Willigenburg [HLMvW11]| introduced the basis of quasisymmetric Schur functions

Sa(X), which refines Schur functions in a natural way
(X)) = 37 8a(X),

where sum is over the compositions « such that its partition rearrangement gives A. The
authors also derive a Pieri rule for quasisymmetric Schur functions that refines the Pieri
rule for Schur functions. These functions could be further generalised to the case of skew
shapes, see [BLvW10|, [BvW11] for the details and properties of (skew) quasisymmetric

Schur functions.

In what follows, we may remove the reference to indeterminate X when there is no confu-

sion.

1.6 Link between Schur functions and quasisymmetric func-

tions

Using the tableaux-theoretic definition it is not hard to show that Schur polynomials are
symmetric. Indeed, it is sufficient to prove that they are invariant under changing x; and
x;41 for all i, see [BK72| or [vLO1] for the details of the involution. From another point
of view, any symmetric function is at the same time a quasisymmetric function, which
admits a decomposition in terms of monomial and fundamental quasisymmetric functions

as bases of QSym.

Recall dy;, the number of standard Young tableaux of shape A and descent set I and the
Kostka number K omp(1), i-¢ the number of semistandard Young tableaux of shape A and

weight comp(I). We have

sx= > dauFr= > EyeompnMr. (1.9)
I1C[n—1] I1C[n—1]
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The main idea to prove these decompositions is to apply the following standardisation

procedure to a semistandard Young tableau 7" in order to get a standard Tj.

Consider all boxes filled by 1 and relabel them with successive natural integers 1,2,...
from bottom to top and from left to right. Then continue with all boxes filled by 2, by 3

etc. Finally, process all the entries and get a standard Young tableau.

Example 1.4. Here is a semistandard Young tableauz T and the result of the standardi-

sation procedure Ty.

112(3]6 7|10| 1[(3]|4]s8 9|14|

25|58 206|710
T—|5]|9 Ty =| 5 |12

9 11

10| 13

Add together all the terms X7 for the tableaux T with the same standardisation Ty to
get Fpes(1y)- As a result,

= Y. X'= Y Foemy= Y, duFln (1.10)

TeSSYT()) ToeSYT(N) IC[n—1]

A similar decomposition may be written for the case of skew shapes:

SA/u = Z d/\/uIFI: Z K)\/ucomp(I)Mla (111)
IC[n—1] IC[n—1]

where dy/,,; is the number of standard Young tableaux of skew shape A\/u and descent

set I, and K/, comp(r) 18 the number of semistandard Young tableaux of skew shape A/u

and weight comp(I).

1.7 Solomon’s descent algebra

1.7.1 Descent algebra of a Coxeter group

Solomon in [Sol76] introduced a subalgebra of the integral group ring of the Coxeter group,
called the Solomon descent algebra. Because of its important combinatorial and algebraic
properties, the descent algebra received significant attention afterwards. In particular,
Garsia and Reutenauer in [GR89] provide a decomposition of its multiplicative structure

and a new combinatorial interpretation of the structure coefficients in terms of the number
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of non-negative integer matrices with specified constraints. Bergeron and Bergeron give
analogous results in [BB92| when the symmetric group is replaced by the hyperoctahedral
group (Coxeter group of type B).

The Solomon descent algebra plays a role in many interesting situations. The descent
structure of permutations is related to the shuffle and peak algebra. Besides, the result
of Gessel [Ges84| shows that the Solomon descent algebra of the symmetric group is dual
to the ring of quasisymmetric functions QQSym as Hopf algebras. Further the duality was

investigated by C. Malvenuto and C. Reutenauer in [MR95].

A good overview on Solomon descent algebra and its properties has been given by Schocker
in [Sch04].

Let us start with the definition of the Solomon descent algebra. Recall the notion of a
Coxeter group.

Definition 15. A group W with presentation
<’I”1, ce Tn‘(TiTj)mij = 1>,

where m; = 1 and m;; > 2 for i # j is called a Coxeter group. Given a Coxeter group W

with the set of generators S = {ry,...r,}, we call the pair (W, S) a Coxeter system.

Given w € W denote
Des(w) ={s € S | l(ws) < (w)},

where [(w) is the Coxeter length of the element w, i.e. the length of a minimal expression
for w as a product of elements of S. Note that for a Coxeter group of type A this definition

turns into a notion of descent set of a permutation.

Consider the group algebra CW of the Coxeter group W. Solomon showed in [Sol76| that
the following elements of CW span a subspace which is closed under the product of CW:

szz:w.

Des(w)=1

So, these elements generate a subalgebra of CW of dimension 2!5! usually referred to as

the Solomon descent algebra of W.

Denote

X;=> Y= ) w

JCI Des(w)CI

The two sets {Y7}rcs and {X)}1cs are bases of the Solomon descent algebra.
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1.7.2 Descent algebra of the symmetric group

As defined above, the descent set of a permutation 7 of S, is

Des(m) ={1<i<n—-1]|n()>n(i+1)}.

Denote by Dy (resp. By) the generators of the Solomon descent algebra of the symmetric
group, i.e. the elements of the algebra CS,, defined as the formal sum of all the permuta-
tions 7 such that Des(7) = I (resp. Des(w) C I). The dimension of the descent algebra is

on—1

More specifically, Solomon showed in [Sol76] that there exist (non negative integer valued)

structure constants (aﬁ)I7J7Kg[n_1] and (bf])l,u(g[n—u that verify:

DiD;= Y afsDk, BiByj= Y biyBk.
KC[n—1] KCln—1]

As a result the number of ways to write a fixed permutation 7 of Dk as the ordered
product of two permutations m = o7 such that ¢ € D; and 7 € D; depends only on
Des(m) = K and is equal to af]. If we require instead o and 7 to be respectively in By

and B than the number of such products is ) 1 bff,/.

Remark 1.2. The two families of structure constants are linked through the formula

Yooapy= > by (1.12)

I'CIJ'CJ K'DK

Denote also
al ;i = [Dr|DiD;Dg

the number of triples of permutations o1, 09, o3 of S,, such that Des(o1) = I, Des(o2) = J,

Des(o3) = K and 010203 = 7 for some fixed permutation 7 such that Des(m) = T'. Let
bisx = [Br]BiByBk.

Remark 1.3. The two families of structure constants are also linked through the formula

> by = Y bl (1.13)

I'CI,J'CJK'CK /2T
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Remark 1.4. The structure constants of the Solomon descent algebra of a symmetric group

verify the following identity

1] _ 0 L
arjg = E :aILaJK'
L

Proof. Using the definition of aﬁnlp, p € {2,3} we get

a?JK = #{(0'1,0'2,03)2 010903 = ’id, o1 € D[, o9 € DJ, o3 € DK}

= Z #{(01,02): 0100 =03, 01 € Dy, 09 € Dy}

o3 ngeDK

- b

—1
03: 05 €Dk

— 0 L
= ZGILGJK
L
O

As shown by Norton in [Nor79|, the descent algebra of a finite Coxeter group is also
strongly related to its 0-Hecke algebra. In particular, she proves that the dimension of
each left principal indecomposable module of the 0-Hecke algebra is equal to the cardinality
of the analogue of one the D;’s. She further shows that the analogues of the a? ; are the
entries of the Cartan matriz giving the number of times each irreducible module is a
composition factor of each indecomposable module. In the specific case of the symmetric
group S, Carter in [Car86] uses the Robison-Schensted correspondence to explain the

following relation obtained by computation of the Cartan matrix
G?J:Zd)\[d)\J. (1.14)
AFn

Recall that the Solomon’s descent algebra is dual to the Hopf algebra of quasisymmetric
functions. In particular, Gessel showed that the comultiplication table for their fundamen-
tal basis is given by the af]’s. Further in the Section 1.8 we show that Equation (1.14)

and its generalisations are a direct consequence of Gessel’s result.

1.8 Computation of structure constants

1.8.1 Gessel’s relation and its consequences

For two commutative sets of variables X = {x1, 29, -+ , 2, }and Y = {y1, 92, -+ , i, - },

we denote by XY (XY Z) the set of indeterminates {z;y;;2; € X,y; € Y} ({xiy 252 €
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X,y; €Y,z € Z}) ordered by the lexicographical order. Gessel shows in [Ges84| that for
any subset K C [n — 1]

Fr(XY)= Y ayFi(X)Fs(Y). (1.15)
I,JC[n—1]

We can say that F(XY) is the generating series for the coefficients af]. As stated above,

Equation (1.14) and some of its generalisations are a direct consequence of Equation (1.15).

More precisely, denote by x* the irreducible character of S,, indexed by partition A and for
any A, i, v = n define the Kronecker coefficients the coefficients in the decomposition of
the tensor product of two irreducible representations indexed by A and u of a symmetric

group into irreducible representations. They may be computed by

9O ) = S A ().
w€eSh

One of the main results of this chapter states that structure constants of the symmetric

group, Kronecker coefficients and coefficients dy; are related by the following formulas.

Theorem 1.5. Let I, J, K C [n — 1]. Structure constants a?J and a?JK can be computed

using the following formulas:

aj; = darday, (1.16)
AFn
i = Z g\, 1, v)dardydyk - (1.17)
A u,vEn

Proof. This theorem is a direct consequence of Equation (1.15). According to Equa-

tion (1.10) Fp = s(,). Then using the Cauchy identity for Schur functions

XY= Y s(X0)n() (118)
AFn

and applying Equation (1.10) once again one gets:

S d F(X)F)(Y) = Fp(XY) = 50, (XY)
I,JC[n—1]

= > sa(X)sa(Y)

AFn

= Z darda  Fr(X)F;(Y).

AEn
1,JC[n—1]
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Since the fundamental functions are the basis of the Q. Sym, this proves the first statement
of the theorem. This can be generalised to prove Equation (1.17) by noticing that the

structure constants verify a? JK = 2L ag} Lag - As a result, Equation (1.15) extends to

W(XYZ) =Y af  FI(X)F(Y)Fg(Z).
I1,J K

Indeed,

W(XYZ) ZaILFI VEL(Y Z)

- Z (ZG?LG§K> Fi(X)F;(Y)Fk(Z)

1,J,K L

= Z aIJKFI Fi(Y)Fk(Z).
IJK

Finally use the generalised version of Equation (1.18)
=Y g 1 v)sA(X)su(Y) (1.19)
A

to decompose s,y (XY Z) = Fy(XY Z). We get

> al Fi(X)F(Y)Fi(Z) = Fy(XY Z) = 5 (XY Z)

LJLK

= ) s(XY)s(2)
vkn

= Y Y g m)sa(X)su(Y)su(2)
vkn A

= Z g\ p,v)drrdy dyk Fr(X)Fi(Y)Fr(2).

A, vEn
I,J,KCn—1]
This proves the second statement of the theorem. O

Remark 1.6. Denote by X the partition corresponding to the transposed Young diagram
of shape A. For I,J C [n — 1], the numbers a[fnjfl] are given by

a7 =3 dyrdy . (1.20)
AFn
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Proof. According to Equation (1.10) Fj,_; = s@»). Then use the identity for Schur

functions

sam(XY) =D sa(X)sn(Y)
AFn

and apply Equation (1.10) to sy and sy. O

1.8.2 Extension to the RSK-correspondence

Generalising the RS-correspondence to matrices with non-negative integral entries, Knuth
([Knu70]) proved that for r, ¢ E n the number m, . of such matrices with row and column

sums equal respectively to r and c is given by

Mpe =Y KK (1.21)
AFn

Equation (1.21) can be deduced algebraically from Equation (1.15) without the need of
the bijective proof. Furthermore let p,q and r be three compositions of n and denote
by my. 4 the number of three-dimensional arrays M = (M; ;) with non-negative integer
entries such that py = >, M, ¢j = >_; ) Mijp, and r; = 3, M; j . Equation (1.15)
implies

Mp,qr = Z g(/\, 1,y V)K)\pKqum“- (1.22)
A, vEn

So, we have the following corollary to Theorem 1.5.

Corollary 1.7. Let let p,q and r be three compositions of n, then

Mp,q = E :KApKAqa
AFn

mp,q,r = Z Q(Aa 1, V)K)\pKquyr-
A, vEn

Proof. Let us start with another proof of Equation (1.21). Denote AX , =3, ., a% .
Then according to Equation (2.2)

S aE X EY) = 3 a S MiX)M(Y)

I',.J'Cln—1] I',J'Cln—1] or,.JoJ
= Y M(X)M;(Y) > app
1,JC[n—1] I'CI,J'CJ

= Z AL Mp(X)My(Y).

1,JC[n—1]
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As a result, A? 7 is the coefficient in M;(X)M;(Y') of Fy(XY') which we know is equal to
Y ain SA(X)sA(Y) (see above). Finally use the decomposition of a Schur function in terms

of monomial quasisymmetric functions to get

AQI),J = Z K/\comp(I)K)\comp(J)- (1.23)
AFn

It remains to prove that A% 7 = Mcomp(I),comp(J)- Lhe combinatorial interpretation of
|GRS9] states that b¥; is the number of non-negative integer matrices M with row and
column sums equal to comp(I) and comp(J) respectively and with the word obtained by
reading the entries of M row by row from top to bottom equal to K (zero entries being

omitted). But according to Equation (1.12) A? J = 2 KCln—1] bK,. We get Equation (1.21).

In order to prove Equation (1.22) consider the relations from the proof of Theorem (1.5)

in the monomial base. We get

> S d e M (X)M(Y)Mk(Z) =
1,JJK I'CI,JJCJK'CK

SN 9O ) Kar Ky Ky My (X)My(Y) Mg (Z).
1,J,K \u,vkn

The result of Garsia and Reutenauer mcomp(r).comp(s) = 2.7 b}FJ may be extended to
the case of three dimensional arrays as well as Gessel’s relation (1.15). Together with

Remark (1.12) it leads to formula

T
Meomp(I),comp(J),comp(K) = Z bIJK
T

= E a?/J/K/

I'CILJ'CJK'CK

= Z g()‘nua V)KA comp(I)K,u comp(J)KI/ comp(K)-
AV

O

A bijective proof of Equation (1.22) is provided in [AAV12|. The proof involves semis-
tandard Young tableaux and Littlewood-Richardson tableaux. Our approach allows us to

recover these results immediately.

1.8.3 Skew shapes

Let I and J be two subsets of [n — 1]. Gessel focuses in [Ges84| on the number a%“ of

pairs of permutations «, 8 such that a has descent set I, 8 has descent set J and af is
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compatible with the skew shape A/ (i.e. af is a correct reading word for the skew shape

A/p). We need some more definitions introduced in [Ges84]| to define this properly.

Given any partial order P on [n], denote by L(P) the set of permutations m € S, such
that the corresponding linear order 7(1) < m(2) < --- < m(n) is a linearisation of P.
To obtain a partial order Py, from the skew shape |A/u| = n we fill the corresponding
skew Young diagram by integers [n]| from bottom to top and from left to right and then
consider relations ¢ > k if k lay directly above or to the left of i. These relations generate

the corresponding partial order P, /,,.

Example 1.5. Let \/pu = (4,4,3)/(2,1). Figure 1.3 shows the corresponding partial order.
Firstly fill the corresponding skew Young diagram by integers [7] from bottom to top and
from left to right and then rotate it by 135 degrees counterclockwise and take its vertical

mirror image to get the plane presentation of the ordering Py 43)/(2,1)-

|8 s ’ N4 ‘ N
fill 1156 rotate/mirror 9 5 8
e / \ / \ /
1 4 7

FIGURE 1.3: A partial order P(4,4,3)/(2,1) obtained from the skew shape (4,4,3)/(2,1).

Due to Gessel [Ges84], L(Py/,,) may be identified with Young tableaux of shape A/u. Given
m € L(Py /u) construct the corresponding skew Young tableau by filling the skew shape
A/p with integers of m=! from bottom to top and from left to right, as in Example 1.6.
The permutations from L(P,/,) are called compatible with the skew shape \/p.

Example 1.6.
1]4
T = 74581263 fill with =1 2(3]|7
et
(771 = 56823714) 568

Using the bijection above, one can notice that

A
aI§M = Z dA/uKafl
KC[Al=|pl-1]

where d) /i is the number of standard Young tableaux of skew shape A/p and descent
set K.

Proposition 1.8. Let A and p two integer partitions such that \/u is a skew shape and
I,J C [|Al = |p| = 1]. The coefficients a}\éu verify the following equality involving the
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Littlewood- Richardson coefficients, the Kronecker coefficients of the symmetric group and

the numbers of standard Young tableauz of given shape and descent

A
a]é.“ - Z kyug v,p,€ pldsJ-

V,p,

Proof. Gessel showed in [Ges84] that

sy/u(XY) Zau Fr(X)F;(Y). (1.24)

Use Equation (1.1) to decompose skew Schur function sy, (XY") using Littlewood-Richardson
coefficients. Then use the generalised Cauchy identity (1.19) and decomposition (1.10) to

prove the proposition.
Sy /u(XY) ZM s, (XY)

= Z k,uz/g v,p,€ SP(X)SE(Y)

v,p,e

=" kpg(v, p,€)dprde s Fi (X)Fy(Y). O

I1,J v,p,e
1.9 Descent preservation property of the Cauchy formula

The Cauchy identity may be used to show the existence of bijections with certain proper-
ties. The basic example of such an application is the Robinson-Schensted correspondence

itself.

Recall that for m € .S,,,

FDGS(TI') (XY) = Z FDQS(O') (X)FDes(p)(Y)' (1'25)

0,pESn; op=T

ax= ¥ xT= ¥ Foun () (1.26)
TeSSYT()) TeSYT(A
Given a Cauchy identity

D A (X)sa(Y) = sy (XY), (1.27)
AFn
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we use Equations (1.26) and (1.25) to rewrite Equation (1.27) as

Z FDes(T) (X)FDes(U) (Y) - F@(XY) = Z FDes(ﬂ') (X)FDes(Trfl)(Y)' (128)
AEn TESK

T,UeSYT(\)
The fundamental functions are a basis of the quasisymmetric functions algebra, so per-
mutations 7 in S, are in bijection with pairs of standard Young tableaux T, U of the
same shape such that Des(T) = Des(w) and Des(U) = Des(r!). This gives a direct
analytical proof of one important property of the RS correspondence. More precisely, this
proves the existence of a bijection that satisfies the corresponding properties of the RS

correspondence.

1.10 Schur positivity

Many algebraic combinatorial problems are related to positivity questions, i.e. showing
that some coefficients are positive integers, that may lead to a combinatorial interpretation
of such coefficients. A good overview of open positivity questions was suggested by Richard

Stanley in [Sta99.

In this thesis we focus on Schur-positivity questions.

Definition 16. A symmetric function is called Schur-positive if it may be decomposed

in Schur functions with positive integer coeflicients.

The algebra of symmetric functions A is linked with characters of the symmetric group S,

via the Frobenius characteristic map

eh(x) = 21 3 x(a)pe(X),

’ GESn

where c(a) is the cycle type of a permutation a. There is a representation-theoretical
interpretation of Schur functions as the Frobenius characteristic of an irreducible character
ch(xx) = sx. The related notion of a Kronecker product of homogeneous symmetric
functions f; = ch(x1), fo = ch(x2) is defined in terms of ch by fi1 ® fo = ch(x1x2), where
x1x2(0) = x1(0)x2(0) for any o € S,,. If x1 and x2 are characters of representations of
Sh, then x1x2 is a character of the tensor product of these representations. The Kronecker
coefficients in these terms are exactly coefficients (s) ® s,,s,). At the same time, one can
note that the Schur-positivity of a symmetric function means that it corresponds to some

character of a symmetric group via the Frobenius characteristic map.

The Littlewood-Richardson rule (see Section 1.4) gives us the basic examples of Schur-

positive functions. Skew Schur function sy, and product of two Schur functions sys,
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are Schur-positive. For two skew shapes A/u and X /p' the problem of determining the
conditions whether or not sy, — sy/,s is Schur-positive has received much attention in
recent years, see [BBRO6|, [FFLPO05], [KWvWO08|, [Kir04], [LPPOT|.

Some papers also study the following situation: whether the expression sys, — s,s, is

Schur-positive (see [BM04] for example).

Definition 17. Let X = {x1,x9,---} be a totally ordered set of commutative indeter-
minates. Given any subset A of permutations in S,,, Gessel introduces in |Ges84| the

following formal power series in C[X]:

QUA)(X) = D Fes(m)(X).

TEA

In [GRI3] Gessel and Reutenauer looked at the problem of characterising the sets A for
which Q(A) is symmetric. Further the question of determining Schur-positive sets, i.e.
the sets A for which Q(A) can be expanded with non-negative coefficients in the Schur

basis received significant attention. Classical examples of Schur-positive sets include

e inverse descent classes,
e Knuth classes [Ges84],

e conjugacy classes [GR93|.

As a more sophisticated example, Elizalde and Roichman proved [ER14| the Schur-positivity
of arc permutations, i.e the set of permutations in S,, avoiding the patterns ¢ in S4 such
that |o(1) — 0(2)| = 2. Arc permutations are alternatively defined as the set of permuta-
tions 7 in S, such that for any 1 < j <n, {n(1),n7(2),--- ,7(j)} is an interval in Z,,. The

corresponding decomposition follows.

Z Fpes(r) = $(n) + 8(1n) + 2 Z S(n—k,1k) + Z S(n—k—2,2,1%)-

T€AR 1<k<n—1 1<k<n—2

This result also leads to the problem of finding other Schur-positive pattern-avoiding sets.
Some of them are given by Sagan in [Sagl5]. Other advanced examples of Schur-positive
sets can be found in [ER17].

Many of these results are the consequence of two main facts.

1. The Schur symmetric function indexed by A F n, sy is the generating function for

semistandard Young tableaux of shape A.
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2. There are various descent preserving bijections relating sets of permutations and
standard Young tableaux, e.g. the Robinson-Schensted correspondence. The proof
in [ER14]| also uses such a bijection between arc permutations and standard Young
tableaux of shapes (n — k,1%) and (n — k — 2,2, 1%).

Chapter 4 is devoted to a new definition of type B Schur-positivity and the identification
of type B Schur positive sets.

1.11 Material of the thesis

In this thesis we generalise the results of this chapter to the case of type B. The thesis

relies on three main results, presented or accepted at the conferences:
e On the structure constants of the descent algebra of the hyperoctahedral group,
Mayorova and Vassilieva, Eurocomb 2017, [MV17].

e A domino tableau-based view on type B Schur-positivity, Mayorova and Vassilieva,

Permutation Patterns 2018, [MV18§].
e A ¢-deformed type B Cauchy identity and Chow’s quasisymmetric functions, May-
orova and Vassilieva, FPSAC 2019.
The following article is accepted as a full version of [MV17]:

[MV19] A new link between the descent algebra of type B, domino tableaux and Chow’s
quasisymmetric functions, Mayorova and Vassilieva, Discrete Mathematics, 342 (6):1658-
1673, 2019.

The full versions of the two other results are in process.
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A new link between domino tableaux
and Chow’s type B quasisymmetric

functions

This chapter plays a supporting réle. We make an attempt to generalise all the main
notions we used in Chapter 1 to the case of type B, trying to preserve the properties
and links between them. We suggest a modified definition of domino tableaux and a
definition of domino functions instead of Young tableaux and Schur functions. We show
how to decompose the domino functions using type B Chow’s fundamental and monomial

functions and investigate the restrictions we needed to have such a decomposition.

2.1 Signed permutations and domino tableaux

2.1.1 Hyperoctahedral group and descent set

Let B, be the hyperoctahedral group of order n, i.e. the Coxeter group of type B. B,
is composed of all permutations 7 on the set {-n,---,-2,-1,0,1,2,--- ,n} such that for
all i in {0} U [n], 7(—i) = —=n (i) (in particular 7(0) = 0). As a result, such permutations
usually referred to as signed permutations are entirely described by their restriction

to [n].

Further we suggest an overview on the notions of descent set of a signed permutation. We

start from the most essential definition.

29
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Definition 18. The descent set of a signed permutation 7 of By, is the subset of {0}U[n—1]
defined by
Des(m) ={0<i<n—1|n(i)>n(i+1)}.

The main difference with respect to the case of the symmetric group is the possible descent

in position 0 when 7(1) is a negative integer. Further in the thesis we use bars instead the

n

sign "—" for the convenience.

Another approach to define descent set in the hyperoctahedral group uses a different order

on the elements of the set {f,...1,1,...,n}. Define:

1<,2<,..0<,1<,2<,...n.

One may define another notion of descent set Des, using the less essential order >,
Des,(m) ={0<i<n—1]|n() > w(i+1)}.

The descent set in this case is also a subset of 0J[n — 1].

A third option is the signed descent. Denote by X5 (n) the set consisting of all pairs (S, ¢),

called signed sets, where S is subset of [n| and € is map from S to {—,+}.

Definition 19. Denote by sDes(7) the signed descent of the signed permutation 7, i.e.
the signed set (.5, ¢), such that

e S contains all s € [n — 1] for which 7(s) >, m(s + 1) or 7(s) is barred and 7(s+ 1)

1S not.
e S contains n.

e For every s € S we denote e(s) = — if 7(s) is barred and e(s) = + otherwise.

Given a signed set 0 = (S,e) € ©P(n) we will define two statistics which relies on it.
Denote by wDes(co) the set of elements s; # sp;s; € S such that e(s;) = e(s;41) or

e(s;) = +,e(si4+1) = —. Denote also

wDes(0), if €/(1) = +;
wDes(o) U{0}, ife'(1) =—.

wDes' (o) =

In case of signed permutations one can give a definition of wDes(7) and wDes'(7) without

the notion of signed descent, as follows

wDes(m) = wDes(sDes(m)) = {1 <i<n—1|n(i) > w(i+ 1)},
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and
wDes'(m) = wDes'(sDes(r)) = Des,(7) = {0 <i <n—1]|7(i) > 7(i +1)}.

So, the signed descent sDes refines Des,..

One may note that the signed descent sDes refines also Des. Indeed, it is possible to
continue the sign map e from the set S to [n]. In particular, in the case of the descent
set of a permutation it coincides with the map ¢ — sign(m(i)). Denote by ¢’ such a map.
Further, any two permutations with the same signed descent set (.S, ) have also the same

Solomon descent set, which may be obtained with the following rule:

e 0 € Des(m) if and only if /(1) = —,
e k € Des(n) if and only if

—keSande(i)=¢(i+1) =+, or
—k¢gSande'(i)=¢€(i+1)=—.

2.1.2 Domino tableaux

One way to generalise the notion of Young tableau to the case of type B is domino tableaux.

Recall the definition from [Gar90].

Definition 20. For A - 2n, a standard domino tableau T of shape A is a Young diagram
of shape A tiled by dominoes, i.e. 2 x 1 or 1 x 2 rectangles filled with the elements of [n]
such that the entries are strictly increasing along the rows and down the columns. Denote
by SDT(X) (SDT(n)) the set of standard domino tableaux of shape A (of n dominoes).

We consider only the set P°(n) of empty 2-core partitions A = 2n, i.e. partitions that fit

such a tiling.

Domino tableaux are related to Chow’s quasisymmetric functions. Another advantage is

the notion of the descent set, which is similar to the one in type A.

Definition 21. A standard domino tableau T" has a descent in position ¢ > 0 if ¢ + 1 lies
strictly below ¢ in T and has a descent in position 0 if the domino filled with 1 is vertical.

We denote by Des(T') the set of all its descents.

For A in P%(n) and I C {0} U [n — 1], denote by d¥, the number of standard domino

tableaux of shape A and descent set I.
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Example 2.1. The following standard domino tableaux have shape (5,5,4,1,1) and de-
scent set {0,3,5,6}.

5 3
1(2]3 1|2 5
(] 4
T = 4 8 Ty, = 6 8
7 7

Definition 22. A semistandard domino tableau T of shape A € P°(n) and weight
w(T) = p = (po, p1, 2, - - - ) with g; > 0 and Y, p1; = n is a tiling of the Young diagram of
shape A with horizontal and vertical dominoes labelled with integers of the set {0,1,2,---}
such that labels are non decreasing along the rows, strictly increasing down the columns
and exactly p; dominoes are labelled with ¢. If the top leftmost domino is vertical, it
cannot be labelled 0.

Our notion of semistandard domino tableau differs from the usual one (which is without
zeroes). The reason is that we need zeroes in the tableau to make valid links to Chow’s

quasisymmetric functions.

Remark 1. The only possible sub-pattern of dominoes with label 0 in a semistandard

domino tableau is a row composed of horizontal dominoes.

Example 2.2. The following semistandard tableau of shape (5,5,4,3,1) has weight p =

(2,0,2,0,0,4,0,1).
R
5
5

~
I
N | o[ o —

Denote by SSDT(X) (SSDT(n)) the set of semistandard domino tableaux of shape A
(of n dominoes) and K /j\Bu the number of semistandard domino tableaux of shape A and

weight p.

2.2 Stanton and White bijection

2.2.1 Bi-tableaux

A second way to generalise the notion of the Young tableau is to consider bi-tableaux.

Bi-tableaux are closely related to Poirier’s quasisymmetric functions. At the same time,



Chapter 2 33

they are related to domino tableaux via the Stanton and White bijection.

Definition 23. Denote a pair of shapes (A\™,A\") a bi-shape of n if |A\7| + [AT| =n. A
standard Young bi-tableau of bi-shape (A~, A") is a pair of Young diagrams (T, T")
with shape(T~) = A~ and shape(T") = A", whose boxes are filled with the elements of
[n] such that the entries are strictly increasing along the rows and down the columns for

each of them.

Remark 2. The number of standard Young bi-tableaux of bi-shape (A~, A") is exactly

AT AT
f(A,,\+)=<| ;;: |>f/\f>\+-

For a standard Young bi-tableau it is also possible to denote a notion of a descent set.
However, it differs from the usual one used in this thesis. In fact, one uses signed descent
sets for the case of bi-tableaux. Recall, ¥5(n) is the set consisting of all pairs (S, ¢), where

S is subset of [n] and € is map from S to {—,+}.

Definition 24. The signed descent set sDes((QT,Q7)) of a bi-tableau (QT,Q~) €
SYT(A, ) is the signed set (S, ¢) defined as follows:

e S contains all s € [n—1] for which either both s and s+ 1 appear in the same tableau

and s + 1 is in a lower row than s, or s and s + 1 appear in different tableaux.
e S contains n.
e For every s € S we denote £(s) = — if s appears in @~ and &(s) = + otherwise.
Recall, that in the case of permutations the notion of signed descent sDes generalises both

the notions Des and Des,. Given a signed descent sDes we can find the corresponding

Des,.. In the case of bi-tableaux, this turns into the following definition for Des,..

Definition 25. The descent set Des,((Q1,Q7)) of a bi-tableau (Q*,Q~) € SYT(\, p)
is a subset of {0} |J[n — 1] containing:

e cach s € [n — 1] such that both s and s+ 1 appear in the same tableau and s + 1 is
in a lower row than s
e cach s € [n — 1] such that s € QT and s +1 € Q~

e 0ifleqQ .
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Ezample 7. The following standard bi-tableau has bi-shape ((3), (2,2, 2)) and descent set
Des, equal to {2,4,8}.

1] 2
o =[2]=]e] or=|2]s
719

Definition 26. A semistandard Young bi-tableau (T~,7T7) is a pair of Young diagrams
of bi-shape (A~, AT) whose boxes are filled with nonnegative integers such that the entries
are strictly increasing down the columns and non-decreasing along the rows for each of

them. The additional constraint is that zeroes may appear only in 7.

Ezample 8. The following standard bi-tableau has bi-shape ((3),(2,2,2)).

0|1
- _ +
5|7

Remark 3. The number of semistandard Young bi-tableaux of bi-shape (A~, A") with its

entries less than or equal to t € Z is exactly

GO= 20t = Ia— 19+ t+1-

Recall, gy is the number of semistandard Young tableaux of shape A with its entries less

than or equal to t.

2.2.2 Description of the bijection

In [CL95] Carré and Leclerc studied a bijection due to Stanton and White [SW85|. They
introduced an easier description of the bijection between semistandard domino tableaux
(without zeroes) of n dominoes and pairs of semistandard Young tableaux with n cells in
common. This bijection restricts to the sets of shapes, it does not depend on the tilling

and numbers in cells. So,

In this section, we further describe the idea of the algorithm and apply it to prove the

similar statements for our definitions of a domino tableau and a bi-tableau.

Given a domino tableau T" we consider d; the diagonal line (,7) : i = j — 2[. Such a line

may intersect a domino in four different ways (see Figure 2.1).
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=0

type 1 type 2 type 3 type4

FIGURE 2.1: Four layouts of a domino on a diagonal.

Denote also dl+ and d; the diagonals (i, j) : i = j — [ of the bi-tableau. Given a diagonal
d; we consider all the dominoes of types 1 and 4. They are positive and we put the cell
with its entry in T on the diagonal dz+- The other dominoes are negative and go to T~
on the diagonal d; . Due to [CL95]| this correspondence is a bijection. The pair (T, T™)
is called the 2-quotient of T

Example 2.3. Figure 2.2 shows a domino tilling of a diagram and its 2-quotient.

d i

d_)|

FIGURE 2.2: A domino tilling and its 2-quotient.

In fact, there is an easy way to determine if a domino is positive or negative. We colour
the domino with "-" and "+" in the chess-boarding colouring. For a horizontal domino we
look at the sign of the right cell, for vertical look at the sign of the top cell. It determines
the sign of a domino itself. So, the bijection sends positive dominoes to T and negative

dominoes to T, see Figure 2.3.

Example 2.4. Figure 2.3 shows a domino tableau of weight p = (2,0,2,0,0,4,0,1) and

1ts 2-quotient.

Remark 2.1. If the top leftmost domino of a semistandard domino tableau T is vertical
(rep. horizontal), its label is used for T~ (resp. T"). Therefore not labelling the top left-
most domino with 0 if it is vertical is sufficient to ensure that only 7" may have entries
equal to 0 and any bi-tableau with 7" containing entries equal to 0 gives a valid semistan-
dard domino tableau according to our constraints. As a result, in our setup, the bijection
is actually between semistandard domino tableaux indexed by labels in {0,1,2,---} and

pairs of semistandard Young tableaux indexed respectively by {1,2,---} and {0,1,2,--- }.
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—0+ -0+

pl el e ¥ 00
+ -7+ 507
5

FIGURE 2.3: A semistandard domino tableau and its 2-quotient.

2.3 BV and Garfinkle bijections

Definition 27. Denote by sp(T') the spin of (semi-) standard domino tableau 7', i.e. half

the number of its vertical dominoes.

5 3 0 | 0
1023 1|2 5 5
6 4 2
2 5
T =| 4 8 Ty=| 6 8 Ty = 5
7
7 7 5

FIGURE 2.4: Two standard domino tableaux 71 and T> of shape (5,5,4,1,1), descent set
{0,3,5,6}, a semistandard tableau T3 of shape (5,5,4,3,1) and weight 1 = (2,0,2,0,0,4,0,1).
All of the tableaux have a spin of 2.

We recall that there is a natural analogue of the RSK-correspondence for signed per-
mutations involving domino tableaux. Barbash and Vogan ([BV82]|) built a bijection
between signed permutations of B,, and pairs of standard domino tableaux of equal shape
in P%(n). An independent development on the subject is due to Garfinkle [Gar92]. Tagkin
([Tas12, Prop. 26]) showed that the two standard domino tableaux T and U associated to
a signed permutation 7 by the algorithm of Barbash and Vogan have respective descent
sets Des(T) = Des(r!) and Des(U) = Des(w) while Shimozono and White showed in
[SWO01] the color-to-spin property i.e. that

te(m) = sp(T) +sp(U), (2.1)
where tc(m) is the total color statistics, i.e. the number of negative values in {7 (i) | i €

[n]}.

There is also a generalisation of the bijection to the case of colored permutations and
ribbon tableaux of the same shape due to Shimozono and White ([SWO02]) which satisfies
the color-to-spin property.



Chapter 2 37

2.4 Quasisymmetric functions of type B

Chow defines in [ChoO1] an analogue of Gessel’s algebra of quasisymmetric functions that

is dual as Hopf algebras to the Solomon’s descent algebra of type B.

This is not the only option of how to generalise the quasisymmetric functions. Another
one is Poirier’s quasisymmetric functions’ algebra. However, Poirier’s quasisymmetric
functions are dual to the Mantaci-Reutenauer algebra and not to Solomon’s descent algebra
of type B. See [Pet05] for further details. Both Poirier’s quasisymmetric functions and

Mantaci-Reutenauer algebra are related to the notion of signed descent set.
In his thesis, Chow defines the algebra of type B quasisymmetric functions through its
bases. He prove that the spanned vector space is an algebra.

Definition 28. Let X = {--- jx_;,--- ,x_1,20,21, - ,Z4, - } be a set of totally ordered
commutative indeterminates with z_; = x; and I be a subset of {0} U [n — 1], define the

monomial

B — E
MI (X)— L1 Ljg « o« Ly s
0<ig<ip<...<in
JeEI&i;<iji1

and fundamental

FIB(X): Z L1 Ly « o« Ty, -

0<ig <i<...<ip
Jjel=i;<ij11

Chow’s quasisymmetric functions.

Here we assume ¢g = 0. Note the particular réle played by variable xg.

These two bases are related through
FPX)= Y MP(0). (2.2)
1CJC{0}U[n—1]

Example 2.5. Let n =2 and X = {x_9,x_1,x0,21, 22} then

B 2 2 2
F@ =y + ] + 5 + o1 + ToT2 + X122,
F{Bl} = xox1 + ToT2 + T122,

B 2 2
Froy = o1 + 23 + 1129,

F{%,l} = T1T2.
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Remark 4. Note that for any for any subset which include 0 Chow’s quasisymmetric

function is equal to the usual quasisymmetric function
B
F{O}U](X) = FI($17$2) .. ')a I - [’I’Z - 1]

In the case subset does not include 0 Chow’s quasisymmetric function is equal to the usual

quasisymmetric function with shifted alphabet

FB(X) = Fi(zo,z1,...), I C[n—1].

2.5 Modified domino functions

One of the central objects of this thesis is an analogue for Schur functions related to type
B quasisymmetric functions. In this section, we use the tableaux-based way to define them

and prove the basic formulas and decompositions.

We may consider generating functions for domino tableaux sometimes called domino func-
tions. They are also well-studied objects (see e.g. [KLLT94|). We introduce a modified
definition to get an analogue of Schur functions in Chow’s quasisymmetric functions. Our
development differs by the addition of "0" entries to the domino tableaux in some cases.
Definition 29. Given indeterminate X and a semistandard domino tableau T" of weight p,
denote by X7 the monomial z}°z/*z4? - --. For A € P%(n) we call the domino function

indexed by A the function

ax)= > X" (2.3)

TeSSDT(N)

Ezample 9. Let A =(2,2,1,1) and X = (x0,z1, z2,x3) then

2 2
G(2,2,1,1) =T0T1T2 + ToT1T3 + ToToT3 + T1T2 + T T3+

1<yt

2 2 2 2
125 + 3x122%3 + T123 + THT3 + T2T3.
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The list of semistandard domino tableaux of shape (2,2,1,1) in X = (zo, 21, z2,23) con-

sists of the following tableaux

0 0 0
1|1 1)1 1|2
1 1 2
2 3 3 2 3 2
1
1|2 1|3 13 2|2 213
2
3 3 2 3 3 3

2.6 Decomposition in Schur functions

Recall the bijection between semistandard domino tableaux and bi-tableaux from the
Section 2.2. Given a semistandard domino tableau T' denote by (T~,T™") its 2-quotient.
Denote X~ = {z_;}i~0 and X = {2;};>0 (note that X~ = X+ \ {xo} as z_; = z;).

Proposition 2.2. For A\ € P%(n), the domino function Gy and the Schur symmetric
functions are related through
GA(X) = sy (X7 )spe (XT). (2.4)

Proof. According to the definition of the 2-quotient above and Remark 2.1, one can get

G(x)= Y xTx
shape(T™)=A"
shape(TT)=A1
where the sum is on all pairs of semistandard Young tableau 7~ and T of shape A~ and

AT such that no entry of T is equal to 0. O

2.7 Decomposition in Chow fundamental and monomial func-

tions.

Recall that we denote by K )]\31 the number of semistandard domino tableaux of shape A
and type p = comp(I) (note that py = 0 if and only if 0 € I). dfl are the number of
standard domino tableaux of shape A and descent set I. The following proposition gives a

decomposition of domino functions in two basic bases of type B quasisymmetric functions.
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Proposition 2.3. Domino functions admit the following expansion into Chow’s funda-

mental and monomial bases.

Gv= Y dYFP= ) K oy MP. (2.5)
1C{0}U[n—1] 1C{0}U[n—1]

The standardisation T of a semistandard domino tableau T" of weight y is the standard
domino tableau obtained by relabelling the dominoes of T" with 1,2,--- ,n such that the
dominoes labelled with i, = min{i | p; > 0} are relabelled with 1,2,---, p;, from left to

right and so on.

Example 2.6. Figure 2.5 shows a domino tableau of weight p = (2,0,2,0,0,4,0,1) and

its standardisation.

0 0 1 2
5 8
2 4
2 5 3 7
T= 5 — s Tt = 6
7 9
5 5

FIGURE 2.5: A semistandard domino tableau and its standardisation.

In order to prove Proposition 2.3 we need the following lemma.

Lemma 1. Let T be a standard domino tableau. Then the fundamental quasisymmetric
function FDBGS(TO) is the generating function for semistandard domino tableaux 7" such that
T5t =Ty, i.e.

B T
Tst:TO

Proof. Given a fixed standard domino tableau Tp, we reverse the standardisation operation
to obtain the set of semistandard domino tableaux with standardisation Tj. Since the
standardisation operation is shape and domino tiling preserving, any such semistandard

tableau 1" may be identified by the sequence of its entries i1, 79, .. . iy.

Relabel the entries of Ty with the sequence 41,19, ...,%, such that k is mapped to i, as
depicted on Figure 2.6. According to the standardisation procedure, we have

0 < i1 < iy < ... < ipand 0 < 1; if the top leftmost domino is vertical. Furthermore
such a sequence needs to verify additional conditions to give a valid semistandard domino

tableau with standardisation equal to Tj.
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3 relabeling 13

FIGURE 2.6: A standard domino tableau Tp and the template for its semistandard preimages.

Consider each constraint ij < ix11 separately. If i < i1 then locally the sequence gives
a valid semistandard domino tableau (entries are increasing along the row and down the
columns) and the standardisation process provides the expected result.

We look at the case i = i1 and show two properties.

e First, if if = 41 then k ¢ Des(Tp). Indeed assume k € Des(Tp). Domino k has to
lay in a higher row than k£ 4 1 as in Figure 2.8.
But domino éx11 may not be outside the green area defined in Figure 2.8 as the entries
in the tableau are strictly increasing down the columns. As a consequence, domino
ik+1 has to be on the left of and below domino i, as in Figure 2.8, picture (c). This
is a contradiction since according to the definition of the standardisation operation,
we should relabel the domino 41 before the domino ¢; with such a pattern and Ty
is not the standardisation of such a tableau. In fact, such a semistandard domino
tableau corresponds to another standard domino tableau, without descent in the

position k (see Figure 2.7 as an Example).

—
2 relabelling 2

FIGURE 2.7: T*®" # Ty (Wrong order of relabelling according the standardisation procedure.)

As a result k € Des(Tp) implies i < ig41.

e Secondly, when k£ ¢ Des(Tp) any sequence with i = iy locally gives a valid
semistandard tableau whose standardisation is equal to Tp. Indeed, if k ¢ Des(Tp),
domino k does not lay in a higher row than k£ + 1.

As a result, domino ix,1 cannot be outside the green area defined in Figure 2.9 as
entries are increasing along the rows and down the columns, i.e. ix41 is to the right
of and above domino ¢;. This makes sure that ¢ is relabelled before i;; in the

standardisation procedure.
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A
i

H () ) L

FIGURE 2.8: Layouts with a descent in position k. Green area corresponds to positions of

domino ix41 which do not violate the property of increasing entries along the rows and down

the columns when ix = 4;41. In pictures (a) and (b) domino ix41 lays outside the green area.
Picture (c) shows a valid layout of dominoes i, and ix41.

ik5+1 : Tht1

(a) L) L

FIGURE 2.9: Layouts with no descent in position k. Green area corresponds to positions of

domino ix41 which do not violate the property of increasing entries along the rows and down

the columns when ix = 4;4+1. In pictures (a) and (b) domino i1 lays outside the green area.
Picture (c) shows a valid layout of dominoes i, and ix41.

As a consequence the preimages of Ty can be identified as the sequences 0 < i < iy <
... < iy such that k € Des(Ty) = ix < ixy1 for K > 0 and ig = 0. Consider the constraints
all together to ensure that such a sequence globally gives a valid semistandard tableau

whose standardisation is equal to Tj.

Conversely, any such sequence gives a valid semistandard tableau T" whose standardisation
is Tp. Indeed, consider the entries of any row j; < --- < j, of Ty. Clearly, ij, < --- < ij,.
Consider any column j; < --- < j,, one also gets ij, < --- < ij,, because otherwise the
equality i;, = ij,,, leads to i;, = ij,41 = - - = 4j,,. It implies ji, js +1..., jis1 & Des(Tp),
so domino j;41 could not lay right under domino j;. Figure 2.9 picture (c) shows the only
valid layout of dominoes i; and ipy1 if i = éx1q1. Therefore, the standardisation of
semistandard tableau T coincides with Ty. By definition, the fundamental function of

Chow is exactly the generating function for the described set of semistandard domino
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tableaux.
B _ . - T
FDes(To)(X) = E Ty Tig -+ - Ty, = g X
0<iy <ip<...<in Tt
JEDes(Tb)=1;<ij41

We are now ready to prove Proposition 2.3.

Proof of Proposition 2.3. Classify the set of semistandard domino tableaux according to
their standardisation and add the monomials corresponding to the tableaux in the same

class. Using Lemma 1 we obtain the first part of the proposition.

ax) = Y X7

TeSSDT(\)

= 2, X

ToeSDT(N) T€SSDT(N), Tst=Ty

(2.6)
= Z Fges(Tg) <X>
ToeSDT(A

= Z deF IB

1C{0}Ufn—1]

To get the second part of the proposition, relabel the entries of a semistandard tableau T'
with successive integers 0, 1,2, ... such that inequalities and equalities between entries in T’
are preserved after relabelling. If the top leftmost domino is vertical skip 0. This operation
removes the zeros in the weight of the tableau except, possibly, the first one. Denote by
T the resulting tableau and for A\ € P%(n), by STS”T)?I()\) the set of semistandard domino
tableaux of shape A such that T = T. The second part of the statement is a consequence of
the fact that the monomial quasisymmetric function M £ Hw(To) is precisely the generating
function for all semistandard domino tableaux 7" mapped to the same T} € Sgl\?_i’l()\) by

this operation.

G(X)= > XT
TeSSDT(A
Sy s ow
ToeSSDT1(\) TESSDT(N), T=Ty

_ B
= Y Miwmy
ToeSSDT1(N)

= Z Kfcomp(I)MIB‘
IC{0}U[n—1]
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Equation (2.5) is fully proven. O]

2.8 Skew shape decomposition

2.8.1 Skew domino tableaux

Let A and g be two integer partitions such that A/u is a skew shape, |A| — |p| = 2n and
such that the Young diagrams of shape p and A/u (and by extension \) may be tiled
by horizontal and vertical dominoes. We write A\/u € P°(|A|/2,|u|/2) when all these
conditions are fulfilled. By abuse of notation, we also write A/ € P°(n). A standard
skew domino tableau is a tiling of the skew Young diagram of shape A/u with horizontal
and vertical dominoes labelled with integers of [n] such that labels are strictly increasing

along the rows and down the columns.

Below we extend the bijection of Stanton and White (in the description of Carré and
Leclerc [CL95]) to the case of skew shapes. As a result, there is a bijection between
standard skew domino tableaux of shape \/u and standard skew bi-tableaux of bi-shape

(A7 /=, AT ).

Example 2.7. A standard skew skew domino tableau T and its decomposition follows.

2]e]

T = 9 BN T =1 7|9|, T+ =

2
4
6

Given a standard skew domino tableau T, we call in the sequel negative (resp. positive)
domino, a domino that goes to T~ (resp. T'") according to the bijection above. We have

the following definition.

Definition 30 (Descent set of a standard skew domino tableau). A standard skew domino
tableau T has a descent in position ¢ > 0 if i + 1 lies strictly below 4 in 7" and has descent
in position 0 if the domino filled with 1 is negative. Denote by Des(T") the set of all the
descents of T. For \/u € P%(n) and I C {0} U [n — 1] denote also df/ul the number of

standard skew domino tableaux of shape A/ and descent set I.

Example 2.8. In Example 2.7 we have Des(T) = {0, 3,4,8}.
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A semistandard skew domino tableau is a tiling of the skew Young diagram of shape
A/p with horizontal and vertical dominoes labelled with integers of the set {0,1,2,---}
such that labels are non decreasing along the rows, strictly increasing down the columns,

and negative dominoes cannot be labelled 0.

The bijection of Stanton and White also generalises to semistandard domino tableaux and
pairs of semistandard Young tableaux such that dominoes labelled 0 may appear only

in TT.

Proposition 2.4. Let /i be a skew shape, such that p € P°(m) and \/u € PO(n —m).
There exists a bijection ¢ between semistandard domino tableaux (of shape \/u) and pairs
of semistandard Young tableauz (of bi-shape (A~ /=, AT /u™)), such that zeros may appear

in the positive tableau of a pair. This bijection also restricts to the sets of shapes.

Proof. Since i € P%(m) one can fix some tilling of p. We apply the algorithm to get
corresponding shapes p~ and put. Then we continue to proceed the shape A/u: we look
at dominoes on diagonals, check its types and add cells to the corresponding diagonals of
T~ and T". At the end we got exactly shapes A~ and A*. The row and column property
is fulfilled since the construction of the Stanton and White bijection. The definition of

semistandard domino tableaux states that zero dominoes go exactly to 7. O

Corollary 2.5. The same algorithm gives a bijection between standard domino tableauz

and standard Young bi-tableaux.

Consider two partial orderings. First one is a partial order on P°, such that A\ > y if and
only if shape p lay in shape A. Second is partial order on bi-shapes, (A\™,A\T) > (u =, u™)
if and only if A= > p~ and AT > ut.

Remark 2.6. Let u € P%(m) and A € P%(n). Their images under the bijection are (1=, u™)
and (A7, AT). If A/ € PO(n—m) then A\~ > p~ and A* > p™. And vice versa, if \™ > p~
and AT > ut then A\/p € PY(n —m) (in particular A > p).

So, if u € P%(m) and X € P°(n) but A/ & P°(n — m) then either A= % u~ or AT % ut.

Example 2.9. Decompose the following semistandard skew domino tableau.

o] 1]

T = 9 — =87 ]e], =

|@|WO
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The standardisation of a semistandard skew domino tableau is defined in the same way as
for non-skew shapes. We recall the procedure. Consider all boxes filled by 1 and relabel
them with successive natural integers 1,2,... from bottom to top and from left to right.

Then continue with all boxes filled by 2, by 3, etc.

Example 2.10. The following picture shows a semistandard skew domino tableau T and

its standardisation TS.

| 1 2

T = 10 — T = 9

Lo | L5 |

2.8.2 Skew domino functions

Definition 31. Given A/u € P°(n) define the skew domino function G, , as the gener-

ating function for the semistandard skew domino tableaux of shape \/pu.

GuuX)= > X

TeSSDT(M 1)

Proposition 2.2 generalises well to the case of skew shapes.

Proposition 2.7. For A/ € P%(n), the domino function Gy, and the Schur symmetric

functions are related through
Grju(X) = sa—/u= (X7 )sps 0 (XT).

Proof. This identity is a direct consequence of the bijection between semistandard skew
domino tableaux of shape A/u and semistandard skew bi-tableaux of bi-shape (A~ /u~, AT /u™).
O

Furthermore, we have the following proposition involving a type B analogue of the Littlewood-

Richardson coeflicients.

Proposition 2.8. Given \/u € P°(n), u € P°(m) and v € P°(n) denote by l;}u the type

B analogues of the Littlewood-Richardson coefficients that we define as

A AT At
Dy =k, kM-
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Domino functions verify

GuGv=>_ Gn  Gyu= >, 10w

AePO(n+m) vePO(n)

Proof. Use Propositions 2.2 and 2.7 to show

Gu(X)Gu(X) = 5~ (X7 )+ (X )5~ (X7 )5, (XT)
= Y KL s-(X) Y B s (xh)

ATHp= +v ] AT |t |+t
= > (B R )G,
AePO(n+m)

and
Gryu(X) = s3—/u= (X )8yt e (XT)

- Sk, s (X0) S B s (X

v A =l | VAT =t |
= ¥ (kgiy,kﬁﬁ) G, (X). 0
vePO(n)

In order to get an analogue of Proposition 2.3, the skew shapes have to verify some
additional constraints. As noticed in Remark 2.1 for non-skew shapes, the constraints of
not labelling the vertical top leftmost domino of a semistandard domino tableau T with 0
and the constraint that no negative domino may be labelled with 0 are equivalent. With
skew shapes, there is no analogue to this equivalence in the general case and we need to

restrict the set of considered shapes. We proceed with the following definitions.

Definition 32 (Top domino). Given a (semi-)standard domino tableau T, we say that

domino d is a top domino of T if

1. there is no adjacent domino on the top of d,

2. there is no non-top adjacent domino to the left of d.
One can note that the definition above is recursive, but it is not a problem. The definition
is valid, because the status of the domino relies only on the status of the dominos which

are to the left or to the top of it. So there will be no loops when we search the status of

any domino.
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Remark 2.9. The number of top dominos v for any shape A\/u € P°(n,m), such that p+ v
gives a valid shape is O(m). (In each column there may be only two positions (vertical
and horizontal) for such a top domino, plus two positions in the end of the first row.
The maximal number of columns is 2m, so the number of such positions is no more than

4m +2.)

We further say that a top domino d is minimum positive if d is the leftmost downmost
positive top domino of T such that there is no adjacent (negative top) domino to the left

of d.

There can be no minimum positive domino, for example, there are tableaux with only

negative dominos.
Example 2.11. In Example 2.7, dominoes labelled with 1, 2, 3 and 8 are top dominoes

and 2 is the minimum positive one.

We look at the following subset of P%(n).

Definition 33 (Admissible skew shapes). An admissible skew shape is a skew shape
A/p € P°(n) that cannot be tiled with horizontal and vertical dominoes in a way that

1. there is a minimum positive domino,

2. a negative top domino is placed to the right and above the minimum positive domino.
Denote by P°(n) (P°(n, m)) the set of admissible skew shapes A/p such that |A| — || = 2n
(N = 20, ] = 2m).

Example 2.12. The shape of the standard skew domino tableau in Example 2.7 is admis-

sible as well as the following shapes.

—+—+—|+| - 4+ - +]|- S e e
| -|+|- N E e N T S e i
B I
-+ |+ |+ - -+ |- e
+| - |+7+ |+|7+ -1
These ones are not admissible.
-+ = -] = ] o] e
e E St [ [ s sl Gt Sl s
+| |+ e
Il i + +
-+ -+ = =
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Proposition 2.10. For \/u € 750(71), the skew domino function Gy, verify

B
Gvu= D, dyuFr.

1S{0}0[n—1]

Proof. The proof is adapted from the one of Proposition 2.3. The first step is to show the

analogue of Lemma 1, i.e. that for any standard skew domino tableau Ty of shape \/pu,

B § : T
FDes T() X
Tst— TO

To this end one needs to show that any sequence of relabelling of the dominoes 1,2,--- ,n
in Ty by i1 < iy < --- <y such that k € Des(Tp) = ix < ix+1 with £ > 0 and iy = 0 gives
a valid semistandard skew domino tableau 7" such that T = Ty. If the domino labelled 1
in Ty is positive, i.e. min(Des(7p)) = k > 0, then any subsequence 0 =iy =iy = -+ =i
(I < k) gives a valid semistandard skew domino tableau. Indeed, since \/p is admissible,
none of the dominoes 2,3, - , k are negative. As a result, no negative domino is labelled
with 0 (a restriction in our definition of semistandard skew domino tableaux required to
get Proposition 2.7). Other cases are similar to the proof of Lemma 1 and not detailed

here. O

Remark 5. Actually the statement of Proposition 2.10 may be reversed. So, if

Gr/n = Z d/\/uf

1C{0}U[n—1]

then skew shape \/p is admissible.

2.9 Admissible shapes

This section is devoted to the description of admissible shapes. We will show that asymp-

totically there is a few number of admissible shapes.

Theorem 2.11. Given n,m, such that m < n we consider numbers }POE gI Then for

any fited m € Z..
D0
lim 7‘73 (n,m)]

= 0.
o [PO(n, m)|
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2.9.1 Admissible and strictly admissible shapes

Let us consider the image of top dominoes under the Stanton and White’s bijection. We

define a top cell as follows.

Definition 34 (Top cell). Given a (semi-)standard Young tableau T, we say that cell d is
a top cell of T if there is no adjacent cell on the top of d.

Remark 2.12. The Stanton and White’s bijection sends a top domino to a top cell.

Given a skew shape \/u € P°(n,m) denote by d(\/u) its border. It consists of 4 parts:
p-border, A-border and two straight connecting lines. We consider §(A/u) minus the A-
border. It may be presented as a sequence A /v of angles (from bottom to top), as indicated
at Figure 2.10. Obviously, two different skew shapes may have the same sequence of angles.
The angles structure of a skew shape A/u depends on the shape p and number of cells in

the first row and in the first column in diagram A.

—+—+7+—+|
+ -+ 4 |-
7+7+— . —
Mu= T, —wm:(F, F Rk )
.
_A'_7

FIGURE 2.10: Skew shape and the corresponding sequence of angles.

All the angles are identified by two lengths a and b and the sign s in the corner. We divide

all the angles into nine types.
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Types of angles

type0 a=0o0rb=0

typel a>2,b>2, s="+4’
type2 a=1,b>2 s=""

type3 a>2,b=1,s="+

typed a=1,b=1,s ="+’
typeb a=1,b=1,s=""

type6 a>2,0>2 s=""

type 7 a=1,b6>2, s="+

type8 a>2,b=1,s="-"

Type 0 angles may appear only at the beginning or at the end of a sequence of angles A /.

Definition 35. We say that sequence A /[i is open on the right side if the corresponding
skew shape \/u have at least two cells in the first row, open on the bottom if they have
at least two cells in the first column. Note that this definition does not depend on the
choice of the skew shape A/u, only on the sequence of angles A /i If A /fi is open on the

right side and open on the bottom at the same time, we say it is open.

Note, if we have type 0 angles in 5\/ fi, then it is closed (not open) on the corresponding

side.

Definition 36. We say that sequence 5\/ [i is strictly admissible (5\/ i€ 5730) if for any
A p € P°(n, m) with angles structure 5\/,&, the skew shape A/ is admissible.

Remark 2.13. If ;\/ﬂ is strictly admissible then any \/u € P%(n,m) with such an angles
structure is admissible. Conversely, consider any shape A\/u € ﬁo(n,m). There are two

options:

e \/jiis strictly admissible.

o )\ /v is not strictly admissible. One may consider an extension of shape u with two
top dominoes (forming a skew shape v) such that one domino is positive and the
other is negative and the positive top domino is lower and to the left to the negative
top domino. According to the definitions, the fact that A/u is admissible means that
for any v, satisfying the constraints above, shape A could not be obtained from p+ v

with the domino tilling. In other words, \/(u + v) ¢ P°.
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This remark allows us to study strictly admissible sequences and then move on to the

admissible shapes. Now let us describe the structure of strictly admissible sequences.

Proposition 2.14. Sequence S\/ﬂ of angles is strictly admissible if and only if it satisfies

the following constraints:

type 0 angles are allowed, they may appear without any constraint, at the beginning

or at the end of the sequence.

type 1 angles are strictly prohibited, they do not appear in the sequence.

types 2 — 5 of angles are allowed, they may appear without any constraint,

types 6 — 8 of angles are prohibited after types 1,2,3,6 in the angles’ sequence.

Proof. First of all, type 0 angles does not affect the status of the sequence of angles
(whether it is strictly admissible or not). Note that each top domino lay in some angle.
Type 1 angles can consist a negative top domino to the right of a positive top domino. It
means that sequence with such an angle is not strictly admissible. Types 2 — 5 of angles
either includes positive top dominoes or does not include top domino at all. Types 6 — 8
can include negative top domino. So, in the sequence, they can not be after angles of type

1,2,3,6 since they can consist positive top domino. O

Lemma 2. There are no open strictly admissible sequences of angles in P°.

To prove this lemma we:

1. Figure out which transitions in the sequence are allowed and which are not.

2. Find the possible patterns for sequence goes from open on the bottom types of angles
(3,6,8) to open on the right side types (2,6,7) such that the corresponding shape is

strictly admissible due to constraints.

3. Prove that all the sequences of the patterns above do not give a P° shape.

2.9.2 Allowed transitions

First of all, note that type 0 angles could appear at the beginning or at the end of the
sequence, before or after any angle, without any restriction. We do not consider type 0
angles further in this subsection. The following lemmas concern allowed transitions in a

sequence of angles.
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Lemma 3. After angles of type 2 there may be angles of types 2,3,4,5. Here are some

examples for each case.

24 2—5

Lemma 4. After angles of type 3 there may be angles of types 3, 4. Here are some examples

for each case.

3—3 3—4

Lemma 5. After angles of type 4 there may be angles of types 3,4,6,7,8. Here are some

examples for each case.

R

4 —3 4 —4 4—6 4 -7 4 —8

Lemma 6. After angles of type 5 there may be angles of types 2,3,5,6,8. Here are some

examples for each case.

— b

5—2 5—3 5—5 5—6

Lemma 7. After angles of type 6 there may be angles of types 2,3,4,5. Here are some

examples for each case.
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Lemma 8. After angles of type 7 there may be angles of types 2,3,4,5,6,7,8. Here are

some examples for each case.

+ - + -+ + -
7T—2 7T—4 7—5
-+
+ + -
+ - + + - +
7—6 7T 7 77— 8

Lemma 9. After angles of type 8 there may be angles of types 2,3,5,6,8. Here are some

examples for each case.

2.9.3 Patterns

In this subsection we present all possible patterns for sequence goes from open on the
bottom types of angles (3,6,8) to open on the right side types (2,6,7) such that the
constraints of Proposition 2.14 are fulfilled (we name them valid sequences). We will use

brute force to write down all of them. Let us start with type 3 angle.

~ A~

Lemma 10. There is no valid sequence fi = A/ (fi1, ..., i) starting with type 3 and

ending with open on the right side types (2,6, 7).

Proof. Since the sequence [i begins with the angle of type 3, there could not appear types
6,7,8 as they are prohibited after the type 3 angle. Types of angles which are available
at the second position are exactly 3 and 4. The set of valid types after 4 is {3,4,6,7,8},
three last types (6,7 and 8) are prohibited. So, types 3 and 4 are the only types which may
appear in [, therefore it could not end with open on the right side types of angles. O

To describe a sequence of angles we will use the following notation. Round brackets (... )
correspond to an optional part of a sequence. Square brackets [...]; correspond to the

part of a sequence which should be repeated 7 times.
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Lemma 11. The pattern 6 (— [2,5]i>0 — 2) describes all valid sequences i = \/fi =
(fi1, - -, i) starting with type 6 and ending with open on the right side types (2,6,7).

Proof. Let us make the sequence starting from type(fi1) = 6. We may finish here at the

moment or continue the sequence.

Similarly to the Lemma 10, types 6, 7,8 are prohibited after type 6, so we may end the
sequence only with type 2 angle. In the second place, there may be 2,3,4 or 5. Lemma 10
and its proof show that i can not consist type 3 or type 4 angles, because it is impossible
to continue the sequence further to the end with an open on the right side type of angle.

So, we may put only type 2 or type 5 angle in the second place.

After type 2 angle we may put either type 2 or type 5 (3 and 4 are prohibited). After type
5 we may put type 2 or type 5 also (3, 6,8 are prohibited). Let us summarize, the pattern
is type 6 angle, then some nonnegative number of type 2 or type 5 angles and then finish

at some moment with type 2 angle:

6 (—) [2, 5]1'20 — 2) .

The element of a sequence labelled by * will further indicate the position when types 6,7, 8

become prohibited.

Lemma 12. The two following patterns describe all valid sequences i = Ji= (fi1,- -, )
starting with type 8 and ending with open on the right side types (2,6, 7).

8 — [8, 5]2'20 —04 (—> [2, 5]]'20 — 2)

8 — [8,5]i>0 =2« (= [2,5]j50 — 2)

Proof. Note that types 6,7,8 are allowed until we get type 2,3 or 6. First of all, let us

consider the part of the sequence before these types.

Consider a sequence fi starting from type(fi1) = 8. In the second place, there may be
2,3,5,6 or 8. In Lemma 10 it is showed that i can not consist type 3 angle. If type(fie) = 5
we get the same set of allowed types 2,3, 5,6 and 8 at the third place. So, we may get any
sequence of type 5 and type 8 angles before we get either type 2 or type 6. This part of

the sequence corresponds to the pattern

8 — [8, 5]1'20.
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As soon as we got type 2 or type 6 we may either finish the sequence or continue. Since
that moment types 6,7, 8 are prohibited. Both types 2 and 6 have the same set of allowed
types after them. So, Lemma 11 gives us all patterns starting with 2 and 6 and ending

with open on the right side types. O

The following subsection gives a detailed construction of the patterns from this one.

2.9.4 Detailed information about possible patterns.

Let us start with the pattern from Lemma 11. Consider the sequence of angles i of the

pattern 6 (— [2,5]i>0 — 2).

If there is no optional part and ji consists of one angle of type 6 then \/u is actually

non-skew shape.

Let us show now that for any sequence of angles ji = 5\/;1 of pattern 6 — [2, 5];>0 — 2 the

corresponding shape p does not lay in PY(m).

FIGURE 2.11: Sequence i =6 —2 —2—5—5— 2 — 2 and the only tilling of u. Numbers
indicate the order of adding dominoes in the tilling.

Lemma 13. Pattern 6 — [2,5];>0 — 2 correspond to shapes p which do not lay in P°(m).

Proof. Consider the sequence of angles [i as sequence of right and up steps. Note, that it
consists of steps to the right by 1 cell and steps up by odd number of cells. So, we may
till the shape p from right to left with dominoes in the only possible way (with horizontal

dominoes). Figure 2.11 shows an example of such tilling.

Note that we could not till the bottom left corner because of parity reasons. It means p

does not lay in P%(m). O

We proceed with pattern 8 = [8,5];>0 — 6. (— [2,5]j50 — 2).
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17 14 13 - 4+ -
18 15 - 4+ -
X 16 —
12
— + —
11
+
10 7
9 6
8 5
4
3
+
2
1

FIGURE 2.12: Sequence i =8 -5 —+8 -5 —5— 6, =+ 5 — 2 — 2 and the only tilling of
. Numbers indicate the order of adding dominoes in the tilling.

Lemma 14. Pattern 8 — [8,5];>9 — 64 (— [2,5]j>0 — 2) correspond to shapes p which do
not lay in P%(m).

Proof. Tt is not hard to see that [ is divided into two parts (by corner of the type 6 angle).
In the first part, we have steps up by 1 cell and steps to the right by an odd number of
cells. In the second steps to the right by 1 cell and steps up by an odd number of cells.

The second part is optional.

We will till this shape starting with the first part from bottom to top with dominoes in
the only possible way (with vertical dominoes). Then, if needed we fill the second part in

the same way as in Lemma 13. Figure 2.13 shows an example of such tilling.

Note that we could not tile the top right corner if we do not have the optional part because
of parity reasons. If we have the optional part, we get problems with the cell on the corner

of type 6 angle. It means p does not lay in P%(m). O

Lemma 15. Pattern 8 — [8,5];>0 — 24 (— [2,5]j>0 — 2) correspond to shapes p which do
not lay in P%(m).

Proof. The same as for Lemma 14. O

The three lemmas above together form the proof of Lemma 2.
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17 14 13 - 4+ -
12
18 15 - 4+ -
11
X 16 —
10 7
— + —
9 6
8 5
4
3
Jr
2
1

FIGURE 2.13: Sequence i =8 -5 —+8 >5—5—2, -5 — 2 — 2 and the only tilling of
. Numbers indicate the order of adding dominoes in the tilling.

2.9.5 Estimations

In this subsection, we estimate the number of admissible shapes over all PY shapes. We use
the structure of strictly admissible sequences and Remark 2.13 to move on to the admissible
shapes. More precisely, it is already proved that strictly admissible sequences could not be
open. It actually means that the width of such a shape (in its narrow part) is quite small.
The percentage of such shapes is small too. Remark 2.13 allows us to estimate the number

of all the admissible shapes which correspond to non strictly admissible sequences.

Let us precise what to mean by width of a skew shape A\/u. There is a number of ways
how to define this notion. One way is to consider the minimal number of cells that needed
to connect a cell of shape p to a cell out of shape A. Proposition 2.15 below would be
true for such a definition. However, further we need the width of a domino tableau to be
related to the width of bi-tableau. So, it is better to use the less essential definition of the
width for all types of skew diagram.

Definition 37. Given a skew shape A\/u € P°(n,m) of a domino diagram, denote by
wd(A\/p) the width of the shape as minimal of the number of cells on the diagonals d,
such that d; crosses both A and p shapes. Recall, d; denotes a diagonal line (i, 7) : i = j—2I.
Denote by RY(n, m) the subset of PY(n,m) consists of skew shapes with width at least k.

Definition 38. Speaking about Young diagram \/u we also count width as minimal of the
number of cells on the diagonals d;, such that d; crosses both A and p. This time diagonal

dy is the line (i,7) :i=j — L.
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Definition 39. Given a bi-shape (AT/ut,A\7/u™), we count width of each part as an

Young diagram
wd(A\T/p AT /) = (wd(N /), wd(A i)

In such definitions, if the sequence A/[i has type 0 angle, then wd(\/u) = 0. The closed

from some side sequence leads to wd(\/p) < 1.

The following proposition states that the number of shapes which have a big width is much

greater than number of shapes with a small width.

Proposition 2.15. Fiz m. Then, for any nonnegative integer k,

[RR(n,m)| = [P°(n,m)| = [Ri(n, m)| = o(|R}(n, m)]).

2m k

2m

2n

FIGURE 2.14: Shape of width less than k.

Proof. We start with evaluation of an upper bound for |RY(n,m)|. Suppose 2n is much
greater than 2m + k. Consider a skew shape A/u € P°(n,m). The diagram p F 2m
lays in a square 2m X 2m while diagram A\ F 2n lays in a square 2n x 2n. In the case
M € RY(n,m) the diagram X intersect with the square (2m+k) x (2m+k). We consider
the diagram A as a path from the bottom-left corner of the square 2n x 2n to its top-right
corner. Counting the paths which have an intersection with the square (2m+k) x (2m+k)
gives an upper bound. There will be some extra skew shapes, which do no lay in 7_32 (n,m),

however, it does not matter for the proof. A path consists of three parts (see Figure 2.14):
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e from the beginning to the first intersection with square (2m + k) x (2m + k),
e part of paths which lay in the square (2m + k) x (2m + k),

e from the last intersection with square (2m + k) x (2m + k) to the top-right corner.

Let (i,2m + k) and (2m + k, j) be the coordinates of the first and last intersection with
the square (2m+k) x (2m+k). So, the first part of A is a path from (0, 2n) to (i,2m+ k).
The number of paths from (0,2n) to (i,2m + k) is (2n7(2?+k)+i). Similarly, the number

of path from (2m + k, 7) to (2n,0) is (2”_(27;+k)+j). The second part of the path consists

4m+2k—i—j) .

of 2m + k — ¢ right steps and 2m + k — j up steps, so it is bounded by ( omth—j

The number of options for p is |P%(m)| which is a constant for any fixed m. So,

Rl < P 3= (207 BB (A4 26 (2 () £

14,J=0

We estimate the binomial coefficients using that 2n is much greater than 2m + k and then

use Stirling’s approximation to finish estimations.

) o dm + 2k 2n
0 < 0 - (2 12 ~
Ry (n,m)| < [P°(m)|- (2m +k + 1) <2m+k>(2m+k><2m+k>

(2n)2"/27(2n)
(2m + )2tk /27 (2m + k) (2n — (2m + k))2n—@m+k) | /27 (2n — (2m + k))
(2n)2n

2
(2n)2n—(2m+k) (1 — (272:1@) )2n—(2m+k)]

~

~ Consti(m)

~ Consta(m) [

~ Constz(m) - (2n)*m2k,

Now let us evaluate the lower bound for |R?(n,m)|.

Given a shape p and suppose n is a positive integer such that +/2n is much greater than
2m + k. Construct shapes A such that A\/u € RY(n — m) with the following algorithm.

This algorithm is valid for even k, but it is not hard to do the same for odd.

1. Consider a square [v2n] x [v2n]. Note that all paths from the bottom-left corner

to the top-right corner correspond to the diagram with no more than 2n cells.
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2m k

2m

[v2n)(-1)

[v2n](-1)

FIGURE 2.15: Construction of valid \.

2. Either [v2n] or [v2n] — 1 is even, denote this number by ¢. Add £ — m vertical
dominoes to shape p for 2m + k first columns. That vertical dominoes gives the

2m + k first columns of A\/pu.

3. Proceed shape A to the top-right corner using either 2 "up" steps or two "right"
steps. So, columns of A\/u still have even number of cells and may be divided into
dominoes. At the moment one got shape A with a number of dominoes no more

than n.

4. Finally, add additional cells to the first row in order to get exactly n dominoes in

shape A.

Suppose 2k’ = k and 2t' = t. According to the point 3 of the algorithm, one makes t' —m
up steps and ¢’ — m — Kk’ right steps, the length of each step is 2. Compute the number of

shapes one got with this procedure.
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t'—m

]Rg(n,mﬂ > \Po(m)\ _ (Qt/ _ (2m + k/)) N

(2t — (2m + k)2 ~CmHED) om (2t — (2m + K))
(' —m)=m)S2n(t —m) - (' — (m+ k)= HR) 2n(t — (m + K))
(2/F — (2m + K))2V 35— C2m+k)
( %_m)(\/ﬁ ™ Jor (T —m) - (\/E - (m + k') VE—(m+H)

~ Consty(m)

T\2y/ Z—(2m+k) (1 @m+E)\2,/T—(2m+k)
Constg(m) (2\/;) ’ (1 2% )\/;
2n(,/F—m) (VEVE (= ) W (Vi (1 B )

N Consts(m) (2\/@2\/%_(2,”%,)
Vo (BWVET( BV E k)

Constg(m) VI
n

~

Finally, it is not hard to see that |R%(n,m)| = o(|RY(n, m)|).

Remark 2.16. One can easily modify the proof above to the case of bi-shapes.

Proposition 2.17. Fiz any positive integer m and p € P°(m). Fiz also v some 2-domino
‘top’ extension of p (i.e. extension with one positive and one negative top domino). Then

forall k > 2

#{A 0 A pe R (n,m), N (n+v) € POn,m+2)} = o#{A: X p € Ri(n,m)}),

when n — 00

Proof. Consider the bijection between skew shapes of P°(n,m) and bi-shapes. One can
note that A > p implies A= > p~ and AT > p*. Top dominoes goes to top cells in the
corresponding bi-shape. The fact that /(1 + v) & PY(n,m + 2) actually means that one
of such top cells does not lay in A. So, either wd(A\~/u~) = 0 or wd(AT/u*) = 0. Note
that if A/ € P°(n, m) and

wd(A™/p”) + wd(XT/pT) > k.
then A/ € RY(n,m). So,

#{\: A/ p € P(n,m) and wd(\~/p~) +wd\T/ut) > kY < #{N: N/ p € RY(n,m)}.
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Now it is not hard to show that

#0 s A€ RY(m,m), wd(A/u™) = 0 or wd(A*/ut) = 0} <
#00: Ap € PO, m), wd(A/p) = 0 o wd(A /) = 0} <
#FN A > AT > ut wd\T/pT) = 03+ AT > pmand T > pt wd( AT /pt) =0} =
oF AT AT = wd(NT/pT) = k) (#AT AT > T+
o+ AT 2t wd(V ) 2 KY) (A AT 2 ) =
o(#{A: A/p € PY(n,m) and wd(X~/u”) + wd(\*/u*) > k}) =
o(#{A: M € RY(m, m))).

This is exactly what we needed. O

Now we are ready to prove Theorem 2.11.

Proof. Fix some k > 2. Restrict our set on shapes with big width using Lemma 2.

) _ [Pl = o Ry D] + o R m))

e [PO(mm)] - nsee [RY(n, )] + o([R (m, )]}
[P 1P R ]
e [RY (. m)| -

PN R m
Tams [RY(n,m)|

Proposition 2.17 states that

#{N: Mu e RYUmm), A (1 +v) & POn,m+2)} = o(#{: Mp € RY(n,m)}).

Take a sum over all € P%(m) and their top’ extentions v. Further a pair (p, \) is used
only for skew shape A/u with the constraint p < A and a triple (v, g, \) corresponds to
skew shape and its 'top’ extension. Since the number of 'top’ extensions is no more than

(4(m—;2)+2) we get

#{(v, 1, A) = M p e RY(n,m), N (utv) & PO(n,m+2)} = o(#{(1, A) : M p € Rii(n,m)}).

Consider the numerator of the fraction, |P°(n, m) N RY(n,m)|. It is the number of pairs

(1, A) such that the minimal distance between borders is not less k and A\/u € PO (n,m).
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S —0
Remark 2.13 states that either A/t € SP (m) or for some 2-domino ’top’ extension
A (p+v) ¢ PP So,

PO (n,m) (\RY(n,m)| =
oo #HwN MpeRinom)b+ Y #H{w ) Mp e RY(n,m)}
5/ieSP" (m) 5/ 8P (m)
=0 +#{(1.\) : M &SP (m). M € RY(n,m)}
— (1) B, ] = 2,0/ (4 1) € PO, m+ 2), A € R (n,m)}
<#H o A) M (u+v) € PP(n,m+2), M p € RY(n,m)}
— o(#{(1, A) : A € R(nym)}) = o(|RY(n, m)).

This finishes the proof of Theorem 2.11 O
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Structure constants of the descent
algebra of type B, type B Kronecker
and Littlewood Richardson

coeflicients

This chapter is devoted to generalisation of the results from Section 1.8. First of all, we
prove an analogue of Cauchy identity for domino functions. Further we use it to compute
structure constants of the Solomon’s descent algebra of the hyperoctahedral group By, i.e.

the Coxeter group of type B.

More precisely, the idea is to take Cauchy formula for domino functions and, as in case
of type A, decompose both sides of the equality using Chow’s fundamental and monomial
functions. Since we know they are bases of Chow’s quasisymmetric functions, we derive
the coincidence of coefficients in the decomposition. It links structure constants, dfl and

Kronecker coefficients of B,,.

3.1 Type B Descent algebra

We denote by DP (resp. BP) the formal sum in CB,, of the signed permutations 7 with
Des(m) = I (resp. Des(m) C I). Let

p p

K _ B B. K _ [pB B

ChilyI, = [Dk] H Dlja enilyI, = [Bx] H Blj
Jj=1 Jj=1

65
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be the structure constants of Solomon’s descent algebra of type B for Iy,---,I,, K C
{0}U[n—1].

Remark 3.1. These constants verify

K K', T _ T’
Z Crryp = Z €ry; Z CryK = Z CIIK - (31)

1'cr,J'cJ K'DK I'Cl,J' CJK'CK T'oT

One can also note the following analogue of Remark 1.4.

Remark 3.2. The structure constants of Solomon descent algebra of a symmetric group

verify the following identity.

(] _ 0 L
CIJK = E :CILCJK'
L

Recall, there is a natural analogue of the RSK-correspondence for signed permutations in-
volving domino tableaux. Barbash and Vogan ([BV82]) built a bijection between signed
permutations of B,, and pairs of standard domino tableaux of equal shape in P°(n). Tagkin
(|Tas12]) showed that the two standard domino tableaux associated to a signed permuta-
tion 7 by the algorithm of Barbash and Vogan have respective descent sets Des(7~!) and

Des(m). As a result, we have the following analogue to Equation (1.14).

C?J: Z d?Ide- (3.2)
AEPO(n)

Let Y be a second copy of X. Chow uses the theory of P-partitions of type B to show
that for K C {0} U [n — 1]

FB(XY) = Y SFPX)FF(Y). (3.3)
I,JC{0}u[n—1]

Equation (3.2) is a consequence of Equation (3.3).°

Theorem 3.3. Let I,J C {0} U [n — 1], then

C?J: Z dflde' (3.4)
AePO(n)

3.2 Cauchy formula and Kronecker coefficients

In this section we show that domino functions satisfy the same relation as Schur functions.
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The irreducible characters of B, are naturally indexed by bi-partitions of n, thus by
partitions of P%(n) also. Denote by 1)* the character indexed by A € P°(n) and define the
Kronecker coefficients of By, as g%(\, p,v) = 1/|Bn| Y cp, ¥ (w)0H ()9 (w).

Proposition 3.4. The domino functions Gx\(XY') verify the following identities

Gonmy)(XY) = > G\(X

AePO(n)

g)x(XY) = Z gB()‘a:u'aV)gM(X)gV(Y)
w,v€PO(n)
Proof. Note that
(XY)" =A{ziy;} i j)> 0,0 = {0y }iz0 U{ziy; tisojez = X TYTUXTY ™.

Using Proposition 2.2 we get the first identity.

Giam) (XY) = 50 (XY)7)
=5m)( XY UXTYT)

= Z Sy (XY 7)8(np) (XTYT)

—ZZSA - (V7)Y sy (X)spe (YH)

k=0 A~k AEn—k
= Y s (X ) (X N)sy- (Y )spe (V)
AePO(n)
Z g,\
AEPO(n

Using Proposition 2.2 and the theory of symmetric functions on wreath products we prove
the second identity. Define as in [AAER17] for any set of indeterminates U and V and

any partition A of n:

p;\i_(Ua V) = H [p)\z(U) + P (V)] ) p)\ U V H [p)\ )] .
Note that if UNV =0, p{ (U, V) = px(UUV) and if V C U, py (U,V) = pA(U\ V). Then
for partitions A € PY(n) and u € P°(n) of 2-quotient (u~, "), denote by wﬁ‘ the common
value of character 1»* on all signed permutations of cycle type (u~,u"). According to
[Mac99, I, Appendix B],

CUVIPL U V) = Y s (V)sae (U),
AePO(n)
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Set U = X+ and V = X~ and use Proposition 2.2 to get for any u € P%(n)

Pt (X) (o)™ = wﬁgA

AEPO(n

But p,+ (XY)(woy0)™ 1 = pps (X) (20)" 1 p,s (V) (o)1 We get

Y VGXY) = Y MGUX)G.(Y).

AEPO(n) u,vePO(n)

That yields the second identity. O

3.3 Structure constants of Solomon’s descent algebra of the

hyperoctahedral group.

A more general form of Theorem 3.3 can be stated as follows.

Theorem 3.5. Let I,J and K C {0} U [n —1]. The following formula holds

C?JK = Z QB()\, 22 V)dfldfjdfl(' (3.5)
A, vE€PY(n)

Both Theorem 3.3 and Theorem 3.5 are consequences of Equation (3.3) and Proposi-

tion 3.4.

Proof of Theorem 3.3. Decompose the domino functions G,y (XY) in two ways.

Glon)(XY) = FP(XY) ZCI SFI(X)Fy(Y),
Gon(XY)= > G(X => Y d¥dLFP(X)FP(Y). O
AEPO(n) I1,J A\Fn

Proof of Theorem 3.5. Similarly,

Gon) (XY Z) = FP (XY Z) ZC]JKFI FPWFE(2),
I,J, K
Gon(XYZ)= Y G(XY)G,(2)
vePO(n)
= Z gB()\,,U;V)g)\(X>g,u(Y)gu(Z)
A, u,v€PO(n)
=> > POmwndidldl FP(X)FP(Y)FR(Z). O

1,J,K \pu,vePO(n)
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Remark 3.6. Theorem 3.3 is a special case of Theorem 3.5. However, we felt that an
independent proof that does not use Kronecker coefficients but only the elementary first

identity of Proposition 3.4 was of interest.

3.3.1 A corollary to Theorem 3.5

The structure constants ef] also count templates M of the following type.

0,0 ao,1 .-+ QoI
bl,l ce bl,l(I)
at,0 air ... Q1D
M = (m; ;) .
bt - b
ayn,0 N1 - QI

Definition 40. Given qs = aso + > i(ask + bsk) and go = aoo + Y 4 ok we denote
q(M) = (q0,91,---qr)) the row sums. The column sums p(M) = (po,p1,---Pi(s))
verify p; = aoj + > p(aks + brs) and po = agp + >4 aro. Successive reading of a-lines

from left to right, and b-lines from right to left yields the reading word.

Denote by nf] the number of such templates with row sums I, column sums J and reading
word K and nry = Y, n¥,. Bergeron and Bergeron in [BB92| prove that nf; = eX,. We

get as a corollary to Theorem 3.5:

Corollary 3.7. Let I,J and K C {0} U [n — 1]. The numbers ny j and nfj verify

B B
nry = Z K)xcomp(I)KAcomp(J)’
A

D _ R B B
Z nNrynpK = Z g ()\?lu’ )K)\comp(I)Kucomp(J)Kucomp(K)‘
R,DC{0}U[n—1] A p,vEn

Proof. Considering relations, which give Equations (3.2) and (3.5), in the monomial basis

instead of fundamental basis one gets
Z Z c?’J’MIB(X)MJB(Y) = ZZKfcomp(I)Kfcomp(J)MlB(X)MJB(Y)7
I,J, I'CI,J'CJ I,J Arn

and

> S e MPOME(Y)ME(Z) =
1,JK I'CI,J/CJK'CK

Z Z >‘ » s V K)\comp(f) p,comp(J)Kl/comp(K)MIB(X)M?(Y)Mg(Z)‘
I,J,K \u,vkn
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The first equation of the statement is a consequence of the result of Bergeron and Bergeron

and Equation (3.1).

K
nry = ZGIJ = Z CI’J’ ZK)\comp(])KAcomp(J)

K I'crl,J’cJ AFn

To get the second identity compute efﬁ, ) using structure constants {egB} A,B,C

ZeIJKBR = BIBBL?BK = ZeIJBD BK = Z €1J€DKBR
R R,D

Then one gets
D, R _ D R

E nNpMpk = Z €1J6DK

R,D R,D
_ R
= Z CIJK

R

= Z C?/J/K/

I'CILJ'CIK'CK

B B B B
= Z Y ()\,,u, V)KAcomp(I)Kucomp(J)Kucomp(K)' O
A p,vkEn

3.3.2 Skew shapes

Define for I,J C 0U [n — 1] the coefficients c%“ = 2 Ke0U[n—1] df/chﬁ. Formula (1.24)
admits the following type B analogue.

Proposition 3.8. For A\/u € P°(n) and I,J COU [n— 1], the coefficients c/“ verify

GuuXY)= Y G EP(X)FP(Y). (3.6)
1,JC0U[n—1]

Proof. Apply Proposition 2.10 and then decompose Chow’s fundamental quasisymmetric

function FE(XY) into FP(X) and F2(Y) to prove the statement.

GuXY)= > df, (FR(XY)
KC{0}Uln—1]

— Z (Z df/chﬁ> FP(X)FP(Y)
— Z A p FB(Y). O
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We are now ready to state the main result of this subsection.

Theorem 3.9. For M/ € P°(n) and v € P°(n) denote by lf;,j the type B analogue
of the Littlewood-Richardson coefficients defined as in Proposition 2.8 by formula l;}l, =
k;}:y, k;);ﬁ' Then, for I,J C0U[n — 1], the coefficient C}\éu s given by

gt =3 gt e)dbd?, (3.7)
v,p,e€PO(n)

Proof. On the one hand expand G ,,(XY) using Proposition 3.8. On the other hand
expand the same skew domino function using Proposition 2.8, Proposition 3.4 and Propo-

sition 2.3. Namely

Y GUEEP(X)FP(Y) = Gy u(XY)
1,JC0U[n—1]

= > LG.(XY)

vePO(n)

= > b Y 9P pe)Gu(X)G(Y)
vePO(n) p,e€PO(n)

= Z Z,LAU/QB(V?pv‘g)dfldaBJFIB(X)FJB(Y) [
1,JC0U[n—1]
v,p,e€PO(n)






Chapter 4
Type B Schur positivity

This chapter is devoted to generalisation of a notion of Schur positivity to the case of

type B, and to the question of determining type B Schur positive sets.

4.1 A new definition of type B Schur-positivity

Recall that many of the results concerning Schur positivity are the consequence of two

main facts.

1. The Schur symmetric function indexed by A F n, sy is the generating function for

semistandard Young tableaux of shape A. It follows (see e.g. [Sta0l, 7.19.7]) that

sx(X) = Z X' = Z Fpes(r)(X)- (4.1)
)

TeSSYT(N) TESYT(A

2. There are various descent preserving bijections relating sets of permutations and
standard Young tableaux, e.g. the celebrated Robinson-Schensted (RS) correspon-

dence.

A type B extension of Schur-positivity deals with the hyperoctahedral group of order n
instead of 5,,. To extend items 1 and 2 above, two options are available and depend on the
definition for the descent of signed permutations. In [AAER17|, Adin et al. use the notion
of signed descent set, i.e. the couple (S5, ¢) defined for 7 € B, as S = {n}uU{l <i<n-—
1|7(i) >0and 7(i) > 7w(i+ 1) or w(i) < 0 and either w(i +1) > 0 or |7 (¢)| > |7(i + 1)}
and ¢ is the mapping from S to {—,+} defined as £(s) = + if 7(s) > 0 and £(s) = —,
otherwise. There is a signed descent preserving analogue of the RS correspondence relating

signed permutations and bi-tableaur, i.e. pairs of Young tableaux with specific constraints

73
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and [AAER17] proves an analogue of Equality (4.1) between their generating function and
Poirier’s signed quasisymmetric functions. While the authors succeed in extending most
of the results known in type A, providing another framework relying on a definition of
descent conform to the theoretical definition of Solomon for signed permutations appears
as a natural question. We use the notion of the descent set of m € B,, as the subset of

{0} U [n — 1] equal to
Des(m) ={0<i<n—1|n(i) >n(i+1)}.

The Barbash and Vogan bijection provides descent preserving analogue of the RS corre-
spondence in this case that relates signed permutations and domino tableaux. We use the
generating function for domino tableaux and Chow’s type B quasisymmetric functions to
develop this alternative type B extension of Schur-positivity. Moreover, we introduce a
new descent preserving bijection between signed arc permutations and domino tableaux
to show that the former set is type B Schur-positive according to the definition of descent

stated above.

Definition 41. Similarly to the type A case, we define for any subset B of B,

Q(B) = Z Fges(w)'

TeB

In order to extend the definition of Schur positivity, we need to answer two questions:

1. What is a Chow’s type B symmetric function?

2. What is the analogue of Schur symmetric functions in this type B setup?

We proceed with the answer to the first question.
Definition 42. Let X = {zg,x1,---} and X* = X \ {zo}. Given a composition o =
(o1, 2, ap) of n with a3 > 0 and «o; > 0 for i > 1 we define the type B monomial
symmetric functions:
B
Mg (X) = 25 mee (X7),

where 7 is a partition obtained by reordering ~’s entries in decreasing order.

Given compositions o and 3 with possible zeros in the beginning we see that mZ(X) and

—_—

mg (X)) coincide when o\ oy = 8\ 1. So, such monomial functions are indexed by pairs
{5y A) Yrepn], Arn—k-

Definition 43. Denote by AP[X] the set of type B symmetric functions of degree n as

the as the vector space spanned by the {m@)\)}ke[n], \er—k-
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The natural bases of AB[X] are {:Ugfwf,\(X*)}an where {f)}\-x might be any usual
basis of Ax[X™*]. We have

= 3R]
k=0

where Ag[X*] the set of type A symmetric functions of degree k. Denote by p(n) the

number of partitions A F n. The dimension of this space is

dim AB Zp

Remark 4.1. Type B monomial symmetric functions mf does not coincide with usual

monomial symmetric functions my:

oN)+1

Z 1’0 m)\\/\ (X*) # mf(X).

Regarding the type B Schur analogue, we may use either the family {s CIALY (X) =
2§ s (X*)} n<n or the family {Gabrepogn)
Definition 44. We say that a set B C B,, is G-positive (sP-positive) if the function Q(B)

can be written as a non-negative sum of domino functions ({s I /\)})

Both candidates have advantages and drawbacks. The family {351 | /\I)\)} is a natural
basis of AP[X] that looks like an equivalent of Schur functions in type A. However it
doesn’t seem to fulfil any nice combinatorial expressions. On the contrary, the functions
G, have a very strong combinatorial interpretation as shown in Equation (2.3) and (2.5).
Furthermore, for any A € P%(n), G\(X) € AB[X]. Indeed,

Zas Iplp) X, (4.2)

lp|<n

A

» 1s a non-negative integer with

A P
ap = Z k)\ v’

vH|p|—|A—|; A*\v is a horizontal strip

where a

where k is the Littlewood-Richardson coefficient and a horizontal strip is a skew shape
composed by boxes, none of which are in the same column. But, {Gx} epo(n) is not a basis
of AB[X] as

G haepoim| = [PO(m)] = D p(n — D)p(i) > Y p(i) = dim(A][X]).
1=0 ]
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The Gy are not linearly independent. One can show that the subfamily

{gA* ,k}kgn,)\*kn—k

is a basis of AB[X]. However, if we use this subfamily even the most basic examples (see

next subsection) are no longer G-positive.

Remark 4.2. One interesting remark is that the functions G are all sP-positive. As a
result, if a function can be written (in a non unique way) as a positive combination of the

Gy, then this function is proved to be sB-positive.

4.1.1 Basic examples of G-positivity

Remark 4.3. The inverse descent sets DB = {m € B, | Des(r™1) = J} are G-positive.

Proof. Thanks to the Barbash and Vogan correspondence, we have a descent preserving
bijection between permutations 7 of hyperoctahedral group and pairs of standard domino
tableaux (Pr, Q) that verifies Des(7) = Des(Q,) and Des(7~!) = Des(P,). We use this
fact to compute Q(Dﬁjl):

Q(Diij_l) = Z FDes Z Z Z FD@S(Q)

7€B, Arn PESDT(X ) QeSDT(A
Des(n~1)=J Des(P)=J

Since Gy = ZQESDT()\) Des() We get that Q(Df;l) expands in domino functions with

positive coefficients. O

Another essential example of a G-positive set is type B Knuth classes. Given standard

domino tableau T" we denote the corresponding type B Knuth class
Cr={meB,| Pr=T}.

Remark 4.4. The type B Knuth classes Cp are G-positive.

Proof. Similarly, we compute Cr using the type B analogue for RS-correspondence:

=Y Fhum = > Ffes(q) = Gshape(1)-
]7;69% QeSDT (shape(T))

Next example is a consequence of the previous one.
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Definition 45. A sequence (ai,...,ay,) of distinct integers is called unimodal if there

exists 1 < m < n such that

ap > a2 > - > Uy < Qpg1 < -0 < Q.

We say a permutation 7 € B, is left-unimodal if 7! is unimodal as a sequence. So,
permutation 7 is left-unimodal if and only if Des(r7~!) = {1,2,...,i} or Des(r 1) =
{0,1,2,...,i} for somei € [n—1]. Consider their images via the analog of RS-correspondence.
Since this map preserves a notion of descent set, left-unimodal permutations are a union of
Knuth classes, corresponding to standard domino tableaux with the constraint Des(7T') =
{1,2,...,i} or Des(T) = {0,1,2,...,i}, so they are G-positive.

All these examples are also sP-positive as a consequence of Remark 4.2.

4.2 Application to signed arc permutations

Definition 46. A permutation w € B,, is called a signed arc permutationiffor 1 <i <n
the set {|7(1)|,|7(2)|,--|7(¢ — 1)|} is an interval in Z, and w(i) > 0 if |x(i)] — 1 €
{lm ()|, |7 (2)],---|r(i — 1)|} and 7(i) < O otherwise. The set of signed arc permutations
is denoted by A?.

One can prove (see [ER15]) that signed arc permutation are exactly those permutations

of B, that avoid the following 24 patterns:
[£1, -2, 3], [£1,3, £2], [£2, —3, £1], [£2, 1, £3], [£3, —1, £2], [+3, 2, £1].

The main result of this section follows.

Theorem 4.5. The set of signed arc permutations A3 is G-positive. Moreover,

Z FDBGS(W) =G@n) +9en-1,1) + Yen-211) + Gn-3,1,1,1) + 2 Z G(a,2n—a)

TEAS a>2n—a>2

+ Z G(a,2n—a—2,2) T Z G(a2n—a—2,1,1)- (4.3)

a>2n—a—22>2 a>2n—a—22>2

To prove Theorem 4.5 we introduce a new descent-preserving bijective map from A to the
sets of standard domino tableaux with shapes equal to the indices of the domino functions

in formula 4.3.



Chapter / 78

4.2.1 Description of signed arc permutations

We start by giving a more precise description of signed arc permutations. Consider prefixes
of the one-line notation of a signed arc permutation. Its absolute values form an interval

n_n

in Zy, and if we go counterclockwise of the first value, the sign is "-", else we have "+",

like at Figure 4.1.

Definition 47. Given two sequences of integers A and B, denote by A sh B the set of
shuffles of these sequences, i.e. the set of sequences m consisting of all elements of A and

B such that each A and B forms an ordered subsequence of .

We consider each signed permutation as a shuffle of its negative and positive subsequence.

The following table breaks the set of signed arc permutations into 6 non-overlapping types.
Types 1 and 2 have only either positive or negative entries. The four remaining types have
at least one negative and one positive integer and are characterised according to the sign

of their entries with absolute value 1 and n.

Type | Content
1

ke[2,n]

3 For any k,l such that n >k >1>1,

UCk-(k = 1), -1+ 1)) sh (k+1,---n,1,---1)
k,l

4 For any k,[ such that n > 1>k > 1,

UGk -(k = 1), -1,-n, - -(1+ 1)) sh (41, N}
k.l
5
U Ck-(k—1),---1) sh (k+1,---n)}
ke[l,n—1]
6

U no-(k+1)) sh (1, k)

kel[l,n—1]
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2 2 2
1 k 1 k 1 l
n n n
k

Type 1 Type 2 Type 3
2 2 2
1 k 1 k 1 k
n n n
l
Type 4 Type 5 Type 6

FIGURE 4.1: All types of signed arc permutations of n. One get an arc permutations taking a
shuffle of positive and negative sequences with some order.

4.2.2 Explicit bijections for all types

The next step is to build the bijections with standard domino tableaux for each type.
Given a permutation, we build recursively a standard domino tableau. At step 1 < <n

we add a domino with label ¢. For each step we will use one of the following rules:

(Rule 1) Add a horizontal domino in the end of the first row.

(Rule 2) Add either a horizontal domino in the end of the second row or a vertical
domino across the two first rows. As the difference of lengths of the first and second

row is always even, only one of these two positions is available.

(Rule 3) Add either a horizontal domino in the end of the third row or a vertical
domino across the rows number two and three. Only one of these two positions is

available.

(Rule 4) Add a vertical domino across the rows number three and four.

Types 5 and 6 shows the basic algorithm for these bijections.

Proposition 4.6. Both type 5 and type 6 permutations are in descent-preserving bijection

with the set of standard domino tableaux of shapes (a,2n—a) for a such that a > 2n—a > 2.
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Proof. We give the proof for type 5 permutations but the same reasoning applies to type 6.

Type 5 contains following permutations:

U {Ck-(k—1),...-1) sh (k+1,...n)}.

ke[l,n—1]

Firstly, map 7% = [-1, 2---n] to the standard domino tableau Ty composed of n vertical
dominoes. We have Des(7?) = Des(Tp) = {0}. Secondly, let m = [myma---m,] # 7. We
build recursively a two-row standard domino tableau. At step 1 < ¢ < n we add a domino

with label ¢. The common rule is if m; > 0, we apply Rule 1, otherwise, we apply Rule 2.

This mapping is clearly bijective. Indeed, given a tableau we get the sequence of signs
sign(my), sign(ma), . . . sign(my,). The combined number of horizontal dominoes in the sec-
ond row and vertical dominoes gives k. Finally, there is a descent in position ¢ > 0 in the
tableau if and only if ¢ is in the first row and i + 1 in the second row, i.e. if and only
if m; > 0 and m; 41 < 0. At the same moment a type 5 signed arc permutation also has
a descent in position ¢ > 0 if and only if m; > 0 > m; 1. There is a descent in 0 in the

tableau if and only if m; < 0. As a result the bijection is descent preserving. O

The following bijections are modifications of the bijection above.

Proposition 4.7. Type 1 and type 2 permutations together are in descent-preserving bi-
jection with the set of standard domino tableaux of shapes (2n), (2n — 1,1), (2n —2,1,1)
and (2n —3,1,1,1).

Proof. Type 1 contains following permutations:

U {lk-..on1 =10} (AL, 0]}

ke€[2,n]

For type 1 permutation we use the same mapping as for type 5 signed arc permutations
except for ¢ such that m; = 1, ¢ > 1, when we apply Rule 3. Type 1 signed arc permutations
are in descent preserving bijection with standard domino tableaux of shapes (2n —2,1,1)
and (2n). If 7 is the index of the vertical domino across the second and the third row, then

n—it+1=k—-1.

Example 4.1. The signed arc permutation m = [4567123] is mapped to the following

standard domino tableau.

2 N NN NN B N

.
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Type 2 contains following permutations:

U {(Fk-1),...-L,n,.. -k} {Fn,. .13

ke[2,n]

For type 2 we use the following mapping. We map 7° = [-n,--- -2,-1] to the standard
domino tableau of shape (2n — 1,1). Let 7 = [myme -+ m,] # 7° with 7, = —n, m > 1.
We map 7 to the standard domino tableau with a vertical domino labelled by 1, all the
other domino horizontal in the first row except the domino labelled by m, which is vertical
across the rows 3 and 4. These permutations have two descents: 0 and m — 1. Type 2
signed arc permutations are in descent preserving bijection with standard domino tableaux
of shape (2n —3,1,1,1) and (2n — 1,1). If 7 is the index of the vertical domino across the
second and the third row, then 7 —1 =%k — 1.

Example 4.2. The signed arc permutation m = [-3-2-1-7-6-5-4] is mapped to the following

standard domino tableau.

2 | 3]s o7 |

O

Proposition 4.8. Type 4 signed arc permutations are in descent preserving bijection with

standard domino tableauz of shape (a,2n —a —2,1,1) for a such that a > 2n—a —2 > 2.

Proof. Type 4 contains the following permutations:
Gk -k =1),.. -1, (14 1)) sh (k+1,...... Y.
k,l

We use the same mapping as for type 5 signed arc permutations except for step ¢ such
that m; = -n, ¢ > 1, when we apply Rule 4. As —n is never the first negative number in
m, the second row of the tableau is always of length greater or equal to 1. So, adding the
domino labelled by i is possible. Type 4 signed arc permutations are in descent preserving
bijection with standard domino tableaux of shape (2n — a,a,1,1) for all a > 0. Given
the index of the vertical domino across the third and the fourth row, k is equal to the

common number of

e horizontal dominoes in the second row and

e vertical dominoes
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with index strictly less than . The number of such dominoes with index greater of equal

to 7 is equal to n — L.

Example 4.3. The signed arc permutation m = [-3 4-2-1-7 5-6] is mapped to the fol-

lowing standard domino tableau.

The type 3 case is more complicated.

Proposition 4.9. Type 3 signed arc permutations are in descent preserving bijection with

standard domino tableauz of shapes (a,2n —a — 2,2) for a such that a > 2n —a —2 > 2.

Proof. Type 3 contains following permutations:

UGk, -(k = 1), -1+ 1)) sh (k+1,---n,1,---1).
k,l

We consider seven different cases depending on the existence/absence of negative numbers
before n, between n and 1 and after 1. We mostly use the common rule from type 5 for

mapping, but for each case there are several exceptions, see table in Figure 4.2.

We suggest a reverse map to prove that this mapping is bijective. Given T a standard

domino tableau of shape (a,2n — a — 2,2) we construct the permutation as follows.

First, distinguish the template of which case we need to use as follows.

1. If there are two dominoes across the second and third line, we are in case 5 or in

case 6.

2. If entries of these dominoes are not adjacent integers then it is case 5. Otherwise,
we consider the location of the next domino. If it lays in the first row, then it is also

case 5. Otherwise, it is case 6. Thus, we can distinguish cases 5 and 6.

3. In the rest cases (1,2,3,4,7) there is exactly one horizontal domino in the third row.
Denote by i the integer in this domino. Consider a subtableau T” of a tableau T,

composed by the dominoes 1,2...1.



Chapter / 83

Case | Description | Exceptions

1 —n—1-— At the step t + 1 proceed positive w1 with Rule 2.
For the first negative 7; after n apply Rule 3.

2 -n— 1+ Proceed positive w41 and m; = 1 with Rule 2. For
the first negative 7; after n apply Rule 3.

3 —n+1-— Proceed positive m; = 1 with Rule 2. For the first
negative 7; after 1 apply Rule 3.

4 —n+ 1+ | Proceed positive 741 with Rule 2. For m; = 1 apply
Rule 3.

5 +n —1— | So, we have at least two negative integers after n. For

two first negative integers after n apply Rule 3.

6 +n —1+ | We have at least one negative integer after n. In
case we have two negative integers between n and 1,
for two first negatives after n apply Rule 3. Proceed
positive m; = 1 with Rule 2. If not, we apply Rule 3
for the first negative integer and for m; = 1.

7 +n+ 1— Proceed positive m; = 1 with Rule 2. For the first
negative 7; after 1 apply Rule 3.

FIGURE 4.2: Table of exceptions for the case of type 3. We encode existence of negative
number by "—" and absence by "+", ¢ is an index of the last negative integer before n in the
one-line notation of .

4. We are in case 7 if and only if there is only one horizontal domino in the second row
of T".

5. In the cases 1,2,3,4 the last Rule 2 domino (horizontal in the second row or vertical
across the first and second row) in 7" correspond to the positive 7;, but was proceeded
with Rule 2.

6. Denote by j the integer in this domino. If j — 1 domino is positive, it may be only

the case 3.
7. Among cases 1,2,4 only in case 4 there is no Rule 2 domino in 7'\ 7".

8. Cases 1 and 2 also may be distinguished by their templates of 7'\ 7”. Indeed, in
case 2 tableau T \ T” consists of some amount of Rule 2 dominoes and after that

some amount of Rule 1 dominoes. In case 1 this template does not appear.
Secondly, when we know which case is appropriate for 7', there is no problem further to
construct the corresponding permutation using the template of the case. Indeed, for each

case:

e For each step ¢ we know the sign of m; (including exceptional steps).
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n1>0 ng>1 nz>1 n3>0 n3>0
Casel % — 4+ 4n == 1 +--+ - ST
R..R R R2..RR R3..R R R..R R R...R
n1>0 na>1 n3z>1 n3>0
Case 2 - m T ﬁ
R..R R R2...RR R3...R R2 R...R
n1>0 n3>0 n3>0
Case 3 S on 1 ﬁ B e
R..R R R2 R..R R3 R...R
n1>0 na>1 n3>0
Case 4 SR - m 1 4+
R..R R R2...RR R3 R...R
n1>0 n1>2 nz>0 n3>0
TR . T 1L TR - e
R..R R R3BR3...R R R...R R R...R
Case 5 n1>0 n1=1 ns>0 15 >0
= —
T n — 1 4ok - %R
R...R R R3 R R..R R3 R...R
n1>0 ny1>2 n3>0
— —~— —
e 1 G+
R...R R R3R3...R R2 R...R
Case 6 n1>0 n;=1 n3>0
—— =~
+---+ n — 1 +---4+
R...R R R3 R3 R...R
n1>1 2>0 n3>0
Case 7 m 1 ﬁ - R

OT)
R..RR R2 R..R R3 R...R

FIGURE 4.3: All cases of signed arc permutations of type 3. First row describes a template

for permutations of the case. We use + to indicate positive integers and — for negative ones, *

means any sign of integer. Second row encodes a domino tableaux. We write R when step uses

common rules from the case of type 5 and R2, R3 to indicate an exception. Dots never replace
non-exceptional steps.

e Rule 3 dominoes allow us to compute the position j for which 7; = 1. So, we can
compute the number of positive m;, such that ¢ < j. From another point of view, it

should be n — k. Thus, we get k.
As already noticed above, given k and signs of m; we fix the signed arc permutation. [

One finishes the proof of Theorem 4.5 using the descent preserving bijections above to

write:
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Z FDBes(w) = Z F]JDSes(T) + Z F]]DSes(T)

WEAS TeSDT(2n) TeSDT(2n—2,1,1)
B B
> Fown t > Fhem
TeSDT(2n—1,1) TeSDT(2n—3,1,1,1)
B B
+ > Fpes(r) + > Fpes(r)
a,TeSDT (a,2n—a—2,2) a,7eSDT(a,2n—a—2,1,1)

B
+2 > Fpes(r)s
a,7€SDT(a,2n—a)

which gives Theorem 4.5 after application of Equation (2.3).

4.3 Another proof of Theorem 4.5

It is necessary to consider a big amount of cases to prove Propositions 4.6, 4.7, 4.8 and 4.9.
We may avoid that and simplify the proofs, but the bijections will no longer be explicit.
Such an approach uses bi-tableaux and Poirier’s quasisymmetric functions. We will briefly

introduce needed definitions (see Adin et al. [AAER17| for more details).

4.3.1 Poirier’s quasisymmetric functions

Recall the different notion of a descent set on B,,. A couple (5, ¢) is called signed descent

set of m € B, if

e S—{njU{l<i<n-1| m(i) > m(i+ 1), if (i) > 0

either 7(i +1) > 0 or |w(d)| > |7(i+ 1), ifn(i) <O

e ¢ is the mapping from S to {—,+} defined as e(s) = + if w(s) > 0 and (s) = —,

otherwise.

Given the signed set o = (5, ¢) we denote
wDes(0) = {sx € S| sk #n, e(si)e(sit1) € {++,——, +—}}.
Definition 48. Poirier’s quasisymmetric functions are defined as follows:

F,(X,Y) = > Ziy - iy

jewDes(0): i;<ijy1

where i; < -+ <1, and z; = z; if (i) = + and z; = y; else.



Chapter / 86

Remark 4.10. Consider an order <, on [f1,...1,1,...,n]. Recall, 1 <, 2 <, ...n <, 1 <,
2 <, -+ <pn. Given m € B,, define

Des,(m) ={0<i<n—-1]|n(i) > w(i +1)}

the notion of descent set, associated with the order <,. Note that the notion of signed
descent set generalises both the notions Des and Des,. So, given some o € ¥£5(n) we may
determine Des(o) and Des,(0). Then Chow’s quasisymmetric functions may be expressed

in Poirier’s quasisymmetric functions as follows:
Fgesr(o)(X) = FU(XJra Xﬁ)
Proof. Remind that

wDes(0), if (1) = +;
wDes(o) U {0}, ife'(1) =—.

Des, (o) =

Lemma 16. There is a bijection W; : B,, — B, satisfying

Des(m) = Des,(Wi(7)); Des,(m) = Des(Wi(m)).

Proof. Indeed, fix some 7 € B,,. For s € [n — 1] consider £(s) and e(s + 1). If at least one

of them is not negative then
s € Des,(m) <> s € Des(m).

If both £(s), e(s + 1) are negative then s lies exactly in one of these sets. Using this

property we suggest the following appropriate bijection Wj.

Consider the signed permutation m = [71,m2,...m,]. It is a shuffle of its positive and
negative subsequence. We let the positive elements stay on their places and reverse the

negative subsequence.

Ezample 10. Given 7 = [-3 8 5-2 1-9-7 4 6] we get Wi (7) =[-7 8 5-9 1-2-3 4 6].
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4.3.2 Bi-tableaux

Section 2.2 tells us about the Stanton and White bijection between standard domino
tableaux and standard bi-tableaux. However, this bijection does not preserve the descent

set. The following lemma fixes this situation.

Lemma 17. There is an implicit bijection W3 between standard bi-tableaux and standard

domino tableaux, such that
Des,((Q~,Q")) = Des(W3(Q~,Q™)).
Proof. Proposition 4.2 in [AAER17| states that for all (A, p):

sx(X)su(Y) = > Fipes((@-.@+) (X, Y).
(Q™.QT)ESYT (1)

Recall, the Stanton and White bijection leads to the formula linked domino and Schur
functions:

Ga(X) = 53+ (X T)sy-(X7).

So, applying X := X and Y := X~ and using Remark 4.10 we further continue

g)\(X) = Sxt (X+)5/\— (X_) = Z Fgesr(sDes(Q))(X)'
(Q=,QT)ESYT(A+ A7)

From the other point of view,

GX) = D FhygX)

QeSDT(N)
Note that F'B is a base of BQSym, so the following multisets coincide for any A € P%(n):
{Des, ((Q7, Q")) }o-.gryesyrin Ay = {Des(Q) }gespr(n)-
The coincidence of the multisets means exactly the existence of the bijection with the

needed property. O

4.3.3 Proof

We are going to present a bijection between signed arc permutations and a multiset of
standard domino tableaux of several shapes. The bijection is composed of three mappings.
Firstly, we apply bijection W; from the Lemma 16. Further, we will denote a mapping
Wy from W;(A?) to standard Young bi-tableaux. Restrictions of W5 on each of 6 types of
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signed arc permutations are bijections with standard Young bi-tableaux of certain shapes.

The last mapping is the bijection W3 from the Lemma 17.

Lemma 18. There is a mapping Wa from signed permutations of Wj(A?) to standard
Young bi-tableaux, such that it preserves a notion of signed descent. Moreover, the re-
striction W5 on any type of signed arc permutations is a bijection with standard Young

bi-tableaux of some shapes.

Proof. The main idea is that in Ws(7w) negative elements of 7w will correspond to the
negative part of bi-tableau and positive elements to the positive part. This is to ensure
that signed descents will coincide in positions with signs —+ and +—. Preserving signed
descents in positions with signs —— (++) requires having the signed descents in the
negative (positive) part of Young bi-tableau in the same positions as the signed descents

in 7.

Let m = mymy - - -y, be a permutation of Wi (A7). Start from the empty bi-tableau (Q~ =
0,Q" =0). For 1 <4 < n build recursively a domino tableau with two rows according to

the following procedure.
e if m; > 1 add a square with label i to the first row in Q.

e if m; < —1 add a square with label 7 to the first row in Q.

e if m; = 1 add a square with label i in Q*. If n € 7 then add it to the second row,

otherwise add it to the first one.
o if m;; = —1 add a square with label ¢ in @~. If —n € 7 then add it to the second

row, otherwise add it to the first one.

We provide the result of Wi for each type and the template of corresponding standard
Young bi-tableaux in the following table. Denote by p, the position of +a in Wi ().
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type 1 Wi(m) € Ugepmill, - -n, 1, k= 1]} UA{[L,...nJ}

W2W1(7T) (@ 5

type2 | Wi(r) € Upepp (ke -,k = DI} U {[-L,...-n]}

WaWi(m) | (

type 3 Wi(m) € Up AU+ 1),...-k) sh (k+1,...n,1,...0)}

— ( ..... | p:1 Prsa| eeennn )
typed | Wi(m) € Up LU+ 1)1, k) sh (k+1,......1)}

Wi | ] e o)
type 5 v?l(w) € Ukepn-n{(-L,...-k) sh (k+1,...n)}

WoW, () ( ...... N ] I IS )
type 6 Wi(m) € Upeprna {0k + 1), .. ) sh (1,...k)}

WaW () (o] oo L] e )

Note, that restriction Wy to each type of signed arc permutations is exactly a descent-
preserving bijection with all standard Young bi-tableaux of the corresponding shape tem-

plate. O

Now we are ready to reprove Theorem 4.5. The bijection W7 satisfies
Des(m) = Des, (W1 (m)).

For Wy we showed that it preserves signed descent set. This also means it preserves Des,.

And, finally, W3 satisfies
Des,((Q7,Q")) = Des(W3(Q~,Q")).
All together W3Ws Wy preserve the notion of descent set:

Des(m) = Des,(W1(7)) = Des, (WaWi (7)) = Des(WsWoWi(7)).
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Applying bijection W3 to the bi-tableaux described in the table above, one get exactly
the shapes from Propositions 4.6, 4.7, 4.8 and 4.9. Indeed, types 1 and 2 correspond to
shapes {(n),(n — 1,1),(n — 2,1,1),(n — 3,1,1,1)}, type 3 and 4 correspond to {(a,n —
a = 2,2)}baef..n—2a>n—a—2>2 and {(a,n —a — 2,1, 1) }seq1. n—2],a>n—a—2>2 respectively.

Finally, type 5 and 6 each gives {(a,n — @)}ae1..n—2],a>n—a>2-
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Refined statistics with an additional

parameter

The goal of this chapter is to provide a type B extension of the following equation

Z FDes(T) (X)FDes(U) (Y) = F@(XY) = Z FDes(ﬂ) (X)FDes(ﬂfl)(Y)

AEn TESH
T,UESYT())

that involves an additional parameter ¢ to keep track of some significant statistics. We

then relate it to the question of type B (¢-) Schur positivity and derive additional results.

5.1 Type B ¢g-Cauchy identity

To build our g-deformed framework, we introduce the following constraint of g-symmetry

on alphabets.

Definition 49 (g-symmetry). Let X = {--- 2.1, z¢, 21, - - } be an alphabet of commutative

indeterminates. We say that X is g-symmetric if for all ¢ > 0,

T_i = q;. (5.1)

In this section we let X = {--- x5, 20,21, -} and Y = {--+ Jy.1,%0,41, - } be two ¢-
symmetric alphabets. We proceed with the definition of the g-deformed modified domino
functions.

Definition 50 (g-domino functions). Given a semistandard domino tableau T of weight p,

XT is the monomial z}°z/*x5? - - - and sp(T) is the spin of domino tableau T, i.e. half the

91
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number of its vertical dominoes. For A € P%(n) define the ¢-domino function indexed
by A on alphabet X as

aXig= > ¢POxT (5.2)
TESSDT()N)
Setting ¢ = 1 gives our modified domino functions. We have the following lemma.

Lemma 19. For A € P%(n), the ¢-domino function indexed by A can be expanded in the

basis of Chow’s quasisymmetric functions as

G = Y DR (X) (5.3)
TeSDT(N)
Proof. The proof is similar to the one in the case ¢ = 1. O

Remark 5.1. Our domino functions resemble the LLT-polynomials introduced in [LLT96]
but they are not equal because of the possible 0 labels in the semistandard domino
tableaux of Remark 2.1. In particular our domino functions are not symmetric as the
variable xy has a particular role. More precisely let A and p be two integer partitions
such that \/u is a skew shape, |A\| — |u| = 2n and such that the Young diagrams of shape
w and A/p (and by extension A) may be tiled by horizontal and vertical dominoes. By
abuse of notation, we also write A/u € P%(n) when all these conditions are fulfilled. For
A € P°(n) denote by SSDT*(\/u) the set of semistandard domino tableaux of shape
A/up that do not have 0 labels. The LLT-polynomial indexed by A/u on alphabet X is

LLTy,(X;q) = > PO xT, (5.4)
TeSSDT*(\/ )

For A € PY(n), the two families of functions are related through

G\(X;9) = ) a{LLTx2k(X;0q). (5.5)
k>0,
A/2kEP (n—k)

Let XY be the product alphabet {z;y;}; ; ordered by the lexicographical order. Note that
positive indices in XY may include a negative index for Y e.g. xoy_3 has a positive index

within the alphabet XY. Our ¢g-deformed type B Cauchy identity can be stated as follows.

Theorem 5.2. Let X and Y be two q-symmetric alphabets, we have:

Glon)(XYiq) = Z GA(X;59)Gx (Y5 ). (5.6)

AePO(n)



Chapter 5 93

Proof. Lam shows in [Lam06] the following skew domino Cauchy formula for LLT poly-

nomials

1
(1 — 23y;) (1 — qw4y;)

> LLTyo(X;q)LLTy5(Y;9)=]] ZLLTWX q)LLT,;,(Y;q).

A i,7>0
(5.7)

Denote Z7 = (2)i>0, Z+ = (%i)i>0, Z— = (z)i<o for Z = XY and z = z,y. As a

consequence to Equation (5.7), one has:

D OX;9)G0(Y5q) = > wbygLLT o (X5 q) LLT 2y (Y5 q)
A

kol
_zgo 1 — zy5) 21 — qxiy;) k%;n%yOSl m (X4 )se-m(¥e)
:mlllo —xzyj)zl—q:ciy] zm: Zoyo) Zﬁﬁo sk ( i);ygsl'(X )
1 1 1 1
B ml;[O (1 = zy;)(1 — qziy;) <1 - 9602/0) g 1 —zoyi g 1 — yow;

1
:H(l

1,520

1
iY);) 1;[0 (1 — quiy;)

Looking at homogeneous parts of the same degree, we derive

D> GAX:)Ga(Yiq) = sn(X4 Y} UgXTYT)

AEPO(n)
= Sn(X+Y+ U Xiy_)
= sn((XY)4)
= G(2n) (XY q) (5.8)
This is the desired formula. O

5.2 Analytical proof for the bijections

5.2.1 Barbash and Vogan correspondence

The following proposition gives an analytical proof of the properties of the Barbash and

Vogan bijection. Let X and Y be two g-symmetric alphabets.
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Proposition 5.3. For any integer n, the following identity is a consequence to Theorem

5.2.
Z qtc(ﬂ)FDBes(ﬂ) (X)Flj)geS(ﬂ_l)(Y) - Z qsp(T)+Sp(U)F§eS(T) (X)FgeS(U) (¥). (5.9)
TE€By AePO(n)

T,UcSDT()\)

Proof. To prove Equation (5.9), one should develop F@B (XY) in two different ways. Firstly,
according to Lemma 19, Ff(XY) = G(2n)(XY;q). Then, using Equation (5.8) and Lemma
19 yields the right-hand side. But using the definition of Chow’s quasisymmetric functions

one has:

F@B(XY) = Z Tiy Yy« - Ti,Yjp, -
(Ovo)g(il7j1)§~~§(in7jn)

The constraints on the indices (i, ji) can be split in two disjoint cases:

(i) 1k > 141 & jik < Jr-1,
(i) i > pp1 & Jr > Jr—1-

Then using the theory of Type B P-partitions as in [Cho01, Thm. 2.3.4] and the fact that
Y is g-symmetric yields the left-hand side of Equation (5.9). O

5.2.2 Two equidistributed statistics on pairs of domino tableaux

Recall the Carré and Leclerc bijection between semistandard domino tableaux of weight

1 and bi-tableaux. We need the following statistic on domino tableaux.

Definition 51 (Number of negative dominoes). For a standard domino tableau T with 2-
quotient (T, T") given by the algorithm of Carré and Leclerc, let neg(T') be the number
of boxes in 7. The statistic neg(7") depends only on the shape of T'.

~0+ -0+ |-

po Il i 00
-7+ 5|7
5

FIGURE 5.1: A semistandard domino tableau and its 2-quotient.

Example 5.1. Figure 5.1 shows a semistandard domino tableau T' of weight p = (2,0,2,0,0,4,0,1)
and its 2-quotient. In this example neg(T) = 3.
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Equation (5.8) actually implies a surprising result.

Theorem 5.4. Let n be a positive integer. There is a one-to-one correspondence between
pairs of standard domino tableaux T,U of the same shape A € P°(n) and pairs of standard
domino tableauz R, S of the same shape u € P°(n) (possibly X\ # p) such that

Des(T') = Des(R), Des(U) = Des(S)

and

sp(T) +sp(U) = neg(R) = neg(5).
Proof. By successive application of Theorem 5.2 and Lemma 19, one may compute

g(2n) (XY’ q) = Z qsp(T)+Sp(U)F§es(T) (X)Fges(U) (Y) (510)

AePO(n)
T.U€SDT())

Then we use standard properties of Schur function and the fact that for A € P%(n),
G (X51) = sy (X4 )sn-(XT)
to expand Go,)(XY; ) differently.

Gion)(XY3q) = 5(n) (X4 Y4 U gXTYT)
= Sy (XY )50 (¢ X1 YT)
k

=) ") (X4 Y )50 (X1YT)
k

= E g™ syt (X4 )sa- (X7)sa+ (Yy)sa- (Y7)
At
A J+A* =

— Z MG\ (X;1)GA (Y5 1)

AePO(n)

= E : qneg(R)FDBes(R) (X)Fges(S) (Y) (511)
AePO(n)
R,SeSDT(X)

Equating Equations (5.10) and (5.11) yields the desired result. O

Remark 5.5. Combining the two classical extensions of the RS correspondence to signed
permutations, there is a natural one-to-one relation between pairs of bi-tableaux and pairs
of domino tableaux such that the number of boxes in the first Young tableau of each

bi-tableau and the sum of the spins of the domino tableaux are equal.
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5.3 Type B g-Schur positivity

Given any subset B of B;, and a statistic stat defined on the set B we look at the type B

quasisymmetric function

Q(B, stat)(X) = > ¢ "M FS 1 (X).
TeB

Definition 52 (Type B ¢-Schur positivity). We say that a pair composed of a set B C By,
and a statistic stat defined on the set B is type B ¢-Schur positive or ¢-G positive if

the function Q(B, stat) can be written as

Q(B, stat)(X) = ex(@)9r(X; ), (5.12)
A

where the ¢y (gq) are polynomials in q% with non-negative integer coefficients.

Remark 5.6. The family {G\(X;q)}repo(n) is not linearly independent. As a result, there

may be several ways to expand a type B quasisymmetric function as in Equation (5.12).

The previous chapter deals with the case ¢ = 1. We extend part of our results for general q.

Proposition 5.7 (Type B ¢-Schur positivity of Knuth and inverse descent classes). Set
stat = tc. Type B inverse descent classes and type B Knuth classes are type B q-Schur

positive.

Proof. Let J C {0}U[n—1]. Extracting the coefficient in FZ(Y') in Equation (5.9) yields:

Z q FDes X) = Z qsp(T)+Sp(U)F]])3es(T) (X) (5'13)
meDY AePO(n)
TUeSDT(N)
Des(U)=J
_ Z qsp(U) Z SP(T) FgeS(T) (X)
Des(U)=J TeSDT (shape(U))
= Z qsp(U) gshape(U) (Xv q) : (514)
Des(U)=J

Furthermore, for a standard domino tableau T', we have

Z q Des(Tr) X) = qsp(T) gshape(T) (X7 q)-

TrECB

This gives the desired result. O



Chapter 5 97

Remark 5.8. As the proof for signed arc permutations is not based on the bijection of
Barbash and Vogan, the extension of their type B Schur positivity to general ¢ is not

obvious and may not even be true for non-trivial choices of stat.

Proposition 5.9. For a permutation © € By, let I(w) be its type B Cozeter length. The
pair (Bp,l) is type B q-Schur positive. Furthermore, given a standard domino tableau T,

denote maj(T) = ZieDes(T)i (the same definition applies to signed permutations). We

have
DA VE (X)) = Y OG0 (Xi). (5.15)
7T€Bn AGPO(”)’
QESDT(N)

Proof. For m € By, let fmaj(m) = 2maj(m) 4 tc(m). We use a result from Foata in [FHO7]
proving a bijection ¢ between signed permutations with a given Coxeter length k and
signed permutation with fmaj statistic equal to k such that for 7 € B, Des(p(m)) =

Des(71). As a result,

s a1
Z ql( )FDBGS(W) (X) = Z ql( )Fges(ﬂ') (X)
TEBy TEB,

= Z q2 ma] (J)+tC(U)Fl§es(U) (X) :
UEBn

Then using the fact that the statistic maj depends only on the descent set and applying
Equation (5.14) prove the property. O]

Remark 5.10. Proposition 5.7 and Theorem 5.9 are seen as consequences of Theorem 5.2
but may be proved independently using the Barbash and Vogan algorithm and its descent

preserving and color-to-spin properties.






Appendix A

Admissible shapes

In Section 2.9 we were interested in investigating the description of admissible shapes and
counting the percentage of the admissible shapes over all P°(n,m). One can note that

there are some unsolved questions left in this topic. Below we discuss some of them.

So, let p € P°(m), A € P%(n), Mu € P°(n,m). We wrote a computer program to
check whether a skew shape \/u is admissible or not. Using this program we compute the

fraction ~
P (n,m)
Z AT ]
PY(n,m) 00%

The following table contains the percentages of admissible shapes over all shapes of P°(n,m).

n\m 0 1 2 3 4 5 6 7
0 _ _ _ _ - _ _ -
1 100% - - - - - - -
2 100% | 100% - - - - - -
3 100% | 85.71% | 100% - - - - -
4 100% | 73.33% | 88.10% | 100% - - - -
5 100% | 62.07% | 75.56% | 87.13% | 100% - - -
6 100% | 53.70% | 66.12% | 75.44% | 85.96% | 100% - -
7 100% | 46.32% | 57.06% | 65.52% | 73.66% | 84.42% | 100% -
8 100% | 40.49% | 50.41% | 57.24% | 63.78% | 71.30% | 83.81% | 100%

Looking at the table one can note that

e Given m = 0 or m = n, one have P%(n,m) = P°(n,m), so

Po(n.0) _ _ P(n,n)
PO(n,0)  ~  POn,n)
99
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e For any fixed m € Z,, the entries of the m-th column tend to zero

0
lim P (n,m)

W PO (m) O

The first item is quite obvious, the second one was proved in Section 2.9. This two items

leads us to the following question.
Question 1. Given a constant 0 < a < 1 let m ~ an. Compute

w3 PO, m)

One can also note that for any fixed n the entries of the n-th row (except the first entry)

compose an increasing sequence.

0
Question 2. Show (or find a counterexample to) the fact that sequence {%}me[l,n_”

is increasing for any n € Z,..
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More type B Schur positive sets

Despite we have found and proved a number of examples of type B Schur positive sets,

there are still some ones for which we think that they hopefully should be G-positive.

One of the important examples of Schur-positive sets are conjugacy classes and therefore,
any subsets of S, closed under conjugation. Computer computations shows that at least

for n = 2,3,4,5 all the conjugacy classes of B,, are G-positive.

Example 11. Let n = 3. The set of domino functions have following decompositions in

fundamental functions:

Gs = Fy, Gs1,1,1 = Foa+ Fo,
Gs1 = Fo, Goo2 = F1 + Foo + Fi 2,
Gao = Fo+ F1 + Fy, G2.2,1,1 = Foq1 + Fo2 + Fi2,
Ga11 = F1 + Fy, Go1,1,1,1 = F1p2,
G33 = Fy+ F1 + Fy o, G111 = Foo.

The table below shows all the conjugacy classes and one of the possible decompositions in

domino functions.

101
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conjugacy class decomposition
{(1,2,3)} Go
{(1,2,-3),(1,-2,3),(—-1,2,3)} Gapo
{(1,-2,-3),(-1,2,-3),(-1,-2,3)} Gs111+G2111.
{(-1,-2,-3)} 111,111
{(-1,-2,-3)} Gri1,111
{(1,3,2),(3,2,1),(1,-3,-2), Gio+ G222
(—3,2,-1),(2,1,3),(-2,-1,3)}
{(1,3,-2),(1,-3,2),(3,2,-1), Gio2+ G222
(-3,2,1),(2,—-1,3),(-2,1,3)}
{(=1,3,2),(~1,-3,-2),(3,-2,1), G311+ G511+ G222
(—=3,—-2,-1),(2,1,-3),(-2,-1,-3)}
{(—-1,3,-2),(— 3,2),(3,-2,-1), G31,1,1 +G51 + G222
(2,—-1,-3),(-3,-2,1),(-2,1,-3)}
{(2,3,1),(2,-3,-1),(3,1,2),(-3,1,-2), G311+ Y42+ G222
(3,-1,-2),(-2,3,-1),(-2,-3,1),(-3,-1,2)}
{(2,3,-1),(3,-1,2),(2,-3,1),(3,1,-2), G311+ Y42+ G222
(=3,-1,-2),(-2,3,1),(-3,1,2),(—2,-3,-1)}

Question 3. Show (or find a counterexample to) the fact that conjugacy classes of B,, are

G-positive for any n € Z, .

In Chapter 4 we showed that type B analogue for arc permutations, called signed arc
permutations, are G-positive. However, there is another way to define a type B analogue

of arc permutations.

Definition 53. A signed permutation m € B,, is called B-arc permutation if for every
i € [n] the set
[r(@)m(i + 1), .. m(n)}

is an interval in Zo,.

Computations for small n shows that these subsets are also G-positive.

Question 4. Show (or find a counterexample to) the fact that B-arc permutations are

G-positive.
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Spin and negative number statistics

Recall, given a standard domino tableaux T of shape A one define

Sp(T') = 2sp(T") = #{vertical dominoes in T'}; neg(T) = |\ |.

Let us consider the generating functions related to the statistics above

Gsp(n) = Y ¢ Gugn)= > =@

TeSDT(2n) TeSDT(2n)

Example 12. Computations for small n shows that these two functions coincide.

Gsp(n) / Greg(n)
1q0 + lq1
2q0 + 2q1 + 2(]2
4¢° + 64" + 64 + 4¢°
10¢° 4 16¢" + 24¢> 4+ 16¢® + 10¢*
264" + 50¢* + 80¢% + 80¢> + 50¢* + 26¢°
76¢° + 156" + 3002 + 320¢> + 300¢* + 156¢° + 76¢°

= NN S) SRS NC R S

So, the interesting question to consider follows.

Question 5. Show the coincidence of two functions Ggp(n) and Gpeg(n) for any n € Z,

i.e. equidistribution of two statistics or find a counterexample to this fact.

Secondly, one can note that sequences of coefficients of these two functions have several
properties. The obvious property is that coefficient of ¢* equals to the coefficient of ¢"*.

Indeed, it is enough to conjugate the tableaux to prove that. Applying this operation
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changes both the statistics from k to n — k. For negative number statistic, we may also

change the positive and negative part of the corresponding bi-tableau.

Another one is not so obvious.
Question 6. Prove (or find a counterexample to) the fact that sequences of coefficients of

two functions, Gsp(n) and Gpeg(n), are unimodal, i.e. the coefficients grow up in the left

half of the sequence and decrease in the right half.
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