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Résumé

Estimation de la loi du milieu d’une marche aléatoire en milieu aléatoire. Introduit
dans les années 1960, le modele de la marche aléatoire en milieu aléatoire i.i.d. sur les entiers
relatifs (ou MAMA) a récemment été I'objet d’un regain d’intérét dans la communauté statis-
tique. Divers travaux se sont en particulier intéressés a la question de I’estimation de la loi du
milieu & partir de 'observation d’une unique trajectoire de la MAMA. Cette these s’inscrit
dans cette dynamique. Dans un premier temps, nous considérons le probleme d’estimation
d’un point de vue fréquentiste. Lorsque la MAMA est transiente & droite ou récurrente,
nous construisons le premier estimateur non paramétrique de la densité de la loi du milieu
et obtenons une majoration du risque associé mesuré en norme infinie. Dans un deuxieme
temps, nous envisageons le probleme d’estimation sous un angle Bayésien. Lorsque la MAMA
est transiente a droite, nous démontrons la consistance a posteriori de I’estimateur Bayésien
de la loi du milieu. La principale difficulté mathématique de la these a été 1’élaboration
des outils nécessaires a la preuve du résultat de consistance bayésienne. Nous démontrons
pour cela une version quantitative de I'inégalité de concentration de type Mac Diarmid pour
chaines de Markov. Nous étudions également le temps de retour en 0 d’un processus de
branchement en milieu aléatoire avec immigration. Nous montrons ’existence d’un moment
exponentiel fini uniformément valable sur une classe de processus de branchement en mi-
lieu aléatoire. Le processus de branchement en milieu aléatoire constituant une chaine de
Markov, ce résultat permet alors d’expliciter la dépendance des constantes de l'inégalité de
concentration en fonction des caractéristiques de ce processus.

Mots Clefs : Milieu aléatoire, Chalnes de Markov, Statistiques bayésiennes, Estimation
non-paramétrique.

Abstract

Estimation of the environment distribution of a random walk in random envi-
ronment. Introduced in the 1960s, the model of random walk in i.i.d. environment on
integers (or RWRE) raised only recently interest in the statistical community. Various works
have in particular focused on the estimation of the environment distribution from a single
trajectory of the RWRE. This thesis extends the advances made in those works and offers
new approaches to the problem. First, we consider the estimation problem from a frequen-
tist point of view. When the RWRE is transient to the right or recurrent, we build the first
non-parametric estimator of the density of the environment distribution and obtain an upper-
bound of the associated risk in infinite norm. Then, we consider the estimation problem from
a Bayesian perspective. When the RWRE is transient to the right, we prove the posterior
consistency of the Bayesian estimator of the environment distribution. The main difficulty
of the thesis was to develop the tools necessary to the proof of Bayesian consistency. For
this purpose, we demonstrate a quantitative version of a Mac Diarmid’s type concentration
inequality for Markov chains. We also study the return time to 0 of a branching process with
immigration in random environment (or BPIRE). We show the existence of a finite exponen-
tial moment uniformly valid on a class of BPIRE. The BPIRE being a Markov chain, this
result enables then to make explicit the dependence of the constants of the concentration
inequality with respect to the characteristics of the BPIRE.

Keys words : Random environment, Markov chains, Bayesian statistics, Non-parametric
estimation.
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Notations

Dans cette these, nous adopterons les notations suivantes

e Pour tout entier k& dans Z, on note S;, 'ensemble des suites de ZY issues de k dont les
termes successifs different de 1 exactement

(1) Sk = {$ = (@)ten €Z" s mo =k VL EN, |vppy — 24| = 1} :

e Si f est une fonction a valeurs réelles définie sur un intervalle (ouvert) I C R dérivable
k-fois avec k dans N*, on note f() la dérivée d’ordre i de f, pour tout entier 1 < i < k.

e Si X est un ensemble et (zg,...,2Z,—1) € X™, on note pour tous 0 <i < j<n-—1
Ti.j = (.’L‘Z', oo ,(L‘j) .

e L’ensemble de toutes les distributions de probabilité sur une tribu 2 est noté M! (27).

e Pour tout p dans (0,1), Gn(p) désigne la distribution de probabilité sur N dite loi
géométrique de parameétre p définie de la maniére suivante : une variable aléatoire X
est distribuée suivant Gy(p) sous P, si et seulement si, pour tout k& dans N

(2) P(X =k)=p(1—p)".

e Soit © un ensemble muni d’une topologie 7 et de la tribu o(7) engendrée par T (i.e.
la plus petite tribu contenant 7). Soit une mesure II sur o (7).
Le support de 11, noté supp(Il), est défini comme le complémentaire de 1'union des
éléments de 7 de mesure nulle sous II (ou de maniére équivalente comme ’ensemble
des éléments de 2 dont chaque voisinage pour la topologie 7 est de mesure strictement
positive sous II).

e Soit (€2, .4) un espace mesurable muni d’une mesure de probabilité P et (E,d) un espace
métrique. Soit (X, )nen une suite de variables aléatoires définies sur (€2, .4) a valeur dans
(E,d) et X une variable aléatoire également définie sur (£2,.4) et a valeur dans (F,d).
On dit que la suite (X,,)nen converge vers X en probabilité sous P, si et seulement si,
pour tout € > 0, P (d (X,,X) >¢c) — 0 et on note

n — +oo

X, — X.

n — 4+oo






Chapter 1

Introduction

Introduite par le biologiste Chernov [Che67] dans I’étude de la réplication de I’ADN puis
reprise peu apres par le physicien Temkin [Tem72] pour I’étude de la transition de phase dans
les alliages, la marche aléatoire en milieu aléatoire (abrégé en MAMA) constitue un modele
simple pour divers phénomenes de transport comme par exemple la diffusion de chaleur ou
le déplacement de matiere au sein d’un milieu physique.

Plus récemment, lors de la modélisation du phénomeéne de combinaison-recombinaison
observé lors du dégrafage d’une molécule d’ADN, des travaux tels que [AMJRI12, [HFRQ9,
BBCT07, BBCT06, KSITW02, [LN0O2] ont eu recours & la MAMA sur Z pour tenter de
déterminer la nature de chaque liaison nucléotidique (A-T ou G-C) a partir de la seule
observation du déroulé de I'expérience.

Dans de tels phénomenes, un ”déplacement” se produit au sein d’un ”milieu” dont les
propriétés sont inconnues ou tres irrégulieres : deux niveaux d’aléa sont ainsi superposés.
D’une part, le milieu est imprévisible localement mais possede une certaine régularité statis-
tique : cela conduit a modéliser le milieu comme aléatoire. D’autre part, le déplacement
en un milieu donné est variable : cela améne a modéliser le déplacement comme également
aléatoire.

Depuis son introduction dans [Che67], le modele de la MAMA a été I’'objet de nombreuses
études dans la communauté probabiliste, que ce soit sur Z, Z% ou plus généralement sur des
graphes (le cours [Zeil2] expose 1’état de I’art dans ce domaine). De nombreux outils proba-
bilistes ont été développés pour étudier la MAMA sur Z et de féconds paralleles ont pu étre
établis avec d’autres domaines des probabilités. Notre travail se concentre ainsi principale-
ment sur les MAMA sur Z et s’inspire du lien avec les processus de branchement en milieu
aléatoire mis en évidence par [KKST75| (voir Chapitre [3)).

Nous allons maintenant définir de maniere plus précise la marche aléatoire en milieux
aléatoires indépendants et identiquement distribués (en abrégé i.i.d.) sur Z.

1.1 Le modele de la MAMA en environnements i.i.d. sur 7Z

Décrivons tout d’abord un modele plus simple qui n’est pas en environnement aléatoire.

1.1.1 La marche aléatoire simple sur Z

Le modele de la marche aléatoire simple sur Z de parametre p € [0, 1] permet de modéliser
un déplacement aléatoire sur Z. Notant X; la position & Uinstant ¢ (élément de N) d’une
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particule sur Z qui se déplace aléatoirement selon la regle suivante : a chaque instant, la
particule se déplace soit de 1 pas en avant avec probabilité p (et donc X1 = X; + 1) soit de
1 pas en arriére avec probabilité 1 — p (et donc X1 = Xy — 1).

Le comportement de (X;)ien au cours du temps est alors fonction de la valeur de p par
rapport a 0.5 :

e Sip=0.5,alors, 1 —p = 0.5 et la particule a autant de chance de se déplacer en avant
qu’en arriere a chaque instant.

N’ayant pas de sens de déplacement privilégié, la particule fait des allers et retours
incessants. On montre alors que la marche est récurrente, i.e. la particule passe en
tout endroit une infinité de fois.

e Sip> 0.5, alors, 1 —p < 0.5 et la particule se déplace préférentiellement en avant : la
marche est transiente a droite, i.e. la position de la particule tend vers 4o0.

e Sip < 0.5, alors, 1 — p > 0.5 et la particule se déplace préférentiellement en arriere a
chaque instant : la marche est transiente & gauche, i.e. la position de la particule tend
vers —oo.

1.1.2 Un modele intermédiaire

Implicitement, le modele de la marche aléatoire simple considere que le milieu dans lequel
a lieu le déplacement est homogene : la chance d’avancer (ou de reculer) est la méme en
chaque position k. Introduisons de I'hétérogénéité en supposant que la probabilité d’avancer
de 1 pas en avant (ou de reculer de 1 pas en arriere) est fonction de la position k. Ainsi,
notant X; la position a l'instant discret ¢ d’'une particule sur Z, on considere qu’elle se déplace
aléatoirement selon la regle suivante : si la particule se trouve en k a l'instant ¢ (i.e. X; = k),
alors en 'instant ¢+ 1, la particule s’est déplacée soit de 1 pas en avant avec probabilité py (et
donc X1 = X;+1), soit de 1 pas en arriere avec probabilité 1 —py (et donc Xy = Xy —1).

12



1.1.3 Le modele de la MAMA en milieux i.i.d.

Le modele de la MAMA impose que les pi. du modele proposé en Section présentent
une régularité statistique : ce sont les tirages indépendants de méme loi v sur [0, 1] fixée.
Nous allons ainsi décrire le modele de la MAMA comme la superposition de deux niveaux
successifs d’aléa.

Dans un premier temps, nous tirons w = (wg)kez des nombres de lintervalle [0,1]
indépendamment selon la méme loi v (i.e. i.i.d. de loi v).

Dans un second temps, nous considérons le déplacement aléatoire d’une particule sur
Z suivant un modele de marche aléatoire sur Z de probabilités de transition (wg)rez. Le
graphique ci-dessous reprend les regles de déplacement de la particule une fois la réalisation
des milieux (wy)kez fixée :

l—w_g 1l—wo 1l—-wy3 1-wy 1-—w 1—wsy 1—ws 1— wy

Une premiere notion propre a la théorie des processus aléatoires en milieu aléatoire,
prenant en compte cette superposition de deux couches d’aléa, apparait ainsi : la notion
de loi quenched P, qui est définie comme la loi des trajectoires de la particule une fois
I’environnement w connu.

Bien que cette vision hiérarchisée soit indispensable a la description, a la simulation ou a
I’étude théorique des MAMA, la réalité statistique est bien différente : les réalisations (w)kez
ne sont pas connues et seule la trajectoire de la particule est observée.

Une seconde notion propre a la théorie des processus aléatoires en milieu aléatoire, prenant
en compte ce constat, apparait alors naturellement : la notion de loi annealed P¥ définie
comme loi de probabilité des trajectoires de la particule (sans information sur les réalisations
(wg)kez de environnement).

Avant d’exposer notre travail, nous définissons un peu plus formellement la MAMA et
donnons quelques repéres fondamentaux pour les développements ultérieurs.
1.2 Quelques reperes sur les MAMA

1.2.1 Une definition plus formelle de la MAMA

Notons E = (0,1)% 'ensemble des environnements muni de la tribu & = 2 ([0, 1])” engendrée
par les cylindres et considérons le processus canonique (X;),.y de 'espace ZN muni de la tribu

13



% engendrée par les cylindres , i.e. pour tout ¢ dans N et tout 2 = (z)sen dans ZN
(1.1) Xi(r) = x4 .

Pour tout environnement fixé w dans E, on définit la mesure de probabilité P, dite
quenched dans le milieu w comme 'unique mesure de probabilité sur . sous laquelle le
processus canonique X = (X),y constitue une chaine de Markov homogene partant de 0 et
de noyau de transition défini pour z et y dans Z par

Wy siy=x+1
Po(z,y) =¢1—w, siy=xz—1.
0 sinon

En particulier, pour tout environnement w dans FE fixé, (X;)icz appartient P, presque

sturement a ’ensemble Sy (défini par I’'Equation des [Notations|).

Considérant alors une mesure de probabilité fixée v sur ([0,1],2([0,1])), on munit
I'espace des environnements (F,&) de la mesure de probabilité P = v®%, Intégrant la
loi quenched P, (fonction de ’environnement) sous la loi P¥, on définit la loi de probabilité
PV sur (E x ZN, & ® ), i.e. pour A dans & et B dans .¥

f’”(AxB):/

14(w)Py(B)P (dw) = / P, (B)P"(dw).
E

A
La seconde marginale de P” notée PV est appelée loi annealed.

En particulier, pour n’importe quelle distribution de probabilité v sur [0, 1] fixée, on déduit
également que (X;);ez appartient P” presque strement & Sp.

1.2.2 Quelques résultats probabilistes

Apres leur utilisation pour la modélisation de phénomenes concrets dans [Che67, [Tem72], les
MAMA sont étudiées pour la premiere fois sous un angle probabiliste par [Sol75] qui établit
que le comportement des trajectoires sous la loi annealed P¥ dépend de la distribution de la

variable aléatoire
1-— wo

Po = ou wo ~ V.
wo

Si la quantité E” [| log pol|] est finie, [Sol75, Theorem 1.7] dresse une premiere classification
du comportement en temps long de la MAMA:

(i) Si E¥ [logpo] # 0, alors

(a) soit E¥ [log po] < 0 et X,, converge P presque siirement vers +oo quand n tend
vers 400, on dit alors que (X,,)nen est transiente a droite,

(b) soit E¥ [log po] > 0 et X, converge P” presque strement vers —oo quand n tend
vers 400, on dit alors que (X,,)nen est transiente a gauche.

(ii) Si E¥ [log po] = 0, alors P” presque stirement

limsup(X,,) = +o0 et liminf(X,) = —oco,

n——+o00 n—+oo

et on dit alors que (X, )nen est récurrente.
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Pour tout n dans N, nous définissons la fonction T}, : ZY — N U {+oco} en posant pour
tout © = (x¢)sey dans ZN

(1.2) To(z) =inf{t e N: z =n} ,

et nous convenons de noter 7,, = T,,(X) ou X est défini par 'Equation (1.1).
Cette caractérisation est alors précisée par [Sol75, Theorem 1.16] qui établit un premier
résultat quantitatif sur la vitesse asymptotique en régime transient a droite :

(i) soit E¥[po] < 1 et P presque stirement

T, 1+ E¥[po]

n n-+o 1 —EY[pg]

)

et la MAMA est alors qualifiée de balistique,

(i) soit E¥[pg] > 1 et P¥ presque sirement

Ty
—= ——— 400,
n n — 4+oo

et la MAMA est alors qualifiée de sous-balistique.

Constatant que le modele de la marche aléatoire simple de parametre p introduit en
Section [1.1.1] est une MAMA ou v est une masse de Dirac en p, il est alors intéressant de
mettre les caractérisations de [Sol75] en regard de celles établies auparavant.

D’une part, comparer la position de la quantité E” [log pg] = log((1 — p)/p) par rapport a
0 revient exactement a comparer la position par rapport a 0.5 de la quantité p et on retrouve
alors les trois types de comportement déja mis en évidence.

D’autre part, en régime transient a droite, la quantité E¥ [log pg] = log((1 — p)/p) est
toujours strictement inférieure a 1 puisque p < 0.5. La MAMA s’avere donc étre un modele
au comportement généralement plus complexe.

Avec I’hypothese que le sous-groupe de (R, +) engendré par le support de log pg sous
P” est dense dans R et qu'il existe k > 0 tel que E” [p§] = 1 et E¥ [p’g log+(p0)] < +o0,
[KKST5] caractérise plus finement les fluctuations de T}, et le comportement asymptotique
des trajectoires de la MAMA sous P”

(i) si & < 1, Tp/n'/* et X;/t* convergent en loi vers une distribution non triviale,
(i) sik =1, T, /(nlogn) et (logt/t)X; convergent en probabilité vers une constante ¢, # 0,
(iii) si & > 1, T),/n et X;/t convergent en probabilité vers une constante ¢, # 0.

Avec I'hypothese qu’il existe 0 < o < 0.5 tel que v(ja,1 —a]) = 1 (on dit que le mi-
lieu est elliptique), et 'hypothese que 0 < Var(pg) = E¥[log?(po)], [Sin82] donne alors le
comportement de la marche en régime récurrent en établissant que la variable aléatoire

Var(po)

X,
log?(t) '
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converge en loi sous P¥ vers une variable by, de loi symétrique. Ce résultat est ensuite précisé
par [Gol83| et [Kes86] qui déterminent que la transformée de Laplace de b, est donnée pour
tout A > 0 par

I [G—Mbool} _ cosh(v2X) — 1
A cosh(v2X)

La technique de preuve initiée par [Sin82] repose principalement sur I'introduction d’une
marche aléatoire simple, appelée potentiel, dont les retombées vont bien au dela de ce résultat :
elle ouvre le champ & la plupart des études probabilistes ultérieures sur la MAMA en milieu
ii.d. sur Z ([GPS10, [PZ09, [GS02| [Ali99a]). Avec cette interprétation d’un milieu comme un
potentiel aléatoire, [ESZ09] précise notamment les quantités limites du résultat principal de
[KKST75].

Pour la suite de notre propos, nous nous attardons cependant sur un lien entre MAMA et
processus de branchement en milieu aléatoire. Mis en évidence pour la premiere fois dans la
preuve de [KKST75], il s’est déja avéré fécond dans des travaux tels que [MWRZ04, [ATi99b].

1.2.3 Le processus des sauts a gauche

Les résultats de [Sol75] sur le comportement asymptotique en régimes récurrent et transient
a droite de la MAMA garantissent que pour tout entier n, le temps 1, de premier passage
en n est une quantité finie P” presque strement.

D’un point de vue pratique, T;, correspond a la réalité expérimentale. Par exemple, T,
peut désigner le temps nécessaire au dégrafage complet d’une molécule d’ADN de longueur
n. D’un point de vue théorique, T;, possede de bonnes propriétés : il définit un temps d’arrét
(voir I’Appendice |C| pour un rappel sur la définition et des propriétés de base).

Ces deux approches motivent alors 1’étude du modele statistique ot ’observation est Xg.7,, .

Pour tout k£ dans Z, pour tout entier n dans N et pour toute suite z = (x¢)ien dans ZN
telle que T),(z) < 400, nous définissons les nombres de sauts a gauche et a droite de k de la
suite x avant d’atteindre n par

Tr(z)—1 Tr(z)—1
L(k,z,n) = Z Vigr=k, wpi1=k—1} et R(k,z,n)= Z Ligy=k,zpp1=k+1} -
=0 =0

Pour tout n dans N et tout k£ dans Z, les propriétés combinatoires des éléments de Sy et la
définition méme de T}, nous assurent alors que pour tout x dans {x € Sy : Tp(z) < +o0}

L(k+1,z,n) sik <0
(1.3) R(k,xz,n)=¢L(k+1,z,n)+1 si0<k<n-—1.
Lk+1,z,n)=0 sin—1<k
Avec la méme convention de notation T,, = T,,(X), pour tout n dans N et tout k dans Z,
nous définissons L} sur le sous-ensemble {7}, < +oo} C ZYN par

Tn—1

LZ — L(k,X, n) - Z H{Xt:k’7Xt+1:k’—1} °
t=0

La famille (L})o<k<n constitue le processus des sauts a gauche de la MAMA.
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1.2.4 Processus de branchement en milieu aléatoire

Comme dans Section nous notons E = (0,1)” 'ensemble des environnements muni de
la tribu & = Z ([0, 1])” engendrée par les cylindres. Nous considérons le processus canonique
(Zt) ey de l'espace NN muni de la tribu 2 engendrée par les cylindres , i.e. pour tout ¢ dans
N et tout z = (z)sen dans NN

(1.4) Zy(2) = zt .

Pour tout environnement fixé w dans E et toute mesure de probabilité fixée p sur N,
on définit la mesure de probabilité Q, ., comme I'unique mesure de probabilité sur 2 sous
laquelle le processus canonique Z = (Z;),.y constitue une chaine de Markov non-homogene
partant de p dont les noyaux de transition (K ), oy sont définis pour tout &, i et j dans N
par

(1.5) Kw,k(i,j) = (l —izjj)w?—l(l — wk)j .

Pour toute mesure de probabilité v sur ([0,1],Z ([0, 1])), on munit Iespace des envi-
ronnements (F, &) de la méme mesure de probabilité P = v®% qu’en Section Con-
sidérant alors une mesure de probabilité fixée p sur N, on integre la loi Q. (fonction de
I’environnement) sous la loi P¥, on définit la loi de probabilité QZ sur (Ex NN, & ® 2), ie.
pour A dans & et B dans &

Qu(Ax B) = /E 14 (1) Qo (B)P (dw) = /A Qs (B)P* (dw)

La seconde marginale de QZ’ notée Q,, est la la loi du processus de branchement avec immi-
gration en milieu aléatoire (abrégé en PBMA).

Pour tout v dans M'([0,1]), [CELT14, Proposition 4.3] montre alors que QY est I'unique
mesure de probabilité sur N sous laquelle le processus canonique (Z;)en constitue une chaine
de Markov homogene partant de p et de noyau de transition K* défini pour tous i et j dans
N par

(1.6) K"(i,j) = (H.j)

7

1
/ tH (1 —t)p(de).
0

Considérons des mesures de probabilité p et v respectivement sur N et [0,1]. Nous donnons
une autre définition de la loi Q,, du processus de branchement milieu aléatoire qui indique
notamment une maniere de simuler un tel processus. Soit une suite de variables aléatoires
iid. e = (eg)rez de loi v sur un espace (€2, .4,P). Soit une suite de variables aléatoires
(Yi)ken sur  telle que la variable Yy est de loi p et est indépendante de e et telle que pour
tout k£ dans N

Yy
(L.7) Yier =Y &k
=0

ou les (fk,i)(k fenz sont des variables indépendantes conditionnellement a la tribu engendrée
par e de loi géométrique donnée pour tous entiers k, ¢ et n

(1.8) P (& =nle) =ex(l —ex)".

La loi image de P par (Y)ren définie sur NY est alors la loi QY

w
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1.2.5 Le lien entre les marches aléatoires en milieu aléatoire et les proces-
sus de branchement en milieu aléatoire

Dans le cadre de la Section pour toute suite z = (x¢)ien dans {x € Sp : T (x) < 00},
nous déduisons une identité fondamentale a partir des relations ([1.3])

(1.9) P"(Xor, = o1, (2))
Tn(z)—1
= / H (W:ch ]lxt+1=:m+1 + (1 - wﬂ?t)]leHl:mt_l) V®Z(dw)
E =0

_ H/ (RO (1 _ Lk dp)
[0,1]

kEZ

1 1 n—1 1
_ H / tL(k—I—l,m,n)(l _ t)L(k,m,n)V(dt) « H / tL(k+1,x,n)+1(1 _ t)L(k,x,n)V(dt) )
k=—o00 "0 k=00

D’apres 'Equation (1.9)), la famille (L})g<n, kez constitue une statistique exhaustive.

Mais la propriéte de la suite (L})r<n, kez la plus importante pour notre travail est celle
mise en évidence pour la premiere fois par [KKS75] et déja exploitée par [CELLI6, ICFL™14)

FLM14 [FGLI14, [DL18§] : la distribution du processus des sauts a gauche (LZ—k)O<k<n sous

P” est identique a la distribution de (Z;)o<t<n sous Qg.

1.2.6 Un estimateur des moments par [AE04]

[AE04] est le premier & adopter une approche statistique pour la MAMA et se pose la ques-
tion de l'inférence directe sur la loi du milieu v. Ne se restreignant pas a la MAMA sur Z, il
travaille sur des groupes abéliens (donc en particulier (Z, +)). Il propose alors un estimateur
des moments qui est construit non pas sur tous les sites visités par la marche mais seulement
sur ceux ayant une histoire spécifique. Nous proposons ici une exposition rapide de cet esti-
mateur dans le cadre de la MAMA sur Z.

Définissant pour tout k dans Z et tout ¢ dans N, I'histoire du site k au temps ¢ par
H(t, k) = (L(k, Xo:t), R(k, Xo)) ,
on peut alors considérer I'histoire du site courant X; a n’importe quel temps ¢
H(t) = H(t, X;) = (L(Xy, Xou), R(Xy, Xoxt)) -

On définit alors pour tout couple d’entiers naturels h = (h_, h. ), la suite (K!);en des temps
successifs ou 'histoire du site courant est h

K} =inf{t e N: H(t) = h} ot Kb =inf{t > KI': H(t)=h},

et A? le mouvement de la marche la i-eme fois ol 'histoire du site courant est h

h _
A = Xgnr — X -
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D’apres [AE04, Proposition 4, Corollary 2], les variables (A?)ieN sont i.i.d. et si wg ~ v,
alors P¥ presque stirement pour tout ¢ dans {—1,1}

14¢ e
EY |:w02 +h+(1 —OJ())lQ +h_:|

1 m
— Dan_., ——> V(h) =
m; Ab=e T =(h) B [wg+(1—wo)h—}

Définissant pour tout & dans {—1,1}, les estimateurs V*(h) par

~

Mh
1 n

Vi) = 5 > Lan. ol MM =sup{K}! < T}, : i >1},
n =1

le fait que P” presque stirement 1;, —— +00 assure alors que P” presque strement

n — +oo

~

V2 (h) —— Velh),
et on peut ainsi estimer tous les moments de la loi v en faisant varier h.
[AE04, Section 4.3] illustre cette procédure d’estimation dans un cadre paramétrique
particulier et alerte sur la non-efficacité d’un tel algorithme dans des situations plus générales.

1.2.7 Un estimateur de type maximum de vraisemblance par [CFLL16),
CFL"14, [FLM14,, [FGL14]

Dans le prolongement de [AE04], les travaux [CFLLI6, CFL™ 14, FLM14, [FGL14] reprennent
la question de l'inférence directe de la loi du milieu dans un cadre paramétrique.

Dans un premier temps, [CFL™14, [FLM14, [FGL.14] exploitent 1’égalité en loi entre le
processus des sauts a gauche de la MAMA et le processus de branchement avec immigration
en milieu aléatoire initialement mise en évidence par [KKS75] et explicitée en Section m

Le premier mérite de cette égalité en loi est de réduire le probleme statistique de I’estimation
directe de la loi du milieu de la MAMA & partir de I’observation d’une unique trajectoire
Xo.7, au probleme d’estimation du parametre v définissant le PBMA a partir de 'observation
d’une réalisation de ses n 4 1 premieres générations.

Le second mérite de cette égalité en loi provient de [CFLT14, Proposition 4.3] : le
PBMA défini par la loi v est une chaine de Markov homogene de noyau K" défini dans
I’Equation (|1.6]).

En particulier, lorsque v dans M*([0, 1]) vérifie fol log(11)v(dt) < 0, [CELT14] Proposi-
tion 4.5] établit que la chaine de Markov de noyau de transition K* est récurrente positive et
admet une unique loi de probabilité invariante p”. S’appuyant sur les propriétés d’ergodicité
des chaines de Markov, [CFL¥14, Proposition 4.6] établit pour tout v/ dans M!([0, 1])

n—1 1 1
1 v
= "log (/ tZt (1 — t)Zf“z/(dt)) B, [log (/ t#ot(1 — t)Zlu'(dt)ﬂ ,
n 0 n — 4oo 0

t=0

ou le processus canonique (Z;)en et la loi Q}» sont définis en Section
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Ainsi, se fixant un modele paramétrique (vp)gece ot © C R?, [CFLT 14, FGL14] proposent
pour les régimes transients sous-balistique et balistique un M-estimateur 6,, défini par

~

0, € Argmax(l,(0) —1,(60)),
0cO

ou 0y dans © est une valeur fixée du parametre et [,,(0) est définie pour tout 6 dans © par

1n(0) = nz:llog (/1 a1 (1 gy l/g(dt)> .

0

Supposant que I'application 0 — fol t*+1(1—¢)Yuy(dt) est continue sur © pour tous z et y dans
N, que le modele est identifiable (i.e. § — 1y est injective) et sous une autre hypothese plus
technique différente selon le régime, [CFL 14| et [FGLI14] montrent notamment la consistance
de 'estimateur 6,, en régimes transients balistique et sous-balistique.

Précisant I’étude en régime balistique, sous des hypotheses techniques de régularité rel-
ativement au parametre, [FLMI4] établit la normalité asymptotique et méme lefficacité
asymptotique (i.e. il réalise asymptotiquement la borne de Cramer-Rao) de l'estimateur 6,,.
Des résultats semblables en découlent dans [FGLI4] pour le régime sous-balistique.

Finalement, [FGL14, Section 4], [FLM14, Section 5] et |[CFLT14., Section 5] illustrent
numériquement les performances de leur estimateur sur des modeles paramétriques par-
ticuliers et les comparent a celles obtenues pour lestimateur issu de [AE04]. En plus
d’y souligner le caractere plus systématique de leur procédure d’estimation, ils montrent
également que les performances sont bien meilleures que ce soit en terme de biais ou en
terme de variance.

Dans un second temps, [CFLLI6| se base sur le phénomene de forte localisation révélé par
[Sin82] en régime récurrent. Il choisit pour modele la famille (vg)gee ot © € (0,1)% x (0,1)*
avec d > 2 entier et ou pour tout 6 = (a,p) dans ©

d
Vg = E piéai )
i=1

il propose deux M-estimateurs. Le premier estimateur @L est basé sur une méthode de type
maximum de vraisemblance et procede a ’estimation des deux composantes du parametre si-
multanément. L’autre 6, est obtenu par un développement asymptotique de la log-vraisemblance
du modele. Il identifie d’abord la premiere composante du parametre (i.e. le support de la loi
vg) & laide du terme de premier ordre du développement. Puis il identifie & partir de cette
premiere estimation la seconde composante du parametre (i.e. le vecteur de probabilité de
la loi vy) a partir du terme de second ordre. Sous les seules hypotheses de récurrence de la
MAMA et d’identifiabilité du modele, la consistance des estimateurs 6,, et 6, est obtenue.

Finalement, [CFLLI6, Section 6] illustre les performances numériques de 6, et 6,. Il
les compare également a celles de l'estimateur issu de [AE04] sur des modeles particuliers.
Ne tenant pas compte du phénomene de pieges introduit par la localisation dans les vallées
de potentiel de [Sin82], I'estimateur issu de [AE04] présente en particulier un biais et une
variance plus importants que 6, et 6,,.
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1.2.8 Un premier estimateur non paramétrique par [DL18§]

Apres les résultats asymptotiques et paramétriques de [CFLLI6, (CFL™ 14, [FLM14, [FGL14],
larticle [DL18] s’affranchit simultanément de ces deux contraintes. En effet, ce dernier se
place dans un cadre non paramétrique et propose un estimateur de la fonction de répartition
de la loi du milieu dont il étudie les propriétés de concentration.

Dans un premier temps, [DLI18|] considére le probleme d’estimation de la famille des (-
moments (m“’b(u))(V7a7b)eM([071])XNQ de la loi v ou pour tous entiers a et b

1
m®t(v) = u®(1 — u)v(duw) .
(v) /0 (1 - w)*w(du)

S’appuyant sur ’égalité en loi entre processus des sauts a gauche de la MAMA rappelée en
Section et sur le caractere markovien du processus de branchement en milieu aléatoire,
il propose d’estimer m®®(v) par

Aglb Naz¢ab< e 1)7 )7

" k=1

ou (L!'_;)o<k<n désigne le processus des sauts & gauches introduit en Section et

, (i+j‘—(a+b) n

s s\ 1—a

47(i, j) = Wl{@a,ﬁb} et Z >a
i e n—(k 1)

Par un argument de martingale, [DLI8| Theorem 4] établit qu’en régime récurrent ou tran-
sient, pour tout entier n > 1 et tout réel positif z

—1
v ‘m“v”—m“”’(u)’>ia+b ‘) <2e
' =ni\a ) v ) =T

[Mna08| établit que la famille de fonctions (FM)y/cn« construite & partir des S-moments
de la loi v et définie pour tout M dans N* et tout u dans [0, 1] par

[(M+1)u]-1
(1.10) FM(y) = (M

k:)7nkJ4—k(y)’
k=0

permet d’approcher de maniere déterministe la fonction de répartition F' de la loi v.
[DLI8] substitue alors les estimateurs ™ ™" aux f-moments m*¥ % (/) dans 'Equation (1.10)).

Apres renormalisation, il propose une famille d’estimateurs (Fn )men+ de la fonction de

répartition de la loi de la MAMA en posant pour tout M dans N* et tout u dans [0, 1]

EM(u) = ﬁ Z:wJL\EIMJrl)uJ ( n—(k—1)> szk> )

avec

1; j ' -
wé\/[(%]) = (zij\;f <;> <M]— k> et Né\/[ :Z { LY 1>/M}
e k=1
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La procédure de Goldenshluger-Lepski |[GLO8] permet alors de choisir automatiquement et
de maniere optimale le parametre M en posant pour tout z > 0 et tout entier M > 1

— . 2n [z+3logM
M?=A A(M 1/
" f\%;n;n( ( )+NTJLW 2n )
_ 2n [z + 3log M’
o~ NM 2n ’

Pour tous réels > 0 et L > 0 fixés, notons m = sup{f € N: £ < 3} et désignons par X(3, L)
I’ensemble des fonctions S-Holder, i.e. les fonctions m-fois différentiables g : [0, 1] — R telles

ol A(M) = sup Hﬁéw — pMAM
M'>1

que pour z et 2’ dans [0, 1]

(1.11) ‘g(m)(x) — g™ <L |z — x/|ﬁfm _

Ainsi, [DLI8, Theorem 1] assure que si la fonction de répartition de la loi du milieu F'

est y-Holder pour v dans (0, 2] et que la MAMA est transiente ou récurrente, alors, il existe
~ ~77los(n)
une constante C, telle que pour tout entier n > 2, estimateur £, = Fp'" (XO:T”)(Xo:Tn)

vérifie
(i) si E*[log po] = 0 et E¥[log? po] > 0 et s'il existe a tel que EY[pd] + E¥[p;“] < oo

~ logn
o] ol
ood \/ﬁ

(ii) si E“[log po] < 0 et 8’il existe 0 < k < oo tel que E[ph] = 1 et E¥[pf log™ po] < oo

B

El/ H 10gn> 2714& .

el <o

Contrairement aux estimateurs proposés dans les approches paramétriques de [CFLLI16
CFL™ 14, [FLM14], [FGL14], cet estimateur est défini indépendamment du régime. Par ailleurs,
il est adaptatif vis-a-vis de la régularité Holderienne du régime.

Hormis leur approche statistique, le point commun essentiel des travaux exposés jusqu’alors
est leur mise & profit du parallele entre les deux processus aléatoires en milieu aléatoire sur
Z que constituent la MAMA et le PBMA.

Exploitant de nouveau ce lien fondamental, nous allons maintenant exposer nos contribu-
tions au probleme de I'estimation de la loi du milieu de la MAMA en environnements i.i.d.
sur Z.

1.3 Contributions

L’objet de cette these étant ’estimation de la loi du milieu, nous y proposons des solutions au
probleme d’apprentissage de la loi v a partir de I’observation d’une unique trajectoire que nous
considérons sous ’angle de la loi annealed. Nous envisageons principalement deux approches.

La premiere approche, non paramétrique, fait I’hypothese que la loi v possede une den-
sité réguliere. Nous proposons un estimateur de cette densité et étudions ses propriétés d’un
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point de vue fréquentiste a la suite de [DL18]. C’est I'objet du Chapitre [2| qui reprend notre
publication [HLMI9].

La seconde approche, également non paramétrique, envisage quant a elle pour la premiere
fois sous un angle bayésien le probleme d’estimation de la loi du milieu de la MAMA. Nous
munissons ’espace des probabilités sur [0, 1] d’une la loi a priori IT. Nous étudions I’estimateur
Bayésien et montrons la consistance de la loi a posteriori de cet estimateur.

Cette approche fait I'objet du Chapitre 5| Toutefois, elle requiert plusieurs résultats in-
termédiaires ne portant pas directement sur la MAMA. Au Chapitre [3] nous faisons ainsi
I’étude de la distribution du temps de retour en 0 du PBMA présenté en Section Et au
Chapitre 4], reprenant plusieurs résultats de [DMPSI8§], nous proposons une inégalité de con-
centration des transformations ayant la propriété de différences bornées qui soit uniformément
valable pour une classe de chaines de Markov. Puis nous appliquons cette inégalité au PBMA.

1.3.1 Estimation de la densité de la loi du milieu : Chapitre

Dans le prolongement du travail d’estimation de la fonction de répartition de la loi du mi-
lieu par [DLI8| exposé en Section nous nous posons la question de l'estimation non
paramétrique et non asymptotique de la densité de la loi du milieu v.

Nous adoptons alors la méme démarche en deux étapes que [DL1§] : d’abord trouver une
approximation déterministe de la densité f de la loi v, ensuite estimer cette approximation.

Les ensembles (3, L) étant défini par 'Equation (1.11]), nous imposons que la densité f
de la loi v appartienne a X(8, L) avec 8 dans (0, 2].

La loi v du milieu étant a support borné dans [0, 1], elle est entierement déterminée par
la suite de ses moments pu;(v) = fol t'v(dt) = fol t7 f(t)dt. Dans un tel contexte, [Mna0S]
montre que la suite de fonctions (var)yen définies pour M dans N et z dans [0, 1] par

j—k
i =3 Y () () vt
k=0 j=k N7
converge simplement vers la fonction de répartition de v quand M tend vers +oo.

Le lien entre fonction de répartition et densité nous amene alors a définir une suite de
densités de probabilité (fas)aren en posant pour tout M dans N et tout z dans [0, 1]

fM(a;) =(M+1) (VM([O,JJ]) — VUM ([O,x — Mﬁl])) = (M + 1)( M )mLMzJ’MLMxJ )

[ M

Lorsque la densité f de la loi v est continue, [Mna08, Theorem 1] garantit la convergence
uniforme de la suite de densités de probabilité (fas)aen vers f. Nous précisons ce résultat
en garantissant I'existence d’une constante Cg f, telle que

I = M|, < CorM3.

Nous substituons I'unique S-moment figurant dans ’expression de cette approximation déterministe
de la densité f par Pestimateur correspondant de [DL18]. Nous définissons ainsi une famille

~

d’estimateurs (fM)yren de la densité par

M) = (0 + 1)(

M
>m’\r_lij,M—|_MJ:J ]

[ Mz]
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Grace aux propriétés de concentration des S-moments par [DL1§]| et aux controles déterministes
de [BR03, Mna08, BK10], nous controlons respectivement les erreurs d’estimation et d’approximation
de ces estimateurs. Nous obtenons alors les premieres bornes de risque non asymptotiques
non paramétriques : il existe des constantes C7, > 0 et C?, > 0 telles que

(i) si E”[log po] = 0 et E”[log? po] > 0 et s'il existe a tel que E*[pg] + E[py*] < o0

Rt Jeer (par o).

Bl

et pour M, = {(\/ﬁ/ 1Og(n))2/(6+2)J

B {ls -2

9

} <c, (log(n)

8/(+2)
)

(ii) si E“[log po] < 0 et 8’il existe 0 < k < oo tel que E[ph] = 1 et EV[pf log™ pg] < oo

pog) e <LM—2 M/l) ,
o) n

et pour M, = | (n/ log(n)) 772159 |

Bl

o [ls- 2

1 2([3+2ﬁ(1+ D)
] <c, ( og(n)) _
o0 n

Au méme titre que [DL18], la méthode de Goldenshluger-Lepski |[GLO8| nous fournit une
procédure de sélection automatique du parametre de régularisation M dont notre estimateur
dépend. Cela permet de réaliser les optima des bornes de risque sans connaitre ni le régime
de la MAMA, ni la classe de régularité holderienne de la densité. Nous définissons ainsi pour
tout entier n > 2 et tout entier 1 < M <n—1

—~ M+1
M, € Argmin {C’n(M) + —L 24/3nlog n}
Me{l,...n—1} Ny
-~ ~ / M +1
ol Cn(M) = sup {’ M pMvM — T—F,Z Snlogn} .
M/efl,..n—1} Ny

Considérant alors les estimateurs f,, = AnM"(XO:T") (Xo.1,) €t fn = min(fn, log n), nous obtenons

alors I'existence de deux constantes C” > 0 et C! > 0 telles que
(i) si E*[log po] = 0 et E¥[log? po] > 0 et s'il existe a tel que EY[pg] +E¥[py“] < oo

~ logn Al (B+2) logn
v _ < T > _ T
P <Hf R <cr () >1-Cp

o0

et

)

log n ) 8/(5+2)

o (|- 2] < (%
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Figure 1.1:

Evaluation point

Evaluation point

Evaluation point

La véritable densité (trait plein noir) et en chaque point z de (0, 1) la médiane

(alternance tirets-pointillés bleus), ’écart interquartile (zone grisée) et les hinges inférieur et
supérieur (pointillés bleus) de l'estimateur figo pour les 6 milieux considérés.

(ii) si E“[log po] < 0 et 8’il existe 0 < k < oo tel que E[pf] = 1 et EV[pf log™ pg] < oo

} B [ D <t <logn> TETTT)

n
Nous illustrons finalement par des simulations numériques les performances de notre esti-
mateur issu de la procédure de sélection de Goldenshluger-Lepski. Pour 6 milieux différents,
nous simulons 100 trajectoires de la MAMA jusqu’a ce qu’elles atteignent le site n = 100.
Pour chacune d’elles et pour toutes les valeurs du parametre M allant de 1 & 100, nous cal-
culons I'estimateur f. La méthode de sélection de Goldenshluger-Lepski permet le choix
du parametre optimal ]\//.7n et nous obtenons ainsi l'estimateur fn Sur la Figure nous
donnons un apergu des performances de cet estimateur fn de la densité en tracant différentes
grandeurs statistiques pour chacun des milieux considérés.
Conformément a l'intuition et étant donné notre schéma d’observation, plus la chaine
atteint rapidement le site n ou plus la densité est irréguliere, moins I'estimation de la densité

s (| -

£ -7

est précise.

1.3.2 Breve introduction aux statistiques bayésiennes

Le paradigme bayésien consiste a considérer comme aléatoire aussi bien ’observation que le
parametre d’intérét. L’espace des parametres © est muni d’une probabilité II, appelée prior
ou loi a priori. Supposons que les observations (X, )nen sont i.i.d. & valeurs dans un espace
mesurable 2" et de loi commune une loi dénotée P? dépendant d’un parametre § dans ©.
En interprétant P? comme la distribution conditionnelle de I'observation sachant la variable
aléatoire 6 de loi II, la loi du couple ((X,,)nen, ) est entierement déterminée.
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La suite de lois a posteriori ou posteriors est alors définie comme la suite de loi (II(-| Xo:1)),,cn
ou pour tout n entier, IT(.| X(., ) désigne la loi conditionnelle de la variable 8 sachant 1'observation
Xo:n. Ainsi, I'étude du comportement de la suite des lois a posteriori (II(-|Xo:n)), ey est
naturelle. Nous n’entrerons pas dans cette introduction dans les considérations théoriques
justifiant 1’existence d’une telle loi conditionnelle et renvoyons par exemple a [Dud02] pour
une exposition exhaustive.

Dans le cadre bayésien, la question du choix de la loi a priori est importante. Dans cer-
tains problemes, nous disposons d’une information préalable sur le parametre qu’il est donc
judicieux d’exploiter : 'approche bayésienne est alors parfaitement adaptée a la prise en
compte d’une telle information. Dans d’autres situations, il n’existe pas de fagon naturelle
de spécifier la loi a priori. Le caracteére arbitraire de ce choix est souvent avancé pour cri-
tiquer I'approche bayésienne. Nous ne pouvons exclure la possibilité que des praticiens qui
choisiraient des lois a priori différentes aboutiraient & partir d’observations identiques a des
conclusions différentes... Des lors, une réponse positive quant a l'indifférence du choix du
prior est souhaitable car elle signifie que I’arbitraire du choix de la loi a posteriori disparait
asymptotiquement.

L’étude fréquentiste de la distribution a posteriori donne une réponse a ce type de ques-
tions. Faisant 'hypothese fréquentiste que les données sont une réalisation du modele statis-
tique pour une valeur 6* du parametre (inconnue), cette approche recherche quelles conditions
imposer sur le modele (i.e. sur la loi a priori) pour que la distribution a posteriori se con-
centre autour du parametre #*. Soulignons que la justification ainsi apportée de 'approche
bayésienne n’est pas le seul intérét de 1’étude fréquentiste dans un cadre bayésien ; voir par
exemple [DF86] et [GvdV17].

Dans le cadre d’'une étude fréquentiste, nous entendons généralement par concentration
les propriétés de consistance et de vitesse de convergence de la distribution a posteriori.
La consistance de la suite des distributions a posteriori en v* pour une topologie 7 (sur
Pespace © des parametres) signifie que pour tout ouvert U de T contenant 6%, la probabilité
a posteriori II(U|X.,) converge vers 1 quand n tend vers +oo. Si cette convergence a lieu
presque strement, on parle de consistance forte a posteriori tandis que si elle a seulement lieu
en probabilité, on parle de consistance faible a posteriori ou tout simplement de consistance
a posteriori. La question faisant naturellement suite a la consistance est celle de la vitesse de
convergence a posteriori et a d’ailleurs donné lieu a de trés nombreux travaux, entre autres
[GvdV07al [GvdVOT7Dbl [SvdV01l, [GGvdV00].

Nous nous concentrons dans ce travail sur la consistance a posteriori : le Chapitre
est dédié a la démonstration de la consistance a posteriori pour un modele de MAMA; les
résultats intermédiaires nécessaires a cette preuve font I'objet des Chapitres [3] etfd]

Un résultat tres fort concernant la consistance a posteriori remonte & [Doo49] et semble
résoudre completement la question dans le cadre d’observations i.i.d. : si les observations
sont i.i.d. a valeurs dans l'espace euclidien X, si le modele est identifiable et si I'espace
des parametres est séparable complet pour la topologie 7T, alors, la suite des distributions a
posteriori est consistante pour 7 en II-presque tout 6*.

Quand l’espace des parametres © est de dimension finie (i.e. que le modele est appelé
paramétrique), il existe méme des résultats nettement plus fins sur le comportement des
distributions a posteriori comme par exemple le théoreme de Bernstein-von Mises énoncant
des conditions suffisantes pour que la suite des lois conditionnelles de la suite \/n(6 — 6.)
sachant les observations Xj.,, converge en variation totale.
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Quand l’espace des parametres © est de dimension infinie (i.e. que le modele est appelé
non paramétrique), la consistance a posteriori n’est pas automatique. En effet, bien que la
consistance de la suite des distributions a posteriori soit assurée sur un ensemble de probabilité
1 pour II, il existe dans des modeles infini-dimensionnels des ensembles de probabilité 0 pour
IT qui sont ”tres gros” dans un sens topologique (voir par exemple [Fre63) [Fre65, (GvdV17]
pour de telles situations). [DE86] montre que de tels problemes sont typiques pour ”la plu-
part des lois a priori”.

Pour résoudre ce probleme, de nombreux auteurs ont développé des démonstrations de
consistance pour des modeles statistique non paramétriques, i.i.d. et dominés : voir par
exemple [Sch65, Bar88, BSW99, [GGR99]. Nous renvoyons par exemple a [GRO3) [GvdV17]
pour une exposition moderne et des variations autour de ces résultats. Toutefois, en raison de
leur fécondité ultérieure, nous présentons maintenant les idées principales derriere la preuve
de la consistance a posteriori de [Sch65].

Faisant donc ici I’hypothese que les lois (P9)9€@ sont toutes absolument continues par
rapport & une méme mesure p sur X (i.e. que le modele est dominé), on note fy la densité
de P? par rapport & la mesure dominante p. La régle de Bayes s’applique alors et la loi a
posteriori s’écrit pour tout entier n et tout ensemble mesurable A C © comme

n
[ 11 fotxi11as)
A =0
II(A|Xon) = - )

JRIEEIRTT

90

La technique développée par [Sch65] repose fondamentalement sur deux hypotheses :

(i) D’une part, le parametre 8* doit appartenir au support de Kullback-Leibler de la loi a
priori, i.e. pour tout réel § > 0

I1(Ks(0") >0 ou Ks(0*) = {9 €O: /ng* (z)log (if&f;) p(dz) < 5} .

(ii) D’autre part, pour n’importe quel voisinage U de 6*, il doit exister une suite d’applications
(dn)nen+ appelés tests de U’hypothése simple Hy : 0 = 0* contre I’hypothése composite
Hy : 0 € U° telles que ¢, : N — [0, 1] est mesurable et qui soit uniformément expo-
nentiellement consistante, i.e. il existe C > 0 et 8 > 0 tels que pour n dans N

EY [¢pn(Xo)] < Ce P et sup E? [1 — ¢, (X0.0)] < Ce P,
oeUc

Considérant ici que le modele vérifie les hypotheses |(i)| et |(ii)}, nous munissons sans grande
perte de généralité 'espace des parametres © d’une distance d (et de la topologie induite
par cette distance). Définissant les ensembles A, = {6 € © : d(0*,0) > ¢}, la consistance a
posteriori pour #* signifie alors que pour tout réel € > 0

*

I (A.| Xom) ——— 0.

n — +oo

Nous donnons ici trés succinctement une idée de la preuve de convergence. L’ensemble A,
étant un voisinage de 6* pour € > 0 fixé, il existe une famille de tests (¢, )nen- satisfaisant
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la condition |(ii)| et nous pouvons décomposer II ( A.| X.,) de la fagon suivante :
I (Ae| Xoin) = ¢n(Xom )T (Ae| Xom) + (1 — dn(Xom ) (A| Xon) -
D’une part, la premiere inégalité de la condition assure
E”" [$n(Xo:n) I (Ae| Xo:n)] < B [60(Xom)] < Ce™7™.

D’autre part, le caractere i.i.d. des X; combiné a la regle de Bayes permet de réécrire
IT(A.| Xo.,) comme le quotient de N, (A.) par D,, ou

/Ag P fe* M(do) et Dn= / H fe* d0).

La loi des grands nombres et la condition |(i)| combinée au théoreme de Fubini permettent de
montrer que pour tout & > 0 et tout 6’ > ¢ il existe ng dans N tel que pour tout entier n > ng

pY (Dn > T1(K5(6%)) e*“) .

n — +oo
Le théoreme de Fubini permet également de réécrire E?” [(1 — ¢, (X0.n)) Np(A:)] comme
E” [(1 - ¢n(X0:n))Nn(A€)] = /A E’ [(1 - d’n(XO:n))] H(d@) )
et grace a la deuxieme inégalité de la condition (ii)} il s’ensuit

Eo* [(1 - an(XO:N))Nn(As)] < H(Ae) Ceinﬂ < Cefnﬁ

Décomposant Iespace tout entier selon {D,, < II(Ks(6*))e~% "} et son complémentaire
_C
II(K5(6%))

Le choix de valeurs § et &’ telles que § < &’ < 3 assure alors que la suite E?" [IT ( A-| Xo.,)]
converge vers 0 quand n tend vers +oco. Pour tout € > 0, I'inégalité de Markov donne donc

E [(1 = n(Xom) )T (Ae| Xon)] < 7 P (D <TU(K5(07) 077

I (Ac| Xou) —— 0,

n — 4+oo

et la suite des distributions a posteriori est donc faiblement consistante en 6*.

Bien que ces techniques a base de tests proposent une solution aux problémes soulevés
par [Ere63l [DF86], elles soulevent la question de 'existence de familles de tests uniformément
exponentiellement consistants. Cette question a déja recu diverses réponses dans le cadre
i.i.d. . Nous renvoyons par exemple au travaux déja cités [Sch65l Bar88, BSW99, IGGRI9)
ou [GRO03| IGvdV17] pour voir des exemples de tests.

Par ailleurs, le cadre i.i.d. pour lequel la consistance est garantie, limite considérablement
le cadre d’application de cette théorie. En effet, les liens entre les observations issues de
données réelles sont souvent modélisés par des dépendances plus complexes. L’omniprésence
de schéma de dépendances Markoviennes a ainsi amené [Verl5] et [DOR19] & s’intéresser aux
problemes de consistances respectivement pour des chaines de Markov cachées et pour des
modeles Markoviens partiellement observés.

Le Chapitre [5| de cette these met a profit la méthodologie bayésienne pour le probleme
d’estimation de loi du milieu de la MAMA ii.d. sur Z : nous y mettons en évidence la
consistance a posteriori dans ce modele qui n’est ni i.i.d., ni Markovien.
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1.3.3 Consistance a posteriori de ’estimateur Bayésien : Chapitre

A Dinverse des travaux [CELT 14} [DLI8] ou de notre propre travail (exposé en Section [1.3.1)),
nous n’adoptons plus une approche fréquentiste mais bayésienne : la loi du milieu v est main-
tenant considérée comme aléatoire. Dans ce cadre, ’espace des parametres © est ’ensemble
des mesures de probabilités sur [0,1] absolument continues par rapport a la mesure de
Lebesgue. Nous munissons cet ensemble d’une loi a priori II. Pour tout v dans ©, nous no-
tons f, la densité de la loi v par rapport & la mesure de Lebesgue. Nous notons supp(Il) C ©
le support de II (en particulier II(supp(II)) = 1). Nous considérons les hypotheses suivantes
reliées soit aux propriétés de la MAMA exposées en Section [1.2.2] (hypotheses [(i)] et [(iD)]), soit
aux techniques bayésiennes de preuve esquissées en Section @ (hypotheses
et [4)) :

(i) il existe cg > 0 tel que pour tout v dans supp(Il), fol log(lzt)u(dt) < —cyp,

il existe o dans (0,1/2) tel que pour v dans supp(Il), supp(v) C [a,1 — ],

il existe m dans R tel que pour v dans supp(Il) et ¢ dans [a, 1 — a], f,(t) > m,

)
)
(iv) il existe M dans R’ tel que pour v dans supp(II) et ¢ dans [o, 1 — o], f,(t) < M,
) II attribue une probabilité non nulle & tout voisinage de v pour la norme ||.| oo,
)

pour tout € > 0, il existe une famille (©,,),, .y de sous-ensembles mesurables de supp(II)
et une constante C; > 0 telles que pour tout entier n

Ce 82

H(@%) < e”m" et log (2N(@n7 H : ||OO)8)) < mnv
ou m et M sont donnés dans et [(iv) et ot N (O, | - |loc, &) désigne le nombre
minimal de e-recouvrement de ©,, pour || ||« (voir I’Appendice [B| pour une définition).

D’autre part, reprenant le modele d’observation adopté par [CFL™ 14, [FGL14] [FLM14, [CFLLI6,
DL18, [HLMI9], nous supposons disposer d’une trajectoire de la MAMA Xj.7,, jusqu'a ce
qu’elle atteigne pour la premiere fois 'entier positif n.

L’apport majeur de ce chapitre est d’établir la consistance a posteriori de 'estimateur
Bayésien : si la loi a priori II vérifie les hypothéses é alors, pour tout € > 0

i (d"*(u*, V) > 5‘ (Lg)ogkgn) P L,

n — +oo

avec la quantité d”(v/,v"") définie pour tout v, v/ et v dans © par

1
/ tZo 1 — )2/ (de)
v v 0
d“(/,v") =E, |log T ,
/ tZo (1 — )21 (de)

0

ou le processus canonique (Z;)icn et Q,, sont définis en Section m
Ce résultat découle en fait d’un résultat semblable pour les processus de branchement

en milieu aléatoire grace a 1'égalité en loi entre les nombres de sauts a gauche (L} )o<i<n
de la MAMA et les (n + 1) premiéres générations Zy., d'un processus de branchement avec
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immigration en milieu aléatoire telle que nous ’avons exposée en Section [1.2.5] En effet,
nous montrons au Chapitre 5| un résultat de consistance a posteriori pour les processus de
branchement avec immigration en milieu aléatoire (définis en Section [1.2.4]) : si le prior II

vérifie les hypotheses a alors, pour tout £ > 0

1I (dy* (v*,v) > 8‘ (Zk)0§k§n> io_:—) 0.
Sous cet aspect, la quantité d*” (v*,v) prend ainsi tout son sens. Grace a [CELT14, Propo-
sition 4.6], qui étudie le processus de branchement sous 'angle des chaines de Markov, elle
n’est en effet rien d’autre que la limite en probabilité de la différence des versions empiriques
de la log-vraisemblance de Zj., en v* et v

1 n—1 X 1 n—1 Qy .
- > og(K" (2, Zisa)) — - > log (K" (Zi, Zis1)) — A"y
i=0 i=0

Les observations Zj., n’étant pas i.i.d. , il nous est impossible d’appliquer directement la
théorie de la consistance a posteriori de [Sch65, Bar88, BSW99, I(GGRI9| pour la preuve d’un
tel résultat mais nous nous inspirons des techniques de preuve exposées dans [I.3.2] requérant
I'existence de tests uniformément consistants.

La preuve d’un tel résultat repose donc fondamentalement sur I’existence d’une famille ¢,,
de tests de Hy : v = v* contre Hy : v € U® (on U voisinage de v*) pour le modele Markovien
constitué par les (Zy)ken telle qu’il existe Cp > 0 et Co > 0 vérifiant pour tout n dans N

Ef [¢n (Zom)] < Cre” @™ et sup Bf [l — ¢n (Zow)] < Cre 2"
veUc

De telles garanties sur une famille spécifique de tests ¢, sont directement reliées aux pro-
priétés de concentration de la chaine de Markov (Zj)ren et nécessitent des résultats quan-

titatifs uniformément valables sur toute une classe de noyau Markovien : leur obtention est
l'objet du Chapitre

1.3.4 Inégalité de concentration pour transformation de chaines de Markov
avec la propriété de différences bornées : Chapitre

Les tests considérés au Chapitre [f|sont de la forme f(Zo.,—1) > t ott (Zg)ken est un processus
de branchement avec immigration en milieu aléatoire et t € R est un seuil. La fonction
f : N — R vérifie la propriété de différences bornées suivante : il existe v = v9.,—1 dans
R."™ telle que, pour tous zg.,—1 €t yo.n,—1 dans N”

n—1
‘f (-T(]:n—1> - f (yO:n—1)| < Z’Yi]l{xi#yi} :

i=0
La concentration de telles variables est connue dans le cas de données i.i.d. sous le nom
d’inégalité de Mac Diarmid [McD89]. Différentes versions de cette inégalité sont également
disponibles pour les chaines de Markov, voir par exemple |[Ada08, [Paul5, [DG15]. Reprenant
la preuve de [DGI5], [DMPSI8, Theorem 23.3.1] établit, pour les chaines de Markov V-
géométriquement ergodiques, 'inégalité de concentration exponentielle suivante

gt
(1.12) Py (|f (Xon—1) = Bz [f (Xom—1)]| > ) < 2exp (—m> ;

1=0 Vi
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ou la constante § n’est pas donnée explicitement.

Nous reprenouns la preuve de [DMPS18|, Theorem 23.3.1] de maniere & expliciter la dépendance
de [ en certaines quantités caractéristiques de la chaine de Markov. Nous proposons au
Chapitre {4 une version quantitative de 'inégalité (1.12)). Plus précisemment, soit P un noyau
Markovien irréductible et apériodique de distribution stationnaire w. Supposons qu’il existe
un ensemble C' et des constantes 6 > 1, M > 0, {p > 0 et ro dans (0, 1) telles que pour tout
x dans C

(1.13) sup(Ey[07¢]) < M et dry (0, P, ) < (org -
yeC
Alors, T'inégalité (1.12)) est valable pour tout x dans C avec une constante S dépendant
explicitement uniquement des parametres 6, M, (y et ro.
Considérons alors la famille de noyaux (K"),co ou l’ensemble © dépendant uniquement
de parametres ¢ > 0 et o dans (0,1/2) est défini par

(1L14) 0= {ueMl([O, I /Ollog(

Dans le Chapitre |4} nous obtenons alors une inégalité de type qui soit uniforme sur la
classe de chaines de Markov définie par la famille de noyaux (K"),ce. Il existe une constante
B(co, &) ne dépendant que de ¢y et « telle que, pour tout n dans N*| pour toute fonction f
ayant la propriété de différences bornées de constante 7g.,—1 dans R%", pour tout v dans ©
et pour tout £ > 0

w(dt) < —cop et v([a,1—a]) = 1} .

2
P (|f(Z0:n—1> - E[f(ZOn—l)” > t) < 2exp <_IB(C710??)Z> ’
1=0 Vi

Pour appliquer ce résultat, il faut alors montrer 'existence d’un ensemble C' et de con-
stantes 0 > 1, M > 0, (o > 0 et roy dans (0, 1) pour lesquels les inégalités sont valables
pour la classe de chaines de Markov définie par la famille de noyaux (K"),co. Nous montrons
alors que ces hypotheses reliées aux propriétés d’ergodicité de cette famille de chaines sont
vérifiées du moment qu’il existe un moment exponentiel uniformément valable et borné pour
cette famille, ce qui sera vérifié au Chapitre

1.3.5 Controle uniforme de la queue de distribution du temps de retour
en 0 du processus de branchement en milieu aléatoire : Chapitre

L’étude des queues de distribution du temps 1" de retour en 0 du processus de branchement en
milieu aléatoire est motivée par 'inégalité de concentration uniforme discutée au Chapitre
Cette étude a été initiée par [KKS75]. En particulier, [KKS75, Lemma 1] garantit ’existence
de constantes K7 > 0 et Ko > 0 vérifiant pour tout £ > 0

(1.15) QY (T >t) < Kje K2t
On déduit simplement de ce résultat que

K
(1.16) EY [e%ﬂ <1+ K.

L’inconvénient de ce résultat pour son application & notre cadre Bayésien est qu’il ne
précise pas la dépendance des constantes K et Ky en fonction de la loi v. L’objet du
Chapitre [3| est d’expliciter cette dépendance.
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Nous reprenons la preuve de [KKS75, Lemma 1] et montrons l’existence de constantes
Ki(co,a) > 0 et Ka(co,) > 0 pour ¢g > 0 et « fixés telles que I'inégalité soit
vérifiée pour tout processus de branchement avec immigration en milieu aléatoire défini par
v, probabilité sur [0, 1] telle que fol log(31)v(dt) < —co et v(fa, 1 — a]). Pour tout ¢t > 0,

(1.17) Q" (T > t) < Ki(co, a)e Kelco)t

En particulier,
Ko (cq,o)
| Dig [e 23 T] < 1+K1<Co,a).

1.4 Conclusion et perspectives

La these s’intéresse au probleme de l'estimation directe de la loi du milieu d’une marche
aléatoire en milieu aléatoire sous divers angles. Ces résultats s’appuient en particulier sur
des résultats provenant de divers sous-domaines des probabilités et statistiques.

Reprenant d’abord 'approche fréquentiste, nous fournissons un premier estimateur de la
densité de la loi du milieu. Prenant en compte aussi bien la régularité de la densité cible
que le régime de la marche, nous obtenons un controle du risque de cet estimateur. Ces
vitesses de convergence sont sous optimales par rapport a la vitesse minimax d’estimation
de la densité dans le cas i.i.d. , voir par exemple [Tsy09] pour différents résultats dans
ce sens et [BKI0] pour une preuve utilisant des estimateurs de moment. Deux questions
se posent naturellement. Nous pouvons d’abord nous demander si les controles des bornes
de risque obtenus sont optimaux pour notre estimateur. Ensuite, étant donné la différence
de comportement de ’estimateur entre régimes récurrent et transient, nous pouvons nous
interroger sur la possibilité de trouver un unique estimateur qui atteigne non seulement notre
vitesse de convergence en régime transient mais aussi retrouve la vitesse minimax du cas i.i.d.
en régime récurrent.

Nous proposons également la premiere étude d’estimateurs bayésiens de la loi du milieu.
Pour cela, nous avons établi une inégalité de concentration quantitative de type Mac Diarmid
pour des chalnes de Markov ainsi qu’'un controle quantitatif de la distribution du temps de
retour en 0 du PBMA lié & la MAMA.

Un premier axe d’approfondissement serait la relaxation des hypotheses faites dans ce
cadre Bayésien. Pour relacher la condition d’ellipticité, on pourrait comme au Chapitre
2 tenter d’étendre les résultats au cas ou la distribution de ’environnement assigne une
probabilité faible aux extrémités du segment [0, 1].

Un autre axe de recherche serait d’étendre au régime récurrent les résultats obtenus en
régime transient. Les résultats obtenus jusqu’ici reposent principalement sur les propriétés
d’ergodicité de la chaine de Markov constituée par le processus des sauts a gauche. Cette
chaine n’étant pas récurrente lorsque la MAMA est récurrente, de nouvelles techniques sont
alors a envisager.

Un dernier axe d’étude serait I’étude plus précise des propriétés asymptotiques de ’estimateur
Bayésien. La consistance a posteriori étant désormais garantie, I’obtention de la vitesse de
convergence en constitue la prochaine étape naturelle.
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Chapter 2

Nonparametric density estimation
of the RWRE

2.1 Introduction

Random walks in random environment (RWRE) provide simple models to describe various
problems such as the propagation of heat, diffusion of matter through a physical medium,
or DNA-unzipping experiments. In these situations, the medium is very irregular and irreg-
ularities can be modelled by a random environment. The definition of RWRE involves two
ingredients: (i) the environment, which is an i.i.d. sample of some unknown distribution v
and (ii) the random-walk whose transition probabilities are determined by the environment.
This paper considers the problem of recovering the density f of the distribution v of the
environment of a RWRE on Z based on the observation of a single trajectory of the RWRE.

Since their introduction in [Che67], RWRE have been widely studied in the probability
literature; see for example [Zeil2] for a recent overview of probabilistic results on RWRE in
7 and more generally in Z¢. On the other hand, statistical inference for RWRE has emerged
only recently with the appearance of RWRE in several statistical models such as DNA-
unzipping experiments or DNA-polymerase phenomenon in [AMJRI2, [HFR09, BBCT07,
BBCT06, KSJW02]. In these applications, the main task is usually to recover the envi-
ronment itself and, when it is the case, an estimator of v can be considered as a preliminary
step in the construction of an empirical Bayes estimator.

The problem of recovering v was originally considered in [AE04]. They considered random
walks in general state spaces and studied an estimator of the moments of the distribution
but this estimator had poor statistical performance. In the last few years, [CFLL16, [FLM14]
FGL14] considered random walks on Z and studied the asymptotic behaviour of the maximum
likelihood estimator of v in a parametric setting. They proved its consistency and asymptotic
normality in the ballistic and sub-ballistic regimes as well as its efficiency in the ballistic
regime (see Section for details regarding these notions). Consistency results have also been
proved in the recurrent regime in [CFLLI16|] for a slightly different estimator and Markovian
environments in [ALM15] have also been considered.

It is shown in [DLI§| that the beta-moments of the distribution v can be estimated
consistently from a single trajectory of the RWRE. These moment estimators are also used
there to obtain an estimator of the cumulative distribution function (c.d.f.) of the random
environment. In the present paper, we use these moment estimators to construct estimators
of the probability density.
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Recovering the probability density of a distribution from its moment is a classical problem
in statistics called moment reconstruction (see [Akh65]). Density estimators of a distribution
based on its beta-moments (also referred to as beta-kernel estimators) have already been
studied when an ii.d. sample (Z1,...,7Z,) of the unknown distribution is observed (see
[Che99, BRO3, Mna08] and the references therein). In this direct observation setting, [Che99]
estimated f at x € [0,1] by a single properly chosen S-moment

A 1 ~ T 1—x
fulw) = STBEFEE(Z),
=1

where h is the smoothing bandwidth and for any a and b in R* , B*? is the beta function

(2.1) B (1) — Wua—lu W) Mpener

[Che99] showed in particular that this estimator does not have the boundary bias of standard
kernel estimator. This beta-kernel density estimator has later been shown to be minimax
under regularity assumptions on the density f in [BK10].

The first contribution of the paper is the construction of the first non-parametric density
estimator of the random environment of a RWRE. The density f of v is approximated at
every point x € (0, 1) by a sequence of properly chosen beta kernels, following [Che99, Mna08].
These f-moments are estimated using the estimators introduced in [DL18]. The resulting
density estimator depends on a regularization parameter. We propose to select automatically
this parameter using the so-called Goldenschluger-Lepski method of [GLOS|. This selection
step allows to optimize the risk bounds of the preliminary estimators without prior knowledge
of the regime of the walk or the regularity of the unknown density (see Section for details).
The Goldenschluger-Lepski method was used in [BK14] to build adaptive estimators in the
i.i.d. setting from the minimax estimators of [BK10)].

The second contribution is the derivation of the first non-parametric risk bounds for any
density estimator of f based on the observation of a single trajectory of a RWRE. These
are based on preliminary results obtained in [DLI§| for the stochastic part of the risk and
results on beta-kernel estimators presented in [BR03, Mna08, BKI0] for the deterministic
part of the risk. Our rates do not match minimax rates of density estimation in i.i.d. setting.
Nevertheless, our results outperform those obtained in [CEFLL16] in the recurrent regime
where only consistency results for very particular densities were derived. The rates hold
without prior knowledge on the regime of the walk contrary to those of [CFLLIG6].

We finally investigate the numerical behaviour of our estimators in a Monte Carlo experi-
ment. Our estimator behaves reasonably in ballistic regimes where the chain has linear drift.
This emphasizes the difference between population and individual parameters estimation. It
is clear that recovering the environment itself is impossible in the ballistic regime, yet es-
timating the law of the random environment is still possible. Related results have already
been reported in a parametric setting for example in [FLMI4] but it comes perhaps as a
surprise that the same behaviour is observed in the non-parametric setting. Both theoretical
results and this first simulations consider the case where the chain is observed until it reaches
a fixed site n. Depending on the regime, the number of observed steps of the random walk
can therefore be very different, it is typically O(n) in the ballistic regime and @M in the
recurrent regime. Our simulations also illustrate how the quality of estimation deteriorates
when going from nearly recurrent regime to nearly ballistic regime. Finally, we implement
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the Goldenshluger-Lepski algorithm and observe graphically how it performs according to
variations in regime or regularity.

The paper is organised as follows. Section gathers basic results on RWRE on Z and
on the likelihood. Section [2.3|presents the construction of basic estimators. Section [2.4]states
the main results : convergence rates for basic estimators and the estimator selected by the
Goldenshluger-Lepski method. Section [2.5] presents Monte Carlo experiment supporting our
theoretical claims. Proofs of the main results are gathered in Section [2.6]

2.2 Random walks in random environment (RWRE)

Let E = (0,1)” denote the set of environments, E is endowed with the o-field £ = B ((0,1))%%,
generated by the cylinders [ [, ., By where every By belongs to B((0,1)) and By # (0,1) only
for a finite number of k. Let (X;),.y denote the canonical process of the space 7"+ endowed
with the o-field generated by cylinders. For any w in E, the random walk in environment w
is the time-homogeneous Markov chain with transition probabilities given for all x and ¥ in
Z by

W ify=a+1
po(zy) =<1 —-w, ify=2-1
0 otherwise

That is to say, given the environment w, the random walk currently at point z in Z, will
make a one-unit step to the right with probability w, or to the left with probability 1 — w,.
Hereafter, the Markov chain is started from 0. The distribution P, of the random walk in
the environment w is called the quenched distribution.

All along the paper, the environment w = (w;)zcz is a sequence of i.i.d. random variables
with common distribution v. The enwvironment w is distributed according to PV = v®Z,
Averaging the quenched probability with respect to the environment distribution, we obtain
the annealed distribution P” on (2Z)®N defined by

PY(-) = /EPW(‘)IP’”(dw).

Expectation with respect to the annealed probability measure P¥ are denoted E”. The
random walk (X;),.y is a Markov chain only conditionally on the environment (i.e. with
respect to the quenched distribution P,,) but the Markov property fails under the annealed
probability measure P¥. The past history provides information on the environment and
can not be neglected. The random walk in i.i.d. random environment on Z is the random
sequence (X¢),cy considered under annealed distribution P”.

The asymptotic behaviour of the walk (X};);en depends on the distribution of the ratio

1—w0

2.9 - .
(2.2) £0 =

If E¥ [| log po|] is finite, [Sol75] proved the following classification:

(i) if E¥ [log po] # 0, then (X;)en is transient (P¥-a.s.).
Moreover if E¥ [log pg] < 0, then lim;_, - X; = +00, P”-a.s., the process (X;)en is
transient to the right,
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(ii) if E¥ [log po] = 0, then (X¢)sen is recurrent.
Moreover, limsup, ., ., X¢ = +00 and liminf; , o X; = —o0, P”-as. .

In the transient case, the random walk X; — 400, with asymptotic rates proved by [Sol75,
KKST75]. Let T, denote the first hitting time of n in N,

(2.3) T,=inf{t e N, X; =n}.
Assuming that that the RWRE is transient E¥[log pg] < 0, the following classification holds.

1. If E”[po] < 1, then P"-a.s.,
T, 1+Ep

_-
n 1=FE[po]
The RWRE is called ballistic.

2. If EY[po] > 1, then P"-a.s., T,,/n — +oo and the RWRE is called sub-ballistic.

The fluctuations of T,, may be characterized more precisely. Suppose that the distribution of
log pp is non arithmetic (that is the group generated by the support of log pg is dense in R)
and that there exists k in (0, 00) such that

(2.4) E'[pf] =1 and E” [pflog*(po)] < oo.

where log®(z) = log(z v 1). A simple convexity argument shows that if & exists then it is
unique. The value of k determines the asymptotic behaviour of (X;)ien. It follows from
[KKST75] that

1. if Kk < 1, Tn/nl/” and X;/t" converge in P”-distribution to a non trivial distribution,
2. if k=1, T,/(nlogn) and (logt/t)X; converge in P”-probability to positive constants,
3. if k > 1, T, /n and X/t converge in P”-probability to positive constants.

In cases (1) and (2), the random walk is sub-ballistic and in the last case, (X¢)en is ballistic,
both 7T;, and X; grow linearly asymptotically.

When the RWRE is recurrent, the fluctuations of (X;);en have been evaluated by [Sin82]:
suppose that E” [log pg] = 0, E¥ [log2 po] > 0 and that the support of pg is included in (0, 1),
then X;/(logt)? converges in P”-distribution to a non trivial limit (see also [Zeil2] for some
extensions under relaxed versions of this assumption).

Our results hold under the assumptions of [DL18], that is those of [KKS75|, in the tran-
sient case, and a slightly weaker version of those of [Sin82] in the recurrent case. Consider
the following assumptions:

H1.
EY [logpo] =0 and EY [log? py] >0
there exists a > 0, such that B [p§] + E” [py?] < oo

H2.

E¥ [log po] < 0
the distribution of log pg is non arithmetic
there ezists k € (0,00) such that B” [p§] =1 and E” [pflog™* (po)] < oo
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Under H (X¢)ten is recurrent. Under H (X¢)ten is transient to the right. In both
cases, the hitting time T, is almost surely finite for any n in N. Hereafter, the RWRE is
observed until it hits the state n. The observations are given by Xy, ..., X

Following [CFL™14], for any positive integer ¢y and y in Z, define by L(tg,y) and R(to,y)
the number of steps to the left and to the right until time ¢y and from site y

L{to,y) = Y LixXi=yXip1—y—1} -

0<t<to—1

R(to,y) = Z H{Xt:y,XtH:y-f'l}‘

0<t<to—1

The likelihood £, (Xo,..., X7, ) of the observations (where T, is defined in Equation (2.3)))
can be expressed as follows (see [CFLT14] for details)

1
/ T wET (1 - w,) 209 | P (dw) = [ /0 GRT) (1 q)HTed)(dg)

yeL YyEL

Now, since T, is the hitting time of the state n, for any y > n, L(T,,y) = 0, and

R(T, f 11 0
LTy +1) = B0 oraty < .
R(T,,y)—1, forallye[0,n—1]

Hence the likelihood may be written

1
L, (Xo,....X1,) =[] / a LTyt )+ 203 (1 — ) M)y (da) .
0

y<n—1

The collection (L(T},,y))y<n is a sufficient statistic that will be the building block of the
estimation method. An important result of [KKS75)], central in the analysis of the parametric
case derived in [CFL™14] is that, under the annealed distribution P, the process

(Z))osy<n = (L(Tn, n — y))o<y<n »

has the same distribution as (Z)o<y<n Where (Z,),en is a branching process with immigration
in random environment (BPIRE) defined for any y in N* by

Zy1
(2.5) Zy=0 and Z, =Y &,
=0

where (gy,i)(y {)EN* XN is a family of geometrically distributed independent random variables,
i.e. for any y in N*, any ¢ in N and any k£ in N,

P, (Ey,i =k)= Wy(l - wy)k .

Under the annealed law P”, [CFL ™14, Proposition 4.3] ensures that (Z;)en is an homoge-
neous Markov chain starting at 0 with transition kernel given for any ¢ and j in N

(2.6 w(id) = ("17)

7

1
/ a1 - a)lv(da).

0
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2.3 Estimator construction

Hereafter, the distribution v is assumed absolutely continuous with respect to the Lebesgue
measure and f denotes its density. Let 8 >0, L > 0 and m =sup{f € N: ¢ < 8}. The set
(B, L) is the set of m times differentiable functions ¢ : [0,1] — R, satisfying for any x and
2 in [0,1)?

27) 9 @) = g @) < Lfe - o

Equation ([2.6) suggests to use the moments of v to build estimators. Recovering a density
function from its moments is a classical instance of the Hausdorff moment problem (see
[Akh65]). For any j in N, let p;[v] denote the j-th moment of the distribution v,

1 1
iy = / tHu(dt) = / 7 f(t)dt.
0 0
The moment problem is said to have unique solution if for two distributions v and v/ over
(0,1), the equations p;[v] = p;[v'] for any positive integer j imply that v = /. A distribution
v satisfying this property is called moment determinate. v is moment determinate if it has a
continuous density; see [MR03, [Mna0§].
When v is moment determinate, the operator mapping the c.d.f. of v into (p;[v])
invertible. Given M in N, this inverse is approximated by

jen 18

[Mz|

(2. w0 = 33 () () 0.

k=0 j=k

[Mna08] showed that lims—e0 var([0,z]) = ([0, z]) at any single point z in (0, 1) where the
c.d.f. is continuous. If v has a density f, we consider then the following approximation,
defined for any x in [0, 1] by

(2.9) (@) = (M +1) (var ([0, 2]) — var ([0,2 = M7H])) .

[Mna08, Theorem 1] ensures that, when f is continuous, f™ converges uniformly to f.
Lemma shows moreover that, if f is in (8, L) with £ in (0, 2], then, for any z in [0, 1]

|f(x) = M (@)| < Cp M P2

In the following, we do not use the expression given in Equation (2.8 to construct our
estimator. For any a and b in R%, denote by m®® the following beta-moments

1
(2.10) m = £ [wgu - wo)b} - / w®(1 — u)? f(u)du.
0
Proposition 1. For any M in N and any x in [0, 1], following identities hold
1
0
M
2.12 = (M +1 [Mz],M~|Mz]
(2.12) r+ 1)y ) ,

where B is the beta-kernel defined in Equation (2.1)).
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For sake of completeness, the proof of Proposition (1| which follows essentially [Mna08§|,
Eq (12)] is given in Section When a and b are integers, m®® can be estimated as in
[DL18]. Using the convention 0/0 = 0, denote, for all ¢ and j in N

(i+jf(a+b)) n
(2.13) ¢¥0 (i, j) = (Z%?)]l{z}a,j}b} and Ny =) 1z o,
i k=1
=~ a 1 . a n n
(2.14) g = Na Z ¢ (ZE_1, Z)
" k=1

where (Z}!) is defined in Equation (2.5). Therefore, an estimator of f(x) might be obtained
by plugging an estimator of the beta moment in Equation (2.12)) for any « in [0, 1]

(2.15) () = (M + 1)<£5$J>m%MwJ7M—LMmJ'

2.4 Main results

Let us first derive convergence rates of the basic estimators ﬁZM for fixed values of the regu-
larization parameter M.

Theorem 2. Assume that the distribution v of the random environment has a density f
in B(B, L) for some B in (0,2] and L > 1. Let M > 1 and fM denote the estimator in

Equation (2.15)).
(i) Assume . For any M > 1, there exists a constant C,, such that

logn

(2.16) EY [ u <G, (LMB/2 +Mf> ,

=7

n

(ii) Assume H[3 For any M >1

\ffﬁ@MH ] <G, <LM—B/2+M1+H\/@> |
- n

where k is defined in H[2

(2.17) E” [

Theorem [2] provides the first rates of convergence for non-parametric density estimation
of the random environment of a RWRE. An important feature is that these rates are achieved
by the same estimator in the recurrent and transient regimes. On the other hand, the value
M,, optimizing these rates highly depends on both the regime of the walk and the regularity
B of f that are both unknown in practice.

Corollary 3. (i) Assume . Then, taking M, = {(\/ﬁ/ log(n))z/(ﬁ+2)J,

J=<a (103%1>>5/<ﬁ+z> |

(ii) Assume H@ Then, taking M, = {(n/ log(n))3+2(11+*”~)J,

1 2(5+2€1+ D)
] <c, ( og(n)) '
o

n

E”[

[ = 7t

E”[

= R
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In the following, we propose a method to obtain an estimator simultaneously adaptive
to the regime (recurrence / transience) and the regularity of the density of the random
environment. We apply the Goldenschluger-Lepski strategy of |[GLO8] to obtain a data-
driven choice of ]\/Zn In the proof of Theorem [2, we build confidence regions for f. More
precisely, Corollary [10] shows the existence of an event 2y defined by

M+1 /n
LO < W\/Q(log(2n3) —i—logn)} )

(2.18) Qo = nﬁl {HfM _ M
M=1

with probability larger than 1 — n=2 on which for all M in {1,...,n — 1},

M+1
) <BUILM P2+ L Biogn.
. NM

n

(2.19) | =7

Define, for any M in {1,...,n — 1},

M+1
B(M)=31LM~ P2 V(M) = 1 SBnlogn,

N
CaM) = sup || F = B 2w 1))
M'e{l,..n—1} o0
Goldenshluger-Lepski’s choice of M is defined by
(2.20) M, € argmin {Cn(M)+ 2V, (M)} .

Me{1,...,n—1}

The estimator ]\/4\n satisfies the following lemma.

Lemma 4. On the event Qq, for any M in {1,...,n — 1}

I

< 5B(M) + 5V, (M) .

Using Lemma {4| together with Equation (2.19) yields the following Theorem.
Theorem 5. Let 3 in (0,2] and L > 1. Assume that f lies in (5, L).

(i) Assume Hil Then, there exists a constant C, such that

B/(6+2)
<C, <log(n)> ) 1 _Cylogn'

(2.21) p¥ (Hf e o =

(it) Assume H[J Then, there exists a constant C, such that

1 2(B+2/?1+ D)
] <C < og(ﬂ)) ‘
o0

n

E”[

M,
‘f_fnn

The estimator ﬁZM" achieves simultaneously in every regime the optimal rates detailed in
Corollary It is in this sense adaptive to the regime and the regularity of f. The rates
do not match those one could reach if the environment w is observed (as shown by [BK10]).
When the chain is recurrent, [DL18, Lemma 10] ensures that it visits typically more than
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n times almost all sites. Therefore, one can probably estimate the environment itself and
plug these estimators in any standard density estimator. This might improve the rates in the
recurrent regime but it would certainly provide a poor estimator in transient regimes. The
problem of recovering the distribution of the environment is in general harder if one observes
only one trajectory of the walk than if the environment is observed directly. It is not clear
whether a single estimator can recover minimax rates of the i.i.d. setting in the recurrent
regime and our rates in transient regimes.

The result holds in expectation in transient regimes and only with large probability in
the recurrent regime. The reason is that the term N cannot be handled in the same way in
transient regimes where the Markov chain (Zj) admits a unique invariant probability and in
recurrent regimes where it does not. However, a simple modification of these estimators can
be proved to have the same rates of convergence in expectation in both regimes as shown by
the following result.

Proposition 6. Let § in (0,2] and L > 1. Assume that f lies in 3(8,L). Let fn =
min(ﬁM" ,logn).

(i) Assume H[1l Then, there exists a constant C, such that

Jea (o

(it) Assume H[J Then, there exists a constant C, such that

I 2<B+2€1+ )
} <C, ( og(n)> _
[e’e] n

~ B/(6+2)
= [l )

o ls-7

The proof of Proposition [6]is given in Section [2.6.5

2.5 Simulation Study

In this section, we illustrate our theoretical results. We consider RWRE in different regimes
(recurrent, transient ballistic and sub-ballistic). We also investigate the impact of the regu-
larity of the density f. The number of steps of the random walk that are observed depends
on the regime. It follows from our discussion in Section that if the RWRE is transient
to the right (E”[log po] < 0 where pg is defined in Equation (2.2))) then either

1. T,/n — (1 4+ E¥[po])/(1 — E”[po]) P¥-a.s. in the ballistic regime E"[pp] < 1, in which
case the number of time steps grows linearly with n,

2. T,,/n — oo converges P¥-a.s. in the sub-ballistic regime E[pg] > 1, showing that
the number of time steps grows superlinearly with n. In the sub-ballistic case, the
fluctuations of T,, are controlled by the parameter x defined in Equation ((2.4)).

We compare the behaviour of our estimators built with different values of the parameter
M in three sub-ballistic regimes, with different x. The estimator based on Goldenshluger-
Lepski choice of M, analysed in Theorem [5] is also implemented.

41



2.5.1 Influence of the regularity

In this section, we consider 3 different distributions for the environment.

e The first example is the Beta distribution B(3,3) whose density B? is defined in

Equation (2.1)).
e The second example is the distribution with density

2z — 0.6 14 2 — 1.2
x4 (1 - |015|> 1(0.225,0.325] (%) + 3 <1 - |03|> 1(0.45,0.75] () -

e The last example is the distribution with density

z + 0.6B>°(22) g 0.5 () + 1.4B*? (22 — 1)Lg5.1)(2) -

These densities are plotted in black in Figure In the first example, the chain is recurrent,
in the second and the third, it is sub-ballistic with respective values of x 0.17 and 0.57.

For each distribution of the environment, 100 trajectories of the RWRE have been simu-
lated until the chain reaches 100.

In each case, our (piecewise constant) estimator an , defined in Equation 1) built for
M in {25,50,75} is compared with the actual density f. More precisely, Figure shows for
each considered environment and for M in {25,50,75} a graphic representation of the true
density (solid black line) and in each point z in (0,1) the median of the estimator fM ()
(dash-dotted blue line), its interquartile range (greyed area) and its lower and upper hinges
(dotted blue line).

According to our theoretical bounds, the estimator an performs better when the true
density is regular as in Examples 1 and 3 than in the non regular Example 2. The estimator
ﬁlM , based on a polynomial approximation, cannot properly approximate the two triangles
shaped density of Example 2. More precisely, the regularization parameter M should probably
be much larger for the bias of the estimator to be small.

2.5.2 Influence of the regime

Consider trajectories from RWRE that all are transient to the right and sub-ballistic. The
environment is drawn from the distribution with density

(2.22) z > 0.8B>3(0.5 + 2(x — ¢1)) + 1.2B**(0.5 + 2(z — ¢2)),

and for three sets of the parameters ¢; and co such that the parameter x associated to the sub-
ballistic RWRE takes values near the extreme values of this regime. In the following table, the
chosen sets of parameters are provided with the corresponding (numerically approximated)
values of k.

K [ 0.04 ] 0.35 1
c1 | 0271 03 | 0.38
c | 0.67 | 0.7 | 0.7

For each set of parameters for the environment distribution, 100 trajectories until the
RWRE reaches n = 100 have been generated.
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Recurrent and M = 25

densite

Transient (Kappa = 0.17) and M = 25

densite

densite

Transient (Kappa = 0.57) and M = 25

000 025 050
Evaluation point

Recurrent and M = 50

densite

100 000 025 050 075
Evaluation point

Transient (Kappa = 0.17) and M = 50

densite

densite

000 025 050 075 100
Evaluation point

Transient (Kappa = 0.57) and M = 50

000 025 050
Evaluation point

Recurrent and M = 75

densite

100 000 025 050 075
Evaluation point

Transient (Kappa = 0.17) and M = 75

densite

Evaluation point

Transient (Kappa = 0.57) and M = 75

Evaluation point

Figure 2.1:

100 000 025 050 075
Evaluation point

Evaluation point

True density (solid black line) and in each point z in (0, 1) the median (dash-

dotted black line), the interquartile range (greyed area) and the lower and upper hinges
(dotted black line) of the estimator f{{, for the three considered environment (one environ-
ment per column) and for M in {25,50,75}.
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Kappa = 0.04 and M = 25 Kappa = 0.35 and M = 25 Kappa=1and M =25

densite
densite

050 075 0 0 025 050 075 0 0 025 050
Evaluation point Evaluation point Evaluation point

Kappa = 0.04 and M = 50 Kappa = 0.35 and M = 50 Kappa =1 and M = 50

densite

densite
densite

050 075 0 0 025 050 075 0 0 025 050
Evaluation point Evaluation point Evaluation point

Kappa = 0.04 and M = 75 Kappa = 0.35 and M = 75 Kappa=1and M =75

densite

densite
densite

050 075 0 0 025 0 0 025 050
Evaluation point Evaluation point Evaluation point

Figure 2.2: True density (solid black line) and in each point x in (0,1) the median (dash-
dotted black line), the interquartile range (greyed area) and the lower and upper hinges
(dotted black line) of the estimator f{{, for three different values of parameter M (25, 50
and 75) and of x (0.04, 0.35 and 1).

Figure illustrates the variability of the estimator f\lj\(/)[O' For the densities defined in
Equation with x in {0.04,0.35,1}, we plot the true density of the environment as well
as the interquartile range and lower and upper hinges of ff‘go computed over the 100 trajec-
tories and for M in {25, 50, 75}.

As expected from our theoretical results, the variability of the estimator deteriorates with
k. When k£ = 0.04 or x = 0.35, the estimator shows better bias and worse variability when
M grows. The situation in the nearly ballistic case (k = 1) is different : the walk reaches
faster n = 100 and the trajectory is thus shorter, one single trajectory reaching n = 100 does
not seem sufficient to obtain a reliable estimator of f.
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Recurrent Transient (Kappa = 0.17) Transient (Kappa = 0.57)

Density value
Density value
Density value

((((( 0 0.00
Evaluation point Evaluation point Evaluation point

Kappa = 0.04 Kappa = 0.35 Kappa =1

Density value
Density value
Density value

050 075 100 000 025 050 075 100 000 025 050
Evaluation point Evaluation point Evaluation point

Figure 2.3: True density (solid black line) and in each point x in (0,1) the median (dash-
dotted black line), the interquartile range (greyed area) and the lower and upper hinges
(dotted black line) of the estimator f, M for the three environment considered in (ﬁrst
row) and for the three environment with different x considered 1nm (second row) where Mn
was selected by Goldenshluger-Lepski algorithm with V,,(M) = (M + 1)/NM /0.01 nlogn.

2.5.3 Goldenshluger-Lepski estimator

We considered here the distributions of Subsections 2.5.1] and 2.5.2] and used anew the set of
trajectories. =

Figureillustrates the statistical performance of the estimator ]/‘ZV[” obtained by Goldenshluger-
Lepski under different regularity and regime settings. For the densities defined in Subsection
and those defined in Equation , we plot the true density of the environment as
well as the interquartile range and lower and upper hinges of ﬂ\/[\" computed over the 100
trajectories.

For each trajectory, we first computed the estimator f for M ranging from 1 to 100,
then selected M among those M through the Goldenshluger Lepski algorithm as defined in
Equation (2 and finally built the estimator fn . T he actual choice of V(M) provided in
the theoretlcal analysis yields very conservative choice of M In the simulations, we perform

the Goldenschluger-Lepski step with

V(M) = (M +1)/0.01 nlogn/NM .

As expected, approximation of the true density and variability of the estimator deteri-
orates when regularity decreases or when the walk goes faster to n = 100. Nevertheless,
graphical comparison of Figure and Figure shows that the estimator ﬁlM” has smaller
bias and variability than the estimator ﬁz\/[ where M was chosen arbitrarily. Data-driven
choice of the value of M thus performs the expected trade-off between bias and variance.
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2.6 Proof

2.6.1 Proof of Proposition
By definition, for any M in N* and z in [0, 1],

pe=orsn S (1)) v

= ey N
M—|Mz] .
_ M Jj+ [Mzx] i 5
= (M +1) ; <j+LMa:j)< M| )(—1) v | Mz) V]
M—|Mz]|

M! —1)7
= (M + 1)W Z; I L(Mw>J — it V]

M—|Mz|

M+1)! L e M — | Mz])! Ml
:LMxJ!((M—)LMxJ)!/o DD (M(—LML:UJ —J;m(—ﬂ”M el s (@at.

J=0

Thanks to binomial identity, we know that

M—|Mz]|
(M — [Mz])! i M—|Mz|—j _ (1 _ p\M—|Mz]
D T At A
and so
1 M—|Mz| B . . .
j=0

= /OltLMﬂcJ (1 — )M-M=2] gg)ae
We thus finally found following expressions for f¥
i) = [ A0 )
_ (M + 1)<Mffﬂ>mLMzJ,M—LMxJ _

2.6.2 Bounding f¥ and f™ in sup-norm

Proposition 7. For any M in N and any n in N

(2.23) 1AM, <M+1 and ||fM

<SM+1.

o0

Proof. For any (c,d) in N? and any (4, j) in N? such that i > ¢ and j > d, we have

(H;;) :§<c:d><i+i:z—d> N (c—lc—d><i—ci—i_—]c‘—d>’
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so that for any (4, j) in N2, we have
. c+d\ !
(2.24) Peali:j) < | Lixc.
Plugging this in Equation |D and by definition of NT%MM in Equation 1D we thus find

LB\ M\
~ (M,z) -
(2.25) 0 < MM < LM:vJZ<LMxJ> Lezp I/ij}<<LMxJ> .
Nn k=1

Combining definition of K” in Equation (2.6)) and ¢“¢ in Equation (2.13), we have the identity
—+00

Zy 1} = ZCbc’d (Zk_1,3) K" (Zi-1,7)

1+00 A
— g g / (Zk 1 +J (c+ d)>azgl+1(1 —aYu(da).

—C

(226) B ¢ (20, 2})

By definition of the negative binomial distribution with probability of success 1 — a and
number of trials Z' | —c+1,

+oo n _ . . '
a(l— a)dz <Zk_1 , c+‘7>azk1_c+1(1 —a) = a‘(1—a)?.

j=0 J

Plugging this result in Equation (2.26) gives, by definition of m©? in Equation (2.10),

1
v [<Z5C’d (211, 27) ngl} :/0 a’(1—a)w(da) Tygn sep=m Tygn o

Hence, Equation (2.24)) implies

NLMzly M) M~ Ma] _ ZEV [@Mx LML (70, 23
k=1

n M —1 M —1
< 1 NMz]
é (LMwJ) M} = <LM:6J> "

Zj 1} Lizp  >|Ma)}

Thus

(2.27) M AT a) (L Af‘fﬂ)_l.

By definition of fM and ]‘";LM in Equations (2.12]) and (2.15)), this yields

(2.28) [/ ]|, <M+1 and | <M+1.

M
fa

‘ oo
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2.6.3 Proof of Theorem [2|

By the triangular inequality

(2:29) |- 7

< = L+ | - 7

‘ o0

The first term in the right-hand side is deterministic and called the bias, the second is stochas-
tic and called the variance. Lemma [8| provides an upper bound for the bias. Random bounds
on the variance, valid in any regime, are provided in Lemma [0} Lemma [IT] uses these random
bounds to derive deterministic bounds on the variance that, once plugged in Equation
together with the result of Lemma [§] allow to conclude the proof of Equation and
Equation . The choice of M,, optimizing the bounds is then immediate.

Lemma 8. Let 8 in (0,2] and L > 1. Assume that f belongs to X(8,L). Then
(2.30) |f = FM]|, <31LM P2

Proof. Let z in [0,1] and let B,z be a beta distributed random variable with parameters
|Mz] +1and M — | Mxz| + 1 on a probability space (2,4, P). By Equation (2.11))

1
F1@) = 1) = [ BN g — (@) = B [f(Bars) - F(o)]
Consider first the case 0 < 8 < 1. Since f is (8, L)-Holder, by Jensen’s inequality,
(@) = @) E[|f(Boray) — F@)]] < LE||Bass — o] < LE[|Basy — )’
For any n > 0, it holds

(2.31) E[|Baey —2|]] <n+E [\B<M7x> — x| l{yB(M,z)—r|>n}] '

By Cauchy-Schwarz inequality

(232)  E|[Bara — | |5, —afon}] < \/E (B —2)°| P(|Baray =] > ).

by Markov inequality

E [(B(M@) - w)z}
7?2 ’

(2.33) P (‘B(M,x) — l" > 17) =P ((B(MJ) - :B)2 > ?72> <

and by a bias-variance decomposition

(2.34) E|(Bara) —)°] < Var (Basa) + (E [Burw] —2)° |
so that
Var (Bsa) + (E [Basw) — )
(2.35) E [‘B(M’x) ~ ] ﬂ{|B<M,z>—x!>"}} S n '
One has
Mz +1 _ ([Mz|4+1)(M — [Mz]| +1)
BlBon] =35 and Var(Barw) = =5 0007 + 9)
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Therefore,

1
and Var (B(M,a;)) < m .

(2.36) “E [B(vav)] - x‘ < M +2

Plugging Equation (2.36) in Equation ([2.35)) yields

EUB —x‘ﬂ }<l L_Fi L<1177
(M) {IBarwy=el>n}] =y \anr " M2 ) a2 < paM
Plugging this bound in Equation (2.31]) and optimizing in n > 0 yields
| M () = fla)] < 17PPLMP2.

Consider then the case 1 < § < 2. Since f is differentiable, by the mean-value theorem,
there exists a random variable B(, ;) such that

‘E(M,x) - x‘ < |Bagy — x| and  f(Burg) — f(@) = ' (Bw)) Bz — ) -

Therefore

M @) = f@)] = [E [/ @) Bara = 2) + (FBiarm) = @) B - 2)]|
< |f'@)][E [Bosg) — 2| +E [ F'(Bauay) = f/(x)’ | B(asy — 96\] -

Since f is (8, L)-Hoélder, by Equation (12.36]), one gets

2
@) = F@| < [1F oo 77 + 2B || Buaswy — 2] -
Furthermore,
E|[Buss — 2’| <E[|Bora — E [Baraw) +E [Basw)] - o]
<27 (E || B — E B |”] + [E [Buasw] —2”) -
By Equation
E||Buss - 2’| <277 (Var (Bugw)™* + [E [Basw] - o)

51 98/2 2B 48
<P <
MB/2  MPB MB/2

By [Tsy09, Theorem 1.1]
3 L4f+1

Va—+/13 B+1

7], < <7aL,

It thus finally holds
| M (x) - fa)] <31LM P2,
As this result holds for all z in [0, 1], the proof is complete. O

Let us now turn to the random part of the risk. We start with a random upper bound.
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Lemma 9. Assuming H[Z or , then, for any z > 0,
~ M+1 [n(z+logM)
pY H M M
( N N T >
Proof. By definition, one has

(@) — PM(z) = (M + 1)< M ) (m\_Ma:j,M—LMxJ _m}lMxJ,MfLMxJ> 7

[ M)
and by |[DL18| Theorem 4], for any z > 0,

> Mo Z ) <26

NMEL\ [Ma] o2n | ’

n z

<2e” 7.

pY (’mLMxJ,MLMxJ _ ﬁlTLleJ,MfLMzJ

so that

<2e 7.

P (]f%) —RY@) > () o <

Since NTEMM > Né\/f , we have a fortiori

p¥ (‘fM(:v) . ﬁM(x)( > (M + 1)]&\4\/;) <2677,

As already stressed deterministic function fM as well as random function ﬁZM are stepwise
constant (whatever n is) and intervals on which they are constant are the same (namely
intervals [ﬁ k—]\t[l) for integers 0 < k < M —1). Therefore, the function fM — fM is stepwise

M
constant and, for any integer 0 < k < M — 1 and any z in [ﬁ k—ﬁl)

A
{‘fM(x)—ﬁlM(x)b(MJrl)]\Zzy\/Z}

L )fM(w)—ﬁM(x)‘>(M+1)]\Z4\/Z ,
xéﬁ,%ﬁ n

and hence

Since we have

el 557
M-1 n >
- sup | V(@) = £ @) > (M + Dy 55 ¢
k=0 | @€l3r57) n
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a union bound enables then to conclude the proof

e (|- ] 02

M—1
< Z PY sup
k=0 z€[57.5)

@) - B> 01+ 1) 2 ) < M2

by replacing here z by z + log(M). O

Corollary 10. For’ any integer n = 2 and any M in {1,. — 1}, on the event Qq defined
i Equation (2 , it holds

M
(2.37) Hf _ <simhry ML e
oo NM
Proof. For any real positive z and any M in {1,...,n — 1}, since log M < logn, we have
y M v M+1 [n(z+logn)
=2 >

(-

Therefore, using a union bound and Lemma [9] yields

‘ - M+1 [n(z+logM)
NM 2 '

P” (Q) =1 - P” (Q)

1P (MU{H

>1_’§Pv<;\fM—an

M=1

> ]\fV:Ml\/ (log(2n?) —i—logn)})

‘ ]\f\f:]\;l \/2 (log(2n3) + log M)>

1
1—Z2e—log(2" =1-2n—1)55> >1—-n"2.

Plugging Lemma [§ in Equation (2.29), we get, on g, for any n > 2 and 1 < M < n — 1,

M+1

o

) <31ILM—P/? 4 HfM - anH <3ILM P2 4 \/ (log(213) + log n)
(o0} oo

M+1 | M
< 31LMP2 4 N% gnlogn < 31LM P2 4 N+ V3nlogn.
n n

O
The following lemma provides deterministic rates of convergence that derive from Lemmal[d]

Lemma 11. Under H@ X is transient and

u[ OJ < O, MR /10%_
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Under X is recurrent and
logn

E”[ T

£ = e

) <cu

Proof. Fix some M > 1.
If the chain is transient, [DL18, Lemmas 8 and 9] ensures there exist positive constants C1 ,
and C, such that for any z > 0

v N’r]zw z —z C’21/
P —II([M,+00))| = Ciy/— | <2e and TII([M,+o00)) > M’
n

n K

Let v = C3,/(2C1 ). If the chain is transient, it follows that, for any z > 0,

NM 1 1 [z
PY no> — — — /= >1-—2e%.
< n 02"/ <M“ 2y n)) ©

Therefore,

NM s 1 x
(2.38) PY (” > & > >1— 20 /M”
Remark that

n 2M*" M M M+1 [n(z+logM)
< — <
{N,{V = Cg,y}ﬂ{Hf In Lo\ NM 2

< {l-w

1
| <@rp V2 e+ OgM}.

CQ’V n

+§
Rn(M,z):&M(H-R) w}(M—{—l)“‘H V2 z—i—]ogM.
C2,U n 02,1/ n

Using a union bound with Equation lb and Lemma @ we get for any z in (0,72n/M 2“]
pY (H ™ ]?nM
By Proposition |7, both f™ and ﬁlM are uniformly upper-bounded by M + 1. It follows that

the result of Lemma [11|is trivial if M > (y2n/ logn)'/?~.
Assume therefore that M < (y2n/logn)'/?* and apply the previous inequality with z = log n.

Denote by s
2ft3 21
R(M,n) = 2 M0+0), [ 22981 5 B (M logn).
Ca, n

Let

‘ < Ro(M, z)) >1-2e% —2e PMT 51 _get,
o

This yields

v M M v M M N
B [ = 2] <® - B o)
v M M N
B (|| = Y| v g emiain)
A(M +1)

< =+ R(M,n) < (14 4C,) R (M,n).
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The last inequality holds since

2M M+1
> Z .
027;/\/5 027,/77/

R'(M,n)
This concludes the proof in the transient case.

Assume now that the chain is recurrent, then [DL18| Lemma 10] states that there exists
C, such that

logn
vn

Combining Equation (2.39) with that of Lemma |§| implies that, for any M in {1,...,n}

(2.39) P (Nr<t) <o

pY (HfM _ an

2 log M 1
‘ > (M +1) m0g)><267«’+0’/0gn

fa!

Choosing z = logn and noticing that HfMHOO \% ‘ ‘ < M + 1 concludes the proof. O

Conclusion of the proof of Theorem Plugging the conclusions of Lemmas [8] and
in Equation (2.29) yields:

1. if X is transient,

_ 1
E [ ’f—f%‘ } <3ILM P2 4 ¢, M+ 280
[e’) n
2. if X is recurrent,
-~ logn
EVH _ M’ }<31LM—5/2 c,M22"
=R +oME

The proof of Theorem [2]is complete.
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2.6.4 Proof of Theorem [5l
2.6.4.1 Proof of Lemma [l

For any bounded functions f and g, denote d(f,g) = || f — g||..- By repeated applications of

the triangular inequality, one obtains, for any integer n > 2 and for any M in {1,...,n—1},
on £,
d(f. Fa™) < d(f. F3) + (R F M) d (vt fa)
< B(M) + Vi, (M) + C, (M) + 2V, (M,) + Cp(M,,) + 2V, (M)
< B(M) + Vi (M) + Crp(M) 4 2V, (M) + Cp (M) + 2V, (M)
< B(M) + 5V (M) 4+ 2C, (M) .
Now, for any M in {1,...,n — 1}, B being non increasing and V,, non decreasing, on

Cu(M) <0V sup {d(f, J21) +d(f. Fi") = 2V (0r') }

M'>M

<0V sup {B(M)+ B(M')+ V(M) —V,(M')} <2B(M).
M'>M

2.6.4.2 Conclusion of the proof

As B(M) and V(M) are respectively non-increasing and non-decreasing and both non-
negative, Lemma [] applies and one has therefore, on

M
<5 inf {31LM5/2 N+ ,/3nlogn}.
[o¢]

Me{1,...,n—1} n

I

Let Mpax < (’yzn/(?) log n))l/z'{. A union bound in Equation (2.38]) gives that, if X is
transient

NM CQV ]. Mumax _ A2 /MQH —31
v(ngMmaX,:> 5 MH>>1_21\/[Z—16 v?n > 1 — Mpaxe 21087,

Therefore, on an event with probability larger than 1— (Mpax+1)e™3 logn_ =2 > 1_9p—2

< inf {31LM—/3/2 O, ML bg"}
0o Me{l,...,Mmax} n

B/(4+4k+203)
(2.40) <0, <1°i”> .

I

The proof is concluded in the transient case since the fact that My,.x < n—1 and Propositionm
ensure that ’ n <n+1. Since NM > NP for any M in {1,...,n — 1}, in the recurrent

o
case, one has therefore, by Equation (2.39), on an event with probability larger than 1 —
Cylogn/v/n

]
< inf {31LM5/2 +CO,M Og"}
00 Me{l,...,n—1} \/ﬁ

<o (Losn

n

I
>ﬁ/(25+4)
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2.6.5 Proof of Proposition [6]

First, as f is a density function on [0, 1] in (3, L), there exists a constant Cg 1, such that
| flloo < Cp,1,. Assuming now by Theorem |5, on the event

B/(5+2)
<c, log(n) ’
o0 Vn

Q:{W_hn
it follows that AA
12" oo < o, + (2/€)C, .
Therefore, for any n > ng = ¢“s.L1(2/e)Cv
fo=F2
As ﬁl < logn, for any n > ng, it follows that
|=® -7
oo
ew [l

log(n)?/(#+? logn
<C, ( f};) + (Cp.p, +log n)c,,%
log(n)
<C
(5
The result holds for any n > ng, therefore for any n provided that we enlarge the constant

CY, if necessary.
Assume now HPl Let

’f_ﬁz Oolszc}

L]+ (Cpz +logm)P” (@)

19} + EY [

E”[

£ -7

>B/(ﬁ+2)

o - { |r-2m] <e <1°g”>6/(4+4ﬁ+2m } .
On (V, Hﬁlﬁnﬂm < O, + Cy. In particular, for any n > ny = eCB.L+Cv
Ju= P
As ﬁl < logn, for any n > nq, it follows that
o[- 7] [fr- 2] o] o2 [~ ] ]
< E” [ ‘f ~ it . 19'} + (Cp,z +logn)P” (()°)

B/(4+4r+25)
<0, (loin) + (Ca,1, +logn)P” (()°) .

By Equation (2.40)), P¥ ((€)¢) < 2n~2, hence, there exists C/, such that, for any n > ny,

logn

E”[

B/(4+4K+2p)
)

EARETT
o
The result holds for any n provided that we enlarge the constant C!, if necessary.
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Chapter 3

First return time of a branching
process in random environment

The notion of branching processes appeared for the first time in 1875, when Galton and
Watson investigate statistically the extinction of family names in their seminal paper [GWT5].
Since family names pass from father to son, they study the evolution of male population along
time. To modelize this problem, Galton and Watson assume that individuals of a generation
n give birth to a random number of individuals at the generation n 4+ 1 independently from
each other and according to the same probability distribution. Denoting Z,, the number of
individuals in the population at generation n, the Galton-Watson process (Z,, )nen is defined,
for every n in N, by

Zn
Zo=1 and g1 = an,ka
k=1

where &, j, denotes the number of descendants that the individual k of generation n will have
at generation n+ 1. In this model, for any n in N, the variables (&, 1 )ken are iid. . If Z, =0
for some n in N, then at any generation & > n, Zp = 0 so that the family name disappears.
Looking for the smallest n in N when Z,, = 0 is thus of main interest.

Despite Galton-Watson model reveals useful to model various problems, assuming that
offspring distribution is the same at each generation doesn’t reflect possible non-homogeneity
along time. To model heterogeneity, we consider a more general branching process (Z,)nen
defined, for every n in N, by

Zn
Zo=1 and  Znpj =Y buk,
k=1

where (k) (n,k)enxn- are still independent but where, for each n in N, the random variables
(&n.k)ken+ are distributed according to some probability 1, on N (depending on n). The first
time n such that Z,, = 0, called extinction time, is still of central interest.

As expected, this model introduces heterogeneity through generations. To model some
similarity within heterogeneity, we assume some statistical regularity between the generations.
To do this, we consider that the offspring distributions (i, )nen are realizations of independent
and identically distributed random variables. This leads to a model named branching process
in random environment.
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Definition 12. Consider a sequence of random wvariables (p;)ien defined on (Q,P) taking
values in the space of probability distributions on N that are independent and identically
distributed. The sequence of random wvariables (Z;)ien s a branching process in random
environment if

Zt
(3.1) Zo=1 and  Zy=) &,
j=1

where the (f’i»j)(ij)eNxN are independent random variables conditionally to the o-field gener-
ated by ()ien and such that for any i, j and n in N

P (&5 = nl (m)ien) = pi(n) .

An other possible modification of the Galton-Watson process is to take into account the
arrival in the population of individuals from outside. A common way to do this is to add
immigration to the branching process. We make here the assumption that at generation
n, an additional individual gives birth to a random number of individuals independently of
and with the same offspring distribution as the Z,,_1 individuals of the generation n — 1.
This additional feature is formalized in the model of branching process with immigration in
random environment.

Definition 13. Consider a sequence of random wvariables (p;)ien defined on (Q,P) taking
values in the space of probability distributions on N that are independent and identically
distributed. The sequence of random wvariables (Zi)ien s a branching process in random
environment if

Z
(3.2) Zyp=1 and Ziyr = th,j;
i=0

where the (&-,j)(ij
ated by ()ien and such that for any i, j and n in N

P (&5 = nl(m)ien) = pi(n) .

The distribution of (Yi)keny under P is denoted PV.

JeNxN 07€ independent random variables conditionally to the o-field gener-

At every time t such that Z; = 0, the branching starts anew. This explains why the
process {Z; = 0} are of particular interest. The smallest time ¢ in N* such that Z; = 0 is
called the return time to origin. The purpose of this chapter is to study this random time
T =inf{t e N*: Z, = 0}.

Studying the long-term behaviour of the random walk in i.i.d. random environment on Z
(abbreviated RWRE), [KKST5] established an important parallel between left jump process
of the RWRE and BPIRE. Assume we observe the trajectory of the RWRE starting from 0
with environment distribution v until it reaches for the first time the integer site n. Denote
by L} the number of steps from k to k£ + 1 made by the walk along the trajectory for any
integer 0 < k < n. Then, the sequence L, L"_,,..., L}, Ly has the same distribution as
the first (n + 1) generations of a BPIRE starting from 0 and with geometrically distributed
offsprings whose parameters are i.i.d. with law v (denoted "BPIREG(v,0)”).
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In [KKST75|, the control of the return time to origin 7" of the BPIREG(v,0) is central.
[KKST75, Lemma 1] states that, if the RWRE with environment distribution v is transient to
the right and if v meets some technical assumptions, then, there exists positive constants K7
and K» such that, for any positive ¢

(3.3) PY (T > t) < Kje K2t

The control of the tail distribution of BPIREG(r,0) given by [KKST75] is valid for fixed
environment distribution v and it is not specified how constant K7 and K5 depend on this dis-
tribution. This information is necessary in some applications. For example, in the Bayesian
approach of Chapter [5, we need a control of constants K7 and K5 uniform over a class of
distributions.

The problem of direct estimation of the environment distribution for RWRE has been
addressed in [CFL"14]. When the regime is transient, BPIREG(r,0) is a positive recur-
rent Markov chain with transition kernel given in [CFL'14, Proposition 4.3]. In particular,
BPIREG(v,0) admits a unique invariant probability distribution |CFL™ 14, Proposition 4.5].
A sufficient condition for geometrical ergodicity of this chain is the existence of a set whose
first return time admits a finite exponential moment. It is possible to obtain exponential con-
centration inequality for geometrically ergodic Markov chains. To make these concentration
inequalities uniform over classes of the BPIREG(v,0) with various environment distributions,
we need that the first return time to 0 admits uniform exponential moment. To this end,
we state and prove in this chapter a uniform version of the exponential control on the tail
distribution of the return time to 0 of BPIREG(r,0) initially obtained by [KKS75].

Section is organized as follows. First, we set our framework defining assumptions as
well as the particular BPIRE we look at. Then we state our main result : a uniform version
of the exponential control on the tail distribution of the return time to 0 of BPIREG(r,0)
given by Inequality ([3.3). Finally, we give an application of our main result showing the
existence of exponential moment for the return time to 0 of BPIREG(»,0).

Section is organized as follows. First we break the proof of our main result into two
Theorems. Then, we give a sketch and a detailed version of their proof. Finally, we show
how to combine them to prove our main result.

3.1 Setting and main result

3.1.1 Assumptions

In remaining of this chapter, we fix v a probability on [0, 1]. We consider a sequence (wy)zez
of i.i.d. random variables with common distribution v. The random variable w = (wy)zez is
thus distributed as P = v®%. We define the sequence of random variables (p;)icz by

1—wi

(3.4) pi =

Wi
We denote

(3.5) cy = — /0 Nog (1tt> V(dt) = —E [log(po)] .

Furthermore, we assume that v satisfies the following assumptions
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F1. There exists co in R such that ¢, > co.
F2. There exists a in (0,1/2) such that supp(v) C [a,1 — a].

The assumptions F under which our main result is valid have to be discussed under the
scope of random walk on Z in i.i.d. random environment with common distribution v. In
this framework, they indeed find a natural interpretation.

According to [Sol75], Assumption F is the necessary and sufficient condition for the
RWRE with environment distribution v to be transient to the left and thus concerns rather
the long-time behaviour of the chain.

Assumption F2 called ellipticity condition ensures that the value of the environment can
not be too close to 0 or 1 with large probability. It is a technical condition commonly consid-
ered in the results on the RWRE. It prevents that the walk get trapped between two integers
and thus concerns the local behaviour of the chain.

3.1.2 The case of RWRE

A general definition of the branching processes with or without immigration was respectively
given in Definitions [13] and We particularize here this definition to the specific BPIRE
naturally present in the study of the RWRE.

Consider a sequence of i.i.d. random variables (w,)yez with common probability distri-
bution v defined on a probability space (€2, 4, P) and taking values in [0,1]. The random
variable w = (wy)zez called environment is distributed as P¥ = v®Z and takes value in
the set of environments E = [0, 1]Z equipped with the o-field generated by the cylinders
& = 2(0,1)%7.

A BPIREG(v,0) is a sequence of random variables (Z,), .y defined on 2 by

Zy
(3.6) Zo=0 and Wy eEN, Zy =Y &,
1=0

where the (§y,i)(y fenz are independent conditionally to the o-field generated by w and such
that, for all y, < and k in N

P(&y = klw) =wy (1 — wy)k .
The distribution of (Z), . under P is denoted P”.

Given w, the sequence (Zy)yEN is a Galton-Watson branching process with immigration.
It is thus an inhomogeneous Markov chain starting at 0 whose transition kernels (K, k),
are defined, for any k, ¢ and j in N and any w in E, by

. t+7\ ; ;

(3.7 Koslivd) = (7)1 -y

In the rest of the chapter, we denote P,, = P(-|w) the probability distribution condition-
ally on w named quenched distribution and denote P” the probability distribution of (Z,)yen
under P named annealed distribution.
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3.1.3 Main result

The goal of this chapter is to establish the following quantitative version of the control on
the tail distribution of the first return time to 0 uniform over a class of BPIREG(v,0).

Theorem 14. Assume that Hypotheses and F[g hold. Consider the 2 positive constants
Ki(co, ) and Ka(co, ) (depending only on ¢y and o) whose explicit expressions are given
respectively in Equations and . Let T be the first return time to {0} of the
BPIREG(v,0)

(3.8) T = min{t € N*/Z, = 0}.

Then, for anyt > 0
PV (T > t) < K (co, a)e” K2(co)t

Corollary 15. Consider a distribution v on [0, 1] such that fol log(34)v(dt) < —co < 0 and
such that supp(v) C [o, 1 — @] for some a in [0, 5]. Let T denote the first return time to {0}
of the BPIREG(v,0)

T =min{t € N*/Z, = 0}.

Then, the positive constants Ki(co, o) and Ka(co, o) defined in Equations (3.85) and (3.86))
are such that

Ko (cq,a)
EY [e 220 T:| §1+K1(00,0z)<+00.

3.2 Proofs

The proof of Theorem (14| involves two auxiliary objects, the (simple) random walk (S),)
and its successive downward ladder indices (IN,)

neN
These sequences of random variables

neN-
are defined, for any n in N, by
n ¢
(3.9) So=0 and S,y = ; (log(pi) + 5)
(3.10) No=0 and N,y =inf{n>N,: S, <Sn,},

where the p; are defined in Equation (3.4)).

The proof of Theorem can be decomposed in two main theorems, concerning 7' and
the Ny : Theorems [16] and

First, we concentrate on Theorem . Sections [3.2.7], 3.2.2] and [3.2.3] are respectively
dedicated to its statement, to a sketch of its proof and to its detailed proof.

Then, in Section we present a new interpretation of the BPIREG(v,0) necessary to
the exposition of Theorem

Then, we concentrate on Theorem . Sections [3.2.6], [3.2.6] and [3.2.7] are respectively
dedicated to its statement, to a sketch of its proof and to its detailed proof.

Finally, in Section [3.2.8 we show why Theorems [I6 and 22 yield Theorem
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3.2.1 Theorem [16]
Theorem [16| controls the tail distribution of Nj, under distribution P¥ = v®%,

Theorem 16. Assume that Hypotheses and F1g hold. Consider the positive constants
b(co, ) and Ks(co, ) depending only on ¢y and « defined by

€0

(3.11) b(co, ) = 2108 (2)

and

Cob(CQ, a) (1 e Cob(goya) > o Cob(goya)

(3.12) Kg(C(),Oé) = 16

Y

and some integer lo = lo(co, ) (also depending only on both ¢y and o) such that

cob(cq,a)
4log (1 _ o )

c b(co )
1 lo>2 — d kem s D < 2
(3.13) 0> cobeoa) an Z 2
k=lp—1
Then, for any k in N
(3.14) PY (N, > lo(co, a)EV[N1]k) < e Kslcoalk

3.2.2 Sketch of proof of Theorem

From the definition of (S, )nen and (Ni)gen in Equations (3.9) and (3.10)), it follows that the
couples (Nk — Np—1,Sn, — SNkfl)k;eN* are i.i.d. and distributed as (Np,S7) under P¥. And
since the following decomposition is valid for any k in N*

k
(3.15) Z (N; — Nj_1) ,

Ny is the telescopic sum of k i.i.d. random variables distributed as N7 under P”.
This suggests the following strategy for the proof:

(i) First, we study the distribution of N; and obtain a control on its tail.
Corollary 17. Under Assumptions and F[3, for all integer n
(3.16) PY(N, > n) < e~ 2500,
where b(cy, o) is defined in Equation (3.11)).

Proof. As {N1 > n} C {S,, > 0} for any positive integer n, we have
PY(N1 > n) <PY(S, >0).
For any positive real number 6, Markov inequality then ensures

(3.17) PY (S, > 0) = PY(e?" > 1) < E[e?9"],
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so that it follows from Equation

PY(Sy > 0) < (e5°E”[of])"
In particular, for any positive integer n
(3.18) P¥(N; > n) < (e%”GE”[pg])n

The proof is concluded by the application of following Lemma |18 used with 6 = b(co, «)
where b(cg, ) is defined in Equation (3.11]). O

Lemma |18 investigates the convergence and the rate of convergence of E” [pg]% when 6
goes to 0. A detailed proof is given in Sections [3.2.3.2] and [3.2.3.1]

Lemma 18. Consider that Assumptions F[1] and F[J are satisfied.
Then, the following inequality is satisfied for any 6 in R

1 1—
S 5 10g2 ( a) 97
2 «
where ¢, was defined in Equation (3.5)).
In particular, the following convergence holds

(3.19)

1
élogE” [pg} +c

(3.20) 1log E¥ {pg] — —Cy.

9 6 — ot
Remark 19. Corollary [I7 implies that Ny admits moments of any orders under P”

and that Laplace-transform \ — EY [e/\Nl] exists and is infinitely differentiable on the
interval (—cob(co, ) /4, cob(co, ) /4).

Then, we use the independence of the random variables distributed as N in decom-
position (3.15) to derive the control of the tails of the Ny. This final step proving
Theorem [16]is developed in Sections [3.2.3.4] and [3.2.3.5]

3.2.3 Detailed proof of Theorem

3.2.3.1 A preliminary result for the proof of Lemma

Lemma 20. Let us define for all 6 in Ry

(3.21)

1 1—t
G(0) = log(B” [pf]) = log < /0 e“og(t>u(dt)> .

Under F2, following properties hold:
(i) the application G : Ry — R is well defined.

(it) G is twice-differentiable over R% with first and second derivative given, for any 6 in

RY, by
(1) Pg
(3.22) G (0) =E" |log(po) ,
E” [pg)]
and
@) 9 of 41
(3:23) G (0) =E” |log”(po) —E” |log(po)
E” [pg)] E” [pf)]
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(iii) G2 is:

(a) positive, so G is convez,
(b) uniformly bounded over R by log? (=9).

Proof of Lemma[20, (i) Assumption F[2 ensures that, for any 6 in Ry

(i)

(324 <1fa)9 << (1;0‘)0 .

Hence, the function is well defined.

Since G = log(g) where g : 0 € Ry — EV[pf] € R* | G is twice-differentiable if and only
if g is twice-differentiable and in this case, it furthermore holds

g (0)9(0) — (¢ (9))°
g°(0)
Fix some d in R* and let f: (t,0) € [, 1 — o] x [0,d] — (%)0 = ¢”1°6(*%") | Then gis

the integral g : 0 € [0, d] — f;_a f(t,0)v(dt) and we want to prove that deriving twice
under integral is permitted.

(3.25) G =2 and G (9) =

Fix ¢t in [a, 1 — ], the first and second derivative of f according to # exist and, for all
6 in [0, d]

0 1-t)° 1- ok 1—t\? 1—
S <tt> log (tt) wd S5 (1.0) = <tt> log? <tt>

Since pf is PY-integrable for all § in [0,d] (thanks to Inequality (3.24))), the function
t— (%)9 is thus v-integrable over [a, 1 — «]. For fixed 6 in [0, d], for any ¢ in [o, 1 — @]
and for k in {1,2}

0 d
1—t 1—t 1- 1-
() e ()] < () e ()
t t Q «@
The first and second partial derivatives %(t, ) and %(t, ) are thus dominated by pos-
itive, measurable and v-integrable functions over [a, 1 — ] not depending on 6 in [0, d].

Hence, deriving twice under integral is permitted. The function g is twice differentiable
with first and second derivatives given, for all § in R* and k in {1,2}, by

(3.26) g™ () = /ala (lt_t>910g’“ <1t_t> = E” [pg 10g'“(po)] :

As the result holds for any d in R* , twice-differentiability and Identity hold over
R* (not only over [0, d]).

The function G is twice-differentiable over R* and by Identities , the first and
second derivatives of G' are defined, for any 6 in RY , by

_ E”[pflog(po)]

GO (o) o

(%
log<PO) VIO[O 9]] )

&=
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and

_ B [pflog?(po)| E” [ph] —E” [pf log(po)]*

G(Q)(g)
E” [pf]”
2 ol [ A4 1
=E" |log*(po) —E” |log(po) :
E” [pf] E” [pf]

(iii) From Equations and , it appears that the first and second derivative of G
are respectively the expectation and the variance of the real-valued random variable
log (1 —=Y)/Y) where Y is a random variable whose density with respect to the measure
v is the application defined by

te(0,1) (?)0 (/01 <1t_t>0V(dt)>_

For any probability distribution Q and any real-valued random variable W on (F,F)
with second moment, denoting Eg and Varg expectation and variance according to Q,
it is well known that for any a in R

(3.27) 0 < Varg (W) < Eq [(W —a)?] .

Interpreting G as a variance, we derive from inequality (3.27) applied with F' = Q,
Q= (p§/E [p}]) v, W = log(po) and a = 0
(a) For any 0 in R%, G®)(0) > 0 so G is convex.
(b) It holds
1-— 1-— 1-—
—log <aa> <log(po) < 10g< a) > log®(po) < 10g2< a> :

« (07

Hence, for any 6 in R

o'
O
3.2.3.2 Proof of Lemma [18|
The function G defined in Equation (3.21)) satisfies, for any 6 in R*
1 log(E”[pf]) —log(1) _ G(6) — G(0)
~ log(E*[pf]) = = -
5 L08(E”[po]) 7-0 7.0
Since G is differentiable and satisfies G(V(0) = —c, = E”[log (p})], the convergence of

% 1og(E”[pf]) towards —c, when 6 tends to 07 is granted.
Since G is twice differentiable, integral form of Taylor’s theorem yields, for any 6 in R,

G(6) = G(0) + 66N (0) + 67 / "1 e
0
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Since Lemma [20| ensures that G(?) is uniformly bounded by log? ((1 — @) /a) over R, we get
for any 6 in RY.

(3.28) ‘(W _ G<1>(0)' <0 (/01(1 _ t)dt) sup (€O(s)) < %logg (1 ;“) 0.

s€1[0,0]

Hence the error made approximating G(l)(O) = —¢, by % is explicitly controlled. We have

proved that for all # in R*
1—
< }logg ( a> 0.
2 «

In particular, §log(E”[p8]) converges to —c, when 6 tends to 0.

1
§sE ) +

3.2.3.3 Proof of Corollary

For any 0 in R” , we have the following series of equivalence

1 3 |
E'[pf) <ei! *log<E”[p8])S—*cu s

0 4 0
Thanks to Inequality (3.19)), we also have for any 6 in R

< 1log2 <1—a>
2 o

1
log (]E”[pg]) +c < 15

>

%mg (E”[pg]) te, < ‘;log (E”[pg]) +e

Hence, for any 6 in R*
c
Q< — ¥
" 2log” (459)
Defining b(cg, ) as in Equation (3.11]), since ¢, > ¢g, Inequality (3.18)) yields

_cobleg,a)
1 n

cy 0

alw

—  E’[pg) <e”

PY(N; > n) < e

3.2.3.4 An intermediate convexity result for the proof of Theorem
Proposition 21. Define, for any integer | > 2, the function f; by

(3.29) fi: A eR log (IE” [eMNl*E”[NlDD ~ A= DE’[N].

The function f; is well defined, it is convex on the interval (—cob(co, ) /4, cob(co, ) /4) and,
if 1 = lo(co, ) where lo(co, o) is defined in Equation (3.13)), then

(3.30) flo(co,a) ( ] < 5 (1 e 8 ) e 5,
and

cob(cg,a) cob(co,a
(3.31) flO(CO’a) (Cob(cgo’o‘)) < _Cob(lcgaa) (1 e b o ) o ob(80 ) <0
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Proof. By Remark the function f; defined in Equation is well defined and infinitely
differentiable on the interval (—cyb(co, @)/4, cob(co, ) /4).
For any A in (—cob(co, @) /4, cob(co, ) /4), usual differentiation rules give its first and second
derivatives
E” [(Ny — IE” [Ny]) e*V1]

EY [e"M1] ’

(3.32) FP0 =

and

20 =B (V) — B [V;])?

AN—E¥[N1]) AN T2

Ev [eMNl—IEV[Nﬂ)}] -E [(N 1 —EIND & [A-B )]

Ev [e)‘(Nl—]EV[Nl] [e)\(N1—E”[N1])] -

AN-E V) \ 2 ANI—E¥[V1])
—E || Ny — BV [Ny] >0
)] Ev

Proof of (3.30)):

For any K in N, any A in (—cob(co, @) /4, cob(co, @) /4) and any integer | > 2, we have

E [(N1 - lIE”[Nl])e)‘NlILleK} <E” [Nle)‘NlllleK}

+oo +oo
<D kMPY(Ny = k) < ) kP (N > k- 1),
k=K k=K

Hence, by Corollary
+oo
coblcg,a) _cgb(eqg,a)
(3.33) E [(N1 —lE”[Nl])e’\NlllleK} <Y e e L
k=K

The definition of Ny in Equation (3.10|) implies that P almost surely Ny > 1 so that E¥ [N1] >
1 and for any non negative \, PV almost surely e’V1 > e*. Thus, for any A in (0, cob(co, a)/4)
and any integers [ and K such that [ > K

E [(N1 —IE[N;) e)‘Nl]lNKK} <E” [(K - lIE”[Nl])e’\Nl]lN1<K] < (K — 1) B [, <k] -
Corollary [I7] ensures that
B [Lyy<x] > (1= P (Lysc1)) > (1— e 820D

As (K—-1)<0

B [(N1 - lIE”[Nl])e’\NlﬂNKK} <(K—D)er(1—P'(N; > K —1))
(3.34) < (K -1)e (1 - e*WUM)) .
Hence, for any [ > K, combining Equation and Equation
(3.35) E [(N1 — IE¥ [Ny]) e)‘Nl}

=B (N — 1B [N1]) Y (L, <ic + T, )]

\ _cob(co,a)(K_l) cob(cq,a) > ()\7 COb(CO»Dé)>k
<(K—-1)e (l—e 1 )—i—e 1 ke 4 .

k=K

67



Since exp (—cob(co, ) /8) is less than 1, the series with terms k exp (—cob(co, @)k/8) is conver-
gent and it is possible to choose Ao = Ag(co, &) = cob(cp, ) /8 such that the rest of the series
with terms kexp ((Ao — cob(co, «)/4) k) tends to 0. Since exp (—cob(co, r)/4) is less than 1,
geometric progression with common ratio exp (—cob(cg, @)/4) also converges to 0, it is then
possible to choose for K a value Ky = Ky(cg, @) in N so that

+oo
cob(cg,a) CO”(CO O‘) cob(cg a) 1
e 1 E ke( E ke (k=2) < 3
k=Ko k=Ko

and simultaneously
) L () )
Choosing for [ the value Iy = lg(co, ) as defined in Equation (3.13)), lp > Ky + 1 and thus

Equation (3.35)) becomes

(336) E” |:(N1 — lQ(CQ, O[)EV [Nl]) e)\o(co,a)]\h] < -1+ % < —% .

As N1 > 0 P¥-a.s, PY (N7 = 0) = 0. Hence, Corollary (17| yields

+00
[ )\ONI] Z /\OTLPV ) < Ze)\onpu(]\fl >n — 1)

n=1
Ix cob(cq,o e/\O
(3.37) <eto [ Y eMne —HE o) ) o - .
= )

Combining Equations (3.36)) and (3.37]), we derive that

E¥ [(N1 — lo(co, o) BY [Ny]) etolcoc)Ma] g ) o
Ev [GAO(CO:O‘)NI] = 2 (1 — e 0) e,

which is exactly Equation (3.30].

Proof of (3.31):

Since fl(f) is non negative, fl(ol) is non decreasing and so for any A in [0, A\g(co, a)]

1 1 —1 . _
fl(o)( ) < f()(Ao) - (1—6 /\o> oMo
Thanks to the fundamental theorem of calculus, we derive that, for any A in [0, Ao(co, @]
1 A -
Ffis (A / FO@wyde g/ P (o)dt < - (1 —e_>‘0> e,
0
This shows Equation (3.31)) for A = Ag. O

3.2.3.5 Final step of the proof of Theorem

When k = 0, Inequality (3.14]) is immediate since the event is empty and the upper-bound
takes value 1. Hence, we assume hereafter that k£ > 0.
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Since the variables (Nj — Nj_1) ¢y« have the same distribution as N1 under P” (and so the
same expectation), we can decompose Ny for any k in N* as

(Nj = Nj—1 = E”[Nj — Nj1]) .
1

k k
Np =Y (Nj = Nj_1) = kE” [N1] +
J=1 J=

Hence,
k
Nk >ZEV[N1]]€ < Z(Nj—Nj_l—Ey [Nj—Nj_ﬂ) > (l—l)EV[Nl]k.
j=1

For any integer [ > 2, any k in N* and any A > 0, Markov inequality thus yields

(3.38) PY(Ny > [EY[N,]k) = P <e>‘ o1 (N =Nj 1 =BV [Nj=Nj-1]) eMH)IE”[Nﬂk)
k
< e FAI-DEY [Ny H AN —N; 1 —E[N;—N;_1])
j=1

Since the variables (N — Ng_1) ren+ are ii.d. and distributed as Ny, it follows that, for any
k in N*
k

k
(3.39) EY H AN =N 1=E¥[N;=N; 1)) | — H EY [eA(NrNj—1flE”[Nj*Njfﬂ)}
j=1 j=1

_ (]E“ [eMNrE”[Nl])])k .
ugging ldentity (/3. 1 1Inequality (3. thus yields
Plugging Identity (3.39) in i lity (3-38) thus yield
v k
(3'40) PV(Nk > lEV[Nl]k) < (elog(E’/[eMNl—]E [Nl])])—)\(lfl)EV[Nl]) )

Taking | = ly(cp, ) and defining the positive constant K3(cg, ) as in Equation (3.12]), Equa-
tion (3.31)) of Proposition [21] ensures that there exists A\g = —(co b(co, «v))/8 such that

log (EV [GAO(M_EVWDD — Ao(lo(co, ) = DEY[N1] < —K3(co, ).
Plugging this inequality in Equation (3.40)), for any &k in N
PY (N > lo(co, a)EY[Ny]k) < e Kalco)k

Theorem [16] is thus proved.

3.2.4 A different interpretation of the BPIRE

The second part of the proof of Theorem strongly relies on a different interpretation of
the BPIRE that is presented in this section.

Since the BPIRE (Z;)ien defined in (3.6) starts from 0 (Zyp = 0) and since, at each
generation, an individual immigrates in the population, it is possible, at each generation,
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to distinguish individuals within the population according to their immigrant ancestor. In
other words, Z; is the sum over s in {0,...,¢t — 1} of the number Z; of individuals born
at time ¢ which are descendants from the immigrant (only one per generation by definition)
that entered at time s:

t—1
(3.41) Zi=Y Zsi-
s=0

For any fixed integer s, the sequence (Zs s4+) +en constitutes a branching process (without im-
migration) in random environment: Zs, = 0 and for any ¢ in N, Z 41441 can be decomposed
as

Zs,s+t

(3.42) Zssrt1 = Z &,
j=1

where the (fjs.’ert)(s’m)eNxNxN* are independent conditionally to the o-field generated by w

and such that, for any s, t and k£ in N and any j in N*

(3.43) P(ﬁ;’sﬂ = klw) = wspe (1 - Ws+t)k'

3.2.5 Theorem [22

The links between the sequence N and the reinterpretation of the BPIRE given in Equa-
tion (3.41)), enables to control the probability that T" overpasses Ny under quenched proba-
bility.

Theorem 22. Assume that Hypotheses F[1] and F[3 hold. Consider the positive constant
Kg(co) defined by

_(a log(Ku(co)) log(1— z(co))
(3.44) K (co) = min (g?_ 2K5(co()) o 2K5(Co)0 >

where the constants Ky(co) and Ks5(co) are defined in Equation (3.47)).
Then, for any w in E and any k in N,

(3.45) P, (T > N;) < 2e Kolcok

3.2.6 Sketch of proof of Theorem

In this section, we consider a positive integer k£ and an environment w in £ both
fixed. All results are obtained under P,,.

The proof of Theorem is based on the reinterpretation of the BPIRE presented in
Section [3:2.4) and on the introduction of a specific sequence of integer indices related to this
interpretation. First, we control the tail distribution of the decrements of this sequence of
indices. Then, we relate these indices to the instants where the BPIREG(r,0) returns to 0.
Finally, we combine these phenomena to bound from above the probability of {T" > Ni}.
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3.2.6.1 Definition of the sequence (k;);cny and control of its decrements

Let us first introduce the specific sequence of integers (k;);cn from the reinterpretation of the
BPIRE given in Section [3.2:4]

Definition 23. Define on the canonical space the random sequence (k;)ien by ko = k and
for alli >0

1. if k; > 0, we set

Np.—1 Ni.—1
(a) on{Z,, > 0}, kiz1 = max (z kit Y0 Zow, >0 and Y00 Zon, = o).

(b) on {ZNI@Z- = 0}, ](Ii+1 = ki — 1.
2. if ki =0, we set kjy1 =0.

Remark 24. The definition of the sequence (k;)ien in Deﬁm’tiona 1s totally clear efccepted
in one situation: when ZNk > 0 and k; > 0, why would ki+1 be well-defined by (lal) ¢

Let us explain why kit is well defined by (L&) . on the set {Zn, >0} N{k; > 0}

When k; > 0, then, Ny, > 0 so that ZNki is defined by

k—l

Z Zo Ny, -

Since the random variables (Zs,Nk.)ogsgNk, are non negative, Zy, s positive, if and only if,
it exists some integer s in {0, ... ,lNki — 1}Z such that Zs N, 15 poslitz've.

Denote sg the greatest integer in {0, ..., Ny, — 1} such that Zso.N,. > 02 for any integer s in
{so+1,...,Ny, — 1}, we have Zs , =0 . '

For any integer | in {0,... k; — 1} such that so < Ny, it holds

k -1 k -1
E Zs, Ny, and a fortiori E ZsN,, =0,
S= Nl S= Nl+1

and for the only integer 1 in {0,...,k; — 1} such that Ny < so < Nj41 (necessary | < sp), it
holds

N, —1 N, —1
E Zs,Nk. >0 and E Zs,Nk. =0
K3 K3
s=N; 5=Nj41

In this context, kit is thus well-defined : ki1 is the integer 1 in {0,...,k; — 1} such that
N; <50 < Niy1.

The sequence (k;);en is strictly decreasing until it reaches 0. Then, it remains constantly
equal to 0. Thanks to Lemmas [34] and we can quantify its rate of convergence to 0. Let
us state some results on the tail distribution of k; — k;41.

Lemma 25. For any ¢ in N and any r in N

(3.46) P, (kil'—k'prl >’I"|k‘0,...,]{7i) <
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Let us derive from this control the existence of an exponential moment for the k; — ;11
and a control on the existing exponential moment.

Lemma 26. Let K4(co) and Ks(co) denote the following quantities

4 10g(K4(Co))J
C ’

€0

(347)  Kilco) =14+ ——— and K5<cO>=1+{

(i-%)

Let (k;)ien denote the sequence introduced in Definition . Then, for any i in N and any A
in (0, co/4]

(3.48) B, oMtk

k07 RN kz:| < K4(CO)e)\K5(CO) :

For any integer [, we can then control the probability that there exists ¢+ < [ such that
ki =0.

<o

Corollary 27. For any |l in N and any X in (0, Z]

1=0

!
(3.49) P, (U{kl - 0}) < e M <K4(c0)e’\K5(CO)>l 7

where (k;)ien is determined in Definition[25 and K4(co) and K5(co) are both defined in (3.47).
Remark 28. Let | =1y = l1(co, k) where

(350) ll(Co,k) = {2K§(60)J .

Corollary (27 implies that, for any A in (0, ﬁ]

A k
(3.51) Py <U{’% = 0}> <e M <K4(CO)GAK5(CO))11 <e M (K4(CO)GAK5(C°)) =)

1=0

k
TR ee) kK
< oM <K4(CO)GAK5(CO)> 0] < oM, () o) 5
A Kk
< e 2Ky (cy) 0 |

3.2.6.2 Bounding the probability of return to 0 at IV, of the BPIRE

Define the two functions y : R — R* and z : R% — (0,1) that will be useful in the sequel
defining for any ¢ in R

= _ d ()
y(c) —— an z(c) 2¢
Lemma 29. For any ¢ in N*
(3.52) Po (Zn, = O[ko,. o his (Zea)y, <ocish) = ().

where (k;)ien is defined in Definition (Zn)nen in Equation (3.6), (Ng)keny in Equa-
tion (3.10) and (Zs) (s yen+xn in Equations (3.42)) and (3.43)).
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This lower-bound enables to upper-bound the probability that the BPIRE does not return

to 0 at any of the moments Ny, ...,Ny,.

Lemma 30. For any [ in N*

l
(3.53) P, ({kl >0} (ﬂ Zy,. > 0})) < (1= z(e,)*,
=0

where (k;)ien is defined in and (Zn)nen and (Ng)ren are respectively defined in Equations

and B10).

The reinterpretation of the BPIREG(v,0) given in Section combined with Remark
and Lemma [30| finally enables to prove Theorem [22] in Section

3.2.7 Detailed proof of Theorem
3.2.7.1 Intermerdiate results for the proof of Lemmas [25] and
To establish Lemmas [25[ and the following intermediate results are useful.

Lemma 31. For any environment w in E, it holds

Nj—1
(i) for any k and s in N such that s < Ny — 1, Z log(pi) < —(Ny — s)%/,
=5

=S

t—1
(i1) for anyt and s in N such that t > s, E[Zs ] = exp (Z log(p,-)) ,

Ni—1 Ni—1
(111) for any k in N, E, [Zn,] = Z exp ( Z log(pz’)> ;

s=0
(i) for any k in N*, E, [Zn,] > pn,—1Ew [ZNk—1]7
where for any i in Z, the ratio p; is defined in Equation (3.4)).
Proof of Lemma [31] Consider a fixed environment w in E.

(i) Fix k in N* and s in N such that s < Nj — 1.
By definition of (S,)nen in Equation (3.9)

Nj,—1

Cy
Z log(pi) = (SN, — Ss) — (N —3)5,

and by definition of (Ng)ken as downward-ladder indices in Equation ({3.10), we neces-
sarily have Sy, —Ss < 0 so that

Nj—1

Z log(pi) < —(Nk — 3)5

1=s
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(i)

(iii)

(iv)

Fix t in N* and s in N such that t > s.
Thanks to the definition of (£} 8+t)(s,t7j)€NxN*XN* in Section for any 7 in N such

that ¢ > s 4 1, the random variables (5;’i)j€N* are i.i.d. with common distribution
On(w;) (whose mean is (1 — w;)/w; = p;). Hence Wald’s identity ensures

Zs,i
~ s 8,1 1 —w
(350) B |3 &' =Eu (2B 6] = Bu (2] =B [Zul pi.

Wi

Definition of (Zs s+¢)(s,)enxn+ Dy means of the (§?S+t)(57t,j)eNxN*XN* in Section
and recursive use of Equation (3.54) thus lead to

t—1 t—1 t—1
(3.55) Ey[Zs1] = By [Zs541] H Pi = Hpi = €xp (Z IOg(Pi)> ‘
=541 =S i=s

From interpretation of (Z;);en given in Equation (3.41)), for any k in N

Nj—1

= 2 Zoe
s=0

Since w is fixed, N is deterministic under P, so that linearity of the expectation yields

Nj,—1

wlZn] = ZE Zon,] -

By Equation (3.55)), we then derive that for any k in N

Ng—1 Nj—1 Ni—1 Ny—1
(3.56) E, [Zn,] = Z H pi = Z exp ( Z log(pi)> .
s=0 i=s

s=0 i=s

For any k in N, Equation (3.56)) yields

Np—1Nj—1 Np—1Nj,—2 Ny—2 Nj,—2
wlZNn,) = Z H Pi = PNy—1 (Z H Pz‘) = PNp—1 <1+ Z H Pi) .
= = i=s s=0 i=s

But Equation (3.56)) also yields

Nj—2 Nj,—2

2 vi=Bu[Zno]

Hence,

E, [Zn,] = pne-1 (1 +Eu [Zn,_,]) > pn—1Ew [Zn, ] -
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Remark 32. Plugging Inequality in Identity of Lemma for any k in N

Rl c il c e 1—e Ve e
E, [Zn. | < ex (—N —s—y>: ex (—s—”)<e_7 — < — < ylcy).
Sl X e (-0h-9) = Bew (-5F) <o o < s <uta)

Plugged in Inequality of Lemma this gives, for any k in N*

y(cy)
PN,—1

Remark 33. By definition of the sequence (Ni)cn i Equation (3.10), for any k in N*

(357) E, [ZNk—l} <

Sn, < Sn._, < Sn—1-

By definition of (Sp)nen, this yields
Cy
SN = Swy—1 = log (p,—1) + o < 0.

Since ¢, > 0, this implies that log (pn,—1) < 0 which is equivalent to

1
(3.58) WN, -1 > 5
Lemma 34. For any k in N* and any w in B
(3.59) P, (T < Ni)>P,(Zn,=0) > 2(c,).

Proof of Lemma[3]] Since T is defined as the smallest positive moment at which (Z;)en
returns to 0 and since Ny is a positive integer, for any positive integer k

(3.60) {Zn, =0} c{T < Ni}.

Hence, P, (T' < Ni) > P, (Zy, =0) and any lower-bound of P, (Zy, = 0) is thus also a
lower-bound of P, (T < Nj). Hereafter, we determine a lower-bound for P, (Zn, = 0).

Since w is fixed, each of the indices (Ng)gen is deterministic under P,. The process
(Zt)ten being an inhomogeneous Markov chain under P, with kernels given by Equation (3.7)),
Markov property yields

(361) Pw (ZNk = O’Z07 LR} ZNkfl) = Pw (ZNk = 0|ZN)€71) - (kafl)ZNk_lJrl .

Hence, for any L in R

+o0o
(3.62) Py (Zn, =0)=)Y P, (Zn, =0Zn,—1 =1)Py (Zy,1=1)
=0
+oo
= Z(ka—l)l+1Pw (ZNk—l = l) > Z(ka—l)l+1Pw (ZNk_l = l)
=0 leN
I<L
2 Z(WNJC*I)L—HPW (ZNkfl = l) =Py (ZNk*I < L) (kafl)L—H .
S\
I<L
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Choosing for L the value Ly = 2y(c)/pn,—1, Equation 1} ensures that L > 2E,, [Z Nk—l]
and since Zy, , > 0, we have

E, [ZNkfl] =E, |:ZNk71]lZNk_1>Li| + Ey |:ZNk—1]lZNk_1§Li|
> B |Zn, Ay, >1) 2 LPu (Zn, > L)
>2E, [Zn, 1| Pu(Zn, , > L) .

Since E, [Z Nk—l] is positive, it thus necessarily holds

(3.63) P, (ZNk_1 > L) < or equivalently P, (Zy,-1 <L) >

N —
N —

Plugging Equation (3.63) in Equation (3.62)), we thus get
1
(3.64) P, (Zn, =0) > 5(ka_l)LH.

The function g : * € R+ 1 —2 —e 2 being increasing on (—oo, log (ﬁ)] and decreasing
on [log(v'2),+00) with g(0) = 0 and g (0.5) > 0.13 > 0, g is non negative on [0,0.5] and so
for any z in [0, 0.5]

(3.65) l—z>e 2,
By the lower-bound (3.58)), 1 — wn, —1 in [0,1/2) so that Inequality (3.65)) yields
—2(1-wn,—1) 7

WN,—1 = 1- (1 - kafl) Z €

and using again that wy, 1 in (1/2, 1] ensured by (3.58]), we get

1
(ka_l)L-‘rl > WN,—1 (ka—l)L > ie—Q(I—ka,l)L
_ 2y(ev)
> 3672(1 ka—l)p]zk—l > %e_4y(Cy)ka—l > le—4y(cu) — 22(6,,).

Plugging that lower-bound on (ka_l)L—i-l in Inequality (3.64)), it leads to

1
P, (Zn, =0) > P, (Zn,1 < L) (wy,_1)"T > 522(0,,) > z2(cy) .
By Inclusion (3.60)), we finally get the desired result
1
(3.66) P, (T < N;) > P, (Zy, =0) > ze*‘*y(cﬂ = z2(c,).
O

Lemma 35. For any k in N*, any 7 in N and any w in E

N; k%
(3.67) P, ZZS,Nj+k >0 < ——a.

s=0 L—ez
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Proof of Lemma[35 Fix kin N*, jin N and w in F.
First, by Markov inequality

N;j N;j Nj
(3.68) Po (D Zen 0| =Pu [ D> Zin, 21| By > Zon,,,
s=0 s=0 s=0

Then by Item of Lemma

N]' Nj Nj Nj+k_1
(3.69) E, ZZS,NJ'HC = ZEW [ZS,NJ'HC] = ZeXp Z log(p:) |
s=0 s=0 s=0 =5
and by Item |(i)| of Lemma
Nj Nj+k_1 Nj ¢ Nj+k c
(3.70) S exp Z log(pi) | <Y exp (—(NM - 5)5”) - Y e (—15”) :
s=0 1=Ss s=0 l:Nj+k_Nj
Finally, since for any m > n, Ny, — N,, > m —n, positivity of the exponential function ensures
Ntk ‘ Ntk c +o0 ‘ k%
(371) > e ()< e (g) <X ew(15) < T =5
I=N;,—N; I=k 1=k
Combining inequalities (3.68]), (3.69), (3.70) and (3.71]), leads to the expected result
Nj k%
P ZsN >0 £ ——.
O
3.2.7.2 Proof of Lemma [25]
Fix ¢ in N. For any [ < k;, we have
Ny, —1 Ny, —1
(3.72) > Zen, >0 () D] Zen, =0
S:Nl 5:Nl+1
Nk:i_l Nl+171
= N {Zm =0} N U {Zwm, >0}
S:Nl+1 S:Nl

Hence, the event {k;;1 = [} only depends on the random variables (Zs)y < o<, -

By definition of the sequence (k;);en, two situations can occur:
a i > 0, efinition of the sequence (k;);en, two situations may occur:
If k; > 0, by definiti f th kj)jen, t ituati y

(i) Suppose that k; is such that Zn, > 0.
Let’s first consider the case where r in N*.
When r > k;, the set {k; — ki+1 > r} is empty. Hence, if the set {k; — k11 > r}
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is not empty, then, r < k; — 1. As Inequality is immediate when the set
{k; — ki1 > r} is empty, let’s assume r < k; — 1. Using Equation , we derive
the inclusions

N, —r—

1
{ki—kipa>ry={kim <ki—r—1}Cq >  Zen, >0¢,
s=0

and so,
N, —r—1
(3.73) Py (ki — ki1 >7lko,..., ki) <Py [ > Zon, >0[ko,... ki
s=0

Let’s now upper-bound the left-hand side of (3.73)) by the left-hand side of In-
equality (3.46]).

By the properties of conditional expectation with respect to discrete random vari-
ables, we derive that P,-p.s.

Ny, —r—1

P, > Zw, >0ko,... K
s=0

H N -1
k._

ko.i = jO:i] Lkg.i=jo:s

g Ew ]1 N —1
: : k;—nr
) — Zs >0
J0: ENITLP, (ko.5=50::)7#0 L {26_0 * N }

Ty i
= > Eu |1~ o1 Lkgimjou | 5t —
i B i p - F
Jo:i ENTFLP (ko =jo::)7#0 L {ZSZO ZS’Nki>O} w(Kosi = joa)
By definition of (Zs s+)(s,)enxn+ in Section the groups of random variables
(Zs1,t1) g, <ty <, @0 (Zszt2) N, <5, <4, @r€ independent for any [ in N. Furthermore,

the variables ko, ..., k; only depend on the variables (stt)NkA<s<t<Nk'

Combining these two facts, we derive that, for any jo.; in N“*1 the sets {ko.; = jo.i}
Nj _p—1 . .

and {7} Zs,n;, > 0} are independent and it holds P,-p.s.

E,

= Ew Pw (kD:i - jO:i) .

]]_ N —1 ]]_k =g
Ji—T 0:4=7J0:1%
(£ 2, >0}

Hence, we have P -p.s.

> m

Jo:i ENTLP (ko:=Jo0:4) 70

< E, |1 — Tro. =i,
- Z w {Zi\fzjef’l‘ 1Z5,N]—_>0}] kOC’L_JOZ’L

1 Nj, _p—1
25:0 ZS’Nji >0

]lko:i=j0:i
P, (ko:i = jo:i)

1 w1 Lg..—io..
{Zszké—r ZSkai>0} 0:=70:i

jO:ieNi+1
Ny, =1 Ny,
= Z P, Z ZS,Nji >0 | 1= < Z P, Z ZS,Nij >0 | Tg,=j, -
7i€eN s=0 7i€N s=0
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Using 7 > 0 and Inequality (3.67)), we get, for any j; in N,

Njif'r Nji*"‘ e*?”%
Py Z stNJ'i >0) =P, Z ZS’N(J'Z‘*T)JFT >0)= 1-— e*%
s=0 s=0

We thus finally derive Inequality ((3.46))

) e "2
Py, (ki — ki1 > ko, ..., ki) < Z —ag ey < ———= -
— 1 —e 2 1—e 2
Ji€N
Let’s now deal with the case where r = 0.
Since the left-hand side of Inequality (3.46|) is greater than 1 for » = 0 and since

P,-almost surely k; — k;11 > 0, Inequality (3.46)) is trivially valid

1
Pw(/{i—kﬂ_l>T|k0,...,ki):1§ v -
1—e 2

(ii) If k; is such that ZN,%_ =0, then, k; — k;p1 = 1.
e For any r in N*, {k; — k;11 > r} = @& and thus
P, (ki+1 —k; > T‘ko,...,k‘i) =0.
Inequality (3.46]) is true for r in N*.
e For r =0, {ki — kiy1 > r} = Q and thus
Pw(k:i+1 — k; >T‘k0,...,k‘i) =1<
Inequality ([3.46) is also true for r = 0.
(b) If k; = 0, then k;11 = 0 and for r in N, {k; — kix1 > r} = & so that
Py (ki — kig1 > rlko,.... ki) =0,
and Inequality ([3.46) is true.

3.2.7.3 Proof of Lemma [26]

Fixiin Nand w in E.

On the one hand, since for any positive real A
ki —k; AK
e ( +1)]]‘{kl—kl+1SK} S e ,

we get,

(3.74) By [ ER 1 ca| Ros k] < e
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On the other hand, for any A in (0,¢,/2)

—+00
E, e’\(kifki+1)]l{krki+1>}(}‘ ko, ..., kl] = Z e P, (ki — kiv1 = 7l ko, ..., ki)
j=K+1
—+o00
<> NPy (ki — ki > jl ko, ki) -
=K

By Lemma [25] for any positive integers j and K such that j > K

.cpy

. e’z
P, (ki —kiy1 > jlko, ... ki) < —— .
1—e 2
Hence, for any A in (0, ¢, /2)
= : ~— . ¥ K\ X IO
S P, (ks — kit > ko k) € 3 S < KO- Zﬁ
e K 1—e 2 O1—e 2
eKA=%F)
< - — -
)
Hence, for any A in (0, ¢, /4]
A(ki—k K% AK
(3.75) E, |k~ i+1)]l{ki—ki+1>K}‘kOa---vki} < . ——e" .

Decomposing e*ki—kit1) ag

e/\(ki_kiﬂ) = e)\(ki_k”l) []]'{ki—ki+1SK} + ]]'{ki—ki+1>K}] ,

Combining Equations (3.75|) and (3.74)), for any A in (0, ¢, /4]

,KQ
E, {e/\(ki—kwl) ko,---,ki} < M 4 2 MK
(o) (o)
% -
<M 14 - <M1+ - -
) (o))
e_c?o
<M1+ | < Ky(co)et
(o)

Hence, Inequality (3.48]) holds with K4(cg) and K5(cp) defined in Equation ([3.47)).

3.2.7.4 Proof of Corollary
Fix [ in N and w in FE.
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Let’s first consider the case where [ in N*.
By Definition [23] of the sequence (k;),cy, we derive the following inclusion

I
(3.76) U{ki =0} c {ko =k >k},
i=0
I
(3.77) P, (U{kz = 0}> <Py (ko—ki >k).
i=0

Decompose ko—k; as the telescopic sum of the (k; —ki11)o<i<i—1. Thus, by Markov inequality,
for any A in R

(3.78) P, (ko — ki > k) <P, (eﬂko—’ﬂ) > eAk> < e MR, [eA(Zi;é%rkm))} .

k:okml]] .

Moreover, for any A in R* and m in N*

E, |:e)\( ﬁBl(ki_ki+1))} =E, |E,

m—1
H e)\(ki*ki+1)
=0

m—2
H AMEi—Fin1) | [ewmfl—km)
1=0

- E,

By Lemma [26} for any A in (0, ¢o/4] and m in N*

E, <E,

m—2
H e)\(/ﬂ—ki-H) Ew [eA(kmfl_km)‘ ]{,‘07 ceey k’mfl]
=0

m—2
H e/\(k‘i—k‘i+1)K4(CO)e)\K5(Co)]
i=0
< Ky(co)eMo @) B, [eA(Z;ZBZ(ki’ki*l))} .
Hence, for any A in (0,¢p/4] and m in N*
E, [eA(Z?L’ol(ki—km))} < K4(Co)e)\K5(CO) E, [eA(zyi—oz(ki_ki+1))} ‘
By recurrence, for any A in (0, co/4] and [ in N*

(3.79) E, [e)‘( Zé(’%—km))} < <K4(co)e)‘K5(C°))l .

Combining Inequalities (3.77)), (3.78) and (3.79) finally leads to Inequality (3.49).

Let’s now consider the case where [ = 0.
We have :

e cither k =0 and P, ({kg =0}) =1 < 1 =e?,
e or k#0and P, ({kg =0}) =0 < e .
so that Inequality (3.49) is always satisfied.
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3.2.7.5 Proof of Lemma [29]

Fix ¢ in N* and w in E.
By definition of Zy, , we have

PUJ (ZNkZ = 0 ’k(]? R 7ki’ (Zs7t)Nki§5<tSk)

B Y 2 )P (Zs’t)N’”SS“Sk]

- E, Z 1{2Nj_1z .:O}ﬂki:j Ko ki (Zst)y, <scrc

ko, ..., ki, (Zs,t)NkiSKtSk} Lpy—j -
j=0

Since the variables ko, ..., k; only depend on the variables (Zs;) N, <s<t<N and since the
variables (Zg, +,) 1<t <Ny, and (Zs, t,) Ny, <sa<ty 2T€ independent, we can handle the same
way as in Section [3.2.7.2] and thus omit the conditioning

B [ﬂ{zfzgl Zosyy=0}| M0 B <Zs,t>NmsS<tSk] Hhay = B [l{ziﬁ;l Zuw, _o}} e

Hence,
ki—1—1
Po (Zn, = Ofko, o ki (Zot)y, cocpr ) = E, {1{2%12 N:O}] Tg,
]:0 s=0 5,04
ki—1—1
= 3 P ({Zy, = 0)) L.
j=0

Using Equation ({3.59)), we finally derive that

ki_l—l
Po (Zn, = Ofko, iy (Zoa)y, cociar ) 220 | Y0 Tk | 2 2(0).
§=0

3.2.7.6 Proof of Lemma

Fix [ in N and w in F.

Assume that [ = 0.

In this case, Lemma [30]is a direct consequence of Lemma

Assume that [ belongs to N*.

By definition, Ny = 0 and Zy = 0 so that for any ¢ in N*, we have the following inclusions

{ki-1 =0} C {Nkifl = O} C {ZN’%—1 - 0} ’

or equivalently
{ZNki—l > O} - {Nki—1 > O} C {ki—l > 0} .
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Since, for any ¢ in N*, kj—1 >0 on {Zy, > 0}, k; is defined on {Zy, > 0} as

N, -1
k; = max m < k;_q1: Z ZS7N1¢Z-_1 >0 and Z Z&Nki_1 =0 ,
s=Nm s=Nm41
and thus for any r in N, we get
Nig;_y—1 Ni;_y—1
{kl = T}m {ZN]’%—I > 0} - Z Zs’Nkifl >0 ﬂ Z ZS’Nki—l =0
s=N, S:NT+1

Hence, for any decreasing sequence of real numbers (r;)1<;<; such that 1 <7 and m <k —1
and any t in {1,...,l}, the following identity holds

t

t Ni;_y—1 Nig;_y—1
ﬂ ({kl =r;}N {Z]\/'ki_1 > 0}) = m Z ZS,N,%__1 >0,N Z ZS’Nki—l =0
i=1

=1 s=Nr, s=Np, 41

The event 05:1 ({kZ =7} N {ZN,“1 > 0}) thus only depends on the variables (ZSJ)thgKtSNk.Hence

t

D (tki =it {2, , >0})
ﬂ (th =y {2, > 0})]

t
=E, | E, [ILZth >0‘ ko, ...k, (Zs,t)th§s<t§Nk}

Ew ]]-Zth >0

]IZNIC >0

ko, ... ke, (Zs,t)th§s<t§Nk]

By Lemma 29|

P, (Zth >0 ‘k()v RN (Zs,t)th§s<t§Nk> <1l- Z(Cu) .

Hence, it holds, for any decreasing sequence of real numbers (7;)1<;<; with 1 < r; and
r1 <k—1and any t in {1,...,[}

N

(3.80) P, (Zth >0
=1

(the =0 {2, > 0})) 1),

Consider a decreasing sequence of real numbers (7;)o<i<; with k& = ko = r9, 1 < r; and
T1 S k—1.

For any ¢ in {0,...,l — 1}, on the set ZthH > 0, we necessarily have ki1 > 1. Hence, given
ki, kyyq liesin {1,...,k — 1} on the set ZthH > 0.
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Decomposing according to the value of ki1 and conditioning

P., ({k, >0} (ht{ZNk > 0}) (t] (tk=riyn {2, , > o}))

_ f P, <{kt+1 — e} ) {Zth > o} (j] ({ki =} N {ZN,%_1 > 0}))

rep1=1

e (w0 ( 0 {2 =0}) A (=i fza,, 0)
i=t+1 =1

N(t=rnfo, o))

=1

l
8 137‘3—{-11&5}71 L <{kl > 0}ﬂ ( ﬂ {ZNki > 0}) |

i=t+1
(ZNk > 0
Hence,

P, ({k,>o}ﬂ<ﬂ Zn,, >0 )

1=t

<(1—2z(c)) Lo max P, ({kl >0} ( ZNki > 0})

By recurrence, we get

. (w-an (Al -1))

1=0
<o) x w00z, > 0)| ) (=i {2, >0}) )
- i=1

Since {k; > 0} N{Zy,, > 0} = {Zn,, > 0}, using again Equation (3.80), we get

l
P, ({kl >0} (ﬂ {ZNki > 0})) < (1-2(c))H .
=0

3.2.7.7 Final step of the proof of Theorem

<P, (Zth >0

By Equatlon 1

t+1

{k:- =ri}N {ZN,CF1 > O})) <1-2z(cy).

For any ¢ in N, k; > 0 if and only if N, > 0.
By definition of T', we thus derive the following inclusion

{ki>0}ﬂ{ZNki :0} C {k>0}N{T <N} .
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Using successively the fact that (N, )nen is increasing and the definition of the (k) en
{ki>0} < A{ki>0pn{k; <k} C  {ki>0}N{Ny < Ni}.

Hence, the following inclusion holds

{kzi>0}ﬂ{ZNki :0} c {k>0yn{T <N} .
Taking cosets, it leads, for any 7 in N, to the inclusion

(k; >0y N{T >N} C {ki>0}m{szi >o} .
For any [ in N, this allow to derive the following inclusions

l ¢ l
{T > N} n (U{k:z- = 0}> ={T > N} 0 (){k: > 0}

=0 i=0
l

= (T > Ne} 0 {ki > 0}) € h (ki > 0y 0 {2, >0})

=0 1=0
! l l
C (D{){kzZ > O}) a (QO {ZNki > 0}) c{k>0}n (DO {ZNki > 0}) :

And we also have the following inclusions

l l
{T > N} | J{ki = 0} € | J{ki = 0}.

1=0 1=0

Hence,

l l ¢
{T >N} ={T >Ny} n <U{ki =0} | (U{ki = 0}) )

=0 =1

l l ¢
= <{T > Ny [ Jfki = 0}> | | <{T > Ni}n <U{kz = 0]’) )
=0 1=0
l l
(3.81) c (U{ki - 0}> || ({k, >0} N <ﬂ {ZNki > o}>> .
1=0

1=0

Using Equation (3.81]) yields directly for any [ in N

Iy
P, (T > N) < P, <U{k _0}> +P, ({k:0>/<:1 >--->kll}ﬂﬂ{ZNki >0}> .
i=0
Take | = 11(cg, k) (defined in Equation (3.50|)) such that Iy +1 > 13 > k/(2K5(cp)). Thanks
to Equations and and since 1 — z(¢,) < 1, we get, for any A in (0, ¢, /4]

)\

k
P, (T > Ni) < e 25Ky (o) 5@ + (1 = 2(c,))" !

A, log(Ky(cq)) log(1—2(cv)) _ i (A log(Ky(cq)) _ log(l—z(cy))
e( T 5K (o) )k+e 2K5(co) kSQe mln(? 2K5(co) ' 2Kg(c) )

(3.82)

IN
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Since ¢ — z(c) is increasing

min (CO — IOg(K4(CO>) _log(l _ Z(CO))> < min <C _ IOg(K4(CO)) _log(l - Z(Cu))>
8 2K5(CO) ’ 2K5(CO) 8 2K5(C()) ’ 2K5(CO) ’

Taking A = ¢p/4 in Equation (3.82)), we find

cg _ log(K4(cp)) _log(le(cV))) k
8 2K5(co) 2K5(co) <2e

. log(K. log(1—
min (- )

P (T > Ny) < 2~ ™

Setting

. (co log(Ka(co)) log(l— z(co))
Ko(eo) = min <5§)_ 2K5LECO§ T 2K5(Co)0 )

which only depends on ¢y and is positive (hence the choice of Kj5(cg) according to Ky(cp)
mentioned earlier in Equation (3.47))), the result claimed by Theorem [22|finally holds for any
w in F and any k in N

P, (T > N;) < 2¢ Koleo)k
3.2.8 Proof of Theorem [14] through Theorems [16] and

First, in Theorem the environment w in E and integer k are considered fixed but the
upper-bound does not depend on w. We can thus integrate Inequality with respect to w
in F under P¥ = v®%, We get, for any k in N

(3.83) PY(T > Ny) = / Py (T > NP (dw) < 2¢Kolco.a)k
E

Then, the integer ly(co, ) > 2 being fixed, for any ¢ > 0, two situations can occur.

o If ¢ > lg(co, a)EY[N1], there exists k in N* such that
lo(co, ) KEY[N1] <t < lo(co, ) (k + 1)EY[ VY],
so that
{T >t} N {Ny <lo(co,®)kE"[N1]} C {T > Ny} .
Thus

PV(T > t) =P ({T > t} N {Nk > l()(C(), Oé)k‘EV[Nl]}) +P? ({T > t} N {Nk < lo(Co,a)]{EV[Nl]})
< P¥ (Nk > lo(Co,a)kEy[Nl]) + P? (T > Nk)
=P¥ (Nk > lo(Co,a)]{JEy[Nﬂ) + P? (T > Nk) .

Inequalities (3.14) and (3.45) then yield

PI/(T > t) < e—Ks(co,oa)k + 2e—K6(co,oe)k < (1 + 2) e min(K3(co,a),Ke(co,)) k

Since k > (t/lo(co, ®)EY[N1]) — 1 and thus

. — min(K3(cg,®),Kg(cg,a))t
PY(T > t) < 3 emin(Ks(co,@),Ke(co,)) ¢ zogco,oa)mv[zgl]o
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Using the control on the tail of N7 given in Corollary we get

cb(c ) 1
(3.84) ZP”NQ’f <Z( e ) S T g
ey s

1—e
so that it finally holds

. _ min(K3(cg,a),Kg(cg,)) e COb(ZOA)) ¢
PV(T > t) < <3em1n(K3(007a)7K6(COva))> e lg(cq,a)

o If t < l(co,)EY[Ny], by to Inequality (3.84), we get

min (K3(co, ), Kg(co, @)
a lo(co, a) (1

so that it also holds

_ cob(cg,) .
—e 1 ) t > —min (K3(Co,0£),K6(607O‘)) )

PUT > 1) <3 < (3emialaanaa)) e 2 (1o )
Setting
(3.85) K1 (co, o) = 3 e™in(Kalco,0),Ks(co.2)
and
(3.86) Ka(co,a) = min(Kfﬂ(Z)O(’Cz‘?)’off"(CO’“)) (1)

it holds, for any positive t
PV (T > t) < Ky(co, ) K20t

Hence, Theorem [14] is proved.

3.2.9 Proof of the existence of exponential moments for BPIREG(v,0)

Remember that for any probability distribution Q on (F, F), for any random variable W from
(F,F) to (R*,B(R")) and for any differentiable function h : RT™ — RT such that h(0) = 0
and h/ > 0, the following integration by part formula holds

“+o0o
QW) = /0 W (w)Q(W > w) duw

Applying this identity with the annealed probability P¥, the positive random variable T
defined in Equation (3.8) and the function h : t € Rt — sl — 1 € RT where kg > 0 yields

+0o0
EY[k)] =1+ EV[e80)T _ 1] =1 4+ / log(ko)e 8 O PY(T > ¢)dt .
0
Combined with Theorem [I4] we find that for any v meeting assumptions F[I] and F[2|

“+00
(3.87) BV k7] < 1+ log(xo) K1 (co, ) / elloz(ro)—Ka(co)lt gy
0
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The condition log(kg) — K2(co, @) < 0 being sufficient for the integral in the right hand side
of Inequality (3.87)) to be finite, we set

Kg(cp,2)
KOZR()(C(),O():G 2 >1,

so that

“+oo
log(ko(co, ) K1(co, a)/ ellog(roco.))=Ka(eo.)ltq — K (¢o, o) < +00.
0

We derive the existence of an exponential moment for the first return time to 0 of the
BPIREG(v,0) with the following uniform control

Ko (cq,o)
E" [ko(co,a)'] = EY [e “2" T} <1+ Ki(co, ) < 400.

The Corollary [15] sums up these findings.
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Chapter 4

Concentration inequality for
geometrically ergodic Markov
chains

In probability theory, the laws of large numbers states under mild conditions that the empiri-
cal mean of independent random variables is close to their expectation with large probability.
Given this property, the next natural question is to assess the fluctuations of the empirical
mean around its expectation. This is a special instance of concentration inequalities: such
inequalities quantify the probability that a function f of random variables X1, ..., X, (not
necessarily independent) differs from its mean by more than a certain amount

(4.1) P(f (X1, X0) —E[f (X1, X)) 2 ) < g(8),

where g is some real valued function defined on positive reals.

Concentration properties for sums of independent random variables were first intensively
studied and rather well-understood in probability theory. Whereas those properties were only
available for sums, the martingale methods, developed in the 1970’s for example in [Yur76)
Mau79l IMS86l McD89], made possible the handling of concentration for more general func-
tions of independent random variables. Talagrand in the mid-1990’s ([Tal95) [Tal96al Tal96h])
offered a new insight onto the problem suggesting new techniques depending on the smooth-
ness of the transformation applied to the independent random variables. For a complete
exposition of this methods we refer to [BLM13]. The applications of the concentration in-
equalities to various fields such as discrete mathematics (via the probabilistic method [ASII]),
computer science (running times of randomized algorithms [DP09], machine learning) and
statistics (statistical learning, model selection [MP07], density estimation) give them a always
bigger importance.

Concentration inequalities where the function g in Inequality is of the form 2 exp(—t2/C)
are said sub-gaussian and are of special interest because they are directly related to moment
upper-bounds for the variables. Similarly, situations where the function f is in fact a transfor-
mation with bounded differences property were also widely studied because of their occurrence
in other situations.

Definition 36. A function f : X™ — R is said to have the bounded differences property if
there exist nonnegative constants Yo.n—1 = (Y0, ---,¥n—1) in R such that for all xo.n—1 in
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X" and all yp.n—1 in X"

n—1

(4.2) I (@om—1) = f Worm—1)] <D Yillfzity,
=0

The class of all functions f : X™ — R satisfying Inequality (4.2) is denoted BD (X™, Ypn—1).

In particular, the Mac Diarmid’s inequality derived from the martingale method states an
exponential concentration inequality for transformation with bounded differences property of
i.i.d. sequence of random variables.

Theorem 37. [McD89/[Mac Diarmid’s inequality] Let (X, Z") be a measurable space and
(Q, Z#,P) a probability space on which is defined a n-tuple of independent random variables
Xom—1 = (Xo,..., Xn—1). If f is a function on X™ with bounded differences property of
constant Yo.n—1 with n in N* and yo.,—1 in R}, then, for any t in RY

2
(4.3) P(1f (Xom—1) = E[f (Xom-1)]| > 1) < 2exp (-%) ;
1=0 i

In this chapter, we are concerned with a generalization of Mac Diarmid’s concentration
inequality that holds for Markov chains (instead of i.i.d. random variables) and is explicit
with respect to the characteristics of the chains. As illustration, we apply this inequality to
the Markov kernel K defined for any v in M*([0,1]) and any i and j in N by

(4.4) K" (i,j) = ( * j)

]

1
/ tH 1 — )Y p(dt).
0

In [DMPS18], the authors give an exhaustive introduction to Markov chain theory and in-
troduce the readers to concentration inequality for Markov chains. In particular, they provide
with a sub-gaussian concentration inequality for transformations of V-geometrically ergodic
Markov chains by functions having the bounded differences property which is analogous to
Mac Diarmid’s concentration inequality :

Theorem 38. [DMPS18, Theorem 23.3.1] If P is an irreducible and aperiodic Markov kernel
on X x X with invariant probability 7, then, for every geometrically recurrent small set C,
there exists a positive constant 3 such that for all n in N*, all yo.,—1 in R, all function f
on X™ with bounded differences property of constant vo.n—1 and all x in C, it holds for any t
in R

Bt
Po (If (Xom—-1) = Ea [f (Xom—1)]| > 1) < 2exp <_n12> )

1=0 Vi

where (Xp)nen denotes the canonical Markov chain on XN,

In the concentration inequality given by Theorem the upper-bound is function of some
positive constant 8 that possibly depends on the transition kernel P and on the small set C.
Nevertheless, there is no clue how 8 depends on those three quantities.

In [Paulb, Corollary 2.10], a similar concentration inequality is given for Markov chains
with values in a Polish state space and functions f with the bounded differences property
of constant v = 7p.,_1 except that the function g now writes g(t) = 2 exp(—t2/(||7/|37min))
where the quantity Tmin strongly depends on the mixing time of the Markov chain. Even if it
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gives in some sense the explicit dependency on the kernel P of the constant 5 of [DMPS18], it
seems hard to give an expression of the mixing time explicitly depending on the characteristic
of the Markov chain without very restrictive assumptions on the chain (reversibility, finite
state space,. .. ).

In [DMPS18, Theorem 23.2.2] Mac-Diarmid’s concentration inequality is also extended
to uniformly ergodic Markov kernel. In this setting, there exists 8 > 0 such that the function
g writes g(t) = 2 exp(—t2/(D,(B))) and denoting A(M) the Dobrushin coefficient of Markov
kernel M, Dy, : R} — R* is defined for any « in R% by

n—1 n—1 2
D.(8) =3 (w+ﬁ ) %LA(Pm’)) .

=0 m=Il+1

The major drawback of such an inequality is the computation of the Dobrushin coefficient.
For example, there exists no uniform minorization condition on the Markov kernel K", what
makes the computation of the Dobrushin coefficient impossible.

In this chapter, revisiting the proof of [DMPSI8, Theorem 23.3.1], we track the depen-
dency of the constant 8 into the specific parameters of the Markov chain in order to derive
a quantitative version of the Mac Diarmid’s type concentration inequality ending into Theo-
rem

As an illustration, Theorem [0 and Corollary [1] ensure that this quantitative concentra-
tion inequality is valid for the Markov chain starting from 0 and with transition kernel K"
for v in M'([0, 1]) provided there exists o in (0,1/2) and ¢y > 0 such that

(4.5) supp(v) C [a,1 —a]  and /0 'og (;) V(dt) < —co.

In Section [I.1] we introduce the Markovian framework of the Chapter. Furthermore,
we define also some assumptions concerning long-time behaviour of the considered Markov
chains.

In Section we state the main results of this Chapter : a quantitative concentration
inequality for Markov chains in Theorem [39] and its application to Markov chain with kernel
K" in Theorem [40] and Corollary

In Section 4.3, we concentrate on the proof of Theorem [39|: we decompose it in a logical
sequence of elementary intermediate steps and prove them precisely.

In Section [4.4] we prove Theorem : we justify that assumptions for application of
Theorem |39| to Markov kernels K are met when v satisfies conditions .

4.1 Framework

Before going further, we set the framework, remind some useful notations that are common in
Markov chain theory and introduce some assumptions. For basic definitions and elementary
results on Markov chains theory, we provide with some reminders in Appendix [A] and refer
to the book [DMPS18] for more comprehensive exposition.

4.1.1 Markovian setting

Let us first define the Markovian framework and some notations used below
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(X N 2 ) is a measurable space and P is a Markov kernel on (X N 2 ),

(Xn)nen is the canonical process on the canonical filtered space (XN, PR Cﬁlg)keN)

defined for any n in N and any z = (23)reyn in XN by

Xn(z) =zp and FX =0 (Xo,...,X,),

6 denotes the shift operator on the canonical space defined by
: xN¥ — XV
z = (zp)ken — 0(2) = (0(2)k) e

where for any k in N, 0(x); = xj41.

For any probability measure £ on 2, the unique probability measure on (X N 2 ®N)
such that (X,,)nen is a Markov chain with kernel P and initial distribution ¢ is denoted
P¢ (hereafter, for any x in 27, we write P, instead of P, ).

Furthermore, define for any set B in 2" the stopping times op and (75);en by
op=inf{n >1: X,, € B} and 75 =inf{n >i: X, € B}.

The stopping time op is the return time of set B while 75 = T% is the first hitting time of set
B and 74 is the first hitting time of set B after time i (with the convention that inf()) = +00).

4.1.2 Assumptions in Markovian framework

Let us also define some assumptions concerning the long-time behaviour of those chains.

M 1. P is an irreducible and aperiodic Markov kernel on X x Z admitting the invariant
probability .

M2. There exist a set C in 2 and real numbers 6 > 1 and M > 0 such that

(4.6) sup E; [67¢] < M.
zelC

M3. There ezist ro in (0,1) and (o > 0 such that for any x in C and any n in N
(47) dTV(éxP”,w) S COT(T)L .

In particular, under assumption M| the Markov chain with transition kernel P is geo-
metrically ergodic provided its initial distribution gives mass 1 to the set C.

4.2 Main results : Theorems 39 and

The main contribution of this chapter is to give a quantitative sub-gaussian concentration
inequality for transformations of Markov chain with the bounded differences property.
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Theorem 39. Assume that M3 and M3 hold. If f is a function with bounded differences
property in BD(X"™, vo.n—1) where n is some positive integer and ~yp.,—1 is some n-tuple of
positive reals, then, for any x in C' and any t in RY

r 2
(48)  Po(lfXon1) — Eelf(Xon1)]| > ) < 2exp (6“0’ 0.0, M)t ) ,

1=0 Vi

where 3(Co, 70,0, M) (depending only on the parameters (y, ro, 6 and M given by the assump-
tions) is defined by
-1

4 (1 +

) 16 max(2¢p, 1)*
n (2¢o )1 i
1 — max (T(), 573>

We now prove that under Assumptions F[I] and F[2 of Chapter [3| the kernel K* meets
requirements and M3

Theorem 40. Fiz a probability distribution v on [0,1] and consider the Markov kernel K¥
defined for any integers i and j by

(4.10) 1cx@j)::<ifj>

1

(49) 6(<07r0767M) = i 10g(5)

/1 (1 —t)p(de).

0
If the distribution v meets Assumption and F{J of Chapter |3, i.e. there exists co in R
and « in (0,1/2) such that

AH@(lqu@ﬂ<—% and vl 1—a]) =1,

then, the Markov kernel K¥ meet Assumptions M3 and M[3 where C = {0} and the
constants rg = ro(co, ), Co = Co(co, ), § = d(co, ) and M = M(cy, o), respectively defined
in Equations (4.95), (4.96)), (4.64) and (4.65)), depend explicitly on cy and a.

In framework of Theorem 40} Theorem [39] applies immediately to kernel K” : we thus
obtain in Corollary [f1]a concentration inequality for transformations with bounded differences
property of the Markov chain starting from 0 with transition kernel K.

Corollary 41. Fiz a probability distribution v on [0,1]. If the distribution v meets Assump-
tion and F@ of Chapter@ i.e. there exists co in R and a in (0,1/2) such that

AH%<1ZOVMQ<—% and  v(f1—a]) =1,

then, the concentration inequality is valid for the Markov chain with transition kernel KY
defined in Equation , the set C = {0} and the constant (o, 10,0, M) defined in Equa-
tion previously plugged with the constantsrg = ro(co, ), (o = (o(co, ), d = d(co, ) and
M = M/(co, ), respectively defined in Equations (4.95), (4.96), (4.64) and (4.65).

When considering a RWRE with environment distribution v in M!([0,1]), the exis-
tence of positive real numbers ¢y and « in (0,1/2) such that fol log (1) v(dt) < —co and
v(Jo,1 —a]) = 1 concern respectively long-time and local behaviours of the RWRE. First
condition is equivalent to its transience to the right whereas the second, called ellipticity
condition, prevents the walk to go systematically in one direction or to get trapped between
two specific integers and is nearly systematic in probabilistic statement about RWRE.

Sections [4.3] and [4.4] are dedicated to the proofs of Theorems [39 and [40] respectively.
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4.3 Proof of Theorem [39

We first give a bright oversight of the proof of Theorem

4.3.1 Sketch of proof of Theorem

The first step of the proof of Theorem [39| consists in showing Inequality (4.11]).
Lemma 42 ([DMPSIS8, Theorem 23.3.1]). For any ¢ and ¢ in MY(Z), any n in N, any
Yom—1 in R and any h in BD(X™, y0.:n—1)

n—1

(4.11) |Be[l(Xo:n—1)] — Ber[M(Xom—1)]] <2 yiday (EP, €' PY).
=0

For the sake of completeness, its proof is given in Section

As, for any 0 < ¢ < n — 1, the stopping time Té is well defined by M we can introduce
the following sequence of random variables (G;)o<i<n—1 defined by

Gi =By | f(Xon-1)

One important property is that any two successive terms of this sequence, G; and G;_1, are
equal excepted on the set {Té_l =i — 1} as Lemma 43| guarantees. Its proof is postponed to
Section [4.3.2.2

Lemma 43. Considering the sequence (G;)o<i<n—1 defined for any integer 1 <i <mn —1 by

9??}.

1
Tc

(4.12) G =E, [f(XO:n—l) )ﬁx} :

&
it holds for any integer 1 <i<n—1

(4.13) G, —Gi_1 = (GZ — Gifl) ]l{‘réfl:ifl} .

We can control the distances between G; and G;_; thanks to the existence of a geomet-
rically recurrent small set granted by M2 and the geometric ergodicity of the chain granted
by M[] This result is shown in the following Lemma 4] whose proof is postponed to
Section [4.3.2.3

Lemma 44. Under M[9 and M[3, for all v in [ro,1), for any n in N, any integer
1<i<n-—1, any Yom—1 in R, any f in BD(X™,v9.n—1) and any x in C, it holds

i—1
(4.14) Gi = Gial < GCo,ro)  max (%) Lypiay gy oc o,
and
n—1
_ ofi—1 .
(4.15) G — Gi_1]? < (o, ) Ly 7 20000 Z,yzrk i
k=i
where G; is defined in Equation (4.12) and where
4
(416) CI(C()arO) =1+ 1 CO 3
— 70
and

(417) Go(Go.r) = LmxC 17
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Relying on the controls (4.14) and (4.15)) of the distances between G; and G;_1, a decom-
position of the difference between f(Xo.,—1) and E, [f(Xo.n—1)] by mean of the G; leads to

Lemma Its proof is postponed to Section

Lemma 45. Under 1\/1@ and 1\/1@ for all Yo.n—1 in R%, f in BD(X™, vp.p—1) and x in
C, it holds

n—1
(4.18) E, [ef(XO:nfl)*Ez[f(Xo;n—l)]} < exp (K/(<—07 0, 5, M) Z ’YE) s
=0
with

( 1+max<7‘o,6—71!>>
20 | G0y ——~
4¢1(Cos o) n M

log(9) 1 — max (1"0, 5_i)

where (1(Co,m0) and (2(Co,7) are defined in Equations (4.16) and (4.17) of Lemma 44

(4.19) #(Co, 70,6, M) =

)

Using a ”Chernov bound”, Lemma [45] finally enables to completely prove Theorem

Proof of Theorem [39 For any s > 0, t > 0 and g in BD(X™, yp.,—1), it holds by Markov
inequality and Lemma

(4.20) P, (9 (Xom—1) — Ex[g (X();n_1)] >t) =P, (est(g(XO:nfl)*]Ez[Q(XO:nfl)]) > est)
< e ', |:es(g(X0:n71)—]Ex[Q(XO:nfl)]):|

< o st+s?h(Cor0.6,M) 7o) 5292

Choosing
t
5= n—1 9.2’
2 ’%(Cov To, 57 M) Zi:O 57
in Inequality (4.20)), we get
(4.21) P (9 (Xon1) — Balg (Xom-1)] > 1) S o oSy o7

Since —g also belongs to BD(X™, v0.,—1), Equation (4.21]) also holds for —g.
Hence, we finally proved that for all ¢t > 0
t2

Py (|f (Xom—1) — Eq [f (Xoun—1)]| > £) < 2e **Como s S5HE

4.3.2 Intermediate results for proof of Theorem

In this section, we prove all intermediate results that have been introduced in Section [4.3.1
More or less standard technical properties of stopping times on filtered probability spaces are
used and we refer to Appendix [C] for detailed proof of such results.

Recall that the total variation norm and the total variation distance can be respectively
defined as follows for any ¢ and ¢ in M*(.2")

1
I€llmy = sup ({£(F) = [flloe < 1})  and drv(€,€) = €= Elrv -
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4.3.2.1 Proof of Lemma [42]
Fix z in X and for all integer 1 < i <n — 1, define the function h; by
hi(xi:n—l) = h(.f', e, X, xi:n—l) .

Set hg = h and h,, = h(Z,...,z). The function h can thus be decomposed as

(4.22) h(zo:n—1) = hn +Z i(Tin—1) = hix1(Tit1n-1))

where we write abusively h,(zp.n—1) = hy for all zg,,—1 in X™.
For any integer 0 < i <n — 1 and z} in X1 let’s define w;(x;) by

w; () :/(hi(xi:n—l)_hz—i-l Tit1m—1) H P(z-1,dx;)
l=i+1

n—1
:/(h(x,...,x,a:m_l)—h(m,...,x,le;n_l)) 1 Pz, day).
I=i+1

Since (X,) is a Markov chain, for any ¢ in M!(2") and for any integer 0 <i <mn — 1
wZ(Xl) = Eg [hz(in—l) — hi+1(Xi+1:n—1) L%X] Pg—a.s. .

Thanks to the decomposition (4.22)) of h, we obtain

E¢ [h(Xon-1)] = B¢ | Ay +Z (XY = hi (X))

n—1

= hp + ZEg [Ee [ha(XP) = haa (X5 |7
=0
n—1
—h, +ZE§ wi(Xi)] = hn + > EPw;
1=0
so that
n—1 ' n—1 '
(4.23) Ee [h(X0:n-1)] — Ber [M(Xom—1)] = hn + Y EP'w; — {hn +> g’le,}
=0 =0

I
—

_ (gpi_glpi)w

i

I
o

For any integer 0 < ¢ < n — 1, we derive from the definition of the total variation norm that

(4.24) (6P = &' PY) wi| < [lwiloo [[€PF = €'P|| 1, -

Since h belongs to BD(X™, vp.,—1) and since the arguments of function h only differ from
(i + 1) component in the definitions of h; and h;y1, Equation ensures that for any
integer 0 < <n—1

|hi(@im—1) = hiv1(Tit1:n-1)| < i,
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and thus by definition of w; and Jensen inequality, we thus get for any xg.,—1 in X™

)

sup |wz 7 |_ sup / lizn 1 h”L+1 Li+1ln— 1 H P -’El 1,d£Cl
z,€X z;€X I=i+1

n—1

< Sup </|h Tin— 1 z+1(33i+1:n71)| H P(J:l—lvdxl))
l=i+1

/’7@ H P$l 1,dﬂjl =Y

l=i+1

so that

(4.25) |willoo < i -

Combining Inequalities (4.24) and (4.25)), Equation (4.23)) finally leads to

|Be [A(Xon—1)] — Eer [h(Xon—1)]| =

n—1
Z £PZ gpz
=0

Z |(€P" = €'P) wi
=0

ij sy (PP

=0

4.3.2.2 Proof of Lemma [43]
For any integer 1 < i <n — 1, by definition of Té?l and Té, we get
ot >i—1 and ol >i—lers =14,
Hence,
={r5t=i-nu{rt =Tttt o n - u{rh = rhi - 1<t <n— 1},

This leads to the following decomposition of G; — G;_1

(4.26)

Gi = Giot = (Gi = Git) (Vi gy + 1 L+

:T(ij,ifl<7’éfl<n71 {TC =Tc,Tl '>n— 1}) )

For any integer 0 < i < n — 1, using Lemma [91] of Appendix [C]
n—2
Ew [f(X():n—l) “O}\T)g} H{Té<n71} = ZELE {f(XOITL—l) ‘jjé} ]l{ré,:j}
j=i

- ZEE [f (Xoin-1) [ F ] Lri—jy -
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Hence, for any integer 1 < i < n—1, the second term in the right-hand side of Equation (4.26))
becomes

X
(Gi — Gi_l) H{Té_lzTé,i—1<Té_l<n—1} =E, |:f(X03n_1) ‘97'6] ]l{i*1<7év<n*1}]l{’ré._1:7'é}

X
— Ex [f(XO:nfl) ‘g.réfl} ]]-{i71<‘réfl<n71}]]'{7'271:7'8}

n—2
= ZEQC [f(XO:n—l) ‘gjx] ﬂ{Té:j}ﬂ{TéTl:Té'}
j=i

n—2
X
— ZE”” [f(XO:n—l) |ﬁj ] ]l{Té;l:j}l{Tgl:Té} =0.
j=i
Moreover, by Lemma [91] of Appendix [C}

X
Gil st imtsn 1y = Ea {f(XO:n—l) ‘J@Tg} Lrisn-1ybirisipy
= f(Xom_1>H{Té_IZTL—l}]l{Té_l:Té} .

Likewise,

X
Gi_1 ]l{'rglzTé,Tglzn—l} =E, [f(XO:n—l) )‘g:réfl} ﬂ{rglzn—l}l{rglzré}
X
=E, [f(XOm—l) ‘ﬂ\n—l] l{Té«_IZn—l}ﬂ{Té_lzTé}
= f(XO:n_l):ﬂ'{Télen—l}:H'{Té;l:Té} .
Hence, the third term in the right-hand side of Equation (4.26)) becomes
(GZ — Gifl) ]l{TéflzTé,,TéTlanl} = (f(XO:nfl) — f(X(];nfl)) ]l{féflznfl}ﬂ{Téflzfé,} =0.

This concludes the proof of Lemma

4.3.2.3 Proof of Lemma [44]

First, Lemma @ enables to decompose the difference G; — G;—1 in two terms. Each of the
two resulting terms are again decomposed in Equations (4.30)) and (4.32)) and then controlled
thanks to the bounded differences property of f. A preliminary bound on |G; — G| is

thus derived in Inequality (4.38)). Finally, we obtain Inequalities (4.14]) and (4.15)) that give
respectively expected bounds on |G; — G;—1| and |G; — Gi_1|2.

Fix  in C. For any integer 1 <7 < n, define G;1 and G;2 by
X X
Gi,l = Ex |:f(X0;n7]_) ‘g‘réfl} :H.{Tév—l:i_l} and G’i,? = Ex |:f(X0;n7]_) ‘ﬁ’?'é] ]]'{Téilzi—l} .

Using Equation (4.13)) of Lemma |43 we get
(4.27) G,—Gi_1 = (Gl — Gz;l)]l i~ 1y = Gi’Q — Gi,l .

{Tc
Define the functions (g;)o<i<n—1 by gn—1 = f and for any integer 0 <i <n — 2

9i(z0:4) = Eq, [f(20:4, X1m—1-4)] »
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Define similarly the functions (g;r)o<i<n—1 by gn—1, = f and for any integer 0 < i <mn — 2
Gix(z0:i) = Ex [f(x0:4, X1:m—1-i)] = Ex [f(20:, Xit1:m-1)] -
Thanks to Markov property, for any integer 0 < ¢ <mn — 1 and all x in X
E. [f (Xomn—1) ‘«QZX] = gi(Xo04) Pgas..
Choose i in {0,...,n — 1} and x¢,; in X**! fixed. It holds
9i(%0:1) — gie(20:0)| = [Ea, [f (20105 X1:n—1-i)] — Ex [f (205, X1n—1-4)]] -

Since f is in BD(X”,’yo;n_l), the function ﬁ D Yon—2—i € xnl=i f(m'o;i,yo;n_g_i) eR
satisfies for any yom—_2—; in X~ 17% and any 9p.p_o—_; in X717

= ‘f(xf), Yon—2-i) — f(h, Yon—2-1)]
n—2—1 n—2—1

< Z’Yk]l{l“k?ﬁxk}—i_ Z ’Yl+k+1:ﬂ'{yk7éyk} < Z %‘*‘k‘*‘lﬂ{yk#yk}’
k=0 k=0 k=0

J?i (yO:n—2—i) - J?l (370:71—2—1’)

what exactly means that ﬁ has bounded differences property and even that ﬁ belongs to
BD(X" 1% ~;11.,-1). Lemma {42 applied to f; and the invariance of 7 for P lead to

(4.28) 19i(20:4) — gin(x0:4)| = |Ea; [f(%0:0, X1:n—1-4)] — Ex [f(%0:4, X1:0—1-4)]|
= ‘EéxiP [E(XO:anfi)} —Ex []?i(XO:anfi)”
n—1
<2 Z Yk dTv((SxiPk_i,ﬂ') .
k=it1

Assumption ensures that there exist (p in R* and rg in (0, 1) such that for any x in C' and
any n in N, dpy (8, P", m) < (ory. Hence Inequality (4.28)) implies for any xo.; = (xo, ..., ;)
in Xt x C

(4.29) 19i(20:) — gim(w0:4)] < 2Go Z g
k=i+1
For any integer 1 < ¢ < n, applying Lemma [91| of Appendix [C| with T = TC
(4.30) Gir = E, [ F(Xom-1) ‘fijé,l} Vi
= Ew [f(XO:nfl) |'3?’L)£1:| ]]‘{Téilzifl}
= gi-1(Xoi-) iy qy = Rin 4 gicn(Xoim1) Uiy s

where R;1 = gi— 1(X0z Dz gy = gim1r(Xoi-1) Lo gy
Using Inequality (4.29 , we get
(4.31)

n—1
|R;i 1] < 19i-1(Xo0:i-1) — gim1,7(Xo:i—1)] 11{75122-, <2¢ (Z Yere ”1> ]].{Téflziil}.
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On the other hand, since Tév > i, we have

n—

={rtzn-1}| J{i<w <n—2={ezn-1}[ || | {t =3} |

j=i
so that G; 2 decomposes as
Gi,? =E; _f(XO:n—l) y)f ]]'{Téflzi—l}

. o
=, _f(XO;n,l) Fi (H{Téfl:ifl,Téanl} + l{Té*:ifl,iSTéSnf?})

n—2

— [ X ] _ .
= Eaj _f(XO:n—l) ﬁq'é_ 1{76_1:i—1,TéZn—1} + Z l{Té'_l:i_17Té:j}

j=i
Applying Lemma [91| of Appendix [C| with T = Té, for any integers i < j <mn —2
n—2 n—2
X X
B [£(Xon1) |75 | Do Uporsios gy = 2B [fXon ) [ZF | Ly o
j=i j=i

n—2
= ZEx [f(XO:nfl) }ﬁJX] ]]'{Téfl:i—l,‘ré:j}
j=i

n—2
=29 (Xo) Lgioioii iy
j=i
and similarly

X X
E, [f(XOZTZ_1> ‘y‘ré,} H{Té_lzz'—l,Té,Zn—l} =E, |:f<X0:n—1) ’CQZT&«} ]l{‘f'ézn_l}]l{Té_lzi_l}
=E, [f(XO:nfl) ’yi(—l] ]]'{Té,Zn—l}]]‘{Téflzifl}
= f (XO:n—l) ]]‘{Té,_lzi—l,TéZn—l} ’

so that G; o finally decomposes as

n—2
(432)  Giz=f (Xon-1)Torsig oty + 295 (Xog) Loy gy
Jj=t
Let us define
n—2
(4.33) Ry = Z (95 (X05) = gjom (X)) Lprima_i g s —jy -
7=t

Noting that for each i < j <n —2, {75 = j} C {X; € C}, Inequality (4.29) ensures

195 (X0:5) = Gim (X0)| L=y = 195 (Xoj) = gjim (Xo:) [ 1 7i =y

n—1 )
k—T1

n—1
i
<200 > wrg ? Loy <260 Wwro ¢ Liri—j
k=j+1 k=ti+1
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and hence

n—2
(4.34) |Rizl = D (95 (Xo;) = gjom (X0)) Lpicisy oy

j=t
< g (Xoy) = gim (Xo35)] Lricjy Loy

n— .
k—7&
< 2Go Z VkTo Lo y-
]{?:1+Tév

Using Equation (4.30)), we derive
n—2

Gin = Rig + gi-tn(Xowim1)Lpriciy g iy gy + Zgi—l,w(XO:i—l)]l{Té—lzi_LTé:j} ;
=i

and using Equation (4.32)) combined with definition of R; > in Equation (4.33)), we derive

n—2
Gi,2:f(X0:n71) ]]'{ o 1,78 >n— 1}+R 2+Zgj7f XOJ) IL{ T 1,ri=5}

j=t
Combining those decompositions of G;1 and G; 2 with Equation (4.27)), we get

(4.35) Gi—Gi1=Gi2— Gy
=Rio— Ri1 + (f (Xon-1) = gi—1,7 (Xo:i-1)) Lt 108 5013

+ Z (9j,x (Xo:5) = gi—1,7 (Xo:i-1)) Lo 1y -

By definition of g;—1 ~ and Jensen inequality

|f (Xon-1) = gi—1,7 (20:i—1) [ = | f (Xoin—1) — Ex [f (20:i—15 X1:n—i)]|
= |Ex [f (Xom—1)] = Ex [f (z0:i—1, X1:n—i)]|

=|E [f (Xom-1) = f (z0:i-1, X1:0-4)]|

Er [|f (Xom—1) = f (z0:i-1, X1:n—4)[] -

Since (Xo.n—1) and (xg:j—1, X1.n—;) differ at most by their n — i last components, bounded
differences property of f in BD(X™, vp.,—1) ensures

n—1
’f (XO:n—l) - f (J}O:i—l,Xl:n—i)‘ S Z’Yka
k=i
so that
n—1
(4.36) |f (Xom-1) = gi—1,x (20:im1)| < Ex [|f (Xoim—1) — [ (@0:i—1, X1:n—i)[] < Z’Yk-
k=i
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For any integer i < j < n — 2, by definition of g;, and g;_1 and by Jensen inequality

95,7 (20:5) — Gi—1,x (T0:i—1)| = |Ex [f (055 Xjg1:n-1)] — Ex [f (Z0:i-1, Xizn—1)]|
= |Ex [f (0.5, Xjg1:n—1) = f (20:i-1, Ximm—1)]]
Ex [|f (zo:j, Xjr1m—1) = [ (20:-1, Xin—1)]

Since (2o:j, Xjt1:n—1) and (zo:—1, Xim—1) differ at worst from the i-th to j-th components,
bounded differences property of f in BD(X™, ~g.,—1) ensures

IN

J
If (05, Xjt1:n—1) — [ (20:i—1, Xin—1)| < Z’Ylm

so that fort <j<n-—2

j
97 (T0:5) = Gim1,70 (0:i—1)| < Ex [|f (05, Xjr1n—1) — f (Z0:i—1, Xim—1)|] < Z%a
k—i

and it leads to

n— n—2 j
(437) > 1gim (Xog) = gi-1e (Xog-1)| Ly iy < ZZ plipici gy
— =i k=i

<27k]l Sl=iolrh<n-2}-

Plugging Inequalities (4.34), ([4.31)), (4.36) and (4.37) in Inequality ([4.35)

|Gi — Gi—1]| <|Ri2| + |Ria| + ‘(f (Xo:n-1) = gi—1,7 (Xo:i-1)) Lirimt i1 i o 1}‘

+ ) gim (Xo) = gi-1.0 (Xo:im1)| Lipiotoi 1 ri =y

Jj=t
n—1
< 2 Z ’ykrk i ﬂ—réflzi—l + 2(o (Z 'YkrgiJrl) ]ng1:i_1
k=1+T1} k=t
n—1 e
+kz:’ykﬂ{T1 '=i—1,r&,>n—1} +Z’Ykﬂ{‘fl '=i-1rg<n—2}
i =

so that finally

min('ré,n—l)

n—1 .
k* 7
(4.38) |G; — Gi1| < 2402:%7«’6 Tr2g Y owrg G D> w Lt -
k=i k:f;—é_l,_l k=i

Definitions of Té«, 7c and o¢ ensure

(4.39) T(Zj:i+7‘col9i2i and og=1+71c080,
so that
(4.40) ocol =14 1c0f =14+75—i>1>1g.

Using Inequalities (4.40]) and (4.38)), we are now able to prove Inequalities (4.14)) and (4.15).
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(D

(IT)

First, we concentrate on the upper-bound on |G; — G;_1| claimed in Inequality (4.14)
denoting ¥ = max{yo, ..., Yn-1}-
Since g < 1, we have on the one hand

n—1 n—1 1— Tnii 1
4.41 Vg~ < A rE =1y —2— < Frg ;
and on the other hand
n—1 i ”*76*2 1— Tn—l—Té 1
4.42 re ¢ < Ar rk = Ar 0 <A
(4.42) k—;H%O < qro kZ::O 0= oy ST
e

and since Té —i4+1=0c00"~! by Equation 1| we have
min(Té,nfl)
(4.43) > w<A(min(rhn—1) =i+ 1) <y (& —i+1) <Fogo .
k=i

Hence, plugging Inequalities (4.41)), (4.42)) and (4.43)) in Inequality (4.38]), with the fact
that 79 < o¢ 0 =1 granted by Inequality (4.40]), we finally derive

4 i
|Gi — Gi—1] < (’Yl C(;Oro +yoc o b 1) :H.Té—lzi_l

([ 4o i—1 _ i1

=7 (1 — 79 + 1) ocof ]172;‘1:1'—1 < Gi(Co,r0) Yo 0 0" Hré‘lzz‘—1 .
Let us now get the upper-bound on |G; — G;_1|? claimed in Inequality 4.151 .
For any r in (rg, 1), since k —i+1 >0 for any i < k < n — 1, we have "”0_2+ < ph—itl
so that

n—1 n—1 n—1 n—1
DTS T = Y TP <Y
k=i k=i k=1 k=i

i

. . ; ; k— -
and similarly since k — 74 > 0 for any 75, +1 < k < n — 1, we have r TC < pk=T6 g0

that using Equation (4.40)

n—1 o n—1 ' ‘ n—1
—T, P ) 1 ; —a
§ : YTy C < § : ’Ykrk T <r TE+ § : ’Ykrk 7

k=7‘é+1 k::‘ré+1 k=Té+1
n—1 n—1
_ i—1 i _ i—1 i
ST‘I ocob 2 : ’Ylg'r'k i <r ocob § : ’Ylg'r'k i
k:Té,—‘rl k:’ré,—‘rl

Similarly, for any r in (0, 1), since k — Té <0 for any ¢ < k < min (Té,n — 1), we have
1 < 7*=7¢ so that using Equation 1}

min(Té,n—l) min(Té,n—l) min(Tém—l)
S Y e <eTet N gk
k=i k=t k=i
min(Té.,n—l) min(ré,n—l)
< r1—0009i71 Z ’Ykrk_i < T—acoei’1 Z ,Yk,r,k—i
k=i k=i

103



Hence, for any r in (7o, 1), from Inequality (£38), we derive on {75 ' =i — 1}

|Gi — Gi—1]
n—1 . n—1 ‘ min(7¢,,n—1)
< 12¢o Z ekt 4 2¢r—oe Z yrk =t | 4 pmoeot™ Z At
k=i k=1}+1 k=i
n—1
< <2Co Z yerE T+ max (26, 1)r7c? (Z wr® Z) )

k=i
< 2max(2¢, 1) (Z Art Z) —ocof' ™!

Cauchy-Schwarz inequality yields

(E) - ([E6rm )

k=i

so that finally

2
; 90 ofi—1
|G — Gi_1]? < 4max(2(p, 1) (Z'ykr ’) p20000 ﬂTé'—lziil

—20¢c00i1
< G(Go, ) 200 (Z virk™ z) Ly

4.3.2.4 Proof of Lemma [45]
Fix z in C.
Since ¢ = 7'8 = 0 under P, for x in C', we have for all z in C and all n in N*

Es [£(Xon-1) | #3 ]| = Ba [f(Xon-1) | 75 ] = Ea [f(Xon-1)]  Paas.,

so that P -almost surely Go = E, [f(Xo:n—1)]-
By definition, Tgil > n—1 so that Ing_lzn_l = 1. Hence, Lemmaof Appendixensures

that P,-almost surely for all n in N*
Ex |:f(X0:n—1) ‘y:é—l} = Ex |:f( ‘ﬁ n— 1} ﬂ’rg,_lzn—l = Ex [f(XO:n—l) ’gi(_l} ]]-Tg—lzn_l
= Em [f(XO:nfl) ’qu—l] = f(XO:nfl) 5

so that P -almost surely G,,—1 = f(Xo:n—1)-
Hence, we get the following decomposition of f(Xo.n—1) — Ez [f(Xo:n—1)]

n—1

(4.44) f(Xom—1) = Ez [f(Xon-1)] = Gn—1 — Go = Z(Gz —Gi-1).

=1

104



For all integer 1 < ¢ < n — 1, using Lemma

G Gz 1—(G G’L 1) {l 171 1}

By Lemma for all r in [rg, 1), there exist constants (1(p,r0) and (2((p,7) such that for
any n in N, any integer 1 <1i <n — 1, any yp.,—1 in R%, any f in BD(X™, v0.,—1) and any z
in C

(4.45) |G Gz 1| < Cl(CQ, 7”0) 0< max_l(fyj) ﬂ{Téfl:i—l} oC © 91’—1 ,
and
—20c0ft 1 S —1
(4.46) G — Gi1|* < G(Co, ) L gy 20¢00 nygrk .
k=i

Using that ef < 1+ ¢ + t2el!l for every real ¢, yields

E, |:eGi*Gi71

y§—1:| <E; |:1 + (Gi — Gi—1) + (Gi — Gi_l)ze‘G’;Gi”'

C

32)5_1] .
TC

For any 1 < i < n — 1, since TC < T, ,?T)f , C F :f and tower property of conditional

expectation in Lemma [92) E-Item of Appendlx . thus ensures

e e [0 23] |22 =2 [10500] 2.

so that
5[] -n o] - fo o
- [ 100023 [ e e [ 2 21
=E, [f(XO:n—l) ’9%—1} [ (Xo:n—-1) ’ FX 1} =0,
and thus

Ex [1 + (GZ — Gi—l) G Gl 1)2 |Gi—Gi— ll

ffX,l} .
C

Since G; — Gi—1 = 0 outside {75 ! =i — 1} by Lemma |43} Lemma 91| of Appendix |C]yields

FX, }
Tc

1} ]l{fglzi_u :

1—1:|
Tc

<1+E, [(Gz — Giq)%elimCil

E, [(Gz _ Gi_1)26|Gi_Gi—l|

ﬁjz_l} =E, |:(Gz - Gi_l)21[{%_1:1._1}6|Gi_gi71|

SELL‘ |:(G Gz 1)2 |Gi= G 1|

We set

_1
log(4) nd 1+ max (r0,5 4)

261 (Co,m0) 2
where 0 is defined in M so that ¢ lies in (0, ¢1(¢o,70) " log(d)) and 7 in [rg, 1) and thus

(4.47) —2log(r) + (1(p, ro)e < log(d) .
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With Inequalities (4.45) and (4.46[), we get

E, [(G, _ Gi_l)QelGrqul

K]

. i—1
Co(Go, P20 1272 ki S (G0, nzx (1)oced

( 2log(r)+C1(Co:r0) maxil(%‘)> ogofi~!

<i<n

< G2(Co,7) <Z’Y2 i 1)

but Markov property ensures

cg.i)(l] )

11— I

E, [e( 210g(7“)+§1(€0,7’0) m<ax ('yz))acoeifl

so that

(4.48) E, |:(Gi —Gyy)PelCi Gl

< CQ C <Z 72 k— 7,) [e(Qlog(T)+C1(C0,r0) <max ('Yz)) ]
" )

(I) We first deal with the case where max (o, ..., Vn-1) <€
From definition of 755!, X;_1 lies in C on {75 ' =i — 1} so that

(4.49) Ey | le(—2log(r)+C1(Co,r0) e (0 ]1

7X)|

{rt=i—1}

—2log(r)+¢1(Co,r0) _max (%) o
e< g(r) 1o O)OSZ'S"J(’Y )) C]) IL{7'gl=i—1}

< sup |E;
zeC
Using Inequality (4.47))

e(—2log(r)+<1(Co,ro)oggrlga;gl(%)> 00] )

< igg (Em |:e(—210g(7")+<1(CO,T0)5)00:|>

(4.50) sup (]Em
xeC

< igg <Ez [elog(é)ac]) < i‘ég (E, [67¢]) < M .

Using the convexity inequality 1+ ¢ < e valid for any real ¢, we get

(4.51) 1+ C2(Co,7) (Z’YQ k- Z) M < exp (CQ (Cos7) (Z’yz = ’) )

Plugging successively Inequalities (4.49)), (4.50) and (4.51)) in Inequality (4.48)) leads for

any integer 1 <7< n—1to
X 2 k: %
33751} < exp <C2 Co,7) (E Vi ) >
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For integer 1 < j <n — 1, we have Tg ITl> - j — 1 so that Itemn in Deﬁmtlon.

guarantees the inclusion ﬁf j-1 C Z X _,_1. The random variable e“i~%i-1 is thus
T,

& _n—j—1-measurable for any integer 1 <i <n — j —1 so that
C

i

and since 1 <n — j <n — 1, Inequality (4.51)) yields

o]

= Ex [H eG Gl 1
L 0

n—j—1
n Jj— 1] = H eGi_Gi_lEx [eGn—j_Gn—j—l ﬂﬁ_j_l} .

C

(4.53)

fn—

C

(n—j—1 n—1
<k | [] eGi‘G“] exp | G(Co,r) | Do it | M

L =1 k=n—j

Hence, decomposing f(Xo.n—1) — Ex[f(Xo.n—1)] according to Equation (4.44]) and using
then recursively Inequality (4.53))

E, [ef(XOW,l)f]Ez[f(XO;n,l)]} —F, {62?:_11(@*@71)} -E,

ﬁeGiGi1]
f[ exp | Ca(Co,7) Zl vt m Hexp G2(o, ) 272 ki
j=1 k=n—j

7j=1

n—1n—

n—j
n—1
<exp [ Ga(Co,m)M | Y Y ek
Jj=1k=j
Since
n—1n—1 . n—1 k n—1
DD = Ak Z%Z”
i=1 k=i k=1 =1 j=

we finally have

n—1
(4.54) E, [ef(XO:n—l)—Ew[f(XO:n—lq < oxp (W M 75) .
k=0
We now deal with the second case : max(7o,...,7-1) > €.

Fix  in X and define an auxiliary function f : X" — R from f by denoting for any
Tom—1 In X"

]}V(X()m_l) = f(xo]l{,mga} + 5ﬂ{70>8}, ce, Tp—1 ]l{Vn—lSE} + :ZL‘VI[{,Y"_1>E}) .
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Function f belonging to BD (X", v9.,—1), auxiliary function fautomatically also belongs
to BD (X", 40.n—1) where
~n—1

Yo = (0liyeeys -1y, <e}) -

Since max(Jo, ..., Yn-1) < &, fsatisﬁes Inequality (4.54))

~ - n—1
(4.55) E, [ef(XO:n—l)7Ez[f(X0:n—1)}:| < exp <<2 Co;7) MZV )

S exp <€2 <07 MZ'}/ H{7k<£}>

=0

—1
< exp (421(%7:)]\4 ’7]3) )
k=0

Furthermore, by definition of fand since f is in BD(X™, vp.n—1), for any zg.,,—1 in A"

(4.56) |f(z0:n-1) — f(0n—1) !—2%1{%>e}<2% Sz Z%-

Since Inequality (4.56]) yields on the one hand
N _ 1 n—1
f(XO:n—l) - f(XO:n—l) S ‘f(XO:n—l) - f(XO:n—l)‘ S g 2712a
=0
and on the other hand combined with Jensen Inequality

E,; {f(XO:nfl)} —Ee [f (Xoin-1)] = Eq [}V(Xo:nfl) - f (XO:nfl)}

T |:J7(X0:n—1) - f(XO:n—l)” S Em [ ~(X0:n—1) - f(XO:n—l)H
1 n—1 1 n—1
= 15 <15
decomposing f (Xom—1) — Ez [f (Xom—1)] as the sum

f (X(]:n—1> - f~(X0:n—1) + ]?(XO:n—l)
- Ex |:]A{(X0:n71):| +]Ex [}:(Xo:nfl)} - ]E:D [f (XO:nfl)] )

<

enables to write
of (Xo:n—1) =Bz [f(Xo:n—1)]
— o/ Xom-1)=F(Xom-1)  ofXon-1)-Eo9[f(Xom-1)]  oEe[f(Xom-1)]-Ealf (Xoin—1)]
< erZico of Xoin-1)=Es[f(Xon-1)]  oEa[L 759 7]

< e Xis 077 of Xon-1)—Eo[f(Xoin-1)]
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And hence
E, [ef(XO:nfl)_Ez[f(XO:nfl)]i| <E, [e% o2 ef(XOn 1) —Eq [f(Xom— 1)]}

9

< D i WfE [ f(Xo:n,l)fIEz[f(onn,l)]]

so that, Inequality (4.55)) yields

n—1

El, [ef(XO:nfl)_Ex[f(XO:n*l)]:| S e% ?:_01 '73 eX (<2 CO? M ,7 :ﬂ-{ryk<5}>
k=0

n—1
2
SGXP<<E+42 COTM> 7}3> .
k=0

Whatever the value of max(yo,...,—1), we just proved that for all yp.,—1 in RY, f in
BD(X™, Yp:n—1) and z in C

E, [ef(xo;nfl)flaz[f(xo:n 1 ] < exp< Z%> 7

where explicit expression for x((p, 79,0, M) is given in Equation (4.19).

4.4 Proof of Theorem

In this section, we want to prove that assumptions necessary for application of Theorem
to the specific transition kernel K given by Equation are satisfied provided v meets
some requirements.

In Section we provides some theoretical prerequisites. In Section [4.4.2] we check
that the Assumptions M[I, M[2| and MJ3| are indeed entailed by Assumptions F[I] and F[2] of
Chapter

4.4.1 V-geometric ergodicity

Recall first the notion of Doblin set and the definition of the V-norm.

Definition 46. If P is a Markov kernel on X x 2", a set C in 2" is a (m,e)-Doblin set for
P where m in N* and € > 0, if and only if, for any x and =’ in C
dpy(P™(z,-), P"(2',)) <1 —¢.

Remark 47. When the state space X is discrete, for every couple of probability measures
(p1, p2) on X, it holds

drv(p, p2) =1 — Z min (p1(2), p2(2))
zeX

so that a set B in 2 is a (m,e)-Déblin set for Markov kernel P on X x 27, if and only if,
it holds

(4.57) inf (Z min (P™(z, z), P (', z))) >e.
zeX

(z,z')eBxB

Therefore, if there exists z in X such that inf,cp P™(x,z) > €, then B is a (m,e)-Doblin set
for P.
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Definition 48. If V is a function from X into [1,400], the V-norm of any finite signed
measure & on X such that |£|(V) < +oo (where |£] = & + &7 with (£1,£7) the Jordan
decomposition of £) is the positive real number denoted ||£||y and defined as

1€l = 1€1(V).-
Remark 49. Since 1x <V and |{] is a (positive) measure for any signed measure £, it holds
(4.58) [€llrv = [€](X) = [€](1x) < [€[(V) = (€]l -

And hence, if the V-norm of a signed measure is upper-bounded so is also its TV-norm and
the upper-bound is the same.

The condition of uniform geometric ergodicty of the chain in total variation distance
specified in M[3| asserts that the distribution of some Markov chain converges geometrically
to its invariant distribution and even at which rate. This condition of geometric ergodicity
with explicit rates can be granted by an adaptation of [DMPS18, Theorem 19.4.1] stated for
completeness in Theorem

Theorem 50. [DMPS18, Theorem 19.4.1] Let P be a Markov kernel on X x X. Assume
that P satisfies the following conditions:

1. there exist V : X — [1,+00), A in [0,1) and b in Ry such that
PV <AV + 0,

2. there exist m in N*, € in (0,1] and d > 0 such that the level set {V < d} is a (m,e)-
Déblin set and X +2b/(1+d) < 1.

Then, P admits a unique invariant probability measure .
Furthermore, ©(V) < 400 and for all & in M (Z) and all n in N*, it holds

(4.59) dy(EP",7) < e (7(V) +E(V)) plin] |
where
log(1 — ) log(Am,
osly) — Bl-)log(hn)
log(l - 8) + log(/\m) - log(bm)
_ 2b _ 1 —\™
A =A™ 4 = d by =A"by, +d d bnp=0 ,
+ 1+d an + an DY
m N
o mai
14 —im

(1—8)(1—5\m)

Remark 51. The combination of Theorem [50-Item[1] and of the conclusions of Theorem [5]
has an other interesting consequence. Since 7 is the invariant distribution for P, it holds
7P =7 and (V) < +o00. Then, we have

PV <AXV+b = @P)(V)<Ar(V)+b

The term w(V') of Inequality (4.59) is thus not only finite but also precisely upper-bounded
thanks to the drift condition Theorem [50-Item [1}
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Theorem [50Htem [}, called drift condition, is a common condition in Markov chain theory
closely related to the asymptotic behaviour of the chain. Indeed, [DMPSI8, Proposition 4.3.3]
(stated for completeness in Proposition shows that the existence of a drift condition of
the form PV < AV 4+ bl is equivalent to the existence of a finite exponential moment for
the return time to the set C.

Proposition 52. [DMPS18, Proposition 4.3.3] Let P be a Markov kernel on X x 2 and C
in .
(1) If there exists 8 in [1,400) such that b = sup,cc (E4[B7€]) < 400, then, the function
V:X — (1,400) defined by V(z) = E,[37¢] is such that

(4.60) PV < BV +blc.

(ii) If there exist a function V : X — [1,400) and constants X in [0,1) and b < 400 such
that PV < AV + bl¢, then, for all x in X

(4.61) E.[A77¢] < V(z) +bA" 1.

Remark 53. In the framework of Section if Assumption M[Z is satisfied there exist C
in Z', 6 in (1,400) and M in (0,+00) such that sup,cc (E; [07¢]) < M.
Defining for any x in X, the drift function V' by

V(z) = E.[67],
|DMPS18, Proposition 4.3.3] ensures that
(4.62) PV<§5WHMIlc<6'V+M,

so that Theorem [50-1tem [1] is satisfied.

But the function V' has also an other interesting property : since 1o = 0 Py-a.s. for any
x in C, we have 0,(V) = V(x) = E,[07¢] = E.[6°] = 1 and it holds

(4.63) sup(3:(V) = do(V) = V(0) = 1.

This is in particular interesting for the control of term £(V') of the Inequality (4.59) when
supp(§) C C.

4.4.2 Satisfaction of Assumptions M[I, M[2] and M[3]

For fixed ¢y > 0 and fixed « in (0,1/2), consider v in M! ([0, 1]) such that v([a, 1 —a]) =1
and —oo < fol log (31) v(dt) < —co. Hereafter, we set (X, 27) = (N, Z(N)), P = K” and
C = {0}.

For any (i,7) € N, K¥(i,j) is strictly positive so that K" is aperiodic. The set C' is an

atom and is therefore small. Furthermore, since K" (i,0) > 0 for any i € N, C is also an
accessible set. It follows that, for any v in ©, K" is an irreducible and aperiodic Markov
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kernel on (N, Z(N)). K" admits thus an unique invariant probability denoted 7,. The As-
sumption is thus satisfied.

Consider the positive constants Ki(cp, ) and Ka(c, o) given in Equations (3.85) and
(3.86)) of Chapter [3[ and set

Ko (cp,a)

(4.64) d=0(co,x)e” 2 >1,

and

(4.65) M = M(cp,o) =1+ Kq(cp, ) > 0.
By Corollary [15] of Chapter [3] we get

(4.66) supE, [079¢] < M,

zeC
so that the Assumption M[2]is satisfied.
Now, we finally check that M3 is satisfied by application of Theorem [50}

Since Assumption M2 is satisfied, Remark [53] ensures that the function V,, defined for all =
in N by V,(x) = E;[07¢] satisfies

(4.67) K"V, <6 'V, + Mlc <67V, + M.
Hence the drift condition of Theorem [B0Htem [I] is satisfied.
To check Theorem Item we have to show that there exist d > —1+2M/(1—-5§71), a

real number € > 0 such that {V,, < d} is an (1,¢)-Doblin set for K¥. Thanks to Remark
it suffices to show that there exist d > —1 4+ 2M/(1 — 6 1) and ¢ > 0 such that

4.68 inf  KY(z,0)>e.
( ) zE{l‘I/lySd} («75 )_E

From definition of K and the fact that supp(v) C [, 1 — ], we obtain for any = in {V,, < d}

K¥(2,0) = (””+0> /0 L a)(ar) = /0 ()
11—«

l—«
= / t"ly(dt) > / o y(dt) > o,

«

To reach Inequality (4.68)), it remains to prove that there exist d in RY and By in N such
that

(4.69) [Bg, +00] AN C {V,, > d} .

Indeed, [By,+oc] NN C {V, > d} being equivalent to {V,, < d} C [0, B4] NN, this would
imply that

(4.70) inf (KY(z,0)) > inf (KY(2,0)) > inf (a”th) >aPitl,

ze{V, <d} z€[0,B4)NN z€[0,B4]NN

and the set {V;, < d} would then be a (1,aP?*1)-Déblin set.
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Since & > 1, we first notice that for any /N in N* and any = in N

(4.71) Vo(@) = Eq [07°] = Eo [0 Ly <n] + Eq [67 Lrg > N]
>0+E, [V 1oon] =6V Py(rc > N).

Inequality suggest to lower-bound the probability of the event {79 > N} under P, as
a function of = in order to find By as in Inclusion . The event {79 > N} corresponds to
the fact that the chain does not reach {0} before time step N. This can in particular happen
when the chain (X,),en starting from big enough integer ¢ doesn’t decrease more than a
specific constant proportion, denoted f(c,p) (defined in Equation ), of the precedent
position at each time step. This event is denoted Ay (c,p) and defined formally in Equa-
tion . Indeed, if we choose the integer ¢ and the proportion accordingly, after N — 1
steps, the chain has not reached {0} yet.

First, we prove in Lemma [59| that the probability that the walk decreases more than a con-
stant proportion f(a,p) of the precedent position in one single time step, is upper-bounded
by some p in (0,1). Then in Lemma we proceed by recursion to lower-bound the prob-
ability P; of the particular event Ay (c,p) included in {79 > N} for a specific value iy of i

defined in Equation (4.75|).

Let us introduce some notations:

e For any p in (0, 1), ip(c, p) is the integer defined by

1=or

(4.72) io(a,p) = { e

e For any p in (0,1), f(a,p) is defined by

« 1 V11—« 1

l—a b « io(a,p) +1°

(4.73) fle,p) =
e For any p in (0,1) and any N in N, the set Ayx(a,p) is defined by

N
(4.74) An(o,p) = (VX > Lf(.p)Xj1]} € Fx -
j=1

e For any p in (0,1) and any N in N*, the integer iy is defined by

S io(a, p)
4.75 i =in(a,p) =1+ {J .
Remark 54. For any p in (0,1), since

1 1
l—a> and —>2 and —>1,
a p

| =

it follows

io(a, p) = LMJ >2.

pat
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Remark 55. For any p in (0,1) and any N in N, Equation ensures
(4.76) Ansi(a,p) = An(a,p) N {X N1 > [f(o,p)Xn]}
s0 that the sequence of sets (An (o, p)) yen 15 decreasing

Ap(a,p) D Ar(a,p) D -+ D An_1(a,p) D An(a,p) D Ans1(a,p) D

Remark 56. For any p in (0,1) and for any i in N

a 1 Vi—-a 1 -
l—a Vp o i+l
a 1 Vi—-a 1 pot 1

=4

> < > -
l—a”™ p a i+l (1—a)?  i+1

o (1pa )3>'+1 N i>(20_1@i2{(®J’
-« 7 po

so that the value chosen for the integer ig(a, p) ensures that the function f takes indeed value

n (0,1).

Remark 57. If N is a non negative integer, by definition of Ax(a,p) in Equation ,
on the set Ay(a,p), we have X1 > | f(a,p)Xo].

Assume now that for some integer N > 2 and some non negative integer k < N — 1, the
inequality Xy > f(co, p)* Xo holds on the set An(a,p). X}, being an integer X, > Lf(a,p)kXOJ
is equivalent to Xy > f(a,p)Xo and similarly X1, being an integer X1 > | f(a, p) Xk | is
equivalent to Xp11 > f(a,p) Xy and thus on the set An(a,p)

X1 > flo,p) X > flop)F(0,p)" Xo > (o) Xo > [ fa,p) " Xo |

By induction, for any p in (0,1) and any non negative integer N, on the set An(«,p), we
get for any integer 1 < k < N

Xp > | f(a,p) Xo| |
and thus

(4.77) (Jﬁ {Xk > [ p)kXoJ} .

Remark 58. For any p in (0,1) and any non negative integers N and k such that k < N,
since f(a,p) lies in (0,1) and N — k is a positive integer, f(a,p)N=F lies also in (0,1) and
thus for any integer i > iy

1] = [santin] = o (14| 20 |)

> {f(a p)* “()(O‘ )])VJ > {(a(?;)?kJ > |io(a, p)]

> iO(avp) :
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Thanks to inclusion (4.77)) of Remark [57] and Remark we derive for any p in (0, 1), for
any N in N, for any ¢ > iy and for any 1 <n < N — 1, the following inclusions

@) Adesn{Xo=i}c () {Xe> |[fantxo]} nixe =)

C ﬁ {Xk > {f(a,p)kij} C ﬁ {Xk >io(o,p)} .
k=1

k=1
Remark [54] ensures that ig(a,p) > 1 so that (7=} {X} > io(e, p)} € {70 > n} and then
(4.79) Ap—1(a,p) N {Xo =1} C {10 > n}.
Since Equation implies that for any integer ¢ > iy
(4.80) Pi (An-1(a,p)) <Pi (10 2 N) ,
it is sufficient to find a lower-bound on P;(Ax_1(a, p)) to obtain a lower-bound on P; (79 > N),
Lemma 59. For any p in (0,1) and any i in N such that i > ig(a, p)
(4.81) K" (i,{j: j < [f(e,p)io(e,p)|}) < K¥ (i,{j : j < [fe,p)i]}) <p.

Proof. Fix p in (0,1) and an integer i > ig(a, p).

Let’s introduce a family of probability distributions (Q¢,;) j)ejo,1xn (as well as Eq, ; and
Varq, ; the associated expectation and variance symbols) and a random variable Y whose
distribution under Q ; is a negative binomial with parameters j and ¢, i.e. for any k in N

Qv =0 = (17 F)rna- ok,

Recall that

. 1-1¢ ) 1-t¢
(4.82) Eq, ;Y] = (j + 1)T and Varg, (V) = (j + 1)15—2

For any integer j, the functions t € [, 1 — a] = Eq, ,[Y] and t € [a, 1 — a] = Varg, ,(Y) are
hence both decreasing so that for any j in N and any ¢ in [o, 1 — ]

(4.83) Eq,,[Y] > Eq,,[Y] > Eq,_,,[Y] and Varg, (Y) > Varg,,(Y) > Varg,_,,(Y).
Since we have the inclusions
{7 < [flap)iola,p)|} C{j: j < [flayp)i]} CH{j:j < [fla,p)i+1)]},

it holds

=
<
~
~—
<.
<.
IA
=
R
B
=
o
R
=
=
IA
=
<
>
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Combining the definition of K* and the fact that supp(v) C [a, 1 — «], we derive

Lf(cp)(i41)]
KY(i,{j: j < flap)+ D))= > E“(,])
j=0
[flap)(i+1)] . . 1 1 [flep)@+D)] . .
= Z (Z —;j) /0 ti+1(1 _ t)ju(dt) _ /0 ( Z (z —;j)tiﬂ(l _ t)j) v(dt)
j=0 Jj=0

1 1
= /0 Qui(Y < [fle,p)(i+1)])r(dt) < /0 Qi (Y < fla,p)(i + 1)) v(dt),
so that it holds
(4.84) K" (i,{j e N: j < |f(a,p)io(a,p)]}) < K" (i,{j € N: j < |f(a,p)i]})
1
< [ QY < fap)i+ 1)),
0
By the definition of f(«,p) and Equation (4.82), for any j in N
« 1 \/ -« 1 ) G+1)

l—a

+1 1
1—1—1 \/ a2 ’/ i;
V{:M"Qa7 j+1
:EQl—a] . ‘
ZO(a7p) +1

Combining latest inequality with Inequalities 1 3 and the fact that i > ig(a, p), we thus
derive the following sequence of inclusions

' Varq, ,(Y) i+ 1
¥ < flap)+ D} c {Y ~Folil s ﬁm}
Vaer. (Y) 1+ 1
C {YIE@t,Z[Y] <ﬁm}

fla,p)(G+1) = (

p p

c {YE@t,l[Y] < - W} C {|YIEQM[Y] S ([ Yera (V)

By Tchebychev inequality, we have, for any 7 in N and any ¢ in (0, 1)

Var@t,jw)) _ Varg,(V)

7 <
p Vaeryj (Y)
p

Qt,j (Y —Eq,,[V]] =

Hence, previous inclusions yield for any ¢ in (0, 1)

1
(4.85) /0 Qui (Y < flonp)(i + 1) v(dt) < p
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Combining Equations (4.84) and (4.85]), we finally proved that
KY(i,{j eN: j < [f(a,plio(a,p)]}) < K (i,{j eN: j < [f(a,p)i]}) <p.

O]

Remark 60. Ezpressions of ig(a,p) and f(a,p) in Equations (4.72) and (4.73) have been
designed explicitly to grant Lemma[59

Proof of Lemma uses a common property of Markov chains on discrete state space
given in Lemma [85] of Appendix [A]

Lemma 61. For any positive integer N, any integer 1 <k < N —1, any p in (0,1) and any
integer i >IN

(4.86) Pi(Ap(a,p)) = (1 —p)*,

where Ag(c, p) is defined in Equation (4.74]).

Proof. Fix an integer i > i5. We will proceed by induction on k.
Since P;-a.s. Xy = i, we have for any integer k in N

P; (Ak(()é,p)) =P (Ak(a,p) N {XO = Z}) .

Base case : By Remark [8] | f(c,p)in]| > io(c, p) so that | f(a,p)i] > |f(e,p)in] > do(c, p) and
Inequality ensures
Pi(Ax(e, p)) = Pi ({Xo = i} N {X1 > [f(a,p)Xo]})
=P ({Xo =i} n{X1 > [f(a,p)il})
= K(i,{j e N: j > [f(e,p)i]})
=1-K"(i,{j eN:j < [f(e,p)i]}) >1—p,

and induction is thus initialized.

Induction step : Let us now assume that Inequality (4.86) holds for some integer 1 < k < N — 2, that is

P;, (Ag(e,p)) > (1 —p)*.
By the Inclusion (4.78)), we know that

k+1

Aps1(a,p) N{Xo =i} C ﬂ {X; > Lf(a,p)i]}

and by Equation (4.76)) of Remark |55/ that

Appi(a,p) = { X1 > [fa,p) Xi]} 0 Ap(a, p)

= || {Xer1 > LA p)ie]} 0 { Xk = jx} N Ar(e,p)
JLEN
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so that following identity ensues

Apti(on,p) N {Xo =i}
= Apa(a,p) N {Xo = i} N {Xx > [f(a,p)"i]}

= | Xk > L(ep)in)} N {Xk =k} 0 A(a,p) N {Xo = i} .
Jk>Lf(e,p)ki)

Hence,

(4.87) P; (Agy1(a,p) N {Xo =1i})

Jk>Lf (ep)vi]

= Y Bi({Xea > [f(ep)ie]} 0 {Xk = ik} N Agla.p) N {Xo = i}) -
Jk> £ (ep)*i]

=P ( L] Xk > L@ p)ie} 0 {X5 = i} 0 Ar(e,p) N {Xo = i})

Equation (4.74)) ensures that { X}, = jr } N Ag(a, p)N{Xo = i} belongs to the o-field FX
so that for any j. > | f(a,p)¥i] such that P; ({Xp = ju} N Ar(a, p) N {Xo =i}) # 0,
Remark [86] yields

P; ({Xg41 > Lf(,p)dk]} H{ Xk = i} N Ar(a, p) N {Xo = i})
= K" (]kv{] eN: ] > Lf(aap)]kJ}) )
and thus

(4.88) P; ({Xpkt1 > [f(e,p)in)} N { Xk = ju} N Ag(a, p) N {Xo = i})
= K" (jr, {7 €N: j> [ fla,p)ir]}) Pi { Xk = jr} N A, p) N {Xo = i}) .

Since k < k + 1 < N, by Remark [58 we have | f(a,p)¥i] > ig(a,p), and Inequality
([@.81)) thus yields that for any integer j, > | f(c, p)¥i]

(4.89)
K" (i Ad €Nz j > [flap)iu]}) =1 = K" (i, {7 €N j < | fla,p)jr]}) 21— p.

Combination of Inequalities (4.88) and (4.89) plugged in Equation (4.87)) yields

Pi (Apsa(a,p)) > > (1= p)Pi ({ X5 = i} N Ar(e, p) N {Xo = i})
Ik > f(e,p)*i]

= (1 = p)P; (Ag(a,p) N{Xo = i}) = (1 — p)P; (Ax(e,p)) ,
what leads, using induction hypothesis, to
Pi (Ag1(e,p)) > (1—p)(1 —p)* > (1 —p)**.

Hence, Inequality (4.86|) holds for & + 1.

Finally, we indeed prove by induction that Inequality (4.86) holds for 1 <k < N — 1. O
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Lemma [61] in particular holds for K = N — 1 and combined with Inequality (4.80)), this
leads for any integer ¢ > iy to

Pi(r0 > N) > P;i(Ay_1(a,p)) > (1 —p)N 1.

Plugging this in Inequality (4.71]), we get for all N in N*, any p in (0,1) and any integer
i >in =14 lio(a,p)/f(c, p)V]

Vo (i) > 6NPi(r0 > N) > 6V (1 —p)N Tt =6V (1 - p)N T

From Inequality (4.70), we deduce that for all N in N*

: 24| foleny |
inf (K" (x,0)) > a  Lien™],
ze{Vu <oN(1-p)N -1}

As this holds for any p in (0,1) and for any N in N*, one can choose p so that §(1 —p) > 1
and then N so that 6V (1 —p)V =1 > —1+2M/(1 —§71) : we set thus

d(cp, ) — 1

(490) p=pleo,0) = g

and

log <§(c0,a)+1 ( (2 M (co,a)+1)8(co,0)—1 ) )

(491) N = N(co,a) =14+ 26(co,x) 8(co,a)—1

log (M)
Choosing
(4.92) d = d(co, @) = 8(co, @)V (1 - pleg, a)) VO,
and
(493) £ = €(607 Oé) " f(Dt,P(C(),a))N(CO’a)

we finally proved that {V,, < d} is an (1,e)-D6blin set for K.
Theorem B0Htem 2] is thus satisfied.

Application of Theorem [50| and control of the dry-distance by the dy, -distance yields

dv, (60(K")" ) < dov(So(K¥)",m,) < e1 (m (Vi) + 60(Va)) pLT] < o1 (m(V2) + V2 (0)) o7

where
| log(1 — ¢) log (% + %)
og(l —¢) +log (5 + i1q og (5 +d)
and
1+6
a= I M~+dd

(1—e)(1- % —d)
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By Remark [51| and Inequality (4.67)), we have

M M
(V) S5 =51

and by Equation (4.63) in Remark we have

Sup(éz(vl/)) = Ssup (6$(VV)) = 50(Vu) = VV(O) =1.
xeC ze{0}

Hence, for any v in supp(w) and any n in N
(4.94) drv (00 P}, m,) < Co(co, @)ro(co, )™,
where

log(1 —¢) log (% + 12TMd)

(495) log(TO(CO» OZ)) = <0 ’
log(1 —¢) +log ( § + %) —log (& + d)
and
146
(496) C()(C(),Oé) = M+do s

Pt (g
with 0 = d(cg, ), M = M(cg,a), d = d(cop, ) and € = &(cg, ) respectively defined in

Equations (4.64)), (4.65)), (4.92)) and (4.93).
Assumption is satisfied and proof of Theorem [0] is over.
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Chapter 5

Posterior consistency of Bayes
estimator of the environment

The estimation of the environment distribution from the observation of a single trajectory of a
random walk in random environment on Z was first investigated in a parametric framework in
[CEFLLI6, ICFLT 14, [FLMT14, [FGL14]. In these works, the environment is i.i.d. with common
distribution v*. The distribution v* belongs to a family of probabilities (vp)gco on [0, 1],
where © C R?. They build and study different M-estimators of the distribution parameter
0* from a trajectory of the walk stopped when it reaches for the first time a fixed n in N.
They prove consistency of this estimator in all regimes and its asymptotic normality in the
transient regimes when n tends to infinity.

A non-parametric approach was then developed in [DL18]. This work considered the
estimation of the cumulative distribution function (c.d.f.) of the environment distribution
v*. They built an estimator of the moments of the true distribution and, using a deterministic
approximation of the true c.d.f. by these moments, they deduce an estimator of the true c.d.f..
They prove concentration properties, consistency and asymptotic normality of the estimator
of the moments. The final estimator of the c.d.f. does not depend on the regime of the walk
and it is adaptive to the regularity of the c.d.f.. Using similar ideas, we built in Chapter
estimators of the density of the environment. All these works adopt a frequentist point of
view. In this chapter, we develop the first Bayesian estimator for this problem.

Given a statistical model (Fy)y.q With observations X (and © some given set), the
Bayesian paradigm assigns a probability distribution to the couple (6, X). To this end,
it considers that the parameter 6 is a random variable distributed according to a prior (or a
priori) probability IT on © and looks at the distribution of the observation under Py as the
conditional distribution of the observation X given 0. The Bayesian estimator of 0 is the
conditional distribution of # given X. It is called posterior or a posteriori distribution. In
words, the Bayesian strategy proceeds as follows: first, we consider the parameter as random
with distribution II and then, we update this distribution using the observations. In this
approach, a crucial point is the choice of the prior. This raises an important question: how
does this prior influence the long-term behaviour of the posterior 7 We address this question
by making the (frequentist) assumption that the observations were sampled under Py« for a
specific #* in ©. Then we wonder if the posterior distribution concentrates around 6* when
the number of observations tends to infinity. The Bayes estimator is said to be consistent at
true parameter 0* if the posterior assigns to any neighbourhood of 8* a mass converging to
1 as n grows to infinity.
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This approach has a long history that dates back to the pioneering works of Doob [Doo49],
Freedman [Ere63| or Diaconis [DE86]. In i.i.d. frameworks, [Doo49] showed that if observa-
tions take values in an Euclidean space, if the model is identifiable and if the parameter space
is a complete separable metric space equipped with prior II, then the sequence of posterior
distributions is consistent in II-almost all 8*. Posterior consistency in parametric framework
holds therefore under weak assumptions. More precise results can also be proven such as
Bernstein-von Mises theorem giving conditions for convergence of posterior distributions to-
ward normal distribution. On the other hand, in non-parametric settings, [Ere63, [Fre65]
pointed out that consistency is not automatic even if the true parameter belongs to the
support of the prior and [DF86] even showed that this situation is standard.

When the model is i.i.d. and dominated (i.e. there exists a probability p on X such that,
for all @ in ©, PY is absolutely continuous with respect to 1), a theory of posterior consistency
was nevertheless developed in [Sch65, Bar88, BSW99, (GGR99]. When O is equipped with a
distance d, those results establish under some conditions that, for € > 0,

I(0€0: db.0) > | Xon) i—+> 0.
Hence, the sequence of posterior distributions is weakly consistent in §*. We refer to [GR03,
GvdV17] for recent overviews.

In the last few years, [Verl5] and [DOR19] among others started to investigate the prob-
lem of posterior consistency in non-i.i.d. settings by considering respectively hidden Markov
models and partially observed Markov models. This chapter also analyses Bayesian estima-
tors when the observations are dependent. As in [HLM19, DL18, [CFLLI6, (CFL ™14, [FLMT14,
FGL14], the observations are actually the successive positions of a random walk in i.i.d.
random environment with distribution v* on Z (abbreviated RWRE) until it reaches n in
N* for the first time. The main result of this chapter (Theorem shows posterior consis-
tency of the Bayesian estimator of the environment under technical restrictions on the prior
distribution. This result is the consequence of a more general property showing posterior
consistency of the Bayesian estimator of the environment of specific branching processes with
immigration in random environment (abbreviated BPIRE). The remaining of the chapter is
structured as follows.

Section presents the mathematical framework: we define random walks in i.i.d. ran-
dom environment on Z and introduce their left jump processes, we recall that these left jump
processes are branching processes with immigration in random environment and we introduce
the notion of posterior consistency useful for the statement of our main result.

In Section [5.2] after defining some assumptions on potential prior, we set a Bayesian
framework as well for RWRE as for BPIRE and we state our main results: posterior con-
sistency of the Bayesian estimator of the environment distribution for RWRE as well as for
BPIRE.

Section [5.3| gathers the proof of our consistency results.

5.1 RWRE, BPIRE and the Bayesian setting

We study Bayesian estimators of the environment distribution. We define the Bayesian
framework after remembering briefly the definitions of a random walk in random environment
and of a branching process in random environment as well as the link between them.
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5.1.1 RWRE

Denote by E = [0,1]% the set of environments endowed with & = % (]0,1])%, the o-field
generated by the cylinders. Denote by X = (X;),cy the canonical process of the space ZN
endowed with the o-field . generated by the cylinders, i.e. for any ¢t in N and any x = ()7

(5.1) Xi(z) =24 .

For any environment w in £ and any z in 7Z, there exists a unique probability measure
Q.. on . under which (X;),.y is a time-homogeneous Markov chain starting from atom z
with transition probabilities given, for all x and y in Z, by

Wy ify=x+1
po(z,y) =<X1—-w, ify=x—1.
0 otherwise

Consider a fixed probability v on [0, 1]. The probability distribution Q¥ on .# is then defined
as the expectation of Q. ., with respect to the distribution P” = v®%: for any B in .7,

(5.2) QY(B) = /E Q.. (B)F* (dw).

For n in N, we consider the function T}, : ZY — NU {+o00} defined for any z = (z);ez by
T,(z) =inf{t e N: 2y = n},

and we also note T,, = T, n(Xl) where X is defined in Equation (5.1)). When the environment
distribution v is such that f, log(31)v(dt) < 0, [Sol75] proves that the RWRE is QY%-almost
surely transient to the right (whatever z in Z) that is

(5.3) QY-a.s. X, — 400,

n — +oo

so that any integer n is reached Qg-a.s. by the RWRE : T;, is well-defined and finite Qf-a.s.

For any k in Z, any n in N and for any sequence x = ()ey in Z" such that T),(z) < +oo,
we define the number L(k,z,n) of left jumps from k of the sequence z before reaching n by

Tn(z)—1
(54) L(k7x7n) - Z ]l{zt:k,zt+1:kfl} )
t=0

and derive the following fundamental equation, for any = (2¢)en in {z € Sp : Th(x) < +o0}

(55)  Qp (Xoz, = To:1(x))

Tn(ﬁ)—l
= /E H (Wxt 1$t+1:zt+1 + (1 — th):ﬂ‘xt+1:xt—1) V®Z(dw)
t=0

-1 1 n—1 .1
— H / tL(kJrl,z,n)(l - t)L(k,x,n)V(dt) « H / tL(k+1,:r,n)+1(1 o t)L(k,x,n)V(dt) )
0 k=0"0

k=—o00
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Defining L}, for any n in N and any k in N, on the set {x € Sy : T,,(x) < 400} by

To—1
(5.6) Ly =L(k,X,n) = Z Lix,=k, Xps1=k—1}>
=0

Equation (5.5) imply that the family (L})i<,, is a sufficient statistic.

As first noted by [KKS75] and then successfully used by [CFLLI6, (CFL™14, [FLM14,
FGL14], [KKS75], under Qf, the process

(Z;)osysn - (Lz—y)ogygn ’

has the same distribution as the first n+41 generations of a branching process with immigration
in random environment starting from 0 with offspring distributions geometric distributions
whose parameters are i.i.d. with common law v.

This link is at the basis of our main result. For this reason, following section is dedicated
to the definition of branching process with immigration in random environment (denoted
hereafter BPIRE) and to some properties of BPIRE.

5.1.2 BPIRE

Definition 62. Consider two probability measures v and p respectively on [0,1] and N. Con-
sider a sequence of i.i.d. random variables w = (wg)rez in E = |0, 1]Z defined on (2, T,P) and
with common probability distribution v in M*([0,1]), so that w admits distribution P* = v®Z,
A branching process in random environment with immigration, starting from u in M'(N) and
with offspring distributions geometric distributions whose parameters are i.i.d. with common
law v (abbreviated BPIREG (v,u) hereafter) is a sequence of random variables (Zy)ren such
that Zy has distribution u and is independent of w and for any k in N

Zk
Zr1 = Cki
i=0

where the (gk‘,i)(k ez are random variables independent conditionally to the o-field generated
by w and geometrically distributed such that for all k, © and j in N

P (& = jlw) = wi(l —wp) .
The distribution of (Zy)ren under P defines a probability on M'(NY) denoted Py

When addressing the problem of direct estimation of the distribution of a RWRE from
a single realization of the trajectory Xo.7;, and because of the link between between RWRE
and BPIREG(v,0), |[CFL"14] undertakes the study of BPIREG (v,u). We cite hereafter some
of its results.

First, [CFL ™14, Proposition 4.3] establishes that, for any random environment distribu-
tion v in M ([0, 1]) and any starting probability distribution x in M*(N), BPIREG (v,u) is an
homogeneous Markov chain with initial distribution p and transition kernel K" defined, for
any integers ¢ and j, by

(5.7 wid) = (")

7

/1 tTH 1 — )Y p(dt).

0
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In the remaining of this Chapter, BPIREG(v,u) is considered under the scope of Markov
chain theory. To this end, let (Z,),en denote the canonical process of the space NN endowed
with the o-field generated by the cylinders and, for every v in M'([0,1]) and p in M*(N),
let P}, denote the unique probability distribution on NN under which (Z,)zen is a Markov
chain with initial distribution g and transition kernel K* given in Equation . In this
framework, if 1,, is defined, for n in N, zq., in N**! and v in M!(]0, 1]), by

n—1
(5.8) ln (v, 20:n) = log (d0(20)) + log (H K (Zi,zi+1)> :

i=0
the link between left jump process of a RWRE and BPIREG(r,0) means that for zg,, in N**!
log PS(ZOn = zO:n) = ln(ya ZO:n) = log Qg((szlJOSkgn = ZO:n) .

Secondly, if the random environment distribution v is such that fol log(:1)v(dt) < 0,
[CFL™14, Proposition 4.5] states that the Markov chain (Z;).ecn is positive recurrent and
admits a unique invariant probability measure p”. Using then ergodic theorem for Markov
chains, |CFL™14, Proposition 4.6] derives that, if the random environment distribution v is

such that fol log(31)v(dt) < 0, then for any v/ in M ([0, 1])

n—1 n—1 1
1 KV Zz', Zz 1 . i Py v
=0 Z; !

0 n — +oo

where for any v and v/ in M([0, 1])

(5.10) m (/) = B, {log < / L t)Zlu’(dt)>] € [—00,0] .

0

5.1.3 Towards posterior consistency

If Zy., and II denote respectively the sequence of observations and the prior and if d is some
fixed distance on (metrizable) parameter space O, posterior consistency in v* usually means
that for any € > 0

(5.11) I1(d (v*,v) > €| Zowm) %—»0

The main results of this Chapter concern posterior consistency in Bayesian framework but
in the following sense : as in [LLV18], instead of a distance d to define vicinity of v*, we choose
a specific function d”” (depending on v*) defined on ©2 as a limit such that d*" (v*,v) > 0.
Let us explicit somehow the construction of ¥~ and understand the motivation behind this
choice.

The convergence result of [CFL"14, Proposition 4.5] ensures that, if the distribution
v is such that fol log(34)v(dt) < 0, then, for any v/ and v” in M* ([0, 1])

n—1 /
1 K" (Zz Zi+1) Py
/ _ " ) _ = ) 0 Vi — mY (")
(ln(V )ZOZn) ln(y ’ZO-n)) n Zzglog (KV”(ZZ'aZi+1) n — +oo m (V) m (V )

S|

Define for any v, v/ and v/ in ©

(5.12) (V') =m’ (V) —m" (V") = B},

| K" (Zy, Z1)
Og l///
K" (Zo, Z1)
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Proposition [75| grants that d*”(v*,v) > 0 for any v in M'([0,1]) and we have moreover
d" (v*,v*) = 0. The function d" on ©2 thus defines a way to evaluate how far environment
distributions are from the true one in a manner suited to BPIREG.

5.2 Bayesian setting and main results

In order to state our main results, we need to specify the Bayesian framework : the a priori
distribution II (i.e. a probability distribution on the set of parameters) and the statistical
model (i.e. a collection of probability distribution parametrized by the elements of the set of
parameters).

5.2.1 Assumptions on the prior

The parameter of interest is of course the environment distribution v. We assume that v
belongs to the set © of probability measures on [0,1] that are absolutely continuous with
respect to Lebesgue measure on [0, 1] and for any v in ©, we denote f, = % the density
function of v with respect to Lebesgue measure on [0, 1].

We fix some prior distribution II on © and some probability distribution v* in ©. In our
work, we ensure posterior consistency of the Bayesian estimator under several restrictions on
this prior distribution and on this parameter. Denoting by supp(II) the support of II for the
remaining of this chapter, we define the following assumptions:

B1. There exists co in R such that for any v in supp(Il), fol log(%)u(dt) < —qp.

B2. There exists a in (0,1/2) such that for any v in supp(Il), supp(v) C [a,1 — a].

B3. There exists m in RY such that for any v in supp(Il) and any t in (o, 1 — af, f,(t) = m.
B4. There exists M in R such that for any v in supp(Il) and any t in [o, 1 — o, f,(t) < M.
B5. The prior I1 assigns a positive mass to every ||.||oc-neighbourhood of v*.

B 6. For any ¢ > 0, there exist a family (©y),cy of measurable subsets of supp(Il) and a
positive constant C. such that for any integer n

Ce g2

<e m - S I=m2
)< e and log (2N (O, ||.[ls:€)) < (M —m)? n;

(5.13) (e

where m and M are given in assumptions B3 and and N (O, |||, €) is the e-covering
number of O, for ||.|s as defined in Appendiz[B

Assumption B ensures by [Sol75] that the RWRE is Pg-almost surely transient to the
right (that is, tends towards infinity when n grows to infinity). In particular, hitting time
of site n in N by the walk is P{-almost surely defined and thanks to the parallel made by
[KKS75] between RWRE and BPIRE, this allows to move the problem of estimation of the
environment from RWRE to BPIRE. Nevertheless, all this would have been also granted if the
RWRE was recurrent. In fact, we restrict here to transient regime and even to very specific
transient regime because we were able to obtain a uniform control of test errors only under
this assumption. Indeed, even if a control of the tail distribution of 7, was obtained by [Sol75]
under the regime assumption of left-transience, the more specific assumption B[] enabled us
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in Chapter [3| to make the control of [Sol75] uniform with respect to the problem parameters
a and ¢g and this uniformity lead in Chapter 4] to an uniform exponential concentration
inequality for transformations of (Zy.,) with bounded differences property.

Assumption called ellipticity condition is considered in the probabilistic literature as a
sufficient condition for most of the existing results on the RWRE. This assumption prevents in
some sense that the walk goes systematically forward or systematically backward by ensuring
that the wy can not be close to 0 or 1.

It is relevant to stress that Assumptions B[I] and B[2] in our setting are only Bayesian
version of Assumptions F{I] and F2| of Chapter [3]: under Assumption B, Assumption F holds
uniformly for any distribution v lying in the full-mass set supp(II). Hence, under some or
all of the assumptions B, results valid in Chapter [3] under the corresponding assumptions F
extend uniformly to any v in supp(II).

Assumptions B[3| and B[] are restrictive assumptions : combined to B2 they imply that
the densities have a graph included in the rectangle whose frontier is given by the 2 vertical
lines = @ and = 1 — « and the 2 horizontal lines y = m and y = M. Assumption BJ]is
sufficient to obtain a control on the denominator of the posterior probability (while a weaker
assumption is usually needed for that control that holds exclusively for v* instead of every v
in full mass set) and to obtain a control of the test errors (uniformity of the lower-bound of
densities in supp(II) is indeed crucial to grant the uniformity of the concentration inequality
of Chapter . Assumption B enables here to get an upper-bound on the diameter of the
sets ©,, introduced in Assumption B6|

Kullback-Leibler type condition such as Bj|is introduced in [Sch65] and is common in the
study of the posterior consistency in non-parametric framework : we assume that the prior
assigns positive mass to every neighbourhood of the parameter v*.

Assumption B[] ensures the existence of sets of overwhelming prior mass whose topo-
logical complexity is not to big with respect to € and n. It is also common in Bayesian
non-parametric results to ensure posterior consistency (see [GGR99, Bar88|) or to obtain
precise contraction rate (see [GvdV07al [GvdV0T7h]).

As in previous works, our main result for RWRE is a consequence of the fundamental
parallel between the left jumps of the RWRE from positive sites and the BPIRE. For this
reason, the full trajectory Xo.7,, of the RWRE until it reaches n for the first time is not our
observation.

5.2.2 Bayesian framework for RWRE

In the framework of Section the observation consists in the numbers (L}})o<r<p of jumps
from k to k — 1 of the sequence X until it reaches n as defined in Equation . The family
of distributions characterizing the statistical model is thus given by the log-likelihood of the
left jumps (L} )o<k<n of the RWRE under Qf defined in Equation .

In this setting, Bayes rule ensures thus that the posterior writes, for any measurable A C ©

/ eln(V,(LZ,k)ogkgn)H(dy)
(5.14) M(A|Lg,) = 24

)

/ (L osken) [T (d)
(S)
where, for any parameter v in O, [,(v,.) is defined in Equation (5.8]).
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5.2.3 Bayesian framework for BPIRE

When considering the BPIRE, observations are given by the sequence (Zp.,)nen of Sec-
tion and the family of distribution (P{), g defines the statistical model.

Denoting I, (v) = (v, Zo.,) for any parameter v in © (where [, (v, z0.,) is defined in Equa-
tion ), Bayes rule ensures that the posterior writes for any measurable set A C ©

/ e MII(dv)
(5'15) II (A |ZO:n) =<4

/ e ITI(dw)
©

5.2.4 Main results : posterior consistency for RWRE and BPIREG(v,0)

First main result of this chapter is the posterior consistency of the Bayesian estimator of the
environment distribution of a RWRE.

Theorem 63. Consider a prior II on the set © of probability measure absolutely continuous
with respect to the Lebesgue measure on [0,1] and a parameter v* in supp(Il) satisfying

simultaneously Assumptions B2, B3, B B[j and B[4

In the Bayesian framework of Section[5.2.9, for any e >0

(@ (' v) > | (Lopen) — 0,
— = n — 4oo
where d¥(V', V") is defined for any v, v' and V" in © by Equation (5.12)) and where for any
n i N* and any 0 < k < n, L} is defined from the trajectory Xo.1,, of the RWRE by

Tnh—1

LZ = Z :H'{Xizk,Xi+1:k—1} *
=0

While we know from [DLI8] that (L})kr<n is a sufficient statistic, the conditioning in
Theorem (63| is only made to respect to the sub-family (L), <k<n® As done in all previous
successful studies (see [CFL™14l [DI.T8|, [HLMT19]), only one part of the statistical information
contained in the trajectory Xo.7, is thus taken into account to update the prior II.

In fact, this restriction to (L}}),<.<, is motivated by the fruitful link between left jump
process from non negative sites of RWRE and BPIREG(v,0). In this chapter, Theorem [63] of
posterior consistency for RWRE indeed derive from the following result concerning posterior
consistency of the Bayesian estimator of the parameter v of a BPIREG(v,0).

Theorem 64. Consider a prior Il on the set © of probability measure absolutely continuous
with respect to the Lebesgue measure on [0,1] and a parameter v* in supp(Il) satisfying

simultaneously Assumptions B2, B3, B, Bj and Blf
In the Bayesian framework of Section[5.2.3, for any e > 0

IT (d”*(y*,y) > 5’ Z0:n> LN 0,
n — +oo

where d” (v, V") is defined for any v, v/ and V" in © by Equation (5.12)).
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5.3 Proof of the main results

In Section we derive Theorem [63] as a corollary of Theorem Hence, it is sufficient
to prove Theorem [64] and Theorem [63] will follow as a straightforward consequence. For
this reason, the Bayesian framework of Section is adopted in following sections (unless
explicitly mentioned otherwise) and we denote I,(v) = l,(v, Zp.,) for any v in © (where
ln(v,.) is defined in Equation (5.8)).

The strategy of proof for our posterior consistency result on BPIRE is based on an adap-
tation of classical Bayesian non-parametric techniques with frequentist approach in i.i.d. case
as it was developped in [Sch65, Bar88, BSW99, [GGR99]. To enlighten those techniques as
well as the need for Assumptions B of Section [5.2.1) we analyse our problem to derive the
main ideas underlying the proof of Theorem

5.3.1 Analysis : a look into Bayesian techniques

Considering the function d*” : M([0, 1])2 — R given in Equation 1) we define the e-
vicinity of v* for d¥” for any € > 0 by

(5.16) A = {d”*(y*, V) > e} :
so that posterior consistency of Theorem [64 means that for any § > 0
(5.17) Py (I (A.| Zowm) > 6) —— 0.

n — +4oo

Since Markov inequality ensures that for any § > 0 and any n in N

ES* [H (AE‘ ZO:n)]
6 )

the convergence ([5.17)) follows if for any € > 0
(5.18) ES* L (Ae| Zo:p)] — 0.

n — +oo

In order to prove convergence (5.18)), we have to focus on the control of E" [II (A |Zy., )] for
any measurable A C © (keeping in mind that A typically denotes the complementary of some
vicinity of v*).

Defining for any measurable A C ©

(5.19) Np(A) = / = I(dy) and D, = / =l (IT1(dy)
A (S

we derive from Equation ([5.15)) that

I )T1(d / ()1 (V) 1
€ 14 (& 1%
/A ( ) _ JA ( ) o Nn(A) )

/ e OT1(dw) / () D
o o

For any measurable function ¢, on N"*! and any measurable A C ©, we thus derive the
following decomposition
Nn(A) _ Nn(A)

II(A|Zyn) =

Nn(A)
D,

(1 - ¢n (ZO:n)) .
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On one hand, if ¢, > 0, since the ratio N, (A)/D,, lies in [0, 1], we have

NZD(:X) On (Zon) < 6n (Zom) -

On the other hand, if ¢, < 1 so that 1 — ¢, > 0 and if there exists, for any n in N, a
deterministic threshold b, in R% such that

(5.21) Dy, > by, ,
then
Np(A N,(A
W (1= 0 2o = 22 (1~ 4, (Z))
‘DTL bn
Hence if 0 < ¢, < 1 and if a sequence (b, )nen meeting condition ((5.21)) exists, then
N,(A N,(A

Taking expectation with respect to Pg*, we get

B [Na(4) (1= 60 (Zon))]
As a measurable function on N**! taking values in [0, 1], ¢,, is a test function.

If we choose for ¢, a test function of Hy : v = v* against H; : v # v*, the first term
of the right hand side in Equation EY [¢n (Zo.n)] is actually the first kind risk of ¢,.
Nevertheless, second kind risk of some test does not appear directly in the right hand side of
Equation but further decomposition of E4" [Ny, (A) (1 — ¢y, (Zo.n))] put it into light.

(5'22) Elé* [H (A |ZO:n)] < ES* [¢n (ZO:n)] +

For any measurable B C O, we have

B DB on G = 3 ([ e @) ) (1 ) )

20:n eNntl

By Fubini’s theorem,

([ et ) (1= 6, G 00
B

20:n eNntl

= / Z (1 — (bn (20:7’1)) eln(l’*sz:n) eln(V:ZO:n)fln(V*,ZO:n) H(dl/)
B

20:n eNntl

= /B Z (1 — ¢n (ZO:n)) eln(y’ZO:n) H(dV) :

20:n eNntl
Thus,

Eg* [N (B)(1 = ¢n (Zoin, v (1—op (Zo;n)) gln(vz0m) H(dl/)

20:n EN”Jrl

=,
[ B 11 60 (2 1)
II(

(B)  sup (Eq[1 — én (Zown)]) -
veB

IN
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For any measurable A C © and C' C O, the decomposition N, (A) = N,(ANC)+ N,(ANC*)
is valid so that, considering a family (©,), .y of measurable subsets of ©

ES* [Nn (A) (1 - ¢n (ZO:n))]
= Ef [Na (AN 6,) (1= ¢n (Z0:n)] + B [No (AN O5) (1= b (Zon))]
<IH(ANO,) ESXFI])@ Eg [1 = ¢n (Zow)] +T(ANO}) GSXFE)@C Eq [1 — én (Zon)] -

Since II(A N ©,) and sup,csne: (Ef [1 — ¢n (Zo:n)]) are both upper-bounded by 1 (because
IT is a probability and 1 — ¢, (Zo.p,) lies in [0, 1]), we derive

Eg" [Nn (4) (1= én (Zom))] < JSup (Eg [1 = ¢n (Zo:n)]) +11(O5,) -

Plugged in Inequality (5.22), this yields

(5.23) Elé* ML (A]Zo: )] < ES* [fn (Zon)] + bi sup  Ef [l — ¢n (Zowm)] + b
n veANO, n

Replacing A with the set A, defined in Equation and choosing for ¢,, a test function
of hypothesis Hy : v = v* against hypothesis Hy : v € A. N ©,, the terms Eg* [bn (Zo:n)] and
sup{E{ [1 — ¢n (Zo:n)] : v € AN O, } in the right hand side of Inequality are now first
and second kind risks respectively.

Finally, for any e > 0, we derive conditions granting the convergence of E¥" [I1 (A | Zo., )]
to 0 as n grows to infinity as required in condition (5.18[). It is sufficient that for any
e > 0 there exist a family of positive real numbers (b,),cny and a family of test functions
¢n : N1 —[0,1] and a family (©,,),cy of measurable subsets of © such that

(i) EY [én (Zo.n)] tends to 0 when n grows to infinity,

1
(ii) . sup  Eg[1 — ¢, (Zo.n)] tends to 0 when n grows to infinity,
n VEAJT@TL

(iii) % tends to 0 when n grows to infinity.

(iv) D,, > b, for any n in N.

5.3.2 Sketch of proof of Theorem

Hereafter, we consider a fixed € > 0.
In Section [5.3.1, we reduced the proof of Theorem [64] to the verification of sufficient condi-

tions and After specifying the family ©,, and defining precisely the families

¢n and by, we expose here all intermediate results leading to these conditions.

First of all, for any n in N*, any zg., in N**! and any v, v/ and v in ©:

e my, (v, 20.) is defined by

n—1 n—1
(5.24) mn(u, Z();n) = log (H K (Zi, Zprl)) = Z log (KV (ZZ‘, Zi+1)) s
1=0 1=0
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o d,(V,V", 20.n) is defined by

mn(yla ZO:n) - mn(Vﬁa zO:n)

(5.25) dn (V' V" 200) = - ,
o F,(V, V", 20.n,v) is defined by
(5.26) Fo(V V" 20m,v) = dp(V, V", 20m) — AV (V, V7).

Then, by Assumption B|§|7 there exists a family (©,), .y of measurable subsets of © and
a positive constant C; such that requirements ([5.13|) are satisfied. Thus, we define for any v/*
in M!([0,1]) and any n in N* the test function ¢, by

(5.27) On (zom) =1 2
{ sSup Fn(ylvy*azotnay*) > }
Ve, 2
Finally, for any positive §, we consider the family (b ),en defined, for any n in N, by
(5.28) v = s; e m ™ ,
where
(5.29) ss=ll(re®: | fi- — fullo <90),

is positive thanks to Assumption B[]

Remark 65. We point out that, for any probability on natural integers p and any v in ©,
the log-likelihood of the BPIRE under P}, can be written, for any zo.n in Nrtl

log (14(20)) + mn (v, 2omn) -

In particular, for p = &y, we have l, (v, 2zo.n) = log (d0(20)) + mn (v, 20:n).

Thanks to the convergence , dn(V', V", Zy.;,) tends in P§-probability to d”(v/, V") as n
grows to infinity. We thus consider d,,(v/,v”, Zy.,,) as a random approximation of d”(v/,v").

Before evaluating the quality of this approximation, it is important to notice that d” (v, v")
is in fact the expectation of d, (v, ", Zy.,) under Pl..

Proposition 66. For any v, v and V" in ©
(5.30) d’(V' V") = B}y [da(V, V", Zow)] -

Decomposing F,, (v, V", Zy.n,v) = dn(V, V', Zo) — d¥ (Y, V") in a random and a deter-
ministic part by inserting the central term E [d,, (v, V", Zy.,)] appears now meaningful

Fn(V/7VH7ZO:n7V)
— dn(V/7V”>ZO:n) - ES [dn(V/7V”>ZO:n)] + Eg [dn(l/ayﬂazo:n)] - EZV [dn(V/7V//>ZO:n)] )

and the triangular inequality yields

(531) |Fn(l//7 V//a ZO:'IL? V)‘ S ‘dn<l//7 V”7 ZO:n) - ES [dn(ylv VH: ZO:n)] ‘
+ ‘ES [dn(l/a Vl/a ZO:TL)] - EZV [dn(V/7 V//7 ZO:TL)] ‘ .

Control of |F, (v, V", Zy.n, v)| will thus follow from the controls of:
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(a) the random term |d,, (v, V", Zo.n) — Ef [dn (V' V", Zo.1)]l,
(b) the deterministic term |Ef [d(v/, ", Zo:n)] — By [dn(V, V", Zo )]
The following proposition provides a control of the random term @

Proposition 67. Assume that B2 and B3 hold and denote the constants introduced in
those assumptions by « in (0,1/2) and by ¢y and m in R .
Then, for any n in N*, any t in Ry, any v, V' and v" in supp(II)

2
(5.32) P (|da(v, V", Zom) — BE[dn (V1" Zow)]| > 1) < 2exp (—325‘?0’?;””2 nt2> ,

where B(co, ) is defined in Equation (£.9) of Chapter[]

The following proposition provides a control of the deterministic term @

Proposition 68. Assume that B2 and B3 hold and denote the constants introduced in
those assumptions by o in (0,1/2) and by co and m in R .
Then, for any n in N*, any t in Ry, any v, v/ and v" in supp(Il)

||f1/’ —fl/””oo CO(C()aa)

nm 1 —ro(co, )’

where ro(co, ) and (o(co, ) are respectively defined in Equations (4.95)) and (4.96]) of Chap-
ter [}

The controls provided by Propositions andplugged in Inequality (5.31)) finally enable
to get a probabilistic control of |F, (v, V", Zy.,, v)| uniform for v/ and v in some measurable
compact subset of ©.

(5.33)  |E [da(V, 1", Zow)] — EY, [da(V V", Zow)]| < 2

Hereafter, A(T) denotes the diameter of T and is defined for any 7' C © by

(5.34) AM) = sup |lfor = foalloo -

(v1,v2)€T?

Proposition 69. Assume that B2 and B3 hold and denote the constants introduced in
those assumptions by a in (0,1/2) and by co and m in R.. If © is a subset of © compact
for the topology induced by ||.||eo, then, for any positive €, any v in ©, any n in N* and any

w in R, with probability under Py less than e—u’
uyflog (28 (81]1.2))

sup | Fn (V" Zop,v)| = Cleo,,m) | €+ A(O) ,
(V' v'")e6? \/ﬁ

where N(0,|. |00, &) are the covering numbers of set © for ||.|lo (defined in Appendix@ and
C(co,a,m) is defined by

1 n Co(co, @) )
Bco,a) (1 —rp(co,)) 1/21og(2) ’

with ro(co, o), Co(co, ) and B(co, ) defined in Equations (4.95), (4.96) and (4.9) of Chap-
ter[4}

(5.35) C(co,a,m) = 27:1/§max (\/§7
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Thanks to Proposition the first and second kind risks of the test ¢, appearing in
conditions |(i)| and are controlled in Section m

The last requirement for the effective control of and is the existence of a deter-
ministic lower-bound on D,, ensured by the following proposition. Its proof is postponed to

Section [5.3.3l

Proposition 70. Assume that assumptions B@ and H@ hold. Consider the families (b )neN
defined in Fquation (5.28)). For any d > 0 and for any n in N

(5.36) D, > 1.

In Section [5.3.10] thanks to the control of the first and second kind risks of the test ¢,
and to Equation (5.36)), we choose a specific value for § so that conditions and
are simultaneously satisfied.

5.3.3 Minoration of the denominator D, : proof of Proposition

The denominator D,, being defined as the integral over © of el»()=n("") with respect to
II, lower-bounding D,, is equivalent to upper-bounding the difference of the log-likelihoods
ln(v*) — 1,(v). Since Remark [65] ensures that 1, (v*) — I,,(v) = mp,(v*,.) — mp(v,.), we first
look for a control of |m,(V/,.) — my,(v,.)]|.

Lemma 71. Assume that B@ B@ and hold. Then, for any v and v' in supp(Il), any n
m N, any zg., n Nt and any integer 0 < i <n—1

1
zi+1 t)F+1y
/0 t (1—1) (dt) - If — fl’”oo .

(5.37) log : -
/tzi+1(1 )Zz+l (dt)
0
Therefore
5.38 M (V' 20:m) — M (v, 20 <Mn
(5.38) |mn (V') 20m) — min (v, 20m)| <

m

Proof. Let n in N and zg., in N*™1. Let m,,(v) = m, (v, 20.,) for any v in ©.
From Definition (5.24)) of m,, (v, zo.), we derive, for any v and v/ in ©

1 ) )
_— KV Z . / (Zz + Zerl)tzi—i-l(l . t)zi+1yl(dt)
iy ~141 Zi
mn(V’) — my(v) = log <H (o) (22 :1 ) Zlog /01 P
1y~ 1 (3 tzl+1(1 )21_‘_1 (dt)
0 ( Zi >

i=0
Hence, by the triangular inequality

n

1
| ([ oo
(5.39) (V) = ma(v)] <D Jlog | %5
[ eria- o
0

I
=)

i
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By concavity of the logarithm, |log(z) —log(y)| < |z — y| / min(x,y) for any x and y in RY.
Hence, for any integer 0 < i < n — 1, we have

1 1 1
/ (1 — )71 (dt) / (L — )7 (dE) — / (L - )7y (dt)‘
0 0 0

log

/01 71 — )y (de) ) min (/01 (1 - t)zi+1yl(dt)7/01 L] - p)Fiey (dt)>
/0 1 N R V)(dt)‘

min (/Oltzi“(l —t)z”ly’(dt),/ol (1 — t)%itty (dt)> |

The uniform lower bound on [a, 1 — a] of the densities in supp(II) granted by B3] yields

1 1
min (/ 7t — )Zi“fl,/(t)dt,/ i1 —t)z”lf,,(t)dt)
0
> m/ tFiTH (1 — t)7+dt .

The upper-bound in ||.|s-norm of the densities in supp(Il) granted by B2l and BH] yields

1 1
/ tZi“(l—t)zi“(fu'(t)—fu(t))dt‘ < / N =07 fa(6) = f(0)] dt
0 0

1

1
S/ A= = fulloo dt < Ilfy = folloo / (1= )P
0 0

Hence

1 1
/ FH A= /@) | e~ foll / (L s
0

AN

1
/tZHrl(l )Zz+1 (dt) m/ t21+1 Zz+1dt
0
=Sl

m

Combining Equations ((5.39) and (5.37]), we finally find that Inequality (5.38]) holds for any
v and v/ in supp(II). O

log

From Remark [65] and Lemma [71] we derive

() = )] = [ (0) = ()] < P —Telom

m
Hence, under B[f| for any positive &

Mpe=trllog,, g, s i,
D,> [ e m I(dv) > e m"II(dv) > b)), = sse m",
C {V/Ilfu*—qu <6}

where b5 and ss are defined in Equations ((5.28) and (| -

Remark 72. By Fquation of Lemma under Assumptions B@ B@ and B we
derive in particular, for any v and v in supp(Il), any n in N* and any zp., in N*H1

(5.40) ‘dn(u, v, 20:n)| =

mn (V' 20:m) — mn (V" 20m) < Ifo = frlls
n - m
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5.3.4 Some properties of d” and d,
Let recall first the definition of the bounded differences property.

Definition 73. A function f : X™ — R is said to have the bounded differences property if
there exist nonnegative constants Yo.n—1 = (Y0, -+, Yn—1) in R’ such that for all xo.,—1 in
X" and all yo.p—1 in X"

n—1

(5.41) |f (20:n-1) = F Mon-1)] <D il faye) -
1=0

The class of all functions f : X™ — R satisfying Inequality (5.41)) is denoted BD (X", Yo.n—1).

We can now give some auxiliary properties of functions d” and d,, that will be used to
prove Propositions [67] and

Proposition 74. For any fized positive integer n in N and any fized zo., in N* 1, the func-
tion (V', V") € ©2 — d,,(V, V", 20.n) is anti-symmetric and satisfy the triangular inequality.
Moreover, under assumptions B@ B@ and B for any V' and v" in supp(Il) and any n
in N*, the function zo., € Nt d,,(V/,v", 20.n) has the bounded differences property and

belongs to BD (X”+1, ’yg;’f”> where for any integer 0 < i <n
(5.42) gy = gl = Sl

nm
Proof. Fix n in N*. For any v/ and v in © and any 2., in N1,

dn(Vla VN: zO:n) = mn(l//7 ZO:n) — mn(Vﬂa ZO:n)

= - (mn(Vﬂa 20im) — mn(V,7 ZO:n)) = _dn(V”a 1/,, 20:m) -
Moreover,

mn(V,y ZO:n) - mn(V//’ ZO:n)
n

mn (V' 20:m) — min (v, 20:n) N M (Vy 20:m) — mn (V' 20:)
n n

=d,(V, v, 200) + dn (v, V", 200) -

dn (Vlv V/la ZO:n) =

Hence, (/") — d,(V, V", 20.,) is anti-symmetric and satisfies the triangular inequality.

Consider v/ and " fixed in supp(II).
Under Assumptions B B and B thanks to inequality (5.37) of Lemma for any zg.p
and z{,, in N*™! and any integer 0 <i <n —1

1 1
/ (1 — )/ (de) / (1 — )5+ (de)
0 4 lOg 0

- - S2||fV/_fVNHOO.
/ N — ) (dt) / t#iTH (1 — t)7+1) (dt)
0 0

m

log
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. ;L .
Moreover, if (2, zit1) = (2}, 2;4.1), we directly have

1 1
/ (1 — s (de) / AL e (de)
0 0

log T — log T =0.
0 0
Hence,
1 1 / /
| eria-pean | e ot
(5.43) log 01 — log 01 , /
0 0
Hfl// — fl/“”
< 2 LAl ) -

Since (z;, ziv1) # (2, #,y,) implies either z; # 2; or zi41 # 2}, Inequality (5.43) leads to
‘d V' V" 20m) — dn (V' V", 20|
— |mn V', 20m) — ma (V' 20m) — (mn(l/,zém) - mn(l//,zf):n))‘
1 1
/ t# (1 — )71/ (de) n—1 / (1 — )%/ (dt)
0 0

1 e[
/ tzz+1 Z""‘ll/”(dt) i—0 / tzg+1(1 — t)Z§+1 y//(dt)
0

1 1
n—1 / = £)7 11/ (dt) / (1 — )%/ (dt)
0

= Z log

[e=]

=
< Z log 01 — log T
= / t#iTH 1 — t)=+)(dt) / (1 — £)Fe ) (dt)
0 0
1 ”fu’ _fI/”H Hfu fzx””
< g Z 24771 > 1(2i72i+1 z+1) < Z 2/ ( 2 #2] + ]lzi+17ézz’.+1)
i=0

n
Hfu’ - fl/””
7=

Hence, for any fixed ¢/ and " in ©, the function zy.,, — d,, (v, V", 20.,) has the bounded dif-

ferences property and belongs to BD (X L ’YOV;,;LV”> where ’yg;;”” is defined in Equation (5.42)).

Proposition 75. For any v in ©, the function (V',v") — d”(V/,v") is anti-symmetric and
satisfies the triangular inequality. Moreover, the function v' +— d¥(v,v’) is non negative.

Proof. Fix v in ©. For any ¢/, v and v in ©,

dl/(l/,, I/”) — my(yl) _ mV(V”)

— (my(yll) o my(y/)) — *dy(ljﬂ, V’) ]
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Moreover,

dy(y/’ I/”) — mlj(y/) _ mV(I///)
— mu(y/) - m ( ///) +m ( ///) _ mV(V//)

:d (7/ V///)+dy( /// //)‘

Hence, (v, ") — d¥(V/, V") is anti-symmetric and satisfies the triangular inequality.
For any v/ and " in ©, we have

(5.44) "WV =m () —m” (V")

r 1 1
— &, [log ( /0 11 - t)le/(dt)ﬂ “EY, [log < /0 (1 - t)le/”(dt))]
- 1 1
_ EZV oz ( |- t)le/(dt)> ~log ( JE t)Zlu”(dt)>]
0 0
1
7ot (1 — )71/ (dt :
v /o V) KY (Zo, Z1)
R 8\ K (20, 21)
/ tZO+1 Zlyll(dt) ( 05 1)
0
log K" (%0, %))
Kv"(Zo, Z1)

By Jensen’s inequality applied with the conditional distribution P}, (.| Zo)

S 1%
=E/,

=E; EZV Zy

K" (Zo, Z1) K" (Zy, Z1)
5.45 EY |1 —— 2 | Zo| <1 E | ——————~2| Z, .
o - (K”’%Zo,Zl) T (K0, 20|
As
K" (Zy, Zy) K" (Zy, 21)
E | ————% 2| = ————K"(Zy,21),
w | K (Zo, Z1) | 71 z1ZeNK” (Zo, 21) (Zo,21)

for v = v, we derive

(5.46)
K" (Zo, Z1)
Kv(Zy, Z1)

K" (Zy, 2 y y
/Vw - Z M "(Zo,21) = Z K" (Zo,21) = K¥ (Zo,N) = 1.

Zy
z1€N KV(ZO’ Zl) z1EN

Plugging Equations (5.45]) and ( in Equation (5.44)), we get, for any v and v/ in ©,
d"(V,v) < E;, [log(1)] =0.

Since d¥ (v, ') = —d”(v/, v) by the first part of this proof , it follows that d”(v, ') is non neg-
ative for any v and v/ in ©. O
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5.3.5 Link between d” and d,,: proof of Proposition

Fix v in M'([0,1]) such that [ log(1%)v(dt).
Since p” is invariant under K", (Zy, Zl) and (Z;, ZH_l) have the same distribution under P},
for any i in N. Therefore, for any i in N and any v/ in M!(]0, 1])

E/, [log (/0 tZot1(1 —t)Zly’(dt)ﬂ =E/, [log (/0 tZitH (1 — t)Zinry (dt))] .

Hence, by linearity of expectation

E/, [log (/01 tZotl(1 — )& u’(dt)ﬂ = i:i;log </01 tZitt — t)ZiHV’(dt))] .

For any v, v/ and v in ©, the definitions of d”(+/,+"") and m”(v') in Equations (5.12) and
(5.10]) then lead to

du(V/, V”) — mu(yl) _ my(y//)

—E, :log (/01 120+ (1 — )2 u'(dwﬂ _EY, [log (/01 $20+1(1 t)Zlu”(dt))]

- 1
o / V2L (1 _ 2y (de)
1 0

0 / V2L (1 Z ) 2o ()
0

Zi+Zi+1 ! Z:+1
[3 1_ 1+1
( . ) [ et orena

=E/, |- g log
K 1
"iso (Zi t Zi+1> / tZiTH (1 — ) Zeer) (dt)

_1 n—1 KV/(Z' 7 1)
—E, | =V "1 - naudl)
n iz; o8 (KV/(ZiaZz’—i—l)
=E/, [do(v V", Z0n)] -

Thus, Equation (5.30]) holds.

1
= EZV |:7”L (mn(V/a ZO:n) - mn(V”a ZO:n))

5.3.6 Proof of Proposition

Fix v/ and v” in © and assume that B' 2| and ]. 3l hold. By PI‘OpOSlthH | the application
n € X" s d, (V, V", 20.,) belongs to ]B]D)(X”H,voyny ) and g, s such that for any n
in N*

n 2

i= =0

Since any v in supp(II) meets assumptions F and F of Chapter 4| Corollary indeed
applies and ensures that, for any v/ and v in © and any t > 0

2
PS (}dn(V/7 Vl/a ZO:TL) - Eg[dn(]//7 VH? ZOTL)H > t) S 2eXp (_ IB(CO’ a) o nt2> I

32 Hfl/” - fl/’”go
where ((co, @) is defined in Equation (4.9) of Chapter
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5.3.7 Proof of Proposition

For any g in M!(N), the canonical process (Z,)nen is a Markov chain under P}, with initial
distribution p and transition kernel K”. By Proposition [83] of Appendix [A] the process
(Zns Znt1) ey is also a Markov chain under P}, with kernel K and initial distribution T
respectively defined in Equations and . We thus derive, for any v, v/ and v” in ©

Eg [d (W' V', Zy. n)] E” (W' Zy. n)]
7ZE / Zz,Zz—i-l l E v, o o K”/(ZiaZH-l)
0 KV”(Z“ Zit1) n P K" (Zi, Zis1)
15 (g frog £ 2 o (K2 Zis)
n =0 ’ KV” ZZ? ZZ-‘rl KV”(Zi7 Zi-‘rl)

1n—l _ . KV’
o (e

By characterization of the total variation norm, we get, for any integer 0 <i<n —1

~ KV~ K KV~ K"
(5.48) by KV <log <KV”>> -’ Kv <log <KV”>> ‘
NKU o~ 1 KV NT,
] H K .

For any i and j in N, by Equation () of Lemma we know that

log (KV t, j.)> = log (fol ttiﬂ _ )jyl(dt)> | fur — fy//||

KVN( 1,7 ) fol tz—i—l( )Jl/”(dt) m
so that
KV/ Hfu’_fV”H
5.49 I e
(5.49) og (Ku> < -

Depending whether integer ¢ is equal or different from 0, we will have to proceed differently
NKV —~1

in the control of the factor H(% K — W Kv

TV

Consider the case where ¢ > 1. Thanks to Remark for any sets of integers A and B
and any integer i > 1, we get

‘50 KV (Ax B) - ™ Kv' (A B)‘
- ‘50 (K7)' ™ [(K")2 (5 A x B)| = (K7)' ™ [(K")® (, A x B)”

< H(Ku)®2 (., A x B)HOO H50 (KV)~' = (Ku)z’qHTv '

Since p” is invariant under KV, p, (K" )j = u, for any integer j. By Equation 1) we thus
have for any integer i > 1

< ¢o(co, @)ro(co, )1,

(5.50) H50 (KV)=' — (Ky)i—lHTV _ H(SO (KV)~! = .
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where ro(co, o) and (p(co, ) are respectively defined in Equation (4.95)) and Equation (4.96]).

Since KV is a Markov kernel, 0 < K¥(y,C) <1 for any y in N and any C' C N.
For any sets of integers A and B and any integer x, the definition of (K ”)®2 thus yields

(K”)®2(:U,A><B):/K”(w,B)K”(x,dw)g/K”(m,dw):K”(x,A)gl
A A

so that

(5.51) H(K”)®2 (A% B)H <1.

o0

Let’s then deal with the case where ¢ = 0.

v — v

~ ~ K
For any sets of integers A and B, by definition of KV, dg and pY K ,
~KV s ~\0 KV s —~\0
5o (B) (A x B)— "™ (E*) (4 B)

= Y La(wo)K"(z0, B)o(wo) — >, La(z0) K" (0, B)p” (o).
zo€EN zoEN

Hence,

(5.52)

oo

S (1) ey  (B) (4B < 1o =l < ILAOKCB)

Equation (4.94) of Chapter |4 ensures
180 — 12" llv. < Golco, @)ro(co, @) = Go(co, @),

Since KV is a Markov kernel,
[LAC)EK" (- B)ll < 1.

Hence, Inequality (5.52)) yields
~KY /—~\0 __gv /s —~—\0
b (K) =™ (KY) | < Goleoa).
TV

Plugging Equations ([5.48)), (5.49)), (5.50)), (5.51]) and Equation (5.53|) in Equation (5.47),
we thus have for any v, v/ and v in ©

(5.53)

|EY [dn(V' V", Zon)] — EL [dn (V' V", Zom) {<Z2M Co(co, a)ro(co, )™

v nm
i=1

< 2Hfu’ _fzx”Hoo CO(COaa)

nm 1 —ro(co,a)

5.3.8 Proof of Proposition
By Proposition [74], for any vy in ©

(da(V V", Zo) — B4[dalt/ V", Zo))
‘ V V07Z0n)+d (V()aVH)ZO:n) _EG[dN(Vlay()aZOln)+dn(V0’V//7ZOIH)H
S ‘ V , V0, ZO n) Eg[dn(y,a o, ZOTL)” + ‘dn(Vﬁa o, Z():n) - Eg[dn(l/”a o, ZOn)” .
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Hence,

(554) sup ‘dn(yl7 V/,a ZO:n) - ES [dn(V/, V”, ZOn)H
(V/7V//)€é2
<2 SUIZ ‘dn(Vla o, ZO:n) - EE [dn(l//7 o, ZO:n)] ‘ .
v'ed

Moreover, by Equation (5.33), for all v, 2/ and v in ©
[fvr = forlloo  Co(co, @)

nm 1 —7o(co, @)
2 (o(co, @) A(O)
~nm (1 —ro(c,a))’

Taking the supremum over (+/,2”) in ©2 in Equation (5.31)) and Inequalities (5.54) and (5.55)
then lead to

Ef [d, (v, V", Zow)| — B [dn (VY Zo) ]| < 2
m

(5.55)

(5.56) sup ‘Fn(V/, V' Zon, V)‘ < 2sup ‘dn(V/, 1, Zom) — Eg [dn(yl, vy, Z():n)]l
(v ") e6? =)
2 Co(co, ) A(O)
nm (1 —ro(co, )

Since © is compact for the topology induced by ||. ||, it can be covered for any positive &
by a finite number of open balls of radius € for ||.||» and thus admits finite é-nets (as defined
in Appendix . For fixed positive €, let R(€) denote a finite e-net of © with respect to ||.||oo
with minimal cardinality so that card(R(€)) = N (O, ||.||oc; €)-

For any / in ©, there exists 11 in R(€) such that ||f,s — f, |leo < & and so

Hfz/’ - fl/OHoo = Hfz/’ i fl/OHoo < Hfz/’ - fl/1Hoo + Hflq - fVOHOO <&+ Hflq - fVOHQO
Since Remark [72| ensures that d, (v, v1, Zo.n) < || fur — fui |l /™, Proposition [74]leads to

‘dn(yla o, ZO:n) - Eﬁ [dn(yla Lo, ZO:n)] |
= |dn (v, 11, Zo:n) — Ef [dn (1/ V1, Zom)] + dn(v1, v0, Zown) — Eg [dn(v1, 10, Zown)] |
‘d U I/l,Zon ‘_‘_‘EV[ V Vl?ZO” H+|d (Ulay()aZOn)_Eg [dn(ylal/OvZO:n)”

A

oz

(557) < —+ sup |dn(v", 10, Z0m) — BY [dn(v" 10, Zow)]| -
m V"€R(E)

By Inequalities (5.57) and (5.32), for any u in R

2
Pg (sup ‘dn(l/,ljo,ZO:n) - Ej [d (v, vo, Zon H >u+ 6)
V€O m

< PS sup ‘dn(l/lv o, ZO:n) - EE [dn(yﬁa o, ZO:n)] | >u
v'"eR(E)

_ ﬁ(c()aa)mz 2 « _6(60705)7%2 2
= Z ( 32 Hfl/”_fllouionu> : Zaze p( 32A(é)2 nu)

V" ER(E) V" eR(
2
Co, X )m
L( 0:%) nu2> .

32A(0)2

< card (R(€)) 2 exp (—
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By definition of the covering number, for any u in R* , with probability under P{ larger
than 1 — e~*" it holds

sup |dn,(vV', 10, Zown) — Eg [dn (v, 10, Zow)] |
[Z4S(C)

< %;ﬁ <u+ \/log (2n (8. H.”oo,g))) + fng

Moreover,
40(6010‘) 18(0070‘) ~ ~
eVt _ Glena) VBa) | 198 (2N (=)
Vin — (1= ro(co, )) \/5 log(2)
Co(co, ) \/
2N @ s €)).
< s s I-1:2))
Therefore,
B 0e) A
82 A(O \/log @ I Hoo,e)) +i+2% A©)
mm m n
i1 23 Coleo,) /Bco,0)
€ ~ (1—ro(co,a)) V2 ~ R
=—+t—= A — log (2N (0, |||
Vg SO | T e (2 (81)

48 212 Co(co, @) /Bleo, @) A(©) S =
s E—I_m\/ (Co,a) <1+ (1—7‘0(00,04)) 210g(2)) \/ﬁ <u+\/10g (2N (®7||||OO’E))) '

By Equation 1) for any w in R , it finally holds with probability under P{ less than e—u’

e flog (28 (B1]1.2))

sup  |Fn(V, V", Zom,v)| = Clco,,m) | €+ A(O) ,
(v ") e®? \/ﬁ

where C(cg, ,m) is defined in Equation (5.35)).

5.3.9 Control of the first and second kind risks

In Sections [5.3.9.1] and [5.3.9.2] we show that first and second kind risks of the test function
¢, respectively appearing in conditions |(i)| and can be bounded by the same quantity.
In Section [5.3.9.3] we show then how to control this common upper-bound tanks toProposi-
tion

5.3.9.1 First kind risk

By definition of ¢, for any n in N

* * % % 9
ES [¢n (ZO:n)] = PS < sup Fn(V/a V¥, Zon, vV ) > 2) .
V' eO,
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For any n in N, let

(5.58) 6, =0, U{r}.

We have thus

(5.59) EY [6n (Zom)] < PY ( sup | Fn (v, V", Zom, v*)| > ;) .

(V' v")e02
5.3.9.2 Second kind risk

By definition of ¢, for any n in N

* * 6
Eg [1 — ¢n (ZO:n)] = Plé ( sup Fn(V,aV s 20, V ) < 2) .
Ve,

Since F,(v,v*, Zop,v*) < sup,ice, Fn(V',v*, Zop, v*) for any v in ©,, it follows

Py ( sup /0" Zonr) < 5) < P (Fulas” Zun) < 5)
V' ed, 2 2

For any v in ©, N A., we have d”" (v*,v) > ¢ (that is d*" (v, v*) < —¢), s0
Py (dn(v,v", Zom) =4 (v,0") < 2) < P (dalvv" Zom) < 5 — <) -
Since d”(v,v*) > 0, by Proposition we have then
Py (dn(l/, V¥ Z0m) < —g) < Pg (dn<l/, V¥ zom) — d¥ (v, v") < —g) )

Combining the last two inequalities, by the definition of F), (v, v*, Zy.,, v), we thus have, for
any v in ©, N A,

* € v * €
Ef [1— 6n (Zon)) < Py (Fulv.v, Zom,v) < =5 ) < Ph (|1Fa(viv" Zom,v)| 2 5) -
Hence, for any v in ©,, N A,
EG [1 — én (Zom)] < P ( sup ’Fn(V’,V",ZO;n,l/H > 6) ,
! N EQ2 2
v p"eez

where é\; is defined in Equation 1)

5.3.9.3 Control of first and second kind risks : application of Proposition

Since the first and second kind risks are both upper-bounded by the same term, let’s now
prove that this term can be bounded thanks to Proposition

By assumption B[] for any n in N, the e-covering number of the set ©,, is finite. Each
of the set ©,, can thus be covered by a finite number of balls of radius ¢ for ||.||s and is so
a compact set for ||.|ls. Since v* is a single point of supp(Il), the family of sets (O, )nen
where ©,, is defined in Equation is also compact for ||.||ec. Proposition |69 can thus be
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applied to (én)neN and we get for any v in ©,,, any n in N*, any u in R% and any positive
that with probability less than e~¥" under Py

sup ‘Fn(VlaV”aZO:mV)‘

(V' v'")e62
u + \/log <2N (én, H-Hoo,f?))
\/ﬁ )

> C(co,,m) | € + A(én)

where C(cg, a, m) is defined in Equation (5.35]).

For any v and ¢/ in supp(II), we have

e by Assumption BJ] for any ¢ in [0,a) U (1 — a, 1]

fo(t) = fu(t) =0,
e by Assumption Bf3|and B for any ¢ in [o, 1 — ]
m—M < f,(t) = f(t) <M —m.
Hence, for any n in N
A(6,) < A(supp(I)) < M —m,

since O, is a subset of supp(Il).

Choose € = ¢/(8C(co, v,m)) and define u,, for any n in N, by

NS

3

(5.60) Un = 4C(co,a,m) (M —m)

Since log 2N ns |- ||007 < (¢/(M —m))?n, for any n in N, by Inequality (5.13]), we have

(8
(M S
’ NG
(

g
Unp, € 4C(co,a,m) (M—m) \/’E
C — — | =C 22— M —
(Co,Oé,m) m) \/ﬁ> (C0,0Z,m) < 80(00,06,7%) + ( m) \/ﬁ )

€ € €
<C —
< Cle, 0m) <4C(co,a,m) + 4C(co,a,m)> 2
Thus, first and second kind risks are bounded :

Eg* [sz (Z(]n)] < e—u% and sup (Eg [1 - d)fz (ZOTL)]) < e—u% s

ve®,NA:

where A. is defined in Equation ([5.16]).
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5.3.10 Final step of the proof of Theorem

On the one hand, since the sequence (up)nen+ defined in Equation (5.60) tends to co as n
Srows, e~Un tends to 0 as n grows to infinity.
On the other hand, if ¢ is less than me2/(32 C(cp, o, m)? (M — m)?), then for any n in N

o 9 0 € g2

2
—n — = _—n— < —
T (4C(co,a,m) (M—m)> "= 32 C(co, a,m)? (M — m)?

n

3

and thus when n grows to infinity, e=%n /b% = e%’%ui/s(g tends to 0.
Simultaneously, by first Inequality of Assumption B[6|, we know that for any n in N

Ie)) <e mn,

so that for any positive ¢

0O _ WOy _ 1 s,
= ~ —e m .
bi ssge"m™ 55

59

and if § is less than C., the sequence II(©¢)/b) tends to 0 as n grows.

As a conclusion, considering fixed positive € and setting b, = bfl where ¢ is a positive real
less than me?/(32 C(co, a, m)? (M — m)?) and C., we proved that D,, is lower bounded by
b, and that the three terms

sup Eq [1 — ¢n (Zow)]
veA:NO,Nsupp(II)

™ and b

all simultaneously tend to 0 as n grows so that requirements and are satisfied.
According to Inequality (5.23), the quantity E4" [IT (Ae |Zo., )] is bounded by the sum of

this three terms and thus tends to 0.
Section showing that posterior consistency of the Bayesian estimator of BPIRE is
entailed by that later convergence, we thus indeed proved Theorem [64}

EY [6n (Zom)] and

5.3.11 Proof of Theorem [63

For any v* in supp(Il), (L?_, )o<k<n and Zy., have the same distribution respectively under
QY and P4 . Hence, for any measurable A C O, the posterior distributions IT(A L%, )
defined by Equation and II (A |Zp.,) defined by Equation (5.15]) also have the same
distribution respectively under Qg* and P(’j*. For any € > 0 and for the very specific set
A= A, = {dV (v*,v) > ¢}, this is in particular valid.

Hence, if Assumptions of Theorem [64] hold, then, for any € > 0 and any § > 0

Q" (11 (0 (v,0) > 2| (Eit)pepen) 2 6) ——— 0.

n — 4+oo

and Theorem [63]is thus proved.
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Appendix A

Reminder on transition kernels and
Markov chains

Definition 76. If (X, Z") and (Y, %) are two measurable space, then, a kernel N on X x %
is a mapping N : X X % — [0, 4+00| such that

(i) for every x in X, the function N(x,): A€ % +— N(z,A) is a measure on ¥,

(ii) for every A in %, the function N(-,A) : x € X — N(x, A) is a measurable function
Jrom (X, Z) to ([0, +o0], B ([0, +-00])).

If for all z in X, the kernel N satisfies N(x,Y) =1, it is called a Markov kernel.

Definition 77. If (X, 2), (Y,¥) and (Z, %) are three measurable spaces and M a kernel
on X X% and N a kernel on'Y x 2, then, the product MN of M and N on X x & is
defined for any x in X and any B in & by

(A1) MN(;L",B):/YN(y,B)M(:U,dy).

Definition 78. If (X, 2), (Y,¥) and (Z, %) are three measurable spaces and M a kernel
on X X% and N a kernel on'Y x Z, then, the tensor kernel M @ N on X X (# ® %) is
defined for any x in X and any A in % and any B in Z by

(A.2) M ® N(z,Ax B) = /AN(y, B)M (z,dy) .

Remark 79. If M and N are both Markov, then, M ® N is also Markov.

Furthermore, "®7” is associative : if (U, %) is an other measurable space and P a kernel on
ZQU, theny, M@N)®@ P=M® (N ® P).

Hence, for any positive integer n, the n-th tensorial power of a kernel P on (X, Z") is the
kernel P®™ defined on (X, Z°®") defined for any x in X and any 2 ©™-measurable function

f by
(A.3) PO f(z) = f(z1,...,xn)P(x,dz1)P(z1,dx2) . .. P(xp—_1,dxy) .
Xn

For any x in X and any B in &

MN(z,B) =M ® N(z,Y x B).
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Definition 80. If v is a o-finite measure on (X, Z") and N is a kernel on X @ %', then, the
product vN of v and N is the measure on (Y, %) defined for any B in % by

(A.4) vN(B) = /XN(x,B)I/(dx).

Definition 81. If v is a o-finite measure on (X, Z") and N is a kernel on X @ %', then, the
tensor product v @ N of v and N is the measure on (X XY, 2 ® %) defined for any A in
Z and any B in % by

(A.5) v@N(AxB)= /AN(ac,B)y(da:).

Proposition 82. Let P be a Markov kernel on a measurable space X @ " and v a probability
distribution on 2, then, an X -valued stochastic process (Xi)ren s a homogeneous Markov
chain with kernel P and initial distribution v, if and only if, for any k in N, the distribution
of (Xo,...,X}) is v @ P%k.

Proposition 83. If the random process (Xp)nen is a Markov chain on (X, Z") with transi-
tion kernel P and initial distribution p, then, the random process ((Xn, Xni1)),en 18 also a

Markov chain whose transition kernel P is defined for any x and y in X and any A and B

in Z by
(A.6) P ((z,y),A x B) =6, ® P(Ax B) =§,(A)P(y, B),

and initial distribution i¥ defined for any A and B in & by

(A7) 7 (Ax B)=pu® P(Ax B) = / P(x, B)u(dx).
A

Furthermore, if the kernel P admits an invariant distribution 11, then, P admits also an
invariant distribution II¥ defined for any A and B in Z by

(A.8) II"(Ax B)=11® P(A x B) = / P(z, B)II(dx)
A

Proof. For any A and B in 2~
II” P(A x B)

=/ P((z.y),Ax B)TI"(d(z,y)) = oy ®PAx B)IL® P)(d(z,y))

22 ra
= / 0y (A)P(y, B)II(dz)P(x,dy) = / , / 1a(v)1p(w)P(y,dw)d,(dv)II(dz)P(x,dy)
22 22 )
~ [ ([ s ) nra) = [ ([ i pe.a )
=Tl P(Ax B)=II"(A x B).
Hence, the probability distribution I = I ® P is invariant under P. ]

Remark 84. For any A and B in Z and any n in N*, it follows from the definition ofﬁ
and of the operation ®

if P (A x B) = uP" 1 [P®2(, A x B)] .
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Lemma 85. If (X, 2",P) is a discrete probability space, P a Markov kernel on X x %,
(X )nen @ Markov chain with transition kernel P under P and (Z;X )nen the natural filtration
(that is, for alln in N, FX = 0 (Xo,...,Xy)), then, for any n in N, any A in F,, any x,
in X such that P(X,, = x,, A) # 0 and any y in X

(A.Q) P(Xn—H = y’Xn = Tn, A) = P(Xn—i-l = y‘Xn = xn) = P(xnay) .

Proof. Set n in N, A in .%,, and z,, in X such that P(X,, = x,, A) # 0.
Since (X, )nen is a Markov chain on discrete state space X with transition kernel P under PP,
whatever (xq,...,z,—1) in X™ such that P ((Xo,...,X,) = (zo,...,2,)) # 0, we get

(A].O) ]P)(Xn—i-l =Y, Xn = Tp, Xn—l = Tpn—1y.-- 7X0 = ;1;0)
— P(yaxn)P(Xn:xn7onx0)

Then, the event {X,,+1 =y, X;, = x,,} N A can decompose as

(All) U {Xn+1 :y,Xn :xn,Xn_l :xn_l,...,XO :xo} .

(x07-~~7$n71)€Xn
{Xn:xnyxn—lzxn—l7v--7X0:I0}CA

Thanks to Equation (A.10) and Equation (A.11]), we thus finally get

P(Xpt1 =y|Xpn =2, A)
_ P({XnJrl =y, Xp = JTn} NnA)
P (X, =z, A)
1
= m Z P({Xn+1 =y, Xn=Tn, Xn-1=2Tp1,...,Xo :xO})
(20, sTn—1)EX™
{anl'annfl:iUnfl ..... X():xo}CA
1
— - P P(X,, = X0 =
]P)(Xn = Tn, A) Z (xn,y) ( n Tn y <30 $O)
(1:07"'713”*1)6‘)(”
{Xn=n,Xn_1=Cn—1,...,X0=x0}CA

1
R . P(X, = A) =P(X =yl X, = =P .
]P)(Xn = xrmA) <xn7y) ( n m”’ ) ( n+1 y‘ n xn) (xn7y)

O]

Remark 86. Using notations and results given in Lemma[85, for any n in N, any A in %,
and any x, in X such that P(X,, =z, A) # 0 and any B in X

P(Xp41 € BIXp =20, A) = > P(Xni1 = y|Xp = 2, A)
yeB

= ZP(xn,y) = P(xnaB) :

yeB
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Appendix B

Reminder on covering numbers

Covering and bracketing numbers provide ways to measure the complexity of a metric space,
or a set of functions.

In the following definitions, we consider that d is a metric on a given space F, that F' is
a subset of F and that ¢ is a scale parameter in (0, +00).

Definition 87. An c-net of F' with respect to d is a subset V of F' such that for all f in F,
it exists v in V such that

(B.1) d(f,v) <e,
or equivalently V is an e-net of F, if and only if

(B.2) Fc|J{zeE: dw) <e}.
veV

Definition 88. The covering numbers of F' with respect to d is the infinite family of (possibly
infinite) real numbers (N (F, d,a))seR: where N (F,d,e) is defined for any ¢ in R by

(B.3) N(F,d,e) = inf {card(V') : V is an e-net} .

The logarithm of the covering number is called the metric entropy. Unless F' is finite,
in which case covering number is bounded by the cardinality of F', the covering number
N(F,d,¢) goes to oo as n grows. The rate of the growth qualitatively measures the size of the
space and is fundamental in Bayesian nonparametrics as well as in empirical process theory
(to obtain control on the supremum of a stochastic process such as example Dudley’s bound,
for example in [Tal96al) or in statistical learning theory (to obtain margin-based errors, see
for example [STW99]) Covering numbers are useful to quantify somehow the complexity of
a set. For example, it enables to obtain margin-based error bounds in statistical learning or
to obtain control on the supremum of a stochastic process.
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Appendix C

Reminder on stopping times

Definition 89. A random variable T : Q0 — NU{oo} is a stopping time on a filtered probability
space (Q, F,P, (ﬁk)keN) if for any k in N, the set {T = k} belongs to Fy.

Proposition 90. Consider T : Q — N U {oco} be a stopping time on a filtered probability
space (Q, F,P, (ﬂk)keN).

(i) The subset Fp of F defined by
Fr={AecF :Vke N, An{T =k} € F},
is a o-field on Q.

(ii) If there exists i in N such that T > i then
F; C Fr.

(i1i) If Z : Q — R is a Fp-measurable random variable, for any k in N, the random variables
Z =y and Z1 rsyy are Fr-measurable.

Proof. (i) Let us first prove that Zp is a o-field.

e (liesin .Z and for any k in N, {T' =k} N Q = {T = k} so that Q belongs to .Zr.

e If Ain Zp, A belongs to % and for any k in N, AN{T = k} belongs to .Z.
Hence, for any k in N, A° N {T = k} decomposed as

ACA{T =k} = {T =k} N (AN{T = k})°

is the intersection of {T" = k} belonging to %, (because T is a stopping time) and
of (An{T = k})c belonging also to % (as the coset of a set belonging to the
o-field .#;) so that A N {T = k} belongs to .%;, and A® thus belongs to .Zr.

o If (A,)nen is a countable family of sets belonging to .Zp, then, for any n in N, A,
belongs to .# and for any k in N, A, N {T" = k} belongs to .#;. Hence, UpenA,
belongs to .Z and (UpenApn) N{T =k} = Upen (A, N {T = k}) belongs to .7, (as
a countable union of sets of the o-field %)) and thus U,ecnA, belongs to Zp.

We thus proved that % is a o-field.

155



(ii) Let us then prove that if 4 in N is such that 7' > 4, then, .#; C Zp.
For any A in .%; and any k in N, it holds

AND= if k<1
AN{T =k = AN{T =k} N {T > i} = 0=0 ifk<i

AnN{T =k} ifk>i
Since T is a stopping time, for any k in N, {T" = k} belongs to .%}, and since (F});cn
is a filtration, for any k in N, () belongs to .%; and for any k > i, .%; is included in .Z},.
For any k in N, AN{T = k} belongs to .%; and A thus belongs to .%r so that .%#; C Zr.

(iii) Let us then prove that for a .#r-measurable random variable Z : 2 — R and k in N
fixed, Z1p—y) and Z1 >y are Fg-measurable. To this end, we will use the definition
of .Zj-measurability of a variable Y : (©2,.%) — (R, Z(R)), that is, for all B in B(R)

{yeB}=Y"'B)c %.
Fixing B in A(R) and k in N:

(Z e BYn{T =k} if0¢ B
(T#kU{ZeBn{T=k}) if0eB

I

{Z1(r—yy € B} = {

and
C if0¢ B

{(T<k}uC if0eB

)

{Z1ir>4) € B} = {
where 0 = {Z € By {T > k} = {z € By n (U= {Z € BYn (T = 53
= 5=0 .
Since Z is Zrp-measurable, {Z € B} lies in Zr.
By definition of .Fr itself, {Z € B} N {T" = k} lies in .#; and since T" stopping time
ensures {T # k} = {T = k}° € .%;, and .%}, o-field. So in both cases (0 € B or 0 ¢ B),
{Z1yr=iy € B} belongs to .F.
By definition of F7, {Z € B} N{T = j} lies in % for 0 < j < k — 1 and using then
the fact that (F;) .y is a filtration (so that for 0 <j <k —1, .#; C #; and F is a
o-field), we get that C' belongs to .%},. Since T is a stopping time (so that {T' = j} € .%;
for 0 < j <k—1) and (F;)jen is a filtration (so that .#; C F, for 0 < j <k —1 and
Fr is a o-field), {T < k} = U;‘:&{T = j} lies in %, and thus C' U {T < k} belongs to
F. So in both cases (0 € B or 0 ¢ B), {Zﬂ{Tzk} € B} belongs to Z.
Hence, if Z : Q — R is a Z#p-measurable random variable and k € N, whatever B in
B(R), {Z1r_y € B} and {Z]l{Tzk} € B} belong to .%, so that Zlyp—py and Z1 74y
are .%,-measurable.
O

Lemma 91. IfT : Q — NU{oo} is a stopping time on (Q, F,P, (C%C)keN) a filtered probability
space and Y a random variable on 2, then P-a.s. for any k in N

(Cl) E [Y | rQST] ]lT:k = E [Y‘ fk] ILT:k and E [Y | rQST] ]szk = E [Y‘ fk] szk .
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Proof. Let us fix k in N.

By definition of conditional expectation given %, E [Y]l{T:k} | Fi] =EY | Z Tyr—iy and
E[Y1lirsiy | Zi] =E[Y | Z] Lirsky are (up to a measurable set with P-measure 0) the only
F-measurable random variables Z1 and Z, that respectively satisfies for any B in %

E [Y]l{T:k}]lB] =E [Zl]lB] and E [Y]l{TZk}]lB] =K [ZQHB] .

In order to prove Equation (C.1)), it is thus necessary and sufficient to prove that E[Y | .Z7]| 1p—p
and E Y | Zr| 17> are #-measurable random variable satisfying respectively for B in .7,

E[Ylipopnlp] =E[(E[Y| Zr]lir=y) 18] and E[Ylggsunlp] =E[(E[Y | Zr]lirsk) 1s]

First, by definition of conditional expectations with respect to Zr, E[Y | Z7] is Zr-
measurable and Proposition (90| applied to E[Y | .%r| ensures thus that E[Y | %] 1p—; and
E[Y | 7] 17> are F,-measurable.

Then, let us prove that BN {T = k} and BN {T > k} belong both to .#7. We want to
prove that BN{T =k} N{T =i} and BN{T > k} N {T =i} lie in .%; for all ¢ in N.
Depending on the value of i, we get

0 ifi £k
Bn{T =i} ifi=k

9

Bﬂ{T:k}ﬂ{T:i}:{

and
0 ifi<k

Bm{Tzkz}m{T:i}Z{Bm{T:Z-} ifi >k

Z; being a o-field, () always belong to .%; whatever the value of i.
If i =k, then, BN{T =i} = BN {T = k} is the intersection of two sets of .%}, and since
Fr = F;, BN{T =i} belongs to .Z;.
If i > k, then, {T' = ¢} belongs to .%; (since T stopping time) and B belongs also to .%; (since
B lies in % and %), C %;) so that BN {T =i} belongs to .%;.
Hence, whatever the relative position of i and k, the sets BN {T = k} N {T = i} and
BN{T > k} n{T =i} lie in .%; and we thus proved that BN{T = k} and BN{T > k} both
belong to Fr.

Finally, since BN{T = k} and BN{T > k} both belong to Fr so that 17— and 1>y
are .Zp-measurable and thanks to property of conditional expectation with respect to %

E[Ylgr—iylp] =E[E [Ylir—pyns| Fr]] =E[(E[Y | P7] Lr=py) 1B]
as well as
E[Yiropylp] =E[E[Yirsnos| Zr]] = BB | Fr]Lirsy) o] -
0

A well-known classical property of conditional expectation is the so-called tower property:
if 9 and 4 are two o-fields such that 4 C ¢4 C % then for any non-negative random variable
Z defined on (Q2,.7,P)

(C.2) EE[Z|%]|4] =E[E[Z|%]|%] =E[Z]|%] .

Defining from two already existing stopping times a new stopping time, it is possible to
generalize somehow the tower property.
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Lemma 92. Let T : Q@ — NU {oo} and S : @ — N U {oc} be two stopping times on
(Q, F,P, (ﬁk)keN) a filtered probability space.

(i) T NS is a stopping time on (Q, F,P, (L%g)keN) such that
(C.3) Fras = Fr N Fg.
(ii) The sets {T < S}, {T < S}, {S<T} and {S < T} belong to Frps, for any A in Fr,

the sets AN{T < S} and AN{T < S} belong to Fs and for any A in Fg, the sets
AN{S <T} and AN{S < T} belong to Fr.

(i1i) If X is an integrable random variable on (Q,.F,P) then P-a.s.

(C.4) EE[X[Fs]|F#r] =E[E[X |[Fr]|Fs] = E[X |Fras] -

Remark 93. From Equation (C.3), we derive that if T and S are two stopping times such
that T < S, then p is included in Fg. This is the same property as but for stopping
times.

Proof. (i) For any k in N, we have decomposition
{TAS=k}=({T=kn{S<k-1})JUS=k} n{T <k-1}9,

but since S and T are stopping times, {T' =k}, {S <k —1},{S =k} and {T <k —1}
all belong to %, and % being a o-field, we derive that {T'A S = k} belongs to Z.
From Definition we thus have that Fpag is a stopping time.

Furthermore, for any A in %, since T A S < T, for any k in N

AN{T =k} =An{T NS <k}n{T =k},

If Aisin Zppg then AN{T A S <k} belongs to .%j, for any k in N and since T is a
stopping time, {T" = k} also belongs to . for any k in N so that AN {T = k} belongs
to Z for any k in N. We thus have proved that any A in %pag also belongs to Zr
and we could have shown similarly that any A in #pag also belongs to .%g so that

Frasg C Fr N Fg.
Conversely, if A belongs to %1 N Zg, then for any k in N
AN{T NS =k} = (Am{T:k}m{Sgk—1}C)U(Am{S:k}m{T§k—l}c) )

On the one hand, since A belongs to .1 N Zg, as well AN{T =k} as An{S =k}
lies in .%j. On the other hand, since S and T are stopping times, as well {S < k — 1}
as {T < k — 1} lies in .%}. Since .%}, is a o-field, AN{T' A S = k} lies in .#;. We thus
have proved that any A in % N g also belongs to .#1ag so that

FrNFs C Frps.

And we finally indeed proved that Identity (C.3) is true.
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(i)

(iii)

We will prove for the events {T' < S} and AN {T < S} with A in % since other
results are directly obtained switching roles of S and T or replacing strict by simple
inequalities.

For any k in N, we have

(T<SYN{T=k}={k<S}N{T=k}={S<k-1}n{T =k},

and since {S < k — 1} and {T = k} both belong to .%j, (because S and T are stopping
times), {T' < S} N {T" = k} belongs to .#; for any k in N and we thus proved that
{T < S} belongs to Zr. The same way, we get that {T' < S} belongs to .Zg and so
{T < S} belongs to Fp N Fg = Frps.

For any A in %7, for any k in N, we have

AnN{T <S}In{S=k}=An{T <k}n{S=Ek},

and since AN {T < k} and {S = k} both belong to .# (because A lies in Zr and
because S is a stopping time), AN{T < S} N{S = k} belongs to % for any k in N
and we thus proved that AN {7 < S} belongs to Zs.

Consider Y a fixed random variable on €.
Since {T" < S} belongs to .#7rxs and since for any A in ., AN{T < S} belongs to
Zg and %7 so that it also belongs to Fp N Fg = Frag, we have
E [E [Y1ir<sy | Fras] 1a] = E [E[Y [Fras] Lanir<sy]
=E [Y1ingresy] =E[E [Y{r<sy [Pr] 1] ,

which exactly means by definition of the expectation of Y'17<gy conditionally to Fr
that P-a.s.

(C.5) E[Ylir<sy | Pr] =E[Y Lir<sy [ Fras] -

Since {S < T'} belongs to .#ras and since for any A in Fg, AN{S < T} belongs to .Zr
and Fg so that it also belongs to %1 N .%g = Fpg, we have for any positive random
variable Y

E[E[Y1l(s<ry|Pras] 1a] = E [E[Y |Fras] Langs<ry]
=E [Y1anis<ry) =E [E [Y{sery | Fs] 14] ,

which exactly means by definition of the expectation of Y1 g.7) conditionally to Fg
that P-a.s.

(C.6) E [Ylisery |[Fs] =E [Yigser [Fras] -

Decomposing X as X1;r<gy + X lygory, taking first expectation conditionally on Fr
and taking then expectation conditionally on .#g, we have

(C.7) E[E[X|Fr]|Fs]=E []E [X]l{Tgs} + X1is<1y |33T] |3/73]
=E [E [X1ir<sy |Fr] |Zs] +E[E [Xlgery | Pr] | Fs]
=K [E [X]l{TSS} ‘ﬁT] ‘j\s] + E [E [X ’yT] ]1{5<T} ‘95] .
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Particularizing on the one hand Equation (C.5) with Y = X and taking expectation
conditionally on %5 we have that P-a.s.

(C.8) E[E[X1r<sy|Pr] | Fs] =E[E [Xlir<gy [Pras] | Fs]

and particularizing on the second hand Equation (C.6) with Y = E[X |.%7], we have
that P-a.s.
(C.9) E[E [X]I{S<T} |\Fr]|Fs] =E [E[X |Fr] Lis<ry |75 |
=E[E[X |Zr] Lis<r} | Frns| = E[E [X1isery [Fr] [ Fras] -
Using the classical tower property as reminded in Equation (C.2) with % = Zpas C
4 = Zg in Equation (C.8]) and with ¢ = Frrs C % = Zr in Equation (C.9)) and
plugging the derived identities in Equation (C.7)), we finally obtain
E[E[X |Zr]|%s] =E[E [X1ir<s) | Fras] |Fs] + E [E[X |Fr] Liscry |[Fras]
= E [XLi7r<sy [Fras] + E [XLisary [ Fras]
=E [XH{TSS} + X]I{S<T} ‘to%-\TAs] =E [X ]9}/\5] .
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Résumé : Introduit dans les années 1960, le modéle de la marche aléatoire en milieu aléatoire
i.i.d. sur les entiers relatifs (ou MAMA) a récemment été ’objet d’un regain d’intérét dans la com-
munauté statistique. Divers travaux se sont en particulier intéressés a la question de I’estimation de
la loi du milieu & partir de ’observation d’une unique trajectoire de la MAMA. Cette thése s’inscrit
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point de vue fréquentiste. Lorsque la MAMA est transiente & droite ou récurrente, nous constru-
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difficulté mathématique de la thése a été ’élaboration des outils nécessaires a la preuve du résultat
de consistance bayésienne. Nous démontrons pour cela une version quantitative de l'inégalité de
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branchement en milieu aléatoire. Le processus de branchement en milieu aléatoire constituant une
chaine de Markov, ce résultat permet alors d’expliciter la dépendance des constantes de l'inégalité

de concentration en fonction des caractéristiques de ce processus.
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Abstract : Introduced in the 1960s, the model of random walk in i.i.d. environment on integers
(or RWRE) raised only recently interest in the statistical community. Various works have in
particular focused on the estimation of the environment distribution from a single trajectory of
the RWRE. This thesis extends the advances made in those works and offers new approaches to
the problem. First, we consider the estimation problem from a frequentist point of view. When
the RWRE is transient to the right or recurrent, we build the first non-parametric estimator of
the density of the environment distribution and obtain an upper-bound of the associated risk in
infinite norm. Then, we consider the estimation problem from a Bayesian perspective. When the
RWRE is transient to the right, we prove the posterior consistency of the Bayesian estimator of
the environment distribution. The main difficulty of the thesis was to develop the tools necessary
to the proof of Bayesian consistency. For this purpose, we demonstrate a quantitative version of
a Mac Diarmid’s type concentration inequality for Markov chains. We also study the return time
to 0 of a branching process with immigration in random environment (or BPIRE). We show the
existence of a finite exponential moment uniformly valid on a class of BPIRE. The BPIRE being
a Markov chain, this result enables then to make explicit the dependence of the constants of the
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