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Résumé
Estimation de la loi du milieu d’une marche aléatoire en milieu aléatoire. Introduit
dans les années 1960, le modèle de la marche aléatoire en milieu aléatoire i.i.d. sur les entiers
relatifs (ou MAMA) a récemment été l’objet d’un regain d’intérêt dans la communauté statis-
tique. Divers travaux se sont en particulier intéressés à la question de l’estimation de la loi du
milieu à partir de l’observation d’une unique trajectoire de la MAMA. Cette thèse s’inscrit
dans cette dynamique. Dans un premier temps, nous considérons le problème d’estimation
d’un point de vue fréquentiste. Lorsque la MAMA est transiente à droite ou récurrente,
nous construisons le premier estimateur non paramétrique de la densité de la loi du milieu
et obtenons une majoration du risque associé mesuré en norme infinie. Dans un deuxième
temps, nous envisageons le problème d’estimation sous un angle Bayésien. Lorsque la MAMA
est transiente à droite, nous démontrons la consistance à posteriori de l’estimateur Bayésien
de la loi du milieu. La principale difficulté mathématique de la thèse a été l’élaboration
des outils nécessaires à la preuve du résultat de consistance bayésienne. Nous démontrons
pour cela une version quantitative de l’inégalité de concentration de type Mac Diarmid pour
châınes de Markov. Nous étudions également le temps de retour en 0 d’un processus de
branchement en milieu aléatoire avec immigration. Nous montrons l’existence d’un moment
exponentiel fini uniformément valable sur une classe de processus de branchement en mi-
lieu aléatoire. Le processus de branchement en milieu aléatoire constituant une châıne de
Markov, ce résultat permet alors d’expliciter la dépendance des constantes de l’inégalité de
concentration en fonction des caractéristiques de ce processus.

Mots Clefs : Milieu aléatoire, Châınes de Markov, Statistiques bayésiennes, Estimation
non-paramétrique.

Abstract
Estimation of the environment distribution of a random walk in random envi-
ronment. Introduced in the 1960s, the model of random walk in i.i.d. environment on
integers (or RWRE) raised only recently interest in the statistical community. Various works
have in particular focused on the estimation of the environment distribution from a single
trajectory of the RWRE. This thesis extends the advances made in those works and offers
new approaches to the problem. First, we consider the estimation problem from a frequen-
tist point of view. When the RWRE is transient to the right or recurrent, we build the first
non-parametric estimator of the density of the environment distribution and obtain an upper-
bound of the associated risk in infinite norm. Then, we consider the estimation problem from
a Bayesian perspective. When the RWRE is transient to the right, we prove the posterior
consistency of the Bayesian estimator of the environment distribution. The main difficulty
of the thesis was to develop the tools necessary to the proof of Bayesian consistency. For
this purpose, we demonstrate a quantitative version of a Mac Diarmid’s type concentration
inequality for Markov chains. We also study the return time to 0 of a branching process with
immigration in random environment (or BPIRE). We show the existence of a finite exponen-
tial moment uniformly valid on a class of BPIRE. The BPIRE being a Markov chain, this
result enables then to make explicit the dependence of the constants of the concentration
inequality with respect to the characteristics of the BPIRE.

Keys words : Random environment, Markov chains, Bayesian statistics, Non-parametric
estimation.
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d’avoir accepté d’évaluer ce manuscrit en un temps inhabituellement court et le jury d’avoir
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Notations

Dans cette thèse, nous adopterons les notations suivantes

• Pour tout entier k dans Z, on note Sk l’ensemble des suites de ZN issues de k dont les
termes successifs diffèrent de 1 exactement

Sk =
{
x = (xt)t∈N ∈ ZN : x0 = k; ∀t ∈ N, |xt+1 − xt| = 1

}
.(1)

• Si f est une fonction à valeurs réelles définie sur un intervalle (ouvert) I ⊂ R dérivable
k-fois avec k dans N∗, on note f (i) la dérivée d’ordre i de f , pour tout entier 1 ≤ i ≤ k.

• Si X est un ensemble et (x0, . . . , xn−1) ∈ X n, on note pour tous 0 ≤ i ≤ j ≤ n− 1

xi:j = (xi, . . . , xj) .

• L’ensemble de toutes les distributions de probabilité sur une tribu X est noté M1 (X ).

• Pour tout p dans (0, 1), GN(p) désigne la distribution de probabilité sur N dite loi
géométrique de paramètre p définie de la manière suivante : une variable aléatoire X
est distribuée suivant GN(p) sous P, si et seulement si, pour tout k dans N

(2) P (X = k) = p(1− p)k .

• Soit Ω un ensemble muni d’une topologie T et de la tribu σ(T ) engendrée par T (i.e.
la plus petite tribu contenant T ). Soit une mesure Π sur σ(T ).
Le support de Π, noté supp(Π), est défini comme le complémentaire de l’union des
éléments de T de mesure nulle sous Π (ou de manière équivalente comme l’ensemble
des éléments de Ω dont chaque voisinage pour la topologie T est de mesure strictement
positive sous Π).

• Soit (Ω,A) un espace mesurable muni d’une mesure de probabilité P et (E,d) un espace
métrique. Soit (Xn)n∈N une suite de variables aléatoires définies sur (Ω,A) à valeur dans
(E,d) et X une variable aléatoire également définie sur (Ω,A) et à valeur dans (E,d).
On dit que la suite (Xn)n∈N converge vers X en probabilité sous P, si et seulement si,
pour tout ε > 0, P (d (Xn, X) ≥ ε) −−−−−→

n→ +∞
0 et on note

Xn
P−−−−−→

n→ +∞
X .





Chapter 1

Introduction

Introduite par le biologiste Chernov [Che67] dans l’étude de la réplication de l’ADN puis
reprise peu après par le physicien Temkin [Tem72] pour l’étude de la transition de phase dans
les alliages, la marche aléatoire en milieu aléatoire (abrégé en MAMA) constitue un modèle
simple pour divers phénomènes de transport comme par exemple la diffusion de chaleur ou
le déplacement de matière au sein d’un milieu physique.

Plus récemment, lors de la modélisation du phénomène de combinaison-recombinaison
observé lors du dégrafage d’une molécule d’ADN, des travaux tels que [AMJR12, HFR09,
BBC+07, BBC+06, KSJW02, LN02] ont eu recours à la MAMA sur Z pour tenter de
déterminer la nature de chaque liaison nucléotidique (A-T ou G-C) à partir de la seule
observation du déroulé de l’expérience.

Dans de tels phénomènes, un ”déplacement” se produit au sein d’un ”milieu” dont les
propriétés sont inconnues ou très irrégulières : deux niveaux d’aléa sont ainsi superposés.
D’une part, le milieu est imprévisible localement mais possède une certaine régularité statis-
tique : cela conduit à modéliser le milieu comme aléatoire. D’autre part, le déplacement
en un milieu donné est variable : cela amène à modéliser le déplacement comme également
aléatoire.

Depuis son introduction dans [Che67], le modèle de la MAMA a été l’objet de nombreuses
études dans la communauté probabiliste, que ce soit sur Z, Zd ou plus généralement sur des
graphes (le cours [Zei12] expose l’état de l’art dans ce domaine). De nombreux outils proba-
bilistes ont été développés pour étudier la MAMA sur Z et de féconds parallèles ont pu être
établis avec d’autres domaines des probabilités. Notre travail se concentre ainsi principale-
ment sur les MAMA sur Z et s’inspire du lien avec les processus de branchement en milieu
aléatoire mis en évidence par [KKS75] (voir Chapitre 3).

Nous allons maintenant définir de manière plus précise la marche aléatoire en milieux
aléatoires indépendants et identiquement distribués (en abrégé i.i.d.) sur Z.

1.1 Le modèle de la MAMA en environnements i.i.d. sur Z

Décrivons tout d’abord un modèle plus simple qui n’est pas en environnement aléatoire.

1.1.1 La marche aléatoire simple sur Z

Le modèle de la marche aléatoire simple sur Z de paramètre p ∈ [0, 1] permet de modéliser
un déplacement aléatoire sur Z. Notant Xt la position à l’instant t (élément de N) d’une

11



particule sur Z qui se déplace aléatoirement selon la règle suivante : à chaque instant, la
particule se déplace soit de 1 pas en avant avec probabilité p (et donc Xt+1 = Xt + 1) soit de
1 pas en arrière avec probabilité 1− p (et donc Xt+1 = Xt − 1).

-2

p

1− p

-1

1− p

p

0

1− p

p

1

1− p

p

2

1− p

p p

1− p

Le comportement de (Xt)t∈N au cours du temps est alors fonction de la valeur de p par
rapport à 0.5 :

• Si p = 0.5, alors, 1− p = 0.5 et la particule a autant de chance de se déplacer en avant
qu’en arrière à chaque instant.

-2

0.5

0.5

-1

0.5

0.5

0

0.5

0.5

1

0.5

0.5

2

0.5

0.5 0.5

0.5

N’ayant pas de sens de déplacement privilégié, la particule fait des allers et retours
incessants. On montre alors que la marche est récurrente, i.e. la particule passe en
tout endroit une infinité de fois.

• Si p > 0.5, alors, 1− p < 0.5 et la particule se déplace préférentiellement en avant : la
marche est transiente à droite, i.e. la position de la particule tend vers +∞.
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• Si p < 0.5, alors, 1 − p > 0.5 et la particule se déplace préférentiellement en arrière à
chaque instant : la marche est transiente à gauche, i.e. la position de la particule tend
vers −∞.

1.1.2 Un modèle intermédiaire

Implicitement, le modèle de la marche aléatoire simple considère que le milieu dans lequel
a lieu le déplacement est homogène : la chance d’avancer (ou de reculer) est la même en
chaque position k. Introduisons de l’hétérogénéité en supposant que la probabilité d’avancer
de 1 pas en avant (ou de reculer de 1 pas en arrière) est fonction de la position k. Ainsi,
notant Xt la position à l’instant discret t d’une particule sur Z, on considère qu’elle se déplace
aléatoirement selon la règle suivante : si la particule se trouve en k à l’instant t (i.e. Xt = k),
alors en l’instant t+1, la particule s’est déplacée soit de 1 pas en avant avec probabilité pk (et
donc Xt+1 = Xt+1), soit de 1 pas en arrière avec probabilité 1−pk (et donc Xt+1 = Xt−1).
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1.1.3 Le modèle de la MAMA en milieux i.i.d.

Le modèle de la MAMA impose que les pk du modèle proposé en Section 1.1.2 présentent
une régularité statistique : ce sont les tirages indépendants de même loi ν sur [0, 1] fixée.
Nous allons ainsi décrire le modèle de la MAMA comme la superposition de deux niveaux
successifs d’aléa.

Dans un premier temps, nous tirons ω = (ωk)k∈Z des nombres de l’intervalle [0, 1]
indépendamment selon la même loi ν (i.e. i.i.d. de loi ν).

Dans un second temps, nous considérons le déplacement aléatoire d’une particule sur
Z suivant un modèle de marche aléatoire sur Z de probabilités de transition (ωk)k∈Z. Le
graphique ci-dessous reprend les règles de déplacement de la particule une fois la réalisation
des milieux (ωk)k∈Z fixée :
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1− ω3

ω2
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1− ω4

Une première notion propre à la théorie des processus aléatoires en milieu aléatoire,
prenant en compte cette superposition de deux couches d’aléa, apparâıt ainsi : la notion
de loi quenched Pω qui est définie comme la loi des trajectoires de la particule une fois
l’environnement ω connu.

Bien que cette vision hiérarchisée soit indispensable à la description, à la simulation ou à
l’étude théorique des MAMA, la réalité statistique est bien différente : les réalisations (ωk)k∈Z
ne sont pas connues et seule la trajectoire de la particule est observée.

Une seconde notion propre à la théorie des processus aléatoires en milieu aléatoire, prenant
en compte ce constat, apparâıt alors naturellement : la notion de loi annealed Pν définie
comme loi de probabilité des trajectoires de la particule (sans information sur les réalisations
(ωk)k∈Z de l’environnement).

Avant d’exposer notre travail, nous définissons un peu plus formellement la MAMA et
donnons quelques repères fondamentaux pour les développements ultérieurs.

1.2 Quelques repères sur les MAMA

1.2.1 Une definition plus formelle de la MAMA

Notons E = (0, 1)Z l’ensemble des environnements muni de la tribu E = B ([0, 1])Z engendrée
par les cylindres et considérons le processus canonique (Xt)t∈N de l’espace ZN muni de la tribu
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S engendrée par les cylindres , i.e. pour tout t dans N et tout x = (xt)t∈N dans ZN

Xt(x) = xt .(1.1)

Pour tout environnement fixé ω dans E, on définit la mesure de probabilité Pω dite
quenched dans le milieu ω comme l’unique mesure de probabilité sur S sous laquelle le
processus canonique X = (Xt)t∈N constitue une châıne de Markov homogène partant de 0 et
de noyau de transition défini pour x et y dans Z par

pω(x, y) =


ωx si y = x+ 1

1− ωx si y = x− 1

0 sinon

.

En particulier, pour tout environnement ω dans E fixé, (Xt)t∈Z appartient Pω presque
sûrement à l’ensemble S0 (défini par l’Equation (1) des Notations).

Considérant alors une mesure de probabilité fixée ν sur ([0, 1] ,B ([0, 1])), on munit
l’espace des environnements (E,E ) de la mesure de probabilité Pν = ν⊗Z. Intégrant la
loi quenched Pω (fonction de l’environnement) sous la loi Pν , on définit la loi de probabilité
P̃ν sur (E × ZN,E ⊗S ), i.e. pour A dans E et B dans S

P̃ν(A×B) =

∫
E
1A(ω)Pω(B)Pν(dω) =

∫
A

Pω(B)Pν(dω) .

La seconde marginale de P̃ν notée Pν est appelée loi annealed.
En particulier, pour n’importe quelle distribution de probabilité ν sur [0, 1] fixée, on déduit
également que (Xt)t∈Z appartient Pν presque sûrement à S0.

1.2.2 Quelques résultats probabilistes

Après leur utilisation pour la modélisation de phénomènes concrets dans [Che67, Tem72], les
MAMA sont étudiées pour la première fois sous un angle probabiliste par [Sol75] qui établit
que le comportement des trajectoires sous la loi annealed Pν dépend de la distribution de la
variable aléatoire

ρ0 =
1− ω0

ω0
où ω0 ∼ ν .

Si la quantité Eν [| log ρ0|] est finie, [Sol75, Theorem 1.7] dresse une première classification
du comportement en temps long de la MAMA:

(i) Si Eν [log ρ0] 6= 0, alors

(a) soit Eν [log ρ0] < 0 et Xn converge Pν presque sûrement vers +∞ quand n tend
vers +∞, on dit alors que (Xn)n∈N est transiente à droite,

(b) soit Eν [log ρ0] > 0 et Xn converge Pν presque sûrement vers −∞ quand n tend
vers +∞, on dit alors que (Xn)n∈N est transiente à gauche.

(ii) Si Eν [log ρ0] = 0, alors Pν presque sûrement

lim sup
n→+∞

(Xn) = +∞ et lim inf
n→+∞

(Xn) = −∞ ,

et on dit alors que (Xn)n∈N est récurrente.

14



Pour tout n dans N, nous définissons la fonction Tn : ZN → N ∪ {+∞} en posant pour
tout x = (xt)t∈N dans ZN

Tn(x) = inf {t ∈ N : xt = n} ,(1.2)

et nous convenons de noter Tn = Tn(X) où X est défini par l’Equation (1.1).
Cette caractérisation est alors précisée par [Sol75, Theorem 1.16] qui établit un premier

résultat quantitatif sur la vitesse asymptotique en régime transient à droite :

(i) soit Eν [ρ0] < 1 et Pν presque sûrement

Tn
n
−−−−−→
n→ +∞

1 + Eν [ρ0]

1− Eν [ρ0]
,

et la MAMA est alors qualifiée de balistique,

(ii) soit Eν [ρ0] ≥ 1 et Pν presque sûrement

Tn
n
−−−−−→
n→ +∞

+∞ ,

et la MAMA est alors qualifiée de sous-balistique.

Constatant que le modèle de la marche aléatoire simple de paramètre p introduit en
Section 1.1.1 est une MAMA où ν est une masse de Dirac en p, il est alors intéressant de
mettre les caractérisations de [Sol75] en regard de celles établies auparavant.

D’une part, comparer la position de la quantité Eν [log ρ0] = log((1− p)/p) par rapport à
0 revient exactement à comparer la position par rapport à 0.5 de la quantité p et on retrouve
alors les trois types de comportement déjà mis en évidence.

D’autre part, en régime transient à droite, la quantité Eν [log ρ0] = log((1 − p)/p) est
toujours strictement inférieure à 1 puisque p < 0.5. La MAMA s’avère donc être un modèle
au comportement généralement plus complexe.

Avec l’hypothèse que le sous-groupe de (R,+) engendré par le support de log ρ0 sous
Pν est dense dans R et qu’il existe κ > 0 tel que Eν [ρκ0 ] = 1 et Eν

[
ρκ0 log+(ρ0)

]
< +∞,

[KKS75] caractérise plus finement les fluctuations de Tn et le comportement asymptotique
des trajectoires de la MAMA sous Pν

(i) si κ < 1, Tn/n
1/κ et Xt/t

κ convergent en loi vers une distribution non triviale,

(ii) si κ = 1, Tn/(n log n) et (log t/t)Xt convergent en probabilité vers une constante cκ 6= 0,

(iii) si κ > 1, Tn/n et Xt/t convergent en probabilité vers une constante c̃κ 6= 0.

Avec l’hypothèse qu’il existe 0 < α < 0.5 tel que ν([α, 1− α]) = 1 (on dit que le mi-
lieu est elliptique), et l’hypothèse que 0 < Var(ρ0) = Eν [log2(ρ0)], [Sin82] donne alors le
comportement de la marche en régime récurrent en établissant que la variable aléatoire

Var(ρ0)

log2(t)
Xt ,
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converge en loi sous Pν vers une variable b∞ de loi symétrique. Ce résultat est ensuite précisé
par [Gol83] et [Kes86] qui déterminent que la transformée de Laplace de b∞ est donnée pour
tout λ > 0 par

Eν
[
e−λ|b∞|

]
=

cosh(
√

2λ)− 1

λ cosh(
√

2λ)
.

La technique de preuve initiée par [Sin82] repose principalement sur l’introduction d’une
marche aléatoire simple, appelée potentiel, dont les retombées vont bien au delà de ce résultat :
elle ouvre le champ à la plupart des études probabilistes ultérieures sur la MAMA en milieu
i.i.d. sur Z ([GPS10, PZ09, GS02, Ali99a]). Avec cette interprétation d’un milieu comme un
potentiel aléatoire, [ESZ09] précise notamment les quantités limites du résultat principal de
[KKS75].

Pour la suite de notre propos, nous nous attardons cependant sur un lien entre MAMA et
processus de branchement en milieu aléatoire. Mis en évidence pour la première fois dans la
preuve de [KKS75], il s’est déjà avéré fécond dans des travaux tels que [MWRZ04, Ali99b].

1.2.3 Le processus des sauts à gauche

Les résultats de [Sol75] sur le comportement asymptotique en régimes récurrent et transient
à droite de la MAMA garantissent que pour tout entier n, le temps Tn de premier passage
en n est une quantité finie Pν presque sûrement.

D’un point de vue pratique, Tn correspond à la réalité expérimentale. Par exemple, Tn
peut désigner le temps nécessaire au dégrafage complet d’une molécule d’ADN de longueur
n. D’un point de vue théorique, Tn possède de bonnes propriétés : il définit un temps d’arrêt
(voir l’Appendice C pour un rappel sur la définition et des propriétés de base).
Ces deux approches motivent alors l’étude du modèle statistique où l’observation est X0:Tn .

Pour tout k dans Z, pour tout entier n dans N et pour toute suite x = (xt)t∈N dans ZN

telle que Tn(x) < +∞, nous définissons les nombres de sauts à gauche et à droite de k de la
suite x avant d’atteindre n par

L(k, x, n) =

Tn(x)−1∑
t=0

1{xt=k , xt+1=k−1} et R(k, x, n) =

Tn(x)−1∑
t=0

1{xt=k , xt+1=k+1} .

Pour tout n dans N et tout k dans Z, les propriétés combinatoires des éléments de S0 et la
définition même de Tn nous assurent alors que pour tout x dans {x ∈ S0 : Tn(x) < +∞}

R (k, x, n) =


L (k + 1, x, n) si k < 0

L (k + 1, x, n) + 1 si 0 ≤ k ≤ n− 1

L (k + 1, x, n) = 0 si n− 1 < k

.(1.3)

Avec la même convention de notation Tn = Tn(X), pour tout n dans N et tout k dans Z,
nous définissons Lnk sur le sous-ensemble {Tn < +∞} ⊂ ZN par

Lnk = L (k,X, n) =

Tn−1∑
t=0

1{Xt=k,Xt+1=k−1} .

La famille (Lnk)0≤k≤n constitue le processus des sauts à gauche de la MAMA.

16



1.2.4 Processus de branchement en milieu aléatoire

Comme dans Section 1.2.1, nous notons E = (0, 1)Z l’ensemble des environnements muni de
la tribu E = B ([0, 1])Z engendrée par les cylindres. Nous considérons le processus canonique
(Zt)t∈N de l’espace NN muni de la tribu Z engendrée par les cylindres , i.e. pour tout t dans
N et tout z = (zt)t∈N dans NN

Zt(z) = zt .(1.4)

Pour tout environnement fixé ω dans E et toute mesure de probabilité fixée µ sur N,
on définit la mesure de probabilité Qµ,ω comme l’unique mesure de probabilité sur Z sous
laquelle le processus canonique Z = (Zt)t∈N constitue une châıne de Markov non-homogène
partant de µ dont les noyaux de transition (Kω,k)k∈N sont définis pour tout k, i et j dans N
par

Kω,k(i, j) =

(
i+ j

i

)
ωi+1
k (1− ωk)j .(1.5)

Pour toute mesure de probabilité ν sur ([0, 1] ,B ([0, 1])), on munit l’espace des envi-
ronnements (E,E ) de la même mesure de probabilité Pν = ν⊗Z qu’en Section 1.2.1. Con-
sidérant alors une mesure de probabilité fixée µ sur N, on intègre la loi Qµ,ω (fonction de

l’environnement) sous la loi Pν , on définit la loi de probabilité Q̃ν
µ sur (E × NN,E ⊗Z ), i.e.

pour A dans E et B dans Z

Q̃ν
µ(A×B) =

∫
E
1A(ω)Qµ,ω(B)Pν(dω) =

∫
A

Qµ,ω(B)Pν(dω) .

La seconde marginale de Q̃ν
µ, notée Qν

µ, est la la loi du processus de branchement avec immi-
gration en milieu aléatoire (abrégé en PBMA).
Pour tout ν dans M1([0, 1]), [CFL+14, Proposition 4.3] montre alors que Qν

µ est l’unique
mesure de probabilité sur N sous laquelle le processus canonique (Zt)t∈N constitue une châıne
de Markov homogène partant de µ et de noyau de transition Kν défini pour tous i et j dans
N par

Kν(i, j) =

(
i+ j

i

)∫ 1

0
ti+1(1− t)jν(dt) .(1.6)

Considérons des mesures de probabilité µ et ν respectivement sur N et [0, 1]. Nous donnons
une autre définition de la loi Qν

µ du processus de branchement milieu aléatoire qui indique
notamment une manière de simuler un tel processus. Soit une suite de variables aléatoires
i.i.d. e = (ek)k∈Z de loi ν sur un espace (Ω,A,P). Soit une suite de variables aléatoires
(Yk)k∈N sur Ω telle que la variable Y0 est de loi µ et est indépendante de e et telle que pour
tout k dans N

(1.7) Yk+1 =

Yk∑
i=0

ξk,i ,

où les (ξk,i)(k,i)∈N2 sont des variables indépendantes conditionnellement à la tribu engendrée
par e de loi géométrique donnée pour tous entiers k, i et n

(1.8) P (ξk,i = n| e) = ek(1− ek)n .

La loi image de P par (Yk)k∈N définie sur NN est alors la loi Qν
µ.
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1.2.5 Le lien entre les marches aléatoires en milieu aléatoire et les proces-
sus de branchement en milieu aléatoire

Dans le cadre de la Section 1.2.1, pour toute suite x = (xt)t∈N dans {x ∈ S0 : Tn(x) < +∞},
nous déduisons une identité fondamentale à partir des relations (1.3)

Pν
(
X0:Tn = x0:Tn(x)

)
(1.9)

=

∫
E

Tn(x)−1∏
t=0

(
ωxt1xt+1=xt+1 + (1− ωxt)1xt+1=xt−1

)
ν⊗Z(dω)

=
∏
k∈Z

∫
[0,1]

tR(k,x,n)(1− t)L(k,x,n)ν(dt)

=

−1∏
k=−∞

∫ 1

0
tL(k+1,x,n)(1− t)L(k,x,n)ν(dt)×

n−1∏
k=0

∫ 1

0
tL(k+1,x,n)+1(1− t)L(k,x,n)ν(dt) .

D’après l’Equation (1.9), la famille (Lnk)k≤n, k∈Z constitue une statistique exhaustive.

Mais la propriéte de la suite (Lnk)k≤n, k∈Z la plus importante pour notre travail est celle
mise en évidence pour la première fois par [KKS75] et déjà exploitée par [CFLL16, CFL+14,
FLM14, FGL14, DL18] : la distribution du processus des sauts à gauche

(
Lnn−k

)
06k6n

sous

Pν est identique à la distribution de (Zt)0≤t≤n sous Qν
0 .

1.2.6 Un estimateur des moments par [AE04]

[AE04] est le premier à adopter une approche statistique pour la MAMA et se pose la ques-
tion de l’inférence directe sur la loi du milieu ν. Ne se restreignant pas à la MAMA sur Z, il
travaille sur des groupes abéliens (donc en particulier (Z,+)). Il propose alors un estimateur
des moments qui est construit non pas sur tous les sites visités par la marche mais seulement
sur ceux ayant une histoire spécifique. Nous proposons ici une exposition rapide de cet esti-
mateur dans le cadre de la MAMA sur Z.

Définissant pour tout k dans Z et tout t dans N, l’histoire du site k au temps t par

H(t, k) = (L(k,X0:t), R(k,X0:t)) ,

on peut alors considérer l’histoire du site courant Xt à n’importe quel temps t

H(t) = H(t,Xt) = (L(Xt, X0:t), R(Xt, X0:t)) .

On définit alors pour tout couple d’entiers naturels h = (h−, h+), la suite (Kh
i )i∈N des temps

successifs où l’histoire du site courant est h

Kh
0 = inf{t ∈ N : H(t) = h} et Kh

i+1 = inf{t > Kh
i : H(t) = h} ,

et ∆h
i le mouvement de la marche la i-ème fois où l’histoire du site courant est h

∆h
i = XKh

i +1 −XKh
i
.
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D’après [AE04, Proposition 4, Corollary 2], les variables (∆h
i )i∈N sont i.i.d. et si ω0 ∼ ν,

alors Pν presque sûrement pour tout ε dans {−1, 1}

1

m

m∑
i=1

1∆h
i =ε −−−−−→

n→ +∞
Vε(h) =

Eν
[
ω

1+ε
2

+h+
0 (1− ω0)

1−ε
2

+h−

]
Eν
[
ω
h+
0 (1− ω0)h−

] .

Définissant pour tout ε dans {−1, 1}, les estimateurs V̂ n
ε (h) par

V̂ n
ε (h) =

1

Mh
n

Mh
n∑

i=1

1∆h
i =ε où Mh

n = sup{Kh
i < Tn : i ≥ 1} ,

le fait que Pν presque sûrement Tn −−−−−→
n→ +∞

+∞ assure alors que Pν presque sûrement

V̂ n
ε (h) −−−−−→

n→ +∞
Vε(h) ,

et on peut ainsi estimer tous les moments de la loi ν en faisant varier h.
[AE04, Section 4.3] illustre cette procédure d’estimation dans un cadre paramétrique

particulier et alerte sur la non-efficacité d’un tel algorithme dans des situations plus générales.

1.2.7 Un estimateur de type maximum de vraisemblance par [CFLL16,
CFL+14, FLM14, FGL14]

Dans le prolongement de [AE04], les travaux [CFLL16, CFL+14, FLM14, FGL14] reprennent
la question de l’inférence directe de la loi du milieu dans un cadre paramétrique.

Dans un premier temps, [CFL+14, FLM14, FGL14] exploitent l’égalité en loi entre le
processus des sauts à gauche de la MAMA et le processus de branchement avec immigration
en milieu aléatoire initialement mise en évidence par [KKS75] et explicitée en Section 1.2.5.

Le premier mérite de cette égalité en loi est de réduire le problème statistique de l’estimation
directe de la loi du milieu de la MAMA à partir de l’observation d’une unique trajectoire
X0:Tn au problème d’estimation du paramètre ν définissant le PBMA à partir de l’observation
d’une réalisation de ses n+ 1 premières générations.

Le second mérite de cette égalité en loi provient de [CFL+14, Proposition 4.3] : le
PBMA défini par la loi ν est une châıne de Markov homogène de noyau Kν défini dans
l’Equation (1.6).

En particulier, lorsque ν dans M1([0, 1]) vérifie
∫ 1

0 log(1−t
t )ν(dt) < 0, [CFL+14, Proposi-

tion 4.5] établit que la châıne de Markov de noyau de transition Kν est récurrente positive et
admet une unique loi de probabilité invariante µν . S’appuyant sur les propriétés d’ergodicité
des châınes de Markov, [CFL+14, Proposition 4.6] établit pour tout ν ′ dans M1([0, 1])

1

n

n−1∑
t=0

log

(∫ 1

0
tZt+1(1− t)Zt+1ν ′(dt)

)
Qν

0−−−−−→
n→ +∞

Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
,

où le processus canonique (Zt)t∈N et la loi Qν
µν sont définis en Section 1.2.4.
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Ainsi, se fixant un modèle paramétrique (νθ)θ∈Θ où Θ ⊂ Rd, [CFL+14, FGL14] proposent
pour les régimes transients sous-balistique et balistique un M -estimateur θ̂n défini par

θ̂n ∈ Argmax
θ∈Θ

(ln(θ)− ln(θ0)) ,

où θ0 dans Θ est une valeur fixée du paramètre et ln(θ) est définie pour tout θ dans Θ par

ln(θ) =
n−1∑
k=0

log

(∫ 1

0
tL
k+1
n +1 (1− t)Lkn νθ(dt)

)
.

Supposant que l’application θ 7→
∫ 1

0 t
x+1(1−t)yνθ(dt) est continue sur Θ pour tous x et y dans

N, que le modèle est identifiable (i.e. θ 7→ νθ est injective) et sous une autre hypothèse plus
technique différente selon le régime, [CFL+14] et [FGL14] montrent notamment la consistance
de l’estimateur θ̂n en régimes transients balistique et sous-balistique.

Précisant l’étude en régime balistique, sous des hypothèses techniques de régularité rel-
ativement au paramètre, [FLM14] établit la normalité asymptotique et même l’efficacité
asymptotique (i.e. il réalise asymptotiquement la borne de Cramer-Rao) de l’estimateur θ̂n.
Des résultats semblables en découlent dans [FGL14] pour le régime sous-balistique.

Finalement, [FGL14, Section 4], [FLM14, Section 5] et [CFL+14, Section 5] illustrent
numériquement les performances de leur estimateur sur des modèles paramétriques par-
ticuliers et les comparent à celles obtenues pour l’estimateur issu de [AE04]. En plus
d’y souligner le caractère plus systématique de leur procédure d’estimation, ils montrent
également que les performances sont bien meilleures que ce soit en terme de biais ou en
terme de variance.

Dans un second temps, [CFLL16] se base sur le phénomène de forte localisation révélé par
[Sin82] en régime récurrent. Il choisit pour modèle la famille (νθ)θ∈Θ où Θ ⊂ (0, 1)d × (0, 1)d

avec d ≥ 2 entier et où pour tout θ = (a, p) dans Θ

νθ =

d∑
i=1

piδai ,

il propose deux M -estimateurs. Le premier estimateur θ̂n est basé sur une méthode de type
maximum de vraisemblance et procède à l’estimation des deux composantes du paramètre si-
multanément. L’autre θ̄n est obtenu par un développement asymptotique de la log-vraisemblance
du modèle. Il identifie d’abord la première composante du paramètre (i.e. le support de la loi
νθ) à l’aide du terme de premier ordre du développement. Puis il identifie à partir de cette
première estimation la seconde composante du paramètre (i.e. le vecteur de probabilité de
la loi νθ) à partir du terme de second ordre. Sous les seules hypothèses de récurrence de la
MAMA et d’identifiabilité du modèle, la consistance des estimateurs θ̂n et θ̄n est obtenue.

Finalement, [CFLL16, Section 6] illustre les performances numériques de θ̂n et θ̄n. Il
les compare également à celles de l’estimateur issu de [AE04] sur des modèles particuliers.
Ne tenant pas compte du phénomène de pièges introduit par la localisation dans les vallées
de potentiel de [Sin82], l’estimateur issu de [AE04] présente en particulier un biais et une
variance plus importants que θ̂n et θ̄n.
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1.2.8 Un premier estimateur non paramétrique par [DL18]

Après les résultats asymptotiques et paramétriques de [CFLL16, CFL+14, FLM14, FGL14],
l’article [DL18] s’affranchit simultanément de ces deux contraintes. En effet, ce dernier se
place dans un cadre non paramétrique et propose un estimateur de la fonction de répartition
de la loi du milieu dont il étudie les propriétés de concentration.

Dans un premier temps, [DL18] considère le problème d’estimation de la famille des β-
moments (ma,b(ν))(ν,a,b)∈M([0,1])×N2 de la loi ν où pour tous entiers a et b

ma,b(ν) =

∫ 1

0
ua(1− u)bν(du) .

S’appuyant sur l’égalité en loi entre processus des sauts à gauche de la MAMA rappelée en
Section 1.2.5 et sur le caractère markovien du processus de branchement en milieu aléatoire,
il propose d’estimer ma,b(ν) par

m̂a,b
n =

1

Na
n

n∑
k=1

φa,b
(
Lnn−(k−1), L

n
n−k

)
,

où (Lnn−k)0≤k≤n désigne le processus des sauts à gauches introduit en Section 1.2.3 et

φa,b(i, j) =

(
i+j−(a+b)

i−a
)(

i+j
i

) 1{i>a,j>b} et Na
n =

n∑
k=1

1{
Ln
n−(k−1)

>a
} .

Par un argument de martingale, [DL18, Theorem 4] établit qu’en régime récurrent ou tran-
sient, pour tout entier n ≥ 1 et tout réel positif z

Pν

(∣∣∣m̂a,b
n −ma,b(ν)

∣∣∣ ≥ n

Na
n

(
a+ b

a

)−1 z√
2n

)
≤ 2 e−z

2
.

[Mna08] établit que la famille de fonctions (FM )M∈N∗ construite à partir des β-moments
de la loi ν et définie pour tout M dans N∗ et tout u dans [0, 1] par

FM (u) =

b(M+1)uc−1∑
k=0

(
M

k

)
mk,M−k(ν) ,(1.10)

permet d’approcher de manière déterministe la fonction de répartition F de la loi ν.
[DL18] substitue alors les estimateurs m̂k,M−k

n aux β-momentsmk,M−k(ν) dans l’Equation (1.10).
Après renormalisation, il propose une famille d’estimateurs (F̂Mn )M∈N∗ de la fonction de
répartition de la loi de la MAMA en posant pour tout M dans N∗ et tout u dans [0, 1]

F̂Mn (u) =
1

NM
n

n∑
k=1

ψ
b(M+1)uc
M

(
Lnn−(k−1), L

n
n−k

)
,

avec

ψlM (i, j) =
1i≥M(
i+j
M

) l−1∑
k=0

(
i

k

)(
j

M − k

)
et NM

n =

n∑
k=1

1{
Ln
n−(k−1)

>M
} .
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La procédure de Goldenshluger-Lepski [GL08] permet alors de choisir automatiquement et
de manière optimale le paramètre M en posant pour tout z > 0 et tout entier M ≥ 1

M̂ z
n = Argmin

M≥1

(
∆(M) +

2n

NM
n

√
z + 3 logM

2n

)

où ∆(M) = sup
M ′≥1

(∥∥∥F̂M ′n − F̂M∧M ′n

∥∥∥
∞
− 2n

NM ′
n

√
z + 3 logM ′

2n

)
.

Pour tous réels β > 0 et L > 0 fixés, notons m = sup {` ∈ N : ` < β} et désignons par Σ(β, L)
l’ensemble des fonctions β-Hölder, i.e. les fonctions m-fois différentiables g : [0, 1]→ R telles
que pour x et x′ dans [0, 1]

(1.11)
∣∣∣g(m)(x)− g(m)(x′)

∣∣∣ 6 L
∣∣x− x′∣∣β−m .

Ainsi, [DL18, Theorem 1] assure que si la fonction de répartition de la loi du milieu F
est γ-Hölder pour γ dans (0, 2] et que la MAMA est transiente ou récurrente, alors, il existe

une constante Cν telle que pour tout entier n ≥ 2, l’estimateur F̂n = F̂
M̂

log(n)
n (X0:Tn )

n (X0:Tn)
vérifie

(i) si Eν [log ρ0] = 0 et Eν [log2 ρ0] > 0 et s’il existe a tel que Eν [ρa0] + Eν [ρ−a0 ] <∞

Eν
[∥∥∥F̂n − F∥∥∥

∞

]
≤ Cν

log n√
n
,

(ii) si Eν [log ρ0] < 0 et s’il existe 0 < κ <∞ tel que Eν [ρκ0 ] = 1 et Eν [ρκ0 log+ ρ0] <∞

Eν
[∥∥∥F̂n − F∥∥∥

∞

]
≤ Cν

(
log n

n

) γ
2 γ+4κ

.

Contrairement aux estimateurs proposés dans les approches paramétriques de [CFLL16,
CFL+14, FLM14, FGL14], cet estimateur est défini indépendamment du régime. Par ailleurs,
il est adaptatif vis-à-vis de la régularité Hölderienne du régime.

Hormis leur approche statistique, le point commun essentiel des travaux exposés jusqu’alors
est leur mise à profit du parallèle entre les deux processus aléatoires en milieu aléatoire sur
Z que constituent la MAMA et le PBMA.

Exploitant de nouveau ce lien fondamental, nous allons maintenant exposer nos contribu-
tions au problème de l’estimation de la loi du milieu de la MAMA en environnements i.i.d.
sur Z.

1.3 Contributions

L’objet de cette thèse étant l’estimation de la loi du milieu, nous y proposons des solutions au
problème d’apprentissage de la loi ν à partir de l’observation d’une unique trajectoire que nous
considérons sous l’angle de la loi annealed. Nous envisageons principalement deux approches.

La première approche, non paramétrique, fait l’hypothèse que la loi ν possède une den-
sité régulière. Nous proposons un estimateur de cette densité et étudions ses propriétés d’un
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point de vue fréquentiste à la suite de [DL18]. C’est l’objet du Chapitre 2 qui reprend notre
publication [HLM19].

La seconde approche, également non paramétrique, envisage quant à elle pour la première
fois sous un angle bayésien le problème d’estimation de la loi du milieu de la MAMA. Nous
munissons l’espace des probabilités sur [0, 1] d’une la loi a priori Π. Nous étudions l’estimateur
Bayésien et montrons la consistance de la loi a posteriori de cet estimateur.

Cette approche fait l’objet du Chapitre 5. Toutefois, elle requiert plusieurs résultats in-
termédiaires ne portant pas directement sur la MAMA. Au Chapitre 3, nous faisons ainsi
l’étude de la distribution du temps de retour en 0 du PBMA présenté en Section 1.2.5. Et au
Chapitre 4, reprenant plusieurs résultats de [DMPS18], nous proposons une inégalité de con-
centration des transformations ayant la propriété de différences bornées qui soit uniformément
valable pour une classe de châınes de Markov. Puis nous appliquons cette inégalité au PBMA.

1.3.1 Estimation de la densité de la loi du milieu : Chapitre 2

Dans le prolongement du travail d’estimation de la fonction de répartition de la loi du mi-
lieu par [DL18] exposé en Section 1.2.8, nous nous posons la question de l’estimation non
paramétrique et non asymptotique de la densité de la loi du milieu ν.

Nous adoptons alors la même démarche en deux étapes que [DL18] : d’abord trouver une
approximation déterministe de la densité f de la loi ν, ensuite estimer cette approximation.

Les ensembles Σ(β, L) étant défini par l’Equation (1.11), nous imposons que la densité f
de la loi ν appartienne à Σ(β, L) avec β dans (0, 2].

La loi ν du milieu étant à support borné dans [0, 1], elle est entièrement déterminée par
la suite de ses moments µj(ν) =

∫ 1
0 t

jν(dt) =
∫ 1

0 t
jf(t)dt. Dans un tel contexte, [Mna08]

montre que la suite de fonctions (νM )M∈N définies pour M dans N et x dans [0, 1] par

νM (x) =

bMxc∑
k=0

M∑
j=k

(
M

j

)(
j

k

)
(−1)j−kµj [ν] ,

converge simplement vers la fonction de répartition de ν quand M tend vers +∞.
Le lien entre fonction de répartition et densité nous amène alors à définir une suite de

densités de probabilité (fM )M∈N en posant pour tout M dans N et tout x dans [0, 1]

fM (x) = (M + 1)
(
νM ([0, x])− νM

([
0, x−M−1

]))
= (M + 1)

(
M

bMxc

)
mbMxc,M−bMxc .

Lorsque la densité f de la loi ν est continue, [Mna08, Theorem 1] garantit la convergence
uniforme de la suite de densités de probabilité (fM )M∈N vers f . Nous précisons ce résultat
en garantissant l’existence d’une constante Cβ,L telle que∥∥f − fM∥∥∞ ≤ Cβ,LM−β2 .
Nous substituons l’unique β-moment figurant dans l’expression de cette approximation déterministe
de la densité f par l’estimateur correspondant de [DL18]. Nous définissons ainsi une famille
d’estimateurs (f̂Mn )M∈N de la densité par

f̂Mn (x) = (M + 1)

(
M

bMxc

)
m̂bMxc,M−bMxc
n .
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Grâce aux propriétés de concentration des β-moments par [DL18] et aux contrôles déterministes
de [BR03, Mna08, BK10], nous contrôlons respectivement les erreurs d’estimation et d’approximation
de ces estimateurs. Nous obtenons alors les premières bornes de risque non asymptotiques
non paramétriques : il existe des constantes Crν > 0 et Ctν > 0 telles que

(i) si Eν [log ρ0] = 0 et Eν [log2 ρ0] > 0 et s’il existe a tel que Eν [ρa0] + Eν [ρ−a0 ] <∞

Eν
[∥∥∥f̂Mn − f∥∥∥∞] ≤ Crν

(
LM−

β
2 +

log n√
n

)
,

et pour Mn =
⌊
(
√
n/ log(n))

2/(β+2)
⌋

Eν
[∥∥∥f − f̂Mn

n

∥∥∥
∞

]
6 Cν

(
log(n)√

n

)β/(β+2)

,

(ii) si Eν [log ρ0] < 0 et s’il existe 0 < κ <∞ tel que Eν [ρκ0 ] = 1 et Eν [ρκ0 log+ ρ0] <∞

Eν
[∥∥∥f̂Mn − f∥∥∥∞] ≤ Ctν

(
LM−

β
2 +M1+κ

√
log n

n

)
,

et pour Mn =
⌊
(n/ log(n))

1
β+2(1+κ)

⌋

Eν
[∥∥∥f − f̂Mn

n

∥∥∥
∞

]
6 Cν

(
log(n)

n

) β
2(β+2(1+κ))

.

Au même titre que [DL18], la méthode de Goldenshluger-Lepski [GL08] nous fournit une
procédure de sélection automatique du paramètre de régularisation M dont notre estimateur
dépend. Cela permet de réaliser les optima des bornes de risque sans connâıtre ni le régime
de la MAMA, ni la classe de régularité hölderienne de la densité. Nous définissons ainsi pour
tout entier n ≥ 2 et tout entier 1 ≤M ≤ n− 1

M̂n ∈ Argmin
M∈{1,...,n−1}

{
Cn(M) +

M + 1

NM
n

2
√

3n log n

}
où Cn(M) = sup

M ′∈{1,...,n−1}

{∥∥∥f̂Mn − f̂M∨M ′n

∥∥∥
∞
− M ′ + 1

NM ′
n

2
√

3n log n

}
.

Considérant alors les estimateurs f̂n = f̂
M̂n(X0:Tn )
n (X0:Tn) et f̃n = min(f̂n, log n), nous obtenons

alors l’existence de deux constantes Crν > 0 et Ctν > 0 telles que

(i) si Eν [log ρ0] = 0 et Eν [log2 ρ0] > 0 et s’il existe a tel que Eν [ρa0] + Eν [ρ−a0 ] <∞

Pν

(∥∥∥f − f̂n∥∥∥
∞

6 Crν

(
log n√
n

)β/(β+2)
)

> 1− Crν
log n√
n
,

et

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
6 Crν

(
log n√
n

)β/(β+2)

,

24



0

1

2

3

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue
Recurrent

0

1

2

3

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue

Kappa = 0.04

0

2

4

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue

Transient (Kappa = 0.17)

0

1

2

3

4

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue
Kappa = 0.35

0

2

4

6

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue

Transient (Kappa = 0.57)

0

2

4

6

8

0.00 0.25 0.50 0.75 1.00

Evaluation point

D
en

si
ty

 v
al

ue

Kappa = 1

Figure 1.1: La véritable densité (trait plein noir) et en chaque point x de (0, 1) la médiane
(alternance tirets-pointillés bleus), l’écart interquartile (zone grisée) et les hinges inférieur et
supérieur (pointillés bleus) de l’estimateur f̂100 pour les 6 milieux considérés.

(ii) si Eν [log ρ0] < 0 et s’il existe 0 < κ <∞ tel que Eν [ρκ0 ] = 1 et Eν [ρκ0 log+ ρ0] <∞

max
(
Eν
[∥∥∥f − f̂n∥∥∥

∞

]
,Eν

[∥∥∥f − f̃n∥∥∥
∞

])
6 Ctν

(
log n

n

) β
2(β+2(1+κ))

.

Nous illustrons finalement par des simulations numériques les performances de notre esti-
mateur issu de la procédure de sélection de Goldenshluger-Lepski. Pour 6 milieux différents,
nous simulons 100 trajectoires de la MAMA jusqu’à ce qu’elles atteignent le site n = 100.
Pour chacune d’elles et pour toutes les valeurs du paramètre M allant de 1 à 100, nous cal-
culons l’estimateur fMn . La méthode de sélection de Goldenshluger-Lepski permet le choix

du paramètre optimal M̂n et nous obtenons ainsi l’estimateur f̂n. Sur la Figure 1.1, nous
donnons un aperçu des performances de cet estimateur f̂n de la densité en traçant différentes
grandeurs statistiques pour chacun des milieux considérés.

Conformément à l’intuition et étant donné notre schéma d’observation, plus la châıne
atteint rapidement le site n ou plus la densité est irrégulière, moins l’estimation de la densité
est précise.

1.3.2 Brève introduction aux statistiques bayésiennes

Le paradigme bayésien consiste à considérer comme aléatoire aussi bien l’observation que le
paramètre d’intérêt. L’espace des paramètres Θ est muni d’une probabilité Π, appelée prior
ou loi a priori. Supposons que les observations (Xn)n∈N sont i.i.d. à valeurs dans un espace
mesurable X et de loi commune une loi dénotée Pθ dépendant d’un paramètre θ dans Θ.
En interprétant Pθ comme la distribution conditionnelle de l’observation sachant la variable
aléatoire θ de loi Π, la loi du couple ((Xn)n∈N, θ) est entièrement déterminée.
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La suite de lois a posteriori ou posteriors est alors définie comme la suite de loi (Π(·|X0:n))n∈N
où pour tout n entier, Π(.|X0:n) désigne la loi conditionnelle de la variable θ sachant l’observation
X0:n. Ainsi, l’étude du comportement de la suite des lois a posteriori (Π(·|X0:n))n∈N est
naturelle. Nous n’entrerons pas dans cette introduction dans les considérations théoriques
justifiant l’existence d’une telle loi conditionnelle et renvoyons par exemple à [Dud02] pour
une exposition exhaustive.

Dans le cadre bayésien, la question du choix de la loi a priori est importante. Dans cer-
tains problèmes, nous disposons d’une information préalable sur le paramètre qu’il est donc
judicieux d’exploiter : l’approche bayésienne est alors parfaitement adaptée à la prise en
compte d’une telle information. Dans d’autres situations, il n’existe pas de façon naturelle
de spécifier la loi a priori. Le caractère arbitraire de ce choix est souvent avancé pour cri-
tiquer l’approche bayésienne. Nous ne pouvons exclure la possibilité que des praticiens qui
choisiraient des lois a priori différentes aboutiraient à partir d’observations identiques à des
conclusions différentes... Dès lors, une réponse positive quant à l’indifférence du choix du
prior est souhaitable car elle signifie que l’arbitraire du choix de la loi a posteriori disparâıt
asymptotiquement.

L’étude fréquentiste de la distribution a posteriori donne une réponse à ce type de ques-
tions. Faisant l’hypothèse fréquentiste que les données sont une réalisation du modèle statis-
tique pour une valeur θ∗ du paramètre (inconnue), cette approche recherche quelles conditions
imposer sur le modèle (i.e. sur la loi a priori) pour que la distribution a posteriori se con-
centre autour du paramètre θ∗. Soulignons que la justification ainsi apportée de l’approche
bayésienne n’est pas le seul intérêt de l’étude fréquentiste dans un cadre bayésien ; voir par
exemple [DF86] et [GvdV17].

Dans le cadre d’une étude fréquentiste, nous entendons généralement par concentration
les propriétés de consistance et de vitesse de convergence de la distribution a posteriori.
La consistance de la suite des distributions a posteriori en ν∗ pour une topologie T (sur
l’espace Θ des paramètres) signifie que pour tout ouvert U de T contenant θ∗, la probabilité
a posteriori Π(U |X0:n) converge vers 1 quand n tend vers +∞. Si cette convergence a lieu
presque sûrement, on parle de consistance forte a posteriori tandis que si elle a seulement lieu
en probabilité, on parle de consistance faible a posteriori ou tout simplement de consistance
a posteriori. La question faisant naturellement suite à la consistance est celle de la vitesse de
convergence a posteriori et a d’ailleurs donné lieu à de très nombreux travaux, entre autres
[GvdV07a, GvdV07b, SvdV01, GGvdV00].

Nous nous concentrons dans ce travail sur la consistance a posteriori : le Chapitre 5
est dédié à la démonstration de la consistance a posteriori pour un modèle de MAMA; les
résultats intermédiaires nécessaires à cette preuve font l’objet des Chapitres 3 et4.

Un résultat très fort concernant la consistance a posteriori remonte à [Doo49] et semble
résoudre complètement la question dans le cadre d’observations i.i.d. : si les observations
sont i.i.d. à valeurs dans l’espace euclidien X , si le modèle est identifiable et si l’espace
des paramètres est séparable complet pour la topologie T , alors, la suite des distributions a
posteriori est consistante pour T en Π-presque tout θ∗.

Quand l’espace des paramètres Θ est de dimension finie (i.e. que le modèle est appelé
paramétrique), il existe même des résultats nettement plus fins sur le comportement des
distributions a posteriori comme par exemple le théorème de Bernstein-von Mises énonçant
des conditions suffisantes pour que la suite des lois conditionnelles de la suite

√
n(θ − θ∗)

sachant les observations X0:n, converge en variation totale.
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Quand l’espace des paramètres Θ est de dimension infinie (i.e. que le modèle est appelé
non paramétrique), la consistance a posteriori n’est pas automatique. En effet, bien que la
consistance de la suite des distributions a posteriori soit assurée sur un ensemble de probabilité
1 pour Π, il existe dans des modèles infini-dimensionnels des ensembles de probabilité 0 pour
Π qui sont ”très gros” dans un sens topologique (voir par exemple [Fre63, Fre65, GvdV17]
pour de telles situations). [DF86] montre que de tels problèmes sont typiques pour ”la plu-
part des lois a priori”.

Pour résoudre ce problème, de nombreux auteurs ont développé des démonstrations de
consistance pour des modèles statistique non paramétriques, i.i.d. et dominés : voir par
exemple [Sch65, Bar88, BSW99, GGR99]. Nous renvoyons par exemple à [GR03, GvdV17]
pour une exposition moderne et des variations autour de ces résultats. Toutefois, en raison de
leur fécondité ultérieure, nous présentons maintenant les idées principales derrière la preuve
de la consistance a posteriori de [Sch65].

Faisant donc ici l’hypothèse que les lois (Pθ)θ∈Θ sont toutes absolument continues par
rapport à une même mesure µ sur X (i.e. que le modèle est dominé), on note fθ la densité
de Pθ par rapport à la mesure dominante µ. La règle de Bayes s’applique alors et la loi a
posteriori s’écrit pour tout entier n et tout ensemble mesurable A ⊂ Θ comme

Π (A |X0:n ) =

∫
A

n∏
i=0

fθ(Xi) Π(dθ)

∫
Θ

n∏
i=0

fθ(Xi) Π(dθ)

.

La technique développée par [Sch65] repose fondamentalement sur deux hypothèses :

(i) D’une part, le paramètre θ∗ doit appartenir au support de Kullback-Leibler de la loi a
priori, i.e. pour tout réel δ > 0

Π (Kδ(θ
∗)) > 0 où Kδ(θ

∗) =

{
θ ∈ Θ :

∫
X
fθ∗(x) log

(
fθ∗(x)

fθ(x)

)
µ(dx) ≤ δ

}
.

(ii) D’autre part, pour n’importe quel voisinage U de θ∗, il doit exister une suite d’applications
(φn)n∈N∗ appelés tests de l’hypothèse simple H0 : θ = θ∗ contre l’hypothèse composite
H1 : θ ∈ U c telles que φn : Nn → [0, 1] est mesurable et qui soit uniformément expo-
nentiellement consistante, i.e. il existe C > 0 et β > 0 tels que pour n dans N

Eθ∗ [φn(X0:n)] ≤ Ce−β n et sup
θ∈Uc

Eθ [1− φn(X0:n)] ≤ Ce−β n .

Considérant ici que le modèle vérifie les hypothèses (i) et (ii), nous munissons sans grande
perte de généralité l’espace des paramètres Θ d’une distance d (et de la topologie induite
par cette distance). Définissant les ensembles Aε = {θ ∈ Θ : d(θ∗, θ) ≥ ε}, la consistance a
posteriori pour θ∗ signifie alors que pour tout réel ε > 0

Π (Aε|X0:n)
Pθ∗

−−−−−→
n→ +∞

0 .

Nous donnons ici très succinctement une idée de la preuve de convergence. L’ensemble Aε
étant un voisinage de θ∗ pour ε > 0 fixé, il existe une famille de tests (φn)n∈N∗ satisfaisant
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la condition (ii) et nous pouvons décomposer Π (Aε|X0:n) de la façon suivante :

Π (Aε|X0:n) = φn(X0:n)Π (Aε|X0:n) + (1− φn(X0:n))Π (Aε|X0:n) .

D’une part, la première inégalité de la condition (ii) assure

Eθ∗ [φn(X0:n)Π (Aε|X0:n)] ≤ Eθ∗ [φn(X0:n)] ≤ C e−β n .

D’autre part, le caractère i.i.d. des Xi combiné à la règle de Bayes permet de réécrire
Π (Aε|X0:n) comme le quotient de Nn(Aε) par Dn où

Nn(Aε) =

∫
Aε

n∏
i=0

fθ
fθ∗

(Xi) Π(dθ) et Dn =

∫
Θ

n∏
i=0

fθ
fθ∗

(Xi) Π(dθ) .

La loi des grands nombres et la condition (i) combinée au théorème de Fubini permettent de
montrer que pour tout δ > 0 et tout δ′ > δ il existe n0 dans N tel que pour tout entier n ≥ n0

Pθ∗
(
Dn ≥ Π(Kδ(θ

∗)) e−δ
′ n
)
−−−−−→
n→ +∞

1 .

Le théorème de Fubini permet également de réécrire Eθ∗ [(1− φn(X0:n))Nn(Aε)] comme

Eθ∗ [(1− φn(X0:n))Nn(Aε)] =

∫
Aε

Eθ [(1− φn(X0:n))] Π(dθ) ,

et grâce à la deuxième inégalité de la condition (ii), il s’ensuit

Eθ∗ [(1− φn(X0:n))Nn(Aε)] ≤ Π(Aε)C e−nβ ≤ C e−nβ .

Décomposant l’espace tout entier selon {Dn < Π(Kδ(θ
∗)) e−δ

′ n} et son complémentaire

Eθ∗ [(1− φn(X0:n))Π (Aε|X0:n)] ≤ C

Π(Kδ(θ∗))
e(δ′−β)n + Pθ∗

(
Dn < Π(Kδ(θ

∗)) e−δ
′ n
)
.

Le choix de valeurs δ et δ′ telles que δ < δ′ < β assure alors que la suite Eθ∗ [Π (Aε|X0:n)]
converge vers 0 quand n tend vers +∞. Pour tout ε > 0, l’inégalité de Markov donne donc

Π (Aε|X0:n)
Pν

−−−−−→
n→ +∞

0 ,

et la suite des distributions a posteriori est donc faiblement consistante en θ∗.

Bien que ces techniques à base de tests proposent une solution aux problèmes soulevés
par [Fre63, DF86], elles soulèvent la question de l’existence de familles de tests uniformément
exponentiellement consistants. Cette question a déjà reçu diverses réponses dans le cadre
i.i.d. . Nous renvoyons par exemple au travaux déjà cités [Sch65, Bar88, BSW99, GGR99]
ou [GR03, GvdV17] pour voir des exemples de tests.

Par ailleurs, le cadre i.i.d. pour lequel la consistance est garantie, limite considérablement
le cadre d’application de cette théorie. En effet, les liens entre les observations issues de
données réelles sont souvent modélisés par des dépendances plus complexes. L’omniprésence
de schéma de dépendances Markoviennes a ainsi amené [Ver15] et [DOR19] à s’intéresser aux
problèmes de consistances respectivement pour des châınes de Markov cachées et pour des
modèles Markoviens partiellement observés.

Le Chapitre 5 de cette thèse met à profit la méthodologie bayésienne pour le problème
d’estimation de loi du milieu de la MAMA i.i.d. sur Z : nous y mettons en évidence la
consistance a posteriori dans ce modèle qui n’est ni i.i.d., ni Markovien.
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1.3.3 Consistance a posteriori de l’estimateur Bayésien : Chapitre 5

A l’inverse des travaux [CFL+14, DL18] ou de notre propre travail (exposé en Section 1.3.1),
nous n’adoptons plus une approche fréquentiste mais bayésienne : la loi du milieu ν est main-
tenant considérée comme aléatoire. Dans ce cadre, l’espace des paramètres Θ est l’ensemble
des mesures de probabilités sur [0, 1] absolument continues par rapport à la mesure de
Lebesgue. Nous munissons cet ensemble d’une loi a priori Π. Pour tout ν dans Θ, nous no-
tons fν la densité de la loi ν par rapport à la mesure de Lebesgue. Nous notons supp(Π) ⊂ Θ
le support de Π (en particulier Π(supp(Π)) = 1). Nous considérons les hypothèses suivantes
reliées soit aux propriétés de la MAMA exposées en Section 1.2.2 (hypothèses (i) et (ii)), soit
aux techniques bayésiennes de preuve esquissées en Section 1.3.2 (hypothèses (iii), (iv), (v)
et (vi)) :

(i) il existe c0 > 0 tel que pour tout ν dans supp(Π),
∫ 1

0 log(1−t
t )ν(dt) < −c0,

(ii) il existe α dans (0, 1/2) tel que pour ν dans supp(Π), supp(ν) ⊂ [α, 1− α],

(iii) il existe m dans R∗+ tel que pour ν dans supp(Π) et t dans [α, 1− α], fν(t) > m,

(iv) il existe M dans R∗+ tel que pour ν dans supp(Π) et t dans [α, 1− α], fν(t) 6M ,

(v) Π attribue une probabilité non nulle à tout voisinage de ν pour la norme ‖.‖∞,

(vi) pour tout ε > 0, il existe une famille (Θn)n∈N de sous-ensembles mesurables de supp(Π)
et une constante Cε > 0 telles que pour tout entier n

Π(Θc
n) ≤ e−

Cε
m
n et log (2N (Θn, ‖ · ‖∞, ε)) ≤

ε2

(M −m)2
n ,

où m et M sont donnés dans (iii) et (iv) et où N (Θn, ‖ · ‖∞, ε) désigne le nombre
minimal de ε-recouvrement de Θn pour ‖ · ‖∞ (voir l’Appendice B pour une définition).

D’autre part, reprenant le modèle d’observation adopté par [CFL+14, FGL14][FLM14, CFLL16,
DL18, HLM19], nous supposons disposer d’une trajectoire de la MAMA X0:Tn jusqu’à ce
qu’elle atteigne pour la première fois l’entier positif n.

L’apport majeur de ce chapitre est d’établir la consistance a posteriori de l’estimateur
Bayésien : si la loi a priori Π vérifie les hypothèses (i) à (vi), alors, pour tout ε > 0

Π
(

dν
∗
(ν∗, ν) > ε

∣∣∣ (Lnk)0≤k≤n

)
Pν∗

0−−−−−→
n→ +∞

0 ,

avec la quantité dν(ν ′, ν ′′) définie pour tout ν, ν ′ et ν ′′ dans Θ par

dν(ν ′, ν ′′) = Eν
µν

log


∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)∫ 1

0
tZ0+1(1− t)Z1ν ′′(dt)


 ,

où le processus canonique (Zt)t∈N et Qν
µν sont définis en Section 1.2.4.

Ce résultat découle en fait d’un résultat semblable pour les processus de branchement
en milieu aléatoire grâce à l’égalité en loi entre les nombres de sauts à gauche (Lnk)0≤k≤n
de la MAMA et les (n + 1) premières générations Z0:n d’un processus de branchement avec
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immigration en milieu aléatoire telle que nous l’avons exposée en Section 1.2.5. En effet,
nous montrons au Chapitre 5 un résultat de consistance a posteriori pour les processus de
branchement avec immigration en milieu aléatoire (définis en Section 1.2.4) : si le prior Π
vérifie les hypothèses (i) à (vi), alors, pour tout ε > 0

Π
(

dν
∗
(ν∗, ν) > ε

∣∣∣ (Zk)0≤k≤n

)
Qν∗

0−−−−−→
n→ +∞

0 .

Sous cet aspect, la quantité dν
∗
(ν∗, ν) prend ainsi tout son sens. Grâce à [CFL+14, Propo-

sition 4.6], qui étudie le processus de branchement sous l’angle des châınes de Markov, elle
n’est en effet rien d’autre que la limite en probabilité de la différence des versions empiriques
de la log-vraisemblance de Z0:n en ν∗ et ν

1

n

n−1∑
i=0

log(Kν∗(Zi, Zi+1))− 1

n

n−1∑
i=0

log (Kν(Zi, Zi+1))
Qν∗

0−−−−−→
n→ +∞

dν
∗
(ν∗, ν) .

Les observations Z0:n n’étant pas i.i.d. , il nous est impossible d’appliquer directement la
théorie de la consistance a posteriori de [Sch65, Bar88, BSW99, GGR99] pour la preuve d’un
tel résultat mais nous nous inspirons des techniques de preuve exposées dans 1.3.2 requérant
l’existence de tests uniformément consistants.

La preuve d’un tel résultat repose donc fondamentalement sur l’existence d’une famille φn
de tests de H0 : ν = ν∗ contre H1 : ν ∈ UC (où U voisinage de ν∗) pour le modèle Markovien
constitué par les (Zk)k∈N telle qu’il existe C1 > 0 et C2 > 0 vérifiant pour tout n dans N

Eν∗
0 [φn (Z0:n)] ≤ C1 e−C2 n et sup

ν∈UC
Eν

0 [1− φn (Z0:n)] ≤ C1 e−C2 n .

De telles garanties sur une famille spécifique de tests φn sont directement reliées aux pro-
priétés de concentration de la châıne de Markov (Zk)k∈N et nécessitent des résultats quan-
titatifs uniformément valables sur toute une classe de noyau Markovien : leur obtention est
l’objet du Chapitre 4.

1.3.4 Inégalité de concentration pour transformation de châınes de Markov
avec la propriété de différences bornées : Chapitre 4

Les tests considérés au Chapitre 5 sont de la forme f(Z0:n−1) > t où (Zk)k∈N est un processus
de branchement avec immigration en milieu aléatoire et t ∈ R est un seuil. La fonction
f : Nn → R vérifie la propriété de différences bornées suivante : il existe γ = γ0:n−1 dans
R+

n telle que, pour tous x0:n−1 et y0:n−1 dans Nn

|f (x0:n−1)− f (y0:n−1)| ≤
n−1∑
i=0

γi1{xi 6=yi} .

La concentration de telles variables est connue dans le cas de données i.i.d. sous le nom
d’inégalité de Mac Diarmid [McD89]. Différentes versions de cette inégalité sont également
disponibles pour les chaines de Markov, voir par exemple [Ada08, Pau15, DG15]. Reprenant
la preuve de [DG15], [DMPS18, Theorem 23.3.1] établit, pour les châınes de Markov V -
géométriquement ergodiques, l’inégalité de concentration exponentielle suivante

Px (|f (X0:n−1)− Ex [f (X0:n−1)]| > t) ≤ 2 exp

(
− β t2∑n−1

l=0 γ
2
l

)
,(1.12)
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où la constante β n’est pas donnée explicitement.
Nous reprenons la preuve de [DMPS18, Theorem 23.3.1] de manière à expliciter la dépendance

de β en certaines quantités caractéristiques de la châıne de Markov. Nous proposons au
Chapitre 4 une version quantitative de l’inégalité (1.12). Plus précisemment, soit P un noyau
Markovien irréductible et apériodique de distribution stationnaire π. Supposons qu’il existe
un ensemble C et des constantes δ > 1, M > 0, ζ0 > 0 et r0 dans (0, 1) telles que pour tout
x dans C

sup
y∈C

(Ey[δσC ]) ≤M et dTV (δxP
n, π) ≤ ζ0r

n
0 .(1.13)

Alors, l’inégalité (1.12) est valable pour tout x dans C avec une constante β dépendant
explicitement uniquement des paramètres δ, M , ζ0 et r0.

Considérons alors la famille de noyaux (Kν)ν∈Θ où l’ensemble Θ dépendant uniquement
de paramètres c0 > 0 et α dans (0, 1/2) est défini par

(1.14) Θ =

{
ν ∈M1([0, 1]) :

∫ 1

0
log(

1− t
t

)ν(dt) ≤ −c0 et ν([α, 1− α]) = 1

}
.

Dans le Chapitre 4, nous obtenons alors une inégalité de type (1.12) qui soit uniforme sur la
classe de châınes de Markov définie par la famille de noyaux (Kν)ν∈Θ. Il existe une constante
β(c0, α) ne dépendant que de c0 et α telle que, pour tout n dans N∗, pour toute fonction f
ayant la propriété de différences bornées de constante γ0:n−1 dans R∗+n, pour tout ν dans Θ
et pour tout t > 0

Pν (|f(Z0:n−1)− E[f(Z0:n−1)]| > t) ≤ 2 exp

(
−β(c0, α) t2∑n−1

l=0 γ
2
l

)
.

Pour appliquer ce résultat, il faut alors montrer l’existence d’un ensemble C et de con-
stantes δ > 1, M > 0, ζ0 > 0 et r0 dans (0, 1) pour lesquels les inégalités (1.13) sont valables
pour la classe de châınes de Markov définie par la famille de noyaux (Kν)ν∈Θ. Nous montrons
alors que ces hypothèses reliées aux propriétés d’ergodicité de cette famille de châınes sont
vérifiées du moment qu’il existe un moment exponentiel uniformément valable et borné pour
cette famille, ce qui sera vérifié au Chapitre 3.

1.3.5 Contrôle uniforme de la queue de distribution du temps de retour
en 0 du processus de branchement en milieu aléatoire : Chapitre 3

L’étude des queues de distribution du temps T de retour en 0 du processus de branchement en
milieu aléatoire est motivée par l’inégalité de concentration uniforme discutée au Chapitre 4.
Cette étude a été initiée par [KKS75]. En particulier, [KKS75, Lemma 1] garantit l’existence
de constantes K1 > 0 et K2 > 0 vérifiant pour tout t > 0

(1.15) Qν (T > t) ≤ K1e−K2t .

On déduit simplement de ce résultat que

(1.16) Eν
[
e
K2
2
T
]
≤ 1 +K1 .

L’inconvénient de ce résultat pour son application à notre cadre Bayésien est qu’il ne
précise pas la dépendance des constantes K1 et K2 en fonction de la loi ν. L’objet du
Chapitre 3 est d’expliciter cette dépendance.
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Nous reprenons la preuve de [KKS75, Lemma 1] et montrons l’existence de constantes
K1(c0, α) > 0 et K2(c0, α) > 0 pour c0 > 0 et α fixés telles que l’inégalité (1.15) soit
vérifiée pour tout processus de branchement avec immigration en milieu aléatoire défini par
ν, probabilité sur [0, 1] telle que

∫ 1
0 log(1−t

t )ν(dt) ≤ −c0 et ν([α, 1− α]). Pour tout t > 0,

(1.17) Qν (T > t) ≤ K1(c0, α)e−K2(c0,α)t .

En particulier,

Eν
[
e
K2(c0,α)

2
T
]
≤ 1 +K1(c0, α) .

1.4 Conclusion et perspectives

La thèse s’intéresse au problème de l’estimation directe de la loi du milieu d’une marche
aléatoire en milieu aléatoire sous divers angles. Ces résultats s’appuient en particulier sur
des résultats provenant de divers sous-domaines des probabilités et statistiques.

Reprenant d’abord l’approche fréquentiste, nous fournissons un premier estimateur de la
densité de la loi du milieu. Prenant en compte aussi bien la régularité de la densité cible
que le régime de la marche, nous obtenons un contrôle du risque de cet estimateur. Ces
vitesses de convergence sont sous optimales par rapport à la vitesse minimax d’estimation
de la densité dans le cas i.i.d. , voir par exemple [Tsy09] pour différents résultats dans
ce sens et [BK10] pour une preuve utilisant des estimateurs de moment. Deux questions
se posent naturellement. Nous pouvons d’abord nous demander si les contrôles des bornes
de risque obtenus sont optimaux pour notre estimateur. Ensuite, étant donné la différence
de comportement de l’estimateur entre régimes récurrent et transient, nous pouvons nous
interroger sur la possibilité de trouver un unique estimateur qui atteigne non seulement notre
vitesse de convergence en régime transient mais aussi retrouve la vitesse minimax du cas i.i.d.
en régime récurrent.

Nous proposons également la première étude d’estimateurs bayésiens de la loi du milieu.
Pour cela, nous avons établi une inégalité de concentration quantitative de type Mac Diarmid
pour des châınes de Markov ainsi qu’un contrôle quantitatif de la distribution du temps de
retour en 0 du PBMA lié à la MAMA.

Un premier axe d’approfondissement serait la relaxation des hypothèses faites dans ce
cadre Bayésien. Pour relâcher la condition d’ellipticité, on pourrait comme au Chapitre
2 tenter d’étendre les résultats au cas ou la distribution de l’environnement assigne une
probabilité faible aux extrémités du segment [0, 1].

Un autre axe de recherche serait d’étendre au régime récurrent les résultats obtenus en
régime transient. Les résultats obtenus jusqu’ici reposent principalement sur les propriétés
d’ergodicité de la châıne de Markov constituée par le processus des sauts à gauche. Cette
châıne n’étant pas récurrente lorsque la MAMA est récurrente, de nouvelles techniques sont
alors à envisager.

Un dernier axe d’étude serait l’étude plus précise des propriétés asymptotiques de l’estimateur
Bayésien. La consistance a posteriori étant désormais garantie, l’obtention de la vitesse de
convergence en constitue la prochaine étape naturelle.
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Chapter 2

Nonparametric density estimation
of the RWRE

2.1 Introduction

Random walks in random environment (RWRE) provide simple models to describe various
problems such as the propagation of heat, diffusion of matter through a physical medium,
or DNA-unzipping experiments. In these situations, the medium is very irregular and irreg-
ularities can be modelled by a random environment. The definition of RWRE involves two
ingredients: (i) the environment, which is an i.i.d. sample of some unknown distribution ν
and (ii) the random-walk whose transition probabilities are determined by the environment.
This paper considers the problem of recovering the density f of the distribution ν of the
environment of a RWRE on Z based on the observation of a single trajectory of the RWRE.

Since their introduction in [Che67], RWRE have been widely studied in the probability
literature; see for example [Zei12] for a recent overview of probabilistic results on RWRE in
Z and more generally in Zd. On the other hand, statistical inference for RWRE has emerged
only recently with the appearance of RWRE in several statistical models such as DNA-
unzipping experiments or DNA-polymerase phenomenon in [AMJR12, HFR09, BBC+07,
BBC+06, KSJW02]. In these applications, the main task is usually to recover the envi-
ronment itself and, when it is the case, an estimator of ν can be considered as a preliminary
step in the construction of an empirical Bayes estimator.

The problem of recovering ν was originally considered in [AE04]. They considered random
walks in general state spaces and studied an estimator of the moments of the distribution
but this estimator had poor statistical performance. In the last few years, [CFLL16, FLM14,
FGL14] considered random walks on Z and studied the asymptotic behaviour of the maximum
likelihood estimator of ν in a parametric setting. They proved its consistency and asymptotic
normality in the ballistic and sub-ballistic regimes as well as its efficiency in the ballistic
regime (see Section 2.2 for details regarding these notions). Consistency results have also been
proved in the recurrent regime in [CFLL16] for a slightly different estimator and Markovian
environments in [ALM15] have also been considered.

It is shown in [DL18] that the beta-moments of the distribution ν can be estimated
consistently from a single trajectory of the RWRE. These moment estimators are also used
there to obtain an estimator of the cumulative distribution function (c.d.f.) of the random
environment. In the present paper, we use these moment estimators to construct estimators
of the probability density.
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Recovering the probability density of a distribution from its moment is a classical problem
in statistics called moment reconstruction (see [Akh65]). Density estimators of a distribution
based on its beta-moments (also referred to as beta-kernel estimators) have already been
studied when an i.i.d. sample (Z1, . . . , Zn) of the unknown distribution is observed (see
[Che99, BR03, Mna08] and the references therein). In this direct observation setting, [Che99]
estimated f at x ∈ [0, 1] by a single properly chosen β-moment

f̂h(x) =
1

n

n∑
i=1

B
x
h

+1, 1−x
h

+1(Zi) ,

where h is the smoothing bandwidth and for any a and b in R∗+, Ba,b is the beta function

(2.1) Ba,b(u) =
Γ(a+ b)

Γ(a)Γ(b)
ua−1(1− u)b−1

106u61 .

[Che99] showed in particular that this estimator does not have the boundary bias of standard
kernel estimator. This beta-kernel density estimator has later been shown to be minimax
under regularity assumptions on the density f in [BK10].

The first contribution of the paper is the construction of the first non-parametric density
estimator of the random environment of a RWRE. The density f of ν is approximated at
every point x ∈ (0, 1) by a sequence of properly chosen beta kernels, following [Che99, Mna08].
These β-moments are estimated using the estimators introduced in [DL18]. The resulting
density estimator depends on a regularization parameter. We propose to select automatically
this parameter using the so-called Goldenschluger-Lepski method of [GL08]. This selection
step allows to optimize the risk bounds of the preliminary estimators without prior knowledge
of the regime of the walk or the regularity of the unknown density (see Section 2.4 for details).
The Goldenschluger-Lepski method was used in [BK14] to build adaptive estimators in the
i.i.d. setting from the minimax estimators of [BK10].

The second contribution is the derivation of the first non-parametric risk bounds for any
density estimator of f based on the observation of a single trajectory of a RWRE. These
are based on preliminary results obtained in [DL18] for the stochastic part of the risk and
results on beta-kernel estimators presented in [BR03, Mna08, BK10] for the deterministic
part of the risk. Our rates do not match minimax rates of density estimation in i.i.d. setting.
Nevertheless, our results outperform those obtained in [CFLL16] in the recurrent regime
where only consistency results for very particular densities were derived. The rates hold
without prior knowledge on the regime of the walk contrary to those of [CFLL16].

We finally investigate the numerical behaviour of our estimators in a Monte Carlo experi-
ment. Our estimator behaves reasonably in ballistic regimes where the chain has linear drift.
This emphasizes the difference between population and individual parameters estimation. It
is clear that recovering the environment itself is impossible in the ballistic regime, yet es-
timating the law of the random environment is still possible. Related results have already
been reported in a parametric setting for example in [FLM14] but it comes perhaps as a
surprise that the same behaviour is observed in the non-parametric setting. Both theoretical
results and this first simulations consider the case where the chain is observed until it reaches
a fixed site n. Depending on the regime, the number of observed steps of the random walk
can therefore be very different, it is typically O(n) in the ballistic regime and eO(

√
n) in the

recurrent regime. Our simulations also illustrate how the quality of estimation deteriorates
when going from nearly recurrent regime to nearly ballistic regime. Finally, we implement
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the Goldenshluger-Lepski algorithm and observe graphically how it performs according to
variations in regime or regularity.

The paper is organised as follows. Section 2.2 gathers basic results on RWRE on Z and
on the likelihood. Section 2.3 presents the construction of basic estimators. Section 2.4 states
the main results : convergence rates for basic estimators and the estimator selected by the
Goldenshluger-Lepski method. Section 2.5 presents Monte Carlo experiment supporting our
theoretical claims. Proofs of the main results are gathered in Section 2.6.

2.2 Random walks in random environment (RWRE)

Let E = (0, 1)Z denote the set of environments, E is endowed with the σ-field E = B ((0, 1))⊗Z,
generated by the cylinders

∏
k∈ZBk where every Bk belongs to B ((0, 1)) and Bk 6= (0, 1) only

for a finite number of k. Let (Xt)t∈N denote the canonical process of the space ZZ+ endowed
with the σ-field generated by cylinders. For any ω in E, the random walk in environment ω
is the time-homogeneous Markov chain with transition probabilities given for all x and y in
Z by

pω(x, y) =


ωx if y = x+ 1

1− ωx if y = x− 1

0 otherwise

.

That is to say, given the environment ω, the random walk currently at point x in Z, will
make a one-unit step to the right with probability ωx or to the left with probability 1− ωx.
Hereafter, the Markov chain is started from 0. The distribution Pω of the random walk in
the environment ω is called the quenched distribution.

All along the paper, the environment ω = (ωx)x∈Z is a sequence of i.i.d. random variables
with common distribution ν. The environment ω is distributed according to Pν = ν⊗Z.
Averaging the quenched probability with respect to the environment distribution, we obtain

the annealed distribution Pν on
(
2Z
)⊗N

defined by

Pν(·) =

∫
E

Pω(·)Pν(dω) .

Expectation with respect to the annealed probability measure Pν are denoted Eν . The
random walk (Xt)t∈N is a Markov chain only conditionally on the environment (i.e. with
respect to the quenched distribution Pω) but the Markov property fails under the annealed
probability measure Pν . The past history provides information on the environment and
can not be neglected. The random walk in i.i.d. random environment on Z is the random
sequence (Xt)t∈N considered under annealed distribution Pν .

The asymptotic behaviour of the walk (Xt)t∈N depends on the distribution of the ratio

(2.2) ρ0 =
1− ω0

ω0
.

If Eν [| log ρ0|] is finite, [Sol75] proved the following classification:

(i) if Eν [log ρ0] 6= 0, then (Xt)t∈N is transient (Pν-a.s.).
Moreover if Eν [log ρ0] < 0, then limt→+∞Xt = +∞, Pν-a.s., the process (Xt)t∈N is
transient to the right,
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(ii) if Eν [log ρ0] = 0, then (Xt)t∈N is recurrent.
Moreover, lim supt→+∞Xt = +∞ and lim inft→+∞Xt = −∞, Pν-a.s. .

In the transient case, the random walk Xt → +∞, with asymptotic rates proved by [Sol75,
KKS75]. Let Tn denote the first hitting time of n in N,

(2.3) Tn = inf {t ∈ N, Xt = n} .

Assuming that that the RWRE is transient Eν [log ρ0] < 0, the following classification holds.

1. If Eν [ρ0] < 1, then Pν-a.s.,
Tn
n
→ 1 + Eν [ρ0]

1− Eν [ρ0]
.

The RWRE is called ballistic.

2. If Eν [ρ0] > 1, then Pν-a.s., Tn/n→ +∞ and the RWRE is called sub-ballistic.

The fluctuations of Tn may be characterized more precisely. Suppose that the distribution of
log ρ0 is non arithmetic (that is the group generated by the support of log ρ0 is dense in R)
and that there exists κ in (0,∞) such that

Eν [ρκ0 ] = 1 and Eν
[
ρκ0 log+(ρ0)

]
<∞ ,(2.4)

where log+(x) = log(x ∨ 1). A simple convexity argument shows that if κ exists then it is
unique. The value of κ determines the asymptotic behaviour of (Xt)t∈N. It follows from
[KKS75] that

1. if κ < 1, Tn/n
1/κ and Xt/t

κ converge in Pν-distribution to a non trivial distribution,

2. if κ = 1, Tn/(n log n) and (log t/t)Xt converge in Pν-probability to positive constants,

3. if κ > 1, Tn/n and Xt/t converge in Pν-probability to positive constants.

In cases (1) and (2), the random walk is sub-ballistic and in the last case, (Xt)t∈N is ballistic,
both Tn and Xt grow linearly asymptotically.

When the RWRE is recurrent, the fluctuations of (Xt)t∈N have been evaluated by [Sin82]:
suppose that Eν [log ρ0] = 0, Eν

[
log2 ρ0

]
> 0 and that the support of ρ0 is included in (0, 1),

then Xt/(log t)2 converges in Pν-distribution to a non trivial limit (see also [Zei12] for some
extensions under relaxed versions of this assumption).

Our results hold under the assumptions of [DL18], that is those of [KKS75], in the tran-
sient case, and a slightly weaker version of those of [Sin82] in the recurrent case. Consider
the following assumptions:

H1. {
Eν [log ρ0] = 0 and Eν

[
log2 ρ0

]
> 0

there exists a > 0, such that Eν [ρa0] + Eν
[
ρ−a0

]
<∞

.

H2. 
Eν [log ρ0] < 0

the distribution of log ρ0 is non arithmetic

there exists κ ∈ (0,∞) such that Eν [ρκ0 ] = 1 and Eν
[
ρκ0 log+(ρ0)

]
<∞

.
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Under H1, (Xt)t∈N is recurrent. Under H2, (Xt)t∈N is transient to the right. In both
cases, the hitting time Tn is almost surely finite for any n in N. Hereafter, the RWRE is
observed until it hits the state n. The observations are given by X0, . . . , XTn .

Following [CFL+14], for any positive integer t0 and y in Z, define by L(t0, y) and R(t0, y)
the number of steps to the left and to the right until time t0 and from site y

L(t0, y) =
∑

06t6t0−1

1{Xt=y,Xt+1=y−1} ,

R(t0, y) =
∑

06t6t0−1

1{Xt=y,Xt+1=y+1} .

The likelihood Lν (X0, . . . , XTn) of the observations (where Tn is defined in Equation (2.3))
can be expressed as follows (see [CFL+14] for details)

∫ ∏
y∈Z

ωR(Tn,y)
y (1− ωy)L(Tn,y)

Pν(dω) =
∏
y∈Z

∫ 1

0
aR(Tn,y)(1− a)L(Tn,y)ν(da) .

Now, since Tn is the hitting time of the state n, for any y > n, L(Tn, y) = 0, and

L(Tn, y + 1) =

{
R(Tn, y), for all y < 0

R(Tn, y)− 1, for all y ∈ [0, n− 1]
.

Hence the likelihood may be written

Lν (X0, . . . , XTn) =
∏

y6n−1

∫ 1

0
aL(Tn,y+1)+1{y>0}(1− a)L(Tn,y)ν(da) .

The collection (L(Tn, y))y6n is a sufficient statistic that will be the building block of the
estimation method. An important result of [KKS75], central in the analysis of the parametric
case derived in [CFL+14] is that, under the annealed distribution Pν , the process

(Zny )06y6n = (L(Tn, n− y))06y6n ,

has the same distribution as (Zy)06y6n where (Zy)y∈N is a branching process with immigration
in random environment (BPIRE) defined for any y in N∗ by

(2.5) Z0 = 0 and Zy =

Zy−1∑
i=0

ξy,i ,

where (ξy,i)(y,i)∈N∗×N is a family of geometrically distributed independent random variables,
i.e. for any y in N∗, any i in N and any k in N,

Pω (ξy,i = k) = ωy(1− ωy)k .

Under the annealed law Pν , [CFL+14, Proposition 4.3] ensures that (Zx)x∈N is an homoge-
neous Markov chain starting at 0 with transition kernel given for any i and j in N

Kν(i, j) =

(
i+ j

i

)∫ 1

0
ai+1(1− a)jν(da) .(2.6)
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2.3 Estimator construction

Hereafter, the distribution ν is assumed absolutely continuous with respect to the Lebesgue
measure and f denotes its density. Let β > 0, L > 0 and m = sup {` ∈ N : ` < β}. The set
Σ(β, L) is the set of m times differentiable functions g : [0, 1]→ R+ satisfying for any x and
x′ in [0, 1]2

(2.7)
∣∣∣g(m)(x)− g(m)(x′)

∣∣∣ 6 L
∣∣x− x′∣∣β−m .

Equation (2.6) suggests to use the moments of ν to build estimators. Recovering a density
function from its moments is a classical instance of the Hausdorff moment problem (see
[Akh65]). For any j in N, let µj [ν] denote the j-th moment of the distribution ν,

µj [ν] =

∫ 1

0
tjν(dt) =

∫ 1

0
tjf(t)dt .

The moment problem is said to have unique solution if for two distributions ν and ν ′ over
(0, 1), the equations µj [ν] = µj [ν

′] for any positive integer j imply that ν = ν ′. A distribution
ν satisfying this property is called moment determinate. ν is moment determinate if it has a
continuous density; see [MR03, Mna08].

When ν is moment determinate, the operator mapping the c.d.f. of ν into (µj [ν])j∈N is
invertible. Given M in N, this inverse is approximated by

(2.8) νM ([0, x]) =

bMxc∑
k=0

M∑
j=k

(
M

j

)(
j

k

)
(−1)j−kµj [ν] .

[Mna08] showed that limM→∞ νM ([0, x]) = ν([0, x]) at any single point x in (0, 1) where the
c.d.f. is continuous. If ν has a density f , we consider then the following approximation,
defined for any x in [0, 1] by

(2.9) fM (x) = (M + 1)
(
νM ([0, x])− νM

([
0, x−M−1

]))
.

[Mna08, Theorem 1] ensures that, when f is continuous, fM converges uniformly to f .
Lemma 8 shows moreover that, if f is in Σ(β, L) with β in (0, 2], then, for any x in [0, 1]∣∣f(x)− fM (x)

∣∣ 6 Cβ,LM
−β/2 .

In the following, we do not use the expression given in Equation (2.8) to construct our
estimator. For any a and b in R∗+, denote by ma,b the following beta-moments

(2.10) ma,b = Eν
[
ωa0(1− ω0)b

]
=

∫ 1

0
ua(1− u)bf(u)du .

Proposition 1. For any M in N and any x in [0, 1], following identities hold

fM (x) =

∫ 1

0
BbMxc+1,M−bMxc+1(u)f(u)du(2.11)

= (M + 1)

(
M

bMxc

)
mbMxc,M−bMxc ,(2.12)

where Ba,b is the beta-kernel defined in Equation (2.1).
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For sake of completeness, the proof of Proposition 1 which follows essentially [Mna08,
Eq (12)] is given in Section 2.6.1. When a and b are integers, ma,b can be estimated as in
[DL18]. Using the convention 0/0 = 0, denote, for all i and j in N

φa,b(i, j) =

(
i+j−(a+b)

i−a
)(

i+j
i

) 1{i>a,j>b} and Na
n =

n∑
k=1

1{Znk−1>a} ,(2.13)

m̂a,b
n =

1

Na
n

n∑
k=1

φa,b(Znk−1, Z
n
k ) ,(2.14)

where (Znk ) is defined in Equation (2.5). Therefore, an estimator of f(x) might be obtained
by plugging an estimator of the beta moment in Equation (2.12) for any x in [0, 1]

(2.15) f̂Mn (x) = (M + 1)

(
M

bMxc

)
m̂bMxc,M−bMxc
n .

2.4 Main results

Let us first derive convergence rates of the basic estimators f̂Mn for fixed values of the regu-
larization parameter M .

Theorem 2. Assume that the distribution ν of the random environment has a density f
in Σ(β, L) for some β in (0, 2] and L > 1. Let M > 1 and f̂Mn denote the estimator in
Equation (2.15).

(i) Assume H1. For any M > 1, there exists a constant Cν such that

(2.16) Eν
[∥∥∥f − f̂Mn ∥∥∥∞] 6 Cν

(
LM−β/2 +M

log n√
n

)
,

(ii) Assume H2. For any M > 1

(2.17) Eν
[∥∥∥f − f̂Mn ∥∥∥∞] 6 Cν

(
LM−β/2 +M1+κ

√
log n

n

)
,

where κ is defined in H2.

Theorem 2 provides the first rates of convergence for non-parametric density estimation
of the random environment of a RWRE. An important feature is that these rates are achieved
by the same estimator in the recurrent and transient regimes. On the other hand, the value
Mn optimizing these rates highly depends on both the regime of the walk and the regularity
β of f that are both unknown in practice.

Corollary 3. (i) Assume H1. Then, taking Mn =
⌊
(
√
n/ log(n))

2/(β+2)
⌋

,

Eν
[∥∥∥f − f̂Mn

n

∥∥∥
∞

]
6 Cν

(
log(n)√

n

)β/(β+2)

.

(ii) Assume H2. Then, taking Mn =
⌊
(n/ log(n))

1
β+2(1+κ)

⌋
,

Eν
[∥∥∥f − f̂Mn

n

∥∥∥
∞

]
6 Cν

(
log(n)

n

) β
2(β+2(1+κ))

.
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In the following, we propose a method to obtain an estimator simultaneously adaptive
to the regime (recurrence / transience) and the regularity of the density of the random
environment. We apply the Goldenschluger-Lepski strategy of [GL08] to obtain a data-

driven choice of M̂n. In the proof of Theorem 2, we build confidence regions for f . More
precisely, Corollary 10 shows the existence of an event Ω0 defined by

Ω0 =

n−1⋂
M=1

{∥∥∥fM − f̂Mn ∥∥∥∞ 6
M + 1

NM
n

√
n

2
(log(2n3) + log n)

}
,(2.18)

with probability larger than 1− n−2 on which for all M in {1, . . . , n− 1},

(2.19)
∥∥∥f − f̂Mn ∥∥∥∞ 6 31LM−β/2 +

M + 1

NM
n

√
3n log n .

Define, for any M in {1, . . . , n− 1},

B(M) = 31LM−β/2, Vn(M) =
M + 1

NM
n

√
3n log n ,

Cn(M) = sup
M ′∈{1,...,n−1}

{∥∥∥f̂Mn − f̂M∨M ′n

∥∥∥
∞
− 2Vn(M ′)

}
.

Goldenshluger-Lepski’s choice of M is defined by

(2.20) M̂n ∈ argmin
M∈{1,...,n−1}

{Cn(M) + 2Vn(M)} .

The estimator M̂n satisfies the following lemma.

Lemma 4. On the event Ω0, for any M in {1, . . . , n− 1}∥∥∥f − f̂M̂n
n

∥∥∥
∞

6 5B(M) + 5Vn(M) .

Using Lemma 4 together with Equation (2.19) yields the following Theorem.

Theorem 5. Let β in (0, 2] and L > 1. Assume that f lies in Σ(β, L).

(i) Assume H1. Then, there exists a constant Cν such that

(2.21) Pν

(∥∥∥f − f̂M̂n
n

∥∥∥
∞

6 Cν

(
log(n)√

n

)β/(β+2)
)

> 1− Cν
log n√
n
.

(ii) Assume H2. Then, there exists a constant Cν such that

Eν
[∥∥∥f − f̂M̂n

n

∥∥∥
∞

]
6 Cν

(
log(n)

n

) β
2(β+2(1+κ))

.

The estimator f̂M̂n
n achieves simultaneously in every regime the optimal rates detailed in

Corollary 3. It is in this sense adaptive to the regime and the regularity of f . The rates
do not match those one could reach if the environment ω is observed (as shown by [BK10]).
When the chain is recurrent, [DL18, Lemma 10] ensures that it visits typically more than
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n times almost all sites. Therefore, one can probably estimate the environment itself and
plug these estimators in any standard density estimator. This might improve the rates in the
recurrent regime but it would certainly provide a poor estimator in transient regimes. The
problem of recovering the distribution of the environment is in general harder if one observes
only one trajectory of the walk than if the environment is observed directly. It is not clear
whether a single estimator can recover minimax rates of the i.i.d. setting in the recurrent
regime and our rates in transient regimes.

The result holds in expectation in transient regimes and only with large probability in
the recurrent regime. The reason is that the term NM

n cannot be handled in the same way in
transient regimes where the Markov chain (Zk) admits a unique invariant probability and in
recurrent regimes where it does not. However, a simple modification of these estimators can
be proved to have the same rates of convergence in expectation in both regimes as shown by
the following result.

Proposition 6. Let β in (0, 2] and L > 1. Assume that f lies in Σ(β, L). Let f̃n =

min(f̂M̂n
n , log n).

(i) Assume H1. Then, there exists a constant Cν such that

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
6 Cν

(
log(n)√

n

)β/(β+2)

.

(ii) Assume H2. Then, there exists a constant Cν such that

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
6 Cν

(
log(n)

n

) β
2(β+2(1+κ))

.

The proof of Proposition 6 is given in Section 2.6.5.

2.5 Simulation Study

In this section, we illustrate our theoretical results. We consider RWRE in different regimes
(recurrent, transient ballistic and sub-ballistic). We also investigate the impact of the regu-
larity of the density f . The number of steps of the random walk that are observed depends
on the regime. It follows from our discussion in Section 2.2, that if the RWRE is transient
to the right (Eν [log ρ0] < 0 where ρ0 is defined in Equation (2.2)) then either

1. Tn/n → (1 + Eν [ρ0])/(1 − Eν [ρ0]) Pν-a.s. in the ballistic regime Eν [ρ0] < 1, in which
case the number of time steps grows linearly with n,

2. Tn/n → ∞ converges Pν-a.s. in the sub-ballistic regime Eν [ρ0] > 1, showing that
the number of time steps grows superlinearly with n. In the sub-ballistic case, the
fluctuations of Tn are controlled by the parameter κ defined in Equation (2.4).

We compare the behaviour of our estimators built with different values of the parameter
M in three sub-ballistic regimes, with different κ. The estimator based on Goldenshluger-
Lepski choice of M , analysed in Theorem 5 is also implemented.
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2.5.1 Influence of the regularity

In this section, we consider 3 different distributions for the environment.

• The first example is the Beta distribution B(3, 3) whose density B3,3 is defined in
Equation (2.1).

• The second example is the distribution with density

x 7→ 4

(
1− |2x− 0.6|

0.15

)
1[0.225,0.325](x) +

14

3

(
1− |2x− 1.2|

0.3

)
1[0.45,0.75](x) .

• The last example is the distribution with density

x 7→ 0.6B3,3(2x)1[0,0.5](x) + 1.4B3,3(2x− 1)1(0.5,1](x) .

These densities are plotted in black in Figure 2.1. In the first example, the chain is recurrent,
in the second and the third, it is sub-ballistic with respective values of κ 0.17 and 0.57.

For each distribution of the environment, 100 trajectories of the RWRE have been simu-
lated until the chain reaches 100.

In each case, our (piecewise constant) estimator f̂Mn , defined in Equation (2.15), built for
M in {25, 50, 75} is compared with the actual density f . More precisely, Figure 2.1 shows for
each considered environment and for M in {25, 50, 75} a graphic representation of the true
density (solid black line) and in each point x in (0, 1) the median of the estimator f̂Mn (x)
(dash-dotted blue line), its interquartile range (greyed area) and its lower and upper hinges
(dotted blue line).

According to our theoretical bounds, the estimator f̂Mn performs better when the true
density is regular as in Examples 1 and 3 than in the non regular Example 2. The estimator
f̂Mn , based on a polynomial approximation, cannot properly approximate the two triangles
shaped density of Example 2. More precisely, the regularization parameterM should probably
be much larger for the bias of the estimator to be small.

2.5.2 Influence of the regime

Consider trajectories from RWRE that all are transient to the right and sub-ballistic. The
environment is drawn from the distribution with density

(2.22) x 7→ 0.8B3,3(0.5 + 2(x− c1)) + 1.2B3,3(0.5 + 2(x− c2)) ,

and for three sets of the parameters c1 and c2 such that the parameter κ associated to the sub-
ballistic RWRE takes values near the extreme values of this regime. In the following table, the
chosen sets of parameters are provided with the corresponding (numerically approximated)
values of κ.

κ 0.04 0.35 1

c1 0.27 0.3 0.38

c2 0.67 0.7 0.7

For each set of parameters for the environment distribution, 100 trajectories until the
RWRE reaches n = 100 have been generated.
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Figure 2.1: True density (solid black line) and in each point x in (0, 1) the median (dash-
dotted black line), the interquartile range (greyed area) and the lower and upper hinges
(dotted black line) of the estimator f̂M100 for the three considered environment (one environ-
ment per column) and for M in {25, 50, 75}.
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Figure 2.2: True density (solid black line) and in each point x in (0, 1) the median (dash-
dotted black line), the interquartile range (greyed area) and the lower and upper hinges
(dotted black line) of the estimator f̂M100 for three different values of parameter M (25, 50
and 75) and of κ (0.04, 0.35 and 1).

Figure 2.2 illustrates the variability of the estimator f̂M100. For the densities defined in
Equation (2.22) with κ in {0.04, 0.35, 1}, we plot the true density of the environment as well
as the interquartile range and lower and upper hinges of f̂M100 computed over the 100 trajec-
tories and for M in {25, 50, 75}.

As expected from our theoretical results, the variability of the estimator deteriorates with
κ. When κ = 0.04 or κ = 0.35, the estimator shows better bias and worse variability when
M grows. The situation in the nearly ballistic case (κ = 1) is different : the walk reaches
faster n = 100 and the trajectory is thus shorter, one single trajectory reaching n = 100 does
not seem sufficient to obtain a reliable estimator of f .
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Figure 2.3: True density (solid black line) and in each point x in (0, 1) the median (dash-
dotted black line), the interquartile range (greyed area) and the lower and upper hinges

(dotted black line) of the estimator f̂M̂n
n for the three environment considered in 2.5.1 (first

row) and for the three environment with different κ considered in 2.5.2 (second row) where M̂n

was selected by Goldenshluger-Lepski algorithm with Vn(M) = (M + 1)/NM
n

√
0.01n log n.

2.5.3 Goldenshluger-Lepski estimator

We considered here the distributions of Subsections 2.5.1 and 2.5.2 and used anew the set of
trajectories.

Figure 2.3 illustrates the statistical performance of the estimator f̂M̂n
n obtained by Goldenshluger-

Lepski under different regularity and regime settings. For the densities defined in Subsection
2.5.1 and those defined in Equation (2.22), we plot the true density of the environment as

well as the interquartile range and lower and upper hinges of f̂M̂n
n computed over the 100

trajectories.
For each trajectory, we first computed the estimator f̂Mn for M ranging from 1 to 100,

then selected M̂n among those M through the Goldenshluger-Lepski algorithm as defined in

Equation (2.20) and finally built the estimator f̂M̂n
n . The actual choice of V (M) provided in

the theoretical analysis yields very conservative choice of M̂n. In the simulations, we perform
the Goldenschluger-Lepski step with

Vn(M) = (M + 1)
√

0.01n log n/NM
n .

As expected, approximation of the true density and variability of the estimator deteri-
orates when regularity decreases or when the walk goes faster to n = 100. Nevertheless,

graphical comparison of Figure 2.3 and Figure 2.2 shows that the estimator f̂M̂n
n has smaller

bias and variability than the estimator f̂Mn where M was chosen arbitrarily. Data-driven
choice of the value of M thus performs the expected trade-off between bias and variance.
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2.6 Proof

2.6.1 Proof of Proposition 1

By definition, for any M in N∗ and x in [0, 1],

fM (x) = (M + 1)

M∑
j=bMxc

(
M

j

)(
j

bMxc

)
(−1)j−bMxcµj [ν]

= (M + 1)

M−bMxc∑
j=0

(
M

j + bMxc

)(
j + bMxc
bMxc

)
(−1)jµj+bMxc[ν]

= (M + 1)
M !

bMxc!

M−bMxc∑
j=0

(−1)j

(M − bMxc − j)!j!
µj+bMxc[ν]

=
(M + 1)!

bMxc! (M − bMxc)!

∫ 1

0
tbMxc

M−bMxc∑
j=0

(M − bMxc)!
(M − bMxc − j)!j!

(−t)j1M−bMxc−jf(t)dt .

Thanks to binomial identity, we know that

M−bMxc∑
j=0

(M − bMxc)!
(M − bMxc − j)!j!

(−t)j1M−bMxc−j = (1− t)M−bMxc ,

and so

∫ 1

0
tbMxc

M−bMxc∑
j=0

(M − bMxc)!
(M − bMxc − j)!j!

(−t)j1M−bMxc−jf(t)dt

=

∫ 1

0
tbMxc (1− t)M−bMxc f(t)dt .

We thus finally found following expressions for fM

fM (x) =

∫ 1

0
BbMxc+1,M−bMxc+1(u)f(u)du

= (M + 1)

(
M

bMxc

)
mbMxc,M−bMxc .

2.6.2 Bounding f̂Mn and fM in sup-norm

Proposition 7. For any M in N and any n in N

(2.23)
∥∥fM∥∥∞ 6M + 1 and

∥∥∥f̂Mn ∥∥∥∞ 6M + 1 .

Proof. For any (c, d) in N2 and any (i, j) in N2 such that i > c and j > d, we have(
i+ j

i

)
=

i∑
k=0

(
c+ d

k

)(
i+ j − c− d

i− k

)
>

(
c+ d

c

)(
i− c+ j − d

i− c

)
,
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so that for any (i, j) in N2, we have

φc,d(i, j) 6

(
c+ d

c

)−1

1i≥c .(2.24)

Plugging this in Equation (2.14) and by definition of N
bMxc
n in Equation (2.13), we thus find

0 6 m̂(M,x)
n 6

1

N
bMxc
n

n∑
k=1

(
M

bMxc

)−1

1{Znk−1>bMxc} 6
(

M

bMxc

)−1

.(2.25)

Combining definition of Kν in Equation (2.6) and φc,d in Equation (2.13), we have the identity

(2.26) Eν
[
φc,d

(
Znk−1, Z

n
k

)∣∣∣Znk−1

]
=

+∞∑
j=0

φc,d
(
Znk−1, j

)
Kν
(
Znk−1, j

)
= 1{Znk−1>c}

∫ 1

0

+∞∑
j=d

(
Znk−1 + j − (c+ d)

Znk−1 − c

)
aZ

n
k−1+1(1− a)jν(da) .

By definition of the negative binomial distribution with probability of success 1 − a and
number of trials Znk−1 − c+ 1,

ac(1− a)d
+∞∑
j=0

(
Znk−1 − c+ j

j

)
aZ

n
k−1−c+1(1− a)j = ac(1− a)d .

Plugging this result in Equation (2.26) gives, by definition of mc,d in Equation (2.10),

Eν
[
φc,d

(
Znk−1, Z

n
k

)∣∣∣Znk−1

]
=

∫ 1

0
ac(1− a)dν(da) 1{Znk−1>c} = mc,d

1{Znk−1>c} .

Hence, Equation (2.24) implies

N bMxc
n mbMxc,M−bMxc =

n∑
k=1

Eν
[
φbMxc,M−bMxc (Znk−1, Z

n
k

)∣∣∣Znk−1

]
1{Znk−1>bMxc}

6
n∑
k=1

(
M

bMxc

)−1

1{Znk−1>bMxc} =

(
M

bMxc

)−1

N bMxc
n .

Thus

mbMxc,M−bMxc 6

(
M

bMxc

)−1

.(2.27)

By definition of fM and f̂Mn in Equations (2.12) and (2.15), this yields

(2.28)
∥∥fM∥∥∞ 6M + 1 and

∥∥∥f̂Mn ∥∥∥∞ 6M + 1 .
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2.6.3 Proof of Theorem 2

By the triangular inequality∥∥∥f − f̂Mn ∥∥∥∞ 6
∥∥fM − f∥∥∞ +

∥∥∥fM − f̂Mn ∥∥∥∞ .(2.29)

The first term in the right-hand side is deterministic and called the bias, the second is stochas-
tic and called the variance. Lemma 8 provides an upper bound for the bias. Random bounds
on the variance, valid in any regime, are provided in Lemma 9. Lemma 11 uses these random
bounds to derive deterministic bounds on the variance that, once plugged in Equation (2.29)
together with the result of Lemma 8 allow to conclude the proof of Equation (2.17) and
Equation (2.16). The choice of Mn optimizing the bounds is then immediate.

Lemma 8. Let β in (0, 2] and L > 1. Assume that f belongs to Σ(β, L). Then

(2.30)
∥∥f − fM∥∥∞ 6 31LM−β/2 .

Proof. Let x in [0, 1] and let B(M,x) be a beta distributed random variable with parameters
bMxc+ 1 and M − bMxc+ 1 on a probability space (Ω,A,P). By Equation (2.11)

fM (x)− f(x) =

∫ 1

0
f(u)BbMxc+1,M−bMxc+1(u)du− f(x) = E

[
f(B(M,x))− f(x)

]
.

Consider first the case 0 < β 6 1. Since f is (β, L)-Hölder, by Jensen’s inequality,∣∣fM (x)− f(x)
∣∣ 6 E

[∣∣f(B(M,x))− f(x)
∣∣] 6 LE

[∣∣B(M,x) − x
∣∣β] 6 LE

[∣∣B(M,x) − x
∣∣]β .

For any η > 0, it holds

(2.31) E
[∣∣B(M,x) − x

∣∣] 6 η + E
[∣∣B(M,x) − x

∣∣1{|B(M,x)−x|>η}
]
.

By Cauchy-Schwarz inequality

E
[∣∣B(M,x) − x

∣∣1{|B(M,x)−x|>η}
]
6

√
E
[(
B(M,x) − x

)2]P (∣∣B(M,x) − x
∣∣ > η

)
,(2.32)

by Markov inequality

P
(∣∣B(M,x) − x

∣∣ > η
)

= P
((
B(M,x) − x

)2
> η2

)
6

E
[(
B(M,x) − x

)2]
η2

,(2.33)

and by a bias-variance decomposition

E
[(
B(M,x) − x

)2]
6 Var

(
B(M,x)

)
+
(
E
[
B(M,x)

]
− x
)2
,(2.34)

so that

E
[∣∣B(M,x) − x

∣∣1{|B(M,x)−x|>η}
]
6

Var
(
B(M,x)

)
+
(
E
[
B(M,x)

]
− x
)2

η
.(2.35)

One has

E
[
B(M,x)

]
=
bMxc+ 1

M + 2
and Var

(
B(M,x)

)
=

(bMxc+ 1)(M − bMxc+ 1)

(M + 2)2(M + 3)
.
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Therefore,

(2.36)
∣∣E [B(M,x)

]
− x
∣∣ 6 2

M + 2
and Var

(
B(M,x)

)
6

1

4M
.

Plugging Equation (2.36) in Equation (2.35) yields

E
[∣∣B(M,x) − x

∣∣1{|B(M,x)−x|>η}
]
6

1

η

(
1

4M
+

4

M2

)
1

4Mη2
6

1

η

17

4M
.

Plugging this bound in Equation (2.31) and optimizing in η > 0 yields∣∣fM (x)− f(x)
∣∣ 6 17β/2LM−β/2 .

Consider then the case 1 < β 6 2. Since f is differentiable, by the mean-value theorem,
there exists a random variable B̃(M,x) such that∣∣∣B̃(M,x) − x

∣∣∣ 6 ∣∣B(M,x) − x
∣∣ and f(B(M,x))− f(x) = f ′(B̃(M,x))(B(M,x) − x) .

Therefore∣∣fM (x)− f(x)
∣∣ =

∣∣∣E [f ′(x)(B(M,x) − x) +
(
f ′(B̃(M,x))− f ′(x)

)
(B(M,x) − x)

]∣∣∣
6
∣∣f ′(x)

∣∣ ∣∣E [B(M,x)

]
− x
∣∣+ E

[∣∣∣f ′(B̃(M,x))− f ′(x)
∣∣∣ ∣∣B(M,x) − x

∣∣] .
Since f is (β, L)-Hölder, by Equation (2.36), one gets∣∣fM (x)− f(x)

∣∣ 6 ∥∥f ′∥∥∞ 2

M
+ LE

[∣∣B(M,x) − x
∣∣β] .

Furthermore,

E
[∣∣B(M,x) − x

∣∣β] 6 E
[∣∣B(M,x) − E

[
B(M,x)

]
+ E

[
B(M,x)

]
− x
∣∣β]

6 2β−1
(
E
[∣∣B(M,x) − E

[
B(M,x)

]∣∣β]+
∣∣E [B(M,x)

]
− x
∣∣β) .

By Equation (2.36)

E
[∣∣B(M,x) − x

∣∣β] 6 2β−1
(
Var

(
B(M,x)

)β/2
+
∣∣E [B(M,x)

]
− x
∣∣β)

6 2β−1

(
2β/2

Mβ/2
+

2β

Mβ

)
6

4β

Mβ/2
.

By [Tsy09, Theorem 1.1] ∥∥f ′∥∥∞ 6
3√

4−
√

13

L+ β + 1

β + 1
6 7.2L .

It thus finally holds ∣∣fM (x)− f(x)
∣∣ 6 31LM−β/2 .

As this result holds for all x in [0, 1], the proof is complete.

Let us now turn to the random part of the risk. We start with a random upper bound.
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Lemma 9. Assuming H2 or H1 , then, for any z > 0,

Pν

(∥∥∥fM − f̂Mn ∥∥∥∞ >
M + 1

NM
n

√
n(z + logM)

2

)
6 2 e−z .

Proof. By definition, one has

fM (x)− f̂Mn (x) = (M + 1)

(
M

bMxc

)(
mbMxc,M−bMxc − m̂bMxc,M−bMxc

n

)
,

and by [DL18, Theorem 4], for any z > 0,

Pν

(∣∣∣mbMxc,M−bMxc − m̂bMxc,M−bMxc
n

∣∣∣ > n

N
bMxc
n

(
M

bMxc

)−1√ z

2n

)
6 2 e−z ,

so that

Pν

(∣∣∣fM (x)− f̂Mn (x)
)
> (M + 1)

n

N
bMxc
n

√
z

2n

∣∣∣∣∣ 6 2 e−z .

Since N
bMxc
n > NM

n , we have a fortiori

Pν

(∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

)
6 2 e−z .

As already stressed deterministic function fM as well as random function f̂Mn are stepwise
constant (whatever n is) and intervals on which they are constant are the same (namely
intervals

[
k
M ,

k+1
M

)
for integers 0 6 k 6M − 1). Therefore, the function fM − f̂Mn is stepwise

constant and, for any integer 0 6 k 6M − 1 and any x in
[
k
M ,

k+1
M

)
{∣∣∣fM (x)− f̂Mn (x)

∣∣∣ > (M + 1)
n

NM
n

√
z

2n

}

=

 sup
x∈[ kM , k+1

M )

∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

 ,

and hence

Pν

 sup
x∈[ kM , k+1

M )

∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

 6 2 e−z .

Since we have {∥∥∥fM − f̂Mn ∥∥∥ > (M + 1)
n

NM
n

√
z

2n

}
=

{
sup
x∈[0,1)

∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

}

=

 max
0≤k6M−1

 sup
x∈[ kM , k+1

M )

∣∣∣fM (x)− f̂Mn (x)
∣∣∣
 > (M + 1)

n

NM
n

√
z

2n


=

M−1⋃
k=0

 sup
x∈[ kM , k+1

M )

∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

 ,
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a union bound enables then to conclude the proof

Pν

(∥∥∥fM − f̂Mn ∥∥∥ > (M + 1)
n

NM
n

√
z

2n

)

6
M−1∑
k=0

Pν

 sup
x∈[ kM , k+1

M )

∣∣∣fM (x)− f̂Mn (x)
∣∣∣ > (M + 1)

n

NM
n

√
z

2n

 6M 2 e−z ,

by replacing here z by z + log(M).

Corollary 10. For any integer n > 2 and any M in {1, . . . , n− 1}, on the event Ω0 defined
in Equation (2.18), it holds

(2.37)
∥∥∥f − f̂Mn ∥∥∥∞ 6 31LM−β/2 +

M + 1

NM
n

√
3n log n .

Proof. For any real positive z and any M in {1, . . . , n− 1}, since logM 6 log n, we have

Pν

(∥∥∥fM − f̂Mn ∥∥∥∞ >
M + 1

NM
n

√
n(z + log n)

2

)

6 Pν

(∥∥∥fM − f̂Mn ∥∥∥∞ >
M + 1

NM
n

√
n(z + logM)

2

)
.

Therefore, using a union bound and Lemma 9 yields

Pν (Ω0) = 1−Pν
(
ΩC

0

)
= 1−Pν

(
n−1⋃
M=1

{∥∥∥fM − f̂Mn ∥∥∥∞ >
M + 1

NM
n

√
n

2
(log(2n3) + log n)

})

> 1−
n−1∑
M=1

Pν

(∥∥∥fM − f̂Mn ∥∥∥∞ >
M + 1

NM
n

√
n

2
(log(2n3) + logM)

)

> 1−
n−1∑
M=1

2 e− log(2n3) = 1− 2(n− 1)
1

2n3
> 1− n−2 .

Plugging Lemma 8 in Equation (2.29), we get, on Ω0, for any n > 2 and 1 ≤M 6 n− 1,∥∥∥f − f̂Mn ∥∥∥∞ 6 31LM−β/2 +
∥∥∥fM − f̂Mn ∥∥∥∞ 6 31LM−β/2 +

M + 1

NM
n

√
n

2
(log(2n3) + log n)

6 31LM−β/2 +
M + 1

NM
n

√
5

2
n log n 6 31LM−β/2 +

M + 1

NM
n

√
3n log n .

The following lemma provides deterministic rates of convergence that derive from Lemma 9.

Lemma 11. Under H2, X is transient and

Eν
[∥∥∥fM − f̂Mn ∥∥∥∞] 6 CνM

1+κ

√
log n

n
.
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Under H1, X is recurrent and

Eν
[∥∥∥fM − f̂Mn ∥∥∥∞] 6 CνM

log n√
n
.

Proof. Fix some M > 1.
If the chain is transient, [DL18, Lemmas 8 and 9] ensures there exist positive constants C1,ν

and C2,ν such that for any z > 0

Pν

(∣∣∣∣NM
n

n
−Π ([M,+∞))

∣∣∣∣ > C1,ν

√
z

n

)
6 2 e−z and Π ([M,+∞)) >

C2,ν

Mκ
.

Let γ = C2,ν/(2C1,ν). If the chain is transient, it follows that, for any z > 0,

Pν

(
NM
n

n
> C2,ν

(
1

Mκ
− 1

2γ

√
z

n

))
> 1− 2 e−z .

Therefore,

(2.38) Pν

(
NM
n

n
>
C2,ν

2

1

Mκ

)
> 1− 2e−γ

2n/M2κ
.

Remark that{
n

NM
n

6
2Mκ

C2,ν

}⋂{∥∥∥fM − f̂Mn ∥∥∥∞ 6
M + 1

NM
n

√
n (z + logM)

2

}

⊂

{∥∥∥fM − f̂Mn ∥∥∥∞ 6 (M + 1)κ+1

√
2

C2,ν

√
z + logM

n

}
.

Let

Rn(M, z) =
2κ+ 3

2

C2,ν
M (1+κ)

√
z + logM

n
> (M + 1)κ+1

√
2

C2,ν

√
z + logM

n
.

Using a union bound with Equation (2.38) and Lemma 9, we get for any z in
(
0, γ2n/M2κ

]
Pν
(∥∥∥fM − f̂Mn ∥∥∥∞ 6 Rn(M, z)

)
> 1− 2 e−z − 2 e−γ

2n/M2κ
> 1− 4 e−z .

By Proposition 7, both fM and f̂Mn are uniformly upper-bounded by M + 1. It follows that
the result of Lemma 11 is trivial if M > (γ2n/ log n)1/2κ.
Assume therefore that M 6 (γ2n/ log n)1/2κ and apply the previous inequality with z = log n.
Denote by

R′(M,n) =
2κ+ 3

2

C2,ν
M (1+κ)

√
2 log n

n
> Rn(M, log n) .

This yields

Eν
[∥∥∥fM − f̂Mn ∥∥∥∞] 6 Eν

[∥∥∥fM − f̂Mn ∥∥∥∞ 1‖fM−f̂Mn ‖∞>R′(M,n)

]
+ Eν

[∥∥∥fM − f̂Mn ∥∥∥∞ 1‖fM−f̂Mn ‖∞6R′(M,n)

]
6

4(M + 1)

n
+R′(M,n) 6 (1 + 4C2,ν)R′(M,n) .
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The last inequality holds since

R′(M,n) >
2M

C2,ν
√
n
>
M + 1

C2,νn
.

This concludes the proof in the transient case.

Assume now that the chain is recurrent, then [DL18, Lemma 10] states that there exists
Cν such that

(2.39) Pν
(
Nn
n 6

n

2

)
6 Cν

log n√
n
.

Combining Equation (2.39) with that of Lemma 9 implies that, for any M in {1, . . . , n}

Pν

(∥∥∥fM − f̂Mn ∥∥∥∞ > (M + 1)

√
2(z + logM)

n

)
6 2 e−z + Cν

log n√
n
.

Choosing z = log n and noticing that
∥∥fM∥∥∞ ∨ ∥∥∥f̂Mn ∥∥∥∞ 6M + 1 concludes the proof.

Conclusion of the proof of Theorem 2 Plugging the conclusions of Lemmas 8 and 11
in Equation (2.29) yields:

1. if X is transient,

Eν
[∥∥∥f − f̂Mn ∥∥∥∞] 6 31LM−β/2 + CνM

1+κ

√
log n

n
,

2. if X is recurrent,

Eν
[∥∥∥f − f̂Mn ∥∥∥∞] 6 31LM−β/2 + CνM

log n√
n
.

The proof of Theorem 2 is complete.
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2.6.4 Proof of Theorem 5

2.6.4.1 Proof of Lemma 4

For any bounded functions f and g, denote d(f, g) = ‖f − g‖∞. By repeated applications of
the triangular inequality, one obtains, for any integer n > 2 and for any M in {1, . . . , n− 1},
on Ω0,

d(f, f̂M̂n
n ) 6 d(f, f̂Mn ) + d(f̂Mn , f̂M∨M̂n

n ) + d(f̂M∨M̂n
n , f̂M̂n

n )

6 B(M) + Vn(M) + Cn(M) + 2Vn(M̂n) + Cn(M̂n) + 2Vn(M)

6 B(M) + Vn(M) + Cn(M) + 2Vn(M) + Cn(M) + 2Vn(M)

6 B(M) + 5Vn(M) + 2Cn(M) .

Now, for any M in {1, . . . , n− 1}, B being non increasing and Vn non decreasing, on Ω0

Cn(M) 6 0 ∨ sup
M ′>M

{
d(f, f̂Mn ) + d(f, f̂M

′
n )− 2Vn(M ′)

}
6 0 ∨ sup

M ′>M

{
B(M) +B(M ′) + Vn(M)− Vn(M ′)

}
6 2B(M) .

2.6.4.2 Conclusion of the proof

As B(M) and V (M) are respectively non-increasing and non-decreasing and both non-
negative, Lemma 4 applies and one has therefore, on Ω0∥∥∥f − f̂M̂n

n

∥∥∥
∞

6 5 inf
M∈{1,...,n−1}

{
31LM−β/2 +

M + 1

NM
n

√
3n log n

}
.

Let Mmax 6
(
γ2n/(3 log n)

)1/2κ
. A union bound in Equation (2.38) gives that, if X is

transient

Pν

(
∀M 6Mmax,

NM
n

n
>
C2,ν

2

1

Mκ

)
> 1− 2

Mmax∑
M=1

e−γ
2n/M2κ

> 1−Mmaxe−3 logn .

Therefore, on an event with probability larger than 1−(Mmax+1)e−3 logn−n−2 > 1−2n−2

∥∥∥f − f̂M̂n
n

∥∥∥
∞

6 inf
M∈{1,...,Mmax}

{
31LM−β/2 + CνM

κ+1

√
log n

n

}

6 Cν

(
log n

n

)β/(4+4κ+2β)

.(2.40)

The proof is concluded in the transient case since the fact that Mmax 6 n−1 and Proposition 7

ensure that
∥∥∥f̂M̂n

n

∥∥∥
∞

6 n+ 1. Since NM
n > Nn

n for any M in {1, . . . , n− 1}, in the recurrent

case, one has therefore, by Equation (2.39), on an event with probability larger than 1 −
Cν log n/

√
n ∥∥∥f − f̂M̂n

n

∥∥∥
∞

6 inf
M∈{1,...,n−1}

{
31LM−β/2 + CνM

log n√
n

}
6 Cν

(
(log n)2

n

)β/(2β+4)

.
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2.6.5 Proof of Proposition 6

First, as f is a density function on [0, 1] in Σ(β, L), there exists a constant Cβ,L such that
‖f‖∞ 6 Cβ,L. Assuming now H1, by Theorem 5, on the event

Ω =

{∥∥∥f − f̂M̂n
n

∥∥∥
∞

6 Cν

(
log(n)√

n

)β/(β+2)}
,

it follows that
‖f̂M̂n
n ‖∞ 6 Cβ,L + (2/e)Cν .

Therefore, for any n > n0 = eCβ,L+(2/e)Cν ,

f̃n = f̂M̂n
n .

As f̃n 6 log n, for any n > n0, it follows that

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
= Eν

[∥∥∥f − f̃n∥∥∥
∞

1Ω

]
+ Eν

[∥∥∥f − f̃n∥∥∥
∞

1Ωc

]
6 Eν

[∥∥∥f − f̂M̂n
n

∥∥∥
∞

1Ω

]
+ (Cβ,L + log n)Pν (Ωc)

6 Cν

(
log(n)√

n

)β/(β+2)

+ (Cβ,L + log n)Cν
log n√
n

6 C ′ν

(
log(n)√

n

)β/(β+2)

.

The result holds for any n > n0, therefore for any n provided that we enlarge the constant
C ′ν if necessary.

Assume now H2. Let

Ω′ =

{∥∥∥f − f̂M̂n
n

∥∥∥
∞

6 Cν

(
log n

n

)β/(4+4κ+2β)}
.

On Ω′, ‖f̂M̂n
n ‖∞ 6 Cβ,L + Cν . In particular, for any n > n1 = eCβ,L+Cν ,

f̃n = f̂M̂n
n .

As f̃n 6 log n, for any n > n1, it follows that

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
= Eν

[∥∥∥f − f̃n∥∥∥
∞

1Ω′

]
+ Eν

[∥∥∥f − f̃n∥∥∥
∞

1(Ω′)c

]
6 Eν

[∥∥∥f − f̂M̂n
n

∥∥∥
∞

1Ω′

]
+ (Cβ,L + log n)Pν

(
(Ω′)c

)
6 Cν

(
log n

n

)β/(4+4κ+2β)

+ (Cβ,L + log n)Pν
(
(Ω′)c

)
.

By Equation (2.40), Pν ((Ω′)c) 6 2n−2, hence, there exists C ′ν such that, for any n > n1,

Eν
[∥∥∥f − f̃n∥∥∥

∞

]
6 C ′ν

(
log n

n

)β/(4+4κ+2β)

.

The result holds for any n provided that we enlarge the constant C ′ν if necessary.
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Chapter 3

First return time of a branching
process in random environment

The notion of branching processes appeared for the first time in 1875, when Galton and
Watson investigate statistically the extinction of family names in their seminal paper [GW75].
Since family names pass from father to son, they study the evolution of male population along
time. To modelize this problem, Galton and Watson assume that individuals of a generation
n give birth to a random number of individuals at the generation n+ 1 independently from
each other and according to the same probability distribution. Denoting Zn the number of
individuals in the population at generation n, the Galton-Watson process (Zn)n∈N is defined,
for every n in N, by

Z0 = 1 and Zn+1 =

Zn∑
k=1

ξn,k ,

where ξn,k denotes the number of descendants that the individual k of generation n will have
at generation n+1. In this model, for any n in N, the variables (ξn,k)k∈N are i.i.d. . If Zn = 0
for some n in N, then at any generation k ≥ n, Zk = 0 so that the family name disappears.
Looking for the smallest n in N when Zn = 0 is thus of main interest.

Despite Galton-Watson model reveals useful to model various problems, assuming that
offspring distribution is the same at each generation doesn’t reflect possible non-homogeneity
along time. To model heterogeneity, we consider a more general branching process (Zn)n∈N
defined, for every n in N, by

Z0 = 1 and Zn+1 =

Zn∑
k=1

ξn,k ,

where (ξn,k)(n,k)∈N×N∗ are still independent but where, for each n in N, the random variables
(ξn,k)k∈N∗ are distributed according to some probability µn on N (depending on n). The first
time n such that Zn = 0, called extinction time, is still of central interest.

As expected, this model introduces heterogeneity through generations. To model some
similarity within heterogeneity, we assume some statistical regularity between the generations.
To do this, we consider that the offspring distributions (µn)n∈N are realizations of independent
and identically distributed random variables. This leads to a model named branching process
in random environment.
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Definition 12. Consider a sequence of random variables (µl)l∈N defined on (Ω,P) taking
values in the space of probability distributions on N that are independent and identically
distributed. The sequence of random variables (Zt)t∈N is a branching process in random
environment if

(3.1) Z0 = 1 and Zt+1 =

Zt∑
j=1

ξt,j ,

where the (ξi,j)(i,j)∈N×N are independent random variables conditionally to the σ-field gener-

ated by (µl)l∈N and such that for any i, j and n in N

P (ξi,j = n| (µl)l∈N) = µi(n) .

An other possible modification of the Galton-Watson process is to take into account the
arrival in the population of individuals from outside. A common way to do this is to add
immigration to the branching process. We make here the assumption that at generation
n, an additional individual gives birth to a random number of individuals independently of
and with the same offspring distribution as the Zn−1 individuals of the generation n − 1.
This additional feature is formalized in the model of branching process with immigration in
random environment.

Definition 13. Consider a sequence of random variables (µl)l∈N defined on (Ω,P) taking
values in the space of probability distributions on N that are independent and identically
distributed. The sequence of random variables (Zt)t∈N is a branching process in random
environment if

(3.2) Z0 = 1 and Zt+1 =

Zt∑
j=0

ξt,j ,

where the (ξi,j)(i,j)∈N×N are independent random variables conditionally to the σ-field gener-

ated by (µl)l∈N and such that for any i, j and n in N

P (ξi,j = n| (µl)l∈N) = µi(n) .

The distribution of (Yk)k∈N under P is denoted Pν .

At every time t such that Zt = 0, the branching starts anew. This explains why the
process {Zt = 0} are of particular interest. The smallest time t in N∗ such that Zt = 0 is
called the return time to origin. The purpose of this chapter is to study this random time
T = inf{t ∈ N∗ : Zt = 0}.

Studying the long-term behaviour of the random walk in i.i.d. random environment on Z
(abbreviated RWRE ), [KKS75] established an important parallel between left jump process
of the RWRE and BPIRE. Assume we observe the trajectory of the RWRE starting from 0
with environment distribution ν until it reaches for the first time the integer site n. Denote
by Lnk the number of steps from k to k + 1 made by the walk along the trajectory for any
integer 0 ≤ k ≤ n. Then, the sequence Lnn, L

n
n−1, . . . , L

n
1 , L

n
0 has the same distribution as

the first (n+ 1) generations of a BPIRE starting from 0 and with geometrically distributed
offsprings whose parameters are i.i.d. with law ν (denoted ”BPIREG(ν,0)”).
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In [KKS75], the control of the return time to origin T of the BPIREG(ν,0) is central.
[KKS75, Lemma 1] states that, if the RWRE with environment distribution ν is transient to
the right and if ν meets some technical assumptions, then, there exists positive constants K1

and K2 such that, for any positive t

(3.3) Pν (T > t) ≤ K1e−K2t .

The control of the tail distribution of BPIREG(ν,0) given by [KKS75] is valid for fixed
environment distribution ν and it is not specified how constant K1 and K2 depend on this dis-
tribution. This information is necessary in some applications. For example, in the Bayesian
approach of Chapter 5, we need a control of constants K1 and K2 uniform over a class of
distributions.

The problem of direct estimation of the environment distribution for RWRE has been
addressed in [CFL+14]. When the regime is transient, BPIREG(ν,0) is a positive recur-
rent Markov chain with transition kernel given in [CFL+14, Proposition 4.3]. In particular,
BPIREG(ν,0) admits a unique invariant probability distribution [CFL+14, Proposition 4.5].
A sufficient condition for geometrical ergodicity of this chain is the existence of a set whose
first return time admits a finite exponential moment. It is possible to obtain exponential con-
centration inequality for geometrically ergodic Markov chains. To make these concentration
inequalities uniform over classes of the BPIREG(ν,0) with various environment distributions,
we need that the first return time to 0 admits uniform exponential moment. To this end,
we state and prove in this chapter a uniform version of the exponential control on the tail
distribution of the return time to 0 of BPIREG(ν,0) initially obtained by [KKS75].

Section 3.1 is organized as follows. First, we set our framework defining assumptions as
well as the particular BPIRE we look at. Then we state our main result : a uniform version
of the exponential control on the tail distribution of the return time to 0 of BPIREG(ν,0)
given by Inequality (3.3). Finally, we give an application of our main result showing the
existence of exponential moment for the return time to 0 of BPIREG(ν,0).

Section 3.2 is organized as follows. First we break the proof of our main result into two
Theorems. Then, we give a sketch and a detailed version of their proof. Finally, we show
how to combine them to prove our main result.

3.1 Setting and main result

3.1.1 Assumptions

In remaining of this chapter, we fix ν a probability on [0, 1]. We consider a sequence (ωx)x∈Z
of i.i.d. random variables with common distribution ν. The random variable ω = (ωx)x∈Z is
thus distributed as Pν = ν⊗Z. We define the sequence of random variables (ρi)i∈Z by

(3.4) ρi =
1− ωi
ωi

.

We denote

(3.5) cν = −
∫ 1

0
log

(
1− t
t

)
ν(dt) = −Eν [log(ρ0)] .

Furthermore, we assume that ν satisfies the following assumptions
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F1. There exists c0 in R∗+ such that cν ≥ c0.

F2. There exists α in (0, 1/2) such that supp(ν) ⊂ [α, 1− α].

The assumptions F under which our main result is valid have to be discussed under the
scope of random walk on Z in i.i.d. random environment with common distribution ν. In
this framework, they indeed find a natural interpretation.

According to [Sol75], Assumption F 1 is the necessary and sufficient condition for the
RWRE with environment distribution ν to be transient to the left and thus concerns rather
the long-time behaviour of the chain.

Assumption F2 called ellipticity condition ensures that the value of the environment can
not be too close to 0 or 1 with large probability. It is a technical condition commonly consid-
ered in the results on the RWRE. It prevents that the walk get trapped between two integers
and thus concerns the local behaviour of the chain.

3.1.2 The case of RWRE

A general definition of the branching processes with or without immigration was respectively
given in Definitions 13 and 12. We particularize here this definition to the specific BPIRE
naturally present in the study of the RWRE.

Consider a sequence of i.i.d. random variables (ωx)x∈Z with common probability distri-
bution ν defined on a probability space (Ω,A,P) and taking values in [0, 1]. The random
variable ω = (ωx)x∈Z called environment is distributed as Pν = ν⊗Z and takes value in
the set of environments E = [0, 1]Z equipped with the σ-field generated by the cylinders
E = B ([0, 1])⊗Z.

A BPIREG(ν,0) is a sequence of random variables (Zy)y∈N defined on Ω by

(3.6) Z0 = 0 and ∀y ∈ N, Zy+1 =

Zy∑
i=0

ξy,i ,

where the (ξy,i)(y,i)∈N2 are independent conditionally to the σ-field generated by ω and such
that, for all y, i and k in N

P(ξy,i = k|ω) = ωy (1− ωy)k .

The distribution of (Zy)y∈N under P is denoted Pν .

Given ω, the sequence (Zy)y∈N is a Galton-Watson branching process with immigration.
It is thus an inhomogeneous Markov chain starting at 0 whose transition kernels (Kω,k)k∈N
are defined, for any k, i and j in N and any ω in E, by

Kω,k(i, j) =

(
i+ j

i

)
ωi+1
k (1− ωk)j .(3.7)

In the rest of the chapter, we denote Pω = P(·|ω) the probability distribution condition-
ally on ω named quenched distribution and denote Pν the probability distribution of (Zy)y∈N
under P named annealed distribution.
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3.1.3 Main result

The goal of this chapter is to establish the following quantitative version of the control on
the tail distribution of the first return time to 0 uniform over a class of BPIREG(ν,0).

Theorem 14. Assume that Hypotheses F1 and F2 hold. Consider the 2 positive constants
K1(c0, α) and K2(c0, α) (depending only on c0 and α) whose explicit expressions are given
respectively in Equations (3.85) and (3.86). Let T be the first return time to {0} of the
BPIREG(ν,0)

(3.8) T = min{t ∈ N∗/Zt = 0} .

Then, for any t > 0
Pν (T > t) ≤ K1(c0, α)e−K2(c0,α)t .

Corollary 15. Consider a distribution ν on [0, 1] such that
∫ 1

0 log(1−t
t )ν(dt) ≤ −c0 < 0 and

such that supp(ν) ⊂ [α, 1− α] for some α in
[
0, 1

2

]
. Let T denote the first return time to {0}

of the BPIREG(ν,0)
T = min{t ∈ N∗/Zt = 0} .

Then, the positive constants K1(c0, α) and K2(c0, α) defined in Equations (3.85) and (3.86)
are such that

Eν
[
e
K2(c0,α)

2
T
]
≤ 1 +K1(c0, α) < +∞ .

3.2 Proofs

The proof of Theorem 14 involves two auxiliary objects, the (simple) random walk (Sn)n∈N
and its successive downward ladder indices (Nn)n∈N. These sequences of random variables
are defined, for any n in N, by

S0 = 0 and Sn+1 =
n∑
i=0

(
log(ρi) +

cν
2

)
(3.9)

N0 = 0 and Nn+1 = inf {n > Nn : Sn 6 SNn} ,(3.10)

where the ρi are defined in Equation (3.4).

The proof of Theorem 14 can be decomposed in two main theorems, concerning T and
the Nk : Theorems 16 and 22.

First, we concentrate on Theorem 16 : Sections 3.2.1, 3.2.2 and 3.2.3 are respectively
dedicated to its statement, to a sketch of its proof and to its detailed proof.

Then, in Section 3.2.4, we present a new interpretation of the BPIREG(ν,0) necessary to
the exposition of Theorem 22.

Then, we concentrate on Theorem 22 : Sections 3.2.6, 3.2.6 and 3.2.7 are respectively
dedicated to its statement, to a sketch of its proof and to its detailed proof.

Finally, in Section 3.2.8, we show why Theorems 16 and 22 yield Theorem 14.
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3.2.1 Theorem 16

Theorem 16 controls the tail distribution of Nk under distribution Pν = ν⊗Z.

Theorem 16. Assume that Hypotheses F 1 and F 2 hold. Consider the positive constants
b(c0, α) and K3(c0, α) depending only on c0 and α defined by

(3.11) b(c0, α) =
c0

2 log2
(

1−α
α

) ,
and

(3.12) K3(c0, α) =
c0b(c0, α)

16

(
1− e−

c0b(c0,α)
8

)
e−

c0b(c0,α)
8 ,

and some integer l0 = l0(c0, α) (also depending only on both c0 and α) such that

(3.13) l0 ≥ 2 −
4 log

(
1− e−

c0b(c0,α)
8

)
c0b(c0, α)

and

+∞∑
k=l0−1

ke−
c0b(c0,α)

8
(k−2) ≤ 1

2
.

Then, for any k in N

(3.14) Pν(Nk > l0(c0, α)Eν [N1]k) ≤ e−K3(c0,α)k .

3.2.2 Sketch of proof of Theorem 16

From the definition of (Sn)n∈N and (Nk)k∈N in Equations (3.9) and (3.10), it follows that the
couples

(
Nk −Nk−1, SNk − SNk−1

)
k∈N∗ are i.i.d. and distributed as (N1, S1) under Pν . And

since the following decomposition is valid for any k in N∗

Nk =

k∑
j=1

(Nj −Nj−1) ,(3.15)

Nk is the telescopic sum of k i.i.d. random variables distributed as N1 under Pν .
This suggests the following strategy for the proof:

(i) First, we study the distribution of N1 and obtain a control on its tail.

Corollary 17. Under Assumptions F1 and F2, for all integer n

(3.16) Pν(N1 > n) ≤ e−
c0 b(c0,α)

4
n ,

where b(c0, α) is defined in Equation (3.11).

Proof. As {N1 > n} ⊂ {Sn > 0} for any positive integer n, we have

Pν(N1 > n) ≤ Pν(Sn > 0) .

For any positive real number θ, Markov inequality then ensures

(3.17) Pν(Sn > 0) = Pν(eθSn > 1) ≤ Eν [eθSn ] ,
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so that it follows from Equation (3.9)

Pν(Sn > 0) ≤
(

e
c
2
θEν [ρθ0]

)n
.

In particular, for any positive integer n

(3.18) Pν(N1 > n) ≤
(

e
cν
2
θEν [ρθ0]

)n
.

The proof is concluded by the application of following Lemma 18 used with θ = b(c0, α)
where b(c0, α) is defined in Equation (3.11).

Lemma 18 investigates the convergence and the rate of convergence of Eν [ρθ0]
1
θ when θ

goes to 0. A detailed proof is given in Sections 3.2.3.2 and 3.2.3.1.

Lemma 18. Consider that Assumptions F1 and F2 are satisfied.
Then, the following inequality is satisfied for any θ in R∗+

(3.19)

∣∣∣∣1θ logEν
[
ρθ0

]
+ cν

∣∣∣∣ ≤ 1

2
log2

(
1− α
α

)
θ ,

where cν was defined in Equation (3.5).
In particular, the following convergence holds

(3.20)
1

θ
logEν

[
ρθ0

]
−−−−→
θ → 0+

−cν .

Remark 19. Corollary 17 implies that N1 admits moments of any orders under Pν
and that Laplace-transform λ 7→ Eν

[
eλN1

]
exists and is infinitely differentiable on the

interval (−c0b(c0, α)/4, c0b(c0, α)/4).

(ii) Then, we use the independence of the random variables distributed as N1 in decom-
position (3.15) to derive the control of the tails of the Nk. This final step proving
Theorem 16 is developed in Sections 3.2.3.4 and 3.2.3.5.

3.2.3 Detailed proof of Theorem 16

3.2.3.1 A preliminary result for the proof of Lemma 18

Lemma 20. Let us define for all θ in R+

(3.21) G(θ) = log(Eν [ρθ0]) = log

(∫ 1

0
eθ log( 1−t

t )ν(dt)

)
.

Under F2, following properties hold:

(i) the application G : R+ → R is well defined.

(ii) G is twice-differentiable over R∗+ with first and second derivative given, for any θ in
R∗+, by

(3.22) G(1)(θ) = Eν
[

log(ρ0)
ρθ0

Eν
[
ρθ0
]] ,

and

(3.23) G(2)(θ) = Eν
[

log2(ρ0)
ρθ0

Eν
[
ρθ0
]]− Eν

[
log(ρ0)

ρθ0
Eν
[
ρθ0
]]2

.
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(iii) G(2) is:

(a) positive, so G is convex,

(b) uniformly bounded over R∗+ by log2
(

1−α
α

)
.

Proof of Lemma 20. (i) Assumption F2 ensures that, for any θ in R+

(3.24)

(
α

1− α

)θ
≤ ρθ0 ≤

(
1− α
α

)θ
.

Hence, the function is well defined.

(ii) Since G = log(g) where g : θ ∈ R+ 7→ Eν [ρθ0] ∈ R∗+, G is twice-differentiable if and only
if g is twice-differentiable and in this case, it furthermore holds

(3.25) G(1)(θ) =
g(1)(θ)

g(θ)
and G(2)(θ) =

g(2)(θ)g(θ)− (g(1)(θ))2

g2(θ)
.

Fix some d in R∗+ and let f : (t, θ) ∈ [α, 1− α]× [0, d] 7→
(

1−t
t

)θ
= eθ log( 1−t

t ). Then g is

the integral g : θ ∈ [0, d] 7→
∫ 1−α
α f(t, θ)ν(dt) and we want to prove that deriving twice

under integral is permitted.

Fix t in [α, 1− α], the first and second derivative of f according to θ exist and, for all
θ in [0, d]

∂f

∂θ
(t, θ) =

(
1− t
t

)θ
log

(
1− t
t

)
and

∂2f

∂2θ
(t, θ) =

(
1− t
t

)θ
log2

(
1− t
t

)
.

Since ρθ0 is Pν-integrable for all θ in [0, d] (thanks to Inequality (3.24)), the function

t 7→
(

1−t
t

)θ
is thus ν-integrable over [α, 1− α]. For fixed θ in [0, d], for any t in [α, 1− α]

and for k in {1, 2}∣∣∣∣∣
(

1− t
t

)θ
logk

(
1− t
t

)∣∣∣∣∣ ≤
(

1− α
α

)d
logk

(
1− α
α

)
.

The first and second partial derivatives ∂f
∂θ (t, θ) and ∂2f

∂2θ
(t, θ) are thus dominated by pos-

itive, measurable and ν-integrable functions over [α, 1− α] not depending on θ in [0, d].
Hence, deriving twice under integral is permitted. The function g is twice differentiable
with first and second derivatives given, for all θ in R∗+ and k in {1, 2}, by

(3.26) g(k)(θ) =

∫ 1−α

α

(
1− t
t

)θ
logk

(
1− t
t

)
= Eν

[
ρθ0 logk(ρ0)

]
.

As the result holds for any d in R∗+, twice-differentiability and Identity (3.26) hold over
R∗+ (not only over [0, d]).
The function G is twice-differentiable over R∗+ and by Identities (3.25), the first and
second derivatives of G are defined, for any θ in R∗+, by

G(1)(θ) =
Eν
[
ρθ0 log(ρ0)

]
Eν
[
ρθ0
] = Eν

[
log(ρ0)

ρθ0
Eν
[
ρθ0
]] ,
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and

G(2)(θ) =
Eν
[
ρθ0 log2(ρ0)

]
Eν
[
ρθ0
]
− Eν

[
ρθ0 log(ρ0)

]2
Eν
[
ρθ0
]2

= Eν
[

log2(ρ0)
ρθ0

Eν
[
ρθ0
]]− Eν

[
log(ρ0)

ρθ0
Eν
[
ρθ0
]]2

.

(iii) From Equations (3.22) and (3.23), it appears that the first and second derivative of G
are respectively the expectation and the variance of the real-valued random variable
log ((1− Y )/Y ) where Y is a random variable whose density with respect to the measure
ν is the application defined by

t ∈ (0, 1) 7→
(

1− t
t

)θ(∫ 1

0

(
1− t
t

)θ
ν(dt)

)−1

.

For any probability distribution Q and any real-valued random variable W on (F,F)
with second moment, denoting EQ and VarQ expectation and variance according to Q,
it is well known that for any a in R

(3.27) 0 ≤ VarQ (W ) ≤ EQ
[
(W − a)2

]
.

Interpreting G(2) as a variance, we derive from inequality (3.27) applied with F = Ω,
Q =

(
ρθ0/Eν

[
ρθ0
])
ν, W = log(ρ0) and a = 0

(a) For any θ in R∗+, G(2)(θ) ≥ 0 so G is convex.

(b) It holds

− log

(
1− α
α

)
≤ log(ρ0) ≤ log

(
1− α
α

)
⇐⇒ log2(ρ0) ≤ log2

(
1− α
α

)
.

Hence, for any θ in R∗+
G(2)(θ) ≤ log2

(
1− α
α

)
.

3.2.3.2 Proof of Lemma 18

The function G defined in Equation (3.21) satisfies, for any θ in R∗+

1

θ
log(Eν [ρθ0]) =

log(Eν [ρθ0])− log(1)

θ − 0
=
G(θ)−G(0)

θ − 0
.

Since G is differentiable and satisfies G(1)(0) = −cν = Eν [log
(
ρθ0
)
], the convergence of

1
θ log(Eν [ρθ0]) towards −cν when θ tends to 0+ is granted.
Since G is twice differentiable, integral form of Taylor’s theorem yields, for any θ in R+,

G(θ) = G(0) + θG(1)(0) + θ2

∫ 1

0
(1− t)G(2)(tθ)dt ,
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Since Lemma 20 ensures that G(2) is uniformly bounded by log2 ((1− α)/α) over R∗+, we get
for any θ in R∗+∣∣∣∣G(θ)−G(0)

θ − 0
−G(1)(0)

∣∣∣∣ ≤ θ(∫ 1

0
(1− t)dt

)
sup
s∈[0,θ]

(
G(2)(s)

)
≤ 1

2
log2

(
1− α
α

)
θ .(3.28)

Hence the error made approximating G(1)(0) = −cν by G(θ)
θ is explicitly controlled. We have

proved that for all θ in R∗+∣∣∣∣1θ log(Eν [ρθ0]) + cν

∣∣∣∣ ≤ 1

2
log2

(
1− α
α

)
θ .

In particular, 1
θ log(Eν [ρθ0]) converges to −cν when θ tends to 0+.

3.2.3.3 Proof of Corollary 17

For any θ in R∗+, we have the following series of equivalence

Eν [ρθ0] ≤ e−
3
4
cν θ ⇔ 1

θ
log
(
Eν [ρθ0]

)
≤ −3

4
cν ⇔ 1

θ
log
(
Eν [ρθ0]

)
+ cν ≤

1

4
cν .

Thanks to Inequality (3.19), we also have for any θ in R∗+

1

θ
log
(
Eν [ρθ0]

)
+ cν ≤

∣∣∣∣1θ log
(
Eν [ρθ0]

)
+ cν

∣∣∣∣ ≤ 1

2
log2

(
1− α
α

)
θ .

Hence, for any θ in R∗+

θ ≤ cν

2 log2
(

1−α
α

) =⇒ Eν [ρθ0] ≤ e−
3
4
cν θ .

Defining b(c0, α) as in Equation (3.11), since cν ≥ c0, Inequality (3.18) yields

Pν(N1 > n) ≤ e−
c0 b(c0,α)

4
n .

3.2.3.4 An intermediate convexity result for the proof of Theorem 16

Proposition 21. Define, for any integer l ≥ 2, the function fl by

(3.29) fl : λ ∈ R 7→ log
(
Eν
[
eλ(N1−Eν [N1])

])
− λ(l − 1)Eν [N1] .

The function fl is well defined, it is convex on the interval (−c0b(c0, α)/4, c0b(c0, α)/4) and,
if l = l0(c0, α) where l0(c0, α) is defined in Equation (3.13), then

f
(1)
l0(c0,α)

(
c0b(c0, α)

8

)
≤ −1

2

(
1− e−

c0b(c0,α)
8

)
e−

c0b(c0,α)
8 ,(3.30)

and

fl0(c0,α)

(
c0b(c0, α)

8

)
≤ −c0b(c0, α)

16

(
1− e−

c0b(c0,α)
8

)
e−

c0b(c0,α)
8 < 0 .(3.31)
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Proof. By Remark 19, the function fl defined in Equation (3.29) is well defined and infinitely
differentiable on the interval (−c0b(c0, α)/4, c0b(c0, α)/4).
For any λ in (−c0b(c0, α)/4, c0b(c0, α)/4), usual differentiation rules give its first and second
derivatives

f
(1)
l (λ) =

Eν
[
(N1 − lEν [N1]) eλN1

]
Eν [eλN1 ]

,(3.32)

and

f
(2)
l (λ) = Eν

[
(N1 − Eν [N1])2 eλ(N1−Eν [N1])

Eν
[
eλ(N1−Eν [N1])

]]− Eν
[

(N1 − Eν [N1])
eλ(N1−Eν [N1])

Eν
[
eλ(N1−Eν [N1])

]]2

= Eν
(N1 − Eν [N1]

eλ(N1−Eν [N1])

Eν
[
eλ(N1−Eν [N1])

])2
eλ(N1−Eν [N1])

Eν
[
eλ(N1−Eν [N1])

]
 ≥ 0 .

Proof of (3.30):
For any K in N, any λ in (−c0b(c0, α)/4, c0b(c0, α)/4) and any integer l ≥ 2, we have

Eν
[
(N1 − lEν [N1]) eλN11N1≥K

]
≤ Eν

[
N1eλN11N1≥K

]
≤

+∞∑
k=K

keλkPν(N1 = k) ≤
+∞∑
k=K

keλkPν(N1 > k − 1) ,

Hence, by Corollary 17

Eν
[
(N1 − lEν [N1]) eλN11N1≥K

]
≤ e

c0b(c0,α)
4

+∞∑
k=K

ke

(
λ− c0b(c0,α)

4

)
k
.(3.33)

The definition of N1 in Equation (3.10) implies that Pν almost surely N1 ≥ 1 so that Eν [N1] ≥
1 and for any non negative λ, Pν almost surely eλN1 ≥ eλ. Thus, for any λ in (0, c0b(c0, α)/4)
and any integers l and K such that l ≥ K

Eν
[
(N1 − lEν [N1]) eλN11N1<K

]
≤ Eν

[
(K − lEν [N1]) eλN11N1<K

]
≤ (K − l) eλEν [1N1<K ] .

Corollary 17 ensures that

Eν [1N1<K ] ≥ (1− Pν (1N1>K−1)) ≥
(

1− e−
c0b(c0,α)

4
(K−1)

)
.

As (K − l) ≤ 0

Eν
[
(N1 − lEν [N1]) eλN11N1<K

]
≤ (K − l) eλ (1− Pν (N1 ≥ K − 1))

≤ (K − l) eλ
(

1− e−
c0b(c0,α)

4
(K−1)

)
.(3.34)

Hence, for any l ≥ K, combining Equation (3.33) and Equation (3.34)

Eν
[
(N1 − lEν [N1]) eλN1

]
(3.35)

= Eν
[
(N1 − lEν [N1]) eλN1 (1N1<K + 1K≤N1)

]
≤ (K − l) eλ

(
1− e−

c0b(c0,α)
4

(K−1)
)

+ e
c0b(c0,α)

4

+∞∑
k=K

ke

(
λ− c0b(c0,α)

4

)
k
.
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Since exp (−c0b(c0, α)/8) is less than 1, the series with terms k exp (−c0b(c0, α)k/8) is conver-
gent and it is possible to choose λ0 = λ0(c0, α) = c0b(c0, α)/8 such that the rest of the series
with terms k exp ((λ0 − c0b(c0, α)/4) k) tends to 0. Since exp (−c0b(c0, α)/4) is less than 1,
geometric progression with common ratio exp (−c0b(c0, α)/4) also converges to 0, it is then
possible to choose for K a value K0 = K0(c0, α) in N so that

e
c0b(c0,α)

4

+∞∑
k=K0

ke

(
λ0− c0b(c0,α)4

)
k

=

+∞∑
k=K0

ke−
c0b(c0,α)

8
(k−2) ≤ 1

2
,

and simultaneously

eλ0
(

1− e−
c0b(c0,α)

4
(K0−1)

)
= e

c0b(c0,α)
8

(
1− e−

c0b(c0,α)
4

(K0−1)
)
≥ 1 .

Choosing for l the value l0 = l0(c0, α) as defined in Equation (3.13), l0 ≥ K0 + 1 and thus
Equation (3.35) becomes

(3.36) Eν
[
(N1 − l0(c0, α)Eν [N1]) eλ0(c0,α)N1

]
≤ −1 +

1

2
≤ −1

2
.

As N1 > 0 Pν-a.s, Pν (N1 = 0) = 0. Hence, Corollary 17 yields

Eν
[
eλ0N1

]
=

+∞∑
n=1

eλ0nPν(N1 = n) ≤
+∞∑
n=1

eλ0nPν(N1 > n− 1)

≤ eλ0

(
+∞∑
n=1

eλ0(n−1)e−
c0b(c0,α)

4
(n−1)

)
≤ eλ0

1− eλ0−
c0b(c0,α)

4

.(3.37)

Combining Equations (3.36) and (3.37), we derive that

Eν
[
(N1 − l0(c0, α)Eν [N1]) eλ0(c0,α)N1

]
Eν
[
eλ0(c0,α)N1

] ≤ −1

2

(
1− e−λ0

)
e−λ0 ,

which is exactly Equation (3.30).
Proof of (3.31):

Since f
(2)
l0

is non negative, f
(1)
l0

is non decreasing and so for any λ in [0, λ0(c0, α)]

f
(1)
l0

(λ) ≤ f (1)
l0

(λ0) ≤ −1

2

(
1− e−λ0

)
e−λ0 .

Thanks to the fundamental theorem of calculus, we derive that, for any λ in [0, λ0(c0, α)]

fl0(λ) =

∫ λ

0
f

(1)
l0

(t)dt ≤
∫ λ

0
f

(1)
l0

(λ0)dt ≤ −λ
2

(
1− e−λ0

)
e−λ0 .

This shows Equation (3.31) for λ = λ0.

3.2.3.5 Final step of the proof of Theorem 16

When k = 0, Inequality (3.14) is immediate since the event is empty and the upper-bound
takes value 1. Hence, we assume hereafter that k > 0.
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Since the variables (Nj −Nj−1)j∈N∗ have the same distribution as N1 under Pν (and so the
same expectation), we can decompose Nk for any k in N∗ as

Nk =

k∑
j=1

(Nj −Nj−1) = kEν [N1] +

k∑
j=1

(Nj −Nj−1 − Eν [Nj −Nj−1]) .

Hence,

Nk > lEν [N1]k ⇐⇒
k∑
j=1

(Nj −Nj−1 − Eν [Nj −Nj−1]) > (l − 1)Eν [N1]k .

For any integer l ≥ 2, any k in N∗ and any λ > 0, Markov inequality thus yields

Pν(Nk > lEν [N1]k) = Pν
(

eλ
∑k
j=1(Nj−Nj−1−Eν [Nj−Nj−1]) > eλ(l−1)Eν [N1]k

)
(3.38)

≤ e−kλ(l−1)Eν [N1]Eν
 k∏
j=1

eλ(Nj−Nj−1−Eν [Nj−Nj−1])

 .
Since the variables (Nk −Nk−1)k∈N∗ are i.i.d. and distributed as N1, it follows that, for any
k in N∗

Eν
 k∏
j=1

eλ(Nj−Nj−1−Eν [Nj−Nj−1])

 =
k∏
j=1

Eν
[
eλ(Nj−Nj−1−Eν [Nj−Nj−1])

]
(3.39)

=
(
Eν
[
eλ(N1−Eν [N1])

])k
.

Plugging Identity (3.39) in inequality (3.38) thus yields

Pν(Nk > lEν [N1]k) ≤
(

elog(Eν[eλ(N1−Eν [N1])])−λ(l−1)Eν [N1]
)k

.(3.40)

Taking l = l0(c0, α) and defining the positive constant K3(c0, α) as in Equation (3.12), Equa-
tion (3.31) of Proposition 21 ensures that there exists λ0 = −(c0 b(c0, α))/8 such that

log
(
Eν
[
eλ0(N1−Eν [N1])

])
− λ0(l0(c0, α)− 1)Eν [N1] ≤ −K3(c0, α) .

Plugging this inequality in Equation (3.40), for any k in N

Pν(Nk > l0(c0, α)Eν [N1]k) ≤ e−K3(c0,α)k .

Theorem 16 is thus proved.

3.2.4 A different interpretation of the BPIRE

The second part of the proof of Theorem 14 strongly relies on a different interpretation of
the BPIRE that is presented in this section.

Since the BPIRE (Zt)t∈N defined in (3.6) starts from 0 (Z0 = 0) and since, at each
generation, an individual immigrates in the population, it is possible, at each generation,
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to distinguish individuals within the population according to their immigrant ancestor. In
other words, Zt is the sum over s in {0, . . . , t − 1} of the number Zs,t of individuals born
at time t which are descendants from the immigrant (only one per generation by definition)
that entered at time s:

(3.41) Zt =
t−1∑
s=0

Zs,t .

For any fixed integer s, the sequence (Zs,s+t)t∈N constitutes a branching process (without im-
migration) in random environment: Zs,s = 0 and for any t in N, Zs,s+t+1 can be decomposed
as

Zs,s+t+1 =

Zs,s+t∑
j=1

ξs,s+tj ,(3.42)

where the (ξs,s+tj )(s,t,j)∈N×N×N∗ are independent conditionally to the σ-field generated by ω
and such that, for any s, t and k in N and any j in N∗

P(ξs,s+tj = k|ω) = ωs+t (1− ωs+t)k .(3.43)

3.2.5 Theorem 22

The links between the sequence Nk and the reinterpretation of the BPIRE given in Equa-
tion (3.41), enables to control the probability that T overpasses Nk under quenched proba-
bility.

Theorem 22. Assume that Hypotheses F 1 and F 2 hold. Consider the positive constant
K6(c0) defined by

(3.44) K6(c0) = min

(
c0

8
− log(K4(c0))

2K5(c0)
,− log(1− z(c0))

2K5(c0)

)
,

where the constants K4(c0) and K5(c0) are defined in Equation (3.47).
Then, for any ω in E and any k in N,

(3.45) Pω(T > Nk) ≤ 2 e−K6(c0)k .

3.2.6 Sketch of proof of Theorem 22

In this section, we consider a positive integer k and an environment ω in E both
fixed. All results are obtained under Pω.

The proof of Theorem 22 is based on the reinterpretation of the BPIRE presented in
Section 3.2.4 and on the introduction of a specific sequence of integer indices related to this
interpretation. First, we control the tail distribution of the decrements of this sequence of
indices. Then, we relate these indices to the instants where the BPIREG(ν,0) returns to 0.
Finally, we combine these phenomena to bound from above the probability of {T > Nk}.
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3.2.6.1 Definition of the sequence (ki)i∈N and control of its decrements

Let us first introduce the specific sequence of integers (ki)i∈N from the reinterpretation of the
BPIRE given in Section 3.2.4.

Definition 23. Define on the canonical space the random sequence (ki)i∈N by k0 = k and
for all i > 0

1. if ki > 0, we set

(a) on {ZNki > 0}, ki+1 = max
(
l < ki :

∑Nki−1

s=Nl
Zs,Nki > 0 and

∑Nki−1

s=Nl+1
Zs,Nki = 0

)
.

(b) on {ZNki = 0}, ki+1 = ki − 1.

2. if ki = 0, we set ki+1 = 0.

Remark 24. The definition of the sequence (ki)i∈N in Definition 23 is totally clear excepted
in one situation: when ZNki > 0 and ki > 0, why would ki+1 be well-defined by (1a) ?
Let us explain why ki+1 is well defined by (1a) on the set {ZNki > 0} ∩ {ki > 0}.
When ki > 0, then, Nki > 0 so that ZNki is defined by

ZNki =

Nki−1∑
s=0

Zs,Nki .

Since the random variables (Zs,Nki )0≤s≤Nki are non negative, ZNki is positive, if and only if,
it exists some integer s in {0, . . . , Nki − 1} such that Zs,Nki is positive.
Denote s0 the greatest integer in {0, . . . , Nki − 1} such that Zs0,Nki > 0 : for any integer s in
{s0 + 1, . . . , Nki − 1}, we have Zs,Nki = 0 .
For any integer l in {0, . . . , ki − 1} such that s0 < Nl, it holds

Nki−1∑
s=Nl

Zs,Nki = 0 and a fortiori

Nki−1∑
s=Nl+1

Zs,Nki = 0 ,

and for the only integer l in {0, . . . , ki − 1} such that Nl ≤ s0 < Nl+1 (necessary l ≤ s0), it
holds

Nki−1∑
s=Nl

Zs,Nki > 0 and

Nki−1∑
s=Nl+1

Zs,Nki = 0 .

In this context, ki+1 is thus well-defined : ki+1 is the integer l in {0, . . . , ki − 1} such that
Nl ≤ s0 < Nl+1.

The sequence (ki)i∈N is strictly decreasing until it reaches 0. Then, it remains constantly
equal to 0. Thanks to Lemmas 34 and 35, we can quantify its rate of convergence to 0. Let
us state some results on the tail distribution of ki − ki+1.

Lemma 25. For any i in N and any r in N

(3.46) Pω (ki − ki+1 > r |k0, . . . , ki ) ≤
e−r

cν
2

1− e−
cν
2

.
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Let us derive from this control the existence of an exponential moment for the ki − ki+1

and a control on the existing exponential moment.

Lemma 26. Let K4(c0) and K5(c0) denote the following quantities

(3.47) K4(c0) = 1 +
e−

c0
2(

1− e−
c0
4

)2 and K5(c0) = 1 +

⌊
4 log(K4(c0))

c0

⌋
,

Let (ki)i∈N denote the sequence introduced in Definition 23. Then, for any i in N and any λ
in (0, c0/4]

(3.48) Eω

[
eλ(ki−ki+1)

∣∣∣ k0, . . . , ki

]
≤ K4(c0)eλK5(c0) .

For any integer l, we can then control the probability that there exists i ≤ l such that
ki = 0.

Corollary 27. For any l in N and any λ in
(
0, c04

]
(3.49) Pω

(
l⋃

i=0

{ki = 0}

)
≤ e−λk

(
K4(c0)eλK5(c0)

)l
,

where (ki)i∈N is determined in Definition 23 and K4(c0) and K5(c0) are both defined in (3.47).

Remark 28. Let l = l1 = l1(c0, k) where

(3.50) l1(c0, k) =

⌊
k

2K5(c0)

⌋
.

Corollary 27 implies that, for any λ in
(
0, c4
]

Pω

(
l1⋃
i=0

{ki = 0}

)
≤ e−λk

(
K4(c0)eλK5(c0)

)l1
≤ e−λk

(
K4(c0)eλK5(c0)

)⌊ k
2K5(c0)

⌋
(3.51)

≤ e−λk
(
K4(c0)eλK5(c0)

) k
2K5(c0) ≤ e−λkK4(c0)

k
2K5(c0) eλ

k
2

≤ e−
λ
2
kK4(c0)

k
2K5(c0) .

3.2.6.2 Bounding the probability of return to 0 at Nki of the BPIRE

Define the two functions y : R∗+ → R∗+ and z : R∗+ → (0, 1) that will be useful in the sequel
defining for any c in R∗+

y(c) =
e−

c
2

1− e−
c
2

and z(c) =
1

4
e−4y(c) .

Lemma 29. For any i in N∗

(3.52) Pω

(
ZNki = 0

∣∣∣k0, . . . , ki, (Zs,t)Nki≤s<t≤k

)
≥ z(cν) ,

where (ki)i∈N is defined in Definition 23, (Zn)n∈N in Equation (3.6), (Nk)k∈N in Equa-
tion (3.10) and (Zs,t)(s,t)∈N∗×N in Equations (3.42) and (3.43).
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This lower-bound enables to upper-bound the probability that the BPIRE does not return
to 0 at any of the moments Nk0 , . . . ,Nkl .

Lemma 30. For any l in N∗

Pω

(
{kl > 0}

⋂(
l⋂

i=0

{
ZNki > 0

}))
≤ (1− z(cν))l+1 ,(3.53)

where (ki)i∈N is defined in (23) and (Zn)n∈N and (Nk)k∈N are respectively defined in Equations
(3.6) and (3.10).

The reinterpretation of the BPIREG(ν,0) given in Section 3.2.4 combined with Remark 28
and Lemma 30 finally enables to prove Theorem 22 in Section 3.2.7.7.

3.2.7 Detailed proof of Theorem 22

3.2.7.1 Intermerdiate results for the proof of Lemmas 25 and 29

To establish Lemmas 25 and 29, the following intermediate results are useful.

Lemma 31. For any environment ω in E, it holds

(i) for any k and s in N such that s ≤ Nk − 1,

Nk−1∑
i=s

log(ρi) ≤ −(Nk − s)
cν
2

,

(ii) for any t and s in N such that t > s, Eω[Zs,t] = exp

(
t−1∑
i=s

log(ρi)

)
,

(iii) for any k in N, Eω [ZNk ] =

Nk−1∑
s=0

exp

(
Nk−1∑
i=s

log(ρi)

)
,

(iv) for any k in N∗, Eω [ZNk ] > ρNk−1Eω

[
ZNk−1

]
,

where for any i in Z, the ratio ρi is defined in Equation (3.4).

Proof of Lemma 31. Consider a fixed environment ω in E.

(i) Fix k in N∗ and s in N such that s ≤ Nk − 1.
By definition of (Sn)n∈N in Equation (3.9)

Nk−1∑
i=s

log(ρi) = (SNk − Ss)− (Nk − s)
cν
2
,

and by definition of (Nk)k∈N as downward-ladder indices in Equation (3.10), we neces-
sarily have SNk − Ss ≤ 0 so that

Nk−1∑
i=s

log(ρi) ≤ −(Nk − s)
cν
2
.
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(ii) Fix t in N∗ and s in N such that t > s.
Thanks to the definition of (ξs,s+tj )(s,t,j)∈N×N∗×N∗ in Section 3.2.4, for any i in N such

that i ≥ s + 1, the random variables (ξs,ij )j∈N∗ are i.i.d. with common distribution
GN(ωi) (whose mean is (1− ωi)/ωi = ρi). Hence Wald’s identity ensures

Eω

Zs,i∑
j=1

ξs,ij

 = Eω [Zs,i] Eω

[
ξs,i1

]
= Eω [Zs,i]

1− ωi
ωi

= Eω [Zs,i] ρi .(3.54)

Definition of (Zs,s+t)(s,t)∈N×N∗ by means of the (ξs,s+tj )(s,t,j)∈N×N∗×N∗ in Section 3.2.4
and recursive use of Equation (3.54) thus lead to

Eω[Zs,t] = Eω [Zs,s+1]
t−1∏
i=s+1

ρi =
t−1∏
i=s

ρi = exp

(
t−1∑
i=s

log(ρi)

)
.(3.55)

(iii) From interpretation of (Zt)t∈N given in Equation (3.41), for any k in N

ZNk =

Nk−1∑
s=0

Zs,Nk .

Since ω is fixed, Nk is deterministic under Pω so that linearity of the expectation yields

Eω [ZNk ] =

Nk−1∑
s=0

Eω [Zs,Nk ] .

By Equation (3.55), we then derive that for any k in N

(3.56) Eω [ZNk ] =

Nk−1∑
s=0

Nk−1∏
i=s

ρi =

Nk−1∑
s=0

exp

(
Nk−1∑
i=s

log(ρi)

)
.

(iv) For any k in N, Equation (3.56) yields

Eω [ZNk ] =

Nk−1∑
s=0

Nk−1∏
i=s

ρi = ρNk−1

(
Nk−1∑
s=0

Nk−2∏
i=s

ρi

)
= ρNk−1

(
1 +

Nk−2∑
s=0

Nk−2∏
i=s

ρi

)
.

But Equation (3.56) also yields

Nk−2∑
s=0

Nk−2∏
i=s

ρi = Eω

[
ZNk−1

]
.

Hence,

Eω [ZNk ] = ρNk−1

(
1 + Eω

[
ZNk−1

])
> ρNk−1Eω

[
ZNk−1

]
.
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Remark 32. Plugging Inequality (i) in Identity (iii) of Lemma 31, for any k in N

Eω [ZNk ] ≤
Nk−1∑
s=0

exp
(
−(Nk − s)

cν
2

)
=

Nk∑
s=1

exp
(
−scν

2

)
≤ e−

cν
2

1− e−Nk
cν
2

1− e−
cν
2

≤ e−
cν
2

1− e−
cν
2

≤ y(cν) .

Plugged in Inequality (iv) of Lemma 31, this gives, for any k in N∗

(3.57) Eω

[
ZNk−1

]
≤ y(cν)

ρNk−1
.

Remark 33. By definition of the sequence (Nk)k∈N in Equation (3.10), for any k in N∗

SNk ≤ SNk−1
≤ SNk−1 .

By definition of (Sn)n∈N, this yields

SNk − SNk−1 = log (ρNk−1) +
cν
2
≤ 0 .

Since cν > 0, this implies that log (ρNk−1) ≤ 0 which is equivalent to

ωNk−1 >
1

2
.(3.58)

Lemma 34. For any k in N∗ and any ω in E

(3.59) Pω (T ≤ Nk) ≥ Pω (ZNk = 0) ≥ z(cν) .

Proof of Lemma 34. Since T is defined as the smallest positive moment at which (Zt)t∈N
returns to 0 and since Nk is a positive integer, for any positive integer k

(3.60) {ZNk = 0} ⊂ {T ≤ Nk} .

Hence, Pω (T ≤ Nk) ≥ Pω (ZNk = 0) and any lower-bound of Pω (ZNk = 0) is thus also a
lower-bound of Pω (T ≤ Nk). Hereafter, we determine a lower-bound for Pω (ZNk = 0).

Since ω is fixed, each of the indices (Nk)k∈N is deterministic under Pω. The process
(Zt)t∈N being an inhomogeneous Markov chain under Pω with kernels given by Equation (3.7),
Markov property yields

Pω (ZNk = 0|Z0, . . . , ZNk−1) = Pω (ZNk = 0|ZNk−1) = (ωNk−1)ZNk−1+1 .(3.61)

Hence, for any L in R∗+

Pω (ZNk = 0) =
+∞∑
l=0

Pω (ZNk = 0|ZNk−1 = l) Pω (ZNk−1 = l)(3.62)

=

+∞∑
l=0

(ωNk−1)l+1Pω (ZNk−1 = l) ≥
∑
l∈N
l≤L

(ωNk−1)l+1Pω (ZNk−1 = l)

≥
∑
l∈N
l≤L

(ωNk−1)L+1Pω (ZNk−1 = l) = Pω (ZNk−1 ≤ L) (ωNk−1)L+1 .
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Choosing for L the value L0 = 2y(c)/ρNk−1, Equation (3.57) ensures that L ≥ 2Eω

[
ZNk−1

]
and since ZNk−1

≥ 0, we have

Eω

[
ZNk−1

]
= Eω

[
ZNk−1

1ZNk−1
>L

]
+ Eω

[
ZNk−1

1ZNk−1
≤L

]
≥ Eω

[
ZNk−1

1ZNk−1
>L

]
≥ LPω

(
ZNk−1

> L
)

≥ 2Eω

[
ZNk−1

]
Pω

(
ZNk−1

> L
)
.

Since Eω

[
ZNk−1

]
is positive, it thus necessarily holds

(3.63) Pω

(
ZNk−1

> L
)
≤ 1

2
or equivalently Pω (ZNk−1 ≤ L) ≥ 1

2
.

Plugging Equation (3.63) in Equation (3.62), we thus get

(3.64) Pω (ZNk = 0) ≥ 1

2
(ωNk−1)L+1 .

The function g : x ∈ R 7→ 1−x−e−2x being increasing on
(
−∞, log

(√
2
)]

and decreasing

on
[
log(
√

2),+∞
)

with g(0) = 0 and g (0.5) > 0.13 > 0, g is non negative on [0, 0.5] and so
for any x in [0, 0.5]

(3.65) 1− x ≥ e−2x .

By the lower-bound (3.58), 1− ωNk−1 in [0, 1/2) so that Inequality (3.65) yields

ωNk−1 = 1− (1− ωNk−1) ≥ e−2(1−ωNk−1) ,

and using again that ωNk−1 in (1/2, 1] ensured by (3.58), we get

(ωNk−1)L+1 ≥ ωNk−1 (ωNk−1)L ≥ 1

2
e−2(1−ωNk−1)L

≥ 1

2
e
−2(1−ωNk−1)

2 y(cν )
ρNk−1 ≥ 1

2
e−4 y(cν)ωNk−1 ≥ 1

2
e−4 y(cν) = 2 z(cν) .

Plugging that lower-bound on (ωNk−1)L+1 in Inequality (3.64), it leads to

Pω (ZNk = 0) ≥ Pω (ZNk−1 ≤ L) (ωNk−1)L+1 ≥ 1

2
2z(cν) ≥ z(cν) .

By Inclusion (3.60), we finally get the desired result

(3.66) Pω (T ≤ Nk) ≥ Pω (ZNk = 0) ≥ 1

4
e−4y(cν) = z(cν) .

Lemma 35. For any k in N∗, any j in N and any ω in E

(3.67) Pω

 Nj∑
s=0

Zs,Nj+k > 0

 ≤ e−k
cν
2

1− e−
cν
2

.
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Proof of Lemma 35. Fix k in N∗, j in N and ω in E.
First, by Markov inequality

(3.68) Pω

 Nj∑
s=0

Zs,Nj+k > 0

 = Pω

 Nj∑
s=0

Zs,Nj+k ≥ 1

 ≤ Eω

 Nj∑
s=0

Zs,Nj+k

 .
Then by Item (ii) of Lemma 31

Eω

 Nj∑
s=0

Zs,Nj+k

 =

Nj∑
s=0

Eω

[
Zs,Nj+k

]
=

Nj∑
s=0

exp

Nj+k−1∑
i=s

log(ρi)

 ,(3.69)

and by Item (i) of Lemma 31

Nj∑
s=0

exp

Nj+k−1∑
i=s

log(ρi)

 ≤ Nj∑
s=0

exp
(
−(Nj+k − s)

cν
2

)
=

Nj+k∑
l=Nj+k−Nj

exp
(
−l cν

2

)
.(3.70)

Finally, since for any m > n, Nm−Nn ≥ m−n, positivity of the exponential function ensures

Nj+k∑
l=Nj+k−Nj

exp
(
−l cν

2

)
≤

Nj+k∑
l=k

exp
(
−l cν

2

)
≤

+∞∑
l=k

exp
(
−l cν

2

)
=

e−k
cν
2

1− e−
cν
2

.(3.71)

Combining inequalities (3.68), (3.69), (3.70) and (3.71), leads to the expected result

Pω

 Nj∑
s=0

Zs,Nj+k > 0

 ≤ e−k
cν
2

1− e−
cν
2

.

3.2.7.2 Proof of Lemma 25

Fix i in N. For any l < ki, we have
Nki−1∑
s=Nl

Zs,Nki > 0

⋂


Nki−1∑
s=Nl+1

Zs,Nki = 0

(3.72)

=

 Nki−1⋂
s=Nl+1

{
Zs,Nki = 0

}⋂Nl+1−1⋃
s=Nl

{
Zs,Nki > 0

} .

Hence, the event {ki+1 = l} only depends on the random variables (Zs,t)Nl≤s<t≤Nki
.

By definition of the sequence (kj)j∈N, two situations can occur:

(a) If ki > 0, by definition of the sequence (kj)j∈N, two situations may occur:

(i) Suppose that ki is such that ZNki > 0.
Let’s first consider the case where r in N∗.
When r ≥ ki, the set {ki − ki+1 > r} is empty. Hence, if the set {ki − ki+1 > r}
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is not empty, then, r ≤ ki − 1. As Inequality (3.46) is immediate when the set
{ki−ki+1 > r} is empty, let’s assume r ≤ ki−1. Using Equation (3.72), we derive
the inclusions

{ki − ki+1 > r} = {ki+1 ≤ ki − r − 1} ⊂


Nki−r−1∑
s=0

Zs,Nki > 0

 ,

and so,

Pω (ki − ki+1 > r |k0, . . . , ki ) ≤ Pω

Nki−r−1∑
s=0

Zs,Nki > 0

∣∣∣∣∣∣ k0, . . . , ki

 .(3.73)

Let’s now upper-bound the left-hand side of (3.73) by the left-hand side of In-
equality (3.46).

By the properties of conditional expectation with respect to discrete random vari-
ables, we derive that Pω-p.s.

Pω

Nki−r−1∑
s=0

Zs,Nki > 0

∣∣∣∣∣∣ k0, . . . , ki


= Eω

[
1{∑Nki−r−1

s=0 Zs,Nki
>0

}
∣∣∣∣∣ k0, . . . , ki

]

=
∑

j0:i∈Ni+1:Pω(k0:i=j0:i) 6=0

Eω

[
1{∑Nki−r−1

s=0 Zs,Nki
>0

}
∣∣∣∣∣ k0:i = j0:i

]
1k0:i=j0:i

=
∑

j0:i∈Ni+1:Pω(k0:i=j0:i)6=0

Eω

[
1{∑Nki−r−1

s=0 Zs,Nki
>0

}1k0:i=j0:i
]

1k0:i=j0:i

Pω(k0:i = j0:i)
.

By definition of (Zs,s+t)(s,t)∈N×N∗ in Section 3.2.4 the groups of random variables
(Zs1,t1)s1<t1≤Nl and (Zs2,t2)Nl≤s2<t2 are independent for any l in N. Furthermore,
the variables k0, . . . , ki only depend on the variables (Zs,t)Nki≤s<t≤Nk

.

Combining these two facts, we derive that, for any j0:i in Ni+1, the sets {k0:i = j0:i}
and {

∑Nji−r−1

s=0 Zs,Nji > 0} are independent and it holds Pω-p.s.

Eω

[
1{∑Nji−r−1

s=0 Zs,Nji
>0

}1k0:i=j0:i
]

= Eω

[
1{∑Nji−r−1

s=0 Zs,Nji
>0

}
]

Pω (k0:i = j0:i) .

Hence, we have Pω-p.s.∑
j0:i∈Ni+1:Pω(k0:i=j0:i) 6=0

Eω

[
1{∑Nki−r−1

s=0 Zs,Nki
>0

}1k0:i=j0:i
]

1k0:i=j0:i

Pω(k0:i = j0:i)

≤
∑

j0:i∈Ni+1

Eω

[
1{∑Nji−r−1

s=0 Zs,Nji
>0

}
]
1k0:i=j0:i

=
∑
ji∈N

Pω

Nji−r−1∑
s=0

Zs,Nji > 0

1ki=ji ≤
∑
ji∈N

Pω

Nji−r∑
s=0

Zs,Nji > 0

1ki=ji .
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Using r > 0 and Inequality (3.67), we get, for any ji in N,

Pω

Nji−r∑
s=0

Zs,Nji > 0

 = Pω

Nji−r∑
s=0

Zs,N(ji−r)+r
> 0

 ≤ e−r
cν
2

1− e−
cν
2

.

We thus finally derive Inequality (3.46)

Pω (ki − ki+1 > r |k0, . . . , ki ) ≤
∑
ji∈N

e−r
cν
2

1− e−
cν
2

1ki=ji ≤
e−r

cν
2

1− e−
cν
2

.

Let’s now deal with the case where r = 0.
Since the left-hand side of Inequality (3.46) is greater than 1 for r = 0 and since
Pω-almost surely ki − ki+1 > 0, Inequality (3.46) is trivially valid

Pω (ki − ki+1 > r |k0, . . . , ki ) = 1 ≤ 1

1− e−
cν
2

.

(ii) If ki is such that ZNki = 0, then, ki − ki+1 = 1.

• For any r in N∗, {ki − ki+1 > r} = ∅ and thus

Pω (ki+1 − ki > r |k0, . . . , ki ) = 0 .

Inequality (3.46) is true for r in N∗.

• For r = 0, {ki − ki+1 > r} = Ω and thus

Pω (ki+1 − ki > r |k0, . . . , ki ) = 1 ≤ e−r
cν
2

1− e−
cν
2

.

Inequality (3.46) is also true for r = 0.

(b) If ki = 0, then ki+1 = 0 and for r in N, {ki − ki+1 > r} = ∅ so that

Pω (ki − ki+1 > r |k0, . . . , ki ) = 0 ,

and Inequality (3.46) is true.

3.2.7.3 Proof of Lemma 26

Fix i in N and ω in E.

On the one hand, since for any positive real λ

eλ(ki−ki+1)
1{ki−ki+1≤K} ≤ eλK ,

we get

(3.74) Eω

[
eλ(ki−ki+1)

1{ki−ki+1≤K}

∣∣∣ k0, . . . , ki

]
≤ eλK .
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On the other hand, for any λ in (0, cν/2)

Eω

[
eλ(ki−ki+1)

1{ki−ki+1>K}

∣∣∣ k0, . . . , ki

]
=

+∞∑
j=K+1

eλj Pω (ki − ki+1 = j| k0, . . . , ki)

≤
+∞∑
j=K

eλj Pω (ki − ki+1 > j| k0, . . . , ki) .

By Lemma 25, for any positive integers j and K such that j ≥ K

Pω (ki − ki+1 > j |k0, . . . , ki ) ≤
e−j

cν
2

1− e−
cν
2

.

Hence, for any λ in (0, cν/2)

+∞∑
j=K

eλjPω (ki − ki+1 > j |k0, . . . , ki ) ≤
+∞∑
j=K

eλj
e−j

cν
2

1− e−
cν
2

≤ eK(λ− cν
2

)
+∞∑
j=0

ej(λ−
cν
2

)

1− e−
cν
2

≤ eK(λ− cν
2

)(
1− e−

cν
2

)(
1− eλ−

cν
2

) .
Hence, for any λ in (0, cν/4]

(3.75) Eω

[
eλ(ki−ki+1)

1{ki−ki+1>K}

∣∣∣ k0, . . . , ki

]
≤ e−K

cν
2(

1− e−
cν
2

)(
1− e−

cν
4

)eλK .

Decomposing eλ(ki−ki+1) as

eλ(ki−ki+1) = eλ(ki−ki+1)
[
1{ki−ki+1≤K} + 1{ki−ki+1>K}

]
,

Combining Equations (3.75) and (3.74), for any λ in (0, cν/4]

Eω

[
eλ(ki−ki+1)

∣∣∣ k0, . . . , ki

]
≤ eλK +

e−K
cν
2(

1− e−
cν
2

)(
1− e−

cν
4

)eλK

≤ eλK

1 +
e−

cν
2(

1− e−
cν
2

)(
1− e−

cν
4

)
 ≤ eλK

1 +
e−

c0
2(

1− e−
c0
2

)(
1− e−

c0
4

)


≤ eλK

1 +
e−

c0
2(

1− e−
c0
4

)2

 ≤ K4(c0)eλK .

Hence, Inequality (3.48) holds with K4(c0) and K5(c0) defined in Equation (3.47).

3.2.7.4 Proof of Corollary 27

Fix l in N and ω in E.
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Let’s first consider the case where l in N∗.
By Definition 23 of the sequence (ki)i∈N, we derive the following inclusion

(3.76)

l⋃
i=0

{ki = 0} ⊂ {k0 − kl ≥ k} ,

so

(3.77) Pω

(
l⋃

i=0

{ki = 0}

)
≤ Pω (k0 − kl ≥ k) .

Decompose k0−kl as the telescopic sum of the (ki−ki+1)0≤i≤l−1. Thus, by Markov inequality,
for any λ in R∗+

Pω (k0 − kl ≥ k) ≤ Pω

(
eλ(k0−kl) ≥ eλk

)
≤ e−λkEω

[
eλ(

∑l−1
i=0(ki−ki+1))

]
.(3.78)

Moreover, for any λ in R∗+ and m in N∗

Eω

[
eλ(

∑m−1
i=0 (ki−ki+1))

]
= Eω

[
Eω

[
m−1∏
i=0

eλ(ki−ki+1)

∣∣∣∣∣ k0, . . . , km−1

]]

= Eω

[
m−2∏
i=0

eλ(ki−ki+1) Eω

[
eλ(km−1−km)

∣∣∣ k0, . . . , km−1

]]
.

By Lemma 26, for any λ in (0, c0/4] and m in N∗

Eω

[
m−2∏
i=0

eλ(ki−ki+1) Eω

[
eλ(km−1−km)

∣∣∣ k0, . . . , km−1

]]
≤ Eω

[
m−2∏
i=0

eλ(ki−ki+1)K4(c0)eλK5(c0)

]
≤ K4(c0)eλK5(c0) Eω

[
eλ(

∑m−2
i=0 (ki−ki+1))

]
.

Hence, for any λ in (0, c0/4] and m in N∗

Eω

[
eλ(

∑m−1
i=0 (ki−ki+1))

]
≤ K4(c0)eλK5(c0) Eω

[
eλ(

∑m−2
i=0 (ki−ki+1))

]
.

By recurrence, for any λ in (0, c0/4] and l in N∗

Eω

[
eλ(

∑l−1
i=0(ki−ki+1))

]
≤
(
K4(c0)eλK5(c0)

)l
.(3.79)

Combining Inequalities (3.77), (3.78) and (3.79) finally leads to Inequality (3.49).

Let’s now consider the case where l = 0.
We have :

• either k = 0 and Pω ({k0 = 0}) = 1 ≤ 1 = e−λk,

• or k 6= 0 and Pω ({k0 = 0}) = 0 < e−λk.

so that Inequality (3.49) is always satisfied.
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3.2.7.5 Proof of Lemma 29

Fix i in N∗ and ω in E.
By definition of ZNki , we have

Pω

(
ZNki = 0

∣∣∣k0, . . . , ki, (Zs,t)Nki≤s<t≤k

)
= Eω

[
1{∑Nki

−1

s=0 Zs,Nki
=0

}
∣∣∣∣∣ k0, . . . , ki, (Zs,t)Nki≤s<t≤k

]

= Eω

ki−1−1∑
j=0

1{∑Nj−1

s=0 Zs,Nj=0
}1ki=j

∣∣∣∣∣∣ k0, . . . , ki, (Zs,t)Nki≤s<t≤k


=

ki−1−1∑
j=0

Eω

[
1{∑Nj−1

s=0 Zs,Nj=0
}∣∣∣∣ k0, . . . , ki, (Zs,t)Nki≤s<t≤k

]
1ki=j .

Since the variables k0, . . . , ki only depend on the variables (Zs,t)Nki≤s<t≤Nk
and since the

variables (Zs1,t1)s1<t1≤Nki
and (Zs2,t2)Nki≤s2<t2

are independent, we can handle the same

way as in Section 3.2.7.2 and thus omit the conditioning

Eω

[
1{∑Nj−1

s=0 Zs,Nj=0
}∣∣∣∣ k0, . . . , ki, (Zs,t)Nki≤s<t≤k

]
1ki=j = Eω

[
1{∑Nj−1

s=0 Zs,Nj=0
}]1ki=j .

Hence,

Pω

(
ZNki = 0

∣∣∣k0, . . . , ki, (Zs,t)Nki≤s<t≤k

)
=

ki−1−1∑
j=0

Eω

[
1{∑Nj−1

s=0 Zs,Nj=0
}]1ki=j

=

ki−1−1∑
j=0

Pω

({
ZNj = 0

})
1ki=j .

Using Equation (3.59), we finally derive that

Pω

(
ZNki = 0

∣∣∣k0, . . . , ki, (Zs,t)Nki≤s<t≤k

)
≥ z(cν)

ki−1−1∑
j=0

1ki=j

 ≥ z(cν) .

3.2.7.6 Proof of Lemma 30

Fix l in N and ω in E.
Assume that l = 0.
In this case, Lemma 30 is a direct consequence of Lemma 34.
Assume that l belongs to N∗.
By definition, N0 = 0 and Z0 = 0 so that for any i in N∗, we have the following inclusions

{ki−1 = 0} ⊂
{
Nki−1

= 0
}
⊂
{
ZNki−1

= 0
}
,

or equivalently {
ZNki−1

> 0
}
⊂
{
Nki−1

> 0
}
⊂ {ki−1 > 0} .
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Since, for any i in N∗, ki−1 > 0 on {ZNki−1
> 0}, ki is defined on {ZNki−1

> 0} as

ki = max

m < ki−1 :

Nki−1∑
s=Nm

Zs,Nki−1
> 0 and

Nki−1
−1∑

s=Nm+1

Zs,Nki−1
= 0


 ,

and thus for any r in N, we get

{ki = r}
⋂{

ZNki−1
> 0
}

=


Nki−1

−1∑
s=Nr

Zs,Nki−1
> 0

⋂

Nki−1

−1∑
s=Nr+1

Zs,Nki−1
= 0

 .

Hence, for any decreasing sequence of real numbers (ri)1≤i≤l such that 1 ≤ rl and r1 ≤ k− 1
and any t in {1, . . . , l}, the following identity holds

t⋂
i=1

(
{ki = ri} ∩ {ZNki−1

> 0}
)

=
t⋂
i=1


Nki−1

−1∑
s=Nri

Zs,Nki−1
> 0

 ∩

Nki−1

−1∑
s=Nri+1

Zs,Nki−1
= 0


 .

The event
⋂t
i=1

(
{ki = ri} ∩ {ZNki−1

> 0}
)

thus only depends on the variables (Zs,t)Nkt≤s<t≤Nk .Hence

Eω

[
1ZNkt

>0

∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
})]

=Eω

[
Eω

[
1ZNkt

>0

∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
})]∣∣∣∣∣ k0, . . . , kt, (Zs,t)Nkt≤s<t≤Nk

]

=Eω

[
Eω

[
1ZNkt

>0

∣∣∣ k0, . . . , kt, (Zs,t)Nkt≤s<t≤Nk

] ∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
})]

.

By Lemma 29

Pω

(
ZNkt > 0

∣∣∣k0, . . . , kt, (Zs,t)Nkt≤s<t≤Nk

)
≤ 1− z(cν) .

Hence, it holds, for any decreasing sequence of real numbers (ri)1≤i≤l with 1 ≤ rl and
r1 ≤ k − 1 and any t in {1, . . . , l}

Pω

(
ZNkt > 0

∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

≤ 1− z(cν) .(3.80)

Consider a decreasing sequence of real numbers (ri)0≤i≤l with k = k0 = r0, 1 ≤ rl and
r1 ≤ k − 1.
For any t in {0, . . . , l− 1}, on the set ZNkt+1

> 0, we necessarily have kt+1 ≥ 1. Hence, given

kt, kt+1 lies in {1, . . . , kt − 1} on the set ZNkt+1
> 0.
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Decomposing according to the value of kt+1 and conditioning

Pω

(
{kl > 0}

⋂(
l⋂
i=t

{
ZNki > 0

})∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

=

rt−1∑
rt+1=1

Pω

(
{kt+1 = rt+1}

⋂{
ZNkt > 0

} ∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

× Pω

(
{kl > 0}

⋂(
l⋂

i=t+1

{
ZNki > 0

})∣∣∣∣∣
t+1⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

≤Pω

(
ZNkt > 0

∣∣∣∣∣
t+1⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

× max
1≤rt+1≤rt−1

Pω

(
{kl > 0}

⋂(
l⋂

i=t+1

{
ZNki > 0

})∣∣∣∣∣
t+1⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

.

By Equation (3.80)

Pω

(
ZNkt > 0

∣∣∣∣∣
t+1⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

≤1− z(cν) .

Hence,

Pω

(
{kl > 0}

⋂(
l⋂
i=t

{
ZNki > 0

})∣∣∣∣∣
t⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

≤ (1− z(c)) max
1≤rt+1≤rt−1

Pω

(
{kl > 0}

⋂(
l⋂

i=t+1

{
ZNki > 0

})∣∣∣∣∣
t+1⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

.

By recurrence, we get

Pω

(
{kl > 0}

⋂(
l⋂

i=0

{
ZNki > 0

}))

≤ (1− z(c))l × max
1≤rl−1<···<r1<k

Pω

(
{kl > 0}

⋂{
ZNkl > 0

}∣∣∣ l⋂
i=1

(
{ki = ri} ∩

{
ZNki−1

> 0
}))

.

Since {kl > 0} ∩ {ZNkl > 0} = {ZNkl > 0}, using again Equation (3.80), we get

Pω

(
{kl > 0}

⋂(
l⋂

i=0

{
ZNki > 0

}))
≤ (1− z(cν))l+1 .

3.2.7.7 Final step of the proof of Theorem 22

For any i in N, ki > 0 if and only if Nki > 0.
By definition of T , we thus derive the following inclusion

{ki > 0} ∩
{
ZNki = 0

}
⊂ {ki > 0} ∩ {T ≤ Nki} .

84



Using successively the fact that (Nn)n∈N is increasing and the definition of the (kj)j∈N

{ki > 0} ⊂ {ki > 0} ∩ {ki < k} ⊂ {ki > 0} ∩ {Nki < Nk} .

Hence, the following inclusion holds

{ki > 0} ∩
{
ZNki = 0

}
⊂ {ki > 0} ∩ {T ≤ Nk} .

Taking cosets, it leads, for any i in N, to the inclusion

{ki > 0} ∩ {T > Nk} ⊂ {ki > 0} ∩
{
ZNki > 0

}
.

For any l in N, this allow to derive the following inclusions

{T > Nk} ∩

(
l⋃

i=0

{ki = 0}

)c
= {T > Nk} ∩

l⋂
i=0

{ki > 0}

=
l⋂

i=0

({T > Nk} ∩ {ki > 0}) ⊂
l⋂

i=0

(
{ki > 0} ∩

{
ZNki > 0

})
⊂

(
l⋂

i=0

{ki > 0}

)
∩

(
l⋂

i=0

{
ZNki > 0

})
⊂ {kl > 0} ∩

(
l⋂

i=0

{
ZNki > 0

})
.

And we also have the following inclusions

{T > Nk} ∩
l⋃

i=0

{ki = 0} ⊂
l⋃

i=0

{ki = 0} .

Hence,

{T > Nk} = {T > Nk} ∩

(
l⋃

i=0

{ki = 0}
⊔(

l⋃
i=1

{ki = 0}

)c)

=

(
{T > Nk} ∩

l⋃
i=0

{ki = 0}

)⊔(
{T > Nk} ∩

(
l⋃

i=0

{ki = 0}

)c)

⊂

(
l⋃

i=0

{ki = 0}

)⊔(
{kl > 0} ∩

(
l⋂

i=0

{
ZNki > 0

}))
.(3.81)

Using Equation (3.81) yields directly for any l in N

Pω (T > Nk) ≤ Pω

(
l1⋃
i=0

{ki = 0}

)
+ Pω

(
{k0 > k1 > · · · > kl1} ∩

l1⋂
i=0

{
ZNki > 0

})
.

Take l = l1(c0, k) (defined in Equation (3.50)) such that l1 + 1 ≥ l1 ≥ k/(2K5(c0)). Thanks
to Equations (27) and (30) and since 1− z(cν) < 1, we get, for any λ in (0, cν/4]

Pω (T > Nk) ≤ e−
λ
2
kK4(c0)

k
2K5(c0) + (1− z(cν))l1+1

≤ e

(
−λ

2
+

log(K4(c0))
2K5(c0)

)
k

+ e
log(1−z(cν ))

2K5(c0)
k ≤ 2 e

−min
(
λ
2
− log(K4(c0))

2K5(c0)
,− log(1−z(cν ))

2K5(c0)

)
k
.(3.82)
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Since c 7→ z(c) is increasing

min

(
c0

8
− log(K4(c0))

2K5(c0)
,− log(1− z(c0))

2K5(c0)

)
≤min

(
c

8
− log(K4(c0))

2K5(c0)
,− log(1− z(cν))

2K5(c0)

)
.

Taking λ = c0/4 in Equation (3.82), we find

Pω (T > Nk) ≤ 2 e
−min

(
c0
8
− log(K4(c0))

2K5(c0)
,− log(1−z(cν ))

2K5(c0)

)
k ≤ 2 e

−min
(
c0
8
− log(K4(c0))

2K5(c0)
,− log(1−z(c0))

2K5(c0)

)
k
.

Setting

K6(c0) = min

(
c0

8
− log(K4(c0))

2K5(c0)
,− log(1− z(c0))

2K5(c0)

)
,

which only depends on c0 and is positive (hence the choice of K5(c0) according to K4(c0)
mentioned earlier in Equation (3.47)), the result claimed by Theorem 22 finally holds for any
ω in E and any k in N

Pω(T > Nk) ≤ 2e−K6(c0)k .

3.2.8 Proof of Theorem 14 through Theorems 16 and 22

First, in Theorem 22, the environment ω in E and integer k are considered fixed but the
upper-bound does not depend on ω. We can thus integrate Inequality 3.45 with respect to ω
in E under Pν = ν⊗Z. We get, for any k in N

(3.83) Pν(T > Nk) =

∫
E

Pω(T > Nk)Pν(dω) ≤ 2e−K6(c0,α)k .

Then, the integer l0(c0, α) ≥ 2 being fixed, for any t > 0, two situations can occur.

• If t ≥ l0(c0, α)Eν [N1], there exists k in N∗ such that

l0(c0, α)kEν [N1] ≤ t < l0(c0, α)(k + 1)Eν [N1] ,

so that

{T > t} ∩ {Nk < l0(c0, α)kEν [N1]} ⊂ {T > Nk} .

Thus

Pν(T > t) = Pν ({T > t} ∩ {Nk ≥ l0(c0, α)kEν [N1]}) + Pν ({T > t} ∩ {Nk < l0(c0, α)kEν [N1]})
≤ Pν (Nk ≥ l0(c0, α)kEν [N1]) + Pν (T > Nk)

= Pν (Nk ≥ l0(c0, α)kEν [N1]) + Pν (T > Nk) .

Inequalities (3.14) and (3.45) then yield

Pν(T > t) ≤ e−K3(c0,α)k + 2e−K6(c0,α)k ≤ (1 + 2) e−min(K3(c0,α),K6(c0,α)) k .

Since k > (t/l0(c0, α)Eν [N1])− 1 and thus

Pν(T > t) ≤ 3 emin(K3(c0,α),K6(c0,α)) e
−min(K3(c0,α),K6(c0,α))t

l0(c0,α)Eν [N1] .
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Using the control on the tail of N1 given in Corollary 17, we get

Eν [N1] =
+∞∑
k=0

Pν(N1 > k) ≤
+∞∑
k=0

(
e−

c0b(c0,α)
4

)k
≤ 1

1− e−
c0b(c0,α)

4

,(3.84)

so that it finally holds

Pν(T > t) ≤
(

3emin(K3(c0,α),K6(c0,α))
)

e
−min(K3(c0,α),K6(c0,α))

l0(c0,α)

(
1−e−

c0b(c0,α)
4

)
t
.

• If t < l(c0, α)Eν [N1], by to Inequality (3.84), we get

−min (K3(c0, α),K6(c0, α))

l0(c0, α)

(
1− e−

c0b(c0,α)
4

)
t ≥ −min (K3(c0, α),K6(c0, α)) ,

so that it also holds

Pν(T > t) ≤ 3 ≤
(

3 emin(K3(c0,α),K6(c0,α))
)

e
−min(K3(c0,α),K6(c0,α))

l0(c0,α)

(
1−e−

c0b(c0,α)
4

)
t
.

Setting

(3.85) K1(c0, α) = 3 emin(K3(c0,α),K6(c0,α)) ,

and

(3.86) K2(c0, α) =
min (K3(c0, α),K6(c0, α))

l0(c0, α)

(
1− e−

c0b(c0,α)
4

)
,

it holds, for any positive t

Pν (T > t) ≤ K1(c0, α)e−K2(c0,α)t .

Hence, Theorem 14 is proved.

3.2.9 Proof of the existence of exponential moments for BPIREG(ν,0)

Remember that for any probability distribution Q on (F,F), for any random variable W from
(F,F) to (R+,B(R+)) and for any differentiable function h : R+ → R+ such that h(0) = 0
and h′ > 0, the following integration by part formula holds

Q[h(W )] =

∫ +∞

0
h′(w)Q(W > w) dw .

Applying this identity with the annealed probability Pν , the positive random variable T
defined in Equation (3.8) and the function h : t ∈ R+ 7→ κt0 − 1 ∈ R+ where κ0 > 0 yields

Eν [κT0 ] = 1 + Eν [elog(κ0)T − 1] = 1 +

∫ +∞

0
log(κ0)elog(κ0)tPν(T > t)dt .

Combined with Theorem 14, we find that for any ν meeting assumptions F1 and F2

Eν [κT0 ] ≤ 1 + log(κ0)K1(c0, α)

∫ +∞

0
e[log(κ0)−K2(c0,α)]tdt .(3.87)
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The condition log(κ0)−K2(c0, α) < 0 being sufficient for the integral in the right hand side
of Inequality (3.87) to be finite, we set

κ0 = κ0(c0, α) = e
K2(c0,α)

2 > 1 ,

so that

log(κ0(c0, α))K1(c0, α)

∫ +∞

0
e[log(κ0(c0,α))−K2(c0,α)]tdt = K1(c0, α) < +∞ .

We derive the existence of an exponential moment for the first return time to 0 of the
BPIREG(ν,0) with the following uniform control

Eν
[
κ0(c0, α)T

]
= Eν

[
e
K2(c0,α)

2
T
]
≤ 1 +K1(c0, α) < +∞ .

The Corollary 15 sums up these findings.

88



Chapter 4

Concentration inequality for
geometrically ergodic Markov
chains

In probability theory, the laws of large numbers states under mild conditions that the empiri-
cal mean of independent random variables is close to their expectation with large probability.
Given this property, the next natural question is to assess the fluctuations of the empirical
mean around its expectation. This is a special instance of concentration inequalities: such
inequalities quantify the probability that a function f of random variables X1, . . . , Xn (not
necessarily independent) differs from its mean by more than a certain amount

(4.1) P (f (X1, . . . , Xn)− E [f (X1, . . . , Xn)] ≥ t) ≤ g(t) ,

where g is some real valued function defined on positive reals.
Concentration properties for sums of independent random variables were first intensively

studied and rather well-understood in probability theory. Whereas those properties were only
available for sums, the martingale methods, developed in the 1970’s for example in [Yur76,
Mau79, MS86, McD89], made possible the handling of concentration for more general func-
tions of independent random variables. Talagrand in the mid-1990’s ([Tal95, Tal96a, Tal96b])
offered a new insight onto the problem suggesting new techniques depending on the smooth-
ness of the transformation applied to the independent random variables. For a complete
exposition of this methods we refer to [BLM13]. The applications of the concentration in-
equalities to various fields such as discrete mathematics (via the probabilistic method [AS11]),
computer science (running times of randomized algorithms [DP09], machine learning) and
statistics (statistical learning, model selection [MP07], density estimation) give them a always
bigger importance.

Concentration inequalities where the function g in Inequality (4.1) is of the form 2 exp(−t2/C)
are said sub-gaussian and are of special interest because they are directly related to moment
upper-bounds for the variables. Similarly, situations where the function f is in fact a transfor-
mation with bounded differences property were also widely studied because of their occurrence
in other situations.

Definition 36. A function f : X n → R is said to have the bounded differences property if
there exist nonnegative constants γ0:n−1 = (γ0, . . . , γn−1) in Rn+ such that for all x0:n−1 in
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X n and all y0:n−1 in X n

(4.2) |f (x0:n−1)− f (y0:n−1)| ≤
n−1∑
i=0

γi1{xi 6=yi} .

The class of all functions f : X n → R satisfying Inequality (4.2) is denoted BD (X n, γ0:n−1).

In particular, the Mac Diarmid’s inequality derived from the martingale method states an
exponential concentration inequality for transformation with bounded differences property of
i.i.d. sequence of random variables.

Theorem 37. [McD89][Mac Diarmid’s inequality] Let (X,X ) be a measurable space and
(Ω,F ,P) a probability space on which is defined a n-tuple of independent random variables
X0:n−1 = (X0, . . . , Xn−1). If f is a function on X n with bounded differences property of
constant γ0:n−1 with n in N∗ and γ0:n−1 in Rn+, then, for any t in R∗+

(4.3) P (|f (X0:n−1)− E [f (X0:n−1)]| > t) ≤ 2 exp

(
− 2 t2∑n−1

l=0 γ
2
l

)
,

In this chapter, we are concerned with a generalization of Mac Diarmid’s concentration
inequality that holds for Markov chains (instead of i.i.d. random variables) and is explicit
with respect to the characteristics of the chains. As illustration, we apply this inequality to
the Markov kernel Kν defined for any ν in M1([0, 1]) and any i and j in N by

Kν(i, j) =

(
i+ j

i

)∫ 1

0
ti+1(1− t)jν(dt) .(4.4)

In [DMPS18], the authors give an exhaustive introduction to Markov chain theory and in-
troduce the readers to concentration inequality for Markov chains. In particular, they provide
with a sub-gaussian concentration inequality for transformations of V-geometrically ergodic
Markov chains by functions having the bounded differences property which is analogous to
Mac Diarmid’s concentration inequality (4.3):

Theorem 38. [DMPS18, Theorem 23.3.1] If P is an irreducible and aperiodic Markov kernel
on X ×X with invariant probability π, then, for every geometrically recurrent small set C,
there exists a positive constant β such that for all n in N∗, all γ0:n−1 in Rn+, all function f
on X n with bounded differences property of constant γ0:n−1 and all x in C, it holds for any t
in R∗+

Px (|f (X0:n−1)− Ex [f (X0:n−1)]| > t) ≤ 2 exp

(
− β t2∑n−1

l=0 γ
2
l

)
,

where (Xn)n∈N denotes the canonical Markov chain on XN.

In the concentration inequality given by Theorem 38, the upper-bound is function of some
positive constant β that possibly depends on the transition kernel P and on the small set C.
Nevertheless, there is no clue how β depends on those three quantities.

In [Pau15, Corollary 2.10], a similar concentration inequality is given for Markov chains
with values in a Polish state space and functions f with the bounded differences property
of constant γ = γ0:n−1 except that the function g now writes g(t) = 2 exp(−t2/(‖γ‖22τmin))
where the quantity τmin strongly depends on the mixing time of the Markov chain. Even if it
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gives in some sense the explicit dependency on the kernel P of the constant β of [DMPS18], it
seems hard to give an expression of the mixing time explicitly depending on the characteristic
of the Markov chain without very restrictive assumptions on the chain (reversibility, finite
state space,. . . ).

In [DMPS18, Theorem 23.2.2] Mac-Diarmid’s concentration inequality is also extended
to uniformly ergodic Markov kernel. In this setting, there exists β > 0 such that the function
g writes g(t) = 2 exp(−t2/(Dn(β))) and denoting ∆(M) the Dobrushin coefficient of Markov
kernel M , Dn : R∗+ → R+ is defined for any α in R∗+ by

Dn(β) =
n−1∑
l=0

(
γl + β

n−1∑
m=l+1

γm∆(Pm−l)

)2

.

The major drawback of such an inequality is the computation of the Dobrushin coefficient.
For example, there exists no uniform minorization condition on the Markov kernel Kν , what
makes the computation of the Dobrushin coefficient impossible.

In this chapter, revisiting the proof of [DMPS18, Theorem 23.3.1], we track the depen-
dency of the constant β into the specific parameters of the Markov chain in order to derive
a quantitative version of the Mac Diarmid’s type concentration inequality ending into Theo-
rem 39.

As an illustration, Theorem 40 and Corollary 41 ensure that this quantitative concentra-
tion inequality is valid for the Markov chain starting from 0 and with transition kernel Kν

for ν in M1([0, 1]) provided there exists α in (0, 1/2) and c0 > 0 such that

supp(ν) ⊂ [α, 1− α] and

∫ 1

0
log

(
1− t
t

)
ν(dt) ≤ −c0 .(4.5)

In Section 4.1, we introduce the Markovian framework of the Chapter. Furthermore,
we define also some assumptions concerning long-time behaviour of the considered Markov
chains.

In Section 4.2, we state the main results of this Chapter : a quantitative concentration
inequality for Markov chains in Theorem 39 and its application to Markov chain with kernel
Kν in Theorem 40 and Corollary 41.

In Section 4.3, we concentrate on the proof of Theorem 39 : we decompose it in a logical
sequence of elementary intermediate steps and prove them precisely.

In Section 4.4, we prove Theorem 40 : we justify that assumptions for application of
Theorem 39 to Markov kernels Kν are met when ν satisfies conditions (4.5).

4.1 Framework

Before going further, we set the framework, remind some useful notations that are common in
Markov chain theory and introduce some assumptions. For basic definitions and elementary
results on Markov chains theory, we provide with some reminders in Appendix A and refer
to the book [DMPS18] for more comprehensive exposition.

4.1.1 Markovian setting

Let us first define the Markovian framework and some notations used below
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•
(
XN,X

)
is a measurable space and P is a Markov kernel on

(
XN,X

)
,

• (Xn)n∈N is the canonical process on the canonical filtered space
(
XN,X ⊗N,

(
FX
k

)
k∈N

)
defined for any n in N and any x = (xk)k∈N in XN by

Xn(x) = xn and FX
n = σ (X0, . . . , Xn) ,

• θ denotes the shift operator on the canonical space defined by

θ : XN −→ XN

x = (xk)k∈N 7→ θ(x) = (θ(x)k)k∈N ,

where for any k in N, θ(x)k = xk+1.

• For any probability measure ξ on X , the unique probability measure on
(
XN,X ⊗N)

such that (Xn)n∈N is a Markov chain with kernel P and initial distribution ξ is denoted
Pξ (hereafter, for any x in X , we write Px instead of Pδx).

Furthermore, define for any set B in X the stopping times σB and (τ iB)i∈N by

σB = inf{n ≥ 1 : Xn ∈ B} and τ iB = inf{n ≥ i : Xn ∈ B} .

The stopping time σB is the return time of set B while τB = τ0
B is the first hitting time of set

B and τ iB is the first hitting time of set B after time i (with the convention that inf(∅) = +∞).

4.1.2 Assumptions in Markovian framework

Let us also define some assumptions concerning the long-time behaviour of those chains.

M 1. P is an irreducible and aperiodic Markov kernel on X ×X admitting the invariant
probability π.

M2. There exist a set C in X and real numbers δ > 1 and M > 0 such that

(4.6) sup
x∈C

Ex [δσC ] ≤M .

M3. There exist r0 in (0, 1) and ζ0 > 0 such that for any x in C and any n in N

(4.7) dTV(δxP
n, π) ≤ ζ0r

n
0 .

In particular, under assumption M3, the Markov chain with transition kernel P is geo-
metrically ergodic provided its initial distribution gives mass 1 to the set C.

4.2 Main results : Theorems 39 and 40

The main contribution of this chapter is to give a quantitative sub-gaussian concentration
inequality for transformations of Markov chain with the bounded differences property.
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Theorem 39. Assume that M1, M2 and M3 hold. If f is a function with bounded differences
property in BD(X n, γ0:n−1) where n is some positive integer and γ0:n−1 is some n-tuple of
positive reals, then, for any x in C and any t in R∗+

(4.8) Px (|f(X0:n−1)− Ex[f(X0:n−1)]| > t) ≤ 2 exp

(
−β(ζ0, r0, δ,M) t2∑n−1

l=0 γ
2
l

)
,

where β(ζ0, r0, δ,M) (depending only on the parameters ζ0, r0, δ and M given by the assump-
tions) is defined by

β(ζ0, r0, δ,M) =
1

4

4
(

1 + 4ζ0
1−r0

)
log(δ)

+
16 max(2ζ0, 1)2

1−max
(
r0, δ

− 1
4

)2M


−1

.(4.9)

We now prove that under Assumptions F1 and F2 of Chapter 3, the kernel Kν meets
requirements M1, M2 and M3.

Theorem 40. Fix a probability distribution ν on [0, 1] and consider the Markov kernel Kν

defined for any integers i and j by

(4.10) Kν(i, j) =

(
i+ j

i

)∫ 1

0
ti+1(1− t)jν(dt) .

If the distribution ν meets Assumption F1 and F2 of Chapter 3, i.e. there exists c0 in R∗+
and α in (0, 1/2) such that∫ 1

0
log

(
1− t
t

)
ν(dt) ≤ −c0 and ν([α, 1− α]) = 1 ,

then, the Markov kernel Kν meet Assumptions M1, M2 and M3 where C = {0} and the
constants r0 = r0(c0, α), ζ0 = ζ0(c0, α), δ = δ(c0, α) and M = M(c0, α), respectively defined
in Equations (4.95), (4.96), (4.64) and (4.65), depend explicitly on c0 and α.

In framework of Theorem 40, Theorem 39 applies immediately to kernel Kν : we thus
obtain in Corollary 41 a concentration inequality for transformations with bounded differences
property of the Markov chain starting from 0 with transition kernel Kν .

Corollary 41. Fix a probability distribution ν on [0, 1]. If the distribution ν meets Assump-
tion F1 and F2 of Chapter 3, i.e. there exists c0 in R∗+ and α in (0, 1/2) such that∫ 1

0
log

(
1− t
t

)
ν(dt) ≤ −c0 and ν([α, 1− α]) = 1 ,

then, the concentration inequality (4.8) is valid for the Markov chain with transition kernel Kν

defined in Equation (4.10), the set C = {0} and the constant β(ζ0, r0, δ,M) defined in Equa-
tion (4.9) previously plugged with the constants r0 = r0(c0, α), ζ0 = ζ0(c0, α), δ = δ(c0, α) and
M = M(c0, α), respectively defined in Equations (4.95), (4.96), (4.64) and (4.65).

When considering a RWRE with environment distribution ν in M1([0, 1]), the exis-
tence of positive real numbers c0 and α in (0, 1/2) such that

∫ 1
0 log

(
1−t
t

)
ν(dt) ≤ −c0 and

ν([α, 1− α]) = 1 concern respectively long-time and local behaviours of the RWRE. First
condition is equivalent to its transience to the right whereas the second, called ellipticity
condition, prevents the walk to go systematically in one direction or to get trapped between
two specific integers and is nearly systematic in probabilistic statement about RWRE.

Sections 4.3 and 4.4 are dedicated to the proofs of Theorems 39 and 40 respectively.

93



4.3 Proof of Theorem 39

We first give a bright oversight of the proof of Theorem 39

4.3.1 Sketch of proof of Theorem 39

The first step of the proof of Theorem 39 consists in showing Inequality (4.11).

Lemma 42 ([DMPS18, Theorem 23.3.1]). For any ξ and ξ′ in M1(X ), any n in N, any
γ0:n−1 in Rn+ and any h in BD(X n, γ0:n−1)

(4.11)
∣∣Eξ[h(X0:n−1)]− Eξ′ [h(X0:n−1)]

∣∣ ≤ 2
n−1∑
i=0

γidTV(ξP i, ξ′P i) .

For the sake of completeness, its proof is given in Section 4.3.2.1.

As, for any 0 ≤ i ≤ n− 1, the stopping time τ iC is well defined by M2, we can introduce
the following sequence of random variables (Gi)0≤i≤n−1 defined by

Gi = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
.

One important property is that any two successive terms of this sequence, Gi and Gi−1, are
equal excepted on the set {τ i−1

C = i− 1} as Lemma 43 guarantees. Its proof is postponed to
Section 4.3.2.2.

Lemma 43. Considering the sequence (Gi)0≤i≤n−1 defined for any integer 1 ≤ i ≤ n− 1 by

(4.12) Gi = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
,

it holds for any integer 1 ≤ i ≤ n− 1

(4.13) Gi −Gi−1 = (Gi −Gi−1)1{τ i−1
C =i−1} .

We can control the distances between Gi and Gi−1 thanks to the existence of a geomet-
rically recurrent small set granted by M2 and the geometric ergodicity of the chain granted
by M 3. This result is shown in the following Lemma 44, whose proof is postponed to
Section 4.3.2.3.

Lemma 44. Under M 1, M 2 and M 3, for all r in [r0, 1), for any n in N, any integer
1 ≤ i ≤ n− 1, any γ0:n−1 in Rn+, any f in BD(X n, γ0:n−1) and any x in C, it holds

(4.14) |Gi −Gi−1| ≤ ζ1(ζ0, r0) max
0≤j≤n−1

(γj)1{τ i−1
C =i−1} σC ◦ θ

i−1 ,

and

(4.15) |Gi −Gi−1|2 ≤ ζ2(ζ0, r)1{τ i−1
C =i−1} r

−2σC◦θi−1
n−1∑
k=i

γ2
kr
k−i ,

where Gi is defined in Equation (4.12) and where

(4.16) ζ1(ζ0, r0) = 1 +
4ζ0

1− r0
,

and

(4.17) ζ2(ζ0, r) =
4 max(2ζ0, 1)2

1− r
.
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Relying on the controls (4.14) and (4.15) of the distances between Gi and Gi−1, a decom-
position of the difference between f(X0:n−1) and Ex [f(X0:n−1)] by mean of the Gi leads to
Lemma 45. Its proof is postponed to Section 4.3.2.4.

Lemma 45. Under M1, M2 and M3, for all γ0:n−1 in Rn+, f in BD(X n, γ0:n−1) and x in
C, it holds

(4.18) Ex
[
ef(X0:n−1)−Ex[f(X0:n−1)]

]
≤ exp

(
κ(ζ0, r0, δ,M)

n−1∑
i=0

γ2
i

)
,

with

(4.19) κ(ζ0, r0, δ,M) =
4ζ1(ζ0, r0)

log(δ)
+

2ζ2

(
ζ0,

1+max
(
r0,δ
− 1

4

)
2

)
1−max

(
r0, δ

− 1
4

) M ,

where ζ1(ζ0, r0) and ζ2(ζ0, r) are defined in Equations (4.16) and (4.17) of Lemma 44.

Using a ”Chernov bound”, Lemma 45 finally enables to completely prove Theorem 39.

Proof of Theorem 39. For any s > 0, t > 0 and g in BD(X n, γ0:n−1), it holds by Markov
inequality and Lemma 45

Px (g (X0:n−1)− Ex[g (X0:n−1)] > t) = Px
(

est(g(X0:n−1)−Ex[g(X0:n−1)]) > est
)

(4.20)

≤ e−stEx
[
es(g(X0:n−1)−Ex[g(X0:n−1)])

]
≤ e−st+s

2κ(ζ0,r0,δ,M)
∑n−1
i=0 s

2γ2i .

Choosing

s =
t

2κ(ζ0, r0, δ,M)
∑n−1

i=0 s
2γ2
i

,

in Inequality (4.20), we get

(4.21) Px (g (X0:n−1)− Ex[g (X0:n−1)] > t) ≤ e
− t2

4κ(ζ0,r0,δ,M)
∑n−1
i=0

γ2
i .

Since −g also belongs to BD(X n, γ0:n−1), Equation (4.21) also holds for −g.
Hence, we finally proved that for all t > 0

Px (|f (X0:n−1)− Ex [f (X0:n−1)]| > t) ≤ 2 e
− t2

4κ(ζ0,r0,δ,M)
∑n−1
i=0

γ2
i .

4.3.2 Intermediate results for proof of Theorem 39

In this section, we prove all intermediate results that have been introduced in Section 4.3.1.
More or less standard technical properties of stopping times on filtered probability spaces are
used and we refer to Appendix C for detailed proof of such results.

Recall that the total variation norm and the total variation distance can be respectively
defined as follows for any ξ and ξ′ in M1(X )

‖ξ‖TV = sup ({ξ(f) : ‖f‖∞ ≤ 1}) and dTV(ξ, ξ′) =
1

2
‖ξ − ξ′‖TV .
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4.3.2.1 Proof of Lemma 42

Fix x̄ in X and for all integer 1 ≤ i ≤ n− 1, define the function hi by

hi(xi:n−1) = h(x̄, . . . , x̄, xi:n−1) .

Set h0 = h and hn = h(x̄, . . . , x̄). The function h can thus be decomposed as

(4.22) h(x0:n−1) = hn +

n−1∑
i=0

(hi(xi:n−1)− hi+1(xi+1:n−1)) ,

where we write abusively hn(xn:n−1) = hn for all x0:n−1 in X n.
For any integer 0 ≤ i ≤ n− 1 and xi0 in Xi+1, let’s define wi(xi) by

wi(xi) =

∫
(hi(xi:n−1)− hi+1(xi+1:n−1))

n−1∏
l=i+1

P (xl−1, dxl)

=

∫
(h(x̄, . . . , x̄, xi:n−1)− h(x̄, . . . , x̄, xi+1:n−1))

n−1∏
l=i+1

P (xl−1,dxl) .

Since (Xn) is a Markov chain, for any ξ in M1(X ) and for any integer 0 ≤ i ≤ n− 1

wi(Xi) = Eξ
[
hi(Xi:n−1)− hi+1(Xi+1:n−1)

∣∣FX
i

]
Pξ-a.s. .

Thanks to the decomposition (4.22) of h, we obtain

Eξ [h(X0:n−1)] = Eξ

[
hn +

n−1∑
i=0

(
hi(X

n−1
i )− hi+1(Xn−1

i+1 )
)]

= hn +

n−1∑
i=0

Eξ
[
Eξ
[
hi(X

n−1
i )− hi+1(Xn−1

i+1 )
∣∣FX

i

]]
= hn +

n−1∑
i=0

Eξ [wi(Xi)] = hn +

n−1∑
i=0

ξP iwi ,

so that

Eξ [h(X0:n−1)]− Eξ′ [h(X0:n−1)] = hn +
n−1∑
i=0

ξP iwi −

{
hn +

n−1∑
i=0

ξ′P iwi

}
(4.23)

=

n−1∑
i=0

(
ξP i − ξ′P i

)
wi .

For any integer 0 ≤ i ≤ n− 1, we derive from the definition of the total variation norm that

(4.24)
∣∣(ξP i − ξ′P i)wi∣∣ ≤ ‖wi‖∞ ∥∥ξP i − ξ′P i∥∥TV

.

Since h belongs to BD(X n, γ0:n−1) and since the arguments of function h only differ from
(i + 1)th component in the definitions of hi and hi+1, Equation (4.2) ensures that for any
integer 0 ≤ i ≤ n− 1

|hi(xi:n−1)− hi+1(xi+1:n−1)| ≤ γi ,
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and thus by definition of wi and Jensen inequality, we thus get for any x0:n−1 in X n

sup
xi∈X

|wi(xi)| = sup
xi∈X

(∣∣∣∣∣
∫

(hi(xi:n−1)− hi+1(xi+1:n−1))
n−1∏
l=i+1

P (xl−1,dxl)

∣∣∣∣∣
)

≤ sup
xi∈X

(∫
|hi(xi:n−1)− hi+1(xi+1:n−1)|

n−1∏
l=i+1

P (xl−1, dxl)

)

≤
∫
γi

n−1∏
l=i+1

P (xl−1,dxl) = γi ,

so that

(4.25) ‖wi‖∞ ≤ γi .

Combining Inequalities (4.24) and (4.25), Equation (4.23) finally leads to

∣∣Eξ [h(X0:n−1)]− Eξ′ [h(X0:n−1)]
∣∣ =

∣∣∣∣∣
n−1∑
i=0

(
ξP i − ξ′P i

)
wi

∣∣∣∣∣ ≤
n−1∑
i=0

∣∣(ξP i − ξ′P i)wi∣∣
≤ 2

n−1∑
i=0

γi dTV

(
ξP i, ξ′P i

)
.

4.3.2.2 Proof of Lemma 43

For any integer 1 ≤ i ≤ n− 1, by definition of τ i−1
C and τ iC , we get

τ i−1
C ≥ i− 1 and τ i−1

C > i− 1⇔ τ i−1
C = τ iC .

Hence,

XN = {τ i−1
C = i− 1} t {τ i−1

C = τ iC , τ
i−1
C ≥ n− 1} t {τ i−1

C = τ iC , i− 1 < τ i−1
C < n− 1} .

This leads to the following decomposition of Gi −Gi−1

Gi −Gi−1 = (Gi −Gi−1)
(
1{τ i−1

C =i−1} + 1{τ i−1
C =τ iC ,i−1<τ i−1

C <n−1} + 1{τ i−1
C =τ iC ,τ

i−1
C ≥n−1}

)
.

(4.26)

For any integer 0 ≤ i ≤ n− 1, using Lemma 91 of Appendix C

Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ iC<n−1} =

n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ iC=j}

=
n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣FX
j

]
1{τ iC=j} .
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Hence, for any integer 1 ≤ i ≤ n−1, the second term in the right-hand side of Equation (4.26)
becomes

(Gi −Gi−1)1{τ i−1
C =τ iC ,i−1<τ i−1

C <n−1} = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{i−1<τ iC<n−1}1{τ i−1

C =τ iC}

− Ex
[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
1{i−1<τ i−1

C <n−1}1{τ i−1
C =τ iC}

=

n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣FX
j

]
1{τ iC=j}1{τ i−1

C =τ iC}

−
n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣FX
j

]
1{τ i−1

C =j}1{τ i−1
C =τ iC}

= 0 .

Moreover, by Lemma 91 of Appendix C,

Gi1{τ i−1
C =τ iC ,τ

i−1
C ≥n−1} = Ex

[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ iC≥n−1}1{τ i−1

C =τ iC}

= Ex
[
f(X0:n−1)

∣∣FX
n−1

]
1{τ iC≥n−1}1{τ i−1

C =τ iC}

= f(X0:n−1)1{τ i−1
C ≥n−1}1{τ i−1

C =τ iC}
.

Likewise,

Gi−11{τ i−1
C =τ iC ,τ

i−1
C ≥n−1} = Ex

[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
1{τ i−1

C ≥n−1}1{τ i−1
C =τ iC}

= Ex
[
f(X0:n−1)

∣∣FX
n−1

]
1{τ i−1

C ≥n−1}1{τ i−1
C =τ iC}

= f(X0:n−1)1{τ i−1
C ≥n−1}1{τ i−1

C =τ iC}
.

Hence, the third term in the right-hand side of Equation (4.26) becomes

(Gi −Gi−1)1{τ i−1
C =τ iC ,τ

i−1
C ≥n−1} = (f(X0:n−1)− f(X0:n−1))1{τ i−1

C ≥n−1}1{τ i−1
C =τ iC}

= 0 .

This concludes the proof of Lemma 43.

4.3.2.3 Proof of Lemma 44

First, Lemma 43 enables to decompose the difference Gi − Gi−1 in two terms. Each of the
two resulting terms are again decomposed in Equations (4.30) and (4.32) and then controlled
thanks to the bounded differences property of f . A preliminary bound on |Gi −Gi−1| is
thus derived in Inequality (4.38). Finally, we obtain Inequalities (4.14) and (4.15) that give
respectively expected bounds on |Gi −Gi−1| and |Gi −Gi−1|2.

Fix x in C. For any integer 1 ≤ i ≤ n, define Gi,1 and Gi,2 by

Gi,1 = Ex
[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
1{τ i−1

C =i−1} and Gi,2 = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ i−1

C =i−1} .

Using Equation (4.13) of Lemma 43, we get

(4.27) Gi −Gi−1 = (Gi −Gi−1)1{τ i−1
C =i−1} = Gi,2 −Gi,1 .

Define the functions (gi)0≤i≤n−1 by gn−1 = f and for any integer 0 ≤ i ≤ n− 2

gi(x0:i) = Exi [f(x0:i, X1:n−1−i)] ,
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Define similarly the functions (gi,π)0≤i≤n−1 by gn−1,π = f and for any integer 0 ≤ i ≤ n− 2

gi,π(x0:i) = Eπ [f(x0:i, X1:n−1−i)] = Eπ [f(x0:i, Xi+1:n−1)] .

Thanks to Markov property, for any integer 0 ≤ i ≤ n− 1 and all x in X

Ex
[
f (X0:n−1)

∣∣FX
i

]
= gi(X0:i) Px-a.s. .

Choose i in {0, . . . , n− 1} and x0:i in X i+1 fixed. It holds

|gi(x0:i)− gi,π(x0:i)| = |Exi [f(x0:i, X1:n−1−i)]− Eπ [f(x0:i, X1:n−1−i)]| .

Since f is in BD(X n, γ0:n−1), the function f̃i : y0:n−2−i ∈ X n−1−i 7→ f(x0:i, y0:n−2−i) ∈ R
satisfies for any y0:n−2−i in X n−1−i and any ỹ0:n−2−i in X n−1−i∣∣∣f̃i(y0:n−2−i)− f̃i(ỹ0:n−2−i)

∣∣∣ =
∣∣f(xi0, y0:n−2−i)− f(xi0, ỹ0:n−2−i)

∣∣
≤

i∑
k=0

γk1{xk 6=xk} +
n−2−i∑
k=0

γi+k+11{yk 6=ỹk} ≤
n−2−i∑
k=0

γi+k+11{yk 6=ỹk} ,

what exactly means that f̃i has bounded differences property and even that f̃i belongs to
BD(X n−1−i, γi+1:n−1). Lemma 42 applied to f̃i and the invariance of π for P lead to

|gi(x0:i)− gi,π(x0:i)| = |Exi [f(x0:i, X1:n−1−i)]− Eπ [f(x0:i, X1:n−1−i)]|(4.28)

=
∣∣∣EδxiP [f̃i(X0:n−2−i)

]
− Eπ

[
f̃i(X0:n−2−i)

]∣∣∣
≤ 2

n−1∑
k=i+1

γk dTV(δxiP
k−i, π) .

Assumption M3 ensures that there exist ζ0 in R∗+ and r0 in (0, 1) such that for any x in C and
any n in N, dTV(δxP

n, π) ≤ ζ0r
n
0 . Hence Inequality (4.28) implies for any x0:i = (x0, . . . , xi)

in X i × C

(4.29) |gi(x0:i)− gi,π(x0:i)| ≤ 2ζ0

n−1∑
k=i+1

γkr
k−i
0 .

For any integer 1 ≤ i ≤ n, applying Lemma 91 of Appendix C with T = τ i−1
C

Gi,1 = Ex
[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
1{τ i−1

C =i−1}(4.30)

= Ex
[
f(X0:n−1)

∣∣FX
i−1

]
1{τ i−1

C =i−1}

= gi−1(X0:i−1)1{τ i−1
C =i−1} = Ri,1 + gi−1,π(X0:i−1)1{τ i−1

C =i−1} ,

where Ri,1 = gi−1(X0:i−1)1{τ i−1
C =i−1} − gi−1,π(X0:i−1)1{τ i−1

C =i−1}.

Using Inequality (4.29), we get
(4.31)

|Ri,1| ≤ |gi−1(X0:i−1)− gi−1,π(X0:i−1)|1{τ i−1
C =i−1} ≤ 2ζ0

(
n−1∑
k=i

γkr
k−i+1
0

)
1{τ i−1

C =i−1} .
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On the other hand, since τ iC ≥ i, we have

XN =
{
τ iC ≥ n− 1

}⊔{
i ≤ τ iC ≤ n− 2

}
=
{
τ iC ≥ n− 1

}⊔n−2⊔
j=i

{
τ iC = j

} ,

so that Gi,2 decomposes as

Gi,2 = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ i−1

C =i−1}

= Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

] (
1{τ i−1

C =i−1,τ iC≥n−1} + 1{τ i−1
C =i−1,i≤τ iC≤n−2}

)
= Ex

[
f(X0:n−1)

∣∣∣FX
τ iC

]1{τ i−1
C =i−1,τ iC≥n−1} +

n−2∑
j=i

1{τ i−1
C =i−1,τ iC=j}

 .

Applying Lemma 91 of Appendix C with T = τ iC , for any integers i ≤ j ≤ n− 2

Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

] n−2∑
j=i

1{τ i−1
C =i−1,τ iC=j} =

n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ i−1

C =i−1,τ iC=j}

=
n−2∑
j=i

Ex
[
f(X0:n−1)

∣∣FX
j

]
1{τ i−1

C =i−1,τ iC=j}

=

n−2∑
j=i

gj (X0:j)1{τ i−1
C =i−1,τ iC=j} ,

and similarly

Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ i−1

C =i−1,τ iC≥n−1} = Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

]
1{τ iC≥n−1}1{τ i−1

C =i−1}

= Ex
[
f(X0:n−1)

∣∣FX
n−1

]
1{τ iC≥n−1}1{τ i−1

C =i−1}

= f (X0:n−1)1{τ i−1
C =i−1,τ iC≥n−1} ,

so that Gi,2 finally decomposes as

Gi,2 = f (X0:n−1)1{τ i−1
C =i−1,τ iC≥n−1} +

n−2∑
j=i

gj (X0:j)1{τ i−1
C =i−1,τ iC=j} .(4.32)

Let us define

(4.33) Ri,2 =
n−2∑
j=i

(gj (X0:j)− gj,π (X0:j))1{τ i−1
C =i−1,τ iC=j} .

Noting that for each i ≤ j ≤ n− 2, {τ iC = j} ⊂ {Xj ∈ C}, Inequality (4.29) ensures

|gj (X0:j)− gj,π (X0:j)|1{τ iC=j} = |gj (X0:j)− gj,π (X0:j)|1{τ iC=j}

≤ 2ζ0

n−1∑
k=j+1

γkr
k−j
0 1{τ iC=j} ≤ 2ζ0

n−1∑
k=τ iC+1

γkr
k−τ iC
0 1{τ iC=j}
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and hence

|Ri,2| =

∣∣∣∣∣∣
n−2∑
j=i

(gj (X0:j)− gj,π (X0:j))1{τ i−1
C =i−1,τ iC=j}

∣∣∣∣∣∣(4.34)

≤
n−2∑
j=i

|gj (X0:j)− gj,π (X0:j)|1{τ iC=j} 1{τ i−1
C =i−1}

≤ 2ζ0

 n−1∑
k=1+τ iC

γkr
k−τ iC
0

1τ i−1
C =i−1 .

Using Equation (4.30), we derive

Gi,1 = Ri,1 + gi−1,π(X0:i−1)1{τ i−1
C =i−1,τ iC≥n−1} +

n−2∑
j=i

gi−1,π(X0:i−1)1{τ i−1
C =i−1,τ iC=j} ,

and using Equation (4.32) combined with definition of Ri,2 in Equation (4.33), we derive

Gi,2 = f (X0:n−1)1{τ i−1
C =i−1,τ iC≥n−1} +Ri,2 +

n−2∑
j=i

gj,π (X0:j)1{τ i−1
C =i−1,τ iC=j} ,

Combining those decompositions of Gi,1 and Gi,2 with Equation (4.27), we get

Gi −Gi−1 =Gi,2 −Gi,1(4.35)

=Ri,2 −Ri,1 + (f (X0:n−1)− gi−1,π (X0:i−1))1{τ i−1
C =i−1,τ iC≥n−1}

+

n−2∑
j=i

(gj,π (X0:j)− gi−1,π (X0:i−1))1{τ i−1
C =i−1,τ iC=j} .

By definition of gi−1,π and Jensen inequality

|f (X0:n−1)− gi−1,π (x0:i−1) | = |f (X0:n−1)− Eπ [f (x0:i−1, X1:n−i)]|
= |Eπ [f (X0:n−1)]− Eπ [f (x0:i−1, X1:n−i)]|
= |Eπ [f (X0:n−1)− f (x0:i−1, X1:n−i)]|
≤ Eπ [|f (X0:n−1)− f (x0:i−1, X1:n−i)|] .

Since (X0:n−1) and (x0:i−1, X1:n−i) differ at most by their n − i last components, bounded
differences property of f in BD(X n, γ0:n−1) ensures

|f (X0:n−1)− f (x0:i−1, X1:n−i)| ≤
n−1∑
k=i

γk ,

so that

(4.36) |f (X0:n−1)− gi−1,π (x0:i−1)| ≤ Ēπ [|f (X0:n−1)− f (x0:i−1, X1:n−i)|] ≤
n−1∑
k=i

γk .
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For any integer i ≤ j ≤ n− 2, by definition of gj,π and gi−1,π and by Jensen inequality

|gj,π (x0:j)− gi−1,π (x0:i−1)| = |Eπ [f (x0:j , Xj+1:n−1)]− Eπ [f (x0:i−1, Xi:n−1)]|
= |Eπ [f (x0:j , Xj+1:n−1)− f (x0:i−1, Xi:n−1)]|
≤ Eπ [|f (x0:j , Xj+1:n−1)− f (x0:i−1, Xi:n−1)|]

Since (x0:j , Xj+1:n−1) and (x0:i−1, Xi:n−1) differ at worst from the i-th to j-th components,
bounded differences property of f in BD(X n, γ0:n−1) ensures

|f (x0:j , Xj+1:n−1)− f (x0:i−1, Xi:n−1)| ≤
j∑
k=i

γk ,

so that for i ≤ j ≤ n− 2

|gj,π (x0:j)− gi−1,π (x0:i−1)| ≤ Eπ [|f (x0:j , Xj+1:n−1)− f (x0:i−1, Xi:n−1)|] ≤
j∑
k=i

γk ,

and it leads to

n−2∑
j=i

|gj,π (X0:j)− gi−1,π (X0:i−1)|1{τ i−1
C =i−1,τ iC=j} ≤

n−2∑
j=i

j∑
k=i

γk1{τ i−1
C =i−1,τ iC=j}(4.37)

≤
τ iC∑
k=i

γk1{τ i−1
C =i−1,τ iC≤n−2} .

Plugging Inequalities (4.34), (4.31), (4.36) and (4.37) in Inequality (4.35)

|Gi −Gi−1| ≤ |Ri,2|+ |Ri,1|+
∣∣∣(f (X0:n−1)− gi−1,π (X0:i−1))1{τ i−1

C =i−1,τ iC≥n−1}

∣∣∣
+
n−2∑
j=i

|gj,π (X0:j)− gi−1,π (X0:i−1)|1{τ i−1
C =i−1,τ iC=j}

≤ 2ζ0

 n−1∑
k=1+τ iC

γkr
k−τ iC
0

1τ i−1
C =i−1 + 2ζ0

(
n−1∑
k=i

γkr
k−i+1
0

)
1τ i−1

C =i−1

+
n−1∑
k=i

γk1{τ i−1
C =i−1,τ iC≥n−1} +

τ iC∑
k=i

γk1{τ i−1
C =i−1,τ iC≤n−2} ,

so that finally

(4.38) |Gi −Gi−1| ≤

2ζ0

n−1∑
k=i

γkr
k−i+1
0 + 2ζ0

n−1∑
k=τ iC+1

γkr
k−τ iC
0 +

min(τ iC ,n−1)∑
k=i

γk

1τ i−1
C =i−1 .

Definitions of τ iC , τC and σC ensure

(4.39) τ iC = i+ τC ◦ θi ≥ i and σC = 1 + τC ◦ θ ,

so that

(4.40) σC ◦ θi−1 = 1 + τC ◦ θi = 1 + τ iC − i ≥ 1 > r0 .

Using Inequalities (4.40) and (4.38), we are now able to prove Inequalities (4.14) and (4.15).
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(I) First, we concentrate on the upper-bound on |Gi − Gi−1| claimed in Inequality (4.14)
denoting γ̄ = max{γ0, . . . , γn−1}.
Since r0 < 1, we have on the one hand

n−1∑
k=i

γkr
k−i+1
0 ≤ γ̄ r0

n−1∑
k=i

rk−i0 = γ̄ r0
1− rn−i0

1− r0
≤ γ̄ r0

1

1− r0
,(4.41)

and on the other hand

n−1∑
k=τ iC+1

γkr
k−τ iC
0 ≤ γ̄r0

n−τ iC−2∑
k=0

rk0 = γ̄r0
1− rn−1−τ iC

0

1− r0
≤ γ̄ r0

1

1− r0
,(4.42)

and since τ iC − i+ 1 = σC ◦ θi−1 by Equation (4.40), we have

min(τ iC ,n−1)∑
k=i

γk ≤ γ̄
(
min

(
τ iC , n− 1

)
− i+ 1

)
≤ γ̄

(
τ iC − i+ 1

)
≤ γ̄σC ◦ θi−1 .(4.43)

Hence, plugging Inequalities (4.41), (4.42) and (4.43) in Inequality (4.38), with the fact
that r0 ≤ σC ◦ θi−1 granted by Inequality (4.40), we finally derive

|Gi −Gi−1| ≤
(
γ̄

4ζ0

1− r0
r0 + γ̄σC ◦ θi−1

)
1τ i−1

C =i−1

≤ γ̄
(

4ζ0

1− r0
+ 1

)
σC ◦ θi−1

1τ i−1
C =i−1 ≤ ζ1(ζ0, r0) γ̄ σC ◦ θi−1

1τ i−1
C =i−1 .

(II) Let us now get the upper-bound on |Gi −Gi−1|2 claimed in Inequality (4.15).
For any r in (r0, 1), since k − i+ 1 ≥ 0 for any i ≤ k ≤ n− 1, we have rk−i+1

0 ≤ rk−i+1

so that
n−1∑
k=i

γkr
k−i+1
0 ≤

n−1∑
k=i

γkr
k−i+1 = r

n−1∑
k=i

γkr
k−i ≤

n−1∑
k=i

γkr
k−i ,

and similarly since k − τ iC ≥ 0 for any τ iC + 1 ≤ k ≤ n − 1, we have r
k−τ iC
0 ≤ rk−τ

i
C so

that using Equation (4.40)

n−1∑
k=τ iC+1

γkr
k−τ iC
0 ≤

n−1∑
k=τ iC+1

γkr
k−τ iC ≤ r−τ iC+i

n−1∑
k=τ iC+1

γkr
k−i

≤ r1−σC◦θi−1
n−1∑

k=τ iC+1

γkr
k−i ≤ r−σC◦θi−1

 n−1∑
k=τ iC+1

γkr
k−i

 .

Similarly, for any r in (0, 1), since k − τ iC ≤ 0 for any i ≤ k ≤ min
(
τ iC , n− 1

)
, we have

1 ≤ rk−τ iC so that using Equation (4.40)

min(τ iC ,n−1)∑
k=i

γk ≤
min(τ iC ,n−1)∑

k=i

γkr
k−τ iC ≤ r−τ iC+i

min(τ iC ,n−1)∑
k=i

γkr
k−i

≤ r1−σC◦θi−1

min(τ iC ,n−1)∑
k=i

γkr
k−i ≤ r−σC◦θi−1

min(τ iC ,n−1)∑
k=i

γkr
k−i

 .
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Hence, for any r in (r0, 1), from Inequality (4.38), we derive on {τ i−1
C = i− 1}

|Gi −Gi−1|

≤

2ζ0

n−1∑
k=i

γkr
k−i + 2ζ0r

−σC◦θi−1

 n−1∑
k=τ iC+1

γkr
k−i

+ r−σC◦θ
i−1

min(τ iC ,n−1)∑
k=i

γkr
k−i




≤

(
2ζ0

n−1∑
k=i

γkr
k−i + max(2ζ0, 1)r−σC◦θ

i−1

(
n−1∑
k=i

γkr
k−i

))

≤ 2 max(2ζ0, 1)

(
n−1∑
k=i

γkr
k−i

)
r−σC◦θ

i−1
.

Cauchy-Schwarz inequality yields(
n−1∑
k=i

γkr
k−i

)2

=

(
n−1∑
k=i

(
γk
√
rk−i

)√
rk−i

)2

≤

(
n−1∑
k=i

γ2
kr
k−i

)(
n−1∑
k=i

rk−i

)
≤

(
n−1∑
k=i

γ2
kr
k−i

)
1

1− r
,

so that finally

|Gi −Gi−1|2 ≤ 4 max(2ζ0, 1)2

(
n−1∑
k=i

γkr
k−i

)2

r−2σC◦θi−1
1τ i−1

C =i−1

≤ ζ2(ζ0, r) r
−2σC◦θi−1

(
n−1∑
k=i

γ2
kr
k−i

)
1τ i−1

C =i−1 .

4.3.2.4 Proof of Lemma 45

Fix x in C.
Since τC = τ0

C = 0 under Px for x in C, we have for all x in C and all n in N∗

Ex
[
f(X0:n−1)

∣∣∣FX
τ0C

]
= Ex

[
f(X0:n−1)

∣∣FX
0

]
= Ex [f(X0:n−1)] Px-a.s. ,

so that Px-almost surely G0 = Ex [f(X0:n−1)].
By definition, τn−1

C ≥ n−1 so that 1τn−1
C ≥n−1 = 1. Hence, Lemma 91 of Appendix C ensures

that Px-almost surely for all n in N∗

Ex
[
f(X0:n−1)

∣∣∣FX
τn−1
C

]
= Ex

[
f(X0:n−1)

∣∣∣FX
τn−1
C

]
1τn−1

C ≥n−1 = Ex
[
f(X0:n−1)

∣∣FX
n−1

]
1τn−1

C ≥n−1

= Ex
[
f(X0:n−1)

∣∣FX
n−1

]
= f(X0:n−1) ,

so that Px-almost surely Gn−1 = f(X0:n−1).
Hence, we get the following decomposition of f(X0:n−1)− Ex [f(X0:n−1)]

f(X0:n−1)− Ex [f(X0:n−1)] = Gn−1 −G0 =

n−1∑
i=1

(Gi −Gi−1) .(4.44)
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For all integer 1 ≤ i ≤ n− 1, using Lemma 43

Gi −Gi−1 = (Gi −Gi−1)1{τ i−1
C =i−1} .

By Lemma 44, for all r in [r0, 1), there exist constants ζ1(ζ0, r0) and ζ2(ζ0, r) such that for
any n in N, any integer 1 ≤ i ≤ n− 1, any γ0:n−1 in Rn+, any f in BD(X n, γ0:n−1) and any x
in C

(4.45) |Gi −Gi−1| ≤ ζ1(ζ0, r0) max
0≤j≤n−1

(γj)1{τ i−1
C =i−1} σC ◦ θ

i−1 ,

and

(4.46) |Gi −Gi−1|2 ≤ ζ2(ζ0, r)1{τ i−1
C =i−1} r

−2σC◦θi−1
n−1∑
k=i

γ2
kr
k−i .

Using that et ≤ 1 + t+ t2e|t| for every real t, yields

Ex
[
eGi−Gi−1

∣∣∣FX
τ i−1
C

]
≤ Ex

[
1 + (Gi −Gi−1) + (Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
τ i−1
C

]
.

For any 1 ≤ i ≤ n − 1, since τ i−1
C ≤ τ iC , FX

τ i−1
C

⊂ FX
τ iC

and tower property of conditional

expectation in Lemma 92-Item (iii) of Appendix C thus ensures

Ex
[
Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

] ∣∣∣FX
τ i−1
C

]
= Ex

[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
,

so that

Ex
[
Gi −Gi−1

∣∣∣FX
τ i−1
C

]
= Ex

[
Gi

∣∣∣FX
τ i−1
C

]
− Ex

[
Gi−1

∣∣∣FX
τ i−1
C

]
= Ex

[
Ex
[
f(X0:n−1)

∣∣∣FX
τ iC

] ∣∣∣FX
τ i−1
C

]
− Ex

[
Ex
[
f(X0:n−1)

∣∣∣FX
τ i−1
C

] ∣∣∣FX
τ i−1
C

]
= Ex

[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
− Ex

[
f(X0:n−1)

∣∣∣FX
τ i−1
C

]
= 0 ,

and thus

Ex
[
1 + (Gi −Gi−1) + (Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
τ i−1
C

]
≤ 1 + Ex

[
(Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
τ i−1
C

]
.

Since Gi −Gi−1 = 0 outside {τ i−1
C = i− 1} by Lemma 43, Lemma 91 of Appendix C yields

Ex
[
(Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
τ i−1
C

]
= Ex

[
(Gi −Gi−1)2

1{τ i−1
C =i−1}e

|Gi−Gi−1|
∣∣∣FX

τ i−1
C

]
≤ Ex

[
(Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
i−1

]
1{τ i−1

C =i−1} .

We set

ε =
log(δ)

2ζ1(ζ0, r0)
and r =

1 + max
(
r0, δ

− 1
4

)
2

,

where δ is defined in M2 so that ε lies in
(
0, ζ1(ζ0, r0)−1 log(δ)

)
and r in [r0, 1) and thus

(4.47) − 2 log(r) + ζ1(ζ0, r0)ε ≤ log(δ) .
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With Inequalities (4.45) and (4.46), we get

Ex
[
(Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
i−1

]
≤ Ex

[
ζ2(ζ0, r)r

−2σC◦θi−1
n−1∑
k=i

γ2
kr
k−ie

ζ1(ζ0,r0) max
0≤i≤n−1

(γi)σC◦θi−1
∣∣∣∣∣FX

i−1

]

≤ ζ2(ζ0, r)

(
n−1∑
k=i

γ2
kr
k−i

)
Ex

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC◦θi−1

∣∣∣∣∣FX
i−1

]
,

but Markov property ensures

Ex

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC◦θi−1

∣∣∣∣∣FX
i−1

]
= EXi−1

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC

]
,

so that

Ex
[
(Gi −Gi−1)2e|Gi−Gi−1|

∣∣∣FX
i−1

]
(4.48)

≤ ζ2(ζ0, r)

(
n−1∑
k=i

γ2
kr
k−i

)
EXi−1

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC

]
,

(I) We first deal with the case where max(γ0, . . . , γn−1) ≤ ε.
From definition of τ i−1

C , Xi−1 lies in C on {τ i−1
C = i− 1} so that

EXi−1

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC

]
1{τ i−1

C =i−1}(4.49)

≤ sup
x∈C

(
Ex

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC

])
1{τ i−1

C =i−1}

Using Inequality (4.47)

sup
x∈C

(
Ex

[
e

(
−2 log(r)+ζ1(ζ0,r0) max

0≤i≤n−1
(γi)

)
σC

])
(4.50)

≤ sup
x∈C

(
Ex
[
e(−2 log(r)+ζ1(ζ0,r0)ε)σC

])
≤ sup

x∈C

(
Ex
[
elog(δ)σC

])
≤ sup

x∈C
(Ex [δσC ]) ≤M .

Using the convexity inequality 1 + t ≤ et valid for any real t, we get

1 + ζ2(ζ0, r)

(
n−1∑
k=i

γ2
kr
k−i

)
M ≤ exp

(
ζ2(ζ0, r)

(
n−1∑
k=i

γ2
kr
k−i

)
M

)
.(4.51)

Plugging successively Inequalities (4.49), (4.50) and (4.51) in Inequality (4.48) leads for
any integer 1 ≤ i ≤ n− 1 to

(4.52) Ex
[
eGi−Gi−1

∣∣∣FX
τ i−1
C

]
≤ exp

(
ζ2(ζ0, r)

(
n−1∑
k=i

γ2
kr
k−i

)
M

)
.
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For integer 1 ≤ j ≤ n− 1, we have τn−j−1
C ≥ n− j− 1 so that Item (ii) in Definition 89

guarantees the inclusion FX
n−j−1 ⊂ FX

τn−j−1
C

. The random variable eGi−Gi−1 is thus

F
τn−j−1
C

-measurable for any integer 1 ≤ i ≤ n− j − 1 so that

Ex

[
n−j∏
i=1

eGi−Gi−1

∣∣∣∣∣FX
τn−j−1
C

]
=

n−j−1∏
i=1

eGi−Gi−1Ex
[
eGn−j−Gn−j−1

∣∣FX
τn−j−1
C

]
.

and since 1 ≤ n− j ≤ n− 1, Inequality (4.51) yields

Ex

[
n−j∏
i=1

eGi−Gi−1

]
(4.53)

= Ex

[
Ex

[
n−j∏
i=1

eGi−Gi−1

∣∣∣∣∣FX
τn−j−1
C

]]

= Ex

[
n−j−1∏
i=1

eGi−Gi−1Ex
[
eGn−j−Gn−j−1

∣∣FX
τn−j−1
C

]]

≤ Ex

[
n−j−1∏
i=1

eGi−Gi−1

]
exp

ζ2(ζ0, r)

 n−1∑
k=n−j

γ2
kr
k−(n−j)

M

 .

Hence, decomposing f(X0:n−1)−Ex[f(X0:n−1)] according to Equation (4.44) and using
then recursively Inequality (4.53)

Ex
[
ef(X0:n−1)−Ex[f(X0:n−1)]

]
= Ex

[
e
∑n−1
i=1 (Gi−Gi−1)

]
= Ex

[
n−1∏
i=1

eGi−Gi−1

]

≤
n−1∏
j=1

exp

ζ2(ζ0, r)

 n−1∑
k=n−j

γ2
kr
k−(n−j)

M

 =
n−1∏
j=1

exp

ζ2(ζ0, r)

n−1∑
k=j

γ2
kr
k−j

M


≤ exp

ζ2(ζ0, r)M

n−1∑
j=1

n−1∑
k=j

γ2
kr
k−j

 .

Since

n−1∑
i=1

n−1∑
k=i

γ2
kr
k−i =

n−1∑
k=1

γ2
k

k∑
i=1

rk−i =
n−1∑
k=1

γ2
k

k−1∑
j=0

rj =
n−1∑
k=1

γ2
k

1− rk

1− r
≤ 1

1− r

n−1∑
k=0

γ2
k ,

we finally have

(4.54) Ex
[
ef(X0:n−1)−Ex[f(X0:n−1]

]
≤ exp

(
ζ2(ζ0, r)

1− r
M

n−1∑
k=0

γ2
k

)
.

(II) We now deal with the second case : max(γ0, . . . , γn−1) > ε.
Fix x̃ in X and define an auxiliary function f̃ : X n → R from f by denoting for any
x0:n−1 in X n

f̃(X0:n−1) = f(x01{γ0≤ε} + x̃1{γ0>ε}, . . . , xn−11{γn−1≤ε} + x̃1{γn−1>ε}) .
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Function f belonging to BD (X n, γ0:n−1), auxiliary function f̃ automatically also belongs
to BD (X n, γ̃0:n−1) where

γ̃n−1
0 =

(
γ01{γ0≤ε}, . . . , γn−11{γn−1≤ε}

)
.

Since max(γ̃0, . . . , γ̃n−1) < ε, f̃ satisfies Inequality (4.54)

Ex
[
ef̃(X0:n−1)−Ex[f̃(X0:n−1)]

]
≤ exp

(
ζ2(ζ0, r)

1− r
M

n−1∑
k=0

γ̃2
k

)
(4.55)

≤ exp

(
ζ2(ζ0, r)

1− r
M

n−1∑
k=0

γ2
k1{γk≤ε}

)

≤ exp

(
ζ2(ζ0, r)

1− r
M

n−1∑
k=0

γ2
k

)
.

Furthermore, by definition of f̃ and since f is in BD(X n, γ0:n−1), for any x0:n−1 in X n

|f(x0:n−1)− f̃(x0:n−1)| =
n−1∑
i=0

γi1{γi>ε} ≤
n−1∑
i=0

γi
γi
ε
≤ 1

ε

n−1∑
i=0

γ2
i .(4.56)

Since Inequality (4.56) yields on the one hand

f (X0:n−1)− f̃ (X0:n−1) ≤
∣∣∣f (X0:n−1)− f̃ (X0:n−1)

∣∣∣ ≤ 1

ε

n−1∑
i=0

γ2
i ,

and on the other hand combined with Jensen Inequality

Ex
[
f̃ (X0:n−1)

]
− Ex [f (X0:n−1)] = Ex

[
f̃ (X0:n−1)− f (X0:n−1)

]
≤
∣∣∣Ex [f̃ (X0:n−1)− f (X0:n−1)

]∣∣∣ ≤ Ex
[∣∣∣f̃ (X0:n−1)− f (X0:n−1)

∣∣∣]
≤ Ex

[
1

ε

n−1∑
i=0

γ2
i

]
≤ 1

ε

n−1∑
i=0

γ2
i ,

decomposing f (X0:n−1)− Ex [f (X0:n−1)] as the sum

f (X0:n−1)− f̃ (X0:n−1) + f̃ (X0:n−1)

− Ex
[
f̃ (X0:n−1)

]
+ Ex

[
f̃ (X0:n−1)

]
− Ex [f (X0:n−1)] ,

enables to write

ef(X0:n−1)−Ex[f(X0:n−1)]

= ef(X0:n−1)−f̃(X0:n−1) ef̃(X0:n−1)−Ēx,ϑ[f̃(X0:n−1)] eEx[f̃(X0:n−1)]−Ex[f(X0:n−1)]

≤ e
1
ε

∑n−1
i=0 γ

2
i ef̃(X0:n−1)−Ex[f̃(X0:n−1)] eEx[

1
ε

∑n−1
i=0 γ

2
i ]

≤ e
2
ε

∑n−1
i=0 γ

2
i ef̃(X0:n−1)−Ex[f̃(X0:n−1)] .
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And hence

Ex
[
ef(X0:n−1)−Ex[f(X0:n−1)]

]
≤ Ex

[
e

2
ε

∑n−1
i=0 γ

2
i ef̃(X0:n−1)−Ex[f̃(X0:n−1)]

]
≤ e

2
ε

∑n−1
i=0 γ

2
i Ex

[
ef̃(X0:n−1)−Ex[f̃(X0:n−1)]

]
,

so that, Inequality (4.55) yields

Ex
[
ef(X0:n−1)−Ex[f(X0:n−1)]

]
≤ e

2
ε

∑n−1
i=0 γ

2
i exp

(
ζ2(ζ0, r)

1− r
M

n−1∑
k=0

γ2
k1{γk≤ε}

)

≤ exp

((
2

ε
+
ζ2(ζ0, r)

1− r
M

) n−1∑
k=0

γ2
k

)
.

Whatever the value of max(γ0, . . . , γn−1), we just proved that for all γ0:n−1 in R∗+, f in
BD(X n, γ0:n−1) and x in C

Ex
[
ef(X0:n−1)−Ex[f(X0:n−1)]

]
≤ exp

(
κ

n−1∑
i=0

γ2
i

)
,

where explicit expression for κ(ζ0, r0, δ,M) is given in Equation (4.19).

4.4 Proof of Theorem 40

In this section, we want to prove that assumptions necessary for application of Theorem 39
to the specific transition kernel Kν given by Equation (4.10) are satisfied provided ν meets
some requirements.

In Section 4.4.1, we provides some theoretical prerequisites. In Section 4.4.2, we check
that the Assumptions M1, M2 and M3 are indeed entailed by Assumptions F1 and F2 of
Chapter 3.

4.4.1 V -geometric ergodicity

Recall first the notion of Döblin set and the definition of the V -norm.

Definition 46. If P is a Markov kernel on X ×X , a set C in X is a (m, ε)-Döblin set for
P where m in N∗ and ε > 0, if and only if, for any x and x′ in C

dTV(Pm(x, ·), Pm(x′, ·)) ≤ 1− ε .

Remark 47. When the state space X is discrete, for every couple of probability measures
(µ1, µ2) on X , it holds

dTV(µ1, µ2) = 1−
∑
z∈X

min (µ1(z), µ2(z)) ,

so that a set B in X is a (m, ε)-Döblin set for Markov kernel P on X ×X , if and only if,
it holds

(4.57) inf
(x,x′)∈B×B

(∑
z∈X

min
(
Pm(x, z), Pm(x′, z)

))
≥ ε .

Therefore, if there exists z in X such that infx∈B P
m(x, z) ≥ ε, then B is a (m, ε)-Döblin set

for P .
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Definition 48. If V is a function from X into [1,+∞], the V -norm of any finite signed
measure ξ on X such that |ξ|(V ) < +∞ (where |ξ| = ξ+ + ξ− with (ξ+, ξ−) the Jordan
decomposition of ξ) is the positive real number denoted ‖ξ‖V and defined as

‖ξ‖V = |ξ|(V ) .

Remark 49. Since 1X ≤ V and |ξ| is a (positive) measure for any signed measure ξ, it holds

(4.58) ‖ξ‖TV = |ξ|(X) = |ξ|(1X) ≤ |ξ|(V ) = ‖ξ‖V .

And hence, if the V -norm of a signed measure is upper-bounded so is also its TV-norm and
the upper-bound is the same.

The condition of uniform geometric ergodicty of the chain in total variation distance
specified in M3 asserts that the distribution of some Markov chain converges geometrically
to its invariant distribution and even at which rate. This condition of geometric ergodicity
with explicit rates can be granted by an adaptation of [DMPS18, Theorem 19.4.1] stated for
completeness in Theorem 50.

Theorem 50. [DMPS18, Theorem 19.4.1] Let P be a Markov kernel on X × X . Assume
that P satisfies the following conditions:

1. there exist V : X → [1,+∞), λ in [0, 1) and b in R+ such that

PV ≤ λV + b ,

2. there exist m in N∗, ε in (0, 1] and d > 0 such that the level set {V ≤ d} is a (m, ε)-
Döblin set and λ+ 2b/(1 + d) < 1.

Then, P admits a unique invariant probability measure π.
Furthermore, π(V ) < +∞ and for all ξ in M 1(X ) and all n in N∗, it holds

(4.59) dV(ξPn, π) ≤ cm (π(V ) + ξ(V )) ρb
n
mc ,

where

log(ρ) =
log(1− ε) log(λ̄m)

log(1− ε) + log(λ̄m)− log(b̄m)
,

λ̄m = λm +
2bm

1 + d
and b̄m = λmbm + d and bm = b

1− λm

1− λ
,

cm =
λm + 1−λm

1−λ

1 + b̄m
(1−ε)(1−λ̄m)

.

Remark 51. The combination of Theorem 50-Item 1 and of the conclusions of Theorem 50
has an other interesting consequence. Since π is the invariant distribution for P , it holds
πP = π and π(V ) < +∞. Then, we have

PV ≤ λV + b ⇒ (πP )(V ) ≤ λπ(V ) + b

⇒ π(V ) ≤ λπ(V ) + b

⇒ π(V ) ≤ b

1− λ
.

The term π(V ) of Inequality (4.59) is thus not only finite but also precisely upper-bounded
thanks to the drift condition Theorem 50-Item 1.
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Theorem 50-Item 1, called drift condition, is a common condition in Markov chain theory
closely related to the asymptotic behaviour of the chain. Indeed, [DMPS18, Proposition 4.3.3]
(stated for completeness in Proposition 52) shows that the existence of a drift condition of
the form PV ≤ λV + b1C is equivalent to the existence of a finite exponential moment for
the return time to the set C.

Proposition 52. [DMPS18, Proposition 4.3.3] Let P be a Markov kernel on X ×X and C
in X .

(i) If there exists β in [1,+∞) such that b = supx∈C (Ex[βσC ]) < +∞, then, the function
V : X → (1,+∞) defined by V (x) = Ex[βτC ] is such that

(4.60) PV ≤ β−1V + b1C .

(ii) If there exist a function V : X → [1,+∞) and constants λ in [0, 1) and b < +∞ such
that PV ≤ λV + b1C , then, for all x in X

(4.61) Ex[λ−σC ] ≤ V (x) + bλ−1 .

Remark 53. In the framework of Section 4.1, if Assumption M2 is satisfied there exist C
in X , δ in (1,+∞) and M in (0,+∞) such that supx∈C (Ex [δσC ]) ≤M .
Defining for any x in X , the drift function V by

V (x) = Ex[δτC ] ,

[DMPS18, Proposition 4.3.3] ensures that

(4.62) PV ≤ δ−1V +M1C ≤ δ−1V +M ,

so that Theorem 50-Item 1 is satisfied.

But the function V has also an other interesting property : since τC = 0 Px-a.s. for any
x in C, we have δx(V ) = V (x) = Ex[δτC ] = Ex[δ0] = 1 and it holds

(4.63) sup
x∈C

(δx(V )) = δ0(V ) = V (0) = 1 .

This is in particular interesting for the control of term ξ(V ) of the Inequality (4.59) when
supp(ξ) ⊂ C.

4.4.2 Satisfaction of Assumptions M1, M2 and M3

For fixed c0 > 0 and fixed α in (0, 1/2), consider ν in M1 ([0, 1]) such that ν([α, 1− α]) = 1
and −∞ <

∫ 1
0 log

(
1−t
t

)
ν(dt) ≤ −c0. Hereafter, we set (X ,X ) = (N,P(N)), P = Kν and

C = {0}.

For any (i, j) ∈ N, Kν(i, j) is strictly positive so that Kν is aperiodic. The set C is an
atom and is therefore small. Furthermore, since Kν(i, 0) > 0 for any i ∈ N, C is also an
accessible set. It follows that, for any ν in Θ, Kν is an irreducible and aperiodic Markov
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kernel on (N,P(N)). Kν admits thus an unique invariant probability denoted πν . The As-
sumption M1 is thus satisfied.

Consider the positive constants K1(c0, α) and K2(c, α) given in Equations (3.85) and
(3.86) of Chapter 3 and set

(4.64) δ = δ(c0, α)e
K2(c0,α)

2 > 1 ,

and

(4.65) M = M(c0, α) = 1 +K1(c0, α) > 0 .

By Corollary 15 of Chapter 3, we get

(4.66) sup
x∈C

Ex [δσC ] ≤M ,

so that the Assumption M2 is satisfied.

Now, we finally check that M3 is satisfied by application of Theorem 50.
Since Assumption M2 is satisfied, Remark 53 ensures that the function Vν defined for all x
in N by Vν(x) = Ex[δτC ] satisfies

(4.67) KνVν ≤ δ−1Vν +M1C ≤ δ−1Vν +M .

Hence the drift condition of Theorem 50-Item 1 is satisfied.

To check Theorem 50-Item 2, we have to show that there exist d > −1 + 2M/(1− δ−1), a
real number ε > 0 such that {Vν ≤ d} is an (1, ε)-Döblin set for Kν . Thanks to Remark 47,
it suffices to show that there exist d > −1 + 2M/(1− δ−1) and ε > 0 such that

(4.68) inf
x∈{Vν≤d}

Kν(x, 0) ≥ ε .

From definition of Kν and the fact that supp(ν) ⊂ [α, 1− α], we obtain for any x in {Vν ≤ d}

Kν(x, 0) =

(
x+ 0

x

)∫ 1

0
tx+1(1− t)0ν(dt) =

∫ 1

0
tx+1ν(dt)

=

∫ 1−α

α
tx+1ν(dt) ≥

∫ 1−α

α
αx+1ν(dt) ≥ αx+1 .

To reach Inequality (4.68), it remains to prove that there exist d in R∗+ and Bd in N such
that

(4.69) [Bd,+∞] ∩ N ⊂ {Vν > d} .

Indeed, [Bd,+∞] ∩ N ⊂ {Vν > d} being equivalent to {Vν ≤ d} ⊂ [0, Bd] ∩ N, this would
imply that

(4.70) inf
x∈{Vν≤d}

(Kν(x, 0)) ≥ inf
x∈[0,Bd]∩N

(Kν(x, 0)) ≥ inf
x∈[0,Bd]∩N

(
αx+1

)
≥ αBd+1 ,

and the set {Vν ≤ d} would then be a (1, αBd+1)-Döblin set.
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Since δ > 1, we first notice that for any N in N∗ and any x in N

Vν(x) = Ex [δτC ] = Ex [δτC1τC<N ] + Ex [δτC1τC≥N ](4.71)

≥ 0 + Ex
[
δN1τC≥N

]
= δNPx(τC ≥ N) .

Inequality (4.71) suggest to lower-bound the probability of the event {τ0 ≥ N} under Px as
a function of x in order to find Bd as in Inclusion (4.69). The event {τ0 ≥ N} corresponds to
the fact that the chain does not reach {0} before time step N . This can in particular happen
when the chain (Xn)n∈N starting from big enough integer i doesn’t decrease more than a
specific constant proportion, denoted f(α, p) (defined in Equation (4.73)), of the precedent
position at each time step. This event is denoted AN (α, p) and defined formally in Equa-
tion (4.74). Indeed, if we choose the integer i and the proportion accordingly, after N − 1
steps, the chain has not reached {0} yet.
First, we prove in Lemma 59 that the probability that the walk decreases more than a con-
stant proportion f(α, p) of the precedent position in one single time step, is upper-bounded
by some p in (0, 1). Then in Lemma 61, we proceed by recursion to lower-bound the prob-
ability Pi of the particular event AN (α, p) included in {τ0 ≥ N} for a specific value iN of i
defined in Equation (4.75).

Let us introduce some notations:

• For any p in (0, 1), i0(α, p) is the integer defined by

(4.72) i0(α, p) =

⌊
(1− α)3

pα4

⌋
.

• For any p in (0, 1), f(α, p) is defined by

(4.73) f(α, p) =
α

1− α
− 1
√
p

√
1− α
α

1√
i0(α, p) + 1

.

• For any p in (0, 1) and any N in N, the set AN (α, p) is defined by

(4.74) AN (α, p) =
N⋂
j=1

{Xj > bf(α, p)Xj−1c} ∈ FX
N .

• For any p in (0, 1) and any N in N∗, the integer iN is defined by

(4.75) iN = iN (α, p) = 1 +

⌊
i0(α, p)

f(α, p)N

⌋
.

Remark 54. For any p in (0, 1), since

1− α ≥ 1

2
and

1

α
> 2 and

1

p
> 1 ,

it follows

i0(α, p) =

⌊
(1− α)3

pα4

⌋
≥ 2 .
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Remark 55. For any p in (0, 1) and any N in N, Equation (4.74) ensures

(4.76) AN+1(α, p) = AN (α, p) ∩ {XN+1 > bf(α, p)XNc} ,

so that the sequence of sets (AN (α, p))N∈N is decreasing

A0(α, p) ⊃ A1(α, p) ⊃ · · · ⊃ AN−1(α, p) ⊃ AN (α, p) ⊃ AN+1(α, p) ⊃ . . . .

Remark 56. For any p in (0, 1) and for any i in N

α

1− α
− 1
√
p

√
1− α
α

1√
i+ 1

> 0

⇔ α

1− α
>

1
√
p

√
1− α
α

1√
i+ 1

⇔ pα4

(1− α)3
>

1

i+ 1

⇔ pα4

(1− α)3
>

1

i+ 1
⇔ i >

(1− α)3

pα4
− 1⇔ i ≥

⌊
(1− α)3

pα4

⌋
,

so that the value chosen for the integer i0(α, p) ensures that the function f takes indeed value
in (0, 1).

Remark 57. If N is a non negative integer, by definition of AN (α, p) in Equation (4.74),
on the set AN (α, p), we have X1 > bf(α, p)X0c.
Assume now that for some integer N ≥ 2 and some non negative integer k ≤ N − 1, the
inequality Xk > f(α, p)kX0 holds on the set AN (α, p). Xk being an integer Xk >

⌊
f(α, p)kX0

⌋
is equivalent to Xk > f(α, p)X0 and similarly Xk+1 being an integer Xk+1 > bf(α, p)Xkc is
equivalent to Xk+1 > f(α, p)Xk and thus on the set AN (α, p)

Xk+1 > f(α, p)Xk > f(α, p)f(α, p)kX0 > f(α, p)k+1X0 ≥
⌊
f(α, p)k+1X0

⌋
.

By induction, for any p in (0, 1) and any non negative integer N , on the set AN (α, p), we
get for any integer 1 ≤ k ≤ N

Xk >
⌊
f(α, p)kX0

⌋
,

and thus

AN (α, p) ⊂
N⋂
k=1

{
Xk >

⌊
f(α, p)kX0

⌋}
.(4.77)

Remark 58. For any p in (0, 1) and any non negative integers N and k such that k ≤ N ,
since f(α, p) lies in (0, 1) and N − k is a positive integer, f(α, p)N−k lies also in (0, 1) and
thus for any integer i ≥ iN⌊

f(α, p)ki
⌋
≥
⌊
f(α, p)kiN

⌋
≥
⌊
f(α, p)k

(
1 +

⌊
i0(α, p)

f(α, p)N

⌋)⌋
≥
⌊
f(α, p)k

i0(α, p)

f(α, p)N

⌋
≥
⌊

i0(α, p)

f(α, p)N−k

⌋
≥ bi0(α, p)c

≥ i0(α, p) .
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Thanks to inclusion (4.77) of Remark 57 and Remark 58, we derive for any p in (0, 1), for
any N in N, for any i ≥ iN and for any 1 ≤ n ≤ N − 1, the following inclusions

An(α, p) ∩ {X0 = i} ⊂
n⋂
k=1

{
Xk >

⌊
f(α, p)kX0

⌋}
∩ {X0 = i}(4.78)

⊂
n⋂
k=1

{
Xk >

⌊
f(α, p)ki

⌋}
⊂

n⋂
k=1

{Xk > i0(α, p)} .

Remark 54 ensures that i0(α, p) ≥ 1 so that
⋂n−1
k=1 {Xk > i0(α, p)} ⊂ {τ0 ≥ n} and then

An−1(α, p) ∩ {X0 = i} ⊂ {τ0 ≥ n} .(4.79)

Since Equation (4.79) implies that for any integer i ≥ iN

(4.80) Pi (AN−1(α, p)) ≤ Pi (τ0 ≥ N) ,

it is sufficient to find a lower-bound on Pi(AN−1(α, p)) to obtain a lower-bound on Pi (τ0 ≥ N),

Lemma 59. For any p in (0, 1) and any i in N such that i ≥ i0(α, p)

(4.81) Kν (i, {j : j ≤ bf(α, p)i0(α, p)c}) ≤ Kν (i, {j : j ≤ bf(α, p)ic}) ≤ p .

Proof. Fix p in (0, 1) and an integer i ≥ i0(α, p).
Let’s introduce a family of probability distributions (Qt,j)(t,j)∈[0,1]×N (as well as EQt,j and
VarQt,j the associated expectation and variance symbols) and a random variable Y whose
distribution under Qt,j is a negative binomial with parameters j and t, i.e. for any k in N

Qt,j(Y = k) =

(
j + k

k

)
tj+1(1− t)k .

Recall that

(4.82) EQt,j [Y ] = (j + 1)
1− t
t

and VarQt,j (Y ) = (j + 1)
1− t
t2

.

For any integer j, the functions t ∈ [α, 1− α] 7→ EQt,j [Y ] and t ∈ [α, 1− α] 7→ VarQt,j (Y ) are
hence both decreasing so that for any j in N and any t in [α, 1− α]

(4.83) EQα,j [Y ] ≥ EQt,j [Y ] ≥ EQ1−α,j [Y ] and VarQα,j (Y ) ≥ VarQt,j (Y ) ≥ VarQ1−α,j (Y ) .

Since we have the inclusions

{j : j ≤ bf(α, p)i0(α, p)c} ⊂ {j : j ≤ bf(α, p)ic} ⊂ {j : j ≤ bf(α, p)(i+ 1)c} ,

it holds

Kν (i, {j : j ≤ bf(α, p)i0(α, p)c}) ≤ Kν (i, {j : j ≤ bf(α, p)ic})
≤ Kν (i, {j : j ≤ bf(α, p)(i+ 1)c}) .
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Combining the definition of Kν and the fact that supp(ν) ⊂ [α, 1− α], we derive

Kν (i, {j : j ≤ bf(α, p)(i+ 1)c}) =

bf(α,p)(i+1)c∑
j=0

Kν(i, j)

=

bf(α,p)(i+1)c∑
j=0

(
i+ j

j

)∫ 1

0
ti+1(1− t)jν(dt) =

∫ 1

0

bf(α,p)(i+1)c∑
j=0

(
i+ j

j

)
ti+1(1− t)j

 ν(dt)

=

∫ 1

0
Qt,i(Y ≤ bf(α, p)(i+ 1)c)ν(dt) ≤

∫ 1

0
Qt,i (Y ≤ f(α, p)(i+ 1)) ν(dt) ,

so that it holds

Kν (i, {j ∈ N : j ≤ bf(α, p)i0(α, p)c}) ≤ Kν (i, {j ∈ N : j ≤ bf(α, p)ic})(4.84)

≤
∫ 1

0
Qt,i (Y ≤ f(α, p)(i+ 1)) ν(dt) .

By the definition of f(α, p) and Equation (4.82), for any j in N

f(α, p)(j + 1) =

(
α

1− α
− 1
√
p

√
1− α
α

1√
i0(α, p) + 1

)
(j + 1)

=
α

1− α
(i+ 1)−

√
(j + 1)1−α

α2

p

√
j + 1

i0(α, p) + 1

= EQ1−α,j [Y ] ≤ −

√
VarQα,j (Y )

p

√
j + 1

i0(α, p) + 1
.

Combining latest inequality with Inequalities (4.83) and the fact that i ≥ i0(α, p), we thus
derive the following sequence of inclusions

{Y ≤ f(α, p)(i+ 1)} ⊂

Y − EQ1−α,i [Y ] ≤ −

√
VarQα,i(Y )

p

√
i+ 1

i0(α, p) + 1


⊂

Y − EQt,i [Y ] ≤ −

√
VarQt,i(Y )

p

√
i+ 1

i0(α, p) + 1


⊂

Y − EQt,i [Y ] ≤ −

√
VarQt,i(Y )

p

 ⊂
∣∣Y − EQt,i [Y ]

∣∣ ≥
√

VarQt,i(Y )

p

 .

By Tchebychev inequality, we have, for any j in N and any t in (0, 1)

Qt,j

∣∣Y − EQt,j [Y ]
∣∣ ≥

√
VarQt,j (Y )

p

 ≤ VarQt,j (Y )(√
VarQt,j (Y )

p

)2 ≤ p .

Hence, previous inclusions yield for any t in (0, 1)∫ 1

0
Qt,i (Y ≤ f(α, p)(i+ 1)) ν(dt) ≤ p .(4.85)
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Combining Equations (4.84) and (4.85), we finally proved that

Kν (i, {j ∈ N : j ≤ bf(α, p)i0(α, p)c}) ≤ Kν (i, {j ∈ N : j ≤ bf(α, p)ic}) ≤ p .

Remark 60. Expressions of i0(α, p) and f(α, p) in Equations (4.72) and (4.73) have been
designed explicitly to grant Lemma 59.

Proof of Lemma 61 uses a common property of Markov chains on discrete state space
given in Lemma 85 of Appendix A.

Lemma 61. For any positive integer N , any integer 1 ≤ k ≤ N − 1, any p in (0, 1) and any
integer i ≥ iN

(4.86) Pi(Ak(α, p)) ≥ (1− p)k ,

where Ak(α, p) is defined in Equation (4.74).

Proof. Fix an integer i ≥ iN . We will proceed by induction on k.
Since Pi-a.s. X0 = i, we have for any integer k in N

Pi (Ak(α, p)) = Pi (Ak(α, p) ∩ {X0 = i}) .

Base case : By Remark 58, bf(α, p)iNc ≥ i0(α, p) so that bf(α, p)ic ≥ bf(α, p)iNc ≥ i0(α, p) and
Inequality (4.81) ensures

Pi(Ak(α, p)) = Pi ({X0 = i} ∩ {X1 > bf(α, p)X0c})
= Pi ({X0 = i} ∩ {X1 > bf(α, p)ic})
= Kν(i, {j ∈ N : j > bf(α, p)ic})
= 1−Kν(i, {j ∈ N : j ≤ bf(α, p)ic}) ≥ 1− p ,

and induction is thus initialized.

Induction step : Let us now assume that Inequality (4.86) holds for some integer 1 ≤ k ≤ N − 2, that is

Pi, (Ak(α, p)) ≥ (1− p)k .

By the Inclusion (4.78), we know that

Ak+1(α, p) ∩ {X0 = i} ⊂
k+1⋂
j=1

{
Xj > bf(α, p)jic

}
,

and by Equation (4.76) of Remark 55 that

Ak+1(α, p) = {Xk+1 > bf(α, p)Xkc} ∩Ak(α, p)

=
⊔
jk∈N
{Xk+1 > bf(α, p)jkc} ∩ {Xk = jk} ∩Ak(α, p) ,
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so that following identity ensues

Ak+1(α, p) ∩ {X0 = i}
= Ak+1(α, p) ∩ {X0 = i} ∩ {Xk > bf(α, p)kic}

=
⊔

jk>bf(α,p)kic

{Xk+1 > bf(α, p)jkc} ∩ {Xk = jk} ∩Ak(α, p) ∩ {X0 = i} .

Hence,

Pi (Ak+1(α, p) ∩ {X0 = i})(4.87)

= Pi

 ⊔
jk>bf(α,p)kic

{Xk+1 > bf(α, p)jkc} ∩ {Xk = jk} ∩Ak(α, p) ∩ {X0 = i}


=

∑
jk>bf(α,p)kic

Pi ({Xk+1 > bf(α, p)jkc} ∩ {Xk = jk} ∩Ak(α, p) ∩ {X0 = i}) .

Equation (4.74) ensures that {Xk = jk}∩Ak(α, p)∩{X0 = i} belongs to the σ-field FX
k

so that for any jk > bf(α, p)kic such that Pi ({Xk = jk} ∩Ak(α, p) ∩ {X0 = i}) 6= 0,
Remark 86 yields

Pi ({Xk+1 > bf(α, p)jkc} | {Xk = jk } ∩Ak(α, p) ∩ {X0 = i})
= Kν (jk, {j ∈ N : j > bf(α, p)jkc}) ,

and thus

Pi ({Xk+1 > bf(α, p)jkc} ∩ {Xk = jk} ∩Ak(α, p) ∩ {X0 = i})(4.88)

= Kν (jk, {j ∈ N : j > bf(α, p)jkc})Pi ({Xk = jk} ∩Ak(α, p) ∩ {X0 = i}) .

Since k ≤ k + 1 ≤ N , by Remark 58 we have bf(α, p)kic ≥ i0(α, p) , and Inequality
(4.81) thus yields that for any integer jk > bf(α, p)kic

Kν (jk, {j ∈ N : j > bf(α, p)jkc}) = 1−Kν (jk, {j ∈ N : j ≤ bf(α, p)jkc}) ≥ 1− p .
(4.89)

Combination of Inequalities (4.88) and (4.89) plugged in Equation (4.87) yields

Pi (Ak+1(α, p)) ≥
∑

jk≥bf(α,p)kic

(1− p)Pi ({Xk = jk} ∩Ak(α, p) ∩ {X0 = i})

= (1− p)Pi (Ak(α, p) ∩ {X0 = i}) = (1− p)Pi (Ak(α, p)) ,

what leads, using induction hypothesis, to

Pi (Ak+1(α, p)) ≥ (1− p)(1− p)k ≥ (1− p)k+1 .

Hence, Inequality (4.86) holds for k + 1.

Finally, we indeed prove by induction that Inequality (4.86) holds for 1 ≤ k ≤ N − 1.
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Lemma 61 in particular holds for k = N − 1 and combined with Inequality (4.80), this
leads for any integer i ≥ iN to

Pi(τ0 ≥ N) ≥ Pi(AN−1(α, p)) ≥ (1− p)N−1 .

Plugging this in Inequality (4.71), we get for all N in N∗, any p in (0, 1) and any integer
i ≥ iN = 1 +

⌊
i0(α, p)/f(α, p)N

⌋
Vν(i) ≥ δNPi(τ0 ≥ N) ≥ δN (1− p)N−1 = δN (1− p)N−1 .

From Inequality (4.70), we deduce that for all N in N∗

inf
x∈{Vν≤δN (1−p)N−1}

(Kν(x, 0)) ≥ α2+
⌊
i0(α,p)

f(α,p)N

⌋
.

As this holds for any p in (0, 1) and for any N in N∗, one can choose p so that δ(1− p) > 1
and then N so that δN (1− p)N−1 > −1 + 2M/(1− δ−1) : we set thus

(4.90) p = p(c0, α) =
δ(c0, α)− 1

2δ(c0, α)
,

and

(4.91) N = N(c0, α) = 1 +

 log
(
δ(c0,α)+1
2δ(c0,α)

(
(2M(c0,α)+1)δ(c0,α)−1

δ(c0,α)−1

))
log
(
δ(c0,α)+1

2

)
 .

Choosing

(4.92) d = d(c0, α) = δ(c0, α)N(c0,α) (1− p(c0, α))N(c0,α)−1 ,

and

(4.93) ε = ε(c0, α) = α
2+

⌊
i0(α,p(c0,α))

f(α,p(c0,α))
N(c0,α)

⌋
,

we finally proved that {Vν ≤ d} is an (1, ε)-Döblin set for Kν .
Theorem 50-Item 2 is thus satisfied.

Application of Theorem 50 and control of the dTV-distance by the dVν -distance yields

dVν (δ0(Kν)n, πν) ≤ dTV(δ0(Kν)n, πν) ≤ c1 (πν(Vν) + δ0(Vν)) ρb
n
1 c ≤ c1 (πν(Vν) + Vν(0)) ρn ,

where

log(ρ) =
log(1− ε) log

(
1
δ + 2M

1+d

)
log(1− ε) + log

(
1
δ + 2M

1+d

)
− log

(
M
δ + d

) ,
and

c1 =
1 + δ

δ + M+dδ
(1−ε)(1−M

δ
−d)

.
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By Remark 51 and Inequality (4.67), we have

πν(Vν) ≤ M

1− δ−1
=

Mδ

δ − 1
,

and by Equation (4.63) in Remark 53, we have

sup
x∈C

(δx(Vν)) = sup
x∈{0}

(δx(Vν)) = δ0(Vν) = Vν(0) = 1 .

Hence, for any ν in supp(π) and any n in N

(4.94) dTV(δ0P
n
ν , πν) ≤ ζ0(c0, α)r0(c0, α)n ,

where

log(r0(c0, α)) =
log(1− ε) log

(
1
δ + 2M

1+d

)
log(1− ε) + log

(
1
δ + 2M

1+d

)
− log

(
M
δ + d

) < 0 ,(4.95)

and

ζ0(c0, α) =
1 + δ

δ + M+d δ
(1−ε)(1−M

δ
−d)

,(4.96)

with δ = δ(c0, α), M = M(c0, α), d = d(c0, α) and ε = ε(c0, α) respectively defined in
Equations (4.64), (4.65), (4.92) and (4.93).
Assumption M3 is satisfied and proof of Theorem 40 is over.
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Chapter 5

Posterior consistency of Bayes
estimator of the environment

The estimation of the environment distribution from the observation of a single trajectory of a
random walk in random environment on Z was first investigated in a parametric framework in
[CFLL16, CFL+14, FLM14, FGL14]. In these works, the environment is i.i.d. with common
distribution ν∗. The distribution ν∗ belongs to a family of probabilities (νθ)θ∈Θ on [0, 1],
where Θ ⊂ Rd. They build and study different M -estimators of the distribution parameter
θ∗ from a trajectory of the walk stopped when it reaches for the first time a fixed n in N.
They prove consistency of this estimator in all regimes and its asymptotic normality in the
transient regimes when n tends to infinity.

A non-parametric approach was then developed in [DL18]. This work considered the
estimation of the cumulative distribution function (c.d.f.) of the environment distribution
ν∗. They built an estimator of the moments of the true distribution and, using a deterministic
approximation of the true c.d.f. by these moments, they deduce an estimator of the true c.d.f..
They prove concentration properties, consistency and asymptotic normality of the estimator
of the moments. The final estimator of the c.d.f. does not depend on the regime of the walk
and it is adaptive to the regularity of the c.d.f.. Using similar ideas, we built in Chapter 2
estimators of the density of the environment. All these works adopt a frequentist point of
view. In this chapter, we develop the first Bayesian estimator for this problem.

Given a statistical model (Pθ)θ∈Θ with observations X (and Θ some given set), the
Bayesian paradigm assigns a probability distribution to the couple (θ,X). To this end,
it considers that the parameter θ is a random variable distributed according to a prior (or a
priori) probability Π on Θ and looks at the distribution of the observation under Pθ as the
conditional distribution of the observation X given θ. The Bayesian estimator of θ is the
conditional distribution of θ given X. It is called posterior or a posteriori distribution. In
words, the Bayesian strategy proceeds as follows: first, we consider the parameter as random
with distribution Π and then, we update this distribution using the observations. In this
approach, a crucial point is the choice of the prior. This raises an important question: how
does this prior influence the long-term behaviour of the posterior ? We address this question
by making the (frequentist) assumption that the observations were sampled under Pθ∗ for a
specific θ∗ in Θ. Then we wonder if the posterior distribution concentrates around θ∗ when
the number of observations tends to infinity. The Bayes estimator is said to be consistent at
true parameter θ∗ if the posterior assigns to any neighbourhood of θ∗ a mass converging to
1 as n grows to infinity.
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This approach has a long history that dates back to the pioneering works of Doob [Doo49],
Freedman [Fre63] or Diaconis [DF86]. In i.i.d. frameworks, [Doo49] showed that if observa-
tions take values in an Euclidean space, if the model is identifiable and if the parameter space
is a complete separable metric space equipped with prior Π, then the sequence of posterior
distributions is consistent in Π-almost all θ∗. Posterior consistency in parametric framework
holds therefore under weak assumptions. More precise results can also be proven such as
Bernstein-von Mises theorem giving conditions for convergence of posterior distributions to-
ward normal distribution. On the other hand, in non-parametric settings, [Fre63, Fre65]
pointed out that consistency is not automatic even if the true parameter belongs to the
support of the prior and [DF86] even showed that this situation is standard.

When the model is i.i.d. and dominated (i.e. there exists a probability µ on X such that,
for all θ in Θ, Pθ is absolutely continuous with respect to µ), a theory of posterior consistency
was nevertheless developed in [Sch65, Bar88, BSW99, GGR99]. When Θ is equipped with a
distance d, those results establish under some conditions that, for ε > 0,

Π (θ ∈ Θ : d(θ∗, θ) ≥ ε|X0:n)
Pθ∗

−−−−−→
n→ +∞

0 .

Hence, the sequence of posterior distributions is weakly consistent in θ∗. We refer to [GR03,
GvdV17] for recent overviews.

In the last few years, [Ver15] and [DOR19] among others started to investigate the prob-
lem of posterior consistency in non-i.i.d. settings by considering respectively hidden Markov
models and partially observed Markov models. This chapter also analyses Bayesian estima-
tors when the observations are dependent. As in [HLM19, DL18, CFLL16, CFL+14, FLM14,
FGL14], the observations are actually the successive positions of a random walk in i.i.d.
random environment with distribution ν∗ on Z (abbreviated RWRE ) until it reaches n in
N∗ for the first time. The main result of this chapter (Theorem 63) shows posterior consis-
tency of the Bayesian estimator of the environment under technical restrictions on the prior
distribution. This result is the consequence of a more general property showing posterior
consistency of the Bayesian estimator of the environment of specific branching processes with
immigration in random environment (abbreviated BPIRE ). The remaining of the chapter is
structured as follows.

Section 5.1 presents the mathematical framework: we define random walks in i.i.d. ran-
dom environment on Z and introduce their left jump processes, we recall that these left jump
processes are branching processes with immigration in random environment and we introduce
the notion of posterior consistency useful for the statement of our main result.

In Section 5.2, after defining some assumptions on potential prior, we set a Bayesian
framework as well for RWRE as for BPIRE and we state our main results: posterior con-
sistency of the Bayesian estimator of the environment distribution for RWRE as well as for
BPIRE.

Section 5.3 gathers the proof of our consistency results.

5.1 RWRE, BPIRE and the Bayesian setting

We study Bayesian estimators of the environment distribution. We define the Bayesian
framework after remembering briefly the definitions of a random walk in random environment
and of a branching process in random environment as well as the link between them.
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5.1.1 RWRE

Denote by E = [0, 1]Z the set of environments endowed with E = B ([0, 1])Z, the σ-field
generated by the cylinders. Denote by X = (Xt)t∈N the canonical process of the space ZN

endowed with the σ-field S generated by the cylinders, i.e. for any t in N and any x = (xt)t∈Z

Xt(x) = xt .(5.1)

For any environment ω in E and any z in Z, there exists a unique probability measure
Qz,ω on S under which (Xt)t∈N is a time-homogeneous Markov chain starting from atom z
with transition probabilities given, for all x and y in Z, by

pω(x, y) =


ωx if y = x+ 1

1− ωx if y = x− 1

0 otherwise

.

Consider a fixed probability ν on [0, 1]. The probability distribution Qν
z on S is then defined

as the expectation of Qz,ω with respect to the distribution Pν = ν⊗Z: for any B in S ,

(5.2) Qν
z(B) =

∫
E

Qz,ω(B)Pν(dω) .

For n in N, we consider the function Tn : ZN → N∪ {+∞} defined for any x = (xt)t∈Z by

Tn(x) = inf{t ∈ N : xt = n} ,

and we also note Tn = Tn(X) where X is defined in Equation (5.1). When the environment
distribution ν is such that

∫ 1
0 log(1−t

t )ν(dt) < 0, [Sol75] proves that the RWRE is Qν
z -almost

surely transient to the right (whatever z in Z) that is

Qν
z -a.s. Xn −−−−−→

n→ +∞
+∞ ,(5.3)

so that any integer n is reached Qν
0-a.s. by the RWRE : Tn is well-defined and finite Qν

0-a.s.

For any k in Z, any n in N and for any sequence x = (xt)t∈N in ZN such that Tn(x) < +∞,
we define the number L(k, x, n) of left jumps from k of the sequence x before reaching n by

L(k, x, n) =

Tn(x)−1∑
t=0

1{xt=k , xt+1=k−1} ,(5.4)

and derive the following fundamental equation, for any x = (xt)t∈N in {x ∈ S0 : Tn(x) < +∞}

Qν
0

(
X0:Tn = x0:Tn(x)

)
(5.5)

=

∫
E

Tn(x)−1∏
t=0

(
ωxt1xt+1=xt+1 + (1− ωxt)1xt+1=xt−1

)
ν⊗Z(dω)

=
−1∏

k=−∞

∫ 1

0
tL(k+1,x,n)(1− t)L(k,x,n)ν(dt)×

n−1∏
k=0

∫ 1

0
tL(k+1,x,n)+1(1− t)L(k,x,n)ν(dt) .
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Defining Lnk , for any n in N and any k in N, on the set {x ∈ S0 : Tn(x) < +∞} by

Lnk = L(k,X, n) =

Tn−1∑
t=0

1{Xt=k ,Xt+1=k−1},(5.6)

Equation (5.5) imply that the family (Lnk)k≤n is a sufficient statistic.

As first noted by [KKS75] and then successfully used by [CFLL16, CFL+14, FLM14,
FGL14], [KKS75], under Qν

0 , the process(
Zny
)

06y6n
=
(
Lnn−y

)
06y6n

,

has the same distribution as the first n+1 generations of a branching process with immigration
in random environment starting from 0 with offspring distributions geometric distributions
whose parameters are i.i.d. with common law ν.

This link is at the basis of our main result. For this reason, following section is dedicated
to the definition of branching process with immigration in random environment (denoted
hereafter BPIRE ) and to some properties of BPIRE.

5.1.2 BPIRE

Definition 62. Consider two probability measures ν and µ respectively on [0, 1] and N. Con-
sider a sequence of i.i.d. random variables ω = (ωk)k∈Z in E = [0, 1]Z defined on (Ω, T ,P) and
with common probability distribution ν in M1([0, 1]), so that ω admits distribution Pν = ν⊗Z.
A branching process in random environment with immigration, starting from µ in M1(N) and
with offspring distributions geometric distributions whose parameters are i.i.d. with common
law ν (abbreviated BPIREG(ν,µ) hereafter) is a sequence of random variables (Zk)k∈N such
that Z0 has distribution µ and is independent of ω and for any k in N

Zk+1 =

Zk∑
i=0

ξk,i ,

where the (ξk,i)(k,i)∈N2 are random variables independent conditionally to the σ-field generated
by ω and geometrically distributed such that for all k, i and j in N

P (ξk,i = j|ω) = ωk(1− ωk)j .

The distribution of (Zk)k∈N under P defines a probability on M1(NN) denoted Pν
µ.

When addressing the problem of direct estimation of the distribution of a RWRE from
a single realization of the trajectory X0:Tn and because of the link between between RWRE
and BPIREG(ν,0), [CFL+14] undertakes the study of BPIREG(ν,µ). We cite hereafter some
of its results.

First, [CFL+14, Proposition 4.3] establishes that, for any random environment distribu-
tion ν in M ([0, 1]) and any starting probability distribution µ in M1(N), BPIREG(ν,µ) is an
homogeneous Markov chain with initial distribution µ and transition kernel Kν defined, for
any integers i and j, by

Kν(i, j) =

(
i+ j

i

)∫ 1

0
ti+1(1− t)jν(dt) .(5.7)
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In the remaining of this Chapter, BPIREG(ν,µ) is considered under the scope of Markov
chain theory. To this end, let (Zx)x∈N denote the canonical process of the space NN endowed
with the σ-field generated by the cylinders and, for every ν in M1([0, 1]) and µ in M1(N),
let Pν

µ denote the unique probability distribution on NN under which (Zx)x∈N is a Markov
chain with initial distribution µ and transition kernel Kν given in Equation (5.7). In this
framework, if ln is defined, for n in N, z0:n in Nn+1 and ν in M1([0, 1]), by

ln(ν, z0:n) = log (δ0(z0)) + log

(
n−1∏
i=0

Kν (zi, zi+1)

)
,(5.8)

the link between left jump process of a RWRE and BPIREG(ν,0) means that for z0:n in Nn+1

log Pν
0(Z0:n = z0:n) = ln(ν, z0:n) = log Qν

0((Lnn−k)0≤k≤n = z0:n) .

Secondly, if the random environment distribution ν is such that
∫ 1

0 log(1−t
t )ν(dt) < 0,

[CFL+14, Proposition 4.5] states that the Markov chain (Zx)x∈N is positive recurrent and
admits a unique invariant probability measure µν . Using then ergodic theorem for Markov
chains, [CFL+14, Proposition 4.6] derives that, if the random environment distribution ν is
such that

∫ 1
0 log(1−t

t )ν(dt) < 0, then for any ν ′ in M1 ([0, 1])

(5.9)
1

n

n−1∑
i=0

log

(
Kν(Zi, Zi+1)(Zi+Zi+1

Zi

) )
=

1

n

n−1∑
i=0

log

(∫ 1

0
tZi+1(1− t)Zi+1ν ′(dt)

)
Pν

0−−−−−→
n→ +∞

mν(ν ′) ,

where for any ν and ν ′ in M1([0, 1])

(5.10) mν(ν ′) = Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
∈ [−∞, 0] .

5.1.3 Towards posterior consistency

If Z0:n and Π denote respectively the sequence of observations and the prior and if d is some
fixed distance on (metrizable) parameter space Θ, posterior consistency in ν∗ usually means
that for any ε > 0

(5.11) Π (d (ν∗, ν) ≥ ε|Z0:n)
Pν∗

−−−−−→
n→ +∞

0 .

The main results of this Chapter concern posterior consistency in Bayesian framework but
in the following sense : as in [LLV18], instead of a distance d to define vicinity of ν∗, we choose
a specific function dν

∗
(depending on ν∗) defined on Θ2 as a limit such that dν

∗
(ν∗, ν) > 0.

Let us explicit somehow the construction of dν
∗

and understand the motivation behind this
choice.

The convergence result (5.9) of [CFL+14, Proposition 4.5] ensures that, if the distribution
ν is such that

∫ 1
0 log(1−t

t )ν(dt) < 0, then, for any ν ′ and ν ′′ in M1 ([0, 1])

1

n

(
ln(ν ′, Z0:n)− ln(ν ′′, Z0:n)

)
=

1

n

n−1∑
i=0

log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)
Pν

0−−−−−→
n→ +∞

mν(ν ′)−mν(ν ′′) .

Define for any ν, ν ′ and ν ′′ in Θ

dν(ν ′, ν ′′) = mν(ν ′)−mν(ν ′′) = Eν
µν

[
log

(
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

)]
.(5.12)
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Proposition 75 grants that dν
∗
(ν∗, ν) ≥ 0 for any ν in M1([0, 1]) and we have moreover

dν
∗
(ν∗, ν∗) = 0. The function dν

∗
on Θ2 thus defines a way to evaluate how far environment

distributions are from the true one in a manner suited to BPIREG.

5.2 Bayesian setting and main results

In order to state our main results, we need to specify the Bayesian framework : the a priori
distribution Π (i.e. a probability distribution on the set of parameters) and the statistical
model (i.e. a collection of probability distribution parametrized by the elements of the set of
parameters).

5.2.1 Assumptions on the prior

The parameter of interest is of course the environment distribution ν. We assume that ν
belongs to the set Θ of probability measures on [0, 1] that are absolutely continuous with
respect to Lebesgue measure on [0, 1] and for any ν in Θ, we denote fν = dν

dt the density
function of ν with respect to Lebesgue measure on [0, 1].

We fix some prior distribution Π on Θ and some probability distribution ν∗ in Θ. In our
work, we ensure posterior consistency of the Bayesian estimator under several restrictions on
this prior distribution and on this parameter. Denoting by supp(Π) the support of Π for the
remaining of this chapter, we define the following assumptions:

B1. There exists c0 in R∗+ such that for any ν in supp(Π),
∫ 1

0 log(1−t
t )ν(dt) < −c0.

B2. There exists α in (0, 1/2) such that for any ν in supp(Π), supp(ν) ⊂ [α, 1− α].

B3. There exists m in R∗+ such that for any ν in supp(Π) and any t in [α, 1− α], fν(t) > m.

B4. There exists M in R∗+ such that for any ν in supp(Π) and any t in [α, 1− α], fν(t) 6M .

B5. The prior Π assigns a positive mass to every ‖.‖∞-neighbourhood of ν∗.

B 6. For any ε > 0, there exist a family (Θn)n∈N of measurable subsets of supp(Π) and a
positive constant Cε such that for any integer n

Π(Θc
n) ≤ e−

Cε
m
n and log (2N (Θn, ‖.‖∞, ε)) ≤

ε2

(M −m)2
n ,(5.13)

where m and M are given in assumptions B3 and B4 and N (Θn, ‖.‖∞, ε) is the ε-covering
number of Θn for ‖.‖∞ as defined in Appendix B.

Assumption B1 ensures by [Sol75] that the RWRE is Pν
0-almost surely transient to the

right (that is, tends towards infinity when n grows to infinity). In particular, hitting time
of site n in N by the walk is Pν

0-almost surely defined and thanks to the parallel made by
[KKS75] between RWRE and BPIRE, this allows to move the problem of estimation of the
environment from RWRE to BPIRE. Nevertheless, all this would have been also granted if the
RWRE was recurrent. In fact, we restrict here to transient regime and even to very specific
transient regime because we were able to obtain a uniform control of test errors only under
this assumption. Indeed, even if a control of the tail distribution of Tn was obtained by [Sol75]
under the regime assumption of left-transience, the more specific assumption B1 enabled us
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in Chapter 3 to make the control of [Sol75] uniform with respect to the problem parameters
α and c0 and this uniformity lead in Chapter 4 to an uniform exponential concentration
inequality for transformations of (Z0:n) with bounded differences property.

Assumption B2 called ellipticity condition is considered in the probabilistic literature as a
sufficient condition for most of the existing results on the RWRE. This assumption prevents in
some sense that the walk goes systematically forward or systematically backward by ensuring
that the ωk can not be close to 0 or 1.

It is relevant to stress that Assumptions B1 and B2 in our setting are only Bayesian
version of Assumptions F1 and F2 of Chapter 3 : under Assumption B, Assumption F holds
uniformly for any distribution ν lying in the full-mass set supp(Π). Hence, under some or
all of the assumptions B, results valid in Chapter 3 under the corresponding assumptions F
extend uniformly to any ν in supp(Π).

Assumptions B3 and B4 are restrictive assumptions : combined to B2, they imply that
the densities have a graph included in the rectangle whose frontier is given by the 2 vertical
lines x = α and x = 1− α and the 2 horizontal lines y = m and y = M . Assumption B3 is
sufficient to obtain a control on the denominator of the posterior probability (while a weaker
assumption is usually needed for that control that holds exclusively for ν∗ instead of every ν
in full mass set) and to obtain a control of the test errors (uniformity of the lower-bound of
densities in supp(Π) is indeed crucial to grant the uniformity of the concentration inequality
of Chapter 4). Assumption B4 enables here to get an upper-bound on the diameter of the
sets Θn introduced in Assumption B6.

Kullback-Leibler type condition such as B5 is introduced in [Sch65] and is common in the
study of the posterior consistency in non-parametric framework : we assume that the prior
assigns positive mass to every neighbourhood of the parameter ν∗.

Assumption B 6 ensures the existence of sets of overwhelming prior mass whose topo-
logical complexity is not to big with respect to ε and n. It is also common in Bayesian
non-parametric results to ensure posterior consistency (see [GGR99, Bar88]) or to obtain
precise contraction rate (see [GvdV07a, GvdV07b]).

As in previous works, our main result for RWRE is a consequence of the fundamental
parallel between the left jumps of the RWRE from positive sites and the BPIRE. For this
reason, the full trajectory X0:Tn of the RWRE until it reaches n for the first time is not our
observation.

5.2.2 Bayesian framework for RWRE

In the framework of Section 5.1.1, the observation consists in the numbers (Lnk)0≤k≤n of jumps
from k to k− 1 of the sequence X until it reaches n as defined in Equation (5.6). The family
of distributions characterizing the statistical model is thus given by the log-likelihood of the
left jumps (Lnk)0≤k≤n of the RWRE under Qν

0 defined in Equation (5.8).
In this setting, Bayes rule ensures thus that the posterior writes, for any measurable A ⊂ Θ

Π (A |Ln0:n ) =

∫
A

eln(ν,(Lnn−k)0≤k≤n)Π(dν)∫
Θ

eln(ν,(Lnn−k)0≤k≤n)Π(dν)

,(5.14)

where, for any parameter ν in Θ, ln(ν, .) is defined in Equation (5.8).
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5.2.3 Bayesian framework for BPIRE

When considering the BPIRE, observations are given by the sequence (Z0:n)n∈N of Sec-
tion 5.1.2 and the family of distribution (Pν

0)ν∈Θ defines the statistical model.
Denoting ln(ν) = ln(ν, Z0:n) for any parameter ν in Θ (where ln(ν, z0:n) is defined in Equa-
tion (5.8)), Bayes rule ensures that the posterior writes for any measurable set A ⊂ Θ

Π (A |Z0:n ) =

∫
A

eln(ν)Π(dν)∫
Θ

eln(ν)Π(dν)

.(5.15)

5.2.4 Main results : posterior consistency for RWRE and BPIREG(ν,0)

First main result of this chapter is the posterior consistency of the Bayesian estimator of the
environment distribution of a RWRE.

Theorem 63. Consider a prior Π on the set Θ of probability measure absolutely continuous
with respect to the Lebesgue measure on [0, 1] and a parameter ν∗ in supp(Π) satisfying
simultaneously Assumptions B1, B2, B3, B4, B5 and B6.
In the Bayesian framework of Section 5.2.2, for any ε > 0

Π
(

dν
∗
(ν∗, ν) > ε

∣∣∣ (Lnk)0≤k≤n

)
Qν∗

0−−−−−→
n→ +∞

0 ,

where dν(ν ′, ν ′′) is defined for any ν, ν ′ and ν ′′ in Θ by Equation (5.12) and where for any
n in N∗ and any 0 ≤ k ≤ n, Lnk is defined from the trajectory X0:Tn of the RWRE by

Lnk =

Tn−1∑
i=0

1{Xi=k,Xi+1=k−1} .

While we know from [DL18] that (Lnk)k≤n is a sufficient statistic, the conditioning in
Theorem 63 is only made to respect to the sub-family (Lnk)0≤k≤n. As done in all previous

successful studies (see [CFL+14, DL18, HLM19]), only one part of the statistical information
contained in the trajectory X0:Tn is thus taken into account to update the prior Π.

In fact, this restriction to (Lnk)0≤k≤n is motivated by the fruitful link between left jump
process from non negative sites of RWRE and BPIREG(ν,0). In this chapter, Theorem 63 of
posterior consistency for RWRE indeed derive from the following result concerning posterior
consistency of the Bayesian estimator of the parameter ν of a BPIREG(ν,0).

Theorem 64. Consider a prior Π on the set Θ of probability measure absolutely continuous
with respect to the Lebesgue measure on [0, 1] and a parameter ν∗ in supp(Π) satisfying
simultaneously Assumptions B1, B2, B3, B4, B5 and B6.
In the Bayesian framework of Section 5.2.3, for any ε > 0

Π
(

dν
∗
(ν∗, ν) > ε

∣∣∣Z0:n

)
Pν∗

0−−−−−→
n→ +∞

0 ,

where dν(ν ′, ν ′′) is defined for any ν, ν ′ and ν ′′ in Θ by Equation (5.12).
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5.3 Proof of the main results

In Section 5.3.11, we derive Theorem 63 as a corollary of Theorem 64. Hence, it is sufficient
to prove Theorem 64 and Theorem 63 will follow as a straightforward consequence. For
this reason, the Bayesian framework of Section 5.2.3 is adopted in following sections (unless
explicitly mentioned otherwise) and we denote ln(ν) = ln(ν, Z0:n) for any ν in Θ (where
ln(ν, .) is defined in Equation (5.8)).

The strategy of proof for our posterior consistency result on BPIRE is based on an adap-
tation of classical Bayesian non-parametric techniques with frequentist approach in i.i.d. case
as it was developped in [Sch65, Bar88, BSW99, GGR99]. To enlighten those techniques as
well as the need for Assumptions B of Section 5.2.1, we analyse our problem to derive the
main ideas underlying the proof of Theorem 64.

5.3.1 Analysis : a look into Bayesian techniques

Considering the function dν
∗

: M1([0, 1])
2 → R given in Equation (5.12), we define the ε-

vicinity of ν∗ for dν
∗

for any ε > 0 by

(5.16) Aε =
{

dν
∗
(ν∗, ν) > ε

}
,

so that posterior consistency of Theorem 64 means that for any δ > 0

Pν∗
0 (Π (Aε|Z0:n) ≥ δ) −−−−−→

n→ +∞
0 .(5.17)

Since Markov inequality ensures that for any δ > 0 and any n in N

Pν∗
0 (Π (Aε|Z0:n) ≥ δ) ≤ Eν∗

0 [Π (Aε|Z0:n)]

δ
,

the convergence (5.17) follows if for any ε > 0

(5.18) Eν∗
0 [Π (Aε|Z0:n)] −−−−−→

n→ +∞
0 .

In order to prove convergence (5.18), we have to focus on the control of Eν∗ [Π (A |Z0:n )] for
any measurable A ⊂ Θ (keeping in mind that A typically denotes the complementary of some
vicinity of ν∗).

Defining for any measurable A ⊂ Θ

(5.19) Nn(A) =

∫
A

eln(ν)−ln(ν∗)Π(dν) and Dn =

∫
Θ

eln(ν)−ln(ν∗)Π(dν) ,

we derive from Equation (5.15) that

Π (A |Z0:n ) =

∫
A

eln(ν)Π(dν)∫
Θ

eln(ν)Π(dν)

=

∫
A

eln(ν)−ln(ν∗)Π(dν)∫
Θ

eln(ν)−ln(ν∗)Π(dν)

=
Nn(A)

Dn
.

For any measurable function φn on Nn+1 and any measurable A ⊂ Θ, we thus derive the
following decomposition

Nn(A)

Dn
=
Nn(A)

Dn
φn (Z0:n) +

Nn(A)

Dn
(1− φn (Z0:n)) .(5.20)
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On one hand, if φn ≥ 0, since the ratio Nn(A)/Dn lies in [0, 1], we have

Nn(A)

Dn
φn (Z0:n) ≤ φn (Z0:n) .

On the other hand, if φn ≤ 1 so that 1 − φn ≥ 0 and if there exists, for any n in N, a
deterministic threshold bn in R∗+ such that

Dn ≥ bn ,(5.21)

then

Nn(A)

Dn
(1− φn (Z0:n)) ≤ Nn(A)

bn
(1− φn (Z0:n)) .

Hence if 0 ≤ φn ≤ 1 and if a sequence (bn)n∈N meeting condition (5.21) exists, then

Nn(A)

Dn
≤ φn (Z0:n) +

Nn(A)

bn
(1− φn (Z0:n)) .

Taking expectation with respect to Pν∗
0 , we get

Eν∗
0 [Π (A |Z0:n )] ≤ Eν∗

0 [φn (Z0:n)] +
1

bn
Eν∗

0 [Nn(A) (1− φn (Z0:n))] .(5.22)

As a measurable function on Nn+1 taking values in [0, 1], φn is a test function.
If we choose for φn a test function of H0 : ν = ν∗ against H1 : ν 6= ν∗, the first term

of the right hand side in Equation (5.22) Eν∗
0 [φn (Z0:n)] is actually the first kind risk of φn.

Nevertheless, second kind risk of some test does not appear directly in the right hand side of
Equation (5.22) but further decomposition of Eν∗

0 [Nn(A) (1− φn (Z0:n))] put it into light.

For any measurable B ⊂ Θ, we have

Eν∗
0 [Nn(B)(1− φn (Z0:n))] =

∑
z0:n∈Nn+1

(∫
B

eln(ν,z0:n)−ln(ν∗,z0:n)Π(dν)

)
(1− φn (z0:n)) eln(ν∗,z0:n) .

By Fubini’s theorem,∑
z0:n∈Nn+1

(∫
B

eln(ν,z0:n)−ln(ν∗,z0:n)Π(dν)

)
(1− φn (z0:n)) eln(ν∗,z0:n)

=

∫
B

 ∑
z0:n∈Nn+1

(1− φn (z0:n)) eln(ν∗,z0:n) eln(ν,z0:n)−ln(ν∗,z0:n)

Π(dν)

=

∫
B

 ∑
z0:n∈Nn+1

(1− φn (z0:n)) eln(ν,z0:n)

Π(dν) .

Thus,

Eν∗
0 [Nn(B)(1− φn (Z0:n, ν

∗))] =

∫
B

 ∑
z0:n∈Nn+1

(1− φn (z0:n)) eln(ν,z0:n)

Π(dν)

=

∫
B

Eν
0 [1− φn (Z0:n)] Π(dν)

≤ Π(B) sup
ν∈B

(Eν
0 [1− φn (Z0:n)]) .
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For any measurable A ⊂ Θ and C ⊂ Θ, the decomposition Nn(A) = Nn(A∩C)+Nn(A∩Cc)
is valid so that, considering a family (Θn)n∈N of measurable subsets of Θ

Eν∗
0 [Nn (A) (1− φn (Z0:n))]

= Eν∗
0 [Nn (A ∩Θn) (1− φn (Z0:n))] + Eν∗

0 [Nn (A ∩Θc
n) (1− φn (Z0:n))]

≤ Π(A ∩Θn) sup
ν∈A∩Θn

Eν
0 [1− φn (Z0:n)] + Π(A ∩Θc

n) sup
ν∈A∩Θcn

Eν
0 [1− φn (Z0:n)] .

Since Π(A ∩ Θn) and supν∈A∩Θcn
(Eν

0 [1− φn (Z0:n)]) are both upper-bounded by 1 (because
Π is a probability and 1− φn (Z0:n) lies in [0, 1]), we derive

Eν∗
0 [Nn (A) (1− φn (Z0:n))] ≤ sup

ν∈A∩Θn

(Eν
0 [1− φn (Z0:n)]) + Π(Θc

n) .

Plugged in Inequality (5.22), this yields

Eν∗
0 [Π (A |Z0:n )] ≤ Eν∗

0 [φn (Z0:n)] +
1

bn
sup

ν∈A∩Θn

Eν
0 [1− φn (Z0:n)] +

Π(Θc
n)

bn
.(5.23)

Replacing A with the set Aε defined in Equation (5.16) and choosing for φn a test function
of hypothesis H0 : ν = ν∗ against hypothesis H1 : ν ∈ Aε ∩Θn, the terms Eν∗

0 [φn (Z0:n)] and
sup {Eν

0 [1− φn (Z0:n)] : ν ∈ A ∩Θn} in the right hand side of Inequality (5.23) are now first
and second kind risks respectively.

Finally, for any ε > 0, we derive conditions granting the convergence of Eν∗
0 [Π (Aε |Z0:n )]

to 0 as n grows to infinity as required in condition (5.18). It is sufficient that for any
ε > 0 there exist a family of positive real numbers (bn)n∈N and a family of test functions
φn : Nn+1 → [0, 1] and a family (Θn)n∈N of measurable subsets of Θ such that

(i) Eν∗
0 [φn (Z0:n)] tends to 0 when n grows to infinity,

(ii)
1

bn
sup

ν∈Aε∩Θn

Eν
0 [1− φn (Z0:n)] tends to 0 when n grows to infinity,

(iii)
Π(Θc

n)
bn

tends to 0 when n grows to infinity.

(iv) Dn ≥ bn for any n in N.

5.3.2 Sketch of proof of Theorem 64

Hereafter, we consider a fixed ε > 0.
In Section 5.3.1, we reduced the proof of Theorem 64 to the verification of sufficient condi-
tions (i), (ii), (iii) and (iv). After specifying the family Θn and defining precisely the families
φn and bn, we expose here all intermediate results leading to these conditions.

First of all, for any n in N∗, any z0:n in Nn+1 and any ν, ν ′ and ν ′′ in Θ:

• mn(ν, z0:n) is defined by

mn(ν, z0:n) = log

(
n−1∏
i=0

Kν (zi, zi+1)

)
=

n−1∑
i=0

log (Kν (zi, zi+1)) ,(5.24)
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• dn(ν ′, ν ′′, z0:n) is defined by

(5.25) dn(ν ′, ν ′′, z0:n) =
mn(ν ′, z0:n)−mn(ν ′′, z0:n)

n
,

• Fn(ν ′, ν ′′, z0:n, ν) is defined by

Fn(ν ′, ν ′′, z0:n, ν) = dn(ν ′, ν ′′, z0:n)− dν(ν ′, ν ′′) .(5.26)

Then, by Assumption B6, there exists a family (Θn)n∈N of measurable subsets of Θ and
a positive constant Cε such that requirements (5.13) are satisfied. Thus, we define for any ν∗

in M1([0, 1]) and any n in N∗ the test function φn by

(5.27) φn (z0:n) = 1{
sup
ν′∈Θn

Fn(ν ′, ν∗, z0:n, ν
∗) >

ε

2

} ,
Finally, for any positive δ, we consider the family (bδn)n∈N defined, for any n in N, by

(5.28) bδn = sδ e−
δ
m
n ,

where

(5.29) sδ = Π (ν ∈ Θ : ‖fν∗ − fν‖∞ ≤ δ) ,

is positive thanks to Assumption B5.

Remark 65. We point out that, for any probability on natural integers µ and any ν in Θ,
the log-likelihood of the BPIRE under Pν

µ can be written, for any z0:n in Nn+1

log (µ(z0)) +mn(ν, z0:n) .

In particular, for µ = δ0, we have ln(ν, z0:n) = log (δ0(z0)) +mn(ν, z0:n).

Thanks to the convergence (5.9), dn(ν ′, ν ′′, Z0:n) tends in Pν
0-probability to dν(ν ′, ν ′′) as n

grows to infinity. We thus consider dn(ν ′, ν ′′, Z0:n) as a random approximation of dν(ν ′, ν ′′).
Before evaluating the quality of this approximation, it is important to notice that dν(ν ′, ν ′′)

is in fact the expectation of dn(ν ′, ν ′′, Z0:n) under Pν
µν .

Proposition 66. For any ν, ν ′ and ν ′′ in Θ

(5.30) dν(ν ′, ν ′′) = Eν
µν
[
dn(ν ′, ν ′′, Z0:n)

]
.

Decomposing Fn(ν ′, ν ′′, Z0:n, ν) = dn(ν ′, ν ′′, Z0:n) − dν(ν ′, ν ′′) in a random and a deter-
ministic part by inserting the central term Eν

0 [dn(ν ′, ν ′′, Z0:n)] appears now meaningful

Fn(ν ′, ν ′′, Z0:n, ν)

= dn(ν ′, ν ′′, Z0:n)−Eν
0

[
dn(ν ′, ν ′′, Z0:n)

]
+ Eν

0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν
[
dn(ν ′, ν ′′, Z0:n)

]
,

and the triangular inequality yields∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣ ≤ ∣∣dn(ν ′, ν ′′, Z0:n)−Eν

0

[
dn(ν ′, ν ′′, Z0:n)

]∣∣(5.31)

+
∣∣Eν

0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν
[
dn(ν ′, ν ′′, Z0:n)

]∣∣ .
Control of |Fn(ν ′, ν ′′, Z0:n, ν)| will thus follow from the controls of:
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(a) the random term |dn(ν ′, ν ′′, Z0:n)−Eν
0 [dn(ν ′, ν ′′, Z0:n)]|,

(b) the deterministic term
∣∣Eν

0 [dn(ν ′, ν ′′, Z0:n)]−Eν
µν [dn(ν ′, ν ′′, Z0:n)]

∣∣.
The following proposition provides a control of the random term (a).

Proposition 67. Assume that B1, B2 and B3 hold and denote the constants introduced in
those assumptions by α in (0, 1/2) and by c0 and m in R∗+.
Then, for any n in N∗, any t in R+, any ν, ν ′ and ν ′′ in supp(Π)

(5.32) Pν
0

(∣∣dn(ν ′, ν ′′, Z0:n)−Eν
0 [dn(ν ′, ν ′′, Z0:n)]

∣∣ > t
)
≤ 2 exp

(
− β(c0, α)m2

32 ‖fν′′ − fν′‖2∞
n t2
)
,

where β(c0, α) is defined in Equation (4.9) of Chapter 4.

The following proposition provides a control of the deterministic term (b).

Proposition 68. Assume that B1, B2 and B3 hold and denote the constants introduced in
those assumptions by α in (0, 1/2) and by c0 and m in R∗+.
Then, for any n in N∗, any t in R+, any ν, ν ′ and ν ′′ in supp(Π)∣∣Eν

0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν

[
dn(ν ′, ν ′′, Z0:n)

]∣∣ ≤ 2
‖fν′ − fν′′‖∞

nm

ζ0(c0, α)

1− r0(c0, α)
,(5.33)

where r0(c0, α) and ζ0(c0, α) are respectively defined in Equations (4.95) and (4.96) of Chap-
ter 4.

The controls provided by Propositions 67 and 68 plugged in Inequality (5.31) finally enable
to get a probabilistic control of |Fn(ν ′, ν ′′, Z0:n, ν)| uniform for ν ′ and ν ′′ in some measurable
compact subset of Θ.

Hereafter, ∆(T ) denotes the diameter of T and is defined for any T ⊂ Θ by

(5.34) ∆(T ) = sup
(ν1,ν2)∈T 2

‖fν1 − fν2‖∞ .

Proposition 69. Assume that B1, B2 and B3 hold and denote the constants introduced in
those assumptions by α in (0, 1/2) and by c0 and m in R∗+. If Θ̃ is a subset of Θ compact

for the topology induced by ‖.‖∞, then, for any positive ε̃, any ν in Θ̃, any n in N∗ and any
u in R∗+, with probability under Pν

0 less than e−u
2

sup
(ν′,ν′′)∈Θ̃2

∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣ ≥ C(c0, α,m)

ε̃ + ∆(Θ̃)

u +

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

√
n

 ,

where N(Θ̃, ‖.‖∞, ε̃) are the covering numbers of set Θ̃ for ‖.‖∞ (defined in Appendix B) and
C(c0, α,m) is defined by

(5.35) C(c0, α,m) =
2
√

2

m
max

(
√

2,
1√

β(c0, α)
+

ζ0(c0, α)

(1− r0(c0, α))
√

2 log(2)

)
,

with r0(c0, α), ζ0(c0, α) and β(c0, α) defined in Equations (4.95), (4.96) and (4.9) of Chap-
ter 4.
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Thanks to Proposition 69, the first and second kind risks of the test φn appearing in
conditions (i) and (ii) are controlled in Section 5.3.9.

The last requirement for the effective control of (ii) and (iii) is the existence of a deter-
ministic lower-bound on Dn ensured by the following proposition. Its proof is postponed to
Section 5.3.3.

Proposition 70. Assume that assumptions B3 and B5 hold. Consider the families (bδn)n∈N
defined in Equation (5.28). For any δ > 0 and for any n in N

Dn ≥ bδn .(5.36)

In Section 5.3.10, thanks to the control of the first and second kind risks of the test φn
and to Equation (5.36), we choose a specific value for δ so that conditions (i), (ii) and (iii)
are simultaneously satisfied.

5.3.3 Minoration of the denominator Dn : proof of Proposition 70

The denominator Dn being defined as the integral over Θ of eln(ν)−ln(ν∗) with respect to
Π, lower-bounding Dn is equivalent to upper-bounding the difference of the log-likelihoods
ln(ν∗) − ln(ν). Since Remark 65 ensures that ln(ν∗) − ln(ν) = mn(ν∗, .) −mn(ν, .), we first
look for a control of |mn(ν ′, .)−mn(ν, .)|.

Lemma 71. Assume that B2, B3 and B4 hold. Then, for any ν and ν ′ in supp(Π), any n
in N, any z0:n in Nn+1 and any integer 0 ≤ i ≤ n− 1∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν(dt)


∣∣∣∣∣∣∣∣ ≤
‖fν′ − fν‖∞

m
.(5.37)

Therefore

(5.38)
∣∣mn(ν ′, z0:n)−mn(ν, z0:n)

∣∣ ≤ ‖fν′ − fν‖∞
m

n .

Proof. Let n in N and z0:n in Nn+1. Let mn(ν) = mn(ν, z0:n) for any ν in Θ.
From Definition (5.24) of mn(ν, z0:n), we derive, for any ν and ν ′ in Θ

mn(ν ′)−mn(ν) = log

(
n−1∏
i=0

Kν′ (zi, zi+1)

Kν (zi, zi+1)

)
=

n−1∑
i=0

log


∫ 1

0

(
zi + zi+1

zi

)
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0

(
zi + zi+1

zi

)
tzi+1(1− t)zi+1ν(dt)

 .

Hence, by the triangular inequality

(5.39)
∣∣mn(ν ′)−mn(ν)

∣∣ ≤ n−1∑
i=0

∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν(dt)


∣∣∣∣∣∣∣∣ .
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By concavity of the logarithm, |log(x)− log(y)| 6 |x− y| /min(x, y) for any x and y in R∗+.
Hence, for any integer 0 ≤ i ≤ n− 1, we have∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν(dt)


∣∣∣∣∣∣∣∣ 6

∣∣∣∣∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)−

∫ 1

0
tzi+1(1− t)zi+1ν(dt)

∣∣∣∣
min

(∫ 1

0
tzi+1(1− t)zi+1ν ′(dt),

∫ 1

0
tzi+1(1− t)zi+1ν(dt)

)

=

∣∣∣∣∫ 1

0
tzi+1(1− t)zi+1(ν ′ − ν)(dt)

∣∣∣∣
min

(∫ 1

0
tzi+1(1− t)zi+1ν ′(dt),

∫ 1

0
tzi+1(1− t)zi+1ν(dt)

) .

The uniform lower bound on [α, 1− α] of the densities in supp(Π) granted by B3 yields

min

(∫ 1

0
tzi+1(1− t)zi+1fν′(t)dt,

∫ 1

0
tzi+1(1− t)zi+1fν(t)dt

)
> m

∫ 1

0
tzi+1(1− t)zi+1dt .

The upper-bound in ‖.‖∞-norm of the densities in supp(Π) granted by B2 and B4 yields∣∣∣∣∫ 1

0
tzi+1(1− t)zi+1(fν′(t)− fν(t))dt

∣∣∣∣ ≤ ∫ 1

0
tzi+1(1− t)zi+1 |fν′(t)− fν(t)| dt

≤
∫ 1

0
tzi+1(1− t)zi+1 ‖fν′ − fν‖∞ dt ≤ ‖fν′ − fν‖∞

∫ 1

0
tzi+1(1− t)zi+1dt .

Hence ∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν(dt)


∣∣∣∣∣∣∣∣ 6
‖fν′ − fν‖∞

∫ 1

0
tzi+1(1− t)zi+1dt

m

∫ 1

0
tzi+1(1− t)zi+1dt

≤
‖fν′ − fν‖∞

m
.

Combining Equations (5.39) and (5.37), we finally find that Inequality (5.38) holds for any
ν and ν ′ in supp(Π).

From Remark 65 and Lemma 71, we derive

|ln(ν∗)− ln(ν)| = |mn(ν∗)−mn(ν)| ≤
‖fν∗ − fν‖∞

m
n ,

Hence, under B5, for any positive δ

Dn ≥
∫

Θ
e−
‖fν∗−fν‖∞

m
nΠ(dν) ≥

∫
{ν/‖fν∗−fν‖∞6δ}

e−
δ
m
nΠ(dν) ≥ bδn = sδ e−

δ
m
n ,

where bδn and sδ are defined in Equations (5.28) and (5.29).

Remark 72. By Equation (5.38) of Lemma 71, under Assumptions B2, B3 and B4, we
derive in particular, for any ν and ν ′ in supp(Π), any n in N∗ and any z0:n in Nn+1

(5.40)
∣∣dn(ν, ν ′, z0:n)

∣∣ =

∣∣∣∣mn(ν ′, z0:n)−mn(ν ′′, z0:n)

n

∣∣∣∣ ≤ ‖fν − fν′‖∞m
.
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5.3.4 Some properties of dν and dn

Let recall first the definition of the bounded differences property.

Definition 73. A function f : X n → R is said to have the bounded differences property if
there exist nonnegative constants γ0:n−1 = (γ0, . . . , γn−1) in Rn+ such that for all x0:n−1 in
X n and all y0:n−1 in X n

(5.41) |f (x0:n−1)− f (y0:n−1)| ≤
n−1∑
i=0

γi1{xi 6=yi} .

The class of all functions f : X n → R satisfying Inequality (5.41) is denoted BD (X n, γ0:n−1).

We can now give some auxiliary properties of functions dν and dn that will be used to
prove Propositions 67 and 69.

Proposition 74. For any fixed positive integer n in N and any fixed z0:n in Nn+1, the func-
tion (ν ′, ν ′′) ∈ Θ2 7→ dn(ν ′, ν ′′, z0:n) is anti-symmetric and satisfy the triangular inequality.
Moreover, under assumptions B 2, B 3 and B 4, for any ν ′ and ν ′′ in supp(Π) and any n
in N∗, the function z0:n ∈ Nn+1 7→ dn(ν ′, ν ′′, z0:n) has the bounded differences property and

belongs to BD
(
X n+1, γν

′,ν′′

0:n

)
where for any integer 0 ≤ i ≤ n

(5.42) γν
′,ν′′

i = 4
‖fν′′ − fν′‖∞

nm
.

Proof. Fix n in N∗. For any ν ′ and ν ′′ in Θ and any z0:n in Nn+1,

dn(ν ′, ν ′′, z0:n) = mn(ν ′, z0:n)−mn(ν ′′, z0:n)

= −
(
mn(ν ′′, z0:n)−mn(ν ′, z0:n)

)
= −dn(ν ′′, ν ′, z0:n) .

Moreover,

dn
(
ν ′, ν ′′, z0:n

)
=
mn(ν ′, z0:n)−mn(ν ′′, z0:n)

n

=
mn(ν ′, z0:n)−mn(ν, z0:n)

n
+
mn(ν, z0:n)−mn(ν ′′, z0:n)

n
= dn(ν ′, ν, z0:n) + dn(ν, ν ′′, z0:n) .

Hence, (ν ′, ν ′′) 7→ dn(ν ′, ν ′′, z0:n) is anti-symmetric and satisfies the triangular inequality.

Consider ν ′ and ν ′′ fixed in supp(Π).
Under Assumptions B2, B3 and B4, thanks to inequality (5.37) of Lemma 71, for any z0:n

and z′0:n in Nn+1 and any integer 0 ≤ i ≤ n− 1∣∣∣∣∣∣∣∣log


∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′(dt)∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′′(dt)


∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν ′′(dt)


∣∣∣∣∣∣∣∣ ≤ 2

‖fν′ − fν′′‖∞
m

.

136



Moreover, if (zi, zi+1) = (z′i, z
′
i+1), we directly have

log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν ′′(dt)

− log


∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′(dt)∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′′(dt)

 = 0 .

Hence, ∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν ′′(dt)

− log


∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′(dt)∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′′(dt)


∣∣∣∣∣∣∣∣(5.43)

≤ 2
‖fν′ − fν′′‖∞

m
1(zi,zi+1)6=(z′i,z

′
i+1) .

Since (zi, zi+1) 6= (z′i, z
′
i+1) implies either zi 6= z′i or zi+1 6= z′i+1, Inequality (5.43) leads to∣∣dn(ν ′, ν ′′, z0:n)− dn(ν ′, ν ′′, z′0:n)

∣∣
=

1

n

∣∣mn(ν ′, z0:n)−mn(ν ′′, z0:n)−
(
mn(ν ′, z′0:n)−mn(ν ′′, z′0:n)

)∣∣
=

1

n

∣∣∣∣∣∣∣∣
n−1∑
i=0

log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν ′′(dt)

− n−1∑
i=0

log


∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′(dt)∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′′(dt)


∣∣∣∣∣∣∣∣

≤ 1

n

n−1∑
i=0

∣∣∣∣∣∣∣∣log


∫ 1

0
tzi+1(1− t)zi+1ν ′(dt)∫ 1

0
tzi+1(1− t)zi+1ν ′′(dt)

− log


∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′(dt)∫ 1

0
tz
′
i+1(1− t)z′i+1ν ′′(dt)


∣∣∣∣∣∣∣∣

≤ 1

n

n−1∑
i=0

2
‖fν′ − fν′′‖∞

m
1(zi,zi+1) 6=(z′i,z

′
i+1) ≤

n−1∑
i=0

2
‖fν′ − fν′′‖∞

nm

(
1zi 6=z′i + 1zi+1 6=z′i+1

)
≤

n∑
i=0

4
‖fν′ − fν′′‖∞

nm
1zi 6=z′i .

Hence, for any fixed ν ′ and ν ′′ in Θ, the function z0:n 7→ dn(ν ′, ν ′′, z0:n) has the bounded dif-

ferences property and belongs to BD
(
X n+1, γν

′,ν′′

0:n

)
where γν

′,ν′′

0:n is defined in Equation (5.42).

Proposition 75. For any ν in Θ, the function (ν ′, ν ′′) 7→ dν(ν ′, ν ′′) is anti-symmetric and
satisfies the triangular inequality. Moreover, the function ν ′ 7→ dν(ν, ν ′) is non negative.

Proof. Fix ν in Θ. For any ν ′, ν ′′ and ν ′′′ in Θ,

dν(ν ′, ν ′′) = mν(ν ′)−mν(ν ′′)

= −
(
mν(ν ′′)−mν(ν ′)

)
= −dν(ν ′′, ν ′) .
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Moreover,

dν(ν ′, ν ′′) = mν(ν ′)−mν(ν ′′)

= mν(ν ′)−mν(ν ′′′) +mν(ν ′′′)−mν(ν ′′)

= dν(ν ′, ν ′′′) + dν(ν ′′′, ν ′′) .

Hence, (ν ′, ν ′′) 7→ dν(ν ′, ν ′′) is anti-symmetric and satisfies the triangular inequality.
For any ν ′ and ν ′′ in Θ, we have

dν(ν ′, ν ′′) = mν(ν ′)−mν(ν ′′)(5.44)

= Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
−Eν

µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′′(dt)

)]
= Eν

µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)
− log

(∫ 1

0
tZ0+1(1− t)Z1ν ′′(dt)

)]

= Eν
µν

log


∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)∫ 1

0
tZ0+1(1− t)Z1ν ′′(dt)


 = Eν

µν

[
log

(
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

)]

= Eν
µν

[
Eν
µν

[
log

(
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

)∣∣∣∣∣Z0

]]
.

By Jensen’s inequality applied with the conditional distribution Pν
µν ( .|Z0)

Eν
µν

[
log

(
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

)∣∣∣∣∣Z0

]
≤ log

(
Eν
µν

[
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

∣∣∣∣∣Z0

])
.(5.45)

As

Eν
µν

[
Kν′(Z0, Z1)

Kν′′(Z0, Z1)

∣∣∣∣∣Z0

]
=
∑
z1∈N

Kν′(Z0, z1)

Kν′′(Z0, z1)
Kν(Z0, z1) ,

for ν ′′ = ν, we derive

Eν
µν

[
Kν′(Z0, Z1)

Kν(Z0, Z1)

∣∣∣∣∣Z0

]
=
∑
z1∈N

Kν′(Z0, z1)

Kν(Z0, z1)
Kν(Z0, z1) =

∑
z1∈N

Kν′(Z0, z1) = Kν′(Z0,N) = 1 .

(5.46)

Plugging Equations (5.45) and (5.46) in Equation (5.44), we get, for any ν and ν ′ in Θ,

dν(ν ′, ν) ≤ Eν
µν [log(1)] = 0 .

Since dν(ν, ν ′) = −dν(ν ′, ν) by the first part of this proof , it follows that dν(ν, ν ′) is non neg-
ative for any ν and ν ′ in Θ.
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5.3.5 Link between dν and dn: proof of Proposition 66

Fix ν in M1([0, 1]) such that
∫ 1

0 log(1−t
t )ν(dt).

Since µν is invariant under Kν , (Z0, Z1) and (Zi, Zi+1) have the same distribution under Pνµν
for any i in N. Therefore, for any i in N and any ν ′ in M1([0, 1])

Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
= Eν

µν

[
log

(∫ 1

0
tZi+1(1− t)Zi+1ν ′(dt)

)]
.

Hence, by linearity of expectation

Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
= Eν

µν

[
1

n

n−1∑
i=0

log

(∫ 1

0
tZi+1(1− t)Zi+1ν ′(dt)

)]
.

For any ν, ν ′ and ν ′′ in Θ, the definitions of dν(ν ′, ν ′′) and mν(ν ′) in Equations (5.12) and
(5.10) then lead to

dν(ν ′, ν ′′) = mν(ν ′)−mν(ν ′′)

= Eν
µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′(dt)

)]
−Eν

µν

[
log

(∫ 1

0
tZ0+1(1− t)Z1ν ′′(dt)

)]

= Eν
µν

 1

n

n−1∑
i=0

log


∫ 1

0
tZi+1(1− t)Zi+1ν ′(dt)∫ 1

0
tZi+1(1− t)Zi+1ν ′′(dt)




= Eν
µν

 1

n

n−1∑
i=0

log


(
Zi + Zi+1

Zi

)∫ 1

0
tZi+1(1− t)Zi+1ν ′(dt)(

Zi + Zi+1

Zi

)∫ 1

0
tZi+1(1− t)Zi+1ν ′′(dt)




= Eν
µν

[
1

n

n−1∑
i=0

log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)]
= Eν

µν

[
1

n

(
mn(ν ′, Z0:n)−mn(ν ′′, Z0:n)

)]
= Eν

µν
[
dn(ν ′, ν ′′, Z0:n)

]
.

Thus, Equation (5.30) holds.

5.3.6 Proof of Proposition 67

Fix ν ′ and ν ′′ in Θ and assume that B1, B2 and B3 hold. By Proposition 74, the application

z0:n ∈ X n+1 7→ dn(ν ′, ν ′′, z0:n) belongs to BD(X n+1, γν
′,ν′′

0:n ) and γν
′,ν′′

0:n is such that for any n
in N∗

n∑
i=0

(
γν
′,ν′′

i

)2
=

n∑
i=0

(
4
‖fν′′ − fν′‖∞

nm

)2

= 16
n+ 1

n

‖fν′′ − fν′‖2∞
m2 n

≤ 32
‖fν′′ − fν′‖2∞

m2 n
.

Since any ν in supp(Π) meets assumptions F1 and F2 of Chapter 4, Corollary 41 indeed
applies and ensures that, for any ν ′ and ν ′′ in Θ and any t > 0

Pν
0

(∣∣dn(ν ′, ν ′′, Z0:n)−Eν
0 [dn(ν ′, ν ′′, Z0:n)]

∣∣ > t
)
≤ 2 exp

(
− β(c0, α)m2

32 ‖fν′′ − fν′‖2∞
n t2
)
,

where β(c0, α) is defined in Equation (4.9) of Chapter 4.
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5.3.7 Proof of Proposition 68

For any µ in M1(N), the canonical process (Zn)n∈N is a Markov chain under Pν
µ with initial

distribution µ and transition kernel Kν . By Proposition 83 of Appendix A, the process
(Zn, Zn+1)n∈N is also a Markov chain under Pν

µ with kernel K̃ν and initial distribution µ̃K
ν

respectively defined in Equations (A.6) and (A.7). We thus derive, for any ν, ν ′ and ν ′′ in Θ

Eν
0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν
[
dn(ν ′, ν ′′, Z0:n)

]
=

1

n

n−1∑
i=0

Eν
0

[
log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)]
− 1

n

n−1∑
i=0

Eν
µν

[
log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)]

=
1

n

n−1∑
i=0

(
Eν

0

[
log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)]
−Eν

µν

[
log

(
Kν′(Zi, Zi+1)

Kν′′(Zi, Zi+1)

)])

=
1

n

n−1∑
i=0

(
δ̃0
Kν

K̃ν
i

[
log

(
Kν′

Kν′′

)]
− µ̃νK

ν

K̃ν
i

[
log

(
Kν′

Kν′′

)])
.(5.47)

By characterization of the total variation norm, we get, for any integer 0 ≤ i ≤ n− 1∣∣∣∣∣δ̃0
Kν

K̃ν
i

(
log

(
Kν′

Kν′′

))
− µ̃νK

ν

K̃ν
i

(
log

(
Kν′

Kν′′

))∣∣∣∣∣(5.48)

≤

∥∥∥∥∥log

(
Kν′

Kν′′

)∥∥∥∥∥
∞

×
∥∥∥δ̃0

Kν

K̃ν
i
− µ̃νK

ν

K̃ν
i
∥∥∥

TV
.

For any i and j in N, by Equation (5.37) of Lemma 71, we know that

log

(
Kν′(i, j)

Kν′′(i, j)

)
= log

( ∫ 1
0 t

i+1(1− t)jν ′(dt)∫ 1
0 t

i+1(1− t)jν ′′(dt)

)
≤
‖fν′ − fν′′‖∞

m
,

so that

(5.49)

∥∥∥∥∥log

(
Kν′

Kν′′

)∥∥∥∥∥
∞

≤
‖fν′ − fν′′‖∞

m
.

Depending whether integer i is equal or different from 0, we will have to proceed differently

in the control of the factor
∥∥∥δ̃0

Kν

K̃ν
i
− µ̃νK

ν

K̃ν
i
∥∥∥

TV
.

Consider the case where i ≥ 1. Thanks to Remark 84, for any sets of integers A and B
and any integer i ≥ 1, we get∣∣∣δ̃0

Kν

K̃ν
i
(A×B)− µ̃νK

ν

K̃ν
i
(A×B)

∣∣∣
=
∣∣∣δ0 (Kν)i−1

[
(Kν)⊗2 (., A×B)

]
− µν (Kν)i−1

[
(Kν)⊗2 (., A×B)

]∣∣∣
≤
∥∥∥(Kν)⊗2 (., A×B)

∥∥∥
∞

∥∥∥δ0 (Kν)i−1 − µν (Kν)i−1
∥∥∥

TV
.

Since µν is invariant under Kν , µν (Kν)j = µν for any integer j. By Equation (4.94), we thus
have for any integer i ≥ 1∥∥∥δ0 (Kν)i−1 − µν (Kν)i−1

∥∥∥
TV

=
∥∥∥δ0 (Kν)i−1 − µν

∥∥∥
TV
≤ ζ0(c0, α)r0(c0, α)i−1 ,(5.50)
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where r0(c0, α) and ζ0(c0, α) are respectively defined in Equation (4.95) and Equation (4.96).

Since Kν is a Markov kernel, 0 ≤ Kν(y, C) ≤ 1 for any y in N and any C ⊂ N.
For any sets of integers A and B and any integer x, the definition of (Kν)⊗2 thus yields

(Kν)⊗2 (x,A×B) =

∫
A
Kν(w,B)Kν(x,dw) ≤

∫
A
Kν(x,dw) = Kν(x,A) ≤ 1 ,

so that

(5.51)
∥∥∥(Kν)⊗2 (., A×B)

∥∥∥
∞
≤ 1 .

Let’s then deal with the case where i = 0.

For any sets of integers A and B, by definition of K̃ν , δ̃0
Kν

and µ̃ν
Kν

,

δ̃0
Kν (

K̃ν
)0

(A×B)− µ̃νK
ν (
K̃ν
)0

(A×B)

=
∑
x0∈N

1A(x0)Kν(x0, B)δ0(x0)−
∑
x0∈N

1A(x0)Kν(x0, B)µν(x0) .

Hence, ∣∣∣∣δ̃0
Kν (

K̃ν
)0

(A×B)− µ̃νK
ν (
K̃ν
)0

(A×B)

∣∣∣∣ ≤ ‖δ0 − µν‖TV × ‖1A(.)Kν(., B)‖∞ .(5.52)

Equation (4.94) of Chapter 4 ensures

‖δ0 − µν‖T.V. ≤ ζ0(c0, α)r0(c0, α)0 = ζ0(c0, α) ,

Since Kν is a Markov kernel,
‖1A(.)Kν(., B)‖∞ ≤ 1 .

Hence, Inequality (5.52) yields

(5.53)

∥∥∥∥δ̃0
Kν (

K̃ν
)0
− µ̃νK

ν (
K̃ν
)0
∥∥∥∥

TV

≤ ζ0(c0, α) .

Plugging Equations (5.48), (5.49), (5.50), (5.51) and Equation (5.53) in Equation (5.47),
we thus have for any ν, ν ′ and ν ′′ in Θ

∣∣Eν
0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν

[
dn(ν ′, ν ′′, Z0:n)

]∣∣ ≤ n−1∑
i=1

2
‖f ′ν − fν′′‖∞

nm
ζ0(c0, α)r0(c0, α)i−1

≤ 2
‖fν′ − fν′′‖∞

nm

ζ0(c0, α)

1− r0(c0, α)
.

5.3.8 Proof of Proposition 69

By Proposition 74, for any ν0 in Θ∣∣dn(ν ′, ν ′′, Z0:n)−Eν
0 [dn(ν ′, ν ′′, Z0:n)]

∣∣
=
∣∣dn(ν ′, ν0, Z0:n) + dn(ν0, ν

′′, Z0:n)−Eν
0 [dn(ν ′, ν0, Z0:n) + dn(ν0, ν

′′, Z0:n)]
∣∣

≤
∣∣dn(ν ′, ν0, Z0:n)−Eν

0 [dn(ν ′, ν0, Z0:n)]
∣∣+
∣∣dn(ν ′′, ν0, Z0:n)−Eν

0 [dn(ν ′′, ν0, Z0:n)]
∣∣ .

141



Hence,

sup
(ν′,ν′′)∈Θ̃2

∣∣dn(ν ′, ν ′′, Z0:n)−Eν
0 [dn(ν ′, ν ′′, Z0:n)]

∣∣(5.54)

≤ 2 sup
ν′∈Θ̃

∣∣dn(ν ′, ν0, Z0:n)−Eν
0

[
dn(ν ′, ν0, Z0:n)

]∣∣ .
Moreover, by Equation (5.33), for all ν, ν ′ and ν ′′ in Θ̃∣∣Eν

0

[
dn(ν ′, ν ′′, Z0:n)

]
−Eν

µν
[
dn(ν ′, ν ′′, Z0:n)

]∣∣ ≤ 2
‖fν′ − fν′′‖∞

nm

ζ0(c0, α)

1− r0(c0, α)

≤ 2 ζ0(c0, α) ∆(Θ̃)

nm (1− r0(c0, α))
.(5.55)

Taking the supremum over (ν ′, ν ′′) in Θ̃2 in Equation (5.31) and Inequalities (5.54) and (5.55)
then lead to

sup
(ν′,ν′′)∈Θ̃2

∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣ ≤ 2 sup

ν′∈Θ̃

∣∣dn(ν ′, ν0, Z0:n)−Eν
0

[
dn(ν ′, ν0, Z0:n)

]∣∣(5.56)

+
2 ζ0(c0, α) ∆(Θ̃)

nm (1− r0(c0, α))
.

Since Θ̃ is compact for the topology induced by ‖.‖∞, it can be covered for any positive ε̃
by a finite number of open balls of radius ε̃ for ‖.‖∞ and thus admits finite ε̃-nets (as defined
in Appendix B). For fixed positive ε̃, let R(ε̃) denote a finite ε̃-net of Θ̃ with respect to ‖.‖∞
with minimal cardinality so that card(R(ε̃)) = N(Θ̃, ‖.‖∞, ε̃).
For any ν ′ in Θ̃, there exists ν1 in R(ε̃) such that ‖fν′ − fν1‖∞ ≤ ε̃ and so

‖fν′ − fν0‖∞ = ‖fν′ − fν1 + fν1 − fν0‖∞ ≤ ‖fν′ − fν1‖∞ + ‖fν1 − fν0‖∞ ≤ ε̃+ ‖fν1 − fν0‖∞ .

Since Remark 72 ensures that dn(ν ′, ν1, Z0:n) ≤ ‖fν′ − fν1‖∞ /m, Proposition 74 leads to∣∣dn(ν ′, ν0, Z0:n)−Eν
0

[
dn(ν ′, ν0, Z0:n)

]∣∣
=
∣∣dn(ν ′, ν1, Z0:n)−Eν

0

[
dn(ν ′, ν1, Z0:n)

]
+ dn(ν1, ν0, Z0:n)−Eν

0 [dn(ν1, ν0, Z0:n)]
∣∣

≤
∣∣dn(ν ′, ν1, Z0:n)

∣∣+
∣∣Eν

0

[
dn(ν ′, ν1, Z0:n)

]∣∣+ |dn(ν1, ν0, Z0:n)−Eν
0 [dn(ν1, ν0, Z0:n)]|

≤ 2 ε̃

m
+ sup
ν′′∈R(ε̃)

∣∣dn(ν ′′, ν0, Z0:n)−Eν
0

[
dn(ν ′′, ν0, Z0:n)

]∣∣ .(5.57)

By Inequalities (5.57) and (5.32), for any u in R∗+

Pν
0

(
sup
ν′∈Θ̃

∣∣dn(ν ′, ν0, Z0:n)−Eν
0

[
dn(ν ′, ν0, Z0:n)

]∣∣ ≥ u+
2 ε̃

m

)

≤ Pν
0

(
sup

ν′′∈R(ε̃)

∣∣dn(ν ′′, ν0, Z0:n)−Eν
0

[
dn(ν ′′, ν0, Z0:n)

]∣∣ ≥ u)

≤
∑

ν′′∈R(ε̃)

2 exp

(
− β(c0, α)m2

32 ‖fν′′ − fν0‖
2
∞
nu2

)
≤

∑
ν′′∈R(ε̃)

2 exp

(
−β(c0, α)m2

32 ∆(Θ̃)2
nu2

)

≤ card (R(ε̃)) 2 exp

(
−β(c0, α)m2

32 ∆(Θ̃)2
nu2

)
.
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By definition of the covering number, for any u in R∗+, with probability under Pν
0 larger

than 1− e−u
2

it holds

sup
ν′∈Θ̃

∣∣dn(ν ′, ν0, Z0:n)−Eν
0

[
dn(ν ′, ν0, Z0:n)

]∣∣
≤ 4

√
2 ∆(Θ̃)

m
√
β(c0, α)

1√
n

(
u+

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
)))

+
2 ε̃

m
.

Moreover,

ζ0(c0,α)
√
β(c0,α)

(1−r0(c0,α))
√

2√
n

≤
ζ0(c0, α)

√
β(c0, α)

(1− r0(c0, α))
√

2

√√√√ log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

log(2)

≤
ζ0(c0, α)

√
β(c0, α)

(1− r0(c0, α))
√

2 log(2)

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

.

Therefore,

8
√

2 ∆(Θ̃)

m
√
β(c0, α)

u+

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

√
n

+
4 ε̃

m
+

2 ζ0(c0,α)
1−r0(c0,α)

∆(Θ̃)
m

n

=
4 ε̃

m
+

1√
n

2
√

2

m
√
β(c0, α)

∆(Θ̃)

 ζ0(c0,α)
√
β(c0,α)

(1−r0(c0,α))
√

2√
n

+ u+

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

≤ 4 ε̃

m
+

2
√

2

m
√
β(c0, α)

(
1 +

ζ0(c0, α)
√
β(c0, α)

(1− r0(c0, α))
√

2 log(2)

)
∆(Θ̃)√

n

(
u+

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
)))

.

By Equation (5.56), for any u in R∗+, it finally holds with probability under Pν
0 less than e−u

2

sup
(ν′,ν′′)∈Θ̃2

∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣ ≥ C(c0, α,m)

ε̃ + ∆(Θ̃)

u +

√
log
(

2N
(

Θ̃, ‖.‖∞, ε̃
))

√
n

 ,

where C(c0, α,m) is defined in Equation (5.35).

5.3.9 Control of the first and second kind risks

In Sections 5.3.9.1 and 5.3.9.2, we show that first and second kind risks of the test function
φn respectively appearing in conditions (i) and (ii) can be bounded by the same quantity.
In Section 5.3.9.3, we show then how to control this common upper-bound tanks toProposi-
tion 69.

5.3.9.1 First kind risk

By definition of φn, for any n in N

Eν∗
0 [φn (Z0:n)] = Pν∗

0

(
sup
ν′∈Θn

Fn(ν ′, ν∗, Z0:n, ν
∗) >

ε

2

)
.
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For any n in N, let

(5.58) Θ̃n = Θn ∪ {ν∗} .

We have thus

Eν∗
0 [φn (Z0:n)] ≤ Pν∗

0

(
sup

(ν′,ν′′)∈Θ̃2
n

∣∣Fn(ν ′, ν ′′, Z0:n, ν
∗)
∣∣ > ε

2

)
.(5.59)

5.3.9.2 Second kind risk

By definition of φn, for any n in N

Eν
0 [1− φn (Z0:n)] = Pν

0

(
sup
ν′∈Θn

Fn(ν ′, ν∗, Z0:n, ν
∗) ≤ ε

2

)
.

Since Fn(ν, ν∗, Z0:n, ν
∗) ≤ supν′∈Θn Fn(ν ′, ν∗, Z0:n, ν

∗) for any ν in Θn, it follows

Pν
0

(
sup
ν′∈Θn

Fn(ν ′, ν∗, Z0:n, ν
∗) ≤ ε

2

)
≤ Pν

0

(
Fn(ν, ν∗, Z0:n, ν

∗) ≤ ε

2

)
.

For any ν in Θn ∩Aε, we have dν
∗
(ν∗, ν) ≥ ε (that is dν

∗
(ν, ν∗) ≤ −ε), so

Pν
0

(
dn(ν, ν∗, Z0:n)− dν

∗
(ν, ν∗) ≤ ε

2

)
≤ Pν

0

(
dn(ν, ν∗, Z0:n) ≤ ε

2
− ε
)
.

Since dν(ν, ν∗) ≥ 0, by Proposition 75, we have then

Pν
0

(
dn(ν, ν∗, z0:n) ≤ −ε

2

)
≤ Pν

0

(
dn(ν, ν∗, z0:n)− dν(ν, ν∗) ≤ −ε

2

)
.

Combining the last two inequalities, by the definition of Fn(ν, ν∗, Z0:n, ν), we thus have, for
any ν in Θn ∩Aε

Eν
0 [1− φn (Z0:n)] ≤ Pν

0

(
Fn(ν, ν∗, Z0:n, ν) ≤ −ε

2

)
≤ Pν

0

(
|Fn(ν, ν∗, Z0:n, ν)| ≥ ε

2

)
.

Hence, for any ν in Θn ∩Aε

Eν
0 [1− φn (Z0:n)] ≤ Pν

0

(
sup

(ν′,ν′′)∈Θ̃2
n

∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣ > ε

2

)
,

where Θ̃n is defined in Equation (5.58).

5.3.9.3 Control of first and second kind risks : application of Proposition 69

Since the first and second kind risks are both upper-bounded by the same term, let’s now
prove that this term can be bounded thanks to Proposition 69.

By assumption B6, for any n in N, the ε-covering number of the set Θn is finite. Each
of the set Θn can thus be covered by a finite number of balls of radius ε for ‖.‖∞ and is so
a compact set for ‖.‖∞. Since ν∗ is a single point of supp(Π), the family of sets (Θ̃n)n∈N
where Θ̃n is defined in Equation (5.58) is also compact for ‖.‖∞. Proposition 69 can thus be
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applied to (Θ̃n)n∈N and we get for any ν in Θ̃n, any n in N∗, any u in R∗+ and any positive ε̃

that with probability less than e−u
2

under Pν
0

sup
(ν′,ν′′)∈Θ̃2

n

∣∣Fn(ν ′, ν ′′, Z0:n, ν)
∣∣

≥ C(c0, α,m)

ε̃ + ∆(Θ̃n)

u +

√
log
(

2N
(

Θ̃n, ‖.‖∞, ε̃
))

√
n

 ,

where C(c0, α,m) is defined in Equation (5.35).

For any ν and ν ′ in supp(Π), we have

• by Assumption B2, for any t in [0, α) ∪ (1− α, 1]

fν(t)− fν′(t) = 0 ,

• by Assumption B3 and B4, for any t in [α, 1− α]

m−M ≤ fν(t)− fν′(t) ≤M −m.

Hence, for any n in N

∆(Θ̃n) ≤ ∆(supp(Π)) ≤M −m,

since Θ̃n is a subset of supp(Π).

Choose ε̃ = ε/(8C(c0, α,m)) and define un, for any n in N, by

un =
ε

4C(c0, α,m) (M −m)

√
n .(5.60)

Since log
(

2N
(

Θ̃n, ‖.‖∞, ε̃
))
≤ (ε/(M−m))2n, for any n in N, by Inequality (5.13), we have

C(c0, α,m)

ε̃ + ∆(Θ̃n)

un +

√
log
(

2N
(

Θ̃n, ‖.‖∞, ε̃
))

√
n


≤ C(c0, α,m)

(
2 ε̃ + (M −m)

un√
n

)
= C(c0, α,m)

(
2

ε

8C(c0, α,m)
+ (M −m)

ε
4C(c0,α,m) (M−m)

√
n

√
n

)

≤ C(c0, α,m)

(
ε

4C(c0, α,m)
+

ε

4C(c0, α,m)

)
=
ε

2
.

Thus, first and second kind risks are bounded :

Eν∗
0

[
φtn (Z0:n)

]
≤ e−u

2
n and sup

ν∈Θn∩Aε

(
Eν

0

[
1− φtn (Z0:n)

])
≤ e−u

2
n ,

where Aε is defined in Equation (5.16).
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5.3.10 Final step of the proof of Theorem 64

On the one hand, since the sequence (un)n∈N∗ defined in Equation (5.60) tends to ∞ as n
grows, e−u

2
n tends to 0 as n grows to infinity.

On the other hand, if δ is less than mε2/(32C(c0, α,m)2 (M −m)2), then for any n in N

δ

m
n− u2

n =
δ

m
n−

(
ε

4C(c0, α,m) (M −m)

)2

n ≤ − ε2

32C(c0, α,m)2 (M −m)2
n

and thus when n grows to infinity, e−u
2
n/bδn = e

δ
m
n−u2n/sδ tends to 0.

Simultaneously, by first Inequality of Assumption B6, we know that for any n in N

Π(Θc
n) ≤ e−

Cε
m
n ,

so that for any positive δ

Π(Θc
n)

bδn
=

Π(Θc
n)

sδ e−
δ
m
n
≤ 1

sδ
e
δ−Cε
m

n .

and if δ is less than Cε, the sequence Π(Θc
n)/bδn tends to 0 as n grows.

As a conclusion, considering fixed positive ε and setting bn = bδn where δ is a positive real
less than mε2/(32C(c0, α,m)2 (M −m)2) and Cε, we proved that Dn is lower bounded by
bn and that the three terms

Eν∗
0 [φn (Z0:n)] and

sup
ν∈Aε∩Θn∩supp(Π)

Eν
0 [1− φn (Z0:n)]

bn
and

Π(Θc
n)

bn
,

all simultaneously tend to 0 as n grows so that requirements (i), (ii), (iii) and (iv) are satisfied.
According to Inequality (5.23), the quantity Eν∗

0 [Π (Aε |Z0:n )] is bounded by the sum of
this three terms and thus tends to 0.

Section 5.3.1 showing that posterior consistency of the Bayesian estimator of BPIRE is
entailed by that later convergence, we thus indeed proved Theorem 64.

5.3.11 Proof of Theorem 63

For any ν∗ in supp(Π), (Lnn−k)0≤k≤n and Z0:n have the same distribution respectively under

Qν∗
0 and Pν∗

0 . Hence, for any measurable A ⊂ Θ, the posterior distributions Π (A |Ln0:n )
defined by Equation (5.14) and Π (A |Z0:n ) defined by Equation (5.15) also have the same
distribution respectively under Qν∗

0 and Pν∗
0 . For any ε > 0 and for the very specific set

A = Aε = {dν∗(ν∗, ν) > ε}, this is in particular valid.
Hence, if Assumptions of Theorem 64 hold, then, for any ε > 0 and any δ > 0

Qν∗
0

(
Π
(

dν
∗
(ν∗, ν) > ε

∣∣∣ (Lnn−k)0≤k≤n) ≥ δ) −−−−−→n→ +∞
0 ,

and Theorem 63 is thus proved.
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Appendix A

Reminder on transition kernels and
Markov chains

Definition 76. If (X,X ) and (Y,Y ) are two measurable space, then, a kernel N on X×Y
is a mapping N : X × Y → [0,+∞] such that

(i) for every x in X, the function N(x, ·) : A ∈ Y 7→ N(x,A) is a measure on Y ,

(ii) for every A in Y , the function N(·, A) : x ∈ X 7→ N(x,A) is a measurable function
from (X,X ) to ([0,+∞] ,B ([0,+∞])).

If for all x in X, the kernel N satisfies N(x, Y ) = 1, it is called a Markov kernel.

Definition 77. If (X,X ), (Y,Y ) and (Z,Z ) are three measurable spaces and M a kernel
on X × Y and N a kernel on Y × Z , then, the product MN of M and N on X × Z is
defined for any x in X and any B in Z by

(A.1) MN(x,B) =

∫
Y
N(y,B)M(x,dy) .

Definition 78. If (X,X ), (Y,Y ) and (Z,Z ) are three measurable spaces and M a kernel
on X × Y and N a kernel on Y ×Z , then, the tensor kernel M ⊗ N on X × (Y ⊗Z ) is
defined for any x in X and any A in Y and any B in Z by

(A.2) M ⊗N(x,A×B) =

∫
A
N(y,B)M(x, dy) .

Remark 79. If M and N are both Markov, then, M ⊗N is also Markov.
Furthermore, ”⊗” is associative : if (U,U ) is an other measurable space and P a kernel on
Z ⊗U , then, (M ⊗N)⊗ P = M ⊗ (N ⊗ P ).
Hence, for any positive integer n, the n-th tensorial power of a kernel P on (X,X ) is the
kernel P⊗n defined on (X,X ⊗n) defined for any x in X and any X ⊗n-measurable function
f by

(A.3) P⊗nf(x) =

∫
Xn

f(x1, . . . , xn)P (x,dx1)P (x1, dx2) . . . P (xn−1, dxn) .

For any x in X and any B in Z

MN(x,B) = M ⊗N(x, Y ×B) .
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Definition 80. If ν is a σ-finite measure on (X,X ) and N is a kernel on X ⊗Y , then, the
product νN of ν and N is the measure on (Y,Y ) defined for any B in Y by

(A.4) νN(B) =

∫
X
N(x,B)ν(dx) .

Definition 81. If ν is a σ-finite measure on (X,X ) and N is a kernel on X ⊗Y , then, the
tensor product ν ⊗ N of ν and N is the measure on (X × Y,X ⊗ Y ) defined for any A in
X and any B in Y by

(A.5) ν ⊗N(A×B) =

∫
A
N(x,B)ν(dx) .

Proposition 82. Let P be a Markov kernel on a measurable space X⊗X and ν a probability
distribution on X , then, an X-valued stochastic process (Xk)k∈N is a homogeneous Markov
chain with kernel P and initial distribution ν, if and only if, for any k in N, the distribution
of (X0, . . . , Xk) is ν ⊗ P⊗k.

Proposition 83. If the random process (Xn)n∈N is a Markov chain on (X,X ) with transi-
tion kernel P and initial distribution µ, then, the random process ((Xn, Xn+1))n∈N is also a

Markov chain whose transition kernel P̃ is defined for any x and y in X and any A and B
in X by

(A.6) P̃ ((x, y), A×B) = δy ⊗ P (A×B) = δy(A)P (y,B) ,

and initial distribution µ̃P defined for any A and B in X by

(A.7) µ̃P (A×B) = µ⊗ P (A×B) =

∫
A
P (x,B)µ(dx) .

Furthermore, if the kernel P admits an invariant distribution Π, then, P̃ admits also an
invariant distribution Π̃P defined for any A and B in X by

(A.8) Π̃P (A×B) = Π⊗ P (A×B) =

∫
A
P (x,B)Π(dx)

Proof. For any A and B in X

Π̃P P̃ (A×B)

=

∫
X 2

P̃ ((x, y), A×B) Π̃P (d(x, y)) =

∫
X 2

δy ⊗ P (A×B)(Π⊗ P )(d(x, y))

=

∫
X 2

δy(A)P (y,B)Π(dx)P (x,dy) =

∫
X 2

∫
X 2

1A(v)1B(w)P (y,dw)δy(dv)Π(dx)P (x,dy)

=

∫
X

(∫
X
1A(y)1B(w)P (y,dw)

)
ΠP (dy) =

∫
X

(∫
X
1A(y)1B(w)P (y,dw)

)
Π(dy)

= Π⊗ P (A×B) = Π̃P (A×B) .

Hence, the probability distribution Π̃P = Π⊗ P is invariant under P̃ .

Remark 84. For any A and B in X and any n in N∗, it follows from the definition of P̃
and of the operation ⊗

µ̃P P̃n(A×B) = µPn−1
[
P⊗2(., A×B)

]
.
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Lemma 85. If (X ,X ,P) is a discrete probability space, P a Markov kernel on X × X ,
(Xn)n∈N a Markov chain with transition kernel P under P and (FX

n )n∈N the natural filtration
(that is, for all n in N, FX

n = σ (X0, . . . , Xn)), then, for any n in N, any A in Fn, any xn
in X such that P(Xn = xn, A) 6= 0 and any y in X

(A.9) P(Xn+1 = y|Xn = xn, A) = P(Xn+1 = y|Xn = xn) = P (xn, y) .

Proof. Set n in N, A in Fn and xn in X such that P(Xn = xn, A) 6= 0.
Since (Xn)n∈N is a Markov chain on discrete state space X with transition kernel P under P,
whatever (x0, . . . , xn−1) in X n such that P ((X0, . . . , Xn) = (x0, . . . , xn)) 6= 0 , we get

P(Xn+1 = y,Xn = xn, Xn−1 = xn−1, . . . , X0 = x0)(A.10)

= P(Xn+1 = y|Xn = xn, . . . , X0 = x0)P(Xn = xn, . . . , X0 = x0)

= P (y, xn)P(Xn = xn . . . , X0 = x0) .

Then, the event {Xn+1 = y,Xn = xn} ∩A can decompose as⋃
(x0,...,xn−1)∈Xn

{Xn=xn,Xn−1=xn−1,...,X0=x0}⊂A

{Xn+1 = y,Xn = xn, Xn−1 = xn−1, . . . , X0 = x0} .(A.11)

Thanks to Equation (A.10) and Equation (A.11), we thus finally get

P (Xn+1 = y |Xn = xn, A)

=
P ({Xn+1 = y,Xn = xn} ∩A)

P (Xn = xn, A)

=
1

P (Xn = xn, A)

∑
(x0,...,xn−1)∈Xn

{Xn=xn,Xn−1=xn−1,...,X0=x0}⊂A

P ({Xn+1 = y,Xn = xn, Xn−1 = xn−1, . . . , X0 = x0})

=
1

P (Xn = xn, A)

∑
(x0,...,xn−1)∈Xn

{Xn=xn,Xn−1=xn−1,...,X0=x0}⊂A

P (xn, y)P(Xn = xn . . . , X0 = x0)

=
1

P (Xn = xn, A)
P (xn, y)P (Xn = xn, A) = P(Xn+1 = y|Xn = xn) = P (xn, y) .

Remark 86. Using notations and results given in Lemma 85, for any n in N, any A in Fn

and any xn in X such that P(Xn = xn, A) 6= 0 and any B in X

P(Xn+1 ∈ B|Xn = xn, A) =
∑
y∈B

P(Xn+1 = y|Xn = xn, A)

=
∑
y∈B

P (xn, y) = P (xn, B) .
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Appendix B

Reminder on covering numbers

Covering and bracketing numbers provide ways to measure the complexity of a metric space,
or a set of functions.

In the following definitions, we consider that d is a metric on a given space E, that F is
a subset of E and that ε is a scale parameter in (0,+∞).

Definition 87. An ε-net of F with respect to d is a subset V of F such that for all f in F ,
it exists v in V such that

(B.1) d(f, v) ≤ ε ,

or equivalently V is an ε-net of F , if and only if

(B.2) F ⊂
⋃
v∈V
{x ∈ E : d(x, v) ≤ ε} .

Definition 88. The covering numbers of F with respect to d is the infinite family of (possibly
infinite) real numbers (N(F,d, ε))ε∈R∗+

where N(F,d, ε) is defined for any ε in R∗+ by

(B.3) N(F,d, ε) = inf {card(V ) : V is an ε-net} .

The logarithm of the covering number is called the metric entropy. Unless F is finite,
in which case covering number is bounded by the cardinality of F , the covering number
N(F,d, ε) goes to∞ as n grows. The rate of the growth qualitatively measures the size of the
space and is fundamental in Bayesian nonparametrics as well as in empirical process theory
(to obtain control on the supremum of a stochastic process such as example Dudley’s bound,
for example in [Tal96a]) or in statistical learning theory (to obtain margin-based errors, see
for example [STW99]) Covering numbers are useful to quantify somehow the complexity of
a set. For example, it enables to obtain margin-based error bounds in statistical learning or
to obtain control on the supremum of a stochastic process.
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Appendix C

Reminder on stopping times

Definition 89. A random variable T : Ω→ N∪{∞} is a stopping time on a filtered probability
space

(
Ω,F ,P, (Fk)k∈N

)
if for any k in N, the set {T = k} belongs to Fk.

Proposition 90. Consider T : Ω → N ∪ {∞} be a stopping time on a filtered probability
space

(
Ω,F ,P, (Fk)k∈N

)
.

(i) The subset FT of F defined by

FT = {A ∈ F : ∀k ∈ N, A ∩ {T = k} ∈ Fk} ,

is a σ-field on Ω.

(ii) If there exists i in N such that T ≥ i then

Fi ⊂ FT .

(iii) If Z : Ω→ R is a FT -measurable random variable, for any k in N, the random variables
Z1{T=k} and Z1{T≥k} are Fk-measurable.

Proof. (i) Let us first prove that FT is a σ-field.

• Ω lies in F and for any k in N, {T = k} ∩Ω = {T = k} so that Ω belongs to FT .

• If A in FT , A belongs to F and for any k in N, A ∩ {T = k} belongs to Fk.
Hence, for any k in N, AC ∩ {T = k} decomposed as

AC ∩ {T = k} = {T = k} ∩ (A ∩ {T = k})C ,

is the intersection of {T = k} belonging to Fk (because T is a stopping time) and
of (A ∩ {T = k})C belonging also to Fk (as the coset of a set belonging to the
σ-field Fk) so that AC ∩ {T = k} belongs to Fk and AC thus belongs to FT .

• If (An)n∈N is a countable family of sets belonging to FT , then, for any n in N, An
belongs to F and for any k in N, An ∩ {T = k} belongs to Fk. Hence, ∪n∈NAn
belongs to F and (∪n∈NAn)∩ {T = k} = ∪n∈N (An ∩ {T = k}) belongs to Fk (as
a countable union of sets of the σ-field Fk) and thus ∪n∈NAn belongs to FT .

We thus proved that FT is a σ-field.
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(ii) Let us then prove that if i in N is such that T ≥ i, then, Fi ⊂ FT .
For any A in Fi and any k in N, it holds

A ∩ {T = k} = A ∩ {T = k} ∩ {T ≥ i} =

{
A ∩ ∅ = ∅ if k < i

A ∩ {T = k} if k ≥ i
.

Since T is a stopping time, for any k in N, {T = k} belongs to Fk and since (Fk)k∈N
is a filtration, for any k in N, ∅ belongs to Fk and for any k ≥ i, Fi is included in Fk.
For any k in N, A∩{T = k} belongs to Fk and A thus belongs to FT so that Fi ⊂ FT .

(iii) Let us then prove that for a FT -measurable random variable Z : Ω → R and k in N
fixed, Z1{T=k} and Z1{T≥k} are Fk-measurable. To this end, we will use the definition
of Fk-measurability of a variable Y : (Ω,F ) 7→ (R,B(R)), that is, for all B in B(R)

{Y ∈ B} = Y −1(B) ∈ Fk .

Fixing B in B(R) and k in N:

{Z1{T=k} ∈ B} =

{
{Z ∈ B} ∩ {T = k} if 0 /∈ B
{T 6= k} t ({Z ∈ B} ∩ {T = k}) if 0 ∈ B

,

and {
Z1{T≥k} ∈ B

}
=

{
C if 0 /∈ B
{T < k} ∪ C if 0 ∈ B

,

where C = {Z ∈ B} ∩ {T ≥ k} = {Z ∈ B} ∩
(
∪k−1
j=0{Z ∈ B} ∩ {T = j}

)C
.

Since Z is FT -measurable, {Z ∈ B} lies in FT .

By definition of FT itself, {Z ∈ B} ∩ {T = k} lies in Fk and since T stopping time
ensures {T 6= k} = {T = k}C ∈ Fk and Fk σ-field. So in both cases (0 ∈ B or 0 /∈ B),
{Z1{T=k} ∈ B} belongs to Fk.

By definition of FT , {Z ∈ B} ∩ {T = j} lies in Fj for 0 ≤ j ≤ k − 1 and using then
the fact that (Fj)j∈N is a filtration (so that for 0 ≤ j ≤ k − 1, Fj ⊂ Fk and Fk is a
σ-field), we get that C belongs to Fk. Since T is a stopping time (so that {T = j} ∈ Fj

for 0 ≤ j ≤ k − 1) and (Fj)j∈N is a filtration (so that Fj ⊂ Fk for 0 ≤ j ≤ k − 1 and
Fk is a σ-field), {T < k} = ∪k−1

j=0{T = j} lies in Fk and thus C ∪ {T < k} belongs to

Fk. So in both cases (0 ∈ B or 0 /∈ B),
{
Z1{T≥k} ∈ B

}
belongs to Fk.

Hence, if Z : Ω → R is a FT -measurable random variable and k ∈ N, whatever B in
B(R), {Z1{T=k} ∈ B} and

{
Z1{T≥k} ∈ B

}
belong to Fk so that Z1{T=k} and Z1{T≥k}

are Fk-measurable.

Lemma 91. If T : Ω→ N∪{∞} is a stopping time on
(
Ω,F ,P, (Fk)k∈N

)
a filtered probability

space and Y a random variable on Ω, then P-a.s. for any k in N

(C.1) E [Y | FT ]1T=k = E [Y | Fk]1T=k and E [Y | FT ]1T≥k = E [Y | Fk]1T≥k .
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Proof. Let us fix k in N.
By definition of conditional expectation given Fk, E

[
Y 1{T=k} | Fk

]
= E [Y | Fk]1{T=k} and

E
[
Y 1{T≥k} | Fk

]
= E [Y | Fk]1{T≥k} are (up to a measurable set with P-measure 0) the only

Fk-measurable random variables Z1 and Z2 that respectively satisfies for any B in Fk

E
[
Y 1{T=k}1B

]
= E [Z11B] and E

[
Y 1{T≥k}1B

]
= E [Z21B] .

In order to prove Equation (C.1), it is thus necessary and sufficient to prove that E [Y | FT ]1T=k

and E [Y | FT ]1T≥k are Fk-measurable random variable satisfying respectively for B in Fk

E
[
Y 1{T=k}1B

]
= E

[(
E [Y | FT ]1{T=k}

)
1B

]
and E

[
Y 1{T≥k}1B

]
= E

[(
E [Y | FT ]1{T≥k}

)
1B

]
.

First, by definition of conditional expectations with respect to FT , E [Y | FT ] is FT -
measurable and Proposition 90 applied to E [Y | FT ] ensures thus that E [Y | FT ]1T=k and
E [Y | FT ]1T≥k are Fk-measurable.

Then, let us prove that B ∩ {T = k} and B ∩ {T ≥ k} belong both to FT . We want to
prove that B ∩ {T = k} ∩ {T = i} and B ∩ {T ≥ k} ∩ {T = i} lie in Fi for all i in N.
Depending on the value of i, we get

B ∩ {T = k} ∩ {T = i} =

{
∅ if i 6= k

B ∩ {T = i} if i = k
,

and

B ∩ {T ≥ k} ∩ {T = i} =

{
∅ if i < k

B ∩ {T = i} if i ≥ k
.

Fi being a σ-field, ∅ always belong to Fi whatever the value of i.
If i = k, then, B ∩ {T = i} = B ∩ {T = k} is the intersection of two sets of Fk and since
Fk = Fi, B ∩ {T = i} belongs to Fi.
If i ≥ k, then, {T = i} belongs to Fi (since T stopping time) and B belongs also to Fi (since
B lies in Fk and Fk ⊂ Fi) so that B ∩ {T = i} belongs to Fi.
Hence, whatever the relative position of i and k, the sets B ∩ {T = k} ∩ {T = i} and
B ∩{T ≥ k}∩{T = i} lie in Fi and we thus proved that B ∩{T = k} and B ∩{T ≥ k} both
belong to FT .

Finally, since B∩{T = k} and B∩{T ≥ k} both belong to FT so that 1{T=k} and 1{T≥k}
are FT -measurable and thanks to property of conditional expectation with respect to FT

E
[
Y 1{T=k}1B

]
= E

[
E
[
Y 1{T=k}∩B | FT

]]
= E

[(
E [Y | FT ]1{T=k}

)
1B

]
,

as well as

E
[
Y 1{T≥k}1B

]
= E

[
E
[
Y 1{T≥k}∩B | FT

]]
= E

[(
E [Y | FT ]1{T≥k}

)
1B

]
.

A well-known classical property of conditional expectation is the so-called tower property :
if G0 and G1 are two σ-fields such that G0 ⊂ G1 ⊂ F then for any non-negative random variable
Z defined on (Ω,F ,P)

E [E [Z |G0 ] |G1 ] = E [E [Z |G1 ] |G0 ] = E [Z |G0 ] .(C.2)

Defining from two already existing stopping times a new stopping time, it is possible to
generalize somehow the tower property.
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Lemma 92. Let T : Ω → N ∪ {∞} and S : Ω → N ∪ {∞} be two stopping times on(
Ω,F ,P, (Fk)k∈N

)
a filtered probability space.

(i) T ∧ S is a stopping time on
(
Ω,F ,P, (Fk)k∈N

)
such that

(C.3) FT∧S = FT ∩FS .

(ii) The sets {T ≤ S}, {T < S}, {S ≤ T} and {S < T} belong to FT∧S, for any A in FT ,
the sets A ∩ {T ≤ S} and A ∩ {T < S} belong to FS and for any A in FS, the sets
A ∩ {S ≤ T} and A ∩ {S < T} belong to FT .

(iii) If X is an integrable random variable on (Ω,F ,P) then P-a.s.

(C.4) E [E [X |FS ] |FT ] = E [E [X |FT ] |FS ] = E [X |FT∧S ] .

Remark 93. From Equation (C.3), we derive that if T and S are two stopping times such
that T ≤ S, then FT is included in FS. This is the same property as (ii) but for stopping
times.

Proof. (i) For any k in N, we have decomposition

{T ∧ S = k} = ({T = k} ∩ {S ≤ k − 1}c)
⋃

({S = k} ∩ {T ≤ k − 1}c) ,

but since S and T are stopping times, {T = k}, {S ≤ k − 1}, {S = k} and {T ≤ k − 1}
all belong to Fk and Fk being a σ-field, we derive that {T ∧ S = k} belongs to Fk.
From Definition 89, we thus have that FT∧S is a stopping time.
Furthermore, for any A in F , since T ∧ S ≤ T , for any k in N

A ∩ {T = k} = A ∩ {T ∧ S ≤ k} ∩ {T = k} ,

If A is in FT∧S then A ∩ {T ∧ S ≤ k} belongs to Fk for any k in N and since T is a
stopping time, {T = k} also belongs to Fk for any k in N so that A∩ {T = k} belongs
to Fk for any k in N. We thus have proved that any A in FT∧S also belongs to FT

and we could have shown similarly that any A in FT∧S also belongs to FS so that

FT∧S ⊂ FT ∩FS .

Conversely, if A belongs to FT ∩FS , then for any k in N

A ∩ {T ∧ S = k} = (A ∩ {T = k} ∩ {S ≤ k − 1}c)
⋃

(A ∩ {S = k} ∩ {T ≤ k − 1}c) .

On the one hand, since A belongs to FT ∩FS , as well A ∩ {T = k} as A ∩ {S = k}
lies in Fk. On the other hand, since S and T are stopping times, as well {S ≤ k − 1}
as {T ≤ k − 1} lies in Fk. Since Fk is a σ-field, A ∩ {T ∧ S = k} lies in Fk. We thus
have proved that any A in FT ∩FS also belongs to FT∧S so that

FT ∩FS ⊂ FT∧S .

And we finally indeed proved that Identity (C.3) is true.
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(ii) We will prove (ii) for the events {T ≤ S} and A ∩ {T ≤ S} with A in FT since other
results are directly obtained switching roles of S and T or replacing strict by simple
inequalities.
For any k in N, we have

{T ≤ S} ∩ {T = k} = {k ≤ S} ∩ {T = k} = {S ≤ k − 1}c ∩ {T = k} ,

and since {S ≤ k − 1} and {T = k} both belong to Fk (because S and T are stopping
times), {T ≤ S} ∩ {T = k} belongs to Fk for any k in N and we thus proved that
{T ≤ S} belongs to FT . The same way, we get that {T ≤ S} belongs to FS and so
{T ≤ S} belongs to FT ∩FS = FT∧S .
For any A in FT , for any k in N, we have

A ∩ {T ≤ S} ∩ {S = k} = A ∩ {T ≤ k} ∩ {S = k} ,

and since A ∩ {T ≤ k} and {S = k} both belong to Fk (because A lies in FT and
because S is a stopping time), A ∩ {T ≤ S} ∩ {S = k} belongs to Fk for any k in N
and we thus proved that A ∩ {T ≤ S} belongs to FS .

(iii) Consider Y a fixed random variable on Ω.
Since {T ≤ S} belongs to FT∧S and since for any A in FT , A ∩ {T ≤ S} belongs to
FS and FT so that it also belongs to FT ∩FS = FT∧S , we have

E
[
E
[
Y 1{T≤S} |FT∧S

]
1A

]
= E

[
E [Y |FT∧S ]1A∩{T≤S}

]
= E

[
Y 1A∩{T≤S}

]
= E

[
E
[
Y 1{T≤S} |FT

]
1A

]
,

which exactly means by definition of the expectation of Y 1{T≤S} conditionally to FT

that P-a.s.

E
[
Y 1{T≤S} |FT

]
= E

[
Y 1{T≤S} |FT∧S

]
.(C.5)

Since {S < T} belongs to FT∧S and since for any A in FS , A∩{S < T} belongs to FT

and FS so that it also belongs to FT ∩FS = FT∧S , we have for any positive random
variable Y

E
[
E
[
Y 1{S<T} |FT∧S

]
1A

]
= E

[
E [Y |FT∧S ]1A∩{S<T}

]
= E

[
Y 1A∩{S<T}

]
= E

[
E
[
Y 1{S<T} |FS

]
1A

]
,

which exactly means by definition of the expectation of Y 1{S<T} conditionally to FS

that P-a.s.

E
[
Y 1{S<T} |FS

]
= E

[
Y 1{S<T} |FT∧S

]
.(C.6)

Decomposing X as X1{T≤S} +X1{S<T}, taking first expectation conditionally on FT

and taking then expectation conditionally on FS , we have

E [E [X |FT ] |FS ] = E
[
E
[
X1{T≤S} +X1{S<T} |FT

]
|FS

]
(C.7)

= E
[
E
[
X1{T≤S} |FT

]
|FS

]
+ E

[
E
[
X1{S<T} |FT

]
|FS

]
= E

[
E
[
X1{T≤S} |FT

]
|FS

]
+ E

[
E [X |FT ]1{S<T} |FS

]
.
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Particularizing on the one hand Equation (C.5) with Y = X and taking expectation
conditionally on FS we have that P-a.s.

E
[
E
[
X1{T≤S} |FT

]
|FS

]
= E

[
E
[
X1{T≤S} |FT∧S

]
|FS

]
,(C.8)

and particularizing on the second hand Equation (C.6) with Y = E [X |FT ], we have
that P-a.s.

E
[
E
[
X1{S<T} |FT

]
|FS

]
= E

[
E [X |FT ]1{S<T} |FS

]
(C.9)

= E
[
E [X |FT ]1{S<T} |FT∧S

]
= E

[
E
[
X1{S<T} |FT

]
|FT∧S

]
.

Using the classical tower property as reminded in Equation (C.2) with G0 = FT∧S ⊂
G1 = FS in Equation (C.8) and with G0 = FT∧S ⊂ G1 = FT in Equation (C.9) and
plugging the derived identities in Equation (C.7), we finally obtain

E [E [X |FT ] |FS ] = E
[
E
[
X1{T≤S} |FT∧S

]
|FS

]
+ E

[
E [X |FT ]1{S<T} |FT∧S

]
= E

[
X1{T≤S} |FT∧S

]
+ E

[
X1{S<T} |FT∧S

]
= E

[
X1{T≤S} +X1{S<T} |FT∧S

]
= E [X |FT∧S ] .
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Titre : Estimation de la loi du milieu d'une marche aléatoire en milieu aléatoire

Mots Clefs : Milieu aléatoire, Chaînes de Markov, Statistiques bayésiennes, Estimation non-
paramétrique

Résumé : Introduit dans les années 1960, le modèle de la marche aléatoire en milieu aléatoire

i.i.d. sur les entiers relatifs (ou MAMA) a récemment été l'objet d'un regain d'intérêt dans la com-

munauté statistique. Divers travaux se sont en particulier intéressés à la question de l'estimation de

la loi du milieu à partir de l'observation d'une unique trajectoire de la MAMA. Cette thèse s'inscrit

dans cette dynamique. Dans un premier temps, nous considérons le problème d'estimation d'un

point de vue fréquentiste. Lorsque la MAMA est transiente à droite ou récurrente, nous constru-

isons le premier estimateur non paramétrique de la densité de la loi du milieu et obtenons une

majoration du risque associé mesuré en norme in�nie. Dans un deuxième temps, nous envisageons

le problème d'estimation sous un angle Bayésien. Lorsque la MAMA est transiente à droite, nous

démontrons la consistance à posteriori de l'estimateur Bayésien de la loi du milieu. La principale

di�culté mathématique de la thèse a été l'élaboration des outils nécessaires à la preuve du résultat

de consistance bayésienne. Nous démontrons pour cela une version quantitative de l'inégalité de

concentration de type Mac Diarmid pour chaînes de Markov. Nous étudions également le temps

de retour en 0 d'un processus de branchement en milieu aléatoire avec immigration. Nous mon-

trons l'existence d'un moment exponentiel �ni uniformément valable sur une classe de processus de

branchement en milieu aléatoire. Le processus de branchement en milieu aléatoire constituant une

chaîne de Markov, ce résultat permet alors d'expliciter la dépendance des constantes de l'inégalité

de concentration en fonction des caractéristiques de ce processus.

Title : Estimation of the environment distribution of a random walk in random environment

Keys words : Random environment, Markov chains, Bayesian statistics, Non-parametric esti-
mation

Abstract : Introduced in the 1960s, the model of random walk in i.i.d. environment on integers

(or RWRE) raised only recently interest in the statistical community. Various works have in

particular focused on the estimation of the environment distribution from a single trajectory of

the RWRE. This thesis extends the advances made in those works and o�ers new approaches to

the problem. First, we consider the estimation problem from a frequentist point of view. When

the RWRE is transient to the right or recurrent, we build the �rst non-parametric estimator of

the density of the environment distribution and obtain an upper-bound of the associated risk in

in�nite norm. Then, we consider the estimation problem from a Bayesian perspective. When the

RWRE is transient to the right, we prove the posterior consistency of the Bayesian estimator of

the environment distribution. The main di�culty of the thesis was to develop the tools necessary

to the proof of Bayesian consistency. For this purpose, we demonstrate a quantitative version of

a Mac Diarmid's type concentration inequality for Markov chains. We also study the return time

to 0 of a branching process with immigration in random environment (or BPIRE). We show the

existence of a �nite exponential moment uniformly valid on a class of BPIRE. The BPIRE being

a Markov chain, this result enables then to make explicit the dependence of the constants of the

concentration inequality with respect to the characteristics of the BPIRE.
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