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Chapitre 1

Introduction

1.1 Equations différentielles

Comprendre et décrire le monde qui nous entoure a toujours été une motivation des mathématiques. Dans
cette démarche, I’apparition de la notion de dérivée a été un tournant majeur et a permis 'arrivée d’un
outil fondamental permettant de décrire la dynamique du monde : les équations différentielles. L’équation
différentielle la plus célebre est sans doute le principe fondamental de la dynamique énoncé par Newton en

1687 qui s’écrit ainsi :
&z
mﬁ :ZFextv (111)
ou m est la masse de l'objet considéré, x son vecteur position et F..; les forces extérieures vectorielles qui
s’appliquent dessus. Cette équation ouvrit la porte a la description des systéemes physiques ponctuels et fut
utilisée massivement des lors et ce jusqu’a aujourd’hui.

En réalité la notion de dérivée n’a été formalisée dans sa forme la plus rigoureuse qu’au 19eme siecle, ce
qui n’a pas empéché l'essor des équations différentielles des la fin du 17eéme siecle et ’établissement d’un
nombre exceptionnel d’études et de méthodes de résolutions. Depuis, les équations différentielles ont fédéré
de nombreux domaines des mathématiques, de I’algebre aux probabilités en passant par la géométrie et la
théorie des nombres.

1.2 Equations aux dérivées partielles

Les équations différentielles ordinaires modélisent trés bien les systémes ponctuels mais représentent mal
les systemes continus. Comment décrire par exemple le mouvement d’une vague ? Ou la propagation d’une
vibration dans une corde? Pour ces systémes on aimerait introduire un nombre infini de points, chacun
obéissant & une équation différentielle. C’est ce qui motiva I'apparition des équations aux dérivées partielles
ou EDP en abrégé. On peut alors définir les dérivées par rapport a une variable pour des fonctions de
plusieurs variables, 0;f(t,x) représente par exemple la dérivée par rapport au temps d’une quantité qui
dépend a la fois du temps t et de la position z. La conservation de la masse d’un fluide avec une densité p
qui se déplace avec une vitesse V' peut s’écrire par exemple :

Oro(t,x) = =0, (o(t, 2)V(t, x)). (1.2.1)

Les EDP ne sont en fait apparues que vers le milieu du 18eme siecle. A 1’époque les mathématiciens cher-
chaient des méthodes de résolution, souvent géométriques, pour ramener les problémes qui auraient di mener
a des EDP & des problémes plus simples. On doit leur apparition & Euler et d’Alembert vers 1750 [69, [73] [87].
Les premieres méthodes générales de résolution sont dues & Charpit en 1784 [92], dont les travaux n’ont été
connus que plus tard et ont été complétés par Lagrange et Monge. Ces travaux ont permis l'arrivée de la
méthode des caractéristiques pour les équations de premier ordre. Depuis, les EDP ont nourri de nombreux



problemes mathématiques. Elles sont omniprésentes en physique, en mécanique, et ont mené a de nombreuses
théorie mathématiques (distributions, solutions de viscosité, etc.).

1.3 Théorie du controle

Quand on sait comment fonctionne un systeéme et qu’on peut agir dessus, que peut-on lui faire faire ? Cette
question, que Kalman s’est posée en 1960, n’est pas nouvelle et n’aurait pas été reniée par le Prince de
Machiavel. Le mérite de Kalman est d’avoir amené cette question dans un domaine quantitatif et connu pour
ses outils extrémement puissants : les mathématiques. Le controle peut se décomposer en trois branches :
— La controlabilité : quand mon systeme part d’un état xzq, est-il possible de 'amener a un état x;
voulu 7
— Controle optimal : s’il existe des trajectoires amenant mon systeme a I’état voulu, y en a t-il une
optimale pour un critere donné, et si oui laquelle ?
— Stabilisation : si mon état ou ma trajectoire est fixée, est-il possible de la rendre stable, c’est-a-dire
robuste aux perturbations qui pourraient se produire 7
Dans les deux premiers problemes, le controle dépend de 1’état initial du Systémeﬂ xg, c’est ce qu’on appelle
une boucle ouverte. Dans le troisieéme, par contre, le controle est une fonction de I’état du systéme au temps
t, c’est ce qu'on appelle un feedback ou une rétroaction. On dit alors que le systeme est en boucle fermée.
D’un point de vue mathématique cette différence fondamentale signifie que plusieurs questions doivent étre
repensées. Par exemple le caractére bien posé de I’équation & = f(¢,x,u(t)) avec une condition initiale zg
donnée est bien connu quand u n’est qu’une fonction de zg et ¢. Celui de & = f(¢,x,u(t,z)) en revanche
nécessite d’étre un peu plus attentif aux propriétés du contrdle u et sa dépendance en x. D’un point de
vue pratique, cette différence signifie qu’on agit sur le systéme en fonction de ce qu’on mesure. Et, bien
évidemment, dans un systéme de dimension infinie ou 1’état du systeme z est une fonction, se pose la ques-
tion de savoir ce qu’on s’autorise & mesurer.

En dimension infinie, c’est-a-dire pour les problémes modélisés par des équations aux dérivées partielles, il
existe deux grands types de contrélesﬂ :
— Le contrdle interne. Dans ce cas le controle est directement inclus a la dynamique du systéme et
agit sur un ensemble de points a l'intérieur du domaine, souvent de mesure non-nulle, par exemple

Oy + Opu = f(t, ), sur [0, 1]

u(t,0) = u(t, 1) (1.3.1)

ou f est un controle avec un support spatial inclus dans [0,1]. C’est le cas par exemple d’un champ
magnétique qu’on applique a un matériau conducteur.

— Le contréle aux bords. Dans ce cas le contrdle agit aux limites du domaine (et donc sur un
sous-ensemble de mesure nulle). La dynamique du systéme reste inchangée mais est couplée avec des
conditions aux bords sur lesquelles on agit. Par exemple

Opu + Ozu = 0, sur [0, 1]
u(t,0) = f(t)

ou f est un controle. C’est le cas par exemple d'un fleuve sur lequel on peut agir via des barrages
situés a ses extrémités, ou encore d’une autoroute dont on controle le flux entrant a ’aide de feux
rouges.
Pour de nombreux systemes il est difficile d’avoir acces directement a l'intérieur du systeme pour le controler.
Pour les fleuves par exemple, on peut uniquement agir sur les barrages en amont et en aval. Les controles aux
bords sont donc souvent un bon choix physique, c’est pourquoi ce sont les controles que nous considérerons

(1.3.2)

1. En réalité les solutions des problémes de controle optimal peuvent parfois aussi prendre la forme de feedback (cf. équations
de Riccati [167), [190])

2. Cette distinction n’existe pas en dimension finie puisqu’il n’y a pas de condition aux bords & prescrire, tous les controles
sont donc des controles internes
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dans la suite. Par ailleurs on s’intéresse au probleme de stabilisation, les controles que nous utiliserons seront
donc des feedbacks, c’est-a-dire f(t) = f(u(t,-)). Enfin, on s’imposera une contrainte supplémentaire : on ne
considérera que des controles “simples”, c’est-a-dire des controles qui ne nécessitent de mesurer que 1’état
du systeme aux bords du domaine. En d’autres termes

fult, ) = f(ults) o), (1.3.3)

ou € est le domaine. L’idée derriere une telle contrainte est double : d’une part ces controles sont historique-
ment les plus utilisés dans les études mathématiques ce qui nous permet a la fois de comparer nos résultats et
nos méthodes. D’autre part cette contrainte permet de faire en sorte que I'implémentation des controles dans
les systémes physiques soit simple, sans avoir & mesurer de quantité a l'intérieur du domaine (par exemple
a lintérieur d’un fleuve), quitte & ce que les mathématiques derriére soient plus compliquées.

1.4 Stabilisation des systemes d’équations aux dérivées partielles

Contrairement aux équations différentielles ordinaires, il est difficile d’étudier toutes les équations aux
dérivées partielles comme une seule classe d’objet. Néanmoins on peut essayer de les classifier en trois
types :

— Les équations elliptiques.

— Les équations paraboliques.

— Les équations hyperboliques.
Certaines équations, plus compliquées, sont un mélange entre ces trois types. On peut alors essayer d’identi-
fier, au moins localement, un comportement prédominant correspondant & une de ces classes. Les solutions
des équations elliptiques sont entierement déterminées par leurs conditions aux bords, le probleme de leur
stabilisation par des controles aux bords n’a donc pas vraiment de sens. Concernant les équations parabo-
liques, de nombreux résultats existent (par exemple [9 B2] [63] [89] 149, [191], voir aussi [I77, Section 7]),
méme s'il reste encore beaucoup de questions ouvertes. On peut encore citer [67, 174, 175, 189] pour des
exemples concernant des équations des fluides avec des comportements paraboliques. Enfin, la stabilisa-
tion des équations et des systemes d’équations hyperboliques est encore mal connue, méme en dimension 1
d’espace. C’est a ces systemes que nous nous intéresserons dans cette these.

1.4.1 Généralités sur les systemes hyperboliques 1D

Un systeme d’EDP hyperbolique quasilinéaire 1D a la forme suivante :
HY + F(Y)0, Y + G(Y,z) =0. (1.4.1)

ounY :[0,400[x[0,L] — R™ est I’état du systéme, F est une fonction de U dans M, (R), l'espace des
matrices carrées de dimension n, telle que pour tout Y € U, F(Y) est diagonalisable avec des valeurs
propres distinctes et réelles, U est un ouvert connexe non vide de R", et G est une fonction de U x [0, L]
dans R™. On suppose par ailleurs que pour tout Y € U, les valeurs propres de F(Y) ne s’annulent pas, et
que F et G sont de classe C*.

Un changement de coordonnées Par définition, un systeme hyperbolique est un systéme qui possede
des quantités qui se propagent. Néanmoins ces quantités peuvent étre différentes des composantes de Y
quand la matrice F(Y) n’est pas diagonale. Pour les retrouver localement autour d’un état stationnaire Y*,
on peut introduire le changement de variables suivant : u = S(Y —Y™*), avec S une matrice qui diagonalise
F(Y™). Les composantes de u représentent alors localement les quantités qui se propagent avec, pour vitesse
de propagation, les valeurs propres de F'(Y*). Le systéme prend alors la forme

dyu + A(u, 2)d,u + B(u,z) = 0. (1.4.2)

ou A(0,z) = A(x) est la matrice diagonale des valeurs propres de F(Y*), et B(0,x) = 0. A et B sont alors
a nouveau de classe C*.
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Un phénomeéne caractéristique : les chocs. Les systémes non-linéaires hyperboliques peuvent présenter
un phénomene étonnant : méme en partant d’'une condition initiale tres réguliere a ¢ = 0, la solution
peut spontanément évoluer vers une solution qui “casse” en temps fini et présente des discontinuités. Ces
discontinuités sont appelées des chocs. On peut illustrer cela avec 1’équation de Burgers qu’on présentera
plus en détail en Section [1.7.1

Oru + udyu = 0. (1.4.3)

Pour simplifier on étudie cette équation sur R tout entier avec pour condition initiale uy € C*(R). Supposons
que la solution est réguliere pour tout temps, on définit la courbe caractéristique z(t) démarrant en xy comme
I'unique solution de

2! (t) = u(t, x(1)),

1.4.4
x(0) = xo. ( )
Alors, le long d’une caractéristique z(t), la solution u de ([1.4.3]) vérifie
d
—(u(t,z(t))) = 0. (1.4.5)

dt

Fixons deux caractéristiques (x1(t),t) et (z2(¢),t) démarrant en z1(0) = 1,0 < 22,0 = 2(0). D’apres (1.4.3)
et (1.4.5]) ces caractéristiques vérifient :

Z‘l(t) = UO(xl,O)t +x10 et .Tg(t) = UO(JJZO)t + T20- (146)

Tr1—T2

oG > 0 x1(t) = z2(t). Mais comme

Supposons maintenant que ug(x1,0) > uo(z2,0), alors pour ¢ =
ce sont des caractéristiques, d’apres ((1.4.5)),

u(t,z1) = uo(z1,0) et w(t,z2) = uo(zay), (1.4.7)

si bien que ug(x1,0) = uo(w2,0), ce qui amene & une contradiction. Définir une solution pour tout temps dans
cette situation impose alors nécessairement qu’elle soit discontinue. En intégrant (1.4.3)), on peut trouver la
vitesse & laquelle ces discontinuités se propagent et, pour une discontinuité localisée en x4(t),

(u(af (1)) = (ulag (1))
2(u(zd () — u(as (1)) (1.4.8)

Cela ameéne un nouveau probléme : les solutions discontinues ne sont pas uniques. Cela signifie non seule-
ment que le systéme n’est plus bien posé mais aussi que certaines des solutions considérées ne sont pas
physiques. Pour régler cela, Lax introduit une condition supplémentaire [I34] : pour étre acceptables les
deux caractéristiques arrivant a une discontinuité, si elles étaient prolongés positivement en temps, devraient
croiser la courbe de discontinuité qui avance a la vitesse . En d’autres termes dans notre cas,

Zs(t) =

u(zl) < is <u(zy). (1.4.9)

Cette condition assure 'unicité de la solution et donc un principe de causalité c’est-a-dire que a chaque
temps ¢t > 0 toute l'information de u(t,-) était déja contenue dans la condition initiale ug, ce qui est, somme
toute, assez physique. Muni de cette condition le systeme est de nouveau bien posé, on dit que cette solution
est entropique. Dans les cas plus généraux on peut aussi définir des solutions discontinues et entropiques.
L’étude de ces solutions, entre autres pour les études de stabilité, est souvent un probleme compliqué.

1.4.2 Définition de la stabilité

On couple maintenant le systéme ([1.4.1]) avec le contréle aux bords, pour I'instant formel,

B(Y(t,0),Y(t, L)) = u(t). (1.4.10)
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FI1GURE 1.1 — Exemple de condition initiale ug amenant & une discontinuité : la partie gauche de la solution
de (1.4.3]) est positive et se déplace & vitesse positive, tandis que la partie droite est négative et se déplace a
vitesse négative.

ou u(t) est le controle qui dépend de 1’état Y. Comme mentionné précédemment, on dit alors que u(t) est
une rétroaction ou un feedback. La stabilisation consiste & trouver des rétroactions u(t) telles que, quelle
que soit la condition initiale, toute solution de (1.4.1)), converge vers un état stationnaire fixé Y*,
qui joue le role de cible a atteindre. On peut en donner une définition mathématiques plus précise : pour un
espace de Banach X muni d’une norme ||-||x, qu'on appellera norme X dans la suite, on définit la stabilité
exponentielle de la facon suivante :

Définition 1.4.1. L’état stationnaire Y* du systéme (1.4.1]), (1.4.10) est exponentiellement stable pour la
norme X s’il existe v > 0, n > 0, et C' > 0 tels que pour toute condition initiale Y° € X compatible avec

1.4.10E|et telle que ||[Y? —Y*||x < n, le probléme de Cauchy (1.4.1)), (1.4.10),(Y (0,2) = Y°) a une unique

solution sur [0, +oo[ dans X et

1Y () —Y*x <CeY? - Y*|x, Vt €0, 4ol (1.4.11)

On peut faire trois remarques :

— Cette définition dépend de la norme X considérée. Une question qu’on pourrait légitimement se poser
est : est-ce qu'il est vraiment nécessaire de préciser la norme X, du moins tant que le systeme est bien
posé? La réponse est oui. En général, pour les systémes non-linéaires hyperboliques, la stabilité dans
les différentes normes n’est pas équivalente [61]. Nous y reviendrons dans la partie [I| (voir la Section

T3).

— On voit que cette définition nécessite que le systeme soit bien posé, ce qui peut parfois poser un
probléme. En effet, comme on I’a déja un peu mentionné, méme le caractére bien-posé des systemes
usuels doit étre ré-étudié quand le controle est un feedback. Dans le Chapitre [6] par exemple, on est
obligé de montrer ce caractere bien posé pour I’équation de Burgers munie de nos feedbacks avant
d’étudier la stabilité en tant que telle. Une définition moins exigeante consisterait a simplement exiger
que des solutions existent sans demander 'unicité et qu’elles vérifient toutes ’estimée de stabilité
(1.4.11)). Dans la plupart des cas néanmoins, il n’est pas dit que cela simplifie beaucoup le probleme.

— La stabilité exponentielle dont il est question est une stabilité locale. En effet, lorsqu’on stabilise
des systemes hyperboliques non-linéaires par des controles aux bords, il est en général impossible

3. Une définition précise de ce qu’est une solution compatible est donnée dans le Chapitre
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d’obtenir une stabilisation globale, c’est-a-dire pour des perturbations aussi large qu’on le souhaite.
Cela est di aux vitesses de propagation finies du systeme qui font que si ’état du systéme commence
suffisamment pres d’un choc a l'intérieur du domaine, alors le choc se formera avant que 'influence
des controles aux bords ne I'atteigne.
Enfin, si on considére le changement de coordonnées u(t,z) = S(z)(Y(t,z) — Y*(z)), 'état stationnaire &
stabiliser est maintenant u* = 0. Bien évidemment la stabilité exponentielle de Y* pour le systeme d’origine
, (1.4.10) est équivalente & la stabilité exponentielle de 1’état stationnaire u* = 0 pour le nouveau
systémemuni du controle aux bords correspondant. C’est pourquoi dans la suite nous considérerons
la plupart du temps ce dernier systeme.

Un contrdle aux bords célébre : le contrdle proportionnel La stabilisation existait déja bien avant
la premiére définition de contrdlabillité de Kalman [I15, [116]. Des lantiquité on cherchait déja stabiliser
des systemes, et le controle proportionnel est peut-étre le premier controle qui a été congu sur des systemes
de dimension finie. Sans vraiment le mathématiser, Ctésibios 'utilisait déja au Illeme siécle avant J.C.
pour stabiliser le débit d’une clepsydre [136]. Bien plus tard, en 1788 c’est le régulateur & boules de Wattlﬂ
utilisé pour stabiliser les machines a vapeurs qui reprit ce méme principe. Comme son nom l'indique, ce
controle consiste a agir sur le systeme proportionnellement a ce qu’on mesure. Si on prend par exemple
Péquation & = x + u(t) ot u(t) est le contréle, on voit que choisir u(t) = —kz est un moyen simple de
stabiliser exponentiellement le systéme si k > 1, la solution étant alors z(t) = zoe~ =D Pour les systémes
de dimension infinie le principe est le méme et on attribue a notre contréle aux bords w(t) une valeur
proportionnelle aux valeurs de Y aux bords du domaine, c’est-a-dire en 0 et en L. Le contréle aux bords

(1.4.10)) devient alors

(SO)(Y(£,0) = Y*(0)4 \ _ . ((S(L)(Y(t,L) — Y*(L))
<(S(L)(Y(t, L)- Y*(L))t) =K ( (S(0)(Y(t,0) — Y*(O))j) ; (1.4.12)

ou K € M,(R) est une matrice qu'on peut choisir, S diagonalise F(Y*) de telle sorte que S(Y — Y*)
représente localement les composantes qui se propagent avec pour vitesse les valeurs propres de F(Y*). La
notation S(Y — Y*), désigne les composantes qui se propagent avec une vitesse positive et S(Y —Y™*)_
celle qui se propagent avec une vitesse négative. Cette loi de controle aux bords signifie donc simplement
que l'information entrante dans le systéme est une fonction de 'information sortante, ce qui est la notion la
plus simple de rétroaction. Par extension on peut considérer un contréle non-linéaire :

((S(L)(Y(t,L) - Y*(L)f_) =G ( (S(0)(Y(£,0) — Y*(O))_*> ; (1.4.13)

ot G est maintenant une fonction C! (et non plus une matrice) telle que G(0) = 0. Puisque G est C1, 'ex-
pression se linéarise localement sous la forme avec K = G'(0). C’est pourquoi ces controles
sont la généralisation naturelles des controles proportionnels, que nous appellerons dans la suite feedback
de sortie ou controles de sortie. Ces controles sont les plus célebres et probablement les plus étudiés en
mathématiques (voir la Section [I.6.1] [13, 142]). Ce sont ceux que nous étudierons dans les deux premieres
parties. Néanmoins, dans 'industrie, une variante permettant de gagner en robustesse existe : le controle
proportionnel-intégral, ou contrdle PI [4, 6] 157]. On en donnera une définition précise dans la partie (voir
la Section dédiée a I’étude plus spécifique de ces controles.

Une question naturelle se pose alors : comment trouver un contréle qui stabilise notre systéme 7 Autrement
dit, comment choisir G ?

4. Méme si c’est le nom de Watt qui est resté, ce régulateur était probablement déja inventé avant. La paternité reste difficile
a établir mais Mead utilisait un régulateur similaire en 1787 et un schéma de di Giorgio Martini du XVéme siecle semble
représenter un régulateur similaire.
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1.4.3 Un outil tout-puissant pour les systemes linéaires : le Spectral Mapping
Theorem

Pour les systemes linéaires 1D il existe un outil tout puissant : le Spectral Mapping Theorem qui s’énonce
ainsi[’| [143} 161}, [176]

Théoréme 1.4.1. Soit un systéme hyperbolique linéaire de la forme (1.4.2), ot A ne dépend pas de u et
B = M(z)u, muni de conditions auz bords de la forme (1.4.12)). On définit L par

L(u) = —Ad,u — Mu (1.4.14)

sur le domaine D(L) = {(u) € W12((0,L),C™)|((u(0))4, (u(L))_)T = K((u(L))+, (u(0))_)T}. Alors

o (e \ {0} = eo(Dt\ {0}, pourt >0, (1.4.15)

oty o(C) désigne le spectre de lopérateur C, et e® (L)t I'adhérence de et

Ce théoreme, s’il peut sembler aride a premiére vue, signifie en résumé qu’il suffit de connaitre les valeurs
propres de 'opérateur pour connaitre les limites de la stabilité du systeme linéaire. Il rend ainsi relativement
simple la résolution d’un probléme compliqué comme la stabilité d’un systeme de dimension infinie.

Malheureusement, dés que le systéme est non-linéaire, ce théoreme ne s’applique plus, méme s’il n’est que
tres faiblement non-linéaireﬁ ou qu’on ne I’étudie que localement. Pour s’en convaincre on peut regarder le
systéme suivant tiré de [61] :

1 0
Ou + (0 1 ) Oyu =0,
\/5-‘,—107511,2

) (1.4.16)
1 757) u(t, 1).

u(t,0) =a (_
Dans [61], les auteurs montrent qu’on peut trouver a € Q, £ > 1 et n > 1, tels que le systéme linéarisé associé &
(1.4.16)) est exponentiellement stable, tandis que le systéme en lui-méme n’est pas exponentiellement
stable pour la norme C, et ce méme quand |[u||c: est aussi proche de 0 qu'on veut. Ajouter méme une tres
faible non-linéarité peut ainsi changer radicalement la stabilité. Il faut donc trouver d’autres méthodes pour
stabiliser les systemes non-linéaires.

1.4.4 Une nouvelle fagcon de formuler le probleme : ’approche Lyapunov

De nombreuses stratégies ont été établies pour stabiliser les systémes non-linéaires, parmi elles :

— La méthode des caractéristiques. C’est la méthode historique et la plus naturelle. Pour les systemes
hyperboliques 1D, il est possible de remonter les caractéristiques du systeéme pour avoir des estimées
explicites. Néanmoins cette méthode devient vite complexe et peu utilisable quand le systeme se
complique, en particulier quand il présente des termes sources, c¢’est-a-dire B # 0.

— La méthode du Grammien. Introduite d’abord en dimension finie puis pour des systemes linéaires de
dimension infinie par [I79] et [122] [123], elle consiste & utiliser les propriétés des semi-groupes pour
définir une rétroaction et en déduire la stabilité. Cette approche semi-groupe peut se généraliser aux
systemes non-linéaire dans certains cas.

— La méthode du Backstepping. Cette méthode, trés puissante, introduite dans [39] 1211 [195] pour les
systémes de dimension finie a été adaptée dans [51] puis modifiée dans [9, [32] (voir aussi [128] [I8T])
pour les systémes de dimension infinie. Pour les systéemes de dimension infinie cette méthode modifiée

5. Techniquement le résultat énoncé par [143] ne concerne que des conditions aux bords locales au sens ou le controle en
0 ne dépend que des valeurs mesurées en 0 et le controle en L ne dépend que des valeurs mesurées en L. Néanmoins on peut
toujours s’y ramener via un doublement des variables approprié comme présenté dans [70].

6. La définition de faiblement non-linéaire n’a pas I’air d’étre clairement établie mais on comprend l’idée : le Spectral Mapping
Theorem ne pourra pas s’appliquer stricto sensu & un systéme de la forme u¢ + (1 + 0.00001u)ug = 0.
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revient & transformer, via une transformation linéaire inversible, le systéme en un systéme simple a
stabiliser, puis & effectuer ensuite la transformation inverse une fois qu’on a trouvé un feedback pour
ce systeme plus simple. Malheureusement, ces transformations successives aboutissent a des controles
compliqués dépendant en général de tout I’état du systeme, et non plus seulement de I’état aux bords.
— L’approche Lyapunov, que nous détaillons ici.
L’esprit de I’approche Lyapunov consiste a trouver une fonctionnelle V' qui décroit le long des trajectoires
u, tend vers 0, et telle que V(u) = 0 implique u = 0. Intuitivement, V' peut étre vue comme une énergie
des perturbations u qu’on cherche a ramener a 0. L’idée derriere est qu'on dispose de plus de marge de
manoeuvre en étudiant V(u) que u. En effet, méme si la norme de u tend vers 0 il est possible que ce soit
difficile & montrer si elle ne décroit pas tout le temps, si elle fait des oscillations amorties par exemple. Par
contre si elle tend vers 0, il est possible de fabriquer une enveloppe de la solution V' (u) qui, elle, décroit tout
le temps. La convergence de V(u) est alors plus facile & montrer puisqu’il “suffit” de calculer sa dérivée par
rapport au temps. On illustre cela dans la figure suivante (Fig. .

0.8} 1
0.6} —
0.4} —

0.2t [l ¢ 1

0 20 40 / 60 80 100

FIGURE 1.2 — Exemple de fonction de Lyapunov V (u(t)), décroissante avec le temps ¢ tandis que la solution
u(t) ne décroit pas avec ¢ et a des oscillations amorties. Ici u(t) correspond & l'angle d’un pendule simple
comme décrit apres en Section et V(u(t)) a lénergie mécanique associée.

Cette méthode a d’abord été introduite pour les systémes de dimension finie par Lyapunov en 1892 [150, [151].

Théoréme 1.4.2 (Lyapunov). Soit un systéme & = f(x) avec [ localement Lipschitz et f(0) = 0. S”il existe
un voisinage U de lorigine et une fonction V € CY(U,R) telle que
V(z) > 0, pour tout x € U\ {0}, V(0)=0,

1.4.17
VV(x).f(x) < 0 pour tout x € U \ {0}, ( )
alors on dit que V' est une fonction de Lyapunov, et le systéme est (localement) asymptotiquement stable.

Dans certains cas il est difficile d’obtenir une inégalité stricte dans (|1.4.17). Ce théoréeme peut alors étre
complété par le principe d’invariance de LaSallem :

Théoréme 1.4.3 (LaSalle). Soit le méme systéme que précédemment, s’il existe un voisinage U de l’origine
et une fonction V€ C1(U,R) telle que

V(z) >0, pour tout x € U\ {0}, V(0)=0,
VV(z).f(x) <0 pour tout x € U \ {0},

7. En réalité le principe de LaSalle est un peu plus général que et le théoreme qu’on donne est son application directe
a la stabilité d’un point, voir [I90, Théoréme 13.3.3] pour plus de détails.

(1.4.18)
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et telle que l’ensemble {x € U|VV (x).f(x) = 0} ne contient aucune trajectoire non identiquement nulle,
alors le systéme est (localement) asymptotiquement stable.

En dimension infinie cette méthode s’applique toujours, avec quelques précisions. En effet, pour fonctionner,
le principe d’invariance de LaSalle nécessite de montrer la pré-compacité des trajectoires du systeme de
dimension infinie [40], ce qui est parfois technique et compliqué. Dans la suite on s’intéresse a la stabilisation
exponentielle (voir la Définition , c’est pourquoi on définit les fonctions de Lyapunov de la fagon
suivante, légerement plus stricte que précédemment.

Définition 1.4.2. Soit un systéme quasilinéaire hyperbolique de la forme (1.4.2) muni de conditions aux
bords telles que le systéme soit bien posé dansﬁ X. On appelle fonction de Lyapunov pour la norme X une
fonctionnelle V' € C°(X, R) telle qu’il existe v > 0, ¢; > 0 et co > 0 et un voisinage de I'origine W C X tels
que

alUllx < V(U) < ¢2||U]|x, pour tout U € W, (1.4.19)

et telle que pour tout T > 0 et toute solution du systéeme u sur [0,7] dont la trajectoire est contenue dans
w,

< —yV(u(t,-)), (1.4.20)

au sens des distributions sur [0, T]ﬂ

On peut remarquer qu’on n’exige plus que la fonction V soit C!, ce qui se traduit par une inégalité au
sens des distributions. Cela sera utile pour la suite lorsqu’on définira des fonctions de Lyapunov équivalente
4 la norme L ou WH® et pas forcément différentiable Par ailleurs cette définition est un peu plus
stricte que celle qu’on utilisait précédemment parce qu’on exige une décroissance de la fonction de Lyapunov
exponentielle et non plus seulement asymptotique. Cette légere contrainte permet sans surprise d’obtenir la
stabilité exponentielle du systeme :

Proposition 1.4.4. Soit un quasilinéaire hyperbolique de la forme (1.4.2)) muni de conditions auzx bords
telles que le systéme soit bien posé dans X . S’il existe une fonction de Lyapunov pour la norme X, alors le
systeme est exponentiellement stable pour la norme X.

Cette méthode est tres utile et trés générale, mais le prix a payer est qu’elle est tres abstraite et ne donne
pas beaucoup d’indications sur la fagon de construire la fonction V', surtout en dimension infinie quand V'
appartient CY(X,Ry), un espace tres large.

Un cas important : les fonctions de Lyapunov basiques.
Parmi I’ensemble des fonctions de Lyapunov possibles, il existe une classe naturelle et importante : les
fonctions de Lyapunov basiques.

Définition 1.4.3. Pour un espace de Sobolev WP(]0, L[), ou (I,p) € N x N* U {400}, on appelle fonction
de Lyapunov basique pour la norme W'? une fonction V€ C°(W"?(]0, L[), R) définie par :

!
V(U) = ZHF()E(IL D, Ullrqo,zp, VU € whr(o, L), (1.4.21)
n=0

ou F(U,x) est une matrice qui diagonalise A(U,z), D,, est opérateur défini itérativement par D;U =
—A(U,2)0,U + B(U,x), et pour n > 2, D, U = 0y(D,,—1U)D,U, avec 0y l'opérateur différentiation par
rapport & U, et F = (f, ..., f) sont des fonctions C* & valeurs strictement positives sur [0, L], telles que V
est une fonction de Lyapunov pour la norme WHP.

8. Précisément, on exige que pour tout 7' > 0 le systéme est bien posé sur [0,7] dans X, des définitions plus précises et un
peu moins abstraites se trouvent au début de chaque chapitre concerné.

9. Pour une définition précise d’une inégalité au sens des distributions, voir la Remarque m Dans le cas présent
est équivalente a V(u(t,-)) < V(u(t, Ne= Y=t pour tout 0 < ¢ < ¢ < T, ce qui explique qu'on parle de décroissance
exponentielle.

10. Le probléeme ne se pose pas vraiment en dimension finie : toutes les normes étant équivalentes on peut toujours choisir
une norme plus réguliére que la norme infinie.
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Définies ainsi, ces fonctions pourraient ne pas sembler si naturelles que cela. En réalité, appliquées a une

solution de (|1.4.2), Pexpression (|1.4.21)) devient

l
V(w) =Y |F()E(u(t,-), )07 ult, )|, (1.4.22)

n=0

ce qui justifie la forme ([1.4.21)). Ces fonctions de Lyapunov sont donc des sortes de normes & poids pour
les espaces de Sobolev WP en considérant les dérivées temporelles au lieu des dérivées spatiales. Si ces
fonctions sont utilisées depuis longtemps pour la norme L2, pour leurs liens avec les entropies dissipatives
que nous verrons dans le paragraphe suivant, la dénomination fonction de Lyapunov basiques apparait dans
[11], tandis que nous introduisons la version C! dans [106], méme si des fonctions similaires étaient déja
utilisées dans [48].

Lien entropie dissipative - fonction de Lyapunov Les systéemes physiques présentent des quantités
physiques, comme 1’énergie ou l’entropie, qui peuvent aider a étudier leur stabilité. La stabilité d’un pen-
dule simple soumis a des frottements, par exemple, s’étudie facilement a l'aide de 1’énergie mécanique. La
dynamique du pendule est donnée par

i g . f;
= ——"—sin(f) — —0 1.4.23
o sin(0) — 24, (1.4.23)
ol R est la longueur du pendule, m sa masse, 6 son angle avec la verticale, f > 0 le coefficient de frottements
et g l'accélération de la pesanteur a la surface de la Terre. En introduisant 1'énergie mécanique V() =
(1/2)m(R*(0)?4+2gR(1—cos(f))) et en utilisant (1.4.23)) on obtient 'équation d’énergie le long des trajectoires

vie) _ 1(—zgR sin(0)(0) — 2R% 0% 4+ 2gRsin(0)6) = _Ef

62 < 0. 1.4.24
dt 2 m - ( )

On applique alors le Théoreme m En effet V(#) = 0 implique 6 = 0 et, d’aprés , la seule trajec-
toire contenue dans un voisinage de l'origine telle que 6=0 pour tout temps est la trajectoire identiquement
nulle § = 0. Le systeme est donc asymptotiquement stable et, accessoirement, V' est une fonction de Lya-
punov faible, c’est-a-dire qu’elle vérifie (1.4.18)). De la méme fagon si on considere un solide isolé avec une
température inhomogene a t = 0, le second principe de la thermodynamique impose que I’entropie augmente,
ce qui impose le retour & un équilibre uniforme pour la température.

Tout cela a motivé la définition d’une notion mathématique, appelée entropie, qui, par abus de langage,
englobe les quantités physiques précédentes mais aussi d’autres quantités auxquelles on peine parfois a
donner un sens physique, comme on le verra (voir Chapitre |§| et .

Définition 1.4.4. Soit un systeme de la forme ([1.4.2)), on appelle entropie une fonction n € C°(W X
[0, L];R), ot W C R™ est un voisinage de lorigine, telle que pour tout U € W et tout = € [0, L],

05U, 2)A(U,z) = A(U,2)T 0% (U, z). (1.4.25)

Clairement, si la dimension n est trop grande, cette condition impose plus qu'une seule équation tandis
que 7 n’a qu'une composante. Le probleme n’admet donc pas forcément de solution. Néanmoins, ce qui
est admirable, c’est que les systémes physiques ont souvent une structure spéciale qui leur en confere une,
comme on le verra avec 'exemple des systémes densité-vélocité dans la partie [[Il Si une entropie existe on
peut définir le flux associé a ’entropie par

8Uq = 8U77A (1.4.26)

Evidemment, 1 n’est définie qu’a une fonction affine prés et ¢ n’est défini qu’a une constante pres. C’est
pourquoi, pour une entropie convexe donnée 7, on peut définir une nouvelle entropie par

1r(U) = n(U) —n(U") = dun(U*)(U - U"). (1.4.27)
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de telle sorte que 7,.(U*) = duyn,-(U*) = 0 et que 7, soit localement quadratique au voisinage de U*. Cette
entropie est appelée entropie relative par rapport a U*. Enfin, ces entropies sont dites dissipatives si elles
vérifient la condition de production d’entropie suivante :

Oun(U,z)(B(U,x)) — 0,q(U,z) >0 (1.4.28)

L’existence d’une entropie dissipative convexe garantit la stabilité “interne” du systeme. En d’autres termes
si le systeéme est étudié sur R tout entier (et non pas sur un domaine borné) et qu’il existe une entropie dis-
sipative convexe, alors le systéme sera asymptotiquement stable pour la norme L?. Dans notre probleme de
stabilisation, on peut choisir les conditions aux bords, elles ne posent donc pas de probleme. C’est pourquoi,
quand il existe une telle entropie, il existe toujours un controle aux bords tel que le systeme est stable. Par
ailleurs la forme de 1 permet de trouver des conditions explicites sur ce controle.

Les entropies dissipatives et les fonctions de Lyapunov sont tres liées. On peut remarquer que l'intégrande
des fonctions de Lyapunov basiques pour la norme L? est directement une entropie dissipative convexe,
localement au moins. C’est aussi le cas des fonctions de Lyapunov basiques pour la norme HP en voyant la
norme HP comme la norme L? du systéme augmenté qui prend comme variable (u,du, ..., u) et qui est
obtenu en dérivant obtenu successivement p fois le systeme par rapport au temps (voir I’Annexe m
par exemple). En effet, au premier ordre 927 est alors diagonale tout comme A, ce qui régle le probleme de la
condition , a un reste d’ordre supérieur pres, tandis que la condition (1.4.28)) correspond exactement
a la condition intérieure qu’on retrouve dans [I3, Théoreme 6.10] (voir la Sec pour les fonctions de
Lyapunov basiques pour la norme HP. Par ailleurs, on peut noter que est exactement la condition
demandée par les auteurs dans [16] pour définir une fonction de Lyapunov basique pour la norme L? pour
un systeme densité-vélocité linéarisé. Enfin, les entropies convexes dissipatives sont des bonnes fonctions de
1

Lyapunov et prennent localement la forme quadratique n(U) = 1UT9%n(0, ). U + O(|U|?), au voisinage de

0, qui se rapprocheE de I'intégrande des fonctions de Lyapunov basiques pour la norme L2.

1.4.5 Principales difficultés

La stabilisation des systemes hyperboliques 1D et homogenes, c’est-a-dire de la forme (1.4.2]) avec B = 0,
est un probléme bien connu et assez bien circonscrit quand il est étudié dans des espaces réguliers et par des
controles aux bords proportionnels ot des feebacks de sortie (voir par exemple [140] et [61]). La stabilisation
des systemes généraux, en revanche, est encore peu connue parce que plus compliquée. Deux phénomenes
rendent intrinsequement difficile I’étude de la stabilité des systemes généraux :

— Les termes sources (ou inhomogénéités). Ces termes sources induisent plusieurs problémes, entre
autres, un couplage intrinseque entre les différentes équations du systéme qui ne peut pas étre résolu
en utilisant simplement un changement de variables (voir Section pour plus de détails). Ce sera
I'objet des Chapitres [2] et [3] et en partie des Chapitres [4] [5] et [0

— Les chocs. L’apparition de discontinuités complique les méthodes de stabilisation, en particulier lors-
qu’elles changent le signe d’une des vitesses de propagation. C’est pourquoi les études se restreignent
généralement aux solutions régulieres. L'objet des Chapitres [0] et [7] sera d’étendre ces résultats a la
stabilisation d’états stationnaires présentant un choc.

Par ailleurs une difficulté supplémentaire peut survenir dans le choix du controle. C’est le cas quand on veut
utiliser un contréle qui n’est plus seulement proportionnel, mais proportionnel-intégral. Comme on le verra
dans la partie[[TI} les controles PI sont encore mal compris mathématiquement quand ils sont appliqués a des
systemes non-linéaires de dimension infinie. Un exemple 'illustre bien : c¢’est celui de ’équation de transport
traité dans le Chapitre [8| Si trouver des conditions optimales pour stabiliser ce systéme avec un controle
proportionnel ou un feedback de sortie est aisé et peut se traiter en un paragraphe, le faire avec un controle
PT nécessite une nouvelle méthode, qu’on introduit dans le Chapitre [§] et prend une vingtaine de pages.

11. En réalité on peut montrer que quand A est diagonale, puisqu’elle a des valeurs propres distinctes, 8%77(0, z) est diagonale,
et E(U,xz) = Id, ce qui correspond donc exactement & I'intégrande des fonctions de Lyapunov basiques.
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1.5 Objectifs de la these

Les systemes hyperboliques sont étudiés depuis de nombreuses années pour leur large intérét mathématique
et pratique. Au vu de la multitude de leurs applications, la question de leur stabilité et leur stabilisation est
fondamentale et a nourri de nombreuses recherches ces quarante dernieres années. Cette these se place dans
leur suite et s’articule autour de trois parties.

Dans la premiére partie, on cherche des résultats généraux pour garantir la stabilité en norme C' des systémes
inhomogenes.

La deuxiéme partie s’intéresse aux équations de la mécanique des fluides et on montre en particulier ’existence
d’une entropie locale dissipative pour les équations de type “densité-vélocité” 1-D, dont font partie les
équations de Saint-Venant et les équations d’Euler isentropiques sous leurs formes les plus générales. Cette
entropie trivialise 1’étude de leurs stabilités quel que soit le cadre. Enfin on introduit une méthode pour
traiter les chocs et stabiliser un état stationnaire possédant un choc.

Dans la troisieme partie on s’intéresse aux controles proportionnels-intégraux (PI), qui sont trés utilisés
dans l'industrie pour leur robustesse mais tres peu compris mathématiquement quand ils sont appliqués
aux systeémes non-linéaires de dimension infinie. On introduit une méthode dite “d’extraction” pour trouver
des conditions de stabilité optimales pour une équation scalaire. On s’intéresse ensuite aux équations de
Saint-Venant stabilisées par un controle PI.

Résumé de la these :

1.6 Partie 1 : Stabilité des systemes inhomogenes quasilinéaires
pour la norme C!.

Comme mentionné dans la Section les estimées de stabilité du type pour différentes normes ne
sont pas équivalentes quand le systéme est non-linéaire. Pour un systeme différentiel non-linéaire de premier
ordre, les solutions classiques naturelles sont les solutions C''. C’est pourquoi 1’étude générale de la stabilité
de ces systémes avec des controles aux bords a historiquement été conduite pour cette norme et pour des
systemes homogenes. Ces systemes homogenes, c’est-a-dire sans terme source, s’écrivent

Y + F(Y)d,Y =0, (1.6.1)

ou F(Y) est diagonalisable autour d’un état stationnaire Y* avec des valeurs propres distinctes et réelles,
comme dans la Section Les systemes inhomogenes, eux, s’écrivent

8.Y + F(Y)d,Y + G(Y,z) = 0. (1.6.2)

Ces systémes apportent de nombreuses difficultés par rapport au cas homogene :

— Etats-stationnaires non-uniformes. Quand il y a un terme source les états stationnaires sont en
général non-uniformes avec des variations qui peuvent étre amples, comme on peut le voir en cherchant
une solution stationnaire & . La stabilisation d’un de ces états stationnaires peut alors toujours
se ramener a la stabilisation de 1’état stationnaire constant égal a 0 via un changement de variables
comme vu en Section Mais il y a un prix & payer : le systéme prend la forme (|1.4.2)) et la matrice
de transport A et le terme source B dépendent alors explicitement de x, que les matrices d’origine en
dépendent ou non.

— Couplage interne entre les équations. Lorsque le systeme est homogene et qu’on utilise le chan-
gement de variables u = S(Y — Y™*) pour le mettre sous la forme (1.4.2), B = 0 et la matrice
A est diagonale pour u = 0. Le systeme prend donc une forme localement diagonale autour de
u* = 0. Les composantes de u ne sont donc localement que faiblement couplées entre elles a cause
de la non-linéarité. Quand le systéme est inhomogene, a contrario, B # 0 et les composantes sont
intrinsequement couplées entre elles par le terme source, méme localement.

Ces différences rendent I’étude de la stabilité des systémes inhomogenes significativement plus difficile que
celle des systémes homogenes. A ma connaissance, les seuls résultats généraux se trouvent dans [13, Théoréme
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6.10] et [I14] qui étudient la stabilité dans la norme H? pour surmonter ces difficultés. Dans [I3, Théoreme
6.10], Bastin et Coron utilisent des controles aux bords de sortie, donc de la forme (1.4.13). Dans [114] les
auteurs ont une approche completement différente et utilisent la méthode du backstepping, déja mentionnée
en Section qui donne un résultat qui fonctionne tout le temps mais qui donne lieu & des controles aux
bords souvent beaucoup plus compliqués et difficiles a mettre en oeuvre en pratique.

Néanmoins, dans les deux cas on perd ainsi la norme naturelle C!' au profit une norme plus réguliere
et donc plus restrictive : la norme H? (on rappelle que, grace & l'injection de Sobolev, une fonction H?
est automatiquement aussi C' en 1D). Dans la suite nous ne considérerons que les contréles aux bords
proportionnels et les feedbacks de sortie de la forme (|1.4.13]) qui sont & la fois parmi les plus étudiés, mais
aussi parmi les plus pratiques car ils ne nécessitent de connaitre 1’état du systéme qu’aux bords, comme
mentionné précédemment. Le but de cette partie est de retrouver la norme C' en utilisant une approche
similaire a celle de Bastin et Coron mais dont on verra qu’elle apporte des conditions significativement
différentes. Enfin, on étudiera plus en détail les systémes de deux équations et on verra qu’on peut établir
des liens entre la stabilité en norme H? et la stabilité en norme C' pour ces systemes.

1.6.1 Résultats existants

Systémes homogénes Le premier résultat pour les systemes quasilinéaires hyperboliques est probable-
ment celui de Li et Greenberg en 1984 [93]. Dans cet article, Li et Greenberg étudient un systéme homogene
de deux équations, donc B = 0 dans sa forme diagonalisée ([1.4.2)), avec des controles aux bords locaux de la
forme :

uy(0) = f(u_(0)),
u_ (L) = g(uy (L)),

et montrent en étudiant précisément les caractéristiques que le systéme est exponentiellement stable en norme

C' s

(1.6.3)

1f'(0)g'(0)] < 1. (1.6.4)

On remarque que les controles (1.6.3) sont un cas particulier des feedback de sortie (|1.4.13)). En effet quand
le systéme est sous forme diagonale avec u = S(Y — Y*), les controles ((1.4.13)) s’écrivent

u+(t70) U+(t,L)
= 1. .
(u_ t.0)) =\ (0] (1.6.5)
ce qui couvre bien le cas de (1.6.3). Ce résultat a ensuite été généralisé aux systemes de dimension n € N*
par Qin [I72] puis Zhao [204], puis avec des conditions aux bords générales de la forme ([1.6.5)) par de Halleux
et al. [T1] puis récemment par [48]. La preuve de ce dernier article utilise des fonctions de Lyapunov d’une
maniere dont nous nous inspirerons tout en les modifiant pour pouvoir gérer la nouvelle difficulté liée au terme

source. Avec des conditions aux bords générales de la forme (|1.6.5)), le systéme est alors exponentiellement
stable en norme C! si

Peo(G'(0)) < 1 (1.6.6)

Ol P est défini par
poc (M) = inf(| AMA™ |, A € D), (1.6.7)

avec D} I'ensemble des matrices diagonales a coefficients strictement positifs.

Plus tard, Coron et Bastin ont montré que la stabilité est plus facile & obtenir dans ’espace plus régulier (et
donc plus restreint) H2. La condition dans cet espace devient :

p2(G'(0)) <1 (1.6.8)
ol py est défini par

pa(M) = inf(|AMA™ 2, A € D)), (1.6.9)
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et on peut vérifier que ps < poo [50]. Au vu de la similarité des conditions et on peut se
demander s’il est possible de trouver des conditions de stabilité pour d’autres espaces de Sobolev en utilisant
pp défini par

pp(M) = inf(|AMA™Y|,, A € D). (1.6.10)

Coron et Nguyén ont montré que c’était le cas [61], plus précisément le systéme homogene de la forme (1.4.2)
avec B = 0 muni du controle (1.6.5)) est exponentiellement stable pour la norme W2P si

pp(G'(0)) < 1. (1.6.11)

Reste a savoir laquelle de ces conditions est la moins restrictive. Si on peut montrer que po > p, pour tout
p € N*, et donc que la stabilité en norme C! est plus difficile & obtenir que la stabilité en norme W2P? pour
tout p € N*, la comparaison des p, entre eux n’est pas claire. Puisque moins la solution est réguliere, plus
elle est générale, on pourrait s’attendre a ce que la stabilité dans les espaces de solutions moins réguliers (et
donc plus larges) soit plus difficile & obtenir et donc & ce que pp, > pp, pour p; > py. Cette intuition est en
fait trompeuse, car p1 = poo et donc p; < p, pour tout p € N* U {oo} [56, Remarque 1.4]. Mais dans tous
ces cas, on s’éloigne de la norme la moins restrictive et la plus naturelle : la norme C! (ou Wh°).

Systéme inhomogénes Si des systéemes hyperboliques inhomogenes particuliers ont intéressé les
mathématiciens depuis des années, I’étude de la stabilité des systémes hyperboliques inhomogeénes en général
n’a commencé que tres récemment. On considére maintenant un systeme de la forme et on veut
stabiliser un état stationnaire Y*, potentiellement non-uniforme, avec des controles aux bords de la forme
(1.4.13)). Pour simplifier I’étude, on utilise & nouveau le changement de variables u = S(Y — Y*) présenté
en Section [1.4.1] pour que le systéme se ramene a

ou+ A(u,z)0,u+ B(u,z) =0 (1.6.12)

ou A(0,-) = A, et B(0,x) = 0, comme décrit en introduction, et dont on cherche & stabiliser I’état stationnaire
0. Les controles aux bords ([1.4.13) ont & nouveau la forme , et on introduit par ailleurs la notation
M(0,2) = g—ﬁ(ﬂ,x).

A nouveau, le premier résultat vraiment général pour ces systeémes concernait les systeémes 2 x 2, c’est-a-dire
composés de deux équations potentiellement couplées, avec des vitesses de propagation de signes différents
[11]. En toute rigueur le résultat de [II] concerne des systémes linéaires mais il utilise une approche qui

s’étend presque immédiatement aux systémes non-linéaires pour la norme H? et se formule ainsi :

Théoreme 1.6.1 ([I1]). Soit un systéme quasilinéaire hyperbolique de dimension 2 de la forme ou
A, B et G sont de classe C?, Ay > 0 et Ay < 0. I existe un contréle de la forme tel qu’il existe une
fonction de Lyapunov basique pour la norme H? pour ce systéme si et seulement s’il existe une fonction n
définie sur [0, L] et solution de :

M>:(0,-) 5 Mi2(0, -)
/ )
z) = |—F—— p——=

)

(1.6.13)
n(0) =0,
ou @ est une notation qui désigne :
z M11(0, S) MQQ(O,S) >
=ex + ds | . 1.6.14
v P (/o Ay |As| ( )
Par ailleurs pour tout o > 0 tel que
o, > M, (0, .)772 @Mu(o’ ) ’
¢|As| Ay (1.6.15)

1ns(0) = o,
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a une solution ny sur [0, L] si
1
5 (L)’

il existe une fonction de Lyapunov basique pour la norme H? et le systéme , est exponentiel-
lement stable en la norme H?2.

0 L

G1(0) = (lz 0> avec 13 < n2(0) et 13 < (1.6.16)

On voit apparaitre un phénomene intéressant qui n’avait pas lieu avant : comme avant il y a une condition
sur le contrdle aux bords, mais il y a aussi maintenant une condition intérieure (1.6.15)), indépendante du
controle et donc intrinseque au systeme. Puisque I’équation différentielle (1.6.15)) est non-linéaire, ses solutions
peuvent exploser et cesser d’exister si L est trop grand, c’est par exemple le cas si M11(0,-) = My3(0,:) =0
et M12(0,-) = M21(0,-) = 1. Dans ce cas 7 est simplement la fonction tangente et explose en L = 7/2. Cette
condition signifie qu'on n’est pas capable de garantir la stabilité au dessus d’une certaine distance L.
C’est une condition inhérente au systéme qui lie la forme et la taille des termes sources avec la distance.

Ce résultat a ensuite été généralisé dans [I3, Chapitre 6] au cas général n x n et les auteurs ont montré :

Théoreme 1.6.2 ([13]). Soit un systéme hyperbolique quasi-linéaire (1.4.2)) avec un contrdle aux bords
(1.6.5) tels que A, B et G sont de classe C%. Le systéme est exponentiellement stable pour la norme H? si
— (Condition intérieure) la matrice

—(QN)(z) + Q(2)M(0,z) + M(0,z)TQ(x)T (1.6.17)

est définie positive pour tout x € [0, L],
— (Condition aux bords) la matrice

Ap(L)Q+(L) 0 T ( A+ (0)Q+(0) 0
( T *Af(O)Qf(O))_K ( T 7A,(L)Q,(L)>K (1.6.18)

est positive.

On retrouve bien les deux conditions : la condition (|1.6.18)) sur le controle aux bords et la condition intérieure
(1.6.17) inhérente au systeme. A nouveau, ce résultat utilise des fonctions de Lyapunov basiques pour la
norme H?2.

1.6.2 Nouveaux résultats

Cas général Dans le Chapitre [2| on s’intéresse & la norme C' et on montre le résultat suivant :
Théoréme 1.6.3. Soit un systéme quasilinéaire hyperbolique de la forme (1.4.2)), (1.6.5) avec A et B de
classe C*. Si les deux propriétés suivantes sont vérifiées,

1. (condition intérieure) le systéme

Aif] <=2 —M;(0,2) f; + |Mir (0, z)| = ;
k:%;# Ve

n f3/2

(1.6.19)

a une solution (f1,..., fn) sur [0, L] telle que pour tout i € [1,n], f; >0,
2. (Conditions auz bords) il existe une matrice diagonale A avec des coefficients strictement positifs tels

que
inf; (LX[;) )

i

sup; (fi(LA—gdi))

i

AG(0)A™ o < (1.6.20)

oud; =1L si A; >0 et d; =0 sinon,

alors il existe une fonction de Lyapunov basique pour la norme C' et le systeme (1.4.2)), (1.6.5) est exponen-
tiellement stable pour la norme C*.
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On retrouve a nouveau une condition intérieure et une condition aux bords. Notons que 'existence d’une
solution (f1,...fn) sur [0, L] au systeme

, 2 - £
fi= A, —M;;(0,2)fi + k_%;#JMik(O’x”\}f? (1.6.21)

avec f; > 0 pour tout i € {1,...,n}, est aussi une condition intérieure suffisante, quoique plus stricte. D’autre
part, lorsque M = 0, on retrouve bien le résultat de Li, Greenberg, Qin, Zhao et de Halleux et al. pour
les systemes homogenes : la condition intérieure est satisfaite par n’importe quelles fonctions constantes
(f1, - fn) et en choisissant f; = AZ, la condition aux bords se rameéne & Pexistence de A € D! telle que
IAG’(0)A™Y|o < 1, ce qui est équivalent & poo (G'(0)) < 1.

Pour montrer ce résultat on introduit les fonctions de Lyapunov basiques pour la norme C!, qui sont ’ana-
logue de celle pour la norme H? utilisée dans [11} [13], et on les approche par des fonctions équivalentes & la
norme WP ou on fait tendre p vers I'infini, dans la méme veine que ce qui est fait dans [48]. La principale
différence vient du fait que, quand on dérive par rapport au temps les fonctions équivalentes a la norme
WP apparait & cause de I'inhomogénéité un polynéme dont on aimerait qu’il soit positif. Dans [13] qui
traite le cas de la norme H? ce polynome est une forme quadratique. Ici, il s’agit d’un polynéme de degré
p et garantir son signe nécessite donc un peu plus de travail (voir f et le Lemme pour
plus de détails). Par ailleurs on va un peu plus loin en montrant le résultat suivant qui illustre la précision
de la condition intérieure du Théoréme :

Théoréme 1.6.4. Soit un systéme quasilinéaire hyperbolique de la forme (1.4.2) avec A et B de classe C3.
Il existe un contréle aux bords de la forme (1.6.5) tel qu’il existe une fonction de Lyapunov basique pour la
norme C' si et seulement si

n 3/2

/ f
Aifi <=2 —Mii(0,2) fi + |Mir(0,2)| %= | , (1.6.22)
k:%i IV

admet une solution (f1, ..., frn) sur [0, L] telle que pour tout i € [1,n], f; > 0.

Ce résultat est démontré par ’absurde, en supposant qu’il existe une fonction de Lyapunov basique pour
la norme C'! quand cette condition n’est pas vérifiée et en montrant qu’on peut trouver une perturbation
initiale qui la rend croissante au moins sur un court intervalle de temps.

Remarque 1.6.1. La régularité des coefficients n’est pas exactement la méme dans le Théoreme|1.6.5 et
[267] L’explication est dans la perturbation qu’on construit pour prouver le Théoréme[1.6.4) : on cherche a la
rendre plus réguliére que seulement C' pour pouvoir estimer la dérivée de la fonction de Lyapunov dans sens
classique. Il est trés probable que la régularité puisse étre abaissée a celle du Théoréme [1.6.3. Néanmoins,
dans les cas physiques A et B sont souvent non seulement C*° mais méme analytiques. Il faut bien voir que
c’est la régularité de A et B comme fonctionnelle qu’on impose et pas celle A(u(t,-),-) qui, elle, pourrait
étre inférieure si u est moins réguliére.

Ces résultats se généralisent en fait a la stabilisation en norme C? pour tout ¢ > 1, sous les mémes conditions.
En d’autres termes si A, B et G sont de classe C? (resp. C972) alors le Théoréme m (resp. Théoréme
s’applique toujours en remplacant la stabilité en norme C! par la stabilité en norme C9. Néanmoins,
on cherche a avoir la stabilisation dans la norme la moins réguliere possible pour couvrir ’espace de solutions
le plus grand possible. C’est pourquoi c’est la norme C' qui nous intéresse le plus en général. Enfin, dans le
cas ou le systeme est semi-linéaire, c’est-a-dire quand A ne dépend pas de u, ces résultats se généralisent a
la, norme C°.

Cas 2 x 2 et comparaison avec la norme H? Dans le Chapitre [3|on s’intéresse au cas oll le systeme est
composé de seulement deux équations. Ce cas est intéressant a regarder, pas seulement parce que c’est le cas
le plus simple de systemes présentant un couplage entre deux équations, mais aussi parce qu’il correspond
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a de trés nombreux systémes physiques (transmission de signal le long d’une ligne électrique, dynamique
d’un fleuve, comportement d’un gaz isentropique, trafic routier, etc.) et qu’il présente des comportements
particuliers. Dans la suite on considere le cas n = 2 et on introduit les notations :

* Mi1(0
1 = exp ( 71115 7s)ds> ,
0 1
* Moo (0
03 = exp ( Z‘ZA(»S)dS) , (1.6.23)
0 2
o=
P2
a = pMi2(0,-),

- (1.6.24)
b= %2 1]\421(07 )

Avant de continuer, prenons un moment pour expliquer ces notations. Tout d’abord on peut remarquer que
¢ correspond exactement au ¢ introduit dans le Théoréme [1.6.1] de Bastin et Coron. En fait, les fonctions ¢4
et g représentent I'influence des termes diagonaux de M (0, ) qui méneraient & une variation exponentielle
de 'amplitude s’il n’y avait pas de couplage entre u; et us. Les fonctions a et b représentent, elles; ce couplage
induit par M(0,-) aprés un changement de variable pour enlever les termes diagonaux de M (voir
et (3.4.4) pour plus de détails). Ce changement de variable visant & supprimer les termes diagonaux de M,
qu’on obtient en posant z; = p;u;, est en apparence anodin mais il permet de faire en sorte que 'opérateur
linéarisé L(U) = —A(0,2)0,U — M(0,z)U et Popérateur linéarisé homogene £*(U) = —A(0, )0, U soient
munis respectivement de semigroupes S et S* dont la différence est compacte. Ce qui n’est pas le cas quand
M a des termes diagonaux non nuls. Cette remarque formulée par Russell en 1978 [I77] et prouvée par Hu
et Olive dans [I13] peut s’avérer utile pour obtenir des propriétés de controlabilité (voir par exemple [113]),
bien que ce ne soit pas explicitement utilisé ici.

On montre alors les résultats suivants :
— Cas ou les vitesses de propagation ont le méme signe :
Théoréme 1.6.5. Soit un systéme quasilinéaire hyperbolique de la forme , avecn =2, ot A,
B et G sont de classe C? et tel que A1Ay > 0. Si

/ _ kl 0 N
G(O)—(O k;g) , ol

5 M (0, 5) a(s)| |b(s)

k3 <exp< i 2 ™ —2maX( A ’ A >d8>, (1.6.25)
2 b Moy (0, 5) a(s)| |b(s)

k3 <exp< | 2 ™ —2max< A ,’A2 )ds)

Alors il existe une fonction de Lyapunov basique pour la norme C' et une fonction de Lyapunov
basique pour la norme H?. En particulier le systéme est exponentiellement stable pour la norme C!
et la norme H?.

— Cas ou les vitesses de propagation ont des signes différents :
Théoréme 1.6.6. Soit un systeme quasilinéaire hyperbolique de la forme avec A et B de
classe C% avec Ay > 0 et Ay < 0. Il existe un contréle de la forme tel qu’il existe une fonction
de Lyapunov basique pour la norme C' si et seulement si

a\x
1= | ilﬂdz, (1.6.26)
. |b(@)]
- dy, 1.6.27
2 |A2| 1 ( )
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admet une solution positive dy, dy sur [0, L], ou de fagon équivalente

2

+ n,

Ay

r_ | &
77 - Al
n(0) =0,

admet une solution sur [0, L], ot a et b sont définies par (1.6.24)).
Par ailleurs si une des conditions précédentes est vérifiée et

G'(0) = (132 %) avec k3 < p(L)? (dQ(L)Y et kI < <d1(0)>2, (1.6.29)

(1.6.28)

di(L) d2(0)
ot dy et dy forment une solution de - , alors le systéme (1.4.2)), (1.6.5) est exponen-

tiellement stable pour la norme CT.

Remarque 1.6.2. On peut faire une remarque intéressante : dans le Théoréme[1.6.3 la condition intérieure
nécessaire et suffisante concerne lexistence de solutions a un systéme d’inéquations différentielles. Ce
théoréeme montre avec 7 que, dans le cas des systémes 2 X 2, c’est équivalent a l’existence
d’une solution a un systéme d’équations différentielles, linéaires qui plus est, ce qui est pratique. Ce résultat
est faux en général en dimension n > 3.

Ce n’est pas par hasard si on appelle a nouveau 7 la solution de ’ODE ([1.6.28]) : ces conditions sont différentes
de celles obtenues précédemment pour la norme H?, et rappelées dans le Théoréme mais ont la méme
forme. Il est donc naturel de vouloir les comparer, et c’est ce qu’on fait dans le corollaire suivant :

Corollaire 1. Soit un systéme quasilinéaire hyperbolique de la forme (1.4.2)), (1.6.5) avec n =2 et A et B
de classe C?, tel que Ay > 0 et Ay < 0.

1. Sil existe une fonction de Lyapunov basique pour la norme C' alors il existe un contréle auzx bords
de la forme (1.6.5) tel qu’il existe une fonction de Lyapunov basique pour la norme H?.
De plus, si M12(0,-)M21(0,-) > 0, alors la réciproque est vraie.

2. En particulier si le systéme (1.4.2), (1.6.5) admet une fonction de Lyapunov basique pour la norme
Cloet
0 Kk

G'(0) = <k2 ’B) avec k3 < p(L)? (fi%)z et k? < (228;)2 (1.6.30)

ot dy et do sont des solutions positives de - , alors avec le méme contréle auzx bords il

existe une fonction de Lyapunov basique pour la norme H?>.

Réciproquement, si le systéme admet une fonction de Lyapunov basique pour la norme H? et si
Mlg(o, -)Mgl(o, ) Z 0 et

G'(0) = <k(:)2 ]f)l> avec k3 < <<Z((£))) et k? < n(0)?, (1.6.31)

ou n est une solution positive de
b
! 2

a
=|— + —n?|, 1.6.32
n ‘Al INK ( )

alors il existe une fonction de Lyapunov basique pour la norme C' et le systéme est stable pour la
norme C*.

Remarque 1.6.3. L’existence d’une solution a (1.6.32)) quand il existe une fonction de Lyapunov basique
pour la norme H? est garantie par le Théoréme|1.6.1]
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A ma connaissance, le seul lien de ce genre qui existait jusqu’ici concernait le cas trivial M = 0 ou il existe
toujours & la fois une fonction de Lyapunov basique pour la norme H? et une fonction de Lyapunov basique
pour la norme C!. Ce lien peut en fait étre étendu & la stabilité en norme H? et C? pour p > 2 et ¢ > 1
sous les méme conditions.

Puisque le Théoréme et le Théoreéme [I.6.6] utilisent tous les deux des fonctions de Lyapunov basiques
pour la norme H? et la norme C' respectivement, on peut vouloir construire I'une en fonction de I'autre
quand on sait, grace au Corollaire [I} que les deux existent. C’est ce qu’on fait dans ce théoréeme :

Théoréme 1.6.7. S’il existe un contréle auxr bords de la forme (1.6.5) tel qu’il existe une fonction
de Lyapunov basique pour la norme C' avec pour coefficient g, et go, alors pour tout 0 < e <

ming, ) ((v2/%1)\/91/92)/ L il existe un contréle auw bords de la forme (1.6.5)) tel que

1 191 2 ) L /g2
Al ( g2 @1%02 <)01 |A2| 91 @1@2 ( )

sont les coefficients d’une fonction de Lyapunov basique pour la norme H?, ot Id désigne la fonction identité.

S’il existe une fonction de Lyapunov basique pour la morme H? avec pour coefficients (qi,q2) et si
Mi5(0,-)M21(0,-) > 0, alors pour tout A > 0 et e > 0 il existe un contrdle auzx bords de la forme (1.6.5)) tel
que g1 et go définies par :

x
My (0,)  [M12(0,-)] [|A1]qa
x)=Aexp |2 — ds —ex |, 1.6.34
91() p( A A Rolds ( )
|A2|go
= 1. .
92 A 91, (1.6.35)

sont les coefficients d’une fonction de Lyapunov basique pour la norme C*.

Le Corollaire [I] donne une condition suffisante pour que 'existence d’une fonction de Lyapunov basique
pour la norme H? soit équivalente & 1'existence d’une fonction de Lyapunov basique pour la norme C'. En
regardant les conditions nécessaires (1.6.28)) et (1.6.15)), on voit rapidement qu’il existe des contre-exemples
quand la condition suffisante du Corollaire [I] n’est pas vérifiée. On pourrait croire que ces contre-exemples
sont artificiels mais en fait, et de fagon un peu surprenante, il y a méme des contre-exemples qui correspondent
a des systémes physiques bien connus. C’est par exemple le cas des équations de Saint-Venant qui servent a
modéliser 'atmosphere et les voies navigables (plus de détails sont donnés dans la Section . On verra
dans la partie [[T| une forme générale des équations de Saint-Venant, mais ici pour simplifier on introduit un
cas particulier dans lequel la pente est constante, la section rectangulaire uniforme, et le modele de frottement
bien déterminé. Les équations de Saint-Venant s’écrivent alors :

OH+ 90,(HV) =0,
2 2 1.6.36
oo (o) (B8 -c) =0 (1636

ou C est I'influence de la pente, k le coefficient de frottement, g 'accélération de la pesanteur a la surface de
la Terre et les variables H et V désignent la hauteur d’eau et sa vitesse horizontale moyenne, par exemple
dans un fleuve. On note (H*,V*) I’état stationnaire qu’on cherche a stabiliser et on introduit les controles
aux bords

(H(t,0) = H(0)) = b1 (V(¢,0) = V*(0)),

(H(t,L) — H*(L)) = bo(V(t, L) — V*(L)). (1.6.37)

Puisque le systéeme n’est pas sous forme diagonalisée, H et V ne sont pas les quantités qui se propagent.
Néanmoins on peut montrer que ce controle aux bords peut quand méme se mettre sous la forme
(voir la Section [3.5| en particulier (3.3.13), (3.5.14)(3.5.17)). Quand linfluence des frottements est plus forte
que celle de la pente, on peut toujours trouver by et by tels qu’il existe une fonction de Lyapunov basique
pour la norme C', plus précisément
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Proposition 1.6.8. Soit les équations de Saint-Venant non-linéaires avec le contréle auz bords
(1.6.37). Si kV*2(0)/H*(0) > C et

H*(0) V*(0)
V=(0)

H*(L) V*(0)

V<L) g |

b € |— [ etby €R\ {— (1.6.38)

alors le systéme admet une fonction de Lyapunov basique pour la norme C*.

Quand l'influence de la pente est plus forte que celle des frottements, en revanche, il n’existe pas toujours
de fonction de Lyapunov basique pour la norme C'. Ce résultat est d’autant plus intéressant qu’il existe
toujours une fonction de Lyapunov basique pour la norme H? (voir la partie [[I, Théoréme [1.7.1]).

Théoreme 1.6.9. Soit les équations de Saint- Venant non-linéaires définies sur un domaine [0, L],
avec un état stationnaire (H*,V*). Si kV*2(0)/H*(0) < C alors :

1. Il existe L1 > 0 tel que si L < Ly, il existe un contréle auz bords de la forme (1.6.37) tel que le
systéme admet une fonction de Lyapunov basique pour la norme C'.

2. 1l existe Ly > 0 indépendante du contréle aux bords telle que, si L > Lo, le systeme n’admet pas de
fonction de Lyapunov basique pour la norme C'.

Généralisation aux normes H? et C'?. Comme précédemment, tous ces résultats se généralisent aux
normes HP et C'? pour tous entiers p > 2 et ¢ > 1, sous les mémes conditions, pourvu que A, B, et G soient
suffisamment régulieres. De plus, quand le systeéme est semi-linéaire, ces résultats se généralisent aussi aux
normes H' et C°.

1.7 Partie 2 : Equations physiques et systemes densité-vélocité.

Dans cette partie on étudie des équations issues de la mécanique des fluides, et en particulier trois exemples
célebres : 'équation de Burgers, les équations d’Euler, et les équations de Saint-Venant.

1.7.1 L’équation de Burgers

Bien qu’en apparence la plus simple des équations de cette partie, I’équation de Burgers est en fait la plus

récente. Elle s’écrit ainsi : )

Oy + Os (y2> =0. (1.7.1)

Au vu de sa simplicité, il est difficile dater les premiers travaux qui la concerne. Forsyth la mentionnait
déja en 1906 dans [88] avec un terme de viscosité supplémentaire, tout comme Bateman en 1915 [23] qui
la déduisait d’un probléeme physique et se demandait déja quel serait le comportement des solutions si la
viscosité tendait vers 0. En 1939, c’est Burgers qui s’y intéresse et supprime le terme de viscosité pour ne
conserver que la forme qui possede déja les comportements qui I'intéressent. Ses multiples travaux
sur le sujet jusqu’en 1948, résumés dans [35] et [36], la popularisent et lui donnent son nom actuel. Derriere
cette approche, Burgers s’intéressait en fait a la turbulence qu’il étudiait déja depuis 1923 [37], et voyait en
l’équation de Burgers un modele simple pour 1’étudier. Malheureusement, les travaux Hopf en 1950 [TI11] et
de Cole en 1951 [45] montreérent qu'’il est possible de résoudre explicitement cette équation, du moins quand
elle est étudiée sur R tout entier.

Néanmoins, si I’équation de Burgers est aussi célebre, c’est qu’elle possede des comportements génériques
qu’on retrouve dans les équations de la mécanique des fluides. Parmi ces comportements, le plus célebre
est peut-étre le phénomene de chocs : méme en partant d’une solution réguliere a t = 0 le systéeme peut
naturellement “casser” la solution et évoluer vers une solution qui présente des discontinuités (voir la Section
1.4.1{ pour plus de détails sur les chocs).

Sa simplicité en fait donc un bon moyen d’étudier les grandes lignes de ces comportements, et un bon banc
d’essai pour éprouver de nouvelles techniques mathématiques en vue d’une utilisation ultérieure sur des
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équations plus compliquées, comme par exemple les équations d’FEuler qu’on verra juste apres. La premiere
étude des chocs, par exemple, formulée par Hopf en 1950 dans [I11] (voir aussi [133, 134]), commence par
I’équation de Burgers.

L’équation de Burgers est aussi parfois utilisée directement pour la modélisation de systémes physiques, soit
parce qu’elle représente déja une bonne approximation du phénomene, soit parce qu’on cherche & modéliser
un réseau qui couple de nombreuses équations identiques entre elles et il est alors utile d’avoir une équation
de base suffisamment simple pour réussir a tirer des conclusions sur le réseau tout entier. C’est le cas par
exemple du réseau routier [103], Chapitre 3] dont les embouteillages sont bien modélisés par des chocs [28].
Loin d’étre un sujet épuisé, ces modélisations ont encore beaucoup de marge de progres et donnent lieu a
des problemes ouverts intéressants.

Il y a beaucoup a dire sur cette équation et on pourrait probablement consacrer plusieurs theses aux travaux
qui ont été menés sur 1’équation de Burgers. On s’arrétera la, mais pour une description un peu plus détaillée
on peut se référer a [153] 1.2.1].

1.7.2 Les équations d’Euler

L’histoire des équations d’Euler est directement liée a celle des équations aux dérivées partielles. La majeure
partie de la premiere équation est en fait proposée par d’Alembert en 1749 dans un mémoire pour un concours
de ’Académie des Sciences de Berlin, publié en 1752 [69]. Son mémoire est aujourd’hui reconnu comme une
pierre angulaire de la mécanique des fluides et introduit plusieurs notions nouvelles [I86] : les dérivées
partielles, la notion de pression interne d’un fluide, le champs des vitesses, et la premiere équation décrivant
les fluides comme une fonction de plusieurs variables. Sur décision du jury, dont fait partie Euler, le concours
sera en fait décalé a 1752 puis remporté par Adami, un protégé d’Euler. D’AlembertE en tient Euler pour
directement responsable et il faudra plus de dix ans pour qu’ils se réconcilient. Euler reste néanmoins tres
intéressé par les travaux de d’Alembert et les complete en 1751|E| puis 1755 [87] en y ajoutant un élément
fondamental : le gradient de pression. Ses équations s’écrivent alors :

0o+ div(eV) =0

1.7.2
O (oV) + div(pVV) = —Vp — gg. ( )

ou g est la densité du fluide, V son vecteur vitesse, p la pression et g est le vecteur gravité, complétant ainsi
ce qui sera 'ingrédient principal de la mécanique des fluides jusqu’a nos jours.

Ces équations seront a leur tour complétées plus tard par les travaux de Navier en 1823 et Stokes en 1845
(avec des contributions de Cauchy et Poisson en 1829 et de Saint-Venant en 1843) pour tenir compte de
la viscosité et donner les célebres équations de Navier-Stokes. Enfin, si ¢ est une constante, ces équations
deviennent alors les équations d’Euler incompressibles.

Les équations d’Euler sont liées a de nombreux problémes compliqués. En 3D, méme dans le cas incompres-
sible, leur caractere bien posé, c’est-a-dire I’existence et I'unicité d’une solution, est encore un des problemes
mathématiques les plus difficiles & ’heure actuelle qui, selon Villani@ est encore plus difficile a résoudre
que le caractere bien posé de ’équation de Navier-Stokes, pourtant un des problemes du millénaire.

En 1D leur caractére bien posé est beaucoup mieux maitrisé. En regardant (1.7.2), on voit qu'il faut une
équation supplémentaire pour la pression pour décrire le systéme. Une simplification consiste a considérer
que la pression est une fonction (croissante) de la densité du fluide p, ce qui donne les équations d’Euler

12. Il faut néanmoins rappeler qu’a cette date d’Alembert est un membre étranger de I’Académie de Berlin et avait remporté le
concours pour I'année 1746, dans lequel Euler était déja membre du jury. Les relations entre d’Alembert et Euler sont complexes
et sont décrites plus en détail dans [185], [186]

13. Au méme moment, dans un autre domaine et un tout autre contexte sort la premiere édition d’une certaine Encyclopédie
ou Dictionnaire raisonné des sciences, des arts et des métiers, dirigée par Diderot et d’Alembert, mais ceci est une autre
histoire.

14. dans Théoréme vivant
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isentropiques que nous étudierons dans la suite :
Oro+0:(0V) =0,

V+Vo,V = —%%(P(g)) - %9V|V| — gsina(z), (1.7.3)
ou « est 'angle de la pente, P la pression, et # est un terme de frottements qui décrit la friction entre le
fluide et lextérieur et qui apparait a partir des conditions aux bords quand on integre 1’équation 3D pour
passer & I’équation 1D. Enfin, d’autres simplifications existent :

— Approximation des gaz polytropiques : P(p) = Cp? ot C' est une constante et vy > 1.

— Approximation isotherme : P(p) = Cp ou C est une constante.
La premiere approximation est souvent directement considérée avec les équations d’Euler isentropiques, pour
les rendre explicites, méme si elle ne leurs sont pas rigoureusement liées. La deuxiéme approximation donne
lieu aux équations d’Euler isothermes. Nous n’utiliserons aucune de ces deux simplifications dans la suite.

1.7.3 Les équations de Saint-Venant

Découvertes de maniere heuristique par Saint-Venant en 1871 pour décrire ’écoulement dans un canal unidi-
mensionnel [I0], les équations de Saint-Venant modélisent le mouvement des fluides quand la profondeur est
faible comparée a la longueur du systeme et que le systeéme évolue a surface libre. Elles sont donc tres adaptées
a la description des fleuves en 1D, tandis que leur généralisation naturelle en 2D sert a la modélisation de
I’atmosphere. Elles s’écrivent de la fagon suivante :

A+ 0,(AV) =0

1.74
BV + VO,V + gd, H — Sy(x) + S;(A,V,z) =0 (17.4)

ou A est la section immergée, V la vitesse du fluide, H la hauteur du fluide, S, = —0, Z I'influence de la pente
avec Z la bathymétrie, et S¢ I'influence des frottements. On peut remarquer que plus la hauteur d’eau aug-
mente, plus la section immergée augmente, tant qu’on n’atteint pas le haut de la paroi au moins. En d’autres
termes, il existe une fonction F' qui dépend du profil du fleuve telle que A = F(H,z) et Oy F(H,z) > 0.
De maniére surprenante, les équations énoncées par Saint-Venant en 1871 sont déja les plus générales en 1D
et n’ont donc pas été considérablement complétées par la suite, méme si des variantes avec viscosité et de
nombreux autres modeles moins célebres mais plus adaptés a certaines situations ont été et sont toujours
développés (ex. [29H3T] [155]). Comme on le verra plus tard, ces équations ont méme été simplifiées dans un
premier temps dans les études de stabilité, les équations générales s’avérant trop compliquées.

Si Saint-Venant les a obtenues heuristiquement, ces équations sont cohérentes avec les équations déja exis-
tantes en mécanique des fluides et peuvent en fait se déduire des équations d’Euler sous I’hypothese de
faible profondeur. Une variante plus récente incluant une viscosité a été introduite en 2001 par Gerbeau et
Perthame dans [91] comme conséquence des équations de Navier-Stokes sous cette méme hypothese de faible
profondeur.

Leur relative précision et leur simplicité apparente, ont fait de ces équations a la fois un objet mathématique
trés étudié, analytiquement et numériquement [90], et un outil technique treés utilisé en ingénierie, en parti-
culier dans la régulation des voies navigables. Cette derniere application est loin d’étre anecdotique quand
on sait qu’il y a pres de 700 000 km de voies naviguables dans le monde. Par ailleurs I’hydroélectricité
représente 70% de I’énergie renouvelable produite & I’échelle mondiale, et ’hydroélectricité fluviale est celle
dont le développement local est le plus facile et provoque le moins de dégats environnementauxE

Pour les équations de Saint-Venant, il existe un phénomene de choc célebre : le ressaut hydraulique. Afin
de comprendre ce qu’est un ressaut hydraulique il faut se demander quelle la différence entre un fleuve et
un torrent ? La premiére réponse qui vient & I'esprit c’est la vitesse de I’écoulement, et c’est & peu prées
correct. Dans un écoulement en régime torrentiel V' > y/gH et on peut montrer que les deux vitesses de

15. Un point de vue défendu dans [163]
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propagation de , données par V ++/gH et V —+/gH (voir Chapitre7 sont strictement positives. Dans
un écoulement en régime fluvial, par contre, V < /gH et on peut montrer que les vitesses de propagation
ont des signes opposés. La transition du premier régime au deuxieme s’accompagne d’un choc entropique et
s’appelle un ressaut hydraulique. Ces ressauts hydrauliques apparaissent fréquemment dans les fleuves. Ils
sont a 'origine des mascarets, par exemple dans la Gironde. Ils apparaissent aussi parfois dans ’atmosphere
et sont a l'origine des Morning Glory Clouds [44], nuages qui peuvent étre observés de temps & autre en
Australie. Ils sont aussi soupgonnés d’avoir été a l'origine de certains crash de planeurs [129]. L’importance
de ces ressauts ne tient pas seulement a leurs apparitions spontanées mais aussi a leur utilité en ingénierie ou
on provoque parfois volontairement un ressaut dans des installations hydrauliques pour dissiper de ’énergie
et protéger le bassin naturel ou les installations.

1.7.4 Un cadre plus général : les systemes densité-vélocité

Gagnons un peu en abstraction pour introduire un cadre un peu plus général qui nous sera utile pour la
suite. Comme leur nom l'indique, les systemes “densité-vélocité” sont les systeémes décrit par la densité d’une
certaine quantité (matiere, probabilité, etc.) et la vélocité de cette méme quantité pour laquelle le flux est
conservé. Ils sont constitués d’une équation de continuité (ou encore conservation du flux) couplée avec une
équation d’énergie ou une équation de moment, et s’écrivent sous la forme

81‘,9 + az(gv) =0,

1.7.5
WV + Vo,V +9,(P(o,x)) + S(o,V,z) =0, ( )

ou o est la densité, V' la vitesse, P est une fonction croissante de g et représente par exemple 'influence des
forces de pression ou de forces dérivant d’un potentiel et S est un terme source. Ce cadre couvre de nombreux
systemes en mécanique des fluides, en particulier les équations d’Euler isentropiques et les équations de Saint-
Venant décrites juste avant, mais aussi d’autres exemples comme les équations décrivant le mouvement d’un
fluide dans une canalisation rigide, qu’on peut trouver dans [I3, Chapitre 1],

o (oo () oo (22)) -

OV + V0O,V 4 0,(gP)+ Sp(V,z) — gC(z) =0

ou P est la téte piezométrique, V' > 0 la vitesse du fluide, ¢ la vélocité du son dans le fluide, g I’accélération
de la pesanteur a la surface de la Terre, Sy le terme de frottements et C' I'influence de la pente. Un autre
exemple encore sont les équations régissant le phénomene d’osmose tel que modélisé dans [154] et qui sont
constituées des équations d’Euler isentropiques avec une barriere de potentiel supplémentaire qui agit sur le
soluté :

dx(P(0)) (1.7.7)
0

- 1
VAV V + = + §9V|V| + gsina(z) — ¢(z)0.U = 0,

ou U est le profil de la barriere de potentiel, & support compact, et ¢ la concentration du soluté.

Dans cette partie, on cherche & garantir la stabilité en norme H? de ces systemes par des feedbacks de sortie.
Pour cela, on doit régler les deux problemes mentionnés en Section : les termes sources et les chocs.

Avant de continuer on peut se poser la question suivante : pourquoi considérer la norme H?, alors méme qu’on
a passé la Section a expliquer que la norme C? est plus naturelle mathématiquement ? La réponse est &
chercher du coté de la physique. Dans cette partie on cherche a garantir la stabilité en utilisant des quantités
physiques cachées dans la structure du systéme, comme des énergies ou des entropies. Or ces quantités sont
souvent localement des intégrales de formes quadratiques et ont donc la forme d’une norme HP, avec p > 0,
comme mentionné dans la Section [[.4:4] Mais, en général, la régularité H? minimale pour laquelle on sait
étudier la stabilité des systemes quasilinéaires est la norme H?2. C’est d’ailleurs la raison pour laquelle c’est
cette norme qui est considérée dans [I3, Chapitre 6].
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1.7.5 Une nouvelle entropie pour les systemes de densité-vélocité inhomogenes.

L’étude de la stabilisation des systéemes densité-vélocité par des controles aux bords n’est pas nouvelle.
Pour les mémes raisons que dans la Section [1.6) on ne parlera ici que des résultats avec des rétroactions
qui ne nécessitent de mesurer que 1’état du systéme aux bords. D’autres résultats utilisant la méthode du
backstepping et des rétroactions nécessitant la connaissance de I'état du systéeme sur tout le domaine sont
décrits en introduction du Chapitre[d Pour les rétroactions qui ne nécessitent que la connaissance du systéme
aux bords, les trois approches mentionnés en Section[I.4.4]ont été utilisées par le passé avec une particularité :
les fonctions de Lyapunov utilisées sont souvent des entropies ou des énergies physiques pour le systeme,
telle I’énergie mécanique.

Pour les équations de Saint-Venant, les premiers résultats sur le systéme non-linéaire datent de [52], en
1999, ou les auteurs étudient les équations non-linéaires homogenes a ’aide d’une fonction de Lyapunov.
Cette fonction de Lyapunov n’est pas stricte et nécessite 'utilisation du principe d’invariance de LaSalle
pour conclure & la stabilité asymptotique. Plus tard, dans [53], est introduite une fonction de Lyapunov
stricte valable pour tous les systémes homogenes qui se mettent sous la forme d’invariants de Riemann et
couvre ainsi l’ensemble des systeémes densité-vélocité en I'absence de terme source. Plus tard encore, dans
[83, I7T] les auteurs montrent en utilisant la méthode des caractéristiques qu’on peut stabiliser les équations
de Saint-Venant avec terme source quand les termes sources sont suffisamment faibles en norme C*, avec
une borne qui dépend de la longueur du domaine L. Cette borne peut aussi étre vue comme une borne sur
la longueur L pour un terme source fixé. Dans [47), Section 13.4] et [50] les auteurs montrent le méme type
de résultat, mais en utilisant une fonction de Lyapunov. Puis, dans [I8], les auteurs étudient les équations
linéaires inhomogenes sans borne sur le terme source, et montrent que la fonction de Lyapunov utilisée dans
[53] peut aussi servir & stabiliser ce systéme mais dans le cas trés particulier ol ’état stationnaire est uni-
forme. Enfin, récemment dans [I6] les auteurs arrivent & stabiliser les équations non-linéaires inhomogenes
pour la norme H? sans aucune borne sur le terme source ou la longueur du domaine, mais en ’absence
de pente, c’est-a-dire dans le cas ou le terme source est dissipatif et ne comporte que des frottements. Ce
dernier résultat est, & ma connaissance, le plus abouti en la matieére avant les travaux présentés dans cette
partie. Malheureusement dans la pratique les états stationnaires les plus fréquents sont justement ceux ou
I'influence de la pente est plus forte que celle des frottements, les autres cessent d’exister apres une distance
finie parfois courte [110], [26, Chapitre 5]. Cette étude, néanmoins, donne un cadre et une condition générale
concernant la stabilisation des systémes densité-vélocité en norme H?2.

Concernant les équations d’Euler isentropiques, plusieurs résultats ont été obtenus en rajoutant ’hypothese
isothermale présentée avant : les auteurs de [82] montrent qu’il est possible de stabiliser le systéme par
des feedbacks de sortie pour la norme H' & I’aide d’une fonction de Lyapunov. Notons que la stabilité en
norme H', potentiellement meilleure que la stabilité en norme H?, est alors rendue possible par I’hypothese
isothermale. La stabilité avec une incertitude sur les conditions aux bords et sans terme source a été étudiée
dans [I0I]. Toujours avec la méme hypothese, le cas d’un réseau a été étudié dans [81), [94] [05]. Dans [99]
les auteurs arrivent a la fois a stabiliser exponentiellement les équations d’Euler isothermales pour la norme
H? et a donner une estimation du taux de décroissance, mais avec une limite sur la longueur du domaine.
Enfin dans [16], sans utiliser 'hypothése isothermale mais seulement ’hypothése, moins restrictive, des gaz
polytropiques, les auteurs arrivent 4 démontrer la stabilité des équations nonlinéaires pour la norme H? sans
aucune limite sur la taille du domaine mais en I'absence de pente.

Ces études traitent donc a chaque fois de cas particuliers, soit parce que la longueur du domaine ou les
termes sources doivent respecter une certaine borne, soit parce qu’ils ont une forme particuliere. Jusqu’'ici
aucun résultat n’existe dans le cas général, qui présente au moins trois différences importantes : ’absence
de borne sur le terme source et la longueur du domaine, la présence d’une pente qui peut rendre le terme
source non-dissipatif, c’est-a-dire qu’il fait gagner de I’énergie au systéeme plutot que lui en faire perdre, et
la présence d’une section variable.

Avant de continuer, on peut remarquer que pour un état stationnaire régulier (o*, V*) de ([1.7.5), trois cas

sont possibles :
— Régime torrentiel : Oy P(0*(x),z)o < V*2(x) pour tout x € [0, L] et les vitesses de propagation du
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systéme sont strictement positives. Ce cas est traité par le Théoréme de la partie[I}
— Régime critique : Oy P(o*(x),z)0 = V*?(x) pour tout z € [0, L], d’apres ce cas est tres
particulier et n’existe pas toujours. Par ailleurs une des vitesses de propagation s’annule.
— Régime fluvial : 9y P(o*(x),x)0 > V*2(z) pour tout = € [0, L] et les vitesses de propagation ont des
signes opposés. Ce sont les cas compliqués et ce sont ceux qu’on regardera.
A partir de maintenant on supposera donc qu’on se place en régime fluvial. Comme mentionné dans la
Section [T.6] un systéme inhomogene stabilisé par des feedback de sortie a a priori une longueur intrinseque
Lpax au-dela de laquelle on échoue a démontrer la stabilité quel que soit le choix de notre controle aux bords.
Et ce méme en norme H2. Dans le Chapitre |4/ on montre qu’en réalité ce phénomene de longueur maximale
Lax ne se produit jamais pour les équations de Saint-Venant avec section rectangulaire. Ce résultat est vrai
méme quand le terme source n’est pas dissipatif, c’est-a-dire qu’il ne fait pas perdre d’énergie au systeme mais
qu’au contraire il lui en fait gagner. Ce dernier cas de figure se présente quand l'influence de la pente est plus
forte que celle des frottements, ce qui correspond & une grande partie des cas pratiques. Plus précisément,
on montre le résultat suivant :

Théoreme 1.7.1. Considérons les équations de Saint-Venant non-linéaires (1.7.4) avec A = H et
S(A,V,-)=kV?/H — gC, ou C € C*([0, L]), munies de contréles aux bords de la forme

V(t,0) = B(H(t,0)), V(t,L)=B(H(t, L)). (1.7.8)

Si les conditions suivantes sont vérifiées

BI(H"(0) € (- v
0)" H*(0)
v (1.7.9)

et B(H*(L) €R\

—
Q
\

V(L) H (L)
alors le systéme est exponentiellement stable pour la norme H?.

Ce résultat signifie qu'on peut toujours stabiliser les équations de Saint-Venant a l'aide de feedbacks de
sortie, quels que soient le terme source et la longueur du domaine. En fait ce résultat est plus fort que cela :
de facon trés surprenante, les lois de commandes ne dépendent pas directement ni des frottements, ni de la
pente.m On montre méme dans le Chapitre [5| que ce résultat se généralise aux équations de Saint-Venant
générales et que les lois de commandes ne dépendent pas non plus du profil de la section ou du modele utilisé
pour les frottements. On peut donc stabiliser le systéme en ne connaissant que la hauteur et la vitesse aux
bords et celles de ’état stationnaire visé, en ignorant tout le reste y compris une partie du modele ainsi que
toutes les données physiques du fleuve parfois difficiles & récupérer (bathymétrie, coefficients de frottements,
profil de la section le long du fleuve).

Une entropie locale dissipative Ce résultat découle en fait de ’existence d’une entropie locale dissipative
pour les équations de Saint-Venant inhomogenes. Pour les équations de Saint-Venant homogenes, ’entropie
naturelle est bien connue : il s’agit de 'énergie mécanique gH?/2 + HV?/2, largement utilisée [52] [160].
Pour les équations de Saint-Venant inhomogenes, en revanche, cette énergie mécanique ne correspond pas a
une entropie dissipative, quand bien méme le terme inhomogeéne ne contiendrait que des frottements et donc
serait purement dissipatif [I6, Remarque 1]. Dans le Chapitre [4) on montre qu’on peut tout de méme former
localement une entropie dissipative autour de n’importe quel état stationnaire (H*, V*), et ce quel que soit
le terme source. Cette entropie s’écrit

T —3¢C H*"/2\/gH*
& =exp ds

o gH* —V*2 gH* — V2 (1.7.10)
x (g(H — H*)> +2V*(H — H*)(V = V*) + H*(V = V*)?).

16. Evidemment elles en dépendent de maniére indirecte & travers les états stationnaires. Mais quand on veut stabiliser une
hauteur d’eau et une vitesse, le minimum c’est de savoir a quelle hauteur et a quelle vitesse on veut les stabiliser.
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Elle correspond & un cas limite puisque I'inégalité de production d’entropie introduite dans la Section
[[.44] qui donne le caractere dissipatif, devient en fait une égalité pour tout une classe de perturbations : si
HV = H*V*,

OuvyE(H,V,x).P(H,V,z) =0, (1.7.11)

ou P(H,V,z) = (S(HOV x)) est le terme source de I’équation de Saint-Venant.

On a vu en Section[I.4:4le lien entre les entropies dissipatives et les fonctions de Lyapunov. Pour comprendre
d’ou vient cette entropie, on peut donc regarder le point de vue Lyapunov. D’apres le résultat de Bastin et
Coron rappelé dans le Théoreme il existe une fonction de Lyapunov basique pour la norme H? si et
seulement si

a n b 5
A AT

/

n = ; (1.7.12)

admet une solution 7 sur [0, L] telle que n(0) > 0. Ici A; > 0, A2 < 0 sont les vitesses de propagation et
a et b sont les quantités du systéemes définies par (|1.6.24)) dans le cas des équations de Saint-Venant. Une
expression explicite est donnée dans le Chapitre [4| (voir (4.3.17)—(4.3.20), (4.3.21)—(4.3.23)), (4.3.26)). En
général, trouver des solutions explicites & est vain quand les fonctions a/|A1] et b/|As| ne sont pas
triviales. Une méthode consiste donc & trouver a la place une fonction 7 explicite et définie sur [0, L], telle
que n(0) > 0 et

; (1.7.13)

en essayant de se rapprocher au plus possible du cas d’égalité. C’est ce qui est utilisé par exemple dans [16]
pour les équations de Saint-Venant. On montre que les équations de Saint-Venant ont en fait la remarquable
propriété suivante :

Lemme 1.7.1. La fonction

|A2|
== 1.7.14
n ™ ¥ (1.7.14)

est une solution de l’équation (1.7.12)).

La fonction 1 qu’on trouve ici est donc optimale au sens ol on est capable d’atteindre le cas d’égalité. Par
ailleurs, plus la valeur de 7(0) est élevée, moins la condition sur le contréle en 0 est restrictive (plus de
détails dans le Chapitre [4] en particulier (4.3.40) et (4.3.43)), ou [I1]). Il est donc légitime de se demander §’il
existe une autre fonction 72 encore meilleure, qui serait aussi une solution de pour toute amplitude
du terme source et toute longueur L > 0 et telle que 72(0) > |A2|(0)$(0)/A1(0). La réponse, négative, est
donnée par la proposition suivante

Proposition 1.7.2. Soit un état stationnaire (H*,V*) tel que S(H*,V*,x) < 0. Pour tout nao >
|A2(0)]/A1(0), il existe L > 0 telle que (H*,V*) € C*([0, L]; R?) et la solution nz de (1.7.12) avec n2(0) = n2,0
vérifie

lim na(x) = +o0. (1.7.15)

z—L

Cette fonction |Az|@/A; et le Lemme sont la clé de voiite du Théoreme [1.7.1}

Dans le Chapitre 5| on montre que cette entropie locale dissipative et ce résultat sont en fait généralisables
non seulement aux équations de Saint-Venant générales mais aussi & tous les systemes de densité-vélocité,
dont on a donné quelques exemples plus haut. Plus précisément si on considere le systeme

8159 + aac(gv) = 07

1.7.16
OV + VO,V +0,(Plo,2)) + Se, Vi) = 0, (1.7.16)

17. Cette forme est légeérement différente de celle donnée dans la Section [1.6.2] mais parfaitement équivalente comme on le
montre dans [107] et dans le Chapitre [3|et & 'avantage de libérer la condition initiale.
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introduit dans la Section ot S € C%(]0,+c[*R) et P € C%(]0,+0o0[*;R) et muni du contréle aux
bords

1.7.17
V(t, L) = BA(, T), (710
on montre :
Théoréme 1.7.3. Soit (o*,V*) un état stationnaire du systéme (1.7.16)—(1.7.17) tel que
ovS (", V*(x),x) 0,5(0", V*(z),x)
_ >0, Vazelo L. 1.7.18
V@) 0, Plcna)  © o4 (718)
Si les conditions suivantes sont vérifiées
0,P(0*(0),0) V*(0
By ] -2AL0 VO]
Vo) o) o)
9,P(0*(L), L) V*(L) -
B (o*(L)) eR {— e ,— ,
CENER DT

alors ’état stationnaire (o*,V*) est exponentiellement stable pour la norme H>.

Remarque 1.7.1. La condition qui apparait dans ce théoréme est en fait une condition trés phy-
sique. Notons qu’elle est vérifice pour tous les termes sources issus de forces extérieures et qui ne dépendent
ni de A ni de V. Pour les équations de Saint-Venant elle est évidemment vérifiée puisque la pente ne dépend
ni de A ni de V tandis que les frottements croissent avec la vitesse et décroissent (au sens large) avec la
section, donc Oy S(A*,V*,-) <0 et 04S(A*, H*,-) > 0. Elle est aussi vérifiée pour tous les exemples donnés
dans la Section|1.7.4).

1.7.6 Stabilisation d’états stationnaires avec chocs

Comme mentionné en introduction, les équations aux dérivées partielles hyperboliques non-linéaires ont ceci
de particulier qu’elle peuvent faire apparaitre des discontinuités naturellement. Ces discontinuités, appelées
chocs, entrainent des difficultés techniques dans 1’étude des équations, si bien que la grande majorité des
études de stabilité se concentrent sur des solutions et des états stationnaires réguliers, comme nous ’avons
fait jusqu’ici. Néanmoins les chocs correspondent a des phénomenes physiques concrets, tels le ressaut hy-
draulique pour les équations de Saint-Venant, et leur étude est loin d’étre dénuée d’intérét.

Par le passé plusieurs travaux ont considéré ce probléme. Dans [125] [I82], par exemple, sont considérés
des solutions régulieres et des états stationnaires réguliers mais dont les profils se rapprochent d’un choc.
D’autres travaux se sont attaqués & des systémes pouvant avoir des solutions discontinues. Dans [33] par
exemple est étudiée la controlabilité d’un systeme hyperbolique homogene pour des solutions de classe BV,
qui est généralement la classe la plus générale de fonctions avec chocs pour les systéemes hyperboliques@
La stabilisation d’une équation scalaire est traitée dans [27) [I64] tandis que celle d’un systéme hyperbolique
homogene est étudiée dans [33] 57]. Mais dans tous ces articles 'état stationnaire & stabiliser est régulier
(et méme constant), or dans I'idéal on aimerait pouvoir stabiliser un état stationnaire présentant un choc,
comme par exemple un ressaut hydraulique. C’est le but des Chapitres [6] et [7] qui traitent respectivement
des équations de conservation scalaires et des équations de Saint-Venant. Plus précisément dans le Chapitre
[6] on considére le systeme suivant constitué de 'équation de Burgers sur un domaine borné [0, L] avec deux
controles aux bords ug(t) et ur(t) :

y(t,0%) = uo(t)
y(t,L™) = up(t).

18. Etonnamment cet article montre avec un exemple que la controlabilité exacte ne peut pas étre obtenue en général, alors
que ce phénomeéne ne se produit pas quand les solutions sont réguliéres.

(1.7.20)
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On s’intéresse & des états y qui comportent un choc localisé en z, €]0, L[ et qui sont réguliers ailleurs.
La dynamique de ce choc peut étre obtenue a partir de ((1.7.20)) et des relations de Rankine-Hugoniot qui
imposent

. txs(O)T) +ylt,zs(t)~

ba(t) = y(t 2s(H)") ! y(t,zs(t)”) (1.7.21)

On cherche & stabiliser les états stationnaires suivants :

() = 1, z €0,z
v) {_17 xE}xO,L], (1.7.22)

ou zg €]0, L[. On vérifie aisément que cet état stationnaire est entropique, et en fait tout état stationnaire
entropique de avec un seul choc peut se ramener a celui-ci sans perte de généralité, moyennant
un changement d’échelle. Il est clair que si on ne cherchait pas a stabiliser la position du choc en xy mais
seulement 1’état du systéme y, on pourrait choisir des controles constants ug(t) = —ur(t) = 1 et se placer
en boucle ouverte, c’est-a-dire avec un controle sans rétroaction. Notre but, et c’est la principale difficulté,
est de stabiliser completement 1’état stationnaire : c’est-a-dire a la fois 'amplitude y avant et apres le choc
mais aussi la position du choc xs. On optera donc pour des feedbacks de la forme :

ug(t) =1+ ki1(y(t,zs(t)") — 1) + bi(zo — 25(2)),

(1.7.23)
ur(t) = =1+ ka(y(t, 2s(t) ") 4+ 1) + ba(zo — 24(t)).

Ces feedbacks sont sans doute les plus simples que 'on puisse prendre au sens ou ils nécessitent le minimum
d’informations possible : admettons que 1’état du systeme soit proche de 1’état stationnaire, alors d’apres
la vitesse de propagation est positive avant le choc et négative apres le choc, donc aucune informa-
tion ne transite d’un coté a 'autre du choc. Cela signifie qu’il est nécessaire de mesurer ’état du systéme au
moins en un point de chaque coté, et c’est ce qui est utilisé par le premier terme de rétroaction de .
Par ailleurs, puisqu’on veut stabiliser la position du choc, le minimum est de connaitre la position du choc
T, et c’est ce qui est utilisé par le second terme de rétroaction de .

On montre d’une part que ce systeme est bien posé :

Théoréme 1.7.4. Pour tout T > 0, il existe §(T) > 0 tel que, pour tout x4 €]0, L] et yo € H2(]0, z5[; R) N
H?(Jwg0, L[;R) satisfaisant les conditions de compatibilité d’ordre 1 associées a (1.7.23) et

1Yo — L m20,2.00[R) + Y0 + 120000, Lr) < 0(T),
|zs0 — 20| < 0(T),

alors le systeme (1.7.20)), :1.7.21 , y(0,) = yo, 25(0) = x50, (1.7.23) a une unique solution entropique C*
par morceauz y € CY([0,T]; H*(]0,xs(t)[; R)) N H2(Jas(t), L[;R)) avec x5 € C*([0,T);]0,L]) son seul choc.
Par ailleurs, il existe C(T) telle que Uestimée suivante est vérifiée pour tout t € [0, T

(1.7.24)

ly(t, ) — Um0,z oir) + 1Yt ) + Ua2(e, 0),L1R) + |Ts(t) — 0]
<C(T) (|yo — U a2q0,2.01R) + Y0 + LE2(0.0,LR) T |50 — $o|) . (1.7.25)

En fait on peut méme prouver de maniére treés similaire & ce qui est fait dans [I34] Preuve du Théoreme 3.4]
que cette solution est I'unique solution entropique pour ce systeme et ces conditions initiales. En résumé,
ce résultat nous apprend donc que si I’état commence avec un seul choc alors il garde un seul choc durant
son évolution. Plus de précisions sur les définitions, en particulier sur les conditions de compatiblité et la
définition d’une solution C!' par morceaux entropique, sont & trouver dans le Chapitre @

D’autre part, puisque la solution n’est pas réguliere et qu’on cherche a stabiliser aussi la position du choc,
on doit légerement changer la définition de la stabilité exponentielle de la facon suivante :
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Définition 1.7.1. L’état stationnaire (y*,z¢) € H?(]0,zo[;R) N H?(Jzo, L[; R)x]0, L[ du systeme (1.7.20),
(1.7.21)), y(0,-) = yo, 25(0) = w40, (1.7.23)) est exponentiellement stable pour la norme H? avec un taux de
décroissance v, s'il existe §* > 0 et C' > 0 tels que si yo € H2(]0, z50[; R) N H?(Jxs0, L[; R) et x5 €]0, L[ sont
compatibles avec et vérifient

lyo — v1 (0, )|H2( 0,250lR) + %0 — ¥3(0, )| 5220, L[;R) < 07,

(1.7.26)
‘st - 1’0| X

le systéme a une unique solution (y,x) € C°([0, +o00[; H2(]0, zs(t)[; R) N H2(Jzs(t), L[; R)) x C1([0, +00[; R)
et

ly(t, ) — yi (& MEzq0,2. ) ir) T Y& ) — 2t )| B2 (2. (0),L1R) + 25 (E) — 0|
< Ce™ " (lyo — ¥5 (0, ) H20,2.0R) + Y0 — Y5 (0, ) Hr2(1a0,L[:R) + |Ts0 — To|) , VE € [0, +00[. (1.7.27)

On montre alors le résultat de stabilité exponentielle suivant :

Théoréme 1.7.5. Soit v > 0. Si les conditions suivantes sont vérifiées :

-z —v(L—o)
—yag V€T —y(L—wo) _VETTTTY
b € :|’7€ °, el by € [ve o o= | (1.7.28a)
b, 1me 1)
2 —yx v
k2 < e (1 . <b1 et Sy >) : (1.7.28b)
b 1 — e~ %o 1 — e=Y(L=2o)
2 —v(L—wo) _ 2
k2 <e (1 = (b1 e T )) , (1.7.28¢)

alors Uétat stationnaire (y*,xo) du systeme (L.7.20), (1.7.21)), y(0,-) = yo, ©s(0) = x40, (1.7.23)) est expo-

nentiellement stable pour la norme H? avec un tauz de décroissance 7y /4.

Remarque 1.7.2. On montre aussi que pour tout v > 0 il existe bien des paramétres by, ba, k1 et ko
vérifiant (1.7.28)). Ce résultat est donc en fait un résultat de stabilisation dite “rapide”, puisque le tauz de
décroissance vy peut étre choisi aussi grand qu’on le souhaite.

Pour le montrer, la difficulté est double :
— D’une part les solutions ne sont pas régulieres.
— D’autre part on a bien un controle direct sur I’amplitude de la solution de part et d’autre du choc via
les conditions aux bords de , mais on n’a pas de controle direct sur la position du choc dont
la dynamique est donnée par les relations de Rankine-Hugoniot .
On vient & bout de la premiere difficulté en utilisant le Théoreéme [I.7.4] qui dit que si la solution commence
avec un seul choc elle reste avec un seul choc. On peut donc diviser le probléme en deux : avant et apres le
choc. Cela donne deux solutions réguliéres z; et zo définies sur un domaine variable mais on peut redresser
le domaine avec un changement de coordonnées pour se ramener & un domaine fixe. Cela revient a définir la

variable z suivante (voir (6.3.1)—(6.3.3) pour plus de détails).

Pz
alto) = (2452 = < 0 ?’L“mef L;H>, v €10, o], (1.7.29)

ou z; représente I'état du systeme avant le choc et zy représente ’état du systeme apres le choc.

La deuxieme difficulté signifie en substance qu’on ne peut s’en sortir qu’en utilisant le couplage entre I’état
du systeme et la position du choc donnée par ((1.7.21]). Pour cela on définit une nouvelle forme de fonction

37



de Lyapunov dont la forme générale est donnée dans le Chapitre [6[ & (6.4.3)—(6.4.15) mais qui s’écrit pour
une solution de ([1.7.20)—(1.7.21f), avec z défini juste avant par (1.7.29)) :

V(z,xs) = Vi(z) + Va(z,x5) + Va(z, 25) + Va(z, 25) + Vs (2, 25) + Vs(2, z5) (1.7.30)
avec
o —px —px
Vi (2) :/ pre 22 4 poe e 2idx, (1.7.31)
0
Zo —px —px
Vol(z,zs) = / ple%zi + pae 2 z3dx, (1.7.32)
0
Zo —ux —px
Vs(z,25) = / ple#zit +pgeﬁz§ttdx, (1.7.33)
0
o —px o —pz
Va(z,zs) = / pre ™ z1(xs — xg) da + / Pae 2 zo(xy — x0) d + K(xs — 20)?, (1.7.34)
0 0
o —pax Zo —px
Vs(z,x5) = / pre m z T dx —|—/ Poe 2 zopt, dr 4 K(T4)?, (1.7.35)
0 .
_zwe T . (2
Vo(z, zs) :/ pre ™ zypZ,dx +/ Poe 2 zopls de + K(Zs)”. (1.7.36)
0 0

ol, W, p1, p2, P1, P2 sont des constantes strictement positives, Kk > 1 et

Lo
L*ZL'O.

m=1 mn= (1.7.37)
On va ensuite un peu plus loin et on montre que le Théoreme [1.7.5| peut s’étendre a toute loi de conservation
scalaire de la forme

Oy +0:(f(y) =0 (1.7.38)
avec f de classe C?, convexe, telle quelﬂ f(1) = f(—1) et vérifiant :

min(f'(1), |f/(~1)]) > 1. (1.7.39)

Remarque 1.7.3. On peut faire une remarque intéressante sur ce feedback : si on prend k1 = kg = by =
ba = 0, alors, d’aprés , uo(t) = 1 et ur(t) = —1 et le systéme n'est pas exponentiellement stable
car on ne peut pas stabiliser la position du choc. Regardons maintenant les conditions . S’il semble
logique que plus v est grand, plus les gains k1 et ko doivent étre faibles, il peut sembler par contre contre-
intuitif que by et by doivent tendre vers 0 quand ~y tend vers 4+00, puisque si on pose by = 0 et by = 0,
on ne peut pas stabiliser la position du choc. En d’autres termes, pour tout v > 0 le feedback qu’on définit
fonctionne, alors que le feedback limite qu’on obtiendrait en faisant tendre v — 400 ne peut méme pas
assurer la stabilité asymptotique du systéme. L’explication derriére ce paradozre apparent est que si vy tend
vers linfini, la fonction de Lyapunov utilisée n’est plus équivalente a la norme de la solution et ne peut
plus garantir sa décroissance exponentielle. Plus de détails sont donnés dans le Chapitre (en particulier la

Remarque .

Il est tout de méme utile de mentionner qu’un préprint [I65], sorti sur Hal peu apres la soumission de nos
travaux, vise aussi a stabiliser un état stationnaire avec un choc a l'aide de contrdles aux bords pour la
norme L' dans Iespace des solutions de classe BV. La norme est donc plus générale, la stabilisation par
contre est simplement exponentielle avec un taux de décroissance qui ne peut pas étre aussi grand que voulu
contrairement a notre étude. La méthode quant a elle est tres intéressante et totalement différente.

19. On peut en fait faire cette hypothése sans perte de généralité, les deux hypotheses importantes sont la convexité et (1.7.39)
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Stabilisation d’un état ressaut hydraulique Dans le Chapitre [7] on montre que cette méthode peut-
étre étendue aux équations de Saint-Venant et au phénomene du ressaut hydraulique, avec une difficulté
supplémentaire néanmoins, comme on va le voir.

On s’intéresse ici aux équations de Saint-Venant homogenes dans le cas particulier ou la section est rectan-
gulaire,

Ol + 0,Q =0,

gH? Q2 (1.7.40)
E)tQ—&—aw( 5 + H) =0.

L’intérét de considérer un tel cas particulier est d’étudier le phénomene de ressaut hydraulique tout en gar-
dant le cadre le plus simple possible. Néanmoins, au vu de la Section [1.7.5] il est probable que le résultat
puisse s’étendre aux équations de Saint-Venant générales. Par ailleurs nous considérons ici la formulation des
équations de Saint-Venant avec pour variables la hauteur H et le débit Q = HV et une deuxieéme équation
qui représente un bilan des forces, plutot que les variables H et V' et une deuxieme équation qui représente
un bilan d’énergie, comme nous le faisions précédemment avec et (1.7.4)). En fait, quand les solutions
sont régulieres ces deux formulations sont équivalentes. Quand les solutions comportent des discontinuités,
par contre, cette équivalence est perdue et cela peut se voir & travers les état stationnaires : la formulation
impose une continuité du débit Q* et des forces appliqués (gH*? + Q*2/H*), ce qui est compatible
avec une discontinuité en hauteur d’eau pour I’état stationnaire. A contrario une formulation comme
impliquerait une continuité du débit H*V* et de 1’énergie (¢H* + V*2/2) ce qui impliquerait directement
la continuité de H* et V* et donc empécherait tout ressaut (voir Chapitre [7| Section paragraphe Phy-
sical remarks). C’est en fait assez logique : quand un ressaut hydraulique se produit il y a une perte locale
d’énergie, dissipée dans le ressaut, ce qui empéche la conservation de 1’énergie.
Puisqu’on cherche a étudier un systeme comportant un ressaut hydraulique, dont on note la position x7, les
états stationnaires (H*, Q*) de doivent étre en régime torrentiel avant le ressaut et en régime fluvial
apres le ressaut. On peut montrer que cela signifie que les états stationnaires sont les fonctions qui vérifient
les conditions suivantes :

1. Q* est une constante strictement positive, x* €]0, L[ et

H* *
g A0 > 0 we 0l (1.7.41)
H3 >0, xe€lx}, L],
2. Condition de régime torrentiel avant le ressaut :
A = [3* —VgHy >0, X = I(i* ++/gH; >0, pourzxe€[0,x}), (1.7.42)
1 1
Condition de régime fluvial apres le ressaut :
— A3 = [(i* —VgH; <0, N = g* ++/gH3 >0, pourx €|z}, L]. (1.7.43)
2 2
Ce qui signifie en particulier que HY < H3.
3. Condition a l'interface
_ (@*)?

H; 2

La derniére condition est appelée équation de Bélanger [42] et se déduit de (1.7.40) et des relations de
Rankine-Hugoniot.

Par rapport a I’équation de Burgers, une difficulté supplémentaire apparait : dans le cas de ’équation de
Burgers il n’y a qu’une vitesse de propagation, et elle passe d’un signe positif avant le choc a un signe négatif
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apres le choc. Cela permet d’avoir une information entrante en z = 0 et en « = L et d’avoir ainsi un controle
sur chacune des deux moitiés de la solution (cf. Fig [L.3).

Dans le cas des équations de Saint-Venant par contre, on a deux composantes et deux vitesses de propagation.
Les deux sont discontinues mais une seule change de signe. Ainsi, en divisant le probléme en deux entre avant
le choc et apres le choc, on a en tout quatre quantités (deux avant, deux apres), et on aimerait avoir le nombre
correspondant de controles aux bords. Avant le choc, les deux vitesses de propagation sont positives, on peut
donc bien avoir deux controles aux bords. Aprés le choc, par contre, une des vitesses de propagation a
changé de signe et permet d’avoir une information entrante en x = L et donc un controle, mais I'autre n’a
pas changé de signe, l'information correspondante en x = L est toujours sortante et on ne peut donc pas
avoir de contrdle dessus (cf. Fig. On a donc quatre quantités avec seulement trois controles aux bords et
on doit donc exploiter le couplage non-seulement pour stabiliser la position du choc mais aussi pour stabiliser
cette quatrieme composante.

N 7

—
a) Yy (21,22)
—_

N —

— |« —

_%

b) (h,v) (uy,us, us, uy)

FIGURE 1.3 — Changement de variables pour ramener le probléme & un systéme régulier. a) Equation de
Burgers. b) Equations de Saint-Venant, en rouge la composante correspondant & la vitesse de propagation
qui ne change pas de signe et sur laquelle on ne peut pas appliquer de controle aux bords.

Cette difficulté nécessite d’étre un peu plus précis dans les estimées que pour une équation scalaire, mais la
méthode fonctionne toujours en choisissant des controles similaires au cas précédent :

g Q(tvxs_) - Q*
e I (7.9
QL) Q" . ! Gu(H(t, L) — H3)

Ts— T4
ou G = (G1,Ga, GS)T ‘R* 5 R3 et G4 : R — R sont de classe C? et vérifient

G(0)=0, G4(0)=0, G,(0)=—As. (1.7.46)
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Et, en introduisant les matrices D, D, K et les b; définis par

Si(l_si%) v

D(z,7) = diag< - emix (27 e {1,2,3}) ,

- 3. el el )
D(v) = diag | | Y em* (1—3“1’1) ie{1,2,3}],

j=1
AAZQfAAll _AQAJAI 0 ) ; ; 1 J:)AS (1.7.47)
K= ,\/}2—/\>{2 _A1/YA2 0 G'(0) /\14 Af Mo
! ! T Aol AOQ 0
by fjfil _,\2/\71,\1 0 0
by | = A/}Qf/\irz _,\1/\5\2 0 G'(0) 8 )

bs 0 0 vty 1

et en notant sy = s2 =1, 83 = -1, 21 = w9 =1, x5 = 2% /(L —2%) et x4 = % /(2% — L), on obtient le résultat

suivant :

Théoréme 1.7.6. Pour tout état stationnaire ((H*,Q*)7, x¥) du systéeme (1.7.40) vérifiant (1.7.41)-(1.7.44)
et les conditions aux bords (|1.7.45)), pour tout v > 0,
st pouri=1,2,3

il £ Il S| R AR
3s; (1 - s%) (1— e mm%) 3s; (1 _ 5%) X
. - (1.7.48)
be | Ve TN (MY — Hy) e N (HY — H3) si s (1 - s*i) >0
35 (1-sid)  asi(1-sidt) (1—e w87 A1
et si la matrice
- 2 A -
D(x%, ) = K"D(0,7)K — (Z S — e skﬁ)(em - 1)) D(v) (1.7.49)
k=1 1 2

est définie positive, avec (b1,ba,b3)", D, D et K définis par (1.7.47), alors les états stationnaire

((H*,Q*)T,z%) sont exponentiellement stable pour la norme H? avec taux de décroissance /4.

Remarque 1.7.4. — La fonction de contréle G est en fait tres similaire aux contriles utilisés pour
Uéquation de Burgers : son linéarisé s’écrit de fagon analogue d uo(t) et uy(t) définis par ,
ot K joue le réle des k; et ou les b; jouent le méme réle qu’avant. On a gardé ici G non-linéaire pour
montrer, comme on pouvait s’y attendre, que la linéarité du controle ne joue pas de role dans cette
méthode.

— Ici aussi, pour tout v > 0 on peut trouver G telle que K et (by,bo,b3)T définis par vérifient
—. Ce résultat est donc a nouwveau un résultat de stabilisation rapide.

1.8 Partie 3 : Controles PI

Backstepping mis & part, la plupart des études de stabilisation utilisent des feedbacks de sortie, donc de
la forme (|1.4.13)). Puisque le but est d’appliquer ces controles a des systémes pratiques, il est naturel de
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se demander ce qui se passe quand on fait de petites erreurs, par exemple une petite erreur constante sur
le contréle qu'on applique. Que se passe t-il si, dans le Théoréme au lieu d’appliquer B(H (¢, L)) on
applique B(H(t,L)) + €? La réponse est simple : plus rien ne fonctionne.m Ces lois de controles ne sont
donc pas robustes aux erreurs dites d’“off-set” [0, Chapitre 11.3]. Heureusement il existe une solution simple
connue depuis longtemps a ce probleme : rajouter un terme intégral qui utilise aussi I'information des erreurs
précédentes et absorbe cette erreur de mesure[I57]. Le contrdle devient alors :

V(t,L) = ky(H(t,L) — H*(L)) — k1 Z (1.8.1)

ou Z est le terme intégral et vérifie Z=H (t,L). Cette solution est connue depuis longtemps, sa premiere
apparition remonte aux travaux des freres Périer vers la fin du XVIIIeme siecle qui utilisaient un controle
intégral pour stabiliser leur “pompe & feu” [72], Pages 50-51 et figure 231, Plate 26], [25] Chapitre 2]. Puis le
régulateur de Jenkins, qui fonctionne sur le méme principe, a ensuite été étudié par Maxwell qui mentionne
ce type de régulateur dans son article célebre :“On governors” présenté a la Royal Society of London@ en
1868. Evidemment ces régulateurs n’étaient pas encore appelés “controles PI” et leur théorie n’était pas en-
core aussi mathématisée, mais ils fonctionnaient sur le méme principe. C’est Minorsky au début du XXeéeme
siecle qui commenga & théoriser cette classe de controles pour des systemes de dimension finie. A 1’époque
Minorsky les étudiait pour les appliquer aux pilotes automatiques des navires de la US Navy. Depuis, mo-
tivées par le trés grand nombre d’applications [74], de nombreuses études ont été publiées dans le cas de
systémes de dimension finie [4H6]. Puis, en analysant les valeurs propres et en utilisant le Spectral Mapping
Theorem décrit en Section d’autres travaux ont étudié des systémes linéaires de dimension infinie[%}
en particulier [21, [84] T30}, 169] 194} 199 200].

Les systémes non-linéaires de dimension infinie, eux, et en particulier les systéemes non-linéaires hyper-
boliques, sont restés tres peu étudiés puisque tres difficiles a manipuler avec ces controles. La difficulté
supplémentaire rajoutée par la dimension infinie n’est plus compensée par la possible utilisation du Spectral
Mapping Theorem et assez peu de techniques sont connues. Le but de cette partie est de contribuer a leur
étude.

1.8.1 Equation de transport

A notre connaissance un seul résultat général existe pour un systéme non-linéaire de dimension infinie : c’est
le cas de I’équation de transport avec un controle intégral :

Oz + M(2)0,z =0, (1.8.2)
2(0,) = —k;I(t), (1.8.3)
I =2(L,t), (1.8.4)

ot A(0) > 0 et ky est le coefficient de contrdle & choisir. L’équation de transport est le systeme
hyperbolique non-linéaire le plus simple mais est pourtant déja assez riche. Elle est étudiée soit comme
modele-jouet, comme étape préparatoire a ’étude de systemes plus compliqués, soit comme un modele ba-
sique de transport pour modéliser par exemple la dynamique d’une population [I66], le trafic routier, ou le
transport du gaz en premiere approximation. Elle couvre aussi par exemple ’équation de Burgers, dont on
a déja parlé a la Section quand elle est étudiée autour d’un état stationnaire constant non nul.

Pour ce systeme, le systeme linéarisé associé est facile a étudier en utilisant le Spectral Mapping Theorem,
et les valeurs propres o vérifient I’équation suivante :

kr + Qe% =0. (1.8.5)

20. Notons que dans ce cas il est parfois quand méme possible d’atteindre un état stationnaire proche : c’est le cas par
exemple des systémes stabilisés par un régulateur a boules. Plus d’informations sur ce régulateur peuvent étre trouvées dans
[I57), Section X]. Suivant les applications, les controles proportionnels et les feedbacks de sortie ont donc quand méme un intérét
en eux-mémes, en plus d’étre une étape préparatoire naturelle aux contréles PI.

21. Son papier fut en fait ignoré pendant plusieurs années, parce que visiblement jugé en partie incompréhensible [I58]

22. Le Spectral Mapping Theorem tel que défini dans la Sectionn’est valable que pour des feedbacks de sortie. Néanmoins
d’autres versions existent avec un controle PI en considérant I'intégrateur I comme une variable supplémentaire.
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ot g := A(0). On peut montrer les propriétés suivantes :
— Si g est solution de (|1.8.5)), alors g est aussi solution.
— Si ky <0, il existe toujours une solution réelle p de partie réelle positive ou nulle a .
— Si ky € ]0, QkTL”\O + ”2—)? [, alors il existe exactement 2k solutions p € C a de parties réelles
positives qui sont conjuguées [192].
On obtient alors le résultat suivant : le systeme linéarisé est exponentiellement stable si et seulement si

20
2L |’

kr €:|0, (1.8.6)

Le systéme non-linéaire, lui, a été étudié par Trinh, Andrieu et Xu [194] qui ont montré le résultat suivant
a I’aide d’une approche Lyapunov :

Théoreme 1.8.1 ([194]). Il existe k;r > 0 tel que le systéeme (1.8.2)—(1.8.4) est exponentiellement stable pour

la norme H?

En réalité leur preuve est un peu plus forte et montre que le systéme est exponentiellement stable pour
kr €]0, \(O)II(2 — v/2)/2L[, ot II(z) = /x(2 — z)e~*/? et donc II(2 — v/2)/2 ~ 0.34. Ce résultat est une
condition suffisante et donc sans doute trop stricte. Naturellement, on a envie de savoir quelle serait la
condition optimale sur kj, c’est & dire sa limite maximale, et on aimerait savoir si c’est 7A(0)/2L comme
pour le systeme linéaire, ou non. C’est ce probleme que nous étudions dans le Chapitre

Notre approche commence par trouver une fonction de Lyapunov un peu différente de celle utilisée par Trinh,
Andrieu et Xu qui exploite le couplage entre I'intégrateur et I’état du systéme et qui nous permet d’obtenir
la proposition suivante :

Proposition 1.8.2. Le systéme non-linéaire (1.8.2)~(1.8.4) est exponentiellement stable pour la norme H?

) kr e ]0, @ { (1.8.7)

Malheureusement cette condition est encore trop stricte, et tous nos essais pour trouver une fonction
de Lyapunov relativement simple permettant d’aller au-dela ont échoué. Ce probleme s’inscrit dans un
problématique plus générale déja un peu mentionnée : les fonctions de Lyapunov sont de tres bons outils
pour étudier la stabilité des systémes mais, & moins de trouver une fonction parfaite, elles conduisent souvent
a des conditions trop strictes quand les systemes deviennent un peu compliqués. Nous avons donc élaboré
une nouvelle méthode pour atteindre les conditions optimales : la méthode d’extraction.

La méthode d’extraction L’idée est la suivante : si on regarde le systéeme linéarisé, il y a deux valeurs
propres qui limitent la stabilité qu’on note o1 et 91 et qui correspondent@ aux valeurs propres dont la partie
réelle est positive quand w\o/2L < k; < 2wA\o/L + wAo/2L. Si ces valeurs propres n’existaient pas alors,
d’apres les propriétés de (|1.8.5) qu’on a énoncées, le systeme serait aussi stable pour des k; plus grands et
en fait pour 0 < k; < 57Ag/2L. Donc si on arrivait & extraire de la solution la partie correspondant & ces
deux valeurs propres a l'aide d’un projecteur adéquat, on se retrouverait avec deux parties :

— Une partie (p1,X7) correspondant aux valeurs propres g; et g1, qui appartient & un espace de di-
mension 2 et qui est le facteur limitant de stabilité (n’est plus exponentiellement stable & partir de
kr = wAo/2L car alors g1 a une partie réelle positive ou nulle).

— Une partie (p2, X2) qui est le “reste”, qui appartient & un espace de dimension infinie mais qui est
stable jusqu’a des valeurs de k; plus grandes (au moins 5mAg/2L).

Notre but est alors de réussir a prouver la stabilité a ’aide de fonctions de Lyapunov pour pouvoir transposer
le raisonnement au non-linéaire. Etudions les deux parties séparément : puisque (1, X1) appartient & un
espace de dimension finie relativement simple, trouver une fonction de Lyapunov optimale qui prouve la

23. On voit que cette méthode part déja du principe que les valeurs propres qui limitent la stabilité sont continues, ce qui
motive la Conjecture El
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FIGURE 1.4 — Tllustration de la stratégie de la méthode d’extraction. En rouge le domaine de stabilité qu’on
arrive & obtenir directement avec une fonction de Lyapunov et en bleu le domaine de stabilité total. Les
valeurs sont normalisées de facon & ce que A\o/L = 1.

stabilité de (¢1, X1) jusqu’a kr = wAo/2L est relativement aisé. La deuxiéme partie (y2, Xo) appartient a un
espace de dimension infinie, mais est stable pour des k; qui peuvent aller bien plus loin que w\g/2L, donc si
on utilise notre fonction de Lyapunov pour la deuxieme partie, méme si elle est trop stricte dans I'absolu, il
y a un espoir pour que la limite sur k; soit au-dela de wA\y/2L, et ainsi la somme des deux fonctions aurait
pour limite de stabilité totale wA\g/2L. Tout cela est fait jusqu’ici pour le systéme linéaire, mais puisqu’on
utilise des fonctions de Lyapunov qui ont une forme basique on peut espérer que cela fonctionne avec le
non-linéaire. C’est en fait le cas, avec une différence principale : pour le systeme linéarisé les équations sur
(¢1,X1) et (p2,X2) ne sont pas couplées et donc (p1,X71) et (@2, X2) peuvent étre étudiées séparément,
tandis que pour le systéme non-linéaire ¢; dépend faiblement de (2, X5), et inversement, ce qui impose
quand méme de les étudier ensemble.

Les principales difficultés sont les suivantes :

— Trouver le projecteur, et prouver que c’est bien un projecteur. Trouver la forme potentielle du pro-
jecteur n’est en fait pas trés compliqué, mais, & notre surprise, réussir & montrer que c’est bien un
projecteur s’avere plus ardu. Pour s’en sortir il faut utiliser précisément la relation .

— Comme on I'a vu plus haut avec la Proposition [I.8.2] utiliser directement la fonction de Lyapunov sur
la solution totale c’est & dire (¢1, X1) + (92, X2) n’est pas satisfaisant. Dans cette méthode on utilise
notre fonction de Lyapunov sur (2, X3) & la place et on veut utiliser 'information supplémentaire
qu’on a sur (a9, X2) pour améliorer la condition qu’on obtient. Le probléme est que cette information
s’avere assez difficile a exploiter. Pour y arriver on utilise le projecteur pour trouver une fonction 6
telle que fOL wa(t, z).0(x)dz = 0, on peut donc ensuite rajouter x fOL p2(t, x).0(x)dr = 0 & Pexpression
de la fonction de Lyapunov dérivée par rapport au temps le long des trajectoires et optimiser x (voir

(8.5.14)—(8.5.21]) pour plus de détails).

En résumé, voici schématiquement les différentes étapes :
1. Trouver une bonne fonction de Lyapunov candidate V.
Isoler les valeurs propres qui posent probléme, éventuellement via une relation implicite.
Trouver un projecteur sur ’espace engendré par ces valeurs propres.
Trouver une fonction € telle que fOL wa(t,x).0(x)dz = 0 a aide du projecteur.

Trouver une fonction de Lyapunov optimale pour la partie de dimension finie (1, X1).

A

Utiliser 6 pour améliorer la dérivée par rapport au temps de V prise le long des trajectoires (pz, Xo)
pour atteindre la limite donnée par les valeurs propres qui posent probleme.

Si la condition qu’on obtient sur (y2, X5) n’est pas satisfaisante, on peut itérer I'extraction pour enlever
autant de valeurs propres que nécessaire. Evidemment la derniere étape devient plus précise au fur et a me-
sure qu’on extrait des valeurs propres mais d’autant plus compliquée a réaliser car on a plus d’information
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a exploiter et les espaces propres ne sont pas nécessairement orthogonaux entre eux.

En utilisant cette méthode, on montre alors le résultat final :

Théoréme 1.8.3. Le systéeme non-linéaire (1.8.2)(1.8.4)) est exponentiellement stable pour la norme H? si

ky € }0, ”’Q\(LO) [ (1.8.8)

On retrouve donc bien la méme condition que pour le systeme linéarisé. L’optimalité est illustrée par la
proposition suivante :

Proposition 1.8.4. I existe ky > wA(0)/2L, tel que pour tout wA(0)/2L < k; < ky le systéme non-linéaire

(1.8.2) (1.8.4) est instable pour la norme H?.

Signal
amplitude

3

15
Design parameter 1

_ 1 .
ks ('_‘,AL") o 15

FIGURE 1.5 — Exemple de simulation numérique de z(¢,0) en fonction du temps ¢ variant entre 0 et 10 pour
différentes valeurs de k; entre 0.1k; . et 2k; ., ot kr . = mAo/2L est la valeur critique du Théoreme et
de la Proposition La ligne noire représente la trajectoire pour ky = kr .. Sur la gauche k; est grand et
le systéme (non-linéaire) est instable. Sur la droite &y est plus faible et le systéme est stable. Les parametres
du systéme sont choisis tels que A(z) =14z, A\g = L =1, et po(x) = 0.1 sur [0, L/2] et po(L) = 0 de telle
sorte que g soit compatible pour tout k; € [0.1k; ., 2k c].

Remarque 1.8.1. On remarque que cette méthode vise a montrer que le systéme non-linéaire est exponen-
tiellement stable avec la méme limite que le systéme linéarisé. Or on a vu en introduction que c’est faux pour
certains systemes. Il serait donc intéressant de savoir quand est-ce que c’est le cas et quand ¢a ne l’est pas.
C’est lobjet de la conjecture qu’on donnera plus loin en Section [1.9,

En fait ce résultat est un peu plus général qu’il n’y parait : on peut ramener la stabilisation de tout état sta-
tionnaire régulier d’une équation quasilinéaire hyperbolique a ce probleme. Plus précisément, si on considere
le systeme

y(t,0) =y*(0) — k1 Z, (1.8.9)
Z = (y(t,L) — y*(L)),

oul y* est I’état stationnaire régulier qu’on cherche a stabiliser avec A(y*,-) > 0, alors on montre le résultat
suivant :
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Theorem 1.8.5. L’état stationnaire y* du systéme (1.8.9) est exponentiellement stable pour la norme H?
St

T exp ( S 2" A ds)

21-1(L) ’

kr e |0, (1.8.10)

ot 1 est la primitive de A(y*,-) s’annulant en 0.
Et la proposition,

Proposition 1.8.6. Il existe k1 > k. := mexp (fOL(ayg(y*,s) + yzay)\(y*,s))/)\(y*,s)ds) /2171(L), tel que

pour tout ky €)ke, k1| le systéme non-linéaire (1.8.9) est instable pour la norme H2.

1.8.2 Equations de Saint-Venant

Dans la pratique, les voies navigables, qui sont modélisées par les équations de Saint-Venant, sont régulées
par des controleurs PI [148], [I3, Chapitre 8]. Pour ce faire les lois de contrdle sont obtenues soit en linéarisant
le systeme [22] [146], 147, 200} 201], [I45, Chapitre 1] et en utilisant le Spectral Mapping Theorem décrit en
Section m, soit en approximant le modele par un systéme de dimension finie fixée [148]. Ces deux ap-
proches ont un désavantage majeur : rien ne garantit a priori que le “vrai” systeme non-linéaire sera stable
si ces systemes approchés le sont. Le but de cette sous-partie est d’y remédier en traitant le cas non-linéaire.

On considere pour simplifier les équations de Saint-Venant avec section rectangulaire et modele de frottements
défini,
OH + 9,(HV) =0,

2 2 1.8.11
OV + 0, (V2+gH>+(k‘I;C’(x))—O, ( )

olt k est & nouveau le coefficient de frottement et C' I'influence de la pente. Comme dans la Section [I.7}, nos
résultats pourront se généraliser aux équations de Saint-Venant générales ou aux systemes densité-vélocité.
Pour un état stationnaire (H*,V*), le controleur PI est donné par

H(t,L)V(t,L) — H(L)*V(L)* =k,(H(t, L) — H*(L)) — k; Z,

. (1.8.12)
Z :H(tv L) - H*(L)a
tandis que le débit amont est une constante g inconnue,
H(0)V(0) = Qo. (1.8.13)

On peut remarquer trois choses par rapport aux controles utilisés précédemment :

— D’une part on n’utilise qu'un seul controle en aval, la condition en amont est imposée.

— D’autre part le controle PI donné par agit sur le débit et non plus directement sur la vitesse.
Cela ne change pas I'analyse, mais c’est plus logique d’un point de vue pratique : la plupart du temps
les installations hydrauliques controlent en réalité le débit.

— Enfin, puisque le controle PI est défini a une constante pres grace a l'intégrateur Z, il n’est pas
nécessaire de connaitre V*(L) = Qo/H*(L), il suffit de connaitre la valeur de H*(L) qu’on veut
atteindre. On peut alors ré-écrire le controle sous la forme, plus simple,

H(t,L)V(t, L) =k, (H(t,L) — H*(L)) — k; Z,

. (1.8.14)
Z =H(t,L) — H*(L).

Pour ce systéme, de nombreuses études linéaires reposant sur le Spectral Mapping Theorem existent. Dans
[200], 201], par exemple, les auteurs donnent des conditions suffisantes pour assurer la stabilité du systéme
inhomogene linéarisé, tandis que dans [I3] Sections 2.2.4.1, 3.4.4], on peut trouver une condition nécessaire
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et suffisante de stabilité pour les équations homogenes linéarisées. Pour le systéme non-linéaire, quelques
études de stabilité ont été réalisées, dans [I3], Section 2.2.4.2] les auteurs trouvent une condition nécessaire
et suffisante pour le systéme homogene et une condition suffisante pour le systéme inhomogene dans [13]
Sections 5.4.4,5.5] mais dans le cas particulier ol les états stationnaires sont constants. Le résultat le plus
abouti, & ma connaissance, est le suivant, tirée de [I7], qui traite du cas ou il n’y a pas de pente :

Théoréme 1.8.7 ([I7]). Si C = 0 alors soit un état stationnaire (H*,V*) € H?([0, L];R?) de (1.8.11))-
(1.8.13)), si les conditions suivantes sont vérifiées

k,>1, kr >0, (1.8.15)
alors le systéme est exponentiellement stable pour la norme H?.

Malheureusement, comme mentionné dans la deuxiéme partie, le cas sans pente correspond a des états
stationnaires particuliers qui n’existent que sur des distances généralement faibles et ne sont pas les cas les
plus fréquents dans la pratique. Notre but est donc d’enlever cette hypothese sur la pente, comme dans la
deuxieme partie. En particulier on montre :

Théoréme 1.8.8. Soit un état stationnaire (H*,V*) € H?([0, L]; R?) de (1.8.11)—(1.8.13)), si les conditions

suivantes sont vérifiées

kp>0etkr >0,

gH*(L) — V*2(L) (1.8.16)
V*(L) et ky <0,

ou ky < —

alors le systéme est exponentiellement stable pour la norme H?.

Notons ici que les conditions sur k; ne dépendent pas des parametres du systéme. De facon plus étonnante,
si on se restreint a la premiere condition elles ne dépendent pas non plus de I’état stationnaire considéré.
Elles sont par ailleurs moins restrictives que les conditions obtenues dans le résultat précédent (Théoreme
. Il serait intéressant de savoir si ces conditions sont optimales ou non. Malheureusement, au contraire
de I’équation de transport, méme dans le cas linéarisé on ne connait pas les conditions optimales de stabilité.
On pourra néanmoins noter que quand le systéme est homogene, les conditions sont nécessaires et
suffisantes [22].

En fait le résultat qu’on obtient dans le Chapitre[J]est méme un peu plus précis que le Théoréme [1.8.8| car on
fait cette étude dans le cas, plus général, ou ce qu’on cherche a stabiliser ne sont pas des états stationnaires
mais des états pouvant varier faiblement avec le temps tout en gardant une hauteur fixée H. en aval, ce
qui correspond souvent a ’objectif industriel. Ce choix obéit a une certaine logique : dans la réalité le débit
entrant en amont du cours d’eau n’est pas constant et peut varier beaucoup, mais lentement. Ainsi il n’existe
plus d’états stationnaires et les états qu’on cherche a stabiliser sont des états nécessairement variables, mais
qui varient lentement. Pour un débit entrant Qy € L> fixé et appartenant & C3([0, +-00[), on aimerait donc
stabiliser les états cibles (Hy, V) suivants :

O:Hy + 0,(H, V1) =0,

at‘/l + mamvl + gazHl + 7 - C(I) = Oa
1

Hq(t,0)V1(¢,0) = Qo(2),

Hy(t,L) = H,,

(1.8.17)

avec pour conditions initiales H1(0,-) = H*, V1(0,-) = V*, ou (H*,V™*) serait I’état stationnaire si Qg était
constant égal & Qp(0). Pour prouver l'existence de ces états cibles on va définir une famille de fonctions
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intermédiaire (Hy, Vp). Pour chaque t* € [0, +-o0[ fixé, on définit (H}.,V;:) I'unique solution de

0. (HV) =0,
EV?
H(L) = H,,

avec la condition initiale H. (0)VE(0) = Qo(t*). Pour H. fixé on peut trouver une borne Q. telle que si
Qo(t*) < Q la solution existe sur [0, L] et le probleme est bien posé (voir [I10] ou le Chapitre 4 pour plus
de détails). Cette borne n’est pas forcément faible et correspond au fait qu’on doit garder /gH;. > Vi
sur [0, L] pour que la solution soit en régime fluvial. La fonction (H;.,V,t) correspond alors & ce qui serait
létat stationnaire du probléme si Qg était constant égal & Qo(t*). Si ||Qo]lre < @, on peut ainsi définir
(Ho, Vo) : (t,x) = (Hf (z), Vi*(x)) qui peut étre vue comme une famille de fonctions indexées par ¢ ou une
fonction de deux variables. On peut montrer que cette fonction de deux variables est aussi réguliére en temps
que Qo ([105][Chapitre 5, Th 3.1], voir Chapitre |§| pour plus de détails). On montre alors la proposition
suivante :

Proposition 1.8.9. Il existe des constantes C >0, v >0, >0 et 6 > 0 telle que si ||0:Qollc2([0,400p) < 9,
alors il existe une unique solution (Hy,Vy) € C°([0,+oo[, H(]0, L])) et

| H1(t,-) — Ho(t, )l z2qo,op + Vit ) = Vo(t, )l z2qo,Lp

t 10) (Q e 23 —ut 1.8.19
<C (/ ‘ tQU(S) 6ttQO(8) ?tt O(S)| Bs dS) e 2. ( )
0

On cherche maintenant & stabiliser I’état cible (Hy,V;). On voit vite qu’on ne peut plus utiliser le controle

PI donné par ([1.8.14)), tout simplement parce que V; (¢, L) n’est plus une constante et (Hy, V1) ne vérifie donc
1.8.14)

plus les conditions (|1.8.14}). On définit donc le nouveau controle naturel :

H(t,L)V(t,L) — HiVi(t,L) = k,(H(t,L) — H.) + k1 Z,

. (1.8.20)
Z =H(tL)— H,.
On montre alors le résultat attendu :
Théoréme 1.8.10. I existe 6 > 0 tel que si [|0;Qol|c3(0,400)) < 0, €t 50
kp,>0etkr >0,
gHy(t,L) — V2(t, L) (1.8.21)

ou ky < — et ky <0,

Vi(t, L)

alors 'état-cible (Hy, V7)) du systéme (1.8.11)), (1.8.13)), (1.8.20) est exponentiellement stable@ pour la norme
H2.

Au vu de la loi de controle , on pourrait se demander ce qui se passe quand on évolue dans I’inconnu et
qu’on ne connait pas le débit entrant . Dans ce cas impossible de connaitre H; et V; et donc d’imposer la loi
de controle . Puisqu’on ne connait pas la cible, il n’est pas possible d’obtenir la stabilité exponentielle
ne serait-ce que parce qu’on ne sait pas mettre une condition aux bords compatible avec la cible. Néanmoins
on peut tout de méme donner une borne sur lerreur qu’on commet en utilisant la loi de controle ((1.8.14)
avec H*(L) = H,, et on prouve le résultat d’input-to-state stability (ISS) suivant :

Théoréeme 1.8.11. Il existe des constantes v > 0, 6 > 0, v > 0 et C, telle que si ||0:Qollc2([0,400) < 9,
alors pour tout T > 0 et (H°, V) € (H?(]0, L[))? telle que

IH® = H* 2o, + IV = V¥ lmzqo,Lpy < v

24. Lorsque la trajectoire cible qui dépend du temps, la définition de stabilité exponentielle doit étre légérement changée pour
s’assurer qu’elle ne dépende pas du temps initial. Pour une définition rigoureuse, voir la Définition
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le systeme (1.8.11), (1.8.13)), (1.8.14) avec condition initiale (H°, V) a une unique solution (H,V) €
C°([0,T), H%(]0, L[)) qui satisfait I’inégalité d’ISS suivante

I H(t,-) — Ho(t, ) z2qo,py + IV () = Vot )l z2qo,zp

ot 0 e 0 ! ) 5 o (1.8.22)
< Ce |H” — H*V? =V ||H2(]O,L[) + 10:Qo(5) + 9;Qo(s) + 034, Qo(s)|e™ds ).
0

1.9 Question intéressantes concernant les systemes hyperboliques
1D

Avant de terminer cette introduction, on peut revenir sur une question & laquelle nous sommes encore loin
de donner une réponse parfaite :

Si le systeme linéarisé est exponentiellement stable, est-ce que le systeme non-linéaire est exponentiellement
stable localement ? C’est-a-dire si la condition initiale est arbitrairement proche de 1’état stationnaire a
stabiliser, est-ce que la connaissance de la stabilité du systeme linéarisé associé suffit 7 La réponse est non,
on ’a vu dans la Section La question plus approfondie consisterait alors a se demander : a quelle
condition la stabilité exponentielle du systeme linéarisé garantit-elle la stabilité du systeéme non-linéaire ? Si
nous n’avons pas la réponse, on peut essayer de formuler la conjecture suivante.

Conjecture 1. Soit un systeme hyperbolique de la forme , muni de conditions auz bords de la forme
. On définit L Uopérateur du systeme linéarisé associé. Si

— le systéme linéarisé associé est exponentiellement stable,

— toutes les valeurs propres de L sont continues avec A(0,-) et B(0,-),
alors le systéme est exponentiellement stable pour la norme C* et H?.

Dans cette conjecture, la condition supplémentaire déterminante est donc la continuité des valeurs propres
du systeme linéarisé par rapport aux parametres du systeme.

1.10 Perspectives

Ces résultats et ces travaux apportent plusieurs perspectives :

— Dans la premiere partie on utilise des fonctions de Lyapunov basiques pour trouver une condition
intérieure qui garantit qu’on puisse stabiliser un systeme hyperbolique pour la norme C! par des
feedbacks de sortie. Cette condition est plus restrictive que celle trouvée pour la norme H? par la
méme méthode. II serait intéressant d’étendre la méthode & la norme WP pour savoir comment se
comportent les conditions intérieures qu’on obtiendrait. Seraient-elles plus restrictives que celle pour
la norme H? et moins restrictives que celle pour la norme C!? Sinon, quelles seraient les plus et
les moins restrictives en fonction de p? Est-ce que les liens qu’on obtient dans le cas 2 x 2 seraient
toujours valables avec ces normes ?

— Dans la deuxiéme partie on montre qu’on peut toujours stabiliser les états stationnaires des systemes
densité-vélocité par des controles aux bords quelque soit le terme source. Il serait intéressant de savoir
si on peut utiliser la méme approche pour stabiliser des systemes avec plus d’équations, par exemple
les équations d’Euler sans I’hypothese isentropique.

— Ces travaux ont été réalisés en dimension 1 d’espace. Est-il possible de les étendre en dimension
supérieure 7 C’est probablement une des principales perspectives. Loin d’étre une simple généralisation
technique, il est & prévoir que de nouveaux comportements tres différents peuvent apparaitre. Cette
question, tres intéressante, est d’autant plus pertinente que I'analyse de la stabilité par le Spectral
Mapping Theorem n’est plus valable méme pour les systeémes linéaires pour une dimension d’espace
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n> 2.

Quand on stabilise un état stationnaire avec un choc, on considere des solutions discontinues qui n’ont
qu’un seul choc. Serait-il possible de considérer un espace de solution plus large comme ’espace des
solutions de classe BV entropique ? Tant qu’il n’y a qu’un seul choc qui change une des vitesses de
propagation, on peut probablement utiliser la méme méthode pour traiter le cas d’une solution qui a
un nombre fini de chocs. Le cas des solutions de classe BV est sans doute nettement plus ambitieux.

La stabilisation exponentielle du ressaut hydraulique est-elle toujours possible lorsqu’il y a un terme
source? Au vu de la partie [[]] il est probable que la méthode fonctionne toujours en changeant la
fonction de Lyapunov pour tenir compte des termes sources. Néanmoins il est aussi probable que le
résultat ne permette pas une stabilisation rapide. A contrario il est aussi probable que le probleme de
stabilisation de la position du choc soit simplifié quand les états stationnaires ne sont plus uniformes.

Dans la troisieme partie, on stabilise les équations de Saint-Venant avec un contrdle PI et on obtient
des conditions qui sont optimales lorsqu’il n’y a pas de terme source ou quand les états stationnaires
qu’on stabilise sont constants, mais on n’en sait pas plus. Sont-elles optimales en général? Sinon,
peut-on les rendre optimales ? La réponse a cette question serait tres intéressante car cela cloturerait
la série des études de stabilisation des équations de Saint-Venant avec un controle PI.

En pratique, de nombreux systeémes de stabilisation en dimension finie utilisent un régulateur PID qui
se déduit du PI en ajoutant un terme dérivé. De fagon tres étonnante, ce régulateur ne permet pas
d’obtenir la stabilité dans le cas d’une équation de dimension infinie [64]. Est-il possible, en appliquant
un filtrage sur le terme dérivé, de retrouver la stabilité exponentielle et d’avoir un retour & 1’équilibre
plus rapide qu’avec un régulateur P17

Enfin, il serait intéressant d’essayer d’utiliser la méthode d’extraction sur des systemes 2 x 2 voire

n X n. Et, si on a montré que cette méthode fonctionne bien avec un controle PI, est-il possible de
I’étendre avec succes a d’autre type de controle ?
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Part 1

Stability of quasilinear inhomogeneous
systems for the Cl-norm.
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Chapter 2

Exponential stability of general 1-D
quasilinear systems with source terms
for the C! norm under boundary
conditions

This chapter is taken from the following article (also referred to as [106]):

Amaury Hayat. Exponential stability of general 1-D quasilinear systems with source terms for the C'* norm
under boundary conditions. Preprint, 2017.

Abstract. We address the question of the exponential stability for the C! norm of general 1-D quasilinear
systems with source terms under boundary conditions. To reach this aim, we introduce the notion of basic
C' Lyapunov functions, a generic kind of exponentially decreasing function whose existence ensures the
exponential stability of the system for the C'' norm. We show that the existence of a basic C'' Lyapunov
function is subject to two conditions: an interior condition, intrinsic to the system, and a condition on
the boundary controls. We give explicit sufficient interior and boundary conditions such that the system
is exponentially stable for the C'' norm and we show that the interior condition is also necessary to the
existence of a basic C' Lyapunov function. Finally, we show that the results conducted in this chapter are
also true under the same conditions for the exponential stability in the C? norm, for any p > 1.
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2.1 Introduction

Hyperbolic systems have been studied for several centuries, as their importance in representing physical
phenomena is undeniable. From gaz dynamics to population evolution through wave equations and fluid
dynamics they are found in many areas. As they represent the propagation phenomena of numerous physical
or industrial systems [T}, [04] [137], the issue of their controllability and stability is a major concern, with both
theoretical and practical interest. If the question of controllability has been well-studied [I40], the problem
of stabilization under boundary control, however, is only well known in the particular case of an absence
of source term. However, in many case neglecting the source term is a crude approximation and reduces
greatly the analysis, in particular because it implies that the system can be reduced to decoupled equations
or slightly coupled equations (see [T1] for instance). For most physical equations the source term cannot
therefore be neglected and the steady-states we aim at stabilizing can be non-uniform with potentially large
variations of amplitude (e.g. Saint-Venant equations, see [42] Chapter 5 or [I10], Euler equations, see [8I]
or [I00], Telegrapher equations, etc.). Taking into account these nonuniform steady-states and stabilizing
them is impossible when not taking the source term into account, although it is an important issue in many
applications. In presence of a source term some results exist for the H? norm (and actually H?, p > 2),
however, few results exist for the more natural C* norm (and consequent C? norms, p > 1). It has to be
underlined that for nonlinear systems the stability in these two main topologies are not equivalent as shown
in [61]. In this article we deal with the stability in C'* norm of such hyperbolic systems of quasilinear partial
differential equations with source term under boundary conditions.

Several methods are usually used to study the stability of systems. The Lyapunov approach, one of the
most famous, is the one we opted for in this article. This approach has the advantage, among others, of
guaranteeing some robustness and of being convenient to deal with non-linear problems [47, [IT9]. We first
introduce the basic C* Lyapunov functions, a kind of natural Lyapunov functions for the C' norm and we
then find a sufficient condition such that the system admits a basic C! Lyapunov function. We show that
this sufficient condition is twofold: a first intrinsic condition on the system and a second condition on the
boundary controls. We show then that this sufficient condition on the system is in fact necessary in the
general case for the existence of a basic C'' Lyapunov function.

The organisation of this chapter is as follows: In Section 1, we recall some preliminary properties about 1-D
quasilinear hyperbolic system. Section 2 presents an overview of the context and previous results. Section 3
states the main results, which are proven in Section 4. Section 5 presents several remarks and further detail
to the results.

2.2 Preliminary properties of 1-D quasilinear hyperbolic systems

A general quasilinear hyperbolic system can be written as:

Y:+ F(Y)Y.+ D(Y) =0, (2.2.1)
B(Y(t,0),Y(t,L)) =0, (2.2.2)
with Y : [0,400) X [0,L] = R" and F : U - M, (R) and D : U — R™ where U is a non empty connected

open set of R™ and F' is strictly hyperbolic, i.e. for all Y € U, F(Y) has real, distinct eigenvalues. We
suppose in addition that these eigenvalues are non-vanishing. B is a map from U x U to R whose form will

be precised later on, such that the system (2.2.1)—(2.2.2)) is well-posed.

We call Y* a steady-state of the previous system that we aim at stabilizing. Note that, due to the source
term, Y™ is not necessarily uniform and the problem cannot be directly treated as a null stabilization. We
therefore use the following transformation:

u(z,t) = N(@)(Y(z,t) — Y*(z)), (2.2.3)
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where N is such that:
NF(Y*)N~! = A, (2.2.4)

where A is diagonal and corresponds to the eigenvalues of F/(Y*). Note that such N exists as the system is
strictly hyperbolic. Therefore, the system (2.2.1)—(2.2.2)) is equivalent to

u; + A(u,x)uy, + B(u,z) =0, (2.2.5)
B(N(0)"tu(0,t) + Y*(0), N(L)"'u(L,t) + Y*(L)) = 0, (2.2.6)
with
A(u,z) = N(z)F(Y)N Y (z) = N(z)F(N " (2)u + Y*(z)) N~ (z), (2.2.7)
B(u,z) = N(F(Y)(Y: + (N"')u) + D(Y)). (2.2.8)

The difficulty when there is a source term is twofold, and its first aspect can be seen in : we cannot
assume that the steady state Y* we aim at stabilizing is uniform. Therefore A depends not only on u but also
directly on x, and having A(u(¢, x)) is different from having A(u(t, x), z) especially when u is a perturbation:
if u can still be seen as a perturbation, the dependency on z can no longer be seen itself as a perturbation.

Its second aspect is that the source term creates a coupling between the two quantities which is a zero order
term that can disturb the Lyapunov function and we will see in Section 2, 3 and 4 that this implies that
there does not always exist a simple quadratic Lyapunov function ensuring exponential stability even when
the boundary conditions can be chosen arbitrarly, while this phenomenon cannot appear in the absence of
source term.

From the strict hyperbolicity we can denote by m the integer such that
A; >0, Vi<m, and A; <0, Vi € [m+ 1,n]. (2.2.9)

We now denote by u. the vector of components associated to positive eigenvalues (uy, ..., u,, )T and similarly
u_ refers to (w41, ..., u,)T. In the special cases where m = 0 or m = n u is equal to u_ or u, respectively.
From now on we will focus on boundary conditions of the form

Wi (t,0)\ _ , (us(t L)
(200 g (21420 2210
Note that with these boundary conditions the incoming signal is a function of the outgoing signal, which
is what is typically expected from a feedback control law and enables the well-posedness of the system (see
Theorem later on). However the method presented in this article could also be applied to any other
boundary conditions of the form that also ensure well-posedness.
We also introduce the consequent first order compatibility conditions for an initial condition u

(50) - (58)
<@mummmw@ m%mw+>:

0.

0 +B
(A(u’(L), L)0,u’(L) + B(u°(L), L)) _
(2.2.12)

o (uﬂ_(L)) (A(°(L), L)9,u’(L) + B(u°(L), L))+
u' (0) (A(uO(O), 0)9,u’(0) + B(u®(0), O)) )

Well-posedness of the system (2.2.5)),(2.2.10) for any initial condition u® that satisfies the compatibility
conditions ([2.2.11)),(2.2.12)) is given by Li [142] (see also [172]), one has the following theorem:

Theorem 2.2.1. For all T > 0 there exist C1(T) > 0 and n(T) > 0 such that, for every ug € C*([0, L], R™)

satisfying the compatibility conditions (2.2.11)), and such that |ugly < n(T), the system -
, with A and B of class C*, has a unique solution on [0, T] x [0, L] with initial condition ug. Moreover

one has:

\u(t, )|1 < C1(T)|u(0, -)|17 Vt € [O,T] (2213)
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2.3 Context and previous results

General hyperbolic system without source term The exponential stability of general strictly hyper-
bolic systems of the form without source term, i.e. B = 0, has been mainly studied in the linear or
non-linear case (see for instance [21], 48] 50} 57, 093], 14T, [180]) under various boundary conditions or bound-
ary controls (e.g. Proportional-integral control, dead beat control, single boundary control, etc.). A large
part of these studies has been conducted using boundary conditions of the form . For such boundary
conditions in non-linear systems the exponential stability depends on the topology [61] and in particular that
the stability in H? norm does not imply the stability in C! norm. In [61] the authors also gave a sufficient
condition for stability in the WP norm for p € [1, +o00]:

pp(G'(0)) <1, (2.3.1)
where G is given in (2.2.10) and the definition of p, is
pp(M) = it (JAMA™,, A € DY), 1< p < +oo (23.2)

where [-||,, is the usual p norm for matrices and D, are the diagonal n x n matrices with positive eigenvalues.

The case of the C! norm for systems with no source term has also been treated in [48] by Jean-Michel Coron
and Georges Bastin by a Lyapunov approach that inspired the first part of this chapter. There, they proved
the following sufficient condition for exponential stability through a Lyapunov approach:

o (G'(0)) < 1. (2.3.3)

However the general case with a non-zero source term changes several things. As mentioned previously it
implies that the steady-states Y* are no longer necessarily uniform and as a direct consequence the matrix
A defined in depends explicitly not only on u but also on x. In addition, there are some cases where,
for any G, no basic quadratic H? Lyapunov function can be found (see for instance [I3] and in particular
Proposition 5.12) or no basic C! Lyapunov function can be found, as shown later on.

General hyperbolic system with non-zero source term in the H? norm For general quasilinear
hyperbolic systems with source term, also called inhomogeneous quasilinear hyperbolic systems, the analysis
of the exponential stability is much less advanced and actual knowledge in the matter is still partial. To our
knowledge the exponential stability of such systems with non zero and non negligible source term was only
treated in the framework of the HP norm for p € N\ {0,1} and in [I3] (in Chapter 6) the authors find a
sufficient (but a priori non-necessary) condition: exponential stability of the system f for the
H? norm where p > 2 is achieved if there exists Q € C1([0, L], D;}) such that the two following conditions
hold:
— (Interior condition) the matrix

— (QA)(2) + Q) M(0,2) + M(0,2)" Q(a)" (2.3.4)

is positive definite for all z € [0, L],
— (Boundary conditions) the matrix

A (L)Q+(L) 0 T ( Ay (0)Q4(0) 0
( T 7/\,(0)@,(0))—1( ( B 7A,(L)Q,(L))K (2.3.5)

is positive semi-definite

where M (0,-) = g—E(O, -y and K = G'(0).

It has to be underlined that with a non-zero source term there does not always exist a simple quadratic
Lyapunov function ensuring exponential stability for the HP norm whatever the boundary conditions are.
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Thus appears not only a boundary condition (2.3.5) as in the previous paragraph but also an interior

condition ([2.3.4]).

This phenomenon is not specific to non-linear systems but also appears in linear systems: In [I1] for instance,
the authors study a linear 2 x 2 system and found a necessary and sufficient condition for the existence of Q
such that hold. In general for linear hyperbolic systems the condition also appears although
it is only sufficient when n > 2. This is the consequence of the non-uniformity of the steady-states combined
with non-identically vanishing zero order term even close to the steady states. If this phenomenon is not new,
we will see however that the interior condition that appears for the C! norm is different from the condition
that typically appears when studying Lyapunov functions for H? norms.

Our contribution in this article is to deal with the exponential stability for the C'' norm of such general
hyperbolic systems with source term. This article intends to give a necessary and sufficient interior condi-
tion to the existence of a simple quadratic Lyapunov function ensuring exponential stability in the C! (and
actually CP) norm of the system and a sufficient condition on the boundary conditions.

Useful observations and notations Before going any further let us note that by definition of B and as
Y™ is a steady-state
B(0,2) = NO)(F(Y")(Y:) + D(Y™)) =0. (2.3.6)

Thus if we assume that F and Y* are C?3 functions, then, from (2.2.8), B is C? and there exists 79 > 0 and
M e C' (B, x [0, L], M,,(R)), where B, is the ball of radius 7y in the space of continuous function endowed
with the L* topology, such that,

B(u,z) = M(u,z)u,

B 2.3.7
and therefore, g—u(O, x) = M(0,z). ( )

Besides, A is also a C? function and 79 > 0 can be chosen small enough such that there exists £ €
C%(B,, x [0, L], M, (R)), satisfying (see [13] in particular Lemma 6.7),

E(u,z)A(u,z) = A(u,z)E(u,z) V (u,z) € By, x [0, L], (2.3.8)
and E(0,2) = Id, (2.3.9)

where A is a diagonal matrix, whose diagonal entries are the eigenvalues of A(u, x).

Also we introduce the following notations:
Definition 2.3.1. For a C° function U = (U, ...,U,)T on [0, L] we define the C° norm |U|y by

|U|p := sup (sup(|Ui|)> . (2.3.10)

i [0,L]
For a C! function U = (Uy, ..., U,)" on [0, L], we denote similarly the C* norm |U|; by
|U]1 := |Ulp + |0 Ulo. (2.3.11)

In the following for a C'* function u on [0, T] x [0, L], we will sometimes note for simplicity |u|o instead of
|u(t,-)]o and |u|; instead of |u(t,-)|;.
We recall the definition of the exponential stability for the C* norm:

Definition 2.3.2. The steady state u* = 0 of the system (2.2.5),(2.2.10)) is exponentially stable for the C*
norm if there exist v > 0, n > 0, and C' > 0 such that for every u’ € C*([0, L]) satisfying the compatibility

conditions (2.2.11),(2:2.12) and |u®|; < 5, the Cauchy problem (2.2.5),(2.2.10),(u(0, ) = u’) has a unique

C! solution and

lu(t, )|y < Ce " [u’|;, Vt € [0, +o0|. (2.3.12)
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Remark 2.3.1. Given our change of variable Y — u, proving the exponential stability for the C' norm of
the steady state 0 of the system (2.2.5)),(2.2.10}) is equivalent to proving the exponential stability for the C*
norm of the steady state Y* of the system 2 2.1)) and the associated boundary condition.

Definition 2.3.3. We call basic C' Lyapunov function a function V defined by

= |(VFUL s VT
+ ‘ ((B(U,2)(AU, )V, + BOU,2))1v/ T, - (B(U,2)(A(U,)U, + BU,0)uVTo)

)

0
(2.3.13)

for some (f1,...fn) € C’1 n, such that there exist v > 0 and 7 > 0 such that for any T" > 0 and
any solution u of the system —(2.2.10)) with [u®}; <,

V)< V(e ) vo<t <t<T. (2.3.14)

Also, in that case, (f1,..., f») are called coefficients inducing a basic C! Lyapunov function.

Remark 2.3.2. Note from , that when u is a solution of the system , 12.2.10), V(u(t,"))

becomes
Viut,-)) = ‘( Frut, o, fnun)T‘O n ‘(Eut)l\/fi,..., (Eut)n\/f7>T’0, (2.3.15)

where we denoted E = E(u(t,z),x) to lighten the notations. The previous definition is used so that
V is actually defined as function on C1([0, L]) only and to underline that therefore, the function V(u) : t —
V(u(t,-)) does only depend on the state of the system at time t. Looking at (2.3.15)), one could wonder why
we consider the components of u while we consider the components of Ew; for the derivative. The interest
of considering Ewu; instead of u; is that E diagonalizes A and therefore when differentiating the Lyapunov
function appears 2(Eug)n(E(W)it)n = —An(0,2)((Eug)?) and first order derivative terms, and there is
no crossed term of second order derivative which would be impossible to bound with the C' norm (the full
computation is done in Appendzxu Differentiating u?, though, gives —\,(u2), — un((A — N\).ug), and
zero order derivative terms, and the second term is a cubzc perturbation that can be bounded by the cube of
the C1 norm. Nevertheless, the proof would work as well with Eu instead of u, but we consider u to keep the
computations as simple as we can in the main proof (Section . Finally, we use in the definition
the weights \/f; instead of using directly the weights f; to be coherent with the existing definition of basic
quadratic Lyapunov function for the L?> norm introduced in [11)] (see in particular (34) ) for linear systems
and to facilitate a potential comparison.

Remark 2.3.3. Note also that, in Definition the condition (2.3.14)) is actually equivalent to the

condition
dV (u)

dt

in a distributional sense on (0,T), where we say that d > 0 in a distributional sense on (0,T) with d € D'(0,T)
when, for any ¢ € C=((0,T),R"),

< =V (u), (2.3.16)

<d,¢> > 0. (2.3.17)

Note that the existence of such basic C' Lyapunov function for a system guaranties the exponential stability
of the system for the C'' norm. More precisely we have the following proposition:

Proposition 2.3.1. Let a quasilinear hyperbolic system be of the form , 12.2.10)), with A and B of
class C' such that there exists a basic C' Lyapunov function, then the system is exponentially stable for the
C! norm.
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Proof of proposition[2.3.1 From Theorem [2.2.1} let T > 0 and uy € C*([0, L],R™) satisfying the com-
patibility conditions (2.2.11)) and such that |ug|;< min(n(T"),n0/C1(T)), where n(T) and C1(T) are given

by Theorem and 79 is given by (2.3.7)—(2.3.9). From Theorem there exists a unique solution
u € C([0,T] x [0, L]). Suppose that V is a basic C! Lyapunov function, induced by (fi,...f,) and v and 7,

are the constants associated. From its definition V(u(t,-)) is closely related to |u(¢,-)|1, indeed, using that
for all ¢ € {1,n}, f; are positive and bounded on [0, L], it is easy to see that there exists a constant ca > 0
such that

012(|u(t, Mo + [Edu(t, o) < V(u(t,-)) < cz(|ult,-)|o + [Edmu(t,-)|o)- (2.3.18)

But as, from ([2.2.13)) and the assumption on |ug|, |u(t,-)|1 < o for any ¢ € [0,T]. Thus from (2.3.8)—(2.3.9)

there exists a constant c¢; depending only on 79 and the system such that
é|6tu(t, Mo < |Eut, Yo < e118put, o, (2.3.19)
thus, there exists ¢y > 0 such that
%(\U(t, Do+ 10pu(t, -)]o) < V(u(t,-)) < co(fult,)lo + [0, -)o)- (2.3.20)

But observe that, as u is a solution of (2.2.5)), there exists 1, > 0 such that for |u(¢,)|o < 74

0pu(t, o < 2sup (|Ailo) [k, )|o + 2sup (1M (0, -)]o) [ult, o, (2.3.21)
% 2
and similarly
2
N < . M, (0, - . 2.3.22
Pt o < s (120t + 500 (0. ) ) (23.22)

which implies that there exists ¢ > 0 constant such that for |u(t,-)|o < 7

YJu(t, )i < V() < clut, ). (2.3.23)

Let T € R%, with 7 > 0 and 7 large enough such that ¢?e~7" < 1. From (2.3.14)), for all solution u such
that |u®|; < min(n(T),n1,na/C(T)) where C(T) is defined in ([2.2.13)),

V(u,T) < V(u,0)e "7, (2.3.24)
Now, using (2.3.23) we get
(T, )]s < [u(0, )27, (2.3.25)
And from the hypothesis on T
1
[u(T, )1 < i\u(O, I, (2.3.26)

and this imply that u is defined on [0, +00) and that we can find C' and ~; such that
lu(t,0) — u*|; < Ce " [u® — u*|y, Vt € [0, +o0], (2.3.27)

which gives the exponential stability and concludes the proof. O

2.4 Main results

The aim of this article is to show the following results:

Theorem 2.4.1. Let a quasilinear hyperbolic system be of the form , 12.2.10)), with A and B of class
C', A defined as in and M as in . Let assume that the two following properties hold
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1. (Interior condition) the system

n 3/2
Aif! < =2 [ =M(0,2) f; + Z |Mik(07x)|f

i |, (2.4.1)
k=1 ki V Ik

admits a solution (fi,..., fn) on [0, L] such that for alli € [1,n], f; >0,

2. (Boundary conditions) there exists a diagonal matriz A with positive coefficients such that

|AG(0)A™ | < (2.4.2)
where d; = L if A; > 0 and d; = 0 otherwise.
Then there exists a basic C* Lyapunov function for the system (2.2.), )

Remark 2.4.1. Note that when M = 0 we recover the result found in [{§] in the absence of source term: the
interior condition is always verified by any positive constant functions (f1, ..., fn) and when choosing f; = A?
the boundary condition reduces to the existence of A € D7 such that [|AG'(0)A™! || < 1 which is equivalent
to poo(G'(0)) < 1.

Note also that the existence of a solution (fi,...fn) with f; >0 on [0, L] for all i € {1,...,n} for the system

/ 9 n f3/2

is also a sufficient interior condition as it obviously implies the existence of a solution with positive compo-

nents for .

Moreover, we show in the following Theorem that condition (2.4.1)) is also necessary in order to ensure the
existence of a basic C! Lyapunov function.

Theorem 2.4.2. Let a quasilinear hyperbolic system be of the form with A and B of class C?, there
exists a control of the form such that there exists a basic C' Lyapunov function for the system
(29, EZT0) f and only if

n f3/2

Aifj <=2 | M (0, 2)| = — Myi(0,2) fi | (2.4.4)
k_§¢i AV

admits a solution (fi, ..., fn) on [0, L] such that for alli € [1,n], f; > 0.

Remark 2.4.2. Note that Theorem illustrates the sharpness of by showing that it is a necessary
condition. This is not trivial as, to our knowledge, there is no similar condition for the HP norm when n > 2
yet. Note also that we have not imposed anything on the initial values of the (fi, ..., fn) but we see from

Theorem |2.4.1 and (2.4.9) that the more liberty we give them, the more restrictive the condition on the
boundary (2.4.4) might become.

The proof of these two results is given in the next section.
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2.5 C! Lyapunov stability of n x n quasilinear hyperbolic system

In this Section we shall prove Theorem [2.4.1] and Theorem [2:4.2] We will first start by proving the following
Lemma which will be useful for finding the interior condition in the proof of Theorem and for proving

Theorem 2.4.2}
Lemme 2.5.1. Let (a;,bi;) i jepngz € C([0, L, R)™ x C([0, L], R)™,

If
(1) Ipr € N*: > | ai(@)y?” + > bij(@)y ;| >0, Vp > p1, ¥y € R\ {0},Vz € [0, L], (2.5.1)
i=1 j=1
then .
(#) a;(x) > Z |bij(z)| — by (z), Vi € [1,n],Vx € [0, L]. (2.5.2)
Jj=1,5#i
And if
(iii) ai(z) > Y |bij(@)] = bii(x),Vi € [1,n],Vz € [0, L], (2.5.3)
J=1,j7i

then (i) holds.

Proof of Lemma[2.5.1 We start with (i) = (i7). Let x € [0, L], let ¢; € [1,n], assuming (7) is true for all
y € R™\ {0}, we take m € N*, and define y;, := 1, y; := —sgn(b;,j;)m/(m + 1) for j # i;. Then as (2.5.1)) is
true there exists p; € N* such that

n n
>0 | ai@y + )b (@)y s
i=1,i7i; j=1 (2.5.4)
+ai, (@) + b, + Y bij(@)y; >0, Vp > pi,Va € [0, L],
J=1,j7#i1
Note that for any i # i1, lim, 4o |yi|*? = 0. Thus, by letting p — 400 one gets
m n
iy ({,E) + bilil (.’L’) > m+1 Z |bi1j(x)|7 Vz € [O7L] (255)
J=1,j#i
Hence, as it is true for all m € N*, letting m — +oo
ai, (z) + biyi, () > > |biyy(@)], Vo € [0, L. (2.5.6)
J=1,j70

This can be done for any i1 € [1,n], which concludes (i) = (i%).

Now let us prove that (i7i) = (). First of all observe that we can suppose without loss of generality that
n

Vi € [1,n], b;; := 0: one just has to redefine a; := a; + b;;. Then by (2.5.3)), a; > > |bi;|, Vi € [1,n], then let
=1

us define: .
di(x) = ai(z) = Y _|bin(z), (2.5.7)
k=1
then d; is C° and positive on [0, L]. We denote by
d!” .= inf (d;) = min(d;) > 0. 2.5.8
i [3{21( ) %{ILI]I( ) > (25.8)
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Now, let y € R™ \ {0}, we can select i1 such that

lyi, | = max (|yil), (2.5.9)
i€[l,n]

thus y;, # 0 and proving (2.5.1) is equivalent to proving that there exists p; € N* such that for all p > py,

Xn: <az x +szk <y ) " yk) >0, Vz € [0, L]. (2.5.10)

i=1 Yir

2p
Yi

Denoting z; = y:/vyi,, (2.5.10) becomes

=Y <aiz3p + Zbiszplzk> >0, on [0, L]. (2.5.11)

Using (2.5.7) we know that
I = Z dzzfp + Z|bzk\zl2p + Z biszpilzk. (2512)
i=1 k=1 k=1

By definition for i =41, |z;,| = 1, and for i # i1, |zx| < 1, therefore
d;, 2! +Z|bnk\zu +thkz2p Lop > diy > d”. (2.5.13)

Therefore

1>d%+ (dizfp + ) bkl |zl - Z|bik||zi|2p_1> ,
k=1 k=1

mhn n (2.5.14)
0 _
=)+ 3 (d = Y lbarl(L = D= ) .
=100 k=1
We introduce
gz g(z) = —(1—2)z271 (2.5.15)
We know that g is C! on [0,1] and admits a minimum on [0,1] at z =1 — Qp, as one can check that
q(2) = (2pz — (2p — 1))2%P72 (2.5.16)
Therefore . .
o _1 }
I2d) -5 S b)), (2.5.17)

i=1,i#41 k=1

and this is true for all z € [0, L]. Let us point out that there exists p; > 0 such that

Z Z|bzk|0 <dY, vp > pi. (2.5.18)

i=1,i#1 k=1
Here p; is a constant and does not depend on z. Hence we can conclude that I > 0, Vp > p;,Vx € [0, L],Vy €
R™. Therefore (2.5.1) holds. O

Now let us prove Theorem
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Proof of Theorem[2.7.1. Let T € R%.. Let assume that A and B are of class C?, and let u be a C? solution
of system (2.2.5),(2.2.10) such that [u°|; < e. Such solution exists for € small enough and uy € C2([0, L], R")
which verifies the compatiblity conditions (see [13] in particular Theorem 4.21). We suppose here
a C? regularity for technical reason but the final estimate will not depend on the C? norm and will be
also true by density for A and B of class C! and for u a C' solution. Recall that \; are the eigenvalues
of A as defined in (2.2.7). We denote s; := sgn(\;(u,z)) which only depends on i from the hypothesis of
non-vanishing eigenvalues and the continuity of A. We define:

L n 1/21)
Wi, = (/ Zfz(x)pu%eﬂp”s xdm) ) (2.5.19)
0 “

with p € N*, and f; > 0 on [0, L] to be determined. Clearly W1, > 0 for u # 0, and W3, = 0 when u = 0.
If we differentiate Wy, with respect to time along the C? trajectories, we have

dW: _ o
l,p Wll,p 210 / Z fi(x>pu?p ! [_ Z ak (W, ) Upy
=1 k=1

- E M (ua, m)ukl e 2PHSIT
k=1

(2.5.20)

where (ai;)(; j)ep,n2 = A and M is defined in (2.3.7). We know that the a;; are C* and from (2.3.7) that
a;;(0,-) = 6; ;A;(-). Here 6; ; stands for the Kronecker delta. Hence

agj(u,-) =0 ;A:(-) + Viju, (2.5.21)

where V;; are C'. Therefore using integration by parts

AW Wl 2p n L
1,p 1,p —2pus;c

= by P Pp
dt 2p [Z e u ] 0

n

) Wip / Z Sy Kkz M”“”’“) Y Vil x>.u>ukw] el
=1

k=1 (2.5.22)
/ > (st g+ g SO ) s
T
1 2}7/ Z|A |fpu217672pp,s Ty
We denote .
R Wllv;QP - p, 2P —2pus;c
Iy = —— Z)\zfz(x) ugte PHEE (2.5.23)
i=1 0
and
I3 I—Wl 2;0/ Zfl 217—1 (Z Mzk“k) e—2p,usixdx
=t (2.5.24)

wi-2p
l’p /ZAi(u’x)fi(x)p_lf{ufpe—%usmdx.
=1

We supposed that [u®|; < e, where ¢ > 0 can be chosen arbitrarily small but, of course, independent
of p. From (2.2.13) and denoting n = C1(T)e we have: |ulp < 7. Choosing e sufficiently small is thus
equivalent to choosing 7 sufficiently small, so we will rather choose 7 in the following and this choice of 5

63



will always be independent of p. Besides, observe that there exists 77; > 0 sufficiently small such that for all
ug € C°([0, L], R™) such that |[u]o < m

. ) . . |Ai(x)]
Ai (u, > =7 ). 2.5.25
in (z-?ﬂi‘i}(' (u ””) i <z-2€%%]< 2 (2.5.25)

Recall that A = A(0, -) and is defined in (2.2.4]). As [0, L] is a closed segment, and the |A;| are strictly positive
continuous functions we can define the positive constant ag := ming,ep 11 (mingep ) (JAs(2)[/2)) > 0. We
suppose from now on that n < n;. Therefore from (2.5.22)), (2.5.23)), (2.5.24) and (2.5.25

aw,

dt’p <—Ih —pagWi, — I3

—w 2p/ pr 2p—1 Z(Vik(u,x).u)um e 2PHsiT (2.5.26)

j=1
1-2
Wl,p p/ (

We now estimate the two last terms, starting by the last one. The )\; are C? and in particular C* in u
therefore

20D s,
. i) fi(x)Pu;Pe 2PpSiT .

Wl 2p
/ uac + O Ni) fi(@)PusP e 2PReiT gy
(2.5.27)

02
Wl,p W17p|u|1,

where C and C are constants that depend on 7 and the system but are independent from p and u provided
that |uly < 7. Besides we have

Wy, / Z frurt Z (Vik (0, 7). 0)up, e 2PHeside < CaWi plul;. (2.5.28)
j=1

where C5 is a constant that does not depend on on p and u. Therefore (2.5.26)) can be written as

d W1 Cl 02

7t - P < —I)—I3— (,uOéo — ?)WLP + (% + C’3)WLP|u|1. (2529)

As ag > 0, it is easy to see that there exists p; € N* such that Vp > p;

dwy,,

(6%
<y~ I — a ES2 Wiy + CaWiyfuls. (2.5.30)

Here p; depends only on o and 7, while Cy does not depend on p and u. Before going any further, we see
here that if we can manage to prove that Iy > 0 and Is > 0 we may be able to conclude to the existence
of a Lyapunov function that looks like a L% norm where p can be as large as we want and therefore we
start to see the forecoming basic C' Lyapunov function. We are now left with studying I, and I3 which will
correspond respectively to the boundary condition and the interior condition we mentioned in Section 2 and
in Theorem 2.4.1]

Let us first deal with I3:

n )\Z /
I =W 2’”/ Z <ff’Uf”‘l (Z Mum) - zf’ff"lufp> e~ 2PHsi gy (2.5.31)
=1 k=1
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Let suppose that the system (2.4.1) admits a positive solution (gi,...gn) on [0, L], which is the interior
condition. Then we can write this as

n 3/2
—Nigi=2( > [Mip(0,2)] Ji o Mi(0,2)g; | + ha, (2.5.32)
k=1,k#i \/T“

where h; are non-negative functions. By continuity (see for instance [105], in particular Theorem 2.1 in
Chapter 5) there exists o1 > 0 such that for all o € [0, 01] there exists a unique solution to

n f3/2
—Aifi =2 | M (0, )| =
k_%i SR/

fi(o) :gi(0)~

We denote (f1,4,..-fn,o) this solution, which is continuous with . Therefore there exists oo € (0,01] such
that for all ¢ € [1,n], and all ¢ € (0,03], fi,; >0, on [0, L] and

_Mii 0,(E i +hi+0,
0.2)f (2.5.33)

n 3/2
— Aifi/,a > 2 Z |Mlk(0,l')‘ flﬁ — M”(O, (E)fiﬁ- . (2534)

k=1,k#i V ko

We choose now f; := f; , where o € (0,02]. As M and A are continuous in u, there exists 7o > 0 such that
for |ulp < 2

= Ai(u, x)— > 2 Z | M (u, x)]| I — 2M;;(u, x). (2.5.35)
i k=1, ki J
Therefore from Lemma .51
- )‘f/ 2p \/ﬁ 2p—1
. M; P s Vy = (i) n R™ ) 2.5.
; 2fz +Z k\/f—yyZ >0, Vy = (yi)ien,n) € R"\ {0} (2.5.36)
applying this for (y;)icq1,n] = (V/fithi)ie1,n], it implies that
Wy oep LG: —Ai—f{ff"1 2P+zn:M‘ fPu? ™ da >0 (2.5.37)
1,p £ 9 i U, 2 ikUk J; U; xr = U. ..
Therefore by continuity, there exists a u > 0 such that Vu € [0, u1]
Nf! e <
Iy =W, % / <2f PP 4 PPt <Z Mikuk>> eTIPHSIT g > (), (2.5.38)
k=1
Now let us deal with I, which will lead to the boundary condition. Recall that
Wl 2p n
lZA ) fi(L)Pui? (t, L)e~2Prsil

n (2.5.39)
- ZMu(t,oxo>fi<o>Pu?”<t,o>] .

=1
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Recall that m is the integer such that A; > 0, for all i < m and A; < 0, for all i > m, we have

W172p m
b=—g,— <ZAi<u<t, L), DI (L) (t, Lye >

—ZIA 0)1£:(0)7w;"(¢,0)
(2.5.40)
- Z IXi(u(t, L), L)| fi(L)Pu;” (t, L)e* T
i=m-+1
+ Z [Ai(u 0)£i(0 )prp(t,0)>7
i=m-+1

We denote K := G'(0) and we know that under assumption 1) there exists A = (Aq,...,A,)" € (RE)™

such that ( )
infs gi(di)
[3 A2
¢ := sup (sup( |Z ARG AT Hgl) < ﬁ
[ sup; (24540)

i

where (g;)ie[1,,] denote the positive solution of (2.4.1) introduced previously in (2.5.32). Note that we have
. - A, .
in fact 0 = Supi(i§J|Kij|Fj)' Let:

(2.5.41)

& = Aju;(t, L) for i € [1,m)], (2.5.42)
& = Aju;(t,0) for i € [m+ 1,n]. (2.5.43)
From ({2.2.10) and using the fact that G is C!, we have
u+(t’0) _ U+(t,L) U+(t,L)
(u_(t,L) =K o) teUluwo)l) (2.5.44)

where o(z) refers to a function such that o(z)/|x| tends to 0 when |u|y tends to 0. Thus we get

1-2p m P
= (Z Ni(u(t, L), L) figg (ui(t, L)A;) e 2Pl

1=1 i

£ 30 Dult0), 015D 080

o (2.5.45)
_Z)\i( i (t) —+0(£))*P
i=1 i
S SR NCIAIRAIEEL S0 gyt +o<s>>2pe2p“L>
i=m-+1 7 k=1
As the )\; are C! in u we have
Wl 2p m ) p
L= (Z(Ai<L>+O<£>>flA(§) (u(t, L) A, )20
+ 3 I O+0E) A it 008
e ' (2.5.46)
=2 (8:(0)+0(€) = (1) 1 +0(€))*

n

- 3 1@ DS Kt
i k=1

1=m-+1

+0(£))2p62””L>
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where O(x) refers to a function such that O(x)/|z| is bounded when |u|y tends to 0. Now let ¢ € [0, T}, there
exists ig such that max;(£7(t)) = &2, to simplify the notations we introduce d; such that d; = L for i <m
and d; = 0 for ¢ > m + 1. Then there exists a constant C' > 0 independant of u and p such that

W172p » d
Iy > 127; (('Aio( )l C|§lo|)f ( )§2p(t)e—2pudio

A2p 20
" » (2.5.47)
= S 20ME - )+l D EEE S e, et
i=1 2
where [ is a continuous and positive function which satisfies [(0) = 0. thus
W172p fp (d ) B .
T 2 =52 (A (dh) =Cle ) 2 € (7
(2.5.48)
. _ WL = di) opun—ay) \\2p 2P
—n sup | (JAi(L = di)[+Cl&, ) =——=—¢ (0+1(&0)) ™€, )
i€[1,n] A;
Now, from (2.4.2) we have
inf; ( é‘él))
0% < (2.5.49)

sup; (gz(LAzd»)

where (gi)ic[1,n) still denote the positive solution of (2.4.1). Remark that we set earlier f; := f; , where
o € (0,09] and can be chosen arbitrary small, and recall that the functions f; , are continuous in o on this
neighbourhood of 0. Therefore there exists o € (0, 03] such that

o 1)
62 < sup(f(zzd)) (2.5.50)

But as the inequality is strict, there exist by continuity n3 € (0,72), ps > 0 and us such that for all |u|g < 73
and p > p3

fi(di)
inf;|As(di)|—C& | )Up inf ( A7 ) —m"’
0+1(€i0))* < 0 : mE Y€ [0, pa), Vp > 2.5.51
( (5 0)) <n(5upz|Az(L_dz)+C|£zol) sup, (fi(L*di)> H [ M3] P = Ps. ( )
2 A?
Therefore from (2.5.51)) and (2.5.48]) I > 0. We can conclude that there exist py and pu > 0

aw,
dt

MOéo

— P < == Wiy + CaWip[uly, Vp > pa. (2.5.52)

We now have our first estimate and we have seen appear both an interior condition and a boundary condition
that explains the conditions that appear in Theorem- 2.4.1] Yet there remains a potentially non-negative term
in Juj; and the function we considered in ) does not have the form of a basic C! Lyapunov function.
The last step is now to convert Wi j, in a basm C’1 Lyapunov function. Defining

1/2p
Wap = (/ Zfz b ”dm) : (2.5.53)
0

where E = E(u(t,z), ) is given by (2.3.8)), and proceeding the same way and observing that, for C? solutions,

uy + A(u, x)ug, + [GA (u,z)us =0, (2.5.54)

( ) +873
a u,z).uy | u,

ou
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n
where A /Ou.u, refers to the matrix with coefficients Y 0A4;;/0ui(u, x).0puk(t, z), we can obtain similarly
k=1
dw: o
20 o My 4 CsWa|uls. (2.5.55)
dt 2 ’
In order to avoid overloading this article, the proof -which is very similar to the proof of (2.5.52))- is given in

the Appendix (see|[2.8.1)).
Now let us define W), := Wy , + Wo,,, there exists 74 > 0 (independent of p), p > 0, C (independent of p

and u), and ps such that, with |[u]; < 74,

W, ko
a — 2

Wy, + CWpluly, Yp > ps. (2.5.56)

Here we see that this estimate does not depend on the C? norm of the solution u and of the C? norms of A
and B and is therefore also true by density for solutions that are only of class C' and for A and B also only
C*. To be fully rigourous, this statement assumes the well-posedness of the system , , (u=u")
in W when ug € W1>°([0, L]), but such well posedness is true (see [142]). We choose such n, i, ps, and
we define our basic C! Lyapunov function candidate

2 n
V=] f1u1€_w‘*i‘ s V e ey lo
2L An
+ IV (Bug) e T, F(Bug e T

Similarly to the method used in [48] we can first choose 75 < min(n;, 12, 13, n4) such that for all n < 75

(2.5.57)

Hag
= 2.5.
lujy < 75 (2.5.58)

Remark 2.5.1. Recall that |uly < n and that for convenience we are choosing n the bound on |u|y instead
of choosing €, the bound on |u®|y, but from it is equivalent. Hence the previous only means choosing
€9 > 0 small enough, and such that for all e < eq

Heo

. — 2.5.
[u(0,)x < 10,0 (2.5.59)
where C1(T) is the constant defined in (2.2.13).
Therefore from (2.5.56]) and ([2.5.58))
d
% < —%Wp(t), Vp > ps. (2.5.60)

Thus, using Gronwall Lemma, one has, for any p > ps and any 0 < ¢/ <t < T,

W, (t) < W, ()™ 5001, (2.5.61)
Then, by definitions of W, and V'
li =V? T 2.5.62
Therefore e ,
V)< V(e 5 ¢ vo<y <t<T. (2.5.63)
Therefore V is a basic C'! Lyapunov function with the associated constants v = £20 and 1 = 7s. O
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Proof of Theorem [2.4.2]

Proof. The sufficient way is simply proven by using Theorem with G = 0 for instance. We are left
with proving the necessary way. Let us suppose that there exists a basic C! Lyapunov function V induced
by coefficients (f1,...f) and v and 7; the constants associated such that V is a Lyapunov function for
all u smooth solution that satisfies the compatibility conditions and such that |u|o < 771. Suppose now by
contradiction that the system does not admit a solution (g1, ..., g,) on [0, L] such that for all i € [1,n],
g; > 0. Then there exist zo € [0, L] and ¢p € [1,n] such that

n 3/2
A <2 S Mak(0a0) T o (0w £ (). (2.5.64)
k=1,k#io fr(zo)

as, if not, (f1,...fn) would be a solution on [0, L] to (2.4.4) with f; > 0, for all i € [1,n]. We can rewrite
(2.5.64]) simply as

; VIa@) Ay (@) f (o)
B k:lz,k:;éio Mo (0:20) fr(zo) - 2fiy (o) + Migio (0, 70) < 0. (2.5.65)

For simplicity we can assume without losing any generality that ig = 1. By continuity there exists ¢ > 0
such that (2.5.65)) is true on [zg — &, z¢ + €] N[0, L]. We actually can suppose without loss of generality that
xo € (0, L) and that [zo — e,2¢ + €] C (0,L).

Then we take u{ € (—nq,72) positive, where 7 is a positive constant arbitrary so far, and define the vector
0
u’ by

1
ud = —uf (1 — k) sgn(M;(0,x0)), Vi # 1, (2.5.66)

where k € N* is arbitrary and sgn(0) = 0. As the system is strictly hyperbolic, min(|\;(x0)|) is achieved at
most for two ¢ € [1,n]. If so, we denote iy and ¢; the corresponding index, and if ip # 1 and i1 # 1 we can
redefine uf by

1
u) = —uf (1 - k2> sgn(Mi;, (0, x0)), (2.5.67)

where ko € N* with k3 > k. The goal of this redefinition is that in both cases we can choose k large enough
so that

ud ud
(i #ig) = ‘)\i(;o) < ‘Aio (Z;/‘o) . (2.5.68)
We now define the initial condition by
ui(0, ) := ﬁx(m)ieim(a;im)ic, (2.5.69)
m Ai(z)/ fi(@)

where x : [0,L] — R is a C*° function with compact support in (0, L) to be determined, such that |x]o
is independent of m € N* which will be set large enough and c is a constant independent from m, also
to be determined. In order to simplify the notations we will suppose here that A\; > 0, otherwise one
only needs to replace e~ ™@=%0)=¢ hy e—sen(M)(m(z—zo)+¢) o ohtain the same result. Note here that the
compatibility conditions are satisfied for this initial condition as the function and its derivatives vanish on
the boundaries. From ([2.5.66)) and (2.5.69)), we can choose 12 small enough and independent of m such that
|u(0,)]1 < m1. Well-posedness of the system guaranties the existence and uniqueness of a solution y to
the system (2.2.5)),(2.2.10) with such initial condition (see Theorem [2.2.1]). For simplicity we will conduct
the proof assuming that the system is linear, (i.e. A;(u,-) = Ay, a;5(u,-) = 0;;A(-), E(u,-) = Id, and
M(u,-) = M(0,-)) although it is also not needed and is only to simplify the computations. A way to
transform the proof for non-linear system is given in the Appendix (see[2.8.3)).
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Before going any further and selecting x, we shall first give the idea and explain our strategy. We
want to select x such that |v/f10u1(0,), ..., v/ fnOsun(0,-)|o is achieved for i = 1 and x = z; close
to ¢ and only for such ¢ and z;. We also want d/dt|\/fiu1(0,-), ...,/ faun(0,-)]o(0) to exist and to be

0 (d/dt (ﬁ/ Fi(@0)dyus (0, o) /m)) such that dV/dt(0) will exist and its sign will be given by the sign of
V f1(20)0%u1(0,20). Then we will show that this sign is positive.

Now let us select x in order to achieve these goals. Rephrasing our first objective, we want that for all ¢ # 1

V(@) M (1) 0z (0,21) + Y Myju(0,21)| > sup fi(z) | Ai(2)0pu; (0,2 +Z iui (0,2)] |

J=1 z€[0,L]
(2.5.70)
n
while the maximum of v/f1|A\19,u1(0,-) + Y. Mi,u;(0,-)| is achieved only in z1, close to x.
j=1
We search x under the form
x = o(m(z — x0)), (2.5.71)

where ¢ is a positive C*° function with compact support. And we search y such that all the ‘\/ﬁﬁtul )|
admit their maximum at a single point in a small neighbourhood of (. In that case note that from (2.5.66])
we would indeed get that for m large enough |v/f10;u1(0, ), ..., v/ fnOrun (0, -)|o is attained for i = 1 only and
at a single point close to xg. This will be shown rigorously later (see ) Now let us look at /f;0yu; (0, )

VTi0is(0, ) = — ude—m o)~ [—x(m) + XTSJ) + X(x),?:\/ﬁ <A\1/7)

(2.5.72)
Ly SN 2w
+— > M| —5 . —X x
m j=1 ! ? f]
Using (2.5.71]) and a change of variable y = m(x — x¢), (2.5.72]) becomes
V5i0uui(0,2) = —ufe ™™ | = 6(y) + ¢/ (y)
(2.5.73)

n gi(%+x0) +Zfzj( m+370) qlj)(y) ’

m =
where g; and fi; are C? bounded functions on [0, L] independent of m. This comes from the fact that A and B
are of class C3. This hypothesis, that does not appear in Theorem is used to apply the implicit function
theorem later on (see (2.5.77) and (2.5.82))). Theorem might also be proven with lower hypothesis on
the regularity A and B, however in most physical case A and B are C® even when the solutions of the
system are much less regular. We can see that the coefficients of the equation in ¢ and ¢’ depend
on m and are close to be constant for large m. One can show that there exists a function ¥y such that
g € C3((—1,1)), such that |(vo(y) — ¥(y))e | has a unique maximum on [—1,1] which is 1, and such
that the second derivative of |(¢o(y) — ¥((y))e Y| does not vanish in this point, i.e. there exists a unique
y1 € (—1,1) such that

[Yo(y) — vo(y)le™” < 1= |olyr) —¥h(yr)le™, Vy € [-1, 1]\ {m}, (2.5.74)
(Itbo — 45 efld)” (y1) # 0. (2.5.75)

The existence of this function g is shown in the Appendix (see[2.8.2). We set ¢ : y — ¥o(y+y1) and ¢ = y;.
Therefore

eV [=o(y) + ¢'(y)] = (=vo(y + y1) + Yoy +y1))e” W, (2.5.76)
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which has a maximum absolute value for y = 0 with value equal to 1. Hence, there exists m, > 0 such that
for all m > my and all ¢ € [1,n]

a; € [wo —e,20 + €] : [V fil@i)Opui (0, )| = [Sup](\\/ﬁatui((l D, (2.5.77)
0,L
o Ci o o, Ci o
—u; — E|u’| <V fi(x;) 0w (0, 2;) < —u; + EIU% l, (2.5.78)

where C; are constants that do not depend on m. The unicity in (2.5.77)) comes from the condition (2.5.75|
which ensures that the maximum stays unique when the function is slightly perturbated. We can actually
replace C; by C = max;(C;) > 0. Therefore, there exists ms > my such that for all m > ms and ¢ € [2,n]

1 C C
sup |1/ fi0eui (0, 9)]) < (1 — %) (1 + m) uf < uf (1 - ) < sup(|\/f10u1 (0, (2.5.79)

[0,1] [0,L]

Hence, as we announced earlier,

IV F104u1 (0, ), coos \/ frOptun (0, )]0 = |/ fiBui (0,2)| =i = 1,2 = 21. (2.5.80)
Hence, as u) > 0 and from (2.5.77) and (2.5.78)),

|\/E8tu1(0,~),..., \/f?@tun |0 = \/fl 1‘1 6tu1 O 371 (2.5.81)

Therefore, as the maximum is unique and the inequality of ( is strict, and from (2.5.75) and the
implicit function theorem, provided that m is large enough there ex1st t1 > 0 and z, € C1([0,%1];[0, L]) such
that

IV Fr0uu (£ ), oo NV Fnrtin (. Mo = =/ Fi(wa(£)Dun (, ma (1)), V2 € [0,1], (2.5.82)

2a(0) = 27.

We seek now to obtain a similar relation for |v/fiuy(t,-), .. \/fnun( o One can show that it is possible
to find ¢ that satisfies the previous hypothesis (2.5.74) and and such that in addition, there exists
y2 € [—1,1] such that

[o(y)le™ <[volyz)l e, Vy € [-1,1]\ {y2}, (2.5.83)
[Yo(y2) — g (y2)| > 0, (2.5.84)

and such that there exists m3 > 0 such that for all m > mg, if sup,c(_q 17(¥o(y + yl)%) is achieved

in y,, € [—1,1], then

Y0 (ym + y1) — ¥4 (Ym + y1)| > c1, (2.5.85)
where ¢; is a positive constant that does not depend on m. The example of 1)y provided in the Appendix is
suitable. Thus with h;(l,y) = ﬁizo)(ﬂy)e—y_yl one has:

9yhi(0,y2 —y1) = 0. (2.5.86)
Note that from (2.5.83)), 10(y2) = ¥{(y2), thus from (2.5.84)
|0yyhi (0,2 — 1) > 0. (2.5.87)

Therefore from the implicit function theorem, there exists m4 > mg such that for all m > my4 and each
i € [1,n] there exists a unique y; € [-1 — y1,1 — y1] such that

1
ayhz (m,yl> = 0, (2588)

: (2.5.89)



where C, is a constant independent of m. From ([2.5.68)) there exists ms > m4 such that for all m > ms,

0
i

Aig (U;r? + xo)

0
Ug

MEEFII

where Cj, > 1 is a constant independent of m. From (2.5.89)), we have for any i € [1,n]

9( ym e Yo

AT >1- = (2.5.91)

where C). is a constant independent of m. Therefore there exists mg > ms such that for all m > mg

uy o) 0 . o
4 i Yi .10 ; ’ v ' 0.5.0
(B a0 W T S T ) P A (2.5.92)

This means that for all m > mg there exists a unique i € [1,n] and a unique x4, € [zo —¢€, xo + €] such that

| \% fio (xao)uio (vaao” = sup | fiui(oa )‘ (2.5.93)

i1€[1,n],z€[0,L]

Now if we denote g(t,z) := 0, (\/ fio (€)wiy (t, ) sgn(u;, (0, 24,))), one has that

9(0,z4,) =0, (2.5.94)
hence X (o) )
" Nio an X xag
0/ Ao/ . 2.5.95
e x{a) + X = () (25.95)
Therefore
02910, 700) = — szm(hsg) e mtony e ( (L) (0, () 4 ) s
x ) aop A,L'O ag agp aop )\ig(xao)

#20ra) () a) = m () ) (2.5.90)

—m L ' - " —m X(xao) "y 1
<<A> (o)X (en) =5 ) X “°)Ai0<xao>>>'

Defining c;o := —sgn(X;, )|uf | which is a non-zero constant, we have from (2.5.71)) and the definition of ¢

e Yio Y1 1 1

0:9(0,74,) = com—— | V0 (yi, -2 io + io T+ +O( >+O< >)
900, 20) = com = (6t 0) = 2+ 10) + 00+ ) L
2.5.97

Observe that, by definition, y;, maximises ‘d)o (y + yﬁﬁ‘ therefore we have from ([2.5.85)) and (|2.5.95

e YoYU

1029(0, Zag )| =|cag|m

) ( 0 Wio +y1) — Yo(Yio +y1) + O (;))

Aig (22 + zg

e~ Yip—Y1 ( o ( 1 >>
—| | 1 + — .
o (G +ao) [ U177 Am
Hence, as the inequality (2.5.92) is strict and from the implicit function theorem, there exists my; > mg such
that for all m > mz, x, € C*([0,t2]; [0, L]) and ig € [1,n] such that

(2.5.98)

:|Cio |m

| flul(t7 ) fnun( )|0 - fio(xb(t))uio (tvxb(t)) Sgn(uio (vaao))v vt e [07t2]7 .Tb(O) = Lag- (2599)
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Hence V is C* on | O t3 ) where t5 = min(¢1,¢2) > 0 and, denoting s,, := sgn(u;, (0, z4,)), we have from the

definition of V, and m
dV 8 dzxg
\/flTlattul 0,21) — 2= (v [10:u1(0,-))(z1) (0)

dt

+ Saq (m&tuio(t,xao (mum ) xao)d;;b (O)) .

But now observe that for a fixed m, x,, is an interior maximum thus

\/fmuzO )(4,) = 0.

Also as L (\/f10,u1(0,-))(z1) = 0, we have

dV
-/ fi(zy 8ttu1 (0,21) + SagV/ fio(Ta)Osttiy (t, Ty )-

Besides as ¢ has compact support in [—1 — y1,1 — 1], we have

ezt ()| < € xllocs

and the right-hand side does not depend on m, thus

em(w7w0)+y1
m——+oo

m

(2.5.100)

(2.5.101)

(2.5.102)

(2.5.103)

(2.5.104)

uniformally on [0, L] and therefore in particular for z,, (even though z,, might depend on m). We denote

—V f1(2a (1) Opur (t, x4 (1))
Using and - (\/f19,u1(0,-))(x1) = 0, we have

dV2 —\/ f1 X1 8ttu1 0 331
=V f1(21)0 (= A1 0z us (- ZMljuJ ,21))(0)

Y fl(xl)(_)\lam(atul(oaxl)) - Z Mljatuj(oaxl))

=1

R0 20,0 - = 005(0.20)
ALfy i

filen) (52 2 L0yu (0, 21) ZMljatUj(Ole))-

j=1

And from ([2.5.72]) and (2.5.78))

G

0
uj

_ iMlj(o’ml)ug @ (1 +0 (;) I V(@) 0 (25) —

73

(2.5.105)

(2.5.106)

\/f»j(ffl)atuj(xl))) _

(2.5.107)



We know that if My;(0,z0) # 0, then there exists mg € N* such that for all m > mg, sgn(Mi;(0,z¢)) =
sgn(Mi;(0,21)). We denote by N the subset of j € {1,...,n} such that M;;(0,29) = 0. Therefore from
(2-5.107) and (2.5.66)

AVa oy oo [ [ Af1 " | <_>\/f>1
dt (O) U 2f1 Mll(o’xl) +j:;NC|M1J(07‘T1)| 1 \/E

( >+ZC ( filz; atuj(xj)uo\/fj(xl)atuj(xl)> |

J

(2.5.108)

where C; are constants that do not depend on m. Now, keeping in mind (2.5.102), we are going to add
Sap \/ fio (Tao)Ottiiy (0, Z4,) to obtain dV/dt at t = 0. But first observe that using (2.5.101)) and (2.5.103))

V fio (wao)atuio (nyao) =V fio(xao)(_Aiaxuio (07xa0) - ZMiojuj(vaao))

j=1
V fio ! Zag U?O —m(Tag— i u? m(mao o) =¥
fio(xao) /\iwi)((xao Z 10] ] xao
fi0<-'17a0) m )‘Z\/ flo xao j=1 g i\ fl xao
of3).
m
(2.5.109)
Therefore
dV dVs
GO =0 +o( )
ALfi - 1\ Vi
0 11
= Uy _M11(07-731)+ Z |M1j(0,a:1)\ <1— )
2f1 vt k)T (2.5.110)
( ) . ZC ( Ti(@3)or; () Omwatuj(xl)) Lo (1) _
u? m
And from and the definition of z;
i (\/E(xj)atuj(xj) —O\/ﬁ(m)f’)tuj(xl)) o (2.5.111)
m——+00 uj

Note that 21 and z; both depend on m and tend to xy when m goes to infinity. Also we know that for all
m > mg, we have x1 € [xg — &, 29 + €]. Thus from ([2.5.65)),

- [<>f<>M<> > |Mu<o,xl>|(1_;)f1<wl>]>o. 2512

m—too | 2fi(x1) J=2JEN* fi(z1)
Therefore there exists mg > 0 such that for all m > my

But we know from 2314 that
dV

(0 <=V(0) <0, (2.5.114)
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Note that (2.5.114)) is true as V is C* in [0,¢;) and from (2.3.14), for any ¢ € [0, 1),

V(t)—-V(0 -t 1
% < V(o)% (2.5.115)
which, letting ¢ — 0, gives (2.5.114]) and a contradiction. This ends the proof of Theorem O

2.6 Further details

The previous results were derived for the C! norm but actually they can be extended to the CP norm, for
p € N*, with the same conditions. Namely we can extend the definition of basic C? Lyapunov function for
p € N* by replacing V' in Definition by

(2.6.1)

Viu(t) = Y- [VAEO () vV (EOFu(t )]
k=0

Defining the p — 1 compatibility conditions as in [I3] at (4.136) (see also (4.137)-(4.142)), the well-posedness
still holds [I3] and we can state:

Theorem 2.6.1. Let a quasilinear hyperbolic system be of the form , 12.2.1()), with A and B of class
C?, A defined as in and M as in ([2.37), if
1. (Interior condition) the system
n f3/2
Alfz/ <=2 _Mii(07x)fi + Z |Mzk(07$)| : ) (262)
k=1 ki V Ik
admits a solution (fi,..., fn) on [0, L] such that for alli € [1,n], f; >0,
2. (Boundary condition) there exists a diagonal matriz A with positive coefficients such that

inf; (fzgféz))

i

sup; <7f1(22d1))

|AG' (0)A™|o < (2.6.3)
where d; = L if A; > 0, and d; = 0 otherwise.
Then there exists a basic CP Lyapunov function for the system , .

Theorem 2.6.2. Let a quasilinear hyperbolic system be of the form with A and B of class CP*2,
there exists a control of the form (2.2.1() such that there exists a basic CP Lyapunov function if and only if

n f3/2
Nif] <=2 =Mu(0,2)fi + D [M(0,2)| == | , (2.6.4)
k=Tt Vi

admits a solution (f1, ..., fn) on [0, L] such that for alli € [1,n], f; > 0.
A proof of this is included in the Appendix (see [2.8.4)).

This article therefore fills the blank about the exponential stability for the C'? norm for quasilinear hyperbolic
systems with non-zero source term using a Lyapunov approach, for any p € N*.

We introduced the notion of basic C' Lyapunov function that can be seen as natural Lyapunov function
for the C'' norm. For general quasilinear hyperbolic systems we gave a sufficient interior condition on the
system and a sufficient boundary condition such that there exists a basic C! Lyapunov function that ensure
exponential stability of the system for the C! norm. We also showed that the interior condition is necessary
for the existence of such basic C'! Lyapunov function. Therefore in some cases, there cannot exist such basic
C'! Lyapunov function whatever the boundary conditions are.
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2.8 Appendix

2.8.1 Bound on the derivative of I,
2.8.1.1 Derivative of W5,

Recall that we have from ([2.5.53))
L n 1/2p
Way = (/ Zfi<x>p<Eut>$pe”“”dx> |
0 =1

where E = E(u(t,z),x) given by (2.3.8)—(2.3.9) and that u; satisfies the following equation

(u, m).ut} u, + a—B(u, z)uy =0, (2.8.1)

ou

0A
uy + A(u, x)ug, + { Tu

where 0A/0u.u, is the matrix with coefficients Y 9A;;/0ui(u, x).0puk (¢, ). We can again differentiate W5 ),
k=1

with respect to time along the trajectories which are of class C? (recall that we are proving the estimate
(2.5.56) for C? solutions first). Using integration by parts as previously:

1-2p n L
dW27p W27p 2p _—2pus;c
Gt =T Ty | B

i [ S (o o) )
_((&l.ut)utﬂ(gf )ut+/\8E H ~2pusis g e

L / Z (Ai<u7x>fi<x>p*1f (2)(Ew)?

W21)p2p/ ZP\ |f10 ) 2p —QPMéﬂdx

where D, is the matrix with coeflicient Z (0A;r/0u;)(ug)k, so that Dy.uy = [g—‘;‘(u?x).ut] u,. Observe

that E is C? and invertible by definition (glven by ([2.3.8)-(2.3.9)), thus u; = E~!(Eu,). We can therefore
denote, similarly as previously

1-2p

W n
Iy = 2 [infm)pwutﬁpe?w , (283
=1
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and

I3 :Wi;zp (/ Zfl P(Ewy) 2p 1 (Z Rix(u,z)(Euy)g ) e_2p“s”’dx>

=1 (2.8.4)

1-2p
WQ’p / ZM“vxm<x>f’*1f;<x><Eut>§pef2wwdx.
=1

where R = (Rij) (i j)e[1,n2 is defined as R := E (Da + g—ﬁ) E-1. As F is C! and its inverse is continuous,
and from ([2.3.9)), there exists a constant Cj independant of u (and p) such that

6—E.ut E~' 4 8£-uz E_1+(awE)E_l
du Ou i

Note that we used (2.3.9) and the fact that 9, (E(0,z)) = 0. Thus, similarly as for (2.5.30)), we have

dWs
dt

max

< Co|u|1. (285)
(4,5)€[1,n]?

C
2P < Igl 131 — (,uozo — ?;)Wgyp + C5W2,p|u|1, (2.8.6)

where C5 and Cj are constants that does not depend on p or u provided that |u|; < 7 for n small enough but
independent of p. Recall that «y is defined in Section right before (2.5.26)). Just as previously, a sufficient
condition such that there exist p; € N*, n; > 0 and p; such that I3; > 0 for g < p1, p > p1 and |u|; < is

r > 2 Z |R'Lk u,r |U ’LZv (287)
i k=1,k%i

But we have from the definition of D,, (2.3.9) and (2.3.7):

E (D + gB> B! gB (0,z) + O(lul1) = M(0,z) + O(|u|1), (2.8.8)

and recall that in the proof (fi, ..., f) have been selected such that
— AL Lo Z |M;1,(0, )] — 2M;;(0, ). (2.8.9)
i k=1 ki f’“

Thus from ([2.8.8) and (2.8.9) there exist 72 > 0, p1 € N* and pq such that if g < p1, p > p1 and |ul; < 79,
then I3; > 0. It remains to deal with I5;. As E is C*, and from (2.3.9)),

(Eut) = up + (u.V)uy (2.8.10)

where V = V(u(t, z), ) is continuous on B,, x [0, L]. Using (2.8.10)) together with (2.8.3) and proceeding
exactly as previously for I, we get

1-2p m
Loy (Z Ai(u(t, L), L) fi(L)P((ue)i(t, L)+((u(t, L)-V)ug(t, L)) Pe>PE

=D Ai(u(t,0),0)£:(0)((we)i(t, 0)+((u(t, 0).V)ui(t,0)):)*
= (2.8.11)
Z INi(u(t, L), L)|fi(L)P((ue)i(t, L)+((ult, L).V)u(t, L));) e
i=m-+1

+ Z 1Ai(u(t,0),0)]£:(0)” ((Ut)i(t,0)+((u(t,0)~V)Ut(t,0))i)2p>'
1=m-+1
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Recall that K = G/(0) and A = (Aq,...,A,)" € (R%)™ are chosen such that

n ) inf; (‘ffé‘i)>
f:= sup (qu(|Z(AiKijA; )&1)) < f—(L;d) (2.8.12)
l€llw<1 2 j=1 sup, (%)
We denote again
fi = Ai(ut)i(t,L) for i € [1,7’71], (2813)
& = Ai(ug)(t,0) for i € [m + 1, n]. (2.8.14)

From the fact that G and u are C', we can differentiate (2.2.10) with respect to time, and we have

() = (R ) == (i) b

where o(z) refers to a function such that o(z)/|z| tends to 0 when |u|; tends to 0. Thus

W21’;2p m fZ(L)p S
> (;Muwm S (it A HolJg) et

i

I21 =

£ 30 a0, 01 (i, 0) Aol

i=m-+1 7
Ny fi
;Mu(t,ow A

. on A (2.8.16)
T Katilt)
k=1

%

~o([€)))*

k

- |Ai<u<t,L>,L>|fi?f(ZKikfk(t)ﬁ,}ouf))2%W>

i=m-+1 7 k=1

We end by proceeding exactly as for I5. Therefore under assumption (2.4.2)), there exist p3, uz and 73 > 0
such that for g < pg and |u|; < n3, Is; < 0. Therefore, as stated in the main text, there exist 1y, ps and p
such that for all p > ps and |u|; < 4

Wop 1o
dt  — 2

WQ,p + C7W2,p|11|1. (2817)

2.8.2 Existence of v

We want to find a function v that is C' with compact support in [—1,1] such that there exists a unique
y1 € (—1,1) such that

b1 (y) — Vi (W)le™ < [1(yr) — ¢i(ya)le™, Yy e [-1,1]\ {w1 }. (2.8.18)

Let x be a positive C} with compact support in in [—1, 1] such that

1 11
=lon |—z, ¢
X 272 9

x| <lon [-1,1], (2.8.19)

1 1
|X,| S 3 on |:172> U (251:| 3

and let us define f:y — e~™Y” where n; € N* will be chosen later on. We have
() = F'@))e™ = ™™V (1 + 2myy). (2.8.20)
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Therefore

)= Pl < e F e on [-1-5) U (51]. (28.21)

As lim,, oo e~ 1T1(1 4 2n) = 0 we can choose n; > 1 large enough such that

e T (14 2n) < (2.8.22)

1
g.
Now let us consider ¥; = x f, one has

[ (y) — ¥im)le™ = Ix()(f () = fFw)e™ =X W) f e (2.8.23)
Therefore from (2.8.19), (2.8.21) and (2.8.22), we have on [-1,—1) U (3,1]

[1(y) = Y1(y)le™ < % + g <1. (2.8.24)

As gy — |Y1(y) — ¥ (y)|e ¥ has compact support on [—1,1] we can define d as

d:= sup (lv1(y) —Pi(y)le™), (2.8.25)
ye€[-1,1]

and d is attained in at least one point. But as ¢(0) = 1 and as from (2.8.24) |g| <1on [-1,-3) U (5,1],d

is attained only on (—%,1), and on (—1,1) we have

[W1(y) =i @)le™ = [f(y) = f'(y)le™”. (2.8.26)
Let us show now that | f(y)— f'(y)|e ¥ admits a unique maximum on (—1, 2). We know that | f(y)— f'(y)|e ¥
attains a maximum d > 1 on (—3, %) and when it attains this maximum ((f(y) — f'(y))e™¥)’ vanishes,
therefore ,

e”™MY V(20 — 4dnly® — 1 —4nyy) = 0, (2.8.27)
hence

dnfy? +4dnyy + (1 —2n1) = 0. (2.8.28)

This equation has only two solutions: y4+ = % V12”1 but

1—2nq4+4,/2n1 1-2nq—44/2n1 _
Fm) = Fyo)le™ =Vame i > VIme = |fye) — fple V. (2.8.29)

Therefore |f(y) — f'(y)le”¥ admits its maximum on (—3%,3) at most one time. But we also know that it
i'

does admit a maximum on ( hence and from

Ay € (=1,1) = [h(y) —r@)le™ < [a(yr) — dr(ya)le™, Yy € [=1, 1\ {y1}. (2.8.30)

Now we just need to normalize the function and define 1y := 51/)1 where d is given in ([2.8.25)) to obtain the
desired function ).

203);

Observe that this function also satisfies (2.5.83), (2.5.84) and (2.5.85)): Let y € (—1/2,1/2), then o (y)e™Y
is positive and one has

(oo™ (y) = H(~1 — 2yl 7", (2.831)

thus on (—1/2,1/2), |ole”!? has a unique maximum achieved in yo = —1/2n;. Now let y € [-1,1]\
(—=1/2,1/2), we have from (2.8.22)

6_%
S d = wo(yz)eiyz. (2832)

1-21

o (y)le <
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Hence the function admit a unique maximum on [—1, 1] and (2.5.83)) is verified. And from (2.8.22)) we have
Yo(y2) — ¥ (y2) = (=201 +2) > 0. (2.8.33)

This implies (2.5.84) and we are left with proving (2.5.85)). Let again y + y1 € [—1,1] \ (—=1/2,1/2), for
i € [1,n] and m large enough, from (2.8.22)

e Y

— I <
M(E )| =€

ny eYi—un eYi—un

)\1(.130)

<

¥o(0)

Yo(y + y1) ; (2.8.34)

a4
dlnf[zo— 14yg o+ (1*?41)] |)\1|

which means that sup |¢o(y + yl)%‘ can only be achieved on (—1/2 — y1,1/2 — y;1). But we also

[_171]
know that on [—1/2,1/2], 1o = d~'f. Therefore let be a y,, maximizing Sup[_q 4 lwo(y + y1)% , We
know that y,, exists as [-1,1] is a compact, that y,, is an interior maximum and we have
Y-y
9. (e~ (y+y1)? € =0. 2.8.35
Hence 2( )
)\/(yﬂ + 330) st Ym+Y1)—Ym—Y1
2 1 tom =0 2.8.36
™ <(ym+y1)+ +m)\i(%"+xo)> dn (2 1 z0) ’ (28.30)
thus (L )
1 il @
(Y +41) = —5— — 0 (2.8.37)

2711 (2711)771)\1(% + 170) '
All it remains to show is that for m large enough we have (2.5.85)). Let us compute 9§ (ym + y1)

0 Wm +y1) = d " (Ym +y1) = [(Ym + y2) (=201 + 403 (Ym + 1))
it wo) NP i o) (2.8.38)
>> ( ))-

Fm +y0)(=2m + 1+ (m)\z(% + 2o m)\z(yﬁ + z0)

Therefore there exists ms > 0 such that for all m > ms,

108 m + 1) — Yo (g + 91)] > €71 (201 — 3), (2.8.39)

and as we chose n; large enough, C := e_ﬁ(in —3) > 0. This ends the proof of the existence of )g.

2.8.3 Adapting proof of Theorem in the nonlinear case

For all u(0,-) € B,,, we can still define

u? efm(fﬁ*mo)*yl
u;(0,z) = EX(M;AZ»(Q;) ok

which is the analogous of (2.5.69)) in the proof of Theorem If there are two index ¢ and ¢; such that
min(|A;(x)|) is achieved we can still redefine uf as in (2.5.67). Observe then that if (2.5.64) is satisfied,

(2.8.40)

then there exists n3 > 0 such that if |u|o < 73 then

n 3/2
) e <2 S M) BT ong o) i (2. (2.8.41)
k=1,k#iq fu(o)
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From (2.8.40)), (2.5.72) becomes
/ T ’
\/ﬁatuz(&l') - _ u?efm(mfa:g)fyl [_X(w) + X LC) + ( ))\ \/ﬁ < 1 )

n 0 /
X(x)  x@XVF (1
3 Wy (w2)u(0,2)) (-2 @)+ X@ .
2% ( u j m m \WVE
where V;; are C? functions as we assume that A is of class C3. Therefore

0, —m(z—z0)— ug fZ 1

V fidui(0,2) = — uje o (‘X( )+ ) 1+ Z ii(a,2).a(0,z)) 0 I x

i J J

M (1YL AYNAY/YEEEAY
(@) (m(A =)+ Y ) u00.0) ()( fj> /! (Aj ﬁ))

Jj=1

1 & u? i) 1
+E;Mi]‘(u7$) <§)> ( f]) )\JX(OU)] .
(2.8.43)
Now, after the change of variable , one has
\/Eatuz(o ZC) _uoe—y Y1 |:_¢(y) (1 + gz(u(oay/m+x0>7y/m+$0)>
m
(2.8.44)
/ hz(u(ovy/m'i_wO)ay/m—’—xO)
+¢'(y) (1 + - )] .

where h; and g; are bounded functions in the C? norm and are independent of m. Thus

VIi(Bop)i(0,2) = — (u +Z fj Zij(u(0,y/m + x0), y/m + zo)u ) eV [—o(y) + ¢ (y)]

e [—d)(y) (gi(u(07y/m+$o)’y/m+xo)> L) (hi(u(07y/m+$0)ay/m+xo)>}

m m

m

Z f 2] 0 y/m—f—xo) y/m+x0)uoe—y Y1 |:_¢(y) (gj(u(ovy/m+$0)ay/m+x0))

hy((0,y/m + ), y/m +
A CELE IR |
m
(2.8.45)
where Z(u,x) = (Zij) i, j)en,n)? = w.V(u, x), with V' given by (2.8.10)). In addition one also has
0 —Y—y1
y u; e )
u; (0, = 4+ 20) = — , Vi e ll,n]. 2.8.46
(O 20) = 00 s e Vi€ [ (2840

Thus, the function y — u(0,y/m+z¢) is O(1/m) in the C? norm, which means that g;(u(0,y/m+zo),y/m+
zo) and g;(u(0,y/m + z0),y/m + xo) are O(1) in the C? norm when m tends to +oo. Similarly, Z is a C?
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function as E is a C? function (recall that A is C? for Theorem , and there exists a constant C
independant of u and m such that max; jye,np2 |Zi;(u(0,y/m + ZL'o) (O y/m+ zo))| < Clu(0, y/m + zo)|-
This, with (2.8.46), implies that the terms which involves Z in are all O (1/m) in the C? norm.
Therefore we can process similarly as previously for the existence of (xl)ze[l,n] t; and z, € C1([0,t1)) such
that

t) = |V FLEOui(t, )y o A/ FaEOiun(t, Vo = =/ f1(@a(0))(EO)1 (£, 2a(t)), V€ [0,1),  (2.8.47)

The only thing that remains to be checked is whether we still have the existence of x;, € C1([0,t3)) for some
to positive and independent of m. Existence of a unique iy and z,, € [xg — €, 2o + €] such that

IV Fio(Tao) i (0,4,)| = sup [/ fius(0, )] (2.8.48)

i€[l,n],z€[0,L]

is granted by the same argument as previously. As u(0,z) is defined exactly as in the linear case, we still

have for our choice of x
0:9(0, z4,) # 0. (2.8.49)

This implies the existence of z, € C1([0,t)) for some t5 positive and independent of m.

If we look now at the computation of dV,/dt(0) and dV;/dt(0), one has, proceeding as in Section and
using ([2.3.8))

0= VI (ot + (9 0m) o) 0.0

fi(zy1) (Al(Eé‘fzu)l((),xl) (E (i) + gﬁ) E~'E0u), (0, x1)>

OF . (2.8.50)
1(T1 —.0iu d:u , T
A ((Ge-om) £t >1<o )
fi(xz1) (M (0 (E0))1(0,21) + (R(u, ) Edu)1(0, 1))

fi(z1) <( (gEa u+ 0, E) )1 (0, 1) + ((?’i.atu) E1E8tu>1 (O,x1)>

where R = E(D,, + g—E)E_l. Therefore from the definition of u(0,z) given by (2.8.40)), one has
dvs [(u(0 0
200) = —/Fi(z1) ( (A1 + W) (9, (Edu))1 (0, 21) + ((R(va) T ”(u(’mxl)’xl)) Eatu> (07x1)>
1

dt
fi(zy) <()\ (‘Z]jazu + 8IE> )1 (0,71) + ((gﬁjﬁtu> E‘1E8tu)1 (0,3:1)) ,

where [ and v are bounded functions on B, x [0, L] with a bound independent of m from ([2.5.103)). Hence,
using this together with (2.3.9) and noting that R(0,z) = M (0, z),

z<u<0’:;)’”“)><¢¢?'<E@u>1<0»wl>

(2.8.51)

D20 = VA ((a +

n

= (My;(0,21) +

Jj=1

(o 20(2)

O (Juf)-

M)(E&u)j@,m) +O(‘u|%)

_ i (Mlj(O,xl) +0 (;)) (Eatu)j(O,xl))

j=1
(2.8.52)
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where the O does not depends on u{ but only on an upper bound of u{ (we can choose 7g for instance).

Observe that, from (2.8.40), (2.8.45), and the fact that Z = O(1/m) for the C? norm, we can proceed as
2.5.108

previously and we obtain (2.5.108) with an additional O(|u|?). Similarly as previously we can obtain

V fio(ag)Bittiy (0, 24) = O (;) . (2.8.53)

The rest of the proof to get (2.5.110)—(2.5.112)) can then be done identically as all the relations used in the
proof still hold in the nonlinear case. But actually looking at (2.5.110)—(2.5.112)), together with (2.8.43)),
(2.8.46), (2-8.52)—(2.8.53)), there exists a > 0 independant of m and C independant of m and u{ such that
for any m > my,

dvy  dVa 0 012
—_— 4+ — > - . ..
p 7 = aul C(Juil®) (2.8.54)
Thus, there exists 12 > 0 independant of m such that, for any m > my,
av
22590 2.8.55
0 ( )

which ends the proof in the nonlinear case.

2.8.4 Extension of the proof to the C? norm

To be able to extend the proof for the C'? norm one should first define the corresponding compatibility
conditions of order ¢ — 1 that are given for instance in [I3] at (4.136) and see also (4.137)-(4.142). Then one
only needs to realize that if we now consider the state y = (u, du, ..., 3fflu), y is still the solution of a
quasilinear hyperbolic system of the form

yi+ Ay, 2)y. + Mi(y,z)y+C =0 (2.8.56)

where |C;lo = O (|u, ey 6271u|(2)), and where the principal matrix A; verifies

A(u,x) (0)
A=| © Az (0) (2.8.57)

(0) 0)  Au,z)

and is therefore block diagonal with blocks that are all A as previously. Similarly M;(0,x) is also block
diagonal with blocks that are all M (0, x). Therefore if we consider the following functions

1/2p
Witip = (/ Zfl Eak 2p e 2pHsi Tda:) , (2.8.58)
0

for all k € [0, ], where f; are chosen as previously, and if we perform as previously (Section and Appendix
2.8.1)), we have existence of Cj > 0 constants, 7 > 0 and py € N* such that for all p > p; and |y|1 < . we
have relations of the type

k

dw, @
Whi1p %WHLP + Ch1 Y Weslylr- (2.8.59)
1

dt

q
for all k£ € [0, ¢]. Thus denoting W), = > W1 p, there exists C' > 0 constant, p; € N* and #; > 0 such that
k=0

for all p > p; and |y|1 < m,
aw, < _ ,uao
dt —

2w, + oWyl (2.8.60)

q
and we could perform as previously to obtain the exponential decay of V' = > Vi1 where Vi =

k=0
VI (0F0)1, ...,/ fn(OFa) |0 and therefore stability for the C? norm.
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Chapter 3

On boundary stability of
inhomogeneous 2 x 2 1-D hyperbolic
systems for the C'! norm.

This chapter is taken from the following article (also referred to as [107]):

Amaury Hayat. On boundary stability of inhomogeneous 2 x 2 1-D hyperbolic systems for the C'' norm.
Preprint, 2017.

Abstract. We study the exponential stability for the C! norm of general 2 x 2 1-D quasilinear hyperbolic
systems with source terms and boundary controls. When the propagation speeds of the system have the
same sign, any nonuniform steady-state can be stabilized using boundary feedbacks that only depend on
measurements at the boundaries and we give explicit conditions on the gain of the feedback. In other cases,
we exhibit a simple numerical criterion for the existence of basic C'! Lyapunov function, a natural candidate
for a Lyapunov function to ensure exponential stability for the C' norm. We show that, under a simple
condition on the source term, the existence of a basic C! (or C? , for any p > 1) Lyapunov function is
equivalent to the existence of a basic H? (or H? , for any ¢ > 2) Lyapunov function, its analogue for the H>
norm. Finally, we apply these results to the nonlinear Saint-Venant equations. We show in particular that in
the subcritical regime, when the slope is larger than the friction, the system can always be stabilized in the
C' norm using static boundary feedbacks depending only on measurements at the boundaries, which has a
large practical interest in hydraulic and engineering applications.

3.1 Introduction

Hyperbolic systems are widely studied, as their ability to model physical phenomena gives rise to numerous
applications. The 2 x 2 hyperbolic systems, in particular, are very interesting at two extends: on the one
hand they are the simplest systems that present a coupling, and on the other hand, by modeling the systems
of two balance laws, they represent a huge number of physical systems from fluid dynamics in rivers and
shallow waters [42], to road traffic [8], signal transmission, laser amplification [86], etc. In order to use these
models in industrial or practical applications, the question of their stability or their possible stabilization
is fundamental. While for linear 1-D systems, or nonlinear 1-D systems without source term, many results
exist (see in particular [I4] Section 4.5] [48] [138]) the question of the stabilization in general for 2 x 2 1-D
nonlinear systems has often been treated for the H? norm and only few results exist for the more natural C'*
(or CP) norm when a source term occurs. In [I06], however, were presented some results for the C? stability
(p > 1) of general n x n quasilinear hyperbolic system using basic Lyapunov functions for the CP norm.

In this article we consider the stability for the C' norm of 2 x 2 general quasilinear 1-d hyperbolic systems.
We show several results and we use them to study the exponential stability of the general nonlinear Saint-
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Venant equations for the C'' norm. Firstly introduced in 1871 by Barré de Saint-Venant and used to model
flows under shallow water approximation, the Saint-Venant equations can be derived from the Navier-Stokes
equations and have been widely used in the last centuries in many areas such as agriculture, river regulation,
and hydraulic electricity production. For instance they are used in Belgium for the control of the Meuse and
Sambre river (see [54], [71]). Their indisputable usefulness in the field of fluid mechanics or in engineering
applications makes them a well-studied example in stability theory ([14], [I10], [T1]) although their stability
for the C'' norm by means of boundary controls seems to be only known so far in the particular case when
when both the slope and the friction are sufficiently small (or equivalently the size of the river is sufficiently
small) [T7T].

We first show that the results presented in [I06] can be simplified for 2 x 2 systems in conditions that
are easier to check in practice. In particular, any 2 x 2 quasilinear hyperbolic system with propagation
speeds of the same sign can be stabilized by means of static boundary feedback and we give here explicit
conditions on the gain of the feedbacks to achieve such result. In the general case we also give a simple linear
numerical criterion to design good boundary controls and estimate the limit length above which stability is
not guaranteed anymore.

Then we deduce a link between the HP stability and C? stability under appropriate boundary control for
any p > 2 and ¢ > 1. In particular we give a practical way to construct a basic Lyapunov function for the
C' norm from a basic quadratic Lyapunov function for the H? norm and reciprocally.

Finally, we use these results to study the C! stability of the general nonlinear Saint-Venant equations taking
into account the slope and the friction. We show that when the friction is stronger than the slope the system
can always be made stable for the C! norm by applying appropriate boundary controls that are given
explicitly. When the slope is higher than the friction, however, there always exists a length above which the
system do not admit a basic C! Lyapunov function that would ensure the stability, whatever the boundary
controls are. This results is all the more interesting that it has been shown that there always exists a basic
quadratic H? Lyapunov function ensuring the stability for the H2 norm under suitable boundary controls
(see [110)).

Nevertheless in that last case the results given in this article allow to find good Lyapunov function numer-
ically and estimate the limit length under which the stability can be guaranteed. We provide at the end
of this chapter numerical computations of this limit for the Saint-Venant equations that illustrate that for
most applications the stability can be guaranteed by means of explicit static boundary feedback. This article
is organised as follows: in Section we present several properties of 2 x 2 quasilinear hyperbolic system,
as well as some useful definitions and we review some existing results. Section [3.3| present the main results
for the general case and for the particular case of the Saint-Venant equations. Section [3.4]is devoted to the
proof of the results in the general case and to the link between the H? and CY stability, while the proofs of
the results about the Saint-Venant equations are given in Section [3.5] Finally, we provide some numerical
computations in Section [3.6| and some comments in Section [3.7]

3.2 General considerations and previous results

3.2.1 General considerations

A 2 x 2 quasilinear hyperbolic system can be written in the form:

Y, + F(Y)Y, + D(Y) =0, (3.2.1)
B(Y(t,0),Y(t, L)) = 0.

As the goal of this study is to deal with the exponential stability of the system around a steady-state we
assume that there exists Y* a steady-state that we aim at stabilizing. Note that this steady-state is not
necessarily uniform and can potentially have large variations of amplitude. As we are looking at the local
stability around this steady-state, we study F' and D on U = By~ ;,, the ball of radius 1y centered in Y* in
the space of the continuous functions endowed with the L> norm, for some 7y small enough to be precised.
We assume that the system is strictly hyperbolic around Y* with non vanishing propagation speeds, i.e. non
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vanishing eigenvalues of F(Y), then F(Y*) is diagonalisable and denoting by N a matrix of eigenvector we
introduce the following change of variables:

u=N(z)(Y-Y" (3.2.3)
and the system (3.2.1)-(3.2.2) is equivalent to
u; + A(u,x)u, + B(u,z) =0, (3.2.4)
B(N~(0)u(t,0) + Y*(0), N"*(L)u(t,L) + Y*(L)) =0,
where
A(u,2) = N(2)F(Y* + N tu)N (), (3.2.5)
A(0,2) = (Aléx) A;@) 7 (3.2.6)

and B is given in Appendix [3.8.1] Let us assume that F and D are C! on By ,,, then A and B are C'! on
Bo.,;, * [0, L] (see Appendix [3.8.1). As Y* is a stationary state, one has B(0,-) = 0 and B can be written:

B(u,z) = M(u,z).u. (3.2.7)
Therefore the system (3.2.1)-(3.2.2)) is now equivalent to
u + A(u, z)uy + M(u,z).u=0, (3.2.8)

B(N~(0)u(t,0) + Y*(0), N"*(L)u(t,L) + Y*(L)) = 0.
We can suppose without loss of generality that A; > As. As the system is strictly hyperbolic with non-

vanishing eigenvalues we can denote by u; the components associated with positive eigenvalues, i.e. A; > 0,
and u_ the component associated with negative eigenvalues. We focus now on boundary conditions of the

form: 0 0
ui(0)\ uy (L
(20 g (240). 029
For the rest of the article, unless otherwise stated, we will assume that F', D and G are C' when dealing with
the C! norm and that F.D and G are C? when dealing with the H? norm. We also introduce the associated

first order compatibility condition on an initial condition u°:

(wm) = (3
(0) +

(A(u°(0),0)9,u°(0) + B(u’(0),0)) , (u?(L)
((A(u% L), L)o,u(L) + Bu(L), L)) ) =G (ﬁ(m) (3.2.10)
o [((A@°(L), D)o, (1) + (uU(L>,L>)+

(A(u"(0),0)9,u(0) + B(u’(0),0)) _

With these boundary conditions the incoming information is a function of the outgoing information which
enables the system to be well-posed (see [142], [I72] or [I4] in particular Theorem 6.4).
Theorem 3.2.1. Let T > 0, there exists §(T) > 0 and C(T) > 0 such that for any ug € C*([0, L]) satisfying

the compatibility conditions (3.2.1() and
|ll0|1 S 5, (3211)

the system (3.2.8)~(3.2.9) with initial condition wy has a unique mazimal solution u € C*([0,T] x [0, L])

and we have the estimate:

[u(t, )1 < CL(T)|u(0,)|1, V¢ €[0,T). (3.2.12)
where |-|1 is the C1 norm that is recalled later on in Definition . Moreover if ug € H?([0, L]) and
lluollz2(0,2y) <6, (3.2.13)

then the solution u belongs to C°([0,T], H?(0, L)).
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3.2.2 Context and previous results

Exponential stability of 2 x 2 hyperbolic systems.

— In [T4] (see Theorem 4.3) and [48] respectively it has been shown that when there is no source term,
i.e. M = 0, it is always possible to guarantee the exponential stability of the system with
boundary controls of the form , both for the H? and the C? norm (with p > 2 and ¢ > 1).
Moreover, when the system is linear, this is also true for the L? and C° norm.

— In [I1] the authors study a linear 2 x 2 system and found a necessary and sufficient interior condition
to have existence of quadratic Lyapunov function for the L? norm with a boundary control of the form
(3.2.9) when the system is linear (Theorem. However it is straightforward to extend this
results to the existence of a basic quadratic Lyapunov function for the H? norm with p > 2 when
the system is nonlinear (see Theorem . At it is mentioned in [I1] the existence of a basic
quadratic Lyapunov function for the H? norm implies the exponential stability of the system in the
H? norm.

— In [I06] the author gives a necessary and sufficient condition on such that there exists a basic
C'! Lyapunov function with a boundary control of the form , guaranteeing therefore the stability
for the C! norm of the system —. The results can be extended with the same condition
to the CP norm, with p > 1.

Exponential stability of the Saint-Venant Equations. The Saint Venant equations correspond to a
system of the form where the eigenvalues of A satisfy AjAs < 0 when the flow is in the fluvial
regime and A;As > 0 when in the torrential regime. The stability of the Saint-Venant equations has been
well-studied in the past twenty years and, to our knowledge, the most advanced contribution in the area
would refer, but not exclusively, to the following:

— In [I6] the authors show that when there is no slope, i.e. C' = 0, there always exists a Lyapunov
function in the fluvial regime (i.e. the eigenvalues satisfy AjAs < 0) for the H? norm for the nonlinear
system under boundary controls of the form and they give an explicit example. In [IT0] the
authors show that this is true even when the slope is arbitrary.

— In [21] it is found, through a time delay approach, a necessary and sufficient condition for the stability
of the linearized system under proportional integral control.

— In [197] and [65, [196] the authors use a backstepping method to stabilize respectively a linear 2 x 2
1-d hyperbolic systems and a nonlinear 2 x 2 1-d hyperbolic systems. These results cover in particular
the linearized Saint-Venant equations and the nonlinear Saint-Venant equations. However, in both
cases this method gives rise to full-state feedback laws that are harder to implement in practice than
static feedback laws depending only on the measurements at the boundaries.

In this article we intend to show that there always exists a Lyapunov function ensuring exponential stability
in the C! (and actually C?) norm under boundary controls of the form when the system is in the
fluvial regime and the slope is smaller than the friction. However, in the fluvial regime when the slope is
larger than the friction, there exists a maximal length L,,,, beyond which there never exists a basic C*
Lyapunov function whatever the boundary controls are. Nevertheless, this maximal length L,,,, can be
estimated numerically and can be shown to be large enough to ensure the feasibility of nearly all hydraulic
applications.

Notations and definitions. We recall the definition of the C! norm:

Definition 3.2.1. Let U € C°([0, L],R?), its CY norm [U|y is defined by:

[Ulo = max([|U1 ]|, [U2]o0); (3.2.14)
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and if U € C*([0, L], R?), its C! norm |U]; is defined by

[U[1 = [Ulo + [0:UlJo. (3.2.15)

We recall the definition of exponential stability for the C! (resp. H?) norm:

Definition 3.2.2. The null steady-state u* = 0 of the system ([3.2.8)—(3.2.9) is said exponentially sta-
ble for the C' (resp. H?) norm if there exists v > 0, § > 0 and C > 0 such that for any ug €
C'([0, L]) (resp. H?([0, L])) satisfying the compatibility conditions (3.2.10) and such that |[ug|lc(po,ry) < 0

(vesp.|luo || m2((0,0)) < 9), the system (3.2.8)—(3.2.9) has a unique solution u € C*([0,400) x [0,L]) (resp.
), H*((0, L

u € C([0,+00) x [0,L]) N C°([0, +00), and

a(t, e o,z < Ce™ " [luoller(o,zr), ¥t € [0, +00)

_ (3.2.16)
(resp. ||u(t,~)||H2((0,L)) S Ce WtHUOHH?((O,L))a V te [0,+OO)),

Remark 3.2.1. The exponential stability of the steady state u* = 0 of the system 7 1s equivalent
to the exponential stability of the steady-states Y* ( could in fact even be seen as a definition of the
exponential stability of Y*). We see here one of the interests of the change of variables given by :
from the stabilization of a potentially nonuniform steady-state the problem is reduced to the stabilization of
a null steady-state.

We now recall the definition of two useful tools. The first one deals with the basic C'' Lyapunov functions
described in [106]:

Definition 3.2.3. We call basic C' Lyapunov function for the system - the function V :
C1([0,L]) — R, defined by:

U) =/ f1U1, v/ f2Uzo
+|(A(U,).U, + B(U, )1V 1, (A(U,). U, + B(U, )2/ f2lo,

where fi and fo belong to C*([0, L], nd such that there exists v > 0 and 1 > 0 such that for any
u € C1([0, L]) solution of the system 3.2.9) with |u®|;< n and for any T > 0:

(3.2.17)

dV (u)
dt

< =V (u), (3.2.18)

in a distributional sense on (0,7). In that case f; and f, are called coefficients of the basic C!' Lyapunov
function.

Remark 3.2.2. Note that for any u € C*([0, L] x [0,T]) solution of , one has

V(u(t,-)) =\ frua(t, ), V/ faua(t,)lo,
+ | (ur(t,)en/ fr, (ua(t, ) e/ folo-

The previous definition of V is only stated to show that V is in fact a function on C*([0,L]) and
therefore only depends on t through u. Besides, one could wonder why using a weight \/f; instead of f; in the
definition. The goal is to facilitate the comparison with the existing definition of basic quadratic Lyapunov
functions for the L? (resp. H?) norm introduced by Jean-Michel Coron and Georges Bastin in [I1] and
recalled below.

(3.2.19)

Definition 3.2.4. We call basic quadratic Lyapunov function for the L? norm (resp. for the H? norm) and
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for the system (3.2.8)), (3.2.9) the function V defined on L2(0, L) (resp. H?(0,L)) by:
L
V() = [ U} + s
0
L
(resp. V(U) :/ ‘11U12 + q2U22d:v
0
L
+ / (A(U,z).U, + B(U,2))2q1 + (A(U,2).U, + B(U, z))3q2dx
0

L
+ / 0 (QUA[AU, + B].U, + A% (A(U,2).U, + B(U,2)) + 9y BJA.U, + B])’
0

d
+q2(0uA.[A U, + B].U, + A@ (A(U,2).U, + B(U,z)) + 0uyB.[A.U, + B])%da:) ,
(3.2.20)

where ¢; and g2 belong to C*([0, L],R% ) and such that there exists v > 0 and 1 > 0 such that for any
u € L?(0, L) (resp. H?(0, L)) solution of the system 1' QD with ’u0’L2(07L) < 7 (resp. |u0’H2(07L) <)
and any 7' > 0
dV (u(t))
dt
in a distributional sense on (0,7"). The function ¢; and ¢y are called coefficients of the basic quadratic
Lyapunov function.

< AV (u(t)), (3.2.21)

Remark 3.2.3. As for the basic C' Lyapunov functions, note that for any u € C°([0,T], H*(0,L)) solution
to ([3.2.8) the expression (3.2.20) of a basic quadratic Lyapunov function for the H?> norm becomes

L
V(U) :/ quf + qouida

0
L

+/ (u1)7q1 + (u2)7 qada (3.2.22)
0
L

+/ (u1)f@ + (u2)fqede,
0

which justifies the expression (3.2.20)).

Remark 3.2.4. (Lyapunov functions and stability)
— The ezistence of a basic C' Lyapunov function for a quasilinear hyperbolic system implies the expo-
nential stability for the C' norm of this system. A proof for the general case is given in [106].
— Similarly the existence a basic quadratic Lyapunov function for the L? (resp. H?) norm implies the
exponential stability of the system for the L? (resp. H?) norm (see for instance the proof in [1)] and
in particular (4.50)).

Finally we introduce the following notations, useful for the rest of the article,

T M-
e[ 4200,
0 Ay

T Moo (0
oy = oxp ( 22A(’3)ds> 7 (3.2.23)
0 2
P1
Y=
P2
a:@M12(07')7 (3224)
b= M2(0,-)/e.
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While the function ¢ and @9 represent the influence of the diagonal terms of M (0, -) that would lead to an
exponential variation of the amplitude on [0, L] in the absence of coupling between w; and usg, the function a
and b represent the coupling term of M (0, -) after a change of variables on the system to remove the diagonal

coefficients of M (see (3.4.1)) and -

We can now state the main results.

3.3 Main results

3.3.1 Stability of a general 2 x 2 hyperbolic system for the C' norm

Theorem 3.3.1. Let a 2 X2 quasilinear hyperbolic system of the form be such that AyAy > 0. Assume
that

G'(0) = (% IS) , where
2

b oMii(0,5) 9 mex ('a(s)

b(s)
k? <ex 2
! p( o A

’ j&;7

b(s)
) A2

Ay

) dS) ; (3.3.1)
A452(O S)

L
k3 <exp 2’—2max< )ds .
0 Az

Then there exists a basic C* Lyapunov function and a basic quadratic H?> Lyapunov function. In particular,
the null steady-state u* = 0 of the system 7 is exponentially stable for the C* and the H?
norms.

a(s)
Ay

This theorem is a direct consequence of Theorem 3.1 in [I06] and will be proven in Appendix From
this theorem, when the eigenvalues of the hyperbolic system have the same sign, the coupling between the
two equations does not raise any obstruction to the stability in the H? and in C' norm, so this case poses
no challenge. We will therefore focus on the case where the eigenvalues have opposite signs, and without loss
of generality we can assume that A; > 0 and Ay < 0.

Theorem 3.3.2. Let a 2 X 2 quasilinear hyperbolic system be of the form ‘3.2@), where A and B are C3
functions with A; > 0 and Ay < 0. There exists a control of the form 43.2.9 such that there exists a basic
C' Lyapunov function, if and only if

&) = |a/(\”:)|d2, (3.3.2)
b(x
dy = |/(\2)|d1, (3.3.3)

admit a positive solution dy, do on [0, L] or equivalently

/I i + ‘b 2
7 Ay Ay T (3.3.4)
n(0) =0,
admits a solution on [0, L], where a and b are defined in (3.2.24).
Moreover if one of the previous condition is verified and
0 k1| do(1)\? di(0)\*
G'(0) = U) with k3 < o(L)? d ki< 3.3.5
0= (g, o) win kg <ow? (7)) anait < () (335)

where di and do are any positive solution of 7, then the system 7 is exponentially
stable for the C' norm.
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Remark 3.3.1. This result can be used in general to find good Lyapunov functions numerically and to
estimate the limit length under which the stability is guaranteed by solving linear ODEs which are quite
simple to handle.

The third equivalence together with the criterion given in [I1] (recalled in Section can be used to show
a link between the H? and C! stability. This link is given in the following corollary

Corollary 1. Let a 2 x 2 quasilinear hyperbolic system be of the form ,, where A and B are
C? functions and such that Ay > 0 and Ay < 0.

1. If there exists a basic C* Lyapunov function then there exists a boundary control of the form
such that there exists a basic quadratic Lyapunov function for the H? norm.
Moreover, if My2(0,-)Ma1(0,-) > 0, then the converse is true.

2. In particular if the system , admits a basic C' Lyapunov function and
0 Kk

G'(0) = <k2 0> with k2 < o(L)? (ZTEB)Q and k? < @228»2 (3.3.6)

where di and do are positive solutions of 7, then under the same boundary control there
exists a basic quadratic Lyapunov function for the H? norm.
Conversly if the system admits a basic quadratic H? Lyapunov function and My2(0,-)Ma1(0,:) > 0

and )
i [0 k1 R o(L) 2 2
G'(0) = (k2 0 with k3 < (D) and ki < n(0)*, (3.3.7)
where n is a positive solution of
! a b 2
=|—+ 1", 3.3.8
! ‘Al K (338)
then there exists a basic C' Lyapunov function.
Remark 3.3.2. — The existence of a positive solution to is guaranteed by [T1)] when there exists

a basic quadratic Lyapunov function for the H? norm. This result is recalled in Theorem .

— The converse of 1. is wrong in general. An example where the system admits a basic quadratic H?
Lyapunov function but no basic C' Lyapunov function, whatever are the boundary controls, is provided

in Appendiz[3.8.3

— To our knowledge the only such link that existed so far consists in the trivial case where B = 0 and
where there consequently always exists both a basic quadratic H? Lyapunov function and a basic C*
Lyapunov function. This link can be in fact extended to the HP and CY stability with p > 2 and ¢ > 1
with the same condition (see Section 6).

This theoretical link can be complemented by the following practical theorem that enables to construct basic
quadratic H? Lyapunov functions from basic C' Lyapunov functions and conversely when possible.

Theorem 3.3.3. If there exists a boundary control of the form such that there exists a basic C!

Lyapunov function with coefficients g1 and go, then for any 0 < e < miny, )((w2/91)\/91/92)/ L there exists
a boundary control of the form such that

1 g1 2 ) 1 92
— 4 /= — preld and — /= 3.3.9
A ( g2 Y192 — P |A2| o P1¥2 ( )

are coefficients of a basic quadratic Lyapunov functions for the H? norm, where Id refers to the identity
function.
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If there exists a basic quadratic H? Lyapunov function with coefficients (q1,q2) and if My2(0,-)Ma1(0,-) > 0,
then for all A > 0 and ¢ > 0 there exists a boundary control of the form such that g1 and go defined
by:

* .1\411(07 ) |M12(0, )| |A1|(]1
z)=Aexp |2 — ds —ex |, 3.3.10
ne p< v (A (33.10)
|A2]g2
= 3.3.11
g2 = " 9 ( )

induce a basic C' Lyapunov function.

3.3.2 Stability of the general Saint-Venant equations for the C' norm

We introduce the nonlinear Saint-Venant equations with a slope and a dissipative source term resulting from
the friction:

O.H + 0,(HV) = 0,

2 2 3.3.12
v o (% van) o (42 C) o 3312

where k& > 0 is the constant friction coefficient, g is the acceleration of gravity, and C is the constant slope
coefficient. We denote by (H*,V*) the steady-state around which we want to stabilize the system, and we
assume gH* — V*2 > 0 such that the propagation speeds have opposite signs, i.e. the system is in fluvial
regime (see [2] in particular (63)). The case where the propagation speeds have same sign raises no difficulty
and is treated by Theorem 3.1. We show two results depending on whether the slope or the friction is the
most influent.

Theorem 3.3.4. Consider the nonlinear Saint- Venant equations with the boundary control:

h(t,0) = byu(t,0),

h(t,L) = byo(t, L), (3.3.13)

such that

by € <_§:583’_V*(0)> and by € R\ [_1;:((2))7_‘/*;0) _ (3.3.14)

If kV*2(0)/H*(0) > C, this system admits a basic C* Lyapunov function and the steady-state (H*,V*) is
exponentially stable for the C* norm.

Remark 3.3.3. [t could seem surprising at first that the condition (3.3.14) that appears is the same as the
condition that appears for the existence of a basic quadratic H? Lyapunov function (see [110]). This is an
illustration of the second part of Corollary[d]

Theorem 3.3.5. Consider the mnonlinear Saint-Venant equations on a domain [0,L]. If
kV*2(0)/H*(0) < C then:

1. There exists L1 > 0 such that if L < Ly, there exists boundary controls of the form such
that the system admits a basic C* Lyapunov function and (H*,V*) is exponentially stable for the C!
norm.

2. There exists Lo > 0 independent from the boundary control such that, if L > Lo, the system does not
admit a basic C' Lyapunov function.

Remark 3.3.4. This last result is all the more interesting since it has been shown that for any L > 0 the
system always admits a basic quadratic H*> Lyapunov function (see [110]).
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3.4 C! stability of a 2x2 quasilinear hyperbolic system and link
with basic quadratic H? Lyapunov functions

In this section we prove Theorem [3.3.2] Corollary and Theorem 3.3.3] For convenience in the computations,
let us first introduce the following change of variables to remove the diagonal coefficients of the source term:

zl(tvx) = Wl(x)ul(t»x)v
zo(t, ) = p2(2)ua(t, z),

where @1 and @9 are given by (3.2.23). This change of variables can be found in [II] and is inspired from
[127, Chapter 9]. Then the system (3.2.8) becomes

(3.4.1)

2+ As(2,2)7, + My(z,2)z = 0, (3.4.2)
where
A5(0,2) = A(0, 7), (3.4.3)
M;(0, %) = <b8:) “(Ox)> , (3.4.4)
with @ and b given by (3.2.24), and (3.2.9) becomes:
()=o) a4

where G as the same regularity than G. Showing the existence of a basic C' Lyapunov function (resp. a
basic quadratic H? Lyapunov function) for the system (3.2.8)—(3.2.9) is obviously equivalent to showing the
existence of a basic C! Lyapunov function (resp. a basic quadratic H? Lyapunov function) for the system

(13.4.2), (3.4.5)), and the stability of the steady-state u* = 0 in (3.2.8)—(3.2.9) is equivalent to the stability of
the steady-state z* = 0 in (3.4.2)), (3.4.5). We now state two useful Lemma that can be found for instance
in [105]:

Lemme 3.4.1. Let n € N*. Consider the ODE problem

y/ = f(‘/L.7 y? S)?

y(0) = yo, (3.46)

where yo € R™. If f € CO(R, x R™ x R,R™) and is locally Lipschitz in y for any s € R, then for all s € R
has a mazimum solution ys defined on an interval I, and the function (x,s) — ys(x) is continuous
on {(z,s) eR*: s e R,z € I,}.

Lemme 3.4.2. Let L > 0 and let g and [ be continuous functions on [0, L] x Ry and locally Lipshitz with
respect to their second variable such that

9(x,y) > f(z,y) 20, V (z,y) € [0, L] X Ry. (3.4.7)

If there exists a solution y1 on [0, L] to

!/
= l‘? )
v = 9(z,91) (3.48)
y1(0) = wo,
with yo € Ry, then there exists a solution y on [0, L] to
/
=J\&Y),
v =7y) (3.4.9)
y(0) = yo,

and in addition 0 <y < y; on [0, L].
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Let us now prove Theorem which is mainly based on the results in [106].

Proof of Theorem[3.3.9. Let a 2 x 2 quasilinear hyperbolic system be of the form (3.4.2). Using Theorem 3.2
in [I06] on (3.4.2)) we know that there exists a boundary control of the form of (3.2.9) such that there exists

a basic C! Lyapunov function if and only if:

, o 2a(@)] £
fl < - T

Ay 3>/2JT2 (3.4.10)
fa> 20@)] f>”_

(Aol Vi

admit a solution on [0,L] with f; > 0 and fo > 0 on [0, L]. But as f; and f> are positive this is equivalent

to say that:
1\ a(@)] 1
<\/f71> = A VR (341

LN )] 1
<¢T> SRRTS Y, & (3.4.12)

Denoting d; = 1/y/f1 and dy = 1//f2 and checking that (f1, f2) € R is equivalent to (di,dz) € R%, the
existence of a solution with positive components to (3.4.10) is equivalent to having a solution with positive
components on [0, L] to the system:

la(z)]
dj > ™ da,

(3.4.13)

b(z)|
db < —| dy.
2= A

Let us show that this is equivalent to the existence of a solution with positive components on [0, L] to the
system ([3.3.2))-(3.3.3). One way is obvious: if there exists a solution with positive components to —
(3.3.3) then it is also a solution with positive components to . Let us show the other way: suppose
that there exists a solution (d1,ds) to with positive components on [0, L]. Then:

di)' | Ja@)| | [b() (d)
— ] > + — ] . 3.4.14
<d2> A |Az| \d2 ( )

Hence from Lemma the system:
,_ la@)] | [b()]
= + , 3.4.15
"= TN ( )
d1(0)

0) = , 3.4.16
n0) = 2 (3:4.16)

admits a solution on [0, L]. We can now define g5 as the unique solution of:

G
SRR IV (3.4.17)
g2(0) = d2(0) > 0,
and g1 = ngs. Thus g1 and g9 exist on [0, L], and take only positive values and
a(x
91 = | /(\ )lgz, (3.4.18)
1
b(x
gy = — ‘[(\) q1- (3.4.19)
2
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Therefore this system admits a solution (g1, g2) with positive components on [0, L]. This ends the proof of
the first equivalence.

To prove the second equivalence, note from the previous that if there exists a solution to (3.4.13) with
positive components on [0, L] then there exists a function 7 on [0, L] such that:

,_ la(@)| | [b(@)] 5
VR T WIK (3.4.20)
n(0) > 0.

Therefore by comparison the system :

_ la(@)] | [b(@)] o
= + s
TN T A (3.4.21)

n(0) =0,

admits a solution on [0, L].

Conversely, if (3.4.21)) admits a solution on [0, L] then there exists ¢ > 0 such that:
o @] @),

A A T (3.4.22)
n(0) =e,
admits a solution 7. on [0, L]. Defining as previously g the unique solution of:
b(x)
[
92 Ne A2 92, (3423)

92(0) = n-(0) > 0,

and g1 = 1:92, then g1 and g2 and (g1, g2) is solution on [0, L] of the system (3.3.2)-(3.3.3)). This ends the
proof of the second equivalence.

It remains now only to prove that if one of the previous conditions is verified, and if the boundary conditions

(3.2.9) satisfy (3.3.5)), then the system (3.2.8)—(3.2.9) is exponentially stable for the C* norm. Suppose that

the system (3.3.2))-(3.3.3)) admits a solution (di,d2) on [0, L] where d; and dg are positive, then from the
previous, (3.4.10) admits a solution (fi, f2) on [0, L] where f; = d;? and fo = d,? are positive. Therefore,

as y — y:l)’/ 2 /2 is C' and hence locally Lipshitz on R* , and from Lemma , there exists o1 > 0 such
that for all 0 < o < o there exists on [0, L] a solution (fi 4, fa,,) of the system

3/2
oo~ e B
l,o — A ’
bV (3.4.24)
20b(z)| Frle
foo = 7 + o0,

|A2| \V fl,a'

with fi, > 0 and fo, > 0. Note that from the proof of Theorem 3.1 in [I06] (see in particular
(4.29),(4.37),(4.45) and note that K := G’(0)), when these f1, and f2, exist, one only needs to show
the following condition to have a basic C'' Lyapunov function:

Ja >0, Ju >0, Ip1 >0:Vp > py,

+ (0207 3(0,0) ~ 810 007 (610 (20 0)) > a4 2)
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where Gy is given by (3.4.5). As (3.4.25) only needs to be true for one particular ¢ > 0 and using that fi ,
and f , are continuous with o and f; o = f; for i € {1,2}, by continuity one only needs to show that:

da >0, dup >0, 3p1 > 0:Vp > p1,

MDA L7e = IR (G0 (26 F)) e 5.426)

2p
#0107 0.0 - 8407 (610 (25 H)) > a6+,

Now under hypothesis (3.3.5) and with the change of variables (3.4.1]) we have

G (0) = ( o ]Bl) (3.4.27)

»(L)
Therefore the condition becomes:
Ja >0, >0, Ip; >0:Vp > p,
(AL(L)fr(L)Pe Pt — k3P o=2P (L)|Ag|(L) fo (L)Pe*F) (21 (¢, L)) (3.4.28)
+ (1A2(0)] £2(0)” — KA1 (0) f1(0)) 25" (£,0) > a(z7” + 27).
But as f, = dy % and f, = dy 2, from
¢ 2(L) f2(L)k3 < fi(L),

5 (3.4.29)
f1(0)k7 < f2(0).
Therefore by continuity there exists o > 0, u > 0 and p; > 0 such that
¥ = 1, (Al D)L < Fi(L)(A ()7L, )

and  (A1(0))"7 f1(0)kF < f2(0)(|A2](0))"/7,

and therefore (3.4.28)) is verified, hence the system admits a basic C' Lyapunov function and is exponentially
stable for the CT norm. This ends the proof of Theorem [3.3.2 O

Remark 3.4.1. This theorem has a theoretical interest as it gives a simple criterion to ensure the stability
of the system, but it has also a numerical interest. By computing numerically do and seeking the first point
where it vanishes, one can find the limit length Ly,q. above which there cannot exist a basic C* Lyapunov
function and under which the stability is guaranteed. Then the coefficients of the boundary feedback control
can also be designed numerically using di and do thus computed. Moreover, finding di and ds only consists
in solving two linear ODEs and is therefore computationally very easy to achieve. An example is given with
the Saint-Venant equations in Section[3.5 to illustrate this statement. Finally the second equivalence is useful
to show Corollary[1}

Before proving Corollary [1} let us first state the following theorem dealing with the stability in the L? norm
of linear hyperbolic systems:

Theorem 3.4.1 ([I1]). Let a linear hyperbolic system be of the form:

z + (Aléx) Aﬁw)) ot (b&) a(ox)> #=0, (3431)

with Ay > 0 and Ay < 0. There exists a boundary control of the form such that there exists a basic
quadratic Lyapunov function for the L? norm and for this sytem if and only if there exists a function n on
[0, L] solution of:

a

Ay

)

b

/ 2
. +

K "AZ|77

1(0) = 0.

(3.4.32)
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Besides for any o > 0 such that

a b

A
e = A T Ay (3.4.33)
1ns(0) = o,
has a solution ne on [0, L] then
G1(0) = O I) in 2 < n2(0) and I3 < 1 (3.4.34)
0=, o) wii<e * <RIy .

are suitable boundary conditions such that there exists a quadratic L? Lyapunov function for the system
3.4.31), (3.4.34).

Such Lyapunov function guarantees the global exponential stability in the L? norm for a linear system under
suitable boundary controls of the form (3.2.9)). This result can be extended to the stability in the H? norm
when the system is nonlinear, namely we have:

Theorem 3.4.2. Let a quasilinear hyperbolic system be of the form with A1 > 0 and Ay < 0, where
the A; are defined in . There exists a boundary control of the form such that there exists a
basic quadratic Lyapunov function for the H? norm for this system if and only if there exists a function n
on [0, L] solution of:

0 = ‘?72 +
[Aq| Ay’ (3.4.35)
1n(0) =0
Besides for any o > 0 such that
A L
Lo VT WG (3.4.36)
1n:(0) = o,
has a solution ny on [0, L] then
G (0) = 0 1) i 2 < n2(0) and I3 < 1 (3.4.37)
W=, o) mihse * Ry .

are suitable boundary conditions such that there exists a quadratic H?> Lyapunov function for the system
zE) .

The proof of this theorem is straightforward and is given in Appendix Knowing Theorem [3.4.2] we can
prove Corollary

Proof of Corollary[dl Let a 2 x 2 quasilinear hyperbolic system be of the form (3.4.2).
Let us suppose that there exists a boundary control such that there exists a basic C'' Lyapunov function.
Then from Theorem there exists 71 solution on [0, L] of:

-l il
A A |V (3.4.38)
7 (0) =0,
and from Lemma there also exists i solution on [0, L] of
! a b 2
= | — + _— s
T TR (3.4.39)
1(0) = 0.
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Therefore, from Theorem there exists a boundary control of the form such that there exists a
basic quadratic Lyapunov function for the H? norm for this system.

Let us suppose now that M;2(0,-).M22(0,-) > 0, then from ab > 0. Thus (3.4.39) and (3.4.38) are
the same equations and therefore, from Theorems and Theorem if there exists a boundary control
of the form such that there exists a basic quadratic Lyapunov function for the H2 norm, then there
also exists a boundary control of the form such that the system admits a basic C' Lyapunov function.
This ends the proof of the first part of Corollary [I}

Let us now show the second part of Corollary [I} As previously, from (3.4.1]) we only need to show the result
for the equivalent system (3.4.2), (3.4.5). Observe first that from Theorem for any o > 0 such that

! a b 2
= ‘|A1| TR (3.4.40)
12(0) = o,
has a solution 7z on [0, L], then
Gh(0) = (lo l&) with 12 <n3(0) and I3< % (3.4.41)
2 13 (L)

are suitable boundary conditions such that there exists a basic quadratic H? Lyapunov function for the
system , , where G is given by (3.4.5). Now, let us suppose that there exists a basic C*
Lyapunov function for the system (3.4.2f), (3.4.5)). From the first part of Corollary |1} there exists a boundary
control of the form such that there exists a basic quadratic Lyapunov function for the H? norm. Let
us suppose that

0 Kk

G'(0) = (k2 o) with k2 < ¢(L)? (j?gg)g and k} < @;ESDQ, (3.4.42)

where d; and dy are positive solutions of (3.3.2)—(3.3.3]). Note that defining 13 = d1/ds and o = n3(0) =
d1(0)/d2(0) > 0 the condition (3.4.42)) is equivalent to

0 kL : 2 _ 2 2 1
G1(0) = (lz 0> with 17 <n3(0) and [5< 20 (3.4.43)
As from (3.3.2)-(3.3.3),
n’:ﬁ,dldé: i ’b 772
57 dy &2 A A (3.4.44)
and 73(0) = o,

then from Lemma the problem ([3.4.40) has a solution 72 on [0, L] and n3(L) > n2(L). Therefore G'(0)
3.4.41])

also satisfies (| . Hence there exists a basic quadratic Lyapunov function for the H? norm and the
system is exponentially stable for the H2 norm.

Let us now show the other way. Suppose that Mi5(0,-)Ma2(0,-) > 0 and that the system admits a basic
quadratic Lyapunov function for the H? norm. Then from Theorem and by continuity of the solutions
with respect to the initial conditions there exists o > 0 such that:

- ‘a+b 2
T2 |A1| |A2|772

)

(3.4.45)
2 (0) = 0.

has a solution on [0, L], that we denote 72. From hypothesis (3.3.7) there exists such o > 0 such that the
condition ([3.3.7) is still satisfied with 7. We can define

dp = exp < e
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d1 = 772d2. (3447)

As |ab| = ab, then (di,ds) is a solution of (3.3.2)—(3.3.3) and d; > 0 and d» > 0, and from (3.3.7) and
(34.40) (B.4.47).

dy(L)\? d1(0)\?
k3 < o(L)? ( and k7 < . 3.4.48
Hence from Theorem there exists a basic C'! Lyapunov function. This ends the proof of Corollary
O

Proof of Theorem [3.3.3 Let us first note from (3.4.1)) that (g1, g2) are the coefficients of a basic C* Lyapunov
function for the system (3.2.8)) if and only if (f1, f2) are the coefficients of a basic C* Lyapunov for the system
(3.4.2) with

fi=2 e}, (3.4.49)

Therefore, we will first prove the result for and then use the change of coordinates and the
transformation to come back to the system . Let a 2 x 2 quasilinear hyperbolic system be of
the form . Suppose that there exist boundary controls of the form such that there exists a basic
C! Lyapunov function with coefficients f; and fo. Then from [I06] (see in particular Theorem 3.2), one has:

g1 < _2a@] £
— A b
! 3>/2f72 (3.4.50)
> 2[b(2)] f5
A VA
Now let us denote dlszl/2 and d2:f;1/2,then
4 > @l (3.4.51)
Ay
4, < @l (3.4.52)
[As|
Therefore:
i\ [(da\’ bl /di\> |a b al (da\”
() () s (|2 (& @ 222 ). A.
<d2) <d1> — A2 <d2> T Al A <d1> (3.4.53)
Hence: , . )
dy do b | (dy a | (da
2 (22) > (2 (2 )+ 2 (). 4.54
<d2> <d1> _(Az <d2>+ Ay <d1>) (3.454)

Now let us take ¢ > 0 such that eL < minjy ] (d2/d;). Note that from (3.4.49) this is equivalent to eL <
ming, ((pg /o1 g1/ gg), where ¢g; and go are the coefficients of the basic C' Lyapunov function for the

original system (3.2.8]). We have:

(3;85)/ =0 (3.4.55)
ot~ (20) (=) > (el (20) 5| (25 =) - e

It can be shown (see [II] or [14] in particular Theorem 6.10 for more details) that this condition implies that

1 d2 ) dl
— | = —¢eld) and
A1 (dl |A2|d2
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are the coefficients of a basic quadratic Lyapunov function for the H? norm for the system (3.4.2)) for some
boundary controls of the form (3.4.5)). Equivalently this means that, for some boundary controls of the form

EL).

B fi(z) - JLZ
V(t)_/o ( folz)  © > |A2| 1 2
Pl A@) 2
+/O ( @) 5:10) (Op21)? |A2| f1 (Or22)?(t, ) (3.4.57)
! f1(=’17) 2 f2 2
—|—/0 ™ ( fg(!E) )(8t21 |A2| i (0322)2(t, 2)d

is a Lyapunov function for the H? norm. Therefore using (3.4.49) and performing the inverse change of
coordinates to go from (3.4.2) to (3.2.8]), V can also be written as

L
1 g1 ©1 > \/»
Vt_/( — - &% UtI utx
() 0o A1 g2 02 P1P2 1 \Az\ P1p2 2
L
MV e t t d 3.4.58
+/o Ay (\/; <p2”> pr2(Bren ()" + 7y salsoz(am( z))2dz (3.4.58)

+/L1 A_ Py (O (t, 7)) + — (02 us(t, z))2dx
y Ay g o3 P1p2(0p Ul \A | </>1<P2 U2 )

where g; and go are the coefficients of the basic C! Lyapunov function of the system (3.2.8), and this con-
cludes the proof of the first part of Theorem [3.3.3

To show the second part of Theorem suppose that MisMs, > 0. Therefore from (3.2.24)), ab > 0.
Suppose also that (I1,l2) are the coefficients of a basic quadratic Lyapunov functions for the H? norm for

the system (3.4.2), (3.4.5). Define h; =|A;|l; and

filz) = Aexp </0 plal h2d - s:c) , (3.4.59)
f2 = %fl, (3.4.60)

where A > 0 and € > 0 are taken arbitrarly. We have:

= plal f —ef) < 2|a| f — Mﬁ (3.4.61)
{=—2p N 4.

and

(G)) (o)) o)z e

Besides [; are the coefficients of a basic quadratic Lyapunov function for the H? norm for (3.4.2)) therefore
(see [11], in particular (41)-(43)) h} <0, hh > 0 and

1\ a b oho\?
" () > <+> . 3.4.63
2\ A A2l by ( )

() -
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Thus from (3.4.61), (3.4.62) and (3.4.63):

h b h h
fﬁZQ\/i 14‘7*2 fit2y/5 2]1f1+f1
hy [Az| hy hy
. . . el (3.4.65)
2| & 2 2 a
= 2 I — —.
I Aol n fit 2y o=hfi = A f1 f1
Assuming now that ¢ < 2 mingg z)(/11/h1/h2), we have, as |ab| = ab and h; and hy are positive,
fo>2 hy 18] 1
hl |A2| h,l
2o (3.4.66)
b £

=9 2L J2

A2 V1
Therefore from (3.4.65)) and (3.4.66) and Theorem 3.1 in [106], there exists a boundary control of the form
(3.4.5)) such that (f1, f2) induce a basic C' Lyapunov function for the system (3 Performing the inverse

change of coordinates and using ([3.4.1]) there exists a boundary control of the form such that (f1, f2)
induce a C' basic Lyapunov functlon Where

* ]\411(07 ) |M12(0, )| |A1|(]1
z)=Aexp |2 — ds —ex |, 3.4.67
e p< v v (A (3.4.67)
|A2]g2
= ) 3.4.68
®2= K ( )

and (q1, q2) are the coefficients inducing a basic quadratic Lyapunov function for the H? norm for the system
(13.2.8)—(3.2.9)). This ends the proof of Theorem
O

3.5 An application to the Saint-Venant equations

In this section we will show Theorem and Theorem Before proving these results, we recall some
properties of the Saint-Venant equations. The steady-states (H*, V*) of (3.3.12)) are the solutions of:

0, (H*'V*) =0,

V*2 . LV 2 (3.5.1)
893< 5 —l—gH)—(C'— T )

Under the assumption of physical fluvial (also called subcritical) regime, i.e. 0 < V* < y/gH*, these equations
reduce to:

HY = g Ye
V*
e o (3.5.2)
V$ =V gH* 7‘/*2’

and have a unique maximal solution for a given H*(0) and V*(0) verifying V*(0) < \/gH*(0). Observe now
that thereﬁare three different cases:
— k}; (é()) > (| i.e. the friction is larger than the slope. In this case V* is an increasing function, H* is
a decreasing function and therefore the friction stays larger than the slope on the whole domain, i.e.
kV*2/H* > C.

*2
kg*(é())) = C, in this case the steady-states are uniform and thus defined on [0, 4+00) and in particular

they are defined on [0, L] for any L > 0.
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*2
kg*(é?) < C, in this case V* is an decreasing function, H* is an increasing function, therefore the

slope stays larger than the friction on the whole domain. Note that the system moves away from the
critical regime, therefore the solution (H*,V*) is defined on [0, +00) and in particular it is defined on
[0, L] for any L > 0. A more rigorous proof will be given later on (see the the beginning of the proof
of Theorem .
Therefore, it is enough to look at the difference between the friction and the slope at the initial point z =0
to know whether the slope or the friction is larger on the whole domain.
We will consider a steady-state (H*, V*) with H(0)* = Hj and V(0)* = V; the associated initial conditions,
and we define now the perturbations:

h=H-—H*andv=V —V* (3.5.3)

Assuming subcritical regime, i.e. V* < \/gH*, the Saint-Venant equations (3.3.12]) can be transformed using
the transformation described by (3.2.1))-(3.2.2) —(3.2.8)—(3.2.9) in

dru+ A(u,z)0,u+ M(u,z)u=0, (3.5.4)

where

- (Z i Z%) , (3.5.5)
Ay =V* +/gH*, (3.5.6)

Ay = V* — \/gH*, (3.5.7)

M) =2 (‘WW A SR N “T)
eI —vy TV T agm  aaiE—ve) T v e

(3.5.8)

3 1
—C (4(\/91{1*+V*) 4(V9§1*+V*)> .
VeIV IgH V")

Observe that the system is indeed strictly hyperbolic under small perturbations as A; > 0 and Ay < 0. The
derivation of Aj, Ay and M(0,-) will not be detailed here but is quite straightforward and the expression

(13.5.6)—(3.5.8]) can be found for instance in [I4], Section 1.4.2].
Proof of Theorem[3.3.7} Let us suppose that the flow is in the fluvial regime on [0, L], therefore

V*(z) < \/gH*(x), YV x €0, L], (3.5.9)

and suppose that kV;2/Hg > C. From the previous we have kV*2/H* > C on [0, L]. Thus from
Mi2(0,+) > 0 and M21(0,-) > 0. Before going any further let us note that we know from [I110] that there
exists a basic quadratic H? function for the system for some boundary controls of the form ,
therefore Corollary [1| applies and there exists a boundary control of the form such that there exists
a basic C! Lyapunov function for this system.

Moreover from [110] (see Lemma 3.1), we know that

@1|A2|
— , 3.5.10
" pal\y ( )

is a positive solution of:
5 G

/
= —n + —. 3.5.11
TTT T (351
Therefore from the second part of Corollary [1] one has that if
/ _ 0 kl
G'(0) = (k2 0) (3.5.12)
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2
L
with k2 < <p2((L)) and k2 < n2(0), (3.5.13)
7

where G is given by (3.2.9) and 7 by (3.5.10), then the system (3.5.4), (3.2.9) admits a basic C! Lyapunov

function and is exponentially stable for the C! norm.

It is therefore enough to show that the boundary conditions (3.3.13)) under hypothesis 1 3 14)) are equivalent
to boundary conditions of the form (3.2.9) satisfying the previous condition (3.5.12)—(3.5.13)) in the new
system (3.5.4]), obtained by the change of variables (3.5.5)). Observe that from (3.3.13 j we have

g g
’U(,O)"‘ (70) H*(O) 1<'U(70) (’0) H*(O)>’
(3.5.14)
g _ g
v(t,L) — h(t,L) H*(L) = ko <U(t7 L)+ h(t,L) H*(O)) )
where
14+ %@bl
ki := — | (3.5.15)
L=y moh
L+ /75 be
1 H (L
L= —g() , (3.5.16)
2 ]_ — me
and therefore:
t,0) =k t,0),
u1(t,0) = kyus(t, 0) (3.5.17)

u2 (t, L) = k‘gul (t, L)

Therefore after the change of variables given by (3.5.5)), the boundary conditions are equivalent to
boundary conditions of the form satisfying (3.5.12)). All it remains to do is to prove that under the
hypothesis (3.3.14)), the boundary conditions ([3.5.17)) also satisfy the condition . Now observe that
from @ and , the condition ([3.5.13|) becomes:

L+, /7o (AQ(O)>2
— < : (3.5.18)
" foton ) SR80
1+ .,/+2=b ? 2
M) ) o

L= mob
which is equivalent to

(1 ()Y (1 (29)) () w2+ (29 g <o o
(1_<t8>2>+(1_@?&;)2)< H*g(L)b2>2+2<1 tgé 2) H* 2> 0, (35.21)

and from (3.5.6) and (3.5.7]) this is equivalent to having

e () wancn [5.-0)

which is exactly (3.3.14)). Therefore under boundary conditions (3.3.13]) and hypothesis (3.3.14)) the system
admits a basic C'' Lyapunov function and is therefore stable for the C' norm, this ends the proof. O

(3.5.22)
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Proof of Theorem[3.5.5 Let us suppose that C — kVi2/Hg > 0 and gHg > V2. Then there exists a unique
maximal solution (H*,V*) to the equations (3.5.2). Let us prove that this solution is defined on [0, +00).
Denoting Lo € (0,00] the limit such that the maximal solution is defined on [0, L), we have from the
beginning of this section, in particular , that for all € [0, Lg), H* and V* are continuous, positive,
and:

kJV*Q
0 3.5.23
7 >0 ( )
gH* > V*2. (3.5.24)

Therefore from (3.5.2), H* is an increasing function and V* is a decreasing function. Besides, as H*V*
remains constant, both H* and V* remain positive. From (3.5.2) we can get an estimate on the growth of
H*:

V*Q C kV*2

H;(1- gH*) = E — 9?7 (3.5.25)
therefore R Ve o
0 %
E - gH? < Hy(1- g?) < E’ (3.5.26)
hence o Ry o
< ; _ g% <H!< — (3.5.27)
0 g(l - 91(215)

Thus H is bounded, Hence Ly = +00, as H* is an increasing function and cannot explode in finite length

and as V* = HFVy/H* from (3.5.2)).

Consider now the Saint-Venant equations transformed into the system with (3.5.5)-(3.5.8). The first
part of the theorem is straightforward from Theorem as there exists L; > 0 such that (3.3.4) admits a
solution on [0, L;]. Let us now suppose by contradiction that for any L > 0 there exists a basic C! Lyapunov
function for the system. Then from Theorem for any L > 0 there exists a solution 1 on [0, L] of

n?,

[ i + i
TEIA T A
n(0) =0,

where a, b, A; and Ay are given by (3.2.24)), (3.5.6) and (3.5.7). From (3.5.27)), H goes to 400 when z goes
to 400, and from (3.5.8) we have

M11(0,')+M22(07') 3¢ /1 1 kV* L_,_L
A Aol 4 \a2az) T\ T

(3.5.28)

EV*2 [3 1 1 1 1 1
v [4 <|Az|2 ) A) AN WH*] |
_ —3CVgH*V* g 2kV* N kv 2 [ 3VgH*V* N v
(gH* _ V*z)z H* gH* _ V2 H* (gH* _ V*2)2 (gH* _ V*%\/ﬁ ’

I3 1 230Q  2kQ
kQ* [ [g 3Q 2Q)
+H*3 l: ﬁ(gH**V*Q)Q—’_H*(gH*—Vﬁ) gH*:|7
g 1 ~3CQ + 2kQg — 2kQ % +o( 1 )
H* (gH* _ V*2) H*5 )

gH* _ V*Z
1
=0 (H*5/2) '

(3.5.29)
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We used here that H*V* is constant and therefore 1/(gH* — V*?) = O (1/H*) when H* (or equivalently z)
goes to infinity. But from (3.5.27) we know that H* > (C/g — kV;?/gH{) x + H{. Therefore

M11(07x) MQQ(OVT) _ 1
A1 + |A2| =0 m for r — +00, (3530)
and thus is integrable. Hence
T LCO NN (3.5.31)

z—+oo ()
Let us look at a/A; and b/|Az|. We have

a Mi2(0, )
A A
B e Lk
P\ + v T HA |V gl (3.5.32)
e ( C -k . kQ2%g {H*+ 1 D
- * % * / * * / * :
Therefore Y
: ag _ Lo
111)11100 N 1 (3.5.33)
Similarly we can obtain:
bgH* C
lim ——=——-. .5.34
sto0 [Ag] 4C, (3:5:34)
Therefore there exists z; € (0,00) such that for all x > x4
a CQC
> 3.5.35
A1 - 5gH*’ ( )
b C
Bl I 3.5.36
‘AQ — 5CogH* ( )

Let L > x1, by assumption equation ([3.5.28)) has a solution 7 defined on [0, L] and from (3.5.35)) and (3.5.36)),

for all z > a1

2 CsC
(€t g0) 2 5 (L), (3.5.37)

where C'3 = min (CQ, C%) From (3.5.27)) right-hand side and (3.5.37) we have

/
>
= 5gH*

’ Cs (1 — Vo*z)
n S C3C S gHg

3.5.38
) Z 6ol = (i) 33
5(x + ~—5—~gH})
hence 2
o O (1 - VO—)
/ T dxz/ o d. (3.5.39)
o (117 - (1-35%)
5|2+ —F—~gH;
Thus ( z)
1- Yo
*2 9Hg H*
arctan(n(z)) — arctan(n(z;)) > % (1 - Vl(g[) m | 2E ( Cv*z)g 0 (3.5.40)
911y 1- 0
21+ L gHy
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Note that the right-hand side does not depend on 7 and L and that

(-3%)
C Vg2 x+ =L gHE
Jim 2 (1 . g;{g) In < I20 | = o (3.5.41)

xr1 + <1_éHS> gHS

Therefore, as this is true for any L > 0 we can choose L such that

1 V*2
_ALgHa‘

) gHg

> - (3.5.42)

*2
Vo

1+ (éH‘“)9H6‘
By hypothesis, there still exist a function 7 that verifies (3.5.40), is positive and defined on [0, L] with this

choice of L. Hence, arctan(n(L)) < 7/2. But, as 7 is positive, arctan(n(z1)) > 0 so we have from (3.5.40)
and (3.5.42)

™

arctan(n(L)) > 5 (3.5.43)
Hence we have a contradiction. Therefore there exists Lo > 0 such that for any L > Lo there do not exist a
basic C'! Lyapunov function whatever the boundary conditions are. This ends the proof. O

3.6 Numerical estimation

From Theorem when kVi?/H; > C there exists explicit static boundary controls under which the
general Saint-Venant equations are exponentially stable for the C' norm, whatever the length of the channel.
When kV;2/H§ < C no such explicit result exists but in practice we can however use Theorem to find
the limit length under which stability can be guaranteed. We provide here some numerical estimations under
reasonable conditions (Q* = 1 m?.s™1, Vi = 0.5 m.s™1, kK = 0.002). On Figure one can see that for a
50km channel with a constant slope such that C' = 2kV;2/H, n exists and there is no problem. In Figure
we extended the channel until the limit length L,,.. for this system and it appears that L., > 10%km
and that H*(Lyaz) > 100m which is quite unrealistic in current hydraulic applications. This suggest that
for nearly all hydraulic applications it will be possible to design boundary conditions such that there exists
a basic C'' Lyapunov function that ensures the stability of the system for the C! norm.

3.7 Further details

The previous results were derived for the C'! and the H? norm but they can actually be extended to the C'?
and the H? norm with the same conditions, for any p € N*\ {1} and ¢ € N*. To show that, one only needs
to realize that Theorem 3.1 and 3.2 in [106] and Theorem (and therefore Theorem are true for
the C'? and the H? norm with the same conditions, for any p € N*\ {1} and ¢ € N*.

In conclusion we gave explicit conditions on the gain of the feedbacks to get exponential stability for the C'*
norm for 2 x 2 quasilinear hyperbolic systems with propagation speeds of the same sign. In the general case
we derived a simple criterion for the existence of basic C' Lyapunov functions and a practical way to derive
admissible static feedback gains when this criterion is satisfied, simply by solving an ODE. We showed that
under some conditions on the coefficients of the source term the existence of a H? and C? basic Lyapunov
function for any p € N*\ {1} and ¢ € N* are equivalent and that, in the general case, the existence of a C?
Lyapunov function for any ¢ € N* for some appropriate boundary controls implies the existence of a basic
quadratic HP Lyapunov function for any p € N* \ {1} for some appropriate boundary controls. Finally we
showed that when the friction is larger than the slope the general nonlinear Saint-Venant equations can be
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Figure 3.1 — In the x-axis is represented the length of the water channel, in blue the height of the water for
the stationary state and in red the value of 7.
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Figure 3.2 — In the x-axis is represented the length of the water channel, in blue the height of the water in
stationary state and in red the value of 7, one can see the limit length L,,., at which 1 explodes.

stabilized for the C'!' norm by means of simple pointwise feedback, and we gave explicit conditions on the
feedbacks. When the the slope is larger than the friction no such general result can be shown. However, we
showed that for nearly all applications the Saint-Venant equations can be stabilized by means of such simple
feedbacks.

3.8 Appendix

3.8.1 Explicit form of B and regularity of A and B
Applying the transformation (3.2.3) on the system (3.2.8]), B is given by:

B(u,z) = N(2)(F(Y)(Y; + (N~'(z))n) + D(Y)). (3-8.1)
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As Y* is a steady-state, it verifies the equation:
F(Y")0,Y*=-G(Y"). (3.8.2)

Thus if we suppose that F' and G are C? on By~ ,,, where p € N*, as F' is strictly hyperbolic with non-
vanishing eigenvalues, Y* is CP*1 on [0, L]. Therefore, using (3.2.5) and (3.8.1), A and B are also C* on
BOJZO X [O7L]

3.8.2 Counter exemple of the converse of Corollary 1] in general

As mentionned earlier, from [I10] we know that for any L > 0 the system corresponding to the
Saint-Venant equations with boundary conditions admits a basic quadratic H? Lyapunov function.
However from Theorem [3.3.5| we know that there exists L.,q, such that for L > L,,4. the system does not
admit a C! Lyapunov function whatever the boundary control is. This is a counter exemple of the Corollary
when one cannot ensure that Mps and Ms; have the same sign.

3.8.3 Proof of Theorem [3.3.1]

In this Theorem we rely mainly on Theorem 3.1 of [I06]. Let a quasilinear 2 x 2 hyperbolic system of the
form (3.2.8)—(3.2.9) be with AjAy > 0. Without loss of generality we can assume that A; > 0 and Ay > 0.

As previously this system is equivalent to the system (3.4.2), (3.4.5) (see Section [3.4]) and the existence of
a basic C? (resp. basic quadratic H?) Lyapunov function for this system is equivalent to the existence of a

basic C! (resp. basic quadratic H?) Lyapunov function for the system (3.2.8)—(3.2.9). Let us suppose that

G'(0) = (%1 k?) such that
2

LM
k? <exp ( 2715\(0’5) — 2max <a(s)|7 |b(s)|> ds
0 1

L

Moo (0

k§<exp< 222(’8)—2max<
0 Ay

) ; (3.8.3)

then from (3.4.1)) we have

G1(0) = (lé ZO) such that
2

. (_2 /OL . <|a/§j)|’ |bj(\z)|) ds) | )

L
<o 2 [ e (120
l5 <exp ( | max ( A ds |,

where (7 is defined in (3.4.5)). Let us define f; = fo = f by

F(@) = exp (_2 /0 " max ( 'A“fg fjg) ds) Va e [0,1). (3.8.5)

Then f is positive and C* on [0, L] and

(=
—~

[V
~

. la(z)| 32

T M) SV

el £ 50
and f _2A2 @) W



Besides, as G (0) is diagonal, if we define poo : M — min(||AMA™Y|» : A € DJ) where DJ is the space of
diagonal 2 x 2 matrix with positive coefficients we have from (3.8.4]):

Poo(G1(0)) = max(ly, 1) < ff((f)/)) (3.8.7)

Therefore, from (3.8.6) and (3.8.7) and Theorem 3.1 in [106], there exists a basic C'' Lyapunov function and
therefore the system (3.2.8)—(3.2.9) is stable for the C'* norm.

Let us now show the stability for the H? norm by showing that there exists a basic quadratic H? Lyapunov

function for the system (3.4.2)), (3.4.5). From (3.8.7) and by continuity we know that there exists o > 0 such
that

9(L)
max(ll, lz) < g(O) , (388)
where g is defined by
g(x) =exp (—2 /Ow max (Kll(:s);’ Jg?ﬁi) ds> —o,Vz € [0, L]. (3.8.9)

We want now to be able to apply Theorem 6.6 in [I4] which would give the result. Note that if we now define
q1 = g/A1 and g2 = g/As we have

(97 )< (6 266 6 )

a 3.8.10
(o e(Eew) e
o(+s) )
and this matrix is positive definite as ¢’ < 0 and:
b oa)’ la| [b]\? b oa)’
2 _ 2 Y a4 laj 1oy (9 @ 2 S
g g <A2+A1> > <4max (Al’A2> (A2+A1> g° > 0. (3.8.11)
Besides
q1(L)A+(L) 0 vt (21(0)A1(0) 0 /
—G1(0 0
(" mham) ~AO (U o) GO -
_ (9(L) - (1-0) 0 -
a 0 9(L) = (1-0)i3

is positive semi-definite from (3.8.8]). Therefore from Theorem 6.6 in [14] we know that the system admits a
basic quadratic H? Lyapunov function and is stable for the H? norm. This ends the proof of Theorem m

Remark 3.8.1. Although the existence of a basic quadratic H?> Lyapunov function is not stated directly in
Theorem 6.6 in [1]|] one can easily check that the theorem actually proves the H? stability by showing that
there exists a basic quadratic H?> Lyapunov function as defined in Definition (see in particular Lemma
6.8 in [T])]).
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Chapter 4

A quadratic Lyapunov function for
Saint-Venant equations with arbitrary
friction and space-varying slope

This chapter is taken from the following article (also referred to as [110]):

Amaury Hayat and Peipei Shang. A quadratic Lyapunov function for Saint-Venant equations with arbitrary
friction and space-varying slope. Automatica J. IFAC, 100:52-60, 2019.

Abstract. The exponential stability problem of the nonlinear Saint-Venant equations is addressed in this
chapter. We consider the general case where an arbitrary friction and space-varying slope are both included in
the system, which lead to non-uniform steady-states. An explicit quadratic Lyapunov function as a weighted
function of a small perturbation of the steady-states is constructed. Then we show that by a suitable choice
of boundary feedback controls, that we give explicitly, the local exponential stability of the nonlinear Saint-
Venant equations for the H2-norm is guaranteed.

4.1 Introduction

Since discovered in 1871 by Barré de Saint-Venant [10], the shallow water equations (or Saint-Venant equa-
tions in unidimensional form) have been frequently used by hydraulic engineers in their practice. Their
apparent simplicity and their ability to describe fairly well the behaviour of rivers and water channel make
them a useful tool for many applications as for instance the regulation of navigable rivers and irrigation
networks in agriculture. Among which, the problem of designing control tools to regularize the water level
and the flow rate in the open hydraulic systems has been studied for a long time [7T], 97, 137, [139] [141].

The Saint-Venant equations constitute a nonlinear 2 x 2 1-D hyperbolic system. In the last decades, the
boundary feedback stabilization problem for 1-D hyperbolic systems has been widely investigated, and many
tools have been developed. To our knowledge, the first result for nonlinear 2 x 2 homogeneous systems was
obtained by Greenberg and Li [93] in the framework of C! solutions by using the characteristic method.
Later on, this result was generalized by Qin [172] to n X n homogeneous systems. In 1999, Coron et al. in-
troduced another method: the quadratic Lyapunov function, firstly used to analyze the asymptotic behavior
of linear hyperbolic equations in the L? norm but then generalized for nonlinear hyperbolic equations in the
framework of C'!' and H? solutions [48, [50, 52, 53]. Both of these two methods guarantee the exponential
stability of the nonlinear homogeneous hyperbolic systems when the boundary conditions satisfy an appro-
priate sufficient dissipativity property. Such boundary conditions are the so-called static boundary feedback
control and lead to feedbacks that only depend on the measures at the boundaries. However, when inhomoge-
nous systems are considered, it is usually difficult (or even impossible) to construct a quadratic Lyapunov
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function with static boundary feedback [I3, Chapter 5.6] or in [12]. The backstepping method introduced by
Krstic et al. in [128] is a powerful tool to deal with the exponential stabilization of inhomogenous hyperbolic
systems. Initially developed for parabolic equations [I81], this method has been firstly applied to first order
hyperbolic equations in [126], and then generalized to (n 4+ 1) x (n + 1) linear hyperbolic systems with n
positive and one negative characteristic speed in [76l [197]. The case of general bidirectional linear systems
was recently treated in [I12]. For the nonlinear case, one can refer to [65], where the authors designed a
full-state feedback control actuated on only one boundary and achieved exponential stability for the closed-
loop 2 x 2 quasilinear hyperbolic systems in H?-norm. Later on, this result was generalized in [114] to n x n
quasilinear hyperbolic systems. In particular, in the context of the Saint-Venant equations, the backstepping
method has been used to achieve exponential stabilization of the linearized Saint-Venant Exner equations
with arbitrary slope or friction in [78], both in subcritical and supercritical regime. It has also been used
in [80] to stabilize a linearized bilayered Saint-Venant model, a 4 x 4 system of two Saint-Venant systems
interacting with each other. With the backstepping method, one can realize rapid decay (i.e., exponential
decay with arbitrary rate) or even finite time stabilization for some linear case [7}, [60, 112]. However, one
requires a full-state feedback control rather than static boundary feedback control depending only on the
values at the boundaries. Nevertheless, in some cases, it is possible to design an observer to tackle this issue
[75] [77, [78] [197]. In this chapter, we will use a direct Lyapunov approach to study the exponential stability
for nonhomogeneous Saint-Venant equations with arbitrary friction and space-varying slope. The advantage
is that using this method, we only need to measure the value at the boundary, which is much easier for
practical implementations.

The first result concerning this method applied to Saint-Venant equations was obtained by Coron et al. in
1999 for the homogeneous case, i.e., without any friction or slope [52]. There, they use an entropy of the
system as a Lyapunov function. But this Lyapunov function has only a semi-negative definite time deriva-
tive. One has to conclude the stability result using LaSalle’s invariance principle which is usually difficult
to apply due to the problem of precompactness of the trajectories. Later on, the authors introduce in [53] a
strict Lyapunov function for conservation laws that can be diagonalized with Riemann invariants. The time
derivative of the Lyapunov function can be made strictly negative definite by an appropriate choice of the
boundary conditions. They apply the result to regulate the level and flow in an open channel without friction
or slope. Under the assumption that the friction and the slope are sufficiently small in C'-norm, with a bound
depending on the length of the channel, the stability may be proved using the method of characteristics as in
[83, I71]. Note that in [83], the results are applied to real data obtained from the river Sambre in Belgium.
Semigroup approaches have also been developed in [85] but using proportional integral control rather than
of purely static feedback control. The stability with sufficiently small coefficients may also be proved using a
Lyapunov approach as in [47, [50]. In the special case where the slope is a constant and “compensate” with
the influence of the friction, thus resulting the uniform steady-states, the stability of the linearized system
was considered in [I8]. There, the authors use the same Lyapunov function as in [53]. More recently, in [16],
the authors managed to study the stability in H2-norm of the nonlinear and nonhomogeneous system when
the friction is arbitrary but in the absence of the slope. It should be noted that this last result was proved
using a basic quadratic Lyapunov function (see [12] for a proper definition) independent of the length of
the water channel which is not trivial as, usually, the existence of a basic quadratic Lyapunov function for
a nonhomogenous system depends on the size of the domain [99]. Of course for realistic description of the
behaviour of rivers one can easily understand that adding a slope is essential not only because it is the
prime mover of the flow but also because in some common cases the effect of the slope can be much larger
than the effect of the friction, both being non-negligible: it is the steep-slope regime (see for instance [43]
Chapter 5-3]). To our knowledge, no study so far takes into account arbitrary non-negligible friction, slope,
and river length through static feedback control, except in the special case mentioned previously where the
slope compensate exactly the friction and cancels the source term [18].

Our contribution in this chapter is that we managed to construct an explicit Lyapunov control function
to analyze the local exponential stability in H2?-norm of the nonlinear Saint-Venant equations with static
boundary feedbacks in the case where both the friction and the slope are arbitrary (not necessarily small),
and where the river length can be arbitrary as well. This enables us to design robust static feedback con-
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trollers to ensure the exponential stability of the steady-states of the system. Especially we deal with the
case where the slope may vary with respect to the space variable. This is all the more important that the
slope is likely to vary in a river, even sometimes on short distances. We first describe three regimes depending
whether the influence of the slope is smaller, equal or greater to the influence of the friction and we show
that the dynamics in two opposite regimes are inverted. Then we construct a quadratic Lyapunov function
for the H2-norm whatever the friction and the slope are.

The organization of the chapter is as follows. In Section we give a description of the non-linear Saint-
Venant equations together with some definitions and we state our main result (Theorem . In Section
the exponential stability of the linearized system is firstly studied by constructing a quadratic Lyapunov
function. Based on the results of the linearized system, we then show that a similar expanded Lyapunov func-
tion enables us to get the exponential stability of the nonlinear system by properly choosing the boundary
feedback controls. In Section [4.4] some numerical illustrations are given to support our theoretical result.

4.2 Description of the Saint-Venant equations and the main result

The non-linear Saint-Venant equations with slope and friction are given by the following system:

OuH + 0, (HV) =0, (4.2.1)
2 2
oo, (o) + (B4 -4c) =0 423

where H(t,z) is the water depth, V(t,z) is the horizontal water velocity. The slope C(:) € C%([0,L]) is

dB
defined by C(z) = i with B(x) the elevation of the bottom (bathymetry) which is therefore supposed
x

to be O3, g is the constant gravity acceleration and k is a constant friction coefficient. Note from (4.2.1])) and
(4.2.2) that the equilibrium H* and V* verifies:

H*(z)V*(z) = Q, (4.2.3)

*2
L gC> —0. (4.2.4)

. k
V*Vr +gH; + < I
As we are interested in physical stationary states, we suppose that H* > 0 and V* > 0. Therefore Q* > 0
is any given constant set point and corresponds to the flow rate. Substituting (4.2.3)) to (4.2.4), we get that
V* satisfies .

VRO —g0)
9=V
Observe that the steady-states are therefore non necessary uniform. As we are interested in navigable rivers
we also suppose that the flow is in the fluvial regime, i.e.,

(4.2.5)

gH* > V*? (4.2.6)

or equivalently gQ* — V*3 > 0. Then the system (4.2.1)) and (4.2.2)) has a positive and a negative eigenvalue
and for any flow rate Q*, equation (4.2.5) has a unique C® solution on [0, L] with any given boundary
data V*(0) = V. Moreover, the steady-states have three possible dynamics depending on the slope as the
following.

*2
1. When ¢gC' < iR also known in hydraulic engineering as “mild slope regime”. This covers also the
case without slope. Note from (4.2.3]) and (4.2.5) that in this case, H* decreases while V* increases
and consequently the system becomes closer to the critical point where gH* = V*2 which is the limit

of the fluvial regime.
kv*2 . . . “ 2
2. When gC = TR which means that the friction and the slope “compensate” each other. When the

slope C' is in additionally constant, the steady-states are uniform. This special case has been studied
in [I8] and only for the linearized system.
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*2
3. When gC > T also known in hydraulic engineering as “steep slope regime”. Then the dynamics of

the steady-states are inverted: H* tends to increase while V* decreases and consequently the system
moves away from the limit of the fluvial regime defined by the critical point where gH* = V*2.

Our goal is to ensure the exponential stability of the steady-states of the nonlinear system (4.2.1]) and (4.2.2])
for all the above three cases under some boundary conditions of the form:

V(t,0) = B(H(t,0)), V(t L)=B(H(t L)), (4.2.7)

where B : R — R is of class C?. These kind of boundary conditions are imposed by physical devices located
at the ends of the channel where the controls are implemented, as for instance mobile spillways or tunable
hydraulic gates as in irrigation canals and navigable rivers.

Taking for instance a spillway outflow gate at x = L modelled by a simple linear model and imposing the
inflow with a tunable hydraulic gate at « = 0, the boundary conditions are

H(t,0)V(t,0) =Uo(t), H(t,L)V(t,L) = k(H(t, L) — U1(t)),

where k is a constant depending on the gate, and where Uy the inflow and Uy the spillway gate elevation
are our control functions with H(t,0) and H(t, L) the observations as shown in . Some other explicit
expressions of the boundary conditions are given in [I3] Section 1.4].

We will first prove the exponential stability for the linearized system for the L?2-norm. Note that for nonlinear
systems, the stability depends on the topology considered as shown in [61]. In this chapter, we will consider
the exponential stability in H2-norm.

For any given initial condition

H(0,z) = Ho(z), V(0,z)=VWo(x), xe€][0,L], (4.2.8)

we suppose that the following compatibility conditions hold

Vo(0) = B(Ho(0)), V(L) = B(Ho(L)), (129)

0,(°F + gHo)(0) + "5 (0) - 4C(0)

— B'(Ho(0)) (HoVo)(0), (4.2.10)
Vi KV

9z(—- + gHo)(L) + ?o(L) -9C(L)

= B'(Ho(L))9:(HoVo)(L). (4.2.11)

These compatibility conditions guarantee the well-posedness of the system (4.2.1)), (4.2.2)), (4.2.7)) and (4.2.8)
for sufficiently small initial data. More precisely, we have (see [13, Appendix B])

Theorem 4.2.1. There exists 6y > 0 such that for every (Ho, V)T € H?((0, L); R?) satisfying
|(Ho— H", Vo — V*)THH2((0,L);R2) < do

and compatibility conditions (4.2.9) to (4.2.11). The Cauchy problem (4.2.1)), (4.2.2), (4.2.7) and (4.2.8) has
a unique maximal classical solution

(H,V)" € C°([0,T); H*((0, L); R?))
with T € (0, 4+00).
We recall the definition of the exponential stability in H2-norm:

Definition 4.2.1. The steady-state (H*,V*)T of the system (4.2.1), ([4.2.2) and (4.2.7) is exponentially
stable for the H2-norm if there exist v > 0, § > 0 and C' > 0 such that for every (Ho, Vo)? € H?((0,L);R?)

satisfying [|(Ho — H*,Vo — V*)T||g2((0,0);r2) < ¢ and the compatibility conditions ([£.2.9) to (4.2.11)), the
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Cauchy problem (4.2.1)), (4.2.2)), (4.2.7) and (4.2.8) has a unique classical solution on [0, +00) x [0, L] and
satisfies

I(H () = B V() = V) 20,0050
<Ce™™|[(Hy — H*, Vo — V)|l 20,72, (4.2.12)

for all t € [0, +00).

Based on this definition, our main result is the following:

Theorem 4.2.2. The nonlinear Saint- Venant system (4.2.1), (4.2.2) and (4.2.7)) is exponentially stable for
the H2-norm provided that the boundary conditions satisfy

o g V*(0)
B(H™(0) € (* V*(o)’*H*(o))’

g V*(L)}
V(L) H*(L)I

(4.2.13)

and B(H*(L)) € R\ [—

The proof of this theorem is given in Section 3. To that end, we will first prove the exponential stability
result (Proposition for the linearized system for the L2-norm by finding a suitable Lyapunov function.
Then we show that this Lyapunov function enables us to obtain the exponential stability for the H?-norm
for the nonlinear system under boundary control conditions with properties .

4.3 Exponential stability for the H?-norm with arbitrary friction
and space-varying slope
4.3.1 Exponential stability of the linearized system

In this section, we study the exponential stability of the linearized system about a steady-state (H*,V*)T
for the L?-norm. We define the perturbation functions k and v as

h(t,z) = H(t,z) — H*(z), (4.3.1)
v(t,z) =V (t,x) — V*(x).

The linearization of the system (4.2.1) and (4.2.2) about the steady-state is

h vV H* h Vw* H; h B
(0 )0 ) ()= i

where f7; and f}; are defined by

. 2KV . kv =2
fv:?, fH:_W- (4~3~4)
The corresponding linearization of the boundary conditions (4.2.7)) are given by
v(t,0) = boh(t,0), wv(t,L)=bih(t,L), (4.3.5)
where
bo = B'(H*(0)), b =B (H*(L)). (4.3.6)

The initial condition is given as follows

h(0,z) = ho(z), v(0,2) = vo(x), (4.3.7)

where (hg,v)T € L2((0, L); R?). The Cauchy problem (4.3.3)), (4.3.5) and (4.3.7) is well-posed (see [13| Ap-
pendix A]). Note that the exponential stability of the linearized system is now a problem of null-stabilization
for h and v. We have the following result:
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Proposition 4.3.1. For the linearized Saint-Venant system (4.3.3), (4.3.5) and (4.3.7), if the boundary
conditions satisfy
g V) g V)
b e (- L O\ peRr\[- I _ . 438
0 ( V*(0) H*(O)) 1 ERA [ V*(L) H*(L)} (4.3.8)

Then there ezists a constant > 0, ¢ € C([0, L];(0,4+0)), g2 € C*([0, L]; (0, +00)) and § > 0 such that
the following control Lyapunov function candidate

L
g1 +q2/( 9 q1 — g2 %2
V(h,v)= h* +2———=+\/gH*hv + H"v* |dx 4.3.9
(ho)= | B (o 202 ) (43.9)
verifies:
V(hy0) > 5130 ) + [01320.1)) (4.3.10)

for any (h,v) € L?((0, L); R?), where L*(0,L) denotes L?((0, L);R). If in addition, (h,v)T is a solution of
the system (4.3.3), (4.3.5)) and (4.3.7), we have

SV (1), 0(1,) <~V (B ), o) (43.11)

in the distribution sense which implies the exponential stability of the linearized system (4.3.3)), (4.3.5) and
[@.3.7) for the L*-norm.

In order to prove Proposition we introduce the following lemma, the proof of which is given in the
Appendix.

Lemme 4.3.1. The function n defined by

A
n="22¢p (4.3.12)
A1
is a solution to the equation
/ a b 2
e T 4.3.13
"=t ( )

where \1 and \o are defined in (4.3.14), ¢ is given by (4.3.23)), a and b are given by (4.3.26]) below.
Proof of Proposition[{.3.1] Let us denote
V* H*
A(z) = ( g V*) .

Under the subcritical condition (4.2.6]), the matrix A(z) has two real distinct eigenvalues A\; and — Ay with

A(@)=vgH* +V* >0, \a(z)=+/gH* —V* > 0. (4.3.14)
We define the characteristic coordinates as follows
/T
&) = 1) (), (4.3.15)
&2 - 1) \v
With these definitions and notations, the linearized Saint-Venant equations (4.3.3) are written in character-
istic form:
& A0 &1 11 01\ (&
= 0. 4.3.16
(52 t+ 0 =X/ \& z+ Yo 02) \&2 ( )
In (4.3.16),

3f(H*V*)  kV* kV*2
=— - 4.3.17
)= e v VT s (43.17)
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FEHS VY RV kV*2

0) == eyt e T s (4.3.18)
* * * *2
) = LAY w219
* * * *2
da(r) = 4(?2%’2/‘)*) + kI}[/ + 2 Hmj/ﬁ (4.3.20)
where f(H*,V*) = kgiz —gC.

As the diagonal coefficients of the source term in (4.3.16) may bring complexity on the analysis of the
stability, we then make a coordinate transformation inspired by [128] (see also [16]) to remove the diagonal
coeflicients. We introduce the notations

_ “nl(s)
p1(x) =exp (/O e ds), (4.3.21)
_ " 0a(s)
ea(w) =exp ( —/0 AZ(S) ds), (4.3.22)
e1(z)
o(x) = (@) (4.3.23)

and the new coordinates
Y1 v1 0 (&
= . 4.3.24
(yz) <0 wz) <€2> ( )

Then system (4.3.16) is transformed into the following system expressed in the new coordinates
U A1 0 Y1 0 a(az)) (?ﬂ)
<3/2>t ( 0 —A2> (w)x <b(x> 0 )\ (4:329)

a(z) = p()01(x), blz) = ¢~ (2)72(2). (4.3.26)
From (4.3.5)), (4.3.15)) and (4.3.24)), we obtain the following boundary conditions for system (|4.3.25)

with

S
—
—
o
=

yl(tvo) :kO yZ(tvo)u

y2(t, L) =k yi(t, L), (4.3.27)

where
_ boH™(0) + \/gH*(0) by — biH*(L) — \/gH*(L)

= 3 1 —_ .
boH*(0) — \/gH*(0) biH*(L) + /gH*(L)
Note that from (4.3.28)), it is easy to check that condition (4.3.8)), using our notation (4.3.14)), is equivalent

to

ko (4.3.28)

k2 < (ijgg;)z k2 < (28)2 (4.3.29)

Let us define

V: L*0,L)x L*(0,L) = R*

L
V (1, ¥2)= /0 (f1(w)zbf(w)e*ﬁ“’+f2(x)w§(x)e%””) dz (4.3.30)
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where the parameter ;> 0 and two functions f; € C'([0, L]; (0,400)) and fo € C'([0, L]; (0,400)) are to
be determined. Obviously, there exists § > 0 such that for any (v1,v2) € L?((0, L); R?)

V(1. 92) 2 6([¢1llZ20,) + 1¥2ll72(0.2)- (4.3.31)
For any arbitrary C''-solution y; and ys to system (4.3.25)) and (4.3.27), we denote V (¢) by
V(t) =Vt ), y2(t,)). (4.3.32)
From (4.3.30) and differentiating V' with respect to time t we get
d " o L
dit/ =—puV - [Alfle ATy — )\2f2€*2xy§}0

L
_/ [ <_()\1f1)z - ,ux)\)\lz f1> efﬁmy%
0 1

. (4.3.33)
+ <(>\2f2)."c _ AR fz) eﬁxyg

A2
+ 2(fle_ﬁma(x) + fge*%fb(x))ylyg} dx.
We observe that in (4.3.33]), there is a term relying on the boundary controls that will be chosen to make

this term negative along the system trajectories. Moreover, there also appears to have an interior term which
is intrinsic to the system. Let us deal firstly with the interior term, we denote by

L
Ao i
L ;:/ [(-(Alfl)z - W;lfl> e My}
0 1

T2z g
+ (O\zfz)m - 'u)\; fz) et Y3

+ 2(f16_%1wa(x) + fge%xb(x))ylyg] dx. (4.3.34)

To ensure that for x4 > 0 sufficiently small, I; is positive for any ¢ > 0 and any solution (y1,y2), one only
needs to construct f; and f> to guarantee that for any = € [0, L]

—(Mfi)e >0, (Aaf2)z >0, (4.3.35)

~Oufi)eOafa)e — (i(@)a(@) + @) > 0, (4.3.30)

Indeed in this case from the strict inequality in (4.3.35)) and (4.3.36)), by continuity, there exists p; > 0 such
that for all € (0, u1], I7 is positive.

Let us point out that there exist f; and fy such that (4.3.35) and (4.3.36]) hold as soon as there exists a
positive function i well defined on [0, L] and satisfying the following equation (see [12])

(4.3.37)

Therefore, one of the key points to prove Proposition is to find a positive solution to (4.3.37)). And from
Lemma, we know that such solution does exist. Hence, we can define a map

b o

a
fi(ne) — ’/\1+)\2n + ¢,

which is locally Lipschitz (and even C1) in ¢ around 0. From Lemma we know that

n' = f(n,0), 4338
10 = 23 4(0) 339
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admits a unique solution on [0, L] which is given by (4.3.12). Therefore, there exists g9 > 0 such that for all
e € [0, 0], the Cauchy problem

(4.3.39)

admits a unique solution 7. on [0, L]. Moreover as 7.(0) > 0, we have n.(z) > 0 for all z € [0, L]. Now
proceeding as in [I2], we choose f; and fs as

1 Ne

o _ g e 4.3.4
fl fl,s )\17767 f2 f2,s )\2’ ( 3 0)
then we have for any € € (0, gg] that
—(Mf1)e >0, (A2f2)z >0, (4.3.41)
~(Af)e(Aafa)e — (fra+ f20)°
e2 4 2|+ + bp?
— |A12 3 | > 0. (4.3.42)
Us
Thus, (4.3.35]) and (4.3.36]) hold. Now, let us consider the boundary term in (4.3.33), we denote by
_® o L
I = — [Alfle g2 AQfgexzwyg]o : (4.3.43)
Suppose that (4.3.8) is satisfied, from (4.3.12), (4.3.29)), (4.3.39)) and (4.3.40)), we have
A2(0)\2_A2(0)f2,0(0) _ A2(0)f2,£(0) _
ki< = ’ 2(0) =22 072(0), 4.3.44
0 <)\1(0)) Al(o)fl,o(o)@ © )\I(O)fl,s(o)(p © ( )
AM(L)\2 _ Ai(L) fr0(L)
kT < = L2 (L). 4.3.45
! ()\Q(L)) )\Q(L)fz,o(L)w () ( )
By the continuity of f1,.(L) and f2 (L) with ¢, there exists 0 < €1 < gg such that for any ¢ € (0, &1]
A1(L) f1,e(L)
k2 < T 2 (L), 4.3.46
PRI TR (1340
thus, there exists 0 < ps < py such that for any p € (0, po]
I
A1 (L)
k2 < MlbheDe 2(L). (4.3.47)

Ao(L) foo(L)exam -

Combining (4.3.44)) and (4.3.47)), we get

L
I, =— {)\lfleiﬁzy% - Azfzeﬁxyg}
0

- (k%z(L)fz,e(L)SfZ(L)@*27“L
— ML) fre(L)e A17L>L)yf(t, L) (4.3.48)
+ (k2A1(0) f1,(0)¢%(0) — A2(0) f2,(0)) y3(¢,0) < 0.

From ([{.3.33), (#.3.41)), (.3.42) and (£.3.48), we obtain

— < - 4.3.4
TS uVv (4.3.49)
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along the Cl-solutions of the system (4.3.25) and (4.3.27) for any u € (0, pa]. Since the Cl-solutions are
dense in the set of L2-solutions, inequality (4.3.49)) also holds in the sense of distributions for the L2-solutions
(see [13| Section 2.1] for the details).

Let us define

sy B
q1 = fl@?e A1 and qo = f24p§e>\2 . (4350)

For any (h,v) € L?((0,L);R?), let (11,2) be the result of the change of variable as in (4.3.15]) and (4.3.24]),
we get immediately from (4.3.30) and (4.3.50)) the expression of Lyapunov function candidate as in (4.3.9)).
Moreover, from the positivity of f; and fa, we had (4.3.31)), which implies that there exists § > 0 such that

(4.3.10]) holds using the change of variable (4.3.15)) and (4.3.24)). From (4.3.49), we get (4.3.11)) as well. The
proof of Proposition is completed. O

4.3.2 Exponential stability of the steady-state of the nonlinear system in H?-
norm

We will now prove our main result, Theorem Firstly, we recall the following theorem which gives
sufficient conditions for the exponential stability of the steady-state of the nonlinear system (4.2.1)), (4.2.2)

and (E2.7).

Theorem 4.3.2. The steady-state (H*,V*)T of the system (4.2.1)), (4.2.2) and (4.2.7) is exponentially stable
for the H?-norm if
— There exists two functions fi, fo € C1([0, L]; (0, +00)) such that

= (Mf1)z >0, (Naf2)s >0 (4.3.51)
and ,
- (/\1f1)x(/\2f2)x><;\zl((3;))f1($)+f2(2) fz(x)> (4.3.52)

for any x € [0, L], where a and b are given by (4.3.26)).
— The following inequalities are satisfied:

(4.3.53)

where by, by and ¢ are given by (4.3.6) and (4.3.23)) respectively.

Remark 4.3.1. This theorem comes directly from [13, Theorem 6.6 and 6.10]. Note that finding such fi
and fy corresponds to finding a quadratic Lyapunov function V for the H?-norm of the perturbations (4.3.1)

and (4.3.2) such that:

Vo _av (4.3.54)

(h7v)T||H2 <V < B||(h,v)THHz and -

|
B
for some a > 0 and B > 0. In particular, such Lyapunov function has some robustness with respect to small

perturbations of the system dynamics. More details about the construction of such Lyapunov function as well
as the proof of this theorem can be found in the Appendiz.

Using Theorem we shall finally prove Theorem that is now straightforward.

Proof of Theorem[].2-9. Note that the condition (4.3.51]) and (4.3.52)) are exactly the same with conditions
(4.3.35) and (4.3.36). Therefore from the proof of Proposition [4.3.1] for all € € (0, ], there exist fi = fi.
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and fo = fo . defined by (4.3.40), continuous with respect to ¢, such that (4.3.51]) and (4.3.52)) are verified

and )
fiod o <)\1 )
* (2 4.3.55

f2,0M2 4 A2 ( )

where ¢ is given by (4.3.23]). Under hypothesis (4.2.13)) of Theorem we have (4.3.29)), which together
with (4.3.55) gives (4.3.44). Recall that by the continuity of fi . and fs . with respect to €, (4.3.46) holds
for any € € (0,e1]. Combining (4.3.44)), (4.3.46) and noticing (4.3.28)), we obtain that

(boH*(O) +9H"(0 )2 A2(0) f2,:(0) ©2(0)
boH*(0) — gH*(0) A1(0)f1,:(0) ’ (4.3.56)
(blH*(L)_gH*(L))Q < )‘l(L)fl,a(L)SOQ(L)- o
byH*(L) +gH*(L) A2(L) fa,e(L)
Thus, we get from Theorem that the steady-state (H*,V*)T of the system (4.2.1)), (#.2.2) and (4.2.7)
is exponentially stable for the H?-norm. This ends the proof of Theorem |4.2.2| O

Remark 4.3.2. We emphasize that the exponential stability in HP-norm holds in fact for any p € N\ {0, 1}
under the same condition given in Theorem when the map B is of class CP and the definition
of the exponential stability involves an appropriate extension of the compatibility conditions of order p — 1
(see [13, Page.153] for the definition). This is a consequence of [13, Theorem 6.10]. Roughly speaking, this
can be obtained by considering the augmented systems and then using the same method as in the proof of

Theorem [].3-2,

4.4 Numerical simulations

In this section, we illustrate Theorem:@l by providing numerical simulations of the H2-norm of the solutions
of the nonlinear system ([4.2.1)), (4.2.2)) and (4.2.7). We focus on the steep slope regime (i.e. gC > kV2/H) as
it is the most challenging situation to stabilize. The steady-state is chosen with initial condition prescribed
as H*(0) = 2m, V*(0) = 0.5m/s. And the parameters are chosen as follows: k = 0.002, L = 3.103>m, gC =
2kV*2(0)/H*(0), the boundary controls are chosen such that B'(H*(0)) = 1.1bg tim, B'(H*(L)) = 0.9b1 1im,
where bg jim = —V*(0)/H*(0) and b1 14m = —V*(L)/H*(L) are the critical upper bounds given in Theorem
The initial perturbations are chosen to be compatible at the boundaries and sinusoidal in the domain
with an amplitude of 0.2 m in height and 0.05m/s in velocity. In Fig the blue curve represents the
variation of the H2-norm of the perturbations for the water level with time, while in Fig the red curve
represents the behavior of the downstream controller V (¢, L), which converges to the value V*(L) (in green).

4.5 Conclusion

In this chapter we addressed the problem of the exponential stability of the Saint-Venant equations with
arbitrary friction and space-varying slope. An explicit boundary condition was given which guarantees the
exponential stability of the nonlinear system in H2?-norm. To that end, we first studied a corresponding lin-
earized system and proved the exponential stability result in L2-norm by constructing a quadratic Lyapunov
function. Then by expanding the Lyapunov function, we obtained the exponential stability of the nonlinear
system in H2-norm by requiring proper conditions on the boundaries. These boundary conditions are related
to physical devices located at the ends of the channel where the controls acting as feedback are implemented.
Finally, some numerical simulations are given to support our main result, Theorem

123



1 (t,-) = H"[[52(0,1)

—IV(t,-) = V*la20,)

0 200 400 600 800 1000

Figure 4.1 — Convergence of the height and velocity.
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Figure 4.2 — Convergence of the controller at = L to the value V*(L).

4.6 Appendix

4.6.1 Proof of Lemma (4.3.1]
Proof. From (4.2.3)), (4.2.5)), (4.3.17) to (4.3.23)) and (4.3.26]), we get that

)\2 ! - >\,2A1 — )\3)\2 )\2 Y1 52
(M‘P) VARGV YD oY A

*2

* * k
B 3\/QTV (gC - %) n Aoy + 021
T ReE v Y

(?MWV* (90— 5

M(gH* = V*2)

+i [3( C_kV*2> [\/gH*—V_\/gH*—i—V}
N |a\" T Tm ) |e v g Vv

+I<:V*2 20/gH* V¥
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V2 (2WH* v ) 0

H* Vel ) X

Besides, we have

i b 2 _ (51)\1 +")/2)\2>

N X
EV*2 (2/gH* %
= I 4 250

m* V= gH* ) A\{

Therefore
e b e b,
TENTRT TIN TR

This ends the proof of Lemma [£.3.1] O

4.6.2 Proof of Theorem [4.3.2]

Proof. This theorem is a particular case of [I3, Theorem 6.10]. One just need to check that the system
(#.2.1), (4.2.2) and ([4.2.8) with boundary conditions satisfying the dissipative conditions can
be written in the form of [I3] (6.54)-(6.57)]. Note that this also implies the well-posedness of the system as
well. Indeed, we perform the change of variable

)-8 )0
22 —p2 % (2 v)’

where h and v are the perturbations given by (4.3.1) and (4.3.2)) and ¢ and ¢y are given by (4.3.21))
and (4.3.22) respectively. If we denote by z = (21, 22)7, the nonlinear system (4.2.1)), (4.2.2) and ([4.2.7) is

equivalent to:

20+ A(z,2)2, + B(z,7) = 0 (4.6.2)
(26rm) =e (260): (163)
where
A(0,7) = (Aol _0&) B(0,2) =0
d (0.2 = <b((i~) a(ox)>
and

o =0 ¢=(, " ") (16.4)

with kg and ky defined in (4.3.28). Note that the boundary condition (4.6.3)) obtained from (4.2.7)) is true at
least locally, thus is in the form used in [I3, Theorem 6.10]. To be more precise, noticing ¢1(0) = 1, we get

from (4.6.1) that
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— B(h(t,0) + H*(0)) — V*(0) + | =L n(t,0)

H+(0)
= 11(h(¢t,0)). (4.6.5)
Similarly note that 2(0) = 1, we obtain
_ g
z2(t,0) = v(t,0) — mh(t,O)
* * g
= B(h(t,0) + H*(0)) — V*(0) — mh(t,O)
= 13(h(¢,0)). (4.6.6)

From (4.3.6) and (4.6.6]), we have

’ ol g o g
150) = BU(0) = [ 75 = b= [ (4.6.7)

which together with the definition of by in (4.3.8) gives that

15(0) < 0. (4.6.8)

Thanks to the implicit function theorem, we get from (4.6.5)), (4.6.6) and (4.6.8) that in a neighborhood of 0

z1(t,0) = mq(22(t,0)). (4.6.9)
Similarly, we can obtain in a neighborhood of 0 that
Z2 (t, L) = M2 (Zl (t, L)) (4610)

Note that (4.6.9) and (4.6.10) are indeed in the form of (4.6.3). Then [13, Theorem 6.6 and 6.10] can be
directly applied to this particular case and gives the sufficient conditions (4.3.51)), (4.3.52)) and (4.3.53). We

remark here that the essential element of the proof for [I3, Theorem 6.6 and 6.10] is that finding such f;
and fy corresponds to finding a quadratic Lyapunov function for the H?-norm of the form:

L
% z/ (fl(x)zf(t,z) + fg(x)zg(t,m)) dx
0 L
4 [ (@edite) + falw) (b,0) do
0

L
4 / (Fu(2) 2t 2) + o) 22 (t, 7)) d.
0

One can look at in particular Lemma 6.8 and (6.19) to (6.22) in [I3]. This completes the statement of Remark
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Chapter 5

Exponential stability of
density-velocity systems with
boundary conditions and source term
for the H? norm

This chapter takes most of the following article (also referred to as [109)]):

Amaury Hayat and Peipei Shang. Exponential stability of density-velocity systems with boundary conditions
and source term for the H? norm. Preprint, 2019.

Abstract.

In this chapter, we address the problem of the exponential stability of density-velocity systems with boundary
conditions. Density-velocity systems are omnipresent in physics as they encompass all systems that consist
in a flux conservation and a momentum equation. In this chapter we show that any such system can be
stabilized exponentially quickly in the H? norm using simple local feedbacks, provided a condition on the
source term which holds for most physical systems. This is true even when the source term is not dissipative.
Besides, the feedback laws obtained only depends on the target values at the boundaries, which implies that
they do not depend on the expression of the source term or the force applied on the system and makes them
very easy to implement in practice and robust to model errors. For instance, for a river modelled by the
Saint-Venant equations this means that the feedback laws do not require any information on the friction
model, the slope or the shape of the channel considered. This feat is obtained by showing the existence of a
basic H? Lyapunov functions and we apply it to numerous systems: the general Saint-Venant equations, the
isentropic Euler equations, the motion of water in rigid-pipe, the osmosis phenomenon, etc.

5.1 Introduction

Density-velocity systems are important hyperbolic systems as they represent the physical phenomena where
the flux is conserved, while the energy can be either increased or decreased. In physics they are found in fluid
mechanics, electromegnetism, etc. The increase or decrease of the energy leads to nonuniform steady-states
with sometimes large variations in space. In this chapter, we address the exponential stability of such non-
linear systems for the H? norm, although the result is also true for the H? norm for any p > 2. Mentioning
the norm is not superfluous as, for nonlinear systems, the stability for different norms are not equivalent
[62]. In particular it has been shown in [I2] that the basic quadratic Lyapunov functions fail to ensure the
stabilization in the L? norm for nonlinear hyperbolic systems systems and that one has to study the H?>
norm instead. Other attempt of basic Lyapunov functions have been constructed to ensure the stability of
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hyperbolic systems in the C! norm, for instance [49, 106}, [107].

Physical density-velocity systems often have well-known conservative or dissipative energy or entropy func-
tions when no source term occurs [68]. These dissipative energy or entropy functions are quite useful for the
analysis of such system and enable to prove stability results (see for instance [52] 55] for the use of entropy
as control Lyapunov function for Saint-Venant equations and [46] for the Euler equations). When source
terms appear, however, no such function is usually known, especially when the source term is not dissipative.
In the previous contribution [16], the authors also studied the stabilization of hyperbolic density-velocity
equations, but with dissipative source terms only depending on the unknown functions. This is the case for
Saint-Venant equations with no slope and with a constant friction, or for the isentropic Euler equations when
the gas pressure is simply assumed to be a function of a gas density and a friction proportional to the square
of the velocity. However, the source terms may also depend on the space variable in practice and may not be
dissipative. This is the case for example for Saint-Venant equations with both slope and arbitrary friction,
or Euler equations with arbitrary friction slope, and general gas pressure, which are more realistic.

For general density-velocity systems, we find that for any H? steady-state, there always exists a basic
quadratic Lyapunov function for the H2 norm (or basic H? Lyapunov function) that guarantees the expo-
nential stability of the steady-state for the H? norm provided suitable boundary conditions and physical
condition on the source term. For the link between dissipative entropies and basic quadratic Lyapunov func-
tions, one can look at Section[I.4.4]in the Introduction. Our result in this chapter is quite generic and can be
widely used in applications, we illustrate it by applying it to several physical systems: the general nonlinear
Saint-Venant equations, the general isentropic Euler equations, the motion of water in a rigid pipe, and a
flow model under osmosis phenomenon. Moreover, our method has many advantages when applying it in the
real world. For example, to stabilize the Saint-Venant equations, we require some knowledge on the section
and the velocities only at the boundaries. No information on the internal section profile, on the slope or
on the friction model is required. This is very convenient in practice, as this feedback law can be applied
without a clear information of the inner state of the channel (bathymetry, material, profile, etc.) since there
may be no way to know properly the precise shape or material of the channel. Besides, while many friction
models exist (see e.g. [42, Section 4.5]), it also completes the debate about which friction model to use as
this feedback law works for any of them, without requiring to know it.

The organization of the chapter is as follows. In Section [5.2] we present the main results: the exponential
stabilization of general density-velocity systems with two boundary controls. Moreover in Theorem
the exponential stabilization result with single boundary control is presented. Then we apply the result to
several physical models. In Section we give the proof of our main results, namely Theorem and
Theorem [5.2.2] Finally, some detailed computations are provided in the appendix.

5.2 Model considered and main result

A nonlinear hyperbolic density-velocity system is composed of a mass conservation law and a balance of
momentum [I6] and is thus given by

O H + 0,(HV) =0, (5.2.1)
OV + VO,V + 0,(P(H,x)) + S(H,V,z) =0, (5.2.2)

where ¢ € [0, +00), 2 € [0, L] with L > 0 any arbitrary constant. In many applications, H : [0, +oc0) x [0, L] —
(0, +00) denotes the density, V' : [0,+00) x [0, L] — (0,+00) denotes the propagation velocity, HV is the
flow density and and S(H,V,x) is a source term resulting of non-conservative forces acting on the system,
such as slope or friction. The first equation expresses the flux conservation and is often known as continuity
equation, while the second equation is usually referred as dynamical or momentum equation. In this second
equation, V9,V represents the variation of the kinetic energy, while 0, (P(H,z)) represents the variation
of the potential energy and corresponds to a conservative force (e.g. pressure, gravitation, etc.). As we are
interested in physical systems, we assume that S € C%((0,+00)?;R), P € C%((0,+00)?;R) and here and
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hereafter, we also assume that

H>0, V>0, 0gP(H,z)>0. (5.2.3)
The steady-states (H*,V*) of (5.2.1)—(5.2.2)) are the solutions of
H*
H =V 5.2.4
xT xT V* ) ( )

S(H*,V*,-)+ 0, P(H*,")
Oy P(H*,-)H* — V*2

For each initial condition (H*(0),V*(0)) € (0,+00)? satisfying 9y P(H*(0),0)H*(0) — V(0)*2 > 0, there
exists a unique maximal solution to —, and this maximal solution exists as soon as the condition
Oy P(H*,-)H* > V*2 is satisfied. Besides, as hyperbolic systems with propagation velocities of the same
sign can always be stabilized by the means of proportional boundary feedback (see e.g. [I07]), we assume in
the following that the propagation velocities of this system have opposite signs, which, from 7,
means that Oy P(H*,-)H* > V*2. This holds for example in the case of the fluvial regime for Saint-Venant
equations.

Vi=V* (5.2.5)

In the following, we give two strategies of boundary controls. As a first strategy, Theorem [5.2.1] relies on
two boundary controls, i.e. the number of controls are equal to the number of the unknown functions. While
in practice, one may control only one boundary. In the regulation of navigable rivers, for instance, one
usually apply only one control at the downstream of the channel. Theorem [5.2.2]is thus concerned with the
stabilization of general density-velocity systems with a single boundary control.

Two boundary controls We aim at stabilizing the steady-states of (5.2.1)—(5.2.2)) with boundary feedback
controls. We suppose that the boundary conditions have the form
V(t,0) = B1(H(t,0)),

V(t,L) = Ba(H(t, L)), (5.2.6)

where the control function B = (By, By) : R? — R? is of class C?. These kind of boundary conditions are im-
posed by physical devices in engineering system (e.g. sluice gates, feeding valves, pumps, etc.). This control
function is one of the most simple possible feedback law as one does not need to know the full state of the
system. Moreover, this control is local, which means that one only needs to measure the value at the same
end where the control acts.

As we study the stabilization in the H? norm, for any given initial condition
H(0,z) = Ho(z), V(0,z2)=Vo(x), x€]0,L], (5.2.7)

with (Hg, Vp) € H%((0, L); R?), we need to add the following first-order compatibility condition for any given
initial condition sufficiently regular

Vo(0) =B1(H(0)),

Vo(L) =Bz(Ho(L)), (5.2.8)
(Vo0 Vo + O P(Hy, -)0, Ho + 0, P(Ho, -) + S(Ho, Vo, -)) (0) =B1(Ho(0))x(HoV0)(0), o
(V002 Vo + O P(Ho, )0x Ho + 0, P(Ho, -) + S(Ho, Vo, ) (L) =By (Ho(L))9.(HoVo)(L)

We recall now the definition of the exponential stability for the H? norm.

Definition 5.2.1. A steady-state (H*,V™*) of the system (5.2.1)), (5.2.2)), (5.2.6)) is exponentially stable for
the H? norm if there exist § > 0, v > 0 and C > 0 such that, for any (Ho, Vp) € H?((0, L); R?) satisfying

\Ho — H*|jya + [Vo — V|2 < 0, (5.2.9)

and the compatibility conditions (5.2.8)), and for any 7' > 0, the Cauchy problem (5.2.1)), (5.2.2)), (5.2.6) and
(5.2.7) has a unique solution (H(t,-),V(t,-)) € H%((0, L); R?) satisfying

|H(t,) — H |z +|V(t,) = V*| o < Ce™ " (|Hy — H*| o + |Vo — V*|12), V€ [0,T). (5.2.10)
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Our main result is the following

Theorem 5.2.1. Assume that S € C?((0,+)%R) and P € C%((0,+00)%;R), let (H*,V*) be a steady-state
of the nonlinear hyperbolic density-velocity system (5.2.1)), (5.2.2)), (5.2.6|) satisfying

6VS(H*,V*7 ) _ aHS(H*a V*a )
v O P(H*,-)

> 0. (5.2.11)

If the boundary conditions satisfy:

v=0) 7 H*(0)
opP(H*(L),L) V*(L) ]
(L))’

By er\ |- 20

(5.2.12)

then the steady-state (H*,V*) is exponentially stable for the H*> norm.

Remark 5.2.1. Note that condition (5.2.11) holds naturally for most physical systems with source terms,
(e.g. friction, slope, electric field, external forces, etc.), as illustrated in Section|5.2.1 Besides, note also that
the source term does mot have to be dissipative, as S could be negative.

The proof of this result is given in Section [5.3] As announced in the introduction, this is done by showing
the existence of a basic quadratic Lyapunov function for the H2 norm (or basic H? Lyapunov function).

Single boundary control Suppose now that we have only a single feedback control, the other boundary
condition being imposed, for instance by a constant but unknown upstream flow rate on which we cannot
act. The boundary conditions are now

H(ta O)V(t,O) _QOa (5.2.13)

V(t7 L) = BQ(H(t’ L))v
where @ is the unknown constant inflow upstream, while By : R — R of class C? is still the control function.
Using the same basic quadratic Lyapunov function for the H? norm we can still achieve the exponential
stability which is a direct application of Theorem by noticing now that B1(H(t,0)) = Qo/H(¢,0) and
that the steady-state satisfies H*(x)V*(z) = Qo.

Theorem 5.2.2. Assume that S € C?((0,+00)3;R) and P € C?((0,+00)%;R), let (H*,V*) be a steady-
state of the nonlinear hyperbolic density-velocity system (5.2.1), (5.2.2), (5.2.13) satisfying (5.2.11). If the
boundary control satisfies:

By (o)) e R [ 20 S S (5.2.14)

then the steady-state (H*,V*) is exponentially stable for the H* norm.

Remark 5.2.2. Note that Qo is assumed to be constant otherwise no steady-state (H*,V*) exists. However,
the stabilization of slowly-varying target-state when Qo can vary, possibly a lot, but slowly would hold under
the same condition, adapting the control as in [108].

Remark 5.2.3. Theorem [5.2.2 still holds if the control is located in x = 0 instead, while the imposed flow
is located in x = L.

5.2.1 Applications to physical systems

The system (5.2.1)), (5.2.2) with boundary conditions ([5.2.6)) covers many well-known systems and we give

now a few examples.
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General Saint-Venant equations The Saint-Venant equations are the basis model for the regulation of
navigable rivers and irrigation networks in agriculture. The stabilization of the Saint-Venant equations by
means of local boundary feedbacks has been widely studied [16], [I8] 52, 53], [83], [171]. Recently in [110], the
authors obtained the stabilization of the Saint-Venant equations with non-negligible friction and arbitrary
slope. However, this result is obtained under the assumption of a rectangular cross section with a constant
width and a known friction model. In the following, we show that our result applies to the most general 1D
Saint-Venant equations with arbitrary varying slope, section profile and friction model [10]:

DA+ 0,(AV) =0, (5.2.15)
O(AV) + 0,(AV?) + gA(0, H — Sy(z) + Sy (A, V,x)) =0, (5.2.16)

where A is the cross-sectional area of the section, V' is the velocity, AV is consequently the flux, H is the
height of the water, Sy is the slope, Sy is the friction and g is the gravity acceleration. Note that the friction
logically depends on H and V but can also depend on x for external reasons, for instance if the material
of the channel changes. Whatever is the section profile, A is strictly increasing with H, thus there exists a
function G strictly increasing with A such that H = G(A, z) and consequently, using , can
be written as

OV + VO,V + gdsG(A, )0, A + g0, G(A, z) + g(S(A, V,z) — Sy(x)) = 0. (5.2.17)

Thus, system (5.2.15))-(5.2.16) has the form - with P = gG(A,x) and S = ¢g(S; — Sp). Besides,

to be physmally acceptable the friction term has to be increasing with V' and decreasing with A. Hence
OvS = govSy > 0 and 045 = g0aSy < 0. Noticing that 94P = g0aG(A,x) > 0, condition (5.2.11) is

satisfied and we have the following theorem

Theorem 5.2.3. Any steady-state (A*,V*) of the general Saint-Venant equations (5.2.15), (5.2.17) with
boundary conditions (5.2.6) with A instead of H, is exponentially stable for the H?> norm provided that

gaAG(A*(O) 0) V(0 }
veo) (0}

904G(A*(L), L) V™ (L

V*(L) ’ A*(L
Water motion in a rigid pipe The water motion in a rigid pipe is a common example for engineering
system, whose equations are given in [I5] as follows

(oo () v (ren () =0 sasm

OV +Va,V +0,(gP) + S§(V,z) = 0,

B/(4°(0)) € [
(5.2.18)

)
)
B/(A*(L)) € R\ [_ ;

where P is the piezometric head, V' > 0 is the speed of the water, ¢ is the sound velocity in water, g is the
gravity acceleration, and Sy is the friction term. As previously, to be physically acceptable, the friction term
has to be nondecreasing with V', thus holds. Denoting H = exp (gP/c?), this system has the form
of 7 with P = gH. And obviously 0y P > 0 thus Theorem applies again.

The isentropic Euler equations The isentropic Euler equations are used to model the gas transportation
in pipelines. There are many literatures on the stabilization of the isentropic Euler equations [16], 8], [82], [94],
951,199, [T0T]. But all those results are obtained without considering the pipeline slope and using the polytropic
gas assumpation or the isothermal assumpation. The isentropic Euler equations with slope and friction have

exactly the form (5.2.1))-(5.2.2)) as (see e.g. [15][1.8.1] or [102])

8tg+8x(gV) = 0,

9:(P(0) 1 (5.2.20)

oV+Vo,V + + §9V|V| +gsina(z) =0,
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where g is the gas density, V is the velocity, « € C?(R) is the slope of the pipe, g is the acceleration gravity,
P(p) is the pressure (increasing with g) with 1/P’(9) > 0 being the sound speed in the gas, § = A\/D
with A > 0 is the friction coefficient and D > 0 the diameter of the pipe. In this case, P := fOQ P'(s)/s ds
and S = 1/20V|V| + gsina. Thus, 9,P(0) > 0, 0,5 = 0, dyS > 0 as long as V' > 0, which implies that
holds and that Theorem applies. Note that this holds in particular in the case where the gas
is polytropic, i.e. P = a?¢? with v > 1 (as in [16]), and in the case of the isothermal Euler equation, i.e.
P = a?p (as in [102]).

Flow under osmosis Osmosis is a spontaneous movement of solvant or solute through a semipermeable
membrane in a solute/solvant mix. This phenomenon is extremely important in chemistry and biology as it
is the main way by which water is transported out of cells in living organisms. Besides, biological membranes
allow much faster filtration than any artificial mechanical membrane, thus attempts have been recently made
to design active membranes that would mimic this behavior and a mechanical model for this phenomenon
can be found in [154].

Osmosis phenomenon through a membrane permeable to the solute but not to the solvant can be modeled
by a potential barrier which acts on the solute. This creates, from Newton’s law, a volume force on the fluid
—c(x)0,U, where U is the profile of the potential barrier, compactly supported, ¢ is the concentration and
z is the space variable [I54]. In an inviscid fluid modeled by the isentropic Euler equations (5.2.20)), this
reduces to adding a pressure term. Therefore, we still have 9,P(0) > 0, 0,5 =0, OyS > 0 as long as V > 0,
and Theorem applies. Note that any external potential acting on a fluid modeled by the isentropic
Euler equations would fit in our framework, osmosis is only an example.

5.2.2 Optimality of the conditions on the control

In this section, we will show the optimality of the conditions on the control in the sense that no basic
quadratic Lyapunov function that would always exist for density-velocity systems satisfying can
give strictly less restrictive boundary conditions than (5.2.12)) and (5.2.14]), making these conditions quite
sharp. These results are given by Theorem and Theorem [5.2.5

Theorem 5.2.4. Assume that S € C?((0,+00)3;R) and P € C?((0,+00)?;R). Let a steady-state (H*,V*) €
CL([0, L]) of the nonlinear hyperbolic density-velocity system (5.2.1)), (5.2.2), (5.2.6) satisfying with
S(H*,V*,-) < 0. For any € > 0 there exists L > 0 such that, if there exists a basic quadratic Lyapunov
function for the the H? norm, then

" OuP(H*(0),0) V()
B 0) € (o= 2R e i)
UL VY

(5.2.21)

B’(H*(L))eR\{e V(0 ,—€ (D)

This theorem shows therefore that the condition (5.2.12)) given in Theorem is quite sharp and cannot
be significantly improved. The situation is even clearer in the case of a single boundary control.

Theorem 5.2.5. Assume that S € C?((0,+00)3;R) and P € C?((0,+00)?;R). Let a steady-state (H*,V*) €
C([0,L]) of the nonlinear hyperbolic density-velocity system (5.2.1), (5.2.2)), (5.2.13)) satisfying (5.2.11]).
There exists a basic quadratic Lyapunov function for the the H? norm if and only if
OuP(HY(L),L) V(L)

ve(L) 7 H*L)

B'(H"(L)) € R\

(5.2.22)

The proofs of Theorems and are given in Section

132



5.3 Exponential stability of density-velocity hyperbolic systems

In this section we prove Theorem Let (H*,V*) be a steady-state of (5.2.1)—(5.2.2). We start by proving
the exponential stability of the linearized system around this steady-state for the L? norm to give an idea of

how the proof works and then, we show that the same type of Lyapunov function can be applied to ensure
the exponential stability of the nonlinear system for the H? norm.

5.3.1 Exponential stability of the linearized system
Around the steady-state (H*, V™), the linearized system of (5.2.1))-(5.2.2) and (5.2.6) is given by:

Oth +V*0,h+ H*0pv + Vh + Hjv =0,
O+ V*0,v + Viv+ 0y P(H*, 2)0h + 0% g P(H*, x)Hih + 02 P(H*, z)h (5.3.1)
+ 0y S(H*,V*,x)h + Oy S(H*,V*,z)v = 0.
and
v(t,0) = c1h(t,0),

v(t, L) = cah(t, L), (5.3.2)

where h = H — H* and v = V — V* are the perturbations and ¢; = B'(H*(0)) and ¢; = B'(H*(L)). To
simplify the notations, we denote from now on

OgP(H* ) := f(H*,x), Sg+:=0ygSH*,V* x), Sy«:=0ySH",V* x),
yH* = 6wf(H*7.'IJ) + SH*'

Thus, the linearized system of (5.2.1)-(5.2.2)) and (5.2.6) around the steady-state (H*,V*) given by (5.3.1)

becomes

(), Goray v) (), * (e vontomom s, 5v:) ()= () @99

We prove the following proposition

(5.3.3)

Proposition 5.3.1. Let (H*,V*) be any given steady-state such that (5.2.11)) holds, if the boundary condi-
tions satisfy:

V=) ° H*0)
f(H*(L), L) _V*(L)}
V(L) H D)’

o e [_f(H*(O),O) V*(O)}
(5.3.5)

ca ERN {—

then the null steady-state h =0, v = 0 of the system (5.3.4)(5.3.2)) is exponentially stable for the L? norm.

Proof. Observe that the matrix ( f (Z* ) {i) can be diagonalized, therefore the system can be put under
the Riemann invariant form by the following change of variables
) = i Ay (5.3.6)
Z9 [ f(H* ) 1 v
H*

Then (5.3.4) becomes (see Appendix [5.4.1))

Orz1 + M0zz1 + 71121 + 0122 = 0,

5.3.7
Otzg — MaOpza + Y221 + 0220 = 0, ( )
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where

M=V FES D >0, A=/ FH2)H —V* >0 (5.3.8)
and
1 H* % O f(H*, x) O f(H*, z)H}
4<25V*+2‘y”* i v TN e T f) )
1 L Ouf(HN) | Ouf(H* x)H:
4<25V*”‘%* fE o) " i TN i )
(5.3.9)
1 . 8rf( *71.)7 aHf(H*ax)H;

2

»JM»—‘

Vi O f(H", x) On f(H",x)H}
<2SV*_MH*F+3M e M )

The boundary conditions (5.3.2)) become

21 (t, O) = ]{31,22 (t, O), Z9 (t, L) = ]{?221 (t, L) (5310)
with
f(?{i(%),O) o — f(I;I{**(LL),L)
f(H*((O)) DM f(H*((L))L) ’ (5.3.11)
H*(O)’ C2 + H*(L)’

With these conditions, the Cauchy problem (5.3.7), (5.3.10) with any given initial condition z(0,z) =
(210, 220) € L2((0,L); R?) is well-posed (see [15, Appendix A]), which implies that the original system in
physical coordinates is also well-posed.

We define the function ¢ by
— ex “ml(s) | d2(s) >
¢(r) = exp (/0 M) + )\z(s)ds (5.3.12)

and we introduce the following lemma, that can also be found in [I10] in the particular case of the Saint-

Venant equations with constant rectangular section and friction given by Sy = kVZA~1 where k > 0 is a
constant friction coefficient.

Lemme 5.3.1. For any z € [0, L],

YN $o1  d e (Ao 2
— = — — . 5.3.13
()\1 ¢> (IE) )\1 + )\2 )\1 ¢ ( )
The proof of this lemma is given in the Appendix We introduce now the following Lyapunov function

candidate for the L? norm

92(8) g

L 1) g ®
V= / (f1 (alc)e2 MG BT 21 (t,x) + fa(z)e —25 3 A29{2%@,:5)) dz, (5.3.14)
0

where 1 > 0 is a constant and fi, f» are positive C! functions to be chosen later on. From the positivity of
f1 and f3, there exist a; and ay positive constants such that

az|(21, 22) || 22((0,0);r2) <V < anll(21, 22) [l 22((0,1):r2) (5.3.15)

which means that V is equivalent to the L? norm of (21, z2), thus is equivalent to the L? norm of (h,v) from
the linear change of variables (5.3.6). Therefore, it suffices to show the exponential decay of V' to obtain the
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exponential stability of (5.3.4) and (5.3.2)) for the L? norm. Differentiating (5.3.14) with time along the C!
solutions, one has

L

T 71(s) i _o [z 62(s) u
[)\1f1e 0 A% M2 — Ao fae 2Jo S5, Azxzﬂ
0

L
(s) (s
- / |2y TP (o fue? I T ey 22
0

e 83(s) 5. (é)
+(2fz52€_2f°ar o4k 4 (A2 foe 2J5 Ry %m)/)zg

fT Ja(s)

9 @ 71(s) B ds &
2(f1(51€ fO Al(s)dse >‘1$+f2’726 X (o) A230)2:12:2 dzx.

(5.3.16)

L
a: y1(s) o @ 83(s) 4
:_:U'V_|: 1f16 o M(S)dse /\1mz%—)\2f2@ 2Js A2(5) ds /\2mz2i|
0

x 9a(s )ds

L
 71(9)
7/ {7 (>\1f1)'62f°1 ;h'”dse_*%xz% + (N2 fo)e T2 Nt 23
0

)\ @ 71(s) o )\ o pa 5a(s) u
_:U’ 1f162f0 Al()ds A11:}3%_” 2f€ 2f0 )\2(>d5 )\2122

9 [ ’Yl(s)dK o _o (= 52(5)& s
+2(f161€2 00 OB eTHT 4 frnne 20 RO PR3 2 2 | da.

Using the boundary conditions (5.3.10]), we get

av
dt

L y1(s) 4o

:_<A1(L)f1( o2 HE *‘1L—k5Az<L>fz< e 2 e ) 2(1,1)
— (A2(0) f2(0) = K{ A1 (0

(s)

/ fom Zi(e)

- x J2(s)
0 = Jo xicy ds

(—(Alfl) ’w/\l f1) —Are f151¢($)€7ﬁx + fave0~ Hw)e A

hosa)e 4 frag @ (Oaf - 15 p) o

Therefore, by continuity and using the definition of ¢ given in (5.3.12), it suffices to show that there exist
f1 and f5, such that the following matrix

_(Alfl), f1(51(b(l') + f ¥ gb_l(m)
(f151¢(3?) + f2720" " (2) ()\zf;)'2 ) (5.3.19)

) 2(,0) (5.3.17)

1 71(s) )
0 X1(s) )
[z 55(5) d dz,
0 A2 (s)

where

(5.3.18)

Iy =

is positive definite and that

M(L) fi(L)$* (L) = k3A2(L) f2(L) > 0,
X2(0) f2(0) — kFA1(0) f1(0) > 0 (5.3.20)

to prove the exponential decay of V.

Before going any further, observe that under the assumption (5.2.11f), from (5.3.9)), (5.3.8]) and noticing the
notations ([5.3.3]), one has

-1
o0 + ¢ % ()\2¢> i (A161 + A22)

A1 Ao A1 /\2
_ ¢ [t ) (A2 — A1) H* (A —23) 0. f(H*, z)
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which together with Lemma implies that Ao/ is a solution to the differential equation

. n(0) = iigg; (5.3.22)

/

1 Y2 -1 2
/\1¢+/\2¢ n

on [0, L]. Thus, there exists 1 > 0 such that for any € € [0, 1), there exists a solution 7. on [0, L] to

01 Y2 12 A2(0)
A B B () 5.3.23
=30t 0 1:(0) M 0) ( )
and such that we can define a map € — 1. which is C° on [0,&1) [105]. Let us define
fi=0un) "t and fo = A5 M., (5.3.24)
where € € (0,¢1) can be chosen later on. One has from (5.3.5) and ([5.3.11)) that
)\2(0)>2 <>\1(L)>2
ki< ( . ki< . 5.3.25
=ho) - P (9:3.25)
Therefore from the continuity of € — 7, there exists 0 < €5 < g1 such that for all € € (0,¢e3)
A2(0)£2(0) AM(L) (L)
k< 2 2 o T T (), 5.3.26
R0A0) P umen” Y (5:3:20)

which is exactly the same as condition (5.3.20)) from the definition of ¢ in ([5.3.12). We choose such ¢ € (0, e2),
and we are left to prove that Iy defined by (5.3.19)) is positive definite. We have from (5.3.19)), (5.3.24)) and

(5.3.23) that

det(lo) = — (Af1) Nafo)’ — (1016 + farzg ™)
B 2 (5.3.27)
= % ((n2)2 - <A11¢+ XZQS‘ln?) ) > 0.

Besides, from (5.3.23) and (5.3.24]), one has —(A\1f1)’ > 0 and (Aaf2)’ > 0, hence I is positive definite. By
continuity, there exists p > 0 such that

A V4 5.3.28
S H ( )

along the C'-solutions of the system ([5.3.7) and ([5.3.10] for any u € (0, u1). Since the C''-solutions are dense
in the set of L2-solutions, inequality (5.3.28) also holds in the sense of distributions for the L?-solutions (see

[15, Section 2.1]) for the details). Thus, the exponential stability of (5.3.4)—(5.3.2) in the L? norm is also
guaranteed thanks to the linear change of variables (5.3.6)). This ends the proof of Proposition [5.3.1] O

5.3.2 Exponential stability of the nonlinear system

For the exponential stability of nonlinear system, the proof will be similar to the linearized case. For a given
steady-state (H*,V*) defined on [0, L], we can still define h = H — H* and v = V — V* as previously and
(21, z2) using the same change of variables (5.3.6). Then, for (z1, z2) small enough, the system (5.2.1)—(5.2.2)),

(5.2.6]) is equivalent to
2zt + A(z,2)z, + M(z,2)z =0, (5.3.29)
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where

A(0,7) = <A1(””> 0($>>’ M(0,z) = (71(””) 51(3”")), (5.3.30)

0 =X Ya(z)  da(w)
and
z1(t,0) =m1(22(t,0)),
2ot L) =ma(1 (1, L)), (5.3.31)
with
M, (0) = ki, mb(0) = ko, (5.3.32)

here, ky and ks are defined as ((5.3.11). In (5.3.31)), m; and mq are found by the implicit function theorem
around 0, for z; and z9 small enough (see [T10, A.2] for more details in a similar case). Noticing that the
exponential stability of the steady-state (H*,V*) of system (5.2.1))—(5.2.2]) and (5.2.6]) is therefore equivalent
to the exponential stability of the null steady-state (21 = 0, 25 = 0) of system 7, we use the
following theorem, which is a direct application of [I5, Theorem 6.10].

Theorem 5.3.2. If there exists C functions g1(z) > 0 and ga(x) > 0 such that, with Q = diag(g1(z), g2(z)),
one has
— (QA(0,-)) + QM (0,z) + M™(0,2)Q (5.3.33)

is positive definite on [0, L] and the following inequalities hold

A2(0)g2(0) 2 < AM(L)gi(L)

M(0)g1(0)" 2 T Ao(L)ga(L)’

then the null steady-state of the system (5.3.29)(5.3.32) is exponentially stable for the H? norm.

ki< (5.3.34)

Remark 5.3.1. This theorem actually shows the existence of a Lyapunov function for the H? norm of the
form

L L
V= / (B2 2)2)} + fo( Bz, 2)2)3)da + / (1B 2)20)% + fo(E(2,2)20)2)da
0 0 (5.3.35)

L
+ / (B2, 0)200)? + fo(E (2, 2)20)3) da,
0

where E(0,-) = Id (see [15, Chapter 6] for more details). This is the reason why we claim that this proof is
actually the same as the proof of the exponential stability in the linearized case, and we will now see that we
can use a similar Lyapunov function but for the H? norm.

Proof of Theorem[5.2.1 Let

x v1(s) _ x 09(s)
IX@ e, gyi=e 2l Bmm

2
g1 :=¢€

where f; and fy are defined in ([5.3.24). One can directly check that

, . Ji 3 ds 0 oI5 FH ds 0
—(QA(0,-))" + QM(0,z) + M"(0,2)Q = 2 o2 o | Lo > 32(8) 4o

0 e Jo X3() 0 e Jo X

with Iy defined as (5.3.19)), as Iy is positive definite from (5.3.27]), condition (|5.3.33|) is thus satisfied. Condition
(5.3.34) is satisfied from ([5.3.26|) by noticing the definition of ¢ given in (5.3.12)). Thus, Theorem applies
and Theorem [.2.1] holds. O
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5.3.3 Optimality of the control
In this subsection we show Theorem [5.2.4] and [5.2.5

Proof of Theorem[5.2.7} Let assume that along H*,V* S(H*,V* z) + 0,P(H*,V*,2) < 0. Then from
(5.2.1)-(5.2.2), the steady-state (H*,V*) exists and is C* for any length L > 0. Suppose that there exists
€1 > 0 such that for any length L > 0, there exists a basic quadratic Lyapunov function for the H? norm
with

B'(H*(0)) € R\ <_g_ Ou P(H*(0),0) v 0%)

v=0) '~ H*0
JGmPURLLL V)
VAL H*(L)

(5.3.36)

B'(H*(L)) € [z—:

We can then use the same change of variables ([5.3.6]), as in Section The system (5.2.1)-(5.2.2), (5.2.6)
5.3.31)

becomes ((5.3.29)) with boundary conditions (| . From (|5.3.36)), we have
¢*(L)
k2 >
LT oL (5.3.37)

or kj > 1*(0),
where k1, ko are defined by (5.3.32) and n = Aa¢/A;. We define now
a=016, b= " (5.3.38)

As there exists a basic quadratic Lyapunov function for the H? norm, thus from [12] (see also [107, Theorem
3.5], and [107, (24),(40)—(43)]), there exists a function 7o € C'*(]0, L]) such that

/_i 22
n = +/\277

" (5.3.39)

on [0, L] and there exists 1 > 0 depending only on € such that

n2(L) < n(L) — e,
or 12(0) > n(0) + &1.

IN

(5.3.40)

Now, as L can be taken arbitrarily, 7o exists for any L, and thus on [0, 4+00). We claim now that

lim ny(x) € RY. (5.3.41)

r—r+00

Indeed, let assume that hT n2(x) = 400, then when x is large enough we have (see [107, Section 4])
T—r—+00

! |b| 2
- _ .3.42
M2 )\2 M2 )\1 ) (5 3 )

thus using the estimates of [I07, Section 4], there would exists C' > 0 and x; > 0 such that for any = > 1,

C
ny > —n3, (5.3.43)
hence
- 1
N2 > . 5.3.44
& — Cln(w/xy) ( )
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And 7 exist and is positive and [z1,+00), hence the contradiction. Thus 72 converges when x goes to +o0o
to a limit 7 . Note that ¢ converges to ¢ > 0 [107, Section 4]. Besides,

/ |72 2 A1]01] 2
_ _ , 5.3.45
= 3 () ¢*(x) vy ! ( )

As % goes to 1 when z goes to infinity, assume by contradiction that 13 oo # ¢oo, there exists C3 and z3

such that for all z > x3,

Ny > %, (5.3.46)

which implies that 11141_1 n2(x) = 400, hence contradiction. Thus 75 converges to ¢oo, just as n(L), which
Tr—r+00
implies that in any cases the condition at x = L become arbitrarily close to the one we obtain with 1 when

L goes to infinity and prove that the first inequality of ([5.3.40)) is impossible.
Now let assume by contradiction that the second inequality of (5.3.40) is satisfied. Then 72(0) > n(0) and

from (|5.3.39)),

b
A (R 5.3.47
772_<)\1+)\2772)7 ( )
which implies that
b
(=)' 2 ~2X 2~ ). (5.3.48)
Thus
~+o00 |b|
(M2,00 = o) = (12(0) = 1(0)) exp | —Poo 2%, ) (5.3.49)
0
But, as seen in [I07, Section 4], f0+oo 2%' < 400, which implies, using that n2(0) > 7(0),
12,00 > Moos (5350)
while we know that 7 o, = 7o0, hence the contradiction. This ends the proof of Theorem [5.2.4] O

We can now prove Theorem [5.2.5]in a very similar fashion.

Proof of Theorem[5.2.5 Let (H*,V*) € C'([0,L]) be a steady-state of (5.2.1)~(5.2.2)). Let assume by con-

tradiction that there exists a basic quadratic Lyapunov function for the H? norm and that
0uP(H'(L),L) V(L)
V(L) ' H*(L)
Then using again the change of variables (5.3.6)) the system (5.2.1)-(5.2.2)), (5.2.6) is again equivalent to
(5.3.29) with boundary conditions (|5.3.31]) From (5.3.51]), one has
k3 .= (Dy(0))? = n*(0). (5.3.52)
where kq is again given by (5.3.32)) and n = A2/ 1. As previously, as there exists a basic quadratic Lyapunov

function for the H? norm, from [12] (see also [I07, Theorem 3.5]) there exists a function 7o € C*(]0, L]) such
that

B (H*(L)) € (5.3.51)

/ a b 2
= | =+ = 5.3.93
m=ly T ( )
on [0, L], where a and b are defined by (55.3.38]), and there exists £ > Osuch that
L)<n(L)—¢e, VL>0,
(L) < (L) e -
172(0) > 1(0).
Using (5.3.54) and the same argument as ((5.3.47)—(5.3.50)), we get that no(L) > n(L) thus
n2(L) = A2 (L)(L) /A1 (L) (5.3.55)
which is in contradiction with (5.3.54)). This ends the proof of Theorem O
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5.4 Appendix

5.4.1 Derivation of v, v, 6; and J
Looking at we denote by

f(H*)I) 1

A= 1
[ fH* ) 1

H*

1/ /—H5 _ _ [ _H
A-1— [ TFas FH" %)
2 1 1
Then, using the notations (5.3.3)), (5.3.4) becomes
Z1 + )\1 0 z1 + )\1 0 AA;I z1 —I—A V H
Z9 t 0 —)\2 zZ9 z 0 —/\2 z9

AL (P = 0
YH*+8Hf(H* )I{;k Sv*—FV* 22 0/’

(5.4.1)
where A1 and Aq are given by (|5.3.8). Let us compute the coefficient of the first part of the source term

<>\1 0 )Ml_ (e - EOU)y (L U, .
T — * d * * d * .
0 =X WL CUAE) WA I AN

The coeflicient of the second part of the source term is

DSV
1 8HfH§;,/§+YH* B Hiy 4= + 2V + Sy
2 Ou fH} I?—Fy[{m/ —H

V> H; _

—aHfH*,/ — L B+ Hiy [ 4= + Sy

H*‘FSV* _aHfH*\/ — S/ & 7 - — H} J*+2V;+SV*
(5.4.3)

Thus

1 H: Opf(H* x)H!+ 0,f(H* x) . [H* N

1 H* O f(H*, x)
=3 [28v + 27\ iy ~ M

+(V* 4+ /fHY) (? aHf(Hf o) Hy +2aHfH*,/ +2H*1/ +4V*

(25v*+25ﬂm A g Ve S S )+)\23Hf( )Hx>7

pM»—‘

fE ) v TN e T, 2)

and 79, 61 and 2 can be found similarly.
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5.4.2 Proof of Lemma [5.3.1]
Differentiating Aa¢/A1 using (5.3.8)), (5.3.9) and (5.3.12)), we have

)\ /
< 2¢> = % (AM1Ay = A A2 + (A2y1 + Aida))
1

A
(f(H* x)H*)'
2/ F(H*, z)H*

= /é {(V* + V(H* x)H*) (—Vz* +

(D)~ V) (v; +<f<H>H>>

2/ f(H*, z)H*

Vr Owf(H*,x)H: (5.4.4)

2 42 _ z _ . > _ .
(AT = A3) <3V* F(E ) >+2(A2 M) f(H*7x)+2()‘2+)‘1)SV]}

‘A%(V Fe O () HOVIA s A VI () H
* H* * *
-V y]—]* W—F f(H ,Z‘)H SV*) .

Noticing the notations ([5.3.3) and from (5.2.4)), (5.4.4) becomes

YA - - Hx
SORE: (Vf s =y f<H*,x>SH*>’ (049

!
1

which, together with (5.3.21]) gives

A2 /7¢51 ¢ tva (A ?
(o) =555 () 40
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Chapter 6

Exponential boundary feedback
stabilization of a shock

steady state for the inviscid Burgers
equation

This chapter is taken from the following article (also referred to as [20]):

Georges Bastin, Jean-Michel Coron, Amaury Hayat, and Peipei Shang. Exponential boundary feedback
stabilization of a shock steady state for the inviscid Burgers equation. Math. Models Methods Appl. Sci.,
29(2):271-316, 2019.

Abstract. In this chapter, we study the exponential stabilization of a shock steady state for the inviscid
Burgers equation on a bounded interval. Our analysis relies on the construction of an explicit strict control
Lyapunov function. We prove that by appropriately choosing the feedback boundary conditions, we can
stabilize the state as well as the shock location to the desired steady state in H2-norm, with an arbitrary
decay rate.

6.1 Introduction

The problem of asymptotic stabilization for hyperbolic systems using boundary feedback control has been
studied for a long time. We refer to the pioneer work due to Rauch and Taylor [I73] and Russell [I77] for
linear coupled hyperbolic systems. The first important result of asymptotic stability concerning quasilinear
hyperbolic equations was obtained by Slemrod [I80] and Greenberg and Li [93]. These two works dealt with
local dissipative boundary conditions. The result was established by using the method of characteristics,
which allows to estimate the related bounds along the characteristic curves in the framework of C'! solutions.
Another approach to analyze the dissipative boundary conditions is based on the use of Lyapunov functions.
Especially, Coron, Bastin and Andrea-Novel [53] used this method to study the asymptotic behavior of the
nonlinear hyperbolic equations in the framework of H? solutions. In particular, the Lyapunov function they
constructed is an extension of the entropy and can be made strictly negative definite by properly choosing
the boundary conditions. This method has been later on widely used for hyperbolic conservation laws in the
framework of C'* solutions [48, [106} [107] or H? solutions [12, [16] 18, [47] 50} 66, [T10] (see [13] for an overview
of this method).

But all of these results concerning the asymptotic stability of nonlinear hyperbolic equations focus on the
convergence to regular solutions, i.e., on the stabilization of regular solutions to a desired regular steady
state. It is well known, however, that for quasilinear hyperbolic partial differential equations, solutions may
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break down in finite time when their first derivatives break up even if the initial condition is smooth [134].
They give rise to the phenomena of shock waves with numerous important applications in physics and fluid
mechanics. Compared to classical case, very few results exist on the stabilization of less regular solutions,
which requires new techniques. This is also true for related fields, as the optimal control problem [4T], [TGg].
For the problem of control and asymptotic stabilization of less regular solutions, we refer to [33] for the
controllability of a general hyperbolic system of conservation laws, [27) [I64] for the stabilization in the
scalar case and [33], 57] for the stabilization of a hyperbolic system of conservation laws. In [27, [57, [164],
by using suitable feedback laws on both side of the interval, one can steer asymptotically any initial data
with sufficiently small total variations to any close constant steady states. All those results concern the
boundary stabilization of constant steady states. In particular, as the target state is regular there is no
need to stabilize any shock location. In this work, we will study the boundary stabilization of steady states
with jump discontinuities for a scalar equation. We believe that our method can be applied to nonlinear
hyperbolic systems as well. While preparing the revised version, our attention was drawn to a very recent
work [I65] studying a similar problem in the BV norm. The method and the results are quite different and
complementary to this work.

Hyperbolic systems have a wide application in fluid dynamics, and hydraulic jump is one of the best known
examples of shock waves as it is frequently observed in open channel flow such as rivers and spillways. Other
physical examples of shock waves can be found in road traffic or in gas transportation, with the water hammer
phenomenon. In the literature, Burgers equation often appears as a simplification of the dynamical model of
flows, as well as the most studied scalar model for transportation. Burgers turbulence has been investigated
both analytically and numerically by many authors either as a preliminary approach to turbulence prior to
an occurrence of the Navier-Stokes turbulence or for its own sake since the Burgers equation describes the
formation and decay of weak shock waves in a compressible fluid [120] 144}, [187]. From a mathematical point
of view, it turns out that the study of Burgers equation leads to many of the ideas that arise in the field of
nonlinear hyperbolic equations. It is therefore a natural first step to develop methods for the control of this
equation. For the boundary stabilization problem of viscous Burgers equation, we refer to works by Krstic et
al. [125] [I82] for the stabilization of regular shock-like profile steady states and [38| [124] for the stabilization
of null-steady-state. In [I82], the authors proved that the shock-like profile steady states of the linearized
unit viscous Burgers equation is exponentially stable when using high-gain “radiation” boundary feedback
(i.e. static boundary feedback only depending on output measurements). However, they showed that there is
a limitation in the decay rate achievable by radiation feedback, i.e., the decay rate goes to zero exponentially
as the shock becomes sharper. Thus, they have to use another strategy (namely backstepping method) to
achieve arbitrarily fast local convergence to arbitrarily sharp shock profiles. However, this strategy requires
a kind of full-state feedback control, rather than measuring only the boundary data.

In this chapter, we study the exponential asymptotic stability of a shock steady state of the Burgers equation
in H2-norm, which has been commonly used as a proper norm for studying the stability of hyperbolic systems
(see e.g. [65] 114l 184]), as it enables to deal with Lyapunov functions that are integrals on the domain
of quadratic quantities, which is relatively easy to handle. To that end, we construct an explicit Lyapunov
function with a strict negative definite time derivative by properly choosing the boundary conditions. Though
it has been shown in [61] that exponential stability in H?-norm is not equivalent to C'-norm, our result
could probably be generalized to the C'-norm for conservation laws by transforming the Lyapunov functions
as in [48, [106].

The first problem is to deal with the well-posedness of the corresponding initial boundary value problem
(IBVP) on a bounded domain. The existence of the weak solution to the initial value problem (IVP) of
Burgers equation was first studied by Hopf by using vanishing viscosity [ITI]. The uniqueness of the entropy
solution was then studied by Oleinik [162]. One can refer to [I34] for a comprehensive study of the well-
posedness of hyperbolic conservation laws in piecewise continuous entropy solution case and also to [68] in
the class of entropy BV functions. Although there are many results for the well-posedness of the (IVP) for
hyperbolic conservation laws, the problem of (IBVP) is less studied due to the difficulty of handling the
boundary condition. In [3], the authors studied (IBVP) but in the quarter plane, i.e., z > 0,t > 0. By
requiring that the boundary condition at x = 0 is satisfied in a weak sense, they can apply the method
introduced by LeFloch [135] and obtain the explicit formula of the solution. However, our case is more
complicated since we consider the Burgers equation defined on a bounded interval.
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The organization of the chapter is the following. In Section we formulate the problem and state our main
results. In Section we prove the well-posedness of the Burgers equation in the framework of piecewise
continuously differentiable entropy solutions, which is one of the main results in this chapter. Based on this
well-posedness result, we then prove in Section [6.4] by a Lyapunov approach that for appropriately chosen
boundary conditions, we can achieve the exponential stability in H2-norm of a shock steady state with any
given arbitrary decay rate and with an exact exponential stabilization of the desired shock location. This
result also holds for the H*-norm for any k > 2. In Section we extend the result to a more general convex
flux by requiring some additional conditions on the flux. Conclusion and some open problems are provided
in Section [6.6] Finally, some technical proof are given in the Appendix.

6.2 Problem statement and main result

We consider the following nonlinear inviscid Burgers equation on a bounded domain

2

ye(t, ) + (Zé)gﬂ(t,x) =0 (6.2.1)

with initial condition
y(0,z) = yo(x), =« € (0,L), (6.2.2)
where L > 0 and boundary controls

y(t,07) =uo(t), y(t,L7)=ur(t). (6.2.3)

In this article, we will be exclusively concerned with the case where the controls ug(t) > 0, ur(t) < 0 have
opposite signs and the state y(t,.) at each time ¢ has a jump discontinuity as illustrated in Figure The

y(t, x)

’MQ(t)
+1

Figure 6.1 — Entropy solution to the Burgers equation with a shock wave.

discontinuity is a shock wave that occurs at position x4(t) € (0,L). According to the Rankine-Hugoniot
condition, the shock wave moves with the speed

y(tzs(O)7) + y(t,zs(t)7)

xs(t) = 5 (6.2.4)
which satisfies the Lax entropy condition [134]
y(t,zs(t)T) < s(t) < y(t,zs(t)7), (6.2.5)

145



together with the initial condition
75(0) = 240. (6.2.6)

Under a constant control ug(t) = —ur(t) = 1 for all ¢, for any z¢ € (0, L), the system (6.2.1)), (6.2.3), (6.2.4)
has a steady state (y*,z%) defined as follows:

() = 1, z€]0,x),
v {—1, z € (20, L, (6.2.7)

These equilibria are clearly not isolated and, consequently, not asymptotically stable. Indeed, one can see
that for any given equilibrium y* satisfying 7 we can find initial data arbitrarily close to y* which is
also an equilibrium of the form . As the solution cannot be approaching the given equilibrium when
t tends to infinity as long as the initial data is another equilibrium, this feature prevents any stability no
matter how close the initial data is around y*. With such open-loop constant control another problem could
appear: any small mistake on the boundary control could result in a non-stationary shock moving far away
from xg. It is therefore relevant to study the boundary feedback stabilization of the control system ,
62-3), (6.2.4).

In this chapter, our main contribution is precisely to show how we can exponentially stabilize any of the
steady states defined by with boundary feedback controls of the following form:

uo(t) = kry(t, zs(t)”) + (1 — k1) + bi(wo — x5(t)),

(6.2.8)
ur(t) = kay(t, zs(1)7) — (1 — ko) + ba(zo — x5(t)).

Here, it is important to emphasize that, with these controls, we are able not only to guarantee the exponential
convergence of the solution y(t, z) to the steady state y* but also to exponentially stabilize the location of
the shock discontinuity at the exact desired position zy. In practice, if the system was used for instance to
model gas transportation, the measures of the state around the shock could be obtained using sensors in
the pipe. Note that if the control is applied properly, sensors would be only needed on a small region as the
shock would remain located in a small region.

Before addressing the exponential stability issue, we first show that there exists a unique piecewise continu-
ously differentiable entropy solution with z(¢) as its single shock for system ([6.2.1)—(6.2.4)), (6.2.6), (6.2.8)
provided that yy and x4y are in a small neighborhood of y* and xg respectively.

For any given initial condition (6.2.2]) and (6.2.6]), we define the following zero order compatibility conditions

Yo(0F) = kryo( ) + (1 — k1) + bi (w0 — s0),
yo(L™) = kayo(zly) — (1 — ka) + ba(zo — 40).

Differentiating (6.2.9)) with respect to time ¢ and using (6.2.4)), we get the following first order compatibility

conditions

(6.2.9)

_ )yo(x;()) + yo(zd)

_ _ z) + yol(zh
Y0 (07)yox (07) =k1yo (@ 30)yow (250) — k1Yo (5 +b1y0( o) + 0(@0)

2 2 ’
yo(30) + yo(xd)
b .
2 o 2
The first result of this chapter deals with the well-posedness of system (6.2.1))-(6.2.4)), (6.2.6), (6.2.8) and is
stated in the following theorem.

(6.2.10)

- - - z5) + yo(rh
yo(L™)yo (L ):kwo(wjo)yow(xj&—kzyox($50>y0( o) + 40(@0)

Theorem 6.2.1. For all T > 0, there exists 6(T) > 0 such that, for every xso € (0,L) and yo €
H2((0,240); R) N H%((ws0, L); R) satisfying the compatibility conditions (6.2.9)—(6.2.10) and

[0 — a2 ((0,000)®) + 190 + U E2((@00,L):R) < 8(T),

6.2.11
[0 — 20| < 8(T), (6:2.11)
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the system (6.2.1)—(6.2.4)), (6.2.6]), (6.2.8]) has a unique piecewise continuously differentiable entropy solution
y € CU[0,T); H?((0,z5(t)); R)) N H?((z5(t), L); R)) with xs € C1([0,T]; (0,L)) as its single shock. Moreover,
there exists C(T') such that the following estimate holds for all t € [0,T)

ly(t, ) — Umz(ow.)r) + 19t ) + a2, 0),0)r) + [7s(t) — 2o
< C(T) (Iyo — U nz((0,2.0):R) T Y0 + U m2((200,0):R) + |Ts0 — T0]) . (6.2.12)

The proof of this result is given in Section [6.3

Our next result deals with the exponential stability of the steady state (6.2.7) for the H?-norm according to
the following definition.

Definition 6.2.1. The steady state (y*,x0) € (H?((0,2¢); R)NH?((xo, L); R)) x (0, L) of the system (6.2.1)),
(6.2.3), (6.2.4)), (6.2.8)) is exponentially stable for the H?-norm with decay rate =, if there exists §* > 0 and
C > 0 such that for any yo € H2((0,250); R) N H?((zs0, L); R) and x4 € (0, L) satisfying

[yo — y1 (0, ) 52((0,2.0)) + [0 = Y5 (0, )| 2 (@00, 0)5m) < 07,

6.2.13
|zs0 — xo| < 07 ( )

and the compatibility conditions (6.2.9)—(6.2.10)), and for any T > 0 the system (6.2.1)—(6.2.4), (6.2.6),
(6.2.8) has a unique solution (y,zs) € C°([0,T]; H*((0,z5(t)); R) N H?((xs(t), L); R)) x C1([0,T]; R) and

ly(t,-) = yi (t, ) m2(0,2. 0wy + 1Y) = ya(t, ) a2 ), 0)iR) + 26 (E) — 20
< Ce™ (lyo — 41 (0, )2 ((0.2.0)®) + 190 = 450, )| 52 (a0, L)) + |50 — 20]) , VL€ [0,T). (6.2.14)

In (6.2.13) and (6.2.14)),

yilt,z) =y (xxx(ot))
va(tz) =y (W) '

Remark 6.2.1. At first glance it could seem peculiar to define yi and y3 and to compare y(t,-) with these
functions. However the steady state y* is piecewise H? with discontinuity at xo, while the solution y(t,x) is
piecewise H? with discontinuity at the shock x4(t), which may be moving around xo. Thus, to compare the
solution y with the steady state y* on the same space interval, it is necessary to define such functions yi and

Ys-

(6.2.15)

Remark 6.2.2. We emphasize here that the “exponential stability for the H*-norm” is not the usual con-
vergence of the H*>-norm of y — y* taken on (0,L) as y and y* do not belong to H?(0,L). This definition
enables to define an exponential stability in H%-norm for a function that has a discontinuity at some point
and is reqular elsewhere. Note that, the convergence to 0 of the H?-norm in the usual sense does not ensure
the convergence of the shock location xs to xg. Thus, to guarantee that the state converges to the shock steady
state, we have to take account of the shock location, which is explained in Definition 2.1.

Remark 6.2.3. Note that this definition of exponential stability only deals a priori with t € [0,T) for any
T > 0. However this, together with Theorem implies the global existence in time of the solution (y,xs)
and the exponential stability on [0,400). This is shown at the end of the proof of Theorem|6.4.1}

We can now state the main result of this chapter
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Theorem 6.2.2. Let v > 0. If the following conditions hold:

—Y&o —v(L—z0)
b € ('ye_'y‘"”o, W) , by € (76_“’@_“) W) , (6.2.16a)

1 —e %o 71 — eV (L—z0)
b [ 1—eom 1w
2 —yT o u
k2 < e~ (1 : (b1 e >) , (6.2.16b)
b 1 — e~ %0 1 — ¢~ Y(L—20)
2 —v(L-zo) (1 _ 22
]412 <e 0 <1 5 <b1 po— + b 'ye—’Y(L—xo) )) s (6216(})

then the steady state (y*,xo) of the system (6.2.1)), (6.2.3), (6.2.4), (6.2.8) is exponentially stable for the
H?-norm with decay rate v/4.

The proof of this theorem is given in Section

Remark 6.2.4. One can actually check that for any v > 0 there exist parameters by, by and k1, ke satisfying
(6.:2.16)) as, for by = ye~ 7% and by = ve~(E=%0) one has

b 1 — =% 1 — e~ v(L—=0)
1- (g8 p-
¥ 'ye_’YIO fye—’Y(L—IO)

=1 — ¢ %0 (2 — e V%o _ e*’Y(L*(EU)) (6217)
— 6_273?0 (e'}’wo _ 1)2 + e—"/L > 0.
Similarly, we get
b 1 — e 7%0 1— e—’Y(L—xo)
1_2(1)1 ° by )
TN e e (Ero) (6.2.18)

:e—Q’Y(L—xo)(e’Y(L—ﬂfo) —1)2+4e 7t >0.

Therefore, by continuity, there exist by and ba, satisfying condition (6.2.16al) such that there exist kv and ko
satisfying (6.2.16b)) and (6.2.16c|). This implies that v can be made arbitrarily large. And, from (6.2.16a))—
(6.2.16c)), we can note that for large v the conditions on the k; tend to

kP <e ™0, k2 < e~ V(E—z0),

Remark 6.2.5. The result can also be generalized to H*-norm for any integer k > 2 in the sense of
Definition by replacing H? with H*. This can be easily done by just adapting the Lyapunov function

defined below by (6.4.3)-(6.4.9) as was done in [13, Sections 4.5 and 6.2].

Remark 6.2.6. If we set ky = ko = by = by = 0, then from , ug(t) =1 and ur(t) = —1. Thus it seems
logical that the larger «y is, the smaller k1 and ko are. However, it could seem counter-intuitive that by and
ba have to tend to O when v tends to +00, as if one sets by =0 and bs = 0, one cannot stabilize the location
of the system just like in the constant open-loop control case. In other words for any v > 0 the prescribed
feedback works while the limit feedback we obtain by letting v — +0o cannot even ensure the asymptotic
stability of the system. The explanation behind this apparent paradox is that when ~ tends to infinity, the
Lyapunov function candidate used to prove Theorem s mot equivalent to the norm of the solution and
cannot guarantee anymore the exponential decay of the solution in the H%-norm. More precisely, one can

see, looking at (6.4.69) and (6.4.71), that the hypothesis (6.4.16) of Lemma does not hold anymore.
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6.3 An equivalent system with shock-free solutions

Our strategy to analyze the existence and the exponential stability of the shock wave solutions to the
scalar Burgers equation ((6.2.1)) is to use an equivalent 2 x 2 quasilinear hyperbolic system having shock-free
solutions. In order to set up this equivalent system, we define the two following functions

nito) =yt ™), ga(ta) =yt L+ 22 E
To

) (6.3.1)
0

and the new state variables as follows:

a(t,z) = (282) - (gggg B 1) .z € (0,0). (6.3.2)
The idea behind the definition of y, yo is to describe the behavior of the solution y(¢, ) before and after
the moving shock, while studying functions on a time invariant interval. Observe indeed that the functions
y1 and yo in correspond to the solution y(¢,x) on the time varying intervals (0, x4(t)) and (xs(t), L)
respectively, albeit with a time varying scaling of the space coordinate x which is driven by z4(t) and allows
to define the new state variables (21, z2) on the fixed time invariant interval (0, zg). The reason to rescale yo
on (0,x0) instead of (zg, L) is to simplify the analysis by defining state variables on the same space interval
with the same direction of propagation.
Besides, from , the former steady state (y*,zo) corresponds now to the steady state (z = 0,25 = xg)
in the new variables. With these new variables, the dynamics of (y, ) can now be expressed as follows:

21 + (1 + 2 —xxs) 21222 =,
Lo

T
Zot + (1 — 22+ ﬂsxé) ol = (), (6.3.3)
o L—x,
i‘s(t) _ 21 (t, 3;‘0) + Zg(t, Jfo)

2 )
with the boundary conditions:

21(t,0) = k121(t, o) + b1 (zo — x5(1)),

(6.3.4)
Zg(t, 0) = kQZQ(t, LU()) + bg(l‘o — X (t)),
and initial condition
z(0,z) = ZO(:C), z5(0) = w50, (6.3.5)
where z° = (29, 28)T and
21 () = o <fﬂxso> -1,
Ty
(6.3.6)

s0— L
29(x) :y0<L+x$ Ogjo )—i—l.

Furthermore, in the new variables, the compatibility conditions (6.2.9)—(6.2.10|) are expressed as follows:
20(0) = k12 (o) + b1 (0 — z40),

(6.3.7)
29(0) = k229 (x0) + ba(zo — s0),
and
0 0 0 0
(14 90D (0) 2% =y (14 f(ag) - DL 0 (1) L0y p, 20 *25(00)
Tso 2 Tso 2

0 0 o 0 2P (x0) + 29(20) \ o T 20 (o) + 29 (x0)

(1= 23(0))22,(0) 7— o k2| 1= 2(z0) + =5 |2, (x0) 7 — e ba 5 :

(6.3.8)
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Concerning the existence and uniqueness of the solution to the system (6.3.3)—(6.3.5]), we have the following

lemma.

Lemme 6.3.1. For all T > 0, there exists 6(T) > 0 such that, for every x50 € (0, L) and z° € H?((0, x¢); R?)
satisfying the compatibility conditions (6.3.7)—(6.3.8) and

12° 52 ((0,20)%2) < O(T), |50 — 0| < O(T), (6.3.9)

the system (6.3.3)-(6.3.5) has a wunique classical solution (z,z,) € C°([0,T]; H2((0,20);R?)) x
CL([0,T7; (0, L)). Moreover, there exists C(T) such that the following estimate holds for all t € [0,T)

|Z(t, ')|H2((0,z0);]R2) + |$S(t) - .’130| < C(T) (|Z0|H2((0,930);R2) + |x50 - l‘ol) . (6310)
Proof. The proof of Lemma is given in Appendix O

From this lemma, it is then clear that the proof of Theorem follows immediately.

Proof of Theorem[6.2-1] The change of variables (6.3.1]), (6.3.2]) induces an equivalence between the classical
solutions (z,x) of the system (6.3.3))—(6.3.5) and the entropy solutions with a single shock (y,zs) of the
system (/6.2.1)—(6.2.4)), (6.2.6)), (6.2.8]). Consequently, from and provided |2°| g2 ((0,20);r2) and |25 — zo|
are sufficiently small, the existence and uniqueness of a solution with a single shock (y,xs) to the system
(6.2.1)—(6.2.4), (6.2.6), (6.2.8) satisfying the entropy condition when (yo, Zs0) is in a sufficiently small
neighborhood of (y*, z), follows directly from the existence and uniqueness of the classical solution (z, z)

to the system (6.3.3)(6.3.5) which is guaranteed by Lemma[6.3.1] O

Remark 6.3.1. Under the assumption in Lemma if we assume furthermore that z° € H*((0,z0); R?)
with k > 2 satisfying the k-th order compatibility conditions (see the definition in [13, p.143]), then (z,xs) €
CO([0,T); H*((0,20); R?)) x C*([0,T);R) and still holds. This is a straightforward extension of the
proof in Appendiz [6.7.1], thus we will not give the details of this proof here.

6.4 Exponential stability for the H?-norm

This section is devoted to the proof of Theorem [6.2.2 concerning the exponential stability of the steady state
of system (6.2.1)), (6.2.3), (6.2.4)), (6.2.8]). Actually, on the basis of the change of variables introduced in the
previous section, we know that we only have to prove the exponential stability of the steady state of the

auxiliary system ((6.3.3)—(6.3.4]) according to the following theorem which is equivalent to Theorem

Theorem 6.4.1. For any v > 0, if condition (6.2.16|) on the parameters of the feedback holds, then there
exist * > 0 and C > 0 such that for any z° € H*((0,0); R?) and x5 € (0, L) satisfying

‘ZO|H2((0@0);R2) <0, |mso — mo| < O0F (6.4.1)

and the compatibility conditions (6.3.7)—(6.3.8)), and for any T > 0 the system (6.3.3)(6.3.5)) has a unique
classical solution (z,xs) € C°([0,T]; H*((0,z0); R?)) x C1([0,T];R) such that

‘Z(lf7 ')‘Hz((0,$0)§R2) + |.’E5(t) — £C0| < Cei’yt/él (|ZO|H2((07330);R2) + |£L’SO — £C0|) y vVt € [O,T) (642)

When this theorem holds, we say that the steady state (z = 0,zs = xg) of the system (6.3.3)—(6.3.4) is

exponentially stable for the H2-norm with convergence rate v/4. Recall that, from Remark there
always exist parameters such that holds.

Before proving Theorem [6.4.1] let us give an overview of our strategy. We first introduce a Lyapunov function
candidate V' with parameters to be chosen. Then, in Lemma we give a condition on the parameters
such that V is equivalent to the square of the H2-norm of z plus the absolute value of x, — xy, which implies
that proving the exponential decay of V' with rate /2 is enough to show the exponential stability of the
system with decay rate /4 for the H2-norm. In Lemma|6.4.2, we show that in order to obtain Theorem
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it is enough to prove that V decays along any solutions (z,zs) € C3([0,T] x [0, xo]; R?) x C3([0, T]; R) with
a density argument. Then in Lemma we compute the time derivative of V along any C® solutions of
the system and we give a sufficient condition on the parameters such that V satisfies a useful estimate along
these solutions. Finally, we show that there exist parameters satisfying the sufficient condition of Lemma
4.3. This, together with Lemma 4.2, ends the proof of Theorem 4.1.

We now introduce the following candidate Lyapunov function which is defined for all z = (Zl,ZQ)T S
H?((0,20); R?) and z, € (0, L):

V(z,x5) = Vi(z) + Va(z, xs) + Va(z, x5) + Va(z, 25) + Vs(2, 25) + Vs(2, z5) (6.4.3)
with
Zo —px —px
Vi(z) :/ pre 22 4 poe 2 2idx, (6.4.4)
0
Zo —px —px
Vol(z,zs) = / pre 2}, + pee 2 23,d, (6.4.5)
0
xo —ux —px
Vs(z, zs) z/ pre 22, —l—pgeﬁzgttdm, (6.4.6)
0
Zo —px o —px
Vi(z,x5) = / pre ™ zi(xs — xg) dx —|—/ pae 2 29wy — x0) dx + KT, — 70)?, (6.4.7)
0 0
o —uz o —uz
‘/S(vas) = / ﬁle 1 thi's d-T + / ]326 n2 Z2t-’ts d.’L‘ + H(iS)Qa (648)
0 0
o —pa *o —uz
Ve(z, xs) :/ pre ™ zyplsdr +/ Doe 2 Zopls dx + /f(jés)Q. (6.4.9)
0 0

In (6.4.4)—(6.4.9), 1, p1, p2, D1, D2 are positive constants. Moreover

0 (6.4.10)

:1 =
m T2 -z

and
k> 1. (6.4.11)

Actually, in this section, we will need to evaluate V(z, ) only along the system solutions for which the
variables z; = (214, 22t), Zet = (2144, 221t), ©s and & that appear in the definition of V' can be well defined
as functions of (z,zs) € H%((0,z0);R?) x (0, L) from the system (6.3.3)—(6.3.4) and their space derivatives.
For example, z1; and zo; are defined as functions of (z,xs) by

S (1 fa- <>+<>> 120, (6.4.12)
2z Ty
z1(x0) + 22(0) Zo
=—(1- 6.4.13
Zot ( ztw 220 2 ( )
and z1; and 2o as functions of (z,z) by
21(xo) + 22(x x
iy (1 b x1(0)2(0)> (er0)e 22
2.’E0 s
(2, — let(xo) + 2zt (o) le@ _ ZMM, (6.4.14)
2xq T 2x,
z1(xo0) + 22(0) To
=—(1- %0 T 22\ 0) —0
Zott ( z2t+ 270 (22t): I—a.
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z1t(zo) + 22t (x0) Zg 21(xo) + 2z2(o)
_ N . (641
+ <22t z o S 5L — 1) (6.4.15)

The functions z1; and z9; which appear in (6.4.14]) and (6.4.15]) are supposed to be defined by (6.4.12) and
(16.4.13)) respectively.

Remark 6.4.1. When looking for a Lyapunov function to stabilize the state (21, 22) in H?-norm, the com-
ponent (Vi + Vo +V3) can be seen as the most natural and easiest choice, as it is equivalent to a weighted H?-
norm by properly choosing the parameters. This kind of Lyapunov function, sometimes called basic quadratic
Lyapunov function, is used for instance in [12] or [13, Section 4.4]. However, in the present case one needs
to stabilize both the state z and the shock location xs, which requires to add additional terms to the Lyapunov
function in order to deal with x. Besides, as we have no direct control on x5 (observe that none of the terms
of the right-hand side of , or equivalently of the third equation of , is a control), we need to
add some coupling terms between the state z on which we have a control and the shock location xs in the
Lyapunov function. Thus, Vy is designed to provide such coupling with the product of the component of z and
Zs, while Vs and Vg are its analogous for the time derivatives terms (as Vo and V3 are the analogous of Vi
respectively for the first and second time derivative of z).

We now state the following lemma, providing a condition on u, pi, p2, p1 and ps such that V(z,xy) is
equivalent to (|z\%2((0’m0);R2) + |zs — z0|?).

Lemme 6.4.1. If

max (01,03) < 2, (6.4.16)
where _2 _2
9, .= mn (1%755”), 9, =21 (176_“”120), (6.4.17)
p1 p b2 p
there exists B > 0 such that
1
B (|Z|§[2((07$0);R2) + |{E5 - 1’0|2) <V < B <|Z|3{2((0,z0);R2) + |£L’s - $0|2> (6418)
for any (z,xs) € H?((0,20); R?) x (0, L) satisfying
|Z‘%‘12((O,IQ);R2) + |x5 - 3?0‘2 < 62. (6.4.19)
Proof of Lemma[6.4.1 Let us start with
Zo —hx Zo —pw
Vy = / pre " z1(zs — x0) dx —|—/ 2526#22(335 —20) dx + (x5 — 20)2. (6.4.20)
0 0

Using Young’s inequality we get

1 To . _ 2 1 s 2 .- 2
-3 (/(; pre o 2 dﬂ;‘) -750 -5 </O pze 2 2 dx) _ w
—pz 2
(/ prem z dx) (6.4.21)

2 x 2 2
_ 1 0 e _
+<ﬂﬂswo>+(/ e Zde) Gt T
0

+ k(zs —20)? < Vi <

l\D\»—~

2 2 2
Hence, using the Cauchy-Schwarz inequality and the expression of V; given in (6.4.4)),

1 O —pe 1 O —pe
p1(l—=04) e zidr+pa(l — =05) e zydx
2 0 2 0
1 o
(s —20)%(k — 1) < VI + Vi <pr(1+ 5@1)/ e zldx (6.4.22)
0

1 o —pT
—l—pg(l-l— 5@2)/ e T z% dm—l—(ms —330)2(,‘{—}—1),
0
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and similarly

1 O —pe 1 O —pe
p1(l — 591) e zidr 4+ pa(l — 5@2) ez z3, dx
0 0
Zo

1 —pw
(@) (k—1) < Vo + Vs <pr(1+ 5@1)/ e zidr (6.4.23)
0

1 O e
4oL+ 300) [ do ot (524 1),
0
and also
1 O —pe 1 O —pe
pi(1l— 561)/0 e zigde + pa(l — 592)/0 e Zyy dr
1 O e
+ (#5)%(k—1) < Va+ Vs <p1(1+ 5@1)/0 e 2%, dx (6.4.24)
1 O —pe . \2
+pa(1+ 5@2) e zyydr+ (&s)°(k+1).
0

Hence, from (6.4.11)), x > 1 and (|6.4.16|) is satisfied, there exists ¢ > 0 such that
1

2 2
o (Ielrz(0.00yme) + 126 = 2012) <V < = (I2l3r2 (0 00pme) + |75 = 30]*) . (6.4.25)

where, for a function z € H?((0, zo); R?), |Z| 172 ((0,20);R2) 18 defined by

= (|z? 2 2 2 6.4.26
12l 12 ((0.20)22) = (|2122((0,00)2) F 12622 ((0,00)%2) T [Zet]12((0,00)m2) ) (6.4.26)

with z; and z defined as (6.4.12))—(6.4.15)). Let us point out that from ((6.4.12))—(6.4.15|), there exists C' > 0

such that 1
c 12l (0.w0)re) < 12laz(0.20)22) < Cl2luz(0.00)m2), (6.4.27)

if (|z|2Hz((07x0);R2) +|xs—x0|?) < 1/C. It follows from (6.4.25)) and (6.4.27) that 8 > 0 can be taken sufficiently

small such that inequality (6.4.18) holds provided (6.4.19)) is satisfied. This concludes the proof of Lemma
6.4.7] O

Before proving Theorem [6.4.1] we introduce the following density argument, which shows that it is enough
to prove the exponential decay of V along any C? solutions of the system.

Lemme 6.4.2. Let V be a C* and nonnegative functional on C°([0,T]; H?((0,0); R?)) x C([0,T];R). If
there exist & > 0 and v > 0 such that for any (z,xs) € C3([0,T] x [0,20]; R?)) x C3([0, T];R) solution of
(6.3.3)~(6.3.4), with associated initial condition (z°,z4) satisfying ‘Z0|H2((0 o) R2) S 0 and |xso — wo| < 0,

one has

dV(Z(t7 ')a Ts (t))
dt
then (6.4.28)) also holds in a distribution sense for any (z,xzs) € C°([0,T); H2((0,z0); R?)) x C*([0,T];R)
solution of (6.3.3)—(6.3.4) such that the associated initial condition (z°,x4) satisfies <6
and |zs0 — o] < 4.

< —%V(z(t, SERON (6.4.28)

‘ZO‘HZ((O,IO);]RZ)

Proof of Lemma[6.4.2. Let V be a C!' and nonnegative functional on C°([0,T]; H?((0,z0); R?)) x
CL([0,T];R) and let (z,x,) € CO([0, T); H?((0,z0); R?)) x C1([0, T]; R) be solution of (6.3.3)—(6.3.4) with as-

sociated initial condition ’ZO‘H2((O voyk2) S 0 and |50 — 20| < 4. Let (2°,27,) € H*((0,z0); R?) x (0, L),n €
N be a sequence of functions that satisfy the fourth order compatibility conditions and

|zon|H2((0,zo);]R2) < 57 |x?0 - xo\ < 57 (6.4.29)
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such that z°" converges to z° in H2((0,z0);R?) and 7, converges to x. From Remark [6.3.1] there exists a
unique solution (z",z7%) € C°([0,T]; H*((0,z¢); R?)) x C*([0,T];R) to (6.3.3)—(6.3.4) corresponding to the

initial condition (z°", 2%,) and for any ¢ € [0, T], we have

12" (t, ) 12 ((0,20):22) + |25 () — xo| < C(T) (12°" | 12 ((0,00)m2) + 250 — ol) - (6.4.30)

Hence, from and the third equation of , the sequence (z",z?) is bounded in
C°([0,T); H%((0,z0); R?)) x C1([0,T];R). By [178, Corollary 4], we can extract a subsequence, which we
still denote by (2", ") that converges to (u,ys) in (C°([0,T]; C*([0, zo]; R%)) N C*([0, T); CO([0, z0]; R?))) x
C([0, T]; R), which is a classical solution of (6.3.3)—(6.3.5). If we define

, if L*((0,T); H2((0, z0); R?)),
Ju) = § Foo iTwE L0 HAC xolo ). ) (6.4.31)
[l oo ((0,7); 12 ((0,00)R2) » 1f W E L((0,T); H*((0,20); R?)),
then J is lower semi-continuous and we have
J(w) < Hm 2" co 0,79, 12 ((0,00)%2)) - (6.4.32)

n—-+oo

thus from and the convergence of (z°",z7) in HZ2((0,70);R?) x R, we have J(u) € R
and u € L>((0,T); H*((0,z0);R?)). Moreover, as (u,y,) is a solution to (6.3.3)—(6.3.5), we get the
extra regularity u € C°([0,T); H2((0,20); R?)). Hence, from the uniqueness of the solution given
by Lemma u = z and consequently ys = x5, which implies that (z",z7) converges to
(z,25) in (C°([0,T]; C(]0, xo]; R?)) N CL([0,T]; C°([0, z0); R?))) x C1([0,T];R). Now, we define V"(t) :=
V(z"(t,-),x?(t)). Note that V(t) = V(z(t,-),xs(t)) is continuous with time ¢ and well-defined as, from
Lemmal6.3.1] z € C°([0,T]; H2((0, 70); R?)). As (2", 2) belongs to C°([0, T]; H((0, z0); R?)) x C*([0, T}; R)
and is thus C?, and as it is a solution of f with initial condition satisfying , we have
from

avn vy
< -2V, A.
7 2V (6.4.33)
thus V™ is decreasing on [0, T. Therefore
t
V() — V(0) < —%V"(t), vt € [0,T], (6.4.34)
which implies that
t
(1 + é) V™ (t) < V™(0), Vt € [0, T]. (6.4.35)

Using the lower semi-continuity of J, by the continuity of V and the convergence of (z°% z7)) in
H?((0,0); R?) x R, we have

(1 + 7;) V() < V(0), ¥t € 0,T). (6.4.36)

Note that instead of approximating (z°,z4), we could have approximated (z(s,-),zs(s)) where s € [0,T)
and follow the same procedure as above. Therefore we have in fact for any s € [0,7T)

t —
(1 + 7(23)> V(t) < V(s), Yt € [s,T], (6.4.37)
thus for any 0 < s <t < T
Vi) -V(s) _ v
< —2V(b), 6.4.38
=T < Ty (6.439)
which implies that (6.4.28)) holds in the distribution sense. This ends the proof of Lemma O

We now state our final lemma, which gives a sufficient condition so that V' defined by (6.4.3)—(6.4.9) satisfies
a useful estimate along any C? solutions.
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Lemme 6.4.3. Let V' be defined by (6.4.3) —(6.4.9). If the matriz A defined by (6.4.59))—(6.4.64) is positive
definite, then for any T > 0, there exists 61(T) > 0 such that for any (z,zs) € C3([0,T] x [0, zo]; R?)) x

C3([0,T); R) solution of (6.3.3)—(6.3.5) satisfying |ZO|H2((0,3:0);]R2) < 01(T) and |zso — zo| < 01(T),

dV(Z(t, ')’ xs(t))

dt ST

%V(Z(t’ ')’x8<t)) +0 ((‘Z(t’ ')‘HQ((O,IU);Rz) + |xs - $0|)3) ) Vite [07T]

(6.4.39)

Here and hereafter, O(s) means that there exist ¢ > 0 and C; > 0, both independent of z, x5, T and

t € [0, 7], such that
(s <&) = (|0(s)] < Chs).

To prove this lemma, we differentiate V' with respect to time along any C?® solutions and perform several
estimates on the different components of V. For the sake of simplicity, for any z € C°([0,T]; H2((0, x0); R?)),

we denote from now on |z(%, -)| g2((0,z0)82) DY |2|f2.

Proof of Lemma[6.4.3 Let V be given by f and T > 0. Let us assume that (z,zs) is a C3
solution to the system (6.3.3)—(6.3.5), with initial condition |2°] 2 ((0,49);r2) < 61(T) and |zs0 — 0| < 61(T)
respectively with §;(7) > 0 to be chosen later on. Let us examine the different components of the Lya-
punov function. We start by studying Vi, V2 and V3 which can be treated similarly as in [13, Section 4.4].

Differentiating V; along the solution (z,z;) and integrating by parts, noticing (6.4.10)), we have

dV *o —pz 'S —pz .S
. —2/ (ple " z1(14 21 — xx—)@zlx + poe na 29(1 — 29 —|—x$—) 0 zzm) dx
0

dt xo Ts o L — s
rx U © x o
—ue T —pe 0
=—uVy — [ple 222 4 poe 2 +0 (12| g2 + |zs — x0|)3) .
Zs L - s 0
From (/6.3.3)), we have
T i) T o T
2+ (L4 21 —2=2) 210 — + (210 — 2> ) 21— + 21— = 0,
i) Ts Zo Ts Ts
T Zo T Zo Ts
Zopp + (1 — 29 +x—)2 — (20t —x—)2 —z =0.
2t + ( 2 I0)2tmL—JJS (221 xO)QIL_xS 2T o
Therefore, similarly to (6.4.40]), we can obtain
dVs —uz Ty o —uz T 2 o 3
— =—uVs — em —zi, +pe 12 ——2 + 0 ((|z| g2 + |zs — .
ap = Ve e s e (|2l g2 + |25 — 20])?)
From (6.4.41)) and using (6.3.3]), we get
T i) T Zo T T
ziet + (L + 21 — =) 21000 — + 2(21¢ — =) 2100 — + — (2106 + 210 —)
Zo Ts Zo Ts s Ts
cee . . . 2
z x x Tsxs — (T
+ (21 — T —2) 210 — + 21t~ + thL;S) =0,
T T T x2
{ts i) i‘s Zo i‘s l"s
zopt + (1 — 20 + 2 —)2oppe ——— — 2(22t —2—)2 + — 2ot + 2ot ———
2ttt + ( 2 Jio) 2tta T (22 xo)sz—xS L—J:s( 2tt 2tL—ms)
T Zo T is(L — xs) + (i5)°
— (291 —x—)2 —z —z =0.
(22t 330) 2T o L 2t L —a.)
Then differentiating V3 along the system solutions and using ((6.4.43f), we have
dV}, — 22 Ty, o i‘s o _px i) 2 (ts o
— < — |pie m—(z 1+2z —az— — |p2e 12 ———25,,(1 — 29 + 22—
e | e )
. (x0 L—m v /zo To o wr g L—xo _ue d
— pmin [ — - —pie M2y, 2 — e "2 25,20 | dx
H v L—xz,) K ) a:spl 1471 L—msp2 2t %2
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(6.4.40)

(6.4.41)

(6.4.42)

(6.4.43)



0 . .
ro —wme 5 &g L—x9 _m2 o @y

+ ,“/ ——pie T2y — — p2e M Tz dx
0 Zs Zo Zo

L—x,
o . .
j2:a Tg il €T
2 2 s
— 3/ <p16 27— — P2e 72 zgttL) dx
0 T — Ts
o
_ pzx x0 _uz g
pre T 2 21e — — pae ™ T — dz (6.4.44)
0 Tg — Ty

_pT jf i) _ Bz S't':’ o
—4 pre” Mz (21t — T—2) 214w — — Pae 2 2oy (22 — )20ty ——— | dx
Zo ) L s

s —

.’bs fES — bz i's (ts
- 2/ pie "1 Z1tt(Z1tt + Z1t*)* — p2€ "2 ZZtt(ZQtt — 22t ) dx
0 Ts' T L—2s' L — x4

xo » .. (4 2 © . L o . 2
—2/ <P1€‘:’121tt21t%x - (xs) _p267l:’7222tt22tx8( xs)+($s) ) dx
0

2 2
c (L - 1’3)
o px x Zo _pz .Z‘S Zo
—2 pre” 2z (21 — T—2) 21— — pae 12 zoy(zoy — T—) 29, dz.
0 o T To L— g

Observe that, while previously all the cubic terms in z could be bounded by |z|?1’5,27 here in the last line in
(6.4.44) we have %5 which is proportional to zu (¢, z¢) and cannot be roughly bounded by the |z|g2 norm.
To overcome this difficulty, we transform these terms using Young’s inequality and we get

20
pe T o _nz T Zo

2/ pre” " 21 (X —)21,— — pae 2 tht(ar )2290 dx
0 To T L—

(6.4.45)
2
< C L2t (o,mmpipey (160t w0) + m(zzxo)) +0 (|z<t, e oaages) 432
where C' denotes a constant, independent of z, 25, T and ¢ € [0, T]. Note that the first term on the right is now
proportional to zZ(t, 7o) with a proportionality coefficient C' |z(t, e ((0,.20)r2) that, by Sobolev inequality,
can be made sufficiently small provided that |z|g2 is sufficiently small and thus can be dominated by the
boundary terms. More precisely, from (6.4.44) and (6.4.45)) we have

avs

pz o I X o
—ue I —ue X
p —pVs — [Ple i x(Z%tt)] - {PQG "2 I _2 Z%tt:|

S O S 0 (6.4.46)
+0 (|Z|H2) (Z%tt(tvxo) + Z%tt(tvmo)) +0 ((|Z‘H2 +|zs — xODB) .

Let us now deal with the term V} that takes into account the position of the jump. In the following, we use
notations z(0) and z(x) instead of z(t,0) and z(t, zy) for simplicity. We have

dV, *o —pw T T o —pz
—4 = 7/ pre T (1421 — =) 210(Ts — xo)—od:ﬂ +/ Pre o 21Ts dx
0 L 0

dt 0 Ts
*o —pT sz i)
_ poe 2 (1 — Ls _ d
/0 poe 2 ( 29 + xmo)z%(:cs xo)L o T
zo .
+ / poe 2 zo&sdx + 2kEs(xs — X0) (6.4.47)
0
—nz T pr TQ o 2
=— (x5 — ) |P1e ™ —21 -|—p26 m2 29 —pu(Vy — k(zs — x0)7)
T L-z, 7],

Zo ;rr Zo _ pz
4 71(@o) + 22(20) (/ s dx) 4 71(@0) + 22(20) (/ P dx)
2 0 2 0
+ k(21 (w0) + 22(20)) (x5 — 20) + O ((|2] g2 + |25 — w0])?) -
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According to Young’s inequality, for any positive €1 and 5, we have

o = 2 1 o = 2
z1(z0) T+ 22(w0) (/ 15167%121 dm) < = (Zl(xo) i zz(%)) + = (/ 1516777121 dm) )
0 4 2 51 0

2
i , (64.48)
xo » o wx
21(20) + 22(20) / oe e mdr ) < 2 (2T) T 2(z0) )7 L / Dye i apdr)
2 0 4 2 &9 0
Then using the boundary condition (6.3.4)) and Cauchy-Schwarz inequality, (6.4.47)) becomes
v, x _ueg
C <= Vi = i — w0) > (e = k)2 (o) + bis — w0))
_ o _ HTo
= P2(zs — 20) ((e 72— ka)za(wo) + ba(zs — xo))
AN (6.4.49)
0, O
(o1 + £) L) + 25 (0) +max{1’ 2} v
8 &1 €2

+ (s — x0) (21(w0) + 22(20)) + pr(zs — 20)* + O ((|2] g2 + x5 — T0])?) -

Let us now consider V5. From (6.4.8)) and (6.4.41)), one has similarly

dVs RCR—— . X oo e
o pie M Z1m$s; dx + pie m zpdgdr
0 s 0

o —pz X o —pz .. .o :
- / D2e 2 Zthftsﬁ dx Jr/ D2e 2 20185 dx + 2KZ %5 + O ((|Z|H2 + |xs - $0|)3)
0 s 0

zo
. R 2 1 _ = x .
=—Zs |:p1€ (e 70th + p2e 7 I 0 ZQt:| — (Vs — "i(xs)2)
s — T

o e zo -
+ 216(@0) + 221(0) (/ pre” oz da:) + z1¢(2o) + 22¢(20) (/ ﬁze_%zth dx)
0 0

2 2
+ K(z1¢(20) + 220(20)) s + O ((|2] g2 + |25 — 20])?) -
By differentiating (6.3.4]) with respect to time, we have

0)=k — b,
Z1t( ) 121t($0) 13.0 (6.4.50)
22¢(0) = kozae (o) — bais,

and therefore using Cauchy-Schwarz and Young’s inequalities, we get

dV: LT _uw .
dfs < — Vs — prig=> ((6 - k1)z1e(zo) + blxs)
t Ts
oz _nag .
_ f)QJ,‘s I 0 ((e 7720 — kQ)ZQt(JIO) + b2$s)
— (6.4.51)

2 2 e (e}
4 (e + 52)th($0) + 231 (%0) n max{l, 2} 17
8 €1 €2

+ kit (216(20) + 220(20)) + pri(s)? + O ((|2] g2 + |25 — 20])?) -
Furthermore, by differentiating ((6.4.50)) with respect to time, we have

0) =k — b1,
tht( ) 121tt($0) 1% (6.4.52)
2244 (0) = kozape (o) — bois,
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and therefore using also (6.4.43]), one has

dV6 Zo _ —px .. X9 To I ]
o Die M Zippeds— dx + Die M Zip T gdx
t 0 Ts 0

To —px i) *o —Kz To —pz T o
— . _ et 24 cee cee e _ . S
7/ Poe 2 ZQttrxsid:C‘i’/ Po€ M2 zoy T o dx + 2KT 4T g +/ prem Fg(x—)z1,—dx
0 L— Ts 0 0 i) Ts

o B —px :,.C T
— / Poe 2 dg(z—2) 20, O dr+0 ((|Z|H2 + |zs — x0|)3)
0 To L —x,
pz T I3 X o
. _ —px 0 _ KT O - 2
= — n — n — V _
T {ple 1 . Z1t¢ + pae "2 I—a. ZzttL w(Ve — k(is)7)
IO LT zo (LT
+ z114(%0) —;Z%t(xo) (/ 15167}71211575 dl’) + Z1(20) _; 22140 </ 13267’72,22” dx)
0 0

; T pe W x
+ K216t (o) + 226(w0) )T +/ prem dy(a—>)z,—dr
0 i) Ts
T pe T Zo 3
- Poe 2 Eg(x— )22, dz + O ((|2] 2 + s — x0])?) -
0 T L—xs

Note that, as above for V3, here appears again @5 which is proportional to z,; (¢, z¢) and cannot be bounded by
|z| ;». We therefore use Cauchy-Schwarz and Young’s inequalities as previously and the boundary condition

(16.4.52)), to get

dVg . _ pag .
5wV — pri =2 ((e i — k) zae (o) + b1xs)

dt T
. _pzg .
_ p2$s I —01,' ((6 7720 — ]{}2)22”(330) + ngs)
2 2
+ 0, O (6.4.53)
+ (e +€2)21tt(950) . 2344 (T0) —l—max{ 511’ 522 } Ve

+ ks (2160 (w0) + 226 (0)) + pr(is)? + O (|2 2) (Z%tt(xo) + tht(xo))
+0 ((lzl g2 + s — z0])?) -

Hence, from ([6.4.40)), (6.4.49) and the boundary conditions (6.3.4]), we have

dVi  dVy
— 4+ — < —u(V1 + V.
di g p(Vi+Vy)
0, ©
+ max {1, 2} |
€1 135}
-xO 9 ) 51 + 52 2
+ | —pi(ki —e ™)+ 21 (20)
L Ts 8
+ %o pa(k2 — e )+ W} 22(x0)
2 2
L — s 8 (6.4.54)
T T _pzg
+ *270p1b1k1 — fﬁl(e moo— kl) + I{:| Zl(Io)(Is — Io)
[ z x _u=zg
+ _2L _O p2b2k2 — L _O ]52(6 n2z  — k2) + H:l ZQ(l'o)(Z‘s — xo)
[z T To _ Ty _
+ _;Smb? + Hmb% - ;Sp1b1 — I xsp2b2 + lm] (s —20)?
+0 (|2l g2 + |5 — z0)?) -
Let us now select €1 and &5 as follows:
] ]
£1=2—, gy =2—2, (6.4.55)
I I
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where ©1 and O4 are defined in ((6.4.17)). Then (6.4.54)) can be rewritten in the following compact form:

dvy  dV;
< =BV Vi = ZTA0Z+ O (([2l g + |, — o)) (6.4.56)

This expression involves the quadratic form ZTAy Z with the vector Z defined as
Z = (z1(z0) 22(wo) (x5 — 20))7. (6.4.57)
and the matrix Ay satisfies
Ay :A+O(|1'S —x0|), (6458)

where A is given by
ain 0 a3
A= 0 a922 A23 (6459)

azi asz ass

with
ayp = pl(e_ "7]'“”10 — k%) — & —;_62, (6460)
a1z = azy = plblkl + %(67% — ]{)1) — g, (6461)
Xo _ B €1+ é9
a22 = 7 IOP2(€ e —k3) — s (6.4.62)
xo ro P2, _ ko K
= azp = P2 —ky)— = A.
a3 = asz L—x0p2b2k2 t7 2o 2 (e ™ —ka) 5 (6.4.63)
a3s = —pi1b? — — 2 pob? + Prby + — by — it (6.4.64)
L— i) L— i)
Similarly, from (6.4.42) and (6.4.51)), we get
dVy  dV;
S22 05 <« By Vs — ZTAGZ + O (2] + |2 — 20])?) (6.4.65)
dt dt 2
while from (6.4.46) and (6.4.53)), we have
dVs  dV
2 < =BV — Ve — AL Zie + O (2l g2 + [ — ol)?) (6.4.66)
with
O(|z|u2) 0 0
0 0 0

If A is positive definite, from (6.4.58)) and (6.4.67)) and by continuity, Ay and A; are also positive definite
provided that |z| g2 and |zs — x| are sufficiently small. Hence, from (6.4.56)), (6.4.65)), (6.4.66) and Lemma
there exists d1(T") > 0 such that, if [2°|g2((0,z0)r2) < 01(T) and |z — xo| < 01(T'), one has

av
— < —gv +0 ((12] g2 + |25 — z0])?) (6.4.68)
which ends the proof of Lemma [6.4.3 O

Let us now prove Theorem [6.4.1
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Proof of Theorem[6./.1] From Lemma [6.4.1] and Lemma [6.4.2] all it remains to do is to show that for any
v > 0, under conditions (|6.2.16|) there exist u, p1, p2, p1 and py satisfying (6.4.16) and such that V given
by (6.4.3)-(6.4.9) decreases exponentially with rate /2 along any C? solution of the system (6.3.3)—(6.3.5).

Using Lemma [6.4.3] we first show that for any v > 0 there exists ¢ > -, and positive parameters pi, pa, p1

and po satisfying ((6.4.16)) and such that the matrix A defined by (6.4.59))-(6.4.64]) is positive definite, which

implies that (6.4.39)) holds. Then, we show that this implies the exponential decay of V' with decay rate /2

along any C® solution of (6.3.3)-(6.3.5).

Let us start by selecting p; and p- as

P

= = . 6.4.69
D1 2b1 P %) 2b2 ( )
Then the cross terms (6.4.61)), (6.4.63) of the matrix A become
ais = asp = 567% - g, ag3 = a3 = 7 ioxo %67% - g (6470)
Let p; and po be selected as
nag L— nag
]31 = /geﬂmo7 172 =K erano, (6471)
Zo
Then we have
a13 = az1 = 07 23 = Q32 = 0 (6472)
such that A can now be rewritten as
a1 0 0
A= 0 a9 0 . (6473)
0 0 ass
Moreover from (6.4.69) and (6.4.71)), we get
as3 = %bl + 17 ioxg %bz — pk = gble% + gbge% — UK. (6.4.74)

As conditions ((6.2.16]) are strict inequalities, by continuity it follows that we can select u > 7 such that these
conditions ([6.2.16)) are still satisfied with p instead of + such that

_ g _ bz
pem T <by < HE D e <y < HE T (6.4.75)
1l—e m 1—¢ m2
this together with (6.4.74) gives
ass > 0. (6476)
From (6.4.17), (6.4.55), (6.4.60), (6.4.62), (6.4.69) and (6.4.71), we have
an:é%ﬂ—ﬁﬁ%)—i%Pﬂﬁ%flﬂwﬂﬁ§glﬂ, (6.4.77)
K Iy K nog nog
az = 5 (1~ ke ) — 57 [bl(e 1)+ bo(em — 1)] (6.4.78)
Then, under assumptions (6.2.16]), it can be checked that
a1 >0, age > 0. (6479)

This implies that A is positive definite.
Thus from Lemma for any T > 0, there exists 61(T) > 0 such that for any (z,z,) € C3([0,T] x

[0, z0); R?)) x C3([0, T]; R) solution of (6.3.3)-(6.3.5) satisfying [2°| . (0.2 < 01(T) and |50 —xo| < 61(T),
one has iV

= <=LV 4O ((lelge + 2o — wo])?). (6.4.80)
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Now let us remark that from condition ((6.4.75) we have

px __ kz0 L #” _ kHTo
e (2"116 H (1) 2l ban e S (1-e 0)) <2 (6.4.81)
1% Zo H

Therefore, there exists x > 1 such that

b i _ kzo L — b #L _ Bz
max <2,.;177le c (1 . 7710) | 202212 R (1 e 7720>> <2, (6.4.82)
1Y Zo 1%

which means from (6.4.69) and (6.4.71)) that (6.4.16]) is satisfied. Hence from (6.4.80|) and Lemma|6.4.1] since

u > 7, there exists do(T') < 61(7T) such that, if |z° 12 ((0.m0)E2) < 00(T) and [250 — zo| < 0o(T), then

dv ol
<—=V 6.4.83

dt 2 ( )
along the C® solutions of the system (6.3.3)(6.3.5). Thus from Lemma (6.4.83)) holds along the
C°([0,T7]; H%((0, x0); R?)) x C*([0, T); R) solutions of (6.3.3)—(6.3.5)) in a distribution sense.
So far 0p(7T") may depend on T, while 6* in Theorem [6.4.1| does not depend on T'. The only thing left to
check is that we can find §* independent of T" such that if |z |H2 (0.20)R2) S < 0% and |zs0 — 0| < 6%, then
(6.4.83)) holds on (0,7 for any T > 0. As the constant involved in Lemma does not depend on T,
there exists 71 > 0 such that

1
B 2e 3T < 5 (6.4.84)
As Ty € (0, +00), from Lemma [6.3.1] we can choose Jo(T1) > 0 satisfying C(Tl)éo( ) < 5/2 such that for

every x4 € (0,L) and z° € H?((0,10); R?) satisfying the compatibility conditions and
12°| 2 ((0,20)82) < 00(T1), |2s0 — 20| < So(Th),

there exists a unique solution (z, zs) € C°([0,T1]; H2((0, 7o); R?))x C1([0, T1]; R) to the system (6.3.3)—(6.3.5))
satisfying
|z(t, ')|H2((0,z0);R2) +|zs(t) —xo| < B (6.4.85)

and such that (6.4.83)) holds on (0,7%) in a distribution sense. From (6.4.85)), Lemma [6.4.1{ and (6.4.84]),

1Z(T1, )| E2((0,00)r2) < 00(T1), |25(T1) — 20| < d0(T1). (6.4.86)

Moreover, the compatibility conditions hold now at time ¢ = T3 instead of ¢ = 0. Thus, from Lemma [6
there exists a unique (z,z,) € CO([T1,2T1]; H2((0,z0); R?)) x C*([T1,2T1]; R) solution of (6.3.3)- - on
[T1,2Ty) and holds on (77, 27}) in a distribution sense. One can repeat thls analysis on [j711, (j+1)T1]
where j € N*\ {1}. Setting 0* = §o(71), we get that holds on (0,T) for any T > 0 in a distribution
sense along the C([0,T]; H2((0,z0); R?)) x C'([0,T];R) solutions of the system (6.3.3)—(6.3.5). In fact, it
also implies the global existence and uniqueness of (z,z5) € C°([0, +00); H%((0,z0); R?)) x C1([0, +o0); R)
solution of ([6.3.3)—(6.3.5) and the fact that holds on (0, +oc0). This concludes the proof of Theorem
0.4.1] O

6.5 Extension to a general convex flux

We can in fact extend this method to a more general convex flux. Let f € C3(R) be a convex function, and
consider the equation
Oy + 9:(f(y)) = 0. (6.5.1)

For this conservation law, the Rankine-Hugoniot condition becomes

Tl ~ ()
° y(t7x$(t)+) - y(taxs(t)i) 7

(6.5.2)
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and, let (y*, zp) be an entropic shock steady state of (6.5.1))—(6.5.2)), without loss of generality we can assume
that y*(zg) = —1 and y*(z;) = 1, thus f(1) = f(—1). Then, for any zo € (0, L), we have the following
result:

Theorem 6.5.1. Let f € C3(R) be a conver function such that f(1) = f(—1) and assume in addition that
() =1and|f(-1)] > 1. (6.5.3)

Let v > 0. If the following conditions hold

2ye =1%o e~ VEo 27677@710) 7677@79”0)
.5.4
by € (f/(1)+f/(—1)|’1_e’on>7b2€ (f/(l)“!‘lf/(_l”’1—6_7(L—950) R (65 a)

b 1 — ¢~ %0 1 — ¢~ Y(L—o)
2 —yx e\ 21
k2 < e0 <1 WO <b1 e T )) (6.5.4b)
b 1—e %o 1 — e 7(E=%0)
2 —y(L—=x0) 1122
K2 <o 0 (1 #1123 <b1 R == >) (6.5.4¢)

then the steady state (y*,xo) of the system (6.5.1)), (6.5.2), (6.2.3)), (6.2.8) is exponentially stable for the
H?-norm with decay rate /4.

One can use exactly the same method as previously. We give in Appendix [6.7.2] a way to adapt the proof of
Theorem [6.4.71

Remark 6.5.1. One could wonder why we require condition (6.5.3)). This condition ensures that there always
exist parameters b; and k; satisfying (6.5.4]).
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6.6 Conclusion and Open problems

The stabilization of shock-free regular solutions of quasilinear hyperbolic systems has been the subject of a
large number of publications in the recent scientific literature. In contrast, there are no results concerning the
Lyapunov stability of solutions with jump discontinuities, although they occur naturally in the form of shock
waves or hydraulic jumps in many applications of fluid dynamics. For instance, the inviscid Burgers equation
provides a simple scalar example of a hyperbolic system having natural solutions with jump discontinuities.
The main contribution of this chapter is precisely to address the issue of the boundary exponential feedback
stabilization of an unstable shock steady state for the Burgers equation over a bounded interval. Our strategy
to solve the problem relies on introducing a change of variables which allows to transform the scalar Burgers
equation with shock wave solutions into an equivalent 2 x 2 quasilinear hyperbolic system having shock-free
solutions over a bounded interval. Then, by a Lyapunov approach, we show that, for appropriately chosen
boundary conditions, the exponential stability in H2-norm of the steady state can be achieved with an
arbitrary decay rate and with an exact exponential stabilization of the desired shock location. Compared
with previous results in the literature for classical solutions of quasilinear hyperbolic systems, the selection
of an appropriate Lyapunov function is challenging because the equivalent system is parameterized by the
time-varying position of the jump discontinuity. In particular, the standard quadratic Lyapunov function
used in the book [13] has to be augmented with suitable extra terms for the analysis of the stabilization
of the jump position. Based on the result, some open questions could be addressed. Could these results be
generalized to any convex flux, especially when is not satisfied? As we show the rapid stabilization
result, is it possible to obtain finite time stabilization? Could we replace the left/right state at the shock by
measurements nearby or by averages close to the shock? If not, could the error on both the state and shock
location be bounded?
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6.7 Appendix

6.7.1 Proof of Lemma [6.3.1]

Proof. We adapt the fixed point method used in [I3] Appendix B] (see also [118| [142]). We first deal with
the case where
T € (0, min (zg, L — x0)) . (6.7.1)

For any v > 0, x50 € R and z° € H%((0,z0); R?), let C, (2", z4) be the set of
z € L>((0,T); H*((0,20); R?)) n WH((0,T); H'((0, 20); R?)) N W ((0,T); L*((0, 0); R?))
such that

|Z[ oo ((0,7);2((0,20)R2)) < Vs (

|2l (0.1)i1 (0.20)72) S Vs (
2wz ((0,1);22((0,20)m2)) < Vs (6.7.4
z(-x0) € HX((0,T);R?)),  |2(-,x0) 2 ((0.1)m2)) < V2, (
z(0,-) = 2, (
24(0,7) = —A(2", -, 25(a(-, 20))(0)) 5, (6.7.7

where we write z(z(+,20))(¢) in order to emphasize its dependence on z(+,z) in the following proof and

xs(z(-, 20))(t) =: s + /t 215, 7o) ;_ 22(5: %) ds. (6.7.8)

0
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In G773,

_ (@ (Z7$,CL‘S(Z(-,1‘ ))(t)) 0
Az, z, 25(2(-, w0)) (1)) = ( ! 0 ’ ag(z,x,xs(z(-,xo))(t))> (6.7.9)
with
a1 (2,2, 24(2(-,20)) (1)) = (1 Tt n) - o2 x‘))zl_f(t’ m) PR EENIOL (6.7.10)
SR le(t,xo) + 29(t, zp) Zo
a2(2, &+ (a(, 20))E)) = <1 2(to) + 2z > L —x4(2(-,20))(t) (6:7.11)

The set C, (2%, 40) is not empty and is a closed subset of L>((0,T); L?((0, L); R?)) provided that
|2°] 12 ((0,20);r2) < 6 and |zgo — xo| < J, with § sufficiently small (see for instance [I3, Appendix BJ).
Let us define a mapping:
F:C,(2° xq0) — L=((0,T); H*((0,20); R?)) n W ((0,T); H((0, z0); R?))
NW22°((0,7); L*((0,70); R?))
v = (v1,09)" — F(v) =2 = (21,2)" (6.7.12)

where z is the solution of the linear hyperbolic equation

z: + A(v,z,25(v(-,20))(t))2: = 0, (6.7.13)
z(0,2) = 2°(z), (6.7.14)
with boundary conditions
21 (ta 0) = klZl (ta 'TO) + blw(t)a (6715)
2(t,0) = ko2a(t, wo) + batp(t), (6.7.16)
where
Y(t) =x0 — xs(v(-, 20))(1). (6.7.17)
In the following, we will treat z; in details. For the sake of simplicity, we denote
filt,x) == a1(v(t,x),x, x5(v(-, o)) (t)). (6.7.18)

It is easy to check from (6.7.10) that if v is sufficiently small, then fi(¢,z) is strictly positive for any
(t,z) € [0,T] x [0, zo]. Let us now define the characteristic curve & (s;t, z) passing through (¢, z) as

W = fl(S,gl(S;t,ﬂf)),

&ttt x) = .

(6.7.19)

One can see that for every (¢,2) € [0,T] x [0,x0], &1(+;¢,x) is uniquely defined on some closed interval in
[0, 7. From (6.7.1]), only two cases can occur (see Figure[6.2): If £ (¢;0,0) < z < o, there exists 81 € [0, zo]
depending on (¢, x) such that
If 0 < z < &1(4;0,0), there exists a1 € [0,¢] depending on (¢, ) such that

fl (Oél; t, SL') = O, (6721)
and in this case, there exists vy, € [0,20] depending on a such that

71 = &(0; a1, o). (6.7.22)

Moreover, we have the following lemma which will be used in the estimations hereafter (the proof can be
found at the end of this appendix).
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Lemme 6.7.1. There exist vy > 0 and C > 0 such that, for any T satisfying (6.7.1), for any v € (0,1p] and
for a.e. t € (0,T), we have

|f1( 7)| < C> |f1w(t’ )|0 < CVa |f1t(t7 )‘0 < CV, (6723)
10:61(s:t,-)|g <O, 0:&a(sit,0)][g < C, s €0,1], (6.7.24)
10:B1(t,)g < C. 1 (0:Ba(t, ) o < C, (6.7.25)
0:B1(t, )0 < C, [(BBalt, )™ o < C, (6.7.26)
Dean(t, )y <C. - [@eent )| <€ (6.7.27)
0:m1(t,)|g <C, [(@ami(t, )7, <C, (6.7.28)
T
| 10usstt.0) it < v, (6.7.29)
0
To
/ 1O (1 2)|% dz < C, (6.7.30)
0
/ 10221 (t,2)[* dz < O, (6.7.31)
0
| et s < o (6.7.32)
0

In these inequalities, and hereafter in this section, |f|o denotes the C°-norm of a function f with respect to
its variable and C' may depend on xg, Tso, Vo, k1, ko, b1 and b, but is independent of v, T, v and z.

Our goal is now to use a fixed point argument to show the existence and uniqueness of the solution to
(6.3.3)—(6.3.5)). Firstly, we show that for v and ¢ sufficiently small, 7 maps C,(z°, z4) into itself, i.e.,

F(CL(2°,24)) C Cu(z°, 240).
Then, in a second step, we prove that F is a contraction mapping.
1) F maps C,(2z°, x40) into itself.

For any v € C,(2z°,24), let z = F(v), we prove that z € C,(z°, r4). By the definition of F in (6.7.12)),
using the method of characteristics, we can solve (6.7.13)) to (6.7.16|) for z; and obtain that

z1(t,z) = {klZ?(%) Thle), 0<z<6(50,0),

Z?(ﬁl)v El (t7 0, 0) <x <X (6733)

Obviously z verifies the propertle . Next, we prove that z verifies the property (6.7.5) - Using
-

the change of variables and from (6.7.26)), we have

T T o
/0 zl(t,xo)th:/o z?(ﬂl(t,wo))thgC/o (29(z))*d. (6.7.34)

In (6.7.34)) and hereafter, C' denotes various constants that may depend on xg, o, v, k1, k2, b1 and bs, but
are independent of v, T', v and z. Similarly, by (6.7.26]), we obtain

T T T
| sttt = [ G5t z0) (o) Pt < © [ (L)) (6.7.35)
0 0 0
From ([6.7.29) and using Sobolev inequality, one has

T T
/()Zm(h%)zdf /(Z1m(51(t 20)) (051 (t, 1)) + 21, (B1(t, 20)) s B (£, o)) *dlt

6.7.36
O/ zlx:}c d.’L’ + 2|'ZL70|0 / (attﬁl (t’ mo))Q dt ( )

<Ol \Hz((o,mo);m

165



Combining (6.7.34)(6.7.36), we get
121(, 20) | 2 ((0,1iR) < Cl28 | 12 ((0,00)5R) - (6.7.37)

Applying similar estimate to zo gives

|22(, z0) | 2 ((0,7):R) < Cl28] #2((0,00)R) - (6.7.38)

From (6.7.37) and (6.7.38]), we can select ¢ sufficiently small such that

|Z<'7x0)|H2((O,T);R2) < V2, (6739)

which shows both the regularity and the boundedness property (6.7.5). We can again use the method of
characteristics to prove properties (6.7.2)—(6.7.4). For a.e. t € (0,7,

0 7 .
(b 2) = kézm(%)&c% + bi(ay)dear, 0 <z <&(t0,0), (6.7.40)
2, (81)0:61,  &1(1:0,0) <z < 2.
k120, (71)0eam1 + k‘121 (71)(05m)?
o o . 0<z<E&(50,0
Zaa(t, ) = {4 b1h(a1)(0p0n)? + bitp (1) Dpmrs <&l ) (6.7.41)

Z(l)r(ﬂl)aﬂm’ﬁl +lem(51)( zﬁl) ) 51(t;0,0) <z < Zo-

Note that the last equation is true in distribution sense but shows that z; € L°°((0,7); H2((0,x0);R)). We
first estimate 2|z ((0,7);m2((0,20);r?))- From (6.7.8) and (6.7.17)), using Sobolev inequality, we get

[¥]o <lwso — xo| + Cv(+, zo)|m2((0,1)R2), (6.7.42)
[l <CIV(-, z0)|2((0.1)82) (6.7.43)
[0]o SCIv (-, 20) a2 ((0,7)m2) - (6.7.44)

From (6.7.33)), (6.7.40) and (6.7.41]), we can compute directly using (6.7.25)), (6.7.27)(6.7.28)) and (6.7.30)—
(6.7.32) that

/0 " 2dr < (|0uBa (1), + 282 | @en (1)1, / (29(2))2dz + 2620|02,

(6.7.45)
C(|Z1|H2((o z0);R) + |zs0 — $0|2 + v (-, xO)@ﬁ((o,T);Rz)),
o 2 o 2 2
| e <(0u81(6.9]0 + 28 0.8 )) [ (o) + 2008 Oucn ()
0 0 (6.7.46)
C(120 132 ((0.20)m) + V(5 20) | Fr2 (0.7 82))»
xo Zo
| eade < (21061003 + 4810080 [ ()P
0 0
S22 [ it 0 Pde+ 413 ) [ 100t )P
1z 0 0 T ) 1 1lx 0 0 TT ) (6747)
To -, . o
Aot a)l} [ et Pde + R0 [ Onacn (t0) P
0 0
SC(122 22 (0,20)m) T V5 0) 32 (0,7):m2))-
Combining ([6.7.45)—(6.7.47]), we obtain
21 (L, ) 2 ((0.m0)m) < CU20 12 ((0,20)m) + 1250 — To| + [V, 0) 12 ((0.1) 82 ) (6.7.48)
Similarly, one can get
[22(t, ) 2 ((0,20)) < C122| 2 ((0,00)) + |50 — Zo| + [V(, 20) | 12 ((0,7):m2))- (6.7.49)
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Noticing from v € O, (z°, 740) that

[V(:, 20) | m2((0,7)m2) < V7,
thus by selecting § and v € (0, 1] sufficiently small, in addition to the previous hypothesis on §, we have
indeed

|z(¢, ')|H2((0,z0);]R2) <v, ae. te(0,7), (6.7.50)

which proves (6.7.2)). The same method as to prove (6.7.50|) enables us to show that z; verifies also (6.7.3))
and (6.7.4]). One only has to realize that

sty z) = k129, (71) 0 + bid(an)drar, 0 <z < &(t0,0),
" 20.(81)0B1,  &1(1:0,0) < 2 < .

P (t x) _ k12?x(71)8tt’)/ + klz?mx('yl)(at71)2 + blﬁ;(m)(@tm)Q + bld}(al)attal, O<x< gl(t; 0,0),
e Z?z(ﬂl)aﬁﬁl + Z(l)zz(ﬂl)(atﬁl)2v gl(t; 070) <z < xp.

k1295 (71)02(9m) + k12150 (1) (0271 0e71)
thx(t, .T) = + b1w(a1)(8ta181a1) + b1’(/)(041)8z(8t(11),
20,(81)02(0e81) + 28,2 (81)(8:510:61),  £1(£;0,0) < < a0,

0<z< 51(t7070)a

and to estimate f&(t;o’o) |0srx1 |2 d, gl(t 0.0) |04181 |2 dex, fo&(t 0.0) |8 |2dgc foél(t;o’o) |02 (1) |2 de,

f £1(6,0,0) |02 (0, 1)|?dz and f(fl(too) |02 (04y1)|2dx similarly as in using the fact that v be-
longs to L>((0,T); H*((0,z0); R?))NW 2 ((0, T); H((0, x0); RQ))OW2 °°((07 T), L2((0, 70); R?)) with bound
v in these norms.

We can clearly perform similar estimates for z3. Consequently there exist 6 and vy € (0, ] sufficiently small
depending only on C such that, for any v € (0,14], z = F(v) verifies properties (6.7.2)—(6.7.7) and therefore
F(C,(2°, 24)) C C,(2°, 140).

2) F is a contraction mapping.
Next, we prove that F is a contraction mapping satisfying the following inequality:

| F(v) = F(¥)| Lo ((0,1);22((0,20):r2)) + M|F(V)(-;20) — F(¥) (s 20)|L2((0,7):R2)
(6.7.51)

—|v(,m0) — V(, x0)|L2((OT)]R2)a

1
SV = Vo= (0, m)522(0,.20)82) + 5

where M > 0 is a constant. We start with z;, and with the estimate of |21 — 21| ((0,7);02((0,20);R))- FOT
any chosen v and ¥ from O, (z°, 2), without loss of generality, we may assume that &;(¢;0,0) < fl(t 0,0),

where & is the characteristic defined in (6.7.19) associated to ¥. From (6.7.33), we have
o
/ 1 (t2) — 51 (6, 2) 2 da
0

£1(£;0,0) B
- / hn20(1) — ka20(30) + brdb(en) — by de
0

Zo

51(1‘,;0,0) _ _
+ /€ 120(B1) — (k128 (1) + buep(en)) | da + / 120(B1) — 20 (B1) | dx. (6.7.52)

1(£;0,0) £1(t;0,0)

From the definition of ¢ in (6.7.17)) and (6.7.8)), using Sobolev and Cauchy-Schwarz inequalities, we have

£1(£0,0) )
/ b1 (1) — biop(an)|? da
0

_ /51(1‘40,0) b% /al ’U1(37 CCO) + 'U2(87 mo) ds /al ol (ijo) + ’172(5,$0) dsr o
0 0 0

2 2
£1(¢;0,0)
<C|V(', {E()) — \_/(~7 mO)ﬁﬁ((O,T);R?) + C'|\_/(~7 $0)|§{2((0’T);R2) A |041 - 07é1|2 dx. (6753)
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By the definition of v; in (6.7.22) and the corresponding definition of 4; and using ([6.7.24)), we obtain

£1(¢;0,0) £1(%;0,0)
[ o0 — b0 de < et o [l —@fde (6759

Combining (6.7.52)—(6.7.54)), we get
o
/ |z1(t, ) — 21(t, 2)|* dx
0

02 2 (500 2
<CU B 0mmymy + [9C+20) Brs omym) / jon — & de

El(t;0,0)

o _ _
+ 127 iz (0.20) ) / 181 — | dx + / 129(81) — (k120(1) + bad(an)) [ d
fl(t;0,0) .51(t;0,0)
+ ClV(', {Eo) — \_/('7 x0)|%2((0,T);]R2)‘ (6755)

We estimate each term in (6.7.55) separately. By the definition of $; in (6.7.20) and the corresponding
definition of 31, we have

xo _ o _
/5 oo |81 — B1|* dx = / 1€1(0;, ) — €1(0; ¢, x)|? da. (6.7.56)
1 t;070

£1(t;0,0)

Now, let us estimate [£1(0;¢,2) — £1(0; ¢, )|. From the definition of 2, in (6.7.8) and the definitions of & and
&1, see (6.7.19)), we get for any s € [0,¢] that

€1 (558, 2) — &1 (s3t, )|
Z’/ f1(9,€1(9;t’$))d9—/ f1(9a51(9§t,$))d9‘

t v1(0, x0) + v2(0, x0) x
</ d(”“”’&)& T ) e (20 O a0 )

0 - =
/ v1 (e, xo) — U1 (@, o) + va(av, 2p) — Da(a, zg) da) 40
O 2
t _ _
o o mny F 0l o) +02(0,m0) |, v1(0,20) + v2(0, 20)
+/s xs(‘—,(.7x0))(9)‘ v1(0,61) —v1(6,61) + & 270 &1 970 do
t
<C|V(‘, ZL’O) - \7(’, xO)|L2((O,T);R2) + CV/ |51(9, t, (E) - 51 (9, t, {E)| df
t
+ o/ (01 (6, €1(8: £, ) — 00(6, &1 (6: 1, 2)) | db. (6.7.57)

From (6.7.57)), we get for v € (0, 1] sufficiently small and for & (£;0,0) < z < x¢ that

€15ty 2) = &1 (58, @) coo,m) SCIV(20) = V(-5 20)| L2 ((0,1)-2)

t
+ C/ |’U1 (0, 51 (0, t, l’)) — 1_)1(9,51(9; t, £C))| de. (6758)
0

Thus, from (6.7.56) and (6.7.58) we have

L 18 B do <CIVComo) = 9oy

£1(£;0,0)
T t 2
co [0 ([ n.&0:00) - 00600 0) o
&1 (¢;0,0) 0

<CW(:,20) = V(- 20) 720782
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t o _ _
e / / (000, & (651, 7)) — 1(0, E.(03 1, 2) 2 da df
0 J& (0,0

<CW(:,20) = V(- 20)|72((0.7)m2)
+ Clor = 1l Le 0,122 ((000)) (6.7.59)
The last inequality is obtained using the change of variable y = &;(0;t,z), well-defined for 0 < § <t < T

and & (t;0,0) < z < xo. Let us now estimate |a; — 1] 12((0,¢,(1:0,0)):r)- Without loss of generality, we may
assume that oy < @1. By definition of «y in (6.7.21)) and the corresponding definition of &;, we have

(s 6a(sia)ds = o = / Fi(s,E(s:t, 2))ds (6.7.60)

a1

Hence, similarly to (6.7.57)), we get

|O¢1 _d1| < inf ! 1(t71')‘ /al |f1($,§1(8;t,.13)) _f1(5751(8;tax))|d8

(t,z)€[0,T]x[0,z0]
t
<C|V(', LL‘o) — \_7(-, xO)‘L2((O,T);R2) + CV[ |€1(97 t, ,T) - 51 (9, t, (,E)| df
t
n c[ (01(0,1(0: 1, 3)) — 51(0, E1(0: £, 2))|dB. (6.7.61)

Similarly to the proof of (6.7.58), for v € (0, 1] sufficiently small, we can obtain that (note that &;(s;t,z)
and &;(s;t,x) for any s € [ay,t] are well defined as we assume that a; < a;)

&1 (5t @) — &5t @)oo ((ar,qr) SCIV(,@0) — V(4 20) | L2((0,1)82)

t
+ C’/ lv1(6,€1(0;t,2)) — 01(0,&(0;t,x))| db. (6.7.62)
Using this inequality in (6.7.61f) and performing similarly as in ((6.7.59)), we can obtain
£1(t;0,0) 5 ) )
A |CK1 — C_k1| dzr < CIV(-, (E()) — \_’(', x0)|L2((O,T);R2) + C|'U1 — 61‘LDO((O,T);LZ((O,:cO);]R))‘ (6763)
51 (¢;0,0)

Let us now focus on the estimation of the term [’ ;o) 129(81) — (k129(71) +b1(aq))|? dz in (6.7.55). Using
the compatibility condition , we have

& (£:0,0) B
/5 20(81) — (n22() + byd(an)|? da

1(£;0,0)

&1 (t;0,0) ~
—/{ |27 (B1) = 21(0) + 27(0) — (k129 (31) + brgp(an))|* da

1(t;0,0)
£1(t;0,0) _
Z/ |21 (B1) = 21(0) + k127 (o) + b1 (20 — ws0) — (k12{ (1) + bavp(an)) | da
£1(£0,0)
01 £1(t;0,0) ) &1(t;0,0) )
<C|Zl|H2((o,mo);1R)/ 811 dz + C|27|7 H2((0,20);R) / |zo — " da
£1(%;0,0) £1(%;0,0)
&1(5:0,0) | pa1 = 2
+C / O1(, Z0) + Ta(5, o) ds' dz. (6.7.64)
€1(£:0,0) 1o 2
We first estimate f;l((:oooo)) |B1|? dz. As & (s;t, @) is increasing with respect to s € [0,1], we have
1B1] < |&1 (@t 2)| = & (anst, @) — & (anst, o) < &5t ) _gl(ﬁtvif)\CO([al,t];R)a (6.7.65)
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then by (6.7.62) and performing the same proof as in (6.7.59)), we get
&1(10.0) 2 2 2
/ 18117 dz < Clv(-,20) = V(- Z0)|L2((0,r)m2) + Clvr = U1lLoe ((0,1):L2((0,20):))-
£1(£0,0)
Let us now look at the second term in ((6.7.64)), from (6.7.24)) and the definition of 71, we have

£1(£;0,0) ) £1(£;0,0) B )
/ |zo — Y1|" do = / 1€1(0;0,0) — &1(0; &1, w0)|” dow
€1(%;0,0) £1(%;0,0)
_ £1(¢;0,0) £1(¢;0,0)
<@k [ mpda<c 61 da-
£1(t;0,0) £1(t;0,0)

It is easy to deal with the last term in (6.7.64)), one has
/51(“0,0)
£1(t;0,0)

Thus, we only have to estimate [,

& ~ B 2 £1(£;0,0)
/ O1(s, Zo) + Ba(s, Zo) ds‘ dz < C9 (-, 20) 32 (0.7):22) / il
o 9 o £1(¢;0,0)

(¢;0,0
t;0,0)
is increasing with respect to s € [a,¢] and that &' (;;¢,2)(81) = 0, we obtain

a1 <& (3t,2)(Br) — &7 (58, 2) (B).

Moreover,
& (stha) (Ba)
B1 =$+/ fi(s;61(s;5t,x)) b,
t

&Gt B)
B1 =$+/ f1(s;61(s3t, x)) db.
t
Then similarly as for (6.7.61)), we can prove that
&7 (5t 2)(B1) = &7 (56, 2)(B1)| <CIV (- w0) = ¥(-,20) [ 220,17

t
+CV/, &1(0;t,2) — &1 (65 t, )| dO
& it (Br)

t
e / [00(6, €4.(0: £,2)) — 010, E1(6: £, 2))| 6.
£

& (5ta) (Br)
Thus, similarly as in the proof for (6.7.63|), we get

£1(£;0,0) ) )
Ly 1630 SOV =50 fiagomae

+Clvr = 01l (0.1):L2 (0.20):R))-

Finally, using estimations (6.7.66) and (6.7.67)—(6.7.69), (6.7.64]) becomes

£1(£;0,0)
/ 120(81) — (k120 (2) + buap(@n) |2 da
£1(t;0,0)

<0(|2?|?-12((O,x0);ﬂ§) + |‘7('79€0)|§12((0,T);R2)) (|V('7$o) - ‘7('7500)|%2((0,T);R2)

+ lor = B (0,22 02010 )
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(6.7.66)

(6.7.67)

(6.7.68)

) |&1|? dz. Noticing that for any fixed (¢, ), the characteristic &; (s; ¢, =)

(6.7.69)

(6.7.70)



Combining (6.7.55), (6.7.59), (6.7.63) and (6.7.70), we get

|21 = 21l (0,11 22((0,m0)58)
< C(|Z?|§J2((O,xo);R) + |\_/'(~, I'O)E'—[z((O,T);]RZ)) (|V(',1'0) - v('7x0)|2L2((0,T);]R2) + |1)1 — 1_)1|2L°°((0,T);L2((0,m0);R)))
+ CIV('a 1‘0) - ‘_’(', $0)|%2((07T);R2). (6771)

We are left with estimating |z(-, zo) — Z(-, %o)|L2((0,7);r?) in order to obtain (6.7.51). Here we give the esti-
mation for z1. Using (6.7.58]), we get

T
/ |21 (t, z0) — Z1(t, z0) | dt
0
T
- / 120(60(0: £, 20)) — 20 (61 (0 £, 70)
0
T —
<212 / 61(0st,20) — &(0: £, o) 2 dt
0

<C|Z?\2H2((o,zo);n§)\V("iﬁo) - v(, 330)|2L2((0,T);R2)

+ Clatli ®) / ' / on(6.6 (658, 70)) — 02(6,E0(65 ) P dp e
<C120 32 ((0.20)m) [V (5 %0) — ¥, 0) 22 (0.7)m2)
+ Ol 12 (0,001 / ' /0 " on (0,605 0)) — 516, €0 (Bt 0)) Pl
<C|Z?ﬁ12((o,xo);n§) <|V('7330) - ‘_’('axo)'%?((O,T);]R?) + |o1 — 51‘%“((O,T);L2((O,xo);]l§))> . (6.7.72)
The last inequality is obtained by changing the variable y = & (0;t, o). Similar estimates can be done for

z9. Hence, from (6.7.71)) and (6.7.72)), there exists M > 0 such that for ¢ sufficiently small and v € (0, v2],
where v5 € (0,14] is sufficiently small and depends only on C, we have

|2 = 2 ((0,1);22((0,20) %)) + M 2(:, 20) — (-, o)l L2((0,7);m2)
1 M ) (6.7.73)
SV = Voo (. r)i22(0,20)82) + 5 V0 20) = V(5 20) |2 ((0,7)m2)-

Hence F is a contraction mapping and has a fixed point z € C, (2%, 24), i.e., there exists a unique solution
z € C,(2°,250) to the system (6.3.3)—(6.3.5). Noticing (6.7.8), we get that =, € C'([0,T];R). To get the
extra regularity z € C°([0, T]; H2((0, zo); R?)), we adapt the proof given by Majda [I52} p.44-46]. There, the
author used energy estimates method for an initial value problem. Using this method for our boundary value
problem, we have to be careful with the boundary terms when integrating by parts. Substituting v by z in
¢(t) and fi(t, x) in the expression of 214, 214, in (6.7.40) and (6.7.41), noticing (6.7.2)(6.7.4) and computing
similar estimates as in (6.7.46)) and (6.7.47)), we can obtain the “hidden” regularity z.(-, o) € L*((0,T); R?)
and zg, (-, x0) € L*((0,T); R*) together with estimates on |2, (-, 2o)|L2((0,7);r2) and |Ze (-, 20)|L2((0,7)R2)
which are sufficient to take care of the boundary terms when integrating by parts. This concludes the proof
of the existence and uniqueness of a classical solution z4(¢t) € C*([0,7];R) and z € C°([0, T]; H2((0, zo); R?))
in C,(2° z40) to the system (6.3.3)~(6.3.5) for T satisfying (6.7.1)).

The estimate (6.3.10)) for |z(Z,-)|g2((0,2,);r2) Part can be obtained from estimates (6.7.48)—(6.7.49) by firstly
replacing v with z and then applying 6.7.37: —(6.7.38)). Noticing the definition of x4 in (6.7.8) and applying

(6.7.37)—(6.7.38) again, the estimate for the |z,(t) — 20| part follows.

Next, we show the uniqueness of the solution in CY([0, T]; H2((0,0); R?)). Suppose that there is another
solution z € C°([0,T]; H%((0, xo); R?)), we prove that z € C,(z°, z), for § sufficiently small. To that end,
assume that z(t,-) = Z(t,-) for any ¢ € [0, 7] with 7 € [0,T]. If 7 # T, by (6.3.10), for § sufficiently small and
as z € CY([0,T); H%((0,z0); R?)), one can choose 7’ € (7,T) small enough such that z € C, (z(7), zs(7)) with
T is replaced by 7/ — 7 and by considering 7 as the new initial time. Thus, z(t, ) = Z(¢, -) for any ¢ € [0, 7'].
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As |Z(t, )| 52 ((0,20);r?) is uniformly continuous on [0, 7], and as, moreover C' and v do not depend on T, we
can repeat this process and finally get z(t,-) = Z(t,-) on [0, T].

For general T' > 0, one just needs to take T satisfying and, noticing that C' and v do not depend on
T1, one can apply the above procedure at most [T/T1] + 1 times. This concludes the proof of Lemma [6.3.1]

O
t
A
T
{
x=E (5,00
NATr
3= 50,3
x:EI(S,'I,x)
> X
0 it ) h
Figure 6.2 — Demonstration of the characteristics.
Proof of Lemmal[6.7.1 From ([6.7.19)), we have
0%¢1(s5t,x) _y 0&1(s;t, x)
ds0x Y 0 (6.7.74)
o0& (t;t,x) )
Oz 7
and
0%¢1(s5t, ) _f 0&1(s;t, x)
dsot e (6.7.75)
0&1(s; 8, ) N 0&1(s58,w) 0
0s ot -
Thus,
0u81(s;t,0) = e~ [ f12(0.61(050,2))d0 (6.7.76)
et (sit,3) = — fo(t, w)e™ Jo SO (Ot (6.7.77)
From (6.7.76)—(6.7.77) and noticing 81 = £1(0;¢, =), we have
% = fi(t,z)e I f11(9,51(9;t,w))d0’ % — e Iy f12(0,61(65t,2)) dO (6.7.78)

ot or
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From (6.7.76)), noticing &; (a1;¢, ) = 0 and by chain rules, we have

8051 1 — ft fia(s,&1(s5t,x)) ds
a1 o fesbilsa)ds 6.7.79
Oz f1(a1,0) ( )

and as v1 = &1 (0; a1, o), we obtain from (6.7.77) that

% _ ﬁ% _ Me— o ! fu(s,&(s;al,xo))ds—f;l fra (s, &a(sit,x)) ds. (6.7.80)
Or  do; Ox f1(aq,0)

Observe that for a.e. s € (0,7) and z € [0, zo],
[v1(s,z)| < ‘/ vlm(s,l)dl‘ + |v1(s,0)], V 0 € [0, x0] (6.7.81)
6

and as vy is H' in o and its L2-norm is bounded by v, there exists  such that |v (s, 0)| < v//Tg, therefore
lvi(s, z)| < Cv, (6.7.82)

and similarly as vy is H? in z with the same bound and vy, is in L>((0,T); H'((0,20); R)) with bound v

from (6.7.3)

z € [0,z0], |viz(s,z)| <Cv, for a.e.s € (0,T),
z € 10,20, |vit(s,z)| <Cv, for a.e.s € (0,T).

From the expression of f; defined in (6.7.18)) and using (6.7.76))—(6.7.80) and (|6.7.82)—(6.7.83)), after some
direct computations, estimates (6.7.23)—(6.7.28)) can be obtained. We now demonstrate the estimate (6.7.29))

in details, while (6.7.30)—(6.7.32)) can be treated in a similar way, thus we omit them. From (6.7.78)), we have

(6.7.83)

t
Oupr = ( — fult,z) + fa(t,z) (fm(t,l‘) + / Jrex(0,61(05t,2))0:61(65t, x) d@))e‘ Jo f12(0.€1(0t,2)) df
0

Looking at (6.7.18)), as v is only in L>((0,T); H?((0, z¢); R?)) N W12°((0,T); H*((0, z0); R?))
NW?22°((0,T); L*((0,20); R?)), this equation is expressed a priori formally in the distribution sense. Thus,

we have to be careful when we estimate ([6.7.29). By (6.7.18]) and using estimates (6.7.23)), (6.7.24])), we get
by Cauchy-Schwarz inequality together with the change of variable y = &;(0;t,x¢) that

2

T T t
/\%&@MMWMUM+C/ /fmw@mumm@&@u%medt
0 0 0

T t
<0u+0/ /z&A&&@mmm&QWww@wﬁ
0 0
T T
=Cv+ C/ / U%m(eaﬁl(@; t,xo))a?'fl(@; t, xq) dtdf
0 ]

T o
v+C / / V750 (0, ) dydo
0 0

<C
< Cw. (6.7.84)
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6.7.2 Proof of Theorem [6.5.1]
First observe that, after the change of variables (6.3.1]), (6.3.2)), the new equations are

zu+<fuwwf@r+n—fu»—w%)aﬁb=a

2o + (—f’(—l) +(F(=) = flz - 1) + xi}) =0
dg(t) = (W21t xo) — f1(=1)za(t, z0)
s 2+ (21(t, 20) — 22(t, 70))

L Ualtzo) +1) = Mzt mo) = F)) = (Flea(t 20) = 1) = F/(=Dza(t 20) = f(=1))
2+ (21 (t, Jio) - Z2(t7 xo))

(6.7.85)

and the boundary conditions remain given by (6.3.4). Note that in (6.7.85)) the expression of &, can actually

be written as
. o f’(l)Zl(t,xo) 7f/(71)22(t,1'0)
is(t) = 9
Thus, to prove Theorem if suffices to show Theorem [6.4.1] with (6.7.85)) instead of (6.3.3]). We still
define the Lyapunov function candidate as previously by (6.4.3))—(6.4.9). Then Lemma|6.4.1|and Lemma|6.4.2|
remain unchanged. To adapt Lemma [6.4.3] one can check that, when differentiating V7, V5 and V3 along
the C2 solutions of , with associated initial conditions and noticing that under assumption
f(=1) = f(l), one has f/(—1) <0, f/(1) > 0 from the property of convex function, we obtain as previously
(6.4.40), (6.4.42) and (6.4.46) but with f’(1)p; instead of p; and |f’(—1)|ps instead of p, in the boundary
terms and uV bemg replaced by pmin(f’'(1),|f'(—1)|)V;i. Then, from and dealing with V, we finally
get:

+ O (|z(t,0)[?) . (6.7.86)

dvy  dVy
Z2vr o rre o
i Tar STV

+max{®1, 62} Vi

€1 S
_ pzg e1+e¢
#2208 ) ) + LE2 2 )
x — 20 €1+e
# [ 22t - 01+ 22 )] B

_mxg

n— kl) + Ii:| 21(1'0)(555 - :L'O)

x x
+ (1) {_20p1b1k1 - *0251(
Ts Ts

_kzo

m<7mm+4@@m ~ z0)

+ f/ -1 *270 p boko — 0
| ( )||: I T 2022 3 T,
Zo _

+ 2 (1) 4 LBl D] - P () -

+0 ((|Z‘H2 + ‘zs _170‘) ) )

T
7 _0m815252|f/(—1)| + | (x5 — x0)?

(6.7.87)

and a similar expression for V5 + Vi and V3 + V5 as previously. Thus Lemma still holds but with A now
defined by

o =T R0 - L2y, (6.7
a13 = az1 = f ( )plbllﬁ + f ( )%(e ,LTIT10 — kl) — f/(l)g7 (6789)
02 = T2 — R0 - R, (6.7.90)
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Lo
L— i)
Lo

L—iﬂo

Lo

a3 = azz = | f'(—1)] paboky + [ f'(—1)]

P2, o y K
2™ — ko) — |f(=1)|= 7.91
TR ) - 111, (6.7.91)

b3 /(= 1)] + Prby f(1) + —2

I —
instead of (6.4.60)—(6.4.64). We can then choose p1, p2, p1, P2 as previously by (6.4.69)—(6.4.71) and A

becomes again diagonal with the expression of its elements given by

ass = —p1bi /(1) —

Dabo| f'(—1)| — pk. (6.7.92)
Zo

agy = S f' (Dbie ™ + SIf (= 1)lbe ™ — pr (6.7.93)
e DU e LR np
an = TG0 - k) - P [1(e " = 1) + ba(e ™ — 1), (6.7.94)
_ A=) o ko K[f(=1) uzg g
a = MG (1= e - B [B1(e ™ = 1)+ by~ 1)), (6.7.95)

instead of (6.4.74)), (6.4.77) and respectively. Then to prove Theorem [6.4.1] with (6.7.85) instead of
(6.3.3), we only need to show now that under assumption there exists ;1 > v and x > 1 such that
a;; > 0,1 =1,2,3 and such that holds where ©;,7 = 1, 2 are still defined by . But this can be
checked exactly as in the proof of Theorem With condition @ , one can now check as in Remark
that there always exist parameters b; and k; such that conditions @D are satisfied.
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Chapter 7

Boundary feedback stabilization of
hydraulic jumps

This chapter is taken from the following article (also referred to as [19]):

Georges Bastin, Jean-Michel Coron, Amaury Hayat, and Peipei Shang. Boundary feedback stabilization of
hydraulic jumps. IFAC J. Syst. Control, 7:100026, 10, 2019.

Abstract. In an open channel, a hydraulic jump is an abrupt transition between a torrential (supercritical)
flow and a fluvial (subcritical) flow. In this chapter, hydraulic jumps are represented by discontinuous shock
solutions of hyperbolic Saint-Venant equations. Using a Lyapunov approach, we prove that we can stabilize
the state of the system in H2?-norm as well as the hydraulic jump location, with simple feedback boundary
controls and an arbitrary decay rate, by appropriately choosing the gains of the feedback boundary controls.

7.1 Introduction and main result

Nonlinear hyperbolic equations are well-known to give rise to discontinuities in finite time that are physically
meaningful. Hydraulic jump is one of the most known example. A hydraulic jump is a phenomenon that
frequently occurs in open channel flow, such as rivers and spillways. It describes a transition between a
torrential (or supercritical) regime and a fluvial (or subcritical) regime, i.e., an abrupt transition between
a fast flow and a slow flow with a higher height. As a consequence, a part of the initial kinetic energy of
the flow is converted into an increase in potential energy, while some energy is irreversibly lost through
turbulence and heat. This phenomenon can be seen not only in rivers and spillways but also in air flows of
the atmosphere. This is for instance believed to explain the phenomenon of “Morning Glory cloud” [44] and
may be at the origin of some gliders’ crashes [129]. Hydraulic jumps are important not only because they
occur naturally but also because they are sometimes engineered on purpose and are very useful in hydraulic
applications to dissipate energy in water and prevent in this way the erosion of the streambed or damages
on hydraulic installations [104]. However, when studying the flow equations, the stabilization of hydraulic
jumps is seldom considered and almost all the studies focus on the stabilization of the dynamics of the fluvial
regime [12] [13] 16| 18] 52, [71) O8] 137]. In this chapter, we explicitly address the issue of the stabilization
of a hydraulic jump represented by a discontinuous shock solution of the flow equations, switching from the
torrential regime to the fluvial regime. In other words, the two eigenvalues of the hyperbolic system modeling
the shallow water are both positive in the torrential regime and one of them changes sign and switches to
a negative value in the fluvial regime. Our goal is to achieve the stability of the channel with a general
class of local feedback controls at the boundary. Fundamentally, the stabilization of shock steady states for
hyperbolic systems, while being very interesting, has rarely been studied. One can refer to [20] and [I65] for
the scalar case and to our knowledge, no such result exists for systems. By a Lyapunov approach we prove
the exponential H2-stability of the steady state, with an arbitrary decay rate and with an exact exponential
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stabilization of the desired location of the hydraulic jump.

We consider a channel with a rectangular cross section with constant width, which is taken to be 1 without loss
of generality. We denote by Q(t, z) the flux and H(t,x) the water depth, where ¢ and x are, respectively, the
time and space independent variables as usual. As the channel has a finite length L > 0, the spatial domain
is bounded and noted [0, L]. The Saint-Venant model which, neglecting friction, consists in a continuity
equation and an equilibrium of forces, is written as

o H 4+ 0,Q =0,

2 2 7.1.1
a0, (24 2~ (1

We are interested with solution trajectories (H(t,z),Q(t,z))" that may have a jump discontinuity at some
point z4(t) € (0,L) and are classical otherwise. Thus, in order to close the system, we need a relationship
between @@ and H before and after this jump. From the Rankine-Hugoniot condition applied to ,
two quantities are conserved through the jump in the jump’s referential: the flux @) and the momentum
gH?/2 + @Q?/H. This gives the following relationships at the jump z(#):

[Q]i = i‘S[H]t,
_ CE N (7.1.2)
Qi = [H + §QH } )

where, as usual, i, denotes the time derivative of xg, i.e., the speed of the jump. These relationships can be
reformulated as:

T
2 +
and Q%) = [A]" | F7 + got?] (7.1.4)

where we define for any bounded function f in a neighbourhood of z: [f]T = f(zF(¢)) — f(z5 (¢)). This
relation ([7.1.4) can be regarded as the generalisation for non-stationary states of the well-known Bélanger
equation ([7.1.8) below.

Our goal is to stabilize the steady states of the system (7.1.1), (7.1.3) and (7.1.4) where a (single) hy-

draulic jump occurs, meaning that the flow switches from the torrential regime to the fluvial regime with a
discontinuity in height. Therefore, such steady states ((H*,Q*)T,z}) satisfy the following conditions:

1. Q* is constant and positive, 2% € (0, L) and

e {Hf, ze(0.x3).

7.1.5
H;, e (z% L], ( )

where H, HJ are positive constants.

2. The steady state flow is in the torrential regime before the jump and in the fluvial regime after the
jump. This means that in the torrential regime the two system eigenvalues are positive,

A= f{* —VgHY >0, A= 2* ++gH; >0, forxzel0z]), (7.1.6)
1 1

while there is one positive and one negative eigenvalue in the fluvial regime [13],

— A3 = g* —gH} <0, M= [Cfr* ++/gH; >0, forzxe(a}, L) (7.1.7)
2 2

In particular this implies that Hf < Hj.
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3. Furthermore, the Rankine-Hugoniot conditions applied to (7.1.1) in the stationary case are equivalent
to the following well-known Bélanger equation [42]

_ (Q*)?
H; _ 1+ 1+89(H1*)3
Hy 2 '

(7.1.8)

Physical remarks:

— The switch from the torrential regime to the fluvial regime corresponds to a transition (shock) between
a state where the system has two positive eigenvalues and a state where the system has one
positive and one negative eigenvalue. As we will see later (from Theorem together with
and (7.1.7))), this transition (shock) induces a discontinuity not only for the eigenvalue that changes
sign but also for the eigenvalue that keeps the same sign. More precisely, if we denote by Ag the
eigenvalue that changes sign, then A\s(z; ()) > 0 > A\s(z7(¢)) for all ¢ > 0. And if we denote by A.
the eigenvalue that does not change sign, then A.(z; (t)) # Ac(zt(¢)) for all ¢ > 0. We point out
that smooth transitions could happen around critical equilibria or when source terms are considered
(see [58], [102]). Such smooth transitions are also related to coupling conditions for networks for the
transition from supersonic to subsonic fluid states, such as natural gas pipeline transportation systems
that have been analyzed in [96].

— Note that when the solutions are classical, the formulation of the Saint-Venant equations with
the level H and the flux @ as state variables is equivalent to the alternative formulation with the
level H and the velocity @Q/H that is obtained by replacing the equilibrium of forces by an energy
equation and is used for instance in [I3, 6], [IT0]. When the solutions are not classical however, the
two formulations are not equivalent anymore and this can be seen by looking at the stationary states:
the formulation in level and flux is compatible with shock and discontinuity of H*(x) while
the version with the energy equation is not. This is logical as there is a pointwise loss of energy in the
hydraulic jump, which implies that the energy conservation does not hold anymore.

— From , the location of the shock x4 may be moving around its initial location and potentially all
along the channel. This can be seen in practical phenomena such as tidal bores. The main challenge
of this work is to also stabilize this location when stabilizing the state of the system. This is not
obvious as one can see that for given heights and flux (H;, H3, Q") satisfying 7, any
shock location z* € [0, L] induces an admissible steady state ((H*,Q*)T,z*), where H* is given by
. Thus the steady states are not isolated and therefore not asymptotically stable in open loop.
Indeed, any small perturbation on z¥ corresponds to another steady state with the same heights and
flux at the two ends.

o _
- Hydraulic
Jump
wp
L 2,0
JHot®) = s
f : } >
0 s L

Figure 7.1 — Open channel with a hydraulic jump and three control devices : the gate opening Hy(t) and the
inflow Qo(t) and outflow @, (¢) which are driven by two pumps.
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As illustrated in Figure [7.1] let us consider a channel which is equipped with devices allowing a feedback
control on H(t,0) = Ho(t), Q(t,L) = Qr(t) and Q(¢,0) = Qo(t) (quasi-steady state approximation). Let the
set point for the control be a steady state ((H*,Q*)T, x*) defined as previously by —. We assume
that static boundary feedback control laws are selected so that the boundary conditions can be written in
the following general form:

* Q(t,:t;) - Q*
ggg 33 o) el et e | 0 r19)
Qt.L) - Q* Ated) —Hi |\ g, (mt, L) - Hy)

Ts — Th
where G = (G1,Go,G3)T : R* = R and G4 : R — R are of class C? and satisfy
G(0) =0, G4(0) =0, G4(0)=—\. (7.1.10)

Obviously, by (7.1.5), the steady state ((H*,Q*)T, z}) satisfies the boundary conditions (7.1.9)), as H*(0) =
H; and H*(L) = Hj. Note that this boundary feedback is quite simple to implement as it only requires a
pointwise measure of H(t, L), z4(t), H(t,z7), Q(t,zT) and Q(t, ;).

In order to state the main stability result of this article, we first introduce the following notations:

Si(l_si%) v

D(z,7) = diag< emin (57 4 ¢ {1,2,3}) ,

b;
~ 3 aer_ am: i 2
D(v) = dia et N | (1= ) ,ie{1,2,3} ],
(v) = diag ; ) ( /\4> {1,2,3}
N . 1 1 0
A2—A1 A2—A1 AL Ae 1+ A3
A2 A XA by
K= 2 0 [T 7 o | (7.1.11)
0 0 A3 A X2
Aot 0o 0 0
1
d= ;
Hy — Hj
A2 A
by A22*i1 - )\2*1)\1 0 8
A2 A
22 = [ 225 -2 0 |G(0) 0
3 -
0 0 >\3+3>\4 1
with s1 =s0=1,83=—1, 21 =axa =1, 23 = 2% /(L — %) and x4 = 2% /(z% — L).
We consider the following initial condition
H(0,z) = Ho(z), Q(0,z) =Qo(x), z(0)=u1zsp (7.1.12)

where x50 € (0,L) and (Ho(z), Qo(x))T € H?((0,25,0);R?) N H?((xs,0, L); R?). We assume that the initial
condition satisfies the first order compatibility conditions derived from , (see [I3] for a proper definition
of the first order compatibility condition which is omitted here for the sake of simplicity).

Now, we give the following definition:

Definition 7.1.1. The steady state ((H*,Q*)T,z*) is locally exponentially stable for the H2-norm with

rrs

decay rate =, if there exists 6* > 0 and C* > 0 such that for any initial data (Ho(z),Qo(x))" €
H2((0,250); R?*) N H?((z5,0, L); R?) and x40 € (0, L) satisfying

[(Ho — Hi, Qo — Q") |2((0,20.0)i2) + |(Ho — H3, Qo — Q) |2 (0. 0,1)iR2) < 07, (7.1.13)
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|zs,0 — 25| <67, (7.1.14)

and the corresponding first order compatibility conditions derived from ([7.1.9)), and for any T' > 0, the system
(7.1.1), (7.1.3), (7.1.4), (7.1.9) and (7.1.12) has a unique solution (H,Q)" € C°([0,T]; H?((0,z4(t)); R?) N
H?((zs(t), L); R?)) and z, € C*([0,7T]) and

|(H(ta ) - Hfa Q(t, ) - Q*)T|H2((0,xs(t));R2)
+|(H(t,-) — Hy, Q(t,-) — Q") 12 (. ),L)22) + |25 (t) — 23]
< C*e_Wt(\(Ho — H},Qo — Q") | m2((0,0, 0)%2)

+ ‘(HO - H;7 QO - Q*)T|H2((I310,L);R2) + |x8,0 - l‘:|), vt € [OaT)

(7.1.15)

Remark 7.1.1. A function f in C°([0,T]; H*((0,2s(t)); R?) N H?((zs(t), L);R?)) is a function f in
CO([0,T); L2((0, L); R?)) such that, if one defines

fi(t,2) = (s (0)2), L€ (0,T), 2 € (0,1), (7.1.16)

fo(t,x) := f(t, L+ (zs(t) — L)), t € (0,T), z € (0,1), (7.1.17)

then f1 and fo are both in C°([0,T); H2((0,1); R?)). The transformation f — (f1, f2) enables us to reduce the

problem to a time-invariant domain and to define the stability of a function f € C°([0,T]; H2((0,z4(t)); R?)N

H?((x4(t), L);R?)), a function that is piecewise H? with a discontinuity that is potentially moving. This
transformation will also be used later on in the analysis of the problem (see (7.2.4]) below).

Based on Definition we have the following theorem.

Theorem 7.1.1. For any given steady state ((H*,Q*)T,x%) of the system (7.1.1)) satisfying (7.1.5)-(7.1.8))
and the boundary conditions (7.1.9), for any v > 0,

if fori=1,2,3
o R vl \
b; € ve T ve , if s (1 — Sil> <0,
3dsi (1 si22) (1 — e~ 757) ads (1 - 5,30 M
S S R (7.1.18)
bi c ye riti 7 yxie it — , ’Lf $; (1 _ Sil> > 0’
3ds; (1 — szf\‘j) 3ds; (1 — s&‘—i) (1 —e =xi™s) A4
and if the matriz
2. 242 Ao, o -
D(x},7) = K'™DO0,)K - | 7b,cs,ca sk ) (e —1) ) D(y) (7.1.19)
k=1

is positive definite, with (by,ba,b3)T, D, D and K defined in (7.1.11)), then the steady state ((H*,Q*)T,x¥)
is locally exponentially stable for the H?-norm with decay rate v/4.

Remark 7.1.2. Note that it is not obvious that there always exists G such that K and (by, by, bs3)" defined
in (7.1.11) satisfy (7.1.18])-(7.1.19). We will prove in details that such G indeed exists in Appendix .
7.2 Well-posedness of the system

In this section, we prove the well-posedness of the Saint-Venant equations (7.1.1)) with the hydraulic jump
conditions ([7.1.3]) and (7.1.4), the boundary feedback control conditions ([7.1.9)) and initial condition (|7.1.12]).

We have the following well-posedness theorem.
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Theorem 7.2.1. For any T > 0, there exists 6(T) > 0 such that, for any given initial condition (7.1.12))
satisfying the first order compatibility conditions and

[(Ho — Hy, Qo — Q)" m2((0.0. 0):2) + |(Ho — Hs, Qo — Q) 2 ((z. 0.0):m2) < 6(T), (7.2.1)
5,0 — x5] < 0(T), (7.2.2)

the system (7.1.10), (71.3), (714), (719) and (7.1.12) has a unique solution (H,Q)T €
CY([0,T]; H*((0,z5,0); R?) N H?((25,0, L); R?)) and x5 € C*([0,T]). Moreover, the following estimate holds
for any t € [0,T]

|(H(ta ) - Hika Q(t7 ) - Q*)T|H2((0,zs(t));R2)
+(H(t,-) = H, Q) = Q) m2((aa 1), Lym2) + |2 () — 23]
< () (I(Ho — Hi, Qo = @) 20,0, 00

+|(Ho — H3, Qo — Q") | ir2 (w0 0,1)R2) + |50 — $:|)~

(7.2.3)

Proof. One can see that the shock location x5 depends on ¢ in general. In order to avoid the time-varying
domains [0, x4(t)] and [z4(t), L], under the assumption that z, € C°([0,T]), we perform, as in [79, [142], a
transformation of the space coordinate x which allows to define new state variables on the fixed domain
[0, z%] as follows:

Hy(t,z) = H(t,x—),
xs
Ls
Ql(tvx) = Q(tﬁzxi*%
I, (7.2.4)
Hy(t,x)=H(t, L+« ),
s — L
Qa(t,z) =Q(t, L+ ).
S
Let us denote by h; and ¢; the deviations
hi ZHi —H;, q; :Qi —Q*, 1= 1,2 (725)

Then, the system ([7.1.1]), (7.1.3)) and (7.1.4) is equivalent to the following 4 x 4 system, which is diagonalisable
by blocks and defined on R™ x [0, z%]:

Othy — (xxi) T Oy + 22 0,q1 = 0,
Ly s Ts
20+ Q) ds5\ T ( + Q") =%
0 —— =] =20, hi+H)— —7=) —=20,h1 =0,
tq1 + < hl +Hf xl’: T, q1 + g( 1 + 1) (hl +H;<)2 T 1
. ) . (7.2.6)
T xk S _
athQ + <xxz) m({?zhg 7[/ — 1'3 @qu 07
20+ Q") Es\ T (g2 +Q°)*\ 3
Orqa — —x— 5 0pqa — hs + HJ) — £ —0yho =0,
12 <h2+H; v ) T, 0ete = \9the H Ha) = g s ) o Oahe
where (b, 2) (£, 2%)
. G2\, Ts) — q1(l, Ty
= = 72.7
s ho(t,z%) — hi(t,x%) + Hy — Hy ( )
and with, from the jump condition (7.1.4)), the following boundary condition at x = z¥:
2 * * (q2 + Q*)2 g *\2 (ql + Q*)Z g %\ 2
- =(ho—h1+H; —H) | —+Z(ha+ H) — (1 + H . 2.
(02— ) = (ha = o 15— 117) (LD Sy - WEGE Sy 2. (29
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Now, we introduce the following Riemann coordinates

U7 hl
N S 0 q1
u=| 2= (0 52> " (7.2.9)
U4 a2
with
LNt S EE T
s=(% %) os-(F Y (7.2.10)
and \; defined in ([7.1.6)), (7.1.7)). Then the system (7.2.6) can be rewritten as
u; + (A(zs) + A(u, zs) + i B(xs))u, =0, (7.2.11)
where .
Zxno0 0 0
Ts B}
0 = 0 0
A= . 30 o ; (7.2.12)
L—x, 3 )
x
0 0 0 ———
L — x4 4

and where A, B are two matrices of class C? that can be obtained by direct computations (omitted here for
simplicity) and such that A satisfies A(0,z;) = 0. Using the change of coordinates (7.2.9), equation (7.2.7))

becomes:
ui(t, ) +ua(t, xy) — us(t, o)) — wa(t, o)

iy = (7.2.13)
Z ul(taws) _ U4( 7xs) + (Hik 7[_[;)
=1 A A4
and the boundary condition ([7.2.8]) becomes:
QQ* 2Q* Q*Q Uy us Q*2 (75} (5] 2
- H;— ———)—(gHT - —+ =) =0 (|u(t,z})|?). (7.2.14
() = o)+ (915 — ) (1 = 32) = (00T} = ) (452 = O (ju(t. ) (7214

Here and hereafter, O(s) (with s > 0) means that for any ¢ > 0, there exists C; > 0 such that
(s < 2) = (10(s)| < C1).
With the expression of the eigenvalues given by (7.1.6) and (7.1.7)), (7.2.14) becomes

Aua(t, %) = Au (t,28) + Aous(t, 2%) + Aus(t, %) + O (Ju(t, z5) %) . (7.2.15)
Using (7.2.4), (7.2.5)), (7.2.9) and (7.2.15)), the boundary conditions ([7.1.9)) now become
ul(ta 0) Ul (tv x:)
us(t,0) | =B ug(t, %) | ,ua(t,0),2s — 2% |, (7.2.16)
us(t,0) us(t, %)

Bi = (XaGi(u(t, o), x5) — Go(u(t, o), z5)) (7.2.17)

By = (MGi(u(t, xy), x5) — Go(u(t, ), z5)) (7.2.18)

AL — A2
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To define Bs, from the boundary conditions ((7.1.9) and the change of variables (7.2.5]), , we have

—)\4)\3 Uy (t, 0) us (t, 0) )\3
t,0) = — G t,xt), x,
’LL3( ) ) )\3_’_)\4 ( )\4 )\3 + )\3+>\4 3(11( ,st),l‘ )
)\3 ’U,4(t70) U3<t,0)>
— G — . (7.2.19
A3+ Ag < A4 A3 ( )
From condition ([7.1.10)), applying the implicit function theorem, one obtains

B3 = F(u4(t,0),Gs(u(t,zk), zs)) (7.2.20)
in a neighborhood of u = 0 with
A3
A3+ Ay
where 0;F, i = 1,2, denote the partial derivative of F with respect to its i-th variable.

Remark 7.2.1. For simplicity, in (7.2.17)-(7.2.20), we have used the following slight abuse of notation
adapted from ([7.1.9):

F(0,0)=0, 8, F(0,0)=0, 8,F(0,0)= (7.2.21)

uy(t, @7) + ua(t, 27)

Gi(u(t,zy),zs) = G; i (t, z* . us(t,z?) | i=1,2,3. (7.2.22)
A1 A2
Ts— Th

From (7.2.4), (7.2.5), (7.2.9) and (7.2.15)), one can see that, as expressed in (7.2.16), B only depends on
ui(t,xt), 1 =1,2,3, us(£,0) and x5 — x% because from (7.2.15) uyg(t, z%) can be considered as a function of
wi(t,x%), i=1,2,3.

The initial condition (7.1.12)) becomes
u(0,2) = ug(x) = (u10(x), uzo(x), uso(x), uso(x))",
x5(0) = x50

that satisfies the first order compatibility conditions corresponding to ([7.2.16[). Thus, to study the well-
posedness of ([7.1.1)), (7.1.3)), (7.1.4), (7.1.9) and (7.1.12)) is equivalent to study the well-posedness of (7.2.11])),
(7.2.13)), (7.2.15)-(7.2.23). We have the following lemma from which one can easily obtain Theorem [7.2.1

Lemme 7.2.1. For any T > 0, there exists §(T) > 0 such that, for any x50 € (0, L) and ug € H*((0,z%); R*)
satisfying the first order compatibility conditions and
|u0\H2((0,z:);R4) <H(T) and |zs0 —x3| < 0(T), (7.2.24)
the system (7.2.11), (7.2.13), (7.2.15)-(7.2.23) has a unique solution u € C°([0,T]; H2((0,z%);R*)) and
xs € CL([0,T]). Moreover, the following estimate holds for any t € [0, T
[t )2 (0seyimty + 126(8) — 2] < CCT) ([t i20015) + 00 — 23): (7.2.25)

Remark 7.2.2. For the proof of Lemma we refer to [20, Appendiz/, where the well-posedness of a
2 x 2 nonlinear hyperbolic system coupled with an ODE was studied. But the proof there can be easily adapted
to the 4 x 4 nonlinear hyperbolic system coupled with an ODE. Noticing that A(0,zs) = 0 and that, from
(7.2.13), &5 = 0 when u = 0, one has

Alzs) + A(u, zs) + zisB(xs) = A(zs)

when u = 0. Thus, (7.2.11)) is indeed strictly hyperbolic provided that |u|CO([OyT];HZ((me:);RAL)) s small enough
and can be diagonalized in a neighbourhood of u = 0. Then we can perform similar fixed point argument as

in [20, Appendiz] by carefully estimating the related norms of the solution along the characteristic curves.
The C* regularity of x4 is then obtained directly from ([7.2.13). We omit the details.

This completes the proof of Theorem [7.2.1] O

(7.2.23)
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7.3 Exponential stability of the steady state for the H?-norm

In this section we prove Theorem [7.1.1]

Proof of Theorem[7.1.1 It is worth noticing that due to the equivalence of the system (7.1.1)), (7.1.3), (7.1.4),
and the system (7.2.11)), (7.2.13), (7.2.15) and (7.2.16]), one only needs to prove the exponential
stability of the null-steady state of the system (7.2.11)), (7.2.13)), (7.2.15)) and for the H2-norm.
Motivated by [50], see also [13, Section 4.4], and by [20], we introduce the following Lyapunov function:

V(u,zs) = Vi(u) + Va(u) + Va(u) + Vi(u, z5) + Vs(u, z5) + Vs(u, x5), (7.3.1)

where:
e 4 “
Vi(u) :/ Zpie_mxufdx, (7.3.2)
0 =1
x 4 u
Va(u) = / > pie” TN U de, (7.3.3)
0 =1

x 4 u
Vs(u) = / > pie” TN udda, (7.3.4)
0 =1

oy 3y .
Va(u, z) = / B e (1, ) (wy — )do + Colws — 27)2, (7.3.5)
0 =17
z¥ 3 / u
Vs(u,zs) = / %e_mwuit(t, x)igdx 4+ Co(is)?, (7.3.6)
0 SN
z¥ 3 / u
Ve(u, z,) = / S0 B b, )i + Coli, ), (7.3.7)
0 =1 7

where p; and Cj are positive constants that shall be determined later on, while p} are constants, not nec-
essarily positive, which will also be determined later on. Besides we impose Cy > 3/2 and we recall that
21 =29 = 1, 23 = 2¥/(L — 2¥) and x4 = 2% /(x% — L). In the following we may denote for simplicity
Vi :=Vi(u,2s) and [u| 2 := [u(t, )| g2((g,0+)r4) in the computations. Similarly to what is done in [20], from
the Cauchy-Schwarz inequality and as Cy > 3/2, it can be shown that the Lyapunov function V' considered
here is equivalent to (|[ulz. + |zs — 2%])? provided that |u|,. + |z — 27| is small enough and that

P?fi — L >
max 1—e =di™s < 2. 7.3.8
i (M)\ipi( ) ( )

This means that, under condition (7.3.8), there exists p > 0 and C such that, for every 7' > 0 and u €
C°([0,T]; H%((0,x%); R*)) and for every x, € C1([0, T]) solution of the system (7.2.11]), (7.2.13), (7.2.15) and
(7.2.16), if |u|ge + |zs — 2} < p

1

G ulge + o —27])” < V(wa) < Cllal e + |og —2])* (7.3.9)

This can be proved by direct estimations (see [20] for more details).
From the boundary condition (7.2.16)), as B is of class C?, we have

v(t,0) = 0:8(0,0,0)v(t, %) + 828(0,0,0)us(t,0) + 38(0,0,0)(zs — %) + O((Ju|g> + |zs — x%[)?), (7.3.10)

where v = (uy,us,u3)" is the vector of the components of u on which the feedback (7.2.16]) applies. This
notation is practical as it isolates uy, us and us from u4 on which we have no control and whose boundary
condition is imposed by the condition (7.2.15)). In (7.3.10)), the notation 0;B is the 3 x 3 Jacobian matrix of
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the vector-valued function B with respect to its first variable which is a 3-D vector (see the expression of B

in (7.2.16))). From (7.2.17)-(7.2.21)), one can check that 925(0,0,0) = 0. Moreover, from ([7.2.17)—(7.2.20)),

noticing (7.2.21)), it can be verified that the matrix K and the vector (b1, ba,b3)" defined in (7.1.11)) satisfy

K = (kij)i.jye1,2,3p2 = 018(0,0,0),  93B(0,0,0) = (b, b, b3)". (7.3.11)
Let T > 0 be given and let x,9 € (0,L) and uy € H2((0,2%); R*) satisfying the first order compatibility

conditions and (7.2.24)). Let u € C°([0, T]; H2((0,x%); R*)) and =, € C*([0,T]) be the solution of the system
(7.2.11), (7.2.13), (7.2.15)-(7.2.23). Let us start with the case where u is of class C3. Taking the time

derivative of V7 along this solution, we obtain
4 n
> piwidie” TN Ul
i=1
By differentiating ([7.2.11)), similarly as ((7.3.12]), we can obtain

4 g
—hw 2
> “piwidie” TN ug,

s
i=1

«
IS

0 ((Jul o + |2 — 23)°) - (7.3.12)
0

=2 v —
dt uva

dV:
L + 0 ((ulgs + s — 23])%). (7.3.13)

0

Now, let us deal with the V3 term. To that end, we derive from (|7.2.11]) that

Uttt —+ (A(a:s)utm —+ QiSA/(.TS)UtI + (A”(l's)(j}s)z + A/(st)$é)uz (7 3 14)
+ (A(u, zs)ug)e + 27 s B(xs)u, + 2285 (B(xs)uy)t + 225 (B(zs)ug ) = 0. e

Thus,

4
avs
= Vs - lzwe e ] / ZQP@ A s ZB”“” T (s

i=1
+0 ((lul gz + |as — 23])%) -

We observe that now ' appears. As @', is proportional to ug(x%), it can not be bounded by |u| 2. However,
we can use Young’s 1nequahty to compensate it with the boundary terms. Using (|7.3.10 m, one has

4

dv- b «
T <=3 (e 5+ Ol ) a(a2) — 03,00

i=1
+0 ((lul g2 + s = 2%])%) -

Differentiating (7.3.5)), from (7.2.11)), one has
d
@ e / sz (1, )

zr 3 /
+ / Z %e_ﬁwui(t, x)dx + 2Cis(xs — x)
0 =17

(7.3.16)

= — - 1’ / lep e ‘L’L>\1 ulz(t l’)d (73.17)

+d (ur(z}) + ua(zy) —us(xy) — / Z pz BT w;(t, x)dx

+2dCo (s — ) (un () + ug(x) — ug(x) — U4(IZ))
+0 ((lul s + s = 23))°)
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where we recall that d = (H} — H3)™! < 0 is defined in (7.1.11)). Thus, integrating by parts and using

Fzm).

v
dt

oot (1-3) o (1) - (1+2)

zy 3 "
(200(x5 — i) +/ Z pewmui(t,x)dJ?) + O ((Jul o + |zs — zt|)3) . (7.3.18)
0o “

S

Similarly for Vs, from (7.2.11)), one has

dvs _ .
dt [Z zipje EN Tt CC)‘| — 1(Vs = Col(i5)?)
i=1 0
3 i ) z¥ 3 p/_ o, (7319)
+d Z <1 - si>\4> sit () 200 % s —l—/ Z )\—Z_e =% Yy (¢, o) dx
i=1 0 =17

By (7.3.14)), for Vi, one has

3 Ts
T lZme = xﬂ — u(Ve — Co(,)?)
i=1 0
3
1- Siy— Szuztt( ) 2C, xs pl :M ultt(t x)dx) 7.3.20
(;< ) (s [T 553 2

xh 3 /
/ Z TENTE Zszu]fD (7 _fz)d$+0((‘u|H2 —Hxs—xﬂ)g).
=1

Dealing with the 7' term in ([7.3.20)) similarly as for V3, we have

3
dVe . TR " .
cTtG =— i ; ((xip;e zixi s 10 (\u\Hz)) wige(F) — xip’iuitt(O)) — u(Vs — Co(i4)?)

3 s
A R P (7.3.21)
+d (; <1 — 8 )\4) S (@ )) (200563 A ; )\76 Y uitt(t,x)dx>

+0 (([ulgz + |z — 2%))°) -

Note that V5 + V5 has the same structure as Vi + V4 with u; and zs — «} being replaced by u;; and @,
respectively. The same applies for V5 + Vi by replacing u; and s — % in Vi + V) with u;; and &5 respectively.
Hence, we only need to analyze Vi + V. From (7.3.12)) and (7.3.18)), recalling that s; = 1 if ¢ € {1,2} and
s3 = —1, one has

s

WAtV __ lsz] V)
0

+ puCo(zs — 37:)2

3
;) —-x
) |S wiple 75w,
i=1

0
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+d (iui(w:)si <1—sij\\i>> (200(95 / pr A (4, ) da )

+ O (([u] g + |zs — 2%))?) . (7.3.22)
Using now the boundary conditions ([7.3.10) and (7.2.15)), (7.3.22]) becomes
d(Vq + V;
WLV _ i)
= ()T (o) = KT 0K) v(eh) = S50 O (a) + davia (o) + Agua(w1))?
4
3 3
- )‘4“%4‘1)4”421(0) +Zx1pl>‘lbz2(x5 71’:)2 JFQZ%Z%)\J% Zklju] ZS)
= i=1
3 .. A\ 3
> ute o, - o) (awie” 57 = 2acos (153 ) ) = X k(e e — ad)o
4 & & A4 : &
i=1 j=1
3
5 @b — at)? + pCola, — at)?
3 i zk 3 p/‘
—&-d(Zui(aj (1—51/\1>> /0 Z/\je %% " (t, z)de
i=1 j=1
+ 0 ((Julg2 + |zs — 2%))?), (7.3.23)
where .
F(z, 1) = diag (Aipixiefmi,i e {1,2, 3}) . (7.3.24)

We observe that, except from the last product proportional to d, a quadratic form in (v(z})T, u4(0), zs — 2%)

appears. Using successively the Young and Cauchy-Schwarz inequalities to deal with the last product, and
noticing that

s — )\z % — L ¥
/ e Tn Ty = 27 (1—e mixi °), (7.3.25)
0 H

we get that, for any j € {1,2,3},

3 o
i woph __w
d <;ul(x <151)\4>> (/0 %6 5 uj(t,x)dx> <
o (B0 TN (1) + (St (152 |
- pie it u t,x)dx (s —s5;— |s; ] .
I Ajp; o 7 "I, = A4
Using again the Cauchy-Schwarz inequality, we get that
2
\s d? 3 ) A N\2 [ B mer pa
; ) s ] < — 22 ) (1= 5;—~ widi T2 . 7.3.26
£ (e (1-0g) o) < £ (Zoten (1-02) (2 raz
Therefore, combining ([7.3.23))-(7.3.26)), one has

d(Vi +Vy)
dt

< — (Vi + Vi) = v(@)" (Fal, p) = KTF(0, 1)K

3 1 3 pry  pay \: 2
— | dia em i T EA (11— s )V g
(Z 6k) |12 (1-53) (@)

k=1 i€{1,2,3}

d2
4
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J; — * *
TP =755 (Mg (27) + Aaua(F) + Agug(22))? — Aaza|pau3 (0)

A4
3
+ (MCO + > (@pahib] + szﬂ’z)) (zs — )
i=1
pzle_EA *) /ZL’: I)\
+Z( ( e ) < ; pie TuZ(t, x)da:))

3

A — B
+) (2dcosj (1 - 8in> — zyphe T
J

)

3
+ > Quipidibikiy + wiplki) ) us (2 (o, — %)
i=1
+ O ((lu] g2 + |zs — 2%))?) . (7.3.27)
In order to obtain an exponential decay, we first choose ¢; such that
1 2pPa(1— e_ﬁx:)
Ei H2Nipi

. i=1,2,3. (7.3.28)

Therefore, (7.3.27)) becomes

d(Vi + V. . . P (1) - .
% < —g% — Vi — (i)’ (F(ﬂcs,u) ~KT"F(0, 1)K — T (Z €k> D(M)) v(zy)
k=1
.7/' B
iiue 7 (A (28) + Agua(a8) + Agu(25))? — Al zalpau? (0)

3
+ (MCO + Z(mipi)\ib? + xip;bi))(xs — %)
i=1
3

3
Aj — -] * *
+ Z <2dc’0$j <1 — S )\ ) — xjp] zjhg s + 2(2x1p7>\zbzk2] +I1p;kw)> Uj(l‘s)(l‘s — JCQ)
Jj=1

=1
+ O ((lu] gz + |zs — 2%))?) . (7.3.29)

We clearly see now two terms proportional to V7 and Vj respectively that will bring the exponential decay,
and a quadratic form in (v(z%)T, u4(0), zs—x*) appears. In order to simplify the quadratic form by cancelling
the cross terms, we choose
dCOSi ( S,Li ) e¢1>\1
, )
P =2 , 1=1,2,3. (7.3.30)

L4

Observe that from (7.1.18)), one always has b;x;p; < 0 for i = 1,2, 3, thus we can choose

P .
i = — , 1=1,2,3. .3.31
D e >0, 1 3 (7.3.31)
Therefore we have, using (7.3.30)), (7.3.31)) and Young’s inequality

2 3
d(Vldijt_mg_%Vl—ﬂVz;—V(%Z)T(F( ) — KTF(OM)K_< 1> (1)

k1 °k
. 3lealpar? —_u_ 1>
— dia T v e A s )V 1‘:
g( A4 i€{1,2,3} ( )

3
1
— Aalza|paud(0) + (MCO ~5 > |$z‘p§bz'> (x5 —23)°

i=1
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+ O ((lu] gz + |zs — 2%))°) . (7.3.32)

Observe that the conditions (7.1.18)) and (7.1.19) are satisfied for v > 0, but as the inequalities are strict,
there exists p > v such that (7.1.18) and (7.1.19)) are also verified with p instead of . We choose such p

and using (|7.3.30)), one can see that

3
1
(uc ) > |x¢p’ib¢|> <0, (7.3.33)

i=1

and one can also check from (7.2.17)(7.2.20), (7.3.28), (7.3.30), (7-3.31)), conditions (7.1.18) and (7.1.19)

that the matrix defined by

2 3 .
Pl n) ~ KTFO K ~ 5 (Z 1) By (7.3.34)
k=1

is positive definite. This implies that there exists ps > 0 such that the quadratic form in v(z%¥) in (7.3.32) is
non-positive. Therefore

d
w == §V1 — 1Va+ O ((Julgs + s — 27])%) (7.3.35)

As > 7, at least if |u| g2 +|zs — 2% is small enough which can be guaranteed from Lemma by requiring

§(T) small enough

d
Wit Va) o Yoy 4 1), (7.3.36)
dt 2
thus,
dv vy
a7y 7.3.37
dt — QV ( )

We have derived under the assumption that the trajectories of (7.2.11)), (7.2.13)), (7.2.15) and
are of class C3, but one can use a density argument to generalize the result for trajectories in
CY([0,T); H%((0,2%); R*)) by noticing that v does not depend on any C? or C®-norm of u. The inequality
(7.3.37) is then understood in the distribution sense. One can refer to [20] or [I3, Comment 4.6] for more
details.
By the equivalence between the Lyapunov function V and (|u|y. + |z — 2%[)? if this last quantity is small,
we get immediately the exponential stability of the null steady state of the system , ,
(TL19).

and (7.2.16]) for the H2-norm with decay rate /4. It remains to check that under assumption
(7.3.8) holds with p, and p; defined as (|7.3.30)) and (7.3.31)). Indeed,

/2
27, . 4
max (5;\;; (1—e miv )> < %, (7.3.38)

therefore there exists Cy > 3/2 such that the condition is satisfied.
So far §(T) depends on T, we next prove that for any given 7' > 0, we can choose * independent of 7" such
that holds on (0,T) as required in Definition
Let us now assume that zs9 € (0,L) and uy € H?((0,2%);R*) satisfying the first order compatibility
conditions and

o2 ((0,2)ir%) + |Ts,0 — 5| < p and V(ug,z50) < v, (7.3.39)

where v > 0 is going to be chosen small enough. Then, for any ¢ € [0,T], at least if v > 0 is small enough,

from ([7.2.25)), (7.3.9) and (7.3.37),

|u(t)|H2((07x;);R4) +lzs(t) — 2% < pand V(u(t), zs(t)) < v. (7.3.40)
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Using (7.3.40)) for t = T one can keep going on [T',27] and then on [2T, 3T, etc. So we get that, for every
i=1,23,. ..,

V(u(t), z:(0) < v t € [ — DT, 5T, (7.3.41)
(|u<t)|H2((O,I:);R4) + ‘l’s(t) - {L‘:D <p te [(] - 1)Ta JT]7 (7342)
% < f%V in the distribution sense on (0, jT). (7.3.43)

Noticing (7.2.9), there exists a 0* such that if (7.1.13)-(7.1.14) hold, one has (7.3.39). Thus, noticing also that
for any T > 0 there exists j € N such that (0,7) C (0,57), one gets that the steady state ((H*,Q*)",z?) is

locally exponentially stable for the H2-norm with decay rate /4. The proof of Theorem 1.1 is thus complete.
O

Remark 7.3.1. Given the assumptions of Theorem |7.1.1], it is obvious that this stability result is robust
with respect to small variations of G in the feedback control. However, it is actually also robust with respect
to small variations of G4. Indeed, if |G4(0) + A4l is sufficiently small but with a bound independent of the
state (H, Q)T and x5, we can still define B as in 7 using the implicit function theorem. Then
looking at (7.3.10), 02B(0,0,0) # 0, but for any 6 > 0, [021(0,0,0)| < § provided |G} (0) + Aa| is sufficiently
small. Then all the additional terms about u3(0) and u?(x%), i = 1,2,3 will be compensated by the fact that

pa >0 in (7.3.29) and that |G(0) + A\4| is sufficiently small. The rest of the proof is the same as in the case
where G (0) = —\4.

7.4 Conclusion

In this article, we have considered the problem of the boundary feedback stabilization of an open channel with
a hydraulic jump. We focused on the case where the channel has a rectangular cross section without friction
or slope. The channel dynamics are modelled by a version of the homogeneous Saint-Venant equations with
the water level H and the flow rate @ as state variables. The hydraulic jump is represented by a discontinuous
shock solution of the system. The main contribution of this chapter is to analyze the boundary feedback
stabilization of the system with a general class of static feedback controls that require pointwise measurements
of the level and the flux at the boundary and in the immediate vicinity of the hydraulic jump. In order to
prove the well-posedness of the system, we first introduce a change of variables which allows to transform
the Saint-Venant equations with shock wave solutions into an equivalent 4 x 4 quasilinear hyperbolic system
which is parametrized by the jump position but has shock-free solutions. Then, by a Lyapunov approach,
we show that, for the considered class of boundary feedback controls, the exponential stability in H?-norm
of the steady state can be achieved with an arbitrary decay rate and with an exponential stabilization of the
desired location of the hydraulic jump. Compared with previous results in the literature for classical solutions
of quasilinear hyperbolic systems, the H?-Lyapunov function introduced in [50] (see also [I3, Section 4.4])
has to be augmented with suitable extra terms for the analysis of the stabilization of the jump position. In
the case where the cross section is irregular and with friction or slope, the jump stabilization issue is much
more challenging and remains an open problem.

7.5 Appendix

In this appendix we prove that that there always exists G such that K and (b1, ba,b3)T defined in
satisfy —. Let us first point out that, for every K € R3*3, there exists a linear map G : R* — R?
such that the third equation of (|7.1.11]) holds. Hence it remains only to show that there always exist K and
(b1, bo, b3) T satisfying (7.1.18)) and !7.1.19’. In the special case where K = diag(k;,i € {1,2,3}), the condition

that the matrix defined in ([7.1.19) is positive definite becomes

k2 <e mnTD;, Vie{l,23), (7.5.1)
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with

2d2b; 5 Ap., oo 3. i oel A
Di=1—- —2% brsk(l — s =) (eTk r — 1 emid T 73 ) (1 — 5;—)2. 7.5.2
Pl — 5 20) (; Sk ( k/\4)( ) (7; ) )\4) (7.5.2)

Let us look at a limiting case in (|7.1.18]) and take b; = —ve*W:/(“)‘i)/Sdsi (1 — sl%) Then we have

2 (< vy 5. s
D;=1— 5 (Z(l _ e Than )> (Ze w2 ). (7.5.3)

k=1 j=1
3 _ ya}
We denote y = <Z e Tk k ) Thus we get
k=1

2 2
Di:=1—Zy+ 9> 7.5.4
i 3Y+ Y (7.5.4)
This is a second order polynomial with negative discriminant, thus D; is always strictly positive. As D;
depends continuously on b;, this implies that there exist K = diag(k;,i € {1,2,3}) and (by, ba, b3) T, satisfying
(7.1.18) and (7.1.19).
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Chapter 8

PI controllers for 1-D nonlinear
transport equation

This chapter is taken from the following article (also referred to as [59]):
Jean-Michel Coron and Amaury Hayat. PI controllers for 1-D nonlinear transport equation. Preprint, 2018.

Abstract. In this chapter, we introduce a method to obtain necessary and sufficient stability conditions
for systems governed by 1-D nonlinear hyperbolic partial-differential equations with closed-loop integral
controllers, when the linear frequency analysis cannot be used anymore. We study the stability of a general
nonlinear transport equation where the control input and the measured output are both located on the
boundaries. The principle of the method is to extract the limiting part of the stability from the solution
using a projector on a finite-dimensional space and then use a Lyapunov approach. This chapter improves a
result of Trinh, Andrieu and Xu, and gives an optimal condition for the design of the controller. The results
are illustrated with numerical simulations where the predicted stable and unstable regions can be clearly
identified.

8.1 Introduction

Stabilisation of systems with Proportional-Integral (PI) controllers has been well-studied in more recent
decades as it is the most famous boundary control in engineering applications. The use of PI controllers in
practical applications goes back to the end of the 18th century with the Perier brothers’ pump regulator |72}
Pages 50-51 and figure 231, Plate 26], [25] Chapter 2] and later on with Fleeming Jenkin’s regulator studied
by Maxwell in [I56]. Of course these regulators were not yet referred as PI control but in practice they
worked similarly. Mathematically the PI control was studied first by Minorsky at the beginning of the 20th
century for finite-dimensional systems [I59]. In the last decades, the stability of 1-D linear systems with PI
control has been well-investigated both for finite-dimensional systems [4} [6] and infinite-dimensional systems
(see for instance [2T], [84) T30} 169, 194] 199, 200] for hyperbolic systems) and is now very well-known. For
infinite-dimensional nonlinear systems, however, only few results are known comparatively, most of them
conservative [I3, Theorem 2.10], [194]. From a mathematical point of view, dealing nonlinear systems is a
very challenging and interesting question. From a practical point of view, it can be seen as a necessity as
numerous physical systems are based on infinite dimensional nonlinear models that are sometimes linearized
afterward. The intuitive belief that the stability condition for a nonlinear system should be the same as the
stability condition for its linearized counterpart when close to the equilibrium is wrong in general, as shown
for example in [61].

The reason for this gap in knowledge between linear and nonlinear systems in infinite dimension is that the
main method to obtain the stability of 1-D linear systems with PI control is the frequency (or spectrum)
analysis (e.g. [200]), a powerful tool based on the Spectral Mapping Property which gives, among other
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things, the limit of stability from the differential operator’s eigenvalues (e.g. [I43| [I61} [I76]). This powerful
tool is not anymore available when dealing with nonlinear systems. Thus, most studies use a Lyapunov
approach instead that has the advantage of enabling robust results [47, [[19] but as a counterpart is often
conservative, meaning that the stability conditions raised are only sufficient and not necessary. Among the
necessary and sufficient conditions one can refer for instance to [I3, Theorem 2.9]. Another point to mention
is that, for nonlinear systems, the exponential stability in the different topologies are not equivalent [61].
In this article we introduce a method to obtain a necessary and sufficient condition on the stability. We
study the general scalar transport equation with a PI boundary controller which was studied in [194], and
in which the authors obtained a sufficient, although conservative, stability condition.

Not only is this equation interesting in itself [27], as it covers for instance the inviscid Burgers equation
around a non-zero constant steady-state, which can be used as a basic model for fluid flows or road trafic,
but it is also interesting as, even if it is the most simple nonlinear evolution equation, it already has some
of the key features of nonlinear hyperbolic models whose stabilization has been quite studied in the recent
years using various methods [13], 106, [TT4]. This problem has an associated linearized problem where the first
eigenvalues making the system unstable are discrete and in finite number. We first extract from the solution
of the nonlinear problem the part that would be associated to these eigenvalues in the linear case, using a
projector on a finite-dimensional space. In the linearized problem this projected part of the solution is the
limiting factor on the stability and it is therefore natural to think that it can also be the limiting factor in
the non-linear case. Besides, we know precisely the dynamic of this projection and we can control precisely
its decay. Then, a key point is to find a good Lyapunov function for the remaining part of the solution. As
the remaining part of the solution is not the limiting factor, the Lyapunov function can be conservative with
no harm provided that it gives a sufficient condition that goes beyond the limiting condition corresponding
to the projected part.

8.2 Stability of non-linear transport equation with PI boundary
condition

We are interested with the following problem

Oz + A(2)0,2 =0, (8.2.1)
2(0,t) = —k7I(t), (8.2.2)
I =2(L,t), (8.2.3)

where X is a C? function with A(0) = Ao > 0 and k; is a constant. Let 7' > 0, one can show that the system
is well-posed in C°([0, T, H?(0,L)) x C%([0,T]) for initial conditions small enough and sufficiently regular.
More precisely one has [194]

Theorem 8.2.1. Let T > 0. There exists 5(T) > 0 such that for any ¢o € H?(0, L) satisfying |¢o|g= < 9,
the system (8.2.1))—(8.2.3) with initial condition (¢o, Io) such that

Io = —k; ' ¢0(0), do(L) = k1 'M¢0(0))¢5(0), (8.24)
has a unique solution (¢, I) € C°([0,T], H*(0, L)) x C*([0,T]). Moreover there exists C(T) > 0 such that
¢, )2 < C(T) (160 ()| m2) - (82.5)

The interest of this system comes from the fact that it is the most simple nonlinear system with a proportional
integral control. However it already constitutes a challenge and, to our knowledge, the most advanced result
so far is the following result developed in the recent years [194]:

Theorem 8.2.2. If 0 < k; < A(0)II(2 — \/2)/2L, then the nonlinear system (8.2.1)(8.2.3)) is exponentially
stable for the H? norm, where

M(z) = /z(2 — z)e /2 (8.2.6)
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Note that TI(2 — v/2)/2 = 0.34. In [I94] it is also shown that this result is conservative. In order to study
this system, it is interesting to compare it with the corresponding linear case namely the case where A does

not depend on z and (8.2.1)) is replaced by
Oiz + N\gOzz = 0. (8.2.7)

In this case, a necessary and sufficient condition for the stability can be simply obtained from the frequency
analysis, by looking at the eigenvalues of the system (8.2.7)), (8.2.2]), (8.2.3)). It is easy to see that these
eigenvalues satisfy the following equation [194].

kr+ Qe% =0. (8.2.8)

This implies from [24] that the linear system (8.2.7), (8.2.2), (8.2.3)) is exponentially stable if and only if

k€ <0 “O>. (8.2.9)

2L

In the nonlinear case, it is not possible anymore to use a frequency analysis method. One has to use other
methods, as for instance the Lyapunov method, which is one of the most famous as it guarantees some
robustness of the result. This method was for instance used in [194] to prove Theorem However, this
method is often conservative as, except in simple cases, it is often difficult to find the right Lyapunov function
leading to an optimal condition. As stated in the introduction, we tackle this problem by extracting from the
solution the part that limits the stability with a projector and apply our Lyapunov function to the remaining
part. Our main result is the following

Theorem 8.2.3. The nonlinear system (8.2.1)~(8.2.3) is exponentially stable for the H* norm if

k€ (0, ”’Q\(LO)> . (8.2.10)

The sharpness of this nonlinear result is suggested from the linear condition (8.2.9)). This sharpness can also
be illustrated by the following proposition

Proposition 8.2.4. There exists k1 > w\(0)/2L, such that for any k; € (w\(0)/2L, k1) the nonlinear system

(8.2.1)-(8.2.3) is unstable for the H? norm.

In Section [8:3] we introduce a new Lyapunov function that can be seen as a good Lyapunov function for
this system but we show why it still leads to a conservative result. In Section [8.4] we introduce a projector
to extract from the solution the limiting part for the stability. In Section [8.5 we prove Theorem [8.2.3] and
Proposition using the Lyapunov function and the projector respectively introduced in Section and
Section In Section we illustrate these results with a numerical simulation.

8.3 A quadratic Lyapunov function

In this section we first introduce a new Lyapunov function for the system f. This Lyapunov
function can be seen as a good candidate to study the stability for the H? norm, but, although it already
gives a sufficient condition relatively close to the linear condition , we will show that it is not enough
to achieve the optimal condition , which will be the motivation for the next section. As this part is
only here to motivate the method of this chapter, we will give a sketch of proof for a Lyapunov function
equivalent to the L? norm, but the same would apply for a similar Lyapunov function equivalent to the H?
norm (see Section [8.5)).

Let us define Vg : L2(0,L) x R — R by
L . L 2
Vo(Z,1) := / f(x)e 2®Z2(z)dx + / aZdr+ 61| (8.3.1)
0 0
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where f is a positive C! function to be determined later on and a and 3 are non-zero constants to be
determined later on as well. For any (Z,I) € L?(0, L) x R one has from Cauchy-Schwarz inequality:

. o 2
min{ f(z)e 2" :x € [O,L]}(/L Zdz)? + o </L de) + 2801 </L de) + (81
0 0 0

L (8.3.2)
<SW(Z.0) <O (12000, + BI2).

Using that for any p > 0, there exists ny € N* such that

(p+ 1)a® + 6% — 2ab > L (a® + %), V (a,b) € R, (8.3.3)
ni
there exists Cy > 0 such that
1 2 2 2 2

& (120520, +817) <Wo(Z.1) < 0o (12[3000) + BT°) (8.3.4)

Thus, our function Vj is equivalent to the norm on L?(0, L) x R defined by [(Z,I)| = (\Z|iz(0,L) + ﬁIQ). It

is therefore enough to find f € C*([0, L], (0, +00)), a and 3 such that Vj is exponentially decreasing along all

C°([0, T], H? xR) solutions of system (8.2.1)~(8.2-3) to prove that the null steady-state of the system (8.2.1))~
is exponentially stable for the L? norm. Let T > 0, and let (z,I) be a C3([0,T] x [0, L]) x C3([0, T])
solution of the system 7 (we could get the result for C°([0, T], H? x R) later on by density as in
[20} Section 4], this will not be done in this section as it is only a sketch proof). Let us denote Vy(2(z, ), I(t))

by Vi (t). Differentiating Vy with respect to ¢, using (8.2.1)), (8.2.3) and integrating by parts one has

dVo L

L L
T = etans@e 2]+ [T a0 @ R e = [ f@)e 5 2 0

L _ W
o [ pa)e b7 1 a)da

: xeiﬁzﬁz 22 2(t,x)) — "(z)e” 322 (¢, x)dx

+ [ @ s + (alt2) = MO (@) )
k box

+2 (/0 azd:r—i—BI(t)) <— [a)\z]g —1—/0 aazzmzdaﬂ—i—ﬂz(t,L)> .

Thus using (8.2.2)), one has

v
dt

(8.3.5)

L
A D) F(D)e R E 28 1) — ”/o F@)e™ 557 22(8, 2)da + A(2(t, 0)) £(0) T2(1)k2
L L - z X 2]
e
0 0 0
L
2 ( | asdo+ /ﬂ(t)) (—adoz(t, L) + B2(t, L) —akiTBA(=(,0)) — a(A=(t L)) — M)2(t L)) (8.3.6)

L oA Mo / -y
s [0S+ (el ) - AO) (e )
L

box
+2 azdx + BI(t) a——zgpzdz.
0 0 0z

198



We can now choose 8 = Aga. Equation (8.3.6]) becomes

dVo

- = —A(z(t,L))e” b f( </ f(z)e ;t)xZZ(t,a:)d:c—FI(t)Z)

+ (A0)f(0)kF + )12 (t) — / (=)' (@)™ R0 22 (t, 2)da

0

L
i / 02k A0) 21 (E)da — 202 A(0) 2k I2(1)
0

—2 [ a2k (3e(0.0) - AT
~ 202 (\(2(1,0)) ~ ANODA(£,0) + AODk (1) (837
+OE(0,0) - OV FOR()

L
+2 (/ azdr + ﬂI(t)) (—a(A(2(t, L)) — Xo)z(t, L))

/ Fa zﬁe 5522 L (A\(2) = MO F () 5% 22(¢, 2)da

boA
+2 azdac + BI(t) a——zzzd.
0 0 0z

Using the equivalence between Vy and (|z(¢, )|z + |I|)?, there exists a constant C3 > 0, maybe depending
continuously on g but positive for € [0, 00) such that

L
w (/ f(m)efﬁIzQ(t,m)dx + I(t)2> > uCsVy, (8.3.8)
0
and as \ is C1, (8.3.7)) can be simplified in
TR < ey~ Ma(t. L) 1) 55221, 1)
dt (8.3.9)

= Q+0 ((2(t, )= + 1)),
where O(r) means that there exist 7 > 0 and C > 0, both independent of ¢, I, T and t € [0, T], such that
(Irl <m) = (l0(r)] < Culr]),
and where @ is the quadratic form defined by
Q = I*(t) (2a°X(0)%k; — A(0) f(0)k} — p)

o _u (8.3.10)
+/() (=X0)f'(x))e 20 22(t, x) + 2022k M(0)I(t)dz.

To ensure the decay of V{, we would like to make this quadratic form in z and I positive definite with f > 0.
This implies that f is decreasing and k; > 0. Then, bringing all the terms inside the integral we would need
the discriminant to be positive, i.e.

% (20°A(0)k; — A(0) £(0)k? — 1) (=A(0)f'())e 0" — a*kIA(0)% > 0 (8.3.11)

If we place ourselves in the limiting favourable case where @) is only semi-definite positive, and f(L) = u =0,

one has
f(@) (22°A(0)k; — f(0)k7) = —La’ k7. (8.3.12)
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Thus f’ is constant and, as f(L) = 0,
—2X(0)a® f(0)k; + f2(0)k7 + L*a*k} = 0. (8.3.13)
With A(0) = Ao, this equation has a positive solution if and only if
40k} (NS — k7L?) > 0. (8.3.14)

This is equivalent to |kr| < Ag/L. This is the limiting case, to get @ definite positive and Vj exponentially

decreasing we would need to add V1 (t) = Vo(z, ) and Vo o(t) = V (244, 1) to make the Lyapunov function
equivalent to the H? norm to deal with O(|z(t,-)|g= + |I(t)]) as in Section and we would get the
following sufficient condition: k; € (0, \g/L) which is better than the condition given by Theorem but
conservative compared to the necessary condition . This motivates the next section.

8.4 Extracting the limiting part of the solution

In this section we introduce the projector that will enable us to extract from the solution the limiting part
for the stability. We start by introducing the operator A,

¢) (_Aod)x)

A = 8.4.1
(7) = (ot (41
defined on the domain D(A) = {(¢,1)T|¢ € H?(0,L),I € R, ¢(0) = —k;I}. And we note that looking for
solutions to the linearized problem (8.2.7)), (8.2.2)), (8.2.3) can be seen as looking for solutions (¢, )T €

C°([0,T],D(A)) to the differential problem
(?) _4 (‘;’) . (8.4.2)

As mentioned in Section we know that any eigenvalue g of this operator satisfies (8.2.8) which, denoting
oAy ! =0, +iw, with (0,,w,) € R?, is equivalent to

Aoe?l (wy sin(w,L) — 0, cos(w,L)) =ki, (8.4.3)
wy cos(wpL) + o, sin(w,L) =0. -

Assuming (8.2.9), there is a unique solution to that also satisfies w € (—n/2L,w/2L) [192] Page 22].
We denote by p; the corresponding eigenvalue. In [192] it was shown that this eigenvalue and its conjugate
are the eigenvalues with the largest real part and are the limiting factor to the stability in the linear case.
Although we do not need this claim in what follows, it explains why we consider this eigenvalue. We suppose
that w := w,, # 0. The special case w,, = 0 is simpler can be treated similarly (see Remark .

We introduce the following operator:

pi= (g;) € L(D(A), Span{e” %" e %57}) (8.4.4)

defined by

L
p1 <?) = </ ¢(:v)e*ordm—|—)\oeMLI> e 2”
0

. (8.4.5)
+a (/ gb(x)e%mdx + )\oeitlJLI> e %o,
0
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L
D2 (?) = (/ (/ﬁ(x)eﬁxdx + )\oeNllLI> e Sk
01 0
dl L 21 21 21
— / d(x)e>0"dx + Nge o "I | e 3o,
1 0

where z stands for the conjugate of z and a; := 91/(01L + Ag). Here we used a slight abuse of notation and

(8.4.6)

o _en
the notation e~ % ® outside the brackets refers actually to the function z — e @ defined on [0, L]. One
can see that p is real even though o1 is complex, as p is the sum of a function and its conjugate. Denoting

01\y ! = 0 +iw, the formulation (8.4.5)—(8.4.6) is equivalent to

< ) (/ ¢(x)e”® cos(wx)dx + Aol (t )cos(wL)e"L> (Re(ay) sin(wz)e™ 7% + Im(ay ) cos(wz)e ")
(/ d(x)e?® sin(wz)dx + NI (t )bin(wL)e"L> (Re(ay) cos(wz)e™7* — Im(av) sin(wz)e™7%) .

() (/ d(@)e™ cos(wz)dz + Aol <>cos(wL)e“L> <Re(3i)sin(wL)e_"L+Im(a1

01

Joos(er)e >

(/ o(x)e’® sin(wax)dx + Aol (t )sin(wL)e"L> (Re(zll) cos(wL)e 7L — Im(ﬂ

01

) Sin(wL)e_”L) .
(8.4.7)

However in the following, for simplicity, we will keep the complex formulation. We first show that p commutes
with the operator A given by (8.4.1]). Indeed one can check that, with

L
Pl = Q1 </ o(x)e o dr + )\OeMLl> e o’ (8.4.8)
0

one has

d))) _ ((Aod)m)) N & o, £y _a,
A = = A - 0" d A 0 L 0
P1,0: ( (I P1,0 ¢(L) aq 0/0 o) (x)e T + Aoe (b( ) €

(8.4.9)

L

- (_)‘0¢(L)ekéL +26(0) + o1 / d)(x)Eﬁmdx + )\oe*éL¢(L)> e o?,
0

Using that (¢,I)" belongs to the space {(¢,I) € L?(0, L) x R|$(0) = —k;I}, together with (8:2-8)), one gets

that
d) L o1 o1 o1
D1,01 (A ([)) =101 (/ d(x)ero“dr + )\06*0L1> e 20"
0
¢
o (),

As p; also verifies (8.2.8)) we get the same for py 5,, which is defined as p; ,, in (8.4.8) with o; instead of o;.

Thus from ([B.435) and (8:4.8) ) (A ((?)) B (A <p (?)))1 (8.4.11)

Then from (18.2.8]) and (18.4.6),
one easily gets that, for any (¢, 1) € L*(0,L) x R, pa((¢, 1)) = —k; 'p1((¢,1)7)(0), thus p (?) € D(A)

" p (A (?)) —4 <p (?)) . (8.4.12)
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Now, we show that p is a projector, meaning that p o p = p. To avoid overloading the computations, we
denote

L [ o
di = ay (/ d(x)e o dr + )\OeNI)LI> , (8.4.13)
0

and d; is defined similarly with g; instead of g;. Therefore one has

) L _ (e1_ o1 o1, ei%L _ ei%L o1
m (p< >) = / dy +die 55 dr 42ge Sl (4 S, S ) ) e S
1 0 01 01
21 21 e_%L — e_%L 21
(/ d1 + d1€ 7%)90031: —l—)\oemL (dl + di— )) e Mo¥.

01 01
Integrating and using (8.2.8)), one has

(8.4.14)

y“
=

_ e(%i%)L -1 kr dq Czl _a
1| diL + Ady —————— — Xo— (——> e *o”
01— 01 01 kr  kr

_ (8.4.15)
dy (7_7)L 1 di\ _ei,
= d1L+)\0; +)\0d1— +Xo— | e *o
1

01— 01 01

d e X 1 d\ _o
<d1L+/\0+)\0d100+)\0_1 e "ém.
01— 01 01

But, still from (8.2.8)), observe that

- — =—-—, (8.4.16)
01 — 01 01 — 01 01

and recall that oy = 01/(01L + Ao), thus

P1 (p (q;)) — die N7 4 e = py (?) . (8.4.17)
Besides we have from ({8.2.8) and -
() =4 ()0
=—kip1 (?) (0) = p2 (?) .

Therefore pop = p. As p is a linear application, this implies in particular that

(1) (5) - et

Thus, let (d),I)T € D(A), if we define ¢1 = p1(¢,I)7, I} := pa(¢,1)T and ¢o := ¢ — ¢1 and I := I — I;, one
has from (8.4.19) and (8.4.5), as a; # 0

L L i i
/ ¢2($)€ﬁwd$ + )\oeﬁsz = / qi)z(ac)eﬁwdx + /\Oeﬁng =0. (8.4.20)
0 0
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Thus
L

P2 (x) (e%(zfl’) — e%(wa)) dz = 0. (8.4.21)
0

Or equivalently, denoting as previously o1 V=6 +iw,
L
/ $2(x)e” @D sin(w(z — L))dx = 0. (8.4.22)
0

Remark 8.4.1. — In the special case w = 0, we can define p similarly as previously but with ay = &1 =
1/2 instead. Then (8.4.12)) still holds, but, as 01 = 01, p is now a projector on the one-dimensional

space Span{ef%r} and is defined by
T L o1 ey _e1
p1((¢,1)") = / d(x)e Mo dz 4+ Age>o "I | e >0 ", (8.4.23)
0

and p2((¢, 1)) = 07 'p1((¢, )T)(L). Nevertheless (8.4.22)) still holds and is straightforward. Indeed,

we can still define (¢1,11)T = p((¢,1)T) and (¢, 1) = (¢ — 1,1 — I1), and, as w = 0, (8.4.22) holds
directly.
— Note that, when w # 0, (8.4.20) contains two equations, as p is a projector on a space of dimension

2. Therefore another relation can be inferred from (8.4.20) in addition to (8.4.22), namely
L
/ B2 (2)e? @ L) cos(w(x — L))dx = —XoIs. (8.4.24)
0

However this relation will not be used in the following.

8.5 Exponential stability analysis

In this section we use the results of the above sections to prove Theorem [8:2.3] We first separate the solution
of the system in a projected part and a remaining part using the projector defined in Section 84} Then we
use the Lyapunov function defined in Section to deal with the remaining part.

Linear case We first prove Theorem using our method in the linear case. This could seem senseless
as the result in the linear case is already known. However, the purpose is to make clear how this method
works while keeping the computations simple. Then we will show that this method still works when adding
the nonlinearities. Let T' > 0 and let ¢ be a solution of the linear system (8.2.7), (8.2.2)), (8.2.3)) in C([0, L] x
[0,T]). Using the last section, we define the following functions

¢1(t7x) _ ¢(tvl’)
(Il(t7x) =p it ) (8.5.1)
¢2(t,l‘) _ ¢(t,$‘) _ (bl(tvx)
() = () - (o) (852)
We expect to have extracted from (¢, I') the limiting factor for the stability that is now contained in (¢1, I1).
The function (¢1, 1) is a simple projection on a space of finite dimension, it has therefore a simple dynamic

and is easy to control, while we will use our Lyapunov function introduced earlier in Section to deal with
(¢2, I). In other words we will consider the following total Lyapunov function

V(t) = Vi(t) + Valt), (8.5.3)

where Vi is a Lyapunov function for (¢1,I;) to be defined and Va(t) = Vo(¢2(t,-), I(t)). Recall that the
definition of Vj is given in ({8.3.1).
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Let us look at ¢;. From the definition of p; given by (8.4.5)), p1 = p1,o, +P1,5, Where p; ,, is given by (8.4.8))
and p1 5, is given by the same definition with ¢; instead of g;. Similarly ps = p2 o, + p2,5, With

P20, (6, 1)7) = IM((QZII)T)(L)7 (8.5.4)

and ps 5, defined similarly but with g, instead of o;. Therefore we can define

o (1, x)) _ ( (t 7$)> — (Pl,gl(éﬁvf)T(t,x))
(i) = () = Gt e 1) (833
and we can define its conjugate (¢x;, I5;)" similarly. Thus we can decompose (¢1,1;)T in
(bl(t 1‘)) (¢91 (t LL’)> <¢.91 (t {L‘))
()= o)+ () (8350
Let us now define Vi (t) by
L
V)= [l (to)Pde + |1 () (357)
then
G117z + 111 [* < 4165, (72 + 411p, |* < 4V (8.5.8)
Differentiating V7 one has
vy
= /0 9Re (010, bg, ) dz + zRe( gl) . (8.5.9)

From (8.4.5)), (8.4.6), and (8.5.1)

() = (507 = (4 (6)). @510

Observe that the commutation property (8.4.11) still holds with p,, instead of p, and that p,, is still a
linear operator. Therefore,

dv; L
cTtl = 2Re(gl))\o/ |Go, [2dx + 2Re(01)| 1, (1) (8.5.11)
0
As Re(p1) < 0 from (8.2.10)) and (8.2.8]),
% < —2|Re(p1)| min(Ag, 1)V4 (8.5.12)

which will imply the exponential decay.

Let us now look at V5. From (8.2.7), (8.2.2), (8.2.3), (8.4.6), (8.5.2), (¢2, I2) is also a solution to the linear
system (8:2.7), (8:2.2), (8.2.3). Thus acting similarly as in Section [8.3 (8.3.5)—(8.3.9), we have

TBL < hCyVan = A6 D)D) 5 630, 1) — () (202X(0)%k1 — NO)FOF — )

L (8.5.13)
7/0 (= MOV f'(z))e X0 $2(t, z)dx + 202k N0) oI (t)da

If we look now at the quadratic form in Iy and ¢, that appears, we can see that it is exactly the same
as previously in (8.3.10)). However, since ¢o is the complementary of ¢; in ¢, we now have an additional
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information on ¢5 given by (8.4.22)). Thus, denoting again this quadratic form by @, and using (8.4.22) we
have

L L L
Q :/O (=Xof'(z))e 2o p2(t, x)dx + 2a2k1)\01(t)/0 $2(1 — Kb (x))dx
+ I7(t) (2a° A5kt — Mo f(0)k] — p)

) L
Zzei%fL](—Aof’(x))e*%L ( i </>§(t,m)dx> (8.5.14)
I 1/2 I 1/2
_ 2a2k])\o|1(t)| (/ ¢§dx> </ (1-— HQ(x))%i.%‘)
0 0
+ I7(t) (2a° A5kt — Mo f(0)k] — p)
where
0(z) == @D sin(w(x — L)) (8.5.15)

and £ is a constant that can be chosen arbitrarily. As the right-hand side is now a quadratic form in |¢s|z2
and I, a sufficient condition for @ to be positive is

inf (=X f'(x))e 20" (2a2A2k; — Ao f(0)K? — 1)

z€[0,L]

L
> (a2k1A0)2 (/0 (1-— n@(m))%x) .

Of course we have all interest in choosing » such that it minimizes the integral of (1 — k6(z))?. We have

/OL(1—,-@9( </ 0% (x dm)—% </ O(x dx)—i—L (8.5.17)

This is a second order polynomial in x thus, assuming w # 0, its minimum is

o <(f0 02(a </ - ) ((f 0°(a </ " )

(8.5.16)

(8.5.18)
B (fo 0(x)dx>
(fOL Gz(x)dx>
Choosing such &, and f’ constant, condition becomes
e—%%M (202 X3kr — 10— Mo f(0)KF)
2
, (fOL g(l-)dz> (8.5.19)
—(@ko)?L [1- A s,
(L In Hg(x)dac)
which is equivalent to
— NR2F2(0) + (202X3k; — p+ F(L)Ak?) Mo f(0) — (20°A2ky — i) Ao f(L)
2
(U b(a)dz) (8.5.20)

— N (ko) L2 | 1 - >0.

L (fOL 62 (ac)dac)
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We place ourselves in the limiting case, when y = 0 and f(L) = 0. As the left-hand side is a second order
polynomial in f(0), there exists a positive solution f(0) to the inequality if and only if

(foL 9(m)dx)2

11— — 2 | K202 < X2 (8.5.21)
L (fOL 02(x)dx> ’

Under assumption (8.2.10)) we can show that this is always verified, this is done in the Appendix. When
w = 0, taking again f’ constant and the limiting case where f(L) = 0 and p = 0, Q is definite positive
provided that

— A2(0)k7 f2(0) + (20° N5kt — pu + F(L)Aok7) Ao.f(0)

(8.5.22)
— (2022kr — W) Ao f(L) — €5 (a2ki0o)* L2 > 0.
There exists a positive solution f(0) to this inequality if and only if
A\ 2
ki < (LO> : (8.5.23)

but, as gy is real and k; is positive, kr = —(\o/L)(01L/Ao)e~21/20 < \o/L, thus (8.5.23) is satisfied. Thus,
by continuity, there always exists p; > 0 and f positive such that ¢ > 0 and therefore

dVv; _w
S ~mCsVa = (of(L)e” % M)gd(t, L), (8.5.24)
This implies from (8.5.3) and (8.5.12)) that
av .
E < —min (2|R6(Q1)|, 2|I{Q(Q1)|/\07 pch) |4 (8525)

This shows the exponential decay for V. It remains now only to show that it also implies the ex-
ponential decay for (¢,I) in the L? norm. But from (8.3.4) and (8.5.7), V is equivalent to the norm

(I6os |12 + o, | + |d2] 2 + [I2(t)])*. Besides, we have from (8.4.8), (8.5.7), and using Cauchy-Schwarz in-

equality
I 1/2 I 1/2 2
201 g 2d Texo L
</0 ‘ x) </0 ¢ x) e (8.5.26)
< Cs (lo(t, )72 + 1)),

where Cj is a constant that does not depend on I or ¢. Also, from (§8.3.4)), (8.5.26]) and noting that g3 = ¢—¢;
and IQ =1 - Il,

217, 2
Q1€e*o

L
Vi(t) < / jare™ %" 2da +
0

01

Va(t) < Co (Iga(t, )72 + [12(1)]%)
< G (lo(t. )12 + LB
Thus, from (8.5.26) and (8.5.27)), there exists C7 > 0 independent of ¢ and I such that
V(t) < Cr(lo(t, )|z + [1(8)]), ¥V t € [0,T]. (8.5.28)
And from (8.3.4), (8.5.8), and (8.5.25)),

(8.5.27)

|6(t, )72 + (1)
< AV;(t) + CaVa(t) (8.5.29)
< max(4, Cy)e” "V (0).
Thus, there exists C's > 0 independent of ¢ and I such that
(lo(t, )z + [(#)]) < Cse™ 7 (|6(0,-)] 2 + |1 (1)]) - (8.5.30)
This concludes the proof of Theorem in the linear case.
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Nonlinear case In this paragraph we show how to adapt the previous method when the system is nonlinear

instead. Let T > 0 and let ¢ be a solution to the nonlinear system ({8.2.1))—(8.2.3)). We suppose in the following
that
lp(t, )| g2 <e, Vte[0,T], (8.5.31)

with € € (0,1) to be chosen later on. This assumption can be done as we are looking for a local result
with respect to the perturbations (i.e. the initial conditions), and, from , for any € > 0 there exists
d > 0 such that if |¢g|g2 < 8 then holds. Let us assume in addition that ¢ € C3([0, L] x [0,T]) (we
will relax this assumption later on using a density argument). We define again (¢1,1;)T and (42, I2)" as in

(8-5.1)-(8.5.2), and (41, 1;)" can still be decomposed using (8.5.6). We consider the Lyapunov function
V(t) = Vi(t) + Va(t), (8.5.32)
where Va(t) = Vo1(t) 4+ Vaa(t) + Vas(t), with Vo (t) = Vo(9F gal(t,-), 0F 1 1(t)) (the definition of Vj is
given in (8.3.1)) and V; is defined by
L
V)= [ 160 () + 10000, (.2) + 10300, (0.2) i

+ Loy (O + oy (O + 1o, (8)]

(8.5.33)

Remark 8.5.1. Note that, strictly speaking, both Vi and V5 can be expressed as a functional on time-
independent functions belonging to H%(0,L) x R, using for instance the following notations for (¢,1) €
H?(0,L) x R:

O = ~NO)0u, 00 := N () (0:0)° — N)030.
Of course these notations correspond to the time-derivatives of the functions when (I, ) is time-dependent

and a solution of (8.2.1)—(8.2.3)).
Using (8.5.33)), there exists 1 € (0,1) such that for € < €1, one has

(8.5.34)

1 . . .

5 min(LAD) (160 e + s P + o, + 11,
. ) (8.5.35)

< Vi < 2max(1,A8) (160 2 + o 2+ s 2+ 1)

and therefore

91152 + | % + | 11)? + | 1]
< ¢, 32 + Ao, I + 4lTg, |* + 4|1, P (8.5.36)
< 8max(1, \3)Vi.

which is similar to (8.5.8).
Differentiating V7 one has, similarly as in (8.5.9)),

dvi

L
a :/ 2Re (0;po, g,) + 2Re (3t2¢gl dedg,) + 2Re (33%1 8t2¢@1) dx
0 )

(8.5.37)
+2Re (I, Ty, ) + 2Re (o 1y, ) +2Re (T 1, )

From (§.43), (§4.), and (§5.1)
(at?ifi g)% —Pan <8t?((f53x)> = Por (Al (fbfrt(tf))) 7 (8.5.38)
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where A; is now defined for any (¢,1)T € D(A) by

W)= ()0 () e

Thus using the commutation property with p,,,

(57 =40 (0)) o (71 207)

(Molbo)alt.2)) (e [0 = A
( ) )*( o

)e%zdaﬂ
¢01 (t,L )e%zdx (8540)

Besides, let k € {0,1,2}, as X is C*, integrating by parts and using (8.2.2)),

L o
| o= x@neton ot oyetias

= |0 = A@(t. L))ot )" = (o = A(@(2,0))F(£,0)

L 0 o1
- / 9 (ro = A(@(t, 2)))0F (8, 2)e 557

Ao
— N(0(t, 2))du(t, 2)0F (2, 2)e 5 da (8.5.41)
L 1/2
<% 5 ( / Ao—A<¢<t,x>>—A'<¢<t,x>>¢t<t,x>|2dx>

1/2

L
X(/O |3f¢>(ta$)l2dw> +0 ([0fe(t, L)| |o(t, L)| + |07 6 (t, 0)l|o(t, 0)])
<Co (107 o(t, Ll|o(t, L)| + |07 I|11] + (1lo + balo) |05 ] 2) -

where | - [o denotes the C° norm or equivalently the L norm and Cj is a constant independent of ¢ that

depends only on A, g1, L and k7. Thus, using (8.5.41]) with k¥ = 0, and noting that |@|o+ |¢pz|o can be bounded
by |¢|g2 from Sobolev inequality, the last term of (8.5.40) is a quadratic perturbation that can be bounded

by (|¢|%2 + |I|* + ¢(t, L)?). One can do similarly with the second and third time-derivative noticing that

()= (3)
" (—A’@)m - A(qﬁ))am(am))
(81¢> _ (-35225’@5;5)) (8.5.42)

N (0)(P1)2 b — 2N (¢)PtPta — N (¢) P11
+ +(Xo — M(9))0:(07) ,
0

and noticing that all the quadratic terms in ¢ involve at most a second derivative in ¢. Thus as A is C?, all
the quadratic terms belong to L' and their L' norm can be bounded by \¢|§{2. The L' norm of the third

order derivative can be bounded by (|¢| ;2 + |1|? + (Du¢(t, L))?) using (8.5.41) and k = 2. Therefore, noting
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from (8.4.5)) that [0F ¢ (t, L)| < 2|01||0F1,,|, and as Re(g1) < 0, as previously,

% < —2|Re(01)|min(Ag, 1)V4
+0 ((\qﬁgllm + |balmz + Lo | + Loy | + | Loy | + [ Io| + | 2| + |j2‘)3) (8.5.43)
+ C(|po, |12 + [ 1p, (¢3(t, L) + 0pda(t, L) + 3t2¢§(t, L)),

where C' is a positive constant that only depends on A, g1, k7, L. The first term will imply the exponential
decay as previously, while there is now two others terms that will be compensated using V5.

Let us now look at V5. From (8.2.1))—(8.2.3)), (8.2.8), (8.4.6), (8.5.2), and (8.5.40), (¢2, I2) is not anymore a
solution to the original system but a solution to the following system

Ouin + 2(0)0:02 = (o = X@)0sin + (207 4%))

8.5.44
62(1,0) = —ks Iy (1) (8.5.44)
Iy = ¢o(t, L).
Thus acting again similarly as in Section (8-3.5)—(8.3.9), and using (8.5.41]), we have
dV: _
<= nCsVau = Mo(t, L) f(L)e” 0 ¢3(t, L) — I3(1) (20°A(0)*ks — A(0)f (0)kF — 1)
L
- / (CA0)f(2))e 357 02(t, ) + 202k A(0) g (£)da (8.5.45)
0

. .\ 3
40 (18alar + 1|+ loals + 12 112l + 1al) ) + Caaloo|e3(e. )]

where Cy ;1 is a positive constant independent of ¢ and I. The quadratic form in I and ¢, that appears

is the same as in the linear case, thus, as in (8.5.13)—(8.5.23)), and by continuity there exists pu; > 0 and f
positive such that the quadratic form is positive definite and therefore

T2l < nCaVas — (NG D) F(D)e 5% = Caaldlo)é3(t, L)
di _ o (8.5.46)
+0 (1602 + Tl + oalas + 1 (0] + 1ia0)] + 0) )
Let us now deal with V52 and V5 3. Observe that from , one has for ¢ € C3,
_ 2 Y
02 0n + X@)0.(0162) = (o = A@)Fhn —pr ( (P07 HOVRG =000 )
— XN (0)0:p0pp1 — N (4)0r D b2,
B} b2 + A($)0:(07d2) = (Ao — A(9))05, 01 — N (0)07 p0ap1 — 2N ()0, 07,1
— N'(¢)(0:9)* 01
“m <(<Ao — N8))DFra0 = N'(8)(0:9)* 000 — 2N (#)0r60,6) A'<¢>6$t¢6x¢)>
0
— 2N (9)0,001d2 — N (6)07 90 h2 — X' (¢)(9,8)* D 2.
(8.5.47)
and
Orda(t,0) = —krlx(t),  97¢a(t,0) = —ki (1), (8.5.48)

j2 = at¢2(t7L)? 12 = 8t2¢2<t7L)
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From (8:5.41)), p1 (Ao — A(¢))3.,¢) can be bounded by (|¢|2> +|I]? + (036(t, L))?) and, from (8-4H), dstxdr

is proportional to 0y 1. Thus, as all the other terms in the right hand sides are quadratic perturbations
and include at most a second order derivative, the L' norm of the right-hand sides can be bounded by
(0132 + |92[3r2 + Loy [P + |B|* + [L2]? + |If* + ¢*(t, L) + (9:6(t, L))* + (976(t, L))?), which is small
compared to the first-order term in the left-hand sides. Therefore we have, as previously

TRk < Vi = Mol DD (D) 555 (0F 62)2(0, 1)

— (08 12)2(t) (202X (¢(t, 0))* ks — M(@(¢, 0)) f(0)kF — 1)

L
- / (~Mof(@))e™ 567 (@F02)? (1, ) + 207 ks N(6(2, 0))9% boT (t)de (8.5.49)

+0((16ulas + 1| + 62l + 1]+ 1l + 1))

|2, for k=2, 3,

+ Coilolo [(OF ' 2) (¢, L)

where Cy 1, are positive constants independent of ¢ and I. Besides, from (8.4.22), for k = 2, 3,

L
/ o d(t.2) (7P sin(u(a — L)) da =0, (8.5.50)
0

Thus we can perform exactly as for V5 ; and consequently

dVs Y
S < CaVas — (M@ D) (L)e %" = Ca

+0 (10wl + 1l + lonlrs + 11l + 2] 172]) ) for k= 2.3,

| 2

6lo) [0F " gu(t. 1)
(8.5.51)

thus, from (8.5.24)) and (8.5.51),

3
LEPNATESS (Mot L)AL 5" = Coxllolofolu ) [0F 0 (t, L)

dt
k=1 (8.5.52)
+0( (18alas + 1l + lonls + 11 + 112+ 172]) ).

| 2

Thus, from (8.5.32) and (8.5.43)),

% < —min (2[Re(o1)], 2|Re(01) Ao, p1Cs) V
— (Mot L) F(L)e 5" = Calol ) (1620t L) + |0 (t, DI + [0F62(t, 1)]) (8.5.53)

0 (10l + Vo + |+ ] + ol + 17200+ 11200+ 1a0)]) ).

But from (8.3.4) and (8.5.35)), V' is equivalent to the norm (|¢91|Hz A oy | + [T | + |1, | + |b2] a2 + | Ia(t)]
: . 2
+ [I2(t)] + |12(t)\> . Using Cauchy-Schwarz inequality and (8.4.8)—(8.5.33) as previously,

L 2 L 1/2 I 1/2 2
Vi(t) < (/ |a16_%$|2dx + ) Z </ e2g1wdx> (/ 8fl¢2dx> + af*ljeTéL
0 0 0

k=1
< Cs (o0t )z + O + TP + 1)),

o1
ale*oL

01

(8.5.54)

210



where C5 is a constant that does not depend on I or ¢. Then using, (8.3.4), (8.5.26)), noting that ¢o = ¢ — ¢
and IQ =1- Il,

Va(t) < Cs (160t )z + O + [BOP +0)?)

' ) (8.5.55)
< Co (100 )3= + O + 1O + 1H0)2),
which implies that
(I60u L2 + s + [gu| + 1| + 0]z + [F2(0)] + |E2(0)] + | E2(0)])
L (8.5.56)
= O (162 + 111 + 1]+ 111) .
But from (8.2.2)—(8.2.3) and Sobolev inequality,
(1612 + 111+ 111+ 11]) = O (19l ) . (8.5.57)

Therefore, from (8.5.25)), (8.5.56)—(8.5.57)), and (8.5.31)), there exists v > 0 and €5 € (0, &1] such that for any
e € (0,e2), one has

av

— <

dt —
This shows the exponential decay for V. As in the linear case, it remains now only to show that it also
implies the exponential decay for ¢ in the H? norm. Note that, compared to the linear case where we showed

the exponential decay of (¢, ) in the L? norm, here we can actually show the exponential decay of ¢ in the
H? norm as it is implied by the exponential decay of (¢, I) in the H? norm from (8.5.57)). Observe first that

from (|8.5.26)—(8.5.27)) and (8.5.57)) there exists C; > 0 independent of ¢ and I such that
V(t) < Crlé(t, )|m=, ¥ t € [0,T]. (8.5.59)

V. (8.5.58)

And from (8.3.4), (8.5.8), and (8.5.58)),

|6tz + ()] + [L(0)] + | 1(2)]
< 4max(1, \3)Vi(t) + CaVi(t) (8.5.60)
< max(4,4\%, C2)e "'V (0).

Thus, there exists Cs > 0 independent of ¢ and I such that
|6t a2 < Cse™ " (|6(0,)|m2) - (8.5.61)

So far ¢ is assumed to be of class C, however since this inequality only involves the H?2 norm of ¢, this can
be extended to any solution (¢, 1) € C°([0,T], H?(0, L)) x C*([0,T]) of the system (8.2.1)—(8.2.3) (see for
instance [20] for more details). This concludes the proof of Theorem We now prove Proposition [8.2.4}
which follows rapidly from the proof of Theorem [8.2.3

Proof of Proposition|8.2.4 From in the Appendix, one can see that still holds with k; =
mAo/2L. Thus by continuity there exists k1 > wAg/2L such that for any k;y € (wAg/2L, k1) (8.5.21)) still
holds and consequently the quadratic form @ given by is still definite positive. Suppose now by
contradiction that the system is stable for the H? norm. Then for any € > 0, there exists §; > 0 such that for
any initial condition (¢g, Iy) € H?(0, L) x R such that (|¢o|g2 + |Io]) < &1 and satisfying the compatibility
condition Iy = —k; "¢ (0) and ¢(L) = k; ' M(¢0(0))#(0), the associated solution (¢, I) is defined on [0, +oc)
and

(|¢lmgz + I|) <&, Vit e€[0,+00). (8.5.62)
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Let © > 0, from (8.5.11)) and (8.5.52)), using that @ > 0,

dVi — 0V,
dt

k=3
+ (©£(L) ™35 = Co(1+6) (I6lu= + 1] + 1]+ 1])) (Z |(OF o)t L)|2> (8.5.63)
k=1

> 2Re(01) min(Ng, 1)Vi + nOC5Vs,

+0 (1l + 1ol + 62l + L]+ o) + 1a(0)) ).

where Cy is a constant independent of ¢ and I. We can choose (o, Ip) satisfying the compatibility conditions
and © > 0 such that ¢ := (V3 — ©V3)(0) > 0, and (|¢o|g2 + |Io]) < 6 with & to be chosen. Actually © only
depends on the ratio between V; and Vs thus it can be made independent of § by simply rescaling |@o|g2

and |Ip|. Using (8.5.63) and (8.5.57) there exists 2 > 0 and e > 0 such that, if (|¢|g2 + |I|) < &, then
dvi — 0V, S
dt -

Thus, from (8.5.62)) and the stability hypothesis, we can choose § > 0 such that (8.5.64)) holds. This implies
that

’}/Q(Vl - @VQ) (8.5.64)

(Vi — OVa)(t) > ce™', ¥V t € [0, +00), (8.5.65)
which contradicts (8.5.62)). This ends the proof of Proposition O

Remark 8.5.2. This last proof is limited by the limit value of k; for which Q is not positive definite
anymore. This is due to the fact that we have only extracted the first limiting eigenvalues from the solution.
It is natural to think that we could apply the same method to extract a finite number of eigenvalues instead
and separate (¢, 1) in (¢1,11), its projection on a n-dimensional space, and (¢2,1I2). Then we would deduce
more constraints like (8.4.22) on (¢pa, 1), which would increase the upper bound of kr for which Q defined
in is definite positive, and thus the bound ki for which Proposition holds, and maybe, by

increasing this number of eigenvalues, prove that this proposition holds for arbitrary large k.

8.6 Numerical simulations

In this section we give a numerical simulation that illustrates Theorem and Proposition In this
example we use A(z) = 1+ z, this corresponds to the study of the Burgers equation around the constant
steady-state with value 1, as in this case y = 1 + z is solution to the Burgers equation d;y + y0,y = 0.

8.7 Conclusion

In this article we studied the exponential stability of a general nonlinear transport equation with integral
boundary controllers and we introduced a method to obtain an optimal stability condition through a Lya-
punov approach, by extracting first the limiting part of the stability from the solution using a projector on
a finite-dimension space. We believe that this method could be used for many other systems and could be
useful in the future as, for many nonlinear systems governed by partial differential equations, the stability
conditions that are known today are only sufficient and may still be improved.

8.8 Appendix

In this section we prove (8.5.21f) under assumption (8.2.10)). Note that this is equivalent to

(fOL 9(3:)dm)2 - A2
L (fOL Hg(x)dac) kL

(8.8.1)
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Signal
amplitude

3

15
Design parameter 1

_ 1 X
ki (';}“) 0 15

Figure 8.1 — Example of numerical simulations of ¢(¢,0) with respect to ¢ varying between 0 and 10 for
various values of k; between 0.1ks . to 2kr ., where k. = mAo/2L is the critical value of Theorem and
Proposition The black line represents the trajectory for k; = kr.. On the left k; is larger and the
system is unstable, and on the right k; is smaller and the system is stable. As expected, the exponential decay
observed in the stable region is the same as the exponential decay given by the real part of p;. The system
parameters are chosen such that A(z) = 1+2, A\g = L =1, and ¢o(x) = 0.1 on [0, L/2] and ¢(L) = 0 so that
¢¢ satisfies the compatibility conditions for any ky € [0.1ks ¢, 2k .]. The simulations are obtained by

a finite-difference method.

By definition of g; (see Section [8.4) and (8.4.3)), we have

- v
~ tan(wl)’
and using (8.4.3) and (3.8.2)
ﬁ B _Sin(WL)emﬁiﬁL)
kL wL ’

Condition (8.8.1)) thus becomes

(foL 9(x)dm)2 sin?(WL) g_wL
L (fOL 02(x)dac) (wL)?

From (8.2.8) and the definition of # given by (8.5.15)), we have
L
/ O(x)dx = d
0

02 +w?’

Using (8.8.2),

Similarly we have

L —20L . 2 2\ _ 2 ,—20L(,2 4 2
/ 02 () da _oe (ocos(2wl) —wsin(2wl)) 4+ (w* +0%) —o* —e (0% 4+ w?) .
0

do(0? + w?)
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Therefore, using again (8.8.2)) and the fact that (1 + tan=?(wL)) = sin~?(wL),

cos?(w _wlL . _wL
Lo [ et min (cos?(wL) + sin®(wL)) — €D s 4 1
0%(x)dx = — tan(wL)
0 —4wsin™“(wL) (8.8.8)
(ETET 1)
S Pr— sin®“(wlL) tan(wLl).
Therefore using (8.8.6) and (8.8.8)), condition (8.8.4]) becomes
4sin®(wL) _ sin?(wL) et s 0, (8.8.9)
(wL)tan(wL)(e?@en — 1)  (wl)?
which is equivalent to
2wl 2 L
el calthy | MWD (3.5.10)
= 1) (wLp

Note that, under assumption (8.2.10) and from the definition of o1, wL € (—m/2,7/2), which implies that
2(wL)/tan(wL) € (0,2). Hence, let us study the function g : X — (2X/(eX — 1) + %) on (0,2). Taking its
derivative one has (o \( X (o ) X
—1)2+e* (et —1)) —2Xe
'(X) = & . 8.8.11
¢'(xX) T (3811)

Taking again the derivative of the numerator of the right-hand side of (8.8.11f), one has

((eX =1)(2+eX(eX — 1)) —2XeX)) =(eX —1)(e¥ (X — 1) + *Y)

8.8.12
+eX 2+ e (e’ —1)) —2e* —2XeX. ( )

Thus using that X < eX —1 on (0, +00) and in particular on (0,2), we get
(X =12+ XX —1)) —2Xe®)) > (X —1)(eX (e = 1)+ 2e2* —2¢%) > 0. (8.8.13)

Hence ¢’ is non-decreasing on (0, 2). But, from ({8.8.11)), ¢’(0) = 0, therefore g is non-decreasing on (0, 2). As
limx_,0 g(X) = 3, we have

2wl .2 2

an(w —wkh __ L) sin (wL)
g tanwl) | 2mian sin“(wl) >3 R.8.14
< (Temr — 1) (wL)? — (wl)? ( )

and, as x — sin(z)/x is positive and decreasing on [0, 7/2], we have
2wl )
g WL oty | WD) ) 12 (8.8.15)
(ﬁm 1) (wL) T

Hence (8.8.10]) holds and therefore condition (8.8.1) holds as well. This ends the proof of (8.5.21) under
assumption (8.2.10)).
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Chapter 9

PI controllers for the general
Saint-Venant equations

This chapter is taken from the following article (also referred to as [108]):
Amaury Hayat. PI controllers for the general Saint-Venant equations. Preprint, 2019.

Abstract. We study the exponential stability in the H? norm of the nonlinear Saint-Venant (or shallow
water) equations with arbitrary friction and slope using a single Proportional-Integral (PI) control at one
end of the channel. Using a local dissipative entropy we find a simple and explicit condition on the gain
the PI control to ensure the exponential stability of any steady-states. This condition is independent of the
slope, the friction coefficient, the length of the river, the inflow disturbance and, more surprisingly, can be
made independent of the steady-state considered. When the inflow disturbance is time-dependant and no
steady-state exist, we still have the Input-to-State stability of the system, and we show that changing slightly
the PI control enables to recover the exponential stability of slowly varying trajectories.

9.1 Introduction

Discovered in 1871, the Saint-Venant equations [I0] (or 1-D shallow water equations) are among the most
famous equations in fluid dynamics and have been investigated in hundreds of studies. Their richness, al-
though being quite simple, has made them become a major tool in practice for many industrial goal, the
most famous being probably the regulation of navigable rivers. They are the ground model for such purpose
in France and Belgium. Regulation of rivers is a major issue, for navigation, freight transport, renewable
energy production, but also for safety reasons, especially as several nuclear plants all around the world are
implanted close to rivers. For these reasons, the stability of the steady-states of the Saint-Venant equations
has been, and is still, a major issue.

Many results were obtained in the last decades. In 1999, the robust stability of the homogeneous linearized
Saint-Venant equations was shown using a Lyapunov approach and proportional feedback controllers [52].
Later the stability of the homogeneous nonlinear Saint-Venant equations was achieved, still using propor-
tional feedback controllers. In 2008, through a semi-group approach [83], the stability of the inhomogeneous
nonlinear Saint-Venant equation was shown for sufficiently small friction and slope (or equivalently suffi-
ciently small canal), and these results were successfully applied to real data sets from the Sambre river in
Belgium. More recently, in [I6] the authors have given sufficient conditions to stabilize the nonlinear Saint-
Venant equations with arbitrary friction for the H? norm but no slope using again proportional feedback
controllers, and in [I10] with both arbitrary friction and slope. This last result being proved by exhibiting
an explicit local entropy for the nonlinear inhomogeneous Saint-Venant equations.

It is worth mentioning that other stability results have also been obtained in less classical cases or with less
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classical feedbacks. For instance, in [I9] was shown the rapid stabilization of the homogeneous nonlinear
Saint-Venant equations when a shock (e.g. a hydraulic jump) occurs in the target steady-state. Such shock
induces new difficulties and the presence of shocks can limit in general the controllability and the stability
in weaker norms of hyperbolic systems with boundary controls [2, [34]. Also, several results (e.g. [65]) were
obtained using a backstepping approach, a very powerful method based on a Volterra transformation, de-
veloped mainly for PDE in [128], and generalized recently with a Fredholm transformation for hyperbolic
systems [60, 202} 203]. One may look at [I10] for a more detailed survey about this method and its use for
the Saint-Venant equations. However, backstepping gives rise to non-local and non-static feedback laws that
are likely to be harder to implement, and, to our knowledge, have not been implemented yet.

Most of the previous results were performed with static proportional feedback controllers. When it comes to
industrial applications, however, the proportional integral (PI) control is by far the most popular regulator. It
is used for instance for the regulation of the Sambre and Meuse river in Belgium [I3, Chapter 8]. The reason
behind such preference is the robustness of the PI control with off-set errors [6, Chap. 11.3]. An example can
be found in [84] where the authors show the interest of adding an integral term to a proportionnal control
on a linear and homogeneous system, and exhibit coherent experimental result.

For these reasons, the PI controller has fed a wide literature, at least when used on finite dimensional sys-
tems. However, despite their indisputable practical interest, PI controllers for nonlinear infinite dimensional
systems have shown hard to handle mathematically and even studying simple systems give sometimes rise
to lengthy proofs with relatively sophisticated tools [59]. While the behaviour and the stability of linearized
equations with PI controller has been well understood in the past, partly thanks to spectral tools like the
spectral mapping theorem (e.g. [143] [161] for hyperbolic systems), no such tools exist for nonlinear systems
and the stability of the nonlinear Saint-Venant equations has remained a challenge until today. Among the
existing linear result using a spectral approach one can refer to [200] 201] where the authors find a suffi-
cient condition for the stabilization of the linearized inhomogeneous Saint-Venant equations. Necessary and
sufficient conditions for the linearized homogeneous Saint-Venant equations are given in [I3] Section 2.2.4.1,
3.4.4]. In [64] the authors find a necessary and sufficient condition for a linear scalar equation and show the
difficulty of finding good conditions for the nonlinear equation, while in [22] the authors deal with 2 x 2
systems. Among the existing nonlinear results one can refer to [I88] in the case where the operator without
PI control generates an exponentially stable semi-group, [193] where the authors find a sufficient condition
for the nonlinear homogeneous Saint-Venant equations, [I3, 2.2.4.2] where the authors find a necessary and
sufficient condition also for the nonlinear homogeneous Saint-Venant equations, while [I3, 5.4.4,5.5] give a
sufficient condition for the inhomogeneous Saint-Venant equations for a single channel or a network, but
in the particular case of constant steady-states only, which simplifies their analysis [106]. Strictly speaking
this last result was derived for the linearized system but with a Lyapunov approach which can easily be
generalized to the nonlinear system. More recently, and to our knowledge this is the most advanced result,
[1I7] gave a sufficient condition of stability for the inhomogeneous Saint-Venant equations with an arbitrary
friction and river length but only in the absence of slope, using a Lyapunov approach.

In this chapter, we consider the stabilization of the general nonlinear Saint-Venant equations with a single
boundary PI control. We give a simple and explicit condition on the parameters of the PI controller such
that any steady-state is exponentially stable for the H? norm. While stability results in inhomogeneous and
nonlinear systems often imply a limit length for the domain, depending on the source term, above with we
are unable to guarantee any stability ([I1, B3], [106] [107] or [I3, Chap. 6]), this result holds whatever the
friction, the slope, and the length of the channel. Besides, our condition is independent of the slope, the
friction coefficient, the river length, and, more surprisingly, can be made independent of the steady-state
considered. Finally, when there is no slope this condition is less restrictive that the condition obtained in
[17] and when there is no friction or slope this condition coincides with the necessary and sufficient spectral
condition of stability for the linearized system given in [22] and [I3, Theorem 2.7].

The case where the inflow disturbances are time dependent and no steady-states exists was seldom considered
in the literature. However, it is in fact unlikely that the industrial target state is a real steady-state as the
inflow disturbance often depends on time in practice, even though only slowly. Therefore, in the more general
framework of slowly time-varying target states, we show the Input-to-State Stability (ISS) of the system with
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respect to the variation of the inflow disturbance. Finally, we show that if we allow the controller to depend
on the target state, by changing slightly the PI controller, we can ensure the exponential stability of slowly-
varying target trajectories that are the natural target trajectories to consider when there is no steady-state
of the system.

This paper is organised as follows: in Section[0.2)we give a description of the nonlinear Saint-Venant equations,
we introduce the time-varying target trajectories together with some definitions and existence results, then
we state our main results. In Section [9.3] we prove our main result, Theorem [9.2.3] that deals with the
exponential stability of time-varying state. In the Appendix, we show that Corollary [2] dealing with the
exponential stability of steady-states, and Theorem showing the ISS of the system with respect to the
variation of the inflow disturbance, are both deduced from the proof of Theorem [9.2.3

9.2 Model description

We consider the following nonlinear Saint-Venant equations for a rectangular channel with arbitrary slope
and friction.

OH + 0,(HV) = 0,

2 9.2.1
@V+Wmﬁme+(2;—C@>:0 (6.2.1)

Here, k is an arbitrary nonnegative friction coefficient and C' denotes the slope, which is assumed to be a
C? function, with C(z) := —gdB/dx where B is the bathymetry and g the acceleration of gravity. We are
interested in systems where the water flow uphill is a given function, unknown and imposed by external
conditions, for instance a flow coming from another country, while the water flow downhill is controlled
through a hydraulic installation. Therefore we have the following boundary conditions,

H(t,0)V(t,0) = Qo(t),

(1, 0)V (¢,0) = Qu(t) 022
where U(t) is a control feedback and Qo(¢) is the incoming flow, which is a given (and unknown) function.
Here L denotes the length of the water channel. In practical situations, the formal control U(t) can be
expressed by a simple linear model [17]

U(t) = va(H(t, L) — Uy (1)), (9.2.3)

where Uy (t) is the elevation of the gate of the dam, which is the real control input that can be chosen, while
vg is a constant depending on the parameters of the gate (potentially unknown as well).

Usually, the industrial goal of such system is to stabilize the level of the water at the end point H (¢, L), called
control point, to a target value H. > 0. On the other hand, the usual mathematical goal in such problem
is to stabilize a target steady-state (H*,V*), potentially nonuniform [I3][Preface]. However, in the present
problem 7, it is clear that, when Qg is not constant, it is impossible to aim at stabilizing any
steady-state and one needs to aim at stabilizing other target trajectories. Therefore, we define the following
target trajectory (Hi, Vi) that we aim stabilizing as the solution of

O Hi + 3E(H1V1) =0,

EV?
Vi + V10, Vi + g0, H —L_C =0,
Vi + V10V +g 1+<H1 (x)> (9.2.4)
Hy(t,0)V4(t,0) = Qo(t),
Hy(t,L) = H,,
with the initial condition
Hy(0,-) = H*(-) and V1(0,-) = V*(+), (9.2.5)
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where (H*,V*) is the (unique) steady-state solution of the system when @ is constant, equal to Qg (0).
Namely (H*,V*) is the solution of

0. (HV) =0,
EV?
H(L)=H,,
with condition at x =0
H*(0)V*(0) = Qo(0). (9.2.7)

We are now going to show that the trajectory (Hi, Vi) exists for any time and satisfies some bounds.

Existence and bounds of the target trajectory Instead of studying directly our target trajectory
(Hy, V1) we first construct an intermediary family of functions (Hy, Vp). We defined previously (H*,V*) as
the steady-state associated to a constant flow rate Qo = Qo(0), i.e. (H*,V*) is the solution of the ODE
problem with initial condition H*(0)V*(0) = Qo(0). But in fact at each time ¢* € R, we can define
a steady-state (Hj., V%) associated to a constant flow rate Qo = Qo(t*), i.e. (H}%,V,:) is the solution of the
ODE problem with initial condition satisfying

H;. (0)V;:(0) = Qolt"). (9.2.8)

This problem could seem peculiar as all conditions should be imposed exclusively in 0 or in L to ensure
the well-posedness. However looking at the first equation of 7 the problem 7 is in fact
equivalent to a single ODE on H}. with boundary condition H}. (L) = H, and V;% defined by V% = Qo (t)/H}.
Thus for each t* € [0, +00) such function exists on [0, L], is unique and C® provided that the state stays in
the fluvial regime (or subcritical regime), i.e. gH;. > V;3? on [0, L], which, for a given H,, is equivalent to a
bound on Qo(t*) (see [I10] for more details). As we are interested in stabilizing physical trajectories in the
fluvial regime, we assume that this assumption is satisfied in the following and that there exist a > 0 and
H., > 0 independent of t* € [0, 00) such that

1
H' < -H, on [0,L],
) 0 Z] (9.2.9)

gH}. — V7 > 2a on [0, L].

For a given H., this is again equivalent to imposing a bound Q. on [|Qo||L(0,00), from (9.2.6) and (9.2.8)),
which would be more logical. However, for convenience, we will still use H,, and « in the following. This

assumptions is quite physical, especially as in practical situation the river is in fluvial regime and Q(t)
is often periodic or quasi-periodic. This gives a family of one-variable functions indexed by a parameter
t*, which can also be seen as the two-variable functions (Hy, V) : (t,z) — (H;(z), V;*(x)). Besides, from
, as (Hj, V;¥) is the solution of a system of ODE with a parameter ¢, the two variable functions (Hy, Vo)
therefore belongs to C3([0, +00) x (0, L)) (see [105][Chap. 5, Cor. 4.1]). And from its definition, one can note
that (Ho(0,-), Vo(0,-)) = (H*,V*). Now that we have introduced this intermediary family of functions, we
can show the existence of the target trajectory (Hi, Vi) and we have the following Input-to-State Stability
(ISS) result (see [I83] for a definition of ISS for finite dimensional systems, [I17, Chap 1, Chap 3] for a
generalization to first-order hyperbolic PDE and [I70] for the use of Lyapunov function to achieve ISS on
time-varying hyperbolic systems),

Proposition 9.2.1. There exist positive constants c1, ca such that if 0;Qq € C?([0,0)), there exist > 0,
v >0 and § > 0 such that if ||0;Qollc2((0,+00)) < 0, then for any (HY, V) € H*((0,L),R?) such that

|HY — H*|| 520,y + IV = V|l r20,) < v

218



the system (9.2.4) with initial condition (HY, V) has a unique solution (Hy,Vi) € C°([0,+00), H*(0, L))
which satisfies the following ISS inequality

”Hl(tv ) - Ho(t, ')”HZ(O,L) + H‘/l(ta ) - VO(tv ')||H2(O,L)

t
< cr(|HY = H 20,0y + IV = V¥ m20,2))e™ 2 + 2 ( /O 10:Qo(s) + 0%Qo(s) + a?tth<s>|e“zds) ez,
(9.2.10)

This result is shown in Appendix and a definition of the C? norm is recalled in Remark Note
that @ is supposed to be bounded, which is quite physical, but there is no additional requirement on this
bound besides the physical assumption given by Qo of remaining in the fluvial regime. This is important as
in practical situations the value of the incoming flow can change a lot, even though slowly.

Here, we choose to stabilize the trajectory (Hy, Vi) associated to HY = H* and HY = V*. As we will see,
this target trajectory can be seen as the natural trajectory to stabilize as it satisfies the industrial goal
H(t,L) = H. and it coincides with the steady-state solution when Q) is a constant. In this last case Qq
and H, are imposed and H* and V* = Q¢/H* are thus fully determined using . But one can note
from that, in fact, the behaviour of (Hy, V) at large time does not depend on the initial condition
(HY, V) in (9.2.5), provided that it is close in H? norm to (H*,V*).

Remark 9.2.1. The same ISS result can be shown replacing the H? norm in Proposition by the H?
norm where p € N*\ {1}, with the condition |0:Qo|lcr([0,400)) < 0 instead of ||0:Qollc2([0,400)) < 0. This is
shown in Appendiz(9.5.1. We define here the CP norm for a function U € CP(I), where I is an interval, as

|Ullce(ry :== max (|0;U || o< (r)) (9.2.11)
i€[0,p]

Thus, from Proposition and (9.2.9), there exists a constant § > 0 such that, if [|0;Qollc2(j0,00)) < 6,
then (Hy, V1) € C°([0,400), H?(0, L)) and

Hy(t,z) < Hoo, V (t,z) € [0,+00) x [0, L], (9.2.12)

gH,(t,z) — V2(t,z) > a, ¥ (t,2) € [0, +00) x [0, L]. (9.2.13)

Besides, when Q) is a constant, it is easy to check that (Hy, Vo) = (H*, V™) is also solution of ((9.2.4)—(9.2.5]).

Thus, from the uniqueness of the solution of (9.2.4)—(9.2.5)), (H1, V1) = (H*,V*) and therefore we recover a

steady-state. This illustrates that (Hy, V1) can be seen as the natural target state when Qg is not a constant

anymore. Moreover, from ((9.2.4)), stabilizing (H;,V4) also satisfies the industrial goal by stabilizing H (¢, L)
on the value H..

Control design and main result As mentioned in the introduction, a usual type of controller used in
pratice to reach this aim is the proportional-integral (PI) controller. It has the advantage of eliminating the
offset coming from constant load disturbances, which can usually appear in these systems as the command
on the gate’s level are only known up to some constant incertainties. A generic PI controller is given by

Ui(t) =kp(H. — H(t,L)) + k1 Z, (9.2.14)
where k, and k; are coefficients that can be designed and Z accounts for the integral term, i.e.
Z=H,— H(tL). (9.2.15)
With such controller, and using (9.2.3), the boundary conditions become and

H(t’ O)V(t’ 0) = QO(t)a

9.2.16
H(t,L)V(t,L) = va(1 + k) H(t, L) — vakyHe — vk Z, ( )
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In Corollary [2] we show that this boundary control can be used to stabilize exponentially a steady-state
when Qo is a constant. In Theorem [9.2.4] we show that this control can also provide an Input-to-State
Stability property with respect to 0;Qo. However, this control cannot be used to stabilize a dynamic
target trajectory (Hi, Vi), as there is no function Z; € C*([0,+00)) such that (Hy, Vi, Z;) is a solution of
(©:21), (9-2.15), (9.2.16) while (Hy, V1) is a solution of (9.2.4). Therefore, when stabilizing a dynamic target
trajectory, one has to add an additional term and use

Ur(t) = ky(H. — H(t, L)) + ke Z — f(2), (9.2.17)
where f(t) := Hq(t,L)Vi(t,L)/vg. The boundary conditions (9.2.2) become then

H(ta O)V(ta O) = QO(t)’ (9 9 18)
H(t,L)V(t,L) = HiVi(t,L) + va(1 + k) (H(t,L) — H.) — vcki Z, o
where we have actually changed Z and re-define Z := Z — k,/k;, which still satisfies the equation .
This new control assumes that Vi (¢, L) is known at least up to a constant, as Hy(t,L) = H, and
additional constants can be incorporated into Z. When no knowledge on the target state is available besides
H,, it is impossible to stabilize exponentially the system, and the best one can get is the Input-to-State
Stability which is given by Theorem However in the following we will keep working with (9.2.17)) and
to show Theorem and the exponential stability of the system, as the proof of Theore and
Corollary |2 which uses only the control (9.2.14]) and (9.2.16|) are easily deduced from the proof of Theorem
9.2.9

We introduce the first-order compatibility conditions associated to the boundary conditions (|9.2.18)) for an
initial condition (H®, V°, Z9).

H°(0)V°(0) = Qo(0),

HY(L)VO(L) = HiV1(0,L) +vg(1 + k) (H*(L) — H,.) — k1 Z°,

0 2
— 0,1 0)v°(0) + o0 — ((v0)2(0) - 1)) = Q400), (92.19)

o, (Vo) + g B o) - oH (L) = 9 ()0, 1)

—va(1 + k)0, (HY(L)VO(L)) + k; (H°(L) — H,).

With such compatibility conditions the system (9.2.1)), (9.2.15)), (9.2.18) is well-posed and we have the
following theorem due to Wang [198][Theorem 2.1] :

Theorem 9.2.2. Let T > 0, and assume that [|0;Qol|c3(j0,400)) < 6(T), such that (Hy, V1) is well-defined
and belongs to C°([0,T], H3(0,L)). There exists v(T) > 0 such that for any (H°,V° Z°%) € (H?((0,L))))?xR
satisfying

|HO(-) = H1(0, )| 20,0y + V() = VA (0, )| m20,1) + 12°] < v(T), (9.2.20)

and satisfying the compatibility conditions (9.2.19), the system (9.2.1)), (9.2.15)), (9.2.18)) has a unique solution
(H,V,Z) € (C°([0,T], H?((0,L))))? x C*([0,T]). Moreover there exists a positive constant C(T) such that

[H () = Hits )20, + 1V (E ) = Vit )l mz0.0) + 2]

! 9.2.21
< C(T) (JJH°(:) = H1(0, )| m2(0,0) + V() = Va0, ) m20,) + 12°]) - ( )

To apply the result from [I98], note that Z can be seen as a third component of the hyperbolic system with
a null propagation speed, a constant initial condition Z° and Z(t) being thus its value everywhere on [0, L]
including at the boundaries.
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Remark 9.2.2. If, in addition, (H°,V°) € H3((0,L);R?), then the unique solution (H,V,Z) given by
Theorem belongs to C°([0,T], H3((0,L); R?)) x C?([0,T)) and there exists a constant C(T) such that

[H () = Hit)ms o,y + 1V (E ) = Vit )llmso.n) +12]

! 9.2.22
< C(T) (JH°(:) = H1(0, )l m=0,0) + V() = Va0, =0,y + 12°]) - ( )

We recall the definition of exponential stability

Definition 9.2.1. We say that a trajectory (Hy, V}) is exponentially stable for the H? norm if there exists
v >0, C >0 and v > 0 such that for any 7' >ty > 0 and any (H°,V°, Z°) satisfying

|[HO(-) = Hi(to, M 20,0y + IVO() = Valto, w20,y + 12°] < v, (9.2.23)

and the compatibility conditions (9.2.19), the system (9.2.1), (9.2.15), (9.2.18) with initial condition
(H°, VY9, Z%) at ty has a unique solution (H,V, Z) € (C%([to,T], H*((0, L))))? x C*([to,T]) and,

IH(t,-) — Hi(t, ) m20,0) + IV ) = Vit )lazo,0) + 121
< Ce " (|H() = Hi(to, Wm0,y + IVO() = Valto, 2o,y + 12°]), ¥ t € [to, +00).

(9.2.24)

Remark 9.2.3. From (9.2.4) and Sobolev inequality, this exponential stability implies in particular the
exponential convergence of H(t, L) to H,.

We can now state the main results of this article

Theorem 9.2.3. There exists 6 > 0 such that if ||0;Qol|c3(j0,400)) < 0, then the trajectory (Hy, Vi) given by
(9.2.4) of system (9.2.1)), (9.2.15)), (9.2.18)) is ezponentially stable for the H*> norm if :

kp > —1 and k; > 0,
gH(t,L) — V2(t,L) (9.2.25)

k, < —1-— dkr <O0.
or D Ule (t,L) an T

This result is proved in Section [9.3] The main idea of the proof consist in finding a local convex and dissi-

pative entropy for the system (9.2.1)), (9.2.15)), (9.2.18)).

In particular, in the case where (g is constant, we can use the static boundary control (|9.2.14)), and we have
the following corollary :

Corollary 2. If Qq is constant, then the steady-state (H*,V*) of the system (9.2.1)), (9.2.15)), (9.2.16) given
by (9.2.6) (9.2.7) is exponentially stable for the H? norm if :

kp > —1 and k; > 0,

 gH*(L) = V*3(L) (92.26)
vV (L) and kr < 0.

or ky,<—1

Proof. This is a particular case of Theorem [9.2.3] To see this, note, as mentioned earlier, that when Qg is
constant, then (Hy, V1) = (H*,V*). Then, observe that f(¢) given in (9.2.17) is a constant that can be added
in Z (i.e. we can re-define Z := Z — f(t), which still satisfies (9.2.15))). O

Remark 9.2.4. In the literature, results about PI control of the Saint-Venant equations sometimes leave the
step of modeling the spillway and use a generic formulation of the PI control on the outflow rate of the form

H(t,L)V(t,L) = ky(H(t,L) — H,) — k2 Z, (9.2.27)
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where Z is the integral term, still given by (9.2.15]). Note that, with these notations, the sufficient condition
of Corollary[3 becomes

kp >0 and kr > 0,

gH*(L) — V*2(L) (9.2.28)
VL) and ky < 0.

or ky < —
which is a known result in the linear case using a spectral approach. Theorem and Corollary [3 show
that this result remains true when the system is nonlinear, using a Lyapunov approach.

Remark 9.2.5. When the system is homogeneous, conditions (9.2.26)) are optimal (necessary and sufficient)
[22], [13, Section 2.2.4.1].

This approach uses very little knowledge of the state of the system, as we only measure the height at the
boundary x = L. In practical situation, however, we may have also little knowledge of the target trajectory
(Hy, V1) or the input disturbance Qo (t) and we only know H,. In this case we cannot use a controller of the

form (9.2.18)), but only a static controller of the form (9.2.16]), namely
H(t,L)V(t,L) =vg(1+ky)H(t,L) — vgkpH, — vgki Z. (9.2.29)

In this case, it is impossible to aim at stabilizing the target trajectory (Hip, V1), but we still have the Input-
to-state Stability with respect to the input disturbance 0;Qy,

Theorem 9.2.4. There exists v >0, 6 > 0, v > 0 and C, such that if ||0;Qollc2([0,400)) < 6, then for any
T >0 and (H°,V°) € (H?(0,L))? such that

|H® — H*||g2(0,) + |1V = V| r20,) < v

the system (9.2.1), (9.2.15), (9.2.16) with initial condition (H°,V°) has a unique solution (H,V) €
C°([0,T], H*(0, L)) which satisfies the following ISS inequality

IH(t,-) = Ho(t, ) a2 0,0) + IV () = Volt, )l 20,

< —~t 0 * 0 * t 2 3 s (9230)
<Ce |H® — H*, V" =V ‘|H2(O,L) + 10:Qo(8) + 05 Qo(s) + 95 Qo(s)]e™ds |.
0

The proof is given in Appendix and is a consequence from the proof of Theorem [9.2.3

In Section [9.3] we prove Theorem [0.2.3

9.3 Exponential stability for the H? norm

This section is divided in three parts. First we transform the system through a change of variables. Then we
state three lemma, useful for the analysis. Finally we prove Theorem [9.2.3

9.3.1 A change of variables

For any solution of (9.2.1)), (9.2.15)), (9.2.18]) we define the perturbation as

(2) = (I{[/:%) . (9.3.1)

Let us assume that there exists v € (0, p) to be selected later on, such that

IH®() = H1(0, )20,y + V() = Va0, )| 20,y + 12°] < v. (9.3.2)
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The boundary conditions (|9.2.18)) can be written in the following form

v(t,0) = Bi(h(t,0),1),

v(t, L) = Bo(h(t, L), Z,t), (9.3.3)
with
&&@w:_2$a7
0u8(0.0.1) = < +I§1p()t,_L‘)/1(t7L)’ (9.3.4)
925(0,0,t) = _Hic(?t’fIL),

We introduce the following change of variables :

v+ ./h
(“1> = my (9.3.5)
U2 v—/4h
Note that this change of variables is very similar to the change of variables used in [IT], T10] with the only

difference that (Hp,V1) is not a steady-state anymore. It corresponds to the transformation in Riemann
coordinates for the perturbations. Indeed, denoting .S, F' and G by

S(x,t) = (_ s 1), (9.3.6)

g <I‘j) N <‘; g) ¢ (5) = (k}g? _Oc(m)> : (9.3.7)

and using (9.2.1)), (9.2.15), (9.2.18]), (9.2.4), (9.3.1)—(9.3.5)), one has

Orur + A1 (u, 2, t)0,ur + 11 (u, z,t)0pus + By (u, z,t) =

9.3.8
3tu1 — Ag(u,l‘7t)8xUQ + lg(u,x,t)ﬁmul + BQ(U,I,t) = ( )

la(u,z,t)  As(u,z,t)
E ig) = S(z,t)F (S‘l(x,t)u + (gfgg)

Mm%w=<A”LL” Mm%w):S@JW(54@ﬁu+<%@JO>S”@JL (9.3.9)
( 0
+ 50, (Hl (. x)> +8(x,t)G <Sl(x, tu+ (l;l;((:x))>

(9.3.10)
Vilt, z) — 0;S(2,t)S™ (=, t)u,
and thus
A (0,2,t) = Vi +/gH1, A2(0,z,t) =Vy —+/gH;, (9.3.11)
ll(O,l‘,t) = Bl(O,.’L‘,t) = O7 lg(o,l‘,t) = BQ(O,.’E,t) = O, (9.3.12)
0B

871(07 €T, t) =N (ta x)ul (tv .’[) + 72@7 {E)Uz(t, CU),
3§ (9.3.13)

5 (0.2,1) = b1t w)un (t,) + ba(t, 2)us(t, 7).
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where

3 /g 3
=—/=—Hi+-Vip
Mn=7 T +4 1z +

kv [
H, 2HZ\ ¢

1 [g 1 kVi  kVE [Hy
=L Hyp+ “Vig + — + —L =L
=g et et g Yo

(9.3.14)
1 g 1 kVq kV12 H,
b= =L Hy Vi + - [
T E T T T amr
3 /g 3 Vi | kVE [H
g = ——|=Hip+ -Vig+ — + —1/ —.
2 4\ m ! Vet H, +21{12 g
And for the boundary conditions, there exists v1 € (0,1) such that for any v € (0,v1), one has :
u1(t,0) = Dy (uz(t,0), 1),
’U,g(t, L) = Dg(ul (t, L), Z, t),
(9.3.15)
P (ui(t, L) —us(t, L)) [Hi(t,L)
2 g
where D; and D5 are C? functions and
A2(0)
01D1(0,1) = —
1 1( ’ ) )\1(0)7
AM(L) —va(1+ky)
ohD2(0,0,t) = —
1 2( s Uy ) >\2(L)+’UG(]~+kp)7 (9316)

vGkr \/ Hl(gt»L)
02D5(0,0,t) = —2

ve(1+ kp) + Aa(t, L)

Expression (9.3.14) is simply a computation, very similar to what it done in [I10] for instance, while the
derivation of (9.3.15) and (9.3.16)) are detailed in the appendix.

Remark 9.3.1. Obviously, from the change of variables (9.3.1)—(9.3.5)), the exponential stability of the
system (9.2.1), (9.2.15)), (9.2.18)) is equivalent to the exponential stability of the steady-state u* = 0 for the
system (9.3.8]), (9.3.15)).

As the operator A, given by (9.3.9)), is a C? function in u, ¢ and z (and in particular C') and as, from (9.3.13)
and (9.2.13), A1(0,z,t) > 0 > Ay(0,z,t), there exists v, € (0,v1) and E € C*(B,, x (0, L) x [0, +00); M2(R)),
where B,, C R? is the disc of radius vy, such that for any |[u(, )| g2(0,0) < ve,

E(u(t,x),z,t)A(u(t, z),z, t) = D(u(t, z), z, t)E(u(t, z), z,t),

9.3.17
E(0,2,t) = Id, ( )

where D(u(t,z),z,t) = (D;(u(t, z), z,t))ie1,2 is a diagonal matrix and Id is the identity matrix. Before going
any further, let us note a few useful properties of these functions. For simplicity in the following we will
denote for any n € N* and any function U € L*((0,T) x (0, L); R™) (resp. L*°((0, L); R™))

[U]loo = ”U”L“((O,T)X(O,L);]R")a

(9.3.18)
(resp||U|loe = Ul Lo ((0,):r"))-

We may also denote ||u|| 2o,z instead of |[u(t,)||g2(0,r) to lighten the expressions. From the definition of
A given in (9.3.9)), and from (9.2.13), for |[ul[g2(0,z) < Ve, there exists a constant C; depending only on H,
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« and vy such that we have the following estimates
maX(Hat(A(u(t’x)a ﬂi,t) - A(O’x’t))”OO? ||8t(D(u(t,x),a:,t) - D(07x7t))|‘005 ||at<E(u(t’x)7m7t))H00)
< C1 ([afloo ([10:Hlloo + 10: Vi ]loo) + [10ru]|oc) 5
max (Hat(A(u(tv‘r)’ (E,t) - A(vaat))”mv ”at(D(u(tvx)vx’t) - D(vavt))’ ”at(E(u(ta x)vxvt))”m)
< C1 ([[aloe (102 Hilloo + 1102 Vi lloo) + 10z1loc ) -
(9.3.19)

For E and D, this comes from the fact that £ and D are C*° functions with respect to the coefficients of A
(note that D is the matrix of eigenvalues of A), and that A € C?(B,,; C*([0,+00) x [0, L])).

9.3.2 Three useful lemma

We introduce now three lemma, which will be useful in the following analysis. The first one is a classical
result about Lyapunov functions,

Lemme 9.3.1. Let V : (H?*(0,L))? x R x Ry — R% such that there exists a constant ¢ > 0 such that

ol

¢ ([Ulla20.0) +12l) < V(U.2,0) < = (0]l m2y + |2l) . ¥ (Uz.0) € (HA(0.L)? x R x Ry (9.3.20)

If there exists v > 0 and 6 > 0 such that, for any solution (u, Z) of the system (9.3.8)), (9.3.15) with initial
conditions satisfying ||a(0,-)| a2,y + [Z(0)] <4,

i[V(ut ), 8)] < =V (u(t,-),t) (9.3.21)

in a distribution sense, then the system 9.3.15) is exponentially stable for the H?> norm and V is
é9 3.15)).

called a Lyapunov function for the system

This first lemma reduces the problem of proving the exponential stability to finding a Lyapunov function V'
for the system (9.3.8 , . A proper definition of a differential inequality in a distribution sense as in
can be found in [1()6] To lighten this article we do not give a proof of this classical lemma, although
a proof for a very similar case (Lyapunov function that does not depend explicitly on time and for the C!
norm instead) can be found for instance in [T06][Proposition 2.1], and is easily extended to this case.

The second Lemma is a variation of a result shown in [I10] that gives a local entropy of the Saint-Venant
equations. Let us first introduce the following function ¢ defined by

o1(t7) = exp ( /0 N dm)

@a(t,z) = exp (— /0 de) (9.3.22)

Sol(taw)
t,x) = ,
o(t,x) oot 1)
where A1 and Ay are defined by
M(t,x) = A1(0,2,t) >0, Aa(t, ) := —A2(0,2,t) > 0. (9.3.23)

We can now state the following lemma

Lemme 9.3.2. There exists 09 > 0 such that if |0; H1 || o ((0,400)x (0,2) < 00, the function Aap /A1 is solution

on [0, L] to the following equation
01 4o g
—0H
244/ I, o
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,Vxel0,L], t e|0,+00), (9.3.24)




and for any = € [0,L] and any t € [0, 400),
@—I—LlélfQ—&— iaH >0 (9.3.25)
M\ Ao H, O ' -

The proof is given in the Appendix.

Eventually, we introduce our last Lemma, which seems very natural and is stated here to lighten the proof
of Theorem [9.2.3]

Lemme 9.3.3. There exists | > 0 and C > 0 such that if [|0;Qol|c3(0,400)) < I, then

max ([0 H1 | ¢ (jo,400), 2 (0,2)): 10: Vil 1 (j0,400), 22 (0,2))) < Cll0:Qoll e ([0,4-00)) - (9.3.26)

This is a consequence of the ISS property (Proposition [9.2.1) and Remark with p = 3, the relations
(19.2.4]), and Sobolev inequality. Thanks to this Lemma, we now only need to find a bound on 9;H; and 9;V;
instead of a bound on 0;Qq in the proof of Theorem [9.2.3

9.3.3 Proof of Theorem [9.2.3

We can now prove Theorem [9.2.3]

Proof of Theorem[9.2.5 From Theorem (9.2.2), Remark and Lemma [9.3.1] one only needs to find a
Lyapunov function V' : (H2(0,L))? x R x R — R* satisfying (9.3.20) and (9.3.21)). We define the following

candidate :

L
Va(U, 2, 1) ::/0 fit,x)e " (B(U(x), 2, t)U)3(t, ) + folt, x)e’™(B(U(x), 2,t)U)3(t, x)dx + q2%, (9.3.27)

where f1, fo are positive and bounded functions which will be defined later on, and p and ¢ are positives
constant which will also be defined later on. Recall that E is still given by (9.3.17)). Let T > ¢, > 0 and
(u’, 2% € H?(0, L) x R satisfying the compatibility condition (9.2.19) and such that

(HUOHH?(&L) =+ |ZOD <v, (9.3.28)

where v is a constant to be chosen later on but such that v < min(vs,v(T)). Recall that v(T) is given by
Theorem From Theorem there exists a unique solution u € C°([t, T], H2(0, L)). We suppose in
addition that (u®, Z%) € H3(0, L), and that also hold for the H® norm instead of the H? norm in
u. From Remark (u,Z) € CO([to, T) x H?(0, L)) x C3([to, T)). This assumption is here to allow us to
compute easily the derivative of u but will be relaxed later on by density.

Let 6 € (0,40) to be chosen later on, with dy is given by Lemma and assume that

max (][0 H1l| o1 (jtg,00):5 (0,2))5 |0t Vi |1 ((t0,00)52 (0,)) < - (9.3.29)

As this is the only assumption on H; and Vi, we can assume from now on that tg = 0 without loss of
generality.

Looking at (9.3.27), V, is indeed a function defined on H?(0, L) x R x R, but for notational ease we will
denote V,(t) := V,(u(t,-), Z(t),t), where Z(t) is given by (9.2.15), and E := E(u(t,x),x,t). Similarly we
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introduce

I . ) " 2 Hl(t,L) 2
V(UL1) = | fe (E(U), 2 00,2, 0)F + for (B(U(@), 2, O1(U, 2, 0) 3 + 9 = (U2 (L) ~ Ua(L)*,
L
Vc(U,t) = 0 fle_“x(E(U(gj>7x,t)J(U,J],t))%+fge“x(E(U(aj)7x,t)J(U,JJ,t))%d.%‘
2
+q< HlflgL)(h(t,L)—Iz(t,L)H&Hlf’m ngzt L)(UI(L)_Uz(L))) ’
(9.3.30)

where

I(U,z,t) :=(A(U,z,t)0,(0,U) + (0, A(U, z,t) + Ou A(U, z,1).0,U)d, U + §; B (U, z,t) + (0u B(U, , t))(8;U)) ,
J(U,2,t) :=A(U,,1)0,(02U) + (du A(U, x).040)0,U + (0uB(U, x))(92U)
+ (02,A(U, 2,t) + 20y (0; A(U, 2,1)).0,U)0, U
+ 20, A(U, z,1)0,(0;U) + 20y A(U, x).0,U0,(9,U) + ((0%A(U, 2).9,U).0,U)9, U
+0%B(U, z) + 20u(8;B(U, 2)).0;U + (04 B(U, x).0;U)(9,U).
(9.3.31)

Observe that for a solution u of (9.3.8)), and using the expression of Z given by (9.2.15)), the expressions of
Vo(u(t,-),t) and V.(u(t,-),t) become

L
Vy(u(t,-),t) 12/0 filt,@)e " (Edp)i(t, @) + falt, z)et™ (Edpu)3(t, x)da + q(Z(t))?,
(9.3.32)

L
Ve(u(t,),t) = / hi(t,z)e " (B w)i(t,x) + fa(t, 2)e" (EOju)3(t, x)dx + q(Z(1)*,
0
which justifies the expression chosen for (9.3.30) and (9.3.31). We also note for notational ease Vj(t) :=

Vo(t,u(t,-)) and V.(t) := Ve(t,u(t,-)). Finally we denote V' :=V, + V}, + V.. We start now by dealing with
V., Differentiating ¢t — V, (¢) with respect to time, using (9.3.8]), (9.3.17) and integrating by parts, one has

L
Vo=— 2/0 fi(t,x)e ™" (Eu); [(EA(u,z,t)0,u); + (EB)1(u,z,1)]

+ fo(t,x)e!*(Eu)s [(EA(u, z,t)0,u)s + (EB)2(u, z,t)] dx

L
+ [ ate Bt + o faer (Bwis
0
L
+2 / fre 1= (Bu)y (0, + 0uE.0u) u), + foe'® (OE + 0uE.0u) ), dz + 2qZ(t) Z(t)
0

L
_ 9 /0 f1(t, 2)e 4 (Bu)y [Dy (u,2,1) (,(Fu) — (0,F + 0u E.d,u)u), ]
+ fa(t, x)e"*(Eu)g [Da(u, z,t) (0 (Eu) — (0, E + OuE.0,u)u),]| dz

L L
+ / Bt(f1)e_“”(Eu)% + 8t(f2)e’“c(Eu)§dx — 2/ fie ¥ (FEu)1(EB)1(u,x,t) + foe'*(Eu)2(EB)a(u, x,t)dx
0 0

L
+2 / fre 1= (Bu)y (O, + 0uE.0u)u), + foeh® (OE + 0uE.0pu) w), dz + 2Z(t) Z(t),
0
(9.3.33)
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Va == [fie™" Dy(Bw)} + Da foe (Eu)3]
L
- / (Bw)ie™** ((=0u(D1f1) = f10u(D1).0,u)(Bu)y = 2f1 Di((0: E + du E-dpu)u)y)
+ (B)oe"” (~0,(Dafo) — f204(D2).0pu)(E)y — 2f2Ds((0: E + Oy B.0;u)u)s) da

L L
+ / 5‘t(f1)e**””(Eu)§ + 8t(f2)e“‘”(Eu)§d:c — 2/ fie #*(Eu)1(EB)1(u,z,t) + foe'(Eu)o(EB)s(u, z,t)
0 0
L
+2 / Fre P (Bw)y (0 + 0uE-0ru) u), + foeh® (9E + duE.Opu) ), da
0

L
— i [ Dufie (B} - Dafoet (Bu)hds + 242(0)2(0)
0
(9.3.34)

In order to simplify this expression, observe that from (9.3.9), (9.3.17) and (9.3.23), D1(0,z,t) = A\ (¢, )
and D2(0,x,t) = —\a(t, ), using the fact that D is C! in u, and using (9.3.19) and (9.3.29) there exists
C > 0 depending only on H., and «, v and § such that

102 Di + OuD;.0pu — sgn(D;(0, ,1)) 0z Aill oo < C ([|02u]loe + [[u]loe) , @ € {1,2}, (9.3.36)

and
10:Else < C (J[ullso), (9.3.37)
|0:E + 0uEdiu| 0o < C (J[ulloo + ||0uloo) - (9.3.38)

Thus, using this together with ((9.3.34))
Vo < - [fie " Dy (Bu)? + szze‘“”(EU)i]g

L
*/0 (Bu)te ™ (=0s(Af1) = Ou(f1)) + (Bu)3e"® (0x(A2fo) — Oe(f2))dx

L
- 2/ fie " (Eu)1(EB)1(u,z,t) + fae'*(Eu)2(EB)a(u, z, t)dx
0
L , (9.3.39)
i [ M (B e et (Bl + 242(0)2(1)
0
L
+C (ullc+ 10rll) [ (B0} + (Fu)ia

L
+C([Julles + ||<9acu||o<>)2/O [(Bw)| + |(Bu)s|de,

where C' is a constant that may change between lines but only depends on v, an upper bound of ¢ (for
instance dg), i, Hs and a. Note that C' is continuous in p € [0, 00), thus it can be made independent of u
by imposing an upper bound on w, for instance p € (0, 1]. Finally, from the second equation of , and
the fact that E is C! in u, there exists a continuous function r; such that, for any vector v € R?

E(u(t,z),z,t)v — v = (u(t, z).r1(u(t,x), x,t))v, V (t,2) € [0,T] x [0, L]. (9.3.40)

As E(u(t,z),,t) is locally a C* function of the coefficients of A, 71 is bounded on B,, x [0, L] x [0, T] by a
bound that only depends on v, Hy, and «. Thus there exists a constant C' depending only on v, H., and
a such that

1 ~
5HVHL2((O,L);R2) < ||EV||L2((O,L);]R2) < C”VHL?((O’L);RQ). (9341)

228



Thus, using this together with the fact that D; and Dy are C! with u, (9.3.27), and Young’s inequality and
then Cauchy-Schwarz inequality on the last integral term,

L

Vo < = [fre " A (Bu); — Apfoe'* (Eu)3]

- / (Bu)2e = (~0,(\ fr) — 04(f1)) + (Bw)3eh (0, (Ao o) — By(f2))da

L
2 [ he B BB (w.0) + fac (Ewpa(EB)a(u, . 0)ds (9.3.42)
0

— - min (A, Ao) Vot min (A, \o)qZ2(t) + 2qZ (1) Z(t)
Qfe[ovL] QTE[O,L]

+C ([uflee + 10zlloo) [ullZ2o, 1)
+C (Jullos + 12:ullo0)” + Cllulloo (lu(t, 0)%] + fu(t, L)?)).

Now, as E and B are C? with u and continuous with z and ¢, and as B(0,x,t) = 0, there exists a continuous
function 7, € C°(B,, x [0,T] x [0, L]; R"*"*") such that,

(EB)(u(t,x),z,t) = O0u(EB)(0,z,t).u(t,z) + (re(u, z,t).u(t,z))u(t,z), Vt€[0,T] x [0,L].  (9.3.43)

Note that from (9.3.10), ro is bounded on B,, x [0, L] x [0,7] by a constant that only depends on vs, 0,
Hy and a. From (9.3.10) and (9.3.17) 0u(EB)(0,z,t) = 8,B(0,z,t). Besides, from (9.3.17), E is invertible
and C', thus an inequality similar to holds for E', and u = E~!(Eu). Therefore, using
together with (0.3.40]), the fact that r; and 7, are bounded, and the expression of 9,B(0,x,t) given in

(9.3.13)—(9.3.14)), one has

y —px T L
Vo <= [fre7 " Ml — Xp et u3]

L
- /0 (Bu)ie " (=0 (ALf1) — 0:(f1)) + (Bw)?e" (0 (Ao f2) — 8(f2))dx

L
- 2/ fre T (Bu)] + f2e' "3 (Eu)s + (yafie ™ + 01 f2¢"") (Bu)i(Fu)oda (9.3.44)
0
—p min (A1, \o)Va+p min (A, A2)qZ2(t) + 2¢Z(t) Z (1)
z€[0,L] z€[0,L]

+C ([ulloe + [10zull0) ullZs 0,1y
+C ([ulloe + 021]lo)” + Cllulloc (Ju(t, 0)%| + [u(t, L)*]).

As Dy and D, are of class C?, denoting for simplicity ky := 01D1(0,t), k1 = 1D2(0,0,t) and k3 :=
—02D5(0,0,1), and using (9.3.15))

V, < —p min, (A1, 22)Va + [Aidik3 — Xafo] u3(t,0)

L
~ L(w(t, L), Z(t)) — /O L((Ew)y, (Bu)s)dz (9.3.45)

+C ([luflo + [|0zulo0) (Hu||2L2(0,L) + (lalloo + 19ulloc)® + (Ju(t, 0)%| + u(t, L)2|)> ;
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where I; and Is denote the following quadratic forms

H
Li(z,y) = (A fi(L)e ™ — Ay fo(L)e" kT) 2 + (%/ jk?, — X fo(L)e" k5 — Mmmin (A1, /\2)Q> y?

€[0,L]
H
+ (2X2fo (L) kghy — a4/ ?1 (k1 — 1))y,

L(z,y) = (=M f1)e + 2f1n(t, @) — 0cfr) e 72 + ((Aafa)a + 2f202(t, ) — Opfa) €7y

+ 2 (2 fre " + 01 f2e"") wy.
(9.3.46)

We can perform similarly with Vj, and V,, to do this observe that d;u and 9% u are respectively solutions of

8y (Oyu) + A(u, 2, )0, (9pu) + (0 B(u, ,1)) (9u) + (9, A(u, z, 1) + O A(u, 2, 1).0,u)0pu + 0, B (u, z,t) = 0
(9.3.47)

0:(020) + A(u, 2,1)0,(041) + (OuA(u, x).020)0,u + (0uB(u, x)) (9% ),
+ 204 (01 A(u, z,1)).0p0)0pu + (0ZA(0, z,t) + 20, A, ).0;u0, (0u) + O A(u, z, )0, (Opu) (9.3.48)
+ ((02A(u, ).0p0).00)0,u + 02 B(u, ) + 04(0:B(u, 2)).0:u + (92 B(u, x).0;u)(d;u) = 0,

which are very similar to (9.3.8)), as they only differ by quadratic perturbations or terms involving a time
derivative of (Hy,Vi). We get then

V=Vot+Vp+V.<—p xfef[l(i)HL](/\h M)V + [fidiks — Aafa] (u3(t, 0) + (Brua(t,0))* + (97 ua(t, 0))%)
— I (u1(t,L), Z2) — [ (dyur (t, L), Z) — (8% ui(t, L), Z)
L
—/ L((Bw)1, (Eu)z) + L((Ed)1, (Ed)2) + L((Edjw)1, (Edja)z)de
0

+C ([lufloc + [0zl (||u||2L2(o,L> + 10ull 0,y + 107l 72,1y + ([ulloc + 105ullo0)”
Hua(t,0)* + (Jus(t, L) +120) + [9puz(t, 0)%| + (19ur (¢, L)] + | Z1)* + [0, 0)°] + (07w (t, L)| + IZI)Q)

+C6 (|uQ(wt,0)|2 + (lut(t, L)| + |Z])? + |Opua(t, 0)|> + (|0pui(t, L)| + |Z|)2> + CoV.
(9.3.49)

The two last terms come from the successive differentiations of the boundary conditions , together
with , or the terms in f involving a time derivative of A or B. One can see that three
identical quadratic form appears in the integral in ((Edju)1, (Edju)2), i = 0, 1,2, as well as three identical
quadratic form at the boundaries in (Ofuy(t,L),0{Z), i = 0,1,2, and three identical terms proportional
respectively to (9fus(t,0)), i = 0,1,2. Thus a sufficient condition to have V decreasing strictly would be that
the square terms and the forms that appear at the boundaries are negative-definite and the quadratic form
in the integral is negative, i.e. the three following conditions :

1. Condition at 0

A2 f2(0)
W) > k2. (9.3.50)
2. Condition at L
i;ggg > k2, (9.3.51a)
2
(A f1(L) = Ao f2(L)kT) (%/ % - )\2f2(L)k3> ks — (Azfz(L)k:skl - %qw % (k1 — 1)) > 0.
(9.3.51b)
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3. Condition from the integral

(=Mf1)e +2fin(t,z) — 0 fr) > 0, (9.3.52a)
(=Aif1)e +2fin(tx) — 0 f1) (M2 f2)z + 2f202(t, ) — Oy f2)
S

2 (9.3.52b)
— (yafi +01f2)" >0, ¥ (t,x) €[0,T] x (0,L).

Let assume for the moment that (9.3.50)—(9.3.52)) are satisfied for any § € (0,d03) where d3 is a positive
constant. Then, as the inequalities (9.3.50)—(9.3.52) are strict, by continuity there exist g > 0 such that

the square terms and the quadratic forms I; at the boundaries and the quadratic forms I3 in the integral
are positive definite. And there exists v3 € (0,15) and d4 € (0,d3) such that, for any v € (0,v3), and any
o€ (0, (S4)7

V< —pmin(A. AV + OOV +C (Ul + 1020)1)%) (9.3.53)

where C' is a positive constant depending only on the system. Note that here, the cubic boundary terms
that appeared in have been compensated by the strictly negative quadratic boundary terms, taking
v sufficiently small and using . Choosing 65 € (0,d4) such that d5 < pminjg )(A1, A2)/4C, for any
d € (0,05) one has

. 3 . 2
< —Z . 3.
V< —Jumin(, )V 40 (Uulloc + 1020)1)%) (9.3.54)

Now, if we assume in addition that ((9.3.20]) hold, using ([9.2.21]), and Sobolev inequality, there exists v4 €
(0, v3] such that, for any v € (0,vy),

C ((halloe + 100ul)?) < & min(rr, 2}V, (9.3.55)

thus, setting v = pmingg (A1, A2),
V<—2V. (9.3.56)

which shows the exponential decay of V' and ends the proof of Theorem [0.2:3]

In other words, all that remains to do is to find f;, f and ¢ such that (9.3.50)(9.3.52)) are satisfied and such
that V' satisfies (9.3.20)). In order to find such function we are now going to use Lemma(9.3.2, To understand
the link between Lemma and the three conditions 7, observe that the condition
give rise to a differential inequation, which, as it will appear later on, is linked to the differential equation
solved by Lemma[9.3.2} Then (9.3.50) and (9.3.51]) can be seen as boundary conditions/values of the solution
of this differential inequation.

From Lemma :9.3.2[, we know that there exists a solution on [0, L] to equation (9.3.24), namely Asp/A;.
Therefore, as [0, L] is a compact set, there exists £; such that for any e € [0,e1) there exists a solution
f<(t,z) to the following system

O f-(t.2) = (‘T n ngoz)? n \/HTaH) T,
 A(t0)
1=(0) = A1 (t,0)

(9.3.57)

+,

and moreover (t,x,e) — f-(t,r) is of class C° and 9, f-(t,x) as well. This is a classical result on ODE due
to Peano (see e.g. [105][Chap. 5, Th 3.1]). From (9.3.57)), 0; f- satisfies the following equation

01 (8072) ( 01 > 2 \/7 2 1 g 2
0O fe =2——fO0f-+ | 5= ) + | —— ) f2+,/=5-00H1— =,/ =5(0:H1)> 9.3.58
tf S0>\2f tf bW . ‘P)‘Q tf H, tt411 2 Hi),( t 1) ( )
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We used here that, from Proposition and Remark [9.2.1] (Hy,V1) € C°([0,4+o0); H3(0, L)), and from

" 8t3mH1 = —8§(HV) and Gtarvl = 8»5 (7‘/18»5‘/1 fgale — (kV12/H1 790) . Thus 8t2tH1 belongs
to C°([0,T] x H'(0, L)), and (71,72, 61,d2) belong to C*([0,7] x H'(0, L)). Using (9.3.58)), we have

)
Ouf.(t,2) =0 f. (1, 0) exp ( /0 280;2fs(t,y)dy)

’ Ty 0 P2 9N 2, 95y L [9 2
+/Oexp(/y 200 1. (t.)d ((M)ﬁ(%)t“ ot 5 [ @ ) ay.
(9.3.59)

Instead of seeing the function f. as a solution of an ODE with a parameter ¢, one can see it as a solution of an
ODE with parameters A1, Aa, 72, 01, 0:H1 and ¢ that we denote g.(x, A1, A2, 71, 01, 0 H1). From [105][Theorem

2.1] g. is continuous with these parameters and with . But from (9.2.12)), (9.2.13)), and (9.3.29), all these

parameters are bounded and therefore belong to a compact set when ¢ € [0, +00). Thus,
€ = ge(z, A1 (1), A2(t), (1), 61(1), O H(2)) = fe(t, ) (9.3.60)

is uniformly continuous in € for (¢,2) € [0,00) x [0, L]. This, together with (9.3.59) implies that

/0 exp (/y 2()[)6)\12f6(t,w)dw> 0:(0y(H1V1))dy

(9.3.61)
< Comax ([[0:Hiler (0. +00):2(0.0)), [9:Viller (0. 400):2(0,1)))
where Cj is a constant that only depends on L, H,, o, and is continuous with € € [0,&1).
Similarly there exists a constant C; > 0 depending only on L, H,, and « such that
1062112 ((0,450) x (0,2) < Crmax ([10:H1 [l e (0400152 0.2)): 10: Vil 1 (0, 40012 (0.2))) » (9-3.62)

and similarly for ¢o. This, together with the definition of A; and A given by (9.3.23)), (9.3.59)), and using the
continuity of € — f. on [0,e71) (recall that this continuity is uniform with respect to (¢, z) € [0, +o0) x [0, L]),
we get that there exists C' > 0 depending only on H.,, @ and € and continuous with € on [0,£71) such that

|04 fe(t, )| < (10:fe(t, 0) [+ max ([|0:H1l| o1 ([0,400):L(0.L)) |06 Vil 01 ([0,400): L% (0,£9)) )C(€)- (9.3.63)
But, from (9.3.57)) 0;f-(t,0) = (A2/A1),, thus using (9.3.29) we obtain
|0 fe(t,2)| < 0C3(e), (9.3.64)

where Cs is again a constant that only depends on e, o and Hs and is continuous with € on [0,e1). We
can now restrict ourselves to € € [0,1/2] and then Cy can be chosen independent of € by simply taking its
maximum on [0,¢1/2]. Recall that from Lemma we have, fo = pAa/A1, and

©Y2 0 Lo g
AL -0 H ) .3.
(Al +W2f0+ Hlat 1> >0 (9.3.65)

Recall that we still have not chosen the bound & € (0,60) on |[[0:H1llc1(j0,00);05(0,2)) and
h

10:Villc1 ([0,00);25¢ (0,1)) given in (9.3.29). From the assumptions on &, and kj, i.e. (9.2.25), and (9.3.16),
and recalling that k1 = 91D2(0,0,t) and k3 = —02D2(0,0,t), one has

k2 < </A\;8> . ks> 0. (9.3.66)
Thus, usin --9.3.237
g m o= min<(1 AQ(L)) 1A2(L)) >0 (9.3.67)
' |kl Ai(D)) A1(L) ' o



As e — f.(t, ) is uniformly continuous with € for (¢,z) € [0, 00) x [0, L], there exists 5 € (0,£1/2) such that
for any (t,z) € [0,00) x [0, L]
|f€2 (tv l’) - fO(tv CL’)‘ S So(t; L)nh (9368)

P2 01 Lo g
ey = V0 H . .3.
<A1 +@A2 o + Hlat 1> >0 (9.3.69)

Note that 2 depends a priori on § from ((9.3.69). However, from Lemma we can in fact choose e
independent of § and depending only on an upper bound of § (for instance dy given by Lemma [9.3.2]). This
is important as, in the following, we will choose a § that may depends on ¢.

and

We select f; and fs in the following way :

2

fl(t,x) = L > Oa
A1§52 ((7; z)) (9.3.70)
fa(t, z) = &3 82/\2’ >0,

and we can now check that the condition (9.3.52) is verified for § small enough as
(4,01)m>\1f1 Qazfsfz(tvx)

(—A1fi)e = —2 o T P (L) (9.3.71)
Thus from ((9.3.22)
Ol
— (M) +271f1 = o J; (9.3.72)
and similarly
A z + 20 = 2£2t7 Tz Qxazta
(A2f2) 2f2 = (02 (1, 2))e — (92)a [, (E, ) (0.3.73)

= (Pgazfm'

Therefore, from ((9.3.57)), (9.3.72)), and (9.3.73)), one has

2 2
(S e + 201 — O) (e fo)e + 280fs — Oua) = (*”}*"2) ((“’; n ij + \/}i&efh) + )

2
— O fey (%@fz + go%&sf1> + (00f1)(O1f2).
’ (9.3.74)

But we have

(Orp1)e1 ( WM | Oife,
>\1f£2 )\%fﬁg )\1 522

and besides, from (9.2.4) and (9.3.29)), there exists C3 > 0 depending only on a and H.,, and an upper
bound of ¢ (for instance dp), such that

Ocfr =2 )#i, (9-3.75)

max (|| Hiz || o ((0,4-00)x (0,2) IViz | oo ((0,400)x (0,2)) < Cs3- (9.3.76)

Thus, using (9.3.14) and (9.3.23)), there exists Cy > 0 depending only on «a and H,, and §y (but not on 4)
such that

max(||o1| Lo ((0,400)x (0,2) 197 L2 ((0,400)x(0,2)) < Cis (9.3.77)

and similarly for ¢o. Observe now that, from fy = Aaw/A1 and (9.3.77), |fo| and 1/|fo| can be bounded by
a constant depending only on «, H,, and dy. Thus from (9.3.68|)

1/Cs < || fesllL>=((0,400)x (0,L) < Cs, (9.3.78)
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where C5 only depends on «, Hy, and d§y. And therefore, from ({9.3.23)), (9.3.64)), (9.3.62)), and (9.3.78) one
has

|0cf1] < Cé, (9.3.79)

and similarly
|0 fa| < C76, (9.3.80)

where Cg and C7 are constants that only depend on «, H. (and dp). We now select the bound on
max (|0, Hil, |0, V1|) : we select d3 € (0, o) such that, for any ¢ € [0,03] and any (¢,z) € [0,00) x [0, L],

CsC2C35 < e, (9.3.81)
and
J g
242 inf Ry ey [ 9 e
e+ Z.:2306[O,L],tE[Ol,r-li-oo),fse(O,az) A1 +g0>\2f5 + H, e
2

©y2 01 o /g o7 2 X
— 4+ —X -0 Co—= +C 0 9.3.82
= ( A1 * A2 + Hy +€2) ( 62 + 7<p2> (‘Pl%@ ( )

g (¢r2 | 9 01, X\ 2
vo L (P2 X 5+< > CrCod?,
H, <)\1 A2 > P12 o

for any x € [0, L] and any X € [1/C5, Cs]. Observe that this is obviously possible as €5 > 0 and, when d3 = 0,
(19.3.82) is verified and the inequality is strict. Then, from (9.3.22)), (9.3.77), (9.3.74), (9.3.78))—(9.3.82)),

2 2
(—Oi)e 290 fs — Of)(Aafa)e + 200 fs — Dufa) > (3"“"2) (*‘” ;o )

A A
fea . L (9.3.83)
_ (22 b
= <A1f1+ )\2f2> :
which is exactly the second inequality of (9.3.52)). Besides, from (9.3.25)) and (9.3.81]),
0
(_()‘lfl)x + 2'}/1]“1 - 6tf1) :QO% $‘£EQ — 8tf1
€2
2 2
o1 ((Pr2 | 01 o g ) 3tf1f52> (9.3.84)
=L (52 + /2 + [ -0H: ) +ea— —52
2 (( Mo eht o
> 0.

We can now check that (9.3.50)) and (9.3.51)) are also verified thanks to the choice of €5 and 7;. Indeed, using
(9.3.57) and (9.3.16)), one has

M(0)f2(10) o, o (22(0) 20N,
M (0)f1(t,0) 7= (t,0) = <)\1(0) +52) > ()xl(())) = k3. (9.3.85)

This explains our choice of initial condition for f.,. Now, from (9.3.68)), one has

M D ARL) @3t L) 1
/\2(1}, L)f2 (t, L) B f822 (L) > <% N 771)2 ’ (9386)

and from the definition of 77 given by (9.3.67)),

Ao(L) . (1 )
mr @ S et (9.3.87)
Therefore D)
1Y 1\b 2
D LD ek, (9.3.88)
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and in particular the condition is verified. Let us now look at condition (9.3.51b). So far we have not
selected the positive constant g. We want to show that there exists ¢ > 0 such that the condition
is satisfied. Observe that the left-hand side of can be seen as a polynomial in ¢, and the condition
(9.3.51b)) can be rewritten as

(9.3.89)

From (9.3.88) A1 f1(t, L) > Ao fa(t, L)k; and from (9.3.66]) k3 > 0. Thus the real roots of P are positive if they
exist. This implies that there exists a positive constant ¢ such that (9.3.51b]) is satisfied if the discriminant
of P is positive. Denoting its discriminant by A,

_Hy A1 fi(L) ? Afi(L) 2
A= ?kgAng(t,LF l(AQfQ(L) — k1> — (Asz(L)> (k1 — 1) 1 : (9.3.90)

Let us introduce h : X — (X — k1)? — X (k; — 1)%2. The function h is a second order polynomial with
a positive dominant coefficient and observe that its roots are k7 and 1. Thus h is increasing strictly on

[max(k?, 1), +00). Hence, using (9.3.88),

Hy Afi(L)
g A2 f2(L)

H
> ?lkﬁ)éfz(t, L)?h(max(k?,1)) = 0.

A = TLEN folt, L)%h(

(9.3.91)

This proves that there exists ¢ > 0 such that (9.3.51b|) is satisfied, and we select such ¢. All it remains to do
now is to show that the function (U, z) — V(¢, U, z), which is now entirely selected, satisfies (9.3.20]).

From ({9.2.13)) and (9.2.12)) we know that for any (¢,x) € [0,00) x [0, L],

VGHse > Mo > a, 24/ gHo > M1 > . (9.3.92)
Besides, from the definition of ¢ and @9 given by (9.3.22)), (9.3.14)) and the bound (9.2.13), (9.2.12)), there

exists a constant Cg that only depends on ¢, o and H,, such that

1 1
— < lorlle < Cs, = < [lpalleo < Cs. 9.3.93
c S le1lle < Cs oS o2l 8 ( )

Thus, using that fo = Aaw/A1, (9.3.70]), (9.3.68), (9.3.93), and (9.3.92)), there exists ¢; > 0 constant inde-
pendent of U and z such that, for any (U, z) € H?(0,L) x R,

1
1 (U200 + 41) < V(L (U,2) £ = ([0lhasco) +12]) ¥ 1 € [0,+20), (9.3.94)
which is exactly (9.3.20)). This concludes the proof of Theorem O

9.4 Conclusion

In this chapter we gave simple conditions on the design of a single PI controller to ensure the exponential
stability of the nonlinear Saint-Venant equations with arbitrary friction and slope in the H? norm. These
conditions apply when the inflow is an unknown constant, in that case the system has steady-states and any
of them are stable. But they also apply when the inflow is time-dependant and slowly variable. In that case,
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no steady-states exists and one has to stabilize other target states. When the values of the target state are
known at end of the river, we have exponential stability of the target state. Otherwise, we have the Input-
to-State stability with respect to the variation of the inflow disturbance. In this study we only considered
static feedback laws, it would be interesting to know if one could obtain better results with feeback laws that
can change with time, even with only a finite number of modes. This would require to study a system with
switching behaviors, and some results are known in the linear case [I31], [132]. These sufficient conditions are
found using a local quadratic entropy and, to the best of our knowledge, are less restrictive than any of the
conditions that existed so far, even in the linear case. In [22] it was shown that, in absence of friction and
slope, these conditions were optimal for the linear case. However, so far there is no answer when there is
some slope or friction and whether these conditions are optimal or not would be a very interesting issue for
a further study. Its possible application to a network of channels would also be a matter of interest. Finally,
many stabilizing devices for finite dimensional systems also use a PID control with an additional derivative
term. It has been shown in [64] that this control cannot ensure exponential stability for an homogeneous
hyperbolic equation. It would be an interesting question to know whether a filtering on the derivative term
could enable to recover the stability for infinite dimensional system and whether this would enable a faster
stabilization than the PI control.
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9.5 Appendix

9.5.1 Proof of Proposition [9.2.10

This appendix uses many computations that are very similar to the computations in Section [9.3] but in a
simpler way. Thus, in order to avoid writing two times the same thing and to keep the proof relatively short,
some steps might be quicker in this appendix. Let T} > 0 and to be chosen later on. As (H(0), V5(0)) satisfies
([©:2.9), there exists v, > 0 such that for v € (0,v,), F((H?,V)T) has two distinct nonzero eigenvalues.
Recall that F is given by and that that v is the bound on ||HY — Hy(0), V? — V5(0)|| g2 (0,1)- Besides,
from (Ho(t,-), Vo(t,-)) can be seen as the solution of a system of ODE with a parameter ¢ in the
initial condition. Thus, as 8;Qo € C?([0,+00)) and the slope C satisfies C € C?([0, L]), using and
[105][Chap. 5, Theorem 3.1], (Ho, Vo) € C3([0,T1] x C3([0, L])) and there exists a constant C' depending only
on H,,, a and an upper bound of §, such that,

10; Ho, 9i Vol 2o,y < C'|D_ 07 Qol, Vi € [1,3], (9.5.1)
n=1
and in particular
10:Ho, 0:Vollez(jo,my3;c2(p0,11)) < Cll0Qollc2(0,+00)- (9.5.2)

Thus [198][Theorem 2.1] can still be used on (H; — Hp) and there exist do(71) > 0 and v(7T1) € (0,v,) such
that, if v € (0,v0(T1)) and 6 € (0,00(T})), there exists a unique solution (Hy,V;) € C°([0,Ty]; H%(0, L))?

to the system (9.2.4)—(9.2.5)). Besides (Hy, V1) satifsfies an estimate as (9.2.21) but with (Hy,V;) instead
of (H,V) and (Hy,Vp) instead of (Hy,Vi). We denote by C(T3) the associated constant. Let us define

hy = Hy — Hy and v; := V; — V. We transform (hy,v1)7 into w = (w1, w2)? using the change of variables
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defined by (9.3.1)—(9.3.5) with Hy and Vj instead of Hy and V;. Thus we obtain
Ow + Ag(w,2)0,w + Bo(w, ) + Sp O:Hy =0,
A

wi (t,0) =H1(w2(¢,0), Qo(t) — Qo(0)),
wo(t, L) =Ha(wo(t, L)),

(9.5.3)

where Ag, By and Sy have the same expression as A, B and S (given by(9.3.9)), (9.3.10), (9.3.6)) but with
(Ho, Vo) instead of (Hy, V7). Similarly we define

A = Vo + VgHo, A =+/gHo — Vo, (9.5.4)
and ¢°, defined as ¢ but with (Hy, Vj) instead of (Hy, V). Similarly as in Appendix [9.5.3]

H5(0) = —AF(L)/A3(L), H1(0) = —A5(0)/A7(0), (9.5.5)

which is of the form with vg = 0 and Z = 0. Before going any further, note that we can perform
the same computations as in Section 2 with no problem, as the proof in Section [0.3] only used Proposition
to get that (Hy, Vi) exists for any time and that and Lemma hold, but we will see now
that such claims are true for Hy and Vp. The existence of (Hy, V) was already shown in section and
(19.2.9)) is exactly with (Hy, Vo) instead of (Hy, V7). Finally, is exactly the equivalent of Lemma,
for (Hyp,Vh). We define now the Lyapunov fonction candidate V' := V,(w(t,z),t) + Va(w(t, z),t) +
Ve(w(t,z),t) + Vy(w(t,z),t) where V,, V, and V; are defined in (9.3.27), (0.3.30), with f; and f> chosen as
o= (©)2/ (M) and fo = (©3)*n/(\3), where 7 is a function such that there exists a constant ¢ > 0
independent of w such that

'70 50
0 =|34+ 0| +eVaeL],
AL A
(9.5.6)
A1(0)
Note that n exists as, for any ¢ € [0, +00), (p(t,)°A(¢-) /A0 () is a solution of
o, 00 o
1 2

this can be proved as in Lemma and this case was actually shown in [I10]. Note that from (9.2.6)),
and , (Hp). and (Vp), can be bounded by above and by below by constants that only depends
on H., @ and an upper bound of @y (which can also be expressed only with H,, « from ) Therefore,
looking at their definition, the function f; and fs can also be bounded by above and below by constants
that only depends on H,, o and . Thus there exist ¢; > 0 and ¢, > 0 depending only on H, and «, € and
w such that

exllha(t, )1 (1 Moy < V) < call b (t ) vr (b )z oy, ¥t € [0, ] (9.5.5)

Consequently, by differentiating V' exactly as in (9.3.33)—(9.3.49)), and from (9.5.3)), we obtain that there exists
p >0, v € (0,19(T1)) and 63 > 0 such that, for any ||h1(0,-),v1(0,)|| 20,y < v1, and [|0;Qollc2([0,00)) < 0,
where § € (0, d3),

L
: O H OrH
VS—pV+ /0 211 (So ( aiv(?))l +2 5w (So ( o Vg))zdx,

L
8752tH0 815215}10
+/0 2 f10w1(So (3t2tV0 )1+ 2f20pw2(So 92V )2d, (9.5.9)
L
03, H 03, H,
2 32 S, ttt 110 92 32 S, ( ttt 0) da.
+/0 f107,w1(So (5’§’ttvo))1+ f207,w2(So 93,Vo )odx
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Thus, using Cauchy-Schwarz inequality, (9.5.8), and (9.5.1)) there exists C1 > 0 depending only on H,, «
and an upper bound of u such that

V(t) < —uV (1) + C110:Qo(t) + 97,Qo(t) + 93, Qo (D) [V/2(1), ¥ t € [0, T1]. (9.5.10)

and in particular .
V(t) < —pV(t) + Cil|0:Qollc2(jo.p V2 (t), V¥ t € [0, Ty). (9.5.11)
Let us define V., = (C16/p)?. From (9.5.11), if V (t) > 2V,,, then there exists a constant k > 0 such that

V(t) < —kV/2(t). We now choose & such that V2C16/(py/e1) < vi. Thus, from (9.5.11) and as c1, c2, C1
and p do not depend on Tj, we can choose T large enough such that

V(Ty) < 2V, < 11, (9.5.12)

which implies that

||h1(Tla')avl(Tl;')HCQ(O,L) S %41 (9513)
and therefore there exists a unique solution (hy,v1) € C°([Ty,2Th], H*(0,L)), with initial condition
(hi(T1,-),v1(T1,-)) (we use the same existence Theorem ([198][Theorem 2.1])) and, noting that V(T1) < 2V,
implies V(2T1) < 2V,,, this analysis still hold. We can do similarly for any [nT1, (n + 1)71] with n € N,
thus, as (Hop, Vp) € C°([0,+00), H?(0, L)), there exists a unique solution (Hy,V;) € C°([0,+o0), H?(0, L))
and holds for any ¢ € [0, +00). Therefore denoting g(t) = V (t)e, we deduce from that

g'(t) < C1]2Qo(t) + O2Qo(t) + 85, Qo(B)]e s /g (D). (9.5.14)
Thus

ut

t C t s
V2 < VV2(0)e 5 + 71 (/ 10:Qo(s) + 92Qo(s) + 8§ttQ0(s)|e3ds> e 7. (9.5.15)
0
This implies the ISS property
& _ut
[ha(t, ), va(t, )l 2(0,0):R2) S\/thl(Ov')vvl(Ov')||H2((O,L);R2)6 %
(9.5.16)

t
+ 231?1 (/0 10:Qo(s) + 02Qo(s) + 3fttQ0(s)|6/?ds) ez,
This ends the proof of Proposition To extend this proof to the HP? norm for p > 2, note that using
the same argument holds with the CP([0,73]; C3([0,L])) norm in the left-hand side and the CP
norm in the right-hand side. We can can define Vi, ...,V, on HP(0,L) x R x Ry as in such that
Vi(w(t,x),t) = V,(0Fw(t,x),t), for any k € [3,p]. Then holds with V' :=V, + V, + V. + V3 + ...V},
and the HP? norm, and the rest can done done identically.

9.5.2 Proof of Theorem [9.2.4]

Theorem result from the proof of Theorem Note that the boundary conditions ((9.2.16]) can be
written under the form (9.2.18) with (Hp, Vo) instead of (Hy, Vi) where the only difference is that Z satisfies

now
f(t)

vgkr’
where f(t) = H.0;Vy(t,L). The rest of the proof can be conducted as in Appendix ? for (Hy,Vy), with
a priori two differences : (H, V) satisfies the boundary conditions of the form ([9.2.18) and not of the form
given in , and Z satisfies instead of . However, note that in Appendix m the only
assumption used on the boundary conditions of the transformed system is that they are of the form ,
which is still the case here. Thus, the only difference with Appendix are some additional terms when 7 is
used, which is in the boundary terms in the derivative of the Lyapunov function. There exists therefore §, > 0
and vy > 0 such that, for any ||h1(0,-),v1(0, )| #2(0,2) < V2, and [|0:Qollc2([0,00)) < 0, where § € (0,04),

Z=H.—H(t L)+

(9.5.17)

V(t) < %V(t)wua@o(t) +07,Qo(t) + 05, Qo(O)|VY? + 29 Z f (1) + 242 f'(8) + 24Z " (1), (9.5.18)
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where C) is a constant only depending on Hy, a, v2 and d4. Using Lemma [9.3.3] there exists a constant
C > 0 depending only on H,, a, vy and d4 such that

V <=2V +CV10:Qo() + Qo(t) + 3 Qo(t)] (9.5.19)

The same argument as in Appendix [9.5.1} (9.5.14)—(9.5.16)), implies directly the ISS property (9.2.30).

9.5.3 Boundary conditions (9.3.15) and ((9.3.16|)

In this appendix we justify the boundary conditions (9.3.15)) with (9.3.16)) after the change of variables. From
the boundary conditions (9.3.3)) in the physical coordinate (h,v), together with the definition of u; and ug

given in (9.3.5)), one has at © = L

up(t, L) = Bo(h(t, L), Z(1),t) + Hilh(t,L) =: 7y (h(t, L), Z(t), =, 1),
(9.5.20)
us(t, L) = Ba(h(t, L), Z(t),t) — Hilh(t,L) = Fo(h(t, L), Z(t), z,1).

From its definition, F; is C* and, from (9.3.4), and (9.2.21)), there exists v; € (0,v) such that, for any

€ [0,00), 01F0(0, Z(t),t) # 0. Thus Fy is locally invertible with respect to its first variable, thus there
exists vy € (0,v7) such that h(t,L) = F; *(ui(t, L), Z(t),t), where F; * denotes the inverse with respect to
the first variable. Besides, as F is of class C? with respect to the two first variables, F; !is also of class C2.

Then, using
ug(t, L) = Fo(Fy Hur(t, L), Z(t),t), Z(t),t) = : Da(uy(t, L), Z(t),1t). (9.5.21)

and, using (9.3.4),

1 D2(0,0,t) = 01F2(0,0,)01 (F1 1)(0,0,¢)

_ 01F72(0,0,) N B2(0,0,t) — \/HI
AF00.0)  51iBy(0,0,1) + [ (9.5.22)

M) —ue(l+k
T @) Fue(l+k

Now, as 9o F; '(0,0,t) = —02F1(0,0,t) /01 F1(0,0,t), using (93.4),
aQDQ(Ov O’ t) = 81f2(07 Oa t)aQ(fl_l)(Oa Oa t) + 82]:2(07 07 t)

»)
»)

B 0271(0,0,1)
= 81]:2(0, O,t) 0T, (0’ 0. t) + 32.7:2(0, 0, t)
nBs(0,0,1) — [
= 3,85(0,0,1) | 1 — H (9.5.23)

O1Ba(0,0,1) + /4

B va1< 2/gH.(t, L) )

 Hi(t,L) \vg(L+ky) + Xa(t, L)

The same can be done in z = 0 in a slightly easier way, as By does not depends on Z. This gives (|9.3.15)
and (9.3.16)).

9.5.4 Proof of Lemma [9.3.2]

In this appendix we prove Lemma m The proof is very similar to the proof given in [110] in the special
case where (H1, V1) is a steady state. However, it happens that the proof actually does not need the relation
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(H1 V1), = 0 which is no longer true when (Hy,V7) is not a steady-state. Let f = (Aag@/\1), we have from

©.322) :

(9 f *f (/\ 8 )\2 )\28£>\1 + )\2’}/1 + )\152)

vV ogH \/
=52 <V1+\/gH1 V1m+g—11Hu — (~Vi + gH)(Vig + Hlm)

2H
3 /g 3 KV kV?
+(\/ng Vl) <4 EHlx—’_ZVim—'—T m >
3 (g 3 2kV  kV2 (9.5.24)
+(Vi + 9H1)< 1 EHlx‘FZVMc"‘?l 2m? >>

3 2V 3 EV? /H /
:% (\/ng (—QVMC + 5‘/1;5 + I’Il> -V (2 Hl;c _ 1 1 ))
1
o 2KV le H,
== | —/gH1 + H|.
A2 (Hl gL+ Vl Hlat !

And on the other hand :

90’72 2 '
== (A A2d
(M )\280f> )\%( 172 + A2d1)
o [ 2V le g Hi, gH,
= = Hi + V Vi Vie—F
%< gty + 1+ W H1 5 T Ve (9.5.25)

2KV kVE |H [g
:;(}le/ng 1 1V1—* Hlf)‘tf-h).
1

Thus from ((9.5.24)) and (9.5.25])
P2 2 4 g
===+ — —0:Hy|. 0.2
Oz f ()\1 + f “Hlat 1) (9.5.26)

And there exists dg such that, if ||0; H1 || 1o ((0,4-00)x (0,)%0;

2k k H
% ( H‘f /gH + kVP \/711/1 8tH1> >0, Vael0L], tel0,+00), (9.5.27)
1 \ H

and, from (9.5.24)) and (9.5.26]),
0.f = ‘WH ol JLo.H,
H,y

this ends the proof of Lemma [9.3.2

7 (9.5.28)
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Stabilization of 1D nonlinear hyperbolic systems by boundary controls

Abstract:

This thesis is devoted to study the stabilization of nonlinear hyperbolic systems of partial differential equations. The main goal
is to find boundary conditions ensuring the exponential stability of the system. In a first part, we study general systems that we
aim at stabilizing in the C' norm by introducing a certain type of Lyapunov functions. Then we take a closer look at systems
of two equations and we compare the results with the stabilization in the H? norm. In a second part we study a few physical
equations: Burgers’ equation and the density-velocity systems, which include the Saint-Venant equations and the Euler isentropic
equations. Using a local dissipative entropy, we show that these systems can be stabilized with very simple boundary controls which,
remarkably, do not depend directly on the parameters of the system, provided some physical admissibility condition. Besides, we
develop a way to stabilize shock steady-states in the case of Burgers’ and Saint-Venant equations. Finally, in a third part, we study
proportional-integral (PI) controllers, which are very popular in practice but seldom understood mathematically for nonlinear in-
finite dimensional systems. For scalar systems we introduce an extraction method to find optimal conditions on the parameters of
the controller ensuring the stability. Finally, we deal with the Saint-Venant equations with a single PI control.

Keywords: stabilization, partial differential equations, inhomogeneous, nonlinear, Boundary feedback control, Lya-
punov functions, entropy, Saint-Venant equations, Burgers’ equation.

Stabilisation de systémes hyperboliques non-linéaires en dimension un d’espace

Résumé:

Cette these est consacrée a I’étude de la stabilisation des systemes d’équations aux dérivées partielles hyperboliques non-linéaires.
L’objectif principal est de trouver des conditions de bords garantissant la stabilité exponentielle du systéme. Dans une premiere
partie on s’intéresse & des systémes généraux qu’on cherche & stabiliser en norme C* en introduisant un certain type de fonctions
de Lyapunov, puis on regarde plus précisément les systemes de deux équations pour lesquels on peut comparer nos résultats avec
la stabilisation en norme H?. On s’intéresse ensuite & quelques équations physiques: ’équation de Burgers et les systémes den-
sité-vélocité, dont font partie les équations de Saint-Venant et les équations d’Euler isentropiques. A ’aide d’une entropie locale
dissipative, on montre qu’on peut stabiliser les systemes densité-vélocité par des controles aux bords simples et, étonnement, ces
controles ne dépendent pas explicitement des parametres du systeme, pourvu qu’ils soient physiquement admissibles. Par ailleurs,
on développe une méthode pour stabiliser les états-stationnaires avec un choc dans le cas de I’équation de Burgers et des équations
de Saint-Venant. Enfin, dans une troisieme partie on s’intéresse aux controéles proportionnels-intégraux (PI), tres utilisés en pratique
mais mal compris mathématiquement dans le cas des systémes non-linéaires de dimension infinie. Pour les systémes d’une seule
équation on introduit une méthode d’extraction pour trouver des conditions optimales de stabilité sur les parameétres du controéle.
Finalement on traite le cas des équations de Saint-Venant avec un unique contréle PI.

Mot clés: stabilisation, équations aux dérivées partielles, inhomogénéités, non-linéaire, contrdles aux bords, fonc-
tions de Lyapunov, entropie, équations de Saint-Venant, équation de Burgers.
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